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ON GENERALIZATIONS OF THE HILBERT NULLSTELLENSATZ
FOR INFINITY DIMENSIONS (A SURVEY)
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Abstract. The paper contains a proof of Hilbert Nullstellensatz for the polynomials on
infinite-dimensional complex spaces and for a symmetric and a block-symmetric polynomi-
als.
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1. INTRODUCTION

The Hilbert Nullstellensatz is a classical princip in Algebraic Geometry and actually its start-
ing point. It provides a bijective correspondence between affine varieties, which are geometric
objects and radical ideals in a polynomials ring, wich are algebraic objects. For the proof and
applications of the Hilbert Nullstellensatz we refer the reader to [6].

The question whether a bounded polynomial functionalon a complex Banach space X is de-
termined by its kernel the set of zeros under te assumption that all the factors of its decom-
position into irreducible factors are simple was posed by Mazur and Orlich (see also Problem
27 in [10]). A positive answer to this question it follows from Theorem 2 of the present paper.
Moreover, this result remains valid even when the ring of bounded polynomial functionals is
replaced by any ring of polynomials for which there exists a decomposition into ireducible fac-
tors satisfying the following condition along with each polynomial P(x) that it contains the ring
also contains the polynomial Py.y,(x) = P(xo + Ax), where x € Xand A € C.

Let X and Y be vector spaces over the field C of complex numbers. A mapping Py(x1, ..., Xx)
from the Cartesian product X* into Y is k — linear if it is linear in each component. The re-
striction Py of the k-linear operator Py to the diagonal A= {(xy,...,x;) € XK :x; = ... = x;},
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which can be naturally identified with X, is a homogeneous polynomial of degree k (briefly, a k-
monomial). A finite sum of k-monomials, 0 < k < n, P(x) = Py(x) + P1(x) +... 4+ Py(x), P, #0
is a polynomial of degree n. For general properties of polynomials on abstract linear spaces we
refer the reader to [4].

This paper is devoted to generalizations of the Hilbert Nullstellensatz of infinite dimensional
spaces. In Section 2 we consider the case of abstract infinite dimension complex linear spaces.
Section 3 is devoted to continuous polynomials on complex Banach spaces. In Section 4 we
examin symmetric polynomials on £, and Section 5 contains some new results about Nullstel-
lensatz for block-symmetric polynomials.

2. THE NULLSTELLENSATZ ON INFINITE-DIMENSIONAL COMPLEX SPACES

All results of this section are proved in [15].
Let us denote by X a complex vector space, by P(X) the algebra of all complex-valued poly-
nomials on X. Let Py(X) be a subalgebra of P(X) satisfying the following conditions:

(1) If P(x) € Po(X), then Py ;5 (x) = P(Ax + xg) € Po(X) forany xg € Xand A € C.
(2) It P € Py(X), P = PyPs; P £ 0,P; # 0, then P, € Po(X) and P, € Py(X).

That is, the algebra Py(X) is factorial and closed under translation. We shall agree to call
such algebras of polynomials FT-algebra.

It is obvious that P(X) is an FT-algebra. A typical example of an FT-algebra is algebra of
bounded polynomials (on bounded subset) on a locally convex space X. We shall denote this
algebra by P, (X). Anothe example of an FT-algebra is provided by the polynomials formed by
finite sums of finite products of continuous linear functionals on X (polynomials of finite type).
If Y is subspace of X, we take Py(Y) to mean the restrictions of the polynomials of Py(X) to Y.
It easy to see that P, (Y) coincides with the algebra of bounded polynomials on Y.

Let P,(x) € Py(X) be a family of polynomials, where 7y belongs to an index set I'. We re-

call that an ideal (P,) in Pp(X)isaset ] = ¢ P € Py(X) : P = Y Q,(x)Py(x),Qy € PO(X)} ,
yerl
where the sum ), Q,(x)P,(x) contains only a finite number of terms that are not identifically
yerl

zero. A linearly independent subset { Py, } of the set { P, } such that (Py) = (P,,) is a linear basis
of the ideal J. For anideal | € Py(X), V(J) denotes the zero of ], that is, the common set of zeros
of all polynomials in J. Let G be a subset of X. Then I(G) denotes the hull of G, that is, a set of
all polynomials in Py(X) which vanish on G. The set rad] is called the radical of ] if P¥ € ] for
some positive integer k implies P € rad]. P is called a radical polynomial if it can be represented
by a product of mutually different irreducible polynomials. In the case (P) = rad(P).

It is easy to see that I(G) is an ideal in Py(X). The main problem that we shall solve consists
of establising conditions under wich the equality

Iv() =7

holds for the ideal | € Py(X) that is, an ideal in Py(X) is uniquely determined by its set of
Zeros.

In the finite-dimensional case the answer to this question is provided by the Hilbert Null-
stellensatz, which asserts that a necessary and sufficient condition for this to happen is that the
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ideal | be equal to its radical (which we shall define below). We remark that for the infinite-
dimensional case this condition is not sufficient. (A counterexample will be given).

Lemma 2.1. Let Py, ..., P, be polynomials on X and deg Py > deg P, > ... > deg P, > 0. Then there
exists an element h € X such that for any x € X the degree of the scalar-valued polynomial P; (x + th)
in t is deg Py, and the polynomials Ps, . . ., P, depend on h, that is, for each P;,i = 2, ..., n, there exists
x; such that the scalar-valued polynomial P;(x; 4 th) in t is of positive degree.

