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0. Introduction and preliminaries

The question of the description of the invariants of a linear transformations group on C" which naturally acts on the
algebra of polynomials is a typical problem of the classical Invariant Theory. Such invariants form algebras of symmetric
polynomials with respect to given groups and have been investigated in the classical cases (see e.g.[1,2]). It is very important
for these studies to describe the spectra of the algebras of invariants. The cases when a group (or even a semigroup) of
symmetry acts on infinite-dimensional Banach spaces were considered in [3-6]. For the infinite-dimensional case we need
to work with a natural completion of the algebra of continuous polynomials, that is, the algebra of analytic functions of
bounded type. In this case, we can use some methods and ideas developed in [7,8].

Aron et al. introduced in [7] a convolution operation in the spectrum of the algebra Hy, (X) of analytic functions of bounded
type defined on a complex Banach space X. This convolution is defined relying on translations on X. Later Aron et al. [8]
discussed the commutativity of that convolution and proved that for X = £, it is not commutative.

By a symmetric function on £, we mean a function which is invariant under any reordering of the sequence in £,. The
algebra of symmetric analytic functions of bounded type with the topology of the uniform convergence on bounded sets will
be denoted by #,s(£,). We denote by My, (£,) its spectrum, that is the set of all continuous scalar valued homomorphisms.

When dealing with symmetric analytic functions the translation operators are not well defined anymore. This is why
in [6] the authors introduced the so-called “intertwining” operators that lead them to define a “symmetric” convolution
operation as is described in the next section. We prove that an endomorphism of #,(£,) commutes with all intertwining
operators if and only if it is a convolution operator. The results in this paper show that, contrary to the non-symmetric
case, the symmetric convolution is indeed commutative. Also a representation of Mys(£1) in terms of entire functions
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of exponential type is obtained. Such representation allows us to determine the invertible elements in Mps(¢1) for such
symmetric convolution. Finally we present a description of the elements in the spectrum through certain points in ZT.
In [3] it is proved that, similarly to the classical finite dimensional case, the polynomials

F) =Y %, k=1[pl,[pl+1 (0.1)

i=1

form an algebraic basis - named the power series basis - in the algebra of all symmetric polynomials on £, (here [p]
is the smallest integer that is greater than or equal to p). This means that for every symmetric polynomial P of degree
[p] +n — 1,n > 1 there is a polynomial g on C" such that P(x) = q(Fp1(X), ..., Frpj4n—1(x)). Actually, g is unique as
pointed out in [5].

For background on analytic functions on infinite-dimensional spaces, we refer the reader to [9] or to [10].

1. The symmetric convolution

Remark 1.1. Thereisno w € £,, w # 0, such that g(x) = f (x + w) is symmetric for every symmetric f € Hs(¢p).

Proof. Thereisiy € N, such that |w,| < %ifn > ip. Assume that f (-+w) belongs to #s(£,) for every symmetricf € Hys(£p).
Then for every fixed permutation o and each element in the basis of £, f (e, + w) = g(es4)) = g(e)) = f(ei + w), Vf €
Hips(€p). Thus e, ;) + w is a permutation of e; + w, that is, 1 4+ ws; = wj, for some index j; € N.

Since o is a bijection, the set {o' (i) > i} is infinite, so there are infinite terms w;, with absolute value greater that %
Impossible. O

Next we recall some definitions.

Definition 1.2 ([6]). Let x,y € £,,X = (X1,X2,...,) andy = (¥1,¥2,...,). We define the intertwining x e y € £,
according to

Xey= (Xl’.VLXZv.VZ’ 7)

The mapping f +— T;(f) where Tj(f)(x) = f(x o y) will be referred as to the intertwining operator. Observe that

T; 0T = T)f.y = Tys o T;: Indeed, [T} o T;](f)(z) = Tj[Tys(f)](z) = T;(f)(z ox) = f((zex) ey = f(ze (xeo}y)),
since f is symmetric.
The above remark explains why we are led to use the intertwining operators to define the convolution in Ms(€,).

