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In this paper, we evaluate several families of Toeplitz—Hessenberg determinants whose entries are the Boubaker polynomials.
Equivalently, these determinant formulas may be also rewritten as combinatorial identities involving sum of products of Boubaker
polynomials and multinomial coefficients. We also present new formulas for Boubaker polynomials via recurrent three-

diagonal determinants.

1. Introduction

The Boubaker polynomials of order n, denoted by B, (x),
constitute a nonorthogonal polynomial sequence defined

by
BO (x) = 1:

|n/2] -k (1)
B3 = ), () 4k< >x"2k,
k

where n>1, |s] is the floor of s, and ( " ; k ) the binomial
coefficient.

The Boubaker polynomials can be expressed also by the
recurrence:

B,(x) =xB,_;(x) - B,_,(x), nx>3, (2)

with By(x) = 1, B, (x) = x, and B, (x) = x* + 2.
The first few terms of this polynomial sequence starting
from Bs(x) are

B3(x)=x3+x,
B4(x)=x4—2
B;(x) =
B6(x)=x —2xt - 3x7 + 2,

X - x - 3x,

(3)

B, (x) = x' = 3x° = 2x° +5x,

Bg(x) = X0 — 4x® + 8x% -2,

By (x) = x’ = 5x7 +3x° + 10x° - 7x,
~15x" + 2.

B,y (x) = x' — 6x® + 7x° + 10x*

The ordinary generating function of the Boubaker
polynomials is

1+3t2
1—tx+t2

z B, (x)t" =

Polynomials (2) can be expressed in terms of Chebyshev

polynomials of the first and second kind, T, (x) and U, (x),
respectively, as follows:

(4)
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B, (x) = 2T,,(§) + 4U,,,2<§>,

B,(x) = Un<§> + 3Un,2<g>,

where U_; (x) = 0; see [1].

The Boubaker polynomials play an important role in
different scientific and engineering fields, such as thermo-
dynamics, mechanics, cryptography, biology and biophysics,
heat transfer, nonlinear dynamics, approximation theory,
hydrology, electrical engineering, and nuclear engineering
physics (see, among others, [2-11] and related references
therein).

Solutions of many applied problems are based on the
Boubaker Polynomials Expansion Scheme (BPES), using the
subsequence {By (x)};.,- Such polynomials satisfy the
recurrence

B4k (.x) = (x2 — 4x2 + 2)B4(k71) (x) — ﬁkBél(ku) (x), k > Os
(6)

with B, (x) = 1 and B, (x) = x* - 2, where 3, =0, ff; = -2,
and f, =f;=---=1.

For example, few boundary value problems of ordinary
differential equations and many physical models involving
ordinary differential equations systems were solved more
efficiently by the BPES compared to other methods [3].
Physical models in terms of partial differential equations
were reliably addressed through the BPES [6]. Davaeifar
and Rashidinia [4] and Milovanovi¢ and Joksimovi¢ [1]
used the BPES to solve certain integral equations. In [12],
Barry and Hennesy outlined the role of the Boubaker
polynomials and their associated integer sequences in
array analysis and approximation theory (see also related
work [13]). Dubey et al. [5] provided analytical solution to
the Lotka—Volterra Predator-Prey equations in the case of
quickly satiable predators. In [9], Vazquez-Leal et al.
presented the BPES to construct semianalytical solutions
for the transient of a nonlinear circuit. In [14, 15], Rabiei
et al. focused on Boubaker polynomials in fractional
calculus.

The purpose of the present paper is to investigate some
tamilies of Toeplitz—Hessenberg determinants whose entries
are Boubaker polynomials with successive, odd, or even
subscripts. As a consequence, we obtain for these polyno-
mials new identities involving multinomial coeflicients.

Some of the results of this paper were announced
without proof in [16].

2. Toeplitz—Hessenberg Determinants and
Related Formulas

A Toeplitz—Hessenberg determinant takes the form
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a a 0 -~ 0 0

a a a, - 0 0

a; a, a; --- 0 0
T,(ag;ay,...,a,) = . , (7

A1 Gy Gy3 "0 41 Gy

Ay Oy Gy "0 Gy 4

where a, #0 and a; #0 for at least one k> 0.

This class of determinants has been encountered in
various scientific and engineering applications (see, e.g.,
[17, 18] and related references contained therein).

Expanding the determinant T, along the last row re-
peatedly, we obtain the recurrence:

n
Tn = Z (_aO)kilaan—k’ nz 1’ (8)
k=1

where, by definition, T, = 1.

The following result, which provides a multinomial
expansion of T, is known as Trudi’s formula, the a, = 1 case
of which is called Brioschi’s formula [19]:

—(aY ) ANCANNEAY
T, = (-a,) ZZ( 1) mn(s)<a0) (a()) ...<a0> i
(9)

where the summation is over all n-tuples s = (s,,...,s,) of
integers s; >0 satisfying Diophantine equation s; + 2s, +
cetns,=mn, |s|=s +---+s, and m,(s) = |s|l/s!---s,!
denotes the multinomial coeflicient.

Note that n=s, +2s,+---+mns, is partition of the
positive integer n, where each positive integer i appears s;
times. Many combinatorial identities for different polyno-
mials involving sums over integer partitions can be gener-
ated in this way. Some of these identities are presented in
[20, 21] and in Section 3 of this paper.

3. Determinant Formulas with Boubaker
Polynomials Entries

In this section, we find relations involving the Boubaker
polynomial, which arise as certain families of Toeplitz-
Hessenberg determinants.

In the interest of brevity and convenience, we omit the
argument in the functional notation, when there is no
ambiguity; so B, will mean By (x).

Theorem 1. Let n>2, except when noted otherwise. The
following formulas hold:
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T,(1;B,,B,,...,B,) = (-1 (CV=DR3l=D2 (g L1y (1-x)), n>1,

n>1

>

371 (3x2 + 4) — x2
T, (1B, By,..., By,) = ( . ) -«

T, (By;By,Bs, ..., B, ) = 2"*(3x" +4),

T, (By;By,Bs, ..., By,yy) = 3" (3% + 4)x",

T, (By;Bsy,B,,...,B,,) = (-x)"*(3x" +4),

T, (By; By By, .. Byyy) = 277257 (327 + 4),

T,(By; By Bss. ... B,s) = (-1)"(3x* +4)(x* +2)" 7,

T, (Bs;Bs, By, ..., Byys) = (—%)"(3x° + 4),
T,(-2;B},B,,...,B,) =3"(3x" + 4)x" 7,

T, (-2 By By, By,) = x*(3x% +4)(3x* -2)"".

(10)

(11)

(13)

Proof. We will prove formulas (11) and (13) by induction on and »n = 3 the formula is seen to hold. Suppose it is true for all
n; the other proofs, which we omit, are similar. k<n—1,wheren> 4. Using recurrences (8) and (2), we then

have
Proof of Identity (11). To make the notation simpler, we will
write D, instead of T, (By;B,, B;,...,B,,;). When n=2

n
D, = Z (_x)l_lBi+1Dn—i
i=1

=B,D, | —xB;D, , + Z (=) (xB; = B;_1)D,,_;
i3

= (x2 + 2)Dn,1 - x(x3 + x)Dn,2 +x i (-x)"'BD, ; - i (-x)"'B, D, ;

i=3 i=3
5 5 5 n—1 . n-2 -
=(x*+2)D,, - x*(x*+1)D, , +x ) (-x)'B D, , - Y (-x)"'B,\D, ;,
i=2 i=1

n-1 n-2
=(x*+2)D,, - x*(x* +1)D, , + x<—x Y (-x)" By D,y + xBZDH) -x* Y (-x)"'BiD, i,

i=1 i=1

n-1+

= (x2 + 2)Dn,1 - xz(x2 + l)Dn,2 + x(—an,1 + x(x2 + 2)Dn,2) - xan,z =2D

Now, using the induction hypothesis, we obtain Proof of Identity (13). Let D, = T, (=2;B,,B,,.

(14)

..»B,,). One

may verify that formula (13) holds when n =2 and »n = 3.
D =2. 2n—3(3x2 + 4) _ 2n—2(3x2 + 4). (15) Suppose it is true for all k <n — 1, where n > 4. Using (8), (2),

and formula

i-1

Consequently, formula (11) is true in the case n and thus, By, =x Z (~1)'B,, - (“1)x, iz2,

by induction, it holds for all positive integers. =1

(16)



we then have

n
i~ 1
Dn = Zzl BZiDn—l

i=1
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n
=B,D, , + Z 27! (xByi_y = Byi) D,
i=2
=(x*+2)D, , +x) 27'By D, ;- Y 2" 'B, ,D,,
i=2 i=2

i-1

—1
=(x*+2)D, , +x Z 2! <x Y (-1)°B,, - (—l)ix>Dni -2 Z 27'B,D, ;|
i=2

s=1

i—

i=1

n 1
=(x*+2)D,, +x* ) ) (-1’27 'B,D, +xZZ( 2"'D, ;-2D, (17)

i=2 s=1

n-1 n-s
=x'D,, -x*) (-2)°) 2"'B,D,
s=1 i=1

n-2
;+x° ) (-2)7'D,.
i=2

4+ (=2)"?D, +(-2)"'D,

n—-1 n-2
=x’D, - Y (-2)'D, +x* Y (-2)7'D,;+(-2)" (=’ +1) + (2"
s=1

i=2

2n2

=3x’D, , +x° (-2)"*(3x" +4)—3—Z( -2)'D,

2n2

= x* (—2)”_2(3362 + )

By the induction hypothesis, we obtain

2 n-2(n 2 3x2 'S i 2
D, = x*(-2)"*(3x +4)_TZ(_2)’C
i=1

(3> +4)(3x% -2)" "7
n-2
=2 (_2)n—2(3x2 N 4) O 3x (3% + 4)2(3x2 -2)
n-2 i
= <2 3x2)
(18)

Using the geometric series, it can be seen that the fol-
lowing sums hold:

O R (= B S

In view of the formula above, from (18) we find

Z(z)Dn,

D, = x* (-2 (3x + 4) - *(3x* +4) (3x" - 2)"

((2 _23x2)"*2 - 1)

= xz(Sx2 + 4)(3x2 - 2) s

(20)

as desired. Since formula (13) holds for n, it follows by
induction that it is true for all positive integers. The proof is
complete.

4. Multinomial Extension of
Toeplitz—Hessenberg Determinants

In this section, we focus on multinomial extensions of
Theorem 1. The determinant formulas above may be re-
written in terms of Trudi’s formula (9).

Theorem 2. Let n>2, except when noted otherwise. Then,
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S (-1, (5)B; B} ... B, =

0,=n

Y B,\"(Bs\*
s mofs) @)

ol 33 S1 B5 Sy
2,0 o) (5) -

N B;\"(B\*
T eomoz) () -

5
> (1), (B By .. By = (-1)PH VDR DR gy (C1) (1 - ), 21,
=n
=3)" 1 (3% + 4) + (-1)"x?
(=3 (3x* +4) +( )x’ s,
2
"= (3x + 4)
= 3”72(3)62 + 4)x”,
(21)

"= X2 (3x% + 4)

\5| B4 51 B6 52
T eormol(z) (3) -

(x2+2)"

>

(a2 +2)" 7 (3x% + 4)

Is B,\"(Bs\*
PR ”’"(S)<B_3> (3—3)

(3 +x)"

o 3x2 44

Isl B;\"(B,\*
Z (-1) mn(s)<B—3) (B—3>

)
)
)
)
)

T 2"

>

Z, i (S)<%>SI (%) . (&)3" R

\S]

—2

Z mn(s)(ﬁ)s] (ﬂ)sl N (%y _ X (37 +4)(3x — 2)" |

where |s| =s, +---+s,, 0,=5 +28,+---+ns,, m,(s)=
[s|!/s,!---s,!, and the summations are over all n-tuples s =
(S, ..,8,) of integers s; =0, satisfying o, = n.

Example 1. From (21), we have

|
(5145, +55 +5y)! BBYBY B

1\ttt
-1 518,185 ls,!
1°52°53184 (22)

$)+25)+353+4s,=4

= B} —~3B!B, + 2B,B; + B, — B, = 6.

271

5. Recurrent Three-Diagonal
Determinants with Boubaker Polynomials

In this section, we prove two formulas expressing the
Boubaker polynomials B, (x) with even (odd) subscripts
via recurrent determinants of the three-diagonal matrix of
order n.

Let P,(x) and Q,(x) denote the nx n three-diagonal
determinants having the form
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x 1 0 0 0
xB, 1 -1 0 0
0 xB, B, -B,
P=| . T Co)
0 0 0 0 XBy g By —Bys
0 0 0 O 0 xB,,, B,,_
2n-2 2n-5 (23)
¥*+2 1 0 0 0 0 0
xB, B, —-B, 0 0
0 «xB; B, -B
Q,(%) = Lo
* XBy, 5 Byis —Bas
0 0 xBy, ., Byy
Theorem 3. For n>1, the following formulas hold: Proof. We only prove formula (24), and formula (25) can be
(-1 proved similarly. We use induction on n. Since P; (x) = x =
By, (%) = ——5——P,(x), (24) B, (x) and P, (x) = — (x> + x) = =B, (x), the result is true
[1 Boia (%) when n =1 and n = 2. Assume it true for every positive
o integer k < n. Expanding determinant P, (x) by the last row,
(- from (24), we find
By (%) = =5 Q, (%) (25) ’
! H?:fBz:' (™"
(_l)nf 1
By = 25, . (Byy—sPy-1 (%) + By, 7xBy, » P, 5 (%))
[T Baina
(_ 1 )n— 1 2 n-3 - n—4
= WT By s(=1)" "By, 3 H Byi 1 +xBy, 7By, 5 (=1)" "By, 5 1_[ Byiy
i=1 Bai-1 i=1 i=1 (26)

n-3
= n-2
Hi:l BZi—l

= xBy, 5, — By 3

i=1

i.e., we have the recurrent relation (2). Therefore, the result is
true for every n> 1. The proof is complete.

x 1
-1 |(xB, 1
B, =
BBs| 0 xBy
0 o0
X2 +2
xB;
" B,B,B
0
0

-1
<an—san—3 H By y = xBy, 7By, 2By, s 1_[ By 4

n—4

)

Example 2. Formulas (24) and (25), respectively, yield

i=1

0 0
-1 0

B, -B,

xBg Bs

1 0 0 0 (27)
B, -B, 0 0
xB; B, -B, 0

0 xB, B, -B,

0 0 xBy B
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6. Conclusions

In this paper, we have found determinant formulas for
several families of Toeplitz—Hessenberg determinants having
various translates of the Boubaker polynomials for the
nonzero entries. In Theorem 1, we found determinant
formulas, where the entries were translates of the Boubaker
polynomial sequence or of just the even or odd subsequence.
The determinant formulas in all of these results may also be
expressed (see Theorem 2) equivalently as multisum iden-
tities involving multinomial coefficients and a product of the
terms of the Boubaker polynomial sequence. In Theorem 3,
we present recurrent formulas for Boubaker polynomials
with even or odd subscripts via three-diagonal determinants.

Data Availability

No data were used to support this study.

Conflicts of Interest

The author declares that there are no conflicts of interest
regarding the publication of this paper.

References

[1] G. V. Milovanovi¢ and D. Joksimovi¢, “Properties of Bou-
baker polynomials and an application to Love’s integral
equation,” Applied Mathematics and Computation, vol. 224,
pp. 74-87, 2013.

[2] M. A. Aweda, M. Agida, M. Dada et al., “A solution to laser-
induced heat equation inside a two-layer tissue model using
Boubaker polynomials expansion scheme,” Journal of Laser
Micro/Nanoengineering, vol. 6, no. 2, pp. 105-109, 2011.

[3] K. Boubaker, H. Vazquez-Leal, A. Colantoni et al., “Com-
parative of HPM and BPES solutions to Gelfand’s differential
equation governing chaotic dynamics in combustible gas
thermal ignition,” Nonlinear Science Letters A, vol. 7, no. 2,
pp. 10-19, 2016.

[4] S. Davaeifar and J. Rashidinia, “Boubaker polynomials col-

location approach for solving systems of nonlinear Volterra-

Fredholm integral equations,” Journal of Taibah University for

Science, vol. 11, no. 6, pp. 1182-1199, 2017.

B. Dubey, T. G. Zhao, M. Jonsson, and H. Rahmanov, “A

solution to the accelerated-predator-satiety Lotka-Volterra

predator-prey problem using Boubaker polynomial expansion

scheme,” Journal of Theoretical Biology, vol. 264, no. 1,

pp. 154-160, 2010.

M. Eslami, B. Soltanalizadeh, and K. Boubaker, “Enhanced

Homotopy Perturbation Method (EHPM) and Boubaker

Polynomials Expansion Scheme (BPES) comparative solu-

tions to partial differential equations systems governing non-

isothermal tubular chemical reactors,” Current Physical

Chemistry, vol. 3, no. 2, pp. 219-224, 2013.

[7] E. H. Ouda, “An approximate solution of some variational
problems using Boubaker polynomials,” Baghdad Science
Journal, vol. 15, no. 1, pp. 106-109, 2018.

[8] N. Singha and C. Nahak, “A numerical method for solving a
class of fractional optimal control problems using Boubaker
polynomial expansion scheme,” Filomat, vol. 32, no. 13,
pp. 4485-4502, 2018.

[9] H. Vazquez-Leal, K. Boubaker, L. Hernandez-Martinez, and
J. Huerta-Chua, “Approximation for transient of nonlinear

[5

[6

circuits using RHPM and BPES methods,” Journal of Electrical
and Computer Engineering, vol. 2013, Article ID 973813,
6 pages, 2013.

[10] L. Vecchione, M. Moneti, A. Di Carlo et al., “Steam gasifi-
cation of wood biomass in a fluidized biocatalytic system bed
gasifier: a model development and validation using experi-
ment and Boubaker polynomials expansion scheme BPES,”
International Journal of Renewable Energy Development,
vol. 4, no. 2, pp. 143-152, 2015.

[11] T. Zhao and Y. Li, “Boubaker polynomials and their appli-
cations to numerical solution of differential equations,” in
Proceedings of the Joint International Information Technology,
Mechanical and Electronic Engineering Conference, pp. 285-
288, Xi’an, China, October 2016.

[12] P. Barry and A. Hennessy, “Meixner-type results for Riordan
arrays and associated integer sequences,” Journal of Integer
Sequences, vol. 13, 2010.

[13] P. Barry and A. M. Mwafise, “Classical and semi-classical
orthogonal polynomials defined by Riordan arrays, and their
moment sequences,” Journal of Integer Sequences, vol. 21,
no. 1, 2018.

[14] K. Rabiei and Y. Ordokhani, “Solving fractional pantograph
delay differential equations via fractional-order Boubaker
polynomials,” Engineering with Computers, vol. 35, no. 4,
pp. 1431-1441, 2019.

[15] K. Rabiei, Y. Ordokhani, and E. Babolian, “Fractional-order
Boubaker functions and their applications in solving delay
fractional optimal control problems,” Journal of Vibration
and Control, vol. 24, no. 15, pp. 3370-3383, 2018.

[16] T. Goy, “Some identities for Boubaker polynomials,” in
Proceeding of the International Scientific Conference “As-
ymptotic Methods in the Theory of Differential Equations”,
pp- 32-33, Kyiv, Ukraine, December 2017.

[17] M. Merca, “A note on the determinant of a Toeplitz-Hes-
senberg matrix,” Special Matrices, vol. 1, pp. 10-16, 2013.

[18] R. Vein and P. Dale, Determinants and Their Applications in
Mathematical Physics, Springer, New York, NY, USA, 1999.

[19] T. Muir, The Theory of Determinants in the Historical Order of
Development, Vol. 3, Dover Publications, Mineola, NY, USA,
1960.

[20] T. Goy, “On combinatorial identities for Jacobsthal polyno-
mials,” in Proceeding of the 6th International Conference on
Analytic Number Theory and Spatial Tessellations “Voronoi
Impact on Modern Science”, vol. 1, pp. 41-47, Kyiv, Ukraine,
September 2018.

[21] T. Goy, “On identities for Vieta-Fibonacci polynomials using
Toeplitz-Hessenberg matrices,” in Abstracts of the Interna-
tional Conference “Modern Problems of Applied Mathematics
and  Information  Technologies—Al-Khorezmi ~ 2018,
pp- 131-132, Tashkent, Uzbekistan, September 2018.