Proof. For n = 1 the assertion of the lemma is obvious. Assume it is true for n — 1. Let 11 be the
required element for Py, ..., P,_1. Assume that P, is independent of hy, that is, P,(x + thy) =
P,(x) Vx € X. Let hp be an elementof X such that P, depends on ;. We make the definition
h(A) := h1 4+ Ahp, A € C. Consider the family of scalar-valued polynomials P;(x + th(A)) in ¢
with parameters A, x. For any x there is only a finite set of A, at which the polynomial P; (x +
th(A)) is of degree less than deg P in t.

m
Indeed, let deg P} = m, and let P; = }_ f; be an expansion in monomials. Then P (x + th(A))
i=0
can be given in the following form:

Pi(x+th(A)) = Zfl (x +th(A thﬂ Jh(A), ..., h(A))
= t”’fm —I—Zthq]x—i-h
k<m j<k

where f; are i— linear forms corresponding to the monomials f;;

9= L fi(x, 1 h(A), .. h(A)).

If deg Py(x + th(A")) < m for some value A’ of the parameter A, then f,,(h(A)) = fiu(h1 +
AMhy) = 0. But, since fy,(h1 + Ahy) is polynomial in the variable A (for fixed h; and hy), it can
have only a finite number of zeros without being identically zero. Assume that f,,,(hy + Ahy) =
0. Then this relation also holds for A = 0. Hence deg P;(x + th(0)) = degP;(x + thy) < m,
which contradicts the choice of /.

Similarly, for each i = 2,...,n — 1 there exists a finite set of values of the parameter A at
which the polynomials P;(x + th(A)) have smaller degree in f than deg P;, in particular, degree
0. Hence there exists a number Ag # 0 such that deg P; (x + th(Ag)) = m with respect to ¢, and
the polynomials P; depend on h(Ag) for 1 < i < n. Moreover, P, also depends on h(Ag), since
Py(x+th(Ag)) = Pu(x + tAghy). Therefore, h := h(Ag) is the required element for n. The lemma
is now proved. O

Theorem 2.2. Let X be a complex vector space of arbitrary (possibly infinite) dimension, and let
Pi(x),...,Py(x) € Po(X), where Po(X) is an FT-algebra. Then there exists an element h € X, a
subspace Z complementary to Ch in X, and polynomial functionals Gy, . .., Gy—1 € Po(X) such that:

(1) ge(z+th) =gk(z) Vz€ Z,t € Ck=1,...,n—1.

(2) All Gy, belong to the ideal (Py, ..., DPy,) in the algebra Py(X).

(3) The set of zeros of the ideal (g1, ...,9n—1) in the algebra Py(Z) is the projection of the zeros of

the ideal (Py, ..., Py) in Py(X) onto the subspace Z along h.
4) Ifgr=0,k=1,...,n—1,then Py,..., P, have a common divisor.
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Proof. Let deg P; = maxdegP; and let h € X be an element such that the degree of the polyno-
1

mial P; (x 4 th) in the variable t € C equals deg P; for all x € X and the polynomials P;, ..., P,
depend on /. Such an element exists in accordance with Lemma 2.1. Concider the polynomials
Py, ..., P, as elements of the algebra (Py(Z))[t], where Z is a closed subspace complementary
to Ch in X. That is, the elements of the algebra (Py(Z))[t] are polynomials of + with coefficients
in the fieldof quotients of elements of Py(Z). We shall denote them by P (t),..., P,(t) respec-
tively. We may assume that deg P (t) > D,(t) > ... > D,(t). Division with remainder holds
in the algebra (Py(Z))[t]. Therefore for P;(t) and P,(t) there exist P; (t) and P; (t) in (Py(Z))[t]
such that

Py —Qip, = P;. (2.1)
If deg P; > deg P, there exist Q) and P} in (Py(Z))|[t] such that

Py — QiP; = Pj. (2.2)

When deg P} < deg P;, we set Q} = 0, P} = P;. Continuing this process, we obtain the follow-
ing relations:

(2.3)

P! | —QLB, =D, 4, (2.4)
where deg P, 1 < deg P,. From relations (2.1)-(2.4), we have:

~ n ~ ~
P — .22 QD = Py
1=

For the elements D,, ..., P, 1 € (Py(Z))[t] we obtain similarly the relations

. ntl 95 L
P, — 123 QiPi = Put2,
1=

deg P, < deg P, q;for Ds,..., D005 :

= 2o -
Ps — 124 Qipi = Pn+3/
1=
deg D3 < deg D,.», and so on.
Since the sequence deg P,, 1, deg P, 12, . . . is strictly decreasing, by continuing this process we
obtain for a coefficient kq :

- I’l+k172 k= -
Poa— Y Qi'Pi=Pyig 1
=k,
Moreover, deg P, 1,1 = 0, thatis, D, ¢, _1 € Po(Z). We introduce the notation G; = Py, 1.
Consider the elements P (t),..., Pk, —2(t) € (Po(Z))[t]. There are n — 1 of them, all depend-
ing on t. Applying the preceding reasoning to them, we obtain for some k, > k; :

5 n+ky—3 o = ~
2 —
sz—l - Z Qi Pi — Tndky—2s

l:kz
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where I3n+k2,2 € Po(Z), deg pn+k272 < deg I3n+k2,3 < .... We introduce the notation G, =
Py k,—2- Consider the polynomials Py, (t), ..., P, 1k,_3(t) € (Po(Z))[t]. There are n — 2 of them,
all dependent on ¢, and the preceding reasoning is applicable to them.

