
Ò. Ï. Ãîé, Ã. Ï. Ìàëèöüêà, À. Â. Ñîëîìêî

ÎÏÅÐÀÖIÉÍÅ

×ÈÑËÅÍÍß

Íàâ÷àëüíèé ïîñiáíèê

äëÿ ñòóäåíòiâ âèùèõ íàâ÷àëüíèõ çàêëàäiâ

íàïðÿìiâ ïiäãîòîâêè

�ìàòåìàòèêà�, �ïðèêëàäíà ìàòåìàòèêà�

Âèäàííÿ äðóãå, âèïðàâëåíå òà äîïîâíåíå

Iâàíî-Ôðàíêiâñüê

2014



ÓÄÊ 517.44
ÁÁÊ 22.161.2

Ã 57

Ðåêîìåíäîâàíî Â÷åíîþ ðàäîþ Ïðèêàðïàòñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó
iìåíi Âàñèëÿ Ñòåôàíèêà ÿê íàâ÷àëüíèé ïîñiáíèê äëÿ ñòóäåíòiâ íàïðÿìiâ ïiäãîòîâêè

�ìàòåìàòèêà�, �ïðèêëàäíà ìàòåìàòèêà� (ïðîòîêîë � 5 âiä 28 òðàâíÿ 2013 ð.).

Ðåöåíçåíòè:

Ìàñëþ÷åíêî Â. Ê., äîêòîð ôiçèêî-ìàòåìàòè÷íèõ íàóê, ïðîôåñîð (×åðíiâåöüêèé íà-
öiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à),

Íîâîñÿäëèé Ñ. Ï., äîêòîð òåõíi÷íèõ íàóê, ïðîôåñîð (Ïðèêàðïàòñüêèé íàöiîíàëüíèé
óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà),

Îáøòà À. Ô., äîêòîð òåõíi÷íèõ íàóê, ïðîôåñîð (Íàöiîíàëüíèé óíiâåðñèòåò �Ëüâiâñüêà
ïîëiòåõíiêà�).

Ãîé Ò. Ï.
Ã57 Îïåðàöiéíå ÷èñëåííÿ : íàâ÷àëüíèé ïîñiáíèê / Ò. Ï. Ãîé, Ã. Ï. Ìàëè-

öüêà, À. Â. Ñîëîìêî. � Âèä. 2-ãå, âèïð. òà äîï. � Iâàíî-Ôðàíêiâñüê :
Ñiìèê, 2014. � 223 ñ.

Ó ïîñiáíèêó âèêëàäåíèé êóðñ îïåðàöiéíîãî ÷èñëåííÿ íà îñíîâi ïåðå-
òâîðåííÿ Ëàïëàñà òà îñíîâíi çàñòîñóâàííÿ öüîãî ÷èñëåííÿ äëÿ îá÷èñëå-
ííÿ íåâëàñíèõ iíòåãðàëiâ, ðîçâ'ÿçóâàííÿ ëiíiéíèõ çâè÷àéíèõ äèôåðåíöi-
àëüíèõ ðiâíÿíü, äèôåðåíöiàëüíèõ ðiâíÿíü iç çàãàþâàííÿì, iíòåãðàëüíèõ
ðiâíÿíü òèïó çãîðòêè, äåÿêèõ òèïiâ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü, ði-
çíèöåâèõ ðiâíÿíü òà êðàéîâèõ çàäà÷ äëÿ ëiíiéíèõ ðiâíÿíü iç ÷àñòèííèìè
ïîõiäíèìè.
Îêðåìèé ðîçäië ïîñiáíèêà ïðèñâÿ÷åíèé îïèñó àëãîðèòìiâ ðåàëiçàöi¨ ìå-

òîäiâ îïåðàöiéíîãî ÷èñëåííÿ çàñîáàìè ïîïóëÿðíèõ ñèñòåì êîìï'þòåðíî¨
ìàòåìàòèêè Maple, Mathematica òà Mathcad.
Äëÿ ñòóäåíòiâ âèùèõ íàâ÷àëüíèõ çàêëàäiâ íàïðÿìiâ ïiäãîòîâêè �ìàòå-

ìàòèêà�, �ïðèêëàäíà ìàòåìàòèêà�.

ÓÄÊ 517.44
ÁÁÊ 22.161.2

c⃝ Ò. Ï. Ãîé, Ã. Ï. Ìàëèöüêà, À. Â. Ñîëîìêî, 2014



Çìiñò

ÂÑÒÓÏ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

ÐÎÇÄIË 1. Ïåðåòâîðåííÿ Ëàïëàñà . . . . . . . . . . . . . . . . . . . 10

� 1.1. Îðèãiíàë . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

� 1.2. Çîáðàæåííÿ îðèãiíàëà. Îáëàñòü iñíóâàííÿ òà àíàëiòè÷íiñòü

çîáðàæåííÿ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

� 1.3. Çîáðàæåííÿ äåÿêèõ îðèãiíàëiâ . . . . . . . . . . . . . . . . . . . . 16

Êîíòðîëüíi ïèòàííÿ äî ðîçäiëó 1 . . . . . . . . . . . . . . . . . . . . . 21

Òåñòîâi çàâäàííÿ äî ðîçäiëó 1 . . . . . . . . . . . . . . . . . . . . . . . 22

Âïðàâè äëÿ ñàìîñòiéíîãî âèêîíàííÿ . . . . . . . . . . . . . . . . . . . . 25

ÐÎÇÄIË 2. Îñíîâíi âëàñòèâîñòi ïåðåòâîðåííÿ Ëàïëàñà . . . . . 27

� 2.1. Ëiíiéíiñòü i ïîäiáíiñòü ïåðåòâîðåííÿ Ëàïëàñà . . . . . . . . . . . 27

� 2.2. Çàãàþâàííÿ òà âèïåðåäæåííÿ îðèãiíàëà . . . . . . . . . . . . . . . 30

� 2.3. Çìiùåííÿ çîáðàæåííÿ . . . . . . . . . . . . . . . . . . . . . . . . . 35

� 2.4. Çîáðàæåííÿ ïåðiîäè÷íîãî îðèãiíàëà . . . . . . . . . . . . . . . . . 36

� 2.5. Äèôåðåíöiþâàííÿ îðèãiíàëà òà çîáðàæåííÿ . . . . . . . . . . . . 38

� 2.6. Iíòåãðóâàííÿ îðèãiíàëà òà çîáðàæåííÿ . . . . . . . . . . . . . . . 42

� 2.7. Äèôåðåíöiþâàííÿ òà iíòåãðóâàííÿ çà ïàðàìåòðîì. Ãðàíè÷íi

òåîðåìè . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46



4 Çìiñò

Êîíòðîëüíi ïèòàííÿ äî ðîçäiëó 2 . . . . . . . . . . . . . . . . . . . . . 51

Òåñòîâi çàâäàííÿ äî ðîçäiëó 2 . . . . . . . . . . . . . . . . . . . . . . . 52

Âïðàâè äëÿ ñàìîñòiéíîãî âèêîíàííÿ . . . . . . . . . . . . . . . . . . . . 56

ÐÎÇÄIË 3. Çãîðòêà ôóíêöié . . . . . . . . . . . . . . . . . . . . . . . 59

� 3.1. Çãîðòêà ôóíêöié òà ¨¨ âëàñòèâîñòi . . . . . . . . . . . . . . . . . . 59

� 3.2. Íåïåðåðâíiñòü çãîðòêè . . . . . . . . . . . . . . . . . . . . . . . . 62

� 3.3. Çãîðòêà îðèãiíàëiâ i çîáðàæåííÿ çãîðòêè . . . . . . . . . . . . . . 64

� 3.4. Óçàãàëüíåíå ìíîæåííÿ çîáðàæåíü . . . . . . . . . . . . . . . . . . 68

� 3.5. Òåîðåìà Äþàìåëÿ . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

Êîíòðîëüíi ïèòàííÿ äî ðîçäiëó 3 . . . . . . . . . . . . . . . . . . . . . 72

Òåñòîâi çàâäàííÿ äî ðîçäiëó 3 . . . . . . . . . . . . . . . . . . . . . . . 73

Âïðàâè äëÿ ñàìîñòiéíîãî âèêîíàííÿ . . . . . . . . . . . . . . . . . . . . 75

ÐÎÇÄIË 4. Îáåðíåíå ïåðåòâîðåííÿ Ëàïëàñà . . . . . . . . . . . . 77

� 4.1. Ôîðìóëà Ðiìàíà � Ìåëëiíà . . . . . . . . . . . . . . . . . . . . . . 77

� 4.2. Ìíîæåííÿ îðèãiíàëiâ . . . . . . . . . . . . . . . . . . . . . . . . . 81

� 4.3. Òåîðåìè ðîçâèíåííÿ . . . . . . . . . . . . . . . . . . . . . . . . . . 82

Êîíòðîëüíi ïèòàííÿ äî ðîçäiëó 4 . . . . . . . . . . . . . . . . . . . . . 90

Òåñòîâi çàâäàííÿ äî ðîçäiëó 4 . . . . . . . . . . . . . . . . . . . . . . . 90

Âïðàâè äëÿ ñàìîñòiéíîãî âèêîíàííÿ . . . . . . . . . . . . . . . . . . . . 92

ÐÎÇÄIË 5. Çàñòîñóâàííÿ îïåðàöiéíîãî ÷èñëåííÿ . . . . . . . . . 93

� 5.1. Îá÷èñëåííÿ íåâëàñíèõ iíòåãðàëiâ . . . . . . . . . . . . . . . . . . 93

� 5.2. Iíòåãðóâàííÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü . . . . . . . . . 97

� 5.3. Iíòåãðóâàííÿ ñèñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü . . . . 111

� 5.4. Ðîçâ'ÿçóâàííÿ äèôåðåíöiàëüíèõ ðiâíÿíü iç çàãàþâàííÿì . . . . . 115

� 5.5. Ðîçâ'ÿçóâàííÿ äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè118

�5.6. Ðîçâ'ÿçóâàííÿ iíòåãðàëüíèõ ðiâíÿíü . . . . . . . . . . . . . . . . . 123

� 5.7. Ðîçâ'ÿçóâàííÿ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü . . . . . . . . . . 127

Êîíòðîëüíi ïèòàííÿ äî ðîçäiëó 5 . . . . . . . . . . . . . . . . . . . . . 130



Çìiñò 5

Òåñòîâi çàâäàííÿ äî ðîçäiëó 5 . . . . . . . . . . . . . . . . . . . . . . . 131

Âïðàâè äëÿ ñàìîñòiéíîãî âèêîíàííÿ . . . . . . . . . . . . . . . . . . . . 133

ÐÎÇÄIË 6. Äèñêðåòíå ïåðåòâîðåííÿ Ëàïëàñà . . . . . . . . . . . 139

� 6.1. �ðàò÷àñòi ôóíêöi¨. D�ïåðåòâîðåííÿ i îáåðíåíå D�ïåðåòâîðåííÿ . 139

� 6.2. Îñíîâíi âëàñòèâîñòi D�ïåðåòâîðåííÿ . . . . . . . . . . . . . . . . 144

� 6.3. Ðiçíèöåâi ðiâíÿííÿ . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

Êîíòðîëüíi ïèòàííÿ äî ðîçäiëó 6 . . . . . . . . . . . . . . . . . . . . . 162

Òåñòîâi çàâäàííÿ äî ðîçäiëó 6 . . . . . . . . . . . . . . . . . . . . . . . 163

Âïðàâè äëÿ ñàìîñòiéíîãî âèêîíàííÿ . . . . . . . . . . . . . . . . . . . . 166

ÐÎÇÄIË 7. Çàñòîñóâàííÿ ñèñòåì êîìï'þòåðíî¨ ìàòåìàòèêè

äëÿ ðîçâ'ÿçóâàííÿ çàäà÷ îïåðàöiéíîãî ÷èñëåííÿ . . . . . . . . . 168

� 7.1. Ïåðåòâîðåííÿ Ëàïëàñà òà îáåðíåíå ïåðåòâîðåííÿ Ëàïëàñà

ó ìàòåìàòè÷íèõ ïàêåòàõ Mathematica, Maple, Mathcad . . . . . . . 168

� 7.2. Ðîçâ'ÿçóâàííÿ ïðèêëàäíèõ çàäà÷ îïåðàöiéíîãî ÷èñëåííÿ

çàñîáàìè ìàòåìàòè÷íèõ ïàêåòiâ Mathematica, Maple òà Mathcad . 179

ÄÎÄÀÒÊÈ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194

Äîäàòîê 1. Îïåðàöiéíå ÷èñëåííÿ â ïðèêëàäíèõ ôiçè÷íèõ çàäà÷àõ . . . 194

Äîäàòîê 2. Òàáëèöÿ âëàñòèâîñòåé îðèãiíàëiâ i çîáðàæåíü . . . . . . . . 201

Äîäàòîê 3. Òàáëèöÿ çîáðàæåíü îñíîâíèõ ôóíêöié . . . . . . . . . . . . 204

Äîäàòîê 4. Òàáëèöÿ âëàñòèâîñòåé äèñêðåòíèõ îðèãiíàëiâ òà çîáðàæåíü 208

Äîäàòîê 5. Òàáëèöÿ çîáðàæåíü îñíîâíèõ äèñêðåòíèõ îðèãiíàëiâ . . . . 210

ÏÐÅÄÌÅÒÍÈÉ ÏÎÊÀÆ×ÈÊ . . . . . . . . . . . . . . . . . . . . . 212

ÁIÎÃÐÀÔI×ÍÈÉ ÏÎÊÀÆ×ÈÊ . . . . . . . . . . . . . . . . . . . . 215

ÐÅÊÎÌÅÍÄÎÂÀÍÀ ËIÒÅÐÀÒÓÐÀ . . . . . . . . . . . . . . . . . 221



ÂÑÒÓÏ

Îïåðàöiéíå (ñèìâîëüíå) ÷èñëåííÿ ¹ åôåêòèâíèì àïàðàòîì äîñëiäæåííÿ

áàãàòüîõ òåîðåòè÷íèõ ïèòàíü i ïðèêëàäíèõ çàäà÷ ìàòåìàòèêè òà iíøèõ îáëà-

ñòåé íàóêè i òåõíiêè, îñîáëèâî ïèòàíü i çàäà÷, ïîâ'ÿçàíèõ ç ðîçâ'ÿçóâàííÿì ëi-

íiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü (çâè÷àéíèõ òà ç ÷àñòèííèìè ïîõiäíèìè), ií-

òåãðàëüíèõ, iíòåãðî-äèôåðåíöiàëüíèõ, äèôåðåíöiàëüíî-ðiçíèöåâèõ, ðiçíèöå-

âèõ ðiâíÿíü. Çîêðåìà, äî òàêèõ ðiâíÿíü ïðèâîäÿòü çàäà÷i ç åëåêòðîòåõíiêè,

ðàäiîòåõíiêè, iìïóëüñíî¨ òåõíiêè, òåîði¨ àâòîìàòè÷íîãî ðåãóëþâàííÿ, ìîäå-

ëþâàííÿ äèíàìiêè ôiíàíñîâèõ ðåñóðñiâ.

Óíiâåðñàëüíiñòü ìåòîäiâ îïåðàöiéíîãî ÷èñëåííÿ ìîæíà ïîÿñíèòè ïåðåäîâ-

ñiì éîãî åôåêòèâíiñòþ � ìîæëèâiñòþ îòðèìàòè ðîçâ'ÿçîê äîâîëi ïðîñòèìè é

åêîíîìíèìè çàñîáàìè.

Ìåòîäè íåïåðåðâíîãî îïåðàöiéíîãî ÷èñëåííÿ äîçâîëÿþòü ðîçãëÿäàòè ñèì-

âîë äèôåðåíöiþâàííÿ
d

dt
= p ÿê âåëè÷èíó, íàä ÿêîþ ìîæíà âèêîíóâàòè ïåâíó

ñóêóïíiñòü ôîðìàëüíèõ îïåðàöié. Íà îñíîâi öèõ îïåðàöié áóäó¹òüñÿ âiäïîâiä-

íèé àíàëiç, ÿêèé ¹ ñòðîãî îá ðóíòîâàíîþ ìàòåìàòè÷íîþ òåîði¹þ. Ó ñèñòåìi

îïåðàöié äi¨ äèôåðåíöiþâàííÿ ôóíêöi¨ çà ïåâíèõ óìîâ âiäïîâiäà¹ äiÿ ìíîæå-

ííÿ íà îïåðàòîð p äåÿêî¨ ôóíêöi¨ F (p), ÿêà çàëåæèòü âiä öüîãî îïåðàòîðà,

à äi¨ iíòåãðóâàííÿ ôóíêöi¨ f(t) � äiëåííÿ íà p ôóíêöi¨ F (p). Ó ðåçóëüòàòi

öüîãî áàãàòî îïåðàöié ìàòåìàòè÷íîãî àíàëiçó çâîäÿòüñÿ äî áiëüø ïðîñòèõ

àëãåáðè÷íèõ äié. Çîêðåìà, ðîçâ'ÿçóâàííÿ ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü
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çi ñòàëèìè êîåôiöi¹íòàìè âiäíîñíî øóêàíî¨ ôóíêöi¨ f(t) çâîäèòüñÿ äî ðîçâ'ÿ-

çóâàííÿ àëãåáðè÷íèõ ðiâíÿíü âiäíîñíî ôóíêöi¨ F (p).

Ðîçâèòîê îïåðàöiéíîãî ÷èñëåííÿ ðîçïî÷àâñÿ ó 17-18 ñò. ç ðîáiò Ã. Ëåéáíi-

öà1, Ë. Åéëåðà, Æ. Ëà ðàíæà, Ï. Ëàïëàñà, Î. Êîøi.

Àíãëiéñüêèé â÷åíèé Îëiâåð Ãåâiñàéä ó 1887-1912 ðîêàõ ââiâ ó ñèìâîëüíå

÷èñëåííÿ ïðàâèëà äié ç îïåðàòîðîì
d

dt
= p i ôóíêöiÿìè öüîãî îïåðàòîðà. Ñà-

ìå Î. Ãåâiñàéä çàïî÷àòêóâàâ ñèñòåìàòè÷íå çàñòîñóâàííÿ îïåðàöiéíîãî ÷èñëå-

ííÿ äî ðîçâ'ÿçóâàííÿ ôiçè÷íèõ i òåõíi÷íèõ çàäà÷, çîêðåìà, âií âèêîðèñòàâ ïî-

áóäîâàíå ÷èñëåííÿ äëÿ ðîçðîáêè ïèòàíü �ïðàöåçäàòíîñòi� òðàíñàòëàíòè÷íîãî

òåëåãðàôíî-òåëåôîííîãî êàáåëÿ, ùî ç'¹äíàâ �âðîïó i Ïiâíi÷íó Àìåðèêó íà-

ïðèêiíöi 19 ñòîëiòòÿ. Òîìó ñòâîðåííÿ îïåðàöiéíîãî ÷èñëåííÿ ïîâ'ÿçóþòü ñàìå

ç éîãî iìåíåì.

Çíà÷íèé âíåñîê ó òåîðiþ îïåðàöiéíîãî ÷èñëåííÿ âíiñ ïðîôåñîð Êè¨âñüêîãî

óíiâåðñèòåòó Ì. �. Âàùåíêî � Çàõàð÷åíêî. Ó ñâî¨é ìîíîãðàôi¨ �Ñèìâîëè-

÷åñêîå èñ÷èñëåíèå è ïðèëîæåíèå åãî ê èíòåãðèðîâàíèþ ëèíåéíûõ äèôôå-

ðåíöèàëüíûõ óðàâíåíèé� (1862 ð.) çà 30 ðîêiâ äî ïîÿâè ðîáiò Î. Ãåâiñàéäà

âií ðîçãëÿäà¹ ñèìâîëè òà ¨õ âëàñòèâîñòi, çàñòîñîâó¹ îïåðàöiéíå ÷èñëåííÿ äî

ðîçâ'ÿçóâàííÿ ëiíiéíèõ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü i ðiâíÿíü iç ÷à-

ñòèííèìè ïîõiäíèìè çi ñòàëèìè òà çìiííèìè êîåôiöi¹íòàìè.

Îäíàê îïåðàöiéíå ÷èñëåííÿ ó ïðàöÿõ Î. Ãåâiñàéäà, íå áóëî ñòðîãî îá-

 ðóíòîâàíèì. Ëèøå ó 20-õ ðîêàõ 20 ñò. ó ðîáîòàõ Ò. Áðîìâi÷à, Ä. Êàðñîíà,

Ï. Ëåâi, Á. Âàí äåð Ïîëÿ, äåÿêèõ iíøèõ â÷åíèõ ìåòîä îòðèìàâ ñòðîãå îá ðóí-

òóâàííÿ òà íàçâó îïåðàöiéíîãî ìåòîäó. Öå îá ðóíòóâàííÿ çðîáëåíî íà îñíîâi

çàãàëüíî¨ òåîði¨ òàê çâàíèõ iíòåãðàëüíèõ ïåðåòâîðåíü, îäèí êëàñ ÿêèõ âïåðøå

áóëî ââåäåíèé Ë. Åéëåðîì (1737 ð.), à â 1787 ð. äîñëiäæåíèé Ï. Ëàïëàñîì. Ó

çâ'ÿçêó ç öèì îïåðàöiéíå ÷èñëåííÿ ÷àñòî íàçèâàþòü ìåòîäîì iíòåãðàëüíîãî

ïåðåòâîðåííÿ Ëàïëàñà.

1 Áiáëiîãðàôi÷íi äàíi ïðî â÷åíèõ, ïðiçâèùà ÿêèõ çóñòði÷àþòüñÿ ó ïîñiáíèêó, ìîæíà çíàéòè íà

ñò. 215-220
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Iíøèé íàïðÿì ðîçâèòêó îïåðàöiéíå ÷èñëåííÿ îòðèìàëî ó ïðàöÿõ ß. Ìiêó-

ñiíñüêîãî [25]. Ó íüîãî îïåðàöiéíå ÷èñëåííÿ îá ðóíòîâó¹òüñÿ íà îïåðàòîðíié

îñíîâi áåç çâ'ÿçêó ç ïåðåòâîðåííÿì Ëàïëàñà. Äi¨ ìíîæåííÿ â àëãåáði ôóíêöié

Ìiêóñiíñüêîãî âiäïîâiäà¹ çãîðòêà. Ó ðåçóëüòàòi óòâîðþ¹òüñÿ ïîëå, åëåìåíòè

ÿêîãî ¹ îäíî÷àñíî îïåðàòîðàìè é óçàãàëüíåíèìè àáî çâè÷àéíèìè ôóíêöiÿìè.

Çâè÷àéíi ôóíêöi¨ ìîæóòü çîáðàæàòèñü îïåðàòîðîì äèôåðåíöiþâàííÿ, ùî äî-

çâîëÿ¹ ïåðåõîäèòè âiä äèôåðåíöiàëüíîãî ðiâíÿííÿ äî îïåðàòîðíîãî.

Íà îïåðàòîðíié îñíîâi ß. Ìiêóñiíñüêîãî îïåðàöiéíå ÷èñëåííÿ ìîæíà çà-

ñòîñîâóâàòè òàêîæ äî ôóíêöié, ïåðåòâîðåííÿ Ëàïëàñà ÿêèõ íå iñíó¹. Îäíàê

çàñòîñóâàííÿ ïåðåòâîðåííÿ Ëàïëàñà çíà÷íî ñïðîùó¹ îäåðæàííÿ ôîðìóë îïå-

ðàöiéíîãî ÷èñëåííÿ òà ïîëåãøó¹ âèâ÷åííÿ ïîëÿ îïåðàòîðiâ, ïðåäñòàâëÿþ÷è

éîãî ôóíêöiÿìè êîìïëåêñíî¨ çìiííî¨.

Ñüîãîäíi òåîðiÿ îïåðàöiéíîãî ÷èñëåííÿ òà ¨¨ çàñòîñóâàííÿ íàáóëè øèðî-

êîãî âèêîðèñòàííÿ òà ¹ îäíèì ç àêòóàëüíèõ ðîçäiëiâ ñó÷àñíî¨ ïðèêëàäíî¨ ìà-

òåìàòèêè.

Ïðîïîíîâàíèé ïîñiáíèê îõîïëþ¹ îñíîâíó ÷àñòèíó ñïåöiàëüíîãî êóðñó

�Îïåðàöiéíå ÷èñëåííÿ� äëÿ ñòóäåíòiâ íàïðÿìiâ ïiäãîòîâêè �ìàòåìàòè-

êà�, �ïðèêëàäíà ìàòåìàòèêà�, àëå áóäå êîðèñíèì òàêîæ äëÿ ñòóäåíòiâ

iíæåíåðíî-òåõíi÷íèõ âèùèõ íàâ÷àëüíèõ çàêëàäiâ.

Ìåòîþ ïîñiáíèêà ¹ îçíàéîìëåííÿ ñòóäåíòiâ ç îñíîâíèìè ïîíÿòòÿìè, òâåð-

äæåííÿìè òà çàñòîñóâàííÿìè îïåðàöiéíîãî ÷èñëåííÿ íà îñíîâi ïåðåòâîðåííÿ

Ëàïëàñà, ñïðèÿííÿ ãëèáîêîìó çàñâî¹ííþ òåîðåòè÷íîãî ìàòåðiàëó ç äîïîìî-

ãîþ ðîçâ'ÿçàíèõ ïðèêëàäiâ i çàäà÷, ïiäãîòîâêà ñòóäåíòiâ äî ñàìîñòiéíî¨ ðîáî-

òè ç íàóêîâîþ ëiòåðàòóðîþ.

Âàæëèâi ïîíÿòòÿ, òâåðäæåííÿ, ìåòîäè iëþñòðóþòüñÿ ïðèêëàäàìè i çàäà-

÷àìè. Êiíåöü ðîçâ'ÿçàíèõ ïðèêëàäiâ i çàäà÷ ïîçíà÷à¹òüñÿ ñèìâîëîì I, äîâå-
äåííÿ òåîðåì � ñèìâîëîì •. Êîæåí ðîçäië ñóïðîâîäæó¹òüñÿ ïèòàííÿìè äëÿ

êîíòðîëþ òà ñàìîêîíòðîëþ, ùî ñòîñóþòüñÿ çàñâî¹íîãî ìàòåðiàëó, òåñòîâèìè
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çàâäàííÿìè òà âïðàâàìè, ÿêi ìîæóòü áóòè îñíîâîþ äëÿ ïðîâåäåííÿ ïðàêòè-

÷íèõ çàíÿòü ç ïåâíî¨ òåìè.

Ó ñïèñêó ðåêîìåíäîâàíî¨ ëiòåðàòóðè ÷èòà÷ çíàéäå ïåðåëiê ïiäðó÷íèêiâ,

ïîñiáíèêiâ i ìîíîãðàôié, ó ÿêèõ ïèòàííÿ, âèñâiòëåíi ó öüîìó ïîñiáíèêó, âè-

êëàäåíi áiëüø ïîâíî àáî ïî-iíøîìó.

Ó äðóãîìó âèäàííi âèïðàâëåíî ïîìi÷åíi íåäîëiêè i íåçíà÷íi ïîìèëêè,

îíîâëåíî ðåêîìåíäîâàíó ëiòåðàòóðó, äîäàíi òåñòîâi çàâäàííÿ çàêðèòî¨ ôîð-

ìè, ÿêi ìîæíà âèêîðèñòîâóâàòè äëÿ îðãàíiçàöi¨ ìîäóëüíîãî ÷è ïiäñóìêîâîãî

êîíòðîëiâ.

Àâòîðè âèñëîâëþþòü ùèðó âäÿ÷íiñòü ðåöåíçåíòàì ïîñiáíèêà ïðîôåñîðàì

Ìàñëþ÷åíêó Â. Ê., Íîâîñÿäëîìó Ñ. Ï. òà Îáøòi À. Ô. çà êðèòè÷íi çàóâàæåííÿ

i öiííi ìåòîäè÷íi ïîðàäè, ÿêi ñïðèÿëè ïîêðàùåííþ ÿêîñòi ðóêîïèñó.

Óñi êðèòè÷íi çàóâàæåííÿ, ïîáàæàííÿ é ðåêîìåíäàöi¨ ç âäÿ÷íiñòþ áóäóòü

ñïðèéíÿòi àâòîðàìè òà âðàõîâàíi äëÿ ïîêðàùåííÿ çìiñòó íàñòóïíèõ âèäàíü

ïîñiáíèêà. Òàêîãî ðîäó iíôîðìàöiþ ïðîñèìî íàäñèëàòè íà åëåêòðîííi àäðåñè

àâòîðiâ: tarasgoy@yahoo.com (Ãîé Ò. Ï.), bvanya@meta.ua (Ìàëèöüêà Ã. Ï.),

ansolvas@gmail.com (Ñîëîìêî À. Â.).



ÐÎÇÄIË 1. Ïåðåòâîðåííÿ Ëàïëàñà

�1.1. Îðèãiíàë

Îðèãiíàëîì íàçèâàþòü êîìïëåêñíó ôóíêöiþ f(t) = u(t)+ iv(t) äiéñíî¨

çìiííî¨ t, ÿêà çàäîâîëüíÿ¹ òàêi óìîâè:

1) f(t) i âñi ¨¨ ïîõiäíi äî n-ãî ïîðÿäêó âêëþ÷íî íåïåðåðâíi íà iíòåðâàëi

(−∞,+∞) àáî ìàþòü íà áóäü-ÿêîìó ñêií÷åííîìó âiäðiçêó [a, b] ñêií÷åííó

êiëüêiñòü òî÷îê ðîçðèâó ïåðøîãî ðîäó;

2) f(t) ≡ 0 äëÿ t < 0;

3) |f(t)| çðîñòà¹ íå øâèäøå, íiæ äåÿêà ïîêàçíèêîâà ôóíêöiÿ, òîáòî iñíó-

þòü òàêi ñòàëi M > 0 i s > 0, íå çàëåæíi âiä t, ùî äëÿ áóäü-ÿêèõ t > 0

|f(t)| < Mest. (1.1)

Çàóâàæåííÿ 1.1. Ïåðøó óìîâó â íàâåäåíîìó îçíà÷åííi ìîæíà çàìiíè-

òè ïðîñòiøîþ (ìiíiìàëüíà âèìîãà � iíòåãðîâíiñòü íà äîâiëüíîìó ñêií-

÷åííîìó iíòåðâàëi) àáî áiëüø æîðñòêîþ, íàïðèêëàä, óìîâàìè Äiðiõëå, äå

äîäàòêîâî âèìàãà¹òüñÿ, ùîá ôóíêöiÿ f(t) áóëà êóñêîâî-ìîíîòîííîþ. Âèáið

îäíi¹¨ ç òàêèõ óìîâ íå ¹ ñóòò¹âèì ç ïðàêòè÷íî¨ òî÷êè çîðó òà ïîâ'ÿçàíèé

ïåðåäîâñiì ç îñîáëèâîñòÿìè ïîáóäîâè ìàòåìàòè÷íî¨ òåîði¨.

Äðóãà óìîâà ¹ íàéìåíø æîðñòêîþ äëÿ ïðèêëàäíèõ ïðîöåñiâ, áî çàçâè÷àé

ìîæíà âêàçàòè ïî÷àòîê âiäëiêó ÷àñó t = 0 i äîñëiäæóâàòè ïðîöåñè äëÿ

t > 0.
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Òðåòÿ óìîâà îçíà÷åííÿ òàêîæ íå îáòÿæëèâà ç ïðàêòè÷íî¨ òî÷êè çîðó,

áî áiëüøiñòü ôóíêöié, ÿêi îïèñóþòü ïðèêëàäíi ïðîöåñè, öþ óìîâó çàäîâîëü-

íÿþòü.

Äëÿ äîâiëüíîãî îðèãiíàëà f(t) ÷èñëî s ó íåðiâíîñòi (1.1) âèçíà÷à¹òüñÿ íåî-

äíîçíà÷íî. ×èñëî s0 > 0, äëÿ ÿêîãî öÿ íåðiâíiñòü âèêîíó¹òüñÿ äëÿ äîâiëüíîãî

÷èñëà s=s0 + ε (ε > 0) i íå âèêîíó¹òüñÿ äëÿ s=s0 − ε (òîáòî s0 = inf{s} �

òî÷íà íèæíÿ ãðàíü ÷èñåë s), íàçèâàþòü ïîêàçíèêîì çðîñòàííÿ ôóíêöi¨

f(t).

Ç (1.1) âèïëèâà¹, ùî âñi îðèãiíàëè f(t) ïðè t → ∞ ¹ àáî îáìåæåíèìè

(òîäi s = 0), àáî ïðÿìóþòü äî íåñêií÷åííîñòi, àëå íå øâèäøå, íiæ ôóíêöiÿ

es0t, äå s0 � ïîêàçíèê çðîñòàííÿ f(t). Òàêi ôóíêöi¨ íàçèâàþòü ôóíêöiÿìè

åêñïîíåíöiàëüíîãî òèïó .

Ñóêóïíiñòü óñiõ îðèãiíàëiâ f(t) íàçèâàþòü ïðîñòîðîì îðèãiíàëiâ.

Íàéïðîñòiøèìè îðèãiíàëàìè ¹ ôóíêöiÿ Ãåâiñàéäà

θ(t) =

1, ÿêùî t > 0,

0, ÿêùî t < 0,

òà óçàãàëüíåíà ôóíêöiÿ Ãåâiñàéäà

θ(t− t0) =

1, ÿêùî t > t0,

0, ÿêùî t < t0,
t0 > 0.

ßêùî äåÿêà ôóíêöiÿ f(t) çàäîâîëüíÿ¹ ïåðøó òà òðåòþ óìîâè ç îçíà÷åííÿ

îðèãiíàëà, àëå íå çàäîâîëüíÿ¹ äðóãó óìîâó (òàêèìè ¹, íàïðèêëàä, ôóíêöi¨

1, sin t, et, tn), òî ôóíêöiÿ

f(t)θ(t) =

f(t), ÿêùî t > 0,

0, ÿêùî t < 0,

çàäîâîëüíÿ¹ âñi óìîâè ç îçíà÷åííÿ îðèãiíàëà. Íàäàëi, âèêîðèñòîâóþ÷è ïî-

çíà÷åííÿ f(t), ââàæàòèìåìî, ùî äëÿ t < 0 öÿ ôóíêöiÿ ïðîäîâæåíà íóëåì.

Òàêà äîìîâëåíiñòü ïîÿñíþ¹òüñÿ ôiçè÷íèì çìiñòîì çàäà÷, ÿêi ïðèâîäÿòü äî



12 ÐÎÇÄIË 1. Ïåðåòâîðåííÿ Ëàïëàñà

äèôåðåíöiàëüíèõ ðiâíÿíü ç ïî÷àòêîâèìè óìîâàìè â ìîìåíò ÷àñó t = 0, àäæå

ïðîöåñ äîñëiäæó¹òüñÿ òiëüêè íà iíòåðâàëi t ∈ [0,+∞) i íå ìà¹ çíà÷åííÿ, ÿêèé

ïðîöåñ îïèñó¹ øóêàíà ôóíêöiÿ äî ïî÷àòêîâîãî ìîìåíòó ÷àñó (äëÿ t < 0).

Ó ïðîñòîði îðèãiíàëiâ ôóíêöiÿ Ãåâiñàéäà ¹ îäèíè÷íîþ ôóíêöi¹þ: ÿêùî

ôóíêöiÿ f(t) ¹ îðèãiíàëîì, òî f(t)θ(t) ≡ f(t).

Ïðèêëàä 1.1. Ïåðåâiðèòè, ÷è ¹ îðèãiíàëàìè ôóíêöi¨ f1(t) = e3t−2 ,

f2(t) =
1

2t− 3
, f3(t) = 33

t

.

Ðîçâ'ÿçàííÿ. Ôóíêöiÿ f1(t) ¹ îðèãiíàëîì, áî äëÿ íå¨ âñi óìîâè ç îçíà÷åííÿ

âèêîíóþòüñÿ (M = e−2, s0 = 3). Ôóíêöiÿ f2(t) íå ¹ îðèãiíàëîì, áî ó òî÷öi

t = 3/2 âîíà ìà¹ ðîçðèâ äðóãîãî ðîäó, òîáòî íå âèêîíó¹òüñÿ ïåðøà óìîâà ç

îçíà÷åííÿ. Ôóíêöiÿ f3(t) íå ¹ îðèãiíàëîì, áî âîíà çðîñòà¹ øâèäøå ïîêàçíè-

êîâî¨ ôóíêöi¨ (íå âèêîíó¹òüñÿ òðåòÿ óìîâà ç îçíà÷åííÿ, àäæå 33
t

> Mest äëÿ

äîâiëüíèõ M, s i äîñòàòíüî âåëèêèõ t). I

Ç (1.1) îäåðæó¹ìî íåðiâíiñòü

ln |f(t)|
t

6 s+ ln
M

t
,

ç ÿêî¨ âèïëèâà¹, ùî ïîêàçíèê çðîñòàííÿ îðèãiíàëà f(t) ìîæíà çíàéòè çà ôîð-

ìóëîþ

s0 = lim
t→+∞

ln |f(t)|
t

. (1.2)

ßêùî lim
t→+∞

ln |f(t)|
t

= +∞, òî êàæóòü, ùî ôóíêöiÿ f(t) ìà¹ íåîáìåæå-

íå çðîñòàííÿ. Òàêîþ ¹, íàïðèêëàä, ôóíêöiÿ f(t) = et
2

, áî

lim
t→+∞

ln et
2

t
= lim

t→+∞
t = +∞.

Ïðèêëàä 1.2. Çíàéòè ïîêàçíèê çðîñòàííÿ ìíîãî÷ëåíà f(t) = ant
n+

+ an−1t
n−1 + . . .+ a1t+ a0.

Ðîçâ'ÿçàííÿ. Ñêîðèñòà¹ìîñü ôîðìóëîþ (1.2):

s0 = lim
t→+∞

ln |antn + . . .+ a1t+ a0|
t

= lim
t→+∞

ln
∣∣ tn (an + . . .+ a1t

1−n + a0t
−n
)∣∣

t
=
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= lim
t→+∞

n ln t+ ln
∣∣an + . . .+ a1t

1−n + a0t
−n
∣∣

t
= n lim

t→+∞

ln t

t
= 0. I

Çàóâàæèìî, ùî äëÿ äîâiëüíîãî îðèãiíàëà f(t) ç ïîêàçíèêîì çðîñòàííÿ s0

ôóíêöiÿ tf(t) òàêîæ ¹ îðèãiíàëîì ç òèì ñàìèì ïîêàçíèêîì çðîñòàííÿ. Îòæå,

ïiñëÿ ìíîæåííÿ îðèãiíàëà íà äîâiëüíèé ñòåïiíü tn, n ∈ N, îäåðæèìî îðèãiíàë

ç òèì ñàìèì ïîêàçíèêîì çðîñòàííÿ.

�1.2. Çîáðàæåííÿ îðèãiíàëà. Îáëàñòü iñíóâàííÿ òà àíàëiòè÷íiñòü

çîáðàæåííÿ

Ïåðåòâîðåííÿì Ëàïëàñà ôóíêöi¨ f(t) íàçèâàþòü iíòåãðàëüíå ïåðå-

òâîðåííÿ, âèçíà÷åíå ñïiââiäíîøåííÿì

F (p) =

+∞∫
0

f(t)e−ptdt, (1.3)

äå p = s + iσ � êîìïëåêñíà çìiííà. Iíòåãðàë ó ïðàâié ÷àñòèíi ðiâíîñòi (1.3)

íàçèâàþòü iíòåãðàëîì Ëàïëàñà .

Çîáðàæåííÿì îðèãiíàëà f(t) íàçèâàþòü ôóíêöiþ F (p) êîìïëåêñíî¨

çìiííî¨ p, âèçíà÷åíó çà äîïîìîãîþ iíòåãðàëà Ëàïëàñà (1.3).

Ñóêóïíiñòü óñiõ çîáðàæåíü F (p) íàçèâàþòü ïðîñòîðîì çîáðàæåíü.

Âèçíà÷åíèé iíòåãðàë Ëàïëàñà ¹ íåâëàñíèì, ïðè÷îìó îáëàñòþ éîãî çái-

æíîñòi ¹ ñóêóïíiñòü òèõ êîìïëåêñíèõ ÷èñåë p, äëÿ ÿêèõ öåé iíòåãðàë ìà¹

çìiñò.

Òåîðåìà 1.1. ßêùî ôóíêöiÿ f(t) ¹ îðèãiíàëîì ç ïîêàçíèêîì çðîñòàí-

íÿ s0 , òî iíòåãðàë Ëàïëàñà (1.3) çáiãà¹òüñÿ, ÿêùî Re p > s0 , ïðè÷îìó äëÿ

Re p > s̃ > s0 âií çáiãà¹òüñÿ ðiâíîìiðíî.

Äîâåäåííÿ. Ñêîðèñòà¹ìîñÿ îçíàêîþ çáiæíîñòi íåâëàñíèõ iíòåãðàëiâ ([23],

ðîçä. 2, � 1.2). Îñêiëüêè |f(t)| < Mes0t, |e−pt| = e−st i Re p = s>s0, òî ç (1.3)
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ìà¹ìî îöiíêó

|F (p)| =

∣∣∣∣∣∣
+∞∫
0

f(t)e−ptdt

∣∣∣∣∣∣ 6
+∞∫
0

|f(t)|
∣∣e−pt

∣∣ dt < M

+∞∫
0

es0te−stdt =

=M lim
a→+∞

e(s0−s)t

s0 − s

∣∣∣∣a
0

=M

(
lim

a→+∞

e(s0−s)a

s0 − s
− 1

s0 − s

)
.

Îñêiëüêè s > s0 , òî lim
a→+∞

e(s0−s)a = 0, à òîìó

|F (p)| < M

s− s0
, (1.4)

òîáòî ó ïiâïëîùèíi s > s0 iíòåãðàë Ëàïëàñà F (p) çáiãà¹òüñÿ, ïðè÷îìó àáñî-

ëþòíî.

ßêùî Re p > s̃ > s0 , òî àíàëîãi÷íî îäåðæó¹ìî îöiíêó

|F (p)| 6 M

s̃− s0
.

Çà ìàæîðàíòíîþ îçíàêîþ Âåé¹ðøòðàññà ([23], ðîçä. 2, � 1.2) iíòåãðàë F (p)

çáiãà¹òüñÿ ðiâíîìiðíî íà ìíîæèíi Re p > s̃ > s0. •

Òåîðåìà 1.2. ßêùî f(t) ¹ îðèãiíàëîì ç ïîêàçíèêîì çðîñòàííÿ s0 , òî

éîãî çîáðàæåííÿ F (p) ó ïiâïëîùèíi Re p > s0 ¹ àíàëiòè÷íîþ ôóíêöi¹þ 2.

Äîâåäåííÿ. Ïîêàæåìî, ùî ó äîâiëüíié ïiâïëîùèíi s > s1 > s0 iíòåãðàë
+∞∫
0

tf(t)e−ptdt, îäåðæàíèé ç iíòåãðàëà Ëàïëàñà äèôåðåíöiþâàííÿì çà

çìiííîþ p, çáiãà¹òüñÿ ðiâíîìiðíî. Ñïðàâäi, îñêiëüêè∣∣∣∣∣∣
+∞∫
0

tf(t)e−ptdt

∣∣∣∣∣∣ 6
+∞∫
0

t|f(t)|
∣∣e−pt

∣∣ dt < M

+∞∫
0

te(s0−s1)tdt =

=M lim
a→+∞

(
t
e(s0−s1)t

s0 − s1

∣∣∣∣a
0

− e(s0−s1)t

(s0 − s1)2

∣∣∣∣a
0

)
=

M

(s1 − s0)2
,

òî iíòåãðàë
+∞∫
0

tf(t)e−pt dt ìàæîðó¹òüñÿ çáiæíèì iíòåãðàëîì, ÿêèé íå

çàëåæèòü âiä p. Òîìó çãiäíî ç ìàæîðàíòíîþ îçíàêîþ Âåé¹ðøòðàññà ôóíêöiÿ
2 Àíàëiòè÷íîþ íàçèâàþòü ôóíêöiþ, ÿêà ñïiâïàäà¹ iç ñâî¨ì ðÿäîì Òåéëîðà â îêîëi áóäü-ÿêî¨ òî÷êè ç

îáëàñòi âèçíà÷åííÿ öi¹¨ ôóíêöi¨.
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F (p) ó äîâiëüíié òî÷öi ïiâïëîùèíè s > s0 ìà¹ ïîõiäíó, òîáòî ¹ àíàëiòè÷íîþ

ôóíêöi¹þ. •

Òåîðåìà 1.3 (íåîáõiäíà óìîâà iñíóâàííÿ çîáðàæåííÿ). ßêùî F (p)

¹ çîáðàæåííÿì îðèãiíàëà f(t), òî

lim
p→+∞

F (p) = 0.

Äîâåäåííÿ. Ç îöiíêè (1.4) âèïëèâà¹, ùî lim
s→+∞

F (p) = 0. Îñêiëüêè ó ïiâïëî-

ùèíi Re p = s > s0, äå s0 � ïîêàçíèê çðîñòàííÿ îðèãiíàëà f(t), ôóíêöiÿ

F (p) àíàëiòè÷íà (òåîðåìà 1.2), òî lim
p→+∞

F (p) = 0. •

Çãiäíî ç òåîðåìîþ 1.3 çîáðàæåííÿìè íå ìîæóòü áóòè òàêi ôóíêöi¨ êîì-

ïëåêñíî¨ çìiííî¨, ÿê-îò 1, p, ep, cos p,
p2

p2 − 1
(ïðè íåîáìåæåíîìó çðîñòàííi p

âîíè íå ¹ íåñêií÷åííî ìàëèìè).

Çà ôîðìóëîþ (1.3) êîæíîìó îðèãiíàëó f(t) ìîæíà çiñòàâèòè çîáðàæåí-

íÿ � ïåâíó ôóíêöiþ F (p), àíàëiòè÷íó ó ïiâïëîùèíi Re p > s0. Çâ'ÿçîê ìiæ

ôóíêöiÿìè f(t) i F (p) ñèìâîëi÷íî ïîçíà÷àòèìåìî çíàêîì →, òîáòî

f(t)→F (p) àáî F (p)→f(t).

Çìiñò öèõ ïîçíà÷åíü ïîëÿãà¹ ó òîìó, ùî îðèãiíàëó f(t) çiñòàâëåíî çîáðàæåííÿ

F (p), à çîáðàæåííÿ F (p) ìà¹ ñâî¨ì îðèãiíàëîì f(t). Ó ïåðåòâîðåííi Ëàïëàñà

îðèãiíàë ïîçíà÷àòèìåìî ìàëîþ áóêâîþ, à éîãî çîáðàæåííÿ � âiäïîâiäíîþ

âåëèêîþ áóêâîþ, íàïðèêëàä, x(t) → X(p), φ(t) → Φ(p).

Âêàçóþ÷è çâ'ÿçîê ìiæ îðèãiíàëîì f(t) i çîáðàæåííÿì F (p), âèêîðè-

ñòîâóþòü òàêîæ ïîçíà÷åííÿ f(t) ↔ F (p), f(t) : F (p), F (p) = L {f(t)},

f(t) ↓ F (p).

Ôîðìóëà äëÿ îáåðíåíîãî ïåðåõîäó âiä çîáðàæåííÿ F (p) äî îðèãiíàëà f(t)

ìà¹ áiëüø ñêëàäíèé âèãëÿä i âèâ÷àòèìåòüñÿ ó �4.1.

Çàóâàæåííÿ 1.2. Äëÿ ïîáóäîâè îïåðàöiéíîãî ÷èñëåííÿ, îêðiì ïåðåòâî-

ðåííÿ Ëàïëàñà, ìîæíà ðîçãëÿäàòè é iíøi iíòåãðàëüíi ïåðåòâîðåííÿ. Íà-
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ïðèêëàä, Î. Ãåâiñàéä i Ä. Êàðñîí âèêîðèñòîâóâàëè iíòåãðàëüíå ïåðåòâîðåí-

íÿ

F̃ (p) = p

+∞∫
0

f(t)e−ptdt,

ÿêå òiëüêè ìíîæíèêîì p âiäðiçíÿ¹òüñÿ âiä ïåðåòâîðåííÿ Ëàïëàñà. Ìàþòü

øèðîêå ïðàêòè÷íå çàñòîñóâàííÿ òàêîæ ïåðåòâîðåííÿ Áåññåëÿ, Ìåëëiíà,

Ôóð'¹ òîùî [18].

�1.3. Çîáðàæåííÿ äåÿêèõ îðèãiíàëiâ

Âèêîðèñòîâóþ÷è ôîðìóëó (1.3), çíàéäåìî çîáðàæåííÿ äåÿêèõ îðèãiíàëiâ.

Çîáðàæåííÿ ôóíêöi¨ Ãåâiñàéäà θ(t).

F (p) =

+∞∫
0

θ(t)e−ptdt = lim
b→+∞

b∫
0

e−ptdt = lim
b→+∞

e−pt

−p

∣∣∣∣b
0

= lim
b→+∞

(
1

p
− 1

p
e−pb

)
.

ßêùî Re p > 0, òî lim
b→+∞

e−pb = 0. Îòæå,

θ(t) → 1

p
, Re p > 0. (1.5)

Çîáðàæåííÿ óçàãàëüíåíî¨ ôóíêöi¨ Ãåâiñàéäà θ(t− t0).

F (p) =

+∞∫
0

θ(t− t0)e
−ptdt =

+∞∫
t0

e−ptdt = −1

p
lim

b→+∞
e−pt

∣∣∣∣b
t0

=
e−t0p

p
.

Îòæå,

θ(t− t0) →
e−t0p

p
, Re p > 0. (1.6)

Çîáðàæåííÿ åêñïîíåíòè eαt. Îñêiëüêè

F (p) =

+∞∫
0

eαte−ptdt = lim
b→+∞

b∫
0

e(α−p)tdt =

=
1

α− p
lim

b→+∞
e(α−p)t

∣∣∣b
0
=

1

α− p
lim

b→+∞

(
e(α−p)b − 1

)
.

Îñêiëüêè lim
b→+∞

e(α−p)b = 0, ÿêùî Re (p− α) > 0, òî

eαt → 1

p− α
, Re p > Re α. (1.7)
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Çàóâàæåííÿ 1.3. Çîáðàæåííÿ F (p) =
1

p− α
¹ âèçíà÷åíîþ é àíàëiòè-

÷íîþ ôóíêöi¹þ â óñié êîìïëåêñíié ïëîùèíi, êðiì îñîáëèâî¨ òî÷êè p = α,

õî÷à âiäïîâiäíèé iíòåãðàë Ëàïëàñà çáiãà¹òüñÿ ëèøå ó ïiâïëîùèíi Re p > α.

Òàêà ñèòóàöiÿ ¹ òèïîâîþ: çàçâè÷àé, ôóíêöiÿ F (p) ¹ âèçíà÷åíîþ é àíàëi-

òè÷íîþ ó áiëüøié ÷àñòèíi êîìïëåêñíî¨ ïëîùèíè, íiæ Re p > α. Çãiäíî ç

òåîðåìîþ 1.1 ôóíêöiÿ F (p) íå ìà¹ îñîáëèâèõ òî÷îê ó öié ïiâïëîùèíi. Óñi

öi òî÷êè ëåæàòü àáî íà ïðÿìié Re p = α, àáî ëiâiøå âiä íå¨.

Çîáðàæåííÿ δ�ôóíêöi¨ Äiðàêà. Íàãàäà¹ìî, ùî δ�ôóíêöi¹þ Äiðàêà

íàçèâàþòü ôóíêöiþ, âèçíà÷åíó ðiâíîñòÿìè

δ(t) =

0, ÿêùî t ̸= 0,

∞, ÿêùî t = 0,

+∞∫
−∞

δ(t) dt = 1.

Öÿ ôóíêöiÿ äîçâîëÿ¹ çàïèñàòè ïðîñòîðîâó ãóñòèíó ôiçè÷íî¨ âåëè÷èíè (ìàñè,

çàðÿäó, iíòåíñèâíîñòi äæåðåëà òåïëà, ñèëè òîùî), çîñåðåäæåíî¨ àáî ïðèêëà-

äåíî¨ â îäíié òî÷öi.

δ�ôóíêöiþ Äiðàêà ìîæíà îçíà÷èòè ÿê ãðàíèöþ ïðè h → 0 iìïóëüñíî¨

ôóíêöi¨

δh(t) =

0, ÿêùî t ∈ (−∞, 0) ∪ (h,+∞),

1/h, ÿêùî t ∈ [0, h).

Âèêîðèñòîâóþ÷è ôóíêöiþ Ãåâiñàéäà òà óçàãàëüíåíó ôóíêöiþ Ãåâiñàéäà, iì-

ïóëüñíó ôóíêöiþ δh(t) çàïèøåìî ó âèãëÿäi

δh(t) =
θ(t)− θ(t− h)

h
.

Âèõîäÿ÷è ç îçíà÷åííÿ δ�ôóíêöi¨ Äiðàêà, ââàæàòèìåìî, ùî ¨¨ çîáðàæåííÿ ¹

ãðàíè÷íèì ïðè h → +0 äëÿ çîáðàæåííÿ ôóíêöi¨ δh(t), ÿêå çíàéäåìî, âèêî-

ðèñòîâóþ÷è (1.5) i (1.6):

δh(t) →
1

h

(
1

p
− e−ph

p

)
=

1− e−ph

ph
.

Òîäi

δ(t) = lim
h→+0

δh(t) → lim
h→+0

1− e−ph

ph
= 1.
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Òàêèì ÷èíîì,

δ(t) → 1. (1.8)

Çàóâàæåííÿ 1.4. Î÷åâèäíî, ùî çîáðàæåííÿ δ�ôóíêöi¨ Äiðàêà íå çàäî-

âîëüíÿ¹ íåîáõiäíó óìîâó iñíóâàííÿ (òåîðåìà 1.3). Ó òàêèõ âèïàäêàõ äîâîäè-

òüñÿ ðîçøèðþâàòè ïîíÿòòÿ îðèãiíàëà òà çîáðàæåííÿ. Çîêðåìà, ïðîñòið

îðèãiíàëiâ ìîæíà ðîçøèðèòè, ââiâøè â íüîãî ôóíêöi¨, ÿêi ¹ íåîáìåæåíè-

ìè â îêîëàõ ñêií÷åííî¨ êiëüêîñòi òî÷îê, àëå iíòåãðàë Ëàïëàñà âiä ÿêèõ àá-

ñîëþòíî çáiãà¹òüñÿ ó ïiâïëîùèíi Re p > s0. Òàêi îðèãiíàëè òà âiäïîâiä-

íi çîáðàæåííÿ íàçèâàþòü óçàãàëüíåíèìè . Óçàãàëüíåíèìè îðèãiíàëàìè

¹, íàïðèêëàä, ñòåïåíåâà ôóíêöiÿ tα, äå α > −1, ôóíêöiÿ ln t òà äåÿêi ií-

øi. Âçàãàëi, óçàãàëüíåíèì îðèãiíàëîì ¹ êîæíà ôóíêöiÿ f(t), ÿêà â äåÿêèõ

òî÷êàõ t1, . . . , tn ¹ íåñêií÷åííî âåëèêîþ ôóíêöi¹þ ïîðÿäêó, ìåíøîãî âiä îäè-

íèöi, òîáòî òàêà, ùî lim
t→tj

(t − tj)
qjf(t) = 0 äëÿ äåÿêîãî qj < 1, i ÿêùî ïîçà

äåÿêèìè îêîëàìè òî÷îê t1, . . . , tn âîíà çàäîâîëüíÿ¹ óìîâè 1�3 ç îçíà÷åííÿ

îðèãiíàëà.

Çîáðàæåííÿ ñòåïåíåâî¨ ôóíêöi¨ tα, α>−1. Íàãàäà¹ìî ñïî÷àòêó äå-

ÿêi òâåðäæåííÿ òà ôîðìóëè, ïîâ'ÿçàíi ç ãàìà-ôóíêöi¹þ Γ(s), òîáòî ôóí-

êöi¹þ, ÿêà çàäà¹òüñÿ çà äîïîìîãîþ iíòåãðàëüíîãî ïåðåòâîðåííÿ

Γ(s) =

+∞∫
0

e−tts−1dt, s > 0. (1.9)

Ç êóðñó ìàòåìàòè÷íîãî àíàëiçó ([23], ðîçä. 2, � 6.2) âiäîìî, ùî Γ(s) ¹ íå-

ïåðåðâíîþ ôóíêöi¹þ çìiííî¨ s > 0, Γ(1) = 1, Γ
(
1
2

)
=

√
π , à òàêîæ

Γ(s+ 1) = sΓ(s). (1.10)

Âèêîðèñòîâóþ÷è (1.10), ìà¹ìî

Γ(s+ k) = s(s− 1)(s− 2) · . . . · (s− k) · Γ(s− k), k < s.

ßêùî s = n ∈ N, òî

Γ(n+ 1) = n(n− 1) · . . . · 2 · 1 · Γ(1) = n! (1.11)
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Ç (1.10) îäåðæó¹ìî, ùî

Γ

(
n+

1

2

)
=

1 · 3 · 5 · . . . · (2n− 1)

2n
Γ

(
1

2

)
=

(2n)!

22nn!

√
π. (1.12)

Çà ôîðìóëîþ (1.10) ãàìà-ôóíêöiþ äîâiëüíîãî àðãóìåíòà s > 0 ìîæåìî

âèðàçèòè ÷åðåç ãàìà-ôóíêöiþ àðãóìåíòà 0 < s < 1. Âèêîðèñòîâóþ÷è (1.10),

öþ ôóíêöiþ ìîæåìî îçíà÷èòè òàêîæ i äëÿ s < 0. Ñïðàâäi, ÿêùî −1 < s < 0,

òî 0 < s+ 1 < 1, i ïðàâà ÷àñòèíà ðiâíÿííÿ

Γ(s) =
1

s
· Γ(s+ 1) (1.13)

âèçíà÷åíà, à îòæå, âèðàç ó ëiâié ÷àñòèíi ìà¹ çìiñò, òîáòî ôóíêöiþ Γ(s) îçíà-

÷åíî íà iíòåðâàëi (−1; 0). Àíàëîãi÷íî ìîæíà îçíà÷èòè ôóíêöiþ Γ(s) íà ií-

òåðâàëàõ (−2;−1), (−3;−2) i ò.ä. Äëÿ n ∈ N ìà¹ìî

Γ

(
−n+

1

2

)
=

(−1)n2n

1 · 3 · 5 · . . . · (2n− 1)
· Γ
(
1

2

)
=

(−1)n22nn!

(2n)!

√
π. (1.14)

Âiäîìî ([23], ðîçä. 2, � 6.9), ùî ôóíêöiÿ Γ(p) ¹ àíàëiòè÷íîþ ôóíêöi¹þ ó

êîæíié òî÷öi ïëîùèíè p, êðiì òî÷îê p = 0,−1,−2, . . . , äå âîíà ìà¹ ïðîñòi

ïîëþñè. Îòæå, ó ïiâïëîùèíi Re p > 0 ôóíêöiÿ Γ(p) ìîæå áóòè çîáðàæåííÿì

äåÿêîãî îðèãiíàëà.

Ïîâåðíiìîñÿ äî çíàõîäæåííÿ çîáðàæåííÿ ôóíêöi¨ tα, äå α > −1 :

F (p) =

+∞∫
0

tαe−ptdt.

Çðîáèìî çàìiíó pt = τ, ÿêà ïåðåòâîðþ¹ äiéñíó âiñü t > 0 ó ïðîìiíü ç íàïðÿ-

ìîì | arg p| < π

2
(ðèñ. 1). Òîäi

+∞∫
0

tαe−ptdt =
1

pα+1

∫
l1

e−τταdτ.
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6

-

τ

tO l2

l1
cr

Ðèñ. 1

Ôóíêöiÿ e−ττα ¹ àíàëiòè÷íîþ ó ïiâïëîùèíi Re τ > 0. Äëÿ âèäiëåííÿ îäíî-

çíà÷íèõ âiòîê ôóíêöi¨ τα = eαLn τ çðîáèìî ðîçðiç óçäîâæ âiä'¹ìíî¨ ÷àñòèíè

äiéñíî¨ îñi. Ó ïëîùèíi τ êîíòóð l = l2 + cr + l1 (ðèñ. 1). Çà iíòåãðàëüíîþ

òåîðåìîþ Êîøi ([6], �4.2)
∫
l

e−τταdτ = 0 àáî
∫
l1

=

∫
l2

+

∫
cr

. Ó öié ðiâíîñòi

ïåðåéäåìî äî ãðàíèöi, ñïðÿìóâàâøè r äî +∞ :∫
l1

e−τταdτ =

+∞∫
0

e−ttαdt+ lim
r→∞

∫
cr

e−τταdτ.

Îñêiëüêè lim
|τ |→∞

|e−ττα| = 0, òî lim
r→∞

∫
cr

e−τταdτ = 0. Òàêèì ÷èíîì,

∫
l1

e−τταdτ =

+∞∫
0

e−ttαdt = Γ(α + 1), α > −1.

Îòæå,

tα → Γ(α + 1)

pα+1
, α > −1, Re p > 0. (1.15)

ßêùî −1 < α < 0, òî ôóíêöiÿ f(t) = tα ¹ óçàãàëüíåíèì îðèãiíàëîì (äèâ.

çàóâàæåííÿ 1.3).

ßêùî ó ôîðìóëi (1.15) α = n ∈ N, òî tn → Γ(n+ 1)

pn+1
àáî, âðàõîâóþ÷è

(1.11),

tn → n!

pn+1
. (1.16)
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Ïðèêëàä 1.3. Çíàéòè çîáðàæåííÿ îðèãiíàëiâ:

à) f(t) = t4, á) f(t) = tn+
1
2 , â) f(t) = t−n− 1

2 .

Ðîçâ'ÿçàííÿ. à) Çãiäíî ç ôîðìóëîþ (1.16)

t4 → 4!

p5
=

24

p5
.

á) Ç ôîðìóëè (1.15) îäåðæó¹ìî, ùî tn+
1
2 →

Γ
(
3
2 + n

)
p

3
2+n

, à âèêîðèñòîâóþ÷è

(1.11), ìà¹ìî ñïiââiäíîøåííÿ

tn+
1
2 → (2(n+ 1))!

22(n+1)(n+ 1)!

√
π

1

pn+
3
2

=
(2n+ 1)!

√
π

22n+1 · n!
· p−n−3

2 .

Çîêðåìà, ÿêùî n = 0, òî
√
t→

√
π

2
· p−

3
2 .

â) Çãiäíî ç (1.15) t−n− 1
2 →

Γ
(
−n+ 1

2

)
p−n+1

2

, à ç óðàõóâàííÿì (1.11), îòðèìó¹ìî

t−n− 1
2 → (−1)n22nn!

√
π

(2n)!
· pn−

1
2 ,

çîêðåìà,
1√
t
→

√
π · p−

1
2 . I

Êîíòðîëüíi ïèòàííÿ äî ðîçäiëó 1

1. ßêi óìîâè ïîâèííà çàäîâîëüíÿòè ôóíêöiÿ êîìïëåêñíî¨ çìiííî¨ f(t), ùîá

âîíà áóëà îðèãiíàëîì? Íàâåäiòü ïðèêëàäè îðèãiíàëiâ, à òàêîæ ôóíêöié,

ÿêi íå ¹ îðèãiíàëàìè.

2. ßêó ôóíêöiþ íàçèâàþòü ôóíêöi¹þ Ãåâiñàéäà? ßêó ðîëü âîíà âiäiãðà¹ ó

ïðîñòîði îðèãiíàëiâ?

3. Ùî íàçèâàþòü ïîêàçíèêîì çðîñòàííÿ îðèãiíàëà? Çà ÿêîþ ôîðìóëîþ ìî-

æíà çíàéòè ïîêàçíèê çðîñòàííÿ ôóíêöi¨ f(t)? ×îìó äîðiâíþ¹ ïîêàçíèê

çðîñòàííÿ îáìåæåíî¨ ôóíêöi¨; ïîêàçíèêîâî¨ ôóíêöi¨ eαt+β; äîâiëüíîãî ìíî-

ãî÷ëåíà?
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4. ßêi ôóíêöi¨ íàçèâàþòü ôóíêöiÿìè åêñïîíåíöiàëüíîãî òèïó òà ôóíêöiÿìè

íåîáìåæåíîãî çðîñòàííÿ? Íàâåäiòü ïðèêëàäè òàêèõ ôóíêöié.

5. Ùî íàçèâàþòü ïåðåòâîðåííÿì Ëàïëàñà, iíòåãðàëîì Ëàïëàñà, çîáðàæåííÿì

îðèãiíàëà?

6. Ó ÿêié ïiâïëîùèíi ãàðàíòó¹òüñÿ çáiæíiñòü (ðiâíîìiðíà çáiæíiñòü) iíòåãðà-

ëà Ëàïëàñà?

7. ßê ôîðìóëþ¹òüñÿ òåîðåìà ïðî àíàëiòè÷íiñòü çîáðàæåííÿ îðèãiíàëà?

8. ßêîþ ¹ íåîáõiäíà óìîâà iñíóâàííÿ çîáðàæåííÿ? Âèêîðèñòîâóþ÷è öþ óìî-

âó, ïîÿñíiòü, ÷îìó íå ìîæóòü áóòè çîáðàæåííÿìè ôóíêöi¨ sin p,
p

p+ 1
?

9. ßêèìè ¹ çîáðàæåííÿ ôóíêöi¨ Ãåâiñàéäà, óçàãàëüíåíî¨ ôóíêöi¨ Ãåâiñàéäà,

δ�ôóíêöi¨ Äiðàêà, ïîêàçíèêîâî¨ ôóíêöi¨ eαt , ñòåïåíåâèõ ôóíêöié tα,

α ∈ (−1,+∞), i tn, n ∈ N?

Ðåêîìåíäîâàíà ëiòåðàòóðà: [1, ñ. 190�198], [3, ñ. 154�166], [6, ñ. 154�166],

[9, c. 9�20], [11, ñ. 221�227], [14, ñ. 173�179].

Òåñòîâi çàâäàííÿ äî ðîçäiëó 1

1.1. ßêùî ôóíêöiÿ f(t) ¹ îðèãiíàëîì, òî âîíà:

A. îáîâ'ÿçêîâî îáìåæåíà B. îáîâ'ÿçêîâî íåîáìåæåíà

C. ìîæå áóòè íåñêií÷åííî âåëèêîþ D. îáîâ'ÿçêîâî íåïåðåðâíà.

1.2. ßêùî ôóíêöiÿ f(t) ¹ îðèãiíàëîì, òî:

A. f(t) ≡ 0 äëÿ t > 0 B. f(t) ≡ 0 äëÿ t ≥ 0

C. f(t) ≡ 0 äëÿ t < 0 D. f(t) < 0 äëÿ t < 0.

1.3. Ñåðåä íàâåäåíèõ ôóíêöié âêàæiòü ôóíêöiþ Ãåâiñàéäà:

A. θ(t) =

1, ÿêùî t < 0,

0, ÿêùî t > 0,
B. θ(t) =

1, ÿêùî t > 0,

0, ÿêùî t < 0,

C. θ(t) =

1, ÿêùî t > 1,

0, ÿêùî t < 1,
D. θ(t) =

0, ÿêùî t > 0,

1, ÿêùî t < 0.
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1.4. Ó ïðîñòîði îðèãiíàëiâ îäèíè÷íîþ ôóíêöi¹þ ¹:

A. δ−ôóíêöiÿ Äiðàêà B. ôóíêöiÿ Ãåâiñàéäà

C. óçàãàëüíåíà ôóíêöiÿ Ãåâiñàéäà D. f(t) = 1, t ∈ (−∞,+∞).

1.5. ßêà ç íàâåäåíèõ ôóíêöié íå ¹ îðèãiíàëîì (ââàæàòè, ùî âñi ôóíêöi¨

äëÿ t < 0 ïðîäîâæåíi íóëåì):

A. esin t B. et
2

C. e−t3 D. et+3.

1.6. Ïîêàçíèêîì çðîñòàííÿ äîâiëüíîãî ìíîãî÷ëåíà ñòåïåíÿ n ¹ ÷èñëî:

A. 0 B. 1 C. 1/2 D. n.

1.7. ßêùî ôóíêöiÿ f(t) ¹ îðèãiíàëîì ç ïîêàçíèêîì çðîñòàííÿ s, òî ôóí-

êöiÿ tnf(t), n ∈ N, ¹ îðèãiíàëîì ç ïîêàçíèêîì çðîñòàííÿ:

A. n B. n+ s C. n− s D. s.

1.8. Ïîêàçíèêîì çðîñòàííÿ îðèãiíàëà f(t) = e5t cos 2t ¹ ÷èñëî:

A. 0 B. 1 C. 2 D. 5.

1.9. Ïåðåòâîðåííÿì Ëàïëàñà ôóíêöi¨ f(t) íàçèâàþòü iíòåãðàëüíå ïåðå-

òâîðåííÿ, âèçíà÷åíå ôîðìóëîþ:

A. F (p) =

∞∫
0

e−ptf(t) dt B. F (p) =

p∫
0

e−ptf(t) dt

C. F (p) =

∞∫
0

eptf(t) dt D. F (p) =

∞∫
−∞

e−ptf(t) dt.

