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1. Introduction

Let §2 be a domain in a complex Banach Space X. The Hardy space #°°(£2) which is the uniform algebra of bounded
analytic functions on £2 is a standard object of Infinite-Dimensional Complex Analysis and was investigated by many authors
(see for example [1-6] and others). However, it is not so clear what are infinite-dimensional analogues of #? (§2) spaces if
1 < p < oo. In this work we concentrate in an important partial case when p = 2 and £2 is a special domain.

Consider the Hardy space #2(B,) of analytic functions on the open unit Hilbertian ball B, C C" with the unit sphere S,
and the scalar product (- | -)cn. The classical Cauchy integral formula

_ f(a)da _
f(x)_/snm, X = (x1,...,X) € By (1)

applied for a function f € #2(B,) actually describes the following representation

1
I = <f © ’(1 — (X[ )en)" >,;ez<sn) P xEBe

In other words, the Cauchy integral kernel is a partial case of abstract reproducing kernels and #2(B,) is a reproducing
kernel space (see [7]).
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A natural question arise: What is an analogue of formula (1) for infinite-dimensional Banach spaces? Unfortunately, there
is no “canonical” Cauchy formula for the unit ball of infinite-dimensional Hilbert space. Indeed, it is well known in Complex
Analysis (see [8]), that polynomials

pP @) =X X with (k) = (ki ..., k) € Z
form an orthogonal basis in #¢?(B,,) and
® n—1Dlkq!-- k!

2
P} ||J€2(Bn) Tkt kg +n— D

Thus, ‘ — 0if the dimension n approaches infinity.

K
p’

72 (Bn)
Consider now the Hardy space #2(B°) of analytic functions on the open unit polydisk

B°°:{x:(x1,...,x,,)€(C":|x,-|<1,j:1,...,n}

n

that is the unit ball in the n-dimensional £°°-space. The corresponding Cauchy formula

f(x):/ f@]] ! da; ---day,, x€BYP
si° i=1

1 — x;a;
with §° = {z eC:z| = 1} can be extended to infinite dimensions. In this case polynomials p,(qk) still form an orthogonal
basis in J¢2(BZ) but ’
take the unit ball
B® — {x =) el™®ix <1, je N]

k
py

= 1forevery (k) € Z'. Since B;° is the unit ball of the n-dimensional space £*°, we can

#H2(BY®)

as an infinite-dimensional analogue of the polydisk. The condition that polynomials
{p,(l"): nen, (k) e Z”+}

form an orthonormal basis uniquely defines a Hilbertian norm on the linear span of this polynomials. However, if we consider
the completion of this linear span, we get some analytic functions which are well-defined on a dense subset

glmBoo

of the unit ball of £>°. We can still see (cf. [4]) that an appropriated domain for analytic functions belonging to #2(B®) is

also
(8™,
where the space £2 is naturally embedded into £°°.

These examples suggest us to consider infinite Cartesian products of finite-dimensional balls in a Hilbert space as natural
domains for Hardy type classes of analytic functions. Each of these domains has a compact group of unitary operators and
we can consider the Haar measure for this group and get an integral representation for analytic functions.

Notice that an another approach to Hilbertian Hardy type classes, being reproducing kernel spaces on infinite-
dimensional balls, which generally do not have the form of a polydisk, using the Bishop-De Leeuw theorem about
representing measures, has been proposed in [7].

In the given work the case of topological compact groups &, which look like the countable Cartesian products of full
finite-dimensional unitary groups with arbitrary dimensions, acting on a corresponding Hilbert space

E={(g,
is considered, where (ié denotes a Hilbert space naturally associated with all irreducible representations of &.
In the space [>(d¢) of quadratically integrable functions with respect to a ®-invariant probability measure ¢ a
complex closed subspace #2(d¢) generated by the orthogonal basis of homogeneous Hilbert-Schmidt polynomials on E

is researched.
We prove that #2(d¢) have a structure of Hardy type space of analytic functions on the open domain

2
(B
of the appropriate weighted infinite-dimensional Hilbert space Ef/ﬁ, densely embedded in the initial Hilbert space E. A
Cauchy type integral formula for analytic extensions on the open domain

Crm (88
of all function, belonging to #2(d¢), is established in Theorem 7.1.
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It is observed also that the Hardy type space #2(d¢) in some sense has the same orthogonal basis, as a Hermitian dual
symmetric Fock space F*, associated with the Hilbert space E. As a consequence, in the case of the infinite-dimensional
polydisk group &, having only 1-dimensional irreducible unitary representations, we obtain that the Hardy type space
#2%(d¢) is continuously and densely embedded in the dual symmetric Fock space F*. In the general case we have proved
that functions in #2(d¢) agree with functions in F* on common domains.

