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Linear Diophantine fuzzy subsets of polygroups

Al Tahan M.}, Davvaz B.2, Parimala M.3, Al-Kaseasbeh S.

Linear Diophantine fuzzy sets were recently introduced as a generalized form of fuzzy sets. The
aim of this paper is to shed the light on the relationship between algebraic hyperstructures and linear
Diophantine fuzzy sets through polygroups. More precisely, we introduce the concepts of linear
Diophantine fuzzy subpolygroups of a polygroup, linear Diophantine fuzzy normal subpolygroups
of a polygroup, and linear Diophantine anti-fuzzy subpolygroups of a polygroup. Furthermore, we
study some of their properties and characterize them in relation to level and ceiling sets.
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Introduction

In classical set theory, the membership of an element in a set is considered according to the
condition whether it belongs to the set or it does not belong to it. Such a definition fails to deal
with many real life problems. Fuzzy set theory was introduced in 1965 by L.A. Zadeh [23],
where the membership of an element in a fuzzy set is a real number in the unit interval [0, 1].
So that in a fuzzy set, the sum of degree of membership of an element with its degree of non-
membership is equal to one. In 1986, K. Atanassov [6] generalized fuzzy sets by introducing
intuitionistic fuzzy sets (IFS). Where in an IFS, the sum of degree of membership of an ele-
ment with its degree of non-membership is less than or equal to one. Another generalization
of fuzzy sets was introduced in 1987, when R.R. Yager [20] introduced fuzzy multisets, gave
examples on them, and investigated their properties. An element of a fuzzy multiset can occur
more than once with possibly the same or different membership values. In 2002, D. Ramot
et al. introduced complex fuzzy sets and logic as a generalization of fuzzy sets and logic and
presented some examples and results on them. For more details, see [17,18]. For other different
generalizations of fuzzy sets, we refer to [8,21,22]. In 2019, M. Riaz and M. Hashmi [19] found
that fuzzy sets and intuitionistic fuzzy sets have their own limitations related to the functions
of membership and non-membership. To eliminate such limitations and by using reference
parameters, they introduced a new generalization of fuzzy sets and called it linear Diophantine
fuzzy sets (LDFS). Their proposed model enhances the existing methodologies and the decision
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maker can freely choose the grades without any limitation. More classification of the problem
can be done by changing the physical sense of reference parameters. The latter in LDFS play an
important role in the study of some problems whereas the previous generalizations of fuzzy
sets cannot deal with parameterizations. S. Ayub et al. [7] established a robust fusion of binary
relations and LDFSs and introduced the concept of linear Diophantine fuzzy relation (LDF-
relation) by making the use of reference parameters corresponding to the membership and
non-membership fuzzy relations.

A hypergroup represents a natural generalization of a group and it was introduced by
F. Marty [16] in 1934 at the eighth Congress of Scandinavian Mathematicians. This was the
introducing of a new branch of Mathematics known by “Algebraic Hypersructures”. Since
then, many researchers worked on this field from both directions: theory and applications.
For details about algebraic hyperstructures, we refer to the related books in [10-12]. A special
class of hypergroups, known as polygroups (or quasi-canonical hypergroups), was introduced
and studied by S.D. Comer [9] in 1984. For details about polygroups, we refer to book [11] of
B. Davvaz.

An interesting field of research, known as “Fuzzy algebraic hyperstructures”, was intro-
duced as a combination of fuzzy sets and algebraic hyperstructures. Many algebraists worked
on this field by introducing new related concepts, studying their various properties, and ap-
plying them in other fields. For more details about this field of research, we refer to the book
written by B. Davvaz and I. Cristea [12] in 2015 and for some interesting applications, we refer
to [1-3]. This field had enlarged to include the new generalization of fuzzy sets. For exam-
ple, M. Al-Tahan et al. studied complex fuzzy subpolygroups of polygroups [4] and fuzzy
multi-polygroups [5].

In 2020, H. Kamaci [15] combined the notion of linear Diophantine fuzzy sets and algebraic
structures and studied finite linear Diophantine fuzzy subsets of some algebraic structures
(groups, rings, and fields). Inspired by the work in [15] related to linear Diophantine fuzzy
subgroups of groups and by the work done by M. Al-Tahan et al. [4, 5] on the connection of
some generalizations of fuzzy sets with polygroups, our paper discusses linear Diophantine
fuzzy subsets of polygroups and it is organized as follows. After an Introduction, Section 2
presents a background about linear Diophantine fuzzy sets and polygroups that are needed
throughout the paper. Then Section 3 and Section 4 define linear Diophantine fuzzy subpoly-
groups of polygroups and linear Diophantine fuzzy normal subpolygroups of polygroups re-
spectively, present illustrative examples, and study their properties. Finally, Section 5 defines
linear Diophantine anti-fuzzy (normal) subpolygroups of polygroups and studies their prop-
erties.

1 Preliminaries

In this section, we present some basic results and examples related to linear Diophantine
fuzzy sets and polygroup theory that are needed throughout the paper. For more details about
these topics, we refer to [9-12,19].

1.1 Linear Diophantine Fuzzy sets

A fuzzy set is a generalization of a crisp set. A linear Diophantine fuzzy set (LDFS) is a
new generalization of fuzzy set found by M. Riaz and M. Hashmi [19]. The proposed model
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of LDEFS is more efficient and flexible rather than other generalizations of fuzzy set due to the
use of reference parameters.

Definition 1 ([23]). Let X be a universal set and y : X — [0,1]. Then A = {(x, u(x)) : x € X}

", 7

is a fuzzy set with membership function “u”.

Definition 2 ([19]). Let X be a universal set. Then a linear Diophantine fuzzy set (LDFS) D on
the universal set X is described in the following form

D= {(x, < U(x),V(x) > <a(x),p(x) >) :x € X},

where U(X), V(x) € [0,1] are degrees of membership and non-membership respectively and
a(x),B(x) € [0,1] are reference parameters. The degrees satisfy 0 < a(x) + B(x) < 1 and
0 <a(x)U(x)+pB(x)V(x) <1forallx € X.

