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Pozmia 1

To4ukoB1 OIMIHKN

1.1 CraTncTuku Ta OIIHKN

3ajiada MaTeMaTUIHOl CTATUCTUKH — OTPUMATU KOHKDET-
Hi BUCHOBKH 3 eKCIIepeMeHTAJbHUX JaHuX. Buximnum mate-
plajioM M1 CTATHCTHIHOTO JTOCTIIZKeHHs PeaJbHOTO SBHUIIA
CJIYKUTH HAOIp pe3y/bTaTiB CIIOCTEPEeXKeHb HaJj HUM abo 2K
pe3yJbTaTiB CIeaJ bHO OCTABJIEHUX eKCIePUMEeHTIB. Y BU-
MaJIKy, KOJW Pe3yJbTaTh CIOTeperKeHb € YHCJIOBUMU, TX MOYK-
Ha PO3TJIAJATH 9K 3HaUYeHHS BHUIAIKOBOI BeqwdyuHu. g Bu-
MaJKOBa BEJIMYMHA MOXKe OYTH SK JUCKPETHOIO0, TaK 1 Here-
PEPBHOIO.

Hexaii B cTOXaCTUYHOMY EKCIEPUMEHTI CIOCTEPIraeThCs
JlesTka, BUITaIKOBa, BesinvdnHa. [[oBTOPUMO 1€l eKcriepuMeHT B
HEe3MIHHUX YMOBax N pas3iB. 3 opraHizoBaHUM TaKUM YHHOM
JOCJIIKEeHHSIM OB’ I3aHUI N-BUMIPHIH BUIIAIKOBHUIl BEKTOD

X = (X, Xy,..., X,),

Jie BUIIAIKOBI BeTmIuHu X;, ¢ = 1, n, He3aaeXKHi B CyKYITHOCTI
1 0JHAKOBO PO3IO/Ii/IEH].

w
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Osumauvenns. Bunajkosuit Bexkrop X = (X1, Xo,..., X,,)
31 3HaYeHHsIMH B rpocTopi R™, yTBOpeHuii nocaijoBHICTIO He-
3aJIE?KHUX, OJTHAKOBO PO3MOIIEHUX BUNAIKOBUX BEJIUYNH X1,
Xo, ..., Xy, KOXKHA 3 IKUX Mae po3noji (G, Ha3uBaIOTh BH-
6ipkoio obcsiroM n i3 posnoainy G.

[Ipoctip R"™, v sskomy BuOipka HabyBa€ 3Ha4YeHb, OyIeMO
HA3MBATH BHOIPKOBUM IIPOCTOPOM.

Hani marumemo crpaBy 3 Bubipkamu, po3nomiim ((yHK-
il po3noiy) SIKMX 3a/eKarhb BiJ| HeBLIOMOro napamerpa 0,
SIKHIT MOXKe HaOyBaTU AOBLIbHUX 3HAYEHDb 3 AESIKOI MHOKUHI
MOXKJIUBHX 3Hadenb © C R.

3anaya oliHIOBAHHA MapaMeTpiB po3moaiais. Hexait
x = (1, T, ..., x,) — peamizamis Bubipkn X = (X, Xo, ...,
X,,) 3 posnoginy F(-;0). 3nauenns nmapamerpa 6 B po3mojiii
F(-;0) uesimome, i iforo HeoOXiaHO OMHUTH (HAGIMIKEHO BU-
3HAYUTH) 3a peaizaiicio X Bubipku X. YV 1poMy ii mossirae
3aja9a OIIHIOBAHHS ITapaMeTpiB PO3MOILIIB.

CdopmynboBany 3amady MOXKHA PO3IVISAATH SK 3329y
BimyKyBanust Takol dyHKii A @ R" — O, mo h(x) =~ 6,
e X — peanizanis Bubipku X. 3navennsa h(x) mu it 6yaemo
BUKOpUCTOBYBAaTH K 6. OCKIIbKH JjI KOXKHOI peaJizalii X
3HavYeHHs h(X), IKe BUKOPUCTOBYEThHCS sIK 0, Oyie CBOE, OIiH-
Ky mapamMerpa f MoKHa BBayKaTH BHIIAIKOBOIO BEJINYHHO.

Osuauenns. bopeseBy dyukuino h(), 3agany Ha Bubip-
koBoMy mpoctopi R™, 3i 3HadenusiMu B © — MHOKWHI MOXK/TH-
BUX 3Ha4YeHb napamerpa f — OyaeM0O HA3UBATH CTATHCTUKOIO,
af = h(X) = h(X1, Xs,..., X)) — 6opesieBy byHKIIIO Bij
BHOIDKH 31 3HAUEHHAME B © — OIIHKOIO (TOYKOBOIO OIIHKOIO)
napamerpa 6.
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1.2 BJiacTuBOCTI OIIIHOK

OcHOBHE UTAHHS 3314491 OMIHIOBAHHS TAPAMETPIB PO3II0-
JIUTIB — HACKLJIBKU BEJHUKOIO € MOXMOKA MpPH BUKOPHCTAHHI
OIIHKH 0 six suavenns 0. Kinbkicuo Mipy HOXUOKH IpHU 3aMiHi
0 ua 0 (mipy posciosanms  BimmocHo 0) GyreMo onucysaT
BEJTMIUHOIO

5% = M|A — 6)?,

sIKY HA3UBAIOTH CePETHbOKBAIPATHIHOIO ITOXUOKOIO OIIHKHT 0.

Cepes1 ycix OIIHOK 3 OJHIEIO 1 TI€I0 2K JUCIEPCI€Io DO naii-
MEHIIIY CepPeIHbOKBAJIPATHIHY HMOXUOKY MAIOTh OIIHKH, I
skux MO = 6. Ocranue suiinsae 3 piBHOCTE

62 = M| — 0> = M(6% — 200 + 6°) = M6 — 20M6 + 6° =
— MA? — (MA)? + (M6)? — 20M0 + 6> = DI + (M6 — 6)2.

Bingzmauumo Tako:K, IO SIKIIO Ml = 0, To cepeaIHLOKBaIpa-
THYHA TTOXHOKa 02 HepeTBOPIOETLCA B JUCIIEPCiIo OMiHKHT 9.

Oznauenns. Omninka 0 napamMerpa 6 Ha3HBa€TbCs HE3Mi-
[IEHOIO, AKIIIO M6 = 6.

Haouno He3MminieHicTh OIMIHKT 0 mapamerpa f o3Hadae, mo
Ipu 6araTopa3zoBOMYy BUKOPHUCTAHHI OIIHKH 0 aK 3HAUCHHS 0,
ToOTO, Ipu Gararopas3osiii 3amini 0 Ha é, cepejiHE 3HAYECHHS
noxu6ku 6 — 6 nopiBHIoe HyseBi. HeawmimenicTs BKa3ye Ha BiJi-
CYTHICTH CUCTEMATUYIHOI HOXUOKH.

s otiHIOBaHHSA MMapaMeTpa f MOKHa 3allpOIOHYBaTH Oa-
raTo OIMIHOK 63MO=0.13 CYKYITHOCTI TaKHUX OI[IHOK MPHPO-
JIHO BHOpATHU Ti, MO MAaIOTh HalMEHINY AUCIEPCiIo.

O3zHavenHd. SIKIO B JAeIKOMYy KJaci HE3MIIIEeHHUX OIli-
HOK IapameTpa 6, ki MaloTh CKiHYeHHI JUCIEepPCil, iICHYE Taka
OIIIHKA é, 110 Dé < DO JIJIST BCIX OIIIHOK 0 i3 IHOTO KJIacy, TO
KayKyTh, 110 OIIIHKA 0 e edEeKTUBHOIO B JJAHOMY KJacCi OIIHOK.
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[nmumMu cjioBamu, Jucnepcis epekKTuBHOL OLIHKY [1apame-
Tpa B JIeIKOMY KJacl He3MIMEeHNX OIMIHOK € MIHIMaJbHOIO Cce-
pea aucrnepciit BCiX OIIHOK 3 IMHOTO KJIAcy.

EdexTuBny o1inky B KJ1aci BCiX HE3MIIIEHUX OIIHOK Oy/1ie-
MO HA3UBATH MPOCTO eheKTUBHOK OIIHKOW (6e3 CJIiB «B KJa-
i He3MIIEeHUX OIIHOK» ). Y JiTepaTypi 3 MareMaTHYHOI CTa-
TUCTUKHU 3aMICTh TEPMiHY «edeKTUBHA OI[IHKa» MOKHA TaKOXK
3YCTPITH Taki Ha3BH, 9K «HE3MIIeHa OIMiHKa 3 MIHIMAaJbHOIO
JIICTIEPCi€0y ab0 «ONMTHMAIbHA OIIHKAY.

Teopema (npo eguHicTh epbeKTUBHOI OLIHKM] ). SKIIO
0if— edeKTUBHI OIIHKH Hapamerpa 6, To 3 iMoBipHicTIO 1
BOHN cliBmagaiorsh: P{f = 0} = 1.

< 3a ymoBoio teopemu D = Df. Hexait 0% = %(é + ).
Tomi

Do — i(Dé + D) + %Cov(é, ) = %(Dé + cov(d, B)).
OckinbKu
|cov(8, )| < VDIDG = D4,
BUKOHYETHCS HEPIBHICTH

Do — %\Dé + cov(d, §)| < ~(Dd + Df) < DA.

N | —

3 i€l HepiBHICTI 1 TOTO, M0 § — ebeKTHBHA OIIHKA, BUILTHBAE,
mo DO* = DO = D@. Toni

:

cov(d,0) = DA = DO = VDOD

OcTtanHS PIBHICTH J03BOJISIE HAM CTBED/KYBAaTH, IO BUIAI-
koBi Bejimuunu 6 i 6 3 fimosipuicTio 1 jiinilino 3aexni, T0O6TO



1.2, BuacTuBOCTI OIIHOK 7

P{é = kO + b} =1 anst pesikux cranux k i b. Bpaxosyioun re,
110

DA = cov(kf + b,0) = kD = kD9,

orpuMyeMo k = 1. 3 yMOBH He3MIMEHOCTi OIMIHOK BUILJIUBAE,
o b = 0:

M6 = M6 = M(f + b) = M8 + b.

Taxkum 4mHOM, P{é = é} =1 »
Hexait X = (X1, Xs,...,X,,) — Bubipka 3 po3noiny 3i
misbhicTio f(2,0), © € R, § € O. IlosHaunmo depes

fx(X; 0) = fx(fL’l, Loy yIp, 9)

HJTPHICTH PO3MOJILIY BUITAIKOBOIO BekTopa X. Masi, y 1po-
my maparpadi, mpu posraar GyHknil fx(x, 6), 6yaemo 3acro-
coByBaTH JudepeHIiOBaHHS 3a IapaMeTpoM IIiJi 3HAKOM 1H-
TerpaJa, 3aJeyKHOro BiJ napamerpy. Tomy OynemMo BBazKaTH,
mo © — inTepBaa Ha mpawmiii R, a dyukmia fx(x,0), x € R™,
f € O, 3a10BOJIBHSIE YMOBH PETYIAPHOCTI, sIKi 3a0€31MeIyI0ThH
3aKOHHICTH BKa3aHUX OMepaIiiii.
Oznauenusg. Oyuxkiio

1(6) =M (—aln fge(X; 9))2

(SIKIIO0 BOHA BH3HAYEHA) HABUBAIOTH KiJIbKicTIO iH(GopManil 3a
Qimmepom.

Teopema (uepiBricts Kpamepa-Pao). fkuo 6 — Hes-
MilleHa OIiHKa mapamMerpa i BUKOHYIOThCS YMOBHU PETyJIsip-
HOCTi, TO Mae Micie HepiBHicTE Kpamepa-Pao

A 1
DI 2 7o (1.1)
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je I1(0) — kinbkicrs indopmanii 3a Dintepom.
<« Hexait f(z;0) > 0npuz € A C Ri f(z;0) = 0 upu
x ¢ A. Toni minbHICTH

n

fx(x,0) = fx(x1,29,...,2,;0) = Hf(xzﬁ)

=1

posmoziny Bektopa X = (X1, Xo, ..., X,) BiaMin#a Bix myss
Ha MHOKMHLI B = A X A X ... x A C R". Ockinbku

/fx(x,ﬁ)dx:/fx(x,é?)d)(:l,
Rn B

TO
0 0 5, 0
%/fx(xﬁ)dxz %/fx(X,Q)dx:/%dx:
R™ B B
:/fo(x,ﬁ)dx:o. (1.2)
a0
B

3 ymosu mesmimenocri oninxn 6 = h(X) = h(Xy, Xo,...,
X,) BHILIHBAE, IO

M6 = /h(x)fx(x,e)dx = /h(x)fx(x, 0)dx = 0.

Tomi
% / h(x) fx (x, 6)dx — % / h(x) fx (x, 0)dx —
_ /h(x)%;x’e)fx(x, 0)dx — 1. (1.3)
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Binussum i (1.3) pismicrs (1.2), noMHOXKeHY Ha mapaMeTp
0, oTpuUMy€EMO

/(h(x) _ G)fo(x, f)dx — 1.

B

Ckopucrapmuch HepiBaicTio Korri-ByHsaKoBcbKOro, BCTaHOB-
JIFOEMO, TITO

1< /(h(x) — 0)2 fx(x, 0)dxx

« / <m1f+;><m>2 fx(x,0)dx = DOI().  (1.4)

Lle 10BOAUTDL TBEPAXKEHHS TEOPEMH. P

3a yMOB peryaspHOCcTi HepiBHICTh (1.1) BU3HAYAE HUKHIO
MeXKy TUCIHepCiit BCiX He3MiIMeHuX OmiHOK mapamerpa 6. Be-
JITIUHY

e(d) = = ~
1(0)Do
Ha3MBAIOTH MOKA3HUKOM edeKTUBHOCTI B po3dyMminni Kpamepa-
Pao. I3 (1.1) BunuBae, mo 0 < e(f) < 1 gst Oyap-sikoi He3-
MIIIIEHOI OIIIHKHU Tapamerpa 6.
Oznauennd. He3mimeny oIinky 6 napamMerpa 6 Hasu-
BalOTh edeKTUBHOIO B po3yminni Kpamepa-Pao, sgximo mokas-

uuk edekruprocri e(f) = 1.
3ayBaxkeuHs. PiBricTh

- 1
DO = ———
1(0)
Ma€ Micre ToJi i TITbKU TOJI, KOJU
0l 0
O Ix00) _ () (hx) - 0) (1.5)

00
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upu Bcix z € R™. Ie BunjinBae 3 HeOOXIIHUX 1 JIOCTATHIX yMOB
epeTBOpeHHsd B piBHICTHL HepiBHOCTI Kotri-ByHaKoBCHKOTO.
Ocranne CHiBBIIHONIEHHSI, TTPW BUKOHAHHI YMOB PETyJIAPHO-
cri, € KpurepieM e(eKTUBHOCTI HE3MIIEHO] OIIHKH.

3ayBakeHHs. 3 TEOPEeMH PO €IUHICTD eheKTHBHOI OTiH-
KH BHILTHBa€, Mo edeKTHBHA OIiHKa B po3yMinai Kpamepa-
Pao € edpexkTuBHOIO.

3ayBakeuns. Hepisuicte Kpamepa-Pao mae wmicie i B
JIUCKPETHOMY BHIAJIKY. ZIKITO PO3MOMIA BHIIAIKOBOIO BEKTO-
pa X = (X1, Xo, ..., X,,) nuckperuuii, 1o fx(x,0) — 1e iimo-
Bipricts noxil {X = x}. [pn npomy fx(x,60) > 0 autne as
CKIHYeHHOI abo 3JiYeHHOl MHOXKHHH TO4YoK X € R”. [lose-
nenHst HepiHOCTI (1.1) y IbOMY BUIAJKY € MOBTOPEHHSIM JI0-
BeJICHHSI OCTAHHBOI TEOPEMH 3 OUEBUIHUMHU 3MiHAMU.

YacTo MOXKHA pO3IJIAIATH HE OJHY OINHKY 0 = h(X) =
h(Xy, Xo, ..., X,), nobynosany 3a Bubipkoro X = (Xp, Xo, ...,
X,), & HOC/iJOBHICTD OIIHOK 0, = hn(X1, Xo, ..., X3), n =
1,2,... . Y miit curyanii npupoHO TOBOPUTH MPO aCUMIITO-
TUYHY MOBEIIHKY ITOCITOBHOCTI OIMIHOK én

Oznauennsd. lloc/1igoBHICTH OIIHOK én, n=12,..., na-
pameTpa  HABUBAETHCS KOH3UCTEHTHOIO (CJIYIIHO, 3MICTOB-
HOI0), AKIIO BOHA 30iraeThest 3a HMOBIPHICTIO 110 6, TOGTO 11t
kozxnoro e > 0 P{|6, — 0| > £} — 0 upu n — oco.

Oznmagennsd. [loc/1ioBHICTH OIIHOK én, n=12,..., na-
pamerpa 6 HA3WBAETHCA ACHMITOTHYHO HE3MIIEHOK, AKIIO
M6, — 6 npu n — oc.

OsznHauenHd. [TocaioBHICTDL HE3MIIEHUX OIIHOK én, n =
1,2,..., mapamerpa # Ha3MBa€TbCA ACHUMITOTHYHO eeKTHB-
HOI0, KO €(f) — 1 mpu n — oo.

