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[IEPEJIMOBA 11

ITEPEIMOBA

Hudepenrianbai piBHSHHS I METOIN AOCTIIZKEHHS X PO3B’ 13-
KiB IIIPOKO BUKOPHUCTOBYIOTH y PI3HOMAHITHUX TaJIy3dX 1 Po3Ji-
Jlax cydacHol Hayku it Texniku. Came TOMy HaBYAJbHA JUCIIUATLII-
na «J/Iudepenrianbui piBHIHHA» 3aliMae YibHE MicIie y i AroTOBIN
daxiBiiB 3 iHPOPMATHKY, MATEMATUKN, TPUKIAIHOI MaTEMATHKA
TOIIIO.

[IporroHoBanmii MOCIOHUK OXOILJIIOE OCHOBHY YACTUHY YHIBEp-
CATETCHKOI TIporpaMu 3 JudepeHItiagbHuX PiBHSHD JIJIsI CTYAEHTIB
HaIPSMIB MiITOTOBKY «iH(OpPMaTUKa», «IIPUKJIAIHA MATEMATAKAY,
aje MOXKe OyTH BUKOPUCTAHUN TAKOXK ISl CTYJACHTIB iHKEeHEepHO-
TEXHIYHUX BUIMUX HABYAJILHUX 3aKJIAIB.

Metoro nocionuka € 03HAOMJIEHHS CTYAEHTIB 3 OCHOBHUMU I10-
HATTIMU, TBEPKEHHSIMU, METOIAMH Ta 3aCTOCYBAHHSIMU TeOPil
audepeHIiajIbHuX PiBHAHD, CHPUSIHHA TTHOOKOMY 3aCBOEHHIO Te-
OPETUYHOI0 MaTepiaay 3a JOIMOMOIOI0 PO3B’sI3aHUX IPUKJIAIIB 1
33129 PI3HOrO PiBHA CKJAJIHOCTI, HiATOTOBKA 1X [0 CAMOCTIHHOI
poboTH 3 HAYKOBOIO JIiTEpaTypOIO.

[Tociouuk Mae BuTIAm Kypcy 3 24 JIeKiniii, ki yMOBHO MOYKHA
MOMIITUTY Ha 5 PO3IUIB: «3BUYaliHi nudepeHItiaabii PiBHAHHS Iep-
IITOTO TIOPSIJIKY », «3BUYAiHI AudepeHIiia bl PIBHIHHS BUIIAX I10-
PSIIKIBY, «CHCTEMU 3BUYAMHUX TUQEPEHINATILHUX PIBHIHDY, «PiB-
HHHSA 3 YaCTUHHUMU MOXITHUMU TIEPITIOTO MOPSIKY », «OCHOBU Te-
opil cTifiKOCTi».

Te, 1m0 aBTOpaMU HA3BAHO <JIEKIIisIMU», MOXKHA BBAXKATU HU-
MH YMOBHO — IIePeIOBCIM depe3 06csr, sTKuil He 3aBKIN BiIITOBIae
JIBOM aKaJIeMiYHUM TOJIMHAM, & TAKOXK Uepe3 HEePiBHOMIPDHO PO3IIO-
mimenuwit marepian. HacopaBmi, TepMiH «JIeKIlist> — IIe paJIe IeB-
HUH TeMaTwdHO 00’€aHAHUI MaTepiaj, AKuit Moxke OyTH OCHOBOIO
IJI CIPAaBXKHBOI JIEKII] Ta BiAIOBIIHOIO IPAKTHUIHOIO 3aHSITTSI.

BaxxuBi moHATTS, TEOPEMU, METOIH 1TIOCTPYIOTHCS IPUKJIA A~
mu. Kiderp po3s’d3aHux MPUKIATLIB Ta 33739 MO3HATAETHCA CHM-
posiom M, ajie y TUX BUITQJKaX, 1€ Oya MOKJINBICTL «3aryouTmy
BIJIIOBIIb cepejl, TEKCTY, 11 HAIIMCAHO B KiHI MPUKJIATy YU 3aJadl.

3HaK P O3HAYAE 3aBEPIINCHHS JOBEICHHS TEOPEMU.
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Koxkna jexiiiss cynpoBOKYEThCA MUTAHHSIMHA I KOHTPOJIIO
Ta CAMOKOHTPOJIIO 3aCBOEHHS MaTepiajly Ta BIPABAMU, AKi y MOEI-
HaHHI 3 iHMIME 30ipHUKAME MOXKYTh OyTH OCHOBOIO IJIsI IIPOBEJIE-
HH¢ MPAaKTUYHUX 3aHATL 3 eBHOT Temu. [locibHuK Moxke BUKOpU-
CTOBYBATUCH 1 K JIOBITHUK, YOMY CIPHSE AeTATbHUN TpeaMeTHUN
MTOKAYKINK.

Y nomaTkax g0 pO3ILIiB T MaiizKe BCiX PO3B’sI3aHUX y BiJIIO-
BIIHUX TeMaxX MPHUKJIAIIB HABOAATHCS 1X PO3B’sI3aHHS 38 JIOIIOMO-
roI0 TIaKeTa CHMBOJIBHUX oOunciienb Maple. 3 ocnoBamMu poboru 3
HUM YUTaY MOXKE O3HAWOMUTHUCH Y JTOJATKY 6.

Y cnmcky JiTepaTypu UnTad 3HANIE TEPesiK JTepaTypHUuX
JKepeJI, y SKUX MUTAHHs, BUCBITJIEH] y I[bOMY IOCIOHUKY, BUKJIa-
JneHi mo-iumomy abo GLIBINT TOBHO.

CroztiBaeMOoCh, IO TIei MOCIOHUK TOMOMOYKE CTYIAEHTaM B OBO-
JIOJIIHHI BayKJIMBUMU PO3JIiJIAMHU CyYJaCHOI MaTEMATHKW, & TaKOXK
Oy/ile KOPUCHUM JIJIsT BUKJIJATIB IIi/T 9ac pobOTH 31 CTYICHTAMIU.

ABTOpPH BHCJIOBJIIOIOTH IMUPY BJISYHICTH pPEIleH3eHTaM IIpode-
copam M. I. Isamuony, II. I. Kamenioky, B. M. Moiicumumy 3a Ko-
PUCHI KpUTHYHI 3ayBaxKeHHs i METOIUYHI MOPaIH, Ki 6€3yMOBHO
CIIPUSJIM TIOKPAIIEHHIO SIKOCTI PYKOIHUCY. YCI KPUTHIHI 3ayBarKe-
HH¢I, PEKOMeH Il # mobarkaHHsl 3 BAAYHICTIO OYIyTb COPUAHATI
aBTOpPaAMU Ta BPaxoBaHi /I MOKPAIIEHHs 3MICTy HACTYIHUX BU-
JaHb MOCIOHMKA, 3a aIpPecoro:

76018, M. IBano-®Ppankisebk, Byi. [llesuenka, 57
[IpukapraTcbKuit HaIliOHAJILHUN yHIBEPCHUTET
imeni Bacunsa Credannka,

daxyapTeT MaTeMaTUKH Ta iIHHOPMATUKH,
Kadenpa audepeHiaIbHIX PIBHIHD 1 TPUKJIIAIHOL
MaTeMaTUKN
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Po3zmin 1.
3BNYANVHI TN®EPEHITIAJJIBHI
PIBHAHHA ITEPITIOTO ITIOPAIKY

Jlekniig 1. IlonsarTa npo audepeHiiajabHi PiBHIHHS
Ta audepeHIiiajabHi MoIeJTi

Il1an

1. dudepennianbhui piBHAHHS Ta MaTeMaTHIHE MOJIETIOBAHHSI.

2. OcHoBHI 0O3HAYEHHST ¥ TIOHSITTSI.

3. Crurajiannst udepeHIiajabHUX PIBHSIHb BUKJIIOUEHHSIM JI0-
BIJTbHUX CTaJIAX.

1. [IudepeniianbHi piBHSIHHS Ta MareMaTU4YHE MOJe-
moBaHHs. /locimkyoun pisHomManiThi (izuyni gBUIa, TEXHOIO0-
rigni mporecn y 6araTbox rajgyssax HAyKW 1 TEXHIKH, JedKi ITPOIeCH,
Kl BUHUKAIOTH B €KOHOMIIll, €KOJIOT1l Ta IHIUX COIIaJIbHUX Hay-
Kax, He 3aBXK 1 BIAETHCS 0e3M0CepPeIHbO MPOCTEXKUTH 3a/I€KHICTD
MiXK BeJIMIMHAMH, IO OMUCYIOTH MeBHUiT mporiec uu sipute. OmHak
y 6araTbox BUIAKAX MOYKHA BUABUTH (PYHKITIOHAILHY 3a/I€KHICTD
MiK BU3HAYAJbHUMU XapakTepucTukamu mporecy (dyHKiismm),
MIBUIKOCTSIMU 1X 3MIHH #f qacoM, TOOTO 3HANTH PIBHSHHSI, sIKi Mi-
cTaTh TryKaHi dyHKIEl Ta/abo ix noxigni. Taki piBHsHHS Ha3U-
BalOTh JudeperHuiasbHUMU, a 3HAXOIKEeHHsT HEBIAOMOI (DyHKINT
(po3B’si3Ky) — tHMe2pYsaHHAM TudEPEHITIATBLHOIO DIBHIHHSI.

Hudepennianibue piBHIHHA, OJlepyKAHE Y MPOIEC] TOCIIiIKeH-
HsI JIESTKOTO PeajIbHOTO sIBHINa abo Ipoliecy, HasuBaioTh dudgbe-
PEHULIAADBHONO MOJEANI0 TIBOTO siBUINA, TIporiecy. udepeniiaib-
HI MOIEJ Ha3UBaIOTh Ie QUHAMIYHUMYU MEMEMATNUYHUMU
Mmodeasimu. Y TaKUX MOIENSX, KPIiM IIYKAHUX 3aJIeKHUX BEJIU-
9UH, MICTATHCA TaKOXK IOXITHI IIYKAHUX 3a/IeXKHOCTell, HaIpH-
KJIaJl, TITBUJIKOCTI, IPUCKOPEHHS Ta iH.

Judepenmiagapii Momeni J0TOMAraioTh 3PO3YMITH HOCITIIZAKY-
BaHI SBUINA 1 MIPOIECH, JAIOTh MOXKJIUBICTH BCTAHOBUTHU SKICHI Ta
KIJIbKICHI XapaKTePUCTUKHU IX CTaHIB, 3 1X BUKOPUCTAHHSIM MOXKHA,
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OTIMCATH MEXaHI3M PO3BUTKY IPOIIECY, & TAKOXK IepeadadInT Horo
MONAJILINKII PO3BUTOK 0e3 HATYypaJbHUX €KCIIEPUMEHTIB, IIPOBEJIe-
HHA JKUX 9aCTO € HAJATO JOPOruM ab0 MPOCTO HEMOXKIUBUM.

Hudepentiiaabai Mojesri € BayKJINBOIO CKJIAIOBOIO MaTeMaTH-
9HOTO MOJEJIIOBAHHS, sKe BKJIIOYAE B cebe He TULIbKK MOOYyI0BY
i moc/TiKeHHsT MaTeMaTUIHUX MOjesell, ajle i CTBOPEHHsS 004n-
CJTIOBAJIBHUX aJITOPUTMIB 1 IporpaM, 1Mo pPeaTi3yIoTh I MOJesi Ha
€JIEKTPOHHO-O0YUCTIOBAJILHUX MaIlTHHAX.

VY mporieci mobyaoBu audepeHItiaIbHIX MOJIeIeH BaXKInBe 3Ha-
JeHHsI Ma€ 3HAHHSI 3aKOHIB Ti€l obJylacTi HAyKH, 3 KOO IOB’si3aHa
npUpoa 3aJadi, 1o BUBYAETHCA. Hampukiia, y MexaHimi e Mo-
Ke OyTu apyruii 3aKOH Herorona? (F = ma, ne m — maca Tina,
a — TPUCKOPeHHsI pyXy, F' — cyma cuii, mo JioTh Ha TLI0); y eJie-
kTpoTexHini — 3akon Kipxroda (asrebpumana cyma CHII CTPYMiB,
SK1 MPOTIKAIOTH Y TEBHIN TOYI €JIEKTPUYHOI'O KOJI1a, JIOPIBHIOE HY-
JII0); ¥ XiMil — 3aKOH PO3YMHEHHST PEYOBHHN (IIBHIKICTD PO3UMHE-
HHSI TIPONOPIIiitHA HasgBHIN KIIBKOCTI HEPO3YMHEHOI PEYOBUHU Ta
PI3HUI KOHIIEHTPAIifi HACUIEHOTO PO3UMHY 1 PO3YMHY Y TEBHUI
MOMEHT Yacy) TOIIIO.

[Turamuas mpo BiAMOBIAHICTE MaTeMAaTHIHOI MOIeTi # peaJbHO-
rO SBUINA BUBYAETHCA HA OCHOBI aHaJi3y PE3yJbTATIB MOCIiIy Ta
IX MOPIBHAHHS 3 MOBEIIHKOIO PO3B’SI3KY OIEPXKAHOTO AnudepeHIli-
aJIbHOI'O piBHHHHH.Q)

Posrisinemo fexinbka DPUKIQIHUX 337a4, SKi IPUBOIASITH 10
SBUUAMHUX AU(MEPEHIIAILHIX PIBHSIHD.

amaua 1. 3natimu 3axon 3pocmarma IHHOPMAYITHULT TOMO-
Ki6 y nayyi (3pocmanna KiAvKocmi HAYKOBUT NYOAIKAIT), AKULO
8100MO, W0 WBUIKICTD 3POCTNAHHA NPAMO NPONOPUITHG JOCAZHY-
momy PieHIo Kiavkocmi nybaikeyit. Busnawumu, 3a axul wac
KIALKICTD NYOATKAUIT N0060IMbCA NOPIBHAHO 3 NOYAMKOB0N0 KiAb-
KICTI0, AKWO 6I0HOCHA WweudKicmy 3pocmanns ckaadac 7%.

1)Bi6JIiOI‘pa(1)i‘IHi JAaHI TPO BYEHUX, MPI3BUINA AKUX 3yCTPIYAIOTHCHA Y IMOCI-
OHUKY, MOXKHA 3HAUTH Ha cTOp. 341.

2 HeranbHinre mpo maudepeHIiiaabai MOJE Ta METOIUKY 1X CKIaTaHHs HTH-
MeThCsI Ha JIeKIll 9.
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Poss’azanns. Hexait y(t) — KigpKicTs myOmmiKariii y MOMEHT dacy
t, Yo — moYATKOBa KiIbKicTh mybuikaiiit, Tooro y(0) = yo. [Bu-
KicTh 3pocTaHHS 1HMOPMAIINHNX IMOTOKIB SK IMIBUAKICTHL 3MIiHI
dyHKIIT € noxigHoo 1€l dyHKIii. OTKe, 3aKOH 3pocTaHHsT iHMOP-
MaIlifHUX MOTOKIB MOXKHA 3AIMCATH Y BUTISIL TU(EPEHIaTbLHOTO
PiBHSHHS

Y (t) =ky(t), (L.1)

e k > 0 — koedilieHT TPOIOPIIHHOCTI, IO XapaKTePU3y€e BiATYKHU
Ha nyOJtikaril y nmeBHiil rajy3i 3HAHD.

Hudepentianbre pisuanus (1.1) pasom 3 ymosoio y(0) = yo
€ MaTeMaTUYHOIO MOJIEJIII0 3POCTAaHHS 1HMOPMAIINHUX MOTOKIB.

Posp’sizkemo 11e piBHsIHHS, BpaxoByioun, 1o ' (t) = ccll_z;:l:

d d
Yoky=0 = Y_kat=0 =
dt Y

d(lny—kt)=0 = hy—kt=0C = y:ecl+kt7

ne Oy — posinbua crama. dkmo nepenosuadntu €1 yepes C, To
y(t) = Ce*. Ockinmpxu y(0) = 3, To C = 7o, TOOTO ITyKAHUIT
3aKOH 3POCTaHHs iH(OPMAIHIX MOTOKIB y HAyIll BU3HATAETHCS
dopwmyoro
y(t) = yoe™. (12)
Suaitnemo terep dac T, 3a SKuil MOTIK HAYKOBOI iH(pOpMAILl y
[OPIBHSHHI 3 MOYATKOBOIO KIIBKICTIO 301/MbIUTHCA BABIYi. 3a yMo-
BOIO 3aJ1a4l BiIHOCHA MBHIKICTH Y’ /y 3pocranus indopMariinmx
noToKiB ckaanae 7%, a romy k = 0,07. Ockinbku y(T) = 2yp, TO
y(T) =yoe'" =2y = T = 2 10 poxis. m
0,07
Bigznaunmo, mo depes crpumyodi ¢dpakTopu, OB si3aHi 3 pis-
KUMU 3MIHAMU 30BHINTHIX YMOB, €KCIIOHEHIIAJIbHUN XapaKTep 3Po-
CTaHHS TOTOKY HayKoBOI indopmarlii 30epiraTucs He MoxKe. 3po-
CcTaHHS PiBHA OOMEXKYEThCd NMEBHUM HOTO 3HAYEHHSIM 1 MEXaHi3M
3POCTaHHS KiJTbKOCTI MyO IiKaliil BUpaskaTuMeThCsl InepeHItiaab-
HUM PIBHAHHIM
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e k>0, 0 <y < M. Posp’szkemo 11e piBHsHHsI. Maemo

dy 1 /1 1
—— = kdt — | - dy — kdt =
y(M —y) - M<y+M—y>y vz
d(lny —In(M —y) —kMt) =0 =
y MeMkH‘Cl
- M
Y= 1T et

Jie, BPaxOBYIOYH JIOBLIbHICTL cTasiol C7, Ieperno3HadeHo e O ye-
pe3 C. Hagani y Takiit curyarii BUKOpUCTOBYBaTUMEMO 3HAK :=,
Hanpukiaag, C = e ©1,

Kpugy, Busnaueny octanuiM piBHIHHIM, HA3UBAIOTH JA02LCMU-
YHOMW0 KPUBO010. Y IOYATKOBI MOMEHTH Yacy, KOJIU Y 3HATHO MEHIIIe
M, joricTnvHa KpUBa MPAKTUIHO 30ira€Thes 3 rpadiKoM IMOKa3HU-
koBol byukiii y = MeM*t TIpami y = M iy = 0 € acumnroramn
Jorictuanol Kpusoi (Ha puc. 1.1 moGyjaoBaHa JoricTHYHA KpUBA

upn M = 4C = 8k).

0] t
Puc. 1.1

3aKoH 3pocTaHHs IHMOPMAIIHHIX MOTOKIB, BU3HadYeHU pop-
mysioto (1.2), € nososti yHiBepcasbuuM. HuM MOXKHA CKOPUCTATUCST
JJIs1 OIACY TPOIIECIB PaIIOAKTHBHOIO PO3MaLy, XIMITHUX pPeakIiii,
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JI7IsI PO3B’ I3y BaHHsI OaraTbox 3389 €KOJIOTil, 3aati Mpo eheKTUB-
HiCTH peksiamu Toro |5, 8, 14, 17]. YV 6ankiBchbKiil crpasi HapaxyBa-
HHA 3a00ProBAHOCTI 38 KpeAUTOM a00 JOXOIB 38 BKJIAIaMU TAKOK
BiJIOYBAETHCS BIJIIIOBIIHO JI0 IBOTO 3aKOHY, aJjie Y IUX BUIIAIKAX Tac
BiJIpAXOBY€EThCS He HEIIEPEPBHO, a Yepe3 JTUCKPETHI MPOMIXKKMY.

Bamaua 2. Yosen cnosiavrioe ceili pyr nid diero onopy 60-
du, axud nponopuitinul xeadpamy weudkocmi woena. Ilowamkosa
weudkicms woena 3 m/c, a G020 weudkicms uepes 4 ¢ ckaadae
1 m/c. Yepes aruil wac weudkicms 4oena smeHwuumves do 1 cm/c.
Pose’sazanns. 3rinHo 3 apyrum 3akoHoM Hpiorona ma = F, ne
m — Maca 4OBHA, a4 = % — Oro IPUCKOPEHHs (ITOXiHA MBUIKOCTI
v(t) 3a gacom t), F — cuyta onmopy Boau. 3a ymMoBoro 3aiadi F = kv?,

Omxke, MaeMo Take audepeHIiagbHe PiBHIHHS:
dv
— = kv?. 1.
m v (1.3)
3 (1.3) omepkyemo:
d k 1 k
—g:—dt = d(————t)zo =
v m v
1 k -m
_—— — —t = C :> = .
vooom Y kt +Cm

3 ymosu v(0) = 3 3naxomumo C'= —1/3, a Tomy

3m
t) = ———. 14
v(t) = —— (1.4)
3 (1.4), BpaxoByioun, 1mo v(4) = 1, omep:KyeMo, 1o m?ﬂlzk =1,

o= —6, a orxe,
3m _
m—3kt -3t —6-3t

6
t) = ——. 1.5
o)) = (1.5

Axmo renep B (1.5) migcrasuru t = T (T — mykanuit gac), a
TakoxK v = 0,01, To 3Bijcy 3Haxomumo T' = 598 c. B
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Samaua 3. Busnawumu gopmy 03eprana, axe cnpamosaHutl Ha
HBO20 NOMIK NAPANENOHUT NPOMEHIE 30upae 6 00HY MOYKY.
Poss’sazannsa. 3pobumo nepepi3 azepkasa maomunaon Oxy, mob
TOUKA, B Ky 30MpatoThesi mpoMeHi ((hokyc), Oysia mouaTkoM KOop-
auHAT, a Bick O — mapaJjeabHOIO 0 MPOMEHIB, SKi HaJaloTh Ha
J13epKasio. Y nepepisi ogep:kyemo jesiky kpuBy y = f(z) (puc. 1.2).

Yy
y = f(x)
M _~&
& ly
| |
A @) B T
Pue. 1.2

Bukopucraemo 3aKOH reOMETPUYHOI ONITUKH, 3T1THO 3 SKUM Ky T
[aJliHHs TIPOMEHsI JIOPIBHIOE KYTy HOro BiaouTTs (el KyT mosHa-
geno 4epes «). Hexait M (x,y) — nosinpaa Touka Kpusoi y = f(z).
[Iposememo y wiit Touni goruany M A. Tpukyrauk MOA piBHO-
beapennii. He BTpadaoun 3arajbHOCTI, BBazKaTuMeMo, 1o y > 0.
Ockinmbku 3y = tg o (reomerpuanuii 3MiCT MOXIIHOT), TO OIEPKYE-

MO
MB Y

/
AB x2+y2—|—x

ab0, JIOMHOXKYIOUH YHCEJbHUK 1 3HAMEHHHK JIpoby Ha v/ 22 + y2—z,
1
y = " (x/x2+y2—x). (1.6)

Hudepennianbue pisasiauas (1.6) € audepeHIiajabHOI MOJEILITIO
3agadi. Boro ommcye dopmy mepepisy m3epkasia miaomuaoio Oxy.
3 (1.6) omepkyemo:

! d
T+ yy =1 = _<‘/$2_‘_y2):1 =
Va2 +y? dx

Vat+yl=x+4C,
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ne C' — posBuibHa crasa. OTiKe, MAEMO PIBHSHHSI OCBHOBOIO IIE€pe-
pisy azepkasta miomunoo Ozy: y2 = 20z + C?. Onepxxainu civ’io
napabost 3 Beprmnamu y Toukax (—C'/2;0), a ToMmy TOBEpXHs 13€p-
KaJla, sIK [IOBEpXHsI obepTaHHsl OCLOBOrO Iepepisdy HaBkoso oci Ox
Mae Burts iy + 22 = 20z 4+ C2, tobro mykani hbopMu n3epKasa
OIIUCYIOThCSI CiM’€10 PiBHsIHB Hapabosioinis obeprants. W

2. OcHoBHi o3HaveHHs1 I OHATTA. 38uuatiHum duge-
PEHULAABHUM PIBHAHHAM HASHBAIOTH CIIiBBITHOIIEHHST

F(x,y,y’,y”,...,y(”)) =0 (1.7)

MizK He3aJIe7KHOI0 3MIHHOIO Z, NIyKaHOW (dyHKIien y = y(z) el
sminnol 1 moximamvu ', y”, . .., y™.

[Toznavennsi, BUKOPUCTaHI y HaBEJIEHOMY O3HAYEHHI, HE € CyT-
TEBUMHU: He3aJIeXKHa 3MiHHA MOXKe MMO3HAJYaTHCs depe3 t, TIyKaHa
dyHKIist — yepes s, f, @, F Tormo.

ITopsaodxom 3udaiinoro qudepeHIiaJgLHOr0 PIBHAHHS Ha3UBa-
IOTh TIOPSIJIOK HAWBUIOI OXiTHOT HEeBiOMOI PYHKIIIT, sTKa BXOIUTH
y piBHsHHA. Y piBHAHHI n-ro mOpsAaKy (1.7) BBasKa€ThCs, IMIO IO
XiJIHa N-TO MOPANKY IIyKaHol (pyHKIII cIpaBi BXOAUTL y 1€ PiB-
HAHHS, TO/I sIK HASBHICTH PEIITH apryMEHTIB HeOOOB’sI3KOBA.

Hagenemo npukiamaym 3BudaifHux audepeHIiaJbHuX PiBHSIHD:

y=a2y +y>, ¥ +1y|=0, ¢ +y=-cosu,

(10)

yIV _ 4y/// + 5y// _ 2y/ +y= $€I, y = .

[lepmri aBa 3 HaBemeHWX PIBHIHL MAIOTh IMEPIIUI MOPSIIOK, TPe-
T€ PIBHSIHHS — JPYTHUil MOPSIOK, YeTBEpPTe PIBHSIHHS — UeTBEPTHU
MIOPSIZIOK, IT'sIT€ — JECATUI MOPSIOK.

dAxio gudepeHiiagbHe PiBHSIHHS MICTUTh YACTUHHI TOXiTHI
HEeBiOMOI PYHKITT Bifl KiTHKOX HE3AJIEXKHUX 3MIHHUX, TO HOTO Ha-
3UBAIOTh PIBHAHHAM 3 YACTMUHHUMUY NoxidHuMmu. HaBegemo
MIPUKJIAIA TAKUX PiBHSIHB:

b ou_ o ou_ o
Yor =0 ot oz
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Pu_ o Pu G
otz ~ 92 0s2 ' 9y | 022

Hanaumi, kpim sekmiit 21 1 22, po3ryigaTuMeMo TUTLKY 3BUYaliHi
mudepenIiaabii PIBHAHHS, TPUTIOMY 3aBXKIN HE3AJI€KHY 3MIHHY i
nyKaHy (DYHKIHIO BBAXKATUMEMO JIIHCHUMU.

Pose’asrxom pisusunsa (1.7) ma neskomy imrepsasi (a,b),
—00 € a < b < 400, HazuBaoTh GyHKII0 ¥ = y(x), Aka Mae Ha
IIHOMY 1HTEPBaJI TOXIiTHI JI0 TOPAAKY 71 BK/IIOYHO Ta 3aJ0BOJbHSIE
pisasinnst (1.7). Ile osnauae, mo jyist Beix « € (a,b) cupaBixye-
ThCS TOTOXKHICTD

F (x, y(z), vy (x),y" (1),... ,y(n) (x)) =0.

= f((E,y,Z).

Hampuknan, dymkiis y = cos2x € po3B’da3koM JaudepeHtii-
aJaBHOTO PiBHAHHS Apyroro nopanky y’ + 4y = 0 ma inrepsasi
(—00, +00). Poss’siskamu 1[bOr0 pPIBHSIHHS, SIK JIETKO TI€PEBIPUTH,
€ TaKoX Yy = sin 2z, y = 3 cos 2z, y = cos 2z — sin 2x i, B3araJi, Bci
byukuil y = C1 cos 2z + Co sin 2z, ge C1, Co — 10BUILHI cTaIi.

[TizHimre 6yme BCcTaHOBIIEHO, IO 3BUYaiine audepeHIiaabae pis-
HAHHA N-TO MOPSJKY Y 3araJbHOMY BUIIAJIKY Ma€ CiM'I0 PO3B’sI3-
KiB, 3aJIe;KHY Bif n JoBlabHuX cragmx. Hampukiam, yci po3s’ss-
K¥ JrepeHIiaJbHOro PiBHIHHS y(") = 0 micTarbes y dopmyiti
y=Ciz" '+ Cox" 2+ ...+ Ch1z + Cy, ne Cy,...,Cp — 10-
BLJIBHI CTaJIi.

3 reOMEeTPUYIHOI TOUKHU 30PY PO3B’SI3KY JU(EPEHIIATBLHOTO PiB-
HSHHS y TPAMOKYTHIl cHcTeMi KOOpJAWHAT BiJNOBiIa€ JesdKa KpH-
Ba, sIKy Ha3UBAaIOTL tHIME2PAAbHOM Kpueoto. CyKylHICTh iH-
TerpaJIbHUX KPUBHUX, 3aJI€KHY BiJ JOBLIBHUX CTAINX, HA3UBa-
I0Th CiM €10 tHMe2pasvbHuxr Kpusuxr. Hanpukiai, po3s’sisku
piBusgHHA 3y’ = 2 yTBOPIOIOTH JABONApaMETPHUHY CiM'I0 mapabo
y = 22 + Cix + Cy, KOXKHa 3 SKHUX € IHTerPaJIbHOI0 KPUBOIO.

ITporiec 3HAXOMKEHHST PO3B’I3KIB AU EPEHIIATLHOIO PIBHIHHS
Ha3UBAIOTDL {HIME2PYBAHHAM ITHOTO PIBHSHH. SIKIMO P MBOMY
BCi PO3B’SI3KU BJIAE€THCS BUPA3UTH Uepe3 eJieMeHTapHi DYHKITT abo
y ®6adpamypax (Ko po3B’si3KN BUPAXKAIOThCS depe3 IHTerpasn
Bij| esleMenTapHux (ByHKIIIH), TO KayKyTh, IO PIBHSIHHSI 3iHTErpo-
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BaHE Y CKIHUYEHHOMY BU24a0%. PO3riIssmaTuMeMo [epeBaXKHO Ca-
Me Taki PIBHSHHsI, X049a 3HAYHO Oijbine qudepeHIialbHuX PiBHAHD
He IHTerpyIoThCA Y CKIHUEHHOMY BUTJISII ¥ JIJIS MTpeCcTaBIeHHs X
PO3B’A3KIB TOBOIUTHCA BUKOPUCTOBYBATU OLIBIN CKJIAIHUI MaTe-
MAaTUYHAN anapar.

OcHOBHOI0O 3ajilader0 Teopil iHTerpyBaHHsT Ju(EPEHIATbHIX
PIBHSIHB € 3HAXOIKEHHSI BCIX PO3B’SI3KIB 3aIaHOT0 AudepeHIialb-
HOT'O PIBHAHHS Ta JIOCJIJZKEHHS 1X BJIACTHUBOCTEN.

3. Ckuasanus audepeHiaibHUX PIBHSAHb BUKJIIOYEH-
HSIM JOBIJIbHUX cTraamX. Hexait MaemMo piBHsIHHSI ciM’1 KPUBHX,
3aJ1eKHOI Bijl omHoro jiicaoro mnapamerpa C:

O(x,y,C)=0. (1.8)

[To6yayemo nudpepennianbae piBasiHHs ¢im'T Kpusux (1.8), T706-
TO PIBHAHHS, sIK€ OMMHUCY€E BJACTUBOCTI, TPUTAMAHHI BCIM KPUBUM
miel ciMm’i. st mporo 3audepeHIiineMo 3a 3MiHHOIO * oOuBi 4da-
cruan piBaocTi (1.8), BpaxoBytoun, mo y = y(x):
a—(I)—i-a—(I)-d—y:O. (1.9)
or Oy dx
Axmo cniseignomenus (1.9) we micturs C, T0 BOHO Oyie BU-
paxKaTu Ty 3arajbHy BJIACTUBICTH, SKa IMPUTaMaHHA YCIM KPUBUM
cim’T (1.8) (manpukniam, sxmo y = z+C, To y' = 1). Y 3aranbromy
Buma Ky pisaicTh (1.9) 3amexarume Bin nmapamerpa C. Toxi, Bu-
KJIIOYAIOYN TIeil TapaMeTp i3 cucTeMu, CKJIaIeHol 3 piBasHb (1.8),
(1.9), omepxkumo judepenItiajgbae PIBHAHHS MEPIIOTO TOPSIKY

F(z,y,y") = 0. (1.10)

Pipusnus (1.10) masuBaioTh du@depeHuianvHum pPi8HAHHAM
cim’i kpusux (1.8). BoHo BuparKkae CIiibHY BJIACTHBICTH KPUBUX
(1.8) mesamexuo Bizx cranol C.

Ilpukaana 1. Suatimu dugepenyianvre PIBHAHHA CiM T NApPa-
604, AKI MPOTOOAMS YEPE3 NOUGMOK KOOPIUHAM, | MAOMB 0CE CU-
MEMPILL, napaseavri do oci opouram.
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Poses’azarnsa. CiM'io mapabosi 3 yMOBU 3a/a4di MOYKHA OIHCATA
3a gonomoroo dopmymu y = x> — Cx, ne C' — j0BiabHA cTaja.
CkiazieMo cucremy
y =2 —Cuz,
{ =2z —-C

i Buksrounmo 3 Hel cramay C. st nporo suaiigemo C' 3 mepiroro
PIBHSIHHS CHCTEMH 1 MiJICTABUMO Y JIpyTe:
2 —y 2 —y / 2 +y

C="—2 = yY=2r-"2 = ="
x x x

Bionosidv: xy = 2% + y.

Awnasioriuno, matoun cim’to kpusux ®(z,y,Cy,Co,...,Cp) =0,
3aJIe2KHY Bi/l M JOBUIBHUX CTA/JINX, MOXKHA IIPU IIEBHUX yMOBAX
ojiepkaTu audepeHItiagbie PiBHIHHS, JJIs SKOTO Il KPUBi OyI1yTh
inTerpaabauMu. st Oro mOTPiObHO 3mudepeHIiioBaT CIIiBBiI-

womennst (x,y,C1,Co,...,C,) =0 n pasiB 3a 3MiHHOWO T 1 BU-
KJIIOUNATH 3 HLOTO Ta OTPUMAHNX BHACIIIOK AudepeHIiioBanis n
piBusgub cragi Cq,Cy,...,Cp. Y pe3yabrari omep:KuMo audepen-

niajgbHe PIBHAHHS CiM'I KPUBHX, sIK€ BHParKaTHMeE 3arajibHy BjIa-
CTUBICTBH IUX KPUBUX.

Ilpukaazn 2. 3natimu dugpepenyiarvre pieHAHHA CIM T KPUBUL
(x — 01)2 + ng2 =1.
Poze’sazanns. Bidi 3nudepeniiioeMo 3a 3MIiHHOIO T TOTOXKHICTH
(x—C1)?+ Coy? —1=0:

2z — C1) +2Coyy' =0, 1+C (y*+yy") =0.

Bukirogaroun 3 Tprox piBaOCcTeit crasi C, Co, mic/Is HeCKIaIHIX
[IEPETBOPEHL OLEPIKYEMO 2,zuzlcbepeﬁuiawn)He PIBHSIHHS APYTOro IIO-
panky y*y" + (y* +yy”)" =0. W

Pexomendosana aimepamypa: |1, c. 15 — 23|, [5, c. 3 — 13,
22 - 25|, 16, c.9—19], [7, c. 4 — 8], [17, c. 6 — 15].
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ITuranuga mo ekl 1

1. dke piBHsIHHST HA3UBAIOTH 3BUYANHUM IUEPEHITIAIbHIM DiBHSIH-
HaM? YuMm 3Bruaiini qudepeHiaJbHl PIBHIHHS BiIpI3HSIOTHCH Bij piB-
HSHb 3 YACTUHHUMU TTOXIiTHUME !

2. {k BU3HAUWTH MOPSIOK JAUDEPEHITIAIBHOIO PIBHSIHHS ]

3. dky dyHKIII0 HA3UBAIOTH PO3B’I3KOM JIU(DEPEHIaIbHOIO PiBHSI-
HHA? ZIK Ha3MBAIOThH OIEPAIlio 3HAXOIKEHHS PO3B’SI3KiB AudepPeHITiaIb-
HOTO piBHsAHHS! fIKy KPHBY HA3WBAIOTh IHTErPabHOIO KPHUBOIO Jrde-
PEHIIIaILHOTO PIBHAHHS !

4. Y yomy mosiira€ OCHOBHA 3a/1a4da Teopil iHTerpyBanns gudepeH-
[iaJbHAX PIBHSHB?!

5. Y YoMy mojiAra€ MaTeMaTUYHE MOJETIOBAHHS PEAJHHUX IPOIIe-
ciB 1 siBUII, sika HOro poJib y BuB4YeHHI mpomnecy? Illo HasuBaroTh Ju-
depenniagabao0 Moueso? HaBemiTh JeKiabKa MPUKIIAIHIX 3a0a4, sKi
MIPUBOJATH JI0 3BUYANHUX [udePeHIiaIbHIX PiBHAHbD.

6. dAkuit Bursig Ma€ piBHSHHS CiM'T KPUBUX, 3aJIEKHUX BiJI OIHOTO
napamerpa (n napamerpis)? Ik 3maiitu judepenniajibae piBHIHHS 3a-
JAHOI CiM'T OHOIAPAMETPUIHUX KPUBUX (N-IApaMEeTPUIHUX KPUBUX)?

Brapasu mo aexirii 1

1. IlepesipTe, un € yHKITIT

a)y=wx- [®Ldt;  6) 5z =1Inby; B)y=3z+Inz+2
0

pO3B’si3KaMu BiIMOBIIHUX nudepeHIiaJbHIX PiBHIHD

/ __ ytzxsinz, r_ xy'/y. 2.1 _ /
a) y = LR 6)y—ey/y, B) 2%y lnx = zy’ —y.
2. 3HaliIiTh KPUBI, y SKUX KOXKHUI BiAPI30K JOTUIHOI, IO JIEKUTH
MiK KOOPJIUHATHUMU OCSIMU, TOUYKOIO NOTUKY JTITUTHCS HABIIL.
3. Crutagite mudepeHIiaibae piBHAHHS CiM'T KPUBUX:

a)x? —y?=C; 6)y=sin(x+0C); B)y=Crz?+ Cre®.

4. Crutagite nudepeHIiaabue PiBHIHHS:

a) ycix KiJI, sKi JOTUKAIOTHCA JI0 Oci abCIuc;

6) ycCix IpAMUX HA ILIONIUHI;

B) mapaboii, gki npoxoagaTh depe3 TouKy (1; 2) i MaioTh Bich, napa-
JIEJTBHY 710 OCi abcItuc.

5. 3HafiTh KPUBi, HOPMAaJIi JI0 SKUX B yCIX TOYKAX MPOXOATH Yepe3
[M0YATOK KOODJIMHAT.
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Jleknia 2. IludepeHuianbui piBHIHHS
MepIoro IMopsiJiKy, Po3B’sa3aHi BiJHOCHO ITOXiTHOT
(3arasibHa Teopis)

Il1an

1. OcHoBHI 0O3HaYeHHSs i TOHSTTSI.

2. 3agaya Komri. YMoBHU icHyBaHHsI Ta €IMHOCTI PO3B’SI3KY 3a-
nadgi Kori.

3. Knacudikariist po3B’si3KiB.

4. Teomerpudte Ta MeXaHI9HE TIyMadeHHs IudepeHIiaabHOro
PIBHSAHHSI TIEPIIIOTO MOPSIAKY Ta HOro po3B’si3KiB.

1. OcHoBHi o3HaYeHHs I MOHATTA. udepenmianbie pib-
HSTHHSI TIEPIIIOTO MOPSIJIKY B 3araJIbHOMY BHUIAJIKY MOXKHA 3aIUCATH
V BUTJISITL

F(z,y,y') =0, (2.1)
Jle T — He3aJlexKHa 3MiHHa, Y — HeBlnoma dyukuis Big x, F(z,y,y') —
sajana (PyHKIiA 3MIHHUX T, ¥, y = g—g.

Axmo piBugnas (2.1) MoXKHA PO3B’S3aTH BIIHOCHO MOXIJIHOI,
TO HOr0 3aIUCyBATUMEMO Y BUTJISII

y' = f(z,y). (2.2)

Taxky dopmy 3ammcy nudepeHIiajgbHOrO PIBHSHHS HA3UBAIOTH
HOPMAADBHOINO.

Haitnpocrimum 3 gudepeHIiaJbHuX PIBHIAHL Y HOPMAJIbHIM
dopmi € piaguns y' = f(x). dxmo dbyskuis f(z) BusHaveHa i
HellepepBHa Ha JiesskoMy iHTepBasi (a,b), To, siK BiJIOMO 3 MaTeMa-
tuanoro anamsy, y = [ f(z)dz 4+ C, ne C — nosiibua crama.

VY 6ararbox BHIAJIKAX DPIBHsHHS (2.2) 3py4YHO 3allUCyBaTH Y
surisig dy — f(x,y)dr = 0, skuit € OKPEMIM BHIAIKOM DiBHSHHS

M(z,y)dx + N(x,y)dy =0, (2.3)

e M(x,y), N(x,y)— Binomi dyukuil (koegiutenmu pieHanHs).
Pisasinnst (2.3) 3pyuHe TuM, 110 3MiHHI 2 1 § Y HbOMY PIBHOIDABHI,
TOOTO KOXKHY 3 HAX MOXKHA PO3IJIAJATH K (DYHKINIO Bi iHIION.
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Pose’ssrom mudepenniaabHoro pisasuns (2.2) Ha iHTepBai
(a,b) HABUBAIOTHL HellepepBHO MUMEPEHIIHOBHY Ha IIbOMY IHTEpBa-
m dyskmio y = y(z), gka mneperBopioe piBHsAHHA (2.2) y TOTO-
KHiCTB, TOOTO Y () = f(2,y()).

Posp’s30k piBusiHHs (2.2) MOxKe OyTH 3aJaHuil HE TIILKU SB-
HO, TO6TO siK y = y(x), ane it y wHesiBHOMY BuIsiai P(z,y) =0
(y Burasiai, He po3B’s3aHOMY BITHOCHO y) abo y mapaMeTpHYHii
dopumi: z = ¢(t), y = ¢(t). Hanpuknan, byuxnis y = 1 — 22, e
x € (—1; 1), € po3s’si3koM piBHsIHHS y' = —2 /Yy, oqHAK Ieit camuii
PO3B’SI30K MOYKHa, TIOJIATH Y HesiBHOMY Burvsym o2 +y2 =1, y > 0,
a TaKOXK y mapamerpudHiit popMmi x = cost, y =sint, 0 < t < 7.

2. 3amaya Koirni. ¥YMoBu icHyBaHHS Ta €IUHOCTI PO3-
B’si3Ky 3agaui Korri. Bxke 3asnagasocs, 1mo mgudepeniiaibhi
PIBHSIHHSI 3a3BHYail MaoTh 6e3/id po3B’sskiB. OmHak y 6araTbox
3a/la9axX TEOPETUIHOTO 1 MPUKJIATHOTO XapaKTepy Cepell yCiX po3-
B’s13KiB nudepenIiaabaoro piBHsHH (2.2) TOTPIGHO 3HANTH TaKWii
PO3B’s130K Y = y(x), KUl 33JJ0BOJILHSIE YMOBY

y(zo) = vo, (2.4)

Je Tg, Yo — 3aJaHi 9ucia, TOOTO PO3B’sI30K, SIKUI 71 3aIaHOT0 3HA~
YeHHs He3aJIe’KHO1 3MIHHOI T = Xy HAOyBa€ 3a/1aHOTO 3HAYEHHS Y.

Bajady BiaNIyKaHHs PO3B’s3Ky piBHsHHS (2.2), gKuUil 3a710-
BOJIbHsE yMOBY (2.4), HasuBaoTh 3adauero Kowsi (abo noua-
mxoeoto 3adawero). YvoBy (2.4) HA3MBAIOTL NMOUAMKOB0M0, a
qHCIa Lo, Yo — NOYAMKOBUMUY daHuMmy 3a1a4i (2.2), (2.4).

3 reomerpuuHol Touku 30py 3ajada Ko (2.2), (2.4) nossirae
y BimmyKaHHi iHTerpaJbHOl KpUBOI PIiBHSHHSA (2.2), SIKa IPOXOIUTH
Jyepes 3ajiaHy TOUKY (g, yo) mwiomuau Oxy.

Biamosinp Ha mmTaHHS MPO Te, 3a AKX yMOB 3amada Korri
(2.2), (2.4) mae po3B’s130K, Jae Teopema [leano, noBeseHHs KO
MOXKH& 3HafiTu, Hanpukiam, B |3, c. 44 — 46].

Teopema 1 (Ileamo). Axwo dynxuia f(x,y) nenepepsra 6
desaxiti obaacmi D naowuny Oxy, mo ichye nenepepsmna pasom 3i
c6oero noxidnoro pynruis y = y(x), axa € pose’azkom sadaywi Kowi

Y = f(z,y), y(zo) = Yo, de (xo,y0) € D.
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Opmmak fy1s 6araTbox 3a/ad BaXKJINBO 3HATH HE TUTBKH (HakT
icHyBaHHS PO3B’SA3KYy AUQEPEHIIAJLHONO PIBHIHHS, ajle TaKOXK i
Te, YU € Iell PO3B’sI30K €IMHUM. BiiloBifpb Ha 1€ MUTAHHSA Mae
BUHSATKOBE 3HAYEHHS K JJIsI caMol Teopil audepeHIiajabuux pis-
HsHb, TaK 1 Juid Oararpox i1 3actocyBanb. CrpaBii, SKIIO 3HaA-
TH, 0 PO3B’ 130K 3aadi Ko enuauit, To 3HAWMIOBIIN PO3B’A30K,
KW 38J0BOJIBHSIE 38/IaHi TOIATKOBI YMOBH, JIOCIIIHUK MOYXKe Oy TH
BIIEBHEHUM Y BiJICYyTHOCTI IHIUX PO3B’I3KiB, SKi 38I0BOTLHAIOTH Ti
caMi ovaTKOBI yMOBHU. ¥ 3aj@4ax IPUPOIO3HABCTBA Ii€ IPUBOUTD
JI0 OJIEPYKAHHS €IMHOTO 3aKOHY SIBUITA, KNI BU3SHAYAETHCS T1IbKU
nudepeHIiaJIbLHIM PIBHIHHAM 1 TOYaTKOBUMHU yMOBaMu. locTpa-
IIi€10 JI0 IIHOTO MOXKYTb OyTw 3ajadi 3 ekl 1.

BusiBiisieTbest, 1m0 yMoBa HenepepsHOcTi (yHKIil f(x,y) 3 Te-
opemu [learno we rapantye eaunocti po3s’s3ky 3amaai Ko (2.2),
(2.4). Posristnemo, HanpukiaJ, piBHgnas y = 2\/y. Moro mpasa
JacTUHA BU3HAYEHA 1 HeIlepepBHA y BepxHiil vacTuHi momman Oy
(y > 0). 3a J0MOMOTOIO TiICTAHOBKH JIEMKO HEPEKOHATHCH, 110 1H-
TerpaJbHEMI KpUBIMH € misnapabomn y = (z + C)2, ne x > —C,
a Takoxk npsima y = 0 (Bice Ox). OueBWiHO, 10 y KOXKHIiI TO-
qami (z0,0) oci Oz enunicTh PO3B’A3KY MOPYIILYETLCA, 00 Uepes
[0 TOYKY IPOXOJSITH JIBi iHTEerpaJibHi KpPHBi, a came: mapabdosa
y = (z — x0)? i mpama y = 0 (puc. 2.1).

Puc. 2.1

OCHOBHOIO TeOpPEMOIO, sAKa 3abe3ledye He TiAbKM iCHYBaHHS,

aje it enunicTh po3B’a3Ky 3agadi Ko, € Teopema Ko, sxa y
JIeIOo iHImiit mocTaHoBIN Oy/Ie JOBeJAeHA Ha JIEKITl 8.
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Teopema 2 (Kowii). Hexati ¢ynruis f(x,y) sushavena y
NPAMOKYMHUKY

G={(z,y): |z —xo| <a, ly—wl| <b}, a,b>0,

1 300080NDHAE Y HHOMY MAKE YMOBU:
1) f(x,y) nenepepena, a, omorce, i obmesrcera, mobmo

|fz,y)| <M, M >0;
af

2) wacmurna noxioHa oy ICHYE MG 006MedHCceHa.
Todi 3adava Kowi (2.2), (2.4) mae edunuti po3e’a3ox npunatimmi
na 6idpisky |x — x| < h, de h = min (a, b/M).

3a BUKOHAHHA YMOB TeopeMu Ko MOXKHA TapaHTyBaTH, IO
Yepe3 KOXKHY BHYTPINIHIO TOUKY oOsacTi G IPOXOJIUTh €/IMHA, iH-
TerpaJibHa KPHUBa.

Teopema Korrri mae Bemnke 3HadeHHsT B Teopil 3BmUIaiinnx amde-
PEHIAJILHUX PiBHsIHB, 00 JI03BOJISIE 34 BUIVISIIIOM [PABOI YaCTUHU
piBHsiHHS (2.2) BiAMOBICTH HA MUTAHHS [IPO ICHYBAHHS Ta €IWHICTD
PO3B’SI3KY IBOI'O PIBHSIHHSI P 3aJaHUX MTOYATKOBUX ymoBax. Lle
0CODJIMBO BasKJINBO V¥ TUX BUIAKAX, KOJIM HEMOYKJINBO BKA3aTH TO-
qHy (GOPMYJIY, IO BU3HAYAE PO3B’sI30K PIBHSHHSI, & TOMY MOTPIOHO
3aCTOCOBYBATH METOIN HaOJIMKEHOTO PO3B’sa3yBaHHA TupepeHIi-
aJbHOIO PIBHSHHS.

3. Kunacudikariiss po3B’si3KiB. 3a2a4bHUM PO38’°A3KOM
nudepenIianbaoro piBasaHs (2.2) y Jeskiit obmacti G UIomuHI
Oxy Ha3UBAIOTH (PYHKIIIO

y=y(z,C), (2.5)

sIKa, 3aJIeXKUTh Bif omHiel moBiabHOI cTagol C, SKIIo:

1) BoHa € po3B’s13KOM piBHsHHS (2.2) Jyist 1OBLIBHOTO (bikCcOBa~
Horo suadenus crajol C;

2) st noBinmbHOI mouaTkoBoi ymoBu (2.4), ne (zo,yo) € G,
icnye emuue 3HadenHs crajgol C = (Cy Take, 1mO QYHKIsS
y = y(z, Cp) 3amoBobHsIE yMOBY (2.4).



28 Pozgin 1. AJMO®EPEHIIAJIBHI PIBHAHHSA ITEPIIIOIO ITOPAOKY

ZKImo He MOXKHA 3HANTH 3arajIbHUI PO3B’S30K y BUIVIAL (2.5),
fioro mykatorb y HesisHoMmy Burisii F(z,y,C) = 0. Taknii pos-
B’SI30K HA3WBAIOTH 3A2AAbHUM THIME2PAAOM TUPEPEHITIATHLHOTO
piBasinHst. YacTo 3arajibHuii iHTerpas onepxkyors sk V(z,y) = C,
TOOTO y BHWIJVIsSIII, PO3B’SI3aHOMY BigHOCHO moBiabHOI cTasol C.
Oyukiio VU(z,y) y IbOMY BUIAJIKY HA3UBAIOTH THME2PAAOM JTi-
depeHiagabLHoro piBHAHHA. AHAJOIMYHO BU3HAYAIOTL CIM'I0 iHTe-
IpaJibHUX KPUBUX (PO3B’SI3KIB) DIBHSAHHSI, 3aJI€XKHY BiJI JOBLIBHOI
crasioi C', y mapamerpudsiit hopmi x = ¢(t,C), y = 9(t, C) gk 3a-
2aavHulli po3s’a3ok Yy napamempudHiti popmi.

Axmo y Touri (xg, yp) mopyuryoThest ymosu Teopemu Kori, To
Yepes 10 TOUKY IPOXOAUTD JEKiTbKa IHTerpagbHuX KpuBux (pos-
B'SI30K He €IuHUIT) ab0 HE MPOXOJUTH YKOJHA IHTerpajbHa KpUBa
(po3B’si30K me icuye). Taki TOUKN HA3UBAIOTH 0COOAUBUMUY TO-
yramu TuhepeHIiagTbHOr0 PiBHSHHSL.

[MIykaTn ocobmmBi TOYKH MOTPIOHO cepesl TOUOK, Y SAKUX Ma-
10Th po3puB byHKIsA f(x,y) abo i1 YacTUHHA TOXiIHA fé(ac,y), a
MOTIM, aHATI3YIOYN 3arajbHUil PO3B’SI30K, HEOOXITHO IepeBipuTH,
qu OyIyTh 11l Touknu ocobmuBumu. Taxa nepepipka 0060B’s13k0Ba, 60
Teopema Korri mae smire mocTaTHi yMOBH, a OT2Ke, MOXKE iCHyBaTH
enuHnit po3p’s3ok 3aaui Komi (2.2), (2.4) maBirs Toxi, Koiu B
Touri (x,yo) He BUKOHYETHCS OHA ab0 OOUIBI YMOBU TEOPEMU.

Posristremo mpukiiamm.

1.y = ycosx + 3. Oynxmia f(z,y) = ycosx + 3% memne-
pepBHA, a IOXiTHA f?’J = cos z OOMeKeHa B YCiX TOYKaX ILIOIIIHU
Oxy. 3rigno 3 Teopemoro Ko yepe3 KoxkHy TOYKY 1o Oxy
[IPOXOIUTH OIHA iHTerpaJibHa KpHUBa.

2.y = y/1—92. IlpaBa yacTMHa BH3HA4YEHa 1 HellepepBHA B
ycix roukax miommumuaun Ozy, ne —1 < y < 1. Yacrunna noximna
f! = ——~— crae neobmexkenoo, axmo y — =+ 1. Jlerko mepe-

Y \/ﬁ
KOHATHCH, 10 KoxkHa 3 dyHKIiA y = sin(x + C') € po3s’sa3kom
piBastHESE. OKpiM TOrO, MaeMoO TakoXK po3B’sizku y = + 1. Takum
GUHOM, Yepe3 KOKHY TOUKY IpAMUX Yy = + 1 mpoxXonsaTh mpuHAM-
Hi ABl iHTerpa/ibHi KpUBI, & TOMY y TOYKAX IUX IPIAMHUX HMOPYIITY-

€TBCsI €UHICTD PO3B’sA3KY (puc. 2.2).
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Yy y=1

in(z + C)

Yy = si
AN

y=-1
Puc. 2.2

3.y = y~* B ycix Toukax (x9,0) oci Oz dbyukuii f(r,y) =
= y 4 fz,/ = —4y™° pospusHi i HeoOMexeni mpum y — O,
ajle uepe3 KOKHY TOUKY II€l OCl NPOXOAUTH €JMHA IHTerpasib-
Ha KpuBa Yy = v/5(x — x(). PucyHok inTerpampbHux KpuBux gude-
penmianbHoro piusHus y' = y~% mpomnonyeMo unmTauaM 3poGHTH
CaMOCTi#THO.

JacmurHum po3e’askom pisasans (2.2) B obmacti G Ha3n-
BatoTh QyHKIio y = y(z,Cp), yTBOPEHy 3 3arajibHOrO PO3B’S3KY
(2.5) mpu nesnomy 3uadenHi cramoi C = Cy.

AxImo KoXKHA TOYKA PO3B’'A3KY MUMEPEHITIAILHOIO PIBHIAHHS €
0COBJINBOIO, TO TAKUI PO3B’sI30K HA3UBAIOTH 0cobAusuMm. Ocobiiu-
BUil PO3B’A30K HE MOXKHA OTpPUMATH 3 (DOPMYJIA 3arajJibHOTO PO3-
B’s13Ky (3arasbHOrO iHTerpasa) MudepeHmiajbHOro PiBHAHHSA IpU
KojHOMY 3HaveHHi crajol C.

3 reoMeTpwUYHOI TOYKH 30pPy B3arajbHUM  PO3B’SI3KOM
y=y(z,C) € ciM’sa inTerpajpbHux KpuBHX Ha IwiomuHi Oxy,
sJKa 3aJeXKUTh Bif oxmiel mgoBiibHOI crajgol C, a YaCTHHHUN
PO3B’sI30K — Iie iHTerpajbHa KPUBa i€l ciM’T, 110 MPOXOINTh Yepe3
3aJlaHy TOUKy. I'padikom 0cobJIHMBOrO po3B’si3Ky € iHTerpaJibHa
KPHUBa, fgKa y KOXKHIN CBOINf TOYIl Ma€ CHIIbHY JOTUYHY 3 OJTHIEIO
3 iHTerpajbHUX KpuBHUX. Taky iHTerpajibHy KPHUBY Ha3UBaIOTh
066101010 ciM'T inTerpanbaux KpubBux. Hanpukiau, /st piBHAHHS
y' = 2,/y obBimHOIO € psima y = 0, To6T0 Bick Ox (puc. 2.1), a s

piBusiaag ' = /1 — y? o6BigHuME € npsimi y = + 1 (puc. 2.2).
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4. l'eomeTpuvHe Ta MeXaHiuHe TJIyMadeHHs audepeHIri-
aJIBHOT'O PiBHSAHHS MEPIIOro HOPSAKY TAa MOro po3B’si3KiB.
fAxrmmo posrismatk i Yy 9K IeKapTOBI KOOPAWHATH TOYKHU, TO JIH-
bepennianbhe piBHsIHHS (2.2) BCTAHOBJIIOE 3B’130K MiK KOOD/IMHA-
TaMu 10BUIbHOT ToukN M (2, y) monwan i KyToBuM KoedimnieHToM
JOTUIHOL g—g J10 iHTerpasbHOl KpuBOl y 1iit Tourni (puc. 2.3):

o= = i)

Axmo dyukuis f(x,y) Busnadena B obaacri G, TO KOXKHIN TO-
ami M (x, y) miel obracTi BiAoBigae JesdKuil HAIIPsIM, KYTOBHIT KOe-
diuienr sikoro sopisaioe f(x,y). Bkasyroun neii HAIIPSIM BEKTOPOM
(/7151 BUBHAYEHOCTI BBAYKATUMEMO HOIO OJMHUYHKUM) 3 OYATKOM Y
Touri M, omepxkumo B obsacti G noae Hanpamie, BU3HAUEHE PiB-
usauaaM (2.2) (puc. 2.4).

VA

=y

@]

Puc. 2.3 Puc. 2.4

[aTerpanbia KpuBa, sika IPOXOIUTH Yepe3 Touky M (x,y) € G,
XapaKTepHa TUM, 10 y KOXKHiil 11 TOUI HAIPsAM JTOTUYHOI 30irae-
ThCS 3 HAIPSAMOM M0Jist Yy 1iit Touri. ToMmy 3 reoMeTpudHOl TOYKH
30py iHTerpyBaHHsI AudepeHiaabHOro piBHAHHs (2.2) TOJsIrae y
3HaXO/PKEHH]I KPUBUX, JOTUYIHI 10 AKMX y KOXKHIi#l CBOI# ToUIl 30i-
raloThCd 3 HAIPIMOM IIOJIS.

ko y aesxiit Toumni (xo, yo) dbyskiia f(x,y) crae HecKiHIeH-
HO BEJIMKOIO, TO HAIIPSIM TT0JIst Oy/ie napaJenabHuii ;10 oci Oy. Aximo
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f(z,y) y Toumi (zo,yo) meperBopioeTsest B HeBusHadenicts 0/0, To
Yepes I TOUKY He IPOXOJUTh YKOJIHA 1HTerpajibHa KPUBA.

Jlist moOymoBu 1107151 HANIPSAMIB JuEePEeHITaIbHOIO PIBHSIHHS
3pYYHO BUKOPHCTOBYBATH I'€OMETPUYHI MICISI TOYOK, y SAKHX JI0-
TUYHI 40 IHTerpajJbHUX KPUBUX MAIOTH CTAINA Hampsam. Taki ji-
Hil HABUBAIOTH 130KATHAMU. PIBHAHHST 130K/IiH JudepeHIiaJIbHOro
piBHsHHS (2.2) Ma€ BUIVIAT

ne k — mosinbHa crasa. 3Minondn B (2.6) 3HadeHHS k, OIEPKIMO
MHOXKHUHY 130KJIiH B obsiacti G. 3a JOIOMOIoO0 i30KJIiH 1 BimoMux
cramux KyTiB « (k = tg«) Haxwmiay AOTHYHHUX JIO IHTErpaJbHUX
KPUBUX, sIKi IX IepPeTUHAIOTH, MOXKHA CXEMATHYHO IIOOYIyBaTH iH-
TerpajbHi KpuBl AudepeHIiaabHoro piBHAHHA. Takmit MeTom mo-
ciKeHHs TudepeHIliaJbHIX PIBHSIHb HA3UBAIOTH MET0doM 130-
KATH.

3a JI0IOMOI0I0 METOJY I30KJIH MOXKHA BH3HAYUTH TAKOXK TaKi
XapakTepHi JHIl # 006JacTi MO iHTerpaJbHUX KPHUBUX: 00JacTi
spocrannst (npu k > 0), cuagannst (k < 0) iHTerpaJbHUX KPUBUX
Ta Jinil ix ekcrpemywmis (k = 0). dxmo dyukuis f(x,y) y pis-
usaHi (2.2) nudepenmiiioBra, TO 3a JOMOMOrOI0 IPYrol MOXigHOl
y' = fo+y' - f, = [+ [ [, moxna BusHaunTH 06/1aCTI OMyKIOCT
Ta JIiHIl TOYOK MEepernHy IHTerpaJbHUX KPUBUX.

Ilpukaanm 1. 3a donomozoro i30%AiH HabAUICEHO 306DA3UMU
inmezparvhi kpusi pienanna y' = x(y — 1).
Pose’aszanms. 3rigpo 3 (2.6) piBHsAHHS 130KJIIH Ma€ BHUIVISL
z(y—1) =k, k € R. dxmo k = 0, To i3okminamu € mpsmi & = 0 i
y = 1. Banopx mux ¢ = tga = 0. ko k # 0, To i30K1iHAME €
rinepboJsin y = g + 1. dxmo, nanpuknan, k = £1, To tga = +1,
a, orke, a = +45°. dxmo k = £0,5, To « = *arctg0,5b ~ +27°
i T . Tone nanpsamis gudepennianbuoro pisnsanus y' = x(y — 1)
300parkeHe Ha puc. 2.5.
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Aximo moste HAIPAMIB IrdEPEeHITiaIbHOIO PIBHIHHS M00Y/I0Ba~
He, TO JJIsi TOTO, 1Mo0O HAKPECJUTU 1HTerpajbHy KPUBY PiBHSHHSI,
OTPIOHO, K B2KE 3a3HAYAJIOCH, B3ATU HA IJIONIUHI Oy/Ib-s1Ky TOUKY
i mpoBecTu Uepe3 Hel KPUBY TaK, MO0 BOHA y KOXKHIN CBOIH TOYII
36irasiach 3 HAIPSAMOM II0JIs, TOOTO JOTHUYHA JI0 KPUBOI Y KOXKHiil
TOYIl TOBUHHA MaTH HAIPsM BEKTOpa y il Todri. InTerpasbmi
KPHBI 33JIa4HOTO PIBHSHHS CXeMaTHIHO 300pakeni Ha puc. 2.6. B

Posrnsmemo 3agady mpo pyx MarepiajbHOl TOUKH P B3I0BXK
oci Ox. Tlosnaunmo meuaKicTb TOUukU P depes v(t, ) — dyHKIIiO,
3aJIe’KHy BiJl 9acy t 1 OJIOYKEHHHA T, sSKe 3afiMae TOYKa Y MOMEHT
vacy t. [ludepenniaaibHuM piBHAHHAM IIHOTO PYXY OyIe

Z—j =(t,x). (2.7)
Bynpb-sikuit po3s’si3ok © = x(t) piBHsiHHs (2.7) BU3HAUYAE IIEB-
HUIl 3aKOH pyXy (HfOro HA3WBATHMEMO IIPOCTO PYTOoM). 3ajada
Ko jyist piBHsiHHst (2.7) mosisirae y 3HAXOJZKEHHI TAKOTO PYXY
= x(t), aKuil Bu3HadaeTHCA PIBHAHHAM (2.7) i 33J0BOJIbHSIE 11O
9aTKOBY yMOBY Z(tg) = Zg.

Pyxy x = z(t) Bigmosimae na mrommni (t,x) kpusa MoM;
(puc. 2.7), sika 300pazkye 3ajexuicts = Bij t. 1o KpuBy Hasu-
BalOTh 2pagirom pyxy (ue Tpeba mwirytatn rpadik pyxy 3 Tpae-
KTOpi€ro pyxy Touku P — Bigpiskom PyP; Ha puc. 2.7).

XA XA
P M,
\ y X=X,
x=x(1) -0
P M
Mr'l
k, X
X,
19 l, NG l roL
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dAxmo y piBusumi (2.7) dyukmis v(t,r) He 3ameKuTh Bif t,
TOOTO

dr
P
TO Take DIBHAHHA HA3UBAIOTH CMAUIOHAPHUM abO ABTMOHOM-
HuMm. Y piBHsiHHI (2.8) MBUAKICTH 3a7€KUTH TUIBKH BiJ[ [I0JI0KE-

(z), (2.8)

HHsI TOYKH.

dkmo npasa yactuHa piBHsiHHS (2.7) EPETBOPIOETHCS B HYJIb
[IpU & = Xg I BCiX 3HAYEHD ¢, 10 PO3IVISJIAIOTHCS, TOOTO IIBH/I-
KICTb pyXy V TOYIl X(g B OyJb-SIKUit MOMEHT dacy JIOPIBHIOE HYJIIO,
To piBHsHHs (2.7) Mae po3B’si30k x = xg (puc. 2.8). Ilbomy pyxy
BiamoBimae cman cnoxoro. TpaekTopieio bOTO PyXy € TOUKa X,
JKYy Ha3UBAIOTh MOYKOI0 CNOKO0 abo MowKo pieHosazu.

Pexomendosana aimepamypa: |1, c. 24 — 37, 42 — 48], [3,
.9 11,36 - 59, [5, c. 14 — 22, 25 — 27, 97 — 104], [7, c. & — 25,
76 - 85|, [16, ¢. 7 - 14].

ITuranuga mo Jjgekirii 2

1. dxwuit 3aragbHMi BUT/IAL Ma€ 3BUYaiiHe audepeniiaabie PiBHIHHA
repiioro nopsaaky? fAky yHKII0 HA3UBAIOTH PO3B’I3KOM I[LOTO PiBHSI-
HHs Ha iHTepBai (a,b)?

2. dxy dopmy 3BHUAHOrO IudEPEHIIATHLHOTO PIBHSHHS IIEPIIOTrO
HOPsiZIKY Ha3uBaloTh HOpMaJsbHOW? K 3Becru piBusanua M (z,y)dr +
+ N(z,y)dy = 0 no nopmasbuoi dopmu?

3. dx dopmymoerses 3agaua Komi ayist qudepeniiianbHOro piBHAH-

4. Copwmyioiire Teopemy Ileano npo icHyBaHHsT pO3B’si3Ky 3aati
Ko mig pisugnnsg y' = f(x,y). Yu MoxkyTh iHTErpaibal Kpusl piBHs-
uast §' = f(z,y) 3 HemepepBHOIO MPABOIO YACTUHOKO MEPETUHATUCS 460
JOTUKATUCA OJIHA OTHOI?

5. Yu rapaunrye HenepepsHictb byHKIil f(x,y) icHyBaHHd €xuHO-
ro po3s’a3ky 3agaui Komi gy pisusians y' = f(x,y)? Chopmyioiite
Teopemy Komri. Yu moke icHyBaTH €nuHMIT PO3B’SI30K Ii€l 3a1a4i mpu
HEBUKOHAHHI 6y/1b-K0I yMOBH Teopemu Komri?

6. JlaiiTe o3HAYEHHS 3arajbHOIO PO3B’S3KY AudepeHIiajIbHOro PiB-
usuns y' = f(z,y) y neskiit obsacti icHyBaHHS Ta €MHOCTI PO3B SI3KY
zagaui Komi. dAxuit po3B’s30K HA3WMBAIOTH 3arajilbHUM 1HTEIPAJIOM, 3a-
raJIbHUM PO3B’sI3KOM y IapaMeTpudHiit dpopmi?
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7. Illo Take wacTuHHU po3B’a30K piBHsaHHS Yy = f(z,y)? Akuit pos-
B’SI30K Ha3MBalOTh ocobimBuM? JlaiiTe reoMerpudHe TJIyMadeHHs IIHAX
PpO3B’SI3KiB.

8. dkuii reomerpuunuii 3micT MaoTh piBugnuga y' = f(x,y) Ta fioro
po3B’si3ku? K BU3HAYMTU HAXUJI IHTErPAJbHOI KPUBOI y 3aaHiil ToqI
3a BUIJISIIOM IIPaBOl YacCTUHU piBHsSHHS! 7K moOymyBaTu 1moJie Harpsi-
MiB, Bu3HaveHe piBHAHHIM §' = f(2,y)? Y 90My HOJISIrae TeOMeTPUTHMI
3MiCT iHTerpyBaHHs IbOI'O PiBHSIHHS?

9. [Mlo Take izokaina? JKUM € PIBHAHHS i30KIIH I AU EPEHITATb-
uoro piBusuug y' = f(z,y)? Ak 3HaiiTn ginil ekcrpemyMmiB 1 JiHil TOY0K
[eperuHy iHTerpaJbHIUX KPUBUX IHOTO PIBHSHHS? Y YOMY MOJISITAE Me-
TOJI i30KJIIH HAOJIMYKEHOrO PO3B’ I3y BaHHs JAu(ePeHIialbHOI0 PiIBHAHHSA T

10. dAxwmit mexamiyuumii 3micT MaoTh JgudepeHIiagbHe PIBHAHHSA
y = f(z,y) Ta ioro poss’si3ku? Ak nos’si3aHuMit Mixk coboro rpadik py-
Xy (po3B’si3Ky), BUSHAYEHUI UM PIBHIHHSAM, I TPAEKTOPI HHOrO PyxXy?
dAxuit pyx HAa3WBAIOTH CTAHOM CIIOKOIO, sIKUMU € Tpadik i TpaekTopist
BOro pyxy?

Bropasu go aekiiii 2

1. Poss’sxiTh 3amaqai Komri:

a)y +2%=1,y(0) =5 6)y =ctgz, y(%) =3;
B) Y =1Inz, y(e) = 1.

2. Kopucryrouncs Teopemoro Ko, BumimiTh 06/1aCTi, y IKAX KOXKHE
3 nudepeHIiaJbHIX PIBHAHDb Ma€ €IUHUN PO3B’I30K:

a)y =cosy—2x; 6)y =22 —y+a B)y =2y/y+e".

3. 3a J0IOMOroro MeTojy i30KJiH mobyryiiTe moJse HAIpsaMiB jude-
penriagpHOro pisHaHHA 3’ = 2 + y? — 4 Ta HAGIIDKEHO 306pa3iTh me-
KiJTbKa IHTerpaJbHUX KPUBUX.

4. HanurmiTeh piBHSHHS, SKOMY 33 10BOJIbHAIOTD:

a) ycl TOYKU EKCTPeMyMy IHTErpajJbHUX KDUBUX DIBHSIHHS
Y = +y;

6) yci TOYKM II€pEruHy IHTerpajibHUX KDPUBUX  DIBHAHHS

y/ — y3€3:c —9.
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Jleknig 3. Haiinpocrimi gudepeHiajibHl piBHIHHSA
MEepIoro MopsiaKy, iHTErPOBHI y KBaJpaTypax

Ilnan

1. PiBHsiHHS 3 BiIOKpEMJTIOBAHUMUI 3MIHHUMHY Ta, 3BiJIHI 0 HUX.
2. OnHOpigHI PIBHSIHHSI.
3. PiBuganns, 3Binui 10 ogHOpiAHUX.

1. PiBHaHHS 3 BiJOKpeMJIIOBAaHUMHU 3MiHHUMMU Ta 3BigHI

1o Hux. Posrisgaemo nudepeniiaabae piBHSIHHS IEPIIOrO MOPSI-
Ky

My (x)N1(y)dx + Ma(z)N2(y)dy = 0, (3.1)

e KOXKeH 3 KoedirmieHTiB 6ias audepeHiiaaiB € q00yTKOM IBOX
byHKIN, oqHA 3 AKUX 3a/€KUTh TIILKU Bill &, a iHIIA — TIILKU
Bix y. PiBusnus (3.1) HasuBaiorh pi8HAHHAM 3 6100KPEMAIO-
B8AHUMY, 3MIHHUMU.

s inrerpyBannst piBusuus (3.1) morpibHO ZOMOrTHCS TOTO,
o6 kKoedirienT 6ins dx 3a1exkaB TUIBKH Bix x, a KoedilieHT Oist
dy — tinpku Bixm . e mocsraeTbest mieHHSIM 000X 9acTUH PiBHSA-
HHsL Ha J00yTOK Ms(x)Ni(y), npuaomy BBaXKaeMo, 3BHYAHO, IO
Ms(x) # 01 Ni(y) # 0. ITicas nporo omepxyemMo

M () vt Na(y)
My () Ni(y)

PiBusianst (3.2) MOXKHA PO3IVISIATU sIK PIBHICTH JudbepeHtiia-
JIiB, TOMY IHTerpaJ/iu Bij AudepeHIiaIiB BiAPI3HIOTHLCI Ha CTAJY,
TOOTO

dy = 0. (3.2)

[Mi) [ Na()
Ms(z) Ni(y)

o Yo

dy = C, (3.3)

ne C — noBinbHA cTANa, T0, Yo — AedKi Uncia 3 0b1acTi HellepepBHO-
cri koedinientiB piBuaung (3.2). Cuissignomenns (3.3) € 3araib-
HUM inTerpasom pisasHEs (3.1). loro MOxKHa 3ammcaTn Takowx y
BUTJISIT]

My(a) [ Naly)
@) M)

dy =C,
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00 BU3HAYEH] iHTerpan 3i 3MIHHOT BEPXHBOIO MEKEI0 I HeBU3HAUE-
Hi iHTerpaJju € NepBiCHUMU JJIsT TUX CAMUX MiTiHTErpaJbHUX (PyH-
KIIiif, a TOMY BiIpI3HAIOTHCS JIUIIIE CTAJTUMU, AKI MOXKHA, BKJIIOYUTH
B C.

Axmo a — kopiub piBasaH" Ms(x) = 0, TO £ = a € po3B’sI3KOM
piBasianst (3.1), 60 dz = 0, a Ma(a) = 0. Tak camo, sikio b — Kopinb
piBasaEA N1(y) =0, TO y = b — po3B’s130K piBHsAHHS (3.1).

Hudepenianbue piBasiaHs (3.2) MOXKHA 3a1McaTu y OLIBII 3a-
TaJIbHOMY BUTJISIIIL:

M(z)dz + N(y)dy = 0. (3.4)

Pipusnus (3.4) Ha3WBAIOTH PIBHAHHAM 3 6100KDPEMAEHUMU
3aminHuMmu, a nepexis Bix (3.1) mo piBHsiHHES BuMIsny (3.4) — 610-
OKPEMAEHHAM 3MIHHUL.

BaranpauM iHTerpasoM pisusHHS (3.4) €

/M@M+/M@@:G

PiBusunsa 3 BimokpemsioBAaHUMU 3MIHHUMU MOXKHA 3aIllUCATH
TAKOXK y BUTJIAJIL

y' = fi(z)f2(y). (3.5)

st inrerpyBanus piBastang (3.5) moTpibHO MoAiIuTH 001/IBI fioro
qactuau Ha fo(y) (smo fao(y) # 0) i nomHokutn Ha dr (Bpaxy-
Basim, mo dy = y'dzr). Orxe,

1
mdy = fi(z)dz,

a Micys IHTerpyBaHHS OJIEPXKYEMO 3arajibHAM iHTerpaJjl PiBHAHHA

(3.5):
dy

70) :/fl(x)dx—i-C.

Ty, sk 1 gus pisusnas (3.1), axmo fa(a) = 0, To y = a € po3B’s3-
KOM piBHstHHS (3.5).
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Ilpukaan 1. 3inmeepysamu pienarHa
(y —2?y)dy = (z — xy®)da.
Po3se’sazarns. PiBHsIHHS MOXKHA 3aIMCATH Y BULJISII
y(1 — 2?)dy = z(1 — y*)dz.

st BimoKpeMIeHHsT 3MiHHAX TTOMIJINMO OOMIBI YaCTUHN PIBHSHHS
na (1 — 22)(1 — y?). Tomi

y
dy =
-2/ T 122

_1/d(1—y2) __l/d(l—xQ)
2) 1—y2 2] 1—22

nl-—y}=lnl-2}+C =
-y =e“N—a? = 1-y*=C(1-27),

der (z#+1, y#+1l) =

e C':= =+ eC, BPaxoBYIOUYN JOBLIbHICTE BuOOpPy crajol C.
Orke, 3arajJbHIM IHTErPAJIOM 3aJaHOTO PIBHSIHHS €

P =1+C(z?—1). (3.6)

3’sICyeMO MOXKJIUBICTH TOSIBH OCODJIMBUX PO3B’SI3KIB 3a1aHOTO
piBusuns. Jlerko mepesipurh, mo yukunii z = —1, x =1,y = —1,
y = 1 € po3B’a3KaMu PiBHAHHSI, OJIHAK Yy 3araJIbHOMY iHTErpaJi Mi-
CTATHCS JIAIIE JiBa OCTaHHIX (X MOykHA oTprMaTh 3 hopmy.n (3.6),
skio C' = 0). Oyuknii x = —1 iz = 1 € ocobmBUME PO3B’sI3KAMH.
Bionoeidv: y> =1+ C (2?2 - 1), v = -1,z = 1.

Jo piBHSIHHSI 3 BiJOKPEMIIOBAHUMH 3MIHHUMH 3BOJISITHCST PiB-
HSTHHS BUTJISILY

y' = flaz +by), (3.7)
e a, b— mesiki crasti. Cupasi, KO BUKOHATH 3aMiHy 2 = ax+ by,
TO
_z—ax N ; 12, a
Y= Y78 T

i g 3HaXOKEHHsT (DYHKIIT 2 OJEPKYEMO PIBHAHHSA 3 BiIOKPEM-
soBanuMu 3Minanmu 2 = bf(2) 4 a.
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Mpukmaan 2. 3inmezpysamu pisnanna y = (4r +y + 5)2.
Pose’sazanns. Hexait z = 4x + y. Toxni

d=4+y = Y =24 = J-4=(z+5> =
2= (2+5)?%+4.

Beincu, axmo (z +5)% +4 # 0, To

dz d(z +5)
2 g _dzt0) 4o
Gis2+d 7 /(z+5)2+4 rhe =

dr+y+5
2
dr+y+5=2tg2x+C) (C:=20).

1 5
—arctg%:x—i—C = arctg =2x+2C =

2

Otke, 3arajbauM po3B’s3koM € y = 2tg(2x + C) — 4z — 5.
Ockinpru (z+5)% +4 # 0 B MHOXKEHI JificCHIX UmCeT, TO IHIIIX

PO3B’sI3KIB HEMAE.

Bidnosidv: y = 2tg(2z + C) — 4z — 5.

2. Oxgnopinsi piBasauA. OyHKIi0O f(2,y) HA3UBAIOTH 0OHO-
Pi0HO0 PYHKUIEIW BUMIPY T, FKINO sl Oyab-sIKuUx =, y, t
CIIPABJZKYETHCS TOTOXKHICTD

f(txvty) = tmf(ﬁ,y).

) o2 2
HaanKﬂa,u, fi (x, y) = \“/.23.03 —i—.y?’, fg(x, y) = arcsin % € OJTHO-
piganvm dbyaKisMu umipis 11 0 Bignosigno, 60

filtz ty) = 2(tx)3 + (ty)® = t-v/223 + 3 = ¢! f1(2,y),
(tz)? — (ty)? 2?2 — y?

———— "2 = arcsin = Y)-
o+ @y "My Ry

fa(tx, ty) = arcsin

Hudepentiaabae piBHSIHHS

y' = f(z,y) (3.8)

HA3UBAIOTH 00HOPIOHUM, KO f(x,y) € omHopinHolo OYHKIIE
BuMipy 0.
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ITokarkemMo, IO OMHOPiAHE PIBHIHHS MOXKHA 3BECTH [0 PiB-
HSHHS 3 BIJIOKPEMJIIOBAHUMU 3MIHHUME. SZIKINO IpaBa YacTUHA
piBasinns (3.8) — ommopinna dyukiisg BuMipy 0, TO 3a O3HAYEH-
wam f(tx,ty) = f(z,y). dxmo nigcrasuru t = 1/x, To f(z,y) =
= f(1, y/z), a Tomy piBHsAHHS (3.8) MOXKHA 3aIMCATH y BUIVIAIL
y' = f (1, y/x), 3Bigku BUIHO, O B OmHOpiAHOMY piBHsAHHI (3.8)
npaBa JacTuHa (DaKTUIHO 3aJI€KUTh TULILKH Bix dacTku y/x. 3
OLJIsI/ly Ha Ile BUKOHAEMO 3aMiHy u = y/x, To6TO

y = uz,
ne u = u(z) — nHosa mykana ¢yukiis. Tomxi

y=vr+u = drz+tu=f(lLu = xj—u:f(l,u)—u.
T

Opep:kajin PiBHAHHA 3 BIIOKPEM/IIOBAHMMU 3MIHHUMH. 3iHTE-
I'PYEMO HOTO:

du dx
Fou—u_ =z (f(Lu) #Zu, ©#0) =

xT
du

Akmo nosuaunru F(u) = [ f(liﬁ’ TO 3arajbHUil iHTErpas oOJHO-

pijiHOro piBHsAHHS (3.8) MOXKEMO 3aIUCATU Y BULJISII
F(y/x) =In|z|+ C.

Po3B’si3kaMu oiHOPiIHOTO piBHsIHHS (3.8) MOXKYTH OYyTH TAKOXK
byuxmil y = az (z # 0), ze f(1l,a) = a, Ta z = 0 (y #0), =ki
Mo OyTH BTpadeHi mpu BigokpemsenHi 3minnux. i po3s’sa3ku
MOXKYTh BUSIBUTUCH OCOOJTMBUMU.

Ilpukian 3. 3inmezpysamu pisnanna ydr + 2./cydy = xdy.
Pose’azarns. 3amnncasiiy PiBHIHHS Y BATISI

x
ydr + (2y/zy —x)dy =0 = y = (x#ov?/?éz)v

Y
x —2/xy
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[IEPEKOHYEMOCh, IO BOHO € ofHopimumm, 6o dymkmis f(x,y) =
Wy\/@ € onnopinuoio dyukiieo BuMipy 0. Bukonaemo 3aminy
y = ux. Tomi 3y = v'z + u, i nigcrasasgoun i Bupasu Jga y iy y
PIBHSHHS, OJEPKYEMO

u’x—i—u: = u'x—i—u:

ux u
r — 2V uz? 1-2Vu

2 1-2
du, _ 2w (-2Vwdu _dre g
dx 1-2y/u 2u\/u x

2 U T
1

x
———Infu/=h|z|+C = \/j+ln]y|+C:O.
Vu y

Axmo v = 0, o y = 0 — ocobyuBuit po3s’s30k. OcobIUBUM
po3B’sizkoM € Takok = = 0. Qyuriig y = /4 He € po3B’a3KOM
PIBHSIHHSI.

Biodnosiodw: \/%4- Injy+C=0,y=0,z=0.

Axmro qudepeniianibie PIBHAHHS [IEPITIOTO MOPSIKY 3aliCaHe
V BUIJISIIL

M (z,y)dx + N(z,y)dy =0, (3.9)

T0 BOHO OyJie omHOpixauM, akio M (z,y), N(x,y) € ogHopiaHumu
dyHKIIIMI oHaAKOBOrO BuMipy. IIpomnonyemo unTagam caMOCTIHHO
IIEPEKOHATHUCH, MO AudepeHIiaabii PiBHIHHST

(z +y)de + (x —y)dy =0, 3zydr + (2* +y*)dy =0

€ OJTHOPIJTHUMU.
3ayBakKuMo, 110 audepeHiiagbie PiBHIHHS

2 2 _
et (3.10)

y=—"—""—""
Y

onepxKaHe Ha JjekIil 1 y 3a7a4di 3 mpo popMy a3epKaJa, sike 30upae
rmapaJieibHI IIPOMEHI B OJHY TOUYKY, € OAHOPiaHuM. P03B’szkemo
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Oro 3a JIOMOMOTOIO 3aMiHn Yy = ux. 1ol

VaZ+ux? -z du V14+u2-1
A

u'r+u= = =

Tr— =
U dx U
udu = d—$+C’ =
V1+u2—1—u? x
1 d(1 + u?)
- =Inlz| +C.
2/ Vi4u2—1—u? o

Ockibku

d(1 + u? 2pd
(1+u?) :’1+u2:p2‘:/]0]02:
V14+uZ—1—u? p—0p

d
—9 1—p:—2ln|p—1]:—21n‘\/1+u2—1

-p

i

TO

—ln’\/1+u2—1’:ln]w|+0 =

Vitw2-1=Clz = u*=(C/z)*+2C/z =

(y)sz y? =20z + C2.

x 2

OTske, 3arajbHEM inTerpasom pisasuas (3.10) e y? = 20z + C?
(mopiBHsifiTe 3 PE3yIBTATOM, OJIEPKAHUM Ha JIEKIl 1).

3. PiBHanH#, 3BigHI g0 omHOpigHmX. PosrisHemo aude-
peHIiajbHe PIBHAHHS BUTJISTY

;T + byt

= , 3.11
asx + boy + co ( )

e ai, as, by, ba, c1, co — mesiKi crami. Axmo ¢ i ¢y omHOUACHO He
JIOPIBHIOIOTH HYJIIO, TO IIpaBa yacTuHa piBHsHHs (3.11) He € ojHO-
pinnoro dyukiieo Bumipy 0, a ToMy 1€ PIBHAHHS HE € OJTHOPITHUIM.
OsHaK SKIIO

ar by

A a9 bz

7'5 0 = a1bsy 75 azbz, (3.12)
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7o piBHsHHS (3.11) MOXKHA 3BECTH 10 OJHOPIIHOTO 3a IOIMOMOIOI0
3aMiH
=&+ xz0, y=1n+1yo, (3.13)

e uucia xq i yo moTpioHo BuOpaTH Tak, 1obd

{alxo + biyo = —cx, (3.14)

as2x( + bgy[) = —C9.

Brigno 3 (3.12) A # 0, a Tomy JiHiiiHa HeoHOpiAHA cucTeMa (3.14)
Ma€ €INHUI PO3B’SI30K, SIKM MOYKHA 3HANTH, HAIIPUKJIA, 3a (hop-
mysiamu Kpamepa. ITijgcrasisitoun y (3.11) 3amicts 1 y Bignosigmi
Bupasn 3 (3.13), omepKyeMo piBHSHHS

d_?] - a1 +bin+arxg+biyg+ 1
d€ a2€ + ban + asxg + boyo + CQ’

abo, BpaxoByoun (3.14),

dn _ a§+bin
d§  ag€+ban

Hudepentmianbue piasaus (3.15) €, 09€BUIHO, OTHODITHIM.

(3.15)

Ilpukaan 4. 3inmezpysamu pieHarHL
(x—2y+3)y =1—y—2x.
Po3se’sazarns. 3anmieMo piBHSIHHS Y BUATJISJI

p_ 2r4y—1

1
z 2,53 WrglEt3)

Ockinbru A # 0, To BUKOHaeMO 3aMinu © = & + g, Yy = 1+ Yo, 1€
quCya To 1 Yo 3HAXOIUMO 3 CUCTEMHU
2%0 + Yo = 17 1 7
= x0=—=, Y=
{xo—2yo=—3, TR TS
Takum auaOM, Ticas 3amin ¢ = & — 1/5, y = n + 7/5 omepKyemo
OJTHOPi/IHE PIBHAHHSA
dn 28+
dg £—2n
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Hexait n = u&. Toxi

24u du —2u? + 2u + 2
/ == _— -_————
ubru=5 Ty T Es 2u—1)
(2u — 1)du d
Uz ) _ 0% 2y —14£0).
u?—u—1 13 (W —u 70)

[uTerpyroun octanne piBHSHHSI, 3HAXOINMO:

Inju?—u—1=C-2Inl¢| = [W2-u—-1=e% =
2
2—2—2—1—59 (Ci=+C) = pP-n-2=C =

AR (A Y (PO N G LR
Y75 Y75 5 5) ©
y?— 2 —ay+ax—3y+57/25=C

OT}Ke, 3araJibHUM iHTel"paJIOM 3aJ1aHO0TI'0 piBHHHHE{ € y2 — x2

+z—-3y=0C (C:=C—-57/25).

dxmo u? —u—l—O TO U = H“/g SBi;LKI/In— 1i‘/g
= H“/_x —|— + ‘1/0_ iy =15 ‘/_ —|— g — i BGSHOCGPQ,ZLHI:OIO
Hi,ZLCTaHOBKOIO HepeKOHyGMOCH y TOMY, Luo ,Z[Bl ocTaHHI (DYHKIIT
€ PO3B’sI3KaMU 33 JaHOr0 AudepeHIiaJIbHOro piBHsHHS. Haperri,
sakmo £ = 0, to x = —1/5, ane 1 QyHKIsT He € PO3B’I3KOM
PIBHSIHHSI.

. ) 2 o _ 145 3 V5
Bidnosidv: y* —2* —xy+v—3y=C,y = =2r+ 5 = 35-

—xy+

&, TobTO

ko ayist KoedinienTiB piBHsiHHs (3.11) HE BUKOHYETBCS yMO-
a (3.12), Tobro
a1b2 = agbl, (3.16)

TO a1 = Aag, by = Abg, a Tomy 3 piBHsiHHs (3.11) BumIHBaE, 1110

)\(agx + bgy) —+c1
= = f(asx + boy),
Y a2T + bay + c2 Jas 20)

TOOTO OflepzKas piBHAHHS BUTUIsALy (3.7), sike 3BOIUTHCS JIO PiB-
HAHHS 3 BiJOKPEMJ/IIOBAHUME 3MIiHHAMHI 38 JOIOMOTOI0 3aMiHU
z = asx + boy.
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BayBazkKuMo, 110 3a BUKOHAHHS yMOBH (3.16) 115t 3BEIeHHS PiB-
HsiHHs (3.11) 110 PIBHSAHHS 3 BIJOKPEMJIIOBAHIME 3MIHHUME MOXKHA
3aCTOCOBYBATH TaKOXK 3aMiHU 2z = a1x + b1y, z = a1z + b1y + c1
abo z = asx + boy + co.

Ilpukaan 5. 3inmezpysamu pieHarms

J = x—2y+3
20 —4y — 1
Poses’azarns. Ockinbku A = (0, TO BUKOHAEMO 3aMiHy 2 = ' —2y.
. — — / . . .
Toniy = %%,y = L 5— 1, MACTaBIAIOIN y PIBHAHHS, OJEPAKYEMO
PIBHSIHHS 3 BIJIOKPEMJIIOBAHUMH 3MIHHUMU:

1-2 243 IV 2246 L —7
= Z=1-— 2= —
2z —1 22 —1

2 2z-1
(22 — 1)dz = —Tdx.

=

3iaTerpyemo #oro:
2

2 —z=—-Tr+C.
SaMiHUBINM z Ha T — 2y, 3HAXOAUMO 3arajbHUIL IHTErpaJ

(x—2y)°—(x—2y) = —T2+C = 2’—doy+4y*+62+2y=C. W

AHaJjIoriuyHO IHTErPYIOTHCsI PIBHSHHS O1/IBIN 3araJbHOIO BUIJISI-

’ alx—i-bly—i-cl
Yt s 3.17
Y f<a296+52y+02> ( )

Ay

ne f(u) — HenepepBHA (DYHKIIiSI CBOIO apryMeHTY.
SayBaxkKuMo, 10 JesKl PIBHAHHS MOXKHA, 3BECTH JI0 OJHOPIIHIX
3a JomoMoro samiam y = 2™, ne z = z(x) — HoBa (yHKII, a
m — JedKe 4ucio. Taki piBHSHHSI HA3UBAIOTh Y3A2aAbHEHO-00-
. . . 2 .
Hopidnumu. Hanpuknan, y pisnsani ' = x + 3—3 3poOUMO 3aMiHy

y = 2" (tomi iy = mz™"12) i BuGepemo m TakuM, mo6 ofleprKane
PiBHSIHHS
2m m—+1
m—1_/ _ ? ;T z
mz =T+ = MmZ =t
T 2Zm— T
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Oys0 omuopiguuM. st 11b0r0 1TOTPiOHO, MO0 MpaBa JYacTUHA PiB-
HAHHST OyJ1a OaHOpiIHOI dyHKIIE0 BuMipy 0, TOOTO YnCI0 M IO-
BUHHE 33JI0BOJILHATH piBHsSAHHSI m — 1 = 1 i m + 1 = 3, 3Biaknu
m = 2. OTKe, 33 JOMOMOIOIO IIiJICTAHOBKH Y = 22
He BJAJIOCA 3BECTHU JI0 OTHOPITHOTO

3ajlaHe PiBHSIH-

X 23

22 == + —
z T
3IHTErpyBaTH SKe IPOMOHYEMO YUTadaM CAMOCTIIHO.

Pexomendosana aimepamypa: |2, c. 11 — 39|, [5, c. 28 — 33,
56 - 61], [7, c. 27 — 37], [16, c. 23 — 27], [17, c. 16 — 177).

ITuranuga mo Jjgekirii 3

1. fxe mudepenmiagbie piBHAHHS HA3WUBAIOThL PIBHAHHAM 3 Bil-
okpemjieHIMEU 3MiHHUMU? SIK 3HAWTH 3arajbHUN iHTErpaJ TAKOIrOo piB-
HoAHHs?

2. fdxe audepeniiagbHe piBHSIHHS HA3WBAIOTL PIBHIHHAM 3 Bil-
OKpeMmIIoBaHUMU 3MiHHUMU! ZIK iHTerpyerhest Take piBHsHHA! AKi DyH-
KIil MOXKYTh BUSIBUTHUCS OCOOJIUBUMY PO3B’sI3KaMuU’

3. 3a momomororo axkux 3aMin pisagnnas y' = f(ax + by + ¢) MoxHa
3BECTH JI0 PIBHSAHHSA 3 BiJOKPEMJIIOBAHUMY 3MIHHUMUA!

4. Kosmn dyukuisa f(x,y) 6yse ommopinuoro Bumipy m? Hasenitsb
NpuKJIaau ogHOpimHuX GyHKiH BuMipy 0, 1, 2, 3, a TakoXK IPUKIAIA
HEOIIHOPITHUX (DYHKITIH.

5. fdke mudepeniiajibHe pIBHSHHS IIEPIIOTO TOPSIKY HA3WBAIOTh
ofHOpiaHUM? 3a JOIOMOrOI0 KOl 3aMiHM TaKe PIBHSHHS 3BOIUTHCS 0
PIBHSIHHS 3 BiJIOKPEMJIIOBAHUMU 3MIHHUME !

6. koo mae GyTu mpasa wactuna pisasHES Yy = f(,y), mo6 BOHO
Oys10 otHOPITHIM?

7. dxmo byuxuii M (z,y), N(x,y) ogHopigi, TO 94 JOCATH HOTO
Juist Toro, mob pisagaus M (x,y)dx + N(z,y)dy = 0 6yno oxmopimgaum?

8. Axumu noBuuHI OyTH Yucaa ¢1, Co, MO0 audepenniajgbue piBHA-
mud (3.17) 6ymno ogaopinHuM?

9. dxkumu noBunHi 6yTH Yucaa ai, az, by, by, 106 piBusHH (3.17)
MOXKHa OyJI0 3BeCTH JI0 OTHOPimHOrO piBHsAHHsA! KoJn 11e piBHAHHS MO-
JKHa, 3BECTH Bifpa3y /10 PIBHSHHS 3 BIIOKPEMJ/IIOBAHMMU 3MIHHUMU !

10. ¢Ixi piBHSIHHS HA3WBAIOTH y3arajabHEHO-OMHOPmHMu? SIKka 3ami-
HA BUKODPUCTOBYETBHCS JJIsl iIHTErPYBaHHS TAKUX DIBHSHb !
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Brpasu go gekiiii 3

1. Binrerpyiite audepeHIiaabHI PIBHSIHHS 3 BiIIOKPEMJIIOBAHUMU
3MIiHHUMU:

a)y =eXtV; 6)a\/1+y2+yy'V1+a2=0;

B) (zy® — )y = ya® + 22
2. SHaiiaiTh po3B’a3ku 3aa4 Kormi:
a) (1+e")yy =e*, y(0)=1; 6) y'tgz=y+3, y(5)=1

3. 3inrerpyiite audepeHIiaibai PIBHIHHS, 3Bi/HI 10 PIBHIHD 3 BiJl-
OKPEMJIIOBAHUMU 3MiHHUMU:

—2y—1
1= 9 10; 2 r— 1. St Rty
a)y' =2x+3y+10; 6) 2z+y)y'=1; B)y Ty 2056

4. O6rpynTyiiTe, M0 PIBHSHHS € OIHOPIIHUMHU, Ta 3iHTErpyiiTe IX:

2
a) xdyz(y+\/x2+y2)dx; 6) y =YL eve; B) y’:g—:_y.
T T+y

5. 3irTerpyiite piBHSHHS, 3BiJIHI O OJHOPITHUX PiBHSIHD:

a) (x+ 1)y +3x+2y+5=0;
6) (Tx — 3y + 2)dz + (4y — 3x — 5)dy = 0; B) (422 + y*)dy = 2xydz.



48 Pozgin 1. AJMO®EPEHIIAJIBHI PIBHAHHSA ITEPIIIOIO ITOPAOKY

Jleknia 4. Jliniiini agudepeHiiajabHi piBHAHHS
Ta 3BIOHI JO0 HUX

Il1an

1. Jliniftne piBHAHHS Ta MeTOAU HOTO PO3B’I3yBAHHSI.
2. BractuBocTi po3B’sI3KiB JIHIAHNX PiBHSIHD.

3. Pisuannuga 4. Bepuyswi.

4. PiBasauus Pikkari.

1. JlinifiHe piBHSIHHS Ta MeTOAMW IHOro pPO3B’sI3yBaHHH.
Jlinitinum mudepeHtiaIbHIM PIBHSIHHSIM [IEPITOTO MOPSIKY Ha~
3UBAIOTH PIBHSHHS BULJISIILY

A(x)y" + B(z)y + C(z) =0, (4.1)

ne A(z), B(z), C(x) — nenepepsui ¢yukiil. B obmacri, ae
A(x) # 0, (4.1) piBHOCHIIbHE DIBHSHHIO

y' +p(x)y = q(x), (4.2)

y sikoMy nosnadeHo p(x) = B(z)/A(z), q¢(z) = —C(x)/A(z).

Axmo x A(zg) = 0, To po3s’sa3kom piBustHHs (4.1), 3ammIcanoro
y mudepentianbuiii dopmi A(x)dy + B(x)ydx + C(x)dx = 0, €
X = T, Y YOMY JIETKO MMEPEKOHATHUCST 3a JIOMOMOIOIO i JICTAHOBKH.
Hanpukan, poss’sskamu pisasuns z(x — m)y +sinz-y = tgx €
r=0iz=m.

Axmo dbyukuii p(z) ta g(z) y piBusxui (4.2) HemepepBHi Ha
nesikomy iHTepBasi (a,b), To 3rimHo 3 Teopemor Ko uepes ko-
JKHY TOYKY cMyru a < a1 < < by <b, —oo <y < 400 mpoxo-
JIUTH €auHa iHTerpasbHa Kpusa. Cupasii, Ko piBHsiHHs (4.2)
sanucarn y surisiai ¢y = g(z) — p(x)y, To Horo mpasa udacTuHA
f(z,y) = q(x) — p(x)y €, oueBumHO, HemepepBHOWO (YHKILEW, a
vactTunHa noxigaa fy(z,y) = —p(z) obmexena y miit obmacti. Y
[bOMY BUIAJIKY piBHsiHHSI (4.2) 0cOOGJMBUX PO3B’SI3KIB HE Mae.

Axmo byHKIig ¢(x) TOTOXKHO JAOPIBHIOE HYJIO, TO PIBHSIHHSI
(4.2) HA3UBAIOTH ATHIUHUM OOHOPIOHUM, a SIKIIO TOTOXKHO HE
JIOPIBHIOE HYJIIO, TO ATHITHUM HEOOHOPLIOHUM.
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IToxkazkemo, 110 JIiHifIHE HEOTHOPIiIHE PIBHSIHHSI IEPIIOrO II0-
PSIKY 3aBXKIM IHTEI'PyeTbCA Yy KBaJpaTypax. Posrisinemo aBsa
CIIOCOOM IHTErpyBaHHs TAKUX PiBHSIHD.

Mertopn Bapiamnii goBisibHOI crasnol (Meron Jlarpan»ka).
3iHTerpyeMo CrovaTKy JIiHiiiHe OTHODITHe PiBHAHHS

y' +p(zr)y =0, (4.3)

dKe € BOAHOYAC PIBHAHHAM 3 BiIOKPEMJIIOBAHUMHU 3MIHHUMU:

dy _ dy _ _
G- M@y = C=op@de (y#0) =
In|y| = —/p(x)dx—l—C’ =
y = CeJP@)de, (4.4)

Dopmyia (4.4) onmcye Bei po3s’sa3ku piBusanus (4.3), 60 po3B’s-
30K y = 0, aKkuit Mir 6yTu BTpavdeHuM MPU BiTOKPEMJIEHHI 3MiHHUX,
micTuThest y dopmyiti 3aranbHOro poss’sasky (skimo C = 0).

Po3B’s130K JIiHIHONO HEOMHOPITHOTO piBHsIHHS (4.2) HIyKaemo
y Burysani (4.4), saminusmn JoBiabHy ctamy C neskoro dyHKIHEo
C(x), Tobro

y = C(x)e r@)dr (4.5)

[Tigcrasisoun (4.5) y piBusiHEs (4.2), 07epKy€eMO
C'(z)e IP@d _ O (g)p(x)e~P@d 4
+p(a)C(x)e PO = g(z) =
C'(z) = q(x)e/P@e = CO(z) = / q(z)e/P@ gy 4 O
ne C' — moBinbHa craga. [ligcTraBasaoan Temep 3HaIEHY (DYHKIO

C(x) y (4.5), onepxyemo dbopMyILy JjIsl 3arajJbHOIO PO3B SA3KY JIi-
mifinoro piBusHH: (4.2):

y = e JP@)dz. ( / q(z)el P g 4 c). (4.6)
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Meroz nincraHoBku (MeTo, 1. Bepnyuni). Po3s’s30k J1i-
HIHHOTO HEOHOPITHOTO PiBHsIHHS (4.2) IIyKATUMEMO Y BULJISII J0-
6yTKy 1BoX audepennifioBanx byl u = u(x) iv = v(x), TobTO

Y = uv. (4.7)
Ilincrassioan (4.7) B (4.2), ogepkyemo
v+ w' + p(z)uw = q(z) =

u'v+u (v + p(z)v) = q(z). (4.8)

Kopucryrouncs moBinbHicTIO (byHKIHT v, Bubepemo i1 Takoro,
o6 Bona GyJia po3s’s3koM pisuasiang v’ + p(x)v = 0, 3BiaKH

v = Ce JP@)dz
Buaitneny dyukiio v npu C = 1 nigcrasumo B (4.8). Tomi

W e IP@dE — gy o oy = /q(x) celP@de gy 4

[Tincrasmnsioun 3uaiimeni GyHKIGl i vy (4.7), 3HOBY 0JepKy-
emo dopmyiy (4.6).
Ilpukaazn 1. 3inmezpysamu pieHsarms
y +2zy = 2w
Poze’sazanns. Memod eapiauii 0osinvroi cmanoi. Po3s’sizkeMo

BiIIOBiZHE JIiHifiHEe OIHOPIIHE PIBHSIHHS:

d
y +22y=0 = /—y:—/Zxdw—i-C =
)
Inly|=-2*+C = y=Ce .

