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ABSTRACT. We derive recurrence relations for the squares of the Horadam
numbers w%, where the Horadam sequence w,, is such that the numbers wy,
for n € Z, are defined recursively by wo = a, w1 = b, wy, = pwp—1 — qWp—2
(n > 2), where a, b, p and g are arbitrary complex numbers with p # 0 and ¢ # 0.
Some related results emanating from the recurrence relations such as reciprocal
sums, partial sums, and sums with double binomial coefficients are also presented.

1. Introduction

The Horadam sequence w,, = wy(a,b; p, q) is defined, for all integers, by the
recurrence relation [§]
wo =a, wy =b, Wy =pwp_1—qWp—2, N =>2,
with 1
W_p = a(pw—n—i-l - w—n+2) y

where a, b, p and g are arbitrary complex numbers with non-zero p and q.

The sequence w,, generalizes many important number and polynomial sequen-
ces, for instance, the Fibonacci sequence F,, = w,(0,1;1,—1), the Lucas
sequence L, = w,(2,1;1,—1), the Pell sequence P, = w,(0;1;2;—1), the
Chebyshev polynomials of the first and second kind given by

To(z) =w,(1,z;22,1) and U,(z) = wy,(1,2x;22,1), respectively.
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The sequences F,, and L, are special cases of the gibonacci sequence (gen-
eralized Fibonacci sequence) G, (a,b) = wy,(a,b;1,—1). The sequence G, was
studied by A. Horadam [7] in 1961 under the notation H,,. Sequences

un(p,q) = wn(0,15p,q) and  vn(p,q) = wn(2,p;p,q)
are called the Lucas sequences of the first kind and of the second kind, respec-
tively.

The Binet formulas for sequences u,,, v, and w, in the non-degenerated case,
p? —4q > 0, are

un:u’ UnZOén—l—ﬁn, wn:b*aﬂan_'_aa*bﬁn’
a—p3 a—p3 a—p3
where
_p+VPP—4q wdﬂzp—vﬁ—m
2 2

are the distinct zeros of the characteristic polynomial z? — px + q.

More recent results on Horadam numbers can be found in [ILBHE,[I7], among
others. Also, we refer the reader to the survey papers [I3|[14]. Properties of Lucas
sequences can be found in [16]. The books [11L[12,21] are excellent reference
materials on Fibonacci and Lucas numbers.

Our purpose in this paper is to derive recurrence relations for the squares
of the Horadam numbers. Based on these relations, we will present some related
results, such as reciprocal summation identities, partial sum formulas and sum-
mation identities involving double binomial coefficients and the squares of the
Horadam numbers.

2. Recurrence relations
for the squares of Horadam numbers

The following identities were derived by Horadam [§]:
Wm4r = Ur41Wm — qUrWm—1 , (1)
VpWpy = Wit + qrwm—r <2>
and
Wp—r WA ntr = WnWmtn + qn_reurum—l-r )
where e = pab — qa® — b?.
In our first theorem we state the recurrence relations for squares of Horadam
numbers, which will be the key identities in the subsequent parts of the paper.

THEOREM 2.1. Let m and r be integers. Then

2 2 2 3 2
PWoy iy — UpUp 1 Wiy 41 = — PQUr41Upr—1 Wy, + @7 UpUp —1 Wy, g (3)
and 2 3 2 2 2 2
r _ r r
Wpr =4 Wyp—2p = (UT‘ —q ) (wm —4q wm—r) : <4>
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Proof. Squaring identity () and the recurrence relation wy,+1 = pwy,, —qWm—1
and eliminating the cross-term w,,w,,—1 between the results gives identity (3)).

