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Abstract. In this paper, we prove several identities involving linear com-
binations of convolutions of the generalized Fibonacci and Lucas sequences.
Our results apply more generally to broader classes of second-order linearly
recurrent sequences with constant coefficients. As a consequence, we obtain
as special cases many identities relating exactly four sequences amongst the
Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal, and Jacobsthal-Lucas num-
ber sequences. We make use of algebraic arguments to establish our results,
frequently employing the Binet-like formulas and generating functions of the
corresponding sequences. Finally, our identities above may be extended so
that they include only terms whose subscripts belong to a given arithmetic
progression of the non-negative integers.
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1. Introduction

Let U, = U,(p, q) denote the sequence defined recursively by
Up=0,U1=1 U,=pUp1+qUyp—2, n>2,
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and let V,, = V,,(p, q) be given by
‘/O = 27 Vl =D Vn :PVn—l + an—z, n > 2.

Note that U,, and V,, correspond to special cases of the Horadam sequence and will
be referred to here as generalized Fibonacci and Lucas sequences, respectively.

We note the special cases F,, = U,(1,1), P, = U,(2,1), and J,, = U,(1,2)
corresponding to the Fibonacci, Pell, and Jacobsthal number sequences, respec-
tively, as well as L, = V,(1,1), Q, = V,(2,1), and j, = V;,(1,2) corresponding
to the Lucas, Pell-Lucas, and Jacobsthal-Lucas numbers. In addition, we note
that the balancing numbers B,, = U, (6, —1) also belong to the class of generalized
Fibonacci sequences, while Lucas-balancing numbers C),, usually defined by the
initial values Cy = 1 and C; = 3, do not belong to the class V,.

The sequences F,,, Ly, P, Qun, Jn, jn, and B, are indexed in the On-Line
Encyclopedia of Integer Sequences [14], the first few terms of which are stated
below:

n|o|1]2] 3 4 5 6 7 8 9 Sequence
in [14]

F, lol1|1] 2| 3 5 8 13 21 34 A000045
Lo | 213 1 18 29 47 76 A000032
Polol1l2] 5] 12 ] 2 70 169 408 985 A000129
Qn |2 2]6]14] 3¢ | 82 198 | 478 1154 2786 A002203
Jolol1l1] 3] 5 1 21 43 85 171 A001045
jn |l 21115 17 | 31 65 127 257 511 A014551
B, |0 1]6]35] 204/ 118 | 6930 | 40391 | 235416 | 1372105 | A001109

In this paper, we adopt a unifying approach to identities involving various com-
binations of these sequences. In this direction, Adegoke [2] derived several identities
for arbitrary homogeneous second order recursive sequences with constant coeffi-
cients and applied these results to present a unified study of the sequences above.
Later in [1], he found binomial and ordinary summation formulas arising from an
identity connecting any two second-order linearly recurrent sequences having the
same recurrence but whose initial terms may differ. Illustrative examples were
drawn from the aforementioned sequences and their generalizations.

Further, some isolated results in this direction have also occurred. For example,
in [12], the author asked to express P, in terms of F,, and L,,. One possible solution
is to express this relationship as [9]

iFsPn_s =P, —F,.
s=0

A generalization of this identity was given by Seiffert in [13]:

n
FiPy(nt2) — PeFr(nt2)
> Fr(s iy Prnt1-s) = k>l
puret 2Qx — Lk
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Moreover, similar convolution identities involving Fibonacci, Lucas, and gener-
alized balancing numbers can be found in [5], whereas new convolution relations
between Fibonacci, Lucas, tribonacci, and tribonacci-Lucas numbers were derived
by the second author in [7]. A short time later, in [6], these results were extended
to generalized Fibonacci and tribonacci sequences defined, respectively, by the re-
currences U, = Up—1 + Up—2 and v, = vy_1 + V,_o + V,_3 with arbitrary initial
values.

The first and second authors [8] have established connection formulas between
the Mersenne numbers M,, = 2" — 1 and Horadam numbers w,, defined by w, =
PWyp_1 + qwn_o for n > 2 with wg = a and w; = b and stated several explicit
examples involving Fibonacci, Lucas, Pell, and Jacobsthal numbers to highlight
the results. In [3], some special families of finite sums with squared Horadam num-
bers were found, which yield formulas involving squared Fibonacci, Lucas, Pell,
Pell-Lucas, Jacobsthal, Jacobsthal-Lucas, and tribonacci numbers as particular
cases. In [11], Koshy and Griffiths developed convolution formulas linking the Fi-
bonacci, Lucas, Jacobsthal, and Jacobsthal-Lucas polynomials, and then deduced
the corresponding results for Fibonacci-Jacobsthal-Lucas, Lucas—Jacobsthal, and
Lucas—Jacobsthal-Lucas convolutions. Bramham and Griffiths in [4] obtained, us-
ing combinatorial arguments, a number of convolution identities involving the Ja-
cobsthal and Jacobsthal-Lucas numbers as well as various generalizations of the
Fibonacci numbers. Using generating functions, Koshy [10] developed a number
of properties for sums of products of Fibonacci, Lucas, Pell, Pell-Lucas, Jacob-
sthal, and Jacobsthal-Lucas numbers. In [15, 16], Szakdcs dealt with convolutions
of second order recursive sequences and gave some special convolutions involving
the Fibonacci, Pell, Jacobsthal, and Mersenne sequences and their associated se-
quences.

In the next section, we prove several general formulas involving linear combi-
nations of certain convolutions of U,, and V,,. These results in turn are obtained
as special cases of more general identities involving second-order linearly recurrent
sequences with constant coefficients and arbitrary initial values meeting at times
certain auxiliary conditions. As a consequence of our formulas for U,, and V,,, we
obtain several identities for F,,, L,, P,, Qn, Jn, and j,, each involving exactly
four of these sequences. In the third section, it is demonstrated that the afore-
mentioned formulas for U,, and V;, may be extended so that the subscript of each
summand term belongs to a given arithmetic progression. Finally, some further
general results are given in which it is required that the sequences appearing in
the convolutions meet certain conditions with regard to their initial values and
recurrence coefficients.