3ayBakenHs. Hajgami nmouarTd «olinka» Oy/1eMO BHKO-
PUCTOBYBATH TaKOXK Y MIIPOKOMY PO3YMIHHI SK MOCTITOBHICTH
OIIIHOK.
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ITpuknan (oriHka MaTeMaTUIHOrO CIOAIiBAHHS HOP-
MaIbHOTO po3moxiny). Hexait X = (X, Xo,..., X,,) — Bu-
Oipka i3 HOpMaJbLHOTO PO3MO/ILIY 3 HEBIIOMUM MaTeMaTHIHIM
CIIOIBAHHAM @ i BimoMmoro mucnepcieto o2. [lepeBipurn He3Mi-
IIEeHICTh, KOH3UCTEHTHICTD Ta €(OeKTUBHICTh OIIHKHI

I
a:X:E;Xl

napamMerpa a.
3a ymoBoto MX; = a, © = 1,n. Toxi, BpaxoBytoun JtiHiii-
HICTH MaTeMaTUIHOTO CIOAIBAHHS, OTPUMYEMO

_ 1 « 1
MX =M E;Xi :EZMXi:
= %ga: %na:a, (1.6)

a 1e i o3HauaE, Mo X € HEeMIIIEeHO OIIHKOIO MapaMerpa d.

Ockinbku X, Xo, ..., X,, — He3aJexKHi Ta 0JJHAKOBO PO3-
HOJiJeH] BUIAIKOBI BeJHUNHE 31 CKIHUCHHOIO JUCIEePCielo o2,
TO 3riJIHO 3 3aKOHOM BesimKux duces y hopmi Yeburiena sis
Oyab-sgkoro € > 0

P{{X —a| >¢e} =0, n— oo (1.7)

3 0CTaHHBOIO CIIBBIIHONICHHS BUILIABAE KOH3UCTEHTHICTD OIliH-
kn X.

ITokazkemo Terep, 1m0 X € epeKTUBHOIO OIIHKOIO ITapaMeT-
pa a. Ing nporo JoCTaTHLO MEePEBipUTH BUKOHAHHS PIBHOCTL
(1.5). IinbHicTs po3noiiny BunagkoBoro Bekropa X = (X7,
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Xo, ..., X,) Mae BurJsi

fx(xsa) = fx(z1,22,...,2,;0) =
1 (z; — a)2 B
i 1\/%Uexp{_ 207 }_

— (270%) "% exp {—% S - a)2} |

=1

n

Tomi

dln fx(x;a) 0 n 9 1 < 2\
9 = 5 21n(27ra) 52 ;(:L‘Z a)? | =
1 0 1 ¢

3Bijicu BUILIUBAE, MO & = X — edeKTUBHA OIiHKA ITapamMeTpa
a.

ITpuknan (orinka gucnepcii HOpMAJIbHOTO PO3IIOIi-
JIy IPU BiZOMOMY MaTeMaTHYHOMY cioAiBauHi). Hexaii
X = (X1, Xs,...,X,) — Bubipka i3 HOPMATLHOTO DPO3MO/Ii-
a1y N(a,c?), i Hexaii MaTeMaTH4He CIOIIBaHHA a — BigoMe,
a mucrepcis o — mesimoMa. [lepeBipuTu He3MimMeHICTb, KOH-
3UCTEHTHICTH Ta e(PEKTUBHICTH OIIHKHU

. 1 <&
2= (X; —a)
o n;< i —a)

napamerpa o2,
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Hesminenicrb OLiHKY 02 BUILUIMBAE 3 HACTYLHUX CIIBBijI-
HOIIIEHb:

R [ ] —
Mo?2==Y MX;—a)? ==Y MX, —MX,)? =
o ”Zl ( a) ”Zl ( )

n
12:2 1 2 2
= — o = —NnNo- =0".
n < n
=1

ITokazkemo, 1m0 02 € KOH3UCTEHTHOIO ONIHKOIO. 3riIHo 3
Japyroio HepiBHicTIO Yebumena

. 2
P{|02—02| >5} < —Z.
£

BnaiineMo aucnepciio OmiHKa o2:

n

Do? =D (% > (X - a)2) =

=1

= %ZH:D(XZ- —a)’ =) D(X; - MX;)’ =
=1 i

_ % i (M(XZ- — MX) — (M(X,; — MXZ-)Q)2> _

n

1 20%
n? i:l( ot =) n

Toi

A 201
P{|02—02|>5}§—2—>0, n — oo.
ne

e 10BOAUTH KOH3UCTEHTHICTH OLIHKK 02,
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Hosesemo edexkrupHicrb ouinku o2. s 1boro 1o3Hadu-
Mo 0 = ¢ i nepesipumo Bukonanus pisaocti (1.5) st 1riib-

HocTi fx(x;60), x € R" Bumamkooro Bektopa X = (X7,
Xo, ..., X,). BpaxoBytoun pe3yJbTar MOMepeHbOro MpuKJia-
Iy, MAEMO
Oln fx(x;0) 0 [ n 1
20 g6 \ 2 M) 5 izl(x 2

o N el I, e
=55t o 2= =55 (nZ@ @) 9)'

i=1 i=1

3 ocTaHHBOI PIBHOCTI BUILIMBAE, IO o2 — edeKTUBHA OILIHKA
napamerpa o>.

3ayBarkenHd. Hasejieni y nbomy naparpadi BJIacTuBOCTI
OIIHOK MOYKHA y3araJJbHUTH HA BUMAIO0K, KON 6 — BEKTOPHMI
napamerp, 10610 6 = (01,6,... 0;) € © C R*.

Bopagpa. [losecTn, 1o KOJIH JHCIIEPCis HE3MIIIEHOI OIliH-
KI TPSIMY€E JI0 HYJIST IPH 1 — 00, TO IS OIIHKA € KOH3UCTeHT-
HOIO.

1.3 Ewmmipuuna yHKIiS poO3IIOIiIy

Hexait X = (X3, Xy,...,X,) — Bubipka i3 posnomxity F.
[Ipunycrumo, mo byuknis posuoginy F(x) = P{X; < x},
r €R,i=1,n, seBinoma i ii HEOOXiHO OIIHATH.

Ozuavennd. EMnipuynoo QyHKIEIO PO3MOILITY HA3UBaA-
€ThCs (PYHKITIS F), Busnavena Ha R PiBHICTIO

. 1 —
Fo(r) = - D Lix,<a}
=1

ae Iix, <z — inpuxarop nouii {X; < x}.
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3ayBakenud. lIpu koxxnomy dikcosanomy r € R emiii-
pudna YHKIig PO3MOILTY Fn(m) dK (DYHKIiS BUIAIKOBOIO
BekTopa (X1, Xo, ..., X,) € BUIAJKOBOIO BEJHINHOL.

Y mporieci modyaoBu rpadika eMmnipudHol MYHKIT po3Io-
Jity (a Togsinme i1 peastizanil) MU CTHKAEMOCS 3 33]a9€r0 BIIO-
PSAJIKYBaHHS TOYOK 11 CTPpUOKIB — BHOIPKOBUX 3HAYEHD.

Hexaii (21, 29, . . ., x,) — peauizauis Bubipku (X, Xo, ...,
X,,). Posramyemo qucia 1, xa, . .., T, ¥ HOPSIKY 3POCTAHHSI:

T S x) < .S Ty, (1.8)

Jle x(1) — HallMeHIle, T(,) — HailOLIbIIe cepen 3HAYEHb X1,
Loyevoy Ty

Osnadennsa. [IocigoBHICTD YUCET T (1), T(2), - - - , T(n), AKI
3a/10BOJBHAIOTH YMOBY (1.8), HA3MBAIOTH BapialliitHUM PsAIOM
IIOCJIIOBHOCTI X1, Tg, . .., T, ab0 IPOCTO BapialliiHUM pPIIOM.
Hucno zgy, 1 = 1,n, HA3WBAIOTH i-M WICHOM BapialiiiHOro
pany.

ITosnaunmo uepes X, © = 1,7, BUIAJIKOBY BEJUUYHUHY,
sKa, IpH KOXKHIiii peanizamnii Bubipku (X1, X, ..., X,,) HaOyBae
3HAYEHHH, 10 JIOPIBHIOE i-My WJIEHY BapialliitHoTo psajy.

Osnauvennsa. llocniioBhicTh BUIAIKOBUX BeIMYHH X(1),
X@2), -+, X(n) HABHBAIOTH BaplalliHUM PAJOM IIOCJIIOBHO-
cri Xy, X, ..., X, llpn npomy X(;), @ = 1,n, Ha3uBaloTh i-M
4JIEHOM BapialiitHoro psijly BUOIPKH.

Hexaii cepe wieniB BapialliifiHOro psiiy (1), Z(2),- - -, L(n)
€ r PI3HUX YHCes, AKI TaKOXK BIOPSAIKOBAHO 3a 3POCTAHHSIM.
[osnaunmo IX 21y, 2(2); - - - 2(r)- llpumycTEMoO, mo KOXKHE 3
HUX ITIOBTOPIOETHCS BiIIOBLAHO N1, Nsa, ..., N, Pa3iB, IPH IbO-

T

My OYeBHJHO, 10 »_7n; = n. Tomi peasizario eMmipuaHOl
i=1
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byukuii posuoginy F, () MOXKHA LOAATH Y BULJISII:

/

07 r < Z(1)5
1 20 < T < 2);
Fo(z) = - D omi=qmEne g0 << gy, (1.9)
1 24 <T
1, x> Z(r)-

\

I3 BuieHaBe1eHOT0 BUILINBAE, 10 TPH (DIKCOBAHUX 3HAYE-
HHAX BUOIPKH, Fn(:v) SIK (DYHKIIist ApIYMEHTY & € JINCKPETHOI
dyHKIieo po3noairy. Po3momin (z(i), %) , i =1,r, mo it Big-
[IOBi/1a€, HABUBAETHCS €MITIPUIHUM.

Teopema (npo BacTuBOCTI eMnipudHOl DyHKITIT pO3-
noaiiy). s koxkuoro € R 3nadenus emuipuanol GyHKIl
posmoxiny F, () Mae Taki BIacTHBOCTI:

1) Bunajkosa Besmuuua nF),(x) mae GiHOMIaTBHUIE PO3IIO-
1l 3 mapapamerpamvu n, F(z):

P{fe) =1} = @0 - Fop ™ k=T

~

2) F,(x) € He3MIIIEHOW OIIHKOI 3HAYeHHsI (DYHKIT po3-
nominy F(z): )
ME,(z) = F(x);

A

3) F,(7) € KOH3HCTEHTHOIO OIIHKOIO 3HAYeHHs (DYHKIIIT PO3-
nogity F(x): nas koxkuoro € > 0

P(|E,(z) — F(x)] > &) = 0, n— oo.

<« 3adikcyemo goBinbae x € R. PosrasgneMo mocsimos-
HiCTH 13 N BUIPOOYBaHb, B SIKUX 4-M YCHIXOM Ha3UBa€TbCH
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nomist {X; < x}, i = 1,n. Ockinbrun X7, Xo, ..., X, He3a-
JIe’KHI Ta OJIHAKOBO PO3MO/IiJIeH] BUMA/IKOBI BEJIUIUHH, TO Ja-
Ha, TIOCJIIIOBHICTH € CXeMOIO BUTIPOOYBaHb BepHYJLI, IpUIoMy
HMOBIPHICTD yCIIXY He 3a/Ie:KUTh BiJI HOMepa BUIPOOYyBaHHA
i nopisuioe p = P{X; < 2} = F(z). Bunagkosa Bennanna
~ n
nF,(x) = > Iix,<g) — e KiTbKIiCTh yCHiXiB B 7 BUIPOOYBaH-
i=1
usax beprysmii. Orxke,

p {nﬁn(x) = k} = COFpF(1 —p)nF =
— CEPM@)(1 - F@)™™, k=0n,

o i 10BOUTH 1).

Biractusicrs 2) BuBoauThes 3 JHIHHOCTI MATEMATHIHOIO
CTIONiBaHHA Ta 3 (POPMYAH I MAT€MaTHYHOIO CHOJiBAHHSA
IHIMKATOPHOI BeJIMYMHMN:

M(E, (x ZMH{X@E} Zp p=F(x).

JloBe1eMO BIACTHBICT 3). 3a O3HAYCHHSM BestnunHa F, ()
€ BIIHOCHOIO YAaCTOTOIO YCIIXiB B 1 BUIPOOYBAHHAX 32 CXEMOIO
Bepnysuii. Toxai 3rigno 3 reopemoro Bepnysii 3akony Bejiu-
kux uncen [, (z) 36iraerbes 3a fiMOBIPHICTIO HpH 7 — 00 10
fiMoBipHOCTI ycmixy B ogHOMy BHMpoOyBanui p = F(x). Ile
o3Hauae, mo F, (&) € KOH3HCTeHTHOW OliHKoW 11s F(x). »

1.4 BwubipkoBi MOMeHTH

Hexait X — BumajkoBa BeuunHa 3 (HDyHKIIEIO PO3IOILITY
F(x), » € R. Haragaemo, o 3unatouu F, MoxKHa 3anucaru
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maremaruune cuojiBanns GyHkil g(X) y Bursai

o0

Mg(X) = [ g(a)F(da),
Jte ocTaHHiil inTerpas € iHTerpasom Crisibrbeca. ¥ BUIAJIKY,

ko g(X) = X*, abo g(X) = (X —MX)*, k> 0, orpumyemo
BiIIOBIAHO ITOYATKOBI MOMEHTH My, 1 IeHTPaJIbHI MOMEHTH mg

HOPSAAKY K BHIIAIKOBOI BeJMIuHU X :

my, = MX"* = /mkF(dx),
mh = M(X — MX)* = /(g: — MX)*F(dz).

Bokpema, mpu g(X) = X i g(X) = (X — MX)? orpumyemo
dopMyIu BiIIOBIIHO s MAaTEMaTHYHOTO CIIOIBAHHSA 1 JIHC-
Imepcii BUNaAKOBOI BeJIMINHE X .

B maremMaTuuniii cTaTHCTHIN BCi IIi YHCJIOBI XapaKTepH-
CTHKH, & TaKOXkK (PYHKIIO PO3IOJLIY BUIAIKOBOI BEJUYUHU
X HA3MBAIOTH TEOPETUYHUMU.

Bigznaunmo, 1m0 MizK TEOPeTUYHUMH NEHTPAJTLHUME 1 1MO-
YaTKOBUMH MOMEHTaMH iCHYy€ IpocTuil 38’a30K. Crpaii,

k
mf = M(X — MX)*" = M > CpX'(—MX)" =
1=0
k
CLMX" (=MX)* Z(_l)k_iciimi(ml)k_i:

0 1=0

I

)

= |l

(=D Climi(m)* ™ + (=D Yk — 1)(m1)*. (1.10)

@
I|
N
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Bunumiemo neit 38430k MizK MOMEHTAMM Jijisl HEPIIUX YOTHU-
pbOX 3HAYEHDb K:

0 0 0 2
my=1, m; =0, my=mg— (my)

mg = mz — 3mamy + 2(m1)?,

ml = my — dmamy + 6my(my)? — 3(my)*.

Hexaii X = (X1, X,...,X,) — subipka, [,(z), z € R, —
emmipnana byHKIis PO3IOALTY, MOOyI0BaHa 3a Peasi3aIieo
x = (21,9, ...,x,) Bubipkn X. TToznaunmo gepes X Bunaj-
KOBY BEJIMUYWHY 3 (PYHKINEI DO3MOILTY F,. 3a o3mademmsm
IOYATKOBI 1 IEHTPAIbHI MOMEHTH k-rO MOPAIKY BUNAIKOBOI
BesinarHu X BiAIIOBIIHO JIOPIBHIOIOTD

A MXF 1 ¢ k BN k
my(x) = = n;z(i)nz— nizz;xi,
md(x) = M(X — MX)* =
! i(z MX)Fn ! i(x )
- ? (2 K3 )
o X i
ae T =1 (X), z(), @ = 1,7 — MOXK/INBI 3HAYEHHS BUIAKOBOI
BEJIMYUHU )?, a ™ — iimoBipHocTi nux 3uadens (gus. (1.9)).

n
O3zuauvenndg. Bunaakosa Begmumma,

S BN
=1

HA3WBAETHCS BUOIPKOBUM MOYATKOBAM MOMEHTOM MODSIIKY K.

3okpema, BUGIPKOBHIT TOYATKOBU{T MOMEHT IIEPIIOrO ITOPSIKY

X = 1, (X) HasuBaeThCA BUOIPKOBUM CePeIHIM.
O3zuauvenng. BunaakoBa Bejmaumma,

) = ml(X) = = 3 (x, - Xt
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Ha3MBAETHbCH BUOIPKOBUM HEHTPAJbHUM MOMEHTOM IOPSJIKY
k. 3okpema, BUOIpKOBHUil IEHTPAIBHEE MOMEHT JPYroro Io-
paaky o2 = my(X) nazuBaerncst BUGIPKOBOIO JUCIEPCIEIO.

3ayBarkenHnsd. [Ipu koxniii peasizarii x Bubipku X Mo-
MEHTH 77, M) € TEOPETHYHAMH MOMEHTAMHI TOPAIKY k BH-
NAJIKOBOT Be/naiH X , 1 TOMY BOHU 33JI0BOJILHSIOTH BCi BJIac-
THUBOCTi TEOPETHYHUX MOMEHTIB.