2. Preliminaries

Denote by 4, = 4(n,) the group of all linear unitary operators in an n,-dimensional complex Hilbert space C" with the
scalar product (- | -)cnr and an orthonormal basis

& = {em. - € }-
A given subsequence {n,:r € N} of natural numbers corresponds to the Cartesian product

6= X i, = {U: U,): Uy eur},
reN

endowed with the product’s topology, which is an infinite-dimensional compact topological group. As it is well known (see
e.g. [9]), the compact group & can be unitary represented on the countable orthogonal Hilbertian sum

E:= Eé,
2 9 1/2
G=@e = {x=&ix e, = (D lIxlE) <o
reN reN

with the scalar product (x | y) := > (X, | ¥r)cnr, where {Er: re N} is a sequence of G-irreducible subspaces such that

E-[\E = {0} forallrss
and each
E. isunitary equivalent to C™

for the corresponding r € N. For simplicity we identify any element x, € C™ with its range (0, ..., 0, x;, 0, ...) € E under
the canonical embedding C™ - E. So, we can consider in E the orthonormal basis

€= U & = {ej}jeN

reN
indexed such thatj < iforalle; € E; and e; € E; . Let

B:={xekE: x| <1}
denote the open Hilbertian ball in E. We use
E*={x":=(|x):xecE}
to denote of the Hermitian dual space.
Let ®™ E be the algebraic tensor product of n copies of E endowed with the scalar product

(1@ ®xn [ Y1 ® - @Yn) = (X1 | Y1)+ (X | Yn)
and ®j E denotes a completion of ®" E by the Hilbertian norm

1/2
lullgre = (Dcmz) L u=) che, ® - ®e, € Q"E
) 0
with ¢j € Cand (j) := (j1, ..., Jjn) € N". It is easy to see that the system
{ej1 ® - Qe,e,...,6, €&, ()€ N”}
forms an orthonormal basis in ®j E. For Hermitian dual Hilbert spaces the natural unitary isometry
is true. Thus every element u € ®} E uniquely generates a continuous linear form
u* = (| u) € QE*.
If&e(n) 2s:{1,...,n} —> {s(1), ..., s(n)} denotes the group of permutations, then the corresponding symmetrization
operator

S @QFESXI® QX —> X1 O - OXxy € ORE

1
X0 Oxy = E Z X5(1)®"'®Xs(n)
s€6(n)
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is a continuous orthogonal projection onto ©} E. Hence
®hE = [OhE] @D Kersy,

where Ker s, is the kernel of s,,. Denote
X¥"=x® - -®x€OpE, x€E.

So, for every element f, € ®] E there exists a function
i) =" 1), x€E,

which is usually called an n-homogeneous Hilbert-Schmidt polynomial on E. The set of all such polynomials we denote by
P (E).
Let [j] denote a multi-index

G1s ..., Jn) € N' suchthatj; <--- <jy,,

and (k) denotes an arbitrary multi-index (k1, ..., k,) € Z'.. Use the standard notations
|(R)| =ki+---+k, and (kK)! =k -kl

It is well known (see e.g. [10]) that the elements

s= e =0 @t [l e, () e 7L, ()] =n}

form an orthogonal basis in Oy E. If n = |(k)| = 0, we set e?](k) = 1. So,
&y = {1} and & =6.

Proposition 2.1. The system of elements

[ofnoter .. en € OhE G =, &1, € (~1,1}]

with [j] = (j1, ..., jn) € N*and (k) = (kq, ..., k;) € Z", where each element
€16, + - -+ + enej,
Wit (€1, -+ ., En) 1= %
with the unit norm is such that any addend e;,, occurs ky, times in the set {eh, co, €y } is total in the space O E foralln € N.

As a consequence, the one-to-one adjoint-linear corresponding to
OrE>fa2f) € P (E)

holds.

Proof. By the well-known polarization formula (see e.g. [11]) we obtain

0 (WA
o — W0 > Y e enofflern e 101=n

np
2"n! =1 g=+1

Therefore, if there exists an element f, € O}, E such that for every multi-index [j] € N", (k) € Z",

k
(w?j’fk)(eu...,en) |fn> =0, then (e?}” |fn> =0

®nE ®nE

The elements { e‘[?](k)} form a basis in EJ, hence f, = 0. So, the set

{a)ﬁzk)(gls cees Sn)}
is total in the space O} E. O

Remark 2.2. Using Proposition 2.1 we identify algebraically and topologically the space of Hilbert-Schmidt polynomials
&£y (E) with the Hermitian dual Hilbert space

(@Z E)* _ @z E*

In the symmetric Fock space, generated by the Hilbert space E,

F:=P[orE]. ofe=C

nez4
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the system
& == [(g)n: ne Z+}

forms an orthogonal basis (see e.g. [10, 2.2.2]). We also consider the corresponding basis of Hilbert-Schmidt homogeneous
polynomials

& = {é”n*: ne Z+},
k k k . L@k
sl =t e pr@:e € s, 1001 =1},

generated by the Riesz involution x —> x* on E. Clearly such polynomials form an orthogonal basis in the Hermitian dual
symmetric Fock space F*.