Definition 1.3 ([6]). Givenf € #)s({;) and 6 € Hs(¢,)’, its symmetric convolution 6 «f is defined by (6 xf) (x) = 6[T; (f)].

As pointed out in [6], it turns out that 6 x f € Hys(£p).

Definition 1.4 ([6]). For any ¢ and 6 in #s(£p)’, its symmetric convolution is defined according to

(@ *x0)(f) = ¢(0 xf) = p(y = O(T;f)).

Corollary 1.5 ([6]). If ¢,0 € Mps(€,), then p x 0 € Mps(€p).

Theorem 1.6. (a) Forevery ¢, 6 € Mys(£p) the following holds:
(¢ * 0)(Fk) = @(Fi) + 0 (F). (1.1)

(b) The semigroup (Mps(€,), *) is commutative, the evaluation at 0, &y, is its identity and the cancellation law holds.
Proof. Observe that for each element Fy in the algebraic basis of polynomials, {Fi}, we have

(0 x Fi) (x) = 0(T(Fx)) = 0 (Fe(x) + Fi) = Fe(x) + 0 (F).
Therefore,

(¢ x 0)(Fi) = ¢(Fi + 0(F) = @(Fi) + 0(F).

To check that the convolution is commutative, that is, ¢ x 8 = 6 * ¢, it suffices to prove it for symmetric polynomials,
hence for the basis {F}. Bearing in mind (1.1) and also by exchanging parameters (6 * ¢)(F,) = 6 (Fy) + ¢ (F¢) = (¢ % 0)(Fy)
as we wanted.

It also follows from (1.1) that the cancellation rule is valid for this convolution: If ¢ x 8 = v x 9, then ¢ (F,) + 6 (F;) =
v (Fy) + 6(Fy), hence ¢(Fy) = ¥ (F),and thus, ¢ = ¢. O
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Example 1.7. There exist nontrivial invertible elements in the semigroup (Mps(£;), *):

In [5, Example 3.1] it was constructed a continuous homomorphism ¢ = ¥; on the uniform algebra Ays(B,) such that
¢(F,) = 1and ¢(F;) = Oforalli > p.In a similar way, given A € C we can construct a continuous homomorphism
¥, on the uniform algebra Ays(|A[Bg,) such that ¥, (F,) = A and ¥, (F) = 0 for alli > p: It suffices to consider for

eachn € N, the element v, = (%)UP (e1 + -+ + ey) for which Fp(v,) = A, and lim, Fj(v,) = 0. Now, the sequence
{dy,} has an accumulation point ¥, in the spectrum of Ays(|A[B,). We use the notation v, for the restriction of ¥; to
the subalgebra Hs(¢,) of Ays(|A|By,). It turns out that v; * ¥, = & since for all elements F; in the algebraic basis,

(Y * Y- () = Y (F) + Y1 (F) = 0= o ().

Therefore, we obtain a complex line of invertible elements {¢,: A € C}.

As in the non-symmetric case [7, Theorem 5.5], the following holds:

Proposition 1.8. Every ¢ € Mys(£p) lies in a schlicht complex line through &.

Proof. For every z € C, consider the composition operator L,: #ys(€,) — Hps(€p) defined according to L, (f)((xn)) =
f((zxn)), and then, the restriction L} to Mjs({p) of its transpose map. Now put ¢* = Li(¢) = ¢ o L,. Observe that

¢*(F) = ¢ o L,(F) = ¢((Fi(z))) = z"¢(Fy). Also, ¢° = &.

Foreachf e #s(¢€,) the self-map of C defined according toz ~ ¢*(f) is entire by Aron et al. [7, Lemma 5.4(i)]. Therefore,
the mapping z € C ~ ¢* € Mjs({p) is analytic.

