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A. V. ZAGORODNYUK*

ON POLYNOMIAL ORTHOGONALITY ON BANACH SPACES

A. V. Zagorodnyuk. On polynomial orthogonality on Banach spaces, Matematychni Studii, 14
(2000) 189-192.

In the paper the notion of orthogonality with respect to a homogeneous polynomial p of
arbitrary degree on a Banach space is defined and some properties of p-orthogonal sequences
are studied. Some application for divisibility of polynomials on Banach spaces are given.

A. B. 3aropoguiok. O nosuHOMUaGAbHOT 0PMO2OHAALHOCTU 6 BAHATO8HIT NPOCPAHCINEAT [/

Maremaruani Crymii. — 2000. — T.14, Ne2. — C.189-192.

B craTbe onpeiesieHoO OHSTHE OPTONOHAJIBHOCTH B DAHAXOBOM IIPOCTPAHCTBE OTHOCUTEIHHO
OJTHOPOJTHOTO TIOJIMHOMA, P MPOM3BOJILHOI cTeneHu. VI3yd4eHpl HEKOTOPBIE CBONCTBA P-OPTOrO-
HaJIBHBIX I110CJIeJ0BATEIbHOCTEN.

Let X be a Banach space over a field K of real or complex numbers. A function p: X — K
is an n-homogeneous polynomial if there is a symmetric n-linear mapping p: X x --- x X =
X" — K such that p(z) = p(z,...,z) for all z € X. A polynomial p: X — K is just a finite
sum of homogeneous polynomials.

It is well known that a function p: X — K is a polynomial of degree n if and only if p is
a polynomial of degree not greater than n on each affine line in X and on some affine line p
is an n-degree polynomial ([2], p. 57).

Let p be an n-homogeneous polynomial on X, n > 1. We say that linearly independent
vectors x,y € X are p-orthogonal (z L, y) if p(tix + tay) = t¥p(x) + t5p(y) for all numbers

k

t1,ts. It means that for every k, 1 < k < n, ﬁ(m,y,...,y) = 0. A subspace X; is
p-orthogonal to X, if each vector from X is p-orthogonal to each vector of X,. In [4] it is
proved that if X is complex infinite-dimensional space, then there is an infinite-dimensional
subspace in p~1(0). Moreover, from Lemma 4 of [4] (see also [7]) it follows

Theorem A. For any finite numbers of homogeneous polynomials p1, . .., p, on an infinite-
dimensional complex Banach space X and any vector z from the common set of zeros of
p1,- .., Pn there is an infinite-dimensional linear subspace Z in ﬂle p; *(0) such that z € Z.

The proof of Theorem A is based on a claim proved in [4] (see also [1]) that for any
infinite-dimensional complex space X and homogeneous polynomial p there is an infinite
sequence (z;)7°, such that p(tyxy + - - + tpem) = tip(x1) + - - - + 1 p(2,,) for every m. So,
according to our definition of p-orthogonality we can write
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Theorem B. For every homogeneous polynomial p on an infinite-dimensional complex Ba-
nach space X there is an infinite linearly independent sequence (x;)32, C X of p-orthogonal
vectors.

The purpose of this paper is to discuss the notion of p-orthogonality on Banach spaces
and related questions.

Throughout this paper X is an infinite-dimensional Banach space and p is a homogeneous
polynomial of degree n > 1 on X.

Proposition 1. For every finite-dimensional subspace V' of a complex Banach space X there
is an infinite-dimensional subspace Z, such that V' 1, Z,.

Proof. Let dimV =m and ey, ..., e, be a basis in V. Put
Z‘1 i2 inL
L —— —— P
Digoin () = D(E1, .. €1, €2, 0., €2y e Crmy e ey €y Ty, T,

where 0 < 41 + - - - + 7,,, < n. Evidently,

ﬂ pi_l,l...,im(()) Ly V.

0<ir+Fim<n
From Theorem A it follows that

ﬂ P;lzm (0)

0<ip+-+im<n

contains an infinite-dimensional subspace Z;. O]

From Proposition 1 it follows that every finite sequence of p-orthogonal linearly indepen-
dent vectors can be extended to some infinite sequence of p-orthogonal linearly independent
vectors.

Recall that the set esskerp := {zg € X : p(x + o) = p(z) Vo € X} is said to be the
essential kernel of a homogeneous polynomial p. In [4] it is shown that the essential kernel
is always a closed linear subspace of X.

We say that a sequence (x;); C X is p-orthonormal if it is p-orthogonal and p(x;) = 1. If
p(z;) # 0 for each i we will say that (z;); is semi-p-orthonormal sequence.

Proposition 2. Let X be a separable Banach space and p be a continuous n-homogeneous
polynomial and essker p = 0. Let us suppose that there is a p-orthonormal sequence (x;)5°,
such that its linear span is dense in X. Then there is a norm || - ||, in X such that the
completion (X, || - ||») of X in the norm | - ||,, is isomorphic to ¢, and for any finite sum
S azz; we have || Y- a;xiln = [p(> |aqlx:)]Y™.

