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We establish necessary and sufficient conditions for the existence of solutions of the boundary
value problem for a system of differential equations with discrete-continuous distribution of
parameters. Representations for solutions in integral form and in the Schmidt form are obtai-
ned. Besides, the structure of the Green matrix and its properties are investigated.
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YcraHoBIeHBI HEOOXOIUMBIE W JIOCTATOYHBIE YCIOBUS CYIECTBOBAHMS PEIICHUH IPAHUIHON
3aa4n I CUCTeMbBI Tu(DEePEeHNUATBHBIX YPABHEHNH C JUCKPETHO-HEIIPEPBIBHLIM PACIIPE/Ie-
JerueM mapaMmeTpoB. [losydeHnr peCcTaBIeHNs PEIeHnit B MHTErpaabHoit ¢hopme u B hopme
Mmuara. UcenenoBana cTpyKTypa MaTpHIlLI I'prHa 1 ee CBOICTBA.

Introduction. Investigations of the varied physical phenomena, which take into account
natural unity of discrete and continuous, result to the necessity of creation of adequate
mathematical models. Many of them are described by differential and quasi-differential
(q.-d.) equations with generalized functions in the coefficients and in the right-hand side part
(see [1, 2]). Boundary value problems for differential equations with the divisions in coeffici-
ents are successfully studied by mathematicians and mechanics for a long time. This subject
got the substantial shove for development due to fundamental works of M. G. Krein (see |3,
p. 648]) in relation to differential equations of the second order, which describe free vibrati-
ons of a string, the mass of which assumes except for continuous yet and the point division.
Before introducting of the concept of é-functions, points of singularities appeared in problems
in the form of specific conditions of conjugate for the solution and its derivative in points,
which in view of the modern theory, belong to the singular support of the coefficients of the
equation. Such researches mostly had partial character, because they concern the equation
of a concrete kind.

In papers |4, 5] the authors established existence and uniqueness of a solution and studied
spectral properties of a wide class of correct (in research of which the problem of multipli-
cation of functionals does not arise up) boundary value problems for q.-d. equations of any
finite order. In [6] the authors obtained an analogue of Fredholm’s alternative for a system
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of the first order, and in |7] the Green matrix for a system of q.-d. equations of fourth order
is constructed. Some results from this paper can be generalized to systems of equations of
higher orders.

1. Preliminaries. By C?*? we denote the linear space of complex matrices with p rows and
q columns (s.c. p x g-matrices), and by D (I) (I stands for the interval of R) the space of
continuous functions I — CP with a compact support. The conjugate space to D (I) is the
space D (I) of the vector distributions.

Let ACpla,b], Lyla,b] and L2[a,b] be the spaces of matrix functions F': [a,b] — CP*P
with absolutely continuous, Lebesgue integrable and Lebesgue module square-integrable on
the interval [a,b] elements fi;(x), respectively, and let BV, *[a,b] be the space of function
matrices with the elements f;;(x), where f;;(x) are right continuous on the interval [a,b)
scalar functions of bounded variation such that f;;(b—0) = f;;(b). Respectively, spaces of
p-vector functions are denoted with upper line.

Let 0 be zero element (matrix, vector or number), E, an identity matrix of order p, 7 the
symbol of transposition, AF(x) = F/(v) — F(z—0) the jump of the function F' € BV[a, b]
at the point = € [a, b], (f, ) the value of the functional f at the function p(z).

2. Statement of a problem. We consider the quasi-differential expression of any odd or
even order m with matrix coefficients:

l

+ 3 (-0 By, @)

r,s=0

Lnly] = (1) {iB(:}j) [B(:E)y(l)} (m—21) }(’)

where y: [a,b] — C?, ,meN, | < [%2], i is the imaginary unit. Furthermore, for m = 2n

we mean (formally) [ =n, B =0, 50 lpa[y] = > o (=1)""* (B,,S(x)y("*”))(nfs).

