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IlepeamoBa

VY HaBYyalbHOMY MOCIOHUKY 32 MOAYJIHHOIO TEXHOJIOTI€I0 HABYAHHS BUKIIAJACHO
HACTYITHI CHeIIalibHI pOo3AUIH: Teopis (QYHKIIH KOMIIJIEKCHOT 3MIHHOI, omepalliiiHe
YUCJICHHS, BapialiiiHe YMCICHHS, TeOpPis MOjs, MaTeMaTndHa (i3uKa, ki 00 €IHye
3arajgbHa MPUKJIAJHA CIPSIMOBAHICTh HA 3aCTOCYBAaHHSA J0 CICKTPOTEXHIUYHUX 3a/1ad.
KoxeH po3in Moke BUBYATHCS HE3AJICKHO BiJl IHIIUX 1 TOTpeOye HAmpy eHoi ca-
MOCTIHHOI poOOTH, 10 Mepeadayae ONMpaIOBaHHS TEOPETHYHOTO MaTepialry, BUKO-
HaHHS MMOTOYHUX JOMAlIHIX 3aBJaHb Ta 1HAUBIAYaTbHUX PO3PaXyHKOBO-TpadiyHUX
po6iT. ['0510BHA yBara NpuALISETHCS PO3KPUTTIO CYTI TOHSATH, 1X B3a€EMO3B’ A3KiB 0€3
HAJMIPHOI CTPOrOCTI BUKJIaAy. MeTa nmociOHMKa — B CTUCIIN TOCTYMHINA (popmi 03Ha-
HOMHTH 3 OCHOBaAaMH BKa3aHHUX CIEIiaJbHUX PO3ILUTIB Ta iX 3acTocyBaHHsIMU. Teope-
TUYHI BIJOMOCTI MOJAIOTHCS YITKO K apryMEHTOBAHO 3 OMOPOIO HA HAOYHICTh, 1HTYI-
I[if0 Ta 3 LTIOCTPAIi€l0 HA TUIOBUX MPUKJIAJaxX, YaCTHHA 3 SKUX pO3paxoBaHa Ha ca-
MOCTIiHE OIpalfoBaHHsa. TOHKI TEOPETUYHI MUTAHHS 1 33/a4l, [0 BUMAraroTh OlJIbIII
rTMOOKOI MaTeMaTUYHOI MiATOTOBKH, 3JIMIIAIOTHCS 11032 HaJIeKHOI0 yBaror. s ix
BUBYEHHS, B pa3l HEOOXIAHOCTI, Tpeda 3BEepHYTUCH J0 CIELIaTi30BaHOI JIITepaTypH.
J1o BCiX pO3IUIIB JOAAIOTHCS KOHTPOJIbHI 3alUTaHHS, a TAKOXK 1HIWBIAyaJIbHI po3pa-
XYHKOBO-TpagiyH1 3aBJIaHHS.

[TociOHMK mMpuU3HAYCHHUH 11  CTYJICHTIB €JIEeKTPOTEXHIYHUX CHElIaIbHOCTEHN 1
MO’K€ BUKOPUCTOBYBATHUCS AJII CAMOOCBITH €JI€KTPOTEXHIKIB-IIPAKTUKIB.



Po3xin 1. EJJEMEHTH TEOPII ®YHKIIN
KOMIIJIEKCHOI 3MIHHOI

[TonsaTTs 1 MeToau Teopii PyHKIINH KOMILJIEKCHOT 3MIHHO1 YCIIIIIHO 3aCTOCOBY-
IOTHCSl B Pi3HUX HAYKOBUX 1 MPUKIATHUX JUCHHILIIHAX (TEOpis CHCTEM aBTOMATHY-
HOTO KEepyBaHHS, TEOPETHUYHA E€NEKTPOTEXHIKA, eNEeKTPOINHAMIKA, T1IpO- 1 aepou-
Hamika Ta iH.). 30Kpema, OJIMH 3 OCHOBHUX KJaciB (DYHKII KOMIUIEKCHOI 3MiHHOI —
aHaJTITU4YHI QYHKINT — 3HAXOAUTHCS B TICHOMY 3B’ 3Ky 3 PO3B’ si3kamMu piBHsAHHS Jlan-
Jaca, 70 SIKOTO0 3BOJAThCA 0arato MpUKIaJHUX 3a/1a4.

BaxxnuBa posb 11bOT0 po3AiTy 1 B caMiii MaTeMaTulll: IIJIUNA psja 3a1ad Imijja-
€THCSI OCTATOYHOMY PO3B’ A3aHHIO TUIBKH BIAMOBIIHUMH METO/IaMHU.

1.1. KommiiekcHi yncsa Ta aii Hag HUMH

1.1.1. [ToHATTH KOMILIEKCHOTO YHCJIA

Komnnexchum uucnom (6 anzeopaiuniii ghopmi) Ha3MBAETHCS BUPA3
Z=Xx+iy,
e X,y — OIACHI YKCcla; | —ysa6Ha oOunuys, i> =-1, i =-1.

Uucna x 1 y Ha3UBAIOTHCS BIJAMOBITHO OIHCHOIO Ul YAGHON YACMUHAMU KOM-

IUIEKCHOTO yncna z. [lo3HadaroTbcs
Xx=Rez; y=Imz.

Mnuosrcuna écix KomnaekcHux uuces no3zHadyaetrscs C.

Bynp-sike nmilicHE YHCIO X MOXKHA PO3MVISIAATH K KOMIUIEKCHE YHCIIO
z=x+i0=x, y SIKOTO ysBHa YacTHHA JIOPIBHIOE HYJII0: Yy =0. TakuM 4MHOM, MHO-
JKMHA JIMCHUX YKceld R € IMIMHOXXWUHOIO MHOXXWHHU KOMIUIEKCHUX ducesr C: ROC .

KommekcHe uncno z=iy=0+iy, y#0, y AKOTo JiiiCHa YacTHUHA JOPIBHIOE HY-
JII0, a ySIBHA YaCTUHA BIJIMIHHA BiJ HYJISI, HA3UBAETHCS YUCHLO YABHUM.

JIBa KOMILJIEKCHUX YUCTIA Z = X +iy; 1 Z, = X, +iy, HA3UBAKOTHCS PIBHUMU, SKIIIO
BIJIMOB1THO PiBHI iX JiHCHI Ta ysIBHI YaCTUHHU:

X; =X
Zl=22®{1 2

Yi1=Y>
) . “0. . . .
Kommekcue yucio piene nyaro z=0, SIKIIO PIBHI HYJIIO HOro AliicHa Ta ysIBHA
YaCTHUHU.
x=0
z2=0 = .
y=0
3ayBaxkeHHs. /{711 KOMIUIEKCHUX YHCENI HE ICHYIOTh MOHATTS “Ounblie”, “MeH-
mre” .
KommekcHe 4ucino  —z=-x-iy  HA3UBAETbCS MPOMUNAEHCHUM O 4YHUCIA
Z2=X+iy.

JIBa KOMITJIEKCHUX YUCA 2= X+iy 1 Z=Xx-iy, Y AKUX AIHCHI YaCTUHU OJHAKOBI,
a ysSBHI BIAPI3HAIOTHCSA TIIbKM 3HAKOM, HA3WBAIOTHCS KOMHIEKCHO CHPANCEHUMU.



OueBUAHO, IO Z=2Z.

1.1.2. Tii Hax KOMILUIEKCHUMHM YHCJIaMH B ajaredpaiuniii popmi

Omnepaiii 101aBaHHs, BITHIMAHHS, MHOXEHHS, JIJICHHS 1 MMHECEHHS J0 HaTy-
pPaNBHOTO CTETICHS 31MCHIOIOTHCS 3a MPaBWJIAMU i HAJ] MHOTOWIEHAMH 3 Bpaxy-
BaHHSM YMOBH i? = -1 1 3B€JICHHSIM I0/110HUX.

30kpeMa, oOodasanua i GIOHIMAHHA KOMIUICKCHMX YHCENT 2z =X +iy; 1

Z, = X, +iy, 3[IACHIOIOTHCS TOKOMIIOHEHTHO:
242, =(} %) +i (Vi +¥2)5 2-2 =00 %) +i(y, - o) -
MHuoorcenns KOMIUIEKCHUX YHCET Z; = X, +iy; 1 Z, = X, +iy, 311ACHIOETHCS 3a Mpa-
BUJIOM MHOXXCHHSI JIBOWICHIB 3 ypaxXyBaHHSIM YMOBH i° = -1 1 3BeJICHHSIM MOIOHUX:

47z = (X1X2 - y1y2)+i (X1Y2 + X2y1) .

3ayBa)KeHHSI 1. I[J'I}I MHO>KXCHHA KOMIIJICKCHOI'O YHUCIa Z =X +|y Ha ,Z[iﬁCHC qucCJIo

a JOCUTbh KOXKHY HOT0 KOMIIOHEHTY MIOMHOKUTH Ha II€ YUCJIO a. az=ax-+iay.
3ayBaxkeHHs 2. 3HalgeMo  HaATypalbHI  CTEMEeHI  ySBHOI  OJWHUIIL:
i2=-1,i*=i?0=-, i*=i*0=-i% =1. OTxe

i4k:1, i4k+1=i, i4k+2=—1, i4k+3=_i ]

3ayBaxkeHHs 3. [Ipu migHeCeHHI KOMIUIEKCHOTO YKCia A0 HATypajJbHOTO CTEre-
HSI MOYKHA 3aCTOCOBYBATH BiJIOMi 3 €JI€eMEHTapHOI MaTeMaTHKH (GOPMYIIH CKOPOUYEHO-
T'0 MHO>KEHHSI.

3ayBaxkeHHs 4. Cyma 1 10OYTOK JBOX KOMILIEKCHO CIPSDKEHUX YHCEN 2 = X +iy 1

Z=x-iy € JiiCHUM YHCIIOM:
z+z2=2x; zE=x*+y2

3ayBaxkeHHs 5. J[ificHY 1 ysIBHY YaCTHUHH KOMIUIEKCHOTO YHCJA z = X+iy MOXXHa

BUPA3HUTH YePE3 CaMe YMCIIO Ta HOMY CIIPSKEHE Z = X —iy !
x=(z+2)/2; y=(z-2)I(2).
Jlinennsa KOMIUIEKCHUX YHMCEIN Z; = X, +iy; 1 Z, = X, +iY,, Z, # 0 BUKOHYETHCS TaK:
1) Tpeba YHCENBbHUK 1 3HAMEHHHK ApO0Yy 2z/z, JOMHOXHUTH Ha YHCIO Z,, CIPSHKEHE
710 3HAMEHHUKA Z,; 2) BpaxyBaTH, 110 i’ =-1, i 3BeCTH MOoAiOHI; 3) MOUIEHHO PO3Ii-
JIUTH YUCEJIbHUK Ha 3HAMEHHUK 1 OJIep)KaTH YacTKy B aireOpaiuHiil opmi.

z, _ 2z, _ XX+ - Xo Y — X
z:z,=2 =A% % Y1¥o L Xo¥1 = X1Yo

2 .2 2 .2
z, zl%, X3 tY; X; Y,

3ayBaxkeHHS 6. OCHOBHI BJIACTHBOCTI PO3IVIAHYTHX apu(PMETHUYHUX omepauii
HaJ KOMIUIEKCHHUMH YHCJIAMHU CIIBIAAAIOTh 3 BIAMOBIAHUMHU BIACTUBOCTSIMH aHAJIO-
TIYHUX OIepaiii Haj MINCHUMU yuciaaMu. ToMmy I KOMIUIEKCHUX YHCEIT 3aJInIla-
IOTBCSI CIIPaBEIJTMBUMHE BC1 TEOPEMH, TIpaBuja, (GOPMYJIH, 110 BUBEACHI I TIHCHUX
YKCeII Ha MIICTaBl IIMX BIIACTUBOCTEN.

[puknan 1. Bukonatu aii HaJ KOMIUIEKCHUMH YUCJIaMU B anredpaiuniii popmi:
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z2=3(2-3)(2-i)-(3-i)° +5(4-5i): (3+4i).

Po3B’s3anHg. BukoHyeMo ii K HaJl MHOTOWICHAMU:
z=3(2-3i)(2-i)-(3-i)° +5(4-5i): (3+4i) =3(4-2i -
E_64—51‘)(3—41‘) _
(3+4i)(3-4i)
6i —15i +20i” _
9-16i2
+5E’!.2—16| -15-20 _
9+16

—-6i +3i%)-27+27i —9% +i®+5

=3(4-2i—6i -3)- 27+ 27 +9-i +502 *

=3(1-8i)-18+26i

= 3-24i ~18+26 +$ = 154+2i+ 8730 _

= (-75+10i -8-31i)/5= (-83-21i)/5= -83/5- i [{21/5) .

1.1.3. 'eomeTpuyHa inTepnperanis. MoayJb i aprymeHT
KOMILIEKCHOT0 YHCJIa

SKI10 Ha TJIOIMIMHI BBEJICHO MPSIMOKYTHY JEKapTOBY CHUCTEMY KOoOpauHAT Oxy,
TO M)XK MHO>KMHOIO BCIX TOYOK I[i€] IJIOIMHA 1 MHOXXWHOK KOMILICKCHUX drcea C
MO>XHa BCTAaHOBUTH B3a€EMHO OJHO3HAYHY BIJIMOBIAHICTH. KO)KHOMY KOMILIEKCHOMY
YHUCITy z=X+iy BIANOBiJa€e €quHa Touka M (x;y) 1 HaBmaku (puc. 1). JlilicHi gucia
300pakaroThCsl TOUKaMH ocl abciue Ox, TOMY Bich Ox Ha-
3UBAETHCS OIlICHON gicclo. YUUCTO ysBHI uuncia 300paxa-
IOTbCS TOYKaMU oci opauHat Oy, ToMmy Bich Oy Ha-
3UBAETHCSA yA6HOI0 giccro. Uncity z=0 BIANOBIIA€ MOYATOK
KoopauHat O(0;0).

KoopaunaTtHa mmomunaa Oxy, sika 300pa’ka€ MHOKUHY

X

Puc. 1

BCIX KOMIUIEKCHUX 4YHcen C, HA3UBAETHCI KOMMNIEKCHOIO
naowunorw C abo z-naowuHorw.

3ayBaxkeHHs 1. KoMruiekcHe 4nciao z=x+iy MOXXHA TaKOX 300pa3uTu pajiyc-

BEKTOPOM W(x; y), IO BUXOAMUTH 13 Mo4yaTtky KoopauHaT O(0;0) 1 3aKiHUYETHCA B
Tourti M (x;y) (puc. 1).

3ayBaxkeHHs 2. /[logaBaHHS 1 BiZHIMAHHS KOMILICKC-

y Vi)

22, HUX YHUCEJ MOYKHA 371MCHIOBATH 3a MpaBWiaMu (TPUKYT-
HUKA 1 mapainenorpama) BiJIOBIIHAX OIepaiiid HaJ BEK-
z topamu (puc. 2). MHOXXEHHS KOMIUIEKCHUX YHCENT MOXKHA
p2) X  pO3MNIANATH K e OAWH BUJ (MTOPST 31 CKAISIPHAM 1 BEK-
0l Pric. 2 TOPHUM) J00YTKY IJIOCKHX BEKTOPIB.

SAxmo Ha KoMIIeKcHIN TutomuHi (puc. 1) BBecTH Ta-
KO TIOJISIPHY CHUCTEMY KOOpAMHAT Ord 3 MOIOCOM Y MOYATKY JEKAPTOBOI CUCTEMHU

KOOpJMHAT 1 MOJSPHOIO BICCIO, CYMIIIEHOIO 3 BicCl0 Ox, TO TOYKY M (X;y), 11O 30-
Opakae KOMIUIEKCHE YHCJIO 2z =X+iy MOXXHa 3a/JaTd MOJSPHUMU KOOPIWHATAMHU
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M(r;9).
[Monspuuii pamgiyc r (moBkuHa paiiyc-BekTopa OM ) HA3HBA€ETHCS MOOYaEM
KOMIUIEKCHOT'O YHCIa Z 1 TO3HAYAEThCS | Z|=T .

O4eBUIHO, IO I =+/X* + V2.

Homstpauit kyT ¢ (KyT MiX pagiyc-BekTopom OM i MOJSPHOIO Biccro O ) Ha3H-
BAETHCS AP2YMeHM OM KOMIUIEKCHOTO YUCIIa Z 1 MO3HAYAEThCS Argz=¢ .
ApPryMeHT ¢, K KyT IOBOPOTY, BU3HAYAETHCS 3 TOUHICTIO J0 CTAJIOTO JOJaHKY
BUTIIALY 27K, k=0,£1,+2,... (TOBUIBHOTO YKCIIa TOBHUX 00EPTIB).
€auHe 3HAYEHHSA ¢ , 10 33J0BOJIBHIE YMOBY — T < ¢ < T, HA3UBAETHCS 20J106HUM
3HAYEHHAM ap2yMeHmYy 1 TIO3HAYAEThCS argz.
Otxe, Argz=argz+21k, k=0,+1,%2,...
["010BHE 3HAUEHHS apTyMEHTY BU3HAYAETHCS 32 (POPMYJIOH0:
arctg(y/x), x>0;
arctg(y/x)+m x<0,y=0;
argz ={arctg(y/x)-m x<0,y<O0;
W2, Xx=0;y>0;
-T2, x=0,y<O0.

3ayBaxkenHs 3. Jlyig uncna z=0 MOIyJb JOPIBHIOE HYJIO r =|0|=0, a apryMeHT

¢ JOBIIBLHHUH.

3ayBaxkeHHS 4. Y piBHUX KOMILJIEKCHUX YHCEN 2z =z, MOJYJIl TAKOX PIBHI I =T, ,
a apryMeHTHU 3B’ si3aH1 CIIBBIAHOIICHHAM ¢, =, +21k, k=0,£1,+2,..., TOOTO BiJpIi3-

HAIOTBCA HA JOOAHOK 27K .

1.1.4. TpuronoMeTpu4Ha i NOKA3HUKOBA GOpMHU
KOMILIEKCHOT0 YHCJIa

BukopucTtoByroun 3B’S30K JEKApTOBUX 1 MOJSAPHUX KOOPAMHAT X =rCOSh,
y=rsin¢, KOMIIJIEKCHE YUCJIO Z= X+iy MOJXXHA II0OJaTH Y BUTIISAIL

z=x+iy=rcosp +irsing =r(cosd +ising) .
Bupasz z=r(cos¢ +isindg) Ha3UBAETHCS MPULOHOMEMPUUHOIO POPMOIO KOMNIIe-

KCHO20 yucha.
[lepexin Bin anredpaiyHOi 10 TPUTOHOMETPUYHOI (POPMU 33JAETHCSI CIIBBIIHO-

IIEHHAMMU:
X
r=yx*+y?; cosp =———
IXZ +y2

SIK1110 3BepHYTUCH 10 0cho8noi hopmyau Eiinepa

y

, sing =

e? =cosp +ising,

(ii moBeaeHHs MAEThCS B TEOPIl PSAJIiB), TO BiJ TPUTOHOMETPUYHOI (POPMHU MOKHA I1e-
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PEiTH 10 NOKa3HUK060T hopmu Komnaekcnozo uucia z=re?.
3ayBaxkeHHs. 3 oCHOBHOI Gopmynu Eiinepa BUILIMBAIOTE 00noMidicHI (hopmynu
Eunepa:
cosp =Re€?; sing =Ime?®; cosp = (ei“’ +e‘i¢)/2; sing = (e“" —e“¢)/(2i).
[Ipuknan 1. J/lIoBeCTH TOTOXKHICTB:

. X n+1 . X
cosx+cost+...+cosnx=sm?c037x smE.

Po3B’s3anns. [lepeiineMo 10 €KCIIOHEHT, CKOPUCTAEMOCS (POPMYJIOI0 YaCTKOBO1
CYMH T€OMETPHUYHOI MPOTpecii, MOTIM BiJ €KCIIOHEHT MOBEPHEMOCH 10 TPUTOHOMET-
pUYHMUX (PYHKIIIH:

COSX +COS2X + -+ +COSNX = Re(eiX +eg# +~-~+e"‘x):

eix(elnx _1) eixeinxlz (einx/2 _ e—inxlz)
= Re

= Re . c . - - \ =
ex —1 gx/2 (elxlz _ e—lx/2)
inx/2 —inx/2 R
— i(n+1)x/2 -€ 2 —
- Re(e E? oi Deix/Z _e X2 -

- . nNX /. X_ . nx__n+l /. X
= Ree (M1x/2 Bm/sm :smcosx/sm :
2 2 2 2 2
[puxnan 2. 300pa3uTu Ha KOMIUIEKCHIH IJIOMIMHI 1 TOAATH B TPUTOHOMETPHUY-
HIM Ta MOKa3HMKOBIM (popMax HACTYMHI KOMIUICKCHI YWCHa, 110 3aJiaHl B ajredpaiu-
Hii hopmi:
z,=—-3+i; 2,=2-2i;, z3=2i;, z,=-2, z5=-2-1.

y2 z, Po3B’si3anns. [ToOymyemo 3amani  yuciaa Ha
z T KOMIUIEKCHIH tuiomiuHi (puc. 3). 3HaieMo MOIyIb i
! 1 TOJIOBHE 3HAYEHHS apTyMEHTY KOKHOTO 3 TaHWX Yh-
Z, | X cen Ta 3anmMIIEMO iX y TPUTOHOMETPHUHI Ta TOKa3-
-2 10 1 2 HUKOBIN hopmax:
| — 14 _
% z =3+ 1 % ==3; y=1; |z|=y+y} =2;
B . Z
-2 o argzlzarctg(yl/xl)+n, X <0,y,20;
Puc. 3 argzl=arctg(—]/\/§)+n=—rg/6+n=5rg/6;

z = 2(cos(5176)+isin(51y6)); z = 26670,
2,=2-2I1 % =2, y,=-2; |z|=x+ys =2V2;

argz, :arctg(yz/xz), X5 >0; argzzzarctg(—]_):_n/4;
z, = 22 (cos(-174) +isin(-1/4)); z, =227 (74,
;=2 %3=0; y;=2; |z3|:1/x32+y?2,:2; agz, =12, x=0,y>0;
z, = 2(cos(ry2) +isin(iy2)); z, =262,
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2,=-21 X, =-2; ¥, =0; |z|=4%5 +V} =2;
argz, :arctg(y4/x4)+n, X, <0,y,20;

argz, =arctg0+1=1; 2z, =2(cosm+isinm); z, =2€™.

772711 % =2 ¥5=-1 |z|=\x+y¢ =+
arng:arctg(ys/xs)—n, X5 <0,ys <0;
argz; =arctg(1/2)-m;  z, = /5@
z; = /5 (cos(arctg(l/2) - ) +i sin(arctg(1/2) - 1)) .

1.1.5. lii Hagq KOMILIEeKCHUMM YHCJIAMHU
B TPMTOHOMETPHUYHIi | MOKa3HUKOBIH opmax
Axmo z =r(cos, +isind,) 1 z, =r,(cosd, +ising,) — ABa KOMIUIEKCHI YHUCIa B
TPUTOHOMETPHUYHIHN Popmi, TO X T0OYTOK:
7,2, =r,(cos¢, +ising,)r,(cos, +ising,) =
=n, (coscl)lcosq>2 +icosp,sing, +ising, cosp, +
. 2 . . _ PR
*1 Sm¢15m¢’2)— rer(COS(q)l +¢,) +isin(9, +¢2))-
JIoOyTKOM JIBOX KOMILUIEKCHUX YHCEN Z 1 Z, € KOMIUIEKCHE YHCIIO, MOAYJb SIKO-
ro JOPIBHIOE TOOYTKY MOJAYIIB, @ apTyMEHT — CyM1 apTyMEHTIB CIIBMHOKHUKIB.
Otxe,
2,2, =11, (cos(dy +d,) +isin(d, +0,)); 22z, =11, e*e2)
22,| =|z|Uz,|;  Arg(zz,)=Argz +Argz, .
SAxmo  z =r(cosd, +isind;) 1 z, =r,(cosd, +ising,) — ABa KOMIUIEKCHI YUCIA B
TPUTOHOMETPUYHIN Popmi, TPUIOMY z, BIIMIHHE BT HYJIS Z, # 0, TO 1X YacTKa:
z, _ ri(cos, +ising,) _ 1, (cos, +ising,)(cosp, —ising,) _
z, ry(cosp, +ising,) 1, (cos,+ising,)(cosp, —ising,)
= (r/r, ) toos(d; ~ ¢, ) +isin(d; —9,)).

YacTkorw z/z, ABOX KOMIUIEKCHUX YUCeN Z 1 Z,, € AUIBHUK Z, #0, € KOMILJe-

KCHE YHCJI0, MOJIYJIb SIKOTO JIOPIBHIOE YACTIIl MOAYJIIB JIJIGHOTO Z 1 JIIBHUKA Z,, a
apryMEHT — PI3HMIIl apTYMEHTIB AUICHOTO z 1 JUIbHHUKA Z, .
Otxe,
4 __n - 4 (0-0,)i
t == (oos(0y — 0, )+isin(o, -4, )); b ==ttt
Z I Z I
|21/22|:|21|/|22|; Arg(zl/zz)=Arg z-Argz,.
Hamypanvnum cmenenem z" KOMIUIEKCHOTO YHCJIa Z HA3MBAETHCS KOMILICKC-
HE YKCJIO, OTPUMaHEe MHOYKCHHSIM YHCJIa Z CaMOro Ha cebe n pas, e N — HaTypaJibHE

YUCJIO.
I3 npaBuia MHOKEHHSI KOMIUJIEKCHUX YUCE B TPUTOHOMETPUYHIN (hOpMi BUILIIU-
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Ba€ nepuia popmyna Myaepa:.
2" = (r ffcos¢ +ising))" =r"(cosng +isinng).
Kopenem n-20 cmenena Yz 3 KOMIIEKCHOTO YMCIIa z HA3UBAETHCA TaKe KOM-
TUTIEKCHE YMCJI0, N-i CTEMiHb SKOTO JOPIBHIOE Z:
O4eBHIHO, 110 KOPIHb N-TO CTENEHS 3 HyJIS JOPIBHIOE HYIIIO.
SKI1I0 KOMIUJIEKCHE YUCJIO 2z BIJIMIHHE Bif HyJsS z#0, TO KOPIHb N-TO CTENEHS
Yz Mae piBHO N Pi3HMX 3HAYEHB, IO BU3HAYAIOTLCA 32 Opyzoto popmynoro Myaspa:

Q/— :Q/r [ﬂCOS¢+iSin¢) :Q/?(Cqu)"'nZle +iSin¢+2T|kj1

n
ne k=012,...,n-1; Q/? - apI/I(bMeTI/Iqu 3HA4YECHHS KOPEHS 3 JOJATHOTO YHCJIa.

Ha xoMruiekcHi# MIomnuHI BC1 KOPEH1 N-TO CTENeHs Nz 3 KOMIJIEKCHOTO YHCIia
z#0 300paxyrOThCS BEpIIMHAMHU TPABUIBHOTO N-KyTHHWKA, BIHUCAHOTO B KOJO 3
IIEHTPOM Yy TT0YATKy KOOPAMHAT i pagiycom Vr .

[puknan 1. [linHecTu 10 cTeneHs: (\/5 —i)40.

Po3B’ 13aHHs. 3aMUIIEMO YHCIO +/3—i B TPUIOHOMETpUUHi Gopmi

V3-i =2(cos(-176) +isin(-176)).
3a nepmoro popmynor Myaspa (\/55 —i)40 = (2(cos(-176)+isin(-176)))* =
= 2%0(cos(- 201y3) +i sin(- 20173)) = 2%°(cos(- 61— 217/3) +
+isin(-6m-2m/3)) = 2°(cos(- 2173) +isin(- 2173)) =
- 240(_]/2+i E/§/2): —239 +i |I39\/§.
[Mpuknazn 2. 3HaTH BCl 3HAUYEHHS KOpeHs: a) -9 ; 0) 3i-1.

Po3B’s13aHHS.
a) 3anMIneMo MmiaKopeHeBe YKCI0 —9i B TPUTOHOMETPHUYHIN Ghopmi

—9i =9(cos(- 172) +isin(-172)).
3a apyroto popmynoro Myaspa +-9i =./9(cos(-172)+isin(-172)) =

=@(cos_n/22+2nk +isin_TV22+2"kj = 3(cos(- T4 + 1k) +i sin(- W4 + Tk)),

ne k=0,1.
Ipu k=0: /-9 =3(cos(- 77/4) +isin(- 77/4)) = 3J/2/2-i [3J2/2.
Ipu k=1: -9 =3(cos(3ry4)+isin(3r/4)) = - 3v2/2+i BJ2/2.