1.10. ßêùî ôóíêöiÿ f(t) ¹ îðèãiíàëîì ç ïîêàçíèêîì çðîñòàííÿ s0 , òî

iíòåãðàë Ëàïëàñà F (p) âiä öi¹¨ ôóíêöi¨ çáiãà¹òüñÿ ó ïiâïëîùèíi:

A. Re p < s0 B. Re p > s0 C. Re p > −s0 D. Re p < −s0.

1.11. ßêùî F (p) ¹ çîáðàæåííÿì îðèãiíàëà f(t), òî:

A. lim
p→+∞

F (p) = +∞ B. lim
p→+∞

F (p) < 0

C. lim
p→+∞

F (p) = 0 D. lim
p→+∞

F (p) > 0.
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1.12. ßêùî ôóíêöiÿ f(t) ̸= const ¹ îðèãiíàëîì, òî ¨¨ çîáðàæåííÿ F (p)

ïðè p→ +∞ ¹:

A. íåîáìåæåíèì B. ñòàëèì

C. íåñêií÷åííî ìàëèì D. íåñêi÷åííî âåëèêèì.

1.13. ßêà ç íàâåäåíèõ ôóíêöié ìîæå áóòè çîáðàæåííÿì äåÿêîãî îðèãiíà-

ëà:

A. F (p) =
p2 sin p

p2 + 1
B. F (p) =

p2

p2 + 1

C. F (p) =
p12/7

p2 + 1
D. F (p) =

p

p2 + 1
.

1.14. Çîáðàæåííÿì ôóíêöi¨ Ãåâiñàéäà θ(t) ¹:

A. F (p) =
1

p2
B. F (p) =

1

p
C. F (p) =

e−p

p
D. F (p) =

ep

p
.

1.15. Çîáðàæåííÿì óçàãàëüíåíî¨ ôóíêöi¨ Ãåâiñàéäà θ(t− t0) ¹:

A. F (p) =
et0p

p
B. F (p) =

1

p

C. F (p) =
e−t0p

p2
D. F (p) =

e−t0p

p
.

1.16. Çîáðàæåííÿì ïîêàçíèêîâî¨ ôóíêöi¨ eαt ¹:

A. F (p) =
1

p− α
B. F (p) =

1

p+ α

C. F (p) =
α

p
D. F (p) =

e−αp

p
.

1.17. Çîáðàæåííÿì δ−ôóíêöi¨ Äiðàêà ¹:

A. F (p) =
1

p
B. F (p) =

1

p2
C. F (p) = 1 D. F (p) = e.

1.18. Ãàìà�ôóíêöiÿ Γ(s) äëÿ s > 0 çàäà¹òüñÿ çà äîïîìîãîþ ôîðìóëè:

A. Γ(s) =

+∞∫
−∞

e−tts−1dt B. Γ(s) =

+∞∫
0

etts−1dt

C. Γ(s) =

+∞∫
0

e−ttsdt D. Γ(s) =

+∞∫
0

e−tts−1dt.

1.19. Íåõàé Γ(s) � ãàìà�ôóíêöiÿ. Çîáðàæåííÿì îðèãiíàëà f(t) = ta,

a > −1, ¹:
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A. F (p) =
Γ(a+ 1)

pa
B. F (p) =

Γ(a)

pa+1

C. F (p) =
Γ(a)

pa
D. F (p) =

Γ(a+ 1)

pa+1
.

1.20. Çîáðàæåííÿì îðèãiíàëà f(t) = tn, n ∈ N, ¹:

A. F (p) =
(n+ 1)!

pn+1
B. F (p) =

n!

pn+1

C. F (p) =
n!

pn
D. F (p) =

(n+ 1)!

pn
.

Âïðàâè äëÿ ñàìîñòiéíîãî âèêîíàííÿ

Âïðàâà 1.1. Ïåðåâiðòå, ÷è ¹ ôóíêöiÿ f(t) îðèãiíàëîì. Ó âèïàäêó ñòâåð-

äíî¨ âiäïîâiäi çíàéäiòü ïîêàçíèê çðîñòàííÿ öi¹¨ ôóíêöi¨ :

1) f(t) = e3t sin 2t, 2) f(t) = et
3

, 3) f(t) = t3,

4) f(t) = e−t, 5) f(t) = ln(t+ 1), 6) f(t) = e
1
t ,

7) f(t) = t sin
1

t
, 8) f(t) = tt, 9) f(t) = e(2+4i)t,

10) f(t) = ch(3− i)t, 11) f(t) = 5t, 12) f(t) = e−t2,

13) f(t) = t2 + 4, 14) f(t) = et
2−3, 15) f(t) =

1

t2 + 2
,

16) f(t) = e−t3, 17) f(t) = tg t, 18) f(t) = e−t cos t,

19) f(t) = et cos2 t, 20) f(t) = e
√
t.

Âïðàâà 1.2. Êîðèñòóþ÷èñü îçíà÷åííÿì, çíàéäiòü çîáðàæåííÿ îðèãiíà-

ëà f(t):
1) f(t) = e−3t cos 4t, 2) f(t) = 3 cos 2t,

3) f(t) = e4t sin2 t, 4) f(t) = te2t,

5) f(t) = sin2 πt, 6) f(t) = et sin t,

7) f(t) = t sh t, 8) f(t) = et cos2 t,

9) f(t) = cos 3t cos 5t, 10) f(t) = t ch 2t,

11) f(t) = ch 2t cos t
2 , 12) f(t) = cos 2t sin 3t,

13) f(t) = sin 3t− 5, 14) f(t) = t2e2t,

15) f(t) = 3 sin 3t− 2 ch 2t, 16) f(t) = sh 4t sin 3t,
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17) f(t) = ch t+ cos t, 18) f(t) = sh t+ sin t,

19) f(t) = sin t
3 sin 3t, 20) f(t) = sh 4t cos 2t.

Âïðàâà 1.3. Äîâåäiòü, ùî ôóíêöiÿ f(t) ¹ îðèãiíàëîì, òà çíàéäiòü ¨¨

çîáðàæåííÿ:

1) f(t) =

sin t, ÿêùî 0 < t < 1,

0, ÿêùî t > 1,

2) f(t) =

t+1, ÿêùî 0 < t < 1,

0, ÿêùî t > 1,

3) f(t) =

2t−1, ÿêùî 0 < t < 1,

0, ÿêùî t > 1,

4) f(t) =

0, ÿêùî 0 < t < 1,

e1−t, ÿêùî t > 1,

5) f(t) =

1−t, ÿêùî 0 < t < 2,

0, ÿêùî t > 2,

6) f(t) =

0, ÿêùî 0 < t < 4,

2−3t, ÿêùî t > 4,

7) f(t) =


cos t, ÿêùî 0 < t < 1,

−1, ÿêùî 1 < t < 2,

0, ÿêùî t > 2,

8) f(t) =


t, ÿêùî 0 < t < 1,

2−t, ÿêùî 1 < t < 2,

0, ÿêùî t > 2,

9) f(t) =


0, ÿêùî 0 < t < 1,

1, ÿêùî 1 < t < 3,

2, ÿêùî t > 3,

10) f(t) =


0, ÿêùî 0 < t < 1,

t−1, ÿêùî 1 < t < 2,

1, ÿêùî t > 2.



ÐÎÇÄIË 2. Îñíîâíi âëàñòèâîñòi ïåðåòâîðåííÿ

Ëàïëàñà

ßê âæå çàçíà÷àëîñü ó âñòóïi, âàæëèâîþ ïåðåâàãîþ îïåðàöiéíîãî ÷èñëåí-

íÿ ¹ òå, ùî çäiéñíþþ÷è ïåðåõiä ç ïðîñòîðó îðèãiíàëiâ ó ïðîñòið çîáðàæåíü,

ìè îäíi ìàòåìàòè÷íi îïåðàöi¨ (äèôåðåíöiþâàííÿ, iíòåãðóâàííÿ) çàìiíþ¹ìî

iíøèìè ïðîñòiøèìè ìàòåìàòè÷íèìè îïåðàöiÿìè. Öÿ çàìiíà çäiéñíþ¹òüñÿ çà

îñíîâíèìè ïðàâèëàìè îïåðàöiéíîãî ÷èñëåííÿ, ÿêi ñôîðìóëþ¹ìî ó âèãëÿäi

òåîðåì.

�2.1. Ëiíiéíiñòü i ïîäiáíiñòü ïåðåòâîðåííÿ Ëàïëàñà

Òåîðåìà 2.1 (ëiíiéíiñòü îðèãiíàëà). ßêùî f1(t), f2(t) � îðèãiíàëè

ç ïîêàçíèêàìè çðîñòàííÿ s1, s2 , à F1(p), F2(p) � âiäïîâiäíi çîáðàæåííÿ i

Re p > s1, Re p > s2 , òî äëÿ äîâiëüíèõ êîìïëåêñíèõ ÷èñåë α1, α2 ëiíiéíà

êîìáiíàöiÿ α1f1(t) + α2f2(t) òàêîæ ¹ îðèãiíàëîì, ïðè÷îìó

α1f1(t) + α2f2(t) → α1F1(p) + α2F2(p)

ó ïiâïëîùèíi Re p > max{s1, s2}.

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è ôîðìóëó (1.3) òà ëiíiéíiñòü îïåðàöi¨ iíòåãðó-

âàííÿ, ìà¹ìî:

α1f1(t) + α2f2(t) →
+∞∫
0

(
α1f1(t) + α2f2(t)

)
e−ptdt =
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= α1

+∞∫
0

f1(t)e
−ptdt+ α2

+∞∫
0

f2(t)e
−ptdt = α1F1(p) + α2F2(p).

Îñêiëüêè iíòåãðàëè

+∞∫
0

f1(t)e
−ptdt i

+∞∫
0

f2(t)e
−ptdt çáiãàþòüñÿ, âçàãàëi êà-

æó÷è, ó ðiçíèõ ïiâïëîùèíàõ Re p > s1 i Re p > s2, òî iíòåãðàë
+∞∫
0

(
α1f1(t) + α2f2(t)

)
e−ptdt

çáiãà¹òüñÿ íà ïåðåòèíi öèõ ïiâïëîùèí, òîáòî ó ïiâïëîùèíi Re p >max{s1, s2}.•

Çàóâàæåííÿ 2.1. Ó òåîðåìi 2.1 óìîâà, ùî îáèäâà äîäàíêè ôóíêöi¨

α1f1(t) + α2f2(t) ìàþòü áóòè îðèãiíàëàìè, ¹ ñóòò¹âîþ. Íàïðèêëàä,

ôóíêöiÿ
et − 1

t
¹ îðèãiíàëîì, àëå ôóíêöi¨ f1(t) =

et

t
i f2(t) =

1

t
íå ¹

îðèãiíàëàìè (âîíè íåñêií÷åííî âåëèêi ïðè t→ +0).

Ïðèêëàä 2.1. Âèêîðèñòîâóþ÷è ëiíiéíiñòü ïåðåòâîðåííÿ Ëàïëàñà, çíà-

éòè çîáðàæåííÿ îðèãiíàëiâ sin t, cos t, sh t, ch t.

Ðîçâ'ÿçàííÿ. Çà ôîðìóëàìè Åéëåðà

sin t =
eit − e−it

2i
, cos t =

eit + e−it

2
.

Âèêîðèñòîâóþ÷è òåïåð çíàéäåíå ó �1.3 çîáðàæåííÿ eαt → 1

p− α
, Re p > Reα,

i ëiíiéíiñòü ïåðåòâîðåííÿ Ëàïëàñà, îäåðæó¹ìî çîáðàæåííÿ òðèãîíîìåòðè÷íèõ

ôóíêöié:

sin t→ 1

2i

(
1

p− i
− 1

p+ i

)
=

1

p2 + 1
,

cos t→ 1

2

(
1

p− i
+

1

p+ i

)
=

p

p2 + 1
.

Àíàëîãi÷íî, âèõîäÿ÷è ç îçíà÷åíü ãiïåðáîëi÷íèõ ôóíêöié, ìà¹ìî:

sh t =
et − e−t

2
→ 1

2

(
1

p− 1
− 1

p+ 1

)
=

1

p2 − 1
,

ch t =
et + e−t

2
→ 1

2

(
1

p− 1
+

1

p+ 1

)
=

p

p2 − 1
. I
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Òåîðåìà 2.2 (ïîäiáíiñòü îðèãiíàëà). ßêùî ôóíêöiÿ f(t) ¹ îðèãiíàëîì

ç ïîêàçíèêîì çðîñòàííÿ s0, f(t) → F (p), Re p > s0, i α � äåÿêå äîäàòíå

÷èñëî, òî

f(αt) → 1

α
F
( p
α

)
(2.1)

ó ïiâïëîùèíi Re p > max {s0, αs0}.

Äîâåäåííÿ. Â iíòåãðàëi Ëàïëàñà ç ôîðìóëè (1.3) âèêîíà¹ìî çàìiíó τ = αt.

Òîäi 0 6 τ < +∞ i

f(αt) →
+∞∫
0

f(αt)e−ptdt =
1

α

+∞∫
0

f(τ)e−
p
ατdτ =

1

α
· F
( p
α

)
. •

Ïiäñòàâëÿþ÷è ó ôîðìóëó (2.1) α =
1

β
, äå β > 0, îäåðæó¹ìî äâî¨ñòå äî

(2.1) ñïiââiäíîøåííÿ

F (βp) → 1

β
· f
(
t

β

)
. (2.2)

Ñïiââiäíîøåííÿ (2.1) i (2.2) âèðàæàþòü âëàñòèâiñòü ïîäiáíîñòi îðè-

ãiíàëà é çîáðàæåííÿ : ïðè çìiíi ìàñøòàáó àðãóìåíòà îðèãiíàëà (çîáðà-

æåííÿ) àðãóìåíò çîáðàæåííÿ (îðèãiíàëà) çìiíþ¹ ìàñøòàá â îáåðíåíîìó âiä-

íîøåííi, ïðè÷îìó ó òàêîìó æ îáåðíåíîìó âiäíîøåííi çìiíþ¹òüñÿ ìàñøòàá

ñàìîãî çîáðàæåííÿ (îðèãiíàëà).

Çà äîïîìîãîþ ôîðìóëè (2.1), íå âèêîðèñòîâóþ÷è áåçïîñåðåäíüî ôîðìó-

ëó (1.3), ìîæíà îäåðæàòè çîáðàæåííÿ áàãàòüîõ îðèãiíàëiâ.

Ïðèêëàä 2.2. Âèêîðèñòîâóþ÷è ïîäiáíiñòü ïåðåòâîðåííÿ Ëàïëàñà, çíà-

éòè çîáðàæåííÿ îðèãiíàëiâ sinαt, cosαt, shαt, chαt.

Ðîçâ'ÿçàííÿ. Âèêîðèñòîâóþ÷è ôîðìóëó (2.1) i çíàéäåíi ó ïðèêëàäi 2.1 çî-

áðàæåííÿ îðèãiíàëiâ sin t, cos t, sh t, ch t, îäåðæó¹ìî:

sinαt→ 1

α
· 1(

p
α

)2
+ 1

=
α

p2 + α2
, cosαt→ 1

α
·

p
α(

p
α

)2
+ 1

=
p

p2 + α2
,

shαt→ 1

α
· 1(

p
α

)2 − 1
=

α

p2 − α2
, chαt→ 1

α
·

p
α(

p
α

)2 − 1
=

p

p2 − α2
.
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Çîáðàæåííÿ ãiïåðáîëi÷íèõ ôóíêöié ìîæíà çíàéòè iíàêøå, âèêîðèñòîâóþ-

÷è ¨õ çâ'ÿçîê iç òðèãîíîìåòðè÷íèìè ôóíêöiÿìè:

shαt =
1

i
· sin(iαt) → 1

i
· iα

p2 + (iα)2
=

α

p2 − α2
,

chαt = cos(iαt) → p

p2 + (iα)2
=

p

p2 − α2
. I

�2.2. Çàãàþâàííÿ òà âèïåðåäæåííÿ îðèãiíàëà

Òåîðåìà 2.3 (çàãàþâàííÿ îðèãiíàëà). ßêùî ôóíêöiÿ f(t) ¹ îðèãiíà-

ëîì ç ïîêàçíèêîì çðîñòàííÿ s0 , f(t) → F (p), Re p > s0, i t0 > 0 � äåÿêå

÷èñëî, òî

f(t− t0) → e−t0pF (p). (2.3)

Äîâåäåííÿ. Ïåðø çà âñå ç'ÿñó¹ìî çìiñò ïîíÿòòÿ �çàãàþâàííÿ�. Ãðàôiê ôóí-

êöi¨ f(t− t0) îäåðæó¹ìî çñóâîì ãðàôiêà ôóíêöi¨ f(t) âïðàâî íà t0 îäèíèöü,

ïðè÷îìó íà ïðîìiæêó (0, t0) ãðàôiê çáiãà¹òüñÿ ç âiññþ àáñöèñ, áî íà öüîìó

ïðîìiæêó t − t0 < 0, à, çà îçíà÷åííÿì îðèãiíàëà, f(t − t0) ≡ 0 (ðèñ. 2à,

2á). Òàêèì ÷èíîì, ïðîöåñ, ÿêèé îïèñó¹ ôóíêöiÿ f(t − t0), ïî÷èíà¹òüñÿ íiáè

iç çàãàþâàííÿì (çàïiçíåííÿì) íà ÷àñ t0 âiäíîñíî ïðîöåñó, ùî îïèñó¹ ôóíêöiÿ

f(t).

6

-

f(t)

tO

f 6

-
t0

f(t− t0)

tO

f

Ðèñ. 2à Ðèñ. 2á
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Çíàéäåìî çîáðàæåííÿ îðèãiíàëà f(t− t0). Çãiäíî ç (1.3)

f(t− t0) →
+∞∫
0

f(t− t0)e
−ptdt =

+∞∫
t0

f(t− t0)e
−ptdt =

∣∣∣∣∣∣ u = t− t0

0 6 u < +∞

∣∣∣∣∣∣ =
=

+∞∫
0

f(u)e−p(u+t0)du = e−pt0

+∞∫
0

f(t)e−ptdt = e−pt0F (p)

àáî f(t− t0) → e−pt0F (p), äå t > t0. •

Ñïiââiäíîøåííÿ (2.3) âèðàæà¹ âëàñòèâiñòü çàãàþâàííÿ îðèãiíàëà :

çìiùåííþ àðãóìåíòà ó ïðîñòîði îðèãiíàëiâ íà ÷àñ t0 âiäïîâiäà¹ îïåðàöiÿ ìíî-

æåííÿ íà åêñïîíåíòó e−pt0 ó ïðîñòîði çîáðàæåíü. Iíàêøå êàæó÷è, ìíîæåííÿ

çîáðàæåííÿ F (p) íà e−pt0 çñóâà¹ ãðàôiê éîãî îðèãiíàëà f(t) íà t0 îäèíèöü

âïðàâî. Öÿ ãåîìåòðè÷íà âëàñòèâiñòü çñóâó âiäîìà ó ôiçèöi ÿê çàãàþâàííÿ

ÿâèùà íà ÷àñ t0.

Âëàñòèâiñòü çàãàþâàííÿ îðèãiíàëà âèêîðèñòîâó¹òüñÿ äëÿ ðîçâ'ÿçóâàííÿ

ðiçíîãî ðîäó ëiíiéíèõ ðiâíÿíü, ÿêi ìiñòÿòü ôóíêöi¨ ç àðãóìåíòîì t − t1,

t− t2, . . . , t− tk, äå tj > 0, j = 1, . . . , k.

Çàñòîñîâóþ÷è âëàñòèâîñòi ïîäiáíîñòi òà çàãàþâàííÿ îðèãiíàëà, ìîæíà çíà-

éòè çîáðàæåííÿ îðèãiíàëà f(αt − t0), äå t0 > 0, α � äåÿêå ÷èñëî. Ñïðàâäi,

ÿêùî f(t) → F (p), òî çãiäíî ç (2.1) f(αt) → 1

α
F
( p
α

)
, à âèêîðèñòîâóþ÷è

ñïiââiäíîøåííÿ (2.3), çíàõîäèìî

f(αt− t0) = f

(
α

(
t− t0

α

))
→ 1

α
F
( p
α

)
e−

t0
α p.

Îòæå,

f(αt− t0) →
1

α
F
( p
α

)
e−

t0
α p, Re p > αs0. (2.4)

Ïðèêëàä 2.3. Çíàéòè çîáðàæåííÿ îðèãiíàëiâ sin(ωt−φ0), cos(ωt−φ0),

sh(ωt− φ0), ch(ωt− φ0), (at− b)m.

Ðîçâ'ÿçàííÿ. Âèêîðèñòîâóþ÷è çîáðàæåííÿ (2.4) òà îäåðæàíi âèùå çîáðàæå-

ííÿ ôóíêöié sin t, cos t, sh t, ch t, tm , îäåðæó¹ìî:

sin(ωt− φ0) → e−
φ0
ω p · ω

p2 + ω2
, cos(ωt− φ0) → e−

φ0
ω p · p

p2 + ω2
,
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sh(ωt− φ0) → e−
φ0
ω p · ω

p2 − ω2
, ch(ωt− φ0) → e−

φ0
ω p · p

p2 − ω2
,

(at− b)m → 1

a
· Γ(m+ 1)(

p
a

)m+1 · e−
b
ap =

amΓ(m+ 1)

pm+1
· e−

b
ap. I

Òåîðåìà çàãàþâàííÿ ¹ çðó÷íèì çàñîáîì äëÿ çíàõîäæåííÿ çîáðàæåíü

êóñêîâî-íåïåðåðâíèõ ôóíêöié.

Ïðèêëàä 2.4. Çíàéòè çîáðàæåííÿ ôóíêöié

f1(t) =

a, ÿêùî 0 < t < τ,

0, ÿêùî t > τ,
f2(t) =


t, ÿêùî 0 < t < a,

2a− t, ÿêùî a < t < 2a,

0, ÿêùî t > 2a.

Ðîçâ'ÿçàííÿ. Ôóíêöiþ f1(t) çà äîïîìîãîþ ôóíêöi¨ Ãåâiñàéäà é óçàãàëüíåíî¨

ôóíêöi¨ Ãåâiñàéäà çàïèøåìî ó âèãëÿäi f1(t) = a · (θ(t)− θ(t− τ)). Âðàõîâó-

þ÷è, ùî

θ(t) → 1

p
, θ(t− τ) → e−pτ

p
,

çíàõîäèìî çîáðàæåííÿ îðèãiíàëà f1(t) :

F1(p) = a · 1− e−pτ

p
.

Ôóíêöiþ f2(t) çàïèøåìî ó âèãëÿäi

f2(t) = tθ(t)− tθ(t− a) + (2a− t)θ(t− a) + (t− 2a)θ(t− 2a) =

= tθ(t)− 2(t− a)θ(t− a) + (t− 2a)θ(t− 2a),

çâiäêè âèäíî, ùî çîáðàæåííÿì öi¹¨ ôóíêöi¨ ¹ F2(p) =
1

p2
− 2

p2
e−ap +

1

p2
e−2ap

àáî

F2(p) =
1

p2
· (1− e−ap)2. I

Ñïiââiäíîøåííÿ (2.3) âñòàíîâëåíî çà óìîâè, ùî t0 > 0, òîáòî ïðè çàãàþ-

âàííi àðãóìåíòà îðèãiíàëà. ßêùî t0 < 0, òîáòî ïðè âèïåðåäæåííi àðãóìåíòà,

öÿ âëàñòèâiñòü íå âèêîíó¹òüñÿ. Ó öüîìó âèïàäêó ñïðàâäæó¹òüñÿ òàêå òâåð-

äæåííÿ.
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Òåîðåìà 2.4 (âèïåðåäæåííÿ îðèãiíàëà). ßêùî ôóíêöiÿ f(t) ¹ îðèãi-

íàëîì ç ïîêàçíèêîì çðîñòàííÿ s0 , f(t) → F (p), Re p > s0, i t0 > 0, òî

f(t+ t0) → ept0

F (p)− t0∫
0

f(t)e−ptdt

. (2.5)

Äîâåäåííÿ. Ãðàôiê ôóíêöi¨ f(t + t0) îäåðæó¹ìî çñóâîì ãðàôiêà f(t) âëiâî

íà t0 îäèíèöü. Çìiùåíà ÷àñòèíà ãðàôiêà ôóíêöi¨ f(t) íà iíòåðâàëi t0 < t < 0

âèðîäæó¹òüñÿ ó âiäðiçîê îñi t, à çðiçàíà ÷àñòèíà äëÿ t > 0 ¹ ãðàôiêîì ôóíêöi¨

f(t+ t0) (ðèñ. 3à, 3á).

6

-

f(t)

tO

f 6

-

f(t+ t0)

t

f

O

Ðèñ. 3à Ðèñ. 3á

Çíàéäåìî çîáðàæåííÿ îðèãiíàëà f(t+ t0) :

f(t+ t0) →
+∞∫
0

f(t+ t0)e
−ptdt =

∣∣∣∣∣∣ u = t+ t0

t0 6 u < +∞

∣∣∣∣∣∣ =

=

+∞∫
t0

f(u) e−p(u−t0)du = ept0

+∞∫
t0

f(u) e−pudu =

= ept0

 +∞∫
0

f(u) e−pudu−
t0∫
0

f(u) e−pudu

 = ept0

F (p)− t0∫
0

f(u) e−pudu

.
Îòæå,

f(t+ t0) → ept0

F (p)− t0∫
0

f(t)e−ptdt

. •



34 ÐÎÇÄIË 2. Îñíîâíi âëàñòèâîñòi ïåðåòâîðåííÿ Ëàïëàñà

Âëàñòèâiñòü âèïåðåäæåííÿ îðèãiíàëà âèêîðèñòîâóþòü äëÿ ðîçâ'ÿçóâàííÿ

ðiçíîãî ðîäó ëiíiéíèõ ðiâíÿíü, ÿêi ìiñòÿòü ôóíêöi¨ ç âèïåðåäæóâàëüíèì àð-

ãóìåíòîì t+ t1, t+ t2, . . . , t+ tk, äå tj > 0, j = 1, . . . , k.

Çàñòîñó¹ìî öþ âëàñòèâiñòü, äëÿ âiäøóêàííÿ çîáðàæåííÿ ïåðiîäè÷íèõ

îðèãiíàëiâ3. Ïåðiîäè÷íó ôóíêöiþ f(t) ç ïåðiîäîì T > 0 ìîæíà ðîçãëÿäàòè

ÿê ðîçâ'ÿçîê ðiâíÿííÿ f(t) = f(t + T ). Çàñòîñîâóþ÷è äî îáîõ ÷àñòèí öüîãî

ðiâíÿííÿ ïåðåòâîðåííÿ Ëàïëàñà i âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ (2.5) ïðè

t0 = T , ó ïðîñòîði çîáðàæåíü îäåðæó¹ìî ðiâíÿííÿ

F (p) = epT

F (p)− T∫
0

f(t)e−ptdt

,
ç ÿêîãî çíàõîäèìî çîáðàæåííÿ T -ïåðiîäè÷íîãî îðèãiíàëà f(t)

F (p) =
1

1− e−pT

T∫
0

f(t)e−ptdt.

Çàñòîñîâóþ÷è òåîðåìó 2.2 òà ôîðìóëó (2.5), ìîæåìî çíàéòè çîáðàæåííÿ

îðèãiíàëà f(αt + t0), äå t0 > 0, α � äåÿêå äiéñíå ÷èñëî, âiäìiííå âiä íóëÿ.

Ñïðàâäi, ÿêùî f(t) → F (p), òî çà òåîðåìîþ 2.2

f(αt) → 1

α
F
( p
α

)
,

à âèêîðèñòîâóþ÷è ôîðìóëó (2.5), îäåðæó¹ìî ñïiââiäíîøåííÿ

f(αt+ t0) = f

(
α

(
t+

t0
α

))
→ 1

α
e

t0
α p

F ( p
α

)
−

t0∫
0

e−
p
α tf(t)dt


àáî

f(αt+ t0) →
1

α
e

t0
α p

F ( p
α

)
−

t0∫
0

e−
p
α tf(t)dt

.
3 Iíøèé ñïîñiá ïîáóäîâè çîáðàæåíü ïåðiîäè÷íèõ îðèãiíàëiâ âèâ÷àòèìåòüñÿ ó � 2.4.
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�2.3. Çìiùåííÿ çîáðàæåííÿ

Òåîðåìà 2.5 (çìiùåííÿ çîáðàæåííÿ). ßêùî ôóíêöiÿ f(t) ¹ îðèãiíà-

ëîì ç ïîêàçíèêîì çðîñòàííÿ s0 , f(t) → F (p) i p0 � äåÿêå ÷èñëî, òî

e−p0tf(t) → F (p+ p0) (2.6)

ó ïiâïëîùèíi Re p > s0 − Re p0.

Äîâåäåííÿ. Çàñòîñîâóþ÷è ïåðåòâîðåííÿ Ëàïëàñà äî îðèãiíàëà e−p0tf(t),

îäåðæó¹ìî:

e−p0tf(t) →
+∞∫
0

e−p0tf(t)e−ptdt =

+∞∫
0

f(t)e−(p+p0)tdt

òîáòî

e−p0tf(t) → F (p+ p0).

Ïîêàçíèêîì çðîñòàííÿ ôóíêöi¨ e−p0tf(t) ¹ ÷èñëî s0 −Re p0 , òîìó ñïiââiä-

íîøåííÿ (2.6) ñïðàâäæó¹òüñÿ ó ïiâïëîùèíi Re p > s0 − Re p0. •

Òàêèì ÷èíîì, ïðè ìíîæåííi îðèãiíàëà íà e±p0t ó ïëîùèíi p = s + iσ

âiäáóâà¹òüñÿ çìiùåííÿ âiäïîâiäíîãî çîáðàæåííÿ íà âåêòîð ∓p0 (ðèñ. 4).

6

-

:p0

p− p0

�

�
p

p+ p0

O

σ

sO

Ðèñ. 4

Âëàñòèâiñòü çìiùåííÿ ÷àñòî âèêîðèñòîâóþòü, äîñëiäæóþ÷è ôiçè÷íi ÿâè-

ùà òà ïðîöåñè, ïîâ'ÿçàíi çi çãàñàþ÷èìè êîëèâàííÿìè.

Òåîðåìà 2.5 äîçâîëÿ¹ çà âiäîìèì ñïiââiäíîøåííÿì f(t) → F (p) çíàõîäèòè

çîáðàæåííÿ îðèãiíàëà e−p0tf(t), äå p0 � äåÿêå ÷èñëî.
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Ïðèêëàä 2.5. Âèêîðèñòîâóþ÷è âëàñòèâiñòü çìiùåííÿ çîáðàæåííÿ,

çíàéòè çîáðàæåííÿ îðèãiíàëiâ eαt sinωt, eαt chωt, tαeβt.

Ðîçâ'ÿçàííÿ. Âèêîðèñòîâóþ÷è ôîðìóëó (2.6) òà âèùå çíàéäåíi çîáðàæåííÿ

sinωt→ ω

p2 + ω2
, chωt→ p

p2 − ω2
, tα → Γ(α+ 1)

pα+1
,

îäåðæó¹ìî ñïiââiäíîøåííÿ

eαt sinωt→ ω

(p− α)2 + ω2
, eαt chωt→ p− α

(p− α)2 − ω2
,

tαeβt → Γ(α+ 1)

(p− β)α+1
. I

Ç îñòàííüîãî çîáðàæåííÿ ïðèêëàäó 2.5 âèïëèâàþòü, çîêðåìà, òàêi çîáðà-

æåííÿ (n ∈ N, α, β ∈ R) :

tneβt → n!

(p− β)n+1
,

tne(α+iβ)t → n!

(p− α− iβ)n+1
= n!

(p− α+ iβ)n+1

((p− α)2 + β2)n+1 ,

tneαt cos βt = Re tne(α+iβ)t → n!
Re (p− α+ iβ)n+1

((p− α)2 + β2)n+1
,

tneαt sin βt = Im tne(α+iβ)t → n!
Im(p− α+ iβ)n+1

((p− α)2 + β2)n+1 .

�2.4. Çîáðàæåííÿ ïåðiîäè÷íîãî îðèãiíàëà

Òåîðåìà 2.6. Íåõàé

f0(t) =

f(t), ÿêùî 0 < t < T,

0, ÿêùî t > T,

äå f(t) � ïåðiîäè÷íà ôóíêöiÿ ç ïåðiîäîì T, i f0(t) → F0(p), f(t) → F (p).

Òîäi

F (p) =
F0(p)

1− e−pT
. (2.7)
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Äîâåäåííÿ. Ôóíêöiþ f(t) ìîæíà âèðàçèòè ÷åðåç f0(t), à ñàìå:

f(t) = f0(t) + f(t− T ),

áî f(t−T ) ≡ 0 äëÿ t < T. Òîäi, âèêîðèñòîâóþ÷è ëiíiéíiñòü ïåðåòâîðåííÿ Ëà-

ïëàñà òà ñïiââiäíîøåííÿ (2.3), îäåðæó¹ìî ðiâíÿííÿ F (p) = F0(p)+ e
−pTF (p),

çâiäêè

F (p) =
F0(p)

1− e−pT
,

äå F0(p) =

T∫
0

f0(t)e
−ptdt. •

Íåõàé T �ïåðiîäè÷íà ôóíêöiÿ f(t) çìiíþ¹ çíàê íà ïiâïåðiîäi, òîáòî

f (t+ T/2) = −f(t), i

f0(t) =

f(t), ÿêùî 0 < t < T
2 ,

0, ÿêùî t > T
2 .

Òîäi f(t) = f0(t)− f (t− T/2) i F (p) = F0(p)− e−pT/2F (p). Çâiäñè

F (p) =
F0(p)

1 + e−pT/2
,

äå F0(p) =

−T/2∫
0

f(t)e−ptdt.

Ïðèêëàä 2.6. Çíàéòè çîáðàæåííÿ ïåðiîäè÷íèõ îðèãiíàëiâ

f1(t) =

sin t, ÿêùî 2πn < t < (2n+ 1)π,

0, ÿêùî (2n+ 1)π < t < (2n+ 2)π,
f2(t) = | sin 2t|.

Ðîçâ'ÿçàííÿ. Ïåðiîäàìè ôóíêöié f1(t) i f2(t) ¹ ÷èñëà 2π i π/2 âiäïîâiäíî.

Íåõàé f1(t) → F1(p), f2(t) → F2(p). Âèêîðèñòîâóþ÷è ôîðìóëó (2.7), îäåðæó-

¹ìî:

F1(p) =
1

1− e−2πp

π∫
0

e−pt sin t dt =

=
1

1− e−2πp
· e−pt

p2 + 1
(−p sin t− cos t)

∣∣∣∣π
0

=
1

p2 + 1
· 1

1− e−πp
;
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F2(p) =
1

1− e−pπ
2

π
2∫

0

e−pt sin 2t dt =

=
1

1− e−pπ/2
· e−pt

p2 + 4
(−p sin 2t− 2 cos 2t)

∣∣∣∣π2
0

=
2

p2 + 4
· cthπp

4
. I
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Íàñòóïíà òåîðåìà âñòàíîâëþ¹ ïðàâèëî äèôåðåíöiþâàííÿ ñïiââiäíîøåííÿ

f(t) → F (p) çà çìiííîþ t.

Òåîðåìà 2.7 (äèôåðåíöiþâàííÿ îðèãiíàëà). ßêùî ôóíêöi¨ f(t),

f ′(t), f ′′(t), . . . , f (n)(t) ¹ îðèãiíàëàìè, f(t) → F (p), òî

f ′(t) → pF (p)− f(0), (2.8)

f ′′(t) → p2F (p)− pf(0)− f ′(0), . . . ,

f (n)(t) → pnF (p)− pn−1f(0)− pn−2f ′(0)− . . .− f (n−1)(0), (2.9)

äå ó âèïàäêó ðîçðèâiâ ïåðøîãî ðîäó ó òî÷öi t = 0

f (k)(0) = lim
t→+0

f (k)(t), k = 0, 1, . . . , n− 1.

Äîâåäåííÿ. Çàñòîñó¹ìî ïåðåòâîðåííÿ Ëàïëàñà äî îðèãiíàëà f ′(t):

f ′(t) →
+∞∫
0

f ′(t)e−ptdt.

Iíòåãðóþ÷è ÷àñòèíàìè (u = e−pt, dv = f ′(t)dt), îòðèìó¹ìî

+∞∫
0

f ′(t)e−ptdt = e−ptf(t)
∣∣+∞
0

+ p

+∞∫
0

f(t)e−ptdt.

Îñêiëüêè Re p = s > s0, äå s0 � ïîêàçíèê çðîñòàííÿ îðèãiíàëà f(t), òî

|f(t)e−pt| = |f(t)| · |e−pt| < Me−(s−s0)t,

à òîìó lim
t→+∞

e−ptf(t) = 0. ßêùî ôóíêöiÿ f(t) ó òî÷öi t = 0 ¹ íåïåðåðâíîþ,

òî f(0) = 0, áî f(t) = 0 äëÿ t < 0. ßêùî ó òî÷öi t = 0 ôóíêöiÿ f(t)
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ìà¹ ðîçðèâ ïåðøîãî ðîäó, òî ïðè t → 0 âîíà ìà¹ ãðàíèöþ ñïðàâà, òîáòî

lim
t→+0

f(t)e−pt = f(0), i, îòæå, e−ptf(t)
∣∣∣+∞

0
= −f(0).

Òàêèì ÷èíîì,

f ′(t) → pF (p)− f(0), Re p > s0.

ßêùî ó òî÷öi t = 0 ôóíêöiÿ f(t) íåïåðåðâíà, òî f ′(t) → pF (p). Öå îçíà-

÷à¹, ùî äèôåðåíöiþâàííþ îðèãiíàëà f(t) ó ïðîñòîði çîáðàæåíü âiäïîâiäà¹

ìíîæåííÿ íà p ôóíêöi¨ F (p).

Äâi÷i iíòåãðóþ÷è ÷àñòèíàìè iíòåãðàë

+∞∫
0

e−ptf ′′(t)dt, îäåðæó¹ìî ñïiââiä-

íîøåííÿ

f ′′(t) → p2F (p)− pf(0)− f ′(0).

Âèêîðèñòà¹ìî ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨. Ïðèïóñòèìî, ùî ôîðìóëà

f (n)(t) → Φ(p) ≡ pnF (p)− pn−1f(0)− pn−2f ′(0)− . . .− f (n−1)(0)

ñïðàâäæó¹òüñÿ äëÿ äåÿêîãî n, i äîâåäåìî, ùî âîíà ñïðàâäæó¹òüñÿ äëÿ n+1.

Ç äîâåäåíîãî äëÿ n = 1 ìà¹ìî, ùî
(
f (n)(t)

)′ → pΦ(p)− f (n)(0) àáî

f (n+1)(t) → pn+1F (p)− pnf(0)− pn−1f ′(0)− . . .− pf (n−1)(0)− f (n)(0).

Òàêèì ÷èíîì, ôîðìóëà (2.9) ñïðàâäæó¹òüñÿ äëÿ äîâiëüíîãî n ∈ N. •

Çàóâàæåííÿ 2.2. Óìîâà òåîðåìè 2.7, ùî f ′(t), f ′′(t), . . . , f (n)(t) � îðè-

ãiíàëè, ¹ ñóòò¹âîþ, áî ÿêùî ôóíêöiÿ f (n)(t) ìà¹ çîáðàæåííÿ, òî f (n−1)(t)

òàêîæ ìà¹ çîáðàæåííÿ. Îáåðíåíå òâåðäæåííÿ, âçàãàëi êàæó÷è, íå ñïðàâ-

äæó¹òüñÿ. Íàïðèêëàä, ôóíêöiÿ ln t ìà¹ çîáðàæåííÿ, àëå ïîõiäíà (ln t)′ =
1

t
íå ¹ îðèãiíàëîì, áî ïðè t→ +0 âîíà íåîáìåæåíà.

Ôîðìóëà (2.9) ñòà¹ îñîáëèâî ïðîñòîþ ó âèïàäêó, êîëè f (k)(0) = 0 äëÿ

k = 0, 1, . . . , n− 1. Òîäi

f (n)(t) → pnF (p), k = 1, . . . , n, (2.10)

òîáòî ó öüîìó âèïàäêó n-êðàòíîìó äèôåðåíöiþâàííþ ó ïðîñòîði îðèãiíàëiâ

âiäïîâiäà¹ ìíîæåííÿ íà pn ôóíêöi¨ F (p) ó ïðîñòîði çîáðàæåíü.
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Ôîðìóëè (2.9) i (2.10) ìàþòü øèðîêå çàñòîñóâàííÿ äëÿ ðîçâ'ÿçóâàííÿ çà-

äà÷i Êîøi äëÿ ëiíiéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ çi ñòàëèìè êîåôiöi¹íòàìè

(§ 5.2).

Ïðèêëàä 2.7. Çíàéòè çîáðàæåííÿ äèôåðåíöiàëüíîãî âèðàçó

f(t) ≡ x(4)(t)− 2x′′′(t) + 4x′′(t) + 3x′(t) + 6x(t) + 3,

ÿêùî x(0) = 4, x′(0) = 0, x′′(0) = −1, x′′′(0) = 1.

Ðîçâ'ÿçàííÿ. Íåõàé x(t) → X(p). Çãiäíî ç (2.9)

x′(t) → pX(p)− 4, x′′(t) → p2X(p)− 4p,

x′′′(t) → p3X(p)− 4p2 + 1, x(4)(t) → p4X(p)− 4p3 + p− 1.

Çâiäñè, âèêîðèñòîâóþ÷è ëiíiéíiñòü çîáðàæåííÿ, ìà¹ìî

f(t) → X(p)
(
p4 − 2p3 + 4p2 + 3p+ 6

)
− 4p3 + 8p2 − 15p− 15 +

3

p
. I

Óñòàíîâèìî òåïåð ïðàâèëî äèôåðåíöiþâàííÿ ñïiââiäíîøåííÿ F (p) → f(t)

çà çìiííîþ p.

Òåîðåìà 2.8 (äèôåðåíöiþâàííÿ çîáðàæåííÿ). ßêùî ôóíêöiÿ f(t) ¹

îðèãiíàëîì ç ïîêàçíèêîì çðîñòàííÿ s0 , f(t) → F (p), Re p > s0, òî

F ′(p) → −tf(t), F ′′(p) → (−1)2t2f(t), . . . ,

F (n)(p) → (−1)ntnf(t), Re p > s1 > s0. (2.11)

Äîâåäåííÿ. Îñêiëüêè |f(t)| < Mes0t, òî äëÿ t > 0

|tnf(t)| < tn|f(t)| < Mtne−αte(s0+α)t,

äå α � ìàëå äîäàòíå ÷èñëî. Ôóíêöiÿ Mtne−αt ó òî÷öi t=
n

α
ìà¹ ¹äèíèé ìàêñè-

ìóì M1, ÿêèé äëÿ t > 0 áóäå ¨¨ íàéáiëüøèì çíà÷åííÿì, òîáòî Mtne−αt<M1 .

Îòæå, |tnf(t)| < M1e
s1t, äå s1 6 s0 + α.
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Òàêèì ÷èíîì, ÿêùî f(t) ¹ îðèãiíàëîì ç ïîêàçíèêîì çðîñòàííÿ s0, òî ôóí-

êöiÿ tnf(t) òàêîæ ¹ îðèãiíàëîì, ïðè÷îìó ¨¨ çîáðàæåííÿ âèçíà÷åíå ó ïiâïëî-

ùèíi Re p > s1 > s0.

Çîáðàæåííÿ F (p) îðèãiíàëà f(t) ó ïiâïëîùèíi Re p > s0 ¹ àíàëiòè÷íîþ

ôóíêöi¹þ (òåîðåìà 1.2). Îñêiëüêè

F ′(p) = −
+∞∫
0

tf(t)e−ptdt,

òî F ′(p) → tf(t). Òîäi ó ïiâïëîùèíi Re p > s1 > s0 ôóíêöiÿ F (p) ìà¹ ïîõiäíi

äîâiëüíîãî ïîðÿäêó ([23], ðîçä. 2, §7). Îòæå, (F ′(p))′ → −t (−tf(t)) àáî

F ′′(p) → (−1)2t2f(t).

Òîäi F ′′′(p) → −t ·
(
(−1)2t2f(t)

)
= (−1)3t3f(t) i, âçàãàëi,

F (n)(p) → (−1)ntnf(t), Re p > s1 > s0. •

Îòæå, äèôåðåíöiþâàííþ çîáðàæåííÿ F (p) âiäïîâiäà¹ ó ïðîñòîði îðèãiíà-

ëiâ ìíîæåííÿ íà (−t) ôóíêöi¨ f(t).

Ïðèêëàä 2.8. Çíàéòè çîáðàæåííÿ îðèãiíàëiâ t sinαt, t chαt, t2 cos2 αt,

t2 sh2 αt.

Ðîçâ'ÿçàííÿ. Ìàþ÷è çîáðàæåííÿ sinαt→ α

p2 + α2
, chαt→ p

p2 − α2
, à òà-

êîæ ôîðìóëó (2.11), çíàõîäèìî çîáðàæåííÿ ïåðøèõ äâîõ ôóíêöié:

−t sinαt→
(

α

p2 + α2

)′
, t sinαt→ 2pα

(p2 + α2)2
,

−t chαt→
(

p

p2 − α2

)′
, t chαt→ p2 + α2

(p2 − α2)2
.

Òåïåð ç âiäîìèõ ôîðìóë

cos2 αt =
1

2
+

1

2
cos 2αt, sh2 αt =

1

2
ch 2αt− 1

2
,

âèêîðèñòîâóþ÷è (2.1), çíàõîäèìî çîáðàæåííÿ ôóíêöié cos2 αt i sh2 αt:

cos2 αt→ 1

2

(
1

p
+

p

p2 + 4α2

)
, sh2 αt→ 1

2

(
p

p2 − 4α2
− 1

p

)
.
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Çàñòîñîâóþ÷è ôîðìóëó (2.11) äëÿ n = 2, îòðèìó¹ìî çîáðàæåííÿ iíøèõ

ôóíêöié:

t2 cos2 αt→
(
1

2

(
1

p
+

p

p2 + 4α2

))′′
=
p3 − 12pα2

(p2 + 4α2)3
+

1

p3
,

t2 sh2 αt→
(
1

2

(
p

p2 − 4α2
− 1

p

))′′
=
p3 + 12pα2

(p2 − 4α2)3
− 1

p3
. I

�2.6. Iíòåãðóâàííÿ îðèãiíàëà òà çîáðàæåííÿ

Óñòàíîâèìî ïðàâèëà iíòåãðóâàííÿ ñïiââiäíîøåííÿ f(t) → F (p) çà çìií-

íèìè t òà p.

Òåîðåìà 2.9 (iíòåãðóâàííÿ îðèãiíàëà). ßêùî ôóíêöiÿ f(t) ¹ îðèãi-

íàëîì ç ïîêàçíèêîì çðîñòàííÿ s0 , f(t) → F (p), Re p > s0, òî

t∫
0

f(τ)dτ

òàêîæ ¹ îðèãiíàëîì ç ïîêàçíèêîì çðîñòàííÿ s0 i

t∫
0

f(τ) dτ → F (p)

p
(2.12)

ó ïiâïëîùèíi Re p > s0.

Äîâåäåííÿ. Ïîêàæåìî, ùî ôóíêöiÿ φ(t) =

t∫
0

f(τ)dτ ¹ îðèãiíàëîì ç ïîêà-

çíèêîì çðîñòàííÿ s0. Ñïðàâäi, ôóíêöiÿ φ(t), î÷åâèäíî, çàäîâîëüíÿ¹ ïåðøi äâi

óìîâè ç îçíà÷åííÿ îðèãiíàëà (§1.1), à òàêîæ òðåòþ óìîâó ç öüîãî îçíà÷åííÿ,

áî

|φ(t)| <
t∫

0

|f(τ)|dτ <
t∫

0

Mes0τ dτ =
M

s0
(es0t − 1) <

M

s0
es0t.

Çíàéäåìî òåïåð çîáðàæåííÿ Φ(p) ôóíêöi¨ φ(t). Îñêiëüêè φ(0) = 0, òî

çãiäíî ç ôîðìóëîþ (2.8) φ′(t) → pΦ(p).

Îñêiëüêè φ′(t) = f(t), òî ç (2.8) ìà¹ìî F (p) = pΦ(p), çâiäêè Φ(p) =
F (p)

p
.

Îòæå,
t∫

0

f(τ) dτ → F (p)

p
. •
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Òàêèì ÷èíîì, îïåðàöi¨ iíòåãðóâàííÿ îðèãiíàëà âiäïîâiäà¹ îïåðàöiÿ äiëåííÿ

íà p ó ïðîñòîði çîáðàæåíü.

Âèêîðèñòà¹ìî ôîðìóëó (2.12) äëÿ âiäøóêàííÿ çîáðàæåíü îðèãiíàëiâ

t, t2, . . . , tk. Ìàþ÷è çîáðàæåííÿ äëÿ t0 = 1 → 1

p
= F (p), ç (2.12) îäåðæó¹ìî

ñïiââiäíîøåííÿ

t =

t∫
0

dτ → 1

p
F (p) =

1

p2
≡ F1(p).

Äàëi àíàëîãi÷íî çíàõîäèìî:

t2 = 2

t∫
0

τ dτ → 2

p
F1(p) =

2!

p3
≡ F2(p),

t3 = 3

t∫
0

τ 2 dτ → 3

p
F2(p) =

3!

p4
≡ F3(p),

. . . . . . . . .

tk = k

t∫
0

τ k−1 dτ → k

p
Fk−1(p) =

k!

pk+1
≡ Fk(p).

Ç öèõ ôîðìóë, çîêðåìà, âèïëèâà¹, ùî çîáðàæåííÿì âèçíà÷åíî¨ äëÿ t > 0

ôóíêöi¨ f(t), ÿêà ðîçâèíåíà ó ðÿä Òåéëîðà

f(t) = f(0) +
f ′(0)

1!
t+ . . .+

f (k)(0)

k!
tk + . . . ,

¹ ôóíêöiÿ, âèçíà÷åíà ðÿäîì Ëîðàíà

F (p) =
f(0)

p
+
f ′(0)

p2
+ . . .+

f (k)(0)

pk+1
+ . . . .

Íàïðèêëàä, ÿêùî f(t) = et , òî

f(t) = 1 +
t

1!
+
t2

2!
+ . . .+

tk

k!
+ . . .

i

F (p) =
1

p
+

1

p2
+ . . .+

1

pk+1
+ . . . =

1

p
· 1

1− 1
p

=
1

p− 1
,

ùî çáiãà¹òüñÿ ç ðåçóëüòàòîì, îäåðæàíèì âèùå (ôîðìóëà (1.7)).
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Ïðèêëàä 2.9. Êîðèñòóþ÷èñü òåîðåìîþ ïðî iíòåãðóâàííÿ îðèãiíàëà,

çíàéòè îðèãiíàë çà çîáðàæåííÿì F (p) =
1

p(p2 − 4p+ 5)
.

Ðîçâ'ÿçàííÿ. Îñêiëüêè p2 − 4p+ 5 = (p− 2)2 + 1, òî âèêîðèñòîâóþ÷è çî-

áðàæåííÿ eαt sinωt→ ω

(p− α)2 + ω2
, îäåðæàíå ó ïðèêëàäi 2.5, ìà¹ìî

e2t sin t→ 1

(p− 2)2 + 1
.

Òîìó çà ôîðìóëîþ (2.12)

1

p(p2 − 4p+ 5)
→

t∫
0

e2τ sin τdτ =
e2τ(2 sin τ − cos τ)

5

∣∣∣∣t
0

=

=
e2t(2 sin t− cos t) + 1

5
. I

Çàóâàæåííÿ 2.3. Âèðàçè äëÿ çîáðàæåííÿ ïîõiäíî¨ òà iíòåãðàëà (ôîð-

ìóëè (2.8) i (2.12)) ìàþòü âàæëèâå çíà÷åííÿ â îïåðàöiéíîìó ÷èñëåííi: äiÿì

äèôåðåíöiþâàííÿ òà iíòåãðóâàííÿ ó ïðîñòîði îðèãiíàëiâ âiäïîâiäà¹ ìíîæå-

ííÿ òà äiëåííÿ íà öiëi ñòåïåíi p ó ïðîñòîði çîáðàæåíü. Òàêèì ÷èíîì, âèðàç

p íàáóâà¹ õàðàêòåðó îïåðàòîðà.

Òåîðåìà 2.10 (iíòåãðóâàííÿ çîáðàæåííÿ). ßêùî ôóíêöiÿ f(t) ¹ îðè-

ãiíàëîì ç ïîêàçíèêîì çðîñòàííÿ s0 , f(t) → F (p), Re p > s0, òà iíòåãðàë
+∞∫
p

F (p) dp ¹ çáiæíèì ó ïiâïëîùèíi Re p > s1 > s0, òî

f(t)

t
→

+∞∫
p

F (p) dp (2.13)

ó ïiâïëîùèíi Re p > s1 > s0.

Äîâåäåííÿ. Îñêiëüêè ó ïiâïëîùèíi Re p > s0 + δ, äå δ � äåÿêå ÷èñëî, iíòå-

ãðàë Ëàïëàñà

F (p) =

+∞∫
0

f(t)e−ptdt
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çáiãà¹òüñÿ ðiâíîìiðíî âiäíîñíî p (òåîðåìà 1.1), òî ó öié ïiâïëîùèíi éîãî ìî-

æíà iíòåãðóâàòè çà ïàðàìåòðîì p, ïðè÷îìó çà êîíòóð iíòåãðóâàííÿ ìîæíà

âèáðàòè áóäü-ÿêèé ïðîìiíü, ÿêèé âèõîäèòü ç òî÷êè p é óòâîðþ¹ ãîñòðèé êóò

ç äiéñíîþ âiññþ ïëîùèíè. Îòæå,

+∞∫
p

F (p)dp =

+∞∫
p

dp

+∞∫
0

f(t)e−ptdt.

Îñêiëüêè çà óìîâîþ òåîðåìè iíòåãðàë

+∞∫
p

F (p)dp çáiãà¹òüñÿ ó ïiâïëîùèíi

Re p > s1 > s0, òî çìiíþþ÷è ïîðÿäîê iíòåãðóâàííÿ, îäåðæó¹ìî:

+∞∫
p

dp

+∞∫
0

f(t)e−ptdt =

+∞∫
p

f(t)dt

+∞∫
0

e−ptdp

àáî
+∞∫
p

F (p)dp =

+∞∫
0

f(t)

t
e−ptdt.

Îòæå, ôóíêöiÿ
f(t)

t
¹ îðèãiíàëîì ç ïîêàçíèêîì çðîñòàííÿ s1, äå s1 > s0. Òà-

êèì ÷èíîì, iíòåãðóâàííÿ çîáðàæåííÿ F (p) çâîäèòüñÿ äî äiëåííÿ íà t ôóíêöi¨

f(t) ó ïðîñòîði îðèãiíàëiâ, òîáòî

f(t)

t
→

+∞∫
p

F (p) dp, Re p > s1 > s0. •

Ïðèêëàä 2.10. Çíàéòè çîáðàæåííÿ ôóíêöi¨

t∫
0

sin τ

τ
dτ .

Ðîçâ'ÿçàííÿ. Âèêîðèñòîâóþ÷è çîáðàæåííÿ sin t → 1

p2 + 1
òà ôîðìóëó

(2.13), çíàõîäèìî:

sin t

t
→

+∞∫
p

dp

p2 + 1
= arctg p

∣∣∣+∞

p
=
π

2
− arctg p = arcctg p.
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Çâiäñè çà ôîðìóëîþ (2.12) îäåðæó¹ìî çîáðàæåííÿ

t∫
0

sin τ

τ
dτ → 1

p
arcctg p. I

�2.7. Äèôåðåíöiþâàííÿ òà iíòåãðóâàííÿ çà ïàðàìåòðîì. Ãðàíè÷íi

òåîðåìè

Äëÿ îäåðæàííÿ íîâèõ çîáðàæåíü çðó÷íî ðîçãëÿäàòè îðèãiíàëè òà çîáðà-

æåííÿ, çàëåæíi âiä äåÿêîãî ïàðàìåòðà. Îòæå, íåõàé ôóíêöiÿ f(t, λ) ¹ íåïå-

ðåðâíîþ ôóíêöi¹þ âiä ïàðàìåòðà λ i äëÿ êîæíîãî ôiêñîâàíîãî çíà÷åííÿ λ ¹

îðèãiíàëîì, òîáòî

f(t, λ) → F (p, λ) =

+∞∫
0

f(t, λ)e−pt dt.

Çàóâàæåííÿ 2.4. Çà îçíà÷åííÿì îðèãiíàëà äëÿ áóäü-ÿêèõ t > 0

|f(t, λ)| < Mest,

äå ÷èñëà M òà s íå çàëåæàòü âiä λ, òîìó iíòåãðàë Ëàïëàñà âiä ôóíêöi¨

f(t, λ) ¹ ðiâíîìiðíî çáiæíèì âiäíîñíî λ.

Òåîðåìà 2.11 (ãðàíè÷íèé ïåðåõiä çà ïàðàìåòðîì). ßêùî îðèãiíàë

f(t, λ) ìà¹ çîáðàæåííÿ F (p, λ), äå λ � ïàðàìåòð, òà iñíó¹ ãðàíèöÿ

lim
λ→λ0

f(t, λ), òî

lim
λ→λ0

f(t, λ) → lim
λ→λ0

F (p, λ). (2.14)

Äîâåäåííÿ. Îñêiëüêè F (p, λ) =

+∞∫
0

f(t, λ)e−pt dt, òî

lim
λ→λ0

F (p, λ) = lim
λ→λ0

+∞∫
0

f(t, λ)e−pt dt.
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Ó öié ðiâíîñòi çíàêè ãðàíèöi òà iíòåãðàëà ìîæíà ïåðåñòàâèòè, áî íåâëàñíèé

iíòåãðàë Ëàïëàñà ¹ ðiâíîìiðíî çáiæíèì âiäíîñíî p (òåîðåìà 1.1) i λ (çàóâà-

æåííÿ 2.3). Îòæå,

lim
λ→λ0

F (p, λ) =

+∞∫
0

lim
λ→λ0

f(t, λ)e−pt dt

àáî

lim
λ→λ0

f(t, λ) → lim
λ→λ0

F (p, λ). •

Òåîðåìà 2.12 (äèôåðåíöiþâàííÿ çà ïàðàìåòðîì). ßêùî îðèãiíàë

f(t, λ) ìà¹ çîáðàæåííÿ F (p, λ), äå λ � ïàðàìåòð, òà iñíó¹ ÷àñòèííà ïîõi-

äíà
∂f(t, λ)

∂λ
, ÿêà òàêîæ ¹ îðèãiíàëîì, òî

∂f(t, λ)

∂λ
→ ∂F (p, λ)

∂λ
. (2.15)

Äîâåäåííÿ. Íåõàé ïðèðîñòó ∆λ ïàðàìåòðà λ âiäïîâiäà¹ ïðèðiñò ∆F (p, λ)

ôóíêöi¨ F (p, λ). Çíàéäåìî âiäíîøåííÿ ïðèðîñòiâ
∆F (p, λ)

∆λ
:

∆F (p, λ)

∆λ
=
F (p, λ+∆λ)− F (p, λ)

∆λ
=

+∞∫
0

f(t, λ+∆λ)− f(t, λ)

∆λ
e−pt dt.

Îñêiëüêè
f(t, λ+∆λ)− f(t, λ)

∆λ
=
∂f(t, λ)

∂λ
+ ε,

äå ε = ε(t, λ,∆λ) → 0 ðiâíîìiðíî ïðè ∆λ→ 0, òî

∆F (p, λ)

∆λ
=

+∞∫
0

(
∂f(t, λ)

∂λ
+ ε

)
e−pt dt.

Ïåðåéøîâøè äî ãðàíèöi ïðè ∆λ→ 0, îäåðæó¹ìî:

∂F (p, λ)

∂λ
= lim

∆λ→0

∆F (p, λ)

∆λ
=

+∞∫
0

∂f(t, λ)

∂λ
e−pt dt+ lim

∆λ→0

+∞∫
0

εe−pt dt.

Çà òåîðåìîþ 2.11 ïðî ãðàíè÷íèé ïåðåõiä çà ïàðàìåòðîì çíàõîäèìî

lim
∆λ→0

+∞∫
0

εe−ptdt =

+∞∫
0

lim
∆λ→0

εe−pt dt = 0, Re p > s0.
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Îòæå,

∂F (p, λ)

∂λ
=

+∞∫
0

∂f(t, λ)

∂λ
e−pt dt

òîáòî
∂f(t, λ)

∂λ
→ ∂F (p, λ)

∂λ
. •

Ïðèêëàä 2.11. Çíàéòè îðèãiíàë çà çîáðàæåííÿì F (p) =
2λ3

(p2 + λ2)2
.

Ðîçâ'ÿçàííÿ. Äèôåðåíöiþþ÷è ñïiââiäíîøåííÿ
λ

p2 + λ2
→ sinλt çà ïàðàìå-

òðîì λ, îäåðæó¹ìî, ùî
p2 − λ2

(p2 + λ2)2
→ t cosλt,

1

p2 + λ2
− 2λ2

(p2 + λ2)2
→ t cosλt.

Çâiäñè, âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ
1

p2 + λ2
→ sinλt

λ
i ëiíiéíiñòü ïåðå-

òâîðåííÿ Ëàïëàñà, ìà¹ìî

2λ3

(p2 + λ2)2
→ sinλt− λt cosλt. I

Òåîðåìà 2.13 (iíòåãðóâàííÿ çà ïàðàìåòðîì). ßêùî îðèãiíàë

f(t, λ) ìà¹ çîáðàæåííÿ F (p, λ), äå λ � ïàðàìåòð, òà iñíóþòü iíòåãðàëè
λ∫

λ0

f(t, λ) dλ,

λ∫
λ0

F (p, λ) dλ, òî

λ∫
λ0

f(t, λ) dλ→
λ∫

λ0

F (p, λ) dλ. (2.16)

Äîâåäåííÿ. Äëÿ áóäü-ÿêîãî ÷èñëà A > 0 âèêîíó¹òüñÿ ðiâíiñòü

λ∫
λ0

dλ

A∫
0

f(t, λ)e−pt dt =

A∫
0

dt

λ∫
λ0

f(t, λ)e−pt dλ. (2.17)

Çà óìîâîþ òåîðåìè iñíó¹ ãðàíèöÿ

lim
A→+∞

λ∫
λ0

dλ

A∫
0

f(t, λ)e−pt dt =

λ∫
λ0

dλ

+∞∫
0

f(t, λ)e−ptdt,
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òîìó iñíó¹ òàêîæ ãðàíèöÿ ñïðàâà ó ðiâíîñòi (2.17) ïðè A→ +∞, òîáòî

lim
A→+∞

A∫
0

dt

λ∫
λ0

f(t, λ)e−pt dλ =

+∞∫
0

dt

λ∫
λ0

f(t, λ)e−pt dλ.

Iíòåãðóþ÷è òåïåð ðiâíiñòü F (p, λ) =

+∞∫
0

f(t, λ)e−pt dt çà ïàðàìåòðîì λ ó ìå-

æàõ âiä λ0 äî λ, îäåðæó¹ìî, ùî

λ∫
λ0

F (p, λ) dλ =

+∞∫
0

e−pt

 λ∫
λ0

f(t, λ)dλ

 dt

àáî
λ∫

λ0

f(t, λ) dλ→
λ∫

λ0

F (p, λ) dλ. •

Ïðèêëàä 2.12. Çíàéòè îðèãiíàë çà çîáðàæåííÿì F (p) = ln
p

p− λ
, äå

λ � ïàðàìåòð.

Ðîçâ'ÿçàííÿ. Ç âiäîìîãî ñïiââiäíîøåííÿ
1

p− λ
→ eλt çà ôîðìóëîþ (2.16)

çíàõîäèìî
λ∫

0

dλ

p− λ
→

λ∫
0

eλt dλ,

òîáòî

ln
p

p− λ
→ eλt − 1

t
. I

Íàñòóïíi äâi òåîðåìè äàþòü çìîãó çà ãðàíèöåþ çîáðàæåííÿ pF (p) âñòà-

íîâèòè ãðàíè÷íå çíà÷åííÿ îðèãiíàëà f(t).

Òåîðåìà 2.14 (ãðàíè÷íà òåîðåìà ïðè t → +0). ßêùî ôóíêöi¨ f(t),

f ′(t) ¹ îðèãiíàëàìè, f(t) → F (p) òà iñíó¹ ãðàíèöÿ lim
t→+0

f(t), òî

lim
p→+∞

pF (p) = lim
t→+0

f(t). (2.18)
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Äîâåäåííÿ. Îñêiëüêè ïîõiäíà f ′(t) ¹ îðèãiíàëîì, òî çãiäíî ç ôîðìóëîþ (2.8)

f ′(t) → pF (p) − f(0). Âèêîðèñòîâóþ÷è òåïåð íåîáõiäíó îçíàêó iñíóâàííÿ

çîáðàæåííÿ (òåîðåìà 1.3), ìà¹ìî

lim
p→+∞

(
pF (p)− f(0)

)
= 0,

à òîìó

lim
p→+∞

pF (p) = lim
t→+0

f(t). •

Çàóâàæåííÿ 2.5. Ç òåîðåìè 2.14 âèïëèâà¹, ùî ïî÷àòêîâå çíà÷åííÿ

îðèãiíàëà f(t) ÷åðåç éîãî çîáðàæåííÿ F (p) ìîæíà çíàéòè çà ôîðìóëîþ

f(0) = lim
p→+∞

pF (p).

Òåîðåìà 2.15 (ãðàíè÷íà òåîðåìà ïðè t→ +∞). ßêùî ôóíêöi¨ f(t),

f ′(t) ¹ îðèãiíàëàìè, f(t) → F (p) òà iñíó¹ ãðàíèöÿ lim
t→+∞

f(t), òî

lim
p→0

pF (p) = lim
t→+∞

f(t). (2.19)

Äîâåäåííÿ. Îñêiëüêè f ′(t) � îðèãiíàë, òî f ′(t) → pF (p)− f(0) àáî
+∞∫
0

f ′(t)e−ptdt = pF (p)− f(0).

Ïåðåéäåìî ó öié ðiâíîñòi äî ãðàíèöi ïðè p→ 0. Òîäi

lim
p→0

+∞∫
0

f ′(t)e−pt dt = lim
p→0

pF (p)− f(0).

Ïiäiíòåãðàëüíà ôóíêöiÿ f ′(t)e−pt çàäîâîëüíÿ¹ óìîâè òåîðåìè 2.11 ïðî ãðà-

íè÷íèé ïåðåõiä çà ïàðàìåòðîì (íèì ¹ p), à òîìó

lim
p→0

+∞∫
0

f ′(t)e−pt dt =

+∞∫
0

lim
p→0

f ′(t)e−ptdt =

=

+∞∫
0

f ′(t) dt = lim
t→+∞

t∫
0

f ′(t) dt = lim
t→+∞

f(t)− f(0).

Òàêèì ÷èíîì,

lim
p→0

pF (p) = lim
t→+∞

f(t). •
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Çàóâàæåííÿ 2.6. Ç òåîðåìè 2.15 âèïëèâà¹, ùî äëÿ íåïåðiîäè÷íèõ ïðî-

öåñiâ çíà÷åííÿ îðèãiíàëà f(t) ó íåñêií÷åííî âiääàëåíié òî÷öi ìîæíà çíàéòè

çà ôîðìóëîþ f(+∞) = lim
p→0

pF (p).

Êîíòðîëüíi ïèòàííÿ äî ðîçäiëó 2

1. ßê ôîðìóëþ¹òüñÿ âëàñòèâiñòü ëiíiéíîñòi ïåðåòâîðåííÿ Ëàïëàñà? Â ÿêié

ïiâïëîùèíi âèçíà÷åíà ëiíiéíà êîìáiíàöiÿ äâîõ îðèãiíàëiâ?

2. ßêèìè ñïiââiäíîøåííÿìè õàðàêòåðèçó¹òüñÿ âëàñòèâiñòü ïîäiáíîñòi îðèãi-

íàëà òà çîáðàæåííÿ?

3. Ó ÷îìó ïîëÿãàþòü âëàñòèâîñòi çàãàþâàííÿ òà âèïåðåäæåííÿ îðèãiíàëà?

ßêi ¨õ ïðàêòè÷íi çàñòîñóâàííÿ?

4. Çà äîïîìîãîþ ÿêî¨ ôîðìóëè âèðàæà¹òüñÿ âëàñòèâiñòü çìiùåííÿ çîáðàæå-

ííÿ?

5. ßê çíàéòè çîáðàæåííÿ ïåðiîäè÷íîãî îðèãiíàëà?

6. ßê ôîðìóëþ¹òüñÿ òåîðåìà ïðî äèôåðåíöiþâàííÿ îðèãiíàëà? Êîëè

n-êðàòíîìó äèôåðåíöiþâàííþ îðèãiíàëà âiäïîâiäà¹ ìíîæåííÿ íà pn

âiäïîâiäíîãî çîáðàæåííÿ? ×è îáîâ'ÿçêîâî ïîõiäíà îðèãiíàëà ¹ îðèãiíàëîì?

7. Çà äîïîìîãîþ ÿêî¨ ôîðìóëè çäiéñíþ¹òüñÿ äèôåðåíöiþâàííÿ ñïiââiäíîøå-

ííÿ f(t) → F (p) çà çìiííîþ p?

8. ßêèì ñïiââiäíîøåííÿì ïîâ'ÿçàíi çîáðàæåííÿ é îðèãiíàë ó âèïàäêó iíòå-

ãðóâàííÿ çîáðàæåííÿ (îðèãiíàëà)?

9. ßê ôîðìóëþ¹òüñÿ òåîðåìà ïðî ãðàíè÷íèé ïåðåõiä ó ñïiââiäíîøåííi

f(t, λ) → F (p, λ) çà ïàðàìåòðîì λ?

10. ßêèìè ¹ ñïiââiäíîøåííÿ ìiæ îðèãiíàëîì i çîáðàæåííÿì ó âèïàäêó äèôå-

ðåíöiþâàííÿ (iíòåãðóâàííÿ) ñïiââiäíîøåííÿ f(t, λ) → F (p, λ) çà ïàðàìå-

òðîì?

11. ßê ôîðìóëþþòüñÿ òåîðåìè ïðî çíàõîäæåííÿ ãðàíè÷íîãî çíà÷åííÿ îðèãi-

íàëà f(t) ïðè t→ +0 (t→ +∞)?