Po3p’s130K 3aaH0T0 JIIHITHOTO HEOTHOPIMHOTO PIBHAHHS ITYKAEMO
. _p2 . .
y Bursam y = C(z)e™*". Iligcrasisiioun y piBHSIHHSI, OJE€PKYEMO:

C"(:/U)e_g”2 — 2$C((E)€_x2 + 2xC(x)e_”2 =2 =
C'z)=22 = C)=2>+C = y=(@*+C) e .
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Memod Bepryani. Hexait y = uv. Tomi

/ / —x2
wv 4w + 2zuv = 2ze” .

st 3HaxOKeH T DYHKINNT U 1 v OIep:KYEMO CHCTEMY

{v’ + 2zv =0,

.2
uwv = 2xe™ 7.

. _12
3 mepiroro piBHAHHS cucTeMmu 3HaxoauMo v = Ce™*" . Ilokiia-
gemo C' =1 i mizmcraBumo QYHKINO v v apyre piBHsgHHs. Tomi

W=2 = u=24C = y=@@*+C)e " . ®

Hageneni meTonn po3s’si3yBaHHs JIHIRHAX PIBHIHD MOXKHA 38~
CTOCOBYBATH TaKOXK J0 pismsub sursny (p(y)z +q(y)) -y = 1,
JKINO Y MPUAHATH 33 HE3a/JeKHY 3MIHHY, a T — 3a (PYHKIIO Iiel
sminnol. Hanpukman, pisasanansg 2yy’ (e_y2 — x) = 1 € HeaiHITHIM
BisHOCHO byHKIHT y = y(x). OmHaK, SIKINO 3amucaTu Horo y BULJIs-
his!

, 1 1 1

T N i I

4 2y = Zye_yZ,

TO Ma€eMo JiiHiiiHe BiHOCHO DyHKIIT & = 2(y) PIBHSIHHS 3 IPUKJIa-
ay 1.

2. BaacTtuBocTi po3B’ga3kKiB JiHilinux piBHaHb. Hasegemo
JesTKi BJIACTUBOCTI PO3B’A3KiB JIHITHUX PIBHAHD, TKi MOXKYTb OyTH
KOPUCHUMU JIJIsi TPAKTUIHOTO PO3B’S3yBaHHS PIBHSHb.

Baacrusicts 1. Hxwo eidomuti deaxuti wacmunrutl po3e’a3ox
y1(x) Atnitinozo 0dnopionozo pishanns (4.3), mo tozo 3azarvrud
p036°a30% 3naxodumovcs bes keadpamyp.

[Tum 3araibauM po3B’s3koM € y = Cyy(x), ajzke BiH 3a/10BOJIb-
uste piBHsAHHA (4.2) 1 MICTUTD JTOBUIBHY CTAJTYy.

BaacrtuBictb 2. 3azaavhuil po3e’ssok AiHitiHo20 HEOOHODI-
Onozo pieHanna (4.2) € cymoro o020 wacmunhoz0 po3e’s3ky i 3a-
2a15H020 PO36°A3KY 610N0610H020 001HOPIOH020 piehanna (4.3).
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Copasni, Binkpusatoun mayku y dopmyiai (4.6), maemo Ba
nomauku: Ce™ Jp@)de _ saranumit POBB’SI30K BiJIIIOBITHOTO OIHO-
piznoro pismsmms (4.3) i e~ JP(*)dz Ja(z) e P@)dr gy — posy’sz0K
HeoiHOpiIHOrO piBHsiHHs (4.2) (floro omep:kyemo 3 dopmy/n 3a-
ragpHoro pos3s’ssky, akmo C = 0). Orke, AKIMO Bigomuil ogun
JacTuHHUN PO3B’s130K Y1 = Y1 () JHHIKHOTO HEOJHOPIIHOrO pPiB-
HsHHS, TO WOTO 3arajbHUNl PO3B 30K 3HAXOUTHCA 33 JIOTIOMOTOIO
OJTHIET KBaIpaTypH:

y = y1 + Ce JP@de,

Buaacrusicts 3. Sdxwo sidomi dea Henponopuiting 4acmunmi
pose’asku Y1 = y1(x) i yo = yo(x) pienanna (4.2), mo Goeo 3a-
2a00HUTL PO36°A30% 0depotcyemo be3 Keadpamyp 36 Hopmyaoto

y=y1+C(y2 —y1). (4.9)
Crpas, ocximbrn y) + p(2)y1 = ¢(x) i yy +p(2)y2 = q(z), To
(y1 —y2) + p(z)(y1 — y2) =0,

3BiKN BUILINBAE, IO Y] — Y2 € YACTUHHUM PO3B’SI3KOM JIHHIAHO-
ro oxHopizHOro piBHsHHSA (4.3). 3araJbHIM PO3B’sI3KOM DiBHSIHHSI
(4.3) srimmo 3 BracrusicTio 1 6yne C(y1 — y2), a dopmyay (4.9)
OCTATOYHO OJEP>KYEMO Ha ITJICTaBl BJIACTUBOCTI 2.

3. Piagauus 4. Bepnysuii. Pisusuus sursity

Y+ plx)y = qlz)y™, (4.10)

JIe m — JesiKe JHUCJI0, HA3UBAIOTh PI8HAHHAM BepHyaai. Aximo y
(4.10) m = 0, To ozmepKy€eMo JiiHiliHe HEOMHOPIIHe piBHsHHS (4.2),
a gAKMo m = 1, TO PIBHAHHSA 3 BIJIOKPEMIIOBAHUMU 3MIHHAMU, TOMY
HaIaJl BBaXKaTHMeMo, 1o m # 0, m # 1.

Jist po3s’si3yBanHs piBHsHHA bepHysuti, Tak camo, dK JIiHI#-
HOTO PIBHSIHHSI, BUKOPHUCTAEMO METOJ Bapiallil JOBIJIBHOI CTaJIOI.
Binrerpyemo crnouarky pismusuus 3y’ + p(x)y = 0. Moro saraismmit
PO3B’s130K TofaeThest hopmyitoo (4.4): y = Ce—Jp)dz
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Posp’si30k piBagnasg Bepryi mykaemo y Burisimi
y = C(z)e JP@de, (4.11)

ne C(x) — pesika byukiis. Iligcrasastoun (4.11) y piBHsiHHS
(4.10), omepyemo

C'(a)e [P@d O (2)p(a)e P 4 p(a)C (x)e [P =
— q(x)cm(x)e_mfp(x)dx =
C’(x) q(x)cm(x)e(l—m)fp(x)daz -
ot~ [a@ptmtrona o~
Cl=m(x)

T - / gla)e P g 4 0,

Taxum amrnoM,

1

C(z) = ((1 —m) / g(z)el=m)p@)dz g | c) s

a migcrasisoun 1o GyHkiio y (4.11), ogepKyeMo 3arajibHuii pos-
B’130K piBHsIHHS Bepmysmi:

1

1-m

y = e~ JP@)de ((1 _ m)/q(x)eu—m) Jp@)dz g, o C)

[Tpu bomy mir 6yTu BTpadenunit po3s 30k y = 0, axmo m > 0.
Jas m < 0 dyuknig y = 0 He € po3B’sI3KOM piBHsIHHS BepHysmi.

Ilpukaazn 2. Binmeepysamu pisHsnns bepryani
Yy + 22y = 2z 42,

Pose’asanns. 3aranpunii poss’a3ok pisagnng y' + 2xy = 0 6ys
o o . 2
3HalIennii i1 Yac po3s’a3yBanus npukiaay 1:y = Ce™*

, & TOMy
PO3B’sI30K 3aJIaHOr0 PiBHSIHHS TiyKaemo y surism y = C(x)e " .
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[TlincTapmsitoan y piBHSHHS, OIEPKYEMO:

C'(av)e_a”2 - 2%’0(%)6_12 + 2$C(J})€_m2 = ZJUeIZC’Q(ac)e_Qac2 =

O') = 2C%z) = ?'5(58 Cowds (Clz) £0) =
1 1
_ 6_12
V= mro

Axmo C(z) =0, ro y = 0. Lla dyukuis € ocobnmmBum po3s’si3-
KOM 3aJIaHOT'O PIBHSHHS.
Bidnosidv: y = —e % (22 4+ C)L, y = 0.

3ayBaKUMO, M0 HABEJEHUN METOJI MOXKHA 3aCTOCOBYBaTU Ta-
KOXK JI0 PIBHSIHb BUIJISLY (p(y)x—i—q(y)xm) cy = 1, gakmo y
NPUAHATH 32 He3aJIeXKHy 3MIHHY, a8 & — 3a (QPYHKIHIO Iiel 3MiH-
uol. Hampukiiaj, aKImo piBHSHHS Qxy(acey2 — 1)y’ =1 zanmcaru y

BUTVISIT1

1 1
y'z—,

- - / — y2 2
7 Zaywe” — 1) = o +2yzr = 2ye’ 7,

TO MaeMo piBHsiHHs Beprysii 3 npukiaay 2 (AKIMo BBayKaTH, 1110
z=z(y))

amaua 1. 3natimu xpuei, y AKuT do8xHCUHA B1OPI3KY, AKU
sidmunac domuuna Ha oct Oy, dopisHioe keadpamy opduramu mo-
yku JOMmuUKY.
Poss’azanns. Hexaii M (z,y) — 10BlIbHA TOUKA IIyKAHOT KPUBOT
y = f(x). Y rouri M uposezemo gorumuny mo kpusol y = f(z) i
Hexail A — Touka neperTuny miel gJoTudHOl 3 Biccio Oy, B — mpoekitist
roukn M na Bick Ox (puc. 4.1).
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Y

Puc. 4.1

3a ymosoro 3amgaui OA = BM?, npuuomy BM = y. Binpizok
OA snaiinemo 3 pisasung goruanol Y —y = f/(z) - (X —z), y ake
nigcrauvo X = 0. Toni OA =Y =y —y'z.

TakuM YUHOM, OJepKa/Ii PIBHAHHS y —1'T = Y2, SKe € piBHsAH-
HAM BepHysLti, y 90My JIETKO TIEPEKOHATHCH, IKIIO 3aIMCaTH HOro

V BUIJISIIL
/ 1 1 2
Yy —-y=—-y.
T T

Binrerpyemo crniouarky pisustaas y' — y/x = 0:

dy _dz

" Injy|=Inlz|+C = y=Cx.

Posp’s30k piBnsansg Beprysii mykaemo y surisiai y = C(z) x.
[TigcraB/sitoun y piBHSHHS, OJIEPKYEMO:

C'(x)x+C(x) - Cz) = -C*(2)z =
Cx) = —C2z) = ‘é—g _ —/dw N
1 x

=—z+C = C(x):x—C’ = y=——0

b
C(x)

Mykanumu kpusumu € rinepbomm y =1+ C/(x — C). B
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3. Piuanna Pikkari. o piBusnna Bepnymaai 3a meBHEX
YMOB 3BOJIUTHCSI Pi8HAHHSA Pixkamsi. Tak HasuBaoThb piBHSHHS
BUILJISLIY

y' = p(a)y® + q(x)y + r(), (4.12)

ne dyukuii p(z), q(x), r(x) HemepepBHi Ha AesKoMy iHTepBaJi
a < x < b. PiBusanus (4.12) micTuTh sIK OKpeMi BUIIAQJKN BHBUYEHI
pamimie piBHsAHHs: JiHifine piBHsHHS, gk p(xr) = 0, 1 piBHAHHA
Bepnymi, skmo r(z) = 0.

Posrnsinemo fesiki BUNaIKu iHTEIrpOBHOCTI B KBaJIpaTypax piB-
usnns Pikkari:

1. dkmo p, ¢ i r — crasi, o (4.12) — piBHsAHHS 3 BIOKpeMIIIOBa-
HUMU 3MIiHHUMH, & HOro 3araJbHUM IHTerpajl BUPasKaeThCsl depes
esleMeHTapHi (yHKITI.

2.y = p(x)-(ay® + by +c), e a, bic— cram i a®+b> #£0, -
PIBHSIHHS 3 BIJIOKPEMJIIOBAHUMH 3MIHHUMU.

3.y = ag—z + b2 + ¢, ne a® + b? # 0, — onHOpiHe PiBHAHHSL.

4.y = ay® +b¥ + ~3 — Yy3arambHeHO OJHODI/HE DiBHAHHS
(m = —1). Hicasa 3aminu y = zo~! oyepKyeMo PIBHSIHHS 3 Bij-
OKpeMTIOBAaHUMH 3MiHHIMA 12" = az? + (b + 1)z + c.

VY zarajgbHOMY BUllaIKy piBHsiHHsi Pikkari (4.12) He inTerpye-
ThCs KBaJIpaTypax, Xo4a 3rigHo 3 Teopemoio Korrri BoHo Mae emm-
HUI PO3B’SI30K Jisi IOBLIBHOI TIOYATKOBOI yMoBHU Yy (o) = Yo, e
TOYKA T = X( HAJIEXKUTD iHTEpBasy HemepepBHOCTI dyHKIii p(z),
q(x), r(z).

dAxmo Bimommit Aesskmii po3B’sI30K piBHsIHHSA PikkaTi, TO 11e
PIBHSIHHSI MOYKH& 3BeCTHU JI0 piBHsiHHsI Beprysuii. Crpasmi, Hexait
y1 = y1(z) — pos’sa30K piBHsiHHs (4.12), TO6TO

vi = p(@)yi + a(@)ys + r(2). (4.13)
3pobumo 3aMiHy TIyKaHOl (DYHKIT
y=uy+z
ne z = z(x) — noBa dyukmia. Toxi i3 Bpaxysanmsam (4.13) maemo

yi + 2 = pl@)yf + 2p(2)yrz + p(2)2® + q(@)ys + q(2)z +r(x) =
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2
2 — (2p(x)yr + q(2))z = p(x)2°.
Ocranne piBHsIHHS € piBHsSHHsSIM Beprysti BijHOCHO QYHKINHI 2,
sIKe 3aBXK/IN IHTErpyeThest y KBaapaTypax. OcobIuBIM PO3B’I3KOM
piBasinHs Pikkari Mmoxke 6ytu dyskiis y = y1(x).

Ilpukaan 3. Sinmeepysamu piehannsa Pixkxams

Pose’sazanns. Criouarky 3HaiinemMo jnesikuii pos3s’si3ok yi(x) 3a-
nanoro pisuguas. [Ipumycrumo, mo y1(x) = a/x, ne a — mesika
crana. Iligcrapisioun y 3ajaHe PIBHSIHHS, OJEPXKYEMO, 110

a OT:Ke, 3aJlaHe PIBHIHHS MOXKHA 3IHTErpyBaTH y KBaJIPaTypax 3a
JIONIOMOT'O10, HAIIPHUKJIaJ, 3aMinu y = z + 2/x. Toxi
;2 2, 42 4z 2 4 , 3z 9

7 - ==z + - - = = ==z
22 I R x
[TpomonyeMo InTadaM CaMOCTIHHO IIePEeKOHATHCH y TOMYy, IO 3a-

. . 4B
raJbHUM PO3B’sI3KOM OJEP>KAHOTO PIBHSIHHSI BepHyJun € z = z44f0'
Tomy

4 L2, 2C — 22*
i+ C y_x(x4+0)'
Posp’s130K y1(x) = 2/x HE MOXKHA OJEPIKATH 3 3araJILHOIO PO3B’sI3-
Ky IIPH KOJTHOMY 3HAYEHHI CTAJIOl, & TOMY BIiH € OCOOIMBHM.
20 —2z* 2
z(zt +C)’ V=
Pexomendosana aimepamypa: (2, c. 39 — 52, 67 — 73], [5,
c. 69 — 86|, [6, c. 31 — 36, 40 — 42|, |7, c. 37 - 46], [16, c. 28 — 33)].

)

Bidnosidv: y =
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IMuranuga mo Jjgekuii 4

1. dxwmit 3arajpHUN BUTJISI Mage JiHilHe nudepeHiiajbae PiBHAHHS
MepInoro nopsaky? fka pisHuIlg MiXK JIHIKHIM HEOIHOPIIHUM 1 OIHOPI-
JTHUM DPIBHSHHSIMUI?

2. Yu mae JiniiiHe HeOTHOPIIHE PIBHIHHSA 3 HeepepBHUMHI Koedilri-
enTamMu ocobsuBi po3s’sa3ku? Biamnosiabs 06rpyHTYTE 3 BUKOPUCTAHHIM
Teopemu Korrri.

3. Y doMy moJisira€ MeToJI Bapiallil JOBITBHOI cTaso0l iHTerpyBaHHs
JIIHITHOTO HEOTHOPITHOTO piBHAHHS? 38, IOIIOMOT0I0 CKLIBKOX KBAPATYP
Y 3araJibHOMY BUIAJIKY IHTEIPYETHCS Tie PIBHSHHS?

4. Y 4qoMmy moJjisira€ MeTOJ IiJICTAHOBKY iHTerpyBaHHs JiHIHOrO He-
OJIHOPIJHOrO PiBHSAHHSAT

5. dkwit 3arajbHW BUTIs ] piBHIHASA BepHy/UTi? ¥ 9oMy moJsrae Me-
TOJ Bapialil JOBUIBHOI CTAJIOI iIHTerpyBaHHs [[bOTO PiBHSHHS! Uu MOXKe
piBustHHsT Bepryai maru ocobsimBi po3s’s3ku? Bin goro ne 3ajgexuTs?

6. Axkuit Burisiy Mae piBusaasa Pikkari? 3a sKol yMOBH Iie DIBHSIHHS
inrerpyerncst y kBajgparypax? o sIKoro piBHSIHHSI y IIbOMY BHITAQJKY
3BOJUTHCs piBHsSHHS Pikkari?

Brpasu go aekiiii 4

1. Cepejt HaBeieHUX PIBHSIHB BijiiryKaiiTe JiHiliHe pIBHSIHHS Ta, 3iHTe-
rpyiite fioro MeTooM Bapiallil JIOBiJIbHOI CTAJIOl i METOJIOM TIiJICTAHOBKHU:

a)y = (z—y)* 6)ay +2y—ay’=0; »)y =4y+e*.

2. Hosenite, mo pisusuans f/(y)y + p(z) f(y) = q(x) 3Bomurbes 10
JiniitHOrO piBHsHHS 3a joroMororo 3aMinu z = f(y). 3inrerpyiire Takum
c110co6oM piBHSIHHS COS Y-y’ + % siny = 2x.

3. Hosenitph, mo pieasanEs y' + p(x) = ¢(x)e™ 3BomuThCHA M0 JIi-
HIWHOTO PiBHSIHHSI 32 JOIIOMOTOIO 3aMiHu z = e~ Y. 3iHTerpyiite Takum
criocoboM piBasiaHs €~ *y' — e

4. Cepen HaBeleHUX PIBHSHB BiflryKaiiTe piBHsiHHsI BepHy/LIi Ta 3iH-
Terpyiire moro:

=eY.

a)y +xy=y’sinx; 6)y +2y=2" B)y =(xr+y)>*

5. Hosenits, mo pisasHES Beprymii ¢y + p(z)y = q(z)y™ moxua
3BECTH JI0 JIHIAHOro PiBHAHHA 3a JOIOMOrolo 3aMinn z = y'~™. Binte-
rpyiiTe muM croco6oM piBHSIHHS Ty = 1y + x2y_2.

6. BinTerpyiire pisuanns Pikkari vy’ — (22+1)y+y? = —22, 3Haoumn,
110 BOHO MA€ PO3B’g30K Burisny y1(x) = ax + b.
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Jlekiis 5. PiBHsiHnHs y moBHUX AudepeHiiiagax
Ta 3BIOHI JO0 HUX

Ilnan

1. PiBasiHHA v TOBHUX andepeHIiagax.

2. InTerpyBapanit MHOKHUK Ta JEsIKi CITocoOn fOT0 3HAXOIKe-
HHSI.

3. Teopemu npo icHyBaHHSI, HEEIWHICTD Ta 3arajbHUI BUTJIAL
iHTerpyBaJbHOTO MHOXKHUKA.

1. PiBusnusa y noBHuX nudepeHnianax. Judepenriambie
PIBHSIHHS IIEPIIOTO HMOPSAIKY

M(z,y)dz + N(z,y)dy =0 (5.1)

Ha3UBAIOTH PIBHAHHAM Y NOSHUTL duPepeHUianar, IKIIO Horo
JiBa yacTuHa € MOBHUM judepennianom gesikoi dyukuii U(z,y),
TOOTO SIKIIO

M(z,y)dx + N(z,y)dy = dU(z,y). (5.2)

3 (5.1), (5.2) BummmBae, mo piBusHE (5.1) MOXKHa 3amuCcaTH
y Burigni dU = 0, a ToMy 3araJbHUM iHTErpPAJOM PIBHSIHHSI Y
nosuux audepentianax € U(z,y) = C.

VY 3araJibHOMY BHUIAJKY CKJIATHO O6€3[0CepeTHbO 3'sCyBaTH, U
€ 3aJlaHe PiBHSHHS PIBHAHHSM y MOBHHUX Judepeniiaiax. Brarxke-
MO O3HAKy, sKa JO3BOJIUTH BIiJIIOBICTH Ha Il€ MUTAHHS, & TAKOXK
HABEIEMO OJIMH 13 crocobiB 3naxokenus dyukiii U(z,y).

[Mpumnycrumo, mo dbyuxuii M (z,y) i N(z,y) y pisasuni (5.1)
HEIepepBHi y JAEeAKOMY MPIMOKYTHHKY 3 IIEHTPOM y TouIl (X, Yo),
i He TIepeTBOPIOIOTHCS OJHOYACHO B HYyJIb y Ii#t Touri. OKpim To-
ro, BBA2KATUMEMO, IO Y 3raJIaHOMy IPAMOKYTHUKY iCHYIOTH Helle-
PepBHI YaCTHHHI ITOXiIHI %—A; i %—JX

[Tpunycrumo, 1o cupapizKyerbes ymosa (5.2), TobTo JsiBa da-
cruna piBasans (5.1) € moBumM nudepenriansomM. 3riqHo 3 03HAME-
HHaM gudepeniiana GyHKIHT ABOX 3MIHHAX

oU oU
dU (z,y) = %dw + 8_ydy’
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a TOMY

oUu ou
— =M “~ = N(x,y). .
5 = M@y). Go=N@y (53)

JudepeHiitoroun mepiry 3 piBHOCTel 3a 3MIHHOWIO ¥, a APyry — 3a
3MIHHOIO T, OJIEPXKYEMO, IO

0U oM 0%U _ON

oyoxr Oy’ 0Ox0y Ox’

3 TeopeMu PO PIiBHICTH MIMAHUX ITOXITHUX BHUILJINBAE HEOOXiITHA
yMmoBa Toro, mo (5.1) € piBHSHHSAM y OBHUX JudepeHIjaiax:

oM  ON
— = (5.4)
dy oz

ITokazkeMmo, 110 yMOBa (5.4) € TAKOXK JTOCTATHBOIO, TOOTO 3a BH-
KOHAHHS I1i€] yMOoBH JiBa dacTuHa piBHAHHS (5.1) € moBHEM Jude-
penriasiom jsiesikol dyukuii U(z,y). 3rigao 3 (5.3) mykana dyH-

kuig U(x,y) MOBHHHA 330BOJIBHSATH YMOBY %—g = M(z,y). Vci
Taki GYyHKIIT MOXKHA onucaT (pOPMYJIOI0
Uleg) = [ Mla,)do+ Clo), )

ne C(y) — noBinbHa HemepepBHO udepeHIiioBHa DyHKIS Bl y.
Ockinbku dyuknis U(z,y) NOBUHHA TAKOXK 33JI0BOJBHATU JIPYTY
ymoBy 3 (5.3), TO

0
5 [Mla)de+ €)= Nay) (5.6)
Jns Bukonanns ymosu (5.5) HOTPIOHO BiAMOBITHUM YHHOM TIi/Ti-

6paru dyukuito C(y), npudoMy Takuil BUOIp 32 BUKOHAHHS yMOBI
(5.4) zaBxau moxkiusuit. Cupaszi, 3 (5.5) Maemo

dsz@w—%/M@mm

JliBa wactuHa 1i€l piBHOCTI € (DYHKI€O TiMbKMA BiT Yy, a OTKe,
mpaBa JacTUHA He 3a/JeXKUTh Bi x, TOOTO TMOXigHA 3a 3MIHHOIO X
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BiJl IPaBOI YaCTHHM TIOBMHHA JOPIBHIOBATH Hyso. [lepekonaemocs
y I[BOMY, BpaxoBytoun yMoBy (5.4):

2 (N(x,y) - %/M@,;,)M) - ey

__9 (9 _ ON(z,y) OM(z,y) _
"oy <ax/M(””’y)d””>_ 0w oy

Hageniene nosesiennsi pocrataocti ymoB (5.4) nae BogHOUAC 1
crioci6 Bimmykanusa ¢yukiil U(z,y). OTxke, cnodaTky mOTPiGHO
suaiitu dbyukiio U(z,y) 3a dopmyioro (5.5) (posrisiaodn y sk
crajy), a noriM 3 pisrocri (5.6) smaiitu C'(y), inTerpytoun sike,
orpumaemo C(y). llincrapasioun suaiineny dynkimio C(y) y dop-
myiy (5.5), marumemo dyukiio U(z,y). dis oxepkanus 3araib-
HOTO iHTerpasy piBHsHHS y MoBHUX aAudepenmianax (5.1), sk Oy1o
noBesieHo panime, dyskiio U(z,y) TOTpiOGHO TPUPIBHIATH JIO J0-
BistbHOl crasiol C.

Ilpukaan 1. 3inmeepysamu pienarHa
(z + y? + sinz) dx + (22y + cosy) dy = 0.

Pose’asanns. Ockimbkn M(z,y) = x + y* + sinz, N(z,y) =
= 2xy + cosy, TO %—A; = %—]l = 2y, To6To ymoBa (5.4) cupaBiKye-
Thes. ot snaxomkenns Gyskiii U(z,y) MaeMo cucteMmy

oU 9 . oU
— =x+4+y“ +sinx, — =2zy+ cosy.
ox oy

SuaitieMo BUpa3 i Irykanol yHKINT 3 HMEPIIOro PiBHAHHS CH-
CTeMU 1 MiJICTaBUMO HOTO y JIpyre piBHSHHSI:

U(x,y):/(x—l—yQ—i—sinx)dac—i—C(y) =
2
U(x,y):%+xy2—cosx+0(y) = %zwa%—C'(y) =
220y + C'(y) = 2zy +cosy = C'(y)=cosy =

C(y) =siny + C.
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Ockinbku mocuts 3uaiitn oany dyukiio U(z,y), To B ocTaHHii
dopmMyIi JOBIIbHY CTay iHTErPYBAHHSA MOXKHA IMPUAHITH PiBHOIO
HYJIIO.

Orxe, U(x,y) = x2/2 + 2y? — cos x +siny, a 3araJbHUM iHTe-
rpajoM € x2/2 +a2y? —cosx +siny=C. R

2. InTerpyBajibHUIT MHOXXHUK Ta OesKi crocobu iioro
3HAXOKeHHsI. Y fararbox BHllajkax piBHsHHs (5.1), sike He
€ pIBHAHHSAM y TOBHHUX udepenrianax (He BUKOHYETHCS YMOBA
(5.4)), MOXKHA 3a JIOIIOMOIOI0 MHOXKEHHsI Ha JesIKy (DYHKIIO (T, y)
3BECTH JI0 PiBHsIHHS y TOBHuX audepentianax. Oynkiio u(z,y)
y I[bOMY BHIIaJIKy HA3UBAIOTh {HIME2PYBAALHUM MHOHCHUKOM
piBusHEA (5.1).

Hexaii mist koedinienris piBustaHst (5.1) He cHpaBIzKy€eThCsI
ymoBa (5.4) i mpumyctumo, mo pu(z, y) — iHTerpyBaabHAIil MHOKHIK
HOro piBHAHHS. Tomi 1IsT KOediIieHTiB PiBHIHHS

w(x,y)M(x,y) dr + p(x,y)N(z,y)dy =0
IIOBUHHA& CHpaB,IL}KyBaTI/ICI: yMOBa

O(uM)  O(uN) o oM Nau ON

oy~ ox ~ Mogtray ~Nastrer 7
oM  ON ou ou

) =NZE_ £ )

M(@y 8x> ox dy (5:7)

TakuMm 9uHOM, IHTErpyBaJbHUN MHOXKHUK (4(Z,y) € DPO3B'SI3KOM
piBHsiHHs 3 YacTuHHUME noxigaumu (5.7), po3s’szaTu sike y 3a-
raJIbHOMY BUITQIKy 3HAYHO CKJIQHIINE, Hi2K 3BUYaiiHe mudepenti-
anbHe pisasiaHs (5.1). [Ipore y okpemux Bumajkax 3HaiiTu iHTe-
rpyBaJIbHUN MHOXKHUK BJAE€THCS JOBOJI JIerKo. PosrisneMo meski
3 IUX BUIAJIKIB.

Bunanoxk 1. Hexaii pisasinas (5.1) mMae inTerpyBaabHUl MHO-
JKHUK, sIKW 3aJI€KUTh TIMbKA Bif z, Tobro p = p(x). Toxi, Bpa-

XOBYI0YH, IO g—’; =0, % = Z—g, 3 (5.7) maemo

M N 1 M N
N I T (O P

oy oxr )~ dx = ?:N

oy ox
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Aximo dyHKIig B mIpaBiit 9acTUHI OCTAHHLOTO PIBHAHHS 3aJI€2KUTh
TIIBKY BiJT 2, TOOTO

Lo ovy
N oy  Ox - P

TO, 3IHTErPYBaBIIN Ile PIBHAHHS, OJIEPXKYEMO
p(a) = el el (5.8)

Bunanok 2. Hexaii pisasinas (5.1) mMae inTerpyBaabHUl MHO-
JKHUK, SIKUI 3aJI€2KATD TIIbKN Bif y, 10610 1t = p(y). Tomi g—g =0,

9 — 41§ 5 (5.7) sHaxomUMO

oy — dy
M ONY_ L de e 1 (oM 0N,
K oy Oxr ) dy w =M oy  Ox Y

Aximo dyHKIig B mIpaBiit 9acTUHI OCTAHHLOTO PIBHAHHS 3aJI€2KUTh
TIIBKA BiJT 4, TOOTO

1 oM  ON
o (5 &) =
TO iHTeI‘pyBaﬂbHI/H\I MHOZKHHUKOM €
ply) = el VW, (5.9)

Bunagok 3. Ilpunycrumo, 1o iHTerpyBajJbHUNA MHOKHHUK
piBustaa (5.1) 3ameskurh Bix 3amanol dyHKil w(z,y), TOOTO
= p(w(z,y)). Toni 3 (5.7) onepxyemo:

dy Ow du  Ow oM ON
N M Y i
(ay ax) pw) =

dw Oz dw a_y N
oM ON
dp(w) By~ Oz ow ow
- NZ - M2 o).
pw) NG — MG @ N dy #0)

Ko mosHauuTH

%M _ %N
— Y i
V) = o (510)

ox dy
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plw) = /YO = fw) = f (w(z,y)). (5.11)

OueBnno, mo inTerpyBasbui MEOKHUKE fi(x) Ta u(y), BU3HA-
geni dopmymamu (5.8), (5.9), € OKpeMUMHU BHUIIAIKAMA CTOCOBHO
BUNAJKY 3.

Ilpukaang 2. 3natimu iHmeepysarvHUtl MHONCHUK DIBHAHHA
(2zy% — y)dz + (v + = +y) dy = 0 ma sinmeepyseamu tiozo.
Poze’sazanns. O4eBUIHO, 110 %—A; =+ %—g. Ockinbkn

M

1 oM ON\ doy—1-1
oy or )

2
—__51/197
y — 2xy? y )

TO iHTErpyBasIbHUI MHOKHUK 3HAXOAUMO 3a dhopmyton (5.9):

_Qfdj

uly) =2 = :

—2Infy| _ y 2.

FKmo noOMHOXKHUTH OOWJBI YACTHHE 3aJaHOrO DIBHSAHHS HA
u(y) = y~2, To ofepKyeMO DIBHAHHs y TOBHUX judepeHIianax
(22— 1/y)dz+ (L+z/y* + 1/y) dy = 0.

Cupasi,

1 1
<2x——>dx+(14—%—1——)dy:d<x2—£+y+ln]y|>,
Y Y Y Y

a OT¥Ke, 3arajJbHUM 1HTEIPAJIOM €
2
z*—z/y+y+njy=C. 1

Hpukian 3. 3natimu inmezpysasvrul muoscruk u(xy) pis-
nanna (2x3y* —y) dz + (22%y® — x) dy = 0.
Pose’azarns. Ockinpkn w = zy, To 3rigno 3 (5.10)

%(23@33/2 — y) — 6%(23023/‘3 — x) B
(2223 —a)y — (20392 —y)z
dry(x® —y®) 2

Y(zy) =

C P (y? -2t ay
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Tozi ma migcrasi (5.11) maemo

u(wy)ZM(W)Zef%dwz—z( 5

[Iporronyemo unTadaM MepeKOHATHC, IO iIHTerpyBaAJIbLHAN MHO-
JKHUK 3HAMIEHO MPABUJIBHO, i 3a HOTO JOIOMOrOI 3iHTErpyBaTH
3amane piBugaag. Wl

BamicTb TOrO, MO6 KOPUCTYBATUCH CKJIAHUMH JIJIs 3aIaM ITO-
ByBanHs dopmyaama (5.8) — (5.11), MoXKHA IIyKaTH IHTErpyBasb-
HUIT MHOYKHWK, IIOBTOPIOIOYN MiDKYBaHHsI, HABEJICH] JIJIsI BUIIA/IKIB
1-3.

BHa4n iHTerpyBaabHUI MHOXKHUK, MOYKHA 3HANTH HE TIIBKU
3araJpHU# iHTerpasn andepeHIiajIbHoro PiBHAHHSA, aje i yci #oro
ocobymBi po3s’sasku. Cupas, Hexail y = pu(xr, y) — iHTerpyBaabHUi
MHOKHUK piBHstHHS (5.1), T06TO dU = i (M dx + N dy). Toni

1 1
—dU=Mdx+Ndy=0 = dU=0 abo — =0.
0 0

Ilepmre 3 omep:KaHMX PIBHSIHL BH3HAYAE 3arajbHNNM IHTErpaJ pis-
wauas (5.1) U = C, a apyre — MoXKe NPHUBECTH JI0 OCOBJIMBOIO
PO3B’3KY, SKINO B3/0BXK HBOIO IHTErpyBajbHANA MHOXKHUK Iepe-
TBOPIOETHCS B O€3MEXKHICTb.

3BiicH OJIEPKYEMO TPABUAO 3HATOOHCEHHS O0COOAUBUT
Ppo38°a3Kie:

— 3HAMTH JTiHIIl, B3M0BXK IKUX QYHKINS [ TEPETBOPIOETHCA B 00;

— IepeBIpUTH, YU € 3HaAlJIeH] JIHIl iHTerpaJbHUMU KPUBUMU;

— TIEPEBIpUTH, IU MICTATHCS 3HaWIEeHI pO3B’sa3ku y HOpMyIIi
3arajbHOr0 PO3B SI3KY.

Ti i3 3HaligeHnx pPo3B’d3KiB, AKi HE MICTATHCA B 3araJbHOMY
PO3B’sA3KYy, OyIyTh OCOOUBUMU.

3. Teopemu mnpo icHyBaHHS, HEEAUHICTbL TAa 3arajJbHU
BUIJISA iIHTErPyBaJIbHOI0 MHOXKHUKA. 3’ICYEMO IEsIKi BJIACTH-
BOCTI IHTErpyBaJbHOTO MHOXKHUKA, 1 HABEJIEMO OJINH 3arajJbHul Me-
TOJI 3HAXO/IXKEHHS 1HTErPyBaJIbHOIO MHOXKHUKA, AKHUIA I'DYHTYETHCS
Ha BUKOPHUCTAHHI X BJIACTUBOCTEH.
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Ockinbru dyukii M (z,y), N(z,y) HenepepsHi pa3oMm 3i cBOI-
MU TEePIUME YaCTUHHUMEI TOXITHUME Y HesKiit obiacti G 1y XKo-
JTHIT TodI i€l 06/1acTi He IepeTBOPIOIOTLCS B HYJIb, & iIHTErPYBaJIb-
HUN MHOXKHUK [4(, Y) HE IEPETBOPIOETHCSI B HYJIb 1 Ma€ HellepepBHi
JaCTUHHI TOXiTHI MEPITOTO MOPSIKY, TO y KOXKHIA Towumi obJracTi
G MaeMo enuHICTBL po3B’s3Ky 3ajadi Komri. Kpim Toro, inTerpas
U(z,y), akuii BiAmOBimae iHTErpyBaJbHOMY MHOXKHUKY [(Z,Yy),
Mag€ HellepepBHi YacTUHHI NoXiaHi 1pyroro nopsaky. Lle Teepmxken-
HsI BUIZIUBAE 3 TOTO, Mo akimo dU = p- (M (z,y) dx + N(z,y) dy),
TO

ou ou
ax IU’ Y 8y /"L Y

1 OCKLJIbKH IIpaBl YaCTHHU MAaIOTh HEIIePEePBHI YaCTUHHI ITOXiIHI 3a
3MIHHUMHU & 1 ¥y, TO TOXiJHI BiJ JIIBUX YaCTUH TAKOXK ICHYIOTbH 1
HeIlepepBHi.

JoBememo, 110 3a JIesIKUX YMOB, SIKi FapaHTyIOTh iCHyBaHHS 3a-
raJpHOro iHTerpasy piBasians (5.1), iCHye TaKoXK IHTErpyBaJIbHIIA
MHOXKHUK IHOTO PIBHSHHSI.

Teopema 1. dxwo pisnanna (5.1) mae 3azarvrut inmeepan
U(z,y) =C, (5.12)

de pynrxuia U(zx,y) — deiui nenepepsro dudepenyitiosna, mo ue
DIBHAHHA MAE MAKOHC THMELPYBANLHULT MHONCHUK.

Josedernsn. Ockinbku dU = 0, ToO6TO %—g dx + %—Z dy =0, ne dy
BU3HAYAETHCsI piBHAHHAM (5.1), TO d 1 dy 3a70BOJIBHSIIOTH CHCTE-
MY piBHSHD

g—gdx+g—gdy=o,
Mdx + Ndy = 0.

OckinpKu audepenttian He3aaeKHol 3MIHHOT dT € NOBITBHUM,
TO iCHY€ HEHYJIbOBUY PO3B’30K OTPUMAHO] JIIHIHOT OTHOPIAHOT C1-
cremu. Tomy
gu U 19U 10U

b 10U _ 10U _ v 5
M N = Mar Naoy - M@y (613)

Il
o
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3Bigcu %—g =uM, %—g = u N, a orxe,
oU oU
u(de+Ndy):ude—i—,LLNdy:%dac%—a—ydy: du,

T00TO mic/Is MHOXKeHHsI Ha dyHKI0 1 3 dopmynu (5.13) niBa va-
cruna piBusnus (5.1) € mosunm mudepentianom dyuknii U. Le i
O3HAYaE, 10 [ € IHTerpyBaIbLHUM MHOXKHUKOM piBHsiHH:A (5.1). B

3 o3HAYEHHsI IHTErpyBaJIbHOIO MHOXKHUKA (4 PiBHstHHS (5.1) BU-
wmBae, 1o dyukia Cu aisa moBiibHOro C' TAaKOXK € IHTErpyBajIb-
HUM MHO>KHUKOM IIBOT'O PiBHsIHHSI. 3 HACTYITHOI TEOPEMU BUILINBAE,
IO iCHYIOTH iHTerpyBaibHi MHOKHUKN piBHsHHS (5.1) Giabmr 3a-
raJbHOTO BUrIsAmy, Hixk Cp.

Teopema 2. Hxwo U(zx,y) = C — 3azarvruti inmezpan pieha-
whsa (5.1), a po(z,y) — Goeo iHmezpysasvHul MHONHCHUEK, O ICHYE
06e314 THMEZPYBANDHUL MHONCHUKIG UbO20 PIBHAMHA, AKL SUPQ-
2CAIOMDBCA HOPMYAOIO

pw(z,y) = po(z, y)e(U(z,y)), (5.14)

de o — do8iNbHG PYHKULA, AKG HE JOPIBHIOE TMOTMOHCHO HYAIO | MAE
HENePepPsHy NoTioHy.

Losedenns. [Tomuoxkumo JiiBy wactuny piBusiaus (5.1) Ha dyH-
kuifo (5.14). Toxi

pop(U) - (Mdz + Ndy) = o(U) - (po(Mdx + Ndy)) =
— o(U)dU = d </cp(U)dU>,

To6TO JiBa wactmHa piBHsAHHs (5.1) € mOBHHM JmdepeHIianom
byukuii [¢(U)dU. Orxe, koxua dbyHKuis 1, BusHadena Hopiy-
so10 (5.14), € inTerpyBaJbHUM MHOXKHUKOM piBHstHHs (5.1). B

@opmyna (5.14) micturh y cobi 6e3/1id iHTErpyBaIBHUX MHO-
JKHUKIB, TOPOKEHUX [y 1 BiAHOBiAHUM ftomy inTerpasom. Bunm-
Ka€ MUTAHHSA: YU BCl IHTErpyBaJbHI MHOXKHUKHU MICTATbCS y IIii
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dopmyai? Binmosiab Ha Ie MUTAHHS A€ TaKa TeOopeMa, sIKy HaBe-
nemo 6e3 soejieHHst (1T J0BEJIeHHsT MOXKHA 3HATH, HAIPUKJIAL, Yy

[4, c. 110 — 111]).

Teopema 3. /[6a 006invHi iHme2py6asvHi MHOHCHUKY (11 (X, Y)
i po(x,y) pienanna (5.1) nos’asani cnissionowenmam

po(z,y) = pa(x,y) e(U(z,y)). (5.15)

Teopemy 3 MOKHA BUKOPUCTATH JIJIsi TPAKTHIHOTO BiIIITyKAHHS
iHTerpyBaJIBHOrO MHOXKHUKA piBHsAHHs (5.1). [Tpumycrumo, 1o 1e
PIBHSIHHST MOYKHA 3aIlUCATH y BUTJISIII

(M; dx + N1 dy) + (My dx + Nody) = 0,

IPUYIOMY JIJIsl KOYKHOI TPYIIM MOYKHA 3HAATH 1HTerpyBabHAN MHO-
xuuk. Hexait py i Uy = Uj(x,y) inTerpyBajbHuii MHOXKHUK 1 3a-
TraJIbHUI iHTerpas piBHAHHSI

Mldx—l-Nldy:O,

a py 1 Us = Us(x,y) — iHTerpyBaJbHUN MHOXKHUK 1 3arajbHUil
iHTerpaJj piBHSIHHS

M2d$+N2dy:0

Toxi srimuo 3 (5.15) BCi iHTErpyBabHI MHOXKHUKHU HEPINOl IPYIIN
mictarbes y dopmyii p = pu1o(Ur), a Bel inTerpyBajbHi MHOXKHI-
Ku apyrol rpymnu — y dopmyii p = pgth(Us). dxmo BracTbest BU-
6paru dyHkIii ¢ i ¢ Tak, 1106

p1p(Ur) = p2tp(Us), (5.16)

o byukiisa p = pu1(Ur) = pgp(Usz) Gyue iHTErpyBaJbHUM MHO-
JKHIKOM yCcboro piBusuH: (5.1).

YacTo BIAETbCs pO3OUTH PIBHAHHS Ha JBI TPYIH, y KOXKHIH 3
SIKUX € PIBHSHHS 3 BiIOKPEMJIIOBAHUMI 3MIHHUMHU. [IJIsT pIBHSIHHS
3 BIJIOKPEMJIIOBAHUMU 3MIHHUMUI

M (z)N1(y) dx + Ma(x)Na(y) dy =0
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iHTerpyBaJbHIM MHOXKHUKOM, 30KpeMa, € (DyHKITis m

Ilpukaan 4. Snatimu inmeepysasdbhutll MHONCHUK PIGHAHMHA
3
T
(g+3x2) dx + <1+—> dy = 0.
z )

Pose’sazarns. Po3ib’emo By yacTuHy pIBHSHHS Ha JIBI IpyIH:
3
x
(gdx—l— dy) + <3x2dﬂc+ —dy) =0
z Y
i 3HAlIEMO I PIBHSHD
3
T
gdw—i— dy =0, 32%de+"—dy=0
z Y
iHTerpyBa/IbHI MHOYXKHUKHU Ta BIJIIOBIIHI IHTETrpaJIN:

o=z, Uy =ay; pe=vy, Us=a"y.

3 (5.16) maemo, mo xp(zy) = y(x3y). Bisememo p(U) = U?,
Y(U) = U, roni x(xy)* = y(a’y) = a*y*. Orxe, p(z,y) = 2%y>. W

Pexomendosana aimepamypa: [4, c. 96 — 112, [5, c. 86 — 96],
[6, c. 89 — 101], [7, c. 46 — 57], [16, c. 33 — 41].

ITuranuga mo Jjekirii 5

1. dxumu nosuuni 6yru dynkuii M (z,y) i N(z,y), mob piBHsIHHS
M(x,y)dx + N(z,y)dy = 0 6yso piBHgHHAM y MOBHUX JudepeHiiagax?
Ak dpopmyaoeThes HEOOXigHA 1 JOCTATHS O3HAKA TOTO, 10O 1€ PIBHAHHS
Oys10 y MoBHUX judepeHiiagax’

2. dx sinTerpyBaru piBHsIHHS y MOBHUX muepenmianax? Akuit Bu-
TVIsI] MA€ 3arajibHUil IHTerpaJl TaKoro piBHIHHS !

3. Illo mazuBaroTh iHTerpyBasibHuM MHOXKHIUKOM? HaBemits dopmy-
JII JJIsl 3HAXO/KEHHS IHTerpyBaJIbHUX MHOXKHUKIB BUIAny p(z), u(y),
pw(z,y)).

4. dx zHaittu 0coO/ MBI PO3B’I3KU PIBHAHHSA, JJIsT IKOTO € BiJIOMHM
H#oro iHTerpyBabHUIl MHOKHUK !

5. Yu xoxue nudepenianbue pisasuuaa M (z,y)dx + N(x,y)dy = 0
Mag€ IHTerpyBaJIbHUI MHOXKHUK !

6. Adxum cuiBBigHONIEHHAM [TOB’si3aHi ABa iHTErpyBaIbHI MHOXKHUKHI
p1 1 po piBugang M (z,y)dx + N(z,y)dy = 07
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Brpasu go gekiiii 5

1. Cepen HaBeieHUX PIBHSIHB BiJITyKaiiTe DIBHSIHHS Y MIOBHUX Jude-
peHIiasTax Ta 3iHTerpyiire itoro:

a) (ye® — e¥)dx = (xe¥ — e%)dy; 6) 3z%e¥dr + (x3e¥ — x)dy = 0;
B) (ysin2z + z)dx + (y* — cos2x)dy = 0.
2. 3HaiifiTh iHTErpyBaJbHUN MHOXKHUK JIHIAHOIO HEOTHODIIHOTO
piBusiHEsA Y’ + p(2)y = ¢(x) Ta po3B’sKITH Lie PIBHSIHHS 3a JOHOMOIOI0

poro MuoxKHuKa (Meroz Eitiepa).
3. 3inTerpyiire piBHSIHHS 3a JOIIOMOTOI0 IHTErpyBaJIbHOIO MHOXKHITKA,

p(w):

2 2
a) <4xy— %—1—3)&%—1— (ZEQ— %)dyzo, W=z

3 _
6) (32% — 1)do + 22 2213 4

0, w=uy;
B) (3y — 22%y?)dx = (23y — x)dy, w = xy.

4. 3HaliIiTh iHTErpyBaJbHUN MHOXKHUK DIBHSIHHSI, BAKOPUCTOBYIOUN
MeToZ, po36uTTs Ha JBi Yactuau (1. 3):

a) y(z +y*)de +2*(y —1)dy = 0; 6) (¢® —y)dz +z(y +1)dy = 0.
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Jlekniza 6. HeaBHi qudepenniajibHi piBHIHHS
MEePILOro IOPSIAKY

Ilnan

1. OcHoBHi o3Ha4YeHHS § IIOHATTS.
2. 3amaua Komi. Knacudikaris po3s’s3kis.
3. PiBuanuga crermenda n.

1. OcuoBHi o3ua4denus it nmoHaTTsas. Heasnum dugdepen-
ULANDHUM PIBHAHHAM NEePUWo20 nopadky (Judepenuiarorum
PIBHAHHAM NEPUO20 NOPAOKY, HE PO3E AZAHUM GIOHOCHO NOTIOHOT)
HA3WBAIOTH CIIBBIIHOIIIEHHST BULJISITY

F($, Y, y,) =0, (61>

ne dynkuis F(z,y, z) HenepepsHa B gedxiit obmacti D C R3.

Qyukmio y = y(z), sKa Bu3HAYEHA 1 HEMEpepBHO AudepeH-
nifioBHa Ha iHTepBasi (a,b), HA3WUBAIOTH PO36’A3KOM DIBHSIHHSI
(6.1), gKmo Ha TBOMY IHTEpBaJi BOHA IEPETBOPIOE IOTO y TOTO-
KHICTb.

Axmo piuganas (6.1) MoXKHA PO3B’dA3aTh Yepe3 eJleMeHTapH]
dbynkuii BisHOCHO Y/, TO ONEP:KUMO OfHE abo JeKiIbKa PiBHSHb,
PO3B’sI3aHUX BiIHOCHO TIOXIiTHOI:

y/:fk(x?y)7 k:172? MR (6'2>

ne fr(x,y) — niticui dyukIii, Tobro inTerpysanus piBasaas (6.1)
3BOJIUTHLCSI JI0 IHTErpyBaHHsI KOKHOTO 3 piBHsHB (6.2), OCHOBHI TH-
1 SIKUX PO3IVIAAAJNCH Ha JEKIIsax 2 — b.

Ipuknaz 1. 3inmezpysamu pienanmns y'> — 9{‘/37 = 0.
Po3se’sazarns. 3agane piBHIHHS PO3MAIA€THCSI HA IBA DIBHSHHS
3 BimoxpemmoBammva uinmmvi: i = 33/42 iy = — 33/y2.

BaragbHUME PO3B’A3KAaMU 1HX piBHaHbL € y = (z + C)® i
y=—(z4+C )3 BiAIOBiIHO. 3 TEOMETPUIHOI TOYKHU 30PY 1€ O3HATAE,
1o KoxkHa 3 it y = (x +C)3 ta y = —(x + C)? € inrerpanbuomo
kpuBoo. OKpiM TOro, po3s’s3komM piBusiaus € y = 0 (puc. 6.1).
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Puc. 6.1

3ajiane PIBHSHHS Ma€ TAKOXK 0e3J1iu pO3B’si3KiB, SKi MOXKHA
«CKJIEITH» 3 YaCTUH HaBeJeHUX Buille po3B’sa3kiB. Hampukiias, ta-
KUMU PO3B’sI3KaMU OyIyTh PyHKINT

|0, akmo r < 1,

y= (x —1)3, axmo x > 1,

—(z +1)3, axmo z < —1,
gkimo —1 <z < 1,

y=10,
(x —1)3, akmo x > 1,

rpadiku sskux 300paxkeni #Ha puc. 6.2 i 6.3 Binmosinno. OgHAK Ha-
JaJIi TaKi po3B’SI3KN MU HE PO3TJISIATAMEMO.
Bidnoeidv: y = (x + C)3, y=—(z +C)3, y = 0.

Hesisre nudepenrianbue piBasans (6.1), Tak camo, K i piB-
HsIHHSI, PO3B’si3aHe BiJIHOCHO ITOXIi/IHOI, BU3Ha4ae Ha miomuuai Oxy
JlesiKe ToJie HalpsiMiB. AJjie Temep, sIK IPaBWJIO, Y 3aJaHiil TodIl
(0, Yo) MATUMEMO He OJIUH, & JEKLIbKa HAIPSIMIB 10JIs1, 60, PO3B’si-
sytoun piBusinas F'(xg,yo,y’) = 0 BimHocHo 3/, 3a3Buvaii omepxy-
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BaTUMEMO JIEKiJIbKa AiCHUX po3B sa3KiB. Hampukiam, piBHSIHHS 3
npukiany 1 BusHadae y KoxKHiit Tourni (zo,yo), 1e yo > 0, 1Ba Ha-
upsavu osist: y' = 33/y3 1y = —33/y2. Y xoxkwiit Touni (zo,0) oci

Oz 11e piBHSIHHSI BU3HAYAE TIIBKY OJIMH HAIIPSIM TIOJIST: y’ | (20,0) = 0.
O 1 T -1 O 1 x

Puc. 6.2 puc. 6.3

2. 3amaya Komri. Kinacudikaiiisi pos3B’sizkiB. 3adaua
Kowi nis pisusiaas (6.1) dbopMymoeTbest Tak camo, §K 1 1Jist pi-
HSIHHS, PO3B’SI3aHOT0 BiJTHOCHO TOXiTHOI: MOTPiOHO 3HANTH PO3B’s-
30K y = y(x) piBusanus (6.1), AKuii 3810BOJIbHSIE TIOYATKOBY YMOBY

y(z0) = Yo- (6.3)

[Ipu nbomy, AKIO PO3B’SA3KIB, AKi 38/I0BOJIBHAIOTH [I0YATKOBY YMO-
By (6.3), He Gliblie, HiK KUIBKICTb HAIPSIMIB T10JIsl, BU3HAYEHOIO
piBastaHsM (6.1) y 11iit TOUI, TOOTO He GlIbINE KiTBKOCTI PO3B’sI3KiB
Yy, piBusiHEs F'(20,70,y") = 0, To KaxyTs, mo 3agada Koud (6.1),
(6.3) Mae eaunnit po3B’a30K. B iHakmoMy BHUIIAIKY BBAYKAIOTD, IO
€JIMHICTD PO3B’A3KY IIi€l 3a1ati MOPYIIYETHCH.

Hexait y(, — omun 3 giiicaux kopenis piBusnus (6.1). 3’scyemo
YMOBH, 3a sIKUX ICHY€ €JIMHa iHTerpajbHa KPUBA IIbOTO PIBHIHHS,
IO TIPOXOJUTDH Yepe3 TOUKY (T, Yp), IPUIOMY JOTHIHA 110 HET Y
it ToUIi yTBOpIOE 3 JofaTHUM HarnpsiMoM Ox KYT (g, TAHDEHC
SIKOTO JIOPIBHIOE Y.

Teopema 1. Hexat sisa wacmuna pishanna (6.1) sadososvhae
Maxt YMosu:
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1) ¢pynruis F(z,y,y') eusnauena i nenepepena pasom 3 wa-

CMUHHUMU TOTIOHUMU %—5, 2—5 6 JeAKOMY 3AMKHEHOMY OKOAL TO-

wku (20, Yo, Y);
2) F(x07y07y/0) = 07

3) of
%y (%0,90,Y)
Todi pieranns (6.1) mae edunuti poss’asox y = y(x), susrnauenud

1 HenepepeHo JudepenuyitiosHull y deaxomy oKOAT MOUKU T = X,
axull 3adosoavrae nowamrosy ymosy y(xg) = yo, © marud, wo
y'(z0) = yp-

Josederns. Yvosu, Hakiaaeni Ha ¢yukmio F(z,y,y’), rapan-
TYIOTH iICHYBaHHSI HesIBHOI (DYHKITI1 BOX 3MiHHUX. ToMy piBHSIHHS
(6.1) y nestikomy zamkHeHOMY OKom D TouKm (%0, Yo, Yj) BUSHATAE
Yy K onHO3HAYHY (PYHKIIIO

Yy = f(z.y), (6.4)

npudomy dyuKig f(x,y) — HellepepBHA Pa30M i3 CBOIME YaCTHH-
HUMU TOX1JTHUMU IIEPIIOTO MOPSJIKY 1

f(x07y0) = y/O

Orxe, f(x,y) — HenepepBHa (QyHKIsI B D i B niit 3aMKHeHiit
obJtacTi Mag oOMerKeHy TOXiaHy 3a 3MiHHOIO y. Tomi mpaBa JacTuHa
piBasians (6.4) 3a70BOJIbHsIE yMOBU Teopemu Kormi 1po icHyBaHHs
Ta €IUHICTL PO3B’a3Ky. ToMy Ha HesKOMY iHTepBaJi iCHye €IuHmii
pose’sizok y = y(x) piBusuHg (6.4), a orxke, 1 piBusgHHsA (6.1),
TaKWM, 110

y(zo) = yo.

I[Tokazkemo Terep, mo y'(xg) = y;. fAxmo B piBocti (6.4) mo-

KJIACTH T = Z(, TO OJIEPIKIMO

y'(z0) = f(z0,y(20)) = f(20,%0) = yo- »

Ipumycrumo, mo piBusnus (6.1) B okosi Toukn (g, Yo) MOKE
OyTu po3B’sI3aHe BiIHOCHO MOXiTHOI, TOOTO PO3NATAETHCA HA CYKY-
nHicTh piBHAHD (6.2). Hexait koKie 3 IUX pIBHAHD Ma€ 3arajbHMIil
PO3B’sI30K

y=pp(z,C), k=1,2..., (6.5)
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abo 3araJabHUN IHTErpaJ
Op(z,y)=C, k=1,2,..., (6.6)

ne C — nosinbHa crasa. Tomi CyKyIHICTH 3arajbHUX PO3B’sI3KiB
(6.5) (abo cykymHicTh 3arajabHuX iHTerpasis (6.6)) Ha3UBAIOTHL 3a-
2aAbHUM tHMe2pasom pisasas (6.1).

YJacmurHum pose’saskom pisusiaas (6.1) HasuBaoTh (QyH-
KI[I0, YTBOPEHY 3 SKOTOCh 3arajbHOr0 PO3B’s3Ky (6.5) mpu meBHO-
My 3HadeHHi crayiol C.

Ocobausum po3e6’a3Kom HAUBAIOTH PO3B’SI30K, y KOXKHIM
TOYIl SIKOI'O TOPYIIYEThCsT yMoBa Horo emuuocti. OcobimuBuit
PO3B’30K HEe MOXKHA, OTPUMATH 3 (POPMYJIM 3arajbHOIO PO3B A3KY
(zaranabHOTO iHTErpasa) audepeHIiaaTbHOTO PIBHAHHS [IPH YKOTHO-
My 3HadeHHi crayol C.

3 Teopemu 1 BUILIMBAE, IO OCOOJNBI PO3B’SI3KN MOXKYTh iCHY-
BaTU JIWIIIE y TUX TOYKAX, /i€ MOPYIIYIOTHCsT YMOBHU IIi€l TEOpEeMHU.
Tobro sikiio F'(z,y,y') HenepepsHa i Mae HellepepBHi 4acTUHHI T10-
XiJIHI IEPIITOTO MOPSIJIKY, TO 0COOJIUBI PO3B’SI3KU MOTPIOHO TTyKaTH
cepejl TUX TOYOK, KOOPAWHATH SKUX 38I0BOJILHAIOTH CHCTEMY

F(x7y7p) :07 !

dkmo 1g cucreMa CcymicHa, TO, BUKJ/IIOYAIOYU IIapaMeTrp p,
OTPUMAEMO JIesiKy MHOXKHHY TOYOK ¢(x,y) = 0, sika Moxke Oy-
T 0cobmBUM PO3B’s3koM piBHAHHA (6.1). Oznak moTpibHO e
[IepeBipUTH, YU reoMeTpuYHe Miciie TOY0K ¢(x,y) = 0 € po3s’ss-
KOM 3aJIAHOTO PIBHAHHS, 1 YW Y KOXKHIM WOT0 TOYIN MOPYIIYETHCS
BJIACTUBICTH €IMHOCTI PO3B’si3Ky (TOOTO UM 3HaiijeHuit PO3B’sI30K
CIIpaBJii € 0COOINBUM).

Kpim naBenenoro crnocoby 3HaX0ZKEHHST 0COOJIMBOTO PO3B’A3KY
nudepenrianbaoro pisasanus (6.1) icaye inmmii croci6, mo rpyHTy-
€ThCsI Ha MOHATTI 00BiaHoI. Haramaemo, mo 066101010 Ha3uBaoThH
iHTerpajbHy KpPUBY, dKa y KOXKHINW TOYI Ma€ CHUIbHY JOTHIHY 3
OJIHI€I0 3 IHTerpaJbHUX KPUBUX, aJie Ha YKOMHIN miasHIl He 36ira-
€TBhCS 3 YKOJTHOIO 3 1HTerpajJbHUX KPUBUX.
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Busenemo meobximgai ymoBu icuyBammst obBigHol. Hexait
O(x,y,C)=0 (6.7)

€ 3araJbHUM IHTerpajaoM JaudepeniagibHoro pisasauus (6.1) i cim’s
kpuBnx (6.7) Mae 00Bi/IHY, DIBHSIHHS sIKOI 3aIlUIIEMO y TapaMEeTPH-
it popmi

z=u(t), y=y), (6.8)

ne z(t), y(t) — mudepenniiiori GyHKIHT Ha JESIKOMY ITPOMIKKY
(cr, B). Ockinbku 06BifHA JJIsl PI3HUX t JOTUKAETHCS 0 PI3HUX
KpuBHX i3 ciM’T (6.7), To Besmuanny C' MOXKHa PO3IIsiAATH K DyH-
ko a3minuol ¢, rooro C = C(t). lpumycrumo, mo C’'(t) # 0,
t € (a, ), ockimpKu iHakIe 0OBiTHA y KOXKHINA CBOI Todri Oy-
e TOTUKATHUCS JI0 ONHi€l it Tiel caMol iHTerpasbHOl KPUBOI 3 ciM’i
(6.7), a ToMy 36iraTHMETBCS 3 IIEI0 KPUBOIO.

[Tiyicrasumo (6.8) y (6.7) ta 3audepeHIirneMo OTpuMaHy TOTO-
xmuicrs @ (z(t),y(t),C(t)) = 0 3a 3minHOO ¢:

Bl () + By (1) + BLC!(t) = 0. (6.9)

Kyrosuit koedirient k mormanoi mo kpusol i3 cim’T (6.7) Bu-
3HAYAETHCS (POPMYJIOI0

k=gt (®£0)

Ockinbku k = k1, TO
' (t) + Py (t) = 0.

Toxi 3 (6.9) maemo
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6o C'(t) # 0. Orke, siKiio cim’st Kpusux (6.7) mae 06BinHY 1 B KO-
Hidt Touni Kpusux 3 miel cim'i @7 (x,y, C) # 0 abo @) (z,y,C) # 0,

TO yMOBHU
®(x(t) t))
1
L et o) (610
€ HeOOXITHUMHU JIJIST TOTO, mo6 KpUBa (6 8) Gysia 06BigHOO TSt CiM T
kpusux (6.7).

[Tokazkemo, 1mo ymosu (6.10) y Bunajky, KOau y KOXKHIH TOUI
kpusoi (6.8) @), i @) oyHOYACHO HE JOPIBHIOIOTH HYJIO, € TAKOXK
JOCTATHIMHU JJIsT TOTO, IMO0 IisT KpuBa Oysa 0OBigHOIO My ciM’T
kpusux (6.7). Hexait, nanpuxnazn, @) (x(t),y(t), C(t)) # 0. Toxi,
nudepenIiondr mepiry ToToKHicTh cuctemn (6.10) 3a 3MiHHOIO
t, marumenmo (6.9). 3Bincu, 3rijgHO 3 APYTUM PIBHSIHHSIM CHCTEMU
(6.10),

Py’ (t) + Py (t) = 0.

Orxke,

- __z
/ - 10
x!(t) o,
3BiJIKH if BUILITUBAE MOTPiOHE TBep2KeHHs. TaKuM IMHOM, OJleprKa-

JII TaKe NPasulo 8i0wWYKaHHA 00610107
1) ckiactu cucremy piBHSIHB

®('r’ y’ C) = 07
6.11
{%(w,y,c’) =0, (6.11)

ne ®(x,y,C) = 0 — 3araibHuii inTerpas audepeHIiajabHOro piBHs-
uas (6.1);

2) i3 cucremu (6.11) 3a gonomororo BukJ/oueHHs napamerpa C
sHaiitn kpuBy ¢(x,y) = 0;

3) 3 kpuBoi p(z,y) = 0 Butyunru Touku, jge O, i & omoua-
CHO JIOPIBHIOIOTH HyJTI0. Perira kpuBol ¢(x,y) = 0 i Oyme 06BigHOIO
3a7aHol ciM’T iIHTerpaJibHUX KPUBUX.
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3. PiBuannus crenens n. Po3rigHeMo JesdKl TUIN HESIBHUX
nudepeHIiajibHuX piBHAHL BUIALy (6.1), J1yist sIKUX iCHYIOTH 3a-
raJibHI MeToan po3B’sizanus. wudepenmianbie piBHAHHS BUTISILY

W)+ ar(z, )W)+ .+ a1z, Y)Y + anlz,y) =0 (6.12)

Ha3UBAIOTh PIBHAHHAM NEPULO20 TNOPAIKY cmenens n. K
BimomMo 3 asrebpm, piBHsHHg (6.12) BU3HAYAE N 3HAYEHb IS
y'. $IKmo He BpaxoByBaTH KOMILIEKCHI KOPEHi, TO MaTHUMEMO 711
(m < n) nudepenriaabHIX PIBHAHB IIEPIIOTO MOPSIKY, PO3B s3a-
HUX BITHOCHO MOXI1JIHOI:

y/ = fl(way)v y/ = fQ(way)v R y/ = fm(‘ray) (613>

CyxkymuHicTh 3arajbHux pos3s’sizkiB y = ¢ (z,C) abo 3arab-
nux inrerpamis ®(z,y,C) =0, k =1,2,...,m, piBagab (6.13) €
3arajbHEM inTerpasom pisusmms (6.12). Moro moxkma samucarn
TAKOXK y BUTJISAJL

(y—1(z,C0)) - (y — p2(x,C)) - ... (y — om(z,C)) =0

abo
<I>1(3U,y,C) ' (I)Q(l',y,C) et q)m(l',y,C) =0.

dAxmo xova 6 oxHe 3 piBHsAHB (6.13) Mae ocobuBi po3B’sA3KH,
TO BOHH Oy/yTh TAKOK OCOOIMBIMHE PO3B’sI3Kamu piBHsHHS (6.12).

Ilpukaan 2. 3inmezpysamu pienarHA
x2y'2 + 2xyy’ +y* — 4z = 0.

Posze’azanms. Maemo KBajparHe piBHamHs Bimaocuo y'. Moro
muckpuminant D/4 = 2%y? — 22(y? — 4z) = 423. Posp’asyroun
KBaJIpaTHE PIBHAHHS, OJIEPKYEMO JIBA JIiHIIHI qudepeHIiaabai piB-
HsiHHs (J1eKIgis 4):

/:y_'_2-/_g
XT

3iHTerpyemMo Imepiie 3 HEX MeTomoM Jlarpam:ka. 3araJibHUM
PO3B’I3KOM BIIOBIIHOTO OMHOpPiAHOrO piBHAHHA Yy + % =0 ¢
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Yy = % Orke, pO3B’I30K JIHIHHOTO HEOAHOPIIHOTO PIBHSIHHS IIy-
KaE€MO Y BUIJIS Y = @ [TincTaBuBmM 1110 PYHKIIO y PIBHAHHS,
OJIEPIKYEMO:
C'(x) C(x) C(x) 2
- =— +— = (C(z)=2V/2 =
x x? x? N () =2V

4 4
C(x):§x\/5+0 = y:§\/5+%.

AnajioriyHo MoO¥KHa IOKa3aTH, 10 3araJbHUM PO3B’SI3KOM PiB-
mstmns Y = —4 — % ey=—3yz+ <, ne C - nosinpua crama.
. oy C
Bionoeidv: y = £3\/r + Z.

JIerko iHTerpyeThcsa pi8HAHHSA, AKEe MICMUMD MIABKY NO-
T10HY, TOOTO PIBHSIHHS BULJISIILY

F(y)=0. (6.14)

Ile piBHsiHHS MOXKe, 30KpeMa, OyTH OKPEMHM BHIIAJIKOM DiBHSHHSI
(6.12). Hexait piBusans (6.14) mae nesiky (ckinuenHy abo HecKiH-
"YeHHy ) KUIbKICTH aificHux poss’sskiB y' = kj, j = 1,2,..., ne kj —
crami. Jami, ockinbku

y—C

y':kj = y:k‘jx—i—C = kj= ,
T

TO OJIEPYKYEMO 3arajbHUN 1HTEerpaJj IbOro PiBHAHHS

F(y_0> = 0. (6.15)

T

Ipuknan 3. 3inmeepysamu piensammna y'> — 5y'> + 7 = 0.
Poss’szannsa. 3arajpHuil iHTerpasg 3HAXOANMO 3a (POPMYJIIOI0

(6.15):
(y;c>3—5<y;0>2+7:0 -

(y—C)P —bx(y—C)> +72°=0. m

Pexomendosana aimepamypa: |1, c. 71 — 78], [3, ¢. 59 — 67],
[6, c. 125 — 126, 131 — 150], |7, c. 58 — 86], [16, c. 42 — 49].
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ITuranuga mo Jjekirii 6

1. dxwuit 3arajpHUl BUTJISA, Ma€ HessBHE TudepeHIliabHe PiBHAHHS
epInoro mopsaKy ! AKy yHKI0 HA3UBAIOTH PO3B’I3KOM TAKOTO PiBHSI-
HHA?

2. Ak mobymyBaTu mojie HAPSMIB, 3a/aHe HeSIBHUM I epeHIriaib-
HUM PIBHSIHHSIM IIE€PIIOTO MOPSIIKY 7

3. Ak dopmymoerbest 3amada Kol qjis HessBHOTO qudpepeHItiajibHO-
ro piBHSHHS mepInoro nopsaky?! Kosm po3s’s30k i€l 3a1a4i equanii?

4. dx dopmymaioeTbesa TeopeMa MO ICHYBAHHSA €IWHOTO PO3B’ 3Ky
sagaqi Ko qia #HesBHoro amdepeHIiaabHOr0 piBHIHHS IEPIIOro IMo-
psaKy?

5. fxe HesiBHe nudepeHIiajbHe DIBHSIHHS HA3WBAIOTH PIBHAHHSIM
[EPINOro MOPsIKY crernens n? K BoHO iHTerpyerhes?

6. Skuit Burss Mae 3aranbHUil iHTerpas pisaauas F(y') = 07

Brpasu go jgekiiii 6

1. BimTerpyiiTe piBHSHHS Ta BAILIITH IHTErpaIbHI KPUBI, sIKi IIPOXO-
OSATH Yepe3 3a/IaHy TOUYKY:

a) y? =4y, M(1,0); 6)yy” —(zy+1)y +x =0, M(1,1).

2. 3HaiigiTh 3a BUIVISJAOM pIBHSHBb KpHUBI, Mimo3pijai Ha 0cobJmBi
pO3B’s13KH, i mepeBipTe, Uu OyAyTh BOHU OCOOJIUBUMU PO3B’SI3KAMMU:

a) y? =y% 6)y? —2yy +a2%=0.
3. 3iaTerpyiiTe piBHsIHHS, PO3B’s3aBIIHN X CIIOYATKY BiIHOCHO TOXi-
JTHOT:
a) y? — e +y)y + 22y =0; 6)y° -y =0.

4. 3inrerpyiite piBHSIHHSI:

a)e’ +2 =1; 6)y®+2%—y +3=0.
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Jlekniza 7. HeaBHi qudepeHiajabHi piBHIHHS
IIEPIIOro MOPsAKY (IIPOJOBXKEHHS )

Ilnan

1. Meroy, BBeJIeHHS TTapaMeTpa.
2. PiBugnnga Jlarpamxa Ta piBasgams Kiepo.
3. 3ajiata mMpo 130TOHAJIBHI TPAEKTOPII.

1. Meton BBeaeHHsi mapaMerpa. Hexail HessBHe mnudepen-
1iaJibHE PIBHAHHS

F(z,y,9) =0 (7.1)
MOZKHA, PO3B’S3aTH BIIHOCHO 1, TOOTO
y = f(z,y). (7.2)

Tomi MoOXKH& BUKOPHCTATH WMemod e6edenHs napamempa.
Axmo nosuaunt y' = p(z), To 3 (7.2) MaeMo CuiBBiHOIICHHS

y = f(z,p), (7.3)
JTuGEPEHIHIoIYN IKe, OIEePKYEMO:

8fd —l——fdp = qdr=

oz op
af
ap

gdx + gdp =

d
v= o ap

pdx = a—fdx + == (7.4)

[Ipunyctumo, 10 BHAJIOCH 3HANTH 3arajbHUl  PO3B’SI30K
x = ¢(p,C) pisasinua (7.4). Toxi, nigcrasnstoun ioro y (7.3),
OZIEPKYEMO 3arabHUil pO3B’A30K piBHsIHHS (7.2) y TapaMeTpuIHiit
dopwmi

=, 0), y=f(ep,0),p).

Ao BAACTbC 3HAWTH 3arajibHUil PO3B’s130K piBHsAHHA (7.4)
y Burasg p = h(z,C), to, mimcraBusmm iforo y (7.3), orpu-
MaEMO 3arajibHuii po3B’si30K piBHsiHHs (7.2) y SIBHOMY BHIVISIII

Y= f(xv h(x, C))
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Axmo pisusnus (7.4) mae ocobmuBnit po3s’s30k p = P (z), TO
dyukuist y = f (x,1(x)) Moxke 6yt 0COBIMBUM DO3B’'SI3KOM PiB-
usuns (7.2).

Ipuknazn 1. 3iwmezpysamu pienanna y = 1y’ 2 3zy’ + 322
Poses’azanna. Hexait vy = p. Toni

y = p? — 3xp + 32°. (7.5)
Baudepentioemo (7.5), BpaxoByioun, 1o dy = y'dr = pdx:

dy = 2pdp — 3zxdp — 3pdx + 6xdxr =
pdx = (2p — 3z)dp — (3p — 6z)der =
(2p —3z)dp —2(2p — 3z)de =0 =
(2p —3z)(dp —2dx) =0 = dp=2dz abo 2p — 3z = 0.

OTzke, omepsKaaM [IBa pIBHAHHSA. 3 IEPIIOrO 3 HUX 3HAXOIUMO
p = 2x + C. Tligcrasistoun 3Haiinene 3nadenns p y (7.5), oxep-
JKYEMO 3arajibHUil PO3B’sI30K

y=02x+C)? 322z +C)+32> = y=2>+Cx+C%

3 piBusnns 2p — 3x = 0 3HaX0AUMO p = 3/2, a ToMy y = 327 / 4.
Ileit po3B’si30K 0COOJIUBHIA.
Bionosidv: y = 2>+ Cx + C?, y = 3x2/4.

Hexait piBustaus (7.1) MoxkHA PO3B’si3aTH BIIHOCHO Z, TOOTO
BOHO Ma€ BUIJISA]L

x=f(y,9). (7.6)

lle piBHSIHHSI TaKO:K MOXKHA PO3B’SI3yBATH MEMOIOM 88e0eH-
na napamempa. osznaunmo y' = p(y). Toxi, Bpaxosyioun, mo
dr = i—l/, MAEMO

0 0
= fly,p) = dwza—gdwa—ﬁdp =
dy Of of

= 2y + ZLap. 7.7
o = oyt g, (7.7)
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[Tpumycrumo, 1o 3HalAEHO 3araabhuii po3s’si30K y = ¢(p, C)
pisasians (7.7). igcrasisoun ioro y © = f(y,p), onepxKyeMo 3a-
raJpHUil Po3B’s130K piBHsAHHSA (7.6) y mapamerpudriit hopmi

z = f(elp,C),p), y=eC).

Ao BHacTbCs 3HATH 3arajbHuii po3B’si30K piBHsiHHs (7.7) y
Burisia p = h(y, C'), To MaTnMeMO 3arajbHAN PO3B’ 30K PIBHSHHS
(7.6) y siBHomy Burisini x = f(y, h(y,C)).

fAxmo pisusmus (7.7) mae ocobmuBuit po3s’si30k p = (y), TO
dbyukuis x = f (y,v(y)) moxke 6yru 0cOOIMBUM PO3B’SI3KOM PiB-
usuns (7.6).

Ipuknan 2. 3inmezpysamu piensnna © = y'* + 2y
Posze’azanns. Hexait iy = p. Toni « = p* + 2p. dani maemo:

d
de =4pdp+2dp = Y _ ap3dp +2dp =
p

45
dy:(4p4+2p)dp = y:%—l-pQ—i-C.

Bidnoside: v = p* +2p, y =4p° /5 +p? + C.

2. PiBuaunuga Jlarpan»ka ta piBHauus Kiepo. Oxpemum
BUIIQJIKOM PiBHsiHHSI (7.2) € PIBHSIHHSI BULJISILY

y=zoy) + (). (7.8)

Axmo byukiis ¢(y') roroxuo He 36iraerses 3 ¥, To (7.8) HasuBa-
I0Tb pi8HAHHAM Jlaeparatca. Ak batumo, piBusauus Jlarpamxka
JIiHilTHE BiTHOCHO T 1 Y.

Hexait 3/ = p. Toxi

y = zo(p) + Y (p). (7.9)

Bmudeperntioemo (7.9), 6epyan g0 yBaru, mo dy = pdx:

dy = p(p)dz + x¢'(p)dp + ' (p)dp =
(p—pp))de = (x¢'(p) +¢'(p))dp  (p# ¢(p)) =
de  xo'(p) _ ¢'(p)
dp p—¢(p) p—eD)
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Ocranne piBusiHHSA € miHiiftnum BigHocHo dyukmnii z(p). [arerpyro-
qu iioro 3a dopmysown (4.6) 3 mexuil 4, ogepxkumo x = w(p, C),
o pasoM 3 (7.9) BusHavyaTIMe 3araabHuil po3B’s130K piBHAHH: Jla-
rpamka y mapaMeTpudHiit dpopwmi.

Axmo piBasHHES p = (p) Mae aificHi Kopeni p = p;, TO, mif-
crapysioun 1x y pisusaus (7.8), omepikyemo y = xo(p;) + ¥ (pi)-
L1i poss’si3ku piBHsiHHS Jlarpamka (3 reOMeTPHIHOI TOYKH 30py —
IpsiMi) MOXKYTb OyTH OCODJIUBUMU.

Ipuknazg 3. 3iwmezpysamu pienanna y = 2zy’ — Iny/'.
Poses’azanna. Hexait y = p. Toni

1
y=2zxp—Inp = dy=2xdp+2pdx——-dp =
p

1 1
pdx = (2x — ;)dp +2pdr = pdr+ 2z — ;)dp =0 =

de 2 1

%—F;x—? (p #0).
Posp’sizytoun ozep:kane JiiHiitHe piBHsAHHs (JIeKIlis 4), 3HAXOIUMO,
mo x = (p + C)/p?. lincrapnsioun meit BUpa3 = y PiBHICTL Yy =
= 2zp — Inp, snaxogumo y = 2(p + C)/p — Inp. OTxke, 3arajbHUM
PO3B’s3KOM y mapameTpudHiit dhopwmi €

p+C 2(p+C)
T = o y:T—lnp.

Axmo p = 0, To, miacTasisodn oro y y = 2xp — In p, mepexo-
HYEMOCH, 1110 I (DYHKIIisT He € po3B’ss3koM, 60 In 0 He icHye.
Bionosidv: x = (p+ C)/p?, y = 2xp — Inp.

Posriisinemo okpemwuii  BUIIQIOK piBHsAHHS Jlarpamxka, Kojm
e(y) ="
y =y +¢(y). (7.10)
Pisusinns (7.10) nasuBaors pienarHam Kaepo. Inrerpyiotn ifo-
r'o 3a TI€I0 caMoIo CXeMOIO, IO i piBHSHHS Jlarpamxka, MaeMo:

y=p = y=azp+y(p =
pdx = xdp + pdx + ' (p)dp =
dp-(x+4'(p) =0 = dp=0 abo xz+'(p)=0.
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3 neprrroro piBHAHHS 3HaxoquMo p = C'i, migcrassoan y Gpop-
Mysy y = zp + ¥ (p), oepKyeMo 3arajJbHUN PO3B’sI30K DIBHSAHHSI
Kaepo:

y=zC+¢(C). (7.11)

Jlerko 6aunTH, 10 3 TEOMETPUYHOI TOUKHU 30Dy 3arajbHuil po3-
B’s130K piBHAHHsI Kilepo € oHonapaMeTpuyHo0 CiM’€10 MPAMUX, a
JIs floro ozepzKanHs notpibno y piBusami (7.10) 3aminnTu moxi-
nny vy #a craay C.

3 piBusang x + ¢ (p) = 0 snaxonumo x = —'(p). Iigcras-
Jsioun 1eit Bupas y dopmyiny y = zp + 1(p), 0IepKyeMo, 1o
y =1 (p)p + ¥ (p). Takum uunom, MaeMo po3B’A30K

T = —W(P)»
{y =" (p)-p+Y(p). (7.12)

Posp’st30k (7.12) 3a3BUuail € 0cOOJUBUM 1 y [LOMY BUIAJKY 3 [€O-
METPUYIHOI TOYKN 30py Maemo o6Bimay cim’1 (7.11). Crpasai, Bij-
NIyKYIOUU KPUBY, T103piay Ha 00BiaHy cim’T (7.11), 3a npasusom,
BKAa3aHUM HAIPUKIHII APYTOro MyHKTY JIEKIil 6, MaeMo cucTemy

{y =20 +%(C),
0=2+¢'(0),

JIpyre piBHSHHS KOl OfleprKaHe 3 MEPIIOoro AudepeHIiIOBAaHHSIM 38
mapamerpoMm C'. 3BimcH JIEMKO 3HAXOIIMO

{$ = —W(C)»
y=—¢'(C)C+9(0),

TOOTO cucTeMy, sika BiipisHsieTbest Bif (7.12) TLIbKY MO3HAYEHHSIM
rapamMerpa.
Ipuknan 4. 3inmezpysamu pienanmna y = xy' — y'>.
Pose’azanna. Hexait vy = p. Toni
y=ap—p° = dy=azdp+pde—3p*dp =
(x—sz)dp:O = dp=0 abo z —3p> =0.
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3 piBugaaa dp = 0 smaxomumo, 1mo p = C. Iligcrapasiodn
p=C y piBHicTb ¥y = Zp — p>, OIEPKYEMO 3arajbHUI PO3B’I30K
3asanoro pisusanng y = Cx — O3,

dkmo z = 3p?, To y = 3p> — p> = 2p3. Takum uuHOM, OCO-
OIUBHM PO3B’SIBKOM € = = 3p?, y = 2p>. Buksmounsmm 3Bigcn
mapaMeTp p, OJAeP:KyEMO OCOOJIMBHUI PO3B’'SI30K Yy sIBHOMY BUTJISIITI

y =124/ 326—; abo B HeaBHiil dopwmi 27y? = 4x3.
Bidnoseidv: y = Cx — C3, 27y? = 423,

3. Bagaua mpo i3oroHasibHi TpaeKTOpil. K 1me ojuH npu-
KJIJT OFHOTO 3 06araThoX TE€OMETPUYHUX 3aCTOCYBaHb IU(EPEHTIi-

aJIbHUX PIBHSHB HEPIIOrO MOPSIAKY PO3IVITHEMO 33Jady PO i30T0-
HaJIbHI TpaEeKTOPII.

Axmo kpusa L1 meperunae yci kpusi L 3amamnol cim’T mig oamna-

KOBUM KYTOM (v, TO 11 HA3WBAIOTh {3020HAAbHO0 MPAEKIMOPILEIO
s
2

uiet cim’i) (pue. 7.1). dkimo, 30kpema, o =
€KTOPII0 HA3MBAIOTH OPMO20HANDHON.

)

TO i30TOHAJIBHY TpPa-

Puc. 7.1

3HalieMo ciM'10 130roHaAJBHUX TPAEKTOPIit 3a/1aH01 OgHOIapa-
METPHUYHOI CiM’T KpUBUX

1)KyTOM MiK JBOMa KPUBUMHU Yy TOHUIll IX HNEPETHHY HA3WUBAIOTHb KYT MiXK
JOTUYHUMU 10 HUX y II# TOYIIi.
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ne C' —napametp. s mporo criovaTky CKjaageMo audepeHiiaabHe
piBHstHHs ciMT (7.13) (1. 3 sieknii 1), Buksounsmyn napamerp C' i3

CucreMmn
®(z,y,C) =0,
aé( bl 70) 8¢’( 2 70) o
gt gy = 0.

0

VY pesysbrari ogepxKuMo audepentianbie piBHsHHs cim'T (7.13)
BUTJISILY
F(z,y,y) = 0. (7.14)

Temep Bu3HAYIMMO CIIIBBIIHOIIEHHSI MiXK KyTOBUMH KoedillieH-
TaM¥ JOTUIHUX J10 KpuBol ¢im’T (7.14) 1 110 i30roHaibHOT TpaeKTOPii
B Touni ix neperuny. Hexait M (21, y1) — H0BLIbHA TOUKA i30rOHATB-
HOT TPAEKTOPIL, (¢ 1 (o1 — KyTH, SIKi YTBOPIOIOTH 3 Biccio Ox JOTHIHI
1o jesikol kpusoi ciM’l (7.14) B Touni M i 1o i30roHasbHOI Tpae-
KTOPIi B Iiii camiii Touni Bigmosixuo (puc. 7.1). Toxi

p1=¢+a,

IpUIOMY
dy: to o — dy

tg@l:d—xl’ gy U

[IpumycTunmo cnovaTKy, mo « # 5, i mosHadmmo tg o Jepes k.
Maemo ¢ = @1 — @, a TOMy

tgp1 —tga
thOZtg(@l—a):W
abo
dy -
A —— 7.15
dv 1+ k3L (719)

Pipuicte (7.15) BCTaHOBIIIOE IIyKaHWUIT 3B’SI30K MiZK HAIPSIMOM
gorudHol B Oymab-skiit Touri M TpaekTopii L i HampsiMOM T0TH-
qHOT 710 KpuBoi L ciM’T (7.14), 1110 NpoXoauTh 4epes3 I TOUKY.

Toni nudepenriaabHe piBHAHHS CiM'1T i30TrOHAJBHAX TPAEKTO-

piii Ma€ BHUIJIsI,
dyr _ k
dx
F Z1,Y1, ! =0
(o v
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abo, Meperno3HadnBINT L1 1 Y1 BiAMOBiIHO Yepe3 x i v,

y —k
F —F | =0. 7.16
e (7.16)

Binrerpysasim piBHsinHs (7.16), 3HaiigemMo niykaHy cim’io i30ro-
HAJIbHUX TPAECKTOPIii.

Adxmo a = §, To
T T 1
tgp =tg <901 - 5) =—tg (5_901) = —ctgyr = _tg9017

a orzke, 3amicTb (7.15) MaeMo criBBinHOIIEHHS

dy 1
=
dx %

Baminusmm B (7.14) ¢’ Ha — L oTpuMyeMO AudepenIiaabHe piB-

dyy
dxy

HHHS CiM'T OPTOrOHAJILHUX TPAEKTOPIiit

1
F<$17y17—m> =0
dx1

abo, meperno3HavuBINT 1 1 Y1 Yepe3 T i y,

1
F(xy —?> = 0. (7.17)

Binrerpysasimm piBusians (7.17), 3Haiigemo mykany cim’io opToro-
HaJIbHUX TPAEKTOPIi.

Ilpukaan 5. Crxaacmu dudeperuiaisvhe Pi8HAHHA 13020HANb-
nuxz mpaekmopiti cim’i win 12 4+ y* = C, wo nepemunaroms it nid
Kymom o = 7.

Poze’sazanns. Criagemo audepeHIfiajbHe PpIBHSIHHS 3aJ1aHO0I
cim’i ki Hosnauammo @(xz,y,C) = 2 4+ y* — C, Tomi @), + )y =
= 2z + 2yy’. Bukmouaroun napamerp C' 3 cucremMn

2x + 2yy’ =0,
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onepxKyeMo gudepenniaabie piBagaad T + yy' = 0.
3 dopmysu (7.16) Bunmsae, 1Mo myKaHuUM JudepeHIiajabHIM
PIBHSIHHSIM 130IOHAJIBHUX TPAEKTOPIH €

y -1
1+

T4y =0 = z+zy+y-y=0 =

r—y+(z+y)y =0 1

Ilpukaanm 6. Ckaacmu Jugepenyiarvre PIBHAHHA OPMO20-
HAAHUT MPAeKmopit cim’i kin x> + y2 =C.
Poses’azanna. Tudepenniansie pisusnng x + yy = 0 3amanol
ciM’T kism OyJsio ofep:KaHe y MOMEPEIHBOMY MPUKIAI. 3 POpMyIn
(7.17) BumMBae, MO NIyKaHUM JAudepeHIiaaTbHUM PIBHIHHAM 130~
TOHAJIbHUX TPAEKTOPIiil €

1
x—i—y(—?):O = axy=y N

Pexomendosana aimepamypa: |2, c. 73 — 81, 106 — 112], [4,
c. 125 — 147], [, c. 112 — 131], [7, c. 66 — 76, 86 — 89], [16, c. 42 —
49].

ITuranuga mo ekl 7

1. dxka 3amMina BUKOPHUCTOBYETHLCHA JIJIsT IHTETPYBAHHS PIiBHIHHS
y = f(z,y")? Yu moxe 1ie piBHAHHSA MaTn 0cOOIUB] pO3B’sI3KM?

2. 4ka 3amiHa BUKOPHCTOBYETHCS [JIsT IHTETPYBAHHS PIiBHIHHS
= f(y,y)?

3. dxwuit Burysin mae piBasinas Jlarpanxka? dky 3aminy BUKOpPHUCTO-
BYIOTb JIJIsI IHTEIPYBaHHS I[bOI0 PIBHAHHA! fIKi KpUBI MOXKYTb OYTH OO
OCODJIMBUMU PO3B’A3KAMHE !

4. dxwuit Burisin Mae piBasaasa Kitepo? fK 3HaliTh 3arajbHuii i oco-
OJIMBUIT PO3B’SI3KU IIHOTO PiBHSTHHS?

5. Ilo Take i30roHa/ibHA TPAEKTOPIs 3a1aHOI CiM’T KpUBUX Ha ILIO-
muHi? Ak mobymysaru mudepeHiiajibHe pIBHSHHS CiM'T 130rOHAJIBHUX
TPaeKTOpiit?

6. Illo Take opToroHaJbHA TPAEKTOPIiA 3a1aHOI CiM'T KPUBUX HA I1JIO-
muHi? Ak mobymyBaTu audepeHItiajipbHe pIBHIHHS CiM'T OPTOTOHAJIBHUX
TpaeKkTopiit?
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Bnopasu go sekiii 7
1. BinTerpyiire piBHAHHS:
a)y=(y — l)ey/; 0) x(y’2 —-1) =2y

2. Cepej, HaBejieHUX DiBHsIHD Bimrykaiite piBusnus Jlarpamxka ta
3iHTerpyiire itoro:

a)y' =2zy—3y* ©6)y=2zy —3y* B)y=ay —3y*

3. Cepejt HaBeieHUX PIBHAHD Bifimykaiite pisasunas Kiepo ta 3inre-
rpyiite ioro:

a)y =2xy+3y? 6)y=xy +3xy% B)y—ay —/1—y2=0.

4. 3HaliiTh i130roHAJIBHI TpaeKTOpil ciM’T pssmux y = C'x, siki mepe-
TUHAIOTH T TpsaMi i KyToM 60°.
5. 3HaiiliTh OpTOroHAJBHI TpaekTopil ciM’T mpamux y = Cx.

Jlekmis 8. OcHOBHIi BJIaCTUBOCTI PO3B’A3KiB
andepeHIiaJbHUX PiBHIHB IMEPIIOr0 HOPIAKY

Ilnan

1. IIpuHIUI CTUCKAIOYNX BimoOparkKeHb.

2. Teopema icuyBamHSI Ta €IMHOCTI PO3B’sA3KYy 3amadi Korrri.
3. IlpomoBxkennst po3s’si3Ky 3agaxi Korri.

4. KopekTnicts 3amaxi Korrri.

1. Ilpunnun cruckao4dux BiobparkeHb. MempuyuHum
npocmopom nasupaiorb Muokuuy W = {x} esementis = 10Biab-
HOI NIPUPOJIH, SIKINO JJIsi Oy/b-sIKOI Iapu ejemenTis x,y € W 3a
[IEBHUM MTPABUJIOM BBEJICHO Mempuky (6idcmans), TOOTO THCIO-
By dyHKII0 p(,y), sKa 3a/10BOJIbHSIE TaKi BJACTUBOCTI (aKciomn):

1) p(z,y) = 0, npuaomy p(x,y) = 0 Toxi i TlibKH TOAL, KOIH
r=1Y;

2) p(x,y) = py, 2);

3) p(z,y) < p(z,2) + p(z,y) (ana Oymp-axux z,y,z € W).
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EstlemenT METPUYIHOrO HPOCTOPY HA3UBATUMEMO TAKOXK 1MO-
YKAMU IIHOTO IIPOCTOPY.

Hagesiemo j1Ba BaxK/IMBI IPUKJIAU METPUYHUAX ITPOCTOPIB.

1. Cykymnicre  [AilfiCHUX  N-BUMIDHUX  BEKTOpIB & =
= (z1,22,...,Ty) 3 METPUKOIO

€ METPUYHIM IPOCTOPOM. MOro HA3HBAIOTH N-B8UMIPHUM €6K.AG-
dosum npocmopom i nosnadaoTb R™.

2. CykyuHicTb aificHUX HelepepBHUX Ha BiAPIsKy [a,b] dys-
Kiiit y(t) 3 MeTpUKOIO

p (x(t),y(t)) = max [z(t) — y(t)|
t€la,b]

TaKoXK € MeTpuaHuM npocropom. Lleit mpocrip nosnasators Ca, b].

JLnst 060X MPOCTOPIB BJIACTUBOCTI 3 O3HAUEHHSI METPHUKH JIETKO
[IePEBIPAIOTHCS.

[TocnimoBHiCTD X1, T2, X3, . .. €JIEMEHTIB METPUIHOTO IIPOCTOPY
W nazuBaorh GyHIAMEHMAADHOIO, SKILO h_)m p(Tp, Tpip) =0
IJIF JOBIJIBHOIO IILJIOTO P. S

Metpuyanuit nmpoctip W HazMBaiOTh NMOBHUM, SIKIIO Yy HBOMY
Oynb-sika (byHIAMEHTAJIbHA TIOCTiIOBHICTL T1, T2, T3, ... 30irae-
TBCS JI0 JIESIKOTO €JIEMEHTa I[bOTO YK IpOoCTopy. BaskimmBumu mnpu-
KJIaJ[aMHI [TOBHUX Tpocropis € npocropu R™ (n > 1) i Ca, b].

Hexait y moBrnoMy merpuaromy mpoctopi W samanuit onepa-
mop (Bimobpazkennsi, pyHKIis) A, sKUii KOXKHOMY €JIEMEHTY IIPO-
cropy W cTaBUTbH y BIAIOBITHICTH €JIEMEHT ITHOTO K IIPOCTOPY:

y=Ax, xz,yeW.

Tomi KaxKyTh, 1m0 oreparop A Bimobpaskae mpocrip Wy cebe.
OmepaTop A HA3UBAIOTH CIMUCKAOYUM, SKIIO ICHYE TaKe Uh-
cmo o, 0 < a < 1, mo g Oyab-siKuX ejleMeHTiB x,y € W

p(Az, Ay) < ap(z,y). (8.1)
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Yucsto o Ipu IBOMY HA3HBAIOTh KOEPHIUIEHTOM CINUCHEHHSA.

Enement ¢ € W HasuBaioTb HepPYromoro 1mMouKoo olepa-
topa A, gxmo Ay = . [Hakme KaxKydn, HEPYXOMi TOUKH — II€
pO3B’sI3KM piBHSIHHS AT = .

Bigznaunmo, mo 6araro nmuTaHb, OB’ SI3aHUX 3 ICHYBAHHSIM Ta
€JINHICTIO PO3B’sI3KiB PiBHAHb PI3HUX TUIIIB, MOYXKHA 3BECTU JIO IIH-
TaHHSI PO ICHYBaHHSI HEPYXOMOI TOUKH HEsIKOro BimoOparkeHHst A
METPUIHOIO TpocTopy y cebe. OHIEI0 3 HAWBaXKIUBIIIUX yMOB
iCHyBaHHSI HEPYXOMOI TOYKH € MPUHUUT CMUCKAIOYUL 610-
obpaoicens, Brepire chopmynvopannii C. Bamaxom. Lleit mpun-
LUl € TEOPETUYHOI OCHOBOIO MEMmody mNocAido8HUL HAOAU-
orcensv (memody imepauiti), KUl MHUPOKO BUKOPUCTOBYETHCS
JIsT HAOJIMZKEHOTO PO3B’si3yBaHHsT JUpepeHIlaJIbHIX, THTErpa/ib-
HUX Ta aJreOPUIHUX PiBHSIHbD.

Teopema 1 (MPUHIUN CTUCKAIOYUX BiJOOParKeHb). STKu0
cmuckarowuti onepamop A eidobpasicac nosnutll mempunnutl npo-
cmip Wy cebe, mo ictye eouna HEPYToma mouka @ 4bo2o onepa-
mopa. Ii mootcha 3natimu 3a Popmy.a010

= lim z, (x,=Az,—1, n=1,2,...),
n—oo
npuMomy esemenm xo y npocmopi W moosicha subpamu doGiavHo.

Jlosedernsn. BizsbMemo noBiibHEi enemenT xg € W i mobymyemo
IIOCJII JOBHICTDH €JIEMEHTIB

ro, x1 = Axo, T3 = Ar) = A(Azg) = A%20, ..., (8.2)
Ty = Axy 1 = Az, .

[Tokaxkemo, 110 IIsI MOCJIIIOBHICTL (byHIaMeHTa bHA. 18 11H0TO,
BUKOpHCTOBYtOuH (8.1), OIIHUMO CHIOYATKY BiJCTaHi MixK CyciHiMu
ejleMeHTaMu TIpocTopy W:

p(x2, 1) = p(Az1, Axg) < ap(x1, o),
p(x3,x2) = p(Axy, Ary) < ap(r, 1) < a?p(21,20),
e (8.3)
P(Tni1,Tn) = p(Axy, Ay 1) <
< ap(ey, rp—1) < ... < a"p(r1,z0),
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Bukopucrosytoun orminku (8.3), a Takox p — 1 pa3iB BIacTUBICTH
3 3 O3HAYECHHSA METPHUKH, OJIEPIKYEMO

P(Tns Tnp) <
< p(Tn, Tnt1) + p(Tnt1, Tnte) + o+ P(Tnap—1, Tnyp) <
< (o + ot oY) p(y, o) =
a™ — "t a

=2 = <

p(x1, o)

T JOCTaTHBO Besukoro n. OTxke,

an

1—

p($n7xn+p) < ap(xla$0)- (84>

Ockinmbkn 0 < o < 1, To 3 (8.4) BUILIMBAE, MO Jyisl JOCUTH Be-
JAUKAX N BeIUYUHA P(Ly,Tpip) € SAK 3aBLOMHO MAaJIO0, TOOTO
p(Tn, Tnyp) < €, @ OTKE, T1, T2, T3, ... — byHIAMEHTAIbHA II0-
caigopricTs. Ockinbku W — mOBHMIA IPOCTIp, TO IisI IOC/IiIOBHICTD

Mag€ T'PAHUIo, STKY MO3HAYUMO (¢ = lim x,.
n—oo

I3 crmiBBigHOIIIEHD

p(Ap, @) < p(Ap, ) + p(zn, p) = p(Ap, Axn_1) + p(z4, ) <
< ap(p, zn_1) + p(Tn, ) .0

BurunBae, mo p(Ap, ) = 0, a otike, Ap = ¢, TOOTO ¥ € HEPYXO-
MO0 TOUYKOIO BijoOparkeHHsT A.

Jlnst moBeleHHsT €IMHOCTI HEPYXOMOI TOYKHU TPUITYCTUMO, IO
icHye 111€e OTHA HEpyXOMa, TOUKa 1) BijjobparkenHst A, TobTro A = 1.
Toni

p(e,¥) = p(Ap, AY) < ap(p, ) =
P, ) (1 —a) <0 = p(p,) =0.

3 pisaocti p(¢p,1) = 0, BpaxoByroun MepIly BIACTUBICTH METPH-
KM, OJIEPKYEMO, IO P = ¢, TOOTO (P — €AWHA HEPYyXOMa TOUKA
BifoOparkenHst A. »

Enementn xg, 1, T2, ... y (8.2) Ha3uBaoTh NOCAL008HUMU
HABAUHCEHHAMU HEPYXOMOI TOUKHI (.
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Harosomryemo, mo Bubip mo9aTkoBOro HabmzkeHHS xg € W e
JOBIJILHIM 1 BILJIMBAE JIMIIE Ha, IMIBUIKICTH 3012KHOCTI IIOCJIiI0BHOCTI
Z1, T2, T3, ... [0 CBOEI TPAHUILL (.

2. Teopema icHyBaHHS Ta €IMHOCTI PO3B’SI3KY 3aaadi
Kori. BukoprucTroByoun mpuHITAIT CTUCKAIOTAX BiT0OPasKeHb, 0~
BEJIEMO TeopeMy PO iICHYBAHHS Ta €IUHICTh PO3B 3Ky 3amadi Ko-
i 171 rpepeHItiaabHOrO PIBHSIHHS EPIIOro MOPSIKY, PO3B’s3a-
HOT'O BiJTHOCHO Hoxi,zLHo'l'l):

y(70) = Yo

Teopema 2 (Komii). Hexat dynruyis f(x,y) eusnavena y
NPAMOKYMHUKY

D={(z,y): o—a<z<ao+a, yo—b<y<yo+b},

de a,b > 0, i 36§0080AbHAE Y HOOMY MAKE YMOBU:
1) f(x,y) nenepepena, a omorce, G obmeorcena (|f(x,y)| < M);
) ‘ )

2) wacmunna noxiona ? ICHYE MG 00MeNHCERA ( ‘a—

Todi 3adava Kowsi (8.5), (8.6) mae edunuti poss’asox y = y(x) npu-
natmmi na 6idpisky G = {x:x9g —h < x < xo+ h}, de

h < min ai l
"M’L)

Zlosedennas. Ilokaxkemo crouatky, mo 3amada Ko (8.5), (8.6)

PIBHOCWJIbHA, IHTErPAIbHOMY piBHHHHIOz)

z) = yo + / F(ty(t)) dt. (87)

L) IIst Teopema Ge3 mOBeeHHS HaBeIEHA y . 2 JIEKITl 2.
2)IHTerpam)He piBHSIHHS — IIe DiBHSIHHSI, B SKOMY HeBioMa (QYHKIIS 3Ha-
XOMUTHCS IIiJ] 3HAKOM IHTerpaJa.
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Copasni, skmo mermepepBHa dyHKIis y(x) € po3B’a3koM iHTe-
rpajibHOro piBHsHHS (8.7), To, mudepenmiomoun (8.7), omepxKye-
Mo, mo y' = f(z,y(x)) i, ogeBunno, y(xg) = yo. Takum uunOM,
dbyuxuis y(z) € po3s’sskom 3azaqdi Komi (8.5), (8.6).

Hasnakwu, mexait y(r) — poss’s3ok 3amaqi (8.5), (8.6), TobTo
y'(z) = f(x,y(z)) i y(xg) = yo. Toxi inTerpytoun mo TOTOKHICTDH
y MeXax BiJ Zg J0 &, OIePKYEMO

T

/y’<t>dt= /f(t,y(t))dt = y(@) —yo= /f(t,y<t>>dt,

zo zo

10610 y() € po3B’sI3KOM iHTErpasbHOrO piBHsAHHS (8.7).

Hamasmi nocmimkysarumenmo piBusians (8.7).

