
ISSN 9125 0912. Вiсник Днiпропетровського унiверситету. Серiя: Математика. 2015, вип. 20

UDK 517.589, 517.926.4

T. P. Goy
Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk

Two non-elementary integral functions
defined using central factorial powers

We study two new real-valued non-elementary functions generated by central factorial
powers. Graphs of such functions are plotted and some of their properties are proved.
It is also shown that new integral functions are solutions of fourth order linear ordinary
differential equations with variable coefficients.

Key words: factorial powers, central factorial powers, generalized hypergeometric function, Fresnels
integrals.

Дослiджено двi новi неелементарнi функцiї дiйсної змiнної типу iнтегралiв
Френеля, побудованi iз застосуванням центральних факторiальних степенiв. Вста-
новлено деякi властивостi цих функцiй, наведено їх графiки. Виведено звичайнi
диференцiальнi рiвняння, розв’язками яких є новi функцiї.

Ключовi слова: факторiальний степiнь, центральний факторiальний степiнь, узагальнена
гiпергеометрична функцiя, iнтеграли Френеля.

Исследованы две новые неэлементарные функции действительной переменной
типа интегралов Френеля, построенные при помощи центральных факториальных
степеней. Установлены некоторые свойства этих функций, приведены их графики.
Выведены обыкновенные дифференциальные уравнения, решениями которых
являются новые функции.

Ключевые слова: факториальная степень, центральная факториальная степень, обобщен-
ная гипергеометрическая функция, интегралы Френеля.

1. Introduction

Mathematical models of many natural processes and phenomena lead to problems,
exact solutions of which can not be obtained by well-known classical methods. This
is a main reason for further development of numerical analysis, applied mathematics,
and function theory. Extension of the “library” of non-elementary functions leads to
extension the class of the problems that can be solved in closed form. Main attention
is paid to the study of new non-elementary functions for further use in solving new
theoretical and practical problems.

In [6] we defined new non-elementary functions Sincx, Coscx constructed by
replacing in a power series of trigonometric functions sinx, cosx falling factorial powers
nn (i.e. usual factorials) by corresponding central powers n[n]. Replacing in the Fresnel

integrals
x́

0

sin t2dt,
x́

0

cos t2dt trigonometric functions by the functions Sincx, Coscx

we get new real-valued functions

Ŝ(x) =

ˆ x

0

Sinc t2dt, Ĉ(x) =

ˆ x

0

Cosc t2dt.
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In [8] we studied similar functions constructed using rising factorial powers.
It is known that Fresnel integrals and their various generalizations appears in

diffraction theory, vibration theory, design of highways and railroad tracks, robot
trajectory planning, computer-aided design, technology of oil-well drilling (see, for
example, [2, 4, 11, 12, 13, 16] and the references given there).

The aim of this paper is to study the functions Ŝ(x) and Ĉ(x).

2. Preliminaries and Notations

Definition 1. [10] For arbitrary x ∈ R and m ∈ N the expression

xm{k} = x(x+ k)(x+ 2k) · . . . ·
(
x+ (m− 1)k

)
is called the factorial power m with the step k ∈ R.

Factorial power xm{k} is called rising if k > 0 and is called falling if k < 0.

Definition 2. [15] For arbitrary x ∈ R and m ∈ N the expression

xm[k] = x

(
x+

mk

2
− k
)(

x+
mk

2
− 2k

)
· . . . ·

(
x+

mk

2
+ k

)
is called the central factorial power m with the step k > 0.

By definition, put x0{k} ≡ 1 and x0[k] ≡ 1. If k = 0, we obtain the power function,
i.e. xm{0} = xm[0] = xm.

Rising factorial powers with the step 1 (or the Pochhammer symbol) and falling
factorial powers with the step (−1) we will denote, respectively, by

xm{1} = xm := x(x+ 1)(x+ 2) · . . . · (x+m− 1),

xm{−1} = xm := x(x− 1)(x− 2) · . . . · (x−m+ 1).

Relation between a factorial function m! and rising (falling) factorials is expressed
by the formula m! = 1m = mm.

