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BCTYN

Ocnopui crmocabu nojaxasn inGopmaitil € JUcKpeTHUMM: e
cloBa 1 KOHCTpYKIIl MoOR 1 rpamaTUK — NpupoiHUX idopmaniso-
BAHMX; TABAHUHI MACHBM peaJRHUX ABHHX V TeXHIUHHX cHCTeMax
TA HAYKOBO-TIPHPOARUX CHOCTepeIKeHHAX; AaHi rocnogapeskol, ¢o-
miaawHoOl, Aemorpadiunci, icTopHYBOI CTATHCTHKR TOLIO.

Ona wizekicmoro ananiay Ta of6uUHCHIOBANBEMX IEPeTBOpeHb
HelepepBHAX TIpolieciB JOROLHATHECH 1X «IACKpPeTHAYBATH». 3po3yMi-
Jdo, Mo MaTeMATH'UHi MeToAn oOpoBKH, aHaJisy Ta epeTBOpeEHA
BrcKpeTHol iHQopmanil HeoGxiaHl v Beix ramysax HayKoRoi, recro-
gapcbKkol Ta couianpHol chepax. 3aspuuail Ul MEeTOIH BHKJIAIAKTE-
cA Ha KYPCAX HUCKPETHOI MATEeMATHKH; 1HOAL BIMHMBAETHCH TEPMIH
s¢cHiHUeHHA MAaTEMAaTHwas, a0 BARITL ¢KROHEDETHA MATEMATHKAS.

Hacro aAns a”Hanizy peaJbHHX CHCTeM 3 HeNepepBHUMH KOHC-
TPYETMBHHEME e€JIeMEHTAMH OyAVIOTBCH MOoZedal ¢kimueHHoI afo
Auckpereol mMatemaTuki. Hanpuknaan, xaacrdHa TpaHcTopTHa abo
izdopmaniiina Mepe:ka TPAKTYETheA AK rpad i3 sagaHHUMH nOpo-
NYCKHMMM 3JaTHocTAMA abo paraMy riJox, 8 reoMeTpu4Ha thopMa
rigkn Mixk gBoMa NYEKTAMHA-BYSJAaMH Mepexxi He Bigirpae pouni.
Bineur Toro, ¢HenepepBHes OyAYBAHHA peasibHOI TiNIKH TAKOX He
Npanie y MepexHildl Mofesi: BamJNBO, 0 MK JJHOMA BY3JIaMu
a, b mepewi aBo nemac rinmkn, afo e rinka ia sagaHUM odOMesxceH-
vAM c(a, b) o6’eMy mepenocy peworurEHu abo indropmanii. B Mogeani
AOCHUTH 3afaTH 4Yucaa c{a, &) anaA rosenol napu BysJis a, . Hxmo
rinku HeMae, 10 c(a, b) = 0. Takxa umeciora MoZenr BigobGpascen-
HA Mepesx| ifeanpHo npucTocoBaMA ANA 3anucy, abepedteHHH Ta
NepeTROPeHs ¥ KoMI'toTepi.

Iliapyunuk pospaxoralHil, v HeplIy tuepry, Ha CTYAeHTiR,
A TAKOM MMUTAYiB, AK] O6aIXAI0TL BUBYATH MaTeMaTHUYHl MeToau ANdA
BMKOPHCTOONA iX ¥ ONpHPOAHMX HayKaX I KoM IOTepHEEX TeXHOJNOo-
riax. ¥ HepoMy BigoGpameHo Bci ocHOBHi posfiiv HOPMATHUBHOTO
KVpCY <«JHCKPeTHa MAaTeMaTHKA» 13 choelliaabHocTell woMn’worep-
%, $isHKO-MATEMATUMHHAX Ta IHXXeHepHO-TeXHIUHUX HATIPAMKIB.
Bia unTaya BHMAaTraeThCA 3HAHHA MATOMATHKM B oGcsisi cepeaHbol
IKOIH, 1 BCH NOoJjaiblin <«MaTeMaTHYHA TeXHIKa» 3acbyBacThcH
¥ Npolleci poboTH 3 KHATCK T& 3aNPOTOCHOBAHEMY B Hiff BnipasamMu.



4 Bemyn

ABTOpH CIICALBAIOTRCA, IO HesTKi poaAlIin HiAPYUYHUKS MOKYTE OYTH
KOPHCHUMH TakOK BHKJIaJAa4aM I npamlolounm axisuam, ocobanso
npy BMKOPHCTaHHL pexoMeHAoBaHol AojaTKoBol JsiTepaTypm.

