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Some convergence results for nonlinear
Baskakov-Durrmeyer operators

Altin H.E.

This paper is an introduction to a sequence of nonlinear Baskakov-Durrmeyer operators (NBD;;)
of the form

(NBD,) (i) = [ Kalat, (1) dt

with x € [0,00) and n € IN. While K, (x, ¢, u) provide convenient assumptions, these operators work
on bounded functions, which are defined on all finite subintervals of [0, o). This paper comprise
some pointwise convergence results for these operators in certain functional spaces. As well as this
study can be seen as a continuation of studies about nonlinear operators, it is the first study on
nonlinear Baskakov-Durrmeyer or modified Baskakov operators, while there were more papers on
linear part of the operators.

Key words and phrases: bounded variation, nonlinear operator, (L — i) Lipschitz condition, point-
wise convergence.
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Introduction

The focus of the approximation theory have changed for many researchers with Korovkin’s
main theorem to linear positive operators, which have wide potential in applications. Under
the leadership of the classical Bernstein operators, which are defined on the closed interval
[0,1], the theory expanded to unbounded interval with Szdsz-Mirakyan and Baskakov opera-
tors.

The classical Baskakov operators

> k
(B (559 = Y- pus (008 () o
k=0

. n + k - 1 k —n—k . .
with p, r(x) = P x" (14 x) , where x € [0,00) and n € N, certainly introduced

to approximate functions on unbounded intervals. Just as the classical Bernstein or Szdsz-
Mirakyan operators, classical Baskakov operators have not used to approximate integrable
functions before their suitable modifications described. In this sense, R.P. Sinha et al. [13]
contextured Durrmeyer-type integral modification of (1), with

(BD) (g5%) = (1= 1) . pue () [ pus (g 1) ®
k=0
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Afterwards, operators (2) have been studied by many mathematicians to approximate in-
tegrable and Lebesgue integrable functions on the interval [0, 00). Some certain convergence
results on functions of bounded variation for these operators can be found in [4-8]. For fur-
ther reading about Baskakov operators and Durrmeyer type operators we refer the reader to [3]
and [12], respectively.

In the present work, we pay attention to the nonlinear part of the operators (2), that is to
say nonlinear Baskakov-Durrmeyer operators NBD,, of the form

(NBD,) (g;x) = /Ow K (x,t,g (1) )dt 3)

with x € [0,00) and n € IN, acting on Lebesgue integrable functions on [0, c0), where

K(Xfu n—l ank pnk ) ()/

here H, : R — R is a function such that H,(0) = 0 and the kernel function K, (x, ¢, u) satisfy
convenient assumptions.

In recent years, approximation with nonlinear operators have become popular as much as
its linear part. In fact, this popularity have started with the principal work of J. Musielak [11].
Thereafter, with the great contributions of C. Bardaro et al. [2], the approximation theory en-
larged to the nonlinear operators. Especially some certain convergence results on functions of
bounded variation for nonlinear Durrmeyer type operators can be found in [1,9,10].

An outline of this work is as follows. First section comprises essential notations and def-
initions. In Section 2, a certain result will be given, which is necessary to prove main theo-
rems. In the last section, the main theorems of this work and their proofs are given with some
corollaries. The main results of this paper deal with the pointwise convergence of nonlinear
Baskakov-Durrmeyer operators NBD,, working on bounded functions, which are defined on
all finite subintervals of [0, o).

1 Preliminaries

Let ¥ be the class of all continuous and concave functions i : Ry — Ry such that (0) = 0,
P(u) > 0 for u > 0. Let X be the set of all bounded Lebesgue measurable functions on every
finite subinterval of [0, c0).