Central factorial powers with the step 1 we will denote by x[m]. For example,

x5[1] = x[5] :=
(
x− 3

2

)(
x− 1

2

)
x
(
x+ 1

2

)(
x+ 3

2

)
,

x6[1] = x[6] := (x− 2)(x− 1)x2(x+ 1)(x+ 2).

As functions of x, the rising, falling and central factorials powers are special cases
of the polynomial sequences of binomial type studied mainly in combinatorics and
calculus of finite differences (see, in particular, [5], [14]).

In general, duality of factorial powers (rising, falling and central) is a common
feature in the combinatorics. In other words, if a problem leads to some combinatorial
identity constructed, for example, using factorial powers then often there is a dual
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combinatorial problem, which leads to a dual combinatorial identity involving rising or
central factorial powers (see [9], [17]).

3. Functions Sincx, Cosc x defined by the central
factorial powers

The well-known power series

sinx =
∞∑
n=0

(−1)n

(2n+ 1)!
x2n+1 =

∞∑
n=0

(−1)n

(2n+ 1)2n+1
x2n+1,

cosx =
∞∑
n=0

(−1)n

(2n)!
x2n =

∞∑
n=0

(−1)n

(2n)2n
x2n

can be treated as the series constructed using the rising factorial powers. In analogy
to these series in [6] we investigate new non-elementary functions Sincx, Coscx
constructed using the central factorial powers

Sincx =
∞∑
n=0

(−1)n

(2n+ 1)[2n+1]
x2n+1 =

x

1
− x3

5
2
· 3 · 7

2

+
x5

7
2
· 9

2
· 5 · 11

2
· 13

2

− . . . ,

Coscx =
∞∑
n=0

(−1)n

(2n)[2n]
x2n = 1− x2

2 · 2
+

x4

3 · 4 · 4 · 5
− x6

4 · 5 · 6 · 6 · 7 · 8
+ . . . .

Clearly

Sincx = x+
∞∑
n=1

(−1)n4n(2n− 1)!!

(6n+ 1)!!
x2n+1, (1)

Coscx = 1 +
∞∑
n=1

(−1)n(n− 1)!

2(3n− 1)!
x2n. (2)

Absolute convergence on the real axis of the series (1) and (2) can easily be shown.
Let pFq(a1, . . . , ap; b1, . . . , bq; z) be a generalized hypergeometric function defined by

generalized hypergeometric series, i.e. [3]

pFq (a1, . . . , ap; b1, . . . , bq; z) =
∞∑
n=0

an1 a
n
2 · . . . · anp

bn1 b
n
2 · . . . · bnq

· z
n

n!
, (3)

where an is a rising factorial power with the step 1.

Proposition 1. For all real x the equalities

Sincx = x · 1F2

(
1;

5

6
,
7

6
;−x

2

27

)
, (4)

Coscx = 1− x2

4
· 1F2

(
1;

4

3
,
5

3
;−x

2

27

)
(5)

are valid.
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Proof. First we prove formula (4). With (1) given that (2s+ 1)!! = (2s+1)!
2ss!

we obtain

Sincx = x− 32x3

∞∑
n=0

(−1)n16n(2n+ 1)!(3n+ 3)!

n!(6n+ 7)!
x2n=

= x

(
1 +

∞∑
n=1

1(
5
6
· 11

6
·. . .· 6n−1

6

)(
7
6
· 13

6
·. . .· 6n+1

6

)(−x2

27

)n)
=

= x
∞∑
n=0

1n(
5
6

)n (7
6

)n
n!

(
−x

2

27

)n
= x · 1F2

(
1;

5

6
,
7

6
;−x

2

27

)
.

Similarly, with (2) we obtain that the function Coscx can be written as

Coscx = 1− x2

4

(
1 +

∞∑
n=1

1(
4
3
· 7

3
·. . .· 3n+1

3

)(
5
3
· 8

3
·. . .· 3n+2

3

)(−x2

27

)n)
=

= 1− x2

4

∞∑
n=0

1n(
4
3

)n (5
3

)n
n!

