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Ó öèëiíäðè÷íié îáëàñòi, ùî ¹ äåêàðòîâèì äîáóòêîì âiäðiçêà íà
áàãàòîâèìiðíèé òîð, äîñëiäæåíî çàäà÷ó ñïðÿæåííÿ ç íåëîêàëü-
íîþ áàãàòîòî÷êîâîþ óìîâîþ çà ÷àñîâîþ çìiííîþ äëÿ ïàðàáîëî-
ãiïåðáîëi÷íîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó. Âñòàíîâëåíî óìîâè
iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó çàäà÷i ó ïðîñòîðàõ Ñîáîë¹âà. Äîâå-
äåíî ìåòðè÷íi òåîðåìè ïðî îöiíêè çíèçó ìàëèõ çíàìåííèêiâ, ÿêi
âèíèêëè ïðè ïîáóäîâi ðîçâ'ÿçêó çàäà÷i.

1. Âñòóï

Ïðîöåñè ó äâîøàðîâèõ ñåðåäîâèùàõ iç ðiçêî âiäìiííèìè ôiçè÷íèìè
âëàñòèâîñòÿìè ïðèâîäÿòü äî ðîçãëÿäó çàäà÷ ñïðÿæåííÿ, êîëè íà îäíié
÷àñòèíi îáëàñòi çàäàíî ïàðàáîëi÷íå ðiâíÿííÿ, à íà iíøié � ãiïåðáîëi-
÷íå [1]. Ïðè öüîìó îñîáëèâà óâàãà ïðèäiëÿ¹òüñÿ âèáîðó êðàéîâèõ óìîâ
i óìîâ ñïðÿæåííÿ íà ìåæi ðîçäiëó ïiäîáëàñòåé (êîíòàêòó øàðiâ) öüî-
ãî ñåðåäîâèùà. Òàêèé âèáið çóìîâëåíèé íåîáõiäíiñòþ ïîøóêó êîðåêòíî
ïîñòàâëåíèõ êðàéîâèõ çàäà÷, ñôîðìóëüîâàíèõ îäíî÷àñíî äëÿ îáîõ äè-
ôåðåíöiàëüíèõ ðiâíÿíü.

Êðàéîâi çàäà÷i ç ðiçíèìè òèïàìè óìîâ äëÿ ïàðàáîëî-ãiïåðáîëi÷íèõ
ðiâíÿíü äðóãîãî ïîðÿäêó âèâ÷àëèñü áàãàòüìà àâòîðàìè (Âðàãîâ Â., Äæó-
ðà¹â Ò., �ë¹¹â Â., Êîðçþê Â., Íàõóøåâ À., Ñàáiòîâ Ê., Ñàëàõiòäiíîâ Ì.,
Lions J., Al-Droubi A., Ashyralyev A. òà iíøi). Çîêðåìà, ó ðîáîòàõ Cà-
áiòîâà Ê.Á. òà éîãî ó÷íiâ (íàïðèêëàä, äèâ. [7]) ìåòîäîì ñïåêòðàëüíî-
ãî àíàëiçó äëÿ ïàðàáîëî-ãiïåðáîëi÷íîãî ðiâíÿííÿ â ïðÿìîêóòíié îáëàñòi
äâîõ çìiííèõ (t, x) äîñëiäæåíî êðàéîâi çàäà÷i ñïðÿæåííÿ ç ëîêàëüíèìè
òà íåëîêàëüíèìè óìîâàìè çà çìiííèìè x òà t, à ó ðîáîòi [9] � íåëîêàëüíà
áàãàòîòî÷êîâà çàäà÷à äëÿ ãiïåðáîëî-ïàðàáîëi÷íîãî ðiâíÿííÿ â ãiëüáåð-
òîâîìó ïðîñòîði iç ñàìîñïðÿæåíèì äîäàòíî âèçíà÷åíèì îïåðàòîðîì.
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Ó ðîáîòi [8] âñòàíîâëåíî êîðåêòíó ðîçâ'ÿçíiñòü ó øêàëi ïðîñòîðiâ
Ñîáîë¹âà çàäà÷i ñïðÿæåííÿ ç iíòåãðàëüíîþ óìîâîþ çà ÷àñîâîþ çìií-
íîþ òà óìîâàìè ïåðiîäè÷íîñòi çà ïðîñòîðîâèìè çìiííèìè äëÿ ïàðàáîëî-
ãiïåðáîëi÷íîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó, à ó ðîáîòi [5] iç âèêîðèñòàííÿì
ìåòðè÷íîãî ïiäõîäó äîñëiäæåíî çàäà÷ó ç íåëîêàëüíîþ çà ÷àñîì óìîâîþ,
ùî ìiñòèòü iíòåãðàëüíèé äîäàíîê, â êëàñi ôóíêöié, ìàéæå ïåðiîäè÷íèõ
çà ïðîñòîðîâèìè çìiííèìè.

