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Some convergence results for nonlinear
Baskakov-Durrmeyer operators

Altin H.E.

This paper is an introduction to a sequence of nonlinear Baskakov-Durrmeyer operators (NBDn)

of the form

(NBDn)( f ; x) =
∫ ∞

0
Kn(x, t, f (t)) dt

with x ∈ [0, ∞) and n ∈ N. While Kn(x, t, u) provide convenient assumptions, these operators work

on bounded functions, which are defined on all finite subintervals of [0, ∞). This paper comprise

some pointwise convergence results for these operators in certain functional spaces. As well as this

study can be seen as a continuation of studies about nonlinear operators, it is the first study on

nonlinear Baskakov-Durrmeyer or modified Baskakov operators, while there were more papers on

linear part of the operators.
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wise convergence.
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Introduction

The focus of the approximation theory have changed for many researchers with Korovkin’s

main theorem to linear positive operators, which have wide potential in applications. Under

the leadership of the classical Bernstein operators, which are defined on the closed interval

[0, 1], the theory expanded to unbounded interval with Szász-Mirakyan and Baskakov opera-

tors.

The classical Baskakov operators

(Bn) (g; x) =
∞

∑
k=0

pn,k (x) g

(

k

n

)

(1)

with pn,k(x) =

(

n + k − 1

k

)

xk (1 + x)−n−k, where x ∈ [0, ∞) and n ∈ N, certainly introduced

to approximate functions on unbounded intervals. Just as the classical Bernstein or Szász-

Mirakyan operators, classical Baskakov operators have not used to approximate integrable

functions before their suitable modifications described. In this sense, R.P. Sinha et al. [13]

contextured Durrmeyer-type integral modification of (1), with

(BDn) (g; x) = (n − 1)
∞

∑
k=0

pn,k (x)
∫ ∞

0
pn,k (t) g (t) dt. (2)
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Afterwards, operators (2) have been studied by many mathematicians to approximate in-

tegrable and Lebesgue integrable functions on the interval [0, ∞). Some certain convergence

results on functions of bounded variation for these operators can be found in [4–8]. For fur-

ther reading about Baskakov operators and Durrmeyer type operators we refer the reader to [3]

and [12], respectively.

In the present work, we pay attention to the nonlinear part of the operators (2), that is to

say nonlinear Baskakov-Durrmeyer operators NBDn of the form

(NBDn) (g; x) =
∫ ∞

0
Kn

(

x, t, g (t)
)

dt (3)

with x ∈ [0, ∞) and n ∈ N, acting on Lebesgue integrable functions on [0, ∞), where

Kn (x, t, u) = (n − 1)
∞

∑
k=0

pn,k (x) pn,k(t)Hn(u),

here Hn : R → R is a function such that Hn(0) = 0 and the kernel function Kn (x, t, u) satisfy

convenient assumptions.

In recent years, approximation with nonlinear operators have become popular as much as

its linear part. In fact, this popularity have started with the principal work of J. Musielak [11].

Thereafter, with the great contributions of C. Bardaro et al. [2], the approximation theory en-

larged to the nonlinear operators. Especially some certain convergence results on functions of

bounded variation for nonlinear Durrmeyer type operators can be found in [1, 9, 10].

An outline of this work is as follows. First section comprises essential notations and def-

initions. In Section 2, a certain result will be given, which is necessary to prove main theo-

rems. In the last section, the main theorems of this work and their proofs are given with some

corollaries. The main results of this paper deal with the pointwise convergence of nonlinear

Baskakov-Durrmeyer operators NBDn working on bounded functions, which are defined on

all finite subintervals of [0, ∞).

1 Preliminaries

Let Ψ be the class of all continuous and concave functions ψ : R
+
0 → R

+
0 such that ψ(0) = 0,

ψ(u) > 0 for u > 0. Let X be the set of all bounded Lebesgue measurable functions on every

finite subinterval of [0, ∞).

Now we establish a sequence of functions. Let Hn : R → R be a function with Hn(0) = 0

and

pn,k (x) =

(

n + k − 1

k

)

xk (1 + x)−n−k .