0) 3anuimemMo MmiJKOpeHeBe YNCiO i —1 B TPUTOHOMETPUYHIH Hopmi
i —1=+/2(cos(3r/4) +isin(317/4)).
3a npyroto popmynoro Myaspa

3fi -1=3[/2(cos(34) +isin(3m'4)) = /2 (C"Ssm:: T visn 3TV4:: anj !

ne k=0,12.
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= 8/2(cos(1y/4 + 2rik/3) +isin(ry 4+ 2rk/3).

Ipu k=0: ¥i-1=%2(cos(ry4)+isin(1y4)) = —=(1+i).

Mpu k=1: 3fi-1=%2(cos(11y12) +i sin(111712)).
Ipu k=2: %fi-1=%2(cos(19112)+isin(191712)) =
= §/2 (cos(~5m/12) +i sin(-51/12)).

3

NS

1.1.6. Muorouienu. Po3kjiaagaHHga HA MHOKHUKH.
Po3B’ 13aHHsA KBAIPATHUX PiBHAHB
DyHKIIIS KOMIUIEKCHOT 3MIHHO1
P(2)=a,2" +a,2" " +..+a,,z+a,

HA3WBAETHCS MHOZOUIEHOM N-20 CMeNneHs CTAaHAAPTHOTO BUTIISTY.

TyT 2z— KOMIUIEKCHUI apTyMEHT: N— CTENiHb MHOTOWIEHA, 3y, &, ..., &,— CTaJl
KOMIUIEKCHI KOE(QIIIEHTH; &, HAa3UBAETHCA CTAPUIUM KOEQIIIEHTOM, MPUUOMY
a, #0; a, HA3WBAETHCS BIJILHUM YICHOM.

Teopema 1 (meopema Be3zy). [Ipu Oinenni munocounena P,(z) Ha piznuyio z-a
ocmaua 6i0 dinenHs oopigrioe P,(a) .

[oBsenenns. P,(2)=Q,_;(2)[@z-a)+R. Hexait z -» a, Ton1 P,(a)=R.
Hacninok 1. lkwo a— xopine muozounena P,(z), mo yeii muoeounen P,(2)0i-
MUMbCs 6e3 ocmai Ha Pi3HUYI0 2—a, MmoOmo PO3KIA0AEMbC HA MHONCHUKU
P(2) =Q1 (29 Uz-a),
Jie yacTtka Q,_;(z)— MHOIOYWIEH Ha OAUHHIIO MEHIIIOTO CTEIEHS.

Teopema 2 (ocnosna meopema anzeopu). byov-skuil mHocounen P,(Z) HeHynbo-
6020 cmeneHs n=1 mae xoua 6 00uH Kopins (OIUCHUL YU KOMNAEKCHULL).

Hacninok 2. byov-axuti mnozounen P,(z) HeHy1b08020 cmeneHa n=1 mae pieHo
N KopeHis, ceped AKUX MOIACYMb OymuU 0OHAKOBI.

Hacninok 3. yos-saxuii muozcounen P,(z) HeHY1b08020 cmeneHs n=1 po3xkiaoa-
EMbCA HA MHONCHUKU Y BURTIAOL.

P.(2) =ay(z-2)4(z-2,)%... (z- z,)"",

e a,— cTapmmid KoeiieHT; 2z,z,,...,z,— pi3Hi (AifiCHI Y1 KOMIUIEKCHI) KOPEHi,
ki, Ky, ...,K,,— BIITIOBITH1 KPATHOCTI IIUX KOPEHIB, Ipuuomy k; +k, + ..+k =n.

KopeHni kBagpaTHOTrO piBHSAHHS

az’+bz+c=0 (az0)

3 KOMILJIEKCHUMHM KoeilieHTamMu a,b,c 3HaXOIAThCs 3a BIIOMUMH (HOpPMYJIaMu
_-b*/D |

D =b? -4ac,
2a

Z5
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ne D —oaHe 31 3Ha4eHb KBAJPATHOTO KOPEHs 3 TUCKpUMiHaHTa D .
Ha MHOXMH1 KOMIIJIEKCHUX YHUCEJI ISl KOPEHIB KBAaJPATHOIO PIBHSHHS 3aJIUIIa-
€THCSI CTIPaBEUIMBOIO TeopeMa Biera:

z+z,=-b/la, zz,=ca.
[Ipuknan. Po3s’a3aTu KBajgpaTHE PIBHSHHS:
a) 4z°+4z+5=0; 0) z°-4z+7-4i=0; B) Z*+2iz-1+2 =0.
Po3B’ s13aHHS.

—A+ 9]
a) D=4°-4[35B=-64;, JD=/-64=8; z7,= 3548'=—%¢i.

0) D=(-4)?-4007-4i)=-12+16i = 4(-3+4i) ;

D = [A(=3+4i) =2./(L+4i +4%) = 2./(1+2))2 = 2(1+2);

_4+x2(1+20)

Z1,2 _T

B) D=(2)°-41-1+2i)=-8 ; -/D=-/-8 =./8(cos(-/2) +isin(-1/2)) =
= 2./2(cos(-m/ 4)+isin(-1/ ) = 2./2(/2/2-i(/2/2) = 2- 2 ;

21,2:—_2'1(22_2'):—ii(l—i); 7=1-2i; z,=-1.

=2+(1+2); z=3+2; z,=1-2i.

1.2. TomoJ10oriss MHOKMHH KOMILIEKCHUX YHCEJI.
KommiekcHi pyHkuii aificHoi 3MiHHOI

1.2.1. Bincraup mixk ToukamMu. OKiJI TOUKH.
HeckiH4yeHHO BijjiajieHa TOYKAa. Po3mupeHa KOMILIEKCHA MJIOIMHA

Posrnsnaerscst KoMIuieKcHa miomuHa C.
Biocmannio p(z,z,) Mix ToakamMu M; i M,, 10 300pa’karoTh KOMILIEKCHI YKC-

Ja z, 1 z, , HA3UBAETHCS JOBXKMHA BiMOBIAHOTO BeKTOpa MM, :
p(zll Zz) = |21 - Zz| ,
TOOTO BiJICTaHb MK KOMIUIGKCHUMH YHCJIAMHU Z 1 Z, JOPIBHIOE MOIYJIIO iX PI3HMII
1z~ 2,].
Hexaii € — noBUIbHE qOATHE I1MCHE YUCIIO £€>0.
Muoxuna 1040k U,(z), 1O 3a10BOJNBHAKTE YMOBY

y
7 |z-2zy| <€, Ha3UBa€TBCA €-0KOIOM CKinuennoi mouku z,. OKin
// TOYKHU Z, — 1I€ BHYTPIIIHICTh Kpyra 3 LIEHTPOM B I[ill TOYIl Z, i

x paniycom € (€-OKiJI TOUKH Z, 3aIITPUXOBAHUHN HA pHC.4).

I ..
0 I[J'I}I KOMIINIICKCHHUX YHUCCII OCO6J'II/IBy POJb BLOIIpa€ CUMBOJI

Puc.4 2 =00 —HEeCKIHYEHHO 6I00A/1eHa MOYKA.

3ayBaskeHHs 1. /7151 HEBIACTMBOIO KOMIUIEKCHOTO YHWCNA z =0 MOAYJb JOPIiB-
HIO€ +o0, a TIOHATTS apTyMEHTY, 1HCHOT Ta ySIBHOT YaCTUHU M030aBIJICHI 3MICTY.
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3ayBaxkeHHS 2. HeckiHueHHO BijjajieHa TOYKAa z=c0 — [[€ 30BHIIIHICTh Kpyra
HECKIHYCHHO BEJIMKOTO pajiyca 3 IIEHTPOM Y IMoYaTKy KOOpIWHAT. [HIIMMU clIoBaMH,
HECKIHUYEHHO BiJajieHa ToOYKa z=o — II¢ 00’ €JHaHHA BCIX TOYOK KOJIa HECKIHUEHHO
BEJIUKOTO pajiyca 3 IICHTPOM Y MOYaTKy KOOPIMHAT.

Bces kommiiexkcHa miompHa C, IO JOMOBHEHA HECKIHYEHHO B1IAJIEHOI0 TOY-
KOI0 Z =00, HA3UBAETHCS POZULUPEHOI0 KOMNIEKCHOIO NIOWUHOI0 C .

3ayBaxkeHHs 3. CKJICIOI0YM BC1 TOYKHM KOJIa HECKIHUEHHO BEJIMKOIO pajiyca 3
IIEHTPOM Yy MOYATKy KOOPJUHAT, OTPUMYEMO chepy — Iie 0He 300paKeHHS PO3IIIH-
PEHOT MHOKHMHU KOMILIEKCHHX uncel C. Touka z=co HiYMM HE Bipi3HAETHCS BiJ
IHIIMX TOYOK: MOXKHA PO3TIISAATH i1 OK1JI, TIEPETHH JIIHIA B z =co 1 T.II.

Yy Hexaii R — goBiabHE HOAaTHE AiMCHE YnUCia0 R>0.
My MHuoxkuHa TOYOK Ug(w), 110 3aM0BOJBHAIOTH yYMOBY
R ///% |z| >R, Ha3UBAECTLCI R -0K0/10M HeCKIHYeHHO 8I100aleHol mo-
é yku z=oo. OKUJI TOYKU Z=co — II€ 30BHIIIHICTh Kpyra 3 IEHT-

/ x POM B MOYATKy KOOPAHMHAT i paaiycoM R (R-OKiJ TOYKH z =

. |

7

. |
%////////ﬁ ///ﬁ 3aIITPUXOBAHUH Ha puc.5).

Haoune ysiBIeHHS TIPO OKiJ HECKIHYEHHO BIJIJIaJIEHOI TO-

Y 4ku z=w pae cmepeozpagiuna npoekuyia, 10 BU3HAYAE
B3a€MHO OJHO3HAYHY BIAMOBIJHICTb TOYOK PO3UIUPEHOT
KOMIUIEKCHOI TIJIOIUHKA Ta TOYOK cghepu Pimana — chepu
OJIMHUYHOTO JiaMeTpa, 110 JOTUKAETHCS 0 IUIOMIMHU B MO-

x 4aTKy KoopauHar (puc. 6).

Hexait ON — BepTukanpHuii miamerp (O — HiBACHHUH,
a N — miBHIYHUK MOJt0C). JIJIs JOBIILHOT CKIHUEHHOT TOYKH

M KOMIUIEKCHOI IUIONIMHMA TOUKa P mepeTuHy BiApizka NM 3i ceporo Ha3UBAETHCS

cmepeozpaghiunoio npoexkyiero mouku M .

Taka BiANOBIAHICTH Oy/l€ B3a€EMHO OJHO3HAYHOIO JUISL BCi€l PO3IMIMPEHOI KOM-

IJIEKCHOI TUIOIIMHHU, SKIIO MPUUHSITH, IO MIBHIYHUMA TOJIIOC N CIYy>KUTh CTEpeorpa-

(b19HOIO TPOEKITIE€I0 €IUHOT HECKIHYECHHO BITAICHOT TOUYKHU Z = .

Puc. 6

3ayBaxkeHHs 4. [Ipsimiii yn KOy Ha TUIOMIMHI TIpHU cTepeorpadiyHiil MPOoeKIi
BI/IMOBIJIa€ KOJIO Ha cdepl. 30Kkpema, rapajeabHUM MPSIMUM BiJIIOBIIAIOTh KOJa, 110
JIOTUKAIOTHCA B TOYI N .

1.2.2. O6aacTh Ta i MexKa

Henopoxusa MHOXkKMHA D KOMIUIEKCHOI TUIOIIMHKA YA PO3LMIUPEHOT KOMIUIEKCHOT
IUIOLMHU HAa3UBAETHCS 001a4Ch10, SIKIIIO BUKOHYIOTHCS TaKl YMOBHU:

1) BoHa iokpuma, TOOTO pa3oM 3 KOKHOIO CBOEIO TOYKOIO MICTUTh JACSIKUN OKIJI
i€l TOYKH; 2) BOHA 36 sA3Ha, TOOTO OyAb-gKi JBi 1i TOYKH MOKHA CIOJYYUTH Je-
SIKOIO JJaMaHOIO L, BC1 TOYKH SIKOI HAJIEKATh 11l MHOKHUHL D .

3ayBaxkeHHs 1. JlTamana L Moxe OyTH HEOOMEKEHOIO JIHIEIO, IO MPOXOAUTH
yepe3 z=oo. [Ipu 1boMy BOHA 3aJUIIIa€ThCsl 0OMexkeHOor0 Ha cdepi PimaHa.
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Touka z, Ha3UBAETHCS MEHCOB0I0 MOUKOI0 007aCTI D, SAKIIO B KOKHOMY ii OKO-

JI1 MICTATHCSA TOYKH, 110 HAJIEKATH 1 I110 HE HAJIEKATh 111 00J1aCTI.

MHoKHMHA BCIX MEKOBHX TOYOK I 00JylacTi D Ha3MBaEThCS Medscero 11iel oOiac-
Tl.

3ayBaxkeHHs 2. Hanmanmi posrisigaroThes 007acTi, MeXa SKUX [ CKJIaJaeThes 3i
CKIHYEHHOTO YHCJa KYCKOBO-TJIAJIKUX KPHBHUX Ta 130JIbOBAHMX TOUOK. Mexa MOXe
MaTH JIB1 CTOPOHH — JIBa “Oepera” po3pisy.

Sxmo npu pyci B3AoBxk Mexi I 00acth D BeCh 4ac 3aJIMIIAETHCS 3J1iBa, TO Ta-
KU HampsiM OpieHTalll Mexi [ Ha3UBAETHCS 000AMHUM 00XO00M.

OO0’ eqnanHs o0yacti D 3 1i Mexero I, HA3MBAETHCS 3aMKHEHOI0 oonacmio (3a-
MUKanuam ooaacmi D) i mo3Havaerses D .

SAxmo Mexy 065aCTi yTBOPIOE OJHA JIiHIs, 110 HE Ma€ CaMOIEPETHHY, TO 00-
JaCTh HA3HUBACTLCSI  OOHO36' A3HOI0
(puc. 7), a komu Mexy O6Iacri yTBO-
protoTh k Takux JI1HIH, 110 HE MAIOTh
CaMOIIEPETUHY 1 CHUIBHUX TOYOK, TO
00J1aCTh HA3MBAEThCA K-36'sa3H010 (Ha
puc. 8 300pakeHa TpU3B si3HA 00-
J1acTh).

Yy y

Puc. 7

3ayBaxkeHHs 3. OHO3B' s13HA 007acTh D — 11€ 001acTh, B AKIH JOBUIbHY 3aMKHE-
HY KpHBY, III0 1l HAJIGKUTh, MOKHA HEIIEPEPBHOIO AcHOpPMAITI€I0 CTATHYTH B TOUKY,
3aJIMIIAIOYUCh B 11 00macti D. OmHO3B si3Ha 00J1acTh HE MICTHUTH “JIpoOK~, a Oara-
TO3B’ si3Ha 00J1aCTh — 11€ 00J1aCTh 3 “ IipKaMu” .

1.2.3. KomniekcHi ¢gyHKUii gilicHoT 3MiHHO.
JIiHii Ha KOMIJIeKCHIN MJIOIUHI

Komnnekcna gpynkyia z Oilicnoi 3minnoi t KO)KHOMY 3HAUYEHHIO t 3 JIeSIKOi He-
MOPOXHBOT MHOXKMHM D JIHCHMX 4YKCeN 32 NMEBHUM 3aKOHOM CTaBUTh y BIAMOBIA-
HICTh OJIHE €OWHE 3HAYEHHS KOMIUIEKCHOI 3MIHHOI z 3 JIeAKoil oOyracti E KOMILIEKC-
HO1 mutomuan. KomruiekcHa QyHKIS z = z(t) A1CHOI 3MIHHOI t BU3HA4Ya€ThCS PIBHI-
CTIO

z=x(t)+iy(t), tdD,
ne X(t) Ta y(t) —3amaHi AiAcHI QyHKIIT (BIAMTOBIIHO JifiCHA 1 ysIBHA YaCTHHH 3MiH-
HOT z=2(t)).

3ayBaxenHs 1. Hanmanmi po3risinatorbest HenepepBHi GyHKINT x(t) Ta y(t), 3amaHi
Ha BiZpi3Ky D =[a;B].

OyHkIia z=z(t), t0[a;B] B KoMnaeKcHO-napamempuyuHin popmi 3anae nesKy
HenepepBHy JdiHi0 L (puc. 9). [TapamerpuuHi piBHSHHS Li€l miHil: Xx=X(t), y=y(t),
tO[a;p].

KpuBa Ha3uBaeTncs mpocmoro, SKIO BOHA HE Ma€ TOYOK CAMOIEPETHHY:
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Ot,,t, O(a;B), t #t,: z(t;) # z(t,), TOOTO BC1 TOUKM Pi3HI, KPIM, MOXJIMBO, TOYATKOBOT
z(a) 1 KiHIEBOI Z(B).
KpuBa Ha3uBaeTbcs 3aMKHEHOI0, SKIO i1 MOYaTKOBA 1 KiHIIEBA TOYKHW CITiBIIa-
JarTh. z(a) = z(B).
y Opienranito (HampsM 00X01y)
z=2(t) 3aMKHEHOI KpuBoi L (KOHTYpy) Mo-
/—_\ L KHA 3aJaTH TphOMa ii Toukamu abo
f JIBOMA 11 TOYKAMH 1 OJHIEI0 BHYTPI-
B t / 0 X IIHBOK TOYKOIO oOsacti D, mo 00-
M€E)KeHa JaHOIO JIHIEKo L .

Puc. 9

3ayBaxeHHs 2. KprBa Ha KOMIUIEKCHIM TUIOIMIMHI MOXe OyTH 3a/laHa B HESIBHIM
¢dopmi piBHsHHAM f(2)=0.

[puknan 1. Buznaunty B 1 300pa3uTi Ha KOMIUIEKCHIHM TIONIMHI JIiHIT, 3aAaH1
PIBHSAHHAMH. a) |z-2+i|=1; 0) z=(1+2i)t; B) z=2cost+2isint.

Po3B’s3anns. 11106 Bu3HAYMTH BU JIiHIT, MIJICTABUMO B 11 PIBHSHHA 2=X+iy 1
3BE€JIEMO HOTO JI0 BIAMOBIAHOTO cTaHAApTHOrO BUrisiay. Ilotim moOyayemo wmro i-
HIO.

a) |x+iy-2+i[F1; [(x-2)+i(y+D) [F1; (x-2)% +(y+D? =1;

(x-2)?+(y+1)* =1 — Kosio paziyca r =1 3 HeHTpoM y Touli M,(2;-1) (puc.10).

xX=t . A
0) x+iy=(1+2i)t; { _ o — TOXWIa NpsiMa, 32/aHa B NapaMeTPHYHIA dopmi, i

siBHE piBHSAHHS Y =2x (puc.l1l).

X = 2cost

— KOJIO pajiyca r =2 3 LEHTPOM V MOYATK
y = 2sint panry LHCHTPOM Y y

B) X+iy=2cost+2isint; {

KOOP/MHAT, 3a/1aHe B mapameTpuuHii ¢popmi (puc.12).

B
/

Puc. 10 Puc. 11 Puc. 12

3ayBaxkeHHs 3. Mexxa 3aMKHEHOT 06sacTi D 3BHYailHO 300pakaeTbCs CYILIb-
HOIO JIIHIE€I. Y BUIMAJKYy BIAKPUTOI 00jacTi D 4YacTHHU i1 MEXIi, 1[0 HE BXOASATH B
00J1acTh, 4aCTO 300paxatoThCsl MyHKTUPHUMU JTIHISIMU.

[Mpuknan 2. Ha koMruiekcHi# miomuyHI 300pa3utu 001acTh D, 110 3aaHa HepiB-
HOCTSIMH.
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a) Rez+Ilmz+2>0, |z+2i|<1l; 0) |zR2, -W4<agz<Ty2.

Po3B’s3anHs. SKio 3aMiHUTH 3HAK HEPIBHOCTI HA 3HAK PIBHOCTI, TO OACPKY-
€ThCS PIBHSHHS JIIHIT — YaCTHHU MeEX1 BIAMOBIAHOI o6acti. KoxkHa miHig po3OuBae
KOMIUIEKCHY TUIOIIMHY Ha YaCTUHU. BuOupaeTbes Ta yacTUHA, JOBUIHHO B3sITA BHYT-
piliHs MpoOHa TOYKA SKO1 3aJI0BOJILHSIE BIANMOBIIHY HepiBHICTH. Illykana oOnacts,
3aJlaHa CHCTEMOIO HEPIBHOCTEH, 3HAXOUTHCS K IEPETHH BUOPAHIUX MHOKHH.

a) z=x+iy; Rez+Ilmz+2=0, x+y+2=0 —moxuja npsMma; |z+2i|=1 —KoJo
paniyca r =1 3 IEHTpOM Y Toulll M,(0;-2i). lllykana obnacts 3amkHeHa. BoHa 3a-
HITPUXOBaHa Ha puc. 13.

y y 0) z=x+iy; |z|=2 — ko0 pami-

—2\ 0 X yca r =2 3 LHEHTPOM Yy IIOYaTKy KOOp-

_ 5 JIUHAT, argz=-Ty4 1 agz=1Y2 — aBa
5 x TIPOMEHI, 110 BUXOJATH 3 TTOYATKy KO-

> 0 / opaunat. lllykana obnacTh BigKpuTa.

Bona 3amrpuxosana Ha puc. 14. I1ys-
Puc. 13 Puc. 14 110 HE BXOJUThH B IIFO 00JIACTb.

KTUPHO 300paxkeHa JiHIsA argz=-Ty4,

1.2.4. IndepenuiloBaHHA Ta iHTErpyBaHHsI
KOMILIEKCHOI PyHKIII AiiiCHOT 3MiHHOT

KomrnekcHiit 3MiHHIN z = z(t) BiANOBiAa€ BEeKTOP-(PyHKIIIsI, TOMY IudepeHIio-
BaHHS Ta IHTErPYBaHHS KOMIUJIEKCHOT (DYHKIIIT A1HCHOT 3MIHHOT 3/IIICHIOETHCS aHAJIO-
TYHO BIAMOBIAHUM OMNEPALisiM HaJl BEKTOP-(PYHKIIIEIO TIHCHOTO apTyMEHTY .

JI71s1 3HaXOKEHHS MOX1IHO1 z'= z'(t) KOMIUIEKCHOI PyHKIIT z= x(t) +i y(t) mi¥ic-
HOI 3MIHHOT Tpeba npoandepeHLitoBaTH OKPEMO JIHCHY X(t) Ta ysBHY Y(t) 4YaCTHUHHU:

Z'=x"(t)+iy'(t).

3ayBaxkeHHs 1. Ha koMruiekcHiN MUIONIMHI JOTHYHA 0 KPpUBOI z=z(t) B TOWIIl
zy=2(t;) 3amaeTbci B  KOMIUIEKCHO-TIapaMeTpuyHidi  ¢GopMi  PIBHAHHSIM
z2-2,=27'(tp) [t —to) .

[Mpuknan 1. 3naliTi piBHSIHHS TOTUYHOI 10 KOMIIEKCHO-TTapaMeTPUYHO 3a7aHO1
JiHIT L: z=2(t) B TOYII Z,, IO BIANOBIJAa€ YKa3aHOMY 3HAUEHHIO IMapameTpa t,:

L: z=4cos’t +4isin’t, t, =1/4.
Posp’sa3anns.  z(4)= 4cos®(4) + 4isin®(1m/4) = 4E(kf/2) +4|E(kf/2) J2+iA2;
z'= (4cos3t +4i sin3t) =-12cos’ t[@int+12isin’t[tost; z'(174) = -12cos?(17/4) Gin(ry4) +

+12isin?(y/4) teos(/4) = ~121{2/2f th2/2)+12itl2/2f d2/2)= a2 +iav2;
Z—\/_—I\/_=(—3\/§+I3\/_)QI—T[/4) — JOTUYHA.
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B
JI1s 3HAXOJKEHHS 1HTerpajia jz(t) dt xoMmruiekcHOi PyHKIIT z= x(t)+i y(t) mikic-
a

HO1 3MIHHO1 TpeOa NMPOIHTETPyBAaTU OKPEMO AIHCHY X(t) Ta YABHY Y(t) YACTHUHH:

B B B
[z(t)ydt = [ x(t)dt +i [ y(t)dt .

1
[puxknaza 2. 3HaliTH iHTErpan f(9t2 +8i t3)dt :

0

1 1 1 3
Po3B’ si3aHHS. f(9t2 +8i t3)dt = 9jt2 dt +8ijt3 dt=9 %
0 0 0

=3+2.

1 41
+8ii
4

0 0

1.3. ®ynkuii kommiaekcHoi 3MinHoi. Iloxigna.
IHousaTTa anaaitTuuHoi pynkuii. Kondopmue BizoopakeHHs

1.3.1. MonsaTTs pyHKIUIT KOMIJIEKCHOI 3MiHHOI.
I'pannus Ta HenmepepBHICTH

JlJis TeOMETPUYHOTO TIyMaueHHs MOHATTSA (PYHKLIT KOMIUIEKCHOI 3MIHHOI pO3-
TISIIAFOTHCS JIBA €K3EMIUISIPH TJIOMUHA KOMITJIEKCHUX YHUCEIT. Z-HMAOUWUHA 2= X+iY
1 W-naowuna W=u+iv.

Hexaii Ha z-motomuHi 3aj1aHa JOBUIbHA MHOKMHA TOYOK D . SIKIIIO KOKHIA TOYIII
z=x+iy MHOXXMHH D 3a MEBHUM 3aKOHOM f IOCTaBJIEHO y BIAMOBIIHICTh OJIHY TO-
yKky wW=u+iv (abo JeKiJbKa TOYOK) W-IUIOIIMHH, TO TOBOPSATH, III0 HA MHOKHHI D
3aJ1aHO OJIHO3HA4YHY (a00 0araTo3HAYHY) KOMHAEKCHY (PYHKUIIO KOMRIAEKCHOT 3MiH-
Hoi W= f(z). D Ha3UBAETHCI MHOMCUHOI 8u3HauenHsa PyHKIIT w= f(z), a MHOXHU-
Ha E yciX 3HauYeHb W, IO NMpuiMae (QyHKIS, HA3UBAETHCSI MHONCUHOIO 3HAYEHD
byskii w= f(2).

3ayBaxkeHHs 1. MHO)kuHa D MoOXe OyTH JyXe CKJIaJHOI Ta PI3HOMAaHITHOI
CTpYKTypH. Hanani po3risiaroThes JUIIe BUNAIKH, KOJM MHOXUHU D Ta E € o0na-
CTSIMH.

Kommnekcna ¢yskmis w= f(z) — ue BimoOpaxeHHs o0jacTi D z-IIOMIKMHU Ha
obnacte E w-mtommuan (puc. 15). Skmo ¢yskiis w= f(z) BigoOpaxkae TOUYKY
Z,=X,+iy, IUIOMMHA 2z B TOYKY

w=f(2)

W, =U, +iV, TUIOIMHU W, TO W, Ha3u-

u BAETHCS 0Opazom ,a z, — nPooOPA3oM.

Hepyxomoiwo moukow BigoOpa-
Puc. 15 JKeHHsA w= f(z) Ha3UBA€ETHCS TakKa TO-

4uKaz,, mo f(z)=1z.
[puknan 1. 3HaiiTH HEPYXOM1 TOUKHU 33JaHOTO BIAOOPaKEHHS:

w=z°+3z+5.
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Po3B’s3anns. Hepyxomi TOUKM BU3HAYAEMO SIK KOPEH1 PIBHSHHSA
f(2)=z: z°+3z+5=2; 2°+22+5=0; z,=-1*2i.

BinoOpaxenuss w= f(z) Ha3UBAETLCS 63AEMHO OOHO3ZHAUHUM A00 OOHOAUCHIUM
B oOnacti D, SIKIO MOBUIRHUM JBOM Pi3HUM TOUYKaM z # z, o0nacti D 3aBXkau Bij-
MOBIJIAIOTh JBI Pi3HI TOYKU W, #W, oOsacti E. Y mpomy BUNAAKY ICHYE 0OepHeHa
¢ynxyia z=f *(w) —BimoOpaxxeHHs o01acTi E Ha obyactsh D.

3ayBakenHs 2. BinoOpaxkenHss w= f(z) € OMHOMUCTUM TO1 1 TIILKH TOM1, KOJTU
npsima w= f(z) 1 obeprena z= f (W) QyHKIIT OJHO3HAYHI.

3ayBaxkeHHs 3. 3aJjaHHsI KOMILJIEKCHO1 (DYHKIIT KOMIUJIEKCHOT 3MiHHOT W= f(2),
e z=X+iy — KOMIUIGKCHUH apryMeHT, W=U+iVv — KOMIUICKCHa 3aJe’)KHa 3MiHHA,
PIBHOCHJIBHE 3aJIJaHHIO YIOPSAKOBAHO1 Mapu MIMCHUX (PYHKIIN ABOX JIACHHUX 3MIH-
HUX U=Rew=u(x,y) 1 v=Imw=v(X,y). ToMy NOHATTS epanuyi Ta HenepepeHoCcmi
GyHKIIT KOMIUIEKCHOI 3MIHHOT BBOJSTHCA TaK CaMmoO, SK 1 BIAMOBIAHI TOHSTTS IS
byHKIT 1iiicHux 3MiHHKUX. Lle 7103BOJIsIE€ MepeHecTH Ha KOMILUIEKCHI (YHKIIIT OCHOBHI
TEOpEeMH A1ICHOTO aHaJi3y.

