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BCTYII

[ToHsATTS yucna, sIKe € OAHUM 13 HAWTOJOBHINIMX MAaTEMATUYHUX TOHSITH,
Ma€ CBOIO OaratoBiKOBY icTopito. Uncno, siK 1 BC1 HAyKOB1 MOHATTS, BUHUKJIO HE
B pe3yJbTaTl BUIbHOI TBOPUOCTI JIFOJICBKOTO PO3YMY, a OyJI0 CTBOPEHO ISl 3310~
BOJICHHSI TPAaKTUYHUX MOTped JroAeil. I3 yacom mpakTHYHA AiSUIBHICTH JIIOJEH
po3BUBajacs, TOMY i MOHSATTS YKCIa TaKOX 3MIHIOBAJIOCS U yIOCKOHAIIOBAJIO-
csl.

[ToHSATTS TIPO YKCIIO BUHUKIIO B JOICTOPUYHI YacH Yy 3B'SI3KY 3 HEOOXI1THICTIO
paxyHKy pi3HUX MPEAMETIB, TBAPUH, POCIUH 1 T. . ToOMy CIo4aTKy po3risaa-
JUCS JIUIIE 1111 ¥ JOJIaTHI YMCIIa, K1 Terep Ha3MBalTh HATYPAIbHUMHU YHCTIa-
Mu. HaTypasibH1 uncia MiIKOM 3a0BOJIBHSIN MOTPEeOU MPAKTUKKA THX 4YaciB, i
Juie yepe3 6araTto CTOJITh BUHUKIIM JpOOOBI YKCia K pe3yabTaT AUICHHS, [0
BUKOHYBAJIOCSI HaJ 00'€KTaMU, JUIsl IKMX Ma€ CEHC APOOJICHHS OJMHMII Ha PiBHI
gacTku. [loTpeba O1IbII TOYHUX BUMIPIB TAaKMX BEJIWYHWH, SIK JOBXKHHA, TJIOIIA,
Bara, yac Ta iH. mpuBeJia 70 IpOOJIeHHA OCHOBHOI OJMHMUIII Mipy Ha OiibiI api0-
HI YaCTHHHM, IO OJAepKalu OocoOJMBI HalilMeHyBaHHsS. Tak, Hampukian, Oynu
BBEJICHI XBWJIMHA [T o3HayeHHs 1/60roauan abo rpamyca, CeKyHaa s 1Mo3-
HaueHHs 1/60xBunmuan (1/3600roaunam) abo rpamyca.

HesBaxkarouu Ha Te, 110 ApOOOBI YuCa 3yCTPIHarOThCs B HAWIIpagaBHIIIMX
3 BIJIOMUX HaM PYKOITUCIB, IOHATTS ApOOY SK aOCTPaKTHOTO YKCIIa MPOHUKAIO B
HAyKy 3 HaJI3BUYaHUMU TPYAHOIIAMH ¥ IMOYaJI0 OFCPKYBATH BU3HAHHS JIUIIIE B
XVI-XVIIl  cTomTTsax micisi BAHAX0y AECATKOBUX Apo0iB 1 Jorapudmis. Ocob-
JIMBO BEJIMKI JIOT14HI TPYHOIL CTAHOBUB TOM (haKT, 1[0 IPU MHOKEHHI Ha Tpa-
BWIBHUH Jpi0 y pe3yibTaTi BUXOJMIIO YUCIO HE OUIbIe, a MEHIIE BUX1JTHOTO.
[{ixaBo Takox Bim3HauwTH, 1m0 me [ltudens B 1553r. HazuBaB ApodU «ysBHU-
MU YUCITAMIE.

i momaTHI 4mcia pa3oM i3 YuciaaMu APOOOBHMH OTPUMAaNIM Ha3BY pallio-
HaJIBHUX YHUCEN.

3amadi BUMIpy Oe3NepepBHUX BEIWYNH, TOOTO BUPAKEHHS BCSIKOTO 3HAYCH-
HSI TAaKOi BETMYMHU YHUCIIOM, IPUBEIIN JI0 BBEACHHS YHCEII 1ppaIliOHATLHUX.

[cTopuuHuii nepekas NPUNUCYE TaK 3BaHE «BIAKPUTTA» IppalllOHATbHUX YH-
cen Ilidbaropy, skuii BUSBHUB HECYMIPHICTh JiaroHalii KBajpaTa 3 HOro cTopo-
Hoto. [Hakmie kaxyuwu, [lidarop BUSBUB, 110 BITHOIIECHHS JOBXWHU JlaroHai
KBaJipaTa JI0 JIOBXHHH HOTO CTOPOHH HE MOXe OyTH BUpa)KE€HE HISTKUM palfioHa-
JHHUM YHUCJIOM.

3Ha4YHO Mi3HIIIE MMOYaIH 3' IBJIATUCS U yY3BUUYAOBaTUCS Bija €MHI uncia. Cuc-
TEMaTHUYHE 3aCTOCYBAaHHsI BiJl €MHHUX YHCEI y 3arajibHUX (GOopMyJiax i iX BUKOPH-
CTaHHS SIK KOE(IIIEHTIB alreOpaiyHUX PiBHSIHb OJHOYACHO 13 YBEIACHHIM HYJIS
SIK CaMOCTIHHOTO YHcia Brepiie 3ycTpidarorbes B iHmyciB (VI — X cromiTrs) i
Tpoxu mi3Hime B HapoaiB Cepeanboi A3ii i 3akaBKaz3si — XOpPE3MIHIIiB, Taj-
KUKIB, y30€KiB, azepOaiipkaniiB 1 iH. [Haycam e HaneXuTh 1 MpaBUIbHE TIY-



Ma4eHHs HYJIS, BII'€MHUX YHCEI 1 1 HaJl HUMU Ha TIPHUKJIAAaX HAUTIPOCTIMINX
HaNpaBJICHUX BEIUYHH, TAKUX K MPUOYTOK—30UTOK, IEPEMIIIEHHS B TPOTHIIC-
KHUX HAIPSIMKaX TOIIIO.

[I{omo 1poro cepeaHbOBIUHI €BPOMNENUCHKI anredpaicTu JOBrUi yac BijcTa-
BasiK BiJl yueHnx Cxomy abo ¥ 30BCIM HE PO3TJIAIaid BiJI'€MHHUX PO3B'SA3KIB PiB-
HSHB, a00, OJIEP)KYIOUM TaKl PIBHSHHS, YBaKaJM BiJ€MHI 4yucia (DIKTUBHUMH,
a0CYypJIHUMH YHCJIAMU, «dHCJIaMH MEHIIUMH, HDK Hio». JIume B XVI cromitri
Jlexapt, po3po0isioun aHANITUYHY T€OMETPII0, JaB T€OMETPUYHE TIyMaueHHS
BIJI'€MHHUX YHCEJl SIK HallpaBJICHUX BIAPI3KIB, SKE 3 THX MIp 1 CTAJO 3arajibHOII-
PUUHSATHAM.

Yucna paifioHanbH1 U ippallioHaiabHi, JOJATHI W BiA'€MHI OJIepKaiu 3arajib-
HY Ha3BY A1MCHHUX 4nCe.

OpmHak HE BCTHTJIO IE 3aKPIMUTUCS HOBE PO3IIMPEHE MOHSATTS YHCHA, K Y
MPOIIECi TOJANBIIOTO PO3BUTKY MATEMAaTHUKH BHSIBHIIOCS, IO W HOBE TOHSTTS
TaKOXX € He3aJIOBUIBHUM. 30KpeMa, PO3B'SI30K KBaJpaTHUX PIBHSAHB YK€ Ha IO-
YaTKOBOMY €Tarli PO3BUTKY ajareOpu Mpu3BiB J0 HEMOMKIMBOI B 00JIACTI TIMCHUX
qHCeIT OTeparlii 3HaX0PKeHHs KBaIpaTHOTO KOPEHS 3 BiI'€MHOTO YHCIIA.

Benuunna Y* npu Gyap-KOMy YHCIOBOMY 3HAUeHHI Y Oyje HEBiT'€MHOIO,
TOOTO BOHAa MOXe OyTh abo AO0AaTHOIO ab0 PIBHOIO HYIIO, HANPUKIAJ MPU
y=+8 maemo y* =+64;mpu y=01 y*=0.

TakuMm yMHOM cepen MIMCHUX YHCeNl HEeMae KOTHOTO, KBaJpaT SKOTO J0PiB-
HIOBaB OW BiJ'eMHil BennuuHi. OTKe, 1 KOPIHb KBaJAPATHUH 13 BIJI'€MHOI BEJIU-

4UHU /—Y° He MOe OyTU BUPaKEHUI! 5KOJHUM JiHCHUM YHCIIOM.

Uu o3Hayae 1e, [0 BEIUYHHA A/—Y® € «ySBHOIO», «HeiCHyIOu0I0», SK il Ha-
3WBaJIM BHACTIIOK TPAAMIIii, 110 HE3MIHHO TTOBTOPIOBATACH MPU BCAKOMY HACTY-
MTHOMY PO3IIMPEHHI MOHATTA 4ucia? ABxkex Hi. Bemuumna /—Y® € peanbHO

ICHYIOYOIO BEJIMYMHOIO, SIKa HE MOXE OyTH BUPaKeHA BY3bKHUM, HEJOCKOHAIUM
MOHATTSAM JIHCHOTO uncia. JIJIs po3MUpeHHs MOHATTS Ynciia KpiM TIHCHOT o/Tu-
HUII1, 32 JOTIOMOTOI0 SIKOK BUPaKAKOTHCA YCI JIIMCHI Ynciia, HeOOX1JHO BBECTH
NPUHIMIIOBO HOBY OIMHHUINIO, Ky OymeMo IO3Ha4daTh OyKBOIO |, Mal4u Ha
yBa3i i1 [IUM ITO3HAYCHHSM BETMYUHY

i =+/—1 a60 i> =-1. (1)
Toxi /-y Moxe GyTH BUPAKEHO Yepe3 HOBY OJHHHUIIO | TaK:
v =) =v=1gfy = . @

3a iCTOPUYHOIO TPAIUI€I0 YHCIO | Ha3BajgM ySBHOIO OJWHUIECIO (YysIBHA
OIMHHULS — imaginary unit), 8 Yucna Iy — 4iCTO YABHUMH 4YHcCIaMu. YnCio BU-

Ay

X+ iy 3)
OJIepIKaji0 Ha3By KOMILJIEKCHOTO YHMCHA, Y SIKOMY PO3PI3HSIOTH A1MCHY 4acTUHY



X (milicha yacTmHa — weal paxt) 1 ysBHy dyacTuHy Y (ysIBHA 4YacTHHA —
imaginawy paxt).

KommiekcHi yncna modanu 3'ABIATUCA B poOOTaX OKPEMUX MaTeMAaTHUKIB
nounHaroun 3 XVI cTomiTTs. Aje mMupoKe BU3HAHHS 1 MOITUPEHHS] BOHU OJIep-
xanu nume B XIX cromiTti, micns Toro sk Ha pyoexi XVIII - XIX cromits ox-
HOYacHO M He3anmexxHo oauH Big oxHoro K.Tayccom (B 1797-1799p.),
K. Beccesnem (B 1798-179%.) i XK. Apranom (B 1806p.) Oysa naHa reoMeTpuy-
Ha IHTepIpeTalis KOMIUIEKCHUX YHCEN SIK TOYOK YHUCJIOBOI TUIOUIWHHU, 1 MICJIS
TOTO, K 32 JIOTIOMOT'OF0 KOMIUIEKCHUX YUCEN YJIaJIOCs BUPIIIUTH Psi MPAKTUYHO
BOKJIMBUX 3aJ1a4, HEPO3B'SA3aHUX B 00J1aCT1 AIMCHUX YUCEI.

JIoTH 10 KOMIUJIEKCHUX YUCEJ CTAaBUJIUCS 3 BEJTMKOI HEJAOBIPOIO M HE PO3y-
MUIM iXHBOI CYTI HaBITh Oarato BeNUKWUX MaremaTukiB. Hampukman, JlenOHin
nucaB. «KOMITJIEKCHE YUCIIO — I1€ TOHKUH 1 pa3rounii 3aci0 00)KECTBEHHOTO Ty-
Xy, Maibke aMi0is Mix OyTTSIM 1 HEOYTTAM.

Ha 3akiHueHHs 3ayBakKMMO, IO /IS KOMIUIEKCHUX YHCEN 3aJUIIAI0ThCS
CIpaBeIJIMBUMHU BCl OCHOBHI 3aKOHM apU(PMETHKH W anredpu Ta SK 3HAYCHHS
(GYHKIIT BiI KOMIUIEKCHOTO apryMEHTY MH OJIEP’KYEMO 3HOBY KOMILIEKCHE YHC-
J10.

Kpim Toro, 11ija HU3Ka MUTaHb, K1 B 00J1acCTi AIMCHOTO 3MIHHOI HE MOTJIU
OyTH BUpIIICH] i 4acCTO PO3IJISAAINCS SIK MapagoKCH, OJIep)Kau MpocTe U mpu-
POIHE TOSICHEHHSI B 00J1aCT1 KOMILJIEKCHOT 3MI1HHO].

Hanpuknan, B o0nacTi KOMIUIEKCHOT 3MIHHOI anreOpaiuHe piBHAHHS N-
CTEIEHs 3aBXKJIU Ma€ TOYHO N KOPEHIB, y TOM Yac K B 00J1acTi AIMCHOI 3MIHHOT
BOHO MO€ MaTu i MEHIITY KiJIbKICTh KOPEHIB 1 HaBITh KOJIHOTO.

B o0nacti koMmIuiekCHOi 3MiHHOI icHye JiorapudM BiJ B1I'€MHUX YHCE,
(GYHKIT CHHYC 1 KOCHHYC MOXYTh HaOyBaTu Oynb-SKMX 3Hau€Hb, & HE TUIbKH
3HAYCHb, ITI0 HE MEePEBUIIYIOTh OJIMHHIII, Ta 1H.

[TociOHMK MICTUTH TEOPETHYHMI MaTepial, A€ MOoAaHi OCHOBHI (opMyIiH,
TEOPEMH, O3HAYCHHSI, SIKI MIAKPITUTFOIOTHCS BEMKOIO KIJTBKICTIO TPUKIAIiB. Ta-
KOX € 3HaYHa KUTbKICTh MOKPOKOBHX aJTOPUTMIB, Kl CTAHYTh y MPUTO/1 CTY/Ie-
HTaM TIPHU PO3B'A3aHHI MPAKTUYHUX 3aBJaHb. B KIHIII KOXHOI TEMU MICTATHCS
3aBJlaHHsI, HEOOX1JIH1 ISl TPOBEACHHS MPAKTUYHUX 3aHATh. OKpeMo po3risija-
€THCS MOXKJIMBICTh 3aCTOCYBaHHS 1H()OPMAIITHUX TEXHOJIOT1M Mpu aHam31 GyH-
KI[I# KOMILJIEKCHOT 3MIHHOi. 30KpeMa akIeHT 3po0JeHUN Ha 3acTOCYyBaHHI
mMaTemaTHuHOro Aogarka Maple.Kpim Toro 3 koxHoi Temu nogaHo 100 BapiaH-
TIB 3aBJaHb JJIs1 KOHTPOJBHUX POOIT.

VY nociOHKMKY BMIIIEHO 3HAYHY KUTBKICTh JOKJIAIHUX PO3B’ A3aHb MPUKIIAIIB,
10 Ja€ 3MOTY BHUKOPHUCTOBYBATH MOTr0 JUIsl CAaMOCTIMHOTO BUBUYCHHS (PYHKIIIT
KOMIUIEKCHOI 3MIHHO1, 30KpeMa CTyIeHTaMH 3a04HOT (JOPMU HaBUAHHS.



1 MOHATTS KOMILJIEKCHOI'O UACJA. AJITEBPATYHI A1 HAJT
KOMINVIEKCHUMU YNCJTAMUA

KomruiekcHuM dnciiom (KOMILIEKCHe Ynciao — cemplex number) Z Ha3u-
BA€THCS BPIpaB BI/I,Z[y
zZ= X+ 1y 4

(anredpaiuna gopma (algebiraic foum) KOMITIEKCHOTO YHcia), e X 1 Y —Oy/b-
K1 JifiCHI yKcla, a | — ysBHA OJXMHUII.

Uucna X 1 Y Ha3uBalOTh BIAMOBIIHO JIIMCHOIO Ta YSIBHOK YaCTHHAMU KOM-
TJIEKCHOTO YKCa Z 1 T03HAYaI0Th

X=Rez, y=Imz. 5)

KomriekcHe umciao Z = X— Iy Ha3UBA€ThCS COPSHKEHUM  (CHpsizkeHe —
adjeined) xoMIUIEKCHOMY 4HCITy Z= X+ Y.

KommiexcHi uncna z = X + 1y, Ta Z, = X, + |y, BBOKAIOThCS PIBHUMHU TOJI 1
JIALIE TOAL, KO X, = X, Y, = Y,.

KommekcHe yrcio Z= X+ 1y 300paxaerscs Ha mromuHi OXY Toukoo M
13 KOOpJAWHATaMHU (X, y) 9i BEKTOPOM, MOYATOK SKOTO 3HAXOAMTHCS Y TOMYIII
O(O;O), a KiHenp y Touti M (X, y) (puc. 1).

Jlopxuna O Bexropa OM HasuBaeTbest MOayleM (MOAYIb — maedubus)
KOMIUIEKCHOT'O YHCJIa 1 TO3HAYAETHCS ‘Z‘ , TAK MO0 0 = ‘Z‘ =X+ V.

Kyt ¢, yrBopennii Bekropom OM 13 Biccto OX, Ha3MBA€ETHCSI apryMEHTOM
(aprymenT — amplitude) KOMIUIEKCHOTO YuCIia Z 1 TO3HAYAEThest @ = Arg Z; BiH
BU3HAYAETHCS HE OJTHO3HAYHO, a 13 TOYHICTIO /10 IOJaHKa, SKUi KpaTHUW 277:

Argz=argz+ 2kt k= Of 1t 2,.). (6)
e argZ —TI'OJIOBHC 3HAYCHHA Al’g Z, 1110 BU3HAYAE€ThCA yMOBaMH
—/r<argz<rr. (7)

Mosyinb 1 apryMeHT KOMIUIEKCHOTO YMCia € TapaMeTpamH, siki BUBHAYal0Th
TPUTOHOMETPUUYHY Ta MOKa3HUKOBY (OPMY 3aMHCy KOMIUIEKCHUX YHUCEN:

z= p(cos¢ +i Sir¢) — TpuroHoMeTpu4Ha opma (genicmetric foum);
z= p€’ —nokxazunkoBa (opma (exponential fonm).

[Ipu BukoHaHHI anreOpaiyHUX M1 HaJ KOMIUIEKCHUMH YHCIaMHU MOTPIOHO
BMITH NIEPEXOJNUTH BiJ anredpaiunoi popmu 3anucy A0 TPUTOHOMETPHYHOI (I10-
Ka3HUKOBO1) 1 HaBmaku. JJii IbOTO BHUKOPHUCTOBYIOTHCS (DOPMYIH IEPEXOLy,
o4eBHUHI 3 puc. 1.

dopmynu mepexoy BiJl TPUTOHOMETPHYHOI (ITOKa3HUKOBOI) (POPMHU 3arucy
710 anreopaiyHoi:



J2
I Z=X+)
}/“a_“
|
T |
r \ % | | -
a 7 X X
Pucynok 1
X = pCOSP ;
pd - ny= " ®

dopmynu nepexoay Bij anredpaiuHoi popmMu 3anucy 10 TPUTOHOMETPUYHOT
(rmoxa3HUKOBOI):

P=NX+ Y
arcth x> 0,
X
T+ arctgi X< 0y= 0,
X
X,y-p,¢ = y 9)
@ =<-m+arctg= x< 0y< O
X
Vg
_1X:0, >01
5 y
T
-—,x=0,y<0.
5 y

JIBa KOMILIEKCHI YuClia Z 1 Z, piBHI TOAI 1 JIUIIE TOAL, KOJIU iX MOAYJ piB-
H1, a iX apryMeHTH abo piBHi, a00 BIIPI3HAIOTHCSA HAa BEJIMYUHY, 1110 KpaTHA 27T

z|=| 2|,
- 7 =2Z. 10
{Argzl=Arg z,+2mk(k=0+1%2..), 2t (10)

JlificHa Ta ysiBHa YaCTHHHW KOMIUIEKCHOTO YHCJIa BUPAXKAIOTHCS Yepe3 Cpsi-
JKE€H1 KOMIUIEKCHI YMCJ1a TAKUM YAHOM:.
Z2+7Z Z—Z
Rez=——, Imz=——. (11)
2 2i



Ilpuknao 1. I[looamu 6 mpucoHomempuyHit ma NOKA3HUKOSIU ¢hopmax

yucino 2= 2\/§+ 2.

Po3zé'sazanns.
3 aneebpaiunoi popmu uucia 6UHaA4AEMO:
x=2J&y=2.
Tooi
p=\X+y =12+ 4= 4
@ =arctg—= arctgi =7
X 2J3 6
Omoxce,

nm . I
zZ= 4( COSE + 1 Slngj — mpueconomempuyHa gopma Z,

T,
—Il
Z2=4€ —noxasnuxosa gpopma Z.

Ilpuxnao 2. Pose'sazamu pisnanns X° +4x+13= Q.
Po3zé'sazanns.
D =b* -4ac=16- 4[13=- 3
_—b+JD -4+-36_ -4+J363/-1 -4 b_
’ 2a 2 2 2
Bionogiov: X =-2+3i,x,=-2- 3.

-2+3.

Ilpuxnao 3. llpu axux OiticHux 3HayeHHAX X ma Y BUKOHYEMbCS PIBHICMb
X(2—i)+ y(2i —]): 4- 57

Po3zé'sazanns.

Po3zkpuesarouu oyorcku 6 nisiti wacmuni pigHAHHA ma epynyrodu OiticHi ma ysi-
6HI YACMUHU, OMPUMAEMO

(2x-y) +i(-x+2y) = 4~ 5i.

Bukopucmogyrwouu osnauenHns pigHocmi KOMNAEKCHUX YUCel, NPUPIGHAEMO

OIliCHI ma YABHI YaCMUHU CNPABA ma 37184

2X—y=4,
-X+2y=-5.

TlomHoorcumo Opyee pisHAHHA HA 2 ma 000amo 1io2o 00 nepuiozo. Ompuma-

EMO
3y =-6; X=1,
=
X=2y+5, y=-2

Bionosiov. X=1, y=-2.



B anrebpaiuniit ¢popmi 3anucy aii HaJ KOMIIEKCHUMU YHUCIaMU MOTPIOHO
BUKOHYBATH, BBKAIOYH 110 | 3BHYAHUN CHMBOJBHHU MHOKHHUK, €HHA HOTO
0cobmBicTH, 110 i% = —1.

JlonaBaHHs 1 BiIHIMaHHSI KOMIUJIEKCHUX YKCENl BUKOHYETHCS JIMIIE B ayreo-
paiuniii ¢popmi. OTxe, SKIIO KOMIUIEKCHI YUCJIa 33J1aHO B TPUTOHOMETPUYHIN
(moxa3HHUKOBIH) (hopMi, mepIie, o0 HEOOXiTHO 3pOOUTH, OO BUKOHATH OIepa-
10 JoJaBaHHs a00 BIAHIMAHHS, BUKOPUCTOBYIOUH (DOPMYJIH Mepexoay nepen-
TH 710 anreOpaiyHoi (opMu 3amucy.

JlonaBaHHS
Z=X* 0,
Z,=%t1y,,
2+ 7=(x+ i)+ ( %+ iy)=(x+ Q) +( iyt iy)= 12)
=(%+ %) +i( Y+ ¥,)-
BignimanH4
ZF)&“Yy:
Z, =%t 1Y,
z-z=( %+ iy)-( %+ iy)=( %= x)+( iy~ iy)= 13)
=(% = %) +i(y,~ ¥a)-
Ilpuknao 4.
z=2-3i

22=—7+5i:>Zl+ 2,=2-3i-7+5i=(2- Y+i(- 3 §=-5 L

Omnepariii MHOKEHHS 1 IIJICHHS MOXXKHA BUKOHYBaTH y Oynb-sikiii gopmi 3a-
nucy (0axaHo BUKOPUCTOBYBATH Ty (GOpPMY 3aIHUCy, Y SKil 3aJaHO 0OUIBA KOM-
IUIEKCHI YHncIIa).

MHOXEHHS

a) anareoOpaiuna opma 3amucy
Z=Xxt I.yl’ N
L, =%t 1Y,

0=+ i) %+ i) = xx+ Xyt ixyr Y ¥i=

. . (14)
= (%% = V% Ye) (XYt DoY) =( %% YW+ [ xyt %Y.

10



0) TpuroHoMeTpuyHa Gopma 3aIucy
z, = p,(cosg, + i sinp,) -
2, = p,(cosp, + i sing,) ;
2,2, = p,(cosp, + ising,) [p,( cop,+ i sip,)=
= oo, (cos(p, +8,) +i sir(p,+4,)) .

B) MOKa3HUKOBA (hopMa 3aIucy
— {#
z = pet,

— '¢.2>2122::01é¢1w2g2 p]pzé?“ﬁ’z
Z, = p,€7;

JlineHHus
a) anreOpaiuyHa ¢opma 3amucy

(15)

(16)

JIist mijieHHsT TBOX KOMIUIEKCHUX 4Yuces B anreOpaiuHiii ¢hopmi HEOOXiTHO 1
JJIeHe, 1 TITFHUK IIOMHOKHUTH Ha CTIPSDKEHE 710 MIThHUKA KOMIUIEKCHE YHCIIO.

Zl=>s+i_y1,:
Z, = %+ iy,

Z_ Xt X % Y X% XYt Doy Yy

Z, %ty X%tiy, %=y, %t Y,
XXt VY, X ¥~ |X1y2_ X%t %Y, vio X X¥
%+ Ys %+ Y, X+ Y X+ ¥
0) TpuroHoMeTpuyHa Gopma 3aIUcy
2, = p,(cosp, +isinp,) |
.. =
4 :,02(C08¢2+ I sing ) )
Z _ ,01(C08¢1+i Sir¢1) P co
= — ¢ —p,)+ising, -
z, p,(cosp,+ising,) :02( 9.~ 42) +i i,
B) IMOKa3HUKOBA (popmMa 3amucy

21=p1é¢1, — Z _ Iolé¢1 _:01 i(#- ¢2

z,=p,&% 7, p,&" 0,
J3+i

2-3’
Po3sé'azanns.

J3+i Ez+\E’. a/3+ 2+ B-4/3 V3
2-J3 2+/3 4+3 7

Illpuknao 5. Obuucriumu Z =

11

47
.

a7

#,)) (18)

(19)



Omepartii migHECEHHS O CTETEHS Ta MONIYK KOPEHS BUKOHYIOTHCS JIUIIE Y
TPUTOHOMETPHYHIH (TOKa3HUKOBIH) (opMi 3aIKCy KOMIUIEKCHOT'O YKCIIA.

[lintHeceHHs 70 HATYPaJlbHOTO CTEMEHS
a) TPUroHOMeTpHuHa hopMa

z=p(cosp +ising) = z"=p"(cosnp + i sinnp). (20)

0) moka3HukoBa hopma

z=pd' = 2=p" & (21)

3HaXOJKEHHS KOpEHs
a) TpuroHomerpuyHa hopma

z=p(cosp + i sing) =

Yz = \/_(cosT+ m%”j k= 0,1,2,n- 22)
0) noka3HukoBa opma
_ CACL
z=pd =>Yz=1/per |, k01,2..n 1 (23)

IIpuknao 6. Obuuciumu (—\/C_S—i)s.

Pozé'azanns.
Busnauumo mpueonomempuuny hopmy KOMHIEKCHO20 YUCIA, WO NIOHO-

CUmMbCst 00 cmenens. 32I0H0 3 YMOB0I0 X = —\/é, y=-1. Tooi,
pP=~3+1=2;
_ y_ 1 _
g=—-m+ arctg— =-J/T+ arctg—=-
J3

Omoxce,

g (ot ) 5]
A AT AT 67

v

12



3aeoannsn onsa po3ze' a3anus
1. IlogaTtu B TPUTOHOMETPHUUHIN Ta MOKa3HUKOBIHM opmax:

a) z=1+1, B) Z=2I;

6)z=—\/§—i; r) z=-5.

2. 3HaWTHU MOJYJIb 1 TOJIOBHE 3HAYEHHS apryMEHTY KOMITJIEKCHUX YHCE
a) z=4+ 3i; B) Z=C0Sq — i Siny .

6) z=-2+2/3;

3. [lonatu B anredpaiuniii popmi

a)zzz[é?; B)zzx/ztécosgﬂsingj.
6) |4=1argz=m

4.3HaiTh KOpeH1 KBaJpaTHUX PIBHSHB.
a) x> —2x+2=0; B) X*+16= 0.
6) X*+6x+13=0;

5.3naiitn z, axio
a) z=2%32, z=(1+), z2=(1- 31},
6) z=_3i+iEQ1—i);

2 1-i2-2
B) Z=————— ;
1+i 1+i 1-2
r) zz(—\/é—i)s;
n) z=31+i;
e) Z:(:L__ijz-

1+i )’

x) 22 +i=0.