Q.-d. expressions of type (1) with sufficiently smooth and Lebesgue integrable (p x p)-
matrix coefficients were investigated by various authors. In fact, [8] contains an elementary
theory and a spectral analysis of differential operators generated by q.-d. expressions of type
(1) in the case when m = 2n, p = 1, B,s = 0 (r # s). The case when in (1) m is any
finite number, [ = n, B,; = 0 for all r, s such that r # s+ {0,%1}, for p = 1 is considered
in [9], and for p > 1 is considered in [10]. More generally, q.-d. expressions are considered in
[11, 12]. A brief review of other papers in this direction of domestic and foreign authors can
be found in [8].

In this paper we weaken requirements on coefficients of q.-d. expression (1). We assume
that the following holds:

(A) if m=2n, then By'(x) is bounded and measurable for z € [a,b] matrix, B, Bys €
L2a,b], B,s=A},, A,y € BV,[a,b] Vr,s € {1,...,n}; in the other case B™'(z) is
bounded and measurable for = € [a, b], and B, By, Bos € Lpla,b], Br.s = AL, A5 €
BV,Ha,b] Vr,s € {1,...,n} if I=n, and B,, = A, A,s € BV, [a,b] Vr,s € {0,...,1}
if [ # n;

(B) B}, = Byj, Ay, = Asp, where j €€ {0,...,n}, r,s € {1,...,n} if [=n, and A,, = A%,
where r, s € {1,...,n} if [ #n. Moreover, if m = 2n+1, then B* = B.

Note that the existence and the uniqueness of solutions of initial problems for q.-d.
expressions with matrix coefficients and also the elements of linear theory of corresponding
q.-d. equations are given in [13].
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On a finite interval [a, b] we consider the two-point boundary value problem

m—{—1

bnly] = Ay = 3 (~1P @), 2)

Uy =Y [P;Wy[”_”(a) + Q,Wy[v—”(b)] =0, ke{l,....m} (3)

v=1

Il
o

where )\ is the spectral parameter, w(z) and f;(x) satisfy the condition
(C) w=0',0€ BV, [a,b], 0" =0, f; EB_Ver[a,b], j€{0,...,m—1—1},

and Ug(y) are linearly independent boundary value forms with given numerical matrices
P, Qi (kv € {1,...,m}) and quasi-derivatives y*!(z) (k € {0,...,m}), that are defined
by the expressions (for m = 2n here it is necessary to assume [ =n, B =0, f, = 0):

ylfl = y®) ke {o,... 1—1}; yl+r-l= —%B(m)y(l“’“_l), ke{l,...,m—2n};
/
Yt = — () e ke {2
, I
it = LB () + 3 By o (4)

l
It = — () S By 4 fige B e (L

Definition 1. By a solution of boundary value Problem (2), (3) we understand a function
y € AG,a, b] such that Ux(y) =0, k € {1,...,m} and the following identity holds

('™ = dwy, ¢) =0 VoeD(I), I2]ab].
If f;(z) = const (j € {0,...,m—I[—1}), then Problem (2), (3) becomes
bnlyl = do(@)y, Uk(y) =0, k€ {1,...,m}. (5)

Values of A for which Problem (5) has nontrivial solutions, are eigenvalues for this problem,
and these solutions are respective eigenvectors.

3. Method of research. The main technical idea in the paper consists of the replacement
of a boundary value problem for a system of equations of a high order with any equivalent
problem for the system of equations of the first order. The advantage of such a method is
obvious, it is the presence of first derivatives only in the system, and it enables to reduce
the analysis of singularities to the question on a location of jumps of some functions which
derivatives generated by these singularities.