[puknan 2. 3naiiTn 06pasu 3a1aHuX JiHil IPU BimoOpakeHH] QyHKIICIO W= Z°:
a) mpsima Rez=1; 0) Koy10|z|=3; B) IpOMiHb argz="/3.

Po3p’s3anHHA. z=x+iy; w=u+iv; w=2z2=(x+iy)* =x?-y*+2xyi;

u=u(x,y)=Rew=x*-y?; v=v(x,y)=Imw=2xy;

a) mpsmMa Rez=1. x=1; u=1-y*; v=2y, y=v/2;

u=1-v?/4 —mapa6ona (o6pa3 npsamoi Rez=1).

0) koio |z|=3: |w|:‘22‘:|z|2 =3?; |w|=9 — koo (06pa3 kona |z|=3).

B) NMPOMIiHb argz=7/3. argw=argz® =2[a&rgz=21/3;

argw =2n/3 —npominb (00pa3 npomeHst argz=1/3).

3ayBaxeHHs 4. Binobpaxxennss w= f(z), 1o ogJHOJIKUCTE 1 HEEPEPBHE B 3aMKHe-

Hiit obmacti D, mepeBOauTh M0 00MacTh D B JAesAKy 3aMKHeHy oOmacts E . Ilpu
[bOMY Mea 00yacTi D mepexoauTh B MEKY 00aacTi E 3i 30epeKeHHAM Hampsmy
ooxony (npunuun 36epexcenns nanpamy 00xooy).

1.3.2. lloxinna. YmoBu Koini — Pimana

Hexait w= f(z) — oaHO3HayHa QYHKIIISI KOMIUIEKCHOI 3MIHHOT Yy JE€SIKOMY OKOJII

(hiKCOBaHOT TOUKH Z.

IHoxionow w'=f'(z) Gyskuii w= f(z) y Toulll z HA3UBAETHCA TPAHMIII BiJHO-
[ICHHS MPUPOCTY PYHKIIT AW J0 MPUPOCTY apryMEHTy Az, KOJH MPUPICT apryMEHTY
IpsIMY€ 10 HYJISl TOBUTBHUM CIIOCOOOM:

£1(2)= lim &Y = |jm 1(2+89) = 1(2)
Az-0 ANz Az-0 AV
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DyHKIIIA, [0 Ma€ CKIHYEHHY TOXIJHY B TOYIll 2, Ha3UBAEThCS Ougpepenuiiios-
HO0 B 1111 TOYILII.

3ayBaxkeHHs 1. Xoua 300pakeHHAM (PYHKIIIT KOMIIJIEKCHOT 3MIHHOI CITYy>KUTh Be-
KTOp-(hyHKIIISI, KOMIUIEKCHE TU(EPEHIIIIOBAHHS HE 3BOJAUTHCS O BEKTOPHOIrO Aude-
PEHIIIIOBaHHS 1 HaKJIa/1a€ OLIbII KOPCTKI BUMOTH Ha QYHKIIIO W= f(2).

Teopema (Heooxioni ma  Odocmamui  ymoeu  KOMHAeKCHOT  Oudpe-
penuiiioenocmi). @yuxyis w=f(2) =u(x,y)+iv(X,y) Ougepenyitiosna 6 mouyi
2=x+iy mooi i minoku mooi, Koau iCHYIOmMb HenepepeHi YacmuHHi NOXIOHI (YHKYIl
u=u(x,y) i v=Vv(X,y) 3a oboma 3miHHUMU X I Y 6 MOuyi M(x,y) I BUKOHYIOMbC
ymoeu Kowi — Pimana:
ou_ov,  odu_ ov

ox dy  dy  ox
JIOBEICHHS.

HeoOxinHicth. Hexait dynkiis w= f(z) B ¢ikcoBaHiil TOUIll z=X+iy Ma€ MOXi-

AHY f'(Z)=A|i[n0%v, f'(z2) = A+iB. 3Biacu Aw= f'(2)[Az+alAz, 1e a=a,+ia, — He-

CKIHUEHHO Mana QyHKIis npu Az - 0, ToMy ii IiliCHA o, 1 ySBHA O, YaCTHHHU TaKOX
HECKIHYEHHO MaJll.
[TincraBumo Bupazu Aw=Au+iAv; f'(z)=A+iB; Az=Ax+ilAy; a=a,+ida,

y CHIBBIJHOIIEHHS JIJIsi IPUPOCTY (PYHKIIIT 1 BIAAIIMMO AIMCHY Ta YSBHY 4acCTH-
HU
Au+iAv = (A+iB)(Ax+iAy) +(a, +ia, ) (Ax+idy);
Au = AAX—BAy + o ,AX—aL,Ay, Av=BAX+ AAy +a,Ax+a,Ay .
OcrtanHi 1B1 pIBHOCTI MOKa3yIOTh, MO PYHKITT U=u(X,y) 1 v=Vv(X,y) audepeH-
[IHOBHI B TOYIll M (x, y), pUIOMY
ou ou ov ov

—=A;, —=-B;, —=B; —=A.
ox dy ox oy
3Biacu A—%—@ —B=a—u=—y )
ox oy oy 0x

[octatHicTh yMOB Kot — Pimana npuiimemo 0e3 T0BEICHHS.

3ayBaxkeHHs 2. 3rigHo 3 ymoBamu Ko — PiMana moxinHy QyHKIIT KOMILIEKC-
HOI 3MIHHOT MOKHA MOJATH Yepe3 YaCTHHHI MOXiAHI A1MCHOI Ta ysIBHOI YacTUH Ha-
CTYITHUMH YOTHUPMa CIIOCOOaMHU:

1:{Z)_a_u @ ou 6u 6v 6v _ov au
ox ax ax ay ay 6x ay ay

[puxnan 1. [lepesiputh, mo ¢ynkuis w=1/z 3agoBoasHsie ymoBu Komri — Pi-
MaHa, 13HaWTH i1 TOX1AHY.

Po3B’si3aHHA. z=Xx+iy, w=u+iv, w= +i

X+iy x2+y? x2+y?  xXP+y?

1 1 _ x-iy X .-y
z

24



X .=y . du_ yR-xt
Umgev VT X (v2. 2B’
X“ty X“+y (x +y)

ou _ 2y . ov 2xy . ov_ y*-x*

a_y__(xz+y2)2’ &:(Xz_l_yz)z’ a_y_(xz_l_yz)z'

3HalIeH1 YaCTUHHI MMOX1JIH1 3aJ10BOJIbHSI0Th yMOBH Kot — Pimana. O6uunciumo
KOMIUIEKCHY MOXIJIHY

o y*-x* . 22y _  —-(x-iyy* -1 1

(Z+y2f Hiy2(x=iy)?  (x+iy)? 2

ou .
f{z2)=—+i—=
{ ) ax ax (X2+y2)2

3ayBaxeHHs 3. YMoBu Kol — Pimana MoHa 1mojiatTi B TeOMEeTpUIHIN hopMi:

gradulgradv=0; |gradu=|gradV,

JIe BEKTOPH T'PaJIIEHTIB
gradu:@7+a—ui; gradv:ﬂf+ﬂf.
ox o0y ox oy
3 Takoro reoMeTpu4Horo TiymadeHHsi ymoB Komri — PiMana BUILIMBa€, 110 BOHH
30epiratloTbest uist Oynb-SKHX ABOX B3a€EMHO NMEPHNEHAMKYISIPHUX HAmpsMiB m, A 3
TI€I0 K B3AEMHOIO OPIEHTAIII€IO, 1110 1 0ci Ox, Oy (puc. 16):
" ou _ov_ du_ ov

gradﬁv am on’ om_  a

30kpeMa, B MOJISIpHiN cucTemi koopauHat ymoBu Ko

— PiMaHa MaroTh BUTJISIA!
ol X ou_lov_  10u_ ov

Puc. 16 — = ==
or rdp r o or

gradu

3ayBaxkeHHs 4. Sk 1 B AllicHOMY aHaui31, AudepeHiiioBHa B AesKii To4ll QyHK-
11151 KOMIUJIEKCHOT 3MIHHO1 € HeTMIEPEPBHOIO B I1iM ToUIli. 3 03HAYEHHS MOX1HOI 1 BJa-
CTHUBOCTEW T'paHUIb BUIUIMBAE, 110 MpaBUiIa AUPEPEHIIIOBAaHHS 1 TaOIUI MOX1THUX
GyYHKIIA KOMIUIEKCHOI 3MIHHOT HE BIJIPI3HAIOTHCS BiJI aHAJOTIYHHMX CITIBBIIHOIICHD
JuTst QYHKITIHA TIHCHOT 3MIHHOL.

1.3.3. lloHATTH aHAXITUYHOT PyHKUI].
3B’ 30K aHAMITHYHUX PYHKUIH 3 TAPMOHIYHUMH

OyHKIis W= f(zZ) Ha3UBAETHCA AHAIIMUYHOIO B TOYIll 2, SIKIIO BOHA AudepeH-
I[IOBHA B 111¥ TOYIIl Ta B AESIKOMY i1 OKOJI.
Oyukiis w= f(z), 0 aHAIITUYHA B KOXKHIN TouIll Jeakoi obnacti D, Ha3uBa-

€TbCS ananimuunoro (conomopghnoro ado pezynapnoio) B 1k obxacti D.
Touxa, B kil pyHKiist W= f(z) € aHaTITUYHOIO, HA3UBAETHCS HPAGUTLHOIO HO-

ykomw 1€l ¢pyHkiii. Touka, B kil QyHkuis w= f(z) HE € aHANITUYHOIO, HA3UBAETHCS
0c001u6010 MouKow i€l PyHKIIIi.
Hanpuxnan, QyHKIiS W= z? aHaIiTHYHA HA BCili KOMIUIEKCHIM rutomuHi; (QyHK-
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. z . .o . .
14 W:m dHaJllITUYHa HAa BCIM KOMIIJICKCHIM IIJIOINMH1 3a BUHATKOM ABOX
z-1)(z+t4

0COOJIMBUX TOYOK z =11 Zz,=-2i; QyHKISA wW=zImz HE aHATITAHYHA B KOJHIN TOY-
Il 1 Ma€ MOX1IHY TUTbKH IIpH z=0.
Hexait pynkiis w= f(z) —anamitnuna B Aesikiit oomacti D. Tomi ans i1 gificHO1
u=u(x,y) 1ysaBHOI vV=V(X,Yy) 4acCTUH crpaBe Bl ymoBu Ko — Pimana:
ou_ov_ Odu_ ov
ax oy oy ox
Axio npoaudepeHIiroBaTH Mepiry piBHICT IO X, a APYTY — 10 Y
0%u_ o> . 0% __d%v
X2 ayox = 9%y  oxdy

1 CKOPUCTATHCh PIBHICTIO 3MIMIAHUX MOXITHUX 3 PI3HUM MOPSAKOM AU(epeHIiioBaH-
HS1, TO MO>KHA OJIEP>KaTH CITiBBiIHOILIEHHS

0°u 9%
232"
ox° oy
1110 Ha3UBA€ETHCS pienannam Jlannaca.
AHaJIOT14YHO MOKHA o/iepKaTh piBHAHHA Jlamaca ans QyHKIIl v=v(x,y):

v 0% _
Z T4 T =
x> oy?

@OyHK11is1, 110 3a/10BOJIbHAE piBHAHHSA Jlamaca, Ha3UBAETHCS 2APMOHIUHONO).

0,

0.

3ayBaxkeHHs 1. SIKII0 OCTaHHE PIBHSHHS JOMHOXXHUTH MOYJIECHHO Ha YSIBHY OJH-
HUIIO 1 CKJIACTH 3 MONEPEIHIM, TO MOKHA OACPHKATH !

62u+62u 0%V .62v=

3% (u+iv) +62(u+iv) o

2 2 +l 2 2 O’ 2 2 !
ox° oy ox ay ox ay
2 2
a_VV + a_VV =0
ox?  oy?

— piBHsHHS Jlamaca 11t kKoMmiekcHOiT QyHKIT w= f(2).

JliticHa u=u(x,y) 1 ysSBHa V=V(X,y) 4YaCTUHHU aHAMITH4YHOI (yHKIII w=f(2) €
rapMmoHiyHUMH. L1 PyHKuii Takox nmoB’si3aH1 ymoBamu Ko — Pimana 1 Tomy Ha3u-
BAIOTHCS CHPANCEHUMU 2APMOHIUHUMU.

3ayBaxkeHHs 2. JlilficHa 1 ysSiBHa YaCTHMHHM aHATITUYHOI QYHKLIT € 3aMeKHUMH SIK
CIIPSDKEH1 TapMOHIYHI. 3HAIOYU OJIHY 3 HUX, MOYKHA 3HAWUTH 1HITY 3 TOYHICTIO JI0 CTa-
JIOTO JIOJaHKa 1 BIAHOBUTH aHAMITUYHY (DyHKIIi0. J[7 3HAXOMKEHHS KOHKPETHOTO
3HAUEHHS CTAJIOr0 JO/JaHKa JOCUTH 33aJIaTH 3HAYEHHS KOMIUICKCHOT QYHKIIT B JesKii
¢ikcoBaH1N TOYIII.

[puxnan 1. [lepeBipuTr Ha aHAMITUYHICTH 33a/1aHy (YHKINIO 1, Y BUMIAJKy aHai-
TUYHOCTI, MOJATH 11 y BUITISAl W= f(2): w=x2-y?—x+i(2xy-Y).

Po3B'si3aHHS. z=Xx+iy, W=u+iv, u=x>-y*-x; v=2xy-y.
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YacTuHHI MOX11H1

@:Zx—l; @=—2y; %—Zy ﬂ—2x -1
y 0x oy

HeTepepBHi 1 3a10BOJIbHAIOTE YMOBH Kol — Pimana, Tomy QyHKIIis aHalITUYHA.
Sk11o B mo4aTKOBUH BUpa3 M1l KOMIIEKCHOT (DYHKITIT MiICTAaBUTH

x=(z+2)/2; y=(z-2)I(2),

TO OTPUMAEMO ii BUpa3 y BUITISAAI W= f(2):

—\2 —\2 - — — —
- + - -
W=(z+zj _(z_zj A I P ARAS Ak A nk 2 (R
2 2 2 2 2 2
[puxnan 2. [lepeBiputH, 4u iCHy€e aHamITUYHA (PyHKIisI, JiHiCHA YacTUHA SKO1

u=xy—-x*+y’. B pa3i mo3uTHBHOI BiINOBIiIi 3HAWTH ySIBHY YacCTHHY V=V(X,Y) 1 Bia-
HOBHUTH CaMy aHANITUYHY QYHKIII0 W= f(2) pH 10AATKOBIN YyMOBI W(I\/E) =2.

, 9%u 6 u
Po3B’s3anag. YacTuHHI MOX1IHI F =-21 =2 3aJIOBOJIbHSIOTH PIBHSIHHS
X y
9°u 0%
Jlanmaca F+a——0 TOMY (QYHKIISL U=Xy-— NG +y — rapMoHi4Ha. 3Ha4YUTh, ICHYE
X y

Taka CIpspKeHa rapMoHiuHa (YHKINS V=V(X,Y), 0 QyHKIIA w=u+iv Oyae aHai-
THYHOIO.
3 ymoB Ko — Pimana
@ ou _ oy ov _ou
0x ay
OyHKI0 V=V(X,y) MOXXHa 3HAWTH 3a 11 YACTUHHUMU MOXITHUMH SK KPUBOJII-
HIWHUK 1HTETpas Bij il TOBHOTO AudepeHItiana;

( ) ov ov (X,y) X
v= j —dx+ —dy+C; v= [(-x-2y)dx+(y-2x)dy+C=[(-X)dx+
(o) 9% 0y 0.0) 0

y
+[(y-2x)dy+C=-x*/2+y?/2-2xy+C .
0

Toni W=u+iv=(xy—x2+y2)+i(—x2/2+y2/2—2xy+C).
[Ilo6 momatu QyHKIi0 y BUrasal w= f(z), Tpeba miacCTaBUTH X=(z+Z)/2;

y=(z-2)/(2i). Tom
:z+2E;—Z_(z+2j2+(z;zjz_i_(z+2jz+
2 2 2 2 2\ 2
+'_[ j QZ_E]Z_ Ci= ——z +Ci .
2\ 2i 2

3 10/1aTKOBOi YMOBHU w( \/5) 2 3HAWJEMO 3HAYEHHS JOBIIHHOI cTaNOl C !

2;"(\/5) +Ci=2; C=-1.
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. . 2+i .
[lykana aHanmiTU4Ha QYyHKIS W= s 7% i

1.3.4. 'eomeTpuuHMii 3MicT MOAYJIsl i ApTYMEHTY MOXiAHOI.
IHoHATTS NPo KOH(POPMHE BiT00paKEHHHA
Hexait anamitnuna ¢yHkimis w= f(z) BimoOpakae obmacte D z-TUIONIMHU Ha
ob0nacte E w-mnomunu (puc. 17), mpu 1[bOMY TOUYIll Z, BIAMOBiJa€ TOUKa W,, a Ayra
AB MOBUIBHOI TJIQJKOi KpUBOi L mepexomuTh y ayry A,B, BIANMOBITHOT ITaakoi
KpUBO1 L.
Hexait moxigHa f'(z)) CkiHUeHHA

v L.
B,—1 w=f(2 W " f'(z)#w 1 BigMinHa Big HyIs
Z
x . B, y ['(z)#0, a Az npamye no myms
OIA Kq, i Efﬁw/f B3JI0BXK KPUBOI L .

74 Wo Jlokanvhum Koeghiyicnmom
Pue. 17 po3msazy B TOUIll Z, Ha3UBAETHCS Ipa-

y

HUISL BUIHOIICHHS JIOBXHMH Jyru-oopasy A,B, 1 Jayru-npoobpasy AB:
: 1 AB
k=lim——.
az-0[] A,B,
3aMiHIOIOYH BiAHOIICHHS AYT BiIHOIICHHSM iX XOPJI, MOKHA OJIepP)KaTH:
k= im 1OW] i |2

Az-0 AZ

o . S . . OAB
I'eomeTpuyHMNA 3MICT MOJYJISI OXIAHOI: OCKUIBKH IpaHuisd K= lim e

——— H
az-0A,B,

3aJICKHUTD BiJl XapakTepy NpsMyBaHHs Az 1o Hyss (Big BHOOpY KpuBOi L), TO JOKa-
JLHUM KOe(]IIIEHT PO3TATY B TOUIll Z, TIJI JII€F0 aHAMITHYHOI GyHKINT w= f(z) B ycix

HanpsMax OJHAKOBUM 1 JOPIBHIOE MOJYJIIO TMOXITHOT k=|f'(zo)| (6racmusicmo
cmanocmi pomszy)..
Hexait ¢ =limagAz 1 ¢, = lim aagAw — KyTH Haxwily AOTUYHHUX BIJMOBIIHO /10
Az-0 Aw-0

KpUBOI L y TOUII Z, 1 10 KPUBOI L,, y TOUIIl W .

Jlokanonum Koegpiyiecnmom nosopomy B TOULl z, Ha3UBAETHCS PI3HUIIST KYTIB
HaxXujay JAOTHYHHUX BIAMOBIIHO 10 Ayru-oopasy A,B, 1 ayru-npoobpazy AB:
a=¢,-¢.

OCKibKM KyT HaXwily AOTHYHOI JOPIBHIOE TPAHUIll KyTa HaXWJIy Ci4HOI, , a 3
nu(hepeHIIOBHOCT] BUTUITMBAE HEMEPEPBHICTh, TO

a=¢,-¢ =AIJVrPOargAw—AI;EnOargAz=\AW ~0=>Az-0 :AlltnoargAw—

- limargAz= limar A—W—ar IimA—W—ar f'(zy)
A7-0 9 Az-0 gAz gAzﬂoAz 9 07"

['eoMeTpUyYHUN 3MICT aPrYMEHTY MOXIJIHOI: JIOKAIbHUM KOE(IIIEHT TOBOPOTY B
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TOUL Z, MiJ JI€I0 aHATITHYHOI PyHKLIT W= f(z) HE 3aJeXUTh Bl BUOOPY KpUBOi L
1 TOPIBHIOE apryMEHTYy MOX1HOI o =arg f'(z,) . SIKI10 Yepe3 TOYKy z, MPOBECTH JIBI
pI3HI JiHI1, TO KyT MIX 00pa3amMu JOpIBHIOBaTUME KyTy MK IpooOpa3aMu sk 3a Be-
JIMYHHOIO, TaK 1 3a HapsIMOM (81acmusicmo Koncepsamusmy (30epirants) Kymis).

BinobpaxkeHHs1, 1110 Ma€ BIIACTUBOCTI KOHCEPBATU3MY KYTIB Ta CTAJIOCTI PO3TATY,
HA3UBAETHCS KOHPOPMHUM.

Otxe, anamitTnyHa (yHKUIS W= f(z) 371HCHIOE KOHQOPMHE BiTOOpaXKE€HHS y
KOXKHIH TouIll z,, Ae f'(z)#» 1 f'(z)#0.

BinoOpaxeHHs1 HA3UBAETHCS KOHGOpMHUM 8 001acmi D, SKII0 BOHO KOH(DOP-
MHE B KOXKHIH TOYITI I1i€i 00J1aCTI.

3ayBaxkenHs 1. [Ipu xoHbopMHOMY BiZOOpakeHHI HECKIHYEHHO Mali (irypu
MIePETBOPIOIOTHCS B MOJ10HI co01 HeckiHdeHHO Majil ¢irypu. [Ipote Bijg TOYKH 10
TOUYKH 3HAUYECHHS KOEPIIIEHTIB Kk 1 O 3MIHIOIOTHCA, TOMY (OPMHU CKIHUEHHUX (PIryp
3MIHIOIOTBCSI, X0Ua 30€pIiratoThCsl KyTH MIXK JITHISIMH.,

OcHoBHa 3a7a4a KOH(POPMHOTO BIIOOPAXKEHHS: 3HAWTH aHATNTHYHY (DYHKIIIIO
w= f(2), AKa OTHONMHUCTO 1 KOHPOPMHO BiTOOpakae 3amany o0aacTh D z-TUIONUHU

Ha o0yacte E w-rurommHM. JKIo 11 001acTl OJHO3B A3H1 Ta 1X MEX1 CKJIadar0ThCs
OLTbII HIK 3 O/IHIET TOUKH, TO 1S 3a/1a4ya Ma€ HECKIHUEHHY KUTbKICTh pO3B’ s3KiB. JlJis
BUJIUICHHSI KOHKPETHOTO PO3B’ 3Ky Tpeba 3ajaTH J1I0JaTKOBI YMOBH, HaMpUKJIIa, 00-
pa3u OfHI€T BHYTPIIIHBOI Ta OAHIET MEXKOBOT TOUKH 00acTi D.

3ayBaxkeHHS 2. Bukiinkae 3Ha4HUI 1HTEpEC TaKOK OLIBII MPOCTa 3ajava; 3Hai-
TH o0pa3 E OJHO3B s13HOT 00ysiacTi D mpu 3aJlaHOMY BiJOOpaKEHHI aHATITUYHOIO
dynkmiero w= f(z). [IpaBuno ii po3s’si3anus: 1) 3Haxoaumo obpa3 [, Mexi [ 00-

Jacti D, mpu 1poMy JiHisA [, po30uBae W-IUIONIMHY HA YacTUHHU; 2) 100 BUOpaTH 3
HUX BIAMOBIIHY 4acTUHY E, TpeOa CKOPUCTATHUCS MPUHIUIIOM 30€pEKEHHS HAMPSIMY
00X0y: SKIIO 3aJjaHa OpieHTalis Mexi obsacti D, To Tpu BioOpa)keHH1 o0pa3 E
MOBUMHEH 3JIUINIATUCSA 10 Ty ) CTOPOHY BiJ MEXi, 10 ¥ mpoobpas D.

[Mpuknan 1. Buznauuty, sika 9acTMHA KOMIUIEKCHOI TUIONIUHU PO3TATYETHCS 1
KA CTUCKAETHCS IIPH BimoOpaKeHHi w= 2" +27?

Po3B’s3aHHd. 3HaWIeMO MOXIIHY: W'=2z+1=2(Xx+iy)+1=(2x+1)+2yi.

OGuncnumo i Moxys: |w]= \/ (2x+1)? +4y? .
Ockinpku KOeQILIEHT JIHIKHOTO PO3TATY NOPIBHIOE MOAYNIO MOX1AHOI, TO 00-
JacTh, e |W|<1, CTUCKAEThCA, a 00JIaCTh, e |W|>1, pO3TATyeThCs. 3HaHIeMO Mexo-

By miHiI0: |w|=1; (2x+1)?+4y? =1; 4x* +4x+1+4y® =1;

y x> +x+y?=0; (x+1/2F+y*=1/4,
ﬂ « TakuM 4MHOM, MEXKEI0 CIY)KUTh KOJIO 3 IIEHTPOM Y TOMYIIi
Z 1\\_]/%0 z,=-1/2 i pamiycom r=1/2 (puc. 18). BHyTpimHs yactuHa
KpyTa CTUCKAETHCS, & 30BHILITHS — PO3TATYETHCS.

Puc. 18
[Mpuknazg 2. 3Haiitu 00pa3 kBaapara (puc. 19) D: 0<x<1;0<y<1 mupH Bijgo-
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OpakeHHi QyHKLiE0 W= 2% +2-i .
Po3B’ s3anHs. 3HaX0AMMO JIHCHY W ySIBHY YaCTUHU 33JaHOT (PYyHKIIIT:
W=u+iv=zZ2+z—i = (x+iy)? + x+iy —i =(x2—y2 +x)=
+i(2xy+y-1); u=x-y*+x; v=2xy+y-1.

Busnauaemo oOpa3u cTOpiH KBa-

y w= f(2) 2 apara:

c B —\ 7 1) OA: y=0;0<x<1, TOMY

1 o, .
C, u=x-+x; v=-1. OOpa3oMm Biagpi3Ka
5 A X OA CILY’KUTh BIZPI30K
1 -1 OA:v=-1,0<u<2, napajienbHul oci

A O
u.

Puc. 19 2) AB: x=1;0<y<1, TOMY
u=2-y%; v=3y-1. Toxmi y=(v+1)/3;
u=2-(v+1>2/9. OOpa3om  BiApi3ka  AB  CIYXUTh Jyra mnapaboiu

AB: u=2-(v+1)?/9; -1sv<2.

3) BC: y=1;0<x<1, ToMy u=x*>+x-1; v=2x. Tomi x=v/2; u=v?/4+v/2-1.
O6pazoMm Bigpizka BC ciaykuTh ayra napabonu BC,: u=v2/4+v/2-1; 0<sv<?2.

4) OC: x=0;0<y<1, Tomy u=-y?; v=y-1. Togi y=v+1; u=-(v+1)?2. O6pa-
30M BiJpi3ka OC CIyKUTb Jyra mapabonu OC;: u=-(v+1)?; -1<v<0.

Kontyp O,AB,C,O, po30uBae W-IUIOLIMHY Ha Bl YACTUHU: BHYTPILIHIO E 1 30-
BHiHIO E. (puc. 19). Kopucryrounchk BiANOBIIHICTIO KyTOBUX MEXKOBHUX TOYOK 1

MPUHIUIIOM 30€peXeHHsT HanpsiMy 00X0Ay KOHTYpY, BU3HAYaEMo, 10 00pa3oM KBa-
JpaTa CIIy>)KHTh BHYTPIITHS 00J1acTh E .

1.4. Nesiki eneMeHTapHi QyHKUII KOMIJIEKCHOI 3MiHHOI
Ta IX BJACTUBOCTI

1.4.1. Jlinilina ¢pyHKiis

Jlininna pynkuyia mae purnsan w=az+b, ne a#0, b — KOMIUIEKCHI CTaJi.

JliniiiHa GyHKIlS BU3HAUY€HA HA BCIM KOMIUJIEKCHIN TJIOIIMHI, OJHO3HAYHA 1 He-
nepepBHa. O0epHeHa i ¢pyHKIisS z=w/a-b/a Takox JiHiiHa 1 ogqHo3HayHa. [Toxiz-
Ha w'=az#0. Omxe, JiHIMHA QYHKIIS aHATITAYHA, OJHOJHUCTA 1 3/IIMCHIOE KOHPOPM-
HE BiIOOpaKCHHS Ha BC1{ TIJIOMIMHI.