[Tosmaunmo 4epes W MHOXKHMHY HemepepBHUX —(DYHKIL
y = y(z), axi 3amani Ha Biapisky G 1 3a/10BOJIBHSIOTH HA HBOMY
HepiBHicTb |y(x) — yo| < b. Ha Mmuokunui W BBEIeMO MeTpUKY

ply,2) = maxly(z) —2(z)|, y,z€W.

Taxum umnom, W — merpuunnit npoctip. et npoctip € nmoBamMm.
Cupagjii, $KIIO TOCTIOBHICTE DYHKIIH yp = yn(T), yn € W, €
dynaMeHTaqIbHOIO, TO BOHA, $K BIJOMO 3 MaTEMaTUYHOTO aHa-
JIi3y, piBHOMIpHO 36iraeThbcs Ha Binpisky G 110 J1esikol HemepepBHOL
Ha 1OMY Biapisky dbyukmil y = y(z). Jna byskmiit vy, € W Bu-
KOHYIOTbCsl HEPIBHOCTI

[Yn(z) —yo| <b, z€G, n=12,...,

mic/g Tepexoiy JI0 TPaHulll Ipu N — 00 Y SIKUX OTPUMYEMO
ly(x) —yo| < b. Ane Toxi y € W, 3Binku Bumusae, mo W — nosHuit
IIPOCTIp.

[IpaBy wacTuny inTerpajbHOro piBHsHHS (8.7) IPUPOTHO PO3-
[JIAIATH SIK JIesTKe 1HTerpajibHe MepeTBOPEHHsT HelepepBHOI (yH-
kil y(x). PiuicTs

z(x) =yo +/f(t,y(t))dt (8.8)
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CTaBUTD y BiAMOBimHICTDL KOXKHINT dyHKIil y € W mesaky dyHKILIO
z € W. Cupasai, sixkino y € W, to y(z) HenepepsHa dbyHKIIis, rpa-
ik KO HATIEKUTH TPIMOKY THUKY

Dy ={(z,y): zo—h<xz<zo+h, yo—b<y<yo+b},

ToMy Ha mizictaBl HemepepsHocTi dyukiii f(x,y) B D npasa ua-
cruna piBHAHHA (8.8) € HemepepBHOO (DYHKIIEO Bix 2, TOOTO () —
HerepepBHa GYHKINA Ha Biapisky G. aji, BAKOPUCTOBYIOUHN BiT0-
MY 3 MaTEMATUYHOI'O aHAJI3y HEPIBHICTH

[ o] <|[1ow1a

< : (8.9)

OJIEPYKYEMO, IO

@) -l < [ f(t,ya))dt\ <|f !f(t,y(t))ldt‘ <
xo o
b
<Mz — ol < Mh< M- 7= =b,

3BIIKM BUILIHUBAE, 1m0 z € W.

Orxke, KOxKHIN HenepepsHiii dyukiil y(x) dopmyna (8.8) cra-
BUTH y BiNOBiAHiCTH HemepepBHy dyHKI0 2(x). Pesyaprar Buko-
HAHHS [[bOTO IIEPETBOPEHHSI TO3HAUNMO 4depe3 Ay:

T

Ay = yo+ / F(t,y(t)dt.

zo

TakuM 9UHOM, MOYKEMO BBarKaTH, 110 PiBHICTH (8.8) BusHavae ome-
paTop
z=Ay (y,z e W),

SIKU TIepeBouTh moBHUIA ipoctip Wy cebe (Takuii oneparop Ha-
3UBAIOTH THMEZPAALHUM onepamopom Ppedzoavma). Tloka-
JKEeMo, T Iieil ortepaTop € cruckaounM. Crupasii, sximo z1 = Ayy,
2o = Ay (y1,y2 € W), 10, Buropucrosyiou (8.8), (8.9), ymoBy Te-
opeMu Mpo 0OMEKeHiCTb YACTUHHOI MOXiTHOT By & TAKOXK Teopemy
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Jlarpam:ka Mmpo CKiHIeHHI TPUPOCTH, OIEPIKYEMO

|21 — 22| =

yo+ / “f (b () dt — yo / If(t,yz(t))dt‘ <

<

[ ) = w1 o] | <

< p(y1,y2) Lz — 0| < Lhp(y1,92) = ap(y1,y2), (8.10)

/ p(yl,yzwdt‘ <

0

Je w € [y1,ye], a aucio a = Lh 3an0BosbHse HepiBaicTh 0 < a < 1
(3a ymoBoro h < 1/L).
3 (8.10) BumuBae, 1o

ple1, z2) = max |21 (x) — 22(2)| < ap(y1, 2),

a OT’Ke, 3TiHO 3 MPHUHIUIIOM CTHCKAIOYNX BiI0OpaykeHb (Teope-
Mma 1) y mpocropi W ichye emmna dyHKiis (HepyxoMma TOYKA)
y € W, nns axol y = Ay, iHaxIme KaxKydn, (DyHKILsI, TKa € PO3B’ 13-
KoM piBHsiHHA (8.7), a orxke, i poss’szkom 3azadi Komi (8.5),

(8.6). »

3ayBakeHHs 1. 3aCTOCOBYIOUM METOJ| IOCJIIOBHUX HAOJIHU-
JKeHb, MOXKHA, OTpUMaTH HabJIKeHUil po3B’sizok 3ajadi Kol

(8.5), (8.6):

yn(x) = Ayn—l(x) =Yo +/f(t7yn—l(t))dt7 n=12..,

o
ae yo € W.

3ayBakeHHS 2. YMOBY TeopeMu 2 [P0 0OMEXKEHICTh YacTUH-

HOI TTOXiTHOT % MOYXKHA 3aMIiHUTH YyMmo6010 Jlinwiua:

|f(x7y1) - f(xva)’ <L |y1 - y2’a

ne (z,y1), (x,y2) € D, L — cramna Jlimmina. [Tokaxkemo, 1o 3 o6me-

2KEHOCT] YaCTUHHOI MOX1THOI g—g B obs1acTi D BUILIMBAE BUKOHAHHS
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ymosu Jlimmina. Crpasi, Hexait < L. Toxi, BUKOpuCTOBYI109M

dopmyay Jlarpamxa mpo CKineHHl IIPUPOCTH, OJEPIKYEMO
|f(z,y1) — fz,92)] = ‘f{,(%w( ))‘ ly1 —y2| < L{y1 — y2l,

ae w € [yi, Y2l

SIKIIO BUKOHYIOTBCSI YMOBH T€OPEMH 2 1 B IeIKOMY OKOJII TOYKH
(0, y0) byukuis f(x,y) mae HeepepBHi TOXiAHI 10 k-TO TOPSAKY
BKJIIOYHO, TO po3B’si30K y(x) 3amaui Komi (8.5), (8.6) Henepeps-
no gudepennifiopanit (k + 1) pasis. Cupasi, ocKiabKu GyHKITSA
f(z,y(x)) nenepepsuo ,ZLI/I(bepeHuiI/IOBHa To 3 (8.5) BUILIMBaE, 110

0 of d 0, of . 0
y" = 8—£ + Fidi f + 8yf fl (x y). 3a yMOBOIO 8_]; i 8_5 Herle-
PEPBHO mxlcbepeHmHOBHl romy "’ 8f L 8f 1 f fa(z,y) Takox

HerepepBHO 1udepenIiioBHa d)yHKL[lH. HOBTOpIOIO‘{I/I aHaJIOriuHi
MipkyBannst k pasis, omepzumo, mo y*t1) = £ (z,y) — menepeps-
Ha pyHKITis.

3. IIponoBxkenus po3B’si3ky 3axadi Korri. Hexait () — me-
gka obmacts y R? i dynxmis f(z,y) nenepepsna y miit obacti.
Hnst nosinbuoi Toukm (X, Yyp) npsMokyTHHKa D Teopema Ileano
(/ekitist 2) BCTAHOBIIIOE iCHyBaHHsI Po3B’si3Ky 3ajadi Komi (8.5),
(8.6) ma meAKOMY, MOXKJIMBO JOCATH MAJIOMY, BIIPI3KY 3 IIEHTPOM
y Tourl xg. [HaKIe KaxKyau, Teopema lleano — e jiokajbHa Teope-
Ma icHyBaHHS pO3B’si3Ky Audepentiaabaoro piBusams (8.5). s 11
3aCTOCYBaHHsI IapaMeTpH a 1 b npsiMoKyTHUKA D (BOHU MOXKYTh 3a-
JIe’KATH Bl KOOPAMHAT IEHTPA T, Yo) MOTPIOHO BHOPATH TAKUMU,
mob D C Q. Ilicst mporo mMoykuaa BusHadwuTu Iuciao h = h(zg, yo)
i BimoBiHuit Bigpizok G, Ha siKOMy icHye PO3B’s130K 3aja4i (8.5),
(8.6).

Kinnesi rouku rpadika poss’si3ky 3ajaqi (8.5), (8.6), icHysa-
HHS sIKOTO TrapanTye Teopema lleamo, majexkarsb obsacti ). Po3-
IVISJIAl0YN 1X 9K HOBI IIOYATKOBI JIaHl, MOKHA 3HOBY 3aCTOCYBaTU
Teopemy Ileano it posmmpuTn 06/1aCTh iCHYBaHHS IIOI'O PO3B’A3KY.
[le BunIMBAE 3 HACTYITHOTO TBEP/IZKEHHSI.

Teopema 3. Hexati gyrxuyin f(x,y) nenepepsha 6 obaacmi Q,
a Ppynryii y1(x) i y2(x) — nenepepeni pose’asku pienanna (8.5) Ha
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sidpiskax [xg, 1] i [x1, 2] 6idnosidno, npuvomy yi(x1) = yo(x1).
Todi pynruyin

~ Jyi(x), axkmo x € [xg, z1],
y(z) =
yo2(x), sxmo = € (x1,xs]

€ poss’azkom pishanna (8.5) na 6idpisky [xg, T2

Losedenns. OueBuHO, 1m0 Tak BU3HaueHa yHKIsA y(x) 3a10-
BOJIbHSIE PiBHAHHS (8.5) K Ha MPOMIXKKY [X0, 1), Tak i Ha (21, T2).
JliBocToponHs i npaBocTOpoHHs TOXiHI byHKIIT y(x) v Touni xq
icHyI0Th 1 HabyBaIOTh 3HAYEHD f(xl,yl (xl)) i f(xl,yg (xl)) Blamo-
BisiHO. AJle 3 yMOBHU TEOpeMM BUILIMBAE, 11O I 3HAUYEHHsI 30iraro-
e 3 f(x1,y(z1)), a Tomy y(z) — pos3s’s30k piBusmusa (8.5) Ha
BCBOMY BIJIDI3KY [xg, z2]. P

Mozxe TpanuTuch, 1o iHTerpaJbHy KPpUBYy He MOXKHA Oylie mpo-
JIOBXKUTH 4epe3 HaOJIMKEeHHsS JI0 TOYKHU, Y AKiil mopyIieHi ymMoBu
reopemu Kol (icHyBaHHsI Ta €JMHOCT] pO3B 53Ky ), a00 IHTErpasb-
Ha KpUBa HAOJIU3UTHCH JI0 ACUMIITOTH, SKa HapaJeibia g0 oci Oy.
Ii Bumagku mpoiTIOCTPYEMO TPUKJIIAIAMU:

1) xdx + ydy = 0, y(0) = 3. Inrerpyroun piBHsIHHS 1 BUKOPHU-
CTOBYIOUH TIOYATKOBY YMOBY, OJICPKYEMO:

$2 y2

74-7:01, y(0)=3 = y=vC?2—-22 (C=3 =
y=v9—x2

Po3B’s130K He MOXKHA TIPOIOBKUTH 32 MeXKi inTepBany —3 < x < 3
(puc. 8.1). ¥V mexosux toukax (—3,0) i (3,0) npasa gacTuHa piB-

uanasa y = —% pospusna. Ymosn Teopemn lleano (icnyBanHs
PO3B’sI3KY) HOPYIIEHi.
Yy Yy
3
0,51
YU
-3 0 3 x 0] 1 3| =z

Puc. 8.1 Puc. 8.2
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2) 3y = y?, y(1) = 1/2. Iarerpyroun piBHAHHS Ta BUKOPHCTO-
BYIOUHN [IOYATKOBY YMOBY, OJIEPIKYEMO:

dy 1 1
)2 z, y(1) =3 y=--—3

InTerpajsbHy KpHBY MOXKHA IIPOJOBXKUTHU JIUINE JIO ACUMIITOTH
=3 (—oo <z < 3) (puc. 8.2).

4. KopekTHicTs 3amadi Koriri. Y npukiainnx 3a1adax, 1o
MOJIETIOIOTHCS T PO3B’I3YIOThCA 38 JOIMOMOIOI0 MU EePEHIATLHIX
piBHsiHb BuULJIsiy (8.5), MOYATKOBI yMOBH, & TAKOXK IIPaBa YaCTH-
na — QyHKIs f, TK OpaBUIO, BiOMI 3 NEAKNM HAOIUKEHHSIM.
Okpim Toro, dpyHKIs f MoxKe 3ajexKaTy Bij 0JHOIO abo KiJIbLKOX
napaMeTpiB (Macu, TeMIepaTypH, 3apsiLy TOIIO), SIKi XapaKTepu3y-
IOTb IPUPOJLY 3aJadi i 3aB¥XK/IM BUMIPIOIOTHCS 3 JIEAKOIO TTOXUOKOIO,
TOOTO HabOIMKEHO. TOMY BasKJIMBUMU € IATAHHS IIPO ICHYBAHHS Ta
€IMHICTD PO3B’a3Ky 3aaqi Ko, a TakoxK Mpo Te, AK 3MIHIOETHCS
neil PO3B’S30K Ha CKIHYEHHOMY HPOMIXKKY 3a Majux 3MiH (30y-
peHb) MOYATKOBUX 3HAYEHD, mapamerpis i camol dyHkiil f. Bumo-
I'U iCHyBaHHS Ta €IUHOCTI PO3B’d3KYy, IOr0 HENEPEPBHOI 3a/I€2KHO-
CTi BiJI TOYATKOBUX yMOB, IapaMeTpiB i QyHKINT f Ha CKIHIYEHHO-
My TIPOMIXKKY CTAHOBJISITH 3MICT MOHATTSI KOPeKMHOcmt 3adai
Kouws.

BukopucroBytoun Teopemy 2 Tpo iCHyBaHHS Ta €IUHICTD
po3B’a3Ky 3ajadi Ko, po3risineMo Teopemu, 10 OIMUCYIOTH sKi-
CHY TIOBEJiHKY PO3B’SI3KiB.

Teopema 4 (po HemepepBHY 3aJIEXKHICTh PO3B’SI3KiB
BiZi mapamerpy). Sxwo npasa wacmuna Judeperyianvrozo pie-
HAHHA

Y = f(z,y, ) (8.11)

HENEPEPeHa 3a 3MINHONW (L, (b € [fi1, 2], T 0aa Koorcnozo dikcosa-
1020 [ 3G0080ALHAE YMOBU TEOPEMU 2 3 MUMU CAMUMU CMAAUMU
a, b, L, M, mo poss’asox y = y(x,p) pieuanna (8.11), axud 3a-
dososvhAae nowamrkosy ymosy y(ro) = Yo, HENEPEPEHO 3ANEHCUMD
610 L.
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Zlosederrsn. OCKiIbKY WIEHN TOCIIOBHOCTI

T

yn(x,u)zyoJr/ ft yn—a(t,p))dt, n=1,2,...,

z0

€ HelepepBHUME (PYHKINSIMA 3MIHHUX T 1 1, a ctajga o = Lh < 1
He 3aJIeXKUTh BiJl [, TO NOCJIIOBHICTD Y1 (2, 1), yo(x, i), ... 30ira-
erbest 10 y(z, 1) piBHOMIpHO TO K. 1K BiZOMO 3 MaTeMaTHIHOTO
aHaJIi3y, piBHOMIpHO 30i2KHa, MTOCiTOBHICTh HENEPEPBHUX (DYHKITIi
30iraeTbest 10 HerepepBHOI (yHKILT, T00TO ¥ = y(z, 1) — DyHKIIis,
HellepepBHA 33 apTyMEHTOM [i. P

Teopema 5 (IIpo HemepepBHY 3aJIEXKHICTH BiJ IIOYATKO-

BuX ymoB). Hexati sukonani ymosu meopemu 2. Todi pose’azor
3adaui Kowi (8.5), (8.6) y = y(x,x0,y0) HENEPEPSHO 3aseocumy
610 NOUAMKOBUL YMOS.
Hosedenns. dxmo 3poburu 3aminu z = y(x,zo,y0) —yo 1 t =
= x — xp, To BimHOCHO bYHKIHT 2(t) omepKUMO IudepeHIiantbHe
piBustnas 2’ = f(t+ x, 2 +Yo) 3 HYJILOBUMHU TOYATKOBUMHU yMOBa-
MH. 3TiAHO 3 TEOPEeMOIO 4 MaEMO HEIEPEPBHY 3aJIEXKHICTh PO3B I3-
KiB BiJI xg, Yo 9K BiJ mapaMeTpis. »

Pexomendosana aimepamypa: |1, c. 27 — 45], [3, c. 36 — 57],
6, c. 63 — 78], [10, c. 15 — 18, 29 — 36], [16, c. 71 — 90].

ITuranuga mo Jjekirii 8

1. Ilo mazuBarTh MeTpuIHUM IIpocTopoM? ZKi BaacTmBOCTI 3a10-
BOJIbHSIE MeTpHKa Takoro mnpocropy? HaBeaiTs mpuriajm MeTpuaIHux
IIPOCTOPIB.

2. 4Ky MOCTiIOBHICTD €IeMEHTIB METPUYHOIO TPOCTOPY HA3UBAIOTH
dbyHmamMeHTATBHOW! KMt METPUYHMIT TPOCTIP HA3UBAIOTH TOBHUM !

3. Ilo Take oneparop, 3aJaHuil y IOBHOMY METPUYHOMY ITPOCTOPi?
Kouu oneparop Bimobparkae MmeTpudHmii npoctip y cebe? dxkuii oneparop
Ha3uBaloTh cruckaounM? 1o HABUBAIOTH HEPYXOMOIO TOYKOIO OIIEPATO-
pa?

4. dx bopMyTIOETHCS IPUHIIAII CTUCKAOYNX BigoOpakeHnb? fke itoro
MPpaKTUYHE 3HAYECHHS !

5. dx dopmymoerses Teopema Kormi npo icHyBamHS Ta €IUHICTD
po3B’sa3Ky 3amadi Ko s audepeniiaabHOTO PiBHSIHHS IEPIITOTO MO~
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PsLIKY, PO3B’si3aHOTO BigHOCHO noxiaHoi1? HaBeaiTh OCHOBHI i€l JoBee-
HHS I1i€T T€OpeMH.

6. ¢k, BUKOPHCTOBYIOUM METOJ IOCJIOBHUX HAOJIMKEHb, MOXKHA
3HaiTH HaOJMXKeHMit po3B’s130K 3amadi Komnl mis andepenmiaabHOro
PIBHSIHHSI IT€PIIIOTO MOPSIIIKY, PO3B’sI32HOTO BiTHOCHO MTOXITHOT!

7. Yu MOXKHA IPOIOBXKUTH pO3B’s130K 3a1a4i Kol 3a Mexi BiapisKy,
BU3Ha4YeHOro TeopeMoro Komi? HaBeaiTs npukJiaim.

8. IIlo cranoBUTH 3MicT HOHATTsT KOpeKTHOCTI 3a7a4i Komi? Hase-
JiTh TEOPEMH PO HEIEPEPBHY 3aJIEXKHICTb PO3B’si3KiB Bl mapaMeTpy Ta
PO HENEPEPBHY 3aJI€YKHICTD BiJ MOYATKOBUX YMOB. ¥ YOMY MPAKTUYIHA
BaXKJIMBICTb IIUX Teopem?

Bopasu go sekiii 8

1. IToGymmyitTe mOCTiIOBHI HAOJIMKEHHS Yo, Y1, Y2 J0 PO3B’I3KY 33,18~
gi Komri ¢/ = 23 — 293, »(0) = 0.

2. BraxiTp skuii-HeOy/1b Bi/Ipi30K, Ha AKOMY iCHY€ PO3B’sI30K 3a/ati
Komii 3y’ = 3z +y*, y(0) = 0.

3. Kopucryrouuncs sikoo-HeOY1b IOCTATHHOIO YMOBOIO €IMHOCTI, BU/Ti-
JiTh Ha wiomuHl Oxy Ti TOYKH, 9epe3 AKi MPOXOJAUTH EIUHUN PO3B 30K
piBEstHES 3 = 5 + 2y + .

4. Yu MoxKyTh Tpadiku 1BOX PO3B’a3KiB piBHamHS § = 2 + 9> mepe-
TUHATHUCA (JIOTUKATHUCS) B JegKiil Toqri?

5. CKiJIbKY TOXiTHUX MAIOTh PO3B’SI3KU PIBHSIHD:

8/3.
)

a)y =22 +y%% 6)y = 2alz| -y
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Jleknia 9. /Iludepenuianbui MmomeJi
ILnan

1. ITobynoBa gudepeHniaJIbHUX MOJeAel TPUPOTHUINX HAYK.

2. Po3p’si3yBamist reOMeTpUIHEX 33729 38 JOIIOMOTO0 aude-
peHITiaIbHUX PIBHSIHD.

3. Posp’s13yBamms 3a1a9 3a JOIMOMOIOI0 iHTErpaIbHUX PIBHSIHbD.

1. Ilo6ynoBa nudepeHIiajibHUX MOJIeJIel ITPUPOTHUIUX
HaykK. Ha jeknii 1 3a3navanoch, mo audepeHIiaabai PiBHSIHHSI
€ ONMHUM 3 HaibiIbI edeKTUBHUX 3acO0iB MATEMATHIHOTO MOJIe-
JIIOBaHHsT 0OaraTbox NpuKJIaIHUX 3a7a4d. OcoOJUBO MIUPOKO BOHU
BUKOPHUCTOBYIOTHCSA Y TEOPETUIHIN Mexamiri, (i3uil, iHIUX mpu-
POIHUYNX HAYKAX.

Posp’s13ytoun mpukJ/ia i 3a1adi 3a J0IMoMOroio qudepeniiaib-
HUX PIBHSHB, BUJIIAIOTH TaKi TPU €Tallu:

a) moby/10Ba audepeHIiaabHOr0 PIBHIHHS;

6) iHTerpyBaHHsI PIBHSIHHSI;

B) JIOCJI/IZKEHHSI OTPUMAHOTO PO3B’SI3KY.

[Ipu 11bOMy pPEKOMEHIYEMO JIOTPUMYBATHUCH TAKOl ITOCJIiIOBHO-
cTi Jtifi:

1) BCTAHOBUTH BEJMYNHHU, $IKi 3MIHIOIOTBCS y 3a/IaHOMY SIBHIIIL
qu 1iporieci, 1 BusiBuTH 3akoHu (popMysin) BiAIOBIIHOT HAYKH, sIKi
11l BEJINYUHU OB SA3YIOTh;

2) BUOpaTu He3aseXKHy 3MiHHY 1 (DYHKIO Ti€] 3MIHHOI, SKY
MOTPiOHO 3HANTH;

3) BUXOJSIYM 3 YMOB 3aJIadi, BUSHAYUTH [OYATKOBI abo iHI
YMOBH, AKi HaKJIaJAI0THCS Ha IMIYKAHY (DyHKIIIO;

4) BUpa3uTH yci BeJIMYMHU 3 YMOBHU 3aJadi Uepe3 He3aJIexKHY
3MiHHY, IIYKaHy (DYHKINO Ta 11 TOXimHi;

5) BUXOJSIYM 3 yMOBH 3aJadl Ta 3aKOHY, SIKUil OIUCY€E 3ajaHe
SABUINE, CKJIACTU TU(EPEHITiaJbHe PiBHIHHSI;

6) sinrerpyBaTu ojep:kane audepeniiaabie PiBHIHHI;

7) SIKIIO 3aJaHi TIOYATKOBI Yu 1HIII yMOBH, 3HANTH YaCTUHHUI
PO3B’sI30K;

8) mpoBeCTH JIOC/IZKEHHST OJIEPIKAHOIO PO3B’SI3KY.
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YV baraTbox BHIIIKaX MOOYI0Ba AU(MEPEHITAILHOIO PiBHSIHHS
MIEPIIOrO TOPSJIKY I'PYHTYETHCS Ha TaK 3BaHiil <«JIIHIMHOCTI TIpo-
Iecy y MaJioMys», TOOTO Ha audpepeHIiitoBHOCTI MYHKINHN, 9K BU-
pakaloTh 3AJIEXKHICTb BeJWYuH. K MpaBuUjIo, MOXKHA paxyBaTH,
IO BCi BeJIMYWHU, siKi 6€PYTh y9acThb y MEBHOMY IIPOIECI TPOTs-
rOM MaJIOTO MPOMIXKKY Yacy, 3MIHIOIOTbCS 31 CTaJIOI IMIBUJIKICTIO.
Ile mosBoJIsie 3acTOCYBATH BiOMI 3aKOHHU, sIKi OIUCYIOTH SIBHUIIA,
10 TPOTIKAIOTh PIBHOMIPHO, /IJISI YTBOPEHHS CIIBBITHOIIEHHST MiXK
sHaveHHsIMHU t, t + At, ToOTO BeJMUYMHAMU, SIKi OEpyTh y4acTb y
MpOIleCi, Ta IX mpupocTamMu. Y Pe3yJibTaTi OJIep:KUMO PiBHICTD, KA
Mag Juie HaOJIMKeHn XapakTep, 00 HaBITL 3a KOPOTKUI IIPOMi-
JKOK 9acy BEeJIMYHUHU 3MIHIOIOTHCS TepeBaykKHO meminiitno. Omgmak
SIKIIO ITOJIIMTH OOMJIBI YaCTUHM OJeprKaHol piBHOCTI Ha At i mepe-
vru go rpanuni npu At — 0, TO OTpUMaEMO TOYHY piBHiCTb. Llst
piBHICTH MicTUTHUME Hac t, 3aJI€KHI BiJl Yacy BEJIUYUHU Ta 1X TOXi-
JHi, TOOTO OyIe audepeHItiaIbHIM PIBHAHHAM, sIKe OIUCYE 3aIaHe
apure. Te came piBHAHHS y HudepeHItiaabhiin popMi MO2KHA OTpH-
MaTH, SIKIo 3aMinnTu npupict At Ha gudepennian dt, a IpUpoCcTU
dbyuKIiit — BigmoBinHUMEU TudepeHItiaTaMu.

Takum 9rHOM, CKITAI0YN AUQEpPEHIiaJlbHe PIBHAHHS, MU PO-
OuMO HiIOM «MUTTEBUII KaJIpP» IPOIECY Y 3aJaHUN MOMEHT dYacy,
a TOTIM, PO3B’s3yI0UM PIBHAHHS, BIJJHOBJIIOEMO IIepedir mporecy.
Orke, y mporeci po3B’si3yBaHHS NPUKJIAIHUX 33129 HABEIECHUM
METOJIOM JIEXKUTh 3arajbHa ified AtHeapu3auti — 3aMinn HyHKITIiT
Ha MaJnX [MPOMIXKKaxX 3MiHM apryMeHTa JUHIHHuME QyHKIiIMT. |
X04a 3yCTPIYalOThCS MPOIECH, SIS SKUX JIIHeapu3alliss HEMOXKJINBa,
(manpukia, 6POYyHIBCHKHI PyX, KOJIA HE MOYKHA BH3HAUUTH IIBU/T-
KOCTI 3MIHU NEBHUX BEJIMYKMH Y 3aJaHUIl MOMEHT 9acy), y IepeBa-
JKHIfl OibIIocTi BUMAIKIB MOOYIyBaTH AnEpeHIiaIbHy MOIeIb
SABUITNA YU MPOIECY Y TAKUN CIOCIO BIAETHCH.

Bamaga 1. V oui sepmukasvhol yusindpusrol nocyduny eu-
comu H 1 padiyca ocnosu R, 3anosnenoi 60doro, ymeopuecs neae-
aukut omsip naowi S (puc. 9.1). Uepes awuidl wac uepes omsip
sumeue yca 600a, AKUL0 MPemuna 600u 8uMIKae wepes ti c.
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Poszs’azannsa. Jdxmo 6 BUTiKaHHI
BOJM BiOYBAJIOCH PIBHOMIpPHO, TO
BCs BOJa BUTEKJA O 3 MOCYINHH 34
3t1 c. OgHAK JTOCiIN TOKA3YIOTh, 1110
31 3MEHIEHHAM pPIBHSA BOJIHM Y IIO-
CYJIMHI TIBUJIKICTH BUTIKAHHS BOIU
3MEHIYEThCA. 1OMy MOTPIOHO Bpa-
XYBaTU 3aJIEKHICTh MiXK MIBUJIKICTIO
BUTIKAHHS ¥ 1 BUCOTOIO h CTOBITa BO-
W HaJl OTBOPOM. 3IiJIHO i3 3aKOHOM
Toppiuesi

v = k+/2gh,

Jie g — INPHUCKOPEHHs BLJILHOrO Ia-
minug, k — xoedirient, axuit 3ase-
KUTH Bif B'sSI3KOCTI piamam Ta dhop-
MU OTBOPY (7J1s1 BO/M Y BUNAJIKY Kpyrsioro orsopy k = 0,6).

Posristnemo nocutiKyBanuii mporec Ha Biapisky [t; ¢+ At]. He-
xail y MOMEHT Jacy t BECOTa BOJHU Ha OTBOPOM CKJaJjaja h, a uepes
At ¢ BoHa 3MeHmuIach i crana h + Ah, ne Ah — npupict BucoTu
(oueBugro, Ah < 0). Toxmi o6’em Bomw, AKUil BUTIK 3 IIOCYIWHH,
JOpPiBHIOE 00’€MY BiIIIOBIHOTO MWJIHIPA, TOOTO

AV = —7R?Ah.

[IpunycTumo, 1Mo Boja 3 MOCYINHNA BUJIUBAETHCS Y BUTISIIL U~
JIHHAPUYIHOIO CTPYyMEHS, ILJIOIIa OCHOBH SIKOIO S, a BHCOTa, JIOPiB-
HIOE NUISAXY, sIKUil NpPOMIIa Boja 3a NPOMIXKOK dacy [t;t + At].
Ha mouarky i Hampukidii IIbOTO BiApI3Ky MIBHAKICTDL BUTIKAH-
HA BOJMM 3rifHo i3 3axonoM Toppivemn popisioBana kv/2gh i
kv/2g(h + Ah) Bignosigno. fxmo At nocurs mase, To Ah(t) Ta-
KOXK MaJie 1 OTpuUMaHi BUpa3’ Jijisl MIBUJIKOCTI MailyKe OJIHAKOBI.
Tomy 1muisX, IpOiieHnii BOIOO 3a MPOMIXKOK 4acy [¢;t + At], Bu-
pazxaerbest popmyitoto (kv/2gh + a(At))At, ne Al%glo@(At) = 0.

Otke, 06’eM piUHE, sIKA BUJIJIETHCS 33 IPOMIKOK 1acy [t;t + At],
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MOXKHa 3HaiiTh 3a (GhopMyI0I0
AV = (k 29h + a(At)) SAt.

[IpupiBHIOIOUN ABa BUpas3u st 00'€éMy PiAUHU, KA BUJINIACD
3 TOCY/IMHU 3a IPOMIXKOK dacy [t;t + At], omepxKyeMo piBHSHHS

— 7R2Ah = (k: 2gh + a(At)) SAt. (9.1)

[Moximmvo obuasi wactuuu (9.1) ma At i nepeiiemo 10 TpaHuIi

. . o . Ah(t) 7
upu At — 0. Ockinbkn Alg—l}oa(At) =0, a Al}glo ~ = M(t), To

oziepKyeMo fudepenIiaabHe PIBHAHHS IEPIIOro MOPSIIKY

— TR2W (t) = k~\/2gh S. (9.2)

Orpumaru pisasiHEs (9.2) MoxkHa it iHaxime. [octipKyroun
[IPOIIEC IPOTATOM HECKIHYEHHO MAJIOro IPOMIXKKY dacy dt, IpHILy-
CTUMO, IO 3a Teil MPOMIXKOK IMIBUJIKICTh BUTIKAHHS BOJIU € HE3MIiH-
noto. Tomy 3amicTs HabMKeHOTO piBHsAHHS (9.1) Bimpasy omepxKy-
€MO piBHIHHS

— wR%dh = k~/2gh Sdt, (9.3)

sIKe, OYEBUIHO, € IIPOCTO iHIIoI0 GopMOIo 3anucy piBHAHHsS (9.2).
PiBusinust (9.3) — piBHSIHHS 3 BIJJOKPEMJIIOBAHUME 3MIHHUMIU.
3iaTerpyemo ioro:

—mR? dh - V21 R?

dt=——— = t=———FVh+(C =
V3gkS Vi vas
t=C— AVh, (9.4)
e crama A = ‘/\/ﬁgk}? 3aJIeXKUTh Bi po3mipiB i dopmu oTBODY,

B’SIBKOCTI PIAMHU Ta AESKNX iHIMUX (PISMIHUX ITapaMeTpiB, a craja
C' € noBinbHOW (1€ cTasa iHTerpyBaHHs). SHARIEMO I1i CTaJI.

Ba ymosoro 3a1a4i h(0) = H (ma mogaTky BiJyiiKy BECOTa CTOB-
na Boau gopisaoBasa H). Ilincrasisoun y (9.4) t =01 h = H,
snaxomumo crayy C' = AVH.
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Crany A 3maiizemo 3 ymoBu 3ajgadi h(ty) = %H . 3Biacu

t1=A\/ﬁ—A\/% = A:(3+\/6)\;—1§.

[Timcrasasioun 3uaiiaeni suadents craanx A i C'y dopmyry
(9.4), onep:Ky€eMO 3aKOH 3MIHU Yacy BUTIKAHHs BiJl BUCOTH CTOBIIA

BOJIN: JE Vi
vH

3 (9.5) serko 3uHaxomumo 4ac 1’ TIOBHOTO BUTIKAHHS DIAWHU 3
HOCY/IUHU:

t=(3+6) ty. (9.5)

MT)=0 = T=@3+V6)t.

SayBaxkuMo, 110 3HalijeHe 3Haderns 1 npubsmsuo y 1,82 pazu
Oinbie 3nadenHs 3tq, sike OfepXKaju y IPHUITYINeHH], 10 piauHa 3
OCy/IMHU BUTiKae piBHOMipHO. B

3BUYaiiHo, 10 PO3B’sI30K 3aad4i 1, He € TOYHNM, aJi?Ke MU 3He-
XTYBaJIU, HAIPUKIIAJ, SBUIIEM KaIJISIPHOCTI (& BOHO € CYTTEBHUM,
SIKITO JIiaMeTp OTBOPY MaJinii), 3aBUXPEHHSIMU PIJIUHU Ta, JIEeSTKUME
iHmmMu haxkTOpaMu.

Y Gararbox 3ajadax CKJIAJaHHs JUQPEPEHIiaIbHIX Mojesei
MIOJIETTIIYETHCS TUM, IO BiAMOBIIHMIT 3aKOH HAYKW IIOB A3Y€ MiXK
o000 3HAUEHHSI JESKOI BEJIMYMHH 1 MIBUAKOCTI 11 3MiHKM abo mo-
B’sI3y€ 3HAYEHHS BEJIUINHM, IIBUIKOCTI 11 3MIHA 91 MPUCKOPEHHSI.
HaBenemo mexijibka TaKnX 3aKOHIB:

— apyruit 3akon Heiorona (F' = ma, ae m — maca Tina, a —
IPUCKOPeHHsT pyXy, F' — cyma cwi, mo Jiiorh Ha Ti0) i moxigai
BiJT HBOTO 3aKOHU 30eperKeHHsT eHepril, KiJbKOCTI pyXy, IMILy/IbCy
TOTIIO;

~ 3aKOH BCECBITHBOTO TsiKinna (F = k™72, ne my, mg — Macu
JIBOX TiJI, T — BiZICTAHb MiK HUMH, kK — KOeIIIE€HT TPOMOPIHIIHOCTI );

— 3aKOH PO3YMHEHHs PeYOBUHU (IIBUJKICTH PO3YMHEHHS MIPO-
HOPIIiiiHa HagBHIN KIJIBKOCTI HEPO3YMHEHOI PEYOBUHHU Ta PI3HUIIL
KOHITEHTPAIlif HACMYEHOTO PO3YNHY 1 PO3UYUHY y TEBHUI MOMEHT
Uacy);
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— 3akoH Kipxroda (amrebpudna cyma cuia CTPyMiB, siKi IIpoOTi-
KAIOTh y MEBHIN TOUI €JIeKTPUIHOTO KOJIA, JIOPIBHIOE HYJIIO);

— 3akon Dyp’e (¢ = —)\(T)%, JIe ¢ — MATOMUIT TOTIK TEIJIOTH,
AT) — roediIlieHT TEITOMPOBIAHOCTI cepeIoBHIIA, % — IIBUJI-
Kicth 3Mmiam temueparypu 1') i anasoriunuii 3akon Hepuera 1po
mudy3io peIOBUHH;

— 3ak0H HbIOTOHA IPO OXOJIOIZKEHHs Tijia (IIBUIKICTH OXOJIO-
JPKEHHS TiJ1a TPAMO TPOIIOPIIiifHA PI3HUIN TeMIIepaTyp Tlia Ta OTO-
IYIOYOTO CEPEIOBUIIA);

— 3akoH ['yka (cumjia Ipy»KHOCTI IPYKUHU [IPOTIOPIiiiHa 1T Bu-
JTOBYKEHHIO) TOIIIO.

[Turanug mpo BiamoBinHICTL qudepeHIiajlbHol Moesi i peaib-
HOT'O SBUIA BUBYAETHCS Ha OCHOBI aHAJI3Y Pe3yIbTAaTIiB JOCTITY Ta
IX TMOPIBHAHHS 3 MOBEIHKOIO PO3B’A3KY OIEPKAHOTO TudEpPeHITi-
aJIbHOI'O PIBHSIHHSI.

Bagaga 2. Tino, Akxe 6 NOYAMKOSUT MOMEHM HACY MAE MEM-
nepamypy To, nomicmuau 6 cepedosuie, 6 AKOMY NIOMPUMYEMBCA
memnepamypa Ty . Busnawumu 3aK0H 3MiHU MEMNEPAMYPU Miia.
Poss’azanns. Hexait T(t) — Temieparypa Tija B MOMEHT 4acy
t. 3a 3axonom Heiorona mpo oxosompkenns tina dyukiis 1'(t) mo-
BUHHA 3a/I0BOJIbHSATH DIBHSAHHS

dr
— = —k(T(t) - Th), (9.6)
dt
ne k > 0 — koedinient nponopiiitHocTi (3HAK «MiHYC» y IpaBiii
gactuai piBasHHA (9.6) BiAOBiIA€ E€KCIEPUMEHTATBLHIM JTAHIIM:
sikio 1'(t) > 11, To TemiepaTypa Tijia 3MEHIIYEThCs 1 MIBHIKICTD
i1 3minu Bij'eMHa, i HABIAKH).
Ockinbku (9.6) — piBusgnus surasany y' = f(ax + by + ¢), ke
BUBYAJIOCH Ha JIEKIIil 3, To BukoHaeMo 3aminy u(t) = k(11 — T'(t)):
u’ du
T=k(Th -T) = o mu = — = —kdt =
U
Inju|=—kt+C = wu=Ce*

T(t) =T, — Ce™*, (9.7)
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ne C' — moBiIbHA cTaja.

Bpaxysasmmu nouarkoBy ymoBy 1'(0) = Ty, 3 (9.7) 3Haxomumo
C =Ty — T, a oTKe, OCTATOTHO BHUBOJAMMO 3aKOH 3MIHU TeMIIEpa-
TypHU TiJIa 3aJIE2KHO Bif 4acy:

Tt) =T+ (Ty — T1)e . =

2. Po3B’sisyBaHHS reOMETPUYHUX 3a0a4 3a JOIIOMOIOIO
nudepeHIiaJbHUX PiBHAHBb. Y 0ararbox 3ajadax TeoOMeTpPH-
YHOI ONTHUKM, KapTorpadil Ta iHmMmMX objacTeil HAyKW BUHUKAE
HEeOOXiMHICTh y 3HAXOMKEHHI KPUBHUX 38 MEBHUME BJIACTUBOCTSI-
MH IIPOBEJICHMX JI0 HUX JTOTUIHUX. OCKIIBKI KyTOBHI KoedilieHT
gorudHol 10 rpadika GyHKINT TOPIBHIOE 3HAYEHHIO IOXiTHOI Iiel
dyHKIHT y TOYIl AOTHUKY, TO TaKi 3aja9i 3py9IHO PO3B’sSI3yBaTH 3a
IoTmoMOTro0 AudepeHIiaIbHIX PIBHSIHD.

Posp’si3ytoun reomeTputHi 3a/adi 3a JOTOMOTOI0 JuMEpEHITi-
aJbHUX PIBHAHB, PEKOMEHIYEMO JIOTPUMYBATUCH TAKOTO AJTOPH-
TMY:

1) 3pobuTn pUCYHOK 1 BBECTU MO3HAYECHHSI;

2) BIJIOKPEMUTH YMOBH, sIKi CIIPAB/KYIOTHCST B IOBLIBHIN TOMII
MIyKaHOl JIiHil, Bij YMOB, fKi CIIPaBJ/ZKYIOTbCs JIAIIE Yy OKPEMUX
TOYKaX, TOOTO BiJ MOYATKOBUX YMOB;

3) BUpA3UTH BCl BEJIMUMHU 33J1a9] Yepe3 KOOPAMHATH JIOBLILHOT
TOYKHW 1 3HAYEHHS TOXIHOI y Il TOYIl, BPaXOBYIOUH T'€OMETPH-
YHUI 3MICT TTOXiTHOT;

4) 3a yMOBOIO 33141 CKIacTu JAudepeHIiaabHe PIBHAHHA, SKO-
MY 3a/I0BOJIBHSE IIYKaHa KPUBAa,;

5) 3HaiiTH 3araJbHUIT PO3B’SI30K IHOrO PIBHAHHS 1 OTPUMATH 3
HBOTI'O TIEBHUM YACTUHHUI PO3B’SI30K, sIKUil 33/ 0BOJIbHSIE TTOYATKOBI
YMOBH.

Bama4ga 3. 3natimu kpusy, y axoi eidcmans 610 dosiavHoi do-
muuroi do nowamxy xoopduram JdopieHioe abcyuct moyuky domuky.
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Yy
%J:f(x)
M(z,y)
C
Yy
@ n
A O r B x

Puc. 9.2

Poss’azanns. Hexait M (x,y) — nosinbaa Touka kpusoi y = f(x).
[Tposesemo y wiit Touni noruany M A, ¢y = tga (reomerpuannii
aumict noxigHoi) (puc. 9.2). Tpukyrauku OCM i1 OBM pisHi (3a
ymosoto OC' = OB, a rinorenysa OM crinbha), a tomy ZMOB =
= /MOC. Ockinbku ZAOC =% —a, 10 ZMOB =1 (% +a) =
= 7 + 5. Tenep 3 Tpuxyrauxa O BM maemo

4+2

1+tg5 -
g:tg(r a):1_tgé = tg%:y x'
g5 Yy+x

2tg2%
(o]
1-tg® 5

nreHHd tg a = 3/, omep:kyeMo audepeHiiaabHe PiBHIHHS

Haperrri, BukopucroBytotun popmyay tga = 1 criBBigHO-

J y? — 22
2xy
OckibKY Tie PIBHSIHHS OJHOPiHE (JIeKIlist 3), TO BUKOHAEMO 3aMi-
HY Y = UX:
dx 2udu
—+5—=0 = hlz/+h@+1)=n2C| =
T u® +1

P4y =4Cz = (x+0)*+42=C2%

OrKe, HABEIEHOIO B YMOBI 3a1a4i BJIACTUBICTIO BOJIOIIE KOXKHE
koJ10 pajiyca C 3 nerarpom y touri (+C;0). B
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3. Po3B’si3yBaHHA 3a/1a4 3a JOIIOMOIOI0 iHTErpaJibHUX
PIBHSIHb. Y edKUX BUIIAJIKAX PO3B’sI3yBaHHS 3a/a9 IIPUBOIUTH
JI0 PIBHSHD, AKi MICTATH IMIyKaHy (DYHKIHIO ITiJ 3HAKOM iHTerpa-
Ja, TOOTO tHME2PaANbHUL PI6HAMDG. [HTerpabHi PiBHSIHHS BU-
HUKAIOTh, 30KpeMa, KON BUKOPUCTOBYETHCA M€OMETPUIHUN 3MIiCT
BU3HAYEHOTO iHTerpaJia K IO KPUBOJIHINHOI Tpameril Ta, iHIm
inTerpasbui opMyIH (TOBXKUHU JyTH, IJIONI IOBEPXHi, 00’eMy
Tija To1me). Y mpoCTimX BUNAJKAX Mic/st AudepeHIiioBaHHs 1H-
TerpaJjbHi PIBHSIHHSI BIAETHCS 3BECTHU 0 AUQEpPEeHIiaJIbHAX.

Samaua 4. Snatimu kpusy, 0an Koocnoi mouku M axoi ab-
CUUCE UEHMPA 8G2U KPUBOAIHITHOT Mpaneyis, odmexrcenoi ocamu
xoopduram, dy2oro yiei Kpueoi i 8idpidkom, wo 3’cdnye mouxy M
3 i1 npoexuyicio Ha 6icv abcyuc, JopisHIoe mpemuni abcuucy uiei
MOUKU.

Pose’sazanns. Binomo, mo abciuca 1eH-
Tpa Bard yTBOPEHOI KPUBOJIHIIHOI Tpalie-

il (puc. 9.3) BupaxKaeThcst GOPMYJIO0 Y
x
Jty(t)dt
0
o = — ) B
Jy(t)de y=ylz)
0
L _ M(z,y)
ne t — 3MinHa inTerpysanus, a y = y(t) —
PIBHSIHHS NIYKaHOI KPUBOI. {
3a ymoBolo 3ajia4i Tg = 3, TOOTO Ol o t
Puc. 9.3
x x
x
/ y(r)dr =2 / Nor
0 0

3audepeHIioeMo 0OUABI YaCTUHY OJEPyKAHOIO iHTErpaJIbHOTO
PIBHSIHHS 3& 3MIHHOIO Z:
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Judepenrioodn 1e OauH pa3, OJep:KYEMO InudepeHIliaIbHe
PiBHSHHS
22y +y =0.

Ile piBHsSIHHS 3 BiTOKPEMJIIOBAHUMHU 3MIiHHUMHU, HOIO 3araJbHUM
C

PO3B’S3KOM € Yy = NG [ |
Pexomendosana aimepamypa: |5, c. 37 — 56], [8, c. 9 — 26],
14, c. 8 — 44], [15, c. 71 — 88|, [17, ¢. 5 — 226].

Iluranns go Jekigii 9

1. dxumu € OCHOBHI eTanyu Po3B’sI3yBaHHS 331249 IPUPOJIHIINX HAYK
3a JIOTIOMOTOI0 MubepeHIliaJIbHIX PIBHSIHD !

2. HaseniTh npuk/iagu 3akoHiB (Di3UKY, siKi BUKOPUCTOBYIOThCS IIPH
moOy10Bi AudepeHItiaIbHIX MOJCTEH.

3. 4k 3a momomororo nudepeHniaIbHUX PIBHAHb PO3B SI3yBaTH Ie0-
MeTPHUYHI 3a/1a9i?

Brapasu go gekiiii 9

1. KinbkicTb cBiTJIa, IO MOTJIMHAE IIAP BOJM MaJiol TOBIIUHU, IPO-
MOPIIiifHAa IO KLIHLKOCTI CBiTJIA, IO TTAJa€ Ha HbOTO, i ToBIMuHI mapy. I[llap
BOJIM TOBIIIMHOIO 35 CM IIOTVIMHAE IIOJIOBUHY CBITJIa, IO NAJA€ HA HBOTO.
fAxy wacTuHy CBiTJIa [IOIJIMHAE IIAD TOBIIUHU 2 M7

2. Kyns, pyxaounch 31 mBuakicrio vg = 350 M/c, npobusae criny
roBumuolo h = 0,25 M i Buitae 3 mel 31 mBuikicTio v1 = 90 Mm/c.
BBazkarotun, 1mo cua omopy CTiHE MPOIOPINiHA KBaIPaTy IIBUIKOCTI
KYyJIi, 3HAWTH TPUBAJICTb PYXY KYJi y CTiHi.

3. Busnaure KpuBy, BCi JOTUYHI 0 KOl IPOXOJSATH Yepe3 [OYaTOK
KOOD/IMHAT.

4. Buznaure KpuBYy, KOXKHA JIOTUYHA JO STKOI YTBOPIOE 3 OCSIMHU KO-
OpJIMHAT TPUKYTHUK TIJIOII 2a2.

5. Busnaure kpusy, sika mpoxoauts depe3 To4ku (0;0) 1 (1;1) i obme-
JKy€ KpHUBOJIHIAHY Tpamnerio 3 ocHoowo [0; z| i mmomero, ska mpomop-
miftma y*.
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Honmaroxk 1.

3acTocyBanHs MareMaTu4vHoro nakera Maple
JJIg iIHTerpyBaHHA 3BUYAHUX JudepeHniaIbHuX
PiBHSIHB IIEPIIIOrO MOPSIKY

Crorojiai MaeMo 9YUMaJIO CHEIaJbHIX MATEMATHIHUX AKETIB
KOMIT FOTEPHIX IIPOrpaM, siKi JO3BOJISIOTH PO3B’si3yBATH pi3HOMA-
miTHi Maremarudni 3agadi. Maremarnuannit maker MathCad opi-
€HTOBaHUIA, MEPII 3a BCe, HA 3IMCHEHHS YHCJIOBUX PO3PAXyHKIB.
[Takeru MATLAB, Scilab, Octave i FreeMat cTBopeni mepeaoBciM
JIst pOOOTH 3 YUCJIOBUMH MATPUIAME 1 BEKTOPAMHU 1 MaiOTh OyTH
3PYYHUME IS iHKEHEePHO-TEeXHITYHUX MPaIiBHUKIB. Maremarudmi
nakeru Maple, Mathematica, Maxima i MuPAD pospaxoBani Ha
3/ifiCHEHHST CUMBOJIBHUX (TOOTO AHATITHIHNX) OOYUCIICHb.

[IpakTuuHo BCi i TMAKETH JO3BOJISIIOTH PO3B’si3yBaTH aue-
peHIaIbHl PIBHAHHS IHCIOBIMHA (HAOIMKEHIMI) MeTogaMu. Aje
OCTaHHSI T'PYIa MATEMATHIHUX AKETIB TO3BOJISE TAKOXK 3HAUTH
TouHMN (AHAJTITUYIHUI) PO3B’SI30K y TUX BHUIAJKAX, KOJM DIBHSIH-
HS IHTErpyIOThCs V CKIHYEHHOMY BUTJIAI.

OnHuM 3 HAWOIIBIN TOMYJISIPHAX 1 MOTYXKHUX € MaKeT aHaJi-
TUIHAX OOYMCJIEHBb 1 9MC/IOBUX po3paxyHKiB Maple. Posrismemo
3aCTOCYBaHHSI caMe HOro JI0 PO3B’s3yBaHHs 3aJ1ad Teopil maude-
pPEeHIaIbHUX PIBHAHBL. 3 OCHOBaMU POOOTH 3 ITUM IAKETOM MOXKHA
o3HAOMUTHCH y JogaTKy 6 (cTop. 333).

Jlist po3B’si3yBaHHs 3BUYANHUX TUQEPEHIAIbHAX PIBHIHD Y
nakeri Maple BUKOpUCTOBYIOTH KOMAHTY

dsolve(piBHsHHSI, HEBIIOMA, OIIIIiT)

[Tapamerp «HeBioOMa» BU3HAYa€ HeBiOMY bYHKIIIO (pO3B’s-
30K) AudepeHIiaabHoro PIBHSHHS, a HEeO0OOB'SI3KOBHIl IapamMerp
<oy — popMy TOJAHHS PO3B’A3KY 1 METOJI MOr0 BiIITyKaHHSI.
st 3amanns mMOoXigHOl y audepeHIiaJ bHOMY PIBHAHHI MOXKHA,
BuKopucTtoByBaru KoMmany diff abo omeparop D, nmpuuoMy camy
dyHKII0 Tpeba 3amMCyBaTH 3 sIBHUM BKa3yBAHHSIM HE3AJIEZKHOI
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3MinHOI, HAnpuKIaI, y(x). OmepaTop D Mae HACTYIHAN CHHTAKCHUC:
(De@n) (dyuxkiist) (3minHAa)

Y npomy 3amnmci n — MOpsSIIOK moximHol. fAkimo n = 1, To 3aMicTh
IIepIIoro BHUpa3dy y MAy:KKax MOxKHa mnucatu mpocto D. Komamma
dsolve, K IpaBWIO, 3HAXOANTDL JIUIIE 3araJbHUI PO3B’SI30K 1 He
3aBXKU HABOJUTH 0coOsuBi. 3renepopani Bequuunuau C1, C21i
T. /. HO3HAYAIOTH JIOBLIbHI CTaJI.

Axio moTpibHO po3B’szaTu 3aaady Korri, To mepriuM napame-
TpoM KOMaH 1 dsolve moBHHHA OyTH MHOXKUHA, STKa CKJIATAETHCS
3 PIBHSIHHS 1 IOYATKOBUX yMOB (depe3 KoMy y (DirypHUX JIy?KKax).

[IponemoncTpyemo BukopucTanua Maple s po3B’s3yBaHHS
NPHUKJIJIIB 3 IBOrO po3maiay. ¥ dedkux sunagkax Maple mae
PO3B’sI3KM, SIKi 3BOOSATHCS 0 OTPHUMAHMX BHIME BiIOBimeil Iis-
XOM TI€PETBOPEHb.

Ilpukgana 1. 3naiitm 3araJpHUil PO3B’SI30K PIBHSIHHA 3
Bigokpemmopamnmu 3minnmvu (y — 22y)dy = (¢ — xy?)dr (upu-
ka1 sekii 3, crop. 38):
> dsolve ((y(x)-x~2*xy(x))*D(y) (x)=x-x*y(x)"2,y(x));

ylx)=+/1—- Cl1+ C1a2, y(x)=—-/1— _Ci+ Cilz2

Ipuknazn 2. 3inrerpysaru pipuanus y' = (4x +y+ 5)% (upu-
K7aas 2 jekil 3, crop. 39):
> dsolve(D(y) (x)=(4*x+y (x)+5)~2,y(x));
y(x) =—-5—4x —2tan(—2x+2_C1).
Ilpuksazna 3. 3HaliTu 3arajJbHUN PO3B’SI30K OTHOPIIHOTO PiB-
ustaas ydz + 2, /rydy = xdy (npukiaaz 3 gekuii 3, crop. 40):
> dsolve(y(x)+2*sqrt (x*y(x))*D(y) (x)=x*D(y) (x),y(x));
In(y(z)) + —— — C1 =0.
zy(x)
IIpukaazn 4. Poss’sz3atu ogHOpiaHe piBHIHHS
r_ Y
22+y’+u
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3 siekriii 3 (ctop. 41), 1e piBHSHHS OYJIO OTPUMAHE IIPU PO3B’A3y-
BaHHI 337184l Ipo (opmy a3epKasa (3agada 3 yekiii 1, crop. 18):
> dsolve(D(y) (x)=y(x)/(sqrt (x~2+(y(x))"2)+x),y(x));

o V2 (y(2))? x o1 —o.

2 — —
w@)?  w@P -

Posp’sizkeMo ocTanHe piBHsIHHSI BITHOCHO ¥():
> isolate(%,y(x));

Vi+ _Clx
y(o)= 2T =00
_ 1
IIpuknap 5. 3inrerpysaru pisusiansg (r—2y+3)y = 1—y—2x
(mpukams 4 sexril 3, crop. 43):
> dsolve ((x-2*y(x)+3)*D(y) (x)=1-y(x)-2*x,y(x));

_ (5a+1)_C1 5(5a+1)2_C1%+4
Z _ 2 + 2 . (1>
) 5 (1

ITepexonaemoch, 1mo oTpuMana (PYHKINA 3aJ0BOJbLHIE 3araabHIi

inTerpas nporo piBmanug y? — 22 — xy + x — 3y = O, 3uaiigenmuil

Ha cTop. 44. /Ins nporo mizcraBuMo 11y #oro JiiBy YacTHHY, CKO-

PUCTaBIINCh KOMaHI0I0 simplify:

> y:=7/5-1/5%(-1/2% (5*x+1)*_C1+1/2% (5% (5xx+1) ~2%_C1~2+
4)~(1/2))/_C1l: simplify(y~2-x"2-x*y+x-3*y) ;

55 C12—1
25 (12

Orpumanunii Bupa3 crupapii € crajoio. OcKiJIbKI 3arajbHUil iHTe-
rpaJl € MHOTOYJIEHOM JIPYTOTO CTeleHs BiTHOCHO %, TO MOBHHEH
OyTH 1€ OJMH PO3B’SI30K, KWl BiapisuaTuMeTshes Bix (1) 3HaKOM
mepes KBapaTHuM KopeHeM. lleit po3B’sizok, siK i JiBa 0cOBJIMBUX
PO3B’si3KkM piBHsIHHS (Y = 1‘”'2—\/536 + % + %, Y= %ac + % — %),
Maple BigmykaTn He 3Mir.

IIpuknag 6. 3HaiiTu 3araabHUil PO3B’'sA30K pPIiBHAHHA 1 =

= % (mpuksaz 5 sexnii 3, crop. 45):
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> dsolve(D(y) (x)=(x-2xy(x)+3) / (2*x-4*xy(x)-1) ,y(x));

1 T \/1—28$+28_01
y(f)——ZJrg— 1 )
1 T \/1—283}—!-28701

3po3ymiso, mo orpuMaHi (GYHKIHT — PO3B’SI3KM BiTHOCHO 3MIHHOT Y
KBaJpaTHoro pisHannsa 2 — 4xy + 4y + 6z + 2y = C, ke € 3Ha-
fieHnM Ha cTOp. 45 3arajJbHUM IHTErpaJioM 3aJaHOr0 JudepeH-
[iaJIbHOTO PiBHAHHSI. Y IIOMY JIEIKO MEPEKOHATHCH, PO3B’sI3aBIINN
3arajbHA# iHTEerpaJj BIJIHOCHO 3MIHHOI ¥ 3a JOTOMOI'OI0 KOMAaH TN
solve:

> solve(x"2-4xx*xy+4*xy~2+6*x+2xy=C,y) ;

L VI—28z +4C @) = L, o, VT-28a 110
1773 1  YWE TS 1 ‘

Ilpuksazn 7. 3inrerpysaru JiiHiiiHe piBHSIHHS y’—|—2xy:2xe_x2
(mpukman 1 sekril 4, crop. 50):

> dsolve(D(y) (x)+2*x*xy (x)=2*x*exp(-x~2) ,y(x));
y(z) = (z* + _C1)e™ .

Ilpuksaazn 8. 3uaiitu 3arajbHuil PO3B’I30K piBHAHHS Bepmyi-
moy + 2xy = 2xe:’32y2 (mpukias 2 Jjiekiii 4, crop. 53):
> dsolve(D(y) (x)+2xx*y (x)=2*x*exp(x~2)*y (x)~2,y(x));

2
e:l‘

y(@) = —224+ _C1°

IlpukJsazm 9. 3uaiiTu piBHSIHHS KpUBHUX 3 3ajadi 1 Jjekiil 4.
Ha crop. 55 6y710 orpumano mudepenitiaabie piBHIHHS ITyKa-
Hol cim’i kpusux y' — y/x = —y? /x. 3inrerpyemo iioro:
> dsolve(D(y) (x)-y(x)/x=-y(x)"2/x,y(x));

y(z) =

_r
r+ _CI
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IIpukmaazm 10. SuaiiTu 3araabHUil po3B’s130K piBHAHHA Pikkari
y=y*—<- ;1—2 (mpukias 3 ekl 4, crop. 57):

> dsolve(D(y) (x)=y(x)"2-y(x)/x-4/x"2,y(x));

(z) = 2zt +2 Ot
v Cz( C1 -2ty

Ilpuksazma 11. 3iaTerpyBaru piBHSIHHS y TOBHUX JI(DEPEHTIi-
anax (z +y? +sinx) dr + (2ry + cosy) dy = 0 (npukmasm 1 pexmii
5, ctop. 61):
> dsolve (x+y(x) ~2+sin(x)+(2*x*y(x)+cos(y(x)))*D(y) (x)=

0,y(x));
22
5 T y(x)?z — cos(x) + sin(y(x)) + _C1 = 0.

Ilpuksan 12. 3HailTu 3arajbHUl  PO3B'SI30K  PIBHSIHHSI
22y —y) dz + (y* + 2 +y) dy = 0 (mpuxaaz 2 mexmii 5, crop. 64):
> dsolve (2*xx*xy(x) ~2-y(x)+(y(x) ~2+x+y(x) ) *D(y) (x) ,y(x),

implicit);

22— 2 L n(y(x) +y(x)+ _C1 =0.
y(z)
HonarkoBa ormriig implicit mo3BOJIsi€ 3HAXOIUTU PO3B’A30K y He-
saBHiit dopmi. BimcyrHicTh MOMy/Ist B aprymMenTy Jjorapudma HeE €
MIOMIJIKOIO, 00 Bci obumcaenus y Maple 3a 3aMoBUyBaHHAM 31ili-
CHIOIOTBCS Y TIOJII KOMILIEKCHUX YUCE]I, 3HANICHUN PO3B’I30K TE¥XK
MOXKe OyTr KOMILJIeKCHO3HAIHIM. 11imiOpaBIiinu Bi OB IHUM IHHOM
JOBIIBbHY CTaJly, sKa MOXKe OyTH KOMILIEKCHOIO, JIETKO BHIiJTUTH
JificHO3HAIHUI PO3B’sI30K. 3HAIEMO TAKOXK IHTErPYBaJIbHII MHO-
JKHUK IHOIO PIBHSHHSA, CKOPUCTABIINCL KOMaHI0I0 intfactor 3
nakera DEtools:
> DEtools[intfactor] (2*x*y(x) ~2-y(x)+(y(x) "2+x+y(x))*
D(y) (x));
1
y(xz)?

Ipukmax 13. 3inrerpysaru pisusmua (223y% — y)dr +

+ (222y3 — ) dy = 0 (mpuxmaz 3 mextii 5, crop. 64):
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> dsolve (2*x~3x*y (x) ~2-y (x)+(2*%x~2*y (x) ~3-x) *D(y) (x)=0,
y(x),implicit);

_O1 +2%+ +y(x)* = 0.

y(x)x
3Haii1eMo TAKOXK IHTerpyBaJbHIAN MHOXKHUAK I[LOIO PiBHSIHHS:
> DEtools[intfactor] (2*x~3*y(x) ~2-y (x)+(2*x~2*y(x) ~3-
x)*D(y) (x)=0) ;
1 1
y(@)22?"  z(1+ay()® +23y(z)) y(x)

[Iporpama 3maiimuia gBa iHTErpyBagbHUX MHOKHUKH.

Ilpuksana 14. SnaiiTy iHTErpyBaJbHUI MHOXKHUK DPiBHSIHHSI
(y/x + 322)dz + (1 + 23 /y)dy = 0 (npuxnaz 4 mexmii 5, crop. 69):
> DEtools[intfactor] (y(x)/x+3*x~2+(1+x~3/y(x))*D(y) (x)=

0);
1

2y(z) + 323

V mpoMmy BHITaJKy IporpaMa HaBesla IHTErpyBaJbHUI MHOXKHUK,
SAKUI BIIPI3HAETHCI BiJ IHTErPYBaJIbHOIO MHOXKHUKA, 3HAIEHOTO
y npukjiam 4 jgekmil 5. Asie me it He nMBHO, 060 IHTErpyBaJbHUIL
MHOYKHUK He € €IuHUM (TeopeMa 2 JIeKIl 5).

IIpukmnaz 15. 3inTerpysarn nessHe piBHAHHS Y2 — 9W =0
(mpukitas 1 ekt 6, crop. 71):
> dsolve(D(y) (x)~2-9*y(x)~(4/3)=0,y(x));

y(x)(%) —x— C1=0, y(x)(%) +x— C1=0.

Buaiimosmnm 3 ocraHHiXx piBHOCTEH Yy(r), OTPUMAEMO 3arajabHUl
PO3B’s130K mpukaamLy 1 Jjekmii 6. OcobmuBuit po3s’sizok y = 0 mpo-
rpaMa HE 3HaMIIIA.
IIpukmazn 16. 3inTerpysaru HesBHe piBHAHHS 127 24 2xyy’ +
+y? — 42 = 0 (mpukaaz 2 jgexmii 6, crop. 78):
> dsolve(x~2xD(y) (x) ~2+2*xx*y (x) *D (y) (x) +y (x) ~2-4%x=0,
y(x));

_%_’_—01 (x):%_i__C].

y(x) = 3 Y 3 »
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[Iporronyemo dYmradaM CcaMOCTiffHO 3iHTErpyBaTu PpPiBHAHHS
y"3 — 5y’? 4+ 7 = 0 3 npukiaany 3 jexuii 6 (cTop. 79) 3a JOIOMOTOI0
maketa Maple i mepecBimanTuCh, M0 TpOrpaMa MyKae Po3B’sI30K y
SIBHOMY BUIJIsIJIl HABITH IIPU BUKOPUCTaHHI omiil implicit.
Ipuknazg 17. 3inrerpysaru pisugnns y = y'2 — 3zy’ + 322
(mpukitas 1 Jjiekii 7, crop. 82):
> dsolve(y(x)=D(y) (x)~2-3*xxD(y) (x)+3*x~2,y(x));

(w)—% (w)_7012x2—|—701(aﬁ701+2)x+2
y(@) = = ylz) = RTE ,
_C1%2%+ Cl(z_C1 —2)x+2
y(z) = 5 ,
2 C1
> (—x—2 Cl)z 9
y(w)-;— 5 + _C17,
2 —
y(x):%—( x+22_01)x+_012.

Ha neprmuit morisgn TyT € 'saTh Pi3HUX PO3B’A3KiB, ajie HACIIPABIi
BCl, KpiM IIEPIIIOro, PO3B SI3KM IIJISIXOM HECKJIAIHUX MePEeTBOPEHD i
MEePENO3HAYMEHHS CTAJIUX MOYKHA, 3BECTH OJWH O OJHOTO. ¥ ITLOMY
JIETKO IIEPEKOHATHUCH 3& JOIOMOIOI0 KOMaH Iy simplify:

> simplify({%});

9 9 3 2
ylr) =a*—a_C1+ C17, y(x):T,
1222 — 1+1
y(x):*C v CjQC + , y(x):x2+w701+7012,
(2) = _012x2+x_01+1}
v = _C1? '

Ipuknax 18. 3iarerpysaru pismsias x = 3t + 2y (npu-
ka1 2 Jiekii 7, crop. 83).
Cxopucraemocs onmisiMu implicit i parametric:
> dsolve(x=D(y) (x) ~4+2+D(y) (x) ,y(x) ,implicit,
parametric) ;

z((T)= T*42 T, y(_ T)= ™+ T*+ (1.

Ot >
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Besmumna T mosmadae mapameTp (po3B’si30K 3HaiieHO y mapa-
MerpuuHiit dopmi).
Ilpukmaana 19. 3uaiitu 3araabHuii po3B’si30K piBHaAHHA Jla-
rpamka y = 2xy’ — Iny’ (npuknaz 3 sekuii 7, crop. 84).
Cxopucraemocs onmiero implicit:
> dsolve(y(x)=2*x*D(y) (x)-1n(D(y) (x)),y(x),implicit);
o T)= T+7T201’ y(_T)= QLT—CI _

In(_T).
Ipuknazg 20. 3inrerpysaru pisuanug Kiepo y = zy’ — y?

(mpukJtas 4 Jjiekrii 7, crop. 85):

> dsolve (y(x)=xxD(y) (x)-(D(y) (x))~3,y(x));

2 . 2 . .
y(e) = —5V3az, y(@) = 5V3e2, yla)=2_C1 - 01"

Ilpuksan 21. Posp’ss3aru 3ajady Ipo 3pPOCTaHHST KLTBKOCTI
HayKoBuX Iybsikariii (3amada 1 jekmii 1).

Ha ctop. 15 orpumasu nudepenitiaabie PIBHSIHHS, SKE OMICYE
3POCTaHHS KiTbKOCTI HAyKOBUX ITyOJTiKAITiii:

y'(t) = ky(t).
3inTerpyeMo 1e PpIBHSHHS, BPAXOBYIOUH IIOYATKOBY YMOBY
y(0) = yo:
> dsolve ({D(y) (t)=k*y(t),y(0)=y03},y(t));

y(t) = y0 .

3HaiimeMo Terep 3a JOIMOMOTOI0 KOMaHIN solve Hesimommit wac 1
3 noparkosol ymosu y(T') = 2yg, skimo koedimient k = 0,07:
> solve(yO*exp(0.07*T)=2%y0,T) ;

9.902102579.

IIpuknan 22. Biurerpysaru pisustuus y' = ky(M — y) (upu-
KJIaJ1 micstst 3aa4ai 1 aekil 1, crop. 15):
> dsolve(D(y) (t£)=kxy (t)*(M-y(t)),y(t));
M
t) = .
) = T o an
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IIpukiaan 23. Posp’sasarn 3a7ady npo pyx 4doBHa (3amada 2
Jekii 1).

Ha crop. 17 6ymo orpumano mudepenmiaabHe PiBHSIHHS, sKe
OIIMCYE PyX YOBHA: .

v 2
ma = kv”.

BinTerpyemo iioro, BpaxyBasiiu 04aTkoBy yMoBy v(0) = 3:
> dsolve({m*D(v) (t)=k*v(t)~2,v(0)=3},v(t));

3m
o) = 3

3HaiimeMo Temep HeBiIOMe CIIBBIIHOIIEHHS MiXK m i k 3 moma-
TKOBOI yMoBH v(4) = 1:
> solve(-3*m/(3*k*4-m)=1,m) ;

—6k.

Toni mesimomuit wac 1" 3 ymosu v(7T") = 0,01 BusHAUUTH JIETKO:
> m:=-6%k:solve(-3*m/(3%xk*xT-m)=0.01,T) ;

998.

IIpukaan 24. Habmmxeno mobyayBaTn iHTErpaJibHi KPUBI PiB-
usaas Y = x(y — 1) (npukman 1 3 nekii 2, crop. 31).
[Tobyayemo mosie HampsiMiB, BU3HAYEHE IUM PIBHSIHHIM, Ta
CciM iHTerpaJbHUX KPUBUX, SKI 33JI0BOJbHAIOTH MOYATKOBI yMOBHU
y(O) = -1, y(O) =0, y(O) = 0,9, y(O) =1, y(O) = 1,5, y(O) =2,
y(0) = 3. st mporo norpibHO cKopucTaTch KOMaHI010 DEplot 3
naketa DEtools (komamnma omucana y mofaTky 6 ma crop. 338):
> DEtools[DEplot] (D(y) (x)=x*(y(x)-1),y(x),x=-3..3,
[[y(0)=-1]1, [y(0)=0], [y(0)=0.5], [y(0)=1]1, [y(0)=1.5],
[y(0)=21,[y(0)=3]1]1,y=-2.5..3.5,scaling=constrained,
stepsize=0.1,1linecolor=black);
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o
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Puc. 1

Inmni nmpukaay 3acTocyBaHHST MaTeMaTUIHOroO makera Maple
IS IHTerpyBaHus 3BUYAiHNX audepeHniaabuuX PiBHAHD IepPIIo-
ro nopsiAKy MoxkHa sHafitu B [9, 12, 18|. IIpomonyemo unrtadam

caMocCTifiHo 3a gomomoror makera Maple sinTerpysarn inmn an-

1, axi we BBIMNLIM JI0 IIHOTO

depentianbii PiBHIHHS 3 PO3ILILY

TOMATKY.
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Po3znain 2.
3BNYANVHI TN®EPEHITIAJJIBHI
PIBHAHHSA BUITINX TITIOPAJIKIB

Jleknis 10. IndepeniiianbHi piBHIHHS
BUIIUAX MMOPAIKiB

Ilnan

1. OcuosHi nouaTTd il oznadenns. 3anada Ko,

2. Knacudikarist po3s’a3kiB.

3. PiBuanns, sike MiCTUTD TIJIBKYM HE3aJIEXKHY 3MIHHY 1 MTOXITHY
HIOPSAJIKY 7.

1. OcHoBHI moHATTH ¥ o3HadeHH#. 3agada Komri. Pos-
IVISHEMO 3BUYaiine JudepeHIiajbie PIBHAHHSA N-T0 MOPHAJIKY

F(x,y,y’,...,y(")) = 0. (10.1)

Axmo pisusaas (10.1) MoXxKHA PO3B’S3aTH BiHOCHO CTApPIIOL
MOX1JTHOI, TO WOTr0 3alMCYBaTUMEMO Y BULJISI

y™ = f(x, v,y ,y("_l)). (10.2)

Qyukiio y = y(r), sika BU3HaYeHa 1 HellePePBHO JUbepeHTli-
fioBHa n pasis Ha iHTepBasi (a,b), HA3UBAIOTL PO36’A3IKOM DiB-
usuns (10.2) #a mpoMmy iHTepBas, sIKINO BOHA I BCiX = € (a,b)
IIEPETBOPIOE TI€ PIBHAHHS Y TOTOXKHICTb.

Hnsa pisasaas (10.2) 3adawa Kowi bopMysTioeTbess Tak:
cepeJl yeixX PO3B'sI3KIB IbOrO PIBHSIHHS 3HAWTH Takuil PO3B 30K
y = y(z), AKuit 3a/10BOJIbHSIE YMOBH

_ -1
y(wo) = o, (o) =vos ---r ¥ Do) =y (103)
e Z0, Yos Yos - - y(()n_l) — 3aJlaHl 4ucia, gKi Ha3WBaIlOTh NOYa-

mxosumu darumu po3e’asky y = y(x). Huciao zy HasuBaoTH
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IIOYATKOBUM 3HAYEHHAM HE3aJIEXKHOI 3MIHHOI X, CYKYITHICTH YH-
n—1 .

CeI T0y Y05 Y0 - - - » y[() ) nowammosumu darumu pienanns

(10.2), a ymosu (10.3) — nowamxrosumu ymosamu.

30KpeMa, I PIBHSIHHS JPYTOTO HOPSIIKY

y' = f(z,y,9) (10.4)

zajada Kormi mossrae y 3Haxo/KeHHl po3B’si3ky y = y(x), AKwii
3aJI0BOJIbHSIE TIOYATKOBI YMOBH

y(xo) = yo, ¥ (z0) = yp- (10.5)

3 reomerpuunoi Touku 30py 3agada Komi (10.4), (10.5) mo-
JIATa€ y 3HAXO/PKEHHI Takol iHTerpajibHOl KPUBOI, KA, ITPOXOINUTH
dyepe3 TOUKy (g, yo) 1 Ma€ y Iiii ToUIl 33 JaHIi HAIIPSIM JOTHIHOT
Y, TOOTO tgap = Y-

3ayBaKUMO, 110 €INHICTh po3B’si3Ky 3aja4i Ko mjst piBHsIH-
ust n-ro nopsiaxy (10.2) me oznadae, 1Mo depes ToUKy (g, Yo) TPO-
XOJINTH TIJILKU OJIHA iHTerpajbHa KpUBa, K Iie OYyJI0 /s PiBHAH-
HsT [IEPITIOTO MOPSIIKY, PO3B’SI3aHOTO BiIHOCHO MOXIAHOI (JIEKITis 2).
Hanpukian, equnicrs po3s’sisky 3agadi Komi (10.4), (10.5) o3na-
qag, 10 Yepe3 KOXKHY TOUKY (X, Yo) IPOXOIUTH €INHA IHTErpaJbHa
kpusa pisasHHs (10.4), moTuvHa J10 AKOI y Il TOUI YTBOPIOE 3
JoaTHUM HapsiMoM oci Ox KyT oy, AJIsd SIKOTo tg g = Y. BozHo-
9Jac, KpiM Ii€l iHTerpaapbHol KpUBOI depe3 TOUKY (T, Yp) MOKYTDH
MIPOXOJUTHU i iHII iHTerpasjbHl KpUBi, aje 3 IHIMUM HaXWJIOM J10-
TUYHOI Y TIiil TOYIII.

Ipukaan 1. 3natimu poss’asox sadawi Kowsi vy’ +y = 0,
y(0) =1, y'(0) =0.
Pose’sazarns. MoxkHa JT0BeCTH, 10 BCl PO3B’sI3KU DIBHSIHHS Mi-
CcTAThCA B (bopMmyiti

y=Cicosz + Cysinz,
ne C1 1 Cy — mosinbHi crami. 3eigcn ¢y = —Cy sinx + Cy cos z. Bu-

6epemo C1 1 C, 11106 330BOJILHUTH OYaTKOBI yMOoBH. OUYeBHIHO,
mo C1 = 1, Cy = 0. OTxKe, MIyKAHAM PO3B’SI3KOM € Yy = COS .
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Leit poss’sizok emunnii. Onnak depe3 touky (0,1), okpiM Kpusol
Y = COS T, IPOXOJIUTDH O€3JIiY IHITNX iHTerpaJbHUX KPUBUX, sIKi MO-
KHa onucatu Gpopmyiom y = cosx + Cosinz, ne Cy — mOBiLIbHA
cTaJia, BIAMIHHA BiJ HYJId, ajie YKOJAHa 3 JIOTUYHUX J0 HUX Y TOYII
(0,1) me 36iraeTbCs 3 TOTUIHOIO JI0 KPUBOI § = oS Z Y it Touri. M

Pozrisinemo nuTamms 1Ipo MeXaHidHe TPaKTyBaHHs JudepeH-
iaJbHOTO PIBHSHHSA IPYTOro MOPSIKY, HOro po3B’a3KiB Ta 3ajadi
Kormri. Hexait maTepiagbHa TOYKa MaCH 1M PYXa€TbCs MO MPAMI,
sKy mpuiiMemo 3a Bick O, min gieo cuau F (t,x, ‘fl—f), 3aJIesKHOL
BiJT yacy ¢, OJIOKEHHSI X 1 MBUJIKOCTI ‘Cll—f y MOMEHT dJacy t. 3riHo

3 apyruMm 3akoHoM Hpbioroma

d? d
m—x = F(t, x, —$>,

dt? dt
Lz
N ;7 — IPUCKODEHHs TOYKM B MOMEHT Jacy ¢, abo
d*x dx
ne f=F/m.

Kozknomy poss’sisky x = x(t) piBusmus (10.6) Bignosigae mes-
HUNl 3GKOH PYTY, TOMY 4YacTO PO3B'si30K & = x(t) HA3UBAIOTH
pyxom, sxuit BusHadennii pisasuaam (10.6). 3amada inTerpyBan-
Hy piBasianst (10.6) mosisirae y 3HAXOZKEHHI BCIX DYXiB, BU3HAUe-
HUX [IUM DPiBHSHHSM, Ta V BUBUEHHI iX BJIACTUBOCTEIN.

3 mexaniuHol Touku 30py 3azada Ko s pisusaas (10.6)
HOJISITAE Yy 3HAXOJZKEHHI Takoro pyxy « = x(t), sKuii 3a/10BOJIbHSIE
IMOYATKOBI yMOBH

z(ty) = zo, ' (to) = (),

TOOTO B IOYATKOBUI MOMEHT vacy t = tg TOUKa IIOBHHHA 3afiMaTn
3a/laHe TIOJIOZKEHHs Lo 1 MaTH 3aaHy IIBUIKICTD X().

Hocrarus ymoBa icHyBanHs po3B’sa3Ky 3agadi Komri myist nude-
PEHITIaTbHOTO PIBHAHHS MEPITIOrO MOPSAKY MOIMUPIOETHCS 1 Ha BU-
[aJI0K PIBHSIHHSI N-TO TOPSJKY: A4 icHysants (Henepeperozo pa-
30M 3 NOTiIOHUMU 00 NOPAJKY N 6KA0YHO) P36 A3KY 3adaui Kowi
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(10.2), (10.3) documo npunycmumu, w06 npasa 4wacmuna pieHAHHA
(10.2) 6yaa nenepepsnoro 6 okoai nowamxosux danur (Meopema
ITeano).

Binmosinbs Ha nuTaHHS PO iCHYBAHHST €IUHOTO PO3B’SI3KY 3a-
madi Komi (10.2), (10.3) pae taka teopema [7, c. 93 — 99].

Teopema (Komri). Sdxwo dynruyisn f(x,y,y’,...,y("_l)) 3
pisnanna (10.2) y dearxomy oxoai mouru (xo, Y05 Yos -+ » y(()n_l))
HENEPEPBHG 30, BCIMA GP2YMEHMAMU T MAE 0OMENHCEHT YACTNUHHI
noxioni 3a aminnumu y, Y, ..., y("_l), mo ichye eOunull po3s’s-
3ok 3adawi Kows (10.2), (10.3), axutl eusnavenud i nenepepenul
Pa30M 3 MOTIOHUMYU 00 NOPAJKY N 6KAIOUHO Ha 0eaKoMYy GI0PI3KY

|z — 20| < h.

2. Knacudikariis po3B’si3KiB. 3a2a4bHUM PO38’°A3KOM
piBusiHHs (10.2) HA3UBAIOTH CIM'I0 PO3B’SI3KIB I[OIO PIBHSIHHS, 3a-
JIEXKHY BiJl . TOBLIBHUX CTAJIUX:

y:¢(x7017027‘”70n)‘

3 reoMeTpuYHOI TOYKH 30py Ha ILUTOMHMHI (Z,y) MaeMo cim'io
iHTerpaJibHUX KPUBUX, 3ajieKHy Bij n napamerpis C1,Co, ..., Cp,
IPUYOMY piBHAHHS IIi€l ciM’T po3B’d3amHe BiJHOCHO .

Barasbuuii po3p’si30k  piBHsHHA (10.2) y HesIBHOMY BHIJIsI-
i ®(x,y,Cq,...,C,) = 0 HABUBAIOTL 3G2AALHUM THMEZPAAOM
IIOT'O PIBHSHHS.

Y neskux Bumajkax, inrerpyioun piBsmmsg (10.1), mykaorb
ciM’'10 iIHTerpaJIbHUX KPUBUX, sIKa 3aJI€XKUTh BiJl N JOBIIBHUX CTa-
gux C1, Co, ..., Cp, y TapaMeTPUIHOMY BUTJISII

{LE = 90(p7 017027 oo 7Cn)7
Yy = 1ﬂ(p,01,C2,. .. ,Cn)

Taxky ciM’'to iHTerpaJbHUX KPUBUX HA3UBAIOTL 3G2AAbHUM PO3-
8’A3KOM Y NAPAMEMPUUHIT HOpMI.

[TouaTTs YaCTUHHUX Ta OCOOJIUBUX PO3B’SI3KIB JjIs AudEPEHITi-
aJIbHUX PIBHSIHb BUIINX ITOPAIKIB BBOIASATHCS aHAJJIOTIUHO, SIK 1 JJIS
PIBHSIHHS [IEPITIOrO HOPSIIKY.
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Poss’s130k y = y(z) piBusnns (10.2) Ha3nBaioOTh YACTNUHHUM,
SKINO Y KOXKHiHl 1ioro o4l 36epiraeTbcsd €JIMHICTD PO3B’I3KY 3a/1a-
qi Ko, To6T0 Yepe3 koxkHy TOUKy (¢, y(x0)) iHTErpambHol Kpu-
Bol y = y(x) He mpoxoauTh iHMU{ po3B’s30K Yy = yi(x), Axuit 6u
38/I0BOJIbHSIB TIOYATKOBI yMOBHI

yi(wo) = y(x0), (o) = o/ (x0), -, v\ (wo) = y ™ (x0).

Koxumnit po3s’sizok, siKuit MOYKHA OfepKaTh 3 (GOPMYJIN 3arajbHO-
0 PO3B’A3KY JJIsl IEBHUX JOIMYCTUMUX YHUCJIOBUX 3HAYEHD CTAJIAX
Cy,Cs,. .., Y, 6y1e, 0O4EeBUIHO, YACTUHHIIM.

Po3p’s130K, y KOXKHIf TOYIN SIKOTO ITOPYIIYETHCS €IUHICTD
po3B’sa3Ky 3agadi Ko, HazuBaiorh ocobausum. Takuii pos3s’si-
30K He MOKHA ofepKaTu 3 (GOPMYJN 3arajbHOrO PO3B A3KY I
kouuX 3HaveHb crajux Cp,Co, ..., Ch.

3ayBaXuMo, 10 AudepeHIiaJbie PiBHIHHS N-T0 MOPAIKY MO-
Ke MaTu CiM'I0 0coOJIUBUX PO3B’A3KiB, 3ajIeXKHY BiJ HOBLIBHUX
CTaJnX, KiJIBKICTb sIKuX Moxke OyTtu n — 1. IIpoimtocTpyemo 11e Ha
MPUKJIAI.

Ipuxknan 2. 3inmeepysamu pinanns y" = 24/y.
Pose’azanmns. 3pobumo 3aminy 3y’ = z, ne z = z(x) — HoBa 1Iy-
kana ¢yukiig. Tomni

dz
/
2 =2z = — = [dx (z#0) =
Vi e [ (= #0)
Vi=zx+C = z2=(@+0C)* = ¢ =@+C)%
TaTerpyroun, 3HAXOMUMO 3arajbHUN PO3B 30K
1 3
y = g(erC&) + Cs.
OcobmBomy poss’ssky z = 0 piBugnus 2’ = 24/ Bimnosinae

ciMm’st y = C' 0cobuBUX PO3B’A3KIB 38 IaHOTO PiBHSIHHSI.
Bidnoside: y = (z + C1)3/3+ Cy, y = C.
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3. PiBHaAHHS, IKe MiCTUTBH TijJIbKU He3aJIe>KHY 3MiHHY i
MOXiTHY TIOPSAAKY n. Y BOMY IIYHKTI JIEKIT], & TAKOXK HA HACTY-
[MHi# JIeKI] BUBYATHMEMO JIesKi KJIACH 3BUUANHUX JudepeHIiaIb-
HUX DIBHSIHb N-TO TOPSJIKY, 3arajJbHuil PO3B’si30K (3araabHuil iH-
Terpas) KX MOYKHA 3HATH 3a JIOMOMOTOI0 KBaJAPATYP. 3BEICHHS
0 KBaJIPATyp BUKOHYETHCS ab0 3a JIOTIOMOIOIO CIEIiaJbHUX ITPHU-
oMiB, ab0 IIAXOM MOIEPEHBOTO 3HUKEHHS MMOPSAJKY PIBHSHHS
(SIKIIO OTpUMAaHe TIPU bOMY PIBHSIHHSI IHTEIDYETbCS Y KBaJIPaTy-
pax).

Posrnsinemo criovaTky piBHsSIHHS, STK€ MICTUTb TLIBKU He3aJjie-
JKHY 3MIHHY 1 IMTOXiTHY MOPSIAKY 7, TOOTO PIBHAHHS BUTJISIILY

F(x,y(")) —0. (10.7)

Pozryisinemo fBa MOXKJIMBI BULIAJIKH.

Bunanok 1. Pisnannsa (10.7) mootcna poss’azamu 6idnocHo
y™ . Tomi

y™ = f(x). (10.8)

Hnst piBusians (10.8) 3 menepepsroo dyHKieo f(x) 3aBxKau Mo-
JKHa 3HANTH 3arajbHUil PO3B’S30K y KBaJIpaTypax, IIOCJiI0BHO
3MEHIYIOUN TOPSIIOK PiBHsSHHA Ha, ofuHuUIo. Cupasmi, iHTErpy-
f0Ur OOMIBI YACTUHU IILOTO PiBHSIHHSI, MAEMO

y=b = /f(x)dx—l— Ch.

AHaJIOrigHO 0IepPKyEMO

= ://f(x)dxdx—i-clx‘i‘c%
o= :///f(x)dxdxdx—i- e r e

Jf o e S,

n pasiB

C
—+ rg)‘$n_2 4+ ...+ Cn_lx —+ Cn, (109)
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ne C1,Cy,...,Cy, — nosinbai crami. @opmysna (10.9) BusHauae 3a-
rajbHuit po3s’si30K pisHsiHHS (10.8).

Ipuknang 3. 3inmeepysamu pienanna y'" = sin® z.

Pose’szanns. IlpaBa yacTuHa piBHSHHSI HEIEPEPBHA IS BCiX
3Hadenb r. JBivi mocsimoBHO iHTerpyrodn oOuaBI 9acTUHYM PiBHSI-
HHSI, OJIEP>KYEMO

y//:/sinzxdx:/l—cos2xdx:E_ sin2x+c17

2 2 4

, z sin2zx 2 cos2z
= - Cildv=—+ —+C Cs.
Y /(2 1 + 1) =7 + 3 + Ciz + Co

IaTerpytoun e oquH pas, 3HAXOAUMO 3arajbHUI PO3B’SI30K:

3

T sin 2z 9
y—E‘F 16 +C1$ +0235+C3,
ne Cq, Co, C5 — nosinbhi crami, Cp := Cq/2.
3 in 2
Bidnoeid: y — —— + o2t L 012? + Coz + Cs.

12 16

Iarerpytoun nocainosuo pisusinag (10.8), MoKHA 3aMicTh He-
BU3HAUYEHUX IHTErpaJiB BUKOPUCTOBYBATH BU3HAUYEH] iHTerpasu 3i
3MIHHOIO BEPXHBOIO MEXKeI0, Oepydn B AKOCTI HUXKHBOI MEXKi J10-
BIJIbHE YUCJIO X( 3 IHTEpPBaJIy HEIIEPEPBHOCTI IPaBOl YaCTUHU ITHOTO
piBasians. Toxi 3arampauit po3s’s30k piBastaHs (10.8) 3amumerbes

V BUIJISIIL
y://.../f(x)dxdx...dx—i—
0

ToxTo T
———

n pasiB
G
(n —2)!

C
42t gl 2" 24+ Oz + Oy,
(n—1)!
ne C1,Co,...,C, — noBuibHi craji. Ilepmmuii gogaHok y miit dpop-

My MiCTUTB 1 KBajparyp (iHTerpasis), aje IX MOXKHA 3aMiHUTH
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OJIHIEI0 KBAJPATypoIo 3rigHo 3 gdopmyaoto Kowsi ([4, c. 164 —

165])
j]...]f(x)dxdx...dx: ﬁ/zf(t)(ﬂc—t)"—ldt_

ToxTo T
———

n pasiB

Tomy saranbuumii po3s’s30k piBuaaHs (10.8) MokeMo 3ammcaT y
BUTJIS T

_ 1 f n—1 n—1
y = (n_l)!/f(t)(w O dt+ Cra" L+ Cpmi 4+ Gy,
zo

(10.10)
ne C1,Cy,...,Cy, — noBlibHI (mIeperno3Hadeni) cradi.

Ipuknan 4. 3uatimu pose’asox piewanna y" = e*, awui
3G0080ADHAE HYABOBT NOYANKOSTE YMOGU.

Pose’sazanns. llpaBa vacTuma pIiBHIHHS HeIepepBHA MJIsI BCIX
x € R. Bukopucrosytoun dopmyiy (10.10), y sikiii 6epemo xg = 0,

3HaXOAUMO 3ara/jbHUl PO3B’SI30K 3aJaHOTO PIBHSIHHS:

T

1
Y= §/et2($—t)th+C1x2+C'2x+C3,
0

ne C, Cy, C3 — moBiIbHI cTaIi.
3 roro, mo y(0) = 3'(0) = y”(0) = 0, 3Haxomumo crani Cy =
= (Cy = (C5 =0, a TOMy IIyKaHIM PO3B’SA3KOM €

T

1
y = §/et2(x—t)2dt. [ ]

0

Bunagnok 2. Pisnanna (10.7) ne moorcha pose’asamu wepes
enemenmaphi gynryii sionocrno y™ abo eupasz dan y™ e nadmo



Jlexnist 10. JIndepennianbhi piBHAHHS BUIIMX MMOPSIKIB 131

ckaaonum. Taki pIBHSIHHS MOXKHA PO3B’SI3yBATH MemModom G6e-
dennsa napamempa. Ilpunycrumo, mo y nboMy BHUIIAJKY ICHYIOTH
Taki PyHKIHT

r=o(t), y" =), (10.11)

e t — medrnii mapaMmerp, Io F(«,o(t)7 w(t)) =0.
Bupasumo y yepes napamerp t. OckiaibKu

dy ™Y = yMdz = ()¢ (t)dt,

TO

1) = /1p(t)cp’(t) dt + C1 = Y1 (t, C1).
Hami, BpaxoByro4n, 1110
dy™=2 = (N dg = oy (¢, C1 ) (t) d,

3HAXOINMO

yn=? = /wl(t, C1)¢' (t)dt + Co = a(t, C1, Cs).
Mipkyroun aHaJorivHO, BPEIITi-PEIIT 3MOXKEMO 3HANTH

Yy = wn(t,Cl,C’g, . ,Cn)

Omxke, 3arajJbHUM PO3B’SI3KOM y ITapaMeTpudHiil ¢popmi piBHSI-

uus (10.7) €

r = So(t)7 Yy = wn(m 017027 cee 7Cn)

Bigznaanmo, 1mo ocobnnso Jierko s3uaiiti dyukmil ¢(t) 1 ¥(t) 3
(10.11) y Tomy Bunajxy, kouu pieasiaast (10.7) moxkHa po3B’si3aTu
BITHOCHO He3aJIesKHOI 3MIHHOI, TOOTO SIKIITO

z=p(y™).

V upomy Bunaaxy 3amicrs ") MoKHA B3SATH NOBIIBHY HellepepBHY
dbyukuio ¥(t) i Toni z = p((t)). 3okpema, skio (t) = t, To
x = (1), y =
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Ipuknazn 5. 3inmezpysamu pienanna x/1 + y"? =y,
Poss’azannsa. loknanemo y” = tgt. Toni

tgt sint|cost
T = & = | | = *sint,

/1 +tg2t  cost
MIPUYOMY 3HAK ILTIOC H6epeMo Tofi, Kou cost > 0, a 3HaKk MiHyC —

Koy cost < 0.
Bupasumo y 1epes mapamerp t. Hexait cost > 0. Tomi

dy' =y"dx =tgtd(sint) =sintdt = y = —cost+ Cy;
dy =y dx = (—cost+ Cp)costdt =

y= —/cothdt—l-Cl/costdt =

t sin2t

V=57

+ Cysint + Cs.

Orxke, gkio cost > 0, TO 3araJbHAM PO3B’SI3KOM (y mapame-
TpuuHiii popmi) 3a1aHOr0 PIBHSIHHS €
. t sin2t

T =sint, y=—=—

2 4

+ Cysint + Cs.

AHajIoriyHO MOXKHA TOKa3aTHh, Mo Ko cost < 0, To 3arajb-
HUM PO3B’SI3KOM €
t sin2t

xr = —sint, y:—§— 1

— Cysint + Cs.

Bidnosidv: v = sint,y = —% — % + Cisint + Cq, skio
cost > 0;x = —sint, y = —5— 3= —Cysint+Cq, akmo cost < 0.

Y nuHamini MarepiasbHol ToYKH piBHsAHHS Burisiay = f(t),
ne t —aac, x = x(t), 3ycTpiuaeThCsi IPU BUBYEHHI TIPSMOJIHITHOTO
PYXYy, FKIIO CHJa, IO JIi€ Ha TOYKY, 3aJIeXKUTh TIIBKA BiJI dacy.

Bagaua 1. 3natimu saxon pyxy x(t) mamepiaavhoi mowku ma-
CuU M, AKG PYTGEMBCA NO NPAMIT 110 AE0 CUAU, WO 3MIHIOEMBCA
3a gopmynoro F = ke P, de p > 0, AKui0 nowamxoei noiosicers
ma WeUIKICMv PYTY JoPIeHINIOMb HYAIO.
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Pozs’sazanns. 3rigmno 3 apyrum 3akonoM HeroTona

_ ko _
ma’ =ke P = o= —eP,
m
T06TO MaeMo piBHsiHHA Bursiny x” = f(t). sivi nocsigosHo iH-
Terpyodn, OlepKy€eMO:
/ k —pt k —pt
r =———8€ + C4 = T=—=¢€ + Cit + Cs.
mp mp

Ockimpku 3a ymosoro 3amadi x(0) = 0, v(0) = 2/(0) =0, 1o

Clzmip,ng—mLM,aTOMy
k k k k
r=——eP 4 Do D o gt = — (e P 4 pt—1).
mp? mp mp? (t) mp2( p )

BayBasKIMo, 0 OCKimbkE lim e P! = 0, To /1 BeMKNX 3Ha-
t—+00

YeHb t 3HaliieHnit pyx HAOJIUYKAETHCA 0 PIBHOMIPHOTO PyXy

x(t)—it—i
~omp mp?’

k
Bidnosiov: x(t) = o (e +pt—1).

Pexomendosana aimepamypa: |4, c. 148 — 168|, [5, c. 136 —
151), [7, c. 91 — 108], [13, c. 65 — 72], [16, c. 15 — 17, 50 — 53).

IInrannsa mo Jjgekiii 10

1. dxwmit 3aranbHUil BUDJISIA Mae audepeniiajbie pIBHAHHSA N-T'0 I0-
PsIKY, Po3B’si3aHe BigHoCHO crapiiol moxiauol? I1lo HasuBaoTh po3B’si3-
KOM I[bOT'O PIBHSIHHSI Ha JI€IKOMY 1IHTepBaJIi?

2. dk dopmymoersbes 3amada Ko mist qudepeHIiiagpbHOro piBHs-
HHsI N-TO TOpsiaky? fKa JoCTaTHsS yMOBa iCHYBaHHsS PO3B’SI3Ky TaKOl
zanaqi? Hasenite Teopemy Ko mipo icnyBanHs Ta €IMHICTD PO3B’I3KY
3a1a49i Komii.

3. dxwuit reomerpuyHuil i MexaHivHU 3MiCT AEdEPEHITIAIBHOrO PiB-
HSIHHSI JPYTOro IOPSIAKY, Horo po3s’si3KiB Ta Biamosianux 3amgad Komi?
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4. ITo Ha3MBalOTH 3arajbHUM PO3B’S3KOM (3arajibHUM IHTErpaJjioM)
upepeHIiaJbHOr0 PiBHAHHA N-I0 MOPAJAKY’ fKuit po3B’s30K Ha3uBa-
I0Th YaCTUHHUM, ocobauBuM? Uu Mozke qudepeHIiiajibHe PIBHAHHA N-T'0
MOPSJIKY MaTu 0e3J1id 0cobJMBUX PO3B’SI3KIB?

5. sIkmit BUrIAL Ma€ 3arajbHuil po3s’s30K pismsmms ¥ = f(z) 3
HEIIEPEPBHOIO IIPaBO0 YacTuHO? fKa dopmysa 103BoJIsE el pO3B’s-
30K 3aIlCATH Yepe3 OJHY KBaJIpaTypy?’

6. Ak MoxkHa 3iHTErpyBaTH PiBHAHHS, K€ MICTUTH JIHIIE HE3aJIe-
JKHY 3MIHHY Ta N-Ty HOXiJIHYy IIyKaHol (DYHKIII, SIKIO PO3B’s3aTu floro
BIZTHOCHO TTOXiTHOT NIYKAHOT (DYHKIT HEMOXKITHBO?!

Bupasu go aekiiii 10
1. Biurerpyiire piBHAHHS:

a)y’=2" 6)y" =—; »)y" =sina®.

2. 3HaliIiTh YaCTHHHMI PO3B 30K piBHAHHSA Yy = cosx, axmii 3a10-
BosibHs€e noyaTkoBi ymosu y(0) = —5, ¢’ (0) = 1, y"(0) = 4.
3. 3inTerpyiiTe METOJIOM BBEJICHHS TIAPAMETPA PIBHSHHS:

a) eV —y"? =ux; 6)x=siny” +2y".
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Jleknia 11. /IndepeHniajabHi piBHIHHS BUIINX
MOPSAKIB, fKi JOILyCKAIOTh 3HUXKEHHS MOPSIKY

Il1an

1. PiBHsamHs, sike He MICTUTH MIyKaHO! (DYHKIIT Ta KiJbKOX ITO-
CJIITOBHUX TOXiTHUX.

2. PiBHsIHHSI, sIKe He MICTATH HE3aJIeXKHOI 3MiHHOI.

3. PiBusinns, omHopigHe BigHOCHO TykKamol MyHKIT Ta 1T moxi-
JTHUX.

4. PiBHAHHA 3 TOYHUMU ITOX1THUMU.

1. PiBusinus, sike He MIiCTUTB ITyKaHOI PYHKIIT Ta Kijib-
KOX TIOCJI/IOBHUX MOXigHux. PosrisineMo audepeHIiaibie pis-
HAHHS N-TO HOPSIKY

F(x, y(k), y(k"'l), ... ,y(”)) =0, (11.1)

ne 1 < k < n. Beezemo HOBY HeBinomy dyHKI0O 2 = () 32 dop-
MYJIO0
y*) = 2. (11.2)

3 (11.1), (11.2) BunymBae, mo (QyHKIIisI 2 € PO3B’SI3KOM PIBHSIHHSI
F(w,z,z', o ,z("_k)) —0. (11.3)

3Buvaiino, He rapaHTOBaHO, Mo piBHAHHA (11.3) MoxKHA 3iHTErpY-
BaTU y CKIHUYEHHOMY BUIJISAi, ajie WOro IMOpsioK Ha k MeHmit
Big mopsinky piBasiabs (11.1). Takum gurOM, 32 JIOMOMOrO0 3a-
minn (11.2) Brasocst 3Hn3nUTH HOPsiIOK piBHsiHHES (11.1) Ha k ou-
annp. Axmo z = w(x,C1,Cy,...,C,_) — 3araJbHUil PO3B’sI30K
abo ®(x,z,C1,Cy,...,Ch_r) = 0 — 3aragbHuii iHTErpas PiBHAHHSI
(11.3), To 15t 3HAXOKEHHS (DYHKIIIT Y 0J1epKy€eMO jiudepeHIiiaib-
Hi PIBHAHHS k-TO TMOPAIKY

y(k) = W (x,C’l, e ,Cn_k)

abo
@(m,y(k), C1,Co, ... ,C’n_k) —0,
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sIKi BUBYAJINCH Ha Jekiil 10 (e oKpemi BUIAIKN PIBHSAHD BUTTIALY
Yy = f(x)1i q)(x,y(")) = 0 BigOBiIHO).

Hpuxkian 1. 3inmezpysamu pisnanns vy =y — xy”.
Poses’azanna. 3pobumo s3aminy y” = z. Toxni mjis 3HAXO/IKEHHS
dbyukuii z = z(x) MaeMo pIBHAHHSA 3 BIIOKPEMJIIOBAHUME 3MiHHI-
MU

v = 2(1 —x).

3iHTErpyeMo e PiBHSIHHS:

dz 11—
?Z: xxdg; (2#£0,2#0) = Inlz|l=hlz|—2+C =

z=Cize ™ (C1 = eCl) = o' =Cize "

Onepxamu audepentianbue pisusgnus surasny y’ = f(x). sigi
IHTerpyIoIn JacTUHAMHI, 3HAXOIIMO

y = C’l/xe_”dx +Cy=—-Ci(ze ™ +e ) +Cy =

Yy = —Cl/xe_zdx +Ce*+Cox+C3 =
y=Ci(x+2)e” " + Coz + Cs.

dkmo z = 0, To v’ = 0, To610 y = Chz + Cy. Kokna 3 nux
dbyHKIiil (IpsAMUX) € YACTUHHUM DPO3B’SI3KOM 3aJIAHOTO PIBHSIHHSI.
Oyukitist £ = 0 He € PO3B’SI3KOM PiBHSHHSA.
Bidnosidv: y = C1(x 4+ 2)e™* + Cox + Cs.

amaua 1. Toukxa macu m pyxraemves no npamit nid diero
CUMU, AKG BMIHIOEMBCA 30 fopmyaoto Fy = Asinwt. Bsascarowu,
wo onip cepedosuwa NPONOPULTIHUL WEUIKOCTE oYK, Modmo
Fy, = —kv, susecmu saxon pyxy x(t) mouxu, axuwo ii nowamxo-
81 MOAOIAHCEHHA MA WEUIKICTIL AOPIGHIONMb HYAI0.
Poss’szannsa. 3a ymosorw 3anadi ' = Fy + Fy. 3rigHo 3 apyrum
3zakonoMm HpioTona

ma = Asinwt — kv,
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a ockimpku v = 2/, a = 2", T0 onepKyemo mudepenmiaabHe piBHS-
uHst Bursity (11.1):

mz” + kx’ = Asinwt.