Thus at step r we obtain, for some k, > k,_1> >, :

5 n+k,—r—2
Pk,—l_ 2 QVP —Pn+k —r—1r

i=k,
where P, .y, 1 € Py(Z). We introduce the notation G, = P, , 1. Atstepr = n— 1 our

algorithm coincides with the Euclidean algorithm for the polynomials P (t), B ,+1(t). That
is, for some k,,_1 > ... > ki we find:

Pe,—a— QY 3P, -3 = Py, 2, (2.5)

Pe,—3— an_zpkn—z =D, 1, (2.6)
where B, 1 € Py(Z). We introduce the notation G,,_1 = By, ;.
It is clear from the algorithm that all the polynomials P; € (Py(Z))[t] belong to the ideal
(Py, P, ..., P,) in the algebra (Py(Z))[t]. In particular, this is true also for G, = P, 1. That s,
there exist polynomials Vl.k, k=1,...,n—1,i=1,...,n,in the algebra (Py(Z))[t] such that

n ~
> PVi=G
i=1

for k = 1,...,n — 1. Multiplying each of these equalities by the common denominator a; €
Po(Z) of the coefficients of the terms of degree t in Py(Z) and passing to the algebra Py(X), we
tind that there exist polynomials vi-‘ € Po(X), such that

Dk
igl PiZ)i = ks (2.7)

where gy = Gyay.

Thus we have found a sequence of polynomials g, ..., g,—1, that actually belong to Py(Z),
more precisely: gx(z 4+ th) = gx(z)Vz € Z. In addition, all g belong to the ideal (P, ..., P,).
Let zo € Z be a common zero of the polynomials gx. Then zy + th is a common zero of g,
k=1,...,n—1, forany t € C. We multiply Eq. (2.6) by the common denominator b; € Py(Z)
of the coefficients of the powers of t and pass to the algebra Py(Z). Then,

kn—3
Pkn—3 - qkz_zpkn—2 = &n—-1,

where P; = Pby, q; = Qby. Therefore Dy, 3(zo + th) is divisible by P, _»(zo + th) (since
2n-1(zo + th) = 0). Let us multiply Eq. (2.5) by by, the common denominator of the powers of ¢
in (2.5), and substitute the value of P, _3 in place of P _j itself:

Py, - 4_‘7k 3(gn 1"“71{” Pkn 2) — P, 2=0.

Taking account of the relation g,_1(zo + th) = 0, we find that P, _4(zo + th) is divisible by
Py, _»(zo + th). Working from bottom to top, we find that the polynomials b(zg + th)P;(zo +
th),...,b(zo + th)Py(zo + th) are divisible by P, _,(zo + th), where b is polynomial in Py(Z).
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Assume that Py, _,(zo + th) = const (with respect t). This means that the degree of the poly-
nomial P _,(zo + th) is less than the degree of the polynomial B, _,(t) € (Po(Z))[t], since
by construction deg B, , > 0. Then we also have deg P, _3(zo + th) < deg P, _3(t). Work-
ing from the bottom upward, we find that deg P;(z9 + th), as a polynomial in ¢, is less than
deg P; = deg P;. But the equality deg P; = deg P; (which holds by the choice of &) means that
the monomial of highest degree in ¢ in the polynomial P; (zg + th) is independent of z € Z, so
that this is impossible. Hence Py, _,(zo + th) # const, and therefore, first of all, the fact that
b(zo + th)P;(zo + th) is divisible by P, _»(zo + th) for 1 < i < nimplies that P;(zg + th) is divis-
ible by P, _»(zo +th),1 < i < n, since b is independent of 1 and Py, (2o + th) depends on ;
second there exists ty € C such that P, _,(zo + th) = 0. Thus xo = zg + foh is a common zero of
the polynomials P, ..., P;.

As a result we have the following: if zj is a zero of the ideal (g1, ...,$,—1), then for some ¢
we find that xg = zg + to is a zero of the ideal (Py,..., P,). It follows from Egs. (2.7) that the
converse is also true: every zero of the ideal (Pj,...,P,) is a zero of the ideal (g1,...,%n-1),
and hence its projection of the zeros of the ideal (P, ..., P,) on the subspace Z along h. In the
case when gx = 0 for all k we find that all P;, i = 1,...,n, are divisible by Py _,(z + th) for
every z € Z, thatis, (Pi(x),..., P,(x)) have the common divisor Py, _,(x). The theorem is now
proved. O

Remark 1. In the case dim X = 1 the proposed algorithm becomes the general Euclidean
algorithm for finding a common divisor for n polynomials in one variable

Corollary 2.3. Let | = (Py,..., Py) be an ideal of polynomials in Py(X) and dim X > n. Then there
exist elements hy,..., hy, € X, a subspace W C X of codimension m < n — 1, and a polynomial
f € Po(X) such that:
1) fel
(2) f is independent of hy,. .., hy, that is, for any w € W f(w + t1hy + ... + tphy) = f(w),
where ty, ..., t, are arbitrary elements of C.
(3) The kernel of f is the projection of the set V(]) on W along the subspace Hy, = lin(hy, ..., hy).