2. Main results

Let T,, = T, (a, b, p,q) denote the sequence defined recursively by

T, =plh_1+qTh_2, n2>2,
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with Ty = a@ and T} = b, where a, b, p, and ¢ are arbitrary and p? + 4¢ # 0. Note
that T, reduces to U,, when a =0, b =1 and to V,, when a = 2, b = p. It can be
shown that T, = arl + pry for n > 0, where

_ 2b—ap+aA 5=
B 2A T

and A = \/p? + 4q. Note that

(20 —ap+al)(p—A)+(ap—2b+ad)(p+A) _

ap — 2b+ aA p+ A p—A

oA 0 PT Ty 2T

arg + fry = AN —b (21)
Thus, we get
S T = S (arf et =
1 —rx 1 —rox
n>0 n>0
_a+fB—(ary+Pri)z  a—(ap—b)x (2.2)
- (I—-r)(1—ryz)  1—pr—qa?’ '

Let T,(Li) = T,(ai, bi,pi,qi), where i is fixed and (a;, b;, p;,q;) is arbitrary for
each i. We will make frequent use of the following generating function formula for
the product TT(LUT,(LZ).

Lemma 2.1. We have
S TOT@ e = Gi(x) (2.3)

= 2(x)’
where
Gi(z) = araz + (bibs — arazpip2)x
+ (a1bapaqr + azbipige — aras(pige + p3q1 + qrge))a’
— quq2(by — arp1)(ba — agp2)a®,
Ga(x) = 1= p1pow — (PTa2 + P31 + 2q102)2° — prpaqiqea® + qi g™
Proof. For i =1,2, let

/ O A o pi— A
Ai: Pz2+4q“ r](_): 2 ) Té): 2 )

2b; — a;p; + a; A; a;p; — 2b; + a; A

Q= 2Az ; Bl = ZAZ
Then ) ) , ,
TOTE = (0 ()" + 1 (r57)") (e (r)" + a(r”)")
implies
> TOTPa" = —ta + a(1§2<2> + a<22€1<1> + 5(11?2(%
7>0 1—ry'r"x 1—-ry'r 1—r"ry 1—ry'ry’x
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aq 51 (o7l b1
= a2 + + B2 +
(1—&”@Px> 1—6”@9@) (1—&“@9x> 1—é”v9xJ
(2)

_ ap — (a1p1 — by)(r;” ) a; — (a1p1 — bl)(rf)x)
- o2 @) @ TP ®) @2, 2
L—pir” 'z —qi(ry”)2x 1—piry o —qi(ry )

where we have used (2.2) (with « replaced by rgz)x and by réQ)x) in the last equality.

Thus we have

(V)2 — 211
E T,/ T, (

n>0 2 l‘)’
where
Hi(z) = az(ay — (a1p1 — b1)r§ )z) (1—p Tg ) — q(r (2))2 %)
+52(111*(alp1*b1) )(1*17 7"§ )1*11( (2))2 2)3
Hy(x) = (1= pirPa — (0172 (1 = priz — au (r§)%0?).

We now work separately on the numerator and denominator of the last expres-
sion, starting with the numerator. Expanding the numerator, and using the facts

as + B2 = as and rl rf) —(qo, gives

Hy(z) = ai(az + B2)

- (a1a2p17”§ ) + as(aipr — b1) ) + alﬁﬂ)lrl + Ba(a1p1 — b1)7'§2)>1?

+ (a(pr(@rps = b)rr?) — i (1)2)

+ B2 (p1(arpy — br)rP ) — 01Q1(7§2))2))x2

i (aQQl (a1ps — bl)rf)(rf))z + B2q1(a1p1 — bl)(Tf))?TéZ))x‘g

= ayaz — ((a1a2p1 - bla2)7‘§2) + (a1a2p1 - blBQ)TéQ))$

+ (a2P1Q2(b1 —ai1p1) —a1q1 (Oég(?“2 )%+ Bs ( ) ))xz
+ Q1q2(b1 - alpl)(a2r2 +ﬁ T(2)>

Concerning the coefficient of x in the last expression, note that

a1a2p1 (r§ ) (2))

- bl(a 7"1 Jrﬂ 7’ ) = aiazp1p2 — bibs.
Also, observe that ar3 + 872 (in the notation above) is given by

(2b — ap + aA)(p? + 2q — pA) + (ap — 2b + aA)(p? + 2q + pA)
4A

= ap® + aq — bp.
Thus, the coefficient of 22 in the numerator equals

asp1ga(bs — ai1p1) + a1q1(bapz — a2qz — azp3).
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Finally, note that 0427“52) + ,827”?) = agps — by, by (2.1) (with as and by in place of
a and b and py and ¢o in place of p and ¢), which implies that the coefficient of
23 is given by q1q2(by — aip1)(azps — ba). Thus, the numerator of the generating

function works out to
araz + (biby — araopip2)x + (azp1ga(by — arpr) + a1qi (baps — azqe — azp3))a?
— q1g2(b1 — a1p1)(ba — aspa)z®.

In the denominator, we have

Hy(z) = (1 - plr?)x —q1 (7‘52))2332) (1 - p17“§2)x —q (Téz))sz)
1 4 e (0 (00 + ) - P )a?
+ oy s () r5?)a® + (P )
=1—pipoz — (1 (P3 + 2¢2) + pig2)2* — Pipoqiox® + g3,
Combining this expression with the one above for the numerator yields (2.3). O

We having the following general formula involving certain sums of convolutions

of T,(Ll)T7$2) with T,(L3)T7§4) where there are no restrictions on the parameters of the
)

various T,Si .
Theorem 2.2. Ifn > 4, then

n—4

> ((p1p2 — pspa) T, T,
s=0

+ (P2q2 + P21 — Pas — PRas + 20102 — 2q304) TS, T,

+ (Pp2a1ge — popagsan) T T, — (a6 — g3ad) T, 1Y, ) T T
= —a1aTITW + (a1a9p1p2 — blbz)T,E?’_)lT,ﬁ“_)l

+ (a1a2(plae + P31 + q1q2) — arbapaqy — a2b1p1Q2)T,(L3_)2T,(L4_)2

+ q1q2(b1 — a1p1) (b2 — a2p2)T,(L3_)3T,(L4_)3 + aza, TVTP

— (agaapipa — b3b) TSV, T,

- (a3a4(p%q2 +P5q1 + 20192 — ¢3qa) + baba(p1p2 — papa)