3 ypaxyBaHHSIM OCTAHHBOTO 3ayBarKeHHS, HAITPUKJIAI, MOK-
Ha CTBEPJ2KYBATH, MO i BUOIPKOBUX [OYATKOBUX 1 IEHT-
paJILHIX MOMEHTIB BUKOHYIOThCs criBBianomenus (1.10). So-
KpeMa, Ma€ MicIle TOTOXKHICTh

« 1 — _
02:m2—(m1)225 E )(LQ—)(2
i=1

TakoxK Bim3HAYNMMO, IO IEeHTPaJbHI MOMEHTH € iHBapiaHTHU-
MM BIJIHOCHO 3CYBiB, TOOTO /i JIOBLJIBHOI CTAJION ¢

:%Z (Xi_c)—%Z(Xi—c) . (1.11)

Teopema (Ipo BAACTUBOCTI BUOIPKOBOTO CepegHbO-
ro). Hexait X = (X, Xs,..., X,,) — Bubipka 3 po3nosiny
31 CKIHYeHHOIO JmCIepciero, aKy HmozHaumMmo depes o>, Tomi
orinka X MaTeMATHIHOro croaiBanusa a = MX; € He3Mirre-
HOIO, KOH3UCTEHTHOIO Ta €(PeKTHUBHOIO B KJACi BCIX JIHIAHHX
OIIIHOK, TOOTO OIIHOK BUTJISIILY

5 = i OéiXi,
i=1
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n
Je (v, (g, ..., 4, — JOBLIBHI craui Taki, mo » | o; = 1.
i=1
<« HesmimenicTsd 1 KOH3UCTEHTHICTD OMIHKN X BUILJILBAE 3
pisrocti (1.6) i cniBBignomenns (1.7) BimmosimHo.
Hoseyiemo, 1o Bubipkose cepegne X € ePeKTHBHOI OIliH-
KOIO TapameTrpa a B KJaci BCix JiHIfiHUX oIiHOK. s 1mporo

JOCTaTHBO IIOKA3aTH, IO

Dg: ]:)i()éz)(Z = ia?DXz = O-Qia?,
=1 =1 =1

ne o2 = DX, nabyBae cBOro MiHIMaJLHOTO 3HAUeHHs IPH
o = %, T00TO KOJIn 6 = X.
JLs1 3HAXOZKEHHST YMOBHOTO MiHIMYMY (DyHKITIT

n
glon, g, o ) = Z&?
i=1

TIpH YMOBI
n
o=t
i=1

ckaageMo dyHkiio Jlarpamxa

L(al,ag,...,an;/\):iaf—k)\ i%—l ,
i=1 i=1

e A — MHOXKHEUK JlarpanzKa. 3amuimeMo HeOOXiaHi yMOBH
iICHYBaHHSI YMOBHOTO €KCTPEMYMY:

L —20;+A=0, i=1n,

n
OL
i=1
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Posp’g3aBiim 1o cucreMy, 3HAXOAUMO A = —% 1o = %,

i = 1,n, i mepeKonyeMocs B TOMY, IO HOPH IHX 3HAUCHHAX
aprymenTiB GyHKIis g(aq, g, . . ., ;) Ma€ YMOBHUIT MiHIMYM.
>

Teopema (mpo BiacTuBocTi BUGIPpKOBOI AuCIIepCit).
dxmo X = (Xy, Xo,..., X,,) — Bubipka 3 po3nominy 3i cKin-
YeHHOIO qucIepciero o2, To BUOIpKOBa AucIepcisa o2 — 3Mirne-
Ha KOH3UCTEHTHA OI[HKA 02. A

<« BpaxoBytouu e, 1mo orinka o2 iHBapiaHTHa BiJHOCHO
3cyBiB (auB. dopmyry (1.11)), 30Kpema, He 3MIHIOETHCS TIPH
Bignimanui Big X; ix crigbHOrO cepemgaboro a = MX;, MmoxKkHa
BBaxkaTH, mo a = MX,; = 0. Toxi

N 1 n B 1 n 3
Mo? =M [ =Y X7 - X*| ==> MX?-MX*=
n
i=1 i=1

=2
1 & o1 2 —1

= -3 DX, DX =-no* - T =" 407,
nizl n n n

TOOTO 02 — 3MilMeHa OMiHKa A/Ts JAcnepcil.

[Tokazkemo, 1110 02 € KOH3MCTEHTHOIO oninkoro. J/loBeen-
H MPOBEIEMO /T BUTAAKY, KOJIN iICHYIOTh MOMEHTH JAHOTO
PO3IIOLIY 10 Y9eTBEPTOrO MOPSJIKY BKIYHO. STIAHO 3 JIPY-
roio HepiBHicTIO Yeburnena

N -1 Do2
P{ 02— LT 2y >5} <2 (1.12)

JI19a 3HAXOIKeHHS JUCepcil OIHKYA 02 cKOpucTaeMocs (hop-
MYJI0TO

Do? = M(02)? — (Mo2)2.



1.4. BubipkoBi MOMEHTH 23

OcKlibKHY
n 2
:<lzx.2_)‘(2> _
n 4 '
=1
1 [<& ? 1 —
_ 2 v 2 2 v4
_E<Z;X> —QXEZ;XZ.+X,

TO BUKOHYETHCS PIBHICTH
1 - i
M(e?)? = M (Z XE) -
i=1

2 e _
— M| X?) Xx? MX*4, .
- ( > ) + (1.13)

i=1
st meprroro pomanka y dopmyi (1.13) maemo

M (é)(?) =M <2X4+ZX X2> =

i#j
= En: MX} 4+ MXPMX; =

i=1 i#j

—Zm4+20 o =nmf +n(n — 1) (1.14)

i#]
Cupoctumo apyruit qonanok y dbopmyai (1.13):

) ({5 )
<<2X2+2X Xk) fo>

J#k
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1 2N o 1 ~ o
- (S b ().
j=1 i=1 i=1 j#k
BpaxoByoun Te, 1m0

M Z XX, = Z MX;MX;, = 0,

i ik i ik
OTPUMYEMO
XY XX =
i=1 j#k
= ) MXPX;Xp) +2) XPX;=0.
i j itk j#k i#j
3Bijacu

M (XQZX3> = %M (ZX?ZX?) =
i=1 j=1 i=1
SV, (ZX3+ZX3)(§> =
n i=1 i#]
= % (nm3 + n(n —1)o?). (1.15)

AHaorivHo MoyKHA MOKa3aTH, IO

4
_ 1 n 0 o 4
n
=1

3
[Migcrasusmm (1.14), (1.15), (1.16) y (1.13), orpumyemo

M(02)? = nmg + n(;z — Dot
n
2(nmY + n(n — 1)o?) N mY — 30t

ns ns
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4. my—30" 2mi—50" my+3(n—1)c
=0 + n - 2 + 3 .

2

. ~ 2
Ockinbku Mo? = 0% — 2, OCTaTOYHO BUBOJUMO

~ my—ot  2(mY—20%) mf-— 30t
Do? = — + .
n n? n3

[lincrapupmu Bupas g Do? y apyry HepiBHicTh YeOuinesa
(1.12) i mepeitoBInT 0 rPAHUIIL TIPK 1 — 00, BCTAHOBJIIOEMO,
o BUOIpKOBaA JUCIEPCis 02 € KOH3UCTEHTHOI OIHKOM JIJIst
a. »

SayBakeHHd. 3 TEOPEMHU BHUILIUBAE, IO OIIHKA

noo- 1 _
S* = o2 = D (X - X)?
n—1 n—lz,:1

€ He3MIIEeHOI0 1 KOH3UCTEeHTHOIO OIiHKOW auchepcii o2. I na-
3UBAIOTh BHIPABJIEHOI BHOIPKOBOIO JUCIIEPCIEIO.

Cupasi,
9 n A n n—1, 9
MS* = Mo? = o =o0°,
n—1 n—1 n
2 _ n’ )
DS* = —( 1)2Da —0, n— oo,
n_

a 1e i 03Haua€ He3MileHicTh i KoH3ucTeHTHICTD S2.

3ayBakenud. Moxkna jgoBecTn, 10 BUOIPKOBI MMOYATKOBI
1 meHTpaJbHi MOMEHTH € KOH3HCTEHTHHMHK OIIHKAMH BiAIO-
BITHUX T€OPETUYHUX MOMEHTIB, SKIMO TiMTbKWA BOHU ICHYIOThH.
Ojmax i oninku, kpim X, € 3mimenumu.
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1.5 MeTtoa MOMEHTIB

Metom MoMeHTiB O6yB 3alPONOHOBAHUI aHIIIfICBKUM CTa-
tuctukoM K. IlipcoroMm i € oHUM i3 IIePINUX 3arajJbHUX MeTO-
JiB OIIIHIOBAHHA HEBiIOMHUX IapaMeTpiB po3moairis. Lleit me-
TOJI, TIOJISATAE Y HACTYITHOMY.

Hexaii X = (X1, Xs, ..., X,,) — Bubipka 3 poznoziny F(-,0).
Posnozin F(+,0) 3amekuTh BiJT HEBIJOMOrO BEKTOPHOTO TTapa-

metpa 6 = (01,05, ..., 0,), akuii HaAOyBa€ 3HAYEHD 13 MHOXKUHH
© C R®. Heobxigno 3HaiiTu OIIHKY mapaMerpa # 3a peasisa-
i€ x = (x1, oo, ..., T,) Bubipku X.

Bynemo BBazkaTu, 1110 17151 JAHOTO PO3MOJIIIY ICHYIOTH TIep-
i $ MOMEHTIB, sIKi, OY€BUIHO, € (DYHKIISIMU BEKTOPHOTO apry-
MeHTYy 6:

my, = my(0) = / " F(dz;0), k=1,s.

Posrisaemo BubipKoBI MOMEHTH
n
. . 1 Z k
n
1=

Haramgaemo, mo BuOGIpKOBI MOMEHTH 1) € KOH3UCTEHTHHMH
OIIHKAMH BiJIIOBITHUX TEOPETHYHUX MOMEHTIB my. Lle o3Ha-
4Jae, [0 [IPU BEJUKOMY 00Cs31 BUOIPKM 1 3HAYEHHS OIIHOK
my = Mmg(x), Je x — peasizanist Bubipku X, € OJIU3bKUME JI0
BiIIIOBI IHUX MOMEHTIB 1y,.

3rilHO 3 METOJIOM MOMEHTIB B SKOCTI TOYKOBOI OIIIHKHI
0 = (él, Oy, . .. ,én) BEKTOPHOrO napamerpa  6epyTh OIIHKY,
3HAYEHHS KOl I/ JTOBLILHOI peasizalii X BuOIpKu X OTPH-
MYIOTh SIK PO3B 130K CHCTE€MH PiBHSIHb
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MozkHa 1mokazaru, 1110 3a yMOBHU HEIePEPBHOT 3a/1€2KHOCTI PO3-
B'A3Ky Ti€i cucreMmu Bim My, k = 1, s, OIiHKa, OTpEMaHa Me-
TOJOM MOMEHTIB, € KOH3UCTEHTHOIO 1 Ma€ aCUMITOTHYIHO HOP-
MaJIbHUI pO3HO/ILT, TOOTO 11 PO3MOILI IIPH N — 0O IPAMYE 10
HOPMAaJILHOTO.

ITpuknaan. 3uaiiTy OMIHKYE TapaMeTpiB a Ta 02 HopMaJlb-
HOTO PO3IIOJILILY

flwia,0%) = — M}

V2o P 202

JI71s1 HOPMAJILHOTO PO3IOILIY 3 HApAMeTPaMU a Ta 0> Teope-
Tuani MomenTu my (a, o) Ta mo(a, 0?) BiIOBIIHO JOPIBHIOIOTH

mi(a,0%) =a, my(a,0%) = mY(a,0®)+(mi(a,0%)” = o>+a.

Hexaii x = (x1, X9, . . . T,,) — peasiizauis Bubipku X i3 pos-
noziny N(a,o?). Toni

n n
.1 .1 9
my=—) T My=— ) I
n 4 n <
=1 =1
[IpupiBHIOIOYN 3HAUEHHS BHOIPKOBUX MOMEHTIB 11 Ta 1Mo
JI0 BLILOBIIHUX TeOpeTuuHUX MOMeHTIB my (a, 0?) Ta may(a, 0?),

OTPUMYEMO CUCTEMY DiBHIHB

€T, = a,

S |-

=1

2? = 0%+ d?,

3=

1

(2

3BIAKY 3HAXOAMMO 3HAYEHHS OI[IHOK

2
n n n
IS ety Iy
a = — Xy, g° = — T, — | — ZT; .
=1 =1 =1
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OTzke, OiHKAMHU METO/LY MOMEHTIB JJIsi MATEMATHYHOLO @ 1
JmcTepcii 02 HOPMAIBbHOTO PO3IOILIY € BilIOBiIHO BHOIpKOBE

cepejine
-1
X =— E X;

S

1 BuOIpKOBa JHCIEpCis
n
) 1 2 2
0% = — E X7 — X"
n -
=1

1.6 MeTtoa MakKCUMaJIbHOL
ITPaBJIONO1I0HOCTI

OstruM 13 HalGiIBIT yHIBEPCATHLHUX METOJIIB OMIHIOBAHHS
napaMeTpiB PO3IMOJILIIB € METO/, MAKCUMAJIBHOI ITPaBJIONOIi0-
HOCTi, 3aIPOIIOHOBAHMI aHIVIHACHEKUM cTaTucTHKOM P. @irre-
poM.
Hexait X = (X1, Xo, ..., X,,) — Bubipka 3 posuoginy F(-,0),
e 0 = (01,0,...,0,) € © C R Tlapamerp 6 — uesinomuii,
i fioro HeoOXiaHO omiHMTH 3a peaJizanieo X Bubipkn X. Sk
i panimre, yepe3 fx(x;60) = fx(x1,z9,...,2,;0) Gymemo 1o-
3HAYaTH MILIBHICTH PO3MOALTY BHIAIKOBOTO BEKTOpa X V BU-
maJKy, KON BiH aDCOTIOTHO HellepepBHU, 1 HIMOBIPHICTH TO/Til
{X = x}, akmo BekTop X — JAUCKPETHHIA.

Oznavenng. Oyukiieo npapaonoaioHocTi Bubipkn X =
(X1, Xo, ..., X,,) 6yaemo HazuBaTu BunaakoBy dyukiio L(6)
aprymernty 6 € © C R?, 1m0 BU3HAYAETHCS PIBHICTIO

L(0) = fx(X;0).

MeTox MakcHMaJIbHOI HMPaBIONOAIOHOCI TIOJATAE B TOMY,
o 3a OuiHKy uapamverpa  Bubupaerbcs oninka 0 = (6,
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Os,..., 0,), 3HauenHs sKOI 1pU KOXKHifl peasizanii X Bubip-
ku X Makcumizye GyHKIio0 npasaonogionocti L(0):

L(0) = max L(x, 0).

0cO

Touxosa ominka, 3HaiieHa y Takuii crrocio, HaA3WBAETHCS OIliH-
KO0 MaKCHMAaJIbHOI IPaBIONOIi0HOCTI.

Binzuauumo, mo byukmii L(0) i In L(#) mocsraoTs Haii-
OLIBIIIOro 3HAYEHHd B OJHIM 1 T camiii Toumi. A 3HAXOTUTH
TOUKY, B kit pyuKiist In L(0) mocsrae HalbiIbIIOro 3HavdeH-
H$, 9aCTO 3pYYHIIIE.

Jlorapudm Bij GyHKIIT 1paBa0NoAiOHOCTI HA3UBAIOTH JIO-
rapudmMiaHo (PYHKINEI TPaBIONOAIOHOCTI.

Axmo Gyukuis L(0) nudepenniiioBra npu Oyab-skiii pea-
mizarii x Bubipku X i makcumym L(6) qocsiraeTbest y BHYTPII-
Hi#f TOYIl MHOXKWHK ©, TO 3HAYEHH OIIHKK MaKCHMAaJIbHOI
PABIONOMOHOCTI 3a10BOJIbHSIE PiBHAHHS (HEOOXiTHI YMOBH
eKCTpeMyMy)

OlnL(9) L
a—ek = 0, ]{7 = 1, S. (117)

Pisusinns (1.17) nHa3uBaioTh PIBHAHHAME IPABIOIOAIOHOCTI.

MokHa moKa3aTH, 10 38 YMOB peryasipHocTi GyHKIIT fx (X;
6) oriHKa MaKCHMAJbHOI HPABIONOMIGHOCTI én € KOH3HUCTEH-
THOIO, ACUMITOTUYHO €(PEKTUBHOIO i MA€ aCUMITOTHYIHO HOP-
MaJbHUHN PO3IOILI.

ITpukaan. 3HaiiTu OMIHKY MaKCHMAaJIbHOI IIPaBIOIO,Ti0-
HOCTI HMOBIPHOCTI p ycHixy y cxemi n BunpobyBanb BepryJiii.

Posrnguemo subipky X = (X, Xs, ... X,,) i3 muckpernoro
posnominy (0;1—p), (1;p) (X; — imaukarop ycmixy B i-My BH-
upobysanni Bepuysuii). st 6yp-sikol peasizanii X Bubipku
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X dyukuig upasaouogidonocti L(p) mae BArisiL;:

n

Lp) =] -p' .

=1

SHafoBIN

n

In L(p) = Z (z;Inp+ (1 —2;)In(1 —p)),

i=1
OTPUMYEMO PIBHAHHS MPABIONOMIOHOCTI

—\p 1-p

Po3B’g43K0M 1BOTO PiBHAHHS €

R k
= — I»:—7
P2y

e k — KiabKicTh ycemixiB B cxemi Bepnymi. Hecknamgno me-
PEKOHATHCS B TOMY, 110 P € TOUKOIO MaKCHMyMY DyHKIIT L(p).
Takum 9uHOM, OIIIHKOIO0 MaKCHMaJIbHOI ITPABIONOAIOHOCTI fIMO-
BIPHOCTI P € BiIHOCHA YACTOTA YCIIXiB B 72 BUNPOOYBAHHX.



Poznin 2

InTepBaJjbHl OIIHKNI

2.1 IlongaTrTda mpo iHTEepBaJbHE
OI[IHIOBAHHHA

g omiHIOBaHHS HEBIZOMHX IIapaMeTpiB PO3IOILIIB IOo-
Psijl 13 PO3IJISHYTUMHU BUIIE TOYKOBUMHU OIIHKAMH BUKOPHUCTO-
BYIOTHCsl TAKOZK iHTepBaJbHi o1inKu. Ha BiaAMiHy Biji TOUYKOBOT
OTIIHKM, iIHTepBaJIbHA OIIHKA /T03BOJISIE OTPUMATH HMOBIpHICHY
XapaKTepUCTUKY TOYHOCTI OIIHIOBAHHSA HEBIJIOMOTO MapaMeT-
pa.