Then Kn : [0, ∞)× [0, ∞)× R → R, defined by

Kn (x, t, u) = (n − 1)
∞

∑
k=0

pn,k(x)pn,k(t)Hn(u), n ∈ N,

is a sequence of functions.
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We presume the following conditions hold:

(a) Hn : R → R satisfies an (L − ψ) Lipschitz condition, i.e.
∣

∣Hn (u)− Hn (v)
∣

∣ ≤ ψ
(

|u − v|
)

holds for every u, v ∈ R and for every n ∈ N while ψ ∈ Ψ;

(b) the function λn(x), defined by

λn (x) :=
∫ x+ x√

n

x− x√
n

Kn(x, t) dt,

have a behavior close to any fixed point x ∈ (0, ∞), where

Kn(x, t) := (n − 1)
∞

∑
k=0

pn,k(x)pn,k(t);

(c) for n sufficiently large, the inequality

sup
u

∣

∣Hn(u)− u
∣

∣ ≤ 1

µ(n)

holds for u ∈ R and n ∈ N with an increasing and continuous function µ : N → R
+

such that lim
n→∞

µ(n) = ∞.

2 Auxiliary results

Here we give a precise result, which is required while proving our theorems.

Lemma 1 ([4]). If we define the mth order moment for BDn (g; x) as

Tn,m (x) = (n − 1)
∞

∑
k=0

pn,k (x)
∫ ∞

0
(t − x)m pn,k (t) dt,

then

Tn,1(x) =
1 + 2x

n − 2
for n > 2 and Tn,2(x) =

2(n − 1)x(1 + x) + 2(1 + 2x)2

(n − 2)(n − 3)
for n > 3.

Especially for any λ > 2 and x > 0 there is an integer N (λ, x) > 2 with

Tn,m (x) ≤ λx (1 + x)

x

for all n ≥ N (λ, x). Also let for λ > 2 and n > N (λ, x) ,

Kn (x, t) = (n − 1)
∞

∑
k=0

pn,k(x)pn,k(t),

then we get
∫ y

0
Kn (x, t) dt ≤ λx (1 + x)

n (x − y)2
(4)

for 0 ≤ y < x and
∫ ∞

z
Kn (x, t) dt ≤ λx (1 + x)

n (z − x)2
(5)

for x < z < ∞.
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3 Convergence results

We have in contemplation the following type nonlinear Baskakov-Durrmeyer operators

(NBDn)(g; x) =
∫ ∞

0
Kn

(

x, t, g(t)
)

dt

with

Kn

(

x, t, g(t)
)

= (n − 1)
∞

∑
k=0

pn,k(x)pn,k(t)Hn

(

g(t)
)

= Kn(x, t)Hn

(

g(t)
)

. (6)

We presume that such an operator is defined for every g ∈ Dom NBDng, where Dom NBDng

is the subset of X on which NBDng is well-defined. Some existence theorems for these type

nonlinear operators can be found in [2].

Theorem 1. Let ψ ∈ Ψ and g ∈ X be such that g and ψ ◦ |g| are functions, which have bounded

variation on whole finite subinterval of [0, ∞) and let ψ(|g(t)|) < M(1 + t)α for t ∈ [0, ∞),

M > 0 and α ∈ N0.

Presume Kn(x, t, u) ensures conditions (a) and (b). If λ > 2 and n > max
{

1 + α, N(λ, x)
}

,

then

(NBDn)(g; x)−
[

ψ

(∣

∣

∣

∣

g(x+) + g(x−)

2

∣

∣

∣

∣

)

+ ψ

( ∣

∣

∣

∣

g(x+)− g(x−)

2

∣

∣

∣

∣

)]

≤ x + 3λ (1 + x)

nx

n

∑
k=1

x+ x√
k

∨

x− x√
k

ψ(|gx |) +
λMKα (1 + x)α+1

nx
,

where
b
∨

a
ψ(|gx |) is the total variation of ψ(|gx |) on [a, b] and

gx ≡ gx(t) =















g(t)− g(x+), x < t < ∞,

0, t = x,

g(t)− g(x−), 0 ≤ t < x.