2. Ôîðìóëþâàííÿ çàäà÷i

Íåõàé Dp = (−α, β) × Ωp � öèëiíäðè÷íà îáëàñòü çìiííèõ (t, x), äå
α > 0, β > 0, Ωp � p-âèìiðíèé òîð (R/2πZ)p, x = (x1, . . . , xp), p ∈ N.
Ïîâåðõíÿ {t = 0} × Ωp ðîçáèâà¹ îáëàñòü Dp íà äâi ïiäîáëàñòi: Dp

+ =
Dp ∩ {t > 0} i Dp

− = Dp ∩ {t < 0}.
Â îáëàñòi Dp äîñëiäæó¹ìî çàäà÷ó ñïðÿæåííÿ ïðè t = 0 ç

m-áàãàòîòî÷êîâîþ íåëîêàëüíîþ óìîâîþ, ÿêà ïîâ'ÿçó¹ øóêàíèé ðîçâ'ÿ-
çîê u(t, x) ó r òî÷êàõ ïðè t < 0 òà ó (m − r) òî÷êàõ ïðè t > 0, äëÿ
ïàðàáîëî-ãiïåðáîëi÷íîãî ðiâíÿííÿ:

Lu ≡
{
ut − b∆u = 0, (t, x) ∈ Dp

+,
utt − a2∆u = 0, (t, x) ∈ Dp

−,
(1)

lim
ε→+0

u(−ε, x) = lim
ε→+0

u(ε, x), lim
ε→+0

ut(−ε, x) = lim
ε→+0

ut(ε, x), x ∈ Ωp, (2)

m∑
j=1

µju(tj , x) = φ(x), x ∈ Ωp, (3)

äå a, b ∈ R, µ1, . . . , µm ∈ R\{0}, a > 0, b > 0, ∆ = ∂2

∂x21
+ · · · + ∂2

∂x2p
,

−α = t1 < t2 < . . . < tr < 0 < tr+1 < tr+2 < . . . < tm−1 < tm = β, φ(x) �
çàäàíà ôóíêöiÿ.

Íàäàëi âèêîðèñòîâóâàòèìåìî òàêi ïðîñòîðè ôóíêöié:
Hq = Hq(Ωp), q ∈ R, � ïðîñòið Ñîáîë¹âà, îòðèìàíèé ïîïîâíåííÿì

ìíîæèíè cêií÷åííèõ òðèãîíîìåòðè÷íèõ ìíîãî÷ëåíiâ φ(x) =
∑
k

φke
i(k,x),

äå k = (k1, . . . , kp) ∈ Zp, (k, x) = k1x1 + · · ·+ kpxp, çà íîðìîþ

∥φ;Hq∥ =

(∑
k∈Zp

(
1 + λ2k

)q|φk|2
)1/2

, λk =
√
k21 + · · ·+ k2p.

Cn(I;Hq), n ∈ Z+, I � âiäðiçîê ïðÿìî¨ R, � ïðîñòið ôóíêöié

u(t, x) =
∑
k∈Zp

uk(t)e
i(k,x) (uk(t) ∈ Cn(I))
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òàêèõ, ùî äëÿ êîæíîãî ôiêñîâàíîãî t ∈ I ôóíêöi¨

∂ju(t, x)/∂tj ≡
∑
k∈Zp

u
(j)
k (t)ei(k,x), 0 ≤ j ≤ n,

íàëåæàòü ïðîñòîðó Hq i ÿê åëåìåíòè öüîãî ïðîñòîðó ¹ íåïåðåðâíèìè çà
t íà I; íîðìó â ïðîñòîði Cn(I;Hq) çàäà¹ìî ôîðìóëîþ

∥u;Cn(I;Hq)∥2 =
n∑
j=0

max
t∈I

∥∂ju(t, x)/∂tj ;Hq∥2.

