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NONLOCAL BOUNDARY-VALUE PROBLEMS FOR SYSTEMS
OF LINEAR PARTIAL DIFFERENTIAL EQUATIONS

T.P. Goi! and B.I. Ptashnyk? UDC 517.956

We study the classical well-posedness of problems with nonlocal two-point conditions for typeless sys-
tems of linear partial differential equations with variable coefficients in a cylindrical domain. We prove
metric theorems on lower bounds for small denominators that appear in the construction of sclutions of
such problems.

1. Statement of the Problem

1. Boundary-value problems with nonlocal conditions for hyperbolic, parabolic, and typeless systems of partial
differential equations with constant and variable coefficients have been studied by many authors (see, e.g., {1-19]
and the bibliography therein). In general, such problems are conditionally well-posed and their solvability is con-
nected with the problem of small denominators.

The present paper is closely related to [13-18] and is devoted to the investigation of the classical well-posed-
ness of problems with nonlocal conditions in a separated variable r and conditions of the Dirichlet type in the vari-
ables x,, ..., x, for typeless systems of linear partial differential equations with variable coefficients dependent on

x. We establish conditions for the existence and uniqueness of classical solutions of problems, which are of number-
theoretical character. To solve the problem of small denominators appearing in the construction of solutions of the

problems considered, we use the metric approach.

We use the following notation: x=(x,...,x) € R”, s=(s9,5|) € Z’i, [s|"=sg+ 25y, [a] is the integer
part of a number @, G C R” is a bounded domain with smooth boundary G, Q = {(t,x):t€ (0, T),xe G };
CY™V) s the class of functions defined in the domain G whose jth derivatives satisfy in G the Holder condition
with exponent v, 0<v<1, AY"Y) s the class of closed domains such that the functions that determine the equa-
tions of boundary surfaces of these domains in local coordinates belong to cYV, and T "(Q) isthe Banach space
of vector functions v (#, x)= (v (s, x), ..., v,,(z, x)) continuous together with all their derivatives up to the rth or-

der inclusive in the domain @ with the norm

o ‘”v]-(t, x)
%t} ...oxlr

vz, e @y = Z 2

j=llgisr

(t, x)eQ

2. In the domain @, consider the problem

Pu(t,x) = Z A, (az) (= L)"ult, x) = f(t,x), (N

Is{"<n
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%u(t, x) 3%0u(r, x) )

B, —L“[—;——— —p— = @(x), e C\{0}, 2)
ISIZSII =0 or’ t=0 ar’ 1=T ? g 3 @
sp<n

Dut,x)|,, =0, j=01..[n2]-1, 3)

where u(f, x)=col (u; (£, %), ..., U, ¢, %)), f(t,x)=col (fi(t,x), ..., [t %)), @(x)=col(@(x), ..., @,,x)),
A= " al ";" and B, = ” b/ ”nmm are matrices of sizes (m X m) and (nm X m), respectively, with constant com-

plex elements, detA, oy#0, and the operator

m a a
L= iéla—xi[pg(ﬂ é;] —q(x),  pijlx) 2 pyp >0, q(x) 20,

is ellipticin G . Assumethat G € ARV pylx)e c@n/2-tvy i,j=1,...,p, and g(x)e C@#2A-2.v)

We do not impose any restrictions on the type of the operator P.
Under conditions imposed above on the domain G and the coefficients of the operator L, the eigenvalue
problem

LX(x) = =AX(x), X(x)|y; =0 “)

has a complete system of classical eigenfunctions { X (x), k€ N} orthonormal in L,(G), and all eigenvalues

A, ke N, are positive. Denote the set of these eigenvalues by A. Furthermore, X, (x)¢€ CZ["IZI(C_), ke N,
and the following estimates are true [20, 21}:

(VA >K,) cok®? < k< c kPP, 0<cy<ey, (5)

mag}XSkx)[ < MBI e = () J=01,..,2[n/2]. )
X€

Let f(z,x)e C([0,T], L,(G)) and @(x)e L,(G). Then the following expansions are true:

f.x)= Y AHOX @), filt) = ol (fy()eens fin(®))

k=1

P) = DO Xp(x),  0p = col (¢ (D). Op n)>
k=1

where

fu® = [fe0X®de, i=1,..,m,
G

9y = I(pj(x)Xk(x)dx, J=1 .. ,nm
G
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3. We seek a solution of problem (1)-(3) in the form of a vector series

u(t,x) = Zuk(t)Xk(x), u(t) = col (up (2),..., U, (2)). @)
k=1
If series (7) and series obtained from it by termwise differentiation with respect to the variables x, ..., Xp up to the

order 2[n/2] are uniformly convergent in the domain @, then the vector function u(z, x) defined by (7) satisfies
the boundary conditions (3). Each vector function u,(t), ke N, is a solution of the following problem for a sys-
tem of ordinary differential equations with nonlocal conditions:

X AN @) = filn) (®)
Iern
z B: }\’2 (ul(cso)(o) _ }lu,((SO)(T)) = Q,. 9)
Is <n
so<n

Consider the homogeneous problem that corresponds to problem (8), (9):

2 A0 =0, (10)
|sT" <n
> B X (0~ wif®(D) = 0. (n
|s]"<n
so<n

Assume that, forall A, € A, the roots 7 ;= nj(k o)» J=1,..., nm, of the characteristic equation

M@, &) = det

> A KM

[s[*Sn

=0 (12)

are simple and are not equal to zero.3 Then, for every N i

=m-1, j=1,..,nm,

> AN

|s]"<n

rang

and, therefore, at least one minor of the (m — 1)th order of the determinant M (n i A,) is not equal to zero (let it be

the minor of an element of the row with the number [ = [(;)). The homogeneous system of differential equations
(10) has the following fundamental system of solutions:

Y1) = col(hyy( .. by exp(nr),  j = L...,nm. (13)

Here, h,,(nj), r = 1,...,m, are the minors of the elements of the row with the number / =/(j) of the deter-
minant M (T]j, A.). which are calculated according to the formulas

3 The results of the present paper with insignificant modifications can be extended to the case where Eq. (12) has multiple roots.
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Ry 0;00)) = Y éf;xf(’nf“. r=1,....,m j=1,...,nm, (14)
fgl* sn(m-1)
¢ s[n/2}m-1)

Ir _ elr _ _
8 = Sapa = )3 det|a}ig) o, 1=t 7= Lo (15)
Zg;lmi(ﬁ):qi; i=0;1 NETA B:tr

Ber

where az)g(ﬁ)‘w](ﬁ), v = 1,...,m, are the elements of the Bth row of the matrix A, 5= (wy(B), ®;(B)).
Problem (10), (11) has nontrivial solutions if and only if its characteristic determinant A(A ) is equal to zero

[22]. The determinant A(X,) is calculated according to the formula

mn

A = DAYEQRY [T -wexp(n;0p)7))  TT () —mihp)), (16)
j=1 [Li<j<nm
where
DA =det] Y bI"A} , (17)
_ j=1 nm
5i5n=s0)/2 r=lam sp=0,1....n~1
1 1 1 1
Ey E .. Evy En, . Enwp 0 .. 0
1 1 1
0 E oo By B o Enuene Eymoty o 0
.............................................. N
goy = | 20 0 B Erevennt Eanobone o Eaonen as)
“ O \Er B .. E', EM, .. El. 0 e 0 [
B w3 Big o E w1 E Ant) e 0
0 0 0 E6n r'ln(m—l)—n+l Er,1n(m—l)—n+2 lizrzm—l)

f(n(m-1)-)/2]
El = Ej(Ay) = > e, j=01L.,nm=1), r=1..m
d=0

and &5’ 4 are defined by (15).

Remark 1. The determinant E(A,) is not equal to zero for all A, € A because it is a factor in the expres-

sion for the determinant

W(A‘k) = det ” Yk(jq)(t)” j=l..nm, >
g=0,1...n-1

which, as is known [22], is not equal to zero, and

W) = EA) [Texe(n;h0)e)  TT (1m0 —mAp)).