[TouarkoBumu ymoBamu € z(0) = 0, 2’/(0) = 0 (3a ymoBoo
33/1a41 MTOYATKOBI MOJIOXKEHHS Ta IIBUJKICTb TOYKH JIOPIBHIOIOTH
HYJIIO).

Beogumo HoBy dyukiio ' = u (roni x” =u') 1 omepxkyemo
JIiHifiHEe PIBHAHHS MEPIIOTO MOPIIKY

/ A
U + —u = —sinwt
m m

3 mouarkoBoio ymMoBow u(0) = 0. Po3B’a130K 11bOro piBHSIHHS MO-
yKHa 3HaiiTH 33 dopmynon (4.6) 3 sekril 4. [Ipomonyemo uantadam
CaMOCTIHO HEPEKOHATHCS B TOMY, IO

u—C6_£t+ Am ksinwt w cos wt
- k2 4+ w?m?2 \m '

A
3 ymosu u(0) = 0 snaxonumo C1 = 47—, a TOMy

Am 1 ¢
U= 5——-—= |we ™ m — sinwt — wcoswt |.
k2 + w?m? m
Ockinmbku u = ', To dbyukuist x(t) € po3B’sI3KOM PIBHSAHHS
p Am _kx, ko
r'=-——"F5—=|we m —sinwt —wcoswt |,
k2 + w?m? m
IHTerpyrovn sike, 3HAXOIUMO
Am mw _k, k
z(t) = —5——-—=5 | ——€e m" — —coswt —sinwt | + Cs.
(t) k? 4+ w?m? ( k mw 2

Ockinpkn z(0) = 0, To
Am (mw k

= Tk

Takum amHOM,

) A Am mw _k, N k f 4 sinwt) m
z2(t)=—— ————-— | —e m'+ — coswt + sinwt |.
kw  k24+w?m?2 \ k mw
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2. PiBHsIHHSI, IKe He MiCTUTh He3aJIeXXHOol 3MiHHO1. Posz-
[JISTHEMO PiBHSIHHSI

F(y,y’,y”,...,y(”)) =0. (11.4)

ITokaxkeMo, 110 TOPSAIOK IILOTO PIBHSHHSI MOYKHA, 3HHU3UTH Ha,
onuuuUIo. JjIst IbOro BBEJIEMO HOBY (DYHKINIO 2 3a (POPMYJIO0

/

Yy =%
BBayKaloun Y HOBOIO HE3AJIEXKHOIO 3MiHHOIO, TOOTO 2 = 2(y). Bu-
pazumo noxigmi v, v, ...,y gepes dbyukuio z Ta i1 moximi 3a
3MIHHOIO ¥:

p_dy _de _dz dy
de  dr dy dx ’

g N d (s Ny
dr  dx \dy dy \ dy dx ’

y™ = w(z, 2, ... ,z("_l)).

Omxe, yist 3HAXO/KEeHHsT (DYHKIT 2 oJieprKaiy audepeHiiaib-
He piBHsHHSA (N — 1)-rO MOPSAIKY

F(y,z,z/z,..., w(z,z',...,z(n_1)>) =0. (11.5)
fAkimo BracThCs 3HATH 3araabHUil PO3B’s130K piBHAHHS (11.5):

= SO(y,Cl,CQ,. .. 7071—1)7

TO 3arajpHuil inTerpas piBusHHsg (11.4) 3Moxkemo 3HaiiTH, 3iHTE-
TPYBABIIK PiBHSHHSA 3 BiJIOKPEMJIIOBAHUMU 3MiHHUMU

y, = 90(y7017027 oo 7Cn—1)7

a CcaMe:

dy
=z + ().
/SO(QJ,Cl,CQ,---,Cn—l)
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3ayBakKuMoO, M0 NPUNMAIOYN Y 38 HE3AJEKHY 3MIHHY, MOXKHA
BTpaTuTH po3B’si3ku piBHsHHsA (11.4) Burisiny y = C. Besnocepe-
JIHBOIO Ti/ICTaHOBKOIO y piBHsAHHA (11.4) jerko 3’scyBaTu, 9u Mae
BOHO TaKi PO3B’SI3KH.

Ipuknan 2. 3inmezpysamu piensmns yy' = y'? — .
Po3se’sazarns. OCKiIbKU PIBHSIHHST SIBHO HE MICTUTB X, TO 3p0o0u-

Mo zaminy y' = z(y). Toni ¢y’ = 2’z i, nigcransioun B piBHAHHS,
MaEMO:
dz dz
yz—=22-23 = z(y——z+z2>: =
dy dy
d
2=0 abo y— =z— 2%
3 mepmoro piBusHHs BUILIMBae, mo y' = 0, a omxke, y = C, a 3
JIPYTOro:
dz dz d
y—=z—2> = / 2:/_3/ (2—22#07y7é0) =
dy z—z Y

1 1
/( —i——)dz: &y =
1—-2 =z Y

Injz| -ln|l—z[=h|yl+C1 = L:C'ly =
z

1_
. Cuy
2= —
1+ Chy
Ockinbku z = 3/, TO
Gy dy  Cuy
YT 1oy dr 1+ Cy

1
YO~ vde (y£0) =

1
/<§+Cl>dy:Clx+C’2 = ln]y|+Cly:Clx+C’2.

drmo z—22=0, o 2z =0 abo z = 1. Bumamok z = 0 Bxe
posrIsAHyTO, a gkmo z = 1, o 3y = 1, y = x + C. Vi ni upsmi €
0CODJIMBAME PO3B’SI3KAM.
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Bidnosidv: n|y| + Ci(y —x) =Cy, y=az+C,y=C.

3. PiBHsiHHSA, ogHOpiiHE BiTHOCHO MIyKaHOl (bYHKIMT Ta
11T moxiguux. [udepenmniaibae piBHIHHS

F(x,y,y',...,y(")) —0 (11.6)

HA3WBAIOTH 00HOPIOHUM BiTHOCHO IIyKaHO! (GyHKINT Ta 11 moxi-
JHEX, SIKIIO Horo JiiBa YacTWHA IJisl JOBLIBHOIO t # 0 cripaBIzKye
YMOBY

F(x,ty,ty', . ,ty(”)) =¢m. F(x,y,y’, . ,y(")), (11.7)

Je 9ucyao m — BuMip omuopigHocti dyukii F. [lokaxkemo, 1o 3a
JIOTIOMOT'OIO TTiICTAHOBKH

/

z:% = y=elH@de (11.8)

ne z = z(x) — HoBa HeBizoMa (yHKILs, TOPsIoK piBHstHHs (11.6)
MOYKHA, 3HM3UTH Ha ogumHuIo. CIpaBi, OCKIIbKI
/

Y =yz, Y =yz+yd =y(ZE+7),

y" =y (2" 4322 +2°), ..., y(") =y- ¢<z, 2, ... ,z("_l)),
To, mijcraBisoun 1i Bupasu B (11.6), MaeMo criBBiHOIIEHHS
F(x,y,yz,y (24, .y 1/}(2’,2/,...,2("_1))) =0,
sike, BpaxoBytoun (11.7), MoxKeMO 3ammcaT y BUTJISAI
y - F(x, 1,2,22+2,... ,1/}(2,2", e ,z(n_l)» =0.

[Micas ckopouennus: Ha Y™ (y # 0) omepxkyemo audepeHiiaibae
piBasiHHS (n — 1)-10 TOPSIKY:

F(x, 1,z,22+2,... ,1/}(2, 2, ... ,z(”_l)» =0. (11.9)
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Axmo z = p(x,C1,Cy,...,Cy_1) — 3araabHAl PO3B'I30K PIBHSI-
uusi (11.9), ro, Gepyun no ysaru (11.8), 3Haxomumo 3arajabHU
PO3B’s130K oxHOpimHOrO piBHsHHS (11.6):

,C1,C2,.e,Cp_1)d
y:cn.efso(r 1,02 vdz

ne Cy, Cy, ..., C, — IOBLIbHI cTaJIi.

Iurerpytoun piBustans (11.6), Mmu npunyckasu, mo y # 0. Oyn-
Kiisgt y = 0 TexK € po3B’sI3KOM IIbOTO PIBHAHHSA, aJie 11 MOKHa OTPH-
MaTu 3 GOpMyJI 3arajibHOro po3s’siaky upu Cp, = 0.

Mpukmnan 3. 3inmezpysamu pienanma yy" —1y'? —30/xy? = 0.
Pozs’sazanns. Jlerko mepekoHATHC, IO JIiBa YaCTUHA, PiBHSHHS
€ omHOPiaHOIO (dyHKIEH (BUMIpY 2), a TOMY PIBHSIHHSI € OJHODI-
M. Hexait 4/ = yz. Tomi y” = (2 + 2%)y i, migcrasmsioun y
PIBHSIHHSI, OJIEPXKYEMO:

Y+ ) =y 430Vt = =30V (y#£0) =
y/
v
Infy| = 822+ Ciz+Cy = y= 0268932\/54-019:'

2 =20z +C; = =20z +C, =

Oyukiis y = 0 € YaCTUHHUM PO3B’SI3KOM.
. . 2
Bidnosidv: y = Caed® VtCiz,

4. PiBHgHHS 3 TOYHUMHU IMOXiZHUMU. TaK HA3MBAIOTL PiB-
HSIHHSI BULJISIITY

F(x,y,y’, . ,y<">) —0, (11.10)

JIBa 9ACTUHA SIKOT'O € TOYHOIO (IIOBHOIO) MOX1HOO JIeKOT (hyHKITT,
TOOTO

F(w,y,y’, - ,y(n)> = %@(m,y,y’, - ,y(n_l)) .

[Ipu oMy OHEepPKYyeEMO PiBHSTHHSI

@(z,y,y’,...,y<n_1)> — O, (11.11)
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ne C1 — noBibHA cTasta, To6To mopsifoK pisasHuas (11.10) Bramocs
SHU3UTHU HA OIUHUIIIO.

PisricTs (11.11) HasuBaoTh NEPWUM THME2PAAOM DIBHIHHSI
(11.10).

Ilpukaan 4. 3inmezpysamu pieraHHA

1 '
Yy —Y o
T_yy =0.

Pose’azarnsa. JliBy yacTuny piBHAHHS MOYXKEMO 3aIllUCATH AK

3BIJAKN 3HAXOIUMO IIePIINil IHTerpaJs PiBHSIHHSI:

/
Y L 5
= — -y =C]. 11.12
x 2Y ! ( )
Cuissiguormennst (11.12) — e piBHSIHHS 3 BIJOKDEMJITIOBAHIMHE
3MIHHUMH, TOMY
dy z?

— +(Cy,

dy T
= —d =2 = —— =
z (Cy Cy) /y2 3

y2 + Cl 2
IpUYOMY iHTerpaJ 3ajeXuTh Bij crajoi C, ska Moxke nHabyBaTn
3HAYEHHS PI3HUX 3HAKIB.

Axmo C7] = 0, To ofepKyeMo 0COOJINBI PO3B’I3KU

1 a2 4
=00 = = — C = 40Cy).
y 4 + 02 Y 2+ C ( 2)
Axmo Cy > 0, To
1 Y z?
arctg — = —+Cy =
Vo oL T T

y = 40 tg(Cr22 + Cs) (Cl = /C1/4, Oy := 02\/01).



Jlexnist 11. PiBHSHHS BHIIUX MOPSJKIB, sIKi JOIIYCKAIOTh 3HUXKEHHS IOPSJIKY 143

Axmo C7 < 0, To

1 y—\/]Cll J}2

=—+0C =

In
2G|y +VIG | 4

2 ln‘y_CI :(E2+02 (Cl = \/’Cly, Cy 2:402).

Ci |ly+ G

Bidnoeidv: y = 4C tg(Cra? + Cs), C% In ‘& =22 + Oy,

y+C1
4

Y= 5o

Axmo (11.10) He € piBHSHHIM 3 TOYHUMHU HOXITHUME, TO Y
faraThboX BHIQIKAX BIAECTHCS 3HAMTH TaKy (DYHKIIIIO

o= p (ﬂ:yy’ . ,y("‘l))7

mic/isi MHOYXKEHHSI Ha $IKy JiBa YaCTUHA IILOTO PIBHAHHS Oyre
TOYHOIO TOXimHOI0. PYHKINIO (4 HASUBAIOTH {HIMNE2PYBAALHUM
MmHootcrurom pisasiaas (11.10). ITorpibro mam’sitaru, 1o BUKO-
HYIOYM MHOXKEHHSI Ha IHTerpyBaJbHUNI MHOXKHHUK, MOXKHA, OTPUMA-
Tu 3aiiBl po3s’sa3ku (po3e’si3ku piBHsiHHS 1 = (), & TAKOXK BTpa-
TUTHU JesiKi PO3B’3KM (PO3B’SI3KM, B3/I0BXK SIKUX (DYHKIISA [t TIepe-
TBOPIOETHCSI Y HECKIHYEHHICTB ).

Mu ne po3rsiIaTUMEMO MUTAHHSA PO 3HAXOJZKEHHS 1HTErpy-
BAJLHOTO MHOXKHHMKA y 3arajbHOMY BHUNAJIKY (16 HaJ3BHYARHO
CKJIAJIHO), 8 OOMEXKNUMOCS PO3IVISIZIOM HPUKJIATY.

Ipuknaz 5. 3inmezpysamu piensmns yy' —y'? =1/ .
Poss’azarmsa. THTErpyBaJbHUM MHOXXHUKOM IHhOTO DIBHSIHHSA €
dbynkiia y~2. Cupas/i, TOMIHBIIE OOHIBI YaCTHHE PIBHSIHHS Ha
y? (y # 0), onepxyeno:

" 12 / / /
— 1
Wyt oy, L (y_+_> 0 =
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OrpuMmayii piBHAHHS 3 BIIOKpPEMJIEHMMH 3MIHHUMH. SIKIIO
C1 # 0, To MaeMO 3araJibHUil PO3B’SI30K:

= OO 4 —.
Yy 2 c;
Axmo C7 = 0, To oxepxKyeMo ocobausi po3s’sizkn y = —x + C.
Kpim Toro, ocobmusum po3s’a3koM € pyukiisg y = 0.
Bionosiov: y = Cye'* + C%, y=—z+C, y=0.

3a JI0IIOMOT0I0 IHTErPYBaJIbHOI'O MHOXKHUKA, JIETKO 31IHTErpyBa-
TU PiBHSHHS

y' = f), (11.13)

sike € okpemuM BumagroM (11.4). Cupaszi, SIKIIO IIOMHOXKHUTH OOH-
JBl wactuan piBsauns (11.13) Ha p = 2y', 10

d

2y" =2y = - (v?) = % (2 / f(y) dy> =

y? = 2/f(y)dy+01.

Omxke, 3aranbuuii po3s’si30k piBasaHs (11.13) MoxKemo 3armu-
caTH y BUIJISI

::tx—l-CQ

dy
/\/ 2[ f(y)dy + Cy

Pexomendosana aimepamypa: |2, c. 114 — 135], [4, c. 168 —
179], [5, c. 143 — 146, 151 — 161], [7, c. 107 — 113], [17, c. 227 — 287].

ITurannsa mo Jjgekiil 11

1. 3a jomoMoron sIKOI 3aMiHM MOYKHA 3HH3UTH HOPSIOK gudepeH-
[IaJILHOTO PIBHSHHS N-TO TOPSIKY, IO HEe MICTUTDH IMIyKaHOI (pyHKIIIT,
i piBHsIHHS, [0 HE MICTUTH MIYKAHOI (DYHKII Ta ITOC/IiJOBHUX IEPIIAX
noxiguux? 3anumniTh 3arajJbHUN BADJISI TAKUX PIBHSHD.

2. dxwuit 3araapHuit BUTVISIT Ma€ TudepeHIia bie PiBHAHHS N-TO MO~
PSIKY, sIKe He MICTUTh He3aJIeXKHOT 3MIHHOT! 3a JOMOMOTrOI0 IKOI 3aMiHU
MOKHA 3HU3UTHU MOPSIJIOK IHOTO DIBHIHHS !
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3. dxy yMOBYy Mag€ CIIpaB/I2KyBaTH JiBa dacTuHA JnudepPeHIiaIbHoro
piBusHHS F' (:E, Yy, ... ,y(”)) = 0, 11106 BOHO OyJIO OJHOPIIHUM BiITHOCHO
mykanol pyHKIil Ta i1 noxigaux? fka 3amMiHa BUKOHYETHCH Yy TaAKOMY
piBHSIHHI?

4. fx MoKHa 3HUBUTHU MOPSIOK PIBHIHHS F(x,y, Y, ... ,y(")) =0,
SIKIIO HOTO JIiBa 9aCTUHA € TOYHO MOXiTHO0 Jjtesikol dyHukiii? [To mazu-
BalOTh IepmuM iHTerpaoM? Ky GYyHKIIO HA3UBAIOThH IHTEIPYBAJILHUM
MHOY>KHUKOM TAKOTO PDiBHSIHHS !

Brapasu go aekirii 11

1. Buznadure Tum piBHgHD Ta 3iHTErpyiiTe iX:
a) oy’ +ay” +y =0; 6)y +y” =wys v)d/my’ = 1.

2. 3HallIiTh PO3B’SI30K PIBHSIHD, SIKi 33/10BOJIBHAIOTH 38/(aHi II0YaTKO-
Bl YMOBH, JIOCJIiJIUBITU ITOIIEPEIHHO TUTAHHS PO ICHYBAHHS Ta €JIMHICTH
[IYKAHOTO PO3B’A3KY:

a)y" = (1+y)¥2 y0)=1, y(0)=0;
6) 4y’ +y"* = day”, y(0) =0, y'(0) = 1.

3. BigmykaiiTe piBHsIHHSI, OJTHOPiTHE BiIHOCHO ITyKaHOI (DYHKIII Ta

11 moxijHmx, Ta 3iHTErpyiiTe oro:
a) a?y? —y"" +yy® =0, ) ey’ +yy' =y +
B) zyy” +xy”? — \/yy’ = 0.

4. 3uaiimiTe inTerpaabny KpuBy piBmsiuug vy’ + 1’2 = 1, aKa mpoxo-

nuThb yepe3 Touky (0, 1) i morukaerbed y 1iii Touni g0 upsamol y = 1 —x.

Ob6rpyHTyiiTe €IUHICTD TAKOI IHTErPaJIbHOI KPUBOI.
5. 3iaTerpyiiTe piBHIHHS 3 TOYHUMU [TOX1THAMUA:

a) yy' +y?=1; 6)y —ay =y+1.
6. Hosenith, mo pisusaEs 3" + p(z)y’ + ¢(x)y = f(z) Gyzne pis-

HAHHAM 3 TOYHUMH NOXiAHUMH, TOAL i TiabKu Tol, Ko ¢(z) = p'(x).
Biarerpyiite pisaguus y” 4+ cosx -y —sinz -y = 0.
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Jlekmia 12. Jliniiini ogHopiaui audepeHmniaabHi
PiIBHSIHHSI 71-TO MOPSJIKY

Il1an

1. OcHoBHI 0O3HaYEHHSI I TOHSITTSI.

2. BiactuBocTi po3B’g3KiB JIIHIITHOTNO OJHOPIAHOTO PiBHSHHS.
3. Jliniitno 3ajexui Ta jiniitHO He3a/exKHI DYHKIIII.

4. OcHoBHa TeopeMa.

5. ®opmyaa Ocrporpaacbkoro — JIiyBijuis.

1. OcuoBHi O3HauYeHHsT i MOHATTA. Y 0araTbOX MPHUKJIA-
JTHUX 3a7a4daX (PYHKIL, M0 BUBYAIOTLCH, Ta 1X IMOXiTHI HAOyBAIOTH
HACTUIBKNA MaJINX 3HAYEHD, IO 1X KBaJpaTaMu, KyDaMu i BUITUMU
CTENeHAMHI MOXKHa 3HexTyBaTu. lle 103BoJisie 3aMiHUTH TOBLIBHI
3aJIEZKHOCT] MizK BEJMYMHAME 3aJI€2KHOCTSIMU JHHIAHIME (1B, Ta-
KOK JIeKIIio 9, 1. 1). 3acTocoBytoun omepariiio Jineapu3arii 10 u-
depeHITiabHUX PIBHAHD, IO OMUCYIOTH IEBHUI MIPOIIEC YN SBUIIE,
OJIEPKYIOTDH audepeHItia bl PIBHIHHS, B 9Kl MTyKaHa QYHKIL Ta
11 rmoxijHi BXOAsITh JiHiiHO. Taki piBHSIHHS Ha3WBAIOTH JIIHIHHIME.

Jlinitinum dudepenuiarbHum PiBHAHHAM N-20 NOPAIKY
Ha3WBAIOTH PIBHAHHS BUIJISIILY

y™ 4+ p1(@)y" Y 4 (@)Y + pal)y = flz). (12.1)

Axmo f(z) = 0 na inrepsadni (a,b), To piBasHusa (12.1) Hasu-
BalOThb ATHITUHUM 00HOPIOHUM. BoHO Mae BuIJIs

y(") —i—pl(w)y("_l) + .o+ pa1(@)y + pu(z)y = 0. (12.2)

Axmo dyukuist f(x) ToToXKHO BiaMiHHA Bij HyJsst Ha iHTepBaJIi

(a,b), To piBusanHs (12.1) HASUBAIOTH ATHITHUM HEOOHOPIOHUM.
Posrmanemo mmramHA mpo icHYyBaHHA PO3B A3KYy PIiBHAHHA

(12.1). Posp’sizaBumu #ioro BiTHOCHO cTapIIol IIOXiHOI, MAEMO:

y" = f(@) = pr(2)y" ) == pai(@)y — palz)y. (123)

Ao byskit p(x), p2(z), ..., po(z) (Koedpiuienmu pisasHHS)
i f(x) memepepsHi Ha JesikoMy iHTepBami (a,b), To mpaBa JacTHHA
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piBasians (12.3) e menepepsHOO dyHKIIEO Ha iHTepBasi (a,b) i
Ma€ HellepepBHi, a orke, i oOMexkeHl Ha BiIpi3Ky |ai,bi] C (a,b)
YACTUHHI MOXIIHI 32 3MiHHUMA ¥, ¥, ..., y("_l (numu € dyuKIil
—pn(x), =pn-1(x), ..., —p1(x) Bignosiguo). Orxe, 3 Teopemu Ko-

i (sreknisg 10) BumamBae, mo s Oyab-SKIX MOYATKOBUX YMOB

y(zo) = o, y’(xo) = y67 - y("_l)(xo) _ y(()n—l)?

e xo € (a,b), piBusmusa (12.1) mae equnumit poss’sa3ok y = y(z).
et po3B’st30K n pasis audepentiiiosnuii Ha inrepsadi (a, b). Oco-
6/BHX po3B’si3KiB piBHsHH:A (12.1) He Mae.

st CKOpOYeHHsI 3alMCiB MO3HAYMMO JIIBY YaCTUHY PIBHSIHHS
(12.1) wepes L[y]:

Lly]=y™ +pi(@)y™ ™ + .+ pac1(@)y +pa(z)y. (124)

Takum uuHoM, L[y] — 1ie pe3y/abrar BUKOHaHHs HaJl (DYHKIEO Y
omepariiii, BKkazanux y mpasiit gactuni dhopmyan (12.4), a came:
3HAXOJZKEHHsl NOXITHUX (DYHKIUI Y 0 HOPAJIKY 1 BKJIIOYHO, MHO-
weunst v, y, y”, ..., y" Ha koedinienTn piBHsHHES H KOTABAHHS
orpuMmanux JooyTKis. CyKyHnHIiCTb IUX ollepalliii o3HAYNMO Yepes

L:
dm dn—l

d
= I +P1($)W +.. +Pn—1($)@ + pu()
i HAZUBaTUMEMO AIHITUHUM JudeperHuiasbHUM ONePamopom
n-20 NOPAIKY.

Binsaaunmo ocHOBHI BAacTHBOCTI omeparopa L.

Baactusictb 1. Cmaauti MHOMCHUK MONCHA BUHECTNU 34 3HAK
NHITH020 dudepeniianvnozo onepamopa, mobmo

L[Cy]=CL[y].
BaacruBicts 2. Jlinitinut dugepenuiarvrui onepamop 6id

cymu Gynruit dopieHioe cymi MHIGHUT JUPEPEHUIANLYHUT ONEPa-
mopis 6id dodankis, MmobmMo

Lly1 +y2] = Lly1 ] + L{y2].
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BukopucroBytoun oneparop L, siHiiiHe HeoqHOPiIHE PIBHAHHS
(12.1) i siniitee oxmopinue piBHsiHEA (12.2) MOXKHa 3amucyBaTn
Bimnosigno sk L{y] = f(z) i L[y] = 0.

OuesniHo, KOXKHe JliHifiHe offHOpiAHe piBHsiHHS (12.2) Mae Hy-
JIbOBHH PO3B’s130K Yy = 0, AKWiT HABUBAIOTD MPUBLAADHUM.

2. BaacTtuBocTi po3B’A3KiB JIiHITHOrO OJHOPiIHOTO PiB-
HaHH4. [lizaime Oyae mokazaHo, 10 3HAHHSA YACTUHHUX PO3B SI3-
KiB JIHIHOTO OJHOPITHOTO PiBHSIHHSI CIIPOIILYE IIPOIEC MOOYI0BU
3araJbHOTO PO3B’SI3KY, & iHOJMI TO3BOJIsIE€ MTOBHICTIO PO3B’dA3aTH 3a-
Jlady iHTerpyBanns 1poro piBusuus. lle € MOXXIUBUM 3aBISKH TO-
My, IO YACTUHHI PO3B’s3KU JIHIAHOTO OIMHOPIIHOrO PiBHAHHS Ma-
IOTh HU3KY I[IKABUX BJIACTUBOCTEH, AKi CHOPMYJIIOEMO y BUTJISII
TEopeM.

Teopema 1. dxwo y1 — wacmurHull po3e’a30% AiHiiH020 00HO-
pionozo pienanns (12.2), mo y = Cyy, de C' — dosiavra cmana,
MAKONC € PO3E AZKOM Ub020 PIBHAHH.A.
osederns. Ockinbku L[y1 ] =0, a < x < b, T0 3rijHO 3 BiacTu-
Bictio 1 oneparopa L (1.1) L[Cy1| = CL[y1] =0, a orxe, Cy; €
posB’sa3koM piBasHHS (12.2). B>

TakuMm umrHOM, 3HAIOYN OJUH YACTUHHUN pPO3B’S30K DPIBHSIHHS
(12.2), moxkemo 6e3 KBajipaTyp ojiep:KaTh Biapa3y ciM’io po3s’s3-
KiB I[bOTO PIBHSIHHS, 3aJI€2KHY Bij oxmoro mapamerpa (crasmol C).

Teopema 2. fxwo y1 © Yo — 084 4aCMUHHE PO36 A3IKU ATHIT-
H020 00HOPIdHO020 pisHanta (12.2), mo ix cyma y1 + y2 makoorc €
DPO36’AZKOM Ub020 PIBHAHHA.
osederns. Ockimbku L{y;] = 0, L{y2] = 0, To 3a Biacrusi-
crio 2 oueparopa L maemo: Ly +y2 ] = L{y1 |+ L[y2] =0. »

3 TeopeM 1, 2 BUILIUBAE TaKe TBEPIKCHHSI.

Teopema 3. Axwo y1, Y2, .., Yo — YACNUNHI PO38 AZKU Al-
Hitino20 00nopidnozo pienanma (12.2), mo

y=Cryr + Coyz + ... + Cryn,

de C1, Cy, ..., C, — 006iAbHI CMAAL, TMAKOAHC € PO3E AZKOM UBO20
) ) ) )
PIGHAHMA.
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Posrianemo, nanpukmian, pisaganadg y” +y = 0. Bono, gk merko
EPEKOHATHCH, MA€ PO3B’SI3KM Y] = COS T, Yo = sinx, a TOMy 3Ti-
JTHO 3 TEOPEMOIO 3 HOro PO3B’SI3KOM € TaKOXK KOXKHa (PYHKILS CiM'T

y = Cicosz + Cosinz, ne C1, Cy — MOBLIBHI cTaJI.
[IpuposnHo BUHUKAE NMUTAHHS: SKUMU IOBUHHI OyTH 71 9aCTUH-
HUX DPO3B’SI3KIB Y1, Y2, ..., Yn PiBHsHHs (12.2), mob Tx JiHiiina

rombinaris y = Ci1y; + Coys + ... + Cryyp, TKa MICTUTD N JOBiIb-
HUX CcTajaux, OyJa 3arajbHUM PO3B’'E3KOM LBOro piBHsaHHgA! s
BIJIIIOBIJIl Ha Il€ Ba)KJ/INBE IMUTAHHS BBEAEMO HOHATTS JIHIMHOI 3a-
JIesKHOCTI (JIHIHOT He3aIeskHOCT) (byHKITI.

3. Jliniiino 3aJjiexxHi Ta JiHiliHO He3asieXXKHi yHKIIII.
Oynxuil y1 = y1(z), Y2 = y2(2), ..., Yo = yYn(z), BusHAUCH] HA
inrepBasi (a,b), HABUBAIOTH ATHIUHO HE3ANEHCHUMU HA I[HOMY
iHTepBaJIi, SKINO CIiBBIIHOIIEHHS

a1y +asys + ...+ apy, =0, (12.5)

e aq, a2, ..., Qy — CTAJl, BUKOHYETHCS I BCIX © € (a,b) TiIbKu
TOJi, KON BCl oy = o = ... = «a, = 0. dkmo y criBBigHOIIEHH]
(12.5) xoua 6 omgHa i3 cTamux i, 9, ..., Q, BIIMIHHA BiT HyJIsd,
10 DYHKII Y1, Y2, - .., Yp HABUBAIOTH ALHIUHO 3AAEHCHUMU HA
inrepsadi (a,b).

Posrnsnemo npukiaim.

1. Oyurmii y1 =1, yo =2, ..., Y = "7
Ha iHTepBaii (—o00,400). Cupassi, piBaicTb aq-1 + ez + ... +
+ apxz™ ! = 0, B =Kiit He Bci (vj JIOPIBHIOIOTH HYJIIO, HE MOXKE BH-
KOHYBATHCh TOTOXKHO, 00 € ajredbpuaHuM piBHsHHSM (n — 1)-ro
CTeIleHs, dKe He MOXKe MaTu Oijbine n — 1 pi3HUX KOPEHiB.

2. Oyuxil y; = cosx, Yo = sinx JiHINHO He3ajeXKHi Ha OyIb-
JKOMY iHTepBaJi, 00 CHiBBiIHONIEHHsST (v cOST + assinx = 0, me
1 1 aig OTHOYACHO He JOPIBHIOIOTH HYJIO, HE MOYKE BUKOHYBATHUCH
TOTOXKHO Ha KOJHOMY IHTEpPBaJI.

3. Oynxmii y; = sin? z, yp = cos? z, y3 = 3 niniitao 3amexHi Ha
imrepsa (—oo, +00), 60 3 -sin?z + 3 - cos?z + (—1) -3 =0.

L rimifino mesasexni

2

11 BcTaHOBJIEHHST O3HAK JIHIAHOT 3a/I€2KHOCTI Ta JIHIAHOI He-
3aJ1e2KHOCTI PYHKITH Y1, Y2, - - . , Yn POSIIISTHEMO BUHAUHUK, CKJIA-
JeHuil 3 ux QYHKINNH Ta X MOXITHUX 10 MOPSAKY 1 — 1 BKIIIOTHO:
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Y1 Y2 ce Yn
! / . !
W= 2 2o (12.6)
ygn—l) yén—l) o y7(Ln—1)

Busnaunnk (12.6) HasuBaooTh 6usHawHurom Bponcvbrozo abo
8poHCcKiaHoOM OYHKIUR Y1, Yo, - - -, Yn-

Teopema 4 (HeoOximHa yMoBa JiHINHOT 3aJIEXKHOCTI T
dyHKuiit). dxwo Gynkuii yi1, Y2, .., Yo MHIGHO 3aA€HCHT HA
deswomy inmepsani (a,b), mo ixr eponckian momostcho JdopieHioe
HYA0 HA UbOMY THMEPEAAL.

JlosederHs. 3rigHo 3 yMOBOIO TeopeMu i a < & < b MaeMo

a1y1 + aoyo + ... + apy, =0, (12.7)

Je He BCi 4uciia o, g, . . . , &, JOPIBHIOIOTE HYI0. {udepeniioro-
qu criBBigaomenus (12.7) n — 1 pasis, ofep:KyeMo JHIAHY OTHO-
PiIHY cucTeMy BiTHOCHO Qv1, Q9 ..., Q'

iy + ooy + ...+ apyp =0,
/ / /
a1y; + ooy, + ...+« =0
TR T (123)
-1 -1 -1
a1y§" ) + a2y§n ) +...+ anygn ) =0,

Ockinpkn xo4a 6 o/1He 9uC/Io (v BiIMiHHE Bij HyJ/Is, TO CHCTeMa,
(12.8) mae HenyaboBHit PO3B’A30K. OTKe, BU3HAYHIK i€l CHCTEMH,
AK€ BPOHCKiaHOM (DYHKINNH Y1, Y2, ..., Yn, JOPIBHIOE HYJIIO B
KOKHii Touni inTepsany (a,b). »

3 Teopemu 4 BuIIHBaE BaxK/IUBe TBep/KeHH:: Axuwo W (z) # 0
xoua 6 6 00wt mowuyi thmepsary (a,b), mo y1, ya, - - ., Yn — AIHIGHO
HE3ANEHCHT HA UDOMY THMEPEAaNt PYHKYTLL.

Harouortyemo, 1o Toroxkuicts W(z) = 0 € Tinbku HeoOXigHO0
YMOBOIO JIIHIWHOT 3a/1e2KHOCTI (DYHKIHHA Y1, Y2, - - -, Yn, TOOTO 3 TO-
ro, mo W(x) = 0, B3araji KaxKy4u, He BUILIUBAE, MO I1i (DYHKIIT
niHiitHO 3asekHi (quB. BupaBy 7 g0 jekiil). OHax, Ko GyHKIHl
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Y1, Y2, - - -, Yn € JACTUHHUME PO3B’SI3KAMHU JIIHIFTHOTO OXHOPITHOTO
piBasiHHsL (12.2), TO CHPABIKYETHCS TaKe TBEDP/?KEHHSI.

Teopema 5 (HeobOximHa ymoBa JiHIHHOT He3aJIE€XKHOCTI
7. pO3B’sI3KiB JIHINHOIO OMHOPiITHOTO PIBHAHHS 7-TO MO-
PAAKY). SKwo po3e’asku yi, Yz, ..., Yn MHIGHO20 00HOPIOH020
pisnanna (12.2) ainitino nesanesrcni na inmepsani (a,b), mo ix
BPOHCKIAH BIOMINHUT 610 HYAS 8 YCIT MOUKAT Ub020 THIMEPEALY.
Losedennas. Ipunycrumo, mo W(xg) = 0, ge xg — Jesika TouKa
inrepsany (a,b). Ckiamemo cucreMy piBHSIHb BiTHOCHO HEBIIIOMUX

C, Cy, ..., Cy:

Cry1(xo) + Caya(o) + ... + Cryn(zo) =
Cryi(zo) + Coys(xo) + - .. + Cryl, (x0)

0,
0,
(12.9)

C’lygn_l)(xo) + ngén_l)(xo) + .+ Cnygn_l)(xo) =0.

Busnaunnkom cucremu (12.9) € W(xp), a ockinpKu 3a mpuiryiie-
uusim W (zp) = 0, To 115 cucrema Ma€ HEHyJIbOBHI po3B’si30K. Tlo-

sHagauMo Tieil po3B’si3ok yepes C1 = Cp, Cy = Cy, ..., Cp, = C, i
CKJIAJIEMO JIHIfIHY KOMOIHAIIO PO3B’A3KIB Y1, Y2, - - -, Yn'
y=Ciyr + Coyz + ... + Co. (12.10)

Brizuo 3 teopemoro 3 dyuknis (12.10) € po3s’si3KOM piBHsAHHS
(12.2), a 3 cucremn (12.9) BuuMBaE, MO y TOUII T = Ty PO3B’s-
30K (12.10) 1epeTBOPIOETHCS B HyJIb PA30M 3 yciMa IMOXiTHUMU 10
mopstaky n — 1 BKJIFOUHO. AJte Il cami YMOBH 3aJI0BOJIBHSIE TAKOXK
TpuBlasibHUil po3B’sa30K y = 0 piBusHHg (12.2), a oTKe, 3rigHO 3
reopemoio Ko (mpo ennuicTh po3B’si3Ky) obumsa po3s’si3ku 36i-
rafoThCst, TOOTO

C~'1y1 +62y2 + ... "‘ényn =0,

npudoMy He Bei uncia C; gopisaioioTs myimo. e osnagae, mo dyn-
KIil Y1, Y2, ..., Yn JiHiiiHO 3ayexkHi Ha inTepBasi (a,b), mo cytme-
peunTh yMoBi TeopeMu. OTxKe, Hallle IPUILYIICHHS XUOHE, & TOMY

W((Eo) #0, 29 € (a,b). >
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3 TeopeM 4, 5 BUILIMBaE O3HAKA JIHINHOI HE3aJIEKHOCTI N Ha-
CTUHHUX PO3B’si3KiB piBHsAHHs (12.2): das mozo, wob n po3s’askie
MNETUH020 001HOPIOH020 pieHanna (12.2) byau AiHitHO He3anedcHu-
MU Ha inmepsani (a,b), Heobxiono i docmammwvo, uob ix 6por-
CKIGH HE NEPEMBOPIOBABCA 6 HYAb Y HCOOHIT MOUUL Ub020 THMED-
8aNY.

4. OcHoBHa TeopeMa. Byab-gKy CyKyIIHICTb N PO3B’sI3KIB JTi-
HIHHOrO OjiHOPiMHOTrO piBHsiHHS (12.2), BusHAYeHUX 1 JIHIAHO He-
3ajIeKHUX Ha iHTepBami (a,b), HA3UBAIOTE GYHOAMEHMAALHON
cucmemoro po3e’sa3Kie pOro piBHAHHS Ha iHTepBasi (a,b).

Hampukmazn, dyuxmil y; = cosx, Yo = Sinx yTBOPIOIOTH (DyH-
JlaMEeHTaJIbHy CHCTeMy pO3B a3KiB piBHaHHA 3" + y = 0 Ha inTep-
Basi (—00, +00), 60 BOHU € PO3B’siI3KaMU 1IbOIO PIBHSIHHSI 1 JITHIHHO
Hesasexui Ha (—oo, +00). Ase me piBHsAHHS Mae i inmi ynIa-
MEHTAJIbHI CUCTEeMU PO3B’SI3KiB, HAIPUKJIIA, KOKHA Mapa MyHKITi’
y1 = kcosx, yo = ksinz, ne k — moBinbHaA cTaja, BiaMiHHA BiT
HYJIsI, TAKOXK OyIe pyHIaMeHTAILHOIO CUCTEMOIO PO3B A3KiB.

Moxua nosectu (juB., Hanpukaa, [7, c. 118 — 119]), mo koxue
JinifiHe ogHopigHe mudepeniaibie PIBHAHHS Ma€ (PyHIaMeHTa b~
HY CHCTEMY PO3B’{3KiB, & sIK BHIHO 3 HABEJIECHOTO IPUKJIATY, TaKe
piBHSHHS MOXKe MaTh 0e3y1ivu pyHIaMeHTAJIbHUX CUCTEM PO3B 13-
KiB.

SuanHs (DYHIAMEHTATBHOI CUCTEMU PO3B’SI3KIB J1a€ MOXKJIU-
BicTh MOOYAyBaTH pO3B’s130K piBHAHHA (12.2), AKuit MicTHTD 1 J10-
BIIbHUX CTaINX, MPUIOMY 1€l PO3B’SI30K Oy/ie 3arabHUM.

Teopema 6 (OcuoBHa Teopema). STKwo Y1, Y2, - Yn —
Pyndamenmarvha Cucmema Po3s’as3kie NMHIIH020 00HOPIOH020 Pi6-
Hanna (12.2), mo 3aearvhull po36’a30k 4020 PiHANHA GUSHAYA-
emuvesa Gopmyaoio

y=Cyr+ Coya + ...+ Cryn, (12.11)
ne Cq, Cy, ..., Cp — dosiavhi wucaa.
Zlosederns. Ilokazkemo, mo craai Cy,Co,. .., Cy 3aBXK I MOKHA

BubpaTu Tak, 1mob dhopmyna (12.11) BusHavasia po3B’s30K PiBHsIH-
ust (12.2), akuit 33/10BOIBHSAE Oy/Ib-s1Ki HAIIEPE] 33/aHl TOIATKOBI
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YMOBH:
o / o (n—1) _ ,,(n=1)
y(zo) = yo, ¥ (x0) =vp» ---» ¥ (wo) =9y . (12.12)
Jst Buznadenst C, Cy, ..., C), oHep>KyeMO HEOIHOPIIHY CH-
pil Cy, C C y Y

CTeMy JIHIHUX aJreOPUIHUX PIBHSIHD

Cryi(zo) + Coya(xo) + ... + Cryn(zo) = Yo,
Cryy(wo) + Cayy(xo) + - .. + Cryp (o) = Y0,

Cry" V(o) + Coyd" V(o) + .+ Cot' ™ (o) = 98",

(12.13)

BU3HATHUKOM $IKOI Kol € W (). 3riano 3 Teopemoro 5 W (zg) # 0,

a orke, cucrema (12.13) mae eaunmit po3B’sa30K Ch, Cy, ..., Ch.

Dynkuist (12.11) € poss’siskom piBastHHS (12.2) 3riHO 3 TEOPEMOIO

3. Bupaz (12.11), B sxkomy C; = 5,4 = 1,2,...,n, oueBUIHO,
3a/10BOJIbHSIE TT0YaTKOBI ymoBu (12.12). »

[Tosepuimocs 1o piBusiaas y” +y = 0. Panine 6yso nokasaHo,
mo (QyHKIIT ¥y = cOSx, Y2 = Sinx yTBOPIOIOTH (DyHIAMEHTAIb-
Hy CHCTEMy pO3B’si3KiB Ha inTepBasi (—oo,+00), a TOMY 3rigHO 3
Teopemoio 6 y = C1 cos x 4+ Co sin x € 3araJbHUM PO3B’I3KOM HaBe-
JEHOrO PiBHSIHHSI.

5. ®opmysaa Octporpaacbkoro — JIiyBimsi. Hexait mae-
MO 7 JIHITHO He3aJeKHUX YaCTUHHUX PO3B’SI3KIB Y1, Y2, ..., Un
miniftroro oxHopigHoro piBHAHHs (12.2). Toni ne piBHAHHSA MOXKHA
3aliCaTu y BUTVISL

U1 Y2t Yn Yy
vioooove o Y Y
y%n—l) yén—l) o ygl—l) y(n—l)
I C R C RS

60 piBasHHs (12.14) Mae Ti cami JiHITHO He3aIeXKHI PO3B’A3KH, 110
it (12.2). Copasni, sikmo migcrasutu B (12.14) 3amicts y oxHy 3
dbyuKiit Y1, Y2, ..., Yn, TO OJAEPKUMO BU3HAUHUK, SIKHH Mae JBa
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O/IHAKOBI CTOBMHIN i TOMY TOTOXKHO PIBHHUII HyJIIO. 3BiJICH BUILIN-
Ba€, IO 3arajbHi po3s’si3ku piBHsAHb (12.2) i (12.14) oxHakoBi, a
caMi PIBHSIHHSI BIAPISHSAIOTHCS JIMIE MHOKHHUKOM. PO3KjIagaroun
BusHauHuK 3 (12.14) 3a ejileMeHTaMU OCTAHHBOI'O CTOBIIIS, 3AIU-
memo piBasHEs (12.14) y BUrIsai

Ao(z)y™ — Ay (z)y™ Y + Ag(z)y™ — ..
A (DFAR@)Y T L (D) " An(z)y =0,  (12.15)

je Aj(r) — BUBHAYHUK, YTBOPEHUIT BUKPECTIOBAHHSIM OCTAHHBOI'O
crosmrd i (n + 1 — ¢)-ro psaka y Busnadnuxy 3 (12.14).

Ockisnbku piBasians (12.15) 36iracrbes 3 piBagHEAM (12.2), TO
pupiBHIOIOYN KoedirmieHTn 6 OJHAKOBUX MOXITHUX 1 BPaXOBY-
oun, mo Ag(x) = W(x), onepxkyemo

pl(x):_ﬁfl—((;))’ m(x):ﬁj_(%), pn(av):(—l)nﬁ;((;)).
(12.16)

Baudepentioemo rerep BpoHckian (12.6), BUKOpHCTOBYIOUN
Take MpaBUIO IW(pepeHITIOBAHHS: TOXiAHA BiI BU3HAYHMKA NM-TO
MOPSJIKY JIOPIBHIOE CyMi 7 BU3HAQUHUKIB, SKi OJIEPXKYEMO 3 HbHO-
o TOYEProOBOIO 3aMiHOIO €JIEMEHTIB IEPIIOro, JAPYTroro, ..., n-ro
psaKa X moximHuMu. Yci i BU3HAYHUKU, KPIM OCTAHHLOT'O, JTOPiB-
HIOIOTH HYJIIO (BOHH MAIOTh J[BA OJHAKOBI PSIIKH), & TOMY

1 Y2 s Yn

vy Y5 o Yy
Y Ys ot YUn

ygn) yé") L y7(ln)

Jlerko Gauuru, mo W' (x) = Ai(x), a g9Kio BpaxyBaTu Hepiry
dbopmyay 3 (12.16), To




Jlexuist 12. Jliniitai ogHOpinHi nudepenniaibHi PIBHSAHHSA N-I'0 HOPSIKY 155

3BIJIKH, IHTErPYIOYHN, 3HAXOIUMO

—fpl(x)da:
W(z) =W (zg)-e *o , (12.17)

Jle & = xo — JOBLIbHA TOUYKa 3 iHTepBasy (a,b). Popmyuy (12.17)
HasuBaoOThL opmynaoto Ocmpoepadcvrozo — Jliysians. Bona
JI03BOJIsIE 3HANTH BPOHCKIaH (PYHIAMEHTAJBHOI CHCTEMHU PO3B’SI3-
KiB piBHsHHs (12.2), He MAIOYU CAMOI CHCTEMH.

3 dopmyaun Ocrporpagcbkoro — JIiyBlLIsi BHIIMBAIOTH TaKi
84GCMUBOCTNT BPOHCKIAHA PO3B’SI3KIB JIHIAHOIO OIHOPITHOTO
PIBHSIHHSI:

1. Hxwo eponckiarn n po3e’askie yi, Y2, - - - , Yn pPi6HAnHA (12.2)
dopienroe nyaro 6 dearit mowui xo € (a,b), mo 6in dopienioe Hya0
8 YCIT MOUKAT Ub020 THMEPBANY.

2. Hxwo eponckian n pose’askie pisnanna (12.2) eidminnui
610 Hyas xoyw 6 00Hil mouyi xo € (a,b), mo 6in idminnul 6id
HYAA 68 YCIT MOYKAT Ub020 THMEPSANY.

@opmymy (12.14) MoKHA BUKOPUCTOBYBATH JJIsi TOOY/IOBHU [TH-
depeHIIiaBHOTO PIBHSIHHS, SIKITO BiJIOMOIO € floro OyHIaMeHTAb-
Ha CHCTEMa, PO3B SI3KiB.

Ilpukaazn 1. Ilo6ydysamu dudeperyiasvhe pieHAHNA, AKE MAE
pyndamermarvry cucmemy poss’askie yi(z) = 2, yo(x) = o — 1.
Poss’azanns. Cropucraemoch dhopmysiown (12.14):

22 -1 y
2¢ 1 y | =0.
2 0 y//

POSKH&,Z[GMO BU3HAYHHUK 3a eJIEeMEHTaMU TPETHOT'O CTOBIIIIA:

2 2

sl ¢ x—1
2x 1

r—1

xr
9 0 =0 =

2x1_,
2 0

[+
(2 —2z)y" +2(1 —2)y +2y=0. W

Pexomendosana aimepamypa: |4, c. 363 — 389], [5, c. 174 —
197], [7, c. 113 — 121, [16, c. 91 — 102].
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IInranns mo Jjgekiii 12

1. dxwmit Burnan mae Jixiline audepeHIliaabHe PIBHAHHS N-TO IIO-
psiaky? Yum jiiHiiiHe OgHOpIiIHE PIBHSIHHS BiJIPI3HSIETHCS BiJl JIHIHHOTO
HEOJIHOPiaAHOro?

2. ITlo na3uBaioTh JiHITHUM JU(EPEHITIATEHIM OIIEPATOPOM N-T'O MO~
paaKy 1 gki ftoro ocHoBHi BiacTmBOCTi? fK MOXKHA 3amucaTu JiHiiHI
OJHOPiAHE 1 HEOAHOPIAHE PIBHAHHSI 3 BUKOPUCTAHHSIM JIHIHOTO aude-
PEHIIAILHOTO onepaTropa’

3. Uu € niniitna xkoMmbinaris 31 ctaguMu KoedimieHTaMyu IacTHHHUAX
PO3B’SI3KiB JIHITHOTO OTHOPITHOTO PIBHAHHS PO3B’SI3KOM I[HOTO K PiBHSI-
HHA?

4. fdxi dyskIil HA3UBAIOTH JIHIHHO HE3aJI€KHUMU Ta JIHIHO 3aJ1e-
KHUMY Ha iHTepBasti? HaBemiTs mpukiaam Takux (pyHKITA.

5. Illo Ha3WBaOTH BPOHCKIAHOM (DYHKIHA Y1, Y2, - .., Yn?
6. Ak dopmymoerbes HeoOXinHa yMOBa JiHIIHOT 3asiekHOCTI byH-
KUl Y1, Y2, ---, Yn! AK PopMyItoerbess HEOOXiIHA 1 JOCTATHS yMOBA

JHHIAHOT HE3aJIe?KHOCTI N YACTUHHUX PO3B’A3KiB JIHIHHOIO OXHOPIIHOTO
piBHSIHHS?

7. o Take dyHmaMEHTAIbLHA CUCTEMA PO3B’3KIB JIHINHOIO OHOPI-
aHOro piBHsHHS? fK 1m00yyBaTH 3arajbHUNl PO3B’SI30K JIIHIHHOTO OJHO-
PiIHOIO piBHSIHHS, 3HAIOUN HOro (pyHIaMeHTaJIbHY CUCTEMY PO3B’SI3KiBT

8. dAxwit Buryisin mae dpopmysia Ocrporpagcbroro — Jliysiuist? Hase-
IiTh BJIACTHUBOCTI BPOHCKiaHa PO3B’S3KIB JIHIITHOIO OMHOPIIHOTO PiBHS-
HHsI, SIK1 BUILJIUBAIOTH 3 i€l hOpMYyJIn.

Bopasu go gekiii 12

1. 3uaitgite L[e®], L[e?*®], L[2?], axmo L — ninifiauit audepenti-
2
asbHuil oneparop, sajsanuit dopmynon L= 4 — 54 4 6.

2. 3’acyiiTe, PO3B’I3KOM IKOTO PiBHAHHS € DYHKIIA y = T2

ev:

a) y/// _ 2y// — xer; 6) y/// _ 3y// _|_ Sy/ _ y — 0;
B) Yy’ — 3y + 2y = z2e”.

3. BHaiiiTh BpoHCKiaH DYHKIII:
a) y1 = e, yo = 5e%; 6) y; = cos?x, Yo = cos2w, y3 = 1.

Yu MorkHa, 3HAIOYN BPOHCKIaH (PYHKII, 3p0OUTH BUCHOBOK IIPO iX JIi-
HIiliHY 3aJIe2KHICTh YU JIHIITHY HE3aJIeKHICTh?
4. HocaimiTe Ha JiHIHY 3a/1€KHICTD DYHKITIT:
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a) y1 =€*, yp =2 6) y1 =3z +7, y2 = 9z + 21;
B) y1 = 2%, yp = 3%, y3 = 4.

5. HoBemdiTh, 10 AKINO cepes MYHKINH Y1, Y2, - - ., Yp XOT OIHA TO-
TOKHO JIOPIBHIOE HYJIIO, TO BOHHU JIIHIHHO 3a/I€XKHI.

6. 3anumriTe JiiHiliHEe OJHOpIAHE MudepeHIliaJbHe PIBHIAHHS IPYTrOro
MOPSAJIKY, Ke Ma€ PyHIAMEHTAJIbHY CUCTEMY PO3B’S3KiB:

a) Y1 = cosx, yp =sin2x; 6) y; = €%, yo = 7.

7. JoBeniTh, 1m0 BpOHCKiaH (DYHKIIIH

_ {0, saxmo z € [-1,0], 22, akmo x € [-1,0],
vi(w) = {xQ, axmo z € [0, 1], y2(w) = 0, sxmo z € [0,1]

TOTOXKHO JIOPIBHIOE HYJIIO, aJle BOHM JIHITHO He3aJieXKHiI Ha BiJIPi3Ky

[~1,1].

Jlekiig 13. JliniitHi omHopinui nudepeHmiaabHIi
PiBHSHHSI 1-TO TOPSJIKY 3i crasimmu KoedirieHTamMmn

Il1an

1. OcHoBHi o3HaYeHHST T MOHATTSI.

2. Meron Eitnepa. Bumamgok mpoctux XapakKTepUCTUYHUX -
cell.

3. Meron Eitnepa. Bumnaiok KpaTHux XapaKTEePUCTUIHUX UHU-
cell.

4. udepenniaabui piBHAHHS, 3BiIHI 10 PIBHIHL 31 CTAJIUMHU
KoediIlieHTaMu.

(Y3

1. OcHoBHi Oo3HaYeHHSI I MOHATTs. BakinBuil Kiac 3BU-
JaHIX AudepeHIiaIbHIX PIBHIHD CKIAIAI0TE JIHIHI pIBHSHHS 31
craaumu Koedirientamu. Taki piBHSIHHS € qudepeHIiaJbHIMA MO-
JlesisiMu 6araThoX MPUKJIAIHUX 3a/a4 (HAIPUKJIIAJ, 3 TEOPETUIHOI
MEXaHIKW 1 €JIEKTPUKH), a IX PO3B’sI3KM BHPAXKAIOThCS Y KBaJpa-
Typax abo HaBiTb Uepe3 ejeMeHTapHi (DyHKIII.

Posrismemo miniitne mudepenriiaabie PiBHAHHS N-TO MOPAIKY

Lyl = y™ + aiy™ Y + asy™ P + .. 4 an1y + any = f(2),
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ne xkoedimientun ai, as, ..., G, — JNWCHI YKCaa, a IpaBa YacTH-
Ha f(x) menepepsHa Ha intepsaii (a,b) dyHkiis (30Kpema, BoHA
Mozke OyTH i CTAJIoI0 Ha I[LOMY iHTEpBaJIi).

BupunMmo cnodarTky muTaHHS PO MOOYIOBY 3araJibHOTO PO3-
B’SI3KY BIITOBITHOTO OXHOPIMHOTO PiBHSHHS, TOOTO PiBHSIHHS

Lly]=0. (13.1)

Jnst 3HAXO/KEHHST 3araJbHOrO po3B’si3Ky piBHsHHs (13.1) morpi-
6HO 3HATH X0ua O OAHY (QYHIAMEHTAJIbHY CHUCTEMY PO3B’sI3KiB
y1(x), ya(x), ..., yn(x) mporo pisusaus. Toxi srigao 3 OcHOBHOIO
TeopeMoio (Teopema 6 3 JiekIil 12) 3arajgbHUM PO3B’SI3KOM I[OTO
PiBHSIHHSI €

y = Cry1(z) + Caya(x) + ... + Cryn(w),

ne C, Cy, ..., C), — noBUIBHI cTaJi.

JIerko mepekoHaTHUCH, IO JIiHIfTHE OJHOPIIHE PIBHSHHS IEPIIO-
ro mopsaaky y' + ay = 0, ge a — jificHa crajga, Ma€ YaCTUHHUI
po3B’si30k Y1 = e~ . Cupobyemo it jisi JIHIHHOTO OJHOPIIHOTO
piBHsHHS N-T0 MOpsAKY (13.1) YacTuHHUN PO3B’SI30K BiIIyKaTH y
BUTJIS T

= . (13.2)

Je k — nmesike, IIOKH IO HEBU3HAYEHE, IUCJIO (aificne abo KoMILe-
kcue). Ilincrassioun (13.2) B iBy wacrumy piBusaus (13.1), oxep-
JKYEMO:

L(e") = (k" + a1k 4 agk™ 2 4+ .. 4 an_1k +ay) - €. (13.3)

3 (13.3) Bumumsae, 1o dyukiis (13.2) 6ye pos3s’sizkom jude-
penrianbroro pisasuas (13.1) Toxi i Tiapku Tomi, Ko dncio k €
KOpEHEM aJIre0pUYHOrO PiBHAHHSI

P(k)=k"+ark" 4 agk™ 2 + ...+ ap_1k+a, =0. (13.4)

Mmuorousier P(k) Ha3uBaoTh TapaxmepucmusHum MHO20-
yaerom, pisuanus (13.4) — xapaxkmepucmuuHum Pi8HAHHAM,
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sike BimmoBinae piBusumio (13.1), a Kopeni piBuanns (13.4) — xa-
paxmepucmuyHuUMy vucaamu pisasaas (13.1). Jlerko 6aquru,
M0 CKJIQJIAI0YN XapaKTEPUCTUIHE PiBHAHH, TOTpi6Ho B (13.1) mo-
XifHi pi3HUX MOPSAIKIB 3aMiHUTHU BiIIOBITHUME CTemeHsIMU k.

2. Meton Eiinepa. Bumagok mpocTumx xapaKTepHCTH-
gHUX yucej. CTpykrypa GyHIaMEeHTATbHOI CHCTEME PO3B’SI3KIiB,
a OTKe, 1 3araJbHOrO PO3B’s3Ky piBHsAHH:A (13.1) 3amekuTh Bif
XapaKTepPUCTUIHUX 4ncesi. [Ipumycrumo, mo Bel XxapakTepucTuIHI
qucya ki, ks, ..., ky aiiicai ta npocri (pisui). Toxi srigmo 3 (13.2)
byHKIT

U1 = eklxv Yo = ekQIa ceey Yn = eknx (135>

€ gyacTuHHUME po3B’si3kamu piBHstaHgA (13.1). Tlepekonaemocs, 1o
BOHU € JIIHIHO He3a/IeXKHUMU Ha iHTepBasi (—o00, +00). st 1poro
obuncmMo BpoHckian ¢y (13.5):

eklz ekzz eknx
k k k
Wa)—| Mt ket kel
n—1_kix n—1_kox n—1_knx
ki~ e™®  kyT et ... kpT et
— elkithotthn)z k1 k2 ok
n—1 n—1 n—1
kT k5 e kT

Buznaunuk y npaBiii 9acTuHi OCTAaHHBOI PIBHOCTI € BU3HAYHUKOM
Bangepmonma i, gk BimomMo 3 Kypcy aaredbpu, ITOPIBHIOE TOO0YTKY
BCIX MHOXKHUKIB BUrsany kj — k;, ne 1 < 7 < j < n. 3a upu-
uymennas™ k;j # k; (j # 1), a Tomy W(z) # 0. Takum qnnom,
dbyukuii (13.5) yTBOPIOIOTH (DYHIAMEHTAJIBLHY CUCTEMY PO3B’sI3KiB
piBasiaHs (13.1), a Tomy 3rigao 3 OCHOBHOIO TeOpeMOIO (DYHKITiSA

Yy = Cleklz + CQ@ka + ...+ Cneknx, (136)

ne Cq, Cy, ..., C), — noBinbHI cTai, € 3araJbHIM PO3B’SI3KOM PiB-
usuns (13.1).
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Hpuxkian 1. 3inmezpysamu pinanna y’' — 4y’ + 3y = 0.
Posze’azanms. XapakTepucTUIHIM piBHSHHAM € k2 — 4k +3 = 0,
a itoro Kopeusimu — uncia ky = 11 kg = 3. 3riguo 3 dhopmysioo
(13.6) zarambnM poss’sskoM pisnanna € y = Cre® + Coe®, ne
C1, Cy — nosinbai crasi. B

Ipuknazn 2. 3iwmezpysamu pienanna y" — 5y"” — 6y’ = 0.
Posze’asanna. Xapakrepucrtuane piHsmHs k° — 5k% — 6k = 0
Mae mpocti Kopeni k1 = 0, ko = —1, k3 = 6. OrKe, 3araJgbHUM
posB’sizkoM € y = C1 + Coe™® 4 C3e%, e Oy, Cy, C5 — nosibhi
craji. B

Posrnsimemo BUNamoOK, KOJIM BCi XapaKTEPUCTUIHI TUC/Ia Pi3Hi,
ajie cepeJl HUX € KOMIUIEKCHI. ¥ I[bOMY BUIAJIKY JJIs BifIykKa-
HHsl Jificaux pose’si3kiB (13.1) 3py4HO 3HATH HOrO KOMILJIEKCHI
PO3B’SI3KM.

Kommekeny dynxmio y(r) = u(x) +iv(z), ge i = /—1, giii-
CHOI 3MIHHOI & Ha3WBAIOTH KOMMNAEKCHUM PO38°A3KOM DiBHSIH-
ust (13.1) va inrepsasi (a, b), sKIo i1 MiZICTAHOBKA IIEPETBOPIOE 11E
piBHsIHHs y ToTOXKHicTh L]y ] = 0 ms Beix = € (a,b).

Hexait a + bi — xapakrepucrtuane 4uciao piBasausg (13.1). Bi-
JIOMO, IO KOJIA aJiIreOpudHe PiBHSIHHS 3 JificHUMHU KoedilienTaMu
Ma€ KOMIIJIEKCHUH KOPiHBb, TO BOHO Ma€ TAaKOXK 1 CIIPSKEHNN 3 HIM
Kopinb. OTke, Xapakrepuctuyune piBHsiHHsI (13.4) y BUNAJKY, KW
PO3IIIAAEMO, MAE TAKOXK KOMIIJIEKCHO-CIPsIZKEH KOpiHb a — bi.

Baranbuuii po3s’si30k piBastHHs (13.1) MoxkHa 3HaiiTH 3a dop-
mystoio (13.6), ane dynkmis y(z) 6yae KOMIUIEKCHO3HAYHOO. 3 Ha-
CTYIHOI T€OpeMU BHILIMBAE, 10 SIKINO KOMILIEKCHA (ByHKIsA y(T)
€ posB’si3koM piBasHHS (13.1), TO 1T miificHa Ta ysBHA YaCTHHU €
JificCHUMU PO3B’A3KaMU ILOTO K PiBHIHHSI.

Teopema 1. dxwo dyrrxyis y(x) = u(z)+iv(x) € poss’askom

pisnanna (13.1), mo xoorcna 3 Pgynkyit u(x) ta v(x) makxooc e
PO36 AZKOM U020 DIBHANNA.
Josedenns. Ockinbku 3a ymoBoio Teopemu L[y] = 0, To BUKO-
PHCTOBYIOUHN BJIACTHBOCTI omeparopa L (yekiis 12), omep:kyemo:
Lly] = L{u+iv] = L[u]+iL[v] = 0,a0rxe, L[u] =0, L[v] =0,
mo i moTpibHO OyJIO JOBECTH. P>
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ITokarkemMo Temep, sIK, MalOUYM KOMIIJIEKCHOSHAYHUN PO3B’sI-
30K piBHsiHHs (13.1), 3HaiiTu fforo mBa JIHIKHO He3aseXKHI JilicHi
PO3B’SI3KM.

Brigno 3 (13.2) xapakrepucruaauM uncyaam a + bi, a — bi Big-
MIOBIJAI0Th KOMILJIEKCHI PO3B’sI3KM ¥y = elatbiz Yo = ela=bi)z piB-
usunas (13.1). Bukopucrosytoun dopmysny Eitnepa, ni poss’sisku
3alAIIEMO Y BUTJISIT

y1 = e (cosbxr + isinbx), y2 = e (cosbx —isinbz).

XapaKTepUCTUIHE YHCI0 a + bi Ha mizcraBi Teopemu 1 10-
pomzKye aBa JiiicHi po3s’s3ku piBusHHsA (13.1): giiicay Ta ysBHY
vacTuau PpyHKIIT ¢y, To0TO0 dyHKIl €*” cos bz, €* sinbxr € pos3-
B’st3kamu piBHsAHHA (13.1), mprdoMy BOHH € JIHIHO He3aTeKHI HA
(—00, +00) (IPOIOHYEMO CAMOCTIIHO MEPEKOHATHUCSI, IO X BPOH-
CKiaH BiIMIHHWI Bij HyJIst).

OueBHIHO, IO XapaKTEPUCTUUHE UHCJIO ¢ — bi HOBUX JIIHIAHO
He3aJIeXKHUX JaCTHHHUX PO3B’s13KiB piBHsHHS (13.1) He 1ac.

TakuMm uMHOM, SIKIIIO BClI XapaKTEepHUCTUUHI YMCJIa PisHi, aje
cepell HUX € KOMILIEKCHI, TO KOXKHOMY JTIfICHOMY KOPEHIO K Bimmo-
Bimae po3s’s30K €% a KoyKHiil mapi KOMIIEKCHO-CIIPSIZKEHIX KOPEe-
HIB a £ bi BimoBimaroTh ABa AificHI JIHIHO He3aJ/IeXKHI JaCcTHUHHI
posB’s3ku €%* cos bxr 1 € sin bx. Beboro Mmarmmemo n miificHux ga-
CTUHHUX PO3B’SI3KiB BUTJISITY

ke e cosbr, €™ sinbx, (13.7)

sKi yTBOPIOIOTH (DYHIAMEHTAJIBHY CHCTEMY PO3B’si3KiB. 3rijiHo 3
OcHoBHOIO TeopeMoIo (JiekIlist 12) 3arajbHuii po3B’si30K PiBHSIHHSI
(13.1) omepxkumo y BUIVIsiAL JiHiiiHOI KOMOIHAIIT yCiX YaCTHHHUX
posB’si3kiB (13.7) 3 goBinbanmu cramumu Cp, Cy, ..., Cp.

Ipuxnan 3. Binmezpysamu piensmumna y — 6y + 12y +
+ 6y — 13y = 0.
Pose’sazanns. Po3p’siskaMn  XapaKTEPUCTUIHOIO — PiBHSIHHS
k* —6k3 + 12k% + 6k — 13 =0 e aBa JiiicHi 1 JBa KOMILIEKCHO-
cupsizkeri Kopeti: k1 = —1, ko =1, ks = 3+ 24, ky = 3 — 2i, a T0-
My 3arajbHHI PO3B’SI30K 3aJaHOI0 PIBHSIHHSA MOYKEMO 3aIlUCATH Y
Burisiai y = Cre % 4+ Coe® + C3e3% cos 2z + Cye’® sin2z. W
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3. Meron Eiinepa. Bumamok KpaTHHX XapaKTepHCTHU-
YHUX YUCEJI. Y I[bOMY BUIIAJIKY THCJIO PI3HUX XapaKTEPUCTHIHIX
unces Gyie MeHITe 1, a TOMY JACTHHHHX PO3B’3KIB BHIVIALy eF/®
piBusiHHs (13.1) Gye Takoxk Menine n. [Tokaxkemo, sik MOXKHA 3HA-
WTH PeInTy JYaCTUHHUX PO3B’A3KiB.

Hexait ki — mificHe abo0 KOMILJIEKCHE XapaKTEPUCTHUIHE UUCJIO
kpatHocTi s. Tomi, ssk Bimomo 3 anrebpn,

P(k))=P'(k))=...= P V(k) =0, PO(k)#0, (13.8)

ne P(k) — xapakTepucTuIHANl MHOTOUICH, BU3HAYCHUIT (DOPMYIIOIO
(13.4).

st 3HAXO/KEHHsT PO3B’sA3KiB, sKi BiAIOBIIAIOTH XapaKTepu-
CTUYIHOMY 9HUCIY ki, 3amuImeMo TOTOXKHICTh (13.3) y Bursami

L(ek™) = P(k)-ek®

i 3mudepentitoemo i1 m pasiB 3a 3MIHHOIO k, BUKOPUCTOBYIOTH
dopmymy Jleitbuina st m-i moxinuol Bim 700yTKY TBOX (DYHKITIH:

(u0)™ = 3 ¢, u@ylm=i),
=0

i | . . . .
Je Crr]n = m — KUIBKICTBb CIIOJIYY€Hb 3 1 €JIEMEHTIB II0 j.

Bynemo maTn:
L(z™e*) =Y "3, PY) (k) 2™ ebe.
§j=0

3sijcu, Bpaxosytoun (13.8),
L(z™eM*) =0, m=0,1,...,5—1,

a Ie o3Havae, Mo QyHKIIT

kix kix x2€k117

eMr, et ., at ek (13.9)

€ posB’siskamu piBHsiHHg (13.1). Bonm, sik Jierko mokasaru, € Jii-
HiffHO He3aJeKHUMHU Ha iHTepBasi (—oo,+00). SKuo npu mpomy
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qncao ky € gificanM, To dynknii (13.9) Takoxk OymayTh AIHCHUMIL.
TaxkuM YMHOM, KOXKHOMY JiHICHOMY XapaKTEPUCTUIHOMY YUCTY k1
KPATHOCTI S BIAIOBimae S OIMCHUX JIHINHO HE3AJEKHUX PO3B SI3KIiB
suruisiny (13.9).

K10 MaEMO KOMILIEKCHE XapaKTEPUCTUIHE 9UCIO0 a + bi Kpa-
THOCTI S, TO XapaKTEPUCTUUHUM UHUCJIOM Ti€l 2K KpaTHOCTi Oyme
TaKOXK CIpsiKeHe wanucyo a — bi. 3rigmo 3 (13.9) umcny a + bi Big-
TIOBi/Ta€ § KOMILJIEKCHUX PO3B’A3KiB:

6(a+zb)x7 xe(a—&-zb)az? a+ib)x xs—le(a—&-zb)a:'

a2el s
Buninsaroun y nux nilicHi Ta ysIBHI YaCTUHU, OJIEPKYEMO 28 JTiiCHUX
PO3B’sI3KiB:

57160% cos b,

sin bz. (13.10)

e*® cosbr, re*cosbr, ..., x
s—leax

e sinbr, re®sinbzx, ..., x

Heckmagno moBecTm, 1Mo I po3B’sSI3KM JIHIAHO He3aJIeXKHI Ha
(—00, +00).

Tak camo, 9K i JJIsT BUIAIKY IPOCTOTO KOMILJIEKCHOTO XapaKTe-
PHUCTUYHOIO YHCJIa, KpATHE XapaKTePUCTUIHE TUCTIO a— bi He TIOPOo-
KY€ HOBUX JINCHUX JIHINHO HE3AJIEKHUX JACTUHHUX PO3B’SI3KiB.
TakuMm YMHOM, KOXKHIM Tapi KOMILIEKCHO-CIIPSIKEHUX XapaKTepH-
CTUYIHUX YncesI a + bi KpaTHOCTI § BiAMOBimaoTh 28 AifiCHUX JTiHI-
HO He3aJIeXKHUX PO3B’si3KiB Burisay (13.10).

Ipuxkinan 4. 3inmeepysamu pienarna y" —5y" +3y'+9y = 0.
Pose’azanna. Xapakrepucruane pisasuansg k> —5k2+3k+9 =0
Ma€ OJMH MmpocTuil Kopiub k1 = — 1 i onun KpaTHuit KOpiub ko =
= k3 = 3. LluM KopeHsIM Bi/IoBiai0Th po3’s3kn e~ %, 3%, xed? a

y = Cre™" 4+ C2e3® + Cyze3® ¢ 3arampauM poss’sskoM. B

IIpuknan 5. 3inmeepysamu pienanna y" +3y" +3y +y = 0.
Posze’azanns. Xapakrepucruune pisusuus k> +3k? +3k+1=0
Ma€ KpaTHuii aificnnii kopiub k1 = ko = k3 = —1. Otxe, 3aaHe
93’ $e—x’ .%26_93,
a fforo 3aragbHEM po3B’s3KoM € y=Cre *+Core " +Cazxe ™. B

PIBHSIHHS Ma€ TPU JIHIHO HE3aJIEXKH] PO3B’I3KU €~

Ipuknazn 6. 3inmezpysamu pisnanna y” — 1y + 8y — 8y’ +
+ 16y — 16y = 0.
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Poses’sazanns. BianosigHe XapaKTepUCTUYIHE PIBHSIHHS Ma€ OINH
npocTuit Kopinb k1 = 1 i iBa KpaTHi KOMILIEKCHO-CIIPSI?KEH] KOPEeHi
ko = kg = 2i, ky = ks = —2i. OrxKe, 3araJlbHUM PO3B’SI3KOM €
y = C1e* + Cycos 2z + Cyx cos 2x + Cysin 2z + Cszrsin2x. W

4. IndepeniiiaabHi piBHsIHHS, 3BiAHi 10 piBHAHB 3i cTa-
auMu Koedimienramu. Posrisinemo geski JriHiiiHi gudepenii-
aJabHI PIBHAHHS 31 3MIHHUME KoediIlieHTaMM, sIKi 3a JOIOMOTO0
3aMiHI He3aJ/Ie’KHO1 3MiHHOI abo IIyKaHo! (hYHKIN MOXKHA 3BECTHU
JI0 PiBHSIHB 31 cTaJMMU KoedillieHTaMu.

Pisnannam Etiaepa Haszupaiorh andepeHItiaabHe PiBHIHHS
BULJISIILY

2"y £ a2y 4t anmy 4 ay =0,  (13.11)

ae ai, ag, ..., Qp — cTaji mgiicai gmcia. [lobymyemo 3arajbHumii
pO3B’si30K piBHsiHHA Eiinepa misg ¢ > 0 (skmo x < 0, 10 B ycix
HACTYIHUX BUKJIAJKaX IIOTPIOHO 3aMIHUTH T Ha —x ). 3poOUMO 3a-
MiHy He3aJe:KHOI 3MiHHOI 3a (POPMYJIO0

x:et.

Tomi

1
/) o 7 —t
Yo=Yt =Y 7 =Yg €,
Ty

1

ylo = (Y- e " —y, e et = (yp —yr)e Y,

s = (yis = 3yfa +2y;)e™™, ...,

ygfl) = (yﬁlf) 4.+ (—1)"_1(71 — 1)!y£) e,

t

t " (7}1)

[Tigcrasnsioun x = e' i 3uaiigeni supaszu 1ys i, Yy s Yy
y (13.11), omepzkumo JiHiiiHe OHOPIHE PIBHIHHS N-T0 MOPSAIKY 3i
crayimmu KoedirieHTamMu. SHANIIIOBITN 3araJibHUI PO3B 30K I[HOTO
PIBHSIHHS 1 MiJACTABUBIIKM y HBOTO ¢ = Inx, MAaTUMEMO 3araJbHUi
po3B’a30k piBHsHHSA Eitnepa.

Ipuknazn 7. 3inmezpysamu pisuanma 2y — 3zy’ + 3y = 0.
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Pozs’sazannsa. 3pobumMo 3aMiHy He3aJIEXKHOI 3MIHHOI 38 (POpPMY-
noo © = ¢! (t = Inx). Toni y, = yje~, y'> = (yjp — y;)e 2. i
CTaBJISIIOYH 1l BUPA3H Y BUXIIHE PIBHSIHHS, JJIsT 3HAXOIKEHHST (DyH-
Kiiil y = y(t) ofep:KyeMo piBHSIHHSI:
et (y” — y')e_% —3elye ' +3y=0 = y"—4y +3y=0.
3BijIcH, BPAXOBYIOUH PE3YJILTATH HPUKIALY 1, 3HAXOIUMO
y(t) = Cre' + Coe® = y(z) = 1" + Gy’ =
y=Ciz+ Coz®. W
V3zaranpaeHHsM piBHsiHHs Eitepa € piBHAHHS
(az + b)"y"™ + (az + b)"tpiy™Y + .
oo+ (az + b)pr_1y + puy = 0, (13.12)

ae a, b, p1, p2, -..,pn — CTaJMi. JAKIO BUKOPUCTATH IIiJICTAHOBKY
ax + b = q i nosnaunTH ¢ = €', abo Bigpasy 3podbUTH 3aMiHy He-
3aJ1eKHOI 3MiHHOT 32 dopmyitoo ax + b = €', To pisusnus (13.12)
3BEIETHCS [0 JIHINHOTO PIiBHAHHS 31 cTaanmu Koedirientamu. Pis-
usuHs (13.12) HasuBaoTh pienannam Jlaepanotca.

o piBHSHHS 31 cTaanMu KoedillieHTaMI 3BOIUTHCSI TAKOXK Pie-
Hanns debuwosa, TOOTO PIBHSIHHS

(1—a2?)y" — 2y’ +n’y =0. (13.13)

Toukn x = +1 € ocobimBUME TOUYKAMU IILOTO piBHsHHS. Ha
KOXKHOMY 3 iHTepBasis (—oo, —1), (—1,1), (1,400) BUKOHYIOTHCsI
ymoBu Teopemu Korri. ITobymyemo 3araibpHuii po3s’si3oK piBHSAH-
us Yebumona Ha intepsaii (—1,1). 3pobumo 3aMiHy He3aseKHOI
3MiHHOI 33 (HOPMYJIOI0

t =arccosz (x = cost).

TO,ZLi
1 1
/ / / /
— . t — —
Yr = Yt z = Yt .fé Yt si tv

, . 1 , cost 1 oy 1 s cost
Ya2 = Yiz sint Yt sint sint ] Yi2 sin? ¢ Yt sin®t’
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[lincrapnsioun smafizeni Bupasu muia y, i yl,, a Takox

x = cost, y pieusians (13.13), st 3HaxoKeHHst DyHKIIT y = y(t)

MaeMo audepeHIiagbie PiBHAHHS JPYTOTO MOPSAKY 31 CTaJInMU
KoedirienTamu:

y" +nPy = 0. (13.14)

BarampbHnM poss’s3koM piBmsmEa (13.14) € y = Cjicosnt +

+ Cysinnt, a micsst TOBEpHEHHST 10 3MIHHOI T OJAEPXKYEMO

y = C cos(n arccos x) + Cy sin(n arccos z).

Moxna nokazaru |7, ¢. 158 — 159|, mo miniiine oxHopinHe pis-
HSHHS

y™ 4 i)y "D + 4 pa_1(2)y + pal(z)y =0

3BOAUTHCS IIEPETBOPEHHSIM HE3aJIe?KHOI 3MIHHOI 10 JIHIHHOTO PiB-
HAHHS 31 cTaauMu KoedilieHTaMu TiJIbKU 3a JOIIOMOTO0 IijcTa-

HOBKH
t= a/\"/pn(x)dx,

e o — JIedKa craja. 3 1€l (popMyJIH JIErKO OIepKaTh 3aCTOCOBaHI
BUIIE ITiICTAHOBKHY JJIsT PiBHsIHD Eitnepa, Jlarpanxka ta Yebwurmona.

MareMaTHIHOI0O MOIE/II0 OararhboxX IIPOIECiB MaTeMaTHIHOI
dizukn € pisnanms Becceas, ToOTO piBHSIHHSA

2?y" +xy + (2* —v)y =0,

e v — IoBiabHe craje umncio. [lokazkemo, 1o opn v = % PiBHSIH-
Hs Beccesist 3BoauUThCsT /10 PIBHSHHSA 31 cTaIuMu KoedillieHTaMu Ta,
inTerpyernbcs y KBajaparypax. s mporo y piBHSHHI

1
%y + xy + <x2 — Z) y=0, (13.15)

BUKOHAEMO 3aMiHy MIyKaHOl (pyHKINHT

y = % (13.16)
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Toni
, 2 1 2 g 2 2 3 z

RVZ IV N R Wy
[Tincrasnsioun supasu st y, y' 1 y” y pisasans (13.15), ni-
CJIST HECKJIAHIUX ITEPETBOPEHb MAEMO PIBHSHHSI 31 cTaauMu Koedi-
niearamu 2" + z = 0. 3araapbHEM PO3B’A3KOM IIHOIO DPIBHSIHHS €
z = Cy cosx+Cysin x, a BpaxoByioun (13.16), octaTouno ofepxKy-
€MO 3arajbHuil po3B’si30K piBHsAHHs Beccems (13.15):

cos T sin x
=Ci—+Cy——.
Y 1 W + C2 N
Pexomendosana aimepamypa: [4, c. 398 — 408, 423 — 430],
[5, c. 220 — 243], [6, c. 180 — 192], 7, c. 131 — 138, 158 — 162], [16,
c. 129 — 137].

ITuranaga go Jekiii 13

1. dxwuit Bursss Mae Jidiline qudepenIfiaabue piBHIHH 7-TO TOPSII-
Ky 3i craymmu KoedirienraMu?

2. ITlo Ha3mBaIOTh XapaKTEPUCTUIHUM DIBHAHHSIM, Ky Ha3BY MalOTh
KOPEHI XapaKTepUCTUIHOIO PiBHSIHHSI?

3. dxwuit Burnsag mae ¢opMysia 3araJbHOrO PO3B’HA3KY JIHIKHOTO
OJTHOPITHOTO PIBHSAHHS N-TO MOPSAJKY Y BUIQJIKY ITPOCTUX JTINCHUX Xa-
PaKTEPUCTUIHUX TUCEJIT

4. dxi gBa mificHi JiHIHO He3aI€KHI YACTUHHI PO3B’I3KM JIIHIHHOTO
OJTHOPITHOT'O PIBHSIHHSI BiJIIIOBIIAIOTH Hapi KOMIIJIEKCHUX XapaKTepPUCTU-
qHUX gucesa a + bi?

5. dxi mificui JyiniftHO He3aJIeXKHI PO3B’SI3KMU JIHIHOTO OTHOPITHOTO
PiBHSIHHS BiIITOBIAIOTH MIHCHOMY XapaKTEPUCTHIHOMY 9UCITY k KpaTHO-
cri s?

6. Axuit Buriam mae pisusgaag Eitaepa? 3a 10moMoroio sikoi 3aMiHn
He3aJIe’KHO1 3MIHHOT OTO MOXKHA 3BECTH JI0 PIBHAHHS 31 CTAJIUMH KO-
dimienramu?

7. dxuit Bursisi Mae piBasnns Jlarpamka? 3a 1omomMoron Kol 3a-
MiHE IOr0 MOXKHA 3BECTH JIO PIBHSIHHS 31 cTaJuMu KoedimienraMu?

8. dkwuit Burisi Mmae piBHsHHA JeburmoBa? 3a JOTOMOTOK SIKOI 3a-
MiHM HOTO MOYKHA 3BECTH [0 PiBHSIHHSI 31 cTajuMu KoedirieHTamm?
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9. dkwuit 3arajpHuit Buriisi] Mae piBasiais beccesns? Ko nie piBus-
HHsI MOKH& 3BECTHU JI0 PiBHsIHHS 31 crajumu koedimienramu? 3a 1010-
MOT'0OIO SIKOT 3aMiHH IIeé MOXKHa 3pobuTn?

Brupasu go aekirii 13

1. Binrerpyiire JiHiiiHi OJHOPINHI PIBHSAHHS APYTrOTrO MOPSIIKY:
a)y" =8y +15y=0; 6)y" +2y +2y=0; B)y" -2y =0.
2. 3imTerpyiite JiHIAHI OJHOPIAHI PIBHSIHHS:

a)y” —2y"=0; 6)y" —6y" +12y' -8y =0; B)y"Y —y=0.
3. 3HaligiTh po3B’a3ky 3aja4 Kori:

a)y' =2 +y=0, y(2)=1, y'(2) =3
6)y" —y' =0, y(0)=2, y(0)=1, y"(0) = —1.
4. 3inrerpyiire piBusuus Eitrepa ta Jlarpanxa:
a) 22y” + 22y — 20y = 0; 6) 22%y" —ay’ — 2y = 0;
B) (32 +2)%y" + (6 +4)y’ — 4y = 0.

5. Jlia aKuX 3Ha4YeHb p i ¢ yci poss’sasku pisnguaasg y' +py’ +qy = 0
OymyTh oOMexkeHi Ha miBoci z > 07

6. CrutaziTh JiiHiiHe OJHOPiIHE PIBHAHHS 31 crajauMu KoedimieHTaMu
SIKOMOT'a, MEHIIIOrO TOPSJIKY, sIKe Ma€ 3aJIaHl YACTUHHI PO3B’SI3KU:

a) y1 = xe®®; 6) y; = x%e%; B) Y1 =, Y2 = COST.
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Jlekmiga 14. JliniitHi HeogHOpPimHi AudepeHIiaabHI
PIBHSIHHSI 71-TO MOPSJIKY

Il1an

1. CTpykTypa 3arajbHOr0 PO3B’s3KY JIHIHHOIO HEOIHOPIIHOTO
PiBHSHHS.

2. Meron Bapiaril JOBIIBHIX CTAJIUX.

3. Meron Kormmri.

4. Meron HeBU3HaMeHNX KoeillieHTIB.

1. CrpykTypa 3arajibHOrO PO3B’s3KY JIHITHOTO HEOTHO-
pigHOoro piBHAHHS. PosrisHnemo miniliHe HeomHOpigHe mudepeH-
1iaJibHEe PIBHAHHS

Liy] = y™ + pi(2)y™ Y + pa(z)y™2 + ..
ot @)y + pa(z)y = f(x) (14.1)

1 BIJIOBITHE OJTHOPi/IHE PIBHSHHS
Lly] =0. (14.2)

Bugasngerbed, mo 3araabHuil po3B’d30K JIIHIHHOTO HEOTHOPI-
nHoro piBusgnHs (14.1) 3aBXKIU MOXKHA 3HANWTH, SKIIO Bigomi 3a-
raJbHU po3B’si30K piBHsAHHs (14.2) i Oynb-gKuii 4acTUHHWUNA PO3-
B’s130K piBugAnHs (14.1). Lle BumInBae 3 TAKOro TBEP/KEHHS.

Teopema 1. 3azasvrutl po3s’sazox AiHItIHO20 HEOOHOPIOHO20
pisnanna (14.1) dopienioe cymi 6ydv-aKo020 1020 YaACMUHHO20 PO3-
6’A3KY Ma 3420401020 PO36°A3KY 00HOPIOH020 piehanna (14.2).
Josedenns. Hexait Y = Y (x) — BioMuil yacTUHHUN PO3B’I30K
piBusians (14.1), ro6ro L[ Y | = f(x). Bukonaemo 3aminy y = 2+Y,
ne z = z(x) — HoBa mykana dyskiig. [ligcrasisioun 11y (14.1)
Ta, BPAaxOBYIOUHM JIHIAHICTH omeparopa L, omepxyemo, mo Ly] =
=L[z+Y|=L[z]+ L[Y|=f(z). Ockinbru L[Y'] = f(z), To

L[z]=0, (14.3)

TO6TO z — PO3B’sI30K JiiHiitHOrO OtHOpiHOrO piBHsHHS (14.2). Toni
srigmno 3 OcHOBHOIO TeopemoIo (JIeKiist 12) 3araabHIM PO3B’SIBKOM
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piBasians (14.3) € z = Chy1 + Coya + ... + Cpyn, 1€ Y1, Y2, .- .,
Yn — JesKa (pyHIaMeHTaIbHA CUCTEMA PO3B’sI3KiB I[HOI0 PIBHSIHHS,
a (Cy,Cy,...,C,, — moButbHi cradi. Takum gumoM,

y=Ciy1 + Coys+ ...+ Cryn + Y. (14.4)

[Mokaxkemo, 1mo dopmyra (14.4) BusHavae 3araabHUN PO3B’SI30K
piBasiaast (14.1). 3rigHo 3 03HAYEHHSAM 3arajibHOIO PO3B’S3KY JIU-
depeHIiaTbHOTO PIBHSIHHS N-TO TMOPSIKY JJIs IIHOTO MOTPIOHO 10-
kazaru, mo 3 (14.4) npu mvanexxuomy subopi cramux C1,Cy, ..., Cy
MOXKHA, OJEPXKATU PO3B’SI30K, SIKUil 3aI0BOJIbHSIE IOBLIBHI ITOYa-
TKOBI yMOBU
. / R, n—1 _ (n-1)
y(xo) =yo, ¥ (w0) = vy - ¥y (w0) ="
[Mocainosro mudepenmnioioun (14.4), 3naxommmo

y=Ciy1 +Coys+ ...+ Cryn, +Y,
y =Ciyy+Coysy + ...+ Cryl, + Y7,

gD = Cy Y+ Cops Y L Gyl YD,

[TigcTaBisiioun B 110 CUCTEMY & = T, MATUMEMO HEOJHOPIJIHY CH-
cremy n JiHifiHux piBHgab 3 n #HeBimomumu Cq, Cy, ..., Cp, BU-
sHagHUKOM K0T € W (xg). Ockinbku y1, y2, ..., Yn — dyHIAMEH-
TaJgbHa cucTeMa po3B’a3kiB, To W (xg) # 0. Takum umnom, crasi
C1, Co, ..., C, 3 OTPUMAHOI CUCTEMU BU3HAYAIOTHCS OJHO3HAYHO,
a ToMy po3B’s130K (14.4) cupaBzi € 3araJbHIM. P

Teopema 2. Hexati npasa wacmuna AiHitiH020 HEOOHOPIOH020
pisnanna (14.1) e cymoro deéox dodankis, mobmo

Lly] = fi(x) + fo(z). (14.5)
Sxwo y1 — wacmunnut poss’asok pisnanns Liy] = f1(z), a yo -
wacmunrutll pode’azox pisnannua L{y] = fa(x), mo y1 + y2 € ua-

cmuUHKUM po36°askom pienanna (14.5).
ZlosederHs TeopeMul BUILIMBAE 3 TOrO, IO

Llyi +y2] = Liy1 ] + L{y2] = fi(z) + fa(z). »
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2. Meron Bapiamii moBimbHUX cTajaux. Posriasmemo 3a-
rajbHUM METOJ| 3HAXOJPKEHHsI YACTUHHUX PO3B’A3KIB HEOIHOPII-
Horo piBusuug (14.1) — memod sapiauii dosinvHuT cmaaur
(memod Jlaepanorca).

Hexait MaeMo 3araabHIE pO3B’SI30K JIHINHOTO OIHOPIAHOTO PiB-
Hoauas (14.2):

z=Cryr + Coy2 + ... + Cpyn, (146>

e Y1, Y2, ---, Yn — J€sdKa (DyHIAMEHTATBHA CHCTEMa PO3B’SI3KiB
nwroro pisasHHS, a C7, Cy, ..., C, — OOBUIBHI cTaJTi.

Yacrunauit po3s’si30k piBHsiHHs (14.1) mykaemo y Bursii
(14.6), BBakaroun C1, Cy, ..., C), He cramnmu, a HeBimoMumu QyH-
KISIMA 3MIiHHOI &, TOOTO

y=Ci(x)yr + Co(@)y2 + ... + Cn(@)yn- (14.7)
Bubepemo rtemep dyukuii Cy(x), Co(x), ..., Cp(z) Tak, mobd
dbynkuis (14.7) Oyna poss’askom piBasaus (14.1). dudepenmioro-
au (14.7), omep:kyemo
Y = Cyh 4+ Coyhy+ ...+ Coyl + Clyr + Chya + ... + Cl .
Hakmagemo ymosy, mo Ciy1 + Chya + ... + Cly, = 0. Toxi
y'=Ciyr + Coyy + ... + Cryp,.
Judepentiiooan 1me oauH pa3, OIePKYEMO:
y" = Cryf + Coyl + ...+ Coyi + Ol + Chily + ... + Clhfh.
Hexait Cly; + Coys + ... + Cy;, = 0, Toxi
y" = Cryl + Cayg + ... + Crypy.

[Mpomos:xkytoun mudepeniiroBatu i pubuparwoun ¢yukiii C,
7, (n=2) /, (n—2) v, (n=2) _
Cy, ..., Cy Tak, mob Cly; + Chy, + ...+ Clyn =0,

omepreyemo y ™V = iy 4 Cop" Y 4 Gy,



172 Poszin 2. JUO®EPEHITIAJIBHI PIBHSIHHS BUIIUX ITOPSIKIB

I, mapermrri,

Y™ = Ouyt™ + Cogd” + .+ oy +
+ C’lygn Y4 C’éyén_l) + ..+ Oyl

[Tincrasmmo renep y piBusanns (14.1) Bupasu ms y Ta 11 HOXiAHAX:

C (yi’” @)y o e (@)Y 4 pal@)y 1) +
+ Oy (yén) (@)Y + 4 paa ()9 + pa(a
L+ Gy, (y,([‘) @)y A paa )yn +pn(w)yn)
+ Oy + O 4+ Ol = fl).

MHOXKHUKH B Jy2KKax TOTOXKHO JIOPIBHIOIOTH HYJIO, 60 (yHKITT
Y1, Y2, - - -, Yp € TACTUHHUME PO3B’si3kamu piBHstHHs (14.2). O1ke,
OCTAHHE PIBHSHHS 3AIUIIETbCI TaK:

Oy ™V O L ClyY = fa).

Taxum wmuom, dyuxmii C(x), Ca(x),. .., Ch(r) 3a10BOIBHS-
I0Th CHCTEMY

Cly1 + Chya + ...+ Cly, = 0,
Cry) + ngg + Chyy, =0,

C{y%n_m + CQyé ) oo+ C;yﬁl"‘?) =0,

Oy VoY Oyt = fla).

Maemo HEOTHOPIAHY CUCTEMY N JIHINHUX aareOpUuIHuX PiBHIHDL 3
n sesimomumu Cf(x), Ch(x), ..., C}(z). OcKlIbKE BU3HAYHUKOM
1iel cucTeMu € BiAMIHHMI Bif HyJIsT BPOHCKiaH MYHKIUH Y1, Yo, - - .,
Yn, TO BoHa Mae exunuii poss’siok Cf(z), C)(x), ..., C) (x). Inre-
rpyfoun, 3uaiigemo yukiii Cq(z), Co(x), ..., Cp(x), micas goro
3aJIMIIATHCH TAcTaBuTH X y opmyiy (14.7).

Ipuxkian 1. 3inmeepysamu pishanna y" +y = x.
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Pose’azamnms. 3araabHuM PO3B’SI3KOM Yo = Yo(z) BiAmOBimHOTO
oxHopigHoro piBusinng € yg = Cj cosz + Cosin .
Hexait renep C; = Cy(x), Cy = Ca(z). 3 cucremn

Ci(x)cosx + Ch(x)sinz = 0,
—C(z)sinz + C)(z)cosz = x

saaxomumo Cf(z) = —xsinz, Ch(z) = xcosz, a orxe, Cy(x) =
=xzcosz —sinz + C1, Cy(z) = xsinx + cosx + Cy,

y = (zcosz —sinz + Cp)cosx + (xsinz + cosx + Co)sinz =

y=Cicosx+ Cosinz +z. B

3. Meton Korri. Posrisgnemo 1me oguH criocid 3HAXOMZKEHHS
YACTHHHOTO PO3B’I3KY JiHifiHOr0 HeomHOpifHOTO piBHsAHHS (14.1) ¥
BUIIQJIKY, KOJIM BioMa pyHIaMeHTAJIbHA CUCTEMa PO3B SI3KiB Bij-
MOBIAHOI'O OJHOPIHOIO PIBHSIHHSI.

Hexait y1, y2, ..., yn — OyHIaMEHTAIbHA CHCTEMA PO3B’SI3KiB
miniftroro oxmopimmoro pisusnus (14.2). BuxopucroByoun ¢op-
mysty (14.6), nobymayemo po3s’si3ok piBusiHHs (14.2), sgxuii 3a710-
BOJIBHSIE TIOYATKOBI YMOBH

2(s) =0, 2/(s)=0, ..., 2" V(s) =1, (14.8)

Jle x = § — J0BlIbHA TOYKa 3 iHTepBasy (a,b). Ileit po3s’s30K mo-
3HAINMO 4depe3 z = ¢(x,s) (BiH 3a7eKUTh Bif s K BiJ mapame-
tpa). Ockinbku z = @(x,s) gk QyHKIis 3MIHHOI & € PO3B’I3KOM
onmopinnoro pisusHas (14.2) ars koxkHOTO S € (a,b), TO

Lip]=0, a<z<b a<s<b.

Kpim Toro, 3 (14.8) Burtumsae, mo byHkIisa ¢(z, ) gk dyHKIsa
3MIHHOI T 33/I0BOJIbHAE TaKi YMOBH:

(P(S’ S) =0, 80/(37 S) =0,..., (P(n_Q) (37 S) =0, So(n_l)(sa 8) =1,
| (14.9)
ne gepes V) (s, s) mosmageno % . Oyukiio p(x,s), sKa

Ma€ BKa3aHi BJIACTHBOCTI, HA3UBaIOTh hynkyiero Kowi.
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Posrismemo tenep dyukiio
Y(x) :/ o(x,s)f(s)ds (14.10)

nie o € (a,b) — noBiabHA TOUKA, 1 TOKAZKEMO, IO BOHA € TACTHHHIM
posB’si3koM piBHsiHHA (14.1), sIKnii 3a10BOJIbHSIE HYIBOBI IOYATKO-
Bl yMOBHI

Y(z0) =0, Y'(20) =0, ..., YO U(z0) =0. (14.11)

Jlj1st 1160T0 CcrouaTKy 3Haizemo noxigmi Y/, Y, ..., Y suxopu-
croBytoun Gpopmyy AudepeHIiioBaHHsa BU3HAYEHOTO IHTerpaa 3a
napamerpomV:

" ( / :f (z,5) ds) = / :f;(x,s>ds+ f(,2).

Bpaxosytoun, mo ¢(x, s) 3am0BosbHsie ymoBu (14.9), mociiinos-
HO 3HAXOJIUMO

V@)= [ s 1(6)ds + ple)f(@) = [ o as) (s)ds,

0 zo

V@) = [ " 5) f(3)ds + ol (2, 2) f () = / ", 5)  (s)ds,

o

YD) () = / "o (2, 8) f(s)ds,

y ™) (z) = / "o, 5) f(s)ds + f(z).

0
Tenep oueBuHO, Mo dyHKuis Y (x) 3amoBosbusie ymosu (14.11).
Iigcrassioun smaiineni Bupasu min Y, Y ..., Y y (14.1),
OJIEP?KYEMO PIBHSHHS

Ly = [ Lglf(s)ds+ ),

zo

P () P ()
Y BukopucrosyeMo  dhopMyILy %( f f(a:,s)ds) = [ %ds +
@(x) ()

+ f (@)L — f (2, p(x)) 22,
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3sigcu, ockinbku L{p] = 0, o L[Y'] = f(z), a < & < b, 10610
dyuxuis Y(z) 3 (14.10) € yacTHHHUM PO3B’SI3KOM HEOIHOPIIHOTO
piBasHHEs (14.1).

@opmyny (14.10) masuBatorh opmyaoro Kowsi. 3 i1 jgono-
MOTOIO 3araJIbHUIl PO3B’SI30K JIHIAHOTO HEOTHOPIAHOTO PiBHSHHS
(14.1) moxKHa 3anuCaTH y BUIVIsI

Y=g+ / o(z, 5)f(s)ds,

0
Jie Yo — 3arajJbHUM PO3B’SI30K BiIIIOBITHOTO OTHOPIIHOTO PIBHSIHHSI.
Ipuxkaan 2. 3inmeepysamu pienanna y" + 1y — 2y = x me-
modom Kowis.
Po36’sa3anHs. 3araJbHIM PO3B’I3KOM BiJIITOBIIHOIO OXHOPIIHOIO
piBngmna € yg = Cre” 2% + Coe®. Tomy dynxmio Komti ¢(z, s)
MIYKAEMO y BUTJISA]

o(x,8) = C1(s)e™2* + Cy(s)e”,
nie dyukuil C(s), Ca(s) sriguo 3 (14.11) 3a/10BOIBHSIOTH CHCTEMY

C1(s)e™2 + Oy(s)e® = 0,
—2C(5)e™25 + Ca(s)e® = 1.

3sigcu Jsierko suaxoaumo C1(s) = —% e, Oy(s) = % e~ %, a oTKe,
1 2(s—x) 1 z—s
r,s) = —c€ + e v,
plz,s) = —3 3

Toni 3a dopmysoo (14.10) 3HAXOANMO YACTHHHUI PO3B’S30K 3a-
JaHoro pisusiHst (6epyun xo = 0)
1 1 1 1

x
1
Y(LU) = g/o <—€2(S_I) + Gx_s>5d8 = —§£U — Z — EB_QI + gem,

a 3araJIbHIM PO3B’I3KOM Y = g+ Y IiC/Is EPEO3HAMEHHSI CTAINX
(Cl =01 — 1/12, Cy:=Cy + 1/3) €
1

_ 1
y2016 2m+026m—§$—1. |
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4. Meton HeBu3HaueHux kKoedimieHTiB. Posrasmemo -
HiliHe HEOTHOPiHE PIBHAHHSA N-T'0 MOPAJIKY 31 cTagumu Koedirien-
TaMU:

Lyl =y™ +ay™ Y + . +ap 1y +any = f(z), (14.12)

ze aj, ag, . . ., ay — JificHi uncna, dyskiisa f(z) HemepepsHa Ha je-
sKoMy inTepBadi (a,b).

ko npasa dactuna piBHAHHA (14.12) Mae cnemjaiabHuil BU-
[VISLT, TO JIs BIJIIYKAHHS YaCTUHHOIO PO3B’SI3KY IBOIO PIBHAHHSI
MOYKH& BHKODHUCTOBYBATH MEMO0 HEBUIHAYEHUT KoediuieH-
mie.

PosristreMo okpeMi BUITAIKH, OB SI3aHI 3 BUIVISIOM IIPABOT Ta-
crunu piBasiHHS (14.12).

Bunanok 1. Hexait dyukiis f(x) € 106yTKOM MHOrOY/IEHA HA
eKCIIOHEHINAIbHY (PYHKIIIO, TOOTO

Lly] = Rp(x) ™, (14.13)

e Rp(x) = rox™ + riz™ ' + ...+ rp1x + 7y — MHOTOWIEH
3 gificaumu koedirienramMu (30Kpema, 1€ Moxke OyTH craja), o —
nificHe ab0 KOMILJIEKCHE YHCJIO.

Hexail o He € xapakrepucTnaHuM 4ncsioM piBasiHst Ly] = 0,
To6T0 P(r) # 0 (P(r) — XapaKTepUCTUIHUN MHOTOYJIEH, JUB. Jie-
kuito 13). Toxi wacrunnmit poss’sizok Y = Y (x) piBusuusa (14.13)
MMOTPIOHO IIYKaTH y BUTJISIII

Y = Qu(2)e™, (14.14)

1e Qm(z) = g™ + @™ L+ ...+ gm_12 + ¢m — MHOTOUIEH M-TO
CTeleHs 3 HeBU3HAYECHUMHU KoedillieHTaMu.