52 ÐÎÇÄIË 2. Îñíîâíi âëàñòèâîñòi ïåðåòâîðåííÿ Ëàïëàñà

Ðåêîìåíäîâàíà ëiòåðàòóðà: [1, ñ. 199�219], [2, c. 133�139], [3, ñ. 166�181],

[9, c. 21�57], [27, ñ. 49�62].

Òåñòîâi çàâäàííÿ äî ðîçäiëó 2

2.1. Íåõàé f1(t), f2(t) � ðiçíi îðèãiíàëè i F1(p), F2(p) � ¨õ âiäïîâiä-

íi çîáðàæåííÿ. Òîäi äëÿ äîâiëüíèõ êîìïëåêñíèõ ÷èñåë α1, α2 çîáðàæåííÿì

îðèãiíàëà α1f1(t) + α2f2(t) ¹:

A. α1α2F1(p)F2(p) B. α1F1(p) + α2F2(p)− α1α2F1(p)F2(p)

C. α1F1(p) + α2F2(p) D. α1F1(p)− α2F2(p).

2.2. Íåõàé f(t) → F (p) i α � äåÿêå ÷èñëî. Âëàñòèâiñòü ïîäiáíîñòi îðèãi-

íàëà âèðàæà¹ ñïiââiäíîøåííÿ:

A. f(αt) → αF
( p
α

)
B. f(αt) → 1

α
F
( p
α

)
C. f(αt) → 1

α
F

(
α

p

)
D. f(αt) → p

α
F
( p
α

)
.

2.3. Íåõàé f(t) → F (p) i α � äåÿêå ÷èñëî. Ñåðåä íàâåäåíèõ ñïiââiäíîøåíü

çíàéäiòü ïðàâèëüíå:

A. F (αp) → αf

(
t

α

)
B. F (αp) → f

(
t

α

)
C. F (αp) → 1

α
f (αt) D. F (αp) → 1

α
f

(
t

α

)
.

2.4. Çîáðàæåííÿì îðèãiíàëà f(t) = cosωt ¹:

A. F (p) =
p

p2 + ω2
B. F (p) =

p

p2 − ω2

C. F (p) =
ω

p2 + ω2
D. F (p) =

ω

p2 − ω2
.

2.5. Çîáðàæåííÿì îðèãiíàëà f(t) = sinωt ¹:

A. F (p) =
p

p2 + ω2
B. F (p) =

p

p2 − ω2

C. F (p) =
ω

p2 + ω2
D. F (p) =

ω

p2 − ω2
.

2.6. Çîáðàæåííÿì îðèãiíàëà f(t) = chωt ¹:

A. F (p) =
p

p2 + ω2
B. F (p) =

p

p2 − ω2

C. F (p) =
ω

p2 + ω2
D. F (p) =

ω

p2 − ω2
.
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2.7. Çîáðàæåííÿì îðèãiíàëà f(t) = shωt ¹:

A. F (p) =
p

p2 + ω2
B. F (p) =

p

p2 − ω2

C. F (p) =
ω

p2 + ω2
D. F (p) =

ω

p2 − ω2
.

2.8. Íåõàé f(t) → F (p) i t0 � äåÿêå äîäàòíå ÷èñëî. Âëàñòèâiñòü çàãàþâà-

ííÿ îðèãiíàëà âèðàæà¹ ñïiââiäíîøåííÿ:

A. f(t− t0) → et0pF (p) B. f(t− t0) → e−t0F (p)

C. f(t− t0) → e−t0pF (p) D. f(t− t0) → e−pF (p).

2.9. Çîáðàæåííÿì îðèãiíàëà f(t) = cos(ωt− φ0) ¹:

A. F (p) = e−
φ0
ω p p

p2 + ω2
B. F (p) = e−

φ0
ω p p

p2 − ω2

C. F (p) = e
φ0
ω p ω

p2 + ω2
D. F (p) = e−

φ0
ω p ω

p2 − ω2
.

2.10. Çîáðàæåííÿì îðèãiíàëà f(t) = sin(ωt− φ0) ¹:

A. F (p) = e
φ0
ω p p

p2 + ω2
B. F (p) = e−

φ0
ω p p

p2 − ω2

C. F (p) = e−
φ0
ω p ω

p2 + ω2
D. F (p) = e−

φ0
ω p ω

p2 − ω2
.

2.11. Çîáðàæåííÿì îðèãiíàëà f(t) = ch(ωt− φ0) ¹:

A. F (p) = e−
φ0
ω p p

p2 + ω2
B. F (p) = e−

φ0
ω p p

p2 − ω2

C. F (p) = e
φ0
ω p ω

p2 + ω2
D. F (p) = e−

φ0
ω p ω

p2 − ω2
.

2.12. Çîáðàæåííÿì îðèãiíàëà f(t) = sh(ωt− φ0) ¹:

A. F (p) = e−
φ0
ω p p

p2 + ω2
B. F (p) = e−

φ0
ω p p

p2 − ω2

C. F (p) = e
φ0
ω p ω

p2 − ω2
D. F (p) = e−

φ0
ω p ω

p2 − ω2
.

2.13. Íåõàé f(t) → F (p) i t0 > 0. Âëàñòèâiñòü âèïåðåäæåííÿ îðèãiíàëà

âèðàæà¹ ñïiââiäíîøåííÿ:



54 ÐÎÇÄIË 2. Îñíîâíi âëàñòèâîñòi ïåðåòâîðåííÿ Ëàïëàñà

A. f(t+ t0) → et0p
(
F (p)−

t0∫
0

f(t)e−ptdt
)

B. f(t+ t0) → et0p
(
F (p) +

t0∫
0

f(t)e−ptdt
)

C. f(t+ t0) → e−t0p
(
F (p)−

t0∫
0

f(t)eptdt
)

D. f(t+ t0) → e−t0p
(
F (p) +

t0∫
0

f(t)eptdt
)
.

2.14. Íåõàé f(t) → F (p) i p0 � äåÿêå ÷èñëî. Âëàñòèâiñòü çìiùåííÿ çî-

áðàæåííÿ âèðàæà¹ ñïiââiäíîøåííÿ:

A. e−p0tf(t) → F (p− p0) B. e−p0tf(t) → F (p0p)

C. ep0tf(t) → F (p+ p0) D. e−p0tf(t) → F (p+ p0).

2.15. Çîáðàæåííÿì îðèãiíàëà f(t) = eαt sinωt ¹:

A. F (p) =
ω

(p− α)2 − ω2
B. F (p) =

p

(p− α)2 + ω2

C. F (p) =
p

(p− α)2 − ω2
D. F (p) =

ω

(p− α)2 + ω2
.

2.16. Çîáðàæåííÿì îðèãiíàëà f(t) = eαt chωt ¹:

A. F (p) =
ω

(p− α)2 − ω2
B. F (p) =

p

(p− α)2 + ω2

C. F (p) =
p

(p− α)2 − ω2
D. F (p) =

ω

(p− α)2 + ω2
.

2.17. ßêùî îðèãiíàëó f(t) âiäïîâiäà¹ çîáðàæåííÿ F (p), òî ïîõiäíié f ′(t)

âiäïîâiäà¹ çîáðàæåííÿ:

A. pF (p)+ f(0) B. pF (p)− f(0) C. F (p)− f(0) p D. F (p)− f(0).

2.18. ßêùî îðèãiíàëó f(t) âiäïîâiäà¹ çîáðàæåííÿ F (p), òî ïîõiäíié f ′′(t)

âiäïîâiäà¹ çîáðàæåííÿ:

A. p2F (p)− f ′(0) B. p2F (p)− f(0)− f ′(0)

C. p2F (p)− pf ′(0)− f(0) D. p2F (p)− pf(0)− f ′(0).

2.19. ßêùî f(t) → F (p), òî çîáðàæåííÿì ïîõiäíî¨ f (n)(t) ¹:
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A. pn−1F (p)− pn−2f(0)− pn−3f ′(0)− . . .− f (n−2)(0)

B. pnF (p)− pn−2f ′(0)− . . .− pf (n−2)(0)− f (n−1)(0)

C. pnF (p)− f(0)

D. pnF (p)− pn−1f(0)− pn−2f ′(0)− . . .− pf (n−2)(0)− f (n−1)(0).

2.20. ßêùî f(t) → F (p) i f (k)(0) = 0, k = 0, 1, . . . , n− 1, òî:

A. f (n)(t) → p−nF (p) B. f (n)(t) → pnF (p)

C. f (n)(t) → pF n(p) D. f (n)(t) → pF (pn).

2.21. Íåõàé îðèãiíàëó f(t) âiäïîâiäà¹ çîáðàæåííÿ F (p). Òîäi çîáðàæåííþ

F (n)(p) âiäïîâiäà¹ îðèãiíàë:

A. tnf(t) B. tf(t) C. (−1)ntnf(t) D. t−nf(t).

2.22. ßêùî ôóíêöiÿ f(t) ¹ îðèãiíàëîì, ÿêîìó âiäïîâiäà¹ çîáðàæåííÿ

F (p), òî iíòåãðàë

t∫
0

f(τ)dτ � òàêîæ îðèãiíàë, i éîãî çîáðàæåííÿì ¹:

A.
F (p)

p
− f(0) B. pF (p)− f(0) C. F (p)− p D.

F (p)

p
.

2.23. ßêùî ôóíêöiÿ f(t) ¹ îðèãiíàëîì, ÿêîìó âiäïîâiäà¹ çîáðàæåííÿ

F (p), òî âëàñòèâiñòü iíòåãðóâàííÿ çîáðàæåííÿ ïîëÿãà¹ ó ñïiââiäíîøåííi:

A.
f(t)

t
→

+∞∫
p

F (p)dp B.
f(t)

t
→ p

+∞∫
p

F (p)dp

C.
f(t)

t
→

+∞∫
p

F (p)

p
dp D. f(t) →

+∞∫
p

F (p)dp.

2.24. ßêùî îðèãiíàëó f(t, λ) âiäïîâiäà¹ çîáðàæåííÿ F (p, λ), äå λ � ïà-

ðàìåòð, òî:

A. lim
λ→λ0

f(t, λ) → p lim
λ→λ0

F (p, λ) B. lim
λ→λ0

f(t, λ) → 1

p
lim
λ→λ0

F (p, λ)

C. lim
λ→λ0

f(t, λ) → lim
λ→λ0

F (p, λ) D. lim
λ→λ0

f(t, λ) → pF (p).

2.25. Íåõàé f(t) → F (p). Ãðàíè÷íà òåîðåìà ïðè t → +0 âèðàæà¹òüñÿ

ñïiââiäíîøåííÿì:
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A. lim
p→+0

pF (p) = lim
t→+0

f(t) B. lim
p→+∞

pF (p) = lim
t→+0

f(t)

C. lim
p→+∞

F (p) = lim
t→+0

f(t) D. lim
p→+∞

pF (p) = lim
t→+0

tf(t).

2.26. Íåõàé f(t) → F (p). Ãðàíè÷íà òåîðåìà ïðè t → +∞ âèðàæà¹òüñÿ

ñïiââiäíîøåííÿì:

A. lim
p→∞

pF (p) = lim
t→+∞

f(t) B. lim
p→0

pF (p) = lim
t→+∞

f(t)

C. lim
p→0

pF (p) = lim
t→+∞

tf(t) D. lim
p→0

F (p) = lim
t→+∞

f(t).

Âïðàâè äëÿ ñàìîñòiéíîãî âèêîíàííÿ

Âïðàâà 2.1. Âèêîðèñòîâóþ÷è ëiíiéíiñòü i ïîäiáíiñòü ïåðåòâîðåííÿ

Ëàïëàñà, çíàéäiòü çîáðàæåííÿ îðèãiíàëà f(t):

1) f(t) = e2t + e3t, 2) f(t) = t4 + t3 − 3t2 + 2t+ 9,

3) f(t) = 2e−2t + 3e−3t, 4) f(t) = t2et + 2te−t,

5) f(t) = et sin 2t, 6) f(t) = θ(t) + 2θ(2t),

7) f(t) = cos 3t sin 2t, 8) f(t) = ch 3t sh 2t,

9) f(t) = cos3 2t, 10) f(t) = 2θ(t)− 3θ(3t),

11) f(t) = sin2 2t cos4 2t, 12) f(t) =
1

3
(ch t+ sh t),

13) f(t) = sh 3t sin 3t, 14) f(t) = et sin2 t,

15) f(t) = 3 cos 2t− 2 sin 3t, 16) f(t) = cos t sin 2t cos 3t,

17) f(t) = (t2 + 2t− 3) sin 2t, 18) f(t) = (t2 − 4t+ 1) cos 3t,

19) f(t) = cos4 t+ sin4 t, 20) f(t) = cos8 t.

Âïðàâà 2.2. Âèêîðèñòîâóþ÷è òåîðåìè çàãàþâàííÿ òà âèïåðåäæåííÿ,

çíàéäiòü çîáðàæåííÿ îðèãiíàëà f(t):

1) f(t) = θ(t− 2), 2) f(t) = (t− 3)2et,

3) f(t) = t3et−2, 4) f(t) = θ(t)− 2θ(t− 3),

5) f(t) = sin2(2t− 3), 6) f(t) = cos
(
3t− π

6

)
,

7) f(t) = cos
(
t− π

3

)
sin
(
2t− π

4

)
, 8) f(t) = cos4

(
2t− π

8

)
,
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9) f(t) = (t− 1)2 + 3(t+ 2) + 8, 10) f(t) =
1

2
sh(t−3)+

1

3
ch(t+3),

11) f(t) = et−1 + 2et+2 + 8et−3, 12) f(t) = cos2
(
2t− π

8

)
sin4 t,

13) f(t) = θ(t)− 2θ(t− 3) + 3tθ(t− 1), 14) f(t) = θ(t) cos t+θ(t−3) sin t,

15) f(t)=

t
2, ÿêùî 0 6 t < 1,

et, ÿêùî t > 1,

16) f(t)=

(t−1)et, ÿêùî 06 t<2,

1, ÿêùî t > 2,

17) f(t)=

2t4, ÿêùî 0 6 t < 3,

sin t, ÿêùî t > 3,

18) f(t)=

2, ÿêùî 0 6 t < 4,

e3t−2, ÿêùî t > 4,

19) f(t)=


2, ÿêùî 0 6 t < 2,

3− t, ÿêùî 2 6 t < 3,

t2, ÿêùî t > 3,

20) f(t)=


sin t, ÿêùî 06 t< π

2
,

cos t, ÿêùî
π

2
6 t< 3π

2
,

t, ÿêùî t > 3π

2
.

Âïðàâà 2.3. Âèêîðèñòîâóþ÷è òåîðåìó çìiùåííÿ, çíàéäiòü çîáðàæåí-

íÿ îðèãiíàëà f(t):

1) f(t) = e−3t sin2 t, 2) f(t) = et cos3 2t,

3) f(t) =
(
e3t + e−2t

)
cos 2t, 4) f(t) =

(
e−t + 3e2t

)
sin2

(
t− π

4

)
,

5) f(t) =
(
e−3t + 2et

)
(sin t+ cos 2t), 6) f(t) = t2

(
e3t + e−2t

)
,

7) f(t) = 3te2t cos2 2t, 8) f(t) = 4t2e−t sin3 4t,

9) f(t) = 3t3e2t(cos t+ sin 2t), 10) f(t) = t2e2t(3 sin t− 2 cos 2t).

Âïðàâà 2.4. Âèêîðèñòîâóþ÷è òåîðåìó çìiùåííÿ, çíàéäiòü îðèãiíàë

f(t) çà éîãî çîáðàæåííÿì:

1) F (p) =
1

p2 − 3p+ 2
, 2) F (p) =

p+ 2

p2 − 4p
,

3) F (p) =
3p− 4

p2 + 3p− 6
, 4) F (p) =

p− 2

(2p− 1)(p+ 2)
,

5) F (p) =
4− 3p

6− 2p− p2
, 6) F (p) =

1

p2 + 4p
,

7) F (p) =
3p− 2

3− 2p− p2
, 8) F (p) =

2− p

5 + 4p− p2
,
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9) F (p) =
4p2 − 1

p3 − 6p2 + 11p− 6
, 10) F (p) =

p− 3

p3 + 2p2 − p− 2
.

Âïðàâà 2.5. Çíàéäiòü çîáðàæåííÿ ïåðiîäè÷íîãî îðèãiíàëà:

1) f(t) = | sin t+ cos t|, 2) f(t) = | sin 3t|,

3) f(t) =
1

3
sin 2t, 4) f(t) =

2

3
cos2 3t,

5) f(t) = | sin t cos t|, 6) f(t) = | sin4 t+ cos4 t|,

7) f(t) =

2, ÿêùî 2n < t < 2n+ 1,

0, ÿêùî 2n+ 1 < t < 2n+ 2,

8) f(t) =

0, ÿêùî 2πn < t < (2n+ 1)π,

cos 2t, ÿêùî (2n+ 1)π < t < (2n+ 2)π,

9) f(t) =

3 sin t, ÿêùî 2πn < t < (2n+ 1)π,

0, ÿêùî (2n+ 1)π < t < (2n+ 2)π,

10) f(t) =

0, ÿêùî 2πn < t < (2n+ 1)π,

sin 3t, ÿêùî (2n+ 1)π < t < (2n+ 2)π.

Âïðàâà 2.6. Âèêîðèñòîâóþ÷è âëàñòèâîñòi ïåðåòâîðåííÿ Ëàïëàñà, çíà-

éäiòü çîáðàæåííÿ îðèãiíàëà f(t):

1) f(t) = 2e−t cos 2t− 1

2
e−t sin 2t, 2) f(t) = te2t sin 3t,

3) f(t) =
2

t
(1− cos t), 4) f(t) = t2 cos 3t,

5) f(t) =
1

2
(t− 3)2e−(t−3)θ(t− 3), 6) f(t) = e2t + θ(t− 4) sin 3(t− 4),

7) f(t) =

t∫
0

sh τ

τ
dτ , 8) f(t) =

t∫
0

(τ + 1)cosωτdτ ,

9) f(t) =

t∫
0

τ 2e−τdτ , 10) f(t) =

t∫
0

cos2 ωτdτ .
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�3.1. Çãîðòêà ôóíêöié òà ¨¨ âëàñòèâîñòi

Ó áàãàòüîõ ïðèêëàäíèõ çàäà÷àõ, íàïðèêëàä, ïðè ïîáóäîâi àâòîêîðåëÿöié-

íèõ ôóíêöié, ó ïèòàííÿõ îá÷èñëåííÿ ôóíêöié ðîçïîäiëiâ âèïàäêîâèõ âåëè÷èí,

êîäóâàííÿ i ñòèñêó iíôîðìàöi¨ âèêîðèñòîâóþòüñÿ ïîíÿòòÿ çãîðòêè ôóíêöié.

Çãîðòêîþ äâîõ íåïåðåðâíèõ ôóíêöié f(t) i φ(t), 0 6 t < +∞, íàçèâà-

þòü ôóíêöiþ f ∗ φ, âèçíà÷åíó ôîðìóëîþ

(f ∗ φ)(t) =
t∫

0

f(t− τ)φ(τ)dτ. (3.1)

Îòæå, çãîðòêà � öå äiÿ, ÿêà äâîì ôóíêöiÿì ç äåÿêî¨ ìíîæèíè ñòàâèòü ó

âiäïîâiäíiñòü ïåâíó ôóíêöiþ ç öi¹¨ æ ìíîæèíè. Îïåðàöiþ îäåðæàííÿ çãîðòêè

(f ∗ φ)(t) íàçèâàþòü çãîðòàííÿì ôóíêöié f(t) i φ(t).

Ïðèêëàä 3.1. Çíàéòè çãîðòêè ôóíêöié:

1) f(t) = t, φ(t) = et; 2) f(t) = cos t, φ(t) = e2t.

Ðîçâ'ÿçàííÿ. 1) Çãiäíî ç (3.1) t ∗ et =
t∫

0

(t− τ)eτdτ, à iíòåãðóþ÷è ÷àñòèíà-

ìè (u = t− τ, dv = eτdτ ), îäåðæó¹ìî:

t ∗ et = (t− τ)eτ
∣∣∣t
0
+

t∫
0

eτdτ = et − t− 1.
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2) Çà îçíà÷åííÿì çãîðòêè

cos t ∗ e2t =
t∫

0

cos(t− τ)e2τdτ =
∣∣∣σ = t− τ

∣∣∣ =
= −

0∫
t

cosσe2(t−σ)dσ = e2t
t∫

0

cosσe−2σdσ.

Âðàõîâóþ÷è òåïåð ôîðìóëó∫
cos ax ebxdx =

b cos ax+ a sin ax

a2 + b2
ebx,

îñòàòî÷íî îäåðæó¹ìî çãîðòêó

cos t ∗ e2t = sin t− 2 cos t

5
+

2

5
e2t. I

Íàâåäåìî îñíîâíi âëàñòèâîñòi çãîðòêè .

1. Êîìóòàòèâíiñòü: f ∗ φ = φ ∗ f.

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è (3.1), îäåðæó¹ìî

f ∗ φ =

t∫
0

f(t− τ)φ(τ)dτ =

∣∣∣∣∣∣ u = t− τ

t 6 u 6 0

∣∣∣∣∣∣ = −
0∫

t

f(u)φ(t− u)du =

=

t∫
0

φ(t− u)f(u)du = φ ∗ f. •

2. Àñîöiàòèâíiñòü: (f ∗ φ) ∗ ψ = f ∗ (φ ∗ ψ).

Äîâåäåííÿ. ßêùî ïîçíà÷èòè

g(t) ≡ f ∗ φ =

t∫
0

f(τ)φ(t− τ)dτ, h(t) ≡ φ ∗ ψ =

t∫
0

φ(t− τ)ψ(τ)dτ,

òî ïîòðiáíî äîâåñòè, ùî g ∗ ψ = f ∗ h. Ìà¹ìî:

g ∗ ψ =

t∫
0

g(t− τ)ψ(τ)dτ =

=

t∫
0

 t−τ∫
0

f(t− τ − σ)φ(σ)dσ

ψ(τ)dτ =

∣∣∣∣∣∣ω = τ + σ

τ 6 ω 6 t

∣∣∣∣∣∣ =
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=

t∫
0

 t∫
τ

f(t− ω)φ(ω − τ)dω

ψ(τ)dτ =

∫∫
D

f(t− ω)φ(ω − τ)ψ(τ)dτdω,

äå iíòåãðóâàííÿ ó ïîäâiéíîìó iíòåãðàëi çäiéñíþ¹òüñÿ â îáëàñòi (òðèêóòíèêó)

D = {(τ, ω) ∈ R2 : 0 6 ω 6 t, 0 6 τ 6 ω} (ðèñ. 5).

6

-

τ

ωO

τ = ω

t

D

t

Ðèñ. 5
Çìiíþþ÷è ïîðÿäîê iíòåãðóâàííÿ ó òðèêóòíèêó D , îäåðæó¹ìî∫∫

D

f(t− ω)φ(ω − τ)ψ(τ)dτdω =

=

t∫
0

f(t− ω)dω

ω∫
0

φ(ω − τ)ψ(τ)dτ =

t∫
0

f(t− ω)h(ω)dω.

Îòæå,
t∫

0

g(t− τ)ψ(τ)dτ =

t∫
0

f(t− τ)h(τ)dτ,

òîáòî (f ∗ φ) ∗ ψ = f ∗ (φ ∗ ψ). •

Òàêèì ÷èíîì, ðåçóëüòàò çãîðòàííÿ òðüîõ àáî áiëüøî¨ êiëüêîñòi ôóíêöié

íå çàëåæèòü âiä ñïîñîáó ¨õ ïî¹äíàííÿ ó çãîðòöi.

3. Äèñòðèáóòèâíiñòü: f ∗ (φ+ ψ) = f ∗ φ+ f ∗ ψ.

Äîâåäåííÿ. Çà îçíà÷åííÿì çãîðòêè,

f ∗ (φ+ ψ) =

t∫
0

f(t− τ)
(
φ(τ) + ψ(τ)

)
dτ =
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=

t∫
0

f(t− τ)φ(τ)dτ +

t∫
0

f(t− τ)ψ(τ)dτ = f ∗ φ+ f ∗ ψ. •

4. Îöiíêà ìîäóëÿ çãîðòêè: |f ∗ φ| 6 |f | ∗ |φ|.

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è îçíà÷åííÿ çãîðòêè òà âiäîìó âëàñòèâiñòü ïðî

îöiíêó ìîäóëÿ âèçíà÷åíîãî iíòåãðàëà, îäåðæó¹ìî:

|f ∗ φ| =

∣∣∣∣∣∣
t∫

0

f(t− τ)φ(τ)dτ

∣∣∣∣∣∣ 6
t∫

0

|f(t− τ)| · |φ(τ)|dτ = |f | ∗ |φ|. •

�3.2. Íåïåðåðâíiñòü çãîðòêè

Òåîðåìà 3.1. ßêùî f(t) i φ(t) ¹ íåïåðåðâíèìè ôóíêöiÿìè äëÿ t > 0,

òî ¨õ çãîðòêà f ∗ φ ¹ íåïåðåðâíîþ ôóíêöi¹þ äëÿ t > 0.

Äîâåäåííÿ. Ñïî÷àòêó äîâåäåìî íåïåðåðâíiñòü çãîðòêè ñïðàâà. Ðîçãëÿíåìî

ïðèðiñò ôóíêöi¨ f ∗ φ ó äîâiëüíié òî÷öi t > 0:

(f ∗ φ)(t+∆t)− (f ∗ φ)(t) =

=

t+∆t∫
0

f(t+∆t− τ)φ(τ)dτ −
t∫

0

f(t− τ)φ(τ)dτ =

=

t+∆t∫
t

f(t+∆t− τ)φ(τ)dτ +

t∫
0

(
f(t+∆t− τ)− f(t− τ)

)
φ(τ)dτ.

Çãiäíî ç ïåðøîþ òåîðåìîþ Âåé¹ðøòðàñà íà äîâiëüíîìó âiäðiçêó [0, T ] íå-

ïåðåðâíi ôóíêöi¨ f(t) i φ(t) ¹ îáìåæåíèìè (íåõàé, íàïðèêëàä, |f(t)| 6 M ,

|φ(t)| 6M ), à òîìó äëÿ t < T i ∆t < T − t

|(f ∗ φ)(t+∆t)− (f ∗ φ)(t)| 6

6M 2∆t+M

t∫
0

|f(t+∆t− τ)− f(t− τ)|dτ =

∣∣∣∣∣∣ u = t− τ

t 6 u 6 0

∣∣∣∣∣∣ =
=M 2∆t+M

t∫
0

|f(u+∆t)− f(u)|du.
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Ôóíêöiÿ f(u) ¹ íåïåðåðâíîþ íà [0, T ], òî çãiäíî ç òåîðåìîþ Êàíòîðà âîíà

íà öüîìó âiäðiçêó ¹ ðiâíîìiðíî íåïåðåðâíîþ. Òîìó äëÿ áóäü-ÿêîãî ε > 0 iñíó¹

÷èñëî δ(ε) > 0 òàêå, ùî äëÿ áóäü-ÿêèõ äâîõ òî÷îê u′, u′′ ∈ [0, T ] ç íåðiâíîñòi

|u′ − u′′| < δ âèïëèâà¹ |f(u′) − f(u′′)| < ε. Âçÿâøè ∆t < min{T − t, δ},

îäåðæó¹ìî îöiíêó

t∫
0

|f(u+∆t)− f(u)|du 6
T∫

0

|f(u+∆t)− f(u)|du < ε

T∫
0

du = εT.

Îòæå,

lim
∆t→0

t∫
0

|f(u+∆t)− f(u)|du = 0,

lim
∆t→0

|(f ∗ φ)(t+∆t)− (f ∗ φ)(t)| = 0, (3.2)

òîáòî íåïåðåðâíiñòü çãîðòêè f ∗ φ ñïðàâà äîâåäåíî.

Äîâåäåìî òåïåð, ùî öÿ çãîðòêà ¹ íåïåðåðâíîþ çëiâà â äîâiëüíié òî÷öi

t > 0. Äëÿ öüîãî ðîçãëÿíåìî ïðèðiñò ôóíêöi¨ f ∗ φ çëiâà äëÿ ∆t < t:

(f ∗ φ)(t)− (f ∗ φ)(t−∆t) =

=

t∫
0

f(t− τ)φ(τ)dτ −
t−∆t∫
0

f(t−∆t− τ)φ(τ)dτ =

=

t∫
t−∆t

f(t− τ)φ(τ)dτ +

t−∆t∫
0

(
f(t− τ)− f(t−∆t− τ)

)
φ(τ)dτ.

Òîäi

|(f ∗ φ)(t)− (f ∗ φ)(t−∆t)| 6

6M 2∆t+M

t−∆t∫
0

|f(t− τ)− f(t−∆t− τ)|dτ =

∣∣∣∣∣∣ u = t− τ

t 6 u 6 ∆t

∣∣∣∣∣∣ =
=M 2∆t+M

t∫
∆t

|f(u)− f(u−∆t)|du.
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Âèáèðàþ÷è ∆t < min{t, δ}, îòðèìó¹ìî îöiíêó

t∫
∆t

|f(u)− f(u−∆t)|du 6
T∫

0

|f(u)− f(u−∆t)|du < ε

T∫
0

du = εT.

Îòæå,

lim
∆t→0

t∫
0

|f(u)− f(u−∆t)|du = 0,

lim
∆t→0

|(f ∗ φ)(t)− (f ∗ φ)(t−∆t)| = 0 (3.3)

i íåïåðåðâíiñòü çãîðòêè çëiâà äëÿ áóäü-ÿêî¨ òî÷êè t > 0 äîâåäåíî.

Ç ôîðìóë (3.2) i (3.3) âèïëèâà¹, ùî çãîðòêà f ∗φ ¹ íåïåðåðâíîþ ôóíêöi¹þ

äëÿ t > 0. •

Çàóâàæåííÿ 3.1. ßêùî f(t) i φ(t) ¹ îðèãiíàëàìè, òî âîíè íà áóäü-ÿêîìó

âiäðiçêó iíòåãðîâíi òà ìîæóòü ìàòè íà íüîìó ñêií÷åííó êiëüêiñòü

ðîçðèâiâ ïåðøîãî ðîäó. Òåîðåìà 3.1 ñïðàâäæó¹òüñÿ é äëÿ òàêèõ ôóíêöié.

�3.3. Çãîðòêà îðèãiíàëiâ i çîáðàæåííÿ çãîðòêè

Òåîðåìà 3.2. ßêùî f(t) i φ(t) ¹ îðèãiíàëàìè ç ïîêàçíèêàìè çðîñòàííÿ

s1 i s2 âiäïîâiäíî, òî çãîðòêà f ∗ φ ¹ îðèãiíàëîì ç ïîêàçíèêîì çðîñòàííÿ

max{s1, s2}.

Äîâåäåííÿ. Äëÿ çãîðòêè

(f ∗ φ)(t) =
t∫

0

f(t− τ)φ(τ)dτ

äâi ïåðøi óìîâè ç îçíà÷åííÿ îðèãiíàëà (� 1.1), ÿê ëåãêî ïåðåêîíàòèñÿ, âèêî-

íóþòüñÿ. Ïîêàæåìî, ùî öÿ ôóíêöiÿ çàäîâîëüíÿ¹ òàêîæ òðåòþ óìîâó ç öüîãî

îçíà÷åííÿ. Íåõàé s1 > s2. Îñêiëüêè |f(t)| < M1e
s1t i |φ(t)| < M2e

s2t, òî

|f ∗ φ| 6
t∫

0

|f(t− τ)| · |φ(τ)|dτ <
t∫

0

M1e
s1(t−τ) ·M2e

s2τdτ <
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< M1M2

t∫
0

es1(t−τ)es1τdτ =M1M2

t∫
0

es1tdτ =Mte−αte(s1+α)t,

äå M =M1M2, α � äåÿêå äîäàòíå ÷èñëî.

Ôóíêöiÿ Mte−αt äëÿ t > 0 ìà¹ ¹äèíèé ìàêñèìóì M̃, òîìó

|f ∗ φ| 6 M̃e(s1+α)t àáî |f ∗ φ| 6 M̃es1t,

îñêiëüêè s1 � òî÷íà íèæíÿ ãðàíü ÷èñåë s1 + α. Îòæå, çãîðòêà f ∗φ ¹ îðèãi-

íàëîì ç ïîêàçíèêîì çðîñòàííÿ s1 , ÿêùî s1 > s2.

ßêùî s1 < s2 , òî çãîðòêà f ∗ φ ¹ îðèãiíàëîì ç ïîêàçíèêîì çðîñòàííÿ

s2 . Ó çàãàëüíîìó âèïàäêó ïîêàçíèêîì çðîñòàííÿ çãîðòêè f ∗ φ ¹ ÷èñëî

max{s1, s2}. •

Òåîðåìà 3.3 (òåîðåìà Áîðåëÿ). ßêùî f(t), φ(t) � îðèãiíàëè ç ïîêà-

çíèêàìè çðîñòàííÿ s1 i s2 âiäïîâiäíî, f(t) → F (p), Re p > s1 i φ(t) → Φ(p),

Re p > s2, òî ó ïiâïëîùèíi Re p > max{s1, s2}

f ∗ φ→ F (p)Φ(p). (3.4)

Äîâåäåííÿ. Çà îçíà÷åííÿì çãîðòêè

f ∗ φ→
+∞∫
0

(f ∗ φ)(t) · e−ptdt =

+∞∫
0

e−ptdt

t∫
0

f(t− τ)φ(τ)dτ.

Â îòðèìàíié ðiâíîñòi ïîâòîðíèé iíòåãðàë ó îáëàñòi iíòåãðóâàííÿ (ñìóçi)

D = {(t, τ) ∈ R2 : 0 6 t < +∞, 0 6 τ 6 t} (ðèñ. 6) çáiãà¹òüñÿ àáñîëþòíî,

áî çîáðàæåííÿ îðèãiíàëà f ∗ φ âèçíà÷åíå ó ïiâïëîùèíi Re p > s1 , ÿêùî

s1 > s2 (òåîðåìè 3.2 òà 1.1). Òîìó ó ïîâòîðíîìó iíòåãðàëi ìîæíà çìiíèòè

ïîðÿäîê iíòåãðóâàííÿ (0 6 τ < +∞, τ 6 t < +∞), òîáòî

f ∗ φ→
+∞∫
0

φ(τ)dτ

+∞∫
τ

f(t− τ)e−ptdt =

∣∣∣∣∣∣ u = t− τ

0 6 u < +∞

∣∣∣∣∣∣ =
=

+∞∫
0

φ(τ)e−ptdτ

+∞∫
0

f(u)e−pudu = F (p)Φ(p). •
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6

-

τ

tO

τ = t

D

Ðèñ. 6

Ç òåîðåìè 3.3 âèïëèâà¹, ùî çãîðòöi îðèãiíàëiâ ó ïðîñòîði çîáðàæåíü âiä-

ïîâiäà¹ îïåðàöiÿ ìíîæåííÿ çîáðàæåíü çãîðòóâàíèõ ôóíêöié.

Ïðèêëàä 3.2. Çíàéòè çîáðàæåííÿ çãîðòêè ôóíêöié φ(t) = cosωt,

f(t) = t2.

Ðîçâ'ÿçàííÿ. Çà îçíà÷åííÿì çãîðòêè

f ∗ φ =

t∫
0

(t− τ)2 cosωt dτ.

Îñêiëüêè cosωτ → ω

p2 + ω2
, t2 → 2

p3
, òî çà ôîðìóëîþ (3.4)

t2 ∗ cosωt→ 2ω

p3(p2 + ω2)
. I

Ïðèêëàä 3.3. Çíàéòè çãîðòêó ôóíêöié tα i tβ, äå α > 0, β > 0.

Ðîçâ'ÿçàííÿ. Îñêiëüêè

tα

Γ(α+ 1)
→ 1

pα+1
,

tβ

Γ(β + 1)
→ 1

pβ+1
,

òî çãiäíî ç (3.4)
1

pα+1
· 1

pβ+1
→ tα

Γ(α + 1)
∗ tβ

Γ(β + 1)

àáî
1

pα+β+2
→ 1

Γ(α+ 1)Γ(β + 1)
tα ∗ tβ.
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Àëå
1

pα+β+2
→ tα+β+1

Γ(α + β + 2)
,

òîìó
tα+β+1

Γ(α+ β + 2)
=

1

Γ(α + 1)Γ(β + 1)
tα ∗ tβ.

Òàêèì ÷èíîì,

tα ∗ tβ =
Γ(α+ 1)Γ(β + 1)

Γ(α + β + 2)
tα+β+1. I

Ïðèêëàä 3.4. Âèêîðèñòîâóþ÷è òåîðåìó Áîðåëÿ, çíàéòè îðèãiíàë çà

çîáðàæåííÿì

F (p) =
1

(p+ 1)(p+ 2)2
.

Ðîçâ'ÿçàííÿ. Ðîçêëàäåìî ôóíêöiþ F (p) íà ïðîñòi äðîáè (äëÿ öüîãî ìîæíà

âèêîðèñòàòè, íàïðèêëàä, ìåòîä íåâèçíà÷åíèõ êîåôiöi¹íòiâ):

F (p) =
1

p+ 1
− 1

p+ 2
− 1

(p+ 2)2
.

Îñêiëüêè
1

p+ 1
→ e−t,

1

p+ 2
→ e−2t, òî çàëèøà¹òüñÿ çíàéòè îðèãiíàë ôóí-

êöi¨

Φ(p) =
1

(p+ 2)2
=

1

p+ 2
· 1

p+ 2
.

Çà ôîðìóëîþ (3.4)

Φ(p) →
t∫

0

e−2(t−τ)e−2τdτ = e−2t

t∫
0

dτ = te−2t

i, îñòàòî÷íî,
1

(p+ 1)(p+ 2)2
→ et − (1 + t)e−2t. I
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�3.4. Óçàãàëüíåíå ìíîæåííÿ çîáðàæåíü

Òåîðåìà 3.4 (òåîðåìà Åôðîñà). Íåõàé ôóíêöi¨ f(t), φ(t, τ),
+∞∫
0

f(τ)φ(t, τ)dτ ¹ îðèãiíàëàìè, à iíòåãðàë

+∞∫
0

φ(t, τ)e−pt dt ðiâíîìiðíî

çáiæíèé âiäíîñíî τ > 0. ßêùî f(t) → F (p), φ(t, τ) → Φ(p)e−τh(p), äå

Reh(p) > s0 äëÿ Re p > s0, òî

+∞∫
0

f(τ)φ(t, τ)dτ → Φ(p)F
(
h(p)

)
. (3.5)

Äîâåäåííÿ. Îñêiëüêè φ(t, τ) →
+∞∫
0

φ(t, τ)e−pt dt (çà îçíà÷åííÿì) i

φ(t, τ) → Φ(p)e−τh(p) (çà óìîâîþ òåîðåìè), òî

+∞∫
0

φ(t, τ)e−ptdt = Φ(p)e−τh(p).

Ïîìíîæèìî îáèäâi ÷àñòèíè öi¹¨ ðiâíîñòi íà f(τ)dτ i çiíòåãðó¹ìî ðåçóëüòàò

çà çìiííîþ τ ó ìåæàõ âiä 0 äî +∞ :

+∞∫
0

f(τ)dτ

+∞∫
0

φ(t, τ)e−ptdt = Φ(p)

+∞∫
0

f(τ)e−τh(p)dτ. (3.6)

Îñêiëüêè çà óìîâîþ òåîðåìè Reh(p) > s0, òî

+∞∫
0

f(τ)e−τh(p)dτ → F
(
h(p)

)
.

Çà óìîâîþ òåîðåìè iíòåãðàë

+∞∫
0

φ(t, τ)e−pt dt ¹ ðiâíîìiðíî çáiæíèì âiäíî-

ñíî τ , à òîìó ó ëiâié ÷àñòèíi ðiâíîñòi (3.6) ìîæíà çìiíèòè ïîðÿäîê iíòåãðó-

âàííÿ. Òîäi
+∞∫
0

e−ptdt

+∞∫
0

f(τ)φ(t, τ)dτ = Φ(p)F
(
h(p)

)
,

çâiäêè îäåðæó¹ìî ñïiââiäíîøåííÿ (3.5). •
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Ðîçãëÿíåìî îêðåìi âèïàäêè òåîðåìè 3.4.

1. ßêùî ó ôîðìóëi (3.5) h(p) = p, òî φ(t, τ) → Φ(p)e−τp, à îñêiëüêè çà

òåîðåìîþ çàãàþâàííÿ (òåîðåìà 2.3)

φ(t, τ) =

φ(t− τ), ÿêùî t > τ,

0, ÿêùî t < τ,

i

+∞∫
t

f(τ)φ(t− τ)dτ = 0, òî

+∞∫
0

f(τ)φ(t, τ)dτ =

t∫
0

f(τ)φ(t− τ)dτ

àáî
t∫

0

f(τ)φ(t− τ)dτ → Φ(p)F (p).

2. ßêùî Φ(p) =
1
√
p
, h(p) =

√
p, òî φ(t, τ) → 1

√
p
e−

√
pτ , i âèêîðèñòîâóþ÷è

ñïiââiäíîøåííÿ
e−τ

√
p

√
p

→ e−
τ2

4t

√
πt

(äèâ. òàáëèöþ çîáðàæåíü), çíàõîäèìî

φ(t, τ) =
1√
πt
e−

τ2

4t .

Òîäi çà ôîðìóëîþ (3.5) îäåðæó¹ìî îðèãiíàë çà çîáðàæåííÿì
F (

√
p)

√
p

:

F (
√
p)

√
p

→ 1√
πt

+∞∫
0

f(τ)e−
τ2

4t dτ.

3. ßêùî Φ(p) =
1

p
√
p
, h(p) =

1

p
, òî ç òåîðåìè 3.4 âèïëèâà¹, ùî

1

p
√
p
e−

τ
p → φ(t, τ).

Iç òàáëèöi çîáðàæåíü çíàõîäèìî îðèãiíàë φ(t, τ) =
sin 2

√
tτ√

πτ
. Ó ðåçóëüòàòi

îòðèìó¹ìî ñïiââiäíîøåííÿ
+∞∫
0

sin 2
√
tτ√

πτ
f(τ)dτ → 1

p
√
p
F

(
1

p

)
.
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Ïðîïîíó¹ìî ÷èòà÷àì ñàìîñòiéíî äîâåñòè, âèêîðèñòîâóþ÷è òåîðåìó 3.4,

ñïiââiäíîøåííÿ:
+∞∫
0

cos 2
√
tτ√

πτ
f(τ)dτ → 1

√
p
F

(
1

p

)
.

Ïðèêëàä 3.5. Âèêîðèñòîâóþ÷è òåîðåìó Åôðîñà, çíàéòè îðèãiíàë çà

çîáðàæåííÿì

Ψ(p) =
e−

√
px/a

p
,

äå a � äåÿêå ÷èñëî.

Ðîçâ'ÿçàííÿ. Íåõàé Φ(p) =
1
√
p
, h(p) =

√
p, òîäi

1
√
p
· e−τ

√
p → φ(t, τ), τ > 0.

Ç òàáëèöi çîáðàæåíü ìà¹ìî

1
√
p
· e−τ

√
p → e−

τ2

4t · 1√
πt
, t > 0.

ßêùî Φ(p) =
1
√
p
, F (

√
p) =

e−
√
px/a

√
p

, òî F (p) =
e−xp/a

p
, i ç òàáëèöi çîáðà-

æåíü çíàõîäèìî îðèãiíàë

e−
xp
a

p
→ θ

(
t− x

a

)
,

äå θ
(
t− x

a

)
� óçàãàëüíåíà ôóíêöiÿ Ãåâiñàéäà (� 1.1).

Òîäi çà òåîðåìîþ 3.4

Ψ(p) = Φ(p) · F (√p) = 1
√
p
· F (√p) → 1√

πt

+∞∫
x
a

e−
τ2

4t dτ =

=

∣∣∣∣∣∣∣∣∣
s = τ√

2t
, dτ =

√
2tds

x
a 6 τ < +∞

x
a
√
2t
6 s < +∞

∣∣∣∣∣∣∣∣∣ =
1√
πt

+∞∫
x

a
√
2t

√
2te−

s2

2 ds =

√
2

π

+∞∫
x

a
√
2t

e−
s2

2 ds =

=

√2

π

+∞∫
0

e−
s2

2 ds−
√

2

π

x
a
√
2t∫

0

e−
s2

2 ds

 = 1− 2Φ

(
x

a
√
2t

)
,
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äå Φ (ξ) =
1√
2π

ξ∫
0

e−
s2

2 ds � ôóíêöiÿ Ëàïëàñà. I

�3.5. Òåîðåìà Äþàìåëÿ

Ó ïðèêëàäíèõ çàäà÷àõ îïåðàöiéíîãî ÷èñëåííÿ ÷àñòî çíàéäåíi çîáðàæåííÿ

ìàþòü âèãëÿä pF1(p)F2(p), ïðè÷îìó îðèãiíàëè f1(t) i f2(t) çîáðàæåíü F1(p),

F2(p) âiäîìi. Âèÿâëÿ¹òüñÿ, ùî çà äîïîìîãîþ îðèãiíàëiâ f1(t), f2(t) ìîæíà

çíàéòè îðèãiíàë äëÿ âèðàçó pF1(p)F2(p).

Òåîðåìà 3.5 (òåîðåìà Äþàìåëÿ). ßêùî ôóíêöi¨ f1(t), f2(t) ¹ îðèãi-

íàëàìè ç ïîêàçíèêàìè çðîñòàííÿ s1 , s2 âiäïîâiäíî, f1(t) → F1(p), Re p > s1,

f2(t) → F2(p), Re p > s2 , òà iñíóþòü ïîõiäíi f
′
1(t), f

′
2(t), òî

pF1(p)F2(p) → f1(0) · f2(t) + (f ′1 ∗ f2)(t). (3.7)

Äîâåäåííÿ. Ïîçíà÷èìî

g(t) = (f1 ∗ f2)(t) =
t∫

0

f1(t− τ)f2(τ)dτ

i çíàéäåìî ïîõiäíó ôóíêöi¨ g(t):

g′(t) = f2(τ) · f1(t− τ)|τ=t +

+

t∫
0

f ′1(t− τ)f2(τ)dτ = f1(0) · f2(t) + (f ′1 ∗ f2)(t). (3.8)

Çà òåîðåìîþ 3.2 ôóíêöiÿ g(t) ¹ îðèãiíàëîì, à ç òåîðåìè 2.7 ïðî äèôåðåí-

öiþâàííÿ îðèãiíàëà

g′(t) → pG(p)− g(0),

äå G(p) � çîáðàæåííÿ îðèãiíàëà g(t). Òàêèì ÷èíîì, ç òåîðåìè 3.3 ïðî çîáðà-

æåííÿ çãîðòêè îòðèìó¹ìî ñïiââiäíîøåííÿ

g′(t) → pF1(p)F2(p)− g(0) = pF1(p)F2(p), (3.9)
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îñêiëüêè g(0) = 0.

Îòæå, ç ôîðìóë (3.8), (3.9) âèïëèâà¹, ùî

pF1(p)F2(p) → f1(0) · f2(t) + (f ′1 ∗ f2)(t). •

Âðàõîâóþ÷è êîìóòàòèâíiñòü çãîðòêè (� 3.1), îäåðæó¹ìî ñèìåòðè÷íó äî

ñïiââiäíîøåííÿ (3.7) ôîðìóëó

pF1(p)F2(p) → f1(t) · f2(0) + (f1 ∗ f ′2)(t). (3.10)

Ïðàâi ÷àñòèíè ôîðìóë (3.7) i (3.10) íàçèâàþòü iíòåãðàëàìè Äþàìåëÿ .

Ïðèêëàä 3.6. Âèêîðèñòîâóþ÷è òåîðåìó Äþàìåëÿ, çíàéòè îðèãiíàë çà

çîáðàæåííÿì

F (p) =
p

(p+ 1)(p− 3)
.

Ðîçâ'ÿçàííÿ. Îñêiëüêè

F (p) = p · 1

p+ 1
· 1

p− 3
,

à
1

p+ 1
→ e−t = f1(t),

1

p− 3
→ e3t = f2(t),

òî ç ôîðìóëè (3.10) îäåðæó¹ìî:

F (p) → f1(t)f2(0) + (f1 ∗ f ′2)(t) =

= e−t · 1 +
t∫

0

e−τ · 3e3(t−τ)dτ = e−t + 3e3t
t∫

0

e−4τdτ =
1

4
e−t +

3

4
e3t. I

Òåîðåìà Äþàìåëÿ ìà¹ øèðîêå ïðàêòè÷íå çàñòîñóâàííÿ, çîêðåìà, äëÿ

ðîçâ'ÿçóâàííÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü (� 5.2).

Êîíòðîëüíi ïèòàííÿ äî ðîçäiëó 3

1. Ùî íàçèâàþòü çãîðòêîþ äâîõ íåïåðåðâíèõ ôóíêöié? ßê íàçèâàþòü îïåðà-

öiþ çíàõîäæåííÿ çãîðòêè ôóíêöié?
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2. Ó ÷îìó ïîëÿãàþòü âëàñòèâîñòi êîìóòàòèâíîñòi, àñîöiàòèâíîñòi òà äèñòðè-

áóòèâíîñòi çãîðòêè?

3. ßê ôîðìóëþ¹òüñÿ òåîðåìà ïðî íåïåðåðâíiñòü çãîðòêè?

4. Â ÿêié ïiâïëîùèíi çãîðòêà äâîõ îðèãiíàëiâ ¹ îðèãiíàëîì?

5. ßê ôîðìóëþ¹òüñÿ òåîðåìà Áîðåëÿ ïðî çîáðàæåííÿ çãîðòêè?

6. ßê ôîðìóëþ¹òüñÿ òåîðåìà Åôðîñà ïðî óçàãàëüíåíå ìíîæåííÿ çîáðàæåíü?

Íàïèøiòü îêðåìi âèïàäêè çîáðàæåíü, ÿêi âèïëèâàþòü ç öi¹¨ òåîðåìè.

7. Çà äîïîìîãîþ ÿêî¨ ôîðìóëè, çíàþ÷è îðèãiíàëè f1(t), f2(t) òà âiäïîâiäíi

çîáðàæåííÿ F1(p), F2(p), ìîæíà çíàéòè îðèãiíàë çà âiäîìèì çîáðàæåííÿì

pF1(p)F2(p)? ßê ôîðìóëþ¹òüñÿ òåîðåìà Äþàìåëÿ? Ùî íàçèâàþòü iíòåãðà-

ëàìè Äþàìåëÿ?

Ðåêîìåíäîâàíà ëiòåðàòóðà: [3, ñ. 171�174], [9, c. 57�69], [27, ñ. 63�79],

[28, c. 91�102].

Òåñòîâi çàâäàííÿ äî ðîçäiëó 3

3.1. Çãîðòêîþ ôóíêöié f(t) i φ(t) íàçèâàþòü ôóíêöiþ, âèçíà÷åíó ôîð-

ìóëîþ:

A.

t∫
0

f(t− τ)φ(τ)dτ B.

t∫
0

f(τ)φ(τ)dτ

C.

t∫
0

f(t+ τ)φ(τ)dτ D.

t∫
0

f(t− τ)φ(t− τ)dτ.

3.2. Âëàñòèâiñòü êîìóòàòèâíîñòi çãîðòêè ïîëÿãà¹ ó âèêîíàííi ðiâíîñòi:

A. (f ∗ φ) ∗ ψ = f ∗ (φ ∗ ψ) B. f ∗ φ = φ ∗ f

C. f ∗ (φ+ ψ) = f ∗ φ+ f ∗ ψ D. f ∗ φ+ ψ = f ∗ φ+ f ∗ ψ.

3.3. Âëàñòèâiñòü àñîöiàòèâíîñòi çãîðòêè ïîëÿãà¹ ó âèêîíàííi ðiâíîñòi:

A. (f ∗ φ) ∗ ψ = f ∗ (φ ∗ ψ) B. f ∗ φ = φ ∗ f

C. f ∗ (φ+ ψ) = f ∗ φ+ f ∗ ψ D. f ∗ φ+ ψ = f ∗ φ+ f ∗ ψ.

3.4. Âëàñòèâiñòü äèñòðèáóòèâíîñòi çãîðòêè ïîëÿãà¹ ó âèêîíàííi ðiâíîñòi:
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A. (f ∗ φ) ∗ ψ = f ∗ (φ ∗ ψ) B. f ∗ φ = φ ∗ f

C. f ∗ (φ+ ψ) = f ∗ φ+ f ∗ ψ D. f ∗ φ+ ψ = f ∗ φ+ f ∗ ψ.

3.5. Ñåðåä íàâåäåíèõ íåðiâíîñòåé âêàæiòü ïðàâèëüíó:

A. |f + φ| 6 |f | ∗ |φ| B. |f ∗ φ| 6 f ∗ φ

C. f ∗ φ 6 |f | ∗ |φ| D. |f ∗ φ| 6 |f | ∗ |φ|.

3.6. ßêùî ôóíêöi¨ f(t) i φ(t) ¹ íåïåðåðâíèìè äëÿ t ≥ 0, òî ¨õ çãîðòêà

äëÿ t ≥ 0 ¹:

A. ïåðiîäè÷íîþ B. ñïàäíîþ C. íåïåðåðâíîþ D. ñòàëîþ.

3.7. ßêùî ôóíêöi¨ f(t) i φ(t) ¹ îðèãiíàëàìè ç ïîêàçíèêàìè çðîñòàííÿ s1

i s2 âiäïîâiäíî, òî ¨õ çãîðòêà ¹ îðèãiíàëîì ç ïîêàçíèêîì çðîñòàííÿ:

A. s1 + s2 B. s1s2 C. max{s1, s2} D. min{s1, s2}.

3.8. ßêùî f(t), φ(t) � îðèãiíàëè ç ïîêàçíèêàìè çðîñòàííÿ s1 i s2 âiäïî-

âiäíî, f(t) → F (p) i φ(t) → Φ(p), òî çãiäíî ç òåîðåìîþ Áîðåëÿ ó ïiâïëîùèíi

Rep > max{s1, s2} :

A. f ∗ φ→ F (p) + Φ(p) B. f ∗ φ→ F (p)Φ(p)

C. f ∗ φ→ F (p) ∗ Φ(p) D. f ∗ φ→ F 2(p)Φ2(p).

3.9. ßêùî ôóíêöi¨ f1(t), f2(t) ¹ îðèãiíàëàìè ç ïîêàçíèêàìè çðîñòàííÿ s1 ,

s2 âiäïîâiäíî, f1(t) → F1(p), f2(t) → F2(p), òà iñíóþòü ïîõiäíi f ′1(t), f
′
2(t),

òî çãiäíî ç òåîðåìîþ Äþàìåëÿ:

A. pF1(p)F2(p) → f1(t) · f2(0) + (f1 ∗ f ′2)(t)

B. pF1(p)F2(p) → f1(t) · f2(0)− (f1 ∗ f ′2)(t)

C. pF1(p)F2(p) → f1(0) · f2(0) + (f1 ∗ f ′2)(t)

D. pF1(p)F2(p) → f1(t) ∗ f2(t) + (f1 ∗ f ′2)(0).

3.10. Çîáðàæåííþ F (p) =
2

p4 − 3p3
âiäïîâiäà¹ îðèãiíàë:

A. f(t) = t2 ∗ cos 3t B. f(t) = t2 ∗ e3t

C. f(t) = sin 3t ∗ t3 D. f(t) = t2 ∗ t3.
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3.11. Çîáðàæåííþ F (p) =
1

p2 − 3p+ 2
âiäïîâiäà¹ îðèãiíàë:

A. f(t) = et ∗ e2t B. f(t) = et ∗ cos t

C. f(t) = sin t ∗ e2t D. f(t) = t2 ∗ e2t.

Âïðàâè äëÿ ñàìîñòiéíîãî âèêîíàííÿ

Âïðàâà 3.1. Çíàéäiòü çãîðòêó f(t) i g(t):

1) f(t) = sin t, g(t) = sh t, 2) f(t) = sin t, g(t) = cos 2t,

3) f(t) = t2, g(t) = 3− 2t, 4) f(t) = et, g(t) = sin 3t,

5) f(t) = sh t, g(t) = ch t, 6) f(t) = t, g(t) = sin2 t,

7) f(t) = e4t, g(t) = 1− e4t, 8) f(t) = cos t, g(t) = cos t,

9) f(t) = t2, g(t) = t3, 10) f(t) = sh 2t, g(t) = cos 3t.

Âïðàâà 3.2. Âèêîðèñòîâóþ÷è òåîðåìó Áîðåëÿ, çíàéäiòü çîáðàæåííÿ

çãîðòêè (f ∗ g)(t):

1) f(t) = sh 2t, g(t) = cos 5t, 2) f(t) = sin 2t, g(t) = cos 5t,

3) f(t) = t2, g(t) = 3t− 5, 4) f(t) = e3t, g(t) = sin 3t,

5) f(t) = sh 2t, g(t) = ch 3t, 6) f(t) = t2, g(t) = sin2 t,

7) f(t) = e3t, g(t) = e3t − 2, 8) f(t) = cos2 t, g(t) = cos t,

9) f(t) = t2, g(t) = t3 − 1, 10) f(t) = sin 4t, g(t) = sh 6t.

Âïðàâà 3.3. Âèêîðèñòîâóþ÷è òåîðåìó Áîðåëÿ, çíàéäiòü îðèãiíàë çà âi-

äîìèì çîáðàæåííÿì:

1) F (p) =
1

(p+ 1)(p+ 2)2
, 2) F (p) =

p2

(p2 + 1)(p2 − 2)
,

3) F (p) =
3p

(p2 − 3)(p2 − 1)
, 4) F (p) =

p

(p2 + 4)(p2 + 1)
,

5) F (p) =
p

(p− 1)(p2 + 4)
, 6) F (p) =

p

(p2 + 1)2
,
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7) F (p) =
1

(p− 1)2(p− 2)3
, 8) F (p) =

1

p2(p− 1)
,

9) F (p) =
p2

(p2 + 16)(p2 + 4)
, 10) F (p) =

p2

p2 + 1
.

Âïðàâà 3.4. Âèêîðèñòîâóþ÷è òåîðåìó Äþàìåëÿ, çíàéäiòü îðèãiíàë çà

âiäîìèì çîáðàæåííÿì:

1) F (p) =
p

(p+ 1)(p+ 2)
, 2) F (p) =

p2

(p2 + 1)(p2 − 2)
,

3) F (p) =
p

(p2 − 3)(p2 − 1)
, 4) F (p) =

p

(p2 + 4)(p2 + 1)
,

5) F (p) =
1

p3(p2 + 1)
, 6) F (p) =

p

(p− 1)(p− 2)
,

7) F (p) =
p2

(p2 − 4)(p2 + 9)
, 8) F (p) =

p3

(p2 + 1)(p2 + 4)
,

9) F (p) =
p2

(p2 + 1)(p2 + 4)
, 10) F (p) =

1

p3(p2 − 16)
.
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�4.1. Ôîðìóëà Ðiìàíà � Ìåëëiíà

Ðîçâ'ÿçóâàííÿ ïðàêòè÷íèõ çàäà÷ ÷àñòî ïðèâîäèòü äî íåîáõiäíîñòi âiäíîâ-

ëåííÿ îðèãiíàëà çà âiäîìèì éîãî çîáðàæåííÿì. Ó áàãàòüîõ âèïàäêàõ öå ìîæíà

çðîáèòè çà äîïîìîãîþ òàêîãî òâåðäæåííÿ.

Òåîðåìà 4.1 (ïðî îáåðíåííÿ iíòåãðàëà Ëàïëàñà). ßêùî f(t) ¹ îðè-

ãiíàëîì ç ïîêàçíèêîì çðîñòàííÿ s0, f(t) → F (p), òî ó áóäü-ÿêié òî÷öi

íåïåðåðâíîñòi ôóíêöi¨ f(t) ñïðàâäæó¹òüñÿ ðiâíiñòü

f(t) =
1

2πi

s+i∞∫
s−i∞

F (p)eptdp, (4.1)

ïðè÷îìó iíòåãðàë â (4.1) áåðåòüñÿ âçäîâæ äîâiëüíî¨ ïðÿìî¨, äëÿ òî÷îê ÿêî¨

Re p = s > s0 , i âèçíà÷à¹òüñÿ ÿê

s+i∞∫
s−i∞

F (p)eptdp = lim
ω→∞

s+iω∫
s−iω

F (p)eptdp.

Äîâåäåííÿ. Îñêiëüêè

F (p) =

+∞∫
0

f(τ)e−pτ dτ,

òî

1

2πi

s+iω∫
s−iω

F (p)ept dp =
1

2πi

s+iω∫
s−iω

ept

 +∞∫
0

f(τ)e−pτ dτ

 dp.
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Çãiäíî ç òåîðåìîþ 1.1 iíòåãðàë Ëàïëàñà çáiãà¹òüñÿ ðiâíîìiðíî âiäíîñíî

p ó áóäü-ÿêié òî÷öi ïiâïëîùèíè Re p > s0 , à òîìó ïîðÿäîê iíòåãðóâàííÿ â

îòðèìàíîìó ïîäâiéíîìó iíòåãðàëi ìîæíà çìiíèòè. Îòæå,

1

2πi

s+iω∫
s−iω

ept

 +∞∫
0

f(τ)e−pτdτ

 dp =
1

2πi

+∞∫
0

f(τ)dτ

s+iω∫
s−iω

ep(t−τ) dp =

=
1

π

+∞∫
0

f(τ)es(t−τ)

t− τ
· e

iω(t−τ) − e−iω(t−τ)

2i
dτ =

=
1

π

+∞∫
0

f(τ)es(t−τ) sinω(t− τ)

t− τ
dτ =

∣∣∣∣∣∣ ξ = τ − t

−t 6 ξ < +∞

∣∣∣∣∣∣ =
=

1

π

+∞∫
−t

f(t+ ξ)e−sξ sinωξ

ξ
dξ =

∣∣∣ g(ξ) = f(t+ ξ)e−sξ
∣∣∣ =

=
1

π

+∞∫
−t

g(ξ)
sinωξ

ξ
dξ,

òîáòî

1

2πi

s+iω∫
s−iω

F (p)eptdp =
1

π

0∫
−t

g(ξ)
sinωξ

ξ
dξ +

1

π

+∞∫
0

g(ξ)
sinωξ

ξ
dξ. (4.2)

Äëÿ äîñëiäæåííÿ äðóãîãî iíòåãðàëó ç (4.2) çîáðàçèìî éîãî ó âèãëÿäi

+∞∫
0

g(ξ)
sinωξ

ξ
dξ = g(0)

φ1∫
0

sinωξ

ξ
dξ +

φ1∫
0

g(ξ)− g(0)

ξ
sinωξ dξ+

+

φ2∫
φ1

g(ξ)
sinωξ

ξ
dξ +

+∞∫
φ2

g(ξ)
sinωξ

ξ
dξ = I1(ω) + I2(ω) + I3(ω) + I4(ω).

Îñêiëüêè iíòåãðàëè

I2(ω) =

φ1∫
0

g(ξ)− g(0)

ξ
sinωξ dξ, I4(ω) =

+∞∫
φ2

g(ξ)
sinωξ

ξ
dξ,

ÿê âiäîìî ç ìàòåìàòè÷íîãî àíàëiçó, çáiãàþòüñÿ, òî äëÿ áóäü-ÿêîãî ÿê çàâãîäíî

ìàëîãî ÷èñëà ε > 0 ìåæó φ1 ìîæíà ïiäiáðàòè íàñòiëüêè ìàëîþ, à ìåæó φ2
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� íàñòiëüêè âåëèêîþ, ùî äëÿ âñiõ çíà÷åíü ω ìîäóëi öèõ iíòåãðàëiâ áóäóòü

ìåíøèìè âiä ε.

Iíòåãðàë I3(ω) çiíòåãðó¹ìî ÷àñòèíàìè:

I3(ω) =

φ2∫
φ1

g(ξ)
sinωξ

ξ
dξ =

∣∣∣∣∣∣ u = g(ξ)
ξ , du = g′(ξ)ξ−g(ξ)

ξ2

dv = sinωξdξ, v = − 1
ω cosωξ

∣∣∣∣∣∣ =
= − g(ξ)

ξ
· cosωξ

ω

∣∣∣∣φ2

φ1

+

φ2∫
φ1

g′(ξ)ξ − g(ξ)

ξ2
· cosωξ

ω
dξ.

Îñêiëüêè ìåæi φ1 , φ2 ¹ ôiêñîâàíèìè, òî

lim
ω→+∞

I3(ω) = 0.

Ïåðåòâîðèìî iíòåãðàë I1(ω) :

I1(ω) = g(0)

φ1∫
0

sinωξ

ξ
dξ =

∣∣∣∣∣∣ z = ωξ

0 6 z 6 ωφ1

∣∣∣∣∣∣ = g(0)

ωφ1∫
0

sin z

z
dz.

Âiäîìî ([22], ðîçä. 7, � 9.8), ùî

∞∫
0

sin z

z
dz =

π

2
, à òîìó lim

ω→+∞
I1(ω) =

π

2
g(0).

Âðàõîâóþ÷è òåïåð, ùî g(ξ) = f(t+ ξ)e−sξ , à ôóíêöiÿ f(t) ¹ íåïåðåðâíîþ

ó òî÷öi t, îäåðæó¹ìî:

lim
ξ→0

g(ξ) = g(0) = f(t),

à îòæå,

lim
ω→+∞

I1(ω) =
π

2
f(t).

Àíàëîãi÷íî äîâîäèòüñÿ, ùî äëÿ ïåðøîãî iíòåãðàëà ç (4.2)

lim
ω→∞

0∫
−t

g(ξ)
sinωξ

ξ
dξ =

π

2
f(t).

Âðàõîâóþ÷è îäåðæàíi ðåçóëüòàòè, ç ðiâíîñòi (4.2) îñòàòî÷íî çíàõîäèìî:

1

2πi

s+i∞∫
s−i∞

F (p)eptdp = lim
ω→∞

1

2πi

s+iω∫
s−iω

F (p)eptdp = f(t),
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ùî é ïîòðiáíî áóëî äîâåñòè. •

Iíòåãðàë ó ïðàâié ÷àñòèíi ôîðìóëè (4.1) íàçèâàþòü iíòåãðàëîì Ìåëëi-

íà, à ñàìó ðiâíiñòü � ôîðìóëîþ Ðiìàíà � Ìåëëiíà. Öÿ ôîðìóëà âèçíà÷à¹

îáåðíåíå ïåðåòâîðåííÿ Ëàïëàñà , òîáòî äîçâîëÿ¹ çà âiäîìèì çîáðàæåí-

íÿì ôóíêöi¨ çíàéòè ¨¨ îðèãiíàë.

Çàóâàæåííÿ 4.1. Çà îçíà÷åííÿì, äëÿ âiä'¹ìíèõ çíà÷åíü t îðèãiíàë òî-

òîæíî äîðiâíþ¹ íóëþ. Îäíàê ó çàãàëüíîìó âèïàäêó, âèêîðèñòîâóþ÷è ïåðå-

òâîðåííÿ (4.1), ìîæíà îòðèìàòè ôóíêöiþ f(t) ̸= 0 i äëÿ t < 0.

Ç (4.1) âèïëèâà¹, ùî ÿêùî äâà îðèãiíàëè f1(t) i f2(t) ìàþòü îäíàêîâå

çîáðàæåííÿ F (p), òî ó òî÷êàõ ¨õ íåïåðåðâíîñòi âîíè íàáóâàþòü îäíàêîâèõ

çíà÷åíü, áî âèðàæàþòüñÿ ÷åðåç F (p) çà äîïîìîãîþ òîãî ñàìîãî iíòåãðàëà.

Çâiäñè âèïëèâà¹òåîðåìà ¹äèíîñòi îðèãiíàëà : ÿêùî äâà îðèãiíàëè ìàþòü

îäíàêîâå çîáðàæåííÿ, òî âîíè çáiãàþòüñÿ ó òî÷êàõ ¨õ íåïåðåðâíîñòi.

Íàãàäà¹ìî, ùî òåîðåìè 1.1 i 1.3 âèçíà÷àþòü íåîáõiäíi óìîâè, çà ÿêèõ çàäà-

íà ôóíêöiÿ êîìïëåêñíî¨ çìiííî¨ F (p) ¹ çîáðàæåííÿì ôóíêöi¨ äiéñíî¨ çìiííî¨

f(t). Àëå öi óìîâè íå ¹ äîñòàòíiìè. Íàñòóïíå òâåðäæåííÿ, ÿêå íàâîäèìî áåç

äîâåäåííÿ, âèçíà÷à¹ äîñòàòíi óìîâè iñíóâàííÿ çîáðàæåííÿ (äîâåäåííÿ ìîæíà

çíàéòè, íàïðèêëàä, ó [3, � 6.1]).

Òåîðåìà 4.2 (äîñòàòíi óìîâè iñíóâàííÿ çîáðàæåííÿ). Íåõàé ôóí-

êöiÿ F (p) êîìïëåêñíî¨ çìiííî¨ p = s+ iσ çàäîâîëüíÿ¹ òàêi óìîâè:

1) F (p) � àíàëiòè÷íà ôóíêöiÿ ó ïiâïëîùèíi s > s0 ,

2) ó áóäü-ÿêié ïiâïëîùèíi s > s1 > s0 iñíó¹ ãðàíèöÿ lim
p→+∞

F (p) = 0,

3) F (p) � àáñîëþòíî iíòåãðîâíà ôóíêöiÿ çà çìiííîþ σ, òîáòî iíòåãðàë
+∞∫
−∞

|F (p)|dσ çáiãà¹òüñÿ.

