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A family M of non-empty subsets of a set X is called an upfamily if for each set A € M any
subset B D A of X belongs to M. By v(X) we denote the set of all upfamilies on a set X. Each
family B of non-empty subsets of X generates the upfamily (B) ={A C X : 3B e B (B C A)}.
An upfamily F that is closed under taking finite intersections is called a filter. A filter U is
called an ultrafilterif U = F for any filter F containing . The family 5(X) of all ultrafilters on
a set X is called the Stone-Cech compactification of X, see [15]. An ultrafilter ({z}), generated
by a singleton {x}, z € X, is called principal. Each point x € X is identified with the principal
ultrafilter ({x}) generated by the singleton {z}, and hence we can consider X C (X)) C v(X).
It was shown in [8] that any associative binary operation * : S x S — S can be extended to an
associative binary operation x : v(S5) x v(S) — v(S) by the formula

L*M:<Ua*Ma:Le£, {Ma}aeLCM>

a€l

for upfamilies £, M € v(S). In this case the Stone-Cech compactification 5(S) is a subsemi-
group of the semigroup v(S). The semigroup v(S) contains as subsemigroups many other
important extensions of S. In particular, it contains the semigroup A(S) of maximal linked
upfamilies. An upfamily £ of subsets of S is said to be linked if ANB # () for all A,Be€ L. A
linked upfamily M of subsets of S is maximal linked if M coincides with each linked upfamily
L on S that contains M. It follows that 3(S) is a subsemigroup of A(S). The space A(S) is
well-known in General and Categorial Topology as the superextension of S, see [17].

Given a semigroup S we shall discuss the algebraic structure of the automorphism group
Aut (A(9)) of the superextension A\(S) of S. We show that any automorphism of a semigroup S
can be extended to an automorphism of its superextension A(S), and the automorphism group
Aut (A(9)) of the superextension A\(S) of a semigroup S contains a subgroup, isomorphic to the
group Aut (5).

Proposition 1. For any group G, each automorphism of A(G) is an extension of an automor-
phism of G.

Theorem 1. Two groups are isomorphic if and only if their superextensions are isomorphic.

A semigroup S is called monogenic if it is generated by some element a € S in the sense
that S = {a"}nen. If a monogenic semigroup is infinite, then it is isomorphic to the additive
semigroup N of positive integer numbers. A finite monogenic semigroup S = (a) also has simple
structure. There are positive integer numbers r and m called the index and the period of S
such that

o S={a,a®....;a""™ Yandr+m—1=|S;

° ar—i—m — CLT;
o C,, :={a",a" ™, ... a" 1} is a cyclic and maximal subgroup of S with the neutral
element e = a" € C,, and generator a" ™!, wheren € (m-N)N{r,...,r +m — 1}.

By M, ,, we denote a finite monogenic semigroup of index r and period m.
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Theorem 2. Two finite monogenic semigroups are isomorphic if and only if their superexten-
sions are isomorphic.

Proposition 2. If r > 3, then any automorphism ¢ of the semigroup A(M,.,) has ¥(z) = x
for all x € M,.,.

For the idempotent e of the maximal subgroup C,, of a semigroup M, ,,, the shift p : M,.,,, —
eM,., = Cy,, p: & — ex, is a homomorphic retraction of M, ,,, onto C,,. Therefore, p = Ap :
AM, ) = AMCy) C A(M,.,) is a homomorphic retraction as well.

Theorem 3. For r = 2 the homomorphic retraction p : N(M,..,) — A(Cp,) has the following
properties:
(1) Ax B = () x B = Ax p(B) = p(A) » p(B) for any A B € M)
(2) Y(z) =z for any x € Cp, and any ¢ € Aut(A(M,.,,,));
(3) the restriction operator R : Aut(A(M,,,)) — Aut(A(Cy,)) has kernel isomorphic
to [leexe,) So-1oniey and the range R(Aut(M, ) = {¢ € Aut(\Cn)) : VL €

ACm) 1P~ (L)) = P~ (L)1}

Consider the shift o :M,,, = aM,,,, 0: 2~ az.
Theorem 4. Assume that r > 2. The restriction operator R : Aut (A(M,.,,,)) — Aut (A\(M2 )

T,m

has kernel isomorphic to []reyan2 ) So-1(cpamz,) and range R(Aut(M,.,)) C H where
H={peAut(\M?,)): VL XM, )p(@ (L) NAM?,)) = (L) NAM?,) and
YO € a7 (0(£)) N €] = [ (£) N 1),
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