6. 3HalTH I1MCHI PO3B'SI3KU PIBHSHB.

a) (3x—i)(2+i)+(x —iy)(1+ 2) = 5+ 6;

0) (X— iy)(a— ib) =i°, ne a, b —3anani giiicHi uncna, \a\ ;t‘b(;
B) ! +2—+i

=\/§, e Z= X+ 1y.
Z-i 1+] 8 y

7.3HaiTi yci KOMIUIEKCHI YKCIIa, 110 3a0BOJBHAKTE YMOBY Z = Z .

13



2I'EOMETPUYHI IIOHATTSA

Bynp-sKky 001acTh, sIKa MICTUTB y COO1 IesIKy TOUKY Z,, Ha3UBalOTh OKOJIOM

(okinn — neightorhoed) i€l Touku. 31e0IIBIIOTO 32 OKiT OEPYTh KPYT paziycoM
I' 3 HEHTPOM Yy T. Z,, TAKUH OKIJI Ha3UBAETHCSA [ -OKOJIOM TOUKHU Z,. [1i7 okosom
HECKIHYEHHO BiJATI€HOT TOUYKHU PO3yMIIOTh 00JIacThb, 110 3HAXOAUTHCS 30BHI J0-
BIJILHOTO KpyTa 3 LIEHTPOM y MOYaTKy KOOPAHHAT.

SIKIIo ICHY€ I -OKUI TOYKH Z,, IKHH MOBHICTIO HaJIekUTh obsacti D, TO
TOYKA Z, HAa3WBA€ThCS BHYTPIIIHBOIO TOYKOIO (BHYTPIilIHA TO4kKa — internal

peaint) o0nacti D .
SIK1m1o icHye I' OKLI TOYKHU Z,, IKHM NOBHICTIO HE HaJIEXkUTh o0nacti D, To

Z, —30BHilIHA To4Ka (eutside paint) obmacti D .
SIkmo amst OyAb-sIKOro [ -OKOJIy TOYKHM Z, ICHYIOTh TOYKH, SIKI HaJeXaThb
obnacti D 1 Toukm, siki ili HE HaleXaThb, TO TOYKA Z, HA3UBAETHCS MEKOBOIO

a00 ToukorO rpaHulli (Touka rpanuui — frentiex peint) odnacti D .

k1o 06J1acTh CKIIAIAETHCS JIUIIE 3 BHYTPIIIHIX TOYOK, TO Taka 00JIacTh €
BiAKpUTOIO (BiZKpuTa 00JacTh — epen demain) (no3HauaeTbess D). SAxmo 3
BHYTPIIIHIX TOYOK 1 TOYOK IPAHMIIN — 3aMKHEHOIO (3aMKHeHa 00J1acTh — clesed
domain) (mo3HavaeTses D).

O6nacte D HazuBaeThcsi 0HO3B' s13HOIO (OAHO3B'sI3HA 00J1acTh — simply
connected demain), K10 Oyb-sIKA TPOCTA 3aMKHEHA KPHBA, SIKa MOBHICTIO Ha-
JexuTh o0acti D, Mmoxke OyTH CTSATHEHA Y TOUKY IIJISIXOM HemnepepBHUX aedo-
pmariiii 6e3 BuBeAeHHS 3 Ili€i obOmacti. [Ipukimagm omHO3B'SI3HMX oOJacTei
HaBezeH1 Ha puc. 2. Bei iHmm o0macti Ha3uBaroThes 0arato3B'si3HUMU (6araTos-
B's13HA 00J1acTh — multiply-connected demain) (puc. 3).'panuns 6araTo3B's;3HOT
o0JacTi He MOKe CKIIAJIATUCh 3 OJIHI€T 3aMKHEHOI KpUBOI.

0e

Pucynok 2
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Pucynok 3 Pucynok 4

['panuist 067acTi CKIaMa€ThCs 13 3aMKHEHUX JIHIN, HE3aMKHEHHX JIIHIH, SKi
HA3UBAIOTHCS po3pizamu (PO3pi3 — cut set) 1 OKPEMHUX TOUOK, IO MAIOTh HAa3BY
BUKOJIOTI TOYKH (BHKOJIOTA TOYKA — puicked peint). KinbkicTh 3B’ 13aHUX Yac-
THH, SKUMH Oyy€ThCsl TPaHUIlS 00J1acTi, BU3HAYAE MOPSAJIOK 3B’ A3HOCTI 00J1aCTi.

PosrisHemo oaH03B s13HY oOsacth (puc. 4). Bubepemo Ha rpaHuili ooiacti
JeAKy TOUKY 1, TOUMHAKOYH 3 HEl, Oy/1eM0o 00XO0IUTH TPaHUIII0 001acTi. 3a 1o/a-
THUM HapsM 0oOXOy TpaHMIll OHO3B'SI3HOI 00J1acTi OEPYTh TOM HANpsAM, TIPU
SAKOMY 00JIaCTh 3aJIMIIIAETHCS BeCh yac 3JiBa. [1o po3pizax 00XiJi BUKOHYETHCS
IBivi B pi3HUX HampsiMax (puc. 4).

PiBHIiCTB

f,(z)=1,(2) (24)
BU3HAYa€ Ha KOMILJIEKCHIN IJIOIIMHI JIIHIF0 a00 CKIHYEHHY KUIbKICTh TOYOK. JIJis
iX T0OY/I0BM Ha KOMILIEKCHIH IJIOMMHI HEOOX1IHO 3aMicTh Z Yy (24) migcTaBuTH
anreOpaiuHy GopMmy 3amucy KOMIUIEKCHOTO 4Kcia X + 1y a0o Horo TpuroHome-
Tpu4HYy (OKAa3HUKOBY) Gopmy. Y pe3ynbTaTi OTPUMAEMO PiBHSHHS JiHil i3 Tili-
CHUMH apryMeHTamMu X,Y (piBHSHHS JiHIi B JEKapTOBid CHUCTEMi KOOpIUHAT

OXy, Bichb X sKO1 30iraeTbcs 13 JIMCHOIO BICCHO KOMIUICKCHOI TIJIOIIMHHM, a BiCh
Yy —1i3 ysaBHOW0) 200 p0,¢ (piBHSHHS JiHII B NOJSIPHINA CHCTEMI KOOPAHMHAT, IO-
JISipHA BICh SIKOT 301raeThes 13 AIMCHOKO BICCHO, @ MOJIIOC — 13 TIEPETUHOM JTiHMCHOT
Ta YABHOI OCel).

Ilpuxnao 7. I[lobyoysamu niHit0 HA KOMNIEKCHIN NAOWUHI, WO BUHAYA-
EMbCS PIGHAHHAM

lz-2+i=3. (25)
Po3zé'sazanns.
ITiocmasumo y (25) z= x+ 1y

z=2+1=|x+iy-2+1=|(x= 2 +i(y+ Y =y(x- I +(y+ ¥ =

15



Pucynok 5

36i0ku
(X— 2)2 + ( y+ 1)2 = 3 —ye pisnuanns kona, i3 YeHmpom y mouyi (2;—1)
paoiycom R=3 (puc. 5).

PiBasHHAM
z-z|=R (26)
(me z —xommIekcHa 3MiHHA; Z, = X + Iy, — IOBUIbHE KOMIIJIEKCHE uucio; R —
HEBIJ'€MHE JTIHCHE YKMCII0) HAa KOMIUIEKCHIH IUTIOIIKHI 331a€ThCS KOJIO 3 IIEHTPOM
y TOYIl (XO; yo) 1 paniycom R. Hampuxnan, ‘Z+l— Si‘ = 2 — piBHSHHS KoJja 3
IEHTPOM Y TOYIII (—l; 3) 1 pajaiycom 2.
31e011BIII0I0 MHOKHMHA TOYOK HAa KOMIUIEKCHIN IUIOIIHWHI, IO 3aJ0BUILHS-
I0Th HEPIBHOCTI

f.(2)< 1(2) (27)
(3amicTh < MOxe OyTH >, <, =) € 00aacTio (TOOTO JACSIKOI0 YaCTUHOIO KOMILICK-

CHOI TwIoIKHHM). J[71s1 MoOy0BH 11i€i 001aCTI KOPUCTYEMOCH TAKHM AJITOPUTMOM.
1. 3amicte z y (27) migctaBisieMo anreOpaiuny (Gopmy 3ammcy KOMILIEKC-
HOro yuciia X +1y abo WOro TpuroHoMeTpudHy (IIOKa3HUKOBY) Gopmy. Y pe-

3yJIbTaTI OTPUMAEMO
8.(xy)<@,(xY) (28)
abo
W, (p.9)<w.(p.8). (29)

2. Byayemo rpanuiiio odnacti. s nporo B HepiBHOCTI (28) (@60 (29) 3ami-
HHUMO 3HaK HEPIBHOCTI Ha «=». Y pe3yJIbTaTi OTPUMAEMO PIBHSHHS I'paHUIll 00-
JacTi

16



6.(xy)=9,(x ) (30)

abo

v, (p.0)=w,(p.9). (31)

SIkmio HepiBHICTB (27) cTpora, TO rpaHUIL HE BXOAWTH J0 IIYKaHOi 00J1acTi
1 11 moTpiOHO MOOYyBaTH IITPUXOBOIO JIIHIE. Y BUIAIKY HECTPOroi HepIBHOC-
Ti (27) rpaHuld BXOAUTh 10 MIyKaHoi o0jacTi 1 i moTpiOHO moOymyBaTH Cy-
UJIBHOIO JIIHIEIO.

3. I'panuis po30uia ycro KOMIUIEKCHY IUIONIMHY Ha JIEKIJIbKa 00acTel, ki
mu npouymepyemo: I, 11, III .... Mu moBuHHI 3aITpUXyBaTH JIMIIE Ti, y SKUX
BUKOHY€ETHCS HepiBHICTE (28) @60 (29). 1y mporo y KoxkHii o0acti BUOHpa-
€MO 1o onHIK Touli. [1o 4ep3i miacTaBiasiEMO KOOPAUHATH TOYOK Y HEPIBHICTH
(28) @060 (29). Skmo y pe3ynbTaTi OTPUMAEMO MPABHIIbHY HEPIBHICTH, TO 3a-
HITPUXOBYEMO YCIO 00JIaCTh, SIKIA HAJNEKUTh TOUKA — Y L1 00JaCTI BUKOHYETHCS
HEPIBHICTH (27).Y iHIIOMY BUMIAAKy 00JaCTh HE 3aIITPUXOBYEMO.

4. 3amTpuxoBaHa YaCTHHA KOMIUIEKCHOI TUIONIMHH 1 € ITyKaHOI MHOXH-
HOIO TOYOK, SIKI BU3HAYAIOTHCS HEPiBHICTIO (27).

3ayBaj)kCHHs: 3alpPONIOHOBAHUI aJTOPUTM HE MOKHA 3aCTOCOBYBAaTH y BU-
najaKy, sSIKIIO iICHYIOTh TOYKHA KOOPJAWHATHOI IUIONIMHHM, Y SKUX Xo4ya O oJHa 3

byHKITIH ¢1(X, y) abo ¢2(X, y) (wl( ,0,¢) abo lﬂz( ,0,¢)) HE BH3HAUYCHA.

Ilpuknao 8. Ilob6yoysamu MHOMCUHY MOYOK HA KOMNAEKCHIU NAOWUHI, WO
BU3HAYAIOMbCS HEPIGHICNIO
Imz*>2. (32)
Po3zé'azanns.
ITiocmasnsiemo y (32) z= X+ Iy
Imz* =Im(x+iy)" =Im( X +2xyi- ¥)=2x
2Xy > 2. (33)

Busznauumo pieunaunns epanuyi obnacmi. Iliocmasumo «=» 3amicmo 3HAKA

nepisnocmi y (33). Omoice, piensanns epanuyi
2Xy = 2;
xy=1.

Mu eusnauunu, wo epanuys — cinepbona, AKka po3ouU8ae KOMNIEKCHY NIOWU-
ny na mpu oonacmi. 1, 11, Il (puc. 6). Bpaxosyouu, wio nepisnicmo (32) cmpoea,
epanuyio mu nooyo0yeanu Wmpuxoeoio JiHicro.

Bubupaemo y koorchiit ooracmi mouxy i niocmasisiemo ii KoopouHamu y He-
pisnicmo (33)

1 o6nacmo —mouka A(2;2):

2[P[R2> 2;
8> 2 —nepisnicmo npasuivha, momy ecto 1 obnacmo 3aumpuxosyemo.
1l o61acmo — mouka O(O;O) :

0> 2 —nepignicms nenpasunvna, momy Il ooracmo ne 3aumpuxo8yemo.
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Pucynok 6

11l obracms — mouka B(—2;—2)

8> 2 — Il obnacmsb 3aumpuxo8yemo.
3awmpuxoeana mHoxcuna mo4ok (puc. 6) —uyKaHa MHOJICUHA, SIKA BU3HA-
yaemucs nepienicmio (32).

HepiBHicTh
z-z|< R (34)
(me z —xommekcHa 3MiHHA; Z, = X + Iy, — IOBUIbHE KOMIIJIEKCHE unucio; R —
HEBIJ'€MHE JIMCHE YMC/I0) BU3HAYAE HA KOMIUIEKCHIM IUIOIIMHI KPYT 3 IEHTPOM
y TOHIIl (XO, yo) 1 pagiycom R.
MHOXWHA TOYOK, 1110 BU3HAYAIOTHCSI HEPIBHICTIO
z-z|>r (35)
(me z — xoMIUIeKCHA 3MiHHA; Z, = X + Iy, — JOBiIbHE KOMIUIEKCHE YUCIO; I —
HEBi'€eMHE JiiiCHE YHUCII0), 3HAXOIUTHCS 330BHI Kpyra 3 HEHTPOM Yy TOMYIII

(XO, yo) 1 paaiycom I .
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3aeoannsn onsa po3ze' a3anus
8. 300pa3uTu Ha KOMIUIEKCHIN TUIOIIMHI JIiHII, 110 BU3HAYAIOTHCS PIBHSH-
HSIM.

a) |4 =2; n) 72 +7° =1;
6) |z+2-i=3; e) |z—i|+|z+1=4;
B) Rez’ =1, x) |7 - Rez=12.

T) Im(z2 - z)=2— Im z;

9. 300pa3uTn Ha KOMIUIEKCHIN IUIOMIMHI 00JacTi, 10 3aJ0BOJBHSIIOTh TaKi
HEPIBHOCTI:

a) ‘Z+2‘>1; C) Z__lsl’
6) |15|>1, z# 0; i
71= 7 ’ x) 4<|z-1+|z+ 1< §;
B) —1<Imz<1; n) |4>2+Imz;
r) 2<|z-1+2|< 4 1 1
K) Im(—j<——.
z 2

1) —7—T<argz<7—T'
4 6’

10. HancaTn y KoMIuleKcHil Gopmi piBHgHHS Koma X + Y +2x=0.

STIOHATTSA qayHKyIi KOMILJIEKCHOI 3MIHHOI. BUJIIJIEHHSI
JTIUCHOI I YABHOI YACTHHHU

PosrnsiHeMO 1B IUIONMHM  KOMIUIEKCHHMX  49uMcel Z=X+1y Ta

W=U+ ivV(puc. 7). Po3risHemo nesiky MHOXHHY G TOYOK Y IUIOIIMHI Z 1 MHO-
xuHy E y miommni W.

Sxuio xoxxHOMY yHciy Z 3 obnacti G 3a A€SKUM 3aKOHOM IOCTaBIICHO Y
BIJIMOBIHICTD MEBHE KOMIUIEKCHE uncyio W[ E, To ToBOpsTh, 1110 HA MHOXKHHI

G 3anmaHo onHO3HA4YHY (QYHKIIO (PyHKUis — functicn) KOMIUIEKCHOT 3MiHHOI,
saka BigoOpaxkae MHOXMHY G y mMHOXkuHY E. CHUMBOJIBHO 1I€ MO3HAYalOTh

w= f(2).

Muoxunny G Ha3MBalOTh MHOXXHUHOIO BU3HAYCHHS (MHOKHHA BH3HAYEHHSI
— domain) yskiii f(2). SIkmio koxxHa Touka MHOXHUHHN E € 3HaueHHAM QyHK-
uii, To E — MHOok1HA 3Ha4YeHb (range) 1i€i QyHKIIT a00 00pa3 MHOXMHU G,
3aJlaHui 3a A01oMOrow GyHkmii f (Z) .
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Pucynok 7 —I'eomeTpuuna iHTeprpeTarlis QyHKIIT KOMIIJIEKCHOT 3MIHHOT

Axmo pyHkIiz W= f(z) OJIHO3HAYHA Ha MHOXWHI E 1 mpu 1mmpomy aBom

pi3HUM TOYKaM MHOXUHH G BiJMOBiAa€ ABI pi3HI TOUKU MHOXMHU E, TO Take

BiIOOpaYKEHHS Ha3WMBAIOTh B3a€MOOIHO3HAYHUM 200 OHOJIUCTHUM.
Bynb-sKy QyHKIIII0 KOMIUIEKCHOT 3MiHHOT f (Z) MOHA 3aIMCaTH Y BUTIISII

f(2)=ulx )+ M x Y, (xy)0G, ne u(xy)=Ref(2, v(xy)=Im (2 -
dbyskmii gificHux 3MiHEEX X 1 Y. g omeparrisi Ha3UBa€eTLCS OmEpaIlieo BUII-

JICHHSI IIMCHOT Ta YSIBHOT YaCTUHU (PYHKIIIT KOMITJIEKCHOT 3MIHHOT.

EnemenTtapHi pyHKIIT KOMIIEKCHOT 3MIHHOT

1. IToka3HukoBa QyHKIIis
e = &(cos y+ isiny)

e¥ =cosy+ i siny —¢opmyna Eitnepa

2. TpuronomeTpuyHi GyHKIIIT
eiz + e—iz eiz _ e—iz
cosz = , SiNZ=—7—,
2
sinz cosz
tgz=—-—, ctgz=—-—.
C0OSz Sinz

3. l'inep6omiuni GyHKIIIT

chz=81€ h=8-¢
2 2
thzzﬂ, cthzzﬂ.
chz shz
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4. Jlorapudmiuna GyHKIIIS
Lhz= In‘ j + i( argz+ ZT@ , K — noBuibHE 111J1€ YKCIIO;

rOJIOBHE 3HAYEHHS Jiorapudma:
Inz=In|4+ iargz

5. Y3aranpHeHa MOKa3HUKOBA (DYHKITIS
Z — AzZlna
a =e ,
e a, Z —I0BUIbHI KOMIUIEKCHI yuciaa, a# 0.
6. Y3aranpHeHa cTeneHeBa (QyHKIIA:
a — Lnz
' =¢"",
e ', Z — IOBUIbHI KOMIUIEKCHI YHCIIA.

7. ObepHEH1 TPUTOHOMETPUYHI PYHKIIIT

Arcsinz=—i Ln(iz+m) ,
Arccosz=-i Lr(z+ \/227—])

I, 1+iz
Arctgz=-—Ln——,
2 1-iz
[ Z+Ii
Arcctgz=-—Ln——.
2 z-i
[onoBHI 3HaueHHS OOCPHEHHX TPUTOHOMETPUYHHUX (QYHKIIHA arcsinz,
arccog, arctgz, arcctgz orpumaemo, SKIIO B3SITH TOJIOBHI 3HAYCHHS BIAMOBI-

JTHUX Jorapu@migaux GyHKITIH.

ANTOPUTM BUIIJIEHHS OIWCHOT 1 YABHOI 4acTUHH (QYHKIIT KOM-
IJIEKCHOT 3MIHHOT

1. 3amicTh Z miactaBiasieMo anredpaiuyHy (GopMy 3ammucy KOMIUIEKCHOTO YH-
cima X+1y.

2. 3a I10mOMOTOI0 eIEMEHTapHUX anreOpaidyHuX i HaJ KOMIUIEKCHUMU YH-
cnamu (OakaHo B anreOpaiuHiii (opmi) Ta TaONMIN eleMEHTApHHX (DYHKIIIH,
3BOAMMO (DYHKIIIIO O CKIHYEHHOI KUIBKOCTI JIOJaHKIB, KOKEH 3 SIKMX IPOIOp-
IHHUN a00 MiMCHUN a00 YSIBHUN OUHUIII.

3. I'pynmyeMo okpeMo A0/1aHKH, K1 MPOMOPIIIHI JIMCHIN 1 ySBHIN OJMHUIT
«i », «l » BHHOCHUMO 32 JTy>KKH.

Ilpuxnao 9. Budinumu dilicry ma yasuy yacmumny Gynkyii W= Z-.
Po3zé'azanns.

w=z="""" Iy‘z(x+ iy)’ = X +2 xyi+ Py =

=X +2xyi- Y =( X~ ¥)+2xyi
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u(x, y) = X — ¥ —oiticna wacmuna;
V( X, y) = 2 Xy — ysi8Ha YacmuHa.

IIpuxnao 10. Budinumu Oiticny i yaeny wacmuny Qyuxyii W= Z€° ma 06-
yucaumu 3HavenHs yiei oynkyii y mouyi z, = 1.

Po3zs'azanns.
_ |lz=Xx+i . .
=ze’ = = iV @ = iy €V =
W= ze 2=x—ij (x+ iy (% iy

=(x+iy)e™(cosy+ isiny) = x€& cosy+ ix& siny iyé cosy
+i’ye™siny=( xe" cosy- y& sin y+( ixé sin y iyé cos)y
=(xe*cosy- y&* siny+ ( x& sin y yé& cosly ;

u(x y)= xe€*cos y- y& sin ;

V(X y) = X€*sin y+ Y& cos .

3uatioemo 3navennsn gynkyii W 6 mouyi z, = |

w(z)=(xe*cos y- y& sin y+ (i xé sin ¥ yé cos) =

?J =(0# cos - T# sin I+

y:
+i(0 [@°sin 1+ 1& cos)1=— sinti cosl.

W(i)=‘20:i:>

3aeoannsn onsa po3ze' a3anus
11.3naiitu gificay Uu(X, y) ta ysaBay V(X, y) gactuau ®K3 a(z)

a) w=2z-1; _iz+1

6) w=Z +Rez A itz

B) W=7 — iz &) W= €

D w:m' K) W=Ssin3z;
7—i n) w=ch( z- ).

12.Po3B's13atu piBHsiHHS € © +1= 0.
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4 TPAHULIA I HEIEPEPBHICTH ®YHKIII KOMILIEKCHO1
SMIHHOI. JTU®EPEHINIMOBHICTDb TA AHAJITUYHICTD

Hexait pynkiis w= f (Z) BHU3HA4YEHA 1 OJJHO3HAYHA B JIEIKOMY OKOJI1 TOUKH
Z, = %, + 1y,, KpiM, MOXKJIMBO, CAMOi TOUKH Z,.

["oBopsITh, 110 GyHKIIIA f(Z) = u( X ))+ i\( X )) B TOYIll Z, Ma€ IPaHULI0
(rpanmnust — limit) (mo3u. lim f (Z)), SKIIIO ICHYIOTh T'PaHUIII Iirrxlu(x, y) =4,

-2 X
Y- Yo
lig\b V( X, y) = \}, IpHU IbOMY
Y- Y%
Lirrz!) f(z)=u+ iv,. (36)
[IpaBuna oOUMCICHHS TPAHUITD
1. Llfrgo[f (2)% g z)]:ll[n6 fl ji“zr.n@ d 3
2. im[ 1 (2) 0o ] =im {( Jam d ¥
lim f(z

3. fim -2 s ( ,(Iim g(z);to).

7~ % g(z) |Z|[TJO g( z) z 3

OyHKII KOMIUIEKCHOI 3MIHHOI W= f(z) Ha3MBAETHCS HEMEPEepPBHOIO (He-

nepepBHa QYHKLiA — centinueus functien) B TOULI Z,, SIKIIO BOHA BU3HAYEHA B
IESKOMY OKOJI TOUKHU Z, (BKJIFOYAIOUU CaMy TOUKY Z,) 1 BAKOHY€EThCS PIBHICTb
lim f(z)=f :
lim f(z)=1(z)

OueBuaHO, 1O I HemepepBHOCTI QyHKIT f (Z) = u( X )0+ i\,( X 9 y TO-
4l Z, = X, + 1y, HE0OX1JHO 1 JOCTaTHBO, a0 (PyHKIII u(x, y) 1 V(X, y) Oy
HENepEepBHUMH B TOYIII (Xo, yo) :

CymMma, pizHHIS, JOOYTOK, YacTKa HeNepepBHUX (DYHKIIIS TaKOX € Herepe-
pBHOIO GyHKIIi€0 (KpiM BHITaIKY, KOJU 3HAMEHHHUK IIepeTBOProeThes Ha 0).

OyHKIIIST HA3UBAETHCSA HEMEPEPBHOIO B 00JIACTI, AKIIO BOHA HEMEpPEepBHA B
KOXHI TOUIII 11i€1 00J1acTi.

Hexait dynkmis f (Z) BU3HAUYCHA 1 OJHO3HAYHA B JIEIKOMY OKOJII TOYKH Z
["oBoOpsTH, 1m0 QyHKIIS nudepeHIiiioBaHa B TOYIll Z, SIKIIO 1ICHY€E TPaHUI

. f(z+A2- f
im 1282~ (2
Az-0 AZ

Il TPAHMIIS HA3UBAETHCS MOX1THOIO (MoXimHa — devivative) QyHKINT KoMILIEKC-
HOT 3MIHHOI.

37)
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Teopema 1. Hexait ¢dyHkiis f(Z)= u( X )0+ i\,( X 9 BU3HAYEHA B Jie-
SKOMY OKOJI1 TOYKH Z, IO TOTO X y LIN TOYIl (PyHKIIT u( X, y) 1 V(X, y) aude-
peHIiiioBHi, Toai 11 nudepeniioBHocti GyHKIi f (Z) y TOUIlll Z HEOOX1THO 1
JOCTaTHBO, 100 y M1l TOYIll BUKOHYBAJIUCh YMOBHU

@:a_v,a_u:—a_v_ (38)
ox ady oy  0X

VY nmitepatypi ymoBu (38) HasuBaroTh ymoBamu J[lamamOepa-Eiinepa a6o
ymoBamu Komri-Pimana. ¥V 11,0My HaBYaJabHOMY NMOCIOHUKY Hajalli OyaemMo BU-
KOpHCTOBYBaTH Ha3By ymoBH Komri-Pimana.

JHoBenenns. JloBenemo crnouatky HeoOxiaHicTh. Hexait icHye

; (Z)‘iz f(z+AAz;— f(j. (39)
Buainuio nilicHy 1 ysIBHY YaCTHHH YMCENIbHMKA 1 3HaMeHHHKa (39)
f(z+02 = (=] (3= € 0)+VOCY|= U X+ A% YA Y+
HV(X+AX y+AY - U X Y- N X Y= (40)
SUX+HAX Yy+AY - U x Y+ (U A X A Y- VX,
Az =Ax+ IAy. (41)

['panui (39) Mae icHyBaTH 3a OYIb-SIKOTO CIIOCOOY IpsiMyBaHHS AZ 10 HY-
751 1 TOPIBHIOBATH OJJHOMY 1 TOMY CAMOMY KOMIUIEKCHOMY YHCITY f'(z) . 3o0kpe-

Ma 1€ Ma€ CTIPaBIKyBaTUCh, Ko Ay = 0= Az=AX
UXHAX Y- U x Y+ (A X Y- UXN_
f'(x)=Ilim =
Bx-0 AX
= fjm YXHAXYZURXY g OFA XY UXN_0 40
Ax-0 AX Ax-0 AX oxX 0Xx
3HaliieMo Ty camy TpaHHMIo, npunyckarwouu, mo Az =0+ Ayi=Ayi. [icra-

(42)

HEMO

(9= lim UX Yy+AY - U X Y+ (X WA Y- VXN _
v ol (43)
—im YR YA - U Y L XA Y- Xy 0 V.0
B0 Dy B0 Ay ay oy
BpaxoByroun He3aaeKHICTh PaHMIN BiJ] IIUIIXY NpsSMyBaHHs 3 BupasiB (42)
i (43),0TpriMaeMo pPiBHICTh

au av Q/ @ (44
ax ax oy ay

BanOBYIO‘-II/I O3HA4YCHH:A plBHOCTl ABOX KOMINJICKCHUX YHCCJI, OTPUMAEMO

@:a_v,%:—@_ (45)
ox dy ox oy

JloBeneMo aocTaTHICTh. 3a o3HaueHHsIM audepeHiiana QyHKIiii ABoX Jiic-
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HUX 3MIHHUX BUKOHYIOTHCS PIBHOCTI

u(x+Ax y+Ay - | X y_— dxr% dy a,|A |7

ay

3 (46)
V(X+AX y+AY) - X y=— dxra—; dy a,|A |z

ne ‘AZ‘ :\/ (AX? +(AY)?, a, i a, npamytots 1o myns npu Az - 0. Toxi npu-
pict ¢pynkmii f (Z) BU3HAYAETHCS

f(z+22) - f(z)—— dxrg—; dy- a,|A [z+ Eax dx% dy a, |A \}z

ou .ov

= dx(a— + i—j + idy[— - ia_yj +(a, +ia,)|0Z.