Òîäi F (p) ¹ çîáðàæåííÿì äåÿêîãî îðèãiíàëà f(t), ÿêèé ìà¹ ïîêàçíèê çðî-

ñòàííÿ íå áiëüøå, íiæ s0 , i âèçíà÷à¹òüñÿ ôîðìóëîþ

f(t) =
1

2πi

s+i∞∫
s−i∞

F (p)eptdp, s > s0. (4.3)
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�4.2. Ìíîæåííÿ îðèãiíàëiâ

ßê ïðèêëàä çàñòîñóâàííÿ òåîðåìè 4.1, ðîçãëÿíåìî ïèòàííÿ ïðî ìíîæåííÿ

îðèãiíàëiâ, òîáòî ïðî âèçíà÷åííÿ çîáðàæåííÿ äîáóòêó çà âiäîìèìè çîáðàæå-

ííÿìè ìíîæíèêiâ.

Òåîðåìà 4.3 (ïðî ìíîæåííÿ îðèãiíàëiâ). Íåõàé f1(t) i f2(t) � îðè-

ãiíàëè ç ïîêàçíèêàìè çðîñòàííÿ s1 , s2 âiäïîâiäíî, f1(t) → F1(p), Re p > s1 ,

i f2(t) → F2(p), Re p > s2 . Òîäi

f1(t)f2(t) → F (p) =
1

2πi

s+i∞∫
s−i∞

F1(q)F2(p− q)dq, (4.4)

ïðè÷îìó ôóíêöiÿ F (p) âèçíà÷åíà é àíàëiòè÷íà â îáëàñòi Re p > s1 + s2 ,

à iíòåãðóâàííÿ âiäáóâà¹òüñÿ âçäîâæ äîâiëüíî¨ ïðÿìî¨, ÿêà ïàðàëåëüíà äî

óÿâíî¨ îñi òà çàäîâîëüíÿ¹ óìîâó s1 < Re q < Re p− s2 .

Äîâåäåííÿ. Î÷åâèäíî, ùî ôóíêöiÿ f1(t)f2(t) çàäîâîëüíÿ¹ ïåðøi äâi óìîâè

ç îçíà÷åííÿ îðèãiíàëà. Êðiì òîãî, îñêiëüêè äëÿ îðèãiíàëiâ f1(t), f2(t) ñïðàâ-

äæóþòüñÿ îöiíêè |f1(t)| < M1e
s1t, |f2(t)| < M2e

s2t, òî

|f1(t)f2(t)| < M1M2e
(s1+s2)t,

à îòæå, ôóíêöiÿ f(t) = f1(t)f2(t) ¹ îðèãiíàëîì ç ïîêàçíèêîì çðîñòàííÿ s1+s2,

i ìà¹ìî ñïiââiäíîøåííÿ

f(t) →
+∞∫
0

f1(t)f2(t)e
−ptdt. (4.5)

Çãiäíî ç òåîðåìîþ 1.2 ôóíêöiÿ F1(q) âèçíà÷åíà ó ïiâïëîùèíi Re q > s1 .

Ïiäñòàâèìî ó (4.5) ôóíêöiþ f1(t) ó âèãëÿäi iíòåãðàëà Ìåëëiíà (4.1):

f1(t)f2(t) →
+∞∫
0

 1

2πi

s+i∞∫
s−i∞

F1(q)e
qtdq

 f2(t)e
−ptdt.
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Îñêiëüêè iíòåãðàëè

s+i∞∫
s−i∞

F1(q)e
qtdq i

+∞∫
0

f2(t)e
−(p−q)tdt ¹ àáñîëþòíî çáiæíè-

ìè (ïðîïîíó¹ìî äîâåñòè öå ñàìîñòiéíî), òî ìîæåìî çìiíèòè ïîðÿäîê iíòåãðó-

âàííÿ ó ïîâòîðíîìó iíòåãðàëi, òîáòî

f1(t)f2(t) →
1

2πi

s+i∞∫
s−i∞

F1(q)

 +∞∫
0

e−(p−q)tf2(t)dt

 dq.

Âíóòðiøíié iíòåãðàë iñíó¹, ÿêùî Re(p − q) > s2 , òîáòî ó ïiâïëîùèíi

Re p > Re q + s2, i äîðiâíþ¹ ó íié çîáðàæåííþ F2(p− q). Îòæå,

f1(t)f2(t) →
1

2πi

s+i∞∫
s−i∞

F1(q)F2(p− q)dq. •

Ôîðìóëè (3.4), (4.4) ïîâ'ÿçóòü äîáóòîê îðèãiíàëiâ f1(t) i f2(t) ç äîáóòêîì

âiäïîâiäíèõ çîáðàæåíü F1(p) i F2(p). Ó öüîìó ñåíñi öi ôîðìóëè ¹ âçà¹ìíî

äâî¨ñòèìèì.

Çàóâàæåííÿ 4.2. ×èñëî s2 ó òåîðåìi 4.3 ìîæå áóòè ÿê çàâãîäíî áëèçü-

êèì äî s1 , òîìó ìîæíà ââàæàòè, ùî çîáðàæåííÿ îðèãiíàëà f1(t)f2(t) âè-

çíà÷åíå äëÿ çíà÷åíü p, ÿêi çàäîâîëüíÿþòü íåðiâíiñòü Re p > s1 + s2 , äå

s1 + s2 � ïîêàçíèê çðîñòàííÿ ôóíêöi¨ f1(t)f2(t).

�4.3. Òåîðåìè ðîçâèíåííÿ

Âiäíîâèòè îðèãiíàë çà éîãî çîáðàæåííÿì ó áàãàòüîõ âèïàäêàõ ìîæíà áåç

âèêîðèñòàííÿ ôîðìóëè Ðiìàíà � Ìåëëiíà. Çà ïåâíèõ óìîâ öå äîçâîëÿþòü

çðîáèòè òåîðåìè ðîçâèíåííÿ. Íàïðèêëàä, òåîðåìà 4.4 äîçâîëÿ¹ öå çðîáèòè ó

áiëüø çàãàëüíîìó âèïàäêó, ïðè÷îìó âîíà ïðîñòiøà ç òî÷êè çîðó ïðàêòè÷íîãî

çàñòîñóâàííÿ.

Òåîðåìà 4.4 (ïåðøà òåîðåìà ðîçâèíåííÿ). Íåõàé ôóíêöiþ F (p) ìî-

æåìî ðîçâèíóòè â îêîëi òî÷êè p0 = 0 ó ðÿä Ëîðàíà

F (p) =
∞∑
k=1

ak
pk
, (4.6)



� 4.3. Òåîðåìè ðîçâèíåííÿ 83

ÿêèé çáiæíèé äëÿ 1/|p| < r. Òîäi ôóíêöiÿ

f(t) =
∞∑
k=1

ak
(k − 1)!

tk−1 (4.7)

¹ àíàëiòè÷íîþ ôóíêöi¹þ é îðèãiíàëîì çîáðàæåííÿ F (p).

Äîâåäåííÿ. Îñêiëüêè
1

pk
→ tk−1

(k − 1)!
,

òî ðÿä (4.7) ôîðìàëüíî ¹ îðèãiíàëîì äëÿ çîáðàæåííÿ F (p). Ïîêàæåìî, ùî

f(t) ¹ àíàëiòè÷íîþ ôóíêöi¹þ çìiííî¨ t.

Ó (4.6) çðîáèìî çàìiíó u =
1

p
. Òîäi F (p) = F

(
1

u

)
= Φ(u), äå

Φ(u) =
∞∑
k=1

aku
k. (4.8)

Î÷åâèäíî, ùî ôóíêöiÿ Φ(u) ¹ àíàëiòè÷íîþ äëÿ |u| 6 r−1 , à ç íåðiâíîñòi Êîøi

äëÿ êîåôiöi¹íòiâ ðÿäó (4.8) îäåðæó¹ìî îöiíêè

|ak| 6Mrk, k = 1, 2, . . . .

Òîäi

|f(t)| 6
∞∑
k=1

|ak|
|t|k−1

(k − 1)!
6Mr

∞∑
k=0

(r|t|)k

k!
=Mrer|t|, (4.9)

çâiäêè âèïëèâà¹, ùî ðÿä (4.7) çáiæíèé äëÿ âñiõ t, òîáòî f(t) ¹ àíàëiòè÷íîþ

ôóíêöi¹þ.

Ç (4.9) âèïëèâà¹, ùî äëÿ t > 0

|f(t)| < Lert,

äå L > Mr , òîáòî f(t) ¹ îðèãiíàëîì ç ïîêàçíèêîì çðîñòàííÿ r. Îñêiëüêè

ðÿä (4.7) ¹ ðiâíîìiðíî çáiæíèì äëÿ âñiõ t, òî éîãî ìîæíà ïîìíîæèòè íà

e−ptdt i ïî÷ëåííî çiíòåãðóâàòè çà çìiííîþ t ó ìåæàõ âiä 0 äî +∞. Òîäi

∞∑
k=1

ak
tk−1

(k − 1)!
→

+∞∫
0

∞∑
k=1

ak
tk−1

(k − 1)!
e−ptdt =

∞∑
k=1

ak
(k − 1)!

+∞∫
0

tk−1e−ptdt,
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i îñêiëüêè

+∞∫
0

tk−1e−ptdt =
(k − 1)!

pk
(ïðîïîíó¹ìî öþ ôîðìóëó âèâåñòè ñàìî-

ñòiéíî, k − 1 ðàçiâ iíòåãðóþ÷è ÷àñòèíàìè), òî

f(t) =
∞∑
k=1

ak
tk−1

(k − 1)!
→

∞∑
k=1

ak
pk

= F (p). •

Ïðèêëàä 4.1. Âèêîðèñòîâóþ÷è ïåðøó òåîðåìó ðîçâèíåííÿ, çíàéòè

îðèãiíàë çà çîáðàæåííÿì F (p) =
1

p
cos

1

p
.

Ðîçâ'ÿçàííÿ. Âèêîðèñòîâóþ÷è âiäîìå ðîçâèíåííÿ cosx =
∞∑
n=0

(−1)nx2n

(2n)!
,

îòðèìó¹ìî:

F (p) =
1

p

(
1− 1

2!p2
+ . . .+ (−1)n

1

(2n)!p2n
+ . . .

)
=

=
1

p
− 1

2!p3
+ . . .+ (−1)n

1

(2n)!p2n+1
+ . . . .

Çà ïåðøîþ òåîðåìîþ ðîçâèíåííÿ îäåðæó¹ìî ïîòðiáíèé îðèãiíàë

f(t) =
∞∑
k=0

(−1)n
t2n

[(2n)!]2
. I

Çàóâàæåííÿ 4.3. Ç òåîðåìè 4.4 âèïëèâà¹, ùî ïåðåõiä âiä ñòåïåíåâèõ

ðÿäiâ çà ñòåïåíÿìè
1

p
äî ñòåïåíåâèõ ðÿäiâ çà ñòåïåíÿìè t ïðèâîäèòü äî

çáiæíèõ íà âñié îñi t ðÿäiâ. Îäíàê ó ðåçóëüòàòi îáåðíåíîãî ïåðåõîäó íå

çàâæäè îäåðæóâàòèìåìî çáiæíèé ðÿä, áî íîâi êîåôiöi¹íòè îäåðæóþòüñÿ

ç êîåôiöi¹íòiâ çàäàíîãî ðÿäó ìíîæåííÿì íà n!

Òåîðåìà 4.5 (äðóãà òåîðåìà ðîçâèíåííÿ: âèïàäîê ïðîñòèõ ïîëþ-

ñiâ). Íåõàé çîáðàæåííÿ F (p) ¹ äðîáîâî-ðàöiîíàëüíîþ ôóíêöi¹þ

F (p) =
F1(p)

F2(p)
=
a0 + a1p+ . . .+ anp

n

b0 + b1p+ . . .+ bmpm
,

äå n < m, i âñi ïîëþñè p1, p2, . . . , pm ôóíêöi¨ F (p) ïðîñòi é âiäìiííi âiä

íóëÿ. Òîäi îðèãiíàë f(t) çà çîáðàæåííÿì F (p) âèçíà÷à¹òüñÿ ôîðìóëîþ

f(t) =
m∑
k=1

F1(pk)

F ′
2(pk)

epkt. (4.10)
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Äîâåäåííÿ. Ñïî÷àòêó ðîçêëàäåìî F (p) íà ñóìó ïðîñòèõ äðîáiâ:

F (p) =
m∑
k=1

ck
p− pk

,

äå êîåôiöi¹íòè c1, . . . , cm çíàõîäèìî çà ôîðìóëàìè

ck = lim
p→pk

(
F1(p)

F2(p)
(p− pk)

)
= F1(pk) lim

p→pk

p− pk
F2(p)− F2(pk)

=

=
F1(pk)

lim
p→pk

F2(p)−F2(pk)
p−pk

=
F1(pk)

F ′
2(pk)

, k = 1, . . . ,m. (4.11)

Òîäi

F (p) =
m∑
k=1

F1(pk)

F ′
2(pk)

· 1

p− pk
,

à îñêiëüêè epkt → 1

p− pk
, òî

F (p) =
F1(p)

F2(p)
→

m∑
k=1

F1(pk)

F ′
2(pk)

epkt = f(t). •

Çàóâàæåííÿ 4.4. Óìîâà n < m ó òåîðåìi 4.5 ¹ ñóòò¹âîþ, iíàêøå â

F (p) ìîæíà âèäiëèòè öiëèé íåâiä'¹ìíèé ñòåïiíü çìiííî¨ p, i ó öüîìó âè-

ïàäêó íå âèêîíóâàòèìåòüñÿ íåîáõiäíà óìîâà iñíóâàííÿ çîáðàæåííÿ, áî F (p)

íå ïðÿìóâàòèìå äî íóëÿ äëÿ p→ ∞ (òåîðåìà 1.3).

Çàóâàæåííÿ 4.5. Îñêiëüêè ([11], ðîçä. 5, � 1)

Res
p=pk

F (p) = Res
p=pk

F1(p)

F2(p)
=
F1(pk)

F ′
2(pk)

,

òî îðèãiíàë f(t) çà çîáðàæåííÿì F (p), ÿêå çàäîâîëüíÿ¹ óìîâè òåîðåìè 4.5,

ìîæíà çíàéòè çà ôîðìóëîþ

f(t) =
m∑
k=1

Res
p=pk

F (p)epkt =
m∑
k=1

F1(pk)

F ′
2(pk)

epkt.

Íåõàé çîáðàæåííÿ F (p) ìà¹ ïðîñòèé ïîëþñ p = 0, òîáòî F2(p) = pF̃2(p),

äå F̃2(p) � ìíîãî÷ëåí (m− 1)-ãî ñòåïåíÿ, ïðè÷îìó F̃2(0) ̸= 0. Òîäi

F (p) =
F1(p)

p · F̃2(p)
=
c1
p
+

m∑
k=2

ck
p− pk

,
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à çàñòîñîâóþ÷è äëÿ êîåôiöi¹íòiâ c1, . . . , cm ôîðìóëó (4.11), îäåðæó¹ìî ôîð-

ìóëó

f(t) =
F1(0)

F̃2(0)
+

m∑
k=2

F1(pk)

pk · F̃ ′
2(pk)

epkt.

Ïðèêëàä 4.2. Âèêîðèñòîâóþ÷è äðóãó òåîðåìó ðîçâèíåííÿ, çíàéòè

îðèãiíàë çà çîáðàæåííÿì F (p) =
p+ 3

(p+ 1)(p+ 2)(p2 + 4)
.

Ðîçâ'ÿçàííÿ. Ôóíêöiÿ F (p) ìà¹ ÷îòèðè ïðîñòi ïîëþñè ó òî÷êàõ p1 = −1,

p2 = −2, p 3,4 = ±2i. Çà òåîðåìîþ 4.5

f(t) = Res
p=−1

F (p)e−t + Res
p=−2

F (p)e−2t + Res
p=−2i

F (p)e−2it +Res
p=2i

F (p)e2it =

=
p+ 3

(p+ 2)(p2 + 4)

∣∣∣∣
p=−1

· e−t +
p+ 3

(p+ 1)(p2 + 4)

∣∣∣∣
p=−2

· e−2t+

+
p+ 3

(p+ 1)(p+ 2)(p− 2i)

∣∣∣∣
p=−2i

· e−2it +
p+ 3

(p+ 1)(p+ 2)(p+ 2i)

∣∣∣∣
p=2i

· e2it =

=
2

5
e−t − 1

8
e−2t − 3− 2i

4i(1− 2i)(2− 2i)
e−2it +

3 + 2i

4i(1 + 2i)(2 + 2i)
e2it =

=
2

5
e−t − 1

8
e−2t − 11

40
cos 2t+

3

40
sin 2t. I

Òåîðåìà 4.6 (äðóãà òåîðåìà ðîçâèíåííÿ: âèïàäîê êðàòíèõ ïîëþ-

ñiâ). Íåõàé

F (p) =
F1(p)

F2(p)
=
a0 + a1p+ . . .+ anp

n

b0 + b1p+ . . .+ bmpm
, n < m,

à ïîëþñè p1, p2, . . . , pk ôóíêöi¨ F (p) ìàþòü êðàòíîñòi α1, α2, . . . , αk âiäïî-

âiäíî (α1 + α2 + . . . + αk = m). Òîäi îðèãiíàë f(t) çà çîáðàæåííÿì F (p)

âèçíà÷à¹òüñÿ ôîðìóëîþ

f(t) =
k∑

j=1

αj∑
l=1

Alj
tαj−l

(αj − l)!
epjt,

äå

Alj =
1

(l − 1)!
lim
p→pj

dl−1

dpl−1

(
(p− pj)

αjF (p)
)
.
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Äîâåäåííÿ. Íåõàé ãîëîâíîþ ÷àñòèíîþ ðîçâèíåííÿ äðîáîâî-ðàöiîíàëüíî¨

ôóíêöi¨ F (p) ó ðÿä ¹

Sj(p) =

αj∑
l=1

Alj

(p− pj)αj−l+1
.

Ó öüîìó âèïàäêó ôóíêöiÿ F0(p) = F (p)−
k∑

j=1

Sj(p) ¹ öiëîþ. Êðiì òîãî, îñêiëü-

êè Sj(+∞) = 0 i F (+∞) = 0, òî F0(+∞) ≡ 0 ÿê îáìåæåíà öiëà ôóíêöiÿ.

Òàêèì ÷èíîì, îäåðæó¹ìî çîáðàæåííÿ

F (p) =
k∑

j=1

αj∑
l=1

Alj

(p− pj)αj−l+1
,

ó ÿêîìó, âèêîðèñòîâóþ÷è ëiíiéíiñòü ïåðåòâîðåííÿ Ëàïëàñà (òåîðåìà 2.1),

ìîæíà ïåðåéòè äî îðèãiíàëiâ ïî÷ëåííî. Êîæíà ç ôóíêöié (p − pj)
αjF (p),

j = {1, . . . , k}, ðîçâèâà¹òüñÿ â îêîëi òî÷êè pj ó ðÿä Òåéëîðà

(p− pj)
αjF (p) =

αj∑
l=1

Alj(p− pj)
l−1 + . . . ,

êîåôiöi¹íòè Alj ÿêîãî ìîæóòü áóòè çíàéäåíi çà âiäîìèìè ôîðìóëàìè. •

Çàóâàæåííÿ 4.6. ßêùî çîáðàæåííÿ F (p) çàäîâîëüíÿ¹ óìîâè òåîðå-

ìè 4.6, òî äëÿ çíàõîäæåííÿ îðèãiíàëà f(t) çà çîáðàæåííÿì F (p) ìîæíà

âèêîðèñòàòè ôîðìóëó ([11], ðîçä. 5, � 1.2):

f(t) =
k∑

j=1

Res
p=pj

F (p)ept =

=
k∑

j=1

1

(αj − 1)!
lim
p→pj

dαj−1

dpαj−1

(
F (p)ept(p− pj)

αj

)
.

Ïðèêëàä 4.3. Âèêîðèñòîâóþ÷è òåîðåìó 4.6, çíàéòè îðèãiíàë çà çîáðà-

æåííÿì F (p) =
p2 + 1

(p− 1)(p+ 1)2
.

Ðîçâ'ÿçàííÿ. Çîáðàæåííÿ F (p) ìà¹ ïðîñòèé ïîëþñ p1 = 1 i ïîëþñ p2 = −1

êðàòíîñòi 2. Çà òåîðåìîþ 4.6

f(t) = Res
p=1

F (p)ept + Res
p=−1

F (p)ept.
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Òîäi

Res
p=1

F (p)ept =
p2 + 1

(p+ 1)2

∣∣∣∣
p=1

· et = 1

2
et.

Ç ôîðìóëè (4.6.) âèïëèâà¹, ùî

Res
p=−1

F (p)ept = lim
p→−1

(
p2 + 1

(p− 1)(p+ 1)2
ept · (p+ 1)2

)′

p

= lim
p→−1

(
p2 + 1

p− 1
ept
)′

p

=

= lim
p→−1

(
2p(p− 1)− p2 − 1

(p− 1)2
ept +

p2 + 1

p− 1
· tept

)
=

= lim
p→−1

(
p2 − 2p− 1

(p− 1)2
ept +

p2 + 1

p− 1
· tept

)
=

1

2
e−t − te−t.

Îòæå,

f(t) =
1

2
et +

1

2
e−t − te−t. I

Òåîðåìà 4.7 (òðåòÿ òåîðåìà ðîçâèíåííÿ). Íåõàé F (p) =
F1(p)

F2(p)
¹

ìåðîìîðôíîþ ôóíêöi¹þ ç ïðîñòèìè ïîëþñàìè pk, k = 1, 2, . . . , ïðè÷îìó

Re pk 6 a, òîáòî âñi ïîëþñè ëåæàòü çëiâà âiä äåÿêî¨ ïðÿìî¨, ïàðàëåëüíî¨

äî óÿâíî¨ îñi ïëîùèíè p. Òîäi

F (p) → f(t) =
∞∑
k=0

F1(pk)

F ′
2(pk)

epkt.

Äîâåäåííÿ. Ââàæà¹ìî, ùî çà óìîâàìè òåîðåìè ìîæíà ïîáóäóâàòè ñó-

êóïíiñòü êîíöåíòðè÷íèõ êië Cm ç öåíòðàìè ó ïî÷àòêó êîîðäèíàò, ÿêi

íå ïðîõîäÿòü ÷åðåç ïîëþñè. Êðiì òîãî, íåõàé äëÿ âñiõ Cm âèêîíó¹òüñÿ

íåðiâíiñòü |F (p)| < M, äå ÷èñëî M íå çàëåæèòü âiä m.

Òîäi çà óìîâîþ òåîðåìè ôóíêöiÿ F (p) ðîçâèâà¹òüñÿ ó ðÿä

F (p) =
∞∑
k=0

Ak

p− pk
,

äå

Ak = lim
p→pk

(
(p− pk)

F1(p)

F2(p)

)
=
F1(pk)

F ′
2(pk)

, k = 0, 1, . . . .

Ðîçãëÿíåìî ñóêóïíiñòü êîíòóðiâ Γm, ÿêi óòâîðåíi ç äóã âiäïîâiäíèõ êië Cm

i âiäðiçêiâ ïðÿìî¨ Re p = a, ùî âiäòèíàþòüñÿ öèìè êîëàìè. Ïîçíà÷èìî êiëü-
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êiñòü ïîëþñiâ, ÿêi ëåæàòü âñåðåäèíi êîíòóðà Γm, ÷åðåç Nm. Òîäi çà òåîðåìîþ

Êîøi ïðî ëèøêè ([6], �7.2)

f(t) = lim
m→∞

Nm∑
k=0

F1(pk)

F ′
2(pk)

epkt =
∞∑
k=0

F1(pk)

F ′
2(pk)

epkt,

i, îòæå,

F (p) =
F1(p)

F2(p)
→ f(t) =

∞∑
k=0

F1(pk)

F ′
2(pk)

epkt. •

Çàóâàæåííÿ 4.7. Ó òåîðåìi 4.5 çàìiñòü óìîâè, ùî âñi ïîëþñè çîáðà-

æåííÿ F (p) ëåæàòü çëiâà âiä ïðÿìî¨ Re p = a, ìîæíà îáìåæèòèñü ïðèïó-

ùåííÿì ïðî òå, ùî ñïðàâà âiä öi¹¨ ïðÿìî¨ ëåæèòü ëèøå ñêií÷åííà êiëüêiñòü

ïîëþñiâ ôóíêöi¨.

Ïðèêëàä 4.4. Çíàéòè îðèãiíàë çà âiäîìèì çîáðàæåííÿì

F (p) =
1√
p2 + 1

4

, |p| > 1

2
.

Ðîçâ'ÿçàííÿ. Çîáðàæåííÿ F (p) ìà¹ äâà ïðîñòi ïîëþñè p = ± i

2
. Îñêiëüêè

|p| > 1

2
, òî ðîçâèíåìî ôóíêöiþ F (p) ó ðÿä çà ñòåïåíÿìè

1

p
. Òîäi

F (p) =
1

p

√
1 +

(
1
2p

)2 = p−1

(
1 +

1

4p2

)− 1
2

=

=
1

p

∞∑
k=0

(
−1

2

) (
−3

2

)
· . . . ·

(
−k + 1

2

)
k!

· 1

4kp2k
=

∞∑
k=0

(−1)k(2k)!

(k!)2
· 1

42kp2k+1
.

Ç òîãî, ùî
(2k)!

p2k+1
→ t2k, îòðèìó¹ìî ñïiââiäíîøåííÿ

F (p) =
1√
p2 + 1

4

→
∞∑
k=0

(−1)k

(k!)2
·
(
t

4

)2k

= f(t). I
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Êîíòðîëüíi ïèòàííÿ äî ðîçäiëó 4

1. ßê ôîðìóëþ¹òüñÿ òåîðåìà ïðî îáåðíåííÿ ïåðåòâîðåííÿ Ëàïëàñà?

2. ßêèé âèãëÿä ìà¹ ôîðìóëà Ðiìàíà � Ìåëëiíà? ßêå ¨¨ ïðàêòè÷íå çíà÷åííÿ?

3. ßê ôîðìóëþ¹òüñÿ òåîðåìà ¹äèíîñòi îðèãiíàëà?

4. ßêèìè ¹ äîñòàòíi óìîâè iñíóâàííÿ çîáðàæåííÿ àíàëiòè÷íî¨ ôóíêöi¨?

5. ßê âèçíà÷èòè çîáðàæåííÿ äîáóòêó çà âiäîìèìè çîáðàæåííÿìè ìíîæíèêiâ?

Ñôîðìóëþéòå âiäïîâiäíó òåîðåìó.

6. ßê ôîðìóëþ¹òüñÿ ïåðøà òåîðåìà ðîçâèíåííÿ?

7. ßê âèçíà÷èòè îðèãiíàë âiä çîáðàæåííÿ äðîáîâî-ðàöiîíàëüíî¨ ôóíêöi¨ äëÿ

âèïàäêó ïðîñòèõ (êðàòíèõ) ïîëþñiâ?

8. ßê ôîðìóëþ¹òüñÿ òåîðåìà ðîçâèíåííÿ äëÿ çîáðàæåíü, ÿêi ¹ ìåðîìîðôíè-

ìè ôóíêöiÿìè?

Ðåêîìåíäîâàíà ëiòåðàòóðà: [1, ñ. 230�242], [3, ñ. 181�188], [9, ñ. 87�104],

[17, ñ. 159�176], [27, ñ. 80�86].

Òåñòîâi çàâäàííÿ äî ðîçäiëó 4

4.1. ßêùî f(t) → F (p), òî ó áóäü-ÿêié òî÷öi íåïåðåðâíîñòi îðèãiíàëà f(t)

ñïðàâäæó¹òüñÿ ðiâíiñòü:

A. f(t) = 2πi

s+i∞∫
s−i∞

F (p)eptdp B. f(t) =
1

2πi

s+i∞∫
s−i∞

F (p)eptdp

C. f(t) =
1

2π

s+i∞∫
s−i∞

F (p)eptdp D. f(t) =

s+i∞∫
s−i∞

F (p)eptdp.

4.2. ßêùî äâà îðèãiíàëè f1(t) i f2(t) ìàþòü îäíàêîâå çîáðàæåííÿ, òî

âîíè:

A. çáiãàþòüñÿ â óñiõ òî÷êàõ t ∈ (−∞,+∞)

B. çáiãàþòüñÿ â óñiõ òî÷êàõ íåïåðåðâíîñòi îðèãiíàëiâ

C. âiäðiçíÿþòüñÿ òiëüêè íà ñêií÷åííié ìíîæèíi çíà÷åíü àðãóìåíòó
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D. âiäðiçíÿþòüñÿ íà íåñêií÷åííî ìàëó âåëè÷èíó.

4.3. Ôîðìóëó, ÿêà äîçâîëÿ¹ çà âiäîìèì çîáðàæåííÿì ôóíêöi¨ çíàéòè ¨¨

îðèãiíàë, íàçèâàþòü ôîðìóëîþ:

A. Äþàìåëÿ B. Ëàïëàñà � Êîøi

C. Îñòðîãðàäñüêîãî � Ëióâiëëÿ D. Ðiìàíà � Ìåëëiíà.

4.4. Iíòåãðàëîì Ìåëëiíà íàçèâàþòü iíòåãðàë:

A.

s+i∞∫
0

F (p)eptdp B.

s+i∞∫
s−i∞

F (p)eptdt

C.

s+i∞∫
s−i∞

F (p)eptdp D.

s+i∞∫
s−i∞

F (p)e−ptdp.

4.5. ßêùî f1(t) i f2(t) � îðèãiíàëè, f1(t) → F1(p), f2(t) → F2(p), òî:

A. f1(t)f2(t) →
1

2π

s+i∞∫
s−i∞

F1(q)F2(p− q)dq

B. f1(t)f2(t) →
1

2πi

s+i∞∫
s−i∞

F1(q)F2(p)dq

C. f1(t)f2(t) →
1

2πi

s+i∞∫
s−i∞

F1(p)F2(p− q)dq

D. f1(t)f2(t) →
1

2πi

s+i∞∫
s−i∞

F1(q)F2(p− q)dq.

4.6. ßêùî F (p) =
∞∑
k=1

ak
pk
, òî çãiäíî ç ïåðøîþ òåîðåìîþ ðîçâèíåííÿ îðè-

ãiíàëîì äëÿ çîáðàæåííÿ F (p) ¹:

A. f(t) =
∞∑
k=1

ak
k!
tk B. f(t) =

∞∑
k=1

ak
(k − 1)!

tk−1

C. f(t) =
∞∑
k=1

ak
(k − 1)!

tk D. f(t) =
∞∑
k=1

ak
(k − 1)!

t1−k.

4.7. ßêùî çîáðàæåííÿ F (p) =
F1(p)

F2(p)
, ïðè÷îìó ñòåïiíü ìíîãî÷ëåíà F1(p)

ìåíøèé âiä ñòåïåíÿ ìíîãî÷ëåíà F2(p), i âñi êîðåíi p1, p2, . . . , pm ôóíêöi¨ F2(p)
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ïðîñòi é âiäìiííi âiä íóëÿ, òî îðèãiíàë f(t) çà çîáðàæåííÿì F (p) âèçíà÷à¹-

òüñÿ çà ôîðìóëîþ

A. f(t) =
m∑
k=1

F1(pk)

F ′
2(pk)

epkt B. f(t) =
m∑
k=1

F1(pk)

F2(pk)
epkt

C. f(t) =
m∑
k=1

F ′
1(pk)

F ′
2(pk)

epkt D. f(t) =
m∑
k=1

F ′
1(pk)

F2(pk)
epkt.

Âïðàâè äëÿ ñàìîñòiéíîãî âèêîíàííÿ

Âïðàâà 4.1. Çàñòîñîâóþ÷è òåîðåìè ðîçâèíåííÿ, çíàéäiòü îðèãiíàë çà

çîáðàæåííÿì:

1) F (p) =
p+ 1

p2(p− 1)(p+ 2)
, 2) F (p) =

p

(p+ 2)(2− p)
,

3) F (p) =
1

(p2 + 1)2
, 4) F (p) =

1

(p− 1)2(p− 2)3
,

5) F (p) =
1

p3(p+ 1)4
, 6) F (p) =

p

p2 + 3p+ 2
,

7) F (p) =
p− 4

(p+ 3)(p− 4)(p+ 5)
, 8) F (p) =

p2 + 1

(p+ 1)2(p+ 2)
,

9) F (p) =
p

(p+ 6)2
, 10) F (p) =

4p+ 1

(p+ 4)2
,

11) F (p) =
p3 + p+ 1

p3(p+ 1)
, 12) F (p) =

p2 + 1

p(p+ 1)(p+ 2)(p+ 3)
,

13) F (p) =
p

(p+ 2)2(p− 1)3
, 14) F (p) =

1

p2(p+ 1)2
,

15) F (p) =
p

(p2 + 1)(p2 + 4)
, 16) F (p) =

1

p(p2 + 9)2
,

17) F (p) =
p

(p− 1)3(p+ 2)2
, 18) F (p) =

p+ 3

p(p− 1)(p− 2)(p− 3)
,

19) F (p) =
p

p4 − 1
, 20) F (p) =

1

(p− 1)3
.



ÐÎÇÄIË 5. Çàñòîñóâàííÿ îïåðàöiéíîãî

÷èñëåííÿ

�5.1. Îá÷èñëåííÿ íåâëàñíèõ iíòåãðàëiâ

Îäíå iç âàæëèâèõ çàñòîñóâàíü ïåðåòâîðåííÿ Ëàïëàñà ïîëÿãà¹ â îá÷èñëåííi

òà äîñëiäæåííi íåâëàñíèõ iíòåãðàëiâ.

Íàâåäåìî îñíîâíi ôîðìóëè, ÿêi ìîæíà âèêîðèñòîâóâàòè äëÿ îá÷èñëåííÿ

íåâëàñíèõ iíòåãðàëiâ.

1. Îêðåìi âèïàäêè òåîðåìè Åôðîñà (� 3.4):

+∞∫
0

sin 2
√
tτ√

πτ
f(τ)dτ → 1

p
√
p
F

(
1

p

)
, (5.1)

+∞∫
0

cos 2
√
tτ√

πτ
f(τ)dτ → 1

√
p
F

(
1

p

)
, (5.2)

1√
πt

+∞∫
0

e−
τ2

4t f(τ)dτ → 1
√
p
F (

√
p). (5.3)

2. Îêðåìi âèïàäêè ôîðìóëè (2.16) ç òåîðåìè 2.13 ïðî iíòåãðóâàííÿ çà

ïàðàìåòðîì:
+∞∫
0

f(τ)

τ
dτ →

+∞∫
0

F (q)dq, (5.4)

+∞∫
0

τnf(τ)dτ → (−1)n+1 F (n)(q)
∣∣∣+∞

0
. (5.5)
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Äîâåäåìî ôîðìóëè (5.4), (5.5). Iíòåãðóþ÷è ñïiââiäíîøåííÿ (2.2)

1

β
f

(
t

β

)
→ F (βp),

çà çìiííîþ β ó ìåæàõ âiä 0 äî 1, îäåðæó¹ìî

1∫
0

1

β
f

(
t

β

)
dβ →

1∫
0

F (βp)dβ. (5.6)

Ó (5.6) çðîáèìî çàìiíè τ =
t

β
i q = βp. Òîäi

1∫
0

1

β
f

(
t

β

)
dβ =

t∫
+∞

τ

t
f(τ)d

(
t

τ

)
=

=

+∞∫
t

τ

t
f(τ)

tdτ

τ 2
=

+∞∫
t

f(τ)

τ
dτ → 1

p

p∫
0

F (q)dq,

òîáòî
+∞∫
t

f(τ)

τ
dτ → 1

p

p∫
0

F (q)dq. (5.7)

Çãiäíî ç (2.13) ìà¹ìî ñïiââiäíîøåííÿ
f(t)

t
→

+∞∫
p

F (q)dq, çàñòîñîâóþ÷è äî

ÿêîãî òåîðåìó 2.9 ïðî iíòåãðóâàííÿ îðèãiíàëà, îäåðæó¹ìî, ùî

t∫
0

f(u)

u
du→ 1

p

+∞∫
p

F (q)dq. (5.8)

Òåïåð ç (5.7) i (5.8), âèêîðèñòîâóþ÷è ëiíiéíiñòü ïåðåòâîðåííÿ Ëàïëàñà, ìà¹ìî

+∞∫
0

f(u)

u
du→ 1

p

+∞∫
0

F (q)dq,

çâiäêè, âðàõîâóþ÷è, ùî 1 → 1

p
, îäåðæó¹ìî ôîðìóëó (5.4).

Ñïiââiäíîøåííÿ (5.5) îòðèìó¹ìî ç ôîðìóëè (5.4), ÿêùî ¨¨ çàñòîñóâàòè äî

îðèãiíàëà tn+1f(t) i âðàõóâàòè ñïiââiäíîøåííÿ tn+1f(t) → (−1)n+1F (n+1)(p),

ÿêå âèïëèâà¹ ç òåîðåìè 2.8 ïðî äèôåðåíöiþâàííÿ çîáðàæåííÿ.
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3. Ôîðìóëà
+∞∫
0

f(t)dt = lim
p→0

F (p) = F (0), (5.9)

ÿêó îòðèìó¹ìî ç (1.3) ç äîïîìîãîþ ãðàíè÷íîãî ïåðåõîäó ïðè p → 0 (ÿêùî

iñíó¹ ãðàíèöÿ lim
t→+∞

f(t)).

4. Ôîðìóëà
+∞∫
0

φ(τ)f(t, τ)dτ →
+∞∫
0

φ(τ)F (p, τ)dτ, (5.10)

ÿêà âèïëèâà¹ ç òåîðåìè iíòåãðóâàííÿ çà ïàðàìåòðîì (ôîðìóëà (2.16)).

5. Ðiâíiñòü Ïàðñåâàëÿ. ßêùî f(t) → F (p), φ(t) → Φ(p) i ôóíêöi¨

F (p), Φ(p) àíàëiòè÷íi ó ïiâïëîùèíi Re p > 0, òî

+∞∫
0

φ(τ)F (τ)dτ =

+∞∫
0

Φ(τ)f(τ)dτ. (5.11)

Äîâåäåìî ôîðìóëó (5.11). Îñêiëüêè F (τ) =

+∞∫
0

f(t)e−τtdt, òî

+∞∫
0

φ(τ)F (τ)dτ =

+∞∫
0

φ(τ)

 +∞∫
0

f(t)e−τtdt

 dτ.

Çìiíþþ÷è ïîðÿäîê iíòåãðóâàííÿ, ìà¹ìî

+∞∫
0

φ(τ)F (τ)dτ =

+∞∫
0

 +∞∫
0

φ(τ)e−τtdτ

 f(t)dt,

çâiäêè, âðàõîâóþ÷è, ùî

+∞∫
0

φ(τ)e−τtdτ = Φ(t), îäåðæó¹ìî ôîðìóëó (5.11).

ßêùî ó (5.11) ïiäñòàâèòè

φ(t) = θ(t− a)− θ(t− b) =

1, ÿêùî a < t < b,

0, ÿêùî t < a, t > b,
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i âðàõóâàòè, ùî φ(t) → Φ(p) =
1

p

(
e−ap − e−bp

)
, òî îäåðæó¹ìî ôîðìóëó

b∫
a

F (τ)dτ =

+∞∫
0

e−aτ − e−bτ

τ
f(τ)dτ. (5.12)

Ïðèêëàä 5.1. Îá÷èñëèòè iíòåãðàë

+∞∫
0

sin τ

τ
dτ.

Ðîçâ'ÿçàííÿ. I ñïîñiá. ßêùî ó ôîðìóëó (5.4) ïiäñòàâèòè f(t) = sin t, òî,

âðàõîâóþ÷è ñïiââiäíîøåííÿ sin t→ 1

p2 + 1
, çíàõîäèìî:

+∞∫
0

sin τ

τ
dτ =

+∞∫
0

dq

q2 + 1
= arctg q

∣∣∣+∞

0
=
π

2
.

II ñïîñiá. Çãiäíî ç ôîðìóëîþ (2.13) iíòåãðóâàííÿ çîáðàæåííÿ

sin t

t
→

+∞∫
p

dq

q2 + 1
=
π

2
− arctg p,

à âèêîðèñòîâóþ÷è (5.9), îäåðæó¹ìî, ùî

+∞∫
0

sin τ

τ
dτ =

π

2
. I

Ïðèêëàä 5.2. Îá÷èñëèòè iíòåãðàë

+∞∫
0

e2τ − 1

τe4τ
dτ.

Ðîçâ'ÿçàííÿ. Ïiäñòàâëÿþ÷è â (5.12) f(t) = 1 i F (p) =
1

p
, îäåðæó¹ìî:

+∞∫
0

e2τ−1

τe4τ
dτ =

+∞∫
0

e−2τ − e−4τ

τ
dτ =

4∫
2

dτ

τ
= ln 2. I

Ïðèêëàä 5.3. Îá÷èñëèòè iíòåãðàë

+∞∫
0

cos tτ

τ 2 + α2
dτ, äå α ̸= 0.

Ðîçâ'ÿçàííÿ. Îñêiëüêè cos tτ → p

p2 + τ 2
, òî çà ôîðìóëîþ (5.10)

+∞∫
0

cos tτ · 1

τ 2 + α2
dτ →

+∞∫
0

p

p2 + τ 2
· 1

τ 2 + α2
dτ =
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=
p

p2 − α2

+∞∫
0

(
1

τ 2 + α2
− 1

τ 2 + p2

)
dτ =

p

p2 − α2
·
(
1

α
− 1

p

)
π

2
=

π

2α(p+ α)
.

Âðàõîâóþ÷è òåïåð ñïiââiäíîøåííÿ
1

p+ α
→ e−αt, îñòàòî÷íî îäåðæó¹ìî

+∞∫
0

cos tτ

τ 2 + α2
dτ =

π

2α
e−αt. I

Ïðèêëàä 5.4. Îá÷èñëèòè iíòåãðàë

+∞∫
0

e−ατ sin βτ

τ
dτ, äå α > 0.

Ðîçâ'ÿçàííÿ. Ïîçíà÷èìî φ(t) = e−αt sin βt, f(t) = 1. Òîäi

φ(t) → Φ(p) =
β

(p+ α)2 + β2
, f(t) → F (p) =

1

p
,

à òîìó çà ôîðìóëîþ (5.11)
+∞∫
0

e−ατ sin βτ

τ
dτ = β

+∞∫
0

dτ

(τ + α)2 + β2
=

= arctg
τ + α

β

∣∣∣∣+∞

0

=
π

2
− arctg

α

β
= arctg

β

α
. I

�5.2. Iíòåãðóâàííÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

5.2.1. Çâè÷àéíi äèôåðåíöiàëüíi ðiâíÿííÿ çi ñòàëèìè êîåôiöi¹íòàìè.

Ìåòîäè îïåðàöiéíîãî ÷èñëåííÿ øèðîêî âèêîðèñòîâóþòü äëÿ iíòåãðóâàí-

íÿ ëiíiéíèõ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü çi ñòàëèìè êîåôiöi¹íòàìè

òà ñèñòåì òàêèõ ðiâíÿíü. Öå âèêîðèñòàííÿ  ðóíòó¹òüñÿ íà òåîðåìi 2.7 ïðî

äèôåðåíöiþâàííÿ îðèãiíàëà.

Ïîçíà÷èìî ÷åðåç

L[x(t)] ≡ x(n)(t) + a1x
(n−1)(t) + . . .+ an−1x

′(t) + anx(t)

äèôåðåíöiàëüíèé îïåðàòîð çi ñòàëèìè êîåôiöi¹íòàìè, ÿêèé äi¹ ó ïðîñòîði îðè-

ãiíàëiâ, i ðîçãëÿíåìî çàäà÷ó Êîøi

L[x(t)] = f(t), (5.13)
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x(t0) = x0, x′(t0) = x′0, . . . , x(n−1)(t0) = x
(n−1)
0 . (5.14)

Îñêiëüêè êîåôiöi¹íòè ðiâíÿííÿ (5.13) íå çàëåæàòü âiä ÷àñó, òî áåç âòðàòè

çàãàëüíîñòi ìîæåìî ââàæàòè, ùî t0 = 0. Iíàêøå âiä ôóíêöi¨ x(t) çàâæäè

ìîæíà ïåðåéòè äî ôóíêöi¨ y(t) = x(t + t0), ÿêà ¹ ðîçâ'ÿçêîì äèôåðåíöiàëüíî-

ãî ðiâíÿííÿ ç ïðàâîþ ÷àñòèíîþ f(t+ t0) i çàäîâîëüíÿ¹ ïî÷àòêîâi óìîâè

y(0) = x0, y′(0) = x′0, . . . , y(n−1)(0) = x
(n−1)
0 .

Ïðèïóñòèìî, ùî øóêàíà ôóíêöiÿ x(t), âñi ¨¨ ïîõiäíi äî ïîðÿäêó n

âêëþ÷íî, à òàêîæ ïðàâà ÷àñòèíà f(t) ¹ îðèãiíàëàìè. Íåõàé x(t) → X(p),

f(t) → F (p). Çãiäíî ç òåîðåìîþ 2.7 ïðî äèôåðåíöiþâàííÿ îðèãiíàëà

x′(t) → pX(p)− x0, x′′(t) → p2X(p)− px0 − x′0, . . . ,

x(n−1)(t) → pn−1X(p)− pn−2x0 − . . .− x
(n−2)
0 ,

x(n)(t) → pnX(p)− pn−1x0 − . . .− x
(n−1)
0 .

Âèêîðèñòîâóþ÷è ïî÷àòêîâi óìîâè (5.14) òà ëiíiéíiñòü îðèãiíàëà, ïåðåéäå-

ìî âiä äèôåðåíöiàëüíîãî ðiâíÿííÿ (5.13) äî àëãåáðè÷íîãî ðiâíÿííÿ ç íåâiäî-

ìîþ ôóíêöi¹þ X(p) ó ïðîñòîði çîáðàæåíü:

pnX(p)− pn−1x0 − . . .− x
(n−1)
0 + a1

(
pn−1X(p)− pn−2x0 − . . .− x

(n−2)
0

)
+ . . .

. . .+ an−1

(
pX(p)− x0

)
+ anX(p) = F (p)

àáî

Qn(p)X(p) = F (p) +Rn−1(p), (5.15)

äå

Qn(p) = pn + a1p
n−1 + a2p

n−2 + . . .+ an−1p+ an,

Rn−1(p) = pn−1x0 + . . .+ x
(n−1)
0 + a1

(
pn−2x0 + . . .+ x

(n−2)
0

)
+ . . .

. . .+ an−2

(
px0 + x′0

)
+ an−1x0.

Î÷åâèäíî, Qn(p) ¹ õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì ðiâíÿííÿ L[x(t)] = 0.
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Ðiâíÿííÿ (5.15) íàçèâàþòü îïåðàòîðíèì ðiâíÿííÿì äëÿ çàäà÷i Êî-

øi (5.13), (5.14). Ðîçâ'ÿçóþ÷è éîãî âiäíîñíî X(p), îäåðæó¹ìî çîáðàæåííÿ

ðîçâ'ÿçêó öi¹¨ çàäà÷i

X(p) =
F (p) +Rn−1(p)

Qn(p)
. (5.16)

ßêùî çà çîáðàæåííÿì (5.16) âäàñòüñÿ çíàéòè âiäïîâiäíèé îðèãiíàë x(t)

(çà òåîðåìàìè ðîçâèíåííÿ àáî áåçïîñåðåäíüî, âèêîðèñòîâóþ÷è âëàñòèâîñòi

ïåðåòâîðåííÿ Ëàïëàñà), òî çãiäíî ç òåîðåìîþ ïðî ¹äèíiñòü îðèãiíàëà ôóíêöiÿ

x(t) áóäå øóêàíèì ðîçâ'ÿçêîì çàäà÷i Êîøi (5.13), (5.14).

Ïðèêëàä 5.5. Çíàéòè ðîçâ'ÿçîê çàäà÷i Êîøi

x′′(t) + 2x′(t) + 5x(t) = sin t, x(0) = 0, x′(0) = 1.

Ðîçâ'ÿçàííÿ. Ìà¹ìî

x(t) → X(p), x′(t) → pX(p), x′′(t) → p2X(p)− 1, sin t→ 1

p2 + 1
.

Ñêëàäåìî òà ðîçâ'ÿæåìî îïåðàòîðíå ðiâíÿííÿ:

p2X(p)− 1 + 2pX(p) + 5X(p) =
1

p2 + 1
,

(p2 + 2p+ 5)X(p) =
1

p2 + 1
+ 1,

X(p) =
1

(p2 + 1)(p2 + 2p+ 5)
+

1

p2 + 2p+ 5
.

Ðîçêëàäåìî ïðàâó ÷àñòèíó íà ïðîñòi äðîáè (âèêîðèñòîâóþ÷è, íàïðèêëàä,

ìåòîä íåâèçíà÷åíèõ êîåôiöi¹íòiâ):

X(p) = − 1

10
· p

p2 + 1
+

1

5
· 1

p2 + 1
+

1

10
· p+ 1

(p+ 1)2 + 4
+

9

20
· 2

(p+ 1)2 + 4
.

Âèêîðèñòîâóþ÷è òåïåð òàáëèöþ çîáðàæåíü îðèãiíàëiâ, çíàõîäèìî øóêà-

íèé ðîçâ'ÿçîê

x(t) = − 1

10
cos t+

1

5
sin t+

1

10
e−t cos 2t+

9

20
e−t sin 2t. I

Iíòåãðàëüíå ïåðåòâîðåííÿ Ëàïëàñà äîçâîëÿ¹ çíàõîäèòè íå òiëüêè ÷àñòèí-

íi ðîçâ'ÿçêè (ÿêi çàäîâîëüíÿþòü ïî÷àòêîâi óìîâè), àëå é çàãàëüíi ðîçâ'ÿçêè
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çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü. Äëÿ öüîãî ðiâíÿííÿ (5.13) ïîòðiáíî äî-

ïîâíèòè ïî÷àòêîâèìè óìîâàìè

x(0) = c0, x′(0) = c1, . . . , x(n−1)(0) = cn−1,

äå c0, c1, . . . , cn−1 � äîâiëüíi ñòàëi.

Ïðèêëàä 5.6. Çiíòåãðóâàòè ðiâíÿííÿ

x′′′(t)− 6x′′(t) + 11x′(t)− 6x(t) = 24t2e3t + e2t.

Ðîçâ'ÿçàííÿ. Çàäàíå ðiâíÿííÿ äîïîâíèìî ïî÷àòêîâèìè óìîâàìè

x(0) = c0, x
′(0) = c1, x

′′(0) = c2,

äå c0, c1, c2 � äîâiëüíi ñòàëi. Îïåðàòîðíèì ðiâíÿííÿì äëÿ óòâîðåíî¨ çàäà÷i

Êîøi ¹

X(p)(p3 − 6p2 + 11p− 6) =
48

(p− 3)3
+

1

p− 2
+

+ p2c0 + p(c1 − 6c0) + 11c0 − 6c1 + c2,

çâiäêè çíàõîäèìî çîáðàæåííÿ

X(p) =
48(p− 2) + (p− 3)3

(p3 − 6p2 + 11p− 6)(p− 3)3(p− 2)
+

+
p2c0 + p(c1 − 6c0) + 11c0 − 6c1 + c2

p3 − 6p2 + 11p− 6
. (5.17)

Ðîçêëàäåìî ïåðøèé äðiá ç (5.17) íà ñóìó ïðîñòèõ äðîáiâ:

48(p− 2) + (p− 3)3

(p3 − 6p2 + 11p− 6)(p− 3)3(p− 2)
=

48(p− 2) + (p− 3)3

(p− 3)4(p− 2)2(p− 1)
=

=
A

p− 3
+

B

(p− 3)2
+

C

(p− 3)3
+

D

(p− 3)4
+

E

p− 2
+

F

(p− 2)2
+

G

p− 1
.

Âèêîíàâøè íåîáõiäíi îá÷èñëåííÿ, îäåðæó¹ìî êîåôiöi¹íòè B = 42,

C = −36, D = 24, F = −1. Êîåôiöi¹íòè A, E, G çíàõîäèòè íå îáîâ'ÿçêîâî.

Îòæå,

X(p) =
A

p− 3
+

42

(p− 3)2
− 36

(p− 3)3
+

24

(p− 3)4
+

E

p− 2
− 1

(p− 2)2
+

G

p− 1
+
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+
p2c0 + p(c1 − 6c0) + 11c0 − 6c1 + c2

(p− 1)(p− 2)(p− 3)
.

Îñòàííié äðiá ó öüîìó âèðàçi ìîæíà ðîçêëàñòè íà ñóìó åëåìåíòàðíèõ

äðîáiâ:
A1

p− 1
+

A2

p− 2
+

A3

p− 3
,

äå êîåôiöi¹íòè A1, A2, A3 âèðàæàòèìóòüñÿ ÷åðåç c0, c1, c2 . Ïîçíà÷èâøè

C1 = A1 + G, C2 = A2 + E, C3 = A3 + A, çíàõîäèìî çîáðàæåííÿ øóêàíîãî

ðîçâ'ÿçêó:

X(p) =
C1

p− 1
+

C2

p− 2
+

C3

p− 3
− 1

(p− 2)2
+

42

(p− 3)2
− 36

(p− 3)3
+

24

(p− 3)4

i, çà âiäîìèìè ôîðìóëàìè, âiäïîâiäíèé îðèãiíàë:

x(t) = C1e
t + C2e

2t + C3e
3t − te2t + (42t− 18t2 + 4t3)e3t. I

5.2.2. Âèêîðèñòàííÿ iíòåãðàëà Äþàìåëÿ äëÿ iíòåãðóâàííÿ ðiâíÿíü

ç íóëüîâèìè ïî÷àòêîâèìè óìîâàìè. Ðîçãëÿíåìî äèôåðåíöiàëüíå ðiâíÿ-

ííÿ (5.13) ç íóëüîâèìè ïî÷àòêîâèìè óìîâàìè

x(0) = 0, x′(0) = 0, . . . , x(n−1)(0) = 0. (5.18)

Çàóâàæåííÿ 5.1. Ïåðåõiä âiä íåíóëüîâèõ ïî÷àòêîâèõ óìîâ (5.14) äî

óìîâ (5.18) çàâæäè ìîæíà çäiéñíèòè ç äîïîìîãîþ çàìiíè øóêàíî¨ ôóíêöi¨

x(t) = y(t) +
n−1∑
k=0

x(k)(0)

k!
tk, (5.19)

äå y(t) � íîâà ôóíêöiÿ.

Ðîçãëÿíåìî òàêîæ ðiâíÿííÿ ç ëiâîþ ÷àñòèíîþ L[z(t)] i ïðàâîþ ÷àñòèíîþ

f(t) ≡ 1, òîáòî ðiâíÿííÿ

z(n)(t) + a1z
(n−1)(t) + . . .+ an−1z

′(t) + anz(t) = 1. (5.20)

Øóêàòèìåìî ðîçâ'ÿçîê ðiâíÿííÿ (5.20), ÿêèé çàäîâîëüíÿ¹ íóëüîâi ïî÷à-

òêîâi óìîâè z(0) = 0, z′(0) = 0, . . . , z(n−1)(0) = 0.
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Îïåðàòîðíèìè ðiâíÿííÿìè äëÿ âiäøóêàííÿ çîáðàæåíü X(p) i Z(p) âiäïî-

âiäíî ¹:

pnX(p) + a1p
n−1X(p) + . . .+ an−1pX(p) + anX(p) = F (p),

pnZ(p) + a1p
n−1Z(p) + . . .+ an−1pZ(p) + anZ(p) =

1

p
.

Çâiäñè

X(p) =
F (p)

Qn(p)
, Z(p) =

1

pQn(p)
,

äå Qn(p) = pn + a1p
n−1 + . . .+ an , i, îòæå,

X(p) = pF (p)Z(p).

Äëÿ ïåðåõîäó äî îðèãiíàëiâ â îñòàííüîìó ñïiââiäíîøåííi âèêîðèñòà¹ìî

iíòåãðàë Äþàìåëÿ (§ 3.5). Çãiäíî ç ôîðìóëîþ (3.10)

X(p) = pF (p)Z(p) → x(t) = f(t)z(0) +

t∫
0

f(τ)z′t(t− τ)dτ,

à îñêiëüêè z(0) = 0, òî

x(t) =

t∫
0

f(τ)z′t(t− τ)dτ. (5.21)

Âiäçíà÷èìî, ùî çàñòîñóâàííÿ ôîðìóëè (5.21) íå âèìàãà¹ çíàõîäæåííÿ çî-

áðàæåííÿ ïðàâî¨ ÷àñòèíè ðiâíÿííÿ (5.13).

Ïðèêëàä 5.7. Çíàéòè ðîçâ'ÿçîê çàäà÷i Êîøi

x′′(t)− x(t) =
1

1 + et
, x(0) = 0, x′(0) = 0.

Ðîçâ'ÿçàííÿ. Ñïî÷àòêó çíàéäåìî ðîçâ'ÿçîê ðiâíÿííÿ z′′(t)− z(t) = 1, ÿêèé

çàäîâîëüíÿ¹ íóëüîâi ïî÷àòêîâi óìîâè. Îñêiëüêè

z(t) → Z(p), z′(t) → pZ(p), z′′(t) → p2Z(p), 1 → 1

p
,

òî Z(p)(p2 − 1) =
1

p
, çâiäêè

Z(p) =
1

p(p2 − 1)
=

p

p2 − 1
− 1

p
.
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Ç òàáëèöi çîáðàæåíü îðèãiíàëiâ îäåðæó¹ìî ôóíêöiþ z(t) = ch t − 1, à çà

ôîðìóëîþ (5.21) çíàõîäèìî øóêàíèé ðîçâ'ÿçîê:

x(t) =

t∫
0

sh(t− τ)

1 + eτ
dτ =

1

2

t∫
0

et−τ − e−t+τ

1 + eτ
dτ =

= −e
t

2

t∫
0

e−τd(e−τ)

1 + e−τ
− e−t

2

t∫
0

d(1 + eτ)

1 + eτ
=

= −e
t

2

(
e−t − 1− ln(e−t + 1) + ln 2

)
− e−t

2
ln

1 + et

2
.

Îòæå,

x(t) =
et

2
ln

1 + e−t

2
− e−t

2
ln

1 + et

2
+
et − 1

2
. I

Iíòåãðàë Äþàìåëÿ îñîáëèâî çðó÷íî âèêîðèñòîâóâàòè äëÿ iíòåãðóâàííÿ äå-

êiëüêîõ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü iç îäíàêîâèìè ëiâèìè i ðiçíèìè

ïðàâèìè ÷àñòèíàìè. Ó öüîìó âèïàäêó ôîðìóëà (5.21) çíà÷íî çìåíøó¹ êiëü-

êiñòü íåîáõiäíèõ îá÷èñëåíü.

5.2.3. Âèêîðèñòàííÿ äåëüòà-ôóíêöi¨ äëÿ iíòåãðóâàííÿ ðiâíÿíü

çi ñòàëèìè êîåôiöi¹íòàìè. Ðîçãëÿíåìî ñïîñiá ðîçâ'ÿçóâàííÿ çàäà÷i

Êîøi (5.13), (5.18), ïîâ'ÿçàíèé ç âèêîðèñòàííÿ äåëüòà-ôóíêöi¨ Äiðàêà δ(t),

âèçíà÷åíî¨ ó § 1.3.

Ðîçãëÿíåìî äèôåðåíöiàëüíå ðiâíÿííÿ

L[y(t)] ≡ y(n)(t) + a1y
(n−1)(t) + . . .+ an−1y

′(t) + any(t) = δ(t) (5.22)

ç íóëüîâèìè ïî÷àòêîâèìè óìîâàìè

y(0) = 0, y′(0) = 0, . . . , y(n−1)(0) = 0. (5.23)

Ðîçâ'ÿçîê y(t) çàäà÷i Êîøi (5.22), (5.23) íàçèâàþòü iìïóëüñíîþ ïåðå-

õiäíîþ ôóíêöi¹þ.

Îñêiëüêè

y(t) → Y (p), x(t) → X(p), f(t) → F (p), δ(t) → 1,
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x(j)(t) → pjX(p), y(j)(t) → pjY (p) (j = 1, . . . , n),

òî îäåðæó¹ìî òàêi îïåðàòîðíi ðiâíÿííÿ äëÿ çàäà÷ Êîøi (5.13), (5.18) i (5.22),

(5.23) âiäïîâiäíî:

(pn + a1p
n−1 + . . .+ an)X(p) = F (p),

(pn + a1p
n−1 + . . .+ an)Y (p) = 1.

Çâiäñè âèïëèâà¹, ùî

X(p) = Y (p) · F (p).

Òåïåð ðîçâ'ÿçîê çàäà÷i Êîøi (5.13), (5.18) çíàõîäèìî çãiäíî ç òåîðåìîþ

Áîðåëÿ ïðî çîáðàæåííÿ çãîðòêè (òåîðåìà 3.3):

x(t) =

t∫
0

y(τ)f(t− τ)dτ (5.24)

àáî, âðàõîâóþ÷è êîìóòàòèâíiñòü çãîðòêè (� 3.1),

x(t) =

t∫
0

y(t− τ)f(τ)dτ. (5.25)

Ïðèêëàä 5.8. Çíàéòè ðîçâ'ÿçîê çàäà÷i Êîøi

x′′(t)− 3x′(t) + 2x(t) = 2e3t, x(0) = 1, x′(0) = 3.

Ðîçâ'ÿçàííÿ. Äëÿ îòðèìàííÿ íóëüîâèõ ïî÷àòêîâèõ óìîâ çãiäíî ç (5.19) çðî-

áèìî çàìiíó øóêàíî¨ ôóíêöi¨ çà ôîðìóëîþ

x(t) = z(t) + x(0) + tx′(0) = z(t) + 3t+ 1.

Îòæå, äëÿ çíàõîäæåííÿ ôóíêöi¨ z(t) ìà¹ìî çàäà÷ó Êîøi ç íóëüîâèìè ïî÷à-

òêîâèìè óìîâàìè

z′′(t)− 3z′(t) + 2z(t) = 2e3t − 6t+ 7, z(0) = 0, z′(0) = 0.

Ðîçãëÿíåìî òàêîæ çàäà÷ó Êîøi

y′′(t)− 3y′(t) + 2y(t) = δ(t), y(0) = 0, y′(0) = 0.
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Ñêëàäåìî òà ðîçâ'ÿæåìî âiäïîâiäíå îïåðàòîðíå ðiâíÿííÿ:

p2Y (p)− 3pY (p) + 2Y (p) = 1,

Y (p) =
1

p2 − 3p+ 2
=

1

p− 2
− 1

p− 1
.

Òîäi y(t) = e2t − et, i çà ôîðìóëîþ (5.25) çíàõîäèìî ôóíêöiþ z(t) :

z(t) =

t∫
0

(
e2t−2τ − et−τ

) (
2e3τ − 6τ + 7

)
dτ = e3t − 3t− 1.

Òàêèì ÷èíîì, x(t) = e3t − 3t− 1 + 3t+ 1 = e3t. I

Ðîçãëÿíåìî áiëüø çàãàëüíå, íiæ (5.22), äèôåðåíöiàëüíå ðiâíÿííÿ, ïðàâîþ

÷àñòèíîþ ÿêîãî ¹ äèôåðåíöiàëüíèé îïåðàòîð âiä çàäàíî¨ ôóíêöi¨ g(t):

L[x(t)] = ω(t), (5.26)

äå

ω(t) = bmg
(m)(t) + bm−1g

(m−1)(t) + . . .+ b0g(t),

b0, b1, . . . , bm � äåÿêi ñòàëi, ç ïî÷àòêîâèìè óìîâàìè

x(0) = x0, x′(0) = x′0, . . . , x(n−1)(0) = x
(n−1)
0 . (5.27)

Ðîçâ'ÿçóþ÷è çàäà÷ó Êîøi (5.26), (5.27), ó çàãàëüíîìó âèïàäêó ìîæåìî

ñêîðèñòàòèñü ïðèíöèïîì ñóïåðïîçèöi¨, çãiäíî ç ÿêèì ðîçâ'ÿçîê öi¹¨ çàäà÷i äî-

ðiâíþ¹ ñóìi ðîçâ'ÿçêiâ äâîõ çàäà÷: çàäà÷i Êîøi äëÿ îäíîðiäíîãî ðiâíÿííÿ ç

íåîäíîðiäíèìè ïî÷àòêîâèìè óìîâàìè

L[x(t)] = 0, x(0) = x0, x′(0) = x′0, . . . , x(n−1)(0) = x
(n−1)
0 (5.28)

i çàäà÷i Êîøi äëÿ íåîäíîðiäíîãî ðiâíÿííÿ ç îäíîðiäíèìè ïî÷àòêîâèìè óìî-

âàìè

L[x(t)] = ω(t), x(0) = 0, x′(0) = 0, . . . , x(n−1)(0) = 0. (5.29)

Ðîçâ'ÿçîê çàäà÷i (5.28) íàçèâàþòü âiëüíèì ðóõîì . Ïîçíà÷èìî öåé

ðîçâ'ÿçîê ÷åðåç xâ(t). Âiëüíèé ðóõ õàðàêòåðèçó¹òüñÿ âïëèâîì ïî÷àòêîâèõ

óìîâ. Î÷åâèäíî, ùî äëÿ íóëüîâèõ ïî÷àòêîâèõ óìîâ xâ(t) = 0.
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Ðîçâ'ÿçîê çàäà÷i Êîøi (5.29) íàçèâàþòü çàëåæíèì ðóõîì . Éîãî ïîçíà-

÷èìî ÷åðåç xç(t). Î÷åâèäíî, ùî xç(t) õàðàêòåðèçó¹òüñÿ âïëèâîì ôóíêöi¨ g(t).

Äëÿ âiäøóêàííÿ xç(t) âèêîðèñòà¹ìî äåëüòà-ôóíêöiþ δ(t). Ñïî÷àòêó çíàõî-

äèìî iìïóëüñíó ïåðåõiäíó ôóíêöiþ y(t) � ðîçâ'ÿçîê çàäà÷i Êîøi

L[y(t)] = δ(t), y(0) = 0, y′(0) = 0, . . . , y(n−1)(0) = 0.

Òîäi çà ôîðìóëîþ (5.24) îòðèìó¹ìî

xç(t) =

t∫
0

y(τ)ω(t− τ)dτ, (5.30)

à ðîçâ'ÿçîê çàäà÷i Êîøi (5.26), (5.27) çàïèøåìî ó âèãëÿäi

x(t) = xâ(t) + xç(t).

Ïðèêëàä 5.9. Çíàéòè ðîçâ'ÿçîê çàäà÷i Êîøi

x′′(t)− 3x′(t) + 2x(t) = g′′(t) + 5g′(t) + 6g(t), x(0) = 1, x′(0) = 2,

äå g(t) = et.

Ðîçâ'ÿçàííÿ. Âiëüíèé ðóõ xâ(t) çíàéäåìî ÿê ðîçâ'ÿçîê çàäà÷i Êîøi

x′′(t)− 3x′(t) + 2x(t) = 0, x(0) = 1, x′(0) = 2.

Ñêëàäåìî òà ðîçâ'ÿæåìî âiäïîâiäíå îïåðàòîðíå ðiâíÿííÿ:

p2X(p)− p− 2− 3pX(p) + 3 + 2X(p) = 0,

(p2 − 3p+ 2)X(p) = p− 1, X(p) =
1

p− 2
.

Îòæå, xâ(t) = e2t.

Iìïóëüñíó ïåðåõiäíó ôóíêöiþ y(t) øóêà¹ìî ÿê ðîçâ'ÿçîê çàäà÷i Êîøi

y′′(t)− 3y′(t) + 2y(t) = δ(t), y(0) = 0, y′(0) = 0.

Íåõàé y(t) → Y (p). Òîäi ó ïðîñòîði çîáðàæåíü ìà¹ìî:

p2Y (p)− 3Y (p) + 2Y (p) = 1, Y (p) =
1

p− 2
− 1

p− 1
,



� 5.2. Iíòåãðóâàííÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü 107

à òîìó y(t) = e2t − et.

Ôóíêöiþ ω(t) çíàõîäèìî iç çàäàíîãî ðiâíÿííÿ

ω(t) = g′′(t) + 5g′(t) + 6g(t) = 12et,

à çàëåæíèé ðóõ îäåðæó¹ìî ç ôîðìóëè (5.30):

xç(t) =

t∫
0

(
e2τ − eτ

)
· 12et−τdτ = 12

(
e2t − et

)
− 12tet.

Îñêiëüêè x(t) = xâ(t) + xç(t), òî ðîçâ'ÿçêîì çàäàíî¨ çàäà÷i Êîøi ¹

x(t) = 13e2t − 12et − 12tet. I

5.2.4. Ðiâíÿííÿ çi ñòàëèìè êîåôiöi¹íòàìè, ïðàâà ÷àñòèíà ÿêèõ ¹

êóñêîâî-íåïåðåðâíîþ ôóíêöi¹þ. Îïåðàöiéíèé ìåòîä ðîçâ'ÿçóâàííÿ çâè-

÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ¹ îñîáëèâî åôåêòèâíèì, êîëè ïðàâà ÷àñòèíà

ðiâíÿííÿ ¹ êóñêîâî-íåïåðåðâíîþ ôóíêöi¹þ âèãëÿäó

f(t) =



φ1(t), ÿêùî 0 < t < t1,

φ2(t), ÿêùî t1 < t < t2,

. . . . . . . . .

φn+1(t), ÿêùî t > tn.

(5.31)

Âèêîðèñòîâóþ÷è òðàäèöiéíi ìåòîäè ðîçâ'ÿçóâàííÿ çâè÷àéíèõ äèôåðåí-

öiàëüíèõ ðiâíÿíü ç òàêîþ ïðàâîþ ÷àñòèíîþ, ïîòðiáíî ñïî÷àòêó ðîçâ'ÿçàòè

çàäà÷ó íà iíòåðâàëi t ∈ (0, t1), ïîòiì îòðèìàíèé ðîçâ'ÿçîê âèêîðèñòàòè äëÿ

ïîñòàíîâêè íîâèõ ïî÷àòêîâèõ óìîâ íà iíòåðâàëi t ∈ (t1, t2) i ðîçâ'ÿçàòè óòâî-

ðåíó çàäà÷ó ç ïðàâîþ ÷àñòèíîþ φ2(t), i ò.ä.