To derive (), replace m by m — r in the identity (2]) and rearrange to obtain

¢ Win—2y = VpWip—p — Wiy, - (5)
Now identity ([2]) can be rearranged as
Wity = UpWim — ¢ Wiy - (6)
Squaring both (Bl and (@) and eliminating the cross-term w,, w,,_, between the
resulting expressions yields identity (@). O
Choosing p =1 and ¢ = —1 in relation (3) gives
G2y =FFo1Giy+ Fon Fo G2, — FLF, G2,
of which the familiar identity
Gryo = 2G7 1 +2G7, — Gh

is a particular case (see [9]).
The gibonacci version of identity (@) is

Gzn—i-r - (71)TG72n—2r = (L% - (71)7”) (ng - (71)7‘G$‘I’L—T‘)
or, using F3, = (LT — (fl)r)F,« (see [I1, p. 112, Formula 108]), equivalently,

G; (_1)TG727’L—21" _ F3,

m—+r

G2 - (-G, B

Since u,(2z,1) = U,—1(z) and v, (2x,1) = 2T,,(x), the Chebyshev versions
of @) and (@), respectively, are

2012, (z) = Uy (2) U (2) T2 1 (2)
— 22U, _o(2)U,(2) T2 (2) + Up_o(2)Up_1 (2) T2, (2),

295U31+r(95) = Ur_l(x)Ur(x)Ung(x)
— 22U, _o(2)U,(2)UZ (2) + Up_o(2)Up_1 (2)UZ_, (2)

and
T (@) = To_p, () = (4T (z) — 1) (T3 (2) — T, (2)),
Upir(@) = Upy o () = (4T3 (2) — 1) (U7 (2) = Up ().
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For the last identities we obtain
T7”2)’l+’r‘<‘r) - T’r?’L—2’I‘ (x) U?%’L—i—r(x) - U72n—2'r (x)

T’I%’L(‘r> - TT%L—T(‘I) B U%L(x) - UgL—r(x)
Also, these relations yield as a special case
Tr%L-i—l(x) - T%_z(x) = (4x2 - 1) (Tri(x) - T%_l(w))

and
U, (@) - Up—a(z) = (4x2 - 1) (U72n<‘r) - U72n—1(x))~

m m

3. Some reciprocal series

In this section, we will use the following companion sequences:

hn:wn<a7b;pa_1)> Sn:un(pa_l)a Tn :wn(a,b;p,l), tn :Un(p, ]-)

From (@) the following result is an immediate consequence.
THEOREM 3.1. Forn > 1, we have

~ b2, — Sm_1h2, Sm 1 1 1
> e taointen _1( - ) @

Sm—1h2,_152,h%Smy1hZ, 4 ~ p \ pb%(pb + a)? snh?sni1h?

m=2
oo

Z h%m - Sm_lh?nsm+1 _ 1
sm—1hi,_1Shhsmerhl, 1 P22 (pb + a)?

m=2
and
Z": (=)™ (13 + tm—1Tmbms1) 1( 1 (-1)" ) ®)
A=t gt TR tma T p\pb2(pb —a)? = turitagari )’
i (_1)m(7"§m+tm—1r?ntm+l) _ 1
o tm—lrgnf1t2n7"2ntm+l7”3n+1 P22 (pb — a)?’
Proof. Write ([B)) as

2 2 2 3 2
PWpy +pqu7“+1u7'—1wm = UrUr4+1Wpy 41 +q UrUr—1Wp, 1

and divide both sides by w,_juu, 1w, w2, w2, to get

2
pwm—i—r pq _
2,142 2 -
u7'wm—1wm+1

2 2 2 .2
Uy —1 U Uy 1 Wiy Wiy Wi 4
3

1 q

2 2 :
ur—lu"“wm—lwgn urur+1w72nwm+l

Now, setting ¢ = —1 and r = m, and summing over m we recognize that the

right-hand side telescopes. This completes the proof of the first part.

Similarly, with ¢ = 1 and r = m we identify the telescoping behavior of the
O

alternating sum.
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If we put in (@) @« = 0, b = 1 and p = 1, then h,, = s,, = F},, and using
Fs,, = F,,L,, we have

n
L2, — Fp_1Fny1 1
3 2 173 33
m=2 Fm—lFmFm+1 FnFn+1

Similarly, putting in ({) a =2, b =1 and p = 1 yields hy,, = Ly, $m = F, and,
therefore,

i L%m - Fm—ngnFm-i-l o 1 1
Fm—ngn—lF%L%sz+1L72n+1 9 FnL%Fn+1LEL+1.

m=2

Focusing on Chebyshev polynomials, from @) at p = 22, a = 1, b = =z

and p = 2z, a = 1, b = 2z we have, respectively, the following examples (the
argument z in Chebyshev polynomials is dropped to simplify notation):

: (_1)m(T22m =+ Um—2T3LUm) o i 1 + (_1)71
U o T2\ U2 T2UnT2,, 20 \ 223202 — 12 | Uy T20.T2,, )

m—1

zn: (-1)™(U3, + Un—2U3) 1 < = + — )

Upn—oUY _USUZ., 2z \8z3(422 —1)2 ' U, U3UZ,,

m

m=2
From (@) we can deduce the following reciprocal sum identities.

