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10 IIEPE/IMOBA

ITEPE/IMOBA

Hudepenrianbai piBHSHHS I METOMN TOCTIIZKEHHST X PO3B’ sI3-
KiB IIIMPOKO BUKOPHUCTOBYIOTHCs Yy PI3HOMAHITHUX TaJly3sX 1 PO3JIi-
Jlax cydacHol Hayku i TexHiku. CamMe ToOMy HaBYaJbHA JUCIUILIIHA
«ludepenrianbui piBHSHHS» 3afiMae UijbHE MICIE Yy IIiJIIOTOBII
crieriaicTiB 3 iHpOpMaTHKN, MaTeMATUKU, MPUKJIATHOI MaTeMa-
TUKU TOIIIO.

[IporronoBanmii MOCIOHUK OXOILIIOE OCHOBHY YACTUHY YHIBEp-
CUTETCHKOI IporpaMu 3 jirudepeHIiajbHuX PiBHAHD JIJIsi CTYJIECHTIB
HAITPSIMIB IT/INOTOBKY «iH(MOPMATUKAY, IIPUKJIAIHA MATEMATUKAY,
ajie MOke OyTU BUKOPUCTAHUN TAKOXK JIjIs CTYJACHTIB iHKEHEepHO-
TEXHIYHUX BUINMUX HABYAJILHUX 3aKJIAIIB.

Mertoro nocibnnka € o3HafloOMJIEHHS CTYJIEHTIB 3 OCHOBHUMH 10~
HATTAMU, TBEPIZKEHHSIMH, METOIAMU Ta 3aCTOCYBAHHSIMU TeOopil
nudepeHiajIbHuX PiBHAHD, CHPUSIHHA TTHOOKOMY 3aCBOEHHIO Te-
OPETHUYHOr0 MaTepiajy 3a JOMOMOIrOI PO3B’s3aHUX MPUKJIAIIB 1
3a/1a4d PI3HOIO PIBHSA CKJIAJIHOCTI, MHiJIFOTOBKA 1X JI0 CAMOCTIHHOT
pobOTH 3 HAYKOBOIO JHTEPATYPOIO.

[Tocibnuk mae Buriis Kypey 3 24 jexiiiii, sKi yMOBHO MOXKHA
HOJIJINTH HA D PO3JIUIB: «3BUYAiiHI JudepeHIiaibil pIBHSIHHS [1€D-
IIIOTO TOPSIIKY », «3BUYalH] qudepeHIiaibii PIBHAHHS BUIUX 10~
PSIKIBY, «CHCTEMHU 3BUYANHUX TU(pEpPeHIiaibHuX PIBHIHbY, «PiB-
HHHS 3 YACTUHHUMU MOX1THIMU TEPIIOro MOPSIKY», «OCHOBU Te-
Opil CTIAKOCT1».

Te, o aBTOpaMU HA3BAHO <«JIEKIIISIMI», MOXKHA BBAXKaTU HU-
MH YMOBHO — IIEPEJIOBCIM depe3 00csr, KUl He 3aBK/IU BiIITOBiTae
JBOM aKaJIEMiYHUM TOJIMHAM, & TAKOXK Uepe3 HEPIBHOMIPDHO PO3IIO-
minenunit marepiasi. Hacrpasmi, Tepmin «jiekiiisy — 11e paJiie mes-
HUIl TeMaTuIHO 00 €IHAHUN MaTepias, AKuii MoyKe OyTH OCHOBOIO
JJIS CIPABKHBOI JIEKIIIT Ta BiJIIOBIIHOIO NPAKTUIHOI'O 3aHSITTSI.

BaxkuBi moHATTS, TEOPEMU, METOY 1LIIOCTPYIOTHCS TPUKJIA 1A~
vu. Kigers po3s’sa3anux MpUKIAIIB Ta 337a9 MO3HATAETHCA CHUM-
Bosiom M. ajile y TUX BUIAJKaX, Jie Oysia MOXKJIUBICTDL «3aryOuTu»
BIJIMIOBI/Ib cepe/ TEKCTY, 11 HAITMCAHO B KIiHI[ MPUKJIAILY YU 3a/1adl.

3HaK P 03HAYAE KiHEIb JOBEJIEHHS] TEOPEMH.

Koxkna sexiiisg cynmpoBO/ZKYETbCA MTUTAHHIAMU I KOHTPOJIIO
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Ta CAMOKOHTPOJIIO 3aCBOEHHS MaTepialy Ta BIIpaBaMU, sIKi MOXKYTh
OyTH OCHOBOIO JIJIsT IIPOBEJIEHHS IPAKTUYIHUX 3aHSTh 3 [EBHOI Te-
mu (y moexuanui 3 inmmmu 36ipaukamu). ITocibHuk Moxke BUKOpH-
CTOBYBATHUCD 1 K JOBIIHUK, YOMY CIIPUSE JTeTATbHUI IpeIMeTHII
MTOKAKINK.

Y pomaTkax g0 pO3ILIB s MaiizKe BCIX pO3B’sI3aHUX y BIJIIIO-
BiIHMX TeMaxX MPUKJIAIIB HABOIATHCSA 1X PO3B’sI3aHHS 34 JIOIMOMO-
roro makera CUMBOJIbHEX obOuncierb Maple. 3 ocnoBamu pobotu 3
HAM YATaY MOYKE O3HAMOMUTHUCH Y JOJATKY 0.

Y chomcky JiTepaTypu UuTad 3Hale TEepesiK JTepaTypHUuxX
JKEpeJ, y AKUX [MUTAHHS, BUCBITJIEHI y I[OMY [TOCIOHUKY, BUKJIA-
JieHi 1o-iHIoMy abo OlJIbII TOBHO.

Bci cioBa Ta 4wncsia, BU/IiJIeH] Y€PBOHIM KOJTHOPOM, MPAIIOIOTD
gK rinepriocunandg. [Ipu kaamanni Ha HUX JIIBOIO KHOIKOIO MUTITKA
BiIOYyBa€ThCA MEpexil Ha Ty YaCTHHY CTOPIHKM, e PO3MIIeHa Bijl-
noBinna indopmarisa. Haragyemo, mo s mOBepHEHHs 10 IIOTe-
PEeIHBO] CTOPIHKY IiC/IsI KOPUCTYBAHHS TiIIEPIOCUIAHHAM CJILJL 3a-
CTOCOBYBaTH CTAHJIAPTHY Jjid IPOrpaMu, K00 Bu Kopucryerech,
KOMOIHAITI0 KJjaBimt. Y OlIbIIOCTI mporpam Takok KOMOIHAIIE0
kiasim € Alt-< (crpiika BiiBo). Bech 3micT npoiy6iaboBaHO y
3aKJIaJIKax, M0 J03BOJISE IBUIKO [TEPEXO/IUTH JI0 TOTPIOHOTO PO3-
Jiy, Jiektil am 11 myHkKTy. lepeBo 3aK/ia oK pO3KPUBAETHCS IIPHU
KJIAIlaHHI MUIIKOIO Ha 3HAYIL +.

CrosiBaeMOoCh, 110 Teil eJIeKTPOHHUN TOCIOHUK JIOITOMOXKE CTY-
JeHTaM B OBOJIOJIIHHI BaXKJIMBUMU PO3JILJIAMHA CydacHOI MaTeMaTH-
KU, & TAKOXK Oyjie KOPUCHUM JIJIsi BUKJIAJATIB Iij dac poboTu 3i
CTYJIEHTaMHU.
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Pozain 1.
3BNYANVHI TN®EPEHITIAJJIBHI
PIBHAHHA ITEPITITIOI'O ITIOPAIKY

Jlekmia 1. IlornsarTsa npo audepeHIliaabHi PiBHIHHS
Ta audepeHIiagabHi MoaeJti

Il1an

1. dudepenmianbai piBHAHHS Ta MaTeMaTHIHE MOJIE/TIOBAHHSI.

2. OcHoBHI O3Ha4YeHHd I TOHATTI.

3. Cxknajanng audepeHijiaJbHuX PIBHAHL BUKJIIOYEHHSIM J10-
BIJILHUX CTAJINX.

1. ndepeniiiaibHi piBHIHHA Ta MaTeMaTU4YHE MOIe-
mioBauHsI. Jlocaimkyodn pisnoManiTHi Bi3udHi ABUIA, TEXHO-
JIOT1UHI mporiecu y 6araTboxX Tajy3sX HayKd 1 TeXHIKH, JIesiKi [po-
1ecu, gKi BUHUKAIOTH B €KOHOMII[, €KOJIOTil Ta IHIIMNUX COIiaJIbHUX
HAayKaxX, HE 3aBXKJ/U BIAETbCS OE3MI0CEPETHBO TTPOCTEXKUTH 3aJie-
JKHICTD MiK BeJTMINHAMU, 110 OMUCYIOTDH IEBHUN IIPOIEC U SIBUIIIE.
OjiHak y GaraTbox BUITAIKAX MOXKHA BHSBUTU (PYHKIIOHAJBHY 3a-
JIEZKHICTD MI2K BUBHAUAJIBHUMU XapaKTepucTukamu mnpoiecy (bys-
KIsIMH7 ), IIBUJIKOCTSIMU 1X 3MiHHM if 9acoM, TOOTO 3HAWTH PIBHSIHHS,
gKi MicTaTh mykani dyHKIHD Ta X noxigai. Taki piBHgHHA Ha3u-
BalOTh duepenuiarsbHuMU, a 3HAXOKEeHHsT HeBiIoMol hyHKIIT
(posB’si3Ky ) — tHmezpysaHHam TiudepeHIiaJIbHOrO PIBHAHHSL.

Judepenniambue piBHAHHS, OJIepKAHE Y IIPOIEC] TOCIIZKEHHST
JIESIKOTO PEaJIbHOTO sIBUIIa ab0 IPOIECY, Ha3UBaOTh dugdeperi-
anbHO MO00eanto boro siBuia abo mporecy. ndepenmiaabai
MOJIEJIl HA3UBAIOTE I11e OUHAMIYHUMU MATNEMATNULHUMU MO-
deasiMu OTTUCYBAHUX HUMU PeajibHUX 00’€KTIB. Y TAKUX MOJEJISIX,
KPIM IIyKaHUX 3aJIE2KHUX BEJIUYUH, MICTATHCA TaKOXK MOXIJIHI ITy-
KAHWUX 3aJIeKHOCTeN (IIBUKOCTI, IPUCKOPEHHST Ta iH.).

Judepenmiaibai Mozesii JI0MOMaraioTh 3PO3yMITH JTOCTIKY-
BaHl SBUINA 1 IIPOIECH, JIAIOTh MOYKJIUBICTH BCTAHOBUTHU SIKICHI Ta
KUIbKICHI XapaKTepUCTUKHU 1X CTaHIB, 3 IX BUKOPUCTAHHSIM MOXKHA
OIMCATU MEXaHI3M PO3BUTKY IPOIIECY, & TAKOXK IepeadadIuT HOro



Jlekuist 1. IousiTTst ipo mudpepeHiiianbii piBHsAHHS Ta JudepeHiiaabii Momesi 13

MOMIAJILINHII PO3BUTOK 0e3 HATypaJbHUX €KCIIEPUMEHTIB, IIPOBEJIe-
HHSI IKMX 9aCTO € HAJITO JIOPOTMM abo IMPOCTO HEMOXKJIUBHUM.

Hudepentianbai Momeni € BayKJINBOIO CKJIAIOBOIO MaTeMaTH-
YHOTO MOJICJIIOBAHHS, SKEe BKJIIOYa€ B cebe He TUIbKEU 1M00Y10BY
i OC/TiPKeHHST MaTeMaTHIHUX MOjesell, ajie i CTBOpPeHHs 004n-
CJIIOBAJIbHUX aJI'OPUTMIB 1 IIporpam, Io peai3yloThb Il Mojiesl Ha
EOM.

VY mporieci o0y 108U JindepeHIiaabHuX MOJIeIel BayK/InBe 3HaA~
YeHHsT Ma€ 3HAHHS 3aKOHIB Ti€l 00J1acTi HAyKHU, 3 sIKOIO OB s3aHa
NpUpOIa 3aJ1adi, 10 BUBYAETLCA. Hanmpukimasl, y MexaHimi 1e Mo-
ke Gy apyruit 3akon Hpioronal (F = ma, ne m — maca Tina,
a — IpUCKOpeHHsT pyXy, F' — cyma cui, 1o AiloTh Ha Tijno); y eJe-
kTporexHini — 3akon Kipxroda (asrebpuuna cyma Cuil CTpyMiB,
SAK1 MMPOTIKAIOTH Y TEBHIN TOYI €JIEKTPIIHOTO KOJI1a, JIOPIBHIOE HY-
JI0); ¥ XiMil — 3aKOH PO3YMHEHHSI PEYOBUHU (IIBHUJIKICTD PO3UMHE-
HHSI TIPOMOPIIiitHA HagBHIN KIJIBKOCTI HEPO3UYMHEHOI PEYOBUHU Ta
PI3HUI KOHMEHTPAIlil HACUYEHOTO PO3UMHY 1 PO3UUHY Y IIEBHUN
MOMEHT Yacy) TOIIO.

[TuranHs PO BiTOBIIHICTh MAaTEMATUIHOI MOJIeN i peasibHO-
ro $IBUIIA, BUBYAETHCA HA OCHOBI aHaJ i3y pe3yabTaTiB JOCTiLy Ta
IX MOPIBHAHHSI 3 MOBEIIHKOIO PO3B’SI3KY OHEPrKAHOIO IudepeHIli-
aJIbHOT'O piBHHHHH.Q)

Posrisinemo jiekijibka NPUKJIAIHUX 337, sKi IPUBOIATE 10
3BUYaiiHuX JiudepeHIiajibHUX PiBHSHbD.

Bamada 1. 3uatimu 3aK0H 3POCMAHHA THHOPMAUITHUT NOMO-
Ki6 y nayyi (3pocmannsa KiAbKOCMI HAYKOBUT NYOAIKAIT), AKULO
6100MO, W0 WEUIKICTL 3POCTAHHA NPAMO NPONOPUITHA JOCA2HY-
momy PieHIO0 KIALKOCTE nyoaikayit. Busnawumu, 3a axui wac
KIABKICTD NYONIKAULT NOJBOTMBCA NOPIBHAHO 3 NOUAMKOB0N KiAb-
KICTMI0, AKWO 610HOCHA WeUudKicmy spocmanns craadac T%.
Pose’azanns. Hexail y(t) — KiIbKicTh 1myGuIiKariii y MOMEHT Jacy
t, yo — movarkoBa KijbkicTh mybGuikariii, To6To y(0) = yo. [Bua-
KicThb 3pocTaHHs 1HMOPMAIHHUX ITOTOKIB sIK IMBUIKICTH 3MiHU

1)Bi6JIiorpad)qui JaHl ITPO BYEHMX, MPI3BUINA AKUX 3yCTPIYAIOTHCHA Y IOCI-
OHUKY, MOXKHa 3HaWTH Ha cTop. 330.

2 Heranbhinre nmpo mudepenmiaabai MOIE Ta METOANKY IX CKIATaHHS HTH-
MeThbCsl Ha JIeKIil 9.
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dyHKIIT € moxigHoro 1miel pyHukiii. OTKe, 3aKOH 3pocTaHHsI i1HMOP-
MallliHUX MOTOKIB MOXKHA 3aIMCATH Y BULVISIL AU(EPEHIaJIbHOrO
PiBHSIHHS

Y (t) = ky(t), (1.1)

ae k > 0, k — xkoedirieHT TPOMOPIHIIHOCTI, IO XapaKTepPU3ye Bil-
IYKH Ha [IyOJ/iKaril y meBHiil raiysi 3HaHb.

Hudepennianbue piBusinas (1.1) pasom 3 ymosow y(0) = yo
€ MATeMaTUIHOI MOJIEJIII0 3POCTaHHs 1H(MOpPMAIIHHUX TOTOKIB.

Po3B’szkeMo T1e piBHsAHHS, BpaxoByoun, mo y' (t) = Z—%{:

d d
Y ky=0 = Y_kat=0 =
dt Y

dlny—kt)=0 = hy-—-k=C = y = 1kt

ne C1 — nosiibra crana. dkmo nepenosuauutu eC! wepes C, o
y(t) = CeFt. Ockimbku y(0) = yg, T0 C' = 7o, TO6TO IIyKAHMIT
3aKOH 3POCTaHHs iH(MOPMAIIITHUX MOTOKIB y HAyIll BU3HAYAETDCS
dopmyJioro

y(t) = yoe. (1.2)

Suaityemo rerep dac T, 3a gKUil MOTIK HAYKOBOI iH(MOpMAIIT y
MOPIBHSIHHI 3 TIOYATKOBOIO KIJIBKICTIO 30L/IBIIATHCS BABIYL. 3a yMo-
BOIO 3aJ1a4l BiIHOCHA MBHIKICTH Y’ /y 3pocranus indopMariinmx
1oTOKiB ckiagae 7%, a romy k = 0,07. Ockinbku y(T') = 2y, TO

In 2
y(T) = yoe"T =2yy = T =—— ~ 10pokie. B
0,07
Bingaaunmo, mo mpu pidkux 3MiHAX 30BHINIHIX YMOB €KCITO-
HEHI[IaJIbHUN XapakTep 3POCTaHHs ITOTOKY HayKOBOI iHdopmarrii
gepes cTpuMyoUi dpakTopu 30epiraTucs He MOXKe. 3pOCTaHHS PiB-
Hsl OOMEXKYETbCsI TIEBHUM HOI0 3HAMEHHIM 1 MEXaHI3M 3POCTAHHS
KIJIBKOCTI TIyOJiKaIiii BUpaXKaTuMerhes JudepeHIiaibHuM PiBHs-
HHM
"= ky(M —y)
Yy =Ry Y)
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e k>0, 0 <y < M. Posp’szkemo 11e piBasgaus. Maemo

%:kdt = %(i—i—ﬁ)dy—kdtzo =
d(lny —In(M —y) —kMt) =0 =
MFkt+Cy
lniMy_y:kMt—l-Cﬁ = yzilj\f_eeMkt-s—Cl =
B M
Y= 1+ Ce M0
C’l.

Jie nosnadeno C' = e~

Kpusy, Busnadeny octanHiM piBHIHHIM, HA3UBAIOTH JA02LCMU-
YHOM0 KPUB010. Y TOYATKOBI MOMEHTHU YaCy, KOJIHM Y 3HAYHO MEH-
me M, BOHA TPAKTUIHO CIIBIAIAE 3 MMOKA3HUKOBOIO (DYHKIEIO
y = MeMFt TIpsmi y = M iy = 0 € acHMITOTaMI JIOTiCTHYHOT
kpuBoi (ma puc. 1.1 mobymoBano rpadik JoricTuaHOl KpUBOI IpH

M = 4C = 8k).

O t
Puc. 1.1

3akoH 3pocTaHHs 1HMOpPMAIIHHUX TOTOKIB, BU3HAYeHUT (HOp-
myJtoto (1.2), € mosouli yHiBepcanmbuum. Hum MoxkHa cKOpucTaTncs
JJIsl OIIMCY IIPOIIECIB Pa/IloaKTUBHOI'O Ta XIMIYHOI'O PO3UaLy pe-
YOBUHM, JJIsI PO3B’s3yBaHHs 0AaraTbox 3ajatd eKOJIOril, 3ajati 1mpo
edekTUBHICTD peksiaMu TOIo. Y ODAHKIBCBKIiil clIpaBl HapaxyBaHHS
3a00pProBaHOCTI 3a KpeauTOM ab0 JOXO/IIB 38 BKJIAJAMI TAKOXK Bijl-
OyBaEeTbCs BIIIIOBIJIHO JI0 IBOI'O 3aKOHY, ajie y IUX BUIAJKAX dac
BiIPAaXOBY€eTLCS He HeepepBHO, & Yepe3 IUCKPeTHI MTPOMiKKH.
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Bamada 2. Yosen cnosisvriwe ceiti pyx nid Jdiero onopy 6o-
du, axut nponopuiinul keadpamy weudkocmi wosha. Ilowamrosa
weudkicms wosna 3 m/c, a G020 weudkicmv vwepes 4 ¢ ckaadae
1 wm/c. Yepes axuti wac weudkicmv wo6Ha amenwumovcea 00 1 cm/c.
Poses’sazarrs. 3rinHo 3 apyrum 3akoHOM Hbrorona ma = F', ne
m — Maca 90BHA, 4 = % — #Oro npucKopeHHsi (IOXi/iHa MBUIKOCTI
v(t) 3a wacom t), F — cuna oropy Bomm. 3a ymosoio 3agadi F = kv
Orxke, MaeMo Take jiudepeHiiajgbHe PiBHSIHHS:

dv
R S 1.3
m— = kv (1.3)
3 (1.3) onepxkyemo:
d—gzﬁdt = d<—1—£t>: =
v m voom
1 k -m
— = = —p = C Sl
vooom - kt+Cm

3 ymosu v(0) = 3 3naxoqumo C' = —1/3, a romy

3m

= — 1.4
m — 3kt )

v(t)

— 3 —
3 (1.4), Bpaxosyroun, mo v(4) = 1, omepxyemo, mo o = 1,
7 = —6, a orxe,

L _
o(t) = 3 _ 4 _ 3(-=6)
m—3kt ™ _3f —6-3t
6

Axmmo renep B (1.5) migcrasuru ¢t = T (T — mykaunuii gac), a
Takoxx v = 0,01, To 3Biycu 3naxoaumo 1'= 598 c. B

Samaua 3. Busnawumu gopmy 03eprana, axe cnpamosaHutl Ha
HBO20 NOMIK NAPANEALHUT NPOMEHIE 30Upae 6 00HY MOYKY.
Pose’azarns. 3pobunmo repepis jzepkajia miomuaown Oy, moo
TOYKa, B sIKy 30uparoTbest poMeni (dokyc), Gysa moIaTkoM Koop-
auHatT, a Bick O — mapaJsiesibHOIO JIO MPOMEHIB, fKi MajaloTh Ha
J13epKajio. ¥ nepepisi ojepikyemo jesky kpuBy y = f(z) (puc. 1.2).
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Yy
y = f(x)
M_ 7
oy
] |
A @) B T
Puc. 1.2

BukopucraemMo 3aKOH TeOMETPUTHOI OIITUKH, 3T1THO 3 SIKUM KYT
HaJiiHHs IIPOMEHsI JIOPIBHIOE KyTy #oro BiadburTts (1eil KyT nosHa-
geno 4epes «). Hexait M (z,y) — nosinbua Touka kpusoi y = f(x).
[Tpoeenemo y it Tourti poruany M A. Tpukyrauk MO A pisHobe-
apernii. Ockinbku y' = tg o (reomerpuyHmii 3MicT MOXiMHOL), TO,
BBazKkaroun, 1o 4y > 0, oepKyemMo

MB Y

/
y =tga= =

ab0, TOMHOXKYIOUN YUCEJILHUK 1 3HAMEHHUK JApo0y Ha \/ 12 + y2—x,
1
y = ; (Vac?—i—y?—a:). (1.6)

Judepennianbie pisasiaus (1.6) € audepeHIaTbHO MO0
zajadi. Boro onmcye dhopmy nepepisy jzepkasia mionaono Ory.
3 (1.6) onepxkyemo:

! d
T+ yy =1 = _(,/1-2_'_y2>:1 =
Va2 + y? dx

Va2 +y?2=24C,

e C' — noButbHa crasa. OTiKe, MAEMO PIBHSIHHSI OCBOBOI'O II€pe-
pisy azepkasa mwiomunoo Oxy: y? = 2Cx + C2. Oxeprxamnu cim’io
napabo. 3 BepmuHamu y Toukax (—C'/2;0), a ToMy [HOBEpXHsI J[3eP-
KaJia K [MOBEPXHs 0OEpPTaHHS OChOBOIO Iepepisy HaBkoJio oci Ox
Mae Burts y2 + 22 = 20z 4+ C2, tobro mykani popMu 13epKasia
OIHCYIOThCs CiM’€0 PiBHsSIHB HapabosoiaiB obepranns. W
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[y

2. OcHOBHI O3HAYeHHsI I MOHATTA. 36uuatUHuM Juge-
PEHULAABHUM DIBHAHHAM HAZUBAIOTH CIIIBBIJIHOIICHHST BUTJIs-

Ay

F (xy y’,y",---,y(")) =0 (1.7)
Mi2K HE3aJIe’KHOIO 3MIHHOIO X, IIyKaHoto dyHKien y = y(z) uiel
sMminuol 1 noxixuumu v, y”, ..., y™.

[Tosnavennsi, BUKOPUCTaHI y HaBEIEHOMY O3HAYEHHI, HE € CyT-
TEBUMHU: He3aJIe’KHa 3MiHHA MOXKE IMO3HAYaTHCs depe3 t, MIyKaHa
dyHKIist — yepes s, f, @, F Tormo.

ITopsdxom 3Brgaiinoro audepeHIiaJIbLHOr0 PIBHIHHS Ha3UBa-
10T TOPSIIOK HANBUINOI MOXiAHOT HEBiOMOI (DYHKIII, STKa BXOIUTH
YV PIBHSIHHSI.

Y piBusnHI n-ro HOpsAAKY (1.7) BBarKaeThCs, MO HOXIAHA N-TO
MOPAAKY IIyKaHol (DYHKINI CrpaBi BXOJAUTD y 1€ PIBHAHHS, TOII
sIK HasIBHICTH PEIITH apryMeHTiB HeOOOB’sI3KOBA.

Hapegmemo mpukiaam 3BndaitHux andepeHItiaabHIX PiBHSIHD:

y=zy +y°, ¢y +y|=0, ' +y=-cosz,

(10)

yIV _ 4y/// _|_ 5y// _ Qy/ + Y = Cl,'ex, Y = 7.

Ilepmmi gBa 3 HaBemeHNWX PIBHSIHBb MAOTh MEPIINA MOPSIIOK, Tpe-
T€ PIBHSAHHS — JIpDYTHUil MOPSJIOK, YeTBEPTE PIBHAHHS — YeTBEPTHH
HMOPAJIOK, II'AT€ — JIECSITHIl TOPSIIOK.

dAxmo mudepeHiiagbHe PIBHSIHHS MICTUTH YACTUHHI TTOXiTHI
HEBiOMOI PYHKINT BiJl KITbKOX HE3AJIEXKHUX 3MIHHUX, TO HOI0 Ha-
3UBAIOTH PIBHAHHAM 3 YACTMUHHUMU Noxridnumu. Hasenemo
NIPUKJIa/IA TAKUX PiBHSIHB:

ou  Ou 0 Ou_ 0%
at " “or 0 ot " ox?
0%u 2 ?u  *u  P*u O
B2 "o a2 Top To I @¥A)

Hamaui, kpim mexrriit 21 i 22, po3riisiiaTuMeMo TITBKY 3BATAiHI
JucepeHIiaibHi PIBHSIHHS, IPUIOMY K HE3AJEXKHY 3MiHHY, Tak i
HIyKany (yHKIIIO0 BBAKaATUMEMO JIIHCHUMU.
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Pose’sasxom pisusinas (1.7) wa nesikomy inrepsasi (a,b),
—00 € a < b < 400, HazuBaTh GyHKII0 ¥y = y(x), Ka Mae Ha
IIBOMY 1HTepBaJI MOXiJIHI 70 MOPSJIKY 7 BKJIIOYHO Ta 33JI0BOJIHHSIE
piBusinas (1.7). Lle osmauae, mo Jyist Beix = € (a,b) cupaBmKye-
ThCsI TOTOXKHICTh

F (:L‘, y(z), vy (x),y" (v),... ,y(") (x)) =0.

Hamnpukiaa, dyHkiis y = cos2x € po3B’sisKOM TudepeHIri-
aJbHOTO piBHAHHS Apyroro nopsaaky y’ + 4y = 0 Ha inTepsasi
(—00, +00). Posp’siskamu 11bOr0 piBHSIHHS, SIK JIETKO I€PEBIPUTH,
€ TaKoXK Yy = sin 2z, y = 3 cos 2z, y = cos 2z — sin 2x i, B3araJi, Bci
byukil y = C1 cos 2z + Co sin 2z, ge Cp, Co — 10BUIBHI cTaI.

[TizHimre 6y1e BcTaHOBIIEHO, IO 3BUYaiine audepeHiiaabae pis-
HAHHS N-TO MOPSIKY Yy 3araJbHOMY BUIIQJIKY Ma€ CiM'I0 PO3B d3-
KiB, 3aJIe’KHY BiJ n JOBUIbHUX cTajux. Hampukiasm, yci po3s’siz-
K1 TudepeHIliabHOTO PIBHSIHHS y(") = 0 mictarbesa y dopmyiii
y=Ciz" 1 +Coz" 2+ ...+ Cph_1z + Cp, me C1,...,Cy — 10-
BLJIBHI CTaJIi.

3 reOMETPUYIHOI TOUKHU 30PY PO3B 3Ky Jn(EPEHIIAIBLHOIO PiB-
HAHHS y TPsMOKYTHI#M cucTeMi KOOpAMHAT BiIOBIIa€ edKa KPH-
Ba, SKY Ha3UBAIOTH tHME2PaabHot0 Kpusoro. CyKyIHICTh iH-
TerpaJibHuX KPUBHUX, 3aJI€KHY BiJ JIOBIIBHUX CTAINX, HA3UBA-
0Th CiM €10 tHMezpasvHur Kpusux. Hampukias, pos3s’sizku
piBuaHHs" Y’ = 2 yTBOPIOIOTH JBOIAapaMeTPUUHy ciM’I0 mapabos
y = 22 + Cix + Cy, KOXKHA 3 SIKHX € IHTerpaJbHOI0 KPUBOIO.

[Iporiec 3Hax0/KeHHST PO3B’A3KIB TUQEPEHITIAIBHOTO PIBHSIHHS
HA3UBAIOTH THME2PYBAHHAM ITHOTO PIBHAHHS. JKINO IPU IHOMY
BCl PO3B’SI3KU BJIAETHCSI BUPA3UTU Yepe3 esieMeHTapHi dyHKIIT abo
y K8adpamypax (Kojau po3B’sSI3KU BUPAYKAIOTHCS Yepe3 IHTerpaJin
Bij| esleMenTapHuX (DYHKIIIi), TO KayKyTh, 0 PIBHIHHS 3iHTErpo-
BaHe Y CKIHYEHHOMY 8U2AA0t. PO3rIsamaTnMeMo mepeBakHo ca-
Me Taki pIBHSHHS, X049a 3HAYHO OLiIbIe indepeHIiajbHuX PiBHAHD
He IHTErpyIoThCA Y CKIHYEHHOMY BUTJIS/I i JJTs TIPEJICTABIEHHS 1X
PO3B’SI3KIB JIOBOJIUTHCsI BUKOPUCTOBYBATU OLIbIN CKJIAHUI MaTe-
MaTUYHUN arapar.

OcHoBHOW0O 3ajiadero Teopil iHTerpyBaHHs JTU(EPEHIIATBHOIO
PIBHSIHHSI € 3HAXOJXKEHHs BCIX HOr0 pPO3B’A3KIB Ta IOCIIIZKEHHS
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1X BJIACTHUBOCTEI.

3. CkiaamanHsa audepeHIiaIbHUX PIBHAHb BUKJIIOYEH-
HSIM OOBinbHUX crajux. Hexail MmaeMo piBHsHHS CiM'T KPUBHX,
3a/1e2KHO1 Bij oaporo jiiicuoro napamerpa C:

O(x,y,C) =0. (1.8)

[To6yayemo nudepennianbae piBasiaHs ¢im'T Kpusux (1.8), T06-
TO PIBHSAHHS, sK€ OIMUCY€E BJACTUBOCTI, TPUTAMAHHI BCIM KPUBUM
miel cim’i. st mporo 3amdepeHiiiioeMo 3a 3MIHHOIO & OOMIABI da-
crunn pisaocti (1.8), BpaxoBytoun, 1o y = y(x):
0 0P dy
ox * y dr
Axmo cniseignomenus (1.9) we micrurs C, T0 BOHO Oyie BU-
pakaTu Ty 3arajbHy BJIACTUBICTD, sIKa IIPUTAMAHHA, yCIM KPUBUM
cim’T (1.8) (manpuknasm, sxmo y = z+C, ro y' = 1). Y 3aranbromy
Buna Ky pisticrs (1.9) sanexarume Bin napamerpa C. Toxi, Bu-
KJIIOYAIOUN 1efi mapaMeTp 13 cucreMu, CKJajeHol 3 piBHstHb (1.8),
(1.9), omepxkunmo judepeniaibte PIBHAHHS HEPIIOTO HOPSIKY

F(z,y,y") = 0. (1.10)

(1.9)

Pipusnns (1.10) nasusaiors dugdeperuyianvrum pieHAHHAM
cim’i kpusux (1.8). BoHo Buparkae CIiibHY BJIACTHBICTH KPUBUX
(1.8), mesanexxno Bij cramnoi C.

Ilpukiang 1. 3natimu dudeperuianvre pieharta cim’i napa-
604, AKI MPOTOOAML YEPEZ NOUAMOK KOOPIUHAM, T MAOMB 0CI CU-
MEMPIL, napaseavii 0o oci opduram.

Pose’azarns. CiM'io mapabosi 3 yMOBU 3a/adi MOXKHA OIHCATH
3a jronomoroo dopmynn y = x2 — Cx, ne C — J0BiIbHA cTajA.
CkiazemMo cucremy

y=x2 — Cr,

{y’ =2x—C

i Buksrounmo 3 Hel cramy C. st nporo sHaiigemo C' 3 1eproro
PIBHSHHS CUCTEMU 1 TiJICTABUMO Y JIpyTe:
2 —y , ity
2 = Y=
x x

2 _
O==—tl y =2z —

Bionosidv: zy = 2% + y.
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Ananoriuno, maroun cim’to kpusux ®(x,y,Cq,Co,...,Cp) =0,
3aJIeKHy BiJI N JIOBUIBHUX CTAJINX, MOYXKHA IIPU IEBHUX yMOBaX
onepxKatu audepeHIiiagbie PIBHSIHHS, IJIsSI STKOT'O 3raJiaHi KPUBi
OyayTh iHTerpasbauMmu. s 1poro moTpibHo 3audepeHiioBaT
cuisinnomenust ®(z,y,C1,Co,...,C,) = 0 n pasis 3a 3MiHHOO T
i BUKJIIOYUTH 3 HBOI'O Ta OTPUMAHUX BHACJIJIOK JIu(EpPEHIiIOBaH-
Hsi n piBHsiHb ctayi Cp,Cy, ..., Cy. Y pesyabrari 0JepKUMO JIi-
depeHtiaibHe PIBHIHHS CiM'T KPDUBUX, sIKE BUPAXKATHME 3aTraJIbHY
BJIACTHUBICTDH IUX KPUBUX.

Ilpukiam 2. 3natimu dupepentiasvre Prenants cim’i Kpueux
(x—C1)?+Coy® =1.
Pose’sazanns. pidi 3nudepeniitoeMo 3a 3MiHHOIO & TOTOXKHICTH
(l’ — 01)2 + ng2 —1=0:

2z — C1) +2Coyy' =0, 1+Cy(y” +yy") =0.

Bukrouatoun 3 Tprox pisHocTeit crasmi Cp, Co, micist HECKIaIHUX
[IePETBOPEHb OJIEPKYEMO JjindepenIiaabie PIBHAHHA JPYroro mo-
pazky y°y" + (y2 +yy")* = 0. m

Pexomendosana aimepamypa: |1, c. 15 — 23|, [5, ¢. 3 — 13,
22 - 25|, [6, c. 9 — 19, [8, c. 4 — 8|, [16, c. 6 — 15].

ITuranusa mo gekirii 1

1. dke piBHAHHS HA3UBAIOTH 3BUYANHUM AUEPEHITIATLHIM DiBHSIH-
aaM? Yum 3Buvaitni qudepeHniaabii piBHIHHS BiIpI3HAIOTHCA Bif piB-
H{HDb 3 YACTUHHUMHY TTOX1THAMMA !

2. Sk BUBHAYMTHU MMOPSJIOK JM(PEPEHITIATIBHOIO PIBHIHHSI?

3. dAxy dyHKII0 HA3UBAIOTH PO3B’I3KOM JTU(MEPEHITIATLHOTO PiBHSI-
HHs1? ZlK HA3MBAIOTH OIlEpAIliio 3HAXO/ZKEHHSI PO3B’s13KiB JIrepeHIialib-
HOTO piBHAHH:A! Ky KPUBY Ha3WBAIOTH IHTETPAJBHOIO0 KPUBOIO jude-
PEHIAILHOTO DIBHSIHHS !

4. Y doMy moJisira€ OCHOBHA, 3aJ1ada Teopil inTerpyBanus audepeH-
[iaJIbHOTO PIBHSHHSA !

5. Y UoMy ToJIITa€ MaTeMaTUYIHE MOJIETIOBAHHS PEAJbHUX IIPOIie-
ciB 1 siBuim, sika #oro poJib y BuBdenHi mpomecy? Illo mazuBators mm-
depenmiagaproio mogesntio? HaBemiTs mekinbka MpUKIATHIX 33129, sKi
MIPUBOJISATH JI0 3BUYANHUX AuePEeHIiaIbHIX PIBHIHbD.

6. dxuit BUIsAL Ma€ PIBHAHHS CiM’T KPUBUX, 3aJIEKHUX BiJl OTHOTO
napamerpa (n mapamerpis)? fk sHaiiTH nudepenianibHe PiBHAHHS 3a-
JAHOT ¢iM’T OJHOIIAPDAMETPUYHAX KPUBUX (N-IapaMeTPUIHUX KPUBUX)?
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Bropasu mo gekirii 1
1. IlepesipTe, un € PyHKITIT

a)y:x~fs'ltﬂdt; 6) bx =Inby; B)y=3x+lnx+2
0

PO3B’si3KaMu BimmoBimHux audepenIiajbanX PiBHIHD

/ _ y+xsinx, r_ xy' /. 2,11 _ /
a) y' = R 6) v = e /V; )y Inx=xy —y.
2. 3Hali/[iTh KPUBI, y SIKUX KOXKHUI BIJPI30K JOTHUIHOI, 10 JIEXKUTh
MiK KOODAUHATHUMH OCAMU, TOUKOIO NOTUKY JTITUTHCS HABIIL.
3. CkuaaiTe nudepeHmiaabue piBHAHHS CiM’T KDUBUX:

a)z?—y?=C; 6)y=sin(x+C); B)y=Crz?+ Cre®.

4. Ckiagite audepenmiaabue PiBHIHHS:

a) ycix KijI, sKi JOTUKAIOTHCA J10 Oci abeiuc;

6) ycix UpAMUX HA ILIONIUHI;

B) mapaboJ1, sKi poxoaaTh depe3 Touky (1; 2) i Marorh Bick, mapa-
JIEJIBHY JIO OCi abcIfuc.

5. 3HaiiAiTh KpUBi, HOPMaJIi 0 AKX B yCIX TOYKAX TPOXOAATH Y€pe3
MOYaTOK KOOD/IMHAT.
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Jlekiiisa 2. /IndepeniiiaabHi piBHIHHSA
MepIIoro IopsiJiKy, PO3B’sd3aHi BiJTHOCHO ITOXi/THOT
(3araspHa Teopist)

Il1an

1. OcHoBHI O3HaYeHHSs i TOHSITTSI.

2. Bagaqa Ko, YMoBu icHyBaHHS Ta €IMHOCTI PO3B’SA3KY 3a-
nadgi Kori.

3. Knacudikariist po3B’si3Kis.

4. Teomerpuane Ta MexaHiYHE TiIyMadeHHs Jn(EepPEHIiaTbHOTO
PIBHSIHHSI TIEPIIIOTO TOPSIJIKY Ta HOro po3B’sa3KiB.

1. OcHoBHi o3Ha4veHHd #1 MOHATTHA. /nudepenmiajabHe piB-
HSIHHSI TIEPIIIOTO MOPSIJIKY B 3araJIbHOMY BHUIIAJIKY MOXKHA 3aIllUCATH
Y BUIVISL/IL

F<$7 Y, y/) =0, (21)

Jle T — He3aJIesKHa 3MiHHa, Y — HeBimoma dyukuis Big x, F(x,y,y) -
g o ’ dy
3aJlana YHKIs 3MIHHUX T, Y, Y = 22
ko piBHsHHEs (2.1) MOXKHA PO3B’s3aTH BIHOCHO IIOXIJHOI,
TO HOr0 3alMCyBATUMEMO Yy BUTJISII

y = f(=,y). (2.2)

Taxy dopmy 3zammcy mgudepeHIiajibHOr0 PiBHAHHSA HA3UBAIOTH
HOPMAADBHOTO.

Haitnpocrinium 3 judepeHIiajbHuX piBHSAHb Yy HOPMAJIbHI
dbopmi € piBasang y' = f(x). dxmo dbyskuia f(r) sBusHauena i
HellepepBHa Ha JiesikoMy iHTepBasi (a,b), To, siK BiJIoMO 3 MaTeMa-
tranoro anamsy, y = [ f(z)dx + C, ne C — nosinbHa crana.

Y Gararbox BHIAJIKAX DPIBHsHHs (2.2) 3py4YHO 3alucyBaTH y
suruisizi dy — f(z,y)dx = 0, sikuil € OKpeMUM BHIIAIKOM DIBHSIHHSI

M (z,y)dx + N(z,y)dy =0, (2.3)

e M(z,y), N(z,y) — Binomi dyskuil (kKoepiuienmu pieHaHH ).
Pisusinnst (2.3) 3pyuHe TuMm, 1m0 3MiHHI & 1 § Y HbOMY PIBHOIPABHI,
TOOTO KOXKHY 3 HUX MOXKHA PO3IJIAJATH K (DYHKINIO Bil iHITION.
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Po3se’szkom nudepennianbaoro pisasiaus (2.2) Ha intepsai
(a,b) HABUBAIOTH HellepepBHO JUMEPEHIIHOBHY Ha IIbOMY IHTEpBa-
ai dyukmiio y = y(x), ska neperBopioe piBHsHHS (2.2) y TOTO-
xkuicrb, 10670 Y (7)) = f(2,y(2)).

Posp’s130k piBusians (2.2) Moxke OyTn 3ajaHuil He TIILKU SB-
HO, TO6TO siK y = y(x), ane it y nesiBHomy Burisigi ®(z,y) =0
(y Bursizi, He PO3B’sI3aHOMY BiJIHOCHO Y) abo0 y HapaMeTphYHiit
dbopmi: & = ¢(t), y = ¥(t). Hanpuxian, byuknis y = v 1 — x2, ze
x € (—1; 1), € po3s’askomM piBHsiHHA §y = —x /Yy, omHAK Teil camuii
PO3B’SI30K MOXKHA NOJATH y HessBHOMY BT 22 + 4% = 1, y > 0,
a TaKoXK y mapamMerpudHiii ¢popmi x = cost, y =sint, 0 <t < 7.

2. Bagaya Komri. YMoBu icHyBaHHS Ta €QWHOCTI poO3-
B’si3Ky 3agaui Kormri. Bixke 3asznagasocs, mo maudepeniiaibhi
PiBHSIHHST 3a3BHYail MaroTh 6e3/id po3p’s3kiB. OpHak y 6araTbox
3a/la9ax TEOPETUIHOIO 1 MPUKJIATHOTNO XapaKTEPy CEePeJ] YCiX po3-
B’s13KiB udepeHiagabHoro piBusuus (2.2) morpibHo 3HaiiTH Takmit
pO3B’s130K Yy = y(x), sIKUil 38JI0BOJILHSIE YMOBY

y(zo) = vo, (2.4)

Jie o, Yo — 3aaHi 9uciia, ToOOTO PO3B’A30K, SIKUIT JJIs1 3a[aHOr0 3Ha-
YeHHS He3aJIe2KHOI 3MIHHOT & = X HabyBa€ 3a/[aHOI0 3HAYEHHS Y.

Bajady BijlIyKaHHs PO3B’si3Ky piBHsiHHsE (2.2), sKuii 3a710-
BOJIbHsAE yMOBY (2.4), HasuBaoTh 3adauero Kowi (abo noua-
mxoeoro 3adauero). YMoBy (2.4) Ha3UBAIOTL NOYAMKOB010, &
qucIa o, Yo — NOYAMKOSUMY daHUMY 33141 (2.2), (2.4).

3 reomerpuunol Touku 30py 3amada Komi (2.2), (2.4) nossrae
y Biykansi iHTerpaibHOT KpuBOl piBHsHHS (2.2), sIK& IPOXOJUTh
Jepes Halepe]| 3aJany TOuKy (Zo,yo) mwiomuan Oxy.

Bigmosins na nuramHHs Ipo Te, 3a SIKUX yMOB 3ajada Kol
(2.2), (2.4) mae po3B’si30K, gae Teopema lleamno, JoBeJeHHS AKOI
MOXKH& 3HaiiTn, HanpukiIaL, B [3, c. 34 — 35].

Teopema 1 (ITeano). fxwo dynruia f(x,y) nenepepena 6
deaxit obaacmi D naowunu Oxy, mo ichye HenepepeHa pasom
30 €60€10 NOTIOHO0 nepwozo nopadky dynkuia y = y(x), axa €
pose’askom sadawi Kowi y' = f(x,y), y(xo) = yo, de (zo,y0) € D.
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Opnnak st 6araTbox 3a/1ad BarKJIMBO 3HATU HE TLIBKHU (DAKT
icHyBaHHsI PO3B’g3Ky JuEPEHIiaabHOTO DIBHSAHHS, ajie TaKOXK 1
Te, UM € 1eil po3B’ga30K e€auHuM. BiAmoBinb Ha Iie NUTAHHS MA€
BUHATKOBE 3HAYEHHS sK JIjIsi caMol Teopil judepeHriajibHux pis-
HsIHB, TakK 1 Jyist 6ararhox 11 3acTocyBaHb. Cupapii, sIKINO 3HATH,
o po3B’s30K 3aja4i Kol eauHuii, 1o, 3HAIIIOBIIN PO3B 30K,
KW 38J0BOJIBLHSIE 38 IaHi IOIATKOBI yMOBH, JIOCIITHUK MOYXKe Oy TH
BIIEBHEHUM, IO 1HIINX PO3B’SI3KiB, SKi 3a/I0BOJIBHSIOTH Ti caMi 1o~
YaTKOBI yMOBHU, HEMAE. ¥ 3aJ1a9ax IPUPOIO3HABCTBA, 1€ IPUBOIUTH
10 OJIEpKAHHS €JIMHOTO 3aKOHY SBUINA, SKUH BU3HAYAETHCI TIIbKH
JepeHIiaIbHUM PIBHAHHSM 1 IIOYATKOBUME yMoBaMmu. LiocTpa-
€TI0 10 IIHOT0 MOXKYThb OyTH 3a/1adi 3 Jiekiil 1.

BusiBiisierbest, 1m0 ymoBa HenepepsaocTi dyHKil f(x,y) 3 Te-
opemu Ileano e rapanrye exunocTi po3s’s3ky 3a1a4i Kormi (2.2),
(2.4). Posristnemo, HaNpUK/Ia, piBHaAHHSA y = 2,/Y. Moro mpasa
JacTUHA BU3HAYEHA 1 HellepepBHA Y BepXHiit yacTuHi mrorman Oxy
(y > 0). 3a J0H00MOroI0 IiJICTAHOBKH JIEMKO [EPEKOHATHCH, 110 1H-
TerpaJbHEMI KpuBnMH € misnapabomn y = (z + C)2, ne x > —C,
a Takoxk npsiva y = 0 (Bice Ox). OueBuiHO, 10 y KOXKHiil TO-
ani (x0,0) oci Oz enunicTb PO3B’SI3KY IOPYIIYETHCs, 60 depes
[0 TOYKY IPOXOJATH JIBl iHTerpasibHi KpuBi, a came: mapadoJia
y = (v — x0)? i mpama y = 0 (puc. 2.1).

Puc. 2.1

OcHOBHOIO TEOpPEMOIO, sika 3abe3medye He TITLKHM 1CHYBAHHS,

ajie it enqmHIiCTb po3B A3Ky 3ajadi Ko, € Teopema Ko, ska y
inmiit moctanosii Oyje /0Be/leHa Ha JIEKIIl 8.
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Teopema 2 (Kowii). Hexati ¢gynruis f(x,y) susnavena y
NPAMOKYMHUKY

G:{(m,y):\x—xdga, |y—y0|<b}v CL,b>O

1 34006ONBHAE Y HHOMY MAKE YMOBU:
1) f(z,y) nenepepsna, a, omorce, i obmesrcena, mobmo

[f(z,y)l < M, M >0;

. of .
2) wacmunna noxriona a—f icHye ma obmestcena.

Todi 3adavwa Kowi (2.2), (2.4) mae edunuti po3e’a3ox npunatimmi
na 61dpisky |r — xo| < h, de h = min (a, b/M).

3a BUKOHaHHsI yMOB Teopemu KoI MOXKHa rapaHTyBaTH, 110
Jepe3 KOXKHY BHYTPINIHIO TOUKY obsacti (G IPOXOJIUTH €/IMHa iH-
TerpajibHa KpUBa.

Teopema Korri mae Bestnke 3nadensst B Teopil 3Budaitaux mude-
PEHIAJIbHIX PIBHSIHB, 0O JI03BOJISIE 38 BUIVISIIOM IIPABOI YACTHHU
piBHsHHS (2.2) BiAmoBicTH Ha MUTAHHS PO ICHYBAHHS Ta €IUHICTD
PO3B’SI3Ky IBOTO PIBHSIHHS [IPU 33JIAHUX [OYATKOBUX yMmoBax. Lle
0CODJIMBO BaXKJINBO Y TUX BUIAIKAX, KOJIT HEMOYKJINBO BKA3ATH TO-
qHy (GOPMYJLY, IO BU3HAYAE PO3B’S30K PIBHSHHS, & TOMY MOTPIOHO
3aCTOCOBYBATH METO/ HADJIMKEHOTO DPO3B’si3yBaHHs JinbepeHIi-
aJbHOTO PIBHSAHHS.

3. Kunacudikariiss po3B’sizkiB. 3azaavHum po3s’a3kom
judepenifianbHoro piBasiHHs (2.2) v Aeskiit obsacri G muiomuHn
Oxy Ha3uBaOTh PYHKIIO

y=y(z,0), (2.5)

sKa 3aJIeXKUTh Bl ofHiel qoBiabHol cranol C', SaKIno:

1) BoHa € po3B’sI3KOM piBHsAHHS (2.2) JyIst 1OBLIBHOTO (biKCOBa-
Horo 3Hadenns crajol C';

2) mist poBinbHOI movarkoBol ymosu (2.4), ne (xo,y0) € G,
icnye emuHe 3HaveHHs crajgol C = (Cy Take, 1m0 QYHKILs
y = y(z, Cp) 3am0BosIbHSIE YMOBY (2.4).

ZKI110 He MOXKHA 3HANTH 3arajbHUl PO3B’s30K y BUrIsL (2.5),
fioro mykatorb y HesisHomy Burisigi F(z,y,C) = 0. Takuii pos-
B'SI30K HA3UBAKOTH 3G2AAbHUM THME2PAAOM TU(DEPEHITIATBHOTO
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piBusinust. Yacro 3aranbHuil iHTerpas onepxkyors sk ¥(z,y) = C,
TOOTO y BUIVISI/, PO3B’S3aHOMY BIJTHOCHO J0BibHOI cTasiol C.
Oynkuito VU(z,y) y 1bOMy BUIAJKY HA3UBAOTH THIMEZPAAOM U~
depeHIiagbHOrO piBHSAHHS. AHAJOTNYHO BH3HAYAKTH CIM'I0 iHTE-
rpajibHUX KpUBUX (PO3B’sI3KiB) DIBHsIHHSI, 3aJI€2KHY BiJl JOBLIBHOT
crasioi C'; y mapamerpuyusiit hopmi x = (¢, C), y = 9(t, C) sk 3a-
2anvbHUl PO38°A30K Y NapamMempuiHiti hpopmi.

Axmo y Touri (xg, yp) mopyuryoThest ymoBu Teopemu Kori, To
9gepes 10 TOUKY HPOXOJUTH JIeKiIbKa iHTerpajsbHuX KpuBUX (po3-
B’SI30K He €IuHuil) abo He IPOXOJUTH YKOJIHOI IHTEerpaaIbHOT KPUBOT
(po3B’si30K He ichye). Taki TOUKN HA3UBAIOTH 0COOAUBUMUY TTO-
yKamu TUdEePeHIiaJIbHOr0 PiBHSIHHS.

[Mlykaru ocobjiuBl TOUYKKM MOTPIOHO cepell TOUOK, Y SIKUX Ma-
10Tb po3puB yHKuis f(x,y) abo i1 yacTuHHA 1OXiTHA fé(a:,y), a
[OTIM, aHAJI3YIOUN 3araJibHUl PO3B’SI30K, HEOOXIIHO MEpeBipUTH,
an OyyTh I TOUYKH ocobmmBUME. Taka mepeBipka 060B’si3koBa, 60
TeopeMa Kot f1ae jire ocTaTHi yMOBH, & OTKe, MOYKE iICHYBaTH
enunuit po3p’si3ok 3azadi Komi (2.2), (2.4) masits Toxi, koau B
rouri (xg,Yyo) HE BUKOHYETHCs OJlHA ab0 OOUIBI YMOBU TEOPEMU.

Posristremo npukiam.

1.y = ycosx + 3. Oynxnia f(r,y) = ycosz + 3% merme-
pepBHa, a NOXiJHa f, = cos ¥ obMexKeHa B yciX TOYKAX IJIONHH
Oxy. 3rigHo 3 Teopemoro Kot yepes KoxKHY TOUKY 1tomuan Oxy
MIPOXOJIUTDH OJIHA THTErpabHa KPHUBA.

2.y = /1 —92. IlpaBa yacTuHa BH3Ha4YeHa 1 HellepepBHA B
ycix roukax miomnmaun Ozy, ne —1 < y < 1. Yacruana moxigHa

fy = —% cTae HeobMexkeHowo, AKmo y — =+ 1. Jlerko mepe-
—y

KOHATHCH, 1O KoxkHA 3 dyHKHi y = sin(z + C') € po3s’sa3kom
piBasiHHA. OKpiM TOro, MaeMo Takoxk po3B’sizku y = + 1. Takum
YUHOM, Yepe3 KOKHY TOUKY IPAMUX y = * 1 NpoXomdThb NpuHaiM-
Hi /1Bl iHTerpa/ibHI KPpHUBI, & TOMY y TOYKAaX IUX HMPIMHUX MOPYIITY-
€ThCsl €JIMHICTD PO3B’sI3Ky (puc. 2.2).
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Yy y=1

= sin(x + C)

(0] \x
5

y=-1

Puc. 2.2

3.y = y~* B ycix Toukax (x9,0) oci Oz dbyuknii f(r,y) =
— —4 l
- y ) Yy
ajle 4epe3 KOXKHY TOYKY IIi€l OcCl NPOXOJUTh €JIUHa IHTerpaJib-
Ha Kpusa y = {/5(x — zp). PucyHok inTerpanbHux Kpusux aude-
penmianbHoro piusuus ¢y’ = y~4 npomnonyemo umTauaM 3poGHTH
CaMOCTITHO.

= —4y™° pospusHi it HeoOMmexeni mpu y — O,

YacmurHum po3e’askom pisusuns (2.2) B obnacri G Hazn-
BaloTh QyHKIio y = y(z,Cp), yrBOpeHy 3 3arajbHOrO PO3B’S3KY
(2.5) upu nepnomy 3uavenHi crasuoi C' = Cy.

AKio KoYKHA TOUKA PO3B’SI3KY JU(EPEHIIAJIBHOIO PDIBHSIHHS €
0CODJIMBOIO, TO TAKUI PO3B’SI30K HA3UBAIOTHL 0CobAUE8UM. OcobIn-
BUiT PO3B’SI30K HE MOXKHA OTPUMATHU 3 (DOPMYJIH 3arajibHOIO PO3-
B’9I3Ky (3arajibHOroO iHTerpasa) JudepeHIjajbHOr0 PIBHSIHHS IIPH
2KOJTHOMY KOHKpEeTHOMY 3HadenHi crajol C.

3  reoMeTpUYHOI TOYKHM 30py 3arajbHUM  PO3B SI3KOM
y=y(z,C) € ciM’sa inTerpajbHux KpuBHX Ha IwiomuHi Oy,
dKa 3aJeXKUTh Bif oxHiel goBilabHOI crasol C, a YaCTHHHUN
PO3B’SI30K — IIe OHA iHTerpajabHa KPUBa INel ciM’T, M0 MPOXOINTh
gepes 3ajlany TOUKy. |'padikoM 0co0JIMBOrO po3B’s3Ky € iHTe-
rpajibHa KpUBa, dKa y KOXKHIN CBOIN TOYIl Ma€ CHIJIbHY JOTUIHY
3 OJHI€I0 3 IHTerpajbHUX KpUBUX. Taky IHTerpajbHy KPHUBY
Ha3UBaIOTL 008101010 CiM'T iHTerpaJbHUX KpuBUX. Hampukiia,
st piBHAHHA Yy = 2,/y obsignoo € npsama y = 0, To6TO Bich
Oz (puc. 2.1), a nsa pisasaEs y' = /1 — y? oOBimHUMHE € npsaMi
y ==+ 1 (puc. 2.2).
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4. T'eomeTpuvHe Ta MeXaHiuHe TJIyMadeHHs audepeHIri-
aJIbHOI'O PiBHSIHHSI IIEPIIIOrO IMOPSAKY Ta MOro po3B’si3KiB.
Aximo posrisimati € 1 Yy 9K JIeKapTOBI KOOPAWHATH TOYKHU, TO M-
dbepennianbue piBHstHHS (2.2) BCTAHOBJIIOE 3B’130K MizK KOOD/IMHA-
Tamu 10BlIbHOT Touky M (x,y) mwionmHe i KyToBuM KoedbilieHToM
JOTUYHOT g—g J10 iHTerpasbHOl KpuBoi y 1iit Tourni (puc. 2.3):

tgo = = f(ry)

Axmo byukuis f(z,y) Busnadena B obsacti G, T0 KOXKHIiil TO-
ani M (x, y) uiel obsacti BiAOBIIa€ JIesKuii HAIPsIM, KyTOBUIl Koe-
injent sikoro nopisuioe f(z,y). Bkazyouu 1eil HAIPsiM BEKTOPOM
(1151 BUBHAYEHOCT] BBAYKATUMEMO HOrO OJMHUYHKIM) 3 IOYATKOM Y
rouni M, onep:kumo B objiacti G nose Hanpsamis, BU3HAUEHE PiB-
usiHHsM (2.2) (puc. 2.4).

[arerpasibHa KpuBa, sika IPOXOAUTh Yepe3 Touky M (x,y) € G,
XapakTepHa TUM, 10 y KOXKHIi 11 TOYI HAIIPAM JOTUYIHOI 30irae-
ThCd 3 HAIPAMOM IO/ y it Touri. ToMy 3 reoMeTpUvIHOI TOUKU
30py iHTerpyBaHHs JudepeHIiajbHoro piBHsIHHSA (2.2) mossrae y
3HaXO/PKEHH]I KPUBHX, JOTUYHI JI0 AKMX y KOXKHIiil CBOIil To4IIl 306i-
rafoThCsd 3 HAITPSAMOM TIOJIS.

VA

y=y(x)

=Y

=y

@]

Puc. 2.3 Puc. 2.4

Axmo y aeskiit Touni (xg, yo) bdyskiis f(x,y) crae HecKiHueH-
HO BEJIMKOIO, TO HAIIPSIM 110JIsT Oy/ie apaJebHuii 10 oci Oy. Aximo
f(z,y) y rouni (x¢,yo) neperBoproerbesi B HeusHadenicTs 0/0, To
Yepes 10 TOYKY He IMPOXOJIUTD YKOJHA IHTerpajbHa KpUBa.
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Jlist o0y moBu 1107151 HANIPSAMIB JubePEeHITaIbHOIO PIBHSIHHS
3PYYHO BUKOPHUCTOBYBATH I'€OMETPHUYHI MICIS TOYOK, y AKHX JI0-
TUYHI 0 IHTerpa/ibHUX KPUBUX MAlOTh CTAJUi HampsMm. Taxi Jii-
Hil HA3UBAIOTH 130KATHAMUY. PiBHSIHHS 130KJIIH JudEpPEHITIaIbHOrO
piBHsHHS (2.2) Ma€ BHIVIS

f(z,y) =k, (2.6)

Je k — nosinbHa crasa. 3Minonoun B (2.6) 3HadeHHs k, 0EPKIMO
MHOXKHUHY 130KJIiH B obstacTi G. 3a JOIMOMOIo0 i30KJIiH 1 BimoMux
cramux KyTiB o (kK = tga) Haxuily JOTUYHUX /IO IHTErpaJbHUX
KPUBHX, Kl TX IEePETHHAIOTH, MOXKHA CXEMaTUIHO MO0y IyBaTH iH-
TerpaJibHi Kpusi jgudepeniaaibHoro piBHAHHA. Takuii MeTo 10-
cipKenHs udepeHIiaJbHIX PIBHIHD HA3UBAIOTH MET0JOM 130-
KATH.

3a J0IIOMOI00 METOJTY 130KJIiH MOYKHA BH3HATHTH TAKOXK TaKi
xapakTepHi JiHiT # obJyiacTi 1oJIst iHTerpaJbHUX KpUBUX: 00JIacTi
spocranss (upu k > 0), cuaganus (k < 0) iHTerpajbHUX KPUBHX
Ta Jinil ix ekcrpemywmis (k = 0). dAxmo dyukuis f(x,y) y pis-
uanni (2.2) nundepenriiioBra, TO 3a JI0MOMOro0 JAPyrol MOXimHOT
y' = fo+y' - f, = [+ [ [, moxua pusHaunTn ob1acTi omyK0oCTi
Ta JIiHIl TOYOK IMEepernHy iHTErpaJbHUX KPUBUX.

Ilpukaanm 1. 3a donomozoro i30k4iH HabAuICEHO 300pA3UMA
inmezpaavhi xpuet pienanna y' = x(y — 1).
Pose’sazanms. 3rigno 3 (2.6) piBHAHHS I30KJIH Ma€ BUIVISL
z(y—1) =k, k € R. dxmo k = 0, To i3okainamu € upsmi x = 0 i
y = 1. Banoex mnx ¢y = tga = 0. ko k # 0, To i30K1iHAME €
riepbosin y = % + 1. dxmo, nanpuknan, k = +£1, To tga = +1,
a, otxke, a = £45°. dkmo k = +0,5, To @« = +arctg0,5 ~ +27°
i T. 1. [Tose manpsimis mudepentianbaoro pisasaas y' = z(y — 1)
300pakeHe Ha puc. 2.5.

Aximo moste HAPsAMIB ndepeHITiaIbHOrO PIBHIHHS 100y 10Ba~
HE, TO JIJIsi TOro, 100 HAKPEC/JUTH IHTerpajbHy KPUBY DIBHSHHS,
OTPIOHO, K BXKE 3a3HAYAJIOCH, B3SITH Ha, IJIONINHI OYIb-sIKY TOUKY
1 mpoBecTH 4Yepe3 Hel KpUBY Tak, 100 BOHA y KOXKHINA CBOTH TOYIl
36irajach 3 HAIPAMOM II0JIg, TOOTO JNOTHIHA 10 KPUBOI y KOXKHIii
TOYIl TMOBUHHA MaTH HAIPsM BEKTOpa y il Touri. InTerpasbmi
KPUBI 33JIaHOT0 PIBHSHHS CXEMATHIHO 300pazkeni Ha puc. 2.6. B
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| o
=05
1 Y
- y=1
P ¥'==035
Q/ /&JIJ:?I
1) = N Ty
——
—
—

Puc. 2.5




32 Poznin 1. JVUOEPEHIIAJIBHI PIBHAHHS ITEPITIOIO ITOPAIKY

Posrisimemo 3ajady mpo pyx mMarepiajbHOI TOUYKH P B310BXK
oci Ozx. Iosnaunmo meuaKicTb Touku P 1epes v(t, z) — dyHKIio,
3aJIe2KHY BT 9acy t 1 TIOJIOYKEHHS T, dKe 3aiiMae TOYKa Y MOMEHT
qgacy t. JludepeniiaibauM piBHIHHSM IIHOTO PyXy Oyjie

dx

I v(t, ). (2.7)

Bynb-sikuit po3s’si3ok x = x(t) piBHsiHHs (2.7) BU3HA4YAE IeB-
Huil 3aKOH pyXy (fioro HaszMBaTUMEMO LPOCTO PYTOM). 3ajada
Ko jyist piBasiabs (2.7) mosisirae y 3HAXOJZKEHHI TAKOTO PYXY
xr = z(t), aKkuil BuU3Ha4YaeTbCA piBHAHHAM (2.7) 1 330BOJIBHSE 110
9aTKOBY yMOBY Z(tg) = Xg.

Pyxy x = z(t) Biguosinae Ha mommui (¢,x) kpusa MoM;
(puc. 2.7), sika 300paxkye 3asexuicrs = Bij t. 1o KpuBy Hazu-
BaIOTh 2pagdirom pyxy (He Tpeba mwiryraru rpadik pyxy 3 Tpae-
KTOpi€to pyxy Touku P — Binpiskom PyP; Ha puc. 2.7).

XA XA
Ml
h ; X=X,
x=x(1) -0
P M
Mn
n v
X,

() ’u ! '(1 "r () ru ! fl "r

Puc. 2.7 Puc. 2.8

Posrsinemo okpemi Buniajku piBHsiHHS (2.7):
1) dyukuis v(t, x) He 3aj€KUThH Bl T, TOOTO ‘fl—f = v(t);

2) dyukuis v(t, z) He 3ameKuUTH Bij ¢, TOOTO

dx

— =v(x). (2.8)
dt

PiBusinug (2.8) HasuBaioTh CMAYUIOHAPHUM a0 ABTMOHOMHUM.

YV HBOMY MIBUIKICTH 3aJI€KUTH TIILKHU Bi/l MOJIOKEHHS TOUKU.
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Zxiio npasa yacTuHa piBHsIHHsA (2.7) II€PETBOPIOETHCS B HYJIb
pU & = g JJIsl BCIX 3HAYEHB T, 1110 PO3IVISIAI0THCS, TOOTO IIBU/I-
KICTb PyXy y TOUI X B Oy/Ib-IKUI MOMEHT Yacy JIOPIBHIOE HYJIIO,
To piBHsiHHs (2.7) Mae po3B’si30k x = xg (puc. 2.8). Ilbomy pyxy
BimnoBiiae cman cnoxotro. TpaekTopieio MLOT0 PyXy € TOUKA X,
sIKy Ha3WUBAIOTHb MOYKOI0 CNOKOM0 abo MOowKo0 pieHo8a2u.

Pexomendosana aimepamypa: |1, c. 24 — 37, 42 — 48], [3,
c.7-9,31- 37, [5, c. 14 — 22, 25 — 27, 97 — 104], [8, c. 8 — 25,
76 — 85], [15, c. 7 — 14].

ITuranuga mo Jjgekiii 2

1. dkuii 3arajabHUil BUTJIsT Mae 3BUYaiie judepeniiaibHe PIBHIHHS
epioro mopsaky? fKy (yHKINIO HA3UBAIOTH PO3B SI3KOM IILOTO PiBHSI-
HHs Ha iHTepBai (a,b)?

2. dxy dopmy 3BHUAHOrO AuGEPEHIIATHLHOTO PIBHIHHS IIEPIITOTO
HOPSIJIKY HA3WBAIOTh HOpMaiabHOW! K 3Bectn piBusiHHst M (z,y)dx +
+ N(z,y)dy = 0 10 sHopmasbHOT dbopmn?

3. Ak dbopmymoeThest 3amada Ko g audepeniiaabHOrO piBHIH-

4. Chopwmysoiite Teopemy Ileano mpo icayBanns po3B’si3Ky 3aati
Komi muis pisasiaas ' = f(z,y). 9u MoKy Th iHTerpasbHi KpuBi piBHSI-
uHs ' = f(2,y) 3 HENEPEPBHOIO MPABOK YACTHHOIO MEPETHHATHUCS abo
JIOTUKATUCSI OJTHA OJIHOI?

5. Yu rapanrye nenepepBuictb byHkiil f(x,y) icHyBanHga €xuHO-
ro poss’asky 3agaui Kom s pisasansg y' = f(x,y)? Chopmyimoiite
Teopemy Kormmri. Un moxke icHyBaTu enuHmUit po3B’sa30K IMi€l 3aadi mpu
HEBUKOHAHHI Oy 1b-51K01 yMOBH Teopemn Kori?

6. /laiiTe o3HaYEHHs 3araJbHOTO PO3B’A3KY JTU(PEPEHITATHLHOTO PiB-
nanng Yy = f(x,y) y Jdedxiit obiacti icHyBaHHs Ta €IUHOCTI PO3B’A3KY
zamadi Komri. dxwmit po3s’si30k Ha3uBaoTh 3arajbauM inTerpasom? I1lo
Ha3WBAIOTH 3araJIbHUM PO3B’sI3KOM y MapaMeTpudHii dpopmi?

7. IIlo Take vacTuHHUIT O3B’ 30K piBHsHHS y' = f(2,y)? Akuit pos-
B’SI30K Ha3mMBatoThb ocobymBuM? JlaiiTe reoMerpudHe TJIyMAadeHHs IIUX
PO3B’SI3KiB.

8. dkuii reomerpuunuii 3mictT MaoTh piBugnug y' = f(x,y) Ta fioro
po3B’s3ku? K BU3HAYNTU HAXUJI IHTErPAJbLHOI KPUBOI y 3aaHiil ToqI
3a BUIJISIIOM I1paBOl YaCTUHU piBHsIHHSI! ZIK 1MOOyyBaTu 1oJie Halpsi-
MiB, Bu3HaueHe piBHAHHIM y' = f(x,y)? YV 9oMy nossirae TeOMeTPUIHIH
3MICT iHTerpyBaHHsI [IbOI'O PiBHSIHHSI?
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9. IMlo Take izokaina? JKuM € PiBHAHHS i30KIIH I AUQEPEHITATb-
Horo piBHsiHHs ¥ = f(x,y)? fK 3HaiiTn AiHIT ekcTpeMyMiB i JiHIT TOYOK
[EPErvHY IHTerpajJbHUX KPUBUX IIbOI'O PIBHAHHSA! Y YOMY IOJISITAE Me-
TOT 130KJIiH HAOJIMZKEHOTO PO3B’ si3yBaHHSA NuDEePEHIHAIbHOIO DIBHAHHSA !

10. dAxwmit mexamigHuit 3MmicT MaOTh AudeEpeHIiaJIbHe PIBHAHHS
y' = f(z,y) Ta foro poss’ssku? Ak noB s3anmWit Mixk co6oto rpadik py-
Xy (po3B’s13Ky), BU3HAYEHWI 1M DIBHSHHSIM, 1 TPAEKTODIST IIHOTO PyXy?
fxuit pyx Ha3WBAIOTb CTAHOM CIIOKOIO, IKUMU € rpadik i TpaekTopis
IBOTO PyXy?

Bopasu go jekiii 2

1. Posp’stzxiTh 3a1a4i Korri:

a)y' +a°=1,y(0)=5 6)y =ctgz, y(3)=3;
B) Yy =Inz, ye) = 1.

2. Kopucryiouncs Teopemoro Kormri, BuiaiTs ob1acTi, y akux jaude-
PeHITaIbHI PIBHIHHS MAIOTh €IUHUN PO3B’A30K:

a)y =cosy—2x; 6)y =+a2—y+a? B)y =2y/y+e".

3. 3a momoMoror MeToy i30KJIiH moly/ryiiTe moJsie HAIPAMIB aude-
peHIiagbHOro piBHaHHA ' = 2 + y? — 4 Ta HAGIIIKEHO 306pa3iTh Je-
KiJTbKa IHTErpaJIbHUX KPUBUX.

4. Hanurmiite piBHAHHS, IKOMY 3aI0BOJIbHSIOTD:

a) ycl TOYKU EKCTPEMyMy IHTErpaJbHUX KPUBUX DIBHAHHS
y =2 +y;

6) ycl TOYKM TIEpeTHHY IHTErpaJbHUX KPUBUX  DIBHSIHHSI
y/ — y3e3w —09.
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Jlekuisa 3. Haiimrpocrinti audepeHIiiajibHi piBHIHHS
MePIIoro IMopsiaKy, iHTErPOBHI y KBaJpaTypax

Il1an

1. PiBHsiHHS 3 BiJIOKpEMJIIOBAHUMU 3MIHHUMHY Ta, 3BiJIHI JI0 HUX.
2. OHOPiHI PIBHSIHHSI.
3. PiBHsiHHS, 3BiJIHI JIO OJIHOPITHUX.

1. PiBHsHHS 3 BiJOKpeMJIFOBAaHUMHU 3MiHHUMHJ Ta 3BiIHI

1o uHux. Posriasgnemo gudepeniiaibie piBHIHHS IEPIIOrO MOPsI-
Ky

M (z)N1(y)dz + Ma(x)N2(y)dy = 0, (3.1)

e KoxKeH 3 KoedirmieHTiB Oiis audepeHmiaaiB € H100yTKOM JIBOX
byHKIIH, ogHa 3 AKUX 3a/€KUTh TLILKU Bill &, a iHIIA — TLILKU
Big y. PiBusinug (3.1) Ha3UBAIOTL PIBHAHHAM 3 6100KPEMAIO-
B8AHUMY, 3MIHHUMU.

st inrerpyBannst piBHsiHHst (3.1) moTpibHO JOMOITHCS TOTO,
o6 KoedirieHT 6ist dxr 3a1ezKaB TITBKA B T, a KoediltieHT Oist
dy — Tinbku Bif y. lle jmocsiraerbes ijieHHSIM 000X 9aCTUH PiBHS-
Hust Ha 100yToK Mo (2)Ni(y), npudoMy BBasKaeMo, 3BHYANHO, II10
Ms(x) # 01 Ni(y) # 0. [Ticas nporo omepxyemMo

M), Nay)
@) T My

dy = 0. (3.2)

PiBusians (3.2) MokHA PO3IVISIATH sK PIBHICTH JudepeHiia-
JIiB, TOMY IHTerpaJju Biji JudepeHIiaiB BiIPI3HAITHCA Ha CTaJIy,
TOOTO

T Y
M (x) No(y) . _
VAR dx +y[N1(y) dy = C, (3.3)

zo

se C' — 10BiJIbHA cTasa, Lo, Yo — JesiKi Jucia 3 00J1acTi HellepepBHO-
cri Koedinientis piusung (3.2). Cuissigaomenns (3.3) € 3arajib-
HUM iHTerpasioM piBHsiHHS (3.1). Moro MoxkHa 3ammcaru TakoxX y

BUTJISIT1
M, (x) No(y) .
et T =
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60 Bu3HAEH] iHTErpa/In 31 3MIHHOI BEPXHBOIO MEXKEIO i HeBU3HATE-
HI IHTerpaJil € IePBICHUMU /I OJHUX 1 TUX CaMMUX IiJIIHTerpaJib-
HUX (DYHKIIH, & TOMY BiIPDI3SHAIOTHCS JIUIIE CTAJIUMU, sIKi MOXKHA,
BryrounTu B C.

Axiio a — po3s’s30k piBusiuHs My () = 0, T0 £ = a € po3B’a3-
koM piBustHHs (3.1), 60 dx = 0, a Ma(a) = 0. Tak camo, sKio b —
kopinb piBasinHs Ni(y) = 0, To y = b — Kopiub piBHsHHs (3.1).

Hudepenrianbue piBasiaHs (3.2) MOXKHA 3aIIUCATH Y OLIBII 3a-
raJIbHOMY BUTJISIIIL

M (z)dx + N(y)dy = 0. (3.4)

PiBusnns (3.4) HasuMBalOTH PIBHAHHAM 3 6100OKPEMAEHUMU
3minHuMmU, a nepexig Bix (3.1) mo piBHsHHEs Bursny (3.4) — 6i0-
OKPEMAEHHAM 3MIHHUL.

BaranpHuM iHTerpasoM piBusHHS (3.4) €

/M(:z:)d:zc + /N(y) dy = C.

PiBHAHHA 3 BiJOKPEMJIIOBAaHNMHU 3MIHHUMHU MOYKHA 3alUCATH
TaKOXK y BUTJISIII

y' = fi(z)f2(y) (3.5)

st interpyBanus piBasians (3.5) morpibHo moaimmTu 0buaBi iforo
qactuau Ha fa(y) (smo fo(y) # 0) i nomuoxkurn Ha dr (Bpaxy-
sagmmy, mo dy = y'dr). Orxe,

1

mdy = fi(z)dz,

a Micjs IHTerpyBaHHS OJIEPXKYEMO 3arajibHAi 1HTerpaJjl PiBHAHHS
(3.5):
dy

faly)
Ty, sik 1 gyist pisasias (3.1), skuo fa(a) = 0, To y = a € po3s’s3-
KOM piBHstHHS (3.5).

/fl(a:)da: +C.
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Ilpukiazn 1. 3inmezpysamu pierAHHA
(y — 2%y)dy = (z — zy®)da.
Po3se’azarns. PiBHsHHS MOXKHA 3aIMCATU Y BULISII
y(1 — 23)dy = (1 — y?)dz.

st BijoKpeMJIeHHsT 3MIHHUX TO/IIJINMO OOU/IBI YACTUHU DiBHSIHHS
ra (1 — 22)(1 — y?). Toni

y x
sdy = der (x # =1, y#+1) =

1—y 1 — a2
1/d(1—y2)_ 1/d(1—x2)
2 1—192 2 1— a2
Injl-—y?=lnl-z}+C =
11—y’ =el1-2? = 1-¢*=0C(1-4?),

Jle, BpPaxoBYyIOUN JOBLIBHICTH cTajol C, meperno3HaieHo +eC qe-
pe3 C. Hagaui y rakiit curyarii BUKOpUCTOBYBaTUMEMO 3HAK =,
nanpukian, C := + e,

Omxke, 3arajibHUM IHTEIPAJIOM 3aJAHOTO DIBHSHHS €

¥ =1+C(z? -1). (3.6)

3’sICyeEMO MOXKJIUBICTH MOSIBH OCODJIMBUX PO3B’SI3KIB 3a/1aHOTO
piBusuns. Jlerko mepesipuru, mo dyuknii z = —1, x =1,y = —1,
y = 1 € po3B’sizkaMu PiBHsSIHHS, OJIHAK y 3arajbHOMY iHTerpaJi Mmi-
CTSITHCs JIUIIe 1Ba OcTaHHIX (1X MoxkHA oTpuMmaTu 3 hopmyin (3.6),
sk C' = 0). Oyuknii = —1 iz = 1 € ocobmBuME PO3B’sI3KAM.
Bionosidv: y> =1+ C(2?> - 1), 2 = -1, z = 1.

Jlo piBHSIHHST 3 BiJOKPEMIIOBAHUME 3MIHHIMM 3BOJSITHCST PiB-
HSTHHS BUTJISIITY

y = flax +by), (3.7)

Jie a, b— neski cragi. Crpasi, sIKIO BUKOHATU 3aMiHy z = ax+by,
TO
z—ax N , 1, a
= = =z — =
YT YT T
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i i 3HAXOKEHHsT (DYHKIIT 2 OJAEPKYEMO PIBHAHHS 3 BiIIOKPEM-
moBanumu 3Minaumu 2’ = bf(z) + a.

IMpuxmaan 2. 3inmezpysamu picnanns y = (4r +y + 5)2.
Poze’sazanns. Hexait z = 4x + y. Tomi

=44y = y=2-4 = J-4=(2+5°? =
2= (2452 +4.

3sigcn, axmo (z +5)2 +4 # 0, To

dz d(z+5)
————=d = — = c =
z+5)2+4 /(z+5)2+4 v
1 5 4 5
§arctg%::z:—|—0 = arctg“#z?x+20 =

dr+y+5=2tg2x+C) (C:=20).

Otke, 3arajbHuM po3B’siskoM € y = 2tg(2x + C) — 4z — 5.
Ockinbku (z+5)%+4 # 0 B MHOXKIHI HCHIX 9HCe, TO IHIMIX

PO3B’SI3KIB HEMAE.

Bidnosidv: y = 2tg(2z + C) — 4z — 5.

2. OpuopinHi piBusinas. Qyukuio f(x,y) HA3UBAIOTL 00HO-
PiOHO0 PYHKUIE BUMIPY M, HAKIO i OyJb-siKUX T, Yy, t
CIIPABJIZKYETHCST TOTOKHICTD

[tz ty) =" f(x,y).

Hanpuknan, fi(z,y) = /223 + 43, fo(z,y) = arcsin % € OJTHO-
pimanmu dyuaxiigamu BuMmipis 1 i 0 BigmosigHo, 60
filtz, ty) = /2(tx)? + (ty)® = t- /203 + 43 = - fi(z, y),

(tz)® — (ty)* N et A
w = arcsmm =} fg(x,y)

fa(tz, ty) = arcsin
Judepenriaabue piBHIHH

y' = f(=z,y) (3.8)

HA3UBAIOTH 00HOPIOHUM, KO f(x,y) € OjHOPIAHO dDYHKIIE0
BuMipy 0.
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[Tokarkemo, 10 OFHOPiAHE PIBHSIHHSA MOXKHA 3BECTH [0 PiB-
HSIHHSI 3 BIJIOKPEMJIIOBAHUME 3MIHHUME. ZKINO IpaBa YacTHHA
piBusiaHg (3.8) — ommopinna dynknis Bumipy 0, To 3a o3HavUEH-
waMm f(tx,ty) = f(z,y). dxmo nigcrasuru t = 1/x, To f(z,y) =
= f (1, y/z), a romy piBusHHA (3.8) MOXKHA 3AlMCATH y BUIISAIL
y' = f (1, y/z), 3BlaKK BUIHO, 0 B OJHOPIHUX PIBHAHHSIIX BULJIS-
ay (3.8) npasa yacrtuHa GAKTUIHO 3aJI€KUTH TLILKH BiJ 9aCTKU
y/z. 3 orsifly Ha 1€ BUKOHAEMO 3aMiHy u = y/x, T06TO

Yy = ux,

ne u = u(z) — HoBa mykana dyHkiis. Tozi
/ / / du
y=uvzr+u = vrt+u=f(lu) = T = f(l,u) —u.
57

Opeprkan PiBHAHHSA 3 BLIOKPEM/IIOBAHUMU 3MIHHUMU. 3iHTE-
IpyeMo ioro:

T ULwAu a0

u xT
du

Akmo nosuauntn F(u) = [ f(ldﬁ, TO 3araJjbHUI iIHTErpaJs OJIHO-

pifHoro piBustHHs (3.8) MOXKEMO 3allCaTH y BHIVIALIL
F(y/z) =In|z| + C.

Posp’si3kaMu oHOpPiiHOTO piBHsIHHS (3.8) MOXKYTH OYTH TAKOXK
byuxuii y = azx (x #0), e f(1,a) = arax =0 (y # 0), siki Moruin
OyTu BrpadeHi mpu BijlokpemiieHHi 3minanx. [l po3s’sa3kun MOXKyThH
OyTH 0COOTUBUMU.

ITpuknazn 3. Binmezpysamu pienanns ydr + 2. /rydy = xdy.
Po3se’azarns. 3amnmcaBiiy PiBHSIHHS Y BUTISI

y a5
ydz + 2y —2)dy=0 = ¢y =—"— (@#0,y#>),

[IEPEKOHYEMOCH, 1110 BOHO € OJHOPIIHUM, 0O fOro mpaBa IacTUHA €
onHOpitHOIO dyHKIieo BuMipy (. Bukonaemo 3aminy y = uz. Tomi
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Yy = v/ + u i, nmigcrasasioun 1i BUpasu g y iy’ y piBHsAHHS,
OJIePKYEMO
Iyt uw I u N
vr+u=—""—— Wrdu= ——
xr — 2V uz? 1-2Vu
du 2u\/u 1—-2yu)du dx
dx 1-2yu 2ur/u 75
1/1L3/2du—/d—u= dr =
2 U 93
1

T
———lnu:lnx—l—C':>\/j+lny+C=O.
=~ lnful =Inla| = lnly

Armo v = 0, To y = 0 — ocobuBuii po3B’sizoK, Kpim Toro, x = 0 —
TeXK 0CcOOJIMBHUIT PO3B’S30K 3aIaHOTO PIBHSAHHS.

Bionosiodv: \/%4— Injy+C=0,y=0,2=0.

Ao audepeHiiajibHe PIBHAHHS [IEPIIOTO MOPSIIKY 3alliCcaHe
Y BUTJISII
M(z,y)dx + N(x,y)dy =0, (3.9)
T0 BOHO OyJie omHopigauM, ko M (z,y), N(x,y) € ogHopianumu
dyuknisMu ojHakoBoro BuMipy. [Ipononyemo ynradam camocTiitno
[IEPEKOHATHUCH, 10 JudepeHIialbHl PIBHIHHS

(z +y)dz + (x —y)dy =0, 3Bzydz + (2° +y*)dy =0

€ OJTHOPITHUMU.
SayBaxKuMo, 110 audepeHiiaabie PiBHAHHS

, Vit Y-z
= (3.10)
Y
ojieprkare Ha Jiekril 1y 3aaqdi 3 npo popMy 3epKaia, sike 30upae
napaJiesibHi [MpOMEHI B OJHY TOUYKY, € ofaHopimauM. Po3s’szkemo
fforo 3a JIonoMororo 3aminm y = ux. Toji

vVl +ua? -z du  V1+u2-1

vr+u= = T = U
U dx U
udu B dm+C N
ViduZ —1—u? x
1 d(1+u?
= (1+v) =In|z|+C.
2/ V1i+uZ2—1—u?
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OcklbKu

d(1+v?) 14u?=p :/2pdp _
V1+uZ—1—u2 p — p?

d
—9 l_p:_21n|p_1y:_21n‘\/1+u2_1

—-p

)

TO

—ln‘\/1+u2—1‘:1n]x|+0 =

Vitu2—1=C/z = u?=(C/z)>+2C/z =
(g)2202+20x

T

2 2
> y° =2Cx + C~.
Omsxe, 3arajbauM inTerpaiom pisasuus (3.10) e y? = 20z + C?
(nopiBHsifiTe 3 pe3ysibTaTOM, OJIepXKAHUM Ha JIeKIil 1).

3. PiBusiHHg, 3BigHI g0 omHopigHux. Posrisaemo mnde-
peHIiajgbHe PIBHAHHSA BULJISALY

;T +biy+c

, 3.11
asx + boy + co ( )

e ai, as, by, ba, c1, co — mesKi crami. Axmo ¢ i ¢y omHOUACHO He
JIOPIBHIOIOTH HYJIIO, TO IIpaBa YacTuHa piBHsHHs (3.11) He € ojHO-
pinnoro dyukiieo sumipy 0, a ToMy 11e PIBHAHHS HE € OJIHOPIIHIM.
OpHak, AKIIO

ar by

A a9 bg

7é 0 = CL1b2 7é CLQbQ, (3.12)

1o piBHsAHHS (3.11) MOXKHA 3BECTH JI0 OJHOPIJIHOIO 3a JOIOMOTOIO
3aMiHn
r=§+z0, Y=n-+Yo, (3.13)

e craji xg i Yo morpibno BubpaTn Tak, 1mod

{awo + b1yo = — ¢, (3.14)

asxg + bayo = — co.
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Briguo 3 (3.12) A # 0, a Tomy JiiniiiHa HeoxHOpiAHA cucTema (3.14)
Ma€ €IUHUI PO3B’I30K, AKMUII MOXKHA 3HAATH, HAIIPUKJIA, 38 (Pop-
mysiamu Kpawmepa. ITigcrapisoun y (3.11) 3amicts 1 y Bignosiuui
Bupasu 3 (3.13), oepKyeMo piBHSIHHS

dn _ ai§+bin+aixo +biyo +c
dé  agf + ban + agxo + bayo + 2’

abo, BpaxoByroun (3.14),

d b
dn _ mé+bn (3.15)
d€ a6+ ban
Hudepennianbue pisasinas (3.15) €, 09€BUIHO, OIHODITHUM.
Ilpukiazn 4. 3inmezpysamu pienArHA
(x—2y+3)y =1—y—22z.

Po3se’azarns. 3anuieMo pIBHSIHHS Y BUTJISI

,__21:—|—y—1

e W (y#%($+3))~

Ockinmpru A # 0, To BuKoHaeMo 3aMiny © = & + xg, Yy = 0+ Yo, J€e
qUCHIa Tg 1 Yo 38/I0BOJILHAIOTL CUCTEMY DiBHSIHB

2z0 +yo = 1,
To — 2y0 = —3.
Jlerko 3naxomumo, mo o = —1/5, yo = 7/5. Takum uunOM, micsIst

saminn x = £ — 1/5, y =1+ 7/5 onep:KyeMo OJ[HODijIHE DIBHSHHS

dn 28+
&~ -
Hexait n = ué. Toxi
2+4+u du —2u? + 2u + 2
4 = —tr= -
wetu=o 1 T &t 2u—1)
(2u — 1)du dg

_ ot} 2 _ ., _
u2—u—1__2§ (u* —u—1+#0).
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[urerpytoun ocranne piBHIHHS, 3HAXOIUMO:

nju—u—-1=C-2Inl| = W2-u—-1=€%¢ =

2
”__ﬁ_lzg Ci==%e%) = P-nt-€&€=C =

& ¢ &

AN ! +1 +1 i c =
——] = ly—z)lz+=-)—-(z+=) =
Y75 Y75 5 5

v -z —zy+x—3y+57/25=C

OT}KG, 3al'aJIbHUM iHTeI‘paJIOM 3a,/1aH0I'0 piBHHHHH € y2 — {L‘2

+z—-3y=C (C:=C—-57/25).

ko uz—u—le TO U = HE‘/B 3Bi,H,KI/IT]: 1i\/5
Yy = H‘[x —|— + ‘16 1y = 1= ‘[a: —|— 5 = i Beanocepe):LHBOIo
Hi,H,CTaHOBKOIO HepeKOHySMOCH y TOMY, Luo ,Z[Bl ocTaHHl (OyHKIIT
€ PO3B’sI3KaMu 33aH0r0 JAudepeHIiajabHoro piBusuus. Haperri,

&, TobTO

skio £ = 0, To x = —1/5, ase nig dyHKIIs He € PO3B’I3KOM 33,1~
HOT'O PIBHSHHS.
i idu: 12 1+\f V5
Bu?noiz_db.y—\/_ xy+x—3y =C,y = Sp 4 3 +10,
_ 1-+5 3 5
y="2 T3~ 7o

Axmo aist KoedinienTis piBHsiHHs (3.11) HEe BUKOHYETbCS yMO-
a (3.12), Tobro
a1b2 = CLle, (3.16)

T0 a1 = Aag, by = A\bg, a Tomy 3 piBusiHHs (3.11) BuIIMBaE, 110

Aazx + bay) + 1
I = = f(asx + boy),
Y a2 + bay + ¢ Jaz 24)

TOOTO OjiepKasM piBHsIHHA BUIIsiy (3.7), sike 3BOJAUTHLCSI JIO PiB-
HAHHA 3 BiJJOKPEMJIIOBAHUME 3MIHHUMHU 3a JIOIOMOIOIO 3aMiH’
z = agsx + bay.

BayBazkuMo, 1110 3a BUKOHaHHsT yMOBH (3.16) 1115t 3BEJIeHHST PiB-
HsaHHs (3.11) 10 PIBHSAHHS 3 BIJOKPEM/IIOBAHIME 3MIHHUME MOXKHA
3aCTOCOBYBATU TAKOXK 3aMiHU 2z = a1x + b1y, 2 = a1z + b1y + c1
abo z = as + boy + co.

Ilpukiang 5. 3inmezpysamu pienarms
;T 20+ 3
2z —dy—1
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P036 ’.ﬂ;3a'H;H.ﬂ,. OCKiJ’IbKI/I A = 0 TO BUKOHAEMO SaMiH z = $—2 o
)
1—2/

Tomi y = 5%, a y = 5, 1, NJICTaBJISIIOYM Y PIBHAHHS, OJIEPXKY-

€MO PIBHAHHY 3 BIJIOKPEMJIIOBAHUMU 3MIHHUMM:

1-2 2+3 . S 2246 L —7 N
2 22 —1 22 —1 22z —1

(2z — 1)dz = —Tdz.

3inTerpyemo itoro:

22— 2=-Tx+C.

SaMiHUBIM 2 Ha X — 2y, 3HAXOANMO 3aTAJTLHUN IHTErPAT Y BUTJISII

(x—2y)°—(x—2y) = —T2+C = z’—doy+4y’+62+2y=C. B

AHaJyIoriyHo IHTErpyIOTHCSA PIBHAHHST OLIBIIT 3arabHOrO BUTISI-

Ay
a1x + bry + c1

el AL 3.17
Y f<a2x+bgy+62> ( )

ne f(u) — HenepepBHA (DYHKIIiSE CBOIO apryMeHTY.

BayBarKuUMO, TM0 JIeTK] PIBHAHHS MOYKHA 3BECTH JIO OJIHOPITHUX
3a JIONOMOTOI0 3aMinn y = 2™, e z = z(x) — HoBa yHKIIis, & M —
Jesike qncyio. Taxi piBHsIHHSI HA3UBAIOTH Y3G2AAbHEHO-00HOPLO-
numu. Hanpuknan, y pisusuni ¢y = = + g—i 3poOUMO  3raIany
saminy y = 2™ (tomi ¥ = mz™ 1)
ojiepKaHe PiBHSIHHSI

i BubepeMo m TakmMm, 100

2m m+1
| z d5

/ /
mz % =SB ——o = mz = —-
1‘3 mel 1‘3

Oys10 omHOpigHuM. st 11pOr0 TTOTPIOHO, IIOO IpaBa YacTHHA PiB-
HsIHHS OyJ1a OJTHOPIIHOIO (PYHKITE BuMipy 0, TOOTO 9HCJIO M 11O~
BUHHE 33JI0BOJILHATH piBHAHHA M — 1 = 11 m + 1 = 3, 3BiaKn
m = 2. OrKe, 3a JOIOMOIOIO IiJICTAHOBKH Y = 22
He BJIAJIOCS 3BECTH JIO OJIHOPITHOTO

3a/1aHe PIBHSIH-

T 23

/
22 = -+ =,
z T
3IHTErpyBaTH SgKe IMTPOTOHYEMO YUTadaM CAMOCTIITHO.
Pexomendosana aimepamypa: |2, c. 11 — 39|, [5, c. 28 — 33,

56 — 61], [8, . 27 — 37], [15, c. 23 — 27], [16, c. 16 — 177].
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Iluranusa go gekiii 3

1. ke mudepentianbae pIBHIHHS HA3WBAIOTH PIBHAHHAM 3 Bijl-
okpemjIeHIMHU 3MiHHUMEU? $IK 3HAWTH 3arajbHUN iHTErpaJ TAKOTro piB-
HSIHHSI?

2. fdxe audepeniianbHe PiBHsIHHS HA3WBAalOTh PIBHSIHHAM 3 Bijl-
OKpeMIIoBaHUMU 3MiHHUMEU! ZIK iHTerpyerhes Take piBHannaa?! Aki hyH-
KIIil MOXKYTh BUSBATHUCS OCOOJUBAME DO3B’SI3KAMU !

3. Ba monomororo sikux 3aMiH piBusiHHs ¢ = f(ax + by + ¢) MoXKHA
3BECTH JI0 PIBHSHHS 3 BiJOKPEMJIFOBAHUMY 3MIHHUMU!

4. Komn byukuis f(x,y) 6yae ommopinaow umipy m? Hasesith
npuKIaan ogHOpimuHux Gyukmiin Bumipy 0, 1, 2, 3, a TakoXK TPUKIAIA
HEOTHOPIIHUX (DYHKITIA.

5. fke mudepenianbHe PIBHSHHS IIEPIIOTO MOPSIKY HA3UBAIOTH
ofHOpimHUM? 3a J0MOMOrOI0 SIKOI 3aMiHM IIIyKaHOI (DYHKIII Take piB-
HSIHHSI 3BOJIUTHCS JIO PIBHSIHHSI 3 BiJIOKPEMJIIOBAHUMUI 3MIHHIME !

6. fdxoro mae 6yru npasa yactuna pisaguaga y' = f(x,y), mob BoHo
Oys10 omHOPiMHIM?

7. dxmo dbyuxuiit M (z,y), N(x,y) ogHopiaHi, TO 94 JOCATH IIHOTO
Jst Toro, mob pisusiaE M (2, y)dx + N (2, y)dy = 0 6ymno ogHOpixHIM?

8. dxmmu nmoBuHHI 6yTH WNCIA ¢1, Co, MO0 AudepeHIiaabue PiBHs-
HHs1 (3.17) Gyso omHOPiTHUM?

9. dxumu noBunui 6yTu Yucaa ai, az, by, be, mo6 piBusHHg (3.17)
MOXKHa OyJI0 3BeCTH 110 OIHOPimHOrO piBHAHHA! Kosn 11e piBHAHHSA MO-
JKHa 3BECTH Bifpa3y /10 PIBHAHHS 3 BiTOKPEMJIIOBAHIMEI 3MIHHUMU !

10. 4ki piBHsIHHSI HA3WBAIOTH y3araJibHEHO-OHOpIMHUME ! fKa 3aMi-
HA BUKOPHUCTOBYETHCS JIjIs IHTErpYBaHHsI TaKUX PIBHSHB?

Bopasu go jekiii 3

1. 3iurerpyiite maudepeHIiaJbHl PIBHSHHS 3 BIIOKPEMJIIOBAHIMUI
3MIHHUMM:

a) y' =¥ 6) zy/1+y2 +yy'V1+a? =0;
B) (zy® — )y =y + 2°.
2. 3HaiiaiTs po3s’a3kn 3aga4 Komri:
a) 1+em)yy =e”, y(0)=1; 6)y'tgz=y+3, y(5)=1

3. BiuTerpyiire mudepeniiaabai piBHAHHA, 3BiIHI 10 PIBHAHD 3 Bil-
OKPEMJTIOBAHUMU 3MIHHUMMU:

z—2y—1
a)y' =2r+3y+10; 6) (2x+y)y =1 B)y’=4y,2++6-
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4. O6rpynTyiiTe, 1110 PIBHSIHHSI € OJHOPIJIHUMM, Ta 3iHTEerpyiire Ix:

2
a);(;dy:<y+‘/x2+y2)dx; 6) y/:g_’_ey/ga; B)y/:.');“f' y.
T

2x +y

5. 3i"Terpyiite piBHSHHS, 3BiJIHI JI0 OJIHOPIHUX PiBHSIHD:

a) (z+ 1)y +3z+2y+5=0;
6) (7Tx — 3y + 2)dz + (4y — 3z — 5)dy = 0.

Jlekuia 4. Jliniiini audpepenitianbHi piBHIHHSA
Ta 3BiAHI 10 HUX

Il1an

1. Jliniiine piBHSHHS Ta METOJU HOrO PO3B’S3yBaHHS.
2. BiractuBocti po3B’a3KiB JIiHITHUX DiBHAHD.

3. PiBugannga . Bepmyswi.

4. PiBagaus Pikkari.

1. JliuiliHe piBHsIHHSI TA MeTOAU MOTr0 PO3B’sI3yBaHHSI.
JIinitinum gudepeHIiagbHIM PIBHAHHSAM IEPIINOrO MOPSJIKY Ha-
31UBAIOTh piBHHHHH BUTJIA LY

A(z)y + B(z)y + C(z) =0, (4.1)

ne A(z), B(z), C(x) — uenepepsui ¢ynkiil. B obmacri, ae
A(x) # 0, (4.1) piBHOCHIIbHE DIBHSHHIO

Y +p(x)y = q(z), (4.2)

y sikomy no3nadeHo p(x) = B(z)/A(z), ¢(x) = —=C(x)/A(z)

Axmo x A(zg) = 0, To po3s’s3koM piBusiHHs (4.1), 3ammrcanoro
y audepenniansuiit dopmi A(x)dy + B(z)ydr + C(x)dx = 0, €
T = Tg, Yy YOMY JIETKO IIEPEKOHATHCS 3a JONOMOIO0 II1JICTAHOBKH.
Hanpukiaz, poss’sskamu pisastaEs (v — )y’ + sinx-y = tgx €
r=01iz=m.
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Axmo dbyskuii p(z) ta q(x) y piBusinui (4.2) HemepepBHi Ha
nesikomy iHTepBasi (a,b), To 3rimHO 3 Teopemoro Ko uepes ko-
JKHY TOYKY cMyru a < a1 < & < by <b, —oo <y < 400 1npoxo-
JIUTh €auHa iHTerpasbHa Kpuba. Cupasii, siKimio piBasiHHs (4.2)
sammcaru y sursial ¥ = ¢(x) — p(x)y, To Horo mpasa wacTHHA
f(z,y) = q(x) — p(x)y €, oueBuaHO, HemepepBHOWO (BYHKIHEW, a
wactumia noxinna fy(z,y) = —p(xr) obmexena y miii obmacti. ¥
[IbOMY BUIAJIKY PiBHsiHHS (4.2) 0cOOJIMBUX PO3B’SI3KIB HE Mae.

Axmo dyHKIis ¢(z) TOTOXKHO JOPIBHIOE HYJIO, TO DIBHSHHSI
(4.2) HasuBAIOTH ATHIUHUM O0OHOPIOHUM, a SIKIO TOTOXKHO He
JIOPIBHIOE HYJIIO, TO ATHITGHUM HEOOHOPLOHUM.

[Toxkarkemo, 110 JIiHifIHE HEOTHOPIIHE PIBHSIHHSI IMEPIIOrO II0-
PSJIKY 3aBXKJIM IHTErPYeThCd y KBajparypax. PosrisHemo jiBa
CIIocOOU IHTerpyBaHHsT TAKUX PiBHIHb.

Mertopn Bapianii goBisibHOI cranol (Meron Jlarpan»ka).
3iHTErpyeEMO CIIOYaTKY JiHiiTHE OJHOPIIHE PIBHSIHHS

y' +p(z)y =0, (4.3)

dKe € BOJIHOYAC PIBHSIHHSAM 3 BiJIOKPEMJIIOBAHUMU 3MIHHUMU:

dy

Veboly = L—-p)i G0 =

dx
In|y| = —/p(:z:)d:z: +C =
y = CeJP@dz, (4.4)

Dopwmyia (4.4) onmcye Bel poss’si3ku pisasiaHs (4.3), 60 po3B’si-
30K y = 0, sikuit Mir 6yTH BTpadeHuM [IPU BiJOKPEMJIEHH]I 3MIHHUX,
MicTuTbest y hopMysti 3arajabHOro poss’sisky (sikio C' = 0).

Po3B’s130K JIiHIHOrO HEeoMHOpiHOrO piBHsiHHS (4.2) IIyKaTn-
MeMmo y Buruisizi (4.4), saminusmmm goBlibHy crany C neskoio dyH-
kuiero C(x), To6To y BUIIsiI

y = C(x)e /p@)dz, (4.5)
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[Migcrasasioun (4.5) y piBusiHHs (4.2), 07€pKy€EMO
C'(z)e IP@d _ O (g)p(z)e~/P@d 4
+ p(z)C(x)e IP@e — g(2) =
C'(z) = q(zx)e/?@¥ = C(z) = /q(x)efp(x)dxdx +C,
e C — noBinbHa craga. [lincraBiasioun Tenep 3Haiigeny QyHKII0O

C(x) y (4.5), onepxyemo dbopMyILy Jjisi 3arajibHOIO PO3B’sI3KY JIi-
HiitHoro piBasiaHs (4.2):

y = e JP@)d. (/q(w)efp(“)d’”dx . C). (4.6)

Meropn, migcranoBku (MeTos, 1. Bepnyui). Poss’si30k Jii-
HIHOIO HEOJ[HOPIIHOTO PiBHsIHHS (4.2) IIyKaTUMeMO y BUIJIsII J10-
6yTKy JBoX jaudepenniiioBanx by v = u(x) iv = v(x), To6TO

Y = uv. (4.7)
[igcrasisiioan (4.7) B (4.2), omepzKyemMo
w'v+w + p(z)uv = q(z) =

v+ u (v + p(z)v) = q(z). (4.8)

Kopucrytounces moBuibHicTIO (hyHKIHT v, BubepemMo i1 Takoro,
o6 BoHa Oy/a po3B’s3koM piHsHHSA v/ + p(x)v = 0, 3BiAKN

v = Ce~ JP@)de,
Buaitneny dyukiio v npu C = 1 nigcrasumo B (4.8). Toxi
W e IP@d — ) = u= /q(x) cefP@ gy 4 O,

ITicrasisioun suaiigeni dyHkuil ui vy (4.7), 3HOBY ozepxKy-
emo dopmyaty (4.6).
Ilpukiazn 1. 3inmezpysamu pierAHHA

I2

y + 2zy = 2xe”
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Poazg’azarns. Memod sapiauii dosinvrol cmanoi. Po3s’szkemo
BIJIIOBITHE JTiHIiIHE OJIHOPi/IHE PIBHAHHSI:

d
v +2ry=0 = /—y:—/dem—i-C =
)
Inly|=-2*+C = y=Ce ™,

Po3p’s30k 3aaH010 JIIHIFTHOTO HEOTHOPIAHOTO PIBHAHHS MTYKAEMO
. I .
y Bursam y = C(z)e™*". Iligcrasisiioun y piBHSIHHSI, OJ€PKYEMO:

C"(J:)e_x2 - QI‘C(Jf)e_xQ + 21:0(:6)6_””2 =2 =
C'z)=22 = Cl)=2°+C = y=(=2+0C) e .

