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MULTIPLICATIVE CONVOLUTION ON THE ALGEBRA OF BLOCK-SYMMETRIC
ANALYTIC FUNCTIONS

A.V.Zagorodnyuk and V.V.Kravtsiv UDC 517.98

We introduce and study a multiplicative convolution operator on the spectrum of the algebra of block-
symmetric analytic functions of bounded type on an infinite ¢; -sum of copies of the Banach space C*.

The case of the algebra of block-symmetric functions on the space C? and the action of multiplicative

convolution on its spectrum are studied separately.

Introduction

The algebra of analytic functions of bounded type in a complex Banach space X is a standard object of
investigations in nonlinear functional analysis. They were studied in [2, 4, 16, 17] and many other publications.
In [1, 3, 5, 6-8, 10, 15], the authors studied the spectra of the algebras of symmetric (invariant) analytic func-
tions on the spaces /,, 1< p<eo, L, and L[0,+e)[1L;[0,+0) relative to the groups of isometric map-
pings of these spaces. The analytic functions on the ¢, -sums of finite-dimensional spaces (“blocks™) symmet-
ric relative to the permutation of these blocks (block-symmetric) were considered in [11-13].

Thus, in particular, the algebraic basis of block-symmetric polynomials in the space

C'®(,=@,C"

was described in [13]. In the present work, we study an analog of symmetric multiplicative convolution (see
[6]) for the case of block-symmetric polynomials.

Note that the block-symmetric polynomials are used in combinatorics and have applications in the field of
quantum mechanics, where they are also called the MacMahon symmetric polynomials, diagonal polynomials,
or multisymmetric polynomials (see [9, 14]).

1. Preliminarily Data

Let XJ=@® gle be an infinite /| -sum of copies of the Banach space C°. Then every element from

x € X, can be represented in the form of a sequence x = (xq,...,X,,...), where x, € C*, with the norm

. s
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A polynomial P in the space X2 =® 0 C® is called block-symmetric (or vector-symmetric) if

X1 Xm X1 Xm
2 2 2 2
X Xim X X
P s s . B = P s s . s s
N S N S
X Xm )y X s Xm ) s(m)

for any substitution ¢ € G, where G is the group of substitutions on the set N and (x,-l,x,-2 U )T eC’®.

By P,(Xs) we denote the algebra of block-symmetric polynomials on X, .

In [11], it was proved that the algebraic basis of the algebra B, (X2) is formed by the polynomials
Hy b a2 a) = 3D ad) o)),
i=1

ki+ky+...+k, = n.

By Hp,s(X2) we denote the algebra of block-symmetric analytic functions of bounded type. Let M, (X))

be the spectrum of this algebra.

2. Multiplicative Convolution

In [6], the definition of multiplicative shift was introduced for elements of the space ¢;. In a similar way,

we introduce the definition of multiplicative shift for elements of the space X .

Definition 1. Let (x',x*,...,x*) and (yl,yz,...,ys) e X2 . The multiplicative shift of the elements

(', x%,x%) and (YU, y%,....y*) is introduced as a vector formed by the elements (x,-ly},xizyjz-,...,x;yj-)T

enumerated in any order, i,j€ N, and denoted by (xl,xz,... ,x)0 (yl,yz,... ).

Proposition 1. Forany x=(x',x>,...,x*), y= (yl,yz,... V) e XS, the following assertions are true:

(1°) x0yeXs and ||x O y|[<||x]|]|3]];
(20) H,],q ,,,,, ké(ioi)zHllil ,,,,, ké()"c’)H’]ZC] ..... ké(j"))’

(3°) if P is an n-homogeneous polynomial on X2, and y is a fixed element from X., then the func-

tion x> P(xQy) isan n-homogeneous polynomial.
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Proof. Itis clear that

o S o o
[505] = X X |xfvh| < XN Y] v
i,j=1k=1 i=1 k=1 i=1 k=1
e 0] = N5

Moreover,

Hf%(x03) = ZH(xl Yy -ZH<x Y. ZH(y,

i,j=1 m=1 i=1 m=1 j=1m=1

Condition (3°) follows from the equality A(xQy)=(Ax0y).
The proposition is proved.

Let ye XS . The mapping
- oo .
xeXl = (x0y)eXl

is linear and continuous, which follows from Proposition 1. If f € Hp,(X2), then fo n;€H bus (X)) be-
cause fom; is analytic and bounded on bounded sets, and f(6(x)0y)= f(x0y) for any permuta-

tion 6 €G. We call the operator M = fon; a multiplicative convolution operator. It is obvious that M; =
M ;) for any permutation 6 €G and M;(Hﬁ‘ """ ) Hkl (y)-Hkl """ ks |

Moreover, it is clear that
T5:(0) = x0(y+2) = XON+(x02) = w50 +7m;:(x),
TE;&(;C) = (x0Ay) = Mx0y) = 7»7'5;()?).