Âèêîðèñòàííÿ ôóíêöi¨ Ãåâiñàéäà òà óçàãàëüíåíî¨ ôóíêöi¨ Ãåâiñàéäà äà¹

ìîæëèâiñòü êóñêîâî-íåïåðåðâíó ôóíêöiþ f(t) çàïèñàòè ÿê ñóìó áiëüø ïðî-

ñòèõ îðèãiíàëiâ i âèêîðèñòàòè âëàñòèâiñòü ëiíiéíîñòi ïåðåòâîðåííÿ Ëàïëàñà.

Íàïðèêëàä, ôóíêöiþ f(t) ç (5.31) ìîæåìî çàïèñàòè ó âèãëÿäi

f(t) = φ1(t) ·
(
θ(t)− θ(t− t1)

)
+
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+φ2(t) ·
(
θ(t− t1)− θ(t− t2)

)
+ . . .+ φn+1(t) · θ(t− tn).

Çàóâàæèìî, ùî áàãàòî ìàòåìàòè÷íèõ ìîäåëåé îïèñóþòüñÿ çà äîïîìîãîþ

çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, ó ïðàâié ÷àñòèíi ÿêèõ ¹ ôóíêöiÿ Ãåâi-

ñàéäà. Òàêèìè ¹, íàïðèêëàä, ðiâíÿííÿ äèíàìi÷íèõ ñèñòåì, ÿêi çàçíàþòü çîâ-

íiøíiõ ñèë íå íåïåðåðâíî, à ó ïåâíi ìîìåíòè ÷àñó (äèñêðåòíî).

Ïðèêëàä 5.10. Çíàéòè ðîçâ'ÿçîê çàäà÷i Êîøi

x′′(t) + 3x′(t) = f(t), x(0) = 0, x′(0) = 0,

äå

f(t) =

4, ÿêùî 0 < t < 3,

2− t, ÿêùî t > 3.

Ðîçâ'ÿçàííÿ. Ïðàâó ÷àñòèíó ðiâíÿííÿ çàïèøåìî ó âèãëÿäi

f(t) = 4
(
θ(t)− θ(t− 3)

)
+ (2− t) · θ(t− 3) = 4θ(t)− (t+ 2) · θ(t− 3).

Âðàõîâóþ÷è, ùî x(t) → X(p), θ(t− t0) →
1

p
e−t0p , tθ(t− t0) →

t0p+ 1

p2
e−t0p

(îñòàíí¹ ñïiââiäíîøåííÿ ïðîïîíó¹ìî äîâåñòè ñàìîñòiéíî), ïåðåõîäèìî äî îïå-

ðàòîðíîãî ðiâíÿííÿ

p2X(p) + 3pX(p) =
4

p
−
(

1

p2
+

5

p

)
e−3p,

çâiäêè çíàõîäèìî

X(p) =
4

p2(p+ 3)
− 5

p2(p+ 3)
e−3p − 1

p3(p+ 3)
e−3p.

Îñêiëüêè
1

p2(p+ 3)
=

1

3p2
− 1

9p
+

1

9(p+ 3)
,

1

p3(p+ 3)
=

1

3p3
− 1

9p2
+

1

27p
− 1

27(p+ 3)
,

òî

X(p) → 4

3
t− 4

9
+

4

9
e−3t − 5

(
t− 3

3
− 1

9
+

1

9
e−3(t−3)

)
θ(t− 3)−

−
(
(t− 3)2

6
− t− 3

9
+

1

27
− 1

27
e−3(t−3)

)
θ(t− 3),
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à îòæå,

x(t) =
4

3
t− 4

9
+

4

9
e−3t −

(
t2

6
+

5

9
t− 199

54
+

14

27
e−3t+9

)
θ(t− 3). I

5.2.5. Ðiâíÿííÿ çi çìiííèìè êîåôiöi¹íòàìè. Ìåòîäè îïåðàöiéíîãî

÷èñëåííÿ åôåêòèâíî âèêîðèñòîâóþòü äëÿ iíòåãðóâàííÿ çâè÷àéíèõ ëiíiéíèõ

äèôåðåíöiàëüíèõ ðiâíÿíü çi ñòåïåíåâèìè êîåôiöi¹íòàìè, òîáòî êîåôiöi¹í-

òàìè, ÿêi ¹ ìíîãî÷ëåíàìè âiäíîñíî t. Çäiéñíþþ÷è ïåðåõiä äî çîáðàæåíü,

äèôåðåíöiþâàííÿ îðèãiíàëà ïåðåòâîðþ¹òüñÿ ó ìíîæåííÿ íà ïàðàìåòð p (òåî-

ðåìà 2.7), à ìíîæåííÿ îðèãiíàëà íà íåçàëåæíó çìiííó � ó äèôåðåíöiþâàííÿ

çîáðàæåííÿ (òåîðåìà 2.8):

x(t) → X(p), tx(t) → −X ′(p), t2x(t) → X ′′(p), . . . ,

x′(t) → pX(p)− x(0), tx′(t) → −
(
pX(p)

)′
, t2x′(t) → −

(
pX(p)

)′′
, . . . ,

x′′(t) → p2X(p)− px(0), tx′′(t) → −
(
p2X(p)

)′
+ x(0),

t2x′′(t) →
(
p2X(p)

)′′
, . . .

Òàêèì ÷èíîì, ïðè ïåðåõîäi äî çîáðàæåíü ó äèôåðåíöiàëüíîìó ðiâíÿííi çi

ñòåïåíåâèìè êîåôiöi¹íòàìè ïîðÿäîê ðiâíÿííÿ òà ñòåïiíü êîåôiöi¹íòiâ ìiíÿþ-

òüñÿ ìiñöÿìè, òîáòî ó ïðîñòîði çîáðàæåíü îäåðæó¹ìî äèôåðåíöiàëüíå ðiâíÿ-

ííÿ, ïîðÿäîê ÿêîãî äîðiâíþ¹ ìàêñèìàëüíîìó ñòåïåíþ êîåôiöi¹íòiâ, à ñòåïåíi

êîåôiöi¹íòiâ íå ïåðåâèùóþòü ïîðÿäêó çàäàíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ.

ßêùî ìàêñèìàëüíèé ñòåïiíü ìíîãî÷ëåíiâ ìåíøèé, íiæ ïîðÿäîê ðiâíÿííÿ, òî

ó ïðîñòîði çîáðàæåíü îäåðæó¹ìî ðiâíÿííÿ ìåíøîãî ïîðÿäêó, ÿêå, ÿê ïðàâèëî,

ëåãøå ðîçâ'ÿçó¹òüñÿ.

Ïðèêëàä 5.11. Çíàéòè ðîçâ'ÿçîê ðiâíÿííÿ

tx′′(t) + (t+ 3)x′(t) + 2x(t) = 0,

ÿêèé çàäîâîëüíÿ¹ óìîâó x(0) = 1.
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Ðîçâ'ÿçàííÿ. Ìà¹ìî

x(t) → X(p), x′(t) → pX(p)− x(0), tx′(t) → −X(p)− pX ′(p),

x′′(t) → p2X(p)− px(0)− x′(0), tx′′(t) → −2pX(p)− p2X ′(p) + x(0).

Îïåðàòîðíèì ðiâíÿííÿì ¹

−2pX(p)− p2X ′(p) + 1−X(p)− pX ′(p) + 3pX(p)− 3 + 2X(p) = 0

àáî

X ′(p)− 1

p
X(p) = − 2

p(p+ 1)
.

Öå ðiâíÿííÿ ¹ ëiíiéíèì. Éîãî çàãàëüíèì ðîçâ'ÿçêîì, ÿê ëåãêî ïåðåâiðèòè, ¹

X(p) = 2p

(
ln

∣∣∣∣ p

p+ 1

∣∣∣∣+ 1

p

)
+ Cp,

äå C � äîâiëüíà ñòàëà. Àëå îñêiëüêè p íå ¹ çîáðàæåííÿì íåïåðåðâíî¨ ôóíêöi¨,

òî ôóíêöiÿ X(p) áóäå çîáðàæåííÿì òiëüêè òîäi, êîëè C = 0. Òàêèì ÷èíîì,

X(p) = 2p

(
ln

∣∣∣∣ p

p+ 1

∣∣∣∣+ 1

p

)
.

Ïåðåéäåìî âiä çîáðàæåííÿ äî îðèãiíàëà. Îñêiëüêè
1

p
− 1

p+ 1
→ 1− e−t,

òî çãiäíî ç (2.13)
+∞∫
p

(
1

q
− 1

q + 1

)
dq → 1− e−t

t
,

ln
q

q + 1

∣∣∣∣+∞

p

→ 1− e−t

t
.

Îòæå,
1

p
− ln

p+ 1

p
→ 1− 1− e−t

t
.

Âèêîðèñòîâóþ÷è ôîðìóëó (2.9), çíàõîäèìî ñïiââiäíîøåííÿ

p

(
1

p
− ln

p+ 1

p

)
→
(
1− 1− e−t

t

)′

=
1− e−t − te−t

t2
.

Òàêèì ÷èíîì,

x(t) = 2 · 1− e−t − te−t

t2
. I
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�5.3. Iíòåãðóâàííÿ ñèñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

Âèêîðèñòàííÿ îïåðàöiéíîãî ìåòîäó äëÿ iíòåãðóâàííÿ ñèñòåì çâè÷àéíèõ ëi-

íiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü çi ñòàëèìè êîåôiöi¹íòàìè ïðîâîäèòüñÿ àíà-

ëîãi÷íî äî ðîçâ'ÿçóâàííÿ îäíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ (§ 5.2).

Ðîçãëÿíåìî ñèñòåìó çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó

çi ñòàëèìè êîåôiöi¹íòàìè
n∑

k=1

(
ajkx

′′
k(t) + bjkx

′
k(t) + cjkxk(t)

)
= fj(t), j = 1, . . . , n, (5.32)

ç ïî÷àòêîâèìè óìîâàìè

xk(0) = xk0, x′k(0) = xk1, k = 1, . . . , n. (5.33)

Íåõàé xk(t) → Xk(p), fj(t) → Fj(p), k, j = 1, . . . , n. Òîäi

x′k(t) → pXk(p)− xk0, x′′k(t) → p2Xk(p)− pxk0 − xk1, k = 1, . . . , n,

i âiä çàäà÷i (5.32), (5.33) ïåðåõîäèìî äî ñèñòåìè ðiâíÿíü ó ïðîñòîði çîáðàæåíü

âiäíîñíî ôóíêöié Xk(p), k = 1, . . . , n:
n∑

k=1

(
ajkp

2 + bjkp+ cjk
)
Xk(p) =

= Fj(p) +
n∑

k=1

(
(ajkp+ bjk)xk0 + ajkxk1

)
, j = 1, . . . , n. (5.34)

Ðîçâ'ÿçóþ÷è (5.34) ÿê ëiíiéíó àëãåáðè÷íó ñèñòåìó ðiâíÿíü, çíàéäåìî çî-

áðàæåííÿ Xk(p), à ïîòiì, çà äîïîìîãîþ âiäîìèõ ñïîñîáiâ, � âiäïîâiäíi îðèãi-

íàëè xk(t), k = 1, . . . , n, êîæåí ç ÿêèõ ¹ ðîçâ'ÿçêîì âiäïîâiäíî¨ çàäà÷i Êîøi

(5.32), (5.33).

Ïðèêëàä 5.12. Çíàéòè ðîçâ'ÿçîê çàäà÷i Êîøi
x′′(t) = x(t)− y(t)− z(t),

y′′(t) = −x(t) + y(t)− z(t),

z′′(t) = −x(t)− y(t) + z(t),

x(0) = 1, x′(0) = y(0) = y′(0) = z(0) = z′(0) = 0.
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Ðîçâ'ÿçàííÿ. Íåõàé x(t) → X(p), y(t) → Y (p), z(t) → Z(p). Ó ïðîñòîði

çîáðàæåíü ìà¹ìî ñèñòåìó ðiâíÿíü
p2X(p)− p−X(p) + Y (p) + Z(p) = 0,

p2Y (p) +X(p)− Y (p) + Z(p) = 0,

p2Z(p) +X(p) + Y (p)− Z(p) = 0,

ÿêó çàïèøåìî ó âèãëÿäi
(p2 − 1)X(p) + Y (p) + Z(p) = p,

X(p) + (p2 − 1)Y (p) + Z(p) = 0,

X(p) + Y (p) + (p2 − 1)Z(p) = 0.

Ðîçâ'ÿçêîì öi¹¨ ëiíiéíî¨ íåîäíîðiäíî¨ ñèñòåìè àëãåáðè÷íèõ ðiâíÿíü ¹

X(p) =
p3

(p2 − 2)(p2 + 1)
, Y (p) =

p

(p2 − 2)(p2 + 1)
,

Z(p) = − p

(p2 − 2)(p2 + 1)
.

Îñêiëüêè

X(p) =
2

3
· p

p2 − 2
+

1

3
· p

p2 + 1
, Y (p) = −1

3
· p

p2 − 2
+

1

3
· p

p2 + 1
,

Z(p) = − 1

3
· p

p2 − 2
+

1

3
· p

p2 + 1
,

òî, ïåðåéøîâøè äî îðèãiíàëiâ, îäåðæó¹ìî ðîçâ'ÿçîê çàäàíî¨ ñèñòåìè

x(t) =
2 ch

√
2t

3
+
cos t

3
, y(t) = − ch

√
2t

3
+
cos t

3
, z(t) = − ch

√
2t

3
+
cos t

3
. I

Âiäîìî, ùî êàíîíi÷íó ñèñòåìó çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ìîæíà

çâåñòè äî íîðìàëüíî¨ ñèñòåìè, òîáòî äî ñèñòåìè ðiâíÿíü ïåðøîãî ïîðÿäêó çà

êîæíîþ íåâiäîìîþ ôóíêöi¹þ, ðîçâ'ÿçàíèõ âiäíîñíî ïîõiäíî¨. Ó ìàòðè÷íié

ôîðìi çàäà÷ó Êîøi äëÿ íîðìàëüíî¨ ñèñòåìè çàïèøåìî ó âèãëÿäi

dx (t)

dt
= Ax(t) + f (t), x(0) = x0,
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äå

x(t) =


x1(t)

x2(t)

. . .

xn(t)

 , x0 =


x10

x20

. . .

xn0

 ,

f(t) =


f1(t)

f2(t)

. . .

fn(t)

 , A =


a11 . . . a1n

. . . . . . . . .

an1 . . . ann

 .

Ïåðåéøîâøè äî çîáðàæåíü, îäåðæó¹ìî, ùî pX− x0 = AX+ F àáî

(pE−A)X = x0 + F ,

äå E � îäèíè÷íà ìàòðèöÿ ïîðÿäêó n.

Ìàòðèöÿ pE −A ìà¹ îáåðíåíó ìàòðèöþ äëÿ êîæíîãî çíà÷åííÿ p, ÿêùî

det(pE−A) ̸= 0, òîáòî äëÿ âñiõ çíà÷åíü p, êðiì õàðàêòåðèñòè÷íèõ. Åëåìåíòà-

ìè îáåðíåíî¨ ìàòðèöi áóäóòü åëåìåíòàðíi ôóíêöi¨ âiä p, ÿêi ¹ çîáðàæåííÿìè

(îñîáëèâèìè òî÷êàìè áóäóòü òiëüêè õàðàêòåðèñòè÷íi ÷èñëà, ÿêèõ ¹ ñêií÷åííà

êiëüêiñòü). Òîìó

X = (pE−A)−1x0 + (pE−A)−1F .

Îñêiëüêè ìàòðè÷íi äîáóòêè ñïðàâà ¹ ñóìàìè ïîïàðíèõ äîáóòêiâ, òî ìîæå-

ìî ïåðåéòè äî îðèãiíàëiâ çà äîïîìîãîþ òåîðåìè 3.3 ïðî çãîðòêó:

x(t) = R(t)x 0 +

t∫
0

R(t− τ)f(τ)dτ, (5.35)

äå R(t) � îðèãiíàë ìàòðèöi-çîáðàæåííÿ (pE−A)−1 . Ìàòðèöÿ-îðèãiíàë R(t) ¹

ðåçîëüâåíòîþ ñèñòåìè àáî íîðìàëüíîþ ôóíäàìåíòàëüíîþ ñèñòåìîþ ðîçâ'ÿç-

êiâ âiäïîâiäíî¨ îäíîðiäíî¨ ñèñòåìè: ÿêùî f ≡ 0 i x0 = (0, . . . , 0︸ ︷︷ ︸
k − 1

, 1, 0, . . . , 0), òî

ðîçâ'ÿçêîì áóäå k -é ñòîâïåöü ìàòðèöi R(t).
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Ïðèêëàä 5.13. Çíàéòè ðîçâ'ÿçîê çàäà÷i Êîøix
′(t) = x(t)− y(t) + sin t,

y′(t) = x(t) + y(t) + cos t− sin t− et,
x(0) = 1, y(0) = 0.

Ðîçâ'ÿçàííÿ. Ìà¹ìî

A =

1 −1

1 1

 , x0 =

1

0

 , f(t) =

 sin t

cos t− sin t− et

 .

Äàëi çíàõîäèìî

(pE−A)−1 =

p− 1 1

−1 p− 1

−1

=
1

p2 − 2p+ 2

p− 1 −1

1 p− 1

 ,

à òàêîæ ðåçîëüâåíòó ñèñòåìè

R(t) =

L−1
{

p−1
(p−1)2+1

}
−L−1

{
1

(p−1)2+1

}
L−1

{
1

(p−1)2+1

}
L−1

{
p−1

(p−1)2+1

}
 ,

äå ñèìâîëîì L−1 ïîçíà÷åíî îïåðàòîð îáåðíåíîãî ïåðåòâîðåííÿ Ëàïëàñà.

Òàêèì ÷èíîì,

R(t) =

et cos t −et sin t

et sin t et cos t

 = et

cos t − sin t

sin t cos t

 .

Òåïåð çà ôîðìóëîþ (5.35) çíàõîäèìî ðîçâ'ÿçîê çàäàíî¨ çàäà÷i

x(t) = et

cos t − sin t

sin t cos t

1

0

+

+

t∫
0

et−τ

cos(t− τ) − sin(t− τ)

sin(t− τ) cos(t− τ)

 sin τ

cos τ − sin τ − eτ

 dτ.

Ïðîâiâøè íåîáõiäíi îá÷èñëåííÿ, îäåðæó¹ìî:

x(t) =

 et

sin t

 ,

òîáòî x(t) = et, y(t) = sin t. I
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�5.4. Ðîçâ'ÿçóâàííÿ äèôåðåíöiàëüíèõ ðiâíÿíü iç çàãàþâàííÿì

Ðiâíÿííÿ âèãëÿäó

x(n)(t) +
n−1∑
k=0

akx
(k)(t− τk) = f(t), 0 6 t < +∞, (5.36)

äå ak, τk � äåÿêi íåâiä'¹ìíi ÷èñëà, ïðè÷îìó 0 6 τ0 < τ1 < . . . < τn−1, íàçèâà-

þòü äèôåðåíöiàëüíèì ðiâíÿííÿì iç çàãàþâàííÿì .

Äèôåðåíöiàëüíi ðiâíÿííÿ iç çàãàþâàííÿì ìàþòü øèðîêå çàñòîñóâàííÿ ó

áàãàòüîõ ïðèêëàäíèõ çàäà÷àõ, íàïðèêëàä, ó òåîði¨ àâòîìàòè÷íîãî ðåãóëþâàí-

íÿ, ó çàäà÷àõ àâòîìàòèêè, òåëåìåõàíiêè, ðàäiîëîêàöi¨, ðàäiîçâ'ÿçêó, ðàêåòíié

òåõíiöi òîùî ([27], [28]). Òàêi ðiâíÿííÿ âèíèêàþòü, íàïðèêëàä, ÿêùî ñèëà, ÿêà

äi¹ íà ìàòåðiàëüíó òî÷êó, çàëåæèòü âiä øâèäêîñòi òà ïîëîæåííÿ öi¹¨ òî÷êè íå

òiëüêè ó çàäàíèé ìîìåíò ÷àñó, àëå é ó ïåâíèé ìîìåíò, ÿêèé ïåðåäó¹ çàäàíîìó.

Ïðèïóñòèìî, ùî íåâiäîìà ôóíêöiÿ x(t) i ïðàâà ÷àñòèíà ðiâíÿííÿ (5.36) ¹

îðèãiíàëàìè, x(t) → X(p), f(t) → F (p). Äëÿ ñïðîùåííÿ ìiðêóâàíü ââàæàòè-

ìåìî, ùî x(k)(0) = 0, k = 0, 1, . . . , n− 1. Òîäi x(k)(t) → pkX(p), k = 1, . . . , n.

Âèêîðèñòîâóþ÷è òåîðåìó çàãàþâàííÿ (òåîðåìà 2.3), çàïèøåìî äëÿ (5.36)

îïåðàòîðíå ðiâíÿííÿ(
pn +

n−1∑
k=0

akp
ke−τkp

)
·X(p) = F (p),

çâiäêè

X(p) =
F (p)

pn +
n−1∑
k=0

akpke−τkp

. (5.37)

Ïðèêëàä 5.14. Çíàéòè ðîçâ'ÿçîê ðiâíÿííÿ

x′′(t) + 2x′(t− 2) + x(t− 4) = t,

ÿêèé çàäîâîëüíÿ¹ óìîâè x(0) = 0, x′(0) = 0.

Ðîçâ'ÿçàííÿ. Ç îïåðàòîðíîãî ðiâíÿííÿ

p2X(p) + 2pe−2pX(p) + e−4pX(p) =
1

p2
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îäåðæó¹ìî

X(p) =
1

p2 ·
(
p2 + 2pe−2p + e−4p

) = 1

p4

(
1

1 + e−2p

p

)2

=

=
1

p4
·

(
1− 2

e−2p

p
+ 3

(
e−2p

p

)2

− 4

(
e−2p

p

)3

+ . . .

)
àáî

X(p) =
∞∑
k=0

(−1)k
(k + 1)e−2kp

pk+4
.

Ïåðåéøîâøè äî îðèãiíàëà, îäåðæó¹ìî øóêàíèé ðîçâ'ÿçîê ó âèãëÿäi ðÿäó

x(t) =
∞∑
k=0

(−1)k
(k + 1)(t− 2k)k+3

(k + 3)!
· θ(t− 2k). I

Îïåðàöiéíèì ìåòîäîì ìîæíà ðîçâ'ÿçàòè îñíîâíó ïî÷àòêîâó çàäà÷ó

äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ ç çàãàþâàííÿì. Íàïðèêëàä, äëÿ ðiâíÿííÿ

x′(t) = f
(
t, x(t), x(t− τ)

)
, (5.38)

äå τ > 0, âîíà ïîëÿãà¹ ó âiäøóêàííi òàêîãî íåïåðåðâíîãî äëÿ t > t0 ðîçâ'ÿçêó

x(t), ùî x(t) = φ(t) íà âiäðiçêó t0 − τ 6 t 6 t0 , äå φ(t) � çàäàíà íåïåðåðâíà

ôóíêöiÿ, ÿêó íàçèâàþòü ïî÷àòêîâîþ (ðèñ. 7). Âiäðiçîê t0 − τ 6 t 6 t0

íàçèâàþòü ïî÷àòêîâîþ ìíîæèíîþ. Îñêiëüêè éäåòüñÿ ïðî íåïåðåðâíèé

ðîçâ'ÿçîê ðiâíÿííÿ (5.38), òî φ(t0) = lim
t→t0+0

x(t) = x(t0).

6

-

x = φ(t)

t

x(t)

t0 − τ t0O

Ðèñ. 7

Ïðèêëàä 5.15. Çíàéòè ðîçâ'ÿçîê ðiâíÿííÿ x′(t) = x(t − 1) íà âiäðiçêó

−1 6 t 6 0, ÿêùî φ(t) = t.
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Ðîçâ'ÿçàííÿ. Ìà¹ìî x(t) → X(p), x′(t) → pX(p), x(0) = φ(0) = 0.

Ç ôîðìóëè (2.3) îäåðæó¹ìî ñïiââiäíîøåííÿ

x(t− 1) → e−p

 0∫
−1

te−ptdt+X(p)

,
à îñêiëüêè

0∫
−1

te−ptdt =
ep − 1

p2
− ep

p
,

òî

x(t− 1) → 1− e−p

p2
− 1

p
+ e−pX(p).

Ñêëàäåìî òà ðîçâ'ÿæåìî âiäïîâiäíå îïåðàòîðíå ðiâíÿííÿ:

pX(p) =
1− e−p

p2
− 1

p
+ e−pX(p),

X(p) = − 1

p(p− e−p)
+

1− e−p

p2(p− e−p)

àáî

X(p) = − 1

p2
·
(
1 +

e−p

p
+
e−2p

p2
+ . . .+

e−kp

pk
+ . . .

)
+

+
1− e−p

p3

(
1 +

e−p

p
+
e−2p

p2
+ . . .+

e−kp

pk
+ . . .

)
=

= − 1

p2
+

1

p3
− 2

∞∑
k=1

e−kp

pk+2
+

∞∑
k=1

e−kp

pk+3
.

Ïåðåéøîâøè âiä çîáðàæåíü äî îðèãiíàëiâ, îäåðæó¹ìî øóêàíèé ðîçâ'ÿçîê

x(t) =

(
t2

2
− t

)
θ(t)− 2

∞∑
k=1

(t− k)k+1

(k + 1)!
· θ(t− k)+

+
∞∑
k=1

(t− k)k+2

(k + 2)!
· θ(t− k). I
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�5.5. Ðîçâ'ÿçóâàííÿ äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèííèìè

ïîõiäíèìè

Ðîçâ'ÿçóþ÷è ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè (ìè îáìåæèìîñÿ ðîçãëÿ-

äîì òiëüêè ðiâíÿíü äðóãîãî ïîðÿäêó) iç çàäàíèìè ïî÷àòêîâèìè i êðàéîâèìè

óìîâàìè ìåòîäàìè îïåðàöiéíîãî ÷èñëåííÿ, äîòðèìóþòüñÿ òàêîãî àëãîðèòìó:

1) çäiéñíèòè ïåðåõiä iç ïðîñòîðó îðèãiíàëiâ ó ïðîñòið çîáðàæåíü. Ïðè öüî-

ìó ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè ó ïðîñòîði îðèãiíàëiâ ïåðåéäå ó çâè÷àé-

íå äèôåðåíöiàëüíå ðiâíÿííÿ ó ïðîñòîði çîáðàæåíü. Ïî÷àòêîâi óìîâè áóäóòü

âðàõîâàíi ó ñàìîìó ðiâíÿííi âíàñëiäîê çàñòîñóâàííÿ òåîðåìè 2.7 ïðî äèôåðåí-

öiþâàííÿ îðèãiíàëà, à êðàéîâi óìîâè äëÿ ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè

ïåðåéäóòü ó ïî÷àòêîâi óìîâè ðiâíÿííÿ, çàëåæíîãî âiä íåâiäîìîãî çîáðàæåííÿ;

2) çiíòåãðóâàòè îòðèìàíå çâè÷àéíå äèôåðåíöiàëüíå ðiâíÿííÿ;

3) äëÿ îäåðæàííÿ ðîçâ'ÿçêó çàäàíîãî ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè

çàñòîñóâàòè îáåðíåíå ïåðåòâîðåííÿ Ëàïëàñà, òåîðåìè ðîçâèíåííÿ àáî òàáëè-

öþ çîáðàæåíü îðèãiíàëiâ.

Îñêiëüêè ïðè ðîçâ'ÿçóâàííi ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè åëiïòè÷íîãî

òèïó ìåòîäàìè îïåðàöiéíîãî ÷èñëåííÿ âèíèêàþòü ïåâíi òðóäíîùi, òî îáìåæè-

ìîñü çàñòîñóâàííÿì ïåðåòâîðåííÿ Ëàïëàñà äî ãiïåðáîëi÷íèõ i ïàðàáîëi÷íèõ

ðiâíÿíü.

5.5.1. Ãiïåðáîëi÷íi ðiâíÿííÿ äðóãîãî ïîðÿäêó. Íåõàé çàäàíî ðiâíÿííÿ

ïîïåðå÷íèõ êîëèâàíü ñòðóíè ñêií÷åííî¨ äîâæèíè l

∂2u

∂t2
= a2

∂2u

∂x2
, a > 0, (5.39)

ç êðàéîâèìè óìîâàìè

u(0, t) = u(l, t) = 0 (5.40)

i ïî÷àòêîâèìè óìîâàìè

u(x, 0) = f(x),
∂u(x, t)

∂t

∣∣∣∣
t=0

= 0. (5.41)
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Îñêiëüêè îïåðàöiéíi ñïiââiäíîøåííÿ ìiæ îðèãiíàëàìè òà ¨õ çîáðàæåííÿìè

çãiäíî ç òåîðåìîþ 2.12 ìîæíà äèôåðåíöiþâàòè çà ïàðàìåòðîì (òóò íèì ¹ x),

òî

u(x, t) → U(x, p),
∂2u

∂x2
→ d2U(x, p)

dx2
,

∂2u

∂t2
→ p2U(x, p)− pu(x, 0)− ∂u

∂t

∣∣∣∣
t=0

= p2U(x, p)− pf(x).

Îòæå, ðiâíÿííþ (5.39) ó ïðîñòîði çîáðàæåíü âiäïîâiäà¹ ðiâíÿííÿ

p2U(x, p)− pf(x) = a2
d2U(x, p)

dx2
,

ÿêå çàïèøåìî ó âèãëÿäi

d2U(x, p)

dx2
− p2

a2
U(x, p) = − p

a2
f(x). (5.42)

Òàêèì ÷èíîì, îäåðæàëè çâè÷àéíå äèôåðåíöiàëüíå ðiâíÿííÿ äðóãîãî ïî-

ðÿäêó âiäíîñíî íåâiäîìî¨ ôóíêöi¨ U(x, p) çìiííî¨ x, ÿêà çàëåæèòü òàêîæ âiä

ïàðàìåòðà p. Ðîçâ'ÿçóþ÷è ðiâíÿííÿ (5.42) (íàïðèêëàä, ìåòîäîì âàðiàöi¨ äî-

âiëüíèõ ñòàëèõ), îäåðæó¹ìî çàãàëüíèé ðîçâ'ÿçîê

U(x, p) = C1 ch
px

a
+ C2 sh

px

a
− 1

a

x∫
0

f(y) sh
p(x− y)

a
dy, (5.43)

äå C1, C2 � äîâiëüíi ñòàëi.

Ç êðàéîâèõ óìîâ (5.40) âèïëèâà¹, ùî

U(0, p) = C1 = 0, U(l, p) = C2 sh
pl

a
− 1

a

l∫
0

f(y) sh
p(l − y)

a
dy = 0,

òîáòî

C1 = 0, C2 =
1

a sh pl
a

l∫
0

f(y) sh
p(l − y)

a
dy.

Ïiäñòàâëÿþ÷è çíàéäåíi C1, C2 ó (5.43), îäåðæó¹ìî ôîðìóëó äëÿ çîáðà-

æåííÿ øóêàíîãî ðîçâ'ÿçêó:

U(x, p) =
sh px

a

a sh pl
a

l∫
0

f(y) sh
p(l − y)

a
dy − 1

a

x∫
0

f(y) sh
p(x− y)

a
dy.
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Äëÿ çíàõîäæåííÿ ðîçâ'ÿçêó çàäà÷i (5.39)�(5.41) ñêîðèñòà¹ìîñÿ òðåòüîþ

òåîðåìîþ ðîçâèíåííÿ (� 4.3). Ïîëþñàìè ôóíêöi¨ U(x, p) ¹ êîðåíi ðiâíÿííÿ

sh
pl

a
= 0, òîáòî ÷èñëà

pn =
nπa

l
i, n ∈ Z.

Çíàéäåìî ëèøêè ôóíêöi¨ U(x, p) çà öèìè ïîëþñàìè (óñi âîíè ¹ ïðîñòi):

Res
p=pn

U(x, p)ept = lim
p→pn

(
(p− pn)U(x, p)e

pt
)
=

=
sh pnx

a

l ch pnl
a

· epnt
l∫

0

f(y) sh
pn(l − y)

a
dy.

ßêùî n = 0, òîáòî pn = 0, òî

Res
p=0

U(x, p)ept = 0.

ßêùî pn =
nπa

l
i äëÿ n > 0, òî

Res
p=nπa

l i
U(x, p)ept =

1

l
e

nπat
l i ·

sh nπx
l i

chnπi

l∫
0

f(y) sh
nπ(l − y)i

l
dy.

Âðàõîâóþ÷è òåïåð, ùî

sh
nπx

l
i = −1

i
sin

nπx

l
= i sin

nπx

l
,

chnπi = cosnπ = (−1)n,

sin
nπ(l − y)

l
= sinnπ cos

nπy

l
− cosnπ sin

nπy

l
= −(−1)n sin

nπy

l
,

îäåðæó¹ìî

Res
p=nπa

l i
U(x, p)ept =

e
nπat

l i

l
·
i sin nπx

l

(−1)n

l∫
0

f(y)i sin
nπ(l − y)

l
dy =

=
1

l
e

nπat
l i · sin nπx

l

l∫
0

f(y) sin
nπy

l
dy.
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Àíàëîãi÷íî ìîæíà äîâåñòè, ùî

Res
p=−nπa

l i
U(x, p)ept =

1

l
e−

nπat
l i · sin nπx

l

l∫
0

f(y) sin
nπy

l
dy.

Òîäi

Res
p=±nπa

l i
U(x, p)ept = bn sin

nπx

l
cos

nπat

l
,

äå

bn =
2

l

l∫
0

f(y) sin
nπy

l
dy, n = 1, 2, . . . .

Ïiäñóìîâóþ÷è âñi ëèøêè çà âiäïîâiäíèìè ïîëþñàìè äëÿ n = 1, 2, . . . ,

îòðèìó¹ìî ðîçâ'ÿçîê çàäà÷i (5.39)�(5.41) ó âèãëÿäi ðÿäó

u(x, t) =
∞∑
n=1

bn sin
nπx

l
cos

nπat

l
.

5.5.2. Ïàðàáîëi÷íi ðiâíÿííÿ äðóãîãî ïîðÿäêó. Ðîçãëÿíåìî ðiâíÿííÿ òå-

ïëîïðîâiäíîñòi
∂u

∂t
= a2

∂2u

∂x2
, a > 0, (5.44)

ç ïî÷àòêîâîþ óìîâîþ

u(x, 0) = 0 (5.45)

i êðàéîâîþ óìîâîþ

u(0, t) = h. (5.46)

Çàñòîñîâóþ÷è ïåðåòâîðåííÿ Ëàïëàñà äî çàäà÷i (5.44)�(5.46), îäåðæó¹ìî:

∂u

∂t
→ pU(x, p),

∂2u

∂x2
→ d2U(x, p)

dx2
.

Äëÿ âiäøóêàííÿ çîáðàæåííÿ U(x, p) ìà¹ìî ëiíiéíå äèôåðåíöiàëüíå ðiâíÿííÿ

çi ñòàëèìè êîåôiöi¹íòàìè

d2U(x, p)

dx2
− p

a2
U(x, p) = 0,

çàãàëüíèì ðîçâ'ÿçêîì ÿêîãî ¹

U(x, p) = C1(p)e
√
px

a + C2(p)e
−

√
px

a . (5.47)
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Çãiäíî ç òåîðåìîþ 2.14 ïðî ãðàíè÷íèé ïåðåõiä ïðè t→ +0 ìà¹ìî:

lim
p→+∞

pU(x, p) = lim
p→+∞

p
(
C1(p)e

√
px

a + C2(p)e
−

√
px

a

)
= lim

t→+0
u(x, t) = 0.

Îñêiëüêè lim
p→+∞

pC2(p)e
−

√
px

a =0, òî C1(p) = 0. Òîäi u(0, t) = h→ U(0, p) =
h

p
.

Âðàõîâóþ÷è öå, ç (5.47) çíàõîäèìî, ùî C2(p) =
h

p
, à òîìó

U(x, p) =
h

p
e−

√
px

a .

Âèêîðèñòîâóþ÷è ðåçóëüòàò ïðèêëàäó 3.5, îòðèìó¹ìî ñïiââiäíîøåííÿ

1

p
e−

√
px

a → 1− 2√
2π

x
a
√
2t∫

0

e−
τ2

2 dτ.

Òîäi

h

p
e−

√
px

a → h ·

1− 2√
2π

x
a
√
2t∫

0

e−
τ2

2 dτ


i, îòæå, ðîçâ'ÿçêîì çàäà÷i (5.44)�(5.46) ¹ ôóíêöiÿ

u(x, t) = h ·
(
1− 2Φ

(
x

a
√
2t

))
,

äå

Φ (ξ) =
1√
2π

ξ∫
0

e−
s2

2 ds.

Ïðèêëàä 5.16. Êiíöi ñòðóíè x = 0, x = l çàêðiïëåíi æîðñòêî. Ïî÷à-

òêîâå âiäõèëåííÿ çàäàíå ðiâíiñòþ u(x, 0) = A sin πx
l , 0 6 x 6 l. Çíàéòè

âiäõèëåííÿ u(x, t) äëÿ t > 0, ââàæàþ÷è, ùî ïî÷àòêîâà øâèäêiñòü äîðiâíþ¹

íóëþ.

Ðîçâ'ÿçàííÿ. Çàäàíèé ïðîöåñ îïèñó¹òüñÿ õâèëüîâèì ðiâíÿííÿì

∂2u

∂x2
− 1

a2
∂2u

∂t2
= 0,

ïðè÷îìó, çà óìîâîþ,

u(x, 0) = A sin
πx

l
,

∂u

∂t

∣∣∣∣
t=0

= 0, u(0, t) = u(l, t) = 0.
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Ïiñëÿ çàñòîñóâàííÿ îïåðàöiéíîãî ÷èñëåííÿ ó ïðîñòîði çîáðàæåíü îäåðæó-

¹ìî îïåðàòîðíå ðiâíÿííÿ

d2U

dx2
− p2

a2
U = −pA

a2
sin

πx

l
,

äå U(0, p) = U(l, p) = 0.

Çàãàëüíèì ðîçâ'ÿçêîì îäåðæàíîãî ëiíiéíîãî íåîäíîðiäíîãî ðiâíÿííÿ ¹

U(x, p) = C1e
px
a + C2e

−px
a − a2A

p2 + a2π2

l2

sin
πx

l
.

Ç êðàéîâèõ óìîâ u(0, t) = u(l, t) = 0 âèïëèâà¹, ùî C1 + C2 = 0,

C1e
pl
a + C2e

−pl
a = 0, çâiäêè C1 = C2 = 0.

Òàêèì ÷èíîì,

U(x, p) = − a2A

p2 + a2π2

l2

sin
πx

l
,

à ïåðåéøîâøè âiä çîáðàæåííÿ äî îðèãiíàëà, îäåðæó¹ìî øóêàíèé ðîçâ'ÿçîê

u(x, t) = −laA
π

cos
aπt

l
· sin πx

l
. I

�5.6. Ðîçâ'ÿçóâàííÿ iíòåãðàëüíèõ ðiâíÿíü

Îïåðàöiéíå ÷èñëåííÿ ìîæíà âèêîðèñòîâóâàòè äëÿ âiäøóêàííÿ ðîçâ'ÿçêiâ

iíòåãðàëüíèõ ðiâíÿíü òèïó çãîðòêè, òîáòî ðiâíÿíü âèãëÿäó

t∫
0

k(t− τ)x(τ)dτ = f(t) (5.48)

àáî

x(t) +

t∫
0

k(t− τ)x(τ)dτ = f(t), (5.49)

äå x(t) � íåâiäîìà ôóíêöiÿ, k(t) i f(t) � äåÿêi çàäàíi ôóíêöi¨. Ó òåîði¨

iíòåãðàëüíèõ ðiâíÿíü ñïiââiäíîøåííÿ (5.48) íàçèâàþòü ðiâíÿííÿì ïåðøîãî

ðîäó , à (5.49) � ðiâíÿííÿì äðóãîãî ðîäó.
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Âèêîðèñòîâóþ÷è îçíà÷åííÿ çãîðòêè (� 3.1), iíòåãðàë ç (5.48), (5.49) ìîæå-

ìî çîáðàçèòè ó âèãëÿäi çãîðòêè ôóíêöié k(t) i f(t):
t∫

0

k(t− τ)x(τ)dτ = (k ∗ f)(t).

Çàñòîñîâóþ÷è äî ðiâíÿíü (5.48) i (5.49) ìåòîäè îïåðàöiéíîãî ÷èñëåííÿ,

ïðèïóñêà¹ìî, ùî øóêàíà ôóíêöiÿ x(t), ÿäðî k(t) i ïðàâà ÷àñòèíà f(t) ¹ îðè-

ãiíàëàìè i x(t) → X(p), k(t) → K(p), f(t) → F (p).

5.6.1. Iíòåãðàëüíi ðiâíÿííÿ äðóãîãî ðîäó. ßêùî íåâëàñíèé iíòåãðàë
+∞∫
0

(k ∗ f)(t) e−ptdt =

+∞∫
0

e−ptdt

t∫
0

k(t− τ)f(τ)dτ

àáñîëþòíî çáiãà¹òüñÿ, òî çà òåîðåìîþ Áîðåëÿ (� 3.3) çãîðòöi (k ∗ f)(t) ó ïðî-

ñòîði çîáðàæåíü âiäïîâiäà¹ äîáóòîê âiäïîâiäíèõ çîáðàæåíü, òîáòî

(k ∗ f)(t) → K(p) · F (p).

Îòæå, iíòåãðàëüíîìó ðiâíÿííþ (5.49) ó ïðîñòîði çîáðàæåíü âiäïîâiäà¹ îïåðà-

òîðíå ðiâíÿííÿ

X(p) +K(p)X(p) = F (p),

çâiäêè çíàõîäèìî çîáðàæåííÿ

X(p) =
F (p)

K(p) + 1
,

ÿêå çàïèøåìî ó âèãëÿäi

X(p) = F (p)− K(p)

K(p) + 1
F (p).

Ôóíêöiÿ

Ψ(p) =
K(p)

K(p) + 1

çàâæäè ¹ çîáðàæåííÿì. ßêùî îðèãiíàë öüîãî çîáðàæåííÿ ïîçíà÷èòè ÷åðåç

ψ(t), òî ðiâíÿííþ ó ïðîñòîði çîáðàæåíü X(p) = F (p)− Ψ(p)F (p) âiäïîâiäà¹

ðiâíÿííÿ

x(t) = f(t)− (ψ ∗ f)(t)
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ó ïðîñòîði îðèãiíàëiâ.

Çîêðåìà, ÿêùî ÿäðî iíòåãðàëüíîãî ðiâíÿííÿ (5.48) ¹ ìíîãî÷ëåíîì, òîáòî

k(t) = a0t
n + a1t

n−1 + . . .+ an−1t+ an , òî

k(t) → K(p) = a0
n!

pn+1
+ a1

(n− 1)!

pn
+ . . .+ an−1

1

p2
+ an

1

p
.

Òîäi çîáðàæåííÿ

Ψ(p) =
anp

n + an−1p
n−1 + . . .+ a1(n− 1)!p+ a0n!

pn+1 + anpn + an−1pn−1 + . . .+ a1(n− 1)!p+ a0n!

¹ ïðàâèëüíîþ äðîáîâî-ðàöiîíàëüíîþ ôóíêöi¹þ, à òîìó ¨¨ îðèãiíàë ψ(t) ìîæíà

çíàéòè, íàïðèêëàä, çà òåîðåìàìè ðîçâèíåííÿ.

Îòæå, ðîçâ'ÿçîê F (p) îïåðàòîðíîãî ðiâíÿííÿ, ÿêå âiäïîâiäà¹ iíòåãðàëüíî-

ìó ðiâíÿííþ äðóãîãî ðîäó òèïó çãîðòêè, çàâæäè ìîæíà ïåðåòâîðèòè ó ïðî-

ñòið îðèãiíàëiâ.

Ïðèêëàä 5.17. Çíàéòè ðîçâ'ÿçîê iíòåãðàëüíîãî ðiâíÿííÿ äðóãîãî ðîäó

x(t) = sin t+
1

2

t∫
0

(t− τ)2x(τ)dτ.

Ðîçâ'ÿçàííÿ. Ìà¹ìî

x(t) → X(p), sin t→ 1

p2 + 1
,

t∫
0

(t− τ)2x(τ)dτ → 2

p3
X(p).

Ç îïåðàòîðíîãî ðiâíÿííÿ

X(p) =
1

p2 + 1
+

1

p3
X(p)

çíàõîäèìî çîáðàæåííÿ

X(p) =
p3

(p− 1)(p2 + 1)(p2 + p+ 1)
,

ÿêå ðîçêëàäåìî íà åëåìåíòàðíi äðîáè:

X(p) =
1

6(p− 1)
+

p+ 1

2(p2 + 1)
− 2p+ 1

3(p2 + p+ 1)
.
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Òîäi øóêàíèì ðîçâ'ÿçêîì ¹

x(t) =
1

6

(
et + 3 cos t+ 3 sin t− 4e−

t
2 cos

√
3t

2

)
. I

5.6.2. Iíòåãðàëüíi ðiâíÿííÿ ïåðøîãî ðîäó. Iíòåãðàëüíîìó ðiâíÿí-

íþ (5.48) âiäïîâiäà¹ îïåðàòîðíå ðiâíÿííÿ K(p)X(p) = F (p), ðîçâ'ÿçîê

ÿêîãî

X(p) =
F (p)

K(p)

ìîæå íå áóòè çîáðàæåííÿì. Òîäi iíòåãðàëüíå ðiâíÿííÿ ïåðøîãî ðîäó íå ìà-

òèìå ðîçâ'ÿçêiâ ó êëàñi îðèãiíàëiâ. Îäíàê ó äåÿêèõ âèïàäêàõ ðîçâ'ÿçîê iíòå-

ãðàëüíîãî ðiâíÿííÿ (5.48) îïåðàöiéíèìè ìåòîäàìè çíàéòè ìîæíà. Íàïðèêëàä,

ÿêùî ôóíêöi¨ k(t) i f(t) äèôåðåíöiéîâíi òà k(0) ̸= 0, òî çäèôåðåíöiþâàâ-

øè (5.48), îäåðæèìî iíòåãðàëüíå ðiâíÿííÿ äðóãîãî ðîäó

f ′(t) =

t∫
0

k′(t− τ)x(τ)dτ + k(0)x(t),

ðîçâ'ÿçîê ÿêîãî iñíó¹.

ßêùî k(0) = k′(0) = . . . = k(n−1)(0) = 0, àëå k(n)(0) ̸= 0, òî äèôåðåíöi-

þþ÷è îáèäâi ÷àñòèíè ðiâíÿííÿ (5.48) (n + 1) ðàçiâ, îäåðæó¹ìî iíòåãðàëüíå

ðiâíÿííÿ äðóãîãî ðîäó

f (n+1)(t) =

t∫
0

k(n+1)(t− τ)x(τ)dτ + k(n)(0)x(t).

Ïðèêëàä 5.18. Çíàéòè ðîçâ'ÿçîê iíòåãðàëüíîãî ðiâíÿííÿ ïåðøîãî ðîäó

t∫
0

e2(t−τ)x(τ)dτ = t2et.

Ðîçâ'ÿçàííÿ. Îñêiëüêè ÿäðî k(t) = e2t iíòåãðàëüíîãî ðiâíÿííÿ ¹ äèôåðåí-

öiéîâíîþ ôóíêöi¹þ i k′(t) = 2e2t ̸= 0, òî öå ðiâíÿííÿ ìà¹ ðîçâ'ÿçîê. Çäiéñíþ-

þ÷è ïåðåõiä äî çîáðàæåíü, ìà¹ìî ñïiââiäíîøåííÿ

t2et → 2

(p− 1)3
,

t∫
0

e2(t−τ)x(τ)dτ → 1

p− 2
X(p),
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à, îòæå, ç îïåðàòîðíîãî ðiâíÿííÿ

1

p− 2
X(p) =

2

(p− 1)3

îäåðæó¹ìî çîáðàæåííÿ

X(p) =
2(p− 2)

(p− 1)3
=

2

(p− 1)2
− 2

(p− 1)3
.

Çäiéñíþþ÷è ïåðåõiä äî îðèãiíàëiâ, çíàõîäèìî ðîçâ'ÿçîê çàäàíîãî iíòå-

ãðàëüíîãî ðiâíÿííÿ: x(t) = 2tet − t2et. I

�5.7. Ðîçâ'ÿçóâàííÿ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü

Ìåòîäè îïåðàöiéíîãî ÷èñëåííÿ ¹ åôåêòèâíèì çàñîáîì äëÿ âiäøóêàííÿ

ðîçâ'ÿçêiâ äåÿêèõ òèïiâ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü, òîáòî ðiâíÿíü,

â ÿêèõ øóêàíà ôóíêöiÿ ìiñòèòüñÿ ïiä çíàêàìè ïîõiäíî¨ òà iíòåãðàëà.

Îáìåæèìîñÿ ðîçãëÿäîì ëiíiéíèõ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü çi ñòà-

ëèìè êîåôiöi¹íòàìè, òîáòî ðiâíÿíü âèãëÿäó

a0x
(n)(t) + a1x

(n−1)(t) + . . .+ anx(t)+

+
n∑

j=0

t∫
0

kj(t− τ)x(j)(τ)dτ = f(t). (5.50)

Ââàæà¹ìî, ùî íåâiäîìà ôóíêöiÿ x(t), ÿäðà kj(t), j = 0, 1, . . . , n, ïðàâà

÷àñòèíà f(t) ¹ îðèãiíàëàìè òà

x(t) → X(p), f(t) → F (p), kj(t) → Kj(p), j = 0, 1, . . . , n.

Øóêàòèìåìî ðîçâ'ÿçîê ðiâíÿííÿ (5.50), ÿêèé çàäîâîëüíÿ¹ ïî÷àòêîâi óìî-

âè

x(0) = x0, x′(0) = x′0, . . . , x(n−1)(0) = x
(n−1)
0 . (5.51)

Ïîêàæåìî, ùî ðiâíÿííÿ (5.50) ìîæíà çâåñòè äî îïåðàòîðíîãî ðiâíÿííÿ

âiäíîñíî çîáðàæåííÿ X(p). Äëÿ öüîãî ñïî÷àòêó çíàéäåìî çîáðàæåííÿ îïåðà-
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òîðà L[x(t)] ≡ a0x
(n)(t)+a1x

(n−1)(t)+. . .+anx(t) (éîãî íàçèâàþòü çîâíiøíiì

äèôåðåíöiàëüíèì îïåðàòîðîì) òà iíòåãðàëüíîãî îïåðàòîðà

V [x(t)] ≡
n∑

j=0

t∫
0

kj(t− τ)x(j)(τ)dτ

ç ôîðìóëè (5.50).

ßê äîâåäåíî ó ï. 5.2.1,

L[x(t)] → Qn(p)X(p)−Rn−1(p),

äå

Qn(p) = pn + a1p
n−1 + . . .+ an−1p+ an,

Rn−1(p) = x0p
n−1+x′0p

n−2+. . .+x
(n−1)
0 + a1

(
x0p

n−2 + x′0p
n−1+ . . .+ x

(n−2)
0

)
+. . .

. . .+ an−2

(
x0p+ x′0

)
+ an−1x0.

Çãiäíî ç (2.9)

x(j)(t) → pjX(p)−Mj(p),

äå Mj(p) = x0p
j−1 + x′0p

j−2 + . . .+ x
(n−1)
0 .

Çîáðàæåííÿ iíòåãðàëüíîãî îïåðàòîðà V [x(t)] çíàéäåìî, âèêîðèñòîâóþ÷è

òåîðåìó Áîðåëÿ (òåîðåìà 3.3):

V [x(t)] =
n∑

j=1

(kj ∗ x(j))(t) →
n∑

j=1

Kj(p)
(
pjX(p)−Mj(p)

)
.

Îòæå, äëÿ âiäøóêàííÿ çîáðàæåííÿ X(p) ó ïðîñòîði çîáðàæåíü îäåðæó¹ìî

ðiâíÿííÿ

Qn(p)X(p)−Rn−1(p) +
n∑

j=1

Kj(p)
(
pjX(p)−Mj(p)

)
= F (p),

çâiäêè

X(p) =

F (p) +Rn−1(p) +
n∑

j=1

Kj(p)Mj(p)

Qn(p) +
n∑

j=1

pjKj(p)
.
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Çíàõîäæåííÿ îðèãiíàëà x(t) çà çíàéäåíèì çîáðàæåííÿì X(p) çäiéñíþ¹-

òüñÿ çà âiäîìèìè ïðàâèëàìè.

Çà àíàëîãi÷íîþ ñõåìîþ ìîæíà ðîçâ'ÿçóâàòè ñèñòåìè iíòåãðî-äèôåðåí-

öiàëüíèõ ðiâíÿíü âèãëÿäó (5.50).

Ïðèêëàä 5.19. Çíàéòè ðîçâ'ÿçîê iíòåãðî-äèôåðåíöiàëüíîãî ðiâíÿííÿ

x′′(t) +

t∫
0

cos(t− τ)
(
x′′(τ) + x(τ)

)
dτ = 2 sin t,

ÿêèé çàäîâîëüíÿ¹ óìîâè x(0) = 0, x′(0) = 0.

Ðîçâ'ÿçàííÿ. Ìà¹ìî

x(t) → X(p), x′′(t) → p2X(p), sin t→ 1

p2 + 1
, cos t→ p

p2 + 1
,

à òîìó çà òåîðåìîþ Áîðåëÿ (� 3.3)

t∫
0

cos(t− τ)
(
x′′(τ) + x(τ)

)
dτ =

= (cos t ∗ (x′′ + x))(t) → p

p2 + 1

(
p2X(p) +X(p)

)
= pX(p).

Îòæå, îïåðàòîðíèì ðiâíÿííÿì ¹

p2X(p) + pX(p) =
2

p2 + 1
,

çâiäêè

X(p) =
2

p(p+ 1)(p2 + 1)
=

2

p
− 1

p+ 1
− p

p2 + 1
− 1

p2 + 1
.

Çäiéñíþþ÷è ïåðåõiä äî îðèãiíàëiâ, îäåðæó¹ìî øóêàíèé ðîçâ'ÿçîê

x(t) = 2− e−t − cos t− sin t. I
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Êîíòðîëüíi ïèòàííÿ äî ðîçäiëó 5

1. ßêi ñïiââiäíîøåííÿ îïåðàöiéíîãî ÷èñëåííÿ âèêîðèñòîâóþòüñÿ äëÿ îá÷è-

ñëåííÿ òà äîñëiäæåííÿ íåâëàñíèõ iíòåãðàëiâ?

2. Íà âèêîðèñòàííi ÿêî¨ òåîðåìè  ðóíòó¹òüñÿ ðîçâ'ÿçóâàííÿ çâè÷àéíèõ äèôå-

ðåíöiàëüíèõ ðiâíÿíü ìåòîäàìè îïåðàöiéíîãî ÷èñëåííÿ?

3. ßê ïîáóäóâàòè îïåðàòîðíå ðiâíÿííÿ äëÿ çàäà÷i Êîøi äëÿ çâè÷àéíîãî äè-

ôåðåíöiàëüíîãî ðiâíÿííÿ çi ñòàëèìè êîåôiöi¹íòàìè? ßêà éîãî ðîëü ó âiä-

øóêàííi ðîçâ'ÿçêó çàäà÷i Êîøi?

4. ßê âèêîðèñòîâó¹òüñÿ iíòåãðàë Äþàìåëÿ äëÿ âiäøóêàííÿ ðîçâ'ÿçêiâ çâè-

÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç íóëüîâèìè ïî÷àòêîâèìè óìîâàìè? Ó

ÿêîìó âèïàäêó âèêîðèñòàííÿ öüîãî ìåòîäó ìà¹ ñóòò¹âi ïåðåâàãè òà çíà÷íî

çìåíøó¹ êiëüêiñòü íåîáõiäíèõ îá÷èñëåíü?

5. Ó ÷îìó ïîëÿãà¹ àëãîðèòì ðîçâ'ÿçóâàííÿ çàäà÷i Êîøi äëÿ çâè÷àéíèõ äèôå-

ðåíöiàëüíèõ ðiâíÿíü iç âèêîðèñòàííÿì δ�ôóíêöi¨ Äiðàêà? ßêó ôóíêöiþ

íàçèâàþòü iìïóëüñíîþ ïåðåõiäíîþ ôóíêöi¹þ?

6. Ó ÷îìó ïåðåâàãà îïåðàöiéíîãî ìåòîäó iíòåãðóâàííÿ çâè÷àéíèõ äèôåðåíöi-

àëüíèõ ðiâíÿíü, ïðàâà ÷àñòèíà ÿêèõ ¹ êóñêîâî-íåïåðåðâíîþ ôóíêöi¹þ?

7. Íà âèêîðèñòàííi ÿêèõ òåîðåì îïåðàöiéíîãî ÷èñëåííÿ  ðóíòó¹òüñÿ ðîçâ'ÿ-

çóâàííÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü çi çìiííèìè (ñòåïåíåâèìè)

êîåôiöi¹íòàìè?

8. Ùî íàçèâàþòü äèôåðåíöiàëüíèì ðiâíÿííÿì iç çàãàþâàííÿì? ßê ôîðìó-

ëþ¹òüñÿ îñíîâíà ïî÷àòêîâà çàäà÷à äëÿ òàêîãî ðiâíÿííÿ? ßêi ìåòîäè îïå-

ðàöiéíîãî ÷èñëåííÿ âèêîðèñòîâóþòüñÿ äëÿ âiäøóêàííÿ ðîçâ'ÿçêiâ äèôå-

ðåíöiàëüíèõ ðiâíÿíü iç çàãàþâàííÿì?

9. ßê ìåòîäàìè îïåðàöiéíîãî ÷èñëåííÿ ìîæíà çíàéòè ðîçâ'ÿçêè äèôåðåíöi-

àëüíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè? Ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíè-

ìè ÿêèõ òèïiâ çðó÷íî ðîçâ'ÿçóâàòè îïåðàöiéíèìè ìåòîäàìè?

10. ßêèé çàãàëüíèé âèãëÿä ìàþòü iíòåãðàëüíi ðiâíÿííÿ òèïó çãîðòêè ïåðøî-
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ãî (äðóãîãî) ðîäó? Âèêîðèñòàííÿ ÿêî¨ òåîðåìè îïåðàöiéíîãî ÷èñëåííÿ äà¹

ìîæëèâiñòü ðîçâ'ÿçóâàòè òàêi ðiâíÿííÿ?

11. ßêi òåîðåìè îïåðàöiéíîãî ÷èñëåííÿ âèêîðèñòîâóþòüñÿ äëÿ ðîçâ'ÿçóâàííÿ

iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü?

Ðåêîìåíäîâàíà ëiòåðàòóðà: [2, c. 140�150, c. 186�188], [3, c. 188�209],

[18, c. 50�73], [26, c. 237�265], [27, c. 131�196], [28, c. 59�74, c. 175�193].

Òåñòîâi çàâäàííÿ äî ðîçäiëó 5

5.1. ßêùî f(t) → F (p), φ(t) → Φ(p), ôóíêöi¨ F (p), Φ(p) àíàëiòè÷íi ïðè

Re p ≥ 0, òî ñïðàâäæó¹òüñÿ ðiâíiñòü Ïàðñåâàëÿ:

A.

+∞∫
0

φ(τ)f(τ)dτ =

+∞∫
0

Φ(τ)F (τ)dτ B.

+∞∫
0

φ(τ)F (τ)dτ =

+∞∫
0

Φ(τ)f(τ)dτ

C.

+∞∫
0

φ(τ)Φ(τ)dτ =

+∞∫
0

F (τ)f(τ)dτ D.

+∞∫
−∞

φ(τ)F (τ)dτ =

+∞∫
−∞

Φ(τ)f(τ)dτ.

5.2. Îñíîâíîþ òåîðåìîþ, ÿêó âèêîðèñòîâóþòü äëÿ iíòåãðóâàííÿ çâè÷àé-

íèõ äèôåðåíöiàëüíèõ ðiâíÿíü çi ñòàëèìè êîåôiöi¹íòàìè òà ñèñòåì òàêèõ ðiâ-

íÿíü, ¹ òåîðåìà ïðî:

A. ëiíiéíiñòü îðèãiíàëà B. çàãàþâàííÿ îðèãiíàëà

C. iíòåãðóâàííÿ îðèãiíàëà D. äèôåðåíöiþâàííÿ îðèãiíàëà.

5.3. Àëãåáðè÷íå ðiâíÿííÿ ó ïðîñòîði çîáðàæåíü, äî ÿêîãî çäiéñíþ¹òüñÿ

ïåðåõiä âiä çâè÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ îïåðàöiéíèì ìåòîäîì, íà-

çèâàþòü:

A. ðiâíÿííÿì Äþàìåëÿ B. ðiâíÿííÿì Ãåâiñàéäà

C. õàðàêòåðèñòè÷íèì D. îïåðàòîðíèì.

5.4. Äëÿ âiäøóêàííÿ ðîçâ'ÿçêiâ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü âè-

êîðèñòîâóþòü iíòåãðàë:

A. Ôóð'¹ B. Êîøi C. Äþàìåëÿ D. Ëåáåãà.
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5.5. Ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ çâè÷àéíîãî ëiíiéíîãî îäíîðiäíîãî ðiâíÿííÿ

ç íåîäíîðiäíèìè ïî÷àòêîâèìè óìîâàìè íàçèâàþòü:

A. âiëüíèì ðóõîì B. çàëåæíèì ðóõîì

C. îäíîðiäíèì ðóõîì D. íåîäíîðiäíèì ðóõîì.

5.6. Ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ çâè÷àéíîãî ëiíiéíîãî íåîäíîðiäíîãî ðiâ-

íÿííÿ ç îäíîðiäíèìè ïî÷àòêîâèìè óìîâàìè íàçèâàþòü:

A. âiëüíèì ðóõîì B. çàëåæíèì ðóõîì

C. îäíîðiäíèì ðóõîì D. íåîäíîðiäíèì ðóõîì.

5.7. Ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ëiíiéíîãî ðiâíÿííÿ L[y(t)] = δ(t), äå δ(t)

� äåëüòà-ôóíêöiÿ Äiðàêà, ç îäíîðiäíèìè ïî÷àòêîâèìè óìîâàìè íàçèâàþòü:

A. ôóíêöi¹þ Äiðàêà B. îïåðàòîðíîþ ôóíêöi¹þ

C. iìïóëüñíîþ ïåðåõiäíîþ ôóíêöi¹þ D. íåîäíîðiäíèì ðóõîì.

5.8. Ñåðåä íàâåäåíèõ äèôåðåíöiàëüíèõ ðiâíÿíü âêàæiòü ëiíiéíå ðiâíÿííÿ

çi ñòåïåíåâèìè êîåôiöi¹íòàìè:

A. t2x′′(t) + (t+ 3)x′(t) + 2x2(t) = 0

B. (t+ 4)4x′′(t) + (t+ 3)x′(t) + 2x(t) = 0

C. tx′′(t) + (t+ 3)(t+ 2)x′(t)x(t) = 0

D. tx′′(t) + (t+ 3)x′(t) +
√
tx(t) = 0.

5.9. Ñåðåä íàâåäåíèõ ðiâíÿíü âêàæiòü äèôåðåíöiàëüíå ðiâíÿííÿ iç çàãàþ-

âàííÿì:

A. x′′(t) + 3x′(t− 2) + x(t+ 3) = t B. x′′(t) + 3x′(t+ 2) + x(t+ 3) = t

C. x(t) + 3x(t− 2) + x(t− 3) = t D. x′′(t) + 3x′(t− 2) + x(t− 3) = 0.

5.10. Îïåðàöiéíå ÷èñëåííÿ âèêîðèñòîâóþòü äëÿ ðîçâ'ÿçóâàííÿ iíòåãðàëü-

íèõ ðiâíÿíü âèãëÿäó:

A.

+∞∫
0

k(t− τ)x(τ)dτ = f(t) B.

t∫
0

k(t− τ)x(t− τ)dτ = f(t)

C.

t∫
0

k(t)x(τ)dτ = f(t) D.

t∫
0

k(t− τ)x(τ)dτ = f(t).
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Âïðàâè äëÿ ñàìîñòiéíîãî âèêîíàííÿ

Âïðàâà 5.1. Âèêîðèñòîâóþ÷è ðiçíi ìåòîäè, îá÷èñëiòü íåâëàñíi iíòå-

ãðàëè:

1)

+∞∫
0

cos 3τ − cos 2τ

τ
dτ, 2)

+∞∫
0

τe−τ sin 2τdτ , 3)

+∞∫
0

sin 2τ − 2 sin τ

τ 2
dτ,

4)

+∞∫
0

e−3τ − cos 3τ

τ
dτ, 5)

+∞∫
0

sin4 τ

τ 3
dτ, 6)

+∞∫
0

(e4τ − e−2τ)
dτ

τ
,

7)

+∞∫
0

τ cos 3τ

eτ
dτ, 8)

+∞∫
0

1− cos 3τ

τ 2(1− τ 2)
dτ, 9)

+∞∫
0

eτ
2 − cos τ

τ 2
dτ,

10)

+∞∫
0

sin 4τ

τ(τ 4 + 9)
dτ.

Âïðàâà 5.2. Çíàéäiòü ðîçâ'ÿçîê x = x(t) çàäà÷i Êîøi :

1) x′′′ + x′ = 1, x(0) = x′(0) = x′′(0) = 0,

2) x′′′ − 2x′′ + x′ = 4, x(0) = 1, x′(0) = 2, x′′(0) = −2,

3) x′′′ − 6x′′ + 11x′ − 6x = 0, x(0) = 0, x′(0) = 1, x′′(0) = 0,

4) x′′′ + 3x′′ + 3x′ + x = 1, x(0) = x′(0) = x′′(0) = 0,

5) xIV−5x′′+10x′−6x = 0, x(0) = 1, x′(0) = 0, x′′(0) = 6, x′′′(0) = −14,

6) x′′′ + x′ = e2t, x(0) = x′(0) = x′′(0) = 0,

7) 4x′′′ − 8x′′ − x′ − 3x = −8et, x(0) = x′(0) = x′′(0) = 1,

8) xIV + x′′′ = cos t, x(0) = x′(0) = x′′(0) = 0, x′′′(0) = 2,

9) xIV + 2x′′ + x = t sin t, x(0) = x′(0) = x′′(0) = x′′′(0) = 0,

10) x′′′ + 5x′′ + 2x′ − 8x = sin t, x(0) = x′(0) = 0, x′′(0) = −1.

Âïðàâà 5.3. Çiíòåãðóéòå ðiâíÿííÿ:

1) x′′ + 2x′ − 3x = e−t, 2) x′′ + 2x′ + 2x = 1,

3) x′′ + 2x′ + 5x = 3, 4) x′′ + 2x′ + x = sin t,

5) x′′ + x = t cos 2t, 6) x′′ − 2x′ + 5x = 1− t,
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7) x′′ + 2x′ + 10x = 2e−t cos 3t, 8) x′′ + 2x′ + x = 2 cos2 t,

9) x′′ − 2x′ − 3x = tet, 10) x′′ + x′ + x = 2tet.

Âïðàâà 5.4. Çíàéäiòü ðîçâ'ÿçîê çàäà÷i Êîøi :

1) x′′ + 4x = 2
(
θ(t)− θ(t− 3)

)
, x(0) = x′(0) = 0,

2) x′′ + x = f(t), x(0) = x′(0) = 0, f(t) =

cos t, ÿêùî 0 6 t < π,

0, ÿêùî t > π,

3) x′′ + 4x = f(t), x(0) = x′(0) = 0, f(t) =


2t, ÿêùî 0 6 t < 1,

4− 2t, ÿêùî 1 6 t < 2,

0, ÿêùî t > 2,

4) x′′ + x′ = f(t), x(0) = 1, x′(0) = −1, f(t) =

1, ÿêùî 0 6 t < 1,

0, ÿêùî t > 1,

5) x′′ + 9x = f(t), x(0) = 0, x′(0) = 1, f(t) =


t− 1, ÿêùî 1 6 t < 2,

3− t, ÿêùî 2 6 t < 3,

0, ÿêùî t > 3,

6) x′′ + x = f(t), x(0) = x′(0) = 0, f(t) =


1, ÿêùî 0 6 t < 1,

−1, ÿêùî 1 6 t < 2,

0, ÿêùî t > 2,

7) x′′ + x = f(t), x(0) = 1, x′(0) = 0, f(t) =

1, ÿêùî 0 6 t < 2,

2, ÿêùî t > 2,

8) x′′ + 9x = θ(t− 3)− θ(t− 4), x(0) = x′(0) = 1,

9) x′′ − 2x′ + x = f(t), x(0) = x′(0) = 0, f(t)=

1, ÿêùî t∈ [0; 2)∪[3; 5),

0, ÿêùî t∈ [2; 3)∪[5; +∞),
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10) x′′ − 9x = θ(t)− θ(t− 3), x(0) = x′(0) = 0.

Âïðàâà 5.5. Âèêîðèñòîâóþ÷è iíòåãðàë Äþàìåëÿ, çíàéäiòü ðîçâ'ÿçîê

çàäàíîãî ðiâíÿííÿ, ÿêèé çàäîâîëüíÿ¹ íóëüîâi ïî÷àòêîâi óìîâè:

1) x′′ + x′ = t, 2) x′′ + 3x′ + 2x = et,

3) x′′ + 2x′ + 2x = sin t, 4) x′′ − x′ =
1

1 + et
,

5) x′′ + x =
1

1 + cos t
, 6) x′′ + x =

1

4 + tg2 t
,

7) x′′ − 2x′ + x = ch t, 8) x′′ + x =
1

1 + cos2 t
,

9) x′′ + x =
1

2 + sin t
, 10) x′′ − x = th t.