3. Representing invariant measures

Consider the Banach space
by ={x=0 e x " el = suplix o < oo
reN N reN

and the compact metric spaces

Sg = X S Sri={xeCMixfor =1},
oo . — nr.
Ke = X K, Kr = {x, € C": X, llon < 1},

endowed with the product topologies. It is easy to see that K> coincides with a norm closed unit ball of £3° endowed with
the weak-star topology. The contractive embedding

Ew Ly, xllege <lIxll, x€E
holds. A norm open unit ball in £ we denote by
BY = {x € £2: Ixlley < 1}.
As well we consider the uniform algebra of all continuous complex functions v on Kg°,
C(¥) endowed with the norm ||1/f||C( = sup | (¥)].

K%o) xeK
Clearly C(Kg’) contains the unity function 1y

Remark 3.1. Note that each linear functional ef € &7 can be uniquely extended to a weakly-star continuous linear
functional on £3° which we denote by the same symbol. Up to this extension we can write

& C C(KY).

Let A(KS®) be a closure in C(K3°) of the complex linear span of extended Hilbert-Schmidt polynomials & Clearly, A(K3’)
is a uniform subalgebra in the algebra C(K;O).
Recall that an element x € K3’ is a peak point if there is a function f € A(Kg") such that f(x) = 1and |[f(y)| < 1 forall
y e Ky ify #x.
Proposition 3.2. Let 3 be the set of peak points and 9dA denotes the Choquet boundary of A(KZ). Then
Sg =P = 9A.
For the uniform algebra
00y .__ 00
ASE) = A(KY) sy

endowed with the uniform norm SUPyesgy If (x)| the isometry

A(KY) = ASY) (2)
holds.

Proof. From [1] (see also [6]) it follows that the algebra A(KZ), as a uniform closure of the linear span of finite type
continuous polynomials, consists of complex analytic functions in the norm open unit ball B having the form

By = X By, B, := {x; € C":||x;|lcnr < 1}
reN

Hence if a € B, then a € S via the Maximum Principle for analytic functions. Therefore, 8 C Sg°.
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In the other hand, for every fixed a, € S, there exists an analytic in B, and continuous on B, function f, such that
fr@) =1, and |f;(x,)] <1 forallx, €K;\ {a;}

(see e.g. [12]). Then for each a € S such that the natural projection of a onto the subspace E; > C™ is equal to a fixed a,,
the analytic function

f=5 T] veAKs)
JEN\{r}
satisfies the conditions
f@=1, and |[f(x)| <1 forallx e K3 \ {a},

where 1; denotes the identically unit function on K;. Hence a € 9 and the embedding Si° C P are proved. Therefore,
B = Sg and so we have the isometrical isomorphism (2).

Finally, since Kege is a compact metric separable space, the sets of peak points 3 ofA(KL?f) are a Gs-subset in K3°. Hence
the equality 0A = B is also true [12,1.11.2]. O

As is well-known there exists a probability Haar measure x on the group & (respectively, there exists a probability Haar
measure on ;, x,) for which

x(®) :=/¢(U)dX(U) =/¢(VU)dX(U) =/¢(UV)dX(U)
[} (] &

withallU,V € & and ¢ € C(®) such that x (&) = || x ||, where C(®) stands for the uniform algebra of continuous complex
functions on & (similarly for the measure y, and the uniform algebra C(4(;)).
The unitary group & on the compact set S° acts continuously. This group generates a group of linear operators on the
algebra C(S%):
C(Sg) 29— gol.
For a fixed a € S3° the mapping > U —— Ua € Sg’ is continuous and surjective. Hence, the function U — (¢ o U)(a)
belongs to C(&) for all ¢ € C(SZ’). Therefore,

sup |(¢ o U)(@)| = sup |p(x)].

Ues xesy’

The Riesz representation theorem implies that the Haar measure x uniquely defines a probability &-invariant measure ¢
on the &-orbit S3° = {Ua: U € &} by the formula

sp) = / pdg = / p(Uaydx (U), ¢ €C(Sy), 3)
sy ®
where ¢ does not depend on a via the transitivity of & on the &-orbit. Recall that a probability measure ¢ on Sg’ is

®-invariant, if ¢ satisfies the relation ¢ = ¢ o U forallU € &.
For a given E, let

El = {x = (xm) € £& 1 x, = 0}.
Then
Ef ©E =

and for every a € £ we have a = a,L + a;, where a, € E,, a,l S Erl and a — a, is a continuous projection.
For a given n,-dimensional subgroup 4, the mappings

ar— U (a;) + arl with U, € U,
generate linear operators
T,p(a) = ¢(U:(a;) + a;), ¢ € C(SY)

acting in C (S%O). We will use the following useful formulas.