Proof. We apply Theorem 2.2 to the ideal ] = (Py,...,P,). Let g1,...,9,—1 be polynomials, h
an element of X, Z is the subspace of X whose existence is guaranteed by the theorem. We
revise the notation for g} =g,i=1,...,n—=1,hy :=h, Zy = Z. Applying Theorem 2.2 to the
polynomials g}, s, g}q_l, we obtain polynomials g%, e, 83172/ element i, € X, and a subspace
Z, C X. Here hy can be chosen from the subspace Z; and Z, C Z;. Applying Theorem 2.2
several times at step m < n — 1, we obtain a polynomial gi" =: f € Py(X) such that f € J.

Indeed

J=(P,...,P)) D (&1, &n-1) O --- D (&1) = (f), fe(f) (2.8)
Let wy € ker f. Then by Theorem 2.2 we have wg + £, € V((gi”fl,g;"*l)) for some t9,. Then
wo+ 19, + 10 € V((gi Tt gi !, ¢ 1)) for some t2 . Continuing, we find that wy + £ +
...+ 19 € V(]) for some t(l), ..., 1% in the other hand, if xy € V(J), then xy € ker f. Moreover,

it follows from the inclusions (2.8) and Theorem 2.2 the independent of hy, ..., hy, so that the
projection of xp on W := Z,, belongs to the kernel of f. The corollary proved. O

We now recall some definitions from ideal theory.

Definition 2.4. The ideal rad] is the radical of the ideal J, if for any positive integer k the relation
Pkej implies P € rad]. If | = rad], then | is a radical ideal.
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Definition 2.5. An ideal | is prime if Py(X)/] is integral domain, that is the algebra Py(X)/]
has no zero divisor ideal is maximal if Py(X)/] is a field.

Theorem 2.6 (The Hilbert Nullstellensatz.). Let | be an ideal the FT-algebra Py(X), ] = (Py, ..., Pn).
Then:

(1) IfV(]) = @, then | = (2.1).

@) I(V(])) = rad].

Proof. Since this theorem is well known for the case dim X < oo, we can assume that dim X = oo
(hence > n). I follows immediately from Corollary 2.3. Therefore only Point 2 requires proof.

We apply reasoning that is well known for the finite-dimensional case [12]. Let f be an arbi-
trary polynomial algebra Py(X). Assume that f(x) = 0Vx € V(]). Lety € C be an additional
independent variable. Consider Py(X + y) of polynomials on the space X & Cy, that are poly-
nomials in Py(X) for each fixed y € C and polynomials in C[y], the algebra of all polynomials
in y, for each fixed x € X. The algebra Py(X + y) is obviously an FT-algebra. Theorem 2.2 holds
init. The polynomials P, ..., P, and fy — 1 have no common zeros. By Point 1 of the there exist
polynomials g1,...,8u+1 € Po(X +y), such that

Y Pgi+ (fy—1)gp1 =1,
i=1

and g1,...,8n+1 depend on x € X and y. Since this is an identity, it remains valid also for
rational functionals the substitute y = % Hence,

1
Zpi%(x, ?) =1
Reducing these to a common denominator, we find that for some N

Y Pigi(x)f N =1
or
Y Pi(x) = f,
where gi(x) = gqi(x, f~1)fN € Py(X). But this means that N belongs to the ideal J. Hence
f € rad] theorem is now proved. 4

We now give an example of an ideal generated by an infinite number of polynomials for
which the Nullstellensatz does not hold.

Example 2.7. Let H be a separable Hilbert space. Consider the ideal | generated by finite sums
of polynomials f;(x) = (x,e;) + a;, where (, ) is the inner product, (¢;) is an orthonormal basis
in H, and 4; € C. The only zero that this ideal can have is an element Y. aie;. But if (a;) are

1
chosen so that this sum diverges in H, the ideal ] has no zeros. But it is obvious that the ideal |
contains no units.

In the case n = 2 the next corollary gives a positive answer to Problem 27 of [10] (see also

[13]).

Corollary 2.8. Let Py, ..., P, be continuous polynomials on the Banach space X. Assume that there
exists a sequence of elements (x;)524, ||x;|| = 1, such that Py(x;) — 0asi — oo, 1 < k < n. Then the
polynomials Py, . .., P, have a common zero.
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Proof. Suppose such is not the case. Since the algebra P,(X) is an FT-algebra, according to
Theorem 2.2 there exist continuous polynomials ¢, . . ., g, such that

P1q1+---+ann =1,
and this contradicts the fact that P (x;) — o0, 1 < k < n. The corollary is now proved. L]

Now consider the topology ¢ on X whose closed sets are the kernels of polynomials in Py (X),
along with finite unions and arbitrary intersections of them. It is easy to see that this is indeed
a topology. By analogy with the finite-dimensional case we call this topology the Zariski topol-
ogy. We remark that for different FT-algebras we obtain different Zariski topologies. In the case
of the algebra of continuous polynomials on X the Zariski topology is strictly weaker than the
topology on X. In this connection the following question arises.

3. THE NULLSTELLENSATZ FOR ALGEBRAS OF POLYNOMIALS ON BANACH SPACES

All results of this section are proved in [14].
Let X be a Banach space, and let P(X) be the algebra of all continuous polynomials defined
on X. Let Py(X) be a subalgebra of P(X).

Theorem 3.1. [2] Let Y be a complex vector space. Let A be an algebra of functions on Y such that the
restriction of each f € A to any finite dimensional subspace of Y is an analytic polynomial. Let I be a
proper ideal in A. Then there is a net (y,) in Y such that f(y,) — 0 forall f € I.