Example 1. In a high school, a representative is to be selected based on a certain criteria. The
committee needs to identify the most suitable candidate among all students who applied for
this post. The selection criteria looks at the performance, grades, knowledge, extracurricular
activities the applicant is involved in, and other skills each applicant has. Assume that it
is desired to determine the best-qualified candidate who meets the specified selection criteria
that also has a high IQ level. Let X = {Ziad, Leyan, Tarek, Talia} be the set of candidates selected
for the interview. For the LDFS’s construction, the reference parameters are considered as
« = “high IQ level” and B = “low IQ level”. The result is the following LDFS

D = {(Ziad, < 0.73,0.2 >, < 0.82,0.1 >), (Leyan, < 0.65,0.23 >, < 0.7,0.15 >),
(Tarek, < 0.6,0.25 >, < 0.66,0.2 >), (Tulia, < 0.59,0.3 >, < 0.6,0.25 >)}.

D(Ziad) = (< 0.73,0.2 >, < 0.82,0.1 >) implies that for Ziad, the degrees of membership and
non-membership with respect to the selection criteria are 0.73 and 0.2 respectively, and the
degrees of reference parameters: high IQ level and low IQ level are 0.82 and 0.1.

The committee may change the physical meaning of reference parameters to presentable/
non-presentable, easy to adapt/not easy to adapt, etc and gets another LDFS. Here the ret-
erence parameters play an important role. They represent some specific property about can-
didates like whether they have high IQ level or not, are presentable or not, easy to adapt or
not.

Example 2. Let X = {1,2,3,4} be a universal set and define D on X as follows

D(1) = (< 0.1,0.3 >,< 04,05 >), D(2) = (< 02,04 >,< 0.34,0.05 >),
D(3) =(< 08,04 >,<0.1,05>), D(4)=(<0201>,<0.3,07>).

Then D is an LDFS on X.

Remark 1. A fuzzy set A on a universal set X with a membership function y is a special case
of linear Diophantine fuzzy set. This is easily seen as

A={(x,<pu(x),0><1,0>):x€ X}

isan LDFS on X.
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Definition 3 ([19]). Let X be a universal set and D1, D, be LDFSs on X. Then

(1) the complement of Dy, denoted by DY, is defined as
D§ = {(x, < Vi(x),Us(x) >, < B1(x),a1(x) >) : x € X},
(2) D, is subset of D, denoted by D1 C D,, if Di(x) < Dj(x) for all x € X, ie.
Up(x) < Up(x), Vi(x) > Va(x), a1(x) < ax(x) and B1(x) > Ba(x) forallx € X,
(3) Dy = D, if Dy C Dy and D, C Dy,
(4) the intersection of D1 and D;, denoted by D N Dy, is defined as

{(x, < Up(x) AUz (x), Vi(x) V Va(x) >, < ag(x) Aag(x), B1(x) V Ba(x) >) : x € X},

(5) the union of Dy and D, denoted by Dy U D, is defined as
{(x, < Up(x) VUz(x), Vi(x) A Va(x) >, < a1(x) Vap(x), B1(x) A Ba(x) >) : x € X}.

Example 3. Let X = {1,2,3,4} be a universal set and D be the LDFS on X defined in Example 2.
Then the LDFS D¢ on X is defined as follows

D°(1) = (< 0.3,0.1 >,< 05,04 >), D% 2)=(<04,02>,<0.050.34 >),
D‘(3) = (< 04,08 >,<05,01>), D4)=(<01,02>,<0703>).

Proposition 1 ([19]). Let X be a universal set and D, D; be LDFSs on X. Then
(1) (DS)° = Dy,
(2) it D1 C D», then D5 C Dj,
(3) (D1NDy)* = DyUD;,
(4) (D1UD,)¢ = D{NDs.

Definition 4. Let X;, Xy be universal sets and D1, D, be LDFSs on X;, X, respectively. Then
the Cartesian product D1 x D, of Dy and D, is defined as

{((xy), <Ui(x) AUa(y), Vi(x) V Valy) >, < a1 (x) Aaa(y), fr(x) V Ba(y) >) : (v y) € X x Y}

Proposition 2 ([19]). Let X1, X, be universal sets and D1, D, be LDFSs on X1, X, respectively.
Then the Cartesian product D1 x D, of D1 and D, is an LDFS.

Example 4. Let X, = {0,1} and X, = {p, q} be two universal sets and define the LDFSs D1, D,
on Xj, X; respectively as follows

D, ={(0,<03,0.1 >,< 05,04 >),(1,< 04,01 >,<0.3,0.6 >)},
D, = {(p,< 0.2,0.04 >,<04,0.6 >),(q,< 03,02 >,< 04,04 >)}.

Then the LDFS D = Dy x D, on Xy X X» is defined as follows:

D((0,p)) =(<02,01>,<04,06>), D((0,9)) =(<0.3,02>,<04,04>),
D((1,p)) =(<0.2,01>,<03,06 >), D((1,9)) =(<03,02>,<0.3,0.6>).
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1.2 Polygroups

Let P be a non-empty set and P*(P) be the family of all non-empty subsets of P. Then a
mapping o : P x P — P*(P) is called a binary hyperoperation on P. The couple (P, o) is called a
hypergroupoid.

In the above definition, if X and Y are two non-empty subsets of P and p € P, then we

define
XoY= |Jaob poX={p}oX and Xop=Xo{p}

aeX
bey

Definition 5 ([9]). A polygroup is a system (P,0,e,”'), wheree € P, "' : P — P is a unitary
operation on P, “o” maps P x P into P*(P), and the following axioms hold for all x,y,z € P:
1) (xoy)oz=x0(yoz),
2) eox =xo0e={x},

3) x € yozimpliesy € xoz 'andz €y lox.
The following properties follow easily from the axioms of Definition 5:

ecxox nxtox, el=e (xHP=x and (xoy) =y loxl

A polygroup (P, o,e,7!) is said to be commutative if x oy = yox forall x, y € P. For simplicity,
we write x instead of {x} for all x in the polygroup (P,o,e,~ ).