(7)

Proof. For any g ∈ X, it is easily attained from (7), that

g(t) =
g(x+) + g(x−)

2
+ gx(t)

+
g(x+)− g(x−)

2
sgn(t − x) + δx(t)

[

g(x)− g(x+) + g(x−)

2

]

,
(8)

where δx(t) =

{

1, x = t,

0, x 6= t.
Applying the operator (3) to (8), using (6) and (a), we have

(NBDn)(g; x) =
∫ ∞

0
Kn(x, t, g(t)) dt ≤

∫ ∞

0
Kn(x, t)ψ(|g(t)|) dt

≤ ψ

(∣

∣

∣

∣

g(x+) + g(x−)

2

∣

∣

∣

∣

)

∫ ∞

0
Kn(x, t) dt +

∫ ∞

0
Kn(x, t)ψ(|gx(t)|) dt

+
∫ ∞

0
Kn(x, t)ψ

(
∣

∣

∣

∣

g(x+)− g(x−)

2

∣

∣

∣

∣

|sgn(t − x)|
)

dt

+
∫ ∞

0
Kn(x, t)ψ

(
∣

∣

∣

∣

g(x)− g(x+) + g(x−)

2

∣

∣

∣

∣

δx(t)

)

dt.
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The last integral is equal to zero from the definitions of δx(t). Using | sgn(t − x)| ≤ 1, we can

write

(NBDn)(g; x) ≤
[

ψ

(
∣

∣

∣

∣

g(x+) + g(x−)

2

∣

∣

∣

∣

)

+ ψ

(
∣

∣

∣

∣

g(x+)− g(x−)

2

∣

∣

∣

∣

)]

∫ ∞

0
Kn (x, t) dt

+
∫ ∞

0
Kn(x, t)ψ(|gx(t)|) dt.

By virtue of
∫ ∞

0 Kn(x, t) dt = 1, we have

(NBDn)(g; x)−
[

ψ

(
∣

∣

∣

∣

g(x+) + g(x−)

2

∣

∣

∣

∣

)

+ψ

(
∣

∣

∣

∣

g(x+)− g(x−)

2

∣

∣

∣

∣

)]

≤
∫ ∞

0
Kn (x, t)ψ(|gx(t)|)dt.

We use (b) to separate [0, ∞) for estimation of the right hand side of the integral

∫ ∞

0
Kn(x, t)ψ(|gx(t)|) dt =

(

∫ x− x√
n

0
+

∫ x+ x√
n

x− x√
n

+
∫ ∞

x+ x√
n

)

Kn(x, t)ψ(|gx(t)|) dt

= I1 + I2 + I3.

(9)

Using λn(x, t) =
∫ t

0 Kn(x, u) du and
∫ b

a dtλn(x, t) ≤ 1 for all [a, b] ⊆ [0, ∞) we can estimate

I2 as

I2 =
∫ x+ x√

n

x− x√
n

[ψ(|gx(t)|)− ψ(|gx(x)|)]Kn(x, t) dt

≤
x+ x√

n
∨

x− x√
n

ψ(|gx |)
∫ x+ x√

n

x− x√
n

dtλn(x, t)

≤ 1

n

n

∑
k=1

x+ x√
k

∨

x− x√
k

ψ(|gx |).

(10)

Next we estimate I1. By using Lebesgue-Stieltjes integration by parts with y = x − x√
n

, we

get

I1 =
∫ y

0
ψ(|gx(t)|) dtλn(x, t) = ψ(|gx(y)|)λn(x, y)−

∫ y

0
λn(x, t) dt

(

ψ(|gx(t)|)
)

.

Using the fact that ψ(|gx(y)|) =
∣

∣ψ(|gx(y)|)− ψ(|gx(x)|)
∣

∣ ≤
x
∨

y
ψ(|gx |) and (4) of Lemma 1,

we have

|I1| ≤
x
∨

y

ψ(|gx |)λn(x, y) +
∫ y

0
λn(x, t) dt

(

−
x
∨

t

ψ(|gx |)
)

≤
x
∨

y

ψ(|gx |)
λx(1 + x)

n(x − y)2
+

λx(1 + x)

n

∫ y

0

1

(x − t)2
dt

(

−
x
∨

t

ψ(|gx |)
)

.
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First using integration by parts in the last integral and then substituting x − x√
t

for the

variable t we consequently get

|I1| ≤
λx(1 + x)

n

[

1

x2

x
∨

0

ψ(|gx |) +
∫ x− x√

n

0

x
∨

t

ψ(|gx |)
2

(x − t)3
dt

]

≤ λx(1 + x)

nx2

[ x
∨

0

ψ(|gx |) +
∫ n

1

x
∨

x− x√
t

ψ(| f gx |) dt

]

≤ λx(1 + x)

nx2

[ x
∨

0

ψ(|gx |) +
n

∑
k=1

x
∨

x− x√
k

ψ(|gx |)
]

≤ 2λ (1 + x)

nx

n

∑
k=1

x
∨

x− x√
k

ψ(|gx |).