Now we establish a sequence of functions. Let H, : R — R be a function with H,(0) = 0

and
k-1 e
P = (" T r A

Then K, : [0,0) x [0,00) x R — R, defined by
Ka (5, 6,10) = (1= 1) Y pus(¥)pus () Ha), 1 €N,
k=0

is a sequence of functions.
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We presume the following conditions hold:
(a) Hy : R — R satisfies an (L — ) Lipschitz condition, i.e.
|[Hy (#) = Hu (0) | < 9([u—v|)
holds for every u,v € R and for every n € IN while p € ¥;

(b) the function A, (x), defined by

have a behavior close to any fixed point x € (0, o), where

(e 9]

K( 1’1—1 ank pnk

(c) for n sufficiently large, the inequality
1
u(n)
holds for u € R and n € N with an increasing and continuous function y : N — R™*
such that nh_r)rc}o u(n) = oo.

sip }Hn(u) — u} <

2 Auxiliary results
Here we give a precise result, which is required while proving our theorems.

Lemma 1 ([4]). If we define the m™" order moment for BD,, (g;x) as

Tan ()= (01 =1) Y s () [ 020" puse 1)

then
1+2x _ 2(n—1)x(1+x) +2(1 + 2x)?
Tyi1(x) = — for n>2 and Ty»(x)= =2 (1=3) for n > 3.
Especially for any A > 2 and x > 0 there is an integer N (A, x) > 2 with
Ax (1+x
Tn,m (x) < %
foralln > N (A, x). Alsoletfor A > 2 andn > N (A, x),
Ky (x, (n—1) Z P (%) P i (t
then we get
Yy
/ Ko (x, 0yt < 2213 4)
0 n(x—y)
for 0 <y < x and
[ K e < L) ©)
z n(z—x)

for x < z < o0.
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3 Convergence results

We have in contemplation the following type nonlinear Baskakov-Durrmeyer operators

(NBD,)(g; x) = /Ow K (x,t,g()) dt
with

K (x,t,8(t)) = (n—1) ank X) P (t)Hn (8(t)) = Ku(x, t)Hn (g(t)) . (6)

We presume that such an operator is deflned for every ¢ € Dom NBD,g, where Dom NBD,g
is the subset of X on which NBD, g is well-defined. Some existence theorems for these type
nonlinear operators can be found in [2].

Theorem 1. Letp € ¥ and g € X be such that g and i o |g| are functions, which have bounded
variation on whole finite subinterval of [0,00) and let P(|g(t)]) < M(1+t)* fort € [0,00),
M > 0 and « € INy.

Presume Ky, (x,t,u) ensures conditions (a) and (b). If A > 2 and n > max {1 +a,N(A, x) },
then

(NBD,)(g; x) — [¢<'g(x+) erg(x_) D + ‘P< 'g(H) gg(x_) ‘ )]

x+3A 1+x) X": N AMK,X(l—I—x)”‘H

P(lgxl) nx !

X

1357

b
where \/ (|gx|) is the total variation of (|gx|) on [a,b] and
a

g(t) —glx+), x<t<oo,
8x =8x(t) = 10, =1, (7)
g(t) —glx—), 0<t<nx.
Proof. For any g € X, itis easily attained from (7), that

g(t) — g(x+) ;g(x_) +gx(t)

+ g(x+) ;g(x_) Sgl’l(t _ x) +5x(t) |:g(x) _ g(x+) —;g(x_) ,

(8)

1, =1,
where 6, (t) = *
0, x#t

Applying the operator (3) to (8), using (6) and (a), we have
(NBD,)(gi%) = [ Kalxt,g(t)dt < [~ Kale,)p(1g(1)]) dt

§¢<'g(x+);g(x_) )/0 dt+/ Ka(x, ) (|2 ()]) dt

+ [T Ry (S 7802 \sgn(t—x)\) i
+ [ Ktx by (‘g(x) - sl g be) 5x(t>) dt.
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The last integral is equal to zero from the definitions of d,(t). Using |sgn(t — x)| < 1, we can
write

(NBD@@nﬂs[w(F“%);g“_w>—+¢<F“+>;g“_w>]Awan»>m

+ [T K 0ggae)) de

By virtue of [;° Ky(x,t)dt =1, we have

<NBDn><g;x>—[w('g<x”;g(x‘)\)+¢(' St 280 )< 75 ) o))

We use (b) to separate [0, co) for estimation of the right hand side of the integral