Memod Bepryani. Hexait y = uv. Tomi

/ / — 2
v+ uv + 2zuv = 2xe” .

st 3naxo/kenHst (DYHKIN U 1 U OJIEPAKYEMO CUCTEMY

{v’ + 2zv =0,

2
v = 2zxe .

x

. _ 2
3 meprroro piBHsiHHSI cucremu 3Haxoaumo v = Ce™*". Tlokia-

nemo C' =11 mifgcraBumo yHKIHIO v y npyre piBHsHHS. 1011

W=2 = u=24C = y=@@*>+C)e*. =

Hagejieni MeTojiu po3B’si3yBaHHs! JIHINHUX DIBHSIHb MOYKHA 38~
CTOCOBYBATH TaKOXK J0 pibHsHb Bursany (p(y)z +q(y))-y = 1,
SKINO Y MPUIAHATH 3a HE3aJeXKHY 3MIiHHY, a & — 3a (DYHKIUIO IHi€l
sminnoi. Hanpukmag, pisaanns 2yy (e’y2 = a:) = 1 € HeniHITHUM
BijHOCHO byHKIHT y = y(x). OmHaK, SIKINO 3acaTu foro y BUTJIs-
his!

p 1 1 1

y:2y(6_y2—$) - ;:234(@—?/2—36) -

x4+ 2zy = defyZ,

TO Ma€eMo JiHiitHe BijHOCHO DyHKIIT & = z(y) PIBHSHHS 3 IPUKJIa-
ay L.
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2. BaactuBocrti po3B’a3kiB JiHilinux piBHaHb. Hasegenmo
JiesiKi BJIACTUBOCTI PO3B’sI3KiB JIIHINHUX PIBHAHD, SIKi MOYXKYTb OyTH
KOPUCHUMU JIJIsT TPAKTHIHOTO PO3B’SI3yBaHHS PiBHIHD.

Buaacrusicts 1. Sxwo sidomuti desaruti wacmunnutl po3e’a3ox
y1(x) ainitinozo odnopionozo pienanns (4.3), mo ozo 3azarvrul
p036°a30% 3naxrodumuovcs bes keadpamyp.

[uwm 3aransaum poss’sizkoM € y = Cyy (), ajpke BiH 33/10BOJIb-
Hsi€ piBHsiHHS (4.2) 1 MICTUTB JIOBUIBHY CTAJIy.

Baacrusicts 2. 3azasvnuti pose’aszokr ainitinozo neodnopi-
Onozo pienanna (4.2) e cymoro G020 wacmunnozo po3s’asky i 3a-
2a45H020 PO36°A3KY 610N0610H020 00HOPIOH020 piehanns (4.3).

Cupasni, Binkpusatoun gyxku y dopmyni (4.6), maemo jBa
nonanku: Ce™ JP@)d% _ saramumit poss’sizox Bignosigmoro omo-
pigEoro pisasams (4.3) i e~ JP@ [g(3) e/P@)dzdy — posy’azok
HeoiHOpiHOrO piBHsiHHS (4.2) (floro omep:kyemo 3 dopmy/n 3a-
raJpbHOro poss’sizky, sakmo C' = 0). OTxke, AKIO BimoMuil oauH
JacTUHHUN PO3B’s130K Y1 = y1() JIHIHHONO HEOJHOPIAHOIO pPiB-
HSIHHSI, TO HOr0 3arajibHUil PO3B’sI30K 3HAXOUTHCS 38 JOITOMOTIOO
OJTHIET KBaIpaTypH:

y =1+ Ce™ Jre),

Buaacrusicts 3. fdxwo sidomi dea Henponopuiting 4acmurmi
poss’asku y1 = y1(x) 1 y2 = ya2(x) pisnanns (4.2), mo tdoeo 3a-
2anvruti po3e’azok odepoicyemo 6e3 xeadpamyp 3a GHopmy.a010

y =11+ C(y2 — y1). (4.9)
Cupanti, ocximern 44 + p(x)yr = q(x) iy + p(x)y2 = q(z), T0
(y1 —y2) + p(z)(y1 — y2) =0,

3BiJIKN BUILIUBAE, IO Y] — Y2 € YACTUHHUM PO3B’SI3KOM JHHIHHO-
ro ojiHopijHOro piBHsiHHs (4.3). 3arajbHUM PO3B’SI3KOM DIBHSIHHS
(4.3) srigno 3 BracrusicTio 1 6yne C(y1 — y2), a dopmyny (4.3)
OCTATOYHO OJIEPKYEMO Ha ITJICTaBl BJIACTUBOCTI 2.
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3. PiBusinus Y. Bepnuyni. Pisuauus suristy

Y+ plx)y = qlz)y™, (4.10)

Jie m — JIesiKe YUCJI0, HA3UBAIOTh Pt8HAHHAM BepHyanai. ko y
(4.10) m = 0, To onepKyeMo JiHifiHe HeoHOpPiNHe piBHsHHS (4.2),
a dKIo m = 1, TO PIBHAHHS 3 BIJIOKPEMJIIOBAHUMH 3MIHHUMU, TOMY
HaTaTl BBaXKaTUMeMo, 1o m # 0, m # 1.

Jlns poss’a3yBanHs piBHsHHA bBepHysur, Tak camo, dK JHiHii-
HOI'O PIBHSIHHS$, BUKOPHUCTAEMO METOJ[ Bapiallil JOBLIBHOI CTaJOI.
Binrerpyemo cnovarky pisasaust y' + p(z)y = 0. Moro 3arasbamit
PO3B’s130K 1ojaeThest hopmyiioro (4.4): y = Ce~fp@)dz,

Posp’s30k piBHgHHSA Bepuysuii mykaemMo y BUrJIsi

y = C(z)e /@)1 (4.11)

ne C(x) — peska dyukiis. Ilincrasinsioun (4.11) y piBHAHHS
(4.10), onepxyemo
C'()e™ TP _ O(r)p(z)e= [P 4 p(z)C(z)e=IrDde =
= q(z)C™(z)e™/P@)dr -
Cl(.f) = q(m)cm(l‘)e(l_m)fp(x)dx =

dC(x) _ (1—m) [p(z)dx
) /q(w)e dz+C1 =
1-m
S / o(@)ei=mIP@)de g oy
-m

TakuMm auHOM,

1

C(x) = ((1 —m) / g(z)e—mIp@)de gpr 4 c) o ,

a migcrasisitoun 1o dyuknio C(z) y (4.11), omepxKyemo 3arajib-
HUT PO3B’s130K piBHAHHA BepHyIui:

1

y = ¢~ Jp@)de <(1 —m) / o()eA=m [P(@)do g 4 c) T
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[Tpu bomy mir 6yt Brpadennit po3s’sa30k y = 0, axmo m > 0.
s m < 0 dyukiis y = 0 #He € po3B’s3KOM piBHsiHHsT BepHyJui.

Ilpukiazn 2. 3inmezpysamu pieharha bBepryani
y + 2zy = 2ze™” v

Pose’azannsa. Saranbanii po3s’si30k pisastHug y' + 22y = 0 OyB
3HANJIEHN 1iJ] 9ac po3B’sa3yBaHus npukiady 1:y = Ce ™
PO3B’SI30K 3aJIaHOTO PiBHsHHS HiyKaemo y Burisiy y = C(z)e
[ligcraBiasioun y piBHSAHHS, OJIEPIKYEMO:

, & TOMY
P

C’(al:)ff"’“"2 - 2xC($)e*’”2 + 2$C(x)e*”2 = 21’6‘%202(.@)672‘%2 =
dC(x)

C'(z) = 22C%x) = 2(2) =2zdx (C(z)#0) =
1 1
_ 6712
V=-wio

Axmo C(z) =0, o y = 0. g dyukuis € ocobiamusum po3s’si3-
KOM 3aJIAHOTO PIBHSHHSI.
Bidnosidv: y = —e (22 + C)~L, y = 0.

3ayBaykKuMo, M0 HABEJIEHUN METOJI MOYXKHA 3aCTOCOBYBAaTU Ta-
KOXK JI0 PIBHSIHb BUIJISLY (p(y)x+q(y)1:m) cy = 1, gaxkmo vy
HPUAHATA 32 He3aJIeXKHY 3MiHHY, & & — 3a (YHKIHO i€l 3MiH-
. . 2
nol. Hanpukiaz, sikio pisusnus 2zxy(xe?” — 1)y’ = 1 zanucaru y
BUTJIS T
1 1 2
! / 2
=—=————— = z +2yr=2ye'x

Y= 2zy(zey® — 1) Y Y ’
TO MaeMO piBHsHHsI BepHysul, po3p’si3ane y npukiaji 2 (Ko
BBazKaTH, 1Mo = = x(y)).

Bamada 1. 3natmu kpusi, y axur JosxcuHa 6idpisky, AKul
stdmunae domuyuna na oci Oy, dopisrioe Keadpamy opdunamu mo-
wKu domuky.

Pose’azanns. Hexait M (z,y) — m0BlIbHA TOUYKA IIyKAHOT KPUBOT
y = f(x). Y rouni M uposesemo jgoruuny jio kpusoi y = f(z) i
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Hexailt A — Touka nepeTuHy i€l 70TuIHOI 3 Biccto Oy, B — mpoekIiist
roukn M na Bice Ox (puc. 4.1).

Y

Puc. 4.1

3a ymosomo 3agaui OA = BM?, npuuomy BM = y. Binpizok
O A zmaiinemo 3 piBasinas goruanol Y —y = f'(z) - (X —x), y ske
nigcrapumo X = 0. Toni OA =Y =y —y/x.

TakuM YUHOM, OJepKaJIi PIBHAHHS y — /& = Y2, sike € PiBHsIH-
HaM DepHysuti, y oMy JIErKO epeKOHATUCS, SKITO 3allUCaTH HOro

Y BUTJISI
/ 1 1 2
Yy—-Yy=—-—"y.
x x
BinTerpyemo crnovarky pisasinas y' — y/x = 0:
d dz
Y Inlyl=Injz|+C = y=~Cuz.
Y x

Posp’s130k piBusinHst Beprysuii mykaemo y surisii y = C(z) x.
[Tlincrapmsiioan y piBHAHHS, OIEPKYEMO:

C'(z)z+C(z) — C(z) = - C*(z)z =

ac
C'(z)=-C%z) = ﬁz—/dm =
1 1 x
—C($)——x+0 = C(:E)_x—C’ = Y=_—FG

MTykamumu KpusuMmu € rinepbosn y = z/(z — C). A
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3. PiBuannua Pikkari. [lo piBugmna Bepmysii 3a meBHEX
YMOB 3BOJIUTHCsI Pi8HAHHA Pixxamsi. Tax HasumBaioTh pIBHSIHHS
BUTJISIITY

y' = p(a)y® + q(x)y + r(), (4.12)

ne byskuii p(z), g¢(x), r(r) HemepepBHi Ha JesiKoMy iHTepBaJi
a < x < b. PiBusanus (4.12) MicruTh sIK OKpeMi BHIIAKN BHBUYEH]
pasimie piBHsiHHsA: sKmo p(x) = 0, To MaeMo JiHiiiHe PiBHSIHHS,
skio r(x) = 0, To piBHsHHsT Bephysuii.

Posrisinemo fesiki BUIa K iHTEIPOBHOCTI B KBaJIpaTypax pis-
nanag Pikkari.

1. ko p, ¢ i r — crasui, o (4.12) — piBHsAHHS 3 BIOKpeMIIIOBa-
HUMH 3MIHHUMHK, a HOr0 3arajibHUI 1HTErpaJl BUParKaeThCsd Yepes
eseMeHTapHi YHKIII.

2. Pigasnns ' = o(x)-(ay? + by + ¢), ne a, b i ¢ — crani i
a? + b? = 0, — PIBHAHHS 3 BiIOKPEMJIIOBAHUMHU 3MIHHUMU.

3. PiBuanna y = aayg—z +b¥ + ¢, ne a® + b* # 0, — onHOpinHe
PIBHSHHSI.

4. Pisusmmns y' = ay® + bY + % — ysaranbmeno oampopime
piBaanns (m = —1). ITicaa saminm y = 2z~ ! ofeprkyemMo piBHSAHH
3 Bifokpemmosamnmu 3vinEEME 22’ = az? + (b+ 1)z + c.

Y 3zarajpHOoMy BullaJKy piBHAHHA Pikkari He iHTErpyerbcs
KBa/IpaTypax, Xoda 3riiHo 3 Teopemoro Ko BoHO Mae eaumHuUit
PO3B’SI30K JJIsI JIOBLIBHOI I0YATKOBOI yMOBHU (o) = Yo, Jie TOUKa
T = T( HAJIEKUTb iHTepBaJly HermepepBHOcTi dyHKIA p(z), q(x),
r(z).

fAxmo Bimomwuil Jeskuii po3B’dA30K piBHsSHHsS Pikkari, TO 1€
PIBHSIHHSI MOYKH& 3BECTH JI0 piBHsiHHs1 Beprysuii. Crpasii, Hexait

y1 = y1(z) — po3’s30K piBasiaHs (4.12), To6TO
v = p(@)yt + a(@)yr + r(x). (4.13)
3pobumo 3aMiny mryKaHol OyHKIHT
y=uy-+tz
ne z = z(z) — nosa ¢yukuis. Toxi i3 Bpaxysanusam (4.13) maemo

yi +2 = p(@)yf + 2p(x)y1z + p(2)2® + q(@)y1 + @)z +r(z) =
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7 — (2p(x)y1 + q(2)) z = p(x)z*.
Ocranne piBHsiHHS € piBHsHHsSM bBeprysui BijHOCHO QYHKIHT Z,
sIKe 3aBK/I IHTerpyeThest y KBajparypax. OcobauBuM pO3B’SI3KOM
piBusinnst Pikkari moxke OyTu dyukiis y = y1(x).

Ilpukiazn 3. 3inmezpysamu pienwanrs Pixkami

Pose’sazanns. Criouarky 3HaiinemMo Jesikuii po3s’si3ok yi(x) 3a-
Janoro pisasinHs. [Ipumycrumo, mo yi(x) = a/x, ge a — jeska
crasna. [igcrapisiioun y 3ajiaHe piBHIHHSA, OJEPKYEMO, IO

= == = a=312,

a OTIKe, 3aJlaHe PIBHAHHS MOXKHA 3IHTErpPyBaTH y KBIPATypax 3a
JIONIOMOI'OI0, HAIIPUKJIaJ, 3aMinn y = z + 2/x. Toxi
2 4z 4 =z 2 4 3z
z'——:z2+——|——————2——2 = - =22
45 43 43
[Tporonyemo unTadgaM caMOCTIHHO HMEPEKOHATUCS Y TOMY, IO 3a-
3
raJibHUM PO3B’A3KOM OJIEPKAHOTO DiBHAHHS BepHyiui € z = %
Tomy
_ —4g8 L2l 2C — 2z*
A S B y_a:(x4+C)'
Posp’s130k y1(x) = 2/x He MOXKHA OfIepyKATH 3 3araJIbHOTO PO3B’si3-
Ky IPHU YKOJIHOMY 3HAUEHHI CTAJIO0l, a TOMY BiH € OCOOJIUBUM.
2C —2z* 2
z(zt 4+ C)’ V=
Pexomendosana aimepamypa: |2, c. 39 — 52, 67 — 73], [,
c. 69 — 86/, [6, c. 31 — 36, 40 — 42], [8, c. 37 — 46], [15, c. 28 — 33].

Biodnosidv: y =

ITuranuga mo jgekuii 4

1. dxwuit 3araapaUil BUT/IsAL Mae JiHiliHe audepenItiagabue PiBHIHHI
MePIToro MOpsAaKy ! fKa pisHuUIlg MiXK JIHINHUM HEOTHOPITHUM 1 OHOPI-
JTHUM DIBHSHHSIMUI?
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2. Yu mae JiniiiHe HeOTHOPITHE PIBHAHHSA 3 HEllepepBHUMI Koedirri-
eHTaMu 0cobuBi po3B’sa3ku? Biimosigs 0O6rpyHTYTE 3 BUKOPUCTAHHSIM
Teopemu Korri.

3. ¥V "omy moJsisira€ MeTOJ, Bapiaril JOBIIBHOI CTAIOl IHTerpyBaHHS
JIIHITHOTO HEOJHOPITHOTO PiBHAHHSA! 3a IOTIOMOT0I0 CKLIBKOX KBAIPATY]
y 3arajJbHOMY BUIIAJIKy IHTETPYETHCS i€ PIBHSIHHS

4.V yomy moJsiAra€ METOJI IiJICTAHOBKY iHTerpyBaHHs JiHIfTHOrO He-
OJHOPIAHOTO PIBHAHHS?

5. dxuMu BIACTHBOCTAME BOJIOIIOTH JIHINAHI gudepeHIiagabHi piB-
HHHSI TIePIITOTO MOPSIKY !

6. Axwuit 3araapHUil BUTJIsia piBHgHES Beprysuti? V oMy mossirae Me-
TOJI Bapialil JIOBLIBHOI cTa ol iHTerpyBaHHsI IIbOrO PiBHsIHHS! U MOXKe
piBHstHHEST Beprysa maru ocobsimei po3s’sizku? Bin doro 1e 3aiexursb?

7. dlkuit Buriisin Mae piBHsAHHS Pikkari? 3a sikol yMOBU 11 PIBHSIHHSI
inTerpyerbcs y kBagparypax?! /o sIKOro piBHSHHSI y IBOMY BHUIAJIKY
3BONTLCA PiBHAHHA PikkaTi?

Bopasu go Jgekiiii 4

1. Cepe HaBeneHUX PiBHSHD BifmmykaiiTe JiHiifiHe pIBHAHHS Ta 3iHTe-
rpyiiTe fioro MeTo10M Bapialiil IOBIJIbHOT CTAJIOl 1 METOJIOM TIiJICTAHOBKHU:

a)y =(z—y)?* 6)ay' +2y—ay’=0; B)y =4y+e*

2. Hosegnite, mo pisasans f/(y)y + p(z) f(y) = q(x) 3Bomurbes 1o
JiHifiHOTO PiBHSIHHSI 3a monoMororo 3aMinu z = f(y). 3iHTerpyiite Takum
€Ioco60M piBHAHHA cos Y-y + %siny = 2.

3. Hosenitb, mo piBuguaug y' + p(z) = g(x)e™ 3ogurbesa g0 Ji-
HIHOTO PIBHSIHHSI 3a JOITIOMOIOI0 3aMinu z = e~ "Y. 3iHTerpyiite Takum
crrocoboM piBHaHHS €~ %y’ — e = eY.

4. Cepei HaBe leHUX PIBHSIHB BijillyKaiiTe piBHsiHHsI BepHyJii Ta 3iH-
TerpyiiTe oro:

a)y +xzy=y’sinx; 6)y +2y=2" B)y =(r+y)*

5. MoweniTh, mo pisHsHHs Beprymii ¢y + p(z)y = q(z)y™ moxuA
3BECTH JI0 JIHIHOrO PiBHAHHA 3a JOTIOMOrolo 3aMinn z = y'~™. Binte-
rpyiiTe muam criocobom pisasHEA Ty = Y + 12y 2.

6. BinTerpyiire pisuanns Pikkari zy’ — (22+1)y+y? = —22, 3Hato0umn,
10 BOHO MA€ PO3B’g30K Burisny yi(x) = ax + b.
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Jlekmia 5. PiBHssHHsS y moBHUX audepeHIiiagax
Ta 3BIOHI J0 HHUX

Ilaan

1. PiBusgnuns y moBHuX gudepentiaiax.

2. lnrerpyBajbHmii MHOKHHK Ta JIESIKi CIIOCOOM HOT0 3HAXOIKe-
HHSI.

3. Teopemu 1po iCHyYBaHHSI, HEEIUHICTb Ta 3araJbHUN BUIJIST
IHTerpyBaIbHOIO MHOKHUKA.

1. PiBasiHHs y TOoBHUX audepenmianax. udepenmiaisae
PIBHSIHHSI TIEPIIOrO HOPSIIKY

M(z,y)dx + N(z,y)dy =0 (5.1)

HA3UBAIOTH PIBHAHHAM Y NOBHUL UPEPEHUIAAAT, TKITO HOTO
JiBa 4yacTuHa € MOBHUM judepenmianom geskoi dyukuii U(z,y),
TOOTO AKIIO

M(z,y)dx + N(z,y)dy = dU(z,y). (5.2)

3 (5.1), (5.2) BumimBae, 1o piBHsHHs (5.1) MOXKHa 3amucaTu
y Bunisiii dU = 0, a TOMy 3araJibHUM IHTErpajoM DiBHSHHS Y
noeuux judepeniianax € U(z,y) = C.

VY 3araJibHOMY BUIAJIKY CKJIATHO OE3II0CEPEIHBO 3’ ICYyBATH, Y1
€ 3aJlaHe PiBHIHHS PIBHAHHIM y MOBHUX Jgudepeniiaiax. Braxke-
MO O3HAKYy, fKa JO3BOJIUTL BIJIIOBICTU Ha Ile MUTAHHS, & TAKOXK
HaBeJIeMO OJIUH 13 crocobiB 3uaxomkentst Gyukiil U(z,y).

[Mpumnycrumo, mo dbyukuii M (z,y) 1 N(z,y) y piBasuni (5.1)
HEIIEPEPBHI Yy JIesIKOMY HPSMOKYTHHKY 3 IleHTpOM y Touni (g, Yo),
1 He TIepeTBOPIOIOTHCS OJIHOYACHO B HYJIb y Iiil Touri. OKpim To-
ro, BBA2KATUMEMO, IO Y 3ra/IaHOMy IPAMOKYTHUKY iCHYIOTL HeIle-
PEpPBHI YaCTUHHI TTOXITHI %—Aj i %—]X

[Tpunycrumo, 1o cupasizKyerbes ymosa (5.2), TobTo JsiBa da-
cruna pisasinHs (5.1) € noBHuM judepeniianoM. 3rijHo 3 o3Have-
HHsIM Jiudepen iaia QyHKIHT BOX 3MIHHAX
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a TOMY

—— = M(z,y), o = N(z,y). (5.3)

Ockinbku dyukuii M (z,y), N(z,y) MaoOTh HenepepBHi YacTUH-
Hi noxizni, To Mimani noxiaui dynkuil U(x,y) He 3amexars Bif
nopsiyiky judepeniioBanns. OTxke,

oM _ o oN _ 0w
oy  Oydx’ Ox  Oxdy’

3 TeopeMu PO PIBHICTH MIITAHUX ITOXITHUX OJIEPKYEMO HEOOX1THY
yMOBY Toro, 10 (5.1) € pIBHSIHHSIM y MOBHUX JuepeHIiaiax:

oM _ N o
oy oz

[Tokazkemo, 110 ymoBa (5.4) € TaKOXK JTOCTATHBOIO, TOOTO 3a BHU-
KOHAHHsI I1i€1 yMOBHU JiiBa yacTuHa piBHsiHHs (5.1) € moBHuM nude-
penrianom jesikol dbyskiil U(x,y). 3riguo 3 (5.3) mykana dys-
kuist U(x,y) HOBUHHA 3aJ0BOJIHATH YMOBY %—g = M(z,y). Vci
Taki PYHKINT MOXKHA OMHCATH (POPMYJIOIO

Uz,y) = /M(x,y)dx + C(y), (5.5)

ne C(y) — nosinbHa HerepepBHO JudepeniiiioBHa DyHKIIsS Bl y.
Ockinbku dyuxiis U(z,y) HOBUHHA TAKOXK 3a/I0BOJBHSITH JIPYTY
ymoBy 3 (5.3), To

0
5 [ M@ ds+ ') = Ny, (5.
Hnst Bukonanust ymoBu (5.5) HOTPIOGHO BiAMOBITHUM YUHOM Iiijii-

6paru dbyskuio C(y). ITokaxkemo, mo Takuii Bubip 3a BUKOHAHHSI
ymosu (5.4) zaBxau moxkimsuit. Cupasni, 3 (5.5) Maemo

C'(y) = N(z,y) — a%/M(w,y)dw

JliBa yactuna 1i€l piBHOCTI € (DYHKINE TIIBKKA Bill Yy, a OTXKe,
[paBa YacTUHA He 3aJIeKUTb BiJl T, TOOTO MOXiJHA 3a 3MIHHOIO X
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BiJ[ MpaBol YacTUHU MIOBUHHA JOpiBHIOBaTH HY/II0. [lepekonaemocs
y I[bOMY, BpaxoBytoun yMoBy (5.4):

g—x (N(ac,y) - (%/M(x,y)dx) — % -

__9 (9o _ON(z,y) OM(z,y)
=2 (8:3 /M(:c,y)dx) =y By =0.

Hagenene nosesennsi mocraraocti ymoB (5.4) nae BogHOUAC 1
crioci6 Bimmykanust dyukuii U(z,y). OTxe, crodarky norpibHo
saaiitu dyukuito U(z,y) 3a dopmysown (5.5), posrisiandn y sk
cramy, a morim 3 pisaocti (5.6) smaiitu C’(y), imTerpyooun sike,
orpumaemo C(y). Iincrasiastoun suaiieny dyukiio C(y) y dop-
myaty (5.5), marumemo dyukuito U(z,y). Just ogepKaHHs 3araJib-
HOT'O iHTerpaJly piBHsiHHsI y HOBHEX judepenmianax (5.1), sk 6yJ1o
JoBejieHo paninie, dyukiio U(z,y) noTpibHO NpUpiBHATH 10 J10-
BlIbHOI cTasiol C.

Ilpukiazn 1. 3inmezpysamu pienarma

(z + 9 + sinz) dz + (2zy + cosy) dy = 0.

Pose’azanms. Ockinbkn M(x,y) = x + y? + sinz, N(z,y) =

= 2zy + cosy, TO %—A;[ = %—JX = 2y, To6T0 ymoBa (5.4) cupaBiKye-

Thest. oist snaxomkenns Gyukiil U(z,y) Maemo cucremy

ou 9 . oU
— =x+4y" +sinx, — = 2zy -+ cosy.
oz y

SHaiteMo BUpa3 yist IMykKaHol YHKIIT 3 MEPIIOro PiBHSHHS CH-
CTEMU 1 IMJICTABUMO HOro y JIpyre PIBHIHHS:
U(z,y) = /(m +y? +sinz)dr +Cy) =

x? 9 ou ,
U(:L‘,y):?+1:y —cosx+C(y) = a—yz?xy—l—C’(y) =

22y + C'(y) = 2zy +cosy = C'(y) =cosy =
C(y) =siny + C.
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SayBaKuMo, 10 B OCTaHHiil hbopMyIIl TOBIIBHY cTaly iIHTErpyBaH-
Hsl MOYKHA MPUNHATU PIBHOIO HYJIIO, OCKIJILKYU JIOCUTH 3HANTH OIHY
dyuxuio U(z,y), nudepenmia skol 36ira€Thest 3 JIIBOKO YaCTHHOIO
3aJJAHOTO PIBHSIHHS.

Orxe, U(z,y) = /2 + 2y* — cos x + siny, a 3araibHum iHTe-
I'paJjioM € x2/2 + J:y2 —cosx +siny=C. R

2. InuTrerpyBajibHUII MHOXXHHUK Ta OdesKi cIiiocobu iioro
3HAXO/PKEHHsI. Y 0araTbox BHUIAJKax piBHAHHA (5.1), ske He
€ DIBHSIHHSIM y TOBHUX JudepeHIianax (He BUKOHYETHCS yMOBA
(5.4)), MO’KHA 32 JIOIIOMOIOI0 MHOXKEHHsI Ha, JIesiKy (DYHKIO (12, y)
3BECTH JI0 PiBHsiHHsI y TOBHUX judepeniianax. OyHkiio u(z,y)
y I[OMY BHIIQJIKy HA3UBAIOTH {HME2PYBANLHUM MHOHCHUKOM
piBasiHHs (5.1).

Hexaii st koedinienris piBusiinst (5.1) He cIpaBIRKyeThCst
ymoBa (5.4) 1 npumycrumo, mo p(z,y) — IHTerpyBaJbHIN MHOXKHUK
nboro piBasiHbst. Tomi s KoedillieHTiB piBHSIHHS

w(x,y)M(x,y) dx + p(x,y)N(z,y)dy =0
IIOBUHHAQ CHpaB,ZL}KyBaTI/ICb yMOBa

o(uM)  O(uN) o oM o ON

_ M L% N
By oz oy T Fey T o THes T
oM  ON ou o
_—— — N— — M— )
( dy Ox > Ox oy’ (5:7)

TakuMm 9UHOM, IHTErpyBaJbHUNA MHOXKHUK [4(Z,y) € DPO3B'sI3KOM
piBHsIHHs 3 YacTMHHUMH moxigaumu (5.7), po3s’si3artu sike y 3a-
rajbHOMY BUIIAJIKY 3HAYHO CKJIAJHIIIE, HI2K 3BUYAlHE TudepeHTIi-
anpHe piBasuas (5.1). [Ipore y okpemux Bumajkax 3HailTw iHTe-
IPyBaJILHUN MHOXKHUK BIAETHCA JTOBOJI JIETKO. Po3ryisgneMo meski
3 [UX BUITAJIKIB.

Bunanok 1. Hexait pisusuns (5.1) Mae iHTerpyBaibHuIil MHO-
JKHUK, KU Saﬂe}KI/ITb TiJIbKI/I Big x, 10610 11 = p(x). Toui, Bpa-
XOBYIOUH, IO 55 =0, ax dm, 3 (5.7) maemo

<8M 6N) Nd_,u dp 1 .(8M 8N)d:n

By Oz dz p N dy ox
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Aximo dyHKIsg B IpaBiit 9acTUHI OCTAHHBLOTO PIBHAHHS 3a/I€2KUTh
TIIBKY BiJ 2, TOOTO

1o avy_
N oy  Ox = P

TO, 3IHTErPYBaBIIN 1€ PIBHAHHS, OJIEPAKYEMO
p(x) = el e, (5.8)

Bunanok 2. Hexaii pisasinas (5.1) Mae iHTerpyBaabHUNl MHO-

JKHUK, HKHﬁ 3aJIe2KUTh TIbKY BiJ Yy, 10610 1t = 1(y). Toxi g’; =

ou .
By = d_y i3 (5.7) 3HaxomumMo

OM ONY\ du dp 1 oM  ON
(8y_8:1:>__Mdy - w  —M <8y 8:z:>dy'

Y

Aximo dyHKIisg B IpaBiit 9acTUHI OCTAHHLOTO PIBHAHHS 3a/I€2KUTh
TIJIBKU BiJT Y, TOOTO

1 oM  ON
M (8—y - %> = w(y),

TO iHTeI‘pyBaJIbHI/IM MHO>KHHKOM €

(y) = el VW, (5.9)

Bunanok 3. Ilpumnyctumo, 1o iHTerpyBasibHUNT MHOXKHIK
piBasiunst (5.1) 3anexkurb Bij 3aganol dyHKIl w(z,y), TOOTO
p=p(w(z,y)). Toxi 3 (5.7) omepxyemo:

du ow dp Ow  (OM  ON
N M <8y 8:1:) plw) =

dw Oz dw Oy
duw) _ 5y~ 5 dw (Na—w—M ~#0)
p(w) Ng—‘; — Mg—‘; oz
Aximo nosHaunTU
oM _ ON
bw) = o (5.10)

ox



62 Poznin 1. JVUOEPEHIIAJIBHI PIBHAHHS ITEPITIOIO ITOPAIKY

TO
p(w) = VI = flw) = f Wiz ). (5.11)
OueBnno, mo iHTerpyBasbui MEOKHUKE (i(x) Ta pu(y), BU3HA-

geni dopmymnamu (5.8), (5.9), € OKpeMUMHU BHIIQKAMU CTOCOBHO
BUIIQJIKY 3.

Ilpukiang 2. 3natimu inmeepysasvruti MHONCHUK DIGHANHA

(2zy% — y)dz + (y* + = + y) dy = 0 ma sinmeepyeamu tiozo.
Poses’sazanns. OueBngno, 1Mo %—Aj % %—JX. OcKiIbKA

1 (oM ON _M_ﬁ:d,()
M Oy or )  y—2ay:? oy el

T0, cKOpuCTaBIIUCh Gopmysion (5.9), 3HAXOAUMO IHTErpyBaJIbHUI

MHOKHUK:
(y) =y~
Akmo nomMHoKUTH OOWJBI  YACTMHM 3aJIaHOTO  DIBHSIHHS —Ha
u(y) = y~2, To omeprKyeMo DIBHAHHA y TOBHEUX JudepeHianax
(2 —1/y)do+ (1+z/y* 4+ 1/y) dy = 0.
Cupagi,

1 1
<2x——)dw+<1+%+—)dy:d<x2—£+y+ln]y|>,
) ) ) )

a 0T2Ke, 3al'aJIbHUM iHTeI‘paJIOM €

_9o [dy
— e 2 [ — o2yl

2 —z/y+y+hnjy=C. m

Ipukaan 3. 3natimu inmeepysaivruls muoocruk w(xy) pie-
nanna (203y% —y) dz + (222y® — x) dy = 0.
Pose’azanns. Ockibku w = zy, 1o 3riguo 3 (5.10)
pa) = BTV ) sy )
222y — 2)y — (22%y* — y)z
B dzy(z? — 3?) 2
R

Toxi wa migcrasi (5.11) maemo

plzy) = plw) =/ 5 = = = O
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[Tporronyemo unTadaM MepeKOHATHUCH, IO iIHTerpyBaJILHAN MHO-
JKHUK 3HailJIEHO IPpaBUJIbHO, 1 3a HOI0 JOIOMOIOI0 3iHTErpyBaTH
3ajtane piBHaAHHA. B

BamicTb TOTO, 11106 KOPUCTYBATUCH CKJIAIHUMU JIJIsi 3a11aM’ STO-
ByBanHs opmysnamu (5.8) — (5.11), MoxkHA IIyKaTH IHTErPYyBaJIb-
HUI MHOXKHUK, [IOBTODIOIOYN MIPDKYBaHHSsI, HABEJIEHI JIjisl BUIIAJIKIB
1-3.

BHaroun iHTerpyBaJbHUNi MHOKHUK, MOXKHA 3HANTH He TiIbKU
3araJibHUil iHTErpasl JudepeHIiajpbHOr0 PIBHIHHS, aje i yci ioro
ocobuuBi po3s’sizku. Crupasi, Hexaii = u(x,y) — iHTerpyBajabHuMii
MHOKHUK piBHstHHS (5.1), T06T0 dU = i (M dx + N dy). Toxi

ldUsza:%—Ndy:O = dU =0 abo l:0.
2 2
[lepire 3 omep:kaHmX pIiBHSIHDL BH3HAYUAE 3arajibHUAN iHTErpaJi piB-
uannas (5.1) U = C, a apyre — MOXKe NPHUBECTH JI0 OCOOJIMBOIO
PO3B’sI3KY, KM MOKe Oy TH TLIHLKI TAKUI PO3B’ 30K, B3IOBXK STKO-
ro iHTerpyBajbHUI MHOYKHUK [EPETBOPIOETHCS B OE3MEKHICTb.
3BiicH OJIEPIKYEMO TPABUAO 3HATOOHCEHHSA O0CODAUBUT
po3s’asKie:
— 3HAlTH JTiHIT, B3JI0BXK AKUX (DYHKIIA [ IEPETBOPIOETHCS B 00;
— I[IePEeBIpUTH, YU € 3HalijIeH] JiHil iHTerpajJbHUMI KPUBUMU;
— HEPeBIpUTH, YU MICTATHCHA 3HANJIEHI pO3B’sa3Ku y opmyJi
3araJibHOr0 pO3B’SA3KY.
Ti i3 3HalifieHnx pPO3B’SA3KiB, SKi HE MICTATHCS B 3arajibHOMY
PO3B’43KY, OYyTh OCOOJIMBUMH.

3. Teopemu 1npo icHyBaHHSI, HEEAUHICTHL TA 3arajbHUI
BUTJISI/T iIHTEIrPYBAJIBHOTO MHOXKHUKA. 3’sICyEMO JIesiKi BJIACTH-
BOCTI iHTerpyBaJLHOIO MHOXKHUKA 1 HABEJIEMO OJINH 3arajbHIi Me-
TOJT 3HAXO/IZKEHHS 1HTerPyBaJILHOI0 MHOXKHUKA, AKUI IPYHTYETLCS
Ha BUKOPHUCTAHHI ITMX BJIACTUBOCTEI.

Ockinbku dyukuii M (z,y), N(z,y) HenepepsHi pa3oMm 3i cBOI-
MU HEePIUME YaCTUHHUMEI HOXITHIME Y HesiKiit obiacti G 1y XKo-
JTHIM TOYI 11i€T 06J/1aCTi HEe IEPETBOPIOIOTHCS B HYJIb, & IHTEIPYBaJIb-
HUIl MHOXKHUK [4(Z, y) HE IEPETBOPIOETHCS B HYJIb 1 Ma€ HellepepBHi
YACTUHHI MOXIJHI EPIIOro MOPsJIKY, TO Y KOXKHiit Touri obsracti G
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MaEMO €IMHICTb po3B’a3ky 3azadi Komri i, kpim Toro, imTerpas
U(z,y), akuii BiAIOBiIa€e iHTErpyBaJbHOMY MHOXKHUKY [i(Z,Yy),
Mag€ HellepepBHi YacTUHHI HOXiaHi 1pyroro mopsaky. Lle Teepmken-
Hsl BUILIUBAE 3 TOro, 1m0 AKimo dU = p- (M (z,y) dz + N(z,y)dy),
TO

ou ou

8_1/‘ - :qu a_y - MNa
1 OCKIJIbKM MpaBi YaCMHU MalOTh HElepepBHI YaCTUHHI MOXiIHI 3a
3MIHHUMHU Z 1 ¥y, TO NOXiJHI BiJI JIBUX YaCTUH TAKOXK ICHYIOTbH 1
HelepepBHi.

JoBemeMo, 110 3a JIesIKUX YMOB, SIKi FapaHTyIOTh iICHYBaHHs 3a-

rajbHOro iHTerpasty piBHsiHHs (5.1), icHye TakoK iHTerpyBabHUIL
MHOXKHUK ITHOT'O PiBHSHHSI.

Teopema 1. dxwo pisnanna (5.1) mae 3azarvnut inmeepan
Ula,y) = C. (5.12)

de pynruyia U(z,y) — deiui nenepepero dudepenyitiosna, mo ue
DIGHANNA MAE MAKOHC THME2PYEAALHULT MHOAHCHUK.
Hosedenns. Ockinbku dU = 0, To6TO ‘g—g dx + %—Z dy =0, ne dy
BU3HAYAEThCsl piBHsAHHAM (5.1), T0 d 1 dy 3a70BOJIBHSIOTH CHCTE-
MY piBHIHB
{g—g dr + %—Z dy =0,
M dx + N dy = 0.

Ockisibku JudepeHIiian He3aaeKHol 3MIHHOT dX € JOBLIbHIM,
TO iCHY€ HEHYJIbOBUN PO3B’sI30K OTPUMAHOI JIHIHHOT OTHOPIAHOT CH-
cremu. Tomy

ou oUu

s s 10U 10U

ox oy =0 = ——— e —— = . 5.13

M N Moz~ Naoy - H@y. (613
BBi,ZLCI/I%—g:,LLM, %—Z:MN,aOT}Ke,
M(Mdz:qLNdy):uMdJ:+,uNdyzaa—gdx+aa—Zdy:dU,

T06TO micist MHOKeHHsI Ha (yHKI0 1 3 dopmysu (5.13) miiBa va-
cruna piBusinas (5.1) € noBauMm nudepenrianom dyukuii U. Ie i
O3HAYaE, 110 [ € IHTerpyBaTBLHUM MHOXKHUKOM piBHsHH: (5.1). B
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3 o3HaUeHHsI IHTErPyBaJIbHOIO MHOYKHUKA (4 PiBHsHH (5.1) BU-
uBae, mo eyukiia Cu s gosiibaoro C' Takoxk € iHTerpyBasib-
HIM MHOYKHUKOM THOTO PIBHAHHS. 3 HACTYIIHOI TEOPEMU BUILINBAE,
110 iCHYIOTBH iHTErpyBaJibHI MHOKHUKE DiBHstHHs (5.1) Glabin 3a-
raJpbHOro BULIsTy, HivK Cl.

Teopema 2. dxwo U(z,y) = C — 3a2arvhull inmezpan pieHsi-
wna (5.1), a po(x,y) — oeo inmezpysasvHull MHONCHUK, MO ICHYE
0e341% THMEPYBANDHUT MHOACHUKIE Ub020 PIGHAHMA, AKL GUPQ-
ACANOMBCA HOPMYN0T0

p(z,y) = polz, v)p(U(z,y)), (5.14)

de p — doginvHa GYHKULA, AKG He JOPIBHIOE TMOMONCHO HYAIO | MAE
HENEPEPBHY NOTIONY.

Losedenns. [Tomuoxkumo By wacruny piBusiaust (5.1) Ha dyH-
ko (5.14). Toxi

poe(U) - (Mdz + Ndy) = o(U) - (uo(Mdz + Ndy)) =

— p(U)dU =d (/so(U)dU),

To6TO JiBa wactuHa piBHsAHHs (5.1) € HOBHUM JudepeHrianom
byukuii [¢(U)dU. Orxe, koxkua dyHKuis 1, BusHadeHa Hopiy-
a0t (5.14), € iHTerpyBaJbHUM MHOKHUKOM piBHstHHsA (5.1). B

@opmyna (5.14) micturh y cobi 6e3/1id iHTErpyBaIbHUX MHO-
JKHUKIB, TOPOKEHUX (i 1 BiAmoBiaHuM ftomy inrerpasom. Bunm-
Ka€ IUTAaHHS: YU BCl IHTErpyBaJibHI MHOXKHUKHU MICTATbCA y i
dopmysti? Biamosigpe Ha Iie nuTaHHS JIa€ Taka TeopeMa, siKy Ha-
BejieMo 6e3 JIoBejieHHsI (JI0BeJIeHHsI 1i€1 TeopeMu MOXKHA 3HailTH,
Hanpukiaazg, y [4, c. 110-111]).

Teopema 3. /[sa dosiavhi inmezpysaivii mHoscHuky (1 (T, y)
i pa(z,y) pienanna (5.1) nos’asani cnissionowenHAM

pa(z,y) = pa(x,y) e(U(z,y)). (5.15)

Teopemy 3 MOKHA BUKOPUCTATHU JIJIsT IPAKTUYIHOTO Bi/IITyKAHHS
iHTerpyBabHOrO MHOXKHUKA piBHsAHHs (5.1). [Tpumycrumo, 1o me
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PIBHSHHS MOYKHA 3aIlACATH y BUTJISAIL
(Ml dr + Ny dy) + (MQ dx + Ny dy) =0,

HMPUYOMY JIJIsl KO?KHOI I'PYIIN MOYKHa 3HAUTH iHTEerpyBaJbHUN MHO-
xuuk. Hexait py 1 Uy = Uy(z,y) inrerpyBaiabHuii MHOXKHUK 1 3a-
raJIbHUI iHTerpaJs piBHAHHS

My dx + Nydy =0,

a pg i Uy = Us(x,y) — iHTerpyBasbHUNl MHOXKHUK 1 3arajbHuii
iHTerpaJs piBHIHHS

Ms dx + Nody = 0.

Toni 3rimmo 3 (5.15) BCi iHTErpyBaibHI MHOXKHUKHU HEPINOl IPYyIIN
micsitbest y dopmyaii g = p1p(Ur), a Bel iHTerpyBaibHi MHOXKHHE-
Ku apyrol rpymu — y dopmyii p = pth(Us). Aximo BuacTbest BU-
oparu dyukIii ¢ i ¢ Tak, 1100

p1p(Ur) = p2tp(Us), (5.16)

ro byukiis u = pu1(Ur) = pgp(Usz) Oyae iHTErpyBajJbHUM MHO-
JKHUKOM ycboro piBusHHs (5.1).

YacTo BraeTbcs po30UTH PIBHSHHS Ha JBI I'PyIH, y KOXKHIA 3
JKUX € PIBHIHHS 3 BIIOKPEMJIIOBAHUMU 3MIiHHUMHU. {1 piBHSHHSA
3 BIJIOKPEMJIIOBAHUME 3MiHHIMUI

My (z)N1(y) dz + M (x)N2(y) dy =0

iHTerpyBaJlbHUM MHOXKHUKOM, 30KpeMa, € (DYyHKIIiA m

Ilpukiang 4. 3natimu iHmezpysasvHuli. MHOHCHUK DIGHAHHA
(y/z + 32?) dz + (1 + 23 /y) dy = 0.
Pose’azarns. Po3ib’emo By dyacTuHy PIBHSHHS HA JIBl IpyIu:

y a’
(—dx—l— dy) + <3x2dm+ —dy> =0
z )
1 3HAIIEMO JIJT PIBHAHD

gdzﬂ— dy=20
x
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2 a?
3z°der+ —dy =0
Y
iHTerpyBaJ/IbHl MHOYXKHMKH 1 BIJIIIOBLIHI 1HTErpaJIn:
m=z, Ui=ay; pp=y, Up=2y

3 (5.16) maemo, mo zp(xy) = yy(z3y). Bisbmenmo p(U) = U?,
Y(U) = U, roni 2(wy)? = y(a®y) = 2°y*. Orxe, p(w,y) = 2°y*. W

Pexomerndosana aimepamypa: 4, c. 96 — 112], [5, c. 86 — 96],
[6, c. 89 — 101], [8, c. 46 — 57], [15, c. 33 — 41].

Iluranusa go gekrii 5

1. Sdxkuvn nounHi 6yTn dyskuii M (x,y) i N(z,y), mob piBHsHHS
M (z,y)dx + N(x,y)dy = 0 Gys0 piBHAHHSM y NOBHUX Judepentianax’?
Ax bopmymoeTbes HeoOXiMHA 1 TOCTATHSA O3HAKA TOTO, 100 1€ PIBHAHHS
Oyso y moBHUX audepeniiagax’

2. dx zinTerpyBaru piBHAHHS y MOBHUX mudepenmiamax! Axuit Bu-
[JIs1), Ma€ 3araJibHUi IHTerpaJj Takoro piBHsIHHSI?

3. [Ilo masuBaroTh iHTErpyBaJibHIM MHOKHIUKOM? HaBetiTe dhopmy-
JIU U1 3HAXOJZKEHHS 1HTerpyBaJIbHUX MHOXKHUKIB BUrany p(z), u(y),
pw(z,y)).

4. dx 3naiitu 0cOOIMBI PO3B’SI3KM PIBHAHHS, [JIsI IKOTO € BiIIOMEUM
fforo iHTErpyBaJIbHUI MHOKHUK !

5. Yu koxue mudepenijanbae pisasaast M (z, y)dx + N(z,y)dy = 0
Ma€ iHTerpyBajbHUN MHOYKHUK !

6. M criBBiTHONIEHHSM TOB’si3aHi ABa IHTErPyBaJIbHI MHOXKHIKHI
p1 i pe piBuanug M (z,y)dx + N(z,y)dy = 07

Bopasu go jekiiii 5

1. CepeJ1 HaBeIeHUX PiBHSHB BijlllyKaiiTe pIBHSIHHS Y IOBHUX Jude-
peHIiaax Ta 3iHTerpyiire ioro:

a) (ye* —e¥)dr = (ze¥ — e%)dy; 6) 3x%e¥dx + (x3e¥ — x)dy = 0;
B) (ysin2z + x)dx + (y? — cos2x)dy = 0.
2. 3HafifiTh IHTErpyBaJbHUI MHOXKHUK JHHITHONO HEOIHOPITHOTO

piBHsiHHEs 3’ + p(2)y = ¢(x) Ta po3B’sKITH Ne PIBHSIHHS 3a JOMOMOTOM0
1boro MHOXKHUKa (MeTos Eitepa).
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3. 3inTerpyiire piBHSHHS 3a JOIIOMOIO0 IHTErpyBaJIbHOIO MHOXKHIKA,
p(w):

2 2
a) (4xy—%+3)dm+( 2—;y>dy:0, w=ux;

2x3—2m+3yd .
————— y:

6) (3z% — 1)dx + ;W=

B) (3y — 22%y?)dx = (23y — x)dy, w = xy.

4. 3HalifiTh iHTErpyBAIbHAN MHOXKHUK DIBHSHHS, BAKOPUCTOBYIOUN
MeToz, po36uTTs Ha Bl Yacturu (1. 3):

a) y(z +y3)dx +2%(y — 1)dy =0; 6) (22 —y)dz +x(y +1)dy = 0.

Jleknia 6. HesBui qudepeniiianbHi piBHIHHS
MEPIHIOTO TOPAIKY

Il1an

1. OcuoBHi o3Ha4YeHHs I TOHATTS.
2. Bagaua Komi. Knacudikaris po3s’si3kis.
3. PiBuganuga cremend n.

()

1. OcHoBHIi o3HavuenHns U nousaTTda. Hesenum dudepen-
UIAALHUM DIBHAHHAM NEePULO20 NOPAIKY (Judeperyiarvrum
PISHAHHAM NEPUO20 NOPAOKY, HE PO3E A3AHUM GIOHOCHO NOTIOHOT)
HA3UBAIOTH CIIBBIJIHOIIICHHS BUIJISIILY

F(z,y,9) =0, (6.1)
ne bynkiia F(z,vy,2) HenepepsHa B aeskiit obmacti D C R3.
@yukniio y = y(x), gka BU3HaYeHa 1 HenepepBHO jaudepeH-

niffoBa Ha iHTepBasi (a,b), HABUBAIOTH PO36’°A3KOM DIBHSHHSI
(6.1), KO Ha IBOMY IHTEpPBaJi BOHA IEPETBOPIOE HOro y TOTO-
2KHICTD.

Axmo piBugHHs (6.1) MOxKHA PO3B’si3aTH Uepe3 eJieMeHTapHi
dbynkuii BisHOCHO Y/, TO ONEP:KUMO OfHE ab0 JeKiIbKa pPIBHSHb,
PO3B’SI3aHUX BiAHOCHO TIOXiTHOI:

y/:fk(:l:ay)v k:172a SRR (62)
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ne fr(x,y) — nidicui dyukuii, Tobro iHTerpysanus pisasiaHs (6.1)
3BOJIUTHCS JI0 IHTErpyBaHHsi KOKHOTO 3 piBHsiHb (6.2), OCHOBHI Tu-
I IKUX PO3TJISAIAIUCH Ha JIEKIIAX 2 — 5.

Ipuknan 1. 3inmezpysamu piensmnsa > — 93yt = 0.
Pose’azanns. 3ajane piBHIHHS PO3IAIAETHCA Ha JBA PIBHSIHHS
3 BIJIOKpeMJIIOBAaHUMU 3MiHHUMHE: 3 = 33/3/_2 iy =— 3{”/y_2.

BarajbHIM PO3B’A3KOM Tiepiioro 3 mux € y = (z + C)3, a apy-
roro — y = —(z + C)3. 3 reoMeTpuuHOi TOUKH 30Dy Iie O3HAYAE,
o KoxHa 3 Jiniit y = (z+ C)3 ta y = —(z+ C)3 € inTerpambHoo
kpuBot. OkpiM TOro0, po3B’sa3koM piBHsiHHs € y = 0 (puc. 6.1).

Puc. 6.1

Sajiane PIBHsSIHHS Ma€ TaKOXK 0e3J1iu pO3B’s3KiB, SKi MOXKHA
«CKJIeITH» 3 JaCTUH HaBeJeHUX BuUIle po3s’sa3kiB. Hanpukias, Ta-
KUME PO3B’sI3KaMu Oy1yTh (byHKIHT

|0, AKIO T < 1,

J= (x —1)3, axmo x > 1,

—(z+1)3, akmo z < —1,
gaio —1 < o < 1,

y=10,
(x—1)3, saxkmo z > 1,
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rpadiku sskux 300pazkeHi Ha puc. 6.2 i 6.3 Bigmosigno. OgHaK Ha-
JTaJii Taki PO3B’sA3KU MU HE PO3IJISIATIMEMO.

Yy Yy
(0] 1 x -1 O 1 45
Puc. 6.2 puc. 6.3

Bionosidv: y = (z + C)3, y=—(z+C)3, y=0.

Hesiue nudepenniasnbre piBusinas (6.1), Tak camo, sk 1 pie-
HsIHHSI, PO3B’si3aHe BiJIHOCHO ITOXi/IHOT, BU3HaYae Ha riormmai Oxy
Jlesike T10Jie HalpsiMiB. AJie Terep, sIK MPaBUJIO, YV 3aJaHiil TOUII
(0, Yo) MATUMEMO He OJIUH, & JIEKLIbKa HAIPSMIB [0JIs1, 60, PO3B’si-
syroun pisasiHEst F'(20,y0,y’) = 0 BimHOCHO ¥/, 3a3BU4ail omepxy-
BaTUMEMO JIEKIJIbKa MiiCHUX po3B’s3KiB. Hampukiias, piBHSHHS 3
npukiajay | BusHauae y KoxkHiil Touni (o, o), 1e yo > 0, ABa Ha-
upsMu nosts: y' = 3{”/% iy =-3 m. VY koxHiit Tourni (zg,0) oci

Ox e PIBHSIHHSI BU3HAYAE TLIHKU OJ[MH HAIPSAM T10JIs: ' | (@0,0) = 0.
?

2. 3agmaua Komi. Kiaacudikaiiisi po3B’siskiB. 3adaua
Kowi nyist piBusinas (6.1) dbopMysoeThest Tak camo, sk 1 jjist pis-
HsIHHSI, PO3B’SI32HOTO BiJHOCHO IOXiTHOT: MOTPIOHO 3HANTH PO3B’si-
30K y = y(x) piBusinus (6.1), siKuii 38/I0BOJIbHSIE TIOYATKOBY YMOBY

y(zo) = vo- (6.3)

[Ipu oMy, SKIIO PO3B’SI3KIB, Ki 38/I0BOJIBHSIOTH IIOYATKOBY YMO-
By (6.3), He Gliblle, HI2K KIJIBKICTH HANPSIMIB 110JIsI, BUSHAYEHOI'O
piBasiaHsiM (6.1) y 11iii TouI, TO6TO He GliIbIIe KiJTBKOCTI PO3B’sI3KiB
Yy piBasiEs F(20,90,y") = 0, To KaxyTh, mo 3agaua Komi (6.1),
(6.3) mae eaunuit po3s’sa30K. B iHaKIIOMY BUIIAKY BBAYKAIOTH, IO
€JIMHICTD PO3B’43KY i€l 3a/1a4l MOPYIIyEThCS.

Hexait y, — oquu 3 aificuux xopenis piBusinust (6.1). 3’scyemo
YMOBH, 3a sIKUX ICHY€ €JMHa iHTerpajbHa KPUBa IILOTO PIBHSIHHS,
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1[0 [IPOXOJUTH Yepe3 TOUKY (T, Yo), IPUIOMY JOTHIHA JI0 Hel y 1iiii
TOYI yTBOPIOE 3 JoJaTHIM HanpsamMoM O KyT (v, TAHI'€HC SKOI'O
JIOPIBHIOE ).

Teopema 1. Hexad sisa wacmuna pishanns (6.1) sadososvhae
MaKt YMosU:
1) pynkyia F(x,y,y’) eushauena i nenepepsna pasom 3 wa-

CMUHHUMU TOTIOHUMU %—5, 2—5 6 JeAKOMY 3AMEHEHOMY OKOAL TO-

wku (20, Yo, Yo);
2) F($0ay0ay6) = Oa

3) oF # 0.
) ' |(z0,90,u5)
Tooi pisnanmsa (6.1) mae edunuti poss’azor y = y(x), eusnavenud

1 HENEPEPEHO JUPEPEHUTT0BHUT Y DEAKOMY OKOAL MOUKU T = I(,
axull 3adosoavrac novamkosy ymosy y(xg) = yo, ¢ marud, wo
y'(z0) = yo-

oeedenns. Yvosu, Haknazgeni na dyuxuio F(z,y,y'), rapan-
TYIOTH iICHYBaHHsI HeIBHOI (DyHKIIT JABOX 3MiHHUX. TOoMY pIBHSIHHS
(6.1) y nesikomy zamkneHoMy okosi D Touku (o, Yo, Yf) BUSHAYAE
y' 9K ofHO3HAUHY (DYHKIIIO

y = f(z,y), (6.4)

nupudomy byskiist f(x,y) — HenepepBHa pa30M i3 CBOIMHU YaCTHH-
HUMH [OXITHAME HEPIIOro MOPAIKY, TPHIOMY

f (20, 90) = yp-

Orxe, f(x,y) — nHemepepsua dyukiig B D i B miil 3aMKHeHii
obJtacTi Mae 0OMekeHy TOXiaHy 3a 3MiHHOO Y. Tomi mpaBa dacTuna
piBusianst (6.4) 3a10BosIbHsIE yMOBHI Teopemu Kot 1po icHyBaHHs
Ta €IMHICTH PO3B’s3Ky. ToMy Ha JiesikoMy iHTepBaJi icHye eauHunit
po3B’si30K y = y(z) piBusHua (6.4), a orxe, i piBusansg (6.1) Ta-
KUii, 110

y(xo) = yo.

[Tokazkemo rerep, mo y'(xg) = y;. fAxuwo B piBrocri (6.4) mo-
KJIACTU & = (), TO OJEPKUMO

y'(z0) = f(z0,y(20)) = f(20,%0) = yo- »
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[Ipumycrumo, mo piBastHEs (6.1) B okouIl TOUKH (T, Yo) MOXKE
OyTH po3B’d3aHe BiJJHOCHO IIOXi/IHOI, TOOTO PO3IAIAEThCS Ha CyKy-
nuicTs piBasHb (6.2). Hexail KoxkHe 3 1ux piBHSHD Ma€ 3arajbHuil

PO3B’ 130K

y=or(z,C), k=1,2,..., (6.5)
abo 3araJbHUI THTErpas

Op(z,y)=C, k=1,2,..., (6.6)

e C' — goBltbHa craja. Toml CyKyIHICTH 3arajibHUX PO3B’sI3KiB
(6.5) (abo cykymHicTh 3arajabHuX iHTerpasis (6.6)) Ha3UBAIOTHL 3a-
2aAbHUM tHMezpanom pisasaus (6.1).

Yacmunrum po3e’sskom pisusians (6.1) naszuBarorsb byH-
kuito y = y(z, Cp), yTBOpeHy 3 SIKOroCh 3arajbHOro po3s’sizky (6.5)
pu nesHomy 3HadenHi crajoi C = Cj.

Ocobausum po36’°a3KOM HA3UBAIOTH PO3B’SI30K, Yy KOXKHIM
TOYIl SKOI'O MOPYIIYEThCsi yMoBa iforo eauuocti. OcobmBuit
PO3B’gI30K HE MOXKHA OTPpUMATHU 3 (DOPMYJIN 3araIbHOIO PO3B’A3KY
(zaranabHOTO iHTErpasa) AudepeHIiaabHOr0 PIBHSHHS [IPH YKOTHO-
My KOHKpeTHOMY 3uatenHi cramoi C.

3 teopemn | BUILIHBAE, O OCOOIUBI PO3B’SI3KM MOXKYTD 1CHY-
BaTU JIWIIIE y TUX TOYKAX, JI€ MOPYIIYIOTHCS YMOBHU 1€ TEOPEMHU.
To6ro, sxmo F(z,y,y’) HenepepBHa i Mae HelepepBHi YaCTUHHI T10-
XiJIHI TIepIIoro MmopsiJiky, To 0COOIUBI PO3B’I3KU MOTPIOHO ITyKaTH
cepell THX TOUOK, KOOPJIUHATH SKUX 38 0BOJILHAIOTH CUCTEMY

F($7y7p) :07 _ /
{Fé(m,y,p) —o, PTY

Ko 1gt cucrema cyMicHa, TO BUKJIIOYAIOYH [TapaAMeTp p, OTPU-
MaEMO JIesiKy MHOXKHUHY TOUOK ¢(z,y) = 0, sika Moxke OyTu 0cob.11-
BUM po3B’si3koM piBHsiaHs (6.1). OHak moTpibHO Ie nepeBipuTH,
91 reoMeTpudHe Micre Touok ¢(x,y) = 0 € po3B’SI3KOM 3a[aHOr0
PIBHSIHHS, 1 UM y KOXKHIII HOro TOYI HMOPYNIYETHCS BJIACTHBICTH
euHOCTI PO3B’s13Ky (TOOTO UM 3HalijleHnil PO3B’sI30K cHpaBji €
0COBJIMBHM ).

Kpim naBegenoro crocoly 3HAXOZKEHHST OCOOJIMBOTO PO3B’I3KY
nudepeniianbHoro pisasiaas (6.1) icHye iHmmii croci6, mo rpyHTy-
€ThCsl Ha MoHATTI 06BinHOI. Haragaemo, mo 06610H010 HA3UBAIOTH
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iHTerpasjibHy KPUBY, dKa y KOXKHIN TOYI Ma€ CHUILHY JOTHYHY 3
OJIHI€IO 3 IHTerpaJbHUX KPUBHUX, aJjle Ha KOMHIN JiagHIl He 36ira-
€ThCS 3 YKOJHOIO 3 IHTErpaJibHUX KPUBHUX.

Busenemo neobxigai ymoBu icHyBaHHst 00BigHOl. Hexait

O(z,y,C)=0 (6.7)

€ 3araJIbHIM PO3B’si3KOM JiudepeHntiaabHoro pisasHHst (6.1) 1 cim’st
kpusnx (6.7) Mae 06BiHY, PIBHSIHHS SIKOT 3AIIUIIEMO y [TapaMeTPH-
it popmi

z=alt), y=y(t), (6.8)

ne x(t), y(t) — madepenniiiori GyHKIHT Ha JESIKOMY IPOMIKKY
(av, B). Ockinbku 00BiHA JIsi PI3HUX ¢ JIOTUKAETHCS 10 PI3HUX
KpuBuX i3 ciM (6.7), To Besmumny C' MOXKHA PO3IVISIATH SIK (DYH-
Kiifo 3minuoi ¢, Tobro C' = C(t). punycrumo, mo C'(t) # 0,
t € (o, ), ockinbku iHakiie oOBiHA y KOXKHifi CBOTH TouIl Gy-
Jie JTOTHKATHUCS JI0 OJHIET i Tiel caMol iHTerpaJibHol KpUBOI 3 ciM’T
(6.7), a ToMy 36iraTUMETBCST 3 TIEI0 KPUBOIO.

[Tigcrasumo (6.8) y (6.7) ta 3qudepeHiirneMo OTpuMaHy TOTO-
xuicrs @ (z(t),y(t),C(t)) = 0 3a 3minHOO ¢:

2 (t) + Py (t) + P C'(t) = 0. (6.9)

KyroBuit koedirienr k noruuanoi no kpusoi i3 cim’i (6.7) Bu-
3HATIAETHCA (POPMYJIOIO

k=22 (3, #0),

Ockinbku k = k1, TO
Pl (t) + Py (t) = 0.
Toxi 3 (6.9) maemo

e (2(t),y(t),C(t)) =0,
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6o C'(t) # 0. Orxe, skmo cim’st Kpuux (6.7) Mae 0OBiHY 1 B KO-
xHidt Touni Kpusux 3 niel cin'i @7 (z,y, C) # 0 abo ) (z,y,C) # 0,

TO YMOBH
®(x(t) t))
6.10
{0 = o1
€ HeOOXI1THUMHU JIJIST TOTO, mo6 KpHUBa (6 8) Gysra 06BigHOO ISt CiM'T
kpusux (6.7).

[Tokaxkemo, mo ymosu (6.10) y BunajKy, KoJu y KOXKHIi TodIi
kpusoi (6.8) @/, i @; OJHOYACHO HE JIOPIBHIOIOTH HYJIIO, € TaKOXK
i mocrarHiMu i TOro, OO Iisi KpuBa Oy/Ia 0OBiIHOIO It cimM’T
kpusux (6.7).

Cupasti, nexait, nanpukia,, @ (ac(t), y(t), C’(t)) # 0. Toni, nu-
dbepennirooun nepiny Toroxuicts cucremu (6.10) 3a 3miHHOMIO ¢,
matumemo (6.9). 3Bigcu, 3riHO 3 JAPYIUM DIBHSIHHSIM CHCTEMU
(6.10),

Py’ (t) + Py (t) = 0.

Orxe,

() @)

3BIIKM I BUILINBAE MOTPiOHE TBepIzKeHHsT. TaKuM IMHOM, OfeprKa-
JII TAKe NPasuso 810wWYyKaHHsA 06610HOT:
1) ckytacTu cucreMy PiBHSIHB

®(z,y,C) =0,
6.11
{q)/C'(J:?y?C) :07 ( )

ne ®(z,y,C) = 0 — 3aranbhuil inrerpas nudepeHIiajibHOro piBHs-
uus (6.1);

2) i3 cucremu (6.11) 3a jonoMoroo BukJroUeHHs napamerpa C
sHaiitu kpuBy ¢(x,y) = 0;

3) 3 kpuBol p(z,y) = 0 Butyuntu Touku, jge O, i & ommoua-
CHO JIOPIBHIOIOTH HYJII0. Perra kpuBol ¢(x,y) = 0 i Gye 06BigHO0
3a7aH01 ciM’T iHTerpaJibHUX KPUBUX.
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3. PiBHsiHHA cTenieHda n. PosriasHeMo IesKi THIH HESIBHUX
nudepeHIiajbHuX piBHsAHb BUNIsiAy (6.1), uist IKUX iCHYOTH 3a-
rajibHi MeToau po3B’s3anugd. udepenriaabue piBHAHHS BUIJIALY

W)™ + a1 (2, y) ()" + o F anm1(2,9)Y + an(z,y) =0 (6.12)

Ha3UBAIOTh PIBHAHHAM NEPULO20 TNOPAOKY cmenens n. 7k
BijioMo 3 anrebpu, piBHsiHHs (6.12) Bu3HAuae N 3HAYEHb s
y'. SIKmo He BpaxoByBaTH KOMILIEKCHI KODEHI, TO MaTHMEMO M
(m < n) audepenniaabHUX PIBHSIHB IIEPIIONO MOPSJIKY, PO3B’si3a-
HUX BiJIHOCHO IIOX1JIHOI:

v = fi(z,y), ¥ = fo(z,y), ..., ¥ = fm(z,y). (6.13)

CyxkymnHicrb 3arajibHux pos3s’sizkiB y = @i (z,C) abo 3arajb-
uux inrerpanis ®(z,y,C) =0, k =1,2,...,m, piBasup (6.13) €
3arajbHEM inTerpasiom pisusHHs (6.12). Moro moxkma sammcarn
TaKOXK y BUTJISIII

(y—1(2,0)) - (y — 2(2,0)) - ... - (y — om(x,C)) =0

abo

O (z,y,C) - Po(x,y,C) - ...  Pp(x,y,C) =0.

Axmo xo4a 6 oaue 3 piBHsAHb (6.13) Mae ocobuuBi po3B’s3KH,
TO BOHU OYJyTh TAKOXK OCOOJIMBUMHU PO3B’si3Kamu piBHsiHH:A (6.12).

Ilpukiazng 2. 3inmezpysamu pieHAHHA
$2y’2 + 2zyy’ +y? — 4z = 0.

Posze’azanns. Maemo kBajparhe piHsiHHSI BimpocHo 3. Voro
muckpuminant D/4 = x2y? — 22(y? — 4z) = 423. Posp’asyoun
KBaJIpaTHE PIBHAHHA, OJIEPKYEMO JIBA JIiHITHI qudepentiaibai piB-
HsaHHs (J1eKIgs 4):

SV 2y 2
x T 7

7

3iHTerpyemMo Imepiie 3 HHUX, HaIpPHKJIaJ, MeToaoMm Jlarpan-
JKa. 3arajJbHUM PO3B’SI3KOM BIIIIOBIIHOIO OIHOPIIHOIO PIBHSIHHS
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y = — ¥ e bynxniza y = € Omxe, po3B’sI30K JIHIHOIO HEOIHO-

’ Cl)

T

PIAHOTO PIBHAHHS NIYKAEMO Y BUIVISIL Y = . [lincraBuBmu 1110

bYHKIIO y PIBHAHHS, OIEPXKYEMO:
C'(z) C(x) Cz) 2 ,
— — —_— :2
. = o NG = O'(z)=2z =

4 4
0@ =5a0vE+C = y:§\/5+§.

AHaJIoriYHO MOXKHA TTOKA3aTH, M0 3arajJbHIM PO3B’sI3KOM PiB-

usnns Y = —¥ — % ey = —%\/E—i— %, ne C — j10BijIbHA CTajA.

Bionoseidv: y = +3/x + 7.
JIerko iHTerpyeThcs pi8HAHHSA, AKE MICMUMD MIALKY NO-
T10HY, TOOTO PIBHSHHS BUIJISIILY

F(y) = 0. (6.14)

[e piBHAHHS MOXKE, 30KpeMa, OYTH OKPEMIM BHUIIAKOM PiBHSIHHST
(6.12). Hexait piBusinus (6.14) mae nesiky (ckinuenmy abo HecKin-
YeHHYy) KUIbKICTD aificuux poss’sskis y = kj, j =1,2,..., ne kj -
crayi. Hami, ockiabku

y—C

v=k = y=kz+C = k= ;
x

TO OJIEPKYEMO 3arajbHUl 1HTEerpaJ IIbOI'0 PIBHSHHSI

F(y_0> = 0. (6.15)

X

Ipuknaz 3. 3inmeepysamu pienanns y'> — 5y'? + 7 = 0.
Poss’azamrns. 3riguo 3 dopmysiomw (6.15) ogepxKyemo 3arajibHuii

iHTerpaJ
—C\? —C\?
(y >—5<y—> +7=0 =
X X

(y— 0P —bz(y—C)2+723=0. m

Pexomerndosana aimepamypa: |1, c. 71 — 78|, [3, c. 41 — 47|,
[6, c. 125 — 126, 131 — 150], [8, c. 58 — 86], [15, c. 42 — 49].



Jlekmis 6. HesBai nudepenniaabai piBHSHHS IIEPIIOTO IOPIIKY s

Ilutanusa go gekiii 6

1. dxwuit 3araapHUil BUTTIAN Ma€ HesBHE TudepeHIialbHe PiBHAHH
TepIIoro MOpsaaky ! AKy YyHKIN0 HA3UBAIOTH PO3B’I3KOM TAKOTO PIiBHSI-
HHs1?

2. 4k mobymyBaTn moJie HAIPSMIB, 3a/aHe HeSIBHUM JIMMEPEHITiab-
HUM PIBHSHHSM IIE€PIIOTO MOPSIKY 7

3. dx dbopmymoerses 3amada Ko qyis mHessBHOTO MudpepeHItiaabHO-
ro piBHAHHSA meprnoro nopsaky! Kosm po3s’sa30k i€l 3agadi equuanii?

4. dx dopmymoeThbes TeopeMa MPO iCHYBaHHS €IMHOTO PO3B’SI3KY
zagaqi Komri g #essBHoro amdepeHItiaabHOr0 PiBHIHHS TIEPITOro Io-
psiaKy?

5. fxe mesBHe mudepenmiajgbHe PIBHIHHS HA3WBAIOTD PIBHAHHAM
TIEPINOro MOPSIAKY cTemems n? ZIK BOHO iHTerpyeThes?

6. Skuit BursIsi Mae 3aranbHuil iHTerpas pisusuas F(y') = 07

Bnopasu go jsekiiii 6

1. BimTerpyiiTe piBHSAHHS Ta BAIIITH IHTErpaIbHi KPUBI, AKi IPOXO-
JATh Yepe3 3aJaHy TOUKY:

a) y? =4y, M(1,0); 6)yy” — (zy+ 1)y’ +2=0, M(1,1).

2. 3HaiigiTh 3a BUIVIAAOM DIBHAHb KpPHUBI, Mmimo3piai Ha 0cobJmBi
PpO3B’sI3KH, 1 epeBipTe, Iu Oy/IyTh BOHU OCOOJIUBUMU PO3B’I3KAMMU:

a)y? =y% 6)y? —2yy +2%=0.
3. BinTerpyiiTe piBHsIHHSI, PO3B’sI3aBIIN TX CIOYATKY BiJIHOCHO ITOXi-
ITHOT:
a) Y% — 2z +y)y' + 20y =0; 6) y* —y'e* =0.

4. 3inTerpyiite piBHSIHHS:

a)eV +2y =1; 6)y*+22—y +3=0.
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Jlekuia 7. HeaBHi qudepennianbHi piBHAHHSA
[EePIIOro MOpsiAKY (MPOJOBXKEHHS )

Ilan

1. Meroy, BBeIeHHS TTapaMeTpa.
2. PiBugnnga Jlarpamxka Ta pisaganus Kiepo.
3. 3ajia1a 1mpo 130roHaJIbHI TPAEKTOPII.

1. Meton BBemeHHsi mapameTrpa. Hexait HestBHe andepen-
niaJibHe PIBHAHHS

F(z,y,y') =0 (7.1)

MOXKHA PO3B’si3aTH BiTHOCHO ¥, TOOTO

Toui MoOxKHA BUKOpHCTATH Memod 66edeHHs Napamempa.
Axmo noswaunt y' = p(z), To 3 (7.2) MaeMo CuiBBiHOIICHHS

Yy = f(xap)v (73)

JIDEPEHIHIOIYH SKE, OJepPKYEMO:
of

dy = afd +—fdp = ydr= 8fd:z:+—dp =
ox op

ox op
fdx + = 5‘f

pdx = D 8p (7.4)

[Ipumycrumo, o BJAJIOCH 3HANTH 3arajbHUNl  PO3B’SI30K
= ¢(p,C) piBusinus (7.4). Toni, mincrasisioun ioro y (7.3),
OJIepKYEMO 3arajibHuil po3s’s130K piBusinust (7.2) y napamerpuniii
dopwmi
z = ¢(p,C), y=f(¢(pac)ap)~

Ao BAacTbcsd 3HAWTH 3arajibHUil pO3B’s30K piBHsiHHA (7.4)
y Burisiai p = h(z,C), To, nizcraBusmu ioro y (7.3), orpu-
MaEMO 3arajibHuii po3B’si30K piBHsiHHsI (7.2) y SIBHOMY BHIVIsII
Y= f(l', h(a;, C))

fAxmmo piBusanus (7.4) mae ocobiuBuii po3s’s30k p = P (z), TO
y = f (x,9¥(x)) moxke GyTn 0cobMBUM PO3B’si3KOM piBHsIHHS (7.2).
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Ipukaan 1. 3inmezpysamu pisnanmns y = 1y’ - 3zy’ + 322
Poses’azanna. Hexait vy = p. Toni

y = p? — 3zp + 322 (7.5)
Bmudepennioemo (7.5), Bpaxosywoun, mo dy = y'dr = pdu:

dy = 2pdp — 3xdp — 3pdx + 6xdx =
pdx = (2p — 3z)dp — (3p — 6z)dx =
(2p —3z)dp —2(2p — 3z)de =0 =
(2p —3x)(dp —2dz) =0 = dp=2dx abo 2p — 3z = 0.

Orke, ojiepKaju J[Ba DPIBHSIHHS. 3 IEPIIONO0 3 HUX 3HAXOJMMO
p = 2x + C. Iligcrasistoun 3Haiinene 3nadenns p y (7.5), onep-
JKYEMO 3arajbHuil PO3B 30K

y=0224+C)?-32(224+C)+32> = y=224+Cz+C2%

3 piBusinas 2p — 3x = 0 3Haxompumo p = 3x/2, a ToMy y = 3z2/4.
[leit po3B’s130K 0COOUBMIA.
Biodnosiov: y = x> + Cx + C?, y = 3:c2/4.

Hexait piBustnust (7.1) MoxkHa po3B’si3aTd BIJHOCHO X, TOOTO
BOHO Ma€ BUIJIAJ

= f(.y) (7.6)

Ile piBHSIHHSI TaKOK MOXKHa PO3B’SI3yBATH MEMOIOM B88€0€H-
Hnsa napamempa. oznaaumo y' = p(y). Toxi, Bpaxosyioun, 1o

dy
dr = o) MAeMo

of
dy
dy _9f, ,9f,

y + ~Zdp 7.7
P 33/ dp (7.7)

0
dy + —fdp =

=fly,p) = dr= o

[Tpunycrumo, 1o 3HaiigeHo 3arajibhuii po3s’sizok y = ¢(p, C)
piBusians (7.7). Iincrasisiroun iioro y « = f(y,p), oaepKyemo 3a-
raJbHUN pO3B’s130K piBHsiHHs (7.6) y mapamerpudniii popmi

z = f(e(p,0),p), y=ppO0).
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SKmo BracTbes 3HANTH 3arajbHUil po3B’si30k piBHsHHs (7.7) y
sursisiii p = h(y, C'), To MaTHMEMO 3arajJbHUil PO3B I30K PIBHAHHS
(7.6) y siBromy Burisani x = f(y, h(y,C)).

Axmo piBusiaus (7.7) mae ocobiuBuil po3s’sizok p = ¥ (y), To
z = f (y,¥(y)) moxke GyTr 0cobamuBUM PO3B’si3KOM piBHsHHS (7.6).

Ipuknan 2. 3inmezpysamu pienanns © = y'* + 21/
Posze’azanms. Hexait 3y = p. Toxi x = p* 4+ 2p. Haui maewmo:
3 dy 3
de =4p>dp +2dp = —< =4p°dp+2dp =
p
4 4p° 2
dy:(4p +2p)dp = y=?+p + C.
Bionosidv: x = p* + 2p, y = 4p5/5 +p2+C.

2. PiBuannas Jlarpamxka ta piBusgsHHsa Kiepo. Oxpemum
BUIIQJIKOM DiBHsiHHSI (7.2) € PIBHSIHHSI BUIJISILY

y=zo(y) + ). (7.8)

dxmo bynkisa ¢(y') roroxuo He 36iraeThes 3y, To (7.8) HasMBa-
0Tb pieHarHam Jlazparnotca. Ak H6adumo, piBHsinHs Jlarpanxka
JIiHifiHe BIJIHOCHO Z 1 ¥.

Hexait y' = p. Toni

y = zo(p) + ¥(p). (7.9)

Baudepentioemo (7.9), 6epyun jio yBaru, 1o dy = pdx:

dy = ¢(p)dz + ¢ (p)dp + ¢’ (p)dp =
(p — ¢(p))dz = (x¢'(p) +¢'(p))dp (p # »(p) =
dz z¢'(p) _ Y'(p)
p—(p)

dp  p—(p)

Ocranne piBHsiHHS € JiHiifiHuM BigHOCHO dyHKIl z(p). [HTErpyTO-
un foro 3a ¢opmynon (4.6) 3 gekuil 4, omepxumo z = w(p, C),
1o pasom 3 (7.9) BusHayaTuMe 3arajbHuii po3B’si30K piBHsiHH: Jla-
rpamka y mapaMerpudHiii ¢hopmi.

Axmo piBasiHHES p = ©(p) Mae JificHl KopeHi p = p;, TO, mij-
craBJisiioun 1x y piBusiHHs (7.8), omepxyemo y = zp(p;) + ¥ (p;).
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L1i poss’si3ku piBHsiHHs JlarpaHzka (3 reoMeTpUvHOI TOYKHU 30pY —
IpsiMi) MOXKYTb OyTH OCODJIUBUMU.

Ipukinan 3. 3inmezpysamu picnanmnsa y = 2xy’ — Iny/.
Poses’azanna. Hexait vy = p. Toni

1
y=2xp—Inp = dy=2xdp+2pdx——-dp =
p
1 1
pdr = (2x — =)dp+ 2pdx = pdr+ 2z —-)dp=0 =
p p

de 2 1
)
dp p P
Posp’sizyroun ozieprkane Jiiniiine piBHsiHHs (J1eKiiist 4), 3HAXO/H-
Mo, o = = (p + C)/p?. Hincrasnsioun et BUpas T y piBHICTH
y = 2xp — lnp, 3naxomumo, mo y = 2(p+ C)/p — Inp. Orxke, 3a-

raJIbHUM PO3B’SI3KOM y IMapamMeTpudHiil popmi €

p+C 2(p+C)
9 = yzi

, —Inp.
2

Axmo p = 0, To migcraBigoun itoro y y = 2xp — In p, mepexo-
HYEMOCh, 1110 It (DYHKIIisE He € Po3B’sizkoM, 60 In 0 He icHye.
Bionosidv: x = (p+ C)/p?, y = 2xp — Inp.

Posristnemo oxpemwmiti Bumamok piBHsiHHSI Jlarpamika, Ko
/

oY) =y" / /

y=ay +9(y). (7.10)
Pisusinus (7.10) nasuBatorh pienarHam Kaepo. Inrerpyoun iio-
r'o 3a TI€I0 CaMOI0 CXeMOIO, 10 1 piBHsHHs Jlarpanxka, MaeMo:

y=p = y=wp+yp) =
pdx = wdp + pdr +¢'(p)dp =
dp-(z+4'(p) =0 = dp=0 abo z+¢'(p)=0.

3 mepiroro piBHsiHHS 3HaxoauMo p = C' i, mijcTaBisitoan y pop-
Mmysty y = zp + ¥ (p), oepKyeMo 3arajbHUil PO3B’sI30K DIBHSHHS
Kaepo:

y=zC +¢(C). (7.11)
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Jlerko 6avuTH, 10 3 TEOMETPUIHOI TOUKN 30Dy 3arajbHUi PO3-
B’s130K piBHsAHHA Kitepo € ofHOnapaMeTpudHO0 CiM’€i0 MpIMUx, a
JyIst ioro ozeprkanust noTpibuo y piBusuai (7.10) 3amiHuTH MOXI-
nny 3 na cramy C.

3 piersnus  + ¢ (p) = 0 snaxogumo x = —i/(p). Ilincras-
Jsioun 1eii Bupas y dopmyiny y = zp + (p), oIepKyemMo, 1o
y=1'(p)p+ 1(p). Takum ImHOM, MAEMO PO3B’AZ0K

r = —¢'(p),
{y — /(p)-p+ $(p). (7.12)

Posp’st30k (7.12) 3a3Budaii € 0cOOJUBUM, 1 Y I[bOMY BHUIIAJKY 3 [€O-
METPUYHOI TOYKU 30py Maemo ob6Bixuy cim’i (7.11). Cupasi, Bii-
IIYKYIOUU KPUBY, [i/103piiny Ha 00BixHy ciM’T (7.11), 3a npasuiom,
BKa3aHUM HAIPUKIHII JPYTroro IyHKTY JIEKIl 6, MaeMO cucremy

{y = zC +¢(C),
0=x+¢'(C),

JIpyre pIBHAHHS SKOI OeprKaHe 3 IePIIoro AuepeHIIOBAHHAM 34
napamerpom C'. 3BiJcH JIEIrKO 3HAXOIUMO

{l‘ = —1//(0)7
y=—¢(C)C+y(0),

TOOTO cucTeMy, sika BiapizHseTbes Bif (7.12) TLIbKM HO3HAYEHHSIM
rapamMeTpa.

Ipuknan 4. 3inmezpysamu piensammns y = xy — y'.
Poss’asannsa. Hexait vy = p. Toni

yzxp—p?’ = dy=xdp+pd1:—3p2dp =
(33—3172)0317:0 = dp:0a6oa:—3p2:0_

3 piBasgaEs dp = 0 3Haxogumo, mo p = C. Iligcrasisroun
p=C y piBnicTb y = 2p — P>, OIEPIKYEMO 3arajbHIH PO3B A30K
3ajanoro pisusanng y = Cx — O3,

dkmo z = 3p?, To y = 3p> — p> = 2p3. Takum uuHOM, OCO-
6mBUM PO3B’S3KOM € = = 3p?, y = 2p>. Bukiounsmm 3Biacu
napaMeTp p, OJeP:KyEMO OCOOJIMBHUI PO3B’'A30K Yy sIBHOMY BUTJISIII

Yy ==E24/ 92”—; abo B HesBHill bopmi 27y? = 4a3.

Bidnosidv: y = Cx — C3, 27y? = 4a3.
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3. 3azmava mpo izoroHasibHiI TpaekTopii. 4k me ogun npu-
KJIQJ[ OJTHOTO 3 DararbOX I'€OMETPUYHUX 3aCTOCYBaHb JIU(EPEHITi-
aJbHUX PIBHAHB IEPIIOrO MOPSAIKY, PO3IVITHEMO 33Jady PO i30-
FOHAJIbHI TPAEKTOPIT.

Axmo kpusa L neperunae yci kpusi L 3aaH01 cimM’T i1 oHuM
1 THM caMHM KyTOM v, TO 11 Ha3UBAaIOTLb 13020HGABLHOMO TMPAE-
xkmopieto uiei cim’t) (puc. 7.1). dxmo, 30kpema, o = =

5, TO 130r0-
HaJIbHY TPAEKTOPII0 HA3UBAIOTH OPMO20HAALHON0.

Y

Puc. 7.1

SuaitemMo ciM’1o i30roHaIbHUX TPAEKTOPIN 3a/IaHOT OHOIIApa-
MEeTPUYHOI CiM’T KpUBUX

&(x,y,C) =0, (7.13)

e C' — nmapamerp. Jljist IBOTO CIIOYATKY CKJIa1eMO JudepeHIiaibHe
piBusiHEs ciMT (7.13) (1. 3 srexii 1), Buksounsuu napamerp C' 3
cucremMu

®(x,y,C) =0,
6¢(77C) 6¢(77C) —
50+ 20y

Y pesynbrari ofep:kumMo Judepenniaabae piBHsiHHs cim’T (7.13)
BUTJISLY
F(z,y,y") =0. (7.14)

1)KyTOM MiK JIBOMa KPHUBUMH y TOYI IX IIepETHHY HA3UBAIOTh KYT MixK
JOTUYHUMU JIO HUX Y il TOYII.
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Temep Bu3HAIMMO CIIIBBIIHOIIIEHHS MiXK KyTOBUMH KoeiIlieH-
TaM¥ JOTHYHUX J10 KpuBol ¢im'T (7.14) i 110 i30roHaibHOT TpaeKToOpii
B Touni ix neperuny. Hexait M (z1,y1) — J0BlIbHA TOYKA i30rOHAIb-
HOT TPAEKTOPIL, (¢ 1 (o] — KyTH, SIKi YTBOPIOIOTH 3 Biccio Ox JOTHIH]
J10 gesikol kpusol cim’i (7.14) B mouni M i 10 i30roHasbHOI Tpae-
KTOPIi B Iiii camiii Touni Bigmosinuo (puc. 7.1). Toxi

Y1 =@ + a,
IPUYOMY ; ;
Y1 Y
tgpr = —&, tgp =2
g Y1 - gy du

[Ipumycrumo crovaTky, mo « # 5 i nosHaunmo tga uepes k.
Maemo ¢ = ¢1 — a. Tomy

tg 1 —tga
thOZtg((Pl—a):m
abo
dy 2&—
— =4 7.15
dr 1+ k3L (712)

PiBuicts (7.15) BCTaHOBIIIOE IIyKaHUiT 3B’S30K MIZK HAIPSIMOM
notudHol B Oymab-sakiit Touri M TpaekTopii L i HAIIpSIMOM JT0TH-
4qHOT 710 KpuBoi L ciM’T (7.14), 1110 mpoxXoauTh 4epes3 I TOUKY.

Toni mmudepentianbae piBHAHHS CiM’'1 i30TrOHATBHAX TPAEKTO-

piil Ma€ BULJIsA,
dyl _ k
dx
/5 Z1, Y1, : =0
( Lokl

abo, Mmeperno3HavnBIIg L1 1 Y1 BIAIOBIAHO Yepes3 T 1 v,

" y —k

Binrerpysasim piBusiHHg (7.16), 3HaliemMo mykaHy ciM’io i3oro-
HaJIbHUX TPAEKTOPIil.

Adxmo a = F, To

1
tg o1’

T T
tgp =tg (@1—5) =—tg<§—s@1) = —ctgyr = —
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a orzke, 3amicrb (7.15) MaeMo CHiBBiIHOIIEHHSI:

dy 1
Friaiay
dx ﬁ
Baminupmm B (7.14) y' na —%, oTpuMyeMo siudepeHIiiajabHe piB-

dxy
HsHHs CiM'T OPTOrOHAJILHUX TPAEKTOPIi

1
18 531791,—% =0
dxy

abo, Mmeperno3HavInBINg T 1 Y1 9epe3 T i y,

1
F(x,y, ——/> = 0. (7.17)
Y

Binrerpysasiiu piBustanst (7.17), 3HaiieMo mykaHny cim’'io opToro-
HaJIbHUX TPAEKTOPIil.

Ilpukiang 5. Ckaacmu dugeperyiarvre PISHAHHA 13020HAND-
nux mpackmopiti cim’i win 2 4+ y% = C, wo nepemunaroms ix nio
Kymom o = 7.
Poze’sazanns. Criagemo audepeHIfiajibHe PIBHSIHHsS 3aJaHO0T
cim’i kpusnx. Iozraunmo ®(z,y, C) = 22+y>—C, Toxi O, +Pyy =
= 2z + 2yy'. Buxkmougaroun napamerp C' 3 cucremu

2z + 2yy’ =0,

oznepkyeMo audepenniaabie piBasang T + yy = 0.
3 dopmyiu (7.16) BunsmBae, Mo myKaHuM JAudepeHiaabHuM
PIBHAHHAM 130MOHAJIBHUX TPAEKTOPIi €
y -1 _ / ’ _
Tty =0 = rt+ay+yy-y=0 =
I1+y
r—y+(z+y)y' =0 M

Ilpukiman 6. Ckaacmu Jdugeperuianvre pi8HAHHA OPMO20-
narvnur mpaekmopiti cim’i wia 22 + y* = C.
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Poss’asanna. Judepennianbhe pisuanna r + yy' = 0 3azanol
ciM’T KpuBUX OYyJI0 OfiepyKaHe Y MOIEPEIHBOMY TPUKJIa. 3 (hopMy-
au (7.17) BuIIMBaE, MO NIyKAHUM depeHIiaJbHIM DiBHSIHHIM
130roHaJILHUX TPAEKTOPiil €

1
1:—|—y<—?)20 = xy=y N

Pexomendosana aimepamypa: |2, c. 73 — 81, 106 — 112], [4,
c. 125 — 147], [5, c. 112 — 131], [8, c. 66 — 76, 86 — 89, [15, c. 42 —
49].

ITurapua mo ekl 7

1. dxa 3amiHa BUKOPUCTOBYETHCS I IHTEIDYBAHHHA DIBHAHHS
y = f(x,y")? Yu Moxe 1 piBHSIHHS MATH 0COOJMBI PO3B’sI3KN?

2. ¢lka 3amiHa BUKOPHUCTOBYETHCS /[IJIsI IHTETPDYBAHHS PIiBHAHHS
z = f(y,y)?

3. dxwuit Burssan mae piBasaas Jlarpamxka? fky 3aminy BukopucTo-
BYIOTD [IJTsI iIHTE€IDYBAHHS I[HOTO PiBHAHHSA ! ZIKi KpUBI MOXKYTh OyTH fl0T0
0COOJTMBUMU PO3B’SI3KAME !

4. dxwit Burssin Mae piBasiaasa Kitepo? ¢k 3HaliTh 3arajbHUii i oco-
OJIMBUIT PO3B’SI3KU IILOTO PIBHSIHHS?

5. Ilo Take i3oroHabHA TPAEKTOPIs 3a/1aHOl CiM’T KPUBUX HA ILIO-
munui? Ak mobymysartu mudepeniiagbae pIBHAHHS CiM'T 130rOHAIBHUX
TpaEeKTOPiit?

6. I[Tlo Take opTOroHaJILHA TPAEKTOPIs 3aJaHOI CiM'T KPUBUX Ha, TLIO-
muHi? K mobyyBaTu judepeniiajibie piBHAHHS CiM’T OpTOrOHAJIBHIX
TpPaEKTOPiit?

Bopasu go nekiii 7
1. BinrerpyiiTe piBHsIHHSI:
a)y=(y —1)ev; 6)az(y”—1)=2y"

2. Cepej HaBeJleHUX PIBHsIHb BijillykaiiTe piBHsIHHs JlarpaH:ka Ta
3iHTerpyiitTe ftoro:

a)y' =2xy -3y 6)y=2wy —3y* B)y=ay —3y>

3. Cepe/1 HaBeleHUX PiBHsIHD BijmnyKaiiTe piBasiHHs Kiiepo Ta 3iHTe-
rpyiite moro:

a)y =2xy+3y? 6)y=xy +3xy? B)y—2y —/1-y2=0.
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4. 3HaiiiTh i30roHaJIBHI TpaeKTOpil ciMT psimux y = C'x, siki 1mepe-
TUHAIOTH T Tpami i KyTom 60°.
5. 3HaliIiTh OPTOroHa bHI TPaeKTOpil ciM’T npsimux y = Cx.

Jlekiis 8. OcHOBHI BJIaCTUBOCTI PO3B’SA3KiIB
audepeHIliaJIbHUX PiBHAHDb IEPIIOrO MOPSAIKY

Il1an

1. IIpuHIUI CTUCKYIOYUX BiI0OparkKeHb.

2. Teopema icnyBaHHS Ta €IMHOCTI PO3B 73Ky 3aja4i Kormi.
3. IIponoBxkenHust po3B’si3ky 3aja4i Korri.

4. Kopekrricts 3agaxi Korrri.

1. IlpuHIun cTUCKyOYNX BigobOpakeHb. MempuuHum
npocmopom nazupaotb Muokuny W = {x} enemenris x 10BLIb-
HOI TPUPON, AKINO s Oyab-gKol mapu ejgemeHtiB x,y € W 3a
[IEBHUM IIPABIJIOM BBEJIEHO MEMPUKY (610CMaAHD), TOOTO THUCIIO-
BY OYHKIO p(,y), SKa 3a/10BOJIbHSIE TaKi BIACTUBOCTI (aKcioMn):

1) p(z,y) = 0, npuuomy p(x,y) = 0 Toxi i TLILKKE TOAL, KOJIH
T=1Y;

2) p(z,y) = p(y, ®);

3) p(z,y) < p(z,2) + p(z,y) (ans Gynp-axnx z,y,z € W).

EsteMenTr METPUYIHOIO TPOCTOPY HA3UBATUMEMO TAKOXK 1MO-
YKAMU TTHOTO [IPOCTOPY.

Hagenemo mBa BaxK/IMBI NPUKIAIM METPUIHUX ITPOCTOPIB.

1.  Cykymnicrs  [ilfiCHUX  N-BUMIDHUX  BEKTOpIB & =
= (x1,x9,...,Tpn) 3 METPUKOIO

p(r,y) =

€ MEeTPUIHUM [IPOCTOPOM. Voro Ha3mBaioTh N-8UMIPHUM €6KAL-
dosum npocmopom i nosnagaorb R,

2. CykynnicTh AificHUX, HellepepBHHUX Ha BIIPI3KY [a,b] dys-
Kiiiit y(t) 3 METPUKOIO

p (a(t).y(t)) = max [a(t) — y(1)
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TaKoXK € MeTpudaHuM rpocropoM. Lleit npocrip nosnasators Cla, b].

Jlnst 060X MPOCTOPIB BAACTUBOCTI 3 O3HAYEHHST METPUKH JIETKO
IIePEBIPATOTHCS.

[MocnimoBHicTb X1, T2, T3, . .. €JIEMEHTIB METPUIHOTO TPOCTOPY
W HasupaoTh GYyHIAMEHMAABHOMN, STKIIO nhﬁngo @m0 Fpnn) = U
JJIS JOBIJIBHOIO IILJIOTO P.

Merpuunuit pocrip W HasuBaioTh NOSHUM, SKITO Y HHOMY
Oyab-sika dyHIaMEeHTaJIbHA TTOC/IIIOBHICTD T1, T2, X3, ... 30irae-
ThCsT JI0 JIESTKOTO €JIEMEHTA 1IHOT0 K TIPOCTOPY. BazkyjmBuMu mpu-
KJIaJ[aMu [IOBHUX 11poctopis € npocropu R™ (n > 1) i Cla, b].

Hexaii y mosrOMYy MeTpuanomy mpoctopi W sajanuit onepa-
mop (Binobpakennsi, GyHKIs) A, KUl KOXKHOMY €JIEMEHTY 11PO-
cropy W craBuTb y BiIMOBIIHICTE €JIEMEHT IHOTO YK TTPOCTOPY:

y=Ax, z,ye W

Toni kaxkyTh, 1m0 omeparop A Bimobparkae mpoctip W'y cebe.
Ormepatop A Ha3UBAIOTH CIMUCKYOUUM, STKIIO ICHYE Take -
cino «, 0 < a < 1, o jyist OyJib-sikux ejieMeHTiB x,y € W

p(Az, Ay) < ap(z,y). (8.1)

Ywucesto v 3 mbOro O3HAYEHHsI HA3UBAaIOTh Koe@iuteHmom cmu-
CHEHHA.

Enement ¢ € W Ha3suBaoOTL HEPYTomMor0 1mMouKO0 olepa-
topa A, gxmo Ap = . lHakmme KaxKy<In, HEPYXOMi TOUKH — I1€
pPO3B’sI3KM piBHsIHHSA AT = T.

Bingunaunmo, mo 6araro nuTaHb, OB’ s3aHUX 3 ICHYBAHHIM Ta
€JIMHICTIO PO3B’sI3KIB PIBHAHDb PI3HUX THUIIB, MOYKHA 3BECTU JIO IIH-
TaHHSI PO ICHYBaHHSI HEPYXOMOI TOUKH JIesTKOIO BijgoOparkeHHst A
METPUIHOIO TpocTopy y cebe. OHier0 3 HaABaXK/IMBIIIUX yMOB
icCHYBaHHST HEPYXOMOI TOUKH € NPUHUUN CMUCKYIOYUL 610-
obpastcens, suepiie chopmynboanuii C. Banmaxom. lleit npun-
ATl € TEOPETUIHOIO OCHOBOIO Memody MocAi008HUT HAbAU-
otcens (memody imepayiti), sikuii MUPOKO BUKOPHCTOBYETHCS
JIst HaOJIMZKEHOTO PO3B’sA3yBaHHs JupepeHIiajlbHIX, THTEerpaib-
HUX Ta aareOpUIHuX PiBHAHD.
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Teopema 1 (HPpUHIUII CTUCKYOYUX BifoOparkeHs ). ko
cmuckyrouutll onepamop A eidobpastcae nosHuli MempuHUL npo-
cmip Wy cebe, mo icHye e0uHa HEPYTOMA MOYUKA © UbO20 ONEPA-
mopa. Ii mootena snatmu 3a Bopmy.aoio

= lim z, (xp,=Az,_1, n=1,2,...),
n—oo
npuvomy eaemenm xo y npocmopit W moorcna subpamu do6iabHO.
Jlosederns. Bizbmemo joBuibHEIT etemenT xg € W 1 mobymyemo
IIOCJII JOBHICTH €JIEMEHTIB

o, X1 = Al‘o, T = Al‘l = A(Al‘o) = A21‘0, ey (8 2)
n=Az, 1= Anx()a .

[Tokaxkemo, 10 Il MOCJIOBHICTD yHamMenTaibaa. s nnoro,
BUKOpHCTOBYI04H (8.1), OIiHNMO crIOYATKY BijcTani MixK CycigHiMn
esleMenTaMu mpocropy W:

p(z2, 1) = p(Az1, Azg) < ap(x1,zo),

p(x3,22) = p(Azg, Ax1) < ap(x, 1) < &®p(a1, 20),

o (8.3)
p(xn+17 xn) = P(AfUm Al’nfl) <

< ap(xmxn—l) <. < anp<$1>$0)7

Bukopucrosytoun orinku (8.3), a Takoxk p — 1 pasiB BIacTUBICTH
3 3 O3HAYEHHST METPUKH, OJIEPIKYEMO

P(l‘nvanrp) <
< p(ZTn; Tnt1) + P(Tni1, Tnte) + - -+ P(Trip-1, Tnip) S
< (@™ + o™+ + o) (3, m0) =
a — QP o'

= <
T p(xhx()) S 1—a

p(xlv 1'0)

JJIg JOCTaTHBO BEJIMKOI'O 1. OT}KQ,

an

1—

(T, Tnip) < ap(x1>$0)~ (8.4)

Ockinmbkn 0 < v < 1, To 3 (8.4) BuUILIMBAE, MO Jyisi JOCUTH Be-
JUKAX 1 BeIUYuHA P(Tp, Tpip) € SAK 3aBLOLHO MAJIO0, TOOTO
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p(Tn, Tnip) < €, & OTXKe, T1, T, T3, ... — byHIAMEHTAIbHA IIO-
cainopaicTb. Ockinbku W — MOBHUIT TIPOCTIP, TO s TOC/IIIOBHICTD
Mag€ TPAHUIO, Ky MMO3HAIUMO ¢ = lim x,.

n—o0

I3 cuiBBigHOIIEHD

p(Ap, ) < p(Ap, zn) + p(an, @) = p(Ap, Ay 1) + p(n, ) <
< ap(p,Tn-1) + p(an, ) — 0
n—,oo

sunBae, mo p(Ap, ) = 0, a orke, Ap = ¢, T06TO € HEpyXo-
MOIO TOYKOIO BijtoOparkeHHsT A.

Jlst moBejieHHsI €MMHOCTI HEPYXOMOI TOYKHU IPHUILYCTUMO, IO
icHye 1e ogHa HepyxoMa TOUKa 1) Bimobpaxkenust A, Tobro Ay = 1.
Tomi

p(p,¥) = p(Ap, AY) < ap(p, ) =
plo, )1 —a) <0 = plp,9) =0.

3 piBaocti p(¢p,1) = 0, BpaxoByro4dn IepIly BIACTUBICTD METPH-
KU, OJIEP:KYEMO, IO 1P = @, TOOTO ¢ — €IUHA HEPYXOMa TOYKA
BijloOparkeHHst A. p

Enemenrtu g, x1, x2, ... y dopmyii (8.2) HazuBaioTh nocai-
008HUMU HADAUHCEHHAMU HEPYXOMOI TOUKH (p.

Harostomyemo, 1o Bubip moyarkoBoro Hab/mKeHHs xg € W e
JOBLILHIM 1 BIIUBAE JIAIIIE Ha, IIBUAKICTEL 3013KHOCTI OC/II0BHOCTI
1, T, T3, ... JIO CBOEl TPAHUII ©.

2. Teopema icHyBaHHS Ta €IMHOCTI PO3B’SI3KY 3aaadi
Kormi. BukopucroByioun mpuHInIn CTUCKYIOUNX Bi0OPaKeHb, 10-
BEJIEMO TeopeMy PO ICHYBAaHHS Ta €IUHICTH PO3B’sI3Ky 3aadi Ko-
11l s audepPeHIliaIbHOrO PIBHIHHS IIEPIIOro MOPSIKY, PO3B s3a-
HOT'O BIJTHOCHO HOXi,Z[HOIl)Z

y(*0) = Yo

n Il Teopema Ge3 moBeeHHS HaBeIeHA Y 1. 2 JIEKIIl 2.
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Teopema 2 (Komui). Hexatl ¢ynxyia f(x,y) susnauena y
NPAMOKYMHUKY

D={(z,y): o—a<z<a0+a, yo—b<y<yo+b},

de a,b > 0, i 3a00604bHAE Y HOOMY MAKE YMOGU:

1) f(z,y) nenepepena, a omorce, G obmesrcena (|f(x,y)| < M);
2) wacmunna noxiona g—i ICHYE MG 00MENHCEHA (‘g—f‘ < L).
Todi s3adaua Kowsi (8.5), (8.6) mae edunuti poss’asox y = y(x) npu-

natimmi ma 6idpisky G = {x :xg—h < x < xo+ h}, de
b 1
h i —, = ).
< min <a’M’L>

Hosedernsa. ITokaxemo crouarky, mo 3agada Komi (8.5), (8.6)
PIBHOCWJIbHA IHTErpaJIbHOMY piBHHHHIOl)

y(z) = yo + / £t (1)) dt. (8.7)

Cupasni, sikimo HenepepsHa byukiis y(r) € po3B’si3KOM iHTe-
rpajbHOro piBHsiHHA (8.7), TO, mudepeniiooun (8.7), oaepxKye-
Mo, mo y' = f(x,y(x)) i, ogeBumnno, y(xg) = yo. Takum udunom,
dbyukuist y(z) € poss’siskom 3azauai Komi (8.5), (8.6).

Hasnaku, Hexait y(r) — poss’si3ok 3amaui (8.5), (8.6), Tob6To
y'(z) = f (z,y(x)) 1 y(x0) = yo. Toxi, iHTErpyI0UM MO TOTOKHICTD
Yy MexKax BT Xy JI0 &, OePKYEMO

x

/y’<t>dt= /f(t,y@))dt = (@) -0 = /f(t,y(t))dt,

o o

10610 y() € PO3B’sI3KOM iHTErpasbHOrO piBHsAHHS (8.7).
Hagasi mocnimkyBarumemo piBusiaHst (8.7).

1)IHTeram)He piBHSIHHS — Ile PDIBHSIHHSI, B SIKOMY HeBisoma (DyHKIls 3HA-
XOJUTHCS 11| 3HAKOM 1HTerpaJia.
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[Mosnaunmo wepes W MHOKMHY HenepepBHUX (QYHKITIH
y = y(x), axi 3amani Ha Biapisky G 1 3aJI0BOJIbHSIIOTH Ha HBOMY
uepisuicts |y(z) — yo| < b. Ha muoxkuni W BBemeMo MeTpuky

ply, z) = max|y(z) — 2(z)|, y,ze W
zeG

Taxum wwmnom, W — merpuunumit mpoctip. et mpocrip € mos-
auM. Crpasi, Ko HOC/HI0BHICTE GYHKIIH ¥y = Yn(X), yn € W,
€ yHIaMeHTaIbHOIO, TO, dK BiJIOMO 3 MATEMaTUIHOIO aHAJI3Y,
151 TIOCJIJIOBHICTD 30ira€Thesd pIBHOMIPHO Ha BipPi3Ky G 10 JesIKOl
HEeIlePEePBHOI Ha I1[bOMY Bipi3Ky dyHKIG y = y(z). dus dyskuiii
Yn € W BUKOHYETBCA HEPIBHICTDH

lyn(x) — 0| <b, z€G, n=1,2,...,

sKa 30epira€ThCs MiC/Is epexoLy 10 TPAaHulll Ipu 1 — 00, TOOTO
ly(x) —yo| < b. Aute Toui y € W, 3Biuku Bummsae, mo W — nosuuii
IIPOCTIP.