(11)

Finally we estimate I3. Setting z = x + x√
n

and defining Qn(x, t) on [0, 2x] as

Qn(x, t) =

{

1 − λn (x, t) , 0 ≤ t < 2x,

0, t = 2x,

we can write

I3 =
∫ 2x

z
ψ(|gx(t)|) dt (λn (x, t)) +

∫ ∞

2x
ψ(|gx(t)|) dt (λn(x, t))

= −
∫ 2x

z
ψ(|gx(t)|) dt (Qn(x, t))− ψ(|gx(2x)|)

∫ ∞

2x
Kn(x, t) dt

+
∫ ∞

2x
ψ(|gx(t)|) dt (λn(x, t)) = I3,1 + I3,2 + I3,3.

For the first term, using partial integration, we get

I3,1 = −ψ(|gx(2x)|)Qn (x, 2x) + ψ(|gx(z)|)Qn (x, z) +
∫ 2x

z
Qn (x, t) dt (ψ(|gx(t)|)) .

Using the facts that Qn(x, 2x) = 0 and ψ(|gx(z)|) ≤
z
∨

x
ψ(|gx |) and (5) of Lemma 1, we have

|I3,1| ≤
z
∨

x

ψ(|gx |)Qn (x, z) +
∫ 2x

z
Qn (x, t) dt

( t
∨

x

ψ(|gx |)
)

≤
z
∨

x

ψ(|gx |)
λx (1 + x)

n (z − x)2
+

λx (1 + x)

n

∫ 2x

z

1

(t − x)2
dt

( t
∨

x

ψ(|gx |)
)

.

Once again using partial integration for the last integral and then substituting x + x√
u

for the

variable t we consequently get

|I3,1| ≤
λx (1 + x)

n

{

1

x2

2x
∨

x

ψ(|gx |) + 2
∫ 2x

z

1

(t − x)3

t
∨

x

ψ(|gx |) dt

}

≤ λx (1 + x)

nx2

{ 2x
∨

x

ψ(|gx |) +
∫ n

1

x+ x√
u

∨

x

ψ(|gx |) du

}

≤ λx (1 + x)

nx2

{ 2x
∨

x

ψ(|gx |) +
n

∑
k=1

x+ x√
k

∨

x

ψ(|gx |)
}

≤ 2λ (1 + x)

nx

n

∑
k=1

x+ x√
k

∨

x

ψ(|gx |).

(12)
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Furthermore, for I3,2 using the similar way we obtain

|I3,2| ≤
λ (1 + x)

nx

n

∑
k=1

x+ x√
k

∨

x

ψ(|gx |). (13)

Since ψ is concave and ψ(|g(t)|) < M(1 + t)α, using the technique of [4], we obtain for n > α

|I3,3| =
∣

∣

∣

∣

∫ ∞

2x
ψ(|gx(t)|) dt (λn(x, t))

∣

∣

∣

∣

≤M(n − 1)
∞

∑
k=0

pn,k(x)
∫ ∞

2x

(

(1 + t)α+(1 + x)α )pn,k (t) dt.

Then using (4), for n > N(λ, x), the integral |I3,3| is equal or smaller then

2λM (1 + x)

nx
if α = 0,

3λM (1 + x)2

nx
if α = 1,

5λM (1 + x)3

nx
if α = 2.

Actually, whether α is even or odd, there is a constant Kα depending on α, with

|I3,3| ≤
λMKα (1 + x)α+1

nx
(14)

for all n ≥ max
{

(1 + α), N(λ, x)
}

. Editing the calculations (10), (11), (12), (13) and (14) in (9),

we get the desired result.

Corollary 1. If we choose g ∈ C (a, b) in Theorem 1 for any finite subinterval (a, b) of [0, ∞),

then we have

(NBDn)( f ; x) − ψ(|g(x)|) ≤ x + 3λ(1 + x)

nx

n

∑
k=1

x+ x√
k

∨

x− x√
k

ψ(|gx |) +
λMKα(1 + x)α+1

nx
.

Theorem 2. Let ψ ∈ Ψ and g ∈ X be such that g and ψ ◦ |g| are functions, which have bounded

variation on whole finite subinterval of [0, ∞) and let ψ(|g(t)|) < M(1 + t)α for t ∈ [0, ∞),

M > 0 and α ∈ N0.

