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The purpose of this paper is to present closed forms for various types of infinite series
involving Fibonacci (Lucas) numbers and the Riemann zeta function at integer arguments. To
prove our results, we will apply some conventional arguments and combine the Binet formulas
for these sequences with generating functions involving the Riemann zeta function and some
known series evaluations. Among the results derived in this paper, we will establish that

3 15 Log+1
;(C(%H) ~1)Fy = 3, ;(qzkﬂ) —1 e =1y,

where + is the familiar Euler-Mascheroni constant.

1. Motivation and introduction. This paper is devoted to combine two very popular and
important mathematical objects: the Riemann zeta function and Fibonacci numbers. Both
objects have been studied intensively and are well understood but identities connecting
them are not documented in the mathematical literature. This is somewhat unexpected and
surprising. In this article, we attempt to fill this gap. More precisely, we will study some
classes of infinite series involving these two famous mathematical objects. Using generating
functions combined with some fairly routine arguments, we will be able to express the series
in closed form. Surprisingly, in most cases the infinite series will possess simple analytical
expressions, many of them involving trigonometric functions.
Recall that the Riemann zeta function ((s),s € C, is defined by [1]

=1
§) = —, Re(s) > 1.
) =D el
The analytical continuation to all s € C with Re(s) > 0,s # 1, is given by
0 _1)k+1
= (1= 21—3 -1 (
Cs) = ( ) kZ —

The evaluation of ((s) at integer arguments is an old problem that still challenges the
mathematical community. For even positive integer arguments this problem was completely
solved by Euler showing that

com) = (< 8 p
2(2n)1 2"
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where B,, are the Bernoulli numbers [2|. For odd integer arguments, the problem is still open.
Much more information about ((s) is contained in the textbooks [4, 10|, among others.

On the other hand, the Fibonacci number sequence is one of the most famous integer
sequences in the mathematical world. The Fibonacci numbers F;, and the companion sequen-
ce of Lucas numbers L,, are defined for n > 0 as F,, .o = F,i.1 + F, and L,.o = L,.q + Ly,
with initial conditions Fy = 0, F; = 1, Ly = 2 and L; = 1, respectively. The Binet formulas
are given by

Fn:a _ﬁa Ln:an"i_ﬂna
a—p
where « is the golden ratio, i.e., a = %5 and 8 = E = = ‘[ . The sequences (F},),>o and

(Lyn)n>0 possess many interesting properties and appear in mathematlcal branches such as
combinatorics and graph theory. See [8] for more details. They are indexed in the On-Line
Encyclopedia of Integer Sequences [11] with entries A000045 and A000032, respectively.

It is well known that every real number has representation of the form - ¢(k)as with
(ag)k>o0 rational [3]. We focus on the cases where ay is a some function of Fj, or L. Infinite
series evaluations involving Fibonacci (Lucas) numbers and the zeta function are rare. Very
recently, the following evaluations involving the Riemann zeta function at positive even
integer argument and scaled even Fibonacci (Lucas) numbers were stated in [5]:

sz; 7T T Loy
ZC )5+ Y ;C(%) o 2f n2f+1

A still more appealing identity involving ((s) at odd integer argument and Fibonacci

numbers comes as another problem proposal from [6]:

S C(2k+ 1)% - % (1)
k=1

Interestingly, the Lucas counterpart does not possess such a nice structure:
o

L2k 3 1
2k+1)—/==--2 :
ZC * 2 nz n(bn? —5n 4+ 1)(5n% + 5n + 1)

A few more such relatlons can be found in [7].

The goal of this article is to continue the research in this direction and to present more
closed forms for some types of infinite series involving Fibonacci (Lucas) numbers and the
Riemann zeta function. To prove the results, we will mainly work with generating functions
and some series evaluations. In addition, in some of our proofs we will apply properties of
the digamma function ¢(z), z € C. Recall that ¢ (z) is the first logarithmic derivative of the
gamma function I'(z) (the Euler integral of the second kind) [1], i.e.,

$(z) = (nT(z)y = 2 C)

[(z)
The digamma function possesses the following properties:
1
Ylz+1) =9(2) + -, (2)
1
1) =— L ) _1,-2,..., 3
U(z+1) 7+Z e z# (3)

n=1

and the reflection property
(1l —z) —(z) =7mcotmz,
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where v is the Euler-Mascheroni constant given by
n

1
7= lim (D2 —Inn) =0,5772156649.. .

n—o0

These properties will be employed in some of the proofs below.