[IpaBy wactuny inrerpajbHOro piBHsHHS (8.7) IPUPOTHO PO3-
DJISJIATH SIK JIesiKe iHTerpajibHe IepeTBOPeHHs HellepepBHOl (PyH-
kil y(z). PiBricTs

z2(z) = yo +/f(t,y(t))dt (8.8)

CTaBUTDH Yy BiAMOBIAHICTD KOXKHIN dyHKIT §y € W nesaky dyHKIHIO
z € W. Cupasni, sikuio y € W, 1o y(z) nenepepsHa (yHKIis1, rpa-
diK SIKOT HAJIEXKUTH IPSIMOKY THUKY

Dy ={(z,y): mo—h<z<z0+h, yo—b<y<yo+b},

ToMy Ha Iijcrasi HenepepsrHocTi dyHkuil f(z,y) B D upasa uda-
cruHa piBHsAHHA (8.8) € HenepepBHOO (DYHKIIIEO Bl 2, T06TO () —
HenepepBHa (DYHKINS Ha Bijpisky G. ai, BUKOPUCTOBYOUHN BiI0-
MY 3 MAQTEMATUYHOIO aHAJII3y HEPIBHICTH

[ o] < | [o@naz

< , (8.9)
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OJIEPYKYEMO, IO

) -l < | [ f(t,y<t>>dt\< / rf<t,y<t>>|dt\<
o o
b
<Mz —zo| < Mh < M-~ =1,
|z — x| h i b

3BIIKN BHUILIUBAE, 110 2 € W.

Omrxe, KoxkHiil HenepepsHilt byl y(z) dopmyra (8.8) cra-
BUTH Yy BLANIOBIHICTH HenepepBHy dyHKIO 2 (). Pesyabrar Buko-
HAHHS [[bOTO IIEPETBOPEHHSI MO3HAUNMO 1depe3 Ay:

T

Ay =yo+ / F(t,y(t))dt.

o

Takum 9UHOM, MOYKEMO BBarKaTH, 110 PiBHICTH (8.8) BusHavae ore-

parop
z=Ay (y,ze W),

SIKUI 1IepeBouTh moBHUIA ipoctip Wy cebe (Takuii oneparop Ha-
3UBAIOTH tHMEZPAAbHUM onepamopom Ppedzosvma). loka-
JKEMO, M0 Tieii orrepaTop € cruckytounm. Crupai, sKino z; = Ayy,
z9 = Ays (y1,y2 € W), 10, Bukopucrosytouu (8.8), (8.9), ymoBy Te-
opeMHu PO 0OMEXKEHICTh TaCTUHHOI TTOX1THOT 5y & TAKOXK Teopemy
Jlarpamzka 1mpo CKiHYeHHI IPUPOCTH, OJIEPIKYEMO

|21 — 22| =

Yo +/xf(t7y1(t))dt — %0 —/xf(tyz(t))dt‘ <

<

[ ba® = @) |fyte.00) dt’ <

< p(y1,y2) L |z — 0| < Lhp(y1,92) = ap(y1,y2), (8.10)

/ p(y1,y2) L dt’ <

0

ne w € [y1,y2], a uncino o = Lh 3an0BosbHsie HepiBHicTb 0 < o < 1
(3a ymosoio h < 1/L).
3 (8.10) BumuBae, 1m0

p(21,22) = max |z1(z) — z2(2)| < ap(y1,y2),

a OTKe, 3TiHO 3 MPHUHIMMIIOM CTUCKYIOUNX Bij0OpazkeHb (Teope-
ma 1) y mpocropi W ichye emmna dyHKiis (HepyxoMma TOYKA)
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y € W, nst sikol y = Ay, iHaxIme KaxkKydu, (DyHKILsI, STKa € PO3B’si3-
KoM piBHsiHHA (8.7), a orxke, il posp’szkom 3azadi Komi (8.5),

(8.6). »

3ayBakeHHsi 1. 3acTOCOBYIOUM METO/| MOCJIIOBHUX HAOJIHU-
JKeHb, MOXKHA OTpHMATH HaOJMKeH! po3B’si30K 3amadi Ko

(8.5), (8.6):

yn(x) = Ayn—l(x) =Y +/f(t7yn1(t))dt7 n = 1727 000 g
Zo
ne yo € W.

3ayBakeHHsT 2. YMOBY TeopeMu 2 PO OOMEXKEHICTh JaCTHH-

HOI TOX1IHOT g_;; MOXKHa 3aMiHUTH Yymoeo0to Jlinwiua:

|f(z,91) = f(@,y2)| < Llyr — 92l

ne (x,y1), (x,y2) € D, L — crana Jlimmina. [Tokaxkemo, 1110 3 o6me-

YKEHOCTI YaCTUHHOI II0X1THOI 8—5 B obs1acTi D BUILIMBAE BUKOHAHHS

ymosu Jlinmina. Cripasi, Hexait g—g’ < L. Toxi, BUKOpUCTOBYIOUM

dopmyy Jlarpanzka mpo CKiHYeHHI TPUPOCTHU, OJIEPIKYEMO
f(z,91) — [, y2)| = | (@, w(@))] - lyr — val < Llyr — w2l

Ie w € [y1, Y2l

SIKINO BUKOHYIOTHCSI YMOBH T€OPEMH 2 1 B JIEIKOMY OKOJII TOUKH
(x0,y0) dynkuis f(x,y) mae HenepepsHi noxiaHi 10 k-ro HOpsiIKy
BKJIIOYHO, TO po3B’si30K y(x) 3amaai Komi (8.5), (8.6) memepeps-
Ho sudepeniiiiopuuit (k 4+ 1) pasie. Cupasui, ockinbku dyHKILis
f(z,y(z)) nenepepsro mudepentiitoBHa, To 3 (8.5) BUILIMBAE, 1O

a d a a _ of . 0
y' =5 + a—yﬁ = 8_]:1:0 Sl a—]ycf = fi(z,y). 3a ymosoro a—ic i 6_;; Here-
pepsro qudepenniiiosni, Tomy Y = % %—];1 f = fa(z,y) Takox

uernepepsHO nudepentitopna dyukiis. [loproprooun anasoriami
MipkyBamus k pasis, ogepxumo, mo yF ) = £, (z,y) — Hemepeps-
Ha DYHKILA.
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3. IlpomoBxkenHst po3B’si3ky 3asaa4i Komri. Hexait (Q — ne-
gka obacts y R? i dynxmis f(x,y) nenepepsna y miit obiacti.
Hunst nosinbHOT Toukm (T, Yyo) UpsiMOKyTHUKa D Teopema ITeano
(/ekmist 2) BCTAHOBIIIOE icHyBaHHsI po3B’si3Ky 3ajadi Komd (8.5),
(8.6) Ha JEAKOMY, MOXKJIMBO JIOCUTH MaJIOMY, BLIPI3KY 3 IEHTPOM
y Toutl xg. [Hakie kaxKy4u, Teopema Ileano — e jiokabHa Teope-
Ma iCHyBaHHs PO3B’si3Ky JudepenniaabHoro piBHsiHHs (8.5). s
i1 3acTrocyBanHs napamerpu a i b npsiMokyTHUKa [ (BOHE MOXKYTb
3aJ1ezKaTh Bij X0, Yo ), IEHTP sIKOrO po3TaInoBaHuil y Touri (Zog, yo),
noTpibno Bubparu Takumu, mod D C Q. Ilicias mporo MoxkHa Bu-
saaunT aucyao h = h(xg,yo) 1 Bignosigumii Bigpizok G, Ha SKOMY
icHye posB’si30k 3azadi (8.5), (8.6).

Kinnesi rouku rpadika poss’si3ky 3azgaqi (8.5), (8.6), icuysa-
HHsI SIKOTO rapaHTye Teopema lleano, jiexkarb B obacti Q. Pos-
IVISIJAI0YN 1X K HOBI TTOYATKOBI JIaHi, MOXKHA 3HOBY 3aCTOCYBaTH
Teopemy Ileano it posmupuTn 06/1aCTh iCHYBaHHS IILOI'O PO3B’A3KY.
[le BurmBae 3 HACTYITHOT'O TBEP/IZKEHHSI.

Teopema 3. Hexati gyrxuyin f(x,y) nenepepsna 6 obaacmi Q,
a Pynryii yi () i yo(z) — nenepepeni pose’asku pienanns (8.5) Ha
sidpiskax [xo, 1] i [x1, x| 6idn06IdHO, npuvomy y1(r1) = y2(x1).
Todi gynruyin

_ Jyi(x), sxmo x € [xg,z1],
y(z) =
ya(x), sxmo x € (x1,x9]

€ pose’azxkom pienanns (8.5) wa 6idpisky [xo, xa).

Josederns. OueBniHo, 1o Tak Bu3HadeHa (DyHKINA y(x) 3a110-
BOJIbHSIE PiBHsAHHS (8.5) $IK HA IPOMIXKKY [T, 1), Tak 1 Ha (X1, T2).
JliBocroponnst 1 npasocroponHst noxiaui GyHkuil y(z) y rouni zq
icHyIOTH 1 HaOyBalOTh 3HAYCHD f(xl, Y1 (1:1)) i f(xl, Yo (1:1)) Bimmo-
BijiHO. AJle 3 yMOBU TeOpeMHU BUILINBAE, IO Il 3HAUYEeHHsT 30iraro-
toesd 3 f(x1,y(z1)), a Tomy y(z) — po3s’s;3ok piBusHHs (8.5) Ha
BCBOMY BIJIDI3KY [Z0, T2]. »

MozkHMBO, IO IHTErpaJbHy KPUBY He MOXKHA Oyze IPOJOBIKH-
TH Yepe3 HaOJIMyKeHHs 70 TOYKH, Y sIKiii HOPYIIeH] yMOBU T€OPEMU
Komii (icuyBanHst Ta €1uHOCTI PO3B’sI3KY), abo IHTErpaabHa KpH-
Ba HAOJIM3UTHLCS JIO aCUMIITOTH, sika HapaJjeabHa ;1o oci Oy. IIi
BUIAJKN TPOLIIOCTPYEMO NIPUKJIAIAMU:
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1) zdx + ydy = 0, y(0) = 3. Iurerpyroun piBHSIHHS 1 BUKOPU-
CTOBYIOYHU IIOYATKOBY YMOBY, OJIEPKYEMO:

1‘2

2
?+%:Cl, y(0)=3 = y=+/C?-22, C=3 =
y=v9— 2

Po3B’s130K He MOXKHA IIPOIOBXKUTH 38 MexKi inTepBaay —3 < z < 3
(puc. 8.1). ¥V mexosux toukax (—3,0) i (3,0) upasa yacTuna pis-
nanaa y = —% pospuBHa. YMmoBu Teopemu lleano (icHyBaHHs

PO3B’$I3KY ) IIOPYIIIEHI.

Y Y
3
0,51
9
-3 0] 3 T O 1 3| =x
Puc. 8.1 Puc. 8.2

2) 3 =y?, y(1) = 1/2. Inrerpyoun piBHSHHS Ta BUKOPHCTO-
BYIOYHN IIOYATKOBY YMOBY, OJI€PIKYEMO:

dy 1 1

= =d ) = = =— :
)2 z, y) =5 = y=-——3

IHTeraﬂbHy KpuBY MO2KHa HPO/JOBZXKHUTHU JIUIIE JO0 aACUMIITOTU
=3 (—o0 <z < 3) (puc. 8.2).

4. KopekTHicTb 3aga4i Kortiri. Y peajibHIX HPUKJIAJIHIX 38~
Jadax, MO MOJIEIIOIOTHCA 1 PO3B I3YIOTHC 3a JIOIOMOIO0 Jude-
peHIaJIbHIX PiBHSIHL BUJIsiay (8.5), MOYaTKOBI yMOBH, & TaKOXK
npaBa YacTuHa — (QYHKINs f, sIK IPaBWJIO, BIIOMI 3 JESIKUM Ha-
osmkenHssM. OKpiM Toro, MyHKIsA f MOXKe 3a/Ie2KaTi BiJl OJHOTO
abo KIJIbKOX IapaMeTpiB (Macu, TeMIepaTypH, 3apsily TOIIO), fKi
XapaKTepU3yloTh IPUPOAY 3aJadi i 3aBXKJIM BUMIPIOIOTLCI 3 Je-
SIKOIO MIOXMOKOIO, TOOTO Hab/mKeHO. ToOMY BarKJIMBUMU € ITUTAHHS
PO iCHYBaHHsI Ta €IUHICTH po3B’si3Ky 3aadi Ko, a TakoxK 1mpo
Te, sIK 3MIHIOETHCS I€il PO3B’SI30K HA CKIHYCHHOMY ITPOMIXKKY 3a
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MaJinX 3MiH (30ypeHb) IIOYATKOBUX 3HAY€Hb, I1apamMeTpiB i camol
dyuxil f. Bumorn icHyBaHHS Ta €IMHOCTI pO3B’s3KY, HOr0 Here-
PEpBHOI 3a/1€2KHOCTI BiJl TOYATKOBUX YMOB, HapaMerpiB i dyHKIl
f Ha CKIHYEHHOMY HPOMIXKKY CTaHOBJISTH 3MICT HOHATTS KOpe-
xmnocmi 3adaywi Kow.

BukopucroBytoun TeopemMy 2 TpO iCHyBaHHS Ta €IUHICTD
po3B’sa3Ky 3agadi Ko, po3risaeMo Teopemu, Mo ONUCYIOTh SKi-
CHY IIOBEIHKY PO3B’sI3KiB.

Teopema 4 (Ipo HenmepepBHY 3aJI€XKHICTh PO3B’SI3KiB
Bi mapamerpy). fdxwo npasa wacmuna dugepeniyiasvrozo pie-
HANHA

Y = f(z,y, 1) (8.11)

HENEPEPEHa 34 3MINHON0 (L, (b € [fi1, 2], © daa Koocnozo dikcosa-
HO020 [4 360060ADHAE YMOBU MEOPEMU 2 3 MUMU CAMUMU CTNANUMUY
a, b, L, M, mo poss’asox y = y(x,p) pienanna (8.11), axud 3a-
dosoavHae nowamkosy ymosy y(xo) = Yo, HENEPEPEHO 3AAEHCUMD
610 L.

Josederns. OCKiIbKY 9I€HU TIOCJH0BHOCTI

T

Yn(, 1) = Yo +/ F(tyn—1(t, p))dt

Zo

€ HerepepBHUME (DYHKINAMU 3MIHHUX T 1 i, a crajga o = Lh < 1
He 3aJIeXKUTh BiJl [, TO MOCJIIOBHICTD Y1 (T, 1), yo(z, i), ... 30ira-
erbest 110 y(x, 1) piBHOMIpHO 1O p. fIK BIIOMO 3 MaTeMaTuIHOIO
aHaJIi3y, PIBHOMIpHO 30i2KHa MOCJIII0BHICTh HEIEPEPBHUX (DYHKITIi
36iraeThest j10 HeriepepBHOI dyHKIIT, T06T0 ¥ = y(T, 1) — PyHKIA,
HEIlEPEPBHA 3a apr'yMEHTOM [i. B

Teopema 5 (Ipo HenmepepBHY 3aJIEXKHICTH BiJ OYATKO-

Bux ymoB). Hexal sukxonani ymosu meopemu 2. Todi pose’azor
sadawi Kowi (8.5), (8.6) y = y(x,x0,y0) Henepepsno sasesrcumo
610 NOYAMKOBUL YMOS.
Josedenns. ko 3poburn saminu z = y(z,zo,yo) — Yo 1 t =
= — xp, To BimHOCHO bYHKIT 2(t) oMepKuUMO JuepeHIiaibHe
piBusinng 2’ = f(t + 2o, 2+ Yo) 3 HyIBOBUMH OYATKOBUMHU yMOBa-
M. 3riJIHO 3 TEOPEMOIO 4 MaEMO HEIEPEPBHY 3aJIeXKHICTh PO3B’si3-
KiB BiJ xg, Yo SIK BiJ] mapaMeTpiB. »
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Pexomendosana aimepamypa: |1, c. 27 — 45], [3, ¢. 27 — 41],
[6, c. 63 — 78], [7, c. 35 — 43, 58 — 74], [15, c. T1 — 90).

ITuranua mo Jjgekiii 8

1. Ilo mazuBarTh MeTpUIHUM TpocTopoM? ZKi BaacTmBOCTI 3a/10-
BOJIbHSIE MeTpHKa Takoro mpocropy?! HapemiTh npukiaim MeTpUIHUX
IIPOCTOPIB.

2. 4Ky MocCiIOBHICTD €IeMEHTIB METPUIHOTO TPOCTOPY HA3UBAIOTH
dbyumameHTATBHOIO! KM METPUIHMI TPOCTIP HA3BUBAIOTH TOBHUM !

3. Ilo Take omeparop, 3aJaHuil y IIOBHOMY METPUIHOMY ITPOCTOPi?
Kousu oneparop Bijtobpazkae merpudnumii npoctip y cebe? dxuit oneparop
Ha3MBalOTh cTucKyounM?! 1110 Ha3UBaOTh HEPYXOMOKO TOYKOI OIIepaTo-
pa?

4. dx HOpMyITIOETHCS TPUHITUIT CTUCKYIOINX BitoOpazkenb ! fke itoro
MPaKTUIHE 3HATCHHA !

5. dx dopmymoerness Teopema Ko mpo icHyBaHHS Ta €IUHICTD
po3B’sa3Ky 3aza4di Korrri st ndepeniiaabHOTO PiBHSHHS TIEPITOTO 0~
PsLIIKY, PO3B’sI3aHOTO BiIHOCHO 10XiHO1? HaBeiTh OCHOBHI i€l j1oBejie-
HHS T1i€T T€opeMu.

6. ¢k, BUKOPHCTOBYIOUM METOJ TOCJITOBHUX HAOJIMIKEHb, MOXKHA
3HafiTH HaOIMKeHWit po3B’d30K 3amadi Komr s mudepeHtiaabHOro
PIBHSIHHSI II€PIIIONO TOPSIIIKY, PO3B’sI3aHOTO BiIHOCHO MTOXiTHOT!

7. Ym MoKHa TTPOJIOBXKUTH PO3B 130K 3a1axi Korrri 3a Mexi BijIpi3Ky,
BU3Ha4YeHOro TeopeMoro Komi? HapeaiTh npukJiaim.

8. o cranoBuTh 3MicT MOHATTA KOpeKTHIiCTH 3ama4di Komi? Hase-
IiTh TEOPEMU PO HEIEPEPBHY 3aJI€KHICTh PO3B’sI3KiB BiJl mapaMeTpy Ta
PO HETEePEPBHY 3aJIEXKHICTH BiJl TOYATKOBUX YMOB. Y WOMY MPAKTHIHA
BasKJIUBICTh IUX T€OPeM?!

Bopasu go jsexiiii 8

1. ITobymyiiTe 1mocstiTOBHI HAOINKEHHS Yo, Y1, Y2 /IO PO3B’A3KY 3a/a-
ai Komi ¢/ = 2% — 2y3, y(0) = 0.

2. BrazxiTh axuit-ueOyab BiIpi3oK, Ha sIKOMY iCHy€e pO3B’ 30K 3a1adi
Komi ¢/ = 3z + y*, y(0) = 0.

3. Kopucryoancs sikoo-ueby1b IOCTATHROIO YMOBOIO €IMHOCTI, BU/Ti-
JIiTh Ha mwiomuHi Oxy Ti TOYKH, Yepes sIKi MPOXOUTh €IUHUN PO3B’sI30K
piBHsIHHA § = 5 + 2y + .

4. Yu MoxKyTb rpadikn IBOX po3B’g3KiB piBHAHHA ¥ = 2 + y° 1epe-
TUHATHUCA (JIOTUKATHCS) B JIedKiil Toqri?

5. CKiTbKY TOXITHUX MaIOTh PO3B’sI3KU PIBHSHB:

a)y =22 +1%% 6)y = 2alz| -y
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Jlekmnia 9. /Iludepennianbui Momeri
ILnan

1. ITobymoBa mudepeHIiabHIX MOJEIel TPUPOJIHUYINX HAYK.

2. Po3p’si3yBanis reoMeTpUYHEX 33729 32 JOIIOMOTOI0 Jde-
PEeHIiaJIbHUX PIBHSAHD.

3. Posp’sa3yBamms 3a1a4 3a J0MOMOIOI0 iHTErpabHUX PIBHSIHbD.

1. ITo6ynoBa audepeHIiaIbHIX MOJIEJIEN IPUPOIHAINX
Hayk. Ha jexmil 1 3a3Ha4aiocsk, o JudepeHIiajibHi piBHAHHS €
OJIHUM 3 HANOIIbIT eheKTUBHUX 3aCO0IB MATEMATUTIHOTO MO/IE/TIO-
BaHHSI 0araTbox NPUKJIATHEX 3ajad. OcobJIMBO IMUPOKO BOHU BU-
KOPHUCTOBYIOTHCSI § TEOPETUIHIN MexaHiri, (i3ull, a TaKoxK iHIITNIX
OPUPOTHUYINX HAyKaX.

Posp’sa3ytoun 3ama4i dizukm, MexaHikm, XiMil 9u iHITIX TPUPO-
JIHYUX HAYK 38 JO0MOMOrOI0 Ju(EPEHIaJbHIUX DIBHIHB, BUI1JIs-
IOTh TaKi TPU €TaIu:

a) noby10Ba jiudepeHIiaabHOr0 PIBHIHHS;

6) iHTerpyBaHHs 1ILOIO PIBHSAHHS;

B) JIOCJIJIZKEHHSI OTPUMAHOTO PO3B’SI3KY.

[Ipu oMy PEKOMEHIYEMO JIOTPUMYBATHUCH TAKOl ITOCTiTOBHO-
cTi Jiiii:

1) BCTAHOBUTH BEJIMYMHHY, K1 3MIHIOIOTHCS Y 33J[AHOMY SIBUIIL,
i BusiBuTH 3aK0HU (OpPMYJIN) BIIIOBIHOI HAYKH, SIKi [l BEJMIUHU
OB’ I3y 10T

2) BubpaTu He3aJiexKHY 3MiHHY 1 DyHKI[O Ii€l 3MIHHOI, sKYy
OTpiOHO 3HATH;

3) BUXOASYM 3 yMOB 3aJadl, BU3HAYUTH [OYATKOBI abo iHmi
YMOBH, K HAKJIAJAIOTHCS HA IIYKaHy (DyHKIIO;

4) BUpa3UTU yCi BEJMYMHU 3 yMOBHU 3aJIadi uepe3 He3aJslexKHy
3MiHHY, IIyKaHy (DYHKINO Ta 11 HOXiIHi;

5) BUXOJSIYM 3 yMOBH 3aJadl Ta 3aKOHY, SIKUil OIUCY€E 3ajaHe
SIBUINE, CKJIACTU TU(EpPEHIiabHe PiBHIHHSI;

6) sinrerpyBaru ojiep:kane judepeniiagbie PiBHSIHHS;

7) SIKIIO 3a/1aH] TI0YaTKOBI 4u KpaiioBi yMOBHU, 3HANTH YacTUH-
HUII PO3B’S30K;

8) HpoBeCTH JIOCIIIJIPKEHHS OJIEPXKAHOIO PO3B’I3KY.
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Y bGaraTbox BHUIIaIKaX MO0Y/I0Ba JAUMEPEHITAILHOIO PiBHIHHS
[IEePIIIOro NOPSAAKY I'PYHTYEThCS Ha TaK 3BaHIi «JIIHIIHOCTI IIpoIiecy
Yy MaJIoMy», TOOTO Ha JudepeHIiioBHOCTI (PYHKINH, AKi BUpaKa-
IOTh 3aJIeXKHICTDh BeJIMYWH. ZK MpaBUIO, MOXKHA PaxyBaTH, IO BCi
BEJIMYINHU, SIKi OePYTh yIACTb Y IEBHOMY IIPOIIECI IIPOTATOM MaJjIO-
ro MPOMIKKY Yacy, 3MIHIOIOThCH 31 cTasioo mBuakicTio. Ile mo3so-
JISIE 3aCTOCYBATH BIJIOMI 3aKOHU, SKI ONMUCYIOTH SIBUITA, O ITPOTi-
KalOTh PIBHOMIPDHO, JIJIs YTBOPEHH CIIBBITHOIIIEHHS MiXK 3HaYE€H-
HsiMu ¢, t+At, ToOTO BeTmIMHAMH, sIKi OEPYTh y9IacTh y IPOIEC, Ta
IX mpupocTaMu. ¥ Pe3yJIbTaTi Oep:KUMO PIBHICTD, SKa Mag JIUIIe
HAOJIMKEHNT XapakTep, 00 BEJMINHU 3MIHIOIOTHCS HABITH 3a KO-
POTKUII MPOMIYKOK 1acy, B3araji KayKydu, HeJliHiiiHo. OHaK SIKIIO
HOILINTH 00UABI YacTUHU ofepzkanol pisHocTi Ha At i nepeiiTu 10
rpanut, kojau At — 0, To orpuMaeMo ToUHY piBHIiCTb. [s1 piBHiCTD
MicTUTUME Yac t, 3aJI€XKHI BiJ| YaCcy BeJIMYMHM Ta IX MOXi/HI, TOOTO
Oyne nudpepeHIiaIbHIM PIBHAHHSM, sIK€ OIUCYE 3aJlaHe sBuie. 1e
came piBHsiHHS Y quepeHIiaibhiil (hopmMi MOXKHA OTPUMATH, STKITIO
samiauTu npupict At #Ha mudepentian dt, a npupocTu QyHKIHH —
BiAHOBIIHUME JudepeHIfiaJIaMn.

Takum anHoOM, CKIaIa09u qudepenIiajibHe PIBHAHHSI, MU PO-
OuMO HIOM «MUTTEBUI Kajp» HPOIECY Y 3aJaHUl MOMEHT dYacy,
a MOTiM, PO3B’gA3yI0uM PIBHAHHS, BIITHOBJIIOEMO II€pedir mporecy.
Orke, y mporeci po3B’si3yBaHHs NPUKJIATHUX 3a/a9 HABEIEHUM
METOJIOM JIEXKUTh 3arajibHa ijies AtHeapu3auii — 3aMinu hyHKIi
Ha Ma/JdX IPOMIKKAX 3MIiHM apryMeHTa JIHIHHUMHU (QyHKIIAMA.
I xoua 3ycrpiualoTbest nporecu (HApPUKIIaL, GPOYHIBCbKUiT PyX),
NIl IKAX JIiHeapu3allisd HEMOYKJIMBa, TOMY IO He iCHY€ TIBHJIKO-
CTi 3MIHU JeTKUX BEJIMYUH Y 3aJaHUil MOMEHT Jacy, y ITepeBaxKHiil
OLIBITIOCTI BUIIAIKIB METO aAndepeHItiaabHuX PIBHAHD i€ Oe3Bi-
MOBHO.

Bama4da 1. V i sepmukasvroi yusiHIpuHoi nocyouru 8uco-
mu H i padiyca ochosu R, 3anosreroi 600010, 3pobaero neseaurul
omeip naowero S (puc. 9.1). Yepes axui wac wepes omsip sumee
yea 8oda, AKWO MPemuHa 600u sumikae wepes ty c.
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Poses’sazarns. Axmo 6 BUTIKAHHS
BOJI BiZI0yBajOoCh PIBHOMIDHO, TO
BCsd BOJ@ BUTEKJIA O 3 MOCYIUHU 34
3t1 c. OaHaK I0CiIM TOKA3YIOTh, 1110
31 3MEHIIEHHAM PIBHS BOJHA Y IO-
CY/IMHI TIBUJIKICTH BUTIKAHHSA BOJIU
3MeHIyeTbed. Tomy morpibno Bpa-
XYyBaTU 3aJI€KHICTh MIXK IMIBUJIKICTIO
BUTIKAHHS ¥ 1 BUCOTOIO h CTOBIIA BO-
JI HaJ[ OTBOPOM. 3TiJHO 3 3aKOHOM
Toppiuesti

v = k+/2gh,

Je g — IPUCKOPEHHs BLJIBHOIO Ia-

minas, k — xoedirienT, axuil 3ase-

JKUTh BiJ B’si3KOCTi pigmau Ta dop-

ME OTBOPY (U1t BOJM Y BUIAJIKY Kpyrsioro orsopy k = 0,6).
Posrisiremo jocitizkyBanuii nmporec Ha Biapisky [¢; ¢+ At]. He-

Xail y MOMEHT 4acy t BUCOTa BOIHW Ha OTBOPOM CKJaJaja h, a depes

At ¢ Bona 3MeHmuiIach i craja h + Ah, ne Ah — npupict BucoTH

(oueBugro, Ah < 0). Toxi 0o6’em BomM, sIKUil BUTIK 3 IIOCYMHM,

JOPIBHIOE 00’€MY BiJIIIOBIIHOTO MUJHHIPA, TOOTO

AV = —7R2Ah.

Boma 3 nocynuuy BUIMBAETHCS Y BULISII] UJIHAPUIHOIO CTPY-
MeHsI, TIJIOIa OCHOBHU SIKOTO .S, a BHCOTa IOPIBHIOE IIJISIXY, SIKUI
HpoMILIa Boja 3a NPOMIXKOK vacy [t;t + At]. Ha mouarky 1ipo-
ro BiZpi3Ky MIBUIAKICTH BUTIKAHHS 3TiHO 3 3aKOHOM Toppidesti
nopienioBana kv/2gh, a nanpukinni nopisntosana k+/2g(h + Ah).
dAxmo At nocurs mase, To Ah(t) Takok Maje i TOMy oTpuMa-
Hi BUpas3y JyIs IMBUIKOCTI Maiizke omHakosi. Tomy muIsgx, mpoiie-
HUil BOJIOIO 32 IIPOMIZKOK vacy [¢;t+ At], BupazkaeTbcst (hOpMyJIOI0
(kv/2gh + a(At)) At, ne Ahtgloa(At) = 0. 3Ha4nThb, 06’€M PiauHH,
sIKa BUJLJIETHCSI 3a IMPOMIXKOK 4vacy [t;t + At], MoxkHa 3HaiiTu 32
dopmyJioro

AV = (k 2gh + a(At))SAt.
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[TpupiBHioioun aBa ofeprKaHi BUpa3u i 00’ eMy piaunu, sKa
BUJIMJIACH 3 TOCYJMHU 3a MPOMIXKOK 4acy [t;t + At], omepKyemo
PiBHSIHHS

— TR2Ah = (k: 2gh + a(At)) SALt. (9.1)

[Tominumo obupi wactunu pisasiaas (9.1) na At nepeitgemo 10

rpanuri npu At — 0. Ockigbkn hmoa(At) =0, a hmO Azgt)

= W (t), To omepxyemo mudepeHIianbHe PIBHSAHHS MEPIIOTO MO-

pAIKY
— TR (t) = k+\/2gh S. (9.2)

Orpumarn piBusnas (9.2) moxkua i imaxmre. [ocsipkyoan
[IPOIIEC IIPOTITOM HECKIHYEHHO MAaJjIoro MPOMIXKKY dacy dt, MOXKHa
BBaKaTH, IO 3a Ieil MPOMIKOK Yacy IIBHUJIKICTb BUTIKAHHS BOJIN
€ meaminnow. Tomy 3amicts HabmKeHOro piBHsiHHs (9.1) Bijgpasy
OJIEPKYEMO DIBHAHHSA

— mR%dh = k+/2gh Sdt, (9.3)

sIKe, OYEBUJIHO, € TIPOCTO iHIIOK (HopMOIO 3anucy piBHsaHHs (9.2).
Pipusnus (9.3) — piBHSHHS 3 BIJOKPEMJIIOBAHUME 3MIHHUMIU.
3inTerpyemo itoro:

—7R? dh —V21R?
NN = kS Vh+ =
t=C— AVh, (9.4)
Je crana A = ‘/\/igfkf 3ajIeKUTh Bisl po3mipiB i dopmu orBODY,

B’SI3KOCTI PIAMHN Ta JesTKuX IHIMMNX (QISUTHIX TapaMeTpiB, a craja
C' € noBinbHOW0 (1€ cTasa iHTerpyBaHHsi). SHARIEMO I1i CTaJI.

Ba ymosoro 3a1a4i h(0) = H (Ha noyaTky BiJyliKy BUCOTa CTOB-
na Bozau y nocyaui gopisuosana H). [Migcrasnsoun y (9.4) t =0
i h = H, snaxomumo craay C = AvVH.

Crany A snaiizemo 3 ymosu 3aja4i h(ty) = 2H 3Bincu

2H 131
t) = AVH — A\ — A=(3 6) —.
L= Av 7 < A=CHVeTE
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[Migcrapisiroun 3Haiigeni 3navendst cramux A i C'y dopmyity
(9.4), onepzKy€eMO 3aKOH 3MIHU Yacy BUTIKAHHS BiJl BUCOTH CTOBIIA

VH - Vh
vVH

3 (9.5) sierko 3HaxoxumMo vac T’ HOBHOIO BUTIKAHHS PIIMHU 3

BOJIU:

t=(3+6) t1. (9.5)

IIOCy/INHNI:
MT)=0 = T=@3+V6)t. ®

SayBakuMo, 110 3HalieHe 3Hadenns 1 npubsmnsno y 1,82 pasu
Oisiblie 3HaYeHHsT 3t1, sIKe OJIEPXKAJIM Y HPUIIYIIEHH], [0 PiInHA 3
ITOCYTMHU BUTIKAE PIBHOMIPHO.

3BUYAIHO, PO3B’S30K, OjlepKaHuil y 3ajadi 1, He € TOYHNM,
aJpKe MU 3HEXTYBaJIU, HAIPUKJIAJ(, sIBUIIEM KAIJISIPHOCTI (& BOHO
€ CyTTEBUM, SIKIIO JHaMeTP OTBOPY MAJIHil), 3aBUXPEHHSIMU PIJINHE
Ta JeIKUMU IHIIMI (PaKTOPAMU.

Y baratbox 3ajlavax CKJIJIaHHS JudEepeHIiaJbHuX Mojesieit
[OJIETTIIYEThCsT THM, 110 BIJIIOBITHUI 3aKOH HAyKU IOB’SI3Y€ MiXK
o000 3HAUEHHSI JesIKOl BEJMUMHE 1 MBUAKOCTI 11 3MmiHM abo 1mo-
B'si3y€ 3HAUCHHS BEJUIUHU, IMBUIKOCTI 11 3MIHM 91 IPUCKOPEHHS.
HaBenemo nekijibka TaKnX 3aKOHIB:

— apyruii 3akon Heiorona (F' = ma, ge m — maca Tiia, a —
IPUCKOpeHHsI pyxy, F' — cyma cwi, mo aifors Ha Ti10) i moxijasi
BiJI, HBOI'O 3aKOHU 30€pEeKEHHsI eHepril, KIJIbKOCTI PyXy, IMILYIbCY
TOIIIO;

— 3aKOH BCECBITHBOIO TsiKinHs (F = k

mimso
r2
JIBOX TLJI, 7 — BijicTanb MK HuMH, k — KoedilieHT nponopuiiinocti);

, Jle M1, Mo — Macu

— 3aKOH PO3YMHEHHs PeYOBUHU (IIBUJKICTH PO3YMHEHHS [1PO-
Hopiiifina HasgBHIN KiJIbKOCTI HEPO3UMHEHOI PEYOBUHU Ta PI3HUIL
KOHIIEHTPAIll HACHYEHOTO PO3YMHY 1 PO3YUHY y HEBHUH MOMEHT
qacy);

— 3akon Kipxroda (anrebpudna cyma cuia cTpyMiB, siKi IIpoTi-
KAIOTh y MEBHIN TOUIl eJIEKTPUIHOTO KOJIA, JIOPIBHIOE HYJIIO);

— 3akoH Pyp’e (¢ = —)\(T)d—g, Jie ¢ — IUTOMUIT MMOTIK TeIIOTH,
AMT) — xoedinienT TemIONPOBIHOCTI cepeloBUIIA, % — IIBUJI-
Kictb 3Mmiau temneparypu 1') i anasioriunuii 3akon HepHcra mpo
Juy3ito pedoBUHU;
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— 3akoH Hbrorona 1po oxosioizkeHHs Tija (MIBHIKICTH 0XO0JIO-
JPKEHH¢ TijIa IPAMO IPOLIOPIIiiiHA PI3HUIN TeMIIepaTyp Tijia Ta OTO-
YYIOUOrO CEePEeJIOBUINA);

— 3akoH ['yka (cujia mpyzKHOCTI IPYKUHY [IPOTIOPIiiiHa 1T Bu-
JIOBZKEHHIO) TOLIIO.

[Turanas mpo BiamoBiaHicTh AudepeHIiaJlbHol Moge i peaib-
HOT'O SIBUITIA BUBYAETHCA HA OCHOBI aHAII3Y PE3yIbTaTIB JOCTITY Ta
IX MOPIBHAHHSI 3 MOBEIIHKOIO PO3B’SI3KY OHEPrKAHOrO AU epeHIili-
aJbHOTO PIBHSAHHS.

Samaua 2. Tino, Ake 8 NOYaMKOSUL MOMEHM “ACY MAE MEM-
nepamypy Ty, nomicmuau 6 cepedosuuie, 8 AKOMY NIIMPUMYEMBCSA
memnepamypa 1. Busnawumu 3ax0H 3MIHU MEMNEPAMYPY MIaa.
Pose’szanns. Hexait T(t) — Temueparypa Tijla B MOMEHT 4acy
t. Ba 3akonoM Hprorona npo oxosiozkentst tina dyukiist T'(t) mo-
BHUHHA 3aJ0BOJILHATI piBHHHHH

dr
dt
ne k > 0 — koedinient nponopiiiiHocTi (3HAK «MiHYC» y IpaBiii
gactuHi piBHsiHHs (9.6) BiIUOBiZA€ eKCIIEPUMEHTAJLHUM JIAHUM:

skio 1'(t) > 11, To Temueparypa Tijia 3MEHIIYEThCs 1 MIBHUIKICTD
i1 3MiHM Bij'eMHA, 1 HABIIAKH).

= —k(T(t) - T1), (9.6)

Binrerpyemo pisnsuns (9.6) 3a monomororo saminm u(t) =
=k(Th — T(t)) (ue piBusnus surusgy y' = f(ax + by + ¢), sxe
BUBYAJIOCH Ha JieKIl 3). Maemo

T=k(h -T) = —%:u = —=—kdt =
u
Inju|=—kt+C = u=Ce*
T(t) =T, — Ce™*, (9.7)

e C' — nosinbHa crasa.

Bpaxysasiu nosarkoBy ymoBy 1'(0) = Tp, 3 (9.7) 3nHaxomu-
Mo, mo C' = Ty — Tp, a oTKe, OCTATOUHO BUBOIMMO 3aKOH 3MiHU
TEMIIEPATYPH TijIa 3aJI€XKHO BiJI dacy:

TW) =T+ (T —T1)e ™. =
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2. Po3B’si3yBaHHSA reOMETPUYHUX 337a4 34 JJOIIOMOTOIO
audepeHiaIbHUX PIBHAHB. Y 0araTrbox 3a/adax I'eOMeTpU-
9HOI ONTHKH, Kaprorpadil Ta iHmmMX objacTeil HayKW BUHUKAE
HEOOXIJIHICTD Y 3HAXO/KEHHI KPUBUX 3a [EBHUMH BJIACTUBOCTS-
MU TPOBEJIEHNX 0 HUX JOTHIHUX. OCKUIBKU KyTOBHIT KOEMIIIe€HT
AOTHYHOI 110 rpadiky PYHKII JOPIBHIOE 3HAYEHHIO IOXIIHOI i€l
dbyHKIT y TOUIl JOTUKY, TO TaKi 3a/adi 3py<IHO PO3B’sa3yBaTh 3a
JIOIIOMOT'OI0 JINEPEHITIATBHUX PIBHSHb.

Posp’sa3ytotn reomerpudHi 3a1adi 3a JOTIOMOrO0 AudepeHtli-
aJIbHUX PIBHIHL PEKOMEHIYEMO IOTPUMYBATUCH TAKOI'O AJIOpHU-
T™Y:

1) 3po6uTH PUCYHOK 1 BBECTH II03HAYEHHSI;

2) BIJIOKpEMUTH YMOBH, siKi CIIPABJRKYIOThCSL B JIOBLIBHIN TOYII
ITyKaHOI JIiHII, BiJ yMOB, §IKi CHPaBKYIOTbCS JIUIIE Yy OKPEMNX
TOYKAX, TOOTO MOYATKOBUX YMOB;

3) BUpa3uUTH BCi BEJIMUMHM 3a/a4i Yepe3 KOOPAUHATH JIOBLjIb-
HOI TOYKHM 1 Yepe3 3HaUeHHsl TMOXIJIHOI y Il TOYIl, BPaxOBYyIOUU
reOMeTPUIHUN 3MICT TIOXiJTHOT;

4) 3a yMOBOIO 3a1a4i cKytacTu JudepeHiiaibHe PIBHAHHS, KO-
MY 3a/I0BOJILHSE TTyKaHa KPUBAa;

5) 3HaiiTu 3arajbHUil PO3B’SI30K 1IbOrO PIBHSHHS 1 OTPUMATH 3
HBOI'O [TEBHUI YACTUHHUI PO3B’I30K, AKWUI 38 I0BOJIbHSIE TOIATKOBI
YMOBH.

Bana4ga 3. 3natimu kpusy, y Axoi eidcmans 610 d06iAbHOL do-
muywHoi do novamxy xKoopduram JopieHIe adCUUCT MOYKY JOMUKY.

y
y= f(x)
M(z,y)
@
Yy
(@ i
A @) r B T

Puc. 9.2
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Pose’aszanns. Hexait M (x,y) — nosinbHa Touka kpusol y = f(x).
[Tposesemo y wiit Touni noruany M A, y' = tga (reomerpuannii
amict noxignoi) (puc. 9.2). Tpukyrauku OCM 1 OBM pieni (3a
ymoBoro OC' = OB, a rinoreny3a OM cuinbha), a tomy ZMOB =
= ZMOC. Ocximxn ZAOC =% —a, 10 ZMOB =14 (3 +a) =

= 7 + 5. Tenep 3 Tpuxyrnuxa OBM maemo

T o« 1+tg$5 o — 7z
9:tg(—+—)=7g§ tg—:y .
x 4 2 1-tgg 2 y+4zx
Hapermrri, Bukopucrosyoun dopmyiny tga = %, 1 CIiBBIJIHO-
2

menHs tga = 1y, onepKyemo audepeniiagbie piBHIHHSA
7= 2zy
OckinbKu Tie piBHsIHHS OffHOpPiHE (JIeKIlist 3), TO BUKOHYIOUM 3a-
MIHY Y = UZ, OIePXKYEMO:
dx 2udu
z  u?+1
P4y’ =2Cz = (zxC)?2+y*=C"2%

=0 = Injz|+n@®+1)=h2C|] =

OrKe, HABEJIEHOIO B YMOBI 3a/1a1i BJIACTUBICTIO BOJIOJIE KOXKHE
ko0J10 3 1eaTpoM y Touni (+C;0) i pagiycom C. B

3. Po3B’si3yBaHHA 3a/1a4 3a AOIIOMOrOI0 iHTErpaJibHUX
PiBHsSIHB. VY JIEAKAX BUIAJIKAX PO3B si3yBaHHS 33Jia9 [IPUBOIUTH
0 PIBHSHD, 9Ki MICTATH IMIyKaHy (YHKIHIO ITiJ 3HAKOM iHTerpa-
Jia, TOOTO THMEe2PANbHUTL PI8HAMG. [HTerpasbHi pPiBHSAHHS BH-
HUKAIOTh, 30KPEMa, KOJIMI BUKOPUCTOBYETHCSA T€OMETPUYHUN 3MiCT
BU3HAYEHOI'O iHTerpaJia K IO KPUBOJIHIHOI Tpamenil Ta iHI
iHTerpasbii opMyIu (JIOBXKUHU JyT'H, IJIONI IIOBEPXHi, 00’eMy
Tizta Tommo). Y HpoCTimuX BUNAIKAX Hicsst judepeHIiioBaHHs iH-
TerpaJjibHi PiBHSIHHS BJIAETHCA 3BECTH JI0 JU(DEPEHITIATBHUX.

Bamada 4. 3natimu kpusy, s kootchoi mouky M axoi ab-
CUUCA YEHMPA 6a2U KPUBOAIHITHOT mpaneyii, obmedcenoi ocamu
Koopdunam, dyz010 yiei kKpueoi i 6idpidkom, w0 3’ednye mouxy M
3 i1 npoexuyicio Ha 6icy abcyuc, JopiBHIOE MPemuni abCuUCy Uiei
MOoUKU.
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Poses’sazanns. Binomo, o abcrnca 1eH-

Tpa Baru yTBOPEHOI KPUBOJIIHIIHOI Tpalie- Y
uii (puc. 9.3) Bupazkaerhcst (OpMyIIo0
x
Jty(t)dt
0
To= y=y(x)
Jy(t)dt
0 M(z,y)
Jie t — 3miHHa iHTerpyBaHHd, a y = y(t) —
PIBHSHHS IIYKAHOI KPUBOI. ol zo T
; —z
3a ymoBolo 3ajia4i Tg = 3, TOOTO Puc. 9.3
x x
x
/ (e de =% / y(t)dt.
0 0

SaudepeHIiioeMo 001ABI YaCTUHH OJEPXKAHOIO 1HTErPaIbHOIO
PIBHSHHS 33 3MIHHOIO X:

x T

zy(x) = %@) + é/y(t)dt = 2zy(z) = /y(t)dt.

0 0

Judepenrioodn 1e oauH pa3, OIep:KYyeEMO IudepeHIiaibae
piBHSIHHS

/
22y +y = 0.
Ile piBHsHHA 3 BiIOKPEMJIIOBAHUMU 3MIiHHUMH, HOTO 3araJbHUM
) = G
PO3B'ASKOM € y = 7. |

Pexomendosana aimepamypa: |5, c. 37 — 56|, |9, c¢. 9 — 26],
[13, c. 8 — 44], [14, c. 71 — 88], [16, c. 5 — 226].

ITuranuga mo Jjgekirii 9

1. dxumu € OCHOBHI eTanu po3B’A3yBaHHS 33249 IPUPOIHIINX HAYK
3a JIOTIOMOTOI0 MrDePEHIATbHIX PIBHAHD !

2. HageiTe npuk/am 3akoHiB (Di3nKH, siKi BUKOPUCTOBYIOTHCS TIPU
o6y I0Bi TudepeHITiaIbHIX MOJIEIeH.

3. 4k 3a momomorow nudepeHIiagbHNX PIBHAHb PO3B A3yBaTH I€0-
MeTpUIHi 3a1adi?
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Bopasu go jsexiiii 9

1. KimpkicTs cBiT/a, M0 TOTVIMHAE AP BOJIU MAJIOl TOBIIUHU, IIPO-
MOPIIiiiHAa 710 KITBKOCTI CBiTJIA, M0 ajae Ha HHOTO, 1 ToBIImHI mapy. [lap
BOJIM TOBIIMHOIO 35 CM IIOTJIMHAE TTOJIOBUHY CBiT/Ia, 1O TaJIa€ Ha HBOTO.
fKy wacTuHy CBiTJIa [TOTJIMHAE IIAP TOBIUHO 2 M7

2. Kyna, pyxaodnch 31 msuiakictio vg = 350 M/c, npobusae cTimy
roBumuo h = 0,25 M i Busitae 3 Hel 31 mBukicTio v;7 = 90 Mm/c.
Braxkaroun, mo cuiaa omopy CTiHH IPOMOPIitHA KBaJIPATy MIBUIKOCTI
Ky7i, 3HAUTH TPUBAJICTH PYXy KYyJi Y CTiHi.

3. Buznaure kpuBy, BCi JOTUHI /10 IKOI ITPOXOJIATH Uepe3 MOIaTOK
KOOD/INHAT.

4. Busnadre KpuBy, KO2KHA JTOTUYIHA 10 AKOI YTBOPIOE 3 OCSIMHU KO-
OpIWHAT TPUKYTHHK ILTOMeIo 2a2.

5. Busnaure kpuBy, sika upoxoaurb depe3 Touku (0;0) 1 (1;1) i o6me-
JKy€ KpHUBOJIHIHY Tpanerito 3 ocHopow [0; x| i muromero, sika mpormop-
mifina 3.

HHomarok 1.

3acTocyBaHHSA MaTeMaTH4YHOro nmakera Maple
JJI iIHTerpyBaHHA 3BUYAHUX JudepEeHITIaTbHUX
PIBHSIHb TIEPIIIOTO MOPSJIKY

Ha crorogmimuiii geHb € 4YUMaJO CIEIaJbHUX MaTeMaTH-
YHAX IAKeTIB KOMII IOTEPHUX IIPpOrpaM, siKi JO03BOJIAIOTL PO3B’s-
3yBaTH pi3HOMAHITHI MaTeMmarwdHi 3amadi. Maremaruaauii maker
MathCad opienrosanuii, epir 3a Bce, Ha 3JiCHEHHS YUCIOBUX
pospaxyukis. [Takeru MATLAB, Scilab, Octave i FreeMat crBo-
peHi, y mepIiy 4epry, /i poOOTH 3 YUCJIOBUMU MATPHUISIME 1 Be-
KTOpaM{ 1 MaloTh OyTH 3pydHUME JJjIsi iHyKeHepa. MaremarwdHi
nakern Maple, Mathematica, Maxima i MuPAD pospaxoBani Ha
3JiiCHEHHST CUMBOJILHUX (TOOTO AHAITHYHKUX) OOYUCIICHb.

[IpakTuvno BCi Ii AKETH JO3BOJIAIOTL PO3B’d3yBaTh Jude-
peHIia/IbHI PIBHSHHS YUCIOBUMU (HAOIMZKeHIMHU) MeTojaMu. Aje
OCTAHHs TPyIa MATEMATUIHUX IAKETIB J03BOJISIE TAKOXK 3HAWTHU
TouHMH (AHAJITUYIHUI) PO3B’SI30K y TUX BHIIAJKAX, KOJM DIBHSH-
Hsl IHTETrpyIOThCs y CKIHIEHHOMY BUTJISI.

OHuM 3 HAHOLIBIN MOMYJIAPHUX 1 HOTYKHUX € IaKeT aHaJIiTH-
YHUX 00YMC/IeHb 1 gucaoBux po3paxyHkiB Maple. Mu posrisinemo
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3aCTOCYBAHHS came foro 10 po3B’sa3yBanns pudepenIiaabHuX PiB-
HSTHB. 3 OCHOBaMU POOOTH 3 IIUM ITAKETOM MOXKHA O3HANOMHUTHCDH Y
nonarky 6 (crop. 320).

st po3p’si3yBaHHs 3BUYAlHUX JndepeHiajlbHuX pPiBHIHDL Y
naketi Maple BUKOpUCTOBYIOTH KOMaH Ly

dsolve(piBHsIHHSI, HEBIIOMA, OIIIIiT)

[Tapamerp «HeBigoMa» Bu3Hadae HeBimoMy byHKIO gudepeHiii-
AJIbHOIO PIBHSIHHS, & HEOOOB I3KOBUI IMapamMeTp «OIIiily — dopmy
MOJIAHHS PO3B’SI3KY 1 MeTo/ I HOro BijlITyKaHHsI.

st 3amanns oXiMHOl y AudepeHIiajbHOMY DIBHIHHI MOXKHA,
BuKopucroByBaTu komanay diff () abo omeparop D, mpuuomy camy
dyHKIi0 Tpeba 3ammcyBaTé 3 SIBHUM BKAa3yBaHHSM HE3aJIEZKHOT
3MIHHOI, HAITPUKJIA/T, y(a:) Omeparop D Mae HACTYITHUIT CHHTAKCHUC:

(DeOn) (dbyuxis) (3minHa)

Y npomy 3amnuci n — MOpsIoK noxigHol. dAxio n = 1, To 3aMicTh
[IEPIOTO BUPA3y y JyKKax MoxkHa mmcaru mnpocto D. Komana
dsolve(), sIK IpaBHUJIO, 3HAXOJUTDL JIUIIE 3araJibHUN PO3B’A30K 1
He 3aBXK/IM HABOIUTEL ocobuBi. 3reneposani sennamnn _ C'1,  C2
1 T. 4. MO3HAYAIOTH JIOBIJIbHI CTaJIi.

Axmmo moTpibHo poss’a3aru 3asady Kormri, To mepmmM napa-
MeTpoM KomaHau dsolve() moBuHHA OYyTH MHOMXKHHA, SIKA CKJIa-
JIAETHCsI 3 PIBHSIHHS 1 TI0YATKOBUX YMOB (4epe3 KoMy y (birypHux
JTyKKax).

[IponemoncTpyemo BukopucTanua Maple st po3B’sa3yBaHHS
NPUKJIA/IIB, PO3IVIAHYTUX Y IIBOMY PO3IiI. Y JedKHX BHUIAIKAX
Maple mae po3B’si3ku, Ki 3BOASTHCA J0 OTPUMAHUX BHUIIE BiIIO-
Bijleil MIISTXOM IepeTBOPEHb.

Ilpukaana 1. 3naiitm 3arajbHUil  PO3B’SI30K PIBHSHHA 3
Bifokpemmopanmu sminamvu (y — 22y)dy = (v — xy?)dr (npn-
ka1 jekuii 3, crop. 37):
> dsolve ((y(x)-x"2xy(x))*D(y) (x)=x-x*y(x)~2,y(x));

y(x)=+1— C1+ Ciz2 y(x)=—-/1— _Cl+ C1a2

Ipukmaan 2. inrerpysaru pisuanns y' = (4 +y+5)% (npu-
ka2 jekiii 3, crop. 38):
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> dsolve(D(y) (x)=(4*x+y(x)+5)~2,y(x));
y(x) = -5—4zx —2tan(—2zx+2 _C1).

Ilpukiazn 3. 3HaliTu 3arajbHUNl PO3B’SI30K OMHOPIIHOTO PiB-
usinbs ydz + 2,/rydy = xdy (upukiazs 3 aekuil 3, crop. 39):
> dsolve (y(x)+2*sqrt (x*y (x))*D(y) (x)=x*D(y) (x),y(x));
43
In(y(z)) + ———= — _CI =0.
zy(z)
Ilpuksam 4. Po3s’ss3aru ogHopigHe piBHIAHHSI

;o Yy
2+y2+z

3 ekl 3 (crop. 40), ne piBHsIHHSI OyJIO OTPUMAHE [IPH PO3B’si3y-
BaHHI 337124l ipo (opmy a3epkasa (3agada 3 Jjekil 1, crop. 17):
> dsolve(D(y) (x)=y(x)/(sqrt(x~2+(y(x))~2)+x),y(x));

QYT+ @) @ C1 = 0.

G@)?  w@)? -

Posp’sizkeMo ocraHHe piBHSIHHsI BiTHOCHO y(x):
> isolate(%,y(x));

JIT Clz

y(@)=—2—7¢

IIpukaan 5. 3inrerpysaru pisusuns (r—2y+3)y = 1—y—2x
(mpukitag 4 sieknii 3, crop. 42):
> dsolve ((x-2*y(x)+3)*D(y) (x)=1-y(x)-2*x,y(x));

(5z+1) C1 5 (B5z+1)2 C124+4

o) =3 - ———; SN

[Tepekonaemoch, 10 oTpuMana (DYHKIS 38/I0BOJIBHSIE 3arabHII
2 —qy+ 2 — 3y = C, 3uaiieHnii
Ha crop. 43. s nporo mizcraBumo 11y HOro JIiBy YaCTUHY, CKO-
PUCTABIINCH KOMAaH/ 1010 simplify():

inTerpas 1mporo piBHAHHS Y — T
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> y:=7/5-1/56%(-1/2x(5xx+1)*_C1+1/2% (5% (5*x+1) ~2*%_C1~2+
4)~(1/2))/_C1l: simplify(y~2-x"2-x*y+x-3%*y);

55 _C1%2-1
25 C12

Orpumanunii Bupa3 cupasii € crajoio. OckiJIbKu 3arajibHuil iHTe-
rpajg € MHOTOYJIEHOM JIPYTOrO CTEIeHsT BiJHOCHO ¥, TO TOBUHEH
OyTu 1e oJMH PO3B’sI30K, siKuiil BijpisHsaTuMeThCs Bij (1) 3HAKOM
nepeJi KBajipaTHuM Koperewm. [lei pO3B 'I30K, K i JiBa OCO6JII/IBI/IX
PO3B’si3KM piBHsIHHS (Y = H'\/_:1: —|— + \1/0_, Yy = \/_x 2 — \1/—05)
Maple BijgnmykaTu He 3Mir.

Ilpukian 6. 3naiiTn 3arajbHuil po3B’sI30K piBHsAHHSA 1 =
= % (mpukaaz 5 siexii 3, crop. 43):
> dsolve(D(y) (x)=(x-2*y(x)+3)/ (2*x-4*y(x)-1) ,y(x));

1 =z I-282+28 CI
y(x)——ZJrg— 1 ;
1 =z T-28z+28 CI
y(:z:)——1+§ 1 .

3po3ymiso, mo orpuMati YHKIHT — PO3B’SI3KH BiJIHOCHO 3MIHHOT Y
KBa/IpATHOTO piBHsAHHA 12 — 427y + 4y? 4 62 + 2y = C, ke € 3Ha-
fimeHnM Ha cTOp. 44 3araJbHUM IHTErpaJioM 3aJaHOT0 IudepeH-
IAJIBHOTO PIBHSHHS. Y IIOMY JIETKO MEPEKOHATHCH, PO3B’sA3aBIIH
3araJIbHU# 1HTErpaJj BiTHOCHO 3MIHHOI Y 3a JOTIOMOTOI0 KOMAaH 1
solve():

> solve (x"2-4*xx*xy+4*xy~2+6*x+2xy=C,y) ;

1 = V1-28z+4C 1 V1 —28x +4C
——+ 5 - , y@)=—~+ .

—
1772 1 1772 1

IlpukJjazm 7. 3inrerpyBartu JiiHifiHE PIBHSIHHSI y’+23:y:2$e’“2

(mpukitaz 1 srexnii 4, crop. 49):
> dsolve(D(y) (x)+2xx*y (x)=2*x*exp(-x~2) ,y(x));

y(z) = (@ + _C1)e™

Ilpukiaz 8. SuaiiTu 3arajgbHuil PO3B’si30K piBHsSHHS BepHyi-
. 2 2
m Yy + 2xy = 2xe® y* (upukiaan 2 gekuii 4, crop. 52):



112 Poznin 1. JU®EPEHIIAJILHI PIBHAHHS IIEPIIIOTO ITOPIIKY

> dsolve(D(y) (x)+2xx*y (x)=2*x*exp(x~2) *y (x)~2,y(x));

2

@) = —m—ar

Ilpukiazm 9. 3uaiiTu piBHSIHHSA KpUBHUX 3 3ajadi 1 Jjiexril 4.
Ha crop. 53 6ys10 orpumano mudepeniiiaabie piBHIHHS ITyKa-
Hol cim’i kpusux 4y’ — y/x = —q? /x. 3inrerpyemo iioro:
> dsolve(D(y) (x)-y(x)/x=-y(x)~2/x,y(x));

y(z) =

T
z+ CI1°

IlpukJiaz 10. 3HaliTi 3araJbHUil PO3B’s130K piBHAHHS PiKKaT
y=y>—<— ;—2 (mpukstas 3 ekl 4, crop. 55):

> dsolve(D(y) (x)=y(x)~2-y(x)/x-4/x"2,y(x));

(z) = 2¢*+2_C1
AT z(_C1—z*)

IlpukJsazma 11. 3iarerpyBaru piBHsIHHS Y IOBHUX JI(PEePEHTIIi-
anax (z +y? +sinx) dr + (2zvy + cosy) dy = 0 (npukaas 1 jpexmii
5, cTop. 59):
> dsolve(x+y(x) ~2+sin(x)+(2*x*xy (x)+cos(y(x)))*D(y) (x)=

0,y(x));

2
% + y(z)%x — cos(z) + sin(y(z)) + _C1 =0.
Ilpuksan 12. 3uHailTu 3arajbHUl  PO3B'S30K PIBHSIHHS
(2zy% —y) dx+ (y® + 2 +vy) dy = 0 (mpukaaz 2 mekmii 5, crop. 62):
> dsolve (2*xxy (x) ~2-y (x)+(y(x) ~2+x+y (x) ) *D(y) (x) ,y(x),
implicit);

2? — —— +1In(y(z)) + y(x) + _C1 =0.
y(x)
Honarkosa oris implicit /103BoJIS€ 3HAXOIUTH PO3B’A30K y He-
siBHiit popmi. BigcyrHicTh MOy B aprymenTy Jjorapudma He €
HOMUJIKOIO, 60 Bci obunciienns y Maple 3a 3amoBuyBanHsM 3/1iii-
CHIOIOThCs Y TIOJII KOMILJIEKCHUX YHUCEJI, 3HAWJIEHUN PO3B SI30K TEXK
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MO2Ke OyTr KoMILIeKCHO3HAaIHIM. [1iniOpasiiu Bi OB THUM THHOM
JOBIIbHY CTaJly, dKa MOXKe OyTH KOMILIEKCHOIO, JIETKO BHIIJINTH
JHCHO3HATHII PO3B’s130K. 3HAIIEMO TaKOXK IHTErpyBaIbHUN MHO-
JKHHUK IO PIBHSIHHS, CKOPHUCTABIINCH KOMaH 1010 intfactor() 3
naxkera DEtools:
> DEtools[intfactor] (2*x*y(x) ~2-y(x)+(y(x) ~2+x+y(x))*
D(y) (x));
1
y(z)
Ipuxmaax 13. 3inrterpysarn pisusmua (223y% — y)dz +
+ (22%y3 — ) dy = 0 (npuxmaz 3 wexii 5, crop. 62):
> dsolve (2xx~3*y(x) ~2-y(x)+(2*xx~2*y (x) ~3-x)*D(y) (x)=0,
y(x),implicit);

5"

_C1+2% 4+ +y(z)* = 0.

1
y()z
3Haii1eMo TaKOXK IHTerpyBaJbHAN MHOXKHUK ITHOTO DIBHSHHS:
> DEtools[intfactor] (2*x~3*y(x) ~2-y(x)+(2*x~2*y(x) ~3-
x)*D(y) (x)=0) ;
1 1
y(@)?z?’ @ (1+ay(@)® + 2%y(2)) y(x)
[Iporpama 3naiinia aBa iHTErpyBaJbLHAX MHOXKHUKA.

Ilpukiana 14. BnaiiTy iHTErpyBaJbHUI MHOXKHUK PiBHSIHHSI
(y/x + 3x2)dz + (1 + 23/y)dy = 0 (npuxnaz 4 nexuii 5, crop. 66):
> DEtools[intfactor] (y(x)/x+3*x~2+(1+x~3/y(x))*D(y) (x)=

0);

1
2y(z) + 323

Y mpoMy BHIIAJKY NporpamMa HaBesIa IHTerpyBaJbHUIl MHOXKHUK,
AKUI BLIPI3HAETHCA Bl IHTErPYBaJIbHOIO MHOXKHUKA, 3HAl/IEHOIO
y npukjiam 4 jgekmnil 5. Ajie ne it He auBHO, 60 iHTErpyBaJBLHUI
MHOXKHHK He € €MHIM (Teopema 2 JieKIii 5).

IIpukmazn 15. 3inTerpysaru nesBHe piBHsHHS /2 — 9 W =0
(mpukstas 1 ekt 6, crop. 69):
> dsolve(D(y) (x)"2-9*y(x)~(4/3)=0,y(x));

1

y(ac)(ﬁ) —z— C1=0, y(m)(%) +z— C1=0.
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BHaitmosmm 3 ocraHHix piBHOCTEH y(T), OTPUMAEMO 3arajbHUi
po3B’st30K npukiiaay 1 jekiii 6. OcobsmBuii po3s’sa30k y = 0 1po-
rpama He 3Haillia.
Ipuknazn 16. Binrerpysaru Hesipue piBusHHs 227 2 +2zyy’ +
+y? — 4x = 0 (nmpuknax 2 jexmuii 6, crop. 75):
> dsolve(x~2xD(y) (x) ~2+2*xxy (x) *D (y) (x) +y (x) ~2-4*x=0,
y(x));

4 C1 4 C1
—$+— : y(x):ﬁJr_ :
T 3 T

y(z) =

[Ipormonyemo wmrTadaM CcaMOCTiffHO 3iHTErpyBaTH PiBHAHHS
y"3 — 5y’? + 7 = 0 3 npukiany 3 jexuii 6 (cTop. 76) 3a JOIOMOTOI0
nakera Maple i mepecBiTIuTHCE, IO MpPOrpamMa MIyKae PO3B I30K Y
SBHOMY BUIJIs/Il HABITH 1P BUKOPHUCTaHHI omiil implicit.
Ipuknaxg 17. 3inrerpysaru pisuanng y = y'2 — 3zy’ + 322
(mpukstas 1 ekt 7, crop. 79):
> dsolve(y(x)=D(y) (x)~2-3*x*D(y) (x)+3*x~2,y(x));

(m)_Sa:Q ($)__012$2+_CZ($_C1 +2)x +2
Yy - 4 ) - 2_012 )
_C1%22+ Ci(zx_C1—2)x+2
y(z) = 3 :
2 C1
2 (-z-2_Cl)zx 9
== — = 1
y(z) = 5 + _C17,
2 (~z+2_C1
ywy =2 - 2O, o

Ha neprmuit moryisa TyT € 1'sTh Pi3HUX PO3B’A3KiB, ajie HACIIPABII
BCl, KPIM HEPIIOro, PO3B’sI3KH MIJITXOM HECKJIAIHUX [I€PETBOPEHD i
MePEero3HaAYEHHs CTAJIUX MOYKHA 3BECTH OJWH 10 OJHOTO. ¥ I[LOMY
JIETKO IIEPEKOHATHCH 3 JOIOMOIo0 KoMaHau simplify():

> simplify({%});

{y(m) =22—-x Cl1+ C1% y(x) = —

2.2
y(x) = G Cf2_01+1’ y(x):$2+$_01+_012,
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_C1%2%2 4z C1+1
y(z) = :

_C1?

Ipuknan 18. Binrerpysaru pisnannsa x = y™* + 2y (npu-
ka2 Jekiii 7, crop. 80).
Ckopucraemocst onrisimu implicit i parametric:
> dsolve(x=D(y) (x) ~4+2*D(y) (x) ,y(x) ,implicit,
parametric);

o T)= T*42 T, y(_T)=

TS+ T?+ (1.

Ot >

Besmunna T nosnaudae napamerp (po3B’si30K 3HaiiJleHO y napa-
MerpuuHiii dopmi).
Ilpuksana 19. 3Haiitu 3arajbHUil pO3B’sI30K piBHsIHHS Jla-
rpamka y = 2xy’ — Iny’ (npukiaz 3 sekuii 7, crop. 81).
Ckopucraemocst omiero implicit:
> dsolve(y(x)=2xx*D(y) (x)-1n(D(y) (x)),y(x),implicit);
o)==y )=

_T+ _c1
T

In(_T).

Ipuknan 20. 3inrerpysaru pisuanus Kiepo y = zy’ — y°
(upukiag 4 sieknii 7, crop. 82):
> dsolve(y(x)=x*D(y) (x)-(D(y) (x))~3,y(x));

2 3 2 3 3

y(x) = —§\/§x2, y(x) = 5\/5:62, ylx)=z_C1 — C1°.

Ilpukmaan 21. Posp’sa3aru 3aj1ady mpo 3pOCTaHHS KiJIBKOCTI
HayKoBuX mybuikargiii (3amada 1 jekmii 1).

Ha crop. 14 orpumanu jgudepeHiiajibHe PIBHIHHS, SKE OIUCYE
3pocTaHHs KIJIBKOCTI HAYKOBUX IIyOJiKaliiii:

Y (t) =ky(t).

BiHTerpyemMo 1 piBHSIHHS, BPAXOBYIOUHU IMOYATKOBY YMOBY
y(0) = yo:
> dsolve ({D(y) (t)=k*y(t),y(0)=y0},y(t));

y(t) = y0 .
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3HaiijeMo Tenep 3a J0IOMOroo Komanau solve () HesijzoMwuii yac
T 3 nonarkosoi ymosu y(T') = 2yg, skio koedinient k = 0,07:
> solve(yO*xexp(0.07*T)=2%y0,T);

9.902102579.

IIpuknan 22. Biurerpysaru pisusinnsg y' = ky(M — y) (upu-
KJIaJ1 micsist 3aza4i 1 jekuii 1, crop. 14):
> dsolve(D(y) (t)=kxy(t)*(M-y(t)),y(t));

(t) = ——om
YW = T e Mt o1 M

Ipuknag 23. Poss’asaru 3aja4dy 1po pyx 4YoBHa (3aja4a 2
Jekii 1).
Ha crop. 16 6ymo orpumano gudepeniiaibie PiBHSIHHS, sKe
OIIMCYE PyX UOBHA: p
g 2
ma = kv”.
Binrerpyemo ioro, Bpaxysasiiu nodarkoBy ymoBy v(0) = 3:
> dsolve ({m*D(v) (t)=k*v(t)~2,v(0)=3},v(t));

3m
0= C3kt—m

3HajijeMo Terep HeBiJoMe CIIBBIIHOIIEHHS MiXK m 1 k 3 j01a-
TKOBOI ymoBH v(4) = 1:
> solve(-3*m/(3*k*4-m)=1,m) ;

—6k.

Toxi mesimomuit wac 1" 3 ymosu v(1") = 0,01 BusHAUUTH JIETKO:
> m:=-6*k:solve(-3*m/(3*xk*T-m)=0.01,T) ;

598.

IIpukmaam 24. Habauxeno mobyryBaTn iHTerpaibHi KPUBI PiB-
usuns y' = x(y — 1) (upuxiaz 1 3 gekuit 2, crop. 30).

[Tobyayemo mosie HampsmiB, BU3HAYEHE IUM PIBHIHHIM, Ta
CiM iHTerpaJbHUX KPUBUX, SKI 33J/I0BOJBHAIOTH MOYATKOBI yMOBHU

y(O) = —1, y(O) =0, y(O) = 0,9, y(O) =1, y(O) = 1,5, y(O) =2,
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y(0) = 3. st nporo morpibHO cKopucTaTuch KoMaH 010 DEplot 3

nakera DEtools (KomaHja omucaHa y Jaogarky 6 za crop. 325):

> DEtools[DEplot] (D(y) (x)=x*(y(x)-1),y(x),x=-3..3,
[[y(0)=-1]1, [y(0)=0], [y(0)=0.5], [y(0)=1], [y(0)=1.5],
[y(0)=2], [y(0)=3]1],y=-2.5..3.5,scaling=constrained,
stepsize=0.1,linecolor=black);

Yurau mMoxke crpoOyBaTH CaMOCTIfiHO 3iHTerpyBaTu HaBeJeHi
BUIIE 1HII PIBHSIHHS 3a J0IoMOroio naxkera Maple.
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Pozain 2.
3BNYANVHI TN®EPEHITIAJJIBHI
PIBHAHHSA BUIIINX ITIOPAJIKIB

Jleknia 10. IndepeniianbHi piBHIHHS
BUIIAX MOPAIKiB

Il1an

1. OcuosHi nousiTTs i o3navenus. 3agada Kori.

2. Kiacudikariist po3B’si3KiB.

3. PiBHanHS, fiKe MICTUTD TIJIbKHM HE3aJIEXKHY 3MIHHY 1 OXiJHY
HOPSIIIKY 7.

1. OcHoBHi noHsATTS i1 o3HadeHHsi. 3agada Kormai. Pos-
[VITHEMO 3BUdaiiHe qudepentiajibie PIBHIHHS N-T'0 TOPSIKY

F(aj,y,y’, ... ,y(”)> =0. (10.1)

Axmo pisasiaas (10.1) MoxKHA PO3B’I3aTH BITHOCHO CTAPIIOL
MIOXI/THOI, TO flOT0 3aINCyBaTHMEMO Y BUIVISIIL

y(”) = f(ac,y,y', ... ,y("_1)>. (10.2)

Qyukiio y = y(r), sika BU3HaYeHa 1 HEllePEePBHO JUbepeHIli-
fioBHa n pasiB Ha iHTepBasi (a,b), HA3UBAIOTH PO38°A3KOM DiB-
usauHs (10.2) Ha oMy iHTEpBai, SIKINO BOHA JyIs BCiX = € (a,b)
[IEPETBOPIOE TI€ PIBHAHHS Yy TOTOXKHICTD.

Hns piBusiaas (10.2) 3adawa Kowsi dopmysoeThest Tak:
cepeJi, yeix po3B’sA3KIB I[bONO PIBHSIHHSI 3HAWTH TaKUil PO3B’SI30K

= y(z), akuil Jyist * = x( 33JJ0BOJIbHSIE yMOBU

_ —il
y(@o) =yo, ¥(@0)=h -, " Vieo) =", (10.3)
1€ Z0, Y0s Yos - - y(()"_l) — 33JIaHl YucsIa, gKi Ha3UBAIOTH NOYa-

mxosumu darumu pode’ssky y = y(x). Huciao ry HA3UBAIOTH
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MIOYATKOBUM 3HAYEHHSM He3aJIe’KHOI 3MIHHOI ¥, CYKYIHICTb UN-
n—1 .

CeIL Z0, Y05 Ybs - - - » y(() )~ nouwamxosumu danumu pienanns

(10.2), a ymosu (10.3) — nowamxosumu ymosamu.

30Kkpema, Jjist PIBHSIHHSI APYTOTO MOPSJIKY

y' = fz,y,9) (10.4)

saziada Kol nossirae y 3HaxozkeHHl po3B’sizKy y = y(x) 1poro
PIBHAHHS, KUl 38/J0BOJIbHAE TIOYATKOBI YMOBHI

y(zo0) = vo, ¥ (z0) = Yo- (10.5)

3 reomerpuunoi Touku 30py 3azada Komi (10.4), (10.5) mo-
JIIrae y 3HAXO/KEHHI Takol 1HTerpasjibHOI KPHUBOI, sKa IIPOXOJUTH
gepe3 TOUKY (Zg,Yo) 1 Ma€ y Iiil ToUIi 3aaHuii HAIPSIM JIOTHIHOL
Yp), TOOTO tg g = Y.

3ayBaykuMo, M0 €IMHICTh PO3B’si3Ky 3a/1a4i Kot jijist piBHsIH-
Hs1 n-ro nopsiaky (10.2) He o3Havae, 10 Yepe3 TOUKY (Xo,Yo) 1PO-
XOJUTh TLIBKK OJIHA iHTErpaJibHa KpUBa, SK e OYJIO JiJisi PiBHSIH-
Hsl TIEPIIOrO HOPSIIKY, PO3B’sI3aHOTO BIITHOCHO MOXIAHOT (JIeKIlist 2).
Hanpukian, egunicts po3s’ssky 3agadi Komi (10.4), (10.5) o3na-
Jae, 110 Yepe3 KOKHY TOUKY (2o, Yo) IPOXOIUTD €IMHA IHTErPATbHA
kpuBa piBasHHs (10.4), morudna J10 AKOI y Il TOUI YTBOPIOE 3
Jo1aTHIM HapsimoM oci Ox KyT oy, JJIst sIKOTo tg g = Y. Bozso-
gac, KpiM Iii€l iHTerpajabHol KpUBOI uepe3 TOUKY (X, Yo) MOKYTH
MIPOXOJUTHU i 1HII iHTerpajbHi KpWBi, aje 3 IHIIUM HaXUJIOM JI0-
TUYHOI y Tl TOYII.

Hpukaan 1. 3natimu poszs’asox sadawi Kowsi vy’ +y = 0,
y(0) =1, ¥'(0) =0.
Pose’sazanns. Moxna 1oBecTH, 10 BCl PO3B’SI3KU PIBHAHHS Mi-
cTaThCA B (bopmyii

y=Crcosx + Cosinz,

ne Cy i Cy — poBinbHi crami. 3sigcu y' = —Cy sina + Co cos z. Bu-
epemo C1 1 Cg, 11006 380BOJILHUTH TOYATKOBI yMOBH. OYeBHIHO,
mo C; = 1, Co = 0. OTke, MIYKAHUM PO3B’SI3KOM € Yy = COSI.
Leit poss’sizok eaunnii. Onnak yepe3 Touky (0,1), okpiM Kpusol
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Y = COS T, IPOXOAUTDH O€3/1i4 IHIMNX iHTerpaJIbHUX KPUBUX, sKi MO-
»KHa ommcatu dopmysow y = cosx + Cosinx, e Co — j10BiibHA
craJia, BiAMIHHA BiJ[ HYJIsd, aje YKOJHa 3 JOTUIHUX JI0 HUX y TOYIN
(0,1) He 36iraeTbCst 3 JIOTUIHOO JIO KPUBOI y = COS X y Iiii Touri. M

Posrisinemo nmranHs mpo MeXaHidHE TPAKTyBaHHs IudepeH-
IAJIBHOTO PIBHSHHSI JIPDYTOTO MOPsJIKY, HOr0 pO3B’s3KiB Ta 3aj1adi
Komri. Hexait marepiajibHa TOYKA MaCH M PYXA€TbCs MO IPSAMIi,
sKy npuiiMmemo 3a Bicb Ox, i jgieto cuin F' (t,x, ‘é—f), 3aJ1e2KHOL
B/l yacy t, IOJIOKEeHHS X 1 MIBUJIKOCTI Cgll—"f y MOMEHT Jacy t. 3rijHo

3 apyrum 3akonom Hpiorona

d?z dx
mW = F<t,x, —>,

2
e ZTQE — IPUCKOPEHHsI TOYKU B MOMEHT 4acy t, abo

d*z dx
22 _ il 22, 10.6
=1 (%) 103)
ne f=F/m.
Koxknomy poss’sisky = = x(t) piBusaus (10.6) Bijgnosigae mnes-
HUl 3aKOH PYXY, TOMY 4acro po3B’si3ok = = x(t) HA3UBAIOTH

pyxom, sikuii BusHadenuii pisasinasim (10.6). 3azaga inTerpyBan-
Hsi piBHsAHHs (10.6) mosisirae y 3HAXOJZKEHH] BCIX pyXiB, BU3HAYe-
HUX [IUM PIBHAHHSAM, Ta Y BUBYEHHI IX BJIACTHUBOCTEIL.

3 mexaniunol Touku 30py 3aiada Kommi jyist piBasinas (10.6)
HOJISITAE y 3HAXOJZKEHHI Takoro pyxy « = x(t), sKuii 3a/10BOJIbHSIE
IIOYaTKOBl YMOBHI

z(tg) = zo, ' (fo) = g,

TOOTO B OYATKOBHII MOMEHT 1acy t = ty TOUKa IMOBUHHA 3aiiMaTh
3aJjaHe [OJIOZKEHHSI T 1 MaTH 3a/aHy IIBUIKICT X().

HocraTusa ymoBa icHyBaHHs Po3B’a3Ky 3asa4i Ko s nude-
PEHIHAJIBHOIO PIBHSAHHS HEPIIOrO MOPSIKY MOIMUPIOETHCA 1 HA BU-
I18JI0K PIBHSIHHS N-TO TOPSJKY: 048 iCHYSaHHA (Henepeperozo pa-
30M 3 NOTIOHUMU 00 NOPAIKY N 6KAN0YHO) P36 A3KY 3adaui Kowi
(10.2), (10.3) documv npunycmumu, w06 npasa 4wacmura pieHAHHA
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(10.2) 6y.aa nenepepsnoro 6 okoai nowamkosuxr danux (Mmeopema
ITeano).

Biamosinp na nuTanns mpo iCHyBaHHsI €IUHOTO PO3B’dA3KY 3a-
nadai Komd (10.2), (10.3) mae Taka Teopema [8, c. 93 — 99).

Teopema (Komi). Hxwo ¢ynruyin f(:v,y,y’,...,y("_l)) 3
pisnanna (10.2) y deaxomy oxoai mouru (ZL‘(), Y0, Yos -+ y(()nfl))
HENEPEPBHG 30 BCIMG GP2YMENMAMU T MAE OOMENHCENT YACTNUNHI
noxioni sa sminrumu vy, vy, ..., Yy Y mo icnye edunuti poss’s-
3ok 3adawi Kowi (10.2), (10.3), axutd susnavenud i nenepepsrud
Pa3oM 3 MOTIOHUMYU 00 NOPAJKY N 6KAIOUHO Ha 0eAKoMY GIOPI3KY

|z — x| < h.

2. Knacudikariiss po3B’sa3kKiB. 3a2aabHUM PO38’°A3KOM
piBasianst (10.2) HA3MBaOTH CiM'10 PO3B’SA3KIB 1HOIO DIBHSHHSI, 3a-
JIEXKHY BIJT 1 TOBLIBHUX CTAJIUX:

y=p(x,C1,Co...,Cp).

3 reOMeTpUYIHOI TOYKHU 30pY MAEMO CIM'I0 IHTErpajibHUX KPU-
BUX Ha IUIOMuUHI (x,Yy), 3anexHny Big n napamerpis Cq,Co, ..., Ch,
IPUYIOMY PIBHSIHHSI 1€l ciM’T po3B’sizaHe BiIHOCHO Y.

Baranbuuii po3s’sizok pisHsiHHs (10.2) y HesiBHOMY BHIVIsI-
mi @(x,y,Cq,...,C,) =0 HABUBAIOTL 3G2AALHUM THMEZPAAOM
IIHOT'O PIBHSAHHS.

Y Jesikux BUnajkax, inrerpyroun piBasiHHst (10.1), nrykaiorsb
ciM’to IHTerpajlbHIX KPUBUX, sTKA 3aJ€KNTh BiJ N JTOBIIBHUX CTa-
sux C1, Co, ..., Cp, y HIapaMeTpUIHOMY BUTJISII

{x = ¢(p,C1,Co,...,Cp),
Yy = w(Z%CLCQ?- .. 7Cn)

Taky ciM’'to iHTErpajibHUX KPUBUX HA3UBAKOTH 3G2AAbHUM DO3-
8’A3KOM Y NAPAMEMPUYHIT HOPMI.

[ToustTTST YaCTHHHIX Ta OCOOJUBUX PO3B’S3KIB JJIsi TU(EPEHTITi-
aJIbHUX PIBHSIHb BUIIUX IMOPSIKIB BBOJATHCS aHAJJIOTTIHO, SIK 1 JIJIST
PIBHSIHHS TIEPIIOTO TOPSIIKY.

Posp’s30k y = y(x) piBusuns (10.2) HA3HBAIOTH YACMUHHUM,
JKIIO Y KOXKHII floro Todr 306epira€rbcst €IuHICTh PO3B’SI3KY 3a-
jaai Ko, Tobro st koxKHOT Toukn (0, y(Tp)) Ha iHTErpabHii
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KpuBiit y = y(x) He icHye iHmOro po3p’si3ky y = yi(x), skuit 6u
3a/I0BOJIbHSIB [TOYATKOBI yMOBU

y1(z0) = y(x0), ¥, (z0) = ¥'(20), -, vi" V(o) = y™ V(o).

Koxkunit po3s’si30K, sKmit MOYKHA OfepKaTh 3 (GOPMYJIN 3arajibHO-
ro PO3B’SI3KY JIJIsi IEBHUX JIOIYCTUMUX UUCJIOBUX 3HAYEHD CTAJUX
C1,Cy, ..., C,, Oyae, 0O9€BUIHO, IACTHHHIIM.

Posp’si30K, y KOXKHII TOYI SKOTO IOPYIIYETHCS €JIMHICTH
po3B’a3ky 3asaqdi Komri, nasuBaiorh ocobausum. Takuit po3s’s-
30K HE MOYKHA OJIep2KATU 3 (DOPMYJIU 3arajbHOTO PO3B’SI3KY J1JIsi
»KojHuX 3HaveHb crajux Cp,Co, ..., Ch.

SayBaxkuMmo, 1o JudepeHIiajibHe PIBHAHHS N-TO OPSJIKY MO-
Ke MaTu CiM'I0 0coOJIMBUX PO3B’S3KiB, 3ajI€KHY BiJ JIOBLIBHUX
cTaJinX, KiIbKICTh sikux mMoxke Oytu n — 1. IlpoimocTpyemo 1ie Ha
IPUKJTA]II.

Ipuknan 2. 3inmezpysamu pishanns y" = 24/y.
Pose’azanmns. 3pobumo zaminy 4y’ = z, ge z = z(x) — nosa 1ry-
kana ¢yukiig. Tomi

dZZ: de (2#0) =

Z=20/z = /2\/,
Vz=z+C = z=+C)? = ¢ =(@=+C)%

Iarerpytoun, 3naxomumo 3arajabHUN PO3B’SI30K
1 3
Y= g(erC&) + Cs.

Ocobmmsomy poss’sisky z = 0 piBusinug 2z’ = 24/z Bianosigae
ciM’st ocobimBUX po3B’si3kiB piBHsiHHs Yy = C. KoxkeH 3 HUX € 0co-
OTuBUM.

Bidnoside: y = (z + C1)3/3+ Cy, y = C.

3. PiBHaAHHS, IKe MiCTUTBH TiJIbKU He3aJIeXKHY 3MiHHY i
NOXiTHY TIOPSAKY 7. Y I[BOMY IIyHKTI JIEKIIil, & TAKOXK Ha HACTY-
ITHI# JIeK1il BUBYATHUMEMO JesiKi KJIaCh 3BUYIAiHNX audepeHItiaib-
HUX DIBHSIHb N-TO TOPSJIKY, 3arajbHUil PO3B’si30K (3araiabHuil iH-
TerpaJi) SIKMX MOYKHA 3HAHTHU 3a JIOOMOrOI0 KBaJIPaTyp. 3Be/IeHHSI
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JI0 KBaJ[paTyp BUKOHYETHCH abo 3a JIOMOMOIOIO CIIEIiaJIbHUX IIPH-
ffoMiB, ab0 MUISIXOM TONEPEIHBOI0 3HUYKEHHS MOPSJIKY DPIBHSHHS
(SIKIIO OTpUMaHe [IPU 1bOMY DIBHSIHHSI IHTEIDYEThCsl Y KBAJPaTy-
pax).

Posrisinemo criovaTky piBHsSIHHS, STK€ MICTUTD TLIBKU HE3aJjie-
JKHY 3MIHHY 1 TOXiJIHY HOPSiJIKY 7, TOOTO PIBHSHHS BUIJISIILY

F(m,y(")) —0. (10.7)

PosristreMo 1Ba MOXKJIMBI BHIIQJIKU.
Bunagok 1. Pisnanna (10.7) wmoorcha pose’sasamu 6idnocHo
y(™). Toxi
y" = f(z). (10.8)

Host pisasians (10.8) 3 nenepepsHoo dyHKIieO f(2) 3aBXKAU MO-
JKHa 3HANTH 3arajbHUil PO3B’S30K y KBaJpaTypax, IIOCJII0BHO
3MEHIIYIOUYN TOPSIIOK PiBHSHHS Ha, ofuHuUIo. CupaBmi, iHTErpy-
09N OOMIBI TACTUHU IHOTO PIBHSHHSI, MAEMO

yb = /f(:c)dx—l—C’l.

AHasorigHo 0IepPKyEMO

y(»=2) ://f(q:)dz:dm—i—cll‘—i—Cg,

y(”*3) :///f(m)dxda:da:—i—%3324-02904‘037
Cl n—1
y_// /f dode.dz 4 a4

n paslB
Cy n—2
e Cy,Cy,...,Cp — noinbHi crami. @opmysa (10.9) Busnauae 3a-

raJbHuil po3B’si30K piBHsiaHs (10.8).

Ipuknan 3. 3inmeepysamu pienanns y" = sin? x.
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Pozs’sazannsa. [lpaBa yactuHa piBHSHHS HEIEPEPBHA IS BCiX
3HaveHb x. JBiul mocsioBHO iHTErpyovun oOU/BI 9aCTUHU PiBHSI-
HHSI, OJIEPZKYEMO

1 — cos2x r  sin2x
" 2
= /s dr = | —————dzr = — — +C
Y /sm xdx / 5 @ 5 1 1,

p r sin2zx 2 cos2z
Y /(2 1 + 1> = + 3 + Cix + C2

IHTGFPYIO‘II/I e oJInH pas3, 3HaXOJIUMO 3araJibHAi pO3B7H30KI

23 sin2z

2 16

2
Y = + Ciz” + Cox + Cf,
ne Cq, Co, C5 — noBinbhi crami, Cp := C1/2.
3 .
: . x sin 2x
Bidnosidv: y = — +
12 16
Iarerpytoun nociigosao pisasiaus (10.8), MOXKHA 3aMiCTh He-
BU3HAUYEHUX IHTerpaJliB BUKOPUCTOBYBATH BU3HAYEH] IHTerpasun 3i
3MIHHOIO BEPXHBOIO MEXKeI0, Oepydn B sIKOCTI HUXKHBOI MEXKi J10-
BIJIbHE YHCJIO T 3 IHTEPBAJIY HENIEPEPBHOCTI MTPABOI YACTUHH ITHOT'O
piBusinnst. Tozi 3arasbpauil po3s’s30k piusiaHs (10.8) 3anuimerbest

+ C12?% + Coz + C5.

Y BUTJISITI
Y= // /f )dxdx...dz
xoxo )
n paslB
C _ C _
—f—rll)'l'n 1+r22)‘l‘n 2+...+Cn,11‘+cn,
e Cq,Cs,...,C), — nosiabai craji. [lepmuit qomaHok y 1iit dpop-

Mysii MicTUTB 1 KBajparyp (iHTerpasis), aje IX MOXKHA 3aMiHUTH
ojiHi€0 KBaJApaTypor 3rigHo 3 gdopmyaoro Kowsi (|4, c. 164 —
165])

// /f Ydzd ... dx o /f t)" L.

xoxo )

n/pwﬂB
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Tomy 3arasbhuii po3s’si3ok pisasinas (10.8) Moxkemo 3ammcaTu y
BUTJISII1

= T /f )" ldt + Cra™ .+ Cp1x + C,
(10.10)
e C1,Cy,...,C, — noBlibHI (1I€pero3Hatdeni) cradi.
Mpuxaan 4. 3uatimu pose’asox pienanna y" = e, axud

3a40060ADNAE HYADOBTE NOYANKOBT YMOGU.

Po3ze’sazanmsn. [lpaBa vyacTuna DIiBHSHHS HeEIepepBHA s BCiX
x € R. Bukopucrosytoun dopmyiy (10.10), y skiit 6epemo xg = 0,
3HAXOMMO 3araJibHUl PO3B’S30K 3a[aHOT0 DIBHSHHSL:

1
Yy = —/6t2(l‘—t)th—FCll‘Q—}—CQl‘—FCg,

ne C1, Cy, C3 — poBlIbHI cTai.
3 roro, mo y(0) = y'(0) = y”(0) = 0, 3uaxomumo cram C =
= (9 = (3 = 0, a TOMy TIIyKaHUM PO3B’I3KOM

xT

1
y = §/et2(:c—t)2dt. m

0

Bunanok 2. Pisnanns (10.7) ne moorcna pose’ssamu 6 ene-
menmapruz Gyrrkyiaz eidnocno y™ abo eupas daa y™ e nadmo
ckaaonum. Taki pIBHSHHS MOYXKHA PO3B’SI3yBATH MemModoM G8e-
denns napamempa. Ilpunycrumo, 1Mo y IbOMY BUIAIKY ICHYIOTH
Taki OYHKIHT

z=o(t), y™ =y, (10.11)

e ¢ — nesikuit napamerp, mo F(o(t),¥(t)) = 0.
Bupasumo y yepes napamerp t. Ockinbku

dy™ Y = yMda = (1) (t) dt,

TO

(n=1) /1/1 t)dt + C1 = Y1 (¢, Ch).
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Hauni, BpaxoByioun, mo
dy™2 = Vg = (¢, C1)' (t) dt,

3HAXO/IMMO

ﬁ””:/m@cmﬂmﬁ+@;¢m¢h@)
MipKkyroun aHaJoriaHo, BPEIITi-PEINT 3MOXKEMO 3HANTH

y =¢n(t,C1,Co,...,Cp).

Orke, 3arajJbHUM PO3B’SI3KOM y ITapaMeTpudHiil ¢popMmi piBHSI-
uug (10.7) €

=), y=¢n(t,C1,C...,Cp).

Biyzaaunmo, 1mo ocobsnso Jerko 3uaiiru GyHkuil ¢(t) 1 ¥(t) 3
(10.11) y Tomy Bunajxy, kosu piBasinast (10.7) MoxkHa po3B’si3aTu
BiTHOCHO HE3aJIEZKHOI 3MIHHOI, TOOTO AKIIO

T = go(y(”)).

V npomy BumaKy 3amicts 4 MOXKHA B3SITH TOBLIBHY HellepepBHY
dyuxuio ¥(t) i rogi x = p(Y(t)). Sokpema, sikmo Y (t) = t, To
z =), y™ =t

Ipuxkaan 5. 3inmezpysamu pishanmns v+/1 + y"? = y".
Poss’azannsa. Ioknanemo y”’ = tgt. Toui

tgt int t
. g _sint|cost| — +sint,

- /1+tg2t  cost
[PUYIOMY 3HAK ILUIIOC OepeMo Toji, Ko cost > 0, a 3HAaK MiHyC —
Kosm cost < 0.
Bupazumo y 4depes napamerp t. Hexait cost > 0. Toui

dy = y"dx = tgtd(sint) =sintdt = 3y = —cost+ Cy;
dy =9y dx = (—cost+ Cy)costdt =
y:—/cosztdt—i—Cl/costdt =
t sin2t

Yy==57 74

+ Cl sint + 02.



Jlekmis 10. Judepenniaabai piBHAHHA BUNUX MMOPSIKIB 127

Orxe, skimo cost > 0, TO 3arajabHUM PO3B’si3KOM (y Hapame-
TpuuHiit Gpopmi) 3a1aHOr0 PIBHSIHHS €
o t sin2t

T =sint, =-3~ "2

AHaJIOriYHO MOXKHA MMOKA3ATH, 110 AKIO cost < 0, To 3arajib-

HHUM pO3B7H3KOM €

+ Cl sint + 02.

t sin2t
r=—sint, y=-——=— — Cysint + Cs.
2 4
Bidnosidv: v = sint,y = —% — % + Cysint + Cy, akimo
cost > 0;x = —sint, y = —%—5“31—%—01 sin t+Cly, sikio cost < 0.
VY nuHamini Marepiajbol Touku piBHsgHus Burisity = f(t),

Je t —vac, x = x(t), 3ycTpiuaeTbCs IPU BUBYEHHI IIPSIMOJIIHITHOIO
PyXy, fKIIO CHJIa, IO /i€ Ha TOYKY, 3aJ1eKUTh TIIBKU BiJl Yacy.

Bapmaua 1. 3natimu saxon pyzy x(t) mamepiaivroi mouku ma-
CU M, AKG PYTAGEMBCA N0 NPAMIT 110 €0 CUAU, WO 3MIHIOEMBCA
3a gopmynoto F = ke P, de p > 0, AKu0 nowamxoei noiosicers
ma WeUIKIiCms pYry AopieHINMb HYAIO.
Pose’sazarns. 3rigHo 3 apyrum 3akoHoM HbroTona

mz’ =ke? = 2= Eefpt,
m
TO6TO Maemo piBHsiHHS Bursay = f(t). el nociinosuo in-
TErpyovH, OJIePKYyEMO:
k k
r=——="eP4+C, = z= — e Pt 4 Oyt + Cs.
mp mp
Ockinbku 3a ymosoio 3amaqi x(0) = 0, v(0) = 2/(0) =0, 1o
C’lzmip, ng—mLpz,aTOMy
k k k k
r=—=e P4 —t——— = zt)=— (eP +pt—1)
mp? mp . mp? (t) mp? ( p )
BayBasKuMo, o OcKimbkr lim e P! = 0, To /1 BeMKNX 3Ha-
t—+o0
4eHb ¢ 3Haliiennii pyX HAOIMKAETHCS JI0 PIBHOMIPHOTO PyXy
k k
r(t) = —t—- —.
mp mp

Bidnosidw: x(t) = L (e +pt—1).
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Pexomendosana aimepamypa: |4, c. 148 — 168|, [5, c. 136 —
151], [8, c. 91 — 108], [12, ¢. 65 — 72], [15, c. 15 — 17, 50 — 53).

ITurannsa mo Jjgekii 10

1. dxwnit 3araapauit BUTIA Mae audepeHItiaabie PIBHIHH N-TO T0-
PAIKY, po3B’s3aHe BimHocHo ctapirol moxigaoi? [1lo HasmBaioTh po3s’a3-
KOM IIbOT'O DIBHSIHHS Ha JIeIKOMY iHTepBaJi’?

2. dx dopmymoerhes 3agada Komri s audepenmniajibHOTO PiBHS-
HHsI 1-T0 TOpsiiKy? flKa jocTraTHs yMOBa iCHYBaHHsI PO3B’SI3KY TaKOl
zamaqai? Hasenits Teopemy Kot mipo icnyBanHs Ta €IMHICTD PO3B’I3KY
samaqi Kori.

3. dxwuit reomeTpuvHIil i MexaHIYHAI 3MIiCT AUMEPEHITIATIBHOTO PiB-
HAHHS APYTOTO TOPSIKY, Toro po3B’s3KiB Ta Biamosignnx 3amad Komri?

4. Mo HA3MBAIOTH 3arajbHAM PO3B’I3KOM (3araJbHUM IHTEIPATIOM)
JupepeHIiaJbHOrO PIBHAHHS N-I0 MOPsAJKY’ SKuit po3B’si30K Ha3uBa-
0Th JacTUHHUM, ocobymBuM?! Y Moxke nudepeniiaabae PIBHIHHS 1-T0
MOPSAIKY MaTu 0e3J1id 0cobJMBUX PO3B A3KIB?

5. SIkuit BUIVIs Mae 3aragbHuil po3s’s30K pisasaus 3™ = f () 3
HEIlepepBHOIO MTpaBoio YactuHoo? fKka dhopmysa J03BOJISAE Tt po3B -
30K 3aIFCATU Yepe3 OJHY KBaJIpaTypy?’

6. fx MoxKHA 3IHTErpyBaTH PIBHAHHS, sIK€ MICTUTH JIUIIE HE3aJIe-
KHY 3MIHHY Ta N-Ty MOXIIHY TIyKaHol QpyHKIII, IKIO po3B’d3aTu foro
BIZTHOCHO TTOXiTHOT MIyKAHOT (DYHKITT HEMOXKTHBO!

Bopasu go jexiii 10

1. BinrerpyiiTe piBHSIHHSI:
a)y’ =2% 6)y" ==; B)yY =sinz?
x

2. 3HaliIiTh YaCTUHHAN PO3B 30K piBHAHHSA Yy = cos x, axwmit 3a710-
BoJIbHsIE ovaTKoBi ymosu y(0) = —5, ¢/ (0) = 1, y”(0) = 4.
3. BinTerpyiiTe piBHsIHHSI, He PO3B’sI3aHi BIJITHOCHO CTAPIIOl ITOXiIHOT:

a)ed —y? =gx; 6)x=siny” +2y".
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Jlekuisa 11. /IludepeHniajbHiI piBHAHHS BUIIAX
MOPAJIKiB, IKi JJONYCKAIOTh 3HU>KEHHS MOPSAIKY

Il1an

1. PiBHsiHHSI, siKe He MICTHTB IMIYKaHOI (DyHKIIT Ta KiJTbKOX I10-
CJIJIOBHUX TIOX1THUX.

2. PiBHsIHHS, sIKe HE MICTUTh HE3aJIe?KHOI 3MiHHOI.

3. PiBugnns, omgaopigne BignocHo mrykanol dyHKIHT Ta i1 moxi-
JTHUX.

4. PiBHSHHS 3 TOTHUMU TIOXI1THUMH.

1. PiBusiHHS, siKe He MICTUTH NIYKaHOI PYHKIIT Ta KiJTb-
KOX TIOCJIIJIOBHUX TTOXiHUX. Po3rsinemo jgudepeHIiaibie pis-
HAHHS N-TO HOPSIIKY

F(ac, y(k), y(k+1), . ,y(")) =0, (11.1)

ne 1 < k < n. Beegemo HoBy HeBinomy dyHKI0O 2 = () 33 dop-
MYJIOIO
y*) = 2. (11.2)

3 (11.1), (11.2) BumuuBae, mo GbyHKIlisl 2 € PO3B’SI3KOM DIBHSIHHSI
F(m, 2,2 ,... ,z("fk)) =0. (11.3)

3BuuaiiHo, He MOXKHA CTBEpJzKyBarTH, 110 piBHstHHs (11.2) MoxHA
3iHTerpyBaTH y CKiHU€HHOMY BUIVIsL/I, aJjie loro nopsiJiIoK Ha k MeH-
it B nopsiaky piBusiaast (11.1). Takum dauHOM, 3a I10MOMOrOM0
saminu (11.2) Brasocst 3uu3uTH nopsiiok pisasians (11.1) va k onu-
auip. ko z = w(x,C1,Cy,...,Cy_) — 3arajbHuii po3B’si30K
abo ®(z,z,C1,Cy,...,Ch_k) = 0 — 3aranbHuii iHTerpas piBHsAHHS
(11.3), To miist 3HaxXOzKeHHsT (DYHKIUT Y OJePXKYEMO PIBHsIHHS k-T0
MOPSAIKY
y*) = w (x,C4,...,Ch_p),

abo
@(x,y<k>,cl,02,...,cn,k) —0,
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siKi BUBuYasmMCch Ha Jiekiii 10 (e okpemi BUIIQIKU PIBHSIHb BULVISIILY
Y™ = f(x) i @(m,y(")) = 0 BiIOBI/IHO).

Ipukaan 1. 3inmezpysamu pienanns vy =" — xy”.
Poss’azamnns. 3pooumo saminy y” = z. Toxi mus 3HAXOIKEHHS
dbyHKIT 2 = z(z) MaeMo piBHSIHHS 3 BIJIOKPEMJIIOBAHUMU 3MiHHH-
MU

7 = 2(1 — x).

BiHTErpyeMo I11e PIBHSIHHS:

d 1—
= e (z#£0,2#0) = Inlz|l=h|z|-2z+C, =
z T
z=Clze ™ (C'1 = eCl) = o =Cize®.
Onepxanu gudepentianbue pisusgnust suriasny y’ = f(x). sivi

IHTErpyI0YN YaCTUHAME, 3HAXOIUMO
y = Cl/z:e_xdz: +Cy=—-Ci(ze ™ +e®)+Co =

y= —Cl/ace"’“"dx +Ce*+Coux+C3 =
Yy = Cl(x + 2)67‘% + CQ{L‘ + 03,

dkmo z = 0, To ¢ = 0, To6r0 y = Ciz 4+ Co. st dyukuis €
PO3B’SI3KOM 3aJTAHOTO PIBHSAHHSI, ajie BiH BKIIOYAETHCS B 3arajbHIi
posB’si3ok 1ipu C7 = 0. Oynkiiist £ = 0 He € PO3B’SI3KOM 3aJaHOTO
PIBHAHHS.
Bidnoeidv: y = Cy(x +2)e * + Cox + Cs.

Bamaga 1. Touka macu m pyxraemovcs no npamit nid Jicw
cuAU, AKG 3MIM0eMbes 3a gopmyaoto Fy = Asinwt. Beascarovu,
wo onip cepedosuya NPONOPYIHUL WeUIKOCmi Mok, mobmo
Fy, = —kv, susecmu 3axon pyxy x(t) mouxu, axwo ii nowamxo-
61 NONONHCEHHA MA WEUIKICMY JOPISHIONMD HYAI.
Poss’sazanns. 3a ymosoro 3aga4i ' = Fy + Fo. 3rigHo 3 apyrum
3zakonom Hpiorona

ma = Asinwt — kv,



Jlekitist 11. PiBHaAHHS BUINUX MOPSAAKIB, fAKi JOIMYCKAIOTh 3HUXKEHHS TOPIAIKY 131

a ocKiibk v = x’, a = 7", To onepKyemo audepeHIiaibHe PiBHsI-
uHst Bursity (11.1):

mz” + kx’ = Asinwt.

[TouarkoBumu ymosamu € z(0) = 0, 2/(0) = 0 (3a ymoBo
331241 110YaTKOBI IMOJIOXKEHHs Ta IIBUJIKICTb TOYKH JIOPIBHIOIOTH
HYJIIO).

Beogumo noy dynknio ' = u (toni x” = ') i omepxyemo
JIiHifiHEe PIBHSAHHS MEPIIOTO HOPSIKY

r Lk ,
U+ —u= —sinwt
m m
3 noyaTkoBoo yMoBowo u(0) = 0. Po3B’s130K 116010 piBHSHHS MO-
»kHa 3HaiiT 3a dopmysiown (4.6) 3 sekril 4. [Ipononyemo unradam
CAMOCTIHHO TIEPEKOHATUCT B TOMY, IO

_ky Am k .
u=Cle m S5 5 | —sinwt—wcoswt |.
k? 4+ w?m? \'m
3 ymosu u(0) = 0 3naxonumo C = l#i‘w%’ a TOMy
Am _ky k g
U= o5 5 (wem — sinwt — w cos wt |.
k? + w’m m
Ockinmbku u = ', To dbyukuist x(t) € po3B’sI3KOM PIBHAHHSI
, Am _k, ko
r=-5—3 5 |we m + —sinwt —wcoswt |,
k% + w*m m

IHTErpyroun sKe, 3HaXOUMO

Am ( mw _k, k : >
- ——e m" — — coswt —sinwt | + Cs.
k mw

Ockinpku z(0) = 0, To

Am <% k A

C2 =t utm? +—) = O

k mw w

Takum drHOM,

() =2 Am (e k| K t+sinwt ). W
zt)= —— ——— | —e m'+ — coswt + sinwt |.
ko  k24+w?m?2 \ k mw
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2. PiBusiHHS, IKe He MiCTUTh He3aJie>KHO1 3MiHHOI. Po3-
[VISTHEMO DiBHSIHHSI

F(y,y’,y”,...,y(”)) =0. (11.4)

[TokaxkeMo, 10 MOPSIOK LLOIO PIBHSAHHSI MOYXKHA 3HU3UTH Ha
onuaUIO. /Iy MBOro BBemeMO HOBY (DYHKINIO z 3a (DOPMYJIOI0

Yy ==z
BBAKAIOUN Y HOBOIO HE3aJIeXKHOIO 3MiHHOIO, T00T0 z = z(y). Bu-
pazumo noxinui v, y"”, ..., y" uepes dyukuio z ta it noxinmi 3a
3MIHHOIO Y:

ey,
dv dr dy dx ’

dy" d (dz d (dz dy
m_ 4y ¢ [4z N ay _ (o 2
= o = <dy z> a <dy z> 7 ("2 4+ 2%)z,

y(n) = w(z, 2, ... ,z("fl)).

