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The paper contains a description of algebraic basis of algebra of block-symmetric polyno-
mials on the ¢1-sum of the copies of /;.

B. B. Kpasmus, A. B. 3aropoguiok. Anzebpauneckutl 6a3uc anzebpo. 6A04H0-CUMMEMPUYEC-
KUL NOAUHOMOS ha banarosom npocmparcmee // Mar. Cryzii. — 2012, — T.37, Nel. — C.109-112.

B pabore omucan anrebpamdeckuit 6a3uc aaredbpbl 6JIOTHO-CUMMETPUIECKAX TTOJTUHOMOB Ha,
{1-cymme Kormit IpocTpaHcTBa {7.

In resent years there is increasing interest to investigations of invariants of permutation
group S, of integer numbers. This group can be represented on a Banach space X with
a symmetric basis as a group of operators of perturbation of basis vectors. The action of this
group has a natural extension to the action on the algebra H,(X) of analytic functions of
bounded type on X. Invariants of this representation of S, are so called symmetric analytic
functions of bounded type on X. The algebra of symmetric analytic functions Hys(X) were
investigated by many authors ([3], [4], [6]). In particular, it is known that Hy(¢,) admits
an algebraic basis for 1 < p < cc.

On the other hand, there are more representations of S, in Banach spaces. For example,
if X is a direct sum of infinitely many “blocks” which are copies of a Banach space X,
then S, acts permutating the “blocks” (see for the definition below). For this case we have
invariants — the algebra of block-symmetric analytic functions. Note that this algebra is
much more complicated and in the general case has no algebraic basis (see e. g. [1, 2|). Note
that if dim X < oo, then block-invariant polynomials are investigated in the classical theory
of invariants [5, 7/.

Let

X = (ZX)Q - ?X

be a finite @,” X or an infinite @, X ¢;-sum of copies of Banach space X. So any element
T € X can be represented as a sequence T = (x1,...,T,,...), where z,, € X, with the norm

_ oo
[zl = 22 Nkl
k=1
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A polynomial P on the space X = @Z C# is called block-symmetric (or vector-symmet-
ric) if:

U1 Um, U1 Um
P : P Y : = P . Y ° : Y
W/ Wm /o, W/ oo Wm /)
Ui
. Ui
for every permutation o on the set {1,2,...,m}, where ) € C®. Let us denote by
W

Pos(X) the algebra of block-symmetric polynomials on X
In paper [2] it was shown that the following vectors are generating elements of P,s(X%) :

Hyvkeeobe (a2 wt) = S (@) @)= (@), kit ket he=n, (1)

3 3

where x; = (z},22,...,25) € C5, i > 1.

The aim of this paper is to describe an algebraic basis of the block-symmetric polynomial
algebra on the space X% = P, ¢1.

Lemma. Let P, P, ..., P, be algebraically independent polynomials on C™. Then
{Pi(z), P2(x),...,P,(z): v € C™} is a dense subset of C™.

Proof. We know from the algebraic geometry that the closure of the range of polynomial
map z — (Pi(x), P2(x),..., P,(z)) is an algebraic variety. So there exists a polynomial @
on C™, such that Q(P(z), Py (z),...,P,(x)) = 0 for any x € C™. Since Py, P,,..., P, are
algebraically independent, Q = 0. Hence, {P;(x), Py(z),..., Py(x): x € C™} is a dense set
in ker ) = C™. [

Let us denote by P (X%) the subalgebra of P,s(X2) which is generated by the polyno-
mials
Hll’o"”’o(xl, w2 xd), . HEvkeks (gl g2 s (2)

where ki + ko + ... + ks = m and the number of these elements is equal to n + k.
Theorem 1. The generating elements (2) are algebraically independent.