CrpyrTYpa KHMATH, Iepeaik BHKJajcHHX poaginziez ra ix Ha-
NOBHEHHA Merko ybadatoThest 3 BMicTy. A Kpallloro 3acBOcHHEA
MATepially B TeKeTi HABeJeHO 3HAYHY KiNbKicTh 1M0CTPOBAHHX OpH-
Knagin, a v risni posginie — samuTaHHA Ta 3aBJaHHA. B raasax
3 Teopil rpadir i kombiHaTopHKH dacTHHa iHbopManii mosigom-
ngeThed y Qopmi poBigox i samau. Cnucor JgirepaTypH MicTHTBH
Ji:Kepeda IBOX THMIB: saranbHl nizpyuruxi ado MoHorpadii 3 quc-
KpeTHOI MaTeMaTHKH | KEUTH 3 OKPEMHX poaairiB — norimi, mMoB,
Teopii rpagis, xombGiHaTopuni Towo. NS NMepBEHHOTC BHBYEHHSA
BeCh CMECOK JITepATYDPH € HaXJAMIIKCOBHM, OTHAK MOX(E BHABHTHCH
KOPHCHHM mnpH HorAuGneHoMY BHBYEHHI OKpeMHX Ppo3Aiiis.

Eniter «koMu’oTepHas y Ha3Bi BMHTHA 3 OBOX IDUYHH.
Ilo-nepitie, MOCTAHOBKU Ta MATEMATHYHI Mofelli BUKJIaZeHHX 3a-
JAaY — TeOPeTHYHHX i HPHKJIAOHHX — NPHNYCKATE BHKOPHACTAHEA
KoMII'ioTepa: LIS CUMEBOJBHHX HepeTBOpeHb, AJH YHCIOBOI peati-
sanii obuHeTIOBANLHEX aiaropuTMik i T.p. Ax nmpasuno, pearnbHi
3pa3KHA OHX 38JAY [JeBHe MAKOTH TAKY PO3MIPHICTE i TPYAOMicTKICTE,
mo sgificAuTH IX aHANia Ta ederTHBAKNA uMciIoBME poap’asok Ges
BHKOPHCTAEHSA KOMDI I0Tepa HeMoxamBo. [lo-apyre, BigGip Ta BH-
KIafaHHA PO3fiJiB AMCKPeTHOI MaTeMATHKH Y KHH3l BHKOHAHO,
BPAXOBYIOUMR BHMOTH QYHAAMEHTAALHCGI OCBITH 3 KoMI'WTepHHX
Hayk, indopMaiiHEX TeXHoxoril, cydacHHX iHKeHepHHX Ta coni-
anbHO-eKOHOMIMHEX HAaOPAMKIE 3 BHCOKHM PiBHEM aBTOMATH3AIii
TA KOMI'WOTepHaalii.



CNKCOK NO3HAYEHbL

MHOXMHK

N — MHORMNA HATYPAABHUX THCEN.

Z — MHokHMHa HiIEX uHces.

Ny — MHOMARA OAPHHX YHCeNA.

. — MBROMKUHA NOAATHHX pAaTioHANLAEAX UYKCes.
R, — MBOXUHa HONATEMX YMCe:.

@ — MHOK¥HE DANIOHAMBHAX YHCEJ.

R — wmuosMHa FillcHMX udcen.

|M] — norymuicTe MuomuuHE M.

A ¢ B — HecTpore BXJIOYEHHH.

A c B — cTpore BRIXOYeRAY.

X € A— eJeMeHT X HaNSKHThH MBOXKHAL 4.

x € A — eNeMEHT X He HANEMHUTE MHOKHHL A,
U — yminepeanoHa MHOMHHA.

7 — NopoXtHEA MEOMWHA.

2¥ — MHOKWHA CTeniHE (MYOMRHA Beix migmmoxxym MupOKEEH X) ato Gyacam.
A v B— obf’coRaAER MEHoMEH A 1 B.

A n B — meperun MEONH A 1 B,

—A — MoNMoRHeHHS MHOMAEA A.

A\B — pisHUNE mHEOKNER A i B.

o1 — KJAC MHOSKRH, [0 HAGHBAEThCE amrebpom.
€ — KOHRTHRAYYM.

BigWoweHHR

A x B — gerapri3 pobyTor MBoxyn A ] B.

X" — gexapropni creminn MuHoxHHk X.

R — obepuede BifHomedHRs [0 BigmomerEs R.