Lemma 1. Let conditions (A)—(C) and the following ratio hold

l n

E , [ijP:,m—jH_Pk,m—jﬂpjj} +1 § (_1)j_l [ijPj,m—j+1+Pk7m—j+1P:j} +
j=1 j=l+1
l

+i(_1)n_l+lpk7n+lpzin+1 = Z [ij@;,mfjﬁrl_Qk,m—j-l-lQZj} + (6)

=1
+ZZ?:1+1(_1)]_l [ijQ;mfj+1 + Qk,m—j+1@§j} + i(_l)n_lHka—lQ;nH
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(if m = 2n then in (6) it is necessary to assume that l=n, Pypi1=Qrn1 =0, k €
{1,...,2n}). Then Problem (2), (3) is equivalent to the following problem:

TV = B@)+ M @Y+ Fa), a<a<b )

V(@) = Mv, Y(b) = Nv, M*TM=N*JN, 8)

where J, M,N € C"™>™ Y [a,b] — C™ is an unknown vector, B, A € BV, [a,b],
F EB_V,;;[CL, b], v € C™ a parameter, rank(M | N) = mp, moreover, J* = —-J, J*J = E,
B* =B, A* = A.

T

Proof. System (2) reduces to the form (7) by means of the vector Y = (y, gy, ... ylm=1)
that consists of quasi-derivatives (4). Thus, the vector

f: <_f07"'7_fl—171_\;_§i B_ldfl7 _/l:fl“rl?’“7(_1)n_l7:fn7"'7Z.fm—l—1707' "70)
——
l

and matrices J, A(z), B'(z) of order mp have the block structure (we describe non-zero

~

p X p-blocks only jk,,, /Alky, By, k,v € {1,...,m} of each of the matrices) as follows:

-E,, ke{l,... l};
Jkym,kJrl = (—1)m_l_kiEp, ke {l—l—l, . ,m—l}; A11 = 0;
E,, ke {m—Il+1,...,m};
for even m
(BO,n—k—i—lB&)an—V—i-l,O - Bn—y—f—l,n—k—i—la k’, ve {]-7 s ,TL};
—Bo,n—k+1Bo_01, kEe{l,...,n}, v=n+l;
Bk,, = —B&]an,VJrl,g, k= Tl"—l, Ve {1, c. ,n},
By, k=v=n+l;
[ By, ke{2,....m}, k#n+l, v=m—k+2;
for odd m
(_Blfqul,lkarla ]{I,U € {Lal}v
%’Bm_kHB—l, ke{l,... .1}, v=I+1;
(1}21)317%1,0, k=1+1, ve{l,....l%
By, = { =B 'ByyB™!, k=v=I0+1;
—%B—l, k=1+1, v =m—I+1;
—(1—\/_5)3_1, k=m—I+1, v =1+41;
L Ep, ke{2,...,m}, k#I+1,m—I+1, v = m—k+2.

Therefore, conditions (A) and (C) imply that B, A € BV,f [a,b], F € B_Vn;[a, b. Tt is
easy to see that J* = -7, J*J = E and, by condition (B), equalities B* =B, A* = A are
valid.
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Conditions (3) are reduced to the form (8) by means of matrices M = JP*, N = - T Q",
where P, Q are block matrices of order mp that consist of coefficients Py,, Qr, of the
boundary value forms Uy (y). Thus, we have

MIM-NIN =PI TIP* - QT JITQ =PIP —QJQ" =0

Here we use equality (6), which, taking into account the structure of the matrix J, is
equivalent to the condition PJP* = QJ Q*. H

Remark 1. The correctness of the definition of a solution (see [14]) of Problem (2), (3)
follows from conditions (A), (C) and the equations

2
{j[AB(x) n AAA@:)}} —0, [AB(@)+ MA@)|TAF(z) =0, 9)
which (as it is easy to verify) are true for any A € C, = € [a, b].