JliniiiHe BimoOpakeHHs w=az+b € MmepeTBOPEHHAM MOAIOHOCTI, 10 3BOJUTHCS
710 TIOCITITOBHOT CYTIEPIIO3HUIii: a) MOBOPOTY IUIOMIUHY Ha KYT arga; 2) pO3TATYyBaH-
Hs 11 B |a| pasiB; 3) 3MilleHHs ii B3I0BXK BEKTOpa b.

JliniitHe BiTOOpaX€HHsI Ma€ Kpy208y énacmugicms. TpsMa MEPEeXOIUTh B TPs-
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MY, a KOJIO — B KOJIO.

1.4.2. CreneneBa i kopeHeBa QpyHKIii

Cmeneneea yynkyia 3 HamypaibHuM HOKA3HUKOM N Ma€ BUTISLA W=Z", Je
NnUN.

CreneneBa ¢yHKIiS w=Zz" BH3HAYCHA HA BCIM KOMIUIEKCHIN TUIONINHI, OJIHO-
3HauyHa, HenepepsHa. [Toxigna w'=nz"" Bcroau HenepepsHa. OTKe, creneHesa GyH-
KI[1s1 aHAJIITUYHA Ha BC1M KOMIUIEKCHIN TUIOLIHHI.

[Ipominb argz=¢, BimoOpaxkacThCs B MPOMiHL argw=nd,. SAKkimo Touka z=re?
HAJICKUTh CEKTOpYy —-T/n<argz<m/n, pi3HUM 2z BIANOBIJAIOTH Pi3HI W. 3HAYUTH,
¢byHKIiE W=2" € OJHOJIMCTOIO B IbOMY CEKTOpi. YKa3aHUN CEKTOp BigoOpakaeTbcs
B W-ILIOLIMHY 3 PO3Pi30M I10 BiJ €eMHii aificHii miBoci (puc.20).

YA Z W= 7" Kopenesea @ynkyin wmae BUTIAI

= Y %/ y w=2zP, me p=m/n — HECKOPOTHHI Tpa-

X BWJIBHUH Api6: 0<m/n<1, m, nON.
__ Kopenesa ¢ynxuis (pagukan) w=zP
Puc. 20 BH3HAUEHA Ha BCii KOMIUJIEKCHIN MJIOLIMHI

i 6arato3nauna. IloxigHa w'= pzP™* Bcroau
BU3HAuUEHA 1 HemepepBHa, KpiM z=0. ToMy 11 QpyHKIIiS aHAIITUYHA Ha BC1H IJTOMIMHI
3a BUHATKOM TOYKM z=0. Ockinbku QpyHKuis w=z"" n-3HaunHa, TO I BU3HAYCHHS
€IMHOTO 00pa3y NpH MhOMY BiIOOpaKEHHI HEOOXIJTHI JOMATKOBI yMOBH. DYyHKITis
w=z" cTae OJHONMCTOIO Ha BCIM IUIOIIWHI, SKIIO BBa)XaTH 3HaYeHHs QyHKI w= zP
JOJTaTHUM JIMCHUM AJI AOJATHOTO AIMCHOTO apryMeHTy. Toi z-IIomuHa 3 po3pi-
30M M0 BiJI’ €MHIM I1MCHIN MIBOCI BIJOOPaXKAETHCS HA CEKTOP —Tp <argw < Tip.

1.4.3. Toka3nukoBa QyHKILisi

Iloka3nukoea (excnonenuianbna) pynkuisa KOMIUICKCHOT 3MIHHOT BU3HAYA€Th-
Csl pIBHICTIO
w=e’=¢g*(cosy+isiny).
Ha niiicHiit oci y =0 111 QyHKIIis 30iraeThCs 3 A1MCHOI €KCIIOHEHTOI0 €. 30epi-
Ta€ThCS OCHOBHE MPABWJIO. TIPHU MHOKEHHI €KCTIOHEHT iX MOKAa3HUKH JTOJAIOTHCS

. . . _ n
e’e”? =e*"%2, CripaBe UIMBI TAKOXK CITIBBIIHOIICHHS ezl/ e2 =gt (ez) =e"®
Moaynp KOMIUIEKCHOI €KCHOHEHTH |ef(=e*, a aprymeHT Arge’=y+2m,
n=0,£t1,+2,.... Omxe, uga (QyHKUIA € MEPIOAUYHOI0 3 YSABHUM IEPIOAOM 2T :

ez+2rtni — ez

[ToxigHa KOMIJIEKCHOI €KCIIOHEHTH W =€’ JTOPIBHIOE il camiil 1 BCIOJU BiIMiHHA
Big Hyns w'=e”#0. Tomy 151 QyHKIIS aHATITHYHA Y BCI KOMILJIEKCHIN IMJIOLIUHI 1
3aae KoH(popMmHe BioOpakeHHs. [Ipu npomMy OBIIbHA TOPU3OHTAJIBHA IpsIMa Iie-
PETBOPIOETHCS Y BIAKPUTHI IPOMIHB, IO BUXOAUTH 3 TOYATKY KOOPJUHAT, a IOBLIIb-
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HUM BEPTUKAJIbHUI BIJIPI30K JTOBKUHOIO 2T MEPEXOAUTH B KOJO 3 IEHTPOM y MoyaT-
Ky KOOpJIMHAT.

Yepes nepioguvHICTh KOMIJIEKCHOT €KCIIOHEHTH W=e” BigoOpaxeHHs Oyne of-
HOJIMCTUM y KOKHil TOPHU30H-

y w=e¢’ TaJbHIN cMy31
Tt
-n+2m<Imz<n+2nn,
nen=0,+1,+2,....
= X
u Koxxna taka cmyra Bigo-
T Opa’kaeTbCsi B W-IIOLIMHY 3
BUJIyUEHUM II0YAaTKOM KOOp-
Puc. 21

muHat (puc. 21). Ilpu upomy
KOOpJIMHATHA CiTKAa JIEKapTOBOI CHCTEMH Ha 2z -TUIOLIMHI MEPEeTBOPIOETHCS B CITKY
HOJISIPHUX KOOPJIWHAT HA W -TUTOIIUHI.

1.4.4. TpuronomMeTpuuHi Ta rinepooaiyni GpyHkiii

Tpuzonomempuuni ma 2inepooaiuni pynkyii KOMIUIEKCHOTO apryMEHTY BHU-
3HAYAIOTHCS 32 IOIOMOTOI0 0cHO08HOT ghopmynu Eiinepa

€’ =cosz+isinz
1 y3arajibHIOIOTh BIAMOBIIHI A1MCHI PYHKIIII:

. gZ —g'? eZ+e7? snz €&?-g" cosz _i(e*+e?) .
snz=————; cosz=———, tgz= =— — gz=——-="+——"—-7;
2i 2 cosz i(e*+e™?) snz e“-¢e"
VA —Z7 V4 A V4 A VA —Z7
e —-e e“+e shz e“-e chz e“+e
shz=——--; chz=——;, thz=—"+-=""—; cthz="+="+"—.
2 2 chz e*+e™” shz e*-¢e”*

OCKIJTbKHM KOMIUIEKCHA €KCIIOHEHTa €° € MepIOANYHOIO 3 YSIBHUM MEPIoJAOM 2Ti ,
TO TPUTOHOMETPUYHI (PYHKIIIT SiNZ 1 COSz TAKOX MEPIOJMYHI HA BCi KOMILJIEKCHIN
TUIOIIMHI 3 MIMCHUM TIEPioIoM 27, a tgz 1 ctgz — 3 AIMCHUM TIepiooM T
sinz=sin(z+2n); cosz=cos(z+2n); tgz=tg(z+m); ctgz=ctg(z+m).
[Tpruomy Ha BiAMIHY BiJ JIMCHUX (QYHKIIIH, HA BC1M KOMIUICKCHIH TUIOIIMHI Sin Z
1 COSz € HEOOMEKECHUMMU:
cosZ — +e0, [sinZ — +o0 HpH Yy — *w.

[Ninep6omniuni PpyHKuii shz 1 chz Ha BClii KOMIUIEKCHIN TUIOMIMHI € TePi0JUYHH-
MU 3 YSIBHUM MEPIoJoM 27i, a thz 1 cthz —3 ysSIBHUM MEPIOJIOM Tii
shz=sh(z+2ni); chz=ch(z+2n); thz=th(z+ni); cthz=cth(z+mni).
KomrmnekcHi TpuronomeTpuyHi QyHKIII Sinz 1 cosz MNpUKMalOTh HYJIbOBI 3HA-

YeHHs TUIBKHA B TOYKaX JIMCHOI OCl, B AIKMX BIAOOBIAHO Sinx=0 1 cosx=0. AHajiori-
YHO, KOMIUIEKCHI rinepOomiuni QyHkuii shz 1 chz nmpuiiMaioTh HYJIbOBI 3HAUCHHS

TUIBKK B TOYKaX ySIBHOI OCl, B IKUX BIJTOBIAHI TPUTOHOMETPUYHI (DYHKIIIT TIepeTBO-
PIOIOTHCS B HYJIb: siny=01 cosy=0.

3ayBaxkeHHs 1. JI511 TPUTOHOMETPUYHHUX 1 TiNepOOTIYHUX (PYHKIIH KOMILIEKC-
HOTO apryMEHTY 3aJIMIIAI0THCS CIIPaBEIMBUMHU OCHOBHI TOTOXXHOCTI (CHHYC 1 KOCH-
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HYC CYyMH, Pi3HUII Ta iH.), @ TaKoX popmynun audepeHIriroBaHHS.
JHonomixkui popmyan Eisiepa
shz=-isiniz; chz=cosiz; thz=-itgiz; cthz=ictgiz
JIAI0Th 3B’ SI30K T1nepOoiyHuX (PYHKITIN 3 TPUTOHOMETPUIHUMH.

3ayBaxkeHHs 2. ['eoMeTpuyHO 3B’ 30K TinepOOTiyHUX (PYHKIIN 3 TPUTOHOMET-
PUYHUMH 3BOJIUTHCS 0 IOBOPOTIB Ha T/2 00pasiB 1 mpooOpa3is.

3ayBaxkeHHs 3. [Ipy KOMIUIEKCHUX apryMeHTax 3HHUKAIOTh MPUHIUIIOBI BiJIMIiH-
HOCTI MK ITOKa3HUKOBOIO, TPUTOHOMETPUYHUMHU 1 TinepOOSIYHUMHU (GYHKIISIMHU:
eKCIIOHEHTa €° CTa€ MepIOANYHOI0, SNz 1 oSz — HeoOMexeHUMH 1 T.1. Popmynu
Eiinepa BioOpaxaroTh TICHUM BHYTPIIITHIN 3B’ 30K MX (PYHKIHM: X MOXHA PO3IJIs-
JIATH SIK P13HI1 IPOSIBU OJTHUX 1 TUX YK€ 3aKOHOMIPHOCTEH.

[Mpuknax 1. 3naiitu sin(1+2i).

i-2 _ 24 am24 _ a2an
Po3B’s3annas. sin(l+2i) = € =® e2_ee =
|
672 (cost+isin1) - €?(cost-isinD)/(2i) = (cosi(e® - €?) +isinie? +e7?))/(2i) = =
e’ +e? e’ -e?

:TsinlﬂTcosl: ch2sinl+i sh2cosl.

1.4.5. Jlorapudgmiuna ¢pyHkuis

Jlorapudmiuna (yHKIIS KOMIIJIEKCHOT 3MIHHOT BH3HAYa€ThCA K OOEpHEHa /0
MMOKa3HUKOBOI:

KommiekcHe 4yuciao w=Lnz Ha3UBAEThCS HAMYPATbHUM J102APUPMOM HEHY-
JHOBOTO KOMITJIEKCHOTO YHCTIa Z , SKII0 BUKOHYETHCS PIBHICTH €" = Z.

Hexait w=u+iv; z=r€?. Tonai3a 03HAYECHHSIM

eu+iv =r ei¢ : eueiv =r ei¢ :
e'=r; v=¢+2rk, k=0,x1,+2,....

3Bigcu u=Inr =In|z| — 3BUYaliHUI HATypaJbHHUM JIorapudM JOJATHOTO YHCIa
|z|>0; v=agz+2nn=Argz — BCS MHO)KHMHA 3Ha4Y€Hb apTyYMEHTY HEHYJIHOBOTO KOM-
IJIEKCHOTO yucna zz0.

OTtxe,

Lhz=In|z|+i Argz.

OcTanHiil Bupa3 mokasye, mo GyHKIiss W=Lnz € HECKIHUEHHO3HAYHOIO 1 BU3HA-
YyeHa Ha BC1i KOMIUIEKCHIHM TUIOLIMHI, 32 BUHSTKOM MOYaTKy KOOpAuHAT z=0.

Hexaii B gesikiii o6macti D BUOOPOM OJHOTO 31 3HAUY€Hb 0araTro3HayHoi QyHKIT
w=F(2) onepxaHa Jaeska oJHo3HauHa QyHKIA W= f(2). Akmo usg Gyskiis w= f(2)
HernepepBHa B 00yacTi D, TO BOHA HAa3UBAETHCS 0OHO3ZHAYUHOIO 2iNKoW OaraTo3Hay-
HOT QyHKIIT w=F(2).

3ayBakenHs 1. bararosnauny ¢yHKIi0 w=F(z) MOXHa PO3IJISIAATH SIK OJHO-
3HAYHY, ajJ€ HE Ha KOMIUICKCHIH IJIOIIMHI, @ Ha JEeIKOMY OLIbII CKJIaJHOMY IeOMeT-
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puuHOMY 00’ €KT1 — Pimanosiit nosepxni, 10 YTBOPIOETHCA IIJISAXOM “ CKJICFOBAHHS
NIEBHUM YMHOM MiXK COOO0I0 BiJIITOBIHOT (CKIHUEHHOT Y HECKIHYEHHO1) KiJIbKOCTI €K-
3eMILISAPIB KOMILIEKCHOT miomuay. Hanpukian, kopeneBy dynkuio w=z>'% moxna
pO3IIIAIaTH K OJHO3HAYHY, MHOKMHOIO BU3HAUCHHSI SIKO1 CITY>KUTh TPHJIMCTA TTOBE-
pxHs (“ckieeHa” 3 TPhOX €K3EMILIAPIB IUIONIMHH), & MHOKMHOIO 3HAYEHb € JABOJIMCTA
noBepxHs (“ckireeHa” 3 IBOX €K3EMIUISAPIB IUTOIMHH).

OnHo3HayHy TUIKy JiorapudmidyHoi QyHKIIT w=Lnz MOXHa OTpUMATH B Oy/b-
SIK1 9aCTUH1 KOMITJIEKCHOI TIJIONIWHM, [0 HE MICTUTh TIOYATKy KOOPJIUHAT, MUIIXOM
BUJIUICHHS BIITIOBITHOTO MPOMIKKY 3MIHIOBaHHS HOTO YSIBHOI YaCTHHHU.

SAxmo s aprymeHTy z#0 OOMEKHUTHUCS WOTO TOJOBHUM 3HAYCHHSIM
-n<argz<m, TO OJICP>)KUMO OJHO3HAUHY TUIKY Inz=In|z|+iargz, 110 Ha3UBAEThCS
207106HUM 3HAYEHHAM J102aPUPMY.

3ayBaxkeHHs 2. SIKIIIO YMCIIO z — AliiCHE AOJAaTHE, TOAl TOJIOBHE 3HAUEHHS apry-
MEHTY argz=0 1 roJioBHE 3HAYEeHHs Jorapu(My CIHiBMNAAa€ 31 3BUYAITHUM HaTypajb-
HUM Jiorapudmom Inz=In|z|.

3ayBaxkeHHs 3. Ha jorapugm KOMIUIEKCHOI 3MIHHOT MOIIMPIOIOTHCS OCHOBHI
BJIACTHBOCTI 3BHUAWHOTO JIOTapu(My J1IHCHOTO apTyMEHTY .

Ln(zz)=Lnz +Lnz,; Ln(z/z)=Lnz-Lnz,; Ln(z)"=nLnz.

Ob6nacte D, 110 BIAMOBiIa€ OAHO3HAYHIN T Jorapudmy, He MOXKe BKIIIOUATH
TOYKY z=0 gK BHYTpilIHI0. Touky z=0 He MOHA O001MTH, 3aTUIIAIOYNUCH Y IiH 00-
JacTi, OCKUTBKM TIPH KOKHOMY O00XOJl B 3aJaHOMY HaIpsiMi apryMEHT 2z OJEPKYeE
NpUPICT 21 4M —27 1 BiAOYBAETHhCSA MEpexiJ 0 HOBOI'O 3HAYEHHS Jorapudpmy
w=Lnz. Tomy z=0 € TaK 3BaHOIO MOUKOI PO32anyHceHHA 0araTO3HAYHOTO JIOTa-
pubmy w=Lnz.

3ayBaxkeHHS 4. ToukoI0 po3raigy)eHHs JorapupMiyHOT PYHKIIIT € TAKOXK 2 =oo.

3ayBaxkeHHS 5. 32 JOMOMOTO0 Jorapu@MivHOi HYHKIIIT BU3HAYAIOTHCS

alnz

a) 3azanvha cmenenesa ynkyia w=z" =€*-"? ne NMOKa3HUK a=a +i — JIOBI-

NbHE KOMILIEKcHe unciio. L pynkiis 6araTo3Ha4na, ii rojnoBHe 3HaueHHS w=e*"?,

0) 3azanvna nokaznuxosea ynkuyia w=a*=e’"®, ne ocHosa a=a+if#0 — 10-

BIJIbHE HEHYJIhOBE KOMIUIEKCHE 4ucio. Llsg ¢yHnkuis O6arato3HauHa, ii rojoBHE 3Ha-
yeHHs w=e”"?,

7, Lnz;

B) HOKA3HUKOBO-CMenenesa ynkuyia W=z~ =e , 16 OCHOBa BIJIMIHHA BIJ

HyJ1s z # 0. Lg QyHKIisS HECKiHYEHHO3HAYHA, i TOJOBHE 3HAUYEHHA W = €2 "4,

3ayBaxkeHHs 6. barato3nauni ofepueni mpuzonomempuuni 1 obepueni 2inep-
0on1iuni ynkyii BU3HAYAIOTHCA SK PO3B’S3KU BIANOBIIHHUX PIBHSAHB JUISI MPSIMUX
¢ynkuii. [lepexonsun B mux piBHSIHHIX 3a (opmynamu Eiinepa 10 eKCIIOHEHTH,
BKa3zaHl apK(@yHKII TaKOX MOXKHA BHUpa3uTH uepe3 Jyorapudmiuny dyukiio. Ha-

IPUKJIAL;
Arcsinz=-i Ln(iz+\/1— 22); Arccosz = —i Ln(z+i V1- 272 );

Arshzan(z+ 22+1); Archz:Ln(z+ 22—1).
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[puknax 1. 3uaiiTn w=i"'.
Po3B’ si3aHHS.

W= i—i — e—i Lni _ e—i (Infi|+i Argi) =e—i(lnl+i(n/2+2nn)) =err/2+21'm. n=0,il,12,... ]

[puxnan 2. Po3s’a3aTu piBHSAHHS Sinz=-2.
Po3B’s3aHHs. z= Arcsin(-2) =i Ln(i(—2) +m):
= —iLn(-2i +-/=3)=-iLn(- 22 /3}) = i (Ln(2 £ /3)+ Ln(=i)) = =i (in(2£ /3) +In| -i | +
+i Arg(-i)) = =i (n(2£/3)+ In1+i (- 1/ 2+ 2m)) =(~ 1/ 2+ 2m) ~iIn (2 £ /3);
n=0,£1,+2,....

1.5. InTerpaa ¢pyHKuii KOMIJIeKCHOI 3MiHHOT

15.1. IToHATTH KOMILIEKCHOIO iHTEerpaJja
Hexait pynkiiss w= f(z) =u(x,y)+iv(x,y) HemepepBHa Ta OJIHO3HAYHA B JESIKii
obnacti D, a L,z — Oyab-sika KyCKOBO-TJIaJiIka KpuBa B il oosacti (puc. 22). Pos-
i6’ MO IF0 KPHUBY JIOBITbHUM YHHOM Ha N eJIEMEHTapHHX Ayr AL =z_,z,i=1n Tou-
KaMu Z,i=0,n y HampsAMKYy Bij
TOYKU A=z, 10 TOYKH B=z,.
KoxHiit enemeHTtapHiii aysi Al

BIJIMIOBIJIa€ €JIEMEHTapHa Xopja
Az =z -z_,. Ha xoxHii enemeH-

TapHii ay31 AL, BuOEepemMo 0Bi-

JBHY TOYKY {; 1 CKIIaJeMO inme-

Puc. 22

epanvhy cymy S, =Y f(2;)0z nns

i=1
byHkIii f(z) Ha KpUBIH L,g.
['panuist iHTErpanbHOI CyMH IpU HEOOMEXKEeHOMY 3/piOHEeHHI po30uTTs (He3a-
JIKHO BiJ] CIIOCOOY pO3OUTTS Ta BHOOPY TOYOK) HA3UBAETHCS iHmMezpanom (Koumy-
PHUM iHmezpaniom) Komniaekchoi pynkuii f(z) no kpusii (konmypy) L,g:

LJ;Bf(z)dz:mallmqoéf(Zi)Az,- :

ne dz=dx+idy — audepeHirian KOMIJIEKCHOTO apryMEHTY .
InTerpan Bin KOMIIEKCHOT (DYHKIIIT MOXKHA BHUPA3UTH 4yepe3 ABa A1MCHI KPUBO-
JIHIMHI IHTETPpaJiK 32 KOOPAMHATAMH
[f(23dz= [(u+iv)(dx+idy)= [udx-vdy+i [vdx+udy.
LAB LAB LAB LAB
Tomy niist iHTEerpasna BiJ KOMIUIEKCHOT (YHKIIT CripaBe/jIMB1 BiAMOBIHI BIACTH-
BOCT1 KPUBOJIHIHHUX 1HTErpasiiB. 30KpeMa, MpU 3MiHI HapsMy 00XOAy KpPHUBOI Liel
1HTerpaji TUIbKHA 3MIHIOE 3HAK:
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[f(2dz=~ [ f(2)dz.

Lea L
Sk 1 g1t AiiCHUX KPUBOJIHIMHUX 1HTETPaIiB, OOYHUCIEHHS 1HTETrpaja BiJl KOM-
MJIEKCHOT (DYHKIIIT 3BOIMTHCS 32 JOMIOMOTOK METOJy 3aMiHU 3MIHHOI 4O OOUYHCIICHHS
3BUYAHOTO BU3HAYCHOTO 1HTETpaa.

[puknan. OO6UKUCTUTH 3aTaHU IHTETPAJ IO BKa3aHIN Ty3i:

a) 1= ?Z , L:z=z+R[", t0[0;2n] —xomo.
LZ™ %

06) | =[(2z+z+i)dz ; L:y=x% z=0, z, =1+i — ayra napabomm.
L

Po3B’ a3aHHS.

12— 2, z,=0; z,=2m o Re"

— it. — it 21 it 21
a) |:J. dz _|z=z,+Re";dz=iRe dt _ leedt jdt—ZTu.

y=x% z=x+iy=x+ix?; z=x-ix%; dy = 2xdx;
6) |‘f(22+2+|)d2—dz dx +idy = dx +i2xdx = (1+2XI)dX X, =0; x2—1 =
f(z2)=2z+z+i=2|x+ix )+x ix? +i=3x+i(x* +1}

= i(13x+i(x2 +1))(1+ 2xi)dx:}(3x—2x(x2 +1))dx+i J(l;((x2 +1)+ 6x2)dx:

0

(x 2 )dx+|j(7x +1)dx ( 2/2—x4/2)2+i(7x3/3+ x)(lj =1§i.

O'—;H

3ayBaxkeHHS. J[7151 iCHYBaHHS 1HTErpajia JOCUTh HEMEPEPBHOCTI MiAIHTETPaTbHOT
byHkIii w= f(z), TOMy IHTErpajl MOXe ICHYBaTH 1 y BUIAJKy HEAHATITUYHOCTI 1€l
byHKITIT.

1.5.2. [lepBicHa pyHKUII KOMILIEKCHOI 3MiHHOI.
InTerpanbHa Teopema Komi

Axmo xkpuBa L,z J€KUTh B 00JaCTI aHAMITHYHOCTI PyHKIIT w= f(2), TO KOM-

TJICKCHUM 1HTEerpan | = j f(z)dz He 3amexuTh Bim (PopMH NUIAXY IHTETPYBAaHHS, a
Lag

TIJIBKM B1Jl TOYATKOBOT Ta KiHIIEBOT TOYOK. Lle mosicHIOETbCS TUM, 110 JJIs1 aHAJIITHY-

ou_ov . au av
HOT QyHKIIIi BUKOHYIOThCS yMOBH Komri—PiMana — =— i , K1 CITiBIIaja-
ox oy ay ox’
I0Th 3 YMOBaMHU HE3aJISKHOCTI BIJl IIUISIXY 1HTETpyBaHHsS 000X BIAMOBIAHUX TIMCHUX
KPHBONHIHHKX iHTerpanis [udx-vdy i [vdx+udy.
Las Las
Takum 4YuHOM, IHTErpal aHAMTHYHOI (QYHKIT MOXXHA MOJATH Yy BUIVISII

Zff(z)dz.

Sxuo 3adikcyBaTH HWXKHIO MEXY IHTETpyBaHHsS, TO OJIEpKaHMM 1HTETpal
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z
F(2) :j f (&) d€ , sk PYHKITIST BEpXHBOT MEXI1, CIIYKUTh nepeicHoto 1is f(2):

a
r

F'(z)z(ff(&)d&} = ().

MHOXHHa BCiX MEPBICHUX IS AaHOT (DYHKIIII YTBOPIOE BIAMOBITHUN Heeu3Ha-
yenuil inmezpan.

Jlnis iHTerpana aHamiTHuHO1 QyHKUIT cipaBIxyeThes hopmyna Herotona — Jleii-
OHina

4

ff(z) dz=F(2)|? =F(z,)-F(z),

ne F(z) —noBUIbHA MEPBICHA.

3ayBaxkeHHs. Tabnuist iHTErpaiiB aHajgoriyHa BIAMOBIAHIN Tabmuui anst QyHK-
11 1IMICHOTO apryMeHTy, aJie Miyiorapu@MoBi BUpa3u HE MICTSATb MOJTYJIS.

[Ipuknaa. Kopuctyrouuchk TabnuIeo iHTerpaiiB, OOYHUCIUTU 3aJaHUi 1HTEeTpas
aHaAITUYHOT (PYHKIIIT:

2

Lodz
| = | — .
£z+4

! :In(i+M)—ln2:

0

; L odz (
Po3s’'s3anHd. | = —— =In z+«/22+4)
i«/22+4
:In(ﬁ+i)—ln2:ln‘ﬁ+i‘+iarg(ﬁ+i)—ln2zln2+iT[/6—In2:in/6.

YMOBHU HE3aNeKHOCTI KpUBOMiHilHOTO iHTerpana [Pdx+Qdy Bia hopmu mmaxy

L
. P _0Q . . . . .
IHTCTPYBAaHHSA a— :a— CKBIBAJICHTH1 P1BHOCT1 HYJIO IbOI'0 1HTCIrpaia 110 JOBLUIBHO-
y X

MYy 3aMKHEHOMY KOHTYpY L, 1110 JIS)KUTh B JIaH1i OJTHO3B’ A3H1M 00J1aCT1
[Pdx+Qdy=0.
L

AHaJoriyHe TBEpIKEHHS CTpaBeUIMBE JJi KOMIUIEKCHOTO 1HTETpaia aHaliTHy-
HO1 (DYHKITIT.

Teopema (inmezpanvna meopema Kowii s onHo3B’ i3HO1 o0nacti). Axkuwo ¢py-
Hxyia f(2) ananimuuna 8 001038’ A3HiU obacmi D, wo 0oMedHceHa KyCKoBO-2AOKUM

koumypom C i nenepepsna 6 3amknenii oonacmi D, mo inmezpan ¢ynxyii f(z2) no

KoHmypy C 00pIiGHIOE HYIO
[f(z3dz=0.
C

Teopema Komri mommproetsest Ha 6araTo3s’ si3Hy o6aacth (puc. 23): saxwo @yn-
kyis f(2) ananimuuna 6 bazcamose’ a3uiu obnacmi D, wo oomedicena 308HIUHIM KO-

Hmypom Cy i eHympiwnimu koumypamu C,, K =1,n, i Henepep8Ha 8 3aMKHeHill 001a-
cmi D, mo inmeepan ¢pynxyii f(z) no noemin mesci obnacmi 6 00OAMHOMY HANPAMI
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O00PIBHIOE HYTIIO

jf(z)dz+zn: [f(zydz=0.
(oY k

=1 Ck

[HmmMu cnoBamm, I CKJIAJEHOTO KOHTYPY CIpPaBend-
JUBO. inmezpan (hyukyii f(z) no 306HiUHLOMY KOHMYDPY 00-

DIBHIOE CyMI IHMe2Panié no 6CLX BHYMPIWHIX KOHMYpAx npu
YMO8I, o 0bie YCix KOHMYpi6 30IlUCHIOEMbC NPOMuU X00)
200UHHUKOBOI CMPINKU

jf(z)dzzzn: f(2)dz .