Since ¢ # Jy, the set X' := {k € N: ¢(F;) # 0} is non-empty. Let m be the first element of X, so that ¢(F;;) # 0. Then if

¢* = ¢%, one has z"p(F,) = w™¢(F,), hence z™ = w™. Taking the principal branch of the mth root, the map & ~ ¢ VE is
one-to-one. [

Recall that a linear operator T: Hs(£p) — Hps(£,) is said to be a convolution operator if there is 6 € My(£,) such that
Tf = 0 x f. Let us denote Heony (£p) := {T € L(Hps(£,)): T is a convolution operator}.

Proposition 1.9. A continuous homomorphism T: Hys(£,) — Hps(£p) is a convolution operator if and only if it commutes with
all intertwining operators T}, y € £p.

Proof. Assume thereis 6 € Mps(£,) suchthatTf = 6 «f.Fixy € £,. Then [T o T;](f)(x) = [T(Tys(f))](x) =0 *T;(f)](x) =
OIT (T;(f)] = O[T, (f)]. On the other hand, [T} o TI(f)(x) = [T;(Tf)]1(x) = Tf (x e y) = (0 xf)(x @ y) = O[T, (F)].

Conversely, set 8 = §g o T. Clearly, & € Mps(£p). Let us check that Tf = 6 x f: Indeed, (0 » f)(x) = O[T;(f)] =
[T(T;(FNIO0) = [THTF)NIO) =Tf(0ex) =Tf(x). O

Consider the mapping A defined by A(6)(f) = 6 x f, that s,

A Mbs(gp) - Hconv(zp)

0+ f~0xf=A0)f).
It is, clearly, bijective. Moreover we obtain a representation of the convolution semigroup
Proposition 1.10. The mapping A is an isomorphism from (Mps(€,), %) into (Heony (€p), ©) Where o denotes the usual
composition operation.
Proof. First, notice that using the above proposition,

Al *0)(HX) = [(p x0) xf1(X) = (¢ xO)(T) = 90  Tf)

= plAO)Tf)] = o[(A0) o TY)(F)] = ¢l(T; 0 A@) ()]

On the other hand,

[A(9) 0 AONF)®) = A@[AGO) NI = [¢ * ABO)(H](®) = p[TH(AG) F))].
Thus the statement follows. O

As a consequence, the homomorphism 6 is invertible in (Mjs(£p), %), if and only if the convolution operator A(9) is an
algebraic isomorphism. Observe also that for ¢ € Mps(£,), one has

Yo AB) =¥ x0,
because [ o AD)]() = Y [AO)F)] =¥ (0@ xf) = (Y x0)(f).

Next we address the question of solving the equation ¢ = v x 6 for given ¢, 0 € My;({p). We begin with a general
lemma.

Lemma 1.11. Let A, B be Fréchet algebras and T: A — B an onto homomorphism. Then T maps (closed) maximal ideals onto
(closed) maximal ideals.
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Proof. Since T is onto, it maps ideals in A onto ideals in B. Let § C A be a maximal ideal. We prove that T(g) is a maximal
ideal in B: If 4 is another ideal with T(§) C 4 C B, it turns out that for the ideal T~'(1), § € T-(T(g)) C T~!(4), hence
either § = T~1(4),or A = T~!(4). That is, either T(§) = 4, or B = {.

Let now ¢ € M(A) and § = Ker(¢), be a closed maximal ideal. Then T(¢) is a maximal ideal in B, so there is a character
Y on B such that Ker (1) = T(g). Then Ker(¢) C Ker(y o T), because if ¢(a) = 0, thatis, a € g, we have T(a) € Ker ().
By the maximality, either ¢ = ¥ o T,or ¢y o T = 0, hence {» = 0. In the former case, i is also continuous since
being T an open mapping, if (b,) is a null sequence in B, there is a null sequence (a,) C A such that T(a,) = by; thus
lim, ¥ (b,) = lim, ¥ o T(a,) = lim, ¢(a,) =0. O

Remark 1.12. Let A, B be Fréchet algebras and T: A — B be an onto homomorphism. If T (Ker(¢)) is a proper ideal, then
there is a unique v € M(B) suchthatgy = ¢ o T.