Âïðàâà 5.6. Çíàéäiòü ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ çi ñòåïåíå-

âèìè êîåôiöi¹íòàìè, ÿêèé çàäîâîëüíÿ¹ çàäàíó óìîâó :

1) tx′′ + (2t− 1)x′ + (t− 1)x = 0, x(0) = 0,

2) x′′ + (t+ 1)x′ + tx = 0, x(0) = −1,

3) x′′ + tx′ − (t+ 1)x = 0, x(0) = 1,

4) x′′ + (t− 3)x′ = 0, x(0) = −1,

5) x′′ − tx′ + 3x = 0, x(0) = 1.

Âïðàâà 5.7. Çíàéäiòü ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ iç çàãàþâà-

ííÿì, ÿêèé çàäîâîëüíÿ¹ çàäàíi ïî÷àòêîâi óìîâè:

1) x′′(t)− x(t− 2) = t, x(0) = x′(0) = 0,

2) x′′(t)− 2x′(t− 1) = t, x(0) = x′(0) = 0,

3) x′′(t)− 2x′(t− 1) + x(t− 2) = −1, x(0) = x′(0) = 0,

4) x′′(t)− 3x′(t− 1) + 2x(t− 3) = 1, x(0) = x′(0) = 0,

5) x′′(t) + 2x′(t− 2) + x(t− 4) = t, x(0) = x′(0) = 0.
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Âïðàâà 5.8. Çíàéäiòü ðîçâ'ÿçîê çàäà÷i Êîøi :

1)

x
′ − y′ − 2x+ 2y = 1− 2t,

x′′ + 2y′ + x = 0,

x(0) = y(0) = x′(0) = 0,

2)

x
′ − x− 2y = t,

y′ − y − 2x = t,

x(0) = 2, y(0) = 4,

3)

x
′ + y′ − y = et,

2x′ + y′ + 2y = cos t,

x(0) = y(0) = 0,

4)

x
′′ − 3x′ + 2x+ y′ − y = 0,

y′′ − 5y′ + 4y − x′ + x = 0,

x(0) = x′(0) = y′(0) = 0, y(0) = 1,

5)

x
′ + x− y = 1 + sin t,

y′ − x′ + y = t− sin t,

x(0) = 0, y(0) = 1,

6)

x
′ + x− y = et,

y′ + y − x = et,

x(0) = y(0) = 1,

7)

x− y′′ + y = e−t − 1,

x′ + y′ − y = −3e−t + t,

x(0) = 0, y(0) = 1, y′(0) = −2,

8)


x′ = −2x− 2y − 4z,

y′ = −2x+ y − 2z,

z′ = 5x+ 2y + 7z,

x(0) = y(0) = z(0) = 1,

9)

x
′′ + y = 1,

y′′ + x = 0,

x(0) = y(0) = x′(0) = y′(0) = 0,
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10)


x′ = z − y,

y′ = z + 2e−t,

z′ = z − x,

x(0) = z(0) = 0, y(0) =
1

2
.

Âïðàâà 5.9. Ðîçâ'ÿæiòü iíòåãðàëüíå ðiâíÿííÿ:

1) x(t) = t3 +

t∫
0

sin(t− τ)x(τ)dτ, 2) sin2
t

2
= 2

t∫
0

ch(t− τ)x(τ)dτ,

3) t3 =

t∫
0

(τ − t)2x(τ)dτ, 4) x(t) = cos 3t+

t∫
0

et−τx(τ)dτ,

5) x(t) = sin t+

t∫
0

x(τ)dτ, 6) x(t) = t+ 2

t∫
0

cos(t− τ)x(τ)dτ,

7) x(t) = t+

t∫
0

(t− τ)x(τ)dτ, 8) x(t) = t2 +

t∫
0

x(τ)dτ,

9) 1− cos t =

t∫
0

sh(t− τ)x(τ)dτ, 10) sin t =

t∫
0

cos(τ − t)x(τ)dτ.

Âïðàâà 5.10. Çíàéäiòü ðîçâ'ÿçîê õâèëüîâîãî ðiâíÿííÿ

∂2u(x, t)

∂t2
= a2

∂2u(x, t)

∂x2
,

ÿêèé çàäîâîëüíÿ¹ çàäàíi êðàéîâi òà ïî÷àòêîâi óìîâè:

1) u(0, t) = u(l, t) = 0, u(x, 0) = A sin
nπx

l
,
∂u(x, 0)

∂t
= 0, 0 6 x 6 l, n ∈ N,

2) u(0, t) = u(l, t) = 0, u(x, 0) = Ax(l − x),
∂u(x, 0)

∂t
= 0, 0 6 x 6 l,

3)
∂u(0, t)

∂x
=
∂u(l, t)

∂x
= 0, u(x, 0) = A cos

nπx

l
,
∂u(x, 0)

∂t
= 0, 0 6 x 6 l,

4)
∂u(0, t)

∂x
=
∂u(l, t)

∂x
= 0, u(x, 0)=0,

∂u(x, 0)

∂t
=A cos

nπx

l
, 06x6 l, n∈N,

5) u(0, t) = u(l, t) = 0, u(x, 0) = 0,
∂u(x, 0)

∂t
= A sin

nπx

l
, 06x6 l, n∈N.
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Âïðàâà 5.11. Çíàéäiòü ðîçâ'ÿçîê ðiâíÿííÿ òåïëîïðîâiäíîñòi

∂u(x, t)

∂t
= a2

∂2u(x, t)

∂x2
,

ÿêèé çàäîâîëüíÿ¹ çàäàíi êðàéîâi òà ïî÷àòêîâi óìîâè:

1) u(0, t) = u(l, t) = 0, u(x, 0) = A sin
nπx

l
, 0 6 x 6 l, n ∈ N,

2) u(0, t) = A, u(l, t) = 0, u(x, 0) =
A

l
(l − x), 0 6 x 6 l,

3) u(0, t) = A, lim
x→+∞

u(x, t) = 0, u(x, 0) = 0, x > 0,

4) u(0, t) = 0,
∂u(l, t)

∂x
= 0, u(x, 0) = A sin

(2n− 1)πx

2l
, 0 6 x 6 l, n ∈ N,

5)
∂u(0, t)

∂x
= 0, u(l, t) = A, u(x, 0) = 0, 0 6 x 6 l.

Âïðàâà 5.12. Çíàéäiòü ðîçâ'ÿçîê iíòåãðî-äèôåðåíöiàëüíîãî ðiâíÿííÿ:

1) x′′(t) +

t∫
0

sin(t− τ)
(
x′′(τ) + x(τ)

)
dτ = cos t, x(0) = x′(0) = 0,

2) x′′(t)−
t∫

0

eτ−t
(
x′(τ) + x(τ)

)
dτ = e−t,

3) x′(t) + x(t) +

t∫
0

(t− τ + 2)x(τ) dτ = 0,

4) x′′(t)− x(t) + 4

t∫
0

(τ − t) cos(τ − t)x(τ) dτ = 0, x(0) = 2, x′(0) = 0,

5) x′′(t) = 2

t∫
0

eτ−t
(
x′(τ) + x(τ)

)
dτ, x(0) = 0, x′(0) = 12.
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�6.1. �ðàò÷àñòi ôóíêöi¨. D�ïåðåòâîðåííÿ i îáåðíåíå

D�ïåðåòâîðåííÿ

Âèâ÷àþ÷è ó ïîïåðåäíiõ ðîçäiëàõ ïåðåòâîðåííÿ Ëàïëàñà, ó ÿêîñòi îðèãiíà-

ëiâ f(t) ðîçãëÿäàëèñü ôóíêöi¨ íåïåðåðâíîãî àðãóìåíòó. Ç ïðàêòè÷íî¨ òî÷êè

çîðó âåëèêèé iíòåðåñ ìà¹ òàêîæ àíàëîã îïåðàöiéíîãî ÷èñëåííÿ äëÿ âèïàäêó,

êîëè îðèãiíàëàìè ¹ ôóíêöi¨ öiëî÷èñëîâîãî àðãóìåíòà (ïîñëiäîâíîñòi). Òàêå

÷èñëåííÿ ¹ ìàòåìàòè÷íîþ îñíîâîþ òåîði¨ ëiíiéíèõ iìïóëüñíèõ ñèñòåì, òîáòî

ñèñòåì, ðîáîòà ÿêèõ ïîâ'ÿçàíà ç ïåðåäà÷åþ òà ïåðåòâîðþâàííÿì ïîñëiäîâíî-

ñòåé iìïóëüñiâ.

Íàâåäåìî îñíîâíi îçíà÷åííÿ.

Ôóíêöiþ f(n) = fn , n = 0, 1, 2, . . . , íàçèâàþòü  ðàò÷àñòîþ ôóíêöi-

¹þ (ðèñ. 8). Öié ôóíêöi¨ ìîæóòü âiäïîâiäàòè ðiçíi ôóíêöi¨ f(t) íåïåðåðâíîãî

àðãóìåíòó, ÿêùî fn = f(t) äëÿ n = t = 0, 1, 2, . . . (ðèñ. 9). Òàêi ôóíêöi¨ f(t)

íàçèâàþòü îáâiäíèìè  ðàò÷àñòèõ ôóíêöié fn .

Äî  ðàò÷àñòèõ ôóíêöié ìîæíà çàñòîñóâàòè òåîðiþ ïåðåòâîðåííÿ Ëàïëà-

ñà, ÿêó íàçèâàþòü äèñêðåòíèì ïåðåòâîðåííÿì Ëàïëàñà àáî D�ïåðå-

òâîðåííÿì.

Ôóíêöiþ fn , îáâiäíîþ ÿêî¨ ¹ îðèãiíàë f(t) ïåðåòâîðåííÿ Ëàïëàñà, íàçèâà-

þòü äèñêðåòíèì îðèãiíàëîì. Çà îçíà÷åííÿì  ðàò÷àñòà ôóíêöiÿ-îðèãiíàë

âèçíà÷åíà äëÿ n = 0, 1, 2, . . . . Äëÿ n = −1,−2, . . . ââàæà¹ìî, ùî fn = 0.
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6

-
1 2 3 4 5 6 n

fn

O

6

-
1 2 3 4 5 6 n

fn

O

Ðèñ. 8 Ðèñ. 9

Íàéïðîñòiøèì äèñêðåòíèì îðèãiíàëîì ¹ îäèíè÷íà ôóíêöiÿ θn � àíàëîã

ôóíêöi¨ Ãåâiñàéäà θ(t):

θn =

1, ÿêùî n > 0,

0, ÿêùî n < 0.

Ôóíêöiþ F ∗(p) êîìïëåêñíî¨ çìiííî¨ p = s + iσ , âèçíà÷åíó çà äîïîìîãîþ

ðÿäó

F ∗(p) =
∞∑
n=0

fne
−pn, (6.1)

íàçèâàþòü çîáðàæåííÿì äèñêðåòíîãî îðèãiíàëà fn.

Âiäïîâiäíiñòü ìiæ îðèãiíàëîì fn òà éîãî çîáðàæåííÿì F ∗(p), çàäàíó ôîð-

ìóëîþ (6.1), ïîçíà÷àòèìåìî fn → F ∗(p) àáî F ∗(p) → fn .

Òåîðåìà 6.1. ßêùî ðÿä (6.1) çáiãà¹òüñÿ äëÿ Re p = s̃, òî âií çáiãà¹òüñÿ

ðiâíîìiðíî é àáñîëþòíî ó ïiâïëîùèíi Re p > s̃.

Äîâåäåííÿ. ßêùî Re p = s̃, òî çãiäíî ç íåîáõiäíîþ óìîâîþ çáiæíîñòi ÷è-

ñëîâîãî ðÿäó lim
n→∞

fne
−pn = 0, à òîìó iñíó¹ òàêå ÷èñëî M > 0, ùî â îêîëi

íåñêií÷åííî âiääàëåíî¨ òî÷êè n = +∞

|fn|e−s̃n < M. (6.2)

Âèêîðèñòîâóþ÷è (6.2), çíàéäåìî îöiíêó çàãàëüíîãî ÷ëåíà ðÿäó (6.1) ó ïiâ-

ïëîùèíi Re p > s̃:

|fne−pn| < |fn| · |e−pn| < Me(s̃−s)n.
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ßêùî s > s̃, òî ïðàâà ÷àñòèíà îòðèìàíî¨ íåðiâíîñòi ¹ çàãàëüíèì ÷ëåíîì

çáiæíîãî ðÿäó ãåîìåòðè÷íî¨ ïðîãðåñi¨, à òîìó çà îçíàêîþ Âåé¹ðøòðàññà ([23],

ðîçä. 2, �1.2) ðÿä (6.1) ðiâíîìiðíî é àáñîëþòíî çáiãà¹òüñÿ ïðè Re p > s̃. •

Àíàëîãi÷íî ìîæíà äîâåñòè òàêå òâåðäæåííÿ: ÿêùî ðÿä (6.1) ðîçáiãà¹òüñÿ

ïðè Re p = s̃, òî âií ðîçáiãà¹òüñÿ é äëÿ Re p < s̃.

×èñëî s̃, äëÿ ÿêîãî ïðè Re p > s̃ ðÿä (6.1) çáiãà¹òüñÿ, à ïðè Re p < s̃ �

ðîçáiãà¹òüñÿ, íàçèâàþòü àáñöèñîþ çáiæíîñòi.

ßêùî  ðàò÷àñòà ôóíêöiÿ fn çàäîâîëüíÿ¹ óìîâó

|fn| < Mes0n,

òî àáñöèñà çáiæíîñòi s̃ > s0 i, îòæå, çîáðàæåííÿ òàêî¨ ôóíêöi¨ iñíó¹. ×èñëî

s0 íàçèâàþòü ïîêàçíèêîì çðîñòàííÿ ôóíêöi¨ fn .

Òåîðåìà 6.2. ßêùî fn � äèñêðåòíèé îðèãiíàë ç ïîêàçíèêîì çðîñòàí-

íÿ s0 , òî éîãî çîáðàæåííÿ F ∗(p) ¹ àíàëiòè÷íîþ ôóíêöi¹þ ó ïiâïëîùèíi

Re p > s0.

Äîâåäåííÿ. Ðÿä
∞∑
n=0

(−n)fne−pn , óòâîðåíèé ç ïîõiäíèõ ÷ëåíiâ ðÿäó (6.1), ðiâ-

íîìiðíî çáiãà¹òüñÿ ó ïiâïëîùèíi Re p > s0 , áî | −nfne
−pn| < nMe(s0−s)n i ðÿä

M
∞∑
n=0

ne(s0−s)n ¹ çáiæíèì äëÿ s > s0. Òîäi

dF ∗(p)

dp
=

∞∑
n=0

(−n)fne−pn

i, îòæå, ó ïiâïëîùèíi Re p > s0 ôóíêöiÿ F ∗(p) àíàëiòè÷íà. •

Çàóâàæåííÿ 6.1. Çîáðàæåííÿ F ∗(p) ¹ 2πi-ïåðiîäè÷íîþ ôóíêöi¹þ,

áî e−(p+2kπi)n = e−pn , òîìó éîãî äîñòàòíüî ðîçãëÿäàòè òiëüêè ó ñìóçi

−π 6 Im p 6 π. Òàêèì ÷èíîì, çîáðàæåííÿ F ∗(p) äèñêðåòíîãî îðèãiíàëà

fn iñíó¹ òà ¹ îäíîçíà÷íîþ àíàëiòè÷íîþ ôóíêöi¹þ â îáëàñòi Re p > s0,

−π 6 Im p 6 π . Àëå ôóíêöiþ F ∗(p) ìîæíà àíàëiòè÷íî ïðîäîâæèòè íà âñþ

ñìóãó −π 6 Im p 6 π , ÿêùî âîíà ó öié ñìóçi ïðè Re p 6 s0 ¹ àíàëiòè÷íîþ,

êðiì ñêií÷åííî¨ êiëüêîñòi îñîáëèâèõ òî÷îê.
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6

-
sO s0 s̃

−π

π

σ 6

-
�
-

R

3

7

^

�

	
� R

	I

Re zO

Im z

es0

es

∞

Ðèñ. 10 à Ðèñ. 10 á

Ââåäåìî ïîíÿòòÿ îáåðíåíîãî D�ïåðåòâîðåííÿ. Ó (6.1) çðîáèìî çàìiíó

z = ep . Òîäi F ∗(p) = F (ep) = F (z) i ñïiââiäíîøåííÿ fn → F (z) âèçíà÷à¹òüñÿ

çà äîïîìîãîþ ðÿäó

F (z) =
∞∑
n=0

fnz
−n, (6.3)

ÿêèé ¹ ïðàâèëüíîþ ÷àñòèíîþ ðÿäó Ëîðàíà â îêîëi òî÷êè z = +∞.

Ñïiââiäíîøåííÿ (6.3) íàçèâàþòü ïåðåòâîðåííÿì Ëîðàíà àáî Z�ïåðå-

òâîðåííÿì.

6

-
sO s0 s̃

−π

π

σ 6

-
-

/

	
I

3
R

Re z

Im z

es0

Ðèñ. 11 à Ðèñ. 11 á

Ôóíêöiÿ z = ep âçà¹ìíî îäíîçíà÷íî âiäîáðàæà¹ ñìóãó −π 6 Im p 6 π íà

âñþ ïëîùèíó z ç ðîçðiçîì âçäîâæ âiä'¹ìíî¨ ÷àñòèíè äiéñíî¨ îñi (σ = ±πi, z =

= es±iπ = −es < 0), îáëàñòü iñíóâàííÿ ôóíêöi¨ F ∗(p) � ñìóãó Re p > s0,

−π 6 Im p 6 π � â îáëàñòü |z| > es0 (ðèñ. 10 à, 10 á), à ñìóãó Re p 6 s0,
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−π 6 Im p 6 π àíàëiòè÷íîãî ïðîäîâæåííÿ çîáðàæåííÿ F ∗(p) � ó êðóã

|z| 6 es0 (ðèñ. 11 à, 11 á).

Âiäîìî ([6], � 5.3), ùî êîåôiöi¹íòè ðÿäó (6.3) îá÷èñëþþòüñÿ çà ôîðìóëîþ

fn =
1

2πi

∫
γ

F (z)zn−1dz, (6.4)

äå êîíòóð iíòåãðóâàííÿ γ � áóäü-ÿêà çàìêíåíà êðèâà, ùî îõîïëþ¹ âñi îñîáëè-

âi òî÷êè ôóíêöi¨ F (z). Çîêðåìà, γ ìîæå áóòè äîâiëüíå êîëî äîñèòü âåëèêîãî

ðàäióñó ç öåíòðîì ó ïî÷àòêó êîîðäèíàò, ÿêå ëåæèòü â îáëàñòi àíàëiòè÷íîñòi

ôóíêöi¨ F (z), i ÿêå îáõîäèìî ïðîòè ðóõó ãîäèííèêîâî¨ ñòðiëêè.

Ó ôîðìóëi (6.4) ïiäñòàâèìî z = ep. Òîäi êîëî |z| = es0 âiäîáðàçèòüñÿ ó

âiäðiçîê [s − iπ, s + iπ], äå s > s0, ïëîùèíè p. Òàêèì ÷èíîì, îäåðæó¹ìî

ôîðìóëó îáåðíåíîãî D�ïåðåòâîðåííÿ

fn =
1

2πi

s+πi∫
s−πi

F ∗(p)epndp. (6.5)

Îñêiëüêè âiäîáðàæåííÿ z = ep âçà¹ìíîîäíîçíà÷íå, òî îáåðíåíå D�ïåðå-

òâîðåííÿ, âèçíà÷åíå ôîðìóëîþ (6.5), ¹ îäíîçíà÷íèì.

Ïðèêëàä 6.1. Çíàéòè çîáðàæåííÿ  ðàò÷àñòèõ ôóíêöié θn , (−1)n , eαn,

aαn.

Ðîçâ'ÿçàííÿ. Âèêîðèñòîâóþ÷è (6.1) òà ôîðìóëó äëÿ ñóìè ãåîìåòðè÷íî¨ ïðî-

ãðåñi¨, îäåðæó¹ìî çîáðàæåííÿ ïåðøèõ òðüîõ ôóíêöié:

θn →
∞∑
n=0

e−pn =
1

1− e−p
=

ep

ep − 1
, Re p > 0; (6.6)

(−1)n →
∞∑
n=0

(−1)ne−pn =
1

1 + e−p
=

ep

ep + 1
, Re p > 0;

eαn →
∞∑
n=0

eαne−pn =
∞∑
n=0

e(α−p)n =
1

1− eα−p
=

ep

ep − eα
, Re(p− α) > 0. (6.7)

Çîáðàæåííÿ ôóíêöi¨ aαn çíàéäåìî, âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ (6.7):

aαn = eα ln a·n → ep

ep − eα ln a·n , Re(p− α ln a) > 0. I (6.8)
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�6.2. Îñíîâíi âëàñòèâîñòi D�ïåðåòâîðåííÿ

Çîáðàæåííÿ F ∗(p), îòðèìàíi ç äîïîìîãîþ äèñêðåòíîãî ïåðåòâîðåííÿ Ëà-

ïëàñà, âîëîäiþòü íèçêîþ âëàñòèâîñòåé, àíàëîãi÷íèõ äî âiäïîâiäíèõ âëàñòè-

âîñòåé íåïåðåðâíîãî ïåðåòâîðåííÿ Ëàïëàñà (ðîçäië 2).

Òåîðåìà 6.3 (ëiíiéíiñòü îðèãiíàëà). ßêùî

f1n → F ∗
1 (p), f2n → F ∗

2 (p), . . . , fkn → F ∗
k (p),

òî äëÿ äîâiëüíèõ ñòàëèõ α1, α2, . . . , αk

k∑
j=1

αjfjn →
k∑

j=1

αjF
∗
j (p).

Äîâåäåííÿ òåîðåìè âèïëèâà¹ ç òåîðåì ïðî ìíîæåííÿ çáiæíîãî ðÿäó íà ÷èñëî

òà ïðî ñóìè çáiæíèõ ðÿäiâ. •

Ïðèêëàä 6.2. Âèêîðèñòîâóþ÷è âëàñòèâiñòü ëiíiéíîñòi, çíàéòè çîáðà-

æåííÿ îðèãiíàëiâ cosαn, shαn, sin2
αn

2
.

Ðîçâ'ÿçàííÿ. Âèêîðèñòîâóþ÷è ëiíiéíiñòü D�ïåðåòâîðåííÿ òà ñïiââiäíîøå-

ííÿ (6.7), çíàõîäèìî çîáðàæåííÿ ïåðøèõ äâîõ îðèãiíàëiâ:

cosαn =
eiαn + e−iαn

2
→ 1

2

(
ep

ep − eiα
+

ep

ep − e−iα

)
,

cosαn→ ep(ep − cosα)

e2p − 2ep cosα+ 1
;

shαn =
eαn − e−αn

2
→ 1

2

(
ep

ep − eα
− ep

ep − e−α

)
,

shαn→ ep shα

e2p − 2ep chα+ 1
.

Çîáðàæåííÿ îðèãiíàëà sin2
αn

2
çíàéäåìî, âèêîðèñòîâóþ÷è çîáðàæåííÿ

îäèíè÷íî¨ ôóíêöi¨ (6.6), à òàêîæ çíàéäåíå ó öüîìó ïðèêëàäi çîáðàæåííÿ

ôóíêöi¨ cosαn. Ìà¹ìî:

sin2
αn

2
=

1

2
− 1

2
cosαn→ 1

2
· ep

ep − 1
− 1

2
· ep(ep − cosα)

e2p − 2ep cosα + 1
=
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=
ep

2

(
1

ep − 1
− ep − cosα

e2p − 2ep cosα+ 1

)
àáî, ïiñëÿ î÷åâèäíèõ ïåðåòâîðåíü,

sin2
αn

2
→

ep (ep + 1) sin2 α
2

(ep − 1) (e2p − 2ep cosα+ 1)
. I

Òåîðåìà 6.4 (çàãàþâàííÿ îðèãiíàëà). ßêùî fn → F ∗(p) i k � äåÿêå

íàòóðàëüíå ÷èñëî (k < n), òî

fn−k → e−pkF ∗(p). (6.9)

Äîâåäåííÿ. Çãiäíî ç (6.1)

fn−k →
∞∑
n=0

fn−ke
−pn =

∣∣m = n− k
∣∣ = e−pk

∞∑
m=−k

fme
−pm =

= e−pk

( −1∑
m=−k

fme
−pm +

∞∑
m=0

fme
−pm

)
= e−pk

(
k∑

m=1

f−me
pm + F ∗(p)

)
,

çâiäêè, âðàõîâóþ÷è, ùî f−1 = f−2 = f−3 = . . . = 0, îäåðæó¹ìî ôîðìó-

ëó (6.9). •

Ïðèêëàä 6.3. Âèêîðèñòîâóþ÷è âëàñòèâiñòü çàãàþâàííÿ, çíàéòè

çîáðàæåííÿ äèñêðåòíèõ îðèãiíàëiâ θn−1 , e
α(n−1) , cosα(n− 1).

Ðîçâ'ÿçàííÿ. Âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ (6.9) òà çíàéäåíi ó ïðèêëà-

äàõ 6.1, 6.2 çîáðàæåííÿ ôóíêöié θn , eαn , cosαn, îäåðæó¹ìî:

θn−1 → e−p ep

ep − 1
=

1

ep − 1
,

eα(n−1) → e−p ep

ep − eα
=

1

ep − eα
,

cosα(n− 1) → e−p ep(ep − cosα)

e2p − 2ep cosα+ 1
=

ep − cosα

e2p − 2ep cosα+ 1
. I

Òåîðåìà 6.5 (âèïåðåäæåííÿ îðèãiíàëà). ßêùî fn → F ∗(p) i k �

äåÿêå íàòóðàëüíå ÷èñëî, òî

fn+k → epk

(
F ∗(p)−

k−1∑
m=0

fme
−pm

)
. (6.10)
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Äîâåäåííÿ. Çãiäíî ç (6.1)

fn+k →
∞∑
n=0

fn+ke
−pn =

∣∣m = n+ k
∣∣ = epk

∞∑
m=k

fme
−pm =

= epk

( ∞∑
m=0

fme
−pm −

k−1∑
m=0

fme
−pm

)
= epk

(
F ∗(p)−

k−1∑
m=0

fme
−pm

)
. •

Ïðèêëàä 6.4. Âèêîðèñòîâóþ÷è âëàñòèâiñòü âèïåðåäæåííÿ, çíàéòè

çîáðàæåííÿ äèñêðåòíèõ îðèãiíàëiâ:

à) 2αn+2, á) cosα(n+ 1), â) shα(n+ 1).

Ðîçâ'ÿçàííÿ. à) Äëÿ îäåðæàííÿ çîáðàæåííÿ ôóíêöi¨ 2αn+2 çíàéäåìî ñïî÷à-

òêó çîáðàæåííÿ îðèãiíàëà f1n = 2αn . Çi ñïiââiäíîøåííÿ (6.8) ìà¹ìî:

2αn → ep

ep − 2α
, Re(p− α ln 2) > 0.

Òåïåð ç (6.10) (f10 = 1, f11 = 2α) îäåðæó¹ìî, ùî

2αn+2 → e2p

(
ep

ep − 2α
−

1∑
m=0

fme
−pm

)
= e2p

(
ep

ep − 2α
− 1− 2e−p

)
.

á) Îñêiëüêè

f2n = cosαn→ ep(ep − cosα)

e2p − 2ep cosα+ 1
, f20 = 1,

òî çãiäíî ç (6.10)

cosα(n+ 1) → ep(ep cosα− 1)

e2p − 2ep cosα+ 1
.

â) Ç ôîðìóëè (6.10), âðàõîâóþ÷è, ùî

f3n = shαn→ ep shα

e2p − 2ep chα+ 1
, f30 = 0,

îäåðæó¹ìî ñïiââiäíîøåííÿ

shα(n+ 1) → e2p shα

e2p − 2ep chα + 1
. I



� 6.2. Îñíîâíi âëàñòèâîñòi D�ïåðåòâîðåííÿ 147

Òåîðåìà 6.6 (çìiùåííÿ çîáðàæåííÿ). ßêùî fn → F ∗(p), òî äëÿ

áóäü-ÿêîãî êîìïëåêñíîãî ÷èñëà p0 âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

e±p0nfn → F ∗(p∓ p0). (6.11)

Äîâåäåííÿ. Çãiäíî ç (6.1)

e±p0nfn →
∞∑
n=0

fne
−pne±p0n =

∞∑
n=0

fne
−(p∓p0)n = F ∗(p∓ p0). •

Ïðèêëàä 6.5. Âèêîðèñòîâóþ÷è âëàñòèâiñòü çìiùåííÿ, çíàéòè çîáðà-

æåííÿ äèñêðåòíèõ îðèãiíàëiâ ep0n cosαn, e−p0n shαn, äå p0 � äåÿêå ÷èñëî.

Ðîçâ'ÿçàííÿ. Âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ

shαn→ ep shα

e2p − 2ep chα+ 1
,

cosαn→ 1

2

(
ep

ep − eiα
− ep

ep − e−iα

)
,

ç (6.11) îäåðæó¹ìî:

ep0n cosαn→ ep−p0(ep−p0 − cosα)

e2(p−p0) − 2ep−p0 cosα + 1
=

ep(ep − ep0 cosα)

e2p − 2ep+p0 cosα + e2p0
,

e−p0n shαn→ ep+p0 shα

e2(p+p0) − 2ep+p0 chα + 1
=

ep−p0 shα

e2p − 2ep−p0 chα + e−2p0
. I

Òåîðåìà 6.7 (äèôåðåíöiþâàííÿ çîáðàæåííÿ). ßêùî fn → F ∗(p),

òî
dk

dpk
F ∗(p) → (−1)knkfn, k = 1, 2, . . . (6.12)

Äîâåäåííÿ. Çãiäíî ç òåîðåìîþ 6.2 çîáðàæåííÿ F ∗(p) ¹ îäíîçíà÷íîþ àíà-

ëiòè÷íîþ ôóíêöi¹þ ó ñìóçi Re p > s0 , −π 6 Im p 6 π, à òîìó â öié ñìóçi

ôóíêöiÿ F ∗(p) ìà¹ ïîõiäíi äîâiëüíîãî ïîðÿäêó. Äèôåðåíöiþþ÷è (6.1) k ðàçiâ,

îäåðæó¹ìî ñïiââiäíîøåííÿ (6.12). •

Ïðèêëàä 6.6. Âèêîðèñòîâóþ÷è äèôåðåíöiþâàííÿ çîáðàæåííÿ, çíàéòè

çîáðàæåííÿ äèñêðåòíèõ îðèãiíàëiâ:

à) n2, á)
n!

(n−m)!
, â) n cosα(n− 1).
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Ðîçâ'ÿçàííÿ. à) Ç (6.12), âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ θn = 1 → ep

ep − 1
,

îäåðæó¹ìî:

n2 → (−1)2
(

ep

ep − 1

)′′

p

=
ep(ep + 1)

(ep − 1)3
.

á) Çíàéäåìî ñïî÷àòêó çîáðàæåííÿ îðèãiíàëà n. Ç (6.12) ïðè k = 1 ìà¹ìî

n→ −
(

ep

ep − 1

)′

p

=
ep

(ep − 1)2
.

Òåïåð, âèêîðèñòîâóþ÷è (6.9), îäåðæó¹ìî ñïiââiäíîøåííÿ

n− 1 → 1

(ep − 1)2
.

Çàñòîñîâóþ÷è ïîñëiäîâíî ôîðìóëè (6.12) i (6.9), çíàõîäèìî:

n(n− 1) → 2!ep

(ep − 1)3
, (n− 1)(n− 2) → 2!

(ep − 1)3
.

Äàëi àíàëîãi÷íî ìà¹ìî:

n(n− 1)(n− 2) → 3!ep

(ep − 1)4
, (n− 1)(n− 2)(n− 3) → 3!

(ep − 1)4
.

Çà äîïîìîãîþ ìåòîäó ìàòåìàòè÷íî¨ iíäóêöi¨ ìîæíà äîâåñòè, ùî

n(n− 1) · . . . ·
(
n− (m− 1)

)
→ m! ep

(ep − 1)m+1

àáî
n!

(n−m)!
→ m! ep

(ep − 1)m+1
. (6.13)

â) Ìà¹ìî cosαn→ ep(ep − cosα)

e2p − 2ep cosα+ 1
. Çà ôîðìóëîþ (6.9)

cosα(n− 1) → ep − cosα

e2p − 2ep cosα+ 1
.

Âèêîðèñòîâóþ÷è òåïåð (6.12), îäåðæó¹ìî ñïiââiäíîøåííÿ

n cosα(n− 1) → −
(

ep − cosα

e2p − 2ep cosα+ 1

)′

p

àáî

n cosα(n− 1) → e3p + ep cos 2α− 2e2p cosα

(e2p − 2ep cosα+ 1)2
. I
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Òåîðåìà 6.8 (iíòåãðóâàííÿ çîáðàæåííÿ). ßêùî fn → F ∗(p), f0 = 0

i
fn
n

∣∣∣∣
n=0

= lim
n→+0

fn
n

= 0, òî

+∞∫
p

F ∗(p)dp→ fn
n
. (6.14)

Äîâåäåííÿ. Îñêiëüêè çîáðàæåííÿ F ∗(p) çãiäíî ç òåîðåìîþ 6.2 ¹ àíàëiòè-

÷íîþ ôóíêöi¹þ, à ðÿä (6.1) çáiãà¹òüñÿ ðiâíîìiðíî ïðè Re p > s̃ (òåîðåìà 6.1)

òà iíòåãðàë

+∞∫
p

F ∗(p)dp � çáiæíèé, òî (6.1) ìîæíà çiíòåãðóâàòè çà çìiííîþ p

ó ìåæàõ âiä p äî +∞. Òîäi

+∞∫
p

F ∗(p)dp =

+∞∫
p

∞∑
n=0

fne
−pndp =

=
∞∑
n=1

fn

+∞∫
p

e−pndp =
∞∑
n=0

fn

(
−e

−pn

n

)∣∣∣∣+∞

p

=
∞∑
n=1

fn
n
e−pn → fn

n
. •

Çàóâàæåííÿ 6.2. ßêùî f0 ̸= 0, òî iíòåãðàë ó ëiâié ÷àñòèíi ôîðìó-

ëè (6.14) áóäå ðîçáiæíèì i òåîðåìà 6.8 íå ñïðàâäæóâàòèìåòüñÿ. Îäíàê,

ÿêùî
fn
n

∣∣∣∣
n=0

= a ̸= 0, òî

a+

+∞∫
p

F ∗(p)dp→ fn
n
. (6.15)

Çàóâàæåííÿ 6.3. Àíàëîãi÷íî äî (6.14) ìîæíà äîâåñòè, ùî çà âèêîíàí-

íÿ ðiâíîñòåé
fn
nm

∣∣∣∣
n=0

= 0, m = 1, 2, . . . , k, ñïðàâäæó¹òüñÿ ñïiââiäíîøåííÿ

+∞∫
p

. . .

+∞∫
p︸ ︷︷ ︸

k

F ∗(p) dp . . . dp︸ ︷︷ ︸
k

→ fn
nk
.

Ïðèêëàä 6.7. Âèêîðèñòîâóþ÷è iíòåãðóâàííÿ çîáðàæåííÿ, çíàéòè çî-

áðàæåííÿ äèñêðåòíèõ îðèãiíàëiâ
sinαn

n
,
θn−1

n
.
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Ðîçâ'ÿçàííÿ. Îñêiëüêè

sinαn→ ep sinα

e2p − 2ep cosα+ 1
,

sinαn

n

∣∣∣∣
n=0

= lim
n→+0

sinαn

n
= α,

òî çà ôîðìóëîþ (6.15)

sinαn

n
→ α +

+∞∫
p

ep sinα dp

e2p − 2ep cosα+ 1
= α + arctg

ep − cosα

sinα

∣∣∣∣+∞

p

=

= α+
π

2
− arctg

ep − cosα

sinα
= α+ arctg

sinα

ep − cosα
.

Çíàéäåìî çîáðàæåííÿ îðèãiíàëà
θn−1

n
. Iç ñïiââiäíîøåííÿ θn−1 →

1

ep − 1
,

âðàõîâóþ÷è ôîðìóëó (6.14), à òàêîæ òå, ùî
θn−1

n

∣∣∣∣
n=0

= 0, îäåðæó¹ìî:

θn−1

n
→

+∞∫
p

dp

ep − 1
=

+∞∫
p

d(ep)

ep − 1
−

+∞∫
p

d(ep)

ep
=

= ln

∣∣∣∣ ep − 1

ep

∣∣∣∣∣∣∣∣+∞

p

= ln
ep

|ep − 1|
, n ∈ N. I

Çãîðòêîþ fn ∗ φn äâîõ  ðàò÷àñòèõ ôóíêöié fn i φn íàçèâàþòü ñóìó

fn ∗ φn =
n∑

k=0

fn−kφk. (6.16)

ßêùî â (6.16) çðîáèòè çàìiíó l = n− k , òî

fn ∗ φn =
n∑
l=0

flφn−l =
n∑

k=0

φn−kfk = φn ∗ fn,

òîáòî çãîðòêà  ðàò÷àñòèõ ôóíêöié êîìóòàòèâíà.

Òåîðåìà 6.9 (çîáðàæåííÿ çãîðòêè). ßêùî fn → F ∗(p), φn → Φ∗(p),

òî

fn ∗ φn → F ∗(p)Φ∗(p). (6.17)

Äîâåäåííÿ. Îñêiëüêè F ∗(p) =
∞∑
k=0

fke
−pk, òî

F ∗(p)Φ∗(p) = Φ∗(p)
∞∑
k=0

fke
−pk =

∞∑
k=0

Φ∗(p)fke
−pk.
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Çãiäíî ç (6.9) e−pkΦ∗(p) → φn−k , à âðàõîâóþ÷è, ùî φn−k = 0 äëÿ k > n,

îäåðæó¹ìî:

F ∗(p)Φ∗(p) →
+∞∑
k=0

φn−kfk =
n∑

k=0

φn−kfk = φn ∗ fn = fn ∗ φn. •

Ïðèêëàä 6.8. Çíàéòè îðèãiíàë çà çîáðàæåííÿì

F ∗(p) =
ep

(ep − eα)(ep − eβ)
.

Ðîçâ'ÿçàííÿ. Ïîçíà÷èìî ÷åðåç F ∗(p) = F ∗
1 (p)F

∗
2 (p), äå F ∗

1 (p) =
ep

ep − eα
,

F ∗
2 (p) =

1

ep − eβ
. Âðàõîâóþ÷è, ùî eαn → ep

ep − eα
i eβ(n−1) → 1

ep − eβ
, îäåðæó-

¹ìî ñïiââiäíîøåííÿ

F ∗
1 (p) → eα(n−1), F ∗

2 (p) → eβ(n−1).

Âèêîðèñòîâóþ÷è òåïåð òåîðåìó 6.9 ïðî çîáðàæåííÿ çãîðòêè òà ôîðìóëó ñóìè

ñêií÷åííî¨ ãåîìåòðè÷íî¨ ïðîãðåñi¨, çíàõîäèìî:

F ∗(p) = F ∗
1 (p)F

∗
2 (p) →

n∑
k=0

eα(n−k)eβ(k−1) = eαn−β
n∑

k=1

e(β−α)k =

= eαn−β e
(β−α)(n+1) − eβ−α

eβ−α − 1
=
eαn − eβn

eα − eβ
. I

Ðîçãëÿíåìî ïèòàííÿ ïðî çíàõîäæåííÿ îðèãiíàëà çà ôîðìóëîþ îáåðíåííÿ

äèñêðåòíîãî ïåðåòâîðåííÿ Ëàïëàñà.

�ðàò÷àñòó ôóíêöiþ-îðèãiíàë fn çà âiäîìèì çîáðàæåííÿì F ∗(p) ìîæíà

çíàéòè çà ôîðìóëîþ (6.5):

fn =
1

2πi

s+iπ∫
s−iπ

F ∗(p)epndp,

äå s > s0 (s0 � ïîêàçíèê çðîñòàííÿ îðèãiíàëà fn).

ßêùî çîáðàæåííÿ F ∗(p) ¹ ïðàâèëüíèì ðàöiîíàëüíèì äðîáîì âiäíîñíî ep,

òî ôîðìóëó äëÿ çíàõîäæåííÿ îðèãiíàëiâ ìîæåìî âèâåñòè, âèêîðèñòîâóþ÷è

òåîðiþ ëèøêiâ, à ñàìå:

fn =
∑
k

Res
p=pk

F ∗(p)e(n−1)p, (6.18)
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äå ëèøêè áåðóòüñÿ çà ïîëþñàìè, ÿêi ðîçìiùåíi â ñìóçi −π < Im p < π àáî íà

¨¨ ìåæi Im p = π. Çîêðåìà:

� ÿêùî pk � ïðîñòèé ïîëþñ, òî

Res
p=pk

F ∗(p)ep(n−1) = lim
p→pk

F ∗(p)(ep − epk)ep(n−1), (6.19)

� ÿêùî pk � ïîëþñ êðàòíîñòi νk, òî

Res
p=pk

F ∗(p)ep(n−1) =
1

(νk − 1)!
lim
p→pk

dνk−1

dep(νk−1)

(
F ∗(p)(ep − epk)νkep(n−1)

)
. (6.20)

Îðèãiíàë fn ìîæíà çíàéòè òàêîæ, âèêîðèñòîâóþ÷è äåÿêi âëàñòèâîñòi

D -ïåðåòâîðåííÿ àáî ðîçêëàäàþ÷è çîáðàæåííÿ F ∗(p) íà ïðîñòi äðîáè.

Çîêðåìà, ôóíêöiÿ F ∗(p) ìîæå ìiñòèòè åëåìåíòàðíi äðîáè

A

ep − ep0
, (6.21)

A

(ep − ep0)m
, m > 2. (6.22)

Äëÿ äðîáó (6.21), âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ eα(n−1) → 1

ep − eα
, çíà-

éäåíå ó ïðèêëàäi 6.3, îäåðæó¹ìî

A

ep − ep0
→ Aep0(n−1).

Çíàéäåìî îðèãiíàë çà çîáðàæåííÿì (6.22). Âèêîðèñòîâóþ÷è ñïiââiäíîøå-

ííÿ (6.13), ìà¹ìî
ep

(ep − 1)m
→ n(m−1)

(m− 1)!
,

à çà òåîðåìîþ çìiùåííÿ (ôîðìóëà (6.11))

ep−p0

(ep−p0 − 1)m
→ ep0n

n(m−1)

(m− 1)!
,

epep0(m−1)

(ep − ep0)m
→ ep0n

n(m−1)

(m− 1)!
.

Âèêîðèñòîâóþ÷è òåïåð òåîðåìó çàãàþâàííÿ (ôîðìóëà (6.9)), çíàõîäèìî

epep0(m−1)

(ep − ep0)m
→ ep0(n−1)(n− 1)(m−1)

(m− 1)!

àáî
1

(ep − ep0)m
→ (n− 1)(m−1)

(m− 1)!
ep0(n−m).
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Îòæå,
A

(ep − ep0)m
→ A

(n− 1)(m−1)

(m− 1)!
ep0(n−m).

Ïðèêëàä 6.9. Çíàéòè äèñêðåòíèé îðèãiíàë çà âiäîìèì çîáðàæåííÿì:

à) F ∗
1 (p) =

e2p

e4p − 1
, á) F ∗

2 (p) =
ep

(ep − 2)(ep − 1)2
.

Ðîçâ'ÿçàííÿ. à) Ôóíêöiÿ

F ∗
1 (p) =

e2p

e4p − 1

ìà¹ ïðîñòi ïîëþñè ó òî÷êàõ p1 = 0, p2 = ±πi
2
òà p3 = πi. Çà ôîðìóëîþ (6.19)

çíàõîäèìî ëèøêè

Res
p=0

F ∗
1 (p)e

p(n−1) = lim
p→0

e2pep(n−1)(ep − 1)

e4p − 1
= lim

p→0

e2pep(n−1)

(ep + 1)(e2p + 1)
=

1

4
,

Res
p=πi

2

F ∗
1 (p)e

p(n−1) = lim
p→πi

2

e2pep(n−1)(ep − i)

e4p − 1
= lim

p→πi
2

e2pep(n−1)

(e2p − 1)(ep + i)
=

= −e
πi
2 (n+1)

4i
= −1

4
sin

π

2
(n+ 1) +

1

4
i cos

π

2
(n+ 1),

Res
p=−πi

2

F ∗
1 (p)e

p(n−1) = lim
p→−πi

2

e2pep(n−1)(ep + i)

e4p − 1
= lim

p→−πi
2

e2pep(n−1)

(e2p − 1)(ep − i)
=

=
e−

πi
2 (n+1)

4i
= −1

4
sin

π

2
(n+ 1)− 1

4
i cos

π

2
(n+ 1),

Res
p=πi

F ∗
1 (p)e

p(n−1) = lim
p→πi

e2pep(n−1)(ep + 1)

e4p − 1
= lim

p→πi

e2pep(n−1)

(ep − 1)(e2p + 1)
=

=
eπ(n+1)i

(eπi − 1)(e2πi + 1)
= −1

4
cos π(n+ 1) =

(−1)n

4
.

Îñòàòî÷íî ç (6.19) îòðèìó¹ìî îðèãiíàë

fn =
1

4

(
(−1)n + 1

)
− 1

2
sin

π

2
(n+ 1).

á) Ôóíêöiÿ F ∗
2 (p) ìà¹ ïðîñòèé ïîëþñ p = ln 2 i ïîëþñ p = 0 êðàòíîñòi 2.

Òîäi ç ôîðìóëè (6.19)

Res
p=ln 2

F ∗
2 (p)e

p(n−1) = lim
p→ln 2

epep(n−1)(ep − 2)

(ep − 2)(ep − 1)2
= lim

p→ln 2

epep(n−1)

(ep − 1)2
= 2n.
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Çà ôîðìóëîþ (6.20) äëÿ êðàòíîãî ïîëþñà p = 0 çíàõîäèìî

Res
p=0

F ∗
2 (p)e

p(n−1) = lim
p→0

(
epep(n−1)(ep − 1)2

(ep − 2)(ep − 1)2

)′

ep
=

= lim
p→0

(n− 1)enp − 2nep(n−1)

(ep − 2)2
= −n− 1.

Îòæå, fn = 2n − n− 1. I

�6.3. Ðiçíèöåâi ðiâíÿííÿ

Ðiâíÿííÿ âèãëÿäó

F (n, fn, fn+1, . . . , fn+k) = 0, (6.23)

äå fn � øóêàíà ôóíêöiÿ öiëî¨ çìiííî¨, íàçèâàþòü ðiçíèöåâèì ðiâíÿííÿì

k-ãî ïîðÿäêó.

Ðiçíèöåâi ðiâíÿííÿ âèíèêàþòü ó òåîði¨ iíòåðïîëÿöi¨, àâòîìàòè÷íîãî êîäó-

âàííÿ ç öèôðîâèì îá÷èñëþâàëüíèì ïðèñòðî¹ì, òåîði¨ ôiíàíñiâ òîùî.

Ðiâíÿííÿ (6.23) ìîæíà çàïèñàòè òàêîæ ó âèãëÿäi

F (n, fn,∆fn,∆
2fn, . . . ,∆

kfn) = 0, (6.24)

äå

∆fn = fn+1 − fn,

∆2fn = ∆fn+1 −∆fn = fn+2 − fn+1 − fn+1 + fn = fn+2 − 2fn+1 + fn,

∆3fn = fn+3 − 3fn+2 + 3fn+1 − fn, . . . ,

∆kfn = ∆k−1fn+1 −∆k−1fn =
k∑

j=0

(−1)jCj
kfn+k−j, (6.25)

äå Cj
k =

k!

j!(k − j)!
.

Âèðàç ∆fn = fn+1− fn íàçèâàþòü ðiçíèöåþ ïåðøîãî ïîðÿäêó ôóíêöi¨

fn. Ðiçíèöÿ k-ãî ïîðÿäêó âèçíà÷à¹òüñÿ ôîðìóëîþ

∆kfn = ∆(∆k−1fn) = ∆k−1fn+1 −∆k−1fn.
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Ôóíêöiþ fn+k ìîæíà âèðàçèòè ÷åðåç ðiçíèöi ∆jfn, j = 0, 1, . . . , k

(∆0fn ≡ fn). Ñïðàâäi,

fn+1 = fn +∆fn,

fn+2 = fn+1 +∆fn+1 = fn +∆fn +∆fn +∆2fn = fn + 2∆fn +∆2fn,

fn+3 = fn + 3∆fn + 3∆2fn +∆3fn, . . . ,

fn+k =
k∑

j=0

Cj
k∆

jfn.

ßêùî ðiâíÿííÿ (6.23) ¹ ëiíiéíèì âiäíîñíî ôóíêöi¨ fn òà ¨¨ ðiçíèöü, òî éîãî

íàçèâàþòü ëiíiéíèì ðiçíèöåâèì ðiâíÿííÿì.

Ó çàãàëüíîìó âèïàäêó ëiíiéíå ðiçíèöåâå ðiâíÿííÿ çi ñòàëèìè êîåôiöi¹íòà-

ìè ìîæåìî çàïèñàòè ó âèãëÿäi

b0∆
kfn + b1∆

k−1fn + . . .+ bkfn = φn, (6.26)

äå φn � çàäàíà ôóíêöiÿ, fn � íåâiäîìà ôóíêöiÿ, b0, b1, . . . , bk � ñòàëi, ïðè-

÷îìó b0 ̸= 0.

Çàìiíþþ÷è â ðiâíÿííi (6.26) ðiçíèöi ∆jfn, j = 1, . . . , k, ç ôîðìóëè (6.25),

îòðèìó¹ìî iíøó ôîðìó çàïèñó ëiíiéíîãî ðiçíèöåâîãî ðiâíÿííÿ:

a0fn+k + a1fn+k−1 + . . .+ akfn = φn. (6.27)

ßêùî φn ≡ 0, òî ðiâíÿííÿ (6.26) òà (6.27) íàçèâàþòü îäíîðiäíèìè, ÿêùî

 ðàò÷àñòà ôóíêöiÿ φn òîòîæíî âiäìiííà âiä íóëÿ, òî � íåîäíîðiäíèìè.

Ðiçíèöåâå ðiâíÿííÿ (6.27), ÿêå ìiñòèòü ôóíêöi¨ fn òà fn+k, íàçèâàþòü ði-

çíèöåâèì ðiâíÿííÿì k -ãî ïîðÿäêó. ßêùî ó (6.26) b0 = 0 àáî bk = 0, òî öå

ðiâíÿííÿ ìàòèìå ïîðÿäîê, ìåíøèé, íiæ k. Îäíàê, ïîðÿäîê ðiçíèöåâîãî ðiâ-

íÿííÿ ìîæå íå çáiãàòèñÿ ç ïîðÿäêîì íàéâèùî¨ ðiçíèöi, ùî âõîäèòü ó íüîãî,

ÿêùî ðiçíèöåâå ðiâíÿííÿ çàïèñàíå ó âèãëÿäi (6.26).

Ïðèêëàä 6.10. Çíàéòè ïîðÿäîê ðiçíèöåâèõ ðiâíÿíü:

à) ∆3fn −∆2fn − 5∆fn − 3fn = n2; á) ∆3fn + 3∆2fn + 3∆fn + 2fn = 0.
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Ðîçâ'ÿçàííÿ. à) Çãiäíî ç ôîðìóëîþ (6.25)

∆fn = fn+1 − fn, ∆2fn = fn+2 − 2fn+1 + fn,

∆3fn = fn+3 − 3fn+2 + 3fn+1 − fn.

Ïiäñòàâëÿþ÷è öi ôîðìóëè ó çàäàíå ðiâíÿííÿ, îäåðæó¹ìî ðiçíèöåâå ðiâíÿííÿ

fn+3 − 4fn+2 = n2 àáî, ïiñëÿ çàìiíè k = n+ 2,

fk+1 − 4fk = (k − 2)2,

çâiäêè âèïëèâà¹, ùî çàäàíå ðiâíÿííÿ ¹ ðiçíèöåâèì ðiâíÿííÿì ïåðøîãî ïîðÿä-

êó.

á) Àíàëîãi÷íî, ïiñëÿ çàñòîñóâàííÿ ôîðìóë (6.25) òà íåñêëàäíèõ ïåðåòâî-

ðåíü îäåðæó¹ìî ðiâíÿííÿ

fn+3 + fn = 0,

à òîìó çàäàíå ðiâíÿííÿ ¹ ðiçíèöåâèì ðiâíÿííÿì òðåòüîãî ïîðÿäêó. I

Âèâåäåìî ôîðìóëè äëÿ çîáðàæåíü ðiçíèöü ∆kfn, k = 1, 2, . . . .

Òåîðåìà 6.10 . ßêùî fn → F ∗(p), òî

∆fn → (ep − 1)F ∗(p)− epf0,

∆2fn → (ep − 1)2F ∗(p)− ep(ep − 1)f0 − ep∆f0, . . . ,

∆kfn → (ep − 1)kF ∗(p)− ep
k−1∑
j=0

(ep − 1)k−1−j∆jf0. (6.28)

Äîâåäåííÿ. Çãiäíî ç (6.25)

∆fn = fn+1 − fn, ∆2fn = fn+2 − 2fn+1 + fn, . . . ,

∆kfn =
k∑

j=0

(−1)kCj
kfn+k−j.

Âèêîðèñòîâóþ÷è òåîðåìè âèïåðåäæåííÿ òà ëiíiéíîñòi äèñêðåòíîãî îðèãi-

íàëà, çàïèøåìî çîáðàæåííÿ îðèãiíàëiâ ∆fn, ∆
2fn, . . . , ∆

kfn :

∆fn → epF ∗(p)− epf0 − F ∗(p) = (ep − 1)F ∗(p)− epf0,
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∆2fn → e2p
(
F ∗(p)− f0 − e−pf1

)
− 2ep (F ∗(p)− f0) + F ∗(p) =

= (ep − 1)2F ∗(p)− ep(ep − 1)f0 − ep∆f0.

Ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ìîæíà äîâåñòè ñïiââiäíîøåííÿ

∆kfn →
k∑

j=0

(−1)jCj
ke

(k−j)p

(
F ∗(p)−

k−1−j∑
m=0

e−mpfm

)
=

= (ep − 1)kF ∗(p)− ep
k−1∑
j=0

(ep − 1)k−1−j∆jf0. •

Ôîðìóëà (6.28) çíà÷íî ñïðîùó¹òüñÿ, ÿêùî f0 = f1 = . . . = fk−1 = 0 àáî

∆jf0 = 0, j = 0, 1, . . . , k. Òîäi

∆kfn → (ep − 1)kF ∗(p),

òîáòî çîáðàæåííþ ðiçíèöi k -ãî ïîðÿäêó âiä îðèãiíàëà fn âiäïîâiäà¹ ìíîæåííÿ

âiäïîâiäíîãî çîáðàæåííÿ F ∗(p) íà (ep − 1)k.

Ïðèêëàä 6.11. Çíàéòè çîáðàæåííÿ ôóíêöi¨ fn = n3.

Ðîçâ'ÿçàííÿ. Ìà¹ìî:

∆fn = (n+ 1)3 − n3 = 3n2 + 3n+ 1,

∆2fn = 3(n+ 1)2 + 3(n+ 1) + 1− 3n2 − 3n− 1 = 6n+ 6,

∆3fn = 6(n+ 1) + 6− 6n− 6 = 6,

∆kfn = 0, k > 4.

Îñêiëüêè f0 = 0, ∆f0 = 1, ∆2f0 = 6, ∆3f0 = 6, òî ç (6.28) îòðèìó¹ìî

n3 → ep

(ep − 1)4

3∑
j=0

∆jf0
(ep − 1)j

=

=
ep

(ep − 1)4

(
1

ep − 1
+

6

(ep − 1)2
+

6

(ep − 1)3

)
=
ep(e2p + 4ep + 1)

(ep − 1)7
. I

Ïîêàæåìî, ÿê, âèêîðèñòîâóþ÷è ìåòîäè îïåðàöiéíîãî ÷èñëåííÿ, ìîæíà

ðîçâ'ÿçàòè ëiíiéíå ðiçíèöåâå ðiâíÿííÿ (6.27)

a0fn+k + a1fn+k−1 + . . .+ akfn = φn.
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Çàçâè÷àé ïîòðiáíî çíàéòè ðîçâ'ÿçîê öüîãî ðiâíÿííÿ, ÿêèé çàäîâîëüíÿ¹

ïî÷àòêîâi óìîâè

f(0) = f0, f(1) = f1, . . . , f(k − 1) = fk−1. (6.29)

Ðîçâ'ÿçêîì çàäà÷i (6.27), (6.29) íàçèâàþòü  ðàò÷àñòó ôóíêöiþ

fn = f(n), ÿêà ïåðåòâîðþ¹ ðiâíÿííÿ (6.27) ó òîòîæíiñòü i çàäîâîëüíÿ¹

óìîâè (6.29).

Çàñòîñóâàííÿ îïåðàöiéíîãî ìåòîäó äî ðîçâ'ÿçóâàííÿ çàäà÷i (6.27), (6.29)

ïîëÿãà¹ ó òîìó, ùî ïiñëÿ çàñòîñóâàííÿ äî îáîõ ÷àñòèí ðiâíÿííÿ (6.27)

D�ïåðåòâîðåííÿ îäåðæó¹ìî îïåðàòîðíå ðiâíÿííÿ ç íåâiäîìîþ ôóíêöi¹þ

F ∗(p) → fn . Îñêiëüêè îïåðàòîðíå ðiâíÿííÿ ¹ àëãåáðè÷íèì, òî çíàéòè

çîáðàæåííÿ F ∗(p), ÿê ïðàâèëî, íåñêëàäíî. Äëÿ âiäøóêàííÿ îðèãiíàëà fn �

ðîçâ'ÿçêó çàäà÷i (6.27), (6.29) � ìîæíà âèêîðèñòàòè, íàïðèêëàä, âëàñòèâîñòi

D�ïåðåòâîðåííÿ àáî òàáëèöþ çîáðàæåíü.

Ó ðåçóëüòàòi íàâåäåíîãî àëãîðèòìó îäåðæèìî ÷àñòèííèé ðîçâ'ÿçîê

ðiâíÿííÿ (6.27). ßêùî ïî÷àòêîâi óìîâè íå çàäàíi, òî ââàæàþ÷è â (6.29) ÷èñëà

f0, f1, . . . , fk−1 äîâiëüíèìè, îäåðæèìî çàãàëüíèé ðîçâ'ÿçîê ðiçíèöåâîãî

ðiâíÿííÿ (6.27).

Çàóâàæèìî, ùî ïî÷àòêîâi óìîâè äëÿ ðiçíèöåâîãî ðiâíÿííÿ (6.26) çàäàþòü

ó âèãëÿäi çíà÷åíü øóêàíî¨ ôóíêöi¨ fn òà ¨¨ ðiçíèöü äî (k − 1)-ãî ïîðÿäêó

âêëþ÷íî ïðè n = 0.

Ïðèêëàä 6.12. Çíàéòè ðîçâ'ÿçîê ðiçíèöåâîãî ðiâíÿííÿ

fn+2 − 4fn = 4n, (6.30)

ÿêèé çàäîâîëüíÿ¹ ïî÷àòêîâi óìîâè f0 = 0, f1 = 1.

Ðîçâ'ÿçàííÿ. Íåõàé fn → F ∗(p). Ç ôîðìóëè (6.10), âðàõîâóþ÷è çàäàíi ïî-

÷àòêîâi óìîâè, îäåðæó¹ìî ñïiââiäíîøåííÿ

fn+2 → e2p
(
F ∗(p)− f0 − e−pf1

)
= e2pF ∗(p)− ep.
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Çàñòîñîâóþ÷è äî îáîõ ÷àñòèí ðiâíÿííÿ (6.30) D�ïåðåòâîðåííÿ, îòðèìó¹ìî

àëãåáðè÷íå ðiâíÿííÿ

e2pF ∗(p)− ep − 4F ∗(p) =
1

1− 4e−p
,

çâiäêè

(e2p − 4)F ∗(p) =
ep

ep − 4
+ ep,

F ∗(p) =
ep(ep − 3)

(ep − 4)(ep − 2)(ep + 2)
.

Ôóíêöiÿ F ∗(p) ìà¹ ïðîñòi ïîëþñè p1 = ln 4, p2 = ln 2, p3 = 2 ln
√
2i. Òîäi

Res
p=ln 4

F ∗(p)e(n−1)p = lim
p→ln 4

enp(ep − 3)

(ep − 2)(ep + 2)
=

4n−1

3
,

Res
p=ln 2

F ∗(p)e(n−1)p = lim
p→ln 2

enp(ep − 3)

(ep − 4)(ep + 2)
= 2n−3,

Res
p=2 ln

√
2i
F ∗(p)e(n−1)p = lim

p→2 ln
√
2i

enp(ep − 3)

(ep − 4)(ep − 2)
=

5

3
(−1)n+12n−3.

Îòæå, çà ôîðìóëîþ (6.18),

fn =
4n−1

3
+ 2n−3

(
1 +

5

3
(−1)n+1

)
. I

Çà äîïîìîãîþ D�ïåðåòâîðåííÿ ìîæíà ðîçâ'ÿçóâàòè òàêîæ ñèñòåìè ðiçíè-

öåâèõ ðiâíÿíü çi ñòàëèìè êîåôiöi¹íòàìè. Äî òàêèõ ñèñòåì, çîêðåìà, ïðèâîäÿòü

çàäà÷i, ïîâ'ÿçàíi ç ïåðåäà÷åþ òà ïåðåòâîðåííÿì iìïóëüñiâ.

Íåõàé áàãàòîâèìiðíà ëiíiéíà äèñêðåòíà ñòàöiîíàðíà ñèñòåìà îïèñó¹òüñÿ

ðiâíÿííÿì ñòàíó

xn+1 = Axn +Bgn (6.31)

i ðiâíÿííÿì âèõiäíîãî ñèãíàëó

yn = Cxn, (6.32)

äå xn � k -âèìiðíèé âåêòîð ñòàíó ñèñòåìè, gn � r -âèìiðíèé âõiäíèé ñèãíàë,

yn � m-âèìiðíèé âèõiäíèé ñèãíàë, A,B,C � ìàòðèöi ïîðÿäêiâ k× k, k× r,
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m × k âiäïîâiäíî. Äëÿ k -âèìiðíîãî âåêòîðà ïî÷àòêîâîãî ñòàíó x0, âèêîðè-

ñòîâóþ÷è D�ïåðåòâîðåííÿ, çíàéäåìî çàêîí çìiíè âåêòîðà ñòàíó òà âèõiäíîãî

ñèãíàëó.

Çàñòîñó¹ìî äî îáîõ ÷àñòèí ìàòðè÷íèõ ðiâíÿíü (6.31) i (6.32) D�ïåðå-

òâîðåííÿ, âðàõîâóþ÷è, ùî xn → X∗(p), yn → Y∗(p) i gn → G∗(p). Òîäi

îïåðàòîðíèì ðiâíÿííÿì ¹

epX∗(p)− epx0 = AX∗(p) +BG∗(p)

àáî

(epE−A)X∗(p) = epx0 +BG∗(p),

äå E � îäèíè÷íà ìàòðèöÿ k -ãî ïîðÿäêó. Çâiäñè

X∗(p) = (epE−A)−1epx0 + (epE−A)−1BG∗(p).

Çîáðàæåííÿ âèõiäíîãî ñèãíàëó ç ðiâíÿííÿ (6.32) çàïèøåìî ó âèãëÿäi

Y∗(p) = C(epE−A)−1epx0 +C(epE−A)−1BG∗(p).

Çàñòîñîâóþ÷è äî çîáðàæåíü X∗(p) òà Y∗(p) ôîðìóëó (6.18), ìîæíà çíàéòè

çàêîí çìiíè âåêòîðà ñòàíó xn òà âèõiäíèé ñèãíàë yn.

Ïðèêëàä 6.13. Çíàéòè çàêîí çìiíè âåêòîðà ñòàíó òà âèõiäíîãî ñèãíà-

ëó äèíàìi÷íî¨ ñèñòåìèx
1
n+1 = x1n + x2n + gn,

x2n+1 = 2x1n − 2gn,
yn = x1n + x2n,

äëÿ âõiäíîãî ñèãíàëó gn = 2n i ïî÷àòêîâèõ óìîâ x10 = 2, x20 = 0.

Ðîçâ'ÿçàííÿ. Çîáðàæåííÿì âõiäíîãî ñèãíàëó ¹

gn → G∗(p) =
ep

ep − 2
.

Îñêiëüêè

A =

1 1

2 0

 , B =

 1

−2

 , C =
(
1 1

)
, x0 =

2

0

 ,
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òî

(epE−A)−1 =

ep − 1 −1

−2 ep

−1

=
1

e2p − ep − 2

ep 1

2 ep − 1

 ,

C(epE−A)−1 =
1

e2p − ep − 2

(
1 1

)ep 1

2 ep − 1

 =
1

e2p − ep − 2

(
ep + 2 ep

)
,

(epE−A)−1B =
1

e2p − ep − 2

ep 1

2 ep − 1

 1

−2

 =
1

e2p − ep − 2

 ep − 2

4− 2ep

 ,

C(epE−A)−1B =
1

e2p − ep − 2

(
ep + 2 ep

) 1

−2

 = − 1

ep + 1
.

Çíàéäåìî çîáðàæåííÿ X∗(p) òà Y∗(p) :

X∗(p) =
1

e2p − ep − 2

ep 1

2 ep − 1

2

0

+
1

e2p − ep − 2

 ep − 2

4− 2ep

 ep

ep − 2
=

=

 2e2p+ep

e2p−ep−2

2ep

e2p−ep−2

 =

 2ep

ep−2 −
2
3 ·

1
ep−2 −

1
3 ·

1
ep+1

4
3 ·

1
ep−2 +

2
3 ·

1
ep+1

;

Y∗(p) =
ep

e2p − ep − 2

(
ep + 2 ep

)2

0

− 1

ep + 1
· ep

ep − 2
=

=
2ep

ep − 2
+

2

3
· 1

ep − 2
+

1

3
· 1

ep + 1
.

Îñêiëüêè

ep

ep − 2
→ 2n,

1

ep − 2
→ 2n−1,

1

ep + 1
→ (−1)n−1,

òî âåêòîð ñòàíó i âèõiäíèé ñèãíàë âèçíà÷àþòüñÿ âiäïîâiäíî òàêèìè ôîðìó-

ëàìè

xn =

2n+1 − 2
3 · 2

n−1 − 1
3 · (−1)n−1

4
3 · 2

n−1 + 2
3 · (−1)n−1

 =

5
3 · 2

n + 1
3 · (−1)n

2
3 · 2

n − 2
3 · (−1)n

 ,

yn =
7

3
· 2n − 1

3
· (−1)n. I
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Êîíòðîëüíi ïèòàííÿ äî ðîçäiëó 6

1. ßêi ôóíêöi¨ íàçèâàþòü  ðàò÷àñòèìè? Íàâåäiòü ïðèêëàäè òàêèõ ôóíêöié.

ßêó ôóíêöiþ íàçèâàþòü îáâiäíîþ  ðàò÷àñòèõ ôóíêöié?

2. ßêó  ðàò÷àñòó ôóíêöiþ íàçèâàþòü äèñêðåòíèì îðèãiíàëîì? Íàâåäiòü ïðè-

êëàäè òàêèõ ôóíêöié. ßêó ôóíêöiþ ìîæíà ââàæàòè íàéïðîñòiøèì äèñêðå-

òíèì îðèãiíàëîì? Çà ÿêîþ ôîðìóëîþ ìîæíà çíàéòè çîáðàæåííÿ äèñêðå-

òíîãî îðèãiíàëà fn?

3. ßêèìè ôîðìóëàìè âèçíà÷àþòüñÿ äèñêðåòíå ïåðåòâîðåííÿ Ëàïëàñà òà ïå-

ðåòâîðåííÿ Ëîðàíà?

4. ßê âèçíà÷à¹òüñÿ îáåðíåíå ïåðåòâîðåííÿ Ëàïëàñà?

5. Ó ÷îìó ïîëÿãàþòü âëàñòèâîñòi ëiíiéíîñòi, çàãàþâàííÿ òà âèïåðåäæåííÿ

äèñêðåòíîãî îðèãiíàëà?

6. Çà äîïîìîãîþ ÿêèõ ôîðìóë âèçíà÷àþòüñÿ âëàñòèâîñòi çìiùåííÿ, äèôåðåí-

öiþâàííÿ òà iíòåãðóâàííÿ çîáðàæåííÿ äèñêðåòíîãî îðèãiíàëà?

7. ßêi ôîðìóëè ç òåîði¨ ëèøêiâ âèêîðèñòîâóþòü äëÿ âiäøóêàííÿ îðèãiíàëiâ

D�ïåðåòâîðåííÿ?

8. Ùî íàçèâàþòü çãîðòêîþ äâîõ  ðàò÷àñòèõ ôóíêöié? ×è ¹ öÿ çãîðòêà êî-

ìóòàòèâíîþ? Çà ÿêîþ ôîðìóëîþ ìîæíà çíàéòè çîáðàæåííÿ çãîðòêè äâîõ

 ðàò÷àñòèõ ôóíêöié?

9. ßêå ðiâíÿííÿ íàçèâàþòü ðiçíèöåâèì ðiâíÿííÿì (ëiíiéíèì ðiçíèöåâèì ðiâ-

íÿííÿì)? ßê âèçíà÷àþòüñÿ ðiçíèöi k -ãî ïîðÿäêó? ßê çà äîïîìîãîþ ði-

çíèöü ìîæíà çàïèñàòè ðiçíèöåâå ðiâíÿííÿ? ßê âèçíà÷à¹òüñÿ ïîðÿäîê ði-

çíèöåâîãî ðiâíÿííÿ?

10. Çà ÿêèìè ôîðìóëàìè ìîæíà çíàéòè çîáðàæåííÿ ðiçíèöü ðiçíîãî ïîðÿäêó?