Koedimientn muorounena Q,(r) MoxkHa 3HA{TH, MiICTABIS-
toun (14.14) y pisasuuas (14.13) i npupisuioroun koedirienTis 6i-
JI OJHAKOBUX CTEIEHIB & y 000X YacTUHAX OTPUMAHOI PiBHOCTI.
[TepekoHaeMoCh, MO KOMIHEHTH o, q1 - - -, Gm Y IHOMY BUIAIKY
3HalIyTHCA omHosHadHo. CIpaBil, BpaXoBYIOYU BJIACTUBOCTI OIIe-
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patopa L, o/iepKyeMo:

= qoL[2™e | 4+ i L[z™ e | + ... 4+ g1 L[ 2e®® ] +

+ gm L[ e ] = (roz™ + ra™ 4 i ) €20

Bukopucraemo Ttemep BuBemeni y 1. 3 ekl 13 dopmysn

s . . .

L[e*] = P(a)e™ i L[z*e**] = Y C4PY)(a)z*~Ie*. Cxopo-
J=0

qyoun Ha €™’ MaeMo

m m—1
g0 Y CLPY()a™ T + 1) CI PO ()™
§=0 §=0

1
| Z C{P(j)(a)xl_j + gmP(a) =
j=0

=rox™ + ™ 1T+ T,

[TpupiBasiemo KoedimnienTn 6isT OTHAKOBUX CTEIEHIB X:

m

™ | qoP(a) = 7o,

2™ Y gemP'(a) + 1 P(a) = 71,
(14.15)
2% | qoP™ () + ¢ P V() + ... + g1 P'(a) +

+ gmP(a) = 1.

Ockinbku P(a)) # 0, To 3 (14.15) MOKHA OJHO3HAYHO 3HANWTU
Bci Koedirmientn Muorounena @, (z), Hanpukaan qo = ro/Pa),
g1 = (r1 — gomP'(a))/P(a) i T. 1.

Hexait a € xXapaKTepUCTHYHUM 9HUCJIOM KpPATHOCTI k, TOOTO
P(a) = P'(a) = ... = P*D(a) =0, are P (a) # 0. Y upomy
BUIAJKY YacTUHHUN po3B’si3oK Y y Burisni (14.14) me mobymysa-
i, 60 P(a) = 0. Tenep nrykarumemo #ioro y Burssiji

Y = 2*Q,, (x)e™®, (14.16)
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ne Qp(x) — MHOrOWIEH M-TO CTEleHs 3 HeBU3HAYCHNMHU Koediri-
enramu. [lizcrasnsoun (14.16) y (14.13), oxepxyemo, 1o

=0 s= =0

abo TiciIsT CKOpoUueHHsT Ha e

m m—j
k+ k+

D4 ) Ol PH (@)™ 07 = Zw

7=0 s=0

ITpupiBaiooun KoedirtieHTn OisT OMHAKOBUX CTEIEHIB T, OJep-
KYEMO CHCTEMY:

m

2™ qoCF,,, P® (@) = ro,

—

z!l go(k 4 m)Ptm= 1>( )+q1(k+m—1)P<k+m—2>(a)+...
A @1 (k+ )PP () = rp,y,

x qOP k+m) (@) +  PE+m=1 () 4+ ... + g1 PR (a) +
+QmP( )( ):rﬂh

[e=]

3 {KOI, OCKIIbKHU P(k)(a) # 0, MOXKHA OJTHO3HAMHO BU3HAYUTH BCi
KOeIIERTH qg, ¢1, - .., Gm.-

Bunagok 2. Hexaii npasa yactuna pisasians (14.12) mae Bu-
LI

f(z) =e* (Rﬁ,? (z) cos bz + R (z) sin bac), (14.17)

1 2 . :
e RY (z) Ta R () — MHOTOWIEHU CTEIeHIB He BUINUX BiJ M,
npUYIOMy Xo4a 6 OJIMH 3 HUX MA€ CTEMiHb m (BOHU MOXKYTb OyTH if
CTAJIMMU IUCJIAME, OJIUH 3 HUX MOXKE Oy TH TOTOKHO PIBHUM HYJIIO).
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etbz +67ibz

Ockinbkn cosbr = S“—F—, sinbr = em_zifim, To (14.17)
MOZKEMO 3aIlUCATH Y BUIJISIL
eibx 4 e—ibm eibx o e—ibx
Fla) = B () e T RO @) T
i

= R () H0 4 RO () elem e,

e R (), R (x) — MHOTOUIEHU cTereHst M, ToOTO f(x) € cymoro
JBOX JOJTAHKIB, K1 PO3TJIAJAIUCH Y BUMTAIKY 1.

Hexait a + bi He € XapaKTepUCTUIHUM YUCJIOM PIiBHIHHS
Lly] = 0. Toxi 3rizmHo 3 TeopeMoo0 2 YacTUHHUIT PO3B’SI30K piB-
ustaas (14.12) moxua 3uaiitn y Burisaml Y(x) = @%) () elatib)z 4
+ @53) (z) ela=)% 1o @%) ()i @(ﬁ) (z) — MHOTOWIEHN CTEIeHs M 3
HeBU3HAMeHUMHU Koediriertamu. [lepeitmosinu 10 MificCHOZHATHIX
GYHKIH, 0IepKyEMO OCTATOYHE IPABUJIO 3HAXOKEHHST JaCTHUH-
HOTO pO3B’si3Ky piBHsiHHsI (14.12) 3 IPaBO YACTHHOIO BUIJISILY
(14.17): akwo a + bi ne € TapaKMeEPUCMUNHUM YUCAOM, TO “a-
CMUHHUT PO36°A30K NOMPIOHO WYKAMU Y 8UAADL

Y(z) =e*™ (Q%) (2) cos bz + Q@) (z) sin bx),

de Qg) () 1 Qg,%) (x) — mMHo2oUAEHU CMENEHA M 3 HEBUSHAMEHUMU
Koediuienmamu.

[Ipunycrumo, mo a + bi € k-KpaTHuM XapaKTePUCTUIHUM UH-
ciiom. Tozi wacTunHM PO3B’s130K piBHsiHHsA (14.12) HOTPiIGHO TIIy-
KaTWH y BUTJISITI

Y(z) = xF (Q%) (x)e(a-&-ib)az + @g) (x)e(a—ib)az)

abo
Y (z) = zFem® (QSZ) (z) cos bz + Q) () sin bx).

B 060x Bunajikax KoedillieHTH MHOTOYICHIB QE,? () 1 Qg) (z) BU-

3HAYAIOTHCS MiC/s miacTanoBku Y (z) y piBuanns (14.12).
BayBaKnMo, 10 CXeMa 3HAXOZKEHHS TACTHHHOIO PO3B 3Ky

Y (z) piBusansg (14.12) me 3MIHHTBCH, SKIIO R%)(x) = 0 abo



180 Poszin 2. JUO®EPEHITIAJIBHI PIBHSIHHS BUIIUX ITOPSIKIB

2 (x) =0y bopmyui (14.17). A sxmo f(x) = fi(z)+ fo(z)+. ..+
+ fr(x), ne fi(x), fo(z), ..., fr(z) maors Burasny (14.17) a6o
npaBol yactuau piHsiHHsA (14.13) 3 pisuumu «, a + bi, T0 3rigHO 3
Treopemoto 2 Y =Y, + Yo + ... + Yy, ne Y; = Yj(x) - wacrununii
posB’s30k piBuanus L{y| = f;(z), j =1,2,... k.

Ipuknaz 3. 3inmezpysamu piensamnsa " — 2y = x? — 7.

Po3se’sazarns. XapaKTepUCTUIHUME YHCJIAMHU BiJIIIOBIIHOTO OJI-
Hopignoro piBusnag € k| = ko = 0, k3 = 2, a ToMy 3arajgbHUIM
PO3B’SI3KOM 116010 piBHSHHS € 3o = O + Cox 4+ C3e?*.

[IpaBy gacTuHy HEOTHOPIJHOTO PIBHSIHHS 3aIUIIEMO y BUIJILA]
f(@) = fi(@) + fola), e fi(z) = 2%, folw) = —e®.

Ockinbku @ = 0 € XapaKTepUCTUIHUM YUCJIOM KPATHOCTI 2, a
o = 1 He € XapaKTEPUCTUIHUM YUCJIOM, TO YACTUHHUIN DPO3B’I30K
3aJIaHOTO PIBHSHHS NMIYKAEMO y BUTJISL

Y = 2%(Az? + Bx + C) + De® = Az + Bz + C2® + De®.
[Tlincrapasioan Y y 3amaHe piBHAHHS, OAEPXKYEMO TOTOXKHICTH
—24Az% + (24A — 12B)x + (6B — 4C) — De® = 2% — €%,

3 sKOl, TpupiBHIOIOYN KoedilienTu Oijisi OJHAKOBHUX CTENEHIB X,
3HAXOAUMO HepBH3HadeHi koedimientu A, B, C, D:

2| —24A =1,
r'|24A —12B =0, N 1 1 1
2% 6B — 4C =0, 24 12’
e’|-D = -1

4 3

2
Orxe, Y = —5; — {5 — % + €%, a 3araJbHAM PO3B’A3KOM €

zt 2% 2?

=0+ C Cqe®® — — ——_ _ RN |
Yy 1+ 2(E+ 3€ o4 12 8+6

Pexomendosana aimepamypa: |3, c. 153 — 165, 174 — 180],
[4, c. 389 - 397, 408 — 417], [5, c. 243 — 261], |7, c. 125 — 130, 138 —
144], [16, c. 103 — 108, 138 — 148].
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IInrannsa go Jjgekmii 14

1. 4Ky cTpyKTypy Mae 3araJibHUi PO3B’SI30K JHHIHHOTO HEOIHOPI-
JIHOTO PIBHSIHHSI M-TO TOPSIIKY !

2. dxwuit BUTJIsIT Ma€ YACTUHHUHI PO3B’ 30K JIHITHOTO HEOTHOPITHOTO
PIBHSIHHSI, SIKITIO HOT0 ITpaBa YaCTUHA € CYMOI JEKITbKOX JIOIAHKIB?

3. Y "yoMmy moJsisirae MeTOJT Bapiaril JOBITbHUX CTAJUX iHTErpyBaHHS
JIIHIHOTO HEOMHOPIIHOTO PIBHSHHS N-I'0 HOPSIKY T

4.V yomy nossirae mero Ko BimimykaHHs YaCTUHHUX PO3B’SI3KiB
JIIHIHOTO HEOHOPIJHOrO PIBHSAHHA N-I0 HOPSAKY! ZKuil BUrjstg Mae
dopmysta Kormi?

5. Y oMy moJisira€ MeTOJI, HeBU3HAUEHUX KOeDIIIEHTIB 3HAXOIZKEHHS
YaCTUHHUX PO3B’s3KiB JIHIHHOTO HEOTHOPIIHOTO PIBHSHHS 11-T'0 MOPSIIKY
3i crasmmu KoedinienTaMu? fKOro BUIJIsLy Mae OyTH IIpaBa YacTUHA
piBHsIHHS, 00 MOXKHA OyJI0 BUKOPUCTATH el MeTo?

Brupasu mo aexirii 14

1. Biurerpyiire JyiHiitHl HEOAHOPIAHI PIBHIHHS MeTOJOM Bapiaril 10-
BITbHUX CTAJIUX:
tg?x+1

@)y 43y + 2y = 2tgx

o 0y tdy=

2. 3imTerpyiiTe iiHiliHI HEOTHOPIAHI PIBHAHHS METOJIOM HEBU3HAUE-
HUX KoeirieHTin:

a)y' —y=a2+xz; 6)y" +y =sinz+ 3zcosw.
3. 3HaligiTh po3B’a3ky 3aja4 Kori:

a)y" +y=-¢e", y0)=1, y'(0) = -2;
6) y" —2y —3y==ze ", y(0)=0, y(0)=0.

4. 3inrerpyiire piBusHEa MeTogoM Kormri:

1
a)y”+y=m+1; 6)y" —y=ux.

5. 11 KOXKHOTO PIBHSIHHS 3alUIIITh YaCTUHHUN PO3B 30K 3 HEBU-
3HAYEeHUMHU KoedilieHTaMu, He MIYyKAI9H 1X:

a) ¥’ — 2y + 2y = 4x%e® + 3cosx; 6) Yy’ + Ty + 10y = xe 2T sin bz.
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Jlekuisa 15. JliniiiHi ogHOpiHI pPiBHSIHHSA APYTroro
MOPSAAKY

Ilnan

1. Kanoniuna dopma JIHIHHOTO OIHOPIIHOTO PIBHSIHHS IPYTrO-
0 TIOPSIKY.

2. TTobymoBa 3arajgbHOTO PO3B’SI3KY V BHUIIAJKY, AKIIO BiIoMUi
OJINH YACTUHHUN PO3B’sI30K.

3. IarerpyBaHHsI JiHITHUX PiBHSIHB 3a JOTOMOTOI0 CTEIIEHEBUX

psIiB.

1. Kanoniuna cdopma JiHiliHOrO OIHOPiAHOTO PiBHSIH-
HS JApyroro nopsiaky. Jlimiiini nqudepentianbii piBHAHHS IpYy-
TOTO MOPSIKY 9acTO BUKOPUCTOBYIOTH SK Jn(epeHItiaabal MOl
PISHOMAHITHUX MPUKJIAIHUX 3a7a9 MexXaHiku, dpizuku, OGiosorii Ta
IHIMIX HAYK.

Posrnsimemo Jtiniitine ogHOpIiIHE PIBHAHHS APYTOTO MOPSIKY

a(x)y” + b(x)y' + c(x)y =0, (15.1)

ne a(z), b(x), c¢(xr) — venmepepsHi GYHKIH Ha JesKOoMy iHTepBaJi
(a,b).

Axmo a(z) # 0 Ha intepsai (a,b), To piBasaHs (15.1) MoxKHA
3allicaTu y BUTJIA]

y" +p(2)y +q(x)y =0, (15.2)
ne p(x) = b(z)/a(x), q(z) = c(z)/a(x). [lokaxkemo, 110 piBHAHHS
(15.2) MokHA 3BECTH [0 PIBHsIHHSI, SIK€ HE MICTHUTH HEPINOl MOXi-
aHol. JI7s 1Ib0oro 3aIpoBaiuMo 3aMiHy

y=a(z)z, (15.3)

ne z = z(x) — HoBa IyKaHa QyHKIsI, a(x) — MOKH 10 HEBLIOMa
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dyuxmia. [Mincrasmsoun (15.3) B (15.2), omepxyemo:

a”(w)z + 2a’(x)z’ + a(x)z” 4
+ p(z) (O/((E)Z + a(ﬁ)zl) +q(@)a(r)z=0 =

2"+ <2a/(x) + p(x)> 2+ (M + ;o(ac)M + q(x)> 2z =0.

a(x) a(z) a(r)
(15.4)
Bubepemo Tenep dyukiio a(x) tak, mob koedinient 6ims 2’
20/ (z) _ . .
IEPETBOPUBCA Y HYJIb, TOOTO ) +p(x) = 0. 3Bigcu, inTerpyoyn,

3HaX0UMO BYHKI0 o (x):
az) = e~2/p@)dz. (15.5)

Bpaxosytoun, mo

—

)

/ 2
O/I(LL’) _ <_p (2(E) + p 4x)>e—§fp(a:)dx

Ha 1aMo piBHsiHHIO (15.4) BHIIISILY

o G@ - ]@ + q(ﬂf)>2 =0.

Taxum annomM, 3 (15.3) 1 (15.5) BunsmBae, Mo 3aMiHa MIyKaHO!
dyuKIIl 38 GOpMyIOI0

y = 6—%fp(m)da: .
3BOJUTDH piBHsIHHSA (15.2) 110 piBHSIHHS
2+ I(x)z =0, (15.6)

e TTO3HAYTEHO




184 Poszin 2. JUO®EPEHITIAJIBHI PIBHSIHHS BUIIUX ITOPSIKIB

Pipusnms (15.6) HA3SHBAIOTH KAHOHIWHOM0 HOPMOIO DIBHAHHS
(15.2), a dyukuito I(x) — theapianmonm pisusuus (15.2). OueBu-
JIHO, 1110 Kostn piBHstHHS (15.6) iHTErpy€eThest y KBagpaTypax, To iH-
TErpyeThCsl y KBaJpaTypax TakoxK piBsiaHs (15.2). 30kpema, Tak
6yze, skmo [(z) =C, I(z) = x% abo I(x) = ﬁ. Y nepuiomy
Bura Ky piBasiaHst (15.6) Oyjie sinifiHuM piBHSIHHSAM 31 craauMu
KoedimienTamMu, y ApyroMy — piBHAHHaAM Eitepa, y TpeTboMy —
piBasiHHsIM Jlarpanxka (maus. sexmio 13).

3ayBaKuUMO, IO I JIHIAHOTO PIBHSIHHS IPYTOTO ITOPSIKY
31 craguMu KoedilieHTaMn iHBApiaHTOM € B3ATHIH 3 IIPOTHIIE-
JKHUM 3HAKOM JUCKPUMIHAHT BiIIOBIIHOTO XapaKTEPUCTUIHOTO

PiBHSIHHSI.

Ilpukaazn 1. 3inmezpysamu pieHsarms
" /
zy + 2y + 2y =0.

Poses’azamrms. IcnyBanns Ta €IUHICTD PO3B’sI3KY rapaHTOBaHI Ha
inrepBasax (—o00,0) i (0,00); x = 0 — ocobIMBa TOYKA 3aAHOTO
pisasianst. Ockinbku p(x) = 2/x, q(xr) = 1, To iHBapianTOM piB-
HSIHHS, sIK JIeTKO mepeBiputh, € ¢yukimisa [(x) = 1. BpaxoByoun
rertep (15.6), mus Bimmykanus QyHKiil 2 = z(z) MaeMo piBHSIHHS
2" + z = 0, 3araJbHIM PO3B’SI3KOM SKOTO €

z=Cysinx + Cycosz.

. —1lf2de >
Ockinbkn y = €~ 2/ "= 2 = Z, TO OCTATOYHO OJIEPKYEMO:

sinzx cosS T
y = C1 . + Cs .

T

2. Ilo6ynoBa 3arajbHOTO PO3B’SA3KY Yy BUMAJIKY, SIKIIO
BigomMuii oAnMH YacTUHHUIA Po3B’sa30K. Hexait Bigommit ognu
HeTPHUBIAJIbHUIT TaCTHHHNI PO3B'sA30K Y1 = Y1 (x) piBusHHs (15.2).
[Tokarkemo, 10 3aIIPOBAIUBINN 3aMiHY

y = yl/u dx, (15.7)
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e u = u(xr) — HoBa HeBimoma GdyHKIis, piBHAHHS (15.2) MoxkHA
3BECTH PIBHSHHS 3 BiloKpeMmJroBaHUMHU 3MiHHMME. CrpaBii, -
crasisioan (15.7) y (15.2), omeprxkyemo:

yi’/u dz + 2yju + y1u'+
+p(z) (yi/u dx + yw) + Q(x)yl/u dz=0 =
(o + @)k + o)) - [ wde -+ (204 + pla)on) w+ = .
Ockinbku Y1 — po3B’si30k piBHsiHHsA (15.7), TO

i+ p(@)y) + a(@)yr =0,
a TOMY
y/
i + (291 +p(@)yp)u=0 = o+ (2y—1 —|—p(x)>u = 0.
1

3araJabLHuM po3B I3KOM OTPUMAHOIO PIBHSHHS, sIK JIETKO IIepe-
xkonarucd, € u = Cry; 2e=[P@)dz TTincrapnsoun Ternep QYHKIIO
wy (15.7), omepKyemo 3arajbHuil PO3B’s30K piBHsAHH:A (15.2)

e—fp(m)da:
Yy=1u 01/72 dz + Cy |. (15.8)

Y1

@opmymy (15.8) HasuBaioTh popmynaoro Abeas.

Ilpukaan 2. 3inmezpysamu pieHarHs
(2 +1)y" — 229/ +2y = 0.

Pose’azanms. Jlerko nepesipurh, mo yi(r) = T € YaCTUHHUM

pO3B’sI3KOM 3a1aH0r0 pisHsmHs. Ockimbkn p(z) = — 22

_932—"!‘1’ TO, BU-
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KopucroByoun gpopMmysry Abesist, ogep:KyeMo:

2xdx

peruy
Yy==x Cl/ 5 dx+02 =
X

eln(12+1)
y =X (jlj/‘———?gﬁ———‘dar_% (72 =

2
yzx(C’l/x;—ldw+C’2> = y=Ci(x* 1)+ Chz. W

dAxmmo BimoMuit HETPHBIAJILHUI YaCTHHHUI PO3B’sI30K yl(x)
piBasiaHs (15.2), TO e PIBHAHHS MOXKHA 3IHTETPYBATH TAKOXK, BU-
kopucroBytoun dpopmyiy Ocrporpajicskoro — JIiysiis (opmyia
(12.17)).

Brimao 3 Teopemoro 6 (sekmisi 12) gy Toro, mo6 3Ha-
ATH 3arajJbHUil  po3B’si30K  piBHaHHA (15.2), morpibHO MaTH
dyHIaMEHTAJIbHY CHCTEMY PpO3B’s3KIB Iboro piBHsSHHs. Hexaii
y2(x) — Takmit po3s’s30k piBHsAHHES (15.2), mo y1(z), ya2(x) yTBo-
profoTh dyHIaAMEHTAJIbHY CHCTEMY pO3B sI3KiB. BHKOPHUCTOBYIO-
qn dopmyay Ocrporpajacskoro — Jliysimma (12.17) y Bursai
W(x)=Cq - e~ JP@)de | onepyenmo:

vy —yiy2 G
ylyé - ylly2 _ Cle—fp(a:)dx = 2 192 _e—fp(a:)dx =

Y3 y?

. _
C fp(z)dm
(@) L L G, (cl/efdﬁcg .
Y1 Y1 Y1

Takum auHOM, 3HOBY oziepzkaiu dhopmysy Abess (15.8).

3. InTerpyBanHs JIiHIHHUX PiBHIHBb 3a JIOIIOMOTOIO CTe-
neHeBux paaiB. Po3w’sa3ku siHiitHOrO nudepeHiiajapHOro piBHSI-
HHS JPYTOTO MOPSIAKY 31 3MIHHEMHI KOeMiIieHTaMu He 3aBXKI1 BU-
pakaloTbCsl Yepe3 ejieMeHTapHi (PYHKII, a IHTerpyBaHHsS TaKUX
PiBHSHDB PiJIKO 3BOUTHLCA JIO KBAJIPATYP.
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[le ommH MeTON IHTErpyBaHHS 3a3HAMEHWX PIBHSHD MOJIATAE
y 300parkeHHi HIyKaHOrO PO3B’S3KY y BHUIVIAl CTEIICHEBOIO PSAJLY.
Haramaemo gesiki oHATTS 1 (hakTH, MO CTOCYIOTHCH CTENEHEBUX
PAIIB.

Qyukmio f(x), ska BusHadeHa Ha inTepsayi (a,b), HA3UBAIOTH
aHaaimuwHoro B Touri xg € (a,b), Ko i1 MOXKHA PO3BUHYTH
B CTeNeHeBUil psa, 301KHUIT y JesTKOMY OKOJII TOYKH (. KaxKyTb,
o dyukuis f(x) anasimuyunae va inrepsasi (a,b), KO BOHA B
KOXKHift Touni g € (a,b) Moxke GyTHU PO3BUHEHA B CTEIIEHEBU PsiJI,
10 30ira€Thcsa B JIeIKOMY OKOJII TOYKH Tg. 30KpeMa, SKIIO PsiJl

fl@) =" enlw — o)
k=0

Mae pajiyc 36ixkuocTi r > 0, To dbyHKuig f(zr) aHamiTudHa Ha iH-
repBai (zg — r, o + 7).

Posrisinemo nudepennianbue pisasinast (15.2), B sikomy byH-
kil p(z) 1 ¢(z) amamitugni va inrepsani (rg — a, g + a), TOOTO iX
MOKHA DO3BHHYTH y CTEIICHEBI psijin

p(z) = Zpk (z—x)¥, g(z) = ZQk (& —x0)",
k=0 k=0

siKi 36iraroTbest Ha iHTepBaJi (Tg — a, o + a).

Teopema 1. Hxwo y pisnanni (15.2) dynxuii p(x) i g(x) ana-
amuani Ha iwmepsani (xg — a, o + a), mo 6ydv-axuil po3s’a3ok
U020 PIBHANHA € AHANTMUNHONW GyrKyicto npu x € (Tg—a, To+a),
mobmo moorce bymu podsunenut y 3bicrutl na (rg — a,xo + a)
cmenenesuti pad

y(z) = Z ck(x — xo)k. (15.9)
k=0

JoBenennsi 1i€l TeopeMn MOXKHa 3HAiiTH, HanpukiIag, B |6,

c. 284 — 286).

Touky z = x( HA3UBAIOTL MOYKOIO AHAATNMUYHOCTME PiB-
usuas (15.2). B okosi ToUkM aHATITHYIHOCTI PO3B’SI30K PIBHAHHS
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(15.2) mykators y Buraam psmy (15.9), e gumcna ¢, c1, Ca, ...
HiJJIATaloTh BUSHAYCHHIO.

Ilpukiaazn 3. 3a donomozoto cmenenesur padie 3iHMeEPYSAMU
pisnanna y” + xy = 0.
Pozs’sazannsa. Binznadnmo, o 3a1aHe piBHIHHS He IHTeIPYEThCSI
y KBapaTypax. 1Ioro po3s’a30K MIYKAEMO y BHIVISLIL PSIIY

(e.)
y(x) = g cpa®, (15.10)
k=0
BBaskatoun cg, k = 0,1, ... HeBusHaueHnMu Koedirientamu. Ilo-

KaxkeMo, 1110 Il KoedillieHTH MOKHA OJHO3HAYHO BU3HAYUTHU i IPHU
oMy psaf (15.10) sbiratumersest B JestkoMy okouti Touku & = 0.

Hpiui 3mudepentioemo psi (15.10) 1 migcraBumo iioro pasom
3 pagoM ayd y” y 3amane pisaanans. OIepKyeMO TOTOXKHICTD

Z k(k —1)epat=2 + Z agrftl=0 =

k=2 k=0
oo o0
(k+2)(k + 1)cppoz” = — Z cp_12”.
k=0 k=1

[TpupiBaioroun KoedirieHTn OiIsT OMHAKOBUX CTEIIEHIB T, 3Ha-
XOUMO, IO

1
=0 == ———C)_ k>1.
2 » Ck+2 (k+1)(k+2)ck 15
Orxe,
(=1)"co
C =
T 3mBm — 1)3m —3)(3m —4)-...-3-2’
(=)™ 0
c = c =
LT Bm e 1)3m(Bm —2)3m —3) ... 4.3 omtr T
e m = 1,2,..., a KoedilieHTH ¢y 1 €] 3aIUIIAIOTHCS HEBU3HATE-

HUME (JIOBIIBHUMN).
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IToknamatoun ¢y = 1, ¢; = 0, MO PIBHOCHIEHO MOYATKOBUM
ymosam y(0) = 1, ¢/(0) = 0, 3maxomqumMo ps

( _1+Z (_1)m 3Im
e 3mBm - 1)(3m —3)(3m —4) .32

(15.11)

[Mokmagaroun ¢y = 0, ¢y = 1, 1110 PIBHOCHJIBHO TIOYATKOBUM YMO-
sam y(0) = 0, ¥/(0) = 1, onepkyemo psi

( 1)m 3m+1
yal) _”Z BGm+ 1)3mBm —2)3m —3)-...-4-3

(15.12)

Buxkopucropyroun osnaky /[I’Asrambepa, JIErKo moKasaTH, IO
psim (15.11), (15.12) 36iratorbest st BCix o € (—00, +00), a ToMmy
ix MokHa judepennioBarn Ha (—00, +00). [Tincrasisioun (15.11),
(15.12) y piBusgnua (15.2), mepexkonyemoch, mo yi(z), ya(x) —
posB’si3ku piBastaHs (15.2). Bigsmt Toro, ni poss’ssku JiiHiiiHO He-
3astekui Ha (—00,+00), 60 TX BpOHCKiaH BiAMIHHEI Bim Hyms y
Touri x = 0:

Otke, 3arajbHUM PO3B’SI3KOM 3a/1aHOIO PIBHSAHHS €

y = Cry1(z) + Caya(z),

ne y1(x), yo(x) Busnaueni dopmymamu (15.11), (15.12), a Cq, Cy —
noBlIbHL cTasa. i

3azHaunMo, 110 METOJI, CTENIEHEBUX PSIIiB MOYKHA BUKOPUCTOBY-
BaTU TAKOXK JJIsI PO3B’sI3yBAHHS JIHINHINX HEOIHOPIIHUX PiBHSIHDb
! / _ 3
apyroro nopsnxy y” + p(x)y’ + q(x)y = f(z), axmo p(z), q(z) i
f(x) — amamitnani YHKIGET B IeIKOMY OKOJI TOYKH T = Iy.
Posriisinemo renep Bunajiok, ko p(x) i g(x) — xoedinientn
piBHstHHs (15.2) — He € AHAJIITUYHUME B OKOJI TOUKN T = Zo. Touky
x = xp, A g0l lim p(x) = oo abo lim ¢(x) = oo, HABUBAIOTH
T—T0 T—T0

0cobaue010 ToIKOIO piBHSHHSA (15.2).
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Hexait koedimientn pisusguas (15.2) mMoxHa mogatu hopmy-

aamu p(zx) = 51_—(2, q(z) = (Iqigi)))% e pi(x), qi(x) — anamiTuani

dbyukuil Ha inrepBani (g — a, g + a), TO6TO
o0 oo

pi(z) :Zplk(ﬂﬁ - $0)k7 q1(z) :ZQ1I€($ - xo)k-
k=0 k=0

Toui pisasinHst (15.2) 3pydYHO 3alUCATH Yy BUTJISI

(& —20)°y" + (z —wo)p1(2)y' + qu(x)y =0, @ # xo.
Ao © = xg — ocobuBa Touka piHsiHHA (15.2) (e Gyze, AKIIO
xoua 6 ojiHe 3 Yuces pig, q10, g11 BiAMiHHE Bif Hyss1), TO 11 Ha3U-
BAaIOTh PE2YAAPHOI0 0C0bAUB010 MOouKo10. B okosi perysispHol
0COBJIMBOI TOYKH & = x( pO3B’si3ku piBHsAHHs (15.2) He 3aBXKIU
MOXKHA 300pa3uTu y BUIVIAAL creneneBoro psiay (15.9). Hampu-
Ky1aJl, obuasa poss’ss3ku y1 = x/2 i yo = 2 pisusinns Eiinepa
222y" + 5xy’ — 2y = 0 He MOYKHA DO3BUHYTH y CTEICHEBi psIu
Burssany (15.9), To6To y psau 3a MiMMU JIOJATHUME CTEHEeHSIMU
x.

VY 11boMy BUNQJIKY PO3B 30K PIiBHAHHSI MOTPIOHO ITYKATH Y BU-
IS Y3a2aAbHEeH020 Cmenenesoz0 pady

y(@) = (x — )" ch(ﬂﬁ —x0)",
k=0

Je 9ucjia r, cg, Ci, ... HJJISITal0Th BU3HAYEHHIO.
Pozp’sizkeMo Teriep METO/IOM CTENEHEBUX PSAJIiB PIBHAHHS 3 [IPU-
Kty 1.

Ilpukaazn 4. 3natimu 3azasvhutl Po3e’a30% PIEHAHHA
2y + 2y + 2y =0. (15.13)

Poss’azamrns. Touka xg = 0 € ocobmusoio, 60 p(x) = % — 00 IIpH
x — 0. ToMy po3B’30K IIyKaeMO y BUIVISI y3araJbHEHOIO CTele-
HEBOT'O PSILy

oo
y(x) =" Z crar.
k=0
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Toni

[Tincrasasiioun 3uaiineni supasu st y, ¥, y” y (15.13), onepxky-
€MO, IO

(k+r)k+7r— 1)ckxk+r_1 +

el

oo
(k 4+ r)epartr=1 4 Z ettt =0

NE

+ 2
k=0 k=0
abo TicJIsT CKOpOUYeHHST Ha ' :
o
Z (k+7) (k47— 1)cpa®™ 1—1—22 (k+7)cpat™ 1+chx =0.
k=0 k=0 k=0

OckinbKy 3012KHI CTelleHeBl psiau € aDCOIOTHO 301XKHI Beepe-
JuHi inTepBaJsy 3012KHOCTI, TO TONIepe IHil PIBHOCTI MOXKHA HAIATH
TaKOT'0 BUTVISIY:

(r* +r)cor ™ + (r? +3r + 2)c12” + (co + (P> + 57 + 6)cg) © +

+ (cl+(r2+7r+ 12)03)x2+ (02+(r2+9r+20)04)x3+... =0
(15.14)

3Bijicu BATLIMBAE, IO yCi KOeIIiEHTH y3araJbHEHOTO CTEIeHe-
Boro psy (15.14) mopiBHIOIOTH HYJIO, TOOTO

((r? 4+ 71)co = 0,
(r? +3r+2)c; =0,
co+ (r? +5r +6)cy =0,
c1+ (r2+7r +12)c3 = 0,
e + (r2 + 97 + 20)ey = 0,

(15.15)
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Hexait ¢y # 0, Toxi 3 meprmoro piBasins cucremu (15.15) omep-
Kyemo, 1mo r = 0 abo r = —1. dximo r = 0 i, HanpukIaI, cg = 1,
To 3 (15.15) 3HAXOAMMO

1
c1 =0, 02:—5, c3 =0, 6425,...,
0 (—1)
o1 =0, cop=-—"—, ...
2k—1 2k 2k + 1)
Takum anrOM, QYHKITIS
() =1 x2+x4 1 x3+x5 sinx
z)=1—-—4+——-—.. . =—|(z0——4+——...] =
u 3 x 3 x

€ po3B’si3KoM piBHsiHHs (15.13).
Hexait Tenep r = —1. Toxi, BBazkaroun, mo ¢y = 1, ¢c; = 0, 3
(15.15) 3HaxoAUMO

1 1 (—1)k
57 03:07 Cp = -7y «++) CQk—1:07 C2k:(2k)!7”.7

Cy = —

a oTKe, PYHKITiA

1 z 1 ( 2zt ) _ cosx

o) == — ot =1 T

z 2! 4! T 2! 4! T

TakoXK € po3B’si3koM piBHaAnHA (15.13). Ockinbku 3naiigeHi dyH-
kil y1 () 1 yo () niniiino HezanexkHi (IPOMOHYEMO Y ILOMY II€PEKO-
HATHCs CAaMOCTIiTHO), TO 3rigHo 3 OCHOBHOIO TeopeMoIo (JreKIfs 12)
3arajJbHUM PO3B’s13KOM piBHAHHS (15.13) €

sinzx cosS T

y=0Cr + Cy u
x

xT

Pexomendosana aimepamypa: |3, c. 297 — 316], [6, c. 269 —
273, 283 — 294], [7, c¢. 120 — 122, 150 — 158|, [16, c. 202 — 219], 17,
c. 363 — 404, 412 — 435].
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IInranns mo Jjgekiii 15

1. 3a momomororo Kol IiJICTAHOBKH JIHIAHE OIHOpPIIHE PIBHSIHHS
JPYTOTo MOPsiIKY MOXKHA 3BECTH J0 PIBHSIHHS, sike HE MICTUTBH IIepIIol
oxinHoI? ZIK Ha3MBarOTh TakKy POPMY PIBHSIHHS!

2. Illo ma3uWBalOTH iHBapiaHTOM JIHITHOTO OJHOPIIHOTO PiBHSAHHS
apyroro nopsaky? fkoro Burssay mae OyTu iHBapiaHT, 00 BiIIOBiIHE
JIiHIlHE OJHOPIIHE PIBHSHHS JAPYTOro MOPSIIKY MOXKHA OyJI0 3iHTErpyBa-
TH y KBaJparypax?

3. 4k, Maoun onuH YaCTUHHUN PO3B’SI30K JHHIHOIO OJHOPIIHOIO
PIBHSIHHSI APYTOI'O MOPSIKY, 3iIHTErpyBaTH e PIBHAHHA Y KBaJIpaTypax?!
Axwuit Buriisia mae popmyiia Adess?

4. Ak moxua Bukopucratu (opmyny Ocrporpajicskoro — JIiysimis
JJIst IHTerpyBaHHs JIIHIHHOTO OHOPIIHOTO PIBHSIHHSI JIPYTOrO MOPSIIKY 7

5. dx 3uaiiTu 3arajabHuil PO3B’A30K JIIHIHHOTO OHOPITHOTO PIBHIAHHS
JIPYTOro TOPSIJIKY 3a JOMOMOTOIO CTEIEHEBUX PAMiB? Y sIKOMY BUIIAJIKY
PO3B’SI30K IHOTO PIBHSHHS MOTPIOHO IMIYKATH Y BUTVISIL y3araJbHEHOTO
CTEIIeHEBOIo psiLy?

IMuranus no jgekmii 15
1. 3BexiTh piBHSHHS 10 KaHOHIYHOI hopME Ta 3iHTErpyiiTe IX:
a)y"+ 2y +y=0; 6)2%y" +22% + (2 —2)y=0.
2. 3iuTerpyiiTe piBHAHHS, 3HAIOYYU IX YACTUHHI PO3B’si3ku Y1 (x):

a) 2z + 1)y +4day’ — 4y =0, yi1(z) = e 2%
6) x(x — 1)y —ay' +y =0, n(z) ==

3. 3inrerpyiiTe piBHSIHHS METOJOM CTEIEHEBUX PsiJIiB:
a)y"+axy +y=0; 6)y’ =ye".

4. 3inrerpyiite piBHIHHS METOJOM y3araJbHEHUX CTEIIEHEBUX Ps/IiB:

a) zy” — (z+ 1)y +y=0; 6)92%y" — (2 = 2)y = 0.
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Jleknig 16. IudepeHiiiajabHi Moaesi KOJIUBAJIbHUX
MpoIieciB

Ilnan

1. BacrocyBanHst JIHIHHIX OSHOPITHUX AUQEPEHIIaJIbHUX PiB-
HSHBb JIPYTOTO MOPSJIKY /10 KOJTUBAJIHLHUX PYyXiB.

2. 3acTocyBaHHs JIHIWHUX HEOIHOPITHUX JTu(EpPEHITaTbHIX
PIBHAHB JIPYTOr0O MOPSIAKY JI0 KOJUBAJIBHAX PYXiB.

3. udepentiiagbHa MOIEIb MATEMATUIHOTO MAATHUKA.

1. 3acTocyBaHH4 JIiHIMHUX OMHOPIAHUX AudepeHITialb-

HUX PIiBHAHDL APYroro HopsiakKy A0 KOJIMBAJbHUX PYXiB.
[Ipunycrumo, 1o MarepiajgbHa TOYKa MACH 11 MPIMOJIHIIHO py-

Xa€ThCS B3I0BXK oci O I BINIMBOM TPHOX CHLI:

1) cunu Fp, 10 HPUTSTY€E TOUKY JIO TIOYATKY KOODJUHAT; ITIO
CIJTYy BBa)XaTUMEMO MPOTOPIIHHOIO BiJi/Tai & TOYKH Bij IMOYATKY
KoopauHaT, TobTo F1 = —ax, ne a > 0;

2) cuin Fy onopy cepenoBuIna, SIKy MPHUITYCKATHMEMO IIPOIIOP-
IIAHOIO MIBUJIKOCTI PYXy TOYKHU (1€ HPUILYIIEeHHs OJIu3bKe 10 JIifi-
CHOCTI JIJIsl HE3HAYHUX IIBUIKOCTEN ), To6T0 Fy = —ba!, ne b > 0;

3) 30ypIOBAJILHOI (30BHINIHBOT) CHJIM, IO CIIPSIMOBAHA B3JIOBXK
oci Oz 1 nopiBuioe F3(t) y MoMeHT wacy t.

Toni 3rigHo 3 ApyromMm 3axkoHoMm Hbiorona

F =ma,

ne F'=Fy + Fy+ F3, a = 2" (t), maemo qudpepentiianbie piBHAHHsS
pyXy MaTepiaabHOl TOUKM:

maz"” = —ax — bx' + F3(t)

abo
"+ 2pa’ 4 ¢Px = (1), (16.1)

p=i>0, q:\/E>07 f(t)ZFg(t)-
m m

Je
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Yucito p Ha3UBAIOTH KOePiuteHMoM ONopPY, a IUCIo ¢ — Koedi-
ULEHTNOM B10TUNEHHA.

Hudepentiianbue piBasang (16.1) — miniitne meommopinme pis-
HSIHHSI JIPYTOr'0O MOPSIIKY 31 cTaauMu Koedirienramu. 3iHTerpyBas-
M Horo, 3HalIeMO 3aKOH PyXy MaTepiaJbHOI TOYKH.

OckiibKu HafOLIBIMIT IHTEPEC CTAHOBJISITH BUMAIKH, KOJIH
pyX, sAKuit Bu3HadeHnil piBHsgHHAM (16.1), € KOIMBAHHAM TOUKH
6inst mosioxkenuss © = 0, To piBusinast (16.1) HA3UBAIOTL PIBHAH-
HAM KOAUBAHDL. [Ipu 1iboMy, AKINO 30yproBaJibHa CHJIa BiICyTHS,
10010 f(t) = 0, TO 1e PIBHAHHS HASUBAIOTH PIBHAHHAM SLALHUL
KOAUBAHD; BOHO MAE BUTJISIT

2" +2pa’ + ¢*x = 0. (16.2)

Hudepenmianbue pisusaus (16.1), y skoMy mpaBa 4acTHHA TOTO-
JKHO BiAMiHHA BiJl HYyJIsI, HA3UBAIOTHh PIBHAHHAM BUMYULEHUT
KOAUBAHD.

Posriisinemo piBusinnst (16.2) 1 3’sicyemo, sik koedinienTu p, g
BIUIMBAIOTh Ha XapakTep Pyxy Mmarepiaibuol Touku. [Ipoanasizy-
emMo oKpeMi BumaKu piBasiHHS (16.2).

Bunamok 1. Pyzx esidbysaecmuves 1y cepedosuuyi 6e3 onopy
(p = 0). Toxi piBHSHHS PYXy Ma€ BUIVIS

2"+ ¢*x = 0. (16.3)

Pisasinnst (16.3) onmcye BepTUKAJIbHI PyXu Tija, IiIBilIeHOrO Ha
MIPYKWHI, MM BINIMBOM CUJIA TPY2KHOCTI TMPYXKWUHUA 1 CHIW Barw,
MaJii KOJIMBaHHSI MasTHUKA, KOJWBAHHS MOBITPS B aKyCTHIHOMY
pe3onaTopi Ta iumi sBua KoJuBHOI npupoau. lle piBuanHsa HA3U-
BAIOTh 1€ PIBHAHHAM 2aAPMOHIYHO20 OCUUAAITOPA.
Pipusinust (16.3) — siiniiine ofHOpi/HE PIBHSIHHS 31 CTAIMMU

koedimnientamu. Moro xapakrepucrmane pisusaus k2 + ¢ = 0,
XapaKTEePUCTUYHI YUCIa — KOMILIEKCHO-CIIPszKeHa mapa ki = qi,
ko = — qi, a TOMY 3araJIbHIM PO3B’SI3KOM I[bOTO PIBHSIHHS €

x = (' cos gt + Cy sin gt.
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st 3’sicyBaHHsT PISUTHOTO 3MICTY OTPUMAHOTO PO3B 3Ky 3PY-
YHO 3BEeCTHU #oro 1o iHmmol popMu, BBIBIIIN 3aMiCTh JOBIILHUX CTa-
mux C1, Co woBi cram A i ¢ (A > 0) 3a dbopmyramu C; = Asin g,
Cy = Acos . Toni

A=,/C}?+C3, cp:arctg% (Cy #0),
2

x = Asinpcosqt + Acospsingt =
x(t) = Asin(qt + ¢). (16.4)

Pyx, sikuit onucyerbest hopmyiioro (16.4), HasuBaooTh 2apmo-
HIYHUM KOAUBAHHAM. BiH € mepionudHuM pyXoM 3 nepiodom
T = 27 /q i wacmomoro q. Yucio A Ha3UBAIOTH AMNAIMYI0I0
Koausarns (16.4) (e MakcnMasbHe BIAXHJIEHHS TOYKHU BiJ| CTa-
Hy piBHOBarn). Besmuuny qt + ¢ Ha3uBAIOTL PA3010 KOAUBAHHS.
Suavenns dasu kosmBaHHg 1pu t = 0, ToOTO KyT (0 HA3UBAIOTh
nouwamxosor @Pasoro xkonmsanus (16.4).

3 dopmysnu (16.4) Burmsae, 1Mo BCi pyxu, BU3HAYEHI DiBHsI-
uaaM (16.3), obmexeni, 60 mpu t — 400 |z(t)] < A. I'padik
KOYKHOT'O KOHKPETHOTO PYXY MOYKHA OJEPXKATH 32 JTOIMOMOIO0 eJjie-
MEHTapHUX TepeTBopeHb rpadika yukii z = sint (puc. 16.1).

T
A

x=A
0 t
v \/ = Asin(qt + ¢)

Puc. 16.1

Bynp-sKuM MOYaTKOBUM yMOBaM
/ /
2(0) = zo, 2'(0) = g

3riIHO 3 TEOPEMOIO IIPO ICHYBAaHHS Ta €IWHICTD PO3B’SI3KY 3ajati
Ko piyist siinifiHOro piBHsIHHSI N-10 TOpsAKY (Jyekiis 10) Bigmosi-
nae exunanit pyx 3 dopmymu (16.4). Buaiinemo meit pyx. Ockiabku
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x' = Aqcos(qt + ¢), To BianosiaHi 3HavenHs aMiuniTyau A i nmova-
TKOBOI (hasu  OJIEPKYEMO 3 CUCTEMU

Asin p = x0, 1 2 qxo
A=—\/g?z} + 1] = arctg —.
{chosg0:x{) = q Tyt T, @ = arcte Ty

0

Bunanok 2. Pyx sidoysacmuves y cepedosuuyi 3 onopom p > 0.
XapaxTepuctrannm pipnaraam mis (16.2) € k2 +2pk +¢2 =0, a
XapaKTEPUCTHIHUMHU IUCTAMEU —

ki=-p+vpP—¢ i ka=-p—p*—¢.

dxmio p? — ¢% < 0, To, mozHaumsm p? — ¢° = —h?, 3araabHUi
po3B’s130K piBHsAHHS (16.2) MOXKeMO 3amucaT siK

x = e P'(C cos ht + Oy sin ht),

e h = \/q? — p?, abo, BpaxoByIOUM MO3HAYEHHS, sIKi BUKOPHCTO-
ByBaJIUCh pu BuBeeHHI (hopmyin (16.4), v Burs i

x(t) = Ae Pt sin(ht + o). (16.5)

Pyx Toukn, sikmit onmucyerbes dopmystoo (16.5), HasuBaoOTH
32aCaYUM 2GPMOHIYHUM KOAUBAHHAM 3 Tiepiogom T = 27“,
JacToToIo h, ammityaoio Ae Pt mouarkosoro dasoo ¢ (puc. 16.2).
Ha Bigminy Bin rapmoniunoro kosmsants (16.4) remep ammuiityia
€ BeJIMYINHOIO 3MiHHO0. AJjle BoHa obMezkeHa, 60 Ae P! < A, i ups-
Mye 70 HyJst npu t — +00. Hucsio A Ha3uBalOTh NOYAGMKOBOI0
amnaimydoro, a p — koediuienmom 3z2acarnsa. MuoKHUK e P!

XapaKTepu3ye HIBI/I,ZLKiCTb 3racaHdd KOJINBAHHA.

T

Puc. 16.2
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dxmio p? — ¢® > 0, To, nozHaunsIm P> — ¢> = h?, 3aragbHUI
pO3B’s130K piBHsiHHS (16.2) 3amminemMo y BUrIsi

x(t) — C’le(h—P)t 4 CQe—(h-‘rp)t_ (16.6)

Ockimbkun h < p, 1o x(t) — 0 mpm t — +oo. Haperri, skmio
p2 - q2 =0, To k1 = ko = — p, a 3araJIbHUM PO3B’SI3KOM €

x(t) = e PN(Cy + Cat), (16.7)

upuaoMy 3H0BY z(t) — 0 mpu ¢ — +00.

Pyxu, siki onmucyrorbest popmysnavu (16.6) 1 (16.7), HasuBaoTh
anepioduuHUMU 32aCa10MUMY pYramu. 13 3pocrannsaM t Bi-
XuieHHs1 =(t) aCUMITOTHYHO HAOJIMIKAETHCs JI0 HyJIsl 1 KOJMBaHb
HaBKOJIO TosiozkeHHs © = (0 Hemae. Yci pO3IJISHYTI pyXu Ha3uBa-
I0Th 8IABHUMUY a00 8AACHUMU KOAUBAHHAMU.

Takum 9MHOM, HAsIBHICTH OOpy cepejobuina (p > 0) Bumo3Mmi-
HIOE XapaKTep KOJIMBAaHb, IPUTIOMY, SIKIO OMIp P MOPIBHSHO HEBe-
miknit (p < ¢), TO PyXH 3aJMIIAIOTHCS MEPIOAUIHUME, 3racalodn
npu t — 400, a IPU BEJIMKOMY OMOPi cepesoBuina (p = q) pyxu
CTAIOTh AIEePIOAUIHUMI.

2. 3acTocyBaHHH JIHIHUX HeOJAHOpPiAHUX nudepeHIi-
aJIbHUX PIBHAHB APYTOro HOPSAKY A0 KOJUBAJIBHUX PYyXiB.
Posriisnemo gudepenmiaabie piBHAHHA BUMYIIEHHX KOJUBAHDb
(16.1) (f(t) # 0). 3rigHo 3 TEOPEMOIO PO CTPYKTYPY 3arajabHO-
IO PO3B’sI3Ky JIHIHHOTO HEOMHOPimHOrO piBHsHHS (JTeKiis 14) yci
pyXH, siKi BU3HAYAOTHbCs piBHsHHAM (16.1), MOxKHa yTBOpUTH 3
CYKYITHOCTI yCiX pyXiB, BU3HAYEHUX BIIIOBITHUM OJTHOPITHUM PiB-
HSHHSM (PIBHSIHHSIM B6IAbHUL KOAUBAHb MOYKU), 1 OYIb-AKOrO
OJIHOTO PYXY, BU3HAUEHOIO HEOJHOPimHUM piBHsiHHsIM (16.1).

Posrisimemo BUMIaIOK, sIKWil JOCUTH 9aCTO TPAILIAETLCS Y 3a-
cTocyBaHHsIX: 30yproBasibHa cuia f(t) mepioguyuHa i Mae CUHYCOI-
JIAJIBHUNA XapakTep.

Bunamok 1. Pyz esidbysaecmuves 1y cepedosuuyi 6e3 onopy
(p = 0). Toxi piBHSHHS PYXy Ma€ BHUIVIS

" + ¢®x = M sinwt. (16.8)
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Bnacni womuBanms xo(t), dKi BH3HAYAIOTHCS BIiATOBLTHIM
omHopiauuM piBasHHEAM 2 + ¢2x = 0, € rapMOHiUHIME (muB. dop-
myiy (16.4)):

xo(t) = Asin(qt + ¢). (16.9)

BanImaeThCs 3HAWTH YACTHHHUN pO3B’si30K piBmsmHA (16.8).
Burssi mporo po3B’sI3Ky 3a/1€2KUTh Bifl TOTO, YU € YUCTO a+1b = tw
KOpeHeM XapakTepucrudnoro pisusmns k2 + ¢? = 0. Ockinrpkn
k12 = Eiq, TO Bce BU3BHAYAETLCA TUM, UM 30ira€ThCsl JacToTa 30Y-
PIOBAJIHOI CHJIM 3 YACTOTOIO BJIACHUX KOJMBaHb (pe3doHancHudl
6unadok), I MaeMO He30Ir MUX JacToT (Hepe3oHaHCHUT 6u-
nadox).

Pozrisinemo crioyarky Hepe30HAHCHUI BUIAJIOK, TOOTO KOJIH
w # q. Yacrunauii po3s’s30K pisasHHs (16.8) X (t) mykaemo y
BUTVISIT1

X(t) = Aj coswt + By sinwt,

ne Ap i By — jegki crai, ki BUBHAYMMO 3rogoM. Tomi
X'(t) = —Aywsinwt + Bjw cos wt,
X"(t) = —Ajw? cos wt — Biw? sinwt
i, migcrasisitoun B (16.8), o/epKyeMo piBHSIHHS
— Ayw? cos wt — Byjw? sinwt + q2(A1 cos wt + By sinwt) = M sin wt.

3 HBOIO, IPUPIBHIOIOYN KoedilieHnTn 611 cos wt, sin wt BiaIOBIIHO,
MAa€MO:

— A+ A1q2 =0, M
= A =0, Bj= 5—.
B+ B2 =M ! TP W

Takum amHOM,

X(t) = prR— sin wt,

a 3araJbHU PO3B 530K piBHsHHS (16.8) Mae BuIIsAN

M
z(t) = — sinwt + Asin(qt + ).
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Bumyreni kosmBamis, BUSHAYEHI 1M 3arajJIbHAM PO3B’SI3KOM, Ha-
3UBAIOTh HAKAGIEHUMU 2APMOHIYHUMU KOAUBGHHIAMU.
Posrisimemo piBHSHHST BUMYIIIEHIX KOJINBAaHD

2" + ¢*x = M singt, (16.10)

sIKe € OKpeMUM BHINaJIKoM piBHsiHHs (16.8), Ko w = ¢, T06TO
KOJIN 9acTOTa 30y PIOBAJILHOI CUJIN 30Ira€ThCsl 3 YaCTOTOIO BJIACHUX
KOJINBaHb (pe3onamc). Y NbOMY BHUIIAQJKY YaCTUHHUIT PO3B’SI30K
Ma€ BUTVIS]L

X(t) = t(Aj cosqt + Bysingt),

00 iq € MPOCTUM XapaKTEPUCTUIHUM IUCTIOM. ToJIi

X'(t) = Aj cos qt + By sinqt + tq(— Ay sin gt + By cos qt),
X"(t) = —2A,¢sin gt + 2B q cos qt — tq*(A; cos gt + By sin gt)

i, migcrasmsioan B (16.10), omepKyeMo piBHAHHS

—2A1qsinqt + 2Byqcos gt — q*t(A; cos gt + By sin gt) +
+ qzt(Al cosqt + Bysingt) = M singt =
—2A1qsingt + 2B1q cos qt = M sin gt.

3Bijgcu, npupiBHioYr KoedirienTn 6l cos gt, sin gt BiamosimHO,

3HaXOAUMO, 110 A1 = —2Mq, B; = 0. Takum amHOM,
M
X(t) = —2—75 cos qt. (16.11)
q

Hacrunuuit po3s’s30k (16.11) € BUMyIIeHNM KOJIMBAHHAM 1 Ma€
HeoOMerKeHy aMILIiTyny upu ¢ — +o0o. I'padik nporo xoimuBaHHS
pPO3TAIOBAHUI MK IPIMUMUA T = Q—Agt irz= —QMqt (puc. 16.3).

Y peanpHEX DI3UIHAX CHCTEMaX KOJIMBAHH:A HIKOJIU HE MOXKYTh
3pocTarTn HeoOMexKeHO, 060 KOJIUBaHHS 3 HeOOMEXKEHOI aMILITY-
71010 ab0 CTPUMYIOTBCA OIOPOM, ab0 MPU3BOAATL J0 PyHHYBaHHHA

CHUCTCMMU.
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T

Mg
=24 _ -

-

Puc. 16.8

BaraapbHuM po3B’s3KoM piBusanHA (16.10) €
M
x(t) = Asin(qt + ¢) — 2—t cos qt.
q

Bumymeni kosmBanHs, BU3HAYEH] UM PO3B’A3KOM, YTBOPIOIOTHCS
HaKJIaIaHHAM rapMOHifiHIX KosmBanb (16.9) i kKommBaHb 3 HeoOMe-
JKEHOI0 aMITTy 1010 (16.11).

Bunanok 2. Pyx sid6ysacmuvca 6 cepedosuiyi 3 Maium ono-
pom (p < q). Ilpunycrumo, mo 30yproBajibHa CHJIA Ma€ CHHYCOI-
IaabHuil Xapakrep. Tomul piBHSIHHAM PYyXy €

" +2pa’ + ¢*x = M sinwt. (16.12)

Briguo 3 (16.5) Biacui KosmBanHs T((t) MaOTh BUTIS
xo(t) = Ae P sin (x/q2 —p*t+ go).

YHacrunuuit po3s’sizok X (t) piBasHHs (16.12) mykaemo y Bu-
TJISITL
X(t) = Aj coswt + By sinwt, (16.13)
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ne crasai Ay, By smaiinemo, migcrasmsiioun (16.13) B (16.12):

—Ajw? coswt — Byw? sinwt + 2p(—Aywsinwt + Byw cos wt) +
+ ¢*(Aj coswt + Bysinwt) = M sinwt =
(—A1w2 + 2pBiw + A1q2) coswt +
+ (—Blw2 — 2pAjw + qQBl) sinwt = M sinwt =
A1(q? — w?) + 2pwB; = 0,
{—QpAlw + (@ -w)B =M

A — —2pwM B — M(q? — w?)
DT (W2 = )2 + 4p2u?’ 7 (W2 = )2 + 4p2u?”
Orxe,
—2pwM M(q? — w?) .
X(t) = ¢ ¢,
(t) (W2 — 2)2 + 4p2a? % T (W2 — )2 + 4p22 Y
(16.14)
a 3araJbHUi Po3B’si30K piBHsHHS (16.12) Mae Burys
—2pwM M(q* — w?)
t)= t t
x(t) T ) T At coswt + (@7 — 7 1 AP sinwt +

+ Ae™ Pt s.in(\/q2 —p2t+ 30).

OckinbKy 1Ipu t — 400 OCTaHHIi JOJAHOK IPSIMYE 10 HyJIsl, TO
TJI JOCTATHBO BEJIMKHUX T MOXKHA BBaKaTH, IO

—2pwM M(q? — w?)

t) = t
x(t) (W2 — ¢2)2 + 4p2u? coswi + (W2 — ¢2)2 + 4p2w?

TOOTO BJIACHUMHU (3racalounMi) KOJTMBAHHSIMA MOXKHA 3HEXTYBATH.
Awmmmityna A BumyineHoro konuBanHs (16.14) BUpazkaeTbcs

dopmyitoro
M

V(W2 =22 + dpw?’

a SIKIIO OIp p Ay:Ke Majuil, To A =~ ﬁ. 3BiZcH BUILIUBAE, IO

A=

Ipy HaOJIMKEHHI w 0 ¢ aMILITyIa A € I0BOJI 3HAYHOK HAaBITh
i majioro M.
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3. udepeHniajibHa MOAeJb MaTeMAaTUYHOTO MAasiTHU-
Ka. MamemamuuyHumM MEAMHUKOM HA3UBAIOTb MaTepiaJibHy
Touky M Macu m, siKa i1 JII€I0 CHIN TSKIHHS PYXaE€ThCS 110 KOy
L paniyca r, po3TarioBaHoOMy y BePTUKAIbHIM TtomuHi. Beauanny
7 HA3UBAIOTH JIOBXKUHOIO MAasTHHUKA.

[Ipunyctumo, 1o KoJIMBaHHS MAATHUKA BiIOyBaeThcd y cepe-
nosut 6e3 oropy. Ha xosti L BBeieMO KyTOBY KOOPIUHATY, B3sB-
1M 32 TI0YATOK KOOpAMHAT HafiHnk4ay Touky O kosa L (puc. 16.4).
Bminny koopauHaTy Touku M mosmadmmo depes 1 = 1)(t). Ha To-
uky M nie cuna taxinag P = mg, e ¢ — TPUCKOPEHHS BLILHOTO
TaTIHHS.

Toxal MagTHUK KOJIMBAETHCS T -
ero cumn F , dKa Jiie y OiK 3MeHIeHHS

KyTa 1,
F = —mgsin.

dAxio 3a gac t goBinbHa Touka M
[pOiiIILIa B3I0OBXK JyTIM Kojia L miIsix
S, o S = ry. 3BigcH MBUAKICTD v
PYXY TOYKH, sSIKa, CIPSIMOBaHa B3I0BXK
JIOTUYHOI JI0 AYTHU KOJIA, BUSHATAEThCS
3a HopMyJI0IO

v = % = r%. (16.15)
Tomy PIBHAHHSAM PYyXy MasiTHUKA €
m% = —mgsiny
abo, 3 ypaxysanusim (16.15),
a2
r—s +gsiny = 0. (16.16)

dt?
Pisusianst (16.16) Hestiniiine, ofHAK SKINO BeJIMUYUHA KyTa 1) J0-
CUTH MaJIa, TO Sin 1) /& 1, i 3aMiCTh HETIHINHONO MOYKHA PO3TJIAIATH
JIiHifiHEe OJTHOpPi/IHE PIBHAHHSI

V" + ¢ =0,



204 Poszin 2. JUO®EPEHITIAJIBHI PIBHSIHHS BUIIUX ITOPSIKIB

e ¢ = g, ro6T0 Maemo piBusHEs BurIALy (16.3).

TakuM YUHOM, MaTEMATUIHUI MAaSTHUK IPH MAJOMY BiIXu-
JIHHI BiJI IOJIO>KEHHsSI PIBHOBAru 3/iifiICHIOBATHME IapMOHIYHI KO-
JIMBAHHSI 38 3aKOHOM

Y(t) = Asin(qt + @),

q= g, TZQW\/Z,
r g

xPr x
A= x%—l——o , (o= arctg o /9
g

e

/
Ty r

Pexomendosana aimepamypa: |7, c. 144 — 150], [15, c. 88 —
96], [16, c. 387 — 391, [17, c. 288 — 362|, [18, c. 268 — 281].

ITuranaga go Jekiii 16

1. dx inTerpyerbcst piBHSHHS BLIBHUX KOJMBAaHbL y CEPeOBUII Oe3
onopy? dAkuit BUrIsi Mae 3arajbHUN PO3B’sA30K 1boro piBHsiHHS? 1110
HA3WBAIOTh TAPMOHIYHUM KOJMBAHHSM, HOTO aMILIITY/I010, IIePioJIoM, Ya-
cTOTOIO 1 1movyaTrkoBoo drazo? K 3ajexkarb aMILITYIa 1 IOYaTKOBA
daza Bij OYATKOBUX 3HAYEHDb MIYKaHOI MYHKINT Ta IT moxigHoi?

2. dx iHTerpyeTrbcs PIiBHSHHS BIIHLHUX KOJUBAHb Yy CEPEJIOBUIII 3
onopom? Illo Ha3MBarOTH 3racardYuM TapMOHIYHUM KOJUBAHHSIM, HOTO
[1epio/IoM, YaCTOTOI, aMILITY/IOI 1 M0YaTKOBOIO (a30i0? fka mosemin-
Ka aMIUATyau npu ¢ — +00? fK BIUIMBa€ HASIBHICTD OTIOPY CEepeJIOBUINA
Ha XapakKTep KOJIMBAHb .

3. AKuit BUT/IA Ma€ PiBHIHHS BUMYIIIEHUX KOJUBAHb Y CEPEIOBUIII
6e3 oIopy y BUIAJIKY HEPioIuIHOT 30y PIOBAJILHOL CHJIN CHHYCOIIAJIBHOTO
xapakTepy? Ak iHTerpyerbes 1e piBHIHHS ! JKuUil BUTIIsIT Ma€ 3arajbHAA
PO3B’SI30K Y HEPE30HAHCHOMY i PE30HAHCHOMY BHITAJIKAX !

4. {x iaTerpyerbcsa PiBHAHHSA BUMYIIEHUX KOJUBAHbL Y CEPEIOBUII
3 MaJIUM OIMOPOM Y BHUIAJKY IIE€PIOAMIHOI 30yPIOBaJbHOI CUIU CHHYCOI-
IaJIbHOTO Xapakrepy? dAkuit Burysg Mae rpadik YaCTUHHOTO PO3B’si3KY
IBOT'O PIBHSIHHSI?

5. Illo HA3WBAIOTH MaTEMATHIHUM MasTHUKOM?! fKuil BUIISAT Mae
nuepeHIiaJIbHa MOIEb Woro pyxy? Slkumu € mepioj, 4acrora, amILIi-
Tya Ta MoYaTKoBa (a3a KOJTMBAHHS MATEMATHIHOTO MASITHUKA?
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Jlekmig 17. KpaiioBi 3ama4i s audepeHIiaIbHIX
PiBHSIHb APYTroro HOpPsaKy

Ilnan

1. OcHoBHI 03HaYEHHST I TTOHSITTSI.

2. IcnyBanng Ta €quHICTH PO3B’I3KY KpalioBOl 3a1adi.
3. Oyuxiiisa fpiHa KpailoBol 3a/1a4i.

4. KpaitoBi 3a7at4i Ha BIACHI 3HAYEHHSI.

1. OcHoBHi o3HaYeHHst I mOHATTS. Y 3a1a4i Kot (quB. je-
Kiii 2, 6, 10) yM0OBH, 3a JOIOMOTOIO SIKIX MOXKHA BHJILTATH TIEBHUI
JaCTUHHUI PO3B’SI30K JandepeHItiaabHOTO PiBHIHHSA, 33/1aI0ThCS B
onuiit (mouarkosiit) Touri. IIpore y 6ararbox NPUKIQIHUX 3a7a-
9ax YMOBH Ha HeBisoMy (PYHKINIO Ta 11 HOXigHI 38/1al0ThCSI V IBOX
TOYKaX, HAIPUKJIA, Ha KiHISX BiApisKa, e MYKAEThCs PO3B’SI30K
3a1a4i. Taki yMOBU HA3UBAIOTH KPAUOBUMY. 33/1a49y BiIIITyKAHHI
PO3B’sI3Ky qudepeHIiaJlbHOr0 PIBHAHHS, 1110 38/I0BOJIbHSE KpaitoBi
YMOBH, HA3UBAIOTH KPAUOBOIO.

Kpaiiosi 3amadi BuHUKAIOTh K Audepeniaabii Mofesi 6ara-
THOX HPUKJIQJHUX 33729 (KOJIWBAHHS CTPYHH, KOJMBAHHS BAJIB,
HOIIUPEHHsI TellIa y IPoBiHuKy Toio). Hanpukias, y 3agaqi mpo
PyX MarepiaJbHOI TOYKM MaCH M Mif Ji€fo 3amanol cuau Fy Ga-
raTboX BHUIAJIKAX HOTPIOHO 3HaliTH 3aKOH PyXy S(t), SAKIIO y TO-
9aTKOBUU MOMEHT 4acy t = ty BOHA 3HaXOAuaach y Todri M, a B
MOMEHT 4acy t = t] HOBUHHA ITOTpanuTu y ToUKy Ms. Bukopucro-
Bytoun 3akoH Hbiorona F' = ma, 1e a = %2‘3 — IPUCKOPEHHS, IIsI
3ajada 3BOAUTHCS 10 BiAITYKAHHS PO3B’SI3KY AU(EPEHINaTHHOTO
PiBHSIHHST IPYTOTO TOPSIIKY

ms” = F(t,s,s),

KU 3a710BOJIbHsIE KpaiioBi ymoBu s(ty) = sg, $(t1) = s1.
Hanan o6Me:KuMoch pO3IVISIOM KpaloBUX 3aJa4 TLILKU J1JIs
nudepeHIiaabHUX PIBHAHL APYIOro HOpsaKy. s piBHAHHS

y" +p(@)y +q(x)y = f(z), (17.1)
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ne p(x), q(x), f(x) — nenepepsHi Ha Binpi3Ky [a,b] dyHKHil, Kpa-
fioBI YMOBU O3HAYUMO HACTYIIHUM YHHOM:

a1y (a) + fry(a) = yo,
{O‘2y/(b) + Bay(b) = y1, (17.2)

ne a1, az, B1, B2, Yo, Y1 — 337aHi GHCTA, IPEIOMY a1, 31, 8 TAKOK
g, P2 OMHOYACHO He JOPIBHIOTH HyJ0. AKIo yo = y1 = 0, To6T0

a1y (a) + pfry(a) =0,
{042?/(5) + Bay(b) =0, (17.3)

TO Taki KpaiioBl yMOBHU HA3WBAIOTH 00HOPLOHUMU.

Axmo f(x) Toroxkio He mopiBHIOE Hyio, TO 3amady (17.1),
(17.2) HaB3UBAIOTH HEOOHOPIOHOM0 KPAT0B010 3a0AUEN0, A SKIIO
f(x)=01iyp=y1 =0, — 0dHopidroto Kpatiosoro 3adauero.

Poses’askom kpaitosol 3amaqi (17.1), (17.2) nasusaors byH-
Ko y(z), sika nBivi HenepepsHO Mudepentiitosua Ha (a, b), nere-
pepBHO judepeHIiiioBHa Ha [a,b] 1 3am0BobHsIE piBHsIHHA (17.1)
Ha (a,b) Ta Kpaiiosi ymosu (17.2).

2. IcuyBanHst Ta €QUHICTh PO3B’A3KY KpaiioBOl 3aadi.
Posp’s30k 3amati Komt st piBastaEs (17.1) 3 movaTKOBIMHI yMO-
BaMHU

y(zo) = o, ¥'(x0) =1, w0 € [a,],
ne p(z), q(x) — menepepsHi Ha [a, b], 3rigHo 3 Teopemoro Komi (sre-
kiiist 10) icHye Ta enuHuMii HA BcboMy BIIPI3KY [a, b]. dus kpaiiosoi
sagaui (17.1), (17.2) ue 30BciM He 060B’I3KOBO, TOOTO 11 PO3B’SI30K
MOXKe He icHyBaru abo He OyTu eauuHuM. [ljIst JeTasbHIIoro pos-
[JISIIy [HOTO MUTAHHS TTO3HAYUMO 4epe3 ¢1(z), p2(x) dynmamen-
TaJIbHY CUCTEMY PO3B’sI3KiB BiJIITOBIIHOTO OHOPITHOTO PiBHSHHSI

y" +p(x)y + q(x)y =0, (17.4)

a 1epe3 Y (z) — gactunHmil po3s’s3ok piBHaaHg (17.1). Srimmo 3
TEOPEMOIO TIPO CTPYKTYPY 3arajibHOIO PO3B’SI3Ky JIHINHOIO HEo-
JTHODiTHOTO piBHsAHHS (JteKiiist 14, 1. 1) 3araJbHuIM PO3B’sI3KOM PiB-
usuns (17.1) €

y = Crp1(x) + Capa(z) + Y (2), (17.5)
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ne Ch, Cy — moBubHi crami. Jas orpuMmanasa po3B’sa3Ky KpailoBol
sagaui (17.1), (17.2) crami Cp, Cy HeOOXiHO BU3HAYUTH 3 Kpaiio-
Bux ymoB (17.2). Iligcrassroun (17.5) B (17.2), omepkyemo cu-
CcTeMy JHHITHUX aJIreOPUIHUX PIBHAHD:

(a1 (a) + Brp1(a))C1 + (a@h(a) 4 Bipz(a))Co =
= —a1Y'(a) - f1Y (a) + yo,

(20 (b) 4 B2ip1 (b)) C1 + (c2ph (b) + Bap2(b))Ca =
= —a2Y'(b) — B2Y (b) + y1.

[Tosnaunmo qepes U i U MAaTPHUIO Ta PO3IIUPEHY MAaTPHUILO
i€l cucremu, a depes A — pusHauHMK Marpuili U. Bukopucrosy-
0Un BiloMy 3 Kypcy aaredopu teopemy Kponekepa — Karemi mpo
PO3B’A3HICTD JIHIITHOI CUCTeMU aJreOpUIHUX PIBHAHB, OJEPKYEMO
BAa2KJ/IUBUH pe3y/bTarT.

Teopema 1. Poss’asox kpaiiosoi sadawi (17.1), (17.2):

— icnye ma edunul, axuo A # 0;

— ne icnye, axwo A = 0 i pane mampuyi U we dopisnioe parneay
POSWUPEHOT MAMPULL ff;

— icnye, ane ne edunut, axuwo A = 0 i pane mampuyi U dopis-
nioe paney mampuyi U.

Panr marpuni U Ha3uBaoTh paH2om kpatiosot 3adayi (17.1),
(17.2). Oxaopinma kpaifoa 3amaqa (17.4), (17.3) mae jmrme Tpusi-
aJIbHUI PO3B 30K, AKINO panr marpumi U nopiBHioe 1BOM, i 6e31i1
PO3B’43KiB, BUBHAYEHUX 3 TOYHICTIO JIO CTAJIOIO MHOXKHUKA, SIKITO
paur matputii U 10piBHIOE OTUHUAIII.

Ilpukaan 1. Jocaidumu na po3s’asnicms kpatiosy 3adawy
y' +y =0, y(0) =0, y(a) = yo, a # 0.
Poss’sazannsa. 3aranbHuM po3B’s3koM piBHsiHH € y = C cos T +
+ Cy sinz. 3 kpaiioBol ymosu y(0) = 0 3naxoaumo C1 = 0, a 3 ymo-
Bu y(a) = yo omep:kyemo piBasianas Cosina = yo. fAxmo sina # 0,
10670 @ # km, k € Z, o Cy = JX- i maemo enunmii po3s’s30K
safgaai y = -

Axmo sina = 0, TobTo a = k7, k € Z, TO MOXKJINBI JIBa BUMIAI-
ku. fAxmo yg # 0, To piBHsHHS Cs sina = yg, a 3HAUUTD, 1 3a1aHa

-sinx.
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KpaiioBa 3ajada po3B’si3kiB Hemae. fkmo yg = 0, TO piBHSHHS
(9 sina = ¥y HePEeTBOPIOETHCS ¥ TOTOXKHICTD 1 3a/1aHa KpailoBa 3a-
Hada Mae 6e31i1 po3s’s3kis Bursay y = Cs sin x, 1e Cy — 10BLIBHA
crasa. B

3ayBaKnUMO, 0 KPaoBl yMOBU MOXKYTb MATH TAKOXK T'DAHU-
YHHUI BUTJISI, & YUCIa ¢ abo b MOXKyTh OyTu HeBracHuMu. MoxKHa,
HAITPUKJIAJI, PO3TJIAIATH TaKi KpailoBi yMOBH:

o lim y'(2) 4 B lim y(x) =0,
Tr—a r—a

az lim y'(z) + B2 lim y(z) = 0.
T—00 Tr—00

Ipuknan 2. 3uatimu poss’ssok pisnanna Etsepa z2y" +
+3xy’ —8y = 0, axuti sadososvrae ymosu y(1) = 1, li_>m y'(z) = 0.
xr o0

Pose’sazarna. 3pobunmo saminy z = e'. Toni y, = yje™t, y’y =
= (yjs —y;)e™? (nexuis 13). [ligcrassioun i BUpasu y pisHsi-
Hsl, I 3HaXO/KeHHs GyHKIHT y = y(t) omepKyeMo JiHiiiHe OTHO-
pinne piBHanHg 31 cramuMu xoedinientamu y” + 2y’ — 8y = 0, 3a-
raJlbHUM PO3B’A3KOM SIKOT'O €

Yy = Cle—4t + C2€2t - y = Cle—4lnz + CQeQInx -
C
Y= x_i + szQ.

Bub6epemo renep crai Cp, Cy Tak, 1mob crpasiKyBauch Kpa-
itoBi ymoBu. 3 ymosu y(1) = 1 summusae, mo C1+Cy = 1. 3 ymoBn
xl;ngo y'(z) = 0, Bpaxosytoun, mpo y' = —4C /2° + 205z, 3Haxomu-
Mo Cy = 0, a omke, C; = 1. Takum 9YMHOM, PO3B’SI3KOM 3a[aHOT

KpaitoBol 3ama4i € pyHKIsa y = 1 / zt. |

3. ®yukuis I pina kpaiioBoi 3agadai. Haznaui posrsiaru-
MEMO TIJIbKH OTHOPITHI KpailoBi yMoBH, 00 [IJI HEOTHOPIIHIX Kpa-
fioBux ymoB posB’si3oK y(z) 3amzadi (17.1), (17.2) MoxkHa IIyKaTw
y surisg y(x) = y(z) + z(x), ne y(x) — noBinbHA ABidi Hemepeps-
HO JudepenIiiioBHa Ha BIIPI3KY [a, b] DyHKILs, siKa 3310BOJIbHSIE
HeogaopiaHi KpaiioBi ymosu. Tomi mus dbyskiil z(x) omepkumo
KpailoBy 3a7ady 3 OJHOPITHUMHU KPaHOBUMH yMOBAMU 1 IIPABOIO
gactunoio f(z) — L(g).
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Hanpukia, meonmnopinai kpaiiosi ymosu y(a) = yo, y(b) = y1
3a JOIIOMOI'OIO 3aMiHU

z:y—yl_yo(x—a)—yo
b—a
3BOJIIIMO JI0 OJHOPiAHUX KpaitoBux ymoB z(a) = 0, z(b) = 0.

[Tokazkemo, 110 po3B’s130K piBHsiHHs (17.1), sikuil 3a,10B0JIbHSIE
onHopinmi kpaiiosi ymosu (17.3), mpu meBHUX yMOBaX OHO3HATHO
BUPAYKAETHCs Uepe3 Tak 3BaHy (dyHKIio I pina KpaioBol 3aaui.

Dynxuiero I'pina kpaiiosoi 3ajaui (17.1), (17.3) nasusaiors
dyuxuio G(z, s), ska BU3HAYeHa JJIs JIOBLIBHUX T, S € [a, b] 1 3a-
JIOBOJILHSIE TaKi TPU yMOBHU:

1) st xkoxkuoro ikcoBanoro s € [a,b] G(x,s) gk dyHKIis
3MIHHOI T Ha KOXKHOMY 3 IPOMIKKIB [a,s) 1 (s,b] € po3B’szroMm
miniftHoro oxHoOpinHoro piBHsAHHS (17.4);

2) G(x, s) 3a 3MIHHOIO & 3aJI0BOJIbHSIE OJIHOPI/IHI KpaiioBl yMOBU
(17.3);

3) G(z,s) — menepepBHa byHKIlisI Jyist BCIX x,s € [a,b], a ii
YaCTHHHA IHOXiJHa %~ Mae IPH T = S PO3PHUB IEPIIOro poiy 3i
CTpUOKOM

0G(s+0,s) 0G(s—0,s)

=1.
ox ox

Teopema 2. fxwo odnopiona kpatiosa 3adaua (17.4), (17.3)
MAE AUULE MPUBLANOHUT PO3E A30K, MO PYHKUIA I PIHA HEOdHOPI-
onoi kpatiosot sadaui (17.1), (17.3) ichye ma eduna.
Losedennsa. Hexait ¢i(r) — po3s’st3ok piBusanua (17.4) 3 moda-
tkoBumu ymoBamu y(a) = a1, y'(a) = — 81, a pa(x) — po3B’s130K
piBusians (17.4) 3 nouarkosumu ymosamu y(b) = ag, y'(b) = — fa.
Ouesuro, mo GyHKIil ¢1(x), p2(2) TOTOXKHO HE TOPIBHIOIOTDH HY-
a0 Ha [a, b], mpudomy 1 (x) 3a/10BOJIBHSIE TIEPIILYy KPAHOBY YMOBY,
a wo(x) — apyry kpaitoBy ymoBy 3 (17.3). Kpim Toro, ni dynkiii
JiHifiHO He3asexHi Ha [a, b], 60 iHakme po(x) = Cp1(z), C #0, i
Tofi po(z) 3amoBosbHsTA 6 00UABI Kpaiiosi ymosu (17.3), mo cy-
[IepeyunTh MPUILYIIEHHIO 1IPO Te, Mo Kpaiiosa 3a1aua (17.4), (17.3)

Mag Jinie TpuBianabauii po3s’a3ok. Takum auaom, GysKHil @1 (z) 1
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2 () yrBopIooTh (byHIaMEHTAIbHY CHCTEMY PO3B’SI3KIB PIBHAHHS
(17.4).

Oymnkmio I pina G(z, s) xpaitopoi 3amaqi (17.1), (17.3) mmykae-
MO y BUIVISIII

_ Ja(s)pi(z), a<z <s,
Gz, s) = {cz(s)cpz(x), s<z<b.

Ba mobynosoio dyHKILi @1 () 1 pa(x) dyuknis G(z, s) 3a70B0osb-
Hsl€ TYHKTH 1, 2 o3HavueHHs DYHKITI fpiHa. sl BUKOHAHHST 1Ty H-
KTY 3 IIbOrO O3HAMEHHST 3aJIUIIAETHCS 3HANTH ¢1 (), c2(s) 3 cucreMn

ca(8)p2(s) — ci1(s)pi1(s)
ca(s)pa(s) — c1(s)py(s)

Il cucrema OfHO3HATHO PO3B’si3Ha BiHOCHO ¢ (s), c2($), 60 i1 BU-
SHAYHUK BiAMiHHMI B Hysist Ha [a, b] (nuM € Bponckian W (s) dyn-
Kiiiit 1($), @2(s)). Ocrarouno ojepxKyemo:

0
’ 17.6
L (17.6)

%&PB(I)? a<xT<s,
G(z,s) = {%ﬁm s<x<b g o

Oyuxiio I pira xpaitosoi 3amaai (17.1), (17.3) moxua GyyBa-
TH METOJIOM, SIKWii BUKOPUCTOBYBABCSA NPH JIOBEJEHHI TEOpeMH 2.

Hpuknanx 3. Hobydysamu ¢ynxyito I pina xpatiosoi 3adawi
Y~y = f(x), y(0) = 0, y(1) = y'(1).
Po36’sa3anHs. 3araJbHIM PO3B’I3KOM BiJIIIOBIIHOIO OIHOPIIHOIO
pieasiaag y” —y' = 0 e y = C; + Cye”. YacTunuuii po3s’si30k
p1(x) = 1 — €* 33J10BOJILHSIE TIEPILY KPAHOBY YMOBY, & PO3B’sI30K
©o(z) = e — apyry. Tomy dynxmiio I pina mykaemo y Bursii

ci(s)(1—e€*), 0<z <s,

ca(s)e”, s<x <1 (17.8)

G(z,s) = {
Cucrema (17.6) myist 3HaxomkeHHst QyHKIN ¢1(s), co(s) mae
BUTJISAT
ca(s)e’ —e1(s)(1—e®) =0,
ca(s)e’ +ci(s)e® = 1.
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[i posp’askom € ¢1(s) = 1, ca(s) = e~ — 1.
[Tiycrasysitoun 3Haiaeni ¢1(s), ca(s) y (17.8), onepxyemo byH-
KIIiIO fpiHa 3a/1aHOI KPalioBol 3a1adi:

1—¢€*, 0
G(x,s):{ ‘

e(e™® —1), s

)

s
[
1.

NN

xT
T

NN

Teopema 3. fxwo odnopiona xpatiosa 3adava (17.4), (17.3)
MAE AUWE MPUBLAALHUL PO38°A30K, MO PO36°A30K HEOOHOPIOHOT
kpatiosoi 3adawi (17.1), (17.3) icnye, edunut i 3adaemovca Gopmy-
010

b
y(z) = /G(w,s) - f(s)ds, (17.9)

de G(z,8) — ynwuia I pina wpatiosoi sadawi (17.1), (17.3).
Losedenns. Sanumemo dhopmyiy (17.9) y Burmsi

z b
y(x) = /G(z,s) -f(s)ds + /G(w,s) - f(s)ds.

Ha xoxxHOMY 3 mpOMiXKKiB [a,z) 1 (z,b] dyukuil G(z,s) i %

HeIepepBHi, a TOMYy OOHIBa IHTErpPaJIH MOXKHA 311(EPEHITIOBATH
3a 3minno©0 T V. Toni
x
0G(x,s
v = [2E2 fs)ds+ Glae - 011 () +
a
b

N /% f(s)ds — Gz, +0)f(x).

x
Ockinbku dyukiis G(x,s) HenepepsHa Upu § = T, TO HeiHTe-
rpajibHI JOJAHKN B3a€MO3HUIIYIOTHCS, & TOMY

z b
y’(x):/%-f(s)dsjt/%-ﬂs)ds. (17.10)

a T

D,Z[I/IB. BUHOCKY Ha cTop. 174.
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Pisricte (17.10) 1me omun pa3 3/1udepeHIiioeMo 3a 3MIHHOO T:

T

2 82G ) aG ) _0
v = [FOE s 20020 g g
b
0°G oG 0
I S UL Ve

T

b
0°G(x, s) 0G(z +0,z) OG(z—0,x)
= | =gz f)ds+ ( o - e )f(ﬂﬁ)-

a

Bukopucrosytoun nyHKT 3 3 o3HaueHHst pyHKIil G(x, $), OCTAHHIO
dOpMYITy MOKEMO 3aIINCATA Y BUTJISII

b
2G(x, s
y'(z) = % -f(s)ds + f(x). (17.11)

a

3 dopmya (17.9) — (17.11), BpaxoByroun BaaCTUBOCTI (DyHKIIT
G(z, s), omepxKyemo, mo (17.9) — po3s’s130K KpaiioBol 3aadi (17.1),
(17.3). Leit po3B’s130K €uHMiE, 6O SKINO IPUILYCTUTH ICHY BAHHSI 1H-
moro po3s’si3Ky §(x), To dyukuisa z(x) = y(x) — y(x) 6yae nerpu-
BlaJILHUM PO3B’sI3KOM OJIHOPIIHOT KPaitoBOl 3a/1a4i, 110 CYIepPeInuTh
YMOBi Teopemu. »

4. KpaiioBi 3agadi Ha BJjIacHiI 3HauyeHHs. JacTo BUHHUKAE
HeoOXiMHICTh 3HANTH PO3B’A3KM KpaitoBol 3a/1ati

y'+p(@)y +a@)y =Ny, € (ab), (17.12)
a1y’ (a) + fry(a) = 0,
{0423/(17) + Bay(b) =0, (17.13)

nie A — gificauit abo KoMIuIeKcHuit mapamerp, dyukmil p(x), q(z) —
HenepepBHi Ha BinpisKy [a,b], af + B £ 0, a2 + B2 # 0.

Baiaty 3HAXOKEHHs 3HAYEHD ITapaMeTpa A, JIs SKUX Kpaiio-
Ba 3amada (17.12), (17.13) mae HerpuBiajibHI pO3B’sI3KM, HA3UBA-
0Th KPatiogoto 3a0a4er0 Ha 8AACHT 3HAUEHHA.
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Suadenns mapaMerpa A, I SKAX KpaiioBa 3amada (17.12),
(17.13) mae HeTpuBiaabHI PO3B’SI3KH, HABUBAIOTH BAACHUMU 3HA-
YeHHAMU, a BIAOBITHI IM HETPUBIAIbHI PO3B’SI3KI — 6AGCHUMU
PyHrUIAMU KpPaiioBol 3a/1a4i Ha BJIACHI 3HAYCHHS.

KinpkicTs miHIfIHO He3aJe:KHUX PO3B’SI3KIB KpailoBol 3ajadi
(17.12), (17.13) mast 3aJaHOTO BJIACHOTO 3HAYEHHSI \ HA3MBaIOTh
KPAMHICIIO TIHOTO BJIACHOTO 3HAYEHHSI.

MoxxHa moBectn, mo st 3azxadi (17.12), (17.13) cupaspxye-
ThCsI TLIBKYU OJIHE 3 TAKUX TBEP/?KEHb:

1. Kpaiiosa 3ajaua (17.12), (17.13) He Mae BIacHUX 3HAYCHb.

2. KpaitoBa 3amaua (17.12), (17.13) mae He Oiblie 34HCIICH-
HOI MHOXKUHH BJIACHUX 3HAYEHb, K1 IPU I[HOMY HE MOXKYTh MaTh
CKIHYEHHOI T'PAHUYHOI TOYKH.

3. Koxne umcao A € BjacHMM 3HAYEHHAM KpaiioBol 3a/1adi

(17.12), (17.13).

Ilpuknanm 4. 3natimu eaachi 3HaveHHA M BAGCHE PYHKULT
zadawi y" = My, y(0) =0, y(b) =0, b #0.
Pose’azanns. Hexait A > 0 abo A\ — xommmekcue. Tomi 3amada
HE Ma€ HEeTPUBIAJIBHUX PO3B’sI3KiB, 00, MMiACTABJISIIOUN 3arajbHUI
po3B’a30K piBasHEA Yy’ — Ay = 0

Y= C’leﬁz + C’ge_\am

Yy KpaitoBl yMOBHU, OJIEPKYEMO

Ci+Cy =0,

Cle\r)‘b—l—Cge_ﬁb:O = 01202:0 = y(x)EO

Hexait A = 0. Toxi, migcrapasiodn 3arajbHUil PO3B’sI30K Y =
= Cix + (o y KpaiioBi yMOBH, OJIEPKYEMO

Cy =0, L _
{Clb+02:0 = 01—02—0 = y(x)_O,

TOOTO 1 y IIbOMY BHUIIQJIKY 3a/1a9a Ma€ TiTbKU TPUBIAILHUN PO3B -
30K.
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Hexait Temep A < 0. Tomi 3arajbHUM PO3B’SI3KOM PiBHSIHHS
y' —dy=0¢

y = C cos(zvV/—N) + Cysin(zv/—N),
a BPaxXOBYIOUM KPailoBl yMOBH, OJIEPKYEMO:
C, =0,
{Cl cos(bv/—\) 4 Cosin(by/—A) = 0 =
C1 =0, Cysin(bv/—\) =0.
dAxmo y TorokHO He HopiBHIOE Hys0, To Co # 0 i, orxke,

sin(by/ =) = 0.

3Bijgcu MaeMo (hopMyJIy I BCIX BIACHUX 3HAYEHD 3aJ1a4i:

2

Im BigmoBimatoTh BiracHi GyHKIT

k
yk:cksin¥, k=12, ...,

e C, — MOBLIBHI cTaJji, BiaMinal Bix mysrs. B

BaxkjiuBuM OKpeMHM BWIIAIKOM 3aJadi Ha BJIACHI 3HAYUEHHSI €
aadava IlImypma — Jliysians:

(p(x)y) — @)y + Ap(z)y =0, = € (a,b),

{aly’(a) + Bry(a) =0,
azy’(b) + Bay(b) = 0

ne dyukiii p(x), p'(x), q(z), p(x)— HenepepsHi Ha BiipisKy [a, b],
p(z) >0, p(x) > 0, z € [a,b], a2 + 2 # 0, a3 + B2 # 0. derams-
uime 3 3anadero [Itypma — JliyBijuis, BaacTuBocTsMu 11 BJIacHUX
3Ha4YeHb 1 BIacHUX (DYHKIIH MOKHA O3HAHOMUTHUCH, HAPUKJIA, Y
16, c. 189 — 201].

Pexomendosana aimepamypa: |1, c. 283 — 302, [3, c. 321 —
336], 5, c. 303 — 319], [10, c. 74 — 78], [16, c. 166 — 201].
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ITuranusa mo ekl 17

1. IIlo Take KpaiioBi yMOBH, KpalioBa 3aJada I 3BUYAITHOTO JTH-
depenmiaabHOTO piBHAHHSA? KMt BUIIS MAOTh KPailoBl yMOBU Jjist
JIHIHOTO JAuepeHIiaJbHOr0 PIBHAHHS JAPYTrOro MOPSIKY !

2. YuM BiApPi3HAIOTHCS HEOAHOPIIHI KpailoBl yMOBH Bi OJHOPIIHIX !
Yomy, posriisiiaroun KpailoBy 3a1a9y, MOYKHA OOMEXKUTHUCH OTHOPITHIMEI
KpailoBUMHU yMOBaMu?

3. dky dyHKIII0 HA3UBAIOTH PO3B’I3KOM KPAOBOI 331241 JJIst JIiHIi-
HOI'O JAu(pepeHIliaJibHOr0 PIBHAHHS JAPYTOTO MOPSIKY !

4. Ko po3B’s130K KpaitoBol 3ajadi Js JHIHOTO qudepeHItiaTb-
HOT'O PiBHSHHS JPYTOTr0 MOPSAJIKY ICHYE Ta €IWHUIA, He iCHY€E, ICHYE, aJje
HeeIUHMII?

5. 1o Taxe dpyukmis I pina kpaitosoi 3ama4i? dka i1 poss y mobymosi
PO3B 13Ky HEOIHOpPIiAHOI KpaiioBol 3amaui? Kousn icHye enuna dyHKIis
I pina kpaiioBoi 3a1aui? Sk MoxkHa H00yyBaTH dyHKIiO I pina?

6. Illo HasmBaiOTh KpaitoBoo 3ajadero Ha BiacHi 3Hadenns’! [1lo Ta-
Ke BJIaCHI 3HavYeHHs, BjacHl pyHKIT Takol 3a1a9i? Ak dopmysoerbes
zagaqda Hlrypma — Jliysimrsa?

Bopasu go aekii 17
1. BHalIiTh PO3B’sA3KM KPAROBHX 3a/1a4:

a)y"+9y =1, y(0)=0, y'(r) =1
6)y" -2y’ =3y=0, y(0)=1, lim y'(z)=2
2. IToGyuyiite dbynkuii I pina KpaifoBux 3a1ax:
a)y" +y=f(z), y(0)=0, y(1)=0;
6) zy” —y' = f(z), ¥'(1)=0, y(2)=0.
3. 3HaliiTh BJIaCH] 3HAaUEHHS i ByiacHl GYHKIT 3a/1a4:
a)y" =Xy, y'(0)=0, y'(b) =0, b#0;
6) 2%y’ + % =Xy, y(1) =0, y(b) =0, b#1.
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Honmarok 2.

3acTocyBanHs MareMaTu4vHoro nakera Maple
JJIg iIHTerpyBaHHA 3BUYAHUX JudepeHniaIbHuX
PiBHSIHb BUINMUX MOPSJIKiB

IIpuknag 1. 3naiitu poss’sizok 3agaui Komi y” +y = 0,
y(0) =1, 4/(0) = 0 (upukuaz 1 sexnii 10, crop. 124):
> dsolve ({(D@@2) (y) (x)+y(x)=0,y(0)=1,D(y) (0)=0},y(x));

y(z) = cos(x).

Ilpuksiaxg 2. 3imrerpyBatu gupepeHIiagbHe PIBHSIHHS
y" = 2¢/y (npuknasy 2 nekuii 10, crop. 127):
> dsolve ((DEO2) (y) (x)=2*sqrt(D(y) (x)),y(x));

y(x) = %x?’ + Cla*>+ Cl%z+ C2.
Cim’1o ocobmmBux posp’sizkiB y = C' 3a momomororo nakera Maple
3HAUTH HE BIAJIOCH.
IIpukiagn 3. 3interpysarn pisaanns y” = sin
aekii 10, crop. 129):
> dsolve ((D@@3) (y) (x)=sin(x)~2,y(x));

2 2 (npuxmagz 3

1 . x oz’ _C']x2
y(x)—ﬁsm(2x)+§+ﬁ+ 5 + C2x+ _C3.

Heit po3B’d30K IE€pPENO3HAMEHHAM CTAJIUX 3BOJUTLCS JI0 PO3-
B’SI3KY, OTPUMAHOr0 Ha cTOp. 129.

. s . mo___x? .

Ilpukaana 4. 3uaiitu po3B’sizok piBHsgnHA 3y = €%, gakuit

3a/I0BOJIbHsIE HYJIbOBI movaTkoBi ymoBu (npukiay 4 jekrii 10,
crop. 130):

> dsolve ({(De@3) (y) (x)=exp(x~2),y(0)=0,D(y) (0)=0,
(DEE2) (y) (0)=0},y(x) ,uselnt);

x p 21 p =zl
y(z) = / / / e—ZJQd_zI d_z1d =z1.
0o Jo 0
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Ommist useInt BUKOpUCTaHa JJIsd TOrO, 11100 Po3B’s130K 3agaui Ko-
1 OyB IpeCcTaBIeHU y KBaIpaTypax, a He 3a JOIOMOTOI0 CIIelli-
anpbHUX DYHKINH (Taki iHTerpasn depes esemeHTapHi DyHKIET He
BUPAKAIOTHCH ).

Ilpuksaazn 5. 3inTerpyBarn HemoBHe gudepeHIiaaibHe PiBHsIH-
s xy/1 + 4" = y” (upuknan 5 nexnii 10, crop. 132):
> dsolve (x*sqrt (1+(Dee2) (y) (x) ~2)=(Dee2) (y) (x) ,y(x))

assuming x>-1 and x<1;

y(x) = —% arcsin(x) — %x —224+1+ Claz+ _C2.
Tyr koncTpykiieio assuming x>-1 and x<1 HakJaJI€eHO OOMeXxKe-
HHsI Ha 3MIiHHY &, 00, sIK BUJHO 3 CAMOT'O DIBHSIHHS, JIIHCHUN PO3B’si-
30K ichye Jmmiie Ha inTepBaii —1 < < 1. Be3 mporo oomexemnms
Oy Ou BUOpaHUil MPOMIXKOK |x| > 1 1 3HANIEHUI KOMILJIEKCHUI
PO3B’SI30K.

Ak GaunmMo, y IbOMY BHUIIAQJKY BUKOPUCTAHO IHIMUN METOH,
aHi’K TOH, KW 3alPOIIOHOBAHUI Ha cTOp. 132: crovaTKy piBHSH-
Hsl PO3B’s13aHO BignocHo y”, a moriM orpuMane piBHsIHHS (BUTIIsILY
y" = f(x)) mpivi siurerposano. Lle no3BosmI0 3HANTH PO3B’SI30K
y IBHOMY BUIJISJi, a He Y HapaMeTpudHiil (popmi.

Ilpukiazn 6. Po3s’s3aTn 3a71ady Mpo pyx MaTepiaabHOl TOIKHI
(zamaga 1 mekmii 10). Ha crop. 133 orpumanu maudepenmniaabie
piBHSIHHS pyXy MaTepianbuol Touku x”(t) = %e‘pt. BinTerpyemo
1e piBHsIHHS, BpaxoBytoun movarkosi ymosu z(0) = 0, 2/(0) = 0:
> dsolve ({(DOG2) (x) (t)=k/m*exp(-p*t) ,x(0)=0,D(x) (0)=0},

x(t));
ke™Pt kKt k
x(t) =

IIpukJazn 7. 3inrerpysarn nenosne pisasunga xy’’ = y" —zy”
(mpukstas 1 siexii 11, crop. 136):
> dsolve (x*(DO@3) (y) (x)=(DOG2) (y) (x)-x*(DOE2) (y) (x),

y(x));

p>m  pm  pPm’

ylx)=2+xz) Cle ™+ C2z+ C3.

ITpuknaana 8. Po3p’sizatu 3amady mpo pyx MaTepiajlbHOI TO-
YKM [IPHU HASIBHOCTI omopy cepemosuina (3amada 1 sekmii 11). Ha
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crop. 137 orpumasn audpepeHItiaabae PIBHAHHS PyXy MaTepiajb-

noi Toukn mx” + kx' = Asinwt. 3inTerpyemo e piBHAHHHA, Bpa-

xoBytoun noyarkosi ymosu x(0) = 0, 2/(0) = 0:

> simplify(dsolve ({m*(D@@2) (x) (t)+k*D(x) (t)=
Axsin(omega*t) ,x(0)=0,D(x) (0)=0},x(t)));

<k2 cos(wt) — k2 +msin(wt)kw + wm2em — w2m2> A

() =~ (k2 + w?m?2) kw

Komanny simplify BUKOpPUCTAHO It CIIPOITICHHS PO3B’I3KY.
Ipuknazn 9. 3inTerpysarn HenopHe pisnsuna vy = y'? —y
(mpukstas 2 siexii 11, crop. 139):
> dsolve (y(x)*(D0@2) (y) (x)=D(y) (x)~2-D(y) (x)~3,y(x),
implicit);

/3

y(z)= _C1, y(x)+ Clln(y(z))—xz— C2=0.

[Tepenosnavyennsim cragoi Cy := 1/Cy Bignosigp npukiia-
Iy 2 3BOOMTLCS 7O BiANOBiII, 3HaiimeHnol mporpamoio. bes ormmil
implicit mporpama 3Haiinia 6 PO3B'A30K y ABHOMY BUIVISAI, aJe
yepe3 creriaibHi (DYHKINI, BUBUEHHA KUX He HepeadadeHe Ipo-
rpaMo0 HaBYAJbHOI AuCHUILIiHN <« lndepeHIiaabal piBHSIHHS».

IIpuxmazn 10. 3inTerpysaru oxuopigue pisuauna vy’ — y'? —
— 30y/zy? = 0 (mpukmazn 3 mexmii 11, crop. 141):
> dsolve(y(x)*(D@Q2) (y) (x)-D(y) (x) ~2-30*sqrt (x)*y(x) ~2=

0,y(x));
(exs/z) i 2

y(@) =0, y(e) = —r

Hagegieno takoxk po3s’sizok y = 0, akuii, 0O4€BUIHO, € YACTHHHIM.
Ilpuksazm 11. 3inrerpyBaru piBHSHHS JIPYTOrO HOPSIIKY B TO-
YHUX MTOX1THUX , )
Ty - y yy' =0
(mpukas 4 sexrii 11, crop. 142):
> dsolve ((x*(DQ@2) (y) (x)-D(y) (x))/x~2-y(x)*D(y) (x)=0,
y(x));
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1 1
y(z) = —tanh(ZC’I Vox? + 5701 \/§CQ> _C1 V2.

[Tporornyemo unTagaM CaMOCTIHHO HMEPEKOHATHCDH, IO 3HAMIEHUI
porpaMor posp’sizok € HemoBHuM. DyHKINA tanh mo3Havae Ti-
mepOOoJIIIHI TaHTEHC, TOOTO

shx e —e %

chx e*+e 7

IIpuxmazn 12. 3inrerpysaru Henosue pipusans yy” — y'? = 1

(mpukaz 5 srexril 11, crop. 143):
> dsolve(y(x)*(De@2) (y) (x)-D(y) (x)~2=D(y) (x),y(x));

@) e_Clazg C2_C1 4 q

x) = .

Y ~C1

Posp’sizku y = —x + C' 1 y = 0 nakerom Maple He 3HaliIeHi.

SHaliIeMo TaKOXK IHTerpyBajbHUNR MHOXKHUK IIHOTO PIBHSIHHSL:
> DEtools[intfactor] (y(x)*(D@O2) (y) (x)-D(y) (x)~2=
D(y) (x));
1 1
V&P (@) + 1)y’

Ilpukmaana 13. IlobymyBatn audepeHIiaibie PiBHAHHS, AKe
Mae dyHIaMeHTaIbHy cHcTeMy po3B’askis yi(z) = 2, ya(x) =
=z — 1 (mpukiaz 1 xekuii 12, crop. 155).

Jlast IL0ro BUKOPUCTAEMO KOMaHAW wronskian i det makera
linalg:
> linalg[wronskian] ([x~2,x-1,y(x)],x);

r—1  y(z)
2z 1 %y(x)

2 0 %y(x)

)

> linalg[det] (%)=0;

2 2

_$2%y(x) +2 x%y(w) +2 (%y(w)) T —2 %y(aﬁ) —2y(x) =0.
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Ilpukman 14. 3inTerpyBarn JjiHiline OXHOpiIHE PIBHAHHS 3i
crammu koedirmienramu y” — 4y’ + 3y = 0 (upukiaz 1 gexuii 13,
crop. 160):
> dsolve ((D@@2) (y) (x)-4*D(y) (x)+3*y(x)=0,y(x));

y(x) = Cle®+ C2e37.

IIpukiaan 15. Binrerpysaru pisusuusa y” — 5y’ — 6y’ = 0
(mpukas 2 sekrii 13, crop. 160):
> dsolve ((D@®@3) (y) (x)-5%(DEG2) (y) (x)-6*D(y) (x)=0,y(x));

y(x)= Cl1+ C2e %4+ (367,
Ilpuksazna 16. 3inTerpyBaTu piBHsIHHS
yIV _ 6y/// + 12y// + 6y/ _ 13y — O

(mpukas 3 sekril 13, crop. 161):
> dsolve ((D@@4) (y) (x)-6%(DE3) (y) (x)+12*(DO2) (y) (x)+
6+D (y) (x)-13*y(x)=0,y(x));

y(z)= Cle"+ C2e "+ (3e*"sin(2z) + Cf e*¥ cos(2).