OTke, 115 3HAXOPKEHHs (PYHKIII 2 ojepzKan audepeHtiaib-
He piBHsIHHS (N — 1)-r0 HOPsiIKY

F(y,z,z'z,...,w(z,z’,...,z(”_l)» =0. (11.5)
SKImo BracThCs 3HATH 3araiabHUil Po3B’s30K piBHsAHHS (11.5):
2= (y, 01702, ce ,Cnfl),

TO 3araJbHuil iHTerpas piBHsiHHs (11.4) 3Moxkemo 3HaiiTH, 3iHTE-
IPYBABINN PIBHAHHSA 3 BIJIOKPEMJIIOBAHUMU 3MIHHUMUA

y/ = 80(31701702: v 7Cn—1)7

a caMe:

dy
=x+C,.
/90(3/,01,02,. .. 7Cn—1)
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SayBaskKnuMo, IO MPUHMAIOIN i 38 He3aJEXKHY 3MIHHY, MOKHA
BrpaTuTH po3B’si3ku piBHsHHs (11.4) Burusiny y = C. Besnocepe-
JIHBOIO I11/ICTaHOBKOIO y piBHsiHHs (11.4) slerko 3’sicyBaru, 4u Mae
BOHO TaKl pO3B’sI3KH.

Ipuknan 2. 3inmezpysamu pisnanma yy" = y'? — y'3.
Pose’azarns. OCKiibKU PIBHSHHS SIBHO HE MICTUTB X, TO 3p0o0u-
mo saminy y' = 2(y). Toni vy’ = 2’z i, mixcraBnsitoun B piBHAHHS,
MaeMOo:

d d
yz—Z:zQ—zS = z<y—z—z+z2>:0 =

dy dy
z=0 abo y—Z:z—ZQ.
dy
3 nepmoro piBHsiHHs BUILIMBae, mo y = 0, a omxke, y = C, a 3
JIpyTOro:
d d d
y—Z:z—z2 = / z2:/_y (z—zz#o,y#O) =
dy z—z Y

1 1
/< —i——)dz: & =
1—-2z =z Y

Injz| -ln|1 -z =hly|+C1 = L:C'ly =
z

1l =
~ Cyy
g =——"
1+ Cyy
Ockinbkn z =y, TO
Gy dy __ Cy
YT 1+cow dr 1+ Cyy
1+C
Wy~ Cide (y£0) =

1
/<§+Cl>dy:Clx+C’2 = Inly| + Cry = Crx + Cs.

dkmo z —22=0, To 2 =0 abo z = 1. Bunanok z = 0 Bxe
poBrIstHyTO, a gakimo 2z = 1, oy’ =1, y = x + C. Vi ni upsui €
OCODTMBUME PO3B’SI3KAMU.

Bionoeidv: ln|y| + C1y=Cia+Cy, y=2+C, y=C.
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3. PiBHsIHHS, OMHOPiAHE BiJHOCHO HIyKaHOl PYyHKIIII Ta
1T moximuux. Jludepeniiaibie piBHIHHS

F(x,y,y',...,y(")> =0 (11.6)

HA3UBAIOTH 00HOPLOHUM BiTHOCHO TykaHoi (yHKIil Ta i1 moxi-
JIHUX, SIKIO HOro JIiBa YacTUHA JIst JIOBLILHOTO ¢t # () CIpaBIzKye
YMOBY

F(J:,ty,ty/, ... ,ty(n)) =t". F(z,y,y/, . ,y(")), (11.7)

Jie 9ucJio m — BuMip ogHOpigHocTi dyukmil F. [Tokaxkemo, 1o 3a
JIOIIOMOT'OIO T JICTAHOBKH

=L = y = eJ 2@z (11.8)
Y

ne z = z(x) — HoBa HeBizoMa (byHKIIs, TOPsiIoK piBHstHHs (11.6)
MOXKHa 3HM3UTU Ha opuHuiio. Crupasii, OCKLILKA
v =yz, Y =vz+yd =y(z®+7),
Yy =y (2" +322 +23), ..., Yy =y 1/}(2, 2, ... ,z("_l)),

To, mijcTaBisiioun 1l Bupasu B (11.6), MaeMo criBBiHOIIEHHS

F(x“y’yz’y'(Z2+Z/)7'--ay'w<z7zl7~~~7z(nil))) :07

sike, BpaxoBytoun (11.7), MoxkeMo 3armcaru y BUIJIsi
y™- F(ac,l,z,z2 +2,... ,w(;z’?...’z(n—l))) = 0.

[Micas ckopouennsi na y™ (y # 0), omepkyemo nudepeniiaibue
piBHsIHHS (n — 1)-r0 HOPSIKY:

F(a;, 1,2,224+4,... ,w<z, 2. .. ,z(”_l)» = 0. (11.9)

Axmo z = p(x,C1,Cy,...,Ch_1) — 3aranbHUil pO3B'sI30K PIBHSI-
uust (11.9), To, Gepyun mo ysarm (11.8), 3HaxomumMo 3arajbHUi
PO3B’s130K OjtHOPiHOTO piBHsiHHS (11.6):

C1,C2,...,Cr—1)d:
y:Cn.epr(xv 1,025 1) -777
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ne C, Cy, ..., C) — 10BUIBHI cTaJi.

Iurerpytoun piBustans (11.6), Mmu npunyckasu, mo y # 0. Oyn-
Kitist ¥ = 0 TexK € PO3B’I3KOM I[LOTO PIBHSIHHS, aJjie 11 MOYKHA OTPU-
MaTu 3 dopMyJsin 3arajibHOro poss’s3ky upu Cp, = 0.

Ipukmax 3. 3inmezpysamu picnanma yy" —y'? —30/zy? = 0.
Pozs’sazarnsa. Jlerko nepekoHaTHC, IO JiBa YaCTUHA, PIBHSIHHS
€ oznHOpinHOI dyHKIiE (BUMIpY 2), a TOMy 3aJilaHe DIBHSIHHS €
omropimanm. Hexait 4 = yz. Toxi y” = (2 +22) y i, nigcrasnsiouan
y PIBHSIHHS, OJIEPYKYEMO:

V(2 +22) =922+ 30V = =30z (y#£0) =
/

2 =202v2+C = L=20z/2+C =
Yy
In|y| = 822V/r +Ciz+Cy = y= 0268’”2\/5+Clx.
Oyukiiist y = 0 €, 0O9€BUIHO, YACTUHHUM PO3B’I3KOM.
Bionoeidv: y = Coede’Vatliz,

4. PiBHAHHA 3 TOYHUMHU MOXiTHUMU. Tak HA3UBAIOTH PiB-
HAHHS BUTJISTY

F(a:,y,y’, . ,y(")> —0, (11.10)

JiBa YaCTUHA SIKOTO € TOYHOIO (IIOBHOIO) HOX1IHOO JIesIKOT (DYHKIIIT,
TOOTO

d

F(aj,y,y’, . ,y(”)) = %q)(a:,y,y’, . ,y(”_1)> .

ITpu npoMy OJEpPKYEMO PiBHSIHHS
q)("l:?y?y/?"'ay(nil)) = (1, (1111)

ne C1 — noBlIbHA cTasa, To6To mopsiZiok pisasinus (11.10) Brastocs
SHUBUTHU Ha, OIUHUIIIO.

Pisricts (11.11) HasuBaoTH NEPUWUM THMEZPAAOM DIBHAHHSI
(11.10).

Ilpukiazn 4. 3inmezpysamu pieHAHHA

:Ey” _ y/

/
—yy = 0.
> Yy
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Pozs’azannsa. JliBy yactuny piBHIHHS MOXKEMO 3aIIUCATH sIK

3BIJIKM 3HAXOAUMO IIEePIIuii IHTerpaJl piBHIHHSI:

/

Y L,

= ——y*=0C4. 11.12

73 2y ! ( )

Cuissignorennst (11.12) — ne piBHsSIHHS 3 BIOKPEMJIIOBAHIMUI
3MIHHUMH, TOMY

dy 43
——— = —d =2 =
y2+C'1 5 x (Cl Cl / +01 4 —|—02,

HPUYIOMY 1HTErpaJsi 3ajekuThb Bij cranol C, sgKa MoxKe HabyBaTH
3HAYEHHS PI3HUX 3HAKIB.
Axmo C = 0, 10 ofiepKyeMO 0c00JINBI PO3B’SA3KH

1 22 4
y 4 o2 o 2+ C ( 2)
Axmo Cy > 0, T0
1 Y z2
arctg —— = —+0Cy =
vien vie 4

y = 4Cq tg(Cll‘Q + 02) C1:=/ 01/4, Cy := Oy Cl>

Axmo Cy < 0, T0

1 C <
Gl =24 Cy =
|C1] y+ ICi|| 4
y—C1
In = =4 .
C'1 ‘3/4‘01 2% 4 Oy (C1 VICil, Ca Cz)

:IE2+02,

Bidnoeidw: y = 4C tg(Cra? + Cs), Z1n ‘ 1=

_ __ 4
Y= —zrc-
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Axmo (11.10) He € pIBHSHHSAM 3 TOYHUMH IOXUJIHUMH, TO Y
faraThoX BUIAJIKAX BIACTbCH 3HAMTH TaKy (pyHKIIIO

/J/: /J/ <‘/L‘7y7y/7"'7y(n_1))7

mic/isT MHOXKEHHsI Ha $Ky JiiBa YaCTHHA I[bOTO PIBHAHHS Oy/e
TOYHOIO MOXiAHOKW. DYHKINIO [ HASUBAIOTL (HIME2PYBAALHUM
MmHuoorcrnurom pisasinus (11.10). Tlorpibro mam’sitarn, mo BUKO-
HYIOYM MHOYKEHHsI Ha IHTerpyBajbHUNA MHOXKHHUK, MOXKHA OTPUMA-
i 3aiiBl po3s’si3ku (po3B’s3ku piBHsiHHA 4 = (), a TAKOXK BTpa-
TUTHU JesiKi PO3B’si3Ku (PO3B’ 13K M, B3JI0BXK SIKUX (DYHKIIis f1 TI€pe-
TBOPIOETHCSI Y HECKIHUEHHICTD ).

Mu He po3IJIsSIaTUMEMO NMUTAHHS PO 3HAXO/KEHHsI IHTerpy-
BAJIbHOIO MHOXKHUKA y 3arajJbHOMY BUIAJKY (Il HaJI3BUYAiHO
CKJIAJIHO), 8 0OMEXKUMOCsST PO3IVISIZIOM HPUKJIAJLY.

Ipuknan 5. 3inmezpysamu piensmnsa yy' —y'> =1/ .
Pozs’sazannsa. lurerpyBajbHUM MHOXKHUKOM ITHOTO PIBHSHHS €
bynxnis y~2. Crpasi, moimMBIM 06H/IBI YACTUHY PIBHSHHS Ha
y? (y # 0), onepayeno:

1" 2 ! ! /
— 1
=0 8 = (y—+—) =0 =
Yy
f1 d
y—+—:01 = y’:C’ly—l = A =
Yy Y Cly -1
OrpumManu pIiBHSHHS 3 BIJOKPEMJIEHUME 3MiHHUME. SIKITO
C1 # 0, TO MaeMO 3araJibHUil PO3B’SI30K:

dx.

= (he“1% 4+ .
Y 2 C
Axmo C7 = 0, To onepkyeMo ocobsmBi po3e’sisku y = —x + C.
Kpim Toro, ocobsiuBum po3s’sizkom € dyukiis y = 0.
Bidnoeidv: y = CreC1* + C%? y=—x+C, y=0.

3a JI0IOMOTOI0 IHTErPYBaJIbHOIO MHOYKHUKA JIETKO 31HTerpyBa-
TU PIBHSHHS

y' = f), (11.13)
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sike € okpemuM BurajgkoM (11.4). Cupas/ii, HoMHOKIMO 06UJIBI Ya-
crunu piBasiaas (11.13) va p = 2y'. Toui

d d
20y =2f(wly = - (y?) = = (2 / f() dy> =

y? = 2/f(y)dy+01-

Omrxke, 3arajibHuii po3s’si3ok piBHsiHs (11.13) Moxkemo 3aru-
CaTh y BUIVISIIL

::b$+02.

dy
/\/ 2f f(y)dy + C1

Pexomendosara aimepamypa: |2, c. 114 — 135|, [4, c. 168 —
179], [5, c. 143 — 146, 151 — 161], [8, c. 107 — 113], [16, c. 227 — 287].

ITurannsa mo Jjgekiil 11

1. 3a g01moMoror sIKoi 3aMiHM MOYKH& 3HU3UTHU MOPSIOK JudepeH-
[iaJbHOTO PIBHAHHS N-TO TOPSIKY, IO HE MICTUTH ITYyKaHO! (DYHKIIT,
i piBHsSIHHS, IO HE MICTUTH MIYKAHOI (DYHKINI Ta MTOC/IiOBHUX MEPIITAX
noxigunx? 3anunriTh 3araJbHAN BUTTISI TAKUX PIBHAHD.

2. dxwuit 3aragbHMt BUTTIST Ma€ TudepeHItia bue PiBHIHHS N-TO MO~
PSLIKY, siKe He MICTUTh He3aJIe?KHOT 3MIHHOI? 3a JI0IOMOI00 SIKOT 3aMiHN
MOXKHA 3HU3UTH MOPSI0K [IbOIO PIBHSIHHSI?

3. dky yMOBYy Mag€ crpaB/zKyBaTH JiiBa 9acTUHA Ju(EPEHIiaIbHOTO
piBugnnasg F (:L', Yy, y(")) = 0, 106 BOHO OyJI0 OHOPITHUM BiTHOCHO
mykanol yHKIl Ta i1 noxigaux? fka 3amMiHa BUKOHYETHCS Y TaKOMY
piBHAHHI?

4. ¢k MoyKHA 3HUBUTHU TOPSIOK PiBHSIHHS F(gc,y7 Y, ... 7y(")) =0,
SAKIIO HOTO JIiBa 9acTUHA € TOYHOIO MoXinHOO jesikol dyukiii? [To nazu-
BAIOTH IepIuM inrerpajoM? AKy OYHKINI0 HA3UBAIOTH iIHTErPyBaTbHAM
MHOXKHUKOM TAKOTO DIBHSHHS !

Bropasu go gekirii 11

1. Buznadare Tum piBHSHD Ta 3iHTErpyiiTe iX:

a) zy’ +ay’ +y' =0; 6)y +y? =uay; B)4/gy" =1
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2. 3HalIiTh PO3B’sI30K PIBHSIHB, SIK1 33/I0BOJIBHAIOTH 3a/aHl II0YATKO-
Bl YMOBH, JIOCJIIUBIIN TIOTIEPE/THBO MUTAHHS 1IPO ICHYBaHHS Ta €JIMHICTH
ITyKAHOTO PO3B’A3KY:

a)y" = (1+y*)*? y(0)=1, y(0)=0;
6) 4y’ +y"* = 4zy”, y(0)=0, ¢/ (0) = —1.

3. BigmykaiiTe piBHAHHS, OJIHOPi/IHE BiTHOCHO NMTyKaHO! (hYHKITT Ta
11 moxifHuX, Ta 3iHTErpyiiTe Horo:

2 2 2
a) 2%y® —y"" +yy”" =0; 6) ayy” +yy' =y +y%
B) zyy” + 2y — /yy = 0.

4. 3HaiiiTs iHTerpasbHy KpuBy piBusnud 4y + 1’2 = 1, gKa IPOX0-
nuthb yepe3 Touky (0, 1) 1 morukaerbea y wiii Touni g0 upsamol y = 1 — x.
O6rpyHTyiiTe €IUHICTh TAKOI iHTErpaJIbHOI KPUBOI.

5. 3i"TerpyiiTe piBHSIHHS 3 TOYHUME [TOX1THUMUA:

2
a)yy"+y =1, 6)y" —xy =y+1.

6. ToseziTh, mo piBHsHHS Apyroro mopsaky y” + p(z)y’ + q(x)y =
= f(x) Gyme pIBHSIHHAM 3 TOYHUMU TTOXIJTHUMU, TOJ 1 TIIBKU TOJ, KOJIA
q(z) = p'(x). Biarerpyiire pipasias y’ + cosxz -y’ —sinz -y = 0.

Jlekmia 12. Jliniiiai ogHopiaHi audepeHmiajabHi
PIBHSIHHSI N-T'O MOPAAKY

Ilan

1. OcHoBHi 03HaYEHHS T TTOHSITTS.

2. BiractuBocti po3B’g3KiB JIHITHONO OJHOPIAHOTO PiBHSIHHSI.
3. JliniitHo 3ajexkHi Ta JHIIHO He3a/eKHI DYHKIIII.

4. OcHoBHa Teopema.

5. @®opmyna Ocrporpajicbkoro — JIiyBijurs.

(v}

1. OcHoBHi 0O3HaYeHHH I MOHATTHA. Y 0araTbox MPUKJIA-
JAHUX 3a7adax PYHKINI, 0 BUBIAIOTHC, Ta X IMOXiTHI HAOYBAIOTH
HACTLIBKU MaJIMX 3HAYEHb, IO 1X KBaJpaTaMu, KybaMu i BUIIIMEI
cTereHaMu MOXKHa 3HexTyBaTu. lle m03BoJisie 3aminnTu MOBLIBHI
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3aJI€2KHOCT] MIZK BEJIMIMHAMU 3aJI€2KHOCTSME JHHIHUME (1UB. Ta-
KOXK JIeKIIito 9, 1. 1). 3acrocoByroun onepariiio jiHeapusaiiil 10 Jiu-
depeHIiabHIX PIBHAHD, 0 OMUCYIOTH IEeBHUI MIPOIEC 9N SIBUIIE,
OJIEPKYIOTH JubepeHIliaibil PIBHSHHSA, B fKi IIyKaHa (QYHKIIis Ta
11 moxiaHi BXOASITh JAiHiiHO. Taki piBHSIHHS HAa3WBAIOTH JIIHIAHIME.

JIinitiinum dugeperHuiasbHUM PLBHAHHAM N-20 NOPAIKY
HA3WBAIOTH PIBHSIHHS BUIJISIILY

y™ +p1(@)y™ Y + .+ pasi (@)Y + @)y = f(z). (12.1)

dxmo f(x) = 0 na inrepsani (a,b), To piBusanus (12.1) nasu-
BalOTh ATHIUHUM 00HOPIOHUM. BOHO Mae BUTIIsT

y(”) + pl(x)y(”_l) + ..+ pa1(@)y + pu(z)y = 0. (12.2)

Axmo dyukuis f(x) ToToKHO BiAMIHHA Bij HyJs Ha iHTepBaJ

(a,b), ro piBusiHHs (12.1) HABUBAIOTL ATHITHUM HEOOHOPIOHUM.
Posrisinemo mmTanHg 1pO icCHYyBaHHS PO3B’SA3KY PIiBHSIHHS

(12.1). Posp’a3aBuu #ioro BIJHOCHO CTApIIIOl IOXIHOI, MAEMO:

y™ = f(z) —pi(x)y™ ) — . = pa1(@)y — pa(x)y.  (12.3)

Ao byskiil p(x), p2(z), ..., po(z) (Koedpiuienmu pisasHHs)
i f(x) HenepepeHi Ha jesikomy iHTepBasi (a,b), To paBa JyacTuHa
piBusinnst (12.3) € memepepsHOO (yHKI€ Ha iHTepBasi (a,b) i
Ma€ HellepepBHi, a orke, i oOMexkeHi Ha BiApi3Ky [ai,bi] C (a,b)
YACTUHHI TOXiAHI 3a 3MiHHUMH ¥, ¥, ..., y("_l) (numu € yHKIil
—pn(x), =pn-1(x), ..., —p1(x) Bignosiguo). OTxe, 3 Teopemu Ko-
i (ekuist 10) BummBae, mo s 0y (b-sIKUX [I0YATKOBUX yMOB

3/(350) = Yo, y/(x()) - y67 ceey y(nil) (x()) - y(()n71)7

ne xo € (a,b), piBusnusa (12.1) mae equnuii po3s’s3ok y = y(z).
Lleit po3B’si30k n pasis nudepenniiiopuuii Ha inTepsasi (a,b). Oco-
6iBuX po3B’si3kiB piBHsiHHA (12.1) He Mae.

JIj1si CKOpOUeHHsI 3alliCiB O3HAYMMO JIIBY YaCTHHY DIBHSHHSI
(12.1) wepe3 L[y]:

Lyl =y™ +p1(@)y™ Y + .. 4 pp1(@)y + pul@)y.  (12.4)
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Takum umuoM, L[y] — ne pesysibrar BUKOHaHHS HaJl (DYHKILEO Y
omnepariiii, Bkazanux y mpasiii gactuni dopmymu (12.4), a came:
3HAXO/PKEHHS MOXIIHUX (PYHKINT ¢ 10 MOPSIKY N BKJIIOYHO, MHO-
xenrst y, v, y”, ..., y™ na koedimienTu piBHSHHS §i NOIABAHHS
orpuMaHnXx 00yTKiB. CyKyIIHICTH IIUX OIEepaIliil MO3HATIMO Tepe3

L:
dr m—1

d d
L= dl‘—n +p1($)m P ooc +pn71($)% —|—pn(l‘)

1 HA3MBATUMEMO AIHIUHUM OUPEPEHUIANDHUM ONEPAMOPOM
n-20 NOPAIKY.
Bimsraunmo ocHOBHI BaacTuBocTi omeparopa L.

Buaacrusicrs 1. Cmaiuti MHOINCHUK MOXCHA BUHECTIU 34 3HAK
ATHIGH020 JueperyianvbHoz0 onepamopa, mobmo o0as 008iALHOT
cmanoi C

L[Cy]=CL[y].

Baacrusicts 2. Jlinitinutd dupepenuiarvrut onepamop 6id
cymu PyHKUIG dopieHIoe cyMi MHITHUL JuPePeHUIaIbHUT ONePa-
mopie 6id dodarkie, mobmo

Liy1 +y2] = L{y1 ] + Ly ].

BukopucroBytoun oneparop L, Jsiniiine HeoqHOpigHe PiBHAHHS
(12.1) i niniiine oxmopigsae piBHsiHas (12.2) MOXKHa 3amucyBaTu
Bimnosinno sk L{y] = f(x) 1 L[y] = 0.

OueBu,iH0, KOXKHE JiiHifiHEe onHOpiAHe piBHsiHHS (12.2) Mae Hy-
JIbOBUI PO3B’s130K Yy = 0, IKUil HA3UBAIOTH MPUBLAABHUM.

2. BuacTuBocTi po3B’a3KiB JIiHilTHOTO OAHOPiAHOTO PiB-
Hauus. [lizuime Oye mokaszaHo, 10 3HAHHS YaCTUHHUX PO3B’si3-
KiB JIHIHHOTO OJHOPIHOrO PIBHAHHSI CIIPOIILYE IIPOIEC MTOOYI0BU
3araJibHOrO PO3B’S3KY, a 1HOM1 J03BOJISIE€ MOBHICTIO PO3B’S3aTH 3a-
Jady IHTerpyBaHHs IIbOr0 piBHsHHA. [le € MOXKIMBUM 3aB/IsIKH TO-
My, II0 YACTUHHI PO3B’SI3KU JIHIHOIO OJIHOPIIHOIO PIBHSHHS Ma-
0T HU3KY IIKABUX BJIACTUBOCTEH, sKi CHOPMYJIIOEMO y BUTJISII
TEOpeM.

Teopema 1. fkuwo y1 — wacmurrutl po3e’a30k AIHIIHO020 00HO-
pionozo pienanns (12.2), mo y = Cyy, de C' — dogiavra cmana,
MAKOIAHC € PO3G AZKOM Ub020 PIGHAHHA.
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Hosederns. Ockinbku L[y ] =0, a < x < b, 10 3rijH0 3 BiacTu-
Bictio 1 oneparopa L (1.1) L[Cy,| = CL[y1] =0, a orxe, Cy; €
po3B’si3koM piBusiHg (12.2). B
TakuMm 9MHOM, 3HAIOYW OJUH YACTUHHUN DPO3B A30K PIBHAHHSI
(12.2), moxkeMo 6e3 KBajipaTyp oOjlep:KaTh Bigpa3y ciM’i0 po3B’s3-
KiB IIbOI'O PIBHSIHHSI, 3aJIe2KHY Bij onHoro napamerpa (crasoi C').
Teopema 2. fxwo y1 @ Yo — d6a HacmMUHHL PO36 A3KU ATHIT-
H020 00nopidHo20 pisHanna (12.2), mo ix cyma y1 + ya makoorc €
PO36 AZKOM Ub020 PIGHAMHMA.
Hosederns. Ockinbku Ly ] = 0, L{y2] = 0, To 3a Biacrusi-
crio 2 oneparopa L maemo: L{y1 +y2] = Lly1 |+ L{y2] =0. »
3 reopeM 1, 2 BUIINBaE Take TBEP/ZKEHHSI.

Teopema 3. fxwo yi, Yo, ..., Yp — HYACNUNHI PO3E AZKU Al-
Hilin020 00HoPiono20 pieHanna (12.2), mo

y=Ciy1 + Coy2 + ... + Cryn,

de Cq, Cy, ..., Cp — dosiavii cmani, maxoic € po3e’ a3KomM 4bo20
PIGHAHHA.

Posrisnemo, nanpukian, pisasaas y” +y = 0. Bono, gk jerko
[IEPEKOHATHCh, MA€ PO3B’'SI3KU Y] = COS T, Yo = SIN T, & TOMY 3ri-
JTHO 3 TEOPEMOIO 3 HOro PO3B’SI3KOM € TaKOXK KOXKHA (PYHKILS CiM'T

y = Crcosxz + Cosinz, ne C7, Cy — M0BLIBHI cTaJI.
[Ipupoano BUHUKAE MUTAHHS: TKUMU ITOBUHHI OyTH 1 IaCTHH-
HUX PO3B’SI3KIB Y1, Y2, ..., Yn PiBHsHHs (12.2), mob Tx JiHiiiHa

koMmbOinarist y = Ci1y; + Coys + ... + Crypn, sIka MICTUTH 7N JOBLIb-
HUX CTajux, OyJia 3arajbHUM PO3B’SI3KOM IBOro piBHsHHA! Jlis
BIJIIIOBI/II Ha IIe BayKJIMBE NHUTAHHS BBEJEMO IOHATTS JiHIHOT 3a-
sekHOoCTI (JHiHIHOT He3aIesKHOCT1) DYHKITIL.

3. JliniiiHo 3ajie>kHi Ta JiHIHO He3a/eXkHi QYHKIIIT.
Oyukuil y1 = y1(x), y2 = yo(x), ..., Yn = yn(z), BU3HAYEH] HA
inrepBasi (a,b), HA3UBAIOTH ATHITHO HE3AAEHCHUMU HA [[HOMY
iHTEepBaJIi, SKIIO CIIBBITHOIIEHHS

a1y1 + asys + ...+ apy, = 0, (12.5)

ze aq, g, ..., Qi — CTAJ, BUKOHYETHCs ISt BCIX = € (a, b) TiabKu
TOJIi, KOJIM BCl v = o = ... = a, = 0. dkmo y criBBijiHOIIEHH]
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(12.5) xoua 6 oxHa i3 cTaUX O, Q2, ..., Oy BIIAMIHHA BiJ HyJIsd,
10 PYHKIIT Y1, Y2, - .., Yp HASUBAIOTH ATHITUHO 3AAEHCHUMU HA
inrepsaii (a,b).

Posrnsimemo npukiaim.

1. Oyaxii y1 =1, o =2, ..., yp = "~
Ha iHTepBai (—o00,+00). Cupaai, piBHicT a1 + ez + ... +
+ ozt = 0, B skiit He BCi (vj JIOPIBHIOIOTL HYJIIO, HE MOXKE BH-
KOHYBATHCh TOTOXKHO, 00 € ajrebpudHuM piBHstHHSM (n — 1)-ro
CTeIleHs, Ke He MOXKe MaTu Oijbire n — 1 pi3HUX KOPEHiB.

2. OyHKIil Yy = cosz, Yo = sinx JiHiliHO He3aJeXKHI HA OY/Ib-
JKOMY 1HTepBaJii, 060 CIIBBIZHOIIEHHS v cosx + asgsinz = 0, ze
Q1 1 aig OTHOYTACHO HE JIOPIBHIOIOTH HYJIO, HE MOYKE BUKOHYBATHCHh
TOTOXKHO Ha 2KOJHOMY IHTepBaJI.

3. Oynxmii y; = sin? z, yg = cos? z, y3 = 3 niniitao 3amexni Ha
inrepsani (—oo, +00), 60 3 -sin?z + 3 - cos’z + (—1) -3 =0.

L nimifino mesasexkmi

Jl71st BCTaHOBJIEHHS O3HAK JIHIAHOT 3a1€2KHOCTI Ta JIHIHHOI He-
3a/1e2KHOCTI (PYHKILNT Y1, Y2, - - -, Y POSIVISTHEMO BU3HATHUK, CKJIa~
JeHuil 3 X (QYHKINNR Ta 1X MOX1THUX JI0 MOPSIAKY 7 — 1 BKJIIOYHO:

Y1 Y2 Yn
/ / /

W= 2 (12.6)
TN

Busnaunnk (12.6) HasuBaoTh 6udHauwHurom Bponcvbrozo abo
8poHcKiaHoM OYHKIUH Y1, Yo, - - -, Yn-

Teopema 4 (HeoGximHa ymoBa JiHIHOI 3aje€XKHOCTI N
dyHKIin). dxwo Gynkyii yi, Y2, ..., Yn AHIGHO 304€HCHT NG
desaxomy inmepsani (a,b), mo ix eponckian momosicho dopienioe
HYA0 HA UBOMY THMEPBAAL.

Jlosederns. 3riHO 3 YMOBOIO TeopeMu Jjist a < & < b MaeMo

a1y1 + agys + ... + apy, = 0, (12.7)

Jie He BCi unciia o, o, . . . , Q, JOPIBHIOIOTE HYyJ/I0. {ndepenrioro-
qu criBBignomenus (12.7) n — 1 pasis, ojepKyeMo JiHiiiHy 0jHO-
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PIIHY CHCTEMY BIJIHOCHO V1, (02, ..., Qin'

o1y1 + aoyo + ...+ apy, =0,

oy + oYy + ...+ oy, =0, (12.8)

(n—1) (n—1) (n—1)
a1y, + asy, + ..o+ anyn = 0.

Ockinpkn xo9a 6 oJ1He 9nc/Io (v BiIMiHHE Bij Hy/Is, TO CHCTeMa,
(12.8) mae HeHybOBHIl PO3B’s130K. OTrKe, BU3HAYHUK IIi€l cucremn,
AK€ BPOHCKiaHOM (DYHKIUNH Y1, Y2, ..., Yn, JAOPIBHIOE HYJIIO B
KOXKHIil Touri inrepsaiy (a,b). »

3 Teopemu 4 BUIIMBaE BaxK/InBe TBepKeHHs: Akuo W (z) # 0
xoua 6 6 00niti mowyi iwmepsaay (a,b), mo Gynruii y1, ya, ...,
UYn € MHITHO HE3ANEHCHUMU HA UDOMY THMEPEANL.

Harosnontyemo, mo Toroxuicts W(z) = 0 € Tisbku HeoOXiAHOIO
YMOBOIO JIIHIAHOT 3a/1e2KHOCTI (DYHKIUH Y1, Y2, - .., Ypn, TOOTO 3 TO-
ro, mo W (z) = 0, B3araji KaxKy4u, He BUILUIUBAE, MO0 I GyHKIIT
JiHIAHO 3asexHi (quB. BupaBy 7 70 Jjekiil). OaHax, Ko GyHKIHl
Y1, Y2, - - -, Yp € JACTUHHUME PO3B’I3KaMU JIHIFTHOTO OIHOPITHOTO
piBusiHHsL (12.2), TO CHPABIKYETHCSI TaKe TBEP/XKEHHSI.

Teopema 5 (HeobOximHa ymoBa JiHIHHOT He3aJIE€XKHOCTI
71 PO3B’sI3KiB JIIHINHOIO OAHOPIAHOrO PiBHSIHHS N-T'O IMO-
PAAKY). SKwo po3e’asku yi, Yz, ..., Yn MHIGHO20 00HOPIOH020
pishanns (12.2) ainitdno nesaseschi na iwmepsani (a,b), mo ix
BPOHCKIAH BIOMINHUT 610 HYAL 68 YCIT MOUKAT Ub020 THIMEPBALY.
Hosederns. Ipuiycrumo, mo W(zg) = 0, ne xg — geska TOUKa
3 iHrepBasy xg € (a,b). CkiaagemMo cucreMy PiBHsSIHb, BBAYKAIOUM
ancya Cj 3a HeBigoMmi:

Ciy1(wo) + Caya(zo) + ... + Cpyn(z0) =

0,
Cryy(xo) + Cayy(xo) + ... + Cry),(x0) = 0,

(12.9)
Clygnfl)(fﬁo) + CQ?/énfl) (@) + ... + Coyli" ™ (z0) = 0.

Busnaunukom cucremu (12.9) € W(xp), a OCKIIbKE 3a IpHILyIIe-
nnsam W(zg) = 0, To ng cucrema Mae HeHy/1b0BHit po3s’asok. [o-
3HAUMMO 1efi po3B’s30k wepes O = Cy, Co = Cy, ..., Cp, = C, 1
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CKJIAJIEMO JIHIfIHY KOMOIHAINIO PO3B’A3KIB Y1, Y2, - - - Yn'
y=Ciy1+ Cayz + ... + Crn. (12.10)

Brigao 3 teopemoro 3 dyukiis (12.10) € po3s’si3KOM piBHSHHSI
(12.2), a 3 cucremn (12.9) BuIUIMBaE, IO y TOUII T = Ty PO3B’s-
30K (12.10) 1epeTBOPIOETHCS B HyJIb PA30M 3 yciMa MOXIJIHUME 10
mopsiiky 1 — 1 BKJIFOUHO. AJie 1ii caMi YMOBHU 3a/I0BOJIBHSIE TAKOXK
TpuBlasibHUiT po3B’sa30K y = 0 piBusHHs (12.2), a oTKe, 3rigHO 3
reopemoro Ko (po exunicTs po3s’sizky) obuisa po3s’si3ku 30i-
raloThCst, TOOTO

Cry1 + Coya + ... 4+ Cryn = 0,

npudomy He Bei uncia C; gopisaioioTs myimo. e osnagae, mo dyn-
KIil Y1, Y2, - .., Yn JIHIAHO 3aexkHi Ha inTepBasi (a,b), Mo cyme-
peunTh yMoBi Teopemu. OTxKe, Hallle TPUILYIIEHHs] XUOHE, & TOMY

W(l‘g) 75 0, zg € (a,b). >

3 TeopeM 4, 5 BUILIUBAE O3HAKA JIHIAHOI HE3aJIXKHOCTI N Ya-
CTUHHUX PO3B’si3KiB piBHsiHHs (12.2): das mozo, wob n po3s’askie
MHITH020 00HO0PIOH020 piehanmns (12.2) 6yau ATHITHO HE3aAeMHCHU-
mu na inmepsani (a,b), Heobxiono i docmammwvo, wob ix 6pon-
CKIGH He NePEMBOPIOBABCHA 68 HYAb Y HCOOHIT MOYYL Ub020 THIMED-
8a.NY.

4. OcHoBHa TeopeMa. DBy/b-gKy CYKyIHICTH N PO3B’43KiB
JiHifiHOrO O/tHOpPiHOTO piBHsHHS (12.2), BU3HAYeHUX 1 JIiHIAHO He-
3ajleKHUX Ha iHTepBani (a,b), Ha3UBAIOTL HYHOAMEHMAALHONO
CUCMEMO10 PO36°A3Ki6 IHOro PiBHSIHHA Ha inTepBasi (a,b).

Hanpukmiasa, dyHKIHT ¥y = cosx, Yo = sinx yTBOPIOIOTH (QPYH-
JlaMeHTa/IbHy CUCTeMy pO3B a3KiB piBHaHHs 3" + y = 0 Ha inTep-
Basii (—00, +00), 60 BOHU € PO3B’si3KaMU 11bOIO PIBHSIHHS 1 JITHIAHO
He3aJsiexkHl Ha (—00, +00). Auie 1ie piBHsiHHS Mae i inmi dyHua-
MEHTAJIbHI CUCTEMU PO3B’si3KiB, HAIIPUKJIAJI, KOXKHA rmapa (pyHKITiT
y1 = kcosx, yo = ksinz, ne k — moBiibHA cTaja, BiaMiHHA Bi
HYyJIs, TAKOXK OyJie pyHIAMEHTAIbHOI CHCTEMOI PO3B’S3KIB.

Moxna noBectu (juB., Hanpukaa, [8, c. 118 — 119]), mo koxkHe
JiiHiliHEe OfHOPIIHE TudepeHIiaibae PiBHSAHHS Ma€ (DyHIAMEHTA b
HY CUCTEMY PO3B’s3KiB, a sIK BUJIHO 3 HABEJIEHOTO IIPUKJIAJLY, TAKe
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piBHSHHS MOXKe MaTu 0e3j1iv pyHIaMeHTaJIbHIX CUCTEM PO3B 13-
KiB.

SHaHHs (QYHIAMEHTAJbHOI CHCTEMU PO3B’SI3KIB J1a€ MOXKJIU-
BicTh OOy 1yBaTH PO3B’si30K piBHsiHHs (12.2), sikuil MiCTUTB N J10-
BIIBHUX CTaIUX, IPUIOMY Ieil PO3B’SI30K Oy/ie 3arabHUM.

Teopema 6 (OcuoBHa Teopema). STKwo Y1, Y2, .-, Yn —
Pyndamenmarvha cucmema Po3s’a3Kie AMHIiH020 0OHOPIOH020 Pi6-
Hannsa (12.2), mo sazarvrutl po3s’a30k ybo2o PIBHAHHA BUSHAYUA-
emuves Gopmyaoio

y=Ciyr + Coys + ... + Criyn, (12.11)
ne Cq, Cy, ..., C, — dosinvhi wucaa.
Zlosedenns. Ilokazkemo, mo craai Cp, Co, ..., (), 3aBXKI1 MOKHA

BUOpaTH TaK, mob dhopmyra (12.11) Busnavasa po3s’s30K piBHSIH-
usi (12.2), sikuit 3a/10B0/bHSIE Oy (b-sIKi Hallepe| 3ajaHi I09aTKOBI

YMOBHU:
B / o (n—1) _ (n—1)
y(zo) = yo, ¥ (o) =¥o, -+, ¥ (wo) =9y /. (12.12)
ns susHadenns Cp, Ca, ..., C, 0OIep:KyeEMO HEOJHOPIAHY CH-
1y, C @ i

cTeMy JHHIHHUX aJreOPUIHUX PIBHSIHD

Cry1(zo) + Cayz(20) + - . . + Cnyn(wo) = Yo,
C1y} (o) + Cays(zo) + . .. + Cryl,(x0) = Yo,

01y§”_”(xo) + CQ?Jén_l) (o) + ...+ Cryr™V (z0) = y(()n_l),

(12.13)
BU3HAIHIKOM s1KO1 siKol € W (). 3rizHo 3 reopemoro 5 W(xg) # 0,
a orke, cucrema (12.13) mae eaunmit po3B 30K Ci, Ca, ..., Ch.
Oyukiis (12.11) € poss’siskom piBHsiHHS (12.2) 3rigHO 3 TEOPEMOIO
3. Bupaz (12.11), B sikomy C; = Cj, @ = 1,2,...,n, odeBuUIHO,
3a/10BOJIbHSIE TTOYATKOBL ymoBnu (12.12). »

Posrisinemo, nanpukiag, pisugnans y” + y = 0. Panime Gyi1o
[MOKa3aHo, 1m0 (PYHKINT Yy = COS T, Yo = Sin T yTBOPIOIOTH DYyHIA-
MeHTaJIbHY CHCTeMY DPO3B’s3KiB Ha iHTepBasi (—00,400), a ToMy
3rijgHO 3 Teopemoro 6 y = C1 cos x + Cy sinx € 3arajbHUM PO3B 13-
KOM HABEJIEHOI'O PIBHIHHSI.
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5. ®opmymna Octporpajsacskoro — JliyBinaga. Hexait mae-
MO T JIHIHO He3aJeKHUX YaCTUHHUX PO3B A3KIB Y1, U2, ..., Yn
JinifiHoro oxHopinHoro pisasiaus (12.2). Tozi ne piBHSHHS MOXKHA
3alicaTu y BUTJISI

1 Y2 T Yn Y
Vi % Y Y
=0, (12.14)
ygnq) yénq) o y;Lnfl) y(n—l)
ygn) yé") .. yg”) y(n)

60 piBusinas (12.14) mae Ti cami JiiHIHO He3a/IeXKHI PO3B’SI3KH, 110
it (12.2). Copasni, skmo migcrasutu B (12.14) 3amicts y onmy 3
byHKIT Y1, Y2, - -, Yn, TO OAEPIKUMO BU3HAUHUK, STKUH MaE JBa
OJIHAKOBI CTOBIIII 1 TOMY TOTOXKHO DIBHHUI HYJIIO. 3BiJICH BUILIH-
Ba€, 10 3arajibHi po3s’si3ku piBHsaHb (12.2) 1 (12.14) oanakosi, a
caMmi pIBHAHHS BIIPI3HSIOTHCA JIMIIe MHOYXKHUKOM. Po3kiamgarodn
BusHayHuK 3 (12.14) 3a ejleMeHTaAMU OCTAHHBOI'O CTOBIIIS, 3AIIV-
meMo piBHsHHS (12.14) y BurIs i

Ag(z:)y(") — Al(x)y(nfl) + Ag(z)y("ﬂ) -
A (CDFAL) TR 4 (DA (x)y =0,  (12.15)

je Aj(z) — BUBHAYHUK, yTBOPEHUIT BUKPECTIOBAHHSM OCTAHHBOI'O
crouigt i (n + 1 —4)-ro pajka y BusHadHuKy 3 (12.14).

Ockinbku piBasians (12.15) 36iracrbes 3 piBasHEAM (12.2), TO
npupiBHo0Yn KoedimienTn 61 OMHAKOBUX MOXITHUX 1 BPaXOBY-
1oun, 1mo Ag(x) = W(x), onepxKyemo

pe) ==, pale) = T s pale) = (-1 G
(12.16)

Baudepentioemo Tenep Bponckian (12.6), BUKOpHCTOBYIOUH
Take TpaBUIO An(pepeHIlifoBAHHS: TOXiAHA BiJ BU3HAUHUKA N-TO
MOPSI/IKY JIOPIBHIOE CYMi 72 BU3HAYHUKIB, $KI OJIEPKYEMO 3 HBO-
o TIOYEProBOIO 3aMiHOIO €JIEMEHTIB TEPIIOTO, JAPYTroro, ..., N-T'o
pAIKa IX MOXiTHUMUA. YCi Ii BUBHAYHUKHI, KPIM OCTAaHHLOT'O, JTOPiB-
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HIOIOTH HYJIIO (BOHU MAIOTh JIB& OJHAKOBI PsIIKH), & TOMY

Y1 Y2 s Yn

i Y5 o Yy
Yq Ya o Un

yin) yé”) o yﬁ")

Jlerko Gaunru, mo W' (z) = Aq(z), a aKImo BpaxyBaTu mepiy
dbopmyay 3 (12.16), To

W' (x)
=—pi(x
Wiy - P
3BIJIKH, IHTErpyIOYHN, 3HAXOIUMO
— fpl (z)dz

W(x) = W(xg)-e *o , (12.17)
Jie T = xo — JOBLIbHA TOUKa 3 inTepsaiy (a,b). Popmyiy (12.17)
HA3UBAOTh hopmynaoro Ocmpoepadcvrozo — Jliysiaas. Bona
JI03BOJIsI€ 3HAWTU BPOHCKiaH (DYHIAMEHTAJIHHOI CUCTEMU PO3B’sI3-
KiB piBHsiHHs (12.2), He MAIOYM CAMOI CHCTEMHU.

3 dopmynu Ocrtporpajcbkoro — JIiyBijuisi BHUILUINBAIOTH Taki
8AGCMUBOCTNT BPOHCKIAHA PO3B’SI3KIB JIHIAHOIO OIHOPITHOTO
PIBHAHHS:

1. xwo eponckian n po3e’a3Kie Y1, Ya, - - ., Yn pieHanHa (12.2)
dopienroe nyaro 6 dearit mowui xo € (a,b), mo 6in dopienioe Hya0
8 YCIT MOUKAT Ub020 THMEPEANY.

2. Hxwo eponckian n pose’saskie pisnanna (12.2) eidminnui
610 Hyas xow 6 00nit mowyi xo € (a,b), mo 6in eidminnul 6i0
HYAA 68 YCILT MOYKAT Ub020 THIMEPEANY.

Dopmyiy (12.14) MOXKHA BUKOPHCTOBYBATH JIJIsi OOYI0BU [1¥i-
depeHITiaIbHOrO PIBHSIHHS, SIKIIO BiJIOMOIO € floro OyHIaMeHTa b
Ha CUCTEeMa, PO3B’sI3KiB.

Ilpukiazn 1. [lobydysamu dudeperiiasvre pieHAHHA, AKE MAE
pyndamermarviy cucmemy poss’saskie yi(z) = 2, yo(x) = o — 1.
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Pose’azanns. Cxopucraemocs dhopmysioo (12.14):

22 -1 y
2¢ 1 y | =0.
2 0 y//

POSKH&,I[GI\IO BU3HAYHUK 3a eJIeMEeHTaMl TPETHOT'0 CTOBIIIIA:

2 2

2x p r—1 4o v x—1

Ly @ —0 =
Y2 ol Y2 o Y2 1 |7
(x% —2z)y" +2(1 —2)y’ +2y=0. M

Pexomendosara aimepamypa: |4, c. 363 — 389, |5, c. 174 —
197), [7, c. 82 — 88|, [8, ¢. 113 — 121], [15, c. 91 — 102].

ITutanaga go gekirii 12

1. dxwuit Buran mae Jiniiine nudepeniiagbae PIBHIHHS N-TO I0-
psiaky? Ywum JiiHiiiHe OJHOpI/HE PIBHSIHHS BiJIPI3HSIETHCS BiJI JIIHIHOIO
HEOTHOPIAHOrO?

2. o mazuBaroTh JiHIHHUM ArdEpeHIiaIbHIM OIIEPATOPOM N-T'0 IO~
panky i siki #oro ocHoBHI BiacTuBOCTI? fK MOXKHA 3ammcaTn JHHIAHI
OIHOpiHE 1 HEOMHOPiTHEe PIBHAHHS 3 BUKOPUCTAHHSAM JHHIFTHOTO mude-
PEeHIIaJIbHOTO omeparopa’

3. Yu e siniitra kKombiHaIlis 31 craguMu KoedillieHTaMu YaCTUHHUX
PO3B’SI3KiB JIHIFTHOTO OJTHOPITHOTO PIBHAHHS PO3B’I3KOM I[HOTO YK PIBHSI-
HHSA?!

4. ki dyuKnil HABWBAIOTD JIHINHO HE3aJEXKHUMUI Ta JHHITHO 3aJie-
JKHUMY Ha iHTepBasti? HapemiTh mpukaam Takux (yHKILA.

5. [Ilo HaswBarOTh BPOHCKIAHOM (DYHKIWMA Y1, Y2, - - -, Yn !

6. 4K dpopmyoeThCs HEOOXiTHA YMOBA JIHIHHOI 3a/1€2KHOCTI (DyH-
KIHi Y1, Y2, ..., Yn! AK dbopMmymoeTbes HeoOXimHA 1 MOCTATHS yMOBA
JIIHIWHOT HE3aJIe2KHOCTI 1 YACTUHHUX PO3B’S3KiB JIHITHOTO OHOPITHOTO
piBHAHHSA!

7. o Take dyHIaAMEHTAIBHA CUCTEMa, PO3B’A3KiB JIHIHHOTO OIHOPI-
JTHOTO piBHsIHHSI? fIK 10Oy /IyBaTH 3arajibHUN PO3B’ 30K JIIHIHHOTO OJHO-
PiIHOTO pIBHSHHS, 3HAIOYN HOr0 (DyHIAMEHTAIbHY CHCTEMY PO3B’s3KiB?

8. dAxwmit Bursisa mae dpopmysia Ocrporpagcskoro — Jliysiuis? Hase-
IiTh BJIACTHUBOCTI BPOHCKiaHA PO3B’S3KIB JIHIITHOIO OMHOPITHOTO PiBHS-
HH, sIKi BUIJINBAIOTDH 3 TTi€l popmyn.
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Brpasu go gexirii 12

1. Bnaitaite L[e®], L[e*®], L[z?], HKHLO L — pinittawit gudepentri-
aJpHU orepaTop, 3aanHuit popmyson L = E =54 d — + 0.
2. 3’gcyiiTe, po3B’SI3KOM SIKOTO PIBHAHHS € doyHKLus{ y = 2%e”:
a) y’”—2y”—xew' 6) ”’—3y”+3y’—y:0;
B) ¥’ — 3y + 2y = 2%e®

3. 3HaliiTh BpOHCKiaH DYHKITI:
a) Y1 = €%, yp = be¥; 6) y; = cos?xw, yo = cos2w, y3 = 1.

Yu mMorkHa, 3HAIOYN BPOHCKIaH (DYHKIT, 3p0OUTH BUCHOBOK IIPO iX JTi-
HIHY 3aJI€KHICTD U1 JIHITHY HE3aJ€KHICTD !
4. HocaigiTe Ha JTiHIHY 3a/€XKHICTh (DYHKIII:

a)yr = e ya =% 6)y1 =31+ 7, y2 = 92 + 21;
B) y1 = 2%, y2 = 37, y3 = 4.

5. HoBendiTh, 1m0 gKINo cepest MYHKINNR Y1, Y2, - .., Yp XOT OJHA TO-
TOXKHO JIOPiBHIOE HYJIIO, TO BOHU JIHIHO 3aJIezKHi.

6. 3anumriTs JiiniitHe ogHOpiAHE MudeEpeHIiaJIbHe DIBHAHHS APYTOTO
MOPAJIKY, gKe Ma€ PyHIAMEHTAJbHY CHCTEMY DPO3B’S3KiB:

a) y1 = cosx, yp =sin2x; 6) y; = €%, yp = €37,

7. JloBeniTh, 10 BpOHCKiaH (pyHKITiit

0, gxmo x € |[—1,0],
yl(x)_{ - —

x?, axmo r € [—1,0],
axmo z € [0, 1],

ya(2) = 0, sxmpo x € [0,1]

TOTOZKHO JIOPIBHIOE HYJIIO, ajle BOHU JIHIAHO He3aJeKHI Ha BiIPI3KY

[~1,1].
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Jlekmia 13. Jliniiini ogHopiani mudepeHnianabHi
PIBHSIHHSI -TO MOPSJIKY 3i cTajimMu kKoedillieHTaMu

Il1an

1. OcHoBHI 0O3HaYeHHsI i TOHSITTSI.

2. Meron Eitnepa. Bumagok mpocTux XapaKTepUCTUYHUX Y-
cell.

3. Meron Eitrepa. Bumaiok KpaTHUX XapaKTEePUCTUIHUX -
cell.

4. udepenriaibai piBHsIHHS, 3BiJHI /0 PIBHAHB 31 CTAIUMU
KoedirienTamu.

1. OcHoBHi o3Ha4YeHHdA I MOHATTHA. JliHiiiui piBHaHHS 3i
crajiuMu KOeIIieHTaMi — BarKJIUBUN KJIac 3BUYAiHUX JudepeH-
IiaJIBHIX PIBHSHB. IX PO3B’SI3KN BUPAZKAIOTHCS UePe3 eJIeMeHTAPH]
dyuKIil abo y KBagparypax. Taki piBHIHHS 9acTo € judepeHiii-
AJBHIMEI MOJIEJIAMEU O6araTbOxX MPUK/IAIHUX 33/1a9, 30KpeMa, 3 TeO-
PETUYHOI MEXaHIKH 1 eJIEKTPUKH.

Posrisnemo siniitne mudepentiiaabie PiBHAHHS N-TO MOPSIKY

Liy] = y™ + a1y +agy™ D + ..+ an 1y’ + any = f2),

e koedirienT ai, asg, ..., G, — AIACHI YuCIa, a IpaBa YaCTH-
Ha f(x) HenepeppHa Ha iHTepBaii (a,b) dyHKIis (30Kpema, BoHA
Mozke OyTH i CTAJIo Ha ILOMY 1HTEpBaJIi).

Bupummo crnodarky numraHHS PO MOOYIOBY 3arajibHOTO PO3-
B’SI3KY BIJIIOBIIHOIO OJHOPIHOIO PIBHAHHSI, TOOTO PIBHSIHHSI

Lly]=0. (13.1)

st 3HAXO/ZKEHHST 3arajbHOrO Po3B’si3Ky piBHsiHHsA (13.1) morpi-
6HO 3HaTH X04Ya O OJHY (YHIAMEHTAJBHY CHCTEMY PO3B’SI3KiB
y1(x), y2(x), ..., yn(x) nporo piBusus. Toxi 3rigao 3 OcHOBHOIO
reopeMoio (Teopema 6 3 JiekIil 12) 3arajgbHUM PO3B’SI3KOM I[OTO
PIBHSAHHS €

y = Cryi(x) + Coya(x) + ... + Cryn(x),

ne Cq, Cy, ..., C), — 10BiIbHI cTaJIl.
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Jlerko mepekoHaTHCS, IO JIiHIfIHE OJHOPIIHE PIBHSIHHSI IIEPIITO-
ro nopsaaky 4y’ + ay = 0, ne a — #AilicHa cTana, Ma€ JaCTHHHHI
po3B’si30K y; = e~ %, Cupobyemo it jyist JIHIHHOTO OHOPIIHOTO
piBHsiHHSI 1-10 HOPsiziKy (13.1) wacTuHHU PO3B’SI30K BimIIyKaTH y

BUTJIS T
y = ek, (13.2)

Jie k — Jesike, IIOKH 10 HEBU3HaUeHe, Yuciio (JificHe abo KOMILIe-
kcre). [ligcrasrsiioan (13.2) B By wacruny piBusinus (13.1), onep-
JKYEMO:

L(e™) = (k" + a1k" ' + apk™ > + ...+ an_1k + an) - €. (13.3)

3 (13.3) Buruusae, 1mo dyukis (13.2) 6ymue pos3s’szkoM ude-
pentiagbHOro pisasinnst (13.1) Toxi i Tiabku Toai, Ko ducio k €
KOPEHEM aJITeOPUIHOTO PiBHSHHS

Pk)=k"+a1k" '+ ak™ 2+ .. . 4 ap_1k+a, =0. (13.4)

Muorowien P(k) Ha3uBaloTh TaPAKMEPUCTNUKHUM MHO20-
yaerom, pisusnus (13.4) — xapaxmepucmuuHum PieHAHHAM,
sike Bianosizae piBasibo (13.1), a floro kopeHi — xapaxmepu-
cmuvnumy wucaamuy pisasaeas (13.1). Jlerko 6aunTu, 1mo ckia-
JIAI0UN XapaKTepUCcTUdHe PiBHsIHHs, noTpibHO B (13.1) moximui pi-
3HUX MOPAJKIB 3aMIHUTH BIAMOBIIHUMU CTEHEHSIMU k.

2. Meton Eiinepa. Bunagok mpocTuxX XapaKTepUCTHU-
gaux guces. Crpykrypa dyHIaMEHTAJIbHOI CHCTEME PO3B’S3KiB,
a OTKe, 1 3araJibHOro po3B’si3Ky piBHsHHs (13.1) 3aexuTh Bij
XapaKTePUCTUIHUX |ucesi. [IpuiycTumo, mo BCi XapaKTepuCTuIHi
aucya ky, ks, ..., ky aiiicai ta npocri (pizui). Toai srigmo 3 (13.2)
byHKIil

=M% oy =€y, =efn® (13.5)

€ yacTUHHUME Po3B’siskamu piBHsiHHs (13.1). Ilepekonaemocst, 1o
BOHU € JIiHilHO He3aseskHUMHU. Jlj1s nboro oOYHCINMO BPOHCKiaH

dbyuxuii (13.5):
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eklx ekzx . 6k’nx
kix kox . knx
W(z) = ke koe kne _
k?f—leklx kg—lekzx . kgfleknx
_ katkatotk)e | K1 k2 Ry
n—1 n—1 n—1
e N

Busnaunuk y mpaBiii 9acTUHI OCTAHHBOI PIBHOCTI € BU3HAYHUKOM
Bangepmonma i, gk BimomMo 3 Kypcy aaredpu, IOPIBHIOE T00YTKY
BCIX MHOXKHUKIB BUrsny kj — k;, ne 1 < ¢ < j < n. 3a upu-
mymenasM kj # ki (j # i), a tomy W(z) # 0. Takum wmnOM,
dbyukuii (13.5) yTBOPoOIOTH (DYyHIAMEHTAJILHY CUCTEMY PO3B’si3KiB
piBasinst (13.1), a Tomy 3rigao 3 OCHOBHOIO TeopeMoro QyHKIIist

Yy = Cleklx + Cgeka + ...+ Cnek"x, (13.6)

e Cq, Co, ..., C, — NOBUIBHI cTaJIi, € 3arajbHUM PO3B’SI3KOM piB-
usuas (13.1).

Ipuknag 1. 3inmezpysamu pienanns y” — 4y’ + 3y = 0.
Posze’azanns. XapakrepucTudanM piBusauaM € k2 — 4k 43 = 0,
a fioro kopenstmu — uncia k; = 11 ko = 3. 3rinuo 3 dopmysiorn
(13.6) 3araspHIM po3B’s3KoM pisHAHHA € y = Cre® + Coed®, ne
C4, Cy — nosinbui craji. B

Ipuxkaan 2. 3inmezpysamu pienanms y" — 5y’ — 6y = 0.
Posze’azanms. Xapakrepucruune pisusuns k° — 5k — 6k = 0
Mae nupocrti kopeni k1 = 0, ko = —1, k3 = 6. OrxKe, 3arajabHUM
posB’sizkoM € y = C + Cae™® + C3e5%, ne C1, Cy, C3 — noBinbHi
craji. B

Posrisinemo Bumamok, Koy BCi XapaKTEePUCTUIHI IUC/Ia Pi3Hi,
ajle cepell HUX € KOMILIEKCHi. Y IbOMY BHIQJIKY IJIsl BiJIITyKa-
HHsT JificHux po3B’si3ki (13.1) 3py4HO 3HATH HOr0 KOMILIEKCHI
PO3B’SI3K.
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Kommekeny dbynxmio y(r) = u(x) + iv(z), ge i = /—1, giii-
CHOI 3MIHHOI T HA3UBAIOTH KOMNAEKCHUM PO3B8’°A3KOM PIBHAH-
us (13.1) ma inrepsadi (a, b), skimo 1T miJcTaHOBKA IIEPETBOPIOE II€
piBHsIHHSA y ToTOXKHICTH L[y ] = 0 1y1s1 Beix x € (a, b).

Hexait a + bi — xapakrepucruyute 4yucso pisasinag (13.1). Bi-
JIOMO, IO KOJIM ajreOpuvHe PiBHSHHS 3 JiiCHUMU KoedirieHTaMu
Ma€ KOMILIEKCHUI KOPiHb, TO BOHO MA€ TAKOXK 1 CIIPSZKEHUN 3 HIM
KopiHb. OTKe, Xapakrepuctuydne piBHsiHHs (13.4) y BUNAJKY, KWl
POBIJIAAEMO, MAE TAKOXK CIIPSIZKEHUN KOMILJIEKCHUI KOPiHb a — bi.

Barasibuuii po3s’si30K piBHsiHHs (13.1) MoxkHa 3HaNTH 33 hOp-
mysioro (13.6), asne dyukuis y(x) Gyae KomiuiekcHo3HaIHOW. [lo-
KaXKeMO, K HOOyIyBaTw [iMCHUI 3araJbHU PO3B’SI30K IIHOTO
PIBHAHHS.

Briguo 3 (13.2) xapakrepuctuaHuM duciaam a + bi, a — bi Bij-
(atbi)z § Yo = ela—bi)z piB-
usiHst (13.1). Buxopucrosyioun dhopwmysy Eiinepa, ni poss’sisku
MOKHA 3aIUCATU Y BUTJISIL

[TOBI/IATOTH KOMILJIEKCHI PO3B’SI3KU Y1 = €

y1 = € (cosbx +isinbzr), yo = e (cosbr — isinbx).

3 HACTYIIHOI TEOPEMU BUILINBAE, IO SKINO KOMILIEKCHA (yH-
Kiist y(x) € posp’siskoMm pisHsinHs (13.1), To 11 xificHa Ta ysiBHA
YaCTUHU € JINCHUMHU PO3B’SI3KaAMU ITHOT0 2K PIBHAHHS.

Teopema 1. dxwo gynxuia y(x) = u(z)+iv(x) € poss’askom
pisnanns (13.1), mo xoocna 3 Pynkuyit u(x) ta v(x) makxoorc e
PO36 AZKOM U020 DIGHAHHA.
osedernns. Ockinbku 3a ymoBoo Teopemu L[y] = 0, To BUKO-
PHUCTOBYIOUYM BJIacTUBOCTI oneparopa L (nekiist 12), omepxKyemo:
Lly] = Llu+iv] = L[u]+iL[v] =0,ao0rxke, L[u] =0, L[v] =0,
o i moTpibHo OyJi0 HoBECTH. B>

3rizHo 3 TeopemMoio 1 XxapaKTepUCTHIHE YUCII0 ¢+ bi TOpoJIzKye
JBa jiiicHi poss’sisku piBHstHHA (13.1): mificHy Ta ysBHY dacTuHN
dyHKIT y1, TOOTO PyHKIIT € cos bx, e** sin bx € po3B’sa3KaMu PiB-
asiaHs (13.1), npudoMy BoHU € JiiHiiiHO He3asexkHl Ha (—00, +00)
(IPOTIOHYEMO CAMOCTIHO MEePeKOHATHCS, 110 1X BPOHCKiaH BiMiH-
Huil Big Hy1s1).

OueBu/HO, MO0 XapaKTEPUCTHIHE YUCIO ¢ — bi HOBHX JIHIITHO
He3aJIe’KHIX TaCTHHHUX PO3B’s3KiB piBHstHHs (13.1) He Jae.
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Takum 9uHOM, SIKIIO BCI XapaKTEPUCTUUHI Yucja Pi3Hi, aje
cepeji, HUX € KOMILIEKCHI, TO KOXKHOMY JIIICHOMY KOpeHto k Bijio-

Bifa€ Po3B’s30K €F®

, & KOXKHII ITapi CIIPsizKeHNX KOMILIEKCHUX KO-
peHiB a =+ bi BiamoBimaoTh ABa AIACHI JIHIKHO He3a/IeXKHI IacTHHHI
po3B’sa3ku Bursiay e cos bx i e sin bx. Beboro matumemo n rifi-

CHHUX YaCTHHHUX p03B7H3KiB BULJIALY

b e cosbr, € sinba, (13.7)
sIKi yTBOPIOIOTH (DYHJIAMEHTAJIBHY CHCTEMY PO3B’si3KiB. 3rijHO 3
OcHoBHOIO Teopemoto (JieKIiisi 12) 3arajbHUil PO3B’SI30K DPiBHSIHHSI
(13.1) omepxkumo y BUIJIsizl JiHifiHOT KOMGIHAIIT yCiX YaCTUHHUX
pos’sazkiB (13.7) 3 moBinbaumMu cramumu Cq, Cy, ..., Cy,.

Ipuknanx 3. inmeepyeamu pienanma > — 6y + 12y" +
+ 6y — 13y = 0.
Poss’azarma. Po3p’sskamMu  XapaKTEPUCTUIHOTO — PiBHSIHHS
k* —6k3 +12k%2 +6k —13 =0 e mBa jiiicmi i JBA KOMILIEKCHO
cupsizkeHi kKopeni: k1 = —1, ko =1, ks =3+ 2i, ky = 3 — 2¢, a T0-
My 3arajbHUN PO3B’SI30K 33JIAHOTO PIBHSAHHST MOXKEMO 3aIllUCATH Y
s y = Cre™® + Coe® + Ce3® cos 2z + Cye3® sin2z. M

3. Meron Eiinepa. Bunamok KpaTHUX XapaKTepUCTU-
YHUX YHUCEeJI. Y IIbOMY BUIAJIKY IUCIO PI3HUX XaPAKTEPUCTHIHUX
qpces1 Gyjie MEHIIE 7, & TOMY YACTHHHHUX PO3B’s3KIiB BHIIsLLy €Fi®
piBusinns (13.1) Gyzae Takox menre n. [Tokaxkemo, siK MOXKHA 3Ha-
AT pernTy YacTUHHUX PO3B’sA3KiB.

Hexait ki — mificHe abo KOMILIEKCHE XapaKTEPUCTHUIHE UNCJIO
kpatHocti s. Tomi, sk BijjoMo 3 asrebpu,

P(ky)=P'(k))=...=PC D(k) =0, PO (k)#£0, (13.8)

ne P(k) — xapakTepucTuaHUil MHOTOUJIEH, BUSHAYEHUTT (DOPMYJIOI0
(13.4).

Jlnst 3HaxXo/KEeHHST PO3B’sI3KiB, sIKi BIJIIOBIAIOTH XapakTepu-
crugaHoMy wucity ki, 3audepeniiroemo ToroxkuicTs (13.3), 3anuca-
HY y BUIVISIJI

L(e*®) = P(k)-e,
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m paziB 3a 3MiHHOIO k, BUKOpUCTOBYIOUHN (hopmysry Jleiibmima st
m-1 MOX1AHOI BiJ J0OYTKY JBOX (DYHKIIiii:

(u0)™ = 3 ¢, u@ylm=i),
j=0

Je Ci = #;),J, — KUIBKICTb CIOJIyYeHb 3 11 €JeMEHTIB IO j.
Bynemo marn:
m
L(z™ek®) = Z Ccl. P(J)(k) ™I ek
j=0

Tenep, BpaxoBytoun (13.8), IpUXOAUMO JIO BUCHOBKY, IO

L(z™eM®) =0, m=0,1,...,5s -1
e oznauae, mo GyHKIil
ez gpef1m gl sl (13.9)

€ poss’siskamu piBHsiHHA (13.1). BoHu, sk Jierko mokaszaru, € Jii-
HIHO He3aJeKHUME Ha iHTepBasi (—00,+00). Ko npu mpomy
ancsio ky € apificauM, To dyukuii (13.9) rakoxk OyLyTh JAIHCHUMHE.
Takum 9uHOM, KOXKHOMY JIiICHOMY XapaKTEPUCTUIHOMY YUCTY ki
KpPaTHOCTI § BIAIOBiIa€ § AIICHUX JIHIHHO He3aIe2KHUX PO3B’A3KIB
suruisiy (13.9).

K10 MAEMO KOMILIEKCHE XapPaKTEePUCTUIHE 9UCI0 ¢ + bi Kpa-
THOCTI S, TO XapPaKTEPUCTUIHUM UHUCJIOM Ti€l »K KpaTHOCTi Oyie
TAKOXK ClpsizkeHe aucsio a — bi. 3rigno 3 (13.9) uuciy a + bi Big-
MOBi/Ia€ S KOMILIEKCHUX PO3B’sI3KiB:

a+ib)z

z2e , ..., g5 lelatib)z

e(aJr'Lb)x 7 we(a+zb)x 7

Bumisstroan y nux gificHi Ta ysIBHI 9aCTHHU, OJIEPKYEMO 28 TIHCHUX
PO3B’sI3KIB:

{e“’” cosbx, xe cosbx, ..., x5 e cos bz,

e sinbx, re®sinbzx, ..., z° e sinbz.

(13.10)

Hecknamno moBecTn, 1Mo I poO3B’sI3KM JIHIAHO He3ajeXKHI Ha
(—00, +00).
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Tak camo, gK i J/1st BUIQJIKY IIPOCTOTO KOMILIEKCHOTO XapaKTe-
PUCTHYIHOTO YUCJIa, KPATHE XapaKTePUCTUIHE IUCI0 a— bi He Topo-
JKY€E HOBUX JIHCHUX JIHINHO HE3AJIEKHUX JACTUHHUX PO3B’SI3KiB.
TakuMm YMHOM, KOXKHIM Tapi KOMILIEKCHO-CIIPSI?KEHUX XapaKTepH-
CTUIHUX unces a + bi KpaTHOCTI $ BiAmoBimaroTh 25 AilficHIX JTiHIHi-
HO He3aJIe?KHIX PO3B’si3kiB Burisiyty (13.10).

Ipuknan 4. 3inmezpysamu pieuanna y" —5y" + 3y +9y = 0.
Posze’azanns. Xapakrepucruune pisusuns k3 — 5k +3k+9 =0
Mag€ OJIMH MPOCTHil Kopiub k| = — 1 i onun KpaTHuit KOpiub ko =
= k3 = 3. Llum KopensiM Bi moBigaiors po3s’ssku e %, €37, e’ a

y = Cre " 4+ C1e3® + Cyze3® ¢ 3arampaum po3s’s3koM. B

Hpuxkaan 5. 3inmezpysamu pisnanna y'" +3y" + 3y +y = 0.
Posze’azanna. Xapakrepucrudne pisasuus k> + 3k +3k+1=0
Ma€ KpaTHuil aiicnmii Kopinb ki = ko = k3 = —1. Otke, 3amame
:1:7 me’x, 1.267:1:7
a fioro 3aragbHEM po3B’sa3KoM € y=Cre *+Coze 4+ Caz?e ™. A

IBHAHHA Ma€ TPU JIHIAHO HE3AJICXKH] PO3B A3KU €~
p P p

Ipuknazn 6. 3inmezpysamu pisnanna y” —y'Y + 8y — 8y’ +
+ 16y’ — 16y = 0.
Pozs’sazannsa. Binnosinne xapakTepucTudte PiBHAHHSI M€ OTUH
npoctuit Kopiab k1 = 11 /iBa KpaTHi KOMILIEKCHO-CIIPSI2KEHI KOPEH]
ko = ks =2i, kg = ks = —2i. OTxKe, 3arajJbHUM PO3B SI3KOM €
y = C1e* + Cycos 2z + Cyx cos 2x + Cysin 2z + Cszrsin2x. W

4. lndepeniiiaabHi piBHsIHHS, 3BiHI /10 PiBHAHB 3i cTa-
aumMu Koedimientamu. Posrisgaemo gesiki Jrimiiiai gudepeniii-
abHi piBHAHHA 31 3MiHHUME KoedillieHTaMu, fKi 3a JTOIOMOIOIO
3aMiHU HE3aJIeXKHOI 3MiHHOT abo IMIyKaHol (DYHKIHT MOYKHA 3BECTH
JI0 PiBHSIHB 31 cTajumu KoedilieHTaMu.

Pisnannam Elinepa nasuBaiors mpudepeniiaibie PIBHIHH
BUTJISLY

2"y + 12"y 4t api1zy + any =0, (13.11)

ae ai, ag, ..., ap — craji gificai 4dmcia. [lobOymyemo 3arajibHumii
po3B’s130K piBHsiHHsT Eitepa mist ¢ > 0 (akmo z < 0, 10 B ycix
HACTYIIHUX BUKJIQJIKaX MOTPIOHO 3aMiHUTH T HA —I). 3pOOUMO 3a-
MiHy He3aJ1e2KHOI 3MiHHOI 3a (HOPMYJIOI0

r=¢€.
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Tomi
/ / / / ]' / —t
Yo=Yt ta=Y 7 =Y-€¢
Ly
Yre= (Y2 e —yi-e7)e™ = (i —yr)e ™,
Yor = (45 — 3ya + 2y )e™, ...,
Y = (%3’3) o+ ()" (- 1)!y£>6_"t-
. S VA (n)
IligcTapisioun SHAlIEH] BUDASH I Yy, Yooy - - 5 Ypn' » & TAKOK
r = €', y (13.11), omep:kumMo JiiHiiiHe oJHOpPi/iHE PIBHAHHSA N-TO

HMOPSIIIKY 31 crajuMu KoedilieHTaMu. 3HANIIOBIIN 3arajbHU PO3-
B’SI30K IIHOI'O PIBHSIHHS 1 IiJCTABUBIIK y HHOIO ¢ = In x, MaTuMeMo
3arajbHuil Po3B’s130K piBusiHus Eitnepa.

Ipuknan 7. 3inmezpysamu piensmuna 2y — 3xy' + 3y = 0.

Poses’sazarrs. 3pobuMo 3aMiHy He3aJIexKHOI 3MIHHOI 3a (opMy-

noto z = €' (roni t = Inz). Toui y, = yje™t, v’ = (yjo — yi)e .

ITigcrapisitoun 1 BUpa3u y BUXiHE PIBHAHHS, JIJIs 3HAXOYKEHHS
dbyuruil y = y(t) omepxKyeMo piBHSAHHSL:
621} (y// _ y/)e—Qt _ 3ety/6—t + 3y -0 = y// _ 4y/ + 3y —0.
3BijicH, BPaXOBYIOUN PE3YJILTATH HMPUKJIALY 1, 3HAXOIIMO

y(t) = Clet + 0263t = y(q;) = Clelnw + 0263111:1: N
y=Crz+Cox. B

Y3aranbHeHHsIM piBHsAHHS Eiislepa € piBHAHHS
(az +b)"y"™ + (az + b)" piy 4+ .

oot (ax + b)pu_1y’ + pry =0, (13.12)

ae a, b, p1, p2, ..., pn — CTAJML. SKIIO BUKOPUCTATH IIiCTAHOBKY
ar +b = ¢ i nosHauuTn ¢ = €', abo Bimpasy 3pobuTH 3aMiny He-
3as1esKHOT 3MiHHOT 3a dhopmystolo ax + b = e, To pipuanus (13.12)
3BeJeThCsl JI0 JIHIHOrO piBHSIHHS 31 crajauMu Koediriearamu. Pis-
uanns (13.12) nasuBators pienanmam Jlazparorca.
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Jlo piBusgHHs 3i craanMu KoeilieHTaMu 3BOIUTHCA TAKOXK Pi6-
HAHHA debuwosa, TOOTO PiBHSIHHS

(1—a22)y" —ay +n’y=0. (13.13)

Touku z = +1 € ocobimBUMU TOYKAMU IBOI'O piBHsAHHsA. Ha
KOXKHOMY 3 iHTepBasis (—oo,—1), (—1,1), (1,4+00) BUKOHYIOTBCsI
ymoBu Teopemu Korri. [lobyayemo 3arajibHuil po3B’si3oK piBHsIH-
usi Yebumona Ha inrepsasi (—1,1). 3pobumo 3aminy He3asexKHOT
3MiHHOT 3a (POPMYJIOI0

t = arccosx (x = cost).

Tomi

1 1
yé:y#té:yé-x—Q:—yiE,

y,, B y,, 1 y, cost 1 B y,, 1 y, cost

2 — 2, - . — 3 - 27, - . .

r sin t bsin?t sint P sin?t tsin® ¢
[igcrapiasmodn sHaiifeni BUpasm s Y, 1 Y., & TAKOXK

x = cost, y piBusians (13.13), nyist 3uaxopKenns GyHKil y = y(t)
MaeMo JudepeHIiagbie PiBHAHHS JPYTOTO MOPSIAKY 31 CTaJnMu

KoedirieHTamu:
y" +n?y =0, (13.14)

BarajpHuM poss’siskom piBHstHHs (13.14) € y = Cicosnt +
+ (5 sinnt, a mic/ist TOBEpHEHHSI JI0 3MIHHOT & OJIEPXKYEMO

y = C cos(n arccos x) + Cy sin(n arccos z).

MoxHa nokasaru [8, c¢. 158 — 159, mio siniiine oxHOpinHe piB-
HSHHS

¥y £ 1@y Y L poi (@)Y + pa(z)y =0

3BOJIUTHCS IIEPETBOPEHHAM He3aJs1ezKHOI 3MIHHOI J10 JIIHIHHOrO piB-
HAHHST 31 cTaanMu KoedirmienTaMu TiIbKI 3a JOIOMOTO0 IIiacTa-

t:a/mdx,

HOBKHN



160 Poszin 2. JUO®EPEHIIIAJILHI PIBHAHHS BUIIUX ITOPSIKIB

Jle o — JesiKa cTajia. 3 Il pOopMyJIn JIErKO OJep:KaTh 3aCTOCOBaHI
BWUIIIE IIiCTAHOBKHY JJIsi piBHSIHDL Eitnepa, Jlarpam:ka ta Yeburosa.

MareMaTHIHOI MOJEJUII0 HaraTbox IPOIECIB MaTeMaTHIHOL
disuku € pieuanns Becceasi, ToOTO PIBHSIHHSI

2%y +xy + (2* —v)y =0,

e v — nosiibHe crajie unciio. [lokaxkemo, mo npu v = % PIBHSTH-
Hs1 Becceist 3B0AUTHCsI 0 PIBHAHHS 31 CTAJIMMU KOeMIIIEHTaMI Ta
inTerpyerbcd y kBasparypax. s mporo y piBHSHHI

1
z?y" + xy + <:c2 = Z) y=0, (13.15)

BUKOHAEMO 3aMiHy NIYKAaHOI DyHKINT

= (13.16)
y—ﬁ. :
Tomi
, 2 1 z g 2 2 3 z
e e~ Al e~
VT 2443 VT 3 45

ITincrasisioun supasu s y, y' 1y” y piBuanus (13.15), micsst
HECKJIAHUX IEPETBOPEHD OJIEPYKUMO PIBHSIHHS 31 CTaaIuMu Koedi-
nienramu 2z’ + z = 0. 3araabHUM PO3B’A3KOM IIHOIO DIBHSIHHS €
z = C} cos x+ Cysin z, a BpaxoBytoun (13.16), octarouHo o/epKy-
€MO 3arajabHuil po3s’s30K piBHsAHHs Beccers (13.15):

cos T sin x
=Ci— + Cy——.
Y 1 e + G2 iz
Pexomendosana aimepamypa: |4, c. 398 — 408, 423 — 430,
[5, c. 220 — 243], [6, c. 180 — 192], [8, c. 131 — 138, 158 — 162], [15,
c. 129 — 137].

ITutannga go gekirii 13

1. dxwit Bursian mae miniitae nudepeniiaabae PIBHAHHS N-T'0 OPSII-
Ky 3i craymumu Koedirienramu?

2. ITlo nazmBalOTh XapaKTEPUCTUIHUM PIBHIHHIM, Ky Ha3BY MalOTh
KOPEHi XapaKTePUCTUIHOTO PIBHSIHHA !
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3. dxwmit Bursgm mae GopMysia 3araJbHOTO PO3B’A3KY JIHIHOTO
OJTHOPITHOTO PIBHAHHS N-TO MOPSJKY YV BHUIAJKY MPOCTUX JIWCHUX Xa-
PaKTEPUCTUIHUX TUCEJI!

4. dxi aBa mificHi miHitHO He3aIeKHI YACTUHHI PO3B’A3KM JIIHIHOTO
OJTHOPITHOTO PIBHSAHHS BiAMOBIIAIOTH Mapi KOMIIEKCHIX XapaKTePUCTH-
9IHUX qucea a + bi?

5. ki gificHi JiHifiHO He3aJIeXKHI PO3B’A3KMU JIHIHHOIO OIHOPITHOTO
PIBHSHHS BiJIITOBITAIOTH JIIHCHOMY XapaKTEPUCTHIHOMY YHUCTY k KPATHO-
cri s?

6. Axwuit Burisi Mae piBasgaag Eitepa? 3a H0mMoMOromw0 kol 3aMiHn
He3aJe’KHO1 3MIHHOI OTO MOXKHA 3BECTH JI0 PIBHAHHS 31 CTAJIUMH KOe-
dimienramu?

7. dxuit Burssy mae piBHsiHHs Jlarpamzka? 3a JOIIOMOTOI0 SIKOT 3a-
MiHF fIOr0 MOXKHA 3BECTH JIO PIBHSIHHSI 31 cTajimMu Koedimienramu?

8. dxmit Buram mae piBugnag Yedbummosa? 3a JTOMOMOTOIO sIKOT 3a-
MiHE HOTO MOYKHA 3BECTH 0 PIBHAHHS 31 cTajmmu KoedirieaTamm?

9. dkwmit 3arajapHUil BUrjs Mae piBHsiaHs beccesisi? Ko 11e piBHsi-
HHsI MOYKHA 3BECTH JI0 PIBHSHHS 31 crajauMn Koedirienramnu? 3a moro-
MOT'OIO SIKOT 3aMiHU I1e¢ MOYKHa 3po0ouTu?

Bopasu go sexirii 13

1. Binrerpyiire siHiitHI OJHOPIIHI PIBHSIHHS JPYrOro MOPSJIKY:
a)y’ =8y +15y=0; 6)y"+2y +2y=0;, B)y" -2y =0.
2. 3imTerpyiire JiHIHI OJHOPIAHI PIBHIHH:
a)y” —2y"=0; 6)y" —6y" +12y' —8y=0; B) Yy —y=0.
3. BuaiiaiTh po3s’a3ku 3aaa49 Kori:
a)y" =2y' +y=0, y(2) =1, ¥'(2) = =3;
6)y" =y =0, y(0)=2, y(0) =1, y'(0) = -1
4. 3inrerpyiire piBusguusa Eitrepa ta Jlarpamxka:
a) z2y" + 2xy’ — 20y = 0; 6) 2z%y" —xy' — 2y =0;
B) (3z +2)%y" + (6x +4)y’ — 4y = 0.
5. Ina sxkux snavens p i ¢ yci poss’asku pisasaas vy +py' +qy =0
OyayTh oOMerkeni Ha miBoci x > 07

6. CrutaiTh JIiHiiTHEe OJIHOPIIHE PIBHSIHHS 31 cTajuMu KoedilieHTaMu
SIKOMOTa, MEHITIOTO TIOPSIJIKY, SIKe Ma€ 3aJIaHi YACTUHHI PO3B’I3KM:

a) y1 = ze*™; 6) y1 = a%e”; B) y1 =T, Y2 = COSZ.
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Jlekmiga 14. Jliniitni HeomHOpPiaHiI JudepeHTiaabHi
PiIBHSIHHSI 7-TO MOPSIJIKY

Ilan

1. Crpykrypa 3arajibHOr0 PO3B’si3KY JIHIHHOTO HEOHOPITHOTO
PIBHSIHHSI.

2. Meroj Bapialiil JOBIJIBHUX CTAJIUX.

3. Merox Kormmi.

4. Mero HeBu3HaYEeHNX KOeiIlieHTIB.

1. CtpykTypa 3arajibHOro po3B’sI3KY JIiHI/THOTO HEO/THO-
pizHoro piBHsiHHA. Posristnemo JiHiitHe HEoiHODIIHE JudepeH-
IiaJibHe PIBHAHHS

Liy] = y(™ +P1(l‘)y(n_1) +p2($)y(n_2) TP ooc
ot P—1(2)Y + pal)y = f(2) (14.1)

1 BiJIIIOBIIHE OJIHOPIJIHE PIBHSIHHS
Lly]=0. (14.2)

Businserbest, 1m0 3arajbHUil po3B’s30K JHHITHOIO HEOIHODI-
JHOrO piBHsiHHsA (14.1) 3aBKAM MOXKHA 3HAiTH, SKINO BigoMi 3a-
raJbHUi po3B’si30K piBHsiHHs (14.2) i Oyab-sKuii 4aCTUHHWUI PO3-
B’s130K piBHsinHs (14.1). Ile BummBae 3 TaKOro TBEP/KEHHS.

Teopema 1. 3azasvrutl pose’sazox AHItIHO20 HEOOHOPIOH020
pisnanna (14.1) dopierioe cymi 6yodv-aK020 1020 YaCMUHHO20 PO3-
8’A3KY Ma 342a.0bH020 PO36°A3KY 00HOPIOH020 pieHanHA (14.2).
Josedenns. Hexait Y = Y (x) — BioMuil yacTUHHUI PO3B’S30K
piBusians (14.1), ro6ro L[ Y | = f(z). Bukonaemo saminy y = z+Y,
e z = z(x) — HoBa mykaHa dyHKIiid. lincrassioun i1y (14.1)
Ta BPaxXoBYIO4M JiHIHICTE oneparopa L, ogepxkyemo, mo L{y]| =

=L[z+Y|=L[z]+ L[Y|=f(z). Ockinbku L[Y ]| = f(z), To
Liz]=0, (14.3)

TOOTO z — PO3B’sI30K JIHIHHOrO OiHOPiAHOTO piBHsiHHs (14.2). Toxi
srigao 3 OcHOBHOIO Teopemolo (JeKiist 12) 3arajJbHIM PO3B’SI3KOM
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piBasiaas (14.3) € z = Ciy1 + Coyo + ... + Cpyn, e y1, Y2, - - -,
Yn — JedKa PyHIaAMEHTAJIbHA CUCTEMa, PO3B’I3KIB ILOIO PIBHAHHSI,
a (Cq,Cy,...,Cy, — poBlibHi cram. Takum gunoMm,

y=Ciy +Coys+ ...+ Cryn + Y. (14.4)

[Mokazkemo, 1o dopmysa (14.4) BusHauae 3araibHUNl PO3B’SI30K
piBusians (14.1). 3rigHo 3 03HAYEHHSM 3araJbHOIO PO3B’SI3KY JIH-
depeHIiabHOrO PIBHSIHHS N-T0 HOPSJKY JIJIsi I[HOTO TOTPIOHO 110~
kazaru, 1o 3 (14.4) npu Hanexxuomy sudopi cranmux Cq,Cy, ..., Cy
MOXKHA OJIEPXKATU PO3B’S30K, SIKUl 3aJ/I0BOJIbHSIE JOBLIBHI 11OYa-
TKOBI yMOBU

_ =il
y(@o) = yo, ¥'(x0) =y -, ¥ V(o) =y V.
[Mocainosro audepentiooun (14.4), 3HAX0IMMO

y=Ciy1 +Coya + ...+ Cryn +7,
y =Ciyy +Coyy + ... + Cryp, + Y7,

y®@ D = 0"V + GV 4+ OV + YD,
[TigcTapisiiodn B II0 CHCTEMY & = Xy, MATHIMEMO HEOJHOPIIHY CU-
creMy n JHiHIHEEX piBHsiHD 3 N HeBijomumu Ci, Cs, ..., C,, BU-
sHagHUKOM KOl € W (xg). Ockinbku y1, Y2, .., Yn — DyHIaAMEH-
TajgbHa cucTeMa po3B’s3kiB, To W (xg) # 0. Takum umnoM, crasi
Cq, Cy, ..., C) 3 OTPUMAHOI CUCTEMU BU3HAYAIOTHCS OJHO3HAYHO,
a ToMy po3B’sizok (14.4) cupaBji € 3arajbHUM. P

Teopema 2. Hezati npasa wacmuma AiHitiH020 HEOOHOPIOH020
pishanns (14.1) e cymoro dsox dodanxkis, mobmo

Lly] = fi(x) + fa(z). (14.5)
Sxwo y1 — wacmunnud pose’aszox piswanna L{y] = fi(x), a yo -
wacmunrutl po3s’azox pisnanns L{y] = fa(x), mo y1 + y2 € ua-

cmunKuMm po3e’askom pienanna (14.5).
JlosederHs TeopeMu BUILIMBAE 3 TOrO, 110

Liyi +y2] = Liy1] + L{y2] = fi(z) + fa(z). »
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2. Meron Bapiamnii moBiibHHUX cTajinX. PosriasHemMo 3a-
raJibHU MEeTOJ, 3HAXOJKEHHS YaCTUHHUX PO3B’sI3KIB HEOIHOPIJI-
Horo piBusinus (14.1) — memod eapiauii doginvbHUT cmasux
(memo0d Jlazpanoica).

Hexait Maemo 3araabHIE pO3B’SI30K JTIHINHOTO OIHOPIAHOTO PiB-
Hsauus (14.2):

z=Cry1 + Coy2 + ... + Cpyn, (146)

e Y1, Y2, ---, Yn — JesdKa QyHIAMEHTAJIbHA CUCTEMa PO3B’si3KiB
uporo pisusinnsg, a Cq, Cy, ..., C, — 10BLALHI cTaJIi.

Yacrunauil po3s’si30k piBHsiHHs (14.1) mykaemo y Bursii
(14.6), BBazkatoun Cq, Cy, ..., C), He cragumu, a HeBigoMuME (yH-
KIIgMH Bis x, TOOTO

y=Ci1(@)y1 + Ca(T)y2 + ... + Crn(2)Yn- (14.7)

Bubepemo renep dyukuii Cq(z), Co(z), ..., Cp(x) Tak, mobd
dbyuxuis (14.7) 6yna poss’siskom pisasians (14.1). dudepenmnioro-
u (14.7), omepxxyemo

Y =Ciyi + Covh+ ...+ Coyl, + Clin + Coya + ... + Clyn,
Haxmanemo ymony, mo C1y1 + Chys + ... + Cly, = 0. Toni
y' = Cryy + Coyy + ... + Cryy,.
Hudepentiioodn e oJuH Pas3, 0/IePKYEMO:
= C1y + Coyly + ... + Cuif + Clyf + Chvh + ... + Chf,
Hexait Ciy] + Chys + ... + Cryl, = 0, Toni
= Cyi + Caysy + ... + Cuyy,

[Ipomosxkytoun judepentioBaru i pubupatoun ¢yukiii C,
Co, ..., Cp Tak, mob C’{yin*m + C’éyén*m +...+Clyn (n=2) _ =0,
onepxyemo y—1) = C’lyin*l) + C’gyénfl) 4+ ...+ C’nygn .
1, maperrri,

y™ = Cryt™ + Coyd™ + ..+ Cuy) +
+Ciyt ™+ O L Oyl
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ITizcraBumo remep y piBHsinas (14.1) Bupasu st y Ta i1 HOX1IHUX:

(?1<yY”~+1n(x)yY%7D~+...4—pn41(x)yi4—pn(x) 1)~+
+—Cb(y§”-+zn($)y§”_”-+~~~4—pn_¢( )Yy + pn(x
A Cu(9) + P @™ + -+ Paa(a >yn<+-pn<x>yn)

+ Oy 1O 4 Oy Y = fla).

MHOXKHUKH B JIy?KKaX TOTOYKHO JIOPIBHIOIOTH HYJIIO, 00 (DyHKIT
Y1, Y2, - - -, Yp € JACTUHHUMU PO3B’siskamu piBHsiHHsA (14.2). Orxke,
OCTAHHE PIBHSIHHS 3AIUIIETHCS TaK:

Ciy™ V4 O 4+ ClyY = f(a).

Taxkum unnom, dyskuii C(x),Co(x),...,Cph(x) 3a10B0bHSI-
I0Th CUCTEMY

Clyr + Caya + ... + Cryn =0,
Cry1 + Coys + +U%=0

Ol + Ol 4 ol =0,
C! (n—1) C! (n— 1) C’ (n—1) —
191 + Coys <+ Cnn f(@).

Maemo HEOTHOPIIHY cHCTEeMY N JIHIHHUX aareOpuIHuX PiBHIHD 3
n uwesigomumu Cf(z), Ch(x), ..., Cl(x). OcKiabKE BU3HATHUKOM
i€l cucremMu € BiAMIHHUIT Bij Hy/1g BpoHCKian dyHKIHMR Y1, Yo, - . .,
Yn, TO BOHA Mae exunuii poss’sizok Cf(z), Ch(x), ..., C(z). Inre-
rpytoun, suaiigemo dyukuil Ci(z), Cao(z), ..., Cy(z), nicas goro
3aJIMIIATHCs mijcTaBut iX y dopmyry (14.7).
Ipuxkaan 1. 3inmezpysamu pichanmns y" +y = x.
Pose’azanns. 3araabHuM po3s’siskoM Yo = yo(z) BlamosigHOrO

oaHopiaHoro pisHaHHA € Yo = Cp cos x + Co sin .
Hexait renep C; = Cy(x), Cy = Cy(x). 3 cucremn

Ci(z)cosx + Ch(x)sinx = 0,
—C{(x)sinz + C4(x) cosz = x
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snaxomumo Cf(x) = —zsinz, C)(x) = zcosz, a orxe, C(x) =
=xzcosz —sinz + Cq, Cy(z) = xsinx + cosx + Cy,

y = (zcosx —sinz + Ci)cosx + (zsinz + cosx + Cy)sinx =
y=Cicosz+ Cosinz+z. R

3. Meton Kormi. PosristHemo 11e oquH criocib 3HaXOIKEHHS
YACTUHHOTO PO3B’3KY JIHIHHOrO HeoHOpiHOrO piBHstHHs (14.1) y
BUIIQJIKY, KO Bigoma (yHIaMeHTaaIbHa CHCTEMa PO3B’sI3KiB Bijl-
TIOBI/THOT'O OJTHOPI/THOTO PIBHSAHHS.

Hexait y1, y2, ..., yn — PyHIaMeHTAIbHA CHCTEMA PO3B’I3KiB
JiniitHOro oxHOpisHOro piBHsinHg (14.2). Bukopucrosyouu dop-
myay (14.6), mobyyemo po3s’sizok piBHsiHHs (14.2), sikuil 3aj10-
BOJILHSAE TOYATKOBI YMOBH

2(s) =0, 2/(s)=0, ..., 2" V() =1, (14.8)

Jle x = § — JoBlIbHA TOYKa 3 iHTepBasy (a,b). Ileilt poss’s3ok mo-
3HAYNMO 4epe3 z = (x,s) (BiH 3aimeuTh BiJ s K BiJ mapame-
rpa). Ockinbku z = @(x,s) gk QyHKIis 3MIHHOI & € PO3B’I3KOM
onxHopinHoro pisusuus (14.2) pys koxuoro s € (a,b), To

Lip]=0, a<zxz<b a<s<hb.

Kpiwm roro, 3 (14.8) ButumBae, 1o dbyskuis ¢(z, s) aK OyHKIL
3MIHHOI 2 3a/I0BOJIbHSIE TaKi YMOBH:

0(s,8) =0, ¢(s,8) =0, ..., o2 (s,5) =0, p"(s,5) =1,
(14.9)

& p(x,s) . CDyHKL[iIO @(1':3)7 AKa
Tr=s

ne 4aepes ) (s, s) mosmaueno S

Ma€ BKa3aHi BJIACTHBOCTI, HA3UBAIOTh hynkyiero Kowi.
Pozrysinemo rerep QyHKITO

Y(z) = /xgo(x,s)f(s)ds (14.10)

Je xg € (a,b) — 10BilIbHA TOUKA, 1 IIOKAZKEMO, 1110 BOHA € YACTUHHUM
po3B’si3koM piBHsiHHs (14.1), siKuil 3a/10BOJIbHSIE HYJIBOBI TOYATKO-
Bl yMOBHI

Y(x0) =0, Y'(z0) =0, ..., Y D(z0) =0. (14.11)
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JList uporo crnovaTky suaiizemo noxigui Y/, Y7, ..., Y™ gukopu-
cToBy104M (popMyIly JudepeHIiioBaHHs BU3HAYEHOIO IHTerpaia 3a
napamerpomV:

L ([ e = [ s 55

Bpaxosyroun, mo ¢(x, s) 3agoBosbhsie ymosu (14.9), mociiinos-
HO 3HAXOJUMO

Y@ = [ OO ) | ea)ss)as

0 zo

v'() = [ "o, 9) fs)ds + o (2, 2) F () = / "o, 5)f (s)ds,

0 0

YD) () = / "oV (2, 5)f(s)ds,

x
YO@) = [ (e, 9)f(s)ds + (@)
o
Tenep oueBnzno, mo dyukiis Y (z) 3agoBosbasie ymosu (14.11).
Iliscrasisioun 3maiigeni supasu mia Y, Y ... Y y (14.1),
OJIEPKYEMO PIBHAHHHA

x
Lyl = [ Llelf(s)ds + (@),
o
3Bigcn, ockinbku L{p] = 0, To L[Y'] = f(z), a < & < b, 10610
dbyuxiis Y (z) 3 (14.10) € gacTHHHAM PO3B’SI3KOM HEOJIHOPIIHOIO
piBusiHHs (14.1).

@opmyny (14.10) nasubatorh gopmyaoro Kowsi. 3 i1 gono-
MOTOIO 3araJIbHUIl PO3B’SI30K JIHIAHOTO HEOIHOPITHOTO PiBHSIHHS
(14.1) mMoxKHA 3amUCATH y BHUIVIsLI

NI / A0

0

() ()
Y Bukopucroyemo  popMyJTy %( i f(x,s)ds) = [ %ds +

@ (x) (x)
+ f (2, 9(x) 2L — f (z, 0(z)) %2
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e z — 3araJIbHUil pO3B’SI30K BiAMOBIIHOIO OJHOPITHOTO PIBHSTHHSI.

Ilpuknan 2. 3inmeepysamu pierarna y’ +y — 2y = x me-
modom Kowi.
Po36’a3anns. 3arajabHUM PO3B’I3KOM BiJIIIOBIIIHOIO OJHOPIAHOIO
piBuanns € yo = Cre”2* + Cqe®. Tomy dyuknio Komi o(z, s)
MIyKaE€MO Y BHUIVIS T

p(z,5) = Ci(s)e™™ + Ca(s)e?,
ne dyukuil C(s), Ca(s) 3rigHo 3 (14.11) 3a/10BOIBHSIIOTH CHCTEMY

C1(s)e™2 + Cy(s)e® =0,
—2C1(s)e™% + Cy(s)e® = 1.

3sizcu serko 3uaxopumo C(s) = —% e?s, Cy(s) = %6_8, a OTIKe,
1 2(s—x) 1 z—s
x,8) = —=e —e*78,
plz,s) = —3 -

Toni 3a dopmysoro (14.10) 3HAXOAMMO YACTHUHHWI PO3B’SI30K 3a-
Janoro pisasius (Gepytun xg = 0)

L[ 11 1 1
Y(x) = g/0 (_62(57:10) —FemiS)SdS _ —§l‘— Z _ 5672‘% + g

a 3araJibHIM PO3B’A3KOM Y = Yo+ Y ITIC/Is IEPEIO3HAYMEHHST CTATINX

(Cl =01 — 1/12, Cy = CQ+1/3> €

1 1
Yy = 01672‘% +026x — 51’ — Z [ |

4. Meton HeBu3HadyeHux koedimieHTiB. PosrisHemo Jii-
HilfHEe HEOHOPIiIHEe PIBHAHHS N-T'0 MOPAJIKY 31 cTaymmu Koedirien-
TaMIU:

Liyl=y™ +aiy™ Y + . +ap 1y +any = f(z), (14.12)

ze aj, ag, . . ., ay — JaiiicHi uncia, dyskiis f(z) HenmepepBHa Ha je-
sikoMy iHTepBaJi (a,b).

fximo npasa dacruaa piBasHHS (14.12) Mae cuerjagbHuil Bu-
DJISAJL, TO JJIst BIAIIYKAHHST YACTHHHOIO PO3B’SI3KY I[bOTO PIBHSHHS
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MOXKHa BHKOPHCTOBYBATH MeMOd HEeBU3HAUEHUTL KOePHIUuleH-
mie.

Posristremo okpemi BUaIkm, OB’ si3aHi 3 BUTJISIIOM IIPABOI Ta-
crunu piBasians (14.12).

Bunanoxk 1. Hexait dyukiis f(x) € 106yTKOM MHOrOYI€Ha HA
eKCIIOHeHIaIbHy (DYHKIIII0, TOOTO

L{y] = R (z) e®*, (14.13)

e Rp(x) = rox™ + riz™ 1 + ... + rp1T + 7y — MHOTOWIEH
3 gificiumu KoedirienramMu (30Kpema, 1e Moxke OyTH craja), o —
mificHe abo KOMILIEKCHE UHCJIO.

Hexaii o He € xapakrepucTuaHuM 4ucjioM, 1o6ro Pa) # 0
(P(a) — xapakTepucTUaHUN MHOrOY/IeH, nuB. Jekiio 13). Toxi ya-
crunHuii po3p’s30k Y = Y (z) piBuanus (14.13) mykaemMo y BUIIs-
his!

Y = Qn(x)e*”, (14.14)

1e Qum(z) = gor™ + 2™ L+ ...+ ¢m_1Z + ¢m — MHOTOUIIEH M-TO
CTEIeHs 3 HEBU3HAUECHUMH KOeMIiIieHTaMu.

Koedimientn MHOrounena Q,,(r) MoxkHa 3HaiiTu, mijgcrasisi-
fount (14.14) y piBusiaus (14.13) i npupisHioloun koedimienTis 6i-
Jisi OJTHAKOBUX CTEIeHIB o y 000X YaCcTUHAX OTPUMAHOI PIBHOCTI.
[Tepexonaemocn, 1m0 KoedimieHTn qg, q1 - - -, ¢ Y IHOMY BUIIAJKY
3HAY ThCA onHO3HAYHO. CHpaBii, BPAXOBYIOYH BJIACTUBOCTI OIIe-
paropa L, omepxkKyemo:

LlY]=L [(qoxm +qz™ gz + qm)~e°"”] =
= qoL[2™e™™ |+ 1 L[x™ e | + ... + qm_1 L[ 2] +

+ gmL[e*] = (rox™ + rz™ N T+ Tm) €°C.

Bukopucraemo tenep Bubejeni y 1. 3 Jjekmil 13 dopmysu

L[e*] = P(a)e*™ i L[z°e™*] = ZOCgP(j)(a)xs_jeo‘x. Ckopo-
J:



170 Poszin 2. JUO®EPEHIIIAJILHI PIBHAHHS BUIIUX ITOPSIKIB

4qyio4uu Ha e, MaeMo

m m—1
qOZCfnP(j)(a)xmfj +q1 Z CfnflP(j)(a)xmflfj +...

1
ot Gme1 D CIPD()a' T + g Pa) =
j=0

-1

=rox" + 112"+ ..+ 1T+ T

[IpupiBasiemo koedimienTn 61 OJIHAKOBUX CTEIECHIB X

™ |qoP(a) = 19,

2™ Y gomP' (o) + qlP( ) =11,
(14.15)
20 | qoP™ (a) + Q1P(m D(a)+... 4+ gm1 P'(a) +

+ gmP(a) = Tm.

Ockisnbku P(a) # 0, To 3 (14.15) MOXKHa OIHO3HAYHO 3HANWTH
BCl KoedirienTu MHOTOUWIEH @ (), Hampukiaan gy = ro/P(a),
q = (r1 — gomP'(a))/P(a) i T 1.

Hexait o € xapakTepuCTHIHUM YUCIOM KpaTHOCTi k, TobTo
P(a) = P'(a) = ... = P*D(a) = 0, ate P*)(a) # 0. Y upomy
BUIIQJIKY YaCTUHHUI po3B’si30K Y y Bursyi (14.12) ze nobymysa-
i, 60 P(a) = 0. Tenep nykarumemo iioro y Bursisii

Y = 28Q(x)e, (14.16)

ze Qp,(z) — MHOrO4YJIEH M-TO CTEleHsI 3 HEBU3HAYEHUMHU Koedirri-
enramu. Ilincrasisioan (14.16) y (14.13), omep:xyemo, 1o

L[Y] [ ka Zq AR k+m—j ax] _
m +m— m
Z Z Ck+m g (a)mk%»mfjfseax _ Z ijm j ar
j=0  s=k =0

abo TicsIsT CKOpOoUueHHsT Ha e

Z @ Z C’]jifn 2] k+8)(a)$m_j_s = erxm—j.

J=0
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[Tpupisatooun KoedirieHTn OiTsT OHAKOBUX CTEIEHIB T, OJep-
KYEMO CHCTEMY:

m

2™ qoCl s, PM (@) = 10,

—

x| qo(k + m)pltm= 1)( )+q1(k+m—1)P(’°+m*2)(a)+...
4 @m—1(k + 1) PP (@) = 11,

2% | qo Pk+m (@) + P+ () + ... + g1 P*H D (a) +
+QmP( )( ):Tma

3 fKOI, OCKIJIbKHI P(k)(a) # 0, MOXKHA OJIHO3HAYHO BU3HAYUTU BC
KoeiIlienT qo, q1, - - - Gm-

Bunagok 2. Hexaii npasa yactuna pisasians (14.13) mae Bu-
LJISL]Y

f(z) =e* <R§,1L) (z) cos bz + R (z) sin b:c) , (14.17)

ne RY (x) Ta RY (r) — MHOrO4JIeHH CTeIeHIB He BHUIIUX BiJ m,
puaoMy xo4a 6 OJMH 3 HUX Ma€ CTelliHb m (BOHU MOXKYyTb OyTH ii
CTAJIIMU YUCJIAMHU, OJUH 3 HUX MOXKEe OyTU TOTOXKHO PIBHUM HYJIIO).

Ockinbkn cosbr = M, sinbr = W, To (14.17)
MOYKEMO 3allUCATH Yy BUIJIS

. 6ibx + 6—ibx 6ibx _ e—ibx
2

+RD @) et — —
_ E%) (l‘) e(a+ib)x + Eg) (l‘) e((zfib)a:7
ne RY (x), R () — MHOrOUJIEHU CcTeneHsi m, TOOTO f(T) € cymMor0
JIBOX JIOJTAHKIB, sIK1 PO3IJISIIAIUCH Y BUITAJIKY 1.

Hexaii a+bi He € XapakTepUCTUIHUM YUCJIOM piBHsiHHs (14.13).
Tomi 3rigHo 3 TeopeMoio 2 9acTUHHHUN PO3B’SI30K IMBOTO PiBHSIHHS
MOzKHa 3HajiTn y Burisiyal Y (z) = éﬁ) (x) e<a+ib)x+@§3) () ela=®)
ne QW (x) 1 oY () — MHOrOYJIEHN CTENeHsI M 3 HEBH3HAYCHIMHE
koedimienramu. I[lepeitmoBmm 0 AificHO3HAYHUX (DYHKII, omep-
JKYEMO OCTATOYHE IIPABUJIO 3HAXOJZKEHHS YaCTUHHOI'O PO3B’S3KY
piBusinus (14.13) 3 mpasoro gactuHo Buristy (14.17): axwo a+bi
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HE € TAPAKMEPUCTNUNHUM YUCAOM, MO YACTMUHHUT D036 A30%K NO-
mpibHo wykamu Yy eu2andi

Y(xz) =e* <Q7(711) (z) cos bz + Q) () sin bz:),

1 . (2
de Q,(n) (x) i an) (x) — MHO2OUAEHU CMENENA M 3 HEBUSHAMEHUMU
KoediuieHmamu.
[Mpunycrumo, mo a + bi € k-KparHuM XapakKTEePUCTUIHUM YU~
csioM piBasinas (14.13). Toni yacruHHMI PO3B’SI30K 1IBOIO PIBHSAHHS
HOTPIOHO IIyKaTH y BUIJIsI

Y (z) = 2* (@%) (z)el@t®z 4 OO (x)e(afib)x>

abo
Y (z) = z*e®® (Q%) (z) cos bz + QP () sin b:c) :

B obox Bumaikax KoedillienTn MHOro4/IeHiB Q%) (x) 1 Qg) (x) Bu-
SHAYAIOTHCS Hicist migcranoBku Y (z) y pisusuns (14.13).