Proposition 3.3. Foranyrq, ..., € N the equality
m
/ pdg = f de@]] f Typ@dx, (Uy), ¢ € C(Sy) (4)
Se 5S¢ i=1 ¢4
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holds. Thereto, for any compact subgroup &, C & with the probability Haar measure ¢y the equality

/ ¢dg:/ dg(a) | @Uadgo(U), ¢ €C(Sy) )
s &

3 o

holds.

Proof. For each ¢ € C(SF) the function
(a, U, ..., Up) V—> Ty - - T (@)

is continuous on the Cartesian product S3° x i, X - - - X . By the Fubini theorem, we have

| as@I] [ tw@an=]] [ ax [ me@dis.
Se i=1 /4 i=1 Y4 S

However, the internal integral on the right side does not depend on T;,, ..., T;,,. Therefore, taking into account that

/ eri = 17
Ury

we obtain (4). The formula (5) can be proved similarly. O

Proposition 3.4. The &-invariant measure ¢ represents the character o(f) = f(0) of the algebra A(K;o) i.e. it satisfies the
following relation

50(f) = / fde, feA(KY). 6)
sz

Proof. By formula (5) for any emk) € &% we obtain

*(k) 1 T (k) .
e d¢ = — dc(a) e (exp(i®)a)dv
s 21 S%O

& -7
s

1 x(k) .
= — e (a)dg(a) exp(inv)ady
&

2 _r
_J0: n#0
“]1: n=0.

Uniformly approaching any function f € A(Kgo) by polynomials & and using the linearity and continuity on A(Kgo) of the
integral with the measure ¢, we come to (6). O

4. A Hardy type space

Let the probability &-invariant measure ¢, defined by the formula (3), be given. The functional

1/2
Ifllz = (/ [flzdg) , fecsd)
Se

is a Hilbertian norm on the space C(Sy’). Indeed, let f be a nonzero function in C(S3’) and ¢ = |f 2. If we suppose that
¢ (¢) = 0 then (3) implies that for a fixed a € S5°,

(pol)@) =0 Ue®

with respect to the Haar measure y defined on &. The function
Ur— (poU)(a)

belongs to C(®), hence (¢ o U)(a) = 0 as a function of U € &. Since the mapping
& >U+— U(a) € S5

is surjective, we obtain ¢ = 0 on S3°. Consequently f = 0 on S3° which contradicts the assumption.
Consider the Hilbert space Li = 1?(d¢) of all quadratically ¢-integrable complex functions with the scalar product

¢1ee = [ _rads. fog el
s
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Definition 4.1. The Hardy type space #2(d¢) we define as a closure of the algebra A(KS) (orA(Sgc), that is the same) in the

space L*(d¢) endowed with the L2 -norm.

Note that the embedding A(K3’) & #2(dg) is continuous, since

Ifllz < IIfIIC(S%Q), feAKY).

(7)

For a fixedn € Z, let ]63 be a closure in the space L*(d¢) of the complex linear span of homogenous Hilbert-Schmidt

polynomials & (extended to K$°) and J(’g =C.

Theorem 4.2. The sequence of homogeneous Hilbert-Schmidt polynomials & forms an orthogonal basis in H2(dc). In particular,
the subsequence & forms an orthogonal basis in #?2 for any n € Z, and #% L 3?2 in #*(dg) whenever n # m.

Proof. Every elementa = ) ,_ €/ (a)e; € €3 can be written as
a=a; +e(aes,

where asL denotes a projection of a onto the complementing subspace
ef ={aec(:ei(a)=0}, seN.

Consider the 1-dimensional subgroups in & of linear transformations

Us(9)a := exp(iv)el (a)es +a,  Up(9)a := exp(id)a

witha € S§° and ¥ € [—m, 7]. We assign to these transformations 1-parameter groups of linear operators on C(S@o)

¥ — T()f = f(Us(Ha), ¥ —> To(D)f = f(Up()a)
with f € C(Sy’) and a € Sy. Formulas (4) and (5) imply that
1 T
fas = / dc@ [ T @dp
s T Js® -
forany T € {To, Ts:s € N}.If |(k)| # | (D], then from (8) it follows that

/ ezﬁk) ém')dg /s emk)(exp(iﬁ)a)eﬁ})(exp(iﬁ)a)dg(a)

('5 &

1 . :
=5 eD§k> e[g’)dg/ exp(i(| (k)| — [(H)D)dv = 0.