Îçíà÷åííÿ 1. Ðîçâ'ÿçêîì çàäà÷i (1)�(3) íàçèâà¹ìî ôóíêöiþ u(t, x)
ç êëàñó

C1([0, β];Hq) ∩C2([−α, 0];Hq),

äëÿ ÿêî¨ ñïðàâæóþòüñÿ ðiâíîñòi

∥Lu;C([−α, 0];Hq−2)∥ = 0, ∥Lu;C([0, β];Hq−2)∥ = 0, (4)

lim
ε→+0

∥u(−ε, ·)−u(ε, ·);Hq∥ = 0, lim
ε→+0

∥ut(−ε, ·)−ut(ε, ·);Hq−1∥ = 0, (5)

∥∥∥ m∑
j=1

µju(tj , ·)− φ;Hq

∥∥∥ = 0. (6)

3. Óìîâè êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷i

Ðîçâ'ÿçîê çàäà÷i (1)�(3) øóêà¹ìî ó âèãëÿäi ðÿäó Ôóð'¹

u(t, x) =
∑
k∈Zp

uk(t)e
i(k,x). (7)

Ç óìîâ (4)-(6) âèïëèâà¹, ùî äëÿ êîæíîãî k ∈ Zp êîåôiöi¹íò uk(t)
ðÿäó (7) ¹ ðîçâ'ÿçêîì çàäà÷i{

u′k(t) + bλ2kuk(t) = 0, 0 < t < β
u′′k(t) + a2λ2kuk(t) = 0, −α < t < 0,

(8)

ç óìîâàìè ñïðÿæåííÿ ïðè t = 0

uk(−0) = uk(+0), u′k(−0) = u′k(+0) (9)

òà íåëîêàëüíîþ áàãàòîòî÷êîâîþ óìîâîþ

m∑
j=1

µjuk(tj) = φk, (10)
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äå φk, k ∈ Zp, � êîåôiöi¹íòè Ôóð'¹ ôóíêöi¨ φ(x).
Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (8) ìà¹ âèãëÿä

uk(t) =

 Dke
−bλ2kt, t > 0,

Ak cos(aλkt) +Bk
sin(aλkt)

aλk
, t < 0,

k ∈ Zp, (11)

äå Ak, Bk i Dk � äîâiëüíi ñòàëi, äëÿ âåêòîðà k = 0⃗ çíà÷åííÿ âèðàçó
sin(aλkt)
aλk

ïðèéìà¹ìî ðiâíèì t. Ôóíêöiÿ (11) çàäîâîëüíÿ¹ óìîâè (9) òiëüêè
òîäi, êîëè

Ak = Dk, Bk = −bλ2kDk.

Ðîçâ'ÿçîê ðiâíÿííÿ (8), ùî ñïðàâäæó¹ óìîâè ñïðÿæåííÿ (9), çîáðà-
æó¹òüñÿ ôîðìóëîþ

uk(t) =

{
Dke

−bλ2kt, t ≥ 0,

Dk

(
cos(aλkt)− b

aλk sin(aλkt)
)
, t < 0,

k ∈ Zp.

Äëÿ çíàõîäæåííÿ êîåôiöi¹íòiâ Dk ñêîðèñòà¹ìîñü óìîâîþ (10). Òîäi

Dkδk = φk, k ∈ Zp,

äå

δk =
r∑
j=1

µj

(
cos(aλktj)−

b

a
λk sin(aλktj)

)
+
m−r∑
j=1

µje
−bλ2ktr+j , k ∈ Zp.

Òåîðåìà 1. Äëÿ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1)�(3) íåîáõiäíî i äî-
ñèòü, ùîá âèêîíóâàëèñü óìîâè(

∀ k ∈ Zp
)

δk ̸= 0. (12)

ßêùî âèêîíóþòüñÿ óìîâè òåîðåìè 1, òî ôîðìàëüíèé ðîçâ'ÿçîê çà-
äà÷i (1)�(3) çîáðàæó¹òüñÿ ðÿäîì

u(t, x) =
φ0
m∑
j=1

µj

+
∑

k∈Zp\{0}

uk(t)e
i(k,x), (13)

äå

uk(t) =

{
φkδ

−1
k

(
cos(aλkt)− b

aλk sin(aλkt)
)
, t < 0,

φkδ
−1
k e−bλ

2
kt, t ≥ 0,

k ∈ Zp. (14)

Ïèòàííÿ iñíóâàííÿ ðîçâ`ÿçêó çàäà÷i (1)�(3) ó ïðîñòîði

C1
(
[0, β];Hq

)
∩C2([−α, 0];Hq),
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âçàãàëi êàæó÷è, ïîâ'ÿçàít ç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ [6], ÿêà ïîëÿ-
ãà¹ â òîìó, ùî âiäìiííi âiä íóëÿ âèðàçè δk ìîæóòü íàáóâàòè ÿê çàâãîäíî
ìàëèõ çíà÷åíü äëÿ íåñêií÷åííî¨ êiëüêîñòi âåêòîðiâ k. Öå ñïðè÷èíÿ¹ ðîç-
áiæíiñòü ðÿäó (13) ó âêàçàíèõ øêàëàõ ïðîñòîðiâ.