Here we need a technical lemma.

Lemma 3.2. [2] Let Y be a complex vector space. Let F = (f1,..., fu) be a map from Y to C" such
that the restriction of each f; to any finite dimensional space of Y is a polynomial. Then the closure of the
range of F, F(X)~ is an algebraic variety. Moreover there exists a finite dimensional subspace Yo C X
such that F(Yy)~ = F(X) ™.

Theorem 3.3. Let Py(X) be a subalgebra of P (X) with unity which contains all finite type polynomials.

Let | be an ideal in Py(X) which is generated by a finite number of polynomials Py, ..., P, € Po(X). If
the polynomials Py, . . ., P, have no common zeros, then | is not proper.

Proof. According to Lemma 3.2 there exists a finite dimensional subspace Yy = C" C X such
that F(Yp)~ = F(X)~ where F(x) = (Pi(x),...,P,(x)). Let ey, ..., ey, be a basis in Yy and
ef, ..., ey be the coordinate functionals. Denote by Py |y, the restriction of Py to Y. Since dim Y =
m < oo, there exists a continuous projection T : X — Yp. So any polynomial Q € P(Yj) can be
exended to a polynomial Q € Py(X) by formula Q = Q(T(x)). Q belongs to Py(X) becouse it
is a finite type polynomial. Let us consider the map
G(x) = (Pi(x),..., Pu(x),6](x),...,65,(x)) : X — C™*",

By definition of G, G(X)~ = G(Yp) .

Suppose that | is a proper ideal in Py(X) and so | is contained in a maximal ideal Jy;. Let ¢
be a complex homomorphism such that [j; = ker ¢. By Theorem 3.1 there exists a Py- conver-
gent net (x,) such that ¢(P) = lim, P(x,) for every Py(X). Since G(X)™ = G(Yp)~, there is
a net (zg C Yp) such that lim, G(xs) = limg G(zg). Note that each polynomial Q € P(Yp)
is generated by the coordinate functionals. Thus limg Q(zg) = lim, Q(xx) = ¢(Q). Also
limg Ptly,(zg) = limg P(xa) = ¢(Px), k = 1,...,n. On the other hand, every Pp-convergent
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net on a finite dimensional subspace is weakly convergent and so it converges to a point
xg € Yo C X. Thus Py(xg) = 0 for 1 < k < n that contradicts the assumption that Py, ..., Py,
have no common zeros. 0

A subalgebra Ap of an algebra A is called factorial if for every f € Ag the equality f = f1f>
implies that f; € Ap and f, € Ao.

Theorem 3.4 (Hilbert Nullstellensatz Theorem). Let Py(X) be a factorial subalgebra in P (X) which
contains all polynomials of finite type and let | be an ideal of Py(X) which is generated by a finite
sequence of polynomials Py, ..., P,. Then rad] C Py(X) and

IV(])] = rad]
in P()(X )
Proof. Since Py(X) is factorial, rad] C Py(X) for every ideal | € Py(X). Evidently, I[V(])] D
rad].Let P € Py(X) and P(x) = 0 for every x € V(J). Let y € C be an additional “independent
variable” which is associated with a basis vector e of an extra dimension. Consider a Banach
space X ® Ce = {x +ye : x € X,y € C}. We denote by Py(X) ® P(C) the algebra of polyno-
mials on X @ Ce such that every polynomial in Py(X) ® P(C) belongs to Py(X) for arbitrary

y € C. The polynomials Py, ..., P,, Py — 1 have no common zeros. By Theorem 3.3 there are
polynomials Q1, ..., Q41 € Po(X) ® P(C) such that

Y PQi+ (Py—1)Quu =1
i=1

Since it is an identity it will be still true for all vectors x such that P(x) # 0 if we substitute
y =1/P(x). Thus

épi(x)Qi(X,l/P(x)) = 1.

Taking a common denominator, we find that for some positive integer N,

Y P(x)Ql(x)PN(x) = 1
_ i=1

L B(x)Qi(x) = PV() 1)
where Q’(x) = Q(x, P~1)PN(x) € Py(X). The equality (3.1) holds on an open subset X ker P,
so it holds for every x € X. But it means that PN belongs to J. So P € rad]. ([l

4. THE NULLSTELLENSATZ FOR ALGEBRAS OF SYMMETRIC POLYNOMIALS ON fp

Let X be a Banach space, and let P(X) be the algebra of all continuous polynomials defined
on X. Let Py(X) be a subalgebra of P(X). A sequence (G;); of polynomials is called an al-
gebraic basis of Py(X) if for every P € Py(X) there is g € P(C) for some n such that P(x) =
7(G1(x), ..., Gy(x)); in other words, if G is the mapping x € X ~» G(x) := (G1(x),...,Gu(x)) €
C", then P =qgoG.
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Let P;s(X) be the algebra of all symmetric polynomials. Let (p) be the smallest integer that
is greater than or equal to p. In [5], it is proved that the polynomials Fi(} a;e;) = Y. a¥ for
k = (p),{p) +1,... form an algebraic basis in Ps(¢p). So there are no symmetric polynomials
of degree less than (p) in Ps(¢,) and if (p1) = (p2), then Ps(£p,) = Ps({},). Thus, without loss
of generality we can consider Ps(¢,) only for integer values of p. Throughout, we shall assume
that p is an integer, 1 < p < co.