Corollary 1.13. Let 6 € Mps(€,). Assume that A(9) is onto. If A(8)(Kerg) is a proper ideal, then the equation ¢ = v % 6 has
a unique solution. In case A(0)(Kerg) = Hys(£p), then the equation ¢ = v x 6 has no solution.

Proof. The first statement is just an application of the remark, since ¢y x & = ¢ o A(0) = ¢. For the second statement, if
some solution yr exists, then again ¥ o A(0) = Y x0 = @, so Y (Hps(£,)) = (¥ 0 A(0))((Kerp)) = ¢(Kerg) = 0. Therefore,
thenalsop =0. O

2. A weak polynomial topology on M ({p)

Let us denote by w), the topology in M (£,) generated by the following neighborhood basis:
Us ky,cke (W) = (¥ x @19 € Mps(€p) and |@(Fy)| < &,j=1,...,n}.

It is easy to check that the convolution operation is continuous for the w, topology, since thanks to (1.1),
Ue/2,k1,kn 0) ¥ Ug sz iy, kn (W) C Ug ey, ke (0 % 7).

We say that a function f € Hs(£p) is finitely generated if there are a finite number of the basis functions {F.} and an
entire function q such thatf = q(Fy, ..., F).

Theorem 2.1. A function f € H;(£p) is wy-continuous if and only if it is finitely generated.

Proof. Clearly, every finitely generated function is w,-continuous. Let us denote by V,, the finite dimensional subspace in £,
spanned by the basis vectors {ey, . .., e,}. First we observe that if there is a positive integer m such that the restriction fj,
of f to V, is generated by the restrictions of Fy, ..., F, to V,, for every n > m, then f is finitely generated. Indeed, for given
n > k > m we can write

Sy, @ =qi(F1(0), ..., Fn(x)) and fj, () = q2(F1(X), ..., Fn(x))
for some entire functions ¢q; and g, on C". Since
{Fi(), ..., Fa(x)):x € Vi} = C"

(see e.g.[5]) and fy, is an extension of f |y, we have q;(t1, ..., tn) = q2(ty, ..., ;). Hence f(x) = q1(F1(), ..., Fr(x)) on
¢, because f (x) coincides with q; (F1(x), . .., Fn(x)) on the dense subset |, V».

.....

&, ..., |Fn(x)| < e}.Foragivenn > mlet

flv, %) = q(F1(x), ..., Fp(x))

be the representation of f|y, (x) for some entire function q on C". Since {(F1(X), ..., Fn(X)):x € Vp,} = C™, q(ty, ..., ta)
must be bounded on the set {|t{| < &, ..., |tm| < &}. The Liouville Theorem implies q(t{, ..., t;) = q(t1,...,tm,0...,0),
thatis, f|y, is generated by Fy, ..., Fy. Since it is true for every n, f is finitely generated. O

For example f (x) = Zﬁil d ”n(,x) is not w,-continuous.

Proposition 2.2. The topology w, is Hausdorff.
Proof. If ¢ # i, then there is a number k such that
lp(Fi) = ¥ (F)| = p > 0.
Let ¢ = p/3. Then for every 6; and 6, in U, ;(0),
|(@ * 01) (Fi) — (¢ * 62) (F) | = [(¢(F) — ¥ (Fi)) — (02(F)) — 61(F)| = p/3. O
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Proposition 2.3. On bounded sets of My (£,) the topology wy, is finer than the weak-star topology w (Mps(£p), Hps(£p)).