Aé@@ﬂ(@ (/ f+/+ﬁ+

)Kn<x,t>¢<\gx<t>r>dt

*+ 75 )
=L+ L+ 1.
Using Ay (x,t) fo Ky (x,u) du and f diAn(x,t) < 1 forall [a,b] C [0,00) we can estimate
I; as
x—b—\}‘—
L= / . (g (D)) = p(lgx (x) )] Kn(x, £) dt
—
a
x+ﬁ x+%
< Voplsd) [T g
xf% =
L T
< 1 Z lP(lgxl)
k=1 x_ﬁ
Next we estimate I;. By using Lebesgue-Stieltjes integration by parts with y = x — ﬁ, we

get

IL = /wa(\gx(t)DdMn(XIQ = 9(Igx(y)DAn(x,y) —/OyAn(x,t)dt(¢(!gx(t)!>)~

Using the fact that (1gx(y)) = [#(Ig+(s)]) ~ #(lg+())| < Y 9(lzx)) and (4) of Lemma1,

we have
Ll < Vyls:)A xy+/ .Hd( V¢Bx)
Yy

* Ax(1+x)  Ax(1+x) 1 *
\y/ VI T /o(x—t)zdt< Ylpﬂgﬂ)}
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First using integration by parts in the last integral and then substituting x — % for the

variable t we consequently get

= PEE SV alseh + [ Vs g 4

n

Ax x) [\
<Aty \O/q; gx]) +/ \/xlp|fgx ] a
Vi

nx?

X

<P [ Velah + &V oelsd] < 2OEI TV
_0 :

X
nx? \/ (Ig])-
F=la-Jp %

Finally we estimate I3. Setting z = x + ﬁ and defining Q. (x, t) on [0,2x] as

1—Ay(x,t), 0<t<2x,
t = 2x,

Qu(x,t) = {

7

we can write

13:/sz¢<\gx<t>\>dtun 5 0)+ [ 9lga(D) i (hn(x,)
[T wlisa <Qn<x,t>>—¢<rgx<zx>\>/°°z<n<x,t>dt

2x
+1/ (Igx(t)]) dt (Au(x,t)) = I31 + I32 + I33.

For the first term, using partial integration, we get
2x
I3y = = 9(18x(20)[)Qn (x,2%) + ¥(Igx(2) )Qn (x,2) + [ Qu (x,8) di (¥(Igx (D)) -

Using the facts that Q,(x,2x) = 0 and ¥(|gx(2)|) < (|gx|) and (5) of Lemma 1, we have

?
1] <\ ¢(I8x])Qn ( x2)+ Qn x, t) ( P(|gx] )

<\/¢ Ax(1+x)+Ax(1+x)/Z 1 zdf<\t/¢(!gx!>>.

(z—x)? " (t=x)

Once again using partial integration for the last integral and then substituting x + % for the

=

variable t we consequently get

Ax (1 4+ x)
|13,1|s—{x2v¢ 1) +z/

n

t

<rgxr>dt}
X
Ax 1 +x

SV
{

x+ﬁ
¥(lgxl) +/ \/ ¥(lgxl) d”}
(12)
Ax (1+x)
nx2

" *%
¥(lgx]) Z V (g }

X

><<><
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Furthermore, for I3, using the similar way we obtain

P(Igxl)- (13)

*<xﬁ

n
‘13,2‘< 1+x Z

Since 1 is concave and ¥(|g(t)|) < M(1 + t)*, using the technique of [4], we obtain for n > «

(e 9]

aal = | [ (g (O ds G, )] < M5 = DF posa) [ (40414 207 ) s ().

k=0 x
Then using (4), for n > N(A, x), the integral |I33] is equal or smaller then

2AM (1 + x)

if «a =0,
nx
2
SAMQA+2)"
nx
3
SAM(A+x)" o
nx

Actually, whether « is even or odd, there is a constant K, depending on &, with

AMK, (14 x)*
nx

|I33] < (14)

for all n > max {(1 4 «), N(A, x)}. Editing the calculations (10), (11), (12), (13) and (14) in (9),
we get the desired result. O