— azbapaqs — a4b3P3Q4>T7gl,)2T(2,)2

- (a3a4p1p2Q3Q4 + azbap1papaqs + asbsp1p2psqs + b3bapipapsps — azaapspaqsqa

— asbapspiqs — aabspspaqs — bsbapips + azaap1paqiqe — asbapsqaqa

— asb3paqsqa + bsba (plge + piar — Pias — pigs + 20142 — q3q4))T7§1,)3T,@3. (2.4)
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Proof. Consider the quantity

azas TVT?) + (baby — a3a4p3p4)T(1) 7

n—1"n—1

+ (a3b4p4q3 + asbspsqs — azas(p3qs + pigs + ‘JSCI4))TT(L£)2T(2)

n—2

— q3q4(bs — azp3)(bs — a4p4)Tr(Ll—)3Tv(12—)3

— (alaQT,(LS)T,gl) + (biba — a102P1P2)T£?21T7(L4—)1

+ (a1bgp2Q1 + agbiprga — araz(pige + phq1 + CI1Q2))T7(L37)2T7@2

- (J1112(51 - alpl)(b2 - agpz)T,(?_)gTr(f_)g), (2~5)
where Tg) is taken to be zero for all ¢ if m < 0. By Lemma 2.1, the generating
function of the quantity (2.5) for n > 0 is given by the product of ano Tél)Téz)x"
and ) < T,(L3)T7§4):r” with

(p1p2 — p3pa)x + (p%QQ +p§ql - p§Q4 — pi% +2q1q2 — 26]3Q4)332
+ (p1p2¢1G2 — P3pagsqs)x® — (aiq3 — a3q3)x*.

Extracting the coefficient of ™ of this generating function gives for n > 4,

n—1

(p1p2 — p3pa) D TV, T, 7T

n—1l—s
s=0

n—2
+ (P2a2 + Py — Plas — Plas + 2012 — 2a304) Y T0y_ TPy TT
s=0

S S

n—3
+ (P1p2q192 — P3P1q3Ga) Z T®, W, 1T
s=0
n—4
3 4
(@3- a1, 1, 1O,
s=0

which holds also for 0 < n < 3 since empty sums are zero by convention. Equating

this last quantity with (2.5) above, and shifting summands to the other side so that
each sum has upper index n — 4, gives

n—4
Z ((p1p2 - p3p4)T(3) Y

n—l—-s n—1-—s
s=0

3 4
+ (P2q2 + P31 — PRas — P2gs + 2102 — 2g3qa) TS, TV

n—2—s n—2—s

+ (P1p2q1q2 — p3p4Q3L]4)T,§3_)3_STT(L4_)3—s — (73 — Q§QZ)T(3) T )Ts(l)Ts(z)

n—4—s n—4—s

= —a1aTTW + (a1a9p1ps — b1b2)T7(L3_)1T1§4_)1
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+ (a1a2(pig2 + P3q1 + q1G2) — arbopaqr — a2b1p1(J2)T7(L3_)2T7(l4_)2
+ q1q2(b1 — a1p1) (b2 — a2p2)T’r(L3—)3T1§4—)3 + a3a4T7§1)T7(L2)
+ (bsbs — azaspsps — azas(pips — P3p4))T7(117)1T7§27)1

+ (a3b4P4CI3 + asbspsqs — azas(piqs + piqs + q3qa) — bsba(p1p2 — P3ps)

1 2
— azas(plae + P31 — P3qs — Pias + 2142 — 2(13(14))T1EJ2T7(17)2

- (Q3Q4(b3 — azp3)(bs — aspa) + bsba(piqr + P3q1 — P3qs — P1a3 + 20102 — 243qa)
+ aza4(P1p2q1G2 — P3P4q3qa)
+ (p1p2 — p3pa)(azgs + bsps)(asqa + b4p4))Tr(Llf)3Tr(127)3-

Simplifying the right side of the last equality gives (2.4). O

Note that (2.4) also holds for 0 < n < 3, by the convention for empty sums,
with this applying comparably to subsequent results.

We now state some special cases of (2.4) involving the generalized Fibonacci
and Lucas sequences. Let Ul = T,,(0,1,ps, i), 0 = T,.(2, pi, pi, qi) for a fixed i.
Equivalently, these are the specializations of ngi)
a; = 2, b; = p;, respectively.

Letting (a;,bi,pi,q;) for 1 < i < 4 be given by (0,1,p1,41), (0,1,p2,¢q2),
(2,p1,p1,q1), (2,p2, P2, q2), respectively, in (2.4) yields the following formula.

when a; = 0, b; = 1 and when

Corollary 2.3 (Sequence pairs (UMU?) and (VOV,P)). Forn > 3,

V(l) Vy@l _ q1qQV,51_)3V,fi)3 _ 4Ur(Ll)U7(12) _ 3p1p2U(1) U 2)

n—1 n—1%n—1

—2(pig2 + p3q1 + QQ1Q2)U7(L1—)2U52—)2 - p1p2Q1Q2U£1—)3U7(L2—)3-

Example 2.4.
Lnlenfl - Ln73Qn73
= 2(2ann —3F 1P —TFy 2Py 2 — Fn73Pn73)7 (26)

Lnfljnfl - 2Ln73]n73 = 4Fan - 3Fn71Jn71 - 14Fn72Jn72 - 2Fn73Jn737
anljnfl - 2Qn73jn73 = 2<2Pan - 3Pn71=]n71 - 13Pn72t]n72 - 2Pn73Jn73>-

Letting (ai, bi,pi,q;) for 1 < i < 4 be given by (0,1,p1,q1), (2,p2,p2,q2),
(0,1,p2,42), (2,p1,p1,q1), respectively, in (2.4), and replacing n by n + 1, yields
the following result.

Corollary 2.5 (Sequence pairs (UMV,?) and (UPV,M)). Forn > 2,

POV +2p0q1 UL V2, + pra1goU L, V2,
= pUPVY + 291U Vi) + pagr o U2, VY,
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Example 2.6.