Proof. Since (Mps(€,), wp) is a first-countable space, it suffices to verify that for a bounded sequence (¢;); which is w,
convergent to some v, we have lim; ¢;(f) = ¥ (f) for each f € H5(¢p): Indeed, by the Banach-Steinhaus theorem, it
is enough to see that lim; ¢;(P) = 1 (P) for each symmetric polynomial P. Being {F} an algebraic basis for the symmetric
polynomials, this will follow once we check that lim; ¢;(Fx) = ¥ (Fy) for each Fy. To see this, notice thatgivene > 0, ¢; € U,
for i large enough, that is, there is 6; such that ¢; = i x 6; with |6;(F;)| < ¢. Then, |@;(F,) — ¥ (Ex)| = |6;(Fx)| < ¢ forilarge
enough. O

Proposition 2.4. If (Mys({p), x) is a group, then w, coincides with the weakest topology on Mps(£,) such that for every
polynomial P € #y;({p) the Gelfand extension P is continuous on Mpys(£p).

Proof. The sets F,~ 1(B(Fe (), €)) generate the weakest topology such that all P are continuous. Let 6 ¢ Mps(£p) be such
that |[Fi(0) — Fr(¥)| < €.Set @ = 6 x 1. Then |Fe(¢)| = |[Fe(8) — Fk(¥)| < eand O = Yy xp. O

3. Representations of the convolution semigroup (Mps(£1), %)

In this section we consider the case #,s(£1). This algebra admits besides the power series basis {F,}, another natural
basis that is useful for us: It is given by the sequence {G,} defined by G, = 1, and

o0
Gh(x) = Z Xiey * Xk

kq<---<kn

and we refer to it as the basis of elementary symmetric polynomials.

Lemma 3.1. We have that |G, || = 1/n!

Proof. To calculate the norm, it is enough to deal with vectors in the unit ball of £; whose components are non-negative.
And we may restrict ourselves to calculate it on L, the linear span of {eq, ..., e;} for m > n. We do the calculation in an
inductive way over m.

Since Gy, is homogeneous, its norm is achieved at points of norm 1. If m = n, then G, is the product x; - - - x,. By
using the Lagrange multipliers rule, we deduce that the maximum is attained at points with equal coordinates, that is at
l(er+ - +ey). Thus [Gy(2,.7., 10, ) =1/n" < L.

9 n 9
Now form > n,and x € L,,, we have G, (x) = Zk1<»-»<kn<m Xk, - - - X, Again the Lagrange multipliers rule leads to either

some of the coordinates vanish or they are all equal, hence they have the same value % In the first case, we are led back
to some the previous inductive steps, with L, with k < m, so the aimed inequality holds. While in the second one, we have

1 m 1 _[(m 1 1
Gao s 2,0,y = (7) i = 4

Moreover, ||G,| > limy, ('::) 17 = . This completes the proof. [

mn

Let C{t} be the space of all power series over C. We denote by # and § the following maps from M;(€;) into C{t}

Flp) =Y t""o(F) and §(p) =) t"¢(Gy).
n=0

n=1

Let us recall that every element ¢ € Mys(£1) has a radius-function

. 1
R(¢) = limsup [|g,[|" < oo,

n—-oo

where ¢, is the restriction of ¢ to the subspace of n-homogeneous polynomials [6].

Proposition 3.2. The mapping ¢ € Mps(£1) 4 G.(¢) € F(C) is one-to-one and ranges into the subspace of entire functions on
C of exponential type. The type of G.(¢) is less than or equal to R(¢p).

Proof. Using Lemma 3.1,

lim sup v/n!|¢n(Gp)| < lim sup y/n!llgn || 1Gall = limsup v/llgnll = R(p) < oo,

n—oo n—oo n—oo

hence G (¢) is entire and of exponential type less than or equal to R(¢). That 4 is one-to-one follows from the fact {G,} is a
basis. O
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Theorem 3.3. The following identities hold:

(1) Flpx0) = F(p) + F(0).
(2) (@ x0) = §(0)§(0).