Definition 6 ([11]). Let (M, o1,e1,7 1), (N,03,e2,7 1) be two polygroups. Then the productional
polygroup (M x N, o, (e1,ep), ) is defined as follows

(x1,y1) © (x2,¥2) = {(x3,¥3) : X3 € X1 01 X2, Y3 € Y1 %2 Y2 }-

In the above definition, (M x N, o) with identity “(e1,e>)” and unitary operation “~!” is a

polygroup.
Example 5. Let P = {¢,m,n} and (P, o) be defined by Table 1.

m n

m | {e,n} | {m,n}

n|{mn} |{em}

Table 1. The polygroup (P,o,e™ 1)

|3 |~|0

Then (P,o,e,~!) is a commutative polygroup.

Example 6 ([14]). Let P, = {e,a,b,c} and (Py,-) be defined by Table 2. Then (Py,-,e,”') is a
non-commutative polygroup.

Example 7 ([(14]). Let P, = {e,a,b,c,d, f,¢} and (P,,-) be defined by Table 3. Then (P,,-,e,”!)
is a non-commutative polygroup.

Remark 2. Every group is a polygroup.
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a b c

a b c

a P; c
{e,a,b} | b | {b,c}
{a,c} | c | P

Table 2. The polygroup (P, -, ¢,~!)

A S|
QIR

e | a b c d f g
e|e|a b c d f g
alale b c d f g
b|b|b|{ea}| g f d c
clc|c f |{ea}| ¢ b d
d|d|d g f | {ea} c b
FIF1Fl ¢ [ d b | g [{en
g|8l8g| d b c |{ea}| f

Table 3. The polygroup (P, -, e, 1)

Let (P,0,e,”!) be a polygroup and K C P. Then S is a subpolygroup of P if forall x,y € S
we have that x oy C S and x1les.

Let (P,0,e,”!) be a polygroup and S be a subpolygroup of P. Then S is a normal subpoly-
group of P if for all p € P we have that poSop~! C S.

Example 8. Let (P,,-,e,”!) be the polygroup in Example 7. Then {e,a, f,g} is a normal sub-
polygroup of P;.

In [14], M. Jafarpour et al. described a method to get a polygroup from a group. Let (G, )
be a group, a ¢ G, and P; = G U {a}. Define “o” on Pg as follows:

(1) aca =g
(2) eox =xo0e=x forall x € Pg;
(B) aox =xoa=x forall x € P; — {e,a};
(4) xoy=x-y forall x,y € G and y # x };
(5) xox 1 ={e,a} forall x € Pg — {e,a}.
Proposition 3 (14]). If (G, -) is a group, then (Pg,0,e,”!) is a polygroup.

Theorem 1. Let (G, ) be a group and N # @ C Pg. Then N is a subpolygroup of Pg if and
only if N = {e} or N = Ps for some subgroup S of G.

Proof. Let S be a subgroup of G. Having e € S implies that e € Ps and hence Ps # &. Let
x € Ps. Then

1 a, ifx =a,
X g 1 . GPS.
x—, ifxes
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For x,y € Ps, we have

¢

xy, ifx,y € Sandy # x7 !,

X, ify=aand x € S,
xoy =<y, ifx=aandy €S, C Ps.
e, ifx=y=a,

| {e,a}, ifx,yeSandy=x"1

Thus, Ps is a subpolygroup of Pg.

Conversely, let N # {e} be a subpolygroup of Pg. Then there exists x # e € N. Since N is
a subpolygroup of Pg, it follows that x ! € N and hence, xox~! = {¢,a} C N. Havinga € N
asserts that we can write N = SU {a} (witha ¢ S). We need to show that S is a subgroup of
G.Letx € S. Then x # a € N and hence, x~! # a € N. Thus, x"! € S. Let x,y € S. Then

4 ‘f _11

xoy = Xy #a, iy #x C N. Thus, xy € S. O
{e,a}, otherwise

Corollary 1. Let (Z,+) be the group of integers under standard addition of integers and S be

a subpolygroup of the polygroup Pz. Then S = {0} or S = P,z for some integer n.

Theorem 2. Let (G, -) be a non-trivial group and N # @ C Pg. Then N is a normal subpoly-
group of P if and only if N = Pg for some normal subgroup S of G.

Proof. Let S be a normal subgroup of G. Theorem 1 asserts that Ps is a subpolygroup of Pg.
We need to show that x o Pso x~1 C Ps. If x € Ps, we are done. If x ¢ Ps, then x # a and
x ¢ S. We get that for all z € Ps,

4 4 ‘f 6 4 4
xozox_lz{{ea} ifz € {e,a} C Ps.

xzx~1, otherwise

Conversely, let N be a normal subpolygroup of Ps. Theorem 1 asserts that N = {e} or there
exists a subgroup S of G such that N = Ps. Since there exists x # e € G, it follows that
xoeox ' = {e,a} ¢ {e} and hence {¢} is not a normal subpolygroup of P;. We need to show
that xSx~! C Sforall x € G. Having xo (SU {a}) ox™! C SU{a} forall x € GU {a} implies
that xSx~ 1 C Sforall x € G. O

2 Linear Diophantine fuzzy subpolygroups

In this section and inspired by linear Diophantine fuzzy subgroups of a group in [15], we
define linear Diophantine fuzzy subpolygroups of a polygroup and study its properties under
various operations of LDFSs. Moreover, we find a relation between LDF-subpolygroups of a
polygroup and its level sets.

Since every group is a polygroup, it follows that the results of this section generalizes the
results in [15] about LDF-subgroups of a group.