4. Main results. From now on, we assume that conditions (A)-(C) and (6) hold.

Theorem 1. Let o(x) be a non-decreasing with respect to x € [a, b] and non-constant matrix.
Thus, Problem (5) has, at most, countable quantity of real eigenvalues A\, k € {1,2,...} that
have no finite accumulation point. Eigenvectors y(x,\¢), k € {1,2,...}, which correspond
to distinct eigenvalues, are o-orthogonal in the sense that

/ Yy (x, \p)do(x)y(x, \) =0, A\ # A\, (10)

Proof. Let y(x, \;) be an eigenvector of boundary value Problem (5) which corresponds to
an eigenvalue \;. By Lemma 1 we have that

TV, = [B'(x) + M A (2)) Wk, (11)
Vi(a) = Mug, Yu(b) = Nvy, M TM=N*JN, (12)

where Vi (z) = <y(x, M)y (@, ),y (x,Ak)>T. By correctness conditions (9), the
products YV;JY! and J/,j’ J Y, exist in the sense of the generalized functions theory and,
moreover, the following equation holds

(VETV) = Vi TV, + Vi TV, = Vi(TVL) = (TVL) Y =
) =ViB + NAY, = ViBY + MAYY, = (A — M) VATV,
thus,

ViB)TVo(b) — Vi (@) TVu(a) = (h — 2) / Vi (2)dA@)Y, (2).

Here equalities (11) and the properties of matrices J, A(x), B(x) are used. Taking into
account conditions (12), the structure of the matrix A(z) and of the eigenvector Vi (z), we
obtain

b
(A — )\k)/ Y (x, \p)do(x)y(z, A,) = 0. (13)

Let A, = Ax. Since o(x) is not decreasing with respect to x € [a, b] and is a non-constant
b

matrix, for any eigenvector y(z, \;) one has that /y*(x,)\k)da(m)y(x, Ar)>0. Hence, (13)
yields Ay = Ay, that is, all eigenvalues of Problem (5) are real.
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For A, # A\, = A, condition (13) implies the o-orthogonality (10) of eigenvectors y(z, \)
and y(x,\,). The eigenvalues of the problem are zeros of the characteristic determinant
A(N) = det [Uk(YV)]:LV:l, where Y1 (z, ), ..., Y, (z, A) is the fundamental system of solutions

of the operator equation (see [8, p.110])
In[Y] = Aw(z)Y =0, Y :][a,b] — CP*P (14)

In view of a theorem from [15], these solutions are entire functions dependent on the
parameter A\, therefore, A()) is also an entire function. It has just been shown that this
function has no non-real zero, thus, it does not vanish identically. Thus, the set of zeros of
this function has no finite accumulation point. O

Remark 2. The order of any eigenvalue A of boundary value Problem (5) coincides with its
order as a root of the characteristic equation A(\) = 0.

Remark 3. The eigenvectors, which correspond to the same eigenvalue, can be also chosen
to be orthogonal, applying the process of orthogonality (see, |3, p.298]).

Remark 4. If o(x) is the staircase matrix-function with a finite set of points of discontinuity,
that is, the matrix w = ¢’ has a singularity of impulse type, then Problem (5) has a finite
set of eigenvalues and its corresponding eigenvectors.

Theorem 2. If \ is not an eigenvalue of Problem (5), then non-homogeneous Problem (2),
(3) has a unique solution y € AG,|a, b], that is, represented as

mi‘l /b FG(z,t,\)

o), (15)

y(z) = ‘

Proof. We will construct solutions of the problems
buly) = Mw(a)y = (177 (@), Unly) =0, ke {L,....m} (16)

for j € {0,...,m—I—1} and summing them.

Let the function K: [a, b]x[a, b] — CP*P of a variable = be a solution of operators equation
(14) such that Kg;k}(x,t)’ =0,k €{0,...,m—2}, K&mfl](x,t) = E,, t € [a,b]. Then the
=t =t

general solution of system (16) is of the form

m

> Kz, a, )\)cZ,Jr/ KUY (2, N df (1), §#1;
r=1 a

yj(z) = (17)

KD (a0, A)ed 4 /c*“}*@c £ B (), § =

r=1

symbol {-} means the quasi-derivative in the sense of equation conjugated to (14) [13, p. 50].
Taking into account the expressions for the quasi-derivatives