Proof. The first statement is a trivial corollary of the properties of the convolution. To prove the second we observe that
n
Gr(x®y) =Y Gi(X)Gr ().
k=0

Thus

k=0

(0 % G) (%) = O(T(Gy) = 6 (Z Gk(x>cn_k> =Y Gx)0(Gn).
k=0

Therefore,

(9 *0)(Gn) = ¢ (Z Gk(x)e(cn_w) =Y 9(GIO(Gnr).
k=0

k=0

Hence, being the series absolutely convergent,

4(9)§0) = Y t*0G) Y _t"0Gm) =Y > t"9(G)O(Gn)
k=0 m=0

n=0 k+m=n

=) " > 9GOGy) = Zot"(wexcn) =G(p+6). O

n=0 k+m=n

Example 3.4. Let i, be as defined in Example 1.7. We know that # (y;)) = A. To find 4 (v, ) note that
k

2 k
ck(vn)=<;> (Z) hence ¢(G) = lim G(vn) = -

and so

n ")k
§WM = lim Y04, G = lim 3BT o
k=0 k=0

According to well-known Newton’s formula we can write for x € ¢4,

nGn(x) = F1(x)Gp—1(x) — F,(X)Gn2(X) + - - - + (= D" Fy(x). (3.1)

Moreover, if £ is a complex homomorphism (not necessarily continuous) on the space of symmetric polynomials #(£1),
then

n&(Gn) = & (F1)E(Go1) — E(FDEGr2) + -+ - + (=) E(Fy). (3.2)

Next we point out the limitations of the construction’s technique described in 1.7.

Remark 3.5. Let £ be a complex homomorphism on #(£1) such that £ (F,) = ¢ # 0 for some m > 2 and &£(F,) = O for
n # m. Then £ is not continuous.

Proof. Using formula (3.2) we can see that

_ (__1\ym+1 s(Fm)S(G(k—l)m)
é(ka) - ( 1) —km

and £ (G,) = 0if n # km for some k € N. By induction we have

((_1)m+1c/m)k

S (ka) = k!

and so

k
1)m+1 00 (_1)m+1% o eram
9<S)<t>—1+zwtm=1+z¥=e(<1) )
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Hence g(&)(t) = e~ - = e” . ™ Sincem > 2, 6.(&) is not of exponential type. So if £ were continuous, it could be

extended to an element in Mys(¢), leading to a contradiction with Proposition 3.2. O

According to the Hadamard Factorization Theorem (see [11, p. 27]) the function of exponential type G.(¢)(t) is of the
form

4@ =" ] (1 — %) e/, (33)

k=1

where {a;} are the zeros of §(¢)(t). If >_ |ax|~! < oo, then this representation can be reduced to

t = t
G) ) =[] (1 - a_k) : (3.4)

k=1
Recall how i, was defined in Example 1.7.

Proposition 3.6. If ¢ € (Mps(£1), %) is invertible, then ¢ = ; for some M. In particular, the semigroup (Mps(£1), ) is not a
group.
Proof. If ¢ is invertible then ¢ (¢)(t) is an invertible entire function of exponential type and so has no zeros. By Hadamard'’s

factorization (3.3) we have that §(¢)(t) = €’ for some complex number A. Hence ¢ = v, by Proposition 3.2.
The evaluation 61 ,...0,...) does not coincide with any v, since, for instance, ¥, (F;) =0# 1=20q.0,..0..)(F). O

Another consequence of our analysis is the following remark.

Corollary 3.7. Let @ be a homomorphism of $P(£1) to itself such that @ (F,) = —F for every k. Then & is discontinuous.

Proof. If @ is continuous it may be extended to a continuous homomorphism @ of Hps(€1). Then for x = (1,
0,...,0,...), we have §; x (8, o @) = §y. However, this is impossible since J, is not invertible. O

We close this section by analyzing further the relationship established by the mapping §.
It is known from Combinatorics (see e.g. [12, pp. 3,4]) that

o0

4600 =] [ +xb) and FE)@0) =)
k=1

k=1

Xk

T xt (3.5)
for every x € cyo. Formula (3.5) for §(6y) is true for every x € £1: Indeed, for fixed t, both the infinite product and 4 (8)(t)
are analytic functions on £;.