ßêùî ìàëi çíàìåííèêè δk ìàþòü ïîëiíîìiàëüíó ÷è åêñïîíåíöiéíó
àñèìòîòè÷íó ïîâåäiíêó ïðè λk → ∞, òî çà âiäïîâiäíîãî îáìåæåííÿ íà
ïðàâó ÷àñòèíó íåëîêàëüíî¨ óìîâè (3) ìîæíà âñòàíîâèòè iñíóâàííÿ ¹äè-
íîãî ðîçâ'ÿçêó çàäà÷i (1)�(3).

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè (12) òà iñíó¹ òàêà ñòàëà
γ > 0, ùî äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ
k ∈ Zp

|δk| ≥ λ−γk . (15)

Òîäi, ÿêùî φ ∈ Hq+γ+3, òî iñíó¹ ¹äèíèé ðîçâ'ÿçîê u çàäà÷i (1)�(3), ÿêèé
çîáðàæó¹òüñÿ ðÿäîì (13); ïðè öüîìó âèêîíóþòüñÿ íåðiâíîñòi

∥u;C1([−α, 0];Hq)∥ ≤ C1∥φ;Hq+γ+3∥,

∥u;C1([0, β];Hq)∥ ≤ C2∥φ;Hq+γ+2∥,

äå äîäàòíi ñòàëi C1 i C2 íå çàëåæàòü âiä ôóíêöi¨ φ.

Äîâåäåííÿ. Ïîçíà÷èìî ÷åðåç K ìíîæèíó òèõ âåêòîðiâ k ∈ Zp, äëÿ
ÿêèõ âèêîíó¹òüñÿ ïðîòèëåæíà äî (15) íåðiâíiñòü, òîáòî

K = {k ∈ Zp : |δk| < λ−γk }.

Îñêiëüêè çà óìîâîþ òåîðåìè ìíîæèíà K ¹ ñêií÷åííà òà inf
k∈Zp

|δk| > 0, òî

äëÿ âñiõ âåêòîðiâ k ∈ Zp âèêîíóþòüñÿ íåðiâíîñòi

|δk| ≥ C0λ
−γ
k (16)

çi ñòàëîþ C0 = min

{
1,min
k∈K

{
λγk |δk|

}}
> 0.

Âðàõîâóþ÷è îöiíêó (16), ç ôîðìóëè (14) âèïëèâàþòü òàêi îöiíêè:

|u(j)k (t)| ≤ (1 + b/a)ajλj+1
k

|φk|
|δk|

≤ (1 + b/a)(1 + a2)C0λ
3+γ
k |φk|, j = 0, 1, 2,

äëÿ t ∈ [−α, 0],

|u(j)k (t)| ≤ bjλjk
|φk|
|δk|

≤ (1 + b)C0λ
2+γ
k |φk|, j = 0, 1, t ∈ [0, β].

Òîäi äëÿ ðîçâ'ÿçêó u çàäà÷i (1)�(3) îòðèìó¹ìî íåðiâíîñòi

∥u;C2([−α, 0];Hq)∥2 =
2∑
j=0

max
t∈[−α,0]

∥∂ju(t, x)/∂tj ;Hq∥2 ≤
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≤ 3(1 + b/a)2(1 + a2)2C2
0

∑
k∈Zp

(
1 + λ2k

)q
λ
2(3+γ)
k |φk|2 ≤

≤ 3(1 + b/a)2(1 + a2)2C2
0

∑
k∈Zp

(
1 + λ2k

)q+3+γ |φk|2 = C2
1∥φ;Hq+γ+3∥2,

∥u;C1([0, β];Hq)∥2 = max
t∈[0,β]

∥u;Hq∥2 + max
t∈[0,β]