Y =y® ke {0,..., -1} YU = SR (@)Y D ke {1,...,m—2n}

Y{H—k} — (Y{l—‘rk—l})/? = {1’ (n_l)}
yim-1} — 1_\/; *(z) (Y{m—l—l}) Z B (z)Y (=9 (18)

ylm=tk) = _ (y{m-teh-11)’ _ Z Bi ()Y, ke {l,....1}
s=0
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we rewrite (17) in the form

m

yj(x) = ZIC*{T_I}*(L a,\)cl + /x/C*<j>*($,t, N)df;(t); (19)

r=1
here the symbol <-> means the ordinary derivative (-) for j € {0,...,l} and the quasi-
derivative {-} for j € {{+1,...,m—I[—1}.
The solution (19) contains m unknown numerical vectors. For their searching, it is nece-
ssary to satisfy boundary value conditions (3). Thus, we get the system of matrix equations

m m b
> U (K (0,0l + 30 Qe [ K N (1) =
r=1 v=1 a

Since, by the assumptions of the theorem, X is not an eigenvalue, the determinant of this
system is not equal to zero. Thus, vectors ¢/, r € {1,...,m} are searched immediatelly from
the system.

By Vir(A) we denote the matrix of order p, consisting of the algebraic complements to

the elements of the matrix U, (K*{T_l}*(x, a, )\)), k,re{1,...,m} in the determinant A(\).
Let Wi (A\) = =Vi-(A)". Then for r € {1,...,m} we have that

o Wk’r( )Qku b [v—1]x<j>*
4= 20 MR [ .

We put these values to formula (17). We call the expression

Gz, t,\) =< " We (VO
Z ]C*{rfl}*(x’ a, )\) krA()\> k:VI(:[z/71}>»<<j>*(b7 t, )\) + ’C*<j>*(l’,t, )\)7 T Z t
rkwv=1

the Green matriz of boundary value Problem (16). Taking into account the structure of this
matrix, we, obviously, obtain the following its property:

DGo(x,t,\) _ G(x,t,\)

Gz, t,\) = oY% = 51 Vi e€A{0,... 1} (20)
By (18), we have KC*UFF (1t \) = W k€ {1,...,m—2l—1}, thus, property
(20) is also true for j € {{+1,...,m—[—1}, that completes the proof. H

Remark 5. One could prove this statement similar to that in the proof of Theorem A
from [6] whence the solution of boundary value Problem (7), (8), with the condition that A
is not an eigenvalue, is of the form

b
= / Rz, t, \)dF(t), (21)
where the solution kernel

O(x,a, YM[®(b,a, )M — N|71®(b,t,\) T, x <t

R {CI)(:U, a VM@ (b, a. WM = N7, 40T = (e, t, N T, @ > ¢
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is Hermitian in the sense that R(z,t,\) = R*(t,x,\) if z # t. But in order to obtain a
concrete form for the solution, the way we have choose, seems to be more constructive.
Nevertheless, comparing forms (16) and (21), it is easy to realize that first (p x mp)-block
row of the kernel R(z,t, \) has the following form:

-1 _ Al l+1 n m—{—1
g, LG 0G0y, G 0T o).
otl-1 \/§ Ot oti+1 otr otm—1-1 —~—

Theorem 3. The Green matrix G;(x,t, \) has the following properties:

1) Gj(x,t,\) on each of the intervals [a,t) and (t,b] with respect to the variable x is a
solution of boundary value Problem (5);

2) Gj(z,t,\) and its quasi-derivatives with respect to the variable x, up to the (m—I[—1)-
th order inclusive, are joint continuous functions by totality of variables, absolutely
continuous with respect to each variables and entire functions of the parameter \;

3) Gj(x,t,\) on the diagonal x =t satisfies:
[q] lq] _ )
Gl (t40,t,0) = G (t=0,t,A) =0, ¢ € {0,...,m—1-1};