IIpuknan 17. 3inrerpysarn pisnanns y” +3y” +3y +y =0
(mpukstas 5 siexii 13, crop. 163):
> dsolve ((D@3) (y) (x)+3*(DEE2) (y) (x)+3*D(y) (x)+y(x)=0,
y(x));

yx)= Cle™+ C2e“z+ C3e %z
IIpuksan 18. 3iaTerpyBaru piBHAHHS
y\/ . yIV + 8y”’ _ 8y” + 16y’ - 16y =0

(mpuka 6 sexril 13, crop. 163):
> dsolve ((D@@5) (y) (x) - (D0@4) (y) (x)+8*(D@3) (y) (x) -
8% (D0E2) (y) (x)+16+D(y) (x)-16*y(x)=0,y(x));

ylx) = _Cle"+ (C2sin(2z)+ _C3cos(2x) +
+ _C4sin2x)x + _CHcos(2z) .
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IIpukaan 19. SiarerpyBaru piBusnaa Eitmepa
22y —3xy +3y =0

(mpuksas 7 siexiii 13, crop. 164):
> dsolve (x~2*(D0@2) (y) (x)-3*x*D(y) (x)+3*y(x)=0,y(x));

y(r)= Clz+ C22°
Ilpuksazm 20. 3inrerpyBaru piBHsiHHS Yeburnosa
1=y —ay +n’y=0

(mekmist 13, cTop. 165):
> dsolve((1-x~2)*(D@G2) (y) (x)-x*D(y) (x)+n~2xy(x)=0,
y(x));

y(z) = _C1sin (narcsin(z)) + _ C2 cos (narcsin(z)).
Ilpuksazm 21. 3inrerpyBaru piBHsiHHS Beccesst
22y +xy + (22 —1/4)y =0

(mekmis 13, crop. 166):
> dsolve(x~2*(D@C2) (y) (x)+x*xD(y) (x)+(x~2-1/4)*y(x)=0,
y(x));
C1 sin(x C2 cos(x
) = =CLnle) , _Coeols)

Ilpuksana 22. 3inTerpyBaru JiHiiiHe HEOIHOPIIHE DIBHSIHHS

31 crasmmu koedinientavu y” + y = x (mpuksan 1 ekl 14,
crop. 172):
> dsolve ((D@Q2) (y) (x)+y(x)=x,y(x));

y(z) = sin(z) _C2 + cos(x) _C1 + x.
Ipukman 23. 3iarerpysaru pismasuns y” — 2y’ = x2 — €
(mpukas 3 sekril 14, crop. 180):
> dsolve ((D@@3) (y) (x)-2x(DEO2) (y) (x)=x"2-exp(x) ,y(x));

$4 $3 2

1 x
T 2x
=—— - —+e" + - 11— —+ + .
y(x) 5 5 e 4e o 3 C2x C3
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Ilpukmaan 24. 3unaiiTu 3araJbHAil PO3B’SI30K JIHIAHOTO OIHO-
piIHOTO PIBHAHHS JIPYroro MOPSAKY 31 3MiHHUMEU KoedirieHTamMu
xy" + 2y’ 4+ 2y = 0 (upuknagu 114 sexnii 15, crop. 184, 190):
> dsolve (x*(DQO2) (y) (x)+2*D (y) (x)+x*xy(x),y(x));

_ C1sin(x) n _ C2cos(x)
T T '

y(z) =

Ilpukmam 25. 3inrerpyBaTu JiHiiiHe OJHOPiTHE DIBHSHHS 31
smirEmME Koedimentayvm (22 + 1)y” — 2zy’ + 2y = 0 (mpuxmaz 2
aekii 15, crop. 185):
> dsolve ((x72+1)*(DQ@2) (y) (x) -2*x*D(y) (x)+2*y (x)=0,

y(x));
y(x)= Claz+ C2(z*—1).

Ilpuksazm 26. 3inTerpyBaTu 3a JOMOMOIOI CTEIIEHEBUX PSIIiB
ninifine piBusinas y” + xy = 0 (npuksa 3 sexii 15, crop. 188):
> dsolve ((D0@2) (y) (x)+x*y(x)=0,y(x) ,type=series) ;

y(z) = y(0) + D(y)(0)x — —y(0)2° — =D(y)(0)a"* + O(2°).

Bupasu y(0) i D(y)(0) osnauators 3uavenusi dbyHKiil y(z) ta 1i
noximuol B Touni x = 0, TO6TO BUKOHYIOTHL POJIb JIOBUILHUX CTa-
JIIX, & CaM PO3B 30K 3aJIaHMil JIUIIe KITbKOMA TEePITUMA YIeHAME
crenenesoro paxy (mo z°). 3maiigemo me poss sk 3amad Kormi
y'+2y=0,y0)=1,y(0)=0iy"+2y=0,y(0)=0,¢(0) =1
3a JIOIIOMOTOIO CTeIICHeBHX PSJIiB, aje 3 TouHicTio 10 x'4:
> Order:=15:dsolve ({(D@@2) (y) (x)+x*y(x)=0,y(0)=1,
D(y) (0)=0},y(x) ,type=series);
1, 1 4 1 4 1
y@) =1= 50 507 " T2960° T 1710720
> dsolve ({(D@@2) (y) (x)+x*y(x)=0,y(0)=0,
D(y) (0)=1},y(x) ,type=series);

J}12—|-O(J}15), (1>

1 4 1 7 1 10 1 13 15
RS SN S o 0(z%). (2
y(@) =~ 3% 50~ mae®  roreige” TO® ) @
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Tyt criouaTky cucremHiit 3minHiit 0rder MPUCBOEHO YNCIIO, SIKE BU-
3HaYa€ TOUYHICTb HAOJIMXKEHHs PO3B’sI3KYy. Jlerko 6aauTu, o oTpu-
MAHO II0 II'SITh meprmux wieHis psais (15.11) i (15.12) Bimmosigmo.
3posymiso, mo dhopmyau (1) 1 (2) maoTh KOpeKTHE HAGIMIKEHHS
pO3B’a3Ky Jiuiiie B oKosi Touku x = 0.

HomaTkoBo 1modymyeMo rpadik po3s’si3ky mepimoi 3aaa4di Korri.
Ile moxkua 3pobutn, mobymyBasmu rpadik Gyl (1), amxe mis
3HAYEHb &, AKI CyTTEBO BIIPI3HAIOTbCA Bij 0, Oro moBeliHKA He
BimoBimaTnMe crpaBXKHiit (komanma plot onncana na crop. 337):
> plot(1-1/6*x~3+1/180%x~6-1/12960%x~9+1/1710720*x~12,

x=-2.3..4.2,scaling=constrained) ;

4_

Puc. 1

Tomy kparre mobymyBaru rpadik, 3HANIIOBIIN CIOYATKY Ha-
OmmKeHUit po3B’I30K 3amaHol 3agadi Kormi umcioBuMm MeToma-
MU (JIJIsI IIbOIO BUKOPUCTOBYEMO OIIIiI0 type=numeric KOMaHu
dsolve. Jlgs mobymoBu camoro rpadika Ipu3HAdIeHa KOMAHIA
odeplot makera plots (crop. 338):
> F:=dsolve ({(D0G2) (y) (x)+x*y(x)=0,y(0)=1,D(y) (0)=0},

y(x) ,type=numeric) ;

F :=proc(z_71kf45) ... end proc
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> plots[odeplot] (F,x=-2.3..15,numpoints=200,scaling=
constrained) ;

/\/\/\/\/\ﬁ

S B N/ S 7 S G/ v A ¥ e v

Puc. 2

Ilpuknang 27. Posp’asaru  kpaiioBy 3amaay 3" +1y =0,
y(0) =0, y(a) = yo, a # 0 (mpuxsaz 1 gekuii 17, crop. 207):
> dsolve ({(D0@2) (y) (x)+y(x)=0,y(0)=0,y(a)=y0},y(x));

y0 sin(x)
sin(a)

y(r) =

Bunamok, xomu sina = 0, 3ajummBes mo3a yBaroio nakera Maple.
Ilpuksazma 28. 3HaiiTu po3B’si30K KpaitoBol 3a1adi
22y +3zy —8y =0, y(1)=1, lim 3/(2)=0
Tr—00
(mpukitaz 2 siexii 17, crop. 208):
> dsolve ({x~2*(D@A2) (y) (x) +3*x*D(y) (x)-8xy(x)=0,y(1)=1,
D(y) (infinity)=0},y(x));

Tnmni nmpuknany 3acTocyBaHHs MaTeMaTUIHOro maketa Maple
JJIsI IHTerpyBaHHs 3BUYAfHUX mudepeHiaabHuX PiBHIHD MOMKHA
suaiitu B [9, 12, 18|. IIpononyemo unratam caMocTiiiHo 3iHTErpyBa-
i audepeHItiaabHi pIBHAHHS, HaBeIEH] Mic/s KOXKHOI JIEKITT po3-
ainy 2.
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Po3znain 3.
CUCTEMU 3BUYAMHUX
JINPEPEHIIIA/IbHNX PIBHAHD

JIekiia 18. CucremMu 3BMYaliHUX
nudepeHIiaTbHUX PiBHSHB (3arajbHa Teopist)

Ilnan

1. OcHoBHI 0O3HAYEHHST it TOHSITTSI.

2. Mexaniune TiymMadeHHs HOPMAaJbHOI CUCTeMHU Ta 11 po3B’a3-
KiB.

3. 3BeieHHsT AUQEPEHITATBHOIO PIBHSIHHS N-I'0 TOPSJKY JI0
HOPMAJILHOI CHCTEMH i obepHeHa 3a/1a4a.

4. Jliniitai ogHOpinHi cucTemu.

1. OcHoBHIi O3HaYeHHs i MOHATTH. baraTo npukIa HIX 3a-
Jad IPUBOJATH JIO HEOOXiTHOCTI BU3HAYUTH Bijpa3y JeKiIbKa He-
BimoMUX (PYHKIII# 3 1eBHOI KiTbKOCTI IudepeHIliaJbHuX PiBHAHD,
TOOTO 3HAWTH PO3B’SI30K CHUCTEMN AUQEPEHIIaJIbHIX PiBHSIHD.

CyKyIHICTh CIIBBiIHOIIEHD BUTJISIILY

F].(xvyl?y27“‘7yn7y,17yév"'7y';z) 07
FQ(-raylvav"'vynvyiayéa"'ay;) 0

’ (18.1)

Fn(xvylvy%"'vynv yivyévvy;) :O?

e Y1, Y2, -- -, Yp — HiyKani QyHKIHl He3aaeKHOT 3MIHHOI &, HA3U-
BalOTb CUCMEMOI0 38UNAGTUHUL JUPEPEHUIAALHUTL PIBHAHD
nepuL020 NOPAIKY.

Axmo (18.1) MoxkHA PO3B’sI3aTH BIJIHOCHO TOXIIHUX yCiX (DyH-
KIIi#f, TO ONEPXKUMO CHCTEMY

yi = fl(xaylvy%' .- 7yn)a
yé:fQ(x7ylvy27‘”7yn)7 (182)

y';z = fn(xvylay% cee ayn)v
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sIKy Ha3UBAIOTHb HOPMAALHOIO.
Posze’szrom cucmemu (18.2) na nesikomy inrepsasi (a,b)
Ha3UBAIOTh BIOPSIIKOBAHY CYKYITHICTH (DYHKITIH

Y1 = yl(x)a Y2 = y2($)7 sy Yn = yn(x)a (18'3>

BU3HAYEHNX 1 HEIIEPEPBHO AMMEPEHIIINOBHIX Ha IIHOMY iHTEpBaJi,
SIKINO BOHA KOXKHE DiBHsIHHs cucremu (18.2) meperBopioe y TOTO-
JKHICTB, KA CIPaBIKYEThCS I BCiX 3nadens & € (a,b). Kpusy
B (n+ 1)-Bumipaomy tpoctopi (Z,Y1,Y2,---,Yn), AKa BIIIOBIIaE
po3B’si3ky (18.3), HABHMBAIOTH THME2PAABHON KPUBOIO CHCTEMU
(18.2).

3adawa Kowsi ninsa cucremn (18.2) dopmymoeTsest Tak: ce-
peJl ycix po3B’si3KiB 1€l cucTemn 3HaiTH PO3B’si30K (18.3), sKwmit
3aJI0BOJIHHSIE YMOBU

y1(zo) = y10, v2(x0) = Y20, ---» Yn(T0) = Yno, (18.4)

Jie ©=xg — JesKa Touka 3 iHTepBaiy (a,b), a Y10, Y205 - - -, Yno —
JOBiIBHI 33/1aHi Aifichi ducra (IX HA3WBAIOTH NOYAMKOBUMY OG-
HUMU P038°a3Ky). CyKyIHICTb YUCEIT X0, Y10, Y20, - - - , Yno 3 YMOB
(18.4) masuBaioTh Nouwamrosumu danumu cucmemu (18.2), a
cami ymoBn (18.4) — nouamxosumu ymosamu cucremu (18.2).

3 reoMeTpUIHOI TOYKH 30py 3aaa4a Ko mosarae y BiammyKan-
Hi cepeJl ycix iHTerpajbHuX KpuBux cucremu (18.2) takol Kpusoi,
sIKa TPOXOJNUTH 4epe3 3aany TOUKY (Zo, Y10, Y20, - - -5 Yno) TPO-
cropy R+,

BustBisieTbest, Mo i iCHyBaHHs HelepepBHO udepeHIiios-
HOro po3B’sizky 3amadi Komi (18.2), (18.4) mocurs mpumycruTh,
o6 npasi wacmuny cucmemu (18.2) 6yau nenepepsrumu 6 deaxro-
MY oxoai nouwamrosux danuxr (meopema Ileano). Hacrymma Teo-
peMa rapaHTye iCHyBaHHs €MHOrO po3B’si3ky 3ajaui Komi (18.2),
(18.4) (moBenenus i€l TeopeMu MOXKHA 3HAiiTH, HANIPUKIAL, B 7,

c. 93 - 99)).

Teopema (Komi). Hezati npasi wacmunu cucmemu (18.2) su-
anaueni 6 (n + 1)-eumipromy napaseseninedi

G:{(x7ylvy27‘”7yn):’x_x0’<a7 |y]_y]0|<b7 j: 1,2,...,7’1}
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i 300060ALHANMD Y HOOMY MAKT YMOGU:
1) dymruii fj(x,y1,y2, ..., Yn) nenepepeni, a, omorce, G obme-
orcent, moomo | fj(x,y1,vy2,...,yn)| < M, 7=1,2,...,n, M >0;
2) wacmurni noxioni %, jk=1,2,...,n, ichyroms ma obme-
2HCEM.
Todi 3adaua Kowsi (18.2), (18.4) mae edunuti po3e’azok npunatimmi
na 610pisky |r — xo| < h, de h = min (a, b/M).

Hexait G — 1ie 06/1acThb TPOCTOPY 3MIHU 3MIHHUX T, Y1, - - - , Yn,
y KOxXKHIit Touri sikol 3aqa4da Ko (18.2), (18.4) mae eaummit pos-
B’s130K. CyKymHICTb (DYHKITIH

yj = pi(x,C1,Co,...,Cy), j=1,2,...,n, (18.5)

JKi BU3HaAYEHI B AedaKiit obmacri 3minn x, Cq, Cy, ..., C), 1 MaoThb
HellepepBHI YaCTUHHI MOXiJHI 38 3MIHHOIO I, HA3UBAIOTh 3G2GAb-
HuUM po3e’asrxom cucremn (18.2) B obmacti G, sKImo:

1) cucremy (18.5) moxkHa po3s’sizaru B obsacti G BiTHOCHO

noButeHEX craqux Cp, Co, ..., Cp, TOOTO
C':wj(xaylvy%"'vyn)a j:172a"'7n; (186>
2) mas BCix 3HaYEHb (T,Y1,...,Yn) € G dbopmymn (18.6) Bu-
3HauaroTh Taki 3Hadenusi Cp, Cy, ..., Cp, st SKUX CYKYIHICTH

dbyuxmiit (18.5) € poss’askom cucremu (18.2).

Posp’si30k cucremn (18.2), y KOXKHIN TOUI[ $IKOIO BHKOHYE-
ThCS YMOBa €IUHOCTI PO3B’sA3Ky 3agadi Ko, Ha3mBaioTh a-
CMUHHUM. 3 03HAUEHHS 3araJIbHOTO PO3B’sI3KY BUILIUBAE, IO BCi
PO3B’S3KH, SKi YTBOPIOIOTHCHA 3 HBOTO JIJI KOHKPETHUX 3HAYEHD
crasiux C1, Co, ..., Cp, € vactuaHUME. PO3B’SI30K cucTemu, y Ko-
JKHI#fl TOYI SIKOTO MTOPYIIYETHCS YMOBa €IMHOCTI PO3B’I3KY 3a1ati
Ko gist 11i€l cucreMn, Ha3UBaOTL 0COOAUBUM.

Henepepsro audepenniiiory byHkIio ¥(x, y1, Y2, - - - Yn),
TOTOXKHO BiAMIHHY BiZ cTaj0l, HA3WBAIOTDL tHME2PAAOM CUCTEMU
(18.2), sIKIIIO BOHA TOTOYKHO HEPETBOPIOETHCS Y CTALY B3JIOBXK J10-
BIJIbHOTO YacTUHHOTO PO3B’3Ky 1€l cucremu. Tomi dyp = 0 BHa-
cainok cucremu (18.2), To6TO

oy oy 9y

dp = ——dr + ——d et ——dy, =
0 e x+8yl Y1 + +8yny
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o o oY
=—dor+—fide+...+ —fndz =0.
Ox x+3y1fl v +<9ynf !
Pisricts ¥ (z,y1,Y2,...,Yn) = C, ne C — noBinbHA cTana, Ha-

3UBAIOTh Nepwum ihmezpaaom cucremu (18.2). Hanpukiiaz, ko-
’KHa 3 piBHOCTeil (18.6) € mepmmm inTerpasom cucremn (18.2).
CykynsicTb n nepmux iHTerpasis cucremu (18.2)

¢j($»y1,y27---,yn)=C’j j=12....,n,

Ha3UBAIOTh 3G2AAbHUM THIME2PAAOM ITiE] CUCTEMU, AKIIO iHTe-

rpaau Y1, Yo, ..., Py € HE3AAEHCHUMU, TOOTO MK Y1, Y2, ...,
Yy, He icHye cuiBBignHomenus Burisy F(ir,12,...,10,) = 0 s
xonmuol dyukmil F. 3 MaTeMaTUIHOrO aHAJI3y BiJIOMO, IO JJId
He3aJIeXKHOCTI B 00j1acti G QyHKIHiH 91, Vs, . ., ¥y, sKi MaIOTh Ya-
. N Y . .

CTUHHI TTOXiHI 8—3}1, 7, k=1,2,...,n, HeoOXiaHO 1 TOCTATHBO, 100
B obacti G

oy .. 9

Oy1 OYn

N 1)

W OYn

oy1 OYn

Mozkna mokasaTn, o HOpMAaJIbHa CHCTEMA 1 PIBHIHDL HE MOYKE
MaTH OliIblle, HIXK N He3aJIeXKHUX iHTerpasis cucremn (18.2).

Bynp-saxi n meprmmx iHTerpaiB Ha3UBAIOTh HE3AAEHCHUMU,
SIKIIIO BiJIIOBIHI M iHTerpaJsm Hesasexui. OT:ke, 3aja4a 00YI0BA
3arajJbHOrO IHTerpaJja CUCTeMHU Oy/ie PO3B’I3aHOIO, AKIIO 3HAMIEHO
7, He3aJIeXKHUX IIePIINX iHTerpaJiis.

3arajpHOTO CIOCO0Y 3HAXO/KEHHSI NEePINX IHTErpaJiB He
icaye. OpHak y 6araThox BHIIAJIKaX BIAE€THCS 3HANTH Iepruuil iH-
TerpaJi IMUIsAXOM JIEAKUX IIePeTBOPEHb CUCTEMU, Y PE3YJIbTaTi Y0ro
OTPUMYETHCS audepeHItiagbie PIBHIHHS, dKe JeTKO IHTEerPY€eThCs.
Koxkne Take piBHSIHHS HA3WBAIOTh THMEZPOBHOI0 KOMOIHAUL-
ero0. Koxxaa iHTerpoBna KOMOIHAIS TMOPOIKYE HEPIMUil IHTErPAI.
OpHak cepell HUX MOYXKYTh BUSIBUTHCH 1 3aJI€’KHI IHTEI'DAJIH, & TO-
MYy, OIEPXKYIOUN HOBWI HepInuit inTerpaJi, mOTPiOHO IepeBipuTH,
qu Oy/e BiJl He3aJIeXKHUM 3 PaHillle OTPUMAHUMA.
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Mpukmnaz 1. 3inmezpysamu cucmemy?

{y’ =z(y — 2)72,
Z=yly—2)"2

Pozs’sazannsa. [logimueimm mepiie piBHAHHS CHCTEMH HA JpyTe,
. . . d . .
OJIEP?KYEMO IHTErpoBHy KOMOiHalliio 72 = i, 3BIJKH, BiIOKPEMJIIO-

[0YM 3MiHHI, 3HAXOIIMO

d z
Y_z = ydy—=zdz=0 =
dz vy
2 2 _

y°—z° =Ch. (18.7)
Bigmimatoam Bijm apyroro piBHSHHSI 3aJaHOI CHUCTEMHU IIepIIle,
OJIEPYKUMO II€ OJHY iHTErPOBHY KOMOIHAIIIIO % = Z__ly, 3BLIIKH
(z—y)? = =224 Cy. (18.8)

Kozkne i3 cuisignomens (18.7), (18.8) € mepinm inTerpasom,
& OCKLIBKH BOHH € HEe3aJeKHUMHU (y IIbOMY IPOIIOHYEMO IIE€PEKO-
HATHUCS CAMOCTIHHO), TO iX CYKYIHICTH € 3arajbHUM IHTErpaJioM
CUCTEM.
Bionoeidv: y> — 2> = C1, (2 — y)? = =2z + Cs.

2. MexaniyHe TJyMadyeHHsI HOPMaJIbHOI cucrteMu Ta i1
po3B’a3kiB. Hopmambwiit cucremi (18.2) ta i1 po3s’siskaM MoXKHA
HAJIATU [IPOCTOr0 MexaHigHOro 3Mmicty. PosryisHemo cucremy

1"/1 - fl(t71"171"27 o 71"71)7
JJIQ = fz(t,xl,xg, e ,J}n),
(18.9)
JJ;L - fn(t,iU]_,iUQ, cee 7xn)7
ne t —ygac, T1, T2, ..., Tp — KOOPAUMHATH TOYKHU N-BUMIPHOI'O IIPO-

cropy. Leit npocrip HasuBaioTh azosum. is n = 1 daszoBum
IPOCTOPOM € Bich t (pasosa npsama), 1ysi n = 2 — wiomuna (t, ),
sIKy Ha3UBalOTh (Ha308010.

R dximo y cucremi aBi HeBimomi GyHKIIIT, TO TO3HAYATHMEMO X Yepe3 ¥y, 2.
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Koxumit po3s’si30k (iHTerpasbia Kpusa)
x1 =x1(t), ®a=wx2(t), ..., xpn=2x,(t) (18.10)

cucremu (18.9) Bupaxkae 3aKoH PYxy TOUKU y Ha3zoBOMY IIPOCTO-
pi. Tomy poss’sazok (18.10) HABUBATUMEMO PYTOM Y N-BUMIPHOMY
npocropi R™, Busnauenum cucremoro (18.9), a kpuBy, siKy onucye
pyxoMma TOYKa y (a30BOMY IIPOCTOPi, — MPAEKMOPIEI0 PYXLY abo
dazo06010 mpaekmopiero.

JIiBi wactuan cucremn (18.9) € ckmamoBnMu (3a OCSIMU KOOD/TH-
HAT) MIBUIKOCTI PYXy TOYKH, TOMY KayKyTh, IO Is CUCTEMA 3a/1a€
[IOJIE€ MBUIKOCTEH PyXiB, TOOTO TOYKA MOXKE IIPOXOAUTH Y MOMEHT
qacy t uepe3 HoJIoKeHHs (X1, X2, ..., Ty) TUIBKHE 3 3aaHOI0 IIBH/I-
KiCTIO.

SIKIMO MBUAKICTD, 3 AKOIO TOYKA IPOXOAMUTH 9EPE3 MOJIOKEH-
Hs (1,2, ...,%y), HE 3AJIEKUTD BiJl MOMEHTY 4Yacy IIPOXOJIZKEHHS,
To6TO cucrema (18.9) mae BUIIsAL

vy = fi(w1, 22, .., 20),
h = folw1, 2, .., 2n), (18.11)
(E;L = fn(xlvx% s ,(En),

TO 11 HABUBAIOTH GBMOHOMHOM (CMAUIOHAPHOI0), a DPYX, IO
OTHUCYIOThCA TAKOIO CUCTEMOIO, — YCMAAEHUM.

Axmo y meskiit Touni (219,220, .-, Tpo) IPaBl YaCTHHA CH-
cremu (18.11) mOpIBHIOIOTH HYJIIO JIjisi BCIX 3HAUEHb 4acy t, TOO-
to f;(t,z10,220,...,2n0) =0, j =1,2,...,n, TO 15 cuCTEMA Ma€
PO3B’s130K

T1 = T19, T2 = T2, --., Tn = Tno, (18.12)

a/pKe, miacrasisodn foro B (18.9), omep:xumo ToroxknocTi. Pyx
(18.12) HasMBaOTh CMAHOM CTNOKO0. TPAEKTOPIEIO IBOTO PYXY €
TouKa (X109, 20, - - - » Tno), AKY HA3UBATUMEMO MOYKOI CNOKOMW.

3adawa Kowsi nnsa cucremu (18.9) mossirae y 3HaAXOKEHHI
pyxy (18.10), sikuii 3a10BOJIbHSIE TIOYATKOBI yMOBH

z1(to) = z10, @2(to) = 20, ..., Zn(to) = Tno,
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ne to, 10, 20, ..., Tpo — 3aJaHl UMCIa (NOwaAMKO8E dami),
T00TO mIyKaeTbest Takuii pyx (18.10), mpu sikomy pyxoMma TOYKa
BHAXOIUTHCA Y 3aaiit Touri (x19, 220, ... ,Tn0) Ha30BOrO mMpo-
cropy y 3amanuit MomeHT uacy t. Ilpu mpomy (x10, 20, - - -, Tno)
HA3WBAIOTH NOYAMK0B010 moukoro pyxy (18.10). 3aysakumo,
0 #KIIO MOYATKOBOIO TO4KOK pyxy (18.10) € Touka crokowo
(10,205 - - - , Tno), TO ORMHUM 3 po3B’s13KiB 3amaui Kol Oyme cran
criokoro (18.12).

Cucremu judepeHIiabHUX PIBHAHBb € MOJEJISIMU Pi3HOMAaHi-
THUX NPUKJIATHUX 381249, PO3IyigHeMo o/iHy 3 HUX.

Bamaga 1. Bushauumu mpaekmopito pyry 2apmammuozo CHG-
PAY, AKUT BUAIMAE 3 NOYAMKOB0I0 WBUIKICTNI0 Vg N0 KYMoM
do zopusonmy. Onip nosimps nponopuitinut Weudkocms pyxy.
Pozs’sazannsa. Crnamemo audepeHIagabHy MOAeIb Iiel 3aja-
4yi. 3a [OYATOK KOOPJAMHAT Bi3bMEMO TOYKY BHJILOTY CHAPSJIA
(puc. 18.1). Ha cmapsiz e cuma Barn P = mg, CK1aioBa siKoOi Ha
oci x MOpiBHIOE HY/IO, 00 Cuja MepHeHIuKyagapHa 0 1iel oci. To-
i audepeHIiaJbHUMK PIBHAHHSIMU PYXy B3J0BXK KOODPIMHATHHUX
oceil €

d?x dx d?y kdy
m—s = —mk—, m— =—mg—mk—.
a2 ar’ ae g dt
yir
o
mg
«
0 T
Puc. 18.1

SIKIMo 3HEXTYBATH OIMOPOM TOBITPsI, TO I1i PIBHSAHHS ITIC/IsT CKO-
POYeHHS Ha M MATUMYTh BUTJISII:
d?x d?y
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Orke, 3ajaua 3Bejacs JI0 IHTErpyBaHHs CUCTEMH JBOX JIU-
depennianbaux piBHAHL. [HTErpy0un KOKHE PIBHSHHS CHCTEME
(18.13), omepxkyemo:

dx dy
Vp=—=01, vy,=-—=—gt+Cy 18.14
dt 9 Yy dt ) ( )
J1e Vg, Uy — CKJIQJOBI MIBUAKOCT] v = v(, y) Ha ocsAX. Y HOYATKOBHIT
MOMEHT 4acy tg = 0 KOMIIOHEHTaMM HIBUIKOCTI € ¥, = g COS «,
vy = vpsina, a orke, C1 = vgcosa, Ca = vgsin a. Bpaxosyioun
i opmyin, 3 (18.14) 3HaxoAUMO

z=uvptcosa+Cs, y=—gt?/2+votsina + Cy,
ase ockinbku x(0) = y(0) = 0, ro C3 = Cy = 0. OcraTouHo MaeMo
T =wptcosa, y=—gt?/2+ votsina.

Bukirogatroun 3Bizmcu ¢, 01epKyeMO TPAEKTOPII0 PyXy — mapabosry

gz*

————— +trtga.
2118 cos?a &

y:

JanabHicTh T HOJIBOTY CHapsija 3Haiigemo 3 piBHaaHs y = 0:

2

i
g =0 = r1 =

vg sin 2«
208 cos? o g

Ttg o —

MaxkcuMaJibHOIO JAJIBHICTE TOJILOTY OyJie Tomi, Ko sin 2a = 1,
3BIIKM 3HAXOMMO BiIHOBimHMIT KyT BUaboTy o = /4. B

3. 3BesienHs AudepeHiaIbHOTO PiBHSIHHS N-T0 MOPS/I-
Ky [0 HOPMaJIbHOI cucTemMu i obepHeHa 3ajsadva. /udepen-
1iaJibHE PIBHSAHHS 1-TO MOPSJIKY

y(") =f (x, v,y ... ,y("_l)) (18.15)
3aBXKJIM MOXKHA, 3BECTH [0 HOPMAJILHOI cucTeMu 1 AudepeHIiaib-

HUX PiBHSHD. J[Is1 1IHOTO TTO3HAYNMO

Yy =141, y/:y27 y”:y37 RS y(n_l):yn
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Toni
Yi=v =y vh=y"=us .., o=y =y,
y;z = y(n) = f(x7yl7y27 o 7yn)7
T06TO PYHKIIL Y1, Y2, . . ., Yn 3QI0BOJILHIIOTH HOPMAJILHY CHCTEMY

nudepeHIiaJIbHuX PiBHIHD

yll = Y2,
y/Q = Y3,

(18.16)
y;L—l = Yn,

I
Yn = f(xvylvaa s 7yn)

3BesieHHST OHOTO JUMEPEHIATBLHOTO PIBHAHHS N-TO TOPSAJIKY
(18.15), po3B’si3aHOrO BiTHOCHO CTAPIIOI MOXiTHOI, O PIBHOCHIIb-
HOl HOpMaJibHOI cucTemu (18.16) y HaraTbox BHIAJKAX CIIPOIILYE
3a/a7y 3HAXOMKEHHSI 3arajbHOr0 PO3B’A3Ky ab0 PO3B’I3Ky 3aaati
Kormi.

Posrisimemo obepreny 3amady, TOOTO 3a/ady PO 3BEIECHHS
HopMasibHOI cucremu (18.2), y skiit f; — (n — 1) pasis mudepen-
mittoBHi dyHKHil, 0 omHoro mudepenmiaabHOro piBHAHHS. 1
IIBOTO TIOCIIOBHO 31udepenIioemo (n — 1) pasis ojHe 3 piBHSHb
cucremn (18.2) (mampukiaz, Iepime), 3aMiHIOIOYH IC/IS KOKHO-
ro nudepeHIitoBaHHs TOXIAHI Y], Y, . . . , Y, BUPA3aMU JJIsl HUX 3
cucremn (18.2), i BUK/IIOYMMO 3 TEPINOro PiBHAHHA Ii€l cucTeMu i
orpumManux (n— 1)-ro piBasiHHS DYHKIIT Y2, Y3, - - - , Ypn. LIPH 1IBOMY
JIJTST 3HAXOPKEHHST (DYHKINT Y1 OIEPKUMO PIBHSHHS N-TO TOPSIIKY
BUTJISALY

Yy = f(x,yhy’l, - ,yYH)),

i SIKIIMO BIACTHCsI 3HANTU HOro 3arajbHUi PO3B’sI30K, TO (PYHKITII
Y2, Y3, - - -, Yn SHAHTYTHCA O€3 KBAIPATYP.

Meton po3B’sa3yBaHHsT HOPMAaJbHOI CHUCTEMHU PiBHSIHb 3BeJEH-
HSIM 11 70 OIHOrO An(epeHIlaIbHOTO PIBHIHHSI, PO3B’sI3aHOTO Bi-
HOCHO CTaPIIOl [TOXIIHOI, HA3UBAIOTH MEMOJOM BUKAIOUEHHS.



234 Posgin 3. CUCTEMU 3BUYAVHUX JUGEPEHIIIAJIBHUX PIBHSIHDb

Y nmeskux BUMAIKAX 3BEICHHST HOPMAJIHHOI CUCTEMH 0 OIHOTO
PIBHSIHHS MOXKHA 3JIICHIOBATU 3 BIIXWJIEHHSM BiJI OIMCAHOI 3a-
rajbHOl CXEM.

Ilpukaan 2. Binmeepysamu cucmemy

y=y+z
2 =3z—y.

Po3se’sazarns. 3 1epiioro piBHSIHHS BUPA3UMO z Uepes ¥y 1 mij-
CTABUMO y JIPYT€ PIBHSHHS CHCTEMI:
/
2=y -y = (-y) =30-y -y =
y//_4y/+4y:() = y:CIeZ’E_'_CQweQI

Tenep, BpaxoByoun, mo z = 3 — y, 3HAX0AUMO (DPYHKIIIIO 2:

2= (C1e® + Cyze®™) — (C1e* + Coze®™) =
= (Cl + C2)62a: + ngezx.
Biodnoeidv: y = C1e** + Coze?®®, 2 = (C1 + Cp)e?® + Cywe?®,
Ilpukaazn 3. 3inmeepysamu cucmemy
Y1 =1+ 2y2 + 23,

yh = —y2 — 2y3,
ys = y2 + y3.

Pose’sazanHs. 31udepeHIiioeMo mnepiie piBHAHHSI CUCTEMU 1 I1iJI-
CTABUMO 3aMICTh Y], Yh, Y5 BLAOBIIHI BUpasn i3 3a/laHOI CHCTEMU:

Y1 = Y1+ 2ys +2y5 = Y1 + 2y + 2y3 +
+2(—y2 — 2y3) + 2(y2 + y3) = y1 + 2y2.
Judepentioodn oTpuMaHe CIIBBIIHOIIEHHS i 3HOBY BHKOPHCTO-

Byro4du piBHE{HHH CUCTEMHU, OJACPKYEMO CHiBBi,ILHOH_IeHHH

"

Yl =i+ 25 = y1 + 2y2 + 2y3 + 2(—y2 — 2y3) = y1 — 2v3.
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Temnep i3 cucremn

Y1 = y1 + 2y2 + 2y3,
vl =1 + 2ya,

"

Y1 =y1—2y3
BUKJIIOYUMO %2 1 ¢3. 3 APYroro i TpeThoro piBHIHD 3HAXOINMO

1 1 "

Yo = E(yi’ — ) Yz =5 — 1),

[Mincraprsaioun o6uaBa BUpa3yW y HepIie PIBHAHHS CHCTEMH, OJep-
Kyemo udepennianbie pisasanus v’ — yf + y) — y1 = 0, 3araub-
HUM po3B’s3koM sakoro € y; = Chre® 4+ Cy cosx+ Cysinx. Toxai yo =
= —Cycosz—Cysinz, y3 = 3(Ca(cos z—sinx)+C5(cos z+sin)).
Biodnoeidv: y; = C1e* + Cycosx + Cgsinx, yo = —Cycosx —

— Cysinz, y3 = 3(Co(cos z — sinz) + Cs(cos z + sinx)).

[TorpibHO MaTu Ha yBasi, 10 IPU PO3B’sI3yBaHHI cucreM (sK 1
PIBHSIHB) BiIIOBiIb MOXKe OyTH 3ammcana y pisuiit ¢popmi, mpudomy
11 MOXKHa 3BECTHU BiJl OHOI'O JIO 1HIIIOTO BUTJISY TT€PEIIO3HaAYEHHIM
CTaJIAX.

4. JliniitHi omHopimHi cucrtemu. JIiHITIHOMO CHCTEMOIO M-
depeHIiaJIbHIX PIBHSHD [IEPIIOro MOPSAIKY HA3UBAIOThL CUCTEMY

y1 = pu(@)yr + pr2(@)ye + ... + pin(@)yn + fi1(x),
vh = po1(2)y1 + po2(2)y2 + - .. + pan(@)yn + fo(z), (18.17)
yh = Pt (@)y1 + P2(T)y2 + - o o+ Prn()yn + fulx),

AKY CKOPOY€HO MO2KHa 3alluCaTh y BI/IF.HH,Hi
n
7=1

Bpazkarumenmo, mo Bci dyHknil pyj(z) (xoepiuienmu cucme-
Mu), a TakoXK [i(x) HenmepepsHi Ha mesromy inrepsai (a,b). To-
ai 3rigao 3 Teopemoro Komi (. 1) cucrema (18.17) mae equnmii
po3B’sa30K (18.3), sikwuit 3a10BosbHSE TTodaTKOBL ymMoBH (18.4). Lleit
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po3B’s30K Oyjie BusHAueHUi Ha JesikoMy BiIpisky [a1,b1] C (a,b).
OcobimBux poss’si3kis cucrema (18.17) He Mae.

Axmo na inrepsani (a,b) Bei fix(x) = 0, To cucremy (18.17)
Ha3WBaIOTh AtHITHO10 00HOPIdHO010. BoHna Mae BurjIsn,

n
vk =Y prj(@)y;, k=12 n. (18.18)
j=1

Axmio y cucremi (18.17) me Bei dyHKIGT fi(2) TOTOXKHO HOpIBHIO-
OTH HYJIIO, TO 11T HA3UBAIOTh AIHIUHOMN0 HEOOHOPIOHO10.

OueBuHO, JiHIHA OTHOPIIHA CHCTEMa Ma€ HYJIBOBHIL PO3B’s-
30k y1 =0, y0 =0, ..., y, = 0, IKUit HA3UBAIOTH MPUBLEALHUM.

Posp’s3ku miniitnoi ogropignol cucremu (18.18) marorh geski
XapaKTepHI BJACTUBOCTI, $Ki aHAJIOTIYHI IO BIIITOBIIHUX BJIACTH-
BOCTeil pO3B’sI3KIB JIHIHOTO OJHOPITHOTO PIBHSIHHS N-T'0 TOPSIIKY
(mekmist 12, m. 2).

Baacrusicts 1. Sxwo y1 = ¢1(x), y2 = @a(x),
= ¢n(x) — poss’asox odnopidnoi cucmemu (18.18), mo

-y Yn =

U1 :C@l(x)v Y2 20902(%)7 SRR ynzc@n(x)v
de C' - 0o6iavHa cmMana, makosic € po3s’as3kom yiei cucmemu.

Buaacrusictb 2. Sxwo 3adano m pose’askie cucmemu (18.18):

o 1) .
1-1 po36’a30% 1 Y11, Y12, - - - Yin,
< b .
2-1 po36 A30K : Y21, Y225 -+ - Y2n,
(> b .
m-u po3s A30K :  Yml, Ym2, - - - Ymn,
mo 1x AHIHa Kombinayts 3 dosinvrumu cmasumu C1,Cy, ..., Cyy

y1 = Cry11 + Coya1 + ... + CrYma,
y2 = Cry12 + Coyaz + ... + Cryma,

Yn = C1y1n + CoYon + ... + Crilymn,

abo, cKOPOUEHO,

m
ye = Y Citir, k=1,2,...,n, (18.19)
i=1
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maxootc € pose’azkom cucmemu (18.18).
osedernas. Ilincrassroun (18.19) B (18.18), onepkyemo

! n

Y Ciyin | => prj@)| D Ciyiy | =
=1 =1

=1
m m n
Zciygk = ZCi Zpkj($)yij, k=1,2,....,n.
i—1 =1 =1

JloBe/leHHs BIACTHBOCTI BUILIMBAE 3 TOTOXKHOCTEH
n
A — N
Yir, = g pri(@)yij(z), k=1,2,...,n, i=1,2,...,m,
j=1

SIK1 OJIEPKY€EMO, TI1ICTABIISIONH i-if pOo3B’s130K y cucteMy (18.18). »

Pexomendosana aimepamypa: |1, c. 115 — 118, 134 — 135],
[5, c. 322 — 340], [7, c. 93 — 99, 164 — 179], [13, c. 109 — 112, 131 —
152, [16, c. 18 — 22, 65 — 70, 91 — 92).

ITuranns mo Jjgekiii 18

1. dkwuit 3araabHU BUDJISI Ma€ CUCTEMa 3BUYAHUX audepeHiaib-
HUX PiBHSHB 1epmoro mopsaky? 1o HasuBaOTh PO3B’I3KOM Ii€l cucTe-
MU Ha JeSIKOMY IHTepBaJIi?

2. dxwuit BurIsin Ma€ HOpMaJIbHA cUCTEMA Mu(ePeHIiaJbHIX PIBHSIHD
neproro mopsiaky? Ak dopmymroerses 3amada Kol myist Takol cucremu?
HA3WBAIOTHh ABTOHOMHOIO?!

3. fxwmit MmexanidHMit 3MicT Ma€ HOpMaJIbHA cucTeMa Ta 11 po3B’si30K?
[TTo Taxke dazosuii npocrip, ¢asoBa womuna, dgasosa upsama’? Ak mo-
B’st3aHl MiK CODOIO PyX, SIKUIl OIUCYETHCS CUCTEMOIO JIepeHITiaIbHIX
PIBHSIHB, Ta HOro TpaekTopis? ZAKuil pyX Ha3WBaOTh CTAHOM CIIOKOMO,
SIKOIO € 10ro TpaeKkTopis?

4. dx dpopmymaioerhes Teopema Korrri mpo gocTaTHi yMOBY iCHYBaHHST
Ta €IMHOCT] HEIIEPEPBHO M epeHIitoBHOTO PO3B’ a3Ky 3agati Ko mis
HOPMAJILHOI CUCTEMU MpEPEeHIaIbHIX PIBHSIHD !

5. Mo Ha3uBaIOTH 3arajJbHUM PO3B’s3KOM (IHTErpaJjioM) HOPMAaJb-
HOI cucremu audepeHIiajbHUX PiBHAHD y JesKiil 06J1acTi iCHyBaHHs Ta
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eaunocTi po3B’s3kiB 3azadi Komi? [lo HasuBaloTh YACTUHHUM Ta OCO-
OJIMBUM PO3B’sI3KAMU HOPMAaJIbHOI CHCTEMU JUQEPEHIiaJIbHUX PIBHSIHD !
K BoHU 10B’s13aH] 3 3arajbHUM PO3B’SI3KOM CUCTEMMU?!

6. ITlo Take iHTErpoBHI KOMOIHAIIT 1 IK BOHI BUKOPUCTOBYIOTHCS JJIst
3HAXOJZKEHHsI 3arajIbHOTO iHTerpaJja’

7. ddx nudepentiiaibHe pIBHIHHS 1-I'0 TOPSIIKY, PO3B’si3aHe BITHOCHO
CcTapIIol MOXiTHOT, MOYKHA 3BECTH JI0 PIBHOCUJIHLHOI HIOMY HOPMAaJILHOI CH-
cremMu JudepeHIiaJbHuX PIBHAHBL? Y YOMY MOJISITAE METOJ, BUKJTIOUEHHS
PO3B’sI3yBaHHS HOPMAaJbHOI CUCTEMU !

8. dxwuit Burisi Mae JiHiHA cucrema qudepeHIliaJlbHIX PiBHSHD !
YumMm BiapisHAEThCs JTiHIHA HEOIHOPiIHA cHcTeMa Bix omHopimHOl? Ki
BJIACTUBOCTI MAIOTh PO3B’SI3KM JIHIAHOI OJHOPIAHOI cucTeMu?

Bopasu go gekiii 18
1. BinTerpyiite cucreMu, BUKOPUCTOBYIOUM iHTErPOBHI KOMOIHAIIIT:

y' = 2(y? + 2?)x, 1y’ = siny cos z,
a) 47, 0) .
2 = dyz; 2’ = cosysin z.

2. 3iHTerpyiiTe CHCTEMHU METOIOM BUKJIIOUEHHS:
Y =y+2z, Yy =y —2z+ xze”,
a‘) 6) / x
z = =2y + 6z; 2 =by—z— (x+1)e%;

Y1 = 3y1 — y2 + 3ys,
B) < 5 = 3y1 — Y2 + 2y3,
yh = —2y1 + 2y — 3ys.
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Jlekmia 19. Jliuiiini ogHopiaHi cucreMu 3BUYaliHUX
andepeHIfiadbHUX PiBHIHb

Il1an

1. Jlinifino 3ajexkui Ta JIHINHO HE3aJIEXKHI CYKYIHOCTI (DyH-
KITifi.

2. ®opwmysa Ocrporpajicbkoro — AKobi.

3. OcHOBHA TeopeMa.

4. Jlinitai ogHOpimHI cucTemu 3i ctaauMu Koedimientamu. Me-
Ton Eitnepa.

1. JliniitHo 3aJjiekHi Ta JiHiiiHO He3aJ/Ie>kKHi CYKYITHOCTI
dyukiriii. Hexait 3agano m cykymaocreit byHKIii

Y11, Y12, ---5 Yin,
Y21, Y22, -+, Yon, (191>
Ym1ly, Ym2s -5 Ymn,

yV KOXKHIl 3 aKkuX n (QyHKIIH, BUSHATEHNX 1 HEIEPEPBHUX HAa Je-
sikoMmy iHTepBadi (a, b). Cykynnocri dbynkmiii (19.1) Hazuarors -
HIUHO He3anedHcHumu Ha inTepBami (a,b), SIKIIO TOTOKHOCTI

a1y11 + oyl + ...+ amym1 =0,
a1y12 + 0oy + ...+ apmYme = 0,

1Y1n + Q2Yon + ...+ U Ymn = 0,

e o1, a2, ..., Quy — CTaJi, BUKOHYIOTHCS TIJTbKU TOi, KOJU
a1 =a2 = ... = =0. B igmomy Bunagky cykynHocTi dyHKITii
(19.1) HasuBaIOTH AIHIUHO 3asedHcHUMY Ha iHTepBai (a,b).
BceranoBumo HeoOXigHY yMOBY JIiHIFTHOT 3a/I€2KHOCTI JTOBIIBHUX

n cykymnHocTel dyukiiit. OTxke, HEXail MaeMo n CyKymHOCTeH DyH-
KITiit

Y11, Y12, - 5 Yin,

Y21, Y225, - 5 Y2n, (19.2)

Ynly Yn2y -+ 5 Ynn-
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Busnaunuxom Bponcvrozo0 abo 8poHCKIAHOM CYyKyITHO-
creii dyHkiit (19.2) HA3UBAIOTH BU3HATHUK

Y11 Y12 0 Yin
W)= %0 2 (19.3)
Ynl Yn2 - Ynn

Teopema 1 (HeoOximHa yMoBa JiHINHOT 3aJIEXKHOCTI 7T
cykymnHocTel dyHKItiit). Jxwo n cykynnocmet gyrxyit (19.2)
MHITHO 3anesrchi va tnmepeani (a,b), mo W (x) =0 na yvomy in-
MEPBANT.

Losedenns. Ockinmbku n cykynsocreit dbyukiiii (19.2) siniitao
3aJIEXKHI, TO 32 O3HAYEHHIM

n
Y aiyx =0, k=12...,n, a<x<b, (19.4)
=1

npudoMy He Bei «y gopiBHIOIOTH Hymmo. Posrmsmaroun (19.4) sax
OJIHODI/IHY JiHifiHy cucTeMy ajareOpuIHUX PIBHIHb BiTHOCHO (7,
Qag, ..., Oy, DAYUMO, IO BOHA MA€ HEHY/IBLOBHUI PO3B’SI30K, a TOMY
BU3HAYHUK CHUCTEMHU JOPiBHIOE HyJO. [luM BU3HAYHUKOM € BPOH-
ckian, or:ke W (zx) = 0 B ycix Toukax inrepsany (a,b). »

Teopemy 1 moxkna copmysioBaTu it iHAKIIE: AKULO 8POHCKIAH
n cyxynnocmetd gynkyitd (19.2) na deaxomy inmepsani (a,b) 6io-
MIHHULT 610 HYAL, MO UL CYKYNHOCTNE PYHKULT AHITHO HE3ANEHCHT
HA UYbOMY THMEPBAAL.

Hexait Tenep koxkHa 3 cykymnHocreit dyukmniit (19.2) € po3s’ss-
KOM JIiHIfTHOI OJIHOPITHOI cucTEMHU

n

y;:Zpkj(x)yj, k=1,2,...,n, (19.5)
j=1
koedimientu py;(x), k,j = 1,2,...,n, AKol HenepepBHi Ha, JEAKOMY

inrepsai (a,b).
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Teopema 2 (HeobOxigHa ymMoBa JiHIHHOT HE3aIE€KHOCTI N
PO3B’A3KiB JIiHIHOT OJIHOPiHOT cucTeMu 1. PIBHSHB). STKw0
n poss’askie (19.2) cucmemu (19.5) ainitino nesanescri na iHmep-
sani (a,b), mo ix 6poHCKIaH HE NEPEMBOPIOEMBCA 8 HYAb Y HCOOHIT
MOYYL Ub020 THMEPBANY.

JlosedernHs TeopeMu IpoOBeIeMO Bin cymporuBHoro. Hexait mjst
Jlestkol ToUKH T € (a,b) maemo W (zg) = 0. Ckiamemo cucremy n
aareOpUIHNX PiBHAHD

chyzk(.%o) = O, k= 1,2,... , 1. (19.6)
=1

OckiibKU BU3HAYHUK OMHOPIIHOI cucremu (19.6) mopiBHIOE HyJIHO

(mmm € W(zg)), To BoHA Mae HeHyILOBHiT po3p’s3ok C = 01(0)7
Cy = 02(0)’ o Cp = C’,(LO). [Tobymyemo po3B’si30K
= Cu, k=1,2..n (19.7)

i=1

: (0) )
Ockimpru C; 3amoBosbHSIOTE cucteMy (19.6), To poss’sas0k
(19.7) mae Hy/IBOBI IOYATKOBI 3HAYEHHSI y TOUIl & = T, TOOTO
y1(zo) = 0, ya(zo) =0, ..., yn(xo) = 0. Ame i cami mouaTkoBi
YMOBH 3a/I0BOJIbHSIE TAKOXK TPUBIAILHUIT PO3B’SI30K, TOMY 3I1JIHO 3
reopemoto Kormi (srekmist 18, m. 1) 1i po3s’si3ku 36irarorbest, T06TO

n
S0Py =0, k=12...,n,
i=1
Jie He Bl CZ-(O) JopiBHIOIOTE Hys10. OTpuMasu, 1o po3s’si3ku (19.2)
miniitno 3asexni Ha (a,b), MO cynepednTs YMOBI TeopeMu. b

3 TeopeM 11 2 BumIuBage: das mozo, w,ob n po3e’asxie cucmemu
(19.5) byau ainitno wesarescnumu Ha iwmepsani (a,b), Heobxi-
01O © docmamHbo, w00 IT BPOHCKIGH HE NEPEBOPIOBABCH 8 HYNb
Y HCOOHIT, MOYYL UDO20 THIMEPBANY.
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2. ®opmyaa Ocrporpaacbkoro — fAkobi. la dopmyna mo-
3BOJIIE 3 TOYHICTIO JIO CTAJON0 MHOXKHHMKA BUPA3UTH BPOHCKiaH
PO3B’s13KiB JiHiiHOT ofHOpiAHOol cucremu (19.5) gepes miaroHasbHi
KoeMdIIieHTH 11i€l cucTeMu, a came

x

S (pll(z)+p22(1)+...+pnn(m)) dx
W(x) =W (xg) - e , (19.8)

Jie x = Ty — JoBlIbHA TOo4YKa iHTepBasy (a,b). Popmyny (19.8) na-
3UBalOTh popmy.aoro Ocmpoepadcvrozo — HAxobi. s nosene-
uast (19.8) sHaiizemo noxinny Bij Bponckiana (19.3), nudepeniriro-
10491 HOTO 38 CTOBHIAME. Y I[bOMY BHIIAJIKY ITOXi/IHA Bi/l BU3HAYHU-
K& N-TO TOPSJIKY JIOPIBHIOE CyMl 1 BU3HAYHUKIB, SIKi OTPUMYIOTH
3 HBOI'O TTOYEPTOBOIO 3aMiHOIO €JIEMEHTIB IepIoro, JApyroro, ...,
N-TO CTOBIIIA X TOXiTHUME, TOOTO

n Yyir Y12 o Yl k-1 yik Yik+1  Yin
W’(w) _ Z Y21 Y22 - Y2.k-—1 yék Y2,k+1 - Y2n
Ynl Yn2 - Ynk—1 YUnp Ynk+1 ~°° Ynn
BaMiHuMO TOXIAHI Yy, Yhrs - - - Yl 1X Bupasamu 3 (19.5). Toxi
n
Y1 Y12 - Y k-1 Zpkjylj Y,k+1 - Yin
=1
JTL
- Y21 Y22 - Y20k-1 Zpkjy2j Y2,k+1 " Yon
W/(x) — ) le )
k=1
n
Ynl Yn2 - Ynk—1 Zpkjynj Ynk+1 ° Ynn
j=1

AKIo Po3KIACTH KOXKEH 3 BU3HAYHUKIB CIIPaBa Ha CYMY N BU3HA-
YHUKIB, TO BCl BOHU JIOPIBHIOBATHMYTH HYJIIO (KOKEH 3 HHX Ma-
TUMe JBa IPOIOPIiiHI CTOBMIN), KpiM BU3HAYHMKA, SIKUH BiIIO-
Bimae 7 = k. YV mpoMmy BUIaAKy k- BUSHAYHUK CIIpaBa JOPIBHIOE
n
reon . .
pre(z)W(x), a Tomy W'(z) = > prir(z)W(x), 3Biaku, inTerpyio-
k=1

qm, orpuMyemo ¢opmyry (19.8)
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3. OcuoBHa Teopema. CykymnHicTb n PO3B’S3KiB JIiHINHOT
oznHOpiHOI cucremu (19.5), Bu3HAYeHNX 1 JTIHIHO He3aIEKHUX HA
inrepBami (a,b), HasuBaThL HYHIAMEHMANBHON CUCTIEMOIO
PO38°A3Ki6 HA I[HOMY iHTEpBaJI.

3 1. 1, 2 jeKk1il BUILIUBAE, IO CYKYNHICTO N PO36 A3KI68 AIHIT-
Hot 00nopidnot cucmemu (19.5) 6yde dyndamenmanvroro cucme-
MO0 P036°A3KI6 na inmepsari (a,b) modi i miavku modi, Kosu
BPOHCKIAH YUT PO36’°A3KI6 BIOMINHUL 610 HYAL TOY 6 00WIT MOUYT
inmepsany (a,b).

3 HACTYIIHOTO TBEp/?KeHHsS BUILINBAE, IO 3HAHHs (DYHIAMEH-
TaJbHOI CHCTEMHU PO3B’S3KIB JIHINHOI omHOpigHOI cucremu (19.5)
A€ MOXKJIMBICTD MTOOYIYyBATH 3araJbHU PO3B 30K i€l CHCTEMHU.

Teopema 3. drxwo cyxynnocmi gynkyit (19.2) ymeoproromo
Pyndamenmasvhy CuUcCmemy po3e’a3kie AHIHOT 00HOPIdHoT cu-
cmemu (19.5) na inmepsani (a,b), mo gopmyau

y1 = Cry11 + Cayo1 + ... + Cpyna,
=C C! ...+ C
Y2 1Y12 + 21/22 + + Cn¥n2, (19.9)

Yn = Clyln + C2y2n +...+ Cnyn'm

de C, Cy, ..., C, — 006iAbHI CMAAL, BUSHAUAIOMD 3G2GADHUL PO3-
6’a30% yiel cucmemu 6 ycit it obaacmi 3adarma.

Losedenns. Cucremy (19.9) MozkHa PO3B’3aTH BIHOCHO CTATIMX
Cy, Cy, ..., C,, 60 BoHA € JIHINHOIO, TPUIOMY 11 BU3HAUHUK BiJI-
Mminnuii Bij Hysst (Hum € W(x)). Kpim Toro, cykynnicrs dbyHKIiii
(19.9) € poss’askom cucremn (19.5) s BCix 3HAYEHD JOBLIBHEX
cramux Cy, Co, ..., C, (Bmacrusicrs 2 3 n. 4 jekuii 18). Tomy
3riJHO 3 O3HAYEHHSIM 3arajibHOINO0 PO3B’sI3Ky HOPMAJbHOI CHCTEMUI
nudepeHIiaJlbHuX PiBHSHL CyKynHicTh dyHKIii (19.9) € 3araib-
HIM pO3B’si3koM cucteMu (19.5). »

4. JIiniitHi omHOpigHI cucTemu 3i ctaauMmu kKoedilieHTa-
mu. Meton Eitnepa. Posrsaemo miniiiny ogHopiany cucremy
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Y1 = any1 +ays + ... + @1,

y;L = Ap1Y1 + an2y2 + ... + ApnYn,

zne agj, t,j = 1,2,...,n, — aliicul crami, 1 moKaxKemo, 1o Ii 3aB-
JKJIM MOYKHA 3IHTerpyBaTH y CKiHUYEHHOMY BHUIVIAML (TOOTO depes
eslemeHTapHi DYHKIHT ab0 y KBaJIpaTypax).

3rigHOo 3 TeopeMoro 3 /I MOOYIOBHU 3arajbHOI0 PO3B’A3KY CHU-
cremu (19.10) mocuts 3maiitn xoua 6 ommy i1 dyHIAMEHTATIBHY
cucreMy posB’si3kiB. HacrurHuil po3s’szok cucremu (19.10) mmy-
KaEMO y BUTJIAJIL

y1 = 71", yo = e Ly = e, (19.11)

e Y1, Y2, ---, Yn 1 k — mesdxi crasi, IpwaoMy yi, Y2, ..., Yp HE
JIOPIBHIOIOTH OJIHOYACHO HYJIIO (IHAKIIE MATUMEMO OYEeBUHUN TPU-
BlaJIbHII PO3B’SI30K, AKHUI He MOXKe HaJjekaTwu (pyHIaMeHTaIbHIi
cucremi po3s’si3kiB). fkmo migcrasuru (19.11) B cucremy (19.10),
ckoporuTu €*? i mepenectu yci 10AaHKN y JBY YACTHHY, TO OJ€p-

2KYEMO OJIHODIJIHY CHUCTEMY aJreOpPUIHUX PiBHSHD

(a1 — k)1 +aizy2 + ...+ aipyn =0,

a21v71 + (a22 - k)72 + .+ ao2nYn = 07 (1912)

am Y1 + an2y2 + - + (ann — k) = 0.

HemnynpoBuit po3s’sizok cucremn (19.12) icuye smmmre Tofi, kouu i1
BU3HAYHUK JIOPiBHIOE HYIM0. [Josnaunsimm itoro yepe3 A(k), maemo

ann —k  ap ne a1n
N B A E NN CLRE)
anl an?2 cor Qpp — k

Pigusinns (19.13) Ha3uBAIOTH TAPAKMEPUCNUYHUM DPIBHAH-
nam cucremu (19.10), fioro Kopeni — xapaxmepucmuyHuMU
yucaamu, a A(k) — xapaxmepucmusHuM 8UIHAYHUKOM.
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Hexait yci xapakrepuctuani auncia ki, ko, ..., k, upocti. Tomi,
K Bigomo 3 anrebpu, A(k;) =0, A'(k;) #0, 7 =1,2,...,n.
ITokazkemo, 110 paHT MaTPHIIL

ain — kj a2 e ain
as1 agy —k;j .- as
A= i no
Gnl an2 Tt Apn — kj

cKJIaJIeHOT 3 KoedilleHTiB cucremu, siky ojgepxKyemo 3 (19.12) mi-
cidg 3aminm y niit k ma kj, nopismoe n — 1. g mporo 3naiigemMo
A’(k), BUKOpUCTOBYI0UYH IPABWIO AuEePEHIIIOBAHHS BUSHATHUKA,

sIKe 3aCTOCOBYBAJIOCH JIst JI0Be e (hopmynn OcTporpaicbKoro-
Sko6i (cTop. 242):

-1 ap ain
Al(k) = 0 ax—k aon n
0 an2 Qpn — K
a1 —k O a1n
n as1 -1 - aon n
Gn1 0 Gnn — k
an—k  an 0
4 ag1 az —k 0 |_
an1 any o0 —1
= —Aqp1(k) — Axa(k) — ... — Apn(k), (19.14)

ne Aj;(k) — anrebpudne JOIMOBHEHHS €I€MEHT ¢ j; — k BU3HAUHIKA
A(k). Ockinbrn A'(kj) # 0, j =1,2,...,n, o 3 (19.14) Bumnsac,
110 Xo4a 6 onuH 3 BusHaYHUKIB Aj;(k;) (a e BusHaunuku (n—1)-ro
HOPsIZIKY ), BiaMinuuit Big Hyss. Orixke, panr marpuni A J0piBHIOE
n — 1, a Tomy oxnme 3 piBaaHb cucTemu (19.12) € HacigKOM iHITIIX
1 mst cucreMa Ma€e HEHYJIBOBUil PO3B’SI30K, SIKMil BU3HAYAETHCSH 3
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TOYHICTIO JO JOBLIBHOIO MHOXKHHUKA, F;:

i1 = Pty vio = Poma, oo, Yin = Pimyn, i=1,2,...,n.

(19.15)
Ao y dbopmynax (19.15) s3adikcyBaru MHOXKHUK Pj, TO ozep-
JKIMO KOHKpeTHHiT po3B’si3ok cucremnu (19.12). Ilincrasiasioun y
(19.11) 3amicTb k moc/ioBHO XapakTepucTudni yncia ki, ko, ...,
kyn, a 3aMicTb Y1, Y2, ..., Yn — BLAMOBIAHI M PO3B’S3KM CHCTEMU
(19.12), Busnaueni dhopmyaamu (19.15) npu dbikcoBaHUX MHOKHU-
kax P;, omepkyemo n po3s’s3kiB cucremu (19.10)

k k k
Y11 = y11€", yi2 = 112€2%, ..., Yin = y1pe ",
_ kix _ kox _ knx
= & = e e = &
Y21 = 721 y Y22 = Y22 ) y Yon = Von ) (19.16)
_ k _ k _ k
Ynl = 1€, Yn2 = Yn2€™*, ..., Ynn = Ynne "

Jlerko TmoOKazaTH, IO IIi PO3B’SI3KHM JIHIAHO He3a/leXKHI Ha
(—00, 4+00). dkmo npu mpomy Bei wmcna ki, ko, ..., k, miicHi,
To po3B’si3ku (19.16) Takox OyyTh AificHUMHE.

TakuM 9MHOM, I IPOCTUX JACHAX XapaKTEPUCTUIHIX IUCEIT
cucrema (19.10) mae n zificHuX JHHIHO HE3a/I€2KHUX YACTUHHUX
po3B’si3kiB Burtsiay (19.16). Tomy srigao 3 Teopemoro 3 dbopmym

y1 = C1y11€M% + Coy1e¥2® + .. + Cpynrehn®,
Yo = C1712€M% + Coynef?® + ... + Cpynaehn?,

Yn = C1y1n€"" + Coy2ne™* + ... + Crypnef®

BU3HAYAIOTH 3arajbHuil po3s’s3ok cucremn (19.10).

[Tpunycrumo, 1o xapakrepuctudHi duciaa ki, ko, ..., k, mpo-
cTi, ajle cepell HUX € KoMmiiekcHi. Hexait a + ib i a — tb — mapa
KOMILJIEKCHO-CIIPSI?KEHUX XapaKTepUCTHIHNX vuces. duciay a + ib
srigao 3 (19.11) Bignosinae po3s’si30k

(a+ib)z

(a+ib)a:7 -y Yn = Tn€ ,

(a+ib)x
)

Y1 =mne Y2 = 72€

7€ Y1, Y2, - .-, Yn — KOMILIEKCHI umcia. Ilokimanatoun

Y1 =711+ 121, Y2 =712 22, -5 Y = Yin T 2n,
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OJIEPKYEMO KOMILIEKCHUN PO3B’sI30K

(a+ib)x (a+ib)x ’

, Y2 = (712 + iy22)e
)e(a-&-ib)a:_

y1 = (y11 +iy21)e
Yn = (71n + Z.')’271

Bimokpemitooun y nboMy po3B’sI3Ky JIHICHI Ta ysIBHI YaCTHHHI, MAE-
MO JIBa JIIHIHO He3a/1exkHi Ha iHTepBai (—oo, +00) aiiicHi po3s’si3-
KI:

y11 = € (711 cos bx — 721 sin bx),

y12 = e (712 cosbx — oo sinbx), ...,

Y1n = € (Y1 cos bz — 7oy, sin bx)

Y21 = €™ (11 sin bz + 721 cos bx),
Y22 = € (12 8in b + 92 cos bx), ...,
Yon = € (y1p, Sin bx + 72, cos bx).

OdeBuIHO, IO CHPSIKEHUI KOPIHb @ — 1b He IOPOIXKye HOBUX
MifiCHUX JIHINHO He3aJIeXKHUX TaCTUHHUX PO3B’SI3KiB.

Ilpukmaan 1. 3inmeepysamu cucmemy
y' =4y + 52,
2 =4y + 3z.
Po3se’sazarns. Po3’si3yr0un XxapaKTepUCTUIHE PiBHSHHS

‘4_’“ g ’:o = kK -Tk-8=0,

4 3—k

3HAXOINMO XapakTepucTudHi uncia ki = —11 ko = 8.
CkiageMo CucTeMy JJIsi 3HAXOMKEHHST 9HCes 71 1 Y9, SIKi Bi-
MOBiAIOTH uncay ki. Marpuiro KoedilieHTiB 1€l cucTeMn OTpH-

MY€EMO 3 MaTPHIIL
4—k 5)
4 3—k
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zaminoro k Ha k1. OTXKe, ITyKAHOIO CUCTEMOIO €

571 + 572 =0,

4y1 +4y2 =0,
3BiIKM BUILINBAE, IO 7y = —7g. Hexait v3 = 1, Tomi v = —1.
TaxuMm 9YmHOM, XapaKTepPUCTUYHOMY 4Yuciay ki = —1 Biamosimae
pOBB’sI30K Y1 = e~ %, 2z = —e 7.

AHaJjIoriuHO, pO3B’SI3YI0UN CUCTEMY
{—471 + 572 =0,
4y1 — 572 =0,
gKa BigmoBimae ko = 8, 3Haxomumo, mo 4y, = 5vye. fAKimo B3s-
™ v1 = 5, TO ¥ = 4, a ToMy umucaAy ko BifOBiZae pPo3B’d30K
Yo = 5eB% 29 = 487,

3arajpHUN PO3B’SI30K 3aIUCYEMO 3T1THO 3 TEOPEMOIO 3:

y=Cre " +5C5e%, 2= —Cle ®+4C5e%. B

Ilpuknaan 2. 3inmeepysamu cucmemy

Y =2y—z
2=y + 2z

Po3se’sazarns. XapakKTepuCTUIHE PIBHSIHHS

2—k -1 9

=0 = k*—4k+5=0

‘ 12—k ‘ *

Ma€ KOMIIJIEKCHO-CITpsi2keHi kopeni k; = 2 + 4, ko = 2 — 4. Po3p’a-

30K, sKuit Bianosinae ki, Mae Bursg y = v1e2T7 2 = ypetie
Jie TUCTIa 71, Yo 3HARIEMO 3 CHCTEMHU

—im — 72 =0,

Y1 —iy2 =0.
[Moknamatoan 1 = 1, 3HAXOAUMO Yo = — 4, a TOMY IIyKAHHM
posB’sizkoM € y = e2T)7 5 = — (T Bigokpemmonoun y mpo-

My PpO3B’sI3Ky [ifiCHI Ta ysIBHI YaCTHUHU, OJEP:KYEMO JIBa ili-
cHi po3B’aA3KH: | = €2 Zsing 1 yo = eXsinx, 29 =
= —e?® cos z. I1i po3B’sI3KH YTBOPIOIOTH (BYHIAMEHTATBHY CHCTEMY

Tcosx, z1 =e
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PO3B’4I3KiB, & TOMY 3arajbHUM PO3B’SI3KOM €

y=e**(Cicosx + Cysinz), z=e**(Cysinz —Cocosz). B

AKIo cepen KOpeHiB XapaKTEPUCTHYHOIO PIBHSIHHSI € KPAaTHI,
TO METOJI, BUKJIAJIEHN BUIIE, 3aCTOCOBYBATH He MOxKHa. OqHaK 1y
IILOMY BUMAIKY BIAETHCA MOOYMyBaTu HYHIAMEHTAJILHY CHUCTEMY
PO3B’a3KIB 4Yepe3 ejieMeHTapHi (byHKINI. 3ayBakKuMO MIEPII 3a BCe,
o AKITO k1 — MPOCTe XapaKTePUCTUIHE YUCIIO, TO, HE3AJIEIKHO BiJl
TOrO, UM OyIyTh CEpel IHIMX XapPaKTEePUCTUIHUX UUCES 3YCTPi-
JaTucd KpaTHI 4M Hi, HOMYy 3aBXKJIM BiJIIOBI/IA€ OAUH YACTUHHUN
PO3B’I30K BUIJIALY Y] = ’yleklz, Yo = ’yzeklz, ey Y = Wneklz, e
Y1y Y25 ---y Yo — J€AKL CTaJ, gKi BU3HAYAIOTHCSA 3 TOYHICTIO JIO
CTaJIOT0 MHOXKHUKA.

Takum auHOM, TOTPIOHO 3HANTH YACTUHHI PO3B’dI3KU, AKi Bill-
MIOBIJAIOTh KPATHOMY XapaKTepUCTUIHOMY duciy. [Ipu mpomy Bu-
ABJISIETHCH, IO TAK CaMO, K 1 JJIs JHHIMHOI'O OXHOPIAHOIO PiBHSI-
HHSI N-TO TOPSJIKY, XaPAKTEPUCTUIHOMY UHCJIY KPATHOCTI § Bifmmo-
Bimae s JIiHIHO He3aJIEKHUX YACTUHHIX PO3B SI3KIB.

Teopema 4. frxwo k1 — zapaxmepucmuyhe 4UCA0 KPGMHOCTILE
s, mo tomy sidnosidac poss’azok cucmemu (19.10)

Y1 = Pl ($)ek1$7 Y2 = P2($)eklm7 ceey Yn = Pn($)eklz7 (1917)

de Pi(x), Py(x), ..., Py(x) — mHo20uaenu cmenens ne 6uui020,
nioic s — 1, Axi Mar0omos y cyxynnocmi s d08IALHUL KOEPIUIcHMI6.
JoBenenns: 1iel TeopeMn MOXKHa 3HAMTH, HAIPHUKIAL, B |3,

c. 196 — 207].

Ha mpakrtuiii po3s’si30ok, IO BiANOBigae XapaKTEePUCTUIHOMY
ancity kp, nmorpibno mykarn y sursagi (19.17), BBazkaioun P (z),
Py(z), ..., Py(z) maorounenamu (s — 1)-ro crenenst 3 HeBU3HAMe-
anMu Koedinienramu i, migcrasiasgioun ix B (19.10), Bupasutn Bei
KoeiIlieHTH Yepes3 S 3 HUX, AKi 3aJUIMIAIOTHC JTOBUILHUME. [Tok1a-
JAIOUN MO Uep3i OOMH 3 IMUX JOBIIBHUX KOeMDIIEHTIB PiBHUM OIU-
HUII, & PeITa PiBHUMH HYJIO, MTOOYAYEMO S JIHIHO HE3aJeXKHIX
PO3B’4I3KiB, 9Kl BIIOBIIAIOTL XapaKTEPUCTUIHOMY duciay ki. Yci
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I[i 9acTHHHI PO3B’SI3KH GYIyTh yTBOpeHi 3 H06YTKIB dyHKIil eF1®

Ha MHOTOYJIEHU BiJl T, CTEIeH] SIKUX He IePEBUIYIOTh § — 1. AKino
muorodnenn Py (x), Po(x), ..., Py(z) y dopmymni (19.17) Bupomxy-
IOTbCS Y CTaJi, TO OAEPKUMO § JIHINHO HE3AJEKHUX TACTUHHUX
PO3B’S3KIB TAKOTO K BUIVISLY, SK 1 JIJIs BUIIAJKY IIPOCTOTO Xapa-
KTEPUCTUIHOIO TUCTA.

Axmo ki — gificae XxapaKTepUCTHIHE YUCIO, TO MOOYIOBaHI S
JIHITHO He3aJIeXKHUX PO3B’A3KiB Oy/IyTh TiiCHUMU.

Axmo cucrema (19.10) Mae KOMIIJIEKCHE XapAKTEPUCTHIHE *IHi-
cio a + bi KpaTHOCTi S, TO BOHa MAa€ TAaKOXK CIPsPKEHE XapaKTe-
puctuyne yucjao a — bi Tiel x kparnocti. [lobymnyBasmm s Jrinii-
HO HE3AJIEXKHUX KOMILIEKCHUX PO3B’A3KiB, sIKi BiIIOBIMAIOTH 9UCITY
a+ bi, 1 BimoKpeMuBIIM B HUX MifiCHI Ta ySIBHI YACTHUHU, OJEPKUMO
25 mificHUX JIHIHO He3aJeKHUX YaCTUHHUX PO3B SI3KIiB.

Ilpukaan 3. 3inmeepysamu cucmemy

y' =6y + 2z
7= —16y — 2z.

Poss’szanns. Jlerko nepekoHaTncs, Mo XapaKTePUCTUIHI IUCIa
€ pgificui 1 kpatHi: k1 = ko = 2. 3rigHo 3 TeopeMoio 4 3araJibHUi
PO3B’SI30K IIIYKAEMO YV BUTJISIII

y = (Az + B)e**, z = (Cx+ D)e* .

Ockinbkn ¢y = (2A4x + 2B + A)e?®, 2/ = (2Cx + 2D + C)e?*,
TO, MJCTABIAIOUN IX V 3aJaHy CUCTEMY, IJIsl 3HAXO/KEHHST HEBU-
3HaYEHUX KOEDIIIEHTIB OAEPKYEMO CUCTEMY:

{(QAx +2B + A)e?* = 6(Az + B)e* + (Cx + D)e?®, N

(2Cz + 2D + C)e** = —16(Az + B)e?® — 2(Cx + D)e**

(4A+C)z —A+4B+ D =0, N
(16A + 4C)x + 16B + 4D + C = 0

4A+C =0,
~A+4B+D =0,
16A + 4C = 0,
16B +4D + C = 0.
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B omep:kaniit cucremi € auie aBa JIHIAHO He3aJEKHIX PIiBHSI-
HHsI, HAIIPUKJIaJ, Iepire 1 aApyre. BBaxkarumMeMo y HUX BIJIbHIMEI
HesigomuMmu, npumipom, A, B i Hagamo IM JOBLILHUX 3HAYEHD:
A=Cy, B=Cy Tomi C = —4Cy, D = C7 — 4C5, a 3arajbHuM
pos’ssroM € y = (Crx + Co)e?®, z = (—4C 12 + O1 — 4C5)e?**. |

Ilpukan 4. 3inmezpysamu cucmemy
Y1 =1+ 2y2 + 23,

yh = 2y1 + Y2 + 23,
yh = 2y1 + 2y2 + 3.

Po3se’sazarns. 3HaX0IUMO XapaKTEPUCTUYIHI UUCTIA CUCTEMU:

1-k 2 2
2 1—k 2 =0 = k=5, ]{7273:—1.
2 2 1-k

Yucmay k1 = 5 Biamosigae cucrema nBOX piBHAHB (TpeTe € Ha-
CJILZIKOM JIBOX IIEPIINX):

—4y1 + 292 + 273 = 0,
2y — 4y + 293 =0.

. 1
Omun 3 11 p03B’513KlB vy =1, 2 =1, v3 =1. Tomy yg ) = e’
1 .
( ) = e, yé ) = T € po3B’I3KOM 3a/aHOI CHUCTEMH.
XapaKTepHCTHqHHM qnciaaM kg3 = —1 Bianosifae onHe piBHs-

HHsl (Jpyre 1 Tpere 36iratoThest 3 HuM ): 27y +27v2 423 = 0. Bubepe-
MO JIBa JIHINHO He3aJIeXKHI PO3B’SI3KH I[LOT0 PiBHSIHHS, HAITPUKJIAT,
Nn=14L7=0y=-1imn=0 7= -1, v = 1. Koxnomy

3 HHUX BiATIOBiJa€ p03B 'SI30K y12 e, yé ) = =0, yé ——

( ) = =0,y ( ) = e , yé ) = * BimmosimHO.
OCKlJII)KI/I BPOHCKIiaH 3Ha1‘/'1,£LeHI/IX TPBOX PO3B’A3KIB BigMiHHMI
Big myna (W (x) = —3e3%), To BOHE yTBOPIOIOTL (byHIAMEHTATLHY

CHCTEMY PO3B’sI3KiB, a 3araJbHUM PO3B’SI3KOM €

i

1= C1e™ + Coe™, yp = C1e” — Cze™ ",
3 = 016596 —Coe ™"+ Cse7". N
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Pexomendosana aimepamypa: |3, c¢. 134 — 144, 191 — 209],
[4, c. 477 — 485, 494 — 502, [5, c. 341 — 356], |7, c. 198 — 205, 210 —
214, 222 - 227], [16, c. 91 — 102, 109 — 128].

IInranns mo Jjgekiii 19

1. dxi cykynnocti dbyHKIH# HA3MBAIOTH JiHIHO He3ajexkHUME (J1i-
HifiHO 3aJIe’KHUMM) Ha JesikoMy inrepsasi? HapenitTh npukiajum Takux
CyKymHOCTEeH PYHKITII.

2. IITo Take BpOHCKiaH PO3B’SI3KIB JIHINHOI OIHOPIAHOI cCHUCTEMU N
piBHstHB? ZK 3a HOMOMOroOr0 BPOHCKiaHA BU3HAYUTH, UM € 3aJaHi N Cy-
KyHHOCTeH QyHKIH JTiHIHHO He3a/1e?KHUMU !

3. dx dopmysoeTbest HEOOXiHA yMOBa JIHIHHOI HE3AJIEXKHOCTL N
PO3B’sI3KiB JIIHIAHOT OJHOPIAHOI cucTeMu 1 AUQEPEHIiaJIbHUX PIBHIHD !
Cdopmysmoiite HeOOXiHY 1 JOCTATHIO YMOBY JIIHIITHOT HE3AJIEXKHOCTI HA
inrepsayi (a,b) n Po3B’a3KiB JIHIHHOI OIHOPITHOT CUCTEMH.

4. dxwuit Bursisg mae dpopmyiia Ocrporpascskoro — Axobi? Aki Bia-
CTUBOCTI BUILIMBAIOTH 3 i€l (popmyu?

5. ITlo nazuBaoTh PyHIAMEHTAILHOIO CUCTEMOIO PO3B’I3KiB JIiHIfTHOT
OJHOPiIHOI cucTeMu Ha JesKoMy iHTepBasi? $Ika 11 posib y 1mo6ymoBi
3arajIbHOTO PO3B’S3KYy JIHIAHOI OHOPIAHOT cucTemMu?

6. dxuit BUrIsI Mae JHifHA OgHOPiAHA cHCcTeMa audepeHIiaIbHuX
piBHSIHB i3 cTasmmvu koediriearamu? [1lo HaZMBaOTH XapAKTEPUCTUIHAM
BU3HAYHUKOM, XaPAKTEPUCTUIHUM PIBHAHHAM, XaPAKTEPUCTUIHUMHE M-
CJIAMU TAKOI CHCTEMHU !

7. Y domy nosisirae Metojt Eitiepa inTerpyBaHHs JIHINHIX OTHOPII-
HUX cHCTeM 3i crajgumu Koedimientamu? K 3a/1eKuTh CTPyKTypa (pyH-
JAMEHTAJIbHOI CUCTEMHU PO3B’si3KiB TAKOI CUCTEMU BiJl BUIJISLY XapaKTe-
PUCTHUIHUX YUCEJT!

Bopasu go gekiii 19
1. Binrerpyitre cucremu meronom Eitsepa:

2) y =10y — 62, 5) y = —by — 4z,
2 =18y — 11z; 2/ =10y + 7z;

Vi =Y1— Y2 — Y3, vy = y1 + 2y2 + 3y,
B) { yh=—2y1+2y2 + Y3, T){ ys =2y + 4y + 6ys,
yh = 4y1 + 2y2 + 3ys; yh = 3y1 + 6y2 + 9ys.
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Jlekmiga 20. JliniiiHi HeogHOPiAHI cUcTeMHu 3BUYATHUX
andepeHIfiadbHUX PiBHIHb

Il1an

1. CtpykTypa 3arajbHOrO PO3B’SI3Ky JIHIHHOI HEOIHOPIIHOI
CUCTEMU.

2. Meron Bapialil JOBLIBHUX CTAIUX.

3. Meton neBusnavueHnx KOoediIi€HTIB.

4. Meroux /I’ AstambGepa.

1. CTpyKTypa 3arajibHOTO pPO3B’A3KY JIiHiliHOI HeOoHO-
pigHOl cucremu. PosrisineMo JiHIHY HEOTHOPIIHY CHCTEMY

vy = pu(@)y1 + pr2(@)ya + ... + pr(@)yn + f1(x),
vy = pa1(x)y1 + paa(x)y2 + ... + pan(z)yn + fo(z), (20.1)
Y = pp1(2)y1 4 Pr2(2)ya + + .+ D (2)yn + fo(2)

abo, y CKOPOYEHOMY 3alluCi:

dyy  ~
- = ;pkj(g;)yj + fr(z), k=1,2,...,n. (20.2)

[IpunycTumo, mo HaM BimoMuit JesiKuii YaCTUHHUAN PO3B’sI30K
miel cucreMu

1 1
ylzyg)v y2:y§)a sy yn:yr(zl)v

a oTKe,

dy(l) n
U =S g+ fle), k=12.n (203)
j=1

Beenemo HOBI HeBimomi dbyHKIU 21 = 2z1(x), 22 = 22(x), ...,
Zn = zp(x) 3a dopmynamu

ve =y + 2, k=12 n (20.4)
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Iligcrasasioun dynknil (20.4) B cucremy (20.1), omepxyemo

dyY 4
Yy, + “k

dx dr

= o @)+ @)z + file), k=120 (20.5)
j=1 j=1

Bpaxosytoun (20.3), 3 (20.5) mus 3Haxo/Kennst GyHKIHH 271,

29, ..., Zp OTPUMYEMO JIHINHY OJHOPIIHY CHCTEMY
dzk "
%zzpkj(x)zj, k=1,2,...,n. (20.6)
j=1

Opnuopinny cucremy (20.6) HasuBaIOTL 610M0610HOI10 HEOOHODI-
ot cucmems (20.2).

BrizgHo 3 Teopemoto 3 (yiekmist 19) 3arajbHuii PO3B’SI30K CHUCTe-
M (20.6) BusHAUAETHCST HOPMYIIOI0

n
2= Cizn, k=12,...,n, (20.7)

Jj=1
ne zjp = zjk(x), j,k = 1,2,...,n, — geska byHIaMeHTAIbHA CH-
crema poss’sizkis cucremu (20.6), a Cj, j =1,2,...,n, — noBinbHi

CTaJIi.
[Migcrasmsitoun (20.7) y (20.4), ogepxyemo dbopmyiry

n
we=u) + Y Crzn, k=1,2,....n, (20.8)
j=1

sIKa, BU3HAYa€ 3arajbHuil po3B’si30k cuctemu (20.1) B yciit obracti
11 3aaHHsI.

TaxkuMm 9uHOM, 044 3HATOOHCEHHA 3G2GADH020 PO36 A3KY HEO-
cmunHutl po3e’asoxr 1 dodamu Ao Hb020 3a2aAbHUL PO38°A30%K 610-
no6idnoi 00nopionoi cucmemu (20.6).
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2. Meton Bapiariii goBisibHUX cTanuX. s inTerpyBanss
JIIHIITHOI HEOTHOPIHOI CUCTEMHU Y BHUIAJIKY, KOJIM BIAETHCI 3iHTE-
rpyBaTH BiJIOBI/IHY OJHOPITHY CUCTEMY, 9aCTO BUKOPHUCTOBYIOTH
Mmemod eapiayit dosinvHuxr cmaaur (memod Jlazpanotca).

Poss’s30k miniitHol Heommopiguol cucremu (20.1) mykaemo y
BUTJIS T

n
Yk :ZCj(x)ij, k= 1,2,...,n, (20.9)
e zjp = zjk(z), j,k=1,2,...,n, — gedka &yHIaMeHTAIbHA
cucreMa posB’si3KiB oxHopimHoi cucremn (20.6), a Cj(x), j
=1,2,...,n, — IedKi HernepepBHO nudepeHIiiitoBHi GyHKIII.

Bubepemo y (20.9) dyuxuii Cj(z) Tak, mob us dopmyna Bu-
sHavasa po3s’s3ok cucremu (20.1). Iincrassioun (20.9) B (20.1),
OJIEPZKYEMO:

> Ci@)zin + Y Ci(w)zhy, =
= =

—Zpkl ZC (x)zj + fe(x), k=1,2,...,n, =

E:CZ@ﬁ%k+—§:CE@0%k==
st =

:ZC] Zpkl Zjl+fk($), k:1,2,...,n, =

Zojl‘(x)zjk + ZC ( Zpkz Zjl) =
— fulz), k= 1,2,...,n. (20.10)

Ockinbku zj;, — dynmaMeHTaTbHa CHCTeMa PO3B A3KiB OHOPITHOI
cucremu (20.6), To Bupas y ayxkax y dopmysi (20.10) mopisaioe
HyJIIO, a ToMy jyisi 3Haxo/kenns dynkiiin Cj(z), j = 1,2,...,n
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Ma€MO CUCTEMY:
ZC 2)zjk = fulz), E=1,2,...,n. (20.11)

Busnaunuk cucremu (20.11) Bigminmwit Bim mHysas Jjas BCix
€ (a,b) (aum € Bporckian W (x)), a TOMy BOHA Ma€ €JIUHUN PO3-
B’SI30K, KW MOKHa 3HAWTH, HAIPUK/IaI, 3a dopmyatamu Kpame-

pa:

Cl(x) = ; W{;ﬁ?(xg;)fk(x), j=1,2,....n,  (20.12)

nae Wi;(z) — anrebpudse [IOIOBHEHHSI €JIEMEHTA Zj; BPOHCKiaHa
W (z). Inrerpyrotun (20.12), 3Hax0a1MO

W,
Z/ k(@ x)de +Cj, j=1,2,...,n,

ne C; — nosinpHi cTasi, a oo — JOBiIbHA TOYKa 3 iHTepBasy (a,b).
Iincrassoun suaiigeni supasu st Cj(x) y dopmyry (20.9),
OJIEPIKYEMO

Zz]kz/ 9; d+ZCka, k=12,...n

(20.13)
Axmo B (20.13) migcrasutu C; = Cy = ... = C), = 0, To Maemo
YACTUHHUII O3B’ A30K

. n n IWS'w
y£)=szkZ/Wi>)fs<w>dw, E=12m,
7j=1 5:1930

a Tomy (20.13) moxkna 3amucaru y Burisii (20.8). O1xke, po3s’s-
30K, BusHaueHuil hopmysiorno (20.13), € 3arajbHUM PO3B’SI3KOM JIi-
HiitHol HeoxHOpiaHOI cuctemu (20.1).
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Ilpukaan 1. 3a donomozoro memody sapianii doginvHuT cma-
AUL 3THME2PYSAMU CUCTMEMY

y =2y-—z
2= —y+ 2z + 4xe®.

Poss’sazannsa. BinmosinHy omHOpIIHY cHCTEMy 3IHTEIPYEMO Me-
TOJIOM BHKJIIOUEHHST (JieKIfist 18):

y =2y -z
2 =—y+2z
22 =" =2022-2)—2 = ' -4+32=0.

= =222,

Ockinbku xapakrepucTuaHuMu uncjaamu € k1 = 1, ko = 3, 1o
20 = C1e® + Che®® = o = 2(C1e® + Ce®®) —
— (Cre” + 30263"3) = yg= Cre® — Chre’®.
Po3B’s130K 3a/1aHOT HEOHOPIIHOT CUCTEMHU IIIYKAEMO Y BULJISA
y = C1(z)e” — Co(x)e’®, 2= Ci(x)e® + Cyx)e®,  (20.14)
ne dyuknil C(x), Ca(x) 3naiinemo 3 cucremn Burisiy (20.11):
{C{ (r)e® — Ch(x)e3® = 0,
Ci(x)e* + Ch(x)e3® = dxe®
Ci(z) =2z, Chz) =2z =
Ci(z) =a>+C1, Co(z) = —we > — %e‘h + Cs.

[Migcrassitoun 3uaitneni dyukuii Cp(z), Ca(x) y (20.14), onepxy-
€MO 3araJbHUI PO3B 30K 3a/IaH0I CUCTEMH:

y = (2 + Cp)e” — (—ace_2m —0,5e 2 + Cg)e?’x =
= C1e” — Cpe3 + (x2 + 2 +0,5)e”,

z= (22 4+ C1)e” + (—ze > — 0,5 2" + Cy)e** =
= C1e" + C2e® + (2* — 2 — 0,5)€".
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ITicast 3BemeHHsT MOMIOHNX MOMAHKIB 1 Meperno3HavdeHHsT CTaJIol
(C1 :=Cy +0,5) maemo

y = Cre” — Cre® + (x2 + x)e”,
2z = C1e” + Ce>® + (x2 -z — 1)6”. [ ]

3. Meron HeBusHadeHHx koedimieHTiB. Y 1. 1 1miel Jte-
KIIi1 BCTAHOBJIEHO, IO IHTErpyBaHHs JIHIHOI HEOTHOPIIHOI cucTe-
MU JudepeHIiaabHuX PiBHSIHD 3BOAUTHCA 0 HEOOXiTHOCTI MO0y M0~
BU PyHIAMEHTAJIHHOI CHCTEMHU PO3B’SI3KiB BiIIOBIIHOI OJHOPIIHOT
cucremu. ToMmy ocoOMBHIT IHTEPEC CTAHOBJIATL TaKi JIHIAHI HEO-
JTHOpimHI cucTeMu, y AKX (DyHIAMEHTAJIbHa CHUCTEMa PO3B’I3KiB
BIJIITOBIJTHOT OJTHOPITHOI CUCTEMHU BUPAYKAETHCS Yepe3 eJIeMEeHTapHi
dyukil. o Takux cucTeM BiIHOCATBCHA, MMEPEIOBCIM, CHCTEMH 3i
crajauMu KoeillienTaMu.

Posrnsimemo minifiny HeogHOPIAHY crucTeMy andepeHItiaIbHIX
PiBHSAHD 31 cTajauMu KoedinientaMu

yé = a21vy1 + as2y2 +...+ a2nYn + fQ(iU),

y;L = ap1yY1 + an2yY2 + ... + GpplYn + fn(x)

abo, y CKOPOYEHOMY 3alluCi:
%:ia i+ fe(z), k=1,2 n (20.15)
dx ~ k397 k ) y Ly ey Tl :

Axmo dynknil fi(zr) y cucremi (20.15) ckmagaiorbes 3 cyM i
100y TKIiB MHOTOWIEHIB P, () = po+p1z+. ..+ pmax™ Ta dyHKIii
e*® cos Pz, sin Sx, To 11 PO3B’SI30K MOXKHA IIYKATH Memodom
He8U3HAYEHUT Koediuienmia. Lle pobUThCs 3a TAKMMU 2K IIPa-
BUJIAMH, IO 1 M1 OHOTO JHHITHOrO AudepeHIliaJbHOTO PiBHSIHHSI
31 cranmumu Koedinientamu (yexiiist 14), ajge 3 MEBHUMHI 3MiHAMM.
30KkpemMa, SIKIIO

Je(@) = Py (2)e?,
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ne P, () — MHOrOUJIEH CTeleHs My, TO YaCTUHHUN PO3B’A30K CH-
cremu (20.15) morpibHo mrykarn He y BUNIsl T°Qp, (7)e™” (K me
6yJ10 [7IsT JTHIHOTO PIBHAHHS), & K

yi= QY. (x)e™, i=1,2,...,n, (20.16)
e Qf,zl)Jrs(x), 1 =1,2,...,n, — MHOTOYWICHH CTEIICHA M + S 3 HeBi-
nomumu Koeditienramu, m = max(msy, ma, ..., mg); s = 0, AK10
(. — He € XapaKTePUCTUIHUM YHCJIOM, 1 S JIOPIBHIOE KPATHOCTI IIHO-
ro YUCJIa, AKIIO (¢ € XaPAKTEPUCTUIHUM YUCJIOM (SIKIIO TOYHIIIe,
THUCTIO M + $ Ha M ONWHUIL OLIbIIEe HANBUIMOrO 31 CTEIEHIB MHO-
TOYJIEHIB, Ha sIKI MHOXKQTbCsI €KCIOHEHTH €** y 3arajbHOMY pO3-
B’$I3KY BIJIIOBIHOI OJIHOPIIHOT cHCTEMN ).

Hesimomi koedimientn MHOroOwIeHIB QT(??JF s(z) Bu3HAUAOTH
NPUPIBHIOBAHHAM KOeDIlieHTiB 6iis BIANOBIMHUX HOJAHKIB MiCsIst
migcrasisaas (20.16) y cucremy (20.15).

AHaJIOriYHO BU3HAYAIOTHCS CTENEHI MHOTOYJIEHIB Y BUIIAIKAX,
kosn byl f(x) y cucremi (20.15) mictsars dbyskmii e cos Sz
i e sin fx, a anciao « + $i € abo He € XapaKTEPUCTUIHUM.

Ilpukaan 2. 3inmezpysamu cucmemy memodom HEsUIHAYE-
HUT KoePIUIeEHMIG:

y' =4y + 8z + 30e”,
2 =3y —z4 1le .

Poss’azamnns. Bukopucrosyioun meron Eitnepa (ekmist 19), 3na-
#IeMO CIIoYaTKy 3araJibHUil PO3B’sI30K BiIOBIIHOT OHOPIIHOI CH-
cTeMu

y' = 4y + 8z,

2 =3y —z.

XapaKTepuCTUIHE PiBHSIHHSI

4—-k 8
3 -1-k
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Mae kopeni k1 = 7, ko = — 4. Xapakrepucruaaomy duciay ki =7
BIJIIOBITa€ cucTeMa

{_371 + 8/72 = 07

311 — 872 =0,
3BiAKU, HAIPUKIAL, V1 = 8, 72 = 3. Uucay ky = —4 Bigmosinae
CHUCTEMA,

8y1 + 812 =0,

31 +372 =0,
3BiiKE 71 = 1, 72 = —1. OTKe, 3araJibHUM PO3B’SI3KOM OJTHOPITHOT
CHCTEMU €:

Yo = 801€7x + 026_41, 20 = 3C1€7I — C2€_4I.

Bpaxosyioun surisy byukiii fi(z) = e® i fo(r) = e, ga-
CTUHHUI PO3B’SI30K ¥1, 21 HEOTHOPIMHOI CHCTEeMHU Yepe3 HEeBU3HA-
JeH] KoedillieHTH 3aluieMo y BUTIsII

y1 = Ae® + (Bx + C)e ™, 21 = De® + (Ex + F)e ™. (20.17)
[Migcrassitoun (20.17) y 3amany cucTeMy, OJepKYEMO:

Ae® — 4(Bx + C)e ™ 4 Be™1® =

= 4Ae® + 4(Bx + C)e 1 + 8De® + 8(Ex + F)e** + 30¢%,
De® —4(Ex + F)e ™ 4 Be™1® =

=3Ae” + 3(Bz + C)e ™ — De” — (Bx + F)e ™ + 11e72.

—4x 4z

. . . " .
[TpupiBaiotoun Koedimientn Oinst e”, e ixe B 000X 4Ua-

CTUHAX ITUX TOTOXKHOCTEMN, OJEPKYEMO BIIITOBIIHO:
e’ |A=4A+8D + 30, e® |D=3A-D,
e | B—4C =4C+8F, e % |E—4F =3C —F + 11,
re 4| —4B = 4B + 8E, re 4| —4F =3B — E.

OrpumaHa cucremMa Ma€ JIUIIe 11 9Th JIHITHO He3aJIeKHUX PIBHSIHb.
Posp’s3ytoun i1, orpumyemo

A=-2 B=-8 C+F=-1, D=-3, E=38.
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[Toxagemo, manpukaam, C' = 0, tomi F' = —1, a TOMy 9aCTUHHUM
PO3B’SI3KOM HEOIHOPIIHOI CUCTEMU €

yp = —2¢° — 8xe 1,z = —3e" + (8 — 1)e” 7,
a 3araJIJbHIM PO3B’SI3KOM —

y = 8C €™ + Che ™ — 2¢% — 8ze 2,
2 =301 — Coe™® —3e" 4+ (8z — 1)e™**. m

Ilpukiaana 3. 3anucamu wacmunnuti Po36°A30K 3 HEBUSHAYE-
HuMU Koediyienmamu (He WyKaowu i) cucmemu

/ o 3x 3T
{ =4y — z + xe3® + e sinz, (20.18)

2 =y + 22+ xe3 cosx.

Pose’azannsa. SHaiimeMo XapaKTEPUCTUYHI UHCIA BiIIOBIIHOL
OJTHOPITHOI CUCTEMU:
1 2—k

‘4—]{? -1 ‘:0 = ]{:2—6k+920 = k1 =ky=3.

3 3% cos ¢ au-

V cucremi (20.18) mia dbynxmiit xe3®, 3% sinx, we
ciaa « + (i BimmosimHO HOpiBHIOIOTH 3, 3 + 4, 3 + 7. ToMy okpemo

3HaI7LZLeMO JaCTUHHI pOBB’HSKI/I CHCTEM

/ 3x
y =4y — z + xe’”,
{Z/ =y+2z (20.19)
i ! 3
Yy =4y — z+e’*sinz,
{z’ =y+2z+ze3 cosz. (20.20)

st cucremu (20.19) o+ i = ky = ko = 3, s =2, m = 1. 3ri-
7O 3 (20.16) 11 wacTHHHAI PO3B’sA30K HOTPIOHO MIYKATH y BUIVISLI

y1 = (az® + bx? + cax + d)e?,
21 = (fo3 + go* + ha + p)e”.
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Hns cucremn (20.20) o+ fi =3+1 # k1o, s =0, m=1,a
ToMy 1T YaCTHHHUII PO3B’SI30K Ma€ BUIJISII

Y2 = (Az 4 B)e** sinz + (Cz + D)3 cos z,
2 = (Bx 4 F)e* sinz + (Gx + H)e3® cos .
Tozi wacTumnanit po3s’s30k cucremn (20.18) 3anumierses y BUIIIL:

y=mn+ty2, z2=z1+z2. 1

4. Meton I’Anambepa. Posrisgnemo miHifiHy HEoTHOPITHY
cucTeMy NBOX JudepeHIliaJ bHUX PIBHIAHL 31 craauMu Koedirien-
TaMu

(20.21)

Yy = any+az + fi(x),
2 = any + axnz + fa(z).

[TomHOXKUMO ApyTe PIBHAHHS i€l CUCTEMU HA JIesIKE YUCI0 A i
JOZAMO TIOTJIEHHO J0 MEPITOTO PiBHIHHS:

(y + A2) = (a1 + Aag1)y + (@12 + Aax) 2z + fi(z) + X fo(z) =

a2 + Aa
(y + A\2)' = (a11 + Aaz1) (y + u2> + fi(x) + Afa(x).
a11 + Aagi
(20.22)
Kopucryiouncs gosibHicTIO unciaa A, BUOepeMo HOro TakuM,
o6
a2 + Aag _
a1 + Aas
TOOTO
agl)\Q + (CL11 — agg))\ —aig = 0. (20.23)

Tozi piBusinus (20.22) 3ammmmeMo y BAIVIAIL:
(y+ A2)' = (a1 + Aaz)(y + A2) + fi(z) + Afa(z).  (20.24)

Pisusianst (20.24) e siniitauMm audepeHiiaabHuM PIBHIHHAM
MIEPIIIOTO MOPSAKY 3 IMYKAHOIO (DYHKINEO ¥ + Az. [HTerpytoun ioro
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(dopmyma (4.6) 3 nexil 4), onepKyeMo:

Yy + Az = elantia)z ( / (fi(z) + Mfo(z))e(artAa)e gy o C’).

(20.25)
Axmo xopeni A\; 1 Ao kBazparHoro pisusamus (20.23) pismi i
TIACHI, TO MAEMO CUCTEMY

Yy+Aiz = elarrthraz)z (/(fl(x)+)\1f2(x))€_(all+*1a21)mdx+C1>a

Y+ doz = lerrthaae ( [(@ e xaa@)e i cz),

pO3B’a3yIoun 9Ky BiAHOCHO Yy 1 z, 3HaiieMO 3arajbHUil iHTerpaJ
cucremn (20.21).

SAxmo kopeni piBusiHHsg (20.23) kpaTHi, TO6TO A7 = A9 = A, TO
3 (20.25) omepKy€eMO TLIBbKE OJiHe PiBHSIHHSI:

y+ Az = elatraz)e ( / (f1(x)F X\ falz))e(@rtrazgy o C>7

aje y IbOMY BHUIAJKY, IJACTABJISIONN BUPaA3 JJIs Yy, SHAWACHUIHA
3BizcH, y apyre piBasans cucremu (20.21), ofgep:kumo miniiine pis-
HSHHSI TIEPIIOr0 TMOPSIKY 3 HEBIIOMOIO (DYHKITE 2.

Pexomendosana aimepamypa: |3, c. 144 — 146, 209 — 214],
[5, c. 370 — 385], [7, ¢. 206 — 210], [16, c. 103 — 107, 138 — 144], [17,
c. 436 — 455, 495 — 528].

ITuranns mo Jjgekiii 20

1. dk 3HaiiTy 3arajgbHUIT PO3B’A30K JIHIHOT HEOJHOPIIHOT CUCTEMH,
HOI OJTHOPIIHOI cucTeMu?

2. Y "oMy TOJIsira€ METOJ Bapiallil JOBIIbHUX CTAINX 3HAXOMKEHHS
3arajIbHOTO PO3B’SI3KY JIHIAHOI HEOIHOPIIHOI cucTeMu?

3. Y uomy moJisira€ MeTOJ HEBU3HAYEHNX KOeIIiEHTIB IHTerpyBaH-
Hsl JIHITHUX HEOMHOPiTHUX cucTeM 31 crajgumu Koedirienramu? Yu jist
KOKHOI JIHIHOT CHCTeMH HOTO MOXKHA BUKOPUCTATH?!

4. Y gomy mosisirae meros, 1’ Asrambepa iHTerpyBanHs JIHIHHUX CH-
creM 3i crajauMu KoedinieHramu?
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Brupasu go aekirii 20
1. BinTerpyiite cucreMu METOIOM Bapiarlil JOBUIBHUX CTAJIUX:

2) y =4y — 8z + 2tgdx, ) y =3y — 2z,
2 =4y —4z; 2 =2y — z + 2\/xe”.

2. 3imTerpyiiTe cucTeMu METOJIOM HEBU3HAUEHUX KOEMIIi€eHTIB:
y =2y -z, Y =3y+2z+e",
a)q7, _ " e O) 9, T T
2= -2y + z — 3x; 2= =3y — 2z — 2%
5) y =5y —z+ Hsinz,
2 =4y + z+ 2coszx.