Puc. 23 Co k=l C,

IIpu noBeneHH1 Oarato3B’si3Ha 00JIACTH NMEPETBOPIOETHCS B OJIHO3B’S3HY 00-
J1aCTh 3a JOMOMOTIOIO PO3Pi3iB Y, , k=1,N, 10 3’ €AHYIOTh BHYTPillIHi KOHTYPH i3 30B-
HinHiM (puc. 23). KokHa JiHisI po3pi3y Y, NPOXOAMTHCS JBidi B MPOTUICIKHHUX Ha-
npsiMax, TOMy 1HTETpaJiv 10 Hil PH 10JAaBaHHI B3a€EMHO 3HUIIYIOTHCS.

1.5.3. InTerpasabHa ¢opmy.a Kowi Ta ii Hacainku

IaTerpanbha Teopema Ko BiKpuBa€e MOKIUBICTh BU3HAYCHHSI 3HAYCHB aHATI-
TUYHOI (PyHKLIT BcepeanHi 001acTi yepes 11 3HaUeHHs Ha MeX1 I1i€1 001acTi.

Hexait pynkmis f(z) anamiTi4Ha B OJTHO3B sI3HIM 007acTi D, M0 0OMEeX)eHa Ky-
CKOBO-IVIAZIKUM KOHTYpoM C i HemepepBHa B 3aMKHeHii obmacti D (puc. 24). Jlns
JOBUIbHOI (DIKCOBAHOI BHYTPIIIHBOI TOYKU 2z, obOnacti D momomikHa (QyHKIiS

¢(Z) :ﬂ

Z- 7,
Z, KOJIOM Y 3 IIEHTPOM Y Il TOYIll Ta PajlyCoM I TaKHUM, IO BCE KOJIO JIEKHUTh BCE-

€ aHaJIITUYHOIO B Il 00JacTi, KpiM X104 110 TOUKH Z,. OOBeeMO TOUKY

penuHi obmacti D. Tomi momomikHa (yHKIISA ¢(z) Oyae aHATITUIHOK Yy JBO-
3B’ s13H1M 00acTi D; Mixk KoHTypamu y 1 C. 3a Teopemoro Ko

[0dz=[0(2)dz ; [P az=[ 1D g5
C y

ci™ % vZ~ %
Tomi
f f +f(2)-f d
P R ) P
CZ ZO % z ZO VZ ZO
Puc. 24 +jf(2)-f(zo)d2= Vi z-z=r€'; 4, =0; t, =2m| _
y 7% dz=ire'dt; z=z+re"
21 ity _ _ on .
:2T|]f (ZO)+ J‘ f(zo+rre6it) f(ZO)irelt dt =2Tﬂf (ZQ)+ I(f (Zo+relt)_ f(Zo))dt.
0 0

I3 HenmepepBHOCTI MiAIHTErpaabHOI (YHKIIT BUIUIMBAE, IO OCTAHHIM 1HTErpan
OpsIMy€ 0 HyJs Ipu r —» 0 1 mpu r =0 cTae piBHUM HyIto. JlicTaeMo inmezpanvuy
gopmyny Kowi (inmezpan Kowi)

38



_1 (2
f(ZO)_Zni iz_zodz.

3ayBaxkeHHs 1. YV Bunaaxy 6aratoss’s3HOi 00JacTi 1HTErpyBaHHs Tpeda MpPoBoO-
JIWTHU T10 TTOBHIN MEX1 Y JOJaTHOMY HampsMi.

3ayBaxeHHs 2. OCKIJIbBKU Z, — JIOBUIbHA TOYKa 00JacTl aHAIITUYHOCTI, TO 1H-

JIEKC MO’KHA OIYCTHTH, a MEKOBI TOUKH MO3HAUuTH 4epe3 . Tonai ¢opmyna Ko
(interpan Koimi) HaOyBae BUTIIALY
f(d)=on [ .
m (-2

InTerpan Kouri Bupakae 3HaueHHs1 aHamiTHUHOT QyHKIIT f(z) B JOBUIbHIN TOYIII
z 4yepe3s ii 3Ha4YeHHs { Ha JOBIILHOMY KOHTYpi C, IO JISKUTh B 00JACTI aHAITHY-
HOCTi pyHKIIT f(Z) 1 MICTUTh TOUKY z BcepenuHi. B 1eit inTerpan 3MiHHa z BXOAUTH
K TTapaMeTp.

Hacnigox 1. — jﬂdzz{f(zx zOD;

oMmiil-z 0, zOD.

3ayBaxkeHHs 3. Hexaii ¢yukiisa f(z) — aHamiTuyHa B o6nacti D 3 Mexer C i
HelepepBHa B 3aMKHeHi# obmacti D . Hexaii a — mosinbHa Touka mMexi C. Toxi B
cuiy HenepepBHoCTI pyHKIii f(z) g0 camoi Mexi C 3 HachiaKy 1 BurnuBae:

lim L 1(©dc =f(a); lim ij fQ)de _y,

z-a 2Mmiz (-2 z-a 2mi° (-2
zOD zOD

Takum ymHOM, Ha Mexi obnacti D QyHkuis f(z) Mae cTpuOOK, 10 AOPIBHIOE
f (@) — 3HaueHHIO 111€1 PYHKIIT HA MEXI.

Hacninok 2. Hexait ¢pyukiis f(z) —anagiTiuHa B o0acti D 3 Mexero C 1 2 —
JOBUIbHA BHYTPIIIHS Touka 11i€i obmacTi. Toxl pynkuist f(z) HECKIHYEHHO pa3iB Au-
dbepeHIiiioBHa, MPUIOMY

@)=t [ O s )=t 1@
2mi ¢(z-f 2 ¢(z-¢)™

L1i criBBiAHOLIEHHS OAEPKYIOThCs nudepeHiitoBaHHsaM iHTerpaia Komii, ge mo-
Xi7{Ha 110 TTapaMeTpy OepeThes Bij MiIHTETpadbHOI (PYHKIIII.

Teopema 1 dopmyna Komri 3HaX0ATh MMPOKE 3aCTOCYBAHHS MPU OOYUCICHHI
1HTerpaiB M0 3aMKHYTHX KOHTYypaXx.

2z
[puknaa. O6uucnautu iHTErpan | =j((a—dlz)2
C Z\Z—

Typy C: a) C: |z-1|=1/2; ©) C: |z-i|=1/2; B) C: |z|=2.

10 BKa3aHOMY 3aMKHCHOMY KOH-

27

z(z —1)2

Po3B’s3anns. [liginterpansHa Qyukuis f(z) = BCIOJIM aHAJIITUYHA 3a

BUHSATKOM JBOX OCOOJIMBHX TOUOK z =01 z,=1.

a) OcobnmBa Touka z =0 HE BXOJIUThH BCepeAMHY 00JIacTi D, 0OMEXeHOi KOH-
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TypoM C: |z-1|=1/2 (puc.25). YV migiHTerpaJibkHOMY BHpa3i BHIIIAMO (PYHKIIIFO
®(2) =e**/z, mo ananiTnuHa B obmacti D. Toxi Ans oOGUMCIEHHs iHTerpaga MOKHA
ckopuctatucs Gopmysoro Ko 115 nepiioi moxigHoi:

22d d
[P L.
m 2e*’z-e 2 n-e
0‘ w X ‘q)()——z = 211 B =21 .

0) OOuaBi 0coOMMBI TOUKH z =0 1 z, =1 HE BXOJATh BCEpEIu-

Hy obmacti D, oOMexeHoi KOoHTypoM C: |z-i|=1/2 (puc. 26). ITixi-
2z

c ) e : Y . .
C) HTerpanbHa QyHKIisn f(2) =W aHAJIITUYHA B I11 00JacTi, TOal 3a
: z(z-

teopeMoro Korri

2z
T—= =[S0 g
sz—ﬂ
Puc. 26

y B) OOuaBI 0c00MMBI TOYKH Z =0 1 z, =1 BXOIATh
2 BCcepeanHy obnacti D, 0OMexkeHo1 KOHTypoM C: |z|=2
C (puc. 27). IToOynyemo koia vy, 1 Y, 3 LEHTPaMH Biamo-
BIJTHO B TOUYKax z =0 1 z, =1 AOCTaTHHO MaJUX PaJlycCiB
Y1 A A X Tak, 1100 BOHU HE MEPETUHAIUCH HI 3 KOHTypoM C, Hi
NN A P MDK c00010. Y Tpu3B’sa3HiN 00sacTi, 0OMEXKEHii 330BHI
1 KOHTypoM C, a 3cepeuHu — KoJlaMH Y, 1 Y,, Mij-

) ) e?? .
iHTerpaneHa QyHKUis f(z) =———5; aHamTH4HA. 3a

z(z—l)
Puc. 27 TeopeMoro Kol 17151 CKi1aieHoro KOHTYPY

=] e?’dz - e’ dz N e’ dz
cz(z-17 | z(z-1f ) z(z-1)
1e 00X1J1 BCIX KOHTYPIB 3[1HCHIOETHCS IPOTU TOAMHHUKOBOI CTPLIKH.
Y  migiHTerpaJlbHOMY BHpasi MEpIIOro JAO0JaHKa BUAUIMMO  (YHKIIO
®(2) =e**/(z-1)?, mwo aHaniTHYHA B 061acTi, oOMexkeHilt KkonTypoM y,. Toxi 3a dop-

mysoro Korri:
22

€ ¢(Z) 20
I, = dz =2mi Z =2n [& 0-1) =2mi
. {,[z(z e J (2),_, /(0-12)?
. e’?dz :
Hpyruit nogaHok |, = IW HE 3aJIeKUTh BiJl BUOOPY KOHTYPY Y, , IIIO OXOII-
v, Z\z-

JIFO€ TUIBKHM OJTHY OCOOJIMBY TOUKY Z, =1, TOMY MOTO 3HaUEHHS CITIBMaJa€e 3 o0uuce-
HUM B IyHKTI a). OTxe,
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TakuM ynHOM,

| =1, +1, = 21 + 2% = 2m{e? +1)

1.6. Psaau ¢pyHKIi KOMIJIEKCHOI 3MiHHOT
1.6.1. OcHOBHI MOHATTSA NPO PSAAH 3 KOMILIEKCHUMH YJIeHAMU

Teopema 1. Yucnosunt psa0 3  Komniaekchumu  4aeHamu ). c,, Oe€
c,=a,+ib,, a,0R, b, 0OR 36icacmbca moodi i mineku mooi, Koau 30iearomvcs 06uU08a

0 [oe]
paou Y a, 1 Db, , ckiadeHi 3 OiliCHUX 1 YAGHUX YACTUH.
n=1 n=1

(o]
Psan ) c, Ha3uBaeTbCA abCconOmMHO 30ixcHuMm, SKIO 301ra€ThCs Pl 3 MOAYIIB
n=1

iioro unenis Y |c,|. Psan Zc HA3UBAETHCS YMOGHO 30IXCHUM, SKIIO CaM Psi] Zc
n=1 n=1

301raeTbes, a psiji 3 MOJIYJIB HOro YJIeHIB Z|cn| po30iraeThes.
n=1
3ayBaxkeHHS. JlocmixeHHS HAa 301KHICTh PSAAIB 3 KOMIIEKCHUMHU YJI€eHAMH 3BO-
JUTHCS 0 JOCIIKCHHS PSAJIIB 3 JIMCHUMH WICHAMU, 10 311MCHIOETHCS 32 BIIOMUMU
03HaKaM¥ 301KHOCTI AIACHUX PSIIB.

[puknan 1. locniauty Ha 301KHICTB.

a) Z[—+I —j 0) Z(—+I —j; B) Z(—Hznj, r) i((n+1)/n+ilnn) :
n=1

Po3B’ s13anHs.

. on .1 . .
a) Obunsa ailicHi paan Y — i ) — 306iraroTbcs — nepiuuii 3a o3Hakoro Jlanam-
n=1 n=1

Oepa, a Apyrui 3a paaukaibHOIO 03HaKko Ko (mokaxiTh 11 caMocTiiHO). Tomy

o >(n .1 .
3alaHuu PAO Z F +1 — TaKOX 301raeThes.
n=1 n

. 21 . . o o
0) Psin 3 nificHnx 9acTuH ) — po30iraeThCs K TapMOHIYHUIN, TOMY 3alaHUN P
n=1N

0 0
1 .1 . 1 .
Z(— +i— | Tex po30iraeTscs (xo4a psiz 3 YSBHUX YaCTUH Y = 301raeThCs 3a 03Ha-
- = n

n=1 n=1

koo JlamamoOepa).

[oe]
.o 1 . o . o
B) P}II[ 3 JIMCHUX YaCTUH 2—2 361F3€TBC$I AK YSaFaJIBHCHI/II/I FapMOHl‘{HI/II/I 3 I10-
n=1N

Ka3HUKOM CTENEHs o =2>1, a psj 3 yABHUX Y4acTHH » 2" po30iraerbcs sIK reOMeT-
n=1
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. . (1 ..
pI/I‘IHa HpOFpCCI}I 31 3BHAMCHHHUKOM ( = 2=1. TOMy 3aldHUH p}I,Z[ z — +i2 TCXK p03-
n=1

Oiraerbcs.

r) O6uasa miiicHi psaau Y (n+1)/n 1 > Inn po30iraroTbes, OCKUIBKH HE 3370BO-
n=1 n=1

JBHSIOTh HEOOXIJHY O3HAKy 30DKHOCTI (IMOKaXiTh 1€ caMOCTiiHO). Tomy 3amaHwuii

pan Y ((n+1)/n+ilnn) Takoxk po3biraeThes,
n=1

[puknan 2. [Tokazatu, 1o psj i((1+ 2i)/5)n 301raeTbCcsa adOCOJIFOTHO.

n=1

Po3B’sa3anns. [locnigumo Ha 301KHICTh PSJl 13 MOAYJIB!
Sfa+2iy/8)=3 11+ 215" =3 (V5/s)"
n=1 n=1

n=1
Ileit psan 36iraeThest sIK TEOMETPHYHA MPOTPECis 31 3HAMEHHHMKOM =+/5/5<1.

ToMmy 3aganuii psia Z((1+ 2i)/ 5)” 301raeThbCcs a0COJIIOTHO.
n=1

Hexaii B gesikiit obmacti D KOMIUIEKCHOI TIJIOIIMHY 3aJjaHa TOCTIiA0BHICTh (DYH-
KIIIi KOMITIEKCHOT 3MiHHO1 f,(2) , f,(2), .., f,(2), ... Bupa3 (HeckiHueHHa cyma)

i f(2)=1,(2) + Tp(2) +..+ T.(2) +...
n=1

Ha3nuBa€TbCA ¢yHKl(l'0HaJleuM p}lOOM 3 KOMRNJIEKCHUMU Y/leHaAmMU .

OyHKuioOHANBHUN psif Y f,(z) Ha3UBAETBHCS 30idcHUM y TOULl Z,, SKIIO 301ira-
n=1

€TbCs BIANOBIAHUH uncaoBuil psag Y. f,(z).
n=1

MHOk1Ha BCIX TOUOK 301)KHOCTI Ha3UBAETHCA 001acm10 30ixcHOCHI.

Teopema 2 (meopema Beuiepuumpacca). Axwo unenu @GyHKYioHaIbHO20 POy
> f.(2) nenepepsni 6 obracmi D i pso 30icaembcst PIBHOMIPHO, MO CyMa psoy S(z) —
n=1
HenepepeHa ¢ D 1 donyckae nouynenHe iHmMezpy8anHs 8300824 008LIbHOI Kpueoi L,
wo nedxcums 8 ooracmi D'

j z)dz = ijfn(z) dz.

L n=1L

[ee]
Teopema 3. Akwo unenu @yukyionanvrnozo psaoy Y. f.(z) anarimuuni 6 oboracmi

n=1
D i ps0 36icaembcs piBHOMIPHO 8 O6YO0b-AKill 3AMKHeHill obaacmi, wo Haxexcums D,
mo cyma paoy S(z) — ananimuuna 6 obracmi D i donyckae nounenne ougepenyiio-

BAHH5 008LIbHE YUCTIO PA3IE.

s@=Y 1,'@; sP@=Y @) .
n=1 n=1
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1.6.2. Crenenesi psiau. Psix Teitsiopa

Cmenenesum ps0om 3 ICHTPOM Yy TOUIIl Z, HA3UBAETHCS (DYHKIIIOHAIBHUM Pl

récn(z-zo)" =co+q(z-2)+..+c (z-2) +

ne ¢, (n=0,1,2,..) —koeghiuienmu psdy (KOMIUICKCHI YnCIIa).

O4eBuHO, 110 CTENEHEBUN PSJ] 3aBXK/IU 301ra€ThCs B CBOEMY IIEHTP1 Z = Z,.

Teopema 1 (meopema Avensn). Axwo cmenenesutl pso 30icacmvcs 8 0esKill Mo-
uyi z, (z# z,), mo 6in abconromno 36izacmoca 6 Kpy3i padiyca |z1 - ZO| 3 YeHmMpom z,,.
Axwo cmenenesuii pso pozbizacmvcs 6 Oeskiti mouyi z, (z, # z,), mo 6in posbiza-
€MbCs N03a Kpy2om paoiyca |z, - z| 3 yenmpom z;.

3a Teopemoro AQens I CTETNEHEBOTO PANY 3aBXKAM ICHYE TaK 3BaHUU Kpye
30ix0cnocmi |z— zo| <R, BCepeauHI AKOTO psiJl 301raeThCsi, 30BHI — po30iraerhcs, a Ha
caMOMy KOJIi |z - zy| = R MOxyTb OyTH SIK TOUKH 301KHOCTI, TaK i po36ixHocTi. Paniyc
IBOTr0 R Kpyra Ha3UBAa€ThCS padiycom 30ixcHocmi.

3ayBakerHs 1. OueBuHO, 0< R< +00. Skmo R=0, To psx 30iraeTbcs TUTHKH B
HEHTPl Z=Z,. SIKIMo R =+, TO psiji 301ra€ThCS HA BC1M KOMITJIEKCHIM TUIOTHHI.

3acTocoByOUr 10 psAy 3 MOAydiB o3HaKy JlamamOepa uM pagukaabHy O3HAKY
Ko, paaiyc 301:KHOCTI CTEIIEHEBOTO Py MOXKHA 3HAWTH BIANOBIAHO 3a opmyra-
MU

—Ilm| abo R= ]/Ilmf{/m .

n- oo |Cn+1|
[puknan 1. 3naiitu paaiyc 301)KHOCTI CTEIIEHEBOTO PATY:
a) S (n-2)(z+)"; 6) 3 2%/nt; B) 3 (n+i)"(z-1+i)".
n=1 n=1 n=1

Po3B’ 13aHHS.

a) R=lim Gl M—|im—”‘2+4=\/|imﬂ:
|Cn+l| n_'°°|n+1 2|| nawm n~°°(n+1)2+4

0) R—Ilm| ! —Ilmﬂ—llm(n+l) +oo
”*°°|Cn+1| n~°°|1/( 1)'| n— oo

=) R=ylimgfe =Y mgfio+]

Teopema 2 (meopema Teinopa). Hexaui ¢hynxyis f(z) — ananimuuna ecepeouni
Kpyea padiyca R 3 yenmpom y mouyi z,. ToO0i eona mooice 6ymu nooana y ybomy

n:]//Iim|n+i|: limyn?+1 =
n— o

n- oo

Kpy3i 30idicHum cmenernesum paoom Teitnopa
[ (n)
f(2)=>c,(z-2)"; cn:% (n=0,1,2,..).
n=0 .
Ipuyomy yeti pao uzHauaemvcs 0OHO3HAUHO.
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3ayBaxkeHHs 2. Criuparouuch Ha Hachiaok 2 gpopmynu Komri, koedimieHTH psagy
Telinopa MoXHa TOAATH Y BUTJISI

fW(z) _ 1 ¢ f(2)dz _
n! - TU {(Z— Zo)n+1 (n —0,1,2,...) ,

e y — JIOBiTbHUI 3aMKHEHHII KOHTYD, IO JISKHUTh B KPy3i [2- 7| <R i oxormroe T04-
Ky Z,.
3ayBaxkeHHs 3. Akmo ¢yHkuis f(z) — aHamiTuuHa B o0xacti D 1 z0 — BHYTpI-

1(z)
n! (

Cn:

IIHS TOYKa I1i€l 00JacTi, TO paaiyc 30ixkHoCTI pany Teitnopa f (z) = Z -z

n=0

y HE MEHIIUMN, HIXK BIICTaHb TOYKH Z, 10 M&xXi C 001acTi

(puc. 28). TakuMm guHOM, padiyc 36ixcnocmi psoy Teu-
Jlopa 00piBHIOE 8IOCMAHI 810 YeHmpa z, 00 HAUOIUINCHOT

w00 Hb020 0Cc001UB0I mouKU GyHKYiT T (2).

Puc. 28

3ayBakeHHs 4. Teopema Telnopa n03BOJsE NaTu
CKBIBAJICHTHE O3HA4YEHHS aHaNITUYHOI QyHKIT Sk QyHKIii, psg Teinopa skoi 30ira-
€THCSI 10 HET caMoi, 1110 CMiBHAAA€E 3 MPUIMHATUM Y A1MCHOMY aHami31.

3ayBakerHs 5. Psn Teitnmopa mis Gyskiii f(z) B Touii z, €quHUNA, TOOTO, SKIIIO

byHKIsA f(Z) SKUMOCh YUHOM I10JIaHA PSIZIOM 3a CTETICHSIMHU (z— zo), TO 11e 1 Oyae psin

Teitnopa. Tomy Ha mpakTuiil IJs po3kiany QyHKLIT B CTEIEHEBUN Psii BUKOPUCTO-
BYIOTh BIJIOMI PO3BUHEHHS eJeMeHTapHuX QyHKIii. HaBegemo neski 3 HUX:

_ oo Z_n ( )n 2n+1. ( n 2n. ( 1)n+l n
_nZ:;Jn!, sinz= z on+Dl cosz = nz;‘) (2 T In(L+2) = Z -
(1+2)° =1+az+ 97~ ((;_1) 24, +90@ "r'“(a Nt ooy,

Po3BHHEHHS 711 €KCIIOHEHTH, CUHYCa 1 KOCUHYCa CIIPaBEAJIMBI HA BC1i KOMILIE-
KCHIM momuHi. Pagiyc 361xHOCTI R pany i norapudmy nopisaioe 1. Pagiyc 36i-
JKHOCTI R OIHOMIaJbHOTO Py 3QJICKUTh Bij MOKAa3HUKA CTEMEHS a. R=+co IpHU
HaTypaJIbHOMY O 1 R=1 mpu HEeHaTypaJbHOMY d .

[puknan 2. Po3knactu QyHKIIIO f(z)=%4 B psaa Teiijopa B OKOJII TOYKH
z
Z, =1 1 3HalTH pajaiyc 301KHOCTI OTPUMAHOTO PSIY.

Po3B’s3anns. [Tonamo QyHKIII0 y BUTIISAL

f(2) = z _z+4-4 —1- 4 :1_L:
z+4  z+4 z+4 (z-D+5
4 1 _ 4/5

-0 =1- .
5 1+(z-1)/5 1-(-(z-1)/5)
SIkmio |— (z—l)/ 5| <1, TO APYrUi I0JJaHOK B OCTAaHHLOMY BHpa31 MOXKHA PO3TJIsijia-



n-1

a : . .
TH SIK CyMy S= 1 L HeCKIHYEHHO CIIaJHOI reOMEeTpUUHOI nporpecii &y, q"" 3 nep-
-q

n=1
MM 4JIeHOM & = 4/5 i 3HamenHukoM q=- (z-1)/5. Toxi

(@=1- (5 -5 =1 g g( 25-1)_;(_;ﬂjz_____g(_?)”____=

1 I'1+1
OTpumanuii psig B CHIIy OJHO3HAYHOCTI PO3BUHEHHS 1 € IIyKaHUM psjgoMm Teii-
nopa. Pagiyc 30DKHOCTI IIBOTO PNy BU3HAYAETBCA 3 YMOBH |- (z—l)/5| <1. Tomi
|z-1<5. Omxe, R=5.
Paniyc 301kHOCTI R=5 MOXHa 3HAWTH 1HAKIIE SK BIJCTaHb BiJl LIEHTpa PsIAy

z, =1 10 HaWOIMK4YO01 0COONMMUBOI TOUKK z = -4 pyHKUIi f(2) = L4 (v manoi gyHkii
2+

0CO0JIMBa TOYKA €IUHA).

1.6.3. Psan Jlopana

Posrissaemo y3acanvnenuii cmeneneguii pao

(o] [o0] C_ [0
ZCn(Z‘Zo)n:Z . n+zcn(2‘zo)n,
n=-o n:]_(z - Zo)
ne ¢, (n=0,+1,+2,.) —koe]illieHTH psIAy;, Z, — LIEHTP PSaY.
Ileti psiag MICTUTH SK HEBIT €MHI, Tak 1 BII €MHI CTETIEHI Pi3HMUIII (z— zo). Psan

o0

> HA3UBAETHCS 20J106HOI0 YACMUHOIO, A D] ZC (z-2z)" — npaeunvnoio
n= l(Z Zo) n=0

yacmuHor. Y3araJbHEeHUN CTETICHEBUHN PsiJl 301raeThes, SIKIO OJTHOYACHO 301Tal0Th-
csl Ioro TOJIOBHA 1 MpaBuiIbHA YUCTUHU. [IpaBuibHa YacTHHA K 3BUYAHUI cTere-
HEBUM psi 30ITAaEThCS BCEPEIWHI JESIKOTO Kpyra 3 IIEHTPOM Z, 1 paaiycoM

R= Iichn|/|cn+1|). SIKmo y rosIoBHiN YacTuHi 3po6uTu 3aminy {=1/(z-z), T0 oTpu-
n—- oo

MaHUW 3BUYalHUI cTeneHeBUil psaa Y c " 30Ira€Tbcs BCEpEqUHI IEAKOTO Kpyra 3
n=1

neHtpoM (=0 i pamiycom R = Iich_n|/|c_n_1|). Hexaii r =1/R . IloBeprarouuch 10
n- oo

3MIHHOT 2z, MOXHa BCTaHOBWTH, IO TOJIOBHA YacTUHA 30iraeTbcs 30BHI Kpyra 3

y IIEHTPOM Z, i pajiiycoM r = lim Qc_n_1|/|cn|).

Sxmo obnacti |z-z|<R i [z-z|>r MalOTh HENOPOX-

HIM mepepi3, TO y3araJbHEHUHN CTeTICHEBUM Psijl 301raeThCs y
iX cHinbHIM wacTuHI — Kinmbui r<|z-Zz|<R (puc.29). Ha

MEX1 KIJIBLIS PSIJT MOXKE SIK 301raTucs, Tak 1 po3oiraTucs.

[pukman 1. 3HaiiTi 00JacTh 301’)KHOCTI y3araJibHEHOTO
Puc. 29 CTEIICHEBOI'O pAdYy

45



© ¢ (z-i)"
nzq(z—l) Z 3n 5

e
Po3B’ s13aHHS. 3HaI/IL[€MO 00J1aCTh 301’KHOCTI I'OJIOBHOI YaCTUHU Zﬁ 3acro-
n=1 Z—1

COBYIOYM pajuKaibHy o3Haky Kot 10 psay 3 MOaysiB, BUBHAYAEMO pajilyc 301KHO-

cri r=limyc, = limy/e"| =e. Tobro, rogoBHA YacTUHA aOCOIIOTHO 30iraeThes MpH
n- oo n- oo

|z-i |> e. Ha xomi |z-i|=e mei psaa po30iraeTbes, OCKUTLKY JIJIST BIAMOBITHOTO Py

00
>y — ( ) = >’ 1 He BUKOHY€TBCSI HEOOX1JHA 03HAKa 301)KHOCTI.
n=1 Z—1 n=1

)"

3HalieMo o0jacTh 30DKHOCTI NMPaBUIBLHOT YaCTUHHU z( :

n=1
o3Haky Jlasambepa 10 psay 3 MOAYJIIB, BU3HAYAEMO Paaiyc 301KHOCTI

C 3"(n+1)° . (n+1)
R= lim AL = im 3O+D° g (041
neolCy| n-e 3™ noo\ N

Tob6t0, mpaBuiabHA YacTHUHA aOCONIOTHO 30iraerbcs npu |z-ilk3. Ha komi

. 3aCTOCOBYIOYM

|z—i|=3 el psaa Tex abCOMOTHO 301TaeThCsl, OCKUIBKU BIAMOBITHUAN PSIT 3 MOAYJIIB
Z% :iis € 30DKHUM Yy3arajdbHEHHM TapMOHIYHUM psaoM. Toai o0xacTio
n=1 3'n n=1N

301’KHOCTI MIPaBUJIBHOI YACTHHH CIYKUTh 3aMKHEHUI KPYT | z—i |< 3.

O1xe, 006;1aCTIO 301KHOCTI OYATKOBOT'O CYMApHOTO Py CIYKUTh CITUIbHA Yac-
THUHA 3HANJICHUX 00JIacTe — KUIbIle e<|z—i|<3 3 IEHTPOM Z, =i .

Hexait ¢ynkmis f(z) aHamithyHa B AesKii 00macTi D 3a BUHSATKOM OKPEMHX
0COOJIMBUX TOYOK. BizbMeMO NOBUIBHY TOUKY 2z, Ii€i oOmacTi. SIKmo Touka z, —
npaBWiIbHA, TO QyHKUIO f(z) MOXXHa PO3BUHYTHU B psia Teinopa, paaiyc 301:KHOCTI
SKOTO JOPIBHIOE BIJICTaH1 BiJ IIEHTpa Z, A0 HaWOJMK40i 0COOJMUBOT TOUKH. SKIIO
TOUYKa Z, — 0c0o0IMBa, TO PyHKIIIO f(z) HE MOKHA PO3KJIAcTH B psia Teinopa 3a cre-
nensamu (z-z,).

[IpoBeaemMo KOHIICHTPHWYHI KOJia 3 IIEHTPOM Z, 4epe3 KOXKHY OCOOJIUBY TOUKY

obsacti D. Toxal BcepeauHi KOKHOTO KiJIbIA MK CYCIIHIMUA KOJIaMH OCOOJIMBUX TO-
4yok He Oynme. HactymHa Teopema mae po3B’si30k 3amadi: poskiactu GyHKio f(z),
1[0 aHATITUYHA B KUIBLI I < |z— zo| <R, B y3arajbHEHUN CTEIICHEBUI PSII.

Teopema 1 (meopema Jlopana). Hexau ¢ynxyis f(z) — ananimuuna 6 Kpyeoso-
MY Kbyl f <|z— zO| <R 3 yenmpom y mouyi z,. Tooi eona modice 6ymu 0OHO3HAUHO

nOOAHa y YboMy Kilbyi 30IHCHUM Y3a2aibHeHUuM cmenenesum psaoom Jlopana

S n. f
f@= X alz-2); %:Z;J(Z_(Z‘;fﬂ
n=-—co v

0e Yy — 008iNIbHUL 3AMKHEHUU KOHMYP, WO OXONIIOE BHYMPIUWHE KONO I NOGHICHIO

(n=0,£1,%2,..),

JIeJAHCUMsb y KLIbYIL.
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3ayBakerHs 1. 301kHUI B gestkoMy Kbl A0 GyHKIii f(z) psa Jlopana MmoxHa
MOWICHHO JudepeHIitoBaTH Ta 1HTerpyBat. OTpUMaHi NpH BOMY PSAIU 30DKHI Y
TOMY K KUTBIII.

3ayBaxkeHHs 2. Psan Teitnopa € okpemum Bunaakom psny Jlopana, koiu B ocTaH-
HBOMY BIJICYTHs roji0BHa yacThHa (c_, =0, n=1,2,..).

3ayBaxxeHHs 3. Hexaii GyHkuis f(z) aHaniTHYHA B KPYTOBOMY KiIBI R<|Z < +0o

— B MPOKOJIOTOMY OKOJII HECKIHUEHHO BIJJAJIEHOT TOUKH Z, =co. SIKIIO meperTu 1o
HOBOI 3MiHHOI { =1/z, To ojepxaHa QyHkis f(1/) aHaniTMYHA B Kinbli 0<|{|<1/R
— B MMPOKOJIOTOMY OKOJIi ToukH {, =0. Po3zkmanaroun ¢pyukmito f(1/Z) B psia Jlopana
B OKOJIi TOUKU {,=0 1 MOBEepTAIOYHCh 0 3MIHHOI z, MOXHa oTpuMatu psn Jlopana
3a creneHsMu z QyHKIi f(z) B OKOJ1 HECKIHYCHHO BIIIaIEHOT TOUKH Z, =00 !

n=0 Z

n=—oco n=1 2 y Zn+1

00

S C N
Je Y. c,z" —rolOBHA YaCTHHA; » —_ — NpaBUIIbHA YACTUHA (3MICT i HA3BH YACTHUH
n=1 n=0 £

psAy MPOTUIICKHI TUM, IO MAIOTh Miclie A7 psAay JlopaHa 3 LEHTPOM y CKIHUEHHIH
TOYIII).

3ayBaxeHHs 4. Hexait ¢yukiisa f(z) — a”HamTUYHA B KPYroBOMY KUIBII
r <|z-z|<R. Toxi koedinientn psxy JlopaHa 3a10BONBHAIOT Hepignocmi Kowi

|cn|sM/p”,
ne M =max|f(z)|, r<p<R,vy,:|z-7|=p, (1=0,£1,..).
2Ly,

. _ 7%-2z+10

[puknan 2. Po3knacTu B psij 3a creneHsMu z GyHKio f(z) = >

(z- 2)‘2 + 1j

a) y Kpy3i |4<1 (B okoui Touku Zz, =0);

0) y KinbIi 1<|z| <2;

B) y KiJIbIli 2<|Z<c (B OKOJi HECKIHUEHHO BiJlIa]I€HOT TOUKH Z, =0 ).
Po3B’s3anHs. OCOOMMBUMU TOYKAMHM JaHOi (YHKIT

f(z2) € Toukm 2z=2 1 z==i (y IUX TOYKAX 3HAMCHHHK

y

(z—2)(z2 +1) JOpiBHIOE HYIO). TOMy iCHYIOTH TpU 00JacTi 3
IICHTPOM Y TpaBUWJIbHIHN Touli z,=0 (puc. 30), ne dyHKIisA

f(z) € aHaMITUYHOIO 1 MOKe OyTH pO3BHUHEHA B PAJl 3a CTE-

X IeHSMH 2.

a) y Kpy3i |7<1 —B psn Teiinopa; 6) y Kinmbii 1<|z <2

—B psn Jlopana; B) y Kinbli 2<|4 <o —B psig Jlopana.
Puc. 30 Ockinbku naHa ¢yHKIisA f(z) € MpaBUIBHUM pallioHa-

JHHUM JIpoOoM, To 1) po3kiazemo ii Ha cyMy eleMeHTapHuX Ipo0iB; 2) y BiIMOBI-
H1i 00J1aCT1 KOXKEH 3 IOJaHKIB IMEPETBOPUMO JI0 BUTJISITY CYMH HECKIHUCHHO CHaHO1
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TE€OMETPUYHOI MPOTpecii 1 mepereMo 10 BIAMOBITHOI mporpecii; 3) MiaCcTaBIsSIOYH
OTpUMaH1 pO3KJiaau y BUpa3 sl GyHKIil f(z), 3HAAEMO IIyKaHe PO3BUHEHHS Ii€l
¢yukuii B psia Jlopana y BignoBiaHii 00macTi.

z -2z+10 A B C
(2) = t—t—=
(z- 2)(2 +1) z-2 z+i z-i
Alz+i)(z-i)+B(z-2)(z-i)+C(z-2)(z+i)=
= 7% -2z +10;
=|z=2: 5A=10; A=2; =
z=i:2(1-2)C=-1-2+10; C=-1/2+2;
=-i: 2(1+2)B=-1+2+10; B=-1/2-2i

_op 1 +—1—4|D 1_+_1+4|D 1_ .
z2-2 2 Z+i 2 Z—I

a) Y kpy3i |7<1:

00 n [} n
203 1 = - 1 :—Z E = - Z_1
z-2 1-z/2 2 = 2"

n=0
-1-4i 0 1. :—1—4| D—I. =—4+| > (iz)n =—4+| S iz
2 Z+i 2 1-iz 2 5 2
_1+4|D1_:_1+4|D |. _ _IZ(—iz)”: N ingn:
2 Z-i 2 1-(-i2) 2

0 n Nei
f(Z):—Z% 4+Iz in n 42 I _ ninZn:
=0 n=

i(( + 2" (=4 +i) + 27— 1)”*14+|))/2”)

6) V xinbmi 1<|7<

(=) n
2[—|L2 ==> % (U1 IepIIoTo AOAAHKY BUKOPHCTOBYEMO 3HAi/ICHE B ITyHKTI a)
Z- n=0
PO3BHHEHHS);
—1—=A . H 1N © 1N o n:n
14|D1,= 1-4i 1. _ 14|Z(_i/2)n: 14|Z(1)| :
2 Z+i 2z 1-(-i/2 2z o 2z = 2"
g g e A w N
1+4|D1_= 1+4|D l _ 1+4|Z(i/2)n: I+4 & ,
2 z-i 2z 1-ilz 2z 5 2z 527"
22" —1-4i (-1t 1440
f(2)=- —=
(2 ;62” 2z ,g_o z" 2z n%z”
=-> 2" z”+z(((—1)”(1+4i) -1+ 4i) ) 2) in
n=0 n=1 y4

B) V Kinbli 2<|z<co:
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(<) [+ n
e N WL S Y
z 1-(212) z3% n=1 "
Jlnist Ipyroro i TpeThOro JNO0JaHKIB BUKOPHCTOBYEMO 3HAM/ICHI B IyHKTi 0) po3-
BUHEHHS

-1-4i 1 —1 4i & (- 1) —1 4i & (-t
= :
2 Z+i Z_: Z
—1+4i 1 -1+4i 0" -1+4i &t
A — = Z_n: Z — .
2 z-i 2z [z 2 a1z
Tomi
2 2 1 4i 1n A SR e
f@=3 5+ A0 S e
n=1 Z
_v —2”+1i”‘1+(—1)”(1+4i)+(—1+4i)in-1i
n=1 2 Zn .
z--2z+10

[puknan 3. Pozknactu B psajg Jlopana dyukiito f(z) = B (MpoKOJI0-

(z-2)(2 +1)
TOMY) OKOJIi TOUKH Z, = 2.

y Po3B’s3anHs. OcobmuBuMU ToUukaMu JaHO1 QyHKIIT f(2)
€ TOYKM 2z=2 1 z=4i (nuB. momepenHniii npuki. 2). Tomy

i/ R=45 ICHYIOTh JBI 00JacTi 3 IIEHTPOM B OCOOJMBIM ToUlll Z,=2

5 (puc. 31), ne ¢pyskuis f(z) € aHATITUIHOIO 1 MOXe OyTH PO3-
\ 2 X BHHEHA B PsiJl 3a CTEICHIMHU piBHI/IHi z2-2:
a) y kinbui 0<|z-2<+/5 (y mpokonoTomy OKOIi TOYKH

z,=2) —B psa Jlopana,
Puc. 31 . .
6) y Kinbli /5 <|z-2/ < — B pan Jlopana.
Y nocrasieniii 3axaui posrisgaetbest (IpokonoThid) okin 0<|z-2<+/5 Toukm

z,=2. Pagiyc R= J5 BH3HAYaETHCA SK BiACTaHB Bij IEHTpa Z, =2 10 HANOIMK4O01
0c00MBOI TOYKH (B JAHOMY BHIAAKY OOHMIBI OCOOJIMBI TOYKH Z =i PO3MIIICHI HA
OJIHAKOBI# BiJICTaHi BiJl TOUKH Z, = 2).

Posknagemo ¢yHKIi0 f(z) HA CyMy elIeMEHTapHUX ApOOiB (IUB. IMomepemHin
TPHKIL. 2):

fa=20 1, -l-4i 1 -1edi1
-2 2 Z+i 2 z-1i

[lepmuii 7oMaHOK BUpaXEHUM Yepe3 CTEMiHb PI3HMIN 2 -2, TOOTO Mae moTpio-
HUM BUTISAA. pyruii 1 TpeTiil J0JaHKU IEPETBOPUMO JI0 BUTIISIAY CYMU HECKIHUEHHO
CHaHOT TEOMETPUYHOI MpOTpecii BIMHOCHO PI3HMIN z-2 1 mepernseMo 10 BiIIO-
BiIHO1 mporpecii. [ligcTaBnsoun oTpuUMaHi po3KiIaau y Bupas sl GyHkuii f(z),
3HaleMo po3BUHEHHs Iie€l QyHkiii B psa Jlopana B (MPOKOJIOTOMY) OKOJII TOYKH

Z,=2.
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-1-4i (1 _-1-4i 1 _-1-4i 1 _-1-4

2 Z+i 2 i+2+z-2 2(2+i) 1-(-(z-2)/(2+0))  2(2+i)
s _z-2)" _-6-7i (-p" n 6 7 ()" o
55 % Dyt V=0 5 e Ve
-4 1 _-l+di o 1 -1+ 1 _ -l+4i

2 z-i 2 2-i+z-2 2(2-i) 1-(-(z-2)/(2-1) 2(2-i)
(22 -6+71 = (-D)" n_—6+7I L (-n"

Z( J 10 Dngo(z—i)“(Z =1 2 g @) (-2
=20+ °° 7'2( D 2oy (z-2) + 6+7'z( DY 24i) (z-2)" =
z2—-2 n=0 n=0
= ° 10§( D% (L (6+7i)(2+1)" + (-6+7i)2-1)")(z-2)".

1.6.4. I30s1b0BaHi 0c00/IMBI TOUKH Ta iX Kiacudikamis

Touka z, Ha3UBAETHLCS 3071606AHOI0 0COONUE0I0 MouKoto DYHKIIT f(2), KO
naHa (YHKI[IS aHATITHYHA B IEAKOMY OKOJII I1€i TOYKH, 32 BUHATKOM caMOl TOUYKH (B
MIPOKOJIOTOMY OKOJTi).

Knacudikaiiiss 130150BaHMX OCOOJMBHUX TOYOK 3JIHCHIOETHCA 32 XapaKTEPOM
po3BuHeHHs QyHKIIT B psia Jlopana

_ e . _1
f@=3 a2 & o) (-2

B (MPOKOJIOTOMY) OKOJIi OCOOJUBOT TOUKH Z,. [IpH 1IbOMY MOXKJIMBI TPU BHUITAIKH:

f(2)dz

n+l

a) ['onmoBHa yactuHa psny JlopaHa BijacyTHs (B psiji HE Ma€ WICHIB 3 Bil' EMHUMU
CTETICHSIMU PI3HHI Z - Z,), TOOTO

f(2)= i ¢ (z-2)".
n=0

Toni z, Ha3UBAETHLCS YCYBHOIO 0COONUBOIO MOUKOIO.

[Ipu ubomy ler? f(2) =c,, TOOTO 6 ycysHuiti ocobausit mouyi z, Gyuxyis f(z)

-2

MA€ CKIHUeHHY epAHUYIo.

SIkmo moo3HaunTH QyHKUiO f(z) B Touli z, piBHIiCTIO f(Z,)=Cy, TO (QyHKIIsA
f (z) craHe aHAJIITUYHOIO B TOYIIl Z,, a BIANOBIAHUHN psig Oyne psaom Teinopa s
dynKwii f(z). OcKinbKH |cy < +e0, TO B OKOJI ycyBHOT 0c001aMBOT TOUKM ByHKILIs f(2)
oOMexeHa.

0) 'oioBHa yacTuHa psaay JlopaHa m 4jeHiB, TOOTO

f(z)=§( v e (z-2)".
n=1\Z Zo) n=0

Toni z, HAa3UBAETHCS MOAIOCOM M-20 nOPAOKY. 1lomoc mepuioro MopsiAKy TaKOX

50



Ha3UBAIOTh HPOCHMUM HOTIIOCOM.
SIcHO, 110 KOJIM TOYKA Z, — MOJIOC M-TO Nopsiaky pyHkuii f(z), To ans GyHKIIi

®(2) =(z-2,)" f(2) usaTouka z, € ycyBHOW0 ocobmupor. Toxi lim¢(z)=c_, #0. Tomy
27

lim £(2) = lim 2@ _ -

S e
TOOTO 6 noatoci z, Qyukyia f(z) mae neckinuenny epanuyro. Ilopsoxkom nonatoca
CILYoHCUMb HAUOLIbULE HAMYPATIbHE 3HAYEHHs M, NPU AKOMY ICHYE CKIHYEeHHA epaHuys
Zlirg(z—zo)mf(z)io.

Akmo Touka z, — MOJIOC M-TO mopsaky GyHKi f(z), To A GyHKIU

f(2)=1/ f(2) us TOUKa z, CIy’)KUTh M-KpaTHUM KopeHeM. CripaBesiuBe TakoX 00ep-
HEHE TBEPKEHHS.

B) ["o;toBHA YacTHHA psTy HopaHa Ma€ HeCKIHUEHHY KIJIBKICTb YICHIB, TOOTO
f(2)= Z Z c(z-2)".
(2 Zo)

Toni z, Ha3UBAETHCS ICHOMHO OCOOIUBOIO MOUKOIO.

B icmomno ocobnusiii mouyi z, ¢pynxyia f(z) He mac epanuyi Hi cKiHueHHOT, Hi
HecKiHYeHHOoI. Y 3aJIeKHOCTI BiJl BUOOPY IUIAXY IMPSMYBaHHS TOYKU 2z JIO0 TOYKHU Z,
bynkuis f(z) Oyne mMaTH pi3HI TpaHUIL.

Heckinuenno siodanena mouxka. Oco0irBa TOUKa Z, = HA3UBAETHCS 130J1bO-

BaHOIO OCOOJIMBOIO TOUKOIO, SIKIIO (PyHKIIS f(z) aHaNITUYHA B KPYrOBOMY KUIbIII
R<|Z <+ (30BHI KONa |7=R) — B MPOKOJIOTOMY OKOJIi HECKIHYEHHO BiJ[1aIeHO1 TO-
YKu 7, = . OyHKIiA f(z) B OKOJII HECKIHUEHHO BIJAAIEHOT TOYKU Z, =% pPO3BHBa-
€Thesl B psan JlopaHa 3a creneHsMu z:
f(@=3 o' =3cz+3 %
n=—oo n=1 n=0 Z

(3MicT 1 Ha3BM YAaCTUH Py MPOTHUIICIKHI THM, IO MAKOTh Miclie Juist psiay Jlopana 3
IIEHTPOM Yy CKiHUEHHIN TOYIIi).

[30;50BaHa 0COOJMBA TOYKA Z, = HA3WUBAETHCS. a) YCYBHOI OCOOJMBOIO TOY-
KOI0, sIKIIO psin JIopaHa He MICTHTh AOJATHUX CTEINEHIB z; 0) MOJIOCOM M-TO IO-
PANKY, SKIIO HaWOlIpIIa JOoJaTHAa CTENiHbL 2z B psaal JlopaHa nopiBHIOE m;
B) iCTOTHO OCOOJIMBOIO TOYKOIO, SKIIO psif JlopaHa Mae HECKiHYEHHY KiJIbKICTh JIO-
MATHUX YJIECHIB.

Hanpuxnan, nns Gyskuii f (z) =(z-1)" Touka z, =« — I0DI0C M-TO MOPAIAKY, a
st GyHKIT f (Z) =cosz TOYKa Zg = —ICTOTHO OCOOJIMBA.

[puknaa. 3HaTH BCi 0CO0IMBI TOUKHM (YHKI[IT Ta BUBHAUYUTH 1X XapaKTep:

sinz C 1(z+H)
2(z-17(2% +4) '

f(2)=
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Po3B’s3anns. 3HaiineMo Touku, Ae QyHKIisA f(z) He Bu3HaueHa: z =0, z,=1,

=21, z,=-2, z=-, z3=c. JlocmaumMo NoBeAIHKY (YHKIIIi B OKOJII KOXKHOI 3
ITUX TOYOK.
- sinz Y(z+i) _ ... SINZ
z =0: I|mf(z)—I|m 3 X
. z-02(z-1) (22+4) € 2-0 Z7
><I|m 1 > e],/(z+|)_1B]_- 1/|_
0 (z-1) (z +4) 2®

=0 — yCyBHa 0c00JIMBa TOYKA.

4. Sinz gz _
z, =1: I|mf(z)—I|qrrlZ(Z 1) (22+4) 0’

_ : SNz y+i)_ SIN1 _ya+iy _
limf(z2)(z-1) =lim =— =
7.1 ()( ) 217|122 +4 5 €

=(sin1/5) g'*"'*;  z, =1 —momoc APYroro MopsaKy.

i _ sinz Y(z+i) _ .
=2, limf(2)=Iim =00,
8 2.2 (2)= 2.2 Z(Z 1) (22+4)
lim f(2)(z-2i) = lim Sihz g/ = S|r|22| e __ SN2 ce’
2-2i 2-2i 7(z-1)*(z + 2i) 2i (2 -1)*(2i +2i) 8(2i -1)
Z, =2i —POCTHUH TMOJIIOC.
o _ sinz 1Y(z+) _
z,=-21. |lim f(z lim 3 =co;
Z=72: im t(Z)= fim z(z-17 (22+4)
sinz Y(z+) _
lim f(2)(z+2i)= lim =
z--2i @ )= z--2 7(z-1)*(z- 2i)
Sln( 2) (-2i+) _ sin2i e,
( 2i)(-2i —1(- 2 - 2i) 8(2i +1)
=-2i —IIpOCTUH IOJIOC.
L sinz Y(z+) . . .
Zs=- . I|m f(2)=lim ( 1) ( 5 4) — HE€ ICHY€, OCKUIbBKH HE ICHYE
z--i z(z-1)\z" +
lim e]/(z ).z =-i —icTOTHO 0COOIMBA TOUKA.
Zo i
zg=o. limf(2)=Ilim ( f)n(zz 4) e/ _ He icHye, OCKiNbKH He iCHYE
z- z-z(z-1)\z" +
limsinz; z;=o —iCTOTHO OCOOJIMBA TOYKA.
Z— 00

3ayBaxeHHs. Oco0JIMBl TOUKH MOXYTh OyTH Hei3oiboBaHUMHU. Hanpukinan, dy-
HKIIISA f(2) =(ej/z—1)_lMae noirocu z, =i/(2m) (n=x1,+2,.). ToMy B JOBUIbHOMY
OKOJTI 0cO0MBOT TOUKKM z=0 € iHmi ocobnuBi Touku. [TogaTok koopamHaT z=0 €
MOYKOI0 32yuieHHA noarcie i€l pyHkiii.
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1.7. JIMmku Ta iX 3acTOCYyBaHHS

1.7.1. Ilonsarrs JumKy. OCHOBHA TeopeMa MPO JUIIKH

Hexaii z, —130sp0BaHa ocoOiuBa Touka GyHkiii f(z), a y — 10BUIbHUN KOHTYP,
10 OXOTUTIOE ITI0 €TMHY OCOOJUBY TOUKY Z, 1 TOBHICTIO JIEXUTh B 00JIaCTI aHATITHY-
HOCTI 1aHoi (QyHKIIT (BceperHi KOHTYPY, OKPIM TOYKH Z,, 1 HA caMOMY KOHTYpi (dy-
HKIIIS aHamiTHyHa). JJumkom QyHKIil f(z) B i30Jb0BaHIN 0COONMBIHM TOUIl Z, HAa3H-
BA€THCS KOMIUICKCHE YHCIIO

1
ggf(Z)—z—Td{f(Z)dZ,

Je 00X11 KOHTYPY 311MCHIOETHCS MMPOTH TOJAUHHUKOBOT CTPIIKH.
[aTerpyroun nounenno psia Jlopana, MoXHa OJepKaTH:
a) resf(2)=c, —y CKIHUCHHIN TOYIll Z,# .
7=z,

ToOro snuwox ¢ynxyii resf(z) 6 ckinuenHill (301608aHill 0COONUBIU MOYYI
7=z,

Z, # 0 00piBHIOE KoeqhiyicHmy C_, npu MIiHyC nepuiiii cmeneHi 8 po36UHEHHI OaHOI
@yuxyii 6 pao Jlopana 6 oxoni yiei mouxu.

0) Eesf (2) =-C_, — Yy HECKIHYEHHO BIJIaJICHIA TOYIll Z, = , OCKUIbKU JOJIaTHO-

oo

My 00XO/y JIJIsI 11€1 TOUKH BIAMOBIJAE PYX 32 TOJUHHUKOBOK CTPLIKOIO.

ToOto auwox ¢ynryii E_egf (2) 6 HeCKiHYeHHO 8i00aNeHIll I301b08AHIN 0COONUBILL
mouyi z, = O0OPIBHIOE MIHYC Koeghiyienmy C_, npu MiHyC nepuiii cmeneni 8 po3eu-
HeHHI 0anoi Qyukyii 6 pso Jlopana 6 okoni yici mouku.

3ayBaxkeHHs 1. 3 0O3HaYEHHS JIUIIKY BUIUIMBAE, IO JUIIOK (PYHKIII B CKIHUEH-
Hill IpaBUJIBHIN YK YCYBHIM OCOOJIMBIHM TOUYI Z,# o A0piBHIOE HymO (psag Jlopana
HE MICTHTb BiJI' EMHUX CTEIICHIB).

3ayBakerHs 2. Jlumok ¢yHKIi res f (z) B HECKIHUEHHO BiIJIaJICHIN TOYIIl Z, = 0
Z=00

MOXxe OyTH BIIMIHHUM BIJl HYJIS ¥ y BUIAJAKY, KOJU naHa QyHKIa f(z) mMae CkiH-
YeHHY TpaHuIio B Wi Touml lim f (z)#Zco, 1 HAaBITh NpHU 11 AHATITUYHOCTI B Z; = .

Z—

[Tpu upomy
resf () =—c, =~ lim z(f (2)- lim f (z)j .
Axwo z, — npocmuii nonioc ¢hynkyii f(z), mo
res f (2) = lim(z-z,)f (2).
z=2 z-2
3ayBaxkenHs 3. Akuio ¢pyukuis f(z) mae Burisa apody f(z) =g(z)/h(z),h(z,) #0

1 z, —npoctuii montoc ui€ei pyHkuii f(z), To
res f(2) = 9(z)/h'(z%).
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Axwo z, —noaroc m-20 nopsaoky ¢ynxyii f(z), mo

m-1

[(Z—zo)’“f (z)]-

resf (2) = lim
=2 (2 (Mm=-1)! z-2 dz™*

3ayBakeHHs 4. SIKIO0 z, — ICTOTHO 0COOJIMBA TOYKA, TO JJIS 3HAXOKCHHS JTHIII-

Ky i 6e3mocepeIHb0 CKOPUCTATHCS po3BUHEHHIM (yHKINT B psia JlopaHa 1 Bumi-
JUTH KOE(DIIIEHT C_;.

Teopema 1 (ocnoena meopema npo auwiku).
Hexau ¢yukyis f(z) ananimuuna 6 obnacmi D 3 medxcero T 3a BUHAMKOM CKIH-

YEeHHO20 YUCIA N BHYMPIUWHIX [301b08aHUX 0cOOaUBUX MOYoK Z, (K=1,2,...,n) i Hene-

pepsua Ha mednci T . Tooi inmeepan no koumypy I O0O0piGHIOE CYMI MUWIKIB Y BCIX
BHYMPIWHIX [301608AHUX 0COOIUBUX MOUKAX

jf(z)dz:2nizn: res f (2) ,
r k=1 Z=&

0e 00xi0 medxci T 301UCHIOEMbCS 8 000AMHOMY HANPSMI.
[loBenenHs. OXonmuMo KOKHY OCOOJIMBY TOUKY OKPEMHUM KOJIOM Y, TaK, o0 I1i

KOJIa HE MepeTUHAINCS OJIHE 3 OJHHUM 1 3 Mexew . B omeprkaHniii 6araTos3B’ si3Hii
o0macTi, 1o oOMexxeHa KOHTypamu [, Vi, Y,, Y,, GyHKIisA f(z) Oyne aHATITUYHOIO.

3a Teopemoro Ko (7151 CKITaIeHOr0 KOHTYPY) Cl'[paBeI[J'II/IBO

jf(z)dz zjf(z)dz 2ruzrasf(z)

k=1 y,

Hacninok 1. Sxmio ¢yskiis f(z) aHamiTUYHA B KOMIUIEKCHIN TIJIOIMIMHI 32 BUHS-
TKOM CKIHYEHHOTO YHCJIa N 130JbOBAHUX OCOOJUBHUX TOYOK z #o (k=12,..,n), TO
CyMa 6CIX TUWIKIB, BKIIOYANYU JUULOK V HECKIHYEHHO 8i00ajleHill moyyi, OOPIi6HIOE
HYJIIO

r&f(z)+z r&f(zk) 0.

k=1 2%

Hacninok 2. Hexait gyskiis f(z) aHamiTH9HA B KOMIUICKCHIN TUIOMMHI. SIKIIO
BcepennHi 00sacTi D 3 Mexerw [ 3HaxXOAAThCS 130JbOBaHI OCOOJIMBI TOYKH Z,
(k=12,..,n), a 30BHI HEi — 130JIbOBaHI 0COONMBI TOukH 2z, (K=n+1ln+2,..,n+p),
IPUYOMY Z,,, =% , TOAI inmezpai no koumypy I O00pi6HIOE 63AMill 3 NPOMULEHCHUM

3HAKOM CYMI TUWKIB Y BCIX 308HIUHIX [30]IbOBAHUX OCOOIUBUX MOUKAX

j f(z)dz_—zruz res £(2) .
=2y

3ayBaxkeHHs 5. HaBesieHi B 11boMy IMyHKT1 (DOPMYJM OJiepKaHi B MPUIYIICHHI,
10 Ha KOHTYpax 1HTErpyBaHHs HEMA€E OCOOIMBHUX TOUOK.

[Mpuknan 1. OGuucnuTH BKa3aH1 JIHIIKU:

a) r%tg—zi 0 r%tg—z,
=0 z(z—T1/ 4) z=n/4 (2 -1/ 4)



V4 21/z. sinz
B) res—————— resze1 : res
) Be-aey o) e
Po3B’ s3aHHS.
a) Jns pynkuii f(2) =— 92 1ouka z=0 — yCyBHa 0C00JIMBa, OCKIJIbKU
zZ(z—-T/ 4)
lim £(2) = lim gz ImthEI]im 1 _ 4.,
z2-0z(z-m/4) z2-0 z z-0z-TI/4 T
Tomy r%i—
z=0 Z(z—T1/ 4)
_ gz - o :
0) Jns dynkuii f(z) = W TOYKa z=T/4 — IPOCTUHU IIOJIFOC, OCKUIBKH
18
lim f(2)= lim — 9% =; lim (2= 4 (2)= lim (z=n/4)9z _4_,
z-T/4 zﬂn/4z(z T[/4) z-T/4 z(z ]'[/4) T
TOMy restg—z lim M =,
z=m/az(z—-m/4) z-w4 zZ(z-T/4) T
B) Jnsa dyHkuii f(z):+ TOYKA zZ=2i — IOJIKOC APYroro IOpsSaKYy,
(z-2)°(z-)
OCKUJIbKH
. 2 .
lim f(2) = lim——2— =oo; lim(z-2i)* f(2) = lim (z=2)°z _ 2
7.2 z-2i (z- 2|) (z-1)) z-2i (z2— 2l) (z-2) 2| -1
Tomy

Esei(z—Zi)z(z—l) (2D M a2 (z-2i)2(z-1)
-1-z_ .1 1 3-4i

= lim =-1lim =-— =
zﬁ2| (z ]_) z52i (2—1)2 (2I —1)2 25

z 1 dz'l[ (z-2ifz }:

r) Ins hyskuii f(z) = z%"* Touka z=0 — icTOTHO 0COOJIMBA, OCKIILKU HE iCHYE
Hi CKIHYEHHOT, Hi HECKIHUEHHOT IpaHuIi lim f(2) =lim z%e"'? . 3naiinemo psan Jlopana:

>z, 7 = @/ 2)" 1
ef=> —;
r,Zz‘z,n! Z n! nzanlz
f(2)= zze”z—z z ! 12
n! z" 2! 3z 41z

Tomy rzgtoszze”Z =c, =13 :]/6.

n) Jnsg pyskuii f(z) =

sinz
HI CKIHYEHHOT, Hl HECKIHUCHHOI TPaHUIT I|m f(2) = lim=—~. 3naiinemo psx Jlopana:
Z— 2
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=n"z*", _snz_1& "™ 1 01z 2B
I TR LB o
@n+! 5 @en+)l 2 3z 5 T
Tomy
sinz
res=—,~=-c, =—(-1/3!)=16.

Z=00 Z

1.7.2. O6unc/ieHHs iHTErpaJiB 3a JO0NMOMOTI 00 JHIIKIB

OOumclieHHs] KOMIIJIEKCHUX iHTerpalliB 10 3aMKHEHOMY KOHTYPY. 3a JOITOMOT'0I0
JIMIIKIB MOKHa OOYUCITIOBATH 1HTErpajy Mo 3aMKHEHOMY KOHTYPY BiJl OJIHO3HAYHUX
GYHKIIH, 1110 HE MICTATh OCOOJUBOCTEM Ha KOHTYP1, a00 BijJl OJHO3HAYHMX T1JIOK Oa-
raTO3HAYHUX (PYHKIIIH, AKIIO BCEPEIMHI KOHTYPY BIICYTHI TOUKH PO3TATYKCHHS.

[Mpuknan 1. OGUUCIUTH KOMIUIEKCHUAN 1IHTETpa

V4
§3e—dz,, ne a) L:|z|F2/3; 6) L:|z-i[F2.
L Z (z-1)
Z
Po3B’s3anns. [lininterpansHa ¢yHkiis f(2) :3e— Ma€ TPHU OCOOJIMBI TOYKHU

z°(z-1)
(camocTiitHO mepeKkoHalTeCs B IIbOMY 1 JOCIIIITh iX Xapakrep): z =0 — MOJIOC Tpe-
TBOTO TOPANKY, 2z, =i — MPOCTUHA MOJIOC, 2Z3=0 — ICTOTHO OCOOJHMBA TOYKA
((puc. 32).
a) Ycepenuni koja L:|z[=2/3 po3mileHa TUIBKH 0JlHA 0COOIMBaA TOUKa z =0 —
MOJIFOC TPETHOTO MOPAIKY. 32 OCHOBHOIO TEOPEMOIO PO JIUIIKU

z VA

§i: S— reS——=
Y Mg ' 22(z-i) =0 Z2(z-i) = 70 Z%(z-i)

_1, d>( 3 e |_1,. e’(z-i)—¢€?

=—Ilim Z _ I|m — =
21z-0d22| " 2A(z-i)) 2z-0dz| (z-i)?

it . (e (z-1- |)+e)(z—|) —2(z-i)e*(z-1-i) _

1N \s _Ezi (z-i)"
ﬁ‘//x 1 e -erazeaea)_ 142 1

iy 220 (z-2i)° (213 2
Puc. 32 §ﬂ:2]‘ﬂ [él_lij:n.i.znj .
L 2°(z-1) 2
0) Ilepmmit coci0. YcepenuHni koya L:|z—i|=2 po3MilieHi JBi 0COOIUBI TOYKH
=0 — MOJIOC TPETHOTO MOPSAKY 1 Z, =i — MPOCTUN MOIIOC. 32 OCHOBHOIO Teope-
MOTO TIPO JIUIITKH

e‘dz . . e’ e’ i
§f—2“1 res————+res———1,
L Z°(z-1) z=0 7°(z—1) =z z°(z-1)
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r%e—z—llm (z—|)e—Z —||me_Z=Ei=iei :
= 2(z-i) i Z(z-) e

Z . .
oz 2ni(1—1i +ie'j =10+ 27 - 21
L Z2°(z-1) 2
Hpyruii cioci6. 30BHI kona L:|z—-i|=2 po3MilieHa TIILKH OJHA 0COOJIMBA TOY-

Ka z; =0 —I1CTOTHO 0COOJIMBA. 32 HACTIAKOM 2 13 OCHOBHO1 TEOPEMU PO JIUIIKU

e’ dz e’
— o =-2nmres—o——.
L 2°(z-1) =0 73(z—1)

z

Po3Bunemo miginTerpanbny QyHkiito f(z) = % B psn Jlopana:
Z>(z-i

[e0) 2 3 4 00 H n 2
ZZ_: E Z_+Z_+Z_+___' 1 :i[} 1 :i[E:I_ :i+|_+|_+ :
= nl 1 2 3 4 Z(z-i) *1-ilz 2 =\z) 2 P 2
2 3 4 2
f=|1e 2+ BT 2, [ 1,0y
1 2 3 4 valll S o

3Biacu

Tomi §3e—dz,:—2ni (—(1+iei —liB:n+2ni -21E .
L Z2°(z-1) 2

OOunciaeHHs AIMCHUX IHTErPANIB 32 JIONOMOI'OK IEPEXOIY JIO KOMINIEKCHUX 1H-
TerpaiiB. 3BUYaifHO, KOHTYP 1HTETpyBaHHS BUOUPAIOTH TaK, OO 1HTErpaj Mo AesKin
YaCTUHI KOHTYPY ITPU HEOOMEKEHOMY HOTO PO3IMIUPEHHI TEPETBOPIOBABCS B 33 IaHHM
JTIACHUM 1HTETpaJ, a IHTerpas 1o YaCTUHI, 110 3JIMIIIIACS, IPSIMYBaB J10 HYJIS.

Jlema (nema /Kopoana). Hexati a — oodammue uucio a>0 [ Cgp — nigkouo
{IzER, Imz>0}, wo nexcumv 6 obracmi D — eepxuiti nisnnowuni 1mz>0 (puc. 33).
Axwo ¢yukyia f(z) —ananimuuna 6 obnacmi D 3a BUHAMKOM CKIHUEHHO20 YUCAA N
i301v068anux ocoousux moyok z, (k=12,..,n) i npamye 0o Y 8 yiti obracmi, Koau
| z|- o, mooi lim fe""‘zf(z)dz 0.

R-

CR
y Hacninok. Hexau ¢yuxyin f(x) Oiticnoi 3miHHOI X Hene-
pepeéHa Ha 6Citl OiUcHil oci (—w;+®), a 8i0n08ioHa QyHKYIA

CR 1 1
f(2) KomnaexkcHoi 3MiHHOI 2 3a0080.bHAE Nemi Kopoana, mo-
X 0i

-R 0 R
Puc. 33

je'axf(x)dx 21i z rese®f (2) .

1_k
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dx

[puknan 2. O6uucIUTH TIMCHUI HEBIACHUHN 1HTErpal J'—4)
+

Po3B’s3anns. [liginterpansia Gyskmis f(x) :]/ (x2 +4) HEenepepBHa Ha MIACHIN

oci, a BiAnmoBigHA KOMIUIeKCHA GyHKIisS f(2) :]/ (22 +4)2 aHAITUYHA Y BEPXHIN MiB-
IUIOIIMHI 332 BUHATKOM OJAHIET OCOOJIMBOI TOUKM z=2i — MOJII0CA APYTrOro MOpsiaKy.
Kpim toro, f(z) - 0 an | z| > . 3HAKIEMO JIUIIIOK:
_ (z-2i)? d 1 -2 2 1
res——— = === lim— -
z=2i (22+4)2 z-2i dz (Z +4)

Im N3 N3 A "
z-2dz (z+2i)% 2-2i(z+2i) (4i)° 32
Toni 3a Hacmiakom jgemu XKopaana (pu a=0)
[ -ompt =T
(x“+4) 321 16

—00

o . o . X— 2 cos2xdx
[puknaa 3. OGUUCIUTH TIMCHUN HEBIACHUM 1HTErpal j ( ) .

—4x+5

Po3B’ a3anHs. 3acTocyeMo 3amiHy cos2x=Ree”*. Biamosimna xommiekcHa QyH-

( ) 2|Z

Kiis f(2) = “agit y BEPXHill MIBIUIONIMHI Ma€ OJHY OCOOJIMBY TOYKY z=2+i —
+
MPOCTHUH MOTIOC. 3HANIEMO JIUIIIOK:
_ 2iz 2iz . _ 2iz +i— 2i(2+i) )
o (z-2)e”” _ lim| (z2-2-i) 2 (z-2)e - im (z 2)e. _(2+i .2)e . :}e-2+4u_
22+ 7% —47+5  z-2+ 7° —4z+5) z-24 z-2+i 2+i—2+i 2

Toni, BUALISAIOYM AIHCHY YaCTUHY, 3a HAC1IKOM jieMu JKopaHa oTpuMaeMo

= Re(2ri x

2 (x-2)cos2xdx _ _ 7 (x-2)e?*dx
.[ 2 —Rej 2
S XT—4X+5 X —4x+5

x(1/2) e )= Relrie?(cos4 +isin4))= ~me?sin4.

—00

3ayBaxkeHHS. [HKOIM 3pyyHO (POpMYyBaTH KOHTYp IHTETPYBaHHS y BUIJISAL MpS-
MOKYTHHKA YU KPUBOJIHIIHOTO TPUKYTHHKA.

1.7.3. ®dyukuii Big MaTpuiti
Ta IX 00YHMCJIEHHSA 32 T0IIOMOI'0I0 JIUIIKIB

Omnepanii nudepeHitoBaHHS Ta 1HTErpyBaHHS MaTpUIll 3A1HCHIOIOTHCS TOee-
MEHTHO

[AM], =([Aa0)]) 5 [JAM ], = [TAM], A

ne A= AQ\) —Marpua-QyHKI[iS KOMIUIEKCHOTO apryMEHTy A; mxn — po3Mip MaT-
puni; k=1,m; | =1,n.

Hexaii A — noBijbHA KBaJipaTHa MaTpUL M-TO MOPSAKY, f(z) — aeska GyHKIis
KOMIUIEKCHOTO apryMeHTy. Lo ¢pyHkiito MoxkHa 3anatu interpaiom Kormri

f@)= 5 FOEC-27d .
C
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Busnaunmo BiNOBIAHY hyHKuito 6i0 mampuuyi f(A) aHAIOTT4HOIO (POPMYIIOIO

f(A) =%3& f(A\)AE-A) T\ ,
C

ne C — IOBUIbHHM KOHTYP, 1110 OXOIUIIOE BC1 BJIACHI UKcia MaTpuIl A.
3ayBaxkeHHs 1. SIk mpaBuio, iHTErpaja BiJ MaTpHIl OOUMCIIOETHCS 3a JOMOMO-
roro qumikiB. Hampukian, njs aiarosaiabHoi Matpuili A= diag (}\1,)\2, ...,)\m):

(E- A =diag((A -A) LA -A) e, A =AY F(A) =diag(f (), fA),w FA),

OCKlJIBI(I/I res ( ) =
A=A )‘k

=T (A

3ayBaxeHHs 2. Bigomi 3 niHIHHOT anreOpu 03HaAYeHHS MOMIMPEHUX (PYHKIIHN Bij
MaTpHIll HE cymnepedyaTh HaBeJAeHOMY. PO3riisiHeMO, HaNpuKIaa, MampuYHuil MHO-
20UJleH.

Hexait P,(\)=a,+aA +...+a\" — 3BUYaiHUN MHOTOYJICH. 3a MPUHUHATHUM O3Ha-
YEHHSIM MaTPUYHUI MHOTOUJICH 3a/1a€ThCS PIBHICTIO

1 _
P.(A) :2—m§Pn(A)(AE—A) LdA.
C
[Tpu |)\|>mDerk1?x a”‘ PO3BUHEMO TMIIHTErpaIbHY (YHKIIO B 301KHUN P 3a
CTEMEeHIMHU MAaTPUIll A 1 IPOIHTETPYEMO HOTO MOUJICHHO!

-1 2
AE-A)™ =%(E-XA] =1(E +£‘+i+,,,j :

2
P(A)-§( +a, +...+a " j(E+§‘+':‘2+...jd)\:a0E+a1A+a2A2+...+anA”.

OTtpumanuii BUpa3 CHiBIaAa€ 3 03HAYEHHSAM MaTPUYHOTO MHOT'OWIEHA, IPUIHATUM B
JTIHIAHIN anreopi.

1.7.4. Jlorapudgmiyna noxiaHa ta ii JHIIKH.
IIpuHUIMD apryMeHTy

[Toximna nmorapudmy byHKIT f(z) HA3UBAETHCA J102APUPMIUHOIO NOXIOHOO
r_f(z
(inf(2) LN

f(2)

Jozapupmiunum aumrkom Qyukuii f(z) Ha3uBa€THCS JIUILOK i1 JorapudmivuHOT
MMOX1HO]I.

Po3BuBatoun norapudmiuny noxinHy B pan Jlopana B okomii KopeHs z, GyHKIT
f(2), MOXXKHA OTpUMATH, IO M-KPAMHUL KOPIiHb Z, pyHkyii f(z2) makosic crysxcums
nPOCMUM NOJIOCOM (T 102apu@miunoi noxionoi, npuwomy

res @ =
=z f(2)
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Po3zBuBatoun norapupmiuny noxiany B pan Jlopana B okomi nmoitoca z, GyHKIT
f(2), MOXKHA OTpPUMATH, IO NOMIOC P-20 NOPAOKY Z, hyukyii f(2) cuyscums npoc-

MUM ROJIOCOM (i 102apu@miunoi noxionoi, npuvomy
'@

res =p.
=z f(2) P

Teopema (ITpunyun apzymenmy). Hexaii D - oOMexeHa OJHO3B' si3HA 00JIaCTh,
[ -ii Mmexa, a GyHkmis f(z) aHagiTHYHA B 3aMKHEHi# 00macTi D 3a BUHATKOM CKiH-
YEeHHOT0 Yucia P MOJIOCIB, MPUYOMY Ha MeX1 I HeMae Hi KOpPEHiB, Hi MOJIOCIB L€l
byukiii. Toxl npupicm apeymenmy yuxyii A, arg f(2) npu ooHokpamuomy 06x00i
medxci T obnacmi D 8 000amMHOMY HANPAMI OOPIBHIOE 00OYMKY HUcCia 2T HA pi3Hu-
yro uucna kopenie K i nontocie ¢yuxyii f(z), npuvomy KodicHUUL KOPiHb PpaAXyemvcs
CMINbKU PaAsie, KA 1020 KPAMHICMb, d NOJIIOC — CIMINbKU PA3ie, AKULL 1020 NOPSOOK.

A,agf(z) =}§—f (2)dz

iy (2

3ayBaxkeHHs 1. Uncino kopeHiB K CKiHUYE€HHE, 1HaKme (QyHKiis f(z) TOTOXHO
nopiBHIOBana 6 Hym0. Yucio momirociB P ckiHYeHHe, iHakme GyHkuis f(z) mana 6
HE130JIbOBaHY OCOOJIUBICTb.

=21(K - P) .

3ayBaskeHHs 2. AprymeHT ¢yHKUii f(z) BU3HAYA€ETHCS HEOTHO3HAUHO, ajie HOro
IOpUPICT HA KPUBIM [ 3HAXOAUTHCA OJHO3HAYHO MPHU OyAb-IKOMY (PIKCOBAHOMY IIO-
4aTKOBOMY (30KpeMa, TOJIOBHOMY) 3HAYE€HHI apryMEHTY.

1.8. ®a3oBi kpuBi (udepeHiaIbLHUX PiBHIHD

1.8.1. Jliniiine omHopiaHe qudepeniaabHe PiBHIHHS
3i CTAJIUM KOMILJIEKCHUM Koe(ilieHTOM i iioro po3B’ 30K

Jlinitine oonopione ougpepenyianvne pi6HAHHA 3i CIMAIUM KOMNIEKCHUM KO-

eghiyicnmom Mae BUTIISI
z'=cz,

ne c=a+Bi —crammii KoedimieHT (KOMIUIGKCHE YHCIIO); z=2z(t) =x(t)+i y{t) —
IIyKaHa KOMIUIEKCHA (DYHKITIS IIMCHOTO apryMEHTYy t.

Binokpemitoroun 3MiHHI, MOYKHA 3HANTH HOTO 3azaibHuil po36’ A30K

z=Ce",

ne C — IOBUIbHA KOMIUIEKCHA CTaja.

SIk 1 B AIHCHOMY BHITaJKy, PO3B’SI3KOM PIBHSHHS CIY)KHTh eKcroHeHTa (mpu
C #0) — equHa BiMiHHA BiJ] TOTOKHOTO HYJIS (QYHKIIisI, B SIKOT MMOXi HA MPOTOPITiHHA
ilf camiii, @ TaKOX TOTOKHMM HYJIb (ipu C =0). [HIIKX po3B’ A3KiB PIBHSIHHS HE Mac.

3ayBaxkeHHs. PIBHSIHHS z'=cz MO’KHa PO3B’sI3aTH 1HAKIIE, SIKIO BUIIIUTH Jiiic-
HY Ta YSBHY YaCTUHU 1 IEPEUTH A0 PIBHOCHIBHOT CUCTEMH JBOX JIHCHUX PIBHSHD:

X' +iy'(M)=(@+iB)(xO+iy@®) ; x@)+iy'(t)=
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_ _ : XM =axt) -By(t)
= (o x(®) =B y(t))+i Bx(t) +a y(t)) ; {y'(t)=[3x(t)+0(y(t) .

1.8.2. ®a30Bi KpuBI JiHIHHOTr0 0OTHOPIAHOTO
audepeHiaIbLHOTO PiBHIHHA

Inmezpanonumu Kpueumu J1aHOTO TU(EpeHIiabHOTO PIBHSHHA z'=CZ CIy-
KaTth rpadikd #HOro 3arajibHOTO po3B’s3Ky z=Ce” B TPUBHMIPHOMY IIPOCTOPI
{t;x;y)}, yrBOpEHOMY He3aNMEKHOK 3MIHHOK t 1 JBOMa 3aleKHHMHU 3MiHHMMH
x=x(t) 1 y=y(t). [ATErpasibHI KPUB1 YTBOPIOIOTH OJHOMApPaAMETPUUYHY CIM IO JIHIH.
KoxHna iHTerpanpHa KpuBa i€l ciM' 1 € rpadikoM YaCTUHHOTO PO3B’SI3KY, L0 BIJIO-
BiJlIa€ KOHKPETHOMY 3HAYEHHIO JIOBUIbHOI CcTanoi C — nmapaMmerpa.

[IpoeKuis iHTErpabHOi KPUBOi Ha IIomMHY 3anexnux 3Minanx {(x;y)} (xom-
TUIEKCHY IUIONIMHY) HA3UBAETHCS (hA308010 KPUBOIO.

3ayBaxkeHHs. Pi3Hi (a30Bi KpuBIi, SIK 1 BIAMOBIIHI 1HTErpajibHI KpUBI, HIKOJIH HE
NEePETUHAIOTHCS.

Posrnsnemo (a30Bi KpuBI HA KOMIUIEKCHIH TUIOIIMHI, JI€ 3a1aH0 AEKapTOBY Oxy
1 monsipHy Or¢ CUCTEMHU KOOPJMHAT 3 MOJIOCOM Y MOYATKY JI€KapTOBOi CUCTEMHU KO-
OpJIMHAT 1 TOJISIPHOIO BICCIO, CYMIIIEHOTO 3 BicClO OX .

[Ipu noBibHOMY 3HaY€HHI KoedilieHTa c=a +Bi PIBHSAHHS z'=Cz 3aBXIU Mae
cTaymii (HepyXOoMHii) po3B’ 130K z(t) =0 — mosroc (pu HYJILOBOMY 3HAY€HHI JIOBiJIb-
HOT cTajoi C —mo4aTkoBoi Touku C =0).

Hexait Tenep noBiibHa crama C (moyaTkoBa TOYKA) BiMiHHA Bij Hysss C#0.
[Togamo i, a TaKOX HEHYJILOBUN €KCIIOHEHIIAIbHUN PO3B’ 30K Y MOKAa3HUKOBIN ¢o-
pMi:

C=r,e® 20; z(t)=r(t)*V,
Tomi
z(t) =Ce™ =r el Pt =y e @™V r(t)=rye™; $(t) = +Bt .

a) S0 koedilieHT ¢ — AICHE YKCII0, TOOTO c=a, B=0, TOMAl s HEHYJIbOBO-
ro PO3B'SI3Ky MOJSPHUM KYyT 3alUIIAE€ThCA CTAIUM §(t)=¢,, a MONAPHUN pajiycC
r(t) =r,e*". Takum YUMHOM, IIpX 3MiHi t BigOyBaeThCI MEPEMIIIEHHS BiJ MOYATKOBOI
Touk C#0 1o mpoMeHio ¢ =¢,: BOIK BiJAaJ€HHs Bij moiroca npu o >0 4yu BOIK

HaOIMKEHHs 10 moroca pu o <0 (puc. 34). Takuii BUIIA KapTUHU (Pa30BUX KPH-
BUX HA3MBA€ThCS Hecmitikum (ipu o >0) un cmitikum (Ipu o <0) éy31oM.

0) SIK110 KOedIIIEHT C — YUCTO ySIBHE YHUCIO, TOOTO c=Pi, o =0, TOAI A He-
HYJIbOBOTO PO3B’ 513Ky TOJSIPHUN PajilyC 3IMIIAETHCA CTAIAM I (t) =1y, a TOJSIPHHAM
KYT ¢ (t)=¢,+Bt. Takum yuHOM, MpH 3MiHI t BiAOYBaeThCs 0OEpTaHHS BIJl OYATKO-
BOi TOUkH C#0 IO KOJIY I =T, 3 IICHTPOM Y TIOJIFOCI: TPOTH TOJUHHUKOBOI CTPLIKH
npu >0 9M 3a TOJUHHUKOBOIO cTpikoro mpu B<0 (puc. 35). Takuit BUIIIAL KapTH-
HU (a30BUX KPUBUX HA3UBAECTHCS YCHMPOM.
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a>0 Y a<0 Y >0 Y

B<O
- - ﬁm , 7ﬁm
)\

Puc. 34 Puc. 35

X

B) SIki10 B KoediieHTi ¢=o +Bi BiAMIHHI BiJ HYJIs SIK JilicHa o #0, Tak i ysiBHA
B#0 dYacTWHH, TOAI IJIi HEHYJIHOBOTO PO3B 53Ky 3MIHIOIOTHCS SIK TOJSIPHHA KYT
o (t) =, +PBt, TaK i monApHMIA pamiyc r(t) =r,e*'. Takum YUHOM, IpH 3MiHi t BigOy-

y g/—\ y BAETHCSl HAKIIAIAaHHS 00ePTaIbHOTO

( q<0 /_\\ D X pyxy HaBKOJIO TIOJIFOCA 3 BijIajieH-
B3>0 0 a<0 HIM 4H Ha6JII/I.)KeHH$IM hi (o) r.l.omoca,

0 4\ B<Q  TOYMHAIOYH BijI MOYATKOBOI TOUKH
\i) X - C#0: NpOTH rOJAMHHUKOBOI CTPiJ-
KU Tpd B>0 4Yd 332 TOJUHHUKOBOIO

crpinkor npu B<0 (puc. 36). da-
30BUMH KPUBUMH CIIy>KaTh JIOTa-
pubmiuHi croipani. Takuit BUTIAg
x KapTuHH (a30BUX KpUBUX HAa3u-
Ba€ThCs Hecmitikum (ipu o >0) 4n
cmitkum (npu o <0) ghokycom.

<

)
yan <
NV

1.9. [1nocke BekTopHe nmoJie. KoMmiekcHuii moreHmiasa

1.9.1. CneniaabHi m10cKi BEKTOPHI moJsl.
KommuiekcHuil moreHmiaa

Hexaii B neskiit o61acti D KOOpJAMHATHOI TUIOMIMHU OXy 3a/JaHO MJIOCKE 6eK-
mopHe noJie, 0 BU3HAYAETHCS BEKTOP-(PYHKIIIE€FO
a=al + a, I,
ne Qynkuii a, =a,(x,y) i a,=ay(X,y) —HENEPEPBHI pa3oM 3i CBOIMU YaCTUHHUMH
MOX1THUMH B 00J1acTi D 32 BUHATKOM, MOXJIBO, OKPEMHX TOYOK.

Hexail y — iesika opieHTOBaHa KpuBa B 00acTi D, a | i A — OMHUYHI BEKTOpH
BIJIMIOBIHO JOTUYHOI Ta 30BHIIIHLOT HOpMati (puc. 37).
[Tnocke BeKTOpHE I0JIe XapaKTePU3YEThCA:

da, . da ~
ougepzenyicrw diva= %2y %% i pomopom rota=| —L-+ 08y K.
ox oy 0Xx oy
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[Tone, B sikOMy BiACYTHI JpKepena 1 BUTOKH, Ha3HBa-
ETBCS cotenoioanvhum (mpyouamum).

KpurepieM conieHOITanbHOCTI € PIBHICTh HYJIIO JTUBEP-

.. . _da, 0Oa . o

reHmii dlva:a—+a—:0 a00, 10 €KBIBAJICHTHO, PIBHICTh
X oy

X

HYJIIO TIOTOKY @ TMOJs yepe3 JAOBIIbHUN 3aMKHEHUN KOH-
Typ. s moToky ® CoJeHOinaIbHOTO MO Yepe3 AOBLIb-
Hy (MOXIIUBO, HE3aMKHEHY) KPHBY Y MOYKHA OJICPIKATH

Puc. 37

® = [andl = [(a,n, +a,n,)d = [(a], —a,l,)dl = [-a,dx+a.dy = [dv.
v y y v y
ToO6T0, I COJCHOIIANBHOIO MO iICHYE @hyrkuia nomoky (cunosa pynkuis)
V=V(X,Y), 10 BU3HAYAETHCSI YMOBaMHU
LI
) YUoay %
[Tone, B sKOMY BiJICYTHI BUXOPH, HA3UBAETLCSI RomeHuyianbHum (6e36uxposum).