(
−x

2

27

)n
= 1− x2

4
· 1F2

(
1;

4

3
,
5

3
;−x

2

27

)
.

Figures 1, 2 shows the graphs of the functions y = Sincx and y = Coscx.

Fig. 1. Graph of the function y = Sincx
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Fig. 2. Graph of the function y = Coscx

4. Integral functions Ĉ(x), Ŝ(x)

We will denote by Ŝ(x) and Ĉ(x) the integral functions defined by the formulae

Ŝ(x) =

ˆ x

0

Sinc t2 dt, (6)

Ĉ(x) =

ˆ x

0

Cosc t2 dt. (7)

Using (1), (2), (6) and (7) we obtain the following series expansion of functions
Ŝ(x), Ĉ(x):

Ŝ(x) =
∞∑
n=0

(−1)n16n(2n)!(3n)!

n!(6n+ 1)!(4n+ 3)
x4n+3, (8)

Ĉ(x) = x+
1

2

∞∑
n=1

(−1)n(n− 1)!

(3n− 1)!(4n+ 1)
x4n+1. (9)

Proposition 2. For all real x the equalities

Ŝ(x) =
x3

3
· 2F3

(
3

4
, 1;

5

6
,
7

6
,
7

4
;−x

4

27

)
, (10)

Ĉ(x) = x− x5

20
· 2F3

(
1,

5

4
;
4

3
,
5

3
,
9

4
;−x

4

27

)
(11)

are valid.
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Proof. Using (3), from (8) we obtain

Ŝ(x) = x3

∞∑
n=0

(−1)n16n(2n)!(3n)!

n!(6n+ 1)!(4n+ 3)
x4n =

=
x3

3

(
1 +

∞∑
n=1

3
4
· 7

4
· . . . · 4n−1

4(
5
6
· 11

6
· . . . · 6n−1

6

)(
7
6
· 13

6
· . . . · 6n+1

6

)(
7
4
· 11

4
· . . . · 4n+3

4

)(−x4

27

)n)
=

=
x3

3

∞∑
n=0

(
3
4

)n
1n(

5
6

)n (7
6

)n (7
4

)n
n!

(
−x

4

27

)n
=

=
x3

3
· 2F3

(
3

4
, 1;

5

6
,
7

6
,
7

4
;−x

4

27

)
.

Similarly, from (9), using (3), we obtain for other function:

Ĉ(x) = x− x5

2

∞∑
n=0

(−1)nn!

(3n+ 2)!(4n+ 5)
x4n =

= x− x5

20

(
1 +

∞∑
n=1

5
4
· 9

4
· . . . · 4n+1

4(
4
3
· 7

3
· . . . · 3n+1

3

)(
5
3
· 8

3
· . . . · 3n+2

3

)(
9
4
· 13

4
· . . . · 4n+1

4

)(−x4

27

)n)
=

= x− x5

20

∞∑
n=0

(1)n
(

5
4

)n(
4
3

)n (5
3

)n (9
4

)n
n!

(
−x

4

27

)n
=

= x− x5

20
· 2F3

(
1,

5

4
;
4

3
,
5

3
,
9

4
;−x

4

27

)
.

The graphs of functions y = Ŝ(x) and y = Ĉ(x) are plotted in the figures 3 and 4.

Fig. 3. Graph of the function y = Ŝ(x)
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Fig. 4. Graph of the function y = Ĉ(x)

5. Differential equations for the functions Ŝ(x), Ĉ(x)

It is shown that both functions Ŝ(x), Ĉ(x) are solutions of Cauchy problems for
linear ordinary differential equations with polynomial coefficients.

Theorem 1. The functions Ŝ(x), Ĉ(x) are solutions, respectively, of the Cauchy
problems

27x3y(4) − 81x2y′′′ + (16x5 + 177x)y′′ + (32x4 − 192)y′ = 0,

y(0) = y′(0) = y′′(0) = 0, y′′′(0) = 2;
(12)

27x3y(4) − 135x2y′′′ + (16x5 + 339)y′′ − 384y′ = −384,

y(0) = 0, y′(0) = 1, y′′(0) = y′′′(0) = 0.
(13)

Proof. Using (8), (9), we obtain that the functions Ŝ(x), Ĉ(x) satisfy the
corresponding initial conditions from (12) or (13). It remains to check that these
functions are solutions of the differential equations from (12), (13).