X  0X

Skmio BpaxyBaTu ymoBu Kormi-Pimana (38), To orpumMaemo

ou oV ) ou v '
f(z+a2- (2= d}E—+ ]+ |d£—+ 1—]+(al+ @,)A =
0 ov oo o 47)
(a—i+|a—x)(dx+ idy) +(a, + ia,) |04 = M z+n|A 7,

ou .o0v ) . .
ne A= 6_ + Ia— — (pynkuis, sKa He 3anexuts Bin Az; ) =a, +iq, —npaMye 10
X X

Hyns npu Az - 0.
[MoximuBim criBBigHOMEeHHS (47)Ha AZ, 6a4MMO, 110 TPAHMIIS
im f(z+A2) - f( 2 _iim AAZ+1|AZ A
Az-0 Az £z-0 Az
icaye. Teopemy JOBEICHO.
Hacninku 3 Teopemu:
1. 3 ypaxyBauusm ymoB Komi-Pimana noxinny f'(Z) MO>XHa BU3HAYUTH 32

(48)

OJIHI€I0 3 (hopmy

=5 o @
F(@)=g-is (50)
F(@)=g g (51)
f'(z)=%—ig—;. (52)

2. Slxmo st pynkmii f (Z) B Aeskii Touni z, ymoBu Komi-Pimana (38) He

BUKOHYIOTHCS, TO MMOX1IHA f'(Z) y Li{ TOYIIl HE ICHYE.
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Ilpuxnao 11. 3anucamu eéupas ons noxionoi @yuxyii W= 2 ma obuuc-
JUmMU 3Ha4eHHs NoxXionoi'y mouyi z, =2 — 3.

Po3zé'sazanns.

Hacamnepeo neobxiono susnauumu OiicHy ma Ya8HY 4acmuHu QyHKYIQ

= X+ i 3
w=2Z = 2= X Iy‘:(x+ Iy) =X+3X yi+3X}%f+ )ﬁf:
=1, I.:m_ =X +3xyi-3xy — Yi=( X - 3xy)+ (3X y- V)
P=itl=H
Tooi
u(x y)= X -3xy;
v(x y)=3xXy-y.
llepesipumo euxonauns ymos Kowi-Pimana
ou ) )
—=3x"-3Yy’;
0X ou _ov e
= — =— —nepwa ymosa Kowi-Pimana eukonyemucsi.
oV _ . L. O0X 0y
—=3x" -3y,
oy
U - —6Xxy;,
ay ou _ .
= — =—— —Jdpyea ymosa Kowi-Pimana suxonyemucsl.
ov _ y ady  OX
X ’

Ob6uo0si ymosu Kowi-Pivmana euxonyromuscs Ha yCili KOMAIEKCHIU NIOWUHI, a
ye 03Hayace, wo noxiona y 6yob-saKiti moyyi UIHAUAEMbCI BUPA3OM
f'(z) =3X =3y + 6xy.
Obuucnumo 3nauenns noxionoi' y mouyi z, =2 — 3i

X=2

y=—3‘=3m_ -3 + az(- J=- 15 3

f'(2-3)=

[IpaBuna nudepenniroBanHs GQYHKIIA KOMIJIEKCHOT 3MIHHOT

(f(9£9(2) = (3t « (53)
(f(99(2) = f(3d 2+ tr'¢)z (54)
(f(z)] _P(2da- (34 (55)
9(2) («2)
(f(9(2)) = f(9 d( 2 (56)
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OyHKIIs f(Z) HA3UBAETHCS AHAMITHYHOW (aHAJMITHYHA (PYHKIiA — ana-

ytic functicn) B oOnacti D, sxmo Bona audepeHmiiioBHa B KOXKHIN TOUI i€l
obmacri (B KOXHii ToYIi o0nacTi BUKOHYIOThCs: ymMoBH Komri-Pimana). Harouo-
CUMO, IO JaHe O3HAYEHHS aHAMITUYHOI PpyHKLIT nepeadavae ii 0AHO3HAYHICTH B

obmacti D, OCKUTbKY MOHATTS TPAHUIIl U MTOX1THOI BU3HAYEH] PAHIIIIE JIUIIE JTS
OJIHO3HAYHUX (YHKITIH.

Ilpuxnao 12. Iokazamu, wo Qyukyia W= Z ananimuyna na yciti Kom-
NAEeKCHIU NJIOUWUHI.

Po3zé'azanns.

Ilo-nepwe, ¢ynxyia W= Z oonosnauna. Ilepesipumo uxonanis ymos Ko-
wi-Pimana. Kopucmyrouucsy po3s'sazanuim npukiady 9:

u(xy)=x- ¥,
v(X y)=2xy.

X,
0X ou _odv
Gv > —=— - nepua ymoea 6UKOHY€musCs,

N _ox ox ay

ou \Y;
= — =—— —0pyea yMo8a BUKOHYEMbCAL.

ov dy  0x

_ = 2y’

Omorice, ymosu Kowi-Pimana 6ukoHyomvcs 8 YCiX MOYKAX KOMNIAEKCHOL

naowunu. Taxum yunom, pynkyis W= Z° € aHaiMu4HoI0 HA 6Cili KOMNAEKCHIll
NJIOWUHI.

Ilpuxnao 13. lloxazamu, wo npu 2#0 @yuxyis W= ZRe 2 ne mae no-
XiOHUX.

Po3zé'sazanns.

Buoinumo oiticny ma ysaeny wacmunu

= X+ |
W=zRez=Z X w‘:()& iy x= X+ iX)
Tooi
u(x, y)= X,
V(X Y)= XYy

llepesipumo euxkonanns ymoe Kowi-Pimana:
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— =2X,;

0 X ou_dv _
= — =— Jquwe npu X=0;

ov_, ox dy

oy

ou_,

a 1

y :ﬂ=—a—vﬂumenpu y=0.

av_, Tay ox

ox

Omoice, ymosu Kowi-Pimana suxonyromocs auue y mouyi Z=0.

3ayBaxkeHHsa. Oynkuis W= zZRe 2y Tourni y Toumi Z=0 audepeniiiiion-
Ha, aJIe HE aHAJITUYHA, TOMY 10 BOHA HE Tu(EpEeHITIiOBHA B OKOJII ITI€T TOUKH.

BigHoBneHHS aHANITUYHOT QYHKI[IT
BuxopuctoBytoun ymoBu Komri-PiMana aHamiTH4Hy (QyHKIIIO MOXHa Bij-
HOBHTH 3a B1IOMOIO 1i 1IHCHOIO 200 YSBHOIO YaCTUHAMHU.

Ilpuxnao 14. Bionosumu ananimuuny ¢yuxyiro w= f(z), skuwo siooma
it otticna wacmuna U(X Y) =28 c0oS Yy i dooamkosa ymosa f(0)=2.
Po3zé'sazanns.

ou _ ov
Buxopucmaemo nepury ymosy Kowi-Pimana: — =—

ox ay

ou =2€e" cosy= v = 22 cos).
0X 0

v=[2¢ cosydy+ ¢ (XY= 2&[ cosydyg (¥ Zesinyg (,
oe P(X) —oosinvra pynkyis 6io X.

ou_ ov
Buxopucmaemo opyzy ymosy a—y = —&.
a—u =-2e*siny;
y = -2¢"siny=-2¢ siny-¢'( )
ov . ,
—=2€e"siny-¢' (x),
0X
¢'(x)=0;

¢(X) :IOdX+ c=C
Y pesynemami ompumanu MmHOMCUHY O0OHONAPAMEMPUUHUX AHATIMUYHUX

@DyHKYil, AKI Maoms 3a0aHy OiliCHY YaCmuHy:

f(z) =2€ cosy+ i(28 siny+ C. (57)
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s eusnauenus wykanoi yukyii He0OXIOHO CKOpUCMAMUCL 000AMKOBOH
ymosoro T(0)=2. 3ziono 3 (57)

f(0)=‘X
2+Ci=2=C=0.

Omoice, wyKana auarimuyna QyuKyis

f(z) =2€ cosy+ 128 siny.

o ., o |
=2¢’ cosOr i( 2° sin@ C)= 2 Ci;

Kpim Toro, ananituuHy B OKoJi Z, ¢yHKIit0 f (Z) BITHOBUTH, BUKOPUCTO-
BYIOUH (POPMYJIH:

_of 2t % T 8|_F=.
f(z2)=2u — =G 58
(2) ( > 5 j G (58)
_on2t% T 3|,
f(2) =2iv — |+ G, 59
(2) [ > 5 j G (59)
ne f (ZO) = G, —10JaTKoBa yMOBa.
Ilpuknao 15. Bionosumu AHANTMUYHy @yHKyiro, AKWO
u(x y)=1- €siny, f(0)= 1+ i
Po3zé'sazanns. B
z,=0; z,=0,
C0=1+i, C_O:]_—i_
z+ %’ Z~ % :ULZ;O’Z;O):u(_Z’_Z):]_— € sin =
2 2 2 2 2 P ezl
272
> .z _|sinz= e eg—e‘é : -1
=l-e*sin—= i =1 €=1-—->
| 2 2
f(z):ztl_ez-_lj_l*' PO R Sl Al SE LT
| | | =

Omoice, wykana ¢ynxyis f (Z) =1+ €.

Bigomo, mo s QyHKIIA AIMCHUX 3MIHHUX 13 (DaKTy ICHYBaHHS IEpIIOi
MIOX1/THOT 1€ HE BUIUIMBAE ICHYBAHHS MOXITHUX BUMUX NOPSAAKiB. [list dhyHKITiH
KOMIUIEKCHOI 3MIHHOI CIpaBe/JIMBa TaKa TeopeMa.

Teopema 2. SIkmo onHo3HayHa ¢yHkisa f (Z) Mae CKpi3b B obsacti D
nepIry MoxiJgHy, TO BOHA B 111l 001aCTi Ma€e MOX1AH1 OYIb-SIKOTO MOPSIKY.
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['eomeTpuYHUN 3MICT MOAOYJS Ta apTyMEHTY MOX1AHOT

Skmo dynkmis f (Z) aHANITHYHA y TOYI Z, i f'(z) z 0, Toni ‘f'(z)‘ nopi-
BHIOE KOE(ILIEHTY PO3TATY [y TOULl Z, IPH BIAOOpa)KEHH1 W = f(Z) TJIOIIIH-
HU Z Ha wiomwHy W. I[lpu ‘f'(z)‘>1 Ma€ MiClle PO3TSr, a MpH ‘f'(z)‘<l —
CTHCK.

AprymMeHT MOXiJaHO1 f'(Z) TrE€OMETPUYHO JIOPIBHIOE KYTy @, Ha KWl MOT-
pi0HO MOBEPHYTH AOTUYHY Yy TOYLI Z, IO JOBUILHOI KPUBOI HA IUIOIIUHI Z, 10
IPOXOJUTh Yepe3 TOYKY Z,, 1100 OTpUMATH HANpPSMOK JOTHYHOI Yy TOYLi
w, = f ( ZO) 70 00pas3y 1€l KpUBOI Ha IUIOMIMHI W MpH BigoOpakeHHi W= f (Z)
Axmo arg f'(Z) > (0, To TOBOPOT BiAOYBA€THCS MPOTH TOJUHHUKOBOI CTPLJIKH, a

npu argf’ ( Z) < 0 —3a roAMHHUKOBOIO.

Ilpuknao 16. 3natimu xoegiyicnm pozmsey ma Kym nogopomy npu 6i0o-
opasicenni W= Z' y mouyi Z, =J2+iV2.

Po3zé'azanns.

V npuxnaoi 12 oitiwnu eucrosxy, wo @gynkyia W= Z° ananimuuna na ycitl

KOMNAEKCHIU naowuri. Ilpu ybomy noxiona y 0yov-saxiti mouyi 6USHAYAEMbCSL
8UPA30M

f'(z) =2x+i2y.
Busnauumo 3nauenns noxionoi'y mouyi z, = V2+i2.
f(V2+iV2)=x+izy = 2/ 2+i 2/ -
x=A2, y=v/2
Tooi koegiyicnm pozmsey

r=f'(2)|=y(2V2) + (/2] = 4

22
=argf'(z) = arctg—==—
g=argf () Y202 4

3aeoannsn onsa po3ze' a3anus

a Kym nogopomy

13.IlepeBiputu BukoHaHHs ymMoB Koii-PimaHa 1, SIKIII0 11€ MOKJIMBO, BUpa3
JUTSL 3HAXOHKEHHS ITOX1HOT

a) w=Z + z-1; r) w=sin(3z+ 1) - i;
6) w= z€; m w=|ZIim z.
B) W= zRez;
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14. BusnaunTu 3HAa4YEHHS MOXIMHOI GyHKIT W= ( z—-2 i)2 +1 y Toumi
z,=-1+2i.

15. BigHoBuTH aHaMiTHYHY B OKOMI TO4YkH Z, ¢pyHKHito f(z) 3a Bimomoro

nificHO0 yacTuHO U= X — y* + 2 X Ta 3HaueHnsMm f (i) =2 - 1.

16. BigHoBuTH aHaMiTHYHY B OKONI TO4YkH Z, ¢pyHKHito f(z) 3a Bimomoro
YSIBHOKO YaCTUHOKO V = —2SiN2X sh 3/+ y ta 3nauennsm f (0) = 2.

17. 3naiiti KoedIieHT PO3TATY I Ta KyT MOBOPOTY ¢ TIPHU 3aJaHUX BIJIO-
OpakeHHsSIX W = f(z) y 3aJIaHUX TOYKaX:
T

a) W= € y To4uKax Zl=|n2+i%[i ZZz_l_iE;

0) w=sinzs toukax z =01 z, =1+1.

18. BusicautH, sika 4yacTHHA KOMIUICKCHOI TUIOIIMHHU PO3TATYETHCS, a SKa

. : 1
CTUCKAETHCS NP BIAOOpAKEHHI W=—.
Y4

5 IHTEI'PAJI BIJ ®YHKIII KOMIIJIEKCHOI 3MIHHOI.
THTET'PAJILHI TEOPEMMU KOIIII

Hexaii ¢pynkuiss w= f(z) Bu3HaueHa Ta HemepepBHa B neskiid obmacti D,
C —KyCKOBO-TJIaJKa KpUBa 3 TOYaTKoM y TouIli A 1 kiHmewm y touri B, mo mo-
BHIiCTIO JIexkHTh B 00acti D (puc. 8). Po3i6'emo kpuBy C Ha JOBUIBHY KiJib-
KICThb YaCTUH 3a JONOMOIOK TOYOK Z, = Z,, Z, 3,..., #= £, 110 PO3TallOBaHi

HOCIIJOBHO y 1oJaTHOMY HampsaMKy kpuBoi C. Hexail é, — neska Touka Ha 1y-
31 Z,_,Z . CknagemMo cyMy qo0OyTKiB
n
|, =f(&)0z, + £(&,)0z,+...+ £(&,)Az,=> f(&)A7, (60)
k=1
ne Az, = 7 — 7_, —OpupicT 3MIHHOI Z.
I'pannns cymu (60)mpu Az, — O (Koam KiTBKICTH pO30OUTTIB HEOOMEXe-
HO 3pOCTa€, TOOTO N — ) Ha3WBaeThes iHTErpasioM (iHTerpan — integral) Bif

¢GyHkii kKomruiekcHoi 3MiHHOT f (Z) no kpuBiit C 1 mo3Hava€eThCsS I f (Z) dz.
C
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Pucynok 8

OTxe, 3riAHO 3 O3HAYEHHIM

[(2)dz= lim > f(&)Az. (61)
c Zemax = 045
BBenemo no3naueHHs
Sk = X Ty,
F(&)=u(%o %)+ V(% %)
Az =Ax + QY.
[Mpu 1UX TO3HAYEHHSIX

kZ:f(fk)Azk =kZ:[U( X )+ Mg W) J[A x+ Ay =

:g[U(Mk)M—\( X YA Y]+ kE[ § % YA y+ ity Yo ¥

[Tpu 3pobiieHux oOmexxeHHsX Ha QyHKIi0 f (Z) Ta Ha KpuBy C 00maBi
CyMH, IO CTOSATH y TMPaBiil 4aCTUHI MPSAMYIOTh JO TPaHUIlb, IO JOPIBHIOIOTH
KPUBOJIIHIHHUM 1HTErpajiaM IPyroro poay BiJ GyHKIN M1HCHOT 3MIHHOT u( X, y)
i v(x, y) no xpusiit C:

If(z)dz:IL(x))dx (/x)/dyfi(v,x)ydx(u,><)y.w (62)
C c C
dopmyny (62) merko 3amam’ ATaTH, SKIIO 3aMUCATH 11 y BUTJISAII

[£(2)dz=[(u+ W)( d¢ idy. (63)

C
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BnactuBocTi iHTerpasiB Biag PyHKIIIT KOMIJIEKCHOT 3MIHHOT
3Bakaroun Ha Gopmyay (62) Bci BIacTUBOCTI iHTErpaiiB Bijx QYHKIIIT KOM-

IJIEKCHOT 3MIHHOI BU3HAYalOThCSl BJIACTUBOCTSMM KPUBOJIHIMHUX IHTETpaliB
JPYroro pomy.

1.BnactuBicTh JIIHIAHOCTI

[(Af(2t Af(2)dz 4 L rdz 4 £)z. (64)
2.BmacTtuBicTh aAUTUBHOCTI
[f@dz=[ f(3dz | txc (65)
c G G

ne C,, C, —1B1 KpuBI, 3 SIKUX CKJIanaeTbcs kpusa C.

3.I1pu 3MiHI HanpsAIMy 1HTETPYBAHHS 3HAK 1HTETpaJia 3MIHIOETHCS HA MPOTHU-

JIC)KHUU
j f(2)dz=- j f( 3 d. (66)
CAB CBA
4. SIkmio Ha kpuBiii C BUKOHYETHCSI HEPIBHICTD ‘ f (Z)‘ <M (M > O) , TO
jf(z)d%s M, (67)
C

ne | — noexuna xpusoi C.

[IpaBuna oOuucClIEeHHS

iHTerpajiB Bia QYyHKIIT
3MIHHO1

KOMIIJIEKCHOT

1.BuainuTu aiicHy Ta ysIBHY YaCTUHM IIIIHTETPabHOI (QYHKIIT Ta CKOpPHC-
TaTUCh POPMYJIIO0

If(z) dz:_[ udx- vdy _[l vdx ud (68)

2. Sxio KpHBa C 3a/1aHa napaMeTpUYHUM PIBHSIHHSIM

z=ZA9= X9+ )i a, B —3Hauenns mapamerpa, IO BiJNOBiAAE MO-
YaTKy 1 KiHIo kpuBoi C, BIAMIOBIIHO

_ ;
r@a=li X0 d‘: [ 1)) 2y d (69)

C a

3.5kmo C — koso a0 yacTUHA KOJIa 3 LEHTPOM Y TOULll Z, 1 paalycoM QO

TO MOTPi6HO pobuT 3aminy z— 2 =p &, 1e p=const, a ¢ — 3minHa
IHTEerpyBaHHSI

z-z=p¢

jf(z)dz_ d= p & ¢|= pj (z+p'8)'t ¢, (70)
Z_ZO_'_pé) &

ne @, 1 ¢, Bu3Ha4a0ThCA 3 puc. 9 (IKmo C — ko070 1 00XiJ BUKOHYEThCA
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IPOTH PyXy TOAMHHUKOBOI cTpinku, To @, =0, ¢, = 277).
4. Slxkmo C — BipI30K, KU BUXOAWUTB 3 TOUKU Z, mig KyroM @ (puc. 10), o

noTpibHO pobuTH 3aminy Z— Z, = 0 €&, ne ¢ =CcoNst, a O —3MiHHa iHTET-

pyBaHHSA
Z—%:péiﬁ Pe

[f(2)dz=|dz= & o |= & €zxp'® a (71)
c Z:ZO+,0é¢ 0

ne P. —OOBXKUHA BIJIpPIi3Ka.

Ilpuknao 17.Obuucnumu inmeepan jRezdz, oe C —giodpi3ok, sikuti cno-
C

ayuae mouky 03 moukorwo 1+i (puc. 11).
Po3zé'sazanns.
Hepwuiu cnocio
Buoinumo oiticny ma ysaeny wacmunu nioinmezpanvuoi ¢yuxyii

u(x y)=x
v(x y)=0.
Cropucmaemocw gpopmynoro (68)

[Rezdz=[ xdx+ | xdy

Rez= Re x+ iy) = x=

3Hatidemo pieuanHa npsamoi, Ha AKil 1edcums giopizok C 6 dexapmogiil cu-
cmemi KoopouHam

X=X _ Y~ ¥
LXTX YT Y
Ji J
L
- A;é - o
| e —
X X
Pucynok 9 Pucynok 10
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JA
Z=T
74
|
|
[ |
|
|
|
| -
Z=U 7 X
Pucynok 11

oe (Xl, yl), (Xz, y2) — KOOpOUHamu mo4ok, yepes sKi npoxooums npsama. B na-

womy eunaoky X =0, Yy, =0, X, =1i Yy, =1. Tooi pisnanuna npsamoi
x-0_vy-0
1-0 1-0
Y pe3ynemami ompumaemo

=>y=X

~ y:X )(1: _1 1_ X_zl )(21_l 1_
([Rezdz—([ Xox- £ Xdde:dxxzzj_l Xl {I xd;<2 0+ —|2-0_2+ >

Ipyeuii cnocio
Ckrademo napamempuyte pieHAHHS NPAMOI, HA AKill edxicums 8iopizox C:

X=t;
y= X=t= y:t
O<t<l1.

Tobmo na KOMNIEKCHIL NIOWUHE PIBHAHHA NPAMOI MONCHA 3aNUCAMU TNAK
z(t)=t+it,(0st<1).
Tooi, suxopucmosyrouu popmyny (69),ompumaemo

=t+it = 1
2Rt T TRt i)( 1 ) dt=

L

= (1+i) e =(1+)

0

1
: 1 1
=(1+|)|3l=—+—| :
o 2 2 2
Tpemiti cnocio
Bpaxosyrouu, wo C — 6iOpizoKk npsmoi, MONCHA CKOPUCMAMUCL 3AMIHOTO,
wo 3anpononosana y gpopmyni (71)
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= pe' = m 2 u
jRezdz=Z 'On_ Pe \/§=éjR{pé) b=
dz=¢€ do °
Ei 77'
Re(,oe4j= R{p( cos—+| SH—)
4 4 T2
= =e* [tos— [ pdp =
e(pcosﬂ.p r.{zj p oo 4
4 4 4
= cosl—T+isinEj cosl—T'O i 2 1 1 ' 1+—|
4 1) % 2|, T2 R\ fz 2 2

IIpuknao 18. Obuuciumu J-(Z2 + Z_% d; C: ‘Z‘=l, O<argzsrr.
C

Po3zé'sazanns.
Bpaxoeyrouu, wo C —uacmuna Kona, CKOpUCMAEMOCb 3aMiHOI0, KA 3anpo-
nonosana y ¢hopmyni (70)

z-z7=p¢

{p:l =z=é
2 + 27 dz|l% =0 =
i( % dz=i¢’ dp

:(é¢):(cos¢+ isiny)): co$—¢)+ i si(1—¢)= g'?

m m d(3gi)=3ad
e veer i e o o] 0 o020
177'3i ) 7T‘. 17T ) 7T‘ ] 3¢i77 i]T
=§£e¢3|d¢+£é¢|d¢=§£é¢‘ o(3¢)+j0@> q¢):e_30+ éoz
=im—}+ei”—1= cog 37) +1 si 3T)+coszr+ i sinr—2=-8
3 3 3 3 3

Teopema 3 (iHTerpansHa Teopema Kori st oqHO3B'13HO01 001acTi). SIKIIo
¢bynkmis f(z) anamitrnuna B oaHO3B's13HIA D 1 kpuBa C MOBHICTIO HAJICKHUTh

obnacti D, To inTerpan I f (z) dz ne 3anexuts Bin popmu kpusoi C, a 3aine-
JKUATH JIAILE Bl i1 KIHIIEBUX TOYOK.

JloBeneHHs.
JI71s1 MpOCTOTH TOBEJICHHS MPUITYCTUMO J0JaTKOBO, 110 ToXigHa f'(z) Heme-
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pepBHA (B 0O3HAYCHHI aHAITUYHOCTI 00OB'SI3KOBHUM € JIHIIE iICHYBaHHS f'(2) ).
Hexaii f(2) = u( X y) + iM % Y. 3 orsaay Ha CriBBIHOLICHHS

f(z2)dz=| udx vdy |i udy vc (72)
[0 de=ue vty §

MUTaHHS PO HE3aJEKHICTh 1HTErpasa J f (2) dz Big muIAXy iHTErpyBaHHS 3BO-
C

JTUTHCS 10 TUTAHHS TIPO HE3AJICKHICTh B1JI MIJIAXY IHTETPYBaHHS KPUBOJIIHIMHUX

IHTErpaJiB, 110 CTOATH y MpaBiii yacTuHi Bupasy (72)

j udx— vdy (73)
C
j vdx+ udy (74)
C

3a Teopemoro I'piHa A HE3aJIeXKHOCTI B HUISXY IHTETPyBaHHS KPUBOJI-

HIMHOTO 1HTErpasa JX ( X, y) dx+ Y( X y d HEeoOXiIHO 1 TOCTaTHBO, 00 y KO-
C

» : . . aY _0dX
ZKHIM TOYIIl obnacti D BUKOHYBAJIOCh CIIBBIAHOIICHHA —=-— I[JI}I

ox o0y
iaTerpams (73)1 (74) e CiBBiTHOMIECHHS Ma€ BUTJIST

ou_ 0v du_ov
— =, —=—, (75)
dy 0x 0x 0y
PiBusiaust (75) 30irarotees 3 ymoBamu Koriri-Pimana (38) ii 3a10BOJIbHSAIOTH-
cs, ockutbku f(z) —aHamiTuuHa QyHkiis. Teopemy 10BeICHO.

Hacninku 3 Teopemu 3
1. Sxmo ¢pyukuis f'(Z) amamitnyna B 0gHO3B’ s3Hii o6macTi D, ska MicTUTB
TOYKH Z | Z,, To Mae micue popmyna HetoTona-JleiiOnina
z Z,
[f(@dz=R2)-R2= kY , (76)
7 4
ne F(z) —Oynp-sxa nepsicHa mus pyskiii f(z), rooro F'(z2) = f(2 B obmacri
D.
2. Slkmo ¢yskuii f(z) 1 ¢(z) aHamiTHUHI B OHO3B’ s13H1M 00nacti D, a z Ta
Z, — IOBUIbHI TOYKH Ii€1 00JIaCTi, TO Ma€ Micle (popMyna iHTErpyBaHHS YacTH-
HaMU:

Z, z gz
[f@#@dz=] (3(H -[o(R'TC)z0 (77)
z 4 7

3. 3amiHa 3MIHHHMX B 1HTerpaii Bia (QpyHKIIi KOMIIJIEKCHOI 3MIHHOI BUKOHY-
€THCSI aHAJIOTIYHO BUMAAKy (GyHKuii AificHOT 3MiHHOI. Hexaii ananitnyna (yHK-
it z=¢(w) BimoOpaxae B3aemoonHo3Hayno C; B w-—tuommHi Ha C B Z-

37



rwroruHi. Toml
[f(@dz=] fg(w)]¢'(«) dw (78)
c G
3ayBakeHHs. SKu10 QyHKIS KOMIUIEKCHOT 3MIHHOT HE MICTUTh crienudi-
YHHUX IS KOMIUICKCHUX uncena (QyHKIid (3HAXOMKEHHS MOIYJSA, apryMeHTY,
JIHCHOT 1 ySIBHOT YaCTHH, CIPSKEHOIO YMCIIa), TO BOHA 3/1€OLIBIIOr0 € aHaIITH-
YHOIO Ha MHOKMHI BU3HA4YeHHS. /[ 3HaAXOJKEHHs MEPBICHOI 1 MOXIIHOI TaKoi
GbyHKIIT MOXKHA 3aCTOCOBYBATH YyCl MpaBwiia W TaOJUIN MEPBICHUX 1 MOXITHUX

Tt QYHKINT TIHCHOTO apTyMEHTY.

Ilpuxnao 19. 3natimu noxiony ¢pynxyii w=sin3Z—1.
Po3zé'sazanns.

o=(sin¥-i)=

Pyukyisn (Sin32 - i) € aHaNiMuYHOIO

(momy wo ne micmume cneyughiunux gynryii) -
(sinu)' = cou[lf|

!

(c) =0

=(“iV)IZUiV=(sinaz)—(i)=

(Cu) =cu
(u)=auu

=cos¥[{ %) + O = 3cos2

Ilpuxnao 20. Obuuciumu jzzdz, oe C — giopizox 72z, z,=-1-1,
C

z,=1+1.
Po3zé'sazanns.
Bpaxosyiouu, wo Z° € ananimuuHoio (QYHKYIEIo Ha 6Cill KOMNAEKCHIll Nio-
WUHI.
a+l
1+i a —_ 3
[Zdz= | Z dz Ju du-a+1+ :%
C

=1-i

=3(1+3—3—i)=—2(—2+ 2)=—f+—4| .
3 3 3 3

Teopemy 3 MoxkHa chopMyTIOBATH 1HAKIIIE.

Teopema 4. B oaH03B’ A3Hi#1 00;1acTl 1HTErpai Bl aHAMITUYHOT PyHKIIT 11O
OyAb-IKOMY 3aMKHEHOMY KOHTYypy C, sSIKMi JIEXHUTh B L1 007acTi, TOPIBHIOE
HYJIIO.

InTerpanpHa Teopema Ko a1 0HO3B 1I3HOT 00J1aCT1 y3arajlbHIOEThCST Ha
BUMAJI0K, KOJIM KOHTYp 1HTEIpYBaHHS HE HaJIEKUThb 00JIaCTl aHATITUYHOCTI Y-

gkl f (Z), a € 11 rpaHuIero.
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Teopema 5. Skmo ynkmis f (Z) aHAJIITAYHA B OQHO3B A3HIM obOiacti D

1 HemepepBHa B 3aMKHEHi oOnacti D, To iHTerpan Bin f(Z), oOuHCcIeHu

B3710Bk Tpanuili C 1iei 00aacTi, JOPIBHIOE HYJIIO.

Jlns GaraTo3B’ a3HUX 00JIacTel BHINE BKa3aH1 iIHTerpaibHi TeopeMu Kol He
BUKOHYIOTBCS. Y 3B 513Ky 3 IIUM IHTETpajabHy Teopemy Kol MoxkHa chopmyito-
BaTHU 1 11 0araTo3B’ sI3HOI 00J1aCTi.

Teopema 6 (iHTerpampHa Teopema Komri myis 6arato3s’ si3HOT 06macTi). He-

xal QyHKIIis f(Z) aHajJiTHYHA B OaraTo3B’s3HiM oOnacti D 1 HemepepBHaA B
3aMKHEHIA Oarato3B’si3HIN 00J1acTl 5; kpuBa C — ckiajeHa rpaHuls Imiei 0o-
nacti. Toni, SKIIO MpU 1HTErpyBaHHI B310BXK C II0 IPaHUIIO0 MPOXOIUTH TaK,
mo obnacte D 3aBxau Oyne po3ramioBaHa Mo oAuH OiK, TO 1HTErpaj BiJ QyHK-
wii f (Z) y3710BK rpanulll C 10piBHIOBATUME HYJIIO.

[Tosicammo 1m0 Teopemy. J[BO3B's3HY 00sacTh 31 CKIAICHOIO TPaHUIICIO
C =C, + C,, sixa 30pi€HTOBaHa B JOJATHOMY HampsMi, 300pakeHo Ha puc. 12, a.
[TpoBenemo po3piz y (puc. 12,0), skuit neperBopioe D Ha 0aHO3B' s13HY 00-
nacte D, oOMexeHy 3aMKHeHMM ckiaguuM kontypom C =C + )" +C + ) .

[Ipu o6xoai 11bOro KOHTYpY ob6jacTh D Bech wac 3aiauiiaeThes 371Ba, po3pi3 )
IPY [IOMY TTPOXOUTHCS IBIYl B MPOTHJICKHUX HANPsIMax.
Tenep pyukmis f (Z) aHAJIITUYHA B OJHO3B A3HIN oOnacti D , oTke, 3a Te-

OpeMoI0 5

j f (z)dz=0. (79)

C

Pucynok 12
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Ane
jf(z)dz=j f(z)dzrj ()zdzj (f)z&zj (f) z dz

c G (80)
=[f(@dz+[ (3 dz| Cpde] (F)zaz[ (Nzdf (F z=
G V' v’ G, G G
Otxe,
j f (z)dz=0. (81)

C=C+C,

VY Bumaaky O11bIIOT KUIBKOCTI BHYTPIIIHIX KOHTYPIB J0 KOXXHOTO 3 HHX
IPOBOAUTHCA PO3pI3, SAKUM CHOMy4Ya€e WOro 13 30BHIIIHIM KOHTYpPOM, MEPETBO-
proroun 6araTto3B’ si3HY 00JaCTh HA OJTHO3B’ SA3HY.

Teopema 7. Hexait pynkmis f (Z) aHaJiTHYHA B Oarato3s’s3HINA 001acTi

D 1 HenepepBHA B 3aMKHEHIH 00JacTi D, C,— 30BHIIIHIN KOHTYp I'paHuLl 00-

nacti D, a C,C,,...,G —1i BHyTpimHI KoHTYpH. Toai cipaBennmsa Gpopmyiia
$t(zdz="$ (3 d, (82)
Co k=16,

ne xontypu C,,C,C,,...,C 30pieHTOBaHI B OAHOMY 1 TOMY X HamIpsMl

(puc. 13).

Pucynoxk 13
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3aeoannsn onsa po3ze' a3anus
19. 3naittu iHTerpan Bia GyHKUIi KOMIIIEKCHOT 3MIHHOI:
a) [é Rezd:, C: npsMa z z, ne z =0,z =1+ i;
C
6) [Rezdz, C: namana 222z, 2=0,2=2,2=2+i,
C
B) [zIm Zdz C: |4 =1, -r<argz< G;
C

r) | zRezdz C: ‘Z‘ =1, o0xia mpoTH pyXy TOAMHHUKOBOI CTPLIKH;
c

1) jRezdz, C:z=(2+i)1, 0st<1;
C

e) 4) zzdz;

6 IHTEI'PAJIBHA ®OPMYJIA KOLII

Teopema 8. Hexait D — oaHO3B’ 13Ha 00J1acTh, OOMEXEHa JT0JATHO 30pi€-
HTOBaHO NpocToio kpuBoio C, f (Z) — (QyHKIIIs aHATITUYHA B 3aMKHEH1I 00-

nacti D. Toni nns 6yap-sixoi Toukn z[ D crpaBennBa iHTerpaabHa GpopMyna
Komri

t(2,) =2im Zf_(zzz dz (83)

JloBeneHHSI.

Hexait dyHkiis f(Z) € aHAJITUYHOIO B OJHO3B sA3HIM 00iacTi, mo odMe-
#eHa KoHTypoM C. Bi3zbMeMO NOBUIBHY BHYTPIIIHIO TOUKY Z, 1 TOOYAY€EMO 3a-
MKHYTHI KOHTYp )/, 10 TIOBHICTIO JIEXUTh B D 1 BcepenuHi SKOro 3HaXOIUTHCS
Touka Z, (puc. 14).Posrnsaemo nonoMixay (GyHKIIIO:

p)=—2 (84)
Z— 4
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Pucynok 14

OyHKITIS ¢(Z) , OYEBHJIHO, € AHATITHYHOIO (PYHKITi€IO 1O BCii obmacti D 3a
BUKJTIOUCHHSIM TOUKH Z,. Tomy ¢yHKuis @(Z) Oyne aHATITUIHOIO B JBO3B’ A3HIN
o0J1acTi, 10 MICTUThCS MK KoHTypamu C Ta ). 3rilHO 3 TeopeMoro 6 iHTer-
pan Bix ¢yHKII1 ¢(Z) 1o ckiameHii rpaHuUIl IBO3B'sS3HOI oOnacti gopiBHioE O,
TOOTO

q> (2 a +<JS (2 . dz=0 (85)

3MIHUBIIM HaIpPsM iHTCI‘pYBaHH}I B Jpyromy iHterpaii, piBasaas (85) mo-
YKHA TIePENUCAaTH Y BUTIISIII:

q> 2 d gS (2 d' (86)

PiBHicTh (86) He 3aIeKHUTDH Bif BI/I60py KOHTYPY )/, TOMY JJIsl TIOJAJIBIIIOTO
pPO3TIISAAY 3pYYHO SIK KOHTYpP IHTETPYBaHHsS )/ BHOpaTH KOJIO paaiycoM O 3
IIEHTPOM B TO4LI Z,. 3acTocyBaBim ¢popmyimy (70),orpumaemo

f(2) f(Z) Z=%+é¢ $=0 | _
j dz cﬁ i _ n\_
" |dz=ié ap 9, @7)
T @ e
omle¢d¢_l'£f ’

OcTtanH1 1HTErpaJl IEPETBOPIOEMO TAKUM YHHOM:
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qunw J[ﬂa—ﬂgﬂ¢+1 (9 d=
(88)

:“f(z)— f(z)]dp + 27 f( 7).

Xonuux oOMekeHb Ha paaiyc O IpH BuBeaeHHi BupasiB (87)1 (88) mu He
HaKJIaajId, TOMY MOXKEMO PO3IJISHYTH BHIAA0K, Koiu O — 0. BpaxoByrouw,
mo f (Z) — aHaJITHYHA, a, OTXKe, 1 HenepepBHa (yHKLis B obnacti D, To

im [[ (2 - f(z)] ¢ =0. (89)

Ockinbku B hopmyi (88) octaHHil 101aTOK HE 3aICKUTH BiJl 0, TOMY

%dz |j f(2) dp =27if( z), (90)
3BIIKHA 0
()= dy gy 1)

TeopeMy n0BenEHO.

2

Ilpuxnao 21. Ob6uuciumu inmezpan Cj) 2_dZ, oe C —kono padiycom 2 3
C Z— ZI

yenmpom y mouyi 3i.

Po3zé'azanns.

Yeepeouni obnacmi, obmedsicenoi konom paoiycom 2 3 yenmpom y mouyi 3i,
micmumbvca mouka Z, = 21, 8 AKil 3HAMeHHUK nioinmezpanvHoi QynKyii nepem-

soproecmucsi 6 Hyv (puc. 15).

Pucynok 15
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Dynxyia T(2)=Z ananimuuna ecepeduni xona C, momy 3a gopmynorwo
Kowi (83) oicmanemo

v 1
fz—Zidz_(g Z— 2I z dz:‘

f(z)=7
z, = 2i

‘=27T 0z =2m(2) =-87i

z=2i

¥Y3araabHeHa iHTerpajbHa ¢gopmysaa Kouri
Skmo dynkmis f (Z) aHajiTiyHa B obnacti D 1 Ha ii rpanum C, To mis
OyJIb-IKOTO HaTypajabHOTO N Mae Miciie hopmyiia

") _n f(2
f (zo)—zquS(z_zo)n+l dz, (92)

ne z,D.

3ayBaxkeHHs. Dopmyau (83) ta (92) 31e01IbIIOr0 BHKOPHCTOBYOTHCS
JUIS1 3HAXOJIKEHHSI 1HTErpalliB, TOOTO BUKOPUCTOBYETHCS y BUTIISIL

gS 1 f (2)dz=27if( z,), (93)
cl™ %

; :2_77i (n)
sf(z_zo)mﬂz)dz — (2. (94)

AnropuTMm 3acTocyBaHHsA I1HTerpaibHoi ¢opmynu Komi ta y3a-
raapHeHOi 1HTerpanbHoi popmynu Komri
1. Ha xommiekcHi{ TIOMMHI Oy1yeMO KOHTYp iHTerpyBaHHs C.
2. BusHavaemo TOYKH Zj, Z, ..., Z B SKHX HiJiHTerpanbHa (YyHKIIis Hea-

HamiTHYHA (34e0LIBIIOr0 1€ TOYKH, B SKHX 3HAMEHHHK IIEPETBOPIO-
€THCS HA HYIIb).
3. Cepen TO4OK Z, Z, ..., 2 BUOUPAEMO JIHIIE Ti TOUYKH Z,, Z, ..., &, SKi

nexathb B o0acti D, 1o oOMexxeHa KOHTypoM iHTerpyBaHHs C.

SK1mo € numie oHAa €AMHA TOYKA Z, B AK1M NiAIHTerpajlbHa
byHKIIIS HeaHalITUYHA 1 AKa JIEeXUTh B ob6xacti D, To:

da. 3ammcyemMo  iHTerpan y  BHIJIAAI c_]sif(z)dz a0o
Z_
C

l i 1 b e
ggm f (z)dz i Bu3BHAYAaEMO CTPYKTYPHI €IEMEHTH 1HTETPATHHOT
C

dopmymu Komi: ¢pyskiito f (Z), TOUKY Z, (ms y3aransHeHO1 popmy-
au Ko e HEoOXigHO BHU3HAYMTH N), MEPEKOHYEMOCH, IO f(Z)

aHajiTHYHaA B o6siacti D 1 BU3HAauaeMo IIyKaHUM IHTETpas 3a OJIHIEI0
3 hopmyn
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cl™ % c\Z— 4

$— f(z)dz=27Tif(zo)a6095(—1)mf(z)dz=% ().

Skmo € nexinbka TO4YOK Z, Z,..., 4, B AIKUX NIJIHTerpajlbHa

GyHKIis HeaHaNITUYHA 1 K1 JexaTh B obnacti D, To:!
46. B obnacti D HaBKOJIO KOXHOI 3 TOYOK Z,, Z, ..., £ [IPOBOJUMO 3a-

MKHEH1 KOHTYPH ), Vi, .-, Vi, KOXKEH 3 SKHUX OOMEKye 00JIacTh, sIKa
MICTHTh JIMIIIEC OJHY €AWHY TOYKY, B siKii QyHKIis f (Z) HEaHaJIITHY-

Ha, 1 30pl€EHTOBaHMI B HarpsMi KOHTYpy C. BukopucraBim Teopemy
7, OTpUMaEMO

i>¢(z)dz=95¢(j dz$o( ¥ dz..+g( )z (95)

ae ¢(Z) — miJiHTerpaibHa QyHKIIis;
50. Jlani 3HaX0AMMO OKPEMO KOKEH 1HTerpali, 1o CTOiTh B IIPaBiil 4acTu-
Hi Bupasy (95), BukopucroBytoun interpainbHi Gopmymu Komri. 3amnm-

: : 1
CyeEMO  KOXEH IHTerpal y  BHIIAII 4) f.(z2dz abo
Z-Z
¥

1 : : : .
gD—M f.(z)dz i Bu3HAUaeMO CTPYKTYpHI €IEMEHTH iHTEerpaIbHOT
Y ( B )
dopmymm Komri: pynkmiro f, (Z), TOUKy Z (s y3arajapHEHOI Gpopmy-
mu Komri mie HeoOXigHO BH3HAYMTH N), MEPEKOHYEMOCH, mo f, (Z)

aHaJITU4YHA B 00JIacTi, IKa OOMeXeHa )/, 1 BU3HAYAEMO IIyKaHUH 1H-
Terpasi 3a ojaHier 3 Gopmyll

! = [ —l :2_7Zi n) .
éz_zfi(z)dz—mf(z)aesoqﬁ( ARG f(2);

Vi A

60. 3HaX0AMMO CyMY YCIX iHTEerpaiB 4>¢(Z) dz.

4

2

— dz.
5= (2= 1)

Ilpuknao 22.0Ob6uuciumu inmeepan

Po3é'azanns.

byoyemo konmyp inmeepysanms — koo 3 yenmpom y mouyi Z =1 i padiycom
1 (puc. 16). lloznauacmo obnacme, saKka obMedceHa KOHMYPOM [HMeZPYSAHHSL,
yepes D .
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X

Pucynok 16

2 . -\ 2 N . . .
Yucenvrnux Z° 1 3HAMEHHUK (Z - |) nlaleeZpa]leOZ ¢yHKl/ﬂl — AHAJIIMU4YH1
2

.\ 2
(z-1)
Juue y moukax, oe 3HAMeHHUK Nepemeoproembcsa y Hylb. Takow moukow € mo-
yka Z, = 1. Lle eduna mouka 6 obnacmi D , 6 sAkiti nioinmeepanvra ynxyis He-

HeaHanimuyHa

@yuxyii na ycit komniexcuit niowuni. Tomy yukyis

ananimuuna. Bpaxoeyrouu, wo y 3HamMeHHUKY Z— Z, 3HAXOOUMbCA Yy CMENneHi,
AKUU BIOMIHHUL 810 OOUHUYIL, 3ACTMOCOBYEMO V3A2AIbHEHY THME2PAIbHY BOPMYITY

Kowi (92)

q; z° dz= C}S 1 f(z) = Z - ananimuuna 6 o6racmiD
\z—i\:l(Z—i)z 2= (Z— i)’ z,=i0D,n+1=2=n=1

=2—m(zz) =4z =4t =-41.
1| z=i z=i
z+1
Ilpuxnao 23.O6uucrumu inmeeparn qS .
|z-ij=2 £ (z-)

Po3zé'azanns.

Byoyemo konmyp inmeepysanms — koo 3 yenmpom y mouyi Z =1 i padiycom
1 (puc. 17). lloznauaemo obnacme, saka obMedCeHaA KOHMYPOM [HMeZPYEAHHSL,
yepes D .
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Pucynoxk 17

2 . 2 H ) . vee .
Yucenvnux z° +1 i 3namennux z (Z— I) nioinmezpanvHoi QYHKYii anaui-

Z+1
muyni yHKYIi Ha ycill komnaekcHit naowuni. Tomy ¢ynryis ﬁ HeaHa-
Z7(z— i

NIMUYHa 1uwe y moukax, oe 3HAMEeHHUK Nepemeoplocmvcs y nyav. Takux
mouok € 0si: Z,=0 i z =1i. O6buosi yi mouxu nanexcamo obracmi D . Tomy

HABKONO HUX NPOBOOUMO KOHMYPU V, 1 V,, KOJICeH 3 AKux obmedicye odacmo,
AKA Micmume quuie 0OHy mouky. abo Z,, abo Z,. [ani, 6ukopucmogyiouu meo-

pemy 1, ompuMaeMo
z +1

Z+1
zc'.ﬁzz(z CJSzz(z— (ﬁ Z

(Z-)I

Z+1 ,
dz. Obaacms, wo obmescyemoca V,, mic-

Pozenanemo inmezpan CJ-D
z(z-)

Y

mums 00ny mouxy z, =0, y akiti nioinmezpanvna Qynxkyia Heananimuyna. 3a-

nuwemo inmezpai y eueisaoi

Z+1 _
f (Z) = — — QHANTMUYHA 6
, z-i
@Z—ﬂdzz qgi Z+ %dz: obnacmi,ujo obmedxcena y, |=
Yo ZZ(Z_ i) Yo f = |

z,=0
n+l=2=n=1

a7



(zzﬂj':(zzu)'(z—i)—(z— ) (2+7)
z-i (z-i) _
= |_2z2(z-1)-7Z-1_27-2zi-1
(z-i) (z-i)°
=2mw _277i(02—2E0[ﬂ—]): .
(z-1) | (0-i)’ '

Ananoeiuno 3naxooumo inmezpain

2n1 z° +1'
1I Z—

Z+1 ,
f (Z) =——— — ananimuyna 6
Z
>+ +
@ 22 1 dz= cﬁi z ldz= obracmi,ujo obmedxncena y, =
v Z(z- ) v Z— i 7 _
=1
72 +1 27 (i° +1)
=2 22 | = i2
Tooi
ZZ
dz 2T+ 0= 271,
|z-i=2 Y4 (Z )

3aeoannsn ona po3ze' a3anns
20. 3HaI/ITI/I 1HTErpaJl 3a JOToMOroro iHTerpanbHoi popmynu Ko

9

cosz
L7 +22 “ ) flz
Tz
6) : sin—
zC1J‘>5Z +16’ 1) CJS 5 dz.
2 23(2-1) (2= 3)
sin—
B) 2__dz:
=22 +22-3
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7 PSIIM B KOMILIEKCHIN OBJACTI. CTENIEHEBI PSJIN

Psiom (psim — sexies) i3 KOMILUIEKCHUMH YIEHAMU HAa3UBAETHCS PSJl BUAY

z+z+.t7+..=) 7, (96)

n=1
ne z,= X, + 1y,
Psin (1) 36iskHuii (cenvergent) TOMI 1 TMIIE TOAI, KOJTH 301KHI psan

X Xt X DX 97)
n=1

Yt Yottt =Dy (98)
n=1

Psn (96) € abcomoTHO 301KHUH, AKIIO 301KHHUI Psijl, 0 CKIAJACHHUN 3 HOTro
MO/TYJIiB

2] +|z|+. |7+ = 2] 7 (99)
n=1

Psamu (97), (98), (99)e psnamu i3 miiCHUMH YiI€HAMH, 1 MATaHHS MPO iX
301KHICTh BUPIIIYETHCA 3@ JOIMOMOTOI0 BITOMHX O3HAK 301)KHOCTI PsIiB 13 Jiic-
HUMH YICHAMH.

in

Hpuxnao 24. Jocrioumu na 36ixcnicme psao Yy — .
n=1 N

Po3zé'azanns.

Maemo €" =cosn+ isinn Taxum yunom, numanus npo 36ixcHicms 0ano20
PAOY 3600UMbCSL 00 NUMAHHSL NPO 30IHCHICMb PAOI6 3 OIUCHUMU YTEHAMU:
© cosn . & sinn

2 12

=1 N =1 N

. =, coan ) . < |
Jocnioumo pad Y —— — suakosminnuii pso. Posensnemo pao ) — —

n=1 N n=1 N
30ixcHutl pso [ipixie.
Bpaxosyrouu, wo

cosn| 1
> S—Z,I’I:l, 2,..‘,
n n

. . . . =, coan
30 00CMAMHBOIO O3HAKOIO 30IHCHOCTI 3HAKOSMIHHUX PAOI6 PO Y —— — abco-

n=1

) . ) = sSinn
JIIOMHO 30idCcHUU. AHANO2IUHO 00800UMO, WO PO 2—2 MAaKoH#c abcoaomHo
n=1
w AN

36icnuti. Omoice, pao, Wo 00CTIONCYEMbCS, Y — — AOCOTIOMHO 30IHCHUIL.

n=1
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Psan Buny
C+CZ+ GZ+..+ ¢ 2+...=§: c, (100)
n=0

1€ ¢y, €y Co,... — ACSAKI KOMIIJIEKCHI KOE(DILIEHTH, Z — KOMIUIEKCHA 3MiHA, Ha3u-

BA€THCS CTEIICHEBUM PSJIOM B KOMIUIEKCHIM 00J1acTi.
Teopema 9 (reopema Abens). Skmo crenenesuii psag (100)30iraeTses mpu
JESIKOMY 3HA4€HHl Z= Z, TO BIH a0COJIOTHO 30DKHMU IPHU BCIX 3HAYEHHSX Z,

JUISl SIKUX BUKOHYETHCSI HEPIBHICTh ‘Z‘ <‘ %‘. Sxmio psx (100) po36ikHME TpH
Z= Z, TO BIH pO301KHUH 1 TpU OyIb-SIKOMY 3HAU€HHI Z, IS IKOTO ‘Z‘ >‘ Z“.

Obnactio 30ixkHOCTI psgy (100) srigHo 3 Teopemoro Alens € Kpyr 3
IICHTPOM B TIOYATKy KoopauHat (puc. 18)

1Z<R. (101)
Paniyc 361kHOCTI R cTeneHeBoro psjiy BU3Ha4Ya€eThes 3a OAHIEI0 3 hOpMYyIT
) C
R=Ilim “ ! (c,#20) (102)
e Cn+1

abo

R=Im— (103)
SKIO BKAa3aHl TPaHulll ICHYIOTb.

Ilpuknao 25. Busnauumu obnacme 36id0cHocmi cmenenesoco psaoy

Pucynok 18
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Po3zé'sazanns.
Obacmo 30i2CHOCMI BUBHAYAEMBCS HEPIBHICMIO ‘Z‘ <R.

Busnauumo paoiyc 36isxcnocmi R

- |c | c,=cos(n) |cosin )| _, ' +€ |
R=lim——== " =lim—————=lim — - =
=G, | |G =cos{ O+ 1) "= |cos(f+ 1)| "= ¢ +e™ |
YUCENILHUK | 3HAMEHUK —
— -al . _ I e—n + é] _ 00 _
=|Hesio'emui uucna, epaxosyrouu wo| = Jmm ===
\aJ = a, npu a= 0, ompumaemo
1 +1
wWob no30ymuch HeBU3HAYEeHOCMI i o
= =lim—-=-—-=
YUCeNbHUK | 3HAMeHHUuK noditumo Ha €' "= 1 +e
e2n+1
.1
— +
Cdmatiml 641 g
: ) + '
lim +lime Ote e

2n+1

n- oo Nn- oo

1
Tooi obracme 36idicHocmi cmenenesozo psoy ‘Z‘ <= (puc. 19).
e

Pan Buny
Gta(z-z)+c(z- g+..+ dz F+..=3 €z ¥ (104
n=0
Ie ¢,, ¢, C,,... — 15Kl KOMIUIEKCHI KOe(ILIEHTH, Z — KOMIUIEKCHA 3MIHA, TAKOX

HA3MBAETHCS CTCTICHEBHM PSIIOM.
Oo6mnacth 30ikHOCTI psaay (104)BH3HAYAETHCS HEPIBHICTIO
z- z|< F, (105)
TOOTO € KpPyroM 3 HEHTPOM B Toulli Z, i pagiycom R (puc. 20).Paniyc 36ixHOC-
Ti cTeneHeBoro psiay R BusHayaeTbes 3a gomomororo dpopmyi (102)i (103).
Posrimsanemo psipg

C_l C—2 C—n — c C—n
+ bt =y (106)
z-7 (z= 3 ~ (z 2 “(z ¥
Skio icHye rpaHuIs
r= Iim“c—“, (107)
n— oo C_n

obnacth 30ikHOCTI psay (106)BU3HAYAETHCSI HEPIBHICTIO
z-z|>, (108)
TOOTO 3HAXOJMUTHCS 11032 KPYTOM 3 IIEHTPOM Y Toulli Z, pamiycom I (puc. 21).
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051
Pucynok 19 Pucynox 20
BayBaxxerns 1. Psa (106)iHoai 3anuCyIOTh y BUTIISII
Sc,(z-2)" (109)
abo "
Se(z-2)" (110)

3ayBakenns 2. [{na 3HaxomkeHHa ¢, B ¢popmyni (107) motpibHO y BU-
pa3 c_, migctaBut (N+1) 3amicts N.

Skmo psax noxano y surisaai (110), To s BusHadeHHs C (o motpiGHO
BUKOpHcTOBYBatd y dopmyii (107)HeoOXigHO y BUpa3 C, MiJCTaBUTH (—n) 3a-

MICTh N.

(1+ I)n+1

Ilpuxnao 26. Busnauumu obaacms 30ixcuocmi psaoy Z
n=1

Po3zé'azanns.
Maemo cnpasy i3 psaoom sudy (106). Obracme 36ixcHocmi yboco psody 6u-
3HAYAEMBCA HEPIBHICMIO ‘Z— %‘ > 1. Buznauumo yci cknadogi yiei nepisHocmi.

Tax ax 7' :(Z—O)n, mo z,=0.
Hna eusnauenns I ckopucmaemocs ¢popmynoro (107)

.| le,=@+i)™ |(2+i)
r_lr!m“cnl = =(1+ I)n e (1+|)n+2 =|r!mo‘(l+i)n_+1 =
1

= limi+i[ =L +i] = 2
Tooi obnacmo 30idcHoCmI ‘Z‘ >+/2 (puc. 22).

n+2
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Pucynok 21 Pucynok 22
Pan Buny
c.(z- 7)" + (111)
Z Z (Z %)
301KHUHN TaM 1 JIMIIe TaM, Je 301KH1 psiu
i C
- (112)
Z (z-2)
1
Y¢c.(z-2)". (113)
n=0

Hexait psn (112) 30ikHuic B 00JacTi ‘Z— ;)‘> r, a pax (113) B kpysi
‘Z— %‘ < R. Toxi, axmo:

1.r 2R, 1o psin (111)po36ixkuuii ycroau (puc. 23,a — IITPUXOBKH, SIKi BKa-
3y10Th 0071acTh 301KHOCTI psaAiB (112)i (113),He nepeTuHaOThCS);

2. <R, to psag (111) 30ixkHUI y KUIBII r<\z—zo\< R, e r=0,
0<R< +o0 (puc. 23,0).

Ilpuxnao 27 . Busnauumu obaacms 30ixcHocmi psaoy

$304) Z(LZ') (114)

n:1(2+ 2|)n n=0 6
Po3zé'sazanns.
P50 (114)36ixcnutt y obracmi, Oe 30ixicHi psiou
= (3+4i)
(+4) 115)
= (z+2i)
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Pucynok 23

o (z+2i)"_ (116)

™

6

n=0

C n

Busnauumo obnacme 30ixcnocmi paody (115). Ile pso eudy i( )
n=1(Z— Z)

MOoMY 11020 001acmb 30IHCHOCMI BUSHAYAEMBCS HEPIBHICMIO ‘Z - %‘ >r.

z, =-2i,

n?

3+4i n+l
=Iim‘(—)=’3+4i\=\/32 + 4 =5,

" |(3+4i)"

c,=(3+4i)
c,.=(3+4)"

Omoice, psio (115)30iocnuit y obnacmi

|z+2i>5. (117)
Hocnioumo psio (116).3anuwemo tiozo y euensoi
. (z+2i)

%

Omoice, ompumanu cmenenesuil pso Uy ZCH(Z— %)n. Hozo obnacmu
n=0

C o

C

-n

r=Ilim

n- oo

(118)

30ICHOCI BUBHAYAEMBCS HEPIGHICTNIO ‘Z - %‘ <R

z, =-2i;
1

. T I
R=lim—== =lim =6.

" |Chus _ 1) =6

N+l 6n+1
Obnacmw 36ixcnocmi psdy (118)
|z +2i|<6. (119)
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Pucynok 24

Bpaxosyrouu (117)i (119)o6racme 36iscnocmi psoy (114)
5<|z+2i<®.
Obnacmw, wo susnauacmocs nepienicmio (120),306pasiceno na puc. 24.

3aeoannsn ona po3e' a3anns
21.3naiitu paaiyc 301)KHOCTI CTETIEHEBUX PA/IIB

a) ie"‘ Z; B) icosin [Z".
n=1 n=0

0) 2| — |
; 1-1i
22.Buznauntu Ta no0yyBaT 00JacTl 301)KHOCTI TAKUX PSIIiB

SIEA @ 2"-1 &(z+1)"
a);nﬂ’ H);(z+1)n %{Hj ’
= nl
6)2%(2—0”; = 2'(n+2) & (z+1-10)
n:ln (1_I)n e);(z-'-l_i)n +; 3n(n+i) .