Taking into account formula (3.5) we can see that the zeros of §(d,) (¢) are ay = —1/x for x;, # 0. Conversely, if f (t) is an
entire function of exponential type which is equal to the right hand side of (3.4) with }_ |a,|™' < oo, then for ¢ € Mps(£1)
given by ¢ = i, x §y, where x € £, x, = —1/a, and ;, as defined in Example 1.7, it turns out that §(¢)(t) = f(t). So we
just have to examine entire functions of exponential type with Hadamard canonical product

fo=]] (1 - a%) e!/% (36)

k=1

with Y |ay|~! = oo. Note first that the growth order of f (t) is not greater than 1. According to Borel’s theorem [11, p. 30]
the series
e 1

D o

k=1
converges for every d > 0. Let

1

n
Ay = limsup |—, nf = limsup

n—oo Cln| r—00

lan|<r

and yr = max(4y, ny). Due to Lindel6f’s theorem [11, p. 33] the type oy of f and y; simultaneously are equal either to zero,
or to infinity, or to positive numbers. Hence f (t) of the form (3.6) is a function of exponential type if and only if > lag| =174
converges for every d > 0 and y is finite.

Corollary 3.8. If a sequence (x,) & £, for some p > 1, then thereis no ¢ € Mys(£;) such that

oo
o(F) =Y X
n=1

forall k.
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Letx = (X1, ..., Xy, - ..) be a sequence of complex numbers such that x € £, foreveryd > 0,
lim sup n|x,| < oo, lim sup Z Xn| < 00 (3.7)
n— o0 r—1 1

e <T
[xn]

and A € C. Let us denote by ;) a homomorphism on the algebra of symmetric polynomials £s(£1) of the form

oo
Sumy(F1) =4, SemF) =) x5 k>1.
n=1

Proposition 3.9. Let ¢ € Mps(£1). Then the restriction of ¢ to Ps(£1) coincides with 6 ) for some A € C and x satisfying (3.7).
Proof. Consider the exponential type function 4 (¢) given by (3.3) and the corresponding sequence x = (;—nl).
If x € £4, then according to (3.4), ¢ = V¥, x 8. If x & £1, then §(p)(t) = e ]_[;";1 (1 + tx,,,)e*"‘" and, on the other hand,

G(@)(t) = Do s @Gt
We have

!

oo o0
(e“ l_[ (1+ txp) e”‘“) = et l_[ (14 tx,) e ™
n=1

t n=1

+ et (—tx?e_tx1 [Ta+mye™ —ode ™ [T+ ) e ™ — )
n#1 n#2

o0 o0
= reM 1_[ (1 + txy) e~ — te™t Zxﬁe‘“‘" 1_[ (14 tx,) e~
k=1 n#£k

n=1

and

= A.
t=0

/
o0

(e“ 1_[ 1+ tx,) e‘”‘”)
n=1

So by the uniqueness of the Taylor coefficients, ¢(G1) = ¢ (F1) = A.

Now
00 Y 00 i ) /
(eM 1_[ (1 + txp) e_t"”) = ()\e“ 1_[ (1 + txp) e_t"”) - (teM ine‘t"" l_[ (1+ txy) e‘”‘”)

n=1 t n=1 t k=1 n#k ¢

o0 o0
= A2t l_[ (1 + tx,) e~ — rte™ Zxﬁe‘”‘" l_[ (14 tx,) e ™
n=1 k=1 n#k
o0 o0 !
—eM ine_t’"‘ l_[ (1+txy)e ™ —t (e“ Zxﬁe‘”‘" l—[ (1 + txy) e_”‘”)
k=1 n#k k=1 n#k ¢
and

o0 " o0
At —txn — 32 _ 2
(e H (1+txp)e ) o A k; Xj.

n=1
Then
M —FBx  (pF))? - Fk)
G) = = .
0(Ga) 5 5
On the other hand,
(F}) — ¢(Fy)
0(Gy) = T
and we have

@(F2) = F(x).
Now using induction we obtain the required result. 0O
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Question 3.10. Does the map § act onto the space of entire functions of exponential type?
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