Presume Kn(x, t, u) ensures (a), (b) and (c). If λ > 2 and n > max
{

1 + α, N (λ, x)
}

, then

∣

∣

∣

∣

(NBDn)(g; x)− g(x+)− g(x−)

2

∣

∣

∣

∣

≤ x + 3λ (1 + x)

nx

n

∑
k=1

x+ x√
k

∨

x− x√
k

ψ(|gx |)

+
λMKα (1 + x)α+1

nx
+ ψ

(
∣

∣

∣

∣

g(x+)− g(x−)

2

∣

∣

∣

∣

)

+
1

µ (n)
.
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Proof. For any g ∈ X we have

∣

∣

∣

∣

(NBDn) ( f ; x)− g(x+)− g(x−)

2

∣

∣

∣

∣

=

∣

∣

∣

∣

∫ ∞

0
Kn (x, t) Hn(g (t)) dt − g(x+)− g(x−)

2

∣

∣

∣

∣

≤
∫ ∞

0
Kn (x, t)ψ

(
∣

∣

∣

∣

g(t)− g(x+)− g(x−)

2

∣

∣

∣

∣

)

dt

+
∫ ∞

0
Kn (x, t)

∣

∣

∣

∣

Hn

(

g(x+)− g(x−)

2

)

− g(x+)− g(x−)

2

∣

∣

∣

∣

dt

≤
∫ ∞

0
Kn (x, t)ψ(|gx(t)|) dt +

∫ ∞

0
Kn (x, t)ψ

(
∣

∣

∣

∣

g(x+)− g(x−)

2

∣

∣

∣

∣

| sgn(t − x)|
)

dt

+
∫ ∞

0
Kn (x, t)ψ

(
∣

∣

∣

∣

g(x)− g(x+) + g(x−)

2

∣

∣

∣

∣

δx(t)

)

dt

+
∫ ∞

0
Kn (x, t)

∣

∣

∣

∣

Hn

(

g(x+)− g(x−)

2

)

− g(x+)− g(x−)

2

∣

∣

∣

∣

dt.

By using the required results as in the proof of the Theorem 1 and in view of (c), we get the

desired result.

Corollary 2. If we choose g ∈ C (a, b) in Theorem 2 for any finite subinterval (a, b) of 0, ∞),

then we have

∣

∣(NBDn)(g; x)− g(x)
∣

∣ ≤ x + 3λ (1 + x)

nx

n

∑
k=1

x+ x√
k

∨

x− x√
k

ψ(|gx |) +
λMKα (1 + x)α+1

nx
.

Corollary 3. If we choose g ∈ C (a, b) in Theorem 2 for any finite subinterval (a, b) of [0, ∞)

and if we let ψ (t) = t (that is, strongly Lipschitz condition), then we have

∣

∣(NBDn)( f ; x) − f (x)
∣

∣ ≤ x + 3λ (1 + x)

nx

n

∑
k=1

x+ x√
k

∨

x− x√
k

|gx|+
λMKα (1 + x)α+1

nx
.
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Алтiн Х.Е. Деякi результати про збiжнiсть для нелiнiйних операторiв Баскакова-Дюрмайєра //

Карпатськi матем. публ. — 2023. — Т.15, №1. — C. 95–103.

У цiй статтi введено послiдовнiсть нелiнiйних операторiв Баскакова-Дюрмайєра (NBDn)

вигляду

(NBDn)( f ; x) =
∫ ∞

0
Kn(x, t, f (t)) dt,

де x ∈ [0, ∞) i n ∈ N. Якщо Kn(x, t, u) забезпеченi зручними припущеннями, то цi операто-

ри дiють на обмеженi функцiї, якi визначенi на всiх скiнченних пiдiнтервалах пiвосi [0, ∞). У

цiй статтi подано деякi результати про поточкову збiжнiсть для цих операторiв у певних фун-

кцiональних просторах. Крiм того, що це дослiдження можна розглядати як продовження

дослiджень нелiнiйних операторiв, це перше дослiдження нелiнiйних операторiв Баскакова-

Дюрмайєра або модифiкованих операторiв Баскакова, при цьому лiнiйнiй частинi цих опера-

торiв було присвячено багато статей.

Ключовi слова i фрази: обмежена варiацiя, нелiнiйний оператор, (L − ψ) умова Лiпшиця,

поточкова збiжнiсть.