∥ut;Hq∥2 ≤

≤ 2(1 + b)2C2
0

∑
k∈Zp

(
1 + λ2k

)q+2+γ |φk|2 = C2
2∥φ;Hq+γ+2∥2,

äå
C1 =

√
3(1 + b/a)(1 + a2)C0, C2 =

√
2(1 + b)2C0,

ç ÿêèõ âèïëèâà¹ äîâåäåííÿ òåîðåìè. �

4. Îöiíêà ìàëèõ çíàìåííèêiâ çàäà÷i

Ç'ÿñó¹ìî òåïåð ìîæëèâiñòü âèêîíàííÿ îöiíêè (15). Äëÿ öüîãî ñêîðè-
ñòà¹ìîñü ìåòðè÷íèì ïiäõîäîì [4], ÿêèé ïîëÿãà¹ ó âèâ÷åííi ìiðè ìíîæèí
ïàðàìåòðiâ çàäà÷i (êîåôiöi¹íòiâ ðiâíÿííÿ, êîåôiöi¹íòiâ óìîâ àáî ïàðàìå-
òðiâ îáëàñòi), äëÿ ÿêèõ âêàçàíi îöiíêè âèêîíóþòüñÿ àáî ïîðóøóþòüñÿ.

Ëåìà 1 (Áîðåëÿ�Êàíòåëëi, [2]). Íåõàé {Am}∞m=1 � ïîñëiäîâíiñòü
âèìiðíèõ (çà ìiðîþ Ëåáåãà) ìíîæèí ç R òàêèõ, ùî

∞∑
m=1

measAm <∞.

Òîäi ìiðà Ëåáåãà â R ìíîæèíè òèõ òî÷îê, ÿêi ïîòðàïëÿþòü äî íåñêií-
÷åííî¨ êiëüêîñòi ìíîæèí öi¹¨ ïîñëiäîâíîñòi, äîðiâíþ¹ íóëþ, òîáòî

measA = 0, A = lim sup
m→∞

Am =

∞∩
m=1

∞∪
r=m

Ar.

Îçíà÷åííÿ 2. Ìíîæèíó E(f, ε, I), ÿêà çàäà¹òüñÿ ðiâíiñòþ

E(f, ε, I) = {t ∈ I : |f(t)| < ε}, ε > 0,

áóäåìî íàçèâàòè ε−âèíÿòêîâîþ ìíîæèíîþ äëÿ ôóíêöi¨ f íà âiäðiçêó I,
I ⊂ R.

Ëåìà 2 (Ïÿðòëi, [3]). ßêùî ôóíêöiÿ f ∈ Cn(I) ¹ òàêîþ, ùî(
∀t ∈ I

)
|f (n)(t)| ≥ δ > 0,

òî ìiðà ε−âèíÿòêîâî¨ ìíîæèíè äëÿ ôóíêöi¨ f ñïðàâäæó¹ íåðiâíiñòü

measE(f, ε, I) ≤ 2n n
√
ε/δ.
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Ïîçíà÷èìî ÷åðåç IT äåÿêèé ôiêñîâàíèé âiäðiçîê IT = [T1, T2] ïðÿ-
ìî¨ R, äå T1 < T2 < 0.

Òåîðåìà 3. ßêùî äëÿ ôiêñîâàíîãî s ∈ {1, . . . , r} âèêîíóþòüñÿ íå-
ðiâíîñòi

µs ̸= 0, |µs| > 2

r∑
j=1,j ̸=s

|µj |,

òî äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â ïðîñòîði R) ÷èñåë ts ∈ IT
îöiíêà (15) âèêîíó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ
k ∈ Zp ïðè γ > p− 1.

Äîâåäåííÿ. Íå îáìåæóþ÷è çàãàëüíîñòi, äîâåäåííÿ òåîðåìè ïðîâå-
äåìî äëÿ s = 1.

Ðîçãëÿíåìî âèðàçè δk, k ∈ Zp\{0}, ÿê ôóíêöi¨ çìiííî¨ t1 íà âiäðiçêó
IT , à ñàìå:

fk(t1) := δk = µ1

(
cos(aλkt1)−

bλk
a

sin(aλkt1)

)
+Φk, k ∈ Zp\{0},

äå ÷åðåç Φk ïîçíà÷åíî âèðàç, ÿêèé íå çàëåæàòü âiä t1, òîáòî

Φk =
r∑
j=2

µj

(
cos(aλktj)−

b

a
λk sin(aλktj)

)
+
m−r∑
j=1

µr+je
−bλ2ktr+j .

Çàïðîâàäèìî íàñòóïíi ε-âèíÿòêîâi ìíîæèíè Ak ïðè ε = λ−γk :

Ak = E(fk, λ
−γ
k , IT ) = {t1 ∈ IT : |fk(t1)| < λ−γk }, k ∈ Zp\{0},

à òàêîæ ïîçíà÷èìî ÷åðåç A ìíîæèíó òèõ ÷èñåë t1, ÿêi íàëåæàòü íåñêií-
÷åííié êiëüêîñòi ìíîæèí ìíîæèí Ak, k ∈ Zp\{0}.