FnQn + 4Fn71Qn71 + Fn72Qn72 = 2(ann + Ln,1Pn71 + Ln72Pn72);
Fn]n + 2Fn—1jn—1 + 2Fn—2jn—2 = Lan + 4Ln—1Jn—1 + 2Ln—2Jn—27
Q(Pn]n + Pn—ljn—l + 2Pn—2jn—2) = Qan + 8Qn—1<]n—1 + 2Qn—2<]n—2-

Taking (0715p1aQI)a (0717p27QQ)7 (27p27p27q2)7 (27p3ap3aq3> in (24) gives the
following result.

Corollary 2.7 (Sequence pairs (UT(Ll)U,(f)) and (Vsz)VTS?’))). Forn >4,

n—4
Z (p2 (pl - p3)V752—)1—sVn(i)l—s
s=1

2 3
+ (P2q2 + P31 — PBas — PRao + 20102 — 24243) V.o VP,

+ papran — psas) Vs Vi + ad(ad — VDV, ) uU®

= V2V + 10V, 2V, + aULPUR) + po(ps — 4p1) UL, U2

n—1

1 2
- (p§p§ — p1p3ps — 4pTae — 4p3ar + 2p3qs + 2p3q + 4gags — SQ1Q2) v, u?,

+ p2 (p§p§ + 3p3p3qs + 3paq2 + Ip3q2qs — P1P3P3 — 2P1P3qs — 2D1P3g2

1) (2
— 4p1gags — PiP3ge — PaP3q1 — 2P3q1q2 — 4p1<11Q2) U7(l_)3U7(,,_)3-

Example 2.8.

n—4

Z(GQn7275jn7275 + QQn7375jn7375 - 3Qn7475jn7475)FsPs

s=1

= Qn—ljn—l - Qn—Sjn—3 - 4FnPn + 6Fn—lpn—1 + 2Fn—2pn—2 - 16Fn—3Pn—3,
n—4

Z(Qn—l—sjn—l—s + 6Qn—2—sjn—2—s + 2Qn—3—sjn—3—s)Fst

s=1

= Qn—ljn—l - 2@n—3jn—3 —4F, gy +2F, 1 Jp1 — 46Fn—3']n—37
n—4

Z(Lnflfsjnflfs + 6Ln72fsjn72fs + 2Ln73fsjn73fs)Pst

s=1
= _Lnfljnfl + 2Ln73]n73 + 4Pan - 7Pn71Jn71 - 39Pn72=]n72 - 31Pn73=]n75

Ta‘king (Oa laplaQI)v (Oa 17p27QQ)a (0717p37Q3)7 (27p27p27qQ) as the four sets of
parameters in Theorem 2.2, and replacing n by n + 1, gives the following.

Corollary 2.9 (Sequence pairs (UMU?) and (UPV,?)). Forn >3,

n—=3

> (m (p1 —p3) U VA2,
s=1
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3 2
+ (p%% + p3q1 — P3as — P3a2 + 2q1q2 — 2‘12QS)UT(L—)1—SVTE—)1—S

2)

+ poga(pras — psgs) Uy VP, + (g - U, v 37k)U§1)U5(2)

= —UPVE 4 1002, V2, 4 poUVUP + (p2ps — pipd + 2p3qa) ULV

n—1

2
2
2,2 2 2 2
+ P2 (Pzps + 3p5q2 — p1pap3 — 2p1Psq2 + 3G2qs — P1ge
1 2
—P3q1 — 2q1g2 + p%qg) AR AN
Example 2.10.

n—3
Z(Ganlfanflfs + 2Qn7275Jn7275 - 3Qn73fan73fs)FsPs

s=1

= Qan - Qn—QJn—Q —2F,P, —2F,_1P,_1 — 16Fn—2pn—23

n—3

Z(Pn—sjn—s + 6Pn—1—sjn—1—s + 2Pn—2—sjn—2—s>Fst
s=1

= njn - 2Pn—2jn—2 - Fan - 9Fn—1Jn—1 - 18Fn—2Jn—2a
n—3

Z(ansjnfs + 6Fn7178jn7175 + 2Fn72fsjn72fs)Pst
s=1

= - njn + 2Fn72jn72 + Pan + 3Pn71=]n71 - 9Pn72=]n72~

Taking (0313p23q2)7 (27p37p37QS)7 (27p17p1aQ1)3 (2ap2’anQQ) in Theorem 2.2
gives the following.

Corollary 2.11 (Sequence pairs (UT(f)VTES)) and (Vrgl)Vrgz))). Forn >4,
n—4

> (P2 (01— )V VP

s=1
+ (P32 + p3a1 — p3as — P2a2 + 20142 — 242a3) V. Dy VP,
+p2ga(pran — p3as)V, s ViP5 + a3(dd — qf)VﬁL,SVﬁL,S) AT
= psV IV 4 2005V, VP, 4 pagagsV VI, —aUu PV @)
+p2(4ps — p)UL V., + (p1pdps — 203 — 202 a2 — 20301 + 4p2as
+4p2gs — dq1gz + 8gaq3) ULV, VP,
— D2 (9P1Q1 @2 — 4p3q2q3 — P1P3G3 — 2P142q3 — P1P3a2 + DiD3 — PiP3ps
+ 3piq2 — 2pipsqe + 3p1p3qr — 2p3p3qL — 4p3q1q2> ARATAN

Example 2.12.
n—4

Z (GLn—Q—sQn—2—s + 2Ln—3—sQn—3—s - 3Ln—4—sQn—4—s)sts
s=1
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= _Ln—lQn—l - 8Ln—2Qn—2 - 2Ln—3Qn—3 + 4Pn.7n
- 6Pn71jn71 - 38Pn72jn72 - 22Pn73jn73u

n—4

Z (Ln—l—sjn—l—s + 3Ln—4—sjn—4—s)Fst

s=1
= *2Ln—1jn—1 - 2Ln—2jn—2 - 2Ln—3jn—3 + 4FnQn

- 7Fn—1Qn—1 - 15Fn—2Qn—2 - 17Fn—3Qn—37
n—4

Z (anlfsjnflfs + 6Qn7278jn7273 + 2Qn73fsjn73fs)Lst

s=1
= anljnfl + 2Qn72jn72 + 2Qn73jn73 - 4Lan + 2Lnfljnfl - 46Ln73Jn73

Taklng (Oalaplaql)v (2ap27p27qQ)7 (0717p27q2)7 (27p37p37q3) in Theorem 227
and replacing n by n + 1, gives the following.