Hexait X = (X1, Xs, ..., X,,) — Bubipka 3 pozmoginy F(-,6).
Buauenng napamerpa 6 € R B posnoziai F(+, 0) wesimgome i iio-
ro HeOOXiTHO OIlIHUTH.

O3HadeHHsd. [HTePBATBHO ONIHKOK (HaAIHUM iHTepBa-
JoM) mapamMeTpa 6 3 piBHEM HaJl{HOCTI 1 — @ HA3UBAETBCS BU-
MaJIKOBUI 1IHTEepBAT (6’1,02) ne 01, 0y € byHKIIIMI BUOIpKA
X, gxwuit 3 iMOBIpHICTIO 1 —r MICTHTH 3HAYEHHS OIIHIOBAHOT'O
napamerpa 6, To6To

P{0; <0<} =1—a. (2.1)

31
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VIMOBIpHICHOIO XapaKTE€PUCTUKOI TOYHOCTI 1HTEPBAJIbLHO-
r'O OIMIHIOBAHHS TapamMeTpa f € BUNAIKOBA BEJIUINHA

l:éQ_éla

SIKa 1151 6Xﬂb—ﬂK0'1' peadtizarii X Bubipku X € JJOBXKHHOIO iHTEP-
Bany (01,6,).

B neskux curyanigx (HApUKJIa, TP PO3LJIAI JTUCKPeT-
HUX BUNAJKOBUX BEJHYMH) 3aMicTh piBHOCTI (2.1) BIaeThest
JIAIIE OTPUMATH HEPIBHICTH

P{0, <0 <b,} >1—aq,

T0OTO NOOY/LyBaTH IHTEPBAJIbHY OIIHKY HapameTpa f 3 piBaem
HajifinocTi He MeHmuM, HizK 1 — .. [HKO/IM BUHUKae noTpeda
omiauTu mapamerp 6 TiIbKE 3jiBa abo TiAbKE crupasa. [Ipu
IbOMY, SKITO

P{él <0}:1—O[7
TO iHTepBaJl (él,oo) HA3MBAIOTh IPAaBOCTOPOHHIM HaAlfiHUM
iHTepBaJIOM, a Y BHMAJKY, KOJH

P{0 <6} =1—aq,

inTepBas (—00, f2) HABUBAIOTH JTIBOCTOPOHHIM HAIHHIM iHTED-
BaJIOM 3 piBHeM HajiiiHOCTI 1 — .

SayBakeuHtsd. [loHATTS iHTepBaIbHOI ONMIHKH TPHUBiaJIb-
HO HONMHPIOITHCS HA BUIAI0K BEKTOPHOrO mapamerpa 6 =

(01,09,... 05) € © CR®.

2.2 3araJpHuii MeToJ OMOPHUX
BeJINYNH

3araJbHEM MeTOJ0M MOOYIOBU iHTEPBATBHUX OIIHOK JIJId
6 € meroy omopHUX BejmuuH. BiH moJisra€ y 3HaXo/KeHHI
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onopHoi Buna/koBoi Besmyaunu surisiny h(X;0) = h(Xq, Xo, ...
Xp; 0), 1o Mae Taki BJIacTHBOCTI:

1) Bona € dyukieo Bubipku X Ta HEBIZOMOIO IapaMerpa
0,

2) Mae MOBHICTIO BIIOMUIL PO3MOIL,

3) MOHOTOHHO 3aJIeXKUTh Bif 6.

Buxoasau 3 BigoMoro po3mo/iiIy i€l BUMaIKoBOl BeJIMI-
HH, 3HAXOIATH TaKi 3HAUYeHHS hq, ho, IO

P{hi < h(X;0) < hy} =1—a, (2.2)

IIPH BCiX MOKANBUX 3Ha4ueHHAX 0. [lasi, 3 ypaxyBaHHSIM BJIac-
TUBOCTI 3), PO3B’I3yI0Th BiTHOCHO O HepiBHiCTH y hirypHHX
Jy’KKaxX BUpa3y (2.2) i, TaKUM IMHOM, 3HAXO/ATH BUITAIKOBI
BEJTMINHUI él, éQ Taki, 1o

P{0, < 0 < 6,} = P{hy < h(X;0) < hy} =1 —a.

Otxke, (él, ég) — IMIyKaHu# HaIIHHUT inTepBa 1/ 6 3 piBHEM
HadliHOCTL 1 — Cn.

AKIo po3moia ONOPHOI BEJTUYUHU JIAITE aCUMITOTHIHO
HaOJIMKAETHCA JI0 BIJIOMOTO, TO, PO3T/IfA/Ial04ui BUOIPKY BeJIH-
KOTO 00CAry n, BIAMOBIIHI aCUMITOTHYHI HaJIiiHI iHTEepBaIN
OYIAyIOTh, BUXOAAYH 3 HAOJUKEHUX PiBHOCTE

P{hl < hn(X, 9) < hg} ~1-—oa.

2.3 Jlegki cnemiajbHi pO3MOIian

Hukde OyyTh BU3HaUeH] JledKi crieniaabHi pO3HOILIH, AKi
MalOTh BayKJHBe 3HAYEHHd B MaTeMaTHYHIM CTATHCTUIN 1 BU-
KOPHUCTOBYBATUMYThCs HaMu y naparpadi 2.4 uboro posjiiy
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Jist IOOY/I0BU IHTEPBAJILHUX OLIHOK 11apaMeTPiB HOPMAJIbHO-
T'0 PO3MOJLITY, & TAKOXK Yy HACTYIMHUX PO3IiIaxX JAHOI IIpalii.

Oszmauennsg. Bunajkosa sequunna Y2 Mae x2-poznoin
abo posnoia [lipcona 3 n crymeHaMu ¢BoOOIU, AKIIO i1 MOXK-
Ha TOJATH Y BUTJIAL

Xo = zn:Xf,
=1

ne X1, Xo, ..., X, — He3aJexKH]l B CYKYITHOCTI CTaH/IapTHI HOP-
MAaJIbHI BEJTUYHHU.
[libHICTb PO3IOJILY BUNIAJAKOBOT BeJIMYUHHI X2 38/1a€ThCs

dopmy.tom:

o e %, x>0,
fe(a) =4 2°r(G)
0, rz <0,

ae D(p) = [t~ te~tdt, p > 0, — ramma-dyuknis Einepa.
0

3HaiineMo MaTeMaTH4HE CIOJIBAHHS Ta JHCIEPCIIO:

My? = Mznjxf = zn:MXf =n,
=1 =1

Dy2 = Din = En: DX? =) (MX} - (MX})?) = 2n.
=1 =1

=1

Osznauvenns. Bunaakosa Besin4dnHa T, Ma€ t-po3moia abo
po31oi1 CThIOJEHTA 3 N CTYIEHAME CBOOOIM, AKIIO 11 MOXKHA,
OJIaTu y BULJISIL

X

Vxa/n

Tn =
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je X — cranjapria HopMaJibHa BeJIMUMHA, & Y2 — He3a/1eKHa
Bim el Bemunua 3 Y2-pPO3IOALIOM Ta 1 CTYHEeHSMH CBOOOIIL.

[MinpHICTH PO3MOALTY BUMAIKOBOI BEJIWIUHH T, Ma€ BUT-
JISII:

@) = 3

14+ — R.
%)\/_ + - , T €

MozkHa moKa3aTu, IIo

= n > 2.
n—2
OsznadenHda. Bunaakosa Beudnna ¢y, ,, Mae F-po3nomin
abo posmnomin Pimepa 3 n,m CTYIEHIMHA CBOOOAM, SIKIIO 11
MOKHA ITOJATH Y BUIJISIL

2
n,m 2 )
Xon /0
Je X2, X2, — Hesa/exKHi BeJMYUHU 3 X>-DO3NOJLIOM Ta 1, m
CTYIIEHAMU CBOOOJIH BiJIIIOBITHO.

Jltst posnogisty Pimepa

r(=5) nzmz x%_1+ , x>0,
f¢n,m($) = F(%)F(%) (m+nz)” 2
0, r <0,
M¢nm = m , m> 2,
7 -2
2m? -2
D¢n,m_ m<m+n ) m >4
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Teopema (npo BubipKOBi MOMEHTH HOPMAaJILHOI BHU-
6ipknu). Hexaii X = (X1, Xs,..., X,,) — Bubipka i3 po3nosiny
N(a,o?). Toni subipkose cepenne X Ta BUMpPaBIeHa BUOIPKO-
Ba aucrepcia S? — Hezamexxwi. Jlo Toro x, BequmunHa X Mae
posmogia N <a, %2), a BeauunHa (N — 1)5—; — x2-posnoin 3
n — 1 cTynensasMu cBOOOIH.

[Iepm HiI2K JOBOAUTHU III0 TeOpeMy, HAraJIa€Mo JIesdKi IMo-
HATTH 3 JiHIAHOI aaredpu.

Marpuiss A po3mipy n X n HA3UBAETHCSI OPTOTOHAJIBHOIO,
aximo sona Hesupomkena ta AT = A7! ne AT — rpamcnono-
pana Marpung. Le pisnocuanro Tomy, mo ATA = AAT = E,
a |det A| = 1 3 oryisiy Ha piBHICTB

(det A)* = det Adet A = det AT det A = det(ATA) = 1.

n 2
dAxmo ||x|| = (Z x?) — eBKJioBa HOpMa B R”, To || Ax|| =
1| Cupasai,
|Ax|| = (Ax)TAx = xTATAx = x"x = ||x]|.

Hexaii renep X = (X3, Xy, -, X,,) — Bubipka 3 posunojiny
N(0,0?). Toni

fx(x) = fx(x1, 20, ..., 1) = (2m0?) "2 exp {—szf} —

_n 1
— ro?) F e { -l

a g sumagkosoro Bektopa Y = ¢(X) = AX + ¢, Buko-
pucrapim Bigomy hbopmysry

(y) = fx(g ' (y)) - Jy-1(v)
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(J — skobian Bimobpazkennst h, TOOTO BU3HAYHUK MATPUILL

n
<%) ), OTPEMYEMO
Y1 /4 5=1

Fy(y) = fx(A7(y — ) = fx(A(y —¢)) =

_n 1
- ro?) Fep {47 — 0} -

_n 1
~ no?) Fesp { = Lly ol } -

_ ﬁ \/2170 exp {—%} . (2.3)

TakuM YMHOM, KOMIIOHEHTH Y7, Ys,...,Y, BHIAgKoBOro Be-
kropa Y HesamexkHi i MaioTh posnogin N(c;, o?). Bigbmre To-
ro, skmo Z = X +d,ayY =g(Z) = AX+d)+c =
AX + (Ad + ¢), 10 fy(y) = fx(y — (Ad + ¢)). Orke, Mu
JIOBEJIM HACTYIIHE TBEP/IZKEHHS.

Teopema (PO OPTOTOHAJILHE IMEPETBOPEHHS HOP-
ManbHOro Bekropa) Hexait X = (X1, Xo, ..., X,,) — Bunaj-
KOBHI BEKTOpP, KOMIIOHEHTH SKOT'O He3aJIe?KHI Ta HOPMAaJIbHO
posnojieni 3 oanaxkosoto gucnepcieio 02, a Y = (Y, Ya, ...,
Y,) = AX + ¢ 3 oproronansnoo marpuneo A = (a;;). Toxai
Y1,Ys, ..., Y, HezamexkHi Ta MalOThb HOPMAJLHAH PO3IOILI 3

n

maremarnauuM cunogiBanusam MY; = > a;;MX; + ¢; ta nuc-
j=1
nepciero o2,
JoejieMo Tenep TeopeMy Hpo BUOIPKOBI MOMEHTH HOD-
MaJIbHOI BHOIPKH.
« TTobynyemo siky-HeOyabp opToroHaIbHY MaTpuiio A 3
HMEPITUM PAIKOM

(G
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i nokaagemo Y = (Y1,Y,...,Y,) = AX. Touai 3a reope-
MOIO IIPO OPTOTOHAALHE IePEeTBOPEHHS HOPMAJILHOTO BEKTOPA

BUNAAKOBI Besmunau Y7, Ys, ..., Y, He3ajmexHi i HOpMAJIHHO
n

posmoiseni 3 MareMaTHIHIM cnogiBanHaM MY; = a ) a;;
Jj=1

Ta, JUCIEPCIEI0 2. OcKiIbKT Marpuig A oproroHaibHa, IpU
7 > 1 Mmaemo

1 n n
vn j=1 j=1
a TOMY
MY; = avn, MY, =MY; =...=MY, = 0.

n
2
PosriisiHeMO BHNAIKOBY BEJIMYHHY % Y2 =3 (%) .
=2 i=2

i
[la BesmumHa Mae Y2 —PO3NOALa 3 1 — 1 cTyHeHAMH CBOOOIH,
K CyMa KBaJIpaTiB n — 1 cTaHJIapTHUX HOPMAJIHLHUX BEJTHUIUH.
3 piBHOCTI

o
Vi \vniynt /e

Y,
(X1, Xo,... X,)T = =L,

*= 7

_ n
BUILINBAE, O Bunajkosi sennanan X 1a &5 > Y2 Hesamex-
i=2

. . S . o2
i, mpuaomy BuGIpKoBe cepenne X wmae posnogin N (a, 2 ).
Jlns Toro, 1100 3aBepIIUTH JIOBEJIEHHSA TEOPEMH, JIOCTATHHO

n
nokazaru, mo (n — 1)S? = > Y2 a ue HeBaxkKKo mepeBipuTH
i=2

3 OIVISIAy Ha OPTOTOHAJIBHICTH MaTpuil A:

(n=18*=) (Xi=X)*=) X} —nX?=|X|°-Y’=

i=1 i=1
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n n
= AXP-YP =) VE-YE=) VR
i=1 =2

Teopema (npo craructuky CThIOQeHTa Biy HOPMAaJIb-
HOl BubGipkm) Hexait X = (X;, Xs,...,X,,) — Bubipka i3
posnoginy N(a,o?), a S? — punpasjiena BuGIpKOBa JucCHep-
cig. Toual BuIa AKOBa BeJIHYNHA

X —a
S

Th—1 = \/ﬁ

Mae posnoain CreiomerTa 3 n — 1 crymeHaMu ¢BOOOIH.
<« BunajikoBy BeslmduHy 7,1 3alUNIEMO Y BUTISIL

X—a X—a

X_a o'/\/'ﬁ O'/\/E
n = = .
S e VRS (0 - 1)

Th—1 =

3 TeopeMu mpo BUOIPKOBI MOMEHTH HOPMAaJIbHOI BUOIPKU BUII-

. X—a (n—1)S? .
JHBAE, MO BUNAIKOBI BETHTHHE -8 Ta, “— 35— — He3a/IekKHi,
J0 TOTO 2K, BOHM MAalOTh CTaHAAPTHUN HOPMAaJbHAR PO3IIOALT
Ta X2-po31oia 3 n — 1 cTyneHsMu cBobo1u Bimnosigno. Lle i
03HAYAE, IO BUIAIKOBA BEJIUUNHA T,_1 Ma€e po3moai1 CTbio-

jieaTa 3 n — 1 crynenamu ¢Bodo 1. B

2.4 IHTepBaJIbHI OIMIHKM IMapaMeTpiB
HOPMAaJIbHOT'O PO3IIOIiITY

Hexait X = (X, X,...,X,) — Bubipka 3 HOpMaJbHO-
ro posnoniny N(a,o?). Posriagnemo pisni BapianTu 1mo6ymo-
BHU iHTE€PBAJLHUX OIIHOK AJIg MATEeMaTHYHOTO CIIOJIBAHHS @ 1
juctepcii o2,
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Hagnifisnuii inTepBana ajid MaTeMaTUYHOTO CIIOAiBaH-
H4 IIpHU BigoMiii mucnepcii. ToukoBo OIIHKOI0 MaTeMaTH -
HOTO CHOJIBAHHS € BHOIpKOBe cepefHe X. 3a TEOPEMOIO PO
BUOIPKOBI MOMEHTH HOPMAaJIbHOI BUOIPKH I BUIAIKOBA BeJIH-

. 2
quHa Mae po3noaia N (a, %) Tomy BUmagKOBa BeJIWINHA

Z:h(X;a):%:\/ﬁX;a

Mae craugapTHuilt HopMaabauit posmnoaia N (0, 1). Le o3nauae,
111(0)

P{—t<\/ﬁ

X—a
(o}

< t} — Fy(t) — Fol—t) = 2Fo(t) — 1,

t
ne Fo(t) = \/LQ? Ik exp{—%}dz — dyukis posnoaizy N(0,1).

Inakiie Kaxyumu,

- o - o
P{X—-—Ft<a<X+—F=ty=2F(t) -1
{ Vi vz } 0
Badikcyemo piBenb HagiitnocTi 1 — o i 3HaitaeMo take t, moob
BHKOHYBasacs piBuicTh 2F5(t) — 1 = 1 — a. OTpumyemo t =

Uj—g — KBaHTUIIb piBHg 1 — $ CTAaHAAPTHOTO HOPMAJIBLHOTO
posnoginy. Tomi

P{X—%ul_g<G<X—|—%U1_g}:1—0{.