Proposition 2. For any ye X2, the multiplicative convolution operator M 5 s a continuous homomor-

phism of the algebra H,,(X2) into itself.

Proof. Let x=@Lx2...x%), y=0" 4.y eXs, and  f(x) = f(xx2, ., x%) € Hy(X2).
We now show that f(x ¢ y) € Hp,(X2). Since every function f € Hy,(X2) can be uniformly approximated
by the polynomials P, € P, (X2), we find

f(xOY) = Y P(0Y)

n=0
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oo

S G, (HY 0309, H Y2k (303),..)
n=0

oo

z Gn<H1,O ..... O(;)Hl,o ..... 0(5’]),
n=0

LHAReks Gy Rk ke Gy Y ey (8.
The fact that M is a homomorphism follows from the equalities
vieC M;&(Pn) = PBomy; = PnOKTl',; = 7\."Pn071:5, = 7\.”M)~,(Pn),

M;+2(Pn) = PnOTE%_g = Pn0(7t§+TE£)

P,,OTE;,+P,10TC2 = M}(Pn)+M2(Pn)-

The continuity of the operator M is a consequence of the inequality

is a continuous homomorphism on  Hp,, (X2).

| M5(P,)

Pooms || < 2 My

Thus, Mj;

The proposition is proved.

In [12], the authors introduced the notion of radius function R(¢) of a complex homomor-

phism @ € M, (X2) as the infimum of all r such that @ is continuous on A, (rB X;) , where A, (rB X;)

is the algebra of all uniformly continuous block-symmetric analytic functions on the sphere 7B,,, C X2 of

radius 7 . It was proved that the quantity R(¢p) can be found by using the following formula:

1
R@@) = limsup||g, [

n—oo

where @, is the restriction of the functional ¢ to the subspace of n-homogeneous block-symmetric poly-

nomials.

Proposition 3. For all 0 € M, (XS) andany ye X. , the radius function of the continuous homomor-

phism 00 M5 can be estimated as follows:

R®°M;) < R(©)]- (1)
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Proof. We perform reasoning similar to that used in [6]. Let y € X . We denote by (8o M 5)n (resp., 8,),

the restriction of 6o M; (resp., 0) to the subspace of n -homogeneous block-symmetric polynomials. We get

M (f}’l ~|n
L 51 ]‘ 131 < 118a 31"

1
R®M;) < timsup(]|6, [151)" = R©) ]3]
n—o0

|® M), || = sup
Il £l

Thus,

The proposition is proved.

We now introduce the multiplicative convolution on Hy,(X2)" by analogy with [6].

Definition 2. For any functions f € Hp,(X5) and 0 € Hy,(X3) , the multiplicative convolution is de-
fined by the formula

00 f)(X) = O[M;(f)] forevery xeXi.
Definition 3. For any ¢,0 € Hy,,(X2) , the multiplicative convolution is defined by the formula
(000)(f) = 0O0 f) forany [ € Hy(Xe)

Proposition 4. If ¢,0 € My, (X2), then 000 € My, (X2)

Proof. 1t follows from the multiplicativity of M35 that ¢ 00 is a character.

The fact that 000 € My, (X)) follows from (1), i.e., from the inequality

R(606) < R(0)-R(®).

Hence, 000 € My, (X2)
The proposition is proved.

Theorem 1. For any ¢,0 € M, (X2), the multiplicative convolution is commutative and associative.

Moreover, this convolution satisfies the equality

(q)Oe)(Hk] ,,,,, ké) — q)(Hkl ..... k‘s)e(Hkl ..... ké) (2)
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Proof. Since every function f € Hp,(X.) can be uniformly approximated on bounded sets by block-
symmetric polynomials that can be represented in the form of the algebraic combination of polynomi-
als H¥% it suffices to check the associativity and commutativity of multiplicative convolution for the

polynomials H
First, we check equality (2). Indeed,

(00 H ks )Ty = O(M(H k)

= Q(HM ks Ry Rk ) 2 Rk (§) g Rk )
This is why, we get
(00 O)H k) = (0 OFF1-ksy
= O(H ks (F)-Q(H k) = g(H Rk ) (k).

The last inequality implies the associativity and commutativity of multiplicative convolution on the poly-

k

nomials H "+ s and, hence, for any function f € Hp,(X5) .

The theorem is proved.

For the elements x,y € X2, the notion of symmetric shift Xy was introduced in [12] by the formula

1 1 1 1
X1 N Xi Vi
2 2 2 2
i X1 N Xi Yi
X y - . s . LRI . s . seee
S S S N
X1 1 Xi Vi

Moreover, it was shown that xeye X2 .