Corollary 2.13 (Sequence pairs (Uy(Ll)Véz)) and (UT(L2)VTS3))). Forn > 3,

n—3

> (p2 (p1 — p3) U2 VD,

s=1
+ (P22 + PRa1 — Pags — P2as + 20102 — 20243) UL VP
+p2g2(prar — p3as) Uy Vs + dB(ad - Qf)Uff_)g_sVﬁ)g_s) uv®
= —pUPVE = 2p1U P V) = i aoU, VY, + ps ULV
+ pa(p3 — pips + 2¢3) U, Vi) + (p%p:;’, + 3p3psqs — p1pap;

1) (2
— 2p1P3qs — PIP3qe — 2p3q1G2 — P3P3qi + 3P3qaqs +P§Q2> U,(ZJQV;)Q-

Example 2.14.
n—3

Z (6Pn—1—s,jn—1—s + 2Pn—2—sjn—2—s - 3Pn—3—sjn—3—s)Fst

s=1

= 2Pnjn + 2Pn—1jn—1 + 2Pn—2jn—2 - FnQn - 8Fn—1Qn—1 - 8Fn—2Qn—27
TS(Lnfanfs + 6Ln7175Jn7175 + 2Ln72fan72fs)sts

s=1

=—LpJy, —8Lp_1Jp—1—2Lp_2Jn_2+ Ppjn + Po_1jn—1 — TPp_2jn—2,
n—3

Z (Qn—an—s + GQn—l—an—l—s + 2Qn—2—an—2—s)F9js

s=1

= Qan + 4Qn—1Jn—1 + 2Qn—2Jn—2 - 2Fn]n - 4Fn—1jn—1 - 22Fn—2jn—2-

We now prove a general identity of a similar form to Theorem 2.2 above in

which TT(Ll) and Tﬁz) are assumed to share p; and g; parameter values meeting a
certain restriction.
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Theorem 2.15. Suppose p1 = ps =p and q1 = q2 = q, with p and q satisfying
2b1b2 — 20,1(12(] = (a1b2 —+ agbl)p.
Then forn > 4,

|
I

n

3 4 3 4
((p2 +2¢ — papa) T, TD, | — (P2qa + pigs + 2q3qs + AT, T,

@
I
o

= papagsanT s TN+ GETY, T, ) TOTE)
= —a10TOTY + (by — a1p) (b — axp) Ty, TN,
+ a3a4T,(Ll)T7(12) + (b3b4 - a3a4(p2 + Qq))Téi)lTéi)l
+ (asbapags + asbspsqa + asasqsqa + asasq® — bsba(p® +2q — P3P4))T7§17)2Tr(1232
+ (b3b4(p§Q4 + Pigs + q3qa + ¢°) + q3qa(asbsps + asbaps)
— (p® + 2q — p3pa)(asqs + bsps)(asqa + b4p4))T,(L1_)3T,E2_)3- (2.7)
Proof. Using 2b1by — 2a1a2q = (a1b2 + a2by)p, one can show

2a1a9q — (b1 — a1p)(by — azp) = biby — ajazp?
and
arazq — 2(by — a1p)(ba — asp) = arbop + asbip — ara2(2p* + q),

from which it follows the factorization

araz + (biby — ayasp®)z + q(arbap + azbip — araz(2p® + q))z*
- q2(b1 —a1p) (b2 — a2P)333 = (a1a2 — (b1 —a1p)(b2 — azp)m)(l + 2qx + q2x2).

Thus for Tr(bl) and Tf) whose parameters meet the stated conditions, we have
by (2.3) that the generating function >, -, TV TP 2m s given by

araz + (b1bz — arasp?)x + q(arbap + azbip — araz(2p* + q))2?
1 —p?x —2q(p? + q)a* — p*¢°2® + ¢*a*
B q*(b1 — a1p)(bz — agp)a®
1—p?z = 2q(p? + q)a* — p?¢?a® + ¢*at
_ (a1az — (by — a1p) (b2 — agp)x) (1 4 2qx + ¢*2?)
(1 —(p? +29)x + ¢>22)(1 4 2qx + ¢%x?)
_ ay — (b1 — a1p)(by — asp)x
L —(p? + 29)z + ¢%a?

Consider now the quantity

a3as TVT?) + (bby — a3a4p3p4)Tr(Ll—)1T(2)

n—1
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+ (asbspags + asbspsqs — azas(p3qs + pigs + Q3Q4))T£1_)2T£2_)2
— g31(bs — azps) (ba — aspa) T3 Ty — arap T T
+ (b1 — arp)(be — aap) T TV, (2.8)
Then the generating function of (2.8) for n > 0 is given by the product of
Z TMT@ gz and Z T T
n>0 n>0
with

(p* + 2q — pspa)z — (P3qa + Pigs + 2q3q4 + ¢°)2* — P3pagsqua® + q3q3xt.

Extracting the coefficient of 2™ then yields

(0? +2q — pspa) Y T, 1Y, 1T
s=0
n—2
— (PRaa + P3as + 2q3q0 + ) D T, 1Y, TOT
s=0

n—3 n—4
—papagsas p_ TNy Ty TOTD ¢33 > 110, 10, 1T,

n—3—s-n—3—s n—4—s - n—4—s
s=0 s=0

Equating this last expression with (2.8) above and shifting the appropriate
summands gives

n—4

S (0% + 20— pap) T, T — (s + pias + 20500 + AT, T,
s=0

— p3pagzaa TSV TV, + q§q§TfL3_)4_sT£4_)4_s)Ts(l)Ts(z)
= — alaQTTSS)T,(f) + (b1 — a1p)(by — G2P)T£3—)1Tr§4—)1
+ aza, TVTP 4 (bsba — azaapsps — azas(p® + 2q — P4p4))Tr(Ll_)1T7(L2—)1
+ (a3b4p4q3 + asbspsqs — azas(p3qa + P3q3 + 43q4)
+ agas(p3qs + Piqs + 2q3qs + q°) — bsba(p® +2¢ — P3P4)>TT(L17)2T7(127)2
+ (a3a4p3p4Q3q4 + bsba(p3qs + pigs + 2q3q4 + ¢°)
— (p* + 2q — pspa)(asqs + bsps)(asqs + baps)
—q3qa(b3 — azps)(bs — a4p4)>TrE£)3Trga)3»

which may be rewritten as (2.7). O
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Note that taking a; = 0 in the condition on p and ¢ in the preceding theorem
reduces it to 2bs = agp since it may be assumed b; # 0 (note a; = b = 0 would
result in a triviality). In particular, the condition is satisfied when M = U.(p,q)
and T2 = Va(p, q), upon taking a; =0, by =1 and as = 2, bs = p.