11. ßêó ôóíêöiþ íàçèâàþòü ðîçâ'ÿçêîì ðiçíèöåâîãî ðiâíÿííÿ? ßê çàäàþòü

ïî÷àòêîâi óìîâè ðîçâ'ÿçêó? ßêi ôîðìóëè ëåæàòü â îñíîâi çàñòîñóâàííÿ

îïåðàöiéíèõ ìåòîäiâ äî ðîçâ'ÿçóâàííÿ ðiçíèöåâèõ ðiâíÿíü i ñèñòåì çi ñòà-

ëèìè êîåôiöi¹íòàìè?
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Ðåêîìåíäîâàíà ëiòåðàòóðà: [2, c. 151�156], [6, c. 53�112], [7, c. 156�171],

[13, ñ. 184�196], [17, ñ. 200�246].

Òåñòîâi çàâäàííÿ äî ðîçäiëó 6

6.1. Çîáðàæåííÿì äèñêðåòíîãî îðèãiíàëà fn íàçèâà¹òüñÿ ôóíêöiÿ F ∗(p)

êîìïëåêñíî¨ çìiííî¨ p âèäó:

A. F ∗(p) =
∞∑
n=1

fne
−pn B. F ∗(p) =

∞∑
n=−∞

fne
−pn

C. F ∗(p) =
∞∑
n=0

fne
−pn D. F ∗(p) =

∞∑
n=1

fne
pn.

6.2. Íåõàé fn � äèñêðåòíèé îðèãiíàë ç ïîêàçíèêîì çðîñòàííÿ s0. Çîáðà-

æåííÿ F ∗(p) îðèãiíàëà fn ¹ àíàëiòè÷íîþ ôóíêöi¹þ ó ïiâïëîùèíi:

A. Re p > s0 B. Re p < s0 C. Re p 6 s0 D. Re p > s0.

6.3.Ôîðìóëà îáåðíåíîãî D�ïåðåòâîðåííÿ âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì:

A. fn =
1

2πi

s+πi∫
s−πi

F ∗(p)epndp B. fn = − 1

2π

s+πi∫
s−πi

F ∗(p)epndp

C. fn =
1

2πi

s+i∞∫
s−i∞

F ∗(p)epndp D. fn =
1

2πi

s+πi∫
s−πi

F ∗(p)e−pndp.

6.4. Íåõàé f1n, f2n � äèñêðåòíi îðèãiíàëè i F ∗
1 (p), F

∗
2 (p) � ¨õ âiäïîâiä-

íi çîáðàæåííÿ. Òîäi äëÿ äîâiëüíèõ êîìïëåêñíèõ ÷èñåë α1, α2 çîáðàæåííÿì

îðèãiíàëà α1f1n + α2f2n ¹:

A. α1F
∗
1 (p)− α2F

∗
2 (p) B. α1α2F

∗
1 (p)F

∗
2 (p)

C. α1F
∗
1 (p) + α2F

∗
2 (p) D. α1F

∗
1 (p) + α2F

∗
2 (p)− α1α2F

∗
1 (p)F

∗
2 (p).

6.5. Çîáðàæåííÿì äèñêðåòíîãî îðèãiíàëà fn = cosαn ¹:

A. F ∗(p) =
ep

e2p − 2ep cosα + 1
B. F ∗(p) =

ep(ep − cosα)

e2p − 2ep cosα+ 1

C. F ∗(p) =
ep(ep + cosα)

e2p − 2ep cosα+ 1
D. F ∗(p) =

ep(ep − cosα)

e2p + 2ep cosα + 1
.

6.6. Çîáðàæåííÿì äèñêðåòíîãî îðèãiíàëà fn = shαn ¹:
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A. F ∗(p) =
ep shα

e2p − 2ep chα+ 1
B. F ∗(p) =

ep shα

e2p − 2ep shα+ 1

C. F ∗(p) =
ep

e2p − 2ep chα + 1
D. F ∗(p) =

ep shα

e2p + 2ep shα + 1
.

6.7. Íåõàé fn → F ∗(p) i k � äåÿêå íàòóðàëüíå ÷èñëî (k < n). Âëàñòèâiñòü

çàãàþâàííÿ äèñêðåòíîãî îðèãiíàëà âèðàæà¹ ñïiââiäíîøåííÿ:

A. fn−k → epkF ∗(p) B. fn−k → e−pkF ∗(p)

C. fn−k → e−kF ∗(p) D. fn−k → e−pF ∗(p+ k).

6.8. Çîáðàæåííÿì äèñêðåòíîãî îðèãiíàëà fn = eα(n−1) ¹:

A. F ∗(p) =
p

ep − eα
B. F ∗(p) =

1

ep − eα

C. F ∗(p) =
p

ep + eα
D. F ∗(p) =

p

ep + eα
.

6.9. Íåõàé fn → F ∗(p) i k � äåÿêå íàòóðàëüíå ÷èñëî. Âëàñòèâiñòü âèïå-

ðåäæåííÿ äèñêðåòíîãî îðèãiíàëà âèðàæà¹ ñïiââiäíîøåííÿ:

A. fn+k → epk
(
F ∗(p)−

k−1∑
m=0

fme
−pm
)

B. fn+k → epkF ∗(p)

C. fn+k → F ∗(p)−
k−1∑
m=0

fme
−pm D. fn+k → epk

(
F ∗(p) +

k−1∑
m=0

fme
−pm
)
.

6.10. Çîáðàæåííÿì äèñêðåòíîãî îðèãiíàëà fn = cosα(n+ 1) ¹:

A. F ∗(p) =
ep(ep cosα+ 1)

e2p − 2ep cosα+ 1
B. F ∗(p) =

ep(ep cosα + 1)

e2p + 2ep cosα + 1

C. F ∗(p) =
ep(ep cosα− 1)

e2p − 2ep cosα + 1
D. F ∗(p) =

ep

e2p − 2ep cosα + 1
.

6.11. Íåõàé fn → F ∗(p) i p0 � äîâiëüíå êîìïëåêñíå ÷èñëî. Âëàñòèâiñòü

çìiùåííÿ çîáðàæåííÿ âèðàæà¹ ñïiââiäíîøåííÿ:

A. e±p0nfn → pF ∗(p± p0) B. e±p0nfn → F ∗(p± p0)

C. e±p0nfn → e−pF ∗(p∓ p0) D. e±p0nfn → F ∗(p∓ p0).

6.12. Íåõàé fn → F ∗(p) i k ∈ N. Âëàñòèâiñòü äèôåðåíöiþâàííÿ çîáðàæå-

ííÿ âèðàæà¹ ñïiââiäíîøåííÿ:
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A.
dk

dpk
F ∗(p) → nkfn B.

dk

dpk
F ∗(p) → (−1)knkfn

C.
dk

dpk
F ∗(p) → nkfn+k D.

dk

dpk
F ∗(p) → (−1)kfn.

6.13. Çîáðàæåííÿì äèñêðåòíîãî îðèãiíàëà fn = n2 ¹:

A. F ∗(p) =
ep(ep + 1)

(ep − 1)3
B. F ∗(p) =

ep

(ep − 1)3

C. F ∗(p) =
ep + 1

(ep − 1)2
D. F ∗(p) =

ep − 1

(ep + 1)3
.

6.14. Íåõàé fn → F ∗(p), f0 = 0 i
fn
n

∣∣∣∣
n=0

= lim
n→+0

fn
n

= 0. Âëàñòèâiñòü

iíòåãðóâàííÿ çîáðàæåííÿ âèðàæà¹ ñïiââiäíîøåííÿ:

A.

+∞∫
p

F ∗(p)dp→
n∑

k=1

fk
k

B.

+∞∫
p

F ∗(p)dp→
n∑

k=0

fk
k

C.

+∞∫
p

F ∗(p)dp→ fn
n

D.

+∞∫
p

F ∗(p)dp→ −fn
n
.

6.15. Çîáðàæåííÿì äèñêðåòíîãî îðèãiíàëà fn =
θn−1

n
¹:

A. F ∗(p) = ln
2e

|ep − 1|
B. F ∗(p) = ln

ep

|ep − 1|

C. F ∗(p) = ln

∣∣∣∣ep − 1

ep + 1

∣∣∣∣ D. F ∗(p) = ln
1

|ep − 1|
.

6.16. Çãîðòêîþ fn ∗φn äâîõ  ðàò÷àñòèõ ôóíêöié fn i φn íàçèâàþòü ôóí-

êöiþ, âèçíà÷åíó ôîðìóëîþ:

A.
n∑

k=0

fn+k · φk B.
n∑

k=1

fn+k · φk

C.
n∑

k=0

fn−k · φk D.
n∑

k=1

fn−k · φk.

6.17. Íåõàé fn → F ∗(p) i φn → Φ∗(p). Âëàñòèâiñòü çîáðàæåííÿ çãîðòêè

âèðàæà¹òüñÿ ñïiââiäíîøåííÿì:

A. fn ∗ φn → pF ∗(p)Φ∗(p) B. fn ∗ φn → F ∗(p)Φ∗(p)

C. fn ∗ φn → F ∗(p) ∗ Φ∗(p) D. fn ∗ φn → pF ∗(p) + Φ∗(p).

6.18. Ðiâíÿííÿ âèäó F (n, fn, fn+1, . . . , fn+k) = 0 íàçèâà¹òüñÿ:
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A. ðiçíèöåâèì ðiâíÿííÿì n-ãî ïîðÿäêó

B. ðiçíèöåâèì ðiâíÿííÿì (n+ k)-ãî ïîðÿäêó

C. ðiçíèöåâèì ðiâíÿííÿì k-ãî ïîðÿäêó

D. ðiçíèöåâèì ðiâíÿííÿì ïåðøîãî ïîðÿäêó.

6.19. Íåõàé fn → F ∗(p), ∆jf0 = 0, j = 0, 1, . . . , k. Òîäi çîáðàæåííÿ

ðiçíèöi k -ãî ïîðÿäêó âiä äèñêðåòíîãî îðèãiíàëà fn âèðàæà¹òüñÿ ñïiââiäíîøå-

ííÿì:

A. ∆kfn → e−pkF ∗(p) B. ∆kfn → (ep + 1)kF ∗(p)

C. ∆kfn → epkF ∗(p) D. ∆kfn → (ep − 1)kF ∗(p).

6.20. Ïîðÿäîê ðiçíèöåâîãî ðiâíÿííÿ ∆3fn−∆2fn−5∆fn−3fn = n2 ðiâíèé:

A. 2 B. 3 C. 1 D. 4.

Âïðàâè äëÿ ñàìîñòiéíîãî âèêîíàííÿ

Âïðàâà 6.1. Âèêîðèñòîâóþ÷è âëàñòèâîñòi D�ïåðåòâîðåííÿ, çíàéäiòü

çîáðàæåííÿ äèñêðåòíèõ îðèãiíàëiâ:

1) fn = sh2 n, 2) fn = e
n
2 − 3e

n
4 ,

3) fn = ch 2(n− 3)θn−3, 4) fn = e−2n cos 3n,

5) fn = e2n shn, 6) fn = n3e4n,

7) fn = n2 sin
nπ

3
, 8) fn = (n+ 2) ch 2n,

9) fn =
3n − 1

n
, 10) fn =

1− cos 3n

n
.

Âïðàâà 6.2. Çíàéäiòü  ðàò÷àñòi ôóíêöi¨ äëÿ çàäàíèõ âiäîáðàæåíü:

1) F ∗(p) =
ep

e2p − 9ep + 20
, 2) F ∗(p) =

e3p

e6p − 1
,

3) F ∗(p) =
2ep

(ep − e)2
, 4) F ∗(p) =

ep

e2p + 2ep + 2
,

5) F ∗(p) =
ep

(ep − 1)2(ep + 2)
, 6) F ∗(p) =

e2p

(ep + 1)(ep − e)2
.
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Âïðàâà 6.3. Âèçíà÷òå ïîðÿäîê ðiçíèöåâèõ ðiâíÿíü:

1) ∆4fn + 3∆3fn + 3∆2fn − fn = 0,

2) ∆3fn + 2∆2fn + 2∆fn + fn = n2 + 2,

3) ∆3fn − 3∆2fn + 3∆fn − fn = 3n,

4) ∆3fn + 2∆2fn − 2∆fn + fn = en,

5) ∆4fn + 4∆3fn + 6∆2fn − 5∆fn − 6fn = n+ 1,

6) ∆3fn − 2∆2fn + fn = cos
nπ

3
.

Âïðàâà 6.4. Çíàéäiòü ðîçâ'ÿçîê ðiçíèöåâîãî ðiâíÿííÿ, ÿêèé çàäîâîëüíÿ¹

çàäàíi ïî÷àòêîâi óìîâè:

1) fn+2 − fn+1 + fn = 0, f0 = f1 = 0,

2) fn+2 − 2fn = 0, f0 = 1, f1 = 2,

3) fn+2 + 2fn+1 + fn = 0, f0 = 1, f1 = 0,

4) fn+3 + 2fn+2 + 2fn+1 + fn = 0, f0 = f1 = 0, f2 = 2,

5) fn+4 + fn = 0, f0 = 0, f1 = f2 = 1, f3 = 0,

6) fn+1 + 2fn = n, f0 = 0,

7) fn+2 + fn = 1 + (−1)n, f0 = 0, f1 = 1,

8) fn+2 − 6fn+1 + 9fn = n2n, f0 = f1 = 0,

9) fn+3 − 3fn+2 + 3fn+1 − fn = cosnπ, f0 = f1 = f2 = 0,

10) fn+3 + 3fn+2 + 3fn+1 + fn = n2, f0 = f1 = f2 = 0.



ÐÎÇÄIË 7. Çàñòîñóâàííÿ ñèñòåì êîìï'þòåðíî¨

ìàòåìàòèêè äëÿ ðîçâ'ÿçóâàííÿ çàäà÷

îïåðàöiéíîãî ÷èñëåííÿ

Ñüîãîäíi ñïîñòåðiãà¹ìî ñòðiìêå çðîñòàííÿ çàñòîñóâàííÿ óíiâåðñàëüíèõ ìà-

òåìàòè÷íèõ ïàêåòiâ (Mathematica, Maple òà Mathcad, MATLAB òà ií.) ó íà-

óêîâèõ äîñëiäæåííÿõ é îñâiòi. Âîíè ìàþòü äðóæíié iíòåðôåéñ, ðåàëiçóþòü

÷èñëåííi ñòàíäàðòíi òà ñïåöiàëüíi ìàòåìàòè÷íi îïåðàöi¨, ìiñòÿòü ïîòóæíi ãðà-

ôi÷íi çàñîáè, ìàþòü âëàñíi ìîâè ïðîãðàìóâàííÿ [4], [15], [20].

Ó öüîìó ðîçäiëi ïîêàçàíî, ÿê ìåòîäè îïåðàöiéíîãî ÷èñëåííÿ, âèêëàäåíi ó

ïîïåðåäíiõ ðîçäiëàõ, ìîæíà ðåàëiçóâàòè çàñîáàìè ñèñòåì êîìï'þòåðíî¨ ìàòå-

ìàòèêè Mathematica, Maple òà Mathcad.

�7.1. Ïåðåòâîðåííÿ Ëàïëàñà òà îáåðíåíå ïåðåòâîðåííÿ Ëàïëàñà

ó ìàòåìàòè÷íèõ ïàêåòàõ Mathematica, Maple, Mathcad

Íàâåäåìî ñïî÷àòêó îñíîâíi êîìàíäè òà ôóíêöi¨ äëÿ ðîáîòè ç êîìïëåêñíè-

ìè ÷èñëàìè ó ñèñòåìàõ Mathematica, Maple òà Mathcad.

Ó Maple òàêèìè ôóíêöiÿìè ¹:

> Z:=2-3*I:

> Re(Z);

2

> Im(Z);

−3
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> abs(Z);
√
13

> argument(Z);

− arctan
(
3
2

)
> conjugate(Z);

2 + 3I.

Ó Mathcad äëÿ öüîãî æ êîìïëåêñíîãî ÷èñëà âèêîðèñòîâóþòü òàêi êîìàí-

äè:

Z := 2− 3i Re(Z) = 2

Im(Z) = −3 |Z| = 3.606

arg(Z) = −0.983 Z = 2+ 3i

Ó ñèñòåìi Mathematica îñíîâíèìè ôóíêöiÿìè äëÿ ðîáîòè ç êîìïëåêñíèìè

÷èñëàìè ¹:

Z:=2− 3 ∗ I;Z:=2− 3 ∗ I;Z:=2− 3 ∗ I;

Re[Z]Re[Z]Re[Z] Im[Z]Im[Z]Im[Z] Conjugate[Z]Conjugate[Z]Conjugate[Z]

2 −3 2 + 3i

Abs[Z]Abs[Z]Abs[Z] Arg[Z]Arg[Z]Arg[Z]
√
13 −ArcTan

[
3
2

]
.

Ðîçãëÿíåìî òåïåð ñïîñîáè çíàõîäæåííÿ çîáðàæåíü îðèãiíàëiâ ó ñèñòåìàõ

êîìï'þòåðíî¨ ìàòåìàòèêè.

Ó Maple çíàéòè çîáðàæåííÿ îðèãiíàëà f(t) ìîæíà äâîìà ñïîñîáàìè: áåç-

ïîñåðåäíüî çà îçíà÷åííÿì, òîáòî çà ôîðìóëîþ

F (p) =

+∞∫
0

f(t)e−pt dt, (7.1)

àáî çà äîïîìîãîþ êîìàíäè laplace ç ïàêåòó inttrans. Ðîçãëÿíåìî öi ñïîñîáè

íà êîíêðåòíîìó ïðèêëàäi.

Ïðèêëàä 7.1. Çíàéòè çîáðàæåííÿ îðèãiíàëà sin4 4t çàñîáàìè Maple.
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Ðîçâ'ÿçàííÿ. Ïåðøèé ñïîñiá. Íàáèðà¹ìî ó ðîáî÷îìó ïîëi Maple:

> assume(t::real):

> assume(p::complex):

> assume(Re(p)>0):

> int(exp(-p*t)*(sin(4*t))∧4, t=0..+in�nity);

Ó ðåçóëüòàòi îäåðæó¹ìî:

6144

p∼ (p∼2 +256)(p∼2 +64)
.

Çíàê ∼ îçíà÷à¹, ùî p ¹ êîìïëåêñíîþ çìiííîþ ç äîäàòíîþ äiéñíîþ ÷àñòèíîþ.

Äðóãèé ñïîñiá. Ïiäêëþ÷à¹ìî ïàêåò inttrans çà äîïîìîãîþ êîìàíäè

> with(inttrans):

Ñåðåä êîìàíä öüîãî ïàêåòó ¹ êîìàíäà laplace. Ïàðàìåòðè ââîäó öi¹¨ êî-

ìàíäè ¹ òàêèìè:

> laplace(f(t), t, p);

Ó öüîìó çàïèñi f(t) � îðèãiíàë, çîáðàæåííÿ ÿêîãî ïîòðiáíî çíàéòè, t �

çìiííà, âiä ÿêî¨ çàëåæèòü îðèãiíàë, p � çìiííà, âiäíîñíî ÿêî¨ çàïèñó¹òüñÿ

ðåçóëüòàò ïåðåòâîðåííÿ.

Íàáèðàþ÷è ó ðîáî÷îìó ïîëi Maple

> laplace((sin(4*t))∧4, t, p);

îäåðæó¹ìî øóêàíå çîáðàæåííÿ

6144

p(p2 + 256)(p2 + 64)
.

Îòæå,

sin4 4t→ 6144

p(p2 + 256)(p2 + 64)
. I

Äëÿ âiäøóêàííÿ çîáðàæåííÿ äåÿêîãî îðèãiíàëà ó Mathcad íà ïàíåëi ií-

ñòðóìåíòiâ Symbolic íàòèñêà¹ìî êíîïêó laplace, ïiñëÿ ÷îãî ó ðîáî÷ié îáëàñòi

ç'ÿâèòüñÿ øàáëîí

� laplace, � → .

Çëiâà âiä êîìàíäè laplace ïîòðiáíî ââåñòè ôîðìóëó îðèãiíàëà, çîáðàæåííÿ

ÿêîãî øóêà¹ìî, à ñïðàâà � çìiííó iíòåãðóâàííÿ â iíòåãðàëi Ëàïëàñà.
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Ïðèêëàä 7.2. Çíàéòè çîáðàæåííÿ îðèãiíàëiâ (t2+1) cos 3t i (t2+3t)e4t

çàñîáàìè Mathcad.

Ðîçâ'ÿçàííÿ. Ó ðîáî÷îìó ïîëi Mathcad íàáèðà¹ìî êîìàíäè

(t2 + 1) · cos(3 · t) laplace, t → −6

(s2 + 9)2
· s+ 8 · s3

(s2 + 9)3
+

s

s2 + 9

(t2 + 3 · t) · e4·t laplace, t → 3 · s− 10

(s− 4)3
.

Ç ïðàâî¨ ÷àñòèíè îòðèìàíèõ ñïiââiäíîøåíü ìà¹ìî øóêàíi çîáðàæåííÿ, òîáòî

(t2 + 1) cos 3t→ −6p

(p2 + 9)2
+

8p3

(p2 + 9)3
+

p

p2 + 9
, (t2 + 3t)e4t → −10 + 3p

(p− 4)3
. I

Ó ñèñòåìi Mathematica äëÿ çíàõîäæåííÿ çîáðàæåííÿ îðèãiíàëà ïåðåäáà-

÷åíà ôóíêöiÿ LaplaceTransform.

Ïðèêëàä 7.3. Çíàéòè çîáðàæåííÿ îðèãiíàëiâ 2t− 3, 3t sin 2t çàñîáàìè

Mathematica.

Ðîçâ'ÿçàííÿ. Âèêîðèñòîâóþ÷è ôóíêöiþ LaplaceTransform, îäåðæó¹ìî

LaplaceTransform[2 ∗ t− 3, t, p]LaplaceTransform[2 ∗ t− 3, t, p]LaplaceTransform[2 ∗ t− 3, t, p]

2

p2
− 3

p

LaplaceTransform[3 ∗ t ∗ Sin[2 ∗ t], t, p]LaplaceTransform[3 ∗ t ∗ Sin[2 ∗ t], t, p]LaplaceTransform[3 ∗ t ∗ Sin[2 ∗ t], t, p]
12p

(4 + p2)2
.

Îòæå,

2t− 3 → 2

p2
− 3

p
, 3t sin 2t→ 12p

(4 + p2)2
. I

Çà äîïîìîãîþ ñèñòåì êîìï'þòåðíî¨ ìàòåìàòèêè ìîæíà çíàõîäèòè òàêîæ

çîáðàæåííÿ êóñêîâî-íåïåðåðâíèõ ôóíêöié.

Ïðèêëàä 7.4. Çàñîáàìè Maple çíàéòè çîáðàæåííÿ îðèãiíàëà

f(t) =



sin t, ÿêùî 0 6 t < π
2 ,

2
π(π − t), ÿêùî π

2 6 t < 3π
2 ,

sin 2t, ÿêùî 3π
2 6 t < 2π,

0, ÿêùî t > 2π.
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Ðîçâ'ÿçàííÿ. Ïåðøèé ñïîñiá. Ïîòðiáíå çîáðàæåííÿ çíàõîäèìî, âèêîðèñòî-

âóþ÷è ôîðìóëó (7.1) òà âëàñòèâiñòü àäèòèâíîñòi iíòåãðàëà:

> restart;

> A:=int(exp(-p*t)*sin(t), t=0..Pi/2):

> B:=int(exp(-p*t)*2/Pi*(Pi-t), t=Pi/2..3*Pi/2):

> C:=int(exp(-p*t)*sin(2*t), t=3*Pi/2..2*Pi):

> A+B+C;

−−1 + pe(−
πp
2 )

p2 + 1
+
e(−

πp
2 )πp− 2e(−

πp
2 ) + e(−

3πp
2 )πp+ 2e(−

3πp
2 )

p2π

−
2
(
e(

πp
2 ) + 1

)
e(−2πp)

p2 + 4
.

Äðóãèé ñïîñiá. Âèêîðèñòîâó¹ìî ïàêåò inttrans òà ôóíêöiþ Heaviside:

> with(inttrans):

> laplace((Heaviside(t)-Heaviside(t-Pi/2))*sin(t)+

(Heaviside(t-Pi/2)- Heaviside(t-3*Pi/2))*2/Pi*(Pi-t)+

(Heaviside(t-3*Pi/2)-Heaviside(t-2*Pi))*sin(2*t),t,p);

−
2
(
e(−

3πp
2 ) + e(−2πp)

)
p2 + 4

+
2
(
e(

−3πp
2 ) − e(−

πp
2 )
)

πp2
+

1− pe(−
πp
2 )

p2 + 1
+
e(

−3πp
2 ) + e(−

πp
2 )

p
.

Îòæå,

f(t) → −2

p2 + 4

(
e−

3πp
2 + e−2πp

)
+

2

πp2

(
e

−3πp
2 − e−

πp
2

)
+

+
1− pe−

πp
2

p2 + 1
+

1

p

(
e

−3πp
2 + e−

πp
2

)
. I

Ïîêàæåìî òåïåð, ÿê çàñîáàìè ñèñòåì êîìï'þòåðíî¨ ìàòåìàòèêè ìîæíà

çíàéòè çîáðàæåííÿ çàäàíîãî îðèãiíàëà.

Ïðèêëàä 7.5. Çíàéòè çîáðàæåííÿ îðèãiíàëà f(t), ãðàôiê ÿêîãî çîáðà-

æåíèé íà ðèñ. 12.
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Ðîçâ'ÿçàííÿ. Ôóíêöiÿ f(t) ¹ ïåðiîäè÷íîþ ç ïåðiîäîì T = 2τ. Íà iíòåðâàëi

(0, 2τ) âîíà çàäà¹òüñÿ ôîðìóëîþ

f0(t) =

t, ÿêùî 0 < t < τ,

2τ − t, ÿêùî τ < t < 2τ.

6

-
O tτ

τ

2τ 4τ

f(t)

Ðèñ. 12

Çíàéäåìî çîáðàæåííÿ îðèãiíàëà f0(t) ó ñèñòåìàõ Mathematica, Maple òà

Mathcad.

Ó ïàêåòi Mathematica ìà¹ìî:

F = Integrate[t ∗ Exp[(−p) ∗ t], {t, 0, τ}]+F = Integrate[t ∗ Exp[(−p) ∗ t], {t, 0, τ}]+F = Integrate[t ∗ Exp[(−p) ∗ t], {t, 0, τ}]+

Integrate[(2 ∗ τ − t) ∗ Exp[(−p) ∗ t], {t, τ, 2 ∗ τ}]Integrate[(2 ∗ τ − t) ∗ Exp[(−p) ∗ t], {t, τ, 2 ∗ τ}]Integrate[(2 ∗ τ − t) ∗ Exp[(−p) ∗ t], {t, τ, 2 ∗ τ}]
e−2pτ (1 + epτ(−1 + pτ))

p2
+

1− e−pτ(1 + pτ)

p2

FullSimplify[F ]FullSimplify[F ]FullSimplify[F ]

e−2pτ (−1 + epτ)2

p2
.

Çàñîáàìè Maple îäåðæó¹ìî:

> F1:=Int(t*exp(-p*t), t=0..tau)=int(t*exp(-p*t), t=0..tau);

F1 :=

τ∫
0

te(−pt)dt = −−1 + e(−pτ) + e(−pτ)pτ

p2

> F2:=Int((2*tau-t)*exp(-p*t), t=tau..2*tau)=

int((2*tau-t)*exp(-p*t), t=tau..2*tau);

F2 :=

2τ∫
τ

(2τ − t)e(−pt)dt =
e(−pτ)pτ − e(−pτ) + e(−2pτ)

p2
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> collect(F1+F2, p);

τ∫
0

te(−pt)dt+

2τ∫
τ

(2τ − t)e(−pt)dt =
1− 2e(−pτ) + e(−2pτ)

p2
.

Ó Mathcad ç ïàíåëi iíñòðóìåíòiâ Calculus ââåäåìî iíòåãðàëè, ÿêi ïîòðiáíî

çíàéòè:

F(p) :=

τ∫
0

t · e−p·tdt+

2·τ∫
τ

(2 · τ − t) · e−p·tdt simplify

→
−
[
2 · e(−τ)·p − 1− e(−2)·τ ·p]

p2

F(p) collect,p → (−2) · e(−τ)·p + 1+ e(−2)·τ ·p

p2
.

Ó âñiõ ñèñòåìàõ êîìï'þòåðíî¨ ìàòåìàòèêè îòðèìàëè îäíàêîâèé ðåçóëüòàò:

f0(t) →
e−2pτ(epτ − 1)2

p2
.

Âðàõîâóþ÷è ôîðìóëó (2.7), îäåðæó¹ìî çîáðàæåííÿ F (p) îðèãiíàëà f(t):

F (p) =
e−2pτ(1− epτ)2

p2(1− e−2pτ)
. I

Çàñîáàìè ìàòåìàòè÷íîãî ïàêåòó Maple çðó÷íî çíàõîäèòè çîáðàæåííÿ äè-

ôåðåíöiàëüíèõ âèðàçiâ.

Ïðèêëàä 7.6. Çíàéòè çîáðàæåííÿ äèôåðåíöiàëüíîãî âèðàçó

xIV(t)− 5x′′′(t)− 4x′′(t) + 2x′(t)− x(t) + 8,

ÿêùî x(0) = 5, x′(0) = 0, x′′(0) = −1, x′′′(0) = 2.

Ðîçâ'ÿçàííÿ. Âiäøóêàííÿ ïîòðiáíîãî çîáðàæåííÿ â Maple ìîæíà ðåàëiçó-

âàòè, íàïðèêëàä, çà äîïîìîãîþ òàêèõ êîìàíä:

> with(inttrans):

> ode:=di�(x(t), t$4)-5*di�(x(t), t$3)-4*di�(x(t), t$2)+
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2*di�(x(t), t)-x(t)+8;

ode :=

(
d4

dt4
x(t)

)
− 5

(
d3

dt3
x(t)

)
− 4

(
d2

dt2
x(t)

)
+ 2

(
d

dt
x(t)

)
− x(t) + 8

> F:=laplace(ode, t, p):

> subs({x(0)=5, D(x)(0)=0, (D@@2)(x)(0)=-1, (D@@3)(x)(0)=2,

laplace(x(t), t,p) = X(p)} ,F) ;

p4X(p)− 17 + 21p− 5p3 − 5p3X(p) + 25p2 − 4p2X(p) + 2pX(p)−X(p) +
8

p

> collect(%, X(p));

(p4 − 5p3 − 4p2 + 2p− 1)X(p)− 17 + 21p− 5p3 + 25p2 +
8

p
. I

Ïîêàæåìî òåïåð, ÿê çàñîáàìè ñèñòåì êîìï'þòåðíî¨ ìàòåìàòèêè ìîæíà

ðåàëiçóâàòè òåîðåìó Áîðåëÿ (òåîðåìà 3.3) äëÿ çíàõîäæåííÿ çîáðàæåííÿ çà-

äàíîãî îðèãiíàëà.

Ïðèêëàä 7.7. Çíàéòè çîáðàæåííÿ îðèãiíàëà sin t cos3 t.

Ðîçâ'ÿçàííÿ. Ó ïàêåòi Mathematica àëãîðèòì çíàõîäæåííÿ çîáðàæåííÿ ìî-

æå áóòè òàêèì:

f1 = Sin[t];f1 = Sin[t];f1 = Sin[t];

f2 = Cos[t]∧3;f2 = Cos[t]∧3;f2 = Cos[t]∧3;

F1 = LaplaceTransform[f1, t, q];F1 = LaplaceTransform[f1, t, q];F1 = LaplaceTransform[f1, t, q];

F2 = LaplaceTransform[f2, t, q];F2 = LaplaceTransform[f2, t, q];F2 = LaplaceTransform[f2, t, q];

F1 = F1/.q → p− q;F1 = F1/.q → p− q;F1 = F1/.q → p− q;

F = F1 ∗ F2F = F1 ∗ F2F = F1 ∗ F2
q
(
7 + q2

)
(1 + (p− q)2) (9 + 10q2 + q4)

R1 = Residue[F, {q, p− I}];R1 = Residue[F, {q, p− I}];R1 = Residue[F, {q, p− I}];

R2 = Residue[F, {q, p+ I}];R2 = Residue[F, {q, p+ I}];R2 = Residue[F, {q, p+ I}];

−FullSimplify[R1+ R2]−FullSimplify[R1+ R2]−FullSimplify[R1+ R2]

10 + p2

64 + 20p2 + p4
.
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Îñêiëüêè ïîêàçíèêè çðîñòàííÿ ôóíêöié sin t i cos3 t äîðiâíþþòü íóëþ,

òî iíòåãðóâàííÿ ìîæíà ïðîâîäèòè ïî áóäü-ÿêié âåðòèêàëüíié ïðÿìié, ùî ëå-

æèòü ó ïðàâié ïiâïëîùèíi. Çíàê ìiíóñ â îñòàííüîìó ðÿäêó ââîäó îçíà÷à¹, ùî

âiäïîâiäíèé êîíòóð iíòåãðóâàííÿ áåðåòüñÿ ïðîòè ðóõó ãîäèííèêîâî¨ ñòðiëêè.

Çàóâàæèìî, ùî êîðåíi ìíîãî÷ëåíà q4+10q2+9 ¹ óÿâíèìè (q = ±3i, q = ±i),

òîáòî ëåæàòü ëiâiøå ïðÿìî¨ iíòåãðóâàííÿ.

Ó Maple ìà¹ìî òàêó ïîñëiäîâíiñòü êîìàíä:

> with(inttrans):

> f1:=sin(t): f2 := (cos(t))∧3 :

> F1:=laplace(f1, t, q):

> F2:=laplace(f2, t, q): F1:=subs(q=p-q, F1):

> F:=F1*F2;

F :=
q(7 + q2)

((p− q)2 + 1)(q2 + 1)(q2 + 9)

> R1:=residue(F, q=p-I): R2:=residue(F, q=p+I):

> simplify(factor(-(R1+R2)));

p2 + 10

(p2 + 16)(4 + p2)
.

Îòæå,

sin t cos3 t→ p2 + 10

(p2 + 16)(4 + p2)
. I

Ïîêàæåìî òåïåð, ÿê ó ñèñòåìàõ êîìï'þòåðíî¨ ìàòåìàòèêè ìîæíà çíàéòè

îðèãiíàë çà âiäîìèì çîáðàæåííÿì.

Ïðèêëàä 7.8. Çíàéòè îðèãiíàë çà âiäîìèì çîáðàæåííÿì

p2 + 1

(p+ 1)2(p− 1)
.

Ðîçâ'ÿçàííÿ. Àíàëiòè÷íèé ìåòîä çíàõîäæåííÿ öüîãî îðèãiíàëà îïèñàíèé ó

�4.3.

Ó ñèñòåìi Maple øóêàíèé îðèãiíàë çíàõîäèìî çà äîïîìîãîþ êîìàíä:

> with(inttrans):
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> invlaplace((p∧2+ 1)/((p+ 1)∧2 ∗ (p− 1)),p, t);

t sinh(t)− coth(t)(−1 + t).

Áà÷èìî, ùî ðåçóëüòàò çàïèñàíèé ÷åðåç ãiïåðáîëi÷íi ôóíêöi¨ (sinh(t) � öå

ãiïåðáîëi÷íèé ñèíóñ sh t, à cosh(t) � ãiïåðáîëi÷íèé êîñèíóñ ch t).

Ðîçâ'ÿçàííÿ öi¹¨ çàäà÷i â Mathematica çäiéñíþ¹òüñÿ çà äîïîìîãîþ îïåðà-

òîðà InverseLaplaceTransform. Îòæå,

f = InverseLaplaceTransform[(p∧2 + 1)/((p+ 1)∧2 ∗ (p− 1)), p, t]f = InverseLaplaceTransform[(p∧2 + 1)/((p+ 1)∧2 ∗ (p− 1)), p, t]f = InverseLaplaceTransform[(p∧2 + 1)/((p+ 1)∧2 ∗ (p− 1)), p, t]

1

2
e−t
(
1 + e2t − 2t

)
.

Òåïåð øóêàíèé îðèãiíàë çíàéäåíèé ó çðó÷íiøîìó âèãëÿäi.

Ïðîöåñ âiäøóêàííÿ îðèãiíàëà çà âiäîìèì çîáðàæåííÿì ó Mathcad ðåàëi-

çó¹ìî çà äîïîìîãîþ êîìàíäè invlaplace ç ïàíåëi iíñòðóìåíòiâ Symbolic:

p2 + 1

(p+ 1)2 · (p− 1)
invlaplace,p → (−t) · e−t +

1

2
· e−t +

1

2
· et.

Îòæå,
p2 + 1

(p+ 1)2(p− 1)
→ e−t

2

(
1 + e2t − 2t

)
. I

Îðèãiíàëè çà âiäîìèì çîáðàæåííÿ ìîæíà øóêàòè òàêîæ, âèêîðèñòîâóþ÷è

òåîðåìè ðîçâèíåííÿ (� 4.3). Ïîêàæåìî, ÿê öåé ìåòîä ìîæå áóòè ðåàëiçîâàíèé

ó ñèñòåìàõ êîìï'þòåðíî¨ ìàòåìàòèêè Maple òà Mathematica.

Ïðèêëàä 7.9. Çíàéòè îðèãiíàë çà âiäîìèì çîáðàæåííÿì

1

(p+ 1)3(p2 + 4p− 5)2
.

Ðîçâ'ÿçàííÿ. Ñïî÷àòêó â Maple çíàõîäèìî ïîëþñè ôóíêöi¨ F (p) :

> F(p) := 1/((p+ 1)∧3 ∗ (p∧2+ 4 ∗ p− 5)∧2);

F (p) :=
1

(p+ 1)3(p2 + 4p− 5)2

> S:=[solve(1/F(p), p)];

S := [−1,−1,−1, 1,−5, 1,−5].
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Äàëi çíàõîäèìî ëèøêè ôóíêöi¨ eptF (p) ó ïîëþñàõ p1,2,3 = −1, p4,5 = 1,

p6,7 = −5:

> A:=residue(exp(p*t)*F(p), p=S[1]):

> B:=residue(exp(p*t)*F(p), p=S[4]):

> C:=residue(exp(p*t)*F(p), p=S[5]):

> simplify(A+B+C);

1

128
e(−t)t2+

7

1024
e(−t)+

1

128
te(−t)+

1

288
tet− 11

1728
et− 1

2304
e(−5t)t− 13

27648
e(−5t).

Òàêèé ñàìèé ðåçóëüòàò, òiëüêè çàïèñàíèé ó äåùî iíøîìó âèãëÿäi, îäåð-

æó¹ìî, âèêîðèñòîâóþ÷è êîìàíäó invlaplace:

> with(inttrans): invlaplace(F(p), p, t);

1

1024
e(−t)(8t+ 7 + 8t2)− 1

27648
e(−5t)(13 + 12t) +

1

1728
et(6t− 11).

Îòæå,
1

(p+ 1)3(p2 + 4p− 5)2
→ 1

1024
e−t(8t2 + 8t+ 7)−

− 1

27648
e−5t(12t+ 13) +

1

1728
et(6t− 11). I

Ïðèêëàä 7.10. Çíàéòè îðèãiíàë, ùî âiäïîâiäà¹ çîáðàæåííþ

p2 + 3p+ 7

(p3 + 2p2 + 4p+ 7)3(p2 + p+ 3)2
.

Ðîçâ'ÿçàííÿ. Çàäà÷ó ðîçâ'ÿæåìî çà äîïîìîãîþ ïàêåòó Mathematica:

P = p∧2 + 3 ∗ p+ 7;P = p∧2 + 3 ∗ p+ 7;P = p∧2 + 3 ∗ p+ 7;

Q = Product[(p− p[i])∧3, {i, 1, 3}]∗Q = Product[(p− p[i])∧3, {i, 1, 3}]∗Q = Product[(p− p[i])∧3, {i, 1, 3}]∗

Product[(p− p[i])∧2, {i, 4, 5}];Product[(p− p[i])∧2, {i, 4, 5}];Product[(p− p[i])∧2, {i, 4, 5}];

W = Sum[Residue[P/Q ∗ Exp[p ∗ t], {p, p[i]}], {i, 1, 5}];W = Sum[Residue[P/Q ∗ Exp[p ∗ t], {p, p[i]}], {i, 1, 5}];W = Sum[Residue[P/Q ∗ Exp[p ∗ t], {p, p[i]}], {i, 1, 5}];

S = NSolve[p∧3 + 2 ∗ p∧2 + 4 ∗ p+ 7, p];S = NSolve[p∧3 + 2 ∗ p∧2 + 4 ∗ p+ 7, p];S = NSolve[p∧3 + 2 ∗ p∧2 + 4 ∗ p+ 7, p];

SS = NSolve[p∧2 + p+ 3, p];SS = NSolve[p∧2 + p+ 3, p];SS = NSolve[p∧2 + p+ 3, p];

S1 = Table[Replace[p,Part[Flatten[S], i]], {i, 1, 3}];S1 = Table[Replace[p,Part[Flatten[S], i]], {i, 1, 3}];S1 = Table[Replace[p,Part[Flatten[S], i]], {i, 1, 3}];

SS1 = Table[Replace[p,Part[Flatten[SS], i]], {i, 1, 2}];SS1 = Table[Replace[p,Part[Flatten[SS], i]], {i, 1, 2}];SS1 = Table[Replace[p,Part[Flatten[SS], i]], {i, 1, 2}];

R = Table[p[i] → S1[[i]], {i, 1, 3}];R = Table[p[i] → S1[[i]], {i, 1, 3}];R = Table[p[i] → S1[[i]], {i, 1, 3}];
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RR = Table[p[i+ 3] → SS1[[i]], {i, 1, 2}];RR = Table[p[i+ 3] → SS1[[i]], {i, 1, 2}];RR = Table[p[i+ 3] → SS1[[i]], {i, 1, 2}];

R1 = Union[R,RR];R1 = Union[R,RR];R1 = Union[R,RR];

f = W/.R1;f = W/.R1;f = W/.R1;

f = Simplify[ComplexExpand[f ]]f = Simplify[ComplexExpand[f ]]f = Simplify[ComplexExpand[f ]]

e−2.43318t
((
0.0022909 + 2.61386× 10−19i

)
e0.566815t+(

0.00173473 + 2.48262× 10−21i
)
e0.566815tt+(

0.000336234− 8.2742× 10−21i
)
e0.566815tt2 + e1.93318t

((−0.046875 + 0.i)− (0.00852273 + 0.i)t)Cos[1.65831t]−

(0.00127673 + 0.i)e2.36637t
((
−5.59554− 1.51424× 10−15i

)
+ t
)((

6.2408− 1.20321× 10−15i
)
+ t
)
Cos[1.93549t] +

(0.0428283 + 0.i)e1.93318tSin[1.65831t] +

(0.00942223 + 0.i)e1.93318ttSin[1.65831t]−

(0.0411233 + 0.i)e2.36637tSin[1.93549t] +(
0.0182154− 7.58942× 10−19i

)
e2.36637ttSin[1.93549t]−

(0.00113343 + 0.i)e2.36637tt2Sin[1.93549t]
)
.

Ó öüîìó âèïàäêó çà äîïîìîãîþ êîìàíäè InverseLaplaceTransform çíà-

éòè îðèãiíàë íå âäàñòüñÿ. I

�7.2. Ðîçâ'ÿçóâàííÿ ïðèêëàäíèõ çàäà÷ îïåðàöiéíîãî ÷èñëåííÿ

çàñîáàìè ìàòåìàòè÷íèõ ïàêåòiâ Mathematica, Maple òà Mathcad

Ïîêàæåìî, ÿê, âèêîðèñòîâóþ÷è ñèñòåìè êîìï'þòåðíî¨ ìàòåìàòèêè, ìîæíà

ðîçâ'ÿçóâàòè äåÿêi ïðèêëàäíi çàäà÷i îïåðàöiéíîãî ÷èñëåííÿ.

Ïðèêëàä 7.11. Îá÷èñëèòè íåâëàñíèé iíòåãðàë

+∞∫
0

1− cosxt

t2
dt.

Ðîçâ'ÿçàííÿ. Ó ñèñòåìi Maple àëãîðèòì ðîçâ'ÿçóâàííÿ ðåàëiçó¹òüñÿ çà äî-

ïîìîãîþ êîìàíä:

> with(inttrans):
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> f := int((1− cos(x ∗ t))/t∧2, t = 0..infinity) :

> F:=laplace(f, x, p);

F :=
π

2p2

> invlaplace(F, p, x);
xπ

2
.

Òîé ñàìèé íåâëàñíèé iíòåãðàë çàñîáàìè Mathcad çíàõîäèìî òàêèì ÷èíîì:

∞∫
0

1− cos(x · t)
t2

dt laplace,x → 1

2
· π
s2

1

2
· π
s2

invlaplace, s → 1

2
· π · t.

Íàãàäà¹ìî, ùî êîìàíäè � laplace,� → òà � invlaplace,� → ïîòðiáíî

âèáðàòè ç ïàíåëi iíñòðóìåíòiâ Symbolic.

Ó ñèñòåìi Mathematica çàäàíèé iíòåãðàë çíàõîäèìî çà äîïîìîãîþ êîìàíä

f =
∫∞
0 (1− Cos[x ∗ t])/(t∧2) dt;f =
∫∞
0 (1− Cos[x ∗ t])/(t∧2) dt;f =
∫∞
0 (1− Cos[x ∗ t])/(t∧2) dt;

F = LaplaceTransform[f, x, p]F = LaplaceTransform[f, x, p]F = LaplaceTransform[f, x, p]
π

2p2

InverseLaplaceTransform[F, p, x]InverseLaplaceTransform[F, p, x]InverseLaplaceTransform[F, p, x]

πx

2
.

Îòæå,
+∞∫
0

1− cosxt

t2
dt =

πx

2
. I

Ìåòîäè ðîçâ'ÿçóâàííÿ çâè÷àéíèõ ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

çi ñòàëèìè êîåôiöi¹íòàìè ðîçãëÿäàëèñü ó �5.2. Âèêîðèñòîâóþ÷è ñèñòåìè

êîìï'þòåðíî¨ ìàòåìàòèêè, íàâåäåìî ïðèêëàäè ðîçâ'ÿçóâàííÿ òàêèõ ðiâíÿíü.

Ïðèêëàä 7.12. Çíàéòè ðîçâ'ÿçîê çàäà÷i Êîøi

x′′(t) + 2x′(t) + 5x(t) = sin t, x(0) = 0, x′(0) = 1.
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Ðîçâ'ÿçàííÿ. Ó ñèñòåìi Maple ðîçâ'ÿçîê çàäàíî¨ çàäà÷i Êîøi ìîæíà çíàéòè

çà äîïîìîãîþ êîìàíäè dsolve, âêàçàâøè ïðè öüîìó ìåòîä ðîçâ'ÿçóâàííÿ:

> A1:=(D@@2)(x)(t)+2*D(x)(t)+5*x(t)=sin(t):

> A2:=x(0)=0,D(x)(0)=1:

> dsolve({A1,A2}, x(t), method=laplace);

x(t) = − 1

10
cos(t) +

1

5
sin(t) +

1

20
e(−t)(2 cos(2t) + 9 sin(2t)).

Îäíàê, ó ðåçóëüòàòi îòðèìàëè ðîçâ'ÿçîê áåç ÿâíîãî çàñòîñóâàííÿ ïåðåòâî-

ðåííÿ Ëàïëàñà. Äëÿ òîãî, ùîá �ïîáà÷èòè� ðîáîòó êîìàíäè dsolve, ïîòðiáíî

ââåñòè ïåðåä îïåðàòîðîì dsolve êîìàíäè:

> trace(dsolve):

> printlevel:=n:

äå n � öiëå ÷èñëî âiä 1 äî 1000. ßêùî n çìiíþ¹òüñÿ âiä 1 äî 5, òî

íà åêðàí âèâîäèòüñÿ iíôîðìàöiÿ ïðî öþ êîìàíäó, ÿêùî âiä 6 äî 10, òî

âèâîäèòüñÿ iíôîðìàöiÿ ïðî âêëàäåíó êîìàíäó ïåðøîãî ðiâíÿ i ò.ä. Êîìàíäà

printlevel:=1000 âèâîäèòü iíôîðìàöiþ ïðî ðîáîòó âñiõ âêëàäåíèõ êîìàíä.

Çà çàìîâ÷óâàííÿì printlevel:=1, òîáòî íà åêðàí ç'ÿâëÿ¹òüñÿ ðåçóëüòàò

òiëüêè áåçïîñåðåäíüî ââåäåíî¨ êîìàíäè, ó öüîìó âèïàäêó êîìàíäè dsolve.

Öþ ñàìó çàäà÷ó ó Maple ìîæíà ðîçâ'ÿçàòè òàêîæ çà äîïîìîãîþ ïàêåòó

inttrans:

> with(inttrans):

> f:=(D@@2)(x)(t)+2*D(x)(t)+5*x(t)=sin(t):

> F:=laplace(f, t, p):

> F1:=subs({x(0)=0, D(x)(0)=1, laplace(x(t), t, p)=X(p)}, F);

F1 := p2X(p)− 1 + 2pX(p) + 5X(p) =
1

p2 + 1

> X(p):=solve(F1, X(p));

X(p) :=
p2 + 2

p4 + 6p2 + 2p3 + 2p+ 5
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> x(t):=invlaplace(X(p), p, t);

x(t) := − 1

10
cos(t) +

1

5
sin(t) +

1

20
e(−t)(2 cos(2t) + 9 sin(2t)).

Çàäàíó çàäà÷ó Êîøi, âèêîðèñòîâóþ÷è ìåòîäè îïåðàöiéíîãî ÷èñëåííÿ, ðîç-

â'ÿæåìî ó ñèñòåìi Mathematica:

x[0] = 0;x[0] = 0;x[0] = 0;

x′[0] = 1;x′[0] = 1;x′[0] = 1;

l = x′′[t] + 2 ∗ x′[t] + 5 ∗ x[t]− Sin[t];l = x′′[t] + 2 ∗ x′[t] + 5 ∗ x[t]− Sin[t];l = x′′[t] + 2 ∗ x′[t] + 5 ∗ x[t]− Sin[t];

L = LaplaceTransform[l, t, p]L = LaplaceTransform[l, t, p]L = LaplaceTransform[l, t, p]

−1− 1

1 + p2
+ 5LaplaceTransform[x[t], t, p]+

2pLaplaceTransform[x[t], t, p] + p2LaplaceTransform[x[t], t, p]

L = L/.LaplaceTransform[x[t], t, p] → XL = L/.LaplaceTransform[x[t], t, p] → XL = L/.LaplaceTransform[x[t], t, p] → X

−1− 1

1 + p2
+ 5X + 2pX + p2X

G = Solve[L==0, X]G = Solve[L==0, X]G = Solve[L==0, X]{{
X → 2 + p2

(1 + p2) (5 + 2p+ p2)

}}
x = FullSimplify[InverseLaplaceTransform[x = FullSimplify[InverseLaplaceTransform[x = FullSimplify[InverseLaplaceTransform[Replace[X,G[[1]]], p, t]]Replace[X,G[[1]]], p, t]]Replace[X,G[[1]]], p, t]]

1

20

(
−2Cos[t] + 4Sin[t] + e−t(2Cos[2t] + 9Sin[2t])

)
.

Îòæå, øóêàíèì ðîçâ'ÿçêîì ¹

x(t) = − 1

10
cos t+

1

5
sin t+

1

20
e−t(2 cos 2t+ 9 sin 2t). I

Íàäàëi, ðîçâ'ÿçóþ÷è çàäà÷i ìåòîäàìè îïåðàöiéíîãî ÷èñëåííÿ, âèêîðèñòî-

âóâàòèìåìî òiëüêè ñèñòåìè Maple òà Mathematica, îñêiëüêè â Mathcad çðó-

÷íiøå çíàõîäèòè ÷èñëîâi ðîçâ'ÿçêè, à îïåðàòîðè ñèìâîëüíîãî îá÷èñëåííÿ íå

çàâæäè äàþòü ïîòðiáíèé ðåçóëüòàò.

Çà äîïîìîãîþ ìàòåìàòè÷íèõ ïàêåòiâ Maple òà Mathematica ìîæíà çíà-

õîäèòè ðîçâ'ÿçêè ëiíiéíèõ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü çi ñòàëèìè

êîåôiöi¹íòàìè, ïðàâà ÷àñòèíà ÿêèõ ¹ êóñêîâî-íåïåðåðâíîþ ôóíêöi¹þ.
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Ïðèêëàä 7.13. Çíàéòè ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ

x′′(t) + 9x(t) = f(t),

ÿêèé çàäîâîëüíÿ¹ ïî÷àòêîâi óìîâè x(0) = 0, x′(0) = 1, äå

f(t) =


t− 1, ÿêùî 1 6 t < 2,

3− t, ÿêùî 2 6 t < 3,

0, ÿêùî t > 3.

Ðîçâ'ÿçàííÿ. Ó ñèñòåìi Maple ïîòðiáíîãî ðåçóëüòàòó äîñÿãà¹ìî ïiñëÿ òàêî¨

ïîñëiäîâíîñòi êîìàíä:

> with(inttrans):

> f:=(D@@2)(x)(t)+9*x(t)=(t-1)*(Heaviside(t-1)-

Heaviside(t-2))+(3-t)*(Heaviside(t-2)-Heaviside(t-3)):

> F:=laplace(f, t, p);

F := p2 laplace(x(t), t, p)−D(x)(0)− px(0) + 9 laplace(x(t), t, p) =

e(−p) − 2e(−2p) + e(−3p)

p2

> F1:=subs({x(0)=0, D(x)(0)=1, laplace(x(t), t, p)=X(p)}, F);

F1(p) := p2X(p)− 1 + 9X(p) =
e(−p) − 2e(−2p) + e(−3p)

p2

> X(p):=solve(F1, X(p));

X(p) :=
p2 + e(−p) − 2e(−2p) + e(−3p)

p2(p2 + 9)

> x(t):=invlaplace(X(p), p, t);

x(t) :=
1

3
sin(3t) +

1

27
Heaviside(t− 1)(3t− 3− sin(3t− 3))−

2

27
Heaviside(t−2)(3t−6− sin(3t−6))+

1

27
Heaviside(t−3)(3t−9− sin(3t−9)).

ßê áà÷èìî, ðîçâ'ÿçîê ðiâíÿííÿ â Maple çàïèñó¹òüñÿ çà äîïîìîãîþ ôóíêöi¨

Õåâiñàéäà.
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Àíàëîãi÷íî öÿ çàäà÷à ðîçâ'ÿçó¹òüñÿ i ó ïàêåòi Mathematica, àëå çàìiñòü

ôóíêöi¨ Õåâiñàéäà Heaviside âèêîðèñòîâó¹ìî îïåðàòîð UnitStep:

a = UnitStep[t− 1];a = UnitStep[t− 1];a = UnitStep[t− 1];

b = UnitStep[t− 2];b = UnitStep[t− 2];b = UnitStep[t− 2];

c = UnitStep[t− 3];c = UnitStep[t− 3];c = UnitStep[t− 3];

l = x′′[t] + 9 ∗ x[t]− (t− 1) ∗ (a− b)− (3− t) ∗ (b− c);l = x′′[t] + 9 ∗ x[t]− (t− 1) ∗ (a− b)− (3− t) ∗ (b− c);l = x′′[t] + 9 ∗ x[t]− (t− 1) ∗ (a− b)− (3− t) ∗ (b− c);

L = LaplaceTransform[l, t, p]L = LaplaceTransform[l, t, p]L = LaplaceTransform[l, t, p]

3e−3p

p
− 4e−2p

p
+
e−p

p
− e−p(1 + p)

p2
+

2e−2p(1 + 2p)

p2
− e−3p(1 + 3p)

p2
+

9LaplaceTransform[x[t], t, p] + p2LaplaceTransform[x[t], t, p]− px[0]− x′[0]

L = L/.{x[0] → 0, x′[0] → 1};L = L/.{x[0] → 0, x′[0] → 1};L = L/.{x[0] → 0, x′[0] → 1};

L = L/.(LaplaceTransform[x[t], t, p]) → XL = L/.(LaplaceTransform[x[t], t, p]) → XL = L/.(LaplaceTransform[x[t], t, p]) → X

−1 + 3e−3p

p − 4e−2p

p + e−p

p − e−p(1+p)
p2 + 2e−2p(1+2p)

p2 − e−3p(1+3p)
p2 + 9X + p2X

G = Solve[L == 0, X]G = Solve[L == 0, X]G = Solve[L == 0, X]{{
X →

e−3p
(
1− 2ep + e2p + e3pp2

)
p2 (9 + p2)

}}
x = FullSimplify[InverseLaplaceTransform[x = FullSimplify[InverseLaplaceTransform[x = FullSimplify[InverseLaplaceTransform[Replace[X,G[[1]]], p, t]]Replace[X,G[[1]]], p, t]]Replace[X,G[[1]]], p, t]]
1
27(9Sin[3t] + (−9 + 3t+ Sin[9− 3t])UnitStep[−3 + t]−

2(−6 + 3t+ Sin[6− 3t])UnitStep[−2 + t]+

(−3 + 3t+ Sin[3− 3t])UnitStep[−1 + t]).

Îòæå, ðîçâ'ÿçêîì çàäàíî¨ çàäà÷i Êîøi ¹

x(t) =
1

3
sin 3t+

1

27
θ(t− 1) (3t− 3− sin(3t− 3))−

− 2

27
θ(t− 2) (3t− 6− sin(3t− 6)) +

1

27
θ(t− 3) (3t− 9− sin(3t− 9)) ,

äå θ(t− t0) � óçàãàëüíåíà ôóíêöiÿ Õåâiñàéäà (�1.1). I

Ñèñòåìà êîìï'þòåðíî¨ ìàòåìàòèêè Maple äà¹ ìîæëèâiñòü, âèêîðèñòî-

âóþ÷è òåîðåìè îïåðàöiéíîãî ÷èñëåííÿ, ðîçâ'ÿçóâàòè äèôåðåíöiàëüíi ðiâíÿ-

ííÿ çi ñòåïåíåâèìè êîåôiöi¹íòàìè (äèâ. ï. 5.2.5).
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Ïðèêëàä 7.14. Çíàéòè ðîçâ'ÿçîê ðiâíÿííÿ tx′′(t)+(t−1)x′(t)+x(t) = t2,

ÿêèé çàäîâîëüíÿ¹ óìîâó x(0) = 0.

Ðîçâ'ÿçàííÿ. Ó Maple ìà¹ìî òàêó ïîñëiäîâíiñòü êîìàíä:

> with(inttrans):

> f := t ∗ (D@@2)(x)(t) + (t− 1) ∗D(x)(t) + x(t) = t∧2 :

> F:=laplace(f, t, p);

F := −3p laplace(x(t), t, p)− p2
(
∂

∂p
laplace(x(t), t, p)

)
+ 2x(0)−

p

(
∂

∂p
laplace(x(t), t, p)

)
=

2

p3

> F1:=subs({x(0)=0, laplace(x(t), t, p)=y(p)}, F);

F1(p) := −3py(p)− p2
(
d

dp
y(p)

)
− p

(
d

dp
y(p)

)
=

2

p3

> Y(p):=dsolve(F1, y(p)):

> Y:=rhs(Y(p)):

Y :=

2

3p3
+

2

p
+

2

p2
+ _C1

(p+ 1)3

> x(t):=invlaplace(Y, p, t);

x(t) :=
1

6
t2(2 + e(−t)(−2 + 3_C1)). I

Çàóâàæèìî, ùî â Mathematica ðiâíÿííÿ ç ïðèêëàäó 7.14 ðîçâ'ÿçàòè íå

ìîæíà, áî ôóíêöiÿ LaplaceTransform íå ïåðåòâîðþ¹ âèðàçè âèäó tnx(n)(t).

Ó öüîìó âèïàäêó ìà¹ìî:

l = t ∗ x′′[t] + (t− 1) ∗ x′[t] + x[t];l = t ∗ x′′[t] + (t− 1) ∗ x′[t] + x[t];l = t ∗ x′′[t] + (t− 1) ∗ x′[t] + x[t];

L = LaplaceTransform[l, t, p]L = LaplaceTransform[l, t, p]L = LaplaceTransform[l, t, p]

LaplaceTransform[x[t], t, p]− pLaplaceTransform[x[t], t, p]+

LaplaceTransform [tx′[t], t, p] + LaplaceTransform [tx′′[t], t, p] + x[0].

ßê áà÷èìî, ñèñòåìà ïîâåðòà¹ âèðàçè áåç çìií.

Mathematica i Maple äîçâîëÿþòü ðîçâ'ÿçóâàòè äåÿêi òèïè ñèñòåì ëiíiéíèõ

çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü.
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Ïðèêëàä 7.15. Çíàéòè ðîçâ'ÿçîê ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíüx
′(t) = 2x(t) + 4y(t) + cos t,

y′(t) = −x(t)− 2y(t) + sin t,

ÿêèé çàäîâîëüíÿ¹ ïî÷àòêîâi óìîâè x(0) = −2, y(0) = 1.

Ðîçâ'ÿçàííÿ. Çàñîáàìè ñèñòåìè Mathematica çíàéäåìî ñïî÷àòêó ñèñòåìó

îïåðàòîðíèõ ðiâíÿíü òà ðîçâ'ÿæåìî ¨¨, à ïîòiì çíàéäåìî îðèãiíàëè ðîçâ'ÿçêó

öi¹¨ ñèñòåìè:

A = {{2, 4}, {−1,−2}};A = {{2, 4}, {−1,−2}};A = {{2, 4}, {−1,−2}};

f = {Cos[t], Sin[t]};f = {Cos[t], Sin[t]};f = {Cos[t], Sin[t]};

a = {−2, 1};n = 2;a = {−2, 1};n = 2;a = {−2, 1};n = 2;

T = Table[y[i]′[t]− Sum[A[[i, j]] ∗ y[j][t], {j, 1, n}]− f [[i]], {i, 1, n}];T = Table[y[i]′[t]− Sum[A[[i, j]] ∗ y[j][t], {j, 1, n}]− f [[i]], {i, 1, n}];T = Table[y[i]′[t]− Sum[A[[i, j]] ∗ y[j][t], {j, 1, n}]− f [[i]], {i, 1, n}];

T1 = Table[LaplaceTransform[T [[i]], t, p], {i, 1, n}];T1 = Table[LaplaceTransform[T [[i]], t, p], {i, 1, n}];T1 = Table[LaplaceTransform[T [[i]], t, p], {i, 1, n}];

b = Table[y[i][0] → a[[i]], {i, 1, n}];b = Table[y[i][0] → a[[i]], {i, 1, n}];b = Table[y[i][0] → a[[i]], {i, 1, n}];

T1 = T1/.bT1 = T1/.bT1 = T1/.b{
2− p

1+p2 − 2LaplaceTransform[y[1][t], t, p] + pLaplaceTransform[y[1][t], t, p]

−4LaplaceTransform[y[2][t], t, p],−1− 1
1+p2 +LaplaceTransform[y[1][t], t, p]+

2LaplaceTransform[y[2][t], t, p] + pLaplaceTransform[y[2][t], t, p]}

c = Array[d, n];c = Array[d, n];c = Array[d, n];

x = Table[LaplaceTransform[y[i][t], t, p] → c[[i]], {i, 1, n}];x = Table[LaplaceTransform[y[i][t], t, p] → c[[i]], {i, 1, n}];x = Table[LaplaceTransform[y[i][t], t, p] → c[[i]], {i, 1, n}];

T1 = T1/.x;T1 = T1/.x;T1 = T1/.x;

T2 = Table[T1[[i]] == 0, {i, 1, n}];T2 = Table[T1[[i]] == 0, {i, 1, n}];T2 = Table[T1[[i]] == 0, {i, 1, n}];

R = Solve[T2, c]R = Solve[T2, c]R = Solve[T2, c]{{
d[1] → −−4− p2 + 2p3

p2 (1 + p2)
, d[2] → −2− p− p3

p2 (1 + p2)

}}
X = c/.R[[1]];X = c/.R[[1]];X = c/.R[[1]];

x = FullSimplify[Table[InverseLaplaceTransform[X[[i]], p, t], {i, 1, n}]]x = FullSimplify[Table[InverseLaplaceTransform[X[[i]], p, t], {i, 1, n}]]x = FullSimplify[Table[InverseLaplaceTransform[X[[i]], p, t], {i, 1, n}]]

{4t− 2Cos[t]− 3Sin[t], 1− 2t+ 2Sin[t]}.

Âèêîðèñòîâóþ÷è ñèñòåìó Maple, îäåðæó¹ìî:

> with(inttrans):
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> A:={D(x)(t)-2*x(t)-4*y(t)-cos(t)=0,

D(y)(t)+x(t)+2*y(t)-sin(t)=0}:

> B:=laplace(A, t, p):

> B1:=subs({x(0)=-2, y(0)=1}, B):

> B2:=subs({laplace(x(t),t,p)=X(p),laplace(y(t),t,p)=Y(p)},B1);

B2 := {pX(p) + 2− 2X(p)− 4Y (p)− p

p2 + 1
= 0,

pY (p)− 1 +X(p) + 2Y (p)− 1

p2 + 1
= 0}

> L:=solve(B2, {X(p), Y(p)});

L :=

{
Y (p) =

−2 + p+ p3

p2(p2 + 1)
, X(p) = −2p3 − p2 − 4

p2(p2 + 1)

}
> l:=invlaplace(L, p, t):

> x(t):=rhs(l[2]);

x(t) := 4t− 2 cos(t)− 3 sin(t)

> y(t):=rhs(l[1]);

y(t) := −2t+ 2 sin(t) + 1.

Îòæå, ðîçâ'ÿçêîì çàäàíî¨ çàäà÷i Êîøi ¹

x(t) = 4t− 2 cos t− 3 sin t, y(t) = 1− 2t+ 2 sin t. I

Ñèñòåìè ñèìâîëüíî¨ ìàòåìàòèêè äîçâîëÿþòü òàêîæ ðîçâ'ÿçóâàòè îïåðà-

öiéíèìè ìåòîäàìè iíòåãðàëüíi ðiâíÿííÿ òèïó çãîðòêè (� 5.6).

Ïðèêëàä 7.16. Çíàéòè ðîçâ'ÿçîê iíòåãðàëüíîãî ðiâíÿííÿ

f(t) = t+ 2

t∫
0

(
(t− τ)− sin(t− τ)

)
f(τ)dτ.

Ðîçâ'ÿçàííÿ. Îñêiëüêè ïåðåòâîðåííÿ Ëàïëàñà çãiäíî ç òåîðåìîþ 3.3 ïåðå-

âîäèòü çãîðòêó îðèãiíàëiâ

k(t) ∗ f(t) =
t∫

0

((t− τ)− sin(t− τ))f(τ)dτ
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ó äîáóòîê çîáðàæåíü, àëãîðèòì ðîçâ'ÿçóâàííÿ öüîãî ðiâíÿííÿ â ñèñòåìi

Mathematica ìîæå áóòè òàêèì:

k = t− Sin[t];k = t− Sin[t];k = t− Sin[t];

φ = t;φ = t;φ = t;

K = LaplaceTransform[k, t, p];K = LaplaceTransform[k, t, p];K = LaplaceTransform[k, t, p];

Ψ = FullSimplify[K/(1− 2 ∗K)]Ψ = FullSimplify[K/(1− 2 ∗K)]Ψ = FullSimplify[K/(1− 2 ∗K)]

1

−2 + p2 + p4

Φ = LaplaceTransform[φ, t, p];Φ = LaplaceTransform[φ, t, p];Φ = LaplaceTransform[φ, t, p];

F = Φ+ 2 ∗Ψ ∗ ΦF = Φ+ 2 ∗Ψ ∗ ΦF = Φ+ 2 ∗Ψ ∗ Φ
1

p2
+

2

p2 (−2 + p2 + p4)

f = FullSimplify[InverseLaplaceTransform[F, p, t]]f = FullSimplify[InverseLaplaceTransform[F, p, t]]f = FullSimplify[InverseLaplaceTransform[F, p, t]]

1

6

(√
2Sin

[√
2t
]
+ 4Sinh[t]

)
.

Äåùî ïðîñòiøå çàäàíå ðiâíÿííÿ ìîæíà ðîçâ'ÿçàòè çàñîáàìè Maple. Öå

äîñÿãà¹òüñÿ òàêîþ ïîñëiäîâíiñòþ êîìàíä:

> with(inttrans): K:=laplace(t-sin(t), t, p);

K :=
1

p2(p2 + 1)

> F:=laplace(t,t,p);

F :=
1

p2

> X(p):=solve(X-F-2*K*X, X);

X(p) :=
p2 + 1

p4 + p2 − 2

> invlaplace(X(p), p, t);

1

6

√
2 sin(

√
2t) +

2

3
sinh(t).

Îòæå, ðîçâ'ÿçêîì çàäàíîãî iíòåãðàëüíîãî ðiâíÿííÿ ¹ ôóíêöiÿ

x(t) =

√
2

6
sin

√
2t+

2

3
sh t. I
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Ó Maple çà äîïîìîãîþ ïàêåòó ëiíiéíî¨ àëãåáðè linalg ìîæíà ðåàëiçóâà-

òè àëãîðèòì ðîçâ'ÿçóâàííÿ ñèñòåìè iíòåãðàëüíèõ ðiâíÿíü äðóãîãî ðîäó òèïó

çãîðòêè.

Ïðèêëàä 7.17. Çíàéòè ðîçâ'ÿçîê ñèñòåìè
x(t) +

t∫
0

cos(t− τ)x(τ)dτ +

t∫
0

sin(t− τ)y(τ)dτ = (1 + t) sin t,

y(t) +

t∫
0

sin(t− τ)x(τ)dτ +

t∫
0

cos(t− τ)y(τ)dτ = cos t+ sin t.