S o BR— wkomnozHuia BigHomemBr R i S.

R* — crenins eigucmenusa H.

R(x) - nepepis pianowenus R 3a eleMeHTOM X.
R(ZY — nepepiz pigpomwenna R sa migmuomuzow Z.
Y/R — tdexrop-Myuo:sxusua mucwknan Y sianocHo R.
Dy — obnacTs BMaRAYEHEA plAmomenns R.

‘Re — OGLACTL SHAueHL Bianomernsa R.

F — dyaxnionaanre Bignoimenua.

f: X - Y — BigofpamenHsa.

~ — BiFHOmIEHHA eKBiBANEETHOCTI.

£ — BiXHOIIEHHS YBCTKOBOTO MOPAAKY.

< — BigHOmMeRBA ¢TPOTOTC MOPAJKY.

Pennuiina anreSpa

0 — orepamin ofMexkeHHN BigHOMIeHAA.

Tt — onepalia mpoexnil mianomeHHnd.

[><] _ onepainis HaTYpaALHOTG 3'cAHAREA BLAHOMICHS.
+— onepanis Aizenna aignouren:.

AnreSpaitHi CTPYNTYPH

€ — DOAHMYHHI eJeMeHT.

¥ — obfepHennii eeMeNT A0 eJeMEHTY x.

1 — OAFMHMYHWII eXeMeRT BiAHOCHO MHEOKEHHA.



CRucoK noanaveHs

2! — oOEPHOHMI eIEMEHT A0 BJEMeHTY X BLAHOCHD MHUMEHHA.

0 — oauaHvuul cMeMeHT BiAHoCHO JOABBAHHSA.

-x — ofepuchiil eneMeHT A0 eJOMEHTY X BIXHUCHO AQJABaAHAA.

@, — [ODABAHHA 34 MOKYJIeM A.

@, — MHOReAHS 38 MOAV/IEM A.

Z. — MuOMHHA Uinux Hesla'emanx uwcen.

¢: A C — romomopdisM iz cTPYRTYDH (4, ®) v crpvrrypy (C, @).

Bynesi $pyrxuil Ta nepeTBOPEHHA

(X1, X2, w, Xa) — ABiliKOBE ci0B0. GyaesBull Habip abo iHtepupeTauia
Pyurnii £.

A — ROH'IORKLLA.

v — Aaa’ioHKIiA.

" — aapepeuems,

~ — ewEiRazenIliA.

— — iMnmikauis.

{8, A, v, }— narebpaivyHa cvpyxrypa — Gyhena anrebpa.
B{n, v, 7, =, ~) — anrefpa morikn.

f{x, xa, =, xn) — byskuia, zeoicra gyuemil fx, x2 ..., X)
@D — cyma 2a Mogyiaem 2, o BEKIKOgac +abos.

{B, n. &, 0, 1) — aarebpa ¥eraakiua.

To — EABC QYHKLIINA, o abepiranTh HVIE.

T1 — wnae ¢yuxuilt, mo alepiraTs oAMHHULIO.

S — Enac camoasoicTux ¢ynruifl.

L —— maac aigifinux QyeExUii.

M — kaac mouoToHHMX ByHEKRUIE,

MaremaTtMyna norixa

(X, I}, A, v, , =, -, X, I} — norira BMCADBIEHE.
A A B A g HacHifOR B8 MOCHJAGHHA Aj, wey Aar
D— npejameTHs oQJBCTE HpPeHKETA.

(Vx) — KBauTOp SATANRHOCTI.

(3x) — wpanTop lCHYBAHHA.

—% — HMKI{UHe 3amepeyeHwA.

N. — sanepeuenusn Jlykamiernua.

{"(¥) — yaaranrnmeHe 3ANEDEYEHESA.

Jx) — xapaxTepHcTHYHa YHKIiA.

Taopin rpadgin

G = (X, Y, f} — aborpaxTumii rpadg.

X — MHORVHA BepIIHE rpada.

Y — mMuoxnHa pebep rpada.

8(x) = degx; — cTeniiH: BEDIINHH ¥,.

d{(Gy — piaMeTp Tpata.

~(G) — paniyc rpada.

p — GBiHaphe BigHOMIEHHSA.

3'(x) — aHeno AYr, MO NOUMHAKTHCA ¥ BepOIHHI X.
§(x) — umeno myr, mo BakiHYYWOTHCE ¥ BEpIIMHI X.
A — MeTPHUIS cyMimpocri.