Let X be a universal set and D be an LDFS on X given as follows

D= {(x,< U(x),V(x) > < «a(x),B(x) >) :x € X},

where U(X), V(x) € [0,1] are degrees of membership and non-membership respectively and
a(x),B(x) € [0,1] are reference parameters. The degrees satisfy 0 < a(x) + p(x) < 1 and
0 <a(x)U(x)+pB(x)V(x) <1forall x € X.
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For x,y € X we have

(1) D(x) AD(y) = (< u,v >, < a,f >), where u = U(x) AU(y), v = V(x)V V(y),
o= a(x) Na(y), v = B(x) Vv B(y);

(2) D(x) VD(y) = (< u,v >, < a,f >), where u = U(x) VU(y), v = V(x) AV(y),
&= a(x) Va(y),v=pBx)ABy)

Definition 7 (15]). Let (G, ) be a group and D be an LDFS of P. Then D is a linear Diophantine
tuzzy subgroup (LDF-subgroup) of G if the following conditions hold for all x,y € G:

(1) D(x-y) = D(x) AD(y);
2) D(x~1) > D(x).

Definition 8. Let (P,o,e,”') be a polygroup and D an LDFS of P. Then D is a linear Dio-
phantine fuzzy subpolygroup (LDF-subpolygroup) of P if the following conditions hold for
allx,y € P:

(1) D(z) > D(x) AD(y) forallz € xoy;
(2) D(x') > D(x).

Proposition 4. Let (P,-,e,”') be a polygroup and D an LDF-subpolygroup of P. Then the
following are true:

(1) D(e) > D(x) forall x € P.
(2) D(x~1) = D(x) forall x € P.
(3) D(z) > D(x) forallz € x* and k € Z.
Proof. The proof is straightforward. O

Example 9. Let (P,0,e,”!) be the polygroup defined in Example 5 and Dy, D, be the LDFSs
on P defined respectively as follow

{(e,< 0.6,0.2 >,<08,0.1 >), (m,< 05,03 >,<0.5,02>), (n,<05,03>,<0.502>)},
{(e,< 04,02 >,<08,0.1 >), (m,<05,03>,<0.5,02>), (n,<05,03 >,<0502>)}.

Then D; is an LDF-subpolygroup of P, whereas D, is not an LDF-subpolygroup of P.
Proposition 5. Let (P,0,e,”!) be a polygroup and D be the LDFS on P defined as
D(x)=D(y) =(<u,v><ap>)

forall x,y € P. Then D is an LDF-subpolygroup of P. Here, u,v,a, € [0,1], a + B < 1 and
au+po <1.

Proof. The proof is straightforward. O

Let (P,0,e,”!) be a polygroup and D be the LDFS on P defined as D(x) = D(y) for all
x,y € P. Then D is called the constant LDFS.
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Proposition 6. Let (P,0,e,”') be a polygroup and D be the LDFS on P defined as follows. For

allx,y € P
t, ifx=ce,
D(x) = ifx=e
t', otherwise.

Here, t = (< u,v >, < a,B >), ' = (< u, v >, <o, >), t >, uou,v,apBap
are real numbers between 0 and 1 (both inclusive), « + B,&’ + ' < 1, au+ pv < 1 and
a'u’ + B'v" < 1. Then D is an LDF-subpolygroup of P.

Proof. Let x,y € P and z € x oy. We consider the following two cases: (x,y) = (e, e) and
(x,y) # (e,¢). If (x,y) = (e,¢), then z = eand D(z) = t = D(x) AD(y). If (x,y) # (e, ¢), then

D(z) = t>t'=D(x)AD(y), ifz=e,
t' = D(x) AD(y), otherwise.

t, ifx=e,
Moreover, D(x71) = BrEe D(x). Therefore, D is an LDF-subpolygroup of P. [J
t', otherwise

Proposition 7. Let (G, -) be a group and D be an LDF-subgroup of G. Then the LDFS D' is an
LDF-subpolygroup of Pg. Here, D' is defined as follows

D'(x) = {D(e), ifx € {e,a},

D(x), otherwise.

Proof. Letx,y € Pgand z € x oy. Then

xy), ifx,y € Sandy #x71,

O

(
D'(z) = Ex), ify =aand x € G,

O

y), ifx=aandy€gG,
D(e), ifx=y=aory=x"1
D(x) A D(y) for all x,y € G and D’(a) = D'(e) = D(e), it follows that

Since D(xy) >
) A D'(y) forall z € x o y. Moreover,

D'(z) = D'(x
D(x1) = D(e), ifx € {e,a}, > D'(x)
D(x71!), otherwise
Therefore, D' is an LDF-subpolygroup of Pg. O

Example 10. Let (Z, +) be the group of integers under standard addition of integers. One can
easily see that the LDFS D is an LDF-subgroup of Z where D is defined as follows

D(x) (< 08,01 >,<05,04>), ifxe?2Z,
X)) =
(<04,0.6 >,<0.1,0.7 >), otherwise.

Proposition 7 asserts that the LDFS D’ is an LDF-subpolygroup of Pz. Here, D' is defined as
follows
D/(x) = {(< 0.8,0.1 >, < 05,04 >), ifx€2ZU{a},

(< 04,06 >,<0.1,0.7 >), otherwise.
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Proposition 8. Let (P,0,e,”!) be a polygroup and D1, D, be LDF-subpolygroups of P. Then
D1 N D, is an LDF-subpolygroup of P.