It is well known [8] that for n < co any polynomial in Ps(C") is uniquely representable as a
polynomial in the elementary symmetric polynomials (R;)i_;, Ri(X) = Yp, <. <k, Xky - - - Xk;-

In paper [1] was proof next results.

Lemma 4.1. Let {Gy,..., Gy} be an algebraic basis of Ps(C"). For any & = (&1,...,Cn) € C", there
isx = (x1,...,%,) € C"such that G;(x) = ¢;,i=1,...,n. If for somey = (y1,-..,Yyn), Gi(y) = &
i=1,...,n,then x =y up to a permutation.

Proof. First, we suppose that G; = R;. Then, according to the Vieta formulae [8], the solutions
of the equation

X EA 4 (1) =0

satisfy the conditions R;(x) = ;, and so x = (xl, . ) s required. Now let G; be an arbitrary
algebraic basis of Ps(C"). Then R;(x) = v;(Gy(x ) ...,Gn(x)) for some polynomials v; on C".
Setting v as the polynomial mapping x € C" ~ v(x) := (v1(x),...,v4(x)) € C", we have
R=voG.

As the elementary symmetric polynomials also form a basis, there is a polynomial mapping
w:C" — C"suchthat G = wo R; hence R = (vow) o Rsovow = id. Then v and w are inverse
to each other, since w o v coincides with the identity on the open set, Im(w). In particular, v is
one-to-one.

Now, the solutions x1, ..., x, of the equation

X =0y (E, e G L (1) 00 (8, -, &) =0
satisfy the conditions R;(x) = v;(¢),i = 1,...,n. Thatis, v({) = R(x) = v(G(x)), and hence
¢ = G(x). O
Corollary 4.2. Given (G1,...,8n) € C", thereis x € £, "7 Such that

( ) ‘:1/ . p+n 1( ) (;In-
Proposition 4.3 (Nullstellensatz). Let Py, ..., P, € Ps(€,) be such that ker Py N...Nker Py, = &
m
Then there are Q1, ..., Qu € Ps({p) such that y P,Q; = 1.
i=1

Proof. Let n = max(deg P;). We may assume that P;(x) = g;(F,(x),...,F.(x)) for some g; €
1

P(C"P*1). Let us suppose that at some point § € C"P*1, & = (&y,...,8u—_ps1) and gi(&) = 0.
Then by Corollary 4.2 there is xg € ¢, such that F;(xg) = ¢;. So the common set of zeros of
all g; is empty. Thus by the Hilbert Nullstellensatz there are polynomials g3, ..., g, such that

Y8iqi = 1. Put Qi(x) = qi(Fp(x), ..., Fu(x)). O
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5. THE NULLSTELLENSATZ FOR ALGEBRAS OF BLOCK-SYMMETRIC POLYNOMIALS

Let
XZ — @fl CZ

be an infinite /;-sum of copies of Banach space C2. So any element X € X2 can be represented
[0,]

as a sequence ¥ = (x1,...,Xp,...), where x, € C?, with the norm ||| = ¥© [|x|-
k=1

A polynomial P on the space X2 is called block-symmetric (or vector-symmetric) if:

P <xa(1),...,xg(n),...> =P(x1,...,%Xn,...),

where x; € C? for every permutation ¢ on the set N. Let us denote by P,s(X?) the algebra of
block-symmetric polynomials on X2.
In paper [7] it was shown that the algebraic basis of algebra P,s(X'?) is form by polynomials

HP P () = ¥ ),
i=1
where 0 < p < n, (x;,y;) € C2.
Let us denote by P!(X?) the subalgebra of P,s(X'?) which is generated by polynomials
HY (x,y),..., H"P(x,y).

The number of these elements is equal to m and we denote by 7, the system of generators of
algebra P (Xx?).
Let (x,y),(z,t) € X2,

and

where (x;,v;), (zi,t;) € C2. We put
e ((3):(2) () (5)-)

Tz ()0 y) = f((x,y) @ (2,1)). (5.1)

We will say that (x,y) — (x,y) e (z,t) is the block symmetric translation and the operator 7, ;)
is the symmetric translation operator. Evidently, we have that

HY2((x,y) o (z,1)) = HV2 (x,y) + H2(2,t)

and define

for all k1, k».
For some positive number k denote by ag, a1k, ..., &k_1x complex k" roots of the unity,

namely a,, ; = 2"/ The following lemma is well known.



On Generalizations of the Hilbert Nullstellensatz ... 69

Lemma 5.1. For some positive integer number n

k=1 k if n=0 modk
n J—
mEO e =1 { 0 otherwise.

Lemma 5.2. For any HP"""P € 1/ on X2 and for any &, n—p there exist a vector

- X1 X2 XNy ( 0 )
xl — - 7 7y 7 yA
(%, y)pn—p ( < A > ( Y2 > ( YNy ) 0
in X? such that HP"* P = Cpn—ps H"2 =0forallly # p, 1y #n — p.

Proof. Let us consider two cases:
(1) p=0orn=p;
@) p#0,n#p.