In [12], for any 0,0 € My, (X2) and f € Hp,(Xs), the operation of symmetric convolution ¢ *6 was

defined as follows:
@*0)f) = 6O*f) = ¢ (¥ 6(T;'(f)).
where
T(NHD) = fG-).
Proposition 5. For any ¢,0,0 € My, (XZ), the following equality is true:

00(@*x0)=009)x(009).
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Proof. By using equality (2) and Theorem 3 [12], we obtain

((e <> (p) * (e <> (D))(Hk] sssss ka) (e <> (p)(Hkl ..... k_;) + (eo (I))(Hkl ..... ks)
— e(Hkl ..... k;)(p(Hkl ,,,,, k3)+e(Hk| ..... ké)q)(Hkl ,,,,, k.&)

O(H - ks)_((p(Hh ..... K5y (H 1o+ ks))

e(qu ,,,,, ks)'((p*(b)(Hk] ..... ks)

(00 (@ x ) "15).
The proposition is proved.
3. The Case of the Space X2 = ]y, C?

Another algebraic basis of the algebra B (X2) is formed by the polynomials

oo

kikay (b 2y — 1 12 2
R (x,x7) = 2 Xy won Xip Xy oo X5
i1<...<ikl
J1<e-<Jiy
U#Ji
where k; and k, are the numbers of elements x,-lk and sz-f, respectively [12].

Let C{#,t,} be the space of all power series over C?. The representations

oo

R(Q)t1,12) = 2 thkg(RM k)
=0
kl:'lkzzn

oo

2 tlkltgz(p(Hkl’kz)

n=1
ki+ky=n

H()(11,12)

acting from M, (X2) into C{t;,,} were considered in [12]. In particular, it was shown that the set

{R@)(t1,12) 1 @ € My, (X2)}

is the set of functions of exponential type.

251
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Note that, for any (a;,a;) € C? and the vector

we get
ki ko pky .k 1 .2
RN VR S (G
n=0
k1+k2=n
— ki ko pki,ky 1 2
= M(xl,xz) Z tl tz R (a ,a )
n=0
k1+k2:n
ki ko pky,k 1 .2 1 2
= 2 1't,° R™ 2((x ,x)0(a ,a ))
n=0
k1+k2:n
nd xla xia xla
_ 2 tkll‘szk]’kz 1¢1 2¢1 i1
1 i 5 , 2 seeey 2 sece
. n;O Xyas Xpd»n Xiap
1tKo=n
= 2 tf‘té‘zaflalngk"kz(xl,xz).
n=0
k1+k2:n
Therefore,

oo

ki ko ki ko pki,ko

2 t't5%a;'ay’ R
n=0

k1+k2:n

R(908, ) = o

oo

ki ko ki _k ki, k
= 2 tlltzzallazz(p(R 1 2).
n=0
k1+k2:n

It follows from Theorem 3 [12] that

Sty ¥t p2) = 8{(312), (le) (8)(8))
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By using Proposition 5 and Theorem 4 [12], we obtain

R((pOB

(e (3 (8 (g),u,)J(fl,tz)

R(((pOS(al’az))*((pOS(blﬁz)))(tl,tz)

R((pos(al’az))(tl,tz)'R((pos(bl,b2))(tl,lz)

oo oo

n=0 n=0
k1+k2:n k1+k2:n

In a more general form, we can write

oo

n=0
ki+ky=n

R @06((;&) (IJ(O)J (t,12) = ; > b ) (R

Since the sequence

is pointwise convergent to

in My, (X2), the sequence

is pointwise convergent to

2 t{(lté{za{qa?(p(Rkl’kz)' 2 tlkltgzbllqbgz(p(Rkl’b).

253
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Therefore,
TN ks Ik 2k ki k
R(<p<>6(x1 XZ))(tl’tz) =1 X #'22ah e o(R"2)
’ (=1 n=0
k1+k2:n
for any
1 1
X X
(x],xz) = ! eees " Sl W EXS,.
xf X,

In [12], we constructed a family (¢ ) : (k, () € Cz) of elements of the set M, (X2) such that
duny(H )=k, dunH") =0, and  oun(H"2)=0 Vk,kp>1.

It was also shown that

I 4 1 = kt)+(t
(¢(k,[))( 1» 2) e 1 2.

(¢(k,f)<>(P)(H1’O) = ko(H"),

(o(H"),

(O, O @)H™

by OO)HNR2) = 0 Vi, ky > 1,

1,0 0.1
R(q)(k,f)o(p)(tl’tZ) = ek(p(H g™ .

Thus, the operation of multiplicative convolution with functionals ¢ ,) acts as a shift on the elements
R(Dk0))t1:12) -
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