BayBazKMO, 0 CXeMa 3HAXOJKEHHsI YaCTUHHOTO PO3B’SI3KY
Y (z) me 3minuThCH, SKIIO RY (x) = 0 abo RY () = 0. A axmo
f@) = fi(@) + fo(@) + ... + fi(2), xe fi(2), fa(x), ..., fu(z) ma-
101 Bursy (14.14) abo (14.17) 3 pisunmu «, a + bi, To 3rijgHO 3
reopemoto 2 Y =Y, + Yo + ...+ Yy, ne Y; = Y,(z) — gacTunHmii
posp’s3ok pisusanusg L]y | = fi(z), 1 =1,2,... k.

Ipuknan 3. 3inmezpysamu piensmnsa " — 2y = x? — e”.
Poses’sazarns. XapaKTepUCTUIHAMEA YUHCIAMA BiIIOBIIHOTO OJ-
HODiJIHOTO piBHsIHHA € k1 = ko = 0, k3 = 2, a ToMy 3arajibHMUIl
PO3B’SI30K ILOT0O PiBHAHHHA Mae BuIIs yg = C1 + Cox 4+ C3e?®.

[IpaBy dacTuHY 3aJaHOTO PIBHSIHHSI 3allWIIEMO Y BUJISII
f(@) = fi(@) + fol@), 2 folw) = 2, folx) = —e®.

Ockinbkr @ = 0 € XapaKTepUCTUIHUM YUCJIOM KPaTHOCTI 2, a
« = 1 He € XapaKTePUCTUIHUM YUCJIOM, TO YACTUHHUI PO3B’SI30K
3aJIaHOTO PIBHSIHHS NTIYKAEMO Y BUIVISIIL

Y = 2%(Az? + Bz + C) + De® = Az + Bz + Cz? + Dé®.
[Tigcrasisioun Y y 3ajane piBHSHHS, OJEPKYEMO TOTOXKHICTH

—24Az% + (24A — 12B)z + (6B — 4C) — De® = 2% — €7,
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3 siKoI, mpupiBHIOOYHN KoedimieHTn Oilst OTHAKOBUX CTEIEHIB I,
3HAXOMMO HeBU3HadeHi Koedirientn A, B, C, D:

z2| —24A4 =1,
1
x|24A —-12B =0 1 1 1
’ A=—— B=——,0=—-,D=1.
20168 — 4C =0, 24 12 8’
Y| =/D) = =il
Otrxe, Y = —% — % — "%Q—Fex, a 3araJbHIM PO3B’sI3KOM €
4 3 2
x x x
=C1+ Oz +C3e* — — — = — e |
A TR T R

Pexomerndosara aimepamypa: |3, c. 97 — 100, 107 — 110], |4,
c. 389 - 397, 408 — 417], [5, c. 243 — 261], [8, c. 125 — 130, 138 —
144], [15, c. 103 — 108, 138 — 148].

IIutannga mo jgekirii 14

1. dxky cTpykTypy Mae 3arajbHUil po3B 30K JIHITHOTO HEOTHOPI-
JTHOTO PIBHAHHS N-TO THOPSIKY !

2. dxuit BUrsIs M Mae YaCTUHHMI PO3B’ 30K JIHIHHOTO HEOMHOPITHOTO
PIBHSIHHSI, sIKITIO HOT0 IIpaBa JaCTUHA € CYMOIO JEKITbKOX JTOMAHKIB?

3. Y doMmy mosisirae MeTOT Bapiallil JOBIMbHUX CTAJUX iHTErPYBaHHSI
JIHITHOTO HEOMHOPIIHOTO PIBHSIHHS 1-I'0 TOPSIIKY 7

4. Y gomy nossgarae meton Kot BiAIyKaHHs YaCTUHHUX PO3B’sA3KiB
JIIHITHOTO HEOIHOPITHOrO PIBHAHHA N-TO HOPAAKY! ZKuil BUrjsm mae
dopmysta Kormi?

5. Y qoMy TOJIITa€ METO/T HeBU3HAYEHUX KOEMIIIEHTIB 3HAXOTIKEHHST
JACTUHHUX PO3B’A3KiB JIHITHOTO HEOIHOPITHOTO PIBHAHHS N-TO TOPSJIKY
31 crasmmu KoedirierTaMu? fIKOTO BUIJISLy Ma€ OyTH IIpaBa JacTUHA
piBHSHHS, II00 MOXKHA OyJI0 BUKOPUCTATH I€il MeTO/1?!

Bopasu go gekiii 14

1. Binrerpyiire JaiHiiini HeOMHOPIMHI PIBHAHHS METOIOM Bapiarii 10-
BITHHUX CTAJIIX:

_tgfar+1

a) y//+3y/+2y: 6) y//+4y7

er +1’ 2tgx

2. 3inTerpyiiTe JiiHIHI HEOJHOPIIHI PIBHSIHHS METOJIOM HeBU3HAUE-
HUX KOeIIieHTiB:
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a)y’' —y=x%+x; 6)y"+y =sinz+ 3zcosz.
3. BuaiiaiTh po3s’a3ku 3aaaa Korri:

a) y" +y=e y(0) =1, y(0) = =2
6) y" —2y — 3y =xe™", y(0) =0, y'(0) = 0.

4. 3inrerpyiire piBHsiHHsI MeTogoMm Korri:

a)y' +y= 6) y' —y=uz.

sr:+1;

5. Jljig KOXKHOTO DIBHSHHS 3alUIMTh YaCTUHHUN PO3B’SI30K 3 HEBU-
3HaYeHNMN KoeimieHTamMu, He MyKavIn 1X:

a) y" — 2y’ + 2y = 4x%e® + 3cosx; 6) y” + Ty + 10y = xe 2 sin bz.

Jlekuisa 15. JliniiiHi o/HOPiIHI PiBHAHHSA APYTrOTO
NOPSAAKY

Il1an

1. Kanoniuna gopma JIHITHONO 0JIHOPIIHOIO PiBHSIHHS JAPYTO-
T'0 TIOPSJIKY.

2. ITobymoBa 3arajibHOTO PO3B’SI3KY y BUIAJKY, SKIIO BiITOMUIT
OJINH JACTUHHUN PO3B’A30K.

3. InrerpyBanus JIHITHIX PIBHIHDL 3a JOIMOMOIOIO CTEIIEHEBUX

PsAJIIB.

1. Kanoniyna ¢popma JIiHIfTHOTO OTHOPiAHOTO PiBHSIHHSI
Apyroro nopsaky. JIiuiitai gudepenniaibai piBHAHHSA JIPYTrOro
MOPSAIKY IACTO BUKOPUCTOBYIOTHCS K JpepeHItiaabai MOge i pi-
3HOMAHITHUX MMPUKJIAJHUX 33089 MeXaHiku, (pizuku, 6iosoril Ta iH-
X HAYK.

Posrnsimemo siniitie ogHOpigHe PIBHAHHS APYTOrO MOPSIKY

a(z)y” + b(z)y' + c(x)y =0, (15.1)

ne a(x), b(x), c(x) — nenepepsui byHKI Ha JesKOMy iHTepBaJ
(a,b).



Jlexnis 15. JliniitHi oqHOPiAHI PIBHAHHSA APYTOro MOPSAJIKY 175

Axmio a(z) # 0 Ha inrepsani (a,b), To piBasHHs (15.1) MoxKHa

3allucaTin y BI/IFJIH,Z[i
Y+ p(x)y +q(z)y =0, (15.2)

ne p(z) = b(x)/a(x), q(x) = c(x)/a(x). [lokaxkemo, MO PiBHSAHHS
(15.2) MoKkHA& 3BECTH JIO PIBHSIHHS, sIKe He MICTHTH IIEpPIIOl MOXi-
nHOI. [jIs poTo 3al1poBa MO 3aMiHy

y = a(x) z, (15.3)
ne z = z(x) — HoBa IykaHa QyHKIsl, a(x) — MOKH 10 HEBLIOMa
dbyukuis. Iincrapsaoun (15.3) B (15.2), ogepxkyemo:

o’ (x)z + 2d/ (x)2' + ax)2” +
+p(2) (¢/(2)z + a(2)?) + ¢(z)a(z)z =0 =

2+ (23255) +p(a:)) 2+ (O;:((;)) +p($)z/((§)) + q(a:)) 2 =0.
(15.4)

BubGepemo Tenep dynkiio «(z) tak, mob koedimnient 6iasa 2’
2a/ (z)
a(z)

[IEPETBOPUBCS Y HYJIb, TOOTO +p(x) = 0. 3Bigcu, iHTerpyon,

3HAXOUMO QYHKILIO ax):

alx) = ez /p(@)dz, (15.5)
Bpaxosytoun, mo
a/(x) _ _p<2$) e—Efp(ac)d:flc7
/ 2
a”(m) _ <_p (2x) + p Z(lx)>e—;fp(ac)dalc7

HasaMo piBHsiHHIO (15.4) BUDJIsIILY

7+ (—]@ — @ + q(ﬂf))Z =0.

Takum wnnomM, 3 (15.3) 1 (15.5) BummBae, 1mo 3aMiHa IIyKaHO!
dyHKIIT 3a GHOpMYIIOI0

y = 6—%fp(x)dx >
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3BOJUTD piBHsiHHS (15.2) 10 piBHSIHHS

2"+ 1I(x)z =0, (15.6)
Jle TIO3HAYEHO
p(r)  p(x
1@ = - T8 P o)

Pisusianst (15.6) Ha3uBaoTh KGHOHINHOO HOPMOIO DIBHSIHHS
(15.2), a dyukmio I(x) — ineapianwmom pisusnus (15.2). Oue-
BUJIHO, IO Kosin piBHsiHHs (15.6) iHTErpyeThcsi y KBaJparypax,
TO IHTErpyeThesl y KBaJparypax TakoxK piBusinas (15.2). Tak, na-
upukiazi, 6yze, sikmo [(z) = C, I(z) = 5—2 abo I(x) = ﬁ. N
nepiioMy BUNaIKy piBasinast (15.6) Oyue sinifiHum piBHSHHSIM 3i
crajumu Koedirienramu, y apyromy — pisagaaam Eitaepa, y Tpe-
ThOMY — piBHsIHHsM Jlarpanzka (muB. jekiio 13). 3ayBaxKumo, 1Mo
JIsT JTIHIRHOTO PIBHSIHHS JIPYTOro MOPSIKY 3i cTajnMu KoedirieH-
TaMU iHBapiaHTOM € B3ATHUN 3 TPOTUJIEKHUM 3HAKOM TUCKPUMi-

HaHT BIJIIIOBITHOTO XapaKTEPUCTUIHOTO PIBHSIHHS.

Ilpukiazn 1. 3inmezpysamu pierAHHA
" /
zy" + 2y + 2y =0.

Pose’sazarms. IcnyBanns Ta €IUHICTD PO3B’sI3KY rapaHTOBaHI Ha
inrepBasiax (—00,0) i (0,00); x = 0 — ocobiMBa TOYKA 3a/aHOIO
piBasinnst. Ockinbku p(z) = 2/x, q(x) = 1, To iHBapianTOM piB-
HsIHHSI, sIK JIerKo nepesiputn, € ¢yukuisa [(x) = 1. BpaxoBytoun
reniep (15.6), nuist Biamykanust GyHKIET 2 = z(2) MaeMO PiBHSHHSI
2" 4+ z = 0, 3araJabHUM PO3B’BKOM SKOTO €

z=Cqsinx + Cycosz.

. _1(2de
Ockinbkn y = €2/ = 2z = Z, TO 0CTATOYHO OJIEPIKYEMO:

sin x coS T

y=0C1 + Cy u
98

T
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2. IlobynoBa 3arajibHOTO PO3B’A3KY y BUIAAKY, AKIIO
BigoMuii oauH vacTUHHUN Po3B’saA30K. Hexail Bimomunii omgumH
HeTPUBIAIBHUN YaCTHHHU pO3B’s130K ¥ = Y1 () piBusuus (15.2).
[TokazkeMo, 110 3aIPOBAIMBIIN 3aMIHY

Y= yl/u dz, (15.7)

e w = u(x) — HoBa HeBizmoma dyHKIis, piBHsAHHS (15.2) MoxKHA
3BeCTU PIBHSHHS 3 BijokpemsoBanuMu 3minaumu. Crpasii, -
crasisioun (15.7) y (15.2), oxepxkyemo:

! / wde + 20w + yro'+
+p() (y’l/u dr + yw) + q(m)yl/u dr=0 =

(y! + p(x)y) + q(@)y1) /u dz + (2y] + p(@)y1) u+ y1u’ = 0.

Ockisbku y; — po3B’si30K piBHsiHHS (15.7), TO

Yl + p(@)yy + q(@)y1 =0,

a ToMy
/

yiv’ + (201 +p@)y)u=0 = o'+ (2% +p($)>u = 0.
1

3arajbHUM PO3B’SI3KOM OTPUMAHOI'O PIBHSIHHSI, sIK JIETKO IIepe-
konaruce, € u = Cry; 2¢=[p(z)dz [Migcrasisitoun Terep QyHKIHO
wy (15.7), onep:kyemo 3aranbHuii po3s’sizok (15.2)

effp(ac)d:r
y=mn Cl/de-i-CQ . (15.8)
1

Dopmyay (15.8) HasusaoTh opmyaoro Abeas.

Ilpukiazng 2. 3inmezpysamu pieHAHHA

(22 +1)y" — 22/ +2y = 0.
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Pose’aszanns. Jlerko uepesipuru, 1mo yi(x) = T € 4aCTUHHUM
PO3B’sI3KOM 3a1aH0ro piBHsaHHs. Ockinpku p(z) = — —2%

—-Eyii, TO, BU-
KOPUCTOBYIOYIHN (bOprIy.Hy A6eﬂﬂ, OJIEP2KYEMO!

2zxdx

a:2+1
y==x C’l/ 5 dx + Cy =
g8

eln(x2+1)
y=x Cl/Td$+CQ =

241
yzac(C’l/x;Q_ d$+Cg> = y:Cl($2—1)+Cgac.l

Axmo Bijomuil HeTpHUBIAJLHUI YACTHUHHUNA DO3B’'si30K Y1 ()
piBasinnst (15.2), To 16 pIBHSIHHSI MOXKHA 3IHTErPYBATU TaKOXK,
Bukopucrosyoun dopmyiny Ocrporpajcekoro — Jliysiwis (Je-
Kiiist 12).

Brigao 3 rTeopemoro 6 (sexiis 12) juist Toro, mob 3HAHTH
3arajbHUNl po3B’si30K piBHsHHs (15.2), moTpibHO 3HaTH dYyHIA-
MEHTAJIbHY CHUCTeMY DO3B’si3KiB 11boro piBHsiHs. Hexait yo(x) —
Takuii po3s’sizok piBHaHHA (15.2), mo yi(z), y2(x) yrBOpOOTH
dynamenTanbay cucreMy po3B’s3kiB. Bukopucroyioun dhopmy-
ay Ocrporpagcbkoro — Jliysiwist y surisini W(z) = Cp e~ [p(@)dz
(dbopmyuta (12.17) 3 nekuil 12)), omgepxKyemo:

/ / i d ylyé - y/1y2 C1 —f d
Y1yh — Yhys = Cre IP@dr o 2222 192 = fp@)dr

o7 y?

s —[p(z)dz
1 Yy Y1

Taxkum unHOM, 3HOBY OziepKasu dhopmysny Abdess (15.8).

3. InTterpyBaHHs JIiHITHUX PiBHSIHb 3a JIOIIOMOTOIO CTe-
neHeBuUX psiAiB. Bimomo, 1m0 po3s’sa3ku siHiitHOrO JndepeHiiaib-
HOTO PIBHAHHS JIPYTrOro HOPsIKY 31 3MiHHHME KoedillieHTaMu He
3aBXK/I1 BUPAXKAIOTHCSA Uepe3 eJleMeHTapHi (DYHKINT, a iHTerpyBaH-
Hsl TAKUX PIBHAHD PIKO 3BOAUTHCA O KBaJIPATyP.
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[Ile omuu MeTOJ IHTErpyBaHHsS 3a3HAYEHUX PIBHAHB IIOJIATAE
y 300parkeHHl HMIyKaHOrO PO3B’SI3KY y BUIVIAl CTEIIEHEBOIO PSJLY.
Haramaemo gesiki monaTTs i ¢pakTH, MO CTOCYIOTHCS CTEIEHEBUX
psiB.

Dynukuio f(z), sika BusHauena Ha iHTepBadi (a,b), HA3UBAIOTH
aHnaaimuwHoro B Touri xg € (a,b), Ko i1 MOXKHA PO3BUHYTH
B CTeNeHeBUil psil, 301KHUil y IeIKOMy OKOJ TOYKHM xo. KaxKyTs,
mo dyukiis f(x) anasimuyunae va inrepsaii (a,b), KO BOHA B
KOXKHIii Touni zg € (a,b) Moxke 6yTu po3BUHEHA B CTENEHEBUil Psil,
110 30Irae€Thcs B JIEIKOMY OKOJII TOYKH T(o. 30KpeMa, SKINO PsiJ

fl@)=>en(z — o)

k=0

Mae pajiyc 36izkuocTi r > 0, To dyukiia f(z) ananituuna Ha iH-
repBaJii (zg — r, g+ 7).

Posrsinemo nudepennianbhe pisasians (15.2), B sikomy byH-
kil p(z) 1 ¢(z) anamitnani Ha inrepsani (g — a, o + a), ToO6TO TX
MOYKHA DO3BUHYTH Yy CTEIIEHEBI Psijin

p@) = pe-(@—x0)*, @)= gk (z—m0)",
k=0 k=0

siKi 36iratoTbest Ha iHTepBasi (xg — a,xg + a).

Teopema 1. dxwo y pienanni (15.2) dynxuii p(x) i q(z) ana-
MmusHg ma inmepsani (xo — a,xo + a), mo 6ydv-axul pose’a3ox
U020 PIBHANHA € AHANMUNHON GyrKyieto npu x € (Tg—a, xo+a),
mobmo mooice bymu pozsumnenul Yy cmenenesuts pad

y(x) = Z ck(x — xo)k, (15.9)

k=0
wo 36ieacmuvea das (rg — a, o + a).

HoBesiennsi 1€l TeopeMu MOxKHa 3HaliTH, Hanpukiai, B |6,
c. 284 — 286].

Touky = = x( Ha3UBAIOTbL MOYKON AHAATMUYHOCTME PiB-
usauHs (15.2). B okoul Touky aHaiTHYIHOCTI PO3B’SI30K DIBHSHHS
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(15.2) mykators y Burysiai psgy (15.9), ne gmcna cg, 1, o, ...
H1/IAral0Th BU3HAYCHHIO.

Ilpukiazn 3. 3a donomozoro cmeneresur padie 3inmezpysamu
pisnanna Yy’ + xy = 0.
Poss’azarna. Binguaanmo, 1o 3ajaHe piBHIHHS HE IHTErPYETHCS
y KBajparypax. 1loro poss’si3ok MIyKaeMo y BUIVISIIL PSLLY

)= cpa®, (15.10)
k=0

BBazkaroun cp, k = 0,1, ... HeBusHaueHnMu Koedimieatamu. Ilo-
KazKeMo, IO Il KoediIleHTH MOYKHA OAHO3HAYHO BU3HAYUTHU 1 IIPU
npoMy psaj (15.10) 36iraTumerbes B Jeskomy okouii Touku = 0.

Hpiui 3mudepentioemo psi (15.10) i migcraBumo iforo pazom
3 pagoM g iy’ y 3agane pipaanns. Oep:KUMO TOTOXKHICTH

o0 o0
Z k(k —1)epzt2 + Z grftl=0 =
k=2

k=0
Z (k4 2)(k + 1)cppoa® = — Z cp_12”.
k=0 k=1

[IpupiBHiotoun koedirieaTn Oiisi OJIHAKOBUX CTEIICHIB T, 3HA-
XOJINMO, ITIO

1
co=0, Cpro=—-——"——Cp 1, k=1
Orxe,
(=1)™co
C =
T 3mBm — 1)Bm —3)3m —4)-...-3-2’
(=1)"c1 .
@] == C =
LT Bm 4+ 1)3m(B3m —2)(3m —3) ... 4.3 omtrT
e m = 1,2,..., a KoedilieHTH ¢y 1 €] 3aIUIMIAIOTHCS HEBU3HATE-
HUMHE (JIOBIIBHUMN).
[Toknamaroun ¢y = 1, ¢ = 0, M0 PIBHOCMJILHO TOYATKOBUM
ymosam y(0) = 1, ¢/(0) = 0, 3aaxoqumo psi
(_1)m 3m

(15.11)

n(@) _1+Z3m3m—1)(3m 3)Bm—4)-...-3.2°
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[Mokragaroun c¢g = 0, ¢; = 1, 1110 PIBHOCUJIBHO TTOYATKOBUM YMO-
sam y(0) = 0, y/(0) = 1, onepkyemo psif,

( 1)m 3m—+1
ya() _”Z GBm+ 1)3mBm —2)3m —3)-... 4.3

(15.12)

Buxkopucropyroun osnaky /[I’Asrambepa, JIerKo moKasaTH, IO
psiam (15.11), (15.12) 36iratorbest 1yist Beix & € (—o00, +00), a ToMy
ix MozkHa judepeniioBaru Ha (—00, +00). [Tixcrasisioun (15.11),
(15.12) y piBugnus (15.2), mepekonyemoch, mo yi(z), ya(x) —
po3B’si3ku piBHsiHHA (15.2). Binbmn Toro, ni po3s’sisku JiHiiiHO He-
zajiexkHi Ha (—00,+00), 60 TX BpOHCKiaH BiAMIHHUI Bij Hysst y
Touri x = 0:

Omke, 3arajJbHUM PO3B’SI3KOM 3a/IaHOI0 PIBHAHHS €

y = Cry1(z) + Caya (),

ne y1(x), y2(z) Busnaueni dopmymamu (15.11), (15.12), a Cq, Cy —
noBlibHI cTassi.

3a3naunMo, 10 METOJ, CTEITEHEBUX PSIiB MOYKHA BUKOPUCTOBY-

BaTU TAKOXK JIJIsi PO3B’SI3yBaHHsI JIHINHUX HEOIHODPIIHUX PiBHSHD

1" / _ .

apyroro nopaaxy " + p(x)y’ + q(x)y = f(z), axmo p(z), q(x) i
f(x) — anmamitnani YHKIET B JI€SIKOMY OKOJII TOYKH T = Iy.

Posrsiremo rtenep Bunasiok, xkoiu p(z) i ¢(x) — xoedinientu

piBusinHs (15.2) — He € aHAJIITHIHIME B OKOJI TOYKU & = X(. TOUKy

T = xp, ;g gkol lim p(x) = oo abo lim ¢(x) = oo, HABUBAIOTH
T—T0 T—T0

0c06.4u8010 TOUKOIO piBHsIHH:A (15.2).
Hexaii koedinientu pisusinas (15.2) moxkHa mogaru hopmy-

namu p(r) = gl(ig, q(x) = (;ﬂ(xo))% ne p1(z), q1(x) — anamituani

dbyukuii Ha inrepBai (g — a, g + a), TO6TO

o0 oo
= ple—20)", @) =) qulz— )"
k=0 k=0
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Toxi piBusinast (15.2) 3pydYHO 3amUCaATH y BUIVIsLI

(& —20)%y" + (¢ — zo)p1(2)y + q1(2)y =0, @ # wo.
Ao © = xg — ocobmBa Touka piHsinHg (15.2) (e Oyze, AKIIO
xo4a O ojiHe 3 4HCel Pig, 10, ¢11 BiaMiHHE Bin Hysisi), To 11 Ha3u-
BalOTh PE2YAAPHOI 0C00AUB010 TOWK0M0. B 0KOJ peryssipHol
0CcOBJIMBOT TOUKM & = Ty pO3B’si3ku piBHsiHHs (15.2), B3arai Ka-
JKYUU, MOXKYTh HE 300parKaTUCh Y BUIVIS/I CTEIIEHEBOIO Psijly BU-
risiiy (15.9). Hanpukitan, obusa po3s’sisku iy = /24 Yo = 2
piBnsnna Eittepa 222y” + 5xy’ — 2y = 0 He MOKHA PO3BHHYTH Y
crenenesi psiau Burisiay (15.9), To6To y psian 3a HiMMU J10ATHE-
MW CTENeHAMHA .

Y 1pOMY BHIIAJIKY PO3B 30K PiBHsIHHSI TOTPIOHO IITYKATH y BU-
ST Y3a2aAbHEH020 CMENnEeHe8020 pady

y(@) = (& —z0)" Y erlx — wo)",
k=0

Jie Yucaa r, cg, Ci, ... HJJISTAIOTH BU3HAYEHHIO.
Posp’sizkemo Termep MeToI0M CTEIEHEBUX PSIJIiB PIBHAHHS 3 TIPU-
Kty 1.

Ilpukaazn 4. 3natimu 3azasvrutl po3e’a30% PiEHANHHA

zy” + 2y + zy = 0. (15.13)

Pose’szanna. Touka xg = 0 € ocobimsoio, 60 p(z) = 2 — oo upu
x — 0. Tomy po3B’s130K IIyKaeMO y BUIVIAJ] y3araJbHEHOTO CTele-

HEBOT'O DsiJLy
oo
y(x) =a" Z cpah.
k=0

Toui
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I[Tigcrasasioun 3uaiineni supasu s y, y', y” y (15.13), onepxky-
€MO, 1110

(k+r)k+r— l)ckmk”*l +

(98 11

[o.¢]
k4 r)epahtrt + Z cprFtTtl =0

+ 2
k=0 k=0
abo Tic/IsT CKOpOUeHHsT Ha ' :
[o.¢]
Z (k+r) k+r—1)ck1:k 1—|—22 (k+r ckmk 1—|—ch1: =0.
k=0 k=0 k=0

Ockisibku 3012KHI cTeleHeBl psifin € abCOIOTHO 3012KHI Beepe-
JHl iHTEepBasLy 3012KHOCT, TO TONEPEHIH PIBHOCTI MOXKHA, HAJIATH
TaKOr'O BUTJISIITY:

(r? + r)coz™t + (r? + 3r + 2)c12® + (co+ (r® + 57 +6)ca) @ +

+ (e1+ (P +7r+12)c3) 2® + (ca+ (r? +9r +20)cs) 2® + ... =0
(15.14)

3Bijcu BUTLIMBAE, IO yCi KOeIIEHTH y3araJbHEeHOIO CTeleHe-
Boro psy (15.14) mopiBHIOIOTH HyJIIO, TOOTO

(r?2 +7)co = 0,

(r? +3r+2)c; =0,

co+ (r2 +5r 4+ 6)cz = 0,
c1+ (r?2 +7r +12)c3 = 0,
c2 + (r2 + 97 4+ 20)cy = 0,

(15.15)

Hexaii ¢y # 0, Tozi 3 nepiroro pisasinust cucremu (15.15) ozep-
xKyemo, mo r = 0 abo r = —1. dkmo r = 0 i, Hanpukaam, cg = 1,
To 3 (15.15) 3HAXOAMMO

1 1
c; =0, 02:—5, c3 =0, 04:5,...,
1k’
cok—1 =0, CQk—(2k+)1)
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Takum auaOM, DyHKITIS

2 4

T T 1 3 b sinx

€ po3B’si3koM piBHsiHHs (15.13).
Hexait Terep r = —1. Tomi, BBaxkaroun, 1mo cg = 1, ¢ = 0, 3
(15.15) 3HaxoAUMO

1 _ 1 (—=1)*

TaKOXK € po3B’st3koM piBHsHHs (15.13). Ockinbku 3uaigeni dyn-
kil y1 (z) 1 yo(2) niniiino HezasexkHi (IPOMOHYEMO Yy IILOMY II€PEKO-
HATHCsI CAMOCTIHHO), TO 3rizHO0 3 OCHOBHOIO TeopeMoIo (Jiekiist 12)
3araJibHUM PO3B’si3KoM piBHsAHHS (15.13) €

sin x coS T

y=0C + Cs u
x

X

Pexomendosana aimepamypa: (3, c. 95, 172 — 185], |6,
c. 269 — 273, 283 — 294], [8, c. 120 — 122, 150 — 158], [15, c. 202 —
219], [16, c. 363 — 404, 412 — 435).

ITurannsa mo Jjgekii 15

1. 3a momomororo sKol MiJACTAHOBKHU JIHIAHE OIHOpPIIHE PIBHSIHHS
JPYTOro TOPSAKY MOYKHA 3BECTHU JIO PIBHAHHS, sIK€ He MICTUTH IIE€PIIOl
noxigamoi? Kk HasmBaioTh Taky pOpMy PIBHAHHSI!

2. Illo masuBarOTH iHBapiaHTOM JHHITHOTO OJIHOPIIHOTO PiBHSAHHS
apyroro nopsiky? fkoro Burssiy mae OyTu iHBapiaHT, 1006 BiIIOBiIHE
JiHiliHE OHOPIHE PIBHSAHHSA APYTOTO MOPSIKY MOXKHA OyJIO 3iHTErpyBa-
TH Y KBaJIpaTypax?!

3. 4k, mMaoun onuH YaCTUHHUN PO3B’SI30K JIHIHOTO OTHOPIIHOTO
PIBHSIHHSI JIPYTOT'O MOPSAJIKY, 3IHTErpyBaTH 1€ PIBHSHHS Y KBJIpaTypax?’
Axwuit Buriisig mae popmyiia Adesist?
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4. Ak moxxna Bukopucratu (opmyiny Ocrporpajcbkoro — JIiyBimis
JIJIst IHTerpyBaHHs JIIHIHHOTO OJ{HOPI/IHOTO PIBHSIHHSI JIPYT'OrO MOPSIIKY 7

5. ¢k 3HalTH 3araabHUI PO3B 30K JIHIHHOTO OTHOPITHOTO PIBHSAHHS
IPYTOTO MOPSIKY 3a JOIOMOTOIO CTEIEHEBUX PsA/iB? Y SKOMY BUITAIKY
PO3B’SI30K IBOTO PIBHAHHS MOTPIOHO MIyKATH Y BUIVIAJL y3arajbHEHOTO
CTETIEeHEBOTO PATY !

IMuranas oo jgekoii 15
1. 3BeiTh piBHsIHHS JI0 KAaHOHIYHOI (hOpMH Ta 3iHTErpyiiTe IX:
a)y" + 2y +y=0; 6)z%y" +22% + (2> —2)y=0.
2. Binrerpyiire piBHSIHH:, 3HAIOUHN 1X YACTUHHI PO3B’a3KN Y1 ():

2x.
)

a) 2z +1)y" +4ay’ —4y =0, yi(z) = e~
6) z(x — 1)y —zy +y =0, yi(x) ==

3. 3iuTerpyiite piBHIHHS METOJIOM CTEIIEHEBUX DSIIIiB:
1 / — . "o xT
a)y" +ay +y=0; 6)y" =ye".
4. 3iaTerpyiiTe PiBHAHHS METOIOM y3araJbHEHUX CTEIICHEBUX Dsi/IiB:

a) zy” — (x+ 1)y +y=0; 6)92%y" — (2% —2)y = 0.
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Jlekriig 16. IudepeniiiajabHi Moaesi KOJTUBAJIbHUX
MpoIiecCiB

Ilan

1. BacrocyBanHs JIHIKHUX OJHOPIIHUX Ju(EPEHIaJIbHIX PiB-
HAHB JIPYTOrO TOPSIKY JI0 KOJUBAJbHAX PYXiB.

2. 3acrocyBaHHs JIHIMHUX HEOIHOPITHUX JTudEpPEHIaIbHIX
PIBHAHD JIDYTOTO MOPSAJIKY /10 KOJUBAJLHUX PYXiB.

3. HudepenriiaabHa MOIEIb MATEMATITHOTO MAATHHIKA.

1. BacTocyBaHHs JIiHITHUX OJHOPIAHUX AudepeHIliaib-
HUX PIBHSIHb JIPYTrOro MOPsiZIKYy A0 KOJIMBAJBHUX PYXIiB.
[Tpunyctumo, 1o MarepiajgbHa TOYKA MaCH M IPIMOJIHIAHO py-
XA€ThCsT B3JI0BK oci Ox 1ij| BILIMBOM TPbOX CHIL:

1) cum Fy, 1m0 0puTsirye TOYKY J0 1OYaTKY KOODJIMHAT; IO
CIJIY BBarkKaTHUMEMO IIPOIOPIINHHOI0 BiIajl & TOYKU BiJ IOYATKY
KoopauHaT, TooTO F1 = —ax, me a > 0;

2) cuin Fy onopy cepesioBuIna, siKy MPHUILyCKATUMEMO IIPOIOP-
IIAHOIO MIBUJIKOCTI PyXy TOYKHU (1€ HPUILYIIEeHHs OJIn3bKe 0 JIiii-
CHOCTI /IS HE3HAYHUX IMBUIKOCTEN ), ToOTO Fh = —br', ne b > 0;

3) 30yproBaibHOI (30BHINIHBOI) CHJIM, IO CHPSIMOBAHA B3JI0BK
oci Ox i gopisuioe F3(t) y Moment gacy t.

Tomni 3rinno 3 apyrom 3axkonom Hbiorona

F = ma,

ne F'=Fy+ Fy+ F3, a = 2" (t), maemo qudpepentiiaibie piBHSHHS
PyXy MaTepiajbHOl TOUKU:

mz” = —ax — bx' + F3(t)
abo
o’ +2pa’ + ¢?x = f(t), (16.1)
Jie
b / Fs(t
p=5-20, ¢= £>07 f(t):ﬂ
2m m m

Yucsio p HazuBaoTh Koe@diuteHmom onopy, a aucyio q — xoegpi-
ULEHTNOM 8L0TUNEHHS.
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Hudepennianbue pisasinus (16.1) — sinifine HeopHODiHE DiB-
HSIHHSI JIPYTOr'0O MOPsiIKY 31 crajuMmu Koedirienramu. 3iHTerpyBaB-
K fi0r0, 3HANWIEMO 3aKOH PyXy MarepiajibHOI TOUYKH.

Ockijibku HaHOLIBINMIT IHTEPEC CTAHOBJISITH BUIAJKH, KOJIH
pyX, skuil BusHaveHuil pisHsiHHAM (16.1), € KOJIMBAHHSIM TOYKH
6ist nosoxkennst x = 0, To piBHsiHHs (16.1) HAZUBAIOTH PIEHSAH-
HAM KOAUBAHDL. [Ipu 1iboMy, AKIMO 30yproBa/ibHA CHJIA BiICyTHS,
10010 f(t) = 0, TO 1le PIBHAHHS HASUBAIOTH PIBHAHHAM SLALHUL
KOAUBAHD; BOHO Ma€ BUTJIST

" +2p2’ + ¢z =0. (16.2)

Hudepennianbue piBasiag (16.1), y sikoMy npasa 4acTHHA TOTO-
JKHO BiJIMIHHA BiJ[ HYyJIsI, HA3UBAIOTb PIBHAHHAM SUMYUEHUT
KOAUBAHD.

Posrisinemo piBusinnst (16.2) 1 3’sicyemo, sik koedinienru p, q
BIUIMBAIOTH Ha XapakKTep pyxy marepiajbHol Touku. ITpoanasizy-
€MO OKpeMi BumaKku piBasiHHs (16.2).

Bunamok 1. Pyzx esidoysacmuves 1y cepedosuuyi 6e3 onopy
(p =0). Toxi piBHSHHS PYXy Ma€ BHUIVISL

" + ¢’z = 0. (16.3)

Pisusinnst (16.3) onmcye BepTUKaJbHI PyXu Tija, MiJBilIeHOrO Ha
MPY2KUHI, I/ BIVIMBOM CHJIA TPYXKHOCTI TMPYXKUHU 1 CUJIU Barw,
MaJll KOJIMBAHHSI MasTHUKA, KOJHUBaHHS IOBITPS B aKyCTUYHOMY
pesonaTopi Ta inmii gBuma KoguBHOI npupoau. e piBusnnsg nHasu-
BalOTh 1€ PLBHAHHAM 2APMOHIUYHO20 OCUUAAMOPA.
Pipusnus (16.3) — siiniitne oxHOpiHe PIBHAHHS 31 CTAJIMMK KO-

edimientamu. Voro xapakrepucruune piBusinns k2 + ¢ = 0, a
XapaKTEePUCTUIHI YUCIa — KOMILIEKCHO-CIIPsizKeHa, mapa ki = qi,
ko = — qi, a TOMY 3araJlbHIM PO3B’SI3KOM IIHOI'0 PIBHAHHS €

x = Cqcos gt + Cysingt.

st 3’sicyBanHst DI3UIHOTO 3MICTY OTPUMAHOTO PO3B’S3KY 3PY-
YHO 3BECTHU HOT0 J10 iHIIOT (hopMU, BBIBIIHN 3aMiCTh JIOBLJIBHIX CTa-
mux Cp, Co HOBI crasi Ai ¢ (A > 0) 3a dopmynamu Cp = Asin g,
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Cy = Acos . Toni

A=,/C?+C3, gozarctg% (Cy #0),
2

x = Asinpcosqt + Acospsingt =
z(t) = Asin(gt + ). (16.4)

Pyx, sikuit onucyerbest opmyiioro (16.4), HasupaooTh 2apmo-
HIYHUM KOAUBAHHAM. BiH € mepionuaHuM pyxoM 3 nepiodom
T = 27w /q i wacmomoro q. Yuciio A Ha3UBaOTH AMNAIMYIOI0
Koausarns (16.4) (e MakcumasibHe BIXWJIEHHSI TOYKHU BiJ[ CTa-
Hy piBHOBarm). Besmuuny gt + ¢ Ha3uBaIOTL PA3010 KOAUBAHHS.
Suadvenns dasu Kommpanusg npu t = 0, TOOTO KyT (¢ HA3WBAIOTD
nowamxosor @Pasoro xkommsanus (16.4).

3 dopmynn (16.4) Burmuiusae, 1mo Bel pyxu, BU3HAYeH] PiBHsI-
uusiM (16.3), obmexkeni, 60 npu t — +oo |z(t)] < A. I'padik
KOYKHOI'O KOHKPETHOTO PYXY MOYKHA OJIEPXKATH 3a JOIMOMOIOI0 eJie-
MeHTapHUX IepeTBopeHb rpadika GyHknil = sint (puc. 16.1).

T
A

r=A
ANAN
O t
\/ v = Asin(qt + ¢)

Puc. 16.1

Bynp-skuM 1M0YaTKOBUM yMOBAM
/ /
z(0) = g, 2'(0) = x
3riJIHO 3 TEOPEMOIO PO ICHYBAHHS Ta €IWHICTDL PO3B’SI3KYy 3ajati
Komi syist sinifiHoro piBHsiHHS n-r0 nopsiaky (srexigisi 10) Binosi-
nae exauanit pyx 3 dopmynu (16.4). Buaiinemo neit pyx. Ockiabku

x’ = Aqcos(qt + ¢), To BimnoBiaHi 3HaveHHs amIutiTy A i moda-
TKOBOI (ha3u ¢ OJIEPIKYEMO 3 CUCTEMU

Asinp = xg, L 2 . qxo
{chosga::z:f) = A—q qxy + 1", @ = arctg o

0
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Bunanok 2. Pyx sidoysaemuvcs y cepedosuwyi 3 onopom p > 0.
XapaxTepucruannm pisnanuam s (16.2) € k2 +2pk +¢2 =0, a
XapaKTePUCTUIHIMHI THUCIaAMA —

ki=-p+vp2—¢® i ka=—-p—+p?>—¢>

dkmo p? — ¢* < 0, To, no3uaunsmu p> — ¢> = —h?

pO3B’s130K piBHsHHA (16.2) MOKEMO 3amucaTi sK

, 3araJbHuil

x = e P!(C cos ht + Cy sin ht),

e h = \/q? — p2, abo, BpaxoBylO4N HO3HAYCHHS, SIKi BUKOPUCTO-
ByBaJIuCh pu BuBejeHHI (opmyiu (16.4), v Bursiai

z(t) = Ae P sin(ht + o). (16.5)

Pyx Toukn, sikmii onucyerbesi dopmysioro (16.5), HazuBaoTh
32aCa0UYUM 2GPMOHIYHUM KOAUBAHHAM 3 11epiojgoMm T = 2%,
gacroToro h, amitityioro Ae P!, noyarkosoro dazoro ¢ (puc. 16.2).
Ha Bizminy Big rapmoniunoro xosmsansst (16.4) remep aMmiutiTya
€ BeJIMIIHOI0 3MiHHO0. AJte Bona obMexkena, 60 Ae P! < A, i nps-
Mye J0 HyJst npu t — +00. Yucsio A HasuBalOTh NOYAMKOBOI0
amnaimydoro, a p — Koediuienmom 3zacarns. Muoxnux e Pt
XapaKTepu3ye MIBUKICTH 3racaHHs KOJUBAHHS.

T

Puc. 16.2

2

dxmo p? — ¢®> > 0, To, mozHauusIm P> — ¢°> = h?, 3araibHMil

pO3B’si30K piBHsiHHs (16.2) 3anminemMo y BuUrsi

z(t) = Creh Pt 4 Che=(htP)E, (16.6)
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Ockisbku h < p, 1o x(t) = 0 upu t— +oo. Hapemri, skio
p2 - q2 =0, To k1 = ko = — p, a 3araJIbHUM PO3B I3KOM €

z(t) = e PO + Coat), (16.7)

nupudomy 3HOBY z(t) — 0 upu t — 400.

Pyxu, siki onucyorbest popmysnamu (16.6) 1 (16.7), HasuBaoTh
anepioduUHUMU 32aCa0NUMU PYTamu. 13 3pocranaam ¢ Bij-
xuseHHst x(t) aCUMITOTUYIHO HABJIMMKAETHCS JI0 HyJisl 1 KOJIMBAHb
HABKOJIO moJioxkeHHsA T = 0 nemae. Yci po3IVIssHYyTI pyXH Ha3HBa-
I0Th BIABHUMU A00 BAACHUMU KOAUBAHHAMU.

TakuM 9UHOM, HasIBHICTH o1nopy cepenosuiia (p > 0) Bug03Mi-
HIOE XapakTep KOJIMBAaHDb, IPUIOMY, SKIIO OIIp p MOPIBHSHO HeBe-
mukuit (p < ¢), TO PyXH 3aJUMIAIOTHCS E€PIOANIHUMU, 3racaioyun
npu t — 400, & UpU BEJUKOMY OIOpi cepejoBuina (p = q) pyxu
CTAIOTh AIePIOIUIHIMU.

2. BacTocyBaHHH JIHIHHUX HeOJTHOPiAHUX audepeHIli-
aJNbHUX PIiBHAHBb JIPYTOro HOPSAJKY /10 KOJIMBAJIbHUX PY-
xiB. Posrisinemo jgudepeniiajibie pPiBHSAHHS BUMYIICHUX KOJIU-
Banb (16.1) (f(¢) # 0). 3riHO 3 TEOPEMOIO PO CTPYKTYPY 3araJib-
HOIO PO3B’$I3KYy JIHIHOrO HeoJHOpiAHOrO piBHsAHHs (1eKkiis 14)
yCci pyxu, siKi BU3HA4YAIOThCs piBHsiHHAM (16.1), yTBOpIOIOTBHCS 3
CYKYIIHOCTI yCIX PyXiB, BUSHAUYEHUX BIJIIIOBIIHUM OJHOPIIHUM PiB-
HSHHSIM (PIBHSHHSIM 8IABHUL KOAUBAHbL MOYKY), 1 OY/(b-sIKOrO
OJIHOTO PYXY, BU3HAYEHOIO HEOJHOPimHMM piBHsiHHsIM (16.1).

Posrsinemo Bunasiok, kou 30yproBaibaa cuia f(t) nepionu-
9yHa 1 Ma€e cuHycoinaabHuil Xapakrep (y 3aCTOCYBAHHSIX 1€ TPAIL/Isi-
€ThCs1 JIOCUTD YaCTO).

Bunanok 1. Pyx esidoysacmuvea y cepedosuwsi 6e3 onopy
(p =0). Toxi piBHSIHHSI DYXy Ma€ BUIJIsL]I

" + ¢*z = M sinwt. (16.8)

Bracui komuBanHsi Zo(t), sKI BU3HAYAIOTHCS BIJIIOBIIHUM
onuopitauM piBuanusM 7 + ¢?z = 0, € rapMoHiYHIME (muB. dop-
myary (16.4)):

zo(t) = Asin(gt + ¢). (16.9)
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BasmmaeTbes 3HAWTH YaCTUHHUN pPO3B’si30K piBHsiHHs (16.8).
Burjist is0ro po3s’si3Ky 3a/1€3KUTh BiJl TOTO, YU € YUCTIO0 a+1b = jw
KOpEHeM XxapakTepucruaHoro pisHsHHS k2 + ¢ = 0. Ockinabku
k12 = % 1q, TO BCe 3as1eKUTH Bij| TOTO, 1M 36iraeThcd Jacrora 30y-
PIOBAJIBHOI CHJIM 3 YACTOTOK BJIACHUX KOJIMBAHb (pPE30HAHCHUU
6unador), I MaeMO He30Il IUX 4acToT (Hepe3oHaHCHUTL Su-
nadox).

Posristremo crioyaTky Hepe3OHAHCHUN BUIAIOK, TOOTO KOJII
w # q. Yacrunuuit poss’si3ok pisusuns (16.8) X (t) mykaemo y
BUTJISIT1

X(t) = Ay coswt + By sinwt,

ne Ai i By — jedki crasi, siki BUBHAYMMO 3rogoM. 1ol
X'(t) = —Aywsinwt + Byw cos wt,
X"(t) = —Ajw? coswt — Biw? sinwt
i, mizcrassitoun B (16.8), o/epKyeMo piBHSIHHS
— Ayw? cos wt — Byw? sinwt + q2(A1 coswt + By sinwt) = M sinwt.

3 HBOTO, ITpUpIBHIOIOYN KoedirieHTn 61isi cos wt, sin wt BiJIIIOBIIHO,
MaeMO:
—Ajw? +A41¢°=0 M
1w+ A1g” =0, -

A1 =0, Bi=———.
~Buw?+Bif=M T T T g —w?

Takum drHOM,

X(t) = m sinwt,

a 3arajbHU po3B’si30K piBHsiHHs (16.8) Mae BUIIIsi

M
z(t) = p R sinwt + Asin(qt + ).

Bumyeni kosmmBamHsi, BUBHAYEH] 1M 3ara/IbHAM PO3B’I3KOM, Ha-
3UBAIOTH HAKAAIEHUMUY 2GPMOHIYHUMY KOAUBAHHAMU.
Posrisinemo piBHSIHHSI BUMYIIIEHUX KOJUBAHD

2" + ¢*x = M singt, (16.10)
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sIKe € OKPeMUM BuIlaJkoM piBHsiHHs (16.8), Koim w = ¢, T06TO
KOJII 4aCTOTa 30yPIOBAIbHOI CUJIN 30Iira€ThCs 3 4aCTOTOIO BJIACHUX
KOJIMBaHb (pPe30HaMc). Y IbOMY BHIAJKY YaCTUHHUN PO3B’S30K
Ma€ BUIVISL

X (t) = t(A;y cosqt + By sinqt),

00 iq € TPOCTUM XaPAKTEPUCTUIHUM TIUCTOM. 1Ol
X'(t) = Aj cos gt + By sin gt + tq(—Aj sin gt + By cos gt),
X"(t) = —2A1qsin gt + 2By q cos gt — tq*(A; cos gt + By sin gt)
i, migcrasisitoun B (16.10), omepKyemMo piBHSIHHS
—2A,qsin gt + 2Byqcos gt — q*t(A; cos gt + By sinqt) +
+ ¢*t(A; cosqt + By singt) = Msingt =
—2A1qsingt + 2By cos qt = M sin gt.

3Bijcu, npupiBHioun KoedirienTu 6iisi cos qt, sin gt BijmosiaHO,

3HAXOAUMO, 110 A1 = —2—]\5, Bi = 0. Takum amHOM,
M
X(t) = —Q—tcos qt. (16.11)
q

YHacrunuuit po3s’si30k (16.11) € BUMyII€HIM KOJIMBAHHAM 1 Ma€
HeoOMexkeHy aMILtniTyay mpu t — 4 o0o. ['padik mporo KosmBamHs
pO3TalloBaHui MiXK IPAMUMU T = Q—Agt il 93 = —QMqt (puc. 16.3).

X

Puc. 16.5

VY peaibaux PIZUIHUX CHCTEMaX KOJUBAHHs HIKOJIN HE MOXKYTh
3pOoCTaTu HEOOMEKEHO, 0O KOJIMBAHHS 3 HEOOMEXKEHOIO aMILIITY-
11010 ab0 CTPUMYIOTLCSI OIIOPOM, 400 IIPU3BOALTL IO PyilHYyBaHHs
CUCTEMU.
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BaranbHuM po3B’siskoM piBHsiHHs (16.10) €
M
z(t) = Asin(gt + ¢) — 2—t cos qt.
q

Bumyiieni KojuBaHHsI, BU3HAUEH] UM PO3B’SI3KOM, YTBOPIOIOTHCSI
HaKJIa/IaHHAM rapMoHifiHnX kosuBanb (16.9) i kommBanb 3 HeoOMe-
JKEHOI0 aMILITy 1010 (16.11).

Bunanok 2. Pyx sidéysacmuovcsa 6 cepedosuwyi 3 Maisum ono-
pom (p < q). Ipumycrumo, 1o 30yproBajbHA CHJIA MAE CHHYCOI-
JlasbHuil xapakTep. 1o/l piBHAHHSAM PyXy €

" 4+ 2px’ 4+ ¢*x = M sinwit. (16.12)

Briguo 3 (16.5) Bracui KonmBanHS T((f) MAOTh BUIISAL
xo(t) = Ae Psin (x/q2 —p2t+ gp).

YHacrunuuit po3s’sizok X (t) piBasanus (16.12) mykaemo y Bu-
LIS Tl

X(t) = Aj coswt + By sinwt, (16.13)

ne crasi Ap, By snaitnemo, mincrasisiroun (16.13) B (16.12):

— Ayw? cos wt — Byw? sin wt + 2p(—Ajwsinwt + Biw coswt) +
+ ¢*(Aj coswt + By sinwt) = Msinwt =
(—A1w2 + 2pBiw + A1q2) cos wt +
+ (—Blw2 —2pAjw + qul) sinwt = M sinwt =
A1(? — w?) + 2pwB; = 0,
{—QpAlw +(®-w?)B1=M
—2pwM M(q? — w?)

=

A = , = .
1 (W? — )2 + 4p2w? 1 (W2 — )2 + 4p2w?
Orxe,
—2pwM M(g? — w?) .
X(t) = =) T ApPa? cos wt + (@ — 2P 1 P sin wt,

(16.14)
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a 3arajbHUi Po3B’si30K piBHsiHHS (16.12) Mae Bursy

—2pwM m M(q? — w?)
COS w
(W2 — ¢2)2 + 4p2w? (w2 — ¢2)2 + 4p2w?
+ Ae Ptsin <\/q2 —p2t+ 90).

OckiyibKy 1Ipu ¢ — 400 OCTaHHIi JOJAHOK IPSIMYE 10 HYJIsI, TO
I TOCTATHBO BEJIMKUX T MOYKHA BBayKaTH, IO

z(t) = sinwt +

—2pwM M(q? — w?)
2 _ 22 5 5 COSWt + 5255 2 2
(w? = ¢?)? + p?w (W2 — ¢%)? + 4pw

z(t) =

sin wt,

TOOTO BJIACHUMU (3racalounuMu) KOJTMBAHHSIMU MOXKHA 3HEXTYBATH.
Awmmmityna A BumymieHoro konupanHst (16.14) BupazkaeTbcst

dopumyitoio
M

\/(w2 — )2 + 4p2w?’

a SKIIO OTIp P JIy2Ke Majnii, To A &

——.3 .I[, 1 BUILJINA 10T,
. OBLJICH B Bae (6]
|w27q2| )

npu HaOJIMZKEHH] w 10 ¢ aMHJIiTy,H,a A e rZ[OBOJIi 3HATHOIO HABIThH

1y MaJjioro M.

3. ndepeHmiagbHa MoAeJb MaT€MAaTUYHOTO MasITHHU-
ka. MamemamuiyHum MasmHUKOM HABUBAIOTH MaTepiaJbHy
TouKy M macu m, sKa i MI€10 CUIN TIKIHHS PYXAETHCS 110 KOJIY
L pajiyca r, po3TaiioBaHOMY Y BEpTHKAJbHIN omusi. Bemuauny
7 Ha3WBAIOTH JOBXKUHOIO MAasITHUKA.

[Ipumyctumo, 10 KOJIMBaHHST MasiTHHKA BiJIOYBAEThCA Y cepe-
nosurii 6e3 onopy. Ha kosti L BBejiIeMO KyTOBY KOODJAMHATY, B35IB-
1M 328 TI0YATOK KOOpAMHAT HajiHnmk4ay Touky O kosa L (puc. 16.4).
Bminny koopaunary Touku M nosaaummo depes ¥ = (t). Ha ro-
uky M nie cuita Tskinag P = mg, je ¢ — IPUCKOPEHHS BlJILHOTO
a TiHHSI.
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Tomi MasiTHUK KOJIMBAETHCS ITiT ITi-
etio ci F') iKa Jiie y OiK 3MEeHIIeHHS

KyTa 1,
F = —mgsin.

ko 3a gac t poBiibHa TOYKa M
MPOMIIIAa B3IOBXK JAyru Koja L mursax
S, To S = 7. 3BiAgcH MBUAKICTH ¥
PYXY TOUKH, sSIKa, CIPSIMOBaHA B3JI0BXK
JOTHYHOI 0 JyT'H KOJI&, BUBHATAETHCS
3a HopMyJI0IO

ds dvy

S T Tar

(16.15)

Tomy piBHAHHSM PyXy MasiTHUKA €

d
md—: = —mgsiny
abo, 3 ypaxysanusam (16.15),
d2
r—s +gsiny = 0. (16.16)

dt?

Piusinus (16.16) Hesiniine, o/{HAK SKIIO BeJIMYNHA KyTa 1) J10-
CUTH MaJia, TO Sin ¢ & 1, 1 3aMicTh HEJIHITHOTO MOXKHA PO3IJISIATH
JIiHITHE OJTHOPI/IHEe PIBHAHHSA

V' + % =0,

ne ¢> = %, T00TO MaeMo piBHsiHHsE Bursry (16.3).

Takum YnHOM, MATEMATUIHUI MAgTHUK IPU MAJIOMY BiJIXU-
JIEHHI BIJI IIOJIO?KEHH¢ PIBHOBaru 3ificHIOBaTHMEe TI'apMOHIYHI KO-
JIMBAHHSI 38 38KOHOM

Y(t) = Asin(qt + @),

qz\/g, T=27r\/z
r g

e
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Py 77
A= 1:(2)—|——0 , = arctg —? J
g xy V7

Pexomendosana aimepamypa: |8, c. 144 — 150], [14, c. 88 —
96], [15, c. 387 — 391], [16, c. 288 — 362], [18, c. 163 — 182].

ITutannga go gekirii 16

1. dx iHTerpyerbcs piBHSAHHS BULIBHUX KOJUBAHBL y CEPEIOBUII Oe3
onopy? Akuit BUrJIsI Ma€ 3arajbHUN PO3B’sA30K 1boro piBHsiHHs? 1110
Ha3UBAIOTh TAPMOHITHUM KOJIUBAHHSIM, HOTO aMILIITY/I0I0, IIePioIoM, Ha-
CcTOTOI0 1 1MoYaTKOBOK (razor? K 3ajexkarb aMILUITYIa 1 IOYaTKOBA
daza Bix MOIATKOBUX 3HAYEHD IMTyKAHOl (DYHKINT Ta 11 moxianoi?

2. 4k iHTErpyerhcs pIBHAHHS BIIbHAX KOJIMBAHDb y CEPEIOBUII 3
onopom? Illo HazmBarOTH 3racaroYuM TapMOHIYHUM KOJUBAHHSM, HOTO
epioIoM, YacTOTO, aMILITY/O 1 MOYaTKOBOIO (ha3ot0? ka mopein-
Ka aMILITyau 1pu ¢ — +00? K BIJIMBa€ HasiBHICTH OIOPY CEPEIOBUIIA
Ha XapaKTep KOJIUBAHB .

3. dxwuit BUrIsi Ma€ PiBHIHHS BUMYIIEHUX KOJUBAHDb Y CEPEIOBUIIT
6e3 omopy y BUIAJIKY HEPIOANTIHOL 30y PIOBAIBHOL CHJIN CHHYCOITAJTBHOTO
xapakTepy? K iHTerpyerbcs e piBHsIHHSI? JKuil BUTJIsAT Ma€e 3arajibHU
PO3B’SI30K Yy HEPE3OHAHCHOMY 1 PE30HAHCHOMY BUITAIKAX !

4. {x iaTerpyeTbcsa PiBHIHHSA BUMYIIEHUX KOJUBAHbL Y CEPEIOBUIII
3 MaJInM OMOPOM Y BUIAJKY I€PIOAMIHOI 30yPIOBAJbHOI CUIU CHHYCOI-
HaJabHOrO Xapakrepy?! Axuit Burssm mae rpadik YaCTUHHOTO PO3B’ 3Ky
IOTO PIBHAHHS !

5. [lo Ha3mBarOTh MaTeMaTHYHUM MasiTHUKOM?! ZKuil BUrs Mae
nuepenIiiajbHa MOJIEIb Horo pyxy? Skumu € mepiojr, yacrora, aMILIi-
TyJa Ta MOYaTKOBA (ra3a KOJMBAHHS MATEMATHIHOTO MASTHUKA!



Jlekmis 17. Kpaiiosi 3amaul s qudpepeHIiaabHIX PiBHSHD IPYTOrO HOPSIIKY 197

Jlekmiga 17. KpaiioBi 3aga4i qasa nudepeHIiaIbHIX
PIBHSIHb JIPYyTOro MOPSIJIKY

Il1an

1. OcHoBHi 03HaYeHHS T TTOHSTTS.

2. IcnyBanng Ta €JMHICTD PO3B’A3KY KpaioBOl 3aJad4i.
3. Oyuxiisa fpiHa KpaiioBol 3ajadi.

4. KpaiioBi 3a1a1i Ha BJIaCHI 3HAYEHHSI.

1. OcHoBHi o3HavYeHHsI i TOHATTs. Y 3aja4di Ko ymoBn,
3a JOIOMOIOI0 STKUX MOYKHA BHUIIJIUTH MEBHUI YACTUHHUN PO3B -
30K JepeHIiaIbHOrO PIBHSHHS, 3a/al0ThCsl B OJHIN (IIOYATKO-
Biit) Toumni. IIpore y 6araThox NpUK/IAIHAX 33/1a9aX YMOBU Ha He-
BioMmy dyHKIIO Ta 1T MOXi/IHI 9acTO 38JaI0THC Y IBOX TOUKAX, Ha~
HMPUKJIAJL, Ha KIHIAX BiJIpi3Ka, Jie IMIYKAE€ThCsl PO3B 30K 3aja4di. Ta-
Ki yMOBHU Ha3WBAIOTH KPAUOBUMUY. 3aJ1aTy BIIITYKAHHS PO3B’si3-
Ky JudepeHIiajbHOro PIBHIHHS, 1110 38/I0BOJILHSIE KPAoBl yMOBH,
Ha3WBaIOTh KPatiosoro.

KpaiioBi 3aa9i BUHUKAIOTH sIK JdudepeHIiaibii Moaeri bara-
THOX TNPUKJIAJHUX 33J1a9 (KOJUBAHHS CTPYHU, KOJIMBAHHS BAJIB,
HOIIMPEHHs TellIa y POoBiHuKYy ToIno). Hanpukias, y 3agaqi mpo
pPyX MaTepiaJbHOI TOYKH MAaCH M I Ji€io 3a7ano0l cum F'y Oa-
raTboX BHIAIKAX HOTPIOHO 3HaliTH 3aKoH PyXy S(t), SKIIO y TO-
YaTKOBUI MOMEHT 4acy t = t( BOHA 3HAXOAWIach y Todri M, a B
MOMEHT 4acy t = t] moBUHHA moTpanutu y TouKy Ms. Bukopucro-
Byroun 3akon Hpiorona F' = ma, ne a = 372‘3 — IPUCKOPEHHs, s
3ajada 3BOAUTHCS 10 BiITYKAHHS PO3B’SI3KY AU(EPEHIaTHLHOTO
PIBHSAHHS JIPYTOTO TOPSIIKY

ms"” = F(t,s,s),

SIKUI 33/I0BOJIbHsIE KpaitoBl ymosu s(tp) = so, s(t1) = s1.
Haznani 06MeKUMOCh PO3IVISIOM KPaloBUX 3a1ad TLIBKH st
JudepeHnialbHIX PIBHAHD APYroro mopsiaxy. st piBHsiHHS

y' +p@)y +q(x)y = f(2), (17.1)
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ne p(x), q(x), f(x) — HenepepsHi Ha BiApI3Ky [a,b] dyHKHil, Kpa-
floBi yMOBM O3HAYUMO HACTYITHHM YHHOM:

ary'(a) + Bry(a) = yo,
{‘123/(1?) + Bay(b) = y1, (17.2)

e aq, aig, 517 527 Yo, Y1 — 3aﬂaHi qucijia, IpuIoMy «i, 517 a TaKOZK
g, P OMHOYACHO He JOPIBHIOTE HyJf0. AKIo yo = y; = 0, To6T0

ay'(a) + Pry(a) =0,
{a;y’(b) + 521y(b) =0, (17.3)

TO TakKi KpailoBl yMOBU HA3UBAIOTL 0OHOPLOHUMU.

Axmo f(x) ToroxkHO He JOpiBHIOE HysO, TO 3amady (17.1),
(17.2) HasuBalOTh HEOOHOPIOHOMO KPATLOB010 30,0a4€E10, & SIKIIO
f(x)=01iyy=y1 =0, 0dnopidroto Kpatiosoro 3adauero.

Po3se’szkom kpaiiosoi 3amadi (17.1), (17.2) nasusaiors dyn-
Kiiiio y(x), sika asiui HenepepsHO judepenniiiosra Ha (a, b), Here-
peperO judepeHiiiioBHa Ha [a,b] 1 3am0BobHsIE piBHsIHHA (17.1)
ua (a,b) ra kpaiiosi ymosu (17.2).

2. IcuyBaHHs Ta €OUHICTH PO3B’A3KY KPalloBOIl 33Jiadi.
Ak Bimomo, poss’sizok 3azaqi Komi jyist piBastans (17.1) 3 nova-
TKOBHUMU yMOBaMU

y(zo) =yo, ¥'(z0) =y1, @0 € [a,b],

ne p(x), q(x) — venepepsHi Ha [a, b], 3rixHo 3 Teopemoro Komi (se-
kiist 10) icHye Ta €quHuil HA BCbOMY BIAPI3KY [a, b]. st kpaitoBol
sazadi (17.1), (17.2) e 30BciM He 060B’13K0BO, TOOTO 11 pO3B’SI30K
MOKe He icuyBaru abo He OyTu eamuum. [l merajbHIIoro pos-
DJIsILy [BOTO MUTAHHSI MO3HAYMMO 4epe3 1(x), wo(x) dyHmamen-
TajbHY CHCTEMY DPO3B’SI3KiB BiJIIIOBIIHOIO OJIHOPIIHOIO PIBHAHHS

y"' + p(x)y’ + q(z)y =0, (17.4)

a 4epe3 Y (z) — yactunHMil po3B’s30K piBHsiHs (17.1). Brigxo 3
TEOPEMOIO TIPO CTPYKTYPY 3arajibHOI0 pPO3B’S3Ky JHHIITHOIO HEo-
JIHOPiIHOTO piBHsIHHSA (J1eKifist 14, 1. 1) 3araJbHUM PO3B’SI3KOM piB-
uauns (17.1) €

y = Crp1(x) + Capa(z) + Y (2), (17.5)



Jlekmis 17. Kpaiiosi 3amaul s qudpepeHIiaabHIX PiBHSHD IPYTOrO HOPSIIKY 199

e Cq, Cy — noBibHI crasti. st orpuMaHHsT po3B’si3Ky KpailoBol
sagadi (17.1), (17.2) crami C1, Co HeOOXiJHO BU3HAUUTH 3 Kpaiio-
Bux ymoB (17.2). Ilixcrasinsmoun (17.5) B (17.2), omepxyemo cu-
cTeMy JHHIHHUX aareOpUIHUX PiBHSHb:

(a1 (a) + Brp1(a))C1 + (aph(a) + Bipz(a))Co =
= —a1Y'(a) — 1Y (a) + yo,

(20 (b) + B2p1 (b)) C1 + (a2ph(b) + Bapa(b))Ca =
= —aY'(b) — B2Y (b) + 1.

Hosnaunmo depes U i U MaTpuifo Ta po3IIMpPEHy MATPUILO
miel cucremu, a depe3 A — BusHauHuk marpuri U. Bukopucrosy-
o49n BizioMy 3 Kypcey ajirebpu teopemy Kponekepa — Karmesuti mpo
PO3B’sI3HICTD JIHITHOI CUCTEME aJreOpUIHUX PIBHAHD, OAEPIKYEMO
BAKJIMBUN PE3yJILTAT.

Teopema 1. Poss’sasox kpatiosoi sadawi (17.1), (17.2):

— icnye ma edunud, axuo A % 0;

— ne ichye, akuo A = 0 1 pane mampuui U He dopisHioe parey
DOSUUPEHOT MATPUUL ﬁ;

—icnye, ane e edunut, axuo A =0 1 pane mampuyi U dopis-
HIOE PAH2Y MATPUUL U.

Panr marpuni U HasuBaioTh panzom kpatiosot 3adavi (17.1),
(17.2). Onnopinma kpaitosa 3amada (17.4), (17.3) mae sumte Tpusi-
aJIbHUI PO3B 30K, AKINO paHr mMarpuill U JTopiBHIOE J1BOM, 1 Ge3siu
PO3B’sI3KiB, BU3HAYEHUX 3 TOUIHICTIO [0 CTAJION0 MHOXKHUKA, SIKIIO
panr Matpuri U JOpiBHIOE OJIMHUIIL.

Ilpukaanx 1. Jocaidumu na pose’sasnicms kpatiosy 3adawy
y" +y =0, y(0) =0, y(a) = yo, a # 0.
Po3se’azarns. 3araabHuM po3B’si3KOM piBHsAHHS € y = (' cos & +
+ Cysinz. 3 kpaitosol ymosu y(0) = 0 3naxomumo C = 0, a3 ymo-
Bu y(a) = yo omepxkyemo piBusianst Cosina = yo. Ao sina # 0,

106710 @ # km, k € Z, to Cy = X i maemo enunmii po3s’s30K
Yo

sina
Axro sina = 0, Tob6T0 @ = k7w, k € Z, TO MOXKINBI IBa BUIAI-

ku. Akimo yo # 0, To piBugnns Cosina = yg, a 3HAYUTD, 1 33/1aHa
KpaiioBa 3asada po3B’a3kiB Hemae. Aximo yg = 0, TO piBHIHHS

3aj1a49i Yy = - sin x.
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(5 8in a = Yo MEPeTBOPIOETHCST ¥ TOTOXKHICTD 1 3a/1aHa KpaiioBa 3a-
Hada Mae 6e3s1iv po3B’sa3kiB Bursay y = Cy sin x, ge Cy — 10BLIbHA
crasia. l

3ayBaykuMo, M0 KPAoBi YMOBU MOXKYTb MATH TAKOXK I'DaHU-
YHUM BUTISI, a ducia a abo b Moy Th OyTu HeBacuumu. Moxna,
HaIPUKJIAJ, PO3IVISIIaTA TaKi KpailoBi yMoBU:

ap lim y'(z) + fy lim y(z) =0,

. / . .
Qs xh_)r{.loy (x) + B2 xlg]go y(xz) =0.

Ipuknanx 2. 3uatimu poss’ssox piensmns Etsepa x2y" +
+3xy’ —8y = 0, axuii 3adososvhae ymosu y(1) = 1, xh_)r%o y'(z) = 0.
Pose’sazanna. 3pobuno saminy z = e'. Toni ), = yie™!, y’y =
= (y)s —y;)e™? (nmexuis 13). Iligcrasnsmoun i Bupasu y pisHsH-
Hel, JJIsl 3HAXO/KeHHst QyHKIT y = y(t) omepKyemo JiiniiiHe 0/1HO-
pinne piBHaAHHA 31 cTajumu Koedinientamu y” + 2y’ — 8y = 0, 3a-
raJIbHUM PO3B’SI3KOM SIKOT'O €

y = 016_4t + CQth = y = 016—4111:1: + 02621nx =
Ch

—a + 021'2.
T

y =

Bubepemo reniep crasi C1, Co Tax, mob crpaBizKyBaaIuch Kpa-

iiosi ymosu. 3 ymosu y(1) = 1 sumusae, mo C+Cy = 1. 3 ymoBu

ILm y'(z) = 0, Bpaxosytoun, mo y' = —4C /z° + 205z, 3naxomu-

316100002 =0, a orke, (1 = 1. TakuMm 9MHOM, PO3B’SI3KOM 3aaHOI
KpaiioBol 3ajati € dyukisa y = 1 / G |

3. DyuKIris fpiHa KpaitoBol 3aja4i. Hamasmi posrisgaTn-
MEMO TIJIbKU OJIHOPITHI KpailoBi ymMoBH, OO JIJIst HEOIHOPIIHUX KPa-
fioBux ymMoB po3B’si3ok y(z) 3amadi (17.1), (17.2) moxkHa IIyKaTn
y Burisi y(x) = y(z) + z(x), ne y(x) — noBinbHa JBidi Henepeps-
HO JudepeHIiiioBHa Ha BIAPI3KY [a,b] dyHKIs, sika 3a/10BosIbHSIE
HeoHOpiHI Kpaitosi ymosu. Tom s dyHKIil z(z) omepKyeMo
KpaiioBy 3aJiady 3 OJIHOPIIHMMHU KPailOBUMHM yMOBaMHU i IIPABOIO
gacrunowo f(x) — L(y).
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Hanpukia, seonaopinni kpaiiosi ymosu y(a) = yo, y(b) = 1
3a JIOIIOMOTOIO 3aMiHU
e=y- L= —a) -y
b—a
3BOJIMMO JIO0 OJHOPiHUX KpaitoBux ymoB z(a) = 0, z(b) = 0.

[Tokazkemo, 1110 po3B’s130K piBHsiHHs (17.1), siKuil 3a/10BOJIbHSIE
ozHOPiHI Kpaiiosi ymosu (17.3), Ipu HEeBHAX yMOBax OJHO3HAYHO
BUPAXKAE€ThCsl Y€pe3 TaK 3BaHy (PyHKIIIO fpiHa KpaiioBol 3ajadi.

Dynwyiero I'pina xpaiiosoi zamadi (17.1), (17.3) nazusaiors
dyuxiio G(z, s), sika BU3HaUeHa JJIs JOBLIBHUX T, s € [a, b] 1 3a-
JIOBOJILHSIE TAKl TPU yMOBH:

1) miast koxkuoro ikcoanoro s € [a,b] G(z,s) ax dyHKiis
3MIHHOI T Ha KOXKHOMY 3 IIPOMIKKIB [a,s) 1 (s,b] € po3B’sizkoM
JiHIAHOTO OjiHOpPiAHOrO piBHsHHS (17.4);

2) G(z, s) 3a 3MIHHOIO X 3a/10BOJIHSIE OJIHOPL/IHI KpailoBi yMOBI
(17.3);

3) G(z,s) — menepepBHa yHKIis st BCiX x,s € [a,b], a 11
YaCTHHHA HOXiJHA 7 Mae IPU T = S PO3PHUB NEPIIOro poy 3i
CcTpUOKOM

0G(s+0,s) 0G(s—0,s)

oz Oz =1L

Teopema 2. fkwo odnopiona xpatiosa 3adava (17.4), (17.3)
MAE AUULE MPUBIANGHUT PO3E A30K, MO HYHKUIA Iy DIHG HEOOHODI-
onoi kpatiosoi 3adawi (17.1), (17.3) icnye ma eduna.
osederns. Hexait ¢1(x) — po3s’si3ok piBasHHs (17.4) 3 moua-
TkoBEMHU yMoBamu y(a) = aq, y'(a) = —f1, a @a(x) — po3B’s30K
piBusians (17.4) 3 nouarkosumu ymosamu y(b) = ag, y'(b) = — fa.
Ouesnino, mo dyskuil ¢;(x), p2(2) TOTOXKHO He TOPIBHIOIOTDH Hy-
JIo Ha [a, b], mpuaomy 1 () 3a/10BOJIbHSIE TIEPIITY KPAHOBY YMOBY, &
p2(x) — npyry kpaiioBy ymoBy 3 (17.3). Kpim roro, dyukuii ¢1(z)
i @a(z) minifino HezasexHi Ha [a,b], 60 inakme po(x) = Cpi(x),
C # 0, i Toxi pa(z) 3amoBosbHsIA 6 06K1B]I Kpaitosi ymosu (17.3),
0 CYLEPeYnTh HPUILYIIEHHIO PO Te, M0 KpaioBa 3axada (17.4),
(17.3) mae e rpuBiaabHuii po3s’s3ok. Takum unHOM, byHKIHT
p1(x) 1 po(x) yTBOPIOIOTH DYHIAMEHTAJIBLHY CHCTEMY PO3B’si3KiB
piBusinus (17.4).
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Oymnkmuio I pina G(z, s) xpaitosoi 3amasi (17.1), (17.3) urykae-
MO y BUIVISIJIL

_ Ja®)pi(z), a<z <s,
Glays) = {02(8)<p2(x), s <z <b.

3a nobyroBoto dyHKI ¢1(x) 1 p2(x) dyukiis G(x,s) 3a10B0/1b-
Hste TyHKTH 1, 2 o3nadenns dynkuil I pina. s Toro, mob Bo-
Ha 3a/I0BOJIbHSAJIA IIYHKT 3 IIbOI0 O3HAYEHHS, 3a/IHIIIAETHCS 3HANTH
c1(s), ca(s) 3 cucremn

{CQ(S)Q@ (s) —ci(s)pi(s)

0
’ 17.6
N (17.6)

2 1
ca(s)¢h(s) — cr(s)#i(s)

Ils1 cucrema oHO3HAYHO PO3B’si3HA BijHOCHO ¢ (s), c2(s), 60 i1 BU-
3HAYHUK BiAMIHHAI BiJ Hysist Ha [a, b] (HuM € BpoHckian W (s) dbyn-
Kiiit ¢1(s), ¢2(s)). Ocrarodno oxepxKyeMo:

2088 i<e<s,
G(x,s) = {@1(12203(@ I > (17.7)

3 dbopmymu (17.7) Bummusae, mo dbynxmis [ pina € cumerpu-
9HOIO (DYHKILEIO CBOIX apryMmenTis, Tobro G(x,s) = G(s,x).

Oyuxiio I pima kpaitosoi 3amaai (17.1), (17.3) moxkua Gy1yBa-
TH METOJIOM, SIKHii BUKOPHCTOBYBABCs IIPU JIOBEJECHHI TEOpeMH 2.

Hpuknax 3. Ho6ydysamu ¢ynxyito I pina kpatiosoi 3adawi
y' =y = f(z), y(0) =0, y(1) =y'(1).
Po36’a3anns. 3arajabHUM PO3B’I3KOM BiJIIIOBIIIHOIO OJHOPIAHOIO
pieasang ¥’ —y = 0 e y = Cp + Coe®. YacTunnuii po3s’si30K
v1(z) = 1 — e” 3a/10BoJIbHsIE LIEPIILY KpailoBy yMOBY, a PO3B’S30K
po(x) = €® — npyry. Tomy dynkiito fpiHa MIYKAEMO y BUIJIS]

c(s)(1—e€*), 0<z <s,

co(s)e”, s<zx <l )

G(z.s) = {

Cucrema (17.6) st 3HaxOo/KeHHst DYHKIGH ¢1(S), ca(s) mae
BUILJIS

ca(s)e® —ci(s)(1 —e®) =0,
ca(s)e® +ci(s)e’ = 1.
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[i posp’askom € ¢1(s) =1, ca(s) = e™* — 1.
ITiycrasisioan 3uaiiieni ¢ (s), ca(s) y (17.8), omepxyemo dyHs-
KITiIO fpiHa 3a/1aHOI KpaiioBol 3a/1a4i:

1—e* 0
G('Tvs):{ 6_7

)

<S8
[ ]
r < 1.

NN
NN

ele* —1), s

Teopema 3. ‘Ikwo odnopiona xpatiosa sadaua (17.4), (17.3)
MAE AUWE MPUBTANLHUT PO3G A30K, MO PO3G A30K HEOIHOPIOHOT
kpatiosot sadawi (17.1), (17.3) icuye, edunuii i 3adaemuves popmy-
010

b
y(x) = /G(:t:,s) - f(s)ds, (17.9)

de G(x,8) — dynwuia I pina xpatiosoi sadawi (17.1), (17.3).
Josedenns. Sanumemo dhopmyiy (17.9) y Burmsi

x b
y(x) = /G(a:,s) - f(s)ds + /G(m,s) - f(s)ds.

Ha xoxxHOMY 3 IpOMiXKKiB [a,z) 1 (z,b] dyukil G(z,s) i %

HEIIEPEePBHi, a TOMY KOXKHWIT 3 iHTerpaJiiB MOKHa 3/ 1udepPEHIHI0OBa~
i 32 3MinHO©O T V. Tomi

T

v@) = [2E2 f(5)ds+ Glara - 011 (a) +
b
+/% f(3)ds — G(w, 2 +0) f(x).

x

() ()
D Bukopucroyemo  dpopMyITy %( i f(x,s)ds) = [ %ds +

@ (x) p(x)
+ f (2, 9(x) % — f (z,p(z)) 2.
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Ockinbku dynkiis G(x,s) HellepepBHa 1HpU § = X, TO HeiHTe-
rpajbHi TOJaHKNA B3AEMO3HUIILYIOTHCSI, & TOMY
[0G(z, ) [9G(x, 5)
, z,8 x, 8
= | —— d —_— ds. 17.10
y@ = [P0 gsyas - [P0 fsyas. o)

a T

Pipnicrs (17.10) 1me oxun pas 31udepeHIioeMo 3a 3MIHHO &:

1 xaQG ) 8G ) —0
v = [TOE) pas 4 290220 gy o
b
0%G(z, s) 0G(xz,z +0) B
+ W'f()d— B f(z)
b
_ [9%G(z, )

_ o - F(s)ds + <8G(xaz 0,z) 5‘G(a:a; 0’$))f($).

a

Bukopucrosyroun nyHkT 3 3 oznauenns yukiii G(x, s), OCTAaHHIO
dopMyITy MOXKEMO 3aIIUCATHA Y BUTJISII

b
2
v = [P0 it f@). ar
a

3 dopmyn (17.9) — (17.11), BpaxoByroun BaacTUBOCTI DyHKIIT
G(z, s), omepxyemo, 1o (17.9) — po3s’si30k Kpaiiosoi 3aza4i (17.1),
(17.3). Leit po3B’s130K €uHMit, 6O AKINO MPUITYCTUTH ICHYBAHHS 1H-
moro po3s’si3ky g(x), ro dyukuis z(z) = y(z) — y(x) 6yne nerpu-
BlaJIbHUM PO3B’SI3KOM OIHOPIIHOT KpailoBol 3a/1ati, 110 CylepeInThb

YMOBi Teopemu. »

4. KpaiioBi 3aga4i Ha BJacHi 3HaYeHHS. JacTo BUHUKAE
HEOOXIIHICTh 3HANTH PO3B’A3KM KPailoBOl 3a1a4i

Y +p(x)y +ql@)y =Xy, z¢€(a,b), (17.12)

a1y (a) + Bry(a) = 0,
{azy’(b) + Bay(b) = 0, (17.13)
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Jie A — JificHuii abo KomiiekcHuii mapamerp, dyHkIii p(z), ¢(x) —
HemepepBHi Ha BinpisKy [a,b], af + B # 0, a2 + B2 # 0.

Ba/iaty 3HAXO/KEHHsT 3HAYEHDb apamMerpa A, JJis sIKUX Kpaiio-
Ba 3ajada (17.12), (17.13) mae HeTpuBiaJbHI PO3B’SI3KH, HA3WBa-
I0Th KPatiosoto 3ada4ero Ha 8AACHT 3HAYEHHS.

BHaueHnHst mapaMerpa A, IUIs sIKUX KpaiioBa 3amada (17.12),
(17.13) mae nerpuBiaibHi PO3B’SI3KH, HABUBAIOTH BAACHUMY 3HA-
YeHHAMU, & BIIIOBIIHI IM HeTpUBiabHI PO3B’'SA3KU — 8AACHUMU
Pdyrruiamu KpailoBol 3aa4i Ha BJIACHI 3HAYUEHHSI.

KisbkicTs JTiHIHO He3a/eKHUX PO3B’sA3KiB KpailoBol 3ajadi
(17.12), (17.13) mast 3aJ]aHOTO BJIACHOIO 3HAYEHHSI \ HA3MBAIOTH
KPAMHICIMIO TIHOTO BJIACHOTO 3HAYEHHSI.

Moxna mosecru, 1mo st 3ana4i (17.12), (17.13) copasmkye-
ThCS TIIBKU OJIHE 3 TAKUX TBEDJIZKEHb:

1. Kpaiiosa 3ajaua (17.12), (17.13) me mae BiacHUX 3HAYEHb.

2. Kpaiiosa 3amaua (17.12), (17.13) mae ne Gliblne 39ncieH-
HOI MHOXKUHM BJIACHUX 3HAYEHb, Kl IIPU I[LOMY HE MOXKYTh MaTh
CKIHYEHHOI 'PAHITYHOI TOYKH.

3. Koxkne wmciio A € BiracHUM 3HAYEHHSM KpPaloBOl 3ajadi
(17.12), (17.13).

Ilpukiang 4. 3natimu eaacHi 3HAGUEHHA M BAACHT PYHKULT
zadawi y" = Ny, y(0) =0, y(b) =0, b #0.
Pozs’sazannsa. Hexait A >0 abo A — xomiutekcue. Tozi 3aatia
HE Ma€ HETPUBIAJIBHUX PO3B’si3KiB, 00, MMiJACTABJISIIOUN 3arajbHUI
posB’asoK pisusnus Yy’ — Ay =0

y= C’le\/xx + C’ge_\/xx
yV KpalioBl YMOBH, OJIEPKYEMO

Ch+Cy =0,

CreVAb 4 Che—VAb — g = C1=0,=0 = y(z)=0.

Hexait A = 0. Toxui, migcrapisgiodn 3arajbHUil PO3B’sA30K Y =
= C1x + (5 y KpaiioBi yMOBH, OJIEPKYEMO

Cy =0, e _
{Clb+02:0 = 01—02—0 = y(z:):(),
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TOOTO 1 y IIbOMY BUIIQJIKY 3a/1a9a Ma€ TiIbKH TPUBIAIbLHUN PO3B -
30K.

Hexait teep A < 0. Toxi 3arajibHUM PO3B’'SI3KOM PiBHSIHHS
Yy ' —Ay=0¢e

y = C1 cos(zv/—N) + Cysin(zv/—N),
a, BPaxXoBYIOUM KPaiioBl yMOBH, OJEPKYEMO:
Cy =0,
{01 cos(by/ =) + Cosin(by/—X) = 0 =
C1 =0, Cysin(bv/—X)=0.
dAkmo y TorokHO He HopiBHIOE Hyst0, To Co % 0 i, orxke,

sin(by/—\) = 0.

3Bijgcu MaeMo OpPMYJTy JJIsl BCIX BJIACHUX 3HAUYEHB 3a/1adi:

k 2
Ak:—<%>, k=12, ...

Im BignoBimaoTh BiracHi QyHKIT

. 7wkx
yk:cksmT, B=02 coor

e Ck — JMOBLIbHI cTasi, BiaMinal Bijg oysrsd. B

BarkjiuBuM OKpeMuM BHITAJIKOM 3a/adi Ha BJIACHI 3HAYUEHHS €
3adawa IImypma — Jliysians:

(p@)y) = q(@)y + Ap(z)y =0
{awww+5WM)
gy’ (b) + B2y(b)

ne dyukuii p(z), p'(z), q(x), p(z) — HenepepsHi Ha BiApI3KY [a, b],
p(x) >0, p(x) >0, x € [a,b], af + B} # 0, of + B3 # 0. Herans-
mime 3 3anadero [Htypma — JliyBijuis, BaacTuBocTsME 11 BJIACHUX

z € (a,b),

:0,
=0,

3HaYeHb 1 BIaCHUX (DYHKINH MOXKHA O3HANOMUTHUCH, HAIIPUKIAI, Y

[15, c. 189 — 201].

Pexomendosara aimepamypa: |1, c. 283 — 302, [3, c. 189 —
197], [5, c. 303 — 319], [7, c. 116 — 140], [15, c. 166 — 201].
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IIurtanaga go gekiii 17

1. Illo Take KpaiioBi yMOBH, KpaifioBa 3ajada Jjis 3BUYIANHOTO M-
depenmiagbaoro piBHsAHHA? KWt BUTIA MAOTh KPaloBi yMOBU JjTst
JIHIHOTO JTrpepeHIliaibHOrO PiBHSAHHS JPYTOTO MOPSIKY !

2. YuM BiAPI3HAIOTHCSI HEOIHOPIIHI KpailoBl yMOBH BiJl OJTHOPITHIX !
Yomy, posriisaiodn KpaifloBy 3a/1ady, MOYKHA OOMEKUTHUCH OTHOPITHIMEI
KpailoBuMu ymoBaMu?

3. dky dyHKII0 HABMBAIOTH PO3B’I3KOM KPATOBOI 3a a1 Jy1sl JTiHiii-
HOTO JinPePEHIaIbHOIO PIBHSIHHSI JIPYTOr0 MOPSIKY 7

4. Koy po3B’s130K KpaitoBol 3ajiadi Jjis JiiHiiiHOrO audepeHIiaib-
HOTO PIBHSHHS JPYTOro HOPSJIKY iCHY€ Ta €IUHUI, He iCHYE, icHYy€, aJe
Hee U7

5. 1o Taxe dbyuxmis I pina kpaitosoi 3amaui? dka i1 poss y mobymosi
PO3B’sI3Ky HEOJHOPIIHOI KpaiioBol 3aja4i? Ko icHye eauna dyHKILisA
fpiHa KpaitoBoi 3aja4i? Ak mMoxkHaA 100OYIyBaTH (DYHKIIIIO fpiHa?

6. [Tlo nasuBaioTh KpaiioBoio 3a1a4eio Ha BiaacHi 3Havenns! 111o Ta-
Ke BJIaCHI 3HavYeHHs, BiacHi yHKIl Takol 3amgadi? Ax dopmyrmoerbes
zagada [rypma — Jliysimna?

Bopasu go aekiii 17

1. BHaiifiTh Po3B’sI3KKM KpailoBUX 3a/1ad:

a)y’ +y=f(x),
6) zy" —y' = f(x), ¥'(1)=0, y(2)=0.

3. 3HaiiaiTh BAaCH] 3HAYEHHS i BJIacHI (PYHKITT 3a1a:

a)y" =Xy, y'(0)=0, y'(b)=0, b#0;
6) 2%y + 5 =Xy, y(1)=0, y(b) =0, b#1.
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Homarok 2.

3acTocyBaHHA MaTeMaTH4YHOro nmakera Maple
JJI iIHTerpyBaHHA 3BUYAHUX JudepeHTiaTIbHUX
PiBHSIHb BUIIUX MOPSJIKiB

Ipuxkian 1. 3naiitn poss’szok samadi Komi y” +y = 0,
y(0) =1, 3/(0) = 0 (upukiaz 1 sexnii 10, crop. 119):
> dsolve ({(D@@2) (y) (x)+y(x)=0,y(0)=1,D(y) (0)=0},y(x));

y(z) = cos(x).

Ilpuksiag 2. 3inmrerpyBatu gudepeHIiajgbHe DPiBHSIHHS
y" = 2¢/y (npuknagn 2 nekuii 10, crop. 122):
> dsolve ((DO@2) (y) (x)=2*sqrt(D(y) (x)),y(x));

y(x) = %x?’ + Ciz*+ C1%z+ _C2.
Cim’'to ocobnuBux pose’si3kip y = C 3a jgomoMoror mnakera Maple
3HAHTH HE BIAJIOC.
IIpuxkian 3. 3interpysaru pisaannsa y” = sin
nekuii 10, crop. 123):
> dsolve ((D@@3) (y) (x)=sin(x)"2,y(x));

22 (upukaz 3

1 . r C1 z2
y(z) = —sm(2x)—|———|—ﬁ+_T

G < + C2z+ _C3.

[Meit po3B’d30K mEPEO3HAYEHHIM CTAJMX 3BOIUTHLCS 10 PO3-
B'SI3KY, OTPUMAHOIO Ha cTOp. 124.

Ipuxaas 4. 3uaiitn poss’sisox pisusmna y” = e*, saxuit
3a/I0BOJIbHsIE HYJIbOBI movaTkoBi ymoBu (npukiaya 4 jekrii 10,
crop. 125):
> dsolve ({(D@@3) (y) (x)=exp(x~2),y(0)=0,D(y) (0)=0,

(DEE2) (y) (0)=0},y(x) ,uselnt);

r p_21 p_ =zl
y(x) :/ / / e—ZJZd_zl d_z1d_ zI.
0o Jo 0

Ormmist useInt BUKOpUCTaHA JIJIsi TOTO, 100 PO3B’SI30K 3a/IaHOT 3a-
sadai Kot 6yB nipejictaBiiennii y KBaJparypax, a He 3a JIO[OMOI'O0
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crierjasibHux QyHKIii (Taki iHTerpanu yepes ejaeMenTapHi GyHKIET
He BUPAXKAIOTHC).
IlpukJiaz 5. 3inTerpyBaTu HElOBHE JudepeHIliaJbHe PiBHSIH-
st x4/ 1+ 4" = y” (upuknan 5 seknii 10, crop. 126):
> dsolve(x*sqrt (1+(DE02) (y) (x)~2)=(DEA2) (y) (x),y(x))
assuming x>-1 and x<1;

1 1
y(xr) = ~5 arcsin(x) — 5:1: —22+1+ Clz+ C2.

Tyt xoHcTpyKIieo assuming x>-1 and x<1 HakJajeHO OOMEKe-
uus —1 < x < 1, 60, 9K BUJIHO 3 CAMOTO PiBHIHHS, JIHCHUN PO3B’si-
30K iCHYE€ JIHIIle Ha oMY iHTepBaJi. be3 1poro obmexkeHHsi OyB Ou
BUOpaHUil GlIbIIHI TPOMIZKOK || > 1 1 3HaiijeHnii KOMIJIEKCHUI
PO3B’SI30K.

Ax GauuMo, y IBOMY BHUIQJIKY BUKOPHUCTAHO IHIMNNA METO.,
aHIK TOM, KMl 3alIPOIIOHOBaHMl Ha cTOp. 126: crioyaTKy piBHSIH-
Hsl PO3B’A3aHO BiMHOCHO Y, & mOTIM OTpuMaHe piBHAHHS (BUTIISLILY
y" = f(x)) ngivi siurerposano. Ile n03BoMIO 3HANTH PO3B’A30K
y SIBHOMY BUIJISIZI, a He y HapaMeTpudniii popmi.

Ilpukiazm 6. Po3s’szaru 3a/1atdy npo pyx MaTepiajbHOl TOUYKI
(zamaua 1 nekuii 10). Ha crop. 127 orpumasnu gudepeniiaibae
piBHsIHHSI PyXy Marepianbaoi Touku x”(t) = %e’pt. 3inTerpyemo
e piBHsiHHS, BpaxoByoun nodarkosi ymosu z(0) = 0, 2/(0) = 0:
> dsolve ({(D@A2) (x) (t)=k/m*exp (-p*t),x(0)=0,D(x) (0)=0},

x(t));

ke—Pt kt k
x(t) = +
IIpuxkiagn 7. 3inrerpysaru nenosne pisnsunga ry’” =y’ —xy”
(mpuksag 1 srexrii 11, crop. 130):
> dsolve (x*(DQ@3) (y) (x)=(DQQ2) (y) (x) -x*(DQO2) (y) (x),
y(x));

p>m  pm  pPm’

ylx)=(2+z) Cle*+ C2z+ C3.

Ilpukman 8. Posp’asaru 3amady mpo pyx MarTepiajgbHOl TO-
YKU OPU HASIBHOCTI onopy cepejosuina (3agada 1 sexnii 11). Ha
crop. 131 orpumasn audepeHIiiajabue PiBHAHHS PyXy MaTepiajib-
noi rouku max” + kx' = Asinwt. 3inTerpyeMo e piBHAHHS, Bpa-
xoBytoun noyarkosi ymosu x(0) = 0, 2/(0) = 0:
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> simplify(dsolve ({m*(DQ@2) (x) (t)+k*D(x) (t)=
Axsin(omega*t) ,x(0)=0,D(x) (0)=0},x(t)));

kt

(kz2 cos(wt) — k% +msin(wt)kw + w?m?e”m — w2m2> A
(k%2 + w?m?) kw

x(t) = —

Komanmy simplify() BUKOpHCTAHO JijIsi CHPOIIEHHS DPO3B’HA3KY,
iHakmre BiAnoBiAL Oysia 6 y jy»ke rpomisjkiit dopmi (y Burismi
«6araToroBepxoBOro» JApoby).
Ipuknazm 9. 3inTerpysaru HenopHe pisnsiunsa vy = y'? — y’°
(upuksiag 2 seknii 11, crop. 133):
> dsolve (y(x)*(D0Q2) (y) (x)=D(y) (x)~2-D(y) (x)~3,y(x),
implicit);

y(z)=_C1, y(z)+ Cllhn(y(zx))—z— C2=0.

[Tepenosuadenusim cranoi Ch := 1/C) Binnosiap npukmiamy 2
3BOJIUTHLCS JI0 BIIIOBIII, 3HANIEHOI IPOTrPaMOIO. 3ayBarKeHHsI 00
BIJICYTHOCTI MOJIyJIsi B apryMeHTY Jiorapudma JiuB. y npukia 12
Ha crop. 112. Bes omnmnii implicit nporpama 3uaifimia 6 po3s’a30K
y IBHOMY BUIVIsi/Ii, aJie dYepe3 cleriaibai PYHKIIT, BUBUEHHS AKUX
He mepedadeHe y Kypci «audepeniiaabal PiBHAHHI».

Ipuknazn 10. 3inrerpysaru oaHopiane pisusuns yy” — y'2 —
— 30y/xy? = 0 (npukaz 3 mexmii 11, crop. 135):
> dsolve(y(x)*(D@2) (y) (x)-D(y) (x) ~2-30*sqrt (x)*y (x) ~2=

0,y(x));
N
(e“’j/) _C2
y(x) =0, y(z)= o Ciz

Hporo pazy Maple HaBiB TakoxK po3s’sizok y = (), sKuil, O4E€BUJIHO,
€ YACTUHHUM.
Ilpuksazm 11. 3inrerpyBaru piBHSHHS JIPYTOrO HOPSIKY B TO-
YHUX ITOX1JTHIX
1/ /
Yy —Y
— =0
(upukiag 4 seknii 11, crop. 135):
> dsolve ((x*(DQ@2) (y) (x)-D(y) (x))/x~2-y(x)*D(y) (x)=0,
y(x));
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1 1
y(z) = — tanh(Z_Cl Var®+ o _C1v2_ CQ) _C1V2.

[Iporonyemo unragaM caMOCTIHHO HEPEKOHATUCH, IO 3HAMIeHUi
nporpaMoro po3B’sizok € mernoBuuM. DyuKIis tanh mosnadae ri-
1epOoJIiIHII TaHTEeHC, TOOTO

shx e —e %
tha = = .
chx er f e %

Ipuknazm 12. 3inTerpysaru nenosue pipuanus yy” —y'? = o/

(mpuksas 5 srexii 11, crop. 137):
> dsolve (y(x)*(D0@2) (y) (x)-D(y) (x)~2=D(y) (x),y(x));

e_Clog_C2_C1 4 q
Posp'sisku y = —x + C' 1 y = 0 3a jgonomororo nakera Maple

He 3HaiijgeHi. 3HaiigeMo TakoXK IHTErpyBaJbHUII MHOMKHHUK I[HOTO
PIBHAHHS:
> DEtools[intfactor] (y(x)*(D@A2) (y) (x)-D(y) (x)~2=
D(y) (x));
1
y(@)?" (=) +1)y(e)

Ilpukman 13. [lobymyBaru mudepeniiajibie piBHSHHS, sKe
Mae byHIaMeHTAIbHY cHcTeMy po3B’askiB yy(x) = 12, yo(z) =
= z—1 (npukmag 1 sekuii 12, crop. 148). Jjisi 1bOro BUKOPUCTAEMO
koMaH 1 wronskian() i det() makera linalg:
> linalg[wronskian] ([x~2,x-1,y(x)],x);

z—1  y(z)
2z 1 %y(x)

2
2 0 j?y(x)

)

> linalgldet] (%)=0;

2 2
—xQ%y(x)+2x%y(x)+2(% (CU))l‘—Q% (z) —2y(z) =0.
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Ilpuksazm 14. 3inrerpyBaTu JiHiiiHe OIHOPiAHE DPIBHSHHS 31
crammmu koedimienramu y” — 4y’ 4+ 3y = 0 (upukiaz 1 sexuii 13,
crop. 153):
> dsolve ((D@@2) (y) (x)-4*D(y) (x)+3*y (x)=0,y(x));

y(r) = Cl1e®+ (C2e3%,

Ipuxkian 15. Binrerpysaru pisnsuusa y” — 5y’ — 6y’ = 0
(upukiaz 2 sieknii 13, crop. 153):
> dsolve ((DO@3) (y) (x)-5*(DOG2) (y) (x)-6*D(y) (x)=0,y(x));

y(x)= Cl1+ C2e %4+ (C3e07,

Ipuknax 16. 3iarerpysaru pismsuna y'v — 6y + 12y +
+ 6y — 13y = 0 (npukman 3 nekmii 13, crop. 155):
> dsolve ((D@@4) (y) (x)-6%(D0@3) (y) (x)+12*(DE2) (y) (x)+
6*D (y) (x)-13*y(x)=0,y(x));

ylx)= Cle®+ C2e %+ (3e3%sin(2z) + _C4 3% cos(2x).

IIpukiazn 17. inrerpysaru pisusauns y”' —5y” + 3y’ +9y = 0
(mpuksas 4 siexrii 13, crop. 157):
> dsolve ((DE@3) (y) (x)-5%(DEG2) (y) (x)+3*D(y) (x)+9*y(x)=
0,y(x));

ylx)= Cle®+ 23+ (3637,

IIpuknan 18. 3inrerpysarn pisustansg y” +3y” + 3y +y =0
(mpukias 5 siexrii 13, crop. 157):
> dsolve ((D@@3) (y) (x)+3*(DEG2) (y) (x)+3*D(y) (x)+y(x)=0,
y(x));

yx)= Cle ™+ C2e“z+ C3e %z

Ipuknazn 19. 3inrerpysaru pisuanus y¥ —ytY + 8y — 8y +
+ 16y’ — 16y = 0 (upuknaz 6 nekmii 13, crop. 157):
> dsolve ((D@@5) (y) (x) - (D@@4) (y) (x)+8+*(DE@3) (y) (x) -
8% (DEG2) (y) (x)+164D(y) (x)-16xy(x)=0,y(x));

yle) = C1e"+ (C2sin(2z)+ C3cos(2x) +
+ C4sin(2x)x + _CHcos(2z) .
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IIpukmaazn 20. 3interpysaru pisusnus Bitnepa x2y” — 3zy’ +
+ 3y = 0 (npukiay 7 gekuii 13, crop. 158):
> dsolve(x~2*(DQ02) (y) (x) -3*x*D(y) (x)+3*y(x)=0,y(x));

y(z)= Clz+ C2a3.

IMpukiazn 21. 3inrerpysaru pisasinas Yeburmosa (1 —xQ)y” —
— xy’ + n%y = 0 (nexuis 13, crop. 159):
> dsolve ((1-x72)*(DEO2) (y) (x) -x*D(y) (x)+n~2*y(x)=0,
y(x));

y(z) = _C1sin (narcsin(z)) + _ C2 cos (narcsin(z)).

Ilpukman 22. 3inrerpysaru pisusuns Beccens x2y” + xy’ +
+ (2% — 1/4)y = 0 (nexuiz 13, crop. 160):
> dsolve (x~2*(D@02) (y) (x)+x*D(y) (x)+(x~2-1/4) *y(x)=0,
y(x));

_Ci1sin(x)  C2cos(x)
y(z) = + :
NZ3 NZ3
IlpukJsazna 23. 3inTerpyBaru JiHiiiHe HEOIHOPIIHE PIBHSIHHSI
31 crasmmu koedinientamu y” + y = x (mpuksan 1 ekl 14,
crop. 165):
> dsolve ((DO2) (y) (x)+y(x)=x,y(x));

y(x) =sin(z) _C2 + cos(z)_C1 + x.
IIpuknan 24. 3inrerpysaru pisusinnsg y” +y' — 2y = x (upu-

kya 2 jekiii 14, crop. 168):
> dsolve ((D@@2) (y) (x)+D(y) (x)-2%y(x)=x,y(x));

1
y(x)=e® C24+e2% C1—=— L
- - 4 2
IMpuknan 25. 3inrerpysarn pipmsmna y” — 2y" = 22 — e*

(upuksaz 3 sieknii 14, crop. 172):
> dsolve ((DE@3) (y) (x)-2%(DOG2) (y) (x)=x"2-exp(x),y(x));

4 3 1 22
ylr) = - — =+ e+ - _C1 - §+_02x+_C3.
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Ilpukaazm 26. 3uaiiti 3arajbHuii PO3B 30K JHHIAHOTO OIHO-
PiIHOrO PIBHSIHHSI APYTroro MOPsIAKY 31 3MIHHEMHU KoedilieHTaMu
zy" + 2y + 2y = 0 (upukmagn 1 i 4 mexuii 15, crop. 176, 182):
> dsolve (x*(D@2) (y) (x)+2*D (y) (x)+xxy (x) ,y(x));

y() = _ C1sin(x) N _C2 COS(l’).

T T

Ilpuksazm 27. 3inrerpyBaru JjiHiiiHe OIHODiAHE DIBHSHHS 31
sminanME Koedimientamu (22 + 1)y” — 22y’ + 2y = 0 (npuxmaz 2
nekuii 15, crop. 177):
> dsolve ((x~2+1)*(DQ02) (y) (x)-2*x*D(y) (x)+2*y (x)=0,

y(x));
ylx)= Clz+ C2(z?-1).

Ilpukiazm 28. 3inTerpyBaTu 3a JOMOMOIOIO CTEIEHEBUX PSI/IiB
niniine piBasiaag y” + ry = 0 (npukman 3 geknii 15, crop. 180):
> dsolve ((DEO2) (y) (x)+x*y(x)=0,y(x),type=series);

y(z) = y(0) + D(y)(0)x — ~y(0)® — —=D(y)(0)z* + O(2°).

Bupasu y(0) i D(y)(0) osnauators 3navennst dyHkiii y(x) ta ii
noximaol B Touri = 0, TOOTO BHKOHYIOTH POJIb JIOBUIBHUX CTa-
JIUX, & CcaM PO3B’$30K 3aJ[aHUil JIHIIe KIJIbKOMA TEePIIUMU YJIeHAME
crenenesoro psy (no z°). Bmaitnemo me poss’asku 3agad Kori
y' +2y=0,y0)=1,9(0)=0iy" +zy=0,y(0) =0,y(0) =1
3a JIOIOMOI'OIO CTEIIeHEeBUX PsJIB, aje 3 TounicTio 10 x'4:
> Order:=15:dsolve ({(DQ02) (y) (x)+x*y(x)=0,y(0)=1,
D(y) (0)=0},y(x) ,type=series);
1 1 1 1
z)=1— =234+ —2% — zd +
y(=) 6 180 12960 1710720
> dsolve ({(D0@2) (y) (x)+x*y(x)=0,y(0)=0,
D(y) (0)=1},y(x) ,type=series);
La, U 7 1 10 1 13 15
— Y G O . (2
v@) = o= 5 5~ T3e0” trorereo” O ) )
Tyr cnouarky cucremuiit 3minniit Order IPUCBOEHO YUCJIO, SKE BU-
3HAYA€ TOUHICTH HAOJMKEHHST PO3B’A3Ky. JIerko 6auuTu, mo oTpu-
MAaHO 110 II'sITh nepiux wienis psais (15.11) 1 (15.12) BixnosigHo.

x12—|—0(x15), (1)
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3posymiso, mo dopmyan (1) i (2) naTh KOpeKTHE HAOJIMIKEHHSI
pPO3B’s13Ky Jiuiiie B okoJii Touku x = 0.