Ðîçâ'ÿçàííÿ. Äëÿ çðó÷íîñòi ïîçíà÷èìî

f1(t) = (1 + t) sin t, f2(t) = cos t+ sin t,

k11(t) = cos t, k12(t) = sin t, k21(t) = sin t, k22(t) = cos t.

Òîäi ïîñëiäîâíiñòü êîìàíä ó Maple ìîæå áóòè òàêîþ:

> with(inttrans): with(linalg):

> k[1,1]:=cos(t): k[1,2]:=sin(t): k[2,1]:=sin(t): k[2,2]:=cos(t):

> K:=matrix(2,2,[[laplace(k[1,1], t, p), laplace(k[1,2], t, p)],

[laplace(k[2,1], t, p), laplace(k[2,2], t, p)]]);

> E:=diag(1,1):

> K1:=inverse(K+E):

> f[1]:=sin(t)*(1+t): f[2]:=sin(t)+cos(t):

> F:=vector(2, [laplace(f[1], t, p),laplace(f[2], t, p)]):

> X0:=simplify(evalm(K1.F)):

> X:=invlaplace(X0[1], p, t);

X := sin(t)

> Y:=invlaplace(X0[2], p, t);

Y := cos(t).

Îòæå, x(t) = sin t, y(t) = cos t � ðîçâ'ÿçîê çàäàíî¨ ñèñòåìè. I
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Ó �5.5 ïîêàçàíå çàñòîñóâàííÿ ìåòîäiâ îïåðàöiéíîãî ÷èñëåííÿ äî ðîçâ'ÿ-

çóâàííÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè ãiïåðáîëi÷íîãî òà ïàðàáîëi÷íîãî

òèïiâ. Ïîêàæåìî, ÿê öi ìåòîäè ðåàëiçóâàòè ó ñèñòåìàõ êîìï'þòåðíî¨ ìàòåìà-

òèêè.

Ïðèêëàä 7.18. Çíàéòè ðîçâ'ÿçîê õâèëüîâîãî ðiâíÿííÿ

a2
∂2u

∂x2
− ∂2u

∂t2
= 0,

ÿêèé çàäîâîëüíÿ¹ ïî÷àòêîâi óìîâè

u(x, t)|t=0 = sin
nπx

l
,

∂U(x, t)

∂t

∣∣∣∣
t=0

= sin
kπx

l

òà êðàéîâi óìîâè u(0, t) = 0, u(l, t) = 0.

Ðîçâ'ÿçàííÿ. Ó ñèñòåìi Mathematica ïîñëiäîâíiñòü êîìàíä äëÿ çíàõîäæåííÿ

ðîçâ'ÿçêó çàäà÷i ìîæå áóòè òàêîþ:

L1 = a∧2 ∗D[u[x, t], {x, 2}]−D[u[x, t], {t, 2}];L1 = a∧2 ∗D[u[x, t], {x, 2}]−D[u[x, t], {t, 2}];L1 = a∧2 ∗D[u[x, t], {x, 2}]−D[u[x, t], {t, 2}];

L2 = LaplaceTransform[L1, t, p];L2 = LaplaceTransform[L1, t, p];L2 = LaplaceTransform[L1, t, p];

L3 = L2/.{LaplaceTransform[u[x, t], t, p] → U [x, p],L3 = L2/.{LaplaceTransform[u[x, t], t, p] → U [x, p],L3 = L2/.{LaplaceTransform[u[x, t], t, p] → U [x, p],

LaplaceTransform[D[u[x, t], {x, 2}], t, p] →LaplaceTransform[D[u[x, t], {x, 2}], t, p] →LaplaceTransform[D[u[x, t], {x, 2}], t, p] →

D[U [x, p], {x, 2}], u[x, 0] → Sin[n ∗ Pi ∗ x/l],D[U [x, p], {x, 2}], u[x, 0] → Sin[n ∗ Pi ∗ x/l],D[U [x, p], {x, 2}], u[x, 0] → Sin[n ∗ Pi ∗ x/l],

(D[u[x, t], t]/.t→ 0) → Sin[k ∗ Pi ∗ x/l]}(D[u[x, t], t]/.t→ 0) → Sin[k ∗ Pi ∗ x/l]}(D[u[x, t], t]/.t→ 0) → Sin[k ∗ Pi ∗ x/l]}

Sin
[
kπx

l

]
+ pSin

[nπx
l

]
− p2U [x, p] + a2U (2,0)[x, p]

L4 = LaplaceTransform[L3, x, q]L4 = LaplaceTransform[L3, x, q]L4 = LaplaceTransform[L3, x, q]

−p2LaplaceTransform[U [x, p], x, q] +

√
k2

l2
l2πSign[k]

k2π2Sign[l]+l2q2Sign[l] +
l2
√

n2

l2
pπSign[n]

n2π2Sign[l]+l2q2Sign[l]+

a2
(
q2LaplaceTransform[U [x, p], x, q]− qU [0, p]− U (1,0)[0, p]

)
L4 = FullSimplify[L4,L4 = FullSimplify[L4,L4 = FullSimplify[L4,Element[n, Integers]&&Element[k, Integers]&&l > 0];Element[n, Integers]&&Element[k, Integers]&&l > 0];Element[n, Integers]&&Element[k, Integers]&&l > 0];

L5 = L4/.LaplaceTransform[U [x, p], x, q] → Y ;L5 = L4/.LaplaceTransform[U [x, p], x, q] → Y ;L5 = L4/.LaplaceTransform[U [x, p], x, q] → Y ;

L5 = L5/.(D[U [x, p], x]/.x→ 0) → T ;L5 = L5/.(D[U [x, p], x]/.x→ 0) → T ;L5 = L5/.(D[U [x, p], x]/.x→ 0) → T ;

R = Solve[L5 == 0, Y ];R = Solve[L5 == 0, Y ];R = Solve[L5 == 0, Y ];

U1 = Replace[Y,R[[1]]];U1 = Replace[Y,R[[1]]];U1 = Replace[Y,R[[1]]];
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U2 = InverseLaplaceTransform[U1, q, x];U2 = InverseLaplaceTransform[U1, q, x];U2 = InverseLaplaceTransform[U1, q, x];

U2 = Simplify[U2];U2 = Simplify[U2];U2 = Simplify[U2];

U3 = U2/.x→ 0;U3 = U2/.x→ 0;U3 = U2/.x→ 0;

U4 = U2/.x→ l;U4 = U2/.x→ l;U4 = U2/.x→ l;

U4 = FullSimplify[U4,U4 = FullSimplify[U4,U4 = FullSimplify[U4,Element[n, Integers]&&Element[k, Integers]&&l > 0];Element[n, Integers]&&Element[k, Integers]&&l > 0];Element[n, Integers]&&Element[k, Integers]&&l > 0];

R1 = Solve[{U3 == 0,U4 == 0}, {U [0, p], T}];R1 = Solve[{U3 == 0,U4 == 0}, {U [0, p], T}];R1 = Solve[{U3 == 0,U4 == 0}, {U [0, p], T}];

U2 = U2/.R1[[1]];U2 = U2/.R1[[1]];U2 = U2/.R1[[1]];

U2 = Simplify[U2];U2 = Simplify[U2];U2 = Simplify[U2];

U = InverseLaplaceTransform[U2, p, t]U = InverseLaplaceTransform[U2, p, t]U = InverseLaplaceTransform[U2, p, t]

lSin
[
akπt
l

]
Sin
[
kπx
l

]
akπ

+ Cos
[anπt

l

]
Sin
[nπx
l

]
.

Ó öüîìó àëãîðèòìi äâi÷i çàñòîñîâàíî îïåðàöiéíå ÷èñëåííÿ � çà çìiííîþ

t òà çà çìiííîþ x. Ó äðóãîìó âèïàäêó íåâiäîìi U [0, p] òà U (1,0)[0, p] çíàõî-

äèëè ç êðàéîâèõ óìîâ. Îñòàòî÷íèé ðåçóëüòàò îòðèìàíèé ç âèêîðèñòàííÿì

îáåðíåíîãî ïåðåòâîðåííÿ Ëàïëàñà.

Ðîçâ'ÿæåìî öþ çàäà÷ó çàñîáàìè Maple:

> with(inttrans):

> assume(n::integer): assume(l>0): assume(k::integer):

> l1 := a∧2 ∗ diff(u(x, t),x$2)− diff(u(x, t), t$2) :

> L1:=laplace(l1,t,p):

> L2:=subs({laplace(u(x,t), t, p)=U(x),

D[2](u)(x,0)=sin(k*Pi*x/l), u(x,0)=sin(n*Pi*x/l)}, L1);

L2 := a2
(
d2

dx2
U(x)

)
− p2U(x) + sin

(
k∼ πx

l∼

)
+ p sin

(n∼ πx

l∼

)
> dsolve({L2, U(0)=0, U(l)=0}, U(x)):

> U(x,p):=rhs(%);

U(x, p) :=

(
(p2l∼2 +n∼2 π2a2) sin

(
k∼πx
l∼
)
+ sin

(
n∼πx
l∼
)
p(p2l∼2 +k∼2 π2a2)

)
l∼2

(p2l∼2 +k∼2 π2a2)(p2l∼2 +n∼2 π2a2)
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> U(x,t):=simplify(invlaplace(U(x,p), p, t));

U(x, t) :=

sin
(n∼ πx

l∼

)
cos

(
tn∼ πa

l∼

)
k∼ πa+sin

(
k∼ πx

l∼

)
l∼ sin

(
tk∼ πa

l∼

)
πk∼ a

.

Òàêèì ÷èíîì, ðîçâ'ÿçêîì çàäàíî¨ çàäà÷i ¹ ôóíêöiÿ

u(x, t) =
l

akπ
sin

akπt

l
sin

kπx

l
+ cos

anπt

l
sin

nπx

l
. I

Çà äîïîìîãîþ ñèñòåì êîìï'þòåðíî¨ ìàòåìàòèêè ìîæíà ðîçâ'ÿçóâàòè ði-

çíèöåâi ðiâíÿííÿ ç âèêîðèñòàííÿì äèñêðåòíîãî ïåðåòâîðåííÿ Ëàïëàñà (� 6.3).

Ïðèêëàä 7.19. Çíàéòè ðîçâ'ÿçîê ðiçíèöåâîãî ðiâíÿííÿ

fn+2 − 4fn = 4n,

ÿêùî f0 = 0, f1 = 1.

Ðîçâ'ÿçàííÿ. Îñêiëüêè ó Maple i Mathematica íåìà¹ ñïåöiàëüíîãî îïåðàòîðà

äëÿ äèñêðåòíîãî ïåðåòâîðåííÿ Ëàïëàñà, òî àëãîðèòì ðîçâ'ÿçóâàííÿ òàêîãî

âèäó ðiâíÿíü áóäå äåùî ñêëàäíiøèì.

Ó Maple ìà¹ìî:

> assume(n::integer);

> f(n+k):=simplify(exp(k*p)*(F(p)-sum(exp(-m*p)*f(m),

m=0..k-1))):

> R:=subs({k=2}, f(n+k)): K:=simplify(R);

K := e(2p)(F (p)− f(0)− e(−p)f(1))

> F(p) := simplify(solve(K− 4 ∗ F(p) = sum(exp(−n ∗ p) ∗ 4∧n,

n=0..in�nity), F(p))):

> F1(p):=simplify(subs({f(0)=0, f(1)=1}, F(p)));

F1(p) := − ep(−3 + ep)

−e(3p) + 4e(2p) + 4ep − 16

> F2(p):= simplify(subs({exp(p) = t, exp(3 ∗ p) = t∧3,

exp(2 ∗ p) = t∧2},F1(p))):
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> sol:=solve(denom(F2(p)), t):

> sol1:=[solve(exp(p)=sol[1], p), solve(exp(p)=sol[2], p),

solve(exp(p)=sol[3], p)];

sol1 := [ln(2) + πI, ln(2), ln(4)]

> A:=limit(F1(p)*(exp(p)-exp(sol1[1]))*exp((n-1)*p), p=sol1[1]):

> B:=limit(F1(p)*(exp(p)-exp(sol1[2]))*exp((n-1)*p), p=sol1[2]):

> C:=limit(F1(p)*(exp(p)-exp(sol1[3]))*exp((n-1)*p), p=sol1[3]):

> f(n):=simplify(A+B+C, factor);

f(n∼) := − 5

24
(−1)n∼2n∼ +

1

8
2n∼ +

1

12
4n∼.

Çàóâàæèìî, ùî ó Maple çà äîïîìîãîþ êîìàíäè rsolve ïðîöåñ ðîçâ'ÿçóâàí-

íÿ ðiçíèöåâèõ ðiâíÿíü ìîæíà çðîáèòè íàáàãàòî ïðîñòiøèì. Òîäi ïîñëiäîâíiñòü

êîìàíä ìîæå áóòè òàêîþ:

> eq:= f(n+ 2)− 4 ∗ f(n)− 4∧n:

> f(n):=rsolve({eq, f(0)=0, f(1)=1}, f);

f(n) := −5(−2)n

24
+

2n

8
+

4n

12
. I

Äëÿ çàêðiïëåííÿ ìàòåðiàëó öüîãî ðîçäiëó ïðîïîíó¹ìî ÷èòà÷àì, çàñòîñî-

âóþ÷è ñèñòåìè êîìï'þòåðíî¨ ìàòåìàòèêè, ðîçâ'ÿçàòè âïðàâè 5.1�5.12 òà 6.4.



ÄÎÄÀÒÊÈ

Äîäàòîê 1. Îïåðàöiéíå ÷èñëåííÿ â ïðèêëàäíèõ ôiçè÷íèõ çàäà÷àõ

Îäíèì ç íàéâàæëèâiøèõ ïðàêòè÷íèõ çàñòîñóâàíü ïåðåòâîðåííÿ Ëàïëàñà ¹

éîãî âèêîðèñòàííÿ äëÿ ðîçâ'ÿçóâàííÿ ðiçíîìàíiòíèõ ôiçè÷íèõ çàäà÷. ßê âæå

çàçíà÷àëîñü, îïåðàöiéíå ÷èñëåííÿ äîçâîëÿ¹ ñïðîñòèòè ïðîöåäóðó âiäøóêàííÿ

ðîçâ'ÿçêó ìàòåìàòè÷íî¨ ìîäåëi ôiçè÷íî¨ çàäà÷i çà ðàõóíîê ïåðåõîäó äî áiëüø

ïðîñòèõ àëãåáðè÷íèõ ðiâíÿíü.

Ðîçâ'ÿæåìî çà äîïîìîãîþ îïåðàöiéíîãî ÷èñëåííÿ äåêiëüêà ôiçè÷íèõ çàäà÷

òåîði¨ êîëèâàííÿ.

Çàäà÷à 8.1 (ãàðìîíi÷íi êîëèâàííÿ). Òÿãàð ç ìàñîþ m ïiäâiøåíèé íà

âåðòèêàëüíié ïðóæèíi äîâæèíè l . Òÿãàð âiäòÿãíóëè äîíèçó i âiäïóñòèëè.

Çíàéòè çàêîí ðóõó òÿãàðÿ, íå âðàõîâóþ÷è ìàñó ïðóæèíè é îïið ñåðåäîâèùà

(ïîâiòðÿ).

Ðîçâ'ÿçàííÿ. Âiäîìî ([16], � 18, c. 178), ùî ìàòåìàòè÷íîþ ìîäåëëþ öi¹¨ çà-

äà÷i ¹ çàäà÷à Êîøi

x′′(t) + k2x(t) = 0, x(0) = x0, x
′(0) = v0,

äå k2 = c/m, c �æîðñòêiñòü ïðóæèíè, x0 i v0 � ïî÷àòêîâå ïîëîæåííÿ òÿãàðÿ

i éîãî ïî÷àòêîâà øâèäêiñòü âiäïîâiäíî (ó ìîìåíò ÷àñó t = 0).

Çàñòîñîâóþ÷è ïåðåòâîðåííÿ Ëàïëàñà äî çâè÷àéíîãî äèôåðåíöiàëüíîãî

ðiâíÿííÿ, îòðèìó¹ìî îïåðàòîðíå ðiâíÿííÿ
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p2X(p)− (x0p+ v0)

)
+ k2X(p) = 0,

çâiäêè çíàõîäèìî çîáðàæåííÿ

X(p) =
x0p+ v0
p2 + k2

= x0
p

p2 + k2
+ v0

1

p2 + k2
.

Çäiéñíþþ÷è ïåðåõiä äî îðèãiíàëiâ, îäåðæó¹ìî ôîðìóëó, ÿêà âèðàæà¹ çà-

êîí ðóõó òÿãàðÿ:

x(t) = x0 cos kt+
v0
k
sin kt

àáî

x(t) = A sin(kt+ α),

äå A =
√
x20 + v20/k

2 , α = arctg (x0k/v0) , v0 ̸= 0. ßêùî v0 = 0, òî

x(t) = x0 cos kt. I

Çàäà÷à 8.2 (çàòóõàþ÷i êîëèâàííÿ). Çíàéòè çàêîí ðóõó òÿãàðÿ iç çà-

äà÷i 8.1, àëå ç âðàõóâàííÿì îïîðó ñåðåäîâèùà.

Ðîçâ'ÿçàííÿ. Öÿ çàäà÷à çâîäèòüñÿ äî âiäøóêàííÿ ðîçâ'ÿçêó çâè÷àéíîãî äè-

ôåðåíöiàëüíîãî ðiâíÿííÿ

x′′(t) + 2nx′(t) + k2x(t) = 0,

ÿêèé çàäîâîëüíÿ¹ ïî÷àòêîâi óìîâè x(0) = x0, x
′(0) = v0 , äå 2n = µ/m, µ �

äåÿêèé êîåôiöi¹íò, ÿêèé õàðàêòåðèçó¹ îïið ñåðåäîâèùà (äèâ. [16], � 18, c. 179).

Ç îïåðàòîðíîãî ðiâíÿííÿ(
p2X(p)− (x0p+ v0)

)
+ 2n

(
pX(p)− x0

)
+ k2X(p) = 0

çíàõîäèìî çîáðàæåííÿ

X(p) =
x0p+ v0 + 2nx0
p2 + 2np+ k2

= x0
p

p2 + 2np+ k2
+ (v0 + 2nx0)

1

p2 + 2np+ k2
.

ßêùî ïðèïóñòèòè, ùî k2 − n2 > 0, i ïîçíà÷èòè γ =
√
k2 − n2 , òî

x(t) = x0e
−nt

(
cos γt− n

γ
sin γt

)
+
v0 + 2nx0

γ
e−nt sin γt =
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= e−nt

(
x0 cos γt+

v0 + nx0
γ

sin γt

)
.

Öåé ðîçâ'ÿçîê ìîæíà çàïèñàòè ÿê

x(t) = Ae−nt sin(γt+ α),

äå A =
√
x20 + (v0 + nx0)2/γ2 , α = arctg x0γ

v0+nx0
.

ßêùî k2 − n2 < 0 i ψ =
√
n2 − k2 , òî

x(t) = e−nt

(
x0 chψt+

v0 + nx0
ψ

shψt

)
.

I, íàðåøòi, ÿêùî k2 − n2 = 0, òî ç îïåðàòîðíîãî ðiâíÿííÿ

X(p) = x0
p

(p+ n)2
+ (v0 + 2nx0)

1

(p+ n)2
=

=
x0

p+ n
+
v0 + nx0
(p+ n)2

,

çäiéñíþþ÷è ïåðåõiä äî îðèãiíàëiâ, îäåðæó¹ìî ðîçâ'ÿçîê

x(t) = x0e
−nt + (v0 + nx0)te

−nt = e−nt
(
x0 + (v0 + nx0)t

)
. I

Çàäà÷à 8.3 (âèìóøåíi êîëèâàííÿ áåç âðàõóâàííÿ îïîðó ñåðåäî-

âèùà). Íåõàé çà óìîâ çàäà÷i 8.1 äî òÿãàðÿ ïðèêëàäåíà ïåðiîäè÷íà çáóðþ-

âàëüíà ñèëà q sinωt, äå q i ω � äåÿêi ñòàëi. Çíàéòè çàêîí ðóõó òÿãàðÿ,

íåõòóþ÷è ìàñîþ ïðóæèíè é îïîðîì ñåðåäîâèùà.

Ðîçâ'ÿçàííÿ. Ó öüîìó âèïàäêó ïîòðiáíî çíàéòè ðîçâ'ÿçîê çàäà÷i Êîøi

x′′(t) + k2x(t) = q sinωt, x(0) = x0, x
′(0) = v0.

Ç îïåðàòîðíîãî ðiâíÿííÿ(
p2X(p)− (x0p+ v0)

)
+ k2X(p) =

qω

p2 + ω2

çíàõîäèìî

X(p) =
qω

(p2 + k2)(p2 + ω2)
+
x0p+ v0
p2 + k2

.

ßêùî ω ̸= k (íåðåçîíàíñíèé âèïàäîê), òî ó ïðîñòîði îðèãiíàëiâ ìà¹ìî

x(t) =
qω

k2 − ω2

(
sinωt

ω
− 1

k
sin kt

)
+ x0 cos kt+

v0
k
sin kt =
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=
q

k2 − ω2
sinωt+ x0 cos kt+

1

k

(
v0 −

qω

k2 − ω2

)
sin kt.

Öåé ðîçâ'ÿçîê ìîæíà çàïèñàòè òàêîæ ó âèãëÿäi

x(t) =
q

k2 − ω2
sinωt+ A sin(kt+ α),

äå

A =

√
x20 +

1

k2

(
v0 −

qω

k2 − ω2

)2

, α = arctg
x0k(k

2 − ω2)

v0(k2 − ω2)− qω
.

ßêùî ω = k (ðåçîíàíñíèé âèïàäîê), òî ç îïåðàòîðíîãî ðiâíÿííÿ

X(p) =
qω

(p2 + k2)2
+
x0p+ v0
p2 + k2

îäåðæó¹ìî

x(t) = − q

2k
t cos kt+ x0 cos kt+

1

k

(
v0 +

q

2k

)
sin kt

àáî

x(t) = − q

2k
t cos kt+ A sin(kt+ α),

äå

A =

√
x20 +

1

k2

(
v0 +

q

2k

)2
, α = arctg

2x0k
2

q + 2kv0
. I

Çàäà÷à 8.4. Ó êîíòóði, äî ÿêîãî ïîñëiäîâíî ïiä'¹äíàíi ðåçèñòîð ç îïî-

ðîì R, êîòóøêà iíäóêòèâíîñòi L òà êîíäåíñàòîð ¹ìíîñòi C , äi¹ åëåêòðî-

ðóøiéíà ñèëà E(t). Çíàéòè ñòðóì i(t), ÿêùî ó ïî÷àòêîâèé ìîìåíò ÷àñó

ñòðóì i çàðÿä êîíäåíñàòîðà äîðiâíþþòü íóëþ.

Ðîçâ'ÿçàííÿ. Äèôåðåíöiàëüíå ðiâíÿííÿ äëÿ ñòðóìó ìà¹ âèãëÿä, àíàëîãi-

÷íèé äî ðiâíÿííÿ âiëüíèõ ìåõàíi÷íèõ êîëèâàíü ç óðàõóâàííÿì îïîðó ñåðåäî-

âèùà (çàäà÷à 8.2):

i′′(t) +
R

L
i′(t) +

1

LC
i(t) = 0

ç ïî÷àòêîâèìè óìîâàìè i(0) = 0, i′(0) = E/L.

Ç îïåðàòîðíîãî ðiâíÿííÿ(
p2I(p)− E

L

)
+
R

L
pI(p) +

1

LC
I(p) = 0
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çíàõîäèìî çîáðàæåííÿ I(p) :

I(p) =
E

L
· 1

p2 + 2δp+ 1
LC

,

äå 2δ = R/L.

Ðîçãëÿíåìî òðè âèïàäêè, ïîâ'ÿçàíi çi çíàêîì äèñêðèìiíàíòà êâàäðàòíîãî

òðè÷ëåíà ó çíàìåííèêó îñòàííüî¨ ôîðìóëè.

1.
1

LC
− R2

4L2
= φ2 > 0. Òîäi äëÿ ñòðóìó i(t) îäåðæó¹ìî ôîðìóëó

i(t) =
E

φL
e−δt sinφt,

ÿêà âèçíà÷à¹ çàòóõàþ÷i åëåêòðè÷íi êîëèâàííÿ (e−δt → 0 ïðè t→ +∞).

2.
1

LC
− R2

4L2
= −β2 < 0. Òîäi

i(t) =
E

βL
e−δt sh βt.

Ó öüîìó âèïàäêó ñòðóì i(t) íåïåðiîäè÷íèé, æîäíèõ åëåêòðè÷íèõ êîëèâàíü ó

êîíòóði íå áóäå.

3.
1

LC
− R2

4L2
= 0. Òîäi îïåðàòîðíå ðiâíÿííÿ ìà¹ âèãëÿä

I(p) =
E

L
· 1

(p+ δ)2

i, îòæå,

i(t) =
E

L
te−δt,

òîáòî ó öüîìó âèïàäêó ñòðóì òàêîæ íåïåðiîäè÷íèé. I

Çàäà÷à 8.5. Ç êîðàáëÿ ç ìàñîþ M, ÿêèé ðóõà¹òüñÿ çi øâèäêiñòþ u0,

âèñòðiëþ¹òüñÿ ñíàðÿä ç ìàñîþ m çi øâèäêiñòþ U. Êîðàáåëü ó ìîìåíò ïî-

ñòðiëó ðóõà¹òüñÿ çà iíåðöi¹þ íàçàä. Çíàéòè øâèäêiñòü êîðàáëÿ ïiñëÿ ïî-

ñòðiëó, ââàæàþ÷è, ùî ñèëà îïîðó âîäè ïðÿìî ïðîïîðöiéíà øóêàíié øâèä-

êîñòi.

Ðîçâ'ÿçàííÿ. Çà çàêîíîì çáåðåæåííÿ iíåðöi¨

(M +m)u0 =Mu1 +m(u0 − U),
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äå u1 � ïî÷àòêîâà øâèäêiñòü êîðàáëÿ ïiñëÿ âçà¹ìîäi¨ çi ñíàðÿäîì. Çâiäñè

u1 =
Mu0 +mU

M
.

Òîäi çà çàêîíîì Íüþòîíà F = m
du

dt
i, çà óìîâîþ çàäà÷i, −ku = m

du

dt
.

Îòæå, îäåðæó¹ìî äèôåðåíöiàëüíå ðiâíÿííÿ ïåðøîãî ïîðÿäêó

du

dt
+
k

m
u = 0

ç ïî÷àòêîâîþ óìîâîþ u1 =
Mu0 +mU

M
.

Çàñòîñóâàâøè ïåðåòâîðåííÿ Ëàïëàñà, çíàõîäèìî îïåðàòîðíå ðiâíÿííÿ

pU(p) +
k

m
U(p) =

M 0 +mU

M
,

çâiäêè

U(p) =
Mu0 +mU

M
· 1

p+ k
m

.

Ç òàáëèöi çîáðàæåíü îòðèìó¹ìî øâèäêiñòü êîðàáëÿ ïiñëÿ ïîñòðiëó:

u(t) = e−
k
m t · Mu0 +mU

M
. I

Âïðàâè äëÿ ñàìîñòiéíîãî âèêîíàííÿ

Âïðàâà 8.1. Ìàòåìàòè÷íèé ìàÿòíèê äîâæèíè l âèâåäåíèé çi ñòàíó

ðiâíîâàãè ìàëèìè âiäõèëåííÿìè òî÷êè ïiäâiñó â ãîðèçîíòàëüíîìó íàïðÿìi.

Ïîêàçàòè, ùî ÿêùî òî÷êó ïiäâiñó ïåðåìiñòèòè íà âiäñòàíü a, òî âiäõèëå-

ííÿ ìàÿòíèêà ñòàíîâèòèìå a(1− cosnt), äå n2 =
g

l
, g � ñòàëà òÿæiííÿ.

Âïðàâà 8.2. ×àñòèíêó ïiäêèíóëè âåðòèêàëüíî âãîðó çi øâèäêiñòþ v0.

Íà ÷àñòèíêó äi¹ ñèëà òÿæiííÿ òà ñèëà îïîðó 2kmv, äå v � øâèäêiñòü ÷à-

ñòèíêè. Ïîêàçàòè, ùî ó ìîìåíò ÷àñó t âîíà çíàõîäèòèìåòüñÿ íà âiäñòàíi

− gt

2k
+
g + 2kv0

4k2
(1− e−2kt) âiä ïî÷àòêîâîãî ïîëîæåííÿ.

Âïðàâà 8.3. Ìàòåðiàëüíà òî÷êà ç ìàñîþ m ðóõà¹òüñÿ ïðÿìîëiíiéíî,

âiäøòîâõóþ÷èñü âiä ïî÷àòêó êîîðäèíàò O iç ñèëîþ F, ïðÿìî ïðîïîðöié-

íîþ âiäñòàíi (F = 4mx). Íà òî÷êó äi¹ îïið ñåðåäîâèùà R = 3mv, äå v �
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øâèäêiñòü òî÷êè. Ó ïî÷àòêîâèé ìîìåíò ÷àñó âiäñòàíü âiä ïî÷àòêó âiäëiêó

äîðiâíþ¹ 1, à øâèäêiñòü äîðiâíþ¹ íóëþ. Çíàéòè çàêîí ðóõó òî÷êè.

Âïðàâà 8.4. Íåðóõîìèé öåíòð O ïðèòÿãó¹ òî÷êó ç ìàñîþ m iç ñèëîþ

F = µmr, äå r � âiäñòàíü òî÷êè âiä öüîãî öåíòðó, µ � äåÿêèé êîåôiöi¹íò.

Ó ïî÷àòêîâèé ìîìåíò ÷àñó r = a i øâèäêiñòü v = 0. ×åðåç ÿêèé ÷àñ òî÷êà

äîñÿãíå öåíòðó O?

Âïðàâà 8.5. ×îâíó íàäàëè ïî÷àòêîâî¨ øâèäêîñòi v0 = 6ì/ñ. ×åðåç 69 ñ

ïiñëÿ ïî÷àòêó ðóõó öÿ øâèäêiñòü çìåíøèëàñü âäâi÷i. Çíàéòè çàêîí ðóõó

÷îâíà, ÿêùî ñèëà îïîðó âîäè ïðÿìî ïðîïîðöiéíà øâèäêîñòi ÷îâíà.

Âïðàâà 8.6. Ñíàðÿä âèëiòà¹ ç ãàðìàòè çi øâèäêiñòþ v0 ì/ñ ïiä êóòîì

45o äî ãîðèçîíòó. Çíàéòè, íåõòóþ÷è îïîðîì ïîâiòðÿ, íàéáiëüøó âèñîòó,

íà ÿêó ïiäíiìåòüñÿ ñíàðÿä, i éîãî ìiñöå ïàäiííÿ.

Âïðàâà 8.7. Îäíîðiäíèé ëàíöþã ç ìàñîþ m i äîâæèíè l ëåæèòü íà

ãëàäêîìó ãîðèçîíòàëüíîìó ñòîëi òàê, ùî ïîëîâèíà éîãî çâèñà¹ çi ñòîëà.

Âèçíà÷èòè ðóõ ëàíöþãà ïiä ÷àñ éîãî ñêîâçóâàííÿ çi ñòîëà òà çíàéòè ÷àñ

ñêîâçàííÿ.

Âïðàâà 8.8. Äî êîíòóðà, ùî ñêëàäà¹òüñÿ ç ïîñëiäîâíî ïiä'¹äíàíèõ êî-

òóøêè iíäóêòèâíîñòi L i êîíäåíñàòîðà ¹ìíîñòi C, ïðèêëàäåíà åëåêòðîðó-

øiéíà ñèëà E sinnt ç ðåçîíàíñíîþ ÷àñòîòîþ. Ïîêàçàòè, ùî ñèëà ñòðóìó ó

êîíòóði âèçíà÷à¹òüñÿ ôîðìóëîþ
E

2L
· t sinnt, äå n2 = 1

LC
.

Âïðàâà 8.9. Äî ðåçèñòîðà ç îïîðîì R, ùî ìà¹ iíäóêòèâíiñòü L, ïðè-

êëàäåíà åëåêòðîðóøiéíà ñèëà E sin(ωt+ α). Ïî÷àòêîâà ñèëà ñòðóìó äîðiâ-

íþ¹ íóëþ. Ïîêàçàòè, ùî ñèëà ñòðóìó âèçíà÷à¹òüñÿ ôîðìóëîþ

E
(
sin(γ − α)e−

Rt
L + sin(ωt+ α + γ)

)
(R2 + L2ω2)−

1
2 ,

äå γ = arctg ωL
R .

Âïðàâà 8.10. Ó êîíòóði, ùî ñêëàäà¹òüñÿ ç ïîñëiäîâíî ïiä'¹äíàíèõ êî-

òóøêè iíäóêòèâíîñòi L, ðåçèñòîðà îïîðó R òà êîíäåíñàòîðà ¹ìíîñòi C,
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äi¹ åëåêòðîðóøiéíà ñèëà E. Ïî÷àòêîâèé çàðÿä i ñèëà ñòðóìó äîðiâíþþòü

íóëþ. Ïîêàçàòè, ùî ñèëà ñòðóìó i(t) ó ìîìåíò ÷àñó t âèçíà÷à¹òüñÿ ôîð-

ìóëîþ

i(t) =


E
nLe

−µt sinnt, ÿêùî n2 > 0,

E
nLte

−µt, ÿêùî n2 = 0,

äå n2 =
1

LC
− R2

4L2
> 0 i µ =

R

2L
.

Äîäàòîê 2. Òàáëèöÿ âëàñòèâîñòåé îðèãiíàëiâ i çîáðàæåíü

� Îðèãiíàë f(t) Çîáðàæåííÿ F (p) Êîìåíòàð

1 f(t) F (p) =

+∞∫
0

f(t)e−ptdt
Ïåðåòâîðåííÿ Ëàïëàñà

(ôîðìóëà (1.3))

2

n∑
k=1

αkfk(t)

α1, . . . , αn� ñòàëi

n∑
k=1

αkFk(p)
Âëàñòèâiñòü ëiíiéíîñòi

îðèãiíàëà (òåîðåìà 2.1)

3

f(αt),

α = const > 0

1

α
F
( p
α

)
Ïîäiáíiñòü îðèãiíàëà

(òåîðåìà 2.2)

4 f(t− t0), 0 < t0 < t e−pt0F (p)
Çàãàþâàííÿ îðèãiíàëà

(òåîðåìà 2.3)

5 f(t+ t0) ept0

F (p)− t0∫
0

f(t) e−ptdt

 Âèïåðåäæåííÿ îðèãiíàëà

(òåîðåìà 2.4)
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� Îðèãiíàë f(t) Çîáðàæåííÿ F (p) Êîìåíòàð

6 e−p0tf(t), p0 > 0 F (p+ p0)
Çìiùåííÿ çîáðàæåííÿ

(òåîðåìà 2.5)

7
f(t) = f(t+ T ),

T� ïåðiîä

1

1− e−pT

T∫
0

f(t)e−ptdt
Çîáðàæåííÿ ïåðiîäè÷íîãî

îðèãiíàëà (òåîðåìà 2.6)

8 f (n)(t) pnF (p)− pn−1f(0)−
−pn−2f ′(0)− . . .− f (n−1)(0)

Äèôåðåíöiþâàííÿ

îðèãiíàëà (òåîðåìà 2.7)

9 (−1)ntnf(t) F (n)(p)
Äèôåðåíöiþâàííÿ

çîáðàæåííÿ (òåîðåìà 2.8)

10

t∫
0

f(τ)dτ
F (p)

p

Iíòåãðóâàííÿ îðèãiíàëà

(òåîðåìà 2.9)

11
f(t)

t

+∞∫
p

F (p)dp
Iíòåãðóâàííÿ çîáðàæåííÿ

(òåîðåìà 2.10)

12 lim
λ→λ0

f(t, λ) lim
λ→λ0

F (p, λ)
Ãðàíè÷íèé ïåðåõiä çà

ïàðàìåòðîì (òåîðåìà 2.11)

13
lim
t→+0

f(t),

lim
t→+∞

f(t)

lim
p→+∞

pF (p),

lim
t→0

pF (p)

Ãðàíè÷íi òåîðåìè

(òåîðåìè 2.14, 2.15)
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� Îðèãiíàë f(t) Çîáðàæåííÿ F (p) Êîìåíòàð

14
∂f(t, λ)

∂λ

∂F (p, λ)

∂λ

Äèôåðåíöiþâàííÿ çà

ïàðàìåòðîì (òåîðåìà 2.12)

15

λ∫
λ0

f(t, λ)dλ

λ∫
λ0

F (p, λ)dλ
Iíòåãðóâàííÿ çà

ïàðàìåòðîì (òåîðåìà 2.13)

16
(f ∗ φ)(t) =

=
t∫
0

f(τ)φ(t− τ)dτ

F (p) · Φ(p) Çîáðàæåííÿ çãîðòêè

(òåîðåìà 3.3)

17
f1(t) ·f2(0)+(f1 ∗f ′

2)(t),

f1(0) · f2(t) + (f ′
1 ∗ f2)(t)

pF1(p)F2(p)
Òåîðåìà Äþàìåëÿ

(òåîðåìà 3.5)

18
f(t)= 1

2πi

s+i∞∫
s−i∞

F (p)eptdp,

p = s+ iσ

F (p)
Îáåðíåíå ïåðåòâîðåííÿ

Ëàïëàñà (òåîðåìà 4.1)

19 f1(t) · f2(t) 1

2πi

s+i∞∫
s−i∞

F1(q)F2(p− q)dq
Òåîðåìà ìíîæåííÿ

îðèãiíàëiâ (òåîðåìà 4.3)

20 f(t) =
∞∑
k=1

ak
(k − 1)!

tk−1 F (p) =
∞∑
k=1

ak
pk

Ïåðøà òåîðåìà ðîçâèíåí-

íÿ (òåîðåìà 4.4)
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� Îðèãiíàë f(t) Çîáðàæåííÿ F (p) Êîìåíòàð

21 f(t) =
m∑
k=1

F1(pk)

F ′
2(pk)

epkt
F (p)= F1(p)

F2(p)
=

n∑
l=0

alp
l

m∑
l=0

blpl
, n<m,

F2(pk) = 0, k = 1, . . . ,m

Äðóãà òåîðåìà ðîçâèíåííÿ

(òåîðåìà 4.5) � âèïàäîê

ïðîñòèõ ïîëþñiâ

22

f(t)=
k∑

j=1

αj∑
l=1

Alj
tαj−l

(αj−l)!
epjt,

Alj =
1

(l−1)!
×

×lim
p→pj

dl−1

dpl−1 [(p−pj)αjF (p)]

F (p)= F1(p)
F2(p)

=

n∑
l=0

alp
l

m∑
l=0

blpl
, n<m,

F2(p) = bm
k∑

l=1

(p− pl)
αl ,

α1 + . . .+ αk = m

Äðóãà òåîðåìà ðîçâèíåííÿ

(òåîðåìà 4.6) � âèïàäîê

êðàòíèõ ïîëþñiâ

Äîäàòîê 3. Òàáëèöÿ çîáðàæåíü îñíîâíèõ ôóíêöié

� Îðèãiíàë f(t) Çîáðàæåííÿ F (p)

1 δ(t)� äåëüòà-ôóíêöiÿ 1

2 1
1

p

3 tn, n ∈ N
n!

pn+1

4 tν, ν > 0
Γ(ν + 1)

pν+1

5 eat
1

p− a

6 tneat
n!

(p− a)n+1

7
1

a
e−

t
a

1

1 + ap

8
1

a

(
eat − 1

) 1

p(p− a)
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� Îðèãiíàë f(t) Çîáðàæåííÿ F (p)

9
eat − ebt

a− b

1

(p− a)(p− b)

10
aeat − bebt

a− b

p

(p− a)(p− b)

11 (1 + at)eat
p

(p− a)2

12 sin at
a

p2 + a2

13 cos at
p

p2 + a2

14 sin(t− α), α > 0
e−αp

p2 + 1

15 cos(t− α), α > 0
pe−αp

p2 + 1

16 ebt sin at
a

(p− b)2 + a2

17 ebt cos at
p− b

(p− b)2 + a2

18 sh at
a

p2 − a2

19 ch at
p

p2 − a2

20 ebtsh at
a

(p− b)2 − a2

21 ebtch at
p− b

(p− b)2 − a2

22 t sin at
2ap

(p2 + a2)2

23 t cos at
p2 − a2

(p2 + a2)2

24 t sh at
2ap

(p2 − a2)2
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� Îðèãiíàë f(t) Çîáðàæåííÿ F (p)

25 t ch at
p2 + a2

(p2 − a2)2

26 tn sin at
n! Im(p+ ia)n+1

(p2 + a2)n+1

27 tn cos at
n! Re(p+ ia)n+1

(p2 + a2)n+1

28 tneat sin bt
n!

2i

(
1

(p− a− ib)n+1
− 1

(p− a+ ib)n+1

)
29 tneat cos bt

n!

2

(
1

(p− a− ib)n+1
+

1

(p− a+ ib)n+1

)
30 eat sin(bt+ α)

b cosα+ (p− a) sinα

(p− a)2 + b2

31 eat cos(bt+ α)
(p− a) cosα− b sinα

(p− a)2 + b2

32 sin at− at cos at
2a3

(p2 + a2)2

33 sin at+ at cos at
2ap2

(p2 + a2)2

34 at ch at− sh at
2a3

(p2 − a2)2

35 sh at+ at ch at
2ap2

(p2 − a2)2

36
a sin bt− b sin at

a2 − b2
ab

(p2 + a2)(p2 + b2)

37
cos bt− cos at

a2 − b2
p

(p2 + a2)(p2 + b2)

38
a sin at− b sin bt

a2 − b2
p2

(p2 + a2)(p2 + b2)

39
b sh at− a sh bt

a2 − b2
ab

(p2 − a2)(p2 − b2)

40
ch at− ch bt
a2 − b2

p

(p2 − a2)(p2 − b2)
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� Îðèãiíàë f(t) Çîáðàæåííÿ F (p)

41
a sh at− b sh bt

a2 − b2
p2

(p2 − a2)(p2 − b2)

42 t− 1

a
sin at

a2

p2(p2 + a2)

43
1

a
sh at− t

a2

p2(p2 − a2)

44 sin
a√
2
t sh

a√
2
t

a2p

p4 + a4

45 cos
a√
2
t ch

a√
2
t

p3

p4 + a4

46
1

2
(sh at− sin at)

a3

p4 − a4

47
1

2
(ch at− cos at)

a2p

p4 − a4

48
1

2
(sh at+ sin at)

ap2

p4 − a4

49
1

2
(ch at+ cos at)

p3

p4 − a4

50
1√
πt

1
√
p

51
e−at

√
πt

1√
p+ a

52
e−bt − e−at

2(b− a)
√
πt3

1
√
p+ a+

√
p+ b

53 2

√
t

π

1

p
√
p

54
cos 2

√
at√

πt

e−
a
p

√
p

55
sin 2

√
at√

πa

e−
a
p

p
√
p

56
e−

a2

4t

√
πt
, a > 0

e−a
√
p

√
p
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� Îðèãiíàë f(t) Çîáðàæåííÿ F (p)

57
1√
πt

sin
1

2t

1
√
p
e−

√
p sin

√
p

58
1√
πt

cos
1

2t

1
√
p
e−

√
p cos

√
p

59
a

2
√
πt3

e−
a2

4t , a > 0 e−a
√
p

60
e−bt − e−at

t
ln
p+ a

p+ b

61
2

t
(cos bt− cos at) ln

p2 + a2

p2 + b2

62
1

t
sin at ctg

a

p

Äîäàòîê 4. Òàáëèöÿ âëàñòèâîñòåé äèñêðåòíèõ îðèãiíàëiâ òà

çîáðàæåíü

� Îðèãiíàë fn, n ∈ N Çîáðàæåííÿ F ∗(p) Êîìåíòàð

1 fn F ∗(p) =
∞∑
n=0

e−npfn

Äèñêðåòíå ïåðåòâîðå-

ííÿ Ëàïëàñà (ôîðìó-

ëà (6.1))

2 fn =
k∑

j=1

αjfjn F ∗(p) =
k∑

j=1

αjF
∗
j (p)

Âëàñòèâiñòü ëiíiéíîñòi

(òåîðåìà 6.3)

3 fn+k ekp

(
F ∗(p)−

k−1∑
m=0

e−mpfm

)
Âëàñòèâiñòü âèïåðåäæå-

ííÿ (òåîðåìà 6.5)
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� Îðèãiíàë fn, n ∈ N Çîáðàæåííÿ F ∗(p) Êîìåíòàð

4 fn−k e−kpF ∗(p)
Âëàñòèâiñòü çàãàþâàííÿ

(òåîðåìà 6.4)

5 ep0nfn, p0 ∈ C F ∗(p− p0)
Çìiùåííÿ çîáðàæåííÿ

(òåîðåìà 6.6)

6 (−1)knkfn
dkF ∗(p)

dpk

Äèôåðåíöiþâàííÿ

çîáðàæåííÿ

(òåîðåìà 6.7)

7

fn
n
,

f0 = 0, lim
n→+0

fn
n

= 0

+∞∫
p

F ∗(p)dp
Iíòåãðóâàííÿ çîáðàæåí-

íÿ (òåîðåìà 6.8)

8

n∑
m=0

fn−mφm F ∗(p) · Φ∗(p)
Ìíîæåííÿ çîáðàæåíü

(òåîðåìà 6.9)

9 fn 1

2πi

c+iπ∫
c−iπ

F ∗(p)enpdp

Îáåðíåíå äî äèñêðåòíî-

ãî ïåðåòâîðåííÿ Ëàïëà-

ñà (ôîðìóëà 6.5)

10 fn=
∑
k

Res
p=pk

F ∗(p)e(n−1)p F ∗(p)

Ôîðìóëà äëÿ çíàõîäæå-

ííÿ îðèãiíàëà (ôîðìó-

ëà 6.18)



210 ÄÎÄÀÒÊÈ

Äîäàòîê 5. Òàáëèöÿ çîáðàæåíü îñíîâíèõ äèñêðåòíèõ îðèãiíàëiâ

� Îðèãiíàë fn Çîáðàæåííÿ F ∗(p)

1 θn
ep

ep − 1

2 (−1)n
ep

ep + 1

3 n
ep

(ep − 1)2

4 n2
ep(ep + 1)

(ep − 1)3

5 nan−1
ep

(ep − a)2

6 Ck
n

ep

(ep − 1)k+1

7 Ck
na

n
akep

(ep − a)k+1

8 an
ep

ep − a

9 (n+ 1)an
e2p

(ep − a)2

10
1

n
, ÿêùî f0 = 0 ln

1

ep − 1

11
(−1)n−1

n
, ÿêùî f0 = 0 ln

ep + 1

ep

12
n(n− 1)

2

ep

(ep − 1)3

13 sinnα
ep sinα

e2p − 2ep cosα+ 1

14 cosnα
ep(ep − cosα)

e2p − 2ep cosα+ 1

15 bn sinnα
bep sinα

e2p − 2bep cosα+ b2
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� Îðèãiíàë fn Çîáðàæåííÿ F ∗(p)

16 bn cosnα
ep(ep − b cosα)

e2p − 2bep cosα + b2

17 shnα
ep shα

e2p − 2ep chα+ 1

18 chnα
ep(ep − chα)

e2p − 2ep chα+ 1

19 bn shnα
bep shα

e2p − 2bep chα+ b2

20 bn chnα
ep(ep − b chα)

e2p − 2bep chα+ b2
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ÁÅÑÑÅËÜ Ôðiäðiõ Âiëüãåëüì (Bessel Friedrich Wilhelm; 1784 �

1846) � íiìåöüêèé àñòðîíîì i ìàòåìàòèê. Îñíîâíi ïðàöi ç òåîði¨ äèôå-

ðåíöiàëüíèõ ðiâíÿíü i íåáåñíî¨ ìåõàíiêè. Ó ìàòåìàòèöi éîãî iì'ÿ íîñÿòü

öèëiíäðè÷íi ôóíêöi¨ ïåðøîãî ðîäó (ôóíêöi¨ Áåññåëÿ) i äèôåðåíöiàëüíå

ðiâíÿííÿ, ÿêå âîíè çàäîâîëüíÿþòü (ðiâíÿííÿ Áåññåëÿ).

ÁÎÐÅËÜ Ôåëiêñ Åäóàðä Æþñòåí Åìiëü (Borel Felix Edouard Justin

Emile; 1871 � 1956) � ôðàíöóçüêèé ìàòåìàòèê, ÷ëåí Ïàðèçüêî¨ Àêàäåìi¨ íà-

óê. Çàñíîâíèê äåêiëüêîõ ðîçäiëiâ ñó÷àñíîãî ìàòåìàòè÷íîãî àíàëiçó (ðîçáiæíi

ðÿäè, ìiðà ìíîæèíè, äiîôàíòîâi íàáëèæåííÿ). Íèçêà ðîáiò ïðèñâÿ÷åíà ïèòà-

ííÿì ìàòåìàòè÷íî¨ ôiçèêè òà òåîði¨ éìîâiðíîñòåé.

ÁÐÎÌÂI× Òîìàñ Äæîí (Bromwich Thomas John; 1875 � 1929) � àí-

ãëiéñüêèé ìàòåìàòèê, ïðîôåñîð Êåìáðèäæà. Îá ðóíòîâóþ÷è îïåðàöiéíå ÷è-

ñëåííÿ, âèõîäèâ ç òåîði¨ àíàëiòè÷íèõ ôóíêöié òà òåîði¨ iíòåãðàëà Ôóð'¹. Îäåð-

æàâ çàëåæíiñòü ìiæ îðèãiíàëîì òà éîãî çîáðàæåííÿì ó âèãëÿäi êîíòóðíîãî

iíòåãðàëà ó êîìïëåêñíié ïëîùèíi.

ÂÀÍ ÄÅÐ ÏÎËÜ Áàëòàçàð (van der Pol Balthasar; 1889 � 1959) � ãîë-

ëàíäñüêèé ôiçèê i ìàòåìàòèê. Îñíîâíi ìàòåìàòè÷íi ðîáîòè ñòîñóþòüñÿ òåîði¨

êîëèâàíü. Âèâiâ ðiâíÿííÿ, ÿêå îïèñó¹ àâòîêîëèâàííÿ ó ëàìïîâîìó ãåíåðàòî-

ði (ðiâíÿííÿ Âàí äåð Ïîëÿ). Çàéìàâñÿ ïîáóäîâîþ îïåðàöiéíîãî ÷èñëåííÿ íà

îñíîâi ïðÿìîãî é îáåðíåíîãî ïåðåòâîðåííÿ Ëàïëàñà.
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ÂÀÙÅÍÊÎ � ÇÀÕÀÐ×ÅÍÊÎ Ìèõàéëî �ãîðîâè÷ (1825 � 1912) �

óêðà¨íñüêèé ìàòåìàòèê. Íàâ÷àâñÿ ó Êè¨âñüêîìó óíiâåðñèòåòi, à òàêîæ ó Ïà-

ðèæi, äå ñëóõàâ ëåêöi¨ Î. Êîøi i Æ. Ëióâiëëÿ. Ïðîôåñîð Êè¨âñüêîãî óíiâåð-

ñèòåòó. Îñíîâíi ðîáîòè ïðèñâÿ÷åíi òåîði¨ ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

i îïåðàöiéíèì ìåòîäàì. Àâòîð ïåðøî¨ íà ðîñiéñüêié ìîâi ìîíîãðàôi¨ ç îïå-

ðàöiéíîãî ÷èñëåííÿ òà éîãî çàñòîñóâàíü äî ðîçâ'ÿçóâàííÿ äèôåðåíöiàëüíèõ

ðiâíÿíü (1862 ð.).

ÂÅÉ�ÐØÒÐÀÑÑ Êàðë Òåîäîð Âiëüãåëüì (Weierstraß Karl Theodor

Wilhelm; 1815 � 1897) � íiìåöüêèé ìàòåìàòèê, ïðîôåñîð Áåðëiíñüêîãî óíiâåð-

ñèòåòó. Îñíîâíi äîñëiäæåííÿ ñòîñóþòüñÿ ìàòåìàòè÷íîãî àíàëiçó, òåîði¨ ôóí-

êöié, âàðiàöiéíîãî ÷èñëåííÿ, ëiíiéíî¨ àëãåáðè. Ðîçðîáèâ ñèñòåìó ëîãi÷íîãî

îá ðóíòóâàííÿ ìàòåìàòè÷íîãî àíàëiçó íà îñíîâi ñòâîðåíî¨ íèì òåîði¨ äiéñíèõ

÷èñåë.

ÃÅÂIÑÀÉÄ Îëiâåð (Heaviside Oliver; 1850 � 1925) � àíãëiéñüêèé ôi-

çèê i iíæåíåð, ÷ëåí Ëîíäîíñüêîãî êîðîëiâñüêîãî òîâàðèñòâà. Çàñíîâíèê (1892

ð.) ìåòîäó îïåðàöiéíîãî (ñèìâîëüíîãî) ÷èñëåííÿ, ÿêèé äîçâîëÿ¹ äîñòàòíüî

ïðîñòî ðîçâ'ÿçóâàòè áàãàòî ñêëàäíèõ çàäà÷ ìåõàíiêè, åëåêòðîòåõíiêè, àâòî-

ìàòèêè òîùî. Ñòâîðèâ òåîðiþ ïåðåäà÷i ñèãíàëiâ íà âåëèêi âiäñòàíi.

ÄIÐÀÊ Ïîëü Àäði¹í Ìîðiñ (Dirac Paul Adrien Maurice; 1902-1984) �

àíãëiéñüêèé ôiçèê-òåîðåòèê, ÷ëåí Ëîíäîíñüêîãî êîðîëiâñüêîãî òîâàðè-

ñòâà, ïðîôåñîð Êåìáðèäæà. Ëàóðåàò Íîáåëiâñüêî¨ ïðåìi¨. Îäèí iç òâîðöiâ

êâàíòîâî¨ ìåõàíiêè. Ç éîãî iì'ÿì ïîâ'ÿçàíi òàêi ìàòåìàòè÷íi ïîíÿòòÿ, ÿê

äåëüòà-ôóíêöiÿ Äiðàêà, ìàòðèöÿ Äiðàêà, ðåëÿòèâiñòñüêå õâèëüîâå ðiâíÿííÿ

Äiðàêà.

ÄÞÀÌÅËÜ Æàí Ìàði Êîíñòàí (Duhamel Jean Marie Constant;

1797 � 1872) � ôðàíöóçüêèé ìàòåìàòèê, ÷ëåí Ïàðèçüêî¨ Àêàäåìi¨ íàóê.

Îñíîâíi ïðàöi ç ìàòåìàòè÷íî¨ ôiçèêè, çîêðåìà, ç òåîði¨ êîëèâàíü, òåîði¨

ðÿäiâ i òåîði¨ ïðóæíîñòi. Ñôîðìóëþâàâ ïðèíöèï � àíàëîã ìåòîäó âàðiàöi¨
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äîâiëüíèõ ñòàëèõ (ïðèíöèï Äþàìåëÿ). Ñòâîðèâ çàãàëüíèé ìåòîä äîñëiäæåííÿ

âèìóøåíèõ êîëèâàíü.

ÅÉËÅÐ Ëåîíàðä (Euler Leonhard; 1707 � 1783) � âèäàòíèé ìàòåìàòèê,

ìåõàíiê, ôiçèê, àñòðîíîì. Çà ïîõîäæåííÿì øâåéöàðåöü. Àâòîð ìàéæå 850

íàóêîâèõ ïðàöü ç ìàòåìàòè÷íîãî àíàëiçó, äèôåðåíöiàëüíî¨ ãåîìåòði¨, íàáëè-

æåíèõ ìåòîäiâ îá÷èñëåíü, íåáåñíî¨ ìåõàíiêè, ìàòåìàòè÷íî¨ ôiçèêè, îïòèêè,

áàëiñòèêè òà ií. Ñòâîðèâ ÿê ñàìîñòiéíó äèñöèïëiíó òåîðiþ çâè÷àéíèõ äèôå-

ðåíöiàëüíèõ ðiâíÿíü i çàêëàâ îñíîâè òåîði¨ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè.

ÊÀÐÑÎÍ Äæîí Ðåíøî (Carson John Renshaw; 1886 � 1940) � àìå-

ðèêàíñüêèé ìàòåìàòèê òà iíæåíåð. Âiäîìèé ñâî¨ìè ïðàöÿìè ç òåîði¨ ôóí-

êöié êîìïëåêñíî¨ çìiííî¨ (ïåðåòâîðåííÿ Êàðñîíà) òà îïåðàöiéíîãî ÷èñëåííÿ.

Äîâiâ, ùî îïåðàöiéíi ìåòîäè Î. Ãåâiñàéäà ìîæíà ïîâíiñòþ îá ðóíòóâàòè íà

îñíîâi ïåðåòâîðåííÿ Ëàïëàñà.

ÊIÐÕÃÎÔ Ãóñòàâ Ðîáåðò (Kirchho� Gustav Robert; 1824 � 1887) � íi-

ìåöüêèé ôiçèê. Îñíîâíi ïðàöi ç îïòèêè, åëåêòðîäèíàìiêè òà ìåõàíiêè. Ðîçâ'ÿ-

çàâ çàäà÷ó ïðî ðîçïîäië åëåêòðè÷íèõ ñòðóìiâ ó ðîçãàëóæåíèõ åëåêòðè÷íèõ

êîëàõ (ïðàâèëà Êiðõãîôà). Çàéìàâñÿ òàêîæ ïèòàííÿìè äåôîðìàöi¨, ðiâíîâàãè

òà ðóõó ïðóæíèõ òië, òå÷i¨ ðiäèí.

ÊÎØI Îãþñòåí Ëó¨ (Cauchy Augustin Louis; 1789 � 1857) � ôðàíöóçü-

êèé ìàòåìàòèê. Îïóáëiêóâàâ ïîíàä 800 ïðàöü ç òåîði¨ ÷èñåë, àëãåáðè, ìà-

òåìàòè÷íîãî àíàëiçó, òåîðåòè÷íî¨ ìåõàíiêè, ìàòåìàòè÷íî¨ ôiçèêè. Äàâ ÷iòêå

îçíà÷åííÿ íåïåðåðâíî¨ ôóíêöi¨, îñíîâíèõ ïîíÿòü òåîði¨ çáiæíèõ ðÿäiâ (îçíà-

êà Êîøi, êðèòåðié Êîøi), ðîçâèíóâ îñíîâè òåîði¨ àíàëiòè÷íèõ ôóíêöié. Ó

òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü äîâiâ îñíîâíó òåîðåìó iñíóâàííÿ ðîçâ'ÿçêó

ïî÷àòêîâî¨ çàäà÷i (çàäà÷i Êîøi). Ðîçðîáèâ ìåòîäè iíòåãðóâàííÿ ðiâíÿíü ç ÷à-

ñòèííèìè ïîõiäíèìè ïåðøîãî ïîðÿäêó.

ËÀÃÐÀÍÆ Æîçåô Ëó¨ (Lagrange Joseph Louis; 1736 � 1813) � ôðàí-

öóçüêèé ìàòåìàòèê i ìåõàíiê. Íàéáiëüø âàæëèâi ïðàöi âiäíîñÿòüñÿ äî âàði-

àöiéíîãî ÷èñëåííÿ i ìåõàíiêè. Éîìó íàëåæàòü òàêîæ âèäàòíi äîñëiäæåííÿ
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ç ðiçíèõ ïèòàíü ìàòåìàòè÷íîãî àíàëiçó (ôîðìóëà çàëèøêîâîãî ÷ëåíà ðÿäó

Òåéëîðà, ôîðìóëà ñêií÷åííèõ ïðèðîñòiâ � ôîðìóëà Ëàãðàíæà, òåîðiÿ óìîâ-

íèõ åêñòðåìóìiâ � ìåòîä ìíîæíèêiâ Ëàãðàíæà) i äèôåðåíöiàëüíèõ ðiâíÿíü

(òåîðiÿ îñîáëèâèõ ðîçâ'ÿçêiâ, ìåòîä âàðiàöi¨ äîâiëüíèõ ñòàëèõ äëÿ ëiíiéíîãî

ðiâíÿííÿ n-ãî ïîðÿäêó) òà ií.

ËÀÏËÀÑ Ï'¹ð Ñiìîí (Laplace Pierre Simon; 1749 � 1827) � ôðàíöóçü-

êèé ìàòåìàòèê, ôiçèê i àñòðîíîì. Îñíîâíi ïðàöi ïðèñâÿ÷åíi äîñëiäæåííþ ðiâ-

íÿíü ç ÷àñòèííèìè ïîõiäíèìè, òåîði¨ éìîâiðíîñòåé, íåáåñíié ìåõàíiöi. Ôóíäà-

ìåíòàëüíèìè ¹ éîãî ðîáîòè ç äèôåðåíöiàëüíèõ ðiâíÿíü (ðiâíÿííÿ Ëàïëàñà).

Äëÿ ðîçðîáêè ñòâîðåíî¨ íèì ìàòåìàòè÷íî¨ òåîði¨ éìîâiðíîñòåé øèðîêî âèêî-

ðèñòîâóâàâ ïåðåòâîðåííÿ, ÿêå íîñèòü éîãî iì'ÿ (ïåðåòâîðåííÿ Ëàïëàñà).

ËÅÂI Ïîëü Ï'¹ð (Levy Paul Pierre; 1886 � 1971) � ôðàíöóçüêèé ìàòåìà-

òèê. ×ëåí Ïàðèçüêî¨ Àêàäåìi¨ íàóê, ïðåçèäåíò Ôðàíöóçüêîãî ìàòåìàòè÷íîãî

òîâàðèñòâà. Îñíîâíi íàïðÿìè äîñëiäæåíü � òåîðiÿ éìîâiðíîñòåé, ôóíêöiî-

íàëüíèé àíàëiç, òåîðiÿ ôóíêöié, äèôåðåíöiàëüíi ðiâíÿííÿ.

ËÅÉÁÍIÖ Ãîòôðiä Âiëüãåëüì (Leibniz Gottfried Wilhelm; 1646 �

1716) � íiìåöüêèé ìàòåìàòèê, ôiçèê, ôiëîñîô. Îäèí iç çàñíîâíèêiâ äè-

ôåðåíöiàëüíîãî òà iíòåãðàëüíîãî ÷èñëåíü, ¨õíiõ ïîíÿòü i ñèìâîëiêè. Éîìó

íàëåæàòü òåðìiíè �äèôåðåíöiàë�, �äèôåðåíöiàëüíå ÷èñëåííÿ�, �äèôåðåí-

öiàëüíå ðiâíÿííÿ�, �ôóíêöiÿ�, �êîîðäèíàòè� òà ií. Ó ôiçèöi âiäêðèâ çàêîí

çáåðåæåííÿ åíåðãi¨, âèñëîâèâ iäåþ ïðî ïåðåòâîðåííÿ îäíèõ âèäiâ åíåðãi¨ â

iíøi.

ËIÓÂIËËÜÆîçåô (Liouville Joseph; 1809 � 1882) � ôðàíöóçüêèé ìàòå-

ìàòèê. Àâòîð âàæëèâèõ ïðàöü ç êîìïëåêñíîãî àíàëiçó, òåîði¨ ÷èñåë, äèôåðåí-

öiàëüíèõ ðiâíÿíü (ôîðìóëà Îñòðîãðàäñüêîãî-Ëióâiëëÿ). Ïåðøèì ñòðîãî äîâiâ

íåiíòåãðîâíiñòü ó êâàäðàòóðàõ äåÿêèõ êëàñiâ äèôåðåíöiàëüíèõ ðiâíÿíü. Îäèí

ç ðîçðîáíèêiâ òåîði¨ êðàéîâèõ çàäà÷ íà âëàñíi çíà÷åííÿ äëÿ ëiíiéíèõ äèôå-

ðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó (çàäà÷à Øòóðìà-Ëióâiëëÿ). Ðîçðîáèâ

ñèìâîëüíèé ìåòîä iíòåãðóâàííÿ äèôåðåíöiàëüíèõ ðiâíÿíü.
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ËÎÐÀÍ Ï'¹ð Àëüôîíñ (Laurent Pierre Alfonse; 1813 � 1854) � ôðàí-

öóçüêèé ìàòåìàòèê, çà ïðîôåñi¹þ âiéñüêîâèé iíæåíåð. Àâòîð òåîðåìè ïðî

ðîçâèíåííÿ ó ðÿä àíàëiòè÷íî¨ ó êðóãîâîìó êiëüöi ôóíêöi¨ (ðÿä Ëîðàíà).

ÌÅËËIÍ Ðîáåðò Õèëüìàð (Mellin Robert Hjalmar; 1854 � 1933) �

ôiíñüêèé ìàòåìàòèê. Ïðîôåñîð Ïîëiòåõíi÷íî¨ øêîëè â Ãåëüñiíêi. Îñíîâíi

ïðàöi ñòîñóþòüñÿ äèôåðåíöiàëüíèõ òà iíòåãðàëüíèõ ðiâíÿíü. Ó ìàòåìàòè÷íié

ôiçèöi i òåîði¨ ôóíêöié øèðîêî çàñòîñîâó¹òüñÿ iíòåãðàëüíå ïåðåòâîðåííÿ

Ìåëëiíà.

ÌIÊÓÑÈÍÑÜÊÈÉ ßí (Mikusinski Jan; 1913 � 1987) � ïîëüñüêèé

ìàòåìàòèê, ÷ëåí Ïîëüñüêî¨ Àêàäåìi¨ íàóê. Íàðîäèâñÿ ó ìiñòi Ñòàíiñëàâiâ

(òåïåð � Iâàíî-Ôðàíêiâñüê). Îñíîâíi ðîáîòè ïðèñâÿ÷åíi îïåðàöiéíîìó ÷è-

ñëåííþ, äèôåðåíöiàëüíèì ðiâíÿííÿì, àëãåáði. Ñòâîðèâ îïåðàöiéíå ÷èñëåííÿ

áåç âèêîðèñòàííÿ ïåðåòâîðåííÿ Ëàïëàñà àëãåáðè÷íèì øëÿõîì.

ÍÜÞÒÎÍ Iñààê (Newton Isaac; 1643 � 1727) � àíãëiéñüêèé ôiçèê, ìà-

òåìàòèê, ìåõàíiê, àñòðîíîì. Çàêëàâ òåîðåòè÷íi îñíîâè ìåõàíiêè é àñòðîíîìi¨,

âiäêðèâ çàêîí âñåñâiòíüîãî òÿæiííÿ. Ðàçîì iç Ëåéáíiöåì ââàæà¹òüñÿ òâîðöåì

äèôåðåíöiàëüíîãî òà iíòåãðàëüíîãî ÷èñëåíü. Âèíàéøîâ ìåòîä iíòåãðóâàííÿ

äèôåðåíöiàëüíèõ ðiâíÿíü ðîçâèíåííÿì ¨õ ðîçâ'ÿçêiâ ó ñòåïåíåâi ðÿäè.

ÏÀÐÑÅÂÀËÜ Ìàðê Àíòóàí (Parseval Marc Antoin; 1755 � 1836) �

ôðàíöóçüêèé ìàòåìàòèê. Îñíîâíi ïðàöi ñòîñóþòüñÿ òåîði¨ äèôåðåíöiàëüíèõ

ðiâíÿíü, òåîði¨ ôóíêöi¨ äiéñíî¨ çìiííî¨ òà ôóíêöiîíàëüíîãî àíàëiçó. Âñòàíîâèâ

ñïiââiäíîøåííÿ ìiæ ôóíêöi¹þ òà ¨¨ êîåôiöi¹íòàìè Ôóð'¹ (ôîðìóëà Ïàðñåâà-

ëÿ).

ÐIÌÀÍ Ãåîðã Ôðiäðiõ Áåðíõàðä (Riemann Georg Friedrich Bernhard;

1826 � 1866) � íiìåöüêèé ìàòåìàòèê, ïðîôåñîð Ãåòòiíãåíñüêîãî óíiâåðñèòåòó.

Çàêëàâ îñíîâè ãåîìåòðè÷íîãî íàïðÿìó â òåîði¨ àíàëiòè÷íèõ ôóíêöié. Ñëiäîì

çà Êîøi ðîçãëÿíóâ ôîðìàëiçàöiþ ïîíÿòòÿ iíòåãðàëà i ââiâ ñâî¹ îçíà÷åííÿ �

iíòåãðàë Ðiìàíà.
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ÒÅÉËÎÐ Áðóê (Taylor Brook; 1685 � 1731) � àíãëiéñüêèé ìàòåìàòèê,

÷ëåí Ëîíäîíñüêîãî êîðîëiâñüêîãî òîâàðèñòâà. Âèâiâ çàãàëüíó ôîðìóëó (ôîð-

ìóëà Òåéëîðà) ðîçâèíåííÿ ôóíêöié ó ñòåïåíåâi ðÿäè (ðÿäè Òåéëîðà), çàïî÷à-

òêóâàâ ìàòåìàòè÷íó òåîðiþ êîëèâàííÿ ñòðóíè.

ÔÓÐ'� Æàí Áàòèñò Æîçåô (Fourier Jean Baptiste Joseph; 1768 �

1830) � ôðàíöóçüêèé ìàòåìàòèê i ôiçèê. Íàéâàãîìiøi ðåçóëüòàòè îòðèìàâ

ó ìàòåìàòè÷íié ôiçèöi. Çîêðåìà, âèâiâ äèôåðåíöiàëüíå ðiâíÿííÿ òåïëîïðî-

âiäíîñòi, ðîçðîáèâ ìåòîä ðîçâ'ÿçóâàííÿ öüîãî ðiâíÿííÿ ïðè ïåâíèõ êðàéîâèõ

óìîâàõ (ìåòîä Ôóð'¹). Éîãî iäå¨ ñòàëè ïîòóæíèì iíñòðóìåíòîì ìàòåìà-

òè÷íîãî äîñëiäæåííÿ íàéðiçíîìàíiòíiøèõ çàäà÷, ïîâ'ÿçàíèõ ç õâèëÿìè òà

êîëèâàííÿìè.
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