G4 (10,8, 0) — G (10,8, M) =

m -1
=3 S AL (T g, A)WM”‘”*@*(MA) 0
rk,v=1 s=0

0, k#£v;

e{l,....l-1}, ©;, =
7€ b O {Ep, k=v;

[m—1] [m—1] _
G (40,1, 0) — G (10,4, 1) =

-1
> {ZAA,S,Z(t)/c*{”}*[Sl (t,a, ) — MoK (¢, a, )\)} X
s=0

r.k,v=1

ka<>\)Qky _ i
K[l/ 1] <g>* .
X—A()\) (b,t, )\) +@j0,

Gy, t, A
9 Gya,, ) = LEUDED,

5) Gj(z,t,\) = G;(t,x,X) forx #t;

Proof. The property 5) follows from the hermicity of a resolvent R(x,t,\). Property 4)
has been proved above. Properties (14) follow from the structure of the Green matrix and
the conjugate matrix. Indeed, the matrix function K*"**(z,¢,\), r € {0,...,m — 1} and
K d(z,t,\), ¢ € {0,...,m — 1} form normal for =t fundamental systems of solutions of
these equations. Therefore, by results of [13], this functions along with the quasi-derivatives
in variables x and ¢, respectively, up to the order m—I[—1 inclusive, belong to the space
AC,|a,b] for fast other variables, and quasi-derivatives of higher orders are elements of the
space BV, "[a,b]. Furthermore, for any r € {0,...,m — 1}

E,, r+qg=m-—1;

A (5 1 N) =0, ¢ € {0,m—1—1},
0. rtqtm_1. ( ) q€{ }

I (g 1, \) = {
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A KT Im=l=ldl (g ) ZAAl (@) KU (1 1 X)) g e {1,1-1},

A JCHrm= 1 (z,t,\) ZAAZ ’C*{r}* (z,t, ) — )\AO'(:L')]C*{T}*<£IZ',t, A).

]

Theorem 4. Let A = )\, k € {1,2,...} be a rp-multiple eigenvalue of Problem (5). Then
non-homogeneous Problem (2), (3) has solutions if and only if the following r conditions
hold:

m—Il—1

Z/ “(tA)df () = D (=17 /bym*(t, M)Af () =0, ve k... k4 —1};

j=l+1

thus, the solutions are represented in the form

y(@) = A i <Z/ “(t, Av)df;(t) mzll( 1y~ l/b [j]*(t,/\u)dfj(t)>+

v=1A0#\g J=l+1

k+rp—1 m—I[—1

G (x,t,0)
UPIETLEEED / FEELO) iy,
v=~k a

where ¢, are any constants and the series in the right-hand side converge absolutely and
uniformly on x € |a, b).

For the case when zero is not an eigenvalue of Problem (5), the claim of the theorem
follows from Theorem 2 of [6] on the basis of Lemma 1 and Property 5) of Green’s matrix
G(z,t,0).

In the other case there exists a value \g of the parameter A which is not an eigenvalue.
Thus, system (5) can be written as

Iyl = A w(z)y =0, (22)

where 10 [y] = L,,[y] — Aow(x)y, A~ = A — Ag. Clearly, A\~ = 0 is not an eigenvalue of Problem
(22), (3), thus, we can apply the previous arguments. We notice also that eigenvectors of
this problem coincide with eigenvectors of Problem (5), (3) with the only difference, that
now y(z, A\;) corresponds to the “displaced” eigenvalue A\, = A\ — Ao.

Remark 6. By Theorem 1 [6], the solution of (15) can be represented also by the formula
of Schmidt (in the form of absolutely and uniformly on x € [a,b] converging series by

eigenvectors)
_)\Icz)\ (Z/ t)‘ df] )

m—Il—1

Z / & Gag;t 0 df;(t),

This formula has on advantage before Fredholm formula (15), because we have an explicit
form of a solution as a meromorphic function of parameter \.

m—I1

- Zl( 1)7- l/a YU (t, N, )df; (t )

j=l+1
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