Ot:xe, HaOIMHUN IHTEPBAJ JIJIsI MATEMATHIHOTO CIIOIIBaH-

H HOPMaJbLHOTO PO3MOJALTY NpH Bimomiil nucmepcii o2 Mae

_ o _ o
X ——uj_o, X+ —uj_a .
(%= Jrus K+ s )

BUT'JIA !
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Hanifiunii inTepBaa ajida MaTeMaTUIHOTO CIIOAiBaH-
He Npu HeBimoMiit gucnepcii. [Topsia 3 TOYKOBOIO OMIHKOTO
X MaTeMaTHIHOTrO CIOMIBAHHS @ PO3IJISTHEMO OIHKY S? s
muctepcii 02, 3a Teopemoro 1po craTucTuKy CThIOAeHTa Bin
HOPMaJIbHOI BUOIPKH BHUIIAIKOBA BEJIUUMHA,

X —a

Th—1 = \/ﬁ S

Mae posnomia CrbiogerTa 3 n — 1 crynensamu csobomu. [lo-
sHaunMO depe3 F _ (t) dyHKIIO po3nomiay BeIUWIUHHA T,_1.
Toui

p {_t < \/EXS_ - < t} = FTnfl(t) - FT,LA(_t) =

=2F, (1) —1;

.S S
P{X——t<a<X+—t} =2F, (t)—1.
n n

vn Vn

Poss’azaBmn pisusinns 2F, (1) —1 =1—a, 7e 1 —a —
piBeHb HA IIIHOCTI, OTPUMYEMO t = tl_%(n — 1) — KBaHTWIIb
piag 1— 5 posnoginy CTeiogenta 3 n—1 CTyIeHAME CBOOOIH.
Tomi

Y - S
p {X — %tl_%(n— l)<a< X+ ﬁtl_%(n— 1)} =1—a.

TakuM 4YmHOM, HAIifiHMI iHTepBaJ AJd MAaTEeMaTHIHOTO
CIIOTiBaHHS HOPMAJIBHOTO PO3IOILITY ITPU HEBIIOMI# quctepcii
Ma€ BUTJISIT:

(X — %tl_;(n -1), X+ %tl_g(n - 1)) :
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Haniiiauii inTepBana njsg aucnepcii mpu Bimomomy
MaTeMaTu4IHOMY cmoAiBaHHi. Haiikparmoro ToUKoBOO OIliH-
KOIO AmcIepcii o2 IpH BiZOMOMY MaTeMaTHIHOMY CIOTiBAHHI

n

o __ 1 2
aeo? = =% (X;—a)’ (mus. mpukaaau naparpady 1.2). Pos-
i=1

DJITHEMO BHLAJIKOBY BEJTMYHHY

. " )

o2 Xl —a

n— = E —_
o ; o
=1

[l BunaJKOBA BEJIMUMHA € CyMOIO KBAIPATIB 1 CTAHJIAPTHUX

HOPMAaJILHIX BeJMYHH i TOMY Ma€ Y -pO3HOILI 3 N CTYHeHsSME
cBobou. Tosi npu 3aanomy piBHI HajiftnocTi 1 — o Maemo

~ ~ ~

) ) ) o2 o2 o2
l—a:P{01<a <02}:P n— <n— <n—5,=
op o oh
-2 -2
o o
= FX2 TL—2 - FX2 TL—2 s (24)
n 0-1 n O—2

ae Fo (t) — dbynxmnisa X2-pO3I0IiNy 3 1 CTYIIeHAME CBODOIH.
BuGepemo 02 i 03 Tak, mob

2 2
o Q o o
Felns|=1-5, Fgl|lns|=<.
"\ o7 2 "\ o3 2
OTtpumaemo
) )
52 no o2 no
1 .2 ) 27 9 )
Xi_s(n) X (n)

1e X3 _o(n)Ta x%(n) — xBauTHIl X? PO3MOALNY 3 N CTYNEHAMN
2 2

¢B0bO/M piBHs 1 — § Ta § BLAOBILHO.
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Orxke, HaAifiHMI iIHTEPBAJ U1 JUCIEPCIT HOPMAJIBLHOIO PO3-
MOJILTY IPH BIAOMOMY MaTeMAaTUIHOMY CHO/IBaHHI G Ma€ BUT-
JIST;

no? no?
2 » L2
() X5 (n)

Hanifiuuii inTepBan ajd aucnepcii mpu HEBigoMoO-
My MaTEMAaTUIHOMY CHOAiBaHHi. TOUYKOBOIO OIIHKOIO JIHC-
nepcii o2 npu HeBiJOMOMY MaTeMaTHYHOMY CHOJIiBaHHI € BU-
npaB/ena BUOipKoBa gucrepcia S2. 3a Teopemoio mpo BubIp-
KOBI MOMEHTH HOPMAaJILHOI BUOIDKY BUIAIKOBA BEJIMINHA

52 N (Xi— X\’
- $(5)
Ma€ Y2-po3nojia 3 n — 1 crynensamu csobonu. Toi
1—oz:P{Uf<a2<0§}:

:P{(n—l)i—z<(n—1)i—z<(n—1)s—z}:

2 01
52 S?
= FX%_1 <(n — 1)0_—%) — FX%_l ((TL — 1)0_—§> .

Meski najiftHoro inTepBajy o2 i 02 BuGepeMo TakK, oo
1 2 ’

52 o 52 a
FX%A <(n - 1)0__%) =1- 57 in,l ((n — 1)0—5) = 5

Orpumaemo
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Takum ynnom, Ha ilfiHUH IHTEPBAJI JJ18 JIUCIIEPC] HOPMaJib-
HOTO PO3MOIITY PH HEBIIOMOMY MaTeMaTUIHOMY CIIOJiBaHHI
Ma€ BUTJISI

(n—1)8% (n—1)52
-1 XEm—1)

2

Bupaga. [1o0yiyBaTu iiBOCTOPOHHI Ta MIPABOCTOPOHHI HA/Tili-
Hi iIHTEpBAJIN JIA MapaMeTPiB HOPMAJTBHOTO PO3IMOILTY.



Pozmin 3

IlepeBipKa cTaTuCTUYHUX
rirore3

3.1 3aga4i mepeBIpKH CTATUCTAIHIX
rirmore3

B oMy po37ial po3rasaacThes 1Ie OAUH KJiac 3a/71a9 Ma-
TeMaTHYHOl CTATUCTUKHU, OB’ I3aHUX 3 IEePEBIPKOI0 CTATUCTHU-
YHUX TiloTe3.

Y Teopiil mepeBipKu CTATUCTUYHUX TIOTE3 NPUITHATO HAC-
TYIHI O3HAYEHHS Ta JIOMOBIEHOCTI. CTaTHCTUIHOIO TITOTE3010
Ha3WBAETHCA JIOBLIbHE NMPUIYIIEHHS IIPO PO3IOILT BUIIAIKO-
BOI BEJIMYUHH, SKe TePeBIpIeThCS 3a pPe3yJIbTaTaMH CIIOCTe-
pexkeHb Ii€l BestmauHu. ['inore3u 1mo 0 po3noIijiB, sSKi 0JHO-
3HAYHO 1X BU3HAYAIOTH, HA3UBAIOTHCS MTPOCTAMU, Y TTPOTHIEIK-
HOMY pa3i — ckjaajHuMu. [inoresa, sgka Mijjsarae nepesipii,
Ha3MWBA€THhCA OCHOBHOIO UM HYJIBOBOIO 1 mo3HadaeThesa Hy. ['i-
moTe3a, MO CylepeduTh H(, Ha3UBa€ThCs ATbTEePHATHBHOIO Y1
KOHKYPIOIOUOIO rinore3010. Bona noznadaerses Hy. Ilpasuiio,

45
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3a dKMM IIPUIMAETHCS PIllleHHs Ha KOPUCTh OJHIET 13 BKa3a-
HUX TiM0TEe3, HA3WBAETHCA CTATUCTUIHNUM KPHTEPIEM.

Hexait X = (X3, Xs,..., X,,) — Bubipka i3 posnoxiny G,
CTOCOBHO SKOTO BUCYBA€ThCA TinmoTe3a Hy mpu aJbTepHATABHIM
rimore3i H,. llepeipka rinmoresm Hy 3BOANTHCA 10 HACTYII-
HOTO. 3a peaizalli€lo X BUOIPKH X MiIPAaXOBYETHCS 3HAUEH-
Hs geskol 6opeseBol dyHKIl h(X), 3a1aH0T HA BUOIPKOBOMY
npocropi R™. [Ia dyuKIlig HA3UBAETHCA CTATHCTUKOIO KpPUTE-
pito. Bona Bubupaerbcd Tak, mob 3a npunyiienns Hy pos-
nomin Beawanau h(X) OyB Bimommm. Hexait D — muOkHHA
3Ha4YeHb cTaTUCTUKHU h, a D C D — Taka MHOXKWHA, 10, Y
BUIAJIKY icTUHHOCTI H(y, IMOBIPHICTD MOTPAILISHHS 3HAYEHH
BunakoBoi Besmaunu h(X) B Dy A0piBHIOE Hamepet 33 1aHO-
MY 9HCTY @, K€ Ha3WBAEThCd PIBHEM 3HAUYIIOCTI KPUTEPITO,
TOOTO

Pu {h(X) € Dy} = a. (3.1)

[Ipu 11bOMy piBeHb 3HAYYIOCTI ( BAOMPAETHCA JOCTATHHO Ma-
JIUM, 1100 3a npuiyineHHas H, 1ojifo, sika MOJsira€ B TOMY,
mo h(X) € Dy moxkna 6ys0 6 BBayKaTH TaKOIO, 10 B OJIHO-
PAa30BOMY eKCIIEpHUMEHTi IPaKTHIHO He BigdyBaeThesd. fKImo
uijipaxoBane 3a peajizaiicio Bubipku 3nadenHst h(X) Bce K
norpanuyio B 06;actb Dy, TO 16 MOXKHA MOACHUTH THM, IO
HYJIbOBa TinoTe3a xubna i Tomy i1 Tpeba BIAXUIUTH. Y IBOMY
BHUIAIKY NPpUHMAEThCs albTepHATHBHA TiroTe3a Hy. Y BUMaI-
Ky, Koo 3Hadends h(x) me morpanmwio B Dy, rimoreza H ne
BIIXUIAETHCL.

Muoxuna Dy, Ha gKiil BIAXUIIETHCH HYJIbOBA TiOTE3a,
HA3MBAETHCH KPUTUYHOIO 00JACTIO CTATUCTUKH KPHUTEPIo. Y
3araJJbHOMY BHIIQJIKY 3 KPUTUYHOIO 00/1acTi0O D) CTaTHCTUKA
KPUTEPil0 MOXKHA MOB’A3aTH KPUTUUIHY 00J1aCTh BHOIPKH

Wy ={x€R": h(x) € Di}.
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[Ipu norpaiuisinui peasiizanii X Bubipku X y KpUTU4UHY 00-
Jglactb Wy Hy/IbOBa TinoTe3a BiAXUIIETHCHA, Y TPOTUICKHOMY
BUIAJIKY — HE BIJIXUJIAETHCS.

3ayBaykeHHd. Y 3B’43Ky 31 CTATUCTUYIHUM XapaKTepOM
IepeBIpKHU TimoTe3 3ayBaxkKuMO Take. [lepeBipka rimore3m Hi
B dKOMY pa3l He € JOBeJIeHHdIM TOro, IO BOHA ICTUHHA YU
xnbHa. HeBnaua y Biaxunenui Hy o3nadae Juime Te, o HEMAE
IOCTATHBO BArOMUX IMACTAB I Biaxuaenng H.

[Ipu BukopucTanHi Oy/b-sIKOI'O CTATUCTUYHOIO KPUTEPIIO
MOZKJIMBI MOMUJIKH. PO3Pi3HAIOTH TOMUJIKH JBOX BH/IIB.

OzHauennd. [lommika, gka mojsdrae B TOMy, IO rimore-
3a Hy BIAXUISETHS, KOJIM BOHA CHPAB/IXKYETHCA, HA3UBAETHCS
MTOMUJIKOIO TIEPIITOTO POJLY.

Oznauennsd. [lomuika, ska mojsgrae B ToMy, IO Tilmore-
3a Hy He BIAXUIA€THSA, KOJU MPABUIBHOIO € ajlbTepHATHBHA
rimore3a Hy, Ha3UBAETHCSI MOMHUIKOIO APYTOTO POIY.

JIMOBIpHICTD HOMEJIKH HEPIIOTO POLY CIIBIALAE 3 PIBHEM
3HAYYLIOCTI KPUTEPIIo (v 1 TOMYy MOzKe OyTu 3po0JieHa K 3aB-
TOJIHO MAJIOI0. VIMOBIPHICTH MOMUIKH JPYTOTO POLY TOPIBHIOE

B=Py{h(X) € D\ D)} =Py {X e R"\ Wi}.

Oznauennd. [loryxXHicTIO KpuTepilo Ha3UBAEThCA HMO-
BipHICTH BiJACYTHOCTI IMOMMJIKH JIPYTOT'O POLY, TOOTO HMOBIp-
HicTb BiaxmiaeHHsa xubnol rinoresu Hy:

1—-3=Py{(X) € Dy)} =Py, {X € Wy}

Binznauumo, 110 i piBeHb 3HAYYIIOCTI, 1 MOTYZKHICTH KPU-
Tepilo OJHOYACHO MOHOTOHHO (y HANPSIMKY 3POCTaHHS) 3aJie-
»KaTh Bij KputHaHoi obiacti Wy Bubipkun X. 30Kpema, Ipu
Wi = @ #iMOBIpHICTh TOMWJIKH TEPINOTO POLY HYJIbOBA, JIPY-
roro pojly JIOPIBHIOE OJIMHUI, & IOTYKHICTH — HyJiboBa. [Ipu
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Wi = R"™ mae Micue nporusiezksue: HOXUOKa IHEPIIOro POy
i TOTYKHICTH OJIHOYACHO JOPIBHIOITH OAuHMIl. Tomy 3a/1a4y
BINTyKyBaHHS ONMTUMAJIBHOTO KPUTEPII0 MOYKHA 3BECTH JI0 3a-
JTadi YMOBHOI ONTUMI3allll, dKa MMOJIATaE y 3HAXOIKeHHI Hali-
OLIBIIOT MOTY2KHOCTI IPH OOMeXKeHHI Ha HMOBIPHICTb ITOMHUJI-
KI MEePIIoTO POIy.

3ayBarkenHs. Koxken Kpurepiil mepeBipK#u CTaTUCTHIHOL
rimore3u MoxkHa 3agasatu napoio (h(X), Dy), mo yTBOopena
CTATUCTUKOIO KpuTepito h Ta 11 kputnanowo obnactio Dy (abo
K KpuTudHO obsactio Wy Bubipku X).

3.2 Haiibiapn moTyXKHi KpuTepii

Hexait X = (X1, Xs,...,X,) — Bubipka i3 HeBimomoro
posmoaiany F', cTOCOBHO fKOTO BUCYBAa€ThCsl rinmore3a Hy mnpu
aJbTepHATUBHIN rimoresi H;.

Oznauennd CrarucTuaanil KpuTepiii i3 KPUTHIHOK 0OJTa-
ctio W) Bubipkn € HaitbIIBLIT MOTYKHUM KPHUTEpieM PiBHSA a,
JKIIO HOro piBeHb 3HATYIIOCTI JTOPIBHIOE (v, TPUIOMY JTOBLIb-
HUi Kpurepiit i3 kpurwaHowo objactio W 1 piBHeM 3HaUy-
mocTi « Mae He Olabnly HOTY KHICTB, Hixk W'

Pu{XeW,} <Pp{XeW;}

3ajava BiANTYKyBaHHS HAKOLIBIN TOTYKHOTO KPUTEPIIO He
3aBXKIM Ma€ po3B’si3ok. OaHAK y BUMAJKY TPOCTUX OCHOB-
HOT Ta aJbTEePHATUBHOT rinoTe3 HAWOIIbIIT NOTY XKHUH KpUTepiit
icaye. [IpumycTuMo, 1O OCHOBHA TiOTe3a Ta aJbTepHATHUBHA
rimoresa € IPOCTHMH:

HQIF:G(), HllF:Gl,
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se obuasa posnogiim Gog ta (G nopHicTiO Bu3HaveHi. Hexai
Gx:(B) =Py{X € B}, BCR" i=0,1,— sianosixmi pos-
mo/tiin BUOIpOK. 3a yMOBH abCOJFOTHOI HEMEPepBHOCTI MipH
Gx 1(B) Bignocno mipu Gx o(B), mosnadenus Gx 1 < Gxp,
icHye MJIBHICTD [g; > 0 Taka, 1o

Gx(B) = / Ion () G (). (3.2)

Ho toro x, pumaakoBy Beawdauny lo(X) MoxHa momatu y
BUIJISIIl BIIHOIIEHHS IIPABIOIOLIOHOCTEH

l()l (X) =

ne L;(X) — ¢dbyukuis npasgonoaibunocti Bubipku X i3 posto-
gty Gy, 1 =0, 1.

Teopema (kpurepiit Heiimana-ITipcona). Hexaii ocros-
Ha TimoTe3a Ta aJbTepHATHBHA TIMOTe3a € MPOCTUMH 1 Hexait
Gx1 < Gx. fxmo npu 3agaHOMYy DPiBHI 3HAYyIIOCTI v €
(0,1) icuye crana [, Taka, mo

P {lo1(X) > lo} = a,

1o KpuTepiit Bignomenns nupaponoaionocreit (o (X), [lo, 00))
i3 KpUTUYHOIO 001aCTIO0 BUOIpKH

W]: = {X e R": l(n(X) > la}

€ HaWOLIBIT MOTYKHUM KPUTEPIEM PiBHS (.
<« PosrisineMo IoBLIbHIN KpUTEPiit i3 KpUTHIHOIO 001aCTIO
Wi 1 piBHEM 3HAYIYIIOCTI (v:

PHO{X € Wk} = pr(Wk) = Q.
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O6uncsmMo foro noTyKHICTh 3 ypaxyBanusam GopmyJin (3.2):

PHl{X c Wk} = GX,l(Wk) =
=Gx (W \ W)+ Gx (W, nW}) =
= Gx (Wi \Wi) + Gx 1 (Wy) — Gxa (Wi \ W) =

= / l01 (X)pr(dx) + GXJ(W]:) — / l01 (X)GX70<dX).