THEOREM 3.2. Forn > 0, we have

- hoo +ho s (=H" 1
(et g2 (G5 ), ©)
; hgnhgn-i-l bt b?
> h? h? 241
Z(_l)m—l m}—Li-222_2 m—1 _ yy bj (10)
m=1 m*m+1
and 0 o )
Tmao — Tm—1 9 1 1
—5 = —1)<———>, (11)
1 T72nT72n+1 b? T721+1

2 2 2
"m+2 =" Tm—1 D" — 1
2 2.2 - 2
= T m b

Proof. We will prove only identities (@) and (I0). The proof of the second part
of the theorem, which we omit, is similar.
Replace m by m + r in {@) to get

2 3r, 2 _ 2 T 2 T2
Wipyor =4 Wpp = (v'r —q )(wm—i-r —q wm) y
which has an equivalent form as
r 2 3r,,,2
2 r 1 q B L
(0r =d") | 5 = = - 2 2 :
Wiy, wm-l—r wmwm-H'
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Now, setting r = 1 the telescoping nature of the left-hand side can be deduced.
This completes the proof of ([@). Upon letting n — +oo in ([@) yields (I0). O

We conclude this section with the gibonacci version of ([9) and the Chebyshev
version of (II)). The first is

i( )m m+2+Gm 1 _ 2(71)71
G2 Gm+1 Gn+1

2
b
m=1
or, equivalently,
n

Z(—l)m G, +GrL . (-1 1

= GhnGr G b
The Chebyshev identities are stated as
" T T? 1 1

m+22( ) m— 1(.’1}) _ (4%2—1) (_ )

m=1 Tm( ) m+1<‘r) n+1<‘r)
and i 2
- 1 1

Z m-l-22(x) . m—l(‘r> _ (4‘,1:2 o 1) (_2 - — ) )
m=1 Um(x)Um—i-l(x) 4z Un—i—l(x)

4. Partial sum of the squares of Horadam numbers

LEMMA 4.1 (]2, Lemma 2.3]). Let X; be any arbitrary sequence defined by the
recurrence relation
Xj = lej—cl + f2Xj_02 +--- anj—cna

where f1, fo, ..., fn are arbitrary non-vanishing complex functions, not depen-
dent on j, and c1,ca, ..., c, are fixed integers. Then the following identity holds
for arbitrary x and k > 0:

n Cm . k .
chmfm(z X_jz77 — Xz9>

k
: m=1 j=k—cm+1
oy —
> X = z
=0 1— > zmfy,
m=1

THEOREM 4.2. For k>0, we have

Zw2 i_ FE; l‘)-l—Fk( )+Gk($)+Hk($)
(1 —qz)(1+ (2 — p?*)z + ¢?2?)

)

where

Fule) = (7 — ) (@0l — ), File) = —@o (0 ud —ul,),
Gr(z) = —aF i | +d? Hy(z) = —a"2w? , + bz,
with w_, = “2=b

q
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Proof. Set r =2 in identity (B]) and rearrange to obtain

? 2 (p 7Q) m+1+q wm 1 w72n+2'

q(p® — qwy, =
Now use Lemma [£.1] with
(Clv C2, 63) = (7

(L & 1
(fla f27 f3) - <q7 p2_q> q(pz_q)> .

1,1,-2)

and

This yields
E*(x; k) + F*(z; k) + G*(x; k) + H*(z; k)

2,0 —
ijx - 1_ 1 q LA 1
=0 qr  p?—q ' qz%(p?—q)
where
2R L2 2 Q(mk+1w2_w )
*( . _ k41 0 * (.. . _4a 1
E (xak) = 9z s F (x,k) = P7—q ,
Ic+1 2 k+1
’LU w, ’LU
G*(z: k) = —L 1m0 H*(x: k) = _Z WryoT W1
( k) qr2(p?—q) ( k) qz(p?—q)

Simplify and the proof is completed.