Letting (a4, bi, pi,q;) be given by (0,1,p1,¢1), (2,p1,p1,q1), (0,1,p2,¢2) and
(0,1, ps,q3) in (2.7), and replacing n by n + 1, yields the following result.

Corollary 2.16 (Sequence pairs (UVV,V) and (UPUP)). Forn >3,

n—3
P1U£,2)U7(LS) + Z ((P% — p2p3 + 2q1)U7(L2—)sU£LS—)s
s=1

— (P3as + Plaz + & + 2245)U_ U,
— pap3gaqsUY5_UP, q%q%U,(LQ,)g,SU,(L?’,)g,,S) My
=UMVY — (pf — pops + 26]1)UT(11,)1V,§1,)1
- (pfpzp:s + 2papsqy — p%pg — q2q3 — P33 — P§(I2 - q%)UT(Ll,)QV,S)g.
Example 2.17.

n—3
Pan + Z(Pnfanfs - 14Pnflfanflfs

s=1
- 4Pn—2—s<]n—2—s + 4Pn—3—an—3—s)E9Ls
= FnLn - Fn—an—l + 10F7L—2L7l—27
n—3
FnPn + Z(3anspn75 - lanflfsPnflfs
s=1
—2F, 9 sPp o5+ Fn—S—sPn—3—s)Jsjs
= n]n - 3Jn—1jn—1 + 4Jn—2jn—2a
n—3
2Fan + Z(5ansjnfs - 8Fn7175Jn7175

s=1
- 2Fn—2—an—2—s + 4Fn—3—an—3—s)Pst
= PnQn - 5Pn71Qn71 + Pn72Qn72-

Taking (07172717611)a (23p17p17q1)7 (27P27p2aQ2>7 (2)p3ﬂp3aq3) in Theorem 2.15
yields the following result.

Corollary 2.18 (Sequence pairs (UVV,V) and (V,AV,®)). Forn >4,

n—4

> ((p? —pops + 200V, 2 Vi~ (03 + PRae + 6F + 2024) V25 VP,
s=1
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= popsarasVi s Vi + 33V, Vi, ) UV

= _plv'rgi)lvn(i)l + 4U721)V751) - (410% — p2ps3 + SQ1)U7(11—)1V7§1—)1

1 1
— (Pip2ps + 2papsqr — Paps — 2p3qs — 4q7 — 4qaqs — 2P§Q2)U( LV,

n—

— (pfpgpﬁ + 2p2p3gs + 2pTP3ge + 4p2qags — Papadi + 2p3piq + 4p3qigs
i 1 1
— P3PS — 3p3p3qs — 3papiqe — IPap3qqs + Ap3qige + 8(11(12(]3> Uﬁfgv,f,)g.

Example 2.19.

n—4

Z (Qn—l—sjn—l—s - 14Qn—2—sjn—2—s - 4Qn—3—sjn—3—s + 4Qn—4—sjn—4—s)FsLs
s=1

= 4FnLn - 1OF‘n—an—l + 28Fn—2Ln—2 + IOFn—SLn—S - Qn—ljn—la
n—4

Z (3Ln7173Qn7175 - 11Ln7278Qn7275

s=1
- 2Ln—3—sQn—3—s + Ln—4—sQn—4—s)Jsjs

= 4Jn]n - 18Jn71jn71 + 24Jn72jn72 - 26Jn73jn73 - Lnlenflv
n—4

Z (5Ln7175jn7175 - 8Ln72fsjn72fs - 2Ln7375jn7375 + 4Ln7475jn7475)Pst

s=1

= 4PnQn - 23Pn—1Qn—1 + ]-3Pn—2Qn—2 - 61Pn—3Qn—3 - 2Ln—ljn—1~

Ta‘king (05 17p17q1)’ (2ap1ap17q1)7 (05 17p27q2)7 (2ap3ap3aq3) in Theorem 2157
and replacing n by n + 1, yields the following.

Corollary 2.20 (Sequence pairs (Uy(Ll)Vél)) and (UT(L2)VTS3))). Forn > 3,

n—3

> ((—p? +paps — 20) U2 Vi, + (phas + i + 4} + 20208) U7, Vi,

s=1
+ p2PSQQQ3U7(L2—)2—sVrEi)2—s - nggUé?s—sVéi)s—J Us(l)Vs(l)
= pUPVS — paUOVOD 4 (pPps — pap? — 2pags + 2psq) UL, VY,
+ (p%pﬂ?:%, + 2pipags — P33 + 2p2piq1 + 4p2q14s — 3papsas
~ piaz — paad — 3psaeas ) UL,V
Example 2.21.

n—3

Z (Pn—sjn—s - 14Pn—1—sjn—1—s - 4Pn—2—sjn—2—s + 4Pn—3—sjn—3—s)E§Ls

s=1

= FnLn + 7Fn—1Ln—1 + 6Fn—2Ln—2 - Pnjna
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n—3

Z (5ansjnfs - 8Fn7178jn7175 - 2Fn72fsjn72fs + 4Fn73fsjn73fs)Pst
s=1

= PnQn - Pnlenfl - 15Pn72Qn72 - 2Fn]na

n—3

Z (3Pn—sLn—s - llpn—l—sLn—l—s - 2Pn—2—sLn—2—s + Pn—S—sLn—S—s)Jsjs

s=1
= n]n + Jn—ljn—l - 6Jn—2jn—2 - PnLn~
Remark 2.22. Taklng (Oa 1»P1»(]1)a (2»]31,171»(11)’ (07 17]927 QQ), (07 1ap3a q3) in (24)

instead of (2.7) yields a more complicated variant of Corollary 2.16 which we will
not state here. Similar remarks apply to the identities in Corollaries 2.18 and 2.20.