Wi\W; W \Wy

3a osmauennam kputuynoi obmacti W) mpu Bcix ¢ € Wy
BUKOHY€EThCsT HEeDIiBHICTH lo1(z) > l,. Ile o3Hauae, 1o sKimo
x & Wi, 1o lpy(2) < l,. Toni

Pu {X € Wi} <1aGxo(Wir \ W)+

+ Gx 1 (Wy) = laGx o(Wi \ Wi) =

= 1.Gxo(Wk) + Gx 1 (W) — l.Gx o(W}) =

=aly + Gx 1 (W) —aly, = Gxa(W)) =Py {X € Wi}

Teopemy noseneno. »

IIpukaan (BiaurykyBauHsa HAfiGiIbII MOTY2>KHOTO KPH-
repiro). Hexaii X = (X1, Xy, ..., X,,) — Bubipka i3 HOpMAJIb-
HOT'O PO3MOJIJY 3 HEBIJIOMUM MaTeMaTUYHUM CIOJIBaHHS @ i
Bimomoro amcnepciero 2. TlobyayBaTn HalbGLILIT TOTYKHMII
KpUTepiit 11 BUMAJKY ABOX ITPOCTHX OCHOBHOI 1 aJbTepHA-
THBHOI TiOTe3

Hy:a=a9, H|:a=a,

e ag 1 ap JesdKl 3a/JaHl 3HAUYEHH.

g Bu3Hadenocti 0y/1eMO BBaxKaTu, 10 g < aq.
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Bignomenust mpasiono/ioHOCTe Ma€ BUIJISLL

n a2
H \/2170 eXp {_ (X12021) }
1

H \/ﬂo‘ eXp {_ Z20'20 }
=1

— 57 i(Xz‘ —al)z}
— 557 i(Xz' —GO)Q}

{
(=2
— exp {_T; S (X — ) (X, ao)?)} _

)

S D~ )2, — (a1 + ao))} _

=1

ne X — Bubipkose cepenne. HepiBHicTb

n n
l01(X) = exp {U (ay — ag) X — ﬁ(a% — ag)} > 1,
eKBiBaJleHTHa HepPIBHOCTI
X — Qo o \/ﬁ
> 1 loc o - . 3.3
v o ~ Vnlar — ap) e 20 (a1 — ao) (33)

3 TeopeMu Npo BHOIPKOBI MOMEHTH HOPMAaJIbHOI BUOIpKH
BUILTMBAE, 10 BUIAIKOBA BEJINUNHA

X—ao
o

Z =
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y JiBiit wacruni wepisuocti (3.3), 3a upunymenns Hy, mae
cTaHJapTHUIl HOpMaJabHuil po3nojit. [IpaBy dactuny Hepis-
HoCTi mosuadumo depes C. Posp’s3apmm piBusanus Py {2 >
C} = a, orpumyemo C' = uj_, — KBaHTWJIb PiBHA 1 — v pO3-
nominy N(0,1). Toxi crana l,, anst kol

Pu{lo1 > l.} = a,

SHaXOAUTLCA 3 YMOBH

U Inl, + —n(al —ag) = U1_q

Vvn(a; — ap) 20

i BoHA JIOPIBHIOE

lo = exp {\/ﬁal ; il (ul_a — \2/—5(@1 - GO)) }

Takum yunOM, MU 3HANILIN CTALY [, JI AKOT

P {lo1(X) > 1o} =Pu{Z > ui_o} =«

i, or:ke, Kpurepiit (Z, [u1_q,+00)) i3 CTATHCTHKOW Z Ta KPH-
THYHOIO 0671acTio D) = [U1_o, +00) € HAHOLIBII MOTYKHUM
KPUTepieM PiBHA « JjIs IepeBipKHU rinore3n Hy npu aabTep-
HATUBHIN rinores3l H;.

3.3 llepeBipka rimoTe3 Ipo 3HAYCHHS
ImapaMeTpiB 1 Ha/AliiHI IHTEpPBaJIA
Hexaii X = (X1, Xs, ..., X,,) — Bubipka 3 posunoginy F(-;0),

KM 3a71e:KUTh BiJ HeBimoMoro napamerpa 6. Posrisgaemo ri-
noresy Hy : 0 = 0, ne 0p — rinorernydne 3Ha4eHHS IAPAMETPa,
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0. AJsibrepHaruBHOO OyjeMo BBaxkaru rinoresy Hy : 6 # 0.
Heobxinno 3a peasizamieo X Bubipku X 3poOUTH BUCHOBOK
npo rinore3sy Hy, a came: BiIXWIATH 11 91 Hi.

[lepeBipky rinore3u Hy MOXKHa ITPOBOJUTH, DA3YIOUUCH HA
IHTepBAJIbHUX OIIHKAX HEBIIOMOIO mapamerpa 6.

MixK 3HAXOMKEeHHSIM 1HTepBaJbHHUX OIIIHOK IapaMeTpiB i
MePeBIPKOIO TiNOTe3 PO iX MOYKJINBL 3HAYEHHs ICHY€ TiCHMI
B3aeMO3B’430K. Ile, mo cyTi, ABa pi3Hi crocodbu HopMyTIOBAH-
He OJHIET # Tiel K 3amadi. Haxiliauit inTepBaJ 1Jis1 HEBiIOMO-
ro mapameTpa MOXKHA PO3TJIAJIATH 9K MHOXKHUHY TPUUHATHUX
3HAYEHb JIjIg HOro TiOTEeTHYHOrO 3HAYEHHS, a JIOINOBHEHHS
IbOIO IHTEPBAJLY — 9K BIJIIIOBIJIHY KPUTUYHY 00JIACTb JIjIst HY-
JIboBOI Tinore3u. TobTo, Aad nepeBipku rinoTe3u npo 3HaYeH-
Hs HEBIZIOMOTrO mapaMeTpa JIOCTATHbO MOOYyBaTH HAMIfHMI
IHTepBaJ IJId HapaMeTpa 1 IepeBipuTH, 9 HOTPAILISE B HHOTO
rinoTeTuYHe 3HAYEHHS HapaMeTpa.

[TpoimocTpyeMo cka3aHe, pO3TJISHYBIIN HaIIWHUN iHTEp-
BaJl (él,éQ) ns napamerpa 6 3 piBmem magiifimocTi 1 — a.
Bynemo BBazkaTu, mo nei inrepsas moOyI0BaHO 3arajbHUM
MEeTOJIOM OIOPHUX BeuduH. Toxi ji1g Oyab-gaKol peaJtizarii x
BUOIpKK X BUKOHYETHCS CIIBBLIHOMIEHHSA

0, <0< 0y <= hy < h(x;0) < ho,

ne h(x;0) — suadenus gesikoi onopHol seananan h(X;0), a
hi, ho — 3HadeHHs, 3HaMICH]I 3 YMOBHU

P{hl < h<X79) < hg} =1-oa.

Toni h(X;6y) Ta Dy, = D\ (hq, ha) € BiAIOBIIHO CTATHCTHKOIO
KPHUTEPi0 Ta KPUTHIHOK 00JIACTIO /I LEPEBIpKHU TilloTe3n
Hy : 0 = 6y npu 3aanomMy piBHI 3HAYYIIOCTI (v i TPU AJIbTEP-
HaTuBHI# rinoresi Hy @ 0 # 6. Lle o3navae, Mo y BUIAJKY,
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kosu h(x;00) € Dy (abo Oy ¢ (él,éQ)), rinoresa Hy Biaxu-
JISETHCH 1 NpUIIMaEThbCs aJibTepHATHBHA rinore3a H;.

Ha zasepmmenns, jiis rinore3u Hy po3r/isiHeMo Iiie JiBa Ba-
planTu amprepHaruBnHux rimores: Hi : 0 < 6y, HY : 0 > 6.
Kpurepii 3 anprepuatusauMmu rinoresamu H| ta Hi nasm-
BAIOTHCSI OJHOCTOPOHHIME — JIIBOCTOPOHHIM Ta HPaBOCTOPOH-
HiM Bignosigno. fkmo asprepraruBHoiO € rimoresa Hi, 1o
OCHOBHa rinore3a Hy BiIXUIAETHCI Y BUHIAJKY, KOJU TilOTe-
THYHe 3HaYeHHd 6y HeBiJIoMOro mapaMerpa f He HOTpaILIbge y
JIIBOCTOPOHHIN HaJIAHMN 1HTepBas (—OO7é2) g 0 3 piBneMm
HAJIRHOCTI 1 — @y SIKIMO aIbTepHATHBHOW € rinore3a H', 1o
H, BinxunasieTbest y BUMAIKY, KOJIH 0y He TOTPAILISIE Y BifImo-
BiHMI NpaBOCTOPOHHIH HaAliiHuil iHTEpBaI (él, 00).

3ayBarkenuns. Hasejieni y npoMmy naparpadi MipKyBaH-
Hsl IOIIMPIOIOTHCS Ha BHIIAI0K BEKTOPHOro mapamerpa f =

(61,6,,...6,) €O CR.

3.4 IlepeBipKa rimore3 mpo
3HAUYEeHHs ITapaMeTpiB
HOPMAaJIbHOTO PO3IIOILITY

Hexait x = (x1,%2,...,2,) — peamizaris Bubipkn X =
(X1, Xo, ..., X,) i3 posnoginy N(a,c?). [loGymyemo Kpurepii
JIJIsl IePEeBIPKH Pi3HUX BapiaHTIB rinore3 IIPO 3HAYEHHS MaTe-
MaTHYHOTO CIOJiBaHHs @ i juchepcii o2.

ITepeBipka rimore3u mpo 3HaY€eHHA MAaTEMATUYHOTO
cnoAiBaHHdA Tpu Bimomiit mucnepcii. [lepesipumo rimore-
3y Hyp : a = ag upu ajabrepHaTHBHIA rimore3i Hy : a # ao.
To4YKOBOIO OIIHKOI HEBLJIOMOIO MAaTEMATHUYHOIO CIIOIIBAHHSI
a € Bubipxose cepejue X. 3 reopemu 1po BUGIPKOBI MOMEHTH
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HOpMaJIbHOI BUOIPKM BUILIMBAE, 110 BEJUYIHMHA
X — Qo
7= Jna—%
o

3a npunyineHnda Hy, Ma€ CTaHJIAPTHHNA HOPMAILHWI PO3MOILI
N(0,1). Le o3mauae, 1mo

PHO {|Z| > ul—%} = Q,

e Ui—g — KBAaHTHIIb piBas 1 —$ CTAHAAPTHOTO HOPMAILHOTO
PO3IOILITY.

Toni kpuTepiit 1id nmepeBipku rinore3un Hy npu ajabTepHa-
TUBHIii rinoTe3i H; moysdrae B ToMYy, IO Tinore3a Hy BIIXWIs-
€ThCs, SKINO 3HAYCHHS ||, MipaxoBaHe 3a peasi3aliero X Bi-
6ipkn X, morparuiste y Kpurnuny obgacth Dy = [ui_a, +00),
1 He BIIXWILAETbCA Y MPOTWIeKHOMY pasi. [lpu mpomy, itMo-
BipHICTb MOMHJIKH IPH BigxusieHHi Hy mopiBHIOE .

fxmo anprepHaTHBHOIO € rimoresa Hi : a < ap un Hy :
a > ag, TO KpUTUIHA 00JIACTH CTATUCTHKY Z Ma€ Buraan D) =
(—00, Uy a1 D} = [u1—_q, +00) Bignosigmo.

ITepesBipka rinmore3u Mpo 3HAYEHHA MAaTEMATUIHOTO
CIIOAiBaHHsS IPU HeBimomiit mucmepcii. Ilepesipumo Te-
nep cpopMyaIbOBaHy BHIlle rinore3y Hy npu aJbTepHATHBHIN
rinoresi H, y Bunajixy, xosm pucnepcis o2 mesigoma. [lops
3 TOYKOBOIO OIIHKOI X MAaTeMATHYHOIO CIOJIBAHHS 4 PO3-
TasTHeMO OIiAKY S? ny1s1 amernepcii 0. 3rigHo 3 TeopeMoIo mpo
cratuctuky CTbIOJIEHTa Bijl HOpMaJIbHOI BUOIPDKH, BUIIAIKOBA
BeJIMIUHA

X —
Th—1 = \/HTCLO7

3a rinore3u Hy, mae po3noain CrbiojgenTa 3 n — 1 cryneHsMu
cBobomu. Tomy

PHO {’Tn—l‘ > t1_%(n — 1)} = q, (3,4)
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Jeti-g (n—1) — xBanruib pisug 1 —§ posuouiny Creiogenra
3n — 1 cryneHsiMu cBOOO/IH.

Takum ynHOM, KpUTEpiil 3 piBHEM 3HAUYIITOCTI (v JJTs TIepe-
BipKu rinmore3n Hy Ipu ajabTepHATHBHIN rimoresi H; MoyKHA
chopMmymioBaTi Tak: rinore3a Hy BIAXHISETbCH, AKIIO 3Ha-
HeHHs |7,—1| moTpanisge y Kputudny obnacts Dy = [t—a(n —
1), +00), i He BIAXHIASETHCS ¥ IPOTHIEKHOMY Pasi.

Y BHIAJKY, KOJIM aJILTEPHATHBHOIO € OjHa 3 rimore3 Hj :
a < ag, H : a > ap, xpuruana ob61acTh CTATUCTUKH Z €
BismoBiaHo ommieo 3 obacreit: D) = (—oo,t,(n —1)], D} =
[t1_a(n —1),400).

ITepeBipka rimore3u npo 3Ha4YeHHd AucHepcii nmpu
BiIOMOMY MaTeMaTH4YHOMY cmonaiBaHHi. [lepesipumo ri-
noresy Hy : 0> = o2 npn anprepratupmiii rinoresi Hy : 02 #
03. Hexait MaTeMaTnaHe criogiBanasg a — Bigome. Halikparmoio
TOYKOBOIO OIIIHKOIO HeBioMol Auciiepcii o mpu BijloMoMy Ma-

n
TEMATHYHOMY CHIOAIBAHHL @ € 02 = L3 (X;—a)?. 3a rinoresn
H, BumankoBa BeJHYHHA, =

2 o?
X'n, 7n_2
09

Ma€ Y 2-PO3IOJIiI 3 N CTYHeHIMH CBOOOIH, SK CyMa KBa/IpaTib
N CTaHJAPTHUX HOPMaJbHUX BeJnduH. Tomy

Pu, {x(n) <& < s} =1-a,
abo
PHO{X721 € Dk} = Q, Dk = [07 ng (n>] U [X%7%<n)7 +OO)7

e X%(n) — KBaHTW/Ib PiBHS 7 PO3NOILIY X2 3 N CTYyIeHAME
c¢BobOIM.
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Orke, KpuTepiit 3 piBHEM 3HAYYIIOCTI (v JJIs [EPEBIpKH
nepesipku rinore3u Hy mpu ajbrepHaTHBHIN rimore3i H; no-
JIATAE B TOMY, IO Tinore3a Hy BIAXUIAETHCS, KO 3HAYCHHS
CTATHCTHKH X2 HMOTpaIuisge y KpUTH4Hy 06aacThb Dy, i He Bij-
XUISAEThCS Y TPOTHIEZKHOMY Pasi.

SIKImo anpTepHATHBHOW € rinoTtesa Hi : 0% < of abo rino-
teza HY : 02 > 02, To Bignosiani Kpurudni ob1acti craTucTy-
Ku x2 purtanaiors Tak: D, = [0, x2(n)], D} = [x?_,(n), +0).

IlepeBipka rimore3u mpo 3HAYEHHS JAUCIEPCIi mpu
HEeBiZIOMOMY MaTeMaTHYHOMY croaiBauHi. [lepesipumo
Tenep Tinore3sy Hy mpu aapTepHaTWBHIN Tinmore3i H; y BuU-
maJKy, Koau a — Hesigome. ToukoBOIO OMiHKOIO aucnepcii o
IpU HEBIIOMOMY MaTeMaTUIHOMY CHOJIBAHHI € BUIPaBJIEHA
BUOipKOBa ancrepcia S2. SIKIMo cpaBIKyeThes rimoresa Hy,
TO 33 TEOPEMOIO IIPO BUOIPKOBI MOMEHTH HOPMAJILHOI BUOIpKHU
BHIIATKOBA BEJTUINHA

2
= (=12,
90
Mae x2-posnomin 3 n — 1 crymenamu csoboxu. Toxi

PHO {X?],—l E Dk} - O{,
Dy, = [0, x4 (n = 1)] U [xi_a(n — 1), +00).

Taxum ynHOM, NpaBUIO NepeBipku rinore3un Hy mpu ajib-
TepHATUBHI{ rinore3i H; MoxkHa chOpMYTIOBATH TaK: TirmoTe-
3a Hy BIIXUIAETHCA, AKINO 3HAYCHHA CTATHCTHKE X2 TOTPAIl-
JIT€ Y KPUTUUYHY 001acTh Dy, 1 He BIIXUILETHCS y IIPOTH-
JiezkuoMmy pasi. [lpu npoMy, HMOBIPHICTH HOMUJIKH IIEPIIOTO
POy JIOPIBHIOE (.