Ïðîäèôåðåíöiþ¹ìî ôóíêöiþ fk çà çìiííîþ t1. Òîäi îòðèìà¹ìî, ùî

f ′k(t1) = −µ1
(
bλ2k cos(aλkt1) + aλk sin(aλkt1)

)
.

Îñêiëüêè

aλk sin(aλkt1)fk(t1) + cos(aλkt1)f
′
k(t1) =

= aλk sin(aλkt1)
(
µ1 cos(aλkt1)− µ1

bλk
a

sin(aλkt1) + Φk

)
−

−µ1 cos(aλkt1)
(
bλ2k cos(aλkt1) + aλk sin(aλkt1)

)
=

= aλk sin(aλkt1)Φk − µ1bλ
2
k,
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òî
aλk sin(aλkt1)

(
fk(t1)− Φk

)
+ cos(aλkt1)f

′
k(t1) = −µ1bλ2k,

çâiäêè

−µ1b
a
λk = sin(aλkt1)

(
fk(t1)− Φk

)
+ cos(aλkt1)

f ′k(t1)

aλk
.

Òàêèì ÷èíîì, ó êîæíié òî÷öi t1 ∈ IT âèêîíó¹òüñÿ íåðiâíiñòü

|µ1|b
a

λk ≤ |fk(t1)− Φk|+
|f ′k(t1)|
aλk

≤ 2max

{
|fk(t1)− Φk|,

|f ′k(t1)|
aλk

}
. (17)

Ïîëi÷èìî òåïåð êiëüêiñòü íóëiâ íà âiäðiçêó IT ôóíêöié g
+
k (t1) i g

−
k (t1),

ÿêi âèçíà÷àþòüñÿ ôîðìóëàìè

g+k (t1) = fk(t1)− Φk +
f ′k(t1)

aλk
, g−k (t1) = fk(t1)− Φk −

f ′k(t1)

aλk
.

Äëÿ öèõ ôóíêöié ñïðàâåäëèâi çîáðàæåííÿ

g+k (t1) = µ1
(
1− b

aλk
)
cos(aλkt1)− µ1

(
1 + b

aλk
)
sin(aλkt1) =

= −µ1
√

2
(
1 + b2

a2
λ2k
)
sin(aλkt1 − ϕk),

g−k (t1) = µ1
(
1 + b

aλk
)
cos(aλkt1) + µ1

(
1− b

aλk
)
sin(aλkt1) =

= µ1

√
2
(
1 + b2

a2
λ2k
)
cos(aλkt1 − ϕk),

äå

ϕk = arctg
a− bλk
a+ bλk

, k ∈ Zp\{0}.

Êiëüêiñòü íóëiâ ôóíêöi¨ g+k (t1) (âiäïîâiäíî, ôóíêöi¨ g
−
k (t1)) äîðiâíþ¹

êiëüêîñòi öiëèõ ÷èñåë m1 (âiäïîâiäíî, öiëèõ ÷èñåë m2), ÿêi ñïðàâäæóþòü
íåðiâíiñòü

T1aλk − ϕk
π

≤ m1 ≤
T2aλk − ϕk

π(
T1aλk − ϕk − π/2

π
≤ m2 ≤

T2aλk − ϕk − π/2

π

)
.

Î÷åâèäíî, ùî äëÿ ôiêñîâàíîãî âåêòîðà k ̸= 0 êîæíà ç ôóíêöié g+k (t1) i
g−k (t1) ìîæå ìàòè íå áiëüøå íiæ C3λk íóëiâ, äå

C3 = C3(IT , a) = 1 +
a

π
(T2 − T1).
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Ïîçíà÷èìî ÷åðåç ξ1k, . . . , ξ
ℓ(k)
k ðiçíi íóëi îáîõ ôóíêöié g+k (t1), g

−
k (t1),

ÿêi íàëåæàòü ïðîìiæêó (T1, T2). Ââàæàþ÷è, ùî òî÷êè ξ1k, . . . , ξ
ℓ(k)
k çàïè-

ñàíî ó ïîðÿäêó çðîñòàííÿ ξ1k < . . . < ξ
ℓ(k)
k , çðîáèìî ðîçáèòòÿ âiäðiçêà IT

öèìè òî÷êàìè íàñòóïíèì ÷èíîì:

IT =

ℓ(k)∪
j=0

IjT , IjT = [ξjk, ξ
j+1
k ], (18)