2. Main results. Our first result are the following evaluations involving the Riemann zeta
function at even integer arguments and Fibonacci (Lucas) numbers.

Theorem 1. For m > 0, we have

Z(C(Zk) — D Fopim = 2\7;— \/—ﬂ-Lm + 77;2, (4)
k=1

3 L
Z(C(Qk:) - 1)L2k+m—1 = \/SW tan \/SWFm + T;LQ,

k=1

Proof. From [10, p. 281] we know that
= o1 m 322 -1
Z(C(Qk)—l)z =——cotmz+ ———, |2] <2

p— 2 22(22 - 1)’
This gives with z = «
- 2k—1 n a’
Z(C(%;) — a7 = D) cot mav + =
k=1
where we have used that 3o + 2 = o and o? = « + 1. Hence,
00 m+2
Z(C(W{:) — 1)k tm=t = —gam cotma + —

k=1
In the same way, we get
[e.e]

k4+m—1 __ T om ﬁm-{-?
D (C(2k) — 1)t = —5 8" cot B +

2
k=1
Combining these equations according to the Binet formula and making use of the fact that
cot(m/2 — x) = tanz we obtain

oo Fm
kz:; C(2k) — 1) Foprn1 = —\/_( cotmfB — ™ cot wa) + 2+2 =
<5mt W YO fﬂ) LS
PN 2 2 2
and the proof of (4) is completed. The identity (5) is proved similarly and omitted. O

Explicit examples for m = 0 and m = 1 are

3 (C2K) — D) Fyy = %t W Vor 1 3 (C2k) ~ 1) Loy = 5

2 2’ 2’
k=1 k=1
> s \/57T > \/_7r \/_7T
(2k) — 1) F: tan — + 1, 2k) — 1)L ——t —+2
2. = 5 tan = >(CCH) = DL

Remark 1. We point out that instead of proving (5) directly (as we did implicitly), it can
also be deduced from (4) using Fibonacci-Lucas relations 5F,, = L,.1 + L,_1 and L, =
Fn+1 + Fn—l-
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A proof comparable to the one given for Theorem 1 yields the following series:

Z (2 ng L 1 mwsin® ‘/5 N 2n(n* — 5n? + 3)
n% ! 5 cos ™ cos% (2n2 =3+ V5)(2n% — 3 — V/5)’
i(@l{:)—lL% o msin X 2n(n* —n? + 3)
n2k—1 -

cos & — cos 7“[ (2n2 =3 +/5)(2n2 —3 —V/5)

As could be expected, the formula 1nclud1ng the odd zeta values is more involved and
possesses a semi-closed form.

Theorem 2. For m > 0, we have

- P 1 x om

DG+ 1) = 1) P = =5+ Fu(5+ 5t 20 =@ =7). ()
SOk 1) = Dl = 2 4 L (G4 St T —pa) <) ()
k=1

Proof. From [10, p. 280] we have the following generating function:

o0

1
> (CRE+1) 1)z = (1-79) - 5(¢<2 +2)+9(2-2), |2 <2
k=1
This relation combined with the Binet formula and 2 —a = a2 = 82, 2 — 8 = a2 yields
> (C(2k +1) = 1) o =
k=1

— (1= )P+ = (0 + 1) = a"(5) = = (0™l + 1) = A (o).
Now, we note that
BmY(B% 4+ 1) = @™ (%) = L (V(B° + 1) = 9(67)) — a™p(B% + 1) + f™(8%)
and
a"P(a® + 1) = f"Pp(a?) = L ((a® + 1) = ¢(a®)) = f™Pp(a® + 1) + a™p(a?).