According to (10), function Ŝ(x) is expressed through a generalized hypergeometric
function of a form 2F3 (a1, a2; b1, b2, b3; z); it satisfies ordinary differential equation of
the fourth order [3](

σ (σ + b1 − 1) (σ + b2 − 1) (σ + b3 − 1)− z (σ + a1) (σ + a2)
)
w(z) = 0,

where σ is differential operator z d
dz
. Thus, the function

w(z) = 2F3

(
3

4
, 1;

5

6
,
7

6
,
7

4
; z

)
(14)
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is the solution of the ordinary differential equation(
σ
(
σ − 1

6

)(
σ + 1

6

)(
σ + 3

4

)
− z
(
σ + 3

4

)
(σ + 1)

)
w(z) = 0. (15)

Since

σ1 = z
d

dz
, σ2 = z

d

dz
+ z2 d

2

dz2
, σ3 = z

d

dz
+ 3z2 d

2

dz2
+ z3 d

3

dz3
,

σ4 = z
d

dz
+ 7z2 d

2

dz2
+ 6z3 d

3

dz3
+ z4 d

4

dz4
,

from (15) after simple transformations we obtain that function (14) satisfies the linear
differential equation

z3w(4) +
27

2
z2w′′′ +

(
83

9
z − z2

)
w′′ +

(
245

144
− 11

4
z

)
w′ − 3

4
w = 0. (16)

Substituting independent variable in (16) by z = −x4/27 we get

w′z = − 27

4

w′x
x3
, w′′z =

729

16

xw′′x − 3w′x
x7

, w′′′z = − 19683

64

x2w′′′x − 9xw′′x + 21w′x
x11

,

w(4)
z =

531441

256

x3w
(4)
x − 18x2w′′′x + 111xw′′x − 231w′x

x15
,

and function w(x) = 2F3

(
3
4
, 1; 5

6
, 7

6
, 7

4
;−x4

27

)
is a solution of the linear homogeneous

equation

27x3w(4) + 243x2w′′′ + (16x5 + 420x)w′′ + (128x4 + 60)w′ + 192x3w = 0. (17)

Since according to (10) w(x) = 3x−3 ·Ŝ(x) then from (17) we obtain

27x3

(
3y(4)

x3
− 36y′′′

x4
+

216y′′

x5
− 720y′

x6
+

1080y

x7

)
+

+243x2

(
3y′′′

x3
− 27y′′

x4
+

108y′

x5
− 180y

x6

)
+ (16x5 + 420x)

(
3y′′

x2
− 18y′

x4
+

36y

x5

)
+

+(128x4 + 60)

(
3y′

x3
− 9y

x4

)
+ 576y = 0;

it follows that the function y = Ŝ(x) is a solution of the linear ordinary differential
equation from (12).

Now it is proved that the function Ĉ(x) is a solution of differential equation
from (13). Similarly for the function Ŝ(x) we see that hypergeometric function
w(z) = 2F3

(
1, 5

4
; 4

3
, 5

3
, 9

4
; z
)
from (11) is a solution of the equation

z3w(4) +
33

4
z2w′′′ +

(
137

9
z − z2

)
w′′ +

(
5− 13

4
z

)
w′ − 5

4
w = 0,
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and the function w(z) = 2F3

(
1, 5

4
; 4

3
, 5

3
, 9

4
;−x4

27

)
is a solution of the differential equation

27x3w(4) + 405x2w′′′ + (16x5 + 1554x)w′′ + (160x4 + 1386)w′ + 320x3w = 0. (18)

Substituting into (18) w(x) = 20x−5
(
1− Ĉ(x)

)
(according to (11)) we obtain that

the function y = Ĉ(x) is a solution of the equation from (13).
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