JomarkoBo mobymyemo rpadik po3s’sa3ky mnepiroi 3agadi Korri.
Ile moxkua 3pobutn, obymyBasmu rpadik dyskmii (1), axe as
3Ha4YEHb X, SIKi CYTTEBO BiJipi3HAOTHCA Bif 0, Oro moBejliHKa He
BinoBinaTuMe crpaBkHiii (crop. 324):
> plot(1-1/6%x"3+1/180%x~6-1/12960%x~9+1/1710720%x~12,

x=-2.3..4.2,scaling=constrained) ;

Puc. 1

Tomy kparie nmobyayBaru rpadik, 3HANIIOBIIN CIOYATKY Ha-
OszKeHUil PO3B’si30K 3aJianol 3ajadi Ko guciioBuMu Meroja-
MU (JIJIs 1IbOIO BUKOPUCTOBYEMO OIIIiI0 type=numeric KOMaHu
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dsolve(). [lyia nmobymoBu camoro rpadika mpu3HadeHa KOMAHIa

odeplot () makera plots (crop. 325):

> F:=dsolve({(D0@2) (y) (x)+x*y(x)=0,y(0)=1,D(y) (0)=0},
y(x) ,type=numeric) ;

F :=proc(z_rkf45) ... end proc

> plots[odeplot] (F,x=-2.3..15,numpoints=200,scaling=
constrained) ;

] /"
P NN Y S
Puc. 2

Ilpuknan 29. Posp’ssatm  kpaiioBy samaay y” +y =0,
y(0) =0, y(a) = yo, a # 0 (mpuksaz 1 sexnii 17, crop. 199):
> dsolve ({(D0@2) (y) (x)+y(x)=0,y(0)=0,y(a)=y0},y(x));
_ y0sin(x)

y(z) .
sin(a)
Bunamok, ko sina = 0, 3aummBes mo3a yBaroio naxkera Maple.
Ilpukiazm 30. 3HaiiTu po3B’si30K KpaitoBol 3a/1a4i

2%y’ + 3wy —8y =0, y(1) =1, lim 3/(2) =0

(mpukias 2 siexii 17, crop. 200):
> dsolve ({x~2*(D@@2) (y) (x)+3*x*D(y) (x)-8*y(x)=0,y(1)=1,
D(y) (infinity)=0},y(x));

[IporronyemMo 4nTadgamM caMOCTIHHO 3iHTErpyBaTu JudepeHii-
aJbHI PIBHAHHS, HaBe/EH] MiC/Id KOYKHOI JIEKITIT po3uty 2.
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Po3zmin 3.
CUCTEMMU 3BUYATTHUX
JANPEPEHIIIA/JIbHNX PIBHAHD

Jlekmizg 18. CucreMmu 3BUYaHIX
nudepeHIiaTbHUX PiBHAHB (3arajbHa Teopist)

Ilan

1. OcHoBHI O3HaYeHHSs i TOHSITTSI.

2. Mexaniute T/iyMadeHHsI HOPMaJbHOI CUCTeMHU Ta 11 PO3B’si3-
KiB.

3. 3BejieHHs UQEPEHITAIBHOIO DPIBHSIHHS N1-I'0 TOPSJKY JI0
HOPMAJILHOI CUCTEeMH i 0DepHeHa 3a1ada.

4. JliHifiHi OJIHOPI/THI cUCTEMH.

1. OcuoBHi o3HaveHHs1 I TOHATTHA. Po3B’asyrounm Gararo
NPUKJIAJIHIX 3aJa4, JOBOJUTHCA BU3HAYATU BIJIpa3y JeKlLIbKa He-
BigoMux (byHKIHI 3 BiAMOBIAHOI KiABKOCTI aucpepeHIiaabHIX PiB-
HsIHb, TOOTO MATH CIPABY 3 CUCTEMOIO TU(EPEHINATHHUX PIBHAHD.
CyKyIHICTH CIIIBBIJTHONIEHb BUIJISIILY

Fl (xaylay%"'ayna yivyévay%)
F2 (33,y17y27~~~7yn7 yllayéaay;m)

0,
0 (18.1)

Fn(xaylay%'--aynv yllvyévvy;z) _07

J€ Y1, Y2, .-, Yn — HIyKaHi PyHKINT HE3aeKHOT 3MIHHOT =, HA3U-
BAaIOThb CUCMEMOM0 38UMAGTUHUL OUPEPEHULAALHUL PIBHAHD
NePpUL020 NOPAIKY.

Axmio (18.1) MoxKHa PO3B’sI3aTH BIJIHOCHO HOXIIHUX YCiX (dyH-
KIIiif, TO OJIEP?KUMO CHCTEMY

yi = fl(xaylay% 800 ayn)a
yé = fz(l., y17y27 e 7yn)7 (18.2)

y7/1 = fn(x7y1,y2, R 7yn)7

AKY Ha3uBalOTb HOPMAABHONO.
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Pose’saskom cucmemu (18.2) na nesikomy inrepsaui (a,b)
HA3MBAIOTh BIODPSIKOBAHY CYyKYIHICTH (yHKILH

i =v1(z), y2=1y2(x), ..., yn = yn(x), (18.3)

BU3HAYEHUX 1 HEIIEPEPBHO MnMEPEHIIHOBHIX HA IILOMY iHTepBaJIi,
SIKINO BOHA KOXKHE DiBHsIHHsI cucremu (18.2) mepeTBopioe y ToTO-
JKHICTD, sIKa CHPABIRKYEThC Jisi BCiX 3HadeHb x € (a,b). Kpusy

B (n+ 1)-Bumipromy upocropi (z,y1,Y2,...,Yn), K& BlalOBigae
po3B’sizky (18.3), HABUBAIOTH THME2PAABHON KPUBOIO CUCTEMU
(18.2).

3adauwa Kowsi nisi cucremu (18.2) dbopMmysroeTbest Tak: ce-
peJ| ycix po3B’si3KiB miei cucremu 3HalTH po3B’sizok (18.3), skuit
3aJI0BOJIbHSIE YMOBH

y1(z0) = y10, Y2(Z0) = Y20, -~ Yn(T0) = Yno- (18.4)

Jle & =x( — Jesika TouKa 3 inrepsaiy (a,b), a Y10, Y20, - - - » Yno — 1O~
BlIbHI 3as1aHi aificHi yucsia (IX HA3MBAIOTH NOYAMKOSBUMU OAGHU-
MU po3e’aary). CyKymnHICTb YuCeN T(, Y10, Y20 - - - » Yno HABUBA-
I0Th NOYAMKOSUMY danumu cucmemu (18.2), a ymosu (18.4) —
nowamrosumu ymosamuy cucremu (18.2).

3 reomMeTpuIHOT TOYKY 30py 3aaax1a Korri mossarae y Bianmykan-
Hi cepeJl ycix iHTerpajbHUX KpuBux cucremu (18.2) takol KpuBOI,
sIKa, [IPOXOJIUTH Yepe3 3aJaHy TOUKY (Lo, Y10, Y205 - - - 5 Yno)-

BusinseTbest, 1m0 st iCHYBaHHsI HElEPEPBHO JTudEpPEeHITiioB-
HOro pos3e’si3ky 3agadi Komi (18.2), (18.4) mocuTh mpHIyCTHTH,
o6 npasi wacmuny cucmemu (18.2) 6yau nenepepsrumu 6 deaxo-
MYy okoni novamrosux danux (meopema Ileano). Hacrynua teo-
peMa rapaHTye iCHyBaHHs €JIMHOIO po3B’s3Ky 3azaui Ko (18.2),
(18.4) (moBesenHs 1i€l TeopeMu MOXKHA 3HAiITH, HAIPUK/IAL, B 8,

c. 93 - 99)).

Teopema (Komi). Hezat npasi wacmunu cucmemu (18.2) su-
anaueni 6 (n + 1)-eumipromy napaseseninedi

G ={(z,y1,92,-- -, yn) :[x =20 <a, |y; —yjol <b, j =1,2,...,n}

1 300080ADHAIOMY Y HLOMY MAKT YMOBU:
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1) gymwuii fi(x,y1,y2,...,Yn) nHeEnepepeni, a, omorce, 4 obme-

orcens, mobmo | f;(z, yl,yg,...,yn)| <M, j=1,2,...,n, M >0;
Of; .

2) wacmunni norions yk’ 1, k=1,2,...,n, ichyromsv ma obme-

orceni. Todi sadava Kowi (18.2), (18.4) Mae edunuﬂ P036°A30% Npu-
Hatmmi na 6i0pisky | — xo| < h, de h = min (a, b/M) .

Hexait G — me 061acTh IPOCTOPY 3MIiHU 3MIHHUX Z,Y1, .. ., Yn,
y KozkHiit Tourni sikol 3agada Komi (18.2), (18.4) mae eauunii pos-
B’s130K. CyKymHiCTb QyHKITIH

yj:goj(x,Cl,Cg,...,Cn), j:1,2,...,n, (185)

fK1 BU3Ha4eHl B jedakiil odnacri sminu x, Cq, Cy, ..., C) 1 MaloTh
HelepepBHI YacTUHHI MOXIAHI 3a 3MIHHOIO X, HA3WBAIOThH 3A2aA.1b-
HuUM po3e’adrxom cucremu (18.2) B obsacti G, sIKIo:

1) cucremy (18.5) moxkHa poss’sizarn B obsacti G BiHOCHO
noButbHEX cramux Cp, Csy, ..., Cp, T0OTO

C':wj(xvylvy%"'?yn)v j:1727"'7n; (186)

2) auist BCiX 3HauYeHb (T,Y1,...,Yn) € G dopmynu (18.6) Bu-
3HavuaroTh Taki sHadenHst Cp, Cy, ..., Cp, UIsT IKUX CYKYIHICTH
dbyuxmiit (18.5) € poss’sa3kom cucremu (18.2).

Posp’sok cucremu (18.2), y KOXKHIN TOUII SIKOTO BHKOHYE-
ThC yMOBa €JIMHOCTI pO3B’s3Ky 3ajadi Ko, HazmBaioTh “a-
CMUHHUM. 3 03HATEHHS 3araJIbHOTO PO3B’sI3KY BUILIUBAE, IO BCi
PO3B’SI3KH, SIKi YTBOPIOIOTHCSI 3 HBOI'O JIJIsT KOHKPETHUX 3HAUYEHb
nosinbaux craymux C1, Co, ..., C), € yactunauMu. Po3B’s130K cu-
CTeMH, y KOXKHI# TOHII SKOTO MOPYIIYEThCSI YMOBa €IMHOCTI PO3-
B’s13Ky 3aga4i Kol 1j1st i€l cucreMu, HA3UBAIOTh 0COOAUBUM.

Henepepero judepenriiiosuy ¥(x,y1, Y2, ..., Yn) # const Ha-
3UBAIOTH tHMe2pasom cucremn (18.2), sIKIO BOHA TOTOXKHO Iie-
PETBOPIOETHCS Y CTAJTy B3JI0BXK JOBIJIBHOTO YaCTUHHOIO PO3B’SI3KY
i€l cucremu. Toxi dip = 0 Baacsinok cucremu (18.2), To6TO

9 o
dip = wd T
oy Oyn
0 o
% 4 +—¢fld P

8:U 6—yn
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Piguicte ¢ (z,y1,Y2,...,yn) = C, ne C — noBinbHa crasia, Ha-
3UBaIOTh Nepwum ithmezpanom cucremu (18.2). Hanpukiaz, Ko-
’KHa 3 piBHOCTeil (18.6) € nepmmm inTerpasom cucremu (18.2).

Cyxkymnnictb n nepumx inrerpaJjis cucremu (18.2)

wj(‘raylayQa"'ayn):Cj j:1,2,...,n,

HA3UBAIOTh 3A2GALHUM THME2PAAOM i€ CUCTEMU, SKINO iHTe-

rpajid Y1, Yo, ..., ¥, € HE3AAEHCHUMU, TOOTO MiXK Y1, Vo, .. .,
Yy, He icuye cuiBBigHomenHst Burisiy F (1,19, ...,1¢y,) = 0 s
KoHOT yHKIHT F. 3 MareMaTHIHOTO aHAJI3y BiJIOMO, IO JJIsT
He3aJIeKHOCTI B o0stacti G DyHKIH 91, Vs, . ., 1y, sKi MAIOTH Ya-
CTUHHI TOX1JTHI 6—;5;, 7,k =1,2,...,n, HeoOXiaHO 1 TOCTATHBO, 1100
B obnacti G

oy1 Oyn

R )

On . On

oy1 OYn

Mozkna mokaszaTu, 1o HOPMAJILHA CUCTEMA 1 PIBHAHD He MOYKe
MaTu Gliblle, HiXK N He3aJIeXKHUX iHTerpasis cucremu (18.2).

DBynp-gki n neprmmux iHTerpaiiB Ha3WBaIOTh He3AAEHCHUMU,
SIKIIO BiITOBIIHI TM iHTerpasu HesastexxkHi. OTxKe, 3a1a1a 100y 1081
3araJibHOrO 1HTEerpaJja cucTeMu Oy/ie pO3B’sI3aHOI0, SIKINO 3HANIEHO
1 HE3aJIEKHUX TEPITNX IHTErPaJIiB.

3arajbHOTO CIOCO0Y 3HAXO/KEHHS MEPIINX IHTErpaJiB He
icaye. OHak y 6araThboxX BHITAJKAX BIIAE€THCS 3HANTH Iepriuil iH-
TerpaJl MUIsIXOM JIeKUX ITePeTBOPEHD CUCTEMU, Y PE3YJIbTaTi T0ro
OTPUMYEThCs JudepeHIliajibHe PIBHSAHHS, SKE JIEPKO IHTErPyEThCS.
Koxkme Take piBHSIHHS HA3WBAIOTH THME2POBHONO KOMOIHAUL-
er0. Koxxna inTerpoBHa KOMOIHAIlS TOPORKYE MEPIIHI iHTErpaJl.
OpHak cepejl HUX MOXKYTb BUSIBUTHCDH 1 3aJI€XKHI IHTerpaJjm, a To-
My, OJIEP2KYIOUM HOBWIl IEpIIuil iHTerpaJi, moTpibHO HnepeBipuTH,
qn Oyle BiJl HE3AIEKHUM 3 PAHIIIe OTPUMAHIMU.

Ilpukiazn 1. 3inmezpysamu cucmemyl)

-2
2 =yly—=2)"2

) dkmo y cucreMi 7Bl HeBigoMi yHKIIT, TO MO3HAIATHMEMO iX Yepe3 Y, 2.
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Pozs’sazannsa. [logimeimm nepiie piBHIAHHS CHCTEMH HA JPYyTe,
0JIEP’KYEMO 1THTEIPOBHY KOMOIHAIIIIO g—g = i, 3BLJIKM, BIJJOKPEMJIIO-
1091 3MiHHI, 3HAXOIUMO

d z
Y _Z = ydy—zdz=0 =
dz vy
2 2

Yy — 2z =Cy. (18.7)
Bignimatoun Bij apyroro piBHSHHSI 3aJaHOI CUCTEMU IIepIIle,
OJIEP’KUMO IIE OJHY IHTErPOBHY KOMOIHAIIIIO % = %, 3BIJIKT
(z—y)? =22+ C,. (18.8)

Kozkne i3 cniBignomens (18.7), (18.8) € mepmmm inTerpasom,
a OCKIJIbKM BOHU € He3aJIeKHUMU (y IIbOMY IPOIOHYEMO II€PEKO-
HATHCS CAMOCTIIHO), TO iX CYKYIHICTH € 3arajbHUM IHTErpaoM
CUCTEMU.
Bionosidwv: y> — 2> = Oy, (2 — y)? = =2z + Cs.

2. MexaniyHe TJiyMadyeHHsI HOPMaJIbHOI cucTeMHu Ta i1
po3B’sa3kiB. Hopmaubhiii cucremi (18.2) ta ii po3s’siskam MOxKHa,
HaJIaTH MexXaHiuHe TJiyMadeHHsi. PO3IyissHeMO cucremy

x’l = fl(t,xl,xg, 000 ,xn),
:I:/Q = f2(t7$17$27 800 7$n)7
(18.9)
:E;L = fn(t,l'l,l'Q, cee 7xn)7
net — uac, r1, X9, ..., Ty — KOOPAUHATH TOUKH N-BUMIPHOIO IIPO-

cropy. lleit mpocrip Hazusaorh gazosum. ns n = 1 dasosum
IIPOCTOPOM € Bich t (pazosa npsama), nis n = 2 — wiomuna (¢, x),
JKy Ha3WBaIOTh (Pa306010.

Kozkuuii po3s’si3ok (iHTerpajibHa Kpusa)

z1 =x1(t), 2 =x2(t), ..., Zn=1xy(t) (18.10)

cucremu (18.9) Bupaxkae 3aK0oH pYxy TOUKN y Ha3z0BOMY IIPOCTO-
pi. Tomy poss’sizok (18.10) HABHBATHMEMO PYTOM Y N-BUMIDHOMY
npocropi R", Busnauenum cucremoro (18.9), a KpuBy, siKy onucye
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pyxoMa TO4YKa y (pa30BOMY IIPOCTOPi, — MPAEKMOPIEI0 PYLY abo
Paszosor0 mpaexmonpiero.

JliBi wactunn cucremnu (18.9) € ckiagoBuMu (3a OCSIMU KOOD/IH-
HAT) MIBUJIKOCTI PYXy TOYKH, TOMY KayKyTh, IO IS CUCTEMA 3a1a€
OJTe MBUIKOCTEH PYXiB, TOOTO TOUKA MOYKE IIPOXOJUTH Y MOMEHT
gacy ¢ uepes IOJIOKeHHsT (L1, T2, . .., Ty ) TIIBKA 3 3aJIAHOI0 TIBU/I-
KICTIO.

K0 MBUJKICTD, 3 SKOK TOYKA IPOXOJUTH UePe3 MOJIOXKEH-
usi (21,29, ...,Ty), HE 3aJIEXKATH B/l MOMEHTY 4Yacy [POXO/ZKEeHHSI,
To6TO cucrema (18.9) mae BuIIsAL

xll = fl(x17x2, o ,m’l’b)7
h = fo(x1, T2, ..., Tn), (18.11)
:L‘;L = fn(xlax27 T ’x”)’

T0 11 HABUBAIOTH GBMOHOMHOM (CMAUIOHAPHOI0), a PYX, IO
OIHICYIOTHCS TAKOIO CHCTEMOIO, — YCMAAEHUM.

Axmo y geskiit Touni (19,20, .-, Tpo) UPaBl YaCTUHU CH-
cremu (18.11) nOpIBHIOIOTH HYJIIO JJIsl BCIX 3HAUY€Hb vacy t, TOO-
to fj(t,x10,%20,-..,%n0) =0, 7 =1,2,...,n, TOo 1g cucTeMa Mae
PO3B’ 130K

T1 = T10, T2 = T2, --., Tpn = Tno, (18.12)

ajpKe, mijcrasisoun iforo B (18.9), ogepkumo toroxkHocTi. Pyx
(18.12) HasuBaOTh CMAHOM CNOKO0. TPAEKTOPIEO IBOTO PYXY €
TOYKA (10,220, - - -, Tno), AKY HABUBATHMEMO MOYKON CNOKOIO.

3adawa Kowsi nisa cucremu (18.9) mossirae y 3HaXO/KEHHI
pyxy (18.10), sikuii 3a/10BO/IbHSIE IOYATKOBI yMOBU

z1(to) = z10, x2(to) = 20, ..., Tn(to) = Tno,

ne to, T10, T20, ..., Tpo — 3ajaHl uncia (Nowamrosi dami),
T06TO 1IyKaeThest Takuii pyx (18.10), npu sikomy pyXoma TOYKa
BHAXOJUThCS Y 3aJauiit Touri (x19, 20, .. ,Tno) HA30BOrO MpoO-
cropy y 3aganuii Mmoment 4acy t. IIpu mpomy (210,220, - -, Tno)
HA3UBAIOTH NOYAMK08010 moukoro pyxy (18.10). Baysaxkumo,
O SIKIIO IOYATKOBOIO TOUYKOW pyxy (18.10) € Touka CIOKOIO
(10,205 - - - , Tno), TO OJHUM 3 po3B’si3kiB 3amaui Komi Oyme cran
criokoio (18.12).
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Cucremu judepeHiaabHUX PIBHSHL € MOJIEIsIMU PI3HOMAaHI-
THUAX [TPUKJIAQJIHUX 3a/1a4. PO3ryisiHeMO OJIHYy 3 HHX.

3amaga 1. Busnavumu mpaekmopito pyry 2apmammo2o CHa-
PAJY, AKUL SUAIMAE 3 NOYAMKOSON WEUIKICMI Vo Nid KYmom «
do zopuszonmy. Onip nosimpsa nponopuiinut wWweudkocms pyy.
Poseg’sazarns. Criajgemo gudepeHIiaJbHy MOeb Iel 3aja-
qgi. 3a M0YATOK KOODJMHAT BI3bMEMO TOYKY BUJIBOTY CHAapsiia
(puc. 18.1). Ha cHapsiy jie cuia Baru P = mg, CKIaJ0Ba sIKOI Ha
oci T JOPIBHIOE HYJIIO, OO CUJIa MEPHEHUKY/ISpHa 110 1€l oci. To-
ai mudepeHIiaJIbHIMI PIBHAHHIMU PYXY B3JI0BXK KOODIUHATHIX

oceil €
d’x kdm d?y kdy
m—s = —mk— m—s = —mgqg — mk—.
at2 d’ de J dt
YA
o
mg
«
0 e
Puc. 18.1

AKIo 3HEXTYBaATH OIMMOPOM MOBITPs, TO IIi PIBHAHHS IICJIsI CKO-
pOYeHHS Ha 1M MATUMYyTh BUTJIS:

d?x B d?y

Omxke, 3ajlada 3Bejacst JO IHTerpyBaHHSI CHUCTEMH JIBOX JIU-
dbepenrianbuux piBHAHL. IHTErpyIoun KOXKHE DIBHSIHHS CHCTEMH
(18.13), oxepkyemo:

dy
Vs = — Ci, vy o gt + Co, (18.14)

JI€ Uy, Vy — CKJIQJIOBI MBHAKOCTI v = v(, y) Ha OCAX. Y IOYATKOBHIA
MOMeHT 4dacy tg = 0 KOMIIOHeHTaMW IMIBUJIKOCTI € v, = v( COS &,
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vy = vpsina, a orxe, C1 = v cosa, Cy = vgsin . Bpaxosytoun
i dhopmyin, 3 (18.14) 3Haxomumo

x = vot cos a + Cf3, y:—gt2/2—|—votsina—|—04,
aste ockinbku z(0) = y(0) = 0, ro C3 = Cy = 0. OcTarouHo MaeMo
T =wptcosa, y=—gt?/2+ votsina.

Bukimogaroau 3Bincu ¢, 0/1epKyeMO TPAEKTOPII0 PyXy — mapabosry

gz?

——— +trtga.
203 cos?a &

y:

JlapHicTh X1 MOJBLOTY CHApsia 3HaiiaeMo 3 piBusuag y = 0:

2

o =0 = =

v% sin 2«
20 cos?a g

rtgo —

MaxcrMaJIbHOIO JaJIbHICTE TOJILOTY OyJie Tol, Kou sin 2a = 1,
3BIIKH 3HAXOMMO BiHOBiHUI KyT BUaboTy o = /4. B
3. 3Benenus AudepeHIiaJIbHOro PiBHIHHS N-T0 IIOPSs/I-

Ky JI0 HOpMAaJIbHOI cucTeMu i obepHeHa 3agada. ludepen-
HiaJibHE PIBHAHHS 1-T'O HOPSJIKY

y™ = f (myy’ . ,y("_1)> (18.15)

3aB2K/IM MOKHA 3BECTH JI0 HOPMaJILHOI cucreMu N JudepeHiiaib-
HUX piBHAHB. 1 nporo nosnaunmo y = y1, ¥ = y2, v = ys, ...,
y(nil) = Y. Tom

=y =y vh=v"=us -, Uh1=9"" =um,

y7/1 = y(n) = f(x7y17y27 000 7yn)7

T06TO DYHKIUT Y1, Y2, - - - , Yn 3TOBOJIBHSIIOTH HOPMAJIbHY CUCTEMY
udepeHIiajIbHuX PiBHIHD

YL = Yo,
Yo = Y3,

(18.16)
y;;,—l = yn7

y;z = f(1:7y17y27~~'7yn)~
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Cucrema (18.16) piBHOCHIIbHA AudepeHIiaTbHOMY — PIBHSIHHIO
(18.15). 3Besennst ofHOrO JudEPEHIIATIBHOIO PIBHSIHHS N-I'0 O~
PSIJIKY, PO3B’SI3aHOTO BiIHOCHO CTAPIIOl MOXiTHOI, 10 PIBHOCHIBLHOL
HOPMAJILHOI CHCTEMH PIBHSIHD y OararboX BHUIIAIKAX CIIPOILYE 3a-
Jlady 3HaXOJIKEHHSI 3arajbHOI0 pPO3B’d3Ky ab0o PO3B’#A3KYy 3ajiadi
Korrri.

Posrisinemo obepHeny 3ajady, TOOTO 3a/ady PO 3BEJICHHS
HOpMasibHOI cucremu (18.2), y sikiit f; — (n — 1) pasis mudepen-
niitoBHi yHKIHT, g0 oxHOro judepenmiajabHoro piBHsHHS. Jls
IIBOTO TIOC/II0BHO 31udepenIioemMo (n — 1) pasis ojHe 3 piBHSIHb
cucremu (18.2) (Hanpukiaj, epiie), 3aMiHIOIOYHN IC/IsS KOKHO-
ro JudepeHnifoBatts MOXIAHI Y1, Yh, . .., Y, BUpA3aMu JJIsl HUX 3
cucremu (18.2), i BUKJIIOYMMO 3 HEPUIOTO PIBHSHHSI II€T cUCTEMH i
orpumanux (n—1)-ro piBasiHHS QYHKIIT Y2, Y3, - - . , Ypn. LIpH 11BOMY
JJIsT 3HAXOJZKEHHsT (DYHKITI 4] OJIEPzKUMO PIBHSIHHS N-TO MOPSIKY
BUIVISI/LY

y™ = f(m,yhy’p - ,y§"_1)>,

1 SIKIIO BJIACTHCA 3HANTH HOro 3araJbHUN PO3B’s30K, TO (DYHKIIT
Y2, Y3, - - -, Yn HARTYTHCH O€3 KBaJIPATyP.

Merox po3B’si3yBaHHsl HOPMAaJIbHOI CHCTEMU PIBHAHDL 3BeICH-
HaAM 11 10 OJHOTO AudepeHIiaJbHOr0 PiBHSIHHS, PO3B’SI3aHOTO Bil-
HOCHO CTapIOl MOXIIHOI, HA3UBAIOTH MEMOJOM BUKAIOUEHHS.

V IesaKux BUIIQIKAX 3BEJIEHHsT HOPMAJIbHOI CHCTEMHI JI0 OTHOTO
PIBHSIHHS MOYKHa 3JIICHIOBATH 3 BIJIXWUJIEHHSM BiJl ONUCAHOl 3a-
rajJbHOI CXEMMU.

Ilpukiazn 2. 3inmezpysamu cucmemy

Yy =y+z,
2 =3z—y.

Poseg’sazarrs. 3 1epiioro piBHSIHHS BUPA3UMO z Uepes ¥y 1 Iij-
CTABUMO y JPYre PIBHSIHHS CUCTEMU:

2=y -y = (-9 =30W-y) -y =
y//_4y/+4y:0 - y20162x+021‘621.
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Tenep, BpaxoByloun, mo z = y — y, 3Hax0AuMO (PYHKILIO 2:
7= (0162’” + C’ga:e%)/ — (0162"’“" + Cga:e%) =
= (Cl -+ 02)62:8 + ng€2x.
Bidnoeidv: y = C1e*® + Coze®®, 2 = (C1+ 02)62‘” + Cyze?®.

Ilpukiazn 3. 3inmezpysamu cucmemy

Y1 = Y1+ 2y2 + 2y3,

Yy = —y2 — 2y3,

Y5 = Y2 + Y3

Po3se’azarns. 3udepeHIinemMo nepiie piBHIHHS CUCTEMU 1 i1
CTABHMO 3aMICTb ¥}, Yh, ¥4 BIANOBINHI BUpa3u i3 3a/aH0l cucreMu:

Yl =y + 2y + 2y3 = y1 + 2y0 + 23 +
+2(—y2 — 2y3) + 2(y2 + y3) = Y1 + 2y2.

Hudepenriioroan orpuMaHe CIIBBIIHONIEHHS i 3HOBY BUKOPHCTO-
BYIOUU DIBHAHHS CHCTEMHU, OJEPKYEMO CITiBBIIHOIIIEHHS

"

vl =i + 25 = y1 + 2y2 + 2y3 + 2(—y2 — 2y3) = y1 — 2y3.
Temep i3 cucremn

vl = y1 + 2y2 + 2ys,

Yl = Y1+ 292,
yi' =y —2ys
BUKJIIOTUMO Yo 1 Y3. 3 IPYTOTO 1 TPETHOTO PIBHIHBL 3HAXOIMO
1 1
y2 =5 — ) ys =5 —ul)

2 2
[Mincrapisiioun obuMBa BUpa3y y Iepie PIBHAHHS CHUCTEMHE, OJep-
xKyemo mudepennianbae pisaanuas v — v + y; — y1 = 0, 3aramun-
HUM po3B’sa3koM sikoro € Yy, = Cre® + Cy cos x + Cy sinx. Toxi ys =
= —Cycosz—Cysinz, y3 = (Ca(cos x—sinx)+Cs(cos x+sinx)).
Bidnosidv: 11 = Chre® + Cycosz + Cysinz, yo = —Chcosx —
— Cysinz, y3 = 3(Co(cos x — sinx) + C3(cos z + sinx)).

[Torpibro maTu Ha yBa3si, MO IPHU PO3B’A3yBaHHS CHCTEM (K 1
piBHsIHB) BIIIOBIIb MOXKe OyTu 3ammicana y pisuiit ¢opmi, npudomy
11 MOXKHa 3BECTHU BiJl OJHOTO JIO 1HIIIOTO BUTJISY TT€PETTO3HaAIeHHIM
CTaJIAX.
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4. JliniitHi omHopimHi cucremu. JIiHITiHOM CHCTEMOO M-
depeHIiaJIbHIX PIBHSIHD [IEPIIOrO MOPSAAKY HA3UBAIOTH CUCTEMY

vi = pu(@)yr + pr2(@)y2 + ... + pin(@)yn + f1(x),
vh = pa1(x)y1 + paz(x)y2 + . .. + pon(T)yn + fa(x), (18.17)

y7/1 = pn1<$)y1 + pn2<$)y2 P o000 +pnn($)yn + fn(x)a

AKY CKOPOY€HO MO2KHa 3allucaTu y BI/II‘JIH,H‘i
yk_zpk] yj"’fk:( ) k=1,2,...,n.

Brazkarumenmo, mo Bci dbynxnil pyj(z) (xoediuienmu cucme-
Mmu), a TakoXK fi(z) HenepepBHi Ha sesikomy iHrepBadi (a,b). To-
mi 3rigao 3 teopemoro Komi (m. 1) cucrema (18.17) mae enunmii
posB’s30K (18.3), sikuit 3a/10B0sIbHsIE TI0UaTKOBI ymMoBH (18.4). Lleit
PO3B’s130K Oyjie BU3HAYECHUiT HA JIESKOMY BLIPI3KY [a1,b1] C (a,b).
OcobsmBux po3s’s3kiB cucrema (18.17) He mae.

Axmo na invepBasi (a,b) Bci fix(z) = 0, To cucremy (18.17)
Ha3UBaIOTh ATHITHO10 00HOPIOHO010. Bona Mmae BurjIs

yk—Zka )y, k=1,2,...,n. (18.18)

ko y cucremi (18.17) ne Bei dyHkuii fi(z) TOTOXKHO JOpPiBHIO-
OTh HYJIIO, TO 11 HA3UBAIOTH AIHITHOMN HEOOHOPIOHO010.

OueBuiHO, JIiHIHA OMHOPIIHA CHCTEMa Ma€ HYJIbOBHIl PO3B’si-
30Kk Y1 =0, yo =0, ..., y, = 0, dKuil HABUBAIOTH MPUBLAALHUM.

Pose’si3ku stiHifiHOT ofHOpinHOT cucremu (18.18) matoTh Jeski
XapaKTepHI BJACTUBOCTI, $KI aHAJOTIYHI JIO BIIIOBIIHUX BJIACTH-
BOCTEl PO3B’sI3KiB JIHITHOTO OIHOPIIHOTO PIBHSIHHS N-TO TOPSIIKY
(mekmist 12, . 2).

Baacrusicts 1. fSxwo y1 = ¢1(x), y2 = @a(x), ..., Yn =
= () — pose’asor 0dnopionol cucmemu ( 8.18), mo
y1=Coi(x), y2a=Cp2(x), ..., yn=Con(x),

de C' — dosinvHa cmaia, Maxogc € po36 A3KOM Uiel cucmemu.
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Baacrtusicts 2. Hxwo 3adano m pose’askie cucmemu (18.18):

o ) .
1-G po36’asok : Y11, Y12, - - - Yin,
(>3 ) .
2-1 po36°A30K : Y21, Y225 - - Y2n,
[ Vi .
m-u po36 A30K . Yml, Ym2; - -+ Ymn,
mo 1 AtHitna xKombinayis 3 dosinvrumu cmasumu Cp,Co, ..., Cyy

= Ciyn1 + Cay21 + ... + CYma,s
Clylz + Czy22 + ...+ CrYma,

= Clyln + CQan T coo I Cmymna

a00, CcKOpPOUEHO,

m
yp = Zciy,-k, k=1,2,...,n, (18.19)
i=1

maxootc € po3e’azkom cucmemy (18.18).
Hosederns. Ilincrapisroun (18.19) B (18.18), oxepryemo

m J n m
(Z Ci,%’k) = Zij(@(Z Ci%’j) =
= j= i=1
ZC,ylk = ZC Zpk] x)yij, k=1,2,...,n
JloBesieHIsT BIIACTHBOCT] BHILUIUBAE 3 TOTOXKHOCTEN
ylk_Zka ym k=1,2,...,n, i=1,2,...,m,

SIK1 OJIEPKYEMO, TI1ICTABJISIIOUY i-if pO3B 530K y cucremy (18.18). »

Pexomendosana aimepamypa: |1, c. 115 — 118, 134 — 135],
[5, c. 322 — 340], [8, c. 93 — 99, 164 — 179], [12, c. 109 — 112, 131 —
152], [15, c. 18 — 22, 65 — 70, 91 — 92].
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ITutannga go gekirii 18

1. dxwnit 3araapHUN BUTJIST Ma€ CUCTEMA 3BUIANHUX UM EPEHITIATb-
HUX PiBHAHDL mepiroro nopsaky’ 11lo ma3zuBaoTh po3B’si3KoM IIi€l cucTe-
MU Ha JIeSIKOMY 1HTepBaJIi?

2. dxwit Bur/Is M Ma€ HOpMaJIbHA cUCTeMa MudePEeHIiaIbHIX PIBHIHD
nepIoro mopsiaky? Ak dpopmysioersbest 3amada Ko st takol cucremu?
Sknit 11 reomerpuanuii Ta Mexaniduuit 3micr? fIKy HOpMabHY CHCTEMY
HA3UBAIOTh ABTOHOMHOIO?

3. dknit mexauivHII 3MiCT Ma€ HOpMAJIbHA CUCTEMA, Ta 11 PO3B’ 30K 7
Mo Take dazosuit mpocrip, dazosa wiomuna, dasosa npama’? Ak mo-
B’sI3aHi Mi?K CODOIO PyX, AKHI OMHMCYETHCS CUCTEMOIO JudepeHITiaTbHIX
PIBHSIHB, Ta Oro TpaekTopisa? ZKuil pyX Ha3MBalOTh CTAHOM CIIOKOM,
SIKOIO € 10ro TpaeKTopisi?

4. dx dopmymoerses Teopema Kot mpo gocraTHi yMOBH iCHYBaHHs
Ta €IMHOCTI HEITEPEPBHO MpepeHIiiioBHOr0 po3B’a3Ky 3aaadi Komri st
HOPMAJILHOI CUCTEMU AuePeHIaIbHIX PIBHAHD !

5. Illo HasmBarOTh 3araJbHUM PO3B’S3KOM (IHTErpasoM) HOPMasb-
HOI cuCTeMU JTUQEpPEHIaJIbHIX PIBHIAHD y JIedKill 00JacTi icHyBaHHS Ta
enmnroCcTi po3B’a3kiB 3amaqdi Komi? [Ilo ma3mBaioTh JaCTUHHAM Ta, OCO-
O6IMBUM pPO3B’si3KAMU HOPMAJILHOI CHCTEMU TuQEPEHIIATbHAX PIBHIHD !
Sk BoHU MOB’sA3aH] 3 3araJbHUM PO3B’SI3KOM CHCTEMMU !

6. ITlo Take iHTerpoBHi KOMOiHAI] i IK BOHU BUKOPUCTOBYIOTHCS JIJIsT
3HAXOJIXKEHHsI 3arajIbHOTO iHTerpaJja’

7. fx nmudepennianbHe PIBHAHHA N-T'O MOPSIKY, PO3B’sSI3aHe BiIHO-
CHO CTaPIIO]l MOX1/THOT, MOYKHA 3BECTH JI0 PIBHOCIJIHLHOI TOMY HOPMAJIHLHOT
cucreMu mudepPEeHITiaJIbHIX PIBHAHD !

8. dxwuit Bursin Mae JiHiHA cucreMa JudepeHIiaJlbHIX PiBHSHD?
YumMm BizpisHsgeThCs JiHIHA HEOIHOPiAHA crucTeMa Bij omHOpimHol? Ki
BJIACTUBOCTI MAIOTh PO3B’SI3KM JIHIAHOT OMHOPIAHOT cucTeMu?

Bopasu go jekiii 18
1. Binrerpyiite cucremMu, BUKOPUCTOBYIOYH iHTEIPOBHI KOMOIHAIIIT:

y' = 2(y? + 2?)x, Yy = siny cos z,
a) 47, 0) .
2 = dyzx; z' = cosysin z.

2. 3iaTerpyiiTe CHCTEMI METOJIOM BUKJIIOUEHHSI:

y =y — 22+ xe®,

2) ¥ =y+2z
Z =5y —z— (z+1)e%

Z = —2y+6z;

(@)
=

Y1 = 3y1 — y2 + 3ys,
B) { ¥y = 3y1 — Y2 + 2y3,
v = —2y1 + 2y2 — 3ys.
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Jlekmia 19. Jliniiini ogHOpiaHI cucTeMu 3BUYaHUX
audepeHIliaIbHUX PiBHAHb

Ilan

1. Jliniifino 3aJiexkHi Ta JHHITHO He3a/eKHI CYKYIHOCTI (DyH-
KITIi.

2. ®opmysa Ocrporpajicbkoro — fkobi.

3. OcHOBHa TeopeMa.

4. Jliniitai ogHOpigHi cucreMu 31 crajauMu Koedimienramu. Me-
Tox Eitnepa.

1. JliniitHo 3aj1e>kHi Ta JiHIIHO He3aJIe>kKHi CYKYITHOCTI
dyukmiii. Hexait 3amano m cykymHocreil (yHKIIii

Y11, Y12, -+, Yin,
Y21, Y22, ---5 Y2n, (191)
Ym1ly Ym2s -5 Ymn,

y KOXKHIf 3 gkux 1 QYHKIH, BUSHAYEHUX | HEellepepBHUX HA JIe-
sikoMy iHTepBadi (a,b). Cykynnocti dynkuiit (19.1) HasuBaOTH -
HIUHO He3anedrcHuM Ha iHTepBadi (a,b), SKIIO TOTOXKHOCTI

o1y11 + ooyl + ... + apYm1 =0,
a1y12 + aoyao + ... + apmYma = 0,

1Y1n + Q2Yon + ...+ A Ymn = 0,

e a1, a2, ..., Q, — CTaJi, BUKOHYIOTHCSI TIJIbKH TOJl, KOJIU
] =a9 = ... = @y, = 0. B inmomy Bumajky cykynHocti (yHKITiT
(19.1) HasUBAIOTH AIHIUHO 3asedHcHUMUY Ha iHTepBaJl (a,b).
BceranoBumo HEOOXiHY yMOBY JIHIITHOT 3a/1€2KHOCTI JOBLIBHIX

n cykymHocreil pyHkiiit. OTxke, Hexail MAEMO 1 CYKyITHOCTeH (DyH-
KITiii

Y11, Y12, --- 5 Yin,

Y215 Y22, -+ 5 Y2n, (19.2)

Ynly Yn2, -+ 5 Ynn-
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Busnaunurxom Bponcvroz20 abo 8pOHCKIAHOM CYKYyIIHO-
creit dyukiit (19.2) Ha3UBAIOTH BU3HAYTHIK

Y11 Y12 0 Ylin
Wy=| % 2 (19.3)
Ynl Yn2 - Ynn

Teopema 1 (HeoGximHa ymoBa JiHIfHOT 3ajeKHOCTI N
cykynHocrelt dyHKIiit). SJxwo n cykynnocmeti gyrryit (19.2)
MHITGHO 3anexrcri Ha thmepsaai (a,b), mo W (z) = 0 na yvomy in-
MEPBANL.

Joeederns. Ockinbku n cykyunocreii ¢ynkiiii (19.2) siniitno
3aJIe2KHI, TO 33 O3HAYCHHSM

n
Zaiyikzo, k=1,2,....,n, a<z<b, (19.4)
i=1

Jie He Bcl oy 10piBHIOIOTH HyJ110. Posruisinatoun (19.4) sk ogaOpinHy
JIHIAHY CHCTEMY AJINeOPUIHUX PIBHSHB BIIHOCHO (v, V2, ..., Qip,
fadnMo, M0 BOHA Ma€ HEHYJILOBHI PO3B’s30K, a TOMY BU3HATHUK
i€l cucTeMu JOPiBHIOE HysTi0. [luM BU3HAYHUKOM € BPOHCKIaH, OT-
ke W(x) =0 B ycix Toukax inrepsaiy (a,b). »

Teopemy 1 moxkHA cHOPMYITIOBATH il 1HAKIIIE: AKULO GPOHCKIAH
n cykynnocmed dynryit (19.2) na desaxomy inmepsani (a,b) 6io-
MIHHUT 610 HYASL, MO UL CYKYNHOCTNE PYHKULT ATHITHO HE3ANEHCHT
HA YbOMY THMEPBANL.

Hexaii Tenep koxkHa 3 cykynHocreii dyukuiit (19.2) € po3s’si3-
KOM JIIHIfIHOT OJTHOPIJIHOI cuCcTeMU

n
y,ﬁ::Zpkj(m)yj, k=1,2,...,n, (19.5)
j=1
koedinientu py;j(x), k, j = 1,2,...,n, Kol HellepepBHi Ha JIESIKOMY

inrepsadi (a,b).

Teopema 2 (HeoOximHa yMoOBa JiHIHOT HE3ATEXKHOCTI N
PO3B’s3KiB JIiHITHOT OJHOPiHOT cucTeMu N PIBHAHB). SKu40
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n poss’askis (19.2) cucmemu (19.5) ainitno nesanescni na inmep-
sani (a,b), mo ix 6poHcKian HE NEPEMBOPIEMBCA 8 HYAb Y HCOOHIT
MOYYTL Ub020 THMEPBANY.

Jlosederns Teopemu 1poBesieMo Biji cynporuBHoro. Hexait st
Jiestkol TouKu T € (a,b) maemo W (zg) = 0. Ckuazemo cucremy n
AJINeOPUIHUX DIBHSIHB

n
ZCiyik(xo) = 0, k= 1,2,... ,n. (19.6)
=1
OckiibKU BU3HAYHUK OMHOPiMHOI cucremu (19.6) mopiBHIOE HyIIIO
(mmm € W(zg)), To BoHa Mae HeHy/IbOBHI po3B’s30Kk Cf = C’fo) ,
Cy = 02(0) 5 ooag O = 720) . [lobymyemo po3B’st30K
n
we=> Clum, k=12, n (19.7)

i=1

. 0
OcklbKu C.( ) 3aJI0BOJILHSAIOTH CHUCTEM 19.6), TO PO3B’A30K
7 b)
19.7) Mae Hy/JILOBlI HOYATKOBI 3HAYEHHS TOUNl T = Xp, TOOTO
0
y1(zo) =0, ya(xo) =0, ..., yn(zo) = 0. Ase 1i cami mogarxosi
YMOBH 38/I0BOJIbHSIE TAKOXK TPUBIAJbHUI PO3B’A30K, TOMY 3T1IHO 3
reopemoto Kol (sekuist 18, 1. 1) i po3s’sizku 36iratoTbest, T06TO

n
ZCZKO)yik =0, k=1,2,...,n,
i=1

Je He BCi CZ.(O) JopiBHIOIOTE Hys10. OTpumasu, 1o po3s’si3ku (19.2)

JiHifiHo 3asexHi Ha (a,b), M0 cynepednTsh yMOBI Teopemu. b

3 Teopem 11 2 BumuBage: das mozo, w,0b n po3e’a3kie cucmemu
(19.5) 6yau ainitno nesaresicnumu va iwmepsani (a,b), Heobxi-
0HO © docmamHbo, wob iT 6POHCKIAH HE NEPEMBOPIOBABCA 6 HYAD
Y HCOOHIT, MOYYL UBO20 THIMEPBANY.

2. ®opmyaa Ocrporpaacekoro — Akobi. [la dpopmyna mo-
3BOJIE€ 3 TOYHICTIO JIO CTAJON0 MHOXKHHUKA BUPA3UTH BPOHCKiaH
PO3B’sI3KiB JiiHIHOI oHOpPiIHOT cucremu (19.5) vepes jpiaroHasibHi
KOeIIIEHTH i€l CHCTEMH, a CaMe

f (pu (:c)-l-pzz(:c)—i—...—i-pnn(x)) dx
W (x) =W (xg) - e , (19.8)
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Jle & = xo — JOBLIbHA TOYKa iHTepBasdy (a,b). @opmymry (19.8)
HA3UBAOTh opmynoro Ocmpoepadcvrozo — HAxobi. s no-
Beientst hopmyin (19.8) snaiinemo noxigny Big Bponckiana (19.3),
JDEPEHIHIOIYN HOTO 3a CTOBIIAME. Y [IOMY BUITAJKY OXiTHA
BiJI BUBHAYHUKA 7-T'0 TOPSAJIKY JIOPIBHIOE CyMi 7 BU3HAYHUKIB, AK1
OTPUMYIOThCsI 3 HBOI'O IOYEPIOBOI0 3aMIiHOIO €JIEMEHTIB IepIIoro,

JIPYTOro, ..., N-TO CTOBIIA X HOXIHUME, TOOTO
n Yyir Y12 o Y k-1 yik YLk+1 - Yin
W’(:c):z Y21 Y22 0 Y2k—1 yék Y2 k+1 " Y2n
Ynl Yn2 - YUnk—-1 Ypp Ynk+1 ~°° Ynn
BaMiHuMO TOXIHI Y, Yhps - - - » Yl 1X Bupasamu 3 (19.5). Toxni
n
Y11 Y12 - Yirk—1 Zpkjylj Y1,k+1 " Yln
i=1
JTL
n
y Y21 Y22 - Y20k—1 Zpkjyzj Y2,k+1 " Y2n
Wi(x)= j=1
k=1
n
Ynl Yn2 - Ynk—1 Zpk’jynj Ynk+1 - Ynn
=1

SAKIMO PO3KIACTH KOXKEH 3 BU3HAYHUKIB CIIPABA Ha CYMY 1 BU3HA-
YHUKIB, TO BCI BOHU JIOPIBHIOBATUMYTH HYJIIO (KOXKEH 3 HUX MaTH-
Me J[Ba IPOLOPIHHHI CTOBII), KpIM BU3HAYHUKIB, Kl BiANOBIIa~
0Tb j = k. Y 1mpoMy BUNAJKY k-l BUSHAYHUK CIIpaBa JIOPiBHIOE

n
prk(@)W (2), a Tomy W'(x) = 3 pr(2)W (2), 3Binku, inrerpyro-
k=1
un, orpumyemo dbopmyiy (19.8).

3. OcuoBHa Teopema. CyKymHICTb 1 PO3B’A3KiB JHIHTHOT
onHopiHOl cucremu (19.5), Bu3HaYeHHX 1 JIIHIHO He3aI€KHIX HA
inrepsaii (a,b), Ha3UBaAIOTL EYHOIAMEHMAADBHONO CUCTEMOIO
P038°A3K16 HA ILOMY iHTEpBaJI.

3 1. 1, 2 jleKIiil BUILIUBAE, IO CYKYNHICMS N PO36 A3KIE NIHIT-
Hot 0dnopionot cucmemu (19.5) 6yde dyndamenmanvroro cucme-
MO10 P036°A3Ki6 Ha thmepsani (a,b) modi i misvku modi, Koru
BPOHCKIAH YUT PO36°A3KIG GIOMINHUL 610 HYAL TOY 6 00WIT, MOUUT
inmepsany (a,b).
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SuaHHs (QyHIaMEHTAIbHOI CHCTEME PO3B’sI3KIB JIHIAHOT OJIHO-
pizHol cucremu (19.5) mae MOXKIMBICTH MOOY/yBaTH 3arajabHUil
PO3B’sI30K 11i€l crucTeMu.

Teopema 3. drxwo cyxynrnocmi dynruit (19.2) ymeoproromo
Pyndamenmarvhy Cucmemy pose’a3kieé AHITHOT 00HOPIdHoT cu-
cmemu (19.5) na inmepsani (a,b), mo gopmyau

y1 = Cry11 + Cay21 + ... + Cpyni,
y2 = Cry12 + Cay22 + ... + Cpyna, (19.9)
Yn = Clyln + CQan 3F 000 T Cnynm

de C', Cy, ..., Cp — doginvni cmani, 6u3HaA¥AIOMb 302aA46HUT PO3-
6’A30% i€l cucmemu 6 ycitl it obaacmi 3a0aHHA.

Losedenns. Cucremy (19.9) MozkHa PO3B’I3aTH BIJHOCHO CTAIMX
Cq, Cy, ..., Cp, 60 BOHA € JiHIIHOI, IpuvIoMYy 11 BU3SHAYHUK BiJI-
minnwii Bij Hysst (Hum € W (x)). Kpim Toro, cykynnicrs dbyHKIiii
(19.9) € posp’siskom cucremu (19.5) i BCiX 3HAUEHDb JIOBLILHEX
cramux Cq, Cy, ..., C, (Biracrusicts 2 3 1. 4 sexuii 18). Tomy
3r1IHO 3 O3HAYEHHSM 3arajbHOTO PO3B 3Ky HOPMAJILHOI CHCTEMHE
judepeHIianbHUX PIBHSIHL CyKynHicTh (yHKIGHA (19.9) € 3arasb-
HUM po3B’sizkoM cucremu (19.5). »

4. JIiniitai ogHopigHi cucremu 3i ctranumu kKoedilieHTa-
mu. Meron Eitnepa. Posrismemo JtiniiitHy OMHOPIIHY cucTemy

Y = anyr + ay2 + . .. + ainYn,
yé = a21Y1 + a2y2 + ... + a2nYn, (19 10)

y7/1 = an1Y1 + an2y2 + ... + ApnYn-

zne a;j, t,j = 1,2,...,n, — giiichl crami, 1 nokaxemo, mo Ii 3aB-
JKJIM MOYKHA 3IHTerpyBaTH y CKiHUEHHOMY BHUIVIsAIl (TOOTO depes
eslemeHTapHi DYHKIHT ab0 y KBaJIpaTypax).

3riIHO 3 TeOpeMOIO 3 JIJIst TIOOYI0BH 3arajbHOIO PO3B’sI3KY CH-
cremu (19.10) nocurs 3HaiiTn xoua 6 oxmy i1 dyHIAMEHTAIBHY
cucremy po3B’si3kiB. HacrurHuil po3s’sizok cucremu (19.10) mmy-
KaeMO y BUIJISAL

y1 = 711", yo = 1€t Ly = Y™, (19.11)



Jlexris 19. Jliniiai ogHopiaHi cucreMu 3BHYAfHUX audepeHIiaIbHuX PIBHAHD 235

e Y1, V2, ---, Yn 1 k — medxi craji, npmwaomy yi, Y2, ..., Yp HE
JIOPIBHIOIOTH OJIHOYACHO HYJIIO (IHAKIIE MATUMEMO OYEeBUHUIN TPU-
BlaJIbHUI PO3B’S30K, sIKWil HE MOYKe HaJiexKaTu (pyH1aMeHTaIbHIi
cucremi po3s’si3kiB). fkmo migcrasuru (19.11) B cucremy (19.10),
ckoporutu €F? i mepenecty yci A0MaHKE y By 4acTHHY, TO Ojep-

JKYEMO OJTHOPIJIHY CHUCTEMY ajreOPUIHUX PIBHSHB

(@11 — k)y1 + a2y + ...+ ainym =0,

a21v1 + (CL?Q - k)’yz + .+ agpym =0, (19.12)

an1Y1 + an2y2 + .- + (ann — k)yn = 0.

HenyspoBuit po3s’sizok cucremn (19.12) icuye smmre Toni, kou it
BU3HAYHIK JI0piBHIOE HyJm0. [lo3Hauusimu iforo vepe3 A(k), maemo

ain —k  an e a1n
A =] @mmTE Tt s o)
an1 An2 o Qpp — k

Pigusmns (19.13) Ha3uBAIOTH TAPAKMEPUCNUYHUM DPIBHAH-

Ham cucremu (19.10), fioro Kopeni — xapaxmepucmuyHUMU

yucaamu, a A(k) — xapaxmepucmusHuM BUIHAYHUKOM.
Hexait yci xapakrepuctuuni aucia ki, ko, ..., ky upocri. Toi,

K Bigomo 3 anreGpu, A(k;) =0, A'(k;) #0, 7 =1,2,...,n.
[Tokazkemo, 10 paHT MaTPHIL

ai; — kj a2 soc ain
asy asy —kj - as
A= i !
Gnl an2 crr Apn — kj

CKJIaJIeHOl 3 KoediIienTiB cucreMu, siKy ofepKyemo 3 (19.12) miciis
saMinn y Hiii k Ha kj, gopisuioe n— 1. s nporo suaiinemo A'(k):

_1 a12 oo aln

Agy=| O TR ey

0 an2 e A — k
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ain—k 0 .- a1n
1 ...
BT
anl 0 - apn—Fk

ain—k a0
—k .. 0
o R

S
= —Ap(k) — Apo(k) — ... — Apa(k), (19.14)

ne Aj;(k) — anrebputne JOIMOBHEHHS €l€MEHTa ¢ j; — k BU3HAUHIKA
A(k). Ockimbku A'(kj) #0, 7 =1,2,...,n, 103 (19.14) BHIUIHBAE,
110 Xo4a 6 ozuH 3 BusHadHUKIB A j;(k;) (a e Busnadnukn (n—1)-ro
HOPsIJIKY ), BiaMinauit Big nysas. Orxe, panr marpuii A J10piBHIOE
n — 1, a Tomy ozne 3 piBusHb cucremu (19.12) e nacsiggom iHmux
i 1 cucreMa Mae HEHyJILOBUI PO3B'SA30K, KU BU3HAYAETHCS 3
TOYHICTIO JI0 JOBLILHOTO MHOXKHUKA P

Yir = Pimi1, vi2 = Pmag, oo, Yin = Py, 1=1,2,...,n.
(19.15)
Axmo y dopmynax (19.15) sadikcyBaru MHOKHUK Pj, TO ozep-
JKIMO KOHKpeTHHi po3s’si3ok cucremu (19.12). IMixcrasisioun y
(19.11) 3amicThb k mocsioBHO XapakTepucTudni uncia ki, kg, ...,
kyn, a 3aMicTb Y1, Y2, - .., Yo — BLANOBiIHI M PO3B’'saA3KM cucTEeMU
(19.12), Busnaueni dbopmyaamu (19.15) npu dbikcoBaHUX MHOKHU-

kax P;, onepxxyemo n poss’sizkiB cucremu (19.10)

k k kn
Y11 = 711€"'%, Y12 = 712", ..., Yin = Y€ "%,
_ k _ k _ k
Y21 = V21", Yoo = Y22, ..., yon = Yone "7, (19.16)
_ A _ k _ P
Ynl = Yn1€ %, Yn2 = Tn2€"%%, ..., Ynn = Ynne "%

Jlerko mokKazaTu, IO I PO3B'S3KW JIHIKHO HE3aJeXKHI Ha
(—00, +00). dAkmo npu mpomy Bei umcna ki, ko, ..., ky aificHi,
10 po3s’sizku (19.16) Takox OyayTh aAificHUMHE.

TakuM 9MHOM, I IPOCTUX JIACHAX XapaKTePUCTUIHIX IUCET
cucrema (19.10) mae n pificHEX JHHIHO He3aJIEXKHUX YACTHHHUX
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posB’saskiB Buriisy (19.16). Tomy srigso 3 Teopemoro 3 dhopmysin

== leyueklx + Cg’yglekzx + ...+ Cn’ynlek”x,
ya = Cr712€"7 + Covyoael?™ + . + Cpyyoefn?,

Yn = Cl’ﬂneklx + CQ'YQnekzx T° ooo TF Cn'Ynneknx

BU3HAYAIOTH 3arajbHuil po3s’si30k cucremu (19.10).

[Ipunycrumo, mo xapakrepucrudsi aucia ki, kg, ..., ky 1po-
cri, ajte cepesl Hux € KoMmiiekcui. Hexait a + ib i a — tb — mapa
KOMIIJIEKCHO-CITPSIZKEHNX XApPAKTEPUCTUIHUX duces. duciy a + ib
srigno 3 (19.11) Biguosizae po3s’si30k

(a+ib)z

(a+ib):}c7 -y Yn = In€ 3

(a+ib)x
)

Y1 = me Y2 = 7Y2€

JI€ Y1, V2, - .-, Yo — KOMILIekcH] gmcia. [lokiagaoun

Y1 =711+ 21, Y2 =Y12 +9Y22, -5 Yn = Yin + Y2n,

OJIEPXKYEMO KOMILJIEKCHUI PO3B 30K

y1 = (711 +1720)e“T0T, g = (712 + iya0)e @,

_ : a+ib)x
Yn = ('Yln + Z'YQn)e( ) .
Bigokpemiiiooun y nb0My po3B’s3Ky JificHI Ta ysSBHI 4acTUHU, Mae-
MO JiBa JIHIHO He3aJsexkHi Ha iHTepBai (—o0, +00) aificHi po3s’s3-
KU:
axr S
y11 = €** (11 cos br — 1 sin b)),

Y12 = e (712 cosbx — o sinbz), ...,

Y1n = € (71p, cos bx — 7oy, sin bzx)

Y21 = e** (711 sin bx + 721 cos b)),
Yoo = e (12 8inbx + a3 cos bx), ...,

Yon = € (vy1p sin bz + o, cos bx).

OueBuIHO, IO CIIPSXKEHUN KOPiHb @ — b HE MOPOJXKYE HOBUX
JHICHUX JHHITHO HE3aJIEXKHUX TaCTUHHUX PO3B’sI3KiB.
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/
y =4y + 52,
2 =4y + 3z.
Pozs’azannsa. Po3s’sa3yioun xapakTepUCTUIHE PiBHIHHS

Ilpukiazn 1. 3inmezpysamu cucmemy {

‘4_k g ‘:0 = kK-Tk-8=0,

4 3—k

3HAXOIMMO XapakTepucTudari uncaa ky = —11 ko = 8.
CkJ1a/1eMO CHCTEeMY JIJIsi 3HAXOJPKEHHSI IHUCesT 7Y 1 Yo, AKi BiJIIIO-
BigaroTh uncity k1. Marpuio koedillieHTiB i€l cucreMu OTpuMye-

4—k 5

MO 3 MaTPHIL < 4 3 _ > saminoro k Ha k. OTXKe, ITyKaHOO

CUCTEMOIO € N +572 =0, 3BIJIKM BUILIMBAE, MO Y, = —2. He-
471 + 4’)/2 = 07
xait 3 = 1, Tomi 72 = —1. TakuMm YuHOM, XapaKTEPUCTUIHOMY
qncity k1 = —1 Bignosimae po3s’a3ok y; = e, 23 = —e .
A . ; —471 + 572 =0, .
HAaJIOTIYHO, PO3B’A3YIOUN CUCTEMY dKa BiJI-
4y — 572 =0,

noBizae ko = 8, 3Haxomumo, mo 4y; = 5yo. dAxmo B3gTH Y = 5,
TO Yo = 4, a ToMy uncity ko Bianoimae po3s’soK Yy = 5%,

29 = 4€5%.

SarajbHUN PO3B’SI30K 3aIMCYEMO 3T1IHO 3 TEOPEMOIO 3:

y=Cie "+ 5C2e%, 2= —Cle ® +4C2%. m

I anm 2. 3i y=2y-2
PHUKJIAZ, 2. JiHmespyeamu cucmemy |, _ Y+ 2z,

Pozs’azannsa. XapakTepucTuine PiBHIHH

2k -1
RPN

1 2—k

To6T0 k% — 4k 4+ 5 = 0, Ma€ KOMILIGKCHO-CIIPsiZKeHi Kopemi ki =
=241, kz =2 —1. Po313’ﬂ30K, AKUi BiAIOBimae ki, Mae BUTJISIT
y =12t = 7pe@H)T e ynena 41, 2 3HANIEMO 3 cuCTEME

{—i% —72 =0,
71 —iy2 =0.
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[Toknasaoun y; = 1, 3HAXOAUMO 7o = — ¢, a TOMY NIYKAHUM
posp’sizkoM € y = e2t)? » = — (292 Bijokpemonun y 1mpo-
My PpO3B’sI3Ky [ifiCHI Ta ysBHI YaCTHUHU, OJEP:KYEMO JIBa [Iili-

2 2 2x

cHI po3B’si3KuU: Y1 = e“Fcosx, z1 = e“Fsinx 1 Yo = e“Tsinx, 290 =

= —e%* cos z. 11i po3B’a3KHI YyTBOPIOIOTH (DYHIAMEHTATLHY CHCTEMY

PO3B’SI3KIB, a TOMY 3arajibHUM PO3B’SI3KOM €

y = e**(Ccosx + Cysinz), z=e**(Cysinz — Cycosz). W

AxIo cepeJ; KOpeHiB XapaKTePUCTHIHOIO PIBHAHHS € KpaTHi,
TO METOJI, BUKJIQJIEHUIT BUIIE, 3aCTOCOBYBaTH He MOyKHa. OJIHAK 1y
[BOMY BUIAJIKY BJAETHCs 1100y 1yBaTu (DYHIAMEHTAJBHY CUCTEMY
PO3B’SI3KIB depe3 ejleMeHTapH] (DYHKINI. 3ayBaXKIMO IEPIIT 3a BCe,
o AKIIO k1 — IPOCTe XapaKTepUCTHIHE YUCJI0, TO, HE3AJIEXKHO BiJT
TOrO, Uu Oy/IyTh CEPEel IHIMX XaPAKTEePUCTUIHUX UUCEJ 3YCTPi-
JaTuCd KpaTHI uM Hi, HOMY 3aBXKJIM BIJINOBI/IA€ OAWH YACTUHHUN
PO3B’SI30K BUIIALY Y1 = Y1€M1%, yo = Y0eF1%, .y, = 7,7, ne
Y1y Y25 --y Yo — J€dKl CcTaJl, gKI BU3HAYAIOTHCSA 3 TOYHICTIO JI0
CTaJI0r0 MHOYKHUKA.

Takum auHOM, 331818 3BOJAUTHCS JI0 TOTO, 00 3HAWTH JACTUH-
Hi pO3B’d3KM, SIKi BIIIIOBIIAIOTH KpaTHOMY KopeHio. IIpu 1mbomy,
TaK caMo, K 1 JIJIs JTIHIWHOTO OJTHOPITHOTO PIBHAHHS N-T'0 TIOPSJIKY,
BUSIBJISIETHCS, 110 OTHOMY XapPaKTEPUCTHIHOMY UHUCIY KPATHOCTI §
BiITOBiZIa€ S MHINHO He3aJIEXKHIX JACTUHHUX PO3B’A3KiB.

Teopema 4. Sdxwo k| — Tapaxkmepucmuume YuUcAo Kpammocmi
s, mo tomy eidnosidac poss’asok cucmemu (19.10)

=Py (:L’)eklx, Yo = Pg(:r:)ek”, R Pn(:c)eklx, (19.17)

de Py(z), Py(x), ..., P,(z) — mHo20usernu cmenens He 6uuj020,
nioic s — 1, axi maromos y cykynnocmi s d0GIALHUL KOePiuicHmie.

HoBenienHs: Teopemu MOXKHa 3HaiiTH, Hanpukiam, B [3, ¢. 119 —
126].

3 IpakTUIHOI TOYKHU 30PY PO3B’SI30K, IO BIIOBIIAE XapakTe-
pucTudHOMY uuciy ki, morpibuo mykaru y sursii (19.17), Bea-
wkatoun Py (z), Py(z), ..., Py(z) morowienamu (s — 1)-ro cremnens
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3 HeBU3HaUeHNMH Koedinienramu i, nizgcrasisiouan ix B (19.10), Bu-
pasuTu Bl KoedilieHTH Yepe3 § 3 HUX, SKi 3a/MINAITHCS JOBLIb-
anmu. [lokmamaroan mo 1epsi oanH 3 MUX JOBITBHAX KOeMIIieHTIB
PIBHUM OJIMHUII, & PEIITa PIBHUMU HYJIIO, TIOOYYEMO S JIHIIHO He-
3a/IeKHUX PO3B’I3KiB, fKi BiIITOBIIAIOTD XapaKTEPUCTUIHOMY YH-
cay kyp. Vi ni vactuHHI po3B’sd3ku OyJyTh YTBODPEHI 3 JI00YTKIB
byukii eF1?
107Tb s — 1. Zdxmo muorowrenu Py (z), Po(x), ..., Py(z) y dopmysi
(19.17) BUPOIKYIOTBCSL y CTaJi, TO OJEPKUMO S JHHIAHO He3aJle-
JKHUX YaCTUHHUX PO3B’s3KiB TAKOTO 2K BUIVISLY, K 1 JIJI BUIAJIKY
MPOCTOTO XaPaAKTEPUCTUIHOTO UUCJIA.

Ha, MHOT'OYJIEHW BiJ| X, CTeleHl KX He IepPEBUIILy-

Axmo ky — aificne XxapakKTepUCTHIHE YHUCIO0, TO HOOYIOBaHI S
JIHIHO HE3AJIE2KHUX PO3B’sA3KiB OYIyTh JIHCHIMU.

Ao cucrema (19.10) Mae KOMIUIEKCHE XapaKTEPUCTUYHE Y-
¢J0 a + bi KpaTHOCTI S, TO BOHA Ma€ TAKOXK CIPS?KEHE XapaKTe-
pucrtuydne 4yucjio a — bi Tiel x kparnocti. [loby/ryBasmmm s siniii-
HO HE3AJIE?KHUX KOMILJIEKCHUX PO3B’S3KiB, SIKi BIIIIOBIIAI0OTH YUCITY
a—+ bi, i BimokpeMuBIM B HUX MifICHI Ta ygBHI YACTHUHU, OJIEPIKUMO
2s JilicHUX JIHITHO He3aJIe2KHUX YaCTHHHUX PO3B’ SI3KiB.

/

Ilpukiazn 3. 3inmezpysamu cucmemy {y/ =0y +2,

Z = —16y — 2z.
Poses’azarns. Jlerko mepeKoHATHUCS, IO XapPAKTEPUCTUIHI TUCTIA
€ mgificai 1 kpatHi: k1 = ko = 2. 3rigHo 3 Teopemoio 4 3araJibHUi
PO3B’FI30K IIYKAEMO y BUTJISIII

y = (Az + B)e*®, 2z = (Cz + D)e*.

Ockimbku 3y = (2Ax + 2B + A)e®®, 2/ = (2Cx + 2D + C)e??,
TO, MiJICTABJIAIOYN 1X y 3a/IaHy CHCTEMY, JJIs 3HAXOJKCHHSI HEBH-
3HaYeHUX KOeIIIEHTIB 0JIEPKYEMO CUCTEMY:

{(QAx + 2B + A)e?* = 6(Az + B)e*® + (Cx + D)e?2, N

(2Cz + 2D + C)e*® = —16(Az + B)e*® — 2(Cz + D)e*

{(4A+C)1:—A+4B+D:O,

(16A+4C)z +16B+4D+C =0
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4A+C =0,
~A+4B+ D=0,
16A + 4C = 0,
168 + 4D + C = 0.

B omep:kamniit cucremi € Juire 1Ba JTIHIRHO He3aJ€KHUX PiBHSI-
HHsI, HAIIPUKJIQJ, mepiire i apyre. Braxkarumemo y HUX BiIbHUMEI
mesimomuMu, npuMmipom, A i B i magamo IM JOBIILHUX 3HAYEHD:
A=Cy, B=Cy Toni C = —4Cy, D = C7 — 4C5, a 3arajabHum
poss’askoM € y = (Crz + C2)e?®, z = (—4C 1z + C; — 4Cs)e**. |

Ilpukiazn 4. 3inmezpysamu cucmemy

Yi = y1+ 2y2 + 2y3,
Yy = 2y1 + y2 + 23,
ys = 2y1 + 2y2 + 3.

Po3es’sa3arrs. 3HAXOIUMO XapaKTEPUCTUIHI TIUCIa CUCTEMU:

1-k 2 2
2 1-k 2 =0 = sk k‘g’g:—l.
2 2 1—-k

Yucay ki = b BiguoBijae cucrema JBOX PIiBHSIHBb (Tpere € Ha-
CJILZIKOM JIBOX TIEPIINX ):

{—471 + 279 + 293 = 0,
271 — 4y2 + 273 = 0.
Omuu 3 1T po3B’sizkiB 71 = 1, 72 = 1, 73 = 1. Tomy ygl) = e

yél) — 65967 yél) el

XapaxrepucTuaHuM unciaM kg 3 = —1 Bijnosinae ojue piBHA-
HHs1 (Apyre i Tpere 36iraloThest 3 HuM ): 271 +27v2+2v3 = 0. Bubepe-
MO JIBa JIIHIHHO HE3aJIeXKHI PO3B’SI3KU 1IbOTO PIBHSIHHSI, HAIIPUKJIA]T,
1=1,7%=0v3=—-11iv =0, o = -1, 73 = 1. Koxkaomy

3 HUX BiIMOBimae po3B’s30K y12 =e 7, yéQ) =0, y§2) = —¢

@) _ @ __ =z B8 _ -
yi’ =0,y =—e" Yy =e
OckiJIbKM BPOHCKIaH 3HAJIEHNX TPhOX PO3B’SI3KIB BiIMIHHUIT

Big myns (W (z) = —3e3%), To Bonn yTBOPIOIOTH hyHIAMEHTATLHY

Y

€ PO3B’SI3KOM 3aJIaHOI CHCTEMM.

-z

T BimTOBIIHO.
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CHUCTEMY PO3B’{3KiB, & 3arajbHUM PO3B’SI3KOM €

y1 = C1e” + Cae™™, yy = C1€” — Cze™ 7,
Y3 = 016596 —Coe™ +Cse". 1

Pexomendosana aimepamypa: |3, c. 84 — 90, 115 — 127, [4,
c. 477 — 485, 494 — 502], |5, c. 341 — 356|, [8, c. 198 — 205, 210 —
214, 222 — 227], [15, c. 91 — 102, 109 — 128].

ITutanaga go gekirii 19

1. dxi cykynnocti dbyHKIi#i HA3UBAIOTH JiHIHO He3agexkHUMEU (J1i-
HIHO 3aJIeXKHUMU) Ha jeskoMy iHTepsasi? HapesiTh npukiaam Takux
CyKymHOCTEeN (PYHKITIf.

2. IITo Take BpOHCKiaH PO3B’S3KiB JHHIITHOI OMHOPIAHOI cucTeMU N
piBHgHB? ZIK 3a ITOMMOMOTOIO BpOHCKiaHA BU3HAYUTH, YN € 3aJaHi 1 Cy-
KymHOCTel DyHKII JIHITHO He3aTeKHUMA !

3. dx dopmysoeTbess HEOOXi/THA yMOBa JIHINHOI HE3AJIEZKHOCTI 1
PO3B’SI3KIB JHHIHOT OIHOPIIHOT cucTeMu N upepeHIiaJlbHuX PIBHIHD?
Cdopmyitioiite HEOOXITHY 1 JOCTATHIO YMOBY JIHIITHOT HE3AJIEKHOCTI HA
inrepsaii (a,b) n Po3B’g3KiB JHIHOI OIHOPITHOT CUCTEMH.

4. dxwit Burssag mae dopmyina Ocrporpascskoro — Axobi? Aki Bia-
CTUBOCTI BUILIMBAIOTH 3 Ii€l (bopmyun?

5. ITlo nazmBaoTh MyHIAMEHTAILHOIO CUCTEMOTIO PO3B’I3KiB JIiHIfTHOT
OJTHOPIZIHOT cucTeMHu Ha JiessKkoMy iHTepBasii? ka 11 posib y 1mo6y0Bi
3araJIbHOTO PO3B’ 3Ky JIHIIHOI 0IHOPiAHOT crucTemu?

6. dxwmit BurIsS Mae JiHiifiHA OgHOPiAHA crcTeMa andepenIiaTbHuX
piBHSHB i3 cTasmvu koedirienramu? [1lo HAZNBAIOTH XaPAKTEPUCTUIHAM
BU3HATHUKOM, XapPAKTEPUCTUIHUM PIBHAHHIM, XapaKTECPUCTUIHUMU M-
CJIAMM TaKOl CUCTEMHU !

7. Y gomy mossrae meron Eitepa iHTerpyBanHs JIHITHIX OXHOPII-
HUX crucTeM 3i crajgumu Koedimientamu? K 3a/1eKuTh CTPYKTypa (hyH-
JTAMEHTAJIbHOI CHCTEMHU PO3B’sI3KiB TAKOI CHCTEMU Bl BUIJIALY XapaKTe-
PUCTUIHUX YUCEJT!

Bopasu go jekiii 19
1. Binrerpyiite cucremu meronom Eitmepa:

a) y' =10y — 6z, 5) Yy = —by — 4z,
Z/ =18y — 11z; 2/ =10y + Tz;
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Y1 =Y1 — Y2 — Y3, Y1 = Y1 + 2y2 + 3ys,
B) S ¥p = —2y1 +2y2 +y3, T) Yy =2y + 4dya + 6ys,
yh = 4y1 + 2ya + 3ys; vy = 3y1 + 6y2 + 9ys.

Jlekiisg 20. JliniiiHi HeoHOPiAHI cMCcTeMU 3BUYANHUX
audepeHIliaIbHUX PiBHAHb

Il1an

1. CrpykTypa 3arajbHOTO PO3B’sI3KY JIHIHHOT HEOIHOPITHOT CH-
CTeMU.

2. Meroa Bapiamil JOBLIFHUX CTAJIUX.

3. Mero/1 HeBu3HaUEeHUX KOEDIIIEHTIB PO3B’I3yBaHHS JIHIHHIX
HEOTHOPIIHUX CHUCTeM 31 cTaanMu KoedillieHTaMu.

4. Merou /I’ Atambepa.

1. CTpyKTypa 3arajibHOrO pPO3B’A3KY JIiHillHOI HEOTHO-
pizHOT cucremu. PosriisineMo JHiHIHY HEOJHODIJIHY CHCTEMY

vy = p11(@)y1 + pra(@)ye + ...+ pra(2)yn + f1(2),
vy = pa1(z)y1 + paz(x)y2 + . .. + pan(z)yn + fo(z), (20.1)

y7/1 = pnl(x)yl +pn2( )yQ +...+ pnn(w)yn + fn(l')

abo0, y CKOPOYEHOMY 3alluCi:
dyk B
Zpkj Y + filz), k=1,2,...,n. (20.2)

[Ipunycrumo, 1mo HaM BiIOMMil JesIKUil YACTUHHUN PO3B’sI30K
1€l cucreMu
_ @ ECY _ (1
VI=Us Y=o s s Yn =YL,

a OTKe,

d
y’“ me W+ fu@), k=12..n (203)




244 Posain 3. CUCTEMU 3BUYAVHUX JUPEPEHIIIAJIBHUX PIBHSIHb

Beegemo HOBI HeBimomi dyHKuil 21 = 21(z), 22 = 22(x), ...,
zn = zp(x) 3a dopmynamu

o=y +az k=1,2,...,n (20.4)
[Migcrasisioan dyuxuil (20.4) B cucremy (20.1), ogepkyemo
dy\Y dz
dx dr

= Zpkj(x)yj(mrzpkj(x)zj+fk(x), k=1,2,...,n. (20.5)
j=1 j=1

Bpaxosytoun (20.3), 3 (20.5) mis 3Haxo/KeHHst QYyHKIiH 27,

22, ..., Zp, OTPUMYEMO JIHIWHY OJHOPIIHY CHCTeMY
dzy, -
%:Zpkj(x)zj, k=1,2,...,n. (20.6)
j=1

Opuopinny cucremy (20.6) HasuBaIOTL 610M0610HO10 HEOOHOD-
onit cucmems (20.2).

Briguo 3 reopemoro 3 (sekiis 19) 3araabHuil po3B’siB0K cHCTe-
mu (20.6) BusHAUAETHCH POPMYIIOO

n
Zk:ZCijk, k:1,2,...,n, (20.7)

J=1
ne zjp = zjk(x), j,k = 1,2,...,n, — geska byHIaMeHTAIbHA CH-
crema po3B’sizkiB cucremu (20.6), a Cj,5=1,2,...,n, — goBiabHi

cTaJi.
[Tigcrasusioun (20.7) y (20.4), oxepxyemo, 1o

n
we=vy + Y Cizgr, k=1,2,...,n. (20.8)
j=1

Dopmyna (20.8) BusHavae 3aranbHuii pos3s’sizok cucremu (20.1) B

cmunHutl pose’azor i dodamu do Hb020 3a2a00MUT PO36 A30%K GI0-
1061010t 00nopidnoi cucmemu (20.6).
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2. Merona Bapiamnii moBijibHUX cTanauX. s 3HAXOMKEH-
Hsl YACTUHHOI'O PO3B’$I3KY, & PA30M 3 THUM 1 3arajbHOTO PO3B’sA3KY
JIHIHOI HEOTHOPIIHOI CUCTEMU y BUIAJIKY, KOJM BJIAETHCH 31HTE-
rpyBaTH BIIMOBIIHY OMHOPIIHY CHUCTEMY, YACTO BHKOPUCTOBYIOTH
Mmemod eapiauii dosinvruxr cmaaux (memod Jlazparnoica).

Posp’st30k siniiinoi HeopHopignoi cucremu (20.1) mykaemo y
BUTJIS T

n
Yk :ZCj(x)ij, k= 1,2,...,n, (20.9)
e zjp = zjk(x), j,k=1,2,...,n, — nesxa dyHIaMeHTaIbHA
cucreMa po3B’s3kiB oxHOpimmol cucremn (20.6), a Cj(z), j =
=1,2,...,n, — Iedki HermepepBHO mudepeniitoBai GyHKIII.

Butepemo y (20.9) dbynknii Cj(x) Tak, mob s dbopmyna Bu-
sHavasa po3s’s30k cucremu (20.1). Iincrasasioun (20.9) B (20.1),
OJIEPXKYEMO:

> Ci@)zn+ ) Ci@)zh =
= =

—Zplcl Zc D)+ ful@), k=1,2,....n, =

Z Ci(@)zik + > Cj(x) )y =
~ ~

:ZC] Zpkl Zjl—i-fk(l'), k=1,2,....,n, =

C ij + ZC (Z;k - Zpkl(x)zjl) =
=1
= fk(z:), k=1,2,...,n. (20.10)

Ockinpku zj;, — dyHIaMeHTaIbHa CUCTeMa PO3B’fA3KiB OJHOPIHOT
cucremu (20.6), To Bupa3 y myxkax y dopmysi (20.10) nopisaioe
HYJIIO, & ToMy Ul 3Haxo/pkenus dynkuiit Cj(x), j = 1,2,...,n,
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MaEMO CUCTEMY:
n
> Ci@)zin = fulz), k=12,...,n. (20.11)
=1

Busnaunuk cucremu (20.11) Bigminawii Big HysIst Jist BCix
x € (a,b) (aum € Bponckian W (x)), a ToMy BOHA Ma€ €IMHUNA PO3-
B’SI30K, KUl MOKHA 3HANTH, HAIIPUKJIAI, 3a gopMyaamu Kpame-
pa:
n
Ci(z) = %fk(x), j=1,2,...,n,  (20.12)
k=1
ne Wyj(x) — anrebpudme JIONOBHEHHSI €JIEMEHTa Zj; BPOHCKiaHa
W (x). Inrerpyioun (20.12), 3HaxomumMo

C;(x) :Z/%Jfk(w)dw—l—Cj, i=1,2,....n,
k=1

ne C; — noBinbHi crai, a xg — 10BlIbHA TOUKa 3 iHTepBamy (a,b).
Iincrapisoun 3uaiineni supasu i Cj(x) y dopmyiy (20.9),
OEPKYEMO

yk’:szkZ/ﬁfs(l‘)dli—FZCijk, k=1,2,...,n.
j=1 s=1, J=1

(20.13)
Axmo B (20.13) migcrasuru C; = Co = ... = C), = 0, To MaeMo
JACTUHHUI PO3B’I30K

n n xWS'l‘
y,i”=szkZ/W§>)fs<x>dx, k=12,
7=1 s:lxO

a oMy (20.13) moxna 3amucaru y surasg (20.8). Orxke, po3s’s-
30K, BusHadeHuii dpopmysono (20.13), € 3aragbHuM PO3B’'I3KOM Jii-
Hiitnol HeogHOpinHOI cucremu (20.1).

Ilpukiazn 1. 3a donomozoro memody sapianii Ao8INGHULT CMa-
AUT 3THMEZPYSAMU CUCTIEMY

y =2y -2
2= —y+ 2z + 4ze”®.
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Pozs’azannsa. Binnosinny omHOpimHYy cucTeMy 31HTEIPYEMO Me-
TOIOM BHKJIIOUEHHS (JreKIist 18):

y =2y — z,
2= —y+22
22 —2"=2022-2)—2 = 2'-4+32=0.

= y=2z—-2,

Ockinbku xapakrepuctTuaHuMu unciamu € ky = 1, ko = 3, 1o
20 =C1e® +Che’® = yp= 2(Cre” + Cge?’”) —
— (C1e” + 30263"’“") =  yo = Cre® — Cre®®.
Po3p’s130K 3a1aH01 HEOMHOPIIHOI CUCTEMU TIIYKAEMO Y BUTJISIIT
y = C1(x)e® — Co(x)e>®, 2z = Ci(z)e® + Ca(x)e®®,  (20.14)
ne dyukuii C(x), Ca(x) 3uaiinemo 3 cucremu Buristy (20.11):
{C{ (z)e® — Ch(x)e3® =0,
Cl(x)e® + Ch(x)e3® = 4xe®
Ci(z) =2z, Ch(z)=2ze™® =
Ci(z) =2*+C1, Coz) = —ze 2 — %eih + Ch.

ITigcrasisioan suaiigeni dyuxuii Cq(z), Ca(x)y (20.14), onepxky-
€MO 3araJIbHUil PO3B’SI30K 3aaH0I CUCTEMHU:

y = (2 + Cp)e® — (—136721 —0,5e7% + Cy) e =

= C1e® — Che® + (332 +x + 0,5)69”,
B = (332 + Ch)e” + (—xe_zx —0,5e7% 4 02)63x =

= C16" + Che®® + (1‘2 —x— 0,5)6’7

[Ticisg 3BemenHst MOMIOHMX JIOJAHKIB 1 Ieperno3HavdeHHs CTa/Iol
(Cy :=C1 +0,5), maemo
y = Cre® — Coe® + (2% + z)e%,
z = C1e® + Cpe>® + (ac2 - — l)ex. [ |
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3. Merton HeBu3HauyeHuUX KoedilliEHTIB poO3B’sI3yBaHHA
JiHIiHUX cucTeM 3i cramuMmu kKoedirienramu. VY 1. 1 1iel je-
KITi1 BCTAHOBJIEHO, IO IHTErpyBaHHS JIHIHHOI HEOTHOPIIHOI cucTe-
M g epeHIiaabHuX PIBHSHD 3BOAUTHCSA 0 HEOOXIIHOCTI MO0y 10~
BU (QyHIaAMEHTAIbLHOI CUCTEMHU PO3B’SI3KiB BiIIIOBIIHOT 0IHOPIIHOT
cucremu. Tomy ocob/iMBHUil iHTEpeC CTAHOBJATH TaKi JiiHIAHI HEO-
JHOPiMHI cucTeMu, v dKuX (PyHIaAMEHTAIbHA CHCTEMa PO3B’SI3KiB
BI/IIIOBIJIHOT OJIHOPITHOI CUCTEMHU BUPAKAEThCs Yepes3 ejleMeHTapHi
dyukii. o Takux cucTeM BiIHOCATBCH, MEPEIOBCIM, CHCTEMH 3i
crasyimmu KoedirieHTaMu.

Pozrystnemo JtiHiliHy HEOIHODIIHY cucTeMy JudepPEeHIaIbHIX
piBHSAHD 3i cTajuMmu Koedirienramu

yll =a11y1 + a12y2 + ... + a1pYn + fl($)7
yé = a21y1 + a22y2 + . e + a2nyn + fQ(x)7

y;L = ap1y1 + anoyY2 + ... + ApplYn + fn(l')

abo, y CKOPOYEHOMY 3alluCi:
dy -
k

Axmo dyukuil fi(z) y cucremi (20.15) ckiagarorbes 3 cyM i
1100y TKiB MHOTOWIEHIB P, () = po+p12+. ..+ pma™ Ta dyHKIii
e*  cos fx, sin Sx, To 11 PO3B’SI30K MOXKHA IIYKATH MeEmodom
He8U3HAUEHUT Koediuternmia. Lle pobUThbCs 3a TAKIMMUI 2K IIPa-
BUJIAMH, 110 1 /I OJHOTO JHHIHHOTO AnudepeHIiaJ bHOr0 PiBHIHHS
31 cranumu Koedinienramu (nekuis 14), ajge 3 HeBHUME 3MiHAMU.
3o0kpema, SKIIO

fe(z) = P, (z)e™?,

ae P, (x) — MHOTOWIEH CTeIeHs My, TO YaCTHHHUI PO3B’S30K CH-

cremu (20.15) morpibno mrykaru He y BNyl T°Qp, (7)e™” (ax me
OyI10 JIst JIIHIRHOIO DIBHSIHHS), & 1K

yi = QY (2)e**, i=1,2,...,n, (20.16)
e Qﬁ;)_i_s(x), 1=1,2,...,n, — MHOTOWIEHU CTeleHs 1m + s 3 HeBi-

joMuMu Koedinienramu, m = max(my, ma, ..., mg); s = 0, gKI10



Jlekuis 20. Jliniitai HeogHOPiAHI cucremu udepeHIiaJbHUX PIBHSHB 249

Q. — He € XapaKTePUCTUIHUM YHUCJIOM, 1 S JIOPIBHIOE KPATHOCTI ITHO-
ro YuCJIa, SKIIO (¢ € XaPAKTEPUCTUIHUM YUCJIOM (SIKIIO TOYHIIIe,
YHUCJIO M + S Ha M OJUHUIL OLIbINE HAWBHUIIOIO 31 CTEIIEHIB MHO-
TOYWIEHIB, Ha SIKI MHOXKATHCS €KCIIOHEHTH €%’ y 3arajbHOMY PO3-
B’$I3KY BLJIIOBIIHOT OJIHODITHOI CHCTEMN).

Hesimomi koedirienTn MHOroO4IeHIB ng)-s—s (x) BU3HAYAIOTDH
NPUPIBHIOBAHHAM KOEDIMieHTIB O BiANOBIIHUX MOJAHKIB IiC/IsT
mijcrasisiaas (20.16) y cucremy (20.15).

AHaJIOriYHO BU3HAYAIOTHCS CTEIeH] MHOTOYJIEHIB y BUIIAIKAX,
ko Gyl fi(z) y cucremi (20.15) mictsars dbyskuil e** cos S
i e sin Bz, a uncio o + 51 € abo He € XapaKTEPUCTUIHUM.

ITpuknang 2. 3inmezpysamu cucmemy Memodom HeGUIHa e~
HUT KOePIUIEHMIG:

Yy = 4y + 82 + 30e%,
2 =3y —z+ 1le™*=.

Pose’azanns. Bukopucrosyroun meroy Eiinepa (sekuist 19), 3ua-
fJIeMO CIIOYATKY 3arajibHUil PO3B 30K BiMIIOBIIHOI OIHOPIIHOI CH-
cTeMu

y =4y + 8z,

2 =3y —z.

XapaKTepucTuiHe PiBHIHHSI

44—k 8
3 -1-k| 0
Mae kopeni ky = 7, ko = — 4. Xapakrepucruanomy uuciy ki =7
BIJIIIOBiTa€ cucTema,
{—371 + 8712 =0,
3n — 8712 =0,
3BifKU, HAIPUKIAT, V1 = 8, Y2 = 3. Uuciay ky = —4 Bignosinae

CucTreMa
8’)/1 + 872 = 07
311+ 372 =0,
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3BiIKK Y1 = 1, 72 = —1. OTKe, 3araJibHIM PO3B’SI3KOM OJTHOPIIHOT
CUCTEMH €:
yo = 8C1e™ + Coe ™, 25 = 3C1e™® — Che™**.
Bpaxoyioun surisayn byuknii fi(z) = e* i fo(r) = e 4, ga-
CTUHHHUN PO3B’SI30K Y1, 2] HEOTHOPIMHOI CHCTeMHU Yepe3 HeBU3HA-
“eHi KoeilieHTH 3aIUIeMO y BUIJIsII

y1 = Ae” + (Bx + C)e™®, 2z = De® + (Ex + F)e™**. (20.17)
[Tigcrasisioun (20.17) y 3aaHy CHCTEMY, OJIEPIKYEMO:
Ae® — 4(Bx + C)e ™ + Be ™1 =
= 4Ae” + 4(Bx + C)e™* 4 8De® + 8(Ex + F)e™*® + 30e%,
De® —4(Ex + F)e ™ 4 Be™* =
= 34¢® + 3(Bx + C)e 1 — De® — (Ex 4 F)e ™ + 117,

—4z 4z

[IpupiBHiotoun koedirienTn Oijist €”, e i ze™™* B 0bOX ua-

CTUHAX IUX TOTOXKHOCTEMN, OJEPKYEMO BiJIITOBITHO:

e | A=4A+8D + 30, e |D=3A-D,
e |B—-4C =4C +8F, e |E—4F =3C - F+11,
ze 4%| —4B = 4B + 8FE, zre 4*| —4E =3B — E.

Orpumana cucremMa Ma€ JIUIIE 1 ATh JIHITHO He3aJIeKHUX PIBHSHb.
Posw’sazyioun i1, orpumyemo

A=-2 B=-8 C+F=-1, D=-3, E=38.

[Toknaemo, nanpukiaa, C =0, rogi F' = —1, a ToMy YacTUHHUM
PO3B’SI3KOM HEOIHOPIIHOT CUCTEMH €

y = —2e% — 8xe 4z = —3e” + (8 — 1)e™ %%,
a 3araJbHUM PO3B’sI3KOM —

y= 8C1e™ + Cae ™ — 2¢% — 8re™47,
2 =301 — Coe™® —3e" 4+ (8z — 1)e™**. m
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ITpuknang 3. Sanucamu wacmunnull po3e’a3ok 3 HeGU3HAME-
HuMu Koediuienmamu (He wykaowu i) cucmemu

{y’:4y—z+$63x+e3xsin$, (20.18)

2 =y +2z+ ze3® cosz.

Pose’sazannsa. 3HaiiieMo XapaKTepUCTUYHI YHUC/a  BiAIOBIIHOT
OJTHOPITHOI CUCTEMU:

4-k -1
1 2—k

‘:0 = kK —6k+9=0 = k;=ky=3.

3z 3 3
Y

Y cucremi (20.18) auist byukuiit ze®, e°® sinz, xe®* cosx uun-
ciaa o + (i BinmosigHO MOpiBHIOIOTH 3, 3 + 4, 3 + 7. ToMy okpemo
3HAJIEMO YaCTUHHI PO3B’SI3KH CUCTEM

/ 3x
y =4y — z + xe’”,
{Z’ —y+ 22 (20.19)

{y’ =4y — 2+ eFsinz,

2 =y+ 22+ e’ cos . 2h20)

Host cucremu (20.19) a+ i = ky = ko =3, s =2, m = 1. 3ri-
JHO 3 (20.16) 11 yacTUHHUI PO3B 130K HOTPIOHO HIYKATH Y BUIJIsLI

y1 = (ax® + bx? + cx + d)e3?,
21 = (fx3 + gz + ha + p)e3®.

Hnst cucremu (20.20) a+ i =3+i # k12, s=0, m=1, a

ToMmy 11 YacTUHHMIT PO3B’I30K Ma€ BUTJIS]

y2 = (Az + B)e3*sinz + (Cz 4+ D)e*® cos
2o = (Ex + F)e* sinz + (Gz + H)e cos z.

Tozi wacTuHHMT po3B’s130K cucremu (20.18) 3amunersest y BUIVISIL:

y=mn+ty2, 2=z +z2. N
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4. Meton I’Anambepa. Posrisinemo siHifiny HEOIHOPITHY
cucreMy JIBOX JudepeHIiajbHuX PiBHsIHb 31 cTajuMmu KoediieH-
TaMu

!/ __
{y =any + a2z + f1(x), (20.21)

2 = any + agz + fa(x).

[TomHOXKUMO JipyTe PIBHSIHHS IET CHCTEMU Ha JEeAKe 9UCIo \ i
JI0/TaMO TIOYJIEHHO JI0 TEePIIOTO PIBHAHHS:

(y + A2)' = (a11 + Aag1)y + (a12 + Aag2) 2 + fi(z) + A fo(z) =

aio + Aa
(y + A2)' = (a11 + Aaz) (y + uZ) + fi(x) + Afa(x).
a1l + Aagy
(20.22)
Kopucryounch J0BUIBHICTIO YuciIa A, BUOEPeMo loro TaKuM,
1100
aig + Aaga
ail + Aagy
TOOTO
a21)\2 + (CLH = a22))\ — a2 = 0. (2023)

Toni piBusHHEs (20.22) 3anmIeMo y BUATVISI:
(y + A2)' = (a11 + Aag1)(y + A2) + fi(z) + Afa(z).  (20.24)

Pisusiunst (20.24) e siniitauMm gudepeniiaibHuM PIBHSHHAM
MIEPIIIOTO MOPSIKY 3 MIyKaHOIO (PYHKINE Yy + Az. [HTerpyroun itoro
(dbopmysma (4.6) 3 yekIii 4), oepKy€eEMO:

Yy + Az = elanntia)z (/(fl(q;) + Afa(z))e(anrtrazgy 4 C).

(20.25)
Axmo xopeni A\; i Ao kBagparHoro pisusmus (20.23) pismi i
JICHI, TO MAEMO CUCTEMY

Y+ Az = e(a11+)\1a21):r (/(fl (x)—i—/\lfg(x))e(““H‘la”)“dx—i—Cl),

Y+ gz = elarthenada ( Jh@ +xapa@)e i 02>,
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PO3B’A3yI0UM Ky BIJHOCHO ¥ 1 2z, 3HAlJIEMO 3araJbHUil iHTErpaJ
cucremu (20.21).

Axmio xopeni pisasiansg (20.23) kparhi, To6T0 A1 = A9 = A, TO
3 (20.25) ozepKyeMo TLIbKU OJ[HE PIBHSHHSI:

y+)\z _ e(a11+>\a21)x </(f1 (l’)+>\f2(l’))€_(a11+>\a21)xdl‘ + C),

aje y IMbOMYy BUIAJKY, IJCTABIAIOUA BUPA3 I Y, 3HANIECHUI
3BijicH, y pyre piBasinns cucremu (20.21), onepzxumo JiiHiiine pis-
HsIHHS [IEPIITOTO MOPAIKY 3 HEBIIOMOIO (DYHKIEO 2.

Pexomendosana aimepamypa: |3, c. 90 — 91, 127 — 131], [5,
c. 370 — 385], [8, c. 206 — 210], [15, c. 103 — 107, 138 — 144], [16,
c. 436 — 455, 495 — 528|.

ITutannga go gekirii 20

1. 4k 3HaitTn 3arajapauil PO3B’A30K JHHIHHOT HEOTHOPITHOT cuCTEMN,
HOT OJIHOPIIHOT crucTeMn?

2. Y "oMy ToJIsira€ MeTO Bapiallil JOBIILHIX CTAINX 3HAXOIKCHHS
3araJbHOTO PO3B 3Ky JIHIIHOI HEOIHOPIIHOI cucTeMu?!

3. YV domy moJisira€ MeTOJT HeBU3HAUYEHUX KOeMiIli€HTIB iHTEerpyBaH-
Hel JIHIHHAX HEOIHOPIAHMX cucTeM 3i crajauMu Koedimienramu? Yu i
KOZKHOT JIIHIAHOT cucTeMu Oro MOXKHa BUKOPUCTATH?

4. Y gomy mosisirae meros, JI'Aambepa iHTerpyBanns JHIHHIX CH-
creM 3i craanmu KoedirmieHTamu?

Bopasu go jekiiii 20
1. Binrerpyiire cucreMu METOIOM Bapiallil JOBLIbHUX CTAJIAX:

2) y =4y — 82 + 2tg4x, 6) y =3y — 2z,
2 =4y — 4z; 2 =2y — 2+ 2\/xe”.

2. 3imTerpyiiTe CUCTEMH METOJIOM HEBU3HAUEHUX KOeDIIieHTIB:

o (V=27 5) [V =3y+2z+e,
z'= =2y + z — 3x; z' = -3y — 2z — 2%

5) y =5y —z+ 5sinz,
2 =4y + z+ 2cosx.
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3. 3inrerpyiire cucremu merogom I’ Asambepa:

a) Yy =—2y—z+ 10z, 6) Yy =by+4z + e,
Z = —4y — 5z; 2 =4y +5z+1.

Homarok 3.

3acTocyBaHHA MaTeMaTH4YHOro nakera Maple
JJI iHTerpyYBaHHS CUCTEM 3BUYANHUX
andepeHIliaIbHUX PiBHAHb

JLst po3B’si3yBaHHSI CUCTEM 3BUYANHUX JU(EPEHIIAJIBHUX PiB-
HsIHb BUKOPHUCTOBYIOTH KOMaHIy dsolve() y dpopmari

dsolve ({piBugnuusl, piBusanna?, . . .},{ueimomal, HeBimoma2, . . .}).

Ilpukiazm 1. 3iaTerpyBaru JiHIIHY OJHOPIIHY CUCTEMY 31 CTa-
JMu KoedirieHTamMmu
y=y+z
{z’ =3z —v.
(mpuksas 2 siexrii 18, crop. 225):
> dsolve ({D(y) (x)=y(x)+z(x) ,D(z) (x)=3*z(x)-y(x)},
{yx),zx)1);

{y(z) =*%(_C1+_C2x— _C2), 2(z) =e**(_C1+_C2x)}.

[Tepenosnavyennsim cramux (_C1 := Cy + Cy,  C2 := (Cb)
et PO3B 30K 3BOUTHCS 10 PO3B A3KY, OTPUMAHOIO Y IPUKJIA 2
Jekiil 18.

ITpuknasm 2. SinTerpysatn cucremy

y =4y + 52,
2 =4y + 32

(upukiag 1 sieknii 19, crop. 238):
> dsolve ({D(y) (x)=4*y (x)+5*z(x) ,D(z) (x)=4*y (x)+3*z(x)},
{yx),z(x)1);

4
{y(x) = Cle 4+ _(C2e%%, z(z)=—-_Cle ®+ 5_02 6836}.
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ITpuknasn 3. SinTerpysatn cucremy

y =2y -2,
Z=y+22
(mpukias 2 siexrii 19, crop. 238):
> dsolve ({D(y) (x)=2*y(x)-z(x) ,D(z) (x)=y(x)+2*z(x) },
{yx),zx)1);
{y(z) = ** (_C1 cos(z) — _C2sin(z)),
2(z) = &2° (_CZ sin(z) + _ C2cos(z))}.

ITpuknasm 4. Sinterpysatn cucremy

y' =6y + 2z,
2= —16y — 2z

(mpuksas 3 siexrii 19, crop. 240):
> dsolve({D(y) (x)=6*y(x)+z(x),D(z2) (x)=-16%y(x)-2*z(x)},
{yx),zx)1);

1
{y(x) = —1—662’”(4_01 +4 C2z+ C2),

2(z) = e*%(_C1 + _CQJ:)}.

IlpukJiaz 5. 3iHTerpyBaTu JiHIIHY OJHOPIIHY CUCTEMY 31 CTa-
JimMu KoedirieHTaMmu

Y1 = y1 + 2y2 + 23,
Yy = —Y2 — 2y3,
Y3 = Y2 + 3.
(upukiaz 3 sieknii 18, crop. 226):
> dsolve ({D(y1) (x)=y1(x)+2xy2(x)+2*y3(x),D(y2) (x)=
-y2(x) -2xy3(x) ,D(y3) (x)=y2(x)+y3(x) },{y1(x) ,y2(x),
y3(x)});

{yl1(x) = _C1e*— C2cos(x)+ _C2sin(x)+ _C3cos(x) +
+ CO3sin(z), y2(z)= _C2cos(z) — C3sin(x)—
— (2sin(z) —  C8cos(z), y3(z) = C2sin(z) + C83cos(z)}.
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[Tepenoznauenusiv cramux ( C1 :=Cp, C2 := (C5— C9)/2,

(03 := (Cy + (C3)/2) neit po3B’si30K 3BOAUTHCS 10 PO3B’SI3KY,
OTPUMAHOTO Yy MPUKJIaJI 3 Jiekil 18.

Ilpuksazm 6. 3iaTerpyBaru cucreMmy

Yy = y1 + 2y2 + 23,
Yo = 2y1 + Y2 + 2y3,
Y3 = 2y1 + 2y2 + 3
(mpukstas 4 siexiii 19, crop. 241):
> dsolve ({D(y1) (x)=y1(x)+2*xy2(x)+2*y3(x),D(y2) (x)=

2xy1(x)+y2(x) +2*y3(x) ,D(y3) (x)=2*y1(x)+2*y2(x)+
y3x) }F, {y1(x),y2(x),y3(x)});

{yl(z) = 02657 —2 (C3e*— (Cle™®,

y2(x) = _C2e°%+ (C3e®+ Cle @,
y3(z) = _C2e°°+ (3 e "}

[Tepenosnavyennsim cranux (_C1 = Cy — 2C5, C2 := (4,
03 := C5 — () ueii po3B’sI30K 3BOAUTHCS JI0 PO3B’SI3KY, OTPU-
MaHOoro y npukaami 4 jekrii 19.

ITpuknasn 7. Sinrerpysarn JiHIHHY HEOTHOPITHY CHCTEMY

y =2y -z,
2= —y+ 2z + 4xe®
(mpukiag 1 siexrii 20, crop. 246):

> dsolve ({D(y) (x)=2*y (x)-z(x) ,D(z) (x)=-y(x)+2*z(x)+
4xxxexp(x)},{y(x),z(x)});

{y(z) =**_C2+ _C1 " + ze” + 2%e",
z(z) = —e3"_C2+ _Cle* —xe” — e +a%e" }.
ITpuknasm 8. 3inrerpysarn JiHIHHY HEOTHOPITHY CHCTEMY

Yy = 4y + 82 + 30e”,
Z=3y—z+1le ¥
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(upukiag 2 seknii 20, crop. 249):
> dsolve ({D(y) (x)=4*y (x)+8xz(x)+30*exp(x) ,D(z) (x)=
3xy (x) -z (x)+11*exp(-4*x) },{y (%) ,z(x)});

8
{y(ac) =e' C24e71" C1 - T e 1% 26" —8e 17y,

3 3
z(x) = gem_C’Q —e % (01 —3e" — ﬁe_“” + 86_49”:1:}.

[TepernosnauennsaM crajgux Ieil PO3B’s30K 3BOJUTHLCS JI0 PO3-
B'#13KY, OTPUMAHOrO y npukjas 2 jekiil 20.
ITpuknasm 9. SinTerpysatn cucremy

Y =4y — z+ 2e3® + e sing,
2 =y+22+ xe3® cosx

(mpukiaz 3 sekrii 20, crop. 251):
> dsolve ({D(y) (x)=4*y(x) -z (x)+x*exp(3*x) *sin(x),
D(z) (x)=y(x)+2*z(x) +x*exp(3*x) *cos(x)},{y(x) ,z(x)});

{y(z) = —e3%(—_C2 —z_ C1 +sin(x) + 2cos(x) + zsin(z)),
z(z) =e**(_C2+x_C1— _C1—2sin(z) — cos(x) + z cos(z)) }.

IlpukJsaz 10. 3uaiiTun po3s’si30K 3amaqdi Ko

d’x B d?y B
aw = Az~ Y
z(0) =0, 2'(0) =vgcosa, y(0) =0, 3(0)=wvpsinw

(samaua 1 jekuii 18, crop. 223):

> dsolve ({(D@@2) (x) (t)=0, (DOO2) (y) (t)=-g,x(0)=0,y(0)=0,
D(x) (0)=vO*cos(alpha),D(y) (0)=vO*sin(alpha)},{x(t),
y());

2
{a:(t) = v0 cos(a)t, y(t)= —% + v0 sin(a)t}.
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Pozain 4.
JINPEPEHIIIAJIbBHI PIBHAHHA 3
YACTVMHHUMMU ITOXIIHNMN
ITEPIITIOT'O ITIOPAIAKY

Jlekiisa 21. JliniiiHi oHOpPiIHI PiBHAHHSA 3
YaCTUHHUMM TIOXiTHUMU TMEPIIOro MOPIAKY

Ilan

1. 3B’s130K JIHIFTHOTO OIIHOPIIHOTO PIBHSAHHS 3 YACTUHHUMU 110-
XIJTHUMU TIEPIIOro MOPSJIKY 3 BIJITOBIIHOIO CUCTEMOIO XapaKTepH-
CTUK.