Proof. Letx,y € P,
Dy = {(x, < Uy(x), V1 (x) >, < a1(x),p1(x) >) : x € P},
D, = {(x, < Uy(x), Va(x) >, < ap(x),B2(x) >) : x € P}
be LDF-subpolygroups of P and
D=DiND;={(x,<U(x),V(x) > < a(x),p(x) >):x € P}.
Forall z € x oy, we have
Ui(z) 2> Ui(x) AUL(y), Vi(2) < Vi(x) V Va(y), a1 (z) > aa(x) Aaa(y), Bi(z) < Ba(x) V Ba(y),

Uz (z) > Ua(x) AUz(y), Va(z) < Va(x) V Va(y), a2(z) > az(x) Aaa(y), B2(z) < Ba(x) V B2(v).
We get

U(z) = Ur(z) AUa(z) > Us(x) AU (y) A Uz(x) AU(y) = U(x) AU(y),
V(z) = Vi(z) VVa(z) < Vi(x) VVi(y) V Va(x) vV Va(y) = V(x) V V(y),
K(z) = a1 (2) A a(z) > a1 (x) A s (y) A o) A aaly) = a(x) Aaly),
Bz) = B1(2) V Ba(z) < Br(x) V B1(y) V Ba(x) V Baly) = B(x) V B(y).
The latter implies that D(z) > D(x) A D(y) for all z € x o y. Moreover, having
Ur(x71) > Uh (x), Vi(x™h) < Vi), aa (x7h) > aa (x), B1(271) < Bu(x),
Up(x71) = Ua(x), Va(x71) < Va(x), aa(x™1) = a2 (), B2 (x7") < Ba(x)

implies that U(x™1) = Uy(x 1) Aly(x71) > U(x), V(x1) = i(x ) v Ih(x"1) < V(x),
a(x™) = ar(x ) Aaa(x7h) > a(x), and B(x71) = Br(x 1) vV Ba(x71) < B(x). The latter
implies that D(x~1) > D(x) for all x € P. Therefore, D is an LDF-supolygroup of P. O

Remark 3. Let (P,0,e,”!) be a polygroup and D1, D, be LDF-subpolygroups of P. Then
D1 U D5 is not necessary an LDF-subpolygroup of P.

We illustrate Remark 3 by Example 11.

Example 11. Let (Z,+) be the group of integers under standard addition and D, D, be the
LDEFS on the polygroup Pz defined as follows
D; () (<09,01>,<05,04>), ifxe2ZU{a},
X) =
! (< 04,06 >,<0.1,0.7>), otherwise,
)

Da(x) = {(< 0.7,0.1>,< 05,04 >), ifx €3ZU/{a},
(< 03,06 >,<0.1,0.7 >), otherwise.
One can easily see that D1 and D, are LDF-subpolygroups of Pz. Having
(D1UDy)(2) =(<09,01 >,<0.504 >),
(D1UD3)(3) =(< 07,01 >,<0.5,04 >),
(D1 UDy)(5) = (< 04,06 >,<0.1,0.7 >)

and 5 = 2 o 3 implies that (D1 U D,)(5) # (D1 U D,)(2) A (D1 U D,)(3). Thus, D1 U D, is not
an LDF-subpolygroup of Pz.
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Proposition 9. Let (P, 01,e1,7 1), (P2, 02,e2,~1) be polygroups and D1, D> be LDF-subpoly-
groups of Py, P, respectively. Then D x D, is an LDF-subpolygroup of the productional poly-
group Py x Ps.

Proof. The proof is straightforward. O

Definition 9. Let (P,0,e,”!) be a polygroup and D be an LDFS of P. If u,v,a,f € [0,1]
satisfying 0 < a4+ B < 1 and 0 < au + Bv < 1, then the level set of P corresponding to
t=(<u,v><ua B >)isdefined as follows

D;={x€P:D(x) >t

Example 12. Let (Z, +) be the group of integers under standard addition of integers and D be
the LDF-subpolygroup of Pz, detined as follows
D(x) (<0.8,01>,<05,04>), ifxe2ZU{a},
X) =
(<04,0.6 >,<0.1,0.7 >), otherwise.

Then for t; = (< 0.3,0.7 >,< 0.05,0.75 >), t, = (< 0.7,03 >,< 04,0.65 >) and
t3 = (< 0.9,0.7 >, < 0.05,0.75 >) the corresponding level sets are Pz, P,z and & respectively.

Theorem 3. Let (P,0,e,”!) be a polygroup and D be an LDFS of P. Then D is an LDF-
subpolygroup of P if and only if D; is either the empty set or a subpolygroup of P for all
t=(<u,v><uwap>). Here u,v,a,p € [0,1] satisfying0 <a+ <land0 < au+ fv <1.

Proof. Let D be an LDE-subpolygroup of P and D; # @. If x,iy € Dy, then D(x),D(y) > t.
Since D is an LDF-subpolygroup of P, it follows that D(z) > D(x) AD(y) > tallz € xoy.
The latter implies that z € D;. Moreover, x ! € D;as D(x~!) > D(x) > t. Thus, D; is a
subpolygroup of P.

Conversely, let x,y € P with D(x) = t1,D(y) = tp and t = t; A tp. Then x,y € D;. Since
D; is a subpolygroup of P, it follows that z € D; for all z € x oy. The latter implies that
D(z) > t = D(x) A D(y). Moreover, having x € Dy, and Dy, a subpolygroup of P implies that
x~! € Dy,. The latter implies D(x~1) > t = D(x). Thus, D is an LDF-subpolygroup of P. [

Proposition 10. Let (P,0,e,”!) be a polygroup. Then every subpolygroup of P is a level set of
P for some LDF-subpolygroup D of P.

Proof. Let S be a subpolygroup of P and define the LDFS D on P as follows

D(x) (<u,v><apBf>), ifxes,
(<0,1>,<0,1>), otherwise.

Here, u,v,a,8 €]0,1], « + < 1, and au + fv < 1. One can easily see that D is an LDF-
subpolygroup of P and that S = Dy, where t = (< u,v >, <, >). O
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3 Linear Diophantine fuzzy normal subpolygroups

In this section and inspired by linear Diophantine fuzzy normal subgroups of a group
in [15], we define linear Diophantine fuzzy normal subpolygroups of a polygroup and study
its properties under various operations of LDFSs. Moreover, we find a relation between LDF-
normal subpolygroups of a polygroup and its level sets.

Since every group is a polygroup, it follows that the results of this section generalizes the
results in [15] about LDF-normal subgroups of a group.

Definition 10. Let (P,0,e,”!) be a polygroup and D be an LDF-subpolygroup of P. Then D
is a linear Diophantine fuzzy normal subpolygroup (LDF-normal subpolygroup) of P if for all
x,y € P, the following condition holds

D(z) =D(Z') forall z € xoy and z' € yo x.

Example 13. Let (Z,+) be the group of integers under standard addition of integers. One
can easily see that the LDFS D is an LDF-normal subpolygroup of Pz. Here, D is defined as

follows
D/(x) = {(< 07,01 >,<06,03>), ifxe3ZU{a},

(< 045,056 >,<0.2,0.5 >), otherwise.

Proposition 11. Let (P,0,e,”!) be a polygroup and D be an LDF-normal subpolygroup of P.
Ifx,y € Pandzz € xoy, then D(z) = D(Z).

Proof. Let D be an LDF-normal subpolygroup of P and x,y € P. Let z,z/ € xoy. Then
D(z) = D(x') and D(z’) = D(«’) for all x’ € y o x. Thus, D(z) = D(z’). O

Corollary 2. Let (P,0,e,”1) be a polygroup and D be an LDF-normal subpolygroup of P. If
there exista,b € P withaob = P, then D(x) = D(y) forall x,y € P.

Proof. The proof follows from Proposition 11. O

Example 14. Let (P}, -,e,”!) be the polygroup defined in Example 6 and D be any LDFS on P;.
Then D is an LDF-normal subpolygroup of Py if and only if D(e) = D(a) = D(b) = D(c). This
is easily seen asc - ¢ = P.

Remark 4. In abelian groups, every LDF-subgroup is an LDF-normal subgroup. This may not
hold for commutative polygroups.

We illustrate Remark 4 by Example 15.

Example 15. Let (P, o,e,”!) be the commutative polygroup in Example 5 and
Dy={(e,<0.6,0.2>,<0.8,0.1>), (m,<0.5,0.3>,<0.5,02>), (n,<0.5,03>,<0.5,0.2>)}.

Then D, is an LDF-subpolygroup of P, but it is not an LDF-normal subpolygroup of P. This is
clearasnon = {e,m} and Dy(e) # D1(m).

Proposition 12. Let (P,0,e,”1) be a polygroup and D be an LDF-subpolygroup of P. Then

D is an LDF-normal subpolygroup of P if and only if D(z) > D(y) forallz € xoyox}!,

where x,y € P.
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Proof. Let D be an LDF-normal subpolygroup of P, x,y € P and z € x oy o x_'. Then there
exist p € yox ! such that z € xop. Having p € yox~! and P a polygroup implies that
y € pox. Havingz € xop,y € pox and D an LDF-normal subpolygroup of P implies that

D(z) = D(y)-
Conversely, let x,y € P,z € xoyand 2/ € yox. We get thaty € z' o x~! and hence
z € xoy C xoz’ ox~1. The latter implies that D(z) > D(2’). Similarly, we get D(z') > D(z). O

Theorem 4. Let (P, o, e, 1 ) be a polygroup and D be an LDFS of P. Then D is an LDF-normal
subpolygroup of P if and only if D; is either the empty set or a normal subpolygroup of P for all
t=(<u,v><uwapB>). Here,u,v,a B € [0,1] satisfying0 <a+ <1and0 < au+ pv < 1.

Proof. The proof follows from Theorem 3 and Proposition 12. O
Example 16. Let (P,,-,e,~1) be the polygroup defined in Example 6 and D be the LDFS on P,

defined as follows
Dx) = {(< 0.7,0.1 >,< 05,04 >), ifxe {ea,f g},
(<04,03>,<04,0.6 >), otherwise.
Since for every t = (< u,v >,< a,p >) withu,v,a,p € [0,1] satisfying0 < a +p < 1 and
0<au+pv<1,D;c{p {ea, f, g}, P}, itfollows that D; is either the empty set or a normal

subpolygroup of P>. The latter and Theorem 4 imply that D is an LDF-normal subpolygroup
of Pz.

Proposition 13. Let (P,0,e,”1) be a polygroup. Then every normal subpolygroup of P is a
level set of P for some LDF-normal subpolygroup D of P.

Proof. Let N be a normal subpolygroup of P and define the LDFS D on P as follows
D(x) (<u,v><ap>) ifxeN,
(<0,1>,<0,1>), otherwise.

Here, u,v,a, 8 €]0,1], « + p < 1 and au + v < 1. One can easily see that D is an LDF-normal
subpolygroup of P and that S = Dy, where t = (< u,v >, <, >). O

Proposition 14. Let (P,0,e,”!) be a polygroup and D1, D, be LDF-normal subpolygroups of
P. Then Dy N D; is an LDF-normal subpolygroup of P.

Proof. The proof is similar to that of Proposition 8. O

Remark 5. Let (P,0,e,”!) be a polygroup and D1, D, be LDF-normal subpolygroups of P.
Then Dy U D; is not necessary an LDF-normal subpolygroup of P.

We illustrate Remark 5 by Example 17.

Example 17. Let (Z,+) be the group of integers under addition and D1, D, be the LDFS on
Pz defined in Example 11. One can easily see that D1 and D, are LDF-normal subpolygroup
of Pz, but Dy U D, is not an LDF-normal subpolygroup of Pz.

Proposition 15. Let (P;,01,e1,7 1), (P3, 03, ez,*1> be polygroups and D1, D, be LDF-normal
subpolygroups of Pj, P, respectively. Then D1 x Dj is an LDF-normal subpolygroup of the
productional polygroup P; x Ps.

Proof. The proof is straightforward. O
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4 Linear Diophantine anti-fuzzy (normal) subpolygroups

In this section, we define linear Diophantine anti-fuzzy (normal) subpolygroups of poly-
groups and study its properties under various operations of LDFSs. Moreover, we find a rela-
tion between LDAF-subpolygroups of a polygroup and its ceiling sets.