We now prove a general result in the case when the p and ¢ parameters are the
same in both function pairs.

Theorem 2.23. Suppose p1 =p2 =p, 1 = G2 =q, p3 =pa =Y, and g3 = g4 = Z.
Further, assume that p,q and y,z satisfy 2bibs — 2a1a2q = (a1ba + a2b1)p and
2b3by — 2asaqz = (asby + aqbs)y. Then forn > 2,

n—2

Z ((p2 - y2 + 2q - ZZ)Téli)lfsTéi)lfs + (22 ) 753)27 (47)2 s)Ts(l)Ts(Q)
s=0
= — alagT(3)T (bl — alp)(bg — G/2p) (3) T( )1 + asay T(l)T(Q)

+ (asbay + asbsy — bsby — azas(p? + 2q — 22))T(1) (2) (2.9)

Proof. By the assumptions on the parameters, we have

Z T,(ll)T,SQ)x" _ aiaz — (b1 - alp)(bQ - a2p)$

— (2 2.2
= 1—(p?+2q)x + ¢z

and

Z T3 p(a) pn _ 9304 — (b3 — azy)(bs — asy)x

= 1— (y2 4 22)x + 2222

Then the quantity
CL3CL4T( )T (b3 — agy)(b4 — U,4y)T( ) T(2_)1 — alagTég)Tr(f)
+ (b1 — a1p) (b — aop) T T,

has generating function given by

Z TMT 2 gn Z TITM ™ (p? — y? + 2 — 22)x + (2% — ¢*)2?).
n>0 n>0

Extracting the coefficient of 2™ gives

=2 +2¢-2)Y 17, 1W  T1OTE
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(5 =) ZTff’z T30, TITE),

and equating this with the original quantity leads to (2.9). O

Taking (05 17p1aq1)a (zaplaplaq1)7 (05 17p27q2)a (2ap2ap27q2) in Theorem 2.23,
and replacing n by n + 1, implies the following result.

Corollary 2.24 (Sequence pairs (Ufll)Vél)) and (UT(f)V??))). Forn>1,

n—1
> (@3 -t — 201 +20) U2 V2, + (@ - UZ, VD) UV
s=1

= UV = ppU VY,

Example 2.25.

n—1
3 Z PnfsanstLs = PnQn - 2FnLn7
s=1
n—1
Z(Pnfsans + 3Pnflfsanlfs)Jsjs = PnQn - 2Jnjn7 (210)
s=1
n—1
Z(QJnfsjnfs - 3Jn7175jn7175)FsLs = Jn]n - FnLn

s=1

Remark 2.26. Taklng (07 luplaq1>7 (2ap1ap17q1)7 (07 1ap2aq2)7 (2ap27P27Q2) in ei-
ther (2.4) or (2.7) above instead of (2.9) leads to more complicated variants of
Corollary 2.24.

3. Further remarks

In this section, we point out some further extensions of the prior results. We first
allow for the indices of the sequences whose terms appear in the identities above to
come from an arbitrary arithmetic sequence. Let k > 1 be fixed and 0 < i < k —1.
Then we have the recurrence Upgti = ViUn—1)k4i — (—q)kU(n,g)kﬂ- for n > 2,
which can be shown using the Binet formulas for U,, and V;,. The same recurrence
is seen to hold also for the sequence V. Thus, taking a = U;, b = Uk, p = Vi,
qg=—(—q)*ora=V, b="Viig, p="Vi, ¢ = —(—q)" in Theorem 2.2 gives
various formulas involving products of terms derived from the U,+; and/or the
Vok+i sequences.

For example, taking (a;,b;,pj,q;) for 1 < j < 4 to be (0 U,gl),V(l) (—ql)k),

(07 U]£2)7Vk(2)ﬂ_(_q ) ) (2 V(l V(l) (_ql)k)v (27Vk(2)av(2) ( q2) )7 respec-
tively, in (2.4) gives
1 2 1 2 1 2 1 2
OOV VL~ e TOUPVD D,
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1)y7(2) 1) ,(2)77(1) 2
= 4U’r(L]€)U7(lk} - SVk:( )Vlc( )U((n—l)kU((n)—l)k

2 2
+2((~a) (V) + () (V) = 20a2) ) UG5, U0
- (Q1Q2)kvk(l)Vk(Z)U((i)%)kU((rQL)f:s)k' (3.1)

Note that (3.1) reduces to Corollary 2.3 when k = 1. Taking, for instance,
U,El) = [}, U,§2) = Py, and ¢; = g2 = 1 in (3.1) gives

FePeLin-1)kQn-1)k = L(n-3)kQn—3)k = 4Fnk Pk — 3Lk Qi Fn_1)k Pin—1)k
+2((-1)"(LE + Q7) — 2) Fin—2y1Pin—2)k — LiQrFn—3)x Pin—3)1»

which reduces to (2.6) when & = 1. Further, formula (3.1) represents only the
i = 0 case of a more general identity, though it is a bit more complex, which

involves products of terms from the sequences USJH, UT(i)Jri, VTE,BM., Vézzﬂ for any
0<i<k—-1

As another example, letting (0, U,gl)ﬂfk(l), —(=q)¥), (2, V,C(Q),Vk@), —(—g2)%),
(0, U,gz), Vk(z), —(—q2)%), (2, Vk(l), Vk(l), —(—q1)¥) in Theorem 2.2, and replacing n
by n + 1, gives

UOVPUEYY -2 UV

(€]
(n—=1)k " (n—

Dk
1) ,(2)71(2 1
+ (Q1l]2)kU/§ )Vk( )U((n)72)kv((7112)k
2) 1 (1) 7 r(1)1,(2 2) 1 (2) 7 (1) 2
:Uzg Vk( Ur(Lk)VrEk) —2(—Q1)kU15 )Vk( )U((n—nkv((n)—nk

2 1 1 2
+ (@) U VUL, VE (3.2)

which reduces to Corollary 2.5 when k¥ = 1. From (3.2), one can obtain such
identities as