1. If p = 0 or n = p, then the polynomials H*"(x,y) = F,(y) and HP?(x,y) = Fy(x)
are symmetric relatively vectors y = (y1,...,Yn,...), ¥ = (X1,...,Xn,...) respectively. In the
paper [1, p. 57] is proof that for symmetric polynomial Fy(x) = oZo: xf.‘ exist the vector xgp =

i=1
(x4, %5, ..., x8,...) € {1 such that F(xg) = &, Fi(xo) = 0. Then for the polynomial H"?(x, y)
there exists vector (xo,0)p,0 such that H??((xo,0)p0) = &0 and Hllfl2((x0,0)p,0) = 0 for all
Iy # p,Ir # 0.If we have p = 0 then there exists vector (0, yo)o , such that H*"*((0,y0)o,.) = Con
and H2((0,y0)o,) = Oforalll; # 0,1, # n.
2. For the second case we consider polynomials

o0
/ki — ki
) = i e
i=1

of degree k, where 1 < p < k. First we assume thatp >k —p, p > % and consider the vector

1—(k— 1—(k—
(7/]7) = (( El(DCOIP(n+1)>n+ ( p) ), < a(“l,p(n_i,_l))rH— ( p) >1' cey

b(‘XO,p(m—l))p b(“l,p(n+1))p

n+1—(k—
( a(‘X;tﬂ(rH—l)—1,P(n+1))pJr ) >, ( 0 ),...),
b(“p(nJrl)fl,p(nJrl)) 0

where &; ,(,,41) is the i'" roots of complex p(n + 1) roots of the unity.

Lp
According to Lemma 5.1 we have HP*~P(%,%) = p(n + 1)aPb*=F. On the system of gen-
erating T,! there exists a polynomial which is not equal to zero at (%,%). Let us denote by

Hpriki—pr o HPUki—pr k; < n the polynomials such that
pin+1—(k—p))+plki —p;)) =0 mod p(n+1), i=1,...,1

For this polynomials we have HPiki=Pi(x, %) = p;(n + 1)aPibki—Pi, i = 1,...,1. All other polyno-
mials of the system 7/%; are equal of zero at (%, 7).
We note that foralli =1,...,1 k; # k. Indeed let k; = k. In the case p; < p we obtain

prin+1—(k—p))+pki—p1)=nm+pi+k(p—p1)=n+1-k)pi+kp <pn+1).
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From this inequality it follows

pi(n+1—(k—p))+plki—p1) #0 mod p(n+1),

that contradicts above hypothesis.
In the case p; > p we obtain

prn+1—(k=p))+plki—p1) =m+p+k(p—p) = (n+1-k)p1+kp < pi(n+1).
From this inequality it follows that for the condition p1(n +1) = 0 mod p(n + 1) necessary
p1r=sp,s>1secN

Since p > %, then p; > s%. Since s > 1 and s € N, then if s;,j, = 2 we obtain that p; > k, wich
is impossible. Therefore, k; # k.

Now we show that k < k; foralli = 1,...,[. Indeed leti = 1 k; < k. For the polynomial
HPvk=P1 we have p1(n+1— (k—p)) + p(k1 — p1) =0 mod p(n + 1). From inequality k; < k
it follows that

pi(n+1—(k—p))+plks—p1) =pi(n+1-k)+pk (5.2)

If p; < p we obtain:

pi(n+1—k)+pk < p(n+1).
Therefore p1(n+1— (k—p)) +p(ky —p1) #0 mod p(n+1).

If p1 > p, then

pi(n+1—k)+ pk < pi(n+1).
In order to last expression of inequality will evenly divided on p(n + 1) necessary that p; = sp.
Since p > &, then p > I%, then p; > s%. If s = 1 we obtain that p1(n+1— (k—p)) + p(ks —
p1) =pn+1—(k—p))+pk —p) = pn+1)—plk —k1) < p(n+1). Therefore on this
case py(n+1—(k—p))+plks —p1) # 0 mod p(n+1).If s > 2 we obtain p; > ky, wich is
impossible. Therefore k < k; foralli =1,...,L

We will show that p; = sp, k; = skforalli =1,...,1. Indeed from

pn+1—(k—p))+plk—p)=0 mod p(n+1)
it follows that
mp(n+1—(k—p))+pm(k—p)=0 mod p(n+1),
where m > 1 (the case m < 1 is impossible because mk < k). Therefore we obtain the poly-
nomials H"P"(k=P) which will be among the polynomials HPvK1P1, ..., HPIKi=PI_ We suppose

that there exist polynomials HP+1k=P+52 where s; < p, sy < k — p.
Then

(P+s))(n+1—(k=p))+pk—p+s) = pn+1-(k—p))+pk-p)
+ si(n+1—(k—p))psz.
Since p(n+1— (k—p))+ p(k—p) =0 mod p(n+ 1), then should performed the codition
siin+1—(k—p))+ps2=0 mod p(n+1),

wich is impossible because sy (n +1— (k—p)) + psa < p(n+1—(k—p)) +plk—p) = p(n +
1). Therefore all polynomials HPvki=p1 o HPUk=PE are of the form H™Pmk=p) m =2 . w
where wk < 1 + 1. Therefore the polynomials HP1*1=P1, ... HPIK=Pi we can mark as

grivki—a — g2p2k=p) pgrake—p2 — 3e3k-p) - gecki-pe — gU+Dp (1) k-p)
where (I +1)k <n+1.