Proof. Let us consider the subspace X; C X of finite sums > a,z; C X. Evidently,
11> @il = [P |aslx:)]Y™ = (32 |a;|™)¥/™ is anorm on X; and the completion (X, |||-|||)
of Xy in the norm ||| |, is isomorphic to £,. On the other hand, since X is a dense subspace
in X and the norm || - |||, is continuous in X we can extend it to a seminorm || - ||,, on the
whole space X by continuity. Let us show that |- ||,, is a norm. Note first that |p(z)| < ||z[|2.
This inequality is obvious for x € X and is true for every z € X by density of X;. Let us
suppose that ||zgl|, = 0 for some xy € X. Then for every z € X and a number ¢

p(x + txo)| < [z + Lol < (2l + [tll[zolln)™ = |-

Thus p(z + txg) = p(z) (see [4] Corollary 10) and xy € essker p, hence zy = 0.
Thus X C (Xy, | - ||») and therefore (X, || - ||») is isomorphic to £,,. O
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Let us recall that a polynomial p is reducible if there are nonconstant polynomials p; and
po such that p = pyps. It is clear that if p is irreducible on some subspace then p is irreducible.
In [3] it was announced that any irreducible polynomial on an infinite-dimensional space is
irreducible on some finite-dimensional subspace. As far as we know [5], a proof of this result
has not been published.

Theorem 3. (Mazur and Orlicz) Let p be an irreducible polynomial on an infinite-dimensi-
onal space X over the field K. Then there exists a finite-dimensional subspace W C X such
that the restriction p|ly of p on W' is an irreducible polynomial.

Proof. Let V be a finite-dimensional subspace. Let us denote by [(V') the number of irre-
ducible factors of p|y. It is clear that if V5 D V; then [(V3) < [(V}). Let us denote by [ the
minimum of [(V') over all finite-dimensional subspaces V' C X. This number is well defined
because there exists a minimal element in each subset of N.

Let W be a finite-dimensional subspace such that {(W) = [. If | = 1 then W is the required
subspace. Let us suppose that [ > 1. Let 2y be an arbitrary element of X. We denote by Z,,
a subspace of X such that Z,, = W+ R,,, where R, is any finite-dimensional subspace, xy €
R.,. Z,, is a finite-dimensional subspace, so the polynomial p| ., can be decomposed into !
nonconstant polynomials ry[Z,,](z), re[Zs](2),. .., 11[Zs,](x), where the notation r[Z,,](x)
means that the polynomial 74[Z,,] is defined on Z,,. Let us write r = 7 [W] = 7¢[Zs]Iw
for any xy. So for every x € X the polynomial p can be decomposed into [ nonconstant
polynomials r1[Z,],...,r[Z,] on finite-dimensional subspace Z, = W + R,. Without loss
of generality, we can assume that ri[Z,] = ) on W. So for every z € X there are defined
functions

ri(x) == ri[Z)(x), k=1,...,L

It is clear that the value of r; at the point z is independent of the choice of R,. Let us
show that r(z), k = 1,...,[ are polynomials on X. Indeed, let R, 4, be a finite-dimensional
subspace which contains x + th for some x,h € X and all t € K. Then Z, 4, =W + R,
is a finite-dimensional subspace which contains the linear span of z and h. Since r[Z,14p] is
a divisor of p|z,,,, and x,h € Z, 44, we see that r,[Z, 4] (x +th) is a polynomial of variable
t (for fixed x, h). Also, if x1 + t1hy = xo + tahs then ry(zy + t1hy) = (22 + t2hs) because
Tk[Zeyrtrny] and 1[Zy, 1 4,n,] coincide on the common domain. Thus, all r(z) k=1,...,1
are polynomials and p(x) = r1(x) ... /(x). But this contradicts to the irreducibility of p. ]

Proposition 4. Let p be an n-homogeneous polynomial on a complex m-dimensional Banach
space X and n < m < oo. If there is a sequence x1,...,x; of semi-p-orthonormal linear
independent vectors in X, where n < k < m then p is irreducible.

Proof. Without loss of generality, we can assume that p(x;) = 1. Then the restriction of p

on a subspace V, that is on the linear span of xy,...,x, is a symmetric polynomial with

respect to permutations of xi,...,x;. Moreover, p(Zle a;x;) = Zle al'. Let us suppose

that p is reducible. Since k > n, each divisor of p is a symmetric polynomial [8]. On the

other hand, every symmetric polynomial can be represented by an algebraic combination of
T

polynomials ¢,, where qr(Zle a;x;) = Zle al,r=1,...,n—1([6], p. 79). Since p = ¢,
this contradicts to the algebraic independence of qy, ..., q,. O]

Thus from Proposition 4 it follows that if p is a reducible n-homogeneous polynomial
then there are at most n linearly independent p-orthonormal vectors.
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Theorem 5. Let X be a complex infinite-dimensional linear space. Then for each polynomial
p: X — C there is an infinite-dimensional subspace Z C X such that the restriction of p on
7 is a product of one-degree polynomials.

Proof. From Theorem A it follows that there exists an affine subspace Z; of infinite dimension
such that ker p D Z;. We can suppose that Z; is not a proper subspace of any affine subspace
in zero set of p. Let Z be some linear subspace of X, Z D Z; and Z; be a hyperplane in
Z (i.e. Z has the codimension equal to 1 in Z). Then there is a polynomial ¢q: Z — C,
degq = 1, such that kerq = Z;. It is clear that ¢ is a divisor of p in Z (see e.g. [3], [9]).
A simple induction shows that we can choose an infinite-dimensional subspace Z such that
there exist polynomials ¢i,...,q,, degq; =1, n:=degp and p=¢q;...¢g, on Z. n

Corollary 6. Every continuous polynomial on a complex Banach space is weakly continuous
polynomial of the same degree on some infinite-dimensional subspace.

Proof. 1t is evident that every product of one-degree polynomials is weakly continuous. Thus,
we can use Theorem 5. O
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