2. IlobymoBa 3arajbHOTO PO3B’A3KY JIHINHOTO OHOPIIHOTO PiB-
HSIHHS.

3. Bagaqa Ko mist iHIRHONO OJHOPIIHOTNO PIBHSTHHS.

1. 3B’ 430K JIiHifIHOTO OHOPI/THOTO PiBHAHHSA 3 YaCTHUH-
HUMH IMOX1JTHUMU MEePHIOro NOPsAKY 3 BiAMOBiaHOIO cucTe-
MOIO XapaKTepUucTuk. barato momeseil pisHOMaHITHHX IIPOIie-
CiB i siBUII| TeXHIKKM Ta MareMaTUIHO! (bi3UKN (KOJIMBAHHS CTPYHU
i MmemOpanu, Teruonepeada, audysis, razosa JuHaMIKa Ta 1HII)
HPUBOJIATE 0 JuDEPEHIaIbHUX PIBHIHD 3 YACTUHHUMHE [TOX1/THU-
M.

Mu obmerkuMOocst BUKJIAIOM HAUIIPOCTIMUX BimomMocTeit Teopil
PIBHAHD 3 YACTUHHUMU TOXITHUME TEPIIOro MOPSIKY, MAIOUIN 3a
MEeTy IIOKa3aTH 3B 30K TaKUX PIBHAHDL 3 CHCTEMaMU 3BUYANHUX
JuepeHIiaJbHUX PIBHSHDb 1 HABECTU METOJM TOOYIOBU 3arajib-
HOTO PO3B’sI3Ky Ta pO3B’a3Ky 3aadi Ko, gki rpyHTyIOThCS HA
bOMY 3B’sI3Ky. PiBHsSIHHS 3 YaCTMHHUME OXIJHUMHI JIPYTOro Ta
BUIIUX TOPSAIKIB IHTEIPYIOThCS IHIMMMA METO/IaMU, SIKi BUBYATH-
MyTbCsl V Kypci «PiBHgHHS MaTeMaTHndHOl (Di3UKI».

ZludepenuiasbrHum pPIi8HAHHAM 3 UACTNUHHUMY TNOLi-
JHUMUY Ha3UBAIOTH CIIBBIIHOIIEHHSI, sIKe MICTUTH HEBiZOMY (DyH-
KI[IO BiJI JE€KIJIbKOX 3MIHHUX, He3aJIexKHI 3MiHHI Ta YaCTUHHI 110Xi-
sl HeBiztomol DyHKIIT 3a He3aeKHuMEu 3MiHHUMEA. [lopsi/ok crap-
1101 YaCTUHHOI MOXI/THOI, IKa BXOJIUTH y PIBHIAHHS, HA3UBAIOTH 10~
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psaodxom pisastHEs. Hanpukian, mudeperiiajibae piBHSIHHS 3 Ya-
CTUHHUMH TOX1THUMHY TIEPITIOr0 TOPSIIIKY Ma€ TAKUHI 3arajJbHuil BU-

TULSLIL;
ou Ou ou

(I)(l'l,.fg,...,{l/‘n, u, 8—],‘178—1‘27'”78—% :0, (211)

_ - : du  Ou ou e

e u = u(xy,x,...,T,) — HyKaHa QyHKIIs, Bor) Bagr 1 oo 11

qactunni noxigai, ® — zajana #HenepepsHo audepeniiitoBua GyH-
Kiig B jeskiit obnacti G C R?"1 npudomy B pisnsmnsa (21.1)
NpUHARMHI OJHA YaCTUHHA I[TOXIi/IHA BXOIUTL OOOB’sI3KOBO.

Bararo disnaHux sBUIIL ONUCYIOTHCST PIBHAHHSIME 3 YaCTHHHU-
MU TOXiTHUME HEPINOro mopsiaky. Hampukiasn, y ra3osiit guaami-
i BaXKJUBY POJIb Bifirpae piBuarasg Xorda % + u% = 0, ne
u=u(t,r), a B ONTHI BUBYAETHCsI DIBHIHHS

2 2 2
() () (2 s

e u = u(x,y,z), sKe ONUCYE MOIIMPEHHsST CBITJIOBUX MPOMEHIB y
HEOJIHOPI/THOMY CEDPEJIOBUIII 3 MOKA3HUKOM 3aJoMJieHHs f(z, Y, 2).

Pose’szrom piBusinns (21.1) HasuBaoTh HenepepBHO judbe-
penuiifioBuy dyuknito u = u(zy,Ta,...,T,), sKa IePETBOPIOE PiB-
HsaHHs (21.1) y TOTOKHICTB /17151 KO?KHOI TOUKH (T1, T2, ..., Tpn) C G.

Axmo v = u(xy,x2,...,T,) — po3B’sa30K piBHsgHHs (21.1), TO
fioro rpadik — moBepxHio u = u(r1, 9, ..., Ty) y upocropi (n+1)-1
3MIHHOI X'1,T9,...,Tn, U — HA3UBAIOTD THIME2PAABHONO NOBEPT-
Hero piBHsHHs (21.1).

PosriisinemMo JieKijibKa, MPOCTUX TPUKJIAJIB BiIIIyKAHHS DPO3-
B’s13KiB piBHsiHHs (21.1).

Hpukmaan 1. Bidwykamu gynruyito z = z(x,y) — po3e’azox
DIEHAHHA % =2rx+4+y—1
Poss’azarna. lurerpyioun obuaBi 9acTuH 3a 3MIHHOIO T, OJIEP-
JKYEMO

Z=/(2x+y—1)dfc=$2+fcy—m+s@(y),

ne p(y) — nosinbaa audepenniiioBra dyHkiis 3minHol y. W
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. . 52
IlpukJiazng 2. 3inmezpysamu pieHAHHA adxgy = I,

Pose’azarns. larerpyodn 3a 3MiHHOIO X, MAEMO g—; =z + ¢(y),

ne ¢(y) — noinbHa nudepeniiiiopna Gynkuis. [arerpyoun remnep

OCTaHHIO PIBHICTH 3a 3MIHHOIO ¥, OJIEPYKYEMO, 10
z= /(fc +o(y)) dy = zy + 1(y) + p2(@),

ne p1(y) = [(y)dy, pa(x) — nosinbHi qudepenuiiiosri dbynkuii. B

3 HaBeJIEHUX IIPUKJIAJIB BUILINBAE, 10 PO3B’SI3KU JTU(EPEHIT-
aJbHOIO PIBHAHHSA 3 YACTUHHUMH IOXITHUMHU TEPIIOTO MOPIIKY
MOXKYTh 3aJI€2KaTH BiJ| OJIHIET MOBIIBHOI (DYHKIIIT, & PO3B’A3KU PiB-
HsIHHS JIPYTOTO TOPSJIKY — BiJ ABOX MoBLIbHUX (yukmiii. [lizmimnme
Oy/le moKa3aHo, MO Po3B’si3ku piBHsiHHS (21.1) MOXKYTH 3ajiexKaTn
Bif oxHiel HemepepBHO AudepeHIiiioBHol MyHKII, KiIbKICTh apry-
MeHTIB sikol (n — 1).

Axmio y piBusinni (21.1) dyukiia ® 3anexkurs Jiniiino Bij da-
CTUHHHUX ITOX1THUX ITyKaHol (PYHKIII, TO HOro Ha3uBalOTh JALHLT-
Hum. Jliniiine piBHAHHS MOXKHA 3alUCATH Y BULJISI

ou ou
fl(xlaan ... 7xn7u)8—x1 + fQ(l'l,l’Q, cee ’xn’U)a—ZL‘Q P aoc
ou
coot fo(zr, 20, . . Ty, u)ﬁT = R(z1,22,...,Tn,u). (21.2)
n
ko npasa yactuna piBHsiHHSA (21.2) TOTOXKHO JOPIBHIOE HY-
Jito, a koedimientu f1, fa, ..., fn He 3ajexKaTh Bij mykaHol yH-
KITi1 %, TO MAEMO PIBHAHHS
ou ou
fl(l'l,xQ, v ,xn)a—xl -+ fQ(l'l,l'Q, e ,xn)a—m =+ ...
ou

...—i—fn(l'l,l'g,...,xn) 0, (21_3)

or,
dKe HA3UBAIOTH AIHITUHUM O00HOPIOHUM DPIBHAHHAM 3 Ha-
CMUHHUMU TOLIOHUMU NEePUL020 Nopadky. Bpaxkaemo, 110
koedimientn f1, fo, ..., fn IBOro PIBHsSIHHS BU3HAYEHI Ta Herre-
PEPBHI pa3oM 3 YaCTUHHUMU ITOXITHUMU 38 3MIHHUMU T1, T2, ...,
Ty Y JESIKOMY OKOJI 33JIaHOT TOUKHU (T10, L20, .- -, Tpo) 1 MO y I
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TOYIl BOHU OJHOYACHO HE MEPETBOPIOIOTHCA Y HYJIb, HAIIPUKJIA]L,
fn(x10, 20, - -+, Tno) # 0. OueBugnO, Mo piBHsHHS (21.3) Mae pos-
B’SI30K U = ¢, Jie ¢ — JIOBiJIbHA CTaJA.

OpuouacHo 3 piBHsHHSIM (21.3) PO3IVISIAATHMEMO CUCTEMY 3BH-
JaiiHux nudepeHIiajlbHuX PiBHIHD

dxy dzo dz,,

fl(l'l,l'g,...,xn) fg(l'l,l'g,...,xn) T fn(xl,l'g,...,l'n)
(21.4)

sIKa CKJIa1aeThest 3 (n—1)-ro piBusuns. Cucremy (21.4) nasuBaiors
CUCTNEMOI0 TAPAKMEPUCTIUK (TAPAKMEPUCTIUYHOIO CUCTe-

)

M010). CrucTeMy XapaKTepPUCTUK MOYKHA 3aIIMCATH TAKOXK Y BUIJIsI-
T

dtn  fo' den fu' 77 dea f

JloBesiemo JiBi TeopeMu, SIKi BCTAHOBJIIOIOTH 3B’SI30K MiK PiB-

dry  fi dza _ fo drn-1 _ fn-1 (21.5)

HsaHHAM (21.3) 1 BignosigHO©O cucreMoro xapakrepuctuk (21.4).

Teopema 1. Koorcnut inmeepan cucmemu (21.4) € poss’askom
pienanna (21.3).
oeedenns. Hexait ¢(x1,x2,...,x,) — iHTerpasn cucremu (21.4),
BU3HAYEHUI y JIESKOMY OKOJII TOYKH (10,220, .-, Tno). L0 3ri-
JIHO 3 O3HauYeHHsIM iHTerpasa (aekmis 18, . 1) nosuuii qudepent-
a1 byHKIT 1) BHACTIIOK cucteMu (21.4) TOTOXKHO JOPIBHIOE HYJIIO,
TOOTO

0 0 0
dip = wd 4 gt + X =0,
ox €9 8$n
ne mudepeHIiaImn dacl, dxo, ..., dxr, 1 TOTPIOHO 3aMiHUTH BHUpa-
3aMH, sIKi BUILIMBAOTH 3 (21.5):
dr1 = ;:L dxy, dry = ;z dxp, ..., dr,_1 = f};l dx,,.
Takum auHOM,
o ho Oy f2 o
— — ) -dx, =0
8 5‘ 0
Bt fo gt o e =0,

Oy
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3BiJIKM BUILIMBAE, MO byHKIsS U = ¥ (21, X2, ..., Ty) € PO3B’I3KOM
piBusinus (21.3). »

Teopema 2. Kootcruti pose’asox pienanns (21.3) e inmeepa-
aom cucmemu, (21.4).

Losedenns. Hexait u = ¢(x1,z2,...,2,) — PO3B’SI30K DIBHSIHHS
(21.3), npuaomy u # const. Toxi
oy o o
- — ... n—— =0. 21.
fi pr. + f2 Dg 000 e Bz, (21.6)
Buaiigemo nudepeniian dbyHkii ) BHACHIOK cucremu (21.4):
_ oY oy o
o fr O fo o
=|l—"+—""+...+— |dx, =
(ax1 fo TOws g O )
1 o o o
= fn <f18x1 +f28x2 ++fnaxn>d$n,

3Bk, BpaxoByoun (21.6), maemo, mo dyp = 0, To6To 9 € inre-
rpasiom cucremu (21.4). »

PO3FJIHH6MO, HaIlIpUKJIa I, piBHHHHH 3 YaCTHMHHHUMHN HOXi,H,HI/IMI/I

Vomy Bifmosinae cucrema XapaKTepucTuK
de. dy  dz
r 2y -3z
AKa Mae inTerpamm ;) = 5z, Uy = a:/\/@ Otxe, byukil

u =232, up = T /\/37 € PO3B’sI3KaM¥ HABEJICHOI'O DIBHAHHS 3 Ya-
CTUHHUMU IOX1/IHUMH.

2. ITobynoBa 3arajbHOro po3B’sI3KYy JIIHIHOrO OIHOPI-
aHoro piBHsinHsi. Hactynna Teopema Bu3HaUa€e Ciocid mody1oBu
3araJbHOTO PO3B’sI3KYy JHHIHOrO OHOpiHOTO piBHsHHS (21.3).

Teopema 3. Hexat

wl(xlvl"?v"';xn)v w2($17$27~~~7$n)7 ey wnfl(xlvlév"'axn)
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€ nezanesrchumy inmezparamu cucmemu (21.4). Todi pynryin

—¢(¢17¢2,---7¢n—1)7 (217)

de ® — dosiavha GYHKULA, AKAG MGE HENEPEPSHT NOTIOHT 30 3MiH-
Humu Y1, Yo, ..., Yp1, € P036°a3Kkom pienarns (21.3).
Losedenns. Ilincrapisioun (21.7) y piBusinus (21.3) i Gepyun
10 yBaru, mo QyHKIl Y1, P9, ..., Yp_1 € PO3B’I3KaAMU PIBHIHHS
(21.3), orpumyemMO:

CI) oD
f1 +f2 --+fna—:

1 9% o 0D O oD O,
27 fQZawm fnzawxn_

! oo O, ;i o\ _
27( x1+f26x2 +fn >:07

TL

a ne i osHauae, mo &dyHkiis (21.7) € po3B’sI3KOM DiBHSHHSI
(21.3). »

@opmyiy (21.7) HABUBAIOTE 3A2AABHUM PO36°A3KOM DIBHSI-
uHst (21.3). 3BepraemMo yBary, IO 3arajbHUN PO3B’S30K DIBHSIH-
Hsl 3 YACTUHHUMHU TOXITHUMU TEPIITOro TOPSIKY MICTUTD JIOBIIBHY
dbyHKII0, a He AOBIIbHI cTast, dK 1e OyJ/I0 /s 3BUIaitHuX aude-
PEeHIiaJIbHUX PIBHSAHD.

Ilpukiazn 3. 3inmezpysamu pienarHA

6u+ 8u+ 8u_0
Yor TVay T8, T

Poss’azarmsa. CKIageMo BiIMOBIIHY CHCTEMY XapaKTEPUCTHK

d_x dy dz

x Y z
i sinrerpyemo ii: y/x = C1, z/x = Cy, a ToMy iHTerpajgamu €
1 =y/x, Py = z/x. OTKe, 3araabHUM PO3B’I3KOM 33JIAHOTO PiB-

U = (I)<ga E)?
r X

HAHHA €
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e ® — nmosinbHa HemepepsHO judepentiiiioBHa (GyHKIA Bix ga-
CTOK Y/ 1 z/x, TO6TO U € JOBIIBHOI HEIEPEPBHO JUDEPEHIIHOB-
HOIO OJIHOPI/IHOI0 (DYHKINEI0 HYJILOBOI'O BUMIPY 3MIHHUX T, Y, 2.
Hampukia, po3s’s3kaMu 3aJJaHOTO PiBHSIHHS € PYHKIIT

3 2
u1:y, u2:—y+i7 U3:<g> ) U4:Cosi7 U5:2x/z~
x x x x

Bionosidv: u =P (y/z, z/x).

3 TeopeMu 3 BHILIMBAE, IO 3ajada PO HOOYIOBY 3arajbHOIO
po3B’si3Ky piBHsiHHsT (21.3) piBHOCHIIbHA 3aJiadi PO BiJIIIyKAHHS
n — 1 He3aJeKHNX IHTErpaJiiB BiIIOBITHOT IOMY CUCTEMH XapaKTe-
puctuk (21.4).

Y BUIIQJIKY JBOX HE3AJIEKHUX 3MIHHUX, [MO3HAYUBIIN ITyKAHY
dbyukuio uepes z(x,y), MaEMO PiBHSIHHS

0z

Ao + falo) g =0 (21.8)

Binmosinna cucrema xapakKTepUCTHK BUPOIKYETHCS B OJHE qude-
peHIiajabHe PIBHAHHSA

de. dy
fl(:l:?y) f2(1:7y)
Axmo (x,y) — inrerpan piBusuus (21.9), To z = @ (Y(x,y)), xe

® (1)) — noBibHA HemepepBHO JudepeHIiioBHa (DYHKILs Bl 3MiH-
HOT 1, Oyie 3araJbHUM PO3B’si3KOM piBHsiHHS (21.8).

(21.9)

Ilpukiazn 4. 3inmezpysamu pieHAHHA yg—; — :r:g—; =0.
Poze’sazanns. Binnosingna cucreMa XapaKTEPUCTHK BUPOIKYE-
de _ dy g
y

ThCsl V PIBHAHHS 3 BiJOKPEMJIIOBAHUMH 3MIHHUMMU: =

Terpajom sKoro € ¢ = 2 + y2. 3rinzHo 3 Teopemoro 3 3arasbHUIL
PO3B’gI30K 3aIaHOT0 PIBHSIHHSI MA€ BUTJISIT

2= ®(z% 4 ?).

3 reoMeTpuvuHOl TOYKH 30py MaeMO CiM'I0 ITOBEPXOHb 0bepTaH-
Hsi 3 Biccio obeprannsi Oz. TakuMm 4YMHOM, 3ajiaHe DIBHSIHHS €



Jexitiz 21. Jliniiini ogHOpiAHI PIBHAHHS 3 YACTUHHUMU IIOX1THUMA 265

udepeHiajIbHIM PIBHIHHAM yCiX MTOBEPXOHDL OOEpTaHHs 3 Bic-
cto obepranusa Oz. [HTerpalbHIMU TIOBEPXHSAME € TIOBEPXHI 00€p-
tanas 2z = ®(2? 4+ y?). OxkpemMuMyu BUTIAIKAMH IIX MOBEPXOHDL €
z = 22 + y? (mapabosoin obepranns), z = /R2 — 22 — y2 (uis-
cdepa), z = /22 + y? (konyc), z = ¢ (WwiommHa).

Bidnoeidv: z = ®(x? + y?).

3. Bamauya Ko majis jgiHifiHOro OaHOPiAHOrO piBHSIH-
us. 3adawa Kowsi jyis pisusinus (21.3) mossrae y 3HAXOKEHH]
po3B’si3Ky u = u(1,Z2,...,Ty), AKuil 11 (HIKCOBAHOIO 3HAUEH-
Hel OJHI€T 3 He3aIe2KHUX 3MIHHUX, HAIIPUKJIA]] Ly, IEPETBOPIOETHCS
y 3aJlaiy HelepepBHO audepenniiiosny GyHKINO PemTH 3MiHHUX,
TOOTO 33JI0BOJILHSIE NOYAMEKOEY YMOEY:

Uy =gy = P(T1, 225 - -, Tpo1). (21.10)

VY BunaJIKy, KouIu mykasa OyHKIIIS 3a7€2KUTh BiJ] IBOX He3aJle-
JKHUX 3MIHHUX, TOOTO Jyist piBHsAHHS (21.8), 3amada Ko mossirae
y Biaurykanui Takoro poss’sisky z = f(z,y), AKHl 3a0BOJIbHSIE
MOYATKOBY YMOBY

2|y zy = (Y,

ne ¢(y) — samana dyskiis. [eomerpudHo 1€ O3HAYaA€, 1O Ce-
pes ycix iHTerpaJbHUX TOBEPXOHB, SKi BU3HAYAIOTHCH PIBHAHHSAM
(21.8), mykaerbcs Taka 1moBepxHs z = f(x,y), sKa IPOXOJUTH e~
pe3 3ajaHy KpuBy z = ©(y), fKa JeKUTh y Wiomuti ¥ = xo (131
[JIOIIMHA TapaJseibHa 10 mwiomuan Oyz).

Brigao 3 Teopemoro 3 3arajbHUNl PO3B’s30K piBHsiHHS (21.3)
3asiaeThest bopmyiioro (21.7), Tobro

U= (I)(@blﬂ/}%- .. 71/}n71)-

[Migcrassitoun o dbywkiio B (21.10), 6aunmo, 10 po3s’s30K 3a-
qaai Komi (21.3), (21.10) 3BoguThCs 70 BU3HAUEHHS BUIVIsLLY (DYH-
Kiil ®, sika 3a/10BOJIbHSE YMOBY

®(¢17w27 000 7wn—1)’xn:xn0 = QO(.’El,wQ, 000 7$n—1)~

TaxuM YHHOM, OIEPKYEMO NPABUAO PO38’°A3YBAHHS 3a0anL
Kowi (21.3), (21.10):
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1) cxaacmu 6i0nosidny cucmemy Tapaxmepucmur i snatimu i
n — 1 He3zarescHuT 1Hmezpanis:

wl(xlax%"'a*rn)a ¢2($1;$2;~~~;$n); 0co0o0g wn—1($17$2;~~~;$n)3

2) 3aminumu y 3HAGO0EHUT THME2PANAT HESANEHCHY SMIHHY T,
11 NOUaAMKOBUM 3HAYEHHAM Ty = Tpo:

Y1 (21, T2, ..., Tne1, Tno) = Y1,
wQ(l‘laxQ?""xn*l’an) :11&2’ (21 11)
Vn—1(21,T2,. .., Tn_1,Tno) = @n—1

i pose’azamu cucmemy (21.11) 6idnocno x1, T2, ..., Tp—_1, MOOMO

3Hatmu

T = wl(&la&Qa oo aQIJTL*l); T = WQ(ilazsza cee 7&%*1); DRI
Tn—-1 = anl(zzjlaq;% cee a@z_}nfl);

3) nobydysamu dynryito

U = @(W1(¢17¢2; 900 7/(/)71—1)7 w2(¢17¢2; 900 7/(/)71—1)7 )
wn—1<w17/¢)27 cee 7wn—1))7

axa 1 6yde pose’asrkom 3adayi Kows.

Ilpukaazn 5. Snatimu poss’asox zadawi Kowwi

ou n ou n ou 0 | z
T— — L= ul =y — =.
Ox y@y 0z ’ e=2=Y 73

Po3ze’sa3arms. lurerpanamu BiAIOBIIHOI CHCTEMI XapaKTEPUCTUK
€Y1 =y/x, P2 = z/z (mus. npuxiax 3). OCKiIbKHI

_ Y _ z
V1| = Y1 = 3 Yalgeg = 2 = 3’

TO Yy = 2)1, 2 = 21)9, & TOMY IIyKAHUM PO3B S3KOM €

2 23y —
u=2 —=th = U:M..
3 3z
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Ilpukiang 6. Busnauwumu tHmezpasvony nogeprHio PIeHAHHA

0z 0z

2

r*+1)— +z2y— =0,

( )ax Yoy

AKa NPoTodums vepes Kpuey z = y> y naowuni x = 0.

Pose’azanna. Binnosinna cucreMa XapaKTEePUCTUK BUPOIZKYE-
de _ dy
x24+1 — zy’ Lhz=

TerpaJioM sIKoro € dbyHkiist ¥ (z,y) = ﬁ Toni ¥ = Y|,_o = y-
3Bigcu y = v, a TOMY HIYKaHOIO iHTErpajIbHOIO MOBEPXHEIO €

ThCs y PIBHAHHS 3 BiJOKPEMJIIOBAHUMH 3MIHHUMUA

y2

2
= = z=—"
Pexomendosana aimepamypa: |1, c. 325 — 328], [3, c. 198 —
202], [5, c. 458 — 463], [8, c. 247 — 281], [15, c. 275 — 280).

ITurannsa mo ekl 21

1. Ilo masuBaoTh gudepeHIiaIbHIM PIBHIHHAM 3 YACTUHHUMHA I10-
xigaumn? K BUSHAYUTH MOPSIIOK TAKOTO PIBHAHHS !

2. [lTo Ha3UBaIOTH PO3B’SI3KOM PIBHSIHHS 3 YACTHHHUMU [TOXITHUMUI !
fxuit reoMeTpPUTIHMNE 3MICT Ma€ PO3B’SI30K PIiBHAHHS 3 JIBOMA He3aJe-
KHUMY 3MIHHUME!

3. ke piBHAHHS HA3UBAIOTH JIHITHIM DIBHAHHIM 3 YACTHHHIME 10~
XITHAMA TIepIIoro HMOpsiaKy? ¥ sSKOMY BHUIAJIKy HOTO HA3WBAIOTH OJIHO-
pigHIM?

4. dxuit BUTTIST Ma€ cUCTeMa XapaKTEPUCTUK I JIHIHHOTO OJTHO-
PIJIHOTO DIBHSIHHSI 3 YACTUHHMME IOXITHUMU IMIE€PIIOr0 HMOPSAKY ! SAKumii
3B’SI30K MiXK JIHIHHAM OTHOPITHUM PIBHIHHAM 3 YACTUHHUMHI TOX1THIMI
MIEPITIOTO MOPSIKY Ta BIIMOBITHOIO CHCTEMOIO XapaKTEPUCTUK !

5. Ak dopmymoerbea 3amada Ko st piBHAHHS 3 YaCTHHHUMEI
MOXIJIHUMU TIEPIIOTO MOPsAIKY? AKuil reoMeTpuyHUil 3MiCT BOHA Ma€ y
BUITAJIKY JIBOX HE3AJIE?KHUX 3MIHHUX

6. fx mobyyBaTH 3araJbHAN PO3B’SI30K JTIHIHOTO OTHOPIIHOTO PiB-
HHHS 3 9aCTUHHUMHA MOXITHUMA TEPIIOro mopsaky? fk po3s’sa3yerbes
3amada Kot g5 mporo piBHaHHA?
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Brupasu go gekirii 21

1. TlepesipTe, un € BKazani pyHKIHT PO3B’aA3KaMU 33 JaHUX PiBHIHD
3 YaCTUHHUMUI TOX1THIMU:

a) 2z% -y =0, 2=z +y;

6) (2% +y?) 3% + 22y 2e +xz 2 =0, u:mfy +3;

2

21\ ou du Qu _ — 2428
B) (ery os T2yg) +257 =0, u==%57% 422z
2. 3i"TerpyiiTe OJHOPIIHI PIBHSHHS 3 YACTUHHUME [TOX1THUMUA:

a)(w+2y)%—y§—§=0' 6)xam+yz = 0;
B) (a%y — 2%y?) 5% +yGL + L = 0.

3. Posp’sikiTh 3a1a4i Korrri:

9 9 . o le] 9
a)xai—ya—;:& z|y:1:2x, 6)%—&—6—’;—&—2 5 =0, ul,_, =y

Jlekmia 22. KBasiminiitHi Ta HesiHiliHI piBHIHHSA
3 YaCTUHHUMU TIOXiJHUMU IIEPIINOr0 NOPSAKY

Ilaan

1. ITobyoBa 3arajbHONO PO3B’SI3KY KBa3LIiHIHHONO piBHSAHHS
IIEPITIOrO TTOPSJIKY.

2. Bamaqi Ko jyis kBas3imiHITHOTO PIBHSHHS TEPIIOTO MOPSi/I-
KY.

3. Henimiiini piBHAHHS 3 YaCTUHHUMU MOX1THUMU TIEPITIOTO I10-
PSIKY.

4. Pigustausa Idpadda.

1. ITo6GynoBa 3arajibHOro po3B’sI3KYy KBa3iJIiHITHOTO piB-
HAHHS NepIIOoro NOpsiAKy. PiBHAHHS BUIJIsLY

0
fl(xlaan ... ,l’n,u)a—; + fQ(l'l,l’Q, cee axnau)a—;; +
ou

9z, = F(z1,29,...,xq,u)  (22.1)

N + fn(fElaan LA 7xn’u)
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Ha3UBAIOTH ATHITUHUM HEO0OHOPIOHUM PIBHAHHAM 3 YACTNUH-
HUMU NOTIOHUMU TNEPULO20 NOPAJKY ab0 KEaA3TATHITUHUM

pisHaHHAM. /1o 1boro 2k Ty OyaemMo BiHOCUTH @ PIBHSHHS,
y akux ' =0, ane xoua 6 oxun 3 KoedilieHTiB f; 3a/1exKuTh Bij

u. Baxkaemo, mo byl fi, fo, ..., fn, F HemepepBHO aude-
PEHIIHOBHI B JIESIKOMY OKOJII 3aJ1aHOT TOUKH (X109, L20, - - - y Ln0s U0)-
Hexait, kpim Toro, fp (210,220, - - -, Zno, o) 7 0.

Po3p’st30k piBHsiHHs (22.1) MIyKaEMO y HEsIBHOMY BHIJISIJI:
V(z1,2z2,...,2n,u) =0, (22.2)

e dyukiis V' Mae HelepepBHI YacTUHHI MOXiJHI 3a ycima ap-
ryMeHTaMU HpUHAiMHI B Hedkiit obsacti 3MiHU X1, X2, ..., Ty, U,
upudomy Vi (z10, 220, ..., Tno,ug) # 0 (e rapanrye te, mo B
it obsacti piBHsiHHs (22.2) BU3HAYAE U K HesiBHY (DYHKIIIO Bif
T1,X2, ..., L)

Baudepenniopasim (22.2) 3a 3MIHHOIO T, sIKA BXOAUTH Y
(22.2) siBHO 1 HestBHO 4epe3 (DbYHKILIO U, OJIEPIKYEMO:

ov. oV du

Ox;, Ou Oz, 0 k=12..n =
ou v [ov\ !
_ = . == E=1,2.....,n. 22.3
oxy, oxy, <8u) ’ eaEee il ( )

[TimcraBastoan BUpas3n Ml YaCTHHHAX TOX1THIX g—;c (22.3)y
(22.1), micsst TPOCTUX TEPETBOPEHD BiIHOCHO HEBiIOMOT dyHKIHT V'
OJIEP2KY€EMO JIiHIITHE OJTHOPITHE PIBHAHHS 3 YACTUHHUMU TTOX1THIMA

fl(xl,xg,...,a:n,u)a—ajl + fo(x1, e, . .. ,acn,u)a—ac2 + ...
oV
...+fn(a:1,a:2,...,xn,u)a—% + F(z1,x2,... ,xn,u)% =0. (22.4)

106 sinTerpyBaru piBHsiHHs (22.4), yTBOPUMO BiAIIOBLIHY cU-
cmemy xapaxmepucmux (n. 1 jgexmii 21):

dri  dxo dr, du
— === — = — 22.5
fl f2 fn /9 ( )
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1 IpUITycTUMO, O HaM BJIAJIOCH BIJNTYKATH 7N He3aJeXKHUX 1HTe-
rpaJiiB IIi€l cucTeMu:

1/)1 - wl(xlaméa cee 7xn7u)7 ¢2 = ¢2(33173327- .. 7xn7u)7

wn - 1/}77,(@.17@.27 o 7xn>u)~

3rigHo 3 TEOPEMOIO 3 HOIEPEIHBOT JIEKIIIT 3araJbHNil PO3B’A30K PiB-
HsaHHS (22.4) MOXKHA 3allcaTH y BUIVIS

V=& (1, Yo, .., n), (22.6)

ne ¢ — poBinbHa HenepepBHO audepenIiiioBaa GyHKIS CBOIX ap-
T'YMEHTIB.

BpaxoBytoun (22.2), 0/iepKy€eMO IIyKaHUi PO3B 130K PIBHSAHHSI
(22.1) y HesiBHOMY BHIVIsA]

P (1, Yo, ..., Pn) = 0. (22.7)

CuiBsiguomennst (22.7), ne ® — J0BUIbHA HEIEPEPBHO [IHi-
depenriiioBna (yHKIA, HA3UBAIOTH 3A2GAbHUM PO38°A3KOM
piBusans (22.1). fdkmo (22.7) Bracrbest posp’sizaTd BIHOCHO
U, TO OJEPXKUMO 3arajibHUil PO3B’SI30K y SBHOMY BUIVISIL: U =
= u(z1,29,...,2y,), 1€ u — HellepepBHO JudepenIiioBHa ByHKIIs.

Cucremy (22.5) HA3UBAIOTH CUCTMEMOIO TAPAKMEPUCTIUK
KBasiinifiHoro piBHsHHS (22.1).

Takum IUHOM, 044 3HATOONHCEHHA 342AADH020 PO3G AZKY PIEH.A-
Hha (22.1) nompibro ymeopumu 6i0nosiony cucmemy Tapaxmepu-
CMUK, 3HATMU N HE3ANEHCHUT THIME2PANME ULEL CUCTNEMU | NPUPIE-
HAMU JO HYAA 006IALHY Judepenyitiosny GyHKYit0 YuT inmezpa-
216. Ompumana npu yoomy piericmv suzandy (22.7) 6yde sazans-
HUuM P036°askom pienanns (22.1) y neasnomy euzandi. Po3s’asy-
1wy 1020 6i0H0CHO U (AKWO Ue MONHCAUBO), MONHCHA 3HATMU 3a-
20001UT PO36 A30K Y ABHOMY GU2AAJL.

Ilpukian 1. 3inmezpysamu pieHAHHA ZL‘ —|— y —|— 262 = u.
Poszs’azarmsa. CriageMo BiIIOBITHY CI/ICTeMy XapaKTepI/ICTHK.
dac _dy _ dz _ du : _ _
s = = 20 i smaiigemo i inTerpama: 1 = y/x, ¥ = z/z,
1/)3 = u/x. OTKe, 3arajbHUM PO3B’SI3KOM €

@(3, : 3) —0. (22.8)

r Tr X
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Posp’s3ytoun (22.8) BignocHo u/x, ogepKyemo:

(
%: (3 E) - uzw.f@ i))

) )
' T 48" &5
e [ — noBiibHA QYHKILSI, a OTKe, PO3B’SI3KOM 3aJI@HOI'O PiBHSTH-

Hsl € JIOBLIbHA OJHOPiAHA HerepepBHO audepentiiiioBHa (HYyHKITis
sumipy 1. B

IlpukJiazng 2. 3inmezpysamu pieHAHHA e“% + ng—Z = ye”.
Po3s’azarmsa. 3anmimeMo BiMOBIIHY CHCTEMY XapaKTePUCTHK:

dr dy dz

o

3 piBHsIHHS g—f = Z—g (1ie piBHSIHHSI 3 BIJJIOKPEMJIEHUMH 3MiHHU-
MU) 3HAXOIMMO MepInmii imrerpas y =
dy _ dz
y2 - yer)

— e % = (1, a 3 piBHAHHHA
BpaxoByIOUH, Mo ¥ = %, Ma€MO IIe OIUH EePIIHii

Inly|—

iHTEIrpaI z — T = (5. TakuMm 9uHOM, 3araJIbHUM IHTErpa-

In|y|—=
g %) = 0, a 3araJpHUM
ev—y

1 — 1
Z:_EQL;%+¢<__61>‘.
et —y~ Yy

2. Bagaui Ko gjis kBasistiHiiiHOro piBHSIHHS ITe€pIIo-
ro nopsiAKy. 3adavwa Kowsi st kBasiiiuiiHoro piBasianst (22.1),
TaK caMo, dK 1 Jijisd JIHIHHOTO OJHOPITHOTO PIBHAHHS, IOJISITAE Y

JIOM 3aJIaHOr0 piBHSAHHSA € P (% —e*

PO3B’SI3KOM —

3HAXOJ[PKEHH] TAKOrO pO3B’si3KYy U = u(Z1, T2, . .., Ty) IBOIO PiBHS-
HHSI, SIKUI 33/I0BOJILHSIE TLOUAIMKOBY YMOBY:

“|xn:xno = p(z1,22,...,Tn-1), (22.9)

Jie (p — 3aJlaHa HelepepBHO audepeH iiioBaa (pyHKITis.

[Tokarkemo, siK 3HafTH pO3B’s130K 3amadi Ko a1st piBHSIHHS
(22.1), 3ratoun iioro 3arajabHuil po3B’s30K (22.7). 7K i jyist ouHOpI-
JIHOT'O DIBHSIHHS, BCE 3BOJAUTHCH JI0 BU3HAYEHHS BUIJIALY (DYHKIIT
. fkmio 3anucaru moyaTrkoBy ymMoBy (22.9) y Burssiii

U(l‘l,l‘Q, cee 7xn717$n0) - 90(1"171"27 cee 7xn71) =0
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i mopiBusTH 11 3 (22.7), TO Gavunmo, mo dyukuio ® norpibHo BU-
OpaTu Tax, 1moo
(I)(@Z_Jlﬂ/_}% 600 ,7[}”71) - U(.’L‘l,l‘Q, cee 7xn7171:n0) -
— (1,22, -+, Tp—1), (22.10)
ne gepes Y, Vs, . .., P, H03HAUEHO (DYHKILI, sIKi OTPUMYEMO 3 iH-

rerpaJiiB cucremu (22.5) 3aMiHOIO X, OYATKOBUM 3HAYEHHSIM Ly,
TOOTO

’(Z}j = 7/}]'(1:171:27 Do g axnflaxn()au)v ] = 1727 REERLE (2211)

Posp’stzytoun cucremy (22.11) BigaocHO X1, X2, ..., Tp_1, U,
OJIEPIKYEMO:
.’13] :wj('lﬁhl(/;Q:"' 7'&71)7 j:1727"'7n_ 17
u= w1, 2, ., Pn).

Aximo Terep B sikocTi dyuKIil @ B3gTH DYyHKITIO

‘b(¢1,¢2, cee 71/)71) = w(¢1>¢27~ .. 71/)71) -
- @(wl(wlaq/}%' X 7¢n)7 200 anl(i/}lﬂ/}% ooc 71/’n))7

o ymoBa (22.10), oueBuHO, cupaBRKyeTbesi. Orke, dhbopMmyia

W(¢1a¢27---7¢n)—
— o (wi(¥1,%2, - ¥n), -y W1 (P1,2,...,9,)) =0 (22.12)

BU3HA4Ya€ PO3B’s130K 3ajadi Komd (22.1), (22.9) y HestBHOMY BU-
rsl. koo (22.12) MoxkHa pO3B’si3aTH BIJIHOCHO U, TO OJEPIKU-
MO Po3B’sizoK 3ajaui Korri y siBHOMY BUIJIsii, TOOTO y BUIJISII
u=u(r1,T,...,2,).

Taxum YUHOM, HPUXOAMMO JI0 TAKOTO NPABUAL PO36 A3YEa-
HHa 3adawi Kows s kBasiyiniitnoro pisasabs (22.1):

1) ymeopumu 6idnosiony cucmemy Tapaxmepucmur i sHatmu
N 1% HE3ANENHCHUT THIME2PANIE:

Yi(x1, 22, .. Tp1,Tn,u), J=1,...,n; (22.13)
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2) saminumu 6 inmezparax (22.13) Hesanescny sminny Ty i
3a0aHUM ZHAMEHHAM Ty = Tpo:

wl(l.l)‘rQ) vy Tp—15 Tn0, U) — 1?17
¢2(x1,x2,...,:pn,1,:pn0,u):1b2, (22 14)
VYn—1(21, %2, - - -, Tn—1,Tno, U) = @n—l

i poss’asamu cucmemy (22.14) 6idnocro x1, Ta, ..., Tp_1, W

x] :wj(d;la,&?a"'a/(/;n)a ]: 17"'7n; u:w(,&la&?a"'awn);

3) ymsopumu cnissioHoweH A

w(qvblqub%"'awn)_
_¢(w1(w17¢2a"'awn)a "'7wn71(¢1aw27"' 717&%)) = 07 (22]—5)

AKxe U eusnauamume wykaenul po3s’asox sadaui Kowi (22.1),
(22.9) y mesasnomy euzandi. Poszs’asyrouu (22.15) eidnocro u
(AKwo ue MootcauB0), odeparcumo po3e’azok 3adawi Kowi y asrnomy
su2aadi.

Ilpukiazng 3. 3natimu iHMeE2PaNLHY NOBEPTHIO DIGHAHHA

0z 0z
2= = 2y== = g% 4 4>
ox y

AKA NPOTOOUMD YePed AiHi Y = 2, 2 = z2.

Po3g’azanmsa. 3anmieMo BiIOBIIHY CHCTEMY XapaKTePUCTUK:

dx dy dz

r -2y - z2 +y2’

[leprmmmu inTerpasiamu Iiel cucTemMu, K JerkKo IepeBipuTH, €
yr? =0 i w2/2 — y2/4 — 2z =(bs.

Orke, 3arajibHMIT IHTErpaJI PIBHSIHHS MOYKHA 3allMCATU Y BULJISI
@(me, x2/2 — y2/4 — z) = 0, a 3araJbHIM PO3B’SI3KOM €

z= 2?2 —y* 4+ o(yz?). (22.16)
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DyHKITS (p 3riJHO 3 TOYATKOBOIO YMOBOIO 33/I0BOJIbHSIE PiBHS-
HHSI
a? =2%/2 -1+ ¢(z?) upn o(t)=t/2+1.

Omxe, p(yx?) = yx2/2 + 1, a 3 (22.16) 3HAXOAUMO PO3B’A30K
3ajan0l 3ajaqi Kormi:

2 2 2
X X
v,y

4 2

== 1. m
z 5 +

3. Heuniuiiini piBHAHHSA 3 YaCTUHHUMU HOXIJHUMU II€pP-
IIOTO TOPSAKY. PosrisiHemo HestiHifiHe PIBHSIHHS 3 TaCTUHHIMI
MOX1THUMU TIE€PITIOTO MOPSJIKY 3 JIBOMA HE3AJIEKHUMU 3MIHHUMEA. Y
3araJibHOMY BUITAJIKY TAKe PIBHsIHHSI MOXKHA 3AIMCATU Y BUIVISIII

F(z,y,2,p,9) =0, (22.17)

ne z = z(x,y) — mykana OyHKIs, p = %, qg= g—;, F — 3ajana He-

nepepBHO judepeniiiioBHa PYHKIlS CBOIX apryMEHTIB y JIeIKOMY
OKOJII TI09aTKOBOI TOYKHU (X0, Y0, 20, P0, 40), AKa 3aJI€KUTH Big p 1 ¢
HeJIHIHO.

Busasnsernbes, mo 3ajada iHTerpyBaHHs OJHOTO DIBHSHHS BU-
rsiiy (22.17) € criaHinoo, HizK iHTErpyBaHHS CUCTEMH JIBOX CY-
MiCHUX DiBHSHB BUIIIsiy (22.17).

Posrisimemo cucremy

{F(x,y,z,p, q) =0,
G(z,y,2,p,q9) =0

i mpurycTuMo, 1o y Jeskiit obyiacti 3MiHu &, Y, 2, P, ¢ IO CUCTEMY
MOYKHA&, PO3B’SI3aTH BiIHOCHO P i ¢, TOOTO

b= A(l‘,y, Z)a
{q _ B(x, ” Z), (22.18)

sie dyHKIil A i B — HenepepBHO jiudbepeHTiiioBHI B JeIKOMY OKOJI
[I0YATKOBOI TOUKY (0, Yo, 20)-

BHaiiiemo HeoOXiHy yMOBY cyMmicHocTi cucremu (22.18). Tlpu-
IIyCTUMO, IO PO3B’si30K z = z(x,y) 1€l cucreMu Mae Helepeps-

. . .. 2 2 .
HI YaCTHUHHI ITOXiJHI %, g—?‘j, 6‘18’2, 6%5:5 Yy JIeSKOMY OKOJII TOYKHU

(0, Yo)-
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Hudepentiitoroun pisusinus cucremn (22.18) 3a 3minanmu y i
BIJITIOBITHO, OJIEPXKYEMO:

D _0A oA 02 _ o= _o4 o

oydx Oy 0z Oy oyoxr Oy 0z
vt _oB 0B 0: 9% _oB 0B
oxdy Oxr  Jz Ox oxdy Oxr Oz

[IpupiBHiotoun o0ujBa BUpasu i JAPYrol MIlraHol MMOXiTHOT
(pesyJibTaT He 3aJI€KUTh Bij HOPSIKY JudepeHIiioBaHHs), oep-
KYEMO HEOOTIOHY Yymosy cymicrhocmi cucmemu (22.18):

%—FB%—a—B—Aa—B:O. (22.19)
oy 0z Oz 0z

PisricTs (22.19) 1eperBOpUTHCs Y TOTOXKHICTH, SIKIINO 3aMiCTh
z migcraBuTu posB’sizok z(x,y) cucremn (22.18). fximo ymosa
(22.19) He BUKOHYETHCSI TOTOXKHO, TO (22.19) — pIBHSHHS 3 TPBO-
Ma 3MIHHUMU T, Y, 2, K€ BHU3HAYA€ 2 #K (QyHKIiO Big x i ¥,
z = z(x,y), 1 nonepeHi MipKyBaHHSI MMOKAa3yIOTh, IO PO3B’sI30K
cucremu (22.18), sIKI10 BiH icHYE, HE MOXKe OyTH IHIINM, HiXK IH€I0
dbyukuiero. Yu € byukiis z = z(x,y) po3s’s3kom cucremu (22.18),
JIETKO TIEPEBIPUTH 3a JOTOMOIOIO IiJICTAHOBKHU.

3’sacyemo, 3a sIKuX ymoB cucrema (22.18) mae 6e3mia po3s’sis-
KiB, TOOTO uepe3 KOXKHY TOYKY (Zq,Yo,20) M€K0l obiacti mpo-
CTOPY TPOXOJIUTH IHTErpaJibHa ITOBEPXHS, sKa BiJIIIOBIIA€ MTEBHO-
My pO3B’si3Ky. Y IboMy Bumajky ymosa (22.19) moBuHHA BUKO-
HYBATHUCh Y KOXKHIN TOUI 3rajaHol 00j1acTi, ToOTO TOTOXKHO IIJist
(z,y,2).

Orzke, TOTOXKHE BUKOHAHHS yMOBH (22.19) HeoOXiHe 1jst TO-
ro, mob cucrema (22.18) masia Gessrid po3B’s3KiB, sKi 3a/€KaThb
mpuHANMHI Bif ofHiel M0BIIBHOI cTasol. MoxKHa moKa3aTH, 1Mo TO-
TOXKHe BUKOHAHHs yMOBH (22.19) € TakoxK JocTaTHIM JIIst CyMiCHO-
cri cucremn (22.18), To6TO 33 BUKOHAHHS 1€ YMOBH 3HAXO/I?KEHHST
CHIbHUX PO3B’s13KiB cucremu (22.18) 3BOAUTHCS 10 IHTErPYBaHHSI
JIBOX 3BUYANHUX JuDepeHIialIbHUX PiBHSHD.

Ilpuksazn 4. 3inmezpysamu cucmemy pPieHAHY

0z n 0z 249
Z—atyz, —==z zz.
Ox &% oy
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Pose’sazarns. Bupas mist siisol wacrunn pisnocri (22.19):

0A 0A 0B 0B
oy P o A9 T
=24+ (22 +222)(1+y) — 22 — (2 +y2)(22+ 22) = —2(1 4+ 2z + y2)

He JIOPiBHIOE TOTOXKHO HYJI0. [IpupiBHIOIOYHN HOrO JI0 HYJIsI, OJep-
Kyemo, o z = 01 z = —ﬁ. 3a JI0IOMOrOIO IACTAHOBKH IIE€pe-
KOHYEMOCD, IO TIIbKH (byHKIA z = 0 € PO3B’SI3KOM CHCTEMHU.

Bidnosidw: z = 0.
Ilpuksan 5. 3inmezpysamu cucmemy pieHArs

0z 82_1+22 9
gz 7 oy  y? oy v

Pose’sazanns. Ymosa cymicuocti (22.19) BUKOHYETBCS TOTOXKHO:

0A 0A 0B 0B 2
— +B———-—A—=9%y—-=-¢y*=0.
8y+ 0z Ox 0z 4 Y y =0

Iarerpytoun nepiie piBHAHHSA 3aIaHOI CHCTEMU 3a 3MIHHOIO T,
3HAXO/IUMO

z = /y2d1: = zy® + u(y), (22.20)

ne u(y) — nosinbHa nudepeniiiioBHa GyHKIIisS 3MIHHOT Y.
[Tigcrapisioun B Apyre PIBHAHHA CUCTEMHU, OJEPIKYEMO:

1 2u 2u 1
2oy +u(y) = 5 +2y+— -3y = Y@ -=—==-¢"
Yy Yy Yy Yy

Maemo stinifine piBHAHHS MEPIIOTO MOPSAKY BiHOCHO HEBiIOMOI
dyHKIT u. Moro 3arajbHUM PO3B’SI3KOM € U = —si — 3+ Cy?, ne
C — noBuibHa crasa. Iligcrasisiroun neii Bupas juist u y (22.20),

OJIEPZKYEMO 3araJbHuit pO3B7H30K CHUCTEMMU:
1

Cy’. m
3yjL &

e P —
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4. Pisasuus I[Idbadda. Pienarnam Ilpagpga naznpaorsb
PIBHSIHHST BUTJISITY

P(z,y,z)dz + Q(x,y, 2)dy + R(z,y,z)dz = 0. (22.21)

Y piBasinas (22.21) 3minni , Y, 2 BXOAATH PIBHOIPABHO, a OTXKeE,
Oy/Ib-AKY 3 HUX MOYXKHA HPUUHATH 3a mykany dyukiio. [Ipumy-
cTumo, 1o Koedinientn P, (), R Bu3sHadeHi Ta HellepepBHI pa3zoM
3 YACTUHHUMHY ITOXiTHUMHU IEPIIOTO MOPSIKY B OKOJI ITOYATKOBOI
Touku (g, Yo, 20) 1y Il TOUNI OJHOYACHO HE IIEPETBOPIOIOTHCS B
uysib. Hexait, nanpuknan, R(zg,yo,20) # 0. Toxi piBasinus (22.21)
MOXKHa 3aIMCaTH y BUIVISIL

P Q
dz = ——=dx — = dy.
R R
Suaitiemo ymoBy, 3a sikoi piBusinHs [ldadda mae cim’'to
PO3B’5I3KiB (IHTErpaJbHUX [OBEPXOHD ), 3aJI€XKHY BiJI OJIHIET TOBLIb-
HoT crasiol. OCKLIbKY Ha KOXKHIM iHTerpasibHiil moBepxHi z = z(x, y)
.. _ 9z 9z
CHPABJZKYEThCA CIIBBIHOMEHHs d2 = 3= dx + oy dy, To

0z 0z P Q

3BijicH, BpaXoBYIOUM HE3aJIEXKHICTh JaudepenIiaais dr i dy, ogep-
2KYEMO, IO NIyKaHl IHTerpaJibHI IIOBEPXHi ITOBUHHI 3a/10BOJIbHATH
CUCTeMY DiBHSIHBb

gz~ R oy

0z P 0z Q
== 22.22

Takum unsom, piBusiaust [Idadda (22.21) piBHocuiIbHE cucTemi
(22.22) i, orke, HEOOXIIHO 3’sICYBATU yMOBHU IIOBHOI IHTEIPOBHOCTI
i€l cucTeMu.

Bammcyroun ymoBy (22.19) mist cucremn (22.22), maeMmo:

10P, POR(10P  PORN( Q) _
ROz R2?2 0z

Roy Roy R
10Q Q8R+( 10Q Q&'R)( P>

Ror  RZox

Ro:  RZOz

R
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JloMHOXKYIOUM 06u/BI yacTuan Ha R2 i 3rpylyBaBIm J0MaHKH
BijiHOCHO P, (@ 1 R, ojiep:kyemMo, 1110

OR  9Q oP  OR 0Q oP\
p<8_y_$>+Q<$_a—x>+R<%—a—y>—0. (22.23)

Hutst 3pyanocti 3anam’sitoByBanHsi yMOBY (22.23) MOXKHA 3a1iu-
CcaTH y BUIVISJl YMOBHOI PIBHOCTI

P Q R
9 0 0 |
or Oy Oz ’
P Q R

SIKINO BU3HAYHUK YMOBHO PO3KJIACTU 3a €JIeMEHTAMU MEPIIIOTO PsI-
Ka.

fAximo ymosa (22.23) BEHKOHYETHCS TOTOXKHO, TO 1T HA3MBAIOTH
YMO0B8010 N08HOT tHmeeposrocmi pieuarms Ilpagpgpa. 3a Bu-
KOHaHHsI I1i€l yMoBH iHTerpyBanis piBasiaus [Idadda 3Boaurnes
110 inTerpyBantst cucremu (22.22). Ilpu npomy ichye cim’st po3B’si3-
KiB, dKa MICTUTb OJHY JIOBLIBHY CTaJIy.

Ilpukiazn 6. 3inmezpysamu pienannsa [pagpa
(222 + 222 + 22y — 1)dz — 2ydy — dz = 0.

Poss’azamrns. Ockinbku ymoBa (22.23) m0BHOI iHTErpOBHOCTI BH-
KOHYETHCSI TOTOXKHO:

(22242224222 —1)-(0—0)+(—2y) - (22 —0)+(—1)-(0—4zy) = 0,

TO 3a/laHe PIBHSHHS MA€ CiM 10 IHTerpaJbHIX [TOBEPXOHD, 3aIeXKIy
BiJ1 JI0BLIBHOT crasiol. Beaxkatoun mrykanoto dbyHkiieo z = z(x,y),
3aMIHMMO 3a/iaHe PIBHAHHSA PIBHOCHUJIBLHOIO CHCTEMOIO

) )
a—; = 222 + 202 + 229? — 1, a_; v (22.24)

i mepeBipuMo J1j1st HEl BUKOHAHHsI yMOBHU cyMicHocti (22.19):

day 4+ 2x(—2y) —0—0- (222 + 222+ 222 — 1) = 0.
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Omrxe, cucremy (22.24) moxkna sinrerpysaru. [lepie 3 piBHSHB
y (22.24) niniiire BigHOCHO 2 (siKIo 3adikcyBaru y). Inrerpyoun
fioro (3a dopmysown (4.6) 3 jekuil 4), 3HAXOUMO

z=e" </(2x2 + 2y — 1)e_x2dac + C’(y)),

ne C(y) — noslibHa audepenniiioaa dbyHkiist 3MiHHOT Y. OCKib-
K1

/(23:2 +2zy® — l)e_xQdac = —er_xZ—l—/Qx?e_dex —/e_xde =

= —y2e " — e —|—/e’”2d1: —/ex2d1: = -2+ x)ef"’“ﬂ,
TO

z=e" (C(y) — (¥ + 3:)6_””2> = z=C(y)e”

2
—y? -z

Bub6epemo renep C(y) Tak, mob OyHKIs 2 3a/(0BOJIbHSIA JIPyTe
piBusinHst 3 (22.24). dudepenniowun z = C’(y)e:"’2 —y? —z 3a
3MIHHOIO Y, MaEMO:

g—;:C’(y)er—% = e —2y=-2 =
Cly)y=C = r=Ce” —y?— 2. W

Pexomendosara aimepamypa: |3, c. 202 — 213, [5, c. 463 —
470], [8, c. 282 — 300], [12, c. 325 — 344], [15, c. 280 — 305].

ITuranusa mo Jjgekiii 22

1. 9Ixe piBHAHHA 3 9ACTHHHUMY TTOXITHIMHA TEPIIOTO MOPSIKY HA3H-
BaOTh KBa3lIiHIAHUM?

2. dxuit BUTIIAL Ma€ cucTeMa XapaKTEPUCTUK I KBa3iaiHIHHOTO
PIBHSIHHSI 3 YACTUHHUMHY [TOX1IHUMH HIEPIIOrO HOPSIKY !

3. Ak mobymyBaTu 3araJbHUil PO3B’sI30K KBa31IIHIITHOTNO PIBHAHHS 3
FACTUHHAMH MOXITHUMU TIEPIITOTO MOPAIKY !

4. dx dbopmymoeTbes 3amaua Ko s kBasisiniitHoro piBHAHHS 3
YACTUHHUMU [TOX1IHUMHU IIEPIIOro HOPsAKY ! 9K 3HaiiTH po3B’s30K 3a/1a-
gi Ko st kBazinminiitHoro piBHSAHHS 3 YACTUHHUMH TOXITHUMU TIEP-
IITOTO TTOPSAIKY 7
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5. dxwuit 3araJpHUI BUTVISAT Ma€ CUCTEMa HEJiHINHUX PIBHSIHBL 3 1a-
CTUHHUMMY TIOXITHIMU TIEPIITOTO MTOPSIKY 3 JIBOMA He3aJIeKHUMU 3MiHHU-
Mu? fK iHTerpyoThecs Taka cucreMa’

6. Ilo nasuBators piBagaaam [Ibadda? dAkiit cucremi piBHOCHIBHE
e piBasgHHsA? K010 € yMOBa moBHOI inTerpoBHocTi piBuamusd [Idadda?

Bopasu go jekiii 22

1. Binrerpyiite KBa3iTiHiiTHI piBHIHHA:

30z

20z 2 6) 302 +yz ay*xly

Oz _ .

a) Ty5E — yYi 5t = 2%

2. BuaiiiTe iHTerpasbHI MOBEPXHI PIBHAHD, sKi MPOXOIATH UEpe3
3a/1aHi JIiHIT:

)y2§§+xy3y—x,x:0,»2:y2;

6) xax—kyay =z—xy,z=2,2z=y>+1.
3. 3HaliIiTh MOBEPXHi, SIKi 3a/0BOJILHAIOTH piBHauus [Idhadda:

a) (x —y)der + zdy —xdz =0; 6) 3yzdr+ 2xzdy + zydz = 0.

Homarok 4.

3acTocyBaHHA MaTeMaTH4yHoro nmakera Maple
JJd iHTerpyBaHHS nudepeHIliajIbHUX PiBHIAHb
3 YaCTUHHUMU IIOXiTHUMU MEPIIOTO MOPSIKY

Jlnst inTerpyBaHHs piBHsIHb 3 YacTuHHUME moxigHuMu B Maple
BUKOPHUCTOBYETbCH KoMama pdsolve(), mnojibna 0 KOMaH/IH
dsolve().

Ilpukiazm 1. 3inTerpyBaTu piBHSHHS 3 YACTUHHUMU [TOX1/IHU-
MU HEPIIOTro HOPAIKY % =2x4+y—1, ne z = z(x,y) (upukmazx 1
nekuii 21, crop. 259):
> pdsolve(diff (z(x,y),x)=2%x+y-1);

z(x,y) = z2 +yr—x+ Fl1(y).

Ilpukmamn 2. 3iHTerpyBaTI/I PIBHIHHS 3 YACTUHHUMM TTOX1/THH-

MU JIPYTOTO TOPSIJIKY 8:1:6 = 1 (mpukaz 2 jekrii 21, crop. 260):
> pdsolve(diff(z(x,y),y,x)=1);

z(z,y) = _F2(z) + _F1(y) + yz.
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IlpukJsazn 3. 3iaTerpyparu JiHiiiHe og:LHopi;LHe PiBHAHHS 3 Ya-
CTUHHUMHE HOXIIHIMH IEpIIOro MopsKy y 92 B — g ay = 0 (upukiaz 4
aekiii 21, crop. 264):
> pdsolve(y*diff(z(x,y),x)-x*diff(z(x,y),y)=0);

z(x,y) = F1 (1‘2 + y2).

IlpukJjiazn 4. 3iaTerpyBaru JiHiiiHe og:LHopi;LHe piBHS{HHH 3 Ja-
CTUHHUMHA TOXITHUMHU TIEPIIOrO MOPIIKY L 61, + y Lot z =0
(mpukiaz 3 siekrii 21, crop. 263):
> pdsolve(x*diff (u (X ,V,2) ,x)+y*diff (u(x,y,z) ,y)+

zxdiff (u(x,y,z),z)=0);

u(z,y,z) = F](y Z)
75" g
IlpukJjazm 5. 3inrerpysaru KBasiniHiﬁHe piBHHHHH 3 JaCTHUH-
HEMH [OXIZHIME TI€pIIOro MOpsiuKy 2% 5 T yQu 8y + 7% 52 = u (mpm-
ka1 jekii 22, crop. 270):
> pdsolve(x*diff (u(x,y,z),x)+y*diff (u(x,y,z),y)+
zxdiff (u(x,y,z),z)=ulx,y,2));

u(z,y,2) = F1 (g, i)m.

Ilpuksazn 6. 3inrerpyBaTu KBazijiiHiiiHe PIBHsSIHHS 3 YaCTUH-
HUMU TOX1THUME HIEPIIOro HOPSIKY e” gz +y? gz = ye” (upukiajy 2
Jekii 22, crop. 271):
> pdsolve(exp(x)*diff (z(x,y) ,x)+y~2xdiff (z(x,y),y)=

y*exp(x)) assuming real;

ye*z  ye'ln (v~ (- (y—e*)e™®
y—e” y—e - y '

Z(:Ea y) = -

Koncrpykiist assuming real Bxkuta jjis TOro, Iobd mporpama
3pobuiia JesKi CIPOIIEHHsT PO3B 3Ky B IIPUILYINCHH], 1110 BCi 3MiH-
Hi 1 GyHKHT € aiicHnMu. 3ayBasKeHHsl 00 BiICYTHOCTI MOJLYJIst
B aprymenTy Jiorapudma quB. Ha crop. 112 y npukiaami 12.
Ilpukiazm 7. SuaiiTu iHTErpa/ibHY MOBEPXHIO JIHIHOTO OJTHO-
PITHOTO PIBHAHHS 3 YaCTHHHUMU IOXIJTHUMU TIEPIIOTO MOPIIKY
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(m2 ol 1)% + myg—; = 0, gaka pu * = 0 TPOXOJUTH Yepe3 Kpu-
By z = y? (upukman 6 sexnii 21, crop. 267).
3a JI0II0MOT0I0 MaTeMaTUudIHoro nakera Maple He MoxKHa 3Ha-

iiTu po3B’si30K 3aadi Kol s piBHAHHSA 3 9ACTUHHAMY ITOX1/THI-
MU B aHasiTHIHOMY Bursiai (y Burisai dopmymu). Ajie KoMaHa
PDEplot () 3 nakera PDEtools j103BoJisi€ 1100y IyBaTH BiJIIOBi/IHY
iHTerpaJibHy MOBEPXHIO HAOJIMKEHUMHU MEeTOJaMu (KOMAHJa OIH-
caHa y JonaTky 6 za crop. 326):
> PDEtools[PDEplot] ((x~2+1)*diff (z(x,y) ,x)+

xxy*diff (z(x,y),y)=0,[0,t,t~2],t=-10..10,2=0. .20,

x=-10..10,numchar=200,scaling=constrained) ;

)
=
d

-10

dp gt gty ey

12 1n

Puc. 1

Yopua Jinisg nma puc. 1 — me mapabosia z = y2, nobynoBana
y wionuui x = 0. IIpomonyemo duradam camMoCTiitHO OOY/TyBa-
™ rpadik GyHKIil z = x%’—il (po3B’si3Ky nupukiamy 6 sekmil 21)
3a JonoMororn komau u plot3d(), omuc skol € y momarky 6 Ha
crop. 324.
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IlpukJjiaz 8. BuaiiTu iHTErpajibHYy HMOBEPXHIO KBa3lLIIHIHHOTO
piBHSHHS LL‘% — 2yg—z =22+ y2, dKa IphA Y = 2 MPOXO/UTH depe3
kpuBy z = 22 (mpukaaz 3 jgexmii 22, crop. 273).

st o0y 108U 11y KaHOT iHTErpaJibHOI TIOBEPXHI 3HOBY BUKOPH-
craeMo Komany PDEplot () 3 nakera PDEtools:
> PDEtools[PDEplot] (x*diff (z(x,y),x)-2*y*diff (z(x,y),y)

=x"2+y~2,[t,2,t2],t=-3..3,y=1..10);

e
—_

(s3]

]

L
=

P dv v lvrrr beva by braa sl

L
L]

72

92

Puc. 2

Yopua Jjiinist Ha puc. 2 — e KpuBa 3 IMOIaTKOBUX YMOB, Uepe3
AKY IPOXOJIUTH IHTErpajbHa ITOBEPXHS.

IlpukJsazma 9. 3iHrerpyBaTu CUCTEMY PIBHSIHb 3 UaCTHHHIMEI
MMOXITHUMU TIEPIIOTO MOPSJIKY

%—z-l- z @—224-2:32
or & oy

(mpukias 4 jiexiii 22, crop. 275):
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> pdsolve ({diff (z(x,y),x)=z(x,y)+y*z(x,y),
diff(z(x,y),y)=z(x,y) "2+2xx*z(x,y)}) ;

{z(,y) = 0}.

IlpukJjiaz 10. 3inrerpyBaTu cucTeMy PiBHSIHb 3 YaCTHHHIMEI

ITOX1 THUMI
0z o 0Oz 1 2z

=2 D= o2
oz Y dy Y oy o
(mpukias 5 Jsiexrii 22, crop. 276):
> pdsolve ({diff (z(x,y),x)=y"2,diff (z(x,y),y)=1/y 2+
2xz(x,y)/y-y~°23);

~1-3y*+B2+3_C1)y3
3y

{2(z,y) = }.
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Po3zmin 5.
EJIEMEHTU TEOPII CTIMKOCTI

Jlekiiis 23. OcHOBU Teopil CcTiiiKOCTi PpO3B’sA3KiB
audepeHIliaIbHUX PiBHAHb

Ilan

1. OcHoBHI O3HaYeHHSs i TOHSITTSI.

2. JlocutimKenHsa Ha CTIMKICTL TOYOK CIIOKOIO.

3. CrilikicTh 3a HepmuM HaOJIUKEHHSIM.

4. Kpwurepii Payca — 'ypsina, JI'enapa — [lunapa.

(Y3

1. OcHoBHi o3HaveHHs U MOHATTsA. CTBOPIOIOYHN IIPUJIA-
JIU U KOHCTPYKINI, SKi Bi/IITOBITAIOTH ITEBHUM yMOBaM, HEOOXiIHO
3HATH, siK BecTuMe cebe O0’€KT NP HEBEJUKHUX ePEepO3IOoiaax
cust abo 1pu 3MiHi 1o4aTkoBuX yMoB. Toit 00’eKT, ekciuyaTaliini
napaMeTpu sIKOTO He pearyioTh Ha IIi 3MiHU, HA3WBAIOTL CTIHKNUM.

Bzarauti, ctBoprototun nudepeHitiaabay MOIEb JIesAKOl IPUK.Ia-
AHOI 3ajadi, 3a3BUYAll IIKABIATHCI He 3araJibHUM, a JACTUHHUM
PO3B’gI3KOM TU(EPEHIIATLHOTO PIBHIHHS, TOOTO PO3B’I3KOM, KUt
3aJI0BOJIBHSIE TI€BHI TIOYATKOBI ymMoBu. OcTanHi, K IPaBUIO, Oepy-
TBCS 3 JIOC/IILY 91 €KCIIEPUMEHTY, & TOMY 3a IX aOCOJIIOTHY TOYHICTH
pydarucd He MoxkHa. Maroun 1ie Ha yBasi, JIEKOJIN MPUITYCKAIOTD,
0 HE3HAYHI 3MIHU MOYATKOBUX YMOB BUKJ/IMKAIOTH HE3HAYHY 3Mi-
HY CAMOI'0 PO3B 3Ky, 1HAKIITE KAXKyUIH, IO PO3B’ 30K HEIEPEPBHO
3aJIEKUTH BiJl MOYATKOBUX YMOB. AJie 4acTO HE3HAYHI 3MIiHU MO-
YATKOBUX YMOB 3yMOBJIIOIOTH iCTOTHI BijxuseHHs po3s’#a3kis. Ta-
Ki PO3B’sI3KM HA3WBAIOTh HecTifikuMu. BoHu HaBiTH HAOJIMKEHO HE
OIKCYIOTh SIBUIIE UM IPOIEC, siKi PO3IIsAIatoThest. OTKe, OIHUM
3 OCHOBHUX € IUTAHHA PO TAK 3BaHY CTIMKICTH PO3B’S3KiB Jiu-
depeHIiabHUX PIBHAHD 100 PI3HOrO POy 30ypeHb 1X BXiIHUX
JIAHUX, TOOTO HETOYHOCTEH 3ajaHHs IUX JAHUX ([HOYATKOBUX JIa-
HUX, IPABUX YaCTUH PIBHSHB TOIIO).

[Muranns crifikocTi po3B’g3KiB JudepeHIiaJbHIX DPIBHSIHb —
mpeaMeT meopit cmitikocmt pode’askie. Teopis crifikocti 3a-
CTOCOBYETBHCS y Dararbox 00JIACTSIX HAYKHU 1 IPUPOO3HABCTBA, HAa-
MPUKJIAJL, MEXaHIIll, eKOJIoril, 610J10T11, EKOHOMIIII Ta, IHIINX HAayKaX.
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[lepeiinemo mo BHUKJIAIEHHST OCHOBHHUX IIOHATH TEOPil CTIMKO-
cri 6ubmn crporo. ITosuauumo uepes y1 = y1(t), ya = ya(t), ...,
Yn = Yn(t) aificui dyHKIil, sKi XapaKTepU3yOTh CTaH MEXaHIIHOIO,
€JIEKTPOMEXaHIIHOT'O U 1HIIOTO siBUINa abo mporecy. Tak MOXKYyTh,
HaIpUKJIA], TO3HAYATUC KOOPJMHATH, IIBUIKOCTI, CUJIM CTPYMIB,
BEJINUMHU HAIPYT, TeMiiepaTypu abo GpyHKIl 1ux sejguwaud. [Ipu-
IIYCTUMO, IO MPOIEC 3MIiHU BEJTUYUH Y1, Y2, - - -, Yn 3 YACOM t OIIH-
CYEThCsl HOPMAJIBHOIO CHCTEMOIO JIn(EpPEHIaJIbHUX PIBHIHDb

dy;
dt

3 HOYaTKOBUMU yMOBaMM

:fj(t73/171/27~~-7yn)7 j:1727"'7n7 (231)

y1(to) = y10, y2(to) = w20, --- 5 Yn(to) = Yno- (23.2)

Axmo posrasagatu Y1, Yo, .- ., Yp 9K KOOPAMHATH PYXOMOI TO-
YKH, TO KOXKHHUII po3B’si30K 3ama4i (23.1), (23.2) nasubarumemo
pyITOM.

Axmo cucremy (23.1) posrisggaTn HA CKIHIEHHOMY ITPOMIZKKY
|t — to| < T, To BiAUOBiAL HA IUTAHHS HPO BILUIMB MAIUX 3MiH
[OYATKOBUX YMOB (23.2) Ha BIXWJIEHHSI PO3B’SI3KIB CHCTEMH JIA€
TeopeMa 5 3 JieKIil 8. AJie y IPaKTUYHUX 33/a9aX apryMeHT (HUM,
SIK [PABUJIO, € Yac) MoxKe HeoOMexkeHO 3pocraru. Tomi 1 Teo-
peMa He rapaHTy€ HelepepBHOI 3aJIeKHOCTI PO3B’I3KiB Bijl mova-
TKOBUX yMOB, TOOTO HE3HAUHA 3MiHA TOYATKOBUX YMOB MOXKE BH-
KJIMKQTH iCTOTHI 3MIiHM y IIOBEJIIHII PO3B’ 3Ky IIPU HEOOMEXKEHOMY
3pocTaHHi 3HadeHHs aprymerTa. OrKe, HaJAl BBAXKATHMEMO, 110
t € [T, 400), T06TO Yac MOKe HEOOMEIKEHO 3POCTATH.

Poss’'szok y; = @;(t), 1 =1,2,...,n,t € [T,400), cucremu
(23.1) HasuBaOTL CMEIUKUM, SKIINO [ Oyab-akux € > 01ty = T
icaye umcsio 0 = d(e) > 0 rake, MmO JOBUIbHUI iHIIKI PO3B’A30K
yj =y;i(t), 7 =1,2,...,n, niel K cuCTeMH, IIOYATKOBI 3HAYCHHS
yj(to) SIKOrO 3aJI0BOJIBHSIIOTH HEPIBHOCTI

ly;(to) — w5(to)l <6, j=1,2,...,n, (23.3)
BU3HAYEHUI J1J1d BCIX ¢ > 19 1 CIPaB/KYIOTbCsl HEPIBHOCTI
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Inmmvu cooBamu, poss’sisok y; = @;(t), j=1,2,...,n, cu-
cremu (23.1) € cTifikuM, SKIIO KOXKHHEH PO3B's30K ¥; = y;(t),
j=1,2,... n, cucremu (23.1) 3 IOYATKOBUMHU YMOBaMHU 3 §-OKOJLY
roukn @;(to), j = 1,2,...,n, upn tg < t < 400 icHye i He BuXO-
IIATH 3 €-OKOJTy Tpadika po3s’sisky y; = @;(t), 7 =1,2,...,n.

Posp’szok y; = ¢;(t), j = 1,2,...,n, HA3UBAIOTH ACUMNMO-
MUYHO CMITUKUM, SKIIO:

1) Bin criiikui;

2) yci poss’sizku y; = y;(t), j = 1,2,...,n, cucremu (23.1) 3
JIOCTATHBO OJIM3LKUME TIOYATKOBUMU YMOBAMH IIPU t — + 00 He-
obMezkeHO HabJIzKaoThCs 10 ¢;(t), j = 1,2,...,n, T06TO 3 HEpiB-
HocTi (23.3) BUIIIMBaE, 110

tg+mw lyj(t) — ;)] =0, j=1,2,...,n. (23.5)

SayBaxkuMo, 10 yMOBH 1 1 2 IOr0 O3HAYEHHsI HE3AJIEXKHI: 3

ymoBu 1 He BuiumBae ymoBa 2 (60 3 (23.4) He Buruiusae (23.5)), a
3 YMOBU 2 O3HAYEHHs He 3aBXKIU BUILJINBAE YMOBA 1.

Pose’sz0k y; = ¢;(t), j =1,2,...,n, cucremu (23.1) Ha3uBa-
I0Th HECMIUKUM, SIKIIO BiH He € criiikum. Lle ozHavae, mo icHye
Take € > 0, 1m0 1 OY/Ib-SKOTO siK 3aBrOJHO MaJioro o > 0 3Ha-
iineTbest poss’st3ok cucremu (23.1) y; = y;(t), j = 1,2,...,n, qa
SIKOPO TIPU BUKOHAHHI HepiBHOCTE( (23.3) mpuHaiiMHI JIJIsi OTHOTO
3HaYEHHs j MaTHMeMo, mo |y;(t) — ¢;(t)| > € mua mesxoro t > t.

K npaBusio, JIJist JOBEIEHHSI HECTIHKOCTI PO3B 13Ky KOPUCTYIO-
ThCs1 HeoOMezKeHicTIO pisHumi |y;(t) — ¢;(t)| Ha inTepBai [tg, +00)
abo TUM, IO I8 PI3HUIA TPAMYE 10 +00, SAKIINO ¢ — +00.

Posp’si30k (pyx), sIKUil BiIIOBi/Ia€ TOYATKOBUM JaHUM tg, Y10,
Y20, - - -5 Yn0, HABUBAIOTH HE30YpeHUuM, a PO3B’I30K 31 3MIHEHUMU
[OYATKOBUMU JAHUMHU 0, Y10, Y20, - - -, Yno — 30YPEHUM PO3B’ 13-
KOM (PyXOM).

Ilpukaazn 1. Jlocaidumu wa cmitikicms pose’asku 3adawi Ko-

- !/ i
wi y' = ky, y(to) = yo.
Pose’asannsa. SaraibnumM poss’sskom pisnsmns € y(t) = Celt a
PO3B’sI3KOM 3aJIaHOI 3a0a9i —

y(t) = yoe="). (23.6)
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Bagamo ixmry movarkoBy ymoBy §(tg) = go. Tomi poss’sizkom
1i€el 3asa4i (30ypeHuM po3B’si3KOM) €

j(t) = goe =10, (23.7)

Onjnnmo pisuumo po3s’si3kis (23.6) i (23.7):
ly(®) = G(0)] = |yoe™ 1) — gk 10| = F70) [yg — io|. (23.8)

dAxmo k < 0, To eklt—to) <1 st Beix t > tg. Orke, sSKINO
lyo — Jo| < 0 = €, To 3 (23.8) maemo, mwo |y(t) — J(t)| < |yo — Jo| <
< €, TOOTO PO3B’SI30K CTINiKMit. Y IIbOMY BUITQJIKY PO3B 30K TAKOZK
ACUMIITOTUYHO CTIHKWI, OCKIJIbKA

lim t) —y(t)] = lim — goleFt—t0) = .
Jim [y(t) —g(@)| = lm [yo — gol

Axmo k>0, To poss’sizok (23.6) wmecriiikuii, 60 skuM Ou
He Oyio tg, musa t>=tg, Yo # Yo, pisHung po3B’sizkiB (23.6) i
(23.7) upu 3pocranni t crTae HECKIHYEHHO BEJIHMKOIO, OCKLIbKH

lim |yo — gole*t—t0) = + 0.
t—+o00
Axmo k = 0, T0 pO3B’30K Yy = Yo CTIKUIA, aje He aCUMIITOTH-

9HO cTifikuii, 60 BUpa3 |yo— go| He UpsiMye 10 HyJist, Koam & — + 00.
Biodnosidv: Po3s’s30k criiikumii, sikino k < 0, y ToMy 9ucsi acum-
ITOTUYHO CTifikuil, gxmo k < 0, i necriiikumii, sakio k > 0.

2. HociinxkeHHs HA CTIMKiCTh TOYOK CITOKOIO. Jlocimxke-
HHSI Ha CTIKICTb 3a1aHoro poss’s3ky ¢i1(t), ..., ¢n(t) cucremu
(23.1) MoxKHA 3BECTH JI0 JIOCIIJIZKEHHsI HA CTIHKICTH TPUBIAIBLHOIO
(HysIbOBOTO) PO3B’sI3Ky JesiKol iHImol cucremu. st nporo y cucre-
mi (23.1) mepeiigiemo 10 HOBUX HeBiIOMUX DYHKIII

zi(t) = y;(t) — (), j=1,2,...,n. (23.9)

Omxe, Hesigomi bynkuii z;(t), j = 1,2,...,n, — ne BiaxuneHHs
crapux HeBimomux pyHKIH Bi DyHKIIH, SIKi BXOIATD Y PO3B’ 30K,
IO JOCHiKyeTbes Ha cTifikicTs. Benmnuunn x;(t), j = 1,2,...,n
HasuBaloTh 36ypennamu. Ilincrasisioun (23.9) B (23.1), maemo

y; () = z5(t) + (1) = fi(t, 1) + p1(D), - .-, 2a(t) + (1) =
ac = fit,z1 +1,...,Zn +n) — fi(t, 01, .-, 0n), (23.10)
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ne j=1,2,...,n. Piuanus (23.10) nasusaors nudepeniiaaban-
MU piBHSIHHSAME 30ypeHoro pyxy. Koxuomy pyxosi cucremu (23.1)
BiAmoBiae gacTuHEAil po3B’sa30k cuctemnu (23.10). Sokpema, He-
30ypenoMy pyxoBi cucremu (23.1) Bijosizae TpuBiaibHuii po3s’si-
30K

zj(t) =0, j=1,2,...,n, (23.11)

cucremu (23.10). Posp’si30k (23.11) xapakTepHuil THM, 1[0 TOYKA
(x1(t),...,xn(t)) HE PyXaeThes 31 3MIHOO ¢, & 3HAXOIUTHCS HA Mi-
cui. Tpusianbauii pos3s’sizok cucremu (23.10) i Touky (0,0,...,0)
y I[BOMY BUITQJKY HA3UBAIOTH NOAOHCEHHAM DIBHOBA2U CUCTEMU
(23.10) abo moukoro cnoxoro.

OTxke, 3a7a9a JOCHKEHHs CTifiKoCT (acHMIToOTHYIHOI CTiii-
KOCTI, Hectifikocti) Toukm crokoo cucremu (23.10) piBHOCHIBHA
3a/atl JTOCIIKeHHsT CTIRKOCT] (aCHMITOTHYIHOT CTIKOCTI, HecTiii-
KoCTi) po3B’si3Ky cucremu (23.1). 3 ypaxyBaHHSIM IIbOIO O3HAUEH-
Hsl CTIfIKOCTI Ta aCUMIITOTUYHOI CTIIKOCTI MOKeMO ¢hOPMYJIIOBATI

iHakiIe.

Hexait y cucremi (23.1) f;(¢,0,...,0)=0,5=1,2,...,n. Tpu-
Blanbuuil po3s’a3ok ¢;(t) =0, j =1,2,...,n, cucremu (23.1) Ha-
3UBAIOTH CMEIUKUM, SIKIIO JUIs JAoBLIbHOrO € > 0 ichuye d(g) > 0
Take, MO KOXKHHUIA po3B’sizok y; = y;(t), 7 = 1,2,...,n, Tiel x
CHCTeMH, 1I09aTKOBI 3HadeHHs Y; (o) SKOro 3a/[0BOJIBHSIOTH HEPiB-
wocti |y;(to)] < 9,7 = 1,2,...,n, BusHadennii njs Beix ¢ > fo i
BHKOHYIOTbC HepiBHOCTI |y;(t)] < &, j = 1,2,...,n, naa t > to.
fxmo, kpim Toro, lim |y;(t)] = 0, j = 1,2,...,n, To Tpusi-

t——+00
anpHIi posB’sasoK @;(t) =0, j = 1,2,...,n, acumnmomuuro
cmitiKud.

OTKe, CTIHKICTHL TPHUBIAIBLHOTO PO3B’S3KY O3HAYAE, IIO Tpa-
€KTOpIst JIOBLILHOIO PyXy, IIOYATKOBA TOYKA $KOI 3HAXOAUTHCS
y JIesIKOMy 0-OKOJII I0YaTKy KOOpJAWHAT (Hha3soBOTO IIPOCTOPY
(y1,Y2,---,Yn) cucremu (23.1), st t > ty He BUXOJUTH 3a MeXKi
JOBLIBHOTO £-OKOJTy TOYKH CIIOKOIO.

Jlerko mokazaTu, o 1ie O3HAYEHHs CTIHKOCTI MOXKHA 3aMIHUTH
TaKUM: JIIsT KO>KHOTO € > 0 3Haiimerbest 0 > 0 Take, 10 3 HEpiB-
rocti Y2 (to) + y2(to) + - .. + y2(to) < 62 BUNIMBaTHME HepiBHICTDL
y3(t) +y3(t) + ... +y2(t) < &% ma Beix t > to.
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Ilpukaazn 2. JJocaidumu na cmitikicms mpusiarbHull pose’ s-

30x cucmemu ¥’ = — y, y = x, axuti npu t =ty = 0 nabysae sna-
YeHHA T = Tg, Y = Yo-
Pose’azarns. Po3p’sa3youn cucreMy i BpaxoBYIOUH IMOYATKOBI
YMOBH, 3HAXOIUMO T = TocCoSt — yosint, y = Zgpsint + ygcost,
3Binkn 22 + 9% = :%% + gjg. st 6yap-skoro 3aj1aH0r0 € > 0 J0CUTH
B3TH 0 < €, aJKe SIK TLIbKH 5:(2) + @(2) < 6% 1o 22 4+ 9? < €% sz
Bcix t > 0. Orxke, po3’s30k x =y = 0 € crilikum. B

Ilpukaazm 3. Jocaidumu na cmitikicmd mowky Cnokoo cucme-
wu ' =y, y' =2z +y, 2(0) = Zo, y(0) = Fo.

Posze’asanms. Posp’szyioun cucremy, 3naxomumo x = Cre?t +
+ Coe™t, y =201€* — Cye™!. BpaxoBylounm HOYATKOBI yMOBH,
oznepxkyemo, 1o C1 = (Zg + go)/3, Co = (229 — o)/3, a ToMy

_ ZTo+ Yo o2t 2z9 — Yo ot

_ 20— ¢
3 3 ' '

2 .
y==(To+7o)e 3

3
[Toksagemo gy = 2%¢. Toxi, skum Ou MaauM He OYJI0 9HCIO T,
dbyukuil |z| ra |y| HeoOMeKeHO 3pocTaTUMY Th IIPH ¢ — +00, & TOMY
po3B’si30K © =y = 0 € Hecrifikum. B

3. CriiikicTp 3a mepinuM HAOIMKEHHSAM. Y TPUKIAIAX
1 — 3 jpudepennianabhi piBHSIHHS a00 CUCTEMHU MOYXKHA 3iHTETpY-
BaTH 4epe3 ejeMeHTapHi GYHKINI. Y TaKUX BUIAIKAX JIOCIIATH
CTIKICTH PO3B’sI3KiB MOXKHA Oe3 0co0IMBUX TPYIHOIIIB. AJie 3 mpa-
KTUYHOI TOYKHU 30DPY BaKJIMBO BMITH JIOCJIJIPKYBATU HA CTIHKICTDH
posB’s3ku cucremu (23.10), He Maroun i1 3arajJbHOTO PO3B’SI3KY.

[Tpunycrumo, mo npasi actuau cucremu (23.1) HemepepBHi
pasoM 3 YACTUHHUMU TMOXITHUMHU JI0 JPYTOTO MOPSJIKY BKJIIOYHO.
Hexait y;j(z) =0, j =1,2,...,n, - Touka crokoo cucremu (23.1),
Tobro f;(t,0,...,0)=0,j=1,2,...,n. Bukopucrosyioan dhopmy-
sy Teitopa B 0KOJIl IOYATKY KOOpIAMHAT, cucTeMy (23.1) MoxkeMo
3anmcaTi y BUIVISL:

Wi _ pt,0,...,00+ 2 g 4 2 .
dt Iy (t,0,...,0) Oy (£,0,...,0)
of;
—|—l “Yn+ Rt y1, .. yn), 7=1,2,...,n,
Yn (t,0,...,0)
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Ie Rj (t, Yly .- - ,yn) MICTSTH JOJIAHKHA He HUXKYe JIPYTOro MOPSIKY

0/ = a;;(t) i

i |(1,0,...,0) J

BpaxyBaTH, IO fj(t, 0,...,0) =0, TO OCTATOYHO MAEMO CHCTEMY
y; = ain(Oyr +ajp()ye + ... + ajn(t)yn +

+Ri(t,y1,---,¥n), J=1,2,...,n. (23.12)

BIJIHOCHO Y1, Y2, .., Ypn. ZKIIO 1HO3HAYUTH

Cucremy piBHSAHD

/ j—

Y; aji(t)y1 +ajpt)y2+ ... +apmt)yn, j=1,2,...,n, (23.13)

HA3UBAIOTH CUCMEMOI0 NePpuLo20 HAbAUNICEHHA, a 3ajady Ha
CTIfIKICTb TOYKHU CIOKOIO II€l cHUCTeMH — 3aJadei0 Ha CTINKICThb
PO3B’SI3KY B MEPIIOMY HAOJINZKEH].

3ayBaykKuMo, IO JIOCJIIZKEHHS HA CTIfKICTh TOUKU CIIOKOTO JIJIst
JiniitHOT cucremu (23.13) € joci He po3B’si3aHo0 POLIIEMOIO, 60 He
icHye 3arajbHOTO CIIOCODY iHTerpyBaHHS CUCTEMHU JIHIRHUX Jude-
PEHIaJIbHIX PIBHSHB 3 JIOBIIBHUME 3MIHHUME KOeillieHTaMu.

Posrisinemo okpemmuii Bunagox cucremu (23.13), xouu 11 Koe-
dimienramu € craJii:

/ —_—

Y; aj1y1 + ajoy2 + ... + AjinYn, j=12,...,n, (23.14)

1 JIOCTIAMMO TIUTaHHS PO CTIKICTh TPUBIAJIBHOIO PO3B’SA3KY CHU-
cremu (23.14). Haragaemo (sekuist 19), 1110 po3s’si3ku 1€l cucreMu
MatoTh Busin y; = A1eF1t, yo = Agef?t .. y, = Apefrt, xe
ki, ko, ..., k, — xapakTepuctndni duciaa cucremu (23.14), a jis
icHyBaHHsI HETPUBIAJBHUX PO3B’A3KiB HEOOXITHO il JTOCUTH, 1100

ai; — k a2 ain
asy a9 — k‘ 000 aon —0. (2315)
an1 an2 et Qpp — k

Posristmemo okpemi BHITAIKHM, TTOB'SI3aHI 3 BHUIJISIAOM KOPEHIB
piBusinHs (23.15) (xapakTepucTudHux unces cucremn (23.14)).

1. Hxwo sci xapaxmepucmuuni wucaa cucmemy (23.14) wma-
1omv 610 emni diticni wacmuny (mobmo abo onu diticni 610~
EMMI YUCAA, ADO KOMNAEKCHT YUCAA, OLTCHT YaCTUHY AKUT 610 -
EMNT), MO MpusiarvHul, poss’asok cucmemu (23.14) acumnmo-
muyuro cmitrut. Ipumyctumo, 1Mo yci XapaKTepUCTUYHI YUCTIA
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ki,ko, ..., ky, mpocti i miiichi. Ockimbku kj < 0, TO BCi dyn-
KT ;5 = Aijekft OpsAMyIOTL JI0 Hydad upu t — +o00. Ao
kj =a; +iB;, i = /=1, a; <0, To, nomaum e’ y Tpurono-
Merpuaniit bopui eFit = e®it(cos Bjt + isin B;t), nepekoHyeMocs,
mo npu t — +00 dynknil y;; = Aijekit — 0 (akmo o; <0, To

lim e%t = 0). Ili BUCHOBKEM He 3MIHSATHCS, SKIIO JesiKi 3 Xa-
t——+o0

pakrepucTuaHux ugucesg (abo Bei) € kparaumu. Copabii, SKIIO

qucao kj Mae KpaTHICTH S, TO HOMy BIJIIOBIAIOTH PO3B A3KI

P,_1(t)eit, ne P,_1(t) — MHOrOWJICH CTelens, He BUIIOTO 3a § — 1, i
lim eFi'P,_1(t) =0, 6o k; < 0, a moka3uukoBa (ByHKIIisl 3pocTae

t——+00 )

MIBUJIITE, HiYK CTeleHeBa.

2. Hrxwo xoua 6 o00ne zapaxmepucmuuHe UUCAO CUCTIEMU
(23.14) mae dodammny diticny wacmuny (mobmo abo ye wucao doda-
mue, abo Komnaexcre 3 000ammoro diticHo Yacmuroio), mo mpu-
siaavnul po3s’asox cucmemu (23.14) necmitrud. Cupasi, y 1b0-
MY BHIQJIKy MPUHANMHI O/1Ha 3 (DyHKILT ekt ekat - eknt pe.
0OMEYXKEHO 3pOCTa€ 3a MOJyJeM Ipu t — 400 1 TOMY 3arajbHHil
PO3B’SI30K cucTeMU HeOOMEXKeHO 3pocTae mpu 3poctanHi t. OTxe,
pO3B’A3KH, O/M3bKi 10 Touku cnokowo y; = 0, j = 1,2,...,n, 3a
MMOYATKOBUMHI JTAHUMHI, 31 3pOCTaHHSIM t HeoOMesKeHO Bif Hel Bif-
JAIATAMY THCS.

3. Hdrxwo ceped xapaxmepucmuunuz wucen cucmemu (23.14) ne-
MaE uces 3 0damuum DiCHUMY YACTMUHAMU, GAE € NPOCTNT -
CAG 3 HYABOB010 ITCHON UACTNUHOI0, O MPUBLAALHUT PO36 A30%K
cucmemu (23.14) € cmitikum, are He ACUMNMOMUYHO CIMATKUM. Y
npoMy BHIAJIKy Bci y;(t) obMexkeni 3a MomysneMm st Gynib-sIKOro
t > tg, akuMu 6 He OyJIM MOYATKOBI 3HAaUYeHHs 1ux GyHKIin. Or-
xKe, st Oyab-akoro € > 0 3Haiinerhest Take 0 > 0, mo npu Bubopi
G0l <9, 5=1,2,...,n, Gynemo maru |y;(t)| < e mst Beix t > to.
3Haunrh, TpuBiadbHUil POo3B’s130K cucremu (23.14) e crifikum. Ase
BiH He aCUMITOTHYHO CTiiikuil, 60 1jig JOBIILHUX ;o HE OyayTb
OJIHOYACHO HPsMYBATH 110 HyJIst BCl dyHKii y;(t) mpu t — + o0.

4. Hrwo ceped xapaxmepucmuunux wucen cucmemu (23.14) ne-
Mae wucen 3 000amHuUMY QTUCHUMUY YACTRUNRAMU, GAE € KPATHE Y-
CAQ 3 HYALOSUMU OTTICHUMU YACTNUHAMU, TO MOHCAUGT AK CMITIKL,
MaK i HeCMitKE MPusiaNbHi PO36 A3KU.
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[TosepHiMoch 10 cucremu nepiioro HabmKenust (23.12).

Teopema 1 (JIamynoBa). Hexati ¢ynwuyii R;j(t,y1,...,Yn),

j = 1,2,...,n, y cucmemi (23.12) menepepeni 3a cykynnicmio
BMIHHUL T HECKIHUEHHO MAAT SUWLE Nepuo2o nopadky npu 1y; — 0,
i=1,2,...,m, mobmo dasn ecix t =1ty i |y;| <d,j=1,2,...,n,

’Rj(tvyla KL 7yn>’ <M (’y1|1+a + |3/2|1+a S 000 T ’yn|1+a)v

abo
[Ri(t,y1,- - yn)l Sw @)yl 5=1,2,...,n,

de |yl = /y2 +y2+...+y2, a, M — dodammi cmani, w(y) — 0
npu |y| — 0. Hexad, xpim mozo, a;i(t) = ajk, j,k =1,2,...,n, de
ajr, — cmani. Todi axwo xapaxmepucmuyni wucra cucmemu (23.14)
Ma0ms 610 emmi TCHT vacmutL, Mo MPUGiarbHUll Po36 A30% Cl-
ememu (23.1) acumnmomusno cmitxuil; axwo xoua 6 00He xapa-
KMEPUCTNUYNHE HUCA0 Mae dodammy 0iicHYy “acmuHny, mo Mmpueci-
anvrutdl pose’ssox cucmemu (23.1) necmitixud.

Aximo gificHi 9acTHHU BCIX XapaKTEPUCTUIHUX YUCET HEI0/1a-
THIi, IPUYOMY JIiiCHA YACTHHA X09a O OJIHOIO 3 HUX JIOPIBHIOE HYJIIO,
TO JIOCJIIJIZKEHHsT Ha CTIHKICTh 3a meprinM HaOJIUZKEHHIM, B3araJi
KaxKyuu, HeMOKJIMBe (II0YMHAIOTH BIUIMBATH HeJIHIAHI wienn R;).

Ilpukaan 4. Jocaidumu wa cmitixicms 3a nepuiM HabAuUNCE-
HHAM MPUBLAALHUT PO3E A30K CUCTEMU

=1+ 4y — e3@+Y)
y' =sinz +In(1 —y).

Pose’azarns. Bukopucrosyoun dhopmyity Teitnopa st hyHKITT
f(z,y) nBox 3minHMX 3 3asmimkoBuM diaeHoM y dopwmi Ileano i
O0OMEXKUBIIUCH TTOXITHUME MEPIIOTO MOPSIKY:

f(x,y) - f<070) + falc(ovo) T fg//<070) Y+ O(P),

e p = /22 + y?, o(p) — Heckinuenno masa Besmauna upu p — 0
Oi7IbIIT BUCOKOTO MOPSIKY, HI2K 0, BUILIMMO JIHIAHI 9acTUHE TIpa-
BUX YaCTUH CHUCTEMU:

1+ 4y — Bty — 35 — Y+ Ri(z,y),
sinz +In(1 —y) =z —y+ Ra(z,y),
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ae dynkuii R;(x,y) = o(v/2? + y?), j = 1,2, 310BoIbHSIOTS yMO-
BU Teopemu 1.
3HalijeMo XapaKTepUCTUYHI YKCIIa BiJIIOBIAHOI CUCTEMU Iep-

{x’:—Sx—y,

LIOTr0 HADJIMKEHH S

/

y =z—y.

Maemo

-3k -1

_ 2 _ _
1 _1_]{7‘—0 = k“+4k+4=0 = kil’g— 2.

Ockinpkn miiicni gacTunu uncest kq o Bif'eMmi, To TpuBiaabHMil
PO3B’sI30K 3aJIaHOI CUCTEMHU aCUMITOTHIHO crifikuii. W

4. Kpurepii Payca — T'ypsina, JI’emapa — IIlunapa.
Sk BUILIMBaE 3 IIYHKTY 3 JIEKIIl, pO3B’A3yI0un 3a/a4i Ha CTIHKICTD
TJIsT cucTeM anepeHIliaIbHIX PIBHSIHB 31 cTaJIuMn KoedilieHTaMn,
BaKJIMBO 3HATU 3HAKM JIICHUX YACTUH XapPAKTEPUCTUIHUX TUCE].

Posrisinemo airebputine piBHSHHS

agk™ + alk"_l +...+a, 1k+a,=0, ag>0. (23.16)

Haramaemo peski TBep/KeHHsI, JIOBEJIEHHS KX MOYKHA 3HA-
Ty y migpydHUKax 3 JHHIKHOT ajaredpu.

Heobxionor ymoeorwo mozo, wo 6ci JWicHi “acmuHl KOpeHis
pienanma (23.16) 6id’emmni, € nepisnocmi a; >0, j =0,1,...,n.

Temep naBegemo HeoOXimaHi 1 JOCTATHI YMOBH, 338 BUKOHAHHS
AKUX JICH] 9aCTHHU XapaKTEPUCTUIHUX THUCe] OyayTh Bl €MHI-
mu. [Tosraxmmo

ay; Qo 0
ay ao
Ar=a1, A= , A3=|a3 az ap |, ...,
as ag
as a4 ag
al ap 0 0 ce 0
as a9 aq ap N 0
An = 9
aoan—1 a2p—2 G2p—-3 dA2p—4 ... QAp

de a; =0, axwo j > n.
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Teopema 2 (kpurepiit Payca — T'ypsiua). /[itichi wacmu-
Hu Kopenie pienanna (23.16) 6id’emmni modi i misvku modi, Koau
A;j>0,7=12,...,n.

Teopema 3 (kpurepiit JI’enapa — Ilunapa). /liticri wa-
cmuny kopenie pishanna (23.16) 6id’emni modi i miavku modi,
Koau aj > 0,5 =0,1,...,n, 1

Anfl > 07 Anffi > 07 AnfS > 0,

Ilpukaazn 5. Jocaidumu na cmitikicms movky cnokolo pieHsi-
nwna yY + 5y + 13y + 19y + 10y = 0.

Pose’azarns. Ckopucraemocs kpurepiem Payca — ['ypsina.
OckibKu
5 1
A =5>0, Ag_‘ 19 13 ‘>0,
> 10 159 113 (5) (1)
A3=1[19 13 5 | >0, As= =10-A3z > 0,
0 10 19 0 10 19 13
0 0 0 10

TO TOYKA CIIOKOIO acuMITOTH4IHa cTiiika.

Ilpukaazn 6. Jocaidumu na cmitikicmsd movky cnokolo pieHsi-
nwna yY + 4y 4+ 16y" + 25y" + 13y’ + 9y = 0.
Pose’azarns. Ockiabku Bei KOeIIiEHTH XapaKTepUCTHIHOTO
piBusins k° + 4k* + 16k3 + 25k% + 13k + 9 = 0 gonarni i

41 0 0

41 25 16 4 1
AQ“zs 16‘>0’ A=l 13 25 16|

0 0 9 13

T0 3rij1HO 3 Kpurepiem JI'enapa — [llumapa Touka Criokoro 3a1aHOTO
piBHAHHSA acuMNOTOTHYHA cTiiika. H

Pexomendosara aimepamypa: |3, c. 156 — 171, [5, c. 390 —
416], [7, c. 141 — 152], [8, c. 229 — 241], [15, c. 231 — 252].
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IIutannga go gekirii 23

1. IlTo BuBuae Teopis crifikocTi Po3B’dA3KiB AuMEPEHITAIBHIX PiB-
HeAHb! YoMy Tak BarXKJIMBO 3 MIPAKTUIHOI TOUYKA 30PY 3HATH, UM € PO3B -
30K AUQEPEHITAJILHOIO PIBHIAHHS ab0 CUCTEMU CTIAKIM?

2. dxwuit po3B’a30K cucremu JudepeHIiaaTbHIX PiBHIHD € CTifiKuM,
ACUMIITOTUIHO CTifiknM, HecTifikum? JlaiiTe reoMeTpUIHI TPAKTyBAHHS
X TTOHSTh.

3. dxuit po3B’s130K cucremu audepeHIiaabHIX PIBHAHD HA3UBAIOTH
He30ypeHnM (30ypeHnm)?

4. IlTo HA3UBAIOTH MOJIOKEHHSIM PIBHOBATHU (TOUKOK CIIOKOK)) CHUCTE-
Mu?

5.V doMmy moJisira€ OCHOBHA i71est MOCIIiIPKeHHS Ha CTIHKICTh PO3B a3~
Ky B IepIIoMy HaOJMKEHH]?

6. fx gocmiuT Ha CTIfIKICTh TOYUKY CITOKOIO HOPMAJILHOI CUCTEMU 3i
crajmmmu koedirierramu? Ko ToUka CIIOKO0 € AaCUMIITOTUYIHO CTIAKOIO,
CTIKOO, ajle He ACUMIITOTUYHO CTIMKOI0, HeCTiiikow? JKuMu 1moBuHHI
OyTH XapaKTepUCTUIH] InCa, MO0 CHCcTeMa MOIJIa MATH K CTIHKi, Tak
i Hecriiiki TpuBiaabHI PO3B’A3KU’

7. dx dopmysmororses kputepii Payca — 'ypsima i JI'enapa — [lu-
napa Mpo HeBiJ €MHICTb JIHCHUX YACTUH XapaKTEePUCTUIHUX unces?! Ak
i KpUTEPil BUKOPUCTOBYIOTH JIJTsT JOCJIII?KEHHSI Ha, CTifKiCTh PO3B’A3KiB
JiHifHEX piBHSAHB (cncreM) 31 cragnMu KoedirienTamu?

Bopasu go jsekirii 23

1. BukopucToBytoun O3HAYEHHS CTIHKOCTi, JOCTIIITH Ha CTIfKiCTH
posB’si3ku 3a1a1 Kol piBHSIHE 1 cucrem:

a)y =2z(l14+vy), y(0)=0; 6)y =y+=z, y0)=1;

p) ¥ =—v—92 y(0)=0,
Z=y—2z 2(0)=0.

2. HocaimiTs HA CTIMKICTH TOUKY CIOKOIO CHCTEM:

Y1 = —v1 + Y2 + 5ys, Yl = —2y1 — yo,
a) Yo = —2y1 +y3, 6) < yh = y1 — 2ya,
Y5 = —3y3; yh = y1 + 3y2 — us.

3. HocmimiTh Ha cTifiKicTh 38 TIEPITUM HAOIMKEHHSIM TOUKY CIIOKOIO
CUCTEM:

a) {y’=3yz—y+z7 ){y’=—y+z+y2sinz,

2 =4yt 4+ 23 + 2y — 3z; z

2/ =—y—4z41—cosz”.
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4. BukopucroByioun kputepii Payca — ['ypsima abo JI’enapa — I1Iu-
mnmapa, JIOCTiITh Ha CTIKICTD TPUBIaJbHUN PO3B’ 30K PIBHIHD:

a) y" =3y’ +5y=0; 6)y" +4y" +7y" + 6y + 2y = 0;
B) yV + 4y — 5y + 159" — 3y’ + 12y = 0.

Jlektia 24. Meton dynkmiit JIsmyHosa.
dazoBa mioNIMHA

Ilan

1. Hocuimkenns Ha cTifikicTb 3a MeTo0M (DyHKIIH JIsiyHOBA.
2. Knacudikariis TO90K CIIOKOIO aBTOHOMHOI CHCTEMU.

1. HocaigkeHHda Ha CTiliKicTh 3a MeTomoM (pyHKIIii JIsi-
nyHoBa. Ha morepeniii Jiekiil BUBYAIUCH JEsIKI ITATAHHS, [TOB’ sI-
3aHl 3 JIOCJIPKEeHHSM Ha CTIHKICTh PO3B’s3KIiB HETIHIAHUX crcTeM
JjudepeHIiaibHuX piBHAHB. [Ipu 1MhOMY BUKOPHUCTOBYBAaJACH Bijl-
LOBi/IHA cHCTeMa IepHIoro HabJmKeHHs. AJje 3aMiHa HeiHiAHOT
cucremu (23.12) niniitHoro cucremoro (23.13) € dpakTHIHO 3aMiHOIO
o/iHiel mpobsieMu 1HITIOO 1 MiXK HUMHU MOXKe He OyTH HiYOro CIHijib-
HOro. MoyKHA HABECTU IIPUKJIAIN TAKUX CUCTeM Ju(EpPEHITiabHIX
PIBHSIHD, JTOC/TI/KEHHSI AKUX 33 MepPInM HaOJIMKEHHAM J1a€ CTiii-
KicTh HE30YPEHOI0 PyXy, X04a HACIIPaB/Il BiH HECTIHKMIL, 1 HABIAKH.
Bonmrowac Bimomi mpukiaan, KOu Iepiine HaOJIUXKEeHHSI TOBHICTIO
pO3B’sa3y€ PobIEMy CTIHKOCTI.

Hactynna Teopema jia€ BiJIIIOBi/Ib Ha NHUTAHHS PO CTIHKICTH
(acuMnToTHYHY CTifiKicTh) TpuBiaIbHOrO po3B’s3Ky Y;(t) =0, j =

=1,2,...,n, HOpMaJIbHOI HEJIHIINHOI cUCTEeMU
y;:fj(t,yl,...,yn), i=1,2,...,n. (24.1)
Teopema 1 (JIssmyHoBa). druwo ichye dugepenuitiosra dym-
kuia V=V (y1,...,Yn), AKQG 3060060AbHAE YMOBU:
1) V=01iV =0 mirwku modi, koau y; = ... =y, = 0;

2) noena noxidna dynkuii V. e3dosorc Pasosoi mpaekmopii
(mobmo e3doeoc posze’asky y;i(t), j =1,2,...,n, cucmemu (24.1))
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nedodamma, mobmo
AV N0V dy; = OV
2 a . T3, = —f(taylaayn)<0
dt gi; dy; dt 4= 0y, !

das t = ty, mo mpusiarvrul pose’sasokx cucmemu (24.1) cmitikud.
Sxwo 3amicms ymosu 2) GUKOHYEMBCA HEPIGHICTIDY

<<
onat >t >1910< gy%+...+y§<62, de 01, 02, B — cma-
A, Mo mpusiarvrull pose’ssox cucmemu (24.1) acumnmomuyuro
cmatirul.