Proof. Let {vy,..., v, &1, .. .,&} be the same subset of generating elements system of algebra
Prrk(xo°) where vy, ..., v, are symmetric polynomials, &, ...,&, are not symmetric. We
will show that this system will be algebraically independent. The proof will be developed by
the method of the mathematical induction. If n = 0 this result is obvious.

Let {vi,..., v, &, .-, &, .} be algebraically independent for all jy,...,j5,—1 € {1,...,
n}. According to the lemma the set of ranges is dense in the prime V; = {z: z; = 0},
1=1,...,n.

If {vg,...,0,&1,...,&} is an algebraically depending set, then there exists @ from
Ck, such that Q(vy, ..., v, &1, ...,&) = 0 in the space of ranges. Without loss of the
generality, we can suppose that Q = rad@. Then ker@Q D JV;, i = 1,...,n and so
kerQ D kerz...z, Thus by the Hilbert Nullstellensatz, Q = @Qz1...z,, where @)1 is
a constant. Hence & (2!, 22, ..., 2%) ... & (2, 2%, ..., 2°) = 0, what is impossible. O
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Since every polynomial from the algebra P,s(X2 ) is uniquely representable as an algebraic
combination of generating elements (1) Theorem 1 implies the following corollary.

Corollary. Algebra P,s(XZ) has an algebraic basis which consists of polynomials (1).

Now we consider the algebra of block-symmetric polynomials P,s(X3°) on the space
ng - ®el 51-
Theorem 2. The algebraic basis of algebra P,,(X%)) consists of polynomials

HEFveokmoe (L g2 ™) = Z H(mz)kf, Z ki=n, n=12.... (3)
i=1 j=1 j=1

Proof. Let P(x' 2% ... 2% ...) be a block-symmetric m degree polynomial on X°. At first
we are going to prove that the norm of polynomials (3) is finite, that is the series

iﬁ@z)kjv ikj =n, n=12...
=1

i=1 j=1
are convergent on the space X3 with norm ||Z| = >__, |«%], where the vector T € X and
x; = (x},22,... 25, ...) € £1. Indeed,
oo 00 oo m co m m 00 k;
iNKS | 1 J\kj - jik; - j
STt - o 1Tt <t 1Tt < o T (1)
i=1 j=1 i=1 j=1 i=1 j=1 j=1 \i=1
m 0o k; m 00 n 0o oo n
; J ; J _ J
< T (o) < s TT (e m) - (100 X)) -
j=1 i=1 j=1 i=1 j=1 i=1
Note that the absolute convergence of the last product follows from the convergence of the
series
o oo ) o0 )
2|2l = ) Il
j=1 |i=1 ij=1
Let P*(z', 22, ..., 2°%) and P+ (2!, 22, ... 2°) be the restriction of m degree polynomial
P(x' 2% ... 2% ...) to the spaces X2 and X' respectively. According to the corollary of

Theorem 1 we have that there exists a polynomials () and ),.; on these spaces respectively
such that

P(xt 2%, a®) = Qu(Hy V(a2 at), L HE ke (g 02 ),
Pr(at 2 at T =
= QSH(Hll"”’O"”(xl, a2 xt ,x5+l), . ,HTIE""’km""(xl, x? . xt ,xSH)),
oo
where Y k; = m. We remark that HFo-oFmoe (gl 22 000 %) = HFookme (g1 22000 8 )
j=1
on the space X3 . Let us show that Q,1; = Qs forall [ =0,1,....
Since T = (2!, 2?%,...,2*), we have
Pt ot 2?2t ) = Pi(at,2?, L af) =
= Quu(H 0 (at . x%), . HEvekme (g 22 2,

)
P(at,a?, . a®) = Qu(H (a2, at), L HE ke (g g2 2,
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Since the polynomials (2) are algebraically independent on the space X2, it follows that
Qs+ = Q. This gives the equality

P(at a? . x% ) = Qu(HP Y (a2, at ), HE kel g s ),

oo
where ) k; = m on the space XY and this representing is unique. O

J=1
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