Corollary 1. If we choose § € C (a,b) in Theorem 1 for any finite subinterval (a,b) of [0,00),
then we have

s

x—i—BA 1+ x) X”: )tMK,X(l—I—x)”hLl

nx

(NBD»)(f; x) = ¢(Ig(x)]) <

P(lgxl)

k=1 y—

S

Theorem 2. Letp € ¥ and g € X be such that ¢ and i o |g| are functions, which have bounded
variation on whole finite subinterval of [0,00) and let P(|g(t)]) < M(1+t)* fort € [0,00),
M > 0 and « € INy.

Presume K, (x,t,u) ensures (a), (b) and (c). If A > 2 and n > max {1 +a,N (A, x) }, then

x+) — g(x— X X) & N
(NBDy)(gx) ~ SRS < TEXEID SV )

W

N AMK, (ix—l— x)* N 47( 'g(x—l—) gg(x—) ‘ > N 1
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Proof. For any ¢ € X we have

/O°° Ky (x,t) Hu(g (t)) dt — g(x+)
< /OooKn (x, 1) ’wb(‘g(t) _ glx+) ;g(x—) Ddt

(vBD,) (f;7) - SEHL TS :

—g(x—>'

[ oo | (L5 —>> ste) st

0

g/wK (x, 1) p(|gx(t) dt—l—/ ('g(x+);g(x_) Isgn(t—x)|> dt
+/ Ky (%, 1) ('g( ) - g(”);g(’H (5x(t)> dt
[ Ko (B E) st st

By using the required results as in the proof of the Theorem 1 and in view of (c), we get the
desired result. O

Corollary 2. If we choose § € C (a,b) in Theorem 2 for any finite subinterval (a,b) of 0, 0),
then we have

n x+\/iE a+1
(NBD,)(g:%) — g(x)] < S22 0ED 55 77 gy + AME D077
nx kzlx—ﬁ nx

Corollary 3. If we choose § € C (a,b) in Theorem 2 for any finite subinterval (a,b) of [0,0)
and if we let  (t) = t (that is, strongly Lipschitz condition), then we have

s|><

AMK, (1 + x)*
nx ’

|(NBDy)(fix) = f(x)] <

Xx+3A(1+x) &
—Z !gx

§|><
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Y 1111 cTaTTi BBeAEHO IIOCAIAOBHICTD HeAiHiVHMX onepaTopis backaxkosa-Aropmatiepa (N BDn)
BUTASIAY

(NBD,)(f:x) = /0°° Ku(x,t, £(£)) dt,

Aex € [0,00) in € N. Skmo K, (x,t, u) 3abe3mederi 3pyJHyMY IPUIIYIIIEHHSIMIA, TO I OlepaTo-
P¥ AlfOTH Ha 06Me>XeHi (pyHKIII, sIKi BM3HauUeHi Ha BCIX CKIHUEHHMX MiAiHTepBaAax miBoci [0, 00). Y
1Iil1 CTATTi HOAAHO AesIKi pe3yAbTaTH PO IOTOUYKOBY 361KHICTD AASI IVMX OIIEPATOpPiB y IeBHMX (PYH-
KITioHaABHMX IIpocTopax. KpiM Toro, mo me AOCAIAXEHHSI MOXHA PO3TASIAATU SIK HIPOAOBXKEHHS
AOCAiAXEHDb HeAiHIVHMX oIepaTopiBs, 1ie Iepllle AOCAIAXEHHsI HeAiHiHuX oneparopis backaxosa-
AropMariepa abo MoamdikoBaHMx onepaTopis backakoBa, Ipy IIbOMY AiHINHIN YaCTHHI IMX Omepa-
TOpPiB 6yAO IIPUCBSUEHO 6araTo CTaTell.

Kutouosi cnosa i ¢ppasu: obmexeHa Bapiawisi, HeAiHilHwWIt omepatop, (L — ) ymoBa Airmmis,
IIOTOYKOBA 361 KHICTb.