. . . . . — aay aa ',
Kputepiem nmoTeH11albHOCTI € PIBHICTH HYJIO pOoTOpa rota= E—+a—; k=0

a00, 110 €KBIBAJICHTHO, PIBHICTh HYJIO IUPKYJLii C MO MO JTOBUIBHOMY 3aMKHe-
HOMY KOHTYpPY. Jns nupkynsmii C MOTEHIIaTbHOTO IMOJIS 1O JOBLIbHIN (MOXKIUBO,
HE3aMKHEHIH) KpHUBii y MOXHa OJepiKaTh

C=[ald =[(a,+a,l,)dl =[adx+a,dy=[du .
Y Y Y Y

ToOTo, I MOTEHITIaIBLHOTO TIOJIS ICHY€E nomenyianvna Qynkuin (nomenyian)

u=u(X,y), 10 BU3HAYAETHCS YMOBAMHU
ou_ . Ou_
x

[Tone HA3MBAETHCS 2apMoOHIUHUM, SKIIO BOHO OJHOYACHO € COJICHOITAIBHHUM i
MOTEHI1AJIbHUM.

JIJ1st TapMOHIYHOTO OIS ICHYIOTh SIK TIOTEHITA U =u(X,y), TaK 1 QyHKIIIS OTO-
Ky V=V(X,Yy). 3 HaBeJeHMUX CIIBBIIHOIICHb BUILIMBAE, IO Il QYHKIITI u=u(x,y) 1

v=v(x,y) 3B’ s3an1 ymoBamu Ko — Pimana
ou_ov, Odu_ ov

ox dy 90y  Ox
Otxe, 1l QyHKIII € COPSDKEHUMU TapMOHIYHUMH 1 CKJIaal0Th KOMNJIEKCHUIL
nomenuian

w=f(2)=u(xy)+iv(xy).
BekTop-(dyHKIII0 TapMOHIYHOTO TTOJIS MOXHA MOJIaTH B KOMILIEKCHIN opmi
a=a(z) =a,(xy)+ia,(xy).

KommiekcHa BekTOp-(yHKIisA a=a, +ia, 3B'sA3aHa 3 IOXIJHOK KOMILIEKCHOIO
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MOTEHITIATy OTIEPAITIEI0 CIIPSIKEHHS:

, ou .ov . . —
f(z)=&+|&:ax—|ay:a, a=1'(2) .

3ayBaxkeHHs. KommekcHul moTeHwian, K (QyHKIIS TOYKH, MOXXe OyTH BUpa-
YKEHHMH y BUTJISAJII 1HTErpaia B3JI0BXK KPUBOi 3 (PIKCOBAHUM MOYATKOM
w=f(2)=C+i®=[du+ifdv=[df =] f'(2dz .
v Voo y

1.9.2. EnemMeHTApHi TOYKOBi 000 TMBOCTI BEKTOPHOIO MOJIA
— mkepesto (BUTIK) i Buxop. ToukoBuii TuNoab

JIoBUJIbHE BEKTOPHE IOJIE MOXHA IMMOJIATH Y BUIJISAI CYNEPIIO3HIlli MOTEHI1Ab-
HOTO TIOJIs, TIOPOJKEHOTO JKepeaaMu (BUTOKaMH), i COJICHOITAIBHOTO TOJISA, TIOPO-
JDKEHOTO BHXOpaMH. TOUYKOBE JIXKEPENo Y TOYKOBHUN BHXOp € HAUTIPOCTIIIMMH BH-
naJKaMu, KOJIM aHATITUYHICTh (PYHKIIT KOMIUIEKCHOT 3MIHHOT OPYIIY€ETHCS TIJIBKU B
OJIHIH 130JIbOBAHIM OCOOJMBIN TOUII Z, = X, +i Y,. HaBegeMo Bupas3u 11s1 BIAMOBIAHUX
KOMILJIEKCHUX MTOTEHIIIaJIiB.

Toukoge 0xcepeno (6umik) y Touii z, =0 (puc. 38).

KomMnekcHuii noreHiian mMae Buridn f(2) =22 Lnz, ne Q —
T

IHTCHCUBHICTD JKepena (BUTOKY): Q>0 — g jpkepeida, Q<0 —
JUTSI BUTOKY .
Buginstoun B KOMIUIEKCHOMY MOTEHIIA JIMCHY U=u(X,Y)

Puc. 38 (motenmian) i ysiBHY V=V(x,Yy) (QyHKIis TOTOKY) YaCTHHU 1 Tiepe-
XOJSYH 10 MOJIIPHUX KOOPAUHAT, OTPUMAEMO U = 2gln r,v=s 2243 .
Tl T

CunoBi miHil v=C=const — MPOMEHI, 110 BUXOJIATH 3 JyKepena (BXOASTh B BH-
TIK). ¢ =(2rnC)/Q .

JIiHii piBHOTO MOTEHIIATy U=C =const — KOHIIEHTPUYHI KOJIa 3 [IEHTPOM Yy JI’Ke-
peni (Butoky): r =™/,

Toukosuii guxop y Touni z,=0 (puc. 39).

KomriurekcHuil mmotenIian Mae Burisiy  f(2) :gan, ne C —
Ti

IHTeHCHBHICTh BUXOpy (Horo mupkymsimis): C>0 — y noJaTHOMY
HanpsMi (IPOTH TOAMHHUKOBOI cTpiiku), C<O0 — y Big eMHOMY

X :
HaIpsmi.
~--- [ToTenmian u=u(x,y) 1 QyHKIIS MOTOKY V=V(X,Yy) IJs BUXOPY
MaKTh BUIJISIA u=—¢ , v=——Inr.
21 21

CwutoBi JiHIT v =const — KOHIIEHTPUYHI KOJa 3 IIEHTPOM Y BUXOPI.
JIiHi1 piBHOTO MOTEHINANTY U =const — IPOMEHI, 1110 BUXOJSATh 3 BUXOPY.

3ayBakerHs 1. SIkmio B To4Ill z, =0 OJHOYACHO 3HAXOATHCS HKEPEIIO 1 BUXOP,

TO B pe3yJIbTaTl HaKJIaJAaHHS PO3MVISIHYTUX BHIIE MOJIIB BUHUKAE TIOJI€, CUJIOBI JIIHIT 1
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JiHIT PIBHOTO MOTEHIIATy SIKOTO YTBOPIOIOTH /Bl CiM'1 B3aEMHO OPTOTOHAJIBHUX JIO-
rapuMidHUX CIipajen.

Toukosuii duno.iv y Touili z, =0 (puc. 40).

Posmictumo mxepeno Q i BUTIK —Q (piBHOI iIHTEHCHBHOCTI)

B TOYKax z=h i z=-h, h>0. YTBOPIOETHCS AUIOIb 3 MOMECHTOM
M =20h. Moro koMmjaeKCHUM NOTEHIIal

t2=2nz-n-2inz+n =M 122"
21 21 41h +h

SKIIO MPUITYCTUTH, IO TPHU HAOIMXKEHHI JKepesa 1 BUTOKY

OJWH 10 OJHOTO, KOoau h — 0, iX AUIIOJLHUUA MOMEHT 3ajIHIIa-

€THCA CTAJIMM, TO MEPEXOSIYM A0 rpaHulll nmpu h - 0, oTpumae-

o . M
MO KOMIUIEKCHUH MMOTEHI1aJI TOYKOBOTO QU0 f(Z) = —2— .
Tz

[Torenmian u=u(x,y) 1 PyHKIIS TOTOKY V=V(X,Yy) JJIs JUMOIIO0 MatOTh BUTJIS]
M _cos M _sin
y=_Mgose M sng
2 r 2 r
JIiHi1 piBHOTO MOTEHINIay U =const 1 CUJIOBI JIHIT V=const YTBOPIOIOTh AB1 CIM'1
KUI. KOJia pIBHOTO TMOTEHIlaTy JOTUKAIThCS 10 AiCHOI oci Ox B aumoii z,=0, a
KOJIa CUJIOBHX JIIHIM TOTUKAIOTHCA A0 ysIBHOI oci Oy B AUMOMI z, =0.
3ayBaxkeHHS 2. Y HIMPOKOMY PO3YMiHHI, BCl OCOOJIMBI TOYKM aHATITUYHOI (yH-

KIIii (K 130J1b0BaHI, Tak 1 Hi) € MPOSBOM HAsIBHOCTI B HUX JKepe (BUTOKIB), BUXOPIB
Ta IX CyNepIIO3uLIii.

3ayBaxeHHs 3. B interpani Komi Bupas ZiElfz(Zﬂ MOXHa PO3TJISIAaTH SIK
m {(-z

KOMIUIEKCHUHM MOTEHI1a] TOYKOBOT'O JTUTIOJIO 3 MOMEHTOM, BEJTMYMHA 1 HAIIPSIM KO-
rO BU3HAYAIOThCs 3HaYeHHSIM QyHKIIT f({) B TOUll { KOHTYpY IHTerpyBaHHs. [HTer-

pan Kol 3B0IUThCS 10 HETIEPEPBHOIO MIJCYMOBYBaHHS KOMIUIEKCHUX MOTEHIIIANIB
TOYKOBHUX JIUTIOJIB B3JJOBX YChOTO KOHTYDY.

1.10. KoHTpoOJIbHI 3anIUTAHHSA

1) Sk 3amUCY€ThCS KOMIUIEKCHE YMCIIO B anreOpaiuniii opmi?

2) Yum Biapi3HIETHCSA MiX COOOO TMapa KOMIUIEKCHO CIPSIKEHUX uncen? Sk Bupa-
3UTH JIMUCHY Ta YSBHY YaCTHMHU KOMIUIEKCHOTO YKCJIa Yepe3 came YHciio 1 Homy
cripsiKeHe?

3) o cayXuTh reOMETPUYHUM 300paKCHHSIM KOMILJICKCHOTO YHCja 1 BCIET MHO-
KUHU KOMIUTEKCHUX YHCeT?

4) JIns KX OBOX TOYOK HA PO3MIMPEHIN KOMILICKCHIM IIONIMHI apryMEHT HEBH-
3HaueHnit? YoMy JOpPIBHIOE MOAYJTh KOXKHOTO 3 ITUX YHCEIT?

5) Illo Ha3MBa€ETHCS OKOJIOM CKIHUEHHOT TOYKH KOMIUIEKCHOT IJIOIHHH ?

6) Illo Ha3WBa€eTHhCS OKOJIOM HECKIHYCHHO BIIIAJICHOI TOYKH PO3IIMPEHOT KOMILIE-
KCHOI IJIOIUHA?
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7)
8)
9)
10)
11)

12)
13)

14)
15)
16)
17)
18)
19)
20)
21)
22)
23)
24)
25)
26)

27)

28)

29)

Sxi apudmeTnyHi omneparii 3py4HO BUKOHYBAaTH B anreOpaiuHiii, a ki — B TpU-
TOHOMETPUYHIN YU MTOKa3HUKOBIH hopmax?

YuMm BiAPI3HAETHCS JOOYTOK KOMILJIEKCHUX YHUCET Bl CKAJISIPHOTO 1 BEKTOPHOTO
TO0O0YTKY BEKTOPIB?

CKUIbKH PI3HUX 3HaY€Hb Ma€ KOPIHb N-TO CTENEHS 3 KOMIUIEKCHOTO uncia? Sk
PO3MIiIIeH] 111 3HaYeHHS Ha KOMIUIEKCHIHN TIJIOIMIMH1?

SAxwuii BUTTS Mae PO3KIIa] MHOTOWIEHA HA MHOKHUKH Ha MHOXHWHI KOMITJIEKC-
HUX 4ucen?

Slxa MHOXKMHA TOYOK KOMILJIEKCHOI TUIONMHU HA3WBAETHCS 00J1acTi0? 3aMKHE-
HOIO 00J1aCTIO?

Sxa 00;1acTh Ha3UBAETHCS OJHO3B’ I3HOIO? K -3B’ I3HOIO?

Ske BiIOOpakKeHHS HA3UBAETHCS KOMILIEKCHOKO (DYHKIIEH AIACHOI 3MIHHOI?
o cmyxuTh rpadikoM Takoi HermepepBHOi QYHKIIT?

Ak 3npificHIOEThC AUGEpEeHIliOBaHHS Ta 1HTErPYBaHHS KOMILUIEKCHOT (yHKIIIT
MIWCHOI 3MIHHOI?

ke BimoOpakeHHs HA3WBAETHCA KOMIUJIEKCHOI (DYHKIIEH0 KOMIUIEKCHOI 3MiH-
HOT?

VY gomy nossrarots yMoBu Ko — Pimana nudepeniiiioBHOCTI GyHKIT KOM-
TJICKCHOT 3MIHHOT?

Sk BupaxaeTbcs MoxiJHa (QYHKINT KOMIUIEKCHOI 3MIHHOI1 4epe3 YacTHUHHI I10-
X17H1 11 JIACHOT Ta ySIBHOT YaCTHH?

SAka GyHKIIIS KOMIUIEKCHOT 3MIHHOT Ha3UBAETHCS AHAJITUYHOO B JJaH1M TOYIIi?
1o Take mpaBuiIbHA 1 0COOIUBA TOYKH aHATITHYHOT QYHKIIT?

VY yomy moJisira€ reOMETPUYHHUM 3MICT MOAYJIS M apryMEeHTy MOX1AHOI (PyHKIIi1
KOMILJIEKCHOI 3MIHHOI 7

Ske BimoOpakeHHs Ha3uBaEThCs KOHPopMHUM? YoMy BimoOpakeHHs, 1110 3aj1a-
€THCSI AHATTUYHOIO (PYHKIII€I0, € KOHPOPMHUM?

Sk BU3HAYAETHCA KOMIUJIEKCHA TTOKa3HUKOBa (MyHKIIs €°? SIKi i OCHOBHI Biac-
THUBOCTI?

SAxumu hopMyiaMu BUPAKAETHCS 3B’ 130K TPUTOHOMETPUYHMX 1 TepOOIIYHUX
(GYHKIIIH 3 KOMIUIEKCHOIO €KCIIOHEHTOIO €” ?

Sk BU3HAYAETHCA KOMIUIEKCHA Jiorapudmiuna QyHKIlisI Lnz Ta ii TOJIOBHE 3HA-
4yeHHs Inz? SIKi OCHOBHI BIACTUBOCTI KOMILIEKCHOTO Jjorapudmy?

Sk iaTerpan ¢yHKIIT KOMIJIEKCHOT 3MIHHOI BUPaXXa€eThCs yepe3 JIHCHI KPUBO-
JIHIAHI 1HTETpanun?

VY domy nonsirae inTerpanbHa Teopema Komri? Ik BoHa y3araibHIOEThCSI Ha BU-
najoK 0arato3B’ ss3HOi 0OsacTi?

Sk 3anucyeTbes iHTErpanbHa popmyna Ko, 1o Bupaxae 3Ha4€HHS aHATITHY-
HO1 (pyHKLIT y JOBUIBHIN BHYTpIIIHIA TOYIll Yepes3 ii 3HaYeHHS Ha Mexi obac-
T17?

Sk BUpa)kaeThCs MOXIJHA N-TO MOPAIAKY BLA aHATITHUHO! (yHKIIT yepe3 KoM-
MJIEKCHUM 1HTEeTpan?

SIkuit YMCIOBUM PNl 3 KOMIUIEKCHUMH YJI€HAMH HAa3UBAETHCS 301KHUM? AGCO-
JIOTHO 301KHUM? Y MOBHO 301KHUM ?
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30)
31)
32)

33)

34)
35)

36)
37)
38)
39)
40)
41)
42)
43)

44)
45)

46)
47)
48)
49)
50)

51)

o cmy>kuTh 007aCTIO 301)KHOCTI CTETIEHEBOTO PAIY ?

Sk BU3HAYaETHCA pajilyc 301KHOCTI CTEIIEHEBOTO Py ?

Sk 3anucyerbes psan Teitmopa anamiTuuHOl QYHKINI? SIK Ha MpakTULl 3HA-
XOJISITh PO3BUHEHHS aHAMITUYHOT (pyHKINT B psia Teinopa?

SAxwmii BUTIIAN Mae y3araiabHeHUW creneHeBuil psix Jlopana? [{o HazuBaeThCs
H0T0 TOJIOBHOIO 1 MPaBUILHOIO YaCTHHAMU ?

o cmyxuTh o0aacTio 301kHOCTI psiny Jlopana?

SIka i30;mpoBaHa OCOOJMBA TOYKA HA3MBAETHCA yCyBHOHO? [lomocoM m-ro mo-
psaky? IctoTHO 0c06MBOIO?

[Ilo Ha3MBaAETHCS JTUIITKOM aHATITUYHOI (QYHKIIIT B i1 130J1bOBaHIN 0COOIUBIHM TO-
qrri?

Yomy IOpiBHIOE JUIIIOK B YCYBHIM 1301b0BaHiil 0COOMMBIN TOYI?

SIK 3HAXOIATHCS JIUIIOK B ITOJIFOCI? B 1cTOTHO 0COOMMBIi TOYII ?

SIK 3HAXOIATHCA JTUIIOK B HECKIHUEHHO BlIAaI€H1A TOYI?

VY yomy mosisirae OCHOBHA TeOopeMa PO JIUTITKH ?

Yomy NOpiBHIOE cyMa BCiX JIMIIKIB, BKJIIOYAKOYH JIMIIIOK Y HECKIHYEHHO BiJIJ1a-
JIeH1 TouI, I QYHKIIT, 0 Ma€ CKIHYEHHE YMCIIO OCOOTUBUX TOUOK?

Sk BU3HAYAETHCA MATpUYHUN MHOrowieH uepe3 iHTerpan Komni? IlopiBHsiiTe
1€ O3HAUEHHS 3 TUM, 110 MPUKHATE B JNiHIIHII anreOpi.

Yomy nopiBHIOE JTUIIOK Jiorapru(PmiuyHOi MOoXiAHOT B KopeHi PpyHKiii? B mosmroci
byHKIIii?

VY 4oMy mossirae MpUHIKI apTyMEHTY ?

o Ha3uBaeThes (Pa3oBOIO KpUBOIO AudepeHiianbHoro piBHsHHSA? Ha3BiTh oc-
HOBHI BUAM KapTHH (ha30BUX KPUBUX.

SIke TUT0CKe BEKTOPHE I0JIe Ha3UBAETHCS COJICHOITATBHUM (TpyOdaTum)?

SIke MI0CKe BEKTOPHE T0JIC Ha3UBAETHCS MOTCHINATBHUM (O€3BUXPOBHM)?

SIke TIocKke BEKTOPHE MOJIe Ha3UBAETHCSI TAPMOHIYHUM ?

SIx BUpaKaeThCs KOMIUIEKCHA BEKTOP-(YHKIliS TUIOCKOTO TAPMOHIYHOTO TOJIS
Yyepe3 MOX1THY KOMIUIEKCHOTO MOTEHITary?

Sxuit BUTJISA MarOTh CUJIOBI JIIHIT Ta JIiHIT pIBHOTO MOTEHIIATY JJII TOYKOBOTO
moKepena (BUTOKY) 1 TOYKOBOTO BUXOPY?

Sxuit BUTJISA MarOTh CUJIOBI JIIHIT Ta JIiHIT pIBHOTO MOTEHIIANY JJII TOYKOBOTO
JTUTIONIO?
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1.11. InpuBigyasjbHi 3aBIaHHA 1JISI CAMOCTIiiiHOI po0oTH

3asaannst 1. 3a1aH0 KBaJAPaTHUI TPUUWIEH az” +bz+C 3 AiCHUMM CTAaIUMU KO-
edimienTamMu a, b, ¢ 1 KOMIUIEKCHOO 3MiHHOIO z. HeoOxiaHo:

a) 3HAHUTH KOPEHi z 1 z, 3aJaHOT0 KBAJPAaTHOTO TPHUYJICHA HA MHOXHHI KOMILIE-
KcHUX umcen (B anreOpaiuniii Gopmi z =x +iy; 1 2, =X, +iy,), PO3KIACTH TPUUICH
Ha MHOXHHMKM  az>+bz+c= =a(z-z)(z-2z) i mnepesiputn Teopemy Biera
z+z,=-bla; zz,=cla,

z +ci : : .y
0) oOuuciuTu BUpa3 —— +z2(a+hi)- zi, BuKoHyrOuHM Aii B anre6paiuniii ¢o-
z,+a

pmi;

B) 300pa3uTH 4Hcha z =X +iy; 1 Z, =X, +iy, HAa KOMIUICKCHIH IJIOUIMHI, 3HAUTH
MOJyJIb 1 @pTYMEHT KOXHOT'O 3 IIMX YWCEJN Ta MOJaTH Z 1 z, y TPUTOHOMETPHUYHIH 1
MOKA3HUKOBIH Popmax;

r) KOPUCTYIOUHCH TPUTOHOMETPUYHOK (POPMOIO, 3HalTH Z' Ta 3z, .

Ne B-Ta 3aBIaHHA Ne B-Ta 3aBIaHHA Ne B-Ta 3aBIa”HHA
1 22 +62+13 11 522 +2z+10 21 1072 - 6z+1
2 Z2-4z+29 12 7% +10z+ 26 22 2 +4z+8
3 z2 +47+5 13 7° -8z+17 23 2 -4z+8
4 2% +2z+10 14 472 +62+5 24 Z2 +6z+10
5 7> -6z+13 15 7% -2z+10 25 72 +10z + 29
6 472 +47+5 16 572 +82+5 26 522 +62+5
7 822 -4z+1 17 22-27+2 27 572 -62+5
8 522 +27+2 18 2 +2z+5 28 5z° +8z+4
9 7% -4z+13 19 272 -2z+5 29 572 -8z+4
10 72 -62+10 20 47°> +87z+5 30 102> +6z+1

3aBnanus 2. Ha xkoMIuiekcHiN miommHi 300pa3utu obnacte D, M0 3a/1aHa He-
PIBHOCTSIMH.

Ne B-Ta 3aBIaHHA Ne B-Ta 3aBIaHHA
1 Rez+Imz-2<0, |z-2i|<1 16 |z-1-i|<1, |z+1]<2
2 |z-2ik2, Rez>1 17 |z=i|>4, Imz>1
3 |z+2i 2, |z21 18 |z-2k2, |z+1]>1
4 2Rez+3Imz-6=0, |z|<4 19 |z-2i <4, Imz>-1
5 |z-2-2ic4, Imz<?2 20 |z-1+i[=2, Rez<O0
6 |z+2i|<2, Rez>-1 21 |z1, [ImZ<2
7 |zl<4, |agzlc w4 22 |z22, |argz|c w4
8 |z-2i 3, -4<agz<T1y3 23 |z+2i[>2, -3n/4<argz<-17/4
9 |z 2, -3fd<argz<-172 24 |z-1z2, -m<argz<-12
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10 Rez>-4, -m/4<agz<3m4 25 Imz<2, /4<agz<3m/4
11 Rez<-1, -3mw4<agz<O0 26 Rez+Imz+1>0, |z|<1

12 |z-1+i|<3, O<argz<3m/4 27 |z-1-ilc2, 3wWd<agz<m
13 Imz>2, O<argz<3m/4 28 Imz< -1, -m<agz<3m/4
14 IReZ<3, ImZz<2 29 IReZ>1, [ImZ<2

15 IReZ<2, [ImZ>2 30 |z21, |ReZz<2

3apaanns 3. OOUKMCIUTH 3HAUYCHHS 3a7aHO01 QyHKINT w= f(2) y BKazaHiid TOYIl

z.

Ne B-Ta 3aBaaHHS Ne B-Ta 3aBaaHHS
1 w=Lnz, z,=-1+2i 16 W=C0S2z, Z,=Ti—271
2 w=cos(l/2),Z, =1++/3i 17 W= (-1)?, 7, =3+
3 W=00s(Tz), Z, = —4+i 18 w=sinz®, z =2-i
4 w=(-3+4i)*, z,=2-i 19 w=cosz, Z,=-3+4i
5 w=tg(iz), z,=3-4 20 w=Ln(z+i),z,=-1+i
6 w=1/cosz, z,=Ti+Ti 21 W:sin(nz), Zy=1-i
7 w=sinl/z), z,=4+3i 22 w=1/Lnz, z;=1-i
8 w=zsin(iz), z, = 3t— T 23 w=ctgnz, z,=2-i
9 w=1/Ln(iz),z, = -1+5i 24 w=tg (mz), z,=2-3
10 w=(-1+3i)%, z,=-2i 25 w=zcos(l/z),z,=1-2i
11 w=z/sinz, z,=Tt+Ti 26 W=2z/tgz, z,=2m-Ti
12 wW=00sZ%, z,=1+3i 27 w=sinz, z,=2mn-T1i
13 w=2zctg(iz), z, =T—Ti 28 w=(=-3+i)%, z,=1+i
14 w=tg(iz), z,=1-2i 29 W= (3-4i)%%, z,=2+i
15 w=(z-2)"",2,=2+3 30 w=sin(z/2), z=1-i

3aBaannd 4. 3naiitu aHamiTHuHy (QyHKUIIO f(Z)=u+iv 3a BIAOMOIO NiMCHOIO
U=u(X,y) 4d ySBHOIO V=V(X,y) YaCTHHOK 1 3HaueHHsIM f(z)) micis momepeaHbOl
nepeBipky 3a1aHoi GyHKIIIT Ha TAPMOHIYHICTb.

Ne B-Ta 3aBIaHHA Ne B-Ta 3aBIaHHA
1 u=2x%-2y?-3x+3y, 16 v=x3-3xy? + 7x% - 7y?,
f1+i)=3 f@) =i
2 u=x-y*+xy, f(0)=7i 17 u=x>-3xy’-x, f(-1+i)=0
3 v=x?-y?-3x, f(-i)=2+5i 18 v=x2-y?-2x, f(2i)=-3+i
4 u=2x?-2y*-7x+7y, 19 u=2x?-2y? -5x+3y,
f(~1) = 5i £(0)=7
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5 u=x?-y?*-2y, f(2)=3-2i 20 v=x?-y?+2x, f(l-i)=-4
6 v=x3-3xy?-x, f(@+i)=1-i 21 vy -3x%y, f(1)=2-3i
y V=X2—-y2+5X-.|-y, 2 u:3x2—3y2—2xy—5y,
f(-i)=2+5i f(i)y=2
8 u=y>-3x’y+y, f(1-2)=0 23 v=x>-y?-2x, f(-2i)=1-6i
9 v=y®-3x°y -y, f(+i)=—4i 24 v=y®-3x%y+2y, f(l-i)=2i
10 u=-3x° +3.y2 +2X+Y, o5 v=3y° —9x2.y+ 2y? - 2x2,
fl+i)=3 f(i)=1
11 v=y3-3x?y -2y, f(1)=-4i 26 u=x*-6x2y? +y*, f(-i)=2+i
12 u=-x3+3xy2 -2x, f(Ll+i)=-i 27 v=x3-3xy* +4x, f(1)=-1+2i
13 u=x?-y*-xy-2x, f(2i)=0 28 v=y*-3x°y+3y, f(i)=5-4i
14 v=3x3—9xy_2+2x2—2y2, 29 u=y3-3x°y + 7-y2—7x2,
f(-i)=3 f(0)=3i
2 2 . u=2x3-6xy? + 3x’y -y,
15 u=3x"-3y-+2xy, f(2)=1-3 30

f(i)=2

3aBaanHs 5. BUkopucToBYIOUH BiJIOMI PO3KJIaaU, PO3BUHYTH 3aJaHy (DYHKIIIIO

f(2) B psag Jlopana 3a cTeneHs MU PI3HULI Z—Z, Y KPYTOBOMY KUIblI I <|z- 7z K R.

Ne No

B- 3aBrnaHHs B- 3aBIaHHA

Ta Ta

_  z+8i PO _10iz-8. & _ .. _. o_

1 f(z)——22+i2+6,zo—0,r—2, R=3 | 16 f(2)= Zaa D7 i;r=1 R=3

_-iz+6. _ _ .. o _iz+25 i —g P=

2 f(z)——22+4,zo—2|,r—0, R=4 |17 f(z)——22+25, i;r=4, R=6
_(4+i)z+5, _ 3iz+190 |
f(2) =—5-—"—; f(2)=—"—;

3 (2 2% -5iz 18 (2 2°+2-6
z,=2i;r=2; R=3 z,=-1,r=2; R=3
f(2) = 5z-10i f(z):(2+3i)z—23_

4 (z—4i)(z+i) 19 (z+i)(z-10)°
Z,=i; r=2; R=3 Z,=0; r=1, R=10
(=023, f(5= CT 2D,

5 72 +3iz 20 (z+3)(z~-4i)

z,=-2i;r=1, R=2 z,=-3; r=0; R=5
3iz+8 _ (@A+)z-2
f(z)=22*° . f(g)=—— 22,

6 D=7 6,8 21 D% -0+ 4)

=2, r=0; R=2 z,=0; r=1, R=4
iz+2-i Z+2-i .
f()=——, zp=-1L r=2; R=4 f(2)=———, z5=i; r=0; R=2

7 (2) s z, r 22 | (2 473 Z, =i T
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