[Tpu anbTepnarusHiii rinoresi H| : 0% < o2 un H{ : 0® >

02 KpUTHYHA OOJACTH CTATHCTHKH KPUTEPIIO € OJHIEI 3 006-

I

sacteii D), = [0, 32 (n — 1)), D = [3_(n — 1), +00) sio-
BiJIHO.
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3.5 Kpurepiit CtbiogenTa

Hexait X = (X1, Xs,...,X,) taY = (Y1,Y,,...,Y,,) —
HesastexkHl BUOGIpKU 3 posnoainis N(ay, o) ta N(ag,c?) Big-
noBimHo. MaremaTuuni cuomiBaHHA a1, ds — HEBIIOMI, JHC-
nepcig 02 — OJHAKOBA Jyid OOHM/IBOX PO3MOJLTIB i TAKOXK He-
Bigoma. [Ilogo mapamerpiB a; Ta as BHCYBA€ThCHd Timoresa
Hy : ay — ay = ag, e ag — neska Bigoma craja. 30Kpema,
npu ag = 0, rinoresa Hy mosdrae B TOMY, IO MaTeMaTHIHI
CIOIIBaHHS (1, Ao PiBHI MixK c00010, a00, 1m0 Te came, X T1a Y €
BUOIpKaMU 3 OJHOIO i TOrO »K HOPMAJIBLHOI'O PO3MOILIY. AJb-
TePHATHUBHOK OyaemMo BBazkatu rimoresy Hi : a; — as # ap.
Heobxinno 3a peanizaiisiMu X Ta y 1uX BUOIPOK 3p0oOUTH BU-
CHOBOK: BIIXHJIATH YU He BUIXUILATHU HYJIBOBY TilIOTE3Y.

[Tobynyemo kputepiit CThiogeHTa /171 EePEBiPKHU rinoTe3n
Hy. Hexait X,Y — Binnosinmi BuGipxosi cepenni nig X ta Y,
a S?, S2 — puupas/eni Bubipkosi qucnepcii. Toji 3 He3apexK-
HOCTI BUOIPOK i TeopeMu MPO BUOIPKOBI MOMEHTU HOPMaJib-
Hoi BEOIpKH BUILIHBaE, Mo Beananan X, Y, S?, S2 HezamexHi.
Jlo Toro s, BequmuuHE X,Y MAalOTh HOPMAJBHHII PO3IOJILT
N (al, UT?) , N (ag, %) BIMOBiIHO, a BennvuHu (n — 1)5—;,
(m — 1)5—% — posnoaimm x?3n — 1 Ta m — 1 crynensmu cBo-
0oau BijamosiaHo. Tomy BUIaAKOBA BEJMIUHA,

nm X —Y —a
n—+m o

3a TpUNyIIeHHsd Hy Ma€ cTaHIAPTHUAN HOPMAJTbHHUM PO3MOILT
1 He 3aJeXKUTH BiJl CyMHU
2 2
S S5

(n — 1)0—; + (m — 1);7

AKa 32 O3HAYCHHAM Mae X>-po3nogin 3 (n — 1) + (m — 1) =
n+m — 2 crylensaMu cBOOO/IH.
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3a o3nadenusM po3noaity CThioIeHTa BEJIMINHA, IO YTBO-
peHa BiJHOITEHHSIM

nm X -Y —aq
n+m(y/(n—1)S7+ (m—1)83)/(n+m—2)

Tn4+m—2 =

y BHIAJIKY iCTHHHOCTI Tinore3n Hy, Mmae po3nomin CThiogeHTa
3 M+ m — 2 cryneHsaMu cBoOOU 1 TOMY

PHO {|Tn+m72‘ > tl,%(n +m — 2)} = q,

Jae ti—a(n+m—2) — kBanTu/Ib piBHs 1 — 5 posnogity Crbio-
JIeHTa 3 N+ m — 2 CTYIeHsIMU CBOOOIH.

Orxke, kpurepiit CThIOIEHTA IEpeBEPKH Timoresu Hy MOXK-
Ha CPOPMY/TIOBATH TAK: rimore3a Hy BiAXUASIETHCS, IKIIO 3HA-
YEeHHS [T, 1m_2|, HiJIpaxoBaHe 3a peasizalisMu X,y BHOIPOK
X, Y BiANOBiAHO, TOTpAILILE Y KPUTUUHY obsacTh D) =
[tl_% (n+m—2), +oo) , 1 HE BIAXMJISETHCS Y MPOTHIEKHOMY
pasi. [Ipu upomy, WMOBIpHICTH MOMUJIKYU 1P BijaxujaenHi Hy
(MOMMJIKH TEepIIoro poiy) JTOPIBHIOE (.

Bunpaga. [lobyysatu kpurepiit jjisg nepeBipku rinore-
31 IPO PIBHICTbL MaTeMaTHUUHUX CIOIIBAHD JIBOX HE3aJIeXKHHX
HOPMAJIbHUX BHOIPOK 3 BIIOMHMU TUCIIEPCISIMH, IO € Pi3HU-
MH.

3.6 Kpnrepiit Pimepa

Hexait X = (X1, X,...,X,) raY = (Y1,Y5,...,Y,) —
Hesanexkni Bubipku 3 posnoginis N(ay,o}) ta N(ag,o03) Bij-
nosisno. Tlapamerpu ay, a, 07, 05 — uesinowmi. [llojo qucnep-
ciit 02 Ta 02 BUCyBaeTbed Tinoresa Hy : 07 = 03, ToOTO rinore-
3a, dKa IOJIATAaE B TOMY, 110 X Ta Y € BUOIpKaAMH 3 HOpMaJib-

HOT'O PO3MOJILLY 3 OJHIEI0 i Ti€o caMoto jaucnepcieo. Anbrep-
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HaTUBHOWO OyjleMo BBaxkatTu rinoresy Hi : of # o3. Heobxij-
HO 3a peaJiizaligMu X Ta Yy IUX BUOIPOK 3pOOUTH BHCHOBOK:
BIIXWJIATH 49U HE BIIXWUISITH HYJIHOBY TIMOTE3Y.

[Tobynyemo kpurepiit @irrepa i nepeBipku rinoresu Hy.
Hexait S? ta S — Bunpapjeni BUOIPKOBI aucnepcii ajis Bu-
oipok X Ta Y BimmosigHo. Toal 3 He3aseKHOCTI BUOIPOK BU-
wmBae, mo Bequdunn Si, S5 HesasekHi. 3a TEOPEeMOK PO

. . . 52
BUOIPKOBI MOMEHTH HOPMAa/IbHOT BUGIpKE Besmannn (n — 1)~%
1
52 o,
Ta (m — 1)2% Marorh posmogimu x? 3 n — 1 ta m — 1 cryme-
2
HAMEI CBODO/MU BIJIIOBIIHO 1 TOMY, v BHNAJKY icrurHOCTI Hy),

BiJTHOIITEHHS
Sumtanct = b
n—1,m— 822
Mae posnojit @imrepa 3 n—1, m — 1 crynensmu codoau. Le
O3HAYAE, IO

PHO {f%(n_ 17m_ 1) < (bnfl,mfl < fl*%(n_ 17m_ 1)} =

=1-aq,
abo

PHO {¢n—1,m—l € Dk} = Q,
Dy = [O7f%(n —1m— 1)] U [fl—%(n —1m— 1)7+OO)7

ne f,(n—1,m —1) — xBauTmie piBus v posnoxiny Pimepa
3n—1, m— 1 cryneusasMu cBOOOIH.

Otxe, KpuTepiit Pimepa 3 piBHEM 3HAUYIIOCTI (v TTOJIATAE
B TOMY, HIO AKIIO 3HAYEHHHA Pp_1 -1, HiAPaXoBaHe 3a peasiza-
migMu X,y Bubipok X, Y BiAIIOBIHO, TOTPAILILE Yy KPDUTUYHY
obstacth Dy, TO rinoreza Hy BiAXUISETHCS 1 HE BiIXHISETHCS
y TPOTHJIEZKHOMY pasi.

BmapaBa. ChopmymoBatu kpurtepiit @imepa /st BUaI-
KY, KOJIU A1, Gy — BijloMi.
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3.7 Kpurepiit \*

Hexait X = (X3, Xs,...,X,) — Bubipka i3 HeBizomMoro
posnoainy F', cTOCOBHO SKOTO BUCYBa€Thed rinmore3a Hy : F' =
G, ne G HAJEXKUTH 33J]AHOMY KJIacy PO3MOALIB (30Kkpema, G
MOzKe OyTH MOBHICTIO BH3HAYEHUM DO3MOJLIOM). [Hakie Ka-
XKyuu, rinore3y Hy moxna chopmystoBatu Tak: X € Bubip-
koto 3 posnoginy G. Heobxinno 3a peamizarieto X Bubipkun X
3poOUTH BUCHOBOK 1IPo rinore3y Hy, a came: BiaxuadaTu i1 uu
Hi.

Kpurepiii y? (rimoreTnannii po3moais BusHaveHmii).
[nest mobymoBu KpuTepito JIJid mepeBipku rinoresu Hy rpyHTyY-
€ThCsI HA TOMY, 10 eMIIPUIHUH PO Fn(aj), o0y 10BaHMI
3a peasizanieio x Bubipku X 3 F, Majgo BiIpI3HAETbCH Bi
posnoainy F. Cropaii, 3a TeOpeMoro mMpo BIACTHBOCTI eMITi-
puaHoi yHKIIT po3momiay, JId KoKHOro xr € R 3nHaveHnHns
eMIIpUIHOI (PYHKIII PO3IMOILILY Fn(m) € He3MIMEHOIO 1 KOH-
sucreHTHO OniHKo F'(z). Tomy, gKino BBeCTH BiIXU/ICHHS
D(Fn, (G) eMIIpUYHOTO PO3MO/LTY BiJl MIIOTETHIHOTO, TPUIO-
My TakK, 100 BOHO HaOyBaJO MajuX 3HAYEeHb, KOJU TilMoTe-
3a H( COpaBIKYEThCs, 1 BEJIUKUX, KOJH BOHA HE CIIPABIXKY-
€ThCsI, TO Tinore3y Hy MpUPOIHO BLAXHIASATH ab0O He BiIXHJISI-
TH 3aJ€KHO BiJl TOro, SIKOTO 3HAYEHHS HAOY/IO BiIXUICHHS
D(Fn, G) mist KOHKpeTHOT peastizanii X BubGipku X — BeJIHKO-
IO 9i MaJIOTO.

Binxunenns D(Fn,G) MOKHA Oy/lyBaTH PISHUMH CIIOCO-
6avm. Kpurepiit x? nmobynosanmii Ha migcTasi BigXuaeHus Fn
Bix G, 3anpononoanoro K. Ilipcornom. Ile Biaxunenns oymry-
€ThCs TaK: 00JIACTb 3HAYEHb TIMOTeTHYOro po3momity G pos-
OMBAaE€THCH HA CKIHYEHHY KIJIbKICTb HEllePEeTUHHUX MHOYKUH
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A;, 1= 1,k, 1 9K BIAXUJIECHHS PO3IJILAIAETHCH

D)= 3 (L) = 3o L)

Jie p; — AMOBIpHICTH TOrO, 10 BUNAIKOBA BeJaudnHa X; 1m0T-
paIMTh 10 MHO:KHHK A; 004UncaeHa 3a TiOTeTHIHUM PO3II0-

ainom G, Tooro p; = P{X; € A;} = G(A); v; = 1(X) =
n
> Iix,ea,} — BUIAIKOBA BelMYMHA, KA NPH KOXKHiii pea-
j=1

Jizanil x Bubipku X JIOPIBHIOE KiJIbKOCTI 3HAYEHb CEPe/l T,
Lo, ..., Ty, MO TOTPAITIIA 10 A,.

n
A v o1
Posriagnemo BUNagKoBy BeIMUHHY P; = 2 = - 21 Iixeny
]:

i = 1, k. TIpn dbikcopannx 3HATEHHAX BUOIPKH P; — e HMOBIp-
HICTBH TOrO, IO BANAJKOBa BeJIMYUHA X HOTPAIUTH 10 MHO-
JKAHY A\, 00YKCIeHa 38 eMIIPUIHIM PO3IOILIOM ﬁ’n Linkom
AQHAJIOTIYHO JIOBEJIEHHIO TEOPEMU ITPO BJIACTUBOCTI €MITIPUIHOL
GYHKIT PO3MOILIY BCTAHOBIIOETHCH, 1110 BUIIAIKOBA, BEJINYN-
Ha p; € HE3MIIIEHOIO Ta KOH3UCTEHTHOI OIIIHKOI HMOBIPHOCTI
P{X, € A;} = F(A;). Lle o3Havae, mo y BALAJIKY iCTHHHO-
cTi Hy g omiHKa € He3MIMEeHOI Ta KOH3UCTEHTHOIO s P,
1 ToMy BiIXWJIEHHSI D(Fn,G) y HbOMY BHNQJIKY MiHIMaJbHE
(HOPIBHSIHO 3 BiAXUIEHHSIME D(Fn,G*), Kou posnogiain G*
BiMiHHI Big F).

Teopema Ilipcona. ko crnpasiKyerbes rinoresa Hy,
TO AJs Bcix x > 0

lim P{D(F,,G) < 2} = Fe (z),

n—oo

ae Fle (r) — dbyukuia x2-posmomniny 3 k— 1 cTynmenamu cBo-
oom.
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<« /loBesieHHsT npoBeIeMo Jijist BUIAJAKY k = 2. Y 1boMy
BHIAJIKY Vy = N — V1, Po = 1 — p;. BunmaakoBy Beanmunny
D(F,,G) nogamo y Bursi

_ 2 B 2 B 2
D(E,,G) = (v1 —np1) 1 (v2 — npy) _ (v1 —np1) 4
npy nps npi
(n—v1 —n(l—p))? _ (1 —np1)* (—vy +npy)? B
n(l —pl) np1 n(l —p1)

vy —np)? [ 1 1
n pi 1—m
2
_ (Vl - np1)2 _ U —np1
npi(1—p1) np1(1 —p1)
OCKIIbKY BeJIMYNHA V1 € CyMOIO N He3AJIEKHUX OJHAKOBO PO3-

n
NOJLTCHIX BHNAJIKOBUX BEIMIHH: Uy = Y I1x e} 111 MOoMen-
J=1 ‘
T™H

Myy = " MI(x en) = npi,

J=1

Dy =Y DIixen,y = npi(l—pi),

J=1

3a MEHTPAJIbHOIO I'PAHMYHOIO TeOpeMoIo i BCiX x € R

x

vV —npp 1 _t2
Pl —m————<1); — F(r) = — [ e 2dt,
{ np1(1 _pl) } V 27

—0o0

pu n — 0o0. OcraHHe CHiBBIAHOMIEHHS] 03HAYAE, IO I'PAHUY-

VI criBha-
np1(1—p1)

Jla€ 31 CTaHJAPTHUM HOPMAaJIbHUM po310/iioM. 1ol rpanuy-

HUl PO3TO/ILT BUATIAIKOBOI BEJIMYUHA /,, =
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HUI PO3LO/LI BULIAJIKOBOI BeJiMuunu Z2 CliBIAJAE i3 x> pos3-
IOJIIIOM 3 OJHHUM cTyneHeM ¢Bobomu. Orxke, mig Beix x > 0

P{D(F,,G) <z} =P{Z. <z} — F (),

Ipu n — 00, a 1e i Tpeba Oy/10 JT0BeCTH. B
3 Teopemu llipcona BHILIMBa€, MO TPU BEJIUKHX 00CATAX
BHOIpKHU

P{D(F,.G) = xi_o(k = 1)| Ho} = a,

1e o — 3ajanuii piens snadymocti, x3_, (k—1) — kpanTuian
piBaa 1 — a posnominy x? 3 k — 1 crynenamu csoboan. Ot-
JKe KpuTepiit x? 3 piBHeM 3HAYYMIOCTI (v HOJIATAE Yy TOMY, IO
rimoresa Hy BIIXUIAETHCS, AKITO SHAYCHHS D(Fn, G), nigpa-
XOBaHe 3a peaJiizali€eio X BUOIpKu X, MOTPAILIAE Y KPUTUYHY
obaactb [x3_,(k—1),+00), i He BIIXUIAETHCA Yy TPOTUIEIKHO-
My pasi.

Baypaxkenus. Kpurepiem Y? MOXKHa KOPHCTYBaTHCA Y
BUNIJIKY, Koy np; > 10, ¢ = 1,_k dAxmo aad aedKux ¢ I
YMOBa, He BHKOHYETHCs, TO BiAIOBIIHI MHOXKMHEM A; TOTPiOGHO
ob’eHaTH 3 CyCiJIHIMMU.

Kpurepiii y? (rinorerwanuii po3noain HeBU3HAYE-
Hwuit). Hexaii posnozis G Bu3HAYeHH 3 TOUHICTIO 70 HEBiIO0-
MOTO BEKTOPHOTO mapamerpa = (61,0s,...,0;), akuit Haby-
Ba€ 3HaYeHb i3 MHOKUHN © C R®. V mpoMy BUIAIKY rinoresa
Hy : F(-) = G(+;0) o3nauae, mo X € BUOIPKOIO i3 PO3MOJILIY,
[0 HAJIEXKUTH J0 Kjacy posuosiiis G(-;0), 0 € ©.

Ockinbku mapamerp § HeBigomuil, 3aMicTh HBOTO OyIAEMO
BIHKOPHCTOBYBATH 3HAYEHHsT HOTO OIHKH 0 = (él, Oy, . .. ,és),
miIpaxoBaHe 3a peaJizalielo X BuOIpKuH X, 1 OTZXKe, K TiIo-
TeTHIHUI po3rigaaTu po3nomaia G+ é) P. ®imep BcTaHOBUB,
1o KoJiu rinoresa Hy ciipaB/KyeTbes 1 OIiHKa, 0 ¢ TAKOIO, 110
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i1 3HaYeHHs UPU KOXKHIi#l peaJjiizanii x Bubipku X MiHiMiI3ye
BiIXUJIEHHS

k V)2
DU, G) = o e T

mix F, i G, 1o posnogin D(F,,G) upu n — 0o npsmye 10
x2-posnoginy 3 (k—1—s) crynenamu csoboau, qe s = dim(6)
— PO3MIpHICTH BEKTOPHOTO IapaMerpa 6.