Gyaepoi



CrucoK nosHavens

B -~ marpaus 1HEKHIEHLE-

G — zeoicTeél rpad.

y(G) — xpomaTHyHe uRcao abc iHAsKC.

T -— npepeno.

Eam —= YUHCAO HeizoMODGHAX n-sepuiunnuyx rpadie » m pedpamm.
T — YHCNO MOSHAYEHWX JepPes 5 B BepIMHAME.
f — uHEHRO BiAREMX heped 8 n BEPMIMHAMY.

T. — uHCA0 KOpPeHEPHX HZeDes.

K(G)— marpmne Hipxroda.

S — maTpruA nepepiais.

@ — MATDHUA IHMEJIIB.

K, — nopuull rpat 3 n beplUMHAME.

Kuu — ABCOONBHUR rpad.

p({G) — knikok: wmeXo rpada G.

af(7) — umcao HeaanemcHocti rpaga .

Mosu Ta rpamMaTwiM
€ — NopoXHIR pamoK.
A" — MHoxHHA Beix psgkie amdanity A, BRIOUAIOTH MOpOKHIM pagox.
A — MAOMHA BClX pARKiR andasiTy A, Re BEKJONAKUHA OQPOKHIY PATOK.
lal — nommwma pagky.
a" — 1 CHMBOJIB ¢ NOCHiABR ¥ PAIKY CAMEOJIB.
G(N, T, P, 8) — rpamaruks.
T — MHOMHHA TepMigalLBENX cHMBoIB.
N — MHOMUAA HeTEpPMiFATHAUX CHMBOAIR.
8 — nowaTroBEE CHMEON IpaMaTAKY.
P — MHoXWHA NMPORYKNi rpaAMaTHEH.
I{¢) — MoB&, WI0 BH3HAYEHH TpaMaTHKOW &.
@ = y — Y BeanocepeAHbO BEBOXBETHCH 3 .
© = 'Y — Y BEBOAWUTLCH 3 ¢ 24 CKiHYeHHe YHC/IU KPOKiB.
D — pepepo BuBogy.
— cHopoweRHl 3IBWHC OPOAYRTIL.

ANropHTMK

Bazosl gyHKmil:

CQu(X1s ey %a) — QYHEIIL, N0 TOTOMHO JOPIBHIOIOT: YN,
V. fxt, .., £a) — dyEKNil sabopy.

AMx) — GYHENII MpoxomKenHA.

OmepaTopn NoGYAOBE DPeKYPCHBHHAX $yHIemili:

S — OonepaTOp MIACTAHOBKE (CYIepIOBKLii).

R — oneparop pexypeii.

i — omepaTop -MiHiMjgaiii.

T(n) — uacoBa CRJIAAIRICTE ANrOPHTMY.

&{g(x)) — 4ac poGOTH BIFODHUTMY 3 LOPANKOM IPOCTAHHA g(x).

Agromam

A — winnesni#t mapkep He sxigmid c¢rpiymi asTomarta.

€ - NOpOMHA KoMipma Ha BXxigHili eTpiupi aBroMaTta.

M=(5,1 0,f & s, F)— cxiguenuuli asromar.
M=(81,0,2,/ g 5, 2, F) — anToMaT 3 MATR3WHHOK NaM’ATTIO.



8 CHucok nogHayerL

T =(8, I, {, %) -- vMamuxa TseloprEHra.

S — ex|AueHHA MHOXMHE CTAHLE SBRTOMATA.

] — criEueHEA MHOKHHAA JONYCTEMHX BXIZHMX CHMBOJIIE aRTOMATA.
O — CHiHYEHHA MHOKHHA LOOYCTEMEX BUXIJHNX CHMEONIE ABTOMATa.
] — dymknis mepexoais asroMaTa.

& — GYEKLIIA RMxojziB eBTOMAaTA.

50— DOUIATROBUNE craH KEPYIOUCTO NPECTPOI0 ABTOMATA.

F — MHO¥WHHA 38BeplIalLEKX CTAHIB ABTOMETA.

Z — cKiHYeHHA MHOXMHHA JONYCTHMAX CHMBOJIE fam’fTi.

70 — nogarxoBull canBox maM'sri.

KomSinaTopuka
A:-— KINLKieTh R-posMilleRb #1-MHOMKUHI.
P, — yucio mepecrapiedh 3 n eqeMeHTiB.

Al — wimericry k-poamioieRs (3 DOBTOPEHHAMM) M-MHEOMKHHY,

C_: — Eimnxