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Beryn

Teopis ¢ynakniin komruiekcHoi 3MiHHOI (T®K3) Mae uyumcneHHi 3actocyBaHHS B Teopii
MPYXKHOCTI, TEPMOJUHAMIII, €IEKTPOTEXHIli 1 pamioTexHini Tomo. Amapar TOK3 mpupatauit mis
JOCITIJDKEHHST Ta OOYHMCIICHHS JTIWCHUX IHTETPAIiB, PSIiB, PIBHAHB, @ TAKOX JUIsI PO3B’SI3yBaHHS
OaraTboX iHXEeHEepHUX 3a1a4. EhekTuBHUM npu po3B’s3yBaHHI TU(EpEHIIaTbHUX PIBHIHD, B TOMY
YUCIT 3 YaCTUHHUMH TOXITHUMH, € 3aCTOCYBaHHS OMNEPAI[iiHOTO YUCJICHHS - OJHOTO 3 METO/IIB
Teopii (yHKUIH KOMIUIEKCHOI 3MiHHOI. Came TOMY 3aKJIFOYHHM PO3JLJIOM y LHKII MaTeMaTHYHUX
JTUCIUILTIH 171 MaiiOyTHIX iHkeHepiB € TOK3.

[TporoHOBaHMIT KOHCHEKT JIEKI[ii JOMOMOXKE CTYAEHTaM TEXHIYHOTO YHIBEPCHUTETY OMaHyBAaTH
Kypc Teopii (YHKIIII KOMIJIEKCHOI 3MIHHOI Ta €JIEMEHTIB OIEpaliiHOrO YHUCIEHHS B 00cCs3i,
JIOCTaTHHOMY ISl 3aCTOCYBAHHS SIK 710 TEOPETHYHHUX JOCHIPKEHb, TAK 1 10 BAKINBUX NMPAKTUIHUX
3ama4. Bukmag Matepiainy UTIOCTPYEThCS YUCICHHUMHE MTPUKIIaJaMH, 3pa3kaMHt iX pO3B’sI3yBaHHSL.

KoHcnekT nekIiii po3paxoBaHui Ha CTYACHTIB 1HKEHEPHO-TEXHIYHUX CIEIIAIbHOCTEH BHUIIUX
TEXHIYHUX HABYAJIbHUX 3aKJIAIIB.
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JIEKIIIA 1
KOMIIVIEKCHI YNCJIA
1.1 Komnaexcni uucna ma 0ii Hao Humu

Komnnexchum uuciom z Ha3UBAETHCS BIOPSIKOBaHA Mapa JIMCHUX YHCEN X Ta ): Z = (x, y).
SIkmo y = 0, TO BIANOBIAHY Mapy KOPOTKO IMO3HAYATUMEMO Yepes3 X, MOKJIABIIN (x,O) = x. Takum

YUHOM, MHOYKHHA R BCIX JIMCHHUX YHCEN € TiIMHOXHHOO MHOXHHH BCIX KOMIUIGKCHHX YHCE, IKY
no3Hauatumemo depes C .

BBiBIIM MOHATTS KOMIUIEKCHOTO YMCa SIK MapH AIMCHUX YMCeN, BU3SHAYMMO OCHOBHI omepariii
Haja MK yuciaaMu. Ockiibkn R < C, TO IpU BCTAHOBJICHHI OCHOBHUX apHU(PMETUUHUX Oreparii
HaJ[ KOMIUTEKCHIMH YHMCIIaMU CJTiJT BUMarart, o0 I1i oreparii, Oy lydn 3aCTOCOBAaHHMH JI0 JTIHCHUX
quceN, NAaBAIM Ti K Pe3yJbTaTH, sIKi OTPUMYEMO B apudMeTHIl AIMCHUX yucen. 3 1HIIOro OOKY,
SKIII0 MU X04eMO, 11100 KOMITJIEKCHI YHCIIa Mald YHIBEpCaJIbHE 3aCTOCYBAHHS B MUTAHHAX aHANTI3Y,
NoTpiOHO BUMAaraTH, 11100 OCHOBHI ofepallii HaJl HUMHU 3a/I0BOJIBHSUTM YCIM aKkcioMaM apu(pMeTUKU
MIHACHUX YHCEIL.

Cymy 0sox kommnaekcHux uucen z; =(x Ta z, =(x BHU3HAYMMO 32 JOIOMOTOKO
1 1>X1 2 252
piBHOCTI

21+22=(x1+x2aJ’1+J’2)- (L.1)
3acTOCYBaBIIM II€ O3HAYCHHS JI0 ABOX JIHCHUX YUCET X, Ta X,, MATHMEMO
(xl 90)4‘ (x2 ,0): (x1 + X, ,0)= X +Xx,,

TOOTO Iepua BUMOra, fAKa HAKIAOA€TbCSA HaMH Ha onepaui'l', IO BBOJATHLCA, BHUKOHYETBHCSA 110
BiI[HOH_ICHHIO A0 JO0JaBaHH.

Hobymok 060X KOMIIEKCHUX Yucen z; Ta z, BU3HAYUMO 3 JOIIOMOTOIO PiBHOCTI
212, =% % =13, xl')’2+J’1’x2)- (1.2)
Lle o3HaueHHs, OyIydH 3aCTOCOBAHUM JI0 TBOX MIHCHUX YUCENT X; Ta X,, A€
(xl ,0)-(x2 ,0): (xl X ,0): Xy Xo,
TOOTO JTisl MHOKCHHSI HE TIPUBOJUTH JIO MPOTHPITUS 3 apUPMETHKOIO JIHCHUX YHCET.

Kopucryrouncey dpopmymamu (1.1) ta (1.2), merko nepekoHaTUCh, IO ONepallii JT0aaBaHHS Ta
MHOKEHHSI KOMIUIEKCHUX YHCEI MiAMOPSIIKOBYIOTHCS BIZIOMHM IT'SITH 3aKOHAM apH(PMETHKU:

1) zy+2z, =2, + 2,

2) zy: 2y =2, 2,

3) z,+(zy +23)= (2, +2,) + 23,
4) z,-(zy 23) =2, 2,) 23,

5) z, -(22 +Z3)=Z1 "Zy+2z 2y,



Cepen ycix KOMIUIEKCHMX YMCENT OCOOJIMBY POJIb BUKOHYE YHCIIO, K€ 300pa)aeThbCs Maporo
(O, 1) 1 mo3HavaeThcst OykBoto i. [ligHOCAYM 1€ YMCIIO 10 KBajpara, 110 3BOAUTHCS O MHOXKCHHS
ioro Ha camoro cebe, 3rigHo 3 (1.2) orpumyeMo

i* =(0,1)-(0,1)=(~1,0)= -1,

3BIJIKM BUIUIMBAE MO3HAYCHHS [ =+/—1. Lle 9uCIIO TOMOBWINCH Ha3WBATH V6HOIO 00uUHUYeo. 3
BpaxyBaHHSM JaHOTO TTO3HAYCHHS JOBUIbHE KOMIUIEKCHE YMCIIO MOYKHA 3aITUCATH TaK:

z=(x,y)=(x,0)+(0,y)=(x,0)+(0, 1)y,0)=x+i-y.
3anuc
z=x+i-y (1.3)

HA3UBAEThCA aeeOpaiuHolo ghopmoro KoMIUIeKcHoro yucina. [Ipu npomy naiiichi uncna x =Rez Ta
y =Imz Ha3MBaIOTHCA BIATIOBINHO OilicHOIO Ta YA6HON YacTHHAMH 4Hcia z. O4EeBHUAHO, SKIIO

Imz =0, TO KOMIUJIEKCHE YHCIIO Z TIEPETBOPIOETHCS B JiHCHE YMCIO, a AKmo Imz =0 — B 4ucTo
ysiBHE. /[Ba KOMIUTEKCHI 4ucia piBHI MK cO0O0I0 TOMI 1 TIIBKKA TOJI, KOJU PIBHI MIXK COOO SK
JIHCHI, TaK 1 ysIBHI 9acTUHU. YUCIIO Z = X —i- )y HA3UBAETHCSI KOMNIEKCHO CAPAXCEHUM JIO YUCIIa

z=x+i"Yy.

Jlerko mepeKkoHaTHCh, IO B O0JACTI BCIX KOMIDICKCHUX YHcesl unucio 0 — €IrHe YHCIIo, Bif
J0JIaBaHHS SKOTO PE3yJbTaT HE 3MIHIOETBCS, a YMCIO | — €IUHE YKCIIo, BiJl MHOKCHHS Ha SKE
pe3yabTaT HE 3MIHIOETHCS

Pisnuyero 06ox xomnnekcHux yucen z; = (x1 , yl) Ta z, = (x2 , yz) MH Ha3BEMO YHUCIIO Z, SIKE
3aJI0BOJIbHSE PIBHICTb

Zy+z=1z. (1.4)

HonaBmu 10 o0uaBoX 4acTWH piBHOCTI (1.4) umcino —z, =—1-z,, NEPEKOHYEMOCh B €IUHOCTI
ICHYBaHHSI TaKOT'O YHCIIA Z, SIKE JIOPIBHIOE

z=z -z =5 %+ -

. ) . 1 )
linenns € omepariiero, oO0EpHEHOIO MHOXEHHIO. [i0 cumeonom — (Z¢O) MU, 3TIJHO 3
Z
O3HAYEHHSM, PO3YMITUMEMO YHCIIO W, SIKE 3aJJ0BOJIbHSIE PIBHICTH

z-w=1.

. e . . z
I[OMHO)KYIO‘-II/I 06I/I,Z[B1 YaCTHUHHU 11€1 P1IBHOCT1 HA YUCIIO S 5 3HAXO0UMO W =

x4y X +y

qacmky 080X KOMNAEKCHUX Yucell zZ,Ta z, BU3HA4YMMO TaK:

z 1
Ao,
Z )

OTxe, NiJICHHS, 32 BUHATKOM JIJICHHS Ha HYJb, 3aBXIMd OJHO3HAYHO BUKOHYETHCS B 00JacTi
KOMIIJIEKCHUX YHCEIL.



PiBHOCTI
(x1 —iy1)+(x2 —iyz):(xl +x2)—(y1 +J’2)i’

(xl _iJ’1)'(x2 _iJ’2):(x1 "Xy =N 'J’z)_i (x1 Vot 'xz)a

Oymyuu 3ictaBiieHuMH 3 piBHOCTsIMH (1.1) Ta (1.2), moka3yroTh, 110, SKIIO B CyMi 49U JOOYTKY ABOX
KOMIUICKCHUX YHCEN 3aMiHUMO JOJAHKM YM MHOXXHHKHU CHPSDKEHUMH 1O HHUX YHCIaMHU, TO B
pe3yiabTaTi OTPUMAEMO YHUCHa CIpsKeHl. Takuii camMuii BACHOBOK CIPaBEJIMBHI ISl BIAHIMAHHS 1
JUICHHS, OCKIIBKU Il /il € 0OepHEHHMH IO BiJHOIICHHIO J0 JOJaBaHHS Ta MHOXXCHHS. 3BiJICH,
30KpeMa, BUIUIMBAE, M0 OyIb-sSKa PIBHICTh MiX KOMIUIEKCHUMH YHUCIIaMH, OOWJIBI YaCTUHH SIKOT
MICTATh Jii JOJaBaHHs, BiHIMAHHS, MHOXKEHHS Ta JUICHHS, HE TOPYIIUTHCS, SKIIO KOXHE 3
KOMIUICKCHUX YUCEI 3aMIHUTH CIPSHKEHUM JI0 HbOTO YHCIIOM.

2
3i% + 5"

Ilpuknao 1.1. 3anucatu B anreOpaiuHiii popmi KOMIUIEKCHE YUCIIO
7-2i%

Po3B'ss3auus

. . . 0 2m 2
[Tepi 3a Bce BiA3HAYMMO, 1110 ISl AOBIJILHOTO m € Z MaeMO it = (12) = (— 1) " =1, oTke,
i =i"i*=1-(-1)=-1,i"=i"i=1-i=i, i® =i* .i* =1-(-i) = —i. Tomy 3amane uucio
JOpPIBHIOBaTHME

30 +i13) 3-(=1)+i

(-3+i)5-2i) _

5-2% ) \5-2-(-i) (5+2i)\5-2i)
C(—13+11i 2_169—121—2-1431‘_ 48 _286l,
29 841 841 841

1.2 I'eomempuune 300paricennn KOMRAEKCHUX Yucel

JIOBiJIbHE KOMIIJIEKCHE YHUCIIO z:(x, y) MH MOXEMO 300pa)kaTh TOYKOIO Ha IUIOMIMHI 3
KOOpJAMHATaMU X Ta Y, Ky Hajajil Mmo3HavyaTMMeMo depe3 z. llmomumHa, TOUKHM K01 300paxkaroTh

KOMIUIEKCHI ~ 4YHCIIa, HA3MUBAETHCSA KOMNIIEKCHOIO
[ToyaTok KOOpJMHAT, IKOMY BiJIIOBiJa€
toukoto. Ilpm TakoMy 300pakeHHI
qyuciaa 300pakaloThCs TOYKAMHM  OCi
SBJSIIOTH  COOOI0 YHMCTO YSBHI 4YHUCIIA,
OilicHO10 8icClo, BICh OPIMHAT — VAB8HOIO r
YUCIO z=Xx+Ii-) MOXHA TaKOX

SIKOTO 3HAXOJUTHCS B HYJBOBIH TOUIII, a 0

Ta ysBHA YACTHHU 4HCIIA € MPOCKIIAMA
ySIBHY OCI.

OueBngHo, WO cymMa 2z +2z,
Oyze CyMO0 BEKTOPIB, 110 300pakatoTh YUCIA z;Ta Z, .

Pucynok 1.1

NILOWUHOIO.
gucno 0, Ha3WBaIOTh HYJIHOBOIO
KOMIUIEKCHUX  4YHCell  JIHCHI
abcuuc, TOYKM OCI  OpIUHAT
TOMY BICh aOCIIMC Ha3UBAIOTh
giccto (puc. 1.1). Kommuiekche
300pakaT BEKTOPOM, IOYaTOK
KiHelnb — B Toull z. Toxmi mificHa
IbOr0 BEKTOpa Ha JiicCHy Ta

300pa3uThbCs  BEKTOPOM,  SKUU

Biacranp 7 ToOuku z BiJl HyJbOBO1 TOUKH, TOOTO IOBKHHA BEKTOPA Z, IOPIBHIOBATUME



r=qx*+y’ =vz-Z.

He HeBiI['€MH€ YHUCJIO » HAa3HBA€ETHCA MO()yfleM KOMIUICKCHOTO YHUCJIa Z 1 IMO3HAYAEThCS ucpes |Z| .

Jlerko 6aumnTH, 110, KOJU Z — JIHCHE YHUCIIO, TO MOAYJb JOPIBHIOE HOTO a0COMIOTHIN Benu4HHi. Yci
YyHuCiIa, K1 MAalOTh OJIMH 1 TOM K€ MOAYJb 7, 300pa3sThCsl TOYKaMH KoJjia pajiyca 7 3 LIIEHTPOM B
HYJBbOBIN TOYI. €JMHUM YHUCIOM, MOJIYJIb SIKOTO JOPIBHIOE HYIIO, € yncio 0.

[TonoxxeHHs BEKTOpa z BU3HAYAETHCS 3 JIOTIOMOTOI0 KyTa ¢ MiX J0JaTHUM HampsiMOM JiHCHOT
OCl Ta HaAmpsIMOM ILOTO BekTopa. OTKe, ¢ - IIe KyT, Ha SKHH MOTPIOHO TOBEPHYTH JOJIaTHUM
HaIpsIMOK JIIMCHOI OCi, 00 BiH 30ircs 3 HAPsIMOM BEKTOPA Z, BBAKAIOYH 1€ KYT TOAATHUM, SKIIO
o0epTaHHs 3A1MCHIOETHCS POTU TOAMHHUKOBOI CTPIJIKH, 1 BiI'€MHUM — B MIPOTUIICKHOMY BHUIIAJIKY.
Lle#t KyT Ha3UBAETHCS apeyMeHmoM KOMIUIEKCHOro yncia z (puc.l.1). ApryMeHT BU3HA4Ya€ThCS HE
OJHO3HAYHO, a 3 TOYHICTIO [0 JOAAaHKA, KpaTHOro 2z . MHOXHHY BCIX TaKMX 3Ha4Y€Hb
no3HayaTuMeMo yepe3 Arg z. ApryMmeHT uucia z =0 B3arani He BU3HAUCHUN. €IMHE 3HAYCHHS

peArgz, z#0, sKke HaeXHUTh (PIKCOBAHOMY IMPOMIKKY [a, a+27r), [I03HAYaTHUMEMO 4epe3
arg, z. Uucno arg_, z HA3UBAETBCS 2ONO6HUM 3HAYEHHAM ap2ymenma 1 MO3HAYa€ThCsl IPOCTO

arg z (puc.1.1). PiBHicte k Argz, =k, Argz,, ky €Z, k, € Z BBaxaeTbCs NPaBUIBHOIO, SKIIO
kyargz, —k,argz, =2zn,neZ.

OcCkinbKH 7 Ta @ € MOJSIPHUMHU KOOPJIWHATAMH TOYKH Z = (x, y), TO X=rcos@, y=rsing,
TOMY

z:r(cos¢)+isin¢)). (1.5)
L5 popma 3amucy KOMILICKCHOTO YHCIIa HA3UBAETHCS MPUCOHOMEMPULHOIO.

OueBHIHO, MOZYJIb Ta apryMeHT uucia z # (0 MO)XKHAa BU3HAYUTH 4epe3 Horo AiiiCHy Ta ysSBHY

YACTHHH 3a JONOMOTOI0 (GOpMyN r=+x>+y’, tgp= 2, [Ipu po3B'si3yBaHHI OCTaHHBOTO
X

PIBHSHHS CJ1i/1 000B'I3KOBO BPAaXOBYBATH 3HAKU YMCEIl X Ta ), HAIIPUKJIIA

arktgl , yeui x>0,
X

arktgz—i-ﬂ , yeui x<0,y>0,
X

argz = arktgz—iz,j}éb‘ti x<0,y<0,
X

%, Jéui x=0,y>0,

-, yeui x=0,y<0.

Hapmani 0e3 J0AaTKOBUX TMOSICHEHb B)KMBAaTUMEMO TO3HAYCHHA z=X+i-y, w=u+i-v,
c=a+i-b, x,yuv,abeR, z= r(cos¢+isin¢)), w= p(cos&’+isint9), r,p,p,0 €R;
aHAJIOT14H1 O3HAYEeHHS JIITEp 3 IHJEKCaMH (HallpUKIad, W, = P, (cos 0, +isin6, )).



OCKINbKM KOMITJIEKCHE YHCIO MH PO3YMIEMO SIK BEKTOp, TO JIETKO JICTaTh HEPIBHOCTI
TPUKYTHHUKA Y BUTIISAII

|Z1 +22| < |Zl|+|Z2

A LA

3 mepmoi 3 HHX BUIUIMBAE, IO |z|:|x+z"y|£|x|+|y|. O4eBHIHO  TaKoOX, WIO

|x| =vx? <4 x?+ y2 = |z| 1 | y| < |Z| . OTxe, MU IPUIIILITN A0 TaKUX BOXKIIMBUX HEPIBHOCTEH:

|Re Z|
-] <lz| <|Rez|+[Imz| . (1.6)

Po3rnsiHeMo 100yTOK ABOX KOMIUIEKCHUX YHCEI
zZ,=n (cosgp1 +isin¢1), Zy =1, (COS(p2 +isin(p2).
Matumemo:

Z1"Zy =l ' h (COS(p1 +isingol)(c0s¢2 +isin(p2):
=n-n ((cos @, COS Py — SINQ, SIN P, )+ i(sin @, COSs P, +

+cos @y sing, ) =1, -r, (cos (¢, +¢,) +isin(p +¢,))
OT1xe, MU OTpUMAIIH, 1110

, Arg(z,-z,)= Argz + Arg z,, (1.7)

|Zl 'Zz| :|Zl|'|22

TOOTO MOOYIL 00OYMKY 080X KOMNIEKCHUX HUCEN OOPIBHIOE O0OYMKY IXHIX MOOYIi6, & apeyMeHm —
CYMI ap2yMeHmi6 CNIGMHONCHUKIG.

PiBHOcTi (1.7) JIErKO0 MOMIMPIOIOTHCS Ha JOBUIBHY KUIBKICTh KOMIUIEKCHHX CITIBMHOXKHHKIB,
30KpeMa, SIKIIO BCi CIIIBMHOXKHHUKH PiBHI MiX COOO0, TO

n
z

—l", argle")=n-argz. (18)

BpaxoBytoun (1.5), 3rigHo 3 piBHOCTSMU (1.8) oTpriMmyemo Bitomy ghopmyny Myaepa:

(r(cosp+ising))' =r" (cosng +isinng). (1.9)

Nz Ik KOMITJIEKCHE YHCII0, SIKe, OyIy4H ITiTHECEHUM JI0

bepyun z = r(COS(p+ isin (p), BHU3HAYNMO
n-ro CTEIeHs, TOPIBHIOE z. MOIy/b I[bOT0 YHCIIA, OYCBUIIHO, JOPIBHIOBATHME Al a apryMeHT

@+ 27k
n

JOPIBHIOBaTHME , e k — mosuibHe 1ine uyuciao. Hamaroun k 3mauenns 0, 1, . .., »n — 1,

OTPHMAEMO /1 PI3HUX 3HAUYEHb BHPA3y iz OTtxe, 4z mae n PI3HUX 3HAYCHB!

%=+W(cosw+isinw} k=01, n-1. (1.10)
n n

Ha xoMmIulekcHiI TUIONIMHI Ii # 3HAYeHb BHUPA3Y 4z 300pa3sAThCsl BEPIIMHAMH JCSKOTO
MIPABMIIBHOTO 7-KYTHUKA, BIUCAHOTO B KOJIO 3 IIEHTPOM B HYJIBOBIH TOYIII 1 paiycoM Al
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z

3ayBaXMBIIH, 10 NIPU z, # 0, 3TiAHO 3 O3HAYEHHSIM YacTKH, z, = St z,, BianmosigHO 10 (1.7)
)
MaEeMOo:
z z
_ |~ _ 1
|Zl|— —-|22 , Argz,=Arg—+Argz,,
z z,
3BIIKA
z Z; z
—1=u , Arg=L=Argz, - Argz,, (1.11)
Zy |Zz Zy

TOOTO MOOYIb HACMKU 080X KOMNIEKCHUX YUCeN OOPIBHIOE 4acmyi iXHIX MOOYlie, a apeymeHm —
PiBHUYi apeymenmie 0iieHoco i OLIbHUKA.

1.3 Ilocniooenocmi ma uucnoi paou KOMRIEKCHUX YUcell

VY KOMIUIEKCHOMY aHalli3l MOHATTS TPAHUI, YUCIOBOTO Psiny, GYHKIII TOLIO BBOISTHCS Tak
camo, K y JIHCHOMY aHaJIi3i, a TEOPEMH, Ki BIIOMi 3 JIMCHOTO aHaTi3y, K MIPABHIIO 3aJTHINAIOTHCS
CIpaBEAIMBUMHU 1 B KOMIUIEKCHOMY aHalli31, MPUUOMY iXHi JOBEJEHHS a00 LIJIKOM aHaJIOriuHi, 200
iX MOXXHa OTpUMATH SK HACHIJKK 3 BIJOMHX TEOpPEM JIHCHOTO aHaji3y BHUKOPHCTOBYIOUH
HepiBHOCTI (1.6).

AHaJIOTIYHO N0 O3HAYEHHS ITOCIIIAOBHOCTI JIHCHUX YUCEIT TTOCTIIOBHICTIO KOMIUIEKCHUX YHCEN
Ha3uBaeTbed QyHKUiss N — C. [lo3HauaTtumemo uepe3 z, obOpa3 n €N, a caMy HOCIIJOBHICTb —

CHMMBOJIOM (Zn ) .

Uncnmo c¢eC  Ha3UBAETLC epanuyero  TOCIITOBHOCTI (zn), SIKIIO 1im|zn —c|=0.
n—0

3aHI/ICYBaTI/IMeMO Oec Tak:

limz, =c abo z, »>c (n— ).
n—0

[TocmioBHICTB, SIKa Ma€ TPAHUITIO, HA3UBAETHCS 301XCHOIO.

KoMmruiekcHiii mociiOBHOCTI (zn) MOXHa TIOCTaBHTH Y BIUINMOBITHICTH JBI JIHCHI

nocizossocri (x, ) Ta (y,), ne x, =Rez,, y, =Imz,.

Teopema 1.1. Jlns 36ixHOCTI mochifoBHOCTI (z,) HEOGXiAHOW i AOCTAaTHBOIO € 3GiKHICTH

nocninosrocreit (x,) Ta (v, ).

JHoBeneHH s Hexail ¢c=a+ib. [loxmaBmu B HepiBHOCTAX (1.6) z, —c 3amicTh z,
OTPUMAEMO

x, =4

S|zn—c|S|xn—a|+|yn—b| . (1.12)
=)
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Sxmo lim z, = ¢, T0, 3riAHO O3HAYEHHS, |z, — c| -0 (n — 00). Tomy, BIAIOBITHO JI0 JIIBOT YaCTUHU

n—0

(1.12), nicraemo |xn —a| Ta | Y —b|—> 0 (n - oo), 1110 03Ha4a€e 301KHICTb MOCII0BHOCTEN (x”) Ta

(y” ) AHAaNOr14YHO, BAKOPUCTOBYIOUYH NpaBy 4acTUHY (1.12), 10BOJMMO TOCTATHICTD.

YucnoBUM psAIOM Ha3UBaTUMEMO CYMY

sz221+22+...+zk+.... (1.13)
k=1

O3nauenna 1.1 Yucnosuii psaa (1.13) Ha3zuBaeTbCcs 30idcHUM, SKIIO TMOCHITOBHICTh HOTO

n
YaCTKOBHX CyM S, = Yz, € 301KHOIO.
k=1

3rigHo 3 MM O3HAYEHHSIM, BiJIMOBIAHO A0 TeopemHu 1.1, oTpuMyeMO Taky TEOpemy.

o0
Teopema 1.2. Jlns 301KHOCTI 9UCIIOBOTO PSRy Yz, HEOOXIJHOIO i ZOCTaTHBOIO € 30LKHICTH
k=1

o0 o0
YHCIIOBUX PSIIB D X, Ta ). Y, .
k=1 k=1

besnocepenubo 3 o3HaueHHs 1.1 BUIUIMBAE HeobXiOHa ymoea 30ixCHOCMI YUCIOBOTO PSIy
(1.13): limz, =0.
k—©

st uncnoBoro psiay (1.13) po3riissHEMO YUCIOBHH st

Ylze| = ||+ 2o+ oot | o (1.14)
=1

HeBaxxko mepekoHatuch, 1o i3 30DkHOCTI psny (1.14) BurmumBae 30DkHicTh psny (1.13).
OO6epHeHe TBepHKEHHS, B3arail KaXydu, XuOHe. BiInoBiAHO 10 IIbOTO JaMO O3HAYCHHS.

O3nauennsn 1.2. Yucnosuii psag (1.13) Ha3UBA€ETLCA abcomomuo 30ixcHUM, SKIIO 30ITa€ThCs
gucioBuii psx (1.14).

O3nauennsn 1.3. Yucnosuii psin (1.13) Ha3UBAETBHCS yMOGHO 30idcHUM, SKILIO BiH 30iraeThes, a
yucnaoBuil pan (1.14) - poz6iraerses.

s gociimkenHs 301KHOCTI unciaoBoro psany (1.14) moxkHa 3aCTOCOBYBATH BiJIoMi 3 KypCy
MaTEeMaTHYHOTO aHaJli3y O3HaKU. 30KpeMa, po3risHeMo o3Haky Korri.

Teopema 1.3. Hexail g = kll_m k,/|zk| . Toni: 1) sxmo ¢ <1, o psax (1.13) aGconmtoTHO 301KHMIA;
—0

2) skio ¢ > 1, To BiH pO30iKHUI.

HoBemeHnHs. 1)skmo g <1, To, 32 03HAUESHHSIM BEPXHBOI IPaHMUIII,
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(Ve e(0, 1-q))3k, € N)(Vk > ko){'(/m <g+e< 1}, OTXKe, PAl i |Zk| MaKOPY€EThCS

k=ky+1
< k
YHCIIOBUM DSIIOM Y (q+g) 1 ToMy € 30DKHMM. 3HauWTh, 30iratumernes 1 psag (1.14), o
k=ky+1
o3Hayvae abCoMOTHY 301kKHICTD psaxy (1.13).

2) sxkmo ¢ >1, TO iCHye MiAMOCTIIOBHICTh HATYypaJbHUX YHUCENT (kj ), kj — 00, Taka II0

k;

zy, ‘ —>qg>1 ( j— oo), TOOTO JUIss HECKIHYCHHOI MHOXHMHA k; MaeMo ‘z k‘,‘ >1, Tomy He
BUKOHYETbCS HEO0OX1/1Ha yMoBa 301kHOCTI A7ist pany (1.13), oTxe, BiH po3biraerbes.

1.4 Heckinuenno siooanena mouxa. Cpepa Pimana
[IpupomHuM € HA3BaTH MOCIITOBHICTh TOYOK

Zys Zyseues Zpy e (1.15)

HeobMmedrceroo, KO BIANOBIAHA MOCTIJOBHICTD

|Z1 s 1Zals cees |2k -

HeoOMeXkeHa, TOOTO JAJsl JAOBUIBHOTO KPYyra LIEHTPOM B HYJBOBIM TOUIl SK 3aBIOJHO BEIHKOTO
paziyca € TOYKHU TOCIIIIOBHOCTI, SIK1 JIeXkKaTh 1032 KpyroM. SKImio 1im|zk| = 400, TO Ka3aTUMEMO, 110
k—o

MoCioBHICTH yucen (1.15) mpsMye 10 HECKIHUEHHOCTI 1 CHMBOJIIYHO 3alHCYBaTUMEMO 11€ TaK:

lim z, =+o0.

k—>0
o6 HaJaTu OCTaHHIM  PIBHOCTI  MPOCTOrO
re€OMETPUYHOTO TIyMayeHHs, 300paxaTUMEMO
KOMIUIEKCHI quclia Toukamu Ha cdepi. nsg 1uporo

Bi3bMeMO  cepy, sKa
HYJIbOBIH  Toumi (pHC.
HPOXOAUTH Yepe3 TOUYKY

JNOTUKAETBCSA 10 TUIOIMIMHU B
1.2). Hiametp chepu OP, saxuii
0, Oyme mNepHEeHIUKYIIPHUM [0

IUIOIIMHY; JIPYTY TOYKY NepeTuHy ioro 3i cdeporo, TOUKy
P, Ha3BeMO IIOJIIOCOM. JloBiTbHE KOMILUIEKCHE YHCIIO Z ,
AKe 300paXKaeThCs Pucynok 1.2 TOYKOIO Ha IUIOLIMHI, 3'€IHAEMO 3
MOJIFOCOM IPsIMOIO miHiero  Pz. OudeBumHO, BOHA

nepetHe chepy B €AWHIN, BIIMIHHIN Bi P, ToUlll, Ky MPUUMEMO 3a 300paxceHHs KOMILUIEKCHOTO
yucaa z. TUM caMUM MU YCTaHOBWIU 63AEMHO OOHO3HAYHY | 83AEMHO HenepepeHy BiITOBIIHICTH
MDK TOYKaMHU IUIOMIMHUA 1 Touykamu cdepu (3a BUHATKOM Touku P). IlomuBumoch, y skoMy

BIJIHOIIEHHI € Touka P 3 iHmmMu Toukamu cepu. Skmo lim z, =+00, To TOUKH, sKi 300pakaroTh
k—o

yucna z, Ha cepi, HeyXWIbHO HaOumkaroThes 10 Touku P. Tomy npupoanum Oyne B3sTH TOUKy P

07151 300padiceHHsi HeCKIHYeHHOCMI, a BIAMOBIMHY 1i €MHY TOUYKY IUJIOLIUHU HA3BATU HECKIHYEHHO
8i00AEHOI0 MOUKOIO.

Otxe, 3 [OMOMOrOI0 BKa3aHOTO TIIEPETBOPEHHS, SKE HA3MBAETBCA cCmepeocpadiuHoio
npoeKyiclo, MA BCTAHOBUJIM B3a€MHO OJIHO3HAUHY BIAIMOBIAHICTH MK TOYKaMH CepH 1 TOUKaMHU
IJIOIIWHM, BKJIIOYAIOYW i HECKIHYCHHO BijmaneHy Todky. Llsg cdepa, Toukm sikoi 300pakaroTh
CYKYIHICTh yCIX KOMIUIEKCHUX YHCEN 1 HECKIHYEHHOCTI, HAa3HBAETHCS KOMMNIEKCHOI YUCLI08010

13



cgheporo abo cgheporo Pimana. llepeBara 300pakeHHsSI KOMIUIEKCHHX 4YHCeNl Ha cdepl 3aMicTh
IUTOIIMHY TIOJIATA€E B TOMY, 11O TYT HAOYHO 300paKaeThCsl HECKIHUCHHO BijllajieHa TOYKA TUIOIIUHHU.

BimzHaunMo 111e oHy Ba)IHBY BIACTHBICTH CTepeorpadiqHoil MPOSKIIil: npu cmepeocpagiunii
npoexkyii 00s8inbHe KONO NAOWUHU YU OO0BINbHA NPAMA NIOWUHU NEpexooums 6 KO0 Ha cgepi.
€11HOI0 BIAMIHHICTIO 00pa3y Koja Bia oOpa3y mpsmoi € Te, 0 00pa3 mpsMoi MPOXOIUTH Yepes
MoJTIoC, a o0pa3 kosia — Hi. BiAmoBimHO 10 BKa3aHO! BJIACTUBOCTI MiJ y3aeanibHEeHUM KOJIOM Ha
IUTOIIMHI PO3yMIIOTh 3BHUaiiHe KOJI0 ab0 npsAMy. Y3aeanvHeHum Kpyeom Ha IJIOMIMHI BBAKATUMEMO
30BHIIIHICTh YU BHYTPIIIHICTh 3BUYAHHOT0 KOJ1a a00 MiBIUIOLIUHY.

1.5 Muoscunu mouok na niowiuni, oo1acmeo, J1iHis

Haragaemo nesxi BigoMi 3 KypCcy MaTeMaTHMYHOTO aHaJi3y O3HAYEHHS MHOXHH TOYOK Ha
TIJTOTIMHI.

Oxonom mouku Ha3uBaeTbes Kpyr (06e3 koina, sKke WOro oOMeXye) 3 IEHTPOM B I TOYIIL;
30KpemMa, Kpyr pajiyca& 3 LEHTPOM B TO4YLl Zz, HA3UBAaTUMEMO & -0OKOJIOM TOYKU 2z, 1

nosHagatumemo U, (ZO ) = {Z : |Z - ZO| < g}.

Posrnsinatoun cdepy PimaHna, noriuno Oyae & -0xo10m HecKiHueHHO 8i00aleHoi mouKy Ha3BaTH
1
MHOXUHY {oo}m z: |z| >—t.
£
MuoxuHa E < C Ha3UBAETHCS 00MedCeHo0, SIKIO BCl 11 TOUKU PO3MIIIEH] BCEPEINHI IETKOTO
KOJIa 3 IICHTPOM B TI0YATKy KOOP/IMHAT.

Touka z, Ha3UBAETHCS 2PAHUYHON A NESIKOI MHOXKHMHM E, SKIIO B OyJb-SIKOMY OKOJI L€l

TOYKH € 0€3J11Y TOUOK MHOKUHU E.
Bigznauumo, mo cama rpaHWYHa TOYKa MHOXKMHUA FE MOXXE IIiii MHOXKHHI 1 HE HaJeXaTH.

11 1
Hanpuknan, nis Muoxuan E = {I,E,—,...,—,...} Touka z, = 0 ¢ £ € rpaHU4HOIO.

3 n
MHuoxuHa £ Ha3UBAETHCS 3AMKHEHO0, SIKIIO 11 HAJIEKATh yCi 1i TpaHWYHI TOYKH.

Touka z, Ha3UBA€TBbCA GHYMPIWHBLOIO AL MHOKUHU E, SKIIO BOHA HAJIEXKUTH L1 MHOXHHI

pa3oM 3 AIKUMOCH CBOIM OKOJIOM.

Touka z, Ha3UBAETHCS 306HIWHBOIO TSI MHOXKUHU E, SKILO ICHYE TaKUH OKLI TOYKH Z,, )KOJIHA

TOYKA SIKOT'O HE HAJIEKUTS E.
MHuoxuHa E Ha3UBAETHCA 8IOKPUMOI0, IKIIO YCi 11 TOUKH € BHYTPILIIHIMH.

Hanpuknan, MHOXHHA TOYOK, SIKI 3HAXOJATHCS MK JBOMAa KOHIICHTPUYHHMH KOJAMH, €
BikpuTor. [lpuenHaBmm 10 i€l MHOXWHHM TOYKH, SKi JIeKaTh HAa OJHOMY 3 IIMX KiT (abo Ha
00H/IBOX), OTPUMAEMO YK€ HE BIIKPUTY MHOXKUHY.

MHoxuHa E Ha3UBa€TBCS 36 A3HOI0, AKIIO Oyab-sKi 11 ABI TOYKM MOXKHA 3'€IHATH JIaMaHOIO,
sIKA TIOBHICTIO HAJIEKUTH 111 MHOYKHHI.

Ob6aacmio Ha3UBaTUMEMO BIIKPUTY 3B'3HY MHOXKHUHY.
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[Tpuknagom obiacti Moke OyTH LIOHHO HaBelE€HA MHOXKHMHA. B pyromy k BHUIAIKy MU yxke
HE MaeMO 00J1acTi.

Hanami o6acte mo3aagarumemo D abo G.

Medsncero 06macTi HA3UBAE€THCS MHOXKMHA YCIX ii TPaHUYHUX TOYOK, sKi ilf He Hanexarb. Touku
MeX1 00J1aCTi HA3UBAIOTHCS MEHCOBUMU.

€IMHNAM TIPHKIAZOM 06IacTi 6e3 Mexi € ycs po3IIMpeHa KoMIUIeKcHa miomuHa C . Ycsika
iHIIa 00JacTh Mae MEXy, 30KpeMa, MEXKEI BCi€l CKIHUEHHOI KOMIUIEKCHOI muiomuHu C Oyme
HECKIHYEHHO BijgnajgeHa Todka. Ciix BiI3HAYMTH, IO HE KO)KHA 007acTh 1D Ma€ 30BHIIIHI TOYKH;
HaIpPUKIIAJ, CYKYITHICTh yCiX TOYOK IUIONIMHH, SIKI HE JIeXaTh Ha BIAPI3KY JIHCHOI OcCi [—1; 1], €
00J1aCTIO, KA HE MAa€ 30BHIMIHIX TOYOK.

MHoXHHaA, SKa CKJIagaeThCcsa 3 oOnacTi D Ta 11 MeXI, Ha3UBAETBCS 3aMKHEHOO obaacmio 1
Mo3HavyaeThes uepes3 D .

[lepeiinemo Ternep 10 MOHATTS HeNepepBHOI JiHil B po3yminHi XKopaano. Hexaii x(t) Ta y(t) -
JiCHI HeTepepBHI PYHKIIIT 3MIHHOT ¢ , SIKa 3MIHIOEThCS Ha BIJIPI3Ky « <t < [ . J]IBa piBHSIHHS

x=x(t), y=y(t) (a<t<p) (1.16)

JAI0Th MMapaMeTpUYHE 300paKeHHS HenepepsHoi JiHii. Ko BUMaraTUMEMoO, 100 JBOM pI3HUM
3HAYEHHSM MapameTpa ¢ (3a BUHSATKOM, MOXJIHMBO, 3HAU€Hb f =« 1 (= /[, SKi BIAIOBIAAIOTH
MOYaTKy 1 KIHIIO JIiHIT) 3aBXAM BIAMOBIJAIM JBI pi3HI TOYKHW JIIHII, TO HAIla JIiHIS HE MaTHME
KpaTHUX TOYOK, TOOTO TOYOK caMmornepeTuHy. Taky JiHiI0 Ha3MBAaTHMEMO HCOPOAaHO800. SIKIO
moxiacTh z=x+i-y, 1ak mo z(t)=x(t)+i-y(t), 10 amanitmune 306paxeHHs JiHii MOXHa
3aIMcaTH 3 JOMOMOTOI0 OJHOTO PiBHSHHS:

z=z2(t) (a<t<p). (1.16)

Konu mapameTp ¢ 3MIHIOETBCS, 3pOCTalOUM HA BIAPI3KY [a, ﬂ], TOYKA z OIHUCYE KOPAAHOBY
JIHIIO, TOYAaTKOM Ta KIHIIEM SKOI € BIAMOBIZHO TOYKH z(a) Ta z(ﬂ); THM CaMUM Ha JIiHil
YCTAHOBJIIOETHCS JIOAATHHIA HAIIPSIMOK.

O4eBHIHO, TEOMETPUYHO >KOPJAHOBA JiHiS SABJISE COOOI0 MHOXHHY TOYOK, SIKI € B3a€EMHO
OJIHO3HAYHMM 1 HETIEPEPBHUM Bi1AOOpaKCHHSAM IPSIMOJIIHIMHOTO BiApi3ka. SIKII0 MOYaTOK 1 KiHEIb
KOPIaHOBOI Hinii 36irarotecs, 10610 z(e)= z(B), To BOHA HasmBaeThCs 3amkHenoo. Taka mimis
pO3/iisie TUIOMIMHY Ha JBI pi3HI 00JIacTi: OJIHY, SIKa HE MICTUTh HECKIHUCHHO BIJJIaJIEHOT TOYKH 1
HA3UBAEThCSA GHYMpIWHICMI0 TIO BIAHOUICHHIO A0 JAaHOI JiHii; ApYTy, SKa MICTUTh HECKIHUEHHO
BiJlJAJIEHY TOYKY 1 HA3UBAETHCS 306HIUHICHIO TIO BITHOIICHHIO JIO JAHOT JiHii.

BHyTpilHICTh 3aMKHEHOT KOPAAHOBOI JIiHII Ma€ TaKy BaXJIMBY BJIACTHBICTb: SIKY O 3aMKHEHY
YKOPJIAHOBY JIIHIFO MW HE€ TIPOBENM B Il 00jacTi, 11 BHYTPINIHICTh TAKOXX HajeXaTUME HaHii
oOmacri. Bzarami, goBiabHa 001acTh, SIKA Ma€ IO BJIACTUBICTb, HA3MBAETHCS 0O0HO36 53HOIO.
OO6nacTh, sSIKa HE Mae TakKOl BIACTHBOCTI, HA3WBAEThCS MHO2038 A3HOol0. Hampukian, MHOXHHA

TOYOK {z r< |z - zo| < R} Oyzie MHOT'03B'13HOI0 00JIACTIO.

Jlns obnacTeil, ski pO3MilIeHI B PO3IIMPEHIN IUIONMMHI, TOHATTS OJHO3B'3HOI 00macTi
y3araJbHIOETHCSA. A came, Taka o0O0JacTh HA3WBAEThCS OJHO3B'S3HOI, SKIIO IS JIOBUIBHOI
3aMKHEHOI JKOpAaHOBOi KpWBOi 3 i€l oOsacti abo 11 BHYTpIIIHICT, a00 11 30BHINIHICTH
(BKJTIOYAIOYH 1 HECKIHYEHHO BIJIAJICHY TOUYKY) HAJIEKUTD 11 001acTi.
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Po3srnsgaroun 065acTi, MeXi SKUX CKIAJAIOThCS 13 JEKIJIBKOX 3aMKHYTHX JKOPAAHOBHX JIIHIH,
MU OTPUMYBaTMMEMO NPUKIAAM MHOro3B's3HuX obOnacreid. Hexait I,7,,7,,...,7, — 3aMKHEHI

’KOp/IaHOBI JIiHIi, TaKi, 0 KOKHA 3 JHIA }|,7,,...,), JACKUTb 30BHI IHIIMX 1 BCl BOHU PO3MILIEH]

Pucynok 1.3

YOTHPU3B'A3HY 00J1aCTb.

ycepenuni I (puc. 1.3). MHOXHHA TOYOK TUIONIVHH,
K1 JieXaTh OJHOYAcHO ycepeawHi miHii [T 1 30BHI
THIA  ),75,.-.,),, ABISE COOOI 00JACTh, MEKEIO
AKOI € CYKyIHICTb TO4OK HiHi#k I',y,7,,...,7,. OTxXe,

nmpu n=>1 B o0macTi ICHYIOTh TakKi HEMEpPepBHI
3aMKHEH1 JiHii, BHYTPIIIHOCTI SKHX HE IOBHICTIO
HalexaTh obOmnacti. TakuMm dYWHOM, 00JIacTh, MeEXa
SIKOI CKJIAA€ThCS 13 HEKUIBKOX (n+1) 3aMKHEHUX

JiHii Oyae MHOTO3B'S3HOIO, @ KOHKPETHIIEe —(n +1)-
36131010, Hampukiiag, MHOXXUHA TOYOK, SIKi JIeXKATh
yCepenuHl KPYroBOTO KUIBIIS {z r< |z —zO| < R} —

nBO3B'si3Ha obOmacte. Ha pucynky 1.3 300paxeHo
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JIEKIIIA 2
KOMILIEKCHA 3MIHHA. AHAJIITUYHI ® YHKIIIT
2.1 Honammsa @ynKyii KOMnaeKcHoi 3MiHHOT

Posrnssnemo MHOXuHY E CC 1 YMOBUMOCS, IIO KOMIUIEKCHE YUCIO Z = X +1i-) MOXe OyTH
OTOTOKHCHC 3 KOKXHHUM YUCIIOM L[iCI MHO>XHWHN E B TaKOMy BI/IHaIle MU HA3BEMO Z KOMNJIAEKCHON
sminnoto, a E —obnacmio ii 3minu. I'eomeTpudHOo o06sacTh E 3MIHM KOMIUIEKCHOI 3MIHHOI z
300pa3uThCs SIK Jesika MHOYKHHA TOYOK B KOMIUICKCHIM YHCIOBIH TUTOLIUHI.

Hxwo kooichomy z € E nocmaenene y 6i0nogionicmes wucio w=u+1iv € C, mo Kaxcymo, wo
Ha mHooxcuni E cC 3adana ¢ynxyis xomnnexcuoi 3minnoi. CUMBOJIYHO 1€ 3alHCYETHCS TaK:

w= f(z).

3ayeaxncenna 2.1. Moxe CTaTHCh, 110 KO)KHOMY 3HAYEHHIO KOMIUIEKCHOI 3MIHHO] Z BiMOBI1a€
JeKiTbKa 3Ha4eHb 3MIHHOI w. B TakoMy BHIaIKy W Ha3UBAETHCS MHO203HAUHOW (DYHKIIIEIO
KOMILJIECHOI 3MIHHOI z, TOJ K B MEPIIOMY BHIIAJKy BOHA HAa3UBAETHCS 0OHO3HAUHOK (DYHKITIETO.
Hapaui, sikiio He Oyze 10AaTKOBO 3ayBa)XeHE 1HIIIE, MU MATUMEMO CIIPaBy TUTLKH 3 OJTHO3HAYHUMH

byHKLIAMU.

OCKNbKM z=X+i-y, TO u Ta v € JIiCHUMHU (QYHKIISIMUA BOX ITIMCHUX 3MIHHUX X Ta y. Takum

YUMHOM, 3aJaHHsS W SK (YHKIIi KOMIUIEKCHOI 3MIHHOi z 3BOJUTHCS JO 3aJaHHS JIBOX JIHCHUX
GYHKIIH © Ta v BiI JBOX AIMCHHUX 3MIHHUX X Ta ):

w= f(z)=ulx,y)+i-v(x,y).

Koswiii Touli MHOXXKHMHH E, sika € 00J1acTIO 3MiHH 3MIHHOI Zz, BIJIIOBIJa€ IIEBHE KOMILJICKCHE
qrciI0 w. 300pakaloy MOTO SIK TOYKY B YHCIIOBIM IUIONIMHI, OTPUMYEMO MHOXXWHY TOYOK E'.
Orxe, 3amanHs W K (YHKIIT KOMIUIEKCHOI 3MIHHOI Z T€OMETPUYHO 3BOJUTHCS IO YCTAHOBIICHHS
BIJMOBIZHOCTI MK MHOKMHAMH TOYOK F Ta E', 3rigHO 3 SKOK KOXHIH TOYI[l MHOXHHU E
BIJINIOBiJJa€ TEBHA TOYKa MHOXUHH E'. B 1bOMYy BHIAJKy KaXyTh, IO MHOXXHHA TOYOK £
BiJI0OpakaeThCs HA MHOXMHY TOYOK E'. Ilpm mboMy Jeski TOYKM MHOXHUHU E' MOXYyTh OyTH
KpaTHUMH, TOOTO TakMMHM, IO PI3HUM 3HAUCHHSM z BIANOBIZa€ OJHE 1 Te camMe 3HAYCHHS W.
Posrmsinatoun BiIMOBIAHICTh MK TOYKaMHd MHOXHH E Ta E' sK BiOOpaKeHHS MHOXKMHH E' Ha
MHOXXUHY E , MU OTPUMYEMO JIJIsi KOKHOTO 3HAUEHHS KOMIUIEKCHOT 3MiHHOI W, 1110 3MIHIOEThCS Ha
MHOXXHHI TOUOK E', ojHe a0o0 AeKiiabka (Moxe OyTH HaBiTh Oe3ii4) 3Ha4YeHb z. OTXKe, HABIAKH, Z
MOJKHA PO3TJISIATH SIK (YHKLII0 KOMIUIEKCHOT 3MiHHOT w. Taka (yHKIIisI Ha3UBAETHCS 0OEPHEHOI0
CTOCOBHO 110 QYyHKIT w= f (z) SK1o pi3HUM 3HAYEHHSM KOMILUIEKCHOT 3MIHHOI z BIAMOBIJAIOThH
pi3Hi 3Ha4yeHHs (yHKUii w, TO BigoOpakeHHS MHOXUHH E Ha E' Oyne B3a€MHO OJHO3HAYHHM,
TOOTO TakHUM, IO KOXHIA TOYI[l MHOXHHU FE BIJIIIOBIJAa€ €IMHA TOYKA MHOXKHMHHM E' 1, HaBIaKH,
KOXKHIM TOYIll MHOXKUHU E' - €JiHa TOYKa MHOXHUHU E. Y 1IbOMY BUIAJKY z, IKa PO3TIISIAETHCS K
obOepHeHa (yHKINS W, TAaKOX Oyze OJHO3HAYHOIO (yHKIlIEr0. B 3arambHOMY K BUMAnKy ¢YHKIIS,
oOepHeHa OJHO3HAuHIN (QyHKIII, MOXe OyTM MHOTO3HAYHOIO 1 HAaBiTh HECKIHYEHHO3HAYHOIO.
binpmie Toro, dyHKIis, oOepHEHA OAHO3HAYHIN, MOXKE MaTH MPU KOKHOMY 3HAYECHHI HE3aJIC)KHOT

3MIHHO{ HECKIHYEHHY MHOKMHY 3Ha4€Hb, SIKI yTBOPIOIOTh HENepepBHy JiHit0. Hanpukman, w = |Z| €
OJTHO3HAYHOIO (DYHKIII€I0 KOMIUIEKCHOT 3MIHHOI z. Po3risaaroun x z sk ¢GyHKLII0 w, MU OauyuMmo,
10 33JJaHOMY 3HA4€HHIO W = 0 BIJIIOBIa€ HECKIHUEHHA MHOKMHA 3HAYEHb z, JAJIS SKUX |z| =p,

TOOTO yce KOJIO 3 EHTPOM B HYJIBOBIN Toulli 1 pagiycom p . [IpoTe, Taki siBUIIA HE € BIACTUBUMHU
nudepeHIiioBHUM QYHKITISIM, SIKI MU Oy/1IeMO JaJli BUBYATH.
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[Tepeiinemo tenep 10 MOHATTS rpanuill GpyHkiii. Hexalt omHo3HauHa QyHKIs w= f (z) 3a/1aHa
Ha MHOXUHI E, TOUKa z, - FPaHUYHA JJIs1 MHOXKUHU E.

Osnauenna 2.1. Sxumo icuye uncino C €C, Take 10 A AOBUIBHOTO & -0Kkoay U, (C ) TOYKHU
C icuye BianoBimHuil #omy O -okin Ug (zo) TOYKU Z,, TAKU{, IO IS JOBUIBHOI TOYKH
zeUy (zo)m E, z+# z, 3Ha4eHHA f (z) nonaznae B U, (C ), To C Ha3uBaeThcs epanuyero QyHKIIT
w= f(z) B Toumi z,.

3anucyeTbcs 1€ TaK:

lim f(z)=C. (2.1)

z—z

Teopema 2.1. Hexait f (z) = u(x, y)+ i v(x, y), C = A+iB. Toni KOMIIJIEKCHE CITiBBIIHOILICHHS
(2.1) exBiBaJICHTHE IBOM JIICHHUM:

limu(x,y)=A4, limv(x,y)=B, ne zy=x,+Y,.
0—0 0—0
06 60—

JloBeieHHS 11i€1 TEOpEMHU TaKe caMme sIK 1 JoBeAeHHs Teopemu 1.1.

Hexail z, = x, + y, € £ 1€ IrpaHU4HOIO TOYKOIO JJIsI MHOXUHU E.

O3nauennsn 2.2. @Oysruia w=f (z) Ha3UBAETbCA HenepepeHolo B TOULl Z,, SAKILO

lim /(z) = /(z,)-
z—z

3 Teopemu 2.1 BuruMBae, mo QyHKis f (z) HElepepBHa B TOYL Zz, TOJI 1 TUIBKU TOJi, KOJIH
byHKuii u(x, y) Ta v(x, y) HeTepepBHI B TOYIII (xo, yo).

O3nauenna 2.3. Oynkuia w= f (z) HA3UBAETHCS HENEPEPBHOIO Ha JIEAKIM MHOXUWHI, SKIIO
BOHA HEIepepBHA B KOXKHIN TOYII 111€] MHOKHHU.

Osnauennsn 2.4. ®ynknis w= f(z) HasuBaeThcs OOGMEKEHOI Ha MHOKHHI E, SKIIO
(3M > 0)(vz e E){|f(z) < M.

Teopema 2.2. (Beiiepmpacca) Sxmo dyHKIis [ (z) HeTepepBHa Ha OOMEXEHIM 3aMKHEHIH
MHOJKHHI, TO BOHa O0OMEKEeHa, a il MOAYNb Tocsrae CBOIX HAWMEHIIIOTO Ta HalOIBIIIOTO 3HAYCHb.

Il oBe ne H H s 3 HenepepBHOCTI (PyHKI f (z) BUIUIUBAE HEMEPEPBHICTh (PYHKITIT

| f (ZX = \/ (ue(x, y))2 + (v(x, y))2 , TOMY JIOCUTb 3aCTOCYBATH BIJOMI 3 KypCy MaTeMaTHYHOIO aHami3y
TEOPEMH.

Ilpuknao 2.1. Jlocninutu pyskuito f (z) =

L Ha HETIEPEPBHICTb.
z7+i
Po3B's3anu4

[NoknaBumm z = x+i-y, BUIUIUMO u(x, y) Ta v(x, y):
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I I -
f(Z)— (x+iy)2 +i (x2 _y2)+ (2xy+1)i
B ()c2 —yz)—(zx)“Ll)i _

()c2 - y2 )2 + (2xy + 1)2
_ (x2 —yz) 3 2xy+1 ;
(x2 —y2)2 + (2xy+ 1)2 (x2 —y2)2 + (2xy + 1)2 ,
b2 -»?)
(x2 —yz)2 +(2xy+l)2 ’

3BiKH 6agnmo, mo u(x, y)=

2xy +1

v(x,y)= (

2 2 :
x? —yz) +(2xy+l)
KoxHa 3 nux QyHKIIA € eIeMEeHTapHOI0, OT)Ke, HEMEPEPBHOIO B YCIX TOUYKAaX CBOET 00JacTi
BH3HA4YEHHs, TOOTO B yCiX TOYKAX (x , y) eR?, KpIM THX, JJIS IKUX
2 2\ 2
x> —y*] +(Q2xy+1)* =0.

3HaiAEeMO 111 TOYKH, TOOTO 3HAMIEMO PO3B'A3KH CUCTEMU
2 y2 =0,
2xy+1=0.

BupasuBuim 3 mepuioro piBHSHHS ) 4Yepe3 X Ta MiJCTaBUBIIM B JIpyre, 3HAXOAUMO JIBI TOUYKH

V2 2 V2 A2 .
7;—7 Ta —7;7 , B IKUX (pyHKIIIT u(x, y) Ta v(x, y) HE BU3HAYCHI, OTXKE, HE MOXKYTh

OyTH HETIEpEPBHUMHU.

Otxe, 3amana QyHKIsA [ (z) = HeTepepBHa B YC1 KOMITJIEKCHIH IJIOIIMHI 32 BUHITKOM

z°+i

V2 A2 V22

TOYOK Z; = ———[—— Ta Z, =———+i—.
2 2 2

[\

2.2 Jlugpepenyitoeannsn hynkuii KomnaekcHoi smiHHOT

Hexait B obnacti D 3amana ¢yHKuis w= f (z) 1 z, € D. SIkmo icHye CKiHYEHHa I'paHML

/(z)=f(z)

lim , TO BOHA HA3WBAETHCS NMOXiIOHOW (PYHKIIT w= f (z) B TOUL Z, 1 MO3HAYAETHCS
z—2z, AA
£'(z). Orxe,

1'(z,)= lim JE)=1(z) . (2.2)
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ITozHaunmo z—zy=Az (mpupict aprymeHra B TOYII Z) i
f (Z)— f (Zo ) =f (ZO + Az)— f (ZO ) = Aw (npupict ¢yHkuii B Touli z,). OueBUAHO, PIBHICTH (2.2)
MOKHA TIEPETHCATH B TaKiid €KBIBAJICHTHIN QopMi:

f(z0)= Alzigo%- 2.3)

DyHKLiA Ha3UBAETbCA OuUpepenyiliogHo B TOULI Z,, SKIO i MPUPICT y il TOULl MOXKHA

MOAaTH Y BUTJISII
Aw=C-Az +y(Az) Az, (2.4)
ne C — 4ucio, sIKe He 3aJIEKUTh Bin Az, 7(Az) — 0 npu Az —>0.

Teopema 2.3. Jlns Toro, mod QyHKuis f (z) Oyna nudepeHuifoBHOIO B TOULI Z,, HEOOX1HO 1

JOCTaTHBO, II00 BOHA MaJja MOXiAHY B i TOYLll, TpuYomMy f '(zo ) =C.
JoBeaeHH s.
HeoOxinHicTh. 3rilHO 3 03HAUCHHSAM IpUpicT AUdepeHLioBHOI B Toull z, (GYHKIII MOXHa

3anucaT y BUurisifi (2.4). Po3minuBimm oOuIB1 YaCTUHM 1€ pIBHOCTI HA Az , OTPUMYEMO

E=C+y(Az).

Ockinpku 7(Az)—> 0 mpu Az — 0, To icHye rpaHuns lim % =(C, orxe, 3riHo 3 (2.3), icHye
Az—0
S ’(Zo ) =C.

. .. . Aw
Hocratnicts. Hexaii icnye f ’(zo ) = lim N [To3HauuBIIM
Az—0

f’(ZO)—E = 7(Az), (2.5)

maemo ¥(Az)—> 0 npu Az —0. PiBmicts (2.5) nepenuiemo y BHMISm [ '(ZO)=%+ y(Az).

[Ticns mOMHOXKEHHS OOMIBOX YacTHH Ifi€l piBHOCTI HA Az otpumyeMmo (2.4) 3 C= f '(zo). OTtxe,

byHkIisa f (z) audepeHiiiioBHa B TOUL Z,,.
TeopeMy noseneHo.

Oyukiss w= f (z), sKa Ma€ CKIHUEHHY IOX1JHY B TOUL Z,, HA3UBAETHCSI MOHO2EHHOIO B IiH

toumi. SKkmo QyHKIiSIT MOHOTE€HHa B YCIX TOYKax Jeskoi oOmacti D, TO BOHAa HAa3UBAETHCS
MoHo2eHHo10 6 0baacmi D .

Axmo ¢yskuis w= f (z) Ma€ HeMepepBHY IOXiJHY B JEIKOMY OKOJI TOYKH Z,, TO BOHa
HA3UBAEThCA AHANIMUYHOIO B TOUL Z,. SIKIIO (yHKIIIS aHANITUYHA B KOXKHIN Touli obnacti D, TO

BOHA HA3UBAETHCS aHalimuyHow 6 odonacmi D . OyHKINS HA3UBAETHCS aHATITUYHOIO B 3aMKHEHIN
obmacti D , K10 BOHA aHAJIITHYHA B ACsAKil oonacTi G, iKka MiCTUTh D .
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. . . 1 .
Oynkuis w= f (z) HA3UBAETHCS AHATIITHYHOIO B 00, SIKIIO (PYHKIIIS g(z) =f (—) aHaJIITUYHA B
z

Touli z=0.

3ayBakeHHs1 2.1. Od4eBHUIHO, IO 3 AHATITHYHOCTI (DYHKIIi BUILIMBA€E 1i MOHOTEHHICTh. I3
MOHOT€HHOCTI (DYHKIIi1 B ACSKi{ TOYIII 11Ie HE BUTUIMBATUME ii MOHOTCHHICTh Y ii Toui. [Ipore, sik
MU Ti3HIIE 1mo6avyuMo, 3 MOHOTEHHOCTI (yHKII B 00JacTi BUIUIMBAE ii aHANITUYHICTh B IIH
obmacti. OTxe, aHAITUYHICTD PYHKINIT B 00J1aCcTi pIBHOCHIIBHA 11 MOHOT@HHOCTI B 111l 00J1aCTi.

2.3 Ymoeu Kouwii - Pimana

SIx My moGauniy BuIE, HOpMaIbHO O3HAYEHHS MOX11HOT (PYHKIIIT KOMIIJIEKCHOT 3MIHHOI HIYUM
HE BIIPI3HAETHCS BiJI BIIOMOTO HaM O3HA4YE€HHS MOX1IHOT QYHKIIIT AificHOT 3MiHHOI. B 3B'3KY 3 M
OCHOBHI NpaBHJIa, BiIOMi 3 TU(EpeHIIaIbHOTO YUCICHHS (QYHKIIH 0/1HI€T 3MIHHOI, MOMINUPIOIOTHCA 1
Ha MOXigHI PYHKIIH KOMIUIEKCHOT 3MIHHOI.

Pazom 3 tum, B 1. 2.1 Bim3HAYeHO, 110 3aMaHHA (PYHKIT KOMIUIEKCHOT 3MIHHOI 3BOJIUTHCS 10
3aJJaHHA JIBOX MIHCHMUX (YHKLINA BiJl JBOX AIMCHUX 3MIHHHUX. TOMY JIOTiUHUM € 3alUTaHHS: 5K

noB'si3aHa  qudepeHuiiioBHicTs (yHKUIT w= f (z): u(x, y)+i -v(x, y) B TOULl Z, =X, +iy, 3

nosexinKoro Gyukuiit u(x, y) ta v(x,y) B rouni (x,,y,)?
BinmoBias Ha 1€ 3alUTaHHS A€ BAXKINBA

Teopema 2.4. s toro, mo6 ¢yHkuis w= f (z) = u(x, y)+ i v(x, y) Oyna nugepeHiioBHOIO
B TOUll 2z, =X, +iy,, HEOOXIIHO 1 JOCTaTHbO, W00 (yHKUI] u(x, y) Ta v(x, y) Oynu

IQepeHiiOBHUMHU B TOYIII (xo , yo) 1 IpU IbOMY BUKOHYBAJIUCh YMOBH:

Ou_ov ou_ v

- (2.6)
ox oy Oy ox

[Tepm HIXXK MPUCTYNUTH 10 TOBEJCHHS, Bi3HAYUMO, 110 YMOBH (2.6) Ha3MBaIOTBHCS yMOBAMU
Kowi — Pimana.
JJoBeDeHHs.

HeoOxignicte. Hexait pynkimis w= f (z) Mae€ moxigny f '(zo ) =C=A+i-B. Toni, BiAMNOBiTHO

10 TeopeMu 2.2, ii IpUPICT B TOYULI z, MOXHA nojatu y BUrani (2.4). Binainumo B (2.4) aiiicHy Ta

YSIBHY JaCTHHH, MOKJIABIIIN Aw=Au+i-Av, C=A4+i-B, Az=Ax+i-Ay,
y(Az) = a(Ax, Ay)+ i ﬂ(Ax, Ay):
Au=A-Ax—B- Ay +a(Ax,Ay)- Ax — B(Ax,Ay)- Ay, (2.7)
Av=B-Ax+A-Ay+ f(Ax,Ay)- Ax + a(Ax, Ay)- Ay . (2.8)

3po3ymiiio, 110 a(Ax, Ay) —0 1a ﬂ(Ax,Ay)—) 0 mpu Ax —» 0, Ay — 0. OTxe, BIANOBIIHO 10
o3HauYeHHs TUEepeHIIHOBHOCTI (YHKINI ABOX 3MIHHUX, a TAaKOX 3B'S3Ky AU(DEpPEHIIHOBAHOCTI 3
ICHyBaHHSIM YaCTUHHUX TOXITHUX, 3 piBHOCTI (2.7) BumiuBae, o (QyHKIS u(x, y)

nuQepeHIiiioBHa B TOYI (xo , yo) 1 B 1iif TOYIIl ICHYIOTb
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My M _p

ox oy -

(2.9)

AmnanoriyHo 3 piBHOCTI (2.8) BUIUIMBa€E AU(EpPEHIIHOBHICTD (PYHKINT v(x,y) B TOYI (xo, yo) 1

ICHYBaHHS B Ii#l TOYIII

»_p Pou

ox oy -

(2.10)

3 piBHOCTeH (2.9) Ta (2.10) Merko BUIIMBAIOTH PiBHOCTI (2.6).

Orxe, HEOOXIIHICTH JOBEIEHA.

HocratHicTb. IIpyn HamaHHI aprymMeHTy z nmpupocty Az =Ax+i-Ay B TO4Ull Z, =X, +1V,,

bynkuigs w= f (z) OTPHUMAE MPUPICT

Aw=Au+i-Av. (2.11)
Ockinbku QyHKIIT u(x, y) Ta v(x, y) TuQepeHIIiiioBHI B TOULI (xo Yo ), TO
Au:a—u-Ava%-Avaa-Ar, (2.12)
ox oy
Av:@-Ax+@-Ay+,B-Ar, (2.13)
ox oy

ne o = a(Ax, Ay) >0 ta B = f(Ax, Ay) = 0 npu Ar= = |Az|=/(Ax) +(ay) — 0.

[TincraBuBmm (2.12) Ta (2.13) B (2.11), 3 BpaxyBanusam ymoB Ko Pimana (2.6), nicranemo:

Aw=a—u-Ax+a—u-Ay+a-Ar+i- @-M+@-Ay+ﬂ-Ar =
Ox oy ox oy . o ., Ov
3aMiHUBIIN —a—zz -a—,
X X
:a—u-Ax—@-Ay+a-Ar+i- @-Ax+a—u-Ay+ﬁ-Ar :
ox ox ox ox
MAaTHMEMO:

Aw:a—u-(Ax+i-Ay)+i-?-(Ax+i-Ay)+(a+i-ﬂ)-Ar:
X X

:[8—u+i-@j-(Ax+i-Ay)+(a+i-,8)-Ar:
ox ox

:(a—u+i-@j-Az+(a+i-ﬂ)£'Az.
ox ox Az

Orxe, mu orpumanu Aw y ¢opmi (2.4) 3 C:a—u+i-— Ta y:(a+i-ﬂ)£—>0 npu
ox ox Az

Az — 0. Tum camuM goBeneHa nudepeHIiioBHICTh QyHKIT [ (z) B TOUL Z,,.

Teopemy noBeaeHO

3aysaxncenna 2.2 Buxonsuu 3 Teopemu 2.2, a Takoxxk ymoB Ko Pimana (2.6), matumemo:
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_ Ou ,'6v_6u ,'6u_8v ,'6u_8v ,.8v

z)=—+i - —=——-i —=——f—=—+i—. 2.14
f(Z)axlax axlay aylay aylax @.19)

2.4 I'eomempuynuii 3micm mooyna ma apeymenmy noxionoi. Konghopmni éiooopasrcennsn

Hexaii ¢pynkuis w= f (z) BH3Ha4YEHA Ta HemepepBHa B obOnacti D1 nudepeHiiiioBHa B TOYII
z, € D, npuuomy f '(zo ) # 0. Toxi Mu MOXeMo moaaTu

f'(z,)= Alcosa +i-sina), 4>0. (2.15)
3BiacH, 3TiIHO 3 O3HAYEHHIM IIOX1QHOI, MAEMO

7))

on |z-1z)

=A4>0. (2.16)

BinoGpaxkenns, ke Mae BIaCTUBICTH (2.16), HA3UBAETHCS BIQ0OPANCEHHAM CMALO20 NIHILUHO20
posmsey, a 9ucio A - KoedilieHTOM pO3TATY.

3ayearxncenna 2.3. He koxHe BiIoOpakeHHs Mae cTanuil koediuieHT postary. Hampuximan,
AKIO w=2Xx+1i-), TO 00pa3 BEepTUKAJIBHOIO BiJpi3Ka Ma€e Ty camy JOBXHHY, IO W BiJIpi30K, a

o0pa3 TOpPU3OHTAJILHOTO BiJpi3Ka Mae€ JOBXKMHY BIBiUi OUIbIIY 3a JIOBXUHY mHpooOpasy. Lle
MOSICHIOETHCSI TUM, 110 J1aHa (QYHKI[is HE Ma€ MOXITHOI B KOIHIN TOYII.

Tenep 3'sicyeMo reoMeTpuyHHUI 3MiICT aprymeHTy moxinHoi. IIpoBenemo B obmacti D uepes
TOUKY <z, SKy-HEOyIOb IiHIIO y:z= z(t) (a <t<p, z(to): zo), JUIs  SAKOT ICHye TMOXiJHa
z’(to);t 0. Ob6pa3om 11i€i KPUBOi 3a JOMOMOTOI0 BiAOOpakeHHST W= f (z) Oyne nmesika miHis [T B
WIOMKHI Ww: w=f (z(t)) (a <t<p, f (z(to )) = Wo)- 3rifHO 3 mpaBWIOM JH(EepeHIIIOBaHHS
ckmanennx ¢yukmiin dyukiis f(z(¢)) nudepenmiiiosra B Touni £ =1, i w'(t,)= f"(z,)-2'(t,)# 0,
oTXxe, BpaxoBytouH (2.15), orpumyemo

Argw'(ty)=a+ ArgZ'(t,). (2.17)

Jns  3'scyBaHHS T€OMETPHUYHOTO 3MICTYy aprymenra f '(ZO) PO3IVITHEMO  CIIOYATKY

T€OMETPUYHUIN 3MICT apryMeHTa z’(to). OCKUIBKH ICHYE

2(ty) = tim 20 =200)
= -1t

5

TO

argw —argz'(t,) (t—>1,). (2.18)
0

[IpoBeneMo ciuHy yepe3 TOUKH Z = z(t) 1zy= z(to) miHii y. i TOYKH € pi3HUMH Ui BCIX /,

JIOCUTh ONIM3BKUX 10 f, 1 BIAMIHHUX BiA f, (B IPOTHBHOMY BMIAJKY 3HaiileTbcs MOCIIIOBHICTD

(tn) Taka, o f, —> 17, 1 Z(tn)_Z(fo)ZO, 3BiIKH Z’(to): lim Z(l‘n)—Z(tO)

=0, 0 TPOTUPIYUTH
L, =1 t - to

YMOBI).
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. . . o z\t)—z\¢
3aYBa)KI/IBLHI/I, 10 HanmpsAMOK C1YHO1 CITIIBHAIPAMIICHHU 3 HAIIPSAIMKOM BCKTOpa M , M
0aynMo, L0 ClYHA MAa€ I'PaHUYHE IOJIOKEHHS NMpU ¢ —> f, TOAl 1 TUIBKM TOAl, KOJU KYyT MIXK

(1)~ 2(t)

=1,

OCTaHHIM BEKTOPOM 1 JIHCHOIO BiCcCIO, IO JOPIBHIOE arg , Ma€ TPAHULIO NPHU ¢ —> 1.

Otxe, 3rigHo 3 (2.18), Argz'(to) O3Haua€ KyT HaxXWiay JAOTMYHOI A0 JiHII y B TOYLl Z;.

AHanoriuno Arg w’(to) KYT HaXWJIy AOTH4YHOI 710 MiHii [T B Toumi w,.

3 piBHocTi (2.17) Mu 6aunmo, 10 MpH Mepexoii Bif JiHii ¥ no ii obpazy I' kyr Haxumiy
JOTHYHOI B TOYATKOBIN TOYII JIIHIT 3MIHIOETHCS HA BETMUUHY

Argw'(ty) - Arg2'(ty)=a = Arg f'(z,),
sIKa HE 3aJICXKUTh BiJI I11€1 KPUBOI.

Orxe, Arg f '(ZO) 00pisHIOE Kymy nOGOpOmy 0OmuyHoi 10 JIHIT y B TOULI z, IPH MEPexol 10

ii o6pasy I' B Touni w, = f (Zo ) B upomy i1 nomnsirae eeomempuunui 3micm Arg f '(ZO).

SIKIO 3 TOUKU z, BUXOIATH sIKi-HEOyab MBI JMiHII ¥, Ta y,, sIKi MalOTh AOTUYHI 7; Ta 7, B
Touui z,, To fotuyHi T, Ta T, mo ixHix o6pa3ziB I} Ta I, B Touni w, = f (zo) OJIEPKHUMO 3 7, Ta
7, 3a JOIOMOIOI0 ITOBOPOTY HA OJUH 1 TOH ke KyT Arg f ’(zo); OTXe, KyT MUK JIHIIMH | Ta ¥,
JOPIBHIOE (32 BEIMUYUHOIO 1 3a HampsAMKOM BLUIIKY) Kyry mix I} Ta I,. Takum umHOM, mpu
BIJOOpaXKE€HHI 3 JIOIIOMOIOI0 HENEPEPBHOI B OKOJII TOUKH z, QyHKUII w= f (z), sIKa Ma€ BIAMIHHY
Bl HYJISl TOXigHY f '(ZO) , YC1 JIHIi IJIOIIMHY Zz, K1 IPOXOASATh Yepe3 TOUKY Zz, 1 MalOTh JOTUYHI B
L[i{ TOYILli, NEPETBOPIOIOTHCS B JIIHIT IUIOUMHUA W, K1 IPOXOJAATh Uepe3 TOUKY W, = f (zo) 1 TaKOX

MalTh JOTHYHI B Il TOYI,IPUYOMY KYTH MIK KPHUBHMH 3a JIOIMOMOTOIO PO3TJISAYyBaHOTO
B1100pakeHHsI 30epiratoThCs. LI BIaCTUBICTD HA3UBAETHCS KOHCEPBAMUZMOM KYMIE.

O3nauennsn 2.5. BinoOpaxeHHs 3 JOMOMOIOI0 HeEmepepBHOI B obyacti D QyHKmiiw = f (z)
HAa3UBAEThCA KOHGOpMHUM B TOULl z, € D, AKIO BOHO B I[iil TOUIl XapaKTEePU3YyEThCs HASBHICTIO
CMAn020o NiHIIHO20 PO3MA2Y Ta KOHCEPBAMUIMY KYMI6.

SIKIIo mpu 1bOMY 30epiraioTbes He TUIBKM BEJIMYMHU KYTIB, aje i HanmpsAMu iX BUATIKY (K 1€
OyJI0 B PO3TJISIHYTOMY BHIIE BiJOOpakeHH1), TO KaXYTh PO KOHGOPMHE BIOOpaKEHHS MEPIIIOTO
pOIy; SKIIO >X HampsMH BUAIKY KYTiB 3MIHIOIOTbCS Ha HPOTUJICKHI (HANPHUKIAZL, Yy BHUIIAIKY

I3ePKAIBHOTO BioOpaseHHss W = Z ), To KaXKyTh PO KOHDOPMHE BiJoOPaKeHHS JPYroro posyy.

OTke, Bi0OpakeHHs 32 JOMOMOIOK0 aHATITHYHOI B Aeskiil o6nacti D (yHkuii kommiekcHoO
3MiHHOI € KOH(QOPMHUM BiI0Opa’KkeHHAM IEPIIOro POy B ycix Toukax obnacti D, B skux moxigna
BifMiHHA B Hyns. SIKIIO BioOpaskeHHs € KOHPOPMHUM Y BCiX 6e3 BUHATKY Toukax obnacti D, To
ioro HasuBarTL KOH(OPMHE BisoOpaxkeHHsm obnacti D .

3aranbHU TPUKIaa KOHGOPMHOTO BITOOpa)XEHHS IPYroro pojy AAr0Th BIAOOpaKeHHS, SKi
3MIIACHIOIOTHCS 3 IOMOMOTOI0 (DYHKIIIH, COPSDKEHUX 3 aHATITUYHUMU: w = f (z) (B yciX ToYkax e

1'(z)#0).

Mae miciie Taka Teopema.
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Teopema 2.5. BinoOpaxeHus w= f (z) Oyne KOH(OPMHHM TIEPIIOTO poay B obmacti D Toxi i
TIJABKH TOJ1, KOU QyHKIS w= f (z) aHamiTHYHA 1 f '(z) #0B D.

Hawm Hanmani norpiOne Oyne Take

Osnauenns 2.6. ®Oynxuis w= f(z), BusHauena B 06macti D, HA3UBAETHCS 0OHOMUCHION B
obmnacti G — D, gx1o

(Vz, € G)(vz, € G){Zl +2, = f(z))# f(Zz)}

3aysarxcenna 2.4. Jlns xoHdopmHOCTI BimoOpaxkeHs w= f (z) B oOmacti D J0OCTaTHBO
BUMaraTu BUKOHAHHS OJHIET 13 yMOB: 1) mo0 HemepepBHa PyHKIsT w= f (z) BOJIOJIIIA B KOXKHIN
ToUlll z € D minvKku gracmugicmio Koucepsamuzmy Kymis; 2) mo0 HernepepBHa QyHKINS w = f (z)

BOJIOAIVIA B KOXHIN Toulll ze€ D minvKku 61acmugicmio Cmanoeo JiHiliHo2o posmscy i Oyna
00HOMUCMOI0 8 D .

B Teopii koHpopMHHMX BimoOpakeHb Ta 1i 3aCTOCYBaHHSX IMPUHIUIIOBUM € THTAHHS IPO
MO>KJIMBICTh OJTHOJMCTHO Ta KOH(GOPMHO BiTOOpa3UTH OJHY 3aJaHy oOnacTh Ha iHmry. Binmosins
Ha Ile UTAHHS Jae TeopeMa PiMaHa, JOBEIECHHS AKOI € TOCHTh CKIAJHE i TYT He mojaeThes. Moro
MOYKHA 3HAWTH, HAapUKJIaI, B [1].

Teopema 2.6 (Pimana). Hexait D ta G - nBi 0qHO3B's13HI o0nacti i3 C, BigminHi BinC . J{ns
noBimbEHX zy €D, w,€G, acl|-mx) icaye emma dymkumis w= f(z), sxa 3gilicHioe

KoH(opMHe BinoOpaxkenus D — G, npuuomy f (zo ) =w, 1argf ’(zo ) =x.

Ha 3aBepiueHHs i€l JeKIil JaMo MOHSTTS B1OOPa)KEHHsI OKOJIY TOUKH Zz, HA OKUI TOUKH W,

SIKIIO TIPUHANWMI OJIHA 3 HUX € 00!

a) KO z, =0 1 Wy = f (zo ) # 00, TO B1I0OpakeHHs 3/1iicHIOBaHE (YHKIIIEIO [, HA3UBAETHCS

KOHQOPMHUM B Zz,, AKIO B z=0 € KOHPOPMHMM BIJOOpa)XeHHs, 3/l CHIOBaHE (YHKIIEIO

1
w=fl—|;
z
0) sIKImo z, #o0 1 wy, = f (zo): 00, TO BiJ0OOpakeHHS 3/11iCHIOBaHE (PYHKIIIEIO f , HA3UBAETHCS
1 .
/(z)

B) AKIIO Zz, =0 1 w,=f (zo):oo, TO BIJOOpa)keHHs 3MiMCHIOBaHE (QYHKIi€WO f,

KOH(QOPMHHUM B Z,,, IKIIO B Z, € KOHGOPMHUM BiJOOpaXEeHHs, 3111 CHIOBaHE PYHKLIED W =

Ha3UBAETbCd KOHPOPMHUM B Zz,, KO B z=0 € KOHGOPMHHUM BIIOOpa)KCHHs, 3[1HCHIOBaHE

-1
byskiiero w=| f (lj .

z
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JIEKIIIA 3
EJJEMEHTAPHI AHAJITAYHI ®YHKIIII
3.1 llina niniuina ghynxuyis
SIkimio QyHKIIisA aHATITHYHA B yCil KOMIUIEKCHiH myonmHi €, TO BOHA HA3UBAETHCS Yi1070.

Linoro niniunoo GyHKIIE0 HA3UBAETHCS (QYHKISA BUIY W=az+b, 1e a Ta b- KOMIUIEKCHI
yucnia, npudomy a # 0. Jlerko 6aunTu, mo oOepHeHa 10 i€l GyHKIT € Tex JHIHHOI. OCKUTBKU
w' =a#0, 1o wina niniiHa QyHKIis KOHPOPMHO i oxHOoNMKCTHO BigoOpakae C B C . ITokaxkemo,
mo us QyHKUisA 3xilicHioe KoH]opMHE BimobpakenHs C — C, TOOTO NEpPEeKOHAEMOCH B
KOH(OPMHOCTI BiJIOOpa)KE€HHS 1 B TOYI[l z = oo. 3T1IHO 3 O3HAYEHHSM B KIHIII MMOMEPEIHBOT JISKIIiT

1z
7+b bz+a
zZ

a 1 .
W =——3,T0 w’(O) =—# (), 110 03Ha4ae KOHPOPMHICTb B .
(bz +a) a

CIiJT PO3TASHYTH (YHKLIIO W= 1 Touky z=0. Ockinbku it Takoi QyHKIil

JIBi MHOXXMHU HAa3UBAaTUMEMO HOOIOHUMU, SKIIO iX MOXHA CYMICTHTH, BUKOPHCTOBYIOYH
TIJIBKH NIEPETBOPEHHS TOMOTETIi (PO3TAry), IOBOPOTY 1 apaleIbHOTO MepeHECeHHs (3CYBY).

Teopema 3.1. llina niniiiHa QyHKIisS BigmoOpa)kae KOXXHY MHOXXMHY B HOJIOHY 10 cebe, 1,
HaBIMaKu, JBl MOJIOHI MHOXWHU MOHA OJHOJHMCTHO BiOOpa3UTH OJHY B IHIIY 3a JOTIOMOTOIO
1UT01 JTIHINHOT QYHKITIT.

JoBenmeHHs.

Hexait a:|a|(cosa+i-sina). OyHKIIIO W=az+b MOXHA pPO3YyMITH SK CYNEPHO3ULII0
GyHKLIIA W, =|a|-z, W, :wl(cosa+i-sina) Ta w=w,+b. Jna ¢dyHkmii w, =|a|-z MaeMo
|w1| = |a|-|z| 1 Argw, = Arg|a| + Argz = = Argz. ToMy, SKIIO TOYKa z 3HAXOJUTHCS Ha SIKOMYCh
IPOMEHI, 10 BUXOAMUTH 3 IOYATKy KOOPAMHAT, TO TOUKAa W, TexX Oyle Ha IbOMY IPOMEHI.
3MIHUTBCS TUIBKU BIJICTaHb J0 MOYATKy KOOpAWHAT B |a| pasiB, To0TO Matumemo po3tar. Jami
AKILO Wy, =W, (cosa +i-sin a), TO |w2| = |wl| 1 Argw, = Argw, +
+Arg(cosa+i-sina):Argw1 +«, TOOTO, 3aNMINAIOYNCH HA OJHAKOBIM BIACTaHI O MOYATKY

KOOPJAMHAT, PaJlyCc-BEKTOPHU YCiX TOUYOK MOBEPTAIOTHCS HA OIWH 1 TOW camuii KyT « . Hapemri,
byHKIis W= w, +b 3aiiiCHIOE apanenbHe epeHeceHHsT Ha BEKTop b .

Hapmaku, moBiIBHI TEPETBOPEHHSI PO3TATY, MOBOPOTY Ta 3CYBY 3IIMCHIOIOTHCS IITUMHU
niHiiiHUME (yHKIistMu. ToMy /Bi 3aaaHi MoAIOHI MHOXHHUA MOKHA BIJOOPA3UTH CYINEPIIO3UIIIEO
LUTMX JTHITHUX QYHKIIH, TOOTO 1iI0I0 JiHIHHOIO (yHKLi€0. Teopemy n0BeACHO.

3.2 Cmenenesa (pynkuyis 3 HamypaibHUM NOKA3ZHUKOM

CreneHeBoro  (PyHKIIE0O 3 HaTypaJbHUM TIOKa3HHUKOM HA3MBA€ThCA (PYHKINA BHUIY
w=z"=z-z-...-z (n MHOXHHKIB), 7 >2. BHUKOPHCTOBYIOYM O3HAYCHHS IOXIAHOI, HEBAXKKO

n—1

MEePEKOHATHCh, 10 B yCix Toukax z e C icuye w =n-z" | omke w=z" - mina ¢QyHKmis i

3MIMCHIOE BiTOOpaXkeHHs, KOH(POPMHE B KOKHIN TOYIIl 00IaCTi {z :0< |z| < +oo}.
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[TomuBUMOCH, SKMMH MOXYTh OyTH 00JacTi OJHOJIMCTHOCTI cTeneHeBoi (yHKii. 3rigHo 3
O3HAYCHHSM HaM MOTPIOHO 3HANTH Taki obmacti G, ISt IKUX

(Vz, € G)(Vz, € G){Z1 2, = 2z| #2Z }
[Ipunyctumo, o z; # z, . 3HaliIeMO yMOBY, IIpH SIKil z;' = z5 . OCKiJbKH

n
Z]

— n —_—
n n _‘22’ |Zl|_
2 =2 o =S =
Argz = Arg z5, n-Argz =n-Argz,,

T0 o0macte G Oyne Oyne ob6nacTio

|Zl| =

|Zl| =

And 2k
nargz, =narg z, + 2k, argz, =argz, +—, kel,
n

OJTHOJIMCTHOCTI JJIs 3aaH01 (PYHKII{, KO0 BOHA HE MICTUTHUME YKOHOI ITapy TOYOK 3 PIBHUMH MIXK
cOBOK MOAYIISIMH 1 PI3HHIICIO apryMEHTIB, KpaTtHOw 277/n. Buxonsuu 3 uporo, GyHkuis w=z" €

. 2
OJTHOJIUCTOIO , HATIPUKIIAM, B OYIb-SIKOMY KYTi {z ra<arg,z<a +—} (puc. 3.1, a), 30kpema,
n

byHKIIIsS w=z? OJIHOJIUCTAa B KOJXKHIM TIBIUIONIMHI, MeXa SKOi MPOXOJUTh 4Yepe3 I0YaToK
koopauHart (puc. 3.1, 0).

a) 6)

Pucynok 3.1

CxopucrtaBmmch GopMynoro MyaBpa, OTpUMYEMO
p(cos 0 +isin@)=r"(cosnp+isinng),
3BIIKH

p=r", 0=nge.

3a pgomomoror mux (GopMysn JEerKo TOKaszaTh, Mo oOpa3oM 00J1acTi OJHOJHUCTHOCTI,
300pakeHoi Ha puc. 3.1, a), Oyzne ycsi w—IIJIOIMKHA 3 PO3Pi30M MO MPOMEHIO {w JArgw = na} (puc.
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3.2, a), a 06pa3oM BEPXHBOI MIBIUIOMMHY IPU BimoOpaxenHi w=z> Gyme ycs w—IUIONMHA 3
PO3pi30M M0 A0AATHIN AiiicHi# miBoci (puc. 3.2, 6).

® ®

// 9
.
///A Y

6)

-

\‘\\'\\\

‘\\\

Pucynok 3.2

3.3 @ynukuyia 7Kykoecvkozo

PosrnsiHemMo QyHKIIIIO
J(Z):l[z+lj. 3.1

Coro Ha3By (PyHKIIIS oJepikKajia 4yepe3 3aCTOCYBaHHS ii B aepojuHaMili, po3risHyTi M.C.
’KyKOBCBKHM.

%(1—%), ToMy (DyHKITis J(z) € aHaIITUYHOIO B oOnacti
z

{z :0< |z| < +00}, a BiIOOpakeHHsI, 3/IIHCHIOBaHe Ii€0 (PyHKIli€0, € KoHpopMHUM Bctogu B C 3a

Ouesuano, mo J'(z)=

BHHATKOM Touok z =1 Ta z=-1,60 J'(1)=J'(-1)=0.

3'acyeMo, SIKUMH MOXYTb OyTu o6siacTi onHonuctHocTi ¢pyHkuii XKykoBcskoro. Ilpunyctumo,
110 TOYKH Z; # Z, BIAOOpaxkaroTbecs pyHKLIEO J (z) B OIHY TOUKY. Toi

J(z,)=J(z,) e (z —22)-(1— ! j=0<:>2122 =1.

21z,

Omxe, 06nacth G 6y/e 061acTio oqHOMUCTHOCTI A dyrkuii J(z) Toxi i Tinbku Toxi, KOMH B
HIl HeMmae JBOX TOYOK z; #z,, TaKUX WO z,Zz, =1. BpaxoByrouu 1ne, HeBaXKo OayuTH, LIO
o0JacTAIMM OAHOJIUCTHOCTI Aisl (yHKIT J(z) €, HampWKiIaa, Taki objacti: a) {z :|z|<1}; 0)
{z : |z| >1}; B) {z:Imz>0}; r){z: Imz <0} (puc. 3.3). [ificHo, AKmO z, Ta z, - ABi TOUKH 3
BHYTPIIIHOCTI OJMHUYHOIO KOja, TOOTO |zl|<1 1 |22|<1, TO 1 |zlzz|>1. AHasoriyHo  ais

30BHIIIHOCTI OAMHUYHOIO KOJIA MAaeMO |zlzz|>1. Skmo x z; Ta z, - ABI TOYKH 3 BEPXHBOI
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niBmiomuHu, 10 0<z, <7 1 0<z, <7, ToMy Arg(zlzz)i 27k, oTXke, 3HOBY z,z, #1. Jlni
HWOKHBOT MIBIJIOUIMHU MIpKYBaHHS aHAJIOTIYHI.

3HaiaemMo BigoOpakeHHs 1uX obnacteit ogHonmctHOcTI. s pynkmii XKykoBcbkoro

u+iv:%(r(cosw+isi”¢’)+ r(cosgpiisinfﬂﬂ )

=—||r+—|cosp+ilr—— |sing |,
2 r r

OTXe, MaEMO Taki (HOpMyIu IIepexoay:

1 1 1 1
U=—|r+—|coso, v=—|r——|sing. (3.2)
2 r 2 r
JInst 3HaXOJKEHHS! BHYTPILMIHOCTI OAMHUYHOrO Kousa (puc. 3.3.,a) 3adikcyemo umcio ry <1 i
1 1 {1 .
PO3IIISIHEMO KOJIO {z : |z| = ro}. [To3nauumo a = 5 ry+—1, b= 5 ——1, |, Toal 3 (3.2) maemo,
"o "o

mo u=acose, v=—bsing, 0 <@ <27, TOOTO B MJOLMHI W JICTAIU MapaMETPUYH] PIBHIHHS
eJirnca, siKi piIBHOCHJIbHI TAKOMY KaHOHIYHOMY PiBHSIHHIO:

2 2
u 14

2 2
a b

® @ %X\\\
@ <

RO\

Pucynok 3.3

-1. (3.3)

_

B)
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Jlerko GauutH, 1110 ct=a*>-b*= 1, Tomy 3 (3.3) maemo, 1o oOpazaMu KOHIIEHTPUYHUX KiT 3

LEHTPOM B MOYATKy KOOPJHMHAT 1 pajalycaMu 7, <1 € enincu 3 ¢pokycamu B Todkax * 1, mpudyomy
BEPXHE IIBKOJIO MEPEXOIUTh y HUXKHINM MIBEJINC, a HUXKHE — y BEpXHIA. 3po3yMiso, IO KOJIU 7

HAOIMKaTUMEThCS. 10 OJMHULI, TO eJNC HaOIMKaTUMEThCS 10 Biapi3ka [— I; 1]. OTtxe, QyHKIIs
’KykoBcbkoro BifjoOpaxkae BHYTPIIIHICTh OAMHUYHOTO KOJIA HA BCIO IUIOIIMHY 3 PO3Pi30M IO
BIIPI3KY [— 1, 1] (puc. 3.4, a). Mexa 11i€i 0011acTi — KOJIO {z : |z| = 1} MEePEXOIUTh Y BIZIPI30K [— I, 1],
KU OOXOIUTHCS JIBiYi, MPUUOMY BEPXHE MIBKOJIO TIEPEXOAUTh y HIKHIHM, a HIKHE — y BEPXHIH
oeper po3pizy. OO6nacTh {z : |z| <l,Imz > 0} MEePEXOUTh Y HIDKHIO MIBIUIOIIMHY, a 00JIacTh

{z o<1 Imz < 0} - Y BEpXHIO.

\\@\
A

6)

.

Pucynok 3.4

Mipkyloun $K 1 BHUIIE, MOXHA IOKa3aTH, IO (QYHKIIA J(z) 3MiHCHIOE KOH(pOpPMHE 1
OJTHOJIUCTHE BiTOOpaKEHHS 30BHINIHOCTI OJMHUYHOTO Kouia (puc. 3.3, 6) TakoXk Ha BCIO IUIOIIKHY 3
pO3pi3OM TO BIZPI3KY [— 1, 1], MPUIOMY KOJIO {z : |z| =1} MEePEXOUTh Yy LEH BIJPI30K, 00JaCTh
{Z : |Z|>1, Imz >0} MEePEXOUTh Y BEPXHIO IMIBIUIONIMHY, a 00JacTh {Z : |Z|>1, Imz<0} -y

HWKHIO.
J11st 3HaX0KEHHST 00pa3y BEpXHbOI MIBIUIOMMHN (pHc.3.3, B) 3aIUIIIEMO

{Z Amz > 0}= {Z sImz >0, Z|<1}u

Z|=1}

1 BigoOpaxaTUMEMO KOXHY 3 MHOXHH IpaBoi yacTMHU. OCKIJIBbKH, SIK BKAa3aHO BHUIIE, 00JacTh
{z 2Imz >0, z| > 1} - Y BEPXHIO,

u{z: Imz >0, Z|>1}u{z.' Imz >0,

z| < 1} MEePEXOIUTh y HUKHIO MIBIUIONIUHY, 00JaCTh {z 2Imz >0,

z|=1} y BIApI30K [— 1, 1], TO 00pa30oM BEPXHBOI MIBILUIOMIMHU Oy1e BCS

a IBKOJIO {z sImz >0,

IUIOIIMHA 3 PO3pizaMHu 110 npoMeHax (—oo; —1| Ta |1, +o0), aki nexars Ha nilicHin oci (puc. 3.4, 0).
b b

AHAJIOTIYHO TIOKa3yeMO, IO HWXHsS MiBIUIONMHA (puc.3.3, T) TaKoX Bi1IOOpaKaeThCs Ha
00J1acTh, 300pakeHy Ha pUCYHKY 3.4, 0.

JIy1st Kparoro po3yMiHHS 3HaiIEMO Iie 00pa3y MPOMEHIB, SIKI BUXOJIATH 3 TTOYAaTKy KOOPAUHAT.

Po3rnsiHemMo crioyaTKy NpOMiHb {z argz =@, } Py # % k € Z.. Bukmouarouu 3 (3.2) mapamerp

r TIpH @ = @, , MAEMO
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2 2
u \4

5 =1
cos” @, sin” @,

TOOTO Hall MPOMiIHb NEPEXOAUTH y BITKY TrimepOonu (niBy 3 ¢GokycoM y Touli z=-—1 mpH
cos@, <0 abo mpaBy 3 dokycom y Touui z=1 npu cos¢,>0). IIpomeni {z : argz:O} Ta

{z rargz= —72'} BIIOOPaKAIOTBCSA  BIAMOBITHO B MPOMEHI {w : M >1, argw= 0} Ta

{w : |w|>1, argw:—ﬁ}, KOXKHUHA 3 SKUX TPOXOAUTHCA JBI4i, a KOXHUH 3 TIPOMEHIB

{z .‘argz=£, Z|>1} 1 Z.‘anZ=—£,
2 2

3.4 Illokasznukoea Qhynxuyis

z| > l} NEepexXoaNTh B YSIBHY BiCh {w :Rew= 0}.

[Toxa3HUKOBOIO HA3WBAETHCS (PYHKITIS BHIY
e" =e" (cosy +isiny). (3.4)

OueBuHO, 110 pr y =0 MaeMo e” =e”, TOOTO AICTAEMO MOKa3HUKOBY (DYHKIIIO, SIKY BUBYAIH B

z

Kypci MatemaTruHoro aamisy. 3 (3.4) sumiuBae, mo |e°|=e* >0, 3Bigku e” #0 B ycCix TOYKax

zeC . Jlerko Oauntw, mo Arge” =y+2mk, keZ. Tlokmasum B (3.4) 0=0, oTpumyemo
dopmyny Eiinepa:

e’ =cosy+isiny.

i . 2ri .. 2ri :
Orxe, e’ =e* -e'”. Ockineku e =cos2x+isin2xr =1, to e =e°, ToOTO PyHKIIA € €

MEPIOUYHOIO 3 MepioJIoM 2771 .

3 (3.4) 6aunmo, mo it GyHKIIT w=e° MaeMo u=e cosy Ta v=e" siny. 3HAUIIOBIIN
YAaCTUHHI MOXI/HI, JIETKO MEePEeKOHYEMOCH, 110 BOHHU 3a/10BOJBHAIOTH yMOBH Ko — Pimana s

BCix z €C . Omxe, e” - nina Qyukuis. 3a popmynoro (2.14) maemo

ou . Ov . .
e =—+i-—=e"cosy+ie'siny=e" 20,
ox ox

T00TO PyHKISE W = e” 37ilicHIOE BinoOpakeHHs, KoHpopmHe B C .

3HaiieMo 001acTi OJHOIMCTHOCTI MOKA3HUKOBOI (DYHKII. MU MOBHHHI 3HAWTH Taki o0macTi
G, 1 SIKAX

(Vz, € G)(Vz, € G){z1 £z, >e e }
Ockinbku

et = M2 )

V=Y, +2mk, keZ,

el =e”? S elle™ =ehe" o

TO 0obmacTh G Oyae 00JaCTIO OJHOJMUCTHOCTI JISL W=e” TOJI i TUTbKK TOMI, KOJH B Hili HEMae
JIBOX PI3HUX TOYOK 3 OJHAKOBUMHM JTIHCHUMH YaCTHHAMU 1 YSIBHUMH, SIKI BIIPIZHSAIOTHCS HA YHUCIIO,
KpaTHe 27 . 30KpeMa, [OBUIbHA TOPH30HTAJIbHA CMyra IIUPUHOI 277, TOOTO MHOXXHHA
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{z ca<lmz<a+ 27r}, Oyme obiacTio omHOJMMCTHOCTI (QyHKINI e”. 3 (3.4) merko GauuTH, IO
dhopmynu epexoay U po3TsyBaHOl PYHKITIT MatOTh BUTJISI

p=e’, 0=y,

oTxe, 00pa3oM CMyru {z ca<lmz<a+ 27[} Oyne oO0nacth {w ca<Argw<a+ 27z} , TOOTO

TJIOIIMHA 3 PO3PI30M I10 TIPOMEHIO {w cArgw = a} (puc. 3.5).
@ i(a + 27r)

7 _
0 / ///g

Pucynok 3.5

3ayeancenna 3.1. 3 dopmynu Eilinepa BurumBae, 1m0 KOMIUIEKCHE YHCIIO, 3allMCaHE Y
TpuroHometrpuuHii dopmi (1.5), MOKHA 3amucaTH KOPOTKO Yy TaK 3BaHIN noxasHuxosii ¢opmi
z=r-e'%.

3.5 Tpuconomempuuni ma 2inepoo1iuni Qpynxyii

OyHKIii

. o 1(. .
smz:—_(e’z—e ’Z), cosz:—(e’z+e ’Z)
2i 2

HA3WBAIOTHCS TPUTOHOMETPUYHHMH BiAIMOBIZIHO CHHYCOM Ta KOCHHYCOM a00 MpPOCTO CHHYCOM Ta
KOCHHYCOM, a (PyHKITii

shz=%(ez —e_z), ChZ=%(eZ +e_z) -

rinepOoIiYHIMH BiAOBIHO CHHYCOM Ta KOCUHYCOM.

SIkmo z = x, To, 3riiHO 3 03HaUeHHIM Ta Gopmyoro Eiinepa, Maemo

. I(; W 1 .. .
sznZ:—_(e’x -e ’x):—_(cosx+lsmx—(cosx—zsznx)):
2i 2i
=sinx,

AHAJIOTIYHO COS Z = COS X , TOOTO AicTaeMO (PYHKIIT, sIKi BiZIOMi HaM 3 CepeIHbOT IKOJIH.

Ak cymu cyneprno3ullid JIHIAHOT Ta TOKa3HWUKOBOI (YHKIIA oO3HA4YeHl BHIIEC (YHKIT
sinz, cosz, shz, chz € UIMUMHU QYHKIISIMHU.
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Ockinbku (QyHKINS e” mepioguyHa 3 mepiogoMm 27i, TO QyHKImii sinz i cosz OymyTh
MepiOJUYHUMU 3 niepiooM 27 , a GyHKUIl shz 1 chz OyAyTh NEPIOJUYHUMU 3 NIEPIOIOM 271 .

Jlerko mepeKkoHAaTHUCh B 3B'SA3KYy MK TPUTOHOMETPUYHUMHU Ta TiNEPOOTIUHUMH (YHKLISIMU:
siniz=ishz, cosiz=chz.

VYci BioMi 31 MIKUIBHOTO KypCy TPUTOHOMETpIi (OpMynM 3aMIIalOThCs CIYNTHUMUA 1 B
KOMIUIEKCHIH TiomuHi. Hampukian,

‘ ‘ 1/ . » . »
COSZ, COSZy —Sinz, Sinz, = —(e’z1 +e ™ ) —(e’zz +e )—
2 2
_ l (eizl _ e*izl ) l (eizz _ e*izz ) - l(ei(zlJrzz) + e*i(zlJrzz)) —
2i 2i 2
= cos(z1 +z, )
SIKII0 TpUroHOMeTpHYHi (PYHKIIT AIHCHOI 3MIHHOI SinX Ta cosX € OOMEXEHUMH, TO (PyHKIIT

sinz i cosz € HEOOMEXCHHMH B KOMIUICKCHIM romuHi. Crpasni, |cosiy|:ch y—o>o i

|sz'niy|:|shy| —> 00 IIPU Y —> ©.

Jlns  3HaXOKEHHS o0JlacTel  OJHOJIMCTHOCTI  PO3IJISAYBAaHMX  TPUTOHOMETPUYHHMX 1
rinepOoIiYHNX (YHKIIH MOXXEMO TTPOBECTH Ti K MIpKyBaHHs. [ 3HAX0KEHHS 00pa3iB o0iacTei
OJTHOJIUCTHOCTI MO’KHa BUBECTH ¢opMmynu mnepexony. Hanpuknax, mist ¢yHKIii w=cosz
MaTUMEMO u =cosSX-chy, v=—sinx-shy. IIpore, OCKUIbKH HaM yKe BiIOM1 BJaCTUBOCTI (QyHKIIIT

JKyKOBCHKOTO, TOKAa3HUKOBOI Ta JiHIAHOI (YHKIIIH, MOXXEMO IIOCTymaTH 3HAYyHO TMIPOCTIIIE.

OcCKiIbKH
cosz = l(eiz + Lj = J(eiz ),
2 elz

TO byHK11i10 wW=cosz MOKEMO po3rasaaTu K CYNEPIO3ULII0 byHKLin
w, =iz, wy =e", w=J(w,). 3niiichuBumt ui BinOOpaxeHHs, MM MO6aYMMO, WO 0OpPa3OM
BEPTUKAIBHOI CMYTH {z :0<Rez< ﬂ} € obnacTh, 300paxkeHa Ha puc. 3.4, 6, a 00pa3oM BEpXHBOI

MiBCMYTH {z :0<Rez<rz,Imz > 0} € BEpPXH MiBILIOLIMHA.
OCKUIbKM sinz= cos[z - Ej , TO QYHKIIIO Sinz MOYXHA PO3IJISLIATH K CYNEepHO3ULi0 QyHKIIT

cosz Ta JiHIMHOI QYyHKIIT 1 1IeH GaKkT BUKOPUCTOBYBATH NPH 3HAXOMKEHHI 00pa3iB BiAMOBIIHHUX
MHOXHH.

Bigznaunmo, 110, SIK BUIUIMBAE 3 HABEACHUX MIPKYBaHb, GYHKIIA W= cOSZ € OJHOJHUCTOIO B

CMy3l1 {z :0<Rez< 7[}, a QYHKIIS w = sinz OJHOJIUCTA B CMY3i {z : Y <Rez< 5}

AHaNOriYyHO 710 BUMAAKYy (DYHKIIH AilicHOI 3MIHHOI TPUTOHOMETpUYHI (PYHKIIT gz, clgz i
rinep6oniyHi QyHKUII thz, cthz 03HAYalOTHCA TaK:
_cosz shz _ Chz

z
, ctgz=——, thz=—, cthz=—.
cos z sinz chz shz

1gz=

OdeBuHO, KOAHA 3 ITUX (PYHKIIIH HE € IO,
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3.6 /Ipoboeo-niniiina ¢pynkuyis
OyHKIIIS BULY

az+b
wW=———

, 35
cz+d (3-5)

ne ad—bc#0, Ha3UBAETBCA OpobOGo-niniiHo. HEBaXXKO TEpeKOHATHCh, MO OOepHEeHa 0
IpoOOBO-IHIMHOI (PYHKINT € ApOoOOBO-TIHIHHOIO, 1 CYMEPIO3UIliss APOOOBO-TIHIMHMX (DYHKIIIH
TakoX ApoOoBo-miHIHA GyHKIIL. SAkmio B (3.5) mokmactu ¢ =0, To gicTaHeMO JIiHIHHY (YHKIIIIO,
Ky My BUBYWIM B 11.3.1. Tomy Hamaimi BBaxkaTumemo ¢ # 0.

PosrasiHeMo BauMB1 BIACTUBOCTI APOOOBO-TIHIMHUX (DYHKIIIH.

Teopema 3.2. JIpo6oBo-niHiitHa (yHKIIis KOHQOPMHO Ta OXHOMMCTHO Bigobpaxkae C — C .
JoBenmeHHs.

OZHOMUCTHICTh BUILIMBAE 3 OAHO3HAYHOCTI 0OepHEHOI (yHKIil. JloBeneMo KOH(POPMHICTS.

d . , ad—bc ) )
Skmo z#—— 1 z#o, 70 W =——# 0, OTKe, BiJ0OpaXKeHH KOHPOPMHE B YCiX BKa3aHUX

¢ (cz+d)2

d . . .
z . 3aJUIIIOCh TETep PO3TIIIHYTH TOYKU z = —— 1 z = 0. JI71a moBeaeHHs KOHGOPMHOCTI B TOYITI
c

. ) cz+d . , bc—ad )
z =—— MH [IOBUHHI PO3MISIHYTH QYHKLIIO W= ——— JuIsl IKOI W' =———— # 0, y ToMy uncii

c az+b (az + b)
) ) d ) ) d )
i B TOUIi z=——, 110 BKa3ye Ha KOHPOPMHICTh B TOUIll z = —— . SIKIIIO K z =0, TO HEPEBIPIEMO
c c

Ha KOHPOpMHICT B TouIli z =0 yHKIIIIO

a
;+b a+bz . bc—ad ) )

w= =——, i aKkoi w' ==———#0, 30Kkpema i B Touui z =0, omKe, po3rusayBaHa
Cog Ctdz (c+d2)

z
TpoOoBO-JIiHIMHA PYHKITISE KOHPOPMHA 1 B TO4UIll z = . Teopemy 1oBeIeHO.

Teopema 3.3 (po KpyroBy BIACTHUBICTH). J[poOoBo-iHiiHA QyHKIIiS BiqoOpakae y3araibHEHE
KOJIO B y3araJIbHEHE KOJIO, Y3araJbHEHUN KPYT B y3araJlbHEHUM KPYT.

JoBeaeHHs.

b ad
. az+b a c e . . .
Ockimlbkk ———=————"—_, TO JpOOOBO-JIiHIHHA (QYHKI[iS € CYINECPIO3UIIEI0 X
cz+d ¢ cz+d

N o | S .
miHiHMX QyHKOH 1 GyHkOii w = —. JliniiiHa ¢yHKLis BigoOpaxae KOJIO B KOJIO, IPSIMY B IpPMY,
z
KpPYyr' B KpYT, MBIUIOLIMHY B MiBIJIOUIMHY, 00 BKa3aHi Mapy MHOKUH MOJIOHI, TOMY 3aJIMIIMIOCH
. 1 . . .
JIOBECTH KPYrOBY BIAaCTUBICTh A GyHKLIT w = —. OTXKe, HeXail B pO3IIUPEHid Z-TIJIOUIMHI 3a/1aHO

z
3aMKHEHUU Kpyr

A(x2+y2)+Bx+Cy+DSO. (3.6)
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. | ) ) 1 . 1 u—iv .
OueBHAHO, PIBHICTh W = — PIBHOCHJIbHA PIBHOCTI z = — , TOMY X +iy = —=— 5 » 3BLIKH
z w u-+1iv u-+v
u % . .. .
X=—F——,V=""—F5>- [lincraBuBmIM 11€ B HEPIBHICTSH (3.6), NicTaHEMO
u+v u-+v
2 2
u % Bu Cv
A + + - +D<0,

(u2+v2)2 (u2+v2)2 w vt w4y
3BIJIKH D(u2 +v? )+ Bu —Cv+A4<0, T00TO OTpUMalu 3aMKHEHUH Kpyr B pO3LIUpEHid  w-

momuHi. TeopeMy A0BEICHO.

Teopema 3.4 (npo Tpu Touku). Hexail B po3mupeHiil z-IIOLMIMHI 331aHO TPU TOUKH Z,, Z,, Zs3,
a B pO3LIMPEHIH W-IUIOLIMHI - TPH TOUKU W, W,, ;. Toxl icHye eauHa ApoOOBo-IliHIIHA (QyHKIIisA
L,takamo L(z, )=w,, k=1,2,3.

JoBenmeHHs.
VY BUManKy, KOJU TOYKH CKIHYEHHI, MOKEMO 3aliucaTH PiBHICTh

W—WwW, Wy —W Z—2Zy Z,—2Z
1.3 2 — 1 “3 2 , (37)

SKa, SIK JIETKO TIEPEKOHATHUCh, HESIBHO 3a7a€ IIyKaHy JIpOoOOBO-JiHIMHY GyHKII. €IUHICTH
. . . . az+b
JOBOJIUTHCS Bifl CynpoTuBHOTO. [Ipunyctusimmy, mo kpim (3.7) icHye GpyHKuis w = —id’ sKa Mae
cz+

az, +b

BJIACTUBICTb, BKa3aHy B (DOPMYJIIOBAaHHI TEOPEMHU, MOKEMO 3alMUcaTH W, = , k=1,2,3.

cz, +d
HeBaxko nepeBipuTH, IO SIKIIO LI 3HAYEHHS W, W, W,, W, miAcraButu B (3.7), TO OTpUMaEMO
TOTOKHICTb.

SIKIIO K OJHE 3 YUCEN Z,, Z,, Z3 YU 3 YUCEN W), W,, W; JOPIBHIOE o0, TO B (3.7) UUCENbHUK 1

3HaMCHHUK, a0 SIKUX BXOOUTDH iy YHucCJIo, OITyCKa€eMO. Hanpmcnazl, SIKIIIO

Z, =, Z, = W,, © —>w;, T0 (3.7) HaOyBae BUIIALY = . Jlam moBeAeHHS Take
w—w z—2z
2 2

came sK 1 Buie. Teopemy T0BeICHO.
[lepen dhopMyrOBaHHSM HACTYITHOI BIACTUBOCTI JaMO

Osnauenna 3.1. Touku =z, Ta =z, Ha3MBAIOTbCI CHMETPUYHUMU BIJHOCHO KOJa

7/:{2 : |Z—ZO|=R}, SKIIO BOHM JIe)KaTh Ha OJHOMY IPOMEHI, IIO0 BUXOIUTb 3 Z;, 1

|z1 - Zo| -|22 - Zo| = R*. Touxu Z, 1 00 BBAXKAIOThCA CUMETPUYHUMHU.

CUMETpUYHICTh BIIHOCHO MPSIMOI € 3BHYAITHOIO CUMETPI€IO.

Teopema 3.5 (mpo cumerpuuHi Ttouku). Hexail z, Ta 2z, - CHMETPUYHI BIJHOCHO

y3arajJlbHEHOTrO KoJla y TOYKH, @ y - o0pa3 Koja y Npd BimoOpakeHHi JpoOGOBO-TiHIHHOKO
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¢ynkuiero L . Tomi obpazu w;, 1 w, TOYOK z; 1 z, NpU LBOMY BiJOOpakeHHI OyIyTh

CUMETPUYHUMH BiJIHOCHO y3arajJbHEHOro Kojia y - .
JloBeneHHs 11i€T TeopeMu onmyckaemMo. Mloro MoxHa 3HalTH, HanmpukIiazu, B [3].

SIKII0 TOYKU z; 1 Z, CUMETPUYHI BIJHOCHO KOJIa ¥, TO y HA3UBAETbCA KOAOM Anoanownis s
IUX TOYOK.

Teopema 3.6. Uepe3 KOXKHY TOUKY Zz,, BIAMIHHY BiJ JBOX 33/laHUX TOYOK Zz; 1 z, , IPOXOAUTh

€IMHE KOJIO ATIOJUIOHISI ATl TOUOK Z; 1 Z, .
JoBeaeHHs.

Hexail omHa 3 TO4OK z; 1 z, JOpIBHIOE o0, HANpUKIAA, z, =00; TOAl zy#oo. Komom

ATIOUIOHIA y IIbOMY BHIIQJIKy Oyae KOoJIO pajiyca R:|z3 —zl| 3 LIGHTPOM B TOYlll Zz;, SKE,

OY4EBUJHO, €uHe. SIKIo X TOYKM z; 1 2z, - CKIHYEHHi, TO, 3pOOMBIIM JIpoOOBO-IIiHiMHE
1 . . . 1
NEPETBOPEHHA W =———, TOYKM Z|, Z,, Z3; TEPEHIYTh BIANOBIAHO Yy TOYKH W, = ——,
Z—2, 21722
1 . .

w, =, wy =———. Jlnd To4ok w; 1 w, OyayeMo €auMHE KOJO0 ATOJUIOHIA, SIKE HNPOXOAUTH

Z3—z

374

yepe3 Touky w;. IIpoobpa3om mporo xona Oyne kono ANOWIOHIA it z; 1 z,, K€ IPOXOAUTH

yepe3 z;. CAMHICTb BUILIMBAE 3 TeopeMu 3.4.

[Tepeiinemo Temep 1O OCHOBHHMX 3a/ad JPOOOBO-IHINHUX BimoOpakeHb. [lepuioro 3 Hux €

3a0aua npo eidobpascenns kpyea K 3 poswupenoi z-niowunu na kpye K 3 poswupenoi w-
naowuHu max, wod mpu 3adani mouku 3 0K - meoici oonacmi K - nepetiwinu 6 mpu 3a0amni mouxu 3

K"

Teopema 3.7. SIKwo TOUKU z, z,, z3 3 OK i TOuKM wy, w,, w; 3 0K  po3MmiuleHi Tak, 1o,

MOCJTIZIOBHO OOXOJ4M iX, 3aJIMIIAEMO BIJMOBIIHI KPYTH MO OAWH OIK, TO TepIiia OCHOBHA 3ajaya
Ma€ €IUHUN PO3B'A30K. Y MPOTUIICKHOMY pa3i BOHA HE Ma€ PO3B'sSI3KY.

JoBenmeHHs.

3rigHo 3 Teopemoro 3.4 icHye e€auHa JpoOoBo-miHIMHA QyHKUHiE L , Taka 10
L(zk): wy, k=1,2,3. s Gpynkuis, 3rixao reopemu 3.3, Binobpaxae 0K nva 0K . Ockinbku L -
onHomcta B C , TO BOHA BimoOpaxae K a6o Ha K* abo Ha C \K"*. Hexaii Touku Zy, 2,2y TA

Wy, W,, Wy PO3MillleH]l Tak K IOKa3aHO Ha puc. 3.6. Y Touli z, NPOBEAEMO B CTOPOHY Zz; 1

BHYTPIIIHIO HOpMasib. OCKIJIBKM TpPU JPOOOBO-TIHIMHOMY BiJOOpa)K€HHI KYTH 1 HampsAMKH IX
BIJUTIKY 30€piraroTbcs, TO BHYTPIIIHA HOpMalb 10 OK MepexoauTh Y BHYTPIIIHIO HOpMallb 0

OK™.Orxe, L(K)=K".
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Pucynok 3.6

SIKIO K TOYKU Z,, Z,, Z3 Ta W;, W,, W; PO3MILIEHI TaK, 10 Npu 00Xo.l IX BIAMOBIAHI KPYr'H
3aJMIIAIOTECS MO Pi3HI OOKHM, TO, MIPKYIOYHM aHAJOTIYHO 0 MONEpPEeIHbOro, AICTAaHEMO, IO
L(K ) = C |\ K", T00TO mepina OCHOBHA 3a/1a4a PO3B’ 3Ky HEMAE.

Teopema noBeneHa.

3ayearxcenna 3.2. Ha mnpakTuii 4YacTo 3ycTpiualOThCsl HEMOBHI 3ajadi, HANPHUKIAZ, KOJIU

BioMoO, 0 ABi Touku 3 0K mepexoasaTs y ABi Touku 3 0K " . TpeTio TOUKy To/i BUOMPAEMO Ha CBili
po3cya. 3po3yMiso, IO Taka 3ajada Mae 0e3Jid po3B's3KiB.

Ipyea ocnoena 3a0aua 0pob6o8o-ninillHUX 8i000padicenb noaseae y 8i0oopadicenti kpyea K 3
posuwupenoi  z-naowunu na kpye K* 3 poswupenoi w-niowunu max, wob 06i 3a0ami mouku
z, €K, z, € 0K nepeiunu 6 06i 3adani mouku w, € K*, w, € 0K".

Teopema 3.8. JIpyra ocHOBHA 3a/1aya Ma€ €IMHUHA PO3B'SI30K.
JJoBeaeHHs.

Hexaii z; € Toukoro, CUMETpUYHOIO 0 €aMHI. 3rigHo Teopemu 3.4 (piBHICTH (3.7)) Oynyemo
€IMHUM YUHOM JpoOOBO-NMIHIAHY (yHKII0O L , fKa NEepeBOAUTb Z,, Z,, Zy; BIANOBIIHO Yy
w;, w,, wy. Koo 0K e konom AMNOWIOHiA m1d z, Ta z,. Moro obpasoM € jeske KOJIOM
ATOJUIOHIS AL W, Taw;, a OCKUIBKH OK * € Tex KOJIOM ATOJIIOHIS JUTS w, Taw;, 1 obuaBa Ii
KOJIa TIPOXOJATH Yepe3 W, , TO 3a TEOPEMTOUIli z; BiZHOCHO OK , a w; -TOYKa, CHMETPHUYHA 3 W,
BinHocHo OK”. Touku 3 Takoro BracTuBicTol 3.6 BoHH 36iratothes. Otxke, L(OK)=0K™. Ane

Touka z; € K mepexoauTs y Touky z, € 0K . Tomy L(K ) =K".

Teopemy noBeaEHO.

3ayearcenna 3.2. Sk 1 B BUNaKy nepuioi OCHOBHOT 3a/1a4i, Ha MPAaKTHIIl YaCTO 3yCTPIHalOThCs
HETIOBHI 3aJ1ayi, HaNpHUKIIaJ, KoJdu Tpeba BiAoOpa3uTH KPyr Ha KPyr Tak, Mmoo gaHa TOYKa Kpyra
nepeiIia y 3a1aHy TOuKy Kpyra. BuOuparoun Ha Kpasx IUX KpyriB JOBUIBHO 1O OJHIN TOYI,
3BOJIMMO TaKy 3ajJiauy /10 Apyroi ocHoBHOI. OueBHIHO, PO3B's3KiB Oye Oe3iy.
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JIEKIISA 4
MHOT O3HAYHI ® YHKIIII
4.1 llonammsa muozo3naunoi ynuxuyii. Buodip oonoznaunoi eimku

Hexaii E — nesika Mmuoxuna 3 C .

O3nauenna 3.1. SIK1o KO)XHOMY z € E TIOCTaBJICHO Yy BIAIMOBIAHICTh ACAKY MHOXHUHY F (z)
KOMITJIEKCHUX YHCEJI, TO Ka3aTUMEMO, 110 Ha £ 3aiaHa mMHozo3nauna @ynkyis F.

OueBHHO, IO AKIIO AJISI KOXKHOTO z € E MHOXHHA F' (z) CKJIQIAETHCS 3 OJTHOTO €JIEMEHTa, TO
3 HaBEJIEHOI0 O3HAYCHHS OJEPXKHUMO Bimome 3 yekuii 2 o3HaueHHs ¢yHkuii [ E —C . Taky
GyHKIIIO B 3B'3KY 3 LIUM YacTO Ha3UBAIOTb OOHO3HAUHOIO (DYHKYIEIO.

3ayBakuMo, 1110 MHOTO3HayHa (DYHKIIiSl HE € YHCIOBOIO, OO YMCIy CTaBUTHCS Y BiANOBIAHICTH
MHOXHUHA. Ilpukinanom MHoro3HauHoi ¢yHkuii moxke Oyt Argz, z#0. Ockinbku Argz =

= {arga z+2mk keZ }, TO Argz € HeCKIHYeHHO3HAYHOIO (DYHKIII€IO.

Hexaii B oOmacti G 3amana MHoro3HayHa ¢yHkimis F, a B obmacti D c G - HenmepepBHa
byHKIiA f, Taka mo f (Z)e F (z) st BCix ze D. Tomi f Ha3WBAETBCS OOHO3ZHAUHOK BIMKOH

byHKIil F.

Ilpuknao 4.1. PosrnsiHeMo MHOTO3HaYHY QYHKII0O Argz B obnacti G = {z 0< |z| < +oo}. 3a

obmacte D — G Bi3pbMEMO YCIO zZ-IUIOIIMHY 3 PO3pi30M MO Bia'eMHii aidcHiil miBoci (puc. 4.1) i

@

_____e

i

Pucynok 4.1
posrisiHeMo B D (yHKLIIO arg z, fKa NpU KOKHOMY 3Ha4€HHI z € D € TOJIOBHUM 3HAUYECHHSM

aprymenTa. [lokaxemo, o 1 (QyHKIS € OJHO3HAYHOIO BITKOIO MHOTO3HauHOI (QyHKIIT Argz.
Ockinbku argz € Argz, TO 1€ 3aJMIINTBbCS IOKAa3aTH HemepepBHICT, (QyHKUII argz B D .

3adikcyemMo NOBUIBHY TOUKY z, € D 1 BuOGepeMo Takuii kpyr K, = {z : |z — ZO| < r}, SIKAW JIGKUTDH B

D 1 ToMy He mepeTUHAaeThCcA 3 Bil'€eMHON JilicHOr miBBiccto. Tomi mid Beix ze€ K, MaeMmo

7T : :

|arg z—arg ZO| =0< By i, BUKOPHCTOBYIOUH Teopemy KOCHHYCIB

2 2 2

|2 +zol =]z =2
2EREN

z—>z,, 10010 @ -0 IpU z —>z,, OTXKE, arg z - HenepepBHaA (QyHKLIA B Oyab-AKii Toull 001acTi

2 2 2 .
|z—zO| =|z| +|zo| —2|z|~|zo|~cos9, micraeMo cos@= = —1 1npu

D . Tum caMuM NoKa3aHo, 10 arg z € OJHO3HAYHOIO BITKOIO MHOTO3HA4YHO1 QYHKIIT Arg z .
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Ilpuknao 4.2. Muoro3zHayHa G yHKIIIS {O;Z}, 3aJlaHa B YCI{ z-TUJIOIIMHI, Ma€ OJTHO3HAYHI BITKH

‘ ] 0, Rez >0, ) ..

w=0 ta w=z. BigzHaunmo, mo QyHkmis w = R 0 He OyJe OJIHO3HAYHOIO BITKOIO IIi€i
z, Rez <

MHOT'03HAa4YHOI (PyHK1ii, 60 B TOUKaX YSBHOI OCi MOPYLITYETHCSI HENEPEPBHICTb.

Hexaii B obnacti G 3amana MHoro3HauHa ¢yHkiis F. [Ipunmyctumo, 1o icHye Taka cucTeMa
oOmnacTeit {Da}, D,c G, mo B KoxHIH obOnacti D, icHye HemepepBHa (QyHKLIA f,, sKa €
OJIHO3HAYHOIO BITKOIO MHOTO3HauHOi ¢yHKIii. Kazatmmemo, mo wMHoro3HauyHa ¢yHKIis F
pO3MaNaeThCd HA 0O0HO3HauHi imku obracmi G, Km0 Juisl AOBUTBHUX z€G Ta weF (Z)

smaiinyTeess D, Ta f, ,takimo ze D, i f,(z)=w.

Ipuknao 4.3.  Cucrema oyukuiit {argz+2skf,_, U {arg,z+27n} € cucremoro

OJTHO3HAYHMX BITOK MHOro3HauHOi (yHKIIT Argz B obmacti C \{0}. HenepepsHnicts ¢GyHKIi{
arg,z B obmacti D,=C \{z :z=x20} JIOBOJIUTHCSL TaK C€amo, SIK HEMEpepBHICTbarg z B
D=C\{z:z=x<0}.

MHuoro3nauna QyHKIIis F Ha3UBA€EThCS HenepepsHot 6 ooaacmi G, KO BOHA PO3MAAA€THCS B
1iit o6MacTi Ha OJ[HO3HAYHI BiTKH. 3ayBaKMMO, IO O3HAYEHHs HerepepHOCcTi F(z)— F(z,) mpu

Z —>Z, HE Mac 3MiCTy, 60 F(Z) - MHO>XHHA, 4 HC YHUCJIO.

{Z}, z#0,
{0:1,z=0
MO’KHa BHOpaTH ii 0JIHO3HAYHOI BITKH, sKa Oyia 0 HermepepBHOIO 1 nmpu z = 0 mpuiitMaia 3HaYCHHS
{Z}, Z| <1,
{Z,'l}, Z| >1

Z|<1.

Ilpuxnao 4.4 Muoro3nauna Qyakmis F (z) = He Oyzne HenepepBHoio B C, 00 HE

onuHUI0. MHOro3HauHa QyHkmis F (z)z € HemepepBHOIO, 00 po3malaeTbcs Ha

OJHO3HAYHI BITKH W=z,

z|<+oo 1w=lI,

MHoro3HauHa (yHKILisE F Ha3UBA€ThCS aHANiMU4HO0, SKILO BOHA PO3MAJaeThcsl Ha OTHO3HAYH1
BITKH, 5Kl € aHAIITHYHUMH (PYHKIISIMH.

Bigznaunmo, 1o MHOrozHauyHa (QyHKILISE Argz He aHaliTHU4YHa, 00 KOKHA ii BiTKa HaOyBae

JMILe JIMCHUX 3HA4YeHb, OTXKe, He MOXKe OyTH aHAIITUYHOI0, 00 y BUMAJKY aHAJITUYHOCTI 3T1JHO 3
ymoBamu Komri-Pimana (2.6) Bona masa 6 6yTH craioro, a 1e He Tak.

Posrnsinemo Tenep MHoro3HauHi (yHKIii Ha KpuBii. [IOHATTS OAHO3HAYHOI BITKU TYT JIEIIO
inme. Hexait Ha y :{z = z(t): a<t< b} 3aJlaHa MHOTO3Ha4YHa QyHKIisA F. JloBiIbHA HenepepBHA Ha

[a;b] GyHKLIA @ HA3UBAETbCA OOHO3HAYHOMW GIMKON MHOTO3HA4YHOI (PyHKIIT [ Ha KpuBIH

y ={z =2(¢): a <t < b}, sxmo ans goBinbHOTO £ € [a;b] 3Havenns ¢(r) e F(z(7)).

Hexait z =z, (T) a <7< [ - iHIIe napaMeTpuyHe 300paKeHHsS KPUBOI Ti€l * KpPUBOi, TOOTO
icuye HemepepBHO 3poctaroua Gymkiis ¢ =1(z):[a; ] [a;b], Taka mo z(z)=z(«(z)).
OueBuHO, QYHKIISA ¢, (r) = qo(t(r)) TaKoX Oy/e OJIHO3HAYHOIO BITKOIO MHOTO3HAYHOI (QyHKIT F
Ha KpUBId ={z =z (r) a<t<p } BBaxkatumeMo, 110 ABI OJHO3HAuYHI BITKU @) : [a; ,B] —>R
Ta @ [a;b]—> R Muoro3zHayHOi GyHKIIT F Ha KPUBIM y 3HAXOAATHCS Y BIIHONICHHI @, SKIIO
0 (t)=0,(t(z)) nma yeix cela;p], ne t=t(r) - ¢ynxuis, ommucama Bume. Hepaxkko
MEPEKOHATHCH, IO ) € BIIHOIICHHSM CKBiBaJIeHTHOCTI. KOXKHUI Kiac po3OUTTS BIAHOCHO @ €
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00HO3HAUHOIO BIMKOI MHO203HAYHOT (hynKyii F na kpueill y . Bu3HaueHa Tak OJJHO3HAYHA BiTKa HE
3aNIe)KHUTh BiJl TApaMETPUYHOTO 300paKEHHS KPHUBOi. 3a3BUYail OJJHO3HAYHY BITKY MHOTO3HAYHOI
GyHKIIT Ha KPHUBIH IMO3HAYAIOTH IMPOCTO dYepe3 [ 4u [ (z) [Ipn mpomy cimij mam’staTv, IO

OJTHO3HAYHY (DYHKIIIIO AICTAHEMO, SKIO PO3TIISiIaTUMEMO f (z(t)), ne z=z(t) - MapamMeTpUYHE
3aJIaHHS KPUBOI.

BI/IHCHI/IMO, KOJIKM Ha I(pHBlﬁ MOXXHa BI/I6paTI/I OIHO3HAYHY BiTKy ApTyYMCHTA.

Teopema 4.1. Hexait yz{z=z(t):a£t£b} - JIOBUIbHA KpHUBA, fIKa HE MPOXOIUTH dYepe3
MMOYaTOK KOOPJIWHAT, 1 & € Arg z(a) - noBuTbHE yucio. Toli HA ¥y MOKHA BHOpPATH OAHO3HAYHY

BITKY arg z(t) MHOT'03HAa4YHO1 QyHKLII Arg z, TaKky U0 arg Z(a) =qa.
JloBeJeHH 4.

Hexaii z(a) HE JISKUTh Ha Bi1'€MHIN AiHCHIN miBoCi (3 A0BeAeHHS Oyae BUIHO, IO POOUTH Y
BUMAJIKY, KOJHU z(a)< 0). 3 cucremu {argz+27zk}k€z BHOEpPEMO Ty BITKY, SKa B z(a) HaOyBae
3HaueHHs « . Ha Tiif JUISHIN KpUBOi y, SIKa IOYHHAETHCS B z(a) 1 fi1e 10 MmepeTHHyY 3 BiJ €EMHOIO
JIHCHOIO MMBBICCIO (TOYKY MEPETHHY 3 INE€F0 MBBICCIO HE BKIOYAEMO), BUOpPaHY BITKY IMO3HAYUMO
gepes argz(t). VY TOuIll BKa3aHO! JUISHKH KPWUBOI y, ONHM3BKIA M0 BiJ'€MHOI JIHCHOI MiBOCI, 13
CUCTEMU {argo z+ 27zn}nez BUOEpEeMO BITKY, sika 0 y 1ii Toulli Ha0yBaja TOTO CaMOr0 3HAYCHHS,
mo i moOynoBaHa (yHKIIisS argz(t). Bubupaemo 1110 HOBY BITKY 3a argz(t) Ha HOBIM JAIISHIN
KpHUBOi, SIKa MPOCTATAETHCS 10 MEPeTHHY 3 JOJaTHOIO JiHcHOI0 miBBiccto. Lleil mporuec, sKio
MOTPIOHO, TIPOJOBKYEMO JIali, BUOUPAIOUN BITKY 3 CHCTEMH {argz + 27dc}kez ,  TIOTIM 13 CUCTeMH
{argo Z+2ﬂn}neZ 1 Tak gami. OCKUIbKU (QyHKIIS z = z(t) HEelepepBHa Ha [a;b], TO y HE MOXeE

MePETHHATH TTOCIIIIOBHO Bi'€MHY 1 JOJaTHY ITBOCI HECKIHYCHHY KUIBKICTh pasiB. [lilficHO, B
MIPOTHJICKHOMY pa3i JOBKHHA KpUBOi ¥ Oyia O HECKIHYEHHOIO, 00 BiJicTaHb BiJl ToukH z =0 10 ¥

€ J0JaTHUM YHCJIOM. A Oc HE TaK. OT)KC, mnmponec CKIHUCHHHMM.

TCOpCMy JOBCICHO.

4.2 Ipupicm muozoznaunoi hynkuii .
Ilpupicm apzymenma

Hexait 7:{222(1).'a3tsb} - KpuBa, 1 Ha y 3amaHa MHoro3HayHa QyHkmis F (¢ - ii
OJIHO3Ha4Ha BiTKa Ha y ). Toxi BennunHa A,¢ = go(b)— ¢(a) masuBaeTBCS npupocmom eimku @ Ha
Kpueitl y . B3arami, s pi3HUX BITOK IPHPOCTH MOXYTh OyTH pizHHMH. IIpoTe, SKIIO Jjis BCiX
OJTHO3HAYHMX BITOK MHOro3HauHOi (pyHKIIT F Ha KpUBIH y NPUPOCTU 00HAKOGI, TO iX CIIJIbHE
3HAUCHHS HA3WUBAETBCS NPUPOCMOM MHO203HA4HOI (yukyii F Hna Kpugii y 1 TO3HAYAETHCS
AF =A,F(z).

Teopema 4.2. Hexait y :{z = z(t): a<t< b} - KpUBa, sIKa HE MPOXOAUTH Yepe3 IMOYaTOK
xoopmuuat, a (argz(t)), i (argz(¢)), - nBi onHO3HAUHI BiTKH MHOTO3HAYHOT GyHKIT Argz HA J.
Toxi 4, (arg z(t))l =4, (arg z(t))2 , TOOTO npupicm He 3anexncums 8i0 6UOOPY BIMKU.
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Ile cmigbHE 3HAYEHHS NPHUPOCTIB HA3UBAETBHCA NPUPOCMOM apeyMenma Ha Kpueitl y 1
IO3HAa4A€ThCs A, Arg z .

JoBeneHHs.

Ockinbkn (arg z(l))j e Argz(t), j=1,2, 10 (arg z(t))1 ~ —(arg z(l))2 =27k(t), ne k(t) -
uinouncenbHa GyHkiis. OyHkmii (arg z(t))1 1 (arg z(t))2 - HETIepepBHi, TOMY (YHKIIis k(t) - TaKOX
HEMEpEepBHA,  OTKE, k(t)=k=const. Tomy (arg z(t))1 - —(arg z(a ))2 =27k i
(arg z(b)), —(arg z(b)), =27k .  Bimmimaroum Bin napyroi  pisHocTi  mepury, jicTaemo
4, (arg 2(t)), - 4, (arg z(t)), = 0, uum i TOBOIMO TeopeMmy.

Ilpuknao 4.5. Jlns xpuBoi, 300paxeHoi Ha puc. 4.2, BUKOHYETHCSA
piBHiCTb A, Argz=1.

f—/\\ 3'acyemMo, IS SIKAX 00JIaCTeH MO>KHA BHOpATH OJIHO3HAYHY BITKY

g ) ¢ apryMeHTa.
Teopema 4.3. Hexait D- o6macts 1 0¢ D. s Toro, mo6 B D

MOKHa OyJ10 BHOpaTH OHO3HAYHY BITKY MHOTO3HA4YHOI QyHKIii Argz,

Pucvynok 4.2 HEOOX1OHO 1 JOCHUTH, 100 AyArgz =0 Uil KOXHOI 3aMKHEHOI KPHUBOI

ycD.
JoBengeHHs.

HeoOxignicts. Hexail B obnmacti D MoxHa BUOpaTH OJHO3HAYHY BITKY (p(z) MHOT'03HAa4YHO1
dynkii Argz i y={z==z(t):a <t <b} - noinbHa 3amkHeHa kpuBa, y < D, T0610 z(a)=z(b).
Toxi Ha y MoxHa BHOpaTH OJHO3HAUHY BITKY apryMeHTa argz(t): (p(z(t)). Orxe, A, Argz=

= 4, arg 2(t) = arg 2(b) - arg 2(a) = p(z(0)) - ¢ (z(a)) = 0.

JHocraTHicTh. YMOBa A,Argz =0 Iud KOXHOI 3aMKHEHOI KpUBOI O3HAYae, IIO0 TIPHUPICT
apryMeHTa He 3aJIeKUTh B1Jl KpUBOI B D, 110 3'€HYy€e NOBLIbHI (PIKCOBaHI TOUKU z; 1 Z, 3 L€l
00J1acTi, a 3aJIeKUTh TUIBKM BiJ] LUX TOYOK. /{711 BUOOpY OJTHO3HAYHOI BITKM apryMEHTa Bi3bMEMO
¢bikcoBany Touky z, € D 1 « € Argz,. Busnaunmo

(czrgz)=a+Am Argz, (4.1)

zyz

[
ne z,z=1[ - Oyzap-sKa KpuBa, 110 3'€HYE Z, Ta Z .

[Tokaxemo, mo 3HayeHHs PyHKuii (4.1) mpu Ko)KHOMY z € D Hanexutb A0 Arg z. JlilicHo,

A, Argz = (p(z)— qo(zo), e ¢ - Jesika BiTKa apryMeHTa Ha KpuBii /, Taka 110 (p(zo)= a . 3Bigcu
zyz

pummiBae, o (argz)=a+o(z)-¢(z,)=p(z)e Argz. Bamummiocs moBeCTH HelepepBHICTH
¢bynkuii (4.1) B koxkHiM Touli a € D . J{7s1 1bOro po3ristHeEMO KpyT 3 HEHTPOM B @, IKMIA MICTUTBCS
B D (puc. 4.3). CiosiyuuBIIM z Ta a NPSAMOJIHIMHUM Bipi3KOM [a,z] , @ TOUKY Z, 3 TOUKOI a

|
TOBUIBHOIO KPUBOIO Z,d, y Kpy3l MOXeMO BHOpaTH OJHO3HAYHY BITKY apryMeHTa, sika €

HenepepBHOIO QyHKuier0. Toxi ans yHkuii (4.1) maemo
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V4)) o a
y
I va
Pucvynok 4.3

(argz):05+Am Argz+A[a,z]Argz —>a+A, Argz, z—a.

04 (0
Teopemy noBeneHo.
Cdhopmymnroemo 6e3 AoBeIeHHS 11I€ OJIHY BaXKIIUBY TEOPEMY.

Teopema 4.4. Jlna toro, mobO B oOiacti D MoxkHa Oyiio BHOpaTH OJHO3HAYHY BITKY
apryMeHTa, He0oOX1HO 1 JOCUTb, 11100 iICHYBaja Taka 0HO3B's3Ha 001acte G, mo DG 1 0¢ G .

Ha puc. 4.4, a) ta 0) 300paxkenHi oOmacTi, B SKHX MOYKHAa BHOpATH OJHO3HAYHY BITKY
apryMeHTa, a Ha puc. 4.4, B) - 00J1acTh, B SIKiii HE MOYKHA 1€ 3POOHTH.

a) 6)

Pucvuoxk 4.4

Po3rnsiHeMo npuKiIagu MHOTO3HAUHUX (YHKIIIH.

4.3 Kopinw n-2o cmenens

Hexaif n — HaTypasipHe 4uciio, OUIBIIE 3a OAMHUINO. 3a O3HAYECHHIM %)z, zeC - mHOro3HauHa
¢byHKLIA, sKa KOXKHOMY ze€C CTaBUTh Y BIJIOBIIHICTH MHOXHHY TOYOK w € C, TakMX LIO

n

w" =z. Ockinbku ipu z # 0 3a popmyrnoro Myaspa

%:Jr\/M[cos A};;gz +isin Argzj’

n

TO BUOpaTH OJHO3HAYHY BITKY 4z moxmna TaM, JIe¢ € MOXJIMBICTh BHOpaTH OJHO3HAUHY BITKY
apryMeHTa, ToOTO B KOJKHIM OJTHO3B'SI3HIN 00JIacCTi, sIKa HE MICTUTh MMOYaTKy KoopauHat. Hexair D
- Taka 00JacTh 1 B Hill BHOpaHO OJTHO3HAYHY BITKY (arg z) apryMeHra. Yci iHII BITKHA apryMeHTa
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MokeMo 3amucath y Burmani  (argz)+ 27k, ke Z\{0}. Omke, OIHO3HAYHHMHE BITKAMH

MHOTO3Ha4YHOI (PyHKITIT iz e byHKIT

(%)k =+’{/M(cosw+ isinwj, 4.2)

n

ne k=0,1,...,n—1. Po3rnsinemMo ofHy 3 HUX W= (Q/; )k. s dyHKIiS 01HO3HAYHA, OOepHEHa 10 Hel

AHATIITHYHOIO B yCill w-tutonuHi QyHkiieo z = w". Tomy npu z # 0 MOKEMO 3HAWTH MOXiTHY

i(%):d_wzlﬁz 1 :Wzl(%),

dz dz awv n-w"l' n-w' n-z
TOOTO w=(¥/;)k - aHanimuyna 6 D pyukyia, sxa 37iicCHIOE KOHPOPMHE 1 OJHONHCTE
BiJIOOpaKCHHS.
3aysasricenna  4.1. He w™oxna Opatd moXimHy ¢opMalbHO Yy TaKWi CHocio:
’
, 1 1
= 21
(Q/;) =|z" =l-z” .

n

I3 (4.2) 6aunmo, o hopmynu mepexony At GyHKIT w = (’{/; )k MarOTh BUTJISI
+ 27k
o= A, =27 (4.3)
n
3a goromororw nux (GopMysn HEBaXKO MOKa3aTH, IO IJIOHIMHA 3 PO3PI30M MO JOAATHIN AIMCHIM
IBOCI TIPH BiJTOOpaKeHHI W = (\/; )0 MIEPEXO/IUTh Y BEPXHIO MiBILUIONIHHY.

Bimznaunmo, 110 3 (4.2) BUILIMBAE PIBHICTD (\/; )1 = —(\/; )0 .

YacTo BITKY KOpeHs 33/1al0Th, (DIKCYIOUM NEBHE HOro 3HaueHHs B 3aAaHii Touli z . Toxal nepen
BUKOpHUCTaHHIM (opmyn (4.3) BuU3HAUaroTh umciao k. Hampukianm, Hexalh Tpeba 3HaWTH 00pa3

obmacti {z:0<(argz)<2z} npu BinoGpakeHHi Takow BITKOIO Jz, mo ~-1=i. Sxmo

O<@p<2r,T0 @ =7n mid z=-1 BianoBigae 6 = _E s w = —i . IlimcTaBuBIIN 111 3HAUCHHS B

(4.3), micramemo k=-1 1 dopmynu (4.3) HaOyBaOTH BUTISAAY O = r, 6’:%—7[. 3 uux

dhopMyn 6auuMo, 110 UTYKAaHUM 00pa30M € HUKHS MiBIUIOIIMHA.
Toukn z=0 Ta z = oo HasuBaKTHCS st &z moukamu po3eanydcents. SIKIO B3ATH 3aMKHEHY
KOPJIAHOBY KPUBY, BHYTPILIHOCTI sIKO HaleKUTh Touka 0, 1 001iTH 11 OJIMH pa3, TO IPUPICT KOPEHs

n-ro cTereHs OyJie BiIMIHHUM BiJ HYJIS, a SKIIO OO1MTH 7 pa3iB, TO BiH JOpiBHIOBaTHME HYJEBi. Te
came Oyjie 1 AJI TOYKH z = o0 .
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4.4 Jlozapughm

Jlorapudgmom Lnz Ha3uBaeThCs MHOTO3HA4YHA (YHKIA, sika KOxkHOMY zeC | {0} CTaBUTh Y
. . . w M w b
BI/IMOBIIHICTh MHOKUHY TOYOK w € C, Takux mo e" =z. Ockinbku e” #0, To Ln(0 He ICHYeE.

SanucaBum z =re'?, w=u +iv, JicTaHEMO

e’ =r, u=lIlnr,
. =
e’ =e'? V:(0+27Zk,k€Z,

e = e’ &

TOOTO
Lnz :ln|z|+i-Argz. (4.4)

Otxe, oMHO3HAYHY BITKY Jiorapupma MO>KHAa BUOpaTu Tam, ¢ MO)KHA BHOpAaTH OJHO3HAUHY
BITKY apryMeHTa, TOOTO B KOXHIM OJHO3B's3HINA 00JacTi, siIka HE MICTUTh MOYAaTKy KOOpJIMHAT.

Oyuknis nz =In |z|+i -arg z HA3WUBAETBLCS 20JI06HUM 3HAYEHHAM nozapugma. YCi 1HII BITKH B
obmacti D=C\{z:z=x<0} wmawors Burmag (/n z)k = ln|z| +i-argz+ +27ki. B obGnacti
Dy=C\{z:z=x>0} wMoxHa BuOGpaTH OJHO3HAuHi BiTKH (/1 z)k = ln|z| +i-arg,z+2nki.

OueBuHO, O Lnz po3MagaeThCs Ha HIOMHO BKa3aHl OJHO3HAYHI BITKY, 3aJaHl B D 1aB D).

ITokaxxemo, mo yci BITKM Jjorapudma € aHamiTHIHUMH (yHKIIsMA. Hexai w:(lnz)k.

O6epuenoro 110 i€l GyHKIII € 1ina GyHKiis z = e" , ToMy i(ln z)k = aw =1 dz = L = l
dz dz dw e" z
Sx Gaunmo, 3HAYCHHS TOX1HOI HE 3aJIe)KHUTh Bij BHOOpPY BiTkH. Lle 3po3ymino, 60 B obacTi, ae
MO>KHa BUOpaTH OJHO3HAUHY BITKY Jiorapudma, pemira BiTOK BiIPI3HAETHCA BiJl BUOPaHOI CTaIMMU
. .d 1

nomankamu. lleit ¢dakt 3amucyioTe y BUIIIAII Zan = Takum umHOM, J102apuUPM €
MHO203HAUHOIO AHATIMUYHOI QyHKyicto, ToxinHa skoi 1/z s Beix z#0. KoxkHa onHO3HAYHA
BiTKa Jsorapudma 3iiiicHioe KOH(OpMHE 1 oxHONMUCTE BigoOpaxkeHHs. 3 (4.4) BUIUIMBaE, IO
dopmMynM mepexoay MaioThb BUIIIAN u =Inr, v=@+ 27k . llpuknagm neskux BigoOpakeHb
BEPXHBHOTO OJMHUYHOTO MIBKpyra HaBeleHi Ha puc. 4.5. 3ayBa)XuMo, 10 YacTO BIiTKY Jorapupma,
SK 1 ITHIIMX MHOTO3HAYHHMX (DYHKIIIH, 33al0Th, (DIKCYIOUH B 3aJIaHil TOYIIl ITEBHE WOTO 3HAYCHHS.
Tomy nepen BUKOpUCTaHHAM (HOPMYIT Iepexoly BU3HAYAIOTh YHCIO k € Z TaKUM CaMHM METO/IOM,
SK 1 17151 KBaJJPaTHOTO KOPEHS.

®
w=(Inz), ‘ / 3

L/u

w=(Inz), m

®

Pucynox 4.5
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Touku z=0 Ta z =00 HA3UBAIOTHCSI I ’{/; modKamu po3caiyHcerns N Lnz.

SIKIIO B3TH 3aMKHEHY JKOPJAHOBY KPUBY, BHYTPIIIHOCTI SIKOT HAJIGKUTH Touka 0, TO CKIJIbKU O
pas3iB MU ii HE 00XOMMIIH, MMPUPICT Joraprudma 3apxau Oyae BigMiHHUM BiJ Hyis. Te came Oyne i
TSI TOUKH Z = o0,

4.5 Inwi enemenmapui MmHo203HauHi QynKyii
Posrstremo 11e Aaesiki MHOTO3HaYHI (PyHKITIT.
To3naunmo uepe3 J ' MHOTo3HauHy (YHKIIiO, KA KOXKHOMY zeC CTAaBHTh Y BiIIOBiAHICTH

MHOXHWHY TOYOK w € C Takux, 110 J(w):z, ne J - Bimoma Ham (QyHkmis JKyKOBCBKOTO.

. 1 1 . .
Ockinpku J (w) = 5 w+— |, TO, PO3B'S3ylouM  KBaJpaTHE  pIBHSAHHA,  JIICTAEMO
w

J! (z) =z++z> -1, To6T0 J ' - mBO3HAuHa (yHKIs. [T 3HAXOMKEHHST 06pasiB oGmacTeil mpu

BiZOOpaXeHH] ONHI€I0 3 BiTOK MHOro3HauHOi (yHKIii J ' (HAIPHKIAK, BEPXHBOI IiBILIOLIMHH,
puc. 4.6) MO)KHA CKOPUCTATUCH Pe3yJIbTaTamH 1. 3.3.

@
7 w=J7(z) ®_1 )

s0)=-i //%//

Pucvyuok 4.6

Apkcunycom Arcsinz Ha3WBAETbCS MHOTO3HA4YHA (PYHKINS, siIka KO)KHOMY ze€C CTaBUTh y

BIJIMTOBIAHICTP MHOXXHHY TOYOK w € C, Takux IO sinw = z. P0O3B'I3yl0ud OCTaHHE PIBHSIHHS,

T00TO piBHSHHS e’ —e" = =2iz, micraemo Arcsinz =iln (z +4/1-2z2 ) ['0OBHUM 3HAYCHHSM
arcsin z Ha3WBa€Thc  Ta  BiTKA  apKcWHyca,  sKa  BUOWpaeTbess B oOmacti

D=C\{z Imz =0, Rez|21} Tak, mob vV1-z2 =1 npu z=0 1 Ln1=0. L{1 BiTKa OAHOJIMCTHO

BijloOpakae 00macTh D Ha CMYTy {w : |Rew| < 7r/2} (muB m. 3.5). Jlerko OaumtH, MO (YHKIIIS

w = arcsin z BioOpakae OTHOJIMICTHO BEPXHIO HiBILIOIMHY Ha MiBCMYTY
{w SImw >0, Rew| < 72/2}

. . L
Cmenenesoro ¢ynkyicio 3 IOKasHUKOM « € C Ha3WBAETHCS MHOTO3Ha4Ha QyHKIls z% = e*™"*

Teopema 4.5. ]{ns toro, mo6 z% Oyna 0JHO3HAYHOO (YHKIIEI0, HEOOXIIHO 1 TOCTATHBO, 1100
ac”Z.

JoBengeHHs.
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Skmo z% oxHO3HauHa ¢yHKUiL, TO €M7 =z% = = elinz+27i)

.
e”™* =1, t06t0 « € Z. HaBnmaku, sxkmo o€ Z, 10 z% =

, 3BIIKH BHIIJIMBAE, IO

ea(lnz+27zkz)=ealnz’ T06TO z% -

OJTHO3HAa4YHA (DYHKIIISL.

Hexaii a ¢ Z . Bitky MHOro3Ha4ynoi ¢yHKmii z“ MOXKHA BHOpaTH Tam, Ji¢ MOXHA BHOpaTH
OJTHO3HAYHY BITKY JIorapugma, ToOTO TaM, Jie¢ MOXKHa BUOpaTH OJHO3HAUHY BITKY apryMEHTa.

zlna

Tloka3znuxosoro gyukyicto 3 ocHoBow a € C | {0;1} HasuBaeThes GyHKIiA a” =e ", ne lna -

rOJIOBHE 3HaueHHs Jiorapupma. OueBHUIHO, 11 QYHKIS, SIK CYMEPIIO3MINs MOKa3HHKOBOI 1 IT1JI01
JHIAHOT PYHKIIIH, € IT0TO.
ilni _ e—zz'/2

3aysarcenns 4.2. SIxuio Bupas i’ po3yMiTH K [° TIPU z =i, TO BiH JOPIBHIOE € ,a

KO PO3YMITH SIK z' Tipn z =i, 10 i’ =™ = eiilH22) _ g2k b g
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JIEKIIIA S

IHTEI'PYBAHHS

5.1 Busnauenuii inmezpan
Hexait [ = {Z = z(t) cast< ﬂ} - Jeska KpuBa. 3poOMMO JOBUIBHE PpO30OUTTS MPOMIKKA

[, Bl:a =1, <t, <...<t, = i nosmaunmo zZ; :z(tj), 7; :{z:z(t): fi Stﬁtj}. OueBnpHoO,

n

o y = U;/j . Take po36utra nozHaunmo uepe3 7 . Yucno A, =max {‘}/j‘ 215 < n}, ne ‘;/j‘ -
j=1

JIOBXXHHA CNEMCHTApHOI JAyrH y;, Ha3sMBaeThCs JiamerpoM posourrst 7. llo3Haunmo

Az; =z;—z,;,.3p0o3ymiI0, 1O ‘Azj‘ S‘}/j‘.

Hexaii wa y 3amana ¢ynkuis C. BubGepeMo [OBUIBHUM YHHOM ¢; €y, 1 YTBOPHMO CyMmy

oy :éf(gj)ﬁzj'

O3nauennsn 5.1. SIKio icHye CKiHYEHHA TPaHHIIA zITimo oy =1, fKa He 3aJEeXKHUTh B CIOCOOY
—

posburtst 7' 1 cnocoby BHOOPY TOYOK ¢, €¥;, TO s TPAHHUUSA HA3MBAETHCSA IHTErpalioM Bil

¢byHkuii f 1mo kpuBid /7 1 O3HAYAE€THCS CUMBOJIOM

I=[f(z)dz. (5.1)
r

Oyukiis (4.3) HA3UBAETHCA MPU LILOMY iHME2POEHOH TIO KPUBIK [ .

OOuncieHHs: BU3HaYeHoro iHTerpaia (5.1) 3BOIUTHCSA 10 OOYMCIICHHS KPUBOMIHIMHUX 1HTETPaIiB
JPYroro pojy, BiAOMHX 3 Kypcy MaTeMaTU4HOro anainisy. JliicHo, vexait f =u+iv, ¢; =¢&; +in;.
Taksik Az; =Ax; +Ay;, 10

n

Zn:lf(gj)dzj = Z(u(§~,77j)+iv(§.,77j)).(ij +iij):

j=1
= i(u(f.,ﬂj)dxj —V(ﬁj,ﬂj)ij)+ +ii(u(§.,nj)dyj +v(§.,77j)ij) . (5.2)
Jj= =

VY mpaBiili yacTHHI OCTaHHBOI PIBHOCTI CTOSATh IHTErpajibHlI CyMH Ul KPUBOJIHIMHUX 1HTErpasiB
ApYroro poay
Iu(x,y)dx —v(x,y)dy, jv(x,y)dx +u(x,y)dy, (5.3)

r

I
TOMY iCHYBaHHS 00MBOX iHTerpaiiB (5.3) piBHOCHIBHE icHyBaHHIO iHTerpana (5.1). [lepexonsun B
piBHOCTI (5.2) 110 rpaHMIli, AICTAEMO

J'f(z)dz = J.u(x,y)dx - v(x,y)dy + ij.v(x,y)dx + u(x,y)dy ) 5.4)

5.2 Bracmueocmi euznauenozo inmezpana

3 o3naueHHs 5.1, a Takox hopmynu (5.4), AicTaEMO Taki BIaCTUBOCTI BU3ZHAYEHOT'O 1HTETpaa.
1° J{ns noinbmoi cranoi C pasoM 3 ¢yHKiielo [ interpo-aHoro Ha I  Oyge ¢yukuis Cf
pUIOMY

J.Cf(z)dz = Cj'f(z)dz .

47



2° Pasom 3 ynkuismMu f, Ta f, iHTerpoBHOI Ha /° Gyze iXHA Cyma i IPH IbOMY BHKOHYETHCS
PiBHICTB

[(12)+ fo(z dZ—Iﬁ dZ+If2

3% dxmo "=, 0T, ,ne [, T, =@, 10
jf(Z)dZI .[f(z)dz+ .[f(z)dz.
r L I

4° Tlpu 3mini opientamii kpuBoi [/ iHTerpam 3MIHIOE 3HAK HA [POTHICKHHUIL:

J.f(z)dz =— J.f(z)dz
r r-
5° Koxmna uenepepsra Ha I~ (yHKIis € inTerpoBHOO Ha I .

i flz)dz| < i 17 (2)|ds, (5.5)

ne ds - mudepeHiian gyru Kpuoi /, a IHTErpas clipaBa — KPHUBOJIHIMHHUI 1HTETpas MEPIIOro
pony. MiiicHo,

60

[£()de| =|1im Y 16, )Az,|< lim z\f s )l= j|f )|ds.
r A0 oy
VY rteopii aHamiTHuHUX QYHKUIA AudepeHiiad Iyrd 4acTo 3alHcylOTh SK |dz|. Tomy HepiBHICTh
(5.5) MokHa nepenucaTy Tak: .[f(z)dz < _f|f(z)||dz| .
r r

SIk1to | f (z) <M pnsaBcix z € I, To 3 HepiBHOCTI (5.5) BUILTUBAE, 11O

[f(z)dz| <M - [ds=M-|T|. (5.6)
r r

7° Sxmo I = {z = z(t).' a<t< ,B} - IJ1aJIKa KpUBa, TO
B
[ &)z = [ 1(=(0)- 2/ (e)ar (5.7)

JliticHo, BUKOpuCTOBYIOUH (5.4), MaemMo:

] ek = [l 01 )0

S(@ x(r)m~y'<t>>+(fv-x'<r>+z-2v-y'<t>))dt=‘
/f( () +iv-z )df—ff z'(¢)dt.

OueBuAHO, 110 AHAJOTIYHOIO JI0 (5.7) (bopMyIOI0 MOXKHA KOPUCTYBAaTHCh 1 Y BHIIAJKy KYCKOBO-
TJ1aJIKOT KPUBOI.

Otxe, obuncnenns inTerpana (5.1) 3BOAUTHCS 10 OOYMCIECHHS iHTErpaja BUIY .[ ;((t)dt, ne y -
o

KOMIUIEKCHO3HAYHa  (DYHKIIIS [a; ,6’]—> C. Ilpunyctumo, mio 1 (QyHKIS HeENepepBHa 1
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;((t)= (o(t)+i 1//(1‘). Oyukiis X Ha3UBAETbCA nepgicHoro Ans miel QyHKIIl y, aKmo X '(t)z ;((t)
s Beix ¢ € [a; B]. 3poymino, mo kom X ()= @(t)+i ¥ (t), 0 @'(t)=olt), ¥'(t)=w(t). Toni

[ (e)de = Tolode + i T 0t = o) +iw ()’ = x(e)

TOOTO JUIsi KOMIUIEKCHO3HAUHUX (YHKIIHA [iCHOI 3MIHHOI crpaBemnuBa ¢gopmyra Hviomona-
Jletibniya.
. . k
Ipuknao 5.1. ns noBuibHUX k€Z Tta r > 0 004MCAMMO IHTErpall .[(z —z,) dz.
‘Z—ZO‘=I‘
PiBHsiHHS KONA {z : |z — zo| = r} MO’KHA 3aIlMCaTH y BUNIM z =z, +re", 0 <t <27z . ToMy, KO
k # -1, To, ckopuctaBmmch popmynor Heiorona-JIeibnina, nictranemMo
k ok K F e

[(z=2zy) dz = [r*e™ire"dr = ir™ je’( gy =
‘zfzo‘:r 0 0
2

=0.
0

k+1
r ei(k+l)t

s

2z
Sxmo x k=-1, 10 .[(z—zo)kdz:i.[dt:ZﬂZ'.

‘Z—ZO‘=I‘ 0
O0'enHyr0UM 111 1Ba BUITAJIKH, MOKEMO OCTaTOYHO 3aIUCaTH

fonts -2 A

5.8
|2—z|=r 0, k=#-1. ( )

5.3 Inmezpanvni meopemu Kowii
Teopema 5.1. Sxmo dyHkuis f aHamiTHYHA B OJHO3B'sI3HIN 001acTi D, TO /IS KOXKHOT 3aMKHEHOT

kpuBoi /" — D (He 000B's13K0BO 6€3 CaMONEPETHHIB) BUKOHYETHCS PIBHICTh

[f(z)dz=0. (5.9)
r

JJoBeoeHHs.

Hexail f =u+iv.Touni z,. Ockinbku QyHKIIA f aHAIITU4YHA, TO YACTUHHI NOX11HI QYyHKIINA u Ta

Vv HemepepBHI 1 3a70BOJIbHAIOTE yMoBaM Komri-Pimana (2.6). CkopucTaeMoCh HACTYITHOKO BiJIOMOTO

3 KypCy MaTeMaTUYHOTO aHAIi3y TeOPEMOIO: KO PyHKYIT P(x, y) ma Q(x, y) HenepepseHi pazom 3
. oP . 00 P .

YACMUHHUMU  NOXIOHUMU — [ —— 8 O00HO038%53Hill obracmi D, mo O0aa mozo, woob

oy ox

'[v(x,y)dx+u(x,y)dy =0 ona xooucnoi 3amkuenoi kpueoi I' < D, neobxiono i docmamuvo, oo

y

oQ oOP . . .

—=— 6 ycix mouxkax obaacmi D . 3aBusku (2.6) Taki yMOBH BHKOHYIOTHCS IJIsi OOMIBOX

ox oy

iHTerpaiis (5.3), OTKe, KOKHUN 3 HUX JOPIBHIOE HYJIO, TOMY, 3 orjisay Ha (5.4), mictaemo (5.9),

YUM 1 JOBOJUMO Teopemy S.1.

Teopema 5.2. Hexaii obmacth D oOMeXeHa CKIHYCHHHM YHCIIOM 3aMKHEHUX >KOPJAaHOBUX

KPMBUX, a yHKLis / aHaTiTM4HA B 3amukanui D . Toxi
[f(z)dz=0. (5.10)
oD

JJoBeIeHH 4.
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3a ymoBow (QyHKIisS f aHamiTHYHA B Aeskik obmacti G D D, ToOTO BCrogu B D BUKOHYIOTHCS
ymoBu Komri-Pimana. 3acrocoByroum a0 iHTerpaiiB B mipaBiid udactuHi (5.4) dopmyny ['pina i1
BUKOPHUCTOBYIOYH Ili YMOBH, MaeMO

6If(2)d2=6f u(x, y)dx —v(x, y) dy+zj v(x, y)dx +u(x, y)dy =

_H(_@——Jd dy+ jj(—”——}z dy = 0.

Teopema noBeneHa.
Hacniook. Slxmo ¢yHKuis f aHamiTUYHA B KUIbLI {z ‘R < |z| < Rz}, TO 1HTErpa I f (z)dz HE
s

3aJIEKUTH BIJI 7 € (R1 'R, )
HilicHo, Hexall R, <7 <r<r, <R,. 3acrocyBaBIIM ILIOHHO MAOBEJICHY TEOPEMY JO KUIBII
{z n < |z| < rz} A1CTaHEMO jf (z)dz - jf (z)dz =0

|2|=r, |z]=n
Hacrynna Teopema y3aranbHioe Teopemy 5.2.
Teopema 5.3. Hexait obmacte D oOMexeHa CKIHUYCHHHM YHCIOM 3aMKHEHHUX >KOPJIaHOBHX
KpUBHX, a pyHKIis f aHamituuHa B D 1HenepepBHa B D . Toni Bukonyerbes piBHIiCTb (5.10).
JloBeieHHs 11i€i TeopeMH MpPOBEAEMO JIMIIE A TaKk 3BaHUX 3ipKoBUX obmacteil. Obracms D
HA3UBAEMbCAL 3IPKOBOIO, AKWO ICHYE MaKka mouka z, € D, wo KodiCHUll NPOMiHb 3 NOYAMKOM 8 Z,
nepemunac medxcy OD minvku ooun pa3. O4EeBUIHO, IO KOXKHA OIyKJIa OOJIACTH € 31pPKOBOIO.
3po3yMiJI0 TaKOXK, IO SIKIIO TeopeMa Oyje HoBeaeHa AJis 31pKOBUX o0jacTeild, To THM CaMUM BOHA
Oyne noBeseHa i st o0acTel, siki po30MBarOTHCS Ha 31PKOBI.
Orxe, Hexaii D — 3ipkoBa obOmacte. Tomi i Mexa € 3aMKHEHOI >KOPJAHOBOI KPUBOIO

I :{z:z(t):aStS ,6'}. [lozHaunmo depes z, TO4YKy 3 D, siKa JEKUTh HA BIAPI3KY, IO

, 0<g<l1. Toni, BHACTIIOK

CHOJIy4a€e TOYKY Z, 3 TOYKOIW z €/ TaKy, 10 ‘zq —zo‘ =

sipkoBocti obmacti D, kpusa [, = {z =z, (t)=z, +q(z(t)-z,) - @ <t < ,6’} pa3oM 31 CBOEIO

BHYTPIIIHICTIO MICTUTBCSI B D, TOMY 3a Te€OpeMoro 5.2

IIf(Zq)qu =0. (5.11)

Jlerko Gaunrtn, wo dz, =qdz i z—z, = (l - q)(z(t)— 20).
Ocxinpkn (3K > 0)(Vz € [a;ﬂ]){|z(t)— ZO| < K}, TO
z-z,|<(1-g)K. (5.12)

Tak sx f wHemepepBHa B D, TO BOHa TaM OOMEXeHa AEAKMM 4YHCIOM M 1 piBHOMIPHO

HerepepBHa, TOOTO

(Ve>0)35>0)(Vz' € D)(Vz" e D){ z'
=[/(2)-1(2")

Yucno ¢ Bubepemo Takum, mobd l-g<e& 1 (l—q)K <eg. Tomi 3 (5.12) BurumBae, 10

z"|<5:>

<e)

‘z - zq‘ <J, TOMY ‘f(z)— f(zq )‘ < & . Takum ynHOM, BpaxoBytouu (5.11), nictaemo
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if(Z)dZ B Iif(z)dz_):f(zq )dz = IJ;f(Z)dZ_IJ;f(Zq )qdz =
_ I[(f (z)-f (Zq )Q)dz = i(f (z)-f (Zq)+(1—q)f (Zq))dz < 3BigKM, BHACHIZIOK JOBLTBHOCTI &

< ;q 1G) -1z, )+ (- q) f (cq) )] < (e + e || = 1+ M),

BUILTUBAE piBHICTH (5.10).

Teopema noBeneHa.

5.4 Inmezpanu muny Kowi

Hexaii I — xpuBa ab0 00’'eTHaHHS CKIHUYEHHOI KIJIbKOCTI KPUBUX, (¢ — HEmepepBHA (QYHKIlIA Ha

I IHTeraJII/I

j g/) dg neN,

HA3UBAIOThCS mmezpaﬂamu muny Kowi.
Teopema 5.4. Interpamu tuny Komri @n(z) € aHaAMTHIHUMHU (QYHKIisIMH HAa MHOXUHI C\ /7 1

CD ( ) I’l(an( )
Jl oBe neHH A MuHoxkuHa [/ € 3aMKHEHOIO 1 OOMEXKEHOI0, TOMY 3a Teopemow 2.2

(EIM > 0)(Vz el” )ﬂgo(z] <M } Bizpmemo 3amkHenuit kpyr K < C\/" 3 ueHtpoMm y touui z ¢ /.

-1 .
", gk QyHKOii 1BOX 3MiHHMX, Ha

Bracinijiok piBHOMIpHOI HemepepBHOCTI (PYHKITIT (g —z)
MHOXHHI [ x K = {(g,z) gel,zekK }, Ui KOXKHOTO & > (0 MOXHa 3HalWTH Take o >0, MeHIue,

HDK paaiyc kpyra K, mo mjs ycix ¢ € 1, |h| <o Ta te [0;1] BHUKOHYETHCS

(c-z=m)"" —(g-2)""

BPIKOpI/ICTOByIOIH/I dbopmyny Herorona-JleibOnina (11.5.1), micraemo

nJ = le-zmny—(-2)),

g— —th

<e. (5.13)

Tomy, BpaxoBytouu (5.13), maemo:

D, (Z + h)— (z)
| A ”¢n+1( *

=1[j( o) 4o [#hs) dgj_j olc)

S
h g—Z—h)n F(g_Z)n F(g_Z)n+1

=nJ¢§)d§I o ig)dd 7

=n

Jole)s J((g zeh) " (o) i <
r 0
TOOTO, 3T1THO 3 O3HAYEHHSM TOX1IHOI, ICHYE

0,(2)= lim D EH D) _ g )

h—0 h
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OckinbKM IpH BCIX z ¢ [ iCHye MoXiaHa A KoxHoro n € IV, To Bci @, HenepepBHi B C\ /7, a
OTKe, 1 IXHI TTOXIJIHI TeX HenepepBHi. Teopemy moBeaeHO.
Hacniook.  larerpasm tuny Komi matote B C|/° moxigHi OyIb-KOTO MOPSAKY, SIKI €

AHATITHIHUMHU QYHKIISIMU, TTPHIOMY
o[)(2)= ki@, (2).

5.5 Inmezpanvna ¢popmyna Kowi
Teopema 5.5. Hexail ¢pyHKIis f aHAIITHYHA B 3aMKHEHIM objacti D, oOMeXeHIH CKIHYCHHUM
YUCJIOM }Kop,I[aHOBI/IX kpuBHX. Toxi As BCiX z, € D BUKOHYETbCS PIBHICTH

j f (5.14)

opS—
i (byHKLu;I f mae B D moxinHi OyIp-sIKOTO MOPSAKY, AKI € aHATTUYHUMU B D QYHKIISIMHU Ta

06qncn1010n,c;1 3a (hopMynamMu

F02) J fl) 6, (5.15)

)k+1

JloBegeHHs.

Hexaii z — noBiibHa Touka 3 D, K, —3aMKHEHHMH KpyT 3 LEHTPOM B Z , POALYCOM # Ta KPaeM ¥, ,

): S (Q )
c—z

a”amituuHa B D, . Tomy, BpaxoBytouu, mo 0D, =0D Uy, , 3a TeopeMoro 5.2 1 BIACTUBICTIO 4°

axuii mosHicTIo nesxuth B D . TlosHaummo D, = DK, . 3posymino, mo ¢yHKIis l//(g

BH3HAYCHUX iHTeraJIiB MaeMo

1 1
maDg Z 27”ay,§ Z 27”6Dr§—2
3BIJIKH
1
e jf =— Lg)dg. (5.16)
WG — z Zmayrg—z
OckinbKu M > f '(z) pu ¢ — z, TO BEJIMYMHA M oOMerxeHa B IeIKOMY OKOJI
-z sz
TOUuKH ¢ =z . OTKe, ICHYIOTb Taki 7, >0 Tta M >0, 1m0 1Ipu BCIX 7 € (0; 7”0) 1 ¢ € ¥, BUKOHYETBCS
M <M . Tonui, BuKopucToByiour (5.8) Ta BmacTHBicTh 6’ BH3HAYEHMX iHTErpais,
c—z
ICTAEMO:
1 /() Lds 1 /()
(LS g = L e BN A B
f(Z) 2722'}{9‘—2 ] f(Z) 2721'[g—z mJ. -z
1
2,6z ng_z ”h g z
SLJL |dg| oo M2 =Mr >0, r—>0.
27, ¢-z

3Biacu Ta i3 (5.16) BurumBae ¢popmymna (5.14).
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Iarerpan B (5.14), sikuii Ha3UBa€eThCs iHmezpanom Kowi, € 9aCTKOBUM BUMAJAKOM IHTETpajia THUITY
Komi. ToMy, 3acToCOBYIOUM HAcIioK 3 Teopemu 5.4, orpumyemo (5.15) i TUM caMUM 3aBepIIYEMO
JIOBEJICHHS TEOpPEMHU S.5.
dopmyna (5.14) HazuBaeThCs inmezpaibHol Gopmynoio Kowi. Binznaunmo, mo dopmynu (5.15)
TaKOX YacTO Ha3UBaIOTh iHTerpanbHUMu popmynamu Komri. 3 BpaxyBanusam (5.14) ta reopemu 5.2
MO>KEMO 3aIUCaTH:
1 fle) B {f(z) zeD,

[ ode=

Ewg—z 0, zeC\D.

Hacnioox 1. Sxmo ¢yskuii f, Ta f, aHaniTHuHi B 3aMKHeHili oGmacti D, oOMexkeHiit
CKIHYEHHUM YHCJIOM KOPJIaHOBUX KPUBHUX, TO

(vzeaD)fi(z)= f,(z)} = (Vz € 5){]”1 (z)= £,(2)}.

Jlnist ToBeleHHs LIbOTO HACIIJIKA JOCUTh 3aCTOCyBaTh TeopeMy 5.5 no dynkuii f = f, — f,.
3ayeancenna 5.1. Slxmo npu AoBeAeHHI TeopeMHu 5.5 TocWiIaTHCS HE Ha TeopeMmy 5.2, a Ha
Teopemy 5.3, To B Teopemi 5.5 1 B Hacminky 1 moxna Oyno © Bumarat Bin ¢yHKuii [ nure
aHaIiTHYHOCTI B D i HemepepBHOCTi B D .

Hacnioox 2. Slxmo ¢yHKiis f a”amiTuuHa B obsacti D, To BoHA B D Mae moxiaHi Oyab-sIKOTo

MOPSAKY, SIKi € aHAITHYHUMHU B D QyHKLIAMHU.

CrpaBesTUBICTh IBOTO TBEPKEHHS JOCUTH JOBECTU B KOXKHIN ToUlll z € D, AJig 4Oro Bi3bMEMO

3aMKHEHHH Kpyr K < D 3 IIEHTPOM B TOYIIl z 170 HbOTO 3aCTOCYEMO Teopemy 5.5.
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JEKIIS 6
MEPBICHA. TAPMOHIYHI ®YHKIII{

6.1 Ilepsicna

Hexait ¢pynkuis f HenepepBHa B oOmacti D . @ynkuis F Ha3uBaeTbes nepgichoro mnsi f B D,
SIKIIO F'(z) = f(z) UL BCIX ze D.
MHuoro3HauHa QyHKIisE F HA3UBAETHCS MHO203HAUHOW nepgicHow muga [ B D, skmo F B D
pO3MaaeThCs HA OJJTHO3HAYHI BITKU (Da, Fa) TaKi, IO IIPU BCIX & BUKOHYeETbCS F, (z) =f (z) TUISE
KOXXHOTrO z € D, 1 Ha KOXHill kpuBiit [/ = {z = z(t) ca<t< b}c D wmoxHa BUOpaTH OJHO3ZHAYHY
Bitky F(z(¢)) Taky, mo:
1) F (z(a)) € OJIHUM 3 Hallepe/ 3aJlaHuX 3Ha4eHb (z(a));
2) (Vt, €[a;p]))(35 > 0)(3a)(Vt € [a; b))

{[{-ty| <5 = =(t)e D, A F(z(t) = F, ()}
Hamnpuknan, B oomacti D =C\ {O} MHOTO3Ha4YHa (QYHKIiS L7z € MHOTO3HAYHOIO TIEPBICHOIO ISt
Gynkuii 1/z .
Axmo ¢dynkmis F — mepBicHa 1 f, To F € aHamituuHOrO (yHKI€o, 60 dyHKIIS [ —

HerepepBHa. AHATOTIYHO MHOTO3HAYHA MEPBICHA € MHOTO3HAYHOIO aHATITHYHOO (yHKLi€e0. Toxi,
3TiIHO 3 HACHigKOM 2 3 Teopemu 5.5, dyHKIIS f € aHamTH4YHOW. OTXE, HEe0OXiOHO YMOBOH

icnysanns nepgicHoi (OMHO3HAYHOI YM MHOTO3HAYHOI) 011 HenepepsHoi @ynxyii f €
ananimuunicmo f .

Teopema 6.1. Hexaii [ noBinbHa KpuBa 3 obsacti D 3 modaTkoM z = A 1 KiHUeM z = B. fkmo
F —mnepBichagnsa f B D, 10

[ f(z)dz = F(B)-F(4). (6.1)
I

JoBenmeHHs.

Hexait " ={z=z(t): a<t<b}, z(a)= 4, z(b)= B. Tonui (nms. (5.7))

[ f(z)dz = T f(z())-z'(¢)dt = ©(B) - @(4), (6.2)
e @(t) - JIOBUIbHA TMEpBIiCHA I KOMIUIEKCHO3HAUHOI (QYyHKIIT f (z(t))-z’(t). ITokaxkeMo, 1110
o(t)= F(=(t)) e nepsicroro mun  f(=(t))-2'(¢). Jitieno, @'(t)=F!(=(0)) ()= £((2))-='(0).

MMincrasusmm tenep F(z(t)) B (6.2) 3amicts @(t), nicranemo (6.1).

Teopema noBeneHa.

3aysancenna 6.1. Dopmyna (6.1) HazuBaeTscss gopmynorw Heromona-Jleiibniya. B ymoBax
TeopemH 6.1 pe3ynbTaT iHTErpyBaHHS HE 3aJ€KUTh Bl BULY KpUBOi / , a TUIBKHU BiJ I MOYaTKOBOI

B
Ta KIHI[EBOI TOYOK. B Takux BHUMaaKax 3aMiCThb j f (z)dz B)KUBAETLCA 3aIIUC j f (z)dz .
r 4

Teopema 6.2. Hexaii dyskuis f HemepepBHa B obmacti D, F - ii MHoro3HauHa nepsicHa. Toxi
IUIs1 KOSKHOT KpuBOi /- — D BHKOHY€ETHCS PiBHICTb

[f(z)dz=A,F. (6.3)
r
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JoBeoeHH 4.

BubGepemo Ha /° onHO3HauyHy BiTKY F MHOro3HayHoi ¢yskuii F . Toxmi anms KOXHOI TOUYKH
ty € [a;b] B SIKOMYCh 1i OKOJIi, BUKOPUCTOBYIOUH YMOBY 2 O3HA4Y€HHS MHOTO3HAYHOI MEPBICHOT,
MaeMo:

d ~ d ’ ! 4

L{FE)= L (7 G0 = Fiel0)-20)= 1E0)-=6).

Orxe, F (z(t)) - mepBicHa s f (z(t))-z’(t) Ha [a;b]. ToMy, CKOpPHCTaBIIUCH IONEPETHBOIO

TEOPEMOIO, JIICTAHEMO:
] le)e- [F0)- 2e)de = F(-(6)) - F(=(a)) = 4 F .

TOOTO A,—ﬁ HE 3aJIe)KUTh BiJl BUOOPY BITKU. 3HAUUTH, Arﬁ =A-F.

Teopema noseneHa.

Hanani oOMexuMoch po3TsAoM TUTHBKU OJJHO3HAYHOI MEPBICHOT.

Teopema 6.3. Hexait pynkuiss f HemepepBHa B obnacti D, a F - ii nmepBicHa. [{ns Toro, mo6 @
Gyna mepBicHoto s f B D, Heob6XiaHo i noctatHbo, m06 @(z)= F(z)+ const .

JoBeaeHHs.

Axmo @ - sxack JOBUIbHA TepBicHa qisi f B D, To, mokimaBmu ¥ =@ —F, maTuMeMo

¥'(z)=@'(z)- F'(z)= 0. Toxi fu1st 1BOX IOBIMBHUX TOUOK Z, Ta z, i3 D micTaHEMO
¥(z,)-¥(z,)= [#'(z)dz =0,
21
3B1IKM BHUIUIUBAE, 110 ¥ (z) = const , TOOTO @(z) =F (z)+ const .
Hagraku, sikmo @(z)= F(z)+const, 1o ¥'(z)= @'(z)= f'(2).
Teopema noseneHa.

Teopema 6.4. Hexaii ¢ynkuis f HemepepBHa B obmacti D. Jlna Toro, mo6 f mama B D

MEepPBICHY, HEOOXITHO 1 JOCTAaTHBO, MO0 IS KOXKHOI 3aMKHEHO1 KpuBOi / — DD BHKOHYBaJIach
PIBHICTb

[f(z)dz=0. (6.4)
r

JoBenmeHHs.
Sxmo f mae B D mepBicHy F', TO, 3a TeopeMoro 6.2,

[f(z)dz=A,F =0.
r

HaBnaku, Hexail BukoHyetscs (6.4). 3adikcyeMo AOBUIBHY TOUKY z, € D. 3 (6.4) BUILIUBaE, 110
iHTerpaiu Bii f 1O JOBUIBHINM KPUBIH, 10 JEKUTh B D 13'€AHy€ z, 3 TOUKOIO z € D, HE 3aI€XKUTh

Bl BUOOpPY KPHBOI, a JIUILIE B1Jf TOUOK Z, Ta z . Tomy

F(z)= [ f(c)ds (6.5)
20
€ ofHO3HauHOIO (hyHKITiEr0. [Tokaxemo, 110 BOHA € TIEPBICHOIO 11 f, TOOTO 1110
_ F(z+h)-F(z)
lim = f(z) (6.6)
h—0 h
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Bizememo kpyr K < D 3 neHTpoM B Touii z 1 BubepeMo uucio h € C Takum, modbz+he K .

3'eqHaemMo z 1 z+h BigpizKOM [z;z +h], a z, Ta z JoBUIbHOW KpuBoto / < D . Toxni

Flz+h)-F(z)= [ fl¢)ds—[f(g)ds= [ f(c)ds,

[z z+h] I z;z+h]
TOMY
Flz+h 1
I C h) ()I=h | 1e)ds—— | f(z)ds|=
[z;z+h] [2;z+h]

1
=t ] (e)-1()de| < i max |f(c)- /()| < (6.7)

h [z'z+h] | | ge z; z+h
< Jan -/ ©D
Ockinpku f HEmepepBHa, TO ifmxh | f (z)| — 0 mpu & — 0, Tomy 3 (6.7) BurmBae (6.6).

TeopeMy noseneHo.

Jlnst BUMaaKy, Koy oonacts D - Kpyr, TeopemMy 6.4 MOKHA ITiICHITUTH.

Teopema 6.5. Hexaii pynkuis f HenepepBHa B kpy3i K . Jlnsa Toro, mo6 f mana B K mepBicHY,

HEOOXIHO 1 JOCTaTHBO, 100 1HTErpai Big f MO KOHTYpPY KOKHOTO TPUKYTHHKA 3 K JTOpIBHIOBaB

HYJIEBI.

JoBenmeHHs.

Heo0OxigHiCTh, OYEBHOAHO, MICTHTHECI B HEOOXITHOCTI nonepez[HLO'l' TeopeMH OTmxe, IOBEIEMO

nocratHicte. Hexait z, - uentp kpyra K. Iloxmagemo F j f . Secno, mo F €
[Zo Z]

onHo3HauHoto (ynkmiero. 1106 moectw, mo F - mepBicHa mis  f, mocuTh jaoBectu (6.6).

OcCK1IbKH 1HTErpall 0 TPUKYTHUKY 3 BEPIIUHAMMU Z,, Z , Z+ /h JIOPIBHIOE HYJIEBI, TO

Flz+h)= [ fle)ds= [ flg)ds+ [ fl5)ds,

zo, z+h zo,Z z;z+h
. F(z+h)-F .
3BIJKH (Z hh) (Z):Z _[ f (g)dg. [Toganpmie noBeneHHs Teopemu 6.5 Take came, 5K 1
[z;z+h]

JIOBEJICHHS Teopemu 6.4.
Hacniook. Slxmo ¢ynkuis [ HenepepBHa B Kpy3i K, /7 - 3amKHeHa kpuBa 3 K, A - TPUKYTHHK 3

K, 1o
(I e K){ [ (o)~ 0} o (vac K){ [l - 0}.

Teopema 6.6. Hexaii hpyHkiis f HemepepBHA B 0AHO3B's13HIN obnacti D . J{ns Toro, mob6 f mana

B D mepBicHY, HEOOXITHO 1 TOCTATHBO, 11100 BOHA OyJia B I 001aCTi aHATITUYHOIO.
JoBenmeHHs.
HeoOxigHicTh OBeJeHAa Ha MOYATKy LbOTO MYHKTY. JloBenemo nocTaTHicTh. SKmo ¢yHkuis f

aHATITUYHA B OJHO3B's13HINM oOnacti D, To 3a Teopemoro 5.1 BukoHyeThes (5.9), ToMy 3a TEOpEMOIO
6.4 dbyHKIIs f Mae mepBiCHY.

JUist 3arajbHOTO BUITAKY MA€E MICIE TaKa TeOpeMa, TOBEICHHS SIKOi OITyCKaeMO.
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Teopema 6.7. Hexait pynkuis f HenepepBHa B obnacti D . J{ns Toro, mo6 f mana B D mepBicHY

YU MHOTO3HAUYHY MEPBICHY, HEOOX1IHO 1 JOCTaTHHO, III00 BOHA OyJIa B 111 00J1aCTi aHATI THYHOIO.
Bucnosok 6.1. Knac ananituunaux B obmacti D (yHKIIiH 30iraeThCs 3 KI1acOM HemepepBHUX B D
(GyHKIIIH, SIKI MatOTh TIEPBICHY YW MHOTO3HAYHY TIEPBICHY.

6.2 Teopemu Mopepu i I'ypca

Teopema 6.8 (Mopepn). Skmo ¢yHkiis f HemepepBHa B obsacti D 1 _[ f (z)dz =0 ama KOXHOI
r

3aMKHEHOi kpuBoi /- < D, 10 f aHamituuHa B D .
JLoBeaeHH s 3a teopemoro 6.4 ¢yHKIs f Mae mepBicHy B D, TOMy 3a TeopeMoro 6.7 BoHa
aHajmiTH4Ha B D .

Teopema 6.9 (nocunena teopema Mopepu). fkmo dyHkuiss f HemepepBHa B obmacti D 1

j f (z)dz =0 17151 KOXKHOTO TpUKyTHUKa A C D, To f aHamituuHa B D .
4

JloBeaeHH s JlocuTs mokazaty, mo f aHaJdiTHYHA B KOKHOMY Kpy31 K < D. 3acTocyBaBIIu
JI0 TaKOTO Kpyra TeopeMu 6.5 ta 6.6, gictaemo aHaniTuuHicTh f B K, a, oTke, 1 B obnacti D .
Teopema 6.10 (ipo ycyHeHHs Biapi3ka). SAkmo ¢yHkiis f HemepepBHa B 00yacTi D 1 aHaNITUYHA
B oomacti D\, ne I - Bimpi3ok, To f aHamiTuyHa B D .

JloBeaeH H s 3po3yMisio, MO HaM JOCHUTHb JOBECTH AHANITHYHICTh f B KOXKHIM TOYIl
zelNnD. BizeMemo kpyr K < D 3 ueHTpoM B z 1 Oynb-akuil TpukytHuk A c K. ko
INnA=, 10 3acrocyemo Tteopemy 5.1, a sxkmo [INA#CJ, TO 3acTocyeMo TeopeMmy 5.3,
po30uBaroyM, SKIO Tpeba, TPUKYTHUK Ha JBlI 4YaCTMHU. B 0OMIBOX BHIAAKax iHTErpanx Io
TPUKYTHUKY BiJlT f JOPIBHIOE HYJIEBI, TOMYy 3a IOCWJICHOI Teopemoro Mopepu ¢(yHkmis f
aHaniTMYHa B K , a, oTKe, 1B D,

Teopema 6.11 (I'ypca). Skmo ¢hyHkiis f MoHOreHHa B oosacti D, To f aHamiTHuHa B D .
JoBeneHH s Hexait f monorenna B D. Bizbmemo noBinsHUl kpyr K < D. BpaxoByroun
nocuiieHy TeopemMy Mopepu, HaM JOCTaTHBO JOBECTH, IIO IHTErpan Mo KOXHOMY TPHUKYTHHKY
Ac K Bin [ popiBHioe HyneBi. 3adikcyemo Ac K 1 vepe3 [ i#oro mepumerp. [lokmamemo

M = . Ham nmocute momectu, mo M =0. [Ipunyctumo, mo 1e He Tak, To0To M >0.

£f(z)dz

Po3i6’eMo TpUKYTHHK A cepeaHIMU JIHISIMUA HAa TPUKYTHUKH

A(ll), ;), Ag) A(}‘) (puc. 6.1). Toni

A
M = z)dz z)dz z)dz z)dz| < 2
A{Uf() +4«£>f() +4«£>f() +J£)f() < e
A(l)
< If(z)dz+ If(z)dz+
A A)
+ Jf(Z)dZ+ J.f(Z)dZ, Pucynok 6.1
AV AY
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3BIJIKM BUIUIMBAE, 10 MPUHANMHI JJI1 OJJHOTO 3 TPUKYTHHUKIB A(ll), A(;), A(é), A(}‘) (mo3HaumuMo Horo

qyepes A(l)) BUKOHYETHCSI HEPIBHICTh > % . Hamni po36uBaeMo TPUKYTHHUK AV cepeHIMU

A{)f(z)dz

M .
>— 1

JHISIMH Ha YOTUPU TPUKYTHHUKH, Cepell IKUX € IPUHANMHI OUH A(z), JUISL SIKOTO >
4

ALf(z)dz

)

T.1., TOOTO JJIs1 KOKHOTO 7 € N Oyze npuHaliMHI OJTUH A(”), VTS SIKOTO

> M

: (6.8)
4'1

)f(z)dz

(n) l :
npuuomy nepumerp A" nopiBHroe — — 0 npu n — 0. O4EeBUIHO TAKOXK, L0 MPH BCiX n e N
21’1

BUKOHYEThCS  int A" 5 ing Am+D. OTXe, MOCTIIOBHICT, BKJIAJEHUX 3aMKHEHHUX 00JacTel,
00MEXEHUX TPUKYTHHUKAMU A(”), Ma€ €IMHY CHIJIBbHY TOUKY SIKY TIO3HAUYUMO Z, & A CTATYIOThCS

10 z,.

ohezn{0<p_zJ<5:41§ﬁ:£EQ_fx%)

Ockinbku f MOHOT'€HHA B Zys TO (Ve>0)35>0)
T00TO TIpHU |z - Zo| < 0 BHUKOHYETHCS

|f(Z)_f(Zo)_f'(Zo)(Z_Zo)| < 5|Z_Zo|-

3 iHmoro 60Ky, A KoxkHoro o >0 3HaiineTscss N € N Take, 10 AN cu s(zo). Ockinbku mpu

! L .
zeAY) BUKOHYETHCS |z - zo| < — > TO 3 OCTaHHBOI HEPIBHOCTI JICTAEMO
2

@)= flz)= 1@ )z =20)| < H) v - (6.9)
3a reopemoto 5.1

Jgf(zo)ﬁLf'(Zo)(Z ~2,))dz =0,
N
00 mimiHTerpayibHa (PYHKITIA € III0K0 JIIHIMHO, TOMY, 3 BpaxyBaHH:M (6.8) Ta (6.9), MmaTumMeMO:

Y < [7E)ee=| [1G)az= [+ s eo)le—z0 )i

"y

= Agv(f(z)—f(zo)—f'(zo)(z_Zo))dz <

)

/ /A
SAJVV(Z)_]F(ZO)_]F’(ZO)(Z‘Zo)||d2|Sjwzg_ﬂdﬂ:;_N'Z_N,

10610 M < ¢l?, 3Binku BummBae, w0 M =0. OTpUMaHE MPOTHPIYYS HAIIOMY MPHIIYIICHHIO
JIOBOAUTH TeopeMy ['ypca.
Bucnoeok 6.2. Knac MmoHOreHHUX B o6nacti D (yHKIIH 30iraeThCs 3 KIacOM aHATITUYHUX B 1N

obnacTi QpyHKIIIH.
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6.3 I'apmoniuni ghynxuii

O3nauenna 6.1.  JlificHo3HauHa QYHKUIAU = U (x, y) HAa3UBAETHCSA TApPMOHIYHOIO B 00jacTi
D c R?, sixuio BoHa B Wit 061acTi asiui gudepenriiioana i

o'u  d%u
—+—=0. (6.10)
ox~ Oy

Orortoxuiooun R? 3 C , 3HaiinemMo 38's30K MiXk TapMOHIYHIMHY Ta aHATITHIHUME (QYHKIISMH.
Teopema 6.10. Sxmo Qyskuis f =wu+iv aHamiTHyHa B oOmacti D, To PyHKIi u Ta v

rapMOHI4HI B D .

JloBeneHH s. 3a HacmiakoM 2 3 Teopemu 5.5 1 Teopemoro 2.3 dhyHKIIT # Ta v MalOTh YaCTHHHI
NOXiHI Oyb-IKOT0 MOPSAAKY 1 3a10BOIBHIOTh YMOBU Kori-Pimana. [IpoaudepeniiroBasimm oany
3 IIUX YMOB MO X, a IHIIIY — IO ), TICTAHEMO PiBHOCTI

o’u 0% 0’u B 0%y

o axdy oyt ooy’

3BIAKK JOJaBaHHSAM iX mpuxoaumo 10 (6.9), M 1 JOBOAMMO TapMOHIYHICTH u . JlJis TOBEACHHS

TapMOHIYHOCTI v JTOCTaTHBO IpoaudepeHnitoBaTy nepiry ymoBy Komi-Pimana no y, a npyry — no
X , TICJIA 4OTO BiJl OTPUMAHOI MEPIIOi pIBHOCTI BIHATH JPYTY.

Teopema 6.11. SIxmo QpyHKLIA ¥ rapMOHIYHA B 0o0nacti D, To icHye aHamiTu4Ha B D ¢QyHKUis f
TaKa, 10 NpH BCiX z € D BUKOHYETHCS U = Re f .

JHoBe e HH 5. 3adikcyeMo z, =x, +1y, € D 1 10BUIbHY TOUKY z =x+iy € D 3'enHaemMo 3

TOYKOIO z, KpUBOIO /" < D Ta po3IITHEMO KpUBOIIHIHHUIN 1HTErpan

—dx+8—dy. (6.11)

Ockinbku 3 (6.10) BuTIHBaAE, 110 i[a_uj = Of_u TO iHTEerpai (6.11) He 3aJIeKUTH BiJl IUIAXY
ox\ox) Oy )y

IHTErpYBaHHsI, TOMY MOYKEMO PO3TISTHYTH ()YHKIIIFO

() ou
vx,y)= ——dx+—dy.
( ) (XOJyO) 6)/ Ox

3uaiizaemo 11 yactuHHI noxigHi. Koau Opatumemo moxiaHy no x (Mo y ), To BAOMPATUMEMO KPUBY
I" Takoro, moO mepeTuH ii 3 JESIKUM OKOJIOM TOYKH (x, y) CKJIaaBCid 3 TOPHU30HTAIBLHOIO

(BepTUKambHOTO) MiBBiApi3Ka. Tomi
ulx,t
(—) dt

< v
v(x,y) = const + J— Mdt, v(x,y) = const + j 0 5
Y X

X N1

b

3BIJIKU IICTAEMO
ov _ Ou ov _ Ou

)

ox oy oy ox

[Toxnmagemo f (z) = u(x, y)+ i v(x, y). OueBunHO, A miel GyHKIT piBHOCTI (6.12) € HE YUM 1HIIHM,

(6.12)

sk ymoBamu Komri-Pimana, omxe, pynkuis f anamituuaa B D, a Re f =u .Teopemy 0BeneHO.
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JEKIIIS 7
®YHKLIOHAJIbHI PSIIU

7.1 O3nauennsn. Teopema Beitepumpacca
Hexait ( fn) - MOCIIIOBHICTh QYHKIIIH, 3ananux Ha E C N . @yukyionanvHum psaoom HA3UBAETHCS

BHUpa3 BULY

ilfn(z):fl(z)+fz(z)+...+fn(z)+..., sk, (7.1

e o)
[oknasum z = z,, B (7.1), gicranemo 4ucnoBuii psig Y. f, (zo). k1o BiH 301KHUM, TO KOKYTh, 110
n=1

¢bynkuionansHui psag (7.1) 30iraeTbes y ToUlll z; AKIIO XK po30ikHUM, TO (7.1) - po3diraeTbes y
touni z,. Psax (7.1) HazuBaeTbes 36idcHum Ha mMHOdcuHi E , SKIO BIH 30KHUHM y KOXHIA TOYII
ze E. Y npoMy BUNAAKY uepe3 f (z) no3Hauyumo cymy psay (7.1) B Touni z. OTxe, Te, O psiA

(7.1) 36iraerbest Ha £ nmo dyHKuii f, o3Ha4ae, Mo

$ 10 1te) <o)

Psn (7.1) Ha3uBaeThCs pigHoMipHO 30idcHUM Ha MHOMCUHI E 00 ynkyii’ f, axiio
510 1(e] <o}

Ax OaunMo, HaBeJEHI O3HAUYEHHS HIYMM HE BIJIPI3HAIOTHCS BIJ aHAJIOTIYHUX 3 KYypCy

(Vz € E)(Ve > 0)(3n, € N)(Vn > no){

(ve > 0)(@n, € N)(vn > n, )(vz e E){

MaTeMaTUYHOTO aHai3y. BukopucroByroun HepiBHOCTI (1.12), merko moBectu (K Mu 11e poOUIN B
nekii 1), HacTylmHy TeopeMy.

Teopema 7.1. JInsa toro, mo6 psg (7.1) Oy 301kHUM (piBHOMIPHO 30DKHHM) Ha MHOXHHI E 10
¢bynkuii f, HeoOXiIHO 1 MOCTaTHBO, 00 Oynu 301KHMMHU (piBHOMIpHO 30DKHMMH) Ha E 10

¢yHKuiit ¥ Ta v BigmosigHO psiam Y u, Ta Y. v,, 1€ u, = Re

n=l1 n=1

u=Ref,v,=Imf,, v=Imf .

n’

Ils Teopema mga€ MOXJIMBICTH TMEPEHECTH BIJOMiI 3 KypCy MaTeMaTHYHOTO aHai3y TEOpeMH Ha
BHIA/I0K KOMIUIEKCHOT 3MiHHO1. Hanpukian, mae miciie kputepiit Korri.

Teopema 7.2. ]Ins toro, mo0 psia (7.1) OyB piBHOMIpHO 301KHMM Ha MHOXHHI E, HEOOX1AHO 1
JIOCTaTHBO, 100

k=n+1

(Ve>0)3n, e N\Vn>n, Vme N)Vze E){

n+m
2 f (z)<e
BukopucTtoBytoun 11ei Kputepii, HEBaXKO, SIK 1 B Kypcl MaTeMaTHYHOTO aHaJi3y, IOBECTH TaKy K

o3HaKy Beiiepirpacca.
Teopema 7.3. Oynxuionansuuii psg (7.1) Ha MHOKKHI E 301KHUN PIBHOMIPHO 1 aOCOTIOTHO, SKIIO

o0
icHye  30DKHHMM  YHCJIOBHM  Psf Zan 3  JOJATHUMH  WICHAMHM  TaKuM, 10
n=1

(vneN)(vzeE)|f,(z) < a,}.

JloBenemo 11e 1Ba aHaJIOrH BIIOMUX 3 KypCy MaTeMaTHYHOIO aHalli3y TEOpEM.
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Teopema 7.4. Slxmo yci pyHkuii f, HenepepBHI Ha MHOXHHI £ 1 pan (7.1) piBHOMIpHO 301KHUH
Ha E 5o ¢ynkuii /', 0 f - HemepepBHa Ha E (yHKIis.

o0
JloBexaeHH 5. 3 piBHOMIpHOI 301kHOCTI psiny (7.1) BUILUIMBaE piBHOMIpHA 301KHICTb PifiB Y u,
n=l1

0

Ta ) v, BiamosimHo mo GyHKUii u ta v . Ockineku ¢yHKIl ©, Ta v, € HenmepepBHUMH Ha E , TO
n=1

3a BiJIMOBITHOIO TEOPEMOIO 3 MAaTEMAaTHYHOTO aHAJI3y TAKUMHU CaMUMH € (PyHKIIT # Ta v, a OTKe, 1

Teopema 7.5. Hexait I" - xpuBa, ¢pyHkuii f, HenepepBHi Ha /° 1 psa (7.1) piBHOMIpHO 301KHUI
Ha /7 nmo gyukmii f . Tomi

[f(2)dz=% [ f,(2)dz.

r n=l

JloBeaeHH . 3a Teopemoro 7.4 ¢pyHkuis [ HemepepBHa Ha [, OTXKe, YC1 IHTErpaiu iCHYIOTh. 3

PIBHOMIPHO1 301KHOCTI PSITy BUILJIUBAE, 110

(ve > 0)En, € N)(vn> ny (v e r){‘ 16)-3116)

Tomy npu n > n, Mmaemo

- [ 160- @i < [0 £ 260l <t

a L|e 03Hauae, 1110 jf(z)dz = lim i jfk (z)dz = i jfk (z)dz .
r n=>%p_1 r k=l

Teopemy noBeaeHO.

Jam posrasiHeMo Teopemy Belepmirpacca nmpo psau aHamiTHYHUX QYHKINHN, SKa HE Ma€ aHajory
UL pAAiB 3 AIMCHUMU HemepepBHO audepeHiiioBuumu ¢GyHkmismua. [lpu 17 goBeneHHi
BUKOPHUCTOBYETHCS TaKa JieMa.

Jema 7.1. Sxwmo psn (7.1) piBHOMipHO 301KHMN Ha MHOXMHI E , a QyHKIIS @ oOMexeHa Ha E,

TO Pl i o(2)f, (z) pisHOMipHO 36iXKHMiT Ha E .

n=1
CnpaBennuBicTh i€l JeMu BUIUTHBaE 3 kputepis Kol 1 HEpIBHOCTI, sSika BUKOHYETHCS TPH BCiX
zek:

n+m

2 ol2)fi(2)

k=n+1

n+m

ka(z)

k=n+1

<M , ne M:sup{|(p(z)|:zeE}.

Teopema 7.6. Hexaii B oOmacti D 3amaHa MociaigoBHICTh ( fk) aHamiTuaHUX QyHKIiH 1 psg (7.1)

piBHOMipHO 36iKHHI y KOKHOMY 3aMKHeHOMY kpy3i K < D . Toni:

1) pynkmis f anamitnuHa B D

2) pan (7.1) MokHa MOYSICHHO AU epeHLitoBaTH Oy/b-sIKy CKIHYEHHY KUIBKICTh pa3iB B YCIX TOUKaX
obmacti D, ToOTO
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n)(z)zki 9G), nez; (72)

3) psiau B (7.2) piBHOMIpHO 30iKHI Y KOXKHOMY 3aMKHEHOMY Kpy3i K < D .
JloBe e HH s. 3yNIMHUMOCH JIMIIE Ha JOBEACHHAX TBepkeHb | ta 2. [Tounemo 3 2. 3po3ymino,

0 JOCHTh JIOBECTH AHAJITHYHICT, f B JOBUIBHIN Toulll z € D. BubGepemo 3aMKHEHHI Kpyr

K c D 3 nenrtpom y Touri z. 3a TeopeMoro 7.4 QyHKIis f HemepepBHA Ha K , a 3a TEOPEMOIO
5.5 psan (7.1) MOXHa TIOYJIEHHO IHTETPYBATH MO Oy/b-AKi 3aMKHEHIA KPHUBIH, 110 JIEKUTh B K .

Hexait /™ - taka xpuBa. OCKUIBbKHY 32 T€OpeMoro 5.1 J' fk dz =0 npu BCiX k€ Z, TO
r

jf dz_zjfk dz=0

k=1l
3BIJIKH, 32 TEOPEMOIO 6.8, BUTIIIMBAE aHATITHYHICTh f B K 1, TUM OlnbIe, y TOYIN Z .

HoBenemo TBepmkeHHs 2. Hexaih K - Takuil camuil Kpyr, sIK 1 NPH JOBEAEHHI TBEp/DKEHH:!.

[ToMHOXXMMO  O0OMABI YacTUHM  PIBHOCTI  f (g): > fk(g) npu ¢e€0K Ha (QyHKIIIO

I’l/ -1 . . . . o
(p(g)— (g z) "7, sxa € oOMexeHor Ha OK . JlictaneMo piBHOMIpHO 301KHUI 3a nemoro 7.1

27
pAan, AKUi 3a TeopeMOIo 7.5 MOKHA TOWICHHO IHTETPYBAaTH. TOMY MaTUMEMO:
nl J‘ S (g ) J‘ f K\s ) dc
27 K (g Z)n+1 k ] 2727 6K )n+1 ?

3 sK01 3a TepeMoto 5.5 (nuB. piBHICTH (5.15)) micranemo piBHICTH (7.2).

7.2 Cmenenesi paou
Cmenenesum psoom (3 HEHTPOM y TOULl Z,) HA3UBAEThbCA (YHKIIOHAIBHUH psii BULY

icn -(z—z0 )n , (7.3)

n

ne ¢, - Bigomi koedinienTtu. IlozHaunmo o = IZn ,”/|c | 1 1o psany (7.3) 3acrocyemo teopemy 1.3.

OCKNbKM NpH z # z, CIpaBeUIMBA PIBHICTh ¢ = lim |c | |z zo| =a-
n o0

1o mpu a =0

pan (7.3) € abcomoTHO 301KHUM TpH BCiX z € C . Skmo o =0, 1o psan (7.3) po3dixHuM BClOaH,

KpiM TOukHM z =z,. Hapemri, sixkmo O<a <+oo, 1O pin (7.3) € abcomoTHO 30DKHUM B

1. . 1
{z : |z —zo| < —} 1 po301>KHUM B {z : |z - zo| > —}
a a

Yucno R, 0 < R <+ Ha3UBAETHCS paldiycom 30ixcnocmi psapy (7.3), Skumio mei psn 301KHUN B
{z : |z—zo| < R} 1 po30DKHMIA B {z : |z—zo| >R}. Sxmo psan (7.3) 301KHUN BCIOAU, TO BBAXKAEMO
R =+00, a AKIWO HiJE, KPIM TOUKU z,, HE 30DKHMN, TO BBakaeMo R =0. 3 HaBeleHUX BUILE

MIpKyBaHb BWIUIMBA€ ICHYBaHHS JJIi KOXHOTO psAy €IMHOTO pajiyca 30DKHOCTI, SKHA
obuncmoeTses 3a popmyioro Komri-Anamapa:
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R=1/lim 3]lc,|. (7.4)

n—» 0
Kpyr {Z : |Z - ZO| < R} HA3UBAETbCA Kpy2om 36ixcnocmi, a ipu 0 < R < +o00 KOJIO {Z : |z - ZO| = R} -
konom 30ixcnocmi. Ha xomni 301xHOCTI psig (7.3) Moxke OyTH 301KHUM, PO301KHUM, 301)KHUM TUTBKU
Ha JesKIN MIIMHOKHHI [IHOIO KOJIa.
Teopema 7.7 (AGens). Sxmo psaa (7.3) 30DKHUM B TOUll z* # z, TO BIH aOCOJIOTHO 301KHUH y
Kpy3i {z : |z - ZO| < |z * —zo|}.
HoBeneHH s Ockinpku psg (7.3) 30DKHMN B TOYI z*, TO, 3TIHO 3 O3HAYCHHSIM pajiyca

z*—zo| <R, a ockinbku psia (7.3) abcomoTHO 301KHUI B {z : |z—zo| < R}, TO BiH €

3015KHOCTI,

}, 10 1 MOTPiOHO OYII0 TOBECTH.

a0COJIIOTHO 301KHUM 1 B Kpy31 {z : |z - ZO| < |z *—2Z,

Teopema 7.8 (nipo piBHOMIpHY 30DKHICTB). Akmo psa (7.3) mae paaiyc 30ixHOCTI R >0, TO ¥
KO)KHOMY 3aMKHEHOMY Kpy31 {Z - |z — ZO| < r}, 0 <7 < R, BIH 301)KHHI pIBHOMIPHO.

JloBeneHH . Hexail z, - Touka Ha Kol {z : |z - Zo| = r}. B z, psaz (7.3) 301kHUI aOCOMIOTHO,

0
T06TO )| |cn|r” <+oo. OcTaHHI} psAA € MaxkopaHTHUM i pany (7.3) y kpysi {z N |z—zO|Sr}.
n=0

3acTocyBaBi Jaji o3Haky BeiepmTpacca (Teopema 7.3), 3aKiHUyEMO JOBEACHHS HAIIOI TEOPEMH.
Hacniook 1. Cyma psagy (7.3) € aHamiTHuHOIO (YHKII€0, 1 HEH pAI MOXKHA IOYICHHO

nuQepeHIiIoBaTH JOBIIbHY KUIBKICTh pas3iB.

o . n « . e o . . . o
JIiiicCHO, OCKUJIBKH cn-(z—zo) - mimi Qyskuii 1 pang (7.3) piBHOMIpHO 30DKHHUH Yy KOXKHOMY
3aMKHEHOMY Kpy3i B o0usacTi {z : |z—zo|<R}, TO 3a TeopeMoro BeliepmTpacca ioro cyma €

aHAIITUYHOIO B Mii 00J1acTi PYHKIII€IO.

Hacniook 2. Psp (7.3) MoXHa MOYWICHHO 1HTEIPYBaTH MO OyIb-sKild KPHBIH, KA JEXKUTH y Kpy3i
301KHOCTI.

JliticHo, 11 KOKHOT KpuBOi /[, sIKa JIEKHUTh Y Kpy3i 301’KHOCTI, MOJKHA 3HAUTH TaKe ¥ € (O;R), 110

I c {z : |z—zo| < r}, T00TO psix (7.3) piBHOMIpHO 301XkHUN Ha [, TOMy 3a TeopeMoro 7.5 #oro

MOXHAa IIOYJICHHO iHTGprBaTI/I.

7.3 Y3azanvneni cmenenesi psaou
Hexaii z, € C. Pan

+00 c c

e, (z—zp) =0 —— 4 —

n=—on (z—zo)m Z7 2 (7.5)
tegt+c (z—zp)+...+c, (z—z)) +... (7.5)

< n = n
Ha3UBaTUMEMO y3decalbHEeHUM CmeneHesum p}lao./l/l. PfII[I/I Z C, - (Z —Z ) Ta Z C, - (Z —Z )
n =—o0o n =0

HA3MBAIOTHCS BIAMOBITHO 20108H010 TA NPABUIbHOI YacCTHHAMU psay (7.5).

VY3aranpHEHUI CTEMEHEBHM PSAJl ) HA3UBAETHCS 30IMCHUM (DIBHOMIPHO 30idCHUM) HA MHONCUHI E
AKIo Ha £ 30DkHI (piBHOMIpHO 301kH1) HOro rojioBHA 1 MpaBWiIbHA YacTUHH. [IpaBuiibHa yacTuHA
€ 3BHUYaliiHUM cTerneHeBUM psiioM. [lozHaunumo uepes3 R, #oro pajaiyc 3013KHOCTI 1 IPUITYCTUMO, 10

R, >0. 3a Tteopemoro 7.8 mpu re(O;Rz) NpaBUJbHA YAaCTHHA PIBHOMIPHO 30iraerscsi B
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. . . . | G
3aMKHEHOMY Kpy3i {z N |z - Zo| < r}. B rosoBHii jxe yacTuHI 3p00MMO 3aMiHy z —z, = — . [licranemo
w

(Tepeno3HaunBIIM /7 = —k ) CTCHEHEBHH PIX D.C_, -w* . Hexait R’ - iioro pazaiyc 301KHOCTI.

Skmo R'>0, To BiH 30DKHHHA y Kpy3i {w : |w|<R’}, MPUYOMY PIBHOMIPHO HAa KOXXHOMY

3aMKHEHOMY Kpy3i I1boT0 Kpyra. Toi, moBepTarounch 10 TojI0BHOI yacTuHU psaxy (7.5), 6auumo,

. . 1 . . . - -
mo BoHa 30DbKHA B 00acTi {z : |z—zo| >E: R, ¢ 1 piBHOMIpHO 30DKHA y KOXHIH 3aMKHEHIH

obmacTi {z : |z - Zo| > r}, r > R, . BpaxoBytouu (7.4), 6auumo, mo unciaa R; ta R, 00UUCIIOIOTHCS
3a normomororo ¢opmyn Korri-A namapa:

R =lim1 |c_n , R, =1/ lim # |c
n—» 0 n—»0

n| .

Sxmo R, > R,, o psaa (7.5) Hige He 30DkHUl, ko )k R, = R,, TO BiH Moxe OyTu 301kHUM Xi0a
0 Ha KOl {z : |z—zo|=R1} a0o Ha sgKiiick Horo 4acTuHi, a skmo R, <R,, To pan (7.5)
301raTUMEThCSI B KUIBII {z 'R, <|Z—ZO| <R2}, MPUYOMY Ha Kparw IbOT0 KUIBISI MOXYTh OyTH
TOYKM 30DKHOCTI. Hamami posrasgaTuMeMo JuIie TPeTid BUITAJIOK 1 3ayBaXUMO, IO B KOKHOMY
3aMKHEHOMY KUIbII1 {z ‘< |z —zo| < rz}, R, <n <r, <R,, pan (7.5) piBHOMIPHO 301KHHI, OTXKe,
B KUIbLI {z ‘R < |z—zo| < R2} 3aJa€  aHaMITMYHY (QYHKIIO 1 HOro MOXHa TMOWICHHO

nuQepeHIitoBaTH JOBIIbHY KUIBKICTh pas3iB.

7.4 Paou Jlopana

Teopema 7.9 (Jlopana). AHaNITUYHY B KUITbLIi {z ‘R < |z—zo| < R2} ¢byHKLII0 f MOXHa €IMHUM
YMHOM PO3BHHYTH B y3araibHeHUi creneneBuit psf (7.5), npuaomy

L), 6
ETT e 0

ne [y - DOBUIBHE KOJIO {z : |z—zo| = R}, R, <R<R,.

JloBeneHH 5. He 3MeHIIytoun 3arajabHOCTI, MOXKEMO BBaXKaTH, 0 z, = 0 (3araabHuil BUMAJOK
3BOUTHCSA 0 LIOTO 3aMIHOI0 z —z, Ha z ). Hexaill z - 10oBUIbHA TOUKA 3 KUIbIS {z ‘R < |z| <R, }
Bubepemo kona [ = {z R |z| = R'} Ta [ = {z R |z| = R"}, R, <R'<R"<R, Tak, mob To4Kka z

Jexana B Kbl {z ‘R'< |z| < R"}. Topi, 3a popmyioro (5.14), marumemo

L J6) e, 116
f 27211—! c—z +2 'J: —zd
(7.7)
L J6) e, 1 J6)
2721FJ‘ G—z +27zi1!z—gdg' 7

SAkmo ¢ e I, 1O

gz‘:%|<l 1 Toxl

1 1 :l.i(ijn_ (7.8)

z—¢ z l—g/ Z p=0\Z2
z
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o) 4 "
OcrauHii pdaa € plBHOMlpHO 301KHUM BlIlHOCHO gEF 5 60 MaKOpPYETHCA pPAAOM Z | |
z

(reopema 7.3). dynkuis f oOmexeHa Ha [ . Tomy 3a snemoro 7.1 mMoxeMO OOMABI YaCTUHU

piBHOCTI (7.8) MOMHOXUTH HA [ (g) 1 MOYWJICHHO MPOIHTErpyBaTH. MaTUMeMO:

a . it st ,i;(%)"]dg=

e ~(n+
- n+l .[f ﬂdg z [_ .[ n+1)+1 JZ ) -

27[! n—OZ
:ni [ 1 Ifn+l J ) (7.9)
V4

g !
/ = R" < 1 5 0T>Ke, =
-z
Towmy, MipKonqH aHaJIOT1YHO, MAEMO:

L8ty el 5] Lo

> 1
no(Zmrj‘fn+1 J . 719

BukopucroByroun Tenep HaciaiZoK 3 TeopeMu 5.2, oaepKyeMO, o npu R, < R < R, BUKOHYIOTbCS
piBHOCTi
1 I f

1
27 s " 2n e

Tomy, miacTaBisoun (7 9) ta (7.10) B (7.7), 3 BpaxyBaHHSM OCTaHHIX PIBHOCTEH, JIICTAEMO:

- 5 [; [ £

OTxe, MOXKITUBICTh pO3BHHEHHS 1 hopmyra (7.6) moBeaeHi.
€IUHICTh PO3BUHEHHS JOBEJEMO BiJl CYMPOTUBHOTO.

[Tpumyctumo, 1o st aHATITUYHOT B KUTBIT {z ‘R, < |Z — ZO| < Rz} byHKIT f BUKOHYETHCS

fE)= Ye, 2" = SE, 2"

n =—x n =—x

Ha komi /% BHUKOHYETbCS HEPIBHICTH

" | =
—_
|
N
)
|
| =
S
LDMs
/
NN
S

(7.10)

If Wf

n+l 2 n+l
V1)
FR

“lm1) MPOIHTETPYEMO  TMOWIEHHO TI0  KOJIy

[ToMmHOXXMMO ~ 0o0MABAa psiAM  Ha  Z
{z:]Z=R}, R <R<R,:

—+00 1 +00 |
[z" " dz= Y ¢, [z""dz.

n =—ow M:R n =—wo M:R
CkopucraBIuch TyT piBHICTIO (5.8), nictaemo ¢, - 27 =¢,, - 27 , 3BIAKM ¢,, =C,, NIPU BCIX MeZ .

Teopema 7.9 MoBHICTIO JOBEICHA.
Koedinientu (7.6) Ha3uBaroThes koegiyieumamu Jlopana, a psn (7.5) — paoom Jlopana.

3ayeaxncenna 7.1. Hexaii {z 0< |z —zo| <o } - IPOKOJIEHUI OKUI TOUKM z,, # oo . SIKimo QyHKLisA

f anamiTH4YHa B HBOMY, TO il MOYKHa PO3BHHYTH B psan Jlopana, 60 1meil OKIJT € YaCTKOBUM
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BUIIAJKOM Kijblsg B Teopemi 7.9 3 R, =0 ta R, =0. JlicTaHeMO TakUM YHMHOM pO3BHHEHHS
bynkuii f B pao Jlopana 6 okoni mouku z,. O3Hau€HHsS TOJOBHOI 1 MpPAaBUWJIBHOI YaCTUHU
30epiratroThes.

. . . . . 1
3ayeascenna 7.2. Hexaii Tenep z, = 1 QyHKUisA f aHamiTHYHA B 001aCTI {z :g<|z| <40,

Psoom Jlopana ona ¢pynxyii' f 6 okoni mouxku z, = o0 Ha3UBAETHCS PAJ
+00
flz)= Se 2~ (7.11)
k =—w

[Ipu ubomy pso, cknadenuti 3 uleHi@ 3 O000AMHUMU NOKASHUKAMU, HAZUBAEMBCA 20JIOBHONO
yacmunoro psaody (7.11), a psi, M0 3ATUIIUTHCS MICIs YCYHEHHS TOJIOBHOI YaCTHHHU, - NPABUTLHOKO
4ACMUHOIO.

Bucnoeok 7.1. OTxe, MOKHA CKa3aTu, L0 IO TOJOBHOI YaCTWHU PO3BMHEHHS (QYHKIIT [ B pan

Jlopana B okoJti Toukn z, € C HaIeXaTh Ti 4IeHH, AKi IPAMYIOTh 110 00 MpH Z —> Z,,.

3ayeaxncenna 7.3. SJxmo ¢GyHkiis f aHamiTHYHA B 00J1aCTI {Z 0< |z| < +oo}, SIKY MOYKHA PO3YMITH
OJTHOYACHO SIK MPOKOJICHUH OKJI Touku z = (), Tak 1 TOYKH z =0, TO B LIk obnacti QyHKIit0 f
MOKHa po3BUHYTU B psia (7.11), skuii € psaoom Jlopana ona f i 6 oxoni mouku z =0, i 8 oxoi
MOYKY z = 00, aje 3 PI3HUMU T'OJIOBHUMH Ta IIPABUJIBHUMHU YacTUHAMHU. [Ipy iboMy 4ileH ¢ SIK IS

ToukH z =0, Tak 1 I TOUKH z = 00, 3aBK/]IM HAJEXKUTh 10 MPaBWIbHOI yacTUHU. Hampukian, psaa

1 . .
Jlopana —+1+z B okoni Touku z = 0 Ma€ roJOBHY YaCTUHY — , @ B OKOJI1 TOUKH Z = 0O T'0JIOBHOIO
z z

YaCTHUHOIO € Z .

7.5 Paou Teitnopa
Teopema 7.10 (Teitnopa). AHamiTHUHY B KpY3i {z : |z - Zo| < R} ¢yHKLiI0O f MOXHA €IUHUM
YUHOM PO3BUHYTHU B cTreneHeBui psf (7.3) 3 koedirientamu (0 <7 < R)

(n)

- s

c, =
; n+l1 /
270 || (c-2) .

JloBenaeHH A TBepIKCHHS TEOPEMU B TOULll z, NEpeBIpA€Tbcs OesnocepenHbo. B Kimbii
{z 0< |z—zo| < R} 3a Tteopemoro Jlopana ¢yHkuist f po3BuBaeThcsi B psan Jlopana 3
koedimieatamu (7.6). Ockinbku npu n <0, n€Z BUKOHYEThCS HEPiBHICTB—n—1>0, 1 TOMy
byHKIS g(g) = f(g) (g -z, )7"71 aHaJIITHYHA B {z N |z - Zo| < r}, TO 3a TeopeMoro 5.1 maemo
e =5 116 c=z0) " dg =o0.

27 le—2o|=r

Otxe, psan (7.5) ckilamaeTbes TIIBKY 3 MpaBmiibHOI YacTuHU. Dopmyna (7.12) Bummubae 3 (7.6) ta

dbopmy (5.15).
Teopema noBeneHa.
Hacniook 1. SIxmo ¢yHkuiga f aHamtuyHa B obnacti D 1 z, € D, To ii MOKHA PO3BUHYTHU B psif

Teinopa

w £(n)
zf—(ZO)-(z—zo)” (7.13)

n=0 n!

B Oyzb-sikoMy Kpy31 K < D 3 LIEHTpOM B TOUll Z,,.
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Hacniook 2. ®yskuig f € 1100 TOAI 1 TUIBKY TOAL, KOJIU A7st Oyab-K0i Touku z, € C i MOXHa
pO3BUHYTHU B psia Teinopa 3a creneHsaMu (z - Zo) 3 HECKIHYEHHUM pajiiycoM 301KHOCTI.
Osnauennsn 7.1. ®yHKIIA f HA3MBAETHCS 2010MOp@HO0 B 00acTi D, SKIIO IS KOXKHOI TOYKH

z, € D icHye kpyr {z : |z — ZO| < R} c D, B skoMmy [ MOXHa po3BUHYTH B psin Teimopa (7.13).

3 treopemu 7.6 Ta Hachiaky 1 3 Teopemu 7.10 BUIIIMBAE 1€ OJTHA TEOPEMA.

Teopema 7.11. Oynxuis f roixomopdHa B obnacti D Toxi i TUIBKM TOAI, KOJIM BOHAa B D
aHaIIITUYHA.

Ha 3akiHuenHs nekmii 3poOMMO OIJIsiA PIBHOCHJIBHUX O3HA4Y€Hb aHAMITHUYHO! GyHKIII. Jis
MPOCTOTH OOMEKUMOCS BHIAJIKOM OJIHO3B'S3HOI 00JacTi, Xo4a B OLIBIIOCTI O3HAY€Hb BHUMOTA
OJTHO3B'SI3HOCTI € 3aiiBor0. OTXKe, aranimuuHorw 8 00HO038 S3Hill obnacmi (yHKYi€0 Ha3UBAETHCA
Taka, siKa 3a/I0BOJIbHAE OJIHIN 3 HACTYITHUX YMOB:

1) mae B 11iif 067acTi HEMEpEepBHY MOXIIHY;

2) Mae B 11ii1 001aCTi MOX1THY;

3) Mae B 1iif o0GnacTi HenepepBHO AUQEPEHIIIOBHI IIHCHY Ta YSIBHY YaCTHHH, SIKi 3a/I0BOJBbHSIOTH
ymoBu Korrni-Pimana,

4) HenepepBHa 1 Ma€ B 00J1aCTi IEPBICHY;

5) HemepepBHa 1 IHTErpall Bij Hel 1Mo Oy/b-sAKiil 3aMKHEH1H KPUBIH, 1110 JISKUTH B 00J1aCTi, IOPIBHIOE
HYJICBI;

6) MOoxe OyTH PO3BHHYTA B CTETICHEBUN PsIJ B OKOJII KO’KHOI TOUKH 3 00J1aCTI.
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JIEKIIIS 8
HY.JII TA I130J1bOBAHI OCOBJIMBI TOUKHU

8.1 Hyni ananimuunux pynxuyii

Hexaii ¢pynkuis f anamitudna B obnacti D . Touka z, € D Ha3uBaeThbCsl Hynem @yukyii f , SKIIO
f(z0)=0. gxmo £(z,)=0, f'(z,)=0,.. ..,f(”_l)(zo )=0i f(”)(zo) # 0, TO z, HA3UBAETHCS HYIEM
n-2o nopsoky. Slkmo f (zo) =0 1Bci ii MOXIJHI B Z, JOPIBHIOIOTh HYJIEBI, TO Z, HA3UBAETHCS HYIEM
HeCKIHYeHHO20 NOPSIOK).

Teopema 8.1 (npo HyIb HECKIHYEHHOTO MOPAAKY). ko QyHkuis f aHamiTuuHa B obmacti D i
z, € D € 1i HyneM HECKIHUEHHOT'0 MOPSAKY, TO f (z) =08BD.

JloBeneHnH s Hexaili ¢ - noBuibHa Touka 3 D. Ham moTpiOHO mokazaTtu, mo f (ﬁ)z 0.
Crnoiy4uMo TOUKYy ¢ 3 TOUKOIO z, KpUBOIO / , sika jnexutb B D (puc. 8.1). Ockinbku kpuBi /1

0D - 3aMKHEH1 MHOYKWHH, K1 HE TIEPETHHAIOTHCSA, TO BIACTaHh MK HUMH Oy[1e p(F , 8D) =d>0.

Bisbmemo kpyr K,(z,)= {z : |z - Zo| <d } , KWW, OYEBUIHO, JICKUTH B

c D, 1 po3BuHEMO B HhOMY (GyHKIIIO f B psn Teitnopa
o ),
re)=3 G ey
k=0 !

Ockinbku Bel f (k)(zo): 0, To 3Bizcu BunmuBae, mo f(z)=0 B K,(z,).

r

) Bizbmemo Tenep y kpysi K, (Zo) Ha /° TOuYKy z, Tak, o0 BoHa Oyia Ha
’ BlJICTaH1 d/2 1o KpuBiil /7 BiJ TOUKM z,. B mii Toumi z, ¢pyHkuis f
Ma€e HyJIb HECKIHUEHHOTO MOpSAKY, 60 f (z) =0 B AEAKOMY OKOJI TOUKH
PucyHoKk 8.1 z,. Jlo TOukH z, 3aCTOCYEMO TakKi caMmi MipKyBaHHs, AK 1 10 TOYKH Z.
Pyxarounce Takum unHOM IO /', NTiiJIEMO 10 TOYKH, BiJCTaHb Bij SKOi O TOYKU C IO KpUBIA [~

MeHIIa, HiX d , 00 /7 Mae CKiHUGHHY JIOBXKHHY. TeopeMy J1I0BeIeHO.
Teopema 8.2 (npo xaHOHIYHE 300paxkeHHs). s Toro, o6 aHamiTHuHa B o6nacti D ¢yHKuig f

Majia B Toulli z, € D Hylb n-ro NopsaKy, Heo0XiJHO 1 JOCTaTHBO, 100 y JEIKOMY OKOJI TOUKH Z,
dbyHKIIIO f MOXHA Oyi10 300pa3uTH Y BUTIISII

f(e)=(z=z)"¢l2), (8.1)
ne ¢ - pyHKIis, aHATITHYHA B [IbOMY OKOJI, 1 (o(zo ) =0

JoBeneHHs SAkmo f - a”amituuHa B D 1 z, € D € 1i HyneM n-ro nopsiiky, TO ICHY€ OKLUI

TOUKH Z,,, e QyHKLIsA f poBUBA€EThCA B psi Teinopa, Akuil y 1aHOMY BUNAJKy Ma€ BUIJIS]

0 f(k)(Z )
flz _;, o (z-2z,) =
() (5 () (5
:(_%yp"§“+f ﬁf@_%pn}
n! n!
(n) (n) (n)
Toknanaroun ¢(z)= / n(/20)+ / n(/ZO)(z—zo)+..., maemo (8.1)1 ¢z, )= Sz) n(,ZO) #0.
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Hasnakwu, sikio mae micue (8.1), ne ¢ - aHayNiTU4HA B OKOJII TOYKH z, (YHKIIIA 1 (p(zo);t 0,T0B
IbOMY OKOJI1

o(z)=b, +b1(z—zo)+...+bk(z—zo)k +..., by=0(0)%0,

TOMY

plz)=b,(z-z,) -i-bl(z—zo)”+1 +...+bk(z—zo)"+k +.,

1, oTke, f Mae€ B z, Hylb n-ro Nopsiaky. Teopemy 10BeJEHO.

3ayeaxncenna 8.1. bynemo roBopuTH, IO aHATITHYHA B OKOJI TOYKU z =0 (QYHKLII [ Ma€E @ ©
HYZIb N-20 NOPSAOKY, SKIIO (YHKITIS g(z) =f (1/ Z) Mae HyJb n-T0 nopsAaky B Touli z = 0. I]e 6yoe
mooi i minbku mooi, Koau f (z)= (o(z)/ z", 0e @ - aHanimuuna 6 OesiKOMY OKOML © QYHKYI i

(p(oo) #0.
8.2 I3onvoeanicme nynie

Teopema 8.3. Hexaii f - anamituuHa B oOmacti D QyHKisg, f (z)séO 1 zpeD. fxmo z, €
HyneMm QyHKIIT f, TO icHye OKia QyHKIIi /', B IKOMY f HE Ma€ iHIIUX HYJIB.

JNoBeneHH s 3a Teopemoro 8.2 mae wmicte (8.1), ne ¢ - aHamiTH4YHA, a, OTXKE, HETIEPEPBHA B
IEIKOMY OKOJI TOYKH Zz, (PyHKIISA i go(zo);t 0. ToMy B SIKOMYCh OKOJi TOYKH Z, BUKOHYETHCS
go(z) #0,a, oTxke, i f (z) # 0 npu z # z,,, O 1 TOBOJUTH HAILLy TEOPEMY.

3 TOBEICHO1 TEOPEMH BHUILIMBAE PSIJT HACIIIKIB.
Hacniook 1. Slxmo ¢ynkuis f aHamituyHa B obnacti D, TO MHOXHHA ii HYJTIB HE MAa€ TOYKH

CKyImTYeHHs (TpaHU4YHOT TOUKH) B D .
JliiicHO, B MPOTUJIKHOMY BHIIAQJKy 3a HEMEPEpBHICTIO PYHKIIT f TOYKa CKyMYeHHs Tex Oyina O
HyneM QyHKIIT f, 1110 HEMOKJIMBO 32 IIOWHO TOBEJCHOIO TEOPEMOIO.

3ayBakuMo, 1110 Ha Kparo obsacti D Touyka CKYIMUEHHS HYJIB MOXKE OyTH, Ha IO BKa3y€e MPHUKIIAL

aHaITUYHOT QyHKIIT f(z) = sin " ! B o0JacTi {Z : |Z| < 1} 3uHymsmu z, =1—-1/7k -1, k —>oo.
-z

Hacniook 2. Slxmo ¢yukuis f # 0 aHamiTuuHa B obnacti D, To BoHa Mae B D CKiHUeHHY a0o0

371YeHHY MHOXXHHY HYIIB.
JloBeIeHHST BUTUIMBAE 3 MOTIEPETHHOTO HACITIIKY.
Hacnioox 3 (teopema eauHocti). SAkmio ¢yHKmii f Ta g aHamiTH4dHi B o0jacTi D, a MHOKHHA B

obnacti £ c D mae npuHaiiMHI OAHY TOYKY CKYITUEHHs, siKa HaJuexuTh 10 D, 1 f=g B E, TO
f=g8D.

Jlnst 1oBeieHHs TIOCUTh 3aCTOCYBATH HACTIIOK 2 10 QyHKLIIT ¢ = [ — g.

3 ocTaHHBOTO C(HOPMYITHOBAHOTO HACIIAKY BUIUIMBAIOTH I1I€ TaKi J1BA TBEPIXKCHHS.

Hacniook 4. Slxmo ¢ynkuii f ta g anamituysi B obnacti D 1 f =g Ha sakiiics kpusiii /" D,
0 f=g BD.

Hacniook 5. Slxmo Qynkuii f ta g aHamiThuHi B obnacti D 1 f =g B skiiice odnacti G < D,
0 f=g BD.

Hacniook 6. Sxumo ¢yukuis [ # const aHanmiThyHa B obOmacti D, TO BOHAa 3MiHCHIOE

BiJOOpaXXeHHs, SIKe € KOH(GOPMHUM B KOKHIM TO4YII i€l 001acTi, KpiM, MOXKJIMBO, MHOXKHUHH, 110
CKJIQIAETHCS 3 1307IbOBAHNX TOYOK.
JloBeeHHs 0a3yeThes Ha 3aCTOCYBaHHI Teopemu 8.3 1o moxiaHoi f' dyHkmii f .
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B n. 3.5 Bij3Hauanock, mo Bci GOpMyIH JUIsl TPUTOHOMETPUYHUX (DYHKIIIH, BioMi 31 MIKIIBHOTO
Kypcy MaTe€MaTHKH, CIIpaBeJIMBI 1 B KOMIUICKCHIN 00yiacTi. BoHU mepeBipsArOThCS 3a JOMOMOTOI0
anreOpaiyHuX omepauid HajJ IMOKa3HUKOBUMU (QYHKIISIMH. AJsie iX MOXHA JOBECTH OIHHUM
craniapTHUM criocobom. TosicHnMo 11e Ha JBOX MpUKIIagax.

Ilpuknao 8.1. Oyukuii f(z) =cos® z+sin’ z Ta g(z) =1 e uinumu. Ockineku cos” x + sin® x =1
npu Bcix z=x € R, To0TO0 f =g Ha AilcHIiN oci, To, 3a HacHiaKoM 4, f =g B yciii KOMIUIEKCHIN

ILIOMIMHI, TO6TO cos” z+sin” z=1 npu Bcix ze C.

Ilpuknao 8.2. OckinbKu npu BCIX x,€R x, eR BUKOHYETHCS
sin(x1 + X, ) = SiN X, COS X5 + COS X| Sin X, , TO, 3a HaCJIAKOM 4, MaeMo
Sin(z1 + X, ) =S§inz, cosx, +cosz,sinx, 1A Bcix z, € C 1mpu KOXHOMY (ikcoBaHOMY X, € R.
Tenep, dixkcyroun z, € C, gicTaeMo piBHICTbH

Sin(z1 + 22) = Sin z, COS Z, + COS Z, Sin Z, .

8.3 I3onveani oco61u6i mouku 00OHO3HAYHO20 XApaKmepy

Hexail ¢pyHkuis f aHamiTH4HA B IPOKOJEHOMY OKOJI TOYKH z,. Bynemo BBaxaru, W0 z, # ©,
TOMY III0 BUBYCHHS MOBO/PKECHHsI (YHKIIII B OKOJII TOYKH o0 3aMIHOIO z Ha l/z 3BOJIUTHCS 10
BUBUeHHs noBomkenHs Gyuknii f(1/z) B oxoni Toukn z = 0.

Axmo ¢yHKIIS f aHATTHYHA B MPOKOJIECHOMY OKOJI {z 20 <|z—zo| < 5} TOYKHU Z,, & B Z, HE
BU3HAuUEHa a00 HE aHAIITUYHA, TO Z, HA3UBAETHCS i3071b08AHOI0 OCOOIUBOIO MOUKOIO OOHOZHAYHO20

xapaxmepy ¢yuxyii f .

SIKmo mpu 1bOMY iCHYE lim f (z)z A# 00, TO z, HA3UBAETHCSI YCYEHOIO OCOONUBOIO MOUKOIO.
z ZO

sSinz

Hanpuknan, dpyakmis f (z) = Mae B Toulll z =0 yCyBHY OCOOJIMBICTb.

Sxmo lim f (z) =00, TO Z, HAa3UBAEThCS nomocom (Hampukiaz, Touka z =0 € nomocom QyHKuii

Z_>ZO
/(2)=1/z).
Hapemri, sikmo lim f (z) HE ICHYE, TO Z, Ha3UBAETHCS ICMOMHO 0COOIUE010 MOUuKOoIo (HapUKIa[,

Z—)ZO
Touka z = 0 € icTOTHO 0co6HBOIO Toukok GyHKNiT f(2)= exp(l/z)).

PosriisitHeEMO meTanpHilIe KOXKHUN THIT OCOOJIUBOCTI.
8.4 Ycysna ocoonuea mouka

Teopema 8.4 . Tpu TBepIKECHHS € €KBIBAJICHTHUMH:

1) z, € ycyBHOIO OCOOJIMBOIO TOUKOIO (PYHKIIT [ ;
2) ynkuis f oOMexeHa B IEIKOMY OKOJIi TOUKU Z);
3) B po3BuHeHHI QyHKUii f B psan JlopaHa B OKOJI TOUKHU z, HEMAE FOJIOBHOI YaCTHUHHU.

JloBeaeHH . ko z, - ycyBHa oco0auBa Touka GyHKLIi f , TO, 3TJHO 3 O3HAYCHHSIM, ICHY€

lim f (z) =A#o,T0My [ OOMEKEeHa B IESIKOMY OKOJIl TOUKH z,. OTKe, MU A0BeNH, 1o 1) = 2).
z—>z

Hosenemo, mo 2) = 3). BiamosigHo 10 yMOBH 2)
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(3M >0)(36>0)(Vze C)0 <|z—z)| <5 = | £ (=) < M}.
Posknagemo dynkiito B psan Jlopana (7.5) 3 koedimienramu (7.6). Tomi

RS J' f(g) dg<i J‘ |f(§

|cn| = n - n |dg| <
27 e fer (6= 20)™ 7] 27 e e — 2o
1 M M
<— 2mr =—,
272. rn+l rn

ne 0<r<o. Sxmo tenep n<0, to, cupsamoByroun r — 0, maemo ¢, =0, TO6TO roI0BHOI

YaCTUHH HEMAE.
Hapemri, sikmmo B pszai (7.5) Hemae TOJOBHOT YaCTHUHU, TO BiH € CTETICHEBUM PSJIOM, SIKUH 301KHUI
y Kpy3i 0e3 1eHTpa, a, OTKe, 1 B YCbOMY Kpy3i, 3aJ1al04d TaM aHANITUYHY (OTXKE, HEIEepEpBHY)

dynkuiro. 3sixcu BurumBac, mwo icuye lim f(z)= a,, 10610 3) = 1).
z—>z

Teopemy noBeaeHoO.

Teopema 8.5 (Jliysimuis). Skmo wina yHkuis f oOMexeHa B OKOJI TOYKU z =0, TO f (z) = const
JNoBeneHHs. Ockinpku f - mina QyHKIliA, TO 11 MO>KHA pO3BUHYTH B psij Teiopa 3 IIEHTPOM B
touni z =0 1 pagiycom 301kHOCTI R =+00 . Lleif sxe psia MoxkHa po3yMiTH sK psa Jlopana ¢yHkii
f B OKOJi TOYKH z =00. A OCKUIBKH 32 MONEPETHHOI0 TEOPEMOIO B I[bOMY Psijii HEMA€ TOJOBHOL
YaCTUHH, TOOTO HEMAE WICHIB 3 JIOJATHUMH CTENECHIMHU Z , TO f (z) = const .

Hacnioox (ocuoBHa Teopema anredpu). Koskauit MHOTOUsIEH cTeneHss ne N Mae IpUHANMHI OJUH
KOpIHb.

HiiicHo, sikOM 1e Oyno He Tak, To QyHKIisA f (z) =1/P, (z), ne P, - mHorowien, Oyna 6 1uI00.
Ockimbkn P,(z)=c,z" +...+¢,z+ ¢, =c,z"(1+0(1)) > o mpu z—> o0, 10 f(2z)—> 0 mpu z —> 0.

Tomy 3a TeopeMamu 8.4 Ta 8.5 mictaemo f(z)= const , 10610 P,(z)= const , 10 HEMOKITHEBO.

8.5 Ilonroc

Hexail z, - momoc ¢ynkuii f. Tomi f (z)—)oo opu z —> z,, TOOTO ICHY€E OKLT TOYKH Z,, 1€
f (z) # 0. 3Biacu BUILIMBAE, MO (PYHKITiS g(z) =1/f (z) € AaHATITUYHOIO B JCIKOMY IPOKOJICHOMY

OKOJI1 TOYKH Z; 1 lim g(z): 0. Otrxe, z, € yCyBHOIO OCOOJIMBOIO TOYKOI (DYHKIIT g 1 g Ma€E B z,
z—>z

Hylb. TakuM auHOM, noaoc ¢yukyii f € nynem @ynxyii g . Jloriuno Oyne chopmynnroBaT Take
O3HAUYCHHS.

O3nauenna 8.1. Ilopsaxom nomoca GyHKUii f B TOULl z, Ha3UBAETHCS MOPSAOK HYIS QYHKIII
g(z)=1/1(z) & z.

Hanpuknan, ¢yukuis w=1/sinz B TOuKax z, =/m,n€ Z Ma€ MOIKCU TEPLUIONO MOPSIKY.
3ayBaUMO, [0 TOYKA Z =00 HE € i30JIbOBAHOK OCOOIMBOK TOUKOK (GyHKuUii w=1/sinz, a €

TPAaHUYHOIO TOYKOIO MOJTFOCIB.
Teopema 8.6 (npo kaHOHIuHE 300pakeHHs). lyis Toro, MO0 aHATITHYHA B MPOKOJIECHOMY OKOJI

TOUKU z, (YHKILiSA f Maja B z, MOJIOC A-TO MOPAJIKY, HEOOXITHO 1 1OCTaTHBO, 1100

flz)= % (8.2)

ne - QyHKIIS y aHaJIITUYHA B JIEIKOMY OKOJII TOUKHU Z,, 1 1,1/(20 ) #0.
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JNoBeneHHs Skmo f Mae B z, HOIIOC n-TO MOPSAKY, TO (YHKIIISA g(z)= 1/f (z) Ma€ B z,

HYJIb 1-TO TIOPAJZIKY 1 32 TeopemMoro 8.2 g(z) = (z -2z, )” go(z), JIe ¢ - aHAIITHYHA B JIEIKOMY OKOJI
byHKIIIA 1 (p(zo ) # 0. 3Biacu BUIIMBae 300pakeHHs (8.2) 3 y/(z) =1/ go(z).

HaBmaku, sxmo wmae wmicue 3o00paxkeHHs (8.2), To mana QyHKIi g(z): 1/f (z) Mae Micre
300pakenHs (8.1) 3 (p(z):l/l//(z), TOOTO g Ma€ B z, Hylb n-TO MHOPSIKY, OTXKE, [ Mae B z,

TOJIFOC 1-TO MOPSIIIKY.
TeopeMy noseneHo.
Teopema 8.7. Touka z, € MOJIOCOM n-TO MOPSAKY aHAMITUYHOI QYHKIIT f TOAl 1 TIIBKU TOMI,

konu psn Jlopana uig f B OKOJI z, Ma€ BUIJIA[

f(z):c;”+...+co+...+ck-(z—zo)k+..., (8.3)

(Z ~ 2o )n
c, #0,aKmo z, # o0 ;
fl2)=c, 2" +.. 4cy+..4c -z +...,
c,#0, SKmo z, =0,
JNoBeneHH s Hexait z, #0 € mnomocoM n-ro nopsaaxky aHamitudHoi ¢yskuii f . Toxi, 3a
TeopeMoro 8.6, Mae micue piBHICTG (8.2), i€ y aHAIITUYHA B JESIKOMY OKOJI TOUKH z, (DYHKIS i

W(z0 ) # 0. Tomy MoxeMo po3BUHYTH (QYHKIIIO i B psij Teiinopa

w(z)=¢,+¢ -(z—zy)+.... & #0,
3BIAKU
fle)=—0 4 L =0,

(Z_Zo)n (Z_Zo)n_1 o
TOOTO nticTaemo (8.3), MO3HAYMBIIHN C, =C_, . -

HaBnaxu, Hexall y 1edKOMy OKOJIl TOUKH z, # o Mae micue (8.3). Toxai

f(Z):;(C,n +C,n+1(z—zo)+,_,):ﬂ

(Z_Zo)n (Z_Zo)n

TOOTO Y - aHATITUYHA B IIbOMY OKOJII (PYHKITIA 1 1//(20 ) #0.

,c_, 720, ne go(z):cfn +cfn+1(z—zo)+...,

SIKmo z, =0, TO el BUNIAJI0K 3BOJAUTHCS 10 ONEPETHBOIO 3aMIHOI0 Z Ha 1/ z.

Teopemy noBeaeHO.

Ilpuknao 8.3. PosrisiHeMo parioHanbHy (QYHKIIIIO R(z) = P(z)/ Q(z) ,ae P ta Q - 1Ba HECKOPOTHI
MHOTOUWICHH. SICHO, 1m0 Hynl uyucenbHUKa P € Hynamu (yHKIii R, a Hyal 3HaMeHHMKa O €
nomrocamu GyHkii R . Jlocaigumo nmoBemiHky QyHKIi R B oo . 3anumeMo

n —-n
c,z" +...+¢ wom Cp et Coz

Rz)= d,z"+...+d, - d,+..+dyz" =z""9(z), ne, ouesmawo, Qymkuin ¢

aHAJIITHYHA B OKOJII TOUYKU Z = © 1 go(oo) # 0. BuxopucroBytoun Teopemu 8.2 Ta 8.6 Mpo KaHOHIYHI

300pakeHHs, 0a4yuMoO, MO SAKOO0 7 <m, TO B o (QYHKIS R Mae YyCyBHY OCOOJHMBY TOYKY,
IPUYOMY, SIKIO # < M, TO BOHA MA€ HyJb MOPAAKY m —n . SIKIIO X n>m, TO B oo QyHKUiI R
Mae€ MOJIIOC TOPSIIKY 1 — M .

8.6 Icmommno ocoonusea mouka
besnocepenHbo 3 O3HA4YEHHS 1CTOTHO OCOOJIMBOI TOYKM Ta TeopeM 8.4 1 8.7 BUIIMBAae Take

TBEPKCHHS.
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Teopema 8.8. Touka z, € 1ICTOTHO OCOOJHMBOIO TOYKOIO AHAMITUYHOT QYHKLIT f TOJI 1 TUIBKM TOJI,
KOJIY FOJIOBHA YacTHHA psiny JlopaHa a1 f B OKOJIL z, MICTUTh HECKIHYEHHO 0ararto 4jeHiB.
Teopema 8.9 (Coxoupkoro-Kaszopari). SIkimo z, - 1CTOTHO 0coOIMBa TOUKA aHATITUYHOI (PYHKIIIT
£, 7o, sixe 6 He Gyio uncno C eC , icHye mOCIiNOBHICTh z, — z, (1 — ) Taka, mo f(z,)—> C

JHoBeneHH a Hexail cnoyatrky C =o0. Toal y KO)KHOMY NPOKOJIEHOMY OKOJII TOYKH Z,
¢byHKUig f He Moxe OyTu OOMeXeHO, 00 B NPOTUIIEKHOMY BHIAAKY Zz, Oynaa O yCyBHOIO
0c00IMBOI0 TOUYKOI. OCKIIBKH Z, - 1301bOBaHa OCOOJIMBA TOYKA, TO AJS BCIX JAOCUTh BEIMKHX
neN OQyHKIIA f € aHaJITUYHOI B IMPOKOJICHOMY OKOJI {z :O<|z—zo|<1/n}. Y KOXHOMY
TaKOMY OKOJIl ICHY€ z,, Take IO | f (zn] >n, 60 f - HeoOMexeHa. OTxe, ICHYE MOCIIIOBHICTb
(z,),Takamo z, =z, i f(z,)— .

Skmo N # 0, TO MOMKIIMBI /1Ba BapiaHTH: a60 B KOKHOMY MPOKOJEHOMY OKOJI TOUKH z, PiBHAHHS
f (z)z C Mae KopeHi, a0 ICHY€ NPOKOJIEHUH OKUI TOUKU Z,, B AKOMY f (z);t C. VY nepmomy
BUIAJIKYy Yepe3 z, MO3HAUYUMO OJMH 3 KOPEHIB PIBHSIHHS f (z): CB {z 0< |z—zo| <1/ n} 1 UM

CaMUM BKa)KE€MO MOTPIOHY HaM IMOCHIAOBHICTh. Y JPyromMy BHITAJIKy HeEXai {z :0< |z —zo| <o } -

N . 1
MPOKOJICHUH OKiJ, Je f (z);tC. Posrnsnemo B HbOMy (yHKIIIO F (z):—. Bona €
flz)-¢
aHATITUYHOIO B IIbOMY IPOKOJIEHOMY OKOJMi, 1, OCKUIbKH HE icHye [im f (z), TO i He iCHye
Z—)ZO

lim f (Z), TOOTO z, - 1CTOTHO ocobiuBa Touka (yHKUii F . ToMy 3a pO3INISHYTUM BUIAJKOM
Z_>ZO

icuye mocninoBricTs (z,), Taka mo z, >z, i F(z,)— . Ockimexu f(z)=C+1/F(z), To
f (zn ) — C npu z, = z,. TeopeMy J0OBEICHO IOBHICTIO.

3ayeancenna 8.2. 3 teopem 8.4 1 8.5 BUIUIMBAE, IO AKIIO 1i71a (PYHKI[IS HE € TOTOXKHO CTAJIO0, TO
BOHA Mae B ® a0o mojroc, ab0 iICTOTHO OCOOIUBY TOUKY. Y MEPIIOMY BUIAJAKy BOHA — MHOTOWICH
TOTO CaMOTO CTEIEHs, KWW TOPSIOK Mojtoca (AuB. TeopeMy 8.7); y Ipyromy BHUIAAKy BOHA
HA3UBAETbCA TPAHCLEHJICHTHOIO IIo0 (QyHKuieo. Ilpuknamamu Ttakux mimux QyHKOH €

e, sinz,cosz, shz, chz

8.7 lIpunyun maxcumymy mooyns

Hexaii f - anamiTMuHa B 3aMKHEHOMY KpYy3i {z : |z—zo| Sr} ¢ynkuiga. 3a teopemoro Teiinopa
po3BuHEMO 11 B creneHeBuil pan (7.3), sskuil € piBHOMIpHO 30DKHHI B I[bOMY 3aMKHEHOMY KpYy3i.
[Mokmamemo z =z, +re'? . Toni

o0
ip|__ n _ing
f(zo +re )— de,r'e
n=0
1
f(z +re'? ’ —f(z +rei(/’)-fiz +re'? )=
0 =7\ 0 =
- np ~o— .k _—ik < k i(n—k)
n __in - —1 - n+ \n—
=Y, r"e" e rte™ = Y e, e eV (8.4)
n=0 k=0 k,n=0
MPUYOMY OCTAHHIHN Psii PIBHOMIPHO 301KHUI BITHOCHO @ € [0;27r], 00 MaKOPYETHCS PAAOM

73



2

) ' e
— n+k _ n
Z|cn|'|ck|'r - Z|Cn|'l" < 0.
k,n=0 n=0

[IpoinTerpyemo psiz (8.4) MOWICHHO:

1 ZJZ[ f( igo]zd i - n+k 1 ZJZT i(nfk)god
— z, +re = c,c,r’t—|e .
27 0 @ e k 27 4
Ockinbku (auB. puknan S.1)

2
L ei(n_k)(pd _ 0, n#k,

2z 1, n=k,
TO MaeMoO pignicms [lapcesans:

2z ©
i '([ f(zo +rei¢12d(p = nzzé)|cn|2r2" )

Teopema 8.10 (mpuHIUTT MaKCUMyMy MOayJist). SAkmo GyHKis [ (z) # const aHANMITUYHA B 00J1aCTI

D, to ii Moaynb He HaOyBae B D HaMOUIBIIOrO 3HAUYCHHS.
JloBenaeHH s I[lpumycTumMo BiJl CynpOTHBHOTO, IIO (Elz0 eD) (‘v’zeD){|f(z)S|f(zo)|}.
Bi3eMeMo 3amkHeHHil kpyr K = {z N |z—zo| < r}c: D i po3BHHEMO B HbOMY (YHKIIIO [ B pAan

Teitnopa. Toxi 3a piBHicTio [TapceBasis Maemo
1 2r 1 2z i )
e =Lt =5 TG do= [k e | o=

2 2 2
:|c0| +|c1| r2+...+|cn| P

) ) . .
TOOTO 02|cl| r +...+|cn| r" +..., B3BIIKM BHWIUIMBAE, IO ¢; =C, =...c, =...0 1, oTKe,

f (z) =c, B K, 1110 HeMOXJIMBO, 00 TOJ1 3a HACIIIKOM 5 3 Teopemu 8.3 aictaemo f (z) =c, BD.
Hacniook 1. Slkmo ¢yHkuis f aHamiTh4Ha B oOMexeHii obnacti D 1 HemepepBHa B D, To i

MOYJIb JIOCSTAE CBOT'O HAHO1IBIIOr0 3HAUYECHHS HA OD , mpuuomy, Ko f (z) # const , TO JIAIIIE HA
oD.

Hacniook 2. Hexaii ¢yukuii f/ Ta g aHamiTuusi B 06MexeHil obmacti D i HemepepsHi Ha D .
Toni, siKio f(z)z g(z) Ha 0D, To f(z)z g(z) B D.

JliticHo, moknanemo w = f —g. Toni GyHKUis y aHamiTMuHa B 06macTi D, HemepepBHa Ha D i

max{|t//(z)| ‘ze 6D}: 0. Tomy 3a nonepeanim Haciakom y(z)=0 B D, 10610 f(2)=g(2)B D.

8.8 Hlioiiimanvna cuna Kpuna
BuknageHoro marepiany JOCHTh JUisi BUBEIACHHS (OPMYJIH IMiTIMMaTIbHOI CHJIM KpHWJa JIiTaka B
IUIOCKO-TIapaieabHoMy noToui. TyT He OyneMo BBOOUTH IHTErpajid 3a JIOTIOMOTOI0 1HTErpalbHUX
CyM 1 MOAAJBIIOTO TEPEeXOAy A0 TPaHHUIll, a Biapa3y olnepyBaTUMEMO IU(EpeHIiaaMH, K IIe
3BHYAHO poOisATh y Mexadiui. HagaHHs MipKyBaHHSIM MaTeMaTU4YHOI CTPOTOCTI HE BHUKJIMKA€E
YKOJTHUX TPY/HOIIIB.
Hexaii 3amaHo 3aMkHeHy KpuBYy /- ,,Kpail Kpuia”, sKa € OJHI€I0 13 3B'SI3HMX KOMIOHEHT MEXi
obnacti D, 1m0 BXOIUTh y 30BHIMIHICT KpuBoi / . Hexaii B D 3amaHe BEKTOpHE IIOJie
mBuaKkocTed v. Ilpu HeBenukid mBuAKOCTI Trazy (MeHm sk 100M/c) MOXHA BBaXaTu IE IOJIE
COJICHOITATPHUM 1 0€3BUXPOBUM. TakoX MPUIYCTHMO, 10 v HemepepBHa B DU [ . Tlo3Haunmo
yepe3 p(z) BEKTOP TUCKY Ha KPHJIO B TOUIll z € / (TUCK O3HAYEHUH TYT SK BIJHOLICHHS CHJIH 10
eJIeMEHTa JI0BKUHU |dz| ). Toni Ha xpuiio nie cuna F = j p(z)|dz| .

r
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3 ypaxyBaHHSM TOTO, IO CHJa, SIKA i€ HA KPWJIO B TOYlll z € [, cpsMOBaHa MO 30BHINIHIN
HOpMaJli BIAHOCHO D, MaeMo p(z)|dz| = | p(z)|idz. Bukopucraemo Takox piBHsSHHA bepHymmi s

CTaLllOHAPHOI Teuii: | p(z | + z—|v | = const, e p - ryctuHa rasy. Toni
F = ”p(z)|idz = i-constj.dz —z— Hv | dz = —i£j|v(z)|2dz.

r r 2r
Hexait dz=|dzle’”. 3posymino, mo Ttomi v(z)==(z)[e”, |v(z)|2 =(v(z)’e® i
|v(z)|2dz = (v(z))2 e dz = (v(z))2 -dz. Tomy F = —J.(v(z))2 dz .

r

SIkmo Ttenep mokiagemMo f (z) = @, To ¢yHKUis [ Oyae aHamiTU4YHOIO B D, a TONEPEaHIO
dopmyny MoOKHaA 3amucatu Tak: F = —z— jl f (z H dz. [lepefimoBmmm B 1iil dopmymni 110

CIPSHKCHUX BEJIMYWH, JICTAHEMO BIIOMYY cbopMyny Yammrina (1910 p.):
F=ail 10 V. (8.5)
Po3rn${HeMo BUMAOK, Ko D 30iraetbes 3 30BHIMIHICTIO KpuBO1 /. O4YeBHUIHO, IO IIBHIKICTH

v(z) - BelIM4MHA OOMexkeHa, a 3 Hewo 1 pyHkuis f. Tomy f Mae B Toulll oo yCyBHY OCOOJIUBY
TOYKY 1 PO3BUHEHHSI B OKOJII 111€1 TOUKH

fE)=co+ et (8.6)
z  z
3BiacH BUILIMBAE, 110
fiz)=c2+2 S, (8.7)
z

Hexait po3Bunenns (8.6), a 3 mHum 1 (8.7), cmpaBemiuBi B {z .'R<|z|<+oo}. [Toznaunmo

Iy = {Z : |z| =R+ 1}. Toni 3a Teopemamu 5.3 Ta 7.5, 3 BpaxyBaHHsM piBHOCTI (5.8), micraemo

J'f dz = If dz =4ric,c_, (8.8)
i

flz)dz = | flz)dz =2nic_, . (8.9)
[ fe)dz = [ f(z)
r Iz
Ane

[f(2)dz= O +il , (8.10)
r

ne O, - UMPKYJIAILis BEKTOPHOTO 1o v B30k I, [ , - noTik 1poro nojist uepes /.
OdeBHIHO, IO MOTIK, KWK 00TiKae / , € BEKTOp, HANpPSIMIEHUN MO JNOTHUYHIN no [/, TOMy

I, =0. Tomy 3 (8.9) Ta (8.10) micramemo, mo ¢, =O ,(2z)"

. 3 (8.6) 3Haxomumo, IO
co=1 (oo)=\7(oo). [MigcraBnsiroun 1i 3HaueHHs B (8.8) 1 BukopucroByroum (8.5), maeMo
F =ipV(oo)O . 3 orany Ha Te, mo p i O, - #ilicHi Yucia BUILIMBAE 3HAMEHUTA (hopmyia
Kykoecvkozo (1906 p.) miniiManbHOI CHIIK JTiTaKa

F =—ipv(0)0

3ayBakMMoO, IO MPUIYIICHHS 30iry oOmacti D 3 30BHINHICTIO /  TNPUBOIUTH N0 ICTOTHUX
MTOMUJIOK TIPHU HEBEJIHKIN BUCOTI MOJIBOTY, 37I€T1 Ta OCAIII JIiTaKa.
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JIEKIIIS 9
TEOPISI JINIIKIB

9.1 O3nauenna ma gpopmynu 0nsa 00UUCTEHHA TUUIKIG
Hexaii z, # o0 - 1301b0BaHa 0cOOIMBA TOYKA OJHO3HAYHOI'O XapaKTepy aHANITUYHOI QyHKLII f .

Omxe, QyHKUisA [ aHANITUYHA B JAECAKOMY IPOKOJIEHOMY OKOJI {z .'0<|z—zo|<5}. Jluwikom

@yuxyii 'y mouyi z, Ha3UBAETHCS BEJIMUNHA

resf(z)zzim. J.f(z)dz, O0<r<o.

= |z—zo|=r

3a HACIIKOM 3 TeOpeMH 5.2 JHILIOK BiJ 7 HE 3aJICKUTh.
Hexaii Tenep z, = - 1301b0BaHa OCOOJMBA TOYKA OJHO3HAYHOIO Xapakrepy il QyHkmii f,

TOOTO [ aHANITUYHA B ACIKOMY IIPOKOJIEHOMY OKOJI {z "R< |z — Zo| < +oo}. Jluwkom ¢ynxyii y

mouyi 00 HA3UBAETHCA BEIIMYMHA

rfsf(z)=% J.f(z)dz, R<r<+oo.

|2=20|=r
SIKIIO PO3BMHEMO AHAJITUYHY B IMPOKOJCHOMY OKOJII {z ‘R< |z—zo| < +oo} byHKIiIO f B psA
Jlopana (7.5) 3 koediuientamu c, , BusHaueHUMu opmynamu (7.6), 1 B (7.6) BizsbMeMo n =—1, TO
JIETKO JICTaHEMO, IO

res f(z): c_;- (9.1)

z=z,

V BUNAJKY, KOJH z, = 00, aHAIOTTYHO MAaEMO

res f(z) =—C_,. (9.2)

Z=00

3aysancenna 9.1. ®opmymu (9.1) ta (9.2) moxxna Oyyno 6 BBaKaTH O3HAYEHHSMHM JIUIIKIB. 3 HUX
BUILIUBAE, 10 JIMIIOK B YCYBHIM TOYLl Zz, # 00 JOPIBHIOE HYJEBI. SIKIIO X z, = € ycysHoio
MOUKOI0, MO TUUWOK He 0008 53K080 OOPIGHIOE HYNe6l, 60 WIEH ¢_/z BXOIHUTH y NPABUIbHY (a HE B
roJioBHY) 4actuHy psay Jlopana. [lpote, sikmo f Mae B oo HyJb IPUHANMHI IPYroro NOPSAKY, TO

c,=0, 1, orxe, res f (z) =0. Skmo X f Mae B o HYJIb MEpPIIOr0 MOPSAKY, TO
Z=00

res f(z)=—c_, #0.

Z=00

SIK1mo z, - ICTOTHO O0COOJIMBA TOYKO, TO JUIl OOUMCIIEHHS JIMILIKA CJiJl BAKOPUCTOBYBAapU (GOpMysIn

(9.1) 12 (9.2).

V BuUmNajKy, KOJIU z, # O - IIOJIIOC, BUBEIEMO clielianbHi GopMynu aiast o0uncneHHs aumka. OTxe,

v(z)

Hexall z, - Modroc n-ro nopsaaxky misa gynkuii f . Toni, 3a Teopemoro 8.6, f (z): ( )n , J1e
z—2z,

dynkiis w(z)=¢ +¢ -(z—2z,)+..., G #0 aHaniTHUHa B JESKOMY OKOJi TOUKH z,. OCKiTbKH

~ (k) ' _ (n-1) 1 d n-1 ;

R = = 7= e e

7=z
1o, d” "
res 1(2)= (g i 4 =20 7). ©3)
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Bimznaunmo, 1o BuBeneHa ¢GopMylia KOpHCHA i B OUIbII 3araiibHii cuTyanii. Hampukan, mis
bynkuii  f (z):z*3 sinz Touka z=0 € momocoMm Japyroro mnopsaky. IIpore 3pyunimie

BUKOPHCTOBYBAaTH HE KaHOHIYHE 300paKEHHs, a B3ITH 71 =3, y/(z):sinz. Tomi

"

res f (z)= (sm z)
SIK1mo z, # 00 - MOMIOC NEPUIOro MOPSAKY, TO 3 (9.3) MmaeMo

res f(z) = lim ((z=2,)/(2)). (9.4)

=z Z—Zy

=0.

Zz=l

SIKIo aHaJMITMYHY B IPOKOJEHOMY OKOJI TOYKH z, (YHKII0O MOXHA IOJATH Yy BUIJIAAL

z . . .
f (z) = m , Ie ¥ Ta - aHaIITU4HI B OKOJI z, (YHKILII, IPUYOMY z, € AT ¢ HYJIEM IEpLIOro

o(2)
MOPSIKY, al//(zo ) #0, 10 res f(z) = lim (Z_L)W(Z) = lim —(Z %o )l//( )

, TOOTO
n olz) o p(z)-lz,)

res f(z)z '//’(Zo) . (9.5)
#=50 4 (Zo)

3aysasrycenna 9.2. Busenenumu popmymnamu (9.3) - (9.5) He MOKHA KOPUCTYBATUCS, KOJIH TOYKA
Z, =0 € moirocoM mnsa QyHkuii f . Aze, Akmo nepeiaemMo o0 QyHKmii f (l/z) 1 mpopoOuMo
AQHAJIOTIYHY 70 PO3TJISHYTOTO BHUMAIKY MPOIEAYPY, TO IicTaHeMO (GOopMyilny i OOYMCICHHS

JMILIKY, KOJIA Z, = 00 € IOJIIOCOM 7 -I'O IOPSIKY:

&)=t gL
T ey S T Z))

3ayeaxncennsa 9.3. 3 03HAUCHHS JIUIIKA BUTLTUBAE, 110

res 3 f(z)= Zresf()

zZ=Zy J:1 1 =Zy

1, SIKIIO q)yHKum f mapHa, To ii umky B 0 Ta o AOPIBHIOWOTH HYNEBl. J[1iiCHO, SKIIIO 3aMUIIeMo
f (z)z ( f (z)+ f (— z))/ 2, To mobayumo, mo B psani Jlopana pynkmii f B okomi z=0 abo z=00
BIJICYTHI HEIapHI cTemneHi, orxke, ¢_; =0. Hanpuknan, ans posrasHyToi QyHKii f (z) =z sinz,

sIKa € TTApHOI0, 0€3 KOAHUX 00UNCIIEHbh MOKHA CTBEPKYBATH, 1110 7es f (z) =res f (z) =
z=0 z=00

9.2 Ocnoena meopema npo JTuUKU

Teopema 9.1. Hexait ¢yHKIis [ aHaTITHYHA B 3aMKHEHIN o0macti D, 0OMEXEHi! CKIHYEHHUM
YUCJIOM 3aMKHEHHX JKOPJIOHOBUX KPHBUX, 3a BHUHITKOM CKIHYCHHOI KUIBKOCTI 130JbOBaHUX
0COOJIMBHX TOYOK Zy, Zy, ...,Z, € D . Toni

.[f )dz = 27[12 res f(z). (9.6)

IZZ
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JoBepnenH s [lobynyemo kpyru K ; 3 ueHTpamu z

; TaKk, mob K; ¢ D muaseix j=1,2,....q

e

1 ]?j NK, =2 npu j#[.Hexait G=D| I? Toni 3a Teopemoro 5.2 jf(z)dz =0, 3BiKH, TaK

1 oG

J

gk 0G = 8DU8K , JIETKO OJIEPIKYEMO, L0
Jj=1

0= Jf )dz — ZIf dz—Jf )dz - 27n2resf()

J=l K, =1 7%

TOOTO MaEMO MOTPIOHY PIBHICTH, IO i TOBOAUTH TEOPEMY.
BukopucroBytoun Teopemy 9.1 (OCHOBHY TeopeMy PO JHILIKH), JIETKO TOBECTH TaKe TBEPHKECHHSI.
Teopema 9.2. Hexaii dyakuis f anamitmuHa B C, 3a BHHATKOM CKIHYEHHOI KIJIBKOCTI
130JIbOBaHUX OCOOJIMBUX TOUOK Z,, Z,, e Zg 1 Hexal z g =% Toni

q

> res flz)=

J=1 575
JloBeneHH s Bisememo kpyr K 3 nentpom B z=0 Tak, 100 BiH MICTUB YCi TOYKH

q-1 1
2y, 23, +++,Z,1- 32 OCHOBHOIO TEOPEMOIO MPO JHIIKA . res flz)= Py .[ f(2)dz . 3 inmoro 6oxy,
j=1 7%

1
:zezs f (z) =—— J' f dz 3 uX BOX PIBHOCTEH BUILUIMBAE MOTPiOHA hopmMya.

27 5k
[pyHTyrounch Ha Teopemi 9.2, mojaMo Ie OJHE JOBEICHHS OCHOBHOI Teopemu anrebpu (IuBs.
Hacaigok 3 Teopemu 8.5). [lpumycTumo, BiJ CympOTUBHOTO, 10 MHOTOWIEH P creneHs n >1 He
mae uyniB. Toxi f=P'/P - uina ¢yukuis. Creninp mMuorownena P’ mopiBaioe n—1, Tomy

parioHanbHa QYHKIS f Mae B o0 HyJb MEPIIOTO MOPSAKY (muB. 1. 8.5), oTxke, res f (z);t 0. Ile
Z=00
cynepeuuTs TeopemMi 9.2, 60, 3a MPUITYHICHHSAM, B CKIHUCHHIN TUIONIMHI QyHKIIS f 0COOJIUBHUX

TOYOK HE Mae.

Po3rnsiHeMo 3aCTOCYBaHHSI OCHOBHOT TEOPEMH IPO JIMIIKHU 10 O0YMCICHHS ACIKHX 1HTETpaliB.

9.3 Obuucnenna inmezpanie 8i0 mpuoHOMeMPUYHUX PYHKYIT
PosrnsiHemMo BU3HA4YCHUH 1HTETpa

I = 2f[R(COS me, sin nqo)dqo, 9.6)
0
ne R - pauioHanbHa (QyHKIiS ABOX 3MIHHUX, me€ N , n€ N , npudoMy HifiHTerpanbHa GyHKLIS IpU
ycix @eR He gopiBHIOE oo. 3pobumo 3aminy e’ =z. Tomi dz=ie'?de, dp= %
eM? foTmP  gMm g gm z"—z7"
cosme = 5 = 5 , Sinng = — OueBuAHO, IO SKIIO ¢ HENEPEePBHO

3MiHIOBaTUMEThCA Big O 10 277, TO z OMUINE OJWH pa3 KoOJo {z : |z| :l}npom TOIVMHHHUKOBOI
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CTPUIKH. Tomy 1HTerpan (9.6) JIOpIBHIOBAaTHME I = jQ(z)dz , ne

SAcuHo, mo Q - panioHanbHa (PYHKIIiS, OCOOJMBUMHU TOYKAMHU SKOi € TIOJIFOCH, SIK1 TIO3HAYMMO 4Yepe3

b; . Ha xomi {z : |z| = 1} 0co0MBHX TOYOK Hemae. Tomy 3a Teopemoro 9.1
I=27i} res 0(z). (9.7)
[b,|<1 #70i

2

Ilpuknaod 9.1. O6uucnIUTH iIHTErpa j d(p‘ .
0 cosQ—2sing—3

P o3 B 53 aHHs.OueBUaHO, MiIHTErpajgbHa (YHKIIA HETIEpepBHA IpU BCiX @€ R . 3poOuBIIN
-1 -1

. ip zZ+z ) z—z dz
3aMiHy €'’ =z, MAaTUMEMO coSp = ———, Sin@p =———, d@p = —, OTXKe,
2 2i iz
dz 2dz
12!1 z+z7 z—z" :Z'[l (i-2)2° —6iz+2+i
- -2 -3 iz B
2 2i

2
(i-2)z> —6iz+2+i

Ak 6aunmo, migiHTErpagbHa QYHKINIS € parioHATbHOIO R(z) = , 3SHAMEHHUKOM

. . : : : . : 1 2.
SIKOI € KBAQJAPAaTHUH TPUUJICH (1—2)22 —6iz+2+i. 3HaxoOUMO HOro KOpEHl z; =—-——I Ta

z, =1-2i, 5Kl € IPOCTUMH 1, OYEBUIHO, HE € KOPEHAMH yucenbHuka. OTxe, (mpukiiazg 8.2), BOHU €
MOJIFOCAMU MEPIIOTo MOPSIKY AJIs R(z). [HIIIMX 0CcOOTMBUX TOYOK (PYHKIIIS R(z) He Mae. OCKUIbKU
|zl| = \/5/5 <l,a |22| =J5> 1, To, 3a piBHicTIO (9.7), 3 BUKOpUCTaHHIM dopmynH (9.5), MaeMo
2
d 2
J' go. =2rires 5 =
o cosp—2sing—3 z=7 (z'—2)z —6iz+2+1
2 ‘ 2

((i—Z)z2 — 6iz +2+i)' ng_gi
55

=2m

= 27zii= —7.
—4i

9.4 Obouucnenns Hee1acHUX IHMeZPaAie

Jema 9.1. Hexaii ¢pyHkuis f aHamiTHUHA B 3aMKHEHIM MiBIUIOIIMHI {z dmz > 0}, 32 BUHSATKOM
CKIHYE€HHOI KIJIbKOCTI TOYOK, 1 ICHYIOTb JOoJaTHI uncna M , R, Ta o, Taki o
-1-6
(‘v’z : |z| >Ry, Imz 2> 0){|f(z)| < M|Z| : } .
Toni
lim jf(z)dz=0, ne [y = {Z:Rei‘” .'0§(0§7Z’}.
Iy

R—+0

HoBenenHs. Ilpu R > R;, BUKOPHCTOBYIOUH BIACTUBICTb 6 BU3HAYEHOTO 1HTerpasa, MaeMo
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j 1/ (2)||dz| < [ M| ™ |dz| = MR 2R — 0

Iy

Jf dz

nmpu R — 400, 0 1 Tpeda OyJio JOBECTH.

3aysaxncenna 9.4. YmoBu nemMu 7.1 BHKOHYIOTHCS, SKIIO f aHAJNITUYHA B {Z : ImZZO} 3a
BUHATKOM CKIHYEHHOT KUIBKOCTI TOYOK, @ B 00 Ma€ HYJb MPUHAWNMHI JPYroro MOpsAKy, TOOTO
f (z) = go(z)zfm , m>2,ne QyHKIisA ¢ aHANITUYHA B OKOJI TOYKU 0 1 go(oo) #0.

Teopema 9.3. Slxmo ¢yHKIIS [ 3aA0BOJBHAE yMoBaM JiemMH 9.1 1 Ha JilicHIM oci He Mae
0COOJIMBHX TOYOK, TO

+_|?of(x)dx=27zi > res f(z). (9.8)

Imz;>077%)
. -1-5 . . .
J1oBenneHH A OcCKUIbKU |f(x)| < M|x| pu |x| > R, TO iHTerpan y miBiil yactuni (9.8)
abcomoTHO 30DLKHMH. BizbMeMO R > R, HAaCTUIbKH BEJIUKHM, W00 yCi TOYKM MHOKHHU {z j}

}. Tomi, 3a Teopemoro 9.1, maemo

MICTHINCA B 001acTi {z :

/() + [ )= 5 res 1(2) ©9)

Imz;>0%%%;

R +00
Ane jf(x)dx — jf(x)dx 1 3a gemoro 9.1 Jf(z)dz —0 1§pu R—+oo. Tomy 3 (9.9)
-R —o0 Iy
nictaemMo (9.8) 1 THM caMUM JTOBOJMMO TEOPEMY.
+°° 2dx

0 (x +1)3

Ilpuknao 9.2. O6uucnutu iHTerpan

, . . . 2
P o3 B a3 anusa. OdeBugHo, migiHTerpagbHa (QPyHKIlS € palioHaIbLHOIO R(x):—3,
(x2 + l)
3HAMEHHUK SIKOi He Ma€ KOPEHiB Ha AiicHIN oci. CKOpUCTaBIINCh MPUKIAIOM 8.2, 6a4rMo, 10 © €

HyJIeM 6-TO MOPSAKY AJis R(z) = oTXe, 1HTerpai 30vkHuil. Touku z, =i Ta z, =—i - HyJl

2
3 b

(22 + 1)

TPETHOr0 MOPSIAKY IS (22 +1)3 , OT)K€, BOHM € MOJI0CaMU TPEThOr0 MOPSIAKY IS R(z). B ycix

immmx Toukax R(z) amamitmuma. Takum umsoMm, R(z) 3amoBonbHse yciM ymoam Teopemu 9.3.

Tomy, BpaxoByrOYH MapHICThH R(x), 3a popmymnami (9.8) ta (9.3) maemo:

*j-” 2dx 1 +°° 2dx 1

e 2 ey 2 e

2

—mihm—[(z—ir;J:Elim( 2 j =
2! z=>i dz* (z+i)z=0) ) 2= (z+i)
A, 24 _d 24 3n

2y 2@y 8
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9.5 J/lema 7Kopoana ma it 3acmocysanns

Jema 9.2 (Kopnana). Hexaif ¢pyHkiis f aHadiTHYHA B 3aMKHEHIN MIBIUIOIIMHI {z cAmz > 0}, 3a

BUHSATKOM CKIHYEHHOI KIJBKOCTI TOYOK, 1 max{| f (z)| rzel R}= ap—>0 mpu R—>+o0, ne
Iy = {Z:Rei‘/’ .'0§(0§7[}. Toni, sixmoa > 0, TO
lim [ f(z)edz=0.
R—)+001_
R

JloBeneHH s 3pooumo 3aminy z=Re'?, ne 0<@<xz. Touxi z=Re'?, dz=Rie?dy,

dz = Rie"’dp, |dz| = Rd¢ 1, BUKOpPUCTOBYIOUM HEPIBHICTH Sin ¢ > 2 npu 0< ¢ < % , JiCTaHEMO
V4

iaz
e

IIf(Z)ei“ZdZ < 1:[ |f(z)|

R

dz| < RaRTe*“R‘“'”‘”dgo =
0

T T,

2 . 2
=2Ray _[ e R dp <2Ra, .[ e 2RO g =
0 0

=§aR(1—e_”R)—>O 108 R —>+o0,

1o i Tpeba Oyso TOBECTH.
Hexaii ¢ynkmis f anamiTH4HA B 3aMKHEHIW MiBIUIONTUHI {Z cdmz > O}, 3a BUHATKOM CKIHYEHHOI

KUIBKOCTI TOYOK  Z,, Z,,...,Z, 3 IHIBIJIOLUIMHU {z sImz > O} 1 TIOJIOCIB TEPIIOTO TMOPSIKY
Xy, Xy, ..., X, , K1 J€xKaTh Ha AlHCHIN oci. Po3rinsHemo npu a > 0
~\ _iax
JR,E = If(O)e dx’
[R,L‘

ne Ip, :[—R,'R]\G(xk—gk,xk+ek), &, >0, igk =¢.
k=1 k=1

Teopema 9.4. Skmo mnpu 1pOMy max{|f(z] [z € FR}z =a, >0 mpu R—>+400, ge
Iy = {Z =Re' :0<p< 72'}, TO ICHY€ TaK 3BaHUM iHMe2pai 8 pO3YMIHHI 201086HO20 3HAYEHHS

+00
J=V.p.[f(0)e™dx= lim Jy, (9.10)

e R—>+o0 ’

&0

1 1OpiBHIOE
J=2ri), res(f(z)eiaz )+ iy res(f(z)emz ) (9.11)

k=1 =%k k=1 =%k

JoBeneHH 4. [TozHaunmo uepe3 y, (k=12,...,m) BepxHe MIBKOJO 3 LIEHTPOM Y TOUILl X, 1

paniycoM &, . Yucna g, 6epeMo HACTUIbKU MaJIMMH, 1100 YTBOPEHI TAKMM YMHOM BEPXHI MIBKPYI'H

HE TMepeTHMHanuch. Bi3bMeMo R HAcTUIBKM BEIMKHMM, 00 Yyci |zk|<R, xk|+|5k|<R, 1

po3risiHeMo o0aacte D, 00MexeHy MIBKOJIOM [ i , MIBKOJAMHU ¥, 1 BIApPI3KaMH JiHCHOT OCl
(puc. 9.1). 3a OCHOBHOIO TEOPEMOIO TIPO JTUIITKH

27zii res (f(z)emz): If(z)eiazdz = jf(z)eiazdz +
k=1 =%k oD Iy

e+ 3 [f2)e ™ dz 9.12)
k=1 70
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gy

<1 ©

///:m

Pucynox 9.1

3a nemoto JKopnana | f(z)e“dz — 0 npu R —+oo. ®ynxuio f(z)e™ B oxoni Toukn z =x,
FR

MOKHa 3anucatu y BUrisai (mus. (8.3))
) C(li)
az —
flz)e™ = + Iy (2),
ae h, - aHamiTU4YHA B IbOMY OKoii (pyHkuig. ToMy, SIKIIO &, 1OCUTH Malle, MAaEMO

j f(2)e“dz = [ f(z)e“dz = - | Lc(fi) “hy (Z)]dz -

= _CE’Q j @ _ jhk (z)dz — —m’cgi) =—7m res(f(z)emz)
x

z=X}

npu &, — 0, 60, BAKOPUCTOBYIOUHM 3aMiHy z — X, = £.€'7,

=i,

dz  Tiedy
;[(z—xk '[ '

1, OCKUIBbKM (PYHKIIS 4, oOMeExeHa JesIKUM 4uciIioM My BIANOBIAHOMY OKOJi, TO

[ (z)dz
Yk
3po3ymuno, mo npu &€ - 0 yeci g, — 0. Orxe, cupamoByroun € -0 1 R — +00,3(9.12) Ta (9.10)

<Mrg, -0 npu g, = 0.

nictaemo (9.11).
Teopema noseneHa.

3aysarxcenna 9.5. 3po3ymisio, IO SKIIO IHTErpal Jg(x)dx 301KHUH, TO

V.p.Tg(x)dx = +J?Og()c)dx

Hacniook 1. Slxmo ¢yHkiis f 3amoBoibHsi€ ymMoBaMm jemu JKopaaHa i Ha JiHCHINA oci He Mae
0COOIMBUX TOUYOK, TO IMpu a > 0

V.p.+_fof(5)ei“xdx = Zﬂii res (f(z)eiaz ) (9.13)
—00 k=1 =%k

Hacniook 2. Hexaii f 3amoBonbHsie ymoBaMm Jyiemu JKopnana i Im f (5)= 0 mpu xeR. Toxi 3

(9.10) Ta (9.11), 3 orsiy Ha piBHICTH €™ = cosax +isinax,npu a >0 MaeMo
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+00
V.p. Jf(é)cos axdx =

— i 9.14)
= Re(27riz res(f(z)emz )+ 7iy. res (f(z)eiaz )j (9.14)
k=1 =%k k=1 =%k
V.p.?f(é)sin axdx =
- 9.15)
= ]m(27riz res(f(z)emz )+ 7iy. res (f(z)eiaz )j (9.15)
k=1 =%k k=1 =%k

. 1
Ilpuknao 9.3. Jlerko OauutH, Mo O¢QyHKOiS f (z):— 3aJI0BOJIBHSIE yYMOBaM OCTAHHbOI'O
z

. . . . . 1
chopmynproBaHOTO HacHiAKy. OcKinbku f (z) - aHaJIITUYHA B ycCiX Toukax z # 0 1 res[— =1, To
z=0\ z

sin ax

~+00
JUTs1 301KHOTO 1HTErpasa _[ dx , 3 orysiy Ha 3ayBakeHHs 9.5, 3a piBHIcTIO (9.15), micTaemo

0

St ax dx = %Im(m res(ljj = lIm(m) = % .

z=0\ z 2

+00 1 +00

o gL

0 X 2 X

—00

sinax

9.6 Obouucnenna inmezpanie 3a 00NOM0O2010 6UOGOPY OOHO3ZHAUHOT GIMKU

B ycix nonepenHix BUnaakax po3risaaauch OAHO3HAuHI aHamiTHUHi QyHKUii. [IpoTe, K10 KOHTYp
IHTErpyBaHHS MOXKHa BUOpATH Tak, 00 y HOTro BHYTPIIIHOCTI MOXHa OyJ0 BUOpaTH OJHO3HAYHY
BITKY MiJIHTETPAJIbHOI MHOTO3HAYHO1 (PYHKIIi, TO TEOPiIO JIMUIIKIB 3MOKEMO 3aCTOCYBATH O ITi€T
BITKHM 1 00YMCIUTH NOTPIOHUH 1HTerpai. [ mpukiaay po3ristHEMO IHTETpa

+00
.[xaflf(x)dx, 0<ac<l
0

Hexait ¢pynkmis f anamituuna B C, 32 BUHATKOM CKIHUYEHHOI KUTBKOCTI 130JJbOBAaHUX OCOOJIMBUX

TOUOK Z|, Zp, .., 2,5 AK1 He JeXaTb Ha JOAATHIN AIMCHIN miBoCi, z,, z,, e Zg 1 Hexail ToYyka
z=00 € HyldeM Qynkmi f. 3a TaKUX YMOB B
obmacti D = {z :0<argz< 27r} @ BUOEpEMO  OJHO3HAYHY  BITKY
MHOTro3HauHOI pyHKIii z% ' Tak, 1100 0>argz*" >2z(a—-1).

Hexaii o(z)=z"1(2). Bubepemo KOHTYp, 300paxkeHuit

Ha puc. 9.2. 3a OCHOBHOIO

Izaflf(z)dz + Izaflf(z)dz +
4l

TEOPEMOIO TIPO JIUIIKA MAEMO

FR
.Zq
~
Pucynok 9.2
+ jza_lf(z)dz + Iza_lf(z)dz = 27[1’%{ res o(z) . (9.16)
7 r, =
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Posrnsinemo koxHUHM T0AaHOK Y jiBiit yacTuHi (9.16). OCKUIBKY 32 YMOBOIO B OKOJII TOYKU Z = 00
. ) -1

st GyHKIIT f Mae Micie oIiHKa | f (z] <M |z| , e M =const >0, TO 1y APYroro I0JaHKa

MaTHMEMO

27aM
Rl—a

jz“l dz<%R”‘1 27R = —0 npu R — +o.

3a ymoBoto it PyHKIIi f B OKOM TOYKK z = () BHUKOHYETHCS | f (z)| <M,,ne M, =const >0, a

a>0 , TOMY JJIA YCTBCPTOro 10JaHKa MaTUMCMO

Iz“l )dz| < M, p® 2mp =272 M, p* -0 npu p—0.

R

[Nepmmii 101aHOK TOPIBHIOE jx“_l f (x)dx. Tpetiif nonaHOK — Lie 1HTErpaj Mo HUXKHbOMY Oepesi
P

pospisy, ne argz =2z, omxe, z=xe>" i z%7 = xelrmilant) o yarlp2ma s, Tomy Tperiii
R

JIOJTAaHOK JIOPIBHIOE (— e )J'x‘H f (x)dx. OO0'ennyroun yci 1i cmiBBigHOMmIEHH, pu o —> 0 1
P

R — +o micraemo

[ e = S sl ()

—_ /:1 z=Zz

T _rad -
=———e ™) res(z“ 1f(z)), O<a<l.
sin o 0=z

9.7 Jlozapugpmiunuii nuwox. Ilpunyun apzymenma
Hexaii ¢pynkuis f anamituyHa B o0nacti D, 32 BUHATKOM CKIHYEHHOT KIIBKOCT1 OCOOJIMBUX TOYOK,

ki € momocamu. Oyukuis y = f'/ f HasuBaetbes noz2apugmiunoio noxionoro Gpyukuii f . Skuio

zy € D - Hynb n-ro mopAAKy GyHKIT f, T, 3a Teopemoto 8.2, f(z)=(z—z,)" ¢(z), ne bynKuis
@ aHaJIITUYHA B IEIKOMY OKOJIl TOUKH Z 1 (p(zo ) #0. Tomi

f'e)=(z=z0)" @)+ n(z =z ol2).

TOOTO f (Z) = (DI(Z) 1 Otxe, B TOulll z, QyHKIISI y Mae€ MOJIOC MEPIIOTo HOPSIKY 1
fz) olz)  z-z
res ;((Z): res&:n. (9.17)

Sxmo z, € D - nomoc nopaaky p ¢yHkuii f, To 3a Teopemoro 8.6 f (z):(z—zo )_p 1//(2), ne

GyHKLIA W aHAJIITHYHA B AEAKOMY OKOJI TOYKH Z 1 1//(20)7& 0. Tomy ;((z): L (Z) S ,
w(z) Z7 %

TOOTO y Y TOUL Z, MA€ TAKOXK MOJIIOC EPUIOTO MOPSIKY, aje

res ;((z): res f (Z) =—p. (9.18)

z=z z=z, f(z)
Teopema 9.5 (mpunnun aprymenta). Hexaih oOmacte D oOMexeHa CKIHYCHHHM YHCIOM

3aMKHEHHX >KOPIAHOBUX KpUBHX, a (yHKIs f aHamiTMuHa B D, 3a BHHATKOM CKIHYEHHOI
KUTBKOCTI MOJIIOCIB, TpruoMy Ha 0D ¢yHKUis f He Mae HyaiB 1 momocis. Toxi

&4



N—P:zlAaDArgf(z), (9.19)
T

ne N - KUIbKICTh HyIiB, a P - KinbKicTh momociB ¢yHkuii f B oOmacti D 3 ypaXyBaHHAM iX
MOPSAKIB.

J1 o B e xeH H s 3actocyemo Teopemy 9.1 mo dyukuii f'/ f . Toni, BpaxoByroun (9.17) ta (9.18),
MaeMo

FAC PP @)
aJ-D 0 dz = 27zszZE:D ;;eg 0 27i(N - P). (9.20)
3 iHmmoro 60Ky, MHOro3HauHO¥o nepsicHoto wist '/ f € Ln f . Tomy
] L), AspLn f(z)=idsp Arg f(z). 9.21)
oD f(Z)

3(9.20)1(9.21) nictaemo nOTPiOHY PIBHICTH 1 TUM CAMHUM JIOBOJAMMO TEOPEMY.
Teopema 9.6 (Pyme). Hexaii o6macte D oOMekeHa CKIHYCHHUM YHCJIOM JKOPJIaHOBUX KPUBHX, a

dyHKIiS f Ta gaHANITUYHI B 3aMKHeHil o6mactiD i | g(z)| < | f (z)| npu Bcix zeoD. Tomi
¢bynkuii f + g ta f MaoTh B D 0IHAKOBY KIJIBKICT HYJIB (3 YpaxyBaHHSM MOPSJIKIB).
JloBenaeHH 1. [losnaunmo uepes N ( f ) Ta N ( f+ g) KUIBKICTB HYJIIB BiANOBITHO QYHKIIH [ Ta
f+g B D 3 ypaxyBaHHsaM ix nopsakiB. Ockiibku f Ta f + g aHamiTU4Hi B D 1 HE MarOTh Ha
0D wnyniB, TO 3a TeopeMolo 9.5

N() =g dwdre f . N(f+e)=5 - dpdrg(f+2)

3BIIKH
1 1
N(f +8)=N(f) == dop (drg (£ +g)— drg ) === A drg| 1+5 |. 9.22)
2z 2 f
Posrnsaemo dynkiito w=1 —i—M . IIpu 06xo0/11 TOUKOIO z OJHI€] 3aMKHEHOT KpUBOi Ha Kpato 0D

g(z)

BIJINIOBITHA TOYKAa W OMNMIIE JIEAKY 3aMKHEHY KpHuBY / , fKa, 3 OTJISAY Ha Te, IO | g(z)| < | f (z)|

pu BCiX z € 0D, nexatume B Kpy3i {w : |w - 1| < 1}. Ane B HhOMY MOKHAa BUOpaTH OJHO3HAYHY
BITKYy Argw. Orxe, AjArg (1 +§j =A-Argw=0, Tomy A,,Arg (1 +§j =0 1, BpaxoByIOUH

(9.22), Teopema 9.6 noBezcHa.
Ha 3aBepiieHHs mogaMo 1ie OJHE OBEACHHS OCHOBHOI TEOPEMH alreOpu sIK HACTIIY 3 TEOPEMH

EI}:IIZJ;OOK. MHuorowieH n-ro creneHss Mae B C piBHO # HYIIB (3 ypaxyBaHHSAM iX MOPSIIKIB).
JlificHo, 3amumemo MHoOrowieH n-ro cremens P,(z)=c,z" +c¢, 2" +...4¢,z+¢,, ¢, %0 ,y
guriagi P, =f+g, ne flz)=c,z" i glz)=c, 2" +...+cz+c,.  Ockimbkn
8(2) = Cnl l+...+c—1 ! +C—OL—>O pu zZ — O, TO

f(Z) Cﬂ Z cn Zn71 cn Zn

(3R, > 0)(VR > Ry )(vz € C){|2| = R = |g(2)| <| £ (2)|}.

Toni 3a Teopemoro Pymie kinpkocti HyniB P, 1 f piBHI B {z : |z| < R}. Ockinbku [ Mae B z=10

HYJIb 71-TO TIOPSJIKY, TO ITUM HACJII0K JIOBEJICHUH.
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