Gathering terms and keeping in mind property (2) we arrive at

> L, Si+5;
E 2k +1) — D Fnp, = (1 =) E,, + + ’

with S; = 8™ (82) — a™p(a?), Sy = f™P(a? + 1) — a™p(B? + 1).
Next, we apply property (3) to get

_ (n — 1)VBE, +nvVbF,_ o
=1V = n(n+a)(n+ﬁ) -

_”Y\/_F _\/_Fmﬂzn " -I—\/_F Z 1

—n(n’+n—1)
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Similarly for S,,
(3n 4+ 1)V5F,, + nvV5E,,4» - 1
Fn =YV5F, 5F, —_
Sz =75 +Z n(n + a?)(n + 5?) =1V5En + V5 H;ﬁ—i—i’)n—l—l
1 1
—2V5F, Y ——— —V5F,
V5 Z n?+3n+1 Vs Z n(n?+3n+1)
Hence,
- Lp  Fp 1 F,, — 1
C2k+1)— 1) Fopym = Fu + — — B N
; * ) Fors * 2 2 Z712+7z—1 2 ;nn2+n—1)+
Fri1 - 1 F, & 1
B ) P | s
+< 2 ;nQ—i—Sn—i—l 2 = n(n®+3n+1) ®)

To simplify further, we note that (see [9])

i 1 . om ¢ o
c=n?+n—1 5 2’
. 1 545 5
S =1y —a)+ Voo f”,
“—~n(n’*+n-1) 10 2
> 1 NG 51
Z = tan ,
n?+3n+1 5 2
i 1 )t BT 3v5_ o
“—~n(n’+3n+1) B 7 10
Using these series, from (8) we finally conclude that
- 2F, — Fps1+ L, 7F, 5
D €2k +1) = 1) Fopm = 2“ +7T2 tan \/2_” — E,((a) + 7).
k=1

Taking into account L,, = F,,,_1+ Fy,11, we have (6). The statement (7) can be proved either
analogously or using the relations from Remark 1. O

When m = 0, then from (6) we get the expressions

i 2k—|—1—1F2k— i

k=1

5
(2k+1) — 1)Ly, = ; + mtan \/2_7T — 2Y(a) — 27.
k=1

In view of (1) we arrive at the beautiful result

[e.e]

> F% 1
(2k (2k +1) — 1)Fy, = =
;g )2 =Sk 1)~ )Fy =

k=1

The next result generalizes an identity from [7].
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Theorem 3. For m > 0, we have

SOCR) = D) Fipm 1 = Fgo + (?Fm_l 2 ﬁOﬁFm)man VT Flib(a) +)

k=2
;(C(kﬁ) — 1) Liktm—1 = Limt2 + <\/?5Lm_1 + o 4;O\/SLm>7rtan @ — L (W(a) +7).

Proof. Here, we work with the generating function

Y k) -1 =1y —w(2-2), |2 <2,

k=2

which also comes from [10, p. 280]. This gives

= 1
D (k) = 1) Frym-1 = (1= 1) Fo + —=(B"(a + 1) — a™p(B+1)).
= V5
The remainder of the proof is as above and we leave it as an exercise. O

When m = 0, we use the Fibonacci relation F_,, = (—1)""'F), to see that

[eS) \/_’/T
E )—1)F —1—|——tan
k=2 o V5 2

which appears in [7].

3. Further related series. In this section we study some series that are closely related to
the series form the last section.

Theorem 4. Let m > 0. Then we have

o)

Forym—1 2L 1 Ino
2k) —1)———— = F,,_1In(mrcscmar) + ————,

C(2k) —1 Lokim-1 _ Lo In(mcscma) + 2V5F,,_1 Ina.
( k

k=1
Proof. We work with the following generating function from [10, p. 281]

> 52k
Z(§(2k) - 1)7 =1In(mz(1 - 2*)csemz), |z <2
k=1

This relation yields straightforwardly for m > 0

Forim-1 o™ lin(ra?secma) — ™1 In(r 32 sec n3)

D (¢(2k) — 1=t =

k=1

The first expression is obtained by simplification using sin 7 = sin w3 = cos @ The proof
of the second expression is similar. O
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When m = 0 and m = 1, then with the use of L_,, = (—1)"L,

;(C(Qk) - l)F%f1 = In(rcscmar) — 21%,
i((@lﬂ) - 1)L2k L = —In(resema) + 2v5 Ina,
k=1

> F. 41 > L

S(¢ek) - 1) = 228 Sk - D72 = 2In(rsec wa).
k

k=1 k=1

Theorem 5. Let m > 0. Then we have

;(C@k +1)— 1)5;’“:71 =(1—-v)F, + ZL\/gl(ln(w cscma) —2InT(a) — 4Ina),
Z(C(Qk +1)— 1)2[;?1? =1—=7)Ln+ %(ID(W cscmar) —2InT(a) — 41Ina),
k=1

where v is the Euler-Mascheroni constant.