Jj=l ISi<j<nm
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Theorem 1. In order that problem (1)~(3) be uniquely solvable in the space C"(Q), it is necessary and
sufficient that the following conditions be satisfied:

(VAe &) T—-pexp(n;(A)T) =0, j=1,...,nm D(L)=0. (19)

Proof. The proof is similar to the proof of Theorem 5.3 in [16, Sec. 2] and follows from (16), (17), Remark 1,
and the theorem on the uniqueness of the Fourier expansion of a function from the space L,(G) in a complete sys-
tem of orthogonal functions.

4. Consider the problem of the existence of a solution of problem (1)—(3). Let conditions (19) be satisfied.
Then, for every A <€ A, thereexists a unique solution of problem (8), (9), which can be represented in the form of
sum

u () = U (1) + V(1)

where U, (1)=col (U, (2), ..., U, (1)) and V()= col(V (), ..., V,,(¢)) are solutions of problems (9), (10)
and (8), (11), respectively. The components of the vector functions U, (¢t) and V (1) are determined by the rela-
tions

mnonm nm onm

Ukj(t) = Z z Z z("'l)q—lhj(nq(;‘k))Dlp(;"k) O"k) nm—a

g=11=1 a=1 p=l

-1
><(E(kk)DO»k)(l—uexp(nq(lk)T)) I (nq(kk)—n,-(lk))] o exp(n, A1), j=1,....m,

i=l,i#q

(20

T m
V() = j Y Gt Vf(mdr, j=1,...,m, 1)

0 r=l

where D, j(k o and E; j(K ,) are the determinants obtained from D (A,) and E(A,), respectively, by deleting the
ith row and jth column, Sy is the sum of all possible products of y factors n j(). W J=1...,nm izq (Sg = 1),
and Gy ;,(t,7), jr=1,...,m, are the elements of the Green matrix of problem (8), (9), which are determined by
the following relations in the square Ky={(z,T)e Ri: 0<t,T<T} except forthesides T=0 and 1=T:

nn

Gy (T = (2D(y)™ 2 2 Do (A)SE H(nBO»k) M)
B¢q

X ((—1)““]“’”sgn(r—r)h,-(m,(xk)) exp(n, (At — 1)

S

L H

2 2 (0 OPELBPRINS (Ry ) hp (Mg (i) i (M (1)

I"<n

n[\/]
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% exp(N, () 1) Dy M) Epi(hg) S, _ (DO E(hy)) ™

nm

—1 L+ pexp(m;(A)T) —
X I:[(na(?»k) (i) Hexp(ﬂz(?\k)T)J sr=1..m, (22)

a#l

where Sg are the same as in relations (20). On the side T =0 (v =T) of the square Ky, each function
G (B, Jor=1,...,m, is defined by continuity from the right (left).
A solution of problem (1)—(3) can be formally represented by the series

u(t,x) = Y (Ue(t) + V(1)) X (%), (23)

k=1

where the components of the vector functions U, (¢) and V,(t) are defined by relations (20)~(22). In general, the
problem of convergence of series (23) is connected with the problem of small denominators because the expressions

1—uexp(n1()\'k)T)’ H(nj(}\'k)—nq(xk))’ j= 1""7””‘! D(xk)’ E(?\.k),
g=1
q#j

which appear as denominators in relations (20) and (22), are not equal to zero and can be arbitrarily small in
modulus for an infinite set of A, e A.

Let us introduce functional spaces that will be used for the investigation of the solvability of problem (1)-(3).
Denote

BY = {v(x)eLz(G): v(x) = DX, D), = Z|vk|exp(qx‘g)<oo}, g>0, >0,
k=1 k=1

andlet C ( {0, 7], B;,”) be the space of functions w(¢, x) that are defined and continuous in the domain @ and, for

every te€ [0, T], belongto B;’ with the norm

-3

= Zterril(f;llwk(‘t)lem(ql‘i’),

Iwi 2l

[0.7], BY)

where

wy() = [wit )X (x)dx, ke N,
G

Note that Eq. (12) implies the following estimates:
(YA, >Ky) In0)] < arV?  j=1,..,nm, o>0. (24)

Theorem 2. Suppose that there exist positive constants m Y J=1,...,4, such that the following inequal-
ities hold forall A, e A, A, > Kj:
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1-pexp(n;A)T)| 2 mA Y exp(-|Ren;(A)|T),  j=1,...,nm, (25)
TTIn,0) -n,00] 2 md¥2, j=1,...,nm, (26)
g=1
q#j

DAL 2 mgdl, @7)
(28)

IEQQ)L 2 mhe.