3. Bimrerpyiite cucremu merozom JI'Anmambepa:

2) y = —2y—z+ 10z, 6) y' =5y +4z + e,
2 = —4y — 5z; 2 =4y +5z+1.

Homarok 3.
3acTrocyBaHHs MaTeMaTudHOro nmakera Maple
JJis iHTerpyBaHHS CHUCTEM 3BUYAHUX
andepeHiliaibHUX PiBHIHDb

Jl1st po3B’sI3yBaHHS CUCTEM 3BHYAMHUX In(EepeHItiaIbHIX PiB-
HsIHb BUKOPHCTOBYIOTH KOMaHIy dsolve y ¢dopmari

dsolve ({piBuannsal, pieaanua?, . ..},{uesinomal , HeBimoma2, . . .}).

Ilpuksazm 1. 3igTerpyBaru JiHIIHY OJHOPIIHY CUCTEMY 3i CTa-
JuMu KoediltieHTaMu
Yy =y+z,
{z’ =3z—y.
(mpukas 2 sexril 18, crop. 234):
> dsolve ({D(y) (x)=y(x)+z(x),D(z) (x)=3*z(x) -y (x)},
{y&x),z(x)});

{y(z) = ¥ _Cl1+ _C2z— C2), 2(z)=e**(_C1+ _C2 z)}.
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[Tepenosnavenusam cramux ( C1 := Cy + Cy,  C2 := (Cb)
1eit PO3B’SI30K 3BOJIUTHCS 10 PO3B’A3KY, OTPUMAHOIO Y TPUKJIAI 2
JiekIi 18.

Ilpuksazm 2. 3iaTerpyBaru cucreMmy

y' =4y + 5z,
2 =4y + 3z

(mpukas 1 sexril 19, crop. 247):
> dsolve ({D(y) (x)=4*y(x)+5*z(x),D(z) (x)=4*y(x)+3*z(x)},
{y&x),zx)1);

{y(w) = Cle "+ (C2&%%, z2(x)=— Cle ®+ %C?egx}.

Ilpukmazn 3. 3inrerpyBaru cucreMmy

= 2y -z,
2 =y+2z
(mpukas 2 sexrii 19, crop. 248):

> dsolve ({D(y) (x)=2*y(x)-z(x),D(z2) (x)=y(x)+2*z(x)},
{yx),zx)1);

{y(z) = e?® (_C1cos(z) — _C2sin(x)),
z(x) = e** (_Clsin(x) + _C2cos(x))}.

Ilpukmazn 4. 3inTerpyBaru CUCTeMy

y =6y + z,
2= —16y — 2z

(mpukstas 3 siexii 19, crop. 250):
> dsolve ({D(y) (x)=6*y (x)+z(x),D(2) (x)=-16*y(x) -2*z(x)},
{yx),zx)1);

1
{y(x) = —Eeu(él_ Cl+4 C2z+ (C2),

2(x) = e*%(_C1 + C,?x)}
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Ilpuksazm 5. 3inTerpyBaru JiHIHY OJHOPIIHY CUCTEMY 3i CTa-
JuMu KoedirienTamMmu

Y1 = y1 + 2y2 + 2y3,
/

Yy = —Y2 — 2y3,
Y3 = Y2 + y3.

=N

(mpuksas 3 siexiii 18, crop. 234):

> dsolve({D(y1) (x)=y1(x)+2*y2(x)+2*y3(x),D(y2) (x)=
-y2(x) -2xy3(x) ,D(y3) (x)=y2(x)+y3(x) },{y1(x),y2(x),
y3(x)}H);

{y1(z) = _C1e* — _C2cos(xz)+ _C2sin(z)+ _C3cos(x) +
+ O3sin(z), y2(z) = _C2cos(x) — C%sin(x) —
— _ (2sin(z) — _C3cos(z), y3(z) = _C2sin(z) + _C3 cos(z)}.

[Tepenosnavenusam cramux ( C1 :=Cp, C2:= (C3 — (C>)/2,
(08 = (Cy 4+ C3)/2) ueit po3B’s30K 3BOAUTHLCS JI0 PO3B’SI3KY,
OTPUMAHOTO Yy MPUKJIaI 3 Jekii 18.

IlpukJsazm 6. 3iaTerpyBaru cucreMmy

Yl = y1 + 2y2 + 2y3,
Yo = 2y1 + y2 + 23,
ys = 2y1 + 2y2 + y3

(mpukstas 4 yexiii 19, crop. 251):

> dsolve ({D(y1) (x)=y1(x)+2*y2(x)+2*y3(x),D(y2) (x)=
2%y1(x)+y2(x)+2%y3(x) ,D(y3) (x)=2xy1l(x)+2xy2(x)+
y3(x)},{y1(x),y2(x),y3(x)});

{y1(z) = _02e°% -2 (C3e— (Cle™®,
y2(x) = C2e°*+ (C3e™ ™+ (Cle™®,
y3(z) = _C2e°"+ _C8e "}
[Tepenosnavyennsim cranux (_C1 = Cy — 2C5, C2 := (4,

(8 := (5 — C9) 1eit po3B’si30K 3BOJAUTHCS JI0 PO3B’sI3KY, OTPH-
MaHoro y mpukJa/i 4 jgekmii 19.
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Ilpuksazn 7. 3inTerpyBaru JiHIHY HEOIHOPIIHY CHUCTEMY

y =2y -z,
2= —y+ 2z + 4xe®

(mpukitag 1 sexit 20, crop. 257):
> dsolve ({D(y) (x)=2*y (x) -z(x) ,D(z) (x)=-y(x)+2*z(x)+
4xx¥xexp(x)},{y(x),z(x)});
{y(z) = 3T 024 C1e” + xe® + z%e”,
2(x) = —e**_ 02+ _Cle" —ae” — e + 2%e"}.

Ilpukaazn 8. 3inTerpyBarTn JIHIAHY HEOTHOPIIHY CHCTEMY

Yy = 4y + 8z + 30e%,
2 =3y —z+1le™ ¥

(mpukitag 2 siexii 20, crop. 259):
> dsolve ({D(y) (x)=4x*y (x)+8*z(x)+30*exp(x) ,D(z) (x)=
3xy (x)-z(x)+11xexp (-4*x) },{y (x) ,z(x) });

{y(x) =e'® 02 +e % C1 - %e_“ —2e” —8e 47y,

3 3
z(x) = ge”iC’Q —e—4{01 — 3" — ﬁe_“ + 8e_4rx}.

[lepernosnavenusaM cTajgux Ieil PO3B’s30K 3BOJIUTLCS JI0 PO3-
B’SI3KY, OTPUMAHOIO y Ipukaa 2 jekiii 20.
Ilpukmazm 9. 3inrerpyBaru cucremy
" =4y — 2+ 23 4 e sin,
{z’ =y+2z+ x> cosx

(mpukitas 3 siexiii 20, crop. 261):
> dsolve ({D(y) (x)=4x*y (x) -z (x) +x*exp (3*x) *sin(x) ,
D(z) (x)=y(x)+2*z(x)+x*exp (3*x)*cos (x) },{y(x) ,z(x)});
{y(z) = —e**(—_C2 —x_ C1 +sin(z) + 2cos(z) + zsin(z)),
z(x) =e3*(_C2+x_C1— _C1—2sin(x) —cos(z) + zcos(z))}.
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Ilpuksan 10. Suaiitun po3p’si30K 3aaa4i Kol

Pz _o Py _
aw ~ " ar Y
z(0) =0, 2'(0) =wvpcosa, y(0) =0, 3 (0)=vgsinc

(3amaua 1 jekmii 18, crop. 231):

> dsolve({(D@@2) (x) (t)=0, (DEO2) (y) (t)=-g,x(0)=0,y(0)=0,
D(x) (0)=vO*cos(alpha),D(y) (0)=vO*sin(alpha)},{x(t),
vy} ;

2
{x(t) = w0 cos(a)t, y(t) =~ + 00 sin(a)t}.
Inmn nmpukaay 3acTocyBaHHST MaTeMaTHIHOrO makera Maple
JUTsl IHTErpyBaHHS CUCTEM 3BUYAWHUX TUMEPEHITATBHUX PiBHSHD
MOKHa 3Haiitu B [9, 12, 18].
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Po3znain 4.
JNPEPEHIIIAJIBHI PIBHAHHA 3
YACTVMHHUMMU TITIOXIIHNMN
ITEPIITIOT O ITIOPAIKY

Jlekiiig 21. JliniitHi omHOpiaHi piBHSIHHS 3
YACTUHHUMMY IOXiJHUMMU IEPIHOro IOPSAKY

Ilnan

1. 3B’s130K JHIHOTO OMHOPITHOTO PIBHAHHS 3 YACTUHHUMHE I10-
XITHUMU TIEPITIOro MOPSJIKY 3 BIJIIIOBIIHOIO CHCTEMOIO XapaKTepH-
CTUK.

2. IlobymoBa 3arajabHOTO PO3B’A3KY JIIHIHHOTO OJHOPIIHOTO PiB-
HSIHHSI.

3. Bamaga Ko mrst MHIAHONO OIHOPIAHOTO PIBHSIHHS.

1. 38’30k JIiHIIHOTO O/THOPiIHOTO PiIBHSIHHA 3 YACTUH-
HUMH IIOXiJIHUMU MEPIIOro NOpAJAKY 3 BiAIOBigHOIO cucTe-
MOIO XapaKTepUCTUK. Barato Mozesieil pisHOMAHITHUX TPOIIECIB
i gBUI TeXHIKK Ta MareMaTHYHO! (Di3uku (KOJMBAHHS CTPYHU i
MeMOpaHu, Teronepenada, audysisd, razoBa nuHaMika Ta iHII)
NPUBOJIATE 70 AUEPEHITIATLHUX PIBHAHD 3 YACTUHHUMU TTOX1THU-
M.

Mu obmerkumMocst BUKJIAJIOM HAUIIPOCTIMUX BimomMocTeit Teopil
PIBHSHD 3 JACTUHHUMH HOXITHUME TEPIIOro MOPSAKY, MaiOvIn 3a
MEeTy IIOKa3aTH 3B’d30K TaKUX PIBHAHb 3 CHUCTEMaMU 3BUYANHUX
mudepeHiagbHuX PIiBHAHL 1 HABECTH METOMM IOOYIOBU 3araJib-
HOTO PO3B’sI3Ky Ta PO3B’a3Ky 3amadi Ko, gki rpyHTyIOTbCA HA
nbOMY 3B’si3Ky. PiBHAHHS 3 YACTMHHUMH MOXIJHUMHU JIPYTOro Ta
BUINAX HMOPSIKIB IHTEIPYIOThCs IHIMUMUA METOJaMU, SKi BUBYATH-
MyThcd y Kypci «PiBusinns maremarudaol Gpisukns.

JudepenuyiasbrHum pi8HAHHAM 3 UACTNUHHUMUY TOLi-
JHUMU HA3WBAIOTH CIIBBIIHOIIEHHS, Ke MICTUTh HeBioMy (PyH-
KIIIO BiJ JeKiJIbKOX 3MIHHUX, HE3aJIe2KHI 3MIHHI Ta YaCTUHHI IIOXi-
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Hi HeBimoMmol byHKIIT 3a He3aaeKHnME 3MinanME. [lops ok crap-
101 YACTUHHOI TTOX1/THOI, 1K BXOJUTDH y PIBHSAHHS, HA3UBAIOTH T10-
padkom pisuaung. Hanpuknan, nudepeniiajibie pIBHIHHA 3 4a-
CTUHHUMH TIOXiJTHUMHY TIEPITIOr0 TOPSIJIKY Ma€ TAKUHN 3arajJbHUi BU-
TITST;

ou OJu ou
dlx1,20,...,20, U, —,—,...,— | =0 21.1
( 9y 9y 9y ny ) awl’ 8%’27 9y axn Y ( )
_ o : ou  Ou ou_ e
Jde u = U(xl, Ty vn ,$n) nIyKaHa beHK]_[lﬂ7 Bzy’ Oma’ ' Omy 11

qacTuHHI noxigHi, ¢ — 3a7ana HemepepBHO audepeHItiiioBHa QyH-
Kiis B geskiit obmacti G C R?™1 npudomy B pisnsmms (21.1)
[pUHAMHI OIHA YACTHHHA IIOXiJHA BXOAUTH 00OB’SI3KOBO.

Bararo ¢isnyHux SBUIN OMUCYIOTHCS PIBHAHHAMA 3 YaCTHHHU-
MU TIOXIITHUMU TEPIIoro mopsiky. Hampukias, y ra3osiit guHami-
Il Ba)kKJUBY POJIb Bimirpae piBHsHHs Xorida ‘?)—? + u% = 0, ne
u=u(t,r), a B ONTHI BUBYAETHCsI PIBHIHHSI

ou\ 2 ou\ 2 ou\ 2
()~ (&) +(52) ~rewa

e u = u(x,y, z), sKe OIUCYE TOIMMPEHHS CBITJIOBUX MPOMEHIB y
HEOTHOPITHOMY CEpEJIOBHUII 3 TIOKA3HUKOM 3ajioMieHus f(z,y, z).

Pose’ssrom piBusians (21.1) HasuBaooTh HenepepBHO udbe-
penriitoBny GyHKI[0O U = u(Z1,Z2,...,Ty), AKa TIEPETBOPIOE PiB-
HeaHHs (21.1) y TOTOXKHICTD 1151 KOKHOT TOUKH (21, X2, - - ., Tp) C G.

Axmo v = u(xy,x2,...,2T,) — po3B’sa30K piBHsgHHA (21.1), TO
itoro rpadik — moBepxHIo u = u(x1, T2, ..., Ty) y TpocTopi (n+1)-i
3MIHHOI Z1,Z2,...,Tn, U — HABUBAIOTb {HIME2PAABHOIO NOBEPT-
Hero piBasHEs (21.1).

PosrisinemMo J1eKiibKa, MPOCTUX TPUKJIAIE BiINIyKAHHS PO3-
B’s13KiB piBHsHHS (21.1).

Hpukman 1. Bidwykamu gynruyito z = z(x,y) — po3e’a3ox
DIBHAHHA % =2rx+y—1
Pose’sazarns. larerpyroun odUIBI YaCTHHE 38 3MIHHOKIO T, OJI€D-
JKYEMO

z:/(2w+y—1)dx:x2+xy—x+s0(y),
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ne ¢(y) — nosinbaa mudepenniiiopra dyHkIisa 3minnoi y. M

. . 2
Ilpukaan 2. 3inmezpysamu pieHarms 8‘23524 =1.

Posze’aszarns. lurerpyroun 3a 3MIHHOIO X, MAEMO g—z =z+ ¢(y),

ne ¢(y) — nosinbHa qudepenniiioBra Gyukiis. [arerpytoan temep
OCTaHHIO PIBHICTH 3a 3MIHHOIO Y, OJIEPKYEMO

z= /(a:+ ¢(y))dy = zy + 1(y) + p2(),

ne o1(y) = [e(y)dy, p2(x) — nosinbui gudepenniiiopui dyukuii. B

3 HaBeJeHUX MPUKJIAIIB BUILINBAE, IO PO3B A3KM AudEpPeHITi-
aJIbHOTO DPIBHIHHSA 3 YACTUHHUMM IIOXiTHUMU TEPIIOrO IMOPSIKY
MOXKYTb 3aJIeXKaTH BiJ omHiel M0BLIbHOI (DYHKIIT, & PO3B’sI3KN PiB-
HHHS JIPYTOTO TOPSJIKY — BiJ ABOX MoBLIbHUX (yukiiit. 1lizninme
Oy/Ie TI0Ka3aHo, 110 pO3B’sa3KU piBHsHH: (21.1) MOXKyYTH 3asexKarTu
Bi ommiel HemepepBHO audpepeHItiitoBHOl (PyHKII, KiIbKICTh apry-
MeHTIB sikol (n — 1).

Axmo y pisusanni (21.1) dynkiis ¢ 3amexkuTs JiHIAHO Bifj Ta-
CTUHHUX TOXiTHUX ITyKaHOl (PYHKIII, TO HOro Ha3UBAIOThH ALHLT-
Hum. Jliniiine piBHSAHHS MOXKHA 3alUCATH Y BUTISI

0
P, 20 W) o o1, B )
ou
coot fo(zr, 22, .. T, u) = R(z1,22,...,2n,u). (21.2)

Oy,

Axmo npasa gactuna piBHAHHA (21.2) TOTOXKHO JOPIBHIOE HY-
g0, a koedimientu fi, fo, ..., fn He 3ajeKaTh Bij MIyKaHoi QyH-
KIIi1 U, TO MAEMO PIBHIHHS

ou ou

fl(xl,xg,. .. ,xn)a—xl + f2($1,$2, ... ,J}n)a—xz +
ou

...+fn($1,$2,...,xn)%:0’ (21.3)

dKe HA3UBAIOTH JAIHITHUM O0HOPIOHUM DIBHAHHAM 3 Ya-
CMUHHUMU TOTIOHUMU Nepuwo2o nopadky. Bpaxaemo, 110
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KOeDIIieHTH IIHOT0 PIBHSAHHS BU3HAYEHI Ta HEIEpPEPBHI pa3oM 3 da-
CTUHHUMH TTOXiTHUMU 38 3MIHHUMHU L1, T2, - . ., Ty, Y JCTKOMY OKOJIi
3a/1aH0l TOUKA (X109, £20, - - . , Lpo) 1 MO ¥ Til TOUI BOHU OHOYACHO
He TIePETBOPIOIOThCS Y HYJIb, HAIPUKIA, frn(210, X20, - - -, Tno) 7 0.
Ouesnamo, mo piBusnug (21.3) Mae po3B’'sI30K u = ¢, 1€ ¢ — J0-
BlJIbHA CTaJIA.

Onmnouacuo 3 piBHaHHAM (21.3) pO3IISIATHMEMO CHCTEMY 3BH-
JafiHux nudepeHIiajTbHuX PiBHIHD

dzr; dzo dxy,

f1($1,$2,...,xn) o f2($1,$2,...,xn) T fn(xl,xg,...,wn)’
(21.4)

sIKa, CKJIa1a€Thest 3 (n—1)-ro piBastaHs. Cucremy (21.4) Ha3UBAIOTH
CUCTEMOI0 TAPAKMEPUCTIUK (TAPAKMEPUCTIUYHOW0 cUcCMe-
M010). CucTeMy XapaKTEePUCTUK MOYKHA 3aIlMCATH TAKOXK Y BUIJIsI-

i

doy _ho dry _ fo dtna _ fn
dxy, fn’ dxy, fn’ o dxy, fn ‘

HoBemnemMo 7B TeopeMu, siKi BCTAHOBJIIOIOTH 3B’SI30K MiXK PiB-
usauaaM (21.3) 1 Biamosinmoio cncremoro xapakrepucTuk (21.4).

(21.5)

Teopema 1. Kootcnudi inmeepan cucmemu (21.4) € poss’askom
pisnanma (21.3).
Josedenns. Hexaii ¢(x1,x2,...,2,) — iHTerpan cucremu (21.4),
BU3HAYCHUI y JESIKOMY OKOJ TOUKHU (Z10, 20, ..., Tno). LOmai 3Ti-
JTHO 3 O3HAYCHHSIM iHTerpasa (yekmis 18, m. 1) nosawmit qudepenri-
a1 byHKIT 1) BHACTIIOK cucteMu (21.4) TOTOXKHO JOPIBHIOE HYJIIO,
TOOTO

oY oY o
dy = —d —d oo+ —"dx, =0,
v 0z Tt 0x2 Tt oz, n
ne mudepenmianu dxy, drs, ..., dr, 1 TOTPIOHO 3aMIHUTH BHUpAa-
3aMH, IKi BUIUIHBAIOTH 3 (21.5):
dr1 = ﬁ dx,, drs = é de,, ..., dr,_1 = 1 dz,,.

Jn Jn Jn
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Takum anHOM,

oy fi O fo oY _
(89@1 fn+8x2 fn+...+8xn dr, =0 =
oY oY o _
fi 8x1+f2 8x2—|—...+fn 8xn_0,
3BiIKH OoTpuMyeMO, Mo GYHKIA u = (21, X, ..., Ty) € PO3B’A3-

KoM piustausg (21.3). »

Teopema 2. Koowcrnuti pose’azox pienanms (21.3) e inmeepa-
aom cucmemy, (21.4).

Losedenns. Hexait u = ¢(x1,z2,...,2,) — PO3B’'SI30K DIBHIHHS
(21.3), upuaomy u # const. Toxi
o o o
- — ... n—— =0. 21.
J1 By + fa 2, +...+f oz, 0 (21.6)
Buaiinemo mudepenrian yHKIil 1) BHACTIOK cucremu (21.4):
_ o oY oY _
dy = axldxl + axzdxg + ...+ axnd(ﬁn =
(O L OV fa oY _
a (3$1fn+39€2fn +m+3$n o =
1 o o oY
=—| fim— —+ .+ foe— |dzy,,
n<f18x1+f28x2+ +f 8xn> v

3BijiKH, BpaxoByoun (21.6), Mmaemo ToroxkuicTs dip = 0, T06TO 1) €
inrerpasom cucremu (21.4). »

Posrisimemo, nanpukiiaa, piBHSIHHS 3 YaCTUHHUMA TTOXITHUMA

r—+2y— —3z2— =0
or Yoy %02
I7IOMy BIJIIIOBIa€ cucTeMa XapaKTePUCTUK
de.  dy  dz

r 2y =3z
gKa Mae€ iHTerpamm 1), = x°z, 1 = ac/\/gj Omxke, dyHKIT
u = 232, upy = x /\/y € PO3B’sI3KaMM HABEJIEHOI'O DIBHSHHS 3 Ya-
CTUHHUMHU TOXiTTHUMU, y IOMY MOXKHA ITEPEKOHATUCH, BUKOHABIITI
epeBIpKYy.
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2. ITobynoBa 3arajbHOrO pPO3B’dA3KYy JiHiliHOrO OmHOPI-
aHOoro piBHsiHHA. HacrynHa Teopema Bu3Hadae croci6 mobymoBu
3araJbHOTO PO3B’sI3Ky JiHifiHOrO ogHOpigHOrO piBHsAHHSA (21.3).

Teopema 3. Hexati

wl(xlvwév'"?xn)? ¢2($1,$2,...,$n), DRI wn—l(xthv"'?xn)

€ neazaneocrumu immezparamu cucmemu (21.4). Todi pose’askom
pisnanna (21.3) e Pyrryisn

= (1,92, .., n-1), (21.7)

de ® — dosiavha GyHKUiA, AKAG MGE HeNEPEPSHT NOTIOHT 3G 3MiH-
HUMU Y1, Y2, ..y Yp_1.

Hosedernns. Ilincrasisoun (21.7) y piBasuus (21.3) i Gepyun
0 yBaru, mo QyHKIl Y1, P9, ..., Yp_1 € PO3B’I3KaAMU PIBHAHHS
(21.3), orpumyemo:

f18—¢+f2 TR L
1 90 0 00 o 0 Op;
27 fzzawi drs f”z I
— 0v; awz o\
z; < +f2 --"‘fnaxn):oa

a 1e i osHavae, 1mo byHKig (21.7) € po3B’sI3KOM pIBHSHHS
(21.3). »

Dopmyny (21.7) HABHBAIOTH 3A2AABHUM PO38°A3KOM DIBHSI-
uusi (21.3). 3BepraeMo yBary, 1o 3arajbHUl PO3B’sI30K PiBHSIH-
He 3 JACTUHHAMH MTOXiJHUMHU HEPITIOTO MOPSAKY MICTUTH AOBLIBHY
dyHKIT0, a He JOBLIbHI cTau, IK 1e Oy/I0 JJisd 3BUYaitHuX aude-
PeHIIaJIbHIX PIBHAHD.

Ilpukaan 3. 3inmezpysamu pienarH.A

w@+ @4—2@—0
Ox y@y oz
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Poss’sazannsa. CkiaaeMo BiIIIOBIIHY CHCTEMY XapaKTEePUCTHK

dr _dy _d:

x Y z
i sinrerpyemo ii: y/x = Cq, z/x = Cs, a TOMy iHTErpajaMu €
Y1 =y/x, Y2 = z/x. 3rigno 3 (21.7) 3aragbHEM PO3B’SI3KOM 3a1a-

HOT'O PIBHSHHS €
Yy 2
u=2a <_7 - ]
T T

e ® — nmosinbHa HemepepBHO mudepentiiioBHa (GyHKIA Bix ga-
CTOK y/x 1 z/x, TOOTO U € JOBIIBHOI HEIIEPEPBHO JUDEPEHITIHOB-
HOIO OJHOPIAHOI (DYHKINEI HYJIHOBOIO BUMIPY 3MIHHUX I, Y, Z.
Hanpukian, po3s’da3kamMu 3aaHOr0 PiBHAHHS € QyHKITIT

3 z 2 z
w=2 up =212, U3:(g) ;g =cos =, us =277,
x x x

Biodnosidv: u = ¢ (y/z, z/x).

3 TeopeMu 3 BUILIMBAE, IO 3a/a9a [IPO MOOYIOBY 3arajibHOTO
po3B’si3Ky piBHsiHHs (21.3) piBHOCHIBHA 3884l TPO BiAIIYKAHHS
n — 1 He3aJIe’KHUX IHTErpaJliB BIIIIOBITHOI IOMY CUCTEMU XapaKTe-
puctuk (21.4).

Y BUIQJIKY JBOX HE3AJIEKHUX 3MIHHUX, TMO3HAYUBIIU ITyKAHY
dbyukmio gepes z(x,y), MAEMO PIBHSIHHS

0z

fl(wvy)%Jrfz(%y)a—y =0. (21.8)

Bignosigna cucrema XxapakKTEPUCTUK BUPOJZKYETHCS B ojiHe mude-
peHItiagbHe PIBHAHHS

de.  dy
fl(xvy) fQ(xvy)
Ao Y (x,y) — inrerpan piBusaug (21.9), To z = ® (Y(x,y)), 1e

& (1)) — noBinbHa HemepepBHO MudepeHIiiioBHa GYHKINA BT 3MiH-
HOT 1), Oyjie 3araabHUM PO3B’sI3KOM piBHstHHs (21.8).

(21.9)

Ilpukaan 4. 3inmeepysamu pieraHHA y% - xg—; =0.
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Poss’szannsa. Bimmosinna cucreMa XapaKTEPUCTHK BUPOIXKYE-

ThCsl V PIBHSAHHS 3 BiJOKPEMJIIOBAHUMH 3MIHHUMMU: %m = il—z’;, iH-
TerpaoMm gKoro € ¢ = 2 + y2. 3rigzno 3 Teopemoro 3 3arasbHuil

PO3B’sI30K 33JJAHOTO PIBHSIHHSI MA€ BUTJISII
2 .2
z=®(z" + y°).

3 reoMeTpUYHOl TOYKHU 30Py MAEMO CIM'I0 MTOBEPXOHb OOEpTAHHS
3 Biccio obepranns Oz. TakuMm duHOM, 3a1aHe PIBHIHHS € aude-
PEHIAJLHUM PIBHAHHIM YCiX TTOBEPXOHBL OOEPTAHHS 3 BiCCIO 00ep-
tama Oz. OKpemMmME BUIaJKaMu HoBepxXoHb z = ®(2? 4+ y?) e
z = x? + y? (mapabosoin obepramns), z = /R2 — 22 — y2 (uis-
cdepa), z = y/x? + y? (konyc), z = ¢ (WrIonwHAa).

Bidnosiov: z = ®(z? + y?).

3. Bamauya Kol aj1s JiHITHOrO OZHOPIAHOrO pPiBHSIH-
. 3adavwa Kows s piBasung (21.3) nossrae y 3HAXO/KEHHI
po3B’si3Ky u = u(x1, T2, ..., %y), SKUil 151 HIKCOBAHOTO 3HAYEH-
He OHIET 3 HE3AIEXKHUX 3MIHHAX, HAITPUKJIAT L, , HIEPETBOPIOETHCS
y 3aJaHy HelepepBHO AuepeHIiitoBHyY (DYHKIIO PeITi 3MiHHUX,
TOOTO 3a/I0BOJIBHSIE NOYGMKOBY YMOSBY:

Uy, — o = 01, T2y, Tp1). (21.10)

Y BUIAJIKY, KOJIU IIyKaHa DYHKIIis 3aJI€KUTH BiJl JIBOX He3aJIe-
JKHUX 3MIHHUX, TOOTO Jyisi piBHsiaHs (21.8), 3amaua Ko nossirae
y BiAmmykaHui Takoro po3s’s3ky z = f(x,y), AKuil 3a710BOJIbHSIE
MIOYaTKOBY YMOBY

2| pe = P(Y),

ne ¢(y) — samana dynkimis. [eomerpudno 1e o3Havae, 1o ce-
Pell yciX iHTerpajbHUX MOBEPXOHDb, 9Ki BU3HAYAIOTHCA PIBHSHHSIM
(21.8), mykaeTbcst Taka MOBepXHsA 2z = f(x,y), KA IPOXOANTD e~
pe3 3ajany kpuBy z = @(y) y wiomuni © = ¢ (g nonMHA
napaJiesibHa 10 o Oyz).

3rizHo 3 Teopemoro 3 3araJbHUil PO3B’sI30K piBHsHHS (21.3)
3ajiaeTbest hopmysiowo (21.7), TobTo

u = (I)(wlﬂ/&?- .. 7¢n—l)'
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[Mincrasasioun mo dbyukiio B (21.10), 6aunMo, 1o po3B’s30K 3a-
nadai Ko (21.3), (21.10) 3BoauThCst 710 BUSHAYEHHsT BUTTIALY (DyH-
Kiil @, sgKa 33/I0BOJIbHSAE YMOBY

(P(wl71/]27 o 7¢n—l)’zn:mn0 = So(xl7x27 o ,LUn_l).

TaxuM YHHOM, OIEPXKYEMO NPABUAO PO38’A3YBAHHSA 3a0aYT
Kowsi (21.3), (21.10):

1) ckaacmu 6i0nosiony cucmemy rapaxmepucmur i 3natimu, i
n — 1 HesasesrcHux thmezpanis:

¢1(x17x27"'5$n)7 ¢2($1,l’2,---,1’n), R ¢n—1($15$27"'7xn);

2) 3aminumu y 3Hat0enuT iIHMe2paiaxr HeE3aNeHcHy 3MIHHY T
11 NOYaAMK0BUM 3HAYEHHAM Ly = Tpo:

Y1(x1,@2,. .., Tne1, Tno) = U1,
¢2($15$25---7xn—17xn0) :¢27 (21 11)
wn—l(xlvx% ey Tp—1, an) = Jjn—l

i pose’azamu cucmemy (21.11) 6idnocho x1, Ta, ..., Tp_1, MOOMO

3Hatimu

xr1 = wl(lﬁleZQv oo 7IETL—1)7 €Ty = w2(1/7}171;27 oo 71/;71—1)7 ey
Tn—-1 = Wn—l('&la'lz% e 7",571—1);

3) nobydysamu Pymnruyito

u = @(wl(wl7w27‘ .. 7¢n—1)7 W2(¢1ﬂ/}27- .. 7¢n—1)7 ey
wn—l(d]thv oo 71/}71—1))7

axa 1 6yde pose’asrkom 3adavi Kows.

Ilpukiaan 5. Snatimu posds’asox zadavwi Kowi

ou n ou n ou 0 | z
T — = U =y — —.
Ox yay 0z ’ =2=Y73
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Poses’sazarns. InrerpasamMu BiAMOBIIHOI cCTEME XapaKTEPUCTUK
€ Y1 =y/x, Py = z/x (mus. npuknan 3). Ockinbku

z

_ Y _
¢1’z:2:¢1 257 ¢2|1~:2:¢2:§7

TO Yy = 2)1, z = 21p9, & TOMY IIYKAHUM PO3B’SI3KOM €

2 2(3y —
u=2 — =Y = u:w.l
3 3z

Ilpukian 6. BusHnawumu iHmezpasvhy nNoGepIrHIo PIGHAHHA

(2% + 1)% —i—xyg—; =

Oz 0,

Axa npozodums vepes kpuey z = y> y naowuni x = 0.

Poss’szannsa. Bigmosinna cucreMa XapaKTEPUCTHK BUPOIXKYE-
de __ dy
z2+1 T xy?
: __y s T _
TerpajioM gKoro € GyHKIisa (z,y) = T Toni ¢ = |,_o=y.

3Bijicu y = 1, a TOMy HIyKAHOIO IHTErpajIbHOIO IIOBEPXHEIO €

1H-

ThCSI Y PIBHSHHS 3 BlJIOKPEMJ/IIOBAHUMY 3MiHHUMU

y2

=Y =
¥ 241

z:¢2(x,y) =

Pexomendosana aimepamypa: |1, c. 325 — 328|, [3, c. 377 —
383, [5, c. 458 — 463], [7, c. 247 — 281], [16, c. 275 — 280)].

ITuranns mo Jjgekiril 21

1. Ilo HasuBaTh AUdEpeHIiaIbHIM PIBHIHHAM 3 YACTUHHUMHU I10-
Xigaumu? K BUBHAYUTH MOPSIIOK TAKOTO PiBHSIHHS?

2. IlTo Ha3MBaIOTH PO3B’SI3KOM PIBHSHHS 3 YACTMHHUMU IIOXIIHUMA !
Axuit reomeTpuyuHMl 3MIiCT Ma€ PO3B’S30K PIBHAHHYA 3 JIBOMa He3aJje-
KHUMY 3MIHHUMU !

3. ke piBHIHHSA HA3UBAIOTD JIHIHHUM PIBHIHHAM 3 YaCTHHHUMU ITO-
XIJTHUMUY TIepIIOTO TOPsiKy? ¥ sIKOMY BUIIAJIKY HOr0 HA3WBAKTH OJIHO-
pizHEM?

4. dxwuit BUrIsAL Ma€e cUCTEMA XapaKTEPUCTHUK JJIs JIHIITHOrO OIHO-
PIIHOTO DIBHSIHHS 3 YACTUHHUME MOXITHUMH MIEPINOr0 HMOPSAKy ! SAxwmit
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3B’SI30K MiXK JIHIHHAM OTHOPITHUM PIBHIHHAM 3 YACTUHHUMU TOXiTHIMHI
[IEPINOTO MOPSIIKY Ta BiJIIOBITHOIO CUCTEMOIO XapaKTePUCTUK !

5. dx dopmymoerbea 3amada Korrm i piBHSIHHS 3 9aCTHHHAMEI
MOXIIHUMY TEPIIOro mopsiaky? JAkuit reomeTpuvHUit 3MiCT BOHA MA€ y
BUNAJIKY JBOX HE3AJIEXKHUX 3MIHHUX !

6. {x mobymyBaTu 3arajbHUIT PO3B’sI30K JIHIITHOTO OJHOPIIHOTO PiB-
HHHS 3 YaCTHHHUMHA TOXITHUME MIEPIIOTro MOPsaKy? Sk po3s’s3yernhest
3agada Ko jjis mporo piBHsHHS?

Brupasu go aekirii 21

1. IlepeBipre, un € BKasaHi GyHKIII PO3B’I3KaMU 3aIaHUX PIBHSHBb
3 YACTUHHUMH [TOXITHUMU:

a) Qﬁ%—yg—;:o, z=+x+Iny;

6) (a2 +9°) 3% + 20y Qe + 2298 =0, w=T5L +3;

22

4 o F) F) _ _ 2+ 3
o) (¢4 2) 8 oyl 4228 =0, w=4 y o
2. 3i"TerpyiiTe OMHOPIAHI PIBHSIHHS 3 YACTUHHUMU ITOX1THAMUA:
a) (x+2y)% —yg—; =0; 0) x‘%—’é%—yz% = 0;
2] 9 9
B) (2%y —2%y*) g5 +ygy + 55 = 0.
3. Posp’sekiTh 3amaai Kori:

oz Oz __ — . ou ou ou __ —
a)rg: —yge =0, 2, =2z; 0) gp+ 5 +25: =0, ul,_, =yz
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Jlekmig 22. KBaziiiHiiiHI Ta HeJIiHiliHI piBHIHHS
3 YaCTUHHUMMY HOXiJHUMHW HEPIHOro IMOPSAKY

Ilnan

1. ITobynoBa 3araJbHOTO PO3B’SI3KY KBa3LIIHIHOTO PIBHSIHHS
MIEPIIIOTO TOPSAIKY.

2. Bamaqi Kormi jy1s kBas3imiHITHOTO pIBHSIHHST TIEPIIIOTO TOPSII-
KY.

3. Heniwmiiini piBHAHHSA 3 YaCTUHHUMU MOXITHUMU TIEPITIOTO I10-
PSIKY.

4. Pipusuua Idbadda.

1. IlobynoBa 3arajibHOTO PO3B’ 3Ky KBa3ijiiHiiiHOTO piB-
HsSIHHSI TIEPIIIOTO MOPSAKY. PiBHsHus Burisamy

U ou
f1($17$27---7$nvu)a—$1 + f2($17$27---7$nvu)8—x2 + ...
ou
oot oz, e, 2, 0) = F(x1,22,...,%n,u) (22.1)

Oz

Ha3UBaIOTh ATHITUHUM HEOOHOPIOHUM PIBHAHHAM 3 YACTNUH-
HUMU NMOTIOHUMU TNEPUL020 NOPAIKY abo KEaA3IATHITUHUM
pieHAHHAM. o 11boro K THUIy OyIeMo BimHOCHUTH I PIBHSHHSI,
y akux F' =0, ane xo4ua 6 ogun 3 KoedillieHTiB f; 3a7I€KUTH Bij

u. Braxkaemo, mo bysKIl f1, fo, ..., fn, F HemepepBHO mude-
PEHIIHOBHI B JIeTKOMY OKOJI 3a7[aHOT TOUKH (X10, £20, - - - y Ln0s U0)-
Hexaii, xpim Toro, fr (210,220, - -, Tno, Uo) 7 0.

Posp’s130k piBusinHg (22.1) myKaeMo y HEsIBHOMY BHIVISII:
V(zy,xe,...,2n,u) =0, (22.2)

ne dyukiigs V' Mae HemepepBHI YaCTHUHHI MOXiJHI 3a ycima ap-
ryMeHTaMU TpUHAAMHI B JesKiit objacTi 3MmiHU X1, T3, ..., Ty, U,
upuaomy V) (210,20, ..., Zno,up) # 0 (e rapanrye Te, mo B
1iii obacti piBHsiHHs (22.2) BU3HAYAE U SIK HesIBHY (DYHKIIO Bij
T1,X2, ..., Tn).
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Bmudepenmniopasmm (22.2) 3a 3MIHHOIO Tp, K& BXOJUTH Y
(22.2) siBHO 1 HestBHO Yepe3 (DYHKILIO U, OJIEPIKYEMO:

ov oV  ou
Oxr Ou Oz 0, K Sy
ou oV (oV\ !
8—3%__8—9%'(%) . k=1,2,...,n. (22.3)

ITimcraBasodan Bupa3u Jjisd YacCTUHHAX TOXiTHIX (,)8—;; 3(22.3)y
(22.1), micas TPOCTUX TEPETBOPEHD BiTHOCHO HeBimoMOI dyHKIHT V'
OJIEPKYEMO JIIHIITHE OJTHOPITHE PIBHAHHS 3 YACTUHHUMU TTOX1THUMU

fl(x17x27“"$mu)8xl +f2($1a$25---7xn7u)ax_2 + ...
ov
coit folxr, e, o, u) =— + F(21, 29, ..., T, u)— = 0. (22.4)
Oxy, ou

1106 sinTerpysatu piBusHHs (22.4), yTBOPUMO BiAIOBIAHY CU-
cmemy xapaxmepucmux (n. 1 jexmii 21):

dry  dry _dzy, d_u

T_f_“‘_f_F

i IpuIycTUMO, 1O HaM BJAJIOCH BIANTYKATH N He3aJeXKHUX iHTe-
IpaJIiB IIi€] CUCTEMU:

(22.5)

wl = ¢1($17$27 cee 7xn7u)7 ¢2 == ’(/12(%1,%2,. .. 7xn7u)7

Y = wn(xlvx% .- ,xn,u).

3rigHo 3 TEOPEMOIO 3 HOIIEPEIHBOT JIEKIIIT 3araJIbHN PO3B’A30K PiB-
HstHHsA (22.4) MOYKHA 3allUCATH Y BUIJISII

V:¢(¢1,¢2, "'7¢n)a (226>

ne ¢ — noBibHa HemepepBHO audepeHIiioBaa GQyHKIS CBOIX ap-
T'yMEHTIB.

Bpaxosytoun (22.2), omep:KyeMo MIyKanuii po3B’si30K PiBHAHH
(22.1) y HesIBHOMY BUIJIsI

® (1, o, .., Pp) = 0. (22.7)
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CuisBinnormenns (22.7), ne ® — noBibHA HEEPEpBHO -
depenriiioBua (yHKIIS, HA3UBAIOTH 3A2GAbHUM PO38°A3KOM
piBagnua (22.1). fxmo (22.7) BmacTbesa pPO3B’A3aTH BIIHOCHO
U, TO OJIEP:KUMO 3arajbHUN PO3B’A30K y ABHOMY BUIJISAJL: U =
=u(x1,x9,...,Zy), € U — HETIEPEPBHO udbepeHIitoBHa QyHKITis.

Cucremy (22.5) Ha3MBaIOTH CUCTMEMONO TAPAKMEPUCTIUK
KBasliiHiiHOTO piBHsIHHS (22.1).

Takum IUHOM, 0AA 3HATLOOHCEHHA 302AA6H020 PO3E A3KY Pi6-
nanna (22.1) nompibrno ymeopumu 6i0nosiony cucmemy rapaxme-
PUCTIUEK, 3HATIMU N HE3AAECHCHUT THME2PANIE ULEL CUCTNEMU | NPU-
pieHamMU 00 HYAs d06IALHY Jupepenyitiosny GyrKyito yur inme-
epanie. Ompumana npu yvomy pisricmsv eueaady (22.7) byde 3a-
2anvrum po3s’azkom pienanns (22.1) y neasnomy sueandi. druwo
(22.7) wmootcra po3s’asamu 6i0HOCHO U, O MAMUMEMO 342aNbHUT
PO36°A30K Y AGHOMY BULAA.

Ilpukaazn 1. 3inmezpysamu pieHarms ac + y + 70U az = u.
Pozs’sazannsa. CxiameMo BiAmoOBiIHY CI/ICTeMy xapaKTepHCTHK.
dm dy dz du

= = &% i smaitgemo 1i inrerpamu: 1 = y/x, Yo = z/x,

wg =u/x. BI‘I,ZLHO 3 (22.7) 3araJbHEM PO3B’SI3KOM €
@(g, z 3) —0. (22.8)
'z w

22.8) BimmocHO u/x, OEPKY€EMO:

(
R = (GD)

e f — noBiibHA DYHKILsI, a OTXKe, PO3B’SI3KOM 3aJI[aHOTI'O PiBHSTH-
Hd € JOBiJIbHA OXHOPiIHA HemepepBHO AudepeHIiiioBHa (QyHKITiA
pumipy 1. B

Posp’azytoun

IIpuknan 2. Zinmezpysamu picHanna e 5> 0z -+ y? ?,; = ye”.

Po3s’azarma. 3anuimeMo BiTnoBinmy CI/ICTeMy XapaKTEePUCTHUK:

dx dy dz
et y2 yex'
PIBHAHHA ¢F = 73 (e piBHsIHHSI 3 BIJIOKDEMJICHUMU 3MiHHU-

1 —x

M) 3HAXOIUMO Tepinuii interpan y~+ — e~ % = (1, a 3 piBHAHH:



Jlekuis 22. KBaziminiiini Ta HeiHiiiHI PiBHSHHS 3 YACTUHHUMHM ITOX1THUMM 283

dy _ dz T _ Y o

Jf = yer» BPAXOBYIOWH, O € = 7=/, MAE€MO IIe OJUH IepuInii

~ Iny| = ~

inTerpan z — —2—5 = (5. TakuMm 4UmHOM, 3araJLHMM IHTErpa-
e~v—y

In [y|— =
) efz_yfl

1 — 1
ZZMW(_%%)‘ -
et —y~ Y

2. Bazayui Ko a1 kBasisiHifiHOTO piBHSHHS II€pIIioO-
ro nopsiaKy. 3adavwa Kowsi niist kBasiminiitnoro piBusians (22.1),
TaK CaMo, {K 1 JIJIs JIHIMHOTO OJTHOPITHOTO PIBHAHHS, IIOJIATAE Y
3HAXOJ[PKEHH] TAKOTO pO3B'sA3KY U = u(Z1, T2, . .., Ty) IHOTO PIBHI-
HHsI, SIKW1 33JI0BOJIBHSIE NOYGMKOBY YMOS8Y:

JIOM 33JIaHOTO piBHAHHSI € P (% —e 7 ) = 0, a 3araJpHIM

PO3B’A3KOM —

U|xnzxn0 = 30($1,$2, <. a-rn—l)a (229>

Jie (p — 3aJlaHa HelepepBHO AudepentiiiioBaa QyHKITis.

ITokaxkemo, sik 3HAHTH pO3B’s130K 3amadi Ko s piBHSHHS
(22.1), 3raroun iioro 3arajbHul po3B’sa30K (22.7). fK 1 yist ojHOpI-
JIHOTO DIBHSIHHS, BCE 3BOIAUTHCH JI0 BU3HAYEHHS BUIVIAILY (DYHKIIT
. fkmio 3anucaru movaTkoBy yMoBy (22.9) y BuUDJIsiii

w1, o, ..o Tp—1,%n0) — (1,22, ..., Tp—1) =0

i mopiBuaTH 1T 3 (22.7), TO Gaunmo, mo dyHKIiio ¢ moTpibHO BU-
OpaTu Tax, 1106

q’(&lﬂﬁ% s aqzn—l) = U(l’l,l’g, s a-rn—lvan) -
— p(x1,72,. .., Tp-1), (22.10)

e uepes Y1, Y, . . . , P, TO3HAUEHO (DYHKIII, sIKi OTPUMYEMO 3 iHTe-
rpaJis cucremn (22.5) 3aMiHOIO Ty, 1T TOYATKOBAM 3HAYCHHAM Ty,
TOOTO

'(,Ej :wj(xlvaa---axn—laxn()au)v j:172a"'7n' (2211)
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Posp’sazyroun cucremy (22.11) BigmocHo x1, X2, ..., Tn_1, U,
OJIEPIKYEMO:
(Ej ZWj(l/;l,IEQ,...,ll;n), j:1,2,...,n— 1;
U ZW(IE]_,iZJQ,... 7lﬁn)

Axmo Tenep B gkocTi GyHKINT P B3gTH DYHKITITO

é(whd&v cee ﬂﬁn) == w(wl7w27‘ .- 7¢n) -
- @(w1(¢1,¢2»- v 7¢n)a SRR Wn—1(¢17¢25 cee 7"#77,))7

1o ymoBa (22.10), oueBuHO, cupaBRKyeTbest. OTke, dhopMmyia

w(¢1’¢27"'7¢n)_
- @(wl(wth?' .. 71/}71)7 ey wn—l(wl7w27‘” 71/}71)) =0 (22]—2)

BU3Hadae po3p’a30k 3agadi Komd (22.1), (22.9) y HesBHOMY BH-
rsii. Aximo (22.12) MoxkHA PO3B’SI3aTH BIHOCHO U, TO OJIEPIKUMO
pPO3B’s130K U = u(x1,x9,...,T,) 3ama4i Ko y sBHOMY BHIJIsII.

TaxkuM 9HOM, TMPUXOIUMO JI0 TAKOTO NPaAsuUAa Po3s’a3ysa-
HHa 3adawi Kows st KBasiyiniitnoro pisasiaHs (22.1):

1) ymeopumu 6idnosidny cucmemy Tapaxmepucmur i 3Hatimu
N 1% HE3ANEAHCHUT THIME2PANIE:

wj(xl,xg,...,acn_l,xn,u), jzl,...,n; (22.13)

2) saminumu 6 inmezpanraxr (22.13) wesanestcny sminny Tp i
3a0aHUM ZHAMEHHAM Tp, = TnQ:

¢1($15$25 e 7xn—1775n07u) = 1%17
1/)2(1U1,£U2,...,$n_1,$n0,U):1/12, (22 14)
wn—l(xh X2,y Tn—1,Tno, u) = Jjn—l

i pose’azamu cucmemy (22.14) sidnocno 1, T, ..., Tp_1, U:

x] :wj(¢l71;27“‘7wn)7 j: ]-7"'7”; U:W(ijlﬂz%--wwn);
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3) ymeopumu cniesionowerta

W(¢1a¢2»---»¢n)—
- ¢(wl(¢17¢27‘” 7¢n)7 ey wn—1(¢17¢27- .. 7¢n)) - 07 (22]—5)

axe U eusnauamume wykenul pods’asox sadavi Kowi (22.1),
(22.9) y neasnomy suenndi. Axuo (22.15) moorcna pose’asamu 6io-
HOCHO U, MO MAMUMEMO 30420AbHUTL PO36 A30% Y AGHOMY BULAAOI.

Ilpukaazn 3. 3natimu inmezpasvty NOGEPTHIO PIGHAHMA

0z 0z 9 . 9
== =
xax yé)y -ty

AKG NPOTodUmb wepes ainito y = 2, z = 2.

Pose’azanns. 3anuieMo BiAIOBIIHY CUCTEMY XapaKTEPUCTHUK:

d_x dy dz

x — 2y - x2+y2'

Ilepmmyu iHTerpasaMu ITi€l cucTeMu, SIK JIETKO IEPEBipUTH, €
ye? =0 i x2/2 = y2/4 —z=Cbs.

Orke, 3arajbHMI IHTErpaJl PIBHIHHS MOYKHA 3allMCATH y BUIJISI
@(wa, x2/2 — y2/4 — z) = 0, a 3araJbHUM PO3B’A3KOM €

z=2?/2 —y* 4+ p(yz?). (22.16)

DyHKIIA (p 3riIHO 3 MOYATKOBOIO YMOBOIO 33,/I0BOJILHSIE PiBHSI-
HHSA

g% = x2/2 —1+p(2?) upu @(t)=t/2+1.

Orxe, ¢(ya?) = yz? /2 + 1, a 3 (22.16) 3HaX01MMO PO3B 30K
3a1aH01 3ada4i Korri:
2 2 2
x x
U
4 2

= — — 1. m
z 5 +
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3. Heniniiiai piBHSIHHS 3 YaCTUHHUMMU IOXiJHUMMU II€p-
HIOro HOPAAKY. PosrisHemMo HeiHiiiHe PIBHSHHS 3 YACTUHHIMEI
TTOX1JTHUMU TIEPIIOr0 MOPSIIKY 3 JIBOMA HE3aIEKHUME 3MIHHIMUI. Y
3araJbHOMY BHIQJIKY TakKe PIBHAHHS MOXKHA 3aIllUCATU y BUILJISIII

F(z,y,2,p,q9) =0, (22.17)

ne z = z(x,y) — mykana QyHKILis, p = %, q= g—;, F — zamana me-
nepepsHO udepeHIiiioBHa PYHKITiS CBOIX apryMEHTIB y JIeAKOMY
OKOJII TIOYATKOBOI TOUYKHU (X, Yo, 205 P0, 40 ), KA 3AJIEKUTH B P 1 ¢
HeJTiHI{THO.

Bugasnsernbed, mo 3ajadya iHTEerpyBaHHs OJIHOTO PIBHSHHS BU-
sy (22.17) € ckuaIHimmoro, HiXK iIHTErpyBaHHs CHCTEMHU JIBOX CY-
MiCHUX DiBHSAHB BUIIsity (22.17).

Posrismemo cucremy

{F(w,y,z,p, q) =0,
G(z,y,2,p,q9) =0

i mpumycTuMo, 1o y AesKiit obsacti 3minu z, y, 2, P, ¢ IO CUCTEMY
MOYKHA, PO3B’SI3aTH BIIHOCHO P 1 ¢, TOOTO

p= A(l‘,y, Z)7
{q — Blz,y,2), (22.18)

ne dyHkiil A 1 B — HenepepBHO OupEPeHIOBHI B JESKOMY OKOJII
OYaTKOBOI TOYKH (0, Y0, 20)-

Buaiinemo HeoOXiaHy yMOBY cyMmicrocTi cuctemn (22.18). TIpu-
IIyCTUMO, IO PO3B’s30K z = z(r,y) i€l CUCTEMU Ma€ Helepeps-

. . .. 2 2 i
HI YaCTWHHI IOXiJHI %, g—;, gx—gy, (fg—azx y JIeSKOMY OKOJII TOYKH

(z0,%0)-
Hudepenriirooun piBasinas cucremu (22.18) 3a 3Minaumu y i
BIJIMTOBITHO, O/1E€PXKYEMO:

0% _0A 0A 0: _ 0% _0A 04
dydxr Oy 0z Oy dydx Oy = 0z ’
0%z 0B 0B 0=z 0%z 0B 0B _

_ob o8 0 _9B 9B
ozoy 0z 02 oz Owdy 0z @ 02
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[IpupiBHIOIOYN 00MABA BHUpa3W JJisi APYrol MimraHol MOXiaHol
(pe3ysbrar He 3a/IeXKUTh BiJ| MOPSJIKY JrbDEPEHIIIOBAHHS), Oep-
KYEMO HEOOTIOHY Yymosy cymichocmi cucmemu (22.18):

9A  L0A 9B 0B _

— =0. 22.1
3y+ 0z O 0z 0 ( %)

PisricTs (22.19) meperBOpUTHCS ¥ TOTOXKHICTH, SKINO 3aMiCTh
z migcraBuTu po3B’s30k z(x,y) cucremu (22.18). dximo ymosa
(22.19) HE BUKOHYETHCSI TOTOXKHO, TO (22.19) — piBHSIHHS 3 TPBO-
Ma 3MIHHUMHU I, Y, 2, sIK€ BHU3Ha4Ya€ 2z 49K (QyHKIio Big x 1 ¥,
z = z(x,y), 1 nonepeHi MipKyBaHHSI MOKA3yIOTh, IO PO3B’sI30K
cucremn (22.18), KO BiH icHYye, HEe MOXKe OyTH IHIINM, HIXK II€10
dbyukuiero. Yu € byuxiis z = z(x, y) po3s’s3kom cucremu (22.18),
JIETKO II€PEBipUTH 3a JOIOMOIOIO IIiICTaHOBKU.

3’sacyemo, 3a sikux ymoB cucrema (22.18) mae 6e3miu poss’si3-
KiB, TOOTO 1epe3 KOXKHY TOYKY (Zo,Yo,20) JAesAKOI obiacti mpo-
CTOPY TPOXOIUTH IHTErpajbHa TOBEPXHS, sIKa BiJIIIOBia€ MMEBHO-
My pO3B’si3Ky. Y IbOMy BHIajKy yMmoBa (22.19) moBumHHA BHKO-
HYBATHUCh Y KOXKHiif TOYIN 3rajlaHol 00J1acTi, TOOTO TOTOXKHO JIJIsI
(z,y,2).

Ot:xe, TOTOXKHE BHKOHAHHSI yMOBH (22.19) meobxigwHe mist To-
ro, mob cucrema (22.18) masa 6e3id po3B’sI3KiB, K 3a1eKaTh
mpuHaiiMHI Big oxHiel HoBiabHOI cTatol. MoyKHa moKa3aTH, IO TO-
TOXKHE BUKOHAHHs yMOBH (22.19) € TakoXK J0CTaTHIM JIJIst CyMiCHO-
cri cucremn (22.18), TOOTO 33 BUKOHAHHS I1i€] YMOBH 3HAXO/I?KEHHST
CHLTBHUX PO3B’si3KiB cucremu (22.18) 3B0AUTHCs 10 IHTErPYBAHHS
IBOX 3BUYAMHUX InpepeHItiaIbHuX PIBHIHbD.

Ilpukaan 4. 3inmeepysamu cucmemy PieHAHD

0z n 0z 2 9
— =z Z, —_— =z Trz.
or Y oy

Pose’azanns. Bupas s misoi wactuan piaOCTi (22.19):
0A N 0A 0B 0B
oy 0z O 0z
=2+ (22 +222)(1+y) — 22 — (2 +y2) (22 +22) = —2(1 + 2 +yz)
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He JOPIBHIOE TOTOXKHO Hysi0. [IpupiBHIOOUN #fioro g0 Hy/Is1, omep-
Kyemo, mo z =01 z = —ﬁ. 3a JI0IIOMOroIO IIACTAHOBKH IIE€pe-
KOHYEMOCD, IO TiMbKU GyHKIIA 2z = (0 € PO3B’SI3KOM CHCTEM.

Biodnosidw: z = 0.
Ilpukaan 5. 3inmezpysamu cucmemy pieHAHD

0z 4 8z_l+2z_2
or U oy y? oy g

Poses’azarns. Yvosa cymicHocti (22.19) BUKOHYETHCS TOTOXKHO:

0A 0A 0B 0B 2
— 4+ B——— —-A—=2y—=-y>=0.
8y+ 0z Oz 0z 4 Y Y 0

IaTerpytoun mepire piBHAHHA 3aaHOI CHCTEMU 3a 3MIHHOIO T,
3HAXOIUMO

z= /yzdx = zy® + u(y), (22.20)

ne u(y) — nosinbHa qudepeniitoBHa BDyHKIS 3MIHHOT .
ITiIcCTaBAAIOYN B IPyTe PIBHAHHSA CHCTEMH, OJCPIKYEMO:

2zy +u'(y) = %+2xy+2—u - = Ay - 2 _ % — 2

Y Y Y Y
Maemo sinifine pPiBHAHHS IEPHIOTO MOPSIKY BiHOCHO HEBiIOMOI
bynxmil u. Voro 3araIbHIM PO3B’SISKOM € U = —% — 3+ Cy?, ne
C — nmosinpHa crana. [lincrasasiouan meit Bupas misg u 'y (22.20),
OJIEPXKYEMO 3arajbHUNl PO3B’SI30K CUCTEMU:

1
z:xy2—y3—£+0y2. [ |

4. Piaauus Ildpadda. Pieuannam Ilpagpga nasnBaoTs
PIBHSHHST BUTJISIILY

P(z,y,2)dx + Q(z,y,2)dy + R(x,y, z)dz = 0. (22.21)

Y piBugnas (22.21) 3minni z, y, 2 BXOAATH PIBHOIPABHO, a OTKeE,
OyIb-sIKy 3 HHX MOXKHA MPUAHSTH 32 IIyKaHy QyHKIo. [Ipumry-
ctumo, 1o koedimientu P, (), R Bu3HadeHi Ta HelepepBHI Pa3oM
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3 JACTUHHUMHU IOXiTHUMHU IEPIIOTO MOPSIKY B OKOJI ITOYATKOBOL
Touku (Zg, Yo, 20) 1 y Iii TOUII OJHOYACHO HE MEPETBOPIOIOTHCS B
uynb. Hexait, nanpukman, R(xo,yo,20) # 0. Toxi piBusnus (22.21)
MOKHA 3aIIUCATH Y BUIVIS/IL

P Q
dz = ——=dx — = dy.
R R
Suaitmemo yMoBy, 3a sikol piBHsiHHs [ldadda mae cim'to
PO3B’s13KiB (IHTErpaJbHIX MOBEPXOHB ), 3aJI€XKHY Bijl O/THIET TOBiIb-
Hol crasiol. OcKinbKN Ha KOXKHIiT iHTerpanbHiit noepxui z = z(z, y)
CHPaBJIKYEThCA CIIBBIHOMEHHsT d2 = 3= dx + oy dy, To

0z 0z P Q

—dr+ —dy = — =dr — = dy.

e YT R rRY
3BijcH, BpaxoByIloUM He3aJexKHICTh judepenmiaais dx i dy, omep-
2KYEMO, IO TTyKaHi IHTerpaJibHi MMOBEPXHI MMOBUHHI 33 0BOJbHATH
CHUCTEMY PiBHSIHD

dr R 0y

0z P 0z Q
—. 22.22

Takum aunom, piBusuus [Idadda (22.21) piBnocuiabHe cucremi
(22.22) 1, oTKe, HEOOXITHO 3'sICYyBATU YMOBH IIOBHOI IHTEIPOBHOCTI

i€l CUCTEMM.
Bammcyroun ymoBy (22.19) mist cucremn (22.22), maeMmo:

[lop por ( 10r, Pomy( @y
ROy R?20y ROz R?20z R
1o gom (10 gony( r)
ROx R?20zx ROz R? 0z R)

JloMHOXKYIOUH 06HIBI dacTrHN Ha R2 i 3rpyIlyBaBIM IOIAHKH
Bigmocuo P, () i R, omepKyeMo piBHICTH

OR 0Q oP OR 0Q 0P\
P(5 %)) rr(a-5) -0 e
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st 3pyaHoCTi 3amam’ aToByBaHHs PiBHICTH (22.23) MOXKHA 3a-
MUCATU y BUIVISl yMOBHOI PiBHOCTI

P Q@ R
o0 0 9| _
or Oy 0z |~
P Q R

SKITIO BUSHAYHNK <«PO3KJIACTU» 3a €JIEMEHTaMU IEPIIOrO PsJIKA.

fAxmo ymosa (22.23) BEHKOHYETHCSA TOTOXKHO, TO 1T HA3WBAIOTH
YMO0B8010 N0BHOT tHhmeeposrocmi pienarmsa Ilpagpgpa. 3a Bu-
KOHAHHA I1i€] yMOBH iHTerpyBannsa piBusnnga [ldadda 3BomuTnCs
1o inrerpysannst cucremu (22.22). Tlpu npomy icuye cim’st po3B’si3-
KiB, dKa MICTUTb OJHY JIOBIJIbHY CTaJIy.

Ilpuknaan 6. 3inmeepysamu pienanna Ipagpda

(222 4 2x2 + 22y — 1)dx — 2ydy — dz = 0.

Pose’azarns. Ockinbku ymosa (22.23) HOBHOI iHTErpOBHOCTI BU-
KOHYETbCsI TOTOXKHO:

(222 + 222+ 22y* —1)-(0—0) +(—2y) - (22 —0) +(—1)- (0—4zy) = 0,

TO 3aJlaHe PIBHAHHS Ma€ CiM’10 iHTErpajJbHIX IOBEPXOHD, 3AJIEIKHY
Bij[ JI0BUIBHOT cTasiol. Beazkatoun mykanowo GyHKIHE 2z = z(z,y),
3aMIHEMO 33/IaHe PIBHAHHA PIBHOCUIBHOIO CHCTEMOIO

) )
8—; — 202 4 222 + 2292 — 1, 8—; — (22.24)

i mepeBipuMo Jij1st HEl BUKOHAHHsI yMOBHU cyMicuocTti (22.19):
day + 22(—2y) — 0 —0- (222 + 222 + 229° — 1) = 0.

Omrxke, cucremy (22.24) moxkna sinrerpysatu. lepime 3 piBHSHB
y (22.24) niniiire BigHOCHO 2 (siKIO 3adikcyBaru y). Inrerpyoun
fioro (3a dopmymoo (4.6) 3 ekl 4), 3HAXOTIIMO

P </(2x2 + 2zy? — l)e_mzdx + C’(y)),
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ne C(y) — noBinbra nudepentiiiona dynkiist 3MiHa0T Y. OCKiIb-
KNI

/(2x2 + 2zy% — 1)6_12d(E = —er_m2+/2x26_m2dx —/e_szx =

= —er_”Q —ze —i—/e_”de —/e_Ide = —(y* + w)e_IQ,

TO

2

=" (C(y) —(y* + x)e_”2> = z2=0C(y)e" —y* -

Bubepemo Tenep C(y) Tax, mob dyHKIS 2 3a/10BOJIBHSIA IPYTe
pibHsHHs 3 (22.24). Judepenuiooun z = C(y)e” — y2 — z 3a
3MIHHOIO 7, MAEMO:

g—; =C'(ye” -2 = Ce”-y=-2 =

Clyy=C = 2=Ce" —y? —z. W

Pexomendosana aimepamypa: |3, c. 383 — 456], [5, c. 463 —
470], [7, c. 282 — 300], [13, c. 325 — 344], [16, c. 280 — 303].

IInranns mo Jjekirii 22

1. {ke piBHAHHSA 3 YACTUHHUMHY MOXITHIMU TEPITIOTO MOPSIKY HA3H-
BAIOTh KBa3LIHITHIM?!

2. dxuit BurIA Mae cucreMa XapaKTEpHUCTUK I KBa3lIiHIHHOTO
PIBHSIHHSI 3 YACTHHHUMU TIOXITHUMH IIE€PIIOTO MOPSIIKY 7

3. Ak nmobymyBaTu 3araJbHuil pO3B’sI30K KBa3lIiHIITHOrNO PiBHAHHSA 3
YaCTUHHUMU MOXITHUMU TIEPIIOTO MOPSIKY !

4. dx dopmymoerbest 3agaqua Kol st KBa3iaiHITHONO piBHSIHHS 3
YaCTUHHUMU TIOXITHUMU TIEPIITOTO TOpsiaKy? K 3HAiTH po3B’d30K 3a/1a-
ai Komri st kBa3iiHIfTHOTO PIBHAHHS 3 YACTUHHUMU ITOXiTHUMU IEP-
IIOI0 TIOPSIIKY 7

5. dxwuit 3araJpHUI BUTVISIT Ma€ CHCTeMa HEeJTiHIHHUX PIBHIHBL 3 4da-
CTUHHUMHY TIOX1JHIUME TIEPIIOTrO MOPSIKY 3 IBOMA HE3AJIEKHUMU 3MIHHU-
mu? Sk iHTerpyroThest Taka cucrema’

6. Ilo nasuBatoTs piBasuusM [Idadda? kit cucremi piBHOCHIbHE
e piBHsHHSI? fIKOI0 € yMOBa HOBHOI iHTerpoBHOCTI piBHsAHHSA [1dadda?
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Brupasu go aekirii 22

1. Binrerpyiite KBazininiiini piBHAHHS:

o) 20z _ 2. 30 39z _ 2,2
a) xyge —y 0—;—:3, 6) v2° 3= +yz 0—;—xy.

2. 3HailiTh iHTErpaJbHi MOBEpPXHI PiBHAHB, sIKi MPOXOMATH Yepe3
3aJIaHi JIiHil:
20 Oz __ _ — 2.
a) L oyl =z, 0 =0, 2 =y
el Oz __ _ _ .2
0) Toetyg =z—ay,v=2z=y +1
3. BuaiiiTh moBepxHi, sIKi 3310BOJIbHAIOTH piBHsIHHs [Idhadda:

a) (z —y)dx + zdy —xdz =0; 6) 3yzdr + 2zzdy + zydz = 0.

Homaroxk 4.

3acTrocyBaHHs MaTeMaTudHOro nmakera Maple
JJisl iHTerpyBaHHS PiBHAHb 3 YACTUHHUMU TMOX1THUMU
MEPIHIOTO TOPAAKY

Jlnst inrerpyBaHHsT nudpepeHIiabHUX PIBHIHD 3 YACTHHHUMEI
noximuumu B Maple BukopucToByeThcsd KoMmana pdsolve, mojibna
J1o komanu dsolve, aus. [9, 12, 18|.

Ilpuksazm 1. 3igTerpyBaru piBHSIHHS 3 YaCTUHHUMU IOX1THU-
MU HEPIIOro HOPSAIKY % =2r+y—1, ne z = z(x,y) (upukmaz 1
qekii 21, crop. 270):
> pdsolve(diff (z(x,y) ,x)=2*x+y-1);

z(x,y) = z? +yr—x+ FI(y).

Ilpuksazm 2. 3igTerpyBaru piBHSIHHS 3 YaCTUHHUMU IOX1THU-
2
z

MU JIPYTOT'O TMOPSJIKY 88;;:63,/ = 1 (upukasm 2 jexrii 21, crop. 271):
> pdsolve(diff(z(x,y),y,x)=1);

z(z,y) = _F2(x) + _F1(y) + yz.

Ilpuksazn 3. 3iaTerpyparu JiHiiiHE OHOPIIHE PIBHSIHHS 3 Ua-
CTUHHUMH TTOX1THUMHA TIEPIIOTO TTOPSIKY y% —xg—; = 0 (mpukmiaz 4
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qekii 21, crop. 275):
> pdsolve(y*diff(z(x,y),x)-x*diff(z(x,y),y)=0);

z(x,y) = F1 (wQ + y2).

Ilpukian 4. 3inTerpyBarn JiHifine oqHOPIIHE PIBHIHHS 3 Ya-
CTUHHUMHM IOXIJIHUMHU IIEPIIOr0 IMOPSAIKY x% + yg—Z + Z% =0
(mpukas 3 sekril 21, crop. 274):
> pdsolve(x*diff (u(x,y,z),x)+y*diff (u(x,y,z),y)+

zxdiff (u(x,y,z),z)=0);

u(z,y,z) = F1 (g, E)
T x
Ilpuksazn 5. 3inrerpyBaru KBazijiiHiiiHe PiBHsIHHS 3 YaCTHH-
HUMHU TTOXITHUMHU TIEPIIOTO MOPIKY Ig—z + yg—z + Z%—Z = u (mpu-
ka1 Jiekrii 22, crop. 282):
> pdsolve(x*diff (u(x,y,z),x)+y*diff (u(x,y,z),y)+
zxdiff (u(x,y,z),z)=ulx,y,2));

u(x,y,z) = fFI (gv i)'r

Ilpukian 6. 3inTerpyBarn KBasijiHiitHe PiBHSHHS 3 YaCTUH-
HUMH OXIJTHUME IIEPIIOr0 IMOPSIIKY

ex%—i- 207 _ e
ox Y ay_y

T

(mpuka 2 sekril 22, crop. 282):
> pdsolve(exp(x)*diff (z(x,y),x)+y"2*xdiff (z(x,y),y)=
y*exp(x)) assuming real;

_wetr ety L (y—et)en
y—e” y—e* - y '

z(x,y) =

Koncrpykniss assuming real BkuTa i TOro, Iod Imporpama
3pobusia JesIKi CIPOIEHHsT PO3B 3Ky B IIPUILYINEHH], 1110 BCi 3MiH-
Hi 1 yHKIT € aiicHuMu. 3ayBaskKeHHsI 00 BiICYTHOCTI MOJLYJIst
B apryMeHTy Jiorapudgma quB. Ha ctop. 117 y npukaami 12.
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ITpuknasm 7. 3HaiiT iHTErpagbHy TOBEPXHIO JIHIHHOTO OHO-
PiHOrO PiBHAHHS 3 YACTUHHUMU TOXITHUMU TIEPIIOTO TOPSIKY

0z 0z
- + TY— = 07

2
(x* + 1)850 9y

gka pu x = () IPOXOAUTH 4epe3 KpuBy z = y2 (upuxman 6 je-
kil 21, crop. 278).
3a JIOTIOMOTOI0 MaTeMaTUIHOrO nakera Maple He MOXKHA 3HA-

TH po3B’si30K 3aga4di Kol jiis piBHSIHHS 3 YACTUHHUMMY IIOX1THM-
MU B aHasiTuaHomy Buris (y surisa dopmyin). Ane KomaHa
PDEplot 3 makera PDEtools /103BoJIsi€ TOOYIyBaTH BiIIOBiAHY iH-
TerpaJibHy HOBEPXHIO HAO/IMKEHUMU MeTofaMu (KOMaH/Ia OlUCaHa
y noparky 6 Ha crop. 339):
> PDEtools[PDEplot] ((x~2+1)*diff (z(x,y) ,x)+

xxyxdiff (z(x,y),y)=0,[0,t,t~2],t=-10..10,2=0..20,

x=-10..10,numchar=200,scaling=constrained) ;
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Yopua Jinisg ma puc. 1 — me mapabora z = y2, nobymroBana
y wiomuti x = (. [Ipororyemo auragam camocriitHo moby ryBaTn
rpadik yHkIil z = m%’—il (po3B’si3Ky npuksary 6 jekiii 21) 3a j10-
IIOMOT 010 KoMaH/ i1 plot3d, onuc gKol € y 1ojaTKy 6 Ha cTop. 338.
ITpuknasa 8. 3uaiiTu iHTErpaibHy MOBEPXHIO KBa3LTIHIITHOTO

PiBHSHHS

wg—i - 2@/2—; =2 + 7,
fKa IIPH § = 2 HPOXOAUTH uepe3 KPUBYy z = 2 (IpuKmam 3 Je-
KIii 22, crop. 285).
st o0y 108U 1TyKaHOI iHTErpaJibHOI TIOBEPXHI 3HOBY BUKOPU-
cracMo KoManay PDEplot 3 makera PDEtools:
> PDEtools[PDEplot] (x*diff (z(x,y),x)-2*y*diff (z(x,y),y)
=x"2+y~2, [t,2,t72],t=-3..3,y=1..10);

—
—_

7]

@

-36

L
=

Pt by by by sl aaa g

L
w

72

9.2

Puc. 2
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Yopua Jjinist Ha puc. 2 — e KpuBa 3 MOYaTKOBUX YMOB, Uepe3
SIKY HPOXOJUTDH IHTEIPAJIbHA IIOBEPXHSI.

Ilpukian 9. 3inTerpyBarn cucTeMy PiBHSAHb 3 YACTUHHUME
MOXITHUMU TEPIIOro HOPSIIKY
02 =z+yz 02 =2 + 22z

or vz oy
(mpukias 4 jiexiii 22, crop. 287):
> pdsolve ({diff (z(x,y),x)=z(x,y)+y*z(x,y),
diff(z(x,y),y)=z(x,y) ~2+2xx*z(x,y)});

{z(w,y) = O}'

Ilpuksazm 10. 3inrerpyBaTtu cucTeMy PiBHSIHb 3 YACTHHHIMEI
HOX1THIMN

(mpukas 5 siekril 22, crop. 288):
> pdsolve({diff (z(x,y),x)=y"2,diff (z(x,y),y)=1/y 2+
2xz(x,y)/y-y~23);

0 0 1 2
z 9 z . z 9
Y

—1—3y4+(3w+3701)y3}
3y '

Trmmi IPpUKJJIaIl 3aCTOCYBaHHA MaTEMaTHYIHOI'O ITaKeTa Maple

{z(z,y) =

Juist iHTerpyBaHHs AndepeHIialbHIX PIBHSHD 3 YaCTHHHIMHE II0-
xigHuMu MoxkHa 3uajitu B [9, 12, 18].



Jlekmis 23. OcHoBu Teopil CTIRKOCTI pO3B’A3KiB JudepeHIiaJIbHIUX PIBHIHDb 297

Po3znain 5.
EJIEMEHTHU TEOPII CTIMKOCTI

Jlekniza 23. OcHoBu Teopil criiikocTi po3B’dA3KiB
andepeHIliaIbHUX PiBHIHDb

Il1an

1. OcHoBHI 0O3HAYEHHST it TOHSITTSI.

2. HocmimKeHHsT Ha CTIfIKICTh TOYOK CITOKOIO.

3. CrilikicTh 3a HepmuM HAOJUKEHHSIM.

4. Kpurepii Payca — I'ypsina, JI’enapa — [HIumapa.

1. OcHoBHIi 03HaueHHsT if TOHATTs. CTBOPIOIOYN TIPUJIAIN
Y1 KOHCTPYKITil, gKi Bi/ITOBITaIOTH IEBHUM yMOBaM, HEOOXiTHO 3HA~
TH, sIK BecTuMe cebe 00’€KT MPU HEBEJIUKHNX MIePEPO3IOMiIaX CHII
abo mpu 3MiHi ToYaTKOBUX YMOB. Toit 00’€KT, eKCILTyaTaIiiiui ma-
paMeTpH SKOro He pearyioTh Ha Il 3MiHU, HA3UBAIOTH CTIHKWIM.

Bzarauti, ctBoproroun nudepeHiiaabHy MOJIENb JIesAKOl TPUKJIa-
JHOI 3a/adi, 3a3BUYail IIKABIATHCS HE 3araJibHUM, 8 JACTUHHUM
PO3B’SI3KOM IU(EPEHITAILHOTO PIBHSIHHSI, TOOTO PO3B’SI3KOM, SIKIIT
3aJI0BOJIBHSIE TI€BHI TTOYATKOBI yMoBu. OcTaHHi, SIK IPABUJIO, OEpy-
TBCS 3 IOC/IY 91 €KCIIEPUMEHTY, & TOMY 3a IX aOCOJIIOTHY TOYHICTH
pydaTtucd He MoxKHa. Marouu 1ie Ha yBasi, JIEKOJIU MPUIYCKAIOTh,
IO He3HaJHI 3MIHN MTOYaTKOBUX yMOB BHKJUKAIOTH HE3HAYHY 3Mi-
HY CaAMOI'0 PO3B’SI3KY, 1HAKINE KAaXKYUH, IO PO3B’ 30K HEIEPEPBHO
3aJIEXKATh BiJl IIOYATKOBUX yMOB. AJjie 4acTo He3HAYHI 3MIHH II0-
YaTKOBUX YMOB 3YMOBJIIOIOTH iCTOTHI BinmxujieHHs po3B’s3KiB. Ta-
Ki pO3B’SI3KM HAa3WBAIOTHL HECTIMKNMN. BOHN HaBiTH HAOIMIKEHO He
OIMCYIOTh SIBUIIE UM IMIPOIIEC, siKi PO3IIAMaiOThCs. OTKe, OIMHUM
3 OCHOBHUX € NMHUTAHHA PO TaK 3BaHy CTIfKICTh PO3B’SA3KIB M-
depeHIiaIbHIX PIBHIHD 100 PI3HOrO poay 30ypeHb iX BXiIHUX
JIAHUX, TOOTO HETOUYHOCTEN 3ajaHHs NUX JAHUX (IIOYATKOBUX JIa-
HUX, IPABUX YaCTHH DIBHSHB TOIIO).

[Muranus criikocTi po3B’d3KiB JudepeHIiaTbHIX PiBHIHL —
mpeaMeT meopii cmitikocmi pose’saskie. Teopist criitkocTti 3a-
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CTOCOBYETBHCS y Dararbox 00JIACTAX HAYKHU 1 IPUPOO3HABCTBA, HAa-
MPUKJIAJT, MEXaHII, €KOJIOril, 610J10TiT, eKOHOMIII Ta IHITNX HayKax.
[lepeitiemo 70 BUKJIAJIEHHS OCHOBHUX IOHSATH TEOpil CTifiKO-
cri 6urbmn crporo. Iosuauumo uepes y1 = y1(t), yo = y2(t), ...,
Yn = Yn(t) miticui dyHkIii, sKi XapaKTepu3y0Th CTAaH MEXaHITHOTO,
€JIEKTPOMEXAaHIYHOTO YU 1HIIOro sABUINA abo nporecy. Hampukiam,
TaK MOYXKYTH IO3HATYATHCS KOOPAWHATH, MIBUIKOCTI, CHJIN CTPYMIB,
BEJIMYUHU HAIpyT, Temueparypu abo gpyukmil mux Beauyaus. [Ipu-
IIYCTUMO, IO IPOIIEC 3MIHU BEJIWYIUH Y1, Y2, - - -, Yp 3 TACOM t OIH-
CY€TbCsI HOPMAJILHOIO CUCTEMOIO JupepeHIliaIbHIX PiBHAHD

dy;
dt

3 IIO9aTKOBUMMH YMOBaMM

:fj(tvylvaa"'vyn)a j:172a"'7n5 (231>

y1(to) = y10, y2(to) = w20, --- 5 Yn(to) = Yno- (23.2)

Axmo posrasaaTa Y1, Yo, .- -, Yp IK KOOPAUMHATH PYXOMOI TO-
YKM, TO KOXKHUI PO3B’si30K 3ajadi (23.1), (23.2) nasuBaTmMeMO
pyToMm.

Axmo cucremy (23.1) po3raggaTn HA CKIHIEHHOMY MTPOMIZKKY
|t — to| < T, To BimNOBiAL Ha NUTAHHS PO BILUIUB MaJUX 3MiH
[OYATKOBUX YMOB (23.2) Ha BiIXWJIEHHSI PO3B’SI3KIB CHCTEMH A€
TeopeMa 5 3 jieknil 8. Ajie y IPaKTUYHUX 3a/a9aX apryMeHT (HUM,
SIK MPaBUJIO, € Yac) MoxKe HeobMexkeno 3pocraru. Tomi 1s Teo-
peMa He rapaHTye€ HeIepepBHOI 3a/Ie2KHOCTI PO3B’sI3KiB Bij moda-
TKOBHX yMOB, TOOTO He3HAYHA 3MiHA MMOYATKOBUX YMOB MOXKE BH-
KJIMKATU iCTOTHI 3MiHHU y TOBEIIHIT PO3B’SI3KY IIPU HEOOMEXKEHOMY
3poCTaHHi 3HaUYeHHs aprymenTa. OTxKe, HaJaJ i BBasKaTHMEMO, IO
t € [T, 400), T06TO Yac MOKe HEOOMEZXKEHO 3POCTATH.

Posp’s130k y; = ¢;(t), 7 =1,2,...,n, cucremu (23.1) nasusa-
I0Tb CMIUKUM, KO I Oymab-sakux € > 0 1 tg > 1T icaye [m-
cio 6 = 0(e) > 0 Take, 1m0 JAOBLIBHMIL iHIIHIT PO3B’sA30K Y; = y;(t),
Jj=1,2,...,n, miel XK cucremn, nMoIaTKoBi 3HaYeHHS Y;(t) SKOrO
3aJI0BOJIBHAIOTH HEPIBHOCT1

ly;(to) — @i (to)| <6, j=1,2,...,m, (23.3)
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BUBHAYEHUMN JIJTA BCiX ¢ 2> tg 1 cIpaBIKyIOThCA HEPIBHOCTI

w0 ()] <2 G=12..n t>t.  (234)

Inmmvum coBamu, poss’s30K y; = @;(t), j=1,2,...,n, cu-

cremn (23.1) € crifikuMm, KOO KOXKHEHA PO3B’A30K Y, = y;(t),

j=1,2,...,n, cucremu (23.1) 3 HOYATKOBUME YMOBAMU 3 -OKOJIY

rouku @;(to), j = 1,2,...,n, upn tyg < t < +oo icuye i He BuxO-
IUTh 3 e-0KosTy rpadika pos3s’ssKy y; = ¢;(t), j =1,2,...,n.

Posp’s30k y; = ¢;(t), j = 1,2,...,n, HA3UBAIOTH ACUMNIMO-

MUYHO CMITKUM, SIKITIO:

1) BiH criiikwuit;

2) yci pose’sizku y; = y;(t), j = 1,2,...,n, cucremu (23.1) 3
JIOCTATHBO OJIM3LKUME TOYATKOBUMU YMOBAME IIPU t — + 00 He-
obMezKeHO HabImKaoThes 10 ¢;(t), j =1,2,...,n, To6TO 3 HEpiB-
HocTi (23.3) BUILIMBAE, IO

t—li—s—moo lyj(t) — i) =0, j=12,...,n. (23.5)

SayBaXuUMO, 10 YMOBH 1 1 2 IIbOro O3HAYEeHHSI HE3AJIEXKHI: 3

ymoBH 1 me BummBae ymoBa 2 (60 3 (23.4) me Bumusae (23.5)), a
3 YMOBH 2 O3HAYEHHsI HE 3aBXK/[U BUILINBAE yMOBa 1.

Posp’s130k y; = ¢;(t), j =1,2,...,n, cucremn (23.1) nasusa-
I0Th HECMIUKUM, SIKITIO BiH He € crifikum. Ile o3natae, 1o icuye
Take € > 0, mo 1j1st 6yAb-AKOro sIK 3aBrOJHO MaJyioro 0 > 0 3Ha-
fineTbes po3s’a3ok cucremu (23.1) y; = y;(t), j =1,2,...,n, qa
SIKOTO TIPU BUKOHAHHI HepiBHOCTEi (23.3) mpuHAWMHI /IS OTHOTO
3HAYEHH: j MaTHMeMo, o |y;(t) — ¢;(t)| > € ana mesxoro t > 1.

dK upaBuio, JUisi JOBEJEHHS HECTIHKOCTI PO3B’SI3KY KOPH-
cTyloThCsl HeoOMeskenicTio pisuumi |y;(t) — ¢;(t)| ma imTepsasi
[to, +00) abo THM, IO 1151 PI3HUIS CTa€ HECKIHIEHHO BEJIMKOIO, KOJIH
t — +o0.

PosB’s130k (pyx), siKuil BiIIOBiIa€ MOYATKOBUM JaHuM to, Y10,
Y20, - - -, Yn0, HABUBAIOTHL HE3O6YpeHUM, & PO3B’'I30K 31 3MIHEHNMUI
MOYATKOBUMU JAHUMHE t(, §10, Y20, - - -, Yno — 30YDEHUM PO3B’si3-
KOM (pyxom).
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IMpukaazn 1. Jocaridumu na cmitikicmds pods’asxu 3adavi Ko-
wi Y = ky, y(to) = yo.

Pose’asannsa. Saraipuun poss’sskoM pisnsmns € y(t) = Celt) a
PO3B’sI3KOM 3aJaHOT 3a/1a9i —
y(t) = yoe =), (23.6)

Bagamo ixmy modatkoBy yMoBY §(to) = go. Tomi poss’sizkom
i€l 3a1a4i (36ypeHnM po3B’I3KOM) €

j(t) = goe™ 1), (23.7)
Ouinnmo pisHuio pos3s’sizkis (23.6) i (23.7):

ly() — §(t)] = |yoett10) — goelltto)| = klt=to) 10— 7o), (23.8)

dAxmo k < 0, To eklt—to) <1 st Beix t > tg. Orke, SIKIO
lyo — Jo| < 0 = &, T0 3 (23.8) Maemo, 1O

ly(t) = 9(®)] < lyo — gol <&,

TOOTO PO3B’A30K CTIMKHUA. Y IOMY BHUIIQJIKy PO3B SI30K TaKOXK
ACUMIITOTUYHO CTifiKMil, OCKiJIbKU

li £ —g(t)| = i — goleFtt0) = 0.
Jim y(t) —g(t)| = lm [yo — gole 0

Axmo k > 0, To po3s’s30k (23.6) Hecriiikuii, 60 gKuUM On He
Oys0 uucyio tg, ausi t = to, Yo # Yo, pisHuIE po3B’s3kiB (23.6)
i (23.7) mpm 3pocranHi t CTa€ HECKIHYEHHO BEIMKOIO, OCKIIBKI

1‘ Ry k(t—to) — )
il — ol = o0

Axmo k = 0, To po3B’s130K Yy = Yo CTiiKuUii, ajie He aCUMIITOTH-
9HO cTiliKuii, 60 BUpas |yo— Jo| He IpsIMy€E 110 HyJIsl, KOJIHU t — + 00.
Bidnosids: Po3p’s30k critikuit, skmo k < 0, y ToMy 9IuCI acuM-
ITOTUYHO CTifikuil, gxmo k < 0, 1 HecTiiikmii, akmo k > 0.
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2. Hocaim»keHHs Ha CTiliKicTh TOYOK cnokKoro. ocimke-
HHSI Ha CTIHKICTBH 3a7aHOro po3B’sizKy ¢1(t), ..., @n(t) cucremu
(23.1) MOxKHA 3BECTH 10 JIOCTI/IKEHHSI Ha CTIHKICTH TPUBIAIBHOTO
(HyZIBOBOTO) PO3B’sI3KY JesIKOI iHIIOT cucremu. [ljist boro y cucre-
Mi (23.1) mepeiinemo 10 HOBUX HEBiIOMUX DYHKIIIi

zj(t) =y;(t) — i), j=1,2,...,n. (23.9)

Orke, mesizomi dbyukuil z;(t), j = 1,2,...,n, — e BiaxurenHsa
crapux HeBimoMux pyHKIIIH Bij DyHKIH, IKi BXOIATD Y PO3B’A30K,
IO JIOC/KYeThest Ha crifikicrs. Benmannu x(t), j = 1,2,...,n,
Ha3UBAIOTL 36ypennamu. [Tincrasasaoun (23.9) B (23.1), Mmaemo

yi(t) = 25(t) + (1) = fj(t,x1(t) +1(t), .- 2n(t) +@ult) =
o = fi(t,x1 + @1, T+ o) — filt, @1, 0n),  (23.10)

ne j=1,2,...,n. Piugnusa (23.10) nasusators judepeniiaabHu-
MU piBHAHHAME 30ypeHoro pyxy. Koxknomy pyxosi cucremn (23.1)
BinoBiiae yactuHHuil pos3s’s30K cucremu (23.10). Bokpema, He-
30ypenoMy pyxoBi cuctemu (23.1) Binmosizae TpuBiagbHUIi PO3B’s-
30K

z;(t)=0, j=1,2,...,n, (23.11)

cucremu (23.10). Posp’si30k (23.11) xapakrepHuil THUM, 10 TOYKA
(x1(t),...,xn(t)) HE pyxaeThes 31 3MIHOIO ¢, & 3HAXOIUTHCS Ha Mi-
cui. Tpusianbauit po3s’si3ok cucremu (23.10) i Touky (0,0,...,0)
y IIbOMY BUIIJIKY HA3UBAIOTb NOAOHCEHHAM PIBHOBA2U CUCTEMU
(23.10) abo moukoro cnoxoro.

Orxke, 3a7aua JOCHIZKEHHsT CTIfiKOCTI (aCHMITOTUYIHOL CTiii-
KOCTIi, HectiiikocTi) ToukH crmokoio cucremn (23.10) piBHOCHIBHA
3aj1a4l JIOC/KeHHsT CTIHKOCT (aCHMITOTHYIHOT CTIHKOCTI, HeCTiii-
KOCTi) po3B’sa3Ky cucremu (23.1). 3 ypaxyBaHHIM IbOTO O3HATIEH-
He CTIMKOCTI Ta aCUMITOTHUYIHOI CTIHKOCTI MOXKeMO chOpPMYII0BATH
iHakre.

Hexait y cucremi (23.1) f;(¢,0,...,0)=0,5=1,2,...,n. Tpu-
BlasbHnit poss’sa30k @;(t) =0, j =1,2,...,n, cucremn (23.1) Ha-
3MBAOTh CMIUKUM, SKIIO JJisi JIoBUILHOTO € > 0 icaye d(g) > 0
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Take, IO KOXKHHUiI po3B’s30k y; = y;(t), j = 1,2,...,n, Tiel x
CHCTEMH, OYaTKOBI 3HaYeHH: ¥;(t)) AKOTO 330BOIBHSIIOTH HEPiB-
Hocti |y;(to)| < 6,7 = 1,2,...,n, BusHadennii nas Beix t > to i
BHKOHYIOTbCsl HepiBHOCTI |y;(t)] < €, j = 1,2,...,n, naa t > to.
fAxmo, xkpim Toro, lim |y;(¢)] = 0, j = 1,2,...,n, 10 TpuBi-
t——+o0

anpHOi po3B’s30K @;(t) =0, j = 1,2,...,n, acumnmomuuro
cmitdkul.

Orxke, CTifiKiCTh TPUBIAJBLHOTO PO3B’SI3KY O3HAYAE, IIO Tpa-
€KTOpisl JIOBIIBHOTO PyXy, MOYATKOBA TOYKA SKOI 3HAXOIUTHCS
y JedKOMy 0-OKOJi TIOYATKy KOOpPJAWHAT (Da30BOTO TPOCTOPY
(y1,Y2,---,Yn) cucremu (23.1), st t > ty He BUXOJUTH 3a MeXKi
JIOBLITBHOTO €-OKOJIy TOUKU CIIOKOTO.

Jlerko mokasaru, IO 1€ O3HaYEHHS CTiIKOCTI MOYXKHA, 3aMiHUTH
TaKUM: JUId KoxKHOoro € > 0 smalijgerbesa 0 > 0 Take, 110 3 HepiB-
nocti y2(to) + y5(to) + ... + y2(to) < 62 BUNIMBATHME HEpiBHICTDL
Y2(t) +y3(t) + ... + y2(t) < €% ma Beix t > to.

Ilpukaazn 2. Jocaridumu na cmitikicms mpusiarsbHull poss’s-

sox cucmemu ' = — y, y =z, akuti npu t =ty = 0 nabysae 3na-
YeHHA T = Tg, Y = Yo-
Pose’sazarns. Posp’sa3yroun cucreMy i BpaxOBYIOUH MOYATKOBI
YMOBH, 3HAXOJIMMO T = XTgcost — ypsint, y = Zgsint + ygcost,
3Binkn 22 +y? = fvg + gjg. st 6ynb-sKoro 3amanoro € > 0 10cuTh
B3aTH § < £, a/pKe AK TimbKH T3 + 3 < 0%, To 2% + y* < &% s
Bcix t > 0. Orxke, pos3B’sizok x = y = 0 € crifikum. A

Ilpukaazn 3. Jocaidumu na cmitikicmd Moyuky Cnokoo cucme-
mu ' =y, y =2z +y, x(0) = Zo, y(0) = Jo.

Posze’azanns. Posp’ssyioun cucremy, 3naxomumo x = Cre?t +
+ Coe~t, y =2C1e* — Cye™!. BpaxoByloum NOUATKOBI yMOBH,
onepxyemo, 1o C1 = (Zg + o)/3, Co = (2Z9 — Fo)/3, a Tomy

g =0T _;’_ yOth—i-Lcog yoe_t, Y= ; (Zo + 9o0) €* — 729603 Y0 .-t
[Toxkmamemo g9 = 2%¢. Tomi, sxkuMm Ou MaauM He OYJI0 9HCIO T,
dbyukuiil || Ta |y| HeobMezKeHO 3pocTaTUMYTh IPU ¢ — 400, & TOMY
po3B’a30k « = y = 0 € necritikum. B
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3. CrifikicTp 3a mepHinM HaOJM>KEHHSIM. Y PUKJIAIaX
1 — 3 nudepentianabHi piBHAHHA ab0 CHCTEMHU MOXKHA 3iHTErpy-
BaTU depe3 ejleMeHTapHi (OYHKINI. ¥y TaKuX BUMAIKAX TOCIIiIATH
CTIKICTD PO3B’SI3KIB MOXKHa O€3 0COOIMBUX TPY/IHOIIIB. AJle 3 mpa-
KTUYHOI TOYKHU 30pY BasKJIMBO BMITH JOCTIXKYBATH Ha, CTIHKICTH
pose’sizku cucremu (23.10), He Maroun i1 3araabHOTO PO3B’SI3KY.

[Tpunycrumo, mo mpasi wactuau cuctemn (23.1) HemepepsHi
pa3oM 3 YACTUHHUMU TOXITHUMHU 1O APYTOro MOPSIKY BKJIIOTHO.
Hexait yj(x) =0, j =1,2,...,n, — To4ka crokoo cucremn (23.1),
TobTo f;(t,0,...,0)=0,j=1,2,...,n. Bukopucrosyioun dbopmy-
sy Teiiopa B 0KOJII IOYATKY KOOPJAMHAT, cucTeMy (23.1) MoxkeMo
3allICaTU y BUTJISI:

dy; of; af;
d—;:fj(t,o,...,O) 8—] Y1 a—] Y2+ ...
Yilo,....0) Y21t0....0)
of; .
a—] yn+R](t7yl77yn)7 _]:1,2,...,7’Z,
Ynl(t.,...,0)
ae Ri(t,y1,...,Yn) MICTATH JOJAHKH HE HUZKYE JPYTOTO HOPSIKY
BIIHOCHO Y1, Y2, ..., Yn. SIKIO MO3HAYUTH g—g (0..0) = a;;(t) i
il(t,0,...,
BpaxyBarH, 1mo f;(t,0,...,0) =0, To 0OCTATOYHO MAEMO CHCTEMY

/o

y; = aj(t)yr + aje(t)ye + ... + ajn(t)yn +

+Ri(t,y1,...,yn), J=12,...,n. (23.12)
Cucremy piBHSHB
y§ = ajl(t)yl + ajg(t)yg +...+ ajn(t)yn, j=12....n, (23.13)

HA3UBAIOTH CUCMEMOI0 NEPUL020 HADAUHCEHHA, a 3a]ady Ha
CTIMKICTh TOYKHM CIIOKOIO II€l CHCTEMH — 3aJa4el0 Ha CTIKICTH
POBB’sI3KY B IEPITIOMY HAOJINZKEHI.

3ayBaKuUMO, IO JOCJIII?KEHHS Ha CTIHKICTD TOYKHU CITOKOIO JIJIsT
miHiitHOT cucremu (23.13) € oci He po3B’si3aHO0 TIPOGJIEMOI0, 60 He
icHye 3araJbHOTO Crioco0y iHTEerpyBaHHS CHCTEMU JHHIHUX mude-
PEeHIIATbHIX PIBHSHDL 3 JOBLILHUMEA 3MIHHUMHI KoeiIieHTaMmu.
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Posrisimemo okpemuit Bunaok cucremn (23.13), xomm i1 koe-
dimienTamu € craJi:

/ j—

Y; aj1y1 + ajey2 + ... + GjinYn, j=12,...,n, (2314)

i moc/aiamMO NHUTAHHS PO CTIfKICTh TPUBIAJBLHOTO PO3B’SI3KY CH-
cremu (23.14). Haragaemo (srexuist 19), 1m0 po3s’si3ku i€l cucreMu
MatoTh Bursin y; = A1eF1t) yo = Ageft ..y, = Apefrt, ne
ki, ko, ..., k, — xapakTepuctudni umnciaa cucremu (23.14), a s
icHyBaHHs HETPUBIAJBLHUX PO3B’SI3KiB HEOOXiTHO i JIOCUTH, II00

a1 — k a2 ... a1n
asy ago — k... a9on —0. (23.15)
an1 an2 ce. Qpp — k

Posrisinemo okpemi BHIIAJIKH, II0B’si3aHI 3 BHUIVISIOM KODEHIB
piBusiHHs (23.15) (xapakrepucTudHnX unces cucremu (23.14)).

1. rxwo sci zapaxmepucmuyuni wucaa cucmemy (23.14) wma-
1omov 610°emni diticni wacmunu (mobmo abo eonu Jiticni 610 em-
HI YucAa, abo KOMNAEKCHT Yucaa, AiicCHi 4aCTUHU AKUT 610 eM-
W), mo mpusiasvhul poss’asok cucmemu (23.14) acumnmo-
muvro cmitikud. TlpumycTumo, 1Mo yci XapaKTepUCTUYIHI UHUCIa
ki,ko, ..., k, mpocti i miiichi. Ockimbku kj < 0, To BCi dyn-
KLl ;5 = Aijekjt OpAMYIOTb JI0 HyJsd mpu t — +00. Ao
ki =a; +iBj, i =+/—1, a; <0, To, nojasum ekt y Tpuromo-
merpuuniii dopmi eFit = e%t(cos Bt + isin B;t), nepexonyemMocs,
mo upn t — 400 GyHKHil y;; = Aijekjt — 0 (axmo o < 0, To

lim e%!=0). Ili BUCHOBKH He 3MIiHATHCS, AKIIO JeAKi 3 Xa-
t——+o0

pakrepucTuaHux qucesn (abo Bei) € kparaumu. Copapjii, SKIIO
gucao kj Ma€ KpaTHICTb s, TO HOMYy BiIIOBiIalOTh DPO3B’A3KH
P,_1(t)eft, ne P,_1(t) — MHOrOuJICH CTemens, He BUMIOro 32 § — 1, i
lim eFitP,_1(t) =0, 60 k; < 0, a mokasHMKOBa (DYHKITid 3pOCTaE
t——+o00
MIBHUJIIIIE, HiXK CTEIIEHEBA.
2. Hxwo zmouwa 6 00He TAPAKMEPUCTNUNHE HUCAO CUCTNEMU

(23.14) wmae dodammy ditichy wacmuny (Mmobmo abo ue wucao doda-
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mue, abo Komnaexcre 3 000ammoro diicHo0 Yacmunoio), mo mpu-
siaavhuli po3s’asox cucmemu (23.14) necmitxud. Cupasii, y 11b0-
MYy BHIQJKy MPUHAWMHI OonHa 3 (hyHKIIR ekt ekt o ehnt pe-
0OMEXKEHO 3POCTae 3a MOMIYJIEM Ipu t — +00 1 TOMy 3arajbHUi
PO3B’SI30K cuUCTeMH HeOOMEXKeHO 3pocTae mpu 3pocTanHi t. OTxke,
PO3B’a3KH, OMM3bKI 10 Touku crokolo y; = 0, j = 1,2,...,n, 3a
IMOYATKOBUMH JAHUMHM, 31 3pOCTaHHSAM t HEOOMEXKeHO BiJ Hel Bim-
TAJISITIMY ThCSI.

3. Hdrxwo ceped xapaxmepucmuunuz wucen cucmemu (23.14) ne-
Ma€e wucen 3 000amHumuy JIUCHUMY YACTNVUHAMU, QA € NPOCTVG YU~
CAQ 3 HYABOB0I0 JiTICHON0 YACTMUHOI0, MO MPUBIAALHUT D036 A30K
cucmemu (23.14) € cmitikum, are HE ACUMNMOMUYHO CMITKUM. Y
1bOMy BHIIAJKY BCi y;(t) oOMerkeni 3a MomyseM Jyist OyIb-SKOIO
t > tg, akuMu 6 He OyJIU MOYATKOBI 3HaUYeHHs 1ux PyHKIin. Or-
)Ke, s 6yabp-aKoro € > 0 3Halmerbest Take 0 > 0, mo mpu BUbOpi
Yol < 6,7 =1,2,...,n, 6ymemo maru |y;(t)| < € must Beix ¢ > .
SuaunTh, TpuBiaIbHUI PO3B’A30K cuctemn (23.14) e criiikum. Ase
BiH He aCUMITOTHYHO CTiiiKuii, 60 JyIs JOBLIbHUX ;0 He OyayTb
OJIHOYACHO IPsAMyBaTH 10 Hy/s Bl dynkiil y;(t) npu t — +oo.

4. dxwo ceped xapaxmepucmuunux wuces cucmemu (23.14) we-
MOE wuces 3 000amHUMU JITCHUMU YACTNUHGMU, GAE € KDATMHT YU~
CAQ 3 HYALOBUMU OITICHUMU YACTNUHAMU, MO MOHCAUGT AK CMITIKL,
max 1 Hecmitiki mpusiarbHi Po36 A3K.

IToBeprimoch 10 cucreMn mepinoro HadmkeHns (23.12).

Teopema 1 (JIsamywnosa). Hexaii ¢ynxuii R;(t,y1,...,Yn),

j = 1,2,...,n, y cucmemi (23.12) menepepeni 3a cykynuicmio
BMIHHUL T HECKIHYEHHO MAAL UWE NePu020 nopadky npu y; — 0,
i=1,2,...,m, mobmo das ecix t >ty i |y;| <d, j=1,2,...,n,

[R;(tyns - oyn)| <M (a7 + ol + .+ fyal ')
abo
’R](t7yl77yn)’ <W(y)’y|, .7: 1,2,...,71,

de |yl = Vyi +v3+...+ 92, a,M — dodamni cmani, w(y) — 0
npu ly| — 0. Hexadi, xpim mozo, aji(t) = ajk, j,k =1,2,...,n, de
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ajr, — cmani. Todi axuwo xapaxmepucmuyuni wucra cucmemu (23.14)
Ma0msb 610 emmi ATCHT acmuUHU, Mo MPUBIANLHUL PO36 A30%K CU-
cmemu (23.1) acumnmomuuno cmitxull; Axwo roua 6 0dHe rapa-
Kmepucmuume 4ucao mae dodammy Oiicny “acmuny, mo mpuei-
aavrutll pose’asox cucmemu (23.1) necmitixud.

Aximo ailicHi YacTWHU BCIX XapaKTEPUCTUYHUX YUCE HEI0/1a-
THi, IPUIOMY JificHA YacTUHA X049a 6 OIHOTO 3 HUX JIOPIBHIOE HYJIIO,
TO JOCJIiJI2KEHHsT Ha CTIfKICTh 3a MepIuM HAOJIUZKEHHIM, B3araJi
KasKyIH, HeMOXKJ/IMBe (IIOUMHAIOTH BIUIMBATH HesliHiiini wienn R;).

Ilpukaan 4. Jocaidumu wa cmitixicms 3a nepuuMm HabAud;ce-
HHAM MPUBLAALHUT D036 A30K CUCTLEMU

o' = T+ dy — 3@Hy)
y' =sinz +1In(1 —y).