Proof. The following generating function is stated in [10, p. 280|

- Z2k+1 1. T(2-2)
2k+1) -1 =(1- —In ———= 2.

This relation yields straightforwardly for m > 0

= Fopim 1 4, D(B+1) . Tla+1)

E 2k+1)—1)—— = (1 —7)F,, —(m In ——-—% — " l—).
(CEk+1) = g7 =1 =7) T\ Tz ’ T+

k=1
The fundamental functional equation of the gamma function, I'(z + 1) = 2I'(2), yields

DGk +1) = 1) (1= )+ %(am_l N 532(@) _ gt ;?<(%>)>_

k=1

-1
Since f 32(2) = ( 5313&))) , we can write the last equation as follows
—I'(5) )

F2 m Lm—l
(C(2k +1) — 1)2kk+ b= (=) F e <a4F(a)

NE

1

i

rgﬁg = [2a)smra: Where we have used [(z)I'(1 — 2) = 7. This
[

Finally, note that
The other one is omitted.

completes the first proo
The special evaluations for m = 0 and m = 1 are

i(C(Qk—{— 1) — 1)2/5j]—€1 = 2\1/5( — In(rescma) + 2Inl(a) + 41lna),

k=1
00

(C(Qk +1)—1)

=2(1—7v)+ ?(ln(csewa) —2Inl(a) — 4lnoz>,

2k+1

E: 1
C2k+1) — 1)2]:]:11 =1—-9+ %<ln(csc7ra) —2InT'(«a) —41noz>7

HMS
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and the interesting identity

- L2k+1
C2k+1) -1 1
]; + )k 1 K

Theorem 6. For m > 0, we have

[e.e]

Frim-1 InT'(«)
;(C(lﬂ) —D)— =07k VA

and

1
Lm 1+Fm 11HOé+

™
— CSC T

\/5

Z(g(k)—l)M:u— V)L — VBEIT(0) Fpt + Lip_y Ina + o™ 11n<1cscm)

k o?
k=2

Proof. We can prove the statements using [10, p. 280]

Z(C(k) — 1)% =(1—7)z+Il(2-2), |z]<2.

In case of Fibonacci numbers, we can derive

o0

S(C) = D7E = (1= 9) Py + (0" W(AT(3)) — 5™ n(aT (o),

from which the statement is obtained by simplification. The Lucas series is obtained analo-

gously. O
When m = 1, then the special cases are
- a8 2 1
k)—1 =1—-7— —(I'(a) +Ina) + —=In(7mcscma),

>o(C) ~ 17 =1=7 = (@) + ) + e esera)
- L
Z(C(k) — l)f =1—v+In(rcscma).
k=2

4. Concluding remarks. In this paper we presented new closed forms for some types
of infinite series involving Fibonacci and Lucas numbers with the Riemann zeta function
of integer arguments. To prove our results, we applied some routine arguments, combining
Binet’s formulas with generating functions and some known series evaluations. Using similar
techniques, we can establish series evaluations involving the Riemann zeta function of integer
arguments with Fibonacci and Lucas polynomials and other known number and polynomial
sequences. For example, the following identities hold:

- 2 — 22 T sin(w — o)m

2k) — 1)Ugy— = '
;(C( ) )Uzi—2() 2(z2 — 1) +2(w—0) sinwr - sinow’
il r 7 sin(w+o)r
2k) — 1)T: 5 7 o -
Z b )Tk () 2 4 sinwr-sinow’

k=1
where T,,(z) and U, (x) are Chebyshev polynomials of the first and second kind, respectively,
w=xz+Va2 -1, 0=z—Vz?—1with [z| € (1;2).
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