COROLLARY 4.3. For k >0,
k
< 1
G2y = X
;} v (1+2)(1 — 3z + 22)
(*xk+2G%+2 + (22 — 1)z k+1Gk¢+1 +

"G+ a4+ (0 - 2a%)z — (b—a)?2?). (12)

Proof. Insert wo=a, w;=>b, p=1and ¢g=—1 in Theorem and simplify. O

Three particular examples of ([I2)) are

k
> G2 = GrGrir +afa —b), (13)
j=0
k 1
Y G = 5 (Lk+1Ghys — 5FLGEyy — Ly2G3 + 6a® — 2ab — b?)
j=0

1
> GIF; = 5 (Fe41Ghs — LiGry ) — FipoGr + % — 2ab) .

Note that formula (I3 above is well-known (for example, see [LI], p. 144]).
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Another interesting example is the evaluation of the alternating sum
Z?:o(*l)jG? Inserting z = —1 in (IZ), we see that the sum is expressed as
a fraction with denominator 0. For the numerator on the right-hand side we get

(—1)*H(GE o — 3G, + G2) + a® —b° + 24> — (b— a)?
= (=D ((Grgr + Gi)? = 3G2,, + G2) + a2 — b2 + 222 — (b — a)?
= 2(—1)""%(G141Gr—1 — G}) + 2a* — 2b* + 2ab.
Now, using the Catalan identity wy, w4, — w2 = eqm_TUf [7], we see that
GGt — G = (—1)F(a? — 12 + ab)

and hence that the sum is an expression of the form 2 o+ Therefore, we apply
L’Hospital rule and get after several steps of manipulations the closed form

5 Z 1)/G? = (=1)*Gr(Grp1 + 2Gk) + (2k + 3)(a® + ab — b*) + 3b> — 4ab.

5. Double binomial sums involving the squares
of Horadam numbers

In this section we present double sum identities with two binomial coefficients
and the squares of the Horadam numbers in the summand.

Double sums with one binomial coefficient, as well as with two binomial
coefficients, evaluating to Fibonacci and Lucas numbers, have been reported
in existing literature. Examples of the former are

n+1 In41

E < . > = Fonyp3 — 27, E (1) < , > = (—=1)"Fan,
— J—t — 7 —1

0<i,j<n 0<i,j<n

while examples of the latter include

Z 1+ n+1 AV
( 1) ] :Fn—i-l) E . j 2] :F37’7,+1'
J 2j i
0<z,5<n 0<i,j<n

The above results were obtained by Kilig and Arikan [T0]. Recently, attention has
shifted to the study of double sums and triple sums with Fibonacci and Lucas
numbers in the summand. For example, Tagdemir and Toska [20] presented the

identity i LontFo(ni1)t
Z ( ) Lyi—2)ivj = %v t#0,
0<i,j<n 2

while Omiir and Duran [I5] studied triple sums with two binomial coefficients

of the form ] ]
¢ J
E () ( >Fri+j+k-
“ J) \k
0<i,j,k<n
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Tagdemir [I8I[T9] studied triple sums with two binomial coefficients, including
Lucas numbers in the summand, as well as triple sums involving three binomial

coefficients and Fibonacci numbers.

LEMMA 5.1 ([2] Lemma 4.1]). Let (X,,) be any arbitrary sequence, satisfying a

four-term recurrence relation

th = len—cl + fZXn—cz + fSXn—037

where h, f1, fo and f3 are arbitrary non-vanishing functions and ¢y, co and c3

are integers. Then the following identities hold:

k J k . 7 J
S5 () (BB asrmasinnan=
j=0 i=0

|
7 N
=
\/a-

>

3

NN AN AYIAYZA e .
e S——
Fod (L . i j Bk
252 (5) (1) (B () xovascacamsnnan= (G
ahN TAYEAYZAYAAY A\
;;(‘Ukﬂ (j) <Z> (E) <f_j) Xn—(03—01)’€+(03—02)j+02i = (f_;> Xn,
k J . 7 7 k
ki K\ [J h fi — é
230 (5) (1) (1) (B) e = ()

hY (LY o
E> <E) Xn_(c2_03)k+<02_01>j+c1i - (E Xn.