JoBenienns: 1i€l TeopeMu MOYKHA 3HATH, HAUpPUKJIaL, B [3,
c. 163 — 165].

Oyukiio V 3 reopemu 1 nasupaoTh hymruiero JIanyrnosa.

SarajabHOrO criocody mobynosu ¢yHKIl JIsmyroBa Hemae. [T peko-
n
MEeHYEThCS IIyKaTn y Buriisti V = Y a;59;y;. 3 ymoBH 1) Teope-
i,j=1

Mu | BUILIHBaE, 1110 KBayipaTuiHa ¢opma V moBuHHA OYTH JI0/IATHO
BusHaveHow. flkum unHOM BuOpaTH KoedinienTn a;j;, mobd dopma
V' Oyna jomaTHO BU3HAYEHOIO, BKasyeThest v kpumepti Cuavee-
cmpa, BiloMOMY 3 Kypcy ajredpu: moTpiOHO, 1100

ailr ... Qip
>0, oo, | oo . L. >0.

anpl .. Qpp

aip a2

ayp >0,
a21 G22

Y npocrimux Bunajgkax dyskiio JIginyHosa mykaoTh y BH-
rosani V(x,y) = ax?+by?, V(z,y) = ax* +by?, V(z,y) = az*+by?,
ne a > 0, b> 0, Tommo.

Ilpukaazn 1. Jocaidumu na cmitikicms mpusiaibruil pose’s-
30K cucmemu

/

B=-2"—y, y=z—9%

Pose’azarms. Posrnsmemo dyukniio V(z,y) = 22 + y2. Bona
3aJ10BOJIbHsiE 00m Bl ymMoBu Teopemu 1. Cupasni, V> 01V =0
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TinbKu TO/l, Kotu & = Yy = (; B3/IOBXK PO3B'A3KY I, Y CUCTEMHU
av.. oVdx 0OV dy 5 3
i ord T ogar T w2y
=-2(z% +¢y*) < 0.

3rigHo 3 TeopemMoro 1 TpuBiajabHUI PO3B’SI30K CUCTEMM CTIAKuMiA. A
OCKIJILKH 11032 OKOJIOM MOYaTKy Koopaunat (x2+y2% >3 > 0) Maemo
‘2—‘; < —B <0, ne B — minimym dbynxmii 2(2® + y*) nmoza xomom
2 +y% =6, 10 po3B’s130K T = y = 0 acuMITOTHIHO cTifiKui. W

Ilpukaazn 2. JJocaidumu na cmitikicms mpusiarbrull pose’ s-
30K cucmemu

5

:E/:2y3—:1:, y’:—x—y3—y5.

Pose’azarnsa. Ilykaemo dynkiito Jlsuynoa y  Bursil
V(z,y) = Vi(z) + Va(y). Toxi
av v oV
ity fi(z,y) + ay fa(z,y) =
=V{(@)@2y° - 2®) + Vo (y)(~z — y* —¢°) =
= —2"V{(z) — (4° + 9°) V3 (y) + 2¢° V{(2) — 2 V3 (y).

Hexait, nanpukiazn, 2y°V/ (z) — V4 (y) = 0. Toni

Vi(z) _ V3(y) Vi(=) V3 (y)
P = = 20 =pu (u=const) =
Vi@) = La?  Valy) = Lot

Hexait = 2. Tomi V(x,y) = 22 + y*, V(z,y) > 0, sxmo 22 +y? #0
i V(0,0) = 0. Okpim Toro,
av oV ov
— = —fi(z,y)+ = falz,y) = —(22% +44% +448) < B <0
e LCR ) oy fa(@,y) = = ( Y +4y°) < =B <0,
ne 3 — mimimym dyuknii f(z,y) = 225 4+ 4y% + 4y® nosza xosom 3
[EHTPOM Yy MOYATKYy KOOPJAWHAT. 3 TeopeMu | BUILINBAE aCUMIITO-
TUYHA CTIHKICTH TPUBiAIBLHOTO PO3B’si3Ky cucremu. W
[Iporronyemo dnTadam CaMOCTIHO MEPEKOHATUCT Y TOMY, IO
JIaTU OJTHO3HAYHY BiJIIIOBI/Ib PO CTIHKICTH TPUBIAJIBHUX PO3B’SI3KIB
cHCTeM 3 MPUKJIAIIB 1, 2 3a mepimM HAOJIMKeHHSIM He MOKHA.
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2. Knacudikailis TOYOK CIIOKOIO aBTOHOMHOI CUCTEMM.
PosrisiHemo noseinky Ha dazosiit mronmui R? dazosux Tpae-
KTOPiif aBTOHOMHOI CHCTEMH PIBHAHD

= P(z,y),

24.2
% = Q(l‘,y)7 ( )

ne P(z,y), Q(x,y) — HenepepBHO nudepeniiiioBi B esikiit obacTi
(abo B yciit wromuni R?) dbynkiil. Cucrema (24.2) Moxke MaTn Ju-
e Tpu TN $Ha30BUX TPAEKTOPiil: TOUKa, 3aMKHEHa TPAEKTOPisd
(mukJ1) 1 He3aMKHeHa TpaekTopis. Po3B’s30K, TPaeKTOpi€ sKO-
ro € Touka (xo,Yyp) (HosOKeHHs piBHOBarm), € craauM z(t) = o,
y(t) = yo (ms 6yap-sikoro t € R). Bamkueniit TpaekTopil BiAoBi-
A€ TePioanIHIi PO3B’A30K, HE3aMKHEHIN — HelepioauTHHi.

OCHOBHOIO 3aj1a9€10 SIKICHOIO JI0C/ipKeHHst cucreMu (24.2) €
ojiepKanHs ha308020 nopmpemy cucTreMu, TOOTO KAPTUHUA PO3-
Gurts dazosoi wionman R? Ha TpaexTopil.

st Toro, 1mo6 nobyrysaru dhazoBuii noprper cucremu (24.2),
MOTPIOHO 3HATHU IMOBEIIHKY TPACKTOPiil B OKOJIAX TAaK 3BAHUX OCO-
OJIMBUX TPAEKTOPIH: [OJIO2KEHb PIBHOBAI'M, I'PAHUYHUX IIUKJIB 1 J1e-
JKUX HE3AMKHEHUX KPUBUX, K1 BIIIISIOTE CiM'T TPAEKTOPIiil Oy
Big onnol. I'panuvnum yukaom cucremu (24.2) Ha3UBAIOTh Ta-
KA TUKJI, JeTKAU OKLI $IKOTO IILIKOM 3allOBHEHWI TpPaEKTOPis-
MH, B3/I0BXK sIKuX Touka (z(t), y(t)) HeoOMerKeHO HAOJIMIKAETHCS
0 HBOTO TIpu £ — +00 abo t — — 0.

Posriisinemo Bunajiok, ko cucrema (24.2) e siniitaoro:

= AT+ anny,

(24.3)
G = 0217 + a2y,

[ ann a2 .
e A = — HEBUPO/2KECHA MaTPUIlAd 3 JIIMCHUMU CTAJIUMU
a1l a2

esementamu (A = det A # 0).
Cucremi (24.3) Bianosizae ojHe piBHSIHHS 3 JIPOOOBO-JIiHIHOIO

IpaBOIO 9aCTUHOIO

dy _ G217 + any (24.4)
dr anx+apy’ .
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T06TO BCl iHTErpasibHi Kpusi piBHsiHHS (24.4) € TpaeKTOpiSIMU CH-
cremu (24.3). Ajie uM He BUYEPIYIOThCs BCI TPAEKTOPIl cucreMu
(24.3), 60 BoHa jomyckae pyx z(t) = 0, y(t) = 0, TpackTOpi€rO KO-
ro € Touka r =y = 0 (TOUKa CIOKOIO).

Opannysbkuii Maremaruk A. Ilyankape mokasas, 10 MOXKJIU-
BUMH € KiJIbKa BUIIQJIKIB, KOXKEH 3 IKUX BIIIIOBiIa€ 3a po3TallyBa-
HHsI IHTerpaJbHUX KPUBUX B 0KoJi ocobiBol Touku (0, 0) abo, mo
Te caMe, 3a PO3TAIlyBaHHs TpaeKTopiit cucremu (24.3) B oKoJIi TO-
uku crokoro (0,0). i Bunajaku Hasuaors munamu Iyankape.

[osuaummo uepes ki i ko — KOpeHI XapaKTEPUCTUIHOTO PiBHSI-
HHs

ain —k  ap

=k? - +an)k+A=0. 24.5
az1  axp —k (a11 + az2) (24.5)

Ockismbku A # 0, To 3 (24.5) Bumumsae, o k = 0 He € Xapakre-
PUCTUYIHUM YUCJIOM.

Bunanok 1. ky i ko diticni ma pisni. Hexait a = (aq, ag), 8 =
= (1, B2) — BaacHi BekTOpU MaTpuI A, 0 BiANOBLIAIOTH KOPEHSIM
ki 1 ko, TOOTO

{(an —k1)ai + ajzaz =0, {(an —ko)B1 + aj2B2 =0,
ag1 o + (a2 —ki)az = 0, a1 81 + (ag2 — ko) B2 = 0.

(24.6)
3rijiHo 3 Teopemoro 3 Jiekii 12 3arajibHUM PO3B’SI3KOM CHCTEMU
(24.3) €

Th= C’laleklt + Cgﬁleth, Yy = C’lageklt + Cgﬁgeth, (24.7)

ne C1, Cy — noBiabHI cTadi.

Axmo ky <0, ky < 0, 1o 3 (24.7) BUILINBAE, IO TOYKA CIOKOKO
x =y = 0 e acumrornaHo criiikoro. Crpasi, sIKIO, HAIPUKJIA],
to = 0, To po3B’si30K (24.7), sikuii IpoXOAUTHL Yepe3 TOUKy (X, Yo),
y MOMeHT dacy to BusHauaeTbes craaumu C 1 Cy, sKi 3HAXOIATHCS
3 CUCTEMHU

o = Crar + C281, yo = Crag + O3,

ae a1 82 — azB1 # 0. Ane Troni Cy = Axg + Byo, C2 = Dxo + Eyp,
ne A, B, D, E — nesaxi craui. Bpaxosyoun, mo |eF1?] < 1, |eF2t| < 1
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i kp < 0, ky < 0, MmaeMo OIinKu

Azo + Byol - |a1| + [Dxo + Eyol - |£1],
Azo + Byol - |az| + [Dxo + Eyol - |Bal-

]

<|
lyl < |
3Bijcy BUILIUBAE, 1110 s JIoBlabHOro € > 0 3Haiigerncsa § > 0 Ta-
Ke, 10 K TUIbKE |To| < 0, |yo| < 0, To |x| < €, |y| < & (t > 0),
10610 TouKa crokow (0,0) criiika. OKpiM TOro, OCKiIbKY ekit -0
(kj <0) npu t — 400, T0 3 (24.7) BUnIMBaE, 1mo Touka (0,0) Ta-
KOXK aCHUMIITOTUYIHO CTifiKa. ZIKINO BUKJIIOUUTH apryMeHT t 3 CH-
cremu (24.7), To omepxkana npu 1pomy dyHkiis y = f(x) Busna-
JaTHMe TPAEKTOPIIo pyXy B cucTemi koopamaaT Ozy.
MarepiajbHa TOYKA, siKa 3HAXOJIUTHCS Y IMOYATKOBUNA MOMEHT
gacy t = tg B §-OKOJII MOYATKY KOOPJWHAT, JIJIsT JIOCUTh BEJIMKUX
[EPEXO/IUTH y TOUKY, KA HAJICXKUTH £-OKOJIY HOYATKY KOODJUHAT 1
npu t — 400 IPSAMYE JI0 MTOYATKY KOOpAUHAT. Taky TOUKY CIIOKOIO
HA3UBAIOTH CMEUKUM 68Y3aom (puc. 24.1).

Puc. 24.1

Ha puc. 24.1 306pazkeHo po3TalllyBaHHsI TPAEKTOPIiil, dKe Bij-
noBiziae nbomy Bunagiky. CrpilakamMu BKasaHUl HAIPpSIM PyXy IO
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TpaekTopil npu t — —+00. Yci TpaekTopil, Kpim omHiel, B TOUIi
(0,0) MaoTh CHibHY JOTUYHY.

Axmio k1| < |ka|, To KyToBuHil KOedIiNieHT MOTUUHOT OPIBHIOE
ag/aq. Cupasni, 3 (24.3) 1 (24.7) maemo (C1 # 0, ag # 0):

dy _ az1 (Crare™? + CoB1eM2t) + age (Cranet! + CyBaek2t) B
dr a11(Cragefrt + CoBekat) + ajo(Cragekrt + CoByekat) -
a1 (Clal + CQBle(k’Q—kl)t) + ag (Cla2 + CQBQe(k:g—kl)t)

B —
a11(C1a1 + Cgﬁle(kz—kl)t) + a12(01a2 + 02526(k27k1)t) tot oo

a21C1a1 + apCiag _ azion +agpay  koay o

t—too a11Craq + a12Croe annog +apas ki o

00 3TiIHO 3 (24.6) as10q + assas = kiao, ajiaq + ajsas = kiog.

Axio oy = 0, TO aHAJIOTTYHO OJIEPKYEMO, IO N T
’ ’ Y ¢ ioo 2

Axmo Cp = 0, 10 3 (24.7) 01epKYEMO OJIHY TPAEKTOPIIO — IPsi-
MYy Y = %aj, JIOTUYHA JI0 SKOI Mae KyToBuil koedirient Sy /.

Takum unHOM, JOTHYHA JIO TpaekTopiii, B skux Cq # 0, na-
pajieJibHa JI0 BJIACHOrO BekTopa « = (aq,9), sKuil BianoBijae
HaWMEHIIIOMY 32 MOJLyJIeM XapaKTePUCTUIHOMY YHUCIy k1 (SIKIIO
a1 = 0, To BekTOp HanpasieHuil B30k oci Oy). Kpim Toro, npu
C1 = 0 € oHA TpPaeKTOpist — npsiMa iy = 5—?3:, dKa HapaJjiebHa 10
JIPYrOro BJIacHOro Bekropa 3 = (31, 32), 10 BiAOBi1a€e GlabIIOMY
3a MOJIYJIEM XapaKTEPUCTUIHOMY UUCTY Ko.

Axmo renep k1 > 0, ko > 0, To 3 (24.7) BUILIUBaAE, O TOYKA
crokoro © = y = 0 mecriiika, 60 ¥t — 400 mpu t — +00. Taky
TOUYKY CIOKOIO HA3UBAIOTH Hecmitikum 6y3aom. lleit Bumagok
OTPUMYEMO 3 TIOIIEPETHBOIO 3aMiHOIO ¢ Ha (—1), a TOMY PyX TOYKH
110 TPAEKTOPIT BIIOYBAETHCsI y IPOTUIIEXKHOMY Halpsimi (puc. 24.2).
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Puc. 2.2

Hapermri, sgxmo k1 < 0, ko > 0 abo k1 > 0, ko < 0, TO TOUKA
CIIOKOIO HecTiiika, 60 €2t — 400 abo eF1t — 400 mpu t — +00.
Touku, sKi posramopani B 0-0KOJII IOYATKY KOOPIUHAT, IO TPac-
kropii & = CyB1eF?t, y = Oy fre*?t pyxaroTnest y HecKiHUIeHHICTD.
OfHax y mboOMy BHIAJIKY € TPAEKTOPId, 0 SKiil pyX TOYKHU Biaby-
BaETHCA y HAIPAMI JI0 TIOYATKy KOOPAUMHAT NpHU ¢ — 400, a came

48 = Claleklt, Yy = Craget, (24.8)
[Tieto TpaekTopi€eio € mpsima a1y — aox = 0, IKy JIErKO 0J/IeprKaTu
3 (24.8), BuksouuBny 3MiHHY ¢. Taky TOUYKY CIIOKOIO HA3MBAIOTH
cidaom (puc. 24.3).
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)

=

(k1 <0 < k)

Puc. 2.3

Bunanok 2. ki 1 ko xomnaexcro-cnpaotceni: ko = p % iq,
g # 0. Baranbuuit po3s’si30k cucremu (24.3) MOXKHa 3amncaTu y
Buruisizi (24.7), ne Bekropu o = (a1, a2) 1 f = @ = (@, @2) MaOThH
KOMILIEKCHI Koopamuarn. Tomi poss’si3ok cucremu (24.3) MoxHA
3alucaT y BUIVISIL

x = eP'(Cy cos gt + Cysingt), y = eP'(acosqt + bsingt), (24.9)

ne Cq, Cy — pnoBinbHi cram, a i b — jiHiiini KoMOIHAIT X CTAJIIX.

Axmo p = 0, To Tpaekropii (24.9) as pisaux Cq, Co (Ha mi-
craBl [epioMIHOCT] MHOKHUKIB y JIy?KKaX) € 3aMKHEHUMU KPH-
BuMHu — esincamu 3 nerrpamu y touni (0,0) (puc. 24.4). Lo To-
9Ky HasMBaIOThH yeHmpom. fxmo p = 0, to Touka (z(t),y(t))
PYXa€ThCs 110 OJIHOMY 3 eJIIICIB BKa3aHol ciM’1, 00xo/isivn ioro 6e3-
Jgig pasziB. Bona, odeBuaHO, He MpsIMY€E 10 2KOMHOI T'DAHUIN MPU
t — 400, T06T0 ToUKa crokoo (0,0) He AacCHMITOTHYHO Crifika
(ae BoHa crifika).
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Puc. 2.4

Hexaii Tteriep p < 0. 3 (24.9) Bumiusae, Mo y 1[bOMY BHUIIQJKY
Touka (z,y) upu t — ~+00 IPSAMYE JIO IOYATKY KOOPIAUHAT — TOUKH
x =0, y = 0, sKy Ha3UBaOThb cmiturum Porxycom. HassHicTb
MHOKHEKa et — 0 (1 — +00) neperBopioe 3aMKHeHi KpUBi y clii-
paJii, siKi aCHMIITOTUIHO HADJIUKAIOTHCS TIPU ¢ — 00 JI0 MOYATKY
koopauHar (puc. 24.5). Touku, siki po3ramosani npu t =ty y 10-
BUILHOMY 0-OKOJI MOYATKY KOOPJMHAT, T JOCTATHBLO BEJUKOTO ¢
MOTPAIUISIIOTh YV 38JIaHUN £-0K1JI TOYaTKy KOOPIMHAT.

TpaekTopii, skl NpaAMyOTh 10 (HOKyCa, MAIOTH TAKY BJIACTHU-
BiCTD, IO JOTUYHI 0 HUX NpU t — + 00 HE MPIMYIOTL JO KOJIHOI
rpanuti. [lum dokyc Binpisuserses Bim Bysiia.

Y Bunaaky p < 0 rouka z = 0, y = 0 acCUMOTOTHIHO CTifiKa.

Ao aificHa yactunaa p aucest ki i ko nogaraa, To 1eil BULIAIIOK
[IEPEXOINTH y TOMepeIHIN mmicst 3aMinu ¢ Ha —t. OTKe, TpaeKTOPIT
36epiraloTh Taky K (Gopmy, K Ha puc. 24.5, oJHAK PYX TOUKH BiJl-
OyBaTEMeThCs y mpoTmiieskuomy Hampami. Ockinmbkn e’ — 400
npu t — +00, TO TOYKHU, TKi 3HAXOIATHCS y MOYATKOBUII MOMEHT
Jacy B OKOJII MOYaTKY KOOPJWHAT, IOTIM TEPEXOJATh Y HECKIiH-
YeHHICTh. TaKy TOUKY CIIOKOI HA3UBAKTH HECMITUKUM HoKycom
(puc. 24.6).
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Puc. 24.5 Puc. 24.6

Bunanok 3. ky = ko. Tomi kq, ko — mificHi, a 3arajpHMIil po3B’s-
30K cuctemu (24.3) mae pursisag @ = (A+Bt)eft, y = (C+ Dt)ekt,
ne A, B, C, D — crani, nos’sizani Mizk co6010 JBOMa, JIIHIAHUMU PiB-
HSAHHSMY, sIKI MOXKHA OJIEPYKATH, SIKINO mifcraBuTu dyHKIT z(t),
y(t) y cucremy (24.3) i ckoporuTn Ha eFil.

Axmo k < 0, To ekt 0, teF1t — 0 nupu t — 400 i, OTKe,
TOYKa CIOKOIO = Yy = (0 acuMITOTHYHO CTifiKa. [i masmsaors
cmitikum 8y3aaom. fxio ki > 0, To TOUKa CHOKOIO HECTIMKa, 11
HA3UBAIOTh HECTNIUKUM BY3A0M.

JerabHimnme mpo BUIAIOK ki = ko MOXKHA IPOYUTATH, HAIIPU-
KJaz, B [3, c. 144 — 148|.

Hapeneni Bunaaky orpuMani y IPHUIIYLIEHH], 0 BU3HAYHUK A
cucremu (24.3) Bigminauii Big wyis. Hpumycrumo, mo A = 0. Toxi
xapakrepuctTudHuMu uuciaavu € k1 = 01 ko = aj1 + age. dAkino
ko # 0, To 3aranbHuii po3B’s30K cucremu (24.3) Mae BUIVIsL

z=Cioq + Cgﬁleth, y=Cias + Cgﬁgekﬁ, (24.10)
e C1, Cy — noBitbHi cTami i aj1aq+aioay = 0, —agsf1+a1282 = 0.
Buksiouaroun 3 (24.10) mapamerp ¢, oJep:KyemMo ciM’io mapa-
JleJbHuX npsamux y — Crag = B_Q(x — Ciay).
1

Akio ko < 0, To ipu t — +00 Ha KOXKHIiT TPA€KTOPIT (HA OJHO-
My 3 TIapaJIeJIbHIX IIPOMEHIB) TOYKU HAOIMZKAIOTHCS JI0 TOUYKH CIIO-
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Koto (puc. 24.7)

Qg
r=Ca, y=Ca = y=—.
a1
Touka cnokoio x = y = 0, Tak camo, gK i JIOBUIbHA TOYKA IIPsi-
MOT y = apx/ay, ipu ko < 0 criiika, aje He aCUMITOTHYHO CTifiKa.

dAximo kg > 0, TO TOYKa CIOKOIO HECTIMKA.

Y

(kg < 0)
Puc. 24.7

dAxmo k1 = ko, TO MOXKIUBI JBa BUITAIKN:

1. Baranbuuii pos3s’si30k cucremu (24.3) mae Bursy x = C,
y = Cy (e 6yze Tozi, ko marpuns A Hysisosa). Tozi Touka crio-
KOIO CTifiKa, ajie He acUMITOTHYHO CTiKa. YCi TOYKM IJIONIHE
(x,y) € cTilKuMHu TOYKAMU CIIOKOIO.

2. BaranpHuM poss’siskom cucremu (24.3) € x = C; + Cst,
y = a + bt. Toxgl TOouKa CIIOKOIO HeCTiiiKa. Y IBOMY BUIAIKY
age = —aiy, ajgag < 0.

ITpuknazn 3. Jocaidumu xapaxmep mouku cnokow Cucmemu
/
r=59—x, y =-—2.

Haxpecaumu gasosi mpaekmopii cucmemu ma naowguri (x,y).
Poses’sazarrs. OcCKIIbKA XapaKTepUCTUIHI YHCJIa CHCTEMH —
k1 = —1, ko = —2, 1o Touka cunokoo xr = y = 0 € criiikum By-
3JIOM.
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Yucay k1 = —1 Biguosinae siacuuii Bekrop o = (1,0), a uuncsy
ko = —2 — Bekrop = (—5,1). IToxinna g—z y TOYIIl TOYATKY KOOD-
nuHAT fopiBHIOE g /ar; = 0. OTke, goTHYIHI 710 HA30BUX TPAEKTO-
piil y Ho4aTky KOODP/IMHAT € FOPU30HTAJbHUMH, & caMi TPAEKTOPII
MOXKHA MTOOYLyBaTH, HAIPUKJIA, K Ha puc. 24.8. B

~

N )
O\w

Puc. 24.8

ITpuknazn 4. Jlocaidumu xapaxmep mouku cnoko Cucmemu
/ /
r=ax+y, Yy =—r+tay

3GNEINHCHO 610 3HAUEHHA NAPAMEMPL (L.

Poss’azannsa. XapakTepucTUIHUMHI ducjaaMi € ki o = «ai. ko
a = (0, TO TOYKA CIIOKOIO € IEHTPOM. ¥ IBOMY BHIIAJIKY CHCTEMa
HAOUpPae BULJISIILY fli—f =y, le_zt/ = —z. 3sigcn 22 + y? = C, T06TO
daz0BUME TPAEKTOPIsAME € KOHIICHTPUYHI KOJIa 3 TIEHTPOM y TOYII
(0,0). fdxkmo « # 0, To TOUKa CIOKOI € (POKYCOM: CTIKUM, SKIIO
a < 01 mecritiknm, gxmo « > 0. PazoBUMHI TPAEKTOPIsAME € CIipa-
Jai, skl «HaKpy4yoThcs» Ha Touky (0,0). fdkmo «a < 0, To Touka
(:L‘(t),y(t)) PYXA€TbCsI MO CHIPAJIsIX ¥ HAMPsAMI TOYKM CIIOKOIO, a
g « > 0 — y Hanpawi Big Hel. B

Pexomendosara aimepamypa: |1, c. 251 — 281], [3, c. 132 —
149, 163 — 168], [5, c. 417 — 453, [8, c. 216 — 222, 241 — 245], [15,
c. 253 — 274].
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IIutanHga mo Jjgekiril 24

1. dx dbopmymmoerses Teopemy Jlsynosa npo crifikicrs (acumiro-
TUYHY CTIHKICTD) HOpMAJIBHOI HeJIHIAHOI cucTeMu?

2. ¢Iki BmactuBocti Mae dyukiis Jlsamynoa? Y sgkoMy BUTJISIII pe-
KOMEH,IyEThCsl ITyKaTu (pyHKIi0 JIsmyHoBa?

3. lIlo mazuBaoTh (pa30BUM MOPTPETOM HOPMAJIBHOI cucremu! Kk
ooy ayBaTH (Pas30BUil TOPTPET CUCTEMU

4. 9Ix moB’a3ami Mixk c0O60I0 AaBTOHOMHA, JTiHIITHA OIHOPiAHA crcTeMa
BOX judepeHIianbHuX piBHsHB (24.3) 1 PIBHSHHS HEPIIOTO TOPSAKY 3
OJTHODITHOO IPpOGOBO-JIHIHHOK TIpaBoio YacTuHO (24.4)7

5. Hafire xnacudikarito Ilyankape TOY0OK CIIOKOIO aBTOHOMHOI CH-
creMn JuGEpPEHIiaIbHAX PIBHAHB. ¥ SKOMY BHUIIAJIKY TOYKA CIOKOIO €
CTIfIKOT0, ACHMIITOTUIHO CTIHKOIO, HECTIHKOIO?

Bopasu go gekiii 24

1. TocaiziTh Ha CTIKICTh TpUBiaIbLHUI PO3B’I30K CUCTEMU, 3HAIOYUN
dyukmio Jlamynosa:

I
a){a Y tss V=atay?

2 = —x — 2y + 2%y?,
6){ /fxfgfng_y R P )
Yy = P} 9

2. HocainiTs ocobuBi Toukn piBHsAHBL. Hakpec/iTh iHTErpaabhi Kpu-
Bl Ha wromuHi (x,y):

dy _ 2z+y. dy _ —x42y
a) - 6) de — 2z—y

3. HocumimaiTs ocobymi Touku cucrem. HakpeciTh TpaekTopil Ha, 1110-
muHi (2, y):

' =y, z' =z + 5y,
a){ = 6) {y’x3y.



311

Jonartoxk 5. 3acrocyBaHHs MaTeMaTU4IHOro nakera Maple

Homarok 5.

3acTocyBaHHA MaTeMaTH4YHOro nmakera Maple
JJIsT TOCJIiI>KEeHHsI Ha CTiliKiCTh PO3B’A3KiB
3BUYANHUX AudepeHIliaibHUX PiBHAHb Ta 1X CUCTEM

Ilpuksazm 1. Jocaiauru Ha CTIfiKiCTh TpUBiaJbHIIT PO3B’I30K
cucremu ' = — y, vy =z (upukman 2 gexnii 23, crop. 290). s
HOr0 MOOY/IYEMO II0JIe HAIpPAMIB 1€l cucreMu Ta OmHYy (HasoBy
TPAEKTOPito 3a jronoMoron komas 1 DEplot () 3 makera DEtools:
> DEtools[DEplot] ({D(x) (t)=-y(t),D(y) (t)=x(t)},{x(t),

y(t)},t=0..2+Pi, [[x(0)=1,y(0)=1]],x=-2..2,y=-2..2,
linecolor=black) ;
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3 po3sTalllyBaHHs CTPIJIOK MOXKHA 3pOOUTH BUCHOBOK, 110 TPUBI-
AJIHUI PO3B’S30K CUCTEMHU CTIHKUil, ajie HEe € ACUMIITOTUIHO CTiii-
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kM. PazoBi TPAEKTOPIT YyTBOPIOIOTH KOHIIEHTPUUIHI KOJIA 3 IIEHTPA~
MU y no4darTky koopauHaT. OjiHe 3 HUX (3 MOYATKOBUMU yMOBAMU
z(0) =1, y(0) = 1) 306pazkene Ha puc. 1.

Ilpuksazm 2. Jlocaiauru Ha CTIfiKiCTh TpUBiaJbHIIT PO3B’I30K
cucremu =’ = y, y = 2x + y (upuxian 3 geknii 23, crop. 290).
st boro 1OOY/IyEMO T0JIe HAIPSAMIB Ii€l cucreMu Ta JiBi (ha3osi
TpaekTOpil 3a sroroMoroio komanm DEplot () 3 makera DEtools:
> DEtools[DEplot] ({D(x) (t)=y(t),D(y) (£)=2*x(t)+y(t)},

{x(t),y(t)},t=0..5, [[x(0)=0.2,y(0)=-0.15], [x(0)=0.5,
y(0)=-0.5]],x=-1.5..1.5,y=-1.5..1.5,1linecolor=black);

NNN~—~—=— AT
NNN~~—~—esm AT
NN NN A J 7T
NNNNN~—~—=~A7 777111
\\\\\\\)/// /A
VAN NN NN~ A A
VA NNNNN~=7 /]
LAYV AVANNNN=A/ AT
Vb vy ANNNAZ L T
S T A O O
st 0o b dos NS Tos T T T s
P bbb /NN WV
A A A2 Ve N L T T TR S
bbbl M NN
A A 4 Ve AN L U U
[ ] ) ) ) ) ) ——>NN NN
A AR RS s Ve S AN
/A A A AR A4y G AN NN
A A A YA A Y S VP S S NN
[ )] ) ASHS NN

Puc. 2

3 puc. 2 BWAHO, IO TPUBIAJBHUII PO3B’'SI30K CUCTEMHU He-
crifikuit. Xoda KOKEH PO3B 30K, JAKHUI MOUYNHAECTHCS HA IIPSMIiil
y = —x, upsimye j10 rouku (0,0) npu 3pocrani ¢ (Ha PUCYHKY TIO-
Oy/10BaHO TaKy TpaekTopiio 3 nodarkopumu ymoamu z(0) = 0,5,
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y(0) = —0,5), po3B’sI30K, SIKHil IIOYMHAETHCSI HABITH JOCUTH OJIN3b-
KO JI0 MOYATKY KOODJWHAT, ajle He JIEXKUTb Ha mpaMiil y = —x,
BlIasIsieThest Bl HBOTO 31 3pocTaHHsAM t (HA PUCYHKY [0OOY-
JIOBAHO TaKy TpaekTopio 3 nodarkoumu ymoBamu x(0) = 0,2,
y(0) = —0,15).

Ilpuksazm 3. Jocaiauru Ha CTIfiKiCTh TpUBiaJbHIIT PO3B’I30K

{x’ = 1+ 4y — e3(+y)

y =sinz+1In(1 —y)

cucreMu

(upukiag 4 sexknii 23, crop. 293). jst nporo mobymayemMo mo-

Jie HanpsiMiB 1€l cucremu Ta Tpu (as3osi TpaekTopil (ki 3a70-

BOJIbHsIIOTH novarkoBi ymosu: z(0) = 0,5, y(0) = 0,5; z(0) = 0,5,

y(0) = —0,1; z(0) = —0,2, y(0) = —0,2):

> DEtools[DEplot] ({D(x) (t)=sqrt (1+4*y(t))-exp(3*(x(t)+
y(£))),D(y) (t)=sin(x(t))+In(1-y(t )}, {x(t),y(t)},
t=0..10, [[x(0)=0.5,y(0)=0.5], [x(0)=0.5,y(0)=-0.1],
[x(0)=-0.2,y(0)=-0.2]],%x=-0.7..0.7,y=-0.3..1.1,
stepsize=0.01,scaling=constrained,linecolor=black) ;

3 puc. 3 mobpe BHUIHO, IO TPUBIAJBHUN PO3B'SI30K CHCTE-
MH aCUMOTOTUYHO cTilikuii. [losie mampsiMiB 3a MexKaMU TOJIOCH
—0,25 < y < 1 He nobymosano (domy?).

ITIpukmaazn 4. HocaianTu Ha CTIHKICTD TOUKY CIOKOIO PIBHSTHHS
yV +5y" +13y" +19y' +10y = 0 (npuxmaz 5 aexuii 23, crop. 295).
Bpobutu 11€e 3a joromorow komanu DEplot () He MoxkHa, 60 Mae-
MO PIBHSIHHS I€TBEPTOrO MOPSIKY. 3Budaiino, komana DEplot ()
o0yJ1ye po3B’s30K 3asa4i Kol 1j1s1 3a/1aHOr0 piBHSIHHS, ajie BOHA
He JIO3BOJISIE TIOOY/IyBATH I10JIe HAIIPSIMIB, ITOPOJzKeHe T epenti-
AJIbHUM DIBHSIHHSM. 3HAIeMO XapaKTEPUCTUYUHI YUCTa — KOPEHi
pisusinaa k4 4 5k3 4+ 13k% + 19k 4+ 10 = 0:
> solve(k~4+5xk~3+13%k~2+19%k+10=0,k) ;

—2, -1, —1+42I, —1-21.

OckisibKM ifiCHI YACTUHU BCIX XapaKTEPUCTUIHUX TUCEST BiJ[ €MHI,
TO TOUKA CIIOKOIO 33/[AHOIO PIBHSIHHSI aCUMIITOTUYHO CTifika (Teo-
pema 1 jekiii 23, crop. 293).
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Ilpukaazn 5. HocaianTu Ha CTIHKICTD TOYKY CIOKOIO PIBHSHHS
yV + 4y + 16y + 25y" + 13y’ + 9y = 0 (npukmaz 6 mexmii 23,
crop. 295). 3HaiijeMo XapaKTepUCTHIHI YUCIa — KOPEeH] PIBHSHHS
K + 4k* 4+ 16k + 25k + 13k + 9 = 0 (sike y paJKaIax KOMaH0I0
solve() He po3B’si3yerbcsi) 3a J0MOMOrow Komauju fsolve() 3
omrgiero complex (crop. 324):
> fsolve(k~5+4%k~4+16%k~3+25%k~2+13*k+9=0,k, complex) ;

—1.691606943, —.9910128055 — 3.159244286 I,
—.9910128055 + 3.159244286 1, —.1631837228 — .6772576111 1,
—.1631837228 + .6772576111 1.

OckisibKM JifiCHI YACTUHU BCIX XapaKTEPUCTUIHUX TUCEST BiJ[ €MHI,
TO TOYKA CIIOKOIO 33JIaHOTO PIBHAHHS ACUMITOTHYIHO CTiiKa.
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Ilpukmaana 6. Jlocmigutu Ha crifikicTh TpuUBiabHUI PO3B’si-
30k cucremn ' = —z° —y, y = x — 9> (upuxmax 1 Jje-
Kiiii 24, crop. 298). st boro moby/IyeMo 1oJjie HAIPSIMiB CHCTEME
Ta o/iHy (a30By TPAEKTOPIIO, siKa 3a/0BOJIbHSE TOYATKOBI YMOBU
z(0) = -1, y(0) = —2:
> DEtools [DEplot] ({D(x) (t)=-x(t)"5-y(t),D(y) (t)=x(t)-

y(t)~3},{x(t),y(t)},t=0..100, [[x(0)=-1,y(0)=-2]11,
x(t)=-2..2,y(t)=-2..2,stepsize=0.1,1linecolor=black);
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3 1oJis HaIpsiMiB Ha puc. 4 BUJHO, IO TPUBIAJbHUI PO3B’si-
30K — CTifikuii; mo0OymoBaHa TPAEKTOPisd MOKA3ye, IO Ieil Po3B -
30K € ACUMIITOTHYHO CTifikuM, 00 1oBUIBHA (ha30Ba TPAEKTOPIs 110
cripaji HaOJIMKAETHCA JI0 HBOTO, XO4a 1 Jy2Ke MOBLIbHO. KIIo
30UIBIIUTH BEepXHIO MexKy Jiarazony s t 1o 1000, To TpaekTopist
[IOBHICTIO 3aII0BHUTH BUJMMHUIL OKLJI 1I0YATKY KOODAUHAT (II€PEKO-
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HalTech caMoCTiiiHO!).

Ilpuksang 7. Hociigurn Ha criiikicTs TpuBiajbHUN PO3B si-
30k cucremn ' = 2y3 — 2% 3y = —x — 3> — y° (npuknam 2 Je-
kil 24, crop. 299). s 1poro moby/yeMo moJjie HanpsiMiB CHCTeMU
Ta ofHYy (pa30By TPAEKTOPIIO, siKA 33/I0BOJILHSE MOYATKOBI yMOBU
z(0) = -1, y(0) = —2:
> DEtools[DEplot] ({D(x) (t)=2*y(t)~3-x(t)~5,D(y) (t)=

-x(t) -y (£)~3-y(t) "5}, {x(t),y(t)},t=0..100, [[x(0)=-1,
y(0)=-21],x(t)=-2..2,y(t)=-2..2,stepsize=0.01,
linecolor=black) ;
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Puc. 5

3 1oJIsI HAIPsIMIB Ha PHUC. D BUIHO, IO TPUBIAJbHUA PO3B’si-
30K — CTifikuil; mobyoBaHa TPAEKTOPIsS MMOKa3ye, MO 1eil Po3B si-
30K € aCUMIITOTUYIHO CTiliKuM, 00 TOBiIbHA (pa30Ba TPAEKTOPIs 110
criipaJji HabIUZKAETHCS 10 HBOTO.
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Ilpukmaazm 8. JociignTtu xapakTep TOYKU CIOKOI CHCTEMU
/ /
r=0y—z, Y =-2

(mpuksay 3 sekuii 24, crop. 308). st mporo mobyjyemo moJie
HalpsiMiB cucTeMu Ta BiciM ha3oBux TpaekTopiii (siKi 3a0BOJIb-
HaloTh  movarkoBi  ymoBm:  x(0) =2, y(0) =—-0,5; =z(0) =2,
y(()) = —1,5; $(0) =2, y(O) = -1 .ZL’(O) = 1,5, y(O) = -2
z(0) = =2, y(0) = 0,5; z(0) = —2, y(0) = 1,5):
> DEtools [DEplot] ({D(x) (t)=5*y(t)-x(t),D(y) (t)=
“2xy ()}, {x(t),y(t)},t=0..5, [[x(0)=2,y(0)=-0.5],
[x(0)=2,y(0)=-1.5], [x(0)=2,y(0)=-1], [x(0)=1.5,
y(0)=-2], [x(0)=-2,y(0)=0.5], [x(0)=-2,y(0)=1.5],
[x(0)=-2,y(0)=1], [x(0)=-1.5,y(0)=2]] ,x(t)=-2..2,
y(t)=-2..2,stepsize=0.1,1linecolor=black) ;
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3 puc. 6 BUIHO, IO TOYKA CIOKOI CHCTEMH € CTIIKIM BY3JIOM.
Ilpukaazn 9. HocmignTu xapakTep TOYKU CIOKOIO CHCTEMU

x':a$+y, y':—$+ay

3aJIeKHO  BiJ| 3HadYeHHsl mapamerpa « (upukian 4 Jexiii 24,

crop. 309). Posriusinemo tpu Bunagku: o = 0, o« = 1, a = —1.

st = 0 moOyryemo 1ojie HanpsiMiB cucremu Ta (pa30By Tpae-

KTOpIito, siKa 3a710BoJIbHsIE ovyaTkoBi ymosu x(0) =1, y(0) = 0:

> alpha:=0:DEtools[DEplot] ({D(x) (t)=alpha*x(t)+y(t),
D(y) (t)=-x(t)+alpha*xy(t)},{x(t),y(t)},t=0..2%Pi,
[[x(0)=1,y(0)=011,x(t)=-2..2,y(£)=-2..2,
stepsize=0.1,linecolor=black);

VA
JJ 77 =
JJ 7SS

N N N N N NN
e e L U N W
e N N U W W

— O NN N\

\
NN
NN
NN
Vo
VY
!
N
/o
/)
/
//
/ A/
s
/

\
\
\
\
\
|
L
2
/
/
/
/
/
/
/
/

Puc. 7

Orxke, ko a = 0, To Touka z = 0, y = 0 € 1eHTPOM.
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Y Bumagky « = 1 mobyayemMo 1oJie HAPSIMIB cucremMu Ta da-
30BY TPAEKTODIIO, siKa 3a/10BoJIbHsI€ IouaTKoBi ymosu z(0) = 0,01,
y(0) = 0,01:
> alpha:=1:DEtools[DEplot] ({D(x) (t)=alpha*x(t)+y(t),

D(y) (t)=-x(t)+alpha*xy(t)},{x(t),y(t)},t=0..10,

[[x(0)=0.01,y(0)=0.01]],x(t)=-2..2,y(t)=-2..2,

stepsize=0.1,linecolor=black);
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Orpumasin Hectifikuit (oxyc.
Bunajiok, koim o = —1, NPONOHYEMO PO3IJISTHYTU YUTAYAM
CaMOCTIITHO.
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omarok 6.
OcHoBu poboTu 3 MareMaTU4YHUM nMakerom Maple

[Taker anajiTHIHIX 0OYHUC/IEHD 1 YUCJIOBUX po3paxyHkiB Maple
crBopenmii kommaniero Waterloo Maple Inc. (Kanana) i € onanm 3
HAHOLIBIIN MOMY/IAPHUX V CBITI IPOrpaMHUX HPOIYKTIB, SKUH 10-
3B0JIsi€ e(DeKTUBHO BUKOHYBATHU $IK UUCJIOBI, TaK i CUMBOJIbHI 0011~
CJIeHHsI, Ma€ PO3BUHYTI rpadidni 3acobu Ta BOYIOBAHY MOBY IIPO-
rpamMyBaHHsI BUCOKOro piBHs. Lli MOKIMBOCTI Ta ApyKHIN iHTEp-
deiic KopucTyBatia 3a0e3MeTnIu IMUPOKE 3aCTOCY BAHHSI MAaTEMaTH-
qHOTrO rTakeTa Maple y fbararbox rajiy3sx HayKu, IPUPOIO3HABCTBA,
a TaKOXK y HaBYaJbHOMY IIPOIIEC.

Pozrisinemo ocuoBu poboru 3 Maple. 3pudaiitno, Giabii-MeHIIT
IPYHTOBHUI OIVISIJ] IIHOTO ITAKeTa BEMATra€ OKPEMOI KHUIH, a 00CsT
JIOJIATKA JI0 MOCIOHMKA JI03BOJISE IOSCHUTH JIUIIE OKPEMi acleKkTn
pobOTH 3 TPOrPAMOIO.

Pobota 3 Maple 3aificHIO€TbCS ¥ BUTVISII] iHTEPAKTUBHOTO CeaH-
Cy: KOPHCTYBad BBOJIUTH Ha POOOUOMY JiCTi KOMaHu (Iij HUMU
3apa3 po3yMieMO IeBHI IHCTPYKIIT) i HATUCHEHHsIM KJiasimni Enter
nepejae 1x Ha BukoHaHHs siapy Maple. Bei BBemeni komanu i pe-
3y/IBTATU OOYHUC/ICHD, SIKi BigoOparkaioThes, (pOPMYyIOTh BMICT PO-
6090ro JimcTa — OCHOBHOI'O JIOKYMEHTa, sikuii ctBopioe Maple i 3
SIKMM BiH mparoe. Joro Mozkua 36epertu Ha IUCKY, BIAKPHTH, 3HO-
BY BHKOHATU KOMAHJIM, [0 Ha HHOMY MICTATLCs, UM MPOBECTH IX
KOPUTYBAHHS.

Pobounit et ckianaerbes 3 obsacreit BBOLy 1 obsacreil Bu-
BO/Ly. Y HEPIIUX BBOJATHCA KOMAH/U, Y JAPYTUX BiIOOPaXKyIOTHCS
pe3yJIbTaTu X BUKOHAaHHs. BwmicT obsiacTeit BBOIY i BUBOILY yTBO-
PIOE I'PYILy OOUUC/ICHD, siKa Ha, POOOUOMY JIUCTI BiIMidaeThCs 3/1iBa
KBa/[PATHOIO /1y KKOIO.

Komanm BBOIATEC B 00J1aCTI BBOJLY MICJIsI CHMBOJIA~-3aIPOIIIE-
Hos > y ¢opmi cunrakcucy mosu Maple, a BigobparkaTtuch BOHU
MOXKYTh y Iiif camiit ¢popmi abo y BUIVISJI 3BUYHOI'O MaTEMATHU-
YHOrO 3alMCy (B OCTAHHIX BEpCisiX HPOIPAMU 3a 3aMOBYYBaHHIM
BUKOPHCTOBYEThCsI Apyruil Bapiant). Koxkna KomMaH/1a, sika BBO/IH-
ThCs B 00J1aCTi BBOJY, IOBUHHA 3aKIHIYBATUCH KPAITKOIO 3 KOMOIO
(;) abo nBOKpankoo (:). fIKINO BXKUBAETHCH KPAIKa 3 KOMOIO, TO
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pe3yJIbTaT BUKOHAHHS KOMaHI1 Oy/ie BioOparkaTuch y 00J1acTi BH-
BOJLY, ABOKPAIIKA BHUKOPUCTOBYETHCA JJjIsi IPOMIKHUX OOYNCIIEHD,
pe3yJIbTAaTu AKUX BigobpakaTtu He HOTpidbHO. AKINO KOMaHmIa 10-
CTATHLO JOBra 1 He MOMIIAETLCS V PsIAKY, To Maple aBToMaTuaHO
nepenece i1 y HacTynmHuil psaaoK. B ogHoMy psiiky MOXKHA, BBOJIN-
TU KiJIbK& KOMaH/I, BiJIOKPEMJIEHUX KPAIIKOIO 3 KOMOIO YU JIBOKpa-
MIKOTO.

3a 3aMOBUYyBaHHSIM Pe3yJILTATH BUKOHAHHSI KOMaHIM BimoOpa-
JKAIOTHCSL Y BUIVISI 3BUTHOTO MaTeMaTHIHOro 3armmcy. Orpumany
dopmyity um i1 yacTHHY MOXKHA CKOIIIOBATU B 00JIACTH BBOJY (BO-
Ha BijgobpasuTbest y dopMi cunrakcucy moBu Maple, skimo y i
opmi BizobparkaeTbest BMiCT 06J1acTi BBOALY ).

Kpim rpyn obumciienb, Ha pobOYOMY JIMCTI MOXKYTH OYTH KO-
MEHTapi, dKi CTBOPIOIOTLCS 3a JIONOMOrOI0 KoMaHs MmeHio Maple
9M KHOTIOK TaHesi iHCTpyMeHTiB. KoMeHTapeM € TaKOoXK YJacTHHA
psijika B 00JIaCTi BBOMY, KA IMOUMHAETHCI 3 CUMBOJIA #.

Tpeba maTu Ha yBa3i, M0 y aM’siTi KOMIT' IOTepa i 9ac Ceancy
poboTu 3 poboUINM JTUCTOM 30€pIraloThbCst BCI pe3y/IbTATH BUKOHAH-
Hsl KOMaHJ[, HABITH SIKIIO caMi KOMaH/ 1 abo pe3yJsbTaru 1X poboTu
micsisi 1bOro OyJIM BujiaJieH] (3BHYaiiHO, SIKINO He BXKUBATH CIIElli-
AMBHUX 3aXOJIB Jyisi 3HUIIeHHs 11i€l indopmarii). Bogrouac, micst
BiAKPUTTS POOOUOrO JINCTA Y ITaM’siTi KOMII'I0Tepa HEMAE Pe3yib-
TaTiB O0YHUC/ICHDb, X04Ya BOHU € Ha POOOYOMY JIMCTI y BiAIOBIIHUX
00J1aCTSIX BUBOJLY.

Maple BMmie mparfoBaTy 3 MJIUMA TUCIAME, 3BUIARHUMEI JIPO-
6amMu, aJIreOpUIHIMI KOPEHSIMU, YUCJIaMU 3 IJIaBAIOY0I0 KPAITKOIO
Ta KOMILIEKCHUME ducjiamu. B apudmernaanx Bupa3ax MOXKHA BHU-
KOPHUCTOBYBATHU OIepariii MijiHeceHHst 10 crerneHs (~), MHOXKEHHsI
(%), ninennst (/), nomasaunus (+), BinaiManus (-), daxropian (!).
ITopsi/loK BUKOHAHHS IUX ONEpAIliii € CTaHJIapTHUM, a JIjs HOoro
3MIiHI BUKOPHUCTOBYIOTH KPYTJI JIyKKH.

YV Bupazax MOXKHA BHKOPHCTOBYBaTH Taki crtaji: Pi — 4mcio
m = 3.1415926 ..., I — ygaBHA OJUHUII | = V-1, infinity — me-
CKIHYEHHICTL 00 Ta JesKi 1M, 3HaK % MTO3HAMAE PEe3YILTAT BUKO-
HAHHSI TI0IIEPEIHBOI oneparri. J1oro Takozk MoKHA BUKOPHCTOBYBa-
TU Y BUpa3ax.

JlBa BHUpasm, IOEJHAHI 3HAKOM =, € piBHAHHsIM. HepiBHiCTb
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CKJIAJAETHCS 3 JIBOX BUPA3iB, MOEIHAHUX 3HAKAMEI >, <, >= afo <=.

Bupaswu, piBHsiHHsI, HepiBHOCTI Ta iHIII 00’€KTH MOXKHA IIPHU-
CBOIOBATH 3MIHHUM ollepailii€io npucBoents (:=). Koxkna 3minaa
Maple mae iM’s1, sike MOXKe CKJIQJIATUACS 3 JIATHHCbKUX OYKB, mudp i
CUMBOJLY TiJKPECIeHHsI, aJie MePIINM CUMBOJIOM iMeHi rudpa OyTu
He Moke. Besuki i majii OYKBU PO3PI3HAIOTHCS. 3MiHHA, 1M’ SKOT
30iraeThbCs 3 iM’sIM rperbKol OYKBU, BiM0OParKaeThCs BiIOBIIHOIO
IPerbKo OYKBOI. 3MiHHA, siKilf HIYOr0 HEe HMPUCBOEHO, TPAKTYE-
ThCd AK HeBislomMa. [cHyI0Th cucTeMHl 3MiHHI, AKUM BiJI caMOro 1o-
JaTKy mock npucsoeno. Hanpukmias, cucremna 3Mminna Order Bu-
3HAYAE, JI0 SIKOTO MOPsJIKY MajocTi morpibHO po3BuBaTu (hyHKIT
y psaan. Cucremna 3minna Digits Bu3Havae HEOOXITHY KUILKICTD
3HAYYIIUX UMD IpU OOUUCTIEHHSX 3 JIECATKOBOIO KPAIKOIO.

Ocnosni moxkymmBocTi Maple peasrizoBani 3a H0IOMOrow0 ¢yH-
KIIiil, siKi TaKOYXK HA3UBAKOTh Komardamu. Koxua komana Maple
(a iX € JeKlIbKa TUCSIY) MA€ Ha3BY 1 KiJbKa apryMeHTIB, sIKi 3amu-
CYIOTBCS Y KPYIVIMX JIy?KKaX depe3 KOMY IIiC/Is HA3BU KOMaHIU. Y
JEedKUX BUMAJIKAX apryMEHTAMI KOMAHIN MOXKYTb OyTH MHOMHCU-
HU — [OCJIJIOBHOCTI BUpa3iB depe3 KoMy y (pirypHUX JyKKax — 1
CNUCKU — TIOCTITOBHOCTI BUPAa3iB Uepe3 KOMY y KBaJ[paTHAX JIy7K-
kax. Hamasi TepMiHI «MHOXKHHA» 1 «CIHCOK» BXKUBATUMEMO Ca-
Me B nbomy cerci. OcraHHi HEOOOB'SI3KOBI apryMeHTH KOMAaHJIH,
K1 MAIOTh BUIJISII KJIFOTOBOTO CJI0Ba aD0 PIBHOCTI «KJIFOTTOBE CJIO-
BO=BJIACTHUBICTb», HA3UBAIOTH ONULAMU. llesdki KOMaHIU MalTh
He0OOB sI3KOBI apryMeHTH, SKi 3alUCyIOTbCS Y KBAJIPATHUX JIyK-
Kax IepeJ KpyriauMu. Pe3ymbrar il KOMaHAIu MOYKHA IMPUCBOITH
3MIiHHI{, BUKOPUCTATH y BUPa3i, BIH MOKe OyTU apryMeHTOM iHIIOT
KOMAaH/ . ¥ MPOTHUJIEKHOMY pa3i pe3ysbTaT BUKOHAHHS KOMAHIN
IIPOCTO BisoOpa3uThCst B 00JIACTI BUBOLY (SIKIO KOMAHJ/A 3aBep-
HIYETHCsI KPAIIKOIO 3 KOMOIO).

YV Tabauii HaBEIEHO KOMAHIN 1T OCHOBHUX MAaTeMATHIHUX

dyHKITII.

OyHKIis Komanmza Maple
sin x sin(x)
COS T cos(x)
tgx tan (x)
ctgx cot (x)
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DyHKITisS Komamnga Maple
sec x sec(x)
cosec csc(x)
arcsin x arcsin(x)
arccos arccos(x)
arctg x arctan(x)
arcctg x arccot (x)
e’ exp (x)
Inz In(x)
lgz logl0(x)
log, x logla] (x)
|| abs (x)
sgn x signum(x)
VT sqrt(x)
Yx surd(x,n)
[z] (uina gacTuHA) floor(x)
{z} (npobosa wacruna) frac(x)
shz sinh(x)
chz cosh(x)
thx tanh (x)
cthzx coth(x)
Posrianemo 1me KijbKa BHKOPUCTaHMX y Jojarkax 1 — 5

KOMAH]T.
Jnsa nudepenmiroBanasg GyHKIN 3a 3MiHHOIO 1, 3MiHHOO 2 i
T. JI. BAKOPUCTOBYETHCsSI KOMAH 1A

diff (Bupasz, 3minnal, 3minna2, ... ).
st cuporiensst BUpa3iB BUKOPUCTOBYIOTH KOMAHLY
simplify (Bupas, orisi).

Ormmiero Moxke OyTH MPUITYIIIEHHST aSSUme=BJ/IaCTUBICTh, sIKe HAKJia-
JA€ThbCs Ha HEBLJIOMI, HAIIPUKJIa1, assume=real.

st po3B’si3yBanHs PiBHAHBL Ta HEPIBHOCTEH NpU3HAYEHA YHi-
BepcasibHa KOoMaHjia solve (piBHsiHHS, 3MiHHA) . Po3p’s3ytoun cu-
CTeMU PiBHAHB, BUKOPUCTOBYIOTH (popMaT
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solve ({piBusgnuusl, piBusanna?, . .. }, {3minnal, 3minua2, ... }).

Komanma solve() 3Haxo[uTh TOYHI PO3B’SI3KU DIBHSAHHS YU CHU-
cremu. ZKIoO TOYHI pO3B’A3KM 3HANTH HEMOXKJIMBO, TO BUKOPUCTO-
ByIOTh KoMaHy fsolve() st BijllyKaHHS JECATKOBUX HAOJIU-
JKeHb KOpeHIB piBHsmHs. 11 dopmar Bimpisasersest Bix dopmary
koMaH 1 solve () MOXKJIMBICTIO 3a/[aBaTH B SIKOCTI TPETHOro (HEO-
6OB’SI3KOBOI0) TIapaMeTpa OMIIi, KO MOXKe OyTH IIPOMIXKOK, 110
MIiCTUTh MIYKAHUN KOPiHb piBHAHHS. BiH 3a/1a€ThCa SIK 9HCIOBHUI
ianazon y dopwmi a..b. s anreOpuyHuxX piBHSHDb MOXKHA BHKO-
PUCTOBYBaTH TAKOXK OIIIII0 complex, sika JI03BOJIAE 3HAXOIAUTH BCl
KOMILJIEKCHI PO3B’SI3KU DIBHSIHHS.

Komamnma dsolve () njist inTerpyBaHis 3BUYaiiHux audepeHiri-
aJIbHUX PIBHAHBL Ta 1X CHCTEM JOCTATHBO JETAJIHHO PO3IVISHYTa Y
nojaTkax 1 — 3.

Komania

plot (dbyHKIis, 3MiHHA, Hialla30H 3HAYECHB, OIIIIil)

J03BOJIsIe OOy MyBaTn Tpadik dyukmil ogmiel 3minmoi. 3amicTh
3MIHHOT MO2Ke OyTu PiBHICTH BUIJIsily X—a..b, jie X — He3ajexKHa
3MiHHA, a, b — MiHIMaJbHE 1 MakcHMajbHe 3HATEHHSI, IJIsT TKUX
bymayerbest rpadik. [lianazon 3nadenbp mae Buriisi c..d, € HEOOO-
B’SI3KOBUM apI'yMEHTOM 1 BU3HAYAE YACTUHY OCi OpJIMHAT, sika BiJl-
obpaxkarumerbcsa Ha rpadiky. Komamma moxke maru 6araro Heo-
OOB’sI3KOBUX apryMEeHTIB — OIIIiii, HalfyacTimie 3 AKX BUKOPUCTO-
BYIOTH Taki: color 3ajae KoJip JiHil KpuBoi (Hampukian, black,
green, blue, red); scaling=constrained o3Hauag, 10 MacTad €
OJIHAKOBUM 110 0OMJIBOM OCSM KOOD/IMHAT; OIlllisi numpoints 3ajae
KIJIBKICTh TOYOK, 110 fAKUM OyiyeTbesi rpadik. [Ipukiian Bukopu-
CTaHHSA KOMaH/U € Y NOJaTKy 2.
Amnasoriyna KoMaHa

plot3d(dyukiiis, sminaal =iamnma3onl, 3miHHA2= iania30H2, OIIIiT)

JI03BOJIsI€ TIOOY/IyBATH YaCTUHY MTOBEPXHI, 10 € rpadikom (yHKIil
JIBOX 3MIHHUX.

He Bci xomanau makera Maple mictsitbess B ocHOBHii 6i0J1io-
Teri. BDiabmiicTs KOMaH, sKi Peai3yloTh CIIeliajbHi MOYKJIMBO-
cri Maple, 3HaxonsiThcst y m0gaTKOBUX Hakerax (6i0siorekax). B
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OCTAaHHIX BepPCisSIX mporpaMu IUX HakKeTiB € Oimbire cra. Ilakern
DEtools i PDEtools MIiCTSTH JOAATKOBI KOMAHIU JIJisl PO3B’SI3yBa-
HHsI 3BUYARHUX TudepeHIliajbHIX PIBHIHD 1 PIBHAHD 3 YACTUHHU-
MU TOXITHUMU BijroBijiHo. Kinbka mpuKIaiB BUKOPUCTAHHS X
KoMaHJI € y joarkax 1, 4, 5. [Taker plots TakoXK MiCTUTH OJIHY KO-
MaHIy JiJisi TpadiqHOro BijloOpazkeHHs PO3B’si3KiB JindepeHIiaib-
HUX piBHAHB. Jj1s1 BUKOpHUCTAHHS KOMAHJIU 3 IIEBHOTO ITAKeTa HOro
crovaTky Tpeda ImiIKIIoYnTH KoMaH 1010 with (rtaker) abo BUKOpU-
CTOBYBATH JIUIIIE OHY KOMAH/IY ITAKETa 32 JIOIMOMOTOI0 CHHTAKCUCY

naxer [komanal (aprymentn).

Posrisinemo komany odeplot() 3 makera plots, 3a Joro-
MOIOI0 $IKOI MOXKHA IOOYAyBaTH iHTEerpasjbHy KpuBy — rpadik
po3B’si3ky 3ajadi Ko jijist 3udaiinoro judepeHiiajibHOoro pis-
uganns. [Ipukian Bukopuctanns KOMaHIu € y jgoaarky 2. Popmar
KOMaH/IN:

plots[odeplot] (proc, xrange, oriii) .

[Tpomnemypa proc mjs ducioBoro po3s’a3yBanHs 3ajatdi Ko mo-
BUHHa& OYTH IIOIEPEeIHLO CTBOPEHOIO KOMAaHI0I0 dsolve 3 OIIEI0
type=numeric. AprymeHnT xrange 3ajia€ Jiamna3oH 3MiHU He3aJe-
>KHOT 3MiHHOT y dopMi x=xmin..xmax. Omiil 1iel KoMaH 1 aHaI0-
riuni g0 omnmiit Komauu plot ().

Posrsinemo komany DEplot () 3 nmakera DEtools. 3a jomomo-
rOIO0 I1i€l KOMAaH/ I MOKHA HAOJIMZKEHO 3IHTEerpyBaTH OHE 3BUYaiiHe
mudepeniiaibHe PIBHIHHS ad0 CUCTEMy TaKUX PiBHAHL Ta 300pa-
3UTU BYAIOBIHY IHTErpaJibHy KPUBY 4YM 11 IPOEKIIO Ha 3aJlaHy
wIonuuy. UuMaJjo IpuKJIaIiB, sKi JeMOHCTPYIOTh POOOTY 3 HEIO,
€ B jojaTkax 1 i 5. @opmar KOMaH/Iu:

DEtools[DEplot] (deqns, vars, trange, inits, xranges, orriii) .

Tyt deqns — piBHsIHHS Y1 MHOXKWHA PIBHSHD, vars — IryKaHa QpyH-
KIlist ab0 1X MHOXKWHA, trange — Jiiara3oH 3MiHU HE3aJIe2KHOT 3MIHHOT
y Burisai t=a..b, me t — iM’g mesaserkuol 3minHOI, a i b — Mexi
mianaszony i1 aminu. IloyaTkoBi ymMOBM 3a/1al0ThCsi ITapaMeTpPOM-
CIIMCKOM 1inits, esemenTaMm sIKoro € crncku. KoskeH egemMeHT-
CIIMCOK BU3HAYAE IHTErpasbHy KpuBY (uu 11 IpoeKIiito) audepeHrii-
AJILHOTO DIBHSHHS ab0 cUCTeMH, IO BioOparkaeTbesi Ha rpadiky.
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KinpkicTh enemenTiB-ciimckiB mapamerpa inits BijmoBizae KiabKo-
cti inTerpasbHux KpuBmx. [lapamerpu xranges, a ix Moxe OyTu
CTLIbKY, CKILJIBKU € HeBigomMux (QYHKIINN y cucTeMi, 3a/1ai0Th Jlia-
[A30HU 3MIHU HEBIIOMUX (DYHKIIII i BUKOPUCTOBYIOTHCS J1JIsI 3aBEP-
IIeHHsI [IPOIeCy iHTerpyBanHst. Bou MaoTh Burisig X(t)=x1..x2.

[Tapamerpu xranges He € 000B’sizkoBuMH. ZIKITI0 cucrema aude-
pPEeHIaIbHUX PIBHSIHL ab0 omHe nudepeHIiiaibHe PIBHIHHS € aBTO-
HOMHUME, TO 38/I[aBATH [TOYATKOBI yMOBHU inits HEOOOB’sI3KOBO, aJjie
3aMicTh HUX Tpeba 3ajaBaTu napamerpu xranges. Jlis aBToHOM-
HOT CHUCTEMU JIBOX JupepeHIliaJbHIX PIBHAHD OY/IyE€ThCs JTOJATKO-
BO I10JIe HAIIPAMIB, BU3HAUEHE I[I€I0 CHCTEMOIO.

Ommii 3aytatorbest y Burisial piBHocTeil. Cepejl KITBKOX JeCsi-
TKIB OMIIIil HaifdacTile BUKOPUCTOBYIOTH Taki: linecolor 3ajiae
KoJIp JIiHifi po3B’si3kiB (Hampukian, black, green, red); scene
3aJIA€ThC Y BUIJISLII JIBOGJIEMEHTHOI'O CIIUCKY IIyKaHUX (DYHKIIIN
91 He3aJIeKHOI 3MIHHOI 1 BH3HAYAE, IO BUBOAUTLCS Ha I'padiky
(scene=[x(t),y(t)] o3nauae, 1m0 1O TOPU3OHTAIBHIN Oci Tpadi-
Ky Binmobpaxkaerbcs (yHKIisa 2(t), a mo BepruKaJgbHI — Yy(t));
stepsize 3aJla€ KPOK 3MiHNM HE3AJIEXKHOT 3MIHHOI JJIsi BijtoOpazke-
HHs TO4YOK Ipadiky; scaling=constrained o3Havae, 1110 MACIITA0
€ OJIHAKOBHM TI0 OOHMIBOM OCSIM KOOD/IUHAT.

Posrisinemo xomanjiy PDEplot () 3 makera PDEtools, ska Oy-
JIy€ 1HTerpajbHy IMOBEPXHIO PIBHIHHSA 3 YACTUHHUMH ITOXITHUMU
MEPIITOTO MOPSJIKY, MO TPOXOIUTHL Uepe3 3aJlaHy KPUBY. Y A07a-
TKY 4 € npukjaaju poboru 3 miero komangon. Gopmar kKoMaHu:

PDEtools [PDEplot] (PDE;, inits, srange, omii) .

Tyt PDE — piBHsSIHHS 3 YaCTUHHUMHE MOX1THUMU [IEPIIOTO ITOPSJIKY
BigHOCHO HeBimoMol dyHKIT 1, n > 1, 3minnnx. [louaTkosi ymoBu
3a/Ial0ThCs [IapaMeTpoM inits y Burisii ciumucky 3 n + 1 ejiemen-
TiB, SIKi BU3HAYAIOTH y apamerpudHiii popmi kpusy y (n + 1)-Bu-
MIpHOMY HPOCTOpi, Uepe3 Ky NPOXOJUTL IHTerpajibHa IOBEPX-
Hel audepeHIliajIbHoro piBHganHsd. EjgeMenTtu moBunni OyTu Bupa-
3aMu, fdKi 3ajexkaTh Bim n — 1 mapamerpa. Ilapamerpom srange
3a/I0€THhCsI CIIMCOK JIlalla30HIB abo aialla30H 3MIHH KOXKHOI'O IIa-
paMeTpa, SKUl BUKOPUCTOBYETHCS Yy IOYATKOBUX YMOBAX, Y BHU-
sl s=sl..s2, t=t1..t2, ... 3okpema, y BHUIIAJKY JIBOX He3aJe-
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JKHUX 3MIHHMX CIIHCOK inits MOBMHEH MICTUTH TPHU BUPA3U, 3aje-
2KHI BiJI ojiHOTO mlapameTrpa. Maiike Bci oIl € aHAJOTiYHUMHA JI0
ommit komanan DEplot () makera DEtools. Ojma 3 HaiiBayKImBi-
MIUX JOJATKOBUX OMIIil xi=ximin..ximax I03BOJISE 3aJaTU Iia-
a30H, M0 00MEeXKyBaTUMe YaCTUHY MOBEPXHi, Ky MOTPIOHO Bij-
obpasuru. KinbkicTts Takmux omiiit moxke 6yTu Big 0 go n + 1. Bes
X OMIlifl HEOOMEKeHy IOBEPXHIO BifoOpasuTu HeMoKjauBo. Jls
KpaIoro BiobparkeHHsI TOBEPXHI MOXKHA BUKOPHCTOBYBAaTH OIIIIIO
numchar, sKa 33/1a€ KIJIbKICTh TOYOK 3 IIOYATKOBUX YMOB, Yepe3 dKi
POXOJATh KPHUBI, 10 (pOPMYyIOTH iHTErpasibHy IOBEPXHIO. 3a 3a-
MOBYYBaHHsSIM numchar=20 js1 n = 2, 10 MOoxKe OyTH HeJ0CTaTHIM
JIJISI aKyPATHOT'O BiMOOPaXKeHHsT CKJIAIHOI IIOBEPXHI.

st rimbioro o3naifomyennst 3 makeroM Maple mporonyeTbest
sukopucrosysaru |10, 11] ta nosinkoBy cucremy Maple.
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KOPOTKI BIIOMOCTI ITPO BYHEHUX,
AKI STAAYIOTHCHA ¥V IIOCIBHUKY

ABEJIb Hinbc T'enpik (Abel Niels Henrik; 1802 — 1829) — nop-
BE3bKUI MATeMaTHK. ABTOD BayKJIMBUX BIAKPUTTIB B ayirebpi Ta MareMa-
TUYHOMY aHaJli3i. BcTaHOBUB HEPO3B'SA3HICTH 3araJibHOIO AJIT€OPUIHOTO
PIBHSIHHS CTEIleHd N > 5, ojiep2KaB 03HaKU 30i?KHOCTI YUCTOBUX Ta DyH-
KIIOHAJBbHUX PsAJIB. 3aiiMaBCs TaKOXK JIupepeHIiaJbHIMU PIBHIHHSIMU,
OJTHUM 3 TIEPIUX IOYaB BUBYATH IHTETPAJIbHI PIBHIHHS.

BAHAX Credan (Banach Stefan; 1892 — 1945) — monbcbkuii i
YKpalHChbKHUil MaTeMaTuk, mpodecop JIbBiBcbkoro yuiBepcurery. Omun
i3 TBOPIIIB Cy9acHOTro (DYHKIIOHAJIBLHOTO aHA I3y 1 TbBIBCHKOI MaTeMATH-
YHOI MIKOJIA.

BEPHVYJIJII Hanwuin (Bernoulli Daniel; 1700 — 1782) — mBeii-
HMapchKmit MaremMarnk, Mexamix, dizuk. Cun M. Bepmymi. Hait6imsmr
Bimomwmit miparsgmu 3 MareMaTnaHOl (Di3uKu Ta Teopil pudepeHtiaabHIX
piBHstHB — iforo pasom 3 JI’AstamGepom i EitjiepoM BBakaroTh TBOPIEM
MareMaTnaHOl pizuku. K diszuk 306araTuB KiHETUYIHY TEOpilo ras3is, Ti-
JIPOJMHAMIKY, a€pPOJIHHAMIKY, TeOPilo HpyKHOCTI. VoMY HAIEKHTH OfIHe
3 nepiux GHOPMyJIIOBAHb 3aKOHY 30eperkeHHs eHepril, a Takoxk (omHo-
vyacuo 3 Eiisiepom) nepiie GpopmysioBanns 3aK0Hy 30€PeKEHHs MOMEHTY
KIJIBKOCTI PyXY.

BEPHVYJIJII Morann (Bernoulli Johann; 1667 — 1748) — mseii-
napcbkuit Mmarematuk. Momommmuit 6pat 4. Bepmysri, 6atpko 1. Bep-
Hysuti. laB mepire cucreMaTnydne BUKIAIEHHS Tu(EPEHITATLHOTO Ta 1H-
TErpaJIbLHOTO YUCIEHHS, aBTOP JIEAKIX METO/IIB iIHTerpyBaHHS 3BUIAITHIX
nudepenIiajgbHuX PIBHAHD (PO3POOUB METO BIIOKPEMJICHHS 3MIHHUX Ta,
MeTOJI, I /ICTAHOBKN IHTerpyBaHHsl JIHIHIX PIBHSIHD TEPIIOrO MOPSIIKY ).
O11H 3 TBOPIIB BapialliifHOro YUC/IeHHSI, 30KpeMa C(POPMYJIIOBaB KJIACH-
THY 33127y PO TeOIe3UTHI JiHil Ta 3HAHIIOB XapaKTepHy TeOMETPIIHY
BJIACTUBICTD TUX JIHIN. I7IOMy HaJIEXKaTh TaKOXK BaroMi JIOCJIJI?KEHHS 3
MeXaHiKW, 30KpeMa 3 Teopil yaapy, PyXy Til y CEepPeOBUIIi 3 OIOPOM.

BEPHVYJIJII ko6 (Bernoulli Jacob; 1654 — 1705) — mseitnap-
ChKHUIl MaTeMaTuK. ABTOp BHJATHHAX Ipallb 3 AHAJITUIHOI reoMeTpil,
MaTeMaTUYHOTO aHaJji3y, Teopil iMOBipHOCTEl, IndepeHiaIbHIX PiB-
usaab (piBHsmna Bepnyst). Pazom 3 6parom Moranmom 3akias ocHOBH
Bapiariiinoro unciaeras. [Ipu mpoMy ocob/inBe 3HAYEHHS MaJjIu 130mepu-
MeTpPHYHA 33248 1 3HAMIeHIH HIM Po3B’ 130K cdopmyrrsosanoi 1. Bep-
HyJT 3371249l mpo O6paxicroxpony. IIparfoBaB TakoXK y Pi3HUX Taay3dx
disukn (BU3HAUEHHS IIEHTPY KOYEHHsI T1JI, OIOpy Tii pisHOT dbopmu, sKi
PYXaloThed y piaui).

BECCEJIb ®piapix Biasressm (Bessel Friedrich Wilhelm;
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1784 — 1846) — mimenpkuit acTpoHoM 1 Maremaruk. Ilpamni npucesiaeni
Teopil audepeHItiaabHUX PiBHsAHB 1 HeOecHil MexaHIri. Y MaTeMaTHIl
fioro iM’st HOCSITH TaK 3BaHi nuTiHApHYHI dyHKIIT nepmoro poay (dbyH-
kil Beccens) i mudpepennianbue piBHIHHS, siKe BOHU 3a0BOJILHAIOTH
(piBustnHs Beccens).

BAHJIEPMOH/I Anekcanap Teodin (Vandermonde
Alexandre Theophill; 1735 — 1796) — dpaniyspKkuii MaTeMaTHK.
Bimomuit npargmu 3 anredbpu, 30KpeMa JIaB JIOTIYHUE BUKJIAJ TEOpil
BU3HAYHUKIB, e BigoMmuii BusHavHnK BamnmepMona.

BPOHCHKUIN (FEHE-BPOHCBKUIM) IOsedp Mapis
(Hoéne-Wrocski Jozef Maria; 1778 — 1853) — moJIbCbKHIT MaTeMaTHK 1
dinocod. Onepxkab 1mMiKaBi pe3yIbTaTu B ajaredpi, MaTeMaTUIHOMY aHa-
J1i31, Teopil gudepeHIiaIbHIX PiBHAHDL. YIepiine BBiB (hyHKIIOHATILHUTIT
BU3HAYHWK, KU Ma€ BeJIMKe 3HAUEHHS B Teopil JiHiHUX gudepentri-
AJbHUX PIBHAHD (BU3HAYHUK BpOHCHKOro abo BPOHCKIaH).

TPIH dxopax (Green George; 1793 — 1841) — anrniiicbkuii Mmare-
MaTuK i pizuk. OCHOBOIIOJIOKHUK IIKOJIM MaTeMaTu4dHOl (pisuku B Kem-
opuki. OepzkaB BaroMi pe3yJsibTaTi B MaTeMaTUIHIl (Di3ulli, po3BUHYB
TEOPilo eJIEKTPUKH fI MarHeTU3My, CIUPAIOYUNChL Ha 3HaiieHi HUM (op-
MYJI TeOopil TOTeHIiaTy.

T'VYK Pobepr (Hooke Robert; 1635 — 1703) — anruiiicbkuii mpu-
POO3HABEIh, WieH JIOHIOHCHKOrO KOPOJIiBCHKOro ToBapucTsa. OCHOBHI
mpari y pisHOMaHITHUX Taay3sx ¢izuku i acrporomii. O uH 3 TBOPIIB
MaTeMaTUYIHOI TeoPil NPYKHOCTI.

TYPBIIL Aponsd (Hurwitz Adolf; 1859 — 1919) — nimenpkuii ma-
rTeMaTuK. Bizomuil npangMu 3 MaTeMaTHYHOrO aHaJi3y, aarebpu (Kpu-
repiii 'ypsina), reopii uncen. 3 1892 p. upodecop Iomirexuianol mkoan
y Hropixy, se cepen iioro cryjentis 6y Anbbepr EitHinmeiin.

J’AJTAMBEP 2Kau Jlepon (D’Alembert Jean Le Rond; 1717 —
1783) — dpanmyspkuii MaTemMaTHK, MexaHik i dinocod. Asrop dyHma-
MEHTAJbHUX IIPAIh 3 MEXaHiKM, MaTeMaTuIHol (hi3uku, Teopil mudepen-
miaJbHUX piBHAHB. Brepmre cdopMmysioBaB 3arajbHi MpaBuma CKJaIa-
HHs TudepeHItiaJIbHIX PIBHIHD PYXY OV/Ib-IKNX MaTepiaJbHUX CHCTEM
(mpuanun JI'Anam6epa). OcHOBHI MaTeMaTHYHI pari CTOCYIOTHCSI Te-
opil audepeHniaabHIX PiBHAHD, Jie BiH 3aIPOIIOHYBaB METOJ PO3B’dA3y-
BaHHS PIBHIHDL JPYTOTO MOPSIKY 3 YACTUHHUMU TOXITHAMHU, sIKi BUPa-
JKAI0Th MaJll KOJIMBAHHA HECKIHYEHHO TOHKOI OJHOPIAHOI cTpyHU (XBU-
JBOBHX piBHsAND). [loro poboru, a takox nacrymmi poborn JI. Eiirepa i
J1. Bepnysi 3aK/ay OCHOBY MaTeMaTHYHO! (i3uku.

ENJIEP JIeonapy (Euler Leonhard; 1707 — 1783) — BujaTHuil Ma-
TEeMATHUK, MeXaHiK, (3K, aCTPOHOM. 32 TMOXOI2KEHHSIM IIBEHIIAPEIb, aJe
maiike miBxkuTTa TposiB y Pocil, 15 pokis nparosas y Himeaunni. As-
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Top Maitzke 850 HAYKOBUX IPAIlb 3 MATEMATUIHOTO aHAJI3Y, JudepeHTIi-
aJIbHOI TeoMeTpil, HaOJIMKEeHNX METO/IiB 00YuC/IeHb, HeOeCHOT MeXaHIKH,
MaTeMaTUIHOI (hi3uKM, ONTUKY, basicTuky Ta iH. CucreMaTUuvHO PO3BU-
BAOYM HOBI IpuitoMu iHTerpyBaHHs JudepeHIiaJbHIX PIBHIHb Ta BBIB-
I HU3KY OCHOBHUX IOHSTH y TMiit o0Osacri, Eitep cTBopuB K camocTiii-
HY JUCIUILIIHY TeOPifo 3BUYaiiHuX AudepeHIliaJbHIX PIBHIHD 1 3aKJ/IaB
OCHOBU TeOpil piBHAHb 3 YACTUHHUMU TTOX1THUMU.

KATIEJIJIT Aasdpeno (Capelli Alfredo; 1855 — 1910) — irasmiii-
CbKWIT MaTeMaTuK. PO3BUHYB TEOpII0 KBaJApaTUIHNX (POPM Ta TEOPiio
ajareOpuIHUX piBHAHB. JIOBiB HEOOXIi/IHY 1 JOCTATHIO YMOBY iCHYBaHHS
PO3B’sI3KY JOBLIBHOI JIIHIHHOI CHUCTEME AJreOPUIHIX PIBHAHD.

KIPXTO® T'ycraB PoGepr (Kirchhoff Gustav Robert; 1824 —
1887) — mimernpkuit disuk. OcHOBHI Tpari 3 ONTHKH, eJeKTPOMHAMI-
ki i Mexaniku. Po3B’s3aB 3aj1ady Ipo PO3IOJILI €IEKTPUIHUX CTPYMIB
y POBrajly?KeHuX eJIeKTpudHux Kojax (npasmia Kipxroda). Maremaru-
YHI JOCJIZKEH S BIIHOCATHCS TOJIOBHO JI0 MaTeMaruIHol (pizuku (MeTos
HaOIMKEHOTO PO3B’sI3yBaHHS 33124 JUMPAKI] KOPOTKAX XBUJIb, (DOP-
mysu Kipxroda B Teopil moTentiay, mpecTaBIeHHs eJIEKTPUTHOT CXEMU
y Buris i rpada).

KJIEPO Aunekcic Kaop (Clairaut Alexis Claude; 1713 — 1765) —
dpaHIy3bKIil MaTeMaTHK, MEXaHiK 1 acTpoHOM. BBIB MOHATTS MOBHO-
ro nudepenmianga OYHKINT KITBKOX 3MIHHUX, 3arajbHOrO Ta YaCTUHHO-
ro po3B’4A3KiB JudepeHIiajbHOro piBHaHHA. BigoMmit TakoXK mpargmn 3
reoMeTpil, aHAJITHYHOI MEXaHIKM, T'e0/Ie3i1, aCTPOHOMII.

KOIII Ortocren JIyi (Cauchy Augustin Louis; 1789 — 1857) —
dpanmyspkuit Maremaruk. Omyosikysas mouas 800 mparrs i3 Teopil um-
ces, ajaredpu, MaTeMaTHIHOTO aHAJI3Y, TEOPETUIHOI MEXaHIKM, MaTeMa~
tuyHOl disuku. JlaB 4uiTKke o3Ha4UeHHs HenepepBHOI (DYHKINI, OCHOBHUIX
HOHSATH Teopil 36ixkHuX psiztiB (o3naka Ko, kpurepiit Komi), possunys
OCHOBH Teopil aHamiTHYHNUX DYHKIHH. Y Teopil mudepeHIiagpbHux pis-
HAHBb JOBIB OCHOBHY TEOpEMY ICHYBAHHS PO3B’SI3Ky MOIATKOBOI 3aadi
(3amaui Komi). Pospo6us merou inTerpyBanis piBHAHDL 3 YACTUHHUMUI
MTOX1THUMU TIEPITTIOTO TOPSJIKY.

KPAMEP Ta6pieas (Cramer Gabriel; 1704 — 1752) — mBeiinap-
cbkuit Maremaruk. OJUH 3 TBOPIB JIHIAHOI ajiredpu, ydeHb 1. Bep-
HyJUTi. 3aIporoHyBaB METOJ, PO3B’sI3yBaHHS CHCTEM JIHIHHUX ajareopu-
qaux piBaganb (Meron Kpamepa). Orpumas HOBI pe3y/ibTaTh TaKOXK Yy
reoMmeTpil, Teopil iMoBipHOCTEI, HEOecHI Mexanimi. 3aiimMaBcs icTopiero
MaTEeMATUKH.

KPOHEKEP Jleonoasn (Kronecker Leopold; 1823 — 1891) — wi-
MenpbKuii Maremaruk. Hammcas monasn 120 HaykoBUX mparb 3 ajredpn i
Teopil uncen. Bys mpuxuabHuKOM «apudMeTn3arii> MaTeMaTUuKH, sdKa,
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Ha HOro JIyMKY, TOBUHHA 3BOJIUTUCH JI0 apUMMETUKN IIJIUX TUCE/T.

JIATPAH2K 2Koszed JIyi (Lagrange Joseph Louis; 1736 — 1813) —
dpanIy3pKknit MaTeMaTHK 1 MexaHiK. Hafthimbir BaKIuBi mpalti BigHOC-
ThCs 710 BapiarniitHoro gnciaenns i Mexanikn. oMy HazeskaTh TAKOXK BII-
JATHI JIOC/I/IZKeHHS 3 PI3HUX NUTAHb MATEMATUIHOrO aHaJtsy (dbopmysa
3aJIMIIKOBOTO “WieHa psay leitsiopa, dopMysia CKIHYEHHIX TPUPOCTIB —
dopwmyna Jlarpamka, Teopis yMOBHIX €KCTPEMYMIB — METOJT MHOXKHUKIB
Jlarpanxa), qudepeHiiaabHuX piBHsIHD (TEOpist 0COOIMBUX PO3B’SI3KiB,
MeTO/T Bapiariil JIOBIIbHUX CTAJIUX JIJIA JIHINHOTO PIBHAHHA N-T'0 TOPSI-
Ky) Ta iH.

JIEﬂBHIL[ Tordpin Binbreasm (Leibniz Gottfried Wilhelm;
1646 — 1716) — mimernpKuii MaTeMaTuk, Gpisuk, disocod. OauH i3 TBOPIIIB
JudEpeHItiaIbHOrO Ta, IHTErpaabHOr0 YUCICHD, IXHIX MOHATH 1 CUMBOJTi-
KH. IZOMy HaJIeXKaTh TEPMiHU «audepeHIiany, «andepeHiiajbHe Yncie-
HHS», «Indepermiaabie PiIBHAHHI», «(DYHKITA», «KOOPIUHATH> Ta iH. Y
dizumi BiZKpuB 3aK0H 30€peKeHHs €HePTil, BUCIOBUB 11€10 PO IIEePETBO-
PEHHY OJTHUX BUJIIB €Hepril B iHIII. ﬂon{y HAJIEXKUTh HU3Ka BIJIKPUTTIB Y
crieriaabHuX po3/iiax izukn: B TeOpil MPYyKHOCTI, Teopil KOJUBAHDL Ta
iH.

JITTIIITT, Pynosisd Otrro Curismyss (Lipschitz Rudolf Otto
Sigismund; 1832 — 1903) — mimernpkuii MareMaTuk. ABTOD BayKJIMBUX
mparmp 3 MaTEeMAaTHIHOTO aHAJI3y, Teopil unces, audepeHIiaaIbHnX PiB-
HaHb (yMoBa JIimmina), TeopeTHIHOT MeXaHIKn.

JITYBLJIJIBb 2Koszed (Liouville Joseph; 1809 — 1882) — dbpaniyss-
KUl MaTeMaThK. ABTOp BayKJIUBUX IIPAIlh 3 KOMILIEKCHOTO aHAJI3Y, Teo-
pii ances, qudepennianbaux pisasab (Gopmysna Ocrporpagcskoro — JIi-
yBlwig). [lepmmm crporo 10BiB HEIHTErPOBHICTD y KBAJIPATypPax JIeAKUX
kJjaciB gudepennianbaux piBHaHb. Paszom 31 ZK. IItypmom po3pobus
Teopito KpaioBUX 3312 Ha BJIACHI 3HAYEHHS JJIsI JIHIMHUX TudepeHIi-
AJbHAX PIBHAHB JIPYTOro nopsiiky (3amaqda Itypma — Jliysimis). Tosis
onHy 3 QYHIAMEHTAJIBHUX TEOPEM MEXaHIKU — TeopeMy IIPO iHTerpyBa-
HHsI KAHOHIYHUX PiBHSHB JTUHAMIKHA.

JIAIIYHOB Outekcanap Muxaitsmosua (1857 — 1918) — pociii-
CbKWMIT MaTeMaTHK i MexaHiK, jaiicHuil wieH [TerepOypspkol Akajemil Ha-
yK, podecop XapkiBcbkoro, O1eCbKOro yHIiBEpCUTETIB. 3aCHOBHUK Ma-
TEeMATHIHOI TeOPil CTIKOCTI PyXy, aBTOP BaKJIUBHUX JTOCJII2KEHD 1TPO (i-
rypu piBHOBAru pifiHM, IO PIBHOMIPDHO 00EPTAETHCs. 3POOUB BaroMuii
BHECOK Y TeOpPilo HMOBIpHOCTEN Ta TEOPII0 MOTEHITIATY.

HBIOTOH Icaakx (Newton Isaac; 1643 — 1727) — anruificokuit di-
31K, MaTeMaTHK, MEXaHiK, aCTPOHOM. 3aKJ/IaB TEOPEeTUYHI OCHOBHU Me-
XaHIKH 1 acTpPOHOMII, BiJIKDUB 3aKOH BCECBITHBOTO TSXKIHHS, Pa30M i3
JleitOHimeM BBayKa€ThCA TBOPIEM MUMDEPEHIHAIBHOIO Ta IHTErpaJbHO-
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ro YucjaeHb. Bunaitimos MeTos1 inTerpyBanis JudepeHIiaabHIX PiBHIHDb
pO3BUHEHHAM X PO3B’sA3KiB y crereneni psau. Ha ocHoBi 3akoHy Bce-
CBITHBOTO TSKIHHS JaB MaTeMATUIHE OOTPYHTYBAHHS TIEPIIIOr0 3aKOHY
Kermwrepa.

OCTPOTPAICBKUMN Muxaitio BacuisoBudg (1801 -
1862) — ykpaiucokuii i pociiicbkuit maremaruk (pogom 3 Iosrasrumm),
ujieH [TerepOypsbpkol Akajiemil HayK Ta baraTboX 3aKOPIOHHUX aKa1eMiil
HayK. Po3B’s3aB HU3KY BarKJIUBUX 3319 MAaTEMATUYIHOI (Bi3uKu, Teopil
sBuuaiinux audepeniianabaux pisagab (dbopmyna OcTporpaicbkoro —
JliyBljisg), BapiamifiHOro 9ucseH s, TEOPETUIHOI MEXAHIKU. 3alpPOIOHy-
BaB CIOCIO 3BeIEHHS HEOTHOPITHOT KpaifoBol 3aaati 10 OJHOPITHOT.

IIEAHO [xysenmne (Peano Giuse; 1858 — 1932) — irasiiicbkuii
MaTeMaTHUK. 3allpOIOHYBaB CUCTEMY aKCioM apudMeTuKu, JOBiB Teope-
My icHyBaHHS po3B 3Ky 3as1adi Kot st mudepenmiaabHoTo piBHAHHS
3 HeIlePEPBHOIO IIPABOIO YACTUHOIO, IIEPIITUM TOOY/TyBaB HEIIEPEPBHY KPHU-
By, dKa [IJIKOM 3aI0BHIOE KBajpar (kpusa [leano).

IIVAHKAPE Amnpi 2Kroas (Poincare Henri Jules; 1854 — 1912) —
dpaHIly3bKuil MaTeMaTUK, (i3uK, acTpoHOM i (disocod. ABTop moHax
1000 mpanb 3 audepeHItiaIbHIX PiBHIHDB, TEOPil MOTEHIa B, MaTeMa-
TugHOl izukn, nebecnol mexanikn. OIUH 3 3aCHOBHUKIB SAKICHOT T€OPIl
nudepeHIiaIbHIX PiBHAHD.

IIOADPD Worauu ®pigpix (Pfaff Johann Friedrich; 1765 —
1825) — mimenpkuit MaTemaTuk i acTpoHoM. Bimomuit jociiizKeHHSIME
3 reopil udepennianbaux piBHsaHb (piBHsaHHs [Idbadda).

PAYC Epsapp dxou (Routh Edward John; 1831 — 1907) — an-
raificbkuit MexaHik 1 MaremMaTuk. Bigomuii mpamgMu 3 TEOPETHIHOI Me-
xaniku. 3aiimaBcga 1pobiaeMamMu crifikocri piBHOBaru i pyxy (Kpurepiii
Payca — I'ypsina). BeranoBuB crieriagbHIi aJropuTs Jiisi BUSHAUEHHS
KIJIBKOCTI KOPEHIB aJreOpMYHOrO PiBHSAHHSA, SKi MalOTh JOJATHI JilicHI
vqacTuau (Teopema Payca).

PIKKATI /Ixakomo ®Ppanuecko (Riccati Jacopo Francesco;
1676 — 1754) — iraniiicbkuii MaTemaTuk Ta imzkenep. OcHoBHi npari cro-
CYIOTBHCsI IHTErpaJIbHOTO YHUC/ICHHS i M epeHIiajIbHuX PiBHIAHD, 30KPe-
Ma BiH aBTOP JIOCTI/IZKEHHs NP0 iHTETPOBHICTH ¥ KBAJIPATypPaxX OJIHOTO
KJs1acy judepeHIiajgbHIX PIBHIHB HEPINOro MOPSAIKY (creniajbHe piBHS-
uug Pikkari).

CUJIBBECTP [Ixeiimc xo3ed (Sylvester James Joseph;
1814 — 1897) — anruiiicbkuit maremarux. OcHoBHI mpari 3 aarebpu (Kpu-
tepiit CusibBecTpa), Teopil umces, Teopil iMOBIpHOCTEl, MexaHIKM 1 Ma-
TeMaTu4IHOl (pizuKu.

TEMJIOP Bpyk (Taylor Brook; 1685 — 1731) — anruiiicbkuii ma-
remaruk. Busis 3aranbay dbopmyiy (dbopmysa Teiisiopa) possunenHst
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dbyuxuiit y crenenesi paau (psgm Teitopa), 3amodaTKyBaB MaTeMaTH-
YHY TEOPit0 KOJIUBaHHSI CTPYHU. ABTOD PODIT, IPUCBSYEHNX IEPCIIEKTHBI,
B3a€MO/Ii1 MarHiTiB, KaIlJIAPHOCTI Ta iH.

®OPEATOJIBM Epik Isap (Fredholm Erik Ivar; 1866 — 1927) —
MIBEJICHKUIT MaTeMaTWK. J3aCHOBHUK 3arajbHOI Teopil JiHIdHUX iHTe-
rpajbHux piBaganb (piBusung Ppeprosbma, reopemu Ppearoibma).

®YP’E€ 2Kan Barucr 2Kozed (Fourier Jean Baptiste Joseph;
1768 — 1830) — dpaniysbkuii MaTemaTuk. HaiiBaromimi pesysibraTu
oTpuMaB y MareMaTudHiil diszumi. 3okpema, BuBiB nudepenmiaabae pi-
HHHS TEIIOIPOBIIHOCTI, PO3POOUB METO ], PO3B’si3yBAHHS I[HOTO PiBHSI-
HHsI IIDH TIeBHEX KpaiioBux ymosax (Mmerox ®yp’e). Moro inei cramu mo-
TY>KHUM IHCTPYMEHTOM MATEMATHYHOTO JIOCIII/IPKEHHS HANPISHOMAHITHI-
MUX 3aJad, HOB sI3aHUX 3 XBWISME 1 KOJIMBAHHSMH (aCTPOHOMIsI, aKy-
CTHUKA, PaJioTeXHIKa Ta iH.).

XOII® EGepxapn (Hopf Eberhard; 1902 — 1983) — nimenpkuit i
aMepuKaHChbKuit MaTeMaTuk. OCHOBHI PODOOTH CTOCYIOTHCsT TEOPil JuHA-
MITHUX cuUCTeM i JudepeHItiaJbHIX PiBHAHD 3 YACTUHHUMU TTOXiTHUMH.
BaiimMaBcst TaKOXK acTpPodi3uKoIo.

IMITYPM 2Kak IMapas Ppancya (Sturm Jacques Charles
Frangois; 1803 — 1855) — mBeiinapcbkuii Maremaruk. OCHOBHI mpart
MIPUCBAYEH] 3a[aaM MATeMATHIHOI (DI3UKU Ta OB’ SI3aHUM 3 HUMHU Kpa-
WOBUM 3a/ia9aM Ha BJIACHI 3HAYEHHS JJId 3BUYANHUX MudepeHIiaabHIX
piBHsiEb (3amaua [IIrypma — Jliysimis). 3akias oCHOBI TeOPii KOJUBHO-
cTi po3B’sI3KiB JIHIWHUX JudepeHIliabHuX PiBHSIHb. ABTOD BaKJIMBUX
pOOIT 3 ONITUKY 1 MEXaHIKM.

AKOBI Kapu I'ycraB ko6 (Jacobi Carl Gustav Jacob; 1804 —
1851) — miMenpKuit MaTeMaTUK. Mowmy HaseskaTh BiAKPHTTS B TEOpil am-
ces1, anrebpi, BapiamiifHOMy YHCJIEHHI, IHTerpajJbHOMY YHCJIEHHI Ta Teo-
pii tudepennianbanx piBHARL. JlociKyBaB andepenniaabHi piBHAHHA
JUHAMIKH, PO3pOOUB HOBI METO/IN IX PO3B’SI3yBaHHI.
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Busnaunuk Bponcbkoro (BpoHCKi-
a) 143, 231

— XapaKTepUuCcTuIHuit 235

Bpomnckian (Buznaunuk Bporcbko-
ro) 143, 231

Byszoa mecriiikmit 303, 307

— critikuit 302, 307

I'padik pyxy 32
Hani mogarkosi 24, 118, 218, 222

Sanada Komri 24, 70, 118, 218, 222,
265, 271

— kpaitoBa 197

— — Ha BJlacHi 3HavenHs 205

— — "HeotHOPiTHA 198

— — oxHopinHa 198

— novarkosa (3agada Kormi) 24

— rypma — Jliysinasa 206

3anexuicTs minittna 143, 230

30ypenns 288

SuauenHst BjaacHe 205

Izoktina 30

TuBapianT 176

Iarerpan mudepenmianproro pis-
HAHHA 27

— 3araJyibHUi 26, 72, 121, 220

— HezaJtexkHMit 220

— neprmmit 135, 220

— — Hezajgexxkanit 220

— cucremu 219

Koedimient piBusgnna 23, 140
— CTUCHEHHs 88

Komusamms sinbme 190

— Baacue 190

— rapmoniunae 188

— — 3racatode 189

— rapMmoHiuHe HakJagaeHe 191
Komanmga Maple 322

Kowmbinamnis inrerposua 220
Kopekrricrs 3amgaui Komri 97
Kpusa inrerpaspua 19, 218

— JgioricruyHa 15

Kpurepiit JI’enapa — Humapa 295
— Payca — I'ypsina 295

— Cunbsecrpa 298

Jlineapu3zaris 100

Magarauk mMaTemarmaamit 194

Metos Bepnysmr 48

— Bapiamil JgoBULIBHUX cTaaux 47,
164, 245

— BBeJIEHHd ITapaMeTpa 78, 79, 125

— BUKJIIOUEHHS 225

— BIJIOKpeMJIeHHS 3MiHHUX 36

— JI”AramGepa 252

— Eiinepa 67, 234

— izokutin 30

— irepamiit (mocuijoBHux HaBIM-
JKeHb) 88

— Kormi 166

— Jlarpamxka 47, 164, 245

— HeBU3HaUYeHUX KoedirieHTiB 169,
248

— ImijIcTaHOBKH 48

— HOCJIIJIOBHUX HaOsmKeHb (iTepa-

wiii) 88

— cTelreHeBUX psaiiB 178

Metpuka 87

Mmuorounen  xapaKTepUCTUIHUI
152

Mmuoxuna Maple 322
Mmuoxnuuk iaTerpysaspauii 60, 137

Habsmzxenns mocaimosui 90

O6BijHa 28, 72
Omneparop 88
— iaTerpanbanit Ppesarosbma 93
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— ninitanit qudepenrianpunit 141 — — Bitbnux 187
— CTUCKYIOUnii 88 — Jlarpanzka 80, 158
Omist Maple 322 — JiHifiHe Ipyroro mopsaaky 174

— — 3 YACTUHHUMHE [TOXIIHUMHU IIEP-
moro nopsaaky 260

— — 3i crasmvu Koedirierramm 151,
169

— — HEOJIHOPITHE N-T0 ops Ky 140

— — — 3 YACTHUHHUMH IIOXiTHUMEI
MIEePIIIOTO TMOPSAAKY 269

— — — IEPIOTo MOPSIKY 47

— — oJHOpi/THE N-T0 TOopsaaKy 140

— — — 3 YACTHUHHUMH IIOXiTHUMEI
1epuioro nopsIky 260

— — — IEPIIOTo MOPSIKY 47

— — TepIIoro NopsKy 46

— HesBHe 68

— —, K€ MICTUTBH TLJIbKU TOXiTHY 76

—, He PO3B’s13aHe BiAHOCHO TOXiTHOT

ILmomuna dazosa 221

[ToBepxus inTerpaspua 259

[Toste mampsmis 29

[Tostoxkennsa pisnosaru 289

[Toprper dazosuit 300

[Topsiyiok piBusiaHS 18

— 3 YaCTUHHUMU TTOXiTHUME 258

— 3BUYaitHOIO TudEpPEeHIiaIbHOTO
18, 140

[Ipasuio Bigmykamas 00BigHOT 74

[Ipunnun  cruckyrounx Bitobpa-
KeHb 88

IIpoctip merputnnmii 87

— N-BUMIPHUI eBKJIIOBHUI 87

— HOBHUIT 88

— dazosnit 221

68

[Ipsma daszosa 221 _ ommopimme 38, 134
Pamr kpaitoBoi 3amati 199 — TEpIIOro MOPSJIKY CTereHsd n 75
Pesonanc 192 — IIdadda 277
PiBugnnga aBronomme 32 — Pikkari 54
— Beprysii 51 — cTalioHapHe 32
— Beccena 160 — y noBHEX Jirdepentiiaiax 57
— rapMOHIYHOTO ocruigTopa 187 — y3araJbHeHO-OJHOPiIHe 44
— audepentiaabae 12 — xapakrepuctudne 152, 235
— — 3 yacTuHHUMH Toxigaumu 18, — Yeburmosa 159

258 Po3sB’a30k 3Buaaitnoro mudepenti-
— — 3Bu4aitHe 18 aJIbHOrO piBHAHHA 19, 24, 68,
— — ciM’T kpuBux 20 118
— 3 TOYHUMH THoXigHuMu 135 — — 3arajpHuit 26, 121
— Eitnepa 157 — — — y nmapamerpuuniit dopmi 27,
— 3 BiJIOKpeMJIEHUMH 3MiHHUMU 30 121
— 3 BIIOKPEMJIIOBAHUMH 3MIHHUME — — KOMIIJIeKCHAN 154

35 — — ocobsmmBnit 28, 72, 122
— inTerpaJibae 106 — — TpuBiaabHuit 141
— KBagliiniitHe 269 — —y KBajgpatypax 19
— Knepo 81 — — gacTuHHUH 28, 72, 121
— KoJMBaHb 187 — pIBHSHHA 3 YaCTUHHUMH IIOXi-

— — Bumymmenux 187, 190 gaHIMA 259
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— — 3arajbHnit 263, 270

— KpaitoBol 3ajaqi 198

— cucTeMu 3BHYAHUX JndepeHIi-
aJIbHUX PIBHAHBb 218

Po3B’sa30K cucremMu acHMITOTHIHO
crifikuit 287, 289

— — 3araJjpHuit 219

— — 30ypenuit 287

— — He30ypennit 287

— — HecTiiikuit 287

— — ocobuBmit 219

— — criikuii 286, 289

— — TpuBlaJgpHUit 227, 288

— — vacTuHHHIT 219

Pyx 32, 120, 221, 286

— arnepioguunuii 3racarounit 190

— ycTaJyiennit 222

Psn crenenesunit 178

— y3arajpbHenmit 182

Cucrema aBTOHOMHa 222

—  3BHYAfHUX JudepeHIiaabHuX
PIBHSHB TEPIIOro MOPSIKy 217

— minitina 227

— — HeoJiHOpiHA 227

— — ojHOpiaHA 227

— HOpMaJibHa 217

— mepiroro HabJkenus 291

—  po3B’da3kiB  dyHIAMEHTaIbHA
145, 233

— cralioHapHa 222

— XapakTepucTuk 261, 269, 270

— xapakTepucruyina 261

Cimgio 304

CiM’st iHTErpaJibHIX KpuBux 19

Crucox Maple 322

Cran crokoro 33, 222

Teopema Komi 26, 91, 121, 218

— Jlanynosa 293, 297

— Ileano 24, 121, 218

— IIPO HEIIEPEPBHY 3aJIe2KHICTH PO3-
B’sI3KiB Bix mapamerpy 97

— IIPO HETIEPEPBHY 3aJIEKHICTH PO3-
B’S3KiB BiJI MTOYATKOBUX YMOB
97

Tunu [yankape 301

Touka aHaTITUIHOCTI
179

— HepyxoMa, 88

— ocobJmBa 27, 181

— — perynsgpna 182

— mpocTopy 87

— piBHOBaru 33

— pyxy movaTkoBa 222

— CcHoKoIo 33, 222, 289

Tpaexropis i3oronaapaa 83

— opToroHaJbHa 83

— pyxy 222

— (pazosa 222

PiBHAHHS

Vmosa Jlinmmina 94

— HeoOXijHa 1 JgocTaTHS JHiHIM-
HOI He3aJIeKHOCTI pyHKITiH 145,
232

— — JIiHITHOT 3aekH0CTi DYHKITIH
143, 231

— — — He3aJIeYKHOCTI PO3B’a3KiB 144,
231

— — CyMiCHOCTI cucTeMu HeJiHil-
HUX PIBHSIHb 3 YaCTUHHUMU I10O-
XiTHUMU TIEPIITOTO TOPSJIKY 275

— IIOBHOI IHTE€rpOBHOCTI PIBHSIHHS
IIdbadda 278

YmoBu kpaiiosi 197

— — ozHopiHi 198

— mo4uaTkoBi 24, 119, 218, 265, 271

Doxkyc mecriitkmit 306

— criiikuit 306

Dopmyna Abems 177

— Eitsrepa 154

— Kormmi 124, 167

— Ocrporpajicbkoro — JliyBiwis
148

— Ocrporpajicbkoro — S1kobi 233



[IPEJIMETHUN ITOKAYKYNK

339

Qyukiiig anagiTuasa 179
— BJytacHa 205

— I'pina 201

— Komi 166

— Jlanynosa 298

— oHOpiTHA 38

IlenTp 305
Mukn rparuannit 300

Yucsio xapakrepuctuane 152, 235

color 324
complex 324

D 109

DEplot 325
DEtools 325
diff 323

dsolve 109, 254
fsolve 324

implicit 112
intfactor 113
linecolor 326
numchar 327
numpoints 324
odeplot 325
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