Otke, y BUIAJIKY, KOJIH IIYKAHY OIIHKY 6 3HAMIeHO, KpH-
TepieM x? 3 piBHEM 3HAUYIIOCT] (v MOYKHA KOPUCTYBATHCS Y Ta-
KoMy <bopMysrioBaHHi: rinmore3a Hy BIIXWUISETHCS, SKIIO 3HA-
JeHHSI D(Fn, (3), migpaxoBaHe 3a peaizarieio x Bubipkn X,
norpaiisge y kpuruany obsiacrs [x3_ (K — 1 —s),+00), i He
BIIXMJISIETHCA Y MPOTHIEKHOMY pasi.

SayBakeuns. OIiHKy 0 = (él, Oy, . .. ,és), 0 MiHIMI3Y€
sigxwrenns D(F,, () MOKHA OTPUMATH K OLIHKY MAKCH-
MaJIbHOT MPaBaOMOMIOHOCTI Ay #, OOy I0BAHY 38 YACTOTAMHE
v = (v1,va,..., V). PyHKIiA TPABAOTOAIOHOCTI Ma€ BUTIIAL:

ae

1=1

Zp,(@) =1, > u(f)=n.

Kpurepiit y? ak xpurepiit HezasmeskHocTi. Hexait X
Ta Y — JABI JUCKpPETHI BUMAJIKOBI BEJIMYHHU, TKI MOXKYThH Ha-
OyBaTu 3HAYEHHA A1, ds,...0ds Ta by, by, ... b, BianosigHo. 3a
pe3yJIbTaTaMU N CHOCTEPEKeHb (1, Y1), (T2, Y2), - - . (T, Yn ) BU-
najkoBoro Bekropa (X, Y') norpibuo nepesipuru rinoresy Hy :
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BunaakoBl Besimunan X Ta Y — Hezasexksi. [Tozmaunmo

pij:P{X:ahYij}? i:R7j:17r>

pie =P{X =a;} = Zpij7 pej = P{Y =b;} = sz‘j~
j=1 i=1
Toni rimore3y Hy MoxKHA chOPMYIIOBATH TaK:
Hy L Pij = PiePej, t=1,8, 7=1,r,
abo Tax: BuOipKa'
(X,Y) = (X1, Y1), (X2, Y2), ... (X5, Y2))

e BubipKotw i3 posmoxiny G : ((ai, bj); DieDej), @ = 1,8, j =
1,7, BA3HAYEHOTO 3 TOUHICTIO 70 (S+7 —2)-BUMIPHOIO BEKTOD-
HOTO TIapaMeTpa

0 = (plhp?h <+ -Ps—1e;Pe1;Pe2; - - - 7p01”—1)

s—1
(BHAYEHHSI Dge TA Doy SHAXOIATHCS 3 PIBHOCTEH Do = 1— Y Die,
i=1
r—1
Por =1 =3 Paj)-
Jj=1

g nepeBipKH TIi€l TiMOTEe3W CKOPUCTAEMOCS KPUTEPIEM
x2. O6iacTb 3HaUEHD TiIOTETHYHOrO PO3IOJILTY po3ib’eMo Ha
MHOKUHE A;j, @ = 1,8, j = 1,7, KOXKHA 3 IKHX CKJIQTAETHCS
qume 3 oxuiel Touku (a;, b;). Hexait v;; — KinbkicTh 3HaYEHD
cepen (x1,y1), (22,92), - .. (Tn, Yn), mo norpanuiu g0 A;;. Ba

lin, 6araroBumipHoio BubGIpKOIO PO3YyMi€MO BIOPAJIKOBAHUI Ha-
6ip He3aJeKHWX 1 OJHAKOBO PO3MOMIIEHNX BHIMAIKOBUX BEKTOPIB
X1, Xo, ..., X,. ¥Yci BumenaBeseni pe3yabTaTH MOMUPIOIOTHCA HA, BUTIA-
JIOK OararoBuMipHOl Bubipku X.
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qacToTaMu (V) 3HAHAEMO OLIHKY MAKCHMAJIbHOI HPABIONO-

JIIOHOCTI HEBiIOMOr0 BEKTOPHOrO mapamerpa . Y BUIAIKY
icrurnocti Hy, dyrkuis npasronogiorocti L(6) mae puris:

L) = 1111»5 = 11wk TLPs
i=1 j=1

=1 j=1
ae
T s
Vie — E Vij, Vej = E Vij.
j=1 i=1
Tomi

S

In L(0) = Z Vie IN pia + Z Vej Inpaj =
i=1 J=1

s—1 r—1

= Z Vie hlpio + Z Vej lnpoj + Vse lnpso + Ver lnpo'r -

i=1 j=1
s—1

r—1
= vielnp+ Y vejInpe+
=1 . J=1 -
+ (n — Zw.) In <1 - ZPz’.) +
= o
+ (n — Zl/.]) In <1 - ZPOJ) :
i=1 7=l

[IpoaudepeHITiioBaBIIN OCTAHHIO PIBHICTD 32 Die, P2es - - - » Ps—1es
Dol D2y« -5 Der—1, OTPUMYEMO CUCTEMY PIBHSIHD

s—1
n— Vie
—alan):&——; =0, i=Ls_1
api. ) ) )

Die 5=l
1- Z Die
i=1
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r—1
n — Ve

apoj poj 1— Tilp )
)

Po3p’sa3aBiin 110 cucTeMy, BCTAHOBJIFOEMO, IO OI[IHKA MAaKCH-
MaJIbHOT MPaBAOTOMiOHOCTI MapaMerpa f Mae BUTIISI

~ Vie N Vej
Die = —, pOj - )
n n
TOOTO

9 = ﬁ(l/l., Voey---yVs_1eyVels Va2, -, Vorfl)-

OT:ke, y BUIIAJKY, KOJIH TinoTe3a Hy cIpaBIzKyeThbCsd, pO3-
O/ BIAXUJIEHHS

D(F )= Y3 Wt

/rl/ . .
i=1 i=1 pzopoj

S T

- (Vi = Dielaj/1)?
Vzoyoj

=1 i=1

npamye 10 x2-posmoainy 3 rs—1—(s+r—2) = (s—1)(r—1)
cTyIeHAMH cBo6oM. Binnosiano 1o kpuTepito x2, rinoresa H
BIIXWIAETHCA, AKIIO 3HAYEHHS D(Fn, (G) moTpamisie y Kpu-
Tuuny obsacts [x3_,((s—1)(r—1)),+00), i He Biaxunsgerses y
npormwiexkuomy pasi. [Ipu mpomy, IMOBIPHICTH MOMHJIKH TIep-
IIIOTO POy JOPIBHIOE (.



Poz i 4

Hopmauabna jiniiina
perpecid

4.1 Metoa HaliMeHIINX KBa/JIpPaTiB

VY 1porneci HpakTUYHOIO 3aCTOCYBaHHS METO/IB MaTeMa-
THYHOI CTATHCTUKH YaCTO BUHUKAE 3a/a49a, HAUIPOCTIImil Ba-
piaHT gK0i chOPMYIHOBAHO HUKYIE.

[TpunyctuMo, MO MiXK BeJIWIWHAMHA Y Ta & ICHY€ JiHIfTHA
3aJ1eKHICTh BULY

Yy =a+ fpx, (4.1)

Jie r — JlesKa HeBHUIIAJIKOBa 3MiHHA, <,  — HeBigoMi Koedi-
IIEHTH, SIKi He0OX1THO BUZHAUUTHU eKCIIepUMeHTaIbHOo. Onnca-
HY 3aJI€KHICTHh BEJIMYUHM Y BiJ & Ha3WBAIOTh ITPOCTOIO JIHI-
HOIO perpeciero, a koedimienTn «, § — KoedimieHTaMu perpe-
cii.

Hexait BinOyBaeThCs n He3aI€KHUX €KCIIEPUMEHTIB. Y KOXK-
HOMY 3 HUX BeJW4YWHA & HaOyBa€ JNedKHX ILIKOM BH3Have-
HUX 3Ha4YeHb T;, 10 € BLIOMUMH 1, B3araJi KaxKy4du, pi3HU-

69
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MM i pi3HuX ekciepuMenTis. [Ipuiycrumo, mo B KOKHOMY
eKCIIEPIMEHT] CIOCTePIracThCd HOPMaJbHA BUIIA/IKOBA BeJH-

quHa Y;, ¢ = 1,n, 3 MaTeMaTUIHUM CIOJTiBAHHIM
MY, = o+ Bx;, i=1,n, (4.2)

i mesijomoro jucnepciero o2, TakuM YUHOM, PO3IVIAIAETHCH
Bubipka Y = (Y1,Y2,...,Y,), yTBOpeHa TOCTiIOBHICTIO He-
3aJI€KHIUX HOPMAaJIbHO PO3IO/iIJIEHUX BUIAIKOBUX BEJUYNH 3
OJIHAKOBHMH JUCIEPCIaMH 02 i MaTeMATHYHIMH CIIOIiBAHHIMIE
Burtsiy (4.2).

BamnunreMo piBHSHHS perpecii y BULIsII
y=a-+blx—27),
e

a=a+br, b=p, T=-— x;.

Oninumo KoedinienTu a, b.

peamizarii y = (y1, Y2, . - ., Yn) MAE BULJIAL

- (y; — MY;)?
L(a,b,0?) = [[ ——exp { L2710
(a,b,0%) 1} or eXp{ 5

n

= (2moY) 2 expl —— > (yi —a —b(z; — 7))?

=1

Ominkn TPLOX HEBiTOMHX mapaMeTpis a,b, o2 mobymyemo Me-
TOJIOM MaKCHMaJbHOI mpasaonogionocti. /st Toro, mob Bi-
HIyKATH MaKCUMYM (DYHKIIT IPaBIONOII0HOCTI, CIIOYATKY Mi-
HIMI3yeMO KBaJIpaTudny (hpopmy

n

Qa.b) = (yi —a—b(z; — 7)),

=1
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a norim, 3uaiigemo makcumyMm 3a 6 pyskuii

_ _z Q"
o) = rt) Foxp { -2}
ne QF = mibn Q(a,b). Ockinbku

n

Qa,b) =Y ((F—a)+ (z; — 7) — b(z; — 7))* =

=1

=n ((T =)’ + 17 + 55 — 2bk1a) =

Je
1 — - ] — -
S% = E Z(:L‘Z — 37)2, sg — E Z(yl —_ y)Q’
i=1 i=1
W
=— v —Z)(Yi —¥),
12 0 2 Yy )

To MiHiMy™m Q* dyuknil Q(a,b) mocsraerbesa mpu

. ~ ko
a=a=1, b=b=—
51
1 JopiBHIOE

n

Q" = minQ(a,b) = D (i —a—blw; —))° = nsy(1—7?),

=1
e
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Buaiijemo renep 3uadents 0, upu skomy byukiis ¢(0) juo-
csirae MakcuMmymy. 3 oriany Ha re, 1o dyHKil ¢(0) i Inp(6)
JIOCATAIOTh MAaKCUMyMY B OAHIN 1 Tiit camiit Towmi, nTykaHe
3HAUeHHsI ) € PO3B’A3KOM piBHsAHHS (HEOOXiTHA yMOBA eKCTpe-
MyMy):

(Inp(0))" = 0.

CupocTuBimm noXigHy y npaBiii 9acTuHi OT0 PIBHIHHS, OTPU-
MYEMO:

Q*/_ n Q*_
=2 "o

(Inp(R)) = (—g In(270) — b7 = 0.

3sijcu
Q*

f=02=""=3s}1-7).
n

Ot:zxe, ONiHKAMI HEeBiOMIX HapameTpis a, b, o €

n —

o Y- a)(Yi—Y)
v, b== . (4.3)

(zi — T)?

a=Y =

S|

-

1

)%

(2

N .
2= S (Vi a b -7
o n;( a—b(z; — )

3ayBarkeHHs. MeTo1 OIiHIOBAHHS MapaMeTPiB, 0 MOJIs-
rae y Mminimizargii kBajgpatudanol dopmu @Q(a,b), Ha3UBAETHCsI
MeTOI0M HalMeHIINX KBaJIPaTiB, a BiIIOBLAHI OMIHKH — OIliH-
KaMHi MeTO/y HaflMeHIINX KBaJIpaTiB.
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4.2 BuaacTtuBocCTi OIIHOK METOIY
HaliMeHIInX KBaJApaTiB

~

Hocaignmo BJIaCTUBOCTI TTOOYA0BAHWUX BUIIE OIHOK @, b,
o2. Bigznauumo, 1o

NN ES IR _
Ma—ﬁiZIMY;—EZ(a—i-b(xi—x))—a,

=1

o1 i i
Mb = ns? ;(ﬂfi — MY, -Y) =
1 _ )
= n—S% - (z; — 2)M(Y; —a) =
b < 2 b o
:Tﬁ;(xi—ﬁ) :n—s%”%:@

a TOMY OIIHKHU @ Ta b € HeaMmineHnMu. OCKIIbKH BeJIMIUHA Y
He3aJIeZKH,

D — iDY o
a = — i:_‘
n? — n

BpaxoBytoun Te, 1110

O T B _ 1 « -~
b:Tﬁ;(fi—$)(n—y):@;(xi—x)na
OTPHAMYEMO
’ 1 < - 1 < o, 07

3 orpuMmanux (HopMyJsI Jid JUCHEepciii OmiHKOK a,b 1 3 Japy-
roi HepiBHOCTI YeOwuimeBa BHILJIMBA€E, IO Il OMIHKH € KOH-
3UCTEHTHUMU JIjIsI IIapaMeTpiB a, b BiAmoBiaHO.
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Haui, posrisinemo kBajparudny dhopmy Q(a,b). Ockinbku
Bunakosi peuunan U; = Y;—a—0b(x; — ) HeszajiexHi i MaoTh
posnogin N(0,0?%), To Beanunna % Ma€e X2-po3momia 3 n

cryneHamu cBobou. 3anucasmm (Q(a,b) y BurIs i

n

Qa,b) =Y (Yi—a —b(wi — 7) + (@ — a) + (b= b)(z; — 7))%,

i=1
HECKJIATHO TIePEeBIPUTH, IO

Q(a,b) = Z(}g —a—b(x; — 7))+ na—a)® +nsi(b—0b)? =

= no? 4+ n(a—a)® +ns(b—b)%

Tomy BermunHM

no? a—a s1(b—1b
Co="" z= T g = Tl
g g o

HE3AJIEKHI, IPUYOMY BEJMYUHA X2 o Ma€ X -po3toii 3 n — 2
CTYIEHAMU CBOOOJU, a BEJIMYNHU | Ta Ly MAIOTh HOPMaJjib-
HUH PO3MOIILI, AK JIiHIHI KOMOIHAIIT HE3AJIeKHUX HOPMaJib-
HUX BeJINYHH.

Tenep, CHUPAOYACh HA BJACTHBOCTI Y2-posmominty (mus.

2.3), 3HalieMO MaTEeMATHYHE CIOIBAHHS 1 TUCTIEPCIIO OMIHKH
2

o2
Mo? — o*Mx; s _ (n —2)o*

n n ’

Dez — a'Dx2_, _ 2(n —2)o!

n? n?2 '

3 orpuMaHux HOPMYJI BUILIKBAE, 110 OILIHKA 02 € KOH3UCTEHT-
HOIO, aJie 3MIIEHOI0, 1 TOMY 3aMICTh Hel JIjisd OIIHIOBAHHS He-
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BijloMOT0 napaMeTpa 2 BUKOPHCTOBYIOTH ii HesmimeHnuii Ba-
piaHT
~ n

0= — 2&2. (4.4)

PosrisHemo BUIIAAKOBI BEINYNHE £, Zo. 3 HABEIEHUX BU-
e (hopMyJI JIJid MaTeMaTUIHOTO CIIOIBAHHS 1 JUCIEPCii OIi-
HOK @ Ta b BUILINBAE, IO £ Ta Ly € CTAHIAPTHUME HOPMaJlb-
HUMU BenduHaMu. 1ol BemanHu

Z1 a—a
Tl = = \/ﬁ ~
Xn_2/(n —2) o
Z b—b
n-——2 et
Xn—2/(n —2) o

3a O3HAYEHHSIM MaloTh po3modin CThIoJeHTa 3 N — 2 CTYIIeHSsI-
Mu cBODO/H 1, OTZKe,

P{T| <ti s} =1-0a, i=1,2

OcTanHe CHIBBIIHOIIEHHS JI03BOJISIE FK IMEPEBIPUTH TillOTE3y
o0 3HavYeHb KoedimienTiB perpecii a,b, Tak i MO0y yBaTH
Ha/IiiTHI 1HTEepBAJIHN /15 HUAX.

Orpumani pe3ysbTar CHOPMYTIOEMO Y BUTISII TEOPEMU:

Teopema (1Ipo BJIACTHBOCTI OIiHOK MeTOAY HaiiMeH-
mmx KBazparis). Ouinku a,b,02 3 (4.3),(4.4) mapamerpis
a,b,0? € He3MINeHUME, KOH3UCTCHTHUME Ta He3ajeyKHUMH
Mizk coboro. Jlo Toro xk, masaiiiHiitui iHTepBam g Koedi-
IIEHTIB @, b 3 piBHEeM HaiHOCTI 1 — (v, MAIOTH BUTJISA],

A o . o
a——F—=ti_a(n—2)<a<a+ —ntl_%(n— 2),

Vi Vi

b —
81\/5 51\/5

tiia(n—2) <b<b+ ti_a(n—2),
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Aeti-a (n—2) — kBanTUIIb piBag 1 —a posuogiay CrbojeHra
3 M — 2 CTYIEeHsIMU CBOOO/IHN.
Bupaga. [lobyaysaru najiiinuit inTepBaJi Jijisg HeBiOMOL

nucnepcii o2.
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