) ;(n+1)(n+ 2)(Z+1)n;
r)z; N ;

= (z+1-0)"
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8 PSIIN TEMJIOPA TA JIOPAHA

Axmo yHKIs f(Z) OJHO3HAa4yHA 1 aHAJNITU4YHA B JESKIA TOYll Z,, TO B

OKOJI i€l Touku QyHKIito f (Z) MO>KHa po3KJacTu y pan Teinopa

f(9=26(z 3", (121)
KOE(]ILIEHTH SIKOTO C, BU3HAYAIOTHCS 32 (OPMYIIOI0
(n)
Cn — 1¢ f(Z)dZ+1 — f (ZO) nz(O, 1’ 21 ) (122)
7 (Z2-2z) n

ae I —KoJOo 3 LIEHTPOM B TOULl Z,, SIKE MOBHICTIO JIEKUTh B 001aCTI aHAIITHY-
HocTi (pyHKIT f (Z) O6nactb 30ixkHOCTI psaxy Teinopa ¢pyskii f (Z) € KpYT 3
LIEHTPOM B TOULl Z, 1 palycoM, SIKHH JOpIBHIOE BIJICTaHI BiJ TOUYKHU Z, 10 Haii-

OJIMKY01 0COOJIMBOT TOUKH.
SIk1io icHye Takuid I -OKiJ1 TOUKK Z,, B akii ¢ynkuis f (z) ananitnuna Bero-

1M, KpiM caMoi Ii€l TOYKH, TO TOUKa Z, HA3UBAETHCS 0COOIMBOIO TOUKOIO (0CO-

6.1uBa TouKa — singubar peint) pynxuii f (z).
Posknan enementapuux ¢pyHkuiii B pan Teitnopa npu z, =0

5!+5_+ +%+...,(‘E‘<oo); (123)

cosé = 1—‘;#; . (2 i o (|€] <o) (124)

siné = 5—5—7 g—...+(—1)“1(2i2:ll)!— . (€< ) (125)

In1+&)=& - 5_2+%3 ...+(—1)”‘15_r:+...,(\5\<1); (126)

(1+E)"-1+ E a(a 1)5 (a—l)l].r.]!II(a—n+1) ”+...,(127)
(\f\<1):

135—1 E+E - +(-D)" &+, (|€<1). (128)

3nebinbiioro st po3kiany GyHkIi B psax Teiopa 3acCTOCOBYIOTh PO3KJIIa]
eJIeMEeHTapHUX (QYHKITIH.

IIpuxnao 28. Posknacmu ¢ pao Teunopa 6 oxoni mouxku zZ, =1 ¢ynxyiro

4 . . .
f (Z) = ———— ma 3xHaumu 06aacms 30i2CHOCMI Yb020 Pso) .

zZ-2z-3
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Po3zé'azanns.
Z

Posxnaoemo gpyuxyiro f (Z) = m
Z — 27—

HA CyMY eleMenmapHux opooie
Z Z A B _A(z-3)+ B z+])
f(z): = = + =
7-2z-3 (z+)(z3) =z#1 =23 (z1(z3
A(z-3)+ B(z+1)= z
(A+B)z-3A+ B= 7

_1

7 A+ B=1 A=T
—

z’:-3A+ B=0, 3

4

Tooi
f(=1-t 2L
41+z 4z-3

Posknaoemo gpynryiro 6 pso Tetinopa

1+z
Ham neobxiono posxnacmuy pso Tetinopa

1 .
m= 6 okoni mouku z, =1, moomo no cmenensax z—1|=
Tomy eudinumo 6 3namenHuxy Z—1
1+(z-9)+1 2+(z-1) 2,2-1
2
Bukxopucmaemo poszxnao
=ﬁ=1—5+fz—...+(—1)”6“+...=
_z-1
$=73
3 n
N
2 2 4 8 2"
1 z-1 (z-1) (z-2° (z=1)"
:E_ 4 ( 8) _( 16) ”+(_1) ( 2+1)
moobmo
2 3 n
11 z-1, (27 (z-Y +(-1)"(Z ]) + (129)
1+z 2 4 8 16 2"
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Obnacme 36ixcnocmi psady (128) susnauacmocs nepisnicmio ‘f‘<1. Ipu

z-1
ompumanti posknady (129)mu suxopucmosysanu niocmamnosxy & = — momy

Z__1<1.
Omoice, obnacmo 36ixcnocmi psioy (129)
z-1<2. (130)
Ananoeiuno no cmenenuam Z—1 pozxiademo @yHKyio 73
Z_
z-3 z-1-2 -2+(z-1) 2_z-1
2
1 =1-&+ & -+ (-1 &+
_|1+¢ _
-_z"1 (131)
¢ 2
—_1qs Z_1+(Z_1) CRE) P Cak A
2 2 4 8 2
_ 1 z-1 (220 (2= (zY)
2 4 8 16 ozt
Obnacmw 30ixcnocmi paoy (131)
z-1<2. (132)
-1 (z-1)° (z-7’ (z=1)
f(z)=1 1z 1+( ) _(z=]) +...+(—1)( 1]) +.. |+
412 4 8 16 A
.3 1. z-1 (z7Y) @1y (@Y |_1 = 1
4 2 4 8 s 2% ] 8 16
1) 1y (z-1)" _
MChE N Ca) +...+(-1) (z-1) P S (133)
32 64 2" 8 16
_3(z-1y _3(z-1 3z 1 _
32 64 2"
21 (270 @ @y _(z-Y)
4 8 16 32 27

Pso (133) 36iocnuii 6 obnacmi, de 36ixcni obuosa psou. (129) i (131),
mobmo 6 obnracmi

z-1<2.
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Oynukmis f (Z) OJIHO3HAYHA 1 aHAJIITHYHA B KUIbI <‘Z - z)‘ < R (ue Bu-
KITIOYArOThCsl BUNIAAKH, Koiu I =0 i R=+00) po3kiiagaeTbes B IbOMY KUTBIT B
psan Jlopana

hd C,

f@=36(z- =Y (2 I +>—_, (134)
n=-oo n=0 n=1 (Z - )
1€ Koe(IlUieHTH C 3HaXOAATheA 3a (POPMYJIIO0
c =1 $ 1@dz -0 +152 . (135)

F(Z_Z))

Tyt I' — 10oBUIBHE KOJIO 3 LIEHTPOM B TOYLl Z,, PO3MIILIEHE BCEPEAUHI JaHOIO

KUTBIIS.
B dopmymni (134)psin
C
ZC(Z— z)" —2— (136)
n=—o> m(z-2)"
Ha3UBAETHCS TOJIOBHOIO YacTUHOMO psiay Jlopana, a psin
Y (z-7) (137)
n=0

HA3MBAETHCS MPABUIIBHOIO YacTUHOIO psiay JlopaHa.
Ha npaktuni npu 3HaxomkeHHI koediuieHTiB C, psanxy Jlopana ¢yHKmii

f (Z) B OKOJIi TOUKH Z, (10 CTENeHAX Z — Z), SIK 1 Yy BUMAAKY HOIIyKy Koedirli-

€HTIB po3kiany GyHKil y psia Telnopa, HamararoThCsi YHUKATH BUKOPUCTAHHS
dopmynu (135), ockiibKM BOHA MPU3BOIUTH J0 TPOMI3JIKMX BHKJIaI0K. 3a3BHU-
qaif, SIKIIO 1€ MOKJIMBO, BUKOPHUCTOBYIOTBCS TOTOBI po3kianu B psn Teimopa
eneMmentapuux pynkmii (123) — (128) /I nporo HeoOXigHO GYHKIIIIO HOJATH

y Bursai f (Z) = g( a( z- g)k), ne g(f ) — OJIHAa 13 eJIeMeHTapHUX (GYHKIIIH
(123) — (128) fo6to g(&) =€, g(¢)=siné Tain.); a — noBinbHE KOMILIEKCHE
grcino; K — poBinbHe 1ite yucio, kpim 0. [ToTiMm y mpaBy 4acTuHY BiIIIOBiIHOTO
poskiany (123) — (128)y10TpiOHO BUKOHATH MiACTAHOBKY & = a( z- %)k.

Jlis GyHkiii KoMIiekcHol 3miHHOT  f (Z) 3QJIEKHO BiJ TOTO, SIKYy 00JacTh
MU pO3rAsiiaeMo, OyayTh pi3Hi po3kianu B psn Jlopana.

1
IIpuxnao 29. Posknacmu 6 pso Jlopana ¢ynxyiro f (Z) = ZCOS~ ¢ oxoni
Y4

mouxu Z, =0.
Po3zé'azanns.
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& & n &7
cosé = I-2—+2-— _+(- ] €] < o0
f(2)= 7 cost= 21 4l (2n)! _

Z
f:

T DU S SR G A
_Z[l 27 47 "'+(2n)!i"+“]_

, 11 (-2)"
=Z -4+ —— -t
2 247 (2n)12"

Oobnacmeo 36i2cHOCMI

N |~

\g\m:‘l@o;
y4

450

mooOmo ycs KOMnJieKcHa niowuna, kpim mouku =0,

AJNropuT™ MOINYKY YCiX po3knafiB y psx Jlopana dyskii f (Z) = B

z-b
OKOJIl TOUKH Z, (1o cremeHsx Z— 7)), Ae a, b, z, — 1oBinbHI KOMIUIEKCHI YuCia
(b# z).

1. ByayeMo KOMILIEKCHY IUIOMIMHY Ta HAaHOCHMO Ha Hel TOUKy Z= Z Ta
ocobmBy TOuKy pyHKIii f (Z): z=Db (puc. 25).3 uentpom y Toumi Z, uepes

TOYKY D TIpoBOAMMO KOJIO, sIKe pPO30MBa€e KOMIUICKCHY ITUTONIMHY Ha JIBi 00JIacTi.
Came y nux obsactsax OyzneMo Matu ABa pi3Hi po3kiaaan y pan Jlopana.
/A

Pucynok 25
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2. Hlyxaemo po3kinan B |

obnacri

__a _ a a 1 3
f(Z)_z—b_ z-z+ z- b 7 z-7 |
gt g—- b ¢ 1+ %
z,—b
1 2 N zn
m21—5+5 Sl G| AP FI R |
:C:;)—b =
_2-%
C
E(l Z- Z (Z_ g) +( :I)n( z 9n+ ]:
C C (o}
S R T P e R
c C2 d1+1
3. Illykaemo poskinan y Il o6macti
a a a 1
f = = = =
(Z) Z—b Z— %+ g— b (Z— 1+Zo_b
Z- 4
1 ) -
m21—5+5 Sl G| NP FI R |
:C:;)—b =
_ C
Z~ 4
__4a [1— C 4 ¢ 2—."+(—]f ¢ +.;
Z- g -z (7 @ (z JF
_ a ac ac (-1)"ac’
- B 2 ¥ 3 T +1
z-z (zz 3 (z @ (z F

Takum YMHOM MH OTPUMAITH YCi MOXUTMBI po3kiaan QyHkii f ( Z)

psn JlopaHa 1o cTeneHsx Z— Z,.
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Ilpuxnao 30. Pozensnymu pisni posxknadu 8 psao Jlopana @yukyii

2z+1
f(z)=————— 6 oxoni mouku z, =0.
() ZZ+z2-2 %
Po3zé'azanns.

Ha xomnnexcuiti nnowuni gioknaoaemo mouxy z, =0 ma ocobnusi mouxu
@yuryii f (Z) (8paxosyrouu, wjo YucenbHUK i 3HAMEHHUK € AHATIMUYHUMU QYH-
Kyiamu, mo ocoorugumu 0y0ymes mouku, y AKUX 3HAMEHHUK NepemeopioEmb s
Ha mynv). 2, =1, z, ==2. Yepez mouxu 2, i Z, 3 yeHmpom y mouyi Z, nposoou-
MO KOJa, SIKI pO30U8aroms ycio KOMNJIEKCHy naouwuny na mpu oonacmi (puc. 26).

Posxnaoemo ¢pyukyiro na enemenmaphi opoou
1 1

f(z)= +—
() z+2 z-1
3uatioemo yci moswcnuei posknaou y pso Jlopana ¢ynxyii f (Z) = i >
4
1 n
——=1-&+& -+ (-0 + < L
Rt il

4

f:

Pucynok 26
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Obnacms 30ixcnocmi psoy (138)

Z
1= =<1,
1= 2<
<2,
mobmo oonacmi i 1.
1 -1 _ 2 _1\" gn
1 1.1 _1+g'l frd—r (8
z+2 z.,2 | 2
1+= =<
+Z E_Z
1 2 4 n 2 _1 2 4 a0
—2(1 Stz o ])—2+..J— ~=t RE !
Obnacms 36ixcnocmi psoy (138)
\£\<1:>‘g <1,
V4
252,

mobmo obaacms I11.

=

(139)

AHano2iyno 3Haxo0umMo YCi MOdNCAUBL po3Kkaaou y psao Jlopawa @yuxyii

1
z-1
1 -
1 _ 1 _m=1—5+52—...+(—1)5 + . E< L
z-1 1-z F=—z
=—(l+z+Z+.+ 2+ . )=-1 7z Z- .- 7- ...
Obnacme 36ixcHOCmI P50y (140):‘ Z‘ <1 -1 obracme.
1 n
——=1-§+& -+ (=) &+ <
1 1.1 [feg Te*e (=07°¢"+..}¢]
_ = 3—:
z-1 Zl—l 1
- sz__
Z y
_1( 1 1 1 )_1 1 1 1
=2+ -+ o+ | ==+ F +
z z 2 z 7 %2 "Z

Obnacmw 30ixcHOCmi psdy (141):‘ Z‘ >1 —11i Ill obnacme.

=

Omoice, 6 I obnacmi (‘Z‘ <1) maemo maxkuii po3xnao ¢ynxyii f (Z)

63

(140)

(141)



—1_Ei_ a2 ol 2 _s_ _
Hﬂ-z PR (=) satemlz Z- .
:-E-EZ—_722+...+((_1) —1j2+....

2 4 8 2
1l obnacmo (1< ‘Z‘ < 2):
f(z)=%—§+£8—...+(—1)” 212;1 + ...+%+?1+—;'+ . 2%1+
11l obnacme (‘Z‘ > 2) :
f(z):%—§+_;"—,_,+(—1)” 2:1 +—12+—;+—32+,+ n; =

:g—é+—2+___+((—2)” +]) e +

3aeoannsn ona po3ze' a3anns
23. Posknactu 3amani ¢yHkuii y psna Teinopa, BAKOPUCTOBYIOUN PO3KIIAIH

(123) — (128)ra 3HaiiTi 001aCcTh 301KHOCTI OTPUMAHUX PSIJIIB:

a) Sin( 2z + ZI) 3a creneHsamu Z+1;
T
0) COSz 3a creneHsMu Z+ Z;

B) € 3acrencHsamu 2z —1;

1
r) 3a CTEIEHSIMHU Z+ 2.
3z+1
24. Po3knactu (YHKIIIO —— TIO CTENEHAX Z B 00JacTsIX ‘Z‘ <1 Ta
Z—1
1<|z< .

25.Po3rasHyTH yci BUNIQAKU PO3Kiany y psa Jlopana mo creneHsx Z ¢yHk-

1
z-3)(z-2)

mii (
26. PosrstHyTH yci BUnaaku po3kiaany y psa Jlopana mo cremensx z-—1

byHKIIii ﬁ :
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9 HYJII ®YHKIIII. I30JIbOBAHI OCOBJINBI
TOYKH. IUIIKHN ®YHKIII

Hexait dyHkiis f(Z) € aHAJITUYHOIO B Toulll Z,. Touka Z, Ha3UBAE€THCA
Hysiem ¢y f (Z) nopsaky (a0o KpaTHOCTi) N, SKIO BUKOHYETHCS yMOBa
f(%)=0, f'(z)=0,... "V (z)= 0, (g} O
Skmo N=1, To TouKa Z, HA3UBAETHCS IPOCTUM HYJIEM.
Touka Z, Toni i TINBKK TOII € HyJAeM N-ro mopsaaky ¢yHKiil f (Z), a”ai-
TUYHOI B TOUL Z,, KOJIX B I€IKOMY OKOJII 111€1 TOYKU MAa€ MICIIE€ PIBHICTb
f(2)=(z- 2)"¢( 2,

ne QyHKITiS ¢(Z) aHa;miTM4HA B Toulli Z, 1 ¢(Z,) Z0.

3

i
z-sinz

Ilpuknao 31.3naimu nopsaook nyaa z,=0 ona gynxyii f(z) =

Po3zé'sazanns.
Buxopucmosyrouu posxnao ¢ynxyii SINZ 6 pso Teinopa 6 okoni mouxu
z, =0 ompumaemo

f(z): 4 = 4 = 4 = Z =
z-sinz ( z 7 j 7 7 1 2
Z-| 2=+ - ot ot
3! 5! 3! 5! 3! 5l
5 1
=z7——
1 z
-+
3! 5!
Ipunycmumo
_ 1
D)=
— -+
3! 5!

Tooi f(2)=2¢(2, oe ¢(2) — ¢pyuxyia, ananimuuna ¢ mouyi z, =0, npu-
yomy @(0)=6% 0. Tomy mouxa z,=0 € dna danoi ¢hynkyii nynem n’ amoeo no-
PAOKY.

Touka Zz, Ha3MBA€TBHCA 130JOBAHOK OCOOIMBOIO TOYKOI (DYHKIIII f(Z),
SIKIIIO ICHYE OKIJI 1i€1 TOYKU TakuH, B sskomy pyHkiis f (Z) aHaJIITUYHA BCIOJIH,
KpIM caMol TOUKU Z= Z.

Touka Z, Ha3WBa€THCA YCYBHOIO OCOOJIMBOIO TOUYKOIO (YCYyBHA 0C00/IMBa
TOUKa — wemovalbile singular peint) ynkuii f (Z), SKIIO ICHY€ CKiHYEHHA Tpa-
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HuUIl GyHKIii f (Z) B TOYLll Z,.

Touka Zz, HasuBaeThcs modOcOM (moJiroc — pele) GyHKII f(z), SIKITIO
lim f(2) =oo.
z-%

Jlnst Toro, mo6 Touka Z, Oyna momocoM ¢yHkmii f (Z), HEOOX1THO 1 JoCTa-

: 1
THBO, 1100 1151 TOUKa Oyna Hynem it GyHKIil @(Z) =—— 2
Touka Zz, Ha3uBa€THCSA MOJIKOCOM MOPSAAKY N (nzl) byHKIIi1 f( ) SIKIIIO
I TOYKA € HyJIeM mopsaky N i GyHkuii ¢(z) = —m VY Bunaaky N=1 mo-

JIFOC HA3WBAIOTh MPOCTHUM.
Jlnst Toro, mo6 Touka Z, Oyna momocoM nopsaaky N gysxkmii f (Z), HEO00-

X1IHO 1 JOCTaTHBO, MO0 (YHKIIIIO f(Z) MOXKHa OyJI0 ToAaTH y BUIVISII

f(2)= ( l%) ¢(2, ne bynkuia @(z) ananitnyna B Touni Z, Ta P(z,) # 0.

Sxmo lim f(2) we icHye, TO Touka Z, Ha3MBAETHCS 130JHOBAHOIO CYTTEBO
2~ %

0COOJIMBOIO TOYKOKO (CYTTEBO 0CO0IMBA TOUKA — essentially singular point).

Ilpuknao 32. Buzwauumu ocobaugi mouku ma ix xapaxkmep HYyHKYii

sinz
f(2) = .
(2) Z2+7-2z-1
Po3zs'azanns.

Oynxyia f (Z) mae 08i ocobausi mouku z=-11 z=1. Busnauumo xapax-

mep ocobaueoi mouxku Z=-1. 3anuwemo pyuxyiro f (Z) V 8u2noi

1 sinz
f(2)= —_—.
(z+1)° z-1
, sinz . )
@yHK‘Lﬂ}Z E—— adHaAJallmuuyHAa 6 OKOJll moudkKu Z= —1, I’lpuLlOMy
sinz _sinl

=——%#0. Omorce, mouka 2=-1 € 0gokpamuum noarocom 0aHoi gyH-

z-1|, 2
KYil. AHafzoeitmo, 3anucasuiu qbyHKuiio f (Z) y 8u2nAao0i
sinz
f - y
(2)= z-1(z+ 1)2

ompumaemo, wo mouxka Z=1 e npocmum nonrocom gynxyii f (Z) :
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Jlnst 1301b0BaHUX OCOOJMBHX TOYOK MawTh MicCIleé Taki TBep-
TKECHH S

1. Ina Toro, mo0 Touka Zz, Oynga yCyBHOK OCOOJIMBOK TOYKOK (DyHKIIT
f (Z), HEOOXI1JTHO 1 TOCTaTHBO, 100 po3kian y psa Jlopana f (Z) B OKOJI1 TOUKH
Z, HE MICTHB I'OJIOBHOI YaCTHUHU.

2. 151 Toro, mob Touka Z, Oyna nomocoM QyHkmii f (Z), HEOOX1IHO 1 J0C-

TaTHBO, 100 TOJIOBHA YacTHWHA po3kiany y psn Jlopana f (Z) B OKOJIl TOUKU Z,
MICTHJIA JIUILIE CKIHYEHHY KUTbKICTh YJICHIB

f(2)=—C 1436 (- 3) (e, 20).

Tk 4+ o+
[Ipn npomy K (HaiOiLMbIIN 3 TOKA3HUKIB CTETIEHIB Z — Z, IO MICTUTBCA Yy

(z- 2)" z- 3

3HAMEHHHUKAX WICHIB TOJIOBHOI YacTUHM psay JlopaHa) 30ira€Tbcst 3 MOPSIKOM
HOJIIOCY.

3. Touka Zz, Toxl 1 JMIIEe TOAI € CYTTEBO OCOOJIMBOIO TOUKOKO Al (PYHKIIIT
f (Z), KOJIM TOJIOBHA YaCTHHA ii JIOPAHIBCHKOT'O PO3KJIaay B OKOJII TOUKH Z, Mi-
CTUTbh HECKIHUEHHY KUIbKICTh YJICHIB.

IIpuxnao 33. Bcmanosumu xapakmep i301b06anoi ocobaueoi mouxu z, =0
1

ons ¢ynxyii f (Z) = 1_Zez :
Po3zé'azanns.
2 n
1 e‘“=1+§+5—+...+€—+...
_1-e _ 1 2! n! _
f(z)_ z 1 B
§==
1 1 1
A I I S S U
z zZ 72! 3

Bpaxoseyiouu, wo posxknao y psao Jlopana ¢ynxyii f(Z) 68 OKOJII MOYKU
z, =0 micmumb HecKinyeHHY KINbKICMb 4YNeHi8 20JI06HOI YACMUHU, MOYKA
z, =0 —cymmeso ocobuea mouxa.

Hexaii Touka Z, € i301b0BaHOI0 0COOIMBOIO TOUKOIO (DyHKIT f (Z) Jlum-
KoM (TUIIOK — #esidue) GpyHKii f (Z) B TOYL Z, HA3UBAETHCS YHUCIIO, 11O 03~

HayaeThbcss CUMBOJIOM resf (ZO) Ta BU3HAYAETHC 3a q)OpMYJIOIO
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resf (z, ):ZimgS f (z)dz (142)

I ) — KOHTYp, SIKHI HE BUXOJUTH 3a MEXI aHamiTHUHOCTI QyHKIi f (Z) 1 00-
MEXy€e 00JacTh, [0 MICTUTh TOYKY Z, 1 HE MICTUTbH IHIIMX 130JbOBAHUX OCOO-
JUBUX TOYOK (PyHKIIIT f(Z). 31e0UIBIIOr0 )/ — KOJO 3 LEHTPOM B TO4I Z,
JIOCTATHBO MAaJIoro pajlycy, Takoro, o0 KOoJIO He BUXOJUJIO 3a MEX1 00J1acTi
aHamiTHIHOI pyHKii f (Z) 1 He MaJI0 BCEpEeANHI 1HIMUX 130JbOBAHUX OCOOJIH-
BUX TOYOK. [HII MO3HA4YeHHS, SIKI 1HOJI BUKOPUCTOBYIOTHCS y JiTepaTypl s
no3HaveHHs jumka GyHkii f (Z) y TOuLi Z,: res[f (Z) ;%], [:ezoSf (Z)

Sxmo mopiBasti Gopmyau (142)1 (135), To MokHA 3pOOMTH BHCHOBOK:
JAUIIOK (QYHKIIT JOPIBHIOE KOE(IIIEHTY IPU MIHYC MEPIIOMY CTEMEH1 B pO3KIIaIl
B psia Jlopana pyukmii f (Z) B OKOJI1 TOUKHU Z,

resf @, )=—c,. (143)

[IpaBuna 00YKMCICHHS JUIIKIB
1. JIumok B yCyBHi# 0cOOMBIHM TOYII TOPIBHIOE HYIIO, TOOTO
resf (z, )=, (144)

ne Z, —ycyBHa ocobnmBa Touka GyHkmii f (Z)

2. SIKIo TouKa Z, € MOJI0coM N-ro mopsaky ¢yHkmii f (Z) , TO

1 N
resf (z, )= (n_l)!zllrgdf_l[f(z)(z— 2V |- (145)
3. SIkmo Touka Z, € mpocTUM mostocoM (yHkiii f (Z), TO
resf @, )= Iim[f(2)(z- g)I]. (146)
z- %

4. Slxkmo ¢ynkiis f (Z) B OKOJIl TOUKU Z, M0/IaHa K YacTKa JABOX aHAJITH-

9HUX (QYHKITIH

_9(2)
f(2)=—=, 147
(2) 02 (147)

ne ¢(z,)#0, ¢(z,)=0, a ¢'(z,) #0, TO6TO Z, € IPOCTUM MOTIOCOM (DYHKIII
f (Z) , TO
resf @, )=M. (148)
V(%)

5. SKmo Touka Z, € CyTTEBO OCOOJMBOIO TOUKOK (DYHKIIT f(Z), TO ISt
3Haxo/KeHHs resf (ZO) HEOOX1IHO 3HANTH KOoe(IUIEHT C_, B JIOPaHIBCBKOMY
po3kiani pynkmii f (Z) B OKOJI1 TOUKH Z,, TOJ1

resf(z)=c,. (149)
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Ilpuxnao 34.3uaiumu mwxu gynxyii f (Z) =

MOYKaXx.
Po3zs'azanns.

Z

8 0coOIUBUX

(z+2)°(z-2)

Ocobausumu 6y0yms mouKu, y AKUX 3HAMEHHUK NepemeoproEmMb sl ) HYlb

(2+1)'(z-2)=

0.

Omoce, 2, =-11i 2, =2 — i301006ani ocodrusi mouxu @ynxyii f (Z) Bpa-

xogytouu, wo z, =—1 —nontoc mpemvoeo nopsaoky gyuxyii  f (Z), cKopucmae-

mocw hopmynoio (145)

resf(~3= (3}1) !z'jmgf‘l {(z +1)?( z-2)
( e j:ez(z—Z)—é: é z 3
_ z-2 (z-2) (z-2)° 1
e ) [€(z-3) ’_(22—62+1O)é 2tz
(z—Zj _{(z—Z)ZJ (Y

= “)B}zfl!z'f“{(fz)]" -

(z2 -6z+ 10) € 17

(z-2F 54

Touxa z, =2 —npocmuii noatoc, momy 3a gopmynoio (146)

Z

resf (9= liny

(z+1)(z-2)

(z—z)}

z-2

¥

Z

€

3aeoannsn ona po3ze' a3anns

(z+1)

€
27

]z

27. 3uaiit yci ocobnuBi Touku GyHkiii W= f(2z) ta Bu3HauuTH iX Xapak-

TEp

a) W= 1

22 +57z+ 4

Z
W=———
Sinz

28.3HaliTH JIMIIKHA B OCOOJIMBUX TOUKAX

shz
a) W=——;
z

e

Z(z-1)°

Z

o) w

B) w=cosl+ Z;
y

_sinz .

2 H

z

r) W

.1
sin—
Z.

w= :
2 1-2z
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B) W= e,

z

(z+ i)(z—iz)2 |

X) W=Z€;
e

e) W

Z

) W

= —-sinfz
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10 TEOPEMA KOWII ITPO JIMIIKA

Teopema 10 (reopema Ko mpo nuikn). Skimo ¢yukmis f (Z) aHaJIITH-

yHa Ha rpanuii C ob6macti D 1 Bcepenauni obnacti D 3a BUKIIOUEHHSIM CKIH-
YEHHOI KIJIbKOCTI OCOOJIMBUX TOYOK Z, Z,,..., Z, TO

qu z) dz= ZHEreSf( ). (150)

Ilpuxnao 35.3natimu inmeepan <]5—d
|7= 4Z + 2z

Po3zé'azanns.
e -1
Z+z

B obnacmi ‘Z‘ <4 ¢ynxyis f (Z) =
z=0iz =-1(puc. 27).

3a meopemoro Kowii npo nuwxu

z<J'>4Zez+zdz 2rti(resf( 9+ esf(-)).