So, efi L efy in[2(dg) if |(k)| # |(D)] for all [j], [i] € N™.

*(1)

If |(k)| = |(1)| and the corresponding elements e*(k) with [j] = (i, ..., jn) and ey” with [i] = (g, ...,

then there exists an index js € {j1, ..., ja} such thatjs ¢ {i1, ..., im}. Now (8) implies that

x(k)  =*(I)
/S ey e ds

&

/ T, (9)ef” - T,S(ﬁ)e;"f”
_ ! b gy (iks9)d® =0
=5 em e ds - exp iks =0,

hence, ef,g') 1 e*(") inI?(dc) too. O

Further we use the following notations.

i) are different,

Let [jlr :== (jr1), - - - +rnpy) € N™ denote a sub-index of the multi-index [j] = (1, ..., ja) € N" such thatj,y) < -+ <

jr(nr)-

Let (k); == (ks - - -, ke(nyy) € ZY stand for a sub-index of the index (k) = (ki, ..., ky) € Z" withn, < n.

Asisusual, [(k);| = kr1y + -+ - + krny and (k) i= kel - - Ko !
Theorem 4.3. If a Hilbert-Schmidt polynomial

K kn .
el =elt el e s, [leN, (k) ez, (k] =n
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is of the form
sy _ xray  *Bre)
€ = Cila lilr )

with the block-indices [j] = ([jlr), - - -, [ilro) and (k) = ((K)rqry, - - ., (K)r(oy) such that
Ny + -+ My =1,
where {ejm), e ejr(nr)} ={ej,.....e,} (NErand t € N stands for the number of all such sub-indices in [j], then

2 (n, — D!(k),!

e*(k) —_—— .
(nr — 14 | () ])!

i}

12
< re{ry,...re}

Proof. Use that
2

(Ur(a»)

*x(k)r

2
_— *(K)r
Ty ley, | (@) = ey,

forany a = (a;) € S’ witha, € S;. Asis known [8, 1.4.9],
«(hyr |2

/ T, / €l (Ur (ar))er(Ur)
e e

(n, — D(k),!
with the Haar measure x, on .. Thus formula (4) immediately implies (9). O

*(k)r

2
€l (@)dx;

T — 1+ (R,

5. A Cauchy type kernel

Let us define the following auxiliary Banach space, associated with &,

1 . . .
h:%=mméynw%:ZMWM<m}

reN

Note thate; € £ Z;r for allj € N and the group
65U — Ux=(Ux,),
acts isometrically in both £ and £, . Since the embedding

1 00
£y, Ly

is continuous, the set By (1) £} is open and the set K& () £, is closed in £ .
Let us examine a Cauchy type kernel

1
c(x,a) = _ s¥ 10
w0 =[] a-gyarmy €% 1o

which is a priori a Gateaux analytic mapping of x running over the finitely open set [,y B1 X - -+ x B, with values in the
uniform algebra A(S%’).

Proposition 5.1. The Cauchy type kernel ¢ is a well defined analytic A(Sé’f)-values mapping

BY ﬂﬂ;r >x+—> €(x,a), aeSy.

Proof. Forevery o € (0, 1) the series

é-n {n—l
ln(]—{)_r:—rzzz—rgz , TEN

neN neN n

is convergent absolutely for all |{| < p. Therefore the estimation

In(1 =)' < cori¢| forall|g] <o (11)
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holds. Denote by B}lr and K,1lr the open and the closed unit balls in the space Z}lr, respectively. Consider the following

1-parametric families of sets

1 1
Ke = ek [ ) :K;r, B, =By [ ) : _SB;r

with ¢ € (0, 1). Clearly, K. and B, are closed and open sets in E}lr respectively because the embedding (Z}lr

continuous.
Letx = (x;) € K, and a = (a,) € Sg°. Then we obtain for instance

&
sup [(xr | @r)em | < — < 1.
llarlI=1 ny

Hence, the inequality (11) implies

2

reN

1

In .
(1 — (x| ap)en )™

=< Z Cg(r)nr |<Xr | ar)(cﬂr|

reN

with o(r) == nir Since ¢,y < ¢, forany r € N, it follows that

1
sup In =C sup an [ | ar)en |
lalgge=17ar | (1= & [ ar)en)™ lallygo=1"reN
<cy m osup | |a)en
reN ”ar”(;nr =1
= ¢ ) nelixellem = celixllyy -
reN