H
=]
=
=}
=
=
=
o
W
~
)
o~
=
S
f=
9>}
.
3
N
<
[
3
[
IS
N
S8
e
f=
9>}
S|
3
S
T
3
<
S
S
<
9y
S.
s
<
)
3
3
)
3

ko k . i 3 J
ZZ(—I)k_j (7 ( el > (q ur_lm) wi+rk7(r+1)j+2i =
L J)\i) \Pur— p

(qur,lur+1)kwi,

UrUr41 ‘ P I 2 _
» Cr1tr Wn— k4 (r+1)j—(r—1)i —

> k
(Pur+1 > w2
>

n
q*ur

q3ur_1ur ’ p jw2 ) o
p Ur g1 n+k+(r—1)j—(r+1)i

k
pqur—1 2
w W,
-

(16)

(17)

(18)
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k J . i 3 J

Z (—1)~ k(7)) (Pursr) (@ur—rur ) o o
-y j i ?ur » nt(r—1)k—(r+1)j+i
3=0 0 k

UrUr41 2
Wns
p

L k\ (7 (pave—1\ [urtrgs)
| —1 T— r Ur 2
Z (=1) () <> ( > ( ) Wit (r41)k—(r—1)j—i —
P J 1 Uy p
7=0 0 3u k
(q T—luT‘> wi)
p
k J . i J
ik J pqur—1 Ur41 2
Z (=1) ( > () ( 3 Wn—(r+1)k+25—1 —
j=0 i=0 J v Ur g Ur—1 » &
2
(q3ur—1ur> e

N
Il

Proof. To prove ([IG]), rearrange identity (3] as

2 2 3 2 2
PQUr41Ur 1 Wy = UpUp 1Wy 1+ @ UpUp 1 Wy — PWy, e
Make the following identifications:

X =w?, f1=urtry1, f2 = Pupue_, fa=—

c =—1, o =1, c3 = —T, h = pquy—1upi1,

and use these in Lemma [5.1]

To prove ([I7), use ([I9) in ([I4)). To prove ([I8), use ([I9) in ([I3]), and so on.

(19)

O

THEOREM 5.3. Let r and n be integers. Let k be a non-negative integer. Then

26

(k+2j—3%)r
J\4 2 2
ZZ( 1 ( > ( )7(1) )j Wy, —r(k—3i+7) = W,
7=0 =0
k3 . 3k—2j—i)r
Mk ( J
k—j J q 2 .2
ZZ(_l) (]) <Z> ( g — qr)k7j+/i Wy —r(2k—5—24) = Wp,
j=0i=0
k. J : 2i+j)r
ifk\([J q< ’ 2 2
(_1) . . — Whyr(k—2j5—1i = W,
Jgogo §)\i) (z —qryr-ati Trtre2imn
kK J
i k J r rNk—j+i
zz(_l) <]> (i)q(gj %) ( vy —q") 7 wifr(k+2j7i) = w1217
j=0i=0
ko J 2 r\k—j+i
AV AN CEE 2 2
2.2,V <J> <z> TGt Wntr(e2i—0) = Wn
j=0i=0
ko J -k j q(2k*3j)r 9 )
(=177 " s Wh—r (k=354 = Wnp.
;;, j)\i) (wi—q)* (ke

(20)
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Proof. To prove ([20), write identity () as

(UE - qr)wi = w72L+r - q3rwr2t—2r + qr (UE - qr)wn—r ’

then make the identifications
(f13f27f3) = (1’_q37"q7'(v7% _q'r'))’ <017027C3> = <_T7 2T3T)a h:U?« _qT
and use these in Lemma [5.11 O

stated as (n > 0):

The special case of Theorem when w,, = F},, v, = L, and r = 1 can be

T —

noJ n—j+i n .
2—;2 <_%> <]> (g)FQQiﬂ = (=1)"Fi,,
n J 1 n—j+i n . ) -
SR ()
Sy (7)) - crat
> 2)”‘]’“‘(;?) (”>F+ = (-)"Fn
and . 4

. 1" (n ‘ 2 n 2

SR )0 e
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