On Generalizations of the Hilbert Nullstellensatz ... 71

Next we concider the vector
+1—(k— +1—(k—
(i]?) _ ( ( a Zi —1(060,;7(11—1—1)); =) )I_ .., ( a 21; _1(D‘p(n+1)—1,p(n+1))z e ); ...,
b/ —1(g p(n11)) b/ =1(@p(ns1)-1,p(n1))

n+1—(k— n+1—(k—
< a(lH)\k/—_l(lXO,p(nH)) ) >,”./< ll(l+1)\k/—_1(06p(n+1)—1,p(n+1)) e >,

b (I+1)k _1<“0,p(n+1))p

( a 2\7__13\k/__1(040,p(n+1))n+17(k7p) ) ( a 2\"/—_13\'7—_1(0¢p(n+1)—1,p(n+1))nﬂi(kip) )
b /=1 =1 (ag,p(ns1))" b/ =1V =1(apns1)-1p(n41))"

( aiiﬂ)\k/__l jﬂ)\k/__l(“o,p(ﬂl))n“i(kip) >
b 7 4

(
1)k i+1)k p
O/ (1), _1(“0,p(n+1))

i +1)k/ e
( a (.“)\k/—l (]fl)k _1(“p(n+1)71,10(n+1))n+1 o )
b I/ —1 KUty —1(“p(n+1)—1fp(n+1))p

a /=1 W= (g )"
b/ -1 (Hl)\Iy__l(“O,p(n-H))p o

1—(k—
< a i\’;/—_l t*i)\/}; —1("‘p(nJrl)—LP(”H))ZJr o >, ey
b \/__1 1/ 7 (Dép(nJrl)—l,p(nJrl))

i i nH= (ke
a .Z\k/—l... ‘l\/k _1(0‘0,p(n+1)) Hek S,
b ’kk/ —1... ll*]\k/ -1 (“0,p(n+1))p

i 1’ n+1—(k—
< a V—1... 4’*1\k/ —1<“p(n+1)—1,l9(”+1)) — ), ceey
b/ —1... ll‘]\k/ -1 (‘Xp(n—i-l)—l/r’(”‘*‘l))p

a¥/=1... ¥ =1 —1(“0,p(n+1))n+1_(k_p)
bR/=1... /=1 "W =1(ag i)’ o

a¥—1... V-1 (l“)\k/—l(txp(n+1)_1,p(n+1))Hli(kip) M B
b/ —1... ¥ -1 ““K"/—l(“p(n+1)f1,p(n+1))p AN
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Then we obtain that

HPOD ((5,5) 0 (57) = aPbl) <p<n 1) = pln 1)+ pln+ 1) Y (YD)
=1
B

~.

j
1 .
— pn+1) Y (¥ —1)lk—i—...
=1
7
I .
+ opn+1) Y (=1L ym)E
J1<<J1—1
jn#i
I .
— pn+1) Y (W-1...0% —1)”‘> = 0.
]'1<..‘<]'[,1
J

For HP*~P we obtain
!
HPEP((%,7) 0 (X,7)) = p(n+1)albs? (1 +Y W1+
=1

Py mmw:mﬁ) (5.3)

1<.<ji_1
We denote by M the next condition
L. ! 4 .
M=1+Y W=T+..+ Y V1. 01+ ¥-1...V-1-1,
j=1 J1<-<Ji—1

If we choice (j + 1) a complex root of —1, j = 1,...1 such that M # 0 to zero, we obtain

HPEP((%,7) o (%,7)) # 0.
If we substitute to (5.3)

1
SV rEs A G

HPEP((7,7) o (X,7)) = HP 7P (%, 1) pr—p) = Epip-
In the case p < k — p we consider the vector

k— k—
(T,7) = << a([xO,(k—p)(n—l-l)) Jj ) (”("‘L(k—P)(HH)) ;I )
7 n — 7 n — 7
b(o,(k—p)ns1) b(ay,—pynsn)

k_

< a (0 (k—p) (n+1)-1,(k—p)(n+1)) : ) ( 0 ) )
n — 7 J 7

b(R (= p)nt )L (k—p)(n+1) 0

where &; (x_p)(n+1) 18 i'" root of (k — p)(n + 1) complex root of the unity. For this case the proof
is the same like in the case p > k — p. g

we obtain
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Corollary 5.3. Let T/ = {Hﬁj—ﬁ(x,y),o <p<ijj=1...,n},j < m Then for each { =
(81,071 Cpkpr- -1 Cppr—p) € C™ thereis (x,y)k—p € X? such that HPA=P((x,9)pg) = Epi—p-

Proposition 5.4. Let Py,..., P, € Pys(X?) such that ker Py N ... Nker P, = &. Then there are
Ql/ R Qm € PUS(XZ) such that

i PQ; =1.

i=1

Proof. For the proof we use the same method as in [1, p. 58]. Let # = max;(deg P;). We may as-
sume that P;(x,y) = q;(H"Y, ..., Hv*~h) for some g; € P(C"), where 0 < I; < k, nis number of
polynomials H"/¥~h. Let us suppose that at some point & € C", & = (&1, .. ., Cok—pre-rCpr ji—p')
and g;(&) = 0. Then by Corollary 5.3 there is (x,y),x—p, € X? such that Hp'k_p((x,y)p,k_p) =
Cpk—p- So the common set of zeros of all g; is empty. Thus by the Hilbert Nullstellensatz there
are polynomials g1, ..., gm such that Y, g;¢; = 1. Put Q;(x,y) = g;(H, ..., Hvk=h), O
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Y poboti moeeaeno Teopemu ['inbbepra mpo Hysi JjIs MOJTIHOMIB Ha HECKIHYEHHO BUMIPHOMY KOMILIE-
KCHOMY IIPOCTOPI, JJIT CUMETPUIHUX Ta OJIOTHO-CUMETPUIHUX TOJTIHOMIB.
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