Consequently, the series of A(Sg’)-values functions

Ke D X —> Zln L €A(Sy), aesy,

reN (1 - (Xr | ar)c"r)nr

+ Lg s

(12)

converges absolutely and uniformly on K,. Hence, its sum represents a bounded continuous A(S%O)—values function on K,
for any ¢ € (0, 1). Moreover, one is Gateaux-analytic in the open domain B, since its restriction to any 1-dimensional affine
subspace is obviously analytic. Thus, the function (12) is analytic in B,. By the analyticity of the exponential function, the

following map

1
Ke 2 x —> €. (%, a) := epoln

———— € A(Sg
reN (1 - (Xr | ar)cnr)nr ( Qﬁ)

is a bounded continuous function, which is analytic on B,. As it is easy to see, for any a € S3° and x € B, we have

1
Ce(x, a) = l_[ (1 — (X | a)on )™

reN

If &1 < &, then B;, C B, and the function ¢, defined on B, has a unique analytic extension &, on B,, such that

682 |B£1 = Q:E1 ,

(13)

by virtue of Uniqueness Principle for analytic functions. Therefore, the Cauchy kernel ¢ defined by (10), has a unique A(Sg")—

value analytic extension on the open domain
1
By (= | B
e€(0,1)

which we also denoteby €. O
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6. A Hilbertian extension of the Cauchy type kernel

Now we define a Hilbert space, associated with &,

1/2
O = {x = ()€ x C": ||x||@2ﬁ = (Z nr||xr||énr> < oo},

reN
where the group & acts isometrically. The inequality

2 2
2
> ol lE < (Z fnrnxrncnr> < (Z nrnxrncnr)

reN reN reN
implies that the following continuous embedding is true

1 2
bn, &
Proposition 6.1. The Cauchy kernel € possesses a unique analytic A(S@%o)—values extension
Bg"ﬂffﬁ >x+> €(x,a), a€Sy.

Proof. Letx = (x;) € £y with x, € E, and we denote
1
Note that if x = (x,) € Sy withx, € S, thenk € £

ﬁand
R =3 xR = 1
2 = rilgnr = 1.
[ﬁ reN 2r -

X:= (%) withx = v, v =

Consider the linear mapping
AL poo )
Uiy 2X—> X €l
The mapping v is continuous, since
o112 1 2 2
1815 = Sl < Xl
Vir reN
Moreover, from

2 2 2 2
X[l = sup [1X |gnr < E el X e = 111152
6 reN Em
reN T
we come to the continuous embedding
2
v Ly -
Note that the restriction 0 | 2 maps continuously from Zfﬁ into Z,ﬁr. In fact, from the Cauchy-Schwartz Inequality it
nr
follows that

X = <
IRy, %nrnxrncnr v = Xl

since Y, .y mvf = 1and ||>?||¢%c < lIxll¢ge - Hence, the mapping
01 Ly ﬂlﬂf/ﬁ sx— ety ()b

is continuous as well. By Proposition 5.1 the mapping
By [ )éh, 32+ €(z.a) witha e Sy

is an analytic #2(d¢)-values function. Hence, putting z = X with an element x € BX N Zf/ﬁ, we obtain that the mapping

B%"(ﬁﬁf/W 5> x> C&, a)
is also analytic. Note that
1 1

(1 - <5\(r | aT)C”f)nr (1 - (Xr | a,»)(cnr)nr '
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Thus we have the following equalities

¢(x,a) = 1_[ (1 - !

n
— (X | ar>C”r) '

reN
1 A
= 1_[ = 0, (14)
reN — (x| ar)C”r)

which are true for all x € By ) 62 and for a suitable vector a such that the right side product in (14) converges. Let

us check that it converges for every a € S%°. Using notations from the proof of Proposition 5.1 and the Cauchy-Schwartz
Inequality we obtain

In

sup
=1
”aHé%C reN

IA

e sup Y |(x | ),

”‘JHPO 17eN

, A\ 12
e (3o nellid ) = celixle
N

reN

1
(1 - (Xr | ar)C”r)nr ‘

IA

foralla = (a;) € S¥ andx = (x,) € Zf/a M eKY with e € (0, 1).

From the density of O(S%o) in 83’ it follows that the previous inequality has a unique continuous extension to S3° i.e.

sup
=1
”“HZ%O reN

1
n = celixllp2
(1 — (x| ar)cnr)nr ’ ZV"T

foralla = (a;,) € ST andx = (x;) € Ef/ﬁ (1 eK¥ with e € (0, 1). Consequently, the following product ofA(Sf,f)-values
functions

ﬂ8K® > xr—>epoln a- Xr|ar><c“1) -

reN

1
= A(S®
[l (= (& @)™ (55

reN

with a € S converges absolutely and uniformly. Finally, this product represents a bounded continuous A(Sgo)—values
function on Zfﬁ ek foralle € (0, 1) and therefore it has a unique analyticA(S%c)—values extension on the open domain

B3 M e%/nj = Ueco) gf/nj (eKg. O
7. A Cauchy type integral formula

Now we can already formulate and prove the first main result.