äå ξ0k = T1, ξ
ℓ(k)+1
k = T2. Íà êîæíîìó âiäðiçêó IjT , j = 0, 1, . . . , ℓ(k),

îáèäâi ôóíêöi¨ g+k (t1), g
−
k (t1) çáåðiãàþòü çíàê, à âiäòàê iç íåðiâíîñòi (17)

îäåðæó¹ìî, ùî (
∀t1 ∈ IjT

)
|fk(t1)− Φk| ≥

|µ1|b
2a

λk (19)

àáî (
∀t1 ∈ IjT

)
|f ′k(t1)| ≥

|µ1|b
2

λ2k, (20)

ßêùî íà âiäðiçêó IjT âèêîíó¹òüñÿ óìîâà (19), òî æîäíà òî÷êà öüîãî
âiäðiçêà íå ìîæå íàëåæàòè ìíîæèíi Ak äëÿ äîñèòü âåëèêîãî λk i γ > 0.
Äiéñíî, ç íåðiâíîñòåé

|µ1|b
2a

λk ≤ |fk(t1)− Φk| ≤ |fk(t1)|+ |Φk| ≤ λ−γk +
b

a
λk

r∑
j=2

|µj |+
m∑
j=2

|µj |

âèïëèâà¹, ùî ìà¹ âèêîíóâàòèñü íåðiâíiñòü

b

a
λk

 |µ1|
2

−
r∑
j=2

|µj |

 ≤ 1 +

m∑
j=2

|µj |.

Çà óìîâîþ òåîðåìè |µ1| > 2
∑r

j=2 |µj |, òîìó îñòàííÿ íåðiâíiñòü íå âèêî-
íó¹òüñÿ ïðè

λk > λ̃ :=
a

b

1 +

m∑
j=2

|µj |

 |µ1|
2

−
r∑
j=2

|µj |

−1

.

Òîìó ïðè λk > λ̃ i γ > 0 ìà¹ìî Ak ∩ IjT = ∅, çâiäêè

measAk ∩ IjT ≤

{
C4, 0 < λk ≤ λ̃,

0, λk > λ̃,

äå C4 = max
0<λk≤λ̃

{measAk}.
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ßêùî æ íà âiäðiçêó IjT âèêîíó¹òüñÿ óìîâà (20), òî çà ëåìîþ Ïÿðòëi
(ïðè n = 1) äëÿ äîâiëüíîãî γ ∈ R îòðèìó¹ìî îöiíêó

measAk ∩ IjT ≤ 4
b|µ1|λ

−2−γ
k , k ∈ Zp\{0}.

Iç ðiâíîñòi measAk =
∑ℓ(k)

j=0measAk ∩ IjT òà îöiíîê

ℓ(k) ≤ C3λk, max
j

{measAk ∩ IjT } ≤ 4
b|µ1|λ

−2−γ
k

äëÿ λk > λ̃ âèïëèâà¹, ùî

measAk ≤ C5λ
−1−γ
k , C5 =

4C3
b|µ1| , γ > 0, λk > λ̃.

Òàêèì ÷èíîì, ïðè γ > p− 1 ðÿä
∑

k∈Zp\{0}measAk ¹ çáiæíèì. Òîìó
çà ëåìîþ Áîðåëÿ�Êàíòåëëi measA = 0 ïðè γ > p−1. Îòæå, äëÿ êîæíîãî
t1 ∈ IT \A iñíó¹ òàêå ÷èñëî λ = λ(t1), ùî îöiíêà |δk| ≥ λ−γk âèêîíó¹òüñÿ
äëÿ âñiõ λk > λ. Òåîðåìó äîâåäåíî. �

Çàóâàæèìî, ùî òåîðåìà 3 ñïðàâäæó¹òüñÿ é áåç óìîâè

|µs| > 2

r∑
j=1,j ̸=s

|µj |,

àëå òîäi ïîêàçíèê γ ïîâèíåí áóòè áiëüøèì, à ñàìå γ > 2p− 1.

Òåîðåìà 4. ßêùî µs ̸= 0 äëÿ ôiêñîâàíîãî s ∈ {1, . . . , r}, òî äëÿ
ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â ïðîñòîði R) ÷èñåë ts ∈ IT îöiíêà
(15) âèêîíó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ k ∈ Zp
ïðè γ > 2p− 1.

Äîâåäåííÿ. Íå îáìåæóþ÷è çàãàëüíîñòi, äîâåäåííÿ òåîðåìè çíîâó
ïðîâåäåìî äëÿ s = 1. Áóäåìî âèêîðèñòîâóâàòè òi æ ñàìi ïîçíà÷åííÿ, ùî
ïðè äîâåäåííi òåîðåìè 3.