~

Pose’sazanns. Bukopucrosyoun dpopmysty Teitnopa mjist dyHKIT
f(z,y) mBox 3miHHEMX 3 3amUmKoBUM wieHoM y dopmi [leano i
O0OMEKMBIIUCH MOXIIHUMHE TEPIIOTr0 HOPAIKY:

f(z,y) = £(0,0) + fg/c(oao) T+ fl//(0,0) -y +o(p),

e p = /22 + 9%, o(p) — HeckinveHHO Majia BeJMUUHA TIpH p — 0
Oi7IBIIT BUCOKOTO MOPSAKY, HIXK 0, BUILIMMO JIHIAHI 9acTUHE TIpa-
BHUX YACTUH CUCTEMHU:

V1+4y — @) = 32—y 4 Ri(2,y),

sinz+1In(l —y) =2 —y+ Ro(x,y),

ne bynknii Rj(z, y) 0(\/332 +y ) 7 = 1,2, 33JI0BOJILHAIOTH yMO-
BU TeopeMu 1.
SHailileMo XapaKTepUCTUIHI YMC/Ia BiIOBIIHOI CUCTEMH IIE€p-
I0T0 HAOJIMZKEHHS
{x’ = -3z —v,

/

Yy =x—y.
Maemo

—3—-k -1

_ 2 _ _
1 —1—k:‘_0 = k' +4k+4=0 = kio=-2.
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OckiJbKM 00MIBa XapaKTEePUCTHIHI IUC/Ia Bij €MHi, TO TPHUBI-
aJbHUN PO3B’SI30K 3a/JaHOI CHCTEMHU aCUMIITOTHYHO cTifiknii. W

4. Kpurepii Payca — I'ypsina, JI’enapa — IIIunapa. 4k
BUIUIMBAE 3 IIYHKTY 3 JIEKIIil, PO3B’#A3yIoun 3ajadi Ha CTIHKiCTDb
JJIs cucTeM auepeHItiaIbHIX PiBHSIHB 31 cTaJuMu KoedilieHTaMu,
BaXKJIUBO 3HATHU 3HAKU JIUCHUX YaCTUH XapaKTEPUCTUIHUX IUCEJI.

Posristnemo anrebpuvaHe piBHSHHS

ak™ + a1 k™ ... +an1k+a, =0, ag>0. (23.16)

Haramaemo nesiki TBepIXKeHHsI, JIOBEIEHHS SIKUX MOXKHA 3HA-
WTH y miapydIHuKax 3 JIHIAHOI aaredpu.

Heobxionoro ymosoro moezo, wo eci Jitichi wacmuru Kopenis
pienanna (23.16) eid’emmni, € nepisnocmi aj >0, j =0,1,...,n.

Temep HaBegeMo HeoOXimHI 1 JOCTATHI YMOBH, 38 BHUKOHAHHS
SIKUX JOICHI YaCTUHU XapaKTepUCTUIHUX YHuCce OYAyTh Bijl' €MHU-
mu. Ilosnagnmo

ay aop 0
ay aop
Ar=a1, Ay= , Ag=|a3 ax a1 |, ...,
as ag
as a4 as
ai ag 0 0 ... 0
as a9 aj ag PN 0
An = ’
a2p—1 A2n—2 QA2n—-3 G2p—4 ... QAp

Je a; = 0, gKmo j > n.

Teopema 2 (kpurepiit Payca — I'ypsina). Jfiticri wacmu-
Hu Kopenie pienanna (23.16) 6id’emni modi i misvku modi, Koau
A;j>0,7=12,...,n.

Teopema 3 (kpurepiit JI’enapa — Ilunapa). Jliticri wa-
cmuny kopenie pishanna (23.16) 6id’emni modi i miavku modi,
Koau aj >0, 5 =0,1,...,n,1

An—l > Oa An—S > Oa An—S > 07
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Ilpukaan 5. Jocaidumu nwa cmidikicmsd mowky cnokoro pieHsi-
nwra yY + 5y + 13y” + 19y’ + 10y = 0.

Poss’szannsa. Cxopucraemocst kpurepiem Payca — I'ypsima.
OckinbKu
5 1
A1 =5>0, AQ—‘lg 13‘>0,
> 10 159 113 g (1)
A3=119 13 5 | >0, Ay= =10-A3 > 0,
0 10 19 0 10 19 13
0 0 0 10

TO TOYKa CIOKOIO acuMIIToTh4IHa cTiiika. Wl

Ilpukaan 6. Jocaidumu na cmitikicmsd mowky cnokoro pieHs-
nwra yY + 4y + 16y + 254" + 13y’ + 9y = 0.
Poszeg’azarrs. Ockiabkd BCi KOeillieHTH XapaKTepHCTHIHOIO
piBusiaust k° + 4k* + 16k% + 25k% 4+ 13k + 9 = 0 goxarwi i

41 0 0
41 25 16 4 1
AZ_’% 16’>0’ =19 13 25 16| %

0 0 9 13

TO 3rimuo 3 Kpurepiem JI'enapa — [Ilunapa ToUka CIIOKOIO 33, 1aHOTO
PIBHSHHS acUMNITOTHYHA criiika. l

Pexomendosana aimepamypa: |3, c. 271 — 281, 289 — 296],
[5, ¢. 390 — 416], |7, c. 229 — 241], [10, c. 81 — 100], [16, c. 231 — 252].

IInranns mo Jjekirii 23

1. IlTo BuBuae Teopis cTifiKOCTI PO3B’S3KIB AuEpEeHIaJIbHIX PiB-
HeHb? YoMy Tak BarXKJIMBO 3 MPAKTUIHOI TOUYKU 30PY 3HATH, UM € PO3B’sI-
30K JudepeHIiaabHOro PiBHsIHHS ab0 cucTeMu CTIHKuM?

2. dxwuit po3B’a30K cuctemu JaudepeHIiaabHuX PiBHIHDb € CTifKNUM,
ACHUMIITOTUYHO CTifikuM, Hecriikum? [laiiTe reomMeTpuvHi TpakTyBaHHS
[AX TIOHSITh.

3. dAxkwuit po3B’si30k cucremu jaudepeHIiaabHIX PIBHAHb HA3UBAKOTH
ue3bypenum (36ypenun)?
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4. ITlo HA3MBAIOTH HOJIOXKEHHAM PIBHOBAru (TOYKOIO CIIOKOIO) CHCTE-
M’

5. Y 1omy TOJIITa€ OCHOBHA i1€sT TOCII>KEHHsT Ha, CTIHKICTh PO3B’s13-
Ky B IEPIIOMY HaOJIMKeHHi?

6. fx mocmiuTH Ha CTIKICTH TOYKY CIIOKOIO HOPMAJILHOI CUCTEMU 31
cranuMu Koedimientamu? Koan Touka CIOKOIO € AaCUMITOTHYIHO CTIKOIO,
CTifiKOIO, ajle He ACUMIITOTHUYHO CTIfKOIO, HecTiiiKon? fAxknMu nosuHHI
OyTH XapaKTepUCTUIHI IUCIa, OO CHCTeMa MOTJIa MaTH AK CTiiiKi, Tak
1 HecTiiiki TpuBiabHI PO3B’A3KU?

7. dx dopmysororbes kpurepii Payca — 'ypsina i JI'enapa — [lu-
mapa Mpo HEBi €MHICTD TIACHUX YACTUH XapaKTEPUCTUIHUX uncen! Ak
i KpuTepil BUKOPUCTOBYIOTH JIJIsA JTOCTIIPKEHHsT Ha CTIHKICTh PO3B’sI3KiB
JiniftHux piBHsHb (cucreM) 31 crajgumu Koedirienramu?

Brupasu go aekirii 23

1. BukopucToByioun o3HadYeHHs CTIifIKOCTi, JOCTIIITHL HA CTIHKICTDH
po3B’s13Ku 3a1a9 Kol piBHSHB 1 cucTeM:

a)y =2x(1+y), y(0)=0;, 6)y =y+uxz, y0) =1

w (¥ =—v—92 y(0) =0,
2 =y—2z, 2(0)=0.

2. JlocmimiTh Ha CTIHKICTH TOYKY CIIOKOIO CUCTEM:

Y, = —y1 + y2 + 5ys, Y1 = —2y1 — Yo,
a) Yo = —2y1 + ys, 6) < vy =y1 — 2ya,
Y5 = —3Ys; vh = y1 + 3y2 — ys3.

3. Hocainits Ha CTifiKicTh 3a HepmuM HAOIUKEHHSM TOYKY CIIOKOIO
CUCTEM:

a) {9/23?42—3/4-27 ){y/:—y+z+yQSinz,

2 =4yt + 23 4+ 2y — 3z; 2

2/ =—y—4z+41—cosz”.

4. Bukopucrosyroun kpurepii Payca — I'ypsina abo JI'enapa — Illu-
mapa, JOCIiIiTh Ha CTIHKICTDh TpUBiaJIbHUN PO3B’A30K PiBHAHD:
a) y" =3y +5y=0; 6)y" +4y" +7y" +6y' + 2y = 0;
B) yV + 4y — 5y + 159" — 3y’ + 12y = 0.
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Jlekiia 24. Meron dynkmiit JIsmyHosa.
dazoBa mJIOIIMHA

Ilnan

1. Jlocutimkenns: Ha CTIHKICTb 3a MeTo/IoM (byHKIIii JIamyHnosa.
2. Knacudikaliist TOY0K CIIOKOIO aBTOHOMHOI CHCTEMI.

1. Hocraimxkenusi Ha crilikicth 3a MerozmoM yHKITiH
JIamyuoBa. Ha monepesmiit eIl BUB9aINCh JesKi MUTAHHS, 0~
B’sI3aHi 3 JIOCJIPKEHHSIM Ha CTIifiKiCTb PO3B’{A3KiB HEMIHINHUX CH-
creM qudepeHIiaJlbHuX PiBHSIHD. [Ipyu MbOMY BHKOPHCTOBYBaJaCh
BiIOBiIHA cHCTEeMa IIEPIOro HabJIM»KeHHsI. AJle 3aMiHa HeIiHIAHOT
cucremu (23.12) niniitHoro cucremoro (23.13) € dpakTuIHO 3aMiHOIO
onHiel mpobseMn 1HITO 1 MiXK HIMHU MOXKe He OyTH HiYOro CIHijIb-
HOoro. MOYKHA HABECTU MPUKJIAIN TAKUX CUCTEM Au(epeHIiaabHux
PIBHSIHB, JOCTIIKEHHS SIKAX 38 MHEePITNM HaOJIMKEeHHSIM A€ CTiii-
KiCTh HE30yPEHOro PyXy, X01ua HACIPAB/Ii BiH HECTIfiKMil, i HABIAKY.
Bonmrowac Bimomi mpuKiIaan, KOJIW IepIine HaOJIMXKEHHSI TMOBHICTIO
po3B’si3ye mpobJieMy CTifIKOCTI.

Hacrymnna teopema mae BiAIOBiIbL Ha MUTAHHS PO CTIHKICTD
1 acMMOTOTHYHY CTIKiCTb TPUBIAILHOTO PO3B’ABKY ¥ (t) =0,

j=1,2,...,n, HOpMAJIHLHOI HEJIIHIIHOI cCuCTEMA
y;:f](t7yl77yn)7 _]:1,2,,71 (241>
Teopema 1 (JIssmyHoBa). dxwo ichye dugepenuitiosra dyr-
kuia V=V (y1,...,Yn), AKG 3060060AbHAE YMOBU;:
1) V=014V =0 miavku modi, koau y1 = ... =y, = 0;
2) noena noxidna dynkuii V. e3dosorc dasosoi mpaekmopii
(mobmo e3doeoc poze’asky y;i(t), j =1,2,...,n, cucmemu (24.1))

nedodamua, mobmo

at
J

R R —'f]'(tvyl?“‘7yn)<0

A% z”:a_v dy; <=0V
— Oy; dt et 0y

das t = tg, mo mpusiarvrul pods’asok cucmemu (24.1) emitrxud.
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Hxwo 3amicms ymosu 2) GUKOHYEMBCA HEPIEHICTND

¥ <<
onat>t; >tyi0<d éy%—i—...—i—ygéég, de 61, 02, B — cma-
At, Mo mpusiarvhul pose’azor cucmemu (24.1) acumnmomuunro
cmatrud.
HoBenenns 1i€l TeopeMu MOXKHA 3HAWTH, HANpUKIag, B |3,
c. 281 — 284].

Oyukiio V 3 reopemu 1 HasupaoTh hymnruiero JIanyrosa.

3araabHoro criocody mobynosu dyukiil JIsmnynosa nemae. I1 peko-
n
MEHYEThCS IIyKaTn y BUMIsti V = ) a;5y;y;. 3 yMoBH 1) Teope-
ij=1

Mu 1 BUILUIHBaE, 1110 KBaipaTuydna dopma V moBuHHA OYTH 0IATHO
BU3HaYeHOW. ZIKuMm unmHOM BuOpaTH KoedinieHTu a;j, mob gopma
V' 6yna momaTHO BU3HAYEHOIO, BKa3yeThesd y kpumepii Cuavee-
cmpa, BitoMoMy 3 Kypcy aJjredpu: moTpibHO, 11100

ailr ... Qip
>0, ..., | ... ... ..o >0

Apl .. Qpnp

ai; a2

air > 0,
a21 G22

Y npocrimux Bunajakax ¢yHKuio JIgmyHoBa IIyKaoTh y BHU-
ram V(z,y) = ax?+by?, V(z,y) = azt+by*, V(z,y) = az+by?,
ne a > 0, b > 0, Tommo.

IMpukaazn 1. Jocaidumu Ha cmitikicms mpusiaivHutl po3s -

30K cucmemu

/ 5 ! 3
=2 -y, Y=oy
Pose’asanns. Posrnanemo dbynkmito V(z,y) = 22 + y?. Bona
3aJ10BOJIbHsiE 00mB1 ymoBu Teopemu 1. Cupasni, V > 01V =0
TiabKH TOml, Kotu & = Yy = (; B3I0OBXK PO3B’SI3KY I, 3 CUCTEMH

dv. oVdx 0OV dy

i ara Togar T w2 -y

= —2(2%+¢*) <0,
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3rigHo 3 TeOpeMOI0 1 TpHUBIAJbHEA PO3B’SI30K CUCTEMM CTIAKHHA. A
OCKIJILKH 11034 OKOJIOM HOYaTKy Koopauuat (2442 >d > 0) Maemo
% < —B <0, ne B — mimimym dynxmii 2(2® + y*) moza xomom

22 +y% =6, 10 po3B’s130K T = y = 0 acUMITOTHIHO CTifiKui. W

Ilpukaazn 2. Jocaidumu Ha cmitikicmsd mpusiaivHutl po3s -
30% cucmemu

5

J}/:2y3—$, y/:_x_yg_y5

Pose’azannsa. Ulykaemo dynkiiio Jlanynosa y Burmrsami
V(z,y) = Vi(z) 4+ Va(y). Toxi

v v 1%
% = % -f1($,y) + a_y 'fQ(xvy) =
= (@)@ —a®)+ i)z~ =) =
= —2"V{(2) = (* + ") Va(y) + 20° V{(2) — 2 V3 (y).

Hexait, nanpuknan, 2y°V/(z) — 2V4(y) = 0. Toxi

Vi(z) _ V5(y) Vilz) _ V3(y) _ _
= o = a8 % =p (u=const) =
Vi) = Sa%  Va(y) = S

Hexait pp = 2. Toxi V(x,y) = 22 +y*, V(z,y
i V(0,0) = 0. Oxpim Toro,

~—

> 0, axmmo x2+1y% #£0

dv oV oV
T %fl(xvy)—i_a_yfé(way) = _(2x6+4y6+4y8) < _B < 05

dt

ne [ — mimimym dyakiii f(z,y) = 225 4+ 4y° + 4y® moza xomom 3
[EHTPOM Yy MOYATKY KOODAWHAT. 3 TeopeMu | BUILIABAE ACUMIITO-
TUYHA CTIfKICTh TpUBiaIbHOIO PO3B’sa3Ky cuctemu. W

[Ipononyemo yurTadaMm caMOCTIHO HMEPEKOHATHCS Y TOMY, IO
JAaTH OJHO3HAYHY BiJIITOBiL PO CTIMKICTHL TPUBIAJILHUX PO3B’I3KiB
CUCTEM 3 NPUKIMIB 1, 2 3a mepimM HAOJIMKEHHIM HEe MOYKHA.
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2. Kiacudikariiss TO40K CIIOKOI0O aBTOHOMHOI CHUCTEMMH.
Posrusinemo mnoBefinky Ha daszosiii mwromunni R? dazosux Tpae-
KTOPifl aBTOHOMHOI CHUCTEMH PiBHAHD

dx

T =Pr ) )

& (z,9) (24.2)
a = (z,y),

ne P(x,y), Q(x,y) — nenepepsHO mudepeHIitoBHi B mesikiit obmacti
(a6o B yciit wromuai R?) dbynxii. Cucrema (24.2) Moxke MaTH Jiu-
e Tpu TUNH (HA30BUX TPAEKTOPIil: TOUYKa, 3aMKHEHA TPAEKTOPist
(mukJy1) 1 He3aMKHeHa TpaekTopis. Po3B’s30K, TPAEKTODI€ sIKO-
ro € Touka (xo,yo) (mosoxkeHHst piBHOBarm), € craaum z(t) = o,
y(t) = yo (s 6yap-sixoro t € R). Samkueniit TpaekTopil Bignosi-
A€ TIePIoANIHNN PO3B’A30K, HE3aMKHEHINl — HenepioauIHui.

OcHoBHOIO 3a/]a4er0 SKICHOTO JIOCTiyKeHHst cuctemu (24.2) €
ofiepKaHHs ha306020 NOPMPemy CUCTEMHU, TOOTO KAPTUHU PO3-
6urrsa dhaszosol mromuan R? Ha TpaekTopil.

st nobynosu dazosoro moprpery cucremu (24.2) norpibHO
3HATH MOBE/IIHKY TPAEKTOPIN B OKOJIAX TAK 3BAHUX OCODJIMBUX Tpa-
€KTOPIiii: TI0JI0’KEHb PIBHOBaru, rpaHUYHUX IUKJIIB 1 JIETKUX HE3a-
MKHEHUX KPUBUX, AKi BIIILIAIOTE CiM'T TpaEKTOPIN OMHY Bil OIHOI.
I'paruvnum yukaom cucremn (24.2) HA3UBAIOTH TaKUil UKL,
JIeSIKUH OKIJI SIKOTO IHJIKOM 3aITOBHEHUH TPAEKTOPISIMHU, B3I0BK
arux Touka (2(t), y(t)) HeobMerkeHO HABIIZKAETHCS JI0 HHOTO MPH
t — 400 abo t — —oo.

Posrisinemo Bunasiok, xomau cucrema (24.2) e iniitHoro:

o = a11x + a2y,

(24.3)
= 0217 + a2y,

az1 G229
esiementamu (A = det A # 0).
Cucremi (24.3) Bignosinae ofne piBHIHHS 3 IPOOOBO-JHHIHOIO
[IPABOIO YACTHHOIO

[ a1 a2 o
ne A= — HEBUPO/ZKEHA MATPUIIA 3 JINCHUMHI CTAJIIMHI

dy _ anx + axny

= , 24.4
dx a1 + a2y ( )



314 Posuin 5. EJIEMEHTHY TEOPII CTIMKOCTI

T00TO BCi inTerpasbHi Kpusi piBHsHHSA (24.4) € TpaeKTOpisSMHU CH-
cremu (24.3). Ajie uM He BUYEPIYIOThCsI BCI TPAEKTOPIT cucTeMu
(24.3), 60 BoHa momyckae pyx z(t) = 0, y(t) = 0, TpaeKTOpi€Io KO-
ro € Touka =y = 0 (TOUKa CHOKOIO).

Opannyspkuii Maremaruk A. Ilyankape mokasas, IO MOXKJIU-
BUMU € KiJIbKa BUMAIKIB, KOXKEH 3 dKUX BIJIIOBITA€ 33 PO3TAITyBa-
HHs IHTErpaJbHIX KPUBUX B OKOJI ocobsmBoi Touku (0,0) abo, mo
Te caMme, 3a PO3TAIlyBaHHsI TpaeKTopiit cucremu (24.3) B 0KoJIi TO-
gk crokoio (0,0). i Bunagku vasusaiors munamu Ilyanxape.

[Toznauumo 4epes ki i ky — KOpeHi XapaKTePUCTUIHOTO PiBHSI-
HHSI

ann —k a2

=k* — (a11 + axn)k + A =0. 24.5
agr  ax —k (a11 + aze) (24.5)

Ockinbku A # 0, To 3 (24.5) Butuusae, mo k = 0 He € XapakTe-
PUCTHYHUM YHCJIOM.

Bunanok 1. ky i ko diticni ma pisni. Hexait o = (aq, a), 5 =
= (B1, P2) — BaacHi BekTOpy MaTpuri A, 1o BiImoBia10Th KOPEHIM
ki i ko, TOOTO

{(all —k1)ar + ajpan =0, {(all —k2)B1 + ar2f2 = 0,

azraq + (age —ki)ag =0, az f1 + (aze — ko) B2 = 0.
(24.6)

3rigmo 3 Teopemoro 3 Jrekiil 12 3arajgbHUM PO3B I3KOM CHCTEMU

(24.3) €
xTr = C’laleklt + Cgﬁlekzt, Yy = C’lageklt =+ CQBQ@th, (24.7)

ne C1, Cy — HoBiIbHI cTaJi.

Axmo ky < 0, ky < 0, To 3 (24.7) BUILIHBAE, IO TOYKA CIIOKOIO
z =y = 0 € acuMmnroru4Ho criiikoro. Cupasii, KO, HAIPUKJIAJ,
to = 0, To po3B’s130K (24.7), sAKuif IPOXOAUTH Yepe3 TOUKY (X, Yo),
y MOMEHT 4acy to BusHadaeTbcs cragnMu Cq 1 Co, SKi 3HAXOIATHCS
3 CHCTEMHI

zo = Crag + Co 81,  yo = Crag + Oy B,
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Je 04162 - 04251 75 0. Ane TO,D;i Cl = ALL’O + By07 02 = D:L’o + Eyo,
ne A, B, D, E — nesii crani. Bpaxosyioun, mo |[eF1?] < 1, [eF?f| < 1
st k1 < 0, ks < 0, MaeMo OITIHKHI

Azo + Byo| - |oa| + |Dzo + Eyol - [B1],

Axo + By0| . ’042| + |D$0 + Ey0| . ’52’

2| < |
| <|

Y

3Bijcu BUILIMBAE, MO I A0BLILHOTO € > 0 3Haiiaerbest 6 > 0 Ta-
Ke, 10 5K TUIBKH |zo| < 6, |yo| < 6, To |z] < &, |y| < e (t > 0),
T06TO TOUKa criokoro (0, 0) crifika. Oxpim Toro, ockimbkm efif — 0
(kj <0) npu t — 400, T0 3 (24.7) BunIMBaE, 1mo Touka (0,0) Ta-
KOK aCAMIITOTUYHO CTifiKa. SIKINO BUKJIIOYNTH apryMenT t 3 CHh-
cremu (24.7), To oxepxkana npu 1pomy dyHKiis y = f(x) BusHa-
qaTHMe TPAEKTOPIIo PyXy B AeKapToBiil cucremi koopamuar Oxy.

Marepiajibia TOUKa, siKa 3HAXOAMIACH Y HOYATKOBUII MOMEHT
qacy t = tg B 0-OKOJIi IIOYATKY KOODIUHAT, IJIs JOCUTH BEJIMKHUX ¢
HEePEXOAUTh Y TOUKY, KA HAJIEKUTH £-OKOJIY IMOYATKY KOOPAUHAT 1
npu t — +00 IpAMYE JI0 IOYATKy KOOPAMHAT. TaKy TOUKY CIIOKOIO
HA3UBAIOTh CMIUKUM 8Y3.a0m (puc. 24.1).

Puc. 24.1
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Ha pwuc. 24.1 300pazkeHO po3TalllyBaHHs TPAEKTOPiil, dKe Bii-
noBinae npomy Bunaaky. CTplakamMu BKazaHuil HaIpaM pPyXy IIO
TpaekTopil pu ¢t — +00. Yci TpaekTopil, KpiM ommiel, B TOHUI
(0,0) MaoTh CHiIbHY JOTUYHY.

Axmo |ki| < |ke|, To KyTOBHIT KOedimieHT TOTHIHOI JOPIBHIOE
ag/aq. Cupasni, 3 (24.3) 1 (24.7) maemo (C1 # 0, ay # 0):

dy  an (Croane™ + Cof1e™) + agy(Crage®! + Cyfpek?t)
dx o all(C’laleklt + Cgﬁleth) -+ alz(Clageklt + CQﬁQ@th) o
ag1 (Craq + CaBret2=Ft) + ay (Crag + CoBaelhz—F1t)
= —
ai (Clal + Cgﬁle(kQ_kl)t) + a19 (Cla2 + Cgﬁge(kQ_kl)t) t——+00
a1C1on +anpCiay _ anon +apay ko

t—+oo a11C1a1 + a12Cran a1 + ajp0e kioq aq

60 3rimgno 3 (24.6) agia + agas = kie, ajjog + ajpas = kiog.

Axio oy = 0, To aHAJOTIYHO O/IEPAKYEMO, IO dv a1
’ ’ dy t—+o00

Axmo C = 0, 10 3 (24.7) 07epKYEMO OJIHY TPAEKTOPIIO — MPsi-
My Y = %x, JIOTUYHA JI0 SIKOT Mae KyToBuil koedirient Bz /0.

TakuMm YuHOM, JOTHYHA 0 TpaekTopiii, B axkux C7 # 0, ma-
pajieJibHa JI0 BJACHOIO BekTopa « = (o, (), sIKUil BijoBigae
HAMEHIIIOMY 3a MOJIyJIeM XapaKTEePUCTHIHOMY UHCIYy k1 (AKIIO
a1 = 0, To BekTOp HanpasieHuil B3708K oci Oy). Kpim Toro, npu
C1 = 0 € omHa TpPaeKkTOpid — MpsMa Y = B—fx, dKa IapaJjiebHa 10
JIPYTOro BJIacHOro BekTopa 3 = (31, 32), 110 BiAOBi1a€e GlabIIOMY
3a MOJIYJIEM XapaKTEePUCTUIHOMY THUCTY ko.

Axmo renep k1 > 0, ko > 0, To 3 (24.7) BUILIUBaAE, O TOYKA
criokoio x = y = 0 mectiiika, 60 ekt — 400 mpu t — 4o00. Taky
TOYKY CIIOKOIO Ha3WBaIOTh HeECMIUKum 68y3.aom. lleit Bumamgox
OTPUMYEMO 3 TIONIEPEHBOrO 3aMiHOI0 ¢ Ha (—t), a TOMY PyX TOYKH
10 TPAEKTODII BiIOYBAETHCS Yy IPOTUIICKHOMY Hampsimi (puc. 24.2).
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Puc. 24.2

Hapernri, sximmo k1 < 0, kg > 0 abo ky > 0, ko < 0, To TOUKA
kot s 400 abo eF1t — 400 mpu t — +00.
Touku, sIKi po3TaiioBaHi B J-OKOJI IOYATKY KOOPIMHAT, IO TPAE-
kropil z = CyB1e"2t, y = Cy fref?! pyxaroTbest y HECKIHUEHHICTS.
OpHak y oMy BHIQJIKY € TPAEKTOPIis, IO SKiil PyX TOYKH BiaOy-
BAEThCA Y HAIIPAMI 70 MMOYATKY KOOPAWHAT IpHU t — +00, a came

CITIOKOIO HecTiifka, 60 e

Tr = C’laleklt, Yy = Clageklt. (248)

[Tieto TpaekTopi€eio € npsama a1y — agx = 0, AKY JIETKO OJI€pKATH
3 (24.8), BuksoumBmy 3MiHHY ¢. Taky TOUYKY CIIOKOIO HA3MBAIOThH
ctdaom (puc. 24.3).
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Y

(]{71 <0< k‘z)

Puc. 24.3

Bunanok 2. ki 1 ko xomnaexcro-cnpaotceni: ko = p % iq,
g # 0. BarasbHuil po3B’si30k cucremu (24.3) MOXKHa 3aIuCcaTH y
Burysai (24.7), ne Bektopn o = (a1, a2) 1 f = & = (@1, &z) MaOTH
KOMILIEKCHI KoopuHaTu. Tosi pose’si3ok cucremu (24.3) MoxKHA
3allicaTu y BUTJIAI]

x = eP'(Cy cos gt + Cysingt), y = eP'(acosqt + bsingt), (24.9)

ne C1, Cy — moBlIbHI cTadi, a i b — miHiiiHI KOMOIHAINT ITUX CTAINX.

Axmo p = 0, To Tpaekropii (24.9) as pisaux Cq, Co (Ha min-
cTaBl MEPIOIMIHOCTI MHOKHUKIB y Jy’KKaxX) € 3aMKHEHUMI KPI-
Bumu — ejiincamu 3 mearpamu y tourni (0,0) (puc. 24.4). 1o To-
UKy HA3WBAIOTH yenmpom. fkmo p = 0, To Touka (x(t),y(t))
PYXa€eThCs O OJTHOMY 3 €JIICIB BKa3aHol ciM’l, 00xomayan oro 6e3-
Jgig pasziB. Bona, odeBuIHO, He NMpPsIMYE [0 2KOMHOI TPAHUIN MPU
t — 400, To6TO TOuKa crokooo (0,0) HE aCHMITOTHYHO CTifika
(ase BoHa crifika).
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)

B
y T

Puc. 24.4

Hexaii Tertep p < 0. 3 (24.9) Bummsae, 1Mo y 1[bOMY BHUIIQJIKY
Touka (z,y) upu t — -+ 00 IPSAMYE JIO IOYATKY KOOPIAMHAT — TOUKH
x =0, y = 0, aKy Ha3uBaIOTL cmilikum Porycom. HaspuicTn
MHOKHEKa et — 0 (t — +00) HepeTBopioe 3aMKHeHi KpUBi y cIi-
paJi, gKi aCUMITOTHYHO HAOJIMKAIOTHCSA TIPU ¢ — 400 10 IOYATKY
koopauHar (puc. 24.5). Touku, siki po3ramosani npu t = tg y J0-
BLIBHOMY 0-OKOJI MMOYATKY KOOPJMHAT, JJIsT JOCTATHBHO BEJUKOTO ¢
MOTPAILISIIOTh V 3aJIaHUN €-0KiJI TOYaTKy KOOPIUHAT.

Tpaekropil, gki npsaMyioTs 10 doKyca, MAIOTb TAKy BJIACTHU-
BiCTb, IO JOTUYHI [0 HUX HPU t — + 00 HE MPIMYIOTH JO »KOJIHOI
rpanuri. [Tum dokyc Bimpisnserses Bim Bysia.

VY Bunagky p < 0 touka z = 0, y = 0 acUMOTOTUIHO CTifiKa.

dAxro gificaa yactura p aucest kq i ko 1ogaTHa, TO 1€l BUIAI0K
[IEPEXOINTH y MONepeaHiil mcs 3aMinu t Ha —t. OTKe, TPA€KTOPIl
30epiraioTh Taky K popMmy, gK Ha puc. 24.5, olHAK PYX TOUKH BiJl-
OyBaTHMeThCS y MPOTHIekKHOMY Hampami. Ockimbkm ePt — 400
npu t — 400, TO TOUKH, SKi 3HAXOJMWINCI YV MOYATKOBUN MOMEHT
qacy B OKOJII MOYATKy KOOPJWHAT, MOTIM NEPEXOIATh Y HECKiH-
YeHHICTb. TaKy TOUKY CIIOKOI0 HA3UBAKTh HECMITKuUM hoKycom
(puc. 24.6).
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Y )

Puc. 24.5 Puc. 24.6

Bunanok 3. k1 = ko. Tomi kq, ko — milicHi, a 3arajbpHIil po3B’si-
30K cucremu (24.3) mae surnan @ = (A+ Bt)eft, y = (C+ Dt)eM?,
ne A, B, C, D — craji, noB’si3afi MizK co6010 JBOMa, JIIHIMHAMU PiB-
HSIHHSIMU, sIKI MOXKHA, OfiepKar, migcraBupim Gyskiil x(t), y(t)
y cucremy (24.3) i ckoporusmu na eFl,

dkmo k; < 0, To €1t — 0, teF1* — 0 mpu t — +00 i, oTixe,
TOYKa CIHOKOI0O ¥ = y = ( acUMMITOTHYHO CTifiKa. [i masuBaroTnh
cmitikum 8yaaom. ko ky > 0, To TOUKa CIIOKOIO HecTifika, 11
Ha3WBAIOTh HECMIUKUM 6Y3A0M.

HerasnpHimne mpo BUOAI0K k1 = ko MOXKHA IMPOYUTATH, HAIIPH-
KiaJ, B [3, c. 253 — 256].

Hageneni Bunagku orpuMaHi y IPHUIIYINEHH], 10 BUSHAYHIK A
cucremn (24.3) Bigminnuit Big myms. punycrumo, mo A = 0. Toxi
xapakTepuctTuaHuMu uucjaamu € k1 = 01 ko = ai1 + age. Akino
k2 # 0, To 3arajbpHUiT PO3B’sI30K cucreMu (24.3) Mae BHIVIST

z=Cioq + Cgﬁlekﬁ, y=Ciasg + Czﬁzekzt, (24.10)

ne C1, Cy — poBinbHi craii i ajiay+ajgag = 0, —agefi1+aiebs = 0.
Buksiouatoun 3 (24.10) napamerp t, oJep:KyeMo ciM’10 napa-

JenbHuX npamux y — Crag = B—2(x - Chay).
1

Axmo ke < 0, To ipu t — +00 Ha KOXKHIN TpaekTOPii (Ha 0j1HO-
MY 3 TTApAJICJIbHIX IIPOMEHIB) TOYKN HAOIMZKAIOTHCS IO TOUKH CIIO-
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ko010 (pmc. 24.7)

Qa2
r=Ca, y=Ca = y=—
aq
Touka cnokoio x = y = 0, Tak camo, K i JOBLIbHA TOYKa IIPSsi-
MOT y = aax /vy, ipu ko < 0 criiika, ajie He AaCUMIITOTUYIHO CTIHKA.
dAxmto kg > 0, TO TOUKa CIIOKOIO HECTilKa.

Y

(kz < 0)
Puc. 24.7

Axio k1 = ko, TO MOXKIUBI JIBa BUIIAIKH:

1. Baranbumit po3s’s30k cucremu (24.3) mae sursg x = C,
y = Cy (ue 6yme Toxi, kosm Mmarpuist A mysasosa). Tomai Touka cro-
KOIO CTiffKa, ajle He aCHMITOTHYHO CTifiKa. YCi TOYKHU ILIONIUHU
(z,y) € cTIiKUME TOYKAMU CIIOKOIO.

2. BarampauM poss’sskom cuctemu (24.3) € x = Oy + Cat,
y = a + bt. Toxai Touka CIIOKOIO HecTiliKa. Y MOMY BUIIAJKY
az = —ai, ajza < 0.

Ilpukiazn 3. Jlocaidumu xapakmep mouku cnokor CuCmem

/

¥ =by—xz, oy =-2.

Haxpecaumu gasosi mpaekmopii cucmemu ma naowyuni (x,y).
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Poszeg’azarrsn. OCKIIbKI XapaKTePUCTHIHUMU IUCIAMEI CHCTEMU

e ki = =1, ko = —2, To Touka cnokow r = y = 0 € crifikum
BY3JIOM.

Hucny k1 = —1 Bianosinae Biaacuuii Bekrop o = (1,0), a auciy
ko = —2 — BekTop [ = (—5,1). [loxinna g—z y TOYII ITOYATKY KOOP-

nuHAT J0piBHIOE (g /ai; = 0. OTke, H0THYHI 710 (HA30BUX TPAEKTO-
piif y moYaTKy KOODJAWHAT € TOPU30HTAJLHUMU, & caMi TPAEKTOPil
MOKHa MTOOYIyBaTH, HAIIPUKJIAI, 9K Ha puc. 24.8. W

~

T~

Puc. 2.8

Ilpukaazn 4. Jocaidumu capakmep mouku cnokolo Cucmemu
/ /
r=ar+y, Yy =-—-T+ay

3AAENHCHO 610 ZHANEHHA NAPAMEMPE, (L.

Pose’azannsa. XapakTepucTHIHIMHI 9ucCIaMu € ki o = «ai. fIKimo
a = 0, ToO TOYKA CIIOKOIO € IEHTPOM. Y IHOMY BHUIIQJIKy CUCTEMa
HabyBa€ BUTJISILY Ccll—f =y, % = —x. 3incen 22 + y? = C, T06TO
¢da30BUME TPAEKTOPISIMUA € KOHIIEHTPUYHI KOJIa 3 TIEHTPOM y TOUII
(0,0). fxmo a # 0, To TOUYKa CHOKOIO € (DOKYCOM: CTIKUM, SKITIO
a < 0, i mecifikuM, akmio « > 0. PazoBUMHU TPAEKTOPISIMHE € CIipa-
i, sKi «HaKpy4yoThesa» Ha Touky (0,0). dxmo a < 0, To Touka
(z(t),y(t)) pyxaerbes mo cuipasisix y HAIPSMi TOUKH CIOKOIO, a

s « > 0 — y manpsawi Bijg Hel. B
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Pexomendosana aimepamypa: |1, c. 251 — 281], [3, c. 233 —
258, 281 — 289], [5, c. 417 — 453, [7, c. 216 — 222, 241 — 245], [16,
c. 253 — 274,

IInrannsa go Jjgekuii 24

1. dk dbopmysoerses Teopemy Jlsmynosa npo crifikicrs (acumirro-
TUYHY CTIHKICTb) HOPMAJILHOI HeJHIHOI crucTremu?

2. ¢ki BractuBocti Mae yukiis Jlsgmynosa? Y sikoMy BUTJISIII pe-
KOMEH/Iy€eThCs Irykaru dyuknio Jlsmynosa?

3. lITo mazmBarTh (pa30BUM MOPTPETOM HOPMAaJILHOI cucremu?! Ak
nobymyBaTu (Ga30BUil HOPTPET CUCTEMU?!

4. dx moB’sa3amHi MixK 06010 ABTOHOMHA JTiHiTHA OHOPiIHA crucTeMa,
180X JudepeHniaJbHuX piBHAHD (24.3) 1 PIBHSIHHS LEPIIOro HOPSAIAKY 3
OJTHOPIHOIO IPOGOBO-JIHIHHOI IPaBolo YacTuHoio (24.4)7

5. Haiite kiacudikamito [lyankape TOYOK CIIOKOI0 aBTOHOMHOI CH-
creMu Ju(EpPEHIaIbHAX PIBHSIHB. ¥ SKOMY BHIIQJIKy TOYKA CIIOKOIO €
CTIAKOIO, ACUMIITOTAYHO CTIAKOIO, HECTIHKOIO?

Bopasu go nekiii 24

1. TocuimiTe Ha CTIHKICTh TPUBIAJIBLHUN PO3B’SI30K CUCTEMU, 3HAIOUN
dyukiio Jlamnynosa:

x/:y—x?’, _ 2 2.
a‘) {yl:_x_?)yif\’ V=x +y1
= —x — 2y + x2y?
6){’ y ywsv y’V:x2+2y2.
y=r—3—= 73>

2. Mocigite ocobnBi ToUkY piBHsAHB. HakpeciTh iHTerpaibHi Kpu-
Bl Ha womuHi (x,y):

3. Hocainite ocobsmBi Touku cucrem. HakpeciiTs TpaekTopii Ha 110-
i (2, y):

7 =y, ' = x + by,
ORI R
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Honmarok 5.

3acTocyBanHs MareMaTu4vHoro nakera Maple
JJIsl JOCJIiI>KEeHHsI Ha CTiliKicTh pPO3B’A3KiB
3BUYATHUX AudepeHIiaJlbHUX PiBHIHBb Ta 1X CHUCTEM

Ilpukman 1. Jdocainutu Ha CTifiKicTh TpUBiaJbHUI PO3B’A30K
;L ;L
cucremn ' = — y, vy = x (upukman 2 jgexuii 23, crop. 302). s
OO MOOYLYEMO TIOJIe HAIPsIMIB Ii€l cucTeMu Ta OFHY (a30BY
TPaEKTOPiIo 3a JornoMoroo KoManu DEplot 3 nakera DEtools:
> DEtools[DEplot] ({D(x) (t)=-y(t),D(y) (t)=x(t)},{x(t),
y(t)},t=0..2«P1i, [[x(0)=1,y(0)=1]] ,x=-2..2,y=-2..2,
linecolor=black) ;

VA e s N N N NN
VAV s e 8 5 N N N NN
VAV APt et S S N NN NN
/ / NN
/ / NN
// N\
// \ A
|/ \ A
b W
) 1]
bl 3
L) [
\ /1
VoA /]
NN Yavi
NN Vavs
NN\ /7
NN\ V-]
NN\ - 7]
NN\ - 77 7

Puc. 1

3 po3TaIllyBaHHS CTPITOK MOXKHA 3POOUTH BUCHOBOK, III0 TPUBI-
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aJbHUN PO3B’SI30K CUCTEMU CTIMKUIL, aje He € aCUMIITOTUIHO CTifi-
kuM. Pa3oBi TpaeKTOPil yTBOPIOIOTH KOHIIEHTPUYIHI KOJIA 3 IEHTPa~
ME y modaTky kKoopamHaT. OjHe 3 HUX (3 HOYATKOBHMHU yMOBAMA
x(0) =1, y(0) = 1) 306paxkene Ha puc. 1.

IMpukaazn 2. HocainnTn Ha CTIMKICTH TPUBIaJILHII PO3B’sI30K
cucremu ' = y, vy = 2z +y (upukian 3 smexuii 23, crop. 302).
J1J1st IbOTO MTOOYAYEMO TI0JIe HAPSIMIB ITi€l cucTeMn Ta JBi (pa3osi
TpaeKTopil 3a JjionoMoroio komanju DEplot 3 makera DEtools:
> DEtools[DEplot] ({D(x) (t)=y(t),D(y) (t)=2*xx(t)+y(t)},

{x(t),y(£)},t=0..5,[[x(0)=0.2,y(0)=-0.15], [x(0)=0.5,
y(0)=-0.5]],x=-1.5..1.5,y=-1.5..1.5,1linecolor=black);

NN N~ A 5 /
NN NN~~~ A /
NN N NN A /
NN NN~ 1
VAN N NN =~ /
VAN NN NN~ A /
VOV NN N4 f
R R R R S V4 f
R S Y f
A R AR A | B
st Lt b dos T 15
N VA = |
Vbbb e — |
VL \
N R A A A4 VN \
VLl A \
R R A A Ve & P \
R A A A A A A VPl \
VAR A AR S VP e S NN
[ )] )] ) ) A NN

Puc. 2

3 puc. 2 BUAHO, IO TPUBIAJbHUI PO3B’SI30K CHUCTEMHU He-
crifiknii. Xo4ua KOXKEH PO3B’SI30K, SIKUl MOYMHAETbCS Ha TPsMIif
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y = —x, upsamye 1o touku (0,0) npu 3poctami ¢ (Ha PUCYHKY TIO-
OyI0BAHO TaKy TpaekTopito 3 nmouarkosumu ymoamu x(0) = 0,5,
y(0) = —0,5), po3B’s130K, SKUil MOIMHAECTHCS HABITH TOCUTH OJIN3D-
KO JIO0 MOYATKY KOODJWHAT, ajie He JIEXKUThb Ha mpaMmiil y = —x,
BiansieTbesd Bif HBOTO 31 3pocTaHHsM t (HA PHCYHKY IIO0Y-
JIOBAHO TaKy TpaekTopilo 3 nodarkoBumu ymoBamu x(0) = 0,2,
y(0) = —0,15).

Ilpukaazn 3. Jdocninutu Ha CTifiKicTh TpUBiaJbHUI PO3B’A30K

cucreMn
o' = T+ dy — 3@Hy),
y' =sinz +In(1 — y)

(mpukmax 4 sexmii 23, crop. 306). s mporo mobyayemo mo-

Jie HalpsIMiB Ti€l cucremu Ta Tpu (as3osl TpaekTopil (ki 3a710-

BOJIBHAIOTE movdaTkosi ymosu: x(0) = 0,5, y(0) = 0,5; z(0) = 0,5,

y(0) = —0,1; z(0) = —0,2, y(0) = —0,2):

> DEtools[DEplot] ({D(x) (t)=sqrt (1+4*y(t))-exp(3*(x(t)+
y(£))),D(y) (t)=sin(x(t))+1n(1-y(t)) },{x(t) ,y(t)},
t=0..10, [[x(0)=0.5,y(0)=0.5], [x(0)=0.5,y(0)=-0.1],

[x(0)=-0.2,y(0)=-0.2]],x=-0.7..0.7,y=-0.3..1.1,

stepsize=0.01,scaling=constrained,linecolor=black) ;

3 puc. 3 mobpe BHUIHO, IO TPUBIAJILHUN PO3B’SI30K CHCTE-
MH acUMNTOTHYHO cTifikuil. Ilosie HampsiMiB 3a MexKaMM CMYTH
—0,25 < y < 1 e nobymosano (domy?).

Ilpukmazn 4. ocaianTu Ha CTIHKICTD TOYKY CIIOKOIO PiBHSTHHS
yV +5y" +13y" +19y' +10y = 0 (upuxmaz 5 nexuii 23, crop. 308).
3pobutu 1e 3a gormomMorow komau u DEplot He MOXKHA, 60 MAEMO
PIBHSAHHS YEeTBEPTOTO IOPsiJIKYy. 3BUUaiiiHo, Komamja DEplot mo-
Oymye po3p’sizok 3agadi Kormri s 3a1aHOr0 piBHSIHHS, ajie BOHA
He JI03BOJISIE TIOOYIyBATH II0JIe HAIIPIMIB, ITOPOJIXKeHe I epeHIi-
aJIbHAM PIBHAHHAM. 3HANRIEMO XapaKTEePUCTHYHI UHCIa — KOPEHi
pisnsiaasa k* 4 553 4+ 13k% + 19k + 10 = 0:
> solve(k~4+5xk~3+13%k~2+19%k+10=0,k) ;

—2, —1, —1+2I, —1-21.

OckinibKM MifiCHI YACTUHU BCIX XapaKTEPUCTUIHUX TUCEST BiJl €MHI,
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TO TOYKA CIIOKOIO 3aJIAHOTO PIBHAHHS ACUMITOTUYHO CTiiiKa (Teo-
pema 1 jiekrii 23, crop. 305).
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Puc. 3

Ilpukmaazn 5. HocaianTt Ha CTIHKICTD TOYKY CIOKOIO PiBHSTHHSI
yV + 4yt 4 16" + 25y" + 13y + 9y = 0 (upukiazn 6 pexmii 23,
crop. 308). 3HaiieMo XapaKTePUCTHIHI IHCIa — KOPEH] PIBHSAHHSI
E® + 4k* 4 16k> + 25k + 13k + 9 = 0 (sike y paJuKajIaX KOMaHI0IO
solve He PO3B’SI3Y€ETHCs) 3a TOMOMOTOI0 KOMaH i £solve 3 OMIieo
complex (crop. 337):
> fsolve(k~5+4*k~4+16%k~3+25%k~2+13xk+9=0,k, complex) ;

—1.691606943, —.9910128055 — 3.159244286 I,

—.9910128055 + 3.159244286 1, —.1631837228 — .6772576111 1,
—.1631837228 + .6772576111 1.
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OckinbKY OifiCHI YACTUHU BCIX XapaKTEPUCTUIHUX TMCEsI Bl €MHI,
TO TOYKa CIIOKOIO 338JaHOI0 PIBHSIHHS aCHMITOTHYHO CTIHAKA.
IlIpukaana 6. docmianTn Ha CTi#KiCTh TpUBIAJIBLHUI PO3B’si-
30k cucremun ' = —z2° — vy, y = x — y° (upuxmam 1 Jje-
kil 24, crop. 311). s nporo moby/ryeMo mosie HApsiMiB CHCTEME
Ta OfHYy (Pa30By TPAEKTOPIIO, sIK& 3aI0BOJILHAE IOYATKOBI yMOBU
z(0) = -1, y(0) = —2:
> DEtools[DEplot] ({D(x) (t)=-x(t)"5-y(t),D(y) (t)=x(t)-
y(£) =3}, {x(t),y(t)},t=0..100, [[x(0)=-1,y(0)=-2]],
x(t)=-2..2,y(t)=-2..2,stepsize=0.1,1linecolor=black) ;
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3 1oJist HaIpsiMiB Ha puc. 4 BUIHO, IO TPUBIAJBbHUI PO3B’si-
30K — CTifikuii; moOymoBaHa TPAEKTOPis MTOKAa3ye, IO Ieil Po3B’si-
30K € aCUMIITOTUYHO CTifiKuM, 00 JTOBibHA (pa30Ba TPAEKTOPIs 110
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cripaji HaOJIMKAETHCA 10 HBOTO, XO4a 1 Ay»Ke MOBLIbHO. SKIIo
301IBIUTY BEPXHIO MeKYy miamazony s ¢ 1o 1000, To TpaekTopist
MOBHICTIO 3aMOBHUTH BUAMMUIT OKLJI TIOYATKY KOOPAMHAT (IEpPEeKo-
HaTeCh y I[BOMY CAMOCTIHHO!).

IMpukaana 7. docmianTn Ha CTI#KiCTh TpHUBIAJILHUI pPO3B’si-
30k cucrevu 2’ = 23 — 2%, 3y = —x — 1> — y° (upuxiaz 2 se-
kil 24, crop. 312). s nporo moby/ryeMo moJie HApsiMiB CHCTEME
Ta OfHY (Pa30By TPAEKTOPIIO, sIKA 33JI0BOJILHIE TOYATKOBI yMOBU
z(0) = -1, y(0) = —2:
> DEtools[DEplot] ({D(x) (t)=2*y(t)~3-x(t)"~5,D(y) (t)=

-x(£) -y (£)~3-y (£) 56}, {x(t) ,y(£) },t=0..100, [ [x(0)=-1,
y(0)=-21],x(t)=-2..2,y(t)=-2..2,stepsize=0.01,
linecolor=black) ;
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3 moJisT HampsAMIB Ha pUC. 5 BUIHO, IO TPHUBIAJbHUN pPO3B’s-
30K — cTifikuii; moOymoBaHa TPAEKTOPis MOKa3ye, IO Ieit Po3B’si-
30K € ACUMITOTUYIHO CTIMKNM, 060 JOBiIbHA (ha30Ba TPAEKTOPIS 10
cripaJri HabJIMKAEThCsS 10 HBOTO.

IIpukaazn 8. docmianmn XapakTep TOYKH CIIOKOIO CHCTEMU

o' =5y —x, Y =—2

(mpukmanx 3 gekmii 24, crop. 321). s mporo mobysyemo modie
HAIPSMIB cucTeMu Ta BiciM (a30BUX TpaeKTopiil (fKi 3a70BOJIH-
0T  movyarkosi  ymosm:  x(0) =2, y(0) = —0,5; x(0) =2,
y(0) = —15 2(0)=2, y(0)=-1; 2(0)=15 y(0)=-2
z(0) = =2, y(0) = 0,5; z(0) = —2, y(0) = 1,5):
> DEtools[DEplot] ({D(x) (t)=5*y(t)-x(t),D(y) (t)=
2%y (£)},{x (%) ,y(t)},t=0..5, [[x(0)=2,y(0)=-0.5],
[x(0)=2,y(0)=-1.5], [x(0)=2,y(0)=-1], [x(0)=1.5,
y(0)=-2]1, [x(0)=-2,y(0)=0.5], [x(0)=-2,y(0)=1.5],
[x(0)=-2,y(0)=11, [x(0)=-1.5,y(0)=21] ,x(t)=-2..2,
y(t)=-2..2,stepsize=0.1,1linecolor=black);
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3 puc. 6 BUIHO, IO TOYKA CIIOKOIO CUCTEMH € CTIHKNM BY3JI0M.
ITpukaan 9. docaiautun xapakTep TOYKU CIIOKOK CUCTEMU

ac’:oz:n+y, y’:—$+ay

3aJIe2KHO BiJl 3HaveHHst mapamerpa « (npukman 4 gekrii 24,

crop. 322). Posriusinemo Tpu Bunagku: o = 0, = 1, a = —1.

st o = 0 mobymyemMo 1ojie HaIpsiMiB cucTeMu Ta (a30By Tpae-

KTOpito, siKa 3a,10BoJibHsIe ouaTkoBl ymosu x(0) = 1, y(0) = 0:

> alpha:=0:DEtools[DEplot] ({D(x) (t)=alpha*x(t)+y(t),
D(y) (t)=-x(t)+alpha*y(t)},{x(t),y(t)},t=0..2%Pi,
[[x(0)=1,y(0)=011,x(t)=-2..2,y(t)=-2..2,
stepsize=0.1,linecolor=black);
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Orxe, ko a = 0, To Touka z = 0, y = 0 € HeHTpPOM.
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Y Bunasiky a = 1 1oOyayeMo 1oJie HAIPSIMIB cucTeMu Ta da-
30BY TPAEKTOPIIO, KA 3a/10B0JIbHsIE nIouaTKoBi ymoBu 2(0) = 0,01,
y(0) = 0,01:
> alpha:=1:DEtools[DEplot] ({D(x) (t)=alpha*x(t)+y(t),

D(y) (t)=-x(t)+alpha*y(t)},{x(t),y(t)},t=0..10,

[[x(0)=0.01,y(0)=0.0111,x(t)=-2..2,y(t)=-2..2,

stepsize=0.1,linecolor=black);
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Orpumasu Hectiiikuii dokyc.
Bunayiok, komu o = —1, IpONOHYEMO DOSIVISIHYTH HYUTadaM

CaMOCTIITHO.

Tumi npuknany 3acTocyBaHHs MaTeMaTHIHOro maketa Maple
JI7Is TIOOYIOBY TIOJIsI HAIIPSIMIB 1 iHTErpajJbHIX KPUBUX CHCTEM -
bepennianbHuX piBHSAHL MOXKHA 3HajiTn B |9, 12, 18|.
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Honmarok 6.
OcHoBu poboTu 3 maremaTudHuM 1akeroMm Maple

[Taker aHaiTHIHNX OOYHMC/IEHD 1 YMCJIOBUX po3paxyHKiB Maple
crBopenuit kommaniero Waterloo Maple Inc. (Kanana) i € ogaum 3
HafOIIBIN TOMYJIIPHAX Y CBITI MPOrpaMHUX MPOAYKTIB, KW J10-
3BOJIsI€ e(DEKTUBHO BUKOHYBATHU K YUCJIOBI, TaK i CUMBOJILHI 00YH-
CJIEHHsI, Ma€ PO3BUHYTI rpadidni 3acobu Ta BOYIOBAHY MOBY IIPO-
rpamMyBaHHsI BUCOKOrO piBHs. Lli MOxKJIMBOCTI Ta ApyXKHill iHTEp-
deiic KopucTyBata 3a0e3MeTnIN IMNPOKE 3aCTOCYBAHHS MATEMaTH-
qnoro nakera Maple y 6araTtbox ramyssx HayKu, TIPUPOJO3HABCTBA,
a TaKOXK y HABYAJIHHOMY IIPOIIECI.

Posrnsinemo ocuoBu poboru 3 Maple. 3pudaiito, Giabi-MeHTIIT
I'PYHTOBHUI OTJISIIT IILOTO TIAKeTa BUMara€ OKpeMol KHUTH, a 00car
JOJATKa [0 MMOCIOHMKa, TO3BOJISIE TMOSICHUTH JIAIIE OKPEMi aCIeKTH
poboTu 3 mporpamoro. JIjist rmubIroro o3HaMOMJIEHHS 3 ITAKEeTOM
Maple npononyerbest BukopucroBysaru |9, 12, 18| Ta noBinkoBy
cucrtemy Maple.

Pobota 3 Maple 3aificHIOETBCSI ¥ BUTVISIII iHTEPAKTUBHOTO CEaH-
Cy: KOPHCTYBad BBOJIUTH Ha POOOUOMY JMCTI KOMaHu (Iij HUMU
3apa3 po3yMieMo IeBHI iHCTPYKIIil) i HaTucHeHHsIM Kiiasimi Enter
nepeniae ix na Bukonanus gaiapy Maple. Bcei BBeneni komanu i pe-
3yIBTATU OOYHMC/IEHD, SIKi BiI0OparkKaioThest, (POPMYIOTh BMICT PO-
Oodoro jmcra — ocHoBHOTO JoKymenta Maple. Pobounii auct mo-
JKHa 30eperTu Ha IUCKY, BIAKPUTH, 3HOBY BUKOHATH KOMAaHIH, IO
Ha HbOMY MICTSITBCS, I MPOBECTH 1X KOPUTYBaHHII.

Pobounit mucT ckiramaeThesa 3 obsacTeil BBeJieHHS 1 obJracreit
BUBEJICHHS. Y MEPIINX BBOAITHCST KOMAHIN, ¥ APYTUX BiI0OpaxKy-
IOTbCSl PE3Y/ILTATU 1X BUKOHAHHS YU MOBIIOMJIEHHSA PO TOMUJIKA
nabopy Koman. Bmict obsacTeil BBeIeHHSI i BUBEIEHHSA yTBOPIOE
rpyIy O0UUCIIEHD, KA Ha POOOTOMY JIUCTI BiMiUaeThCs 3J1iBa KBa-
JPATHOIO Ty KKOIO.

Komamnmu BBOmsITHCS B 06JIaCTi BBEJEHHS MICJAS CUMBOJIY-3a-
nporreHds > y gopwmi cunrakcucy moBu Maple, a BimoOparkaTuch
BOHU MOXKYTb y TIift camiit (popmi abo y BUIVISIAI 3BUYHOTO MaTeMa-
TUYIHOTO 3anucy (B OCTAHHIX BEPCisAX MPOTpaMy 3a 3aMOBIYBAHHSIM
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BHKOPHUCTOBY€ETHCs Ipyruit Bapiant). Koxkra Komamma, sika BBOIU-
ThCsl B 00JIACTI BBEJIEHHsI, TIOBUHHA 3aKIHIyBATUCh KPAITKOIO 3 KO-
MOIO ( ;) abo ABOKPAIKOIO ( : ). SIKIIO BXKUBAETHCST KpalKa 3 KOMOIO,
TO pe3yJbTaT BUKOHAHHS KOMaHIu Oyre BimobpaxkaTuch y obJyacti
BUBEJICHHS, JBOKPAIKa BUKOPUCTOBYETLCS JIJIsT MIPOMIXKHUX 0041~
CJIeHB, Pe3yJIBTaTH SKUX BimobpakaTu He MoTpibHO. fKImo KomaH-
JIa JOCTaTHBO JOBra i He MOMIIAEThC v PaKy, To Maple aBroma-
TUYHO IIepeHece 11 y HACTYIHHUI psiioK. B oaHOMY DPSIIKY MOXKHA
BBOJIUTH KiJIbKA KOMAHI, BiJOKPEMJIEHHX KPAIKOIO 3 KOMOIO UH
JTBOKPAIIKOIO.

3a 3aMOBUYBaHHSAM DPE3yJIBTATH BUKOHAHHS KOMAaHJIU BimoOpa-
JKAIOTHCS Y BUIVISI 3BUYHOIO MaTeMaTHIHOro samucy. OrpuMany
dopmysty un i1 9acTUHY MOXKHA CKOIIIOBATA B 00JIACTH BBEICHHS
(Bona BimoOpasuThest y dopmi cuaTakcucy moBu Maple, Ko y
1iii bopmi BitoOparKaeThCst BMICT 00J1aCTi BBEJICHHS ).

Kpim rpyn obumciiens, Ha pobOIOMY JIMCTI MOXKYTH OyTH KO-
MeHTapi, sKi CTBOPIOIOTHCS 3a JOIOMOTOK KoMaHJ] MeHO Maple
9 KHOIIOK TaHesi iHCTpyMeHTiB. KomMeHTapeM € TakoXK YacTHHA
psiZika B 00JIaCTi BBEJIEHHSI, STKA, [IOUYNHAETHCST 3 CUMBOJIY #.

Tpeba maTu Ha yBa3i, MO y maM’siTi KOMIT IOTepa i 9ac Ceancy
poboTH 3 poboUUM JIUCTOM 30€piraroThcsi BCi pe3yaIbTaTu BUKOHAH-
He KOMaHI, HABITh AKIINO caMi KOMaHIu abo pe3yabTaTh 1X poboTn
mic/ist nporo Oysm BujaseHi (3BHYANHO, AKINO HE BXKUBATH CIEIl-
ABHUX 3aXOJIB Jisl 3HUIIEeHHsT 11i€l indopmariil). Bogrouac, micss
BIAKPUTTST pOOOYIOTO JIMCTA Y TaM ATi KOMIT' I0TEpa HEMAE Pe3y/ib-
TaTiB OOYHUC/IEHD, X04Ya BOHU € Ha PODOUOMY JIUCTI y BiJIIOBITHUX
00/1aCTSAX BUBEICHHSI.

Maple BMie mpalfoBaTi 3 IJIMMUA YHCIAME, 3BUYAAHUMHI JIPO-
bamu, aareOpUIHIMY KOPEHSIME, THCIaME 3 ILIABAIOY0I0 KPAITKOIO
Ta, KOMILIEKCHUMY YucjaamMu. B apudMeTnIHnx BUpa3ax MOXKHA BH-
KOPUCTOBYBATH OIEpAIlil MiHEeCeHHs 0 CTemeHst (~), MHOXKEHHS
(%), ninennst (/), nomasannst (+), BigHiManus (-), daxropian (!).
[Topsimok BUKOHAHHSI IIMX OIEPAIil € CTaHIApTHUM, & JIJIs HOTo
3MiHM BUKOPUCTOBYIOTH KPYTJIi JIY2KKH.

Y BUpazax MOXKHa BHKOPHUCTOBYBaTH Taki cTaji: Pi — dmciio
7 = 3.1415926 ..., I — yaBHa oaumHung i = \/—1, infinity — me-
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CKIHYEHHICTb 00 Ta JesdKi iHrm. 3HaK % Mo3HAYAE PE3YJIbLTAT BUKO-
HAHHs HoIepe b0l orepartii. 1oro Takox MOKHa BUKOPHCTOBYBa-
TH Y BUpa3ax.

JlBa Bupaswm, moenHaHi 3HaKOM =, € piBHaHHAM. HepiBHicTb
CKJIQJIA€THCS 3 JIBOX BUPA3iB, HOEIHAHUX 3HAKAMU >, <, >= abo <=.

Bupasu, piBugHHs, HepiBHOCTI Ta iHII 00’€KTH MOXKHA IIPU-
CBOIOBATH 3MIHHIM orepariieio npucsooBanus (:=). Koxkma 3minna
Maple mae iM’d, ke MOXKe CKJIAJIATHUCH 3 JIATUHCHKUX OYKB, udp i
CUMBOJIY TiIKPECIEHHsI, aJjie IePIINM CUMBOJIOM iMeHi mudpa Oy Tu
He Moke. Besuki i majii OyKBU PO3PI3HAIOTHCs. 3MiHHA, IM’SI STKOT
30iraeThbCst 3 iM’SIM IPeIbKol OYKBH, BiI0OpaskaeThCsA BiIIIOBITHOIO
IPENbKOI0 OYKBOIO. 3MiHHA, AKifl HIYOr0 HE IPHUCBOEHO, TPAKTYE-
ThCd K HeBifioMa. [CHYIOTH cucTeMHi 3MiHHI, SKUM Bil cCAMOro Imo-
qaTKy I0ch npucsoeno. Hampukias, cucremna 3minna Order Bu-
3HAYAE, JI0 AKOTO IMOPSIKY MAaJIOCTi MOTPibHO po3BUBATU (DYHKIIIT
y paau. Cucremna 3minna Digits Bu3Havae HEOOXiJHY KiTbKIiCTH
3HAYymMuX udp Ipu 00UUCIEHHAX 3 JECATKOBOIO KPAIKOIO.

OcnosHi MoxkymBocTi Maple peasizoBani 3a HOIOMOrow0 ¢yH-
KIIiii, SIKi TAKOXK HAa3UBaIOTh kKomandamu. Koxua komanga Maple
(a 1X € meKiJbKa THCST) Ma€ Ha3By 1 KiJIbKa apryMeHTIB, sKi 3amm-
CYIOTBCSI Y KPYIVIMX JIy2KKaX depe3 KOMY IIiC/Isl HA3BU KOMaHIU. ¥
JIesIKAX BUIIAIKAX apryMeHTaMi KOMAH/IM MOXKYTb OyTH MHOMCU-
HU — TIOCJIJOBHOCTI BUPA3iB depe3 KoMy y (DIrypHHX IyzKKax — i
CNUCKU — TIOCTITOBHOCTI BUPA3iB uepe3 KOMY y KBaJIPATHUX Iy K-
Kax. B momaTkax TepMIHE «MHOXKHHA» 1 «CIIMCOK» BXKUBAIOTLCS
came B oMy cenci. OcTaHHI HEOOOB’sI3KOBI apryMeHTH KOMAaHJIH,
SIKi MAIOTh BUIJISII KJIIOUOBOTO CJI0BA, abO PIBHOCTI «KJIFOYOBE CJIO-
BO=BJIACTUBICTH», HA3UBAIOTH ONULAMUY. JlesKi KOMaHIN MaloTh
Heo0OB SI3KOBI apryMeHTH, fKi 3alUCYIOTbCH Y KBaJIPATHUX Iy K-
Kax IepeJsl KpyriauMu. Pe3ymbTar il KOMaHAM MOYKHA MPUCBOITH
3MIiHHI{l, BAKOPUCTATH y BHpPa3i, BiH MOKe OyTH apryMeHTOM iHITIOT
KOMaH/. ¥ IPOTUJIEKHOMY pa3i pe3ysbTaT BUKOHAHHS KOMAHIU
IPOCTO BiZOOPasuThCst B 06IaCTi BUBEICHHS (SKIIO KOMAHIA 3a-
BEPIIYETHC KPAITKOIO 3 KOMOIO).

Y Tabauni HaBeIEHO KOMAaHIU Jjis OCHOBHUX MaTeMATHIHUX

by HKITI.
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OyHKIIisT Komanga Maple
sin z sin(x)
cos T cos(x)
tgx tan(x)
ctgx cot (x)
secx sec(x)

cosec T csc(x)

arcsin arcsin(x)
arccos x arccos(x)
arctg x arctan(x)

arcctg x arccot (x)

e’ exp(x)
Inz 1n(x)
lgx log10(x)
log, x loglal (x)
|| abs (x)
sgn x signum(x)
N3 sqrt (x)
N surd(x,n)
[x] (uina gacTuna) floor(x)
{z} (apobosa wacruna) frac(x)
shz sinh(x)
chzx cosh(x)
thz tanh (x)
cthz coth(x)
Posringnmemo mie KinbKa BHKOPHCTaHHX y Jojarkax 1 — 5

KOMAHI,
s mudepenmiroBanus GyHKINT 3a 3MinHO0O 1, 3MiHHOIO 2 i
T. JI. BAKOPUCTOBYETHCsSI KOMAH I,

diff (Bupaz,3minnal, 3minna2, ... ).
s cripoinenisi BUPa3iB BUKOPUCTOBYIOTH KOMAHLY

simplify (Bupas, omis).
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Ormiero MoXke Oy TH TPUTYIIEHHST aSSUmMe=BIaCTUBICTD, IKe HaKJIa-
JAETHCS Ha HEBINOMi, HAPUKJIAJI, assume=real.

Jl1st po3B’s3yBanHa PIBHAHDL Ta HEPIBHOCTEH IpU3HAYEHA YHi-
BepcajibHa KoMaHIa solve (piBHsHHg, 3MiHHA). Po3B’s3yroun cu-
cTeMU PiBHSAHD, BAKOPUCTOBYIOTH (bopMaT

solve ({piBusiHHs], piBHSHHSZ, . . . }, {3MinHal, 3miHHA2, . .. }).

Kowmamma solve 3Hax0anTh TOYHI PO3B I3KHU PIBHAHHSA 91 CHCTEMIU.
Axio TouHI PO3B’A3KM 3HAWTU HEMOXKJIMBO, TO BUKOPUCTOBYIOTH
KoMaHTy fsolve JjIs BiAITyKaHHS TeCATKOBUX HADJINKEHD KOPEHIB
piBasians. [i opmar BinpisHseTnes Bif dopMmary kKoMaHIM solve
MOZKJTHBICTIO 3a/[aBATH B SIKOCTI TPETHOrO (HEOOOB’SI3KOBOTO) mapa-
MeTpa OIIIiI0, TKOI0 MOXKE OYTU MPOMIXKOK, IO MICTUTD IITyKAHUH
KOpiHb piBHAHHSA. BiH 3a71aeTbea gk duciaoBuil miamaszon y dopmi
a..b. /s anreOpuaHUX piBHAHb MOXKHA BUKOPUCTOBYBATH TAKOXK
oo complex, fKa JO3BOJISE€ 3HAXOMAUTH BCl KOMILJIEKCHI PO3B’si3-
KW PIBHIHHSI.

Komamma dsolve ajisi iHTerpyBaHHs 3BHYAfHUX audepeHIii-
aJbHUX PIBHAHD Ta IX CUCTEM JOCTATHBO JETAJTHHO PO3IVISHYTA Yy
nonaTkax 1 — 3.

Komanga

plot (byHkIis, 3MiHHA, Tiala30H 3HAYEHD, OIIIIiT)

no3Bosisie mobyyBaTu rpadik QyHKIN oaHiEl 3MiHHOI. 3aMmicTb
3MiHHOI MOXKe OyTH PIBHICTH BUIVIAAY Xx=a..b, e X — He3aJIeKHa
3MiHHA, a, b — MiHIMaJIbHe 1 MakcuMaJbHE 3HAYEHHSI, IJIsT STKUX
Oynyerbest rpadik. lianmazon 3madeHb mae Burisn c..d, € meobo-
B’SI3KOBUM apTyMEHTOM 1 BU3HAYAE TACTHHY OCi OPIAWHAT, siKa Bi-
obpaxkatumeTrbca Ha rpadiky. Komamma moxke matu 6araTto Heo-
OOB’SI3KOBUX apryMEHTIB — OMIIiil, HaffgacTime 3 AKIX BUKOPHCTO-
BYIOTb Taki: color 3ajae KoJiip JiHil Kpusol (Hanmpukiaj, black,
green, blue, red); scaling=constrained o3nadae, 1o MacITad €
OJIHAKOBHUM I10 OOMIBOM OCSM KOOPJMHAT; OIIIis numpoints 3aae
KUIBKICTh TOYOK, O SIKUM OyayeTbcst rpadik. IIpukiaan Bukopu-
CTaHHS KOMaHIIU € Y NOJAaTKy 2.
Ananorigna KoMaHnzga
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plot3d(dyukrmis, 3sminnal =maianazonl, 3MiHHA2=/TiaTIA30H2, OIIITIT)

JO03BOJIsI€ TIOOYIyBATH YaCTUHY MTOBEPXHI, 10 € rpadikom pyHKIil
JIBOX 3MIHHIX.

He Bci xomanau makera Maple MictaThbesa B ocHOBHilt 6i6Jtio-
Teri. BigpmmicTs KoMaHI, sKi peasi3yioTh CIemiaabHi MOXKJIMBO-
cri Maple, sHaxomsiThest y 10JaTKOBUX Hakerax (6ibsiorekax). B
OCTaHHIX Bepcisgx mporpamu nmx mnakeriB € mouax 100. ITakerm
DEtools i PDEtools MiCTITD JOAATKOBI KOMAHIN JJIsT PO3B’SI3yBa-
HH¢ 3BUYAfHUX TudepeHIiaJbHuX PIBHIHD i PIBHAHD 3 YACTUHHU-
MU TOXITHUME Bimmosizao. Kinbka mpuKIamiB BUKOPUCTAHHS X
KoMaHg € y nofgatkax 1,4, 5. [Taker plots TakoXK MICTUTDL OIHY KO-
MaHIy JJist TpaivdHoro BigoOparkKeHHsa PO3B SI3KiB AudepeHItiaab-
HUX PiBHsIHB. [IJIsT BUKOpUCTAHHSI KOMAHIU 3 IIEBHOT'O TaKeTa HOoro
CIoYaTKy Tpeda IMiIKII0InTH KOMaH1010 with (maker) abo BUKOpH-
CTOBYBATH JIUIIIE OHY KOMAHJIy ITAKETa 33 JIOMOMOTOI0 CHHTAKCUCY

naket [komangal (aprymenTn).

Pozrisinemo koman iy odeplot 3 nakera plots, 3a JOIIOMOIOIO
SIKOI MOXKHA MMOOYy/IyBaTH 1HTErpajbHy KpUBY — rpadik pO3B’S3KY
samadi Ko mrst seraaiigoro audepeHIiaabHoro pisasgaas. [Ipn-
KJIaJI BUKOPUCTaHHSI KOMaH/U € ¥ J07aTKy 2. opMar KoMaHIu:

plots[odeplot] (proc, xrange, orriii) .

[Iponemypa proc mjs 9ucIoBOro pos3B’sa3yBaHHs 3ajati Ko mo-
BUHHA OYTHU TIOTEPETHLO CTBOPEHOIO KOMAHIOI0 dsolve 3 OMINEIO
type=numeric. ApryMeHT Xrange 3aja€ Jiama30H 3MiHA He3ae-
>KHOT 3MiHHOT y dopMi x=xmin..xmax. Omril 1iel KoMaH 1 aHaI0-
rivHi 10 ommiit KoMau ! plot.

Posrisgaemo xomanmy DEplot 3 makera DEtools. 3a mormomo-
rOIO ITi€] KOMAH I MOXKHA HAOJIMKEHO 3IHTerpyBaTH OHE 3BUYaiiHe
mudepenIiagbie PiBHSIHHS ab0 CHCTEeMy TaKUX PIBHSHD Ta 300pa-
3UTH BIANOBIHY IHTErpaJibHy KPUBY 4YM 11 IPOEKIIO Ha 3aJlaHy
WIOIMKHY. YUMaJI0 TPUKJIAJIB, sIKi JEMOHCTPYIOTH POOOTY 3 HEIO,
€ B gomaTkax 1 i 5. @opmaT KOMaHIN:

DEtools[DEplot] (deqns, vars, trange, inits, xranges, omriii) .
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Tyt deqns — piBHAHHSA 91 MHOXKHHA PIiBHSHD, vars — IIyKaHa QyH-
KIIisT a0 1X MHOXKHHA, trange — /iarra3oH 3MiHI HE3a/1e2KHOT 3MiHHOT
y Burisai t=a..b, me t — iM’a mezaserkHol 3MiHHOI, a 1 b — Mexi
mianazony i1 aminu. IlouaTkoBi ymMOBM 3aaf0ThCsI ITapaMeTpPOM-
CIIICKOM 1nits, ejleMeHTaMM SIKOTO € CIucKu. KoskeH ejgeMeHT-
CIINCOK BU3HAYAE IHTErpaJibHy KpuBy (uu 11 HPOEKIlin) audepes-
[aJILHOTO PIBHSIHHS ab0 CHCTeMH, IIM0 BimobpaskaeThcest Ha rpadi-
ky. KimbKicThb esleMeHTiB-cIiucKiB mapameTpa inits Bimmosimae Kimb-
KOCTi iHTerpaspbHuxX Kpusux. [lapamerpm xranges (ix moxe OyTn
CTLIBKY, CKUIbKHU € HeBimoMux (yHKIH y cucremi) 3aJal0Th Jia-
MTa30HU 3MiHI HEBIIOMUX (DYHKITii i BAKOPUCTOBYIOTBHCSI JIJIsI 3aBEP-
IIEHHsI [TpoTiecy inTerpyBanist. Bounu marors Burasam x(t)=x1..x2.

[Tapamerpu xranges He € 000B’si3KoBUMH. JIjisi aBTOHOMHOI
CHCTEMH JBOX AuepeHIiaJbHuX PiBHIHDb MIEPIITOTO MOPSAIKY abo
OJTHOTO JTU(DEPEHITIATBLHOIO PIBHIHHS, PO3B’SI3aHOT0 BiJHOCHO TO-
Xi/THOI, OYAyeThbCs JOJATKOBO II0JI€ HAIPSMIB, BUBHAYEHE IIIE€I0 CH-
cTeMoIO uu piBHstHHsAM. [j1s1 Takol cucremu (piBHsIHHSI) 3aaBaTU
IMOYATKOBI YMOBH inits HeoOOB’sI3KOBO, aJie 3aMiCTh HUX Tpeba BKa-
3yBaTH ITapaMeTPHU Xranges.

Onmil 3amaiorbest y Bursiai piBHocTeil. Cepell KiTbKOX OeCs-
TKIB OINIIiil HaltdyacTillle BUKOPUCTOBYIOTh Taki: linecolor 3ajae
Koutip JIiHiii po3B’s3kiB (Hampukiamg, black, green, red); scene
3aJa€ThCS Y BUTVISL ABOEJIEMEHTHOIO CIMCKY IIYyKaHUX (DyHKITIH
YM He3aJeKHOI 3MIHHOI i BU3HAYAE, IO BUBOIUTHCA Ha rpadi-
Ky (scene=[x(t),y(t)] o3mauae, Mo MO rOPU3OHTAIBHIN OCi Tpa-
dika BimobpaxkaeTbest dbyHKIsa z(t), a 10 BepTUKAIBHINA — Y(t));
stepsize 3aJla€ KPOK 3MiHM HE3aJIEXKHOI 3MIHHOI JJ1s BijtoOpake-
HH# TOYOK I'padika; scaling=constrained o3navae, Mo MacITad
€ OJIHAKOBHUM IT0 ODWMIBOM OCSIM KOOPIUHAT.

Posrnsnemo komangy PDEplot 3 makera PDEtools, ska Oymye
iHTerpajbHy MOBEPXHIO PIBHAHHA 3 YACTUHHUMU TOXITHUMH TIEpP-
IIIOT'O TTOPSKY, IO MPOXOJUTL Uepe3 3aJaHy KpuBy. ¥ nonarky 4
€ IpUKJIaIn poboTH 3 Iie0 KoMaH 0. PopMaT KOMAHIN:

PDEtools [PDEplot] (PDE;, inits, srange, omii) .

Tyt PDE — piBHsHHS 3 YaCTUHHUMU TTOXiTHUMU TIEPIIOTO MOPSIIKY
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BiHOCHO HeBimoMOl byHKIT 1, n > 1, 3minaux. [logarkosBi ymoBH
33/IAI0ThCs TIapaMeTpoM inits y BUIIs N cnucky 3 1o + 1 ejgeMen-
TiB, sIKi BUBHAYAIOTH y mapamMerpudHiii ¢popmi kpusy y (n + 1)-Bu-
MipHOMY IIPOCTOPi, Uepe3 sIKy HPOXOJUTh IHTerpasibHa IOBEPXHS
nudepeHIiaabHOro PiBHAHHA. KjaeMeHnTr MoBuHHI OyTH BHpasaMu,
dKi 3ajexkaTh Big n — 1 mapamerpa. Ilapamerpom srange 3aa-
€ThCsT CIIMCOK iala30HiB abo Jiama30H 3MIHM KOXKHOTO IIapame-
Tpa, SIKUM BUKOPUCTOBYETHCS Yy IOYATKOBUX yMOBaX, y BUTJIAIL
s=sl..s2, t=t1..t2 i T. 1. 3oKpema, y BUIIQJKY IBOX HE3AJIEIKHUX
3MIHHMX CIIMCOK inits MOBUMHEH MICTUTHU TPHW BUPAa3U, 3aJIE¥KHI Bif
onHOTrO mapamerpa. Maiixke Bci OmIil € aHAJOTIIHUME O OIIIiil KO-
Mmann DEplot makera DEtools. Onna 3 HAWBaXKIUBIMINX T0TATKO-
BUX OIIIiM Xxi=ximin. .ximax J03BOJISE 3a/1aTH Iialla30H, 110 odMe-
KyBaTUME YaCTUHY MOBEpPXHi, 9Ky MOoTpiobHo BimobpasuTtu. Kimb-
KicTh Taxux omiiit moxke o6yt Bim 0 1o n + 1. Be3s mux ormriit
HeoOMeXKeHy IOBEPXHIO BimoOpaszumTu HeMOXKauBo. Jlyisg Kparmoro
BitoOpaskeHHsI TOBEPXHI MOXKHA BUKOPUCTOBYBATH OIIIif0 numchar,
dKa, 33/1a€ KiJTbKICTh TOYOK 3 MOYATKOBUX YMOB, Uepe3 fKi MMPOXo-
ISITh KPUBI, IO POPMYIOTH iHTErpajbHy IOBEPXHIO. 3a 3aMOBYY-
BaHHAM numchar=20 g n = 2, Mo Moxke OyTH HeJOCTaTHIM I
aKypaTHOro BimoOpasKeHHsI CKJIaIHOI ITOBEPXHi.
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KOPOTKI BIZIOMOCTTI IITPO BYHEHUX,
AKI STAAYIOTBCHA ¥V ITOCIBHUKY

ABEJIb Hinbc T'enpik (Abel Niels Henrik; 1802 — 1829) — nop-
BE3bKUI MaTeMaTUK. ABTOD BayKJIMBUX BIAKPUTTIB B ajirebpi Ta MareMa-
TUIHOMY aHaJi3i. BcranoBuB HEpPO3B sI3HICTH 3araJbHOrO aareOpUIHOTO
PIBHSIHHSI CTEIIEHS 1 > 5, OJeP2KaB 03HAKHU 3012KHOCTI YNCIOBUX Ta (DyH-
KIOHAJILHAX PSIiB. 3alfiMaBCs TAKOXK JuepeHIiaJIbHIMI PIBHAHHIMH,
OJHUM 3 TIEPIUX ITOYaB BUBYATH IHTErPAJIbHI PIBHIHHS.

BAHAX Credan (Banach Stefan; 1892 — 1945) — nmosnbcekuii i
YKpalHChbKHUil mMaremaTuk, mpodecop JIbBiBcbkoro yaisepcurery. Omux
i3 TBOPIIIB CydacHOro (DYHKIIOHAILHOTO aHAJI3Y 1 TbBIBCHKOI MaTeMaTH-
YHOI TITKOJIH.

BEPHYVYJIJII Hauwuin (Bernoulli Daniel; 1700 — 1782) — mBeii-
HapchKmii MareMarnk, Mexanik, disuk. Cun M. Bepmymi. Hait6imbmr
BioMwmii miparsgMu 3 MaTeMaTHIHOI (Di3uKu Ta Teopil audepeHtiaabHIX
piBHstHB — itoro pasom 3 [I’AstambepomM i EitjiepoM BBakaloTh TBOPIEM
MaTeMaTUIHOl (pizuKm.

BEPHVYJLJIT Woraun (Bernoulli Johann; 1667 — 1748) — mseii-
napcekuit Mmaremaruk. Mosomgmmit 6par 4. Beprysui, 6arsko 1. Bep-
Hysuti. /laB mepire cucreMaTnaHe BUKJIAIEHHS TU(MEPEHITIATLHOTO Ta 1H-
TEerpajbHOIO YHMCJIEHH, aBTOD JeIKIUX METOIB iHTerpyBaHHS 3BUYANHIX
nudepeHIiajbHuX PiBHAHD (PO3POOKUB METO/ BIIOKPEMJICHHST 3MIHHUX Ta
MEeTO/I IiJICTAHOBKY IHTerpyBaHH JIHIHHUX PIBHSHD IIE€PUIOTO HOPSIKY ).

BEPHVYJLJII dko6 (Bernoulli Jacob; 1654 — 1705) — mBeiinap-
CcbKUil MaTemMaTuk. ABTOp BUJATHUX Ipallb 3 AHAJITUYIHOI reoMeTpil,
MaTeMaTUIHOIO aHaJI3y, Teopil fiMOBipHOCTEl, nudepeHiaJlbHIX piB-
usaub (piBHsnna Beprysuti). Pasom 3 6parom Voranmom 3akias ocHOBH
BapiariitHoro unciaents. [IparoBaB TakoXK y pi3HUX Taay3ax (i3uku.

BECCEJIb ®piapix Biasreaom (Bessel Friedrich Wilhelm;
1784 — 1846) — mimenpkuii acTponoM i maremaruk. Ilparni npucssdeni
Teopil audepeHIiaIbHIX PIBHSIHL 1 HeOECHI MexaHirmi. Y MaTeMaTHIl
iforo im’st HOCATH Tak 3BaHi nuHAPUYHI GYHKIHT nepioro poay (dyH-
kuii Beccenst) 1 nudepenniaibie piBHAHHSI, sIKe BOHU 3aJ0BOJILHSIIOTH
(piBusinus Beccess).

BAHAEPMOH/  AnekcaHap Teodin (Vandermonde
Alexandre Theophill; 1735 — 1796) — dpanmysbkuii MaTeMaTuk.
Bimomuit mpargmu 3 anredbpu, 30KpeMa JIaB JIOTIYHUE BUKJIAJ, TEOpil
BU3HAYHUKIB, JIe Binmomuil BusHavHuk Banaepmona.

BPOHCHKWI (FEHE-BPOHCBKUIM) IOsedp Mapis
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(Hoéne-Wrocski Jozef Maria; 1778 — 1853) — moJyibCbKuii MaTeMaTHK 1
dismocod. OnepxkaB nikasi pe3ysbraTu B ajredpi, MATeMATHIHOMY aHA-
Jisi, Teopil mudepenniaabHUX PiBHAHB. Yiepiie BBiB (QyHKI[IOHAIbHUIMA
BU3HAYHUK, sIKAIl MA€ BeJUKe 3HAYEHHSI B TeOpil JIHINHUX maudepeHtri-
AJbHUX PIBHAHD (BU3HAYHUK BPOHCHKOro abo BPOHCKIAH).

TPIH dxopax (Green George; 1793 — 1841) — anrniiicbkuii Mmare-
MaTuK i dizuk. OCHOBOMOIOXKHUK KON MaTeMaTnaHOl (dhizukn B Kem-
6pumki. OjiepkaB Baromi pe3yJibTaTi B MaTeMaTuIHiil Gi3ull, po3BuHYyB
TEOPII0 eJIKTPUKY I MarHeTu3My, CIHPAIOYNCh Ha 3HANIeHI HUM (dop-
MyJIH Teopil moTeHIiay.

TYK PoGepr (Hooke Robert; 1635 — 1703) — anruiiicbkuii npu-
POJI03HABEIb, WieH JIOHIOHCHKOTO KOPOJIiBChKOro ToBapucTBa. OCHOBHI
npari y pisHOMaHITHHX rajiy3sx ¢disuku i acrponomii. Oaun 3 TBOPIB
MaTeMaTUIHOI TeOPil MPYKHOCTI.

TYPBIII Apoabsd (Hurwitz Adolf; 1859 — 1919) — uimenpkuii ma-
TemMaTuK. Bizomuil npangMu 3 MaTeMaTHYHOrO aHAJI3y, ajarebpu (Kpu-
repiii I'ypsina), reopii uucesn. 3 1892 p. upodecop Iomirexniunol nmkosu
y ropixy, me cepen iioro crymentis 6ys Anbbepr EitHimnreiin.

’AJIAMBEP 2Kau Jlepon (D’Alembert Jean Le Rond; 1717 —
1783) — dpanmyspkuii MmaTemaTuk, Mexauik i digocod. Asrop dymma-
MEHTAJIbHUX IIPallb 3 MEXaHIKH, MaTeMaTuIHOl (bi3uKu, Teopil audepen-
miaJbHUX piBHSHB. Brepire cgopMy/oBaB 3arajibHi MpaBma CKJIa1a-
HHA audepeHIiajbHIX PIBHAHb PYXy OyIb-SIKNX MaTepiajJbHUX CHCTEM
(upummun [T’ Asam6epa). Mloro po6oru, a Takox nactymmi poborn JI. Eii-
sepa i J[. Beprysuti 3akiiaan oCHOBY MATeMATUIHOI (DI3UKU.

EMJIEP Jleonaps (Euler Leonhard; 1707 — 1783) — Buzaruuii ma-
TeMaTUK, MEXaHiK, (PI3UK, ACTPOHOM. 3a IMOXOXKEHHSIM IBEHAIapeIh. AB-
Top Maiizke 850 HAYKOBHX IpaIb 3 MATEMATUIHOIO aHAJI3Y, AUdepeHIi-
aJbHOI TeoMeTpil, HAOIMKEHNX METOIIB OOUNC/IeHb, HeOeCHOT MeXaHiKN,
MaTeMaTndHol di3ukn, onTuky, Oagsictuku ta iH. CucreMaTHIHO PO3BH-
BaO4YM HOBI IpuitoMu iHTerpyBaHHs JudepeHIliajbHAX PIBHSIHb Ta BBIB-
[ HU3KY OCHOBHUX IIOHSITH y TMiif objiacti, Eiljiep cTBopuB sik camocTiii-
HY AUCIUILIIHY TEOPiio 3BUYAWHUX JU(EPEHIlaJIbHIX PIBHIHD 1 3aKIaB
OCHOBHU TeOpil piBHAHb 3 YACTUHHUMU TOXiTHUMU.

KATIIEJIJII Ansdpeno (Capelli Alfredo; 1855 — 1910) — irasiii-
CbKWiT MaTeMaTnK. PO3BUHYB TEOpII0 KBaJIPATUIHUX (DOPM Ta TEOPito
asreOpuaHux piBHSAHB. JIOBIB HEOOXiAHY 1 JOCTATHIO yMOBY iCHYBaHHS
PO3B’sI3KY JOBLJIBHOI JIIHIHHOT CHUCTEMU AJIr€OPUIHUX PiBHSHD.

KIPXTO® TI'ycras Pobepr (Kirchhoff Gustav Robert; 1824 —
1887) — mimernpkuii disuk. Po3s’sa3as 3a1a1y 1po po3Moi eJeKTPHIHIX
CTPYMIB y po3raJiyKeHux ejekrpuanux Koyax (npasumia Kipxroda). Ma-
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TEeMaTUIHI JOC/TiPKEHHST BiTHOCATHCSI TOJIOBHO /0 MATEMATUIHO1 (Pi3UKU
(meTox HABIMIKEHOro PO3B’ a3y BaHHd 3a1a4 AU PaKIil KOPOTKUX XBUJIb,
dopmysn Kipxroda B Teopii norenijasy).

KJIEPO Ausekcic Kaog (Clairaut Alexis Claude; 1713 — 1765) —
dpaHIly3bKHil MaTEMATHK, MEXaHIK 1 acTpOHOM. BBiB HOHSTTS MOBHO-
ro pudepenmiajia QyHKINT KIIBKOX 3MIHHIX, 3araJIbHOTO Ta YACTHHHOTO
PpO3B’sI3KiB audepeHItiaabHOr0 piBHAHHSI.

KOIIII Ortocren JIyi (Cauchy Augustin Louis; 1789 — 1857) —
dpanmyspkuit Mmaremaruk. Onyosikysas moua 800 mpails i3 Teopil um-
ces, ajarebpu, MaTeMaTUIHOIO aHAJII3Y, TEOPETUIHOI MEXaHIKHM, MaTeMa~
tuaHOl izuku. JlaB diTke o3HavUeHHS HenepepBHOI (DYHKIII, OCHOBHUX
HOHATD Teopil 36ixkHux psaaiB (o3naka Ko, kpurepiit Komi), possunys
ocHOBH Teopil anamiTuunux QyHKIHH. Y Teopil audepeniiagsbHux pis-
HAHBb JIOBIB OCHOBHY TEOPEMY iCHYBAHHS PO3B’SI3Ky MOYATKOBOI 3a1adi
(3amaui Komi). Po3po6us MeTou iHTErpyBaHHs PIBHAHDL 3 YACTUHHUMUI
MOXITHUMHU TIEPITIOTO TOPSIKY.

KPAMEP T'a6piens (Cramer Gabriel; 1704 — 1752) — mBeitnap-
cpKuit Maremaruk. OIUH 3 TBOPIUB Jiniitnol anre6pu, yuens 1. Bepmyi-
Jii. 3amporoHyBaB METO/I PO3B’SI3yBAHHS CUCTEM JIHITHUX aJreOpUIHIX
piBaanb (Meron Kpamepa). OTpuMaB HOBI pe3y/abTaTh TAKOXK y TeOMe-
Tpil, Teopil iMoBipHOCTEl, HEOECHIT MeXaHIIT.

KPOHEKEP Jleonoasz (Kronecker Leopold; 1823 — 1891) — Hi-
MenbKuit Mmaremaruk. Hamucas nmonas 120 HaykoBux mparp 3 ajuredpu i
Teopil uncen. By npuxmibHuKOM «apudmernsalii> MaTeMaTHKH, HKa,
Ha WOro JAyMKY, MOBUHHA 3BOJUTUCH JI0 apU(PMETUKH ILINX IUCEI.

JIATPAH2K 2Kosed JIyi (Lagrange Joseph Louis; 1736 — 1813) —
dpaniy3pkuit MaTeMaTuK 1 MexaHik. HaiiblibIn Baxk/mBi parii BigHOCS-
TBCSI 10 BapialfiifHoro umcieHHs i Mexaniku. oMy HajlesKaTh TAKOK BU-
JaTHI JIOCII/IZKEeHHSI 3 DI3HUX HUTAHb MATEMATUIHOrO aHaJsy (dbopmysa
3aJIMINKOBOrO 'ieHa psiay Teitsiopa, dopMysia CKiHYEHHIX IPUPOCTIB —
dopmysia Jlarpanka, Teopist yMOBHIUX €KCTPEMYMIB — METOJ, MHOYKHUKIB
Jlarpamka), qudepenniaapaux piBHAHL (TEOpis 0COBIMBUX PO3B’A3KiB,
METO/I Bapiallil JIOBIJIbHUX CTAJUX JIJIs JIHIHHOTO PIBHAHHS N-TO MOPS/I-
Ky) Ta iH.

JIEMBHIII Tordpin Binbreasm (Leibniz Gottfried Wilhelm;
1646 — 1716) — mimernpkuit Mmaremaruk, disuk, ditocod. Oaun i3 TBOpIIB
IuepeHIiajIbHOro Ta IHTerpajJbHOTO YUC/IEHb, IXHIX MOHSTH 1 CHUMBOJII-
k. Vlomy maseskars TepMinn «audepeHIiars, «mdbepeHmaabHe Tnce-
HHS», «IudepeHIiagbie PiBHIHHI», «DYHKIA», <KOOPAUHATH» Ta iH.

JITTIIIITT Pynosnsd Otrro Curismyss (Lipschitz Rudolf Otto

Sigismund; 1832 — 1903) — mimernpkuii MareMaTuk. ABTOD BayKJIMBUX



344 BIZOMOCTI IIPO BUEHUX, SKI 3TAAYIOTHCS ¥V IIOCIBHUKY

mparb 3 MATEMaTHIHOTO aHAJI3Y, Teopil duces, audepeHniaIbHuX piB-
usab (ymosa Jlinmmina), TeopeTuaHOl MeXaHiKn.

JITVBIJIJIb 2Ko3sed (Liouville Joseph; 1809 — 1882) — dpaniy3n-
KUl MaTeMaThK. ABTOp BasKJIUBUX IIPAllh 3 KOMILJIEKCHOI'O aHAJI3y, Teo-
pii ances, qudepennianbaux pisasiab (Gopmyna Ocrporpajcskoro — Jli-
yBlwig). [lepmmm cTporo J0BIB HEIHTErPOBHICTD y KBAIPATYPax JEAKUX
kJaciB gudepentiaapunx piBHgab. Pazom 31 2K. IItypmom po3pobus
Teopifo KpaioBUX 3a/a Ha BJIACHI 3HAYEHHS JJIsI JIHIHHUX AudepeHIi-
AJBHUX PIBHSHD JAPYroro nopaiaky (3amada lrypma — JIiysisis).

JIAIIYVHOB Ounekcanap Muxaitiosug (1857 — 1918) — pociit-
CHbKWIT MATEMATHUK 1 MeXaHIK. 3aCHOBHUK MaTeMaTUJIHOI Teopil cTifikocTi
PYXy, aBTOP BaXKJIUBHUX JOCJIII2KEHDb PO (Birypu piBHOBATM PiTUHU, IO
piBHOMIpHO 06EpPTAETHCA.

HBIOTOH Icaak (Newton Isaac; 1643 — 1727) — anruiiicekuit di-
3UK, MATEMATUK, MEXaHIK, aCTPOHOM. 3aKJaB TEOPETUIHI OCHOBU MeXa-
HIKM 1 acCTpOHOMIl, BIIKPUB 3aKOH BCECBITHBOTO TsXKiHH, pa3oM i3 Jleit-
OHiIlEM BBaXKA€THCS TBOPIEM IMMEPEHIATILHOTO Ta IHTErPAJILHOTO Y-
cyeHb. BuHaUMoB MeTo 1 inTerpyBaHHus JudepeHIiaJIbHuX PiBHIHD PO3-
BUHEHHSIM X PO3B’SI3KiB y CTENEHEBi PsiIu.

OCTPOTPAICBKUMN Muxaitno BacuisoBudg (1801 -
1862) — ykpaincekuii i pociiicbkuit maremaruk (pogom 3 Iosrrasmumm),
ajier [lerepOyp3bkol AkajgeMil HayK Ta baraTboxX 3aKOPIOHHUX aKaIeMiit
Hayk. Po3B’s3aB HU3KY BarkK/IMBUX 3a/ad MaTeMaTUIHO! (i3uku, Teopil
sBuuaiinux audepenijanabuux piBasaHb (bopmyina OcTporpajicbKoro —
JliyBljist), BapiariiHOro 9uc/eHHs, TEOPETUIHOI MEXAHIKU. 3anPOIIOHY-
BaB CIOCIO 3BeIEHHST HEOIHOPIIHOT KpailoBol 3a1a4i 0 OJHOPITHOL.

ITIEAHO [xyszenmne (Peano Giuse; 1858 — 1932) — irasiiicbkuii
MaTeMaTUK. 3allPOITOHYBaB CUCTEMY aKCIOM apudMeTUKH, JIOBIB TeOpeMy
icuyBannas po3B’a3Ky 3amadi Komri ay1s qudepeHIiaabHoro piBHIHHS 3
HEIIEPEPBHOIO IIPABOI0 YaCTUHOIO.

IIYAHKAPE Aupi 2Krousb (Poincare Henri Jules; 1854 — 1912) —
dpanmyspkuit MaremaTuk, izuk, acrpoHom i dimocod. ABTop moHa
1000 mpars 3 audepenniaabHUX PIBHSHB, TEOpil MOTeHIIaIiB, MaTeMa-
tanol bizuku, HebecHoT Mexaniku. OJMH 3 3aCHOBHUKIB SIKiCHOI TeOpil
mudepeHIliaIbHIX PiBHIHD.

MNOADPD Vorauu ®pigpix (Pfaff Johann Friedrich; 1765 —
1825) — mimenpkuii Maremaruk i acrporom. Bimomwmit mocitipKeHHAMEI
3 Teopil pudepeniianbunx pisaganb (pisusuans [Idadda).

PAYC Epsapp dxxou (Routh Edward John; 1831 — 1907) — an-
DIifichbKuit MexaHik i MaTeMaTnK. BimoMwuit mpamgmu 3 T€OpeTU<IHOl Me-
xaniku. 3alimaBcsa 1pobjaeMaMu crifikocTi piBHOBaru i pyxy (Kpurepiii
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Payca — I'ypsina). BeranoBus cuenjaibauil ajropurs Jyis BU3HAYEHHST
KLIBKOCTI KOPEHIB aJreOPUIHOTO PIBHAHHS, SKi MAalOTh MOJATHI JificHi
gactunu (Teopema Payca).

PIKKATI [Ixakonmo ®Ppanuecko (Riccati Jacopo Francesco;
1676 — 1754) — itasiiicbkuii MaremaTuk Ta imzkenep. OcHOBHI 1pari cro-
CYIOTHCs IHTErpaJIbHOIO YUCJIeHHS 1 qudepeHIiiajbHIuX PiBHSAHB, 30Kpe-
Ma BiH aBTOpP JIOCJIPKEHHS PO 1HTEIPOBHICTH y KBaApaTypaxX OHOTO
KJacy JudepeHiaJbHIX PIBHSHD HEPINOro MOpsKy (crieniaibHe piBHS-
HHst Pikkari).

CUNJIBBECTP [Ixeiimc Jxko3ed (Sylvester James Joseph;
1814 — 1897) — anrumiiicbkuit Maremaruk. OcHoBHI mpari 3 agrebpu (Kpu-
repiii CusibBecTpa), Teopil ducesi, Teopii fiMoBipHOCTEl, MeXaHiKu 1 Ma-
TeMaTHIHOI Di3UKH.

TEMJIOP Bpyk (Taylor Brook; 1685 — 1731) — anrviiicbkuii Ma-
remaruk. Busis 3aranbny dbopmyiy (dbopmysna Teiyiopa) po3suHeHHst
dbynkuiit y crenenesi psu (psau Teitsopa), 3an04arkyBaB MaTeMaTH-
9HY TEOPil0 KOJIMBAHHSA CTPYHH.

OPEATOJIBM Epik IBap (Fredholm Erik Ivar; 1866 — 1927) —
[IBEJICHKUI MATEMATUK. J3aCHOBHUK 3arajbHOl Teopil JiHIHWX iHTe-
rpajbHux pisagaab (piBusuns Ppeprosbma, reopemu Ppearosnbma).

OYP’€ 2Kau Barucr 2Kozed (Fourier Jean Baptiste Joseph;
1768 — 1830) — dpaniyspkuit maremaruk. Hafisaromimi pesyibraru
oTpuUMaB y MareMaTudHii dizuri. 30kpema, BUBIB Judepeniiagbae pis-
HSHHSI TEIJIONPOBITHOCTI, PO3POOUB METO/I PO3B’sI3yBAHHS IIHOTO PiBHSI-
HHsI IIDH TIEBHEX KpaiioBux ymosax (Mmerox ®yp’e). Moro imei crasu mo-
TY>KHUM IHCTPYMEHTOM MaTEeMaTHYHOTO JOCJIiI>KEeHHsI HalpiSHOMaHITHI-
mUX 337249, OB’ sI3aHUX 3 XBUJISIMA 1 KOJTMBAHHSIMU.

XOIl® EGepxapn (Hopf Eberhard; 1902 — 1983) — nimerpkuit i
aMepuKaHChKu MaTemMaTuk. OCHOBHI POOOTH CTOCYIOTHCs TEOpil JnHA-
MITHUX crCTeM i audepeHIliaIbHNX PIBHIHD 3 YACTUHHUMHI TMOXI1THIMU.

IIITYVPM 2Kak IMapae Ppancya (Sturm Jacques Charles
Frangois; 1803 — 1855) — mBeiinapcbkuit maremaruk. OCHOBHI nparii mpu-
CBSAYEH] 33/a1aM MaTeMAaTUIHO! (Di3UKM Ta TMOB’SI3aHUM 3 HUMHU Kpaiio-
BUM 3a/Ia9aM Ha, BJIACHI 3HAYMEHHS JJIsI 3BUIaiiHnX JudepeHItiaIbHIX PiB-
uanb (3azaga [rypma — Jliysluis). 3akiaB ocHOBH TeOpil KOJMBHOCTI
PO3B’sI3KiB JiHIHUX JudepeHIiaJbHUX PIBHSIHb.

AKOBI Kapu I'ycras ko6 (Jacobi Carl Gustav Jacob; 1804 —
1851) — mimernpkuit MaTeMaTukK. VloMy HaTesKaTh BiIKpHTTS B Teopii um-
ces1, aarebpi, BapiamiiiHoMy 4YucseHHi, iIHTerpaJbHOMY YUCJIEHH] Ta TeOo-
pil mudepenmiaabuux piBHAHD. JlocTimKyBaB audepeHitiaabHi piBHIHHI
JWHAMIKH, PO3POOUB HOBI METONIN IX PO3B’S3yBaHHSI.
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