Theorem 7.1. Every function

f=)"faeH(dg) withfy € 3;

nez4

has an analytic extension into the open domain B () Kf/ﬁ, which can be represented by the Cauchy type integral formula

Cflx) == fl@ex, a)ds(a), xe€ By mﬁf/m (15)

e
The corresponding Cauchy type kernel € can be represented, in turn, by the series
k I
el e @

+(K)
il

¢(x, a) = Z €,(x,a), ae Sy with€,(x,a) = Z

neZy [(k)|=n [jleN"

2
Le

weakly convergent in #2(dc¢) forallx € By 62 The Taylor coefficients at the origin are uniquely defined by the formula

die
1[5 ©_ | @t ods@. xel N (16)
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Proof. For any f € #2(dc) the linear functional
G H*(ds) > g —> / feds
Se

is continuous. Since €[f](x) = ¢; o €(x,-), the function ¢[f] defined by formula (15) is analytic in By ﬂEz via

Proposition 6.1.
Leta = (a,;) € S¥ witha, € S, andx = (x,) € BY ) EZ w1th X, € C™. Consider a polynomial e[](k) € & of the form

*(k) *(k)r] *(k)rt
€y €k, Clily

cited in Theorem 4.3. Since
p— * .
Xr e (xr)ejrﬂ) +o Tt efr(nr) (Xr)e]f(ﬂr)’

and ||x;||crr < 1, |lay||lcr = 1, we obtain

1 n, —1+n)!
=y T Y L a

(1 - (Xr | ar)cnr)nr neZy (nr — ])'n'

(n, —14n)! .
- = G (e w8, @)

neZy
= 1+m! ()
7e "(x:)e T (ay).
lilr eI
nez (iorren (tr = DI
Taking into account Theorem 4.3, it follows that
&(x,a) = &, (x, a)
1;!;(1_<Xr|ar(;") n;n
with
(k) (k)
e’ (x)e (a)
o =y y A
et (dol=n | ek
€y 2
<
t
(n; — 1+ n)! NCS (0,
= Z H : (), (@r). (17)

—_ 1) ! [l]r
(Ulry il ENT  i=1 (1 = DK,
1G)rg I+ K |=n

On the other hand, the equality (17) implies that for any x € £3° [ Ef/ﬁ

k X k
/S em )(@)¢,(x, a)dc(a) = e[lg‘) x), eE§ e s,
(5]

Since &* forms an orthogonal basis in #2, the kernel ¢, realizes the identity mapping in #?. It follows that for any f,, € #¢>2
fo®) = fs _h@xads@. xely ()
(4]
Using that f, L €(x, -) at n # I, we obtain

anw = [ _f@exads@ = Y 0%
5

nez4

forallx = ey € £3 ﬂéz w1th ||y||ez ~ = land ¢ € [0, 1). Now the equality

1 d“ oClf 1(ey)
den

) = (18)

e=0

implies that f, is a Taylor coefficient of €[f].
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Finally, the relation €[f](x) = ¢ro@(x, -) withx € BY [ 62 1mp11es thatforany f € #?(d¢) the series (15)is pointwise
byx € By ZZ weakly convergentin #2(dc),asa functlon ofthe variable a € S%°. Clearly, dj€[f]in (18) can be extended
on €y () ZZ N as a continuous polynomial. Thus, the formula (16) is true.

It remains to note that Taylor coefficients %dgﬁ[f] = f, uniquely define the analytic function €[f] in the open domain
BY () ¢2 O
& \/ﬁ

Remark 7.2. In the finite dimensional case if E = C", n € N, the Cauchy formula (15) obtains the classical form (see [8])

_ fl@dg (@)
eflt0) = /;n - g * €B.

Remark 7.3. In the partial case if n, = 1forallr € N, the ball K&® has a polydisk form. For this case the Cauchy type formula
has been earlier established in [13].

Corollary 7.4. Forevery x € BY () Kz the point-evaluation functional
&) f = f(x)

is continuous on #%(d¢).

Proof. From Theorem 7.1 we have
& () =F () = (€, ) 1 FO) we2ag)

and from Proposition 6.1 that €(x, -) € A(Sg%o) C #%(dg). O

8. Relations between Hardy type spaces and the symmetric Fock space

The Hermitian dual of symmetric Fock space F* and the Hardy class #2(d¢) possess the same orthogonal basis &*
(see Remark 2.2 and Theorem 4.2). The following proposition is a specification of the statement from [14] (an another
interpretation of this statement was given in [ 15, Theorem 2.6]).

Proposition 8.1. Every element
= Y fi €F withf € OFE*
neZy
generates an analytic function defined in the Hilbertian open ball B,
FIFF10 =) fi(x), xeB (19)
nezZ4
with the Taylor series expansion at the origin
! *(k) (k)
fn*(X) Z Z (h)! e |j] |fn)®EE
|(k)|=n [jleN?
and the point-evaluation functional
8¢ f* = FIF 1)
is continuous for every x € B.

Proof. Since

X = Z ef(x)e;, we have Ix)1? = Z |e;‘(x)|2.

teZ4 teZ4

The Fourier decomposition of the element x®" is

@ = (Y ewe) = Y Y (’l:;v e ey (20)

neZy [()|=n[j]
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and the series converges in O}, E since

nl 2 _ o *®(k)
HX® ||®2E - |(;n§ (/)‘2| Il (x )| ‘@ﬁ

= *(k) . ~

- u;,% ot [0 )\ (Z el .

Using the orthogonal property x®" 1 x®™ in F for n # m, we obtain

2
eran — Z ||X®"H®n

neZ4 F neZy

> =
|| 1— x|’

neZ4

Thus, the series ), ;- x®" is absolutely and uniformly convergent in the Fock space F on any closed subball in B.
As is known [16, Proposition 2.4.2] ZneZ+ x®" is an analytic map from B into F. For any f* = ZneZ+ fF e F* with
f¥ € O} E* the orthogonality f;* L x®" for n # I implies

S 1) :=f*<2 x®”> = an*(x), X € B.

neZy nez

Hence, the complex function F[f*] is a composition of two analytic maps on B:f* € F* and x ZneZ+ x®" ¢ Fand so must

be analytic on B (see [16, Proposition 3.1.2]). For any x = ra € B with |la]| = 1and r € [0, 1) we have

l doLf*1(ra)

fr@ = o

r=0

Thus each polynomial f;" is a Taylor coefficient of F[f*], defined as an orthogonal projection of f* € F* onto the subspace
O} E*. Now it remains to substitute instead of x*" the orthogonal decomposition (20).
Since

1) = <Z X f( )>
nezZ4

and ), ;. x®" e F for every x € B, the functional &f is continuous on F*. O

Proposition 8.2. In the case if

n,=1 forallr € N,
the following contractive dense embeddings

#H*(dg) & F* and H? «E* foralln € Z, (21)
hold.

Proof. As is well known (see e.g. [10, 2.2.2]), the system &; forms orthogonal bases in the symmetric Fock space F and

(k)! . n
. :T’ n = |(k)| for all [j] € N".
®pE :

2
(k) 2K

Jeel = s

From Theorem 4.3 it follows, that

2

< 1= e*.(k) .
0|2
S

H ®(k)
F

€

Via Theorem 4.2 for every function f;, € ](,f there exists a Fourier decomposition

k k . 2
h= Y S ae i

[(k)|=n [jleN"
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with the coefficients oz[(ﬁ) € C. It follows, that

2 (k)
e = Y0 3 Jot|

|(k)|=n [jleN"
k 2
=y ¥ \a{,f\ Wl -
[(01=n [jlen® °

Hence, the embedding anz ¢ E}" is contractive for all n. Therefore

FIZ = WallZne

nez4

> Il = IFI

neZ4

IA

forallf = ZnEZ+ fi € #?(dg) withf, € Jf,f and the embeddings (21) are proved. Since the system & forms an orthogonal
basis in Jf,f for all n, the embeddings (21) are dense. O

For the general case of BY® we have the following theorem.
Theorem 8.3. Let x € B[\ BY and f € F* (") #2(dg). Then
2f1x) = 3If1(0.

Proof. We observe that €[f](x) = &(f), [f1(x) = 6£(f) and both &, and & are continuous if x € B(") BY. So they coincide
on the common domain if they are equal each to other on basis functions. But

5, (ef,f’"‘)) >_«1®k1 ) e;;®k2 ) - - *@kn x) = (ef,j@(k))
for all multi-indices (k) and [j]. So €[f](x) = F[f1(x) for every f € F* () #*(dg) andx € B(\BY. O
The following proposition gives a natural isomorphism between F* and #2(d¢) for the general case of #?(d¢).

Proposition 8.4. Let | be a linear operator from F* to #¢2(d¢) defined on the basis functions by the following way
*Q (k)

J (e*®(k) ) = ()! ey

ul n! (*@(k)| *®<k)>
H#2(do)

Then ] is an isometrical isomorphism.

, n=|k)].

Proof. From the definition of ] we have that

@) @ (k)

€[l _ il

@(1) = e :
llegy ™ lles IIE[,-] Il 562 ac)

That is, ] maps one-to-one the orthonormal basis of F* onto the orthonormal basis of #2(dc¢). So J is an isometrical
isomorphism. O

Note that if n, = 1forallr € N, then
@0\ _ (k)' 80
J (em ) =V e
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