Äâi÷i ïðîäèôåðåíöiþ¹ìî ôóíêöiþ fk:

f ′k(t1) = −µ1
(
bλ2k cos(aλkt1) + aλk sin(aλkt1)

)
,

f ′′k (t1) = −µ1
(
a2λ2k cos(aλkt1)− abλ3k sin(aλkt1)

)
.

Òîäi îäåðæó¹ìî äèôåðåíöiàëüíå ðiâíÿííÿ

sin(aλkt1)f
′′
k (t1)− aλk cos(aλkt1)f

′
k(t1) = µ1abλ

3
k,

ç ÿêîãî âèïëèâà¹ íåðiâíiñòü

|µ1|bλ2k ≤
|f ′′k (t1)|
aλk

+ |f ′k(t1)| ≤ 2max

{
|f ′k(t1)|,

|f ′′k (t1)|
aλk

}
. (21)
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Ìîæíà àíàëîãi÷íî ïîêàçàòè, ùî êiëüêiñòü íóëiâ ôóíêöié h+k (t1) i
h−k (t1) íà âiäðiçêó IT , äå

h+k = f ′k(t1) +
f ′′k (t1)

aλk
, h−k = f ′k(t1)−

f ′′k (t1)

aλk
,

íå ïåðåâèùó¹ C̃3λk, C̃3 � äåÿêà äîäàòíà ñòàëà.
Äàëi çðîáèìî ðîçáèòòÿ (18) âiäðiçêà IT , â ÿêîìó ξ1k, . . . , ξ

ℓ(k)
k � âñi

ðiçíi íóëi îáîõ ôóíêöié h+k (t1), h
−
k (t1), ÿêi íàëåæàòü ïðîìiæêó (T1, T2).

Iç íåðiâíîñòi (21) îòðèìà¹ìî òàêi àëüòåðíàòèâè íà âiäðiçêó IjT :(
∀t1 ∈ IjT

)
|f ′k(t1)| ≥

|µ1|b
2 λ2k (22)

àáî (
∀t1 ∈ IjT

)
|f ′′k (t1)| ≥

|µ1|ab
2 λ3k.

ßêùî íà âiäðiçêó IjT âèêîíó¹òüñÿ óìîâà (22), òî çà ëåìîþ Ïÿðòëi äëÿ
äîâiëüíîãî γ ∈ R âèêîíó¹òüñÿ îöiíêà

measAk ∩ IjT ≤ 4
b|µ1|λ

−2−γ
k , k ∈ Zp\{0},

â iíøîìó ðàçi � îöiíêà

measAk ∩ IjT ≤ 8
ab|µ1|λ

−3−γ
2

k , k ∈ Zp\{0},

Iç íåðiâíîñòi äëÿ êiëüêîñòi ℓ(k) íóëiâ ôóíêöié h+k (t1) i h
−
k (t1) òà îöi-

íîê äëÿ ìið ìíîæèí Ak ∩ IjT âèïëèâà¹, ùî

measAk =

ℓ(k)∑
j=0

measAk ∩ IjT ≤ C6λ
−γ−1

2
k , k ∈ Zp\{0},

äå C6 =
4C̃3
b|µ1| max

{
1, 2a
}
, γ > −1.

Òàêèì ÷èíîì, ðÿä
∑

k∈Z\{0}measAk ìàæîðó¹òüñÿ çáiæíèì ðÿäîì
ïðè γ > 2p − 1. Íà ïiäñòàâi ëåìè Áîðåëÿ�Êàíòåëëi îòðèìó¹ìî, ùî ìi-
ðà Ëåáåãà ìíîæèíà òèõ òî÷îê t1 ∈ A, ÿêi ïîòðàïëÿþòü ó íåñêií÷åííó
êiëüêiñòü ìíîæèí Ak, k ∈ Z, äîðiâíþ¹ íóëåâi. Òåîðåìó äîâåäåíî. �
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Ivan Savka, Pavlo Vasylyshyn, Taras Goy

CONJUGATE PROBLEM WITH MULTIPOINT NONLOCAL
CONDITION IN TIME FOR PARABOLIC-HYPERBOLIC
EQUATION IN A CYLINDRICAL DOMAIN

In the Cartesian product of the time segment and the spatial multi-
dimensional torus, the conjugate problem with multipoint nonlocal
condition in time for parabolic-hyperbolic equation is considered. The
conditions for existence of the unique solution to the problem in
Sobolev spaces are established. The måtric theorems on the lower
bounds of small denominators appearing in the solution of the problem
are proved.