Definition 11. Let (G, -) be a group and D be an LDFS of P. Then D is a linear Diophantine
anti-fuzzy subgroup (LDAF-subgroup) of G if the following conditions hold for all x,y € G:
(1) D(x-y) < D(x) v D(y);
2) D(x!) < D(x).
Definition 12. Let (P,0,e,”!) be a polygroup and D be an LDFS of P. Then D is a linear

Diophantine anti-fuzzy subpolygroup (LDAF-subpolygroup) of P if the following conditions
hold for all x,y € P:

(1) D(z) < D(x)VD(y) forallz € xoy;
(2 D(x~!) < D(x).

Since every group is a polygroup, it follows that it suffices to elaborate the results of anti-
fuzzy (normal) subpolygroups of a polygroup and they will be valid for anti-fuzzy (normal)
subgroups of a group.

Proposition 16. Let (P,o,e,”!) be a polygroup and D an LDF-subpolygroup of P. Then
(1) D(e) < D(x) forallx € P,
(2) D(x~ 1) = D(x) forallx € P,
(3) D(z) < D(x) forallz € x* and k € Z.
Proof. The proof is straightforward. O

Example 18. Let (Z, +) be the group of integers under standard addition and D be the LDFS
on the polygroup Pz defined as follows

D(x) (< 04,06 >,<0.1,0.7 >), ifxe5ZU{a},
X)) =
(<09,01>,<0.5,04>), otherwise.

Then D is an LDAF-subpolygroup of Pz.

Theorem 5. Let (P,0,e,”!) be a polygroup and D be an LDFS of P. Then D is an LDAF-
subpolygroup of P if and only if D¢ is an LDF-subpolygroup of P.

Proof. Let D = {(x, < U(x), V(x) >, < a(x),p(x) >: x € P} be an LDAF-subpolygroup of P
and x,y € P. Thenforallz € xoy

U(z) SUx) VU(y), V(z) 2 V() AV(Y), alz) <alx)Valy), pz) < plx) ABY).

The latter implies that D(c)(z) > D(x) A D°(y) for all z € xoy. Moreover, having
U(x1) < U(x), V(x~1) = V(x), a(x 1) < a(x) and B(x1) > B(x) implies D°(x~1) < D (x).
Thus, D¢ = {(x, < V(x),U(x) >, < B(x),a(x) >: x € P} is an LDF-subpolygroup of P. In
a similar manner, we can prove that if D¢ is an LDF-subpolygroup of P then D is an LDAF-
subpolygroup of P. O
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Corollary 3. Let (P,o0,e,”') be a polygroup and D be an LDFS of P. Then D is an LDF-
subpolygroup of P if and only if D¢ is an LDAF-subpolygroup of P.

Proof. The proof follows from Theorem 5. O

Corollary 4. Let (P,o,e,1) be a polygroup and D be an LDFS of P. Then D and D¢ are LDF-
subpolygroups of P if and only if D(x) = D(y) for all x,y € P.

Corollary 5. Let (P,0,e,”!) be a polygroup and D an LDFS of P. Then D and D¢ are LDAF-
subpolygroups of P if and only if D(x) = D(y) for all x,y € P.

Proposition17. Let (P,0,e,”!) be a polygroup and Dy, D, be LDAF-subpolygroups of P. Then
D1 U D5 is an LDAF-subpolygroup of P.

Proof. Let D1, D, be LDAF-subpolygroups of P. Then, by means of Theorem 5, we get that
Df, D5 are LDF-subpolygroups of P. Proposition 8 asserts that D{ N D5 is an LDF-subpoly-
group of P. Proposition 1 asserts that (D; U D) = D{ N D4. The latter implies that (D U D)*
is and LDF-subpolygroup of P. Theorem 5 completes te proof. O

Remark 6. Let (P,0,e,”!) be a polygroup and Dy, D, be LDAF-subpolygroups of P. Then
D; N D, is not necessary an LDAF-subpolygroup of P.

We illustrate Remark 6 by Example 19.

Example 19. Let (Z,+) be the group of integers under standard addition and D, D, be the
LDFS on the polygroup Pz defined as follows

Ds () (<04,06 >,<0.1,07 >), ifxe2ZU{a},
X) =
! (< 09,01 >, < 05,04 >), otherwise,
)

Da(x) {(< 0.3,0.6 >,<0.1,0.7 >), ifx €3ZU{a},
(<07,01>,<05,04>), otherwise.
One can easily see that D1 and D, are LDF-subpolygroups of Pz. Having
(D1NDy)(2) =(< 04,06 >,<01,07>), (DiND;y)(3)=(<03,06><01,07>),
(D1NDy)(5) =(<0.7,01>,<0.5,04>)
and 5 = 2 o 3 implies that (D1 N D3)(5) £ (D1 N D,)(2) V (D1 N Dy)(3). Thus, D1 N D, is not
an LDAF-subpolygroup of Pz.

Definition 13. Let (P,o,e,”') be a polygroup and D be an LDFS of P. If u,v,a, € [0,1]
satisfying 0 < a +p < 1and 0 < au + pv < 1, then the ceiling set of P corresponding to
t=(<uv><u B >)Iisgiven as follows
D'={xeP:D(x) <t}
Example 20. Let (Z, +) be the group of integers under standard addition and D be the LDFS
on the polygroup Pz defined as follows
D(x) (< 04,06 >,<0.1,07 >), ifxe7ZU{a},
X) =
(< 09,01 >,<05,04>), otherwise.

The ceiling sets corresponding to t; = (< 0.3,0.6 >,< 0.1,0.7 >), t, = (< 05,0.6 >,
<0.1,0.7 >) and t3 = (< 0.9,0.05 >, < 0.6,0.1 >) are &, Pyz and Pz respectively.
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Proposition 18. Let (P,o,e,”') be a polygroup, D be an LDFS of P, and t = (< u,v >,
< a,B >), where u,v,a,p € [0,1] satisfying0 < a+p < land 0 < au+ fv < 1. Then
Dt = D§.