If fit.x)e C((0,T) By?), i=1,....m, ¢,(x)e B)?, j=

1,...,nm, where q > AT, then there exists the
unique solution of problem (1)—(3) in the space C"(D), which continuously depends on the vector functions

f(t,x) and @(x).
Proof. It follows from relations (20)—(23) and estimates (6) and (24)-(28) that

m

(Zl%|+2$xnlfk,-<r>1]

i=1 ’

lu(r, x)"fn(z)‘) < g 2
k<K\ j=1

Y, max (EAOIL exp(aT A, ) J 29)

n
i=]

Z[Z""kf'”i‘ exp(a Tk, ) +

k>K\ j=1

where
G, =X +pl4,

K = max (K, K,,K3), o, =yx-(n+3)/2,
m—1 4

x = nm+m[n/2][(n+1)/2]=[n/2]=[n(m=1)/2]+n Y [n(m= j)/2]+ 3.¥;.
j=l j=l

By using the elementary inequality

g% < csexp(pg), c5 = cs5(8), ¢g>0,

which holds for arbitrary 8 20 and p >0, we obtain from estimates (5) and (29) that

max |fki(t)|exp(q«/7»_k)]
[0, 7]

Csi (nzm|‘ij|CXP(q\/7”—k)+ile

IA

(2, x) "fﬂ(ﬁ)
k=1 \j=1 i=1

66[ H‘P,'(x)"q‘l/2 +Z|lf,-(t, x)”c([o,T]. 31/2)] < oo,
j= i=1 q

The theorem is proved.
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5. Let us investigate under what conditions estimates (25)—(28) can be satisfied.
Lemmal. Let ®(\ ) be a bounded sequence of real numbers. Then for almost all (with respect to the Le-

besgue measure in R) numbers T > 0, the following inequality holds for all (except finitely many) pairs of
numbers (A,,d), A, € A, de ZL:

o) -Td /| 2 50278 0<<1.

Proof. The proof can be carried out according to the scheme of the proof of Lemma 2.4 in Sec. 1 of [16] with
regard for estimates (5).

Theorem 3. For almost all (with respect to the Lebesgue measure in R) T >0 and arbitrary fixed | and
aéj, |s|"<n, i,j=1,...,m, inequalities (25) hold for Y, > p/2 for all (except finitely many) values A, A.

Proof. By using the inequality sinx 2 2x/m, which is true forall x e [0, ®/2], we get

[1-pexp(n;(A)T)] 2 [ufexp(Ren;(A) T)| sin (y +Imn;(A,) T)]|

y+Imn, A )T .
> |u|exp(—|Ren,-<xk)lT)|-——nf"——d,(xk) . j=1,...nm, (30)
where y=argp and d;(A;) € Z is such that
y+Imn;(A)T 1
———d:(A) | £ =
- i (Ag) 3

By using Lemma 1 and estimates (24) and (30), we establish that, for all (except finitely many} A, A and al-
most all numbers 7> 0, the following estimates are true:

_ T/n+Imn,(A)T2 /I Td,(\
1-pexp(n;(t0T)| 2 11Ty exp(Re m;(A0T) | ¥ j;_, L ji_k)
k k
2 [T~ NP2 Bexp(~|Re ;A)|T),  j=1,...,nm,

where & is an arbitrary positive number. The theorem is proved.

By Y € RY we denote the vector composed of the real and imaginary parts of the numbers aij , sl <n,
L, j=1,...,m, of system (1), where

n
o= 2m2[n+1+2[j/2]].
j=1

Theorem 4. For almost all (with respect to the Lebesgue measure in the space R®) vectors Y, inequal-
ities (26) hold for all (except finitely many) A€ A for ¥, 2(nm-1)(p-2-2m[n/2]+nm)/4.
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Proof. Let us represent the polynomial M(n, A,) in the form

nm

MM = S H W,
j=0

where H j(kk) =H f is a polynomial in A, whose degree does not exceed [(nm—j)/2] and whose coefficients
are expressed via the elements of the matrices A, j=0,1,...,nm, H, = detA, (). For the discriminant W(M)
of the polynomial M(n, A,), the following representations are true:

- 2
wm) = H" D TT (0 -mih)) (31)
1€i<j<nm
Hmn Hnm—l HO 0 0
0 Hnm Hl HO 0
o - S 0 0 Honn Hyppos oo H,
- H,, nmH,,, (nm-1)H,, | ... 0 0 . 0
0 nmH,,, H, 0 0
.... G (nm —2)1‘1,”"_2 (ﬁm —3)H,,m_31~11
(32)

By using the scheme of the proof of Theorem 6 in [23], we establish that, for almost all (with respect to the Le-

besgue measure in R°) vectors Y and all (except finitely many) A, e A, the following inequality is true:
[ReW(M)| = X,'7F, = (nm-1)(p/2-m[n/2]), e>0. (33)
Since |W(M)|=]|Re W(M)|, it follows from (31) that the following estimate holds for almost all vectors Y € RS;

H Injo"k) _ Tl,(kk)] > k;(nm—l)(p—2m[n/2])/4—£/2. (34)

1<i<j<nm
The equality

H(nq(xk)—nj(kk))= H |nj(7"k)—ni0‘-k)| H |na(7‘-k)"nﬁ()‘-k)|—l

g=1 1<i<j<nm 1Sa<B<nm
4% a#j,Bj

and estimates (24) and (34) imply that, for almost all vectors Y € RS,

nm

H(nq(}“k) - n](;\’k)) > ¢ )\‘z(nm—l)(P-2+nm—_m[n/2])/4—s/?., j=1,...,nm, ;> 0.

=1
q#Jj

The theorem is proved.



1668 T. P. GOt AND B. L. PTASHNYK
Now consider inequalities (27) and (28). The determinants E(A ) and D(A ) are polynomials of the form

M,

E(A) = Y EN,
r=0

My
D(Xy) = ZDJNk’
j=0

where

m—1

M, =n Y ln(m-ji2],
j=1
M, = m[n/2])[(n+1)/2],

and the coefficients E and D; are expressed via the elements of the matrices A and B, respectively. Let B, =

(B(l), B(l)) and B, = (Bgz),..., B(iz)) be vectors composed, respectively, of the real and imaginary parts of the

numbers b” here,

£ = mzn[n+ i[j/2]}

j=1

The following statements are true:

Theorem 5. For almost all (with respect to the Lebesgue measure in R%) vectors B, and arbitrary fixed
B, (or for almost all B, and arbitrary fixed B, ), inequality (27) holds for Y3 > p/2 for all (except finitely
many) values A € A.

Theorem 6. For almost all (with respect to the Lebesgue measure in R®) vectors Y, inequality (28)
holds for Y4 > p/2 for all (except finitely many) values A, € A.

If the free terms of the polynomials D (A,) and E(A,) are not equal to zero, then Theorems 5 and 6 can be
proved according to the scheme of the proof of Theorem 4 in [23]. If the polynomials D(A,) and E(A ) do not

contain free terms, then the proof of these theorems is similar to that of Theorem 6 in [24].
The results are generalized to the case of the following problem for a typeless system of linear partial differen-
tial equations perturbed by a nonlinear integro-differential operator:

lgtflt] x) z ( )ur(t, X) = f}(t, x)+ EJ‘ Zqu(t, X, y)I:q([’ )’vﬁ(f,y))dy, j= 1’ o,
G g=1
< 8 I, as (t,
2 2o L)[_“ﬂ - “*I%fs—X) J_—_(pq(x), g=1,...,n
j=1s%n; =0 .

J
I<H
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Lut,x)|,, =0, j=1l,...,m g=0,1,...,H-1,

where

d (Y !

ny+..+n, =n, Pj,(é;, ) = ZPJS,(g) (=Ly,
S<ﬂl'
I<SH

j’r= 17'--9m; p;i" b.:l/ € C’ E’ ue C\{O}’

g0 ts! uy (6, y)

ut,y) = ;
01" dyy! ...ay;”

5 .<_nq, |s|€2H, g=1,...,,m;.
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