Bpaxoeyouu, wo

jim 2 1 ={9}:
=0z(z+1) |0

AHAIMUYHA CKPI3b, KDIM MOYOK

-
Pucynok 27
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mouka z, =0 —ycysna ocobnusa mouxa. Tomy resf ( () = C

Touxa z, =—1 —nonioc nepuio2o nopsaoky, momy

] e-1 _ .1
resf(—])—zqul{z(z+l)[Qz+])}_1 i

z-1
Ze dz= 27Ti(1— 1]
442"+ Z e

Omoce,

Ilpuxnao 36. Obuucaumu inmeeparn Cﬁ tgzdz.
|z=2

Po3zé'sazanns.
Ilioinmeepanvua Gyuxyis f(Z)=th aHaNimMuyHa 6cloou, KpiM mMoYoK

T . T T
z =—+7nk, K=0,21%2,... Ane ruwe 08i mouxu Z:E ma Z=—E Jexcams

6cepeduHi obaracmi, wo 0OMedNCeHa KOHMYpPOM iHmecpyB8aHHs ‘Z‘ =2 (puc. 28).

¢ tgzdz= 277( resf(i—Tj + resf(—ED
4= 2 2

3nauoemo resf (%Tj Y mouyi z =g @yuxyiro | (Z) =1tg z moarcna nooamu

Tomy

V 8uenaoi
sinz
tgz=——,
C0oSsz
de sinzl =1#0,coszl = (cosz)' =-sing =-%¥ (
=7 =7 =7 "
Tomy 3a popmynoro (148)
T sinz
resf (—) = - =-1
(cosz) |=;
AHanoeiuno mMipKyouu, BUSHAYUMO
V4 sinz
resf (——j= , =-1
(cosz) |=

Tooi
 tgzdz= 277(-1+(-1)) = 4ri

|7=2
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-7
Pucynok 28
1
eZ
11 0 37.00 / dz.
pukia yucaumu inmezpan @ i1

13
|z=i==
2

Pozé'azanns.
1

N .. e’ . .
YucenvHuk nidinmezpanbHoi QyHKyii f(Z)= 741 AHATIMUYHULL 8CIO0U,
zZ+

kpim mouku Z=0. 3namennux f (Z) — AHAIMUYHA HA YCil KOMNJIEKCHIU Nio-

wuHi pyHkyis. Busnauumo mouxu, y AKUX 3HAMEHHUK NepemeopPIOEMbCsL HA HYlb

Z+1=0= z=+/-1:

zZ=*%i.
Omoice, nidinmezpanvua Qyuxyia mae mpu ocodausi mouku. z, =0, z, =1,
z, =—i. 3eiono 3 puc. 29 e 06i 3 nux — z, =0, z, =i — nanexcamov obracmi
: 03
D, wo obmescyemucs kKoHmypom inmespy8ants ‘Z - I‘ = 5" Tomy 3a meopemoro

Kowi npo nuwxu
1

$ & dz=27mi(resf( Q+ res(i)).
W Z’+1

OcKinvku
1

e”
()=t - ¢ . (*)
Z+1 (z+)(z=)  (z7)

1 1
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7
/z—//-2
Z=IEl)
Z7=0€0
2 T
-1+ Z,=-1Z[
Pucynok 29
mo Z, = | —npocmuil nOIOC, MOMY
1 1
e 1

. I H ez —_ -_—
e U= 1M o= V)T My T2e

1

ZZ

He icnye, mo z, =0 — cymmeso ocobausa mou-

Bpaxoeyrouu, wo lim
paxosyiouu, wo lim———

Ka. J{ns 6usHaueHHs TuwKa y yiti mouyi HeobXioHo mMamu po3kiao yHKYii y psao
Jlopana 3a cmenenamu Z. Ane 6 0anomy 8UnAOKy wyKamu makuil po3Kiao He-
mae Heobxionocmi. @yuxyis f (Z) napua, momy ii 10paHiecbKuil po3Kiao mic-

mumume auwe napHi cmeneni Z i —. Tomy € =0 i, omoxrce,
Z
resf (Q= C
1
z (1
36i0Ku <j> Ze dz=2mi| —+0 =7—T.
32 +1 2ei e

z- |\—
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3aeoannsn onsa po3ze' a3anus
29. BukopucroBytouu Teopemy Kol npo JuIku, 004MCIUTH IHTETpaIH:

dZ e2z
a —_— —— C:X+y-2x=0;
)Z+§Si3z3(22+4) H)ff—l y
zdz
6 : ) §——;
)Z_SE o (z+2) 4=431N2
1
e’ dZ 2.5 -
: X) z°e dz.
") j)_lz +27+1 29221
cos> 2 2
2 R
dz, C:—+=—=1;
0§02 Gty

113ACTOCYBAHHS TEOPII ® YHKIINA KOMIIVIEKCHOI 3MIHHOI
J10 3AJIAY T'ITPOJJUHAMIKHA

[Tnockuil ycranenuit pyx piauHu. byjaeMo po3risiiaTé iocKy MOTEHIHHY
yCTaJeHy TE€Uil0 HeCTHUCIMBOI 1I€aJIbHOI pIIUHU. SIK B1IOMO, Y BUIAJKY MOTECH-
1aTbHOTO PyXy B 00JIACTi, 110 HE MICTHUTb JHKEPEI, BEKTOP MIBUAKOCTI \7()(, y)
3aJI0BOJIbHSIE PIBHSHHS

rotv =0, (151)
divv =0, (152)
OCKUTbKHM PyX MOTEHIIANbHUMN, ICHY€E CKaIIpHa (QYHKIIIS u(x, y) , 110 HA3UBAETh-

Csl TIOTEHITIAJIOM IIBHIKOCTEH, MOB'sI3aHa 3 BEKTOPOM IIBUAKOCTI V CHIBBIIHO-
[IEHHAM

v =gradu( x,Y), (153)
TOOTO
vV, =%;
X
_ou (154)
y ay

[Ipy 11bOMy BEKTOp MIBUJAKOCTI V y KOXHIA TOYIN Tedii HANpaBJIECHUU IO
HOpMaJIi 70 JiHIT piBHS U ( X, y) = CONS noteHmiany mBuAKocTen. [ligcTaBuBIIN
(153)y piBustaus (152),0tpumMaemo

d°u 6 u
ox’ ay

=0, (155)
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TOOTO y BUIAJIKY, IO PO3TISTAETHCS, MOTSHITIAN MIBUAKOCTEH € TAPMOHIYHOIO

(byHKITIETO.
[ToGynyemo aHaJIITUYHY byHKIII0 KOMILIEKCHO1 3MIHHOI1

f (Z) = u( X )) + i\( X )), IUISL SIKOI ITOTEHIIAI u(x, y) Teyll € AIMCHOIO YacTH-
Ho10. Sk Oyino Big3HaueHo (quB. C. 29),npu npomy ¢GyHkifis f (Z) BHU3HAUYCHA 3
TOUHICTIO 10 cTtanoi. [Ipu npomy miHii piBHS u(x, y) = cons i V(X, y) = cons
JIACHOT M YSBHOI YaCTWH aHAIITUYHOI (YHKIli B3a€EMHO OPTOrOHajibHI. Tomy
BEKTOpP MIBUAKOCTI V y KOXKHIM TOYII TeYil HAMPABJICHUNA IO JOTUYHINA A0 JIHI1
piBHS V( X, y) = CONS, 10 MPOXOAUTH Yepe3 JaHy TOuKy. OYyHKITis v( X, y), 110 €
ySIBHOIO YAaCTHHOIO MOOYAOBAaHOT B Takil crocid aHamTUyHOI (QyHKIIT f(Z),
Ha3MBaeThCsA (PyHKIE Tedii, a cama ¢yHkisa f (Z) KOMILJIEKCHAM MOTEHIIa-
JIOM Teuli.

OOnactp Teuii, OOMeXeHa ABOMA JIHISIMH Teuil V(X, y) =G V(X, y) =C,
HA3WBAETHCS TPYOKOIO Teuii. OCKUIBKY MIBUIAKICTh PIIMHUA B OyAb-SIKIA TOYII
HaIpaBjIeHa 1O JOTHYHIM JIO JIHIT Tedii, TO B CHIy HECTHCIUBOCTI PIAMHHM H

CTalllOHAPHOTO XapaKTepy PyXy, KUIbKICTh PIAMHHM, IO MPOTIKAE 32 OJUHUIIIO
qacy uepe3 Oyzb-sKi JIBa MONEepeuH] nepepisu § 1 S, TpyOku Tedli, 3aIuIaeTb-
csl mocTiiiHo. Takum 4nHOM, pi3HULS 3HayeHb cranux C, 1 C,, Bu3Haudae BU-
TpaTy piAMHY B JaH1i TpyOIl Tedii.

3 ymoB Komi-Pimana i ¢popmyn (154) BuruinBae, 1mo KOOpIAUHATH IIIBHIKO-
CT1 MOXYTh OYTH BUpaKEH1 Yepe3 YaCTUHHI MOXI1JIHI BiJ QYyHKINT Teuli

vx=@:>vx=a—v; (156)
0x oy
v, =0y == (157)

)Y b 0X
Kowmmiexcne umcio W=V, + iV, MOXHa iHTEpIIPETYBATH AK IIOCKHH BEKTOP

3 KOOpAMHATamu V, 1 V,. Mae miciie 04€BUIHE CIIiBBIAHONIEHHS

B . _0du .du_0du .0V_——7
W=V +iv =—+i—=—-i—=f'(2),
Y 0x 0y O0x O0X

AK€ TIOB'SI3y€ BEKTOP IIBHIKOCTI ¥ MOXIAHY BiJl KOMIUIEKCHOTO MOTEHINATy Te-
yii.

(158)

VY rigpoauHaMilll 1CTOTHY POJib BIAITPAIOTh MOHSITTS LUPKYJSIIT ¥ TOTOKY
BEKTOpa IMIBHIKOCTI. BU3HAUMMO 11i BENTWYMHH Yepe3 KOMIUIEKCHUHN MOTEHIal
Teuii.

Po3rnsiHeMO KycKOBO-IIaJieHbKY TUIOCKY KpuBy C (3aMKHEHY a00 He3aMK-
HEHY) 1 BBeJeMO Ha Hiii BekTopu audepeniianis gyru dSi Hopmani din 3a jgo-
[IOMOT' OO CITIBBIIHOIIIEHD

ds= dxi+ dy], (159)
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di=dyi- dxj (160)

Mae micue ouesuane crisBignomenns n°ds= dn, ne N’ — oxuHMYHa HOp-
mautb 10 kpuBoi C, a ds — nqudepentiian Jo0BKUHA AYyTH i€l KPUBOI.

[Tpu momatHomMy 00x0/1 3aMKHeHOT kpruBoi C dopmyina (160) nae HanpsaMok
30BHIIIHBOI HOPMAJII.

[TorokoMm BekTopa mBUAKOCTI V uepe3 kpuBy C (3aMKHEHY a00 HE3aMKHE-
HY) Ha3UBA€EThCS KPUBOJIIHIMHUN 1HTETpall BiJl HOPMaJIBbHOT CKJIaJJ0BOT IIIBUIKOC-
Tl

N.=[(vn)ds (161)
C

OueBHHO, 1IeH IHTETpaj BHU3HAYAE KUIbKICTh PIAWHM, IO MPOTIKAE Yepe3

kpuBy C 3a oguHuIto yacy. [Hrerpan (16 1)3amnuiiemo y BHrJI;mi

ou
J'vdn J'vdy— de:j_ dy— dx jax ¢ (162)

[Ipu Bu3Ha4YeHH] MIAMOMHOI CHIIH, LIO i€ 3 60Ky MOTOKY PIAMHU Ha TiJIO,
AK€ OOTIKAETHCS HEI0, BEIMKE 3HAUYECHHSA MA€ CTYMiHb 3aBUXPOBOCTI MOTOKY,
SKUWA XapaKTepU3yeThCs 3HAYEHHAM HUPKYJALii. Lupkyssiieto BeKTopa mBHI-
KOCT1 y3710BK KpuBOi C Ha3MBa€ThCS KPUBOJIHIMHUM 1HTErpasl BiJ JOTHYHOI
CKJIaJI0OBOi BEKTOpa IIBUAKOCTI

= [v o3 (163)
C
Bupaxxaroun mBHAKICT V yepe3 KOMIUJIEKCHUN HOTeHuiaJI ,Z[iCTaHCMO
ou ou
=|vds= dx+ v dy | — d)(-— dy C 164
Juds=]ydx ydy[ = I (164)

Po3rnsHeMo Ha KOMIUIEKCHIH TMIOUINHI iHTerpaJI y3a0Bx KpuBoi C Bif mo-
X1HOT KOMIUIEKCHOTO HOTeHI_IiaJ'Iy

ou
f dZ — dX — d — d¢— o 165
[1'(2)da= [ o O o [0 an O (165)
[TopiBHSHHS (162), (164) (165)1'[pI/IBO,Z[I/ITL 10 hopmysu
j f'(z)dz=T, + M, (166)

s popmymna, 1m0 Ja€ BUpaKEHHS MUPKYIAIIT i TOTOKY BEKTOpa IIBHJIKOCTI
yepe3 MOXiTHY KOMIUIEKCHOTO MOTEHITiany, 3HaXOAUTh YUCICHHI 3aCTOCYBaHHS
B TIpoJuHaMiIli. 3ayBa)KUMO, 110 KOJIK 00J1acTh D, y sKiil po3risaaeThes pyx,
€ OJIHO3B'A3HOI0, TO iHTerpai (166)mo Oyap-sKil 3aMKHeH1H kpuBiid C, 1o mi-
KOM JiekuTh y D, mopiBHIOE HYIIIO B cuily Teopemu Ko, YV Bunaaky pyxy B
Oarato3B'sa3Hii obsacti D iHTerpan mo 3aMkHeHid kpuBid C, 1m0 IIJIKOM Jie-
xuTh y D, moxxe OyTtu BinMinHu# Bix Hyss. Lle Oyne matu micie, Konu ycepe-
nuHi KpuBoi C micTuThes obmacth D', mo He Hanexuth D, B AKiii MiCTATBCS
JoKeperia 1 BUXPOBI TOYKH Tedii, 10 PO3TIISAIAEThCA. Y IMiil 001acTi, 0O4eBUIHO,
nopyiyrTthes piBasHHs (151)1 (152).B okpemomy Bumaaky odiaacte D' mMosxe
CKJIAIATUCA 3 OKPEMHX TOYOK, SIKl PU LOMY € 130JIbOBAHUMH OCOOJIMBUMH TO-
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YKaMHU aHAITHYHOIT GyHKINT f (Z) — KOMITJIEKCHOTO TTOTEHITIATy Teulii.

OT1xe, TOBIILHUM TUIOCKUH MOTEHIIAIIBHUN pyX B 00J1acTi, Y SKIM BIACYTHI
JpKepena i BUXPOB1 TOUKH, MOXeE OyTH ONMUCAaHUH 3a JOTMOMOTOI0 KOMILUIEKCHOTO
NOTEHIIay, [0 € aHANITUYHOIO (YHKIIEI0 KOMIUIEKCHOI 3MIHHOI. TuM camum
JUISL BABYEHHS IAHOTO KJlacy Teduii MoXe OyTH BUKOPHCTAHUN yBECh amapatr Teo-
pii aHAMITUYHUX YHKITIH.

Posrnsnemo psii npukiaaiB HAHOPOCTIMIMX TEUi, 10 OMUCYIOTHCS €IEMEH-
TapHUMH (PYHKLIIMH KOMILJIEKCHOT 3MIHHOI.

1. Hexait koMIJIEKCHUM ITOTEHIIAJ TeYll Ma€ BUTIIA

f(z)=az (167)

ne a=a + ia, —3agaHe KOMIUIEKCHe yncio. Toxi
u(xy)=ax-ay (168)
v(xy)=ax+ a) (169)

1 miHii Teyil V(X, y) = C € npAMUMH, KyT HAXWIY SKHUX J0 OCl X BHU3HAYAETHCS

BUpa3oMm tga = —i. 3 popmyu (158)
a

w=v +iv, = f'(2= a= a- ia, (170)
3BiJIKM BUIUIMBAE, IO HIBUKICTh TeUil MOCTIHA I HATIPSIMOK BEKTOpPa LIBHJIKO-
CT1 30IraeTbes 13 NPIMUMHU V( X, y) = C. Omxe ¢yskuis (167)Bu3Havae miocko-

napaneibHy Teullo.
2. Hexali KOMIIEKCHHH ITOTEHII A TeUli Ma€ BUTIISI

f(z)=aln z, (171)
ne a — gidcHe yucio. Toji, meperIoBIM 10 MOKa3HUKOBOI (POPMH 3amucy
z= p€’, onepxMMO BUpa3 MOTEHIIANy i (QYHKLIT Tedii y MoJaIpHUX KOOPAUHA-
Tax:

u(p,¢)=alnp, (172)
v(o.9) = ap. (173)

3BiACH BUILIMBAE, IO JiHII TeUil € MPOMEHSIMH, SKi BUXOAATH 13 MOYATKY

KOOpAMHAT, a eKBIMOTEHIIAIbHI JIHIT — KOJIa 13 IIEHTPOM Y MOYaTKy KOOPAHHAT.
AOGCOmI0THA BEIMYMHA MIBUKOCTI MPHU I[bOMY JI0PIBHIOE

W= (2)=12 =13, (172)
ol P

a BEKTOpP IIBUIKOCTI HAINpaBJIeHUH 1Mo mpomeHto ¢ =const. 3 (174) pummBae,
10 y MOYaTKy KOOPJMHAT IMIBUJIKICTh MPSAMYE 0 HECKIHUeHHOCTI. Touka z=0,
ocobmmBa Touka GyHkiii f (Z) , Y IbOMY BUTIQJIKY € JDKEPEIoM Tedii (JogaTHUM
mxepenoMm npu a>0, Koy MWBUAKICTH HANpaBiieHa BiJ MOYaTKy KOOPAMHAT, 1
BIJ'€MHUM JKepenoM abo ctokoMm npu a<0, Kolu HMIBUAKICTH HampaBieHa N0
MOYaTKy KOOpJauHaT). B3sBimm MOBiIIBHUI 3aMKHEHHMH KOHTYp C, IO MiCTUTH
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touky Z=0 ycepenuHi, 3a popmyior (166)oaepxumo
[f'(2)dz=[2 dz=2m akr + M. (175)
C C Y4

3Bincu 1, =2ma. Orxe, y BUNAAKy, O PO3MIAJAETHCS, MOTIK PIAMHU Ye-
pe3 OyIb-sIKuii 3aMKHEHHI KOHTYp, IO MICTUTh YCEpPEANHI HKepeno, MOCTINHUN
1 gopiBHIOE 277a. {10 BennunHy Ha3uBarOTh MOTYXKHICTIO JPKEpena.
3. Hexaii KOMIUIEKCHU IMOTEHIIAT MA€ BUTIISAL
f(z)=ialnz (176)
e a — JiicHe YKcio. Y 1bOMY BUIAJKY JIiHIT Teuii SBJISIIOTh CO0O0I0 KOHIIEHT-
pHUYHI KOJIa i3 IEHTPOM B IoYaTKy KoopauHar. 3 popmynu (166),ananoriuyHo sk
1 B monepeaHboMy BHUManky, ogepxumo [1_=0, . =-2ma. Touka z=0 y
IbOMY BUTIAJKY Ha3MBAETHCS BUXPOBOIO TOUKOIO TEUii.
4. Hexaii KOMIUIEKCHUI NOTEHIIAI TEY1l Ma€ BUTIISI
f(z)=an(z+ h- dn( = M, (177)
e a — JoJaTHe AIMCHE YKCio, a h — gesdka KOMIUIEKCHA cTajia. 3TiIHO 13 Iomne-
penHiM MaTepiajoM e MOTeHIla]d BU3HAYAE TEYil0 3 JOJATHUM JHKEPEIOM y
touli Z=-h1i cTokom y Toumi Z=+h, npudomy mOTYX HICTb JKepena i CTOKY
oJlHaKoBa ¥ jopiBHIOE 277a. 3anumiemo (177)y Burisi
f(z)=2ahln(2+ h)-In(z- H
2h
Ta PO3IIITHEMO BUMANOK, koin h — 0, BBaXkarouw, 110 MOTYXHICTh JpKepesa i
CTOKY IIPH IIbOMY 3pOCTAa€ TakK, 10 BeIUYMHA M= 2ah 3aJIuIaeTscs cTanow. Y
pe3ybTaTi OJEPKUMO

(178)

f(2)= ? (179)

Oyukiist (179) saBasie co0010 KOMIUIEKCHHI MOTEHIIIAI U0 OTYKHOCTI
M, 110 3HAXOIUTKCS B MOYATKy KoopAwHAT. JIiHii Tedii JUmoms, O4eBHIHO, BU-
3HAYalOThCS PIBHAHHIMU

__my _
ry C (180)
abo
C(X + y)+ my=0, (181)

TOOTO € KOJIaMH 13 LIEHTpaMH Ha OCi Y, IO JAOTHUKAETHCSA A0 OCl X Yy MOYATKY
xkoopauHat. [Ipu oMy abCcoII0THA BeTMYMHA UIBUIKOCTI, SIKa JOPiBHIOE

\N‘: = 1 2
‘ ‘2‘2 X2+y2’ ( 8 )

NpsIMy€ 10 HYJIsl HA HECKIHUEHHOCTI.
5. PosristaeMo Teuiro, KOMIUIEKCHHN ITOTEHINA IKOT Ma€ BUTJIS
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f(z)=vmz+?, (183)

ne V, 1 M —aonatHi AivicHl yucia. OU4eBHIHO, 115 TEYis € CYMEePITO3UIII€r0 TUTOC-
KOIapaJieJbHOI Teuil 31 MBUAKICTIO, 1110 MapayiesibHa Ocl X 1 JIOPIBHIOE V_, 1 Te-

Yii, 0 CTBOPIOETHCS TUMOJEM MOTYXKHOCTI M, KM 3HAXOJUTHCS y MOYATKY
koopauHar. JIiHii Te4ii BU3HAYaroThCs PIBHIHHIMHU

my
vy-———=C 184
S v ¥ (184)
3navenHto C =0 BianoBijae JiHisA TeUli, pIBHIHHSA SIKOi Ma€ BUTJISA
m
v —— |=0. 185
Y%~y ¥ (185)
Bona posnagactees Ha mpamy Y =0 i kono X° + y* = &, ge a’ = Oci-
VOO
JIBKU
m a
f'(z)=v -——=v|1-—|, 186
(2)=v-D=y[1-2 (186)

TO Ha HECKIHUYEHHOCTI IMIBUJIKICTh T€Uil TOPIBHIOE V, 1 HampaBJIeHA y30BXK OCi
X.V Toukax xoma X* + Yy’ = a*, mo € niHi€r0 Tedii, MBUAKICTH COPAMOBAHA I10

JOTHYHIH /10 1bOT0 Koa. 1 a6COMOTHOT BEMYMHY MIBUAKOCTI B TOUKAX KOJIA
z=a€¢ 3 popmyn (158)i (186)oxepxumo

w| =73
4=a

VY po3risHYTHUX MPUKIANaX MU 3a 33JJaHUM KOMIUIEKCHUM ITOTEHITIaJIOM BH-
3HAYaJIM TIAPOJUHAMIYHI XapakTepucTuku Teuli. [lepelimemo temep 10 po3B's-
3aHHS TaKk OM MOBUTH 0OEpHEHOI 3a/1a4i, 3a7a4i MPO BU3HAYCHHS KOMIUIEKCHOTO
MOTEHIliay Tedii 3a HOro TiAPOJIMHAMIYHIUMH XapaKTEPUCTUKAMU. 3ayBaKHMO,
10 OCKUIbKU (p13WYHA IMIBUIKICTH T€Ull BUPAKAETHCSA Yepe3 MOXIIHY KOMILICKC-
Horo moteHmiany (auB. ¢popmyny (158), To caM KOMILICKCHUH MOTEHINAN st
3a/1aHoi Teuii BU3HAYAETHCSA HEOJAHO3HayHO. OgHAK MOTO MOXigHA € OJHO3HAY-
HOIO aHAIITUYHOIO (QyHKIi€0. Lle o3Hauae, 1o B 0KoJi Oyab-sKOT MPAaBUIBHOI
TOYKH T€il Ma€ MICIIe PO3KIIa]l

f'(z)=Xa(z 7). (188)
n=1
a B OKOJII 130JIbOBAHOT OCOOJIMBOT TOYKU — PO3KIIA]T

f(z)=3 h(z- 7). (189)

n=-o

3 (189) anst KOMIUIEKCHOTO TOTEHIIATy B OKOJi OCOOIMBOI TOYKH Z, OTpH-

=\ [1- é°|=2y]sing|. (187)

Ma€MO pO3KJIajg
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f(z)=b,n(z- 2)+3 ¢( = 2" (190)

n=-c
30kpema, K0 HeCKIHYEHHO BiJajieHa TOYKa Z HAJICKUTh 00IacTl Tedii i
KOMIUIEKCHA IIBUIKICTH

w, =(v,) + i(vy)w (191)

Tedii B 1[Il ToUlll 0OMeXeHa, TO PO3KJIa] KOMIUIEKCHOTO MOTEHI1aly B OKOJI TO-
YKH Z, Ma€ BUTIISA

f(2)=wz+ bin z+ 32, (192)
n=0 Z
3BIJICH OACPKUMO
[ £'(z) dz=2min,, (193)

Cr
ne C, —koio ‘Z‘ = R gocuth Benukoro paaiyca R, mosa skum Hemae ocoOu-
BUX TOYOK pyHkii f (Z), 32 BUHATKOM TOYKH Z . 3 IHIIOTO OOKYy, y cmiry (op-

myiu (166) inrerpan (193) Bu3Ha4ae MOTIK 1 NUPKYJIAII0 BEKTOpA MIBHIKOCTI
yepe3 kpuBy C.. OCKUIbKM IBUAKICTh y TOUL Z, OOMEXEHa, TO ISl TOUKa HE €
IPKEpEJIOM, TOMY IOTIK BEKTOpa IIBUAKOCTI yepe3 kpuBy C, IOpIBHIOE HYIIO, 1
dopmyna (193) nae
2mb_ =T . (194)
Bumnuimemo octaTouyHMi po3Kiia] KOMIUIEKCHOTO TMOTEHIIay B OKOJI He-
CKiHUEHHO BiJIJAJIEHOT TOYKH, 0 € TIPABIJILHOIO TOYKOIO Teuii:
r = C
=In z+) o (195)
271 n=0 Z
Posrissremo temep 3amady oOTiKaHHS 3aMKHEHOTO KOHTYPY ILTOCKOTapaie-
JHHUM TOTOKOM. Hexail moTik, 110 Mae Ha HECKIHUYEHHOCTI 3aJlaHy MIBUIKICTh
W, 1 nupkymsanio [, o0Tikae Tino S, oOMexeHe 3aMKHEHUM KoHTypom C.

[

f(z)=w, z+

oo !

[ToTpiOHO BU3HAUMTH MIBUAKICTH Y OyIb-SKiil TOYII MOTOKY 3a 3aJJaHUMH T1JIpO-
JTUHAMIYHUMH XapaKTepHUCTUKAaMU Ha HECKIHYCHHOCTI 32 YMOBH, II0 B TOYKax
kKoHTYpy C MIBUAKICTH TeUli HampaBjeHa 1Mo J0TH4HIN 10 KoHTypy C. OcTaHHs
yMOBa O3Hayae, 1o kpuBa C € jiHi€0 Tedii, TOOTO ysIBHA YacTHMHA KOMILICKC-
HOTO TMOTEHIliay, 1110 OMKCYE TEeUit0, IOBUHHA 30epiraTu MOCTIMHE 3HAYCHHS Ha
kpusiii C

v(x y)| = consi (196)

C
3amava 3BOAUTHCS O BU3HAYCHHS 1032 KOHTYpoM C Ha KOMIUIEKCHIiH T10-
muHI aHATTHYHOT QyHKITT f (Z), y poskiani (195)saxoi 3amani 3HaueHHST W, 1
[, aHa koHTypi C BHKOHYeThcs ymMoBa (196).BpaxoByroun, 1o KOMITJICKCHUH

MOTEHIIIa] BU3HAYCHHUH 3 TOYHICTIO IO CTajoi, 3HaYeHHs cTanoi B ymoBi (196)
MO>KHA BBAYKATH PIBHUM HYIIIO.
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[Tounemo i3 3aa4i 00TIKaHHS KPYroBOTO IUJIIHApPA pagiyca R i3 meHTpom y
noyaTky koopauHaT. Hexail mBHIKICTh TOTOKY Ha HECKIHYCHHOCTI IOPiIBHIOE
V., 1 HampaBJieHa mapajelibHO oci X, a mupkyssiis Biacytas (I, =0). Mu no-
BUHHI 3HAWTH KOMIUIEKCHUN MOTEHIIa], PO3KIaa SKOrO B OKOJI HECKIHYEHHO
BIJIAJIEHOT TOUKH MA€ BUTJIA

f(z)=v, z+ ZC—: (197)
n=0 Z
1 ysIBHA YaCTHHA SKOTO MEPETBOPIOETHCS B HYJb MPHU ‘Z‘ = R. KommiekcHuii mo-

TEHI[IaJI TAKOTO TUIy Oys10 HamH Bxke po3risiHyTo (183).ToMy po3s'sa3ok maHOl

3aja4l Ma€ BUIIA
2

f(z)=v, z+R? : (198)

[Ipy npboMy MIBUAKICTh Yy TOYKAX, IO J&XKaTh Ha OOTIYHOMY ITWJIIHJIpPI, BU-
3Ha4YaeThes opmyioro (187), 3BiAKM BUILUIMBAE, IO BOHA JOPIBHIOE HYIIIO Y
JBOX KPUTHYHUX TOYKaX: y Toulll Z=—R, y skii miHisg Teuii Y =0 posramyxy-
€TbCSI HA JBI JIHIT Teuli, M0 30IraroThCs 3 BEPXHIM Ta HIDKHIM HaIliBKOJAMU
‘Z‘ =R, 1B Toumi z= R, y sAKif 1i JiHii Te4ii CXOAAThCs 3HOBY B mpsimy Yy =0.
[{i TOYKM HA3WBAIOTHCS TOYKOK PO3TATY)KEHHS M TOUKOIO CXOJKEHHS, BiIMOBI-
JHO. 3ayBa)KUMO, 1[0 KOJIM HIBUAKICTh MOTOKY Ha HECKIHYCHHOCTI HE Mapasieib-
Ha oci X, a Mae Burisig W, =V, €%, To 3a 1onoMororo nepersopenns { = z€'*
MU TIPUXOJIMMO JIO 3314l Ha IUIommurHI ¢ , o BXe po3risiaanack. Toi muist po3-
B'SI3KY BUX1JHOT 3a/1a41 OJICP>)KUMO BUpPa3

f(z)=w z+ W”ZR2 . (199)

Hexaii Tenep nupkynsamis [ He gopiBHIOE Hym0. Ak MU Oauuiud BUILE

(muB. mpukax 3 ), miHIT Tewil y Tedii 3 KOMIUIEKCHUM MoTeHIiaom ialnz (a —
JIHCHE YHUCII0) SIBJISIFOTH COOOK0 KOHIIEHTPHYHI KOJIA i3 IIEHTPOM B TOYATKY KO-
opauHat. ToMy KOMIUIEKCHUN MOTEHLIaN Teuli, 10 00TIKae KPYroBUM LHUIIHJIP
paniyca R 13 3a/1aHOI0 MIBUAKICTIO HA HECKIHYEHHOCTI V, 1 3aJ1aHOI0 ITUPKYJIs-

miero [, Mae BUTIISIA

2
f(z)=\v, R r°°_|n z (200)

z 27T

3HaliIeMO KPUTHYHI TOUYKHU TeYii, y SIKHX HMIBUAKICTh T€Uii JOPIBHIOE HYIMIO. 3Ti-
1HO 3 popmyroro (158)maemo

R? I
w=f'(z)=v|1l-—— |+——. 201
( ) " z 27Tz (201)
3Biacu
zZ' + r_°° z- R=0 (202)

271V

00
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z =i . + |R —r—°2° (203)
v Anv, 16V
IIpu R2> 4I' nigkopeneBuii Bupa3 B (203) nogatuuii. Tomy
ﬂVOO
I—2 I—2
z|= | R-——2—+—2> = 204
¥ \/ 167°v:  lerv: R (204)

TOOTO OOMJIBI KPUTHUYHI TOUKHU 3HAXOIATHCS HA KOJII ‘Z‘ = R 00Ti4HOTO IMIIHI-
pa, npuuomy mpu [ >0 (v, >0) oOuaBi TOUKH Jie)KaTh Ha BEPXHBOMY, a IPU
<0 (v, <0) — Ha HWKHBLOMY MiBKOJi. TUM caMUM HasSBHICTH ITUPKYJIAIIT
30JIM)Ka€ TOYKH PO3TayKeHHsI W CXOKeHHs JiHii Teuii (puc. 30).

[

47,

[Tpu =R 00uaBi KpUTHYHI TOYKH 30iraroThcs (i3 TOukow Z= iR npu

00

>R B o0OJacTi

>0 um toukoro z=—IR mpu I <0). Hapemrri, npu

[

3aJIMIIAETHCS JIMIIE OJHA KPUTHUYHA TOYKA, IO JISKUTh Ha ysABHIN oci Y. (Sk

BuImBac 3 piBHAHAA (202), 106yTOK KOPEHIB LILOrO PIBHAHHSA A0piBHIOE —R?,
TOMY JIpyra KpUTHYHA TOYKA JIS)KUTh YCEPEIUHI KoJia ‘Z‘ = R). Uepe3 1o TOYKY

MIPOXOUTH JIIHIS Tedii, 110 BIIOKPEMITIOE 3aMKHEHI1 JIiHIT Tedil BiJ] HE3aMKHYTHX
(puc. 31).

e ——
e

Pucynoxk 30
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Pucynok 31

OtpuMaHi pe3yJbTaTH JIO3BOJISIOTH y TMPHUHIIMII PO3B'A3aTH 3a1ady OO0TI-
KaHHs JOBLIBHOIO 3aMKHeHOro koutypy C. JliiicHo, Hexal ¢yHKIis ¢ = ¢(Z)

3/1MCHIOE BiToOpaxeHHs 06sacTi (Q KOMIUIEKCHOI TUIOIMIMHUA Z, 10 3HAXOAUTh-
cs1 30BHI KoHTYpYy C, Ha obmacte Q' mromumbu ¢ , M0 30BHI OJMHUYHOIO KOJIa

‘Z ‘ =1, Tak mo ¢(00) =oo. Tomi, 04EBUIHO, 3a]1a4a, IO POTIATAETHCS, BUSIBIIS-

€THhCSI €KBIBAJIEHTHOIO 3a7a4l OOTIKaHHSA KPYTOBOTO LUJIIHApPA OJAMHUYHOTO pa-
aiyca. Ilpu 1poMy MIBUIKICTH MOTOKY HAa HECKIHYEHHOCTI, sIKa, B3arali-ToO
3MIHUTBCS, MOXe OYTH JIeTKO BU3Ha4YeHa. KomruiekcHuii motenmian f (Z) BUXI-

IHOI Teuli mpu JaHoMy BimoOpaxeHHI mepeine y dynkuio F (Z ) =f [Z(Z )]
Tomy 3a popmyioro (158)3naiinemo

VT/w:d_F :ﬁ dz :Woiz‘ (205)
dZ {=c0 dz z=00 CZ {=c i =00
Ta

= 2 (206)

dZ {=c

Y cuny popmya (199)i (200)po3B'sa30k mepeTBOPSHOI 3a4aui Ma€ BUTIIS

— W, T
F({)=W,{ +—=+—=In{. 207
(¢)=W.d+ 7+ 2ind (207)

3BiICH I PO3B'SI3KY BUXITHOI 3329l OTPUMAEMO BHpPa3
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dz

W
— d de { =00 rm
t(2)=F[¢(2) =vyod—;@m¢(j+ 502 +o=ing(} (208)

Sk mpukian po3riasHeMO Oe3upKyIsiiiHe 00TIKaHHS HECKIHUEHHOI Ijiac-
TUHKU TJIOCKUM MOTOKOM pinuuu. Hexail miommua OXY nepeTrHae MmiIacTUHKY

0 BIIpI3Ky —a< X< @, a BEeKTOp MIBUAKOCTI MOTOKY JISKUTH y TutomuHl OXY i
Ha HECKIHYEHHOCTI Ma€ 3a/1aHe 3HaueHHs W, . Sk BUTUIMBAE 3 PO3TISAY BIACTH-
BocTel PpyHKIi1 XKyKOBCHKOTO (PyHKIIIS

1
z=§[z +?) =4(?) (209)

3M1MCHIOE BiOOpakKeHHS 00JacTi, sKa 3HAXOJAUTHCS 30BHI OJAMHUYHOTO KOJa
wionuHy ¢ , Ha IUIOIIMHY Z, IO Po3pi3aHa o BiApizky —a< X< a. [Ipu npomy

a .
lﬂ(OO) =00 Ta — =—. Tomy 3anmaua, 10 PO3IISIAAETHCS, €KBIBAJICHTHA 3a-

dZ /...

nadi oOTiKaHHA 0e3 LUPKYJALIl KpyroBOro UWIIHApAa OAMHUYHOTO pajiyca Ha
wionwHi ¢ TMOTOKOM, III0 MalOTh Ha HECKIHYEHHOCTI KOMIUICKCHY NIBUAKICTH

a ~ 4 .. .
W, = E W, . KoMmiekcHUI MOTEHI1a OCTaHHBO1 3a71a4l MA€ BUTJISA

F(7) :g(wwz +W7j (210)

. . 1 ..
[TigcTaBuMO cromu 3amicth ¢ 1 ? 3HaiiaeH1 3 (209)BenununHu

z+VZ - &

§= : (211)
a
1_z- zz—af. (212)
& a
Tyr VZ* — & >0 npu z= x> a. Po3i6'eMo W, Ha xiiicHy i yIBHY 4YaCTUHH
w, =(v,) + i(vy)w. (213)

Tomi 1t KOMIUIEKCHOTO TOTEHIIaTy BUX1AHOT 3a7a4l OJEPKUMO OCTaTOY-
HHUU BUpa3

f(z)=(v), z- i(\@)m\/ ?- &. (214)
Ha 3akiHueHHs 3HaleMO CUITy, 110 Ai€ 3 00Ky MOTOKY Ha OOTIYHE HUM TiJIO.

Cwta TUCKy, IO i€ Ha eneMeHT ayru dS xontypy C, mponopiiifHa rixposm-
HaMiYHOMY THCKY P y AaHil TOYIL MOTOKY i CIPSIMOBaHA y HANPSMKY BHYTpi-

ITHBOI HOpMaTi —dﬁ=—Tdy+ idx. Tomy nmns KoopauHAT CHWIIM, IO i€ HA
koHTYp C, ogepx’umo Bupas

84



R =~ pdy (215)
R = pax. (216)

BusHnauuBmm riipoguHamMiuHul TUCK P 3 iHTerpaia bepuymmi

p=A- '0;’ , (217)

ne A — crama, a 0 — TIyCTHHA PiAUHM, 1 BBIBIIM KOMIUIEKCHY BEJIUYUHY
R=R + IR, orpumaemo

R= ‘§ [ (dx- idy) = —g J v d. (218)

(Iarerpan Bix cTamoi A 1o 3aMKHeHOMY KOHTYpY C, 04eBHIHO, JOPIBHIOE
Hy;r0.) [leperBopumo inTerpan (218). Ockinbku B Toukax KoHTypy C mBua-
KICTh CIIPSIMOBAHA MO TOTHYHIN A0 KOHTYPY, TO KOMIUJIEKCHA IIBUKICTh T€Yil W
IIOB'A3aHA 3 BEJIMYMHOK (PI3MUHOI IIBMAKOCTI V CHiBBimHOEHHAM W= VE’, ne
@ — KyT MK JOTHYHOIO J0 KOHTYpy Ta Biccto X. Toxmi dopmyna (158) nae
ve"” = f'( 2.3 inmoro Goky, dz= ds€’. Tomy

vdz= Ve dse=( { B « (219)
i popmyna (7.74)Habyae BUTTIALY
—_P(l (N
R=-=|(f'(2) dz 220
>1(1(2) (220)

Lle Tak 3Bana ¢popmyna Yamnurina, 1o BUPaXKae CHITY, sKa A€ 3 00Ky MOTO-
Ky Ha OOTIYHE HUM TLJI0, Yepe3 MOXiAHY KOMIUIEKCHOTO MOTEHIialy. 3 BUpa3y
(195) 151 KOMIUIEKCHOTO TIOTEHITIATY 11032 OOTIYHOTO TiJIa OJIEPKUMO

r 1 &c
f(2)=W +—=—+5 0 221
(Z) V\4°+277i2+n=22" ( )
(Y = e s w430 222
(P =% levws 3 @22
OTtxe,
[(t'(2)) dz=2wr . (223)

C
[TixcraBuBmHm 1ieit Bupa3 y popmyny (220)i BiZOKpEMHUBINY AiCHY i YSIBHY Ya-
CTHUHH, 3HANJIEMO

R=p(v).T.. (224)

R =-p(v).T.. (225)
3BiacHu

Ri=plv /.| (226)

®opmyna (226) siBisie cob60t0 Teopemy JKyKOBCHKOTO MPO MiAHOMHY CHITY:
CUJia TUCKY O€3BHUXPOBOTrO MOTOKY, 1[0 Ma€ Ha HECKIHYEHHOCT] MBUIKICTh V, 1
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oOrikae koutyp C 13 mupkymamiero [, Bupaxaerscs (popmysor
‘R‘ = ,O‘Vw‘ [[I'w‘ Hampsimok 1i€i cuimu yTBOPIOETHCSI TOBOPOTOM BEKTOpa V, Ha
OPSIMHUMA KT y O1K, IPOTHIICKHUIN IUPKYIISALI].

Bukopucranns amapara aHamiTUYHUX (YHKIIH KOMIUJIEKCHOI 3MIHHOI J10-
3osmiio H. E. XKykoscekomy i C. A. Yamuriny po3BUHYTH METOJU PO3B's3aH-
HS 3a7a4 T1Ipo- 1 aepOJIMHAMIKH, IO MOCIYXHJIA TEOPETUYHOIO OCHOBOIO IS
NpaKkTUKU aBiabyayBaHHsI. TUM caMUM MeTOau Teopli (YHKIINH KOMILIEKCHOI
3MIHHOI 31TpaJid BEJIMYE3HY POJIb Y PO3BUTKY CYYaCHOI aBiailii.

123ACTOCYBAHHS MAPLE JJISI AHAJII3Y ®@YHKIIN
KOMILIEKCHOI 3BMIHHOI

KommuiekcHi uncna X + 1y BBOAATHCSA Y KOMAHIHUI PSAIOK Y BUTIISII
>X+y* 1 ;
Hanpuknan,
>2+3*1;
2+31
JlificHa Ta ysiBHA YaCTMHHM KOMILIEKCHOro umcia (PyHKII KOMIUIEKCHOT
3MIHHOI) 3HaX0AAThCs BOynoBanuMu GyHkiismMu Re(z)i Im(z), BiamosiaHo.
>Re(2+3*1);
2
> m(2+3*1);
3
SIK 3a71aTH KOMITJIEKCHO-CITPSDKEHE YHCIIO 3pO3YMINIO 3 IPHUKIIATY
>conj ugate(2+3*1);
2-31
Moynb Ta TOJOBHE 3HAUEHHS apryMEHTY KOMIUIEKCHOTO YHclia BH3HAYa-
10ThCs BOynoBannmu QyHKIisMu absi argument.

Ilpuxnao 38. 3uavimu mooynb ma 2on1068He 3HAUEHHS aAP2YMEHMy KOMNJe-

KkcHo2o yucaa 1+ i\/'_3>.
Pozs'azanns.

>abs(1+sqrt(3)*1);

>argunment (1+sqrt(3)*1);

n

3
Bionoeiow: ‘1+ \/'_3‘ =2, arg( 1+ \/_3) :7—;.
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Moayib Ta TOJIOBHE 3HAYEHHS apIyMEHTY KOMIUIEKCHOTO YHCJIa OJHOYACHO
BUBOATHCS BOym0BaHOIO QyHKIiE polar(z)

>pol ar(1+sqrt(3)*Il);
polar( 22)

Ak BUKOHYBaTH anreOpaiuni 1ii 13 KOMIUIEKCHUMHU YHCJIaMH, MOKa3aHO Ha
pUKJIaaax:
>(2+43*1)*(1+2*1);

>(2-1)1(1+1);

>(1+1)"10;

IIpuknao 39.O6uuciumu yucno Z=1'+(l+ i)2(3— Z).
|

Po3zé'szanns.
>1/1+(1+1)"2*(3-2*%1);

4+5]
Bionosiov: z=4+ 5.

3HavyeHHs (QYHKIT KOMIUIEKCHOI 3MIHHO1 3HaXOSAThCS 3a JOMOMOIror (yH-
kuii evalc.Hampukan,
>eval c(cos(1+l));
cos(1) cost(1) —sin(1) sink(1) |
>eval c(exp(x+y*l));

& coqy) + € sin(y) |
>eval c(I1”l);
[
>eval c(Re(exp(x+y*1)));
€ cogy)

®dyukiis evalCBuszHavae Juiie rojJoBHE 3HaAYCHHS W = \”/_Z Hanpuxknan,
>evalc((-2)"(1/4));

J2 1
VL2
2 2 /2
Vei sHauenns W=7 3HaxomaThes siK KOpeHi piBHSHHSI W' = Z. [[na 3Ha-
XOJKEHHSI KOPEHIB piBHSAHHS a00 cuCTeM piBHsHb B Maple BUKOpHCTOBYEThCS

¢ynkuis fsolve.Crpykrypa ¢ynkii fsolve:
IUTSL PO3B'SI3aHHS OJTMHUYHUX PiBHSHb
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fsolve(eq, var, complek;
JUJIS1 PO3B'SI3aHHSI CUCTEMHU PIBHSIHD

fsolve({eql, e,....eqh{ vat, va2,...,vain , compl);;
ne eq ed, e@,..., eq — piBHaHHS, Var, varl,var2,...,varr — 3mMiHH1, 3Ha4eHHS
SKUX BH3HAYAIOTHCS; COMPIle) — BBOIUTHCS JIHIe TOJi, KOJIM MOTPIOHO 3HAXO-
JUTH TAKOXK KOMILJICKCHI KOpPeHi (BUMAIOK, SIKHiA HAC [IKABHTB).

Ilpuknao 40. 3natimu yucno z=+-1.
Po3zé'sazanns.

>fsolve(z™4=-1, z, conpl ex) ;
-0.707106781- 0.707106781l, -0.707106781+ 0.707106781l,

0.7071067812 0.7071067811D.7071067812 0.7071067812
Bionogios: z, =—-0.7071067812 0.70710678t,
z,=-0.7071067812 0.70710678K,
z,=0.7071067812 0.70710678K,
z,=0.7071067812 0.70710678L.

. . Z+w=-1
Ilpuknao 41. 3natimu xopeHi cucmemu
zZ+ w=2.

Poszé'szanns.

>fsolve({z"2+w*2=-1, z+w=2}, {z, W}, conpl ex) ;
{w=1.00000000+ 1.224744871,z=1.00000000- 1.224744871 }

Bionosiob: W=1+1.22474487, z=1-1.22474487L.

[ToOymoBa TOYOK HAa KOMIUICKCHIN TIIOMIMHI BUKOHYETHCS 32 JOIIOMOTOIO
¢ynkuii complexplot, mo Bxomuth y maker plots. [lepen BukopucTaHHSM
complexplotaeoOxigHo akTuByBaTH IMakeT Plots

>w th(plots):

Crpykrypa dynkmii complexplot:

complexplofexpr, t= a.h r, s option};

complexplofL,r,s,optiong;

Je eXpr — Bupa3 3 mapameTpoM t, o BU3HAYAE KPUBY HA KOMIUICKCHIN ILIO-
muHi; t —mapamerp kpuBoi; a,b —rpanuuni 3HaueHHs napamerpa t; L —mepe-
MK KOMIUICKCHHX YHCEN; I — MEXi TOPH30HTaIbHOI oci (HEeoOOB'SI3KOBHIA
napaMmeTp); S — MeXi BEPTHKaJIBHOT oci (HEOOOB'sI3KOBHI ImapameTp); options —
J0JIaTKOBI BJIacTUBOCTI rpacdika (HeoOOB'I3KOBHIA TapameTp).

Ilpuknao 42. 306pazumu Ha KOMNAEKCHIU WIOWUHI KOMWIEKCHI YUCIA

z=1+2i,2,=3+4i,2=5-1,2 =7-8i.
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Po3sé'azanns.
> conpl expl ot ([ 1+2*1, 3+4*1, 5-1, 7-8*1], x=0..10,
styl e=point);

4 %

Ilpuxnao 43. [lobyoysamu na KOMNAEKCHIU NIOWUHI KPUBY, KA ONUC)-
emvcs piensnuam Z(t) =cost+ i sint, —r<t< 7.

Po3zé'szanns.

>conpl expl ot (cos(t)+sin(t)*l, t=-Pi..Pi);

0.5

JIst 3HaXOKEHHS TOBHUX Ta YaCTHHHUX MOXigHUX B Maple 3actocoByeTh-
cs ¢ynkuis diff. Ctpykrypa GyHKIT:
diff (f,%,%,.-%);
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ne f — ¢ynkuis (oxHiel a0o 6aratboX 3MIHHHUX), MOXITHA SKOI BU3HAYAETHCH,
X, % ,..., X, —3MIHHI, 33 IKUMHU BU3HAYa€ThCA MOX1HA; N —OPAJOK MOXIIHOI.

Ilpuxnao 44.3natimu yci noxioni nepuioco ma opy2020 nopsoKie yukyii
x* —sin(xy).
Po3zé'sazanns.
>di ff(x"2-sin(x*y), X);
2X—cos(Xy)y
>di ff(x"2-sin(x*y),y);
—Ccos(Xy) X
>di ff(x"2-sin(x*y), X,y);
sin(xy) xy —cos(xy)
>di ff(x"2-sin(x*y), X, X);
2+sin(xy) y
>di ff(x*2-sin(x*y),y,Y);
sin(x y) ¥

Bionosiow: X —Sin(xy))'X = 2x~ cog xy) );

Axmo ¢yHKIis AuGEpPEeHITIIOETHCS TeKUThKa pa3 3a OJIHIEI0 3MIHHOKO, TO JIJIS
CKOpPOYEHHS MO’KHA 3aCTOCOBYBaTH onepatop $. 3amucu
>di ff(sin(x),x$3);
—co<(x)
>diff(sin(x),x,X,X);
—co<(x)
CKBIBAJICHTHI, 1 TAKMM YHHOM BH3HAYA€THCS TPETS MOXiAHA Bi QYHKIT SINX.
B Maple q1s1 3HaxomKkeHHsT BU3HAYCHUX Ta HEBHU3HAUYCHHMX IHTErpaliiB 3a-
CTOCOBY€EThCs (DyHKIIA iNt.
Crpykrypa pyHkii int a1 3HaX0KCHHS HeBU3HAYCHUX 1HTErPaJIiB;
int( f,x);
ne f —migiaTerpanpHa QyHKINS; X —3MiHHA IHTETPyBaHHS.
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Ilpuknao 45. 3uatimu nesuznavenutl inmezpa ISinz (X) dx.
Po3zé'sazanns.
>int((sin(x))"2,Xx);

1. X
> sin(x) cog x) +§

Bionosiow: Jsin2 (x) dx= —% sin xI]cosx+§ + C.

Crpykrypa QyHkii int a1 3HaX0HKEHHS] BU3HAYCHUX 1HTETPaJIiB;
int(f,x=a.b);
ne f — migiHTerpanpHa (yHKINS; X — 3MiHHA IHTETPYBaHHS, & 1 D — HIDKHA 1
BEPXHS MEXI1 IHTErpyBaHHs, BIATIOBITHO.

1
IIpuknao 46. O6uuciumu inmezpan jxsin(nx) dx.
0

Posé'sazanns.
>int(x*sin(n*x), x=0..1);
sin(n) —cos(n) n
r.]2

sinn—ncosn

n2

1
Bionogiow: '[xsin(nx) dx=
0

[To3nauennss B Maple neskux mMatematnyHux (QyHKIIH HaBeJIeHO y TaOH-

m 1.

Tabnuus 1 —Ilo3navenHs mareMaTrnuHuX QyHKIi y Maple

MaremaTudHa [i mo3HaueHus B MaremaTudHa [i mo3navenns B
byHKITs Maple GbyHKITsA Maple
XLy X*y th x tanh(x)
xY XNy cthx coth(x)
Jx sqrt(x) arcsinx arcsin(x)
e exp(x) arccosx arccos(x)
sinx sin(x) arctgx arctan(x)
COSX cos(x) arcctgx arccot(x)
tgx tan(x) arcshx arcsinh(x)
secx sec(x) arcchx arccosh(x)
ClgXx cot(x) arcthx arctanh(x)
shx sinh(x) arccthx arccoth(x)
chx cosh(x)
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Ilpuxnao 47. Buswauumu  obnacmv  ananimuuynocmi — QyHKYIl
w= COS( X+ Z) i, AKWO MOIHCIUBO, OOUUCIUMU 3HAYEHHS NOXIOHOI yiel hyHKyil
y mouyi Z, = 1.

Po3zé'sazanns.

Buoinumo oiticny i yaeny yacmunu ¢yuxyii COS( F+ 2)

>eval c(cos(3*(x+l*y)-2*1));

cos(3x) cosk(3y—2) —sin(3x) sink(3y—-2) |
Omoce,
u(x, y)=cos(3x)cH{ - 2
v(x y)=-sin(3x sH{ 3y- 2.

Ilepesgipumo euxonanns ymose Kowi-Pimana

>di ff(cos(3*x)*cosh(3*y-2), x);

-3 sin(3x) cost(3y - 2)
>diff(-sin(3*x)*sinh(3*y-2),y);
-3 sin(3x) cost(3y - 2)

ou_odv _ : .

v —a—y = —BSIn( 3() Cl( 3 - 3 — nepwa ymosa Kowi-Pimana euxonyemo-
cAl.

>diff(cos(3*x)*cosh(3*y-2),vy);

3cos(3x)sink(3y—-2)
>di ff(-sin(3*x)*sinh(3*y-2), x);
-3 cos(3x) sink(3y - 2)

ou_ 0v _ R

a—y = —& = 3COS( 3() Slﬁ y- )2 — opyea ymosa Kowi-Pimana makooc eu-
koHyemwcsi. Omoice, 06uoei ymosu Kowi-Pimana suxonyiomscs Ha ycilli Komnie-
KCHIll NAOWUHI, A Ye 03HA4ae, wo (QYHKYIA AHANIMUYHAa HA YCill KOMNAEKCHILL
naowuni. Tomy mu modcemo obyuciumu 3navenus noxionoi' y mouyi z, = i. s
Yb020 Mu Moscemo euxopucmamu Maplepyuxyiro subs i cmpykmypa:

subgexprll= exp2l, expl2= expi22,..,expln epen exy
Ode expr, explLl, expl?z,...,expdn expRl, expR2,..., expt — oesxi supasu. ¥
pe3ynrbmami 6UKOHAHHA Yiei yHKYil Yy ocmanHil eupas €XPr zamicmov 8upaszie
exprll, exprl?2, ..., expin 6ydyms niocmaeéneni supazu €xpr2l, expr2z, ...,
expr2n, 6ionogioxo.

>eval c(subs(x=0, y=1, - 3*si n(3*x) *cosh(3*y-2) -
| *3*cos(3*x)*si nh(3*y-2)));

-31 sinrk(1)

Bionosiow: f'(i) =-3shl.
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3ABJAHHA AJI51 TUITIOBUX PO3PAXYHKIB

3aBnanns 1. [ToOynyBatu JiHit0 (00J1aCTh) Ha KOMILICKCHIN TUTOIIMHI, IO
BU3HAYAETHCS PIBHSHHAM (HEPiBHICTIO).

1.ReZ -2)=0.
2. 2<\z—1+ 2i\< 4
3. Imz* < 4.

4.1z-3i<3, Imz<-3.

5.Rq =1

6.|z-0,9<|1- 0,5

7.1<|z+ 2+ < 2.

8.|z-4+|z+4|<1.

9.|4-Rez< 0

10. 22 + 7 =1,

11.2<|z-2+|z+ 2{< 8

12. -1<Rez< 5, -5 Imz< 1
T T

13.§sargzsz, |12< 5

z+2
z—2
15.|z+ 4~ 6i> 6.

14. <1.

16. 121, 17 # 0.

E
17.1m 2z = 4.
18.|z-2i=|z+ 2i.
19, Z+2?‘<2.
z-2i
20.Rez* =1

21.4<|z+i|+|z+1<8.
22.Re(l+ z)=|7

23.|z-5i=8, e argzsz—ﬂ
4 3

z-5
Z+i

24, =>4,
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25.1<|7+|z+ A< 4,
26.1<Rez< 2, Ok Imz< 1
27.|7+Rez< 1

28.%<argz<7—2T, Z< 4

29.2<|Z4<4, Imz>0.
30.|z-i-|z+ (=2
31.|z-1+|z-3<3

32.|z-5i<5, 0< argz<§ﬂ
33.|z-1<|z-|.
34.%T<argz<7—27, 2<|4< 3
35.|z+i=5, Imz<4.

36.Imz> =2, 0< argzsg

37. E <2, (z#0).

38.3|7 - Rez= 12
39.|z- >3, Imz<5.
40.|4<2+Imz
41.|z-1-i|<4, Imz>0.

42.Imz* = 2.
43.|4-3Im z=6.

44, Im(lj =—1.
z 2

45.Imz* <1.

46.7—T< argzs%n.
47.|z-i|+|z+ |=2.
48.|z-2/=[1- 27.
49.|z+1+|z-4=5.
50.ImZz* =4,
51.|z-2<3,Imz> 0.
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z+1
z-1
53.Re(l+z)=|z+ 1
54.|z~-2i|z 2.
55.|z- 2/ +|z+ 2{< 2.

52. <1.

56. |z + 2i = 2,0< argzsg

57.1<|z+1+|4< 4.
58.1m(2* +1) = 4.
59.|z-2i|=1+ 2Rez

60. Im(z* -3) < 4.
61.|z+1+|z-2=4.
62.1mz* > 2.

63.Im(z +i)<-3.
64.|z+i<4,0< argz<§ﬂ
65.|z-1+|z-2< 4

66. Re(z* - 32)= 0

67. Tﬂ<argz< mlz-1< 2

68.|7 + Rez< 2.

69. Rez* = 4
70.1ImZz* =2,

T T
71.g<argz<z,1<\j< 3

72.72Tsargzs7—2TMs3
73.|z-2/<|z-{.
74.|z-1-|z+2i=1.

75. 7o argzsgﬂ.
4 3

76.1mZ° =1,7—Ts argzsi—; |

77.0<Rez< 1K Imzs< 3
78.|z-0,9<1.
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79.|z-1+{>3 Rezs 2

80. 22 - 7% =1.
81|22l <o,
Z— 1

82.|z-2/+|z+1< 2.
83.|74-4Rez=5
84.|7<2.

85.Rez*< 1
86.2<|z+i[+|z+1< 4.
87.2<|z+1+1< 3.
88.1<|z+ 2i/< 4.
89.|z+2/<3.
90.|z+1-3i>5.
91.|z+3i|=1.
92.|7-6Rez=7
93.|7 <2+ 2Rez
94.|7-2Im z< 0.
95.1-2z|= 2.
96.|z-1 +|z+ [=2.
z-2
Z+i
98.|z+i<5,1< Imz< 2.

99. -1<Imz<5Rg z- 2+ i)< 1

97. > 3.

100.1< <4,Imz>0

1
zZ+=
2

Zappanns 2. Jlig 1aHoro Z 3daiith Z" Ta BCi 3HAYEHHS {'/E
z=81-84/3, m=3, n= 4

z=-8, m=4, n=3

z=+3-3i, m=n=4,

z=12-12/3, m=5, n= 4

z=-36+36, m=3, n= 2

z=-16i, m=5, n=4

S e
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7.2=—-/3+i, m=6, n=3
8.z2=144-144, m= 2, n= 4
9.z=27i, m=n=3
10.z=-27-274, m=n=3
11.z=-i, m=5, n=4.
12.z=81, m=3, n=4
13.z=—\/f_3—i, m=5, n=4.
14.z=+/3-i, m=5, n=3
15.z=2-2i, m=n=4
16.z=-64-64, m=n= 4
17.z=-1+i/3, m=5, n=4
18.z=-40, m= n=4.
19.z=1—_!, m=3, n=4
1+1
20.z=16, m=8, n=6
21.z=1+i/3, m=5, n=4
22.z=-4i, m=5, n=4
23.z2=25i, m=5 n=3
24.z2=8-8i, m=4, n=3
25.z=-1+1, m=5, n=4
26.z=-8, m=5, n=6
27.z=-1, m= n=4.
28.z=2+2/3, m=5, n=4
29.z=-4-4i, m=5 n=4
30.z=36i, m=3, n=4
31.z=+/3+iW/3, m=5, n=3
32.z=16, m=5, n=3
33.z=16i, m=3, n=4
34.z=-7, m=n=4.
35.z=17, m=5, n=4
36.z=-2i, m=n=3.
37.z2=271, m=6, n=3
38.z=25+ 25, m= 3,

n= 4
39.z=1+1i, m=4, n=3.



40.
41.
42.
43.
44,
45,
46.
47.
48.

49, z

50.
51.
52.
53.

54,
55.

56.
S7.
58.
59.
60.
61.
62.
63.
64.
65.
66.
67.
68.

69.
70.
71.

72.
73.

74.

z=64i, m=n=3.
z=8\/'_3>—8i, m=4, n=3
z=-5, m=5, n=4
z=2\/§—6i, m=5 n=4

z=-12+12/3, m= 3, n= 4

z=2-2i, m=n=4
Z=1, m=6, n=3.
z=-1+/3i, m=6, n=4
z=4i, m=n=4,
_1+i4/3
1
z=8-8i, m=6, n=3
z=-81,m=3,n= 4
z=-36i,m=4,n= 2
z=9i,m=n= 2.
z=—\/§+i\/§,m= 5n=2
z=-8,m=5n=4
z=-4+4/3im=2,n= 3
z=125,m= 2,n= 3
z=1+i,m=3,n=4
z=-4-4i,m=n=5,
z=-8lim=2,n= 4
z=-i,m=4,n= 2.
z=125,m= 4,n= 3
z=1+1lim=3,n=4
z=-1+i,m=3,n=4
z=1-i,m=n=3.
z=-16,m=2,n= 4
z=49i,m=n=2
z=4+4,m=3,n=5
z=2+2/3m=3n= 4
z=-8i,m=6,n= 3
z=1-i,m=10,n=3
z=2+2/3,m=3n= 2
Zz=-6-6i,m=n=4
z=—1+\/§i,m= 6,n= 2

, m=10, n=4
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75.z2=-4,m=3,n= 2.
76.2=27,m=5n= 3
77.2=12-12/3 m= 3n= 2
78.z=-1,m= n=3.
79.z2=-64,m= n=3
80.z=1—+/3i,m=n=2,
8l.z=-3,m=5,n=3
82.z=-7-7i,m= n= 4.
83.z=-256m=n=4

84. z=-64i,m= n= 2,
85.z=3-3i,m=n=4
86.z=12+12/3 m= 3n= 2
87. z=\/§—i,m=5,n= 3
88.z=+/3-3i,m=n=2,
89.z=-144+ 144 m= 2n= 4
90. z=16i,m= n= 4.
91.z=-3i,m=5,n=3
92.z=81-8W 3 m= 3n= 2
93.z=2/3-6i,m=2,n= 3
94.z=1+i,m=3,n= 2

95. z=16i,m= 2,n= 4
96.z=-9+9i,m=3,n= 2
97.z=-5i,m=5,n=3
98.z=64,m=8,n= 6
99.z=-8/3+ 8 ,m=2,n= 3
100.z=—/3+i,m=2,n= 4

3aBaanns 3. BcTaHOBUTH aHATITHYHICTh KOMIUIEKCHOT pyHkmii W= f ( Z) 1,

SKILO 1€ MOXKJIMBO, O0YMCIUTH 3HAYEHH 11 MOXIHOL y T. Z,.
1. W=(1— izz)z, z =—Ii
2.w=1-37Z, z=4-i
3.w=(1+2)(1-2), g=2i
4. w=€&%  z=1.
L
Y4

5. w= Z, =
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6.W=(iZ-l)3, z =1.
7.w=3sin&-i, z=1
8.w=2Z7-iz z=
9.w=|4, z=2

1-2z

10. w= , =
1+2z %

2+ 7%’
12.w=(Zi-7)", z=L
13.w=¢€%, z=3-3i
14.w=Z+5z-7, g=3-1i
15.w=cos(z-1),z=-1
16.w=€ -2z g=-1.
17.w=coy 7- 2z) , z=1
18. w=zcos2z, z=

11. w =

19.w=cosZ, z=1
20.w=zsin(1- 2, z=1
21. w=¢€"?, %=%Ti

22.w=(1-7)e*, z=1-i
23.w=Z -cosz, g=1-i
24, w=z€e"”, z=-2.
25.w=27Z+iz-1, z=-2.
26.w=7Z7 g=2i
27.w=sin(z+ i), ;F%T.

28.w=(1-2)(1+ 2, g=2+1i
29.w=sh7z, z =-i
30.w=(Z-i), z=2-i
31.w=i(3z-1), z =1.
32.w=|47 g=2i
33.w=(1-2z)€?, g=2.
34.w=sh3z, z=2
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35.

36.
37.
38.
39.
40.
41.
42.

43. w

44,
45,
46.

47,

48.
49.
50.
51.

52.

53.
54.

55.

56.
S7.
58.

59.

60.
61.

W=(Zz—i)3, z =1+ 2i.
w=é", z=3i
w=(6z-1)°(3z-)°, z=0

w=shzleh(1l-2), z=1
w=Z-2iz z=—1i
w=e%, z=1.
W=(iZ)3—l, z=2.
w=2% z=2i
9+ 2%’
w=(z+1)cosiz, z=i
w=3-77, z=
4

2.
w=ch(1-2)°, z=i

w=sin(7z—22), z=-1i
w=shdz, z=1-1i
w=e—lz, Z, =i

z
w=sh(1-2)° -3, z=14 2
w=|4e", =-2.

z
wz@—i(f—a, 2=0
w=¢€7, z=0.
w=ie”®, z=-1+i

w=7-3Z+2z z=-3i
- T .
w=¢e"??, =
5 6

w=2Z-iz z=1-i
w=cos(7—zz), Z=—I
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62.
63.
64.
65.
66.
67.
68.
69.
70.
71.

72.
73.

4. w

75.

76.
77.
78.
79.
80.
81.

82.
83.

w=|4Imz  z=i
w=2sinz- 2zi, z=-I
w=icos( Z), z=1
w=i(32°-2), =2
w=(z+1)siniz, z=i
=1.

w=zg'® ¢
w=(3-2z)€*, g=2-i
w= &7 z=2i
w=ch&z, z=-1i
w=7Z77, z=2i

2 -
W=(Zz—7) —(2—|), z =1

2

W=(Z—l)2(2—3i), z=0
1-z ,
“peg P
w=|z+3-2i, z=2
w=(Z-2i), z=1-2i
w=2-57, z=-2- i
w=(z-1i)’, z=2+i
w=(1+2)z g=-i
w=(iz-1)°+3, z=-2i
w=¢€-[4, g=-i
w=Z-7, z=2i
w=cosdz+ 3, 7z =0
1-2z

84.w= , =

z
85.w=iz’+2z-4, z=-2i+1
86.w=(z-i+2)’, z=1+2i
87.w=sh2lthiz, 7z =1

88.
89.

90.

w=cos(@z- 2),z=-12
w=iz*-3z-1, z=-2i

w=cog z+ i), 3 =7—3T
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91.w=|z+iz z=-2i
Q2.w=Z-€, g=3-i
93.w=zcog1- 2, z=1
94, w=2Z+3z, z=2-i
95.w=cosZ - 3z, z=0

1+ 2z

4+ 7%’
97.w=(i-2)(1+32), g=2+1i
98.w=(1-iz)&, z=1.
99.w=(1-22)°, z=-2i
100.w=¢& 2, z=2i

96. w= =l

3aBaanns 4. BiqnoButu aHamiTHYHy QYHKINIO W(2) 3a BIJJOMOIO JIIMCHOIO
u(x, y) abo ysBHOIO V(X, y) YaCTHMHOIO Ta BIJIOMUM 3HAYCHHSIM W(Z,) = W,

1. v(x y)=%, W2+ 2i) = 1+ i;

(
2.v(x y)=€"siny, Wi = é;
3.u(x y)=-2xy+ x W0) = 0;
4.v(xy)=3y-1, W0 =-1i
5.v(x y)=€sin(2y), Wi= é+1
6. V(X y)=—x+2, W2+ )= 2,
7.v(x, y)=cosx shy,wW- )=~ sin:
8. u(x y)=-cosx shy,wW- J= sh:
9.u(x )=y iz Y=
10.v(x y) ==X+ ¥, W ) = |
11.u(x y)=1+ Xzfyz,M(Zi)ﬂ-iz;
12.v(x y)=2xy, W ) =—
13.v(x y)= ¥ - )F+1V\(]) 21;
14.v(x y) = y+ xy W )=—%+ [
15.u(x y)= €’ cosx W 3} = €
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\‘S/\‘S/S/S/S/S/\‘S/S/S/S/S/S/S/S/ =

S/\‘S/S/S/S/ =

=cosxsif y- 1 W 3 =i sh:
=& cog 2x) , Wf- 3= &
=2xy+2x W0 =-1
=3X -3y - xwW0=-1i
=7x+3,wW )= 3+ 7i.
écosy—ésiny WO= & |
X2

=55 V‘(O)

2X N .
XTyz V\(_2|)— l,

=3+ 2xy+ % W- ) =-3i;
y+1, V\(2+')=2;

5

NG +yy2 V\(S) L
=-2&siny, W0 = 2i
=-y+2,W0)=2

non

|

>

<
N
=3

I
o

I
I
N
>
N
I
w
~—
I
Wk

~sin(24 si{ 2) W A= ch:

~- ¥ -3y+4, W1 =5+ 3i

2% - 2f+_xv(2)
1

e

2xy- Y, W1)=0;

cosx c y+ 1 W 0= ch:
2X -2y +1,w0=1
ch xcosyV\( 3 = cos!
) =1+ 2i;

TR
>§°U)

I
M.
28
>

<

N

_2)=

N
<
E\
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43.v(x y)=4xy, W0)=1

44.v(x y)=-1+ 3y, w(- 37 -9 |
45.u(x y)=2sin( x+ 2 chy, W ()— 2sin:
46.v(x, y) =7y, W i) = 3+ 7i;

47.u(x y)=2X =2y + x W ) =-2;
48.v(x, y)=-sinxsH y+ } W )= chz
49.u(x y)=2X -2y + 3x+ 4, W- )= 6
50.v(x y)=sinxchy, wW 3 = isini
51.u(x y)= & cosy, v(])— €

52.u(x y)=-2xy, W-1) =

53.v(x y)=2xy- y W2)=3

54.v(X y)=2xy+ v(2)-—3+ 2i
55.v(x y)=X - ¥+ y W0)=0

56.u(x y)=sinxch( y— 3 ,w- )——ishz
57.u(x y)=-chxsiny, - 3=~ ish:
58.v(x,y)=4xy+%, V\(2)=9

59.u(x y)=2xy, W-2)=4

60. V(X y)=4xy+ 3y, W~ )=

61.v(x y)=4xy+ y-1, W )=-2

62.u(x y)=sinxchy, W 3= S|n2
63.u(x y)=X - ¥ - x+1, wW2)=3
64.0(x3) = 1, W)=

65.u(X y)= x22+yy2’ \A(—Si)=—§;

66. u(x, y)=cosx chy+ x,wW Q=1
67.v(X y)=2xy+3x W1 =5+ 3i

68. V(X y)=—X27yyz, wW-1) =0;
69.u(xy)=X - ¥, W)=-1,

70.v(x y)=-sinxshy+ y, W 3)= ch3 3
71.v(x y)=- 2y =, —2i)=l;




72.u(xy)=X- ¥~ yv(—2)=.—2+ i
73.u(x y)==+1, w1+ i)=i1+l3;
74.u(xy)=X - ¥ -y W3)=-12- 3i
75.v(x y)=-2sinxshy,w- )= 2ch:
76.u(x y)=2x+1, w ) = 1+ 2i;

77.v(x y)=2xy, W1 = 0;

78.u(x y)=cog 29 ci{ 2) ,W B= cos
79.v(x y)=x W0)=2;

80.u(x y)= x+% f——; ¥, W ):——;+ ;
8l.u(xy)=X-y¥-2y-1 W0=-1
82.u(x y)=-2xy, W~ )=—1i

83.u(x y)=3x W3 =9-i

84.u(x y)=€"cosy, W-3=1
85.v(x y)=€cosy+ &siny, W= ¥ |
86'U(X’y):_xz_|)_/y2’\’\(l)=_l’
87.u(x y)=X - x= ¥, W3)=0
88.u(x y)=1+ €& coq 2y ,W 0= Z
89.v(x y)= € ¥sin(2xy), 0 =1
90.u(x y)=X - ¥ -1, W1)=0;
91.u(x y)= EV\(2+ 2i) = 1+ i;

92.v(x y)=shxcosy,wW- 2=-ish
93.v(x y)=2€cosy, W )= 2ei
94.v(x y)=6xy- y-1, WO =-1i
95.v(x y)=2co{ x+ 2 shy V\( = 2sin
96.v(x y)= X - ¥, W- )=~

97.u(x y)=3x-1, w0 = —1—

98.u(x y)= X - ¥+ x+1, v(2)-—3+ 2i
99-V(>9y)=m W-1) =~

100.v(X, y) =2xy+ x+1, W~ 2)=—2+ i
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3aaannsa 5. O0OyucaInTH.
1. [(iz+2)dz C|p=4, Osarg=xmn
C

2. T(3z— zz)dz

0

3. [ Rezdz Cnpama 2z,%=0, 2=H i

c

4. [€"%dz Cunpama 2z, z=i, z,=3+ 2.
C
5. [2¢& dz
0
2i

6. [ zsin 2 dz

0

7. [Rezdz, Cle=(2+ )t k1

1+i

9.Jlmzdz C-npama 7,2, =2, =2+ |
c

10. [zImzdz  Cnpsna 22z, =i, 2,=2-1

c

11. [ImZ?dz  Cnpama 7z, =0, z=2+ i
C
- dz

12. |——, C:x=3cost, y= 2sin, t< 2@
~z—-4

1-i
13. Izsin zdz

14. [zRezdz C| =1
c

15. jze‘22 dz
0
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16. |
17.
18.
19.
20. |
21.
22.
23. |
24,
25,
26. |
27.
28.
29.
30.

31.

c

1

0

C

c

c

C

c

c

C

c

c

c
i

c

e¥*dz C

Zsin zdz

[ cosze™ dz
[ 2& dz

(3z+22)dz

.(zz —22) dz

zRezdz

npama 2,Z,, =0, =1+ |

Cl F1, 7—T< arg EE

coszdz, C-npama 7,2, , 4=g, Z2=71+ |

Cnpama 2,z,, =i, 2,=1-1.

Cl| = 4, 7—T< argzz

[e’dz C v %, z=0, z=1+ .

'(xz + iyz)dz, C:npama 2,2, 2=1+i, z,= 2+ 3
zimzdz C|pEFl -m<arg 0

[(iz+1)dz  Cimpamna 2z, z=1, z=-|i

:Imzdz C|=(3+)t 0< &1

:Zdz C| =1

[(z-i)e?dz

[(32-2)dz  Cnpava 22, 2=0, 2= 2+ 2i
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32.((3z-7)dz C| =1 O< arg zgn
Cc

1+i
33. [ (1+22)dz

=1+

34. _[ze‘Z dz
>

35. _[ sin(d - z)dz
2i

36. [(1-i+2z)dz, C:y= %X, 0< x1
Cc

37. lj(3z4 -27)dz
1
1+i

38. j Zdz

39-_[2_2d2 C| F2 O<arg zg
C

40. T (322 - 22) dz

i-1

41._[(1—i+2)dz, C:namana 22,4, 2=0, 2=1+ | z=1
C
1+i

42. _[sinzcoszdz
0
T :
43.Jcos31dz, C npsama 7,2, , g=§ , Z=TT+ |
c
44.[(3z+5)dz C:z=(1+)t O< &1

C
1+i

45. [ (2 -1)dz

0

46.[(z+2)dz  C| =1

C
1+i

47. J(z+1)sin zdz
0
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48. [(7z+5)dz  Cimpamva 77, =3, 3= F 1

c

49. (ZIm zdz ClFlL Osargzm

c

50. [ zIm zdz ClFL O<argz or
C
1+i

51. Jzzdz

52. [zIm zdz Cnpama 22, 2=-i, 2,=2—i

1
53. [ 267 dz
0

54, .(Z—ZZZ)dZ

55.|(z+i)dz Cimpama zz, %=1, z=-i
56. Jsinz(a -z)dz.

- T
57.(zzdz C| 1l -m<arg EE

58. [(2z- 3) sin5zdz

1

59.[(z+22dz C|=1l Osargzn

C
1+i

60. | (i +2z)dz
=1+
1+

61. Jsinzzcoszdz
0

62.](2—3i)dz, C:npama 2,2, Z=i, 2,=1-1.
C

63. [(z+2)dz C #=1.
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64. [ 2& dz

65. [(3z+2)dz C| =2

C

66. [sin(x-ixz, Cupana 27, ;=7—21, Z=7+ |

C

67. .(z+ Rezdz C: y % =0, =
C
68. (e Rezdz, Cnpama 2,2, 2=-1- i, 2= 1+ i
C
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@) Z> +14z+ 48 %

95.1. f @)=——19_ ;- 10 2

Zz—8+8i
05.2.f ()=t 224 2 -_10+ g
z--14z+113

2+9
96.1.f g)=————,z=-8 1§
@) z+3-10i %
16z+ 6
96.2. f g)=————,z=—-1+ 5§
@) 7> +2z7-24 %

8+5
97.1.f )= =-10+ 3
C)————= 7245 A

-5z-13 :
97.2.f = =-2+ 9
@)= -87z+7' a

3+7

z-1-5i"
10z+16

98.1. f )= =-6- 10

98.2.f @)=~ =—5+ 7]
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10+ 10

99.1.f2)=———,2=8"T
@) Z+8+6i %
-z+34
99.2.f z)=———,72=10- 9
@) 7> —-3z-40 %
-4 -4
100.1. f = . 2=-5-18
2 Z+8-06i %
—-2z2+54
100.2. f = — z=24 8
2 Z>+10z+9 %

3aBaannsa 8. O0OUUCIUTH:
a) 3a JOTIOMOT0X0 iHTerpanbHoi hopmyiu Korii;
0) 3 BuKOpUCTaHHAM Teopemu Kol po JTUIIKH.
e’dz
1. —7
25052 (z-1)
siniz
2. | 9———=dz
g2 2 —4Z+3

sinz
2’-27
sinrrzdz
\z+4i\=5(22 +16)2'
chizdz
(242 (271

sinzrzdz X
— C:— =1.
'c[(z2 —l)2 4" 4

dz

2=
4.

o
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10

11.

12.

13.

15.

16.

17. |

18.

19. |

20. |

21.

22.

23

24.
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o5 stinzdz X
LT
dz

31.

32.

27
34.]2364_1dz, C: R+ ¥-2x0.
C

ch?iz
35. dz
4[2(2‘1)2(Z+ 4)°

dz
36. .
z+§[:2(zz + 4)( z+ 9)

e’ -1
37. Z_J;:Smdz.
sinizdz
aa(z-17(1+ 2
e“dz
4[2 2 -2z7

38

39.
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40.

41.

42. |

43. 4 |4z

zdz 24\ =
45.!(2_1)2(2”), C:x¥+y=9.

dz

(2= 1) (2+4)
sin 2zdz

4=£,75(z+ i)(z—lz).

e2iz

ie(2-1)°
ZZ+5
\z—.:{=2(22 _4)2
50. | sin7z dz
3= (2=2)( 2+ 3))°
- 22 +5
243=2 7> -4
dz X
3wt :
zdz
53. . C:x+ y=1.
'([(z—l)z(z+ 2) Y

46

47,

48 dz

49, dz

51. dz

52
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54. |

55.

56.

57.
58. [
59.
60. [
61.

62.

63

64.

65

66.

67.

izdz
4z- 7

dz
\z—zi\zl(zz - 4)2

_[ z—-1dz
z’(z+4)

J- dz
|z-2-i/=2 z-z-2

|z-4=5

C

dz

L)z

- €72 -3z7

i (2-0)

shzdz

i (2-1)(2+ )"
z

2 -4z+3

dz

|z-2=2
e‘dz
i2(2-1)°
z+1

dz

| z—14=1(2‘21)2 (z-3)

e’ -1

——dz
zZ - iz

|z-1=0,5

dz

C:X¥+y -2y-8=0.

2z
.Jf—dz, C:X+ y-4x3=0.
~Z —8

z

IR
(z-1)dz

|z+4i[=2 ( z> + 9)2 '

€ 4
29-(22)

dz

136



69.

70.

71.

72.

73

17.

78.

79.

80.

81

82.

e dz

z—Ji=1(Z-i)2(Z-1)'

sinizdz
2a(2-2)(1+ 2)

einz
——dz
4[3 Z-47

dz

2

z

2ai=1(2-2)( 2+ 3))
eiz

: d

Z_£:223 “Z-4z+4 "

dz
\z+2i\=2(22 + 4)( Z- 5)'
e”dz
paa(z-i)(z+1)°
coszdz
z'-37-4

|z-i=1

—ZI

e
z2-27

zdz

41z + 2i)(z—i2j.

. dz
|7=1
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83.

84.

85

86

87

88.

89.

90

91

92

93.

94.

95.

97.

cosz
a1 3%%
g2 —4Z+3
chiz
wis(2-2) (2+ 4)°
j dz
I4=2 z*(z-1)

dz

dz _ B
.1“22, C:x+Vy =2y

e” +3dz
(i (2-1(2+3)
sh(iz - 1) dz
etiz(2 1) (2-1)
e”dz
Z2+2z-3

|z+2+i|=2
shzdz

(7 +1)(z-4)
(22+1)dz
e (2707
zshzdz

(z-1)(z+ 3i)

dz
22 +16

|7=2

|z+3i=2
- z+5dz
mZ -4z
- €7z
quz—ZZ

c 32 -7

dz
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98. €“dz

ewaz(z= )

dz

9. | V——
4mZ —5Z+6
chiz

100. :
=s(2 +2i)
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3AIIMTAHHA HA KOJOKBIYM TA ICIIUT

1. TousaTTs KOMIUIEKCHOTO Yucia. Dopmu 3amucy KOMIUIEKCHUX YHUCEN.
®opmynn nepexonay Bif onHiei Gopmu 1o iHmOI. ['eomerpuyHe 300paxeHHs
KOMINUIEKCHOI'O YHCJIa.

2. OCHOBHI T€OMETPHYHI TMOHATTA. 00JacTh, 3aMKHEHa 00JacTh, OKIJ,
rpaHull, Kiacudikailis odi1acTei, po3pi3u, BUKOJIOTI TOUKH.

3. TloHsATTa QyHKIIT KOMIUIEKCHOT 3MIHHOI. BuaineHHs aiicHOT Ta yABHOT
YaCTUHU (PYHKIIIT KOMITJIEKCHOT 3MIHHOT.

4. Enementapui ¢yHKIii KOMIUIEKCHOI 3MiHHOI: €°, Sinz, cosz, chz,
shz, Inz.

5. I'panuns 1 HemepepBHICTh PYHKIT KOMIIEKCHOT 3MIHHOA.

6. JudepeHuiioBHICTh 1 aHATITUYHICTh (PYHKIIT KOMITJIEKCHOI 3MIHHOI.
Ymoru Komri-PiMaHna (3 ToBeACHHSIM).

7. BinHoBieHHs aHaMITUYHOI (DYHKIT 3@ B1IOMOIO A1MCHOIO ab0 ySIBHOIO
YaCTHUHOIO.

8. Iurerpan Bix QYHKIT KOMILUIEKCHOT 3MiHHOI. loro B1acTHBOCTI.

9. Inrerpanbhi Teopemu Kori 11t 01HO3B's13H01 001acTi (3 TOBEACHHSIM).

10.Iuterpansui Teopemu Kot st 6arato3s's3Hoi oobsacti (3 J0BeeH-
HSM).

11.IuterpansHa ¢gopmyna Komn (3 BuBeneHHsM). Y3arajabHeHa iHTErpa-
apHa popmya Korri.

12.YMoBU 301KHOCTI PAJIIB 3 KOMIIEKCHUMH YWICHAMU.

13.CreneneBi psaau. Teopema Aobemns. O6macTh 301KHOCTI CTENEHEBUX

pSIB.

[oe]

14.06nacTh 301KHOCTI PSiB: ic_n (z-2)".> c.(z-2)".

n=1 n=—o0

15.Psan Teiinopa. Po3kman enementapuux (yHkiiii y psg Teimopa: €7,

sinz, cosz, In(1+ z), (1+2)", i.
1+z

16.Psp Jlopana. ['osioBHA Ta npaBuiibHA YacTUHU psay JlopaHa.

17 .Hyni ¢yHKIIiT, 130JIb0BaHI 0COOJIMBI TOUKH (O3HAYCHHS).

18.Knacudikaiiist 130J150BaHUX OCOOJIMBUX TOUYOK.

19.BusHavyeHHs BUAY 130JbOBAaHOT OCOOIMBOI TOUKHU 32 PO3KJIAIOM Y P
Jlopana.

20.JIumku: o3Ha4YeHHS, TpaBUia OOYUCIICHHS.

21.Teopema Ko mpo auiky.
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CJIOBHUK HAHUBLIbII BXXUBAHUX TEPMIHIB

anredpaiuna popma
aHaITHYHA (PYHKIIIS
apryMeHT
OaraTo3B'si3Ha 001aCTh
BHKOJIOTA TOYKA
BIIKpUTa 00J1aCTh
BHYTPIIIIHS TOYKa
I'paHHULIS

IMCHA YacTUHA
3aMKHeHa 00J1acTh
301>KHUI

30BHIIIHSA TOYKa
1HTerpa

KOMIIIEKCHE YHCIIO0
JIAIIOK

MHO>KMHA BU3HAYECHHS
MHO>KHMHA 3HAY€Hb
MOJTYJb

HerepepBHa QYHKIIISA
OJIHO3B's13HA 00J1aCTh
OKI1JI

oco0JiMBa TOYKa
MOKa3HUKOBa (hopma
TOJIFOC

IOX11Ha

psan

CIIpsIKEHE

CyTTEBO 0COOJIMBA TOUKA
TOYKA TPAHUITI
TPUTOHOMETpHUYHA popMa
yCyBHa 0COOJIMBa TOYKA
ySIBHA OJMHUIIS

ysIBHA YaCTUHA

byHKIIIs

algebraic form

analytic function
amplitude
multiply-connected domain
pricked point

open domain

internal point

limit

real part

closed domain
convergent

outside point

integral

complex number
residue

domain

range

modulus

continuous function
simply connected domain
neighborhood

singular point
exponential form

pole

derivative

series

adjoined

essentially singular point
frontier point
goniometric form
removable singular point
imaginary unit

imaginary part

function
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