Proof. The proof is straightforward. O

Theorem 6. Let (P,0,e,”!) be a polygroup and D be an LDFS of P. Then D is an LDAF-
subpolygroup of P if and only if D! is either the empty set or a subpolygroup of P for all
t=(<u,v><uwapB>). Here,u,v,a B € [0,1] satisfying0 <a+ <1and0 < au+ pv < 1.

Proof. Let D be an LDAF-subpolygroup of P. Then, by means of Theorem 5, D¢ is an LDF-
subpolygroup of P. Theorem 3 asserts that Dy is either the empty set or a subpolygroup of P.
Proposition 18 implies that D' = DY is either the empty set or a subpolygroup of P.
Conversely, let D! # & be a subpolygroup of P. Propsition 18 asserts that D¢ # & is a
subpolygroup of P. Theorem 3 implies that D is an LDF-subpolygroup of P and hence, D is
an LDAF-subpolygroup of P (by Theorem 5). O

Proposition 19. Let (P,0,e,~') be a polygroup. Then every subpolygroup of P is a ceiling set
of P for some LDAF-subpolygroup D of P.

Proof. Let S be a subpolygroup of P and define the LDFS D on P as follows

<0,1>,<0,1>), ifxes,
D(x) ( ), ifx
(<u,v>,<ap>), otherwise.

Here, u,v,a,p € [0,1, a + B < 1 and au + v < 1. One can easily see that D is an LDAF-
subpolygroup of P and that S = D!, where t = (< u,v >, < a, B >). O

Definition 14. Let (P,0,e,”!) be a polygroup and D an LDAF-subpolygroup of P. Then D is a
linear Diophantine anti-fuzzy normal subpolygroup (LDAF-normal subpolygroup) of P if for
all x,y € P the following condition holds

D(z) =D(Z') forallz € xoyandz' € yox.

Next, we present some results of LDAF-normal subpolygroups of a polygroup and we omit
their proofs because they are similar to that of LDAF-subpolygroups of a polygroup.

Theorem 7. Let (P,0,¢,”!) be a polygroup and D an LDFS of P. Then D is an LDAF-normal
subpolygroup of P if and only if D¢ is an LDF-normal subpolygroup of P.

Theorem 8. Let (P,0,¢,”!) be a polygroup and D be an LDFS of P. Then D is an LDAF-normal
subpolygroup of P if and only if D! is either the empty set or a normal subpolygroup of P for all
t=(<u,v><uwap>). Here u,v,a,p € [0,1] satisfying0 <a+ <land0 < au+ fv <1.

Proposition 20. Let (P,0,e,”') be a polygroup. Then every normal subpolygroup of P is a
ceiling set of P for some LDAF-normal subpolygroup D of P.

Proposition 21. Let (P,0,¢,”!) be a polygroup and D1, D, be LDAF-normal subpolygroups of
P. Then Dy U D; is an LDAF-normal subpolygroup of P.



580 Al Tahan M., Davvaz B., Parimala M., Al-Kaseasbeh S.

5 Conclusion

This paper introduced for the first time linear Diophantine (anti-) fuzzy algebraic hyper-
structures. It studied some linear Diophantine fuzzy subsets of polygroups and investigated
their properties. Since an LDEFS is a fuzzy set, it follows that the results in this paper are a
general form of the results related to (anti-) fuzzy (normal) subpolygroups of a polygroup.
Moreover, it generalizes the work related to LDF-(normal) subgroups of a group. This is be-
cause every group is a polygroup.

For future research, it would be interesting to investigate the following.

1. Introduce new concepts related to linear Diophantine fuzzy subsets of other algebraic
hyperstructures.

2. In the case of fuzzy algebraic hyperstructure, generalized fuzzy subpolygroups [13] were
introduced and studied using the notions of “belongingness” and “quasi-coincidence”.
Is it possible to introduce a similar concept using linear Diophantine fuzzy sets?

3. Similar to complex fuzzy sets [17,18], is it possible to introduce complex linear Diophan-
tine fuzzy sets?

4. Similar to fuzzy multisets [20], is it possible to introduce linear Diophantine fuzzy mul-
tisets?
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AinirHi AlodpaHTOB] HeuiTKi MHOXWMHI HEIIOAABHO 6yAM ITpeACTaBAeHi SIK y3araAbHeHa dpopma
HEeUiTKMX MHOXMH. MeToro 1Ii€l CTaTTi € MPOAUTH CBiTAO Ha 3B'SI30K MiXX aArebpaiuHyMIu rifnepcTpy-
KTypaMy Ta AIHIMHMMM Al0paHTOBMMM HEUiTKMMM MHOXMHaMIU depe3 morirpyrm. Tounimre, mu
BBOAVMMO IIOHSITTSI AiHIMHMX AlOdpaHTOBMX HEUITKMX I AIOAIrpyI moAirpym, AiHilHIX AiodpanTO-
BUX HEUiTKIX HOPMaAbHUX T ATIOATPYII IIOAITpYIIM Ta AiHIHNMX AlodpaHTOBMX aHTH-HEUiTKMX ITiA-
noAirpyn noairpym. Kpim Toro, My BUBUaeMO AesIKi 3 IXHIX BAACTMBOCTe i XapaKTepM3yeMo iX y
BiAHOIIIEHHI AO MHOXXIH PiBHSI i CTeAI.

Kntouosi ciosa i ppasu: TOAIrpyma, AiHilHa AiodpaHTOBa HeUuiTKa MHOXIHA, AiHiliHa AlodaHTOBa
HeuiTKa MIATIOAIrpyma, AiHiliHa AiodpaHTOBa HeuiTka HOpMaAbHA HiATIOAIrpyIa, MHOXWHA PiBHS,
AiHiliHa AlodpaHTOBa aHTH-HeUiTKa MiAIIOAIrpyIIa, MHOXIHA CTEAI.