LidiFarnr = 20=1)  Jejn Fon-vrin-r + 2" LiJiFin sk (n—2)k
= FijeLnknk + (=2) P By L L1k Jn— 1)k + 25 Frje Lin—2)kJ (n—2)k-
Next, observe the identity
2U;i 1 Vigr + 2(—q)* UV = (UiVigr + ViUi i) Vi, (3.3)
which follows from combining the formulas
UiVits + Villisr = 2Usii - and UppiView + (=0)"UsVi = Uz i Vi,

which can be shown using the Binet formulas for U,, and V,,. Thus, by (3.3), the
condition 2b1by — 2a1a2q = (a1bz + asby)p in Theorem 2.15 remains satisfied when
one considers generalized Fibonacci or Lucas sequences whose indices come from
an arbitrary arithmetic progression. Hence, one may apply Theorems 2.15 and
2.23 to obtain analogous identities involving products of terms derived from the
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sequences Uppy; and V,;4; wherein members of at least one sequence pair share p
and g parameter values.
For example, letting

(O’Ulgl)’ kr(l)’_(_ql)k)? (2avk;(l)7vk(1)7_(_QI)k)7
0,02V, ~(a)"), 2V VP, ~(—a)")

n (2.9) gives

Z(( V(2) V(l))2 + 2(—Q1)k - 2(—Q2)k) U((TZL) s)kV((ng) s)k

() (2 Wy, 1)
+( )U(n 1— s)va(n 1— s)k)U V;k

e o) @

which reduces to Corollary 2.24 when k = 1. Letting, for instance, Uél) = Jg,
UIEQ) =Py, 1 =2, and g2 = 1 in (3.4) yields

Z( Qk - jk 2)k+1 - 2(_1)k)P(nfs)kQ(nfs)k

s=0

+ (4 - 1)P(nflfs)kQ(nflfs)k) Jskjsk: = kakPnk:an - PkaJnkjnk7

which reduces to (2.10) when k& = 1. Formula (3.4) may be generalized to Uy,

and V1, for any 0 <7 < k—1 by taking (U(l) Ul(i)k, V(l) —(—q1)¥) for the first 4-
tuple and the analogous quantities for the other three. Generalizations comparable

to (3.4) may be given for the identities in Corollaries 2.16, 2.18, and 2.20.

We have the following further general result in the case when Tfll) and T,(LQ)
share p and ¢ parameter values.

Theorem 3.1. Suppose p1 = p2 = p and q1 = q2 = q, with a1asp = a1bs + asby
and ayasq = —b1by. Then for n > 4,

|
I

n

((q +psp) T, T+ (03qs + plas + 2q39) T, T,

[V
Il
o

+papagsaa Ty TNy — BT, T, ,>T(1)T<2>
= a1as TP T — aza4 TV T — (bsbs + a3a4Q)T( ) T7€2)1

— (b3baq + a3a4q3qs + asbapags + asbspsqs + bgb4p3p4)T7(Ll_)2T£2_)2

- (b3b4(P§Q4 + pigz + q3qa) + q3q4(azbaps + asbzpy)

+ (q + p3pa)(asqs + baps)(asqs + b4p4))T7(L )3T(2)
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Proof. Using ajas:p = a1bs + asby and ajasq = —b1bs, one can show

arasp® — biby = alag(p2 +2q) + (b1 — a1p)(ba — azp)

and

q(a1bap + agbip — araz(2p® + q) = ara2q” + (P> + 24) (br — a1p) (b — azp),
from which it follows the factorization

ayaz + (biby — ayazp®)z + q(arbap + azbip — araz(2p° + q))z*
— ¢*(b1 — a1p)(by — asp)®
= (a1az — (b1 — a1p) (b2 — azp)z) (1 — (p* + 2¢)x + ¢°2?).

Thus if Tél) and Tr(tz) are such that their parameters satisfy the required con-
ditions, then by (2.3) the generating function ) -, T,Sl)Tle)x” is given by

aras + (bibe — ayasp®)z + q(albgp + agb1p — ajaz(2p? + q))alc2
1—p?x — 2q(p* + @)a® — p*¢*a® + ¢*a*
3 g*(b1 — a1p)(bz — agp)a®
1—p?z — 2q(p* + @)z — p*¢*a® + ¢*a*
B (alag — (b1 — a1p)(ba — agp)x) (1 — (p® +2¢)x + q2x2)
(14 2gz + ¢222) (1 — (p? + 2q)x + ¢*2?)

_ aijaz — (bl - alp)(b2 - azp)ﬂ? _ ajas — bibax
1+ 2gx + ¢2x2 1+ 2gx + ¢2x2
_arax(l+qz)  aan

(1+gx)2  1+gqz

The proof is completed in a similar manner as before upon considering the gener-
ating function of the quantity

a1a2T7$3)Tr(L4) - G3G4T£1)Tr§2) — (b3bs — a3a4p3p4)T7§1—)1T£2—)1
— (asbapags + asbspsqs — azas(p3qs + pigs + Q3Q4))T,(L1_)2T,§2_)2
+ q3q4(b3 — azps)(bs — a4p4)T,(Ll_)3T,§2_)3- O

Remark 3.2. If p = ¢ =1 in the prior theorem, then the a; and b; satisfy ai1as =
a1bs + asby = —b1bs. Replacing by with —bs, we then have ajas = a1by — agb; =
b1by. If all variables are positive in the last system, then eliminating bs leads to
the equality a1b; = a? —b?, where as can be chosen arbitrarily and by = @92 This
essentially covers all the cases when ajas is non-zero, upon considering separately

when ajas is positive or negative and renaming quantities as needed. Note that
)

the case when ajas is zero is trivial since one (or both) of T, 7(11) and T, 7§2 is seen to

be the sequence of all zeros in that case.
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In analogy with Theorem 2.23 above, we have the following further result when
Ty(lg) and Tff) also share p and ¢ parameter values.

Theorem 3.3. Suppose p1 =p2 =p, 1 =q2=q, p3 =ps =y, and g3 = q4 = 2.
Further, assume that p,q and vy, z satisfy arasp = a1bs + asby, aja2q = —b1by and
aszaqy = azby + aqbs, azasz = —bsby. Then forn > 1,

Z T(g) (4)1 TDT@ = 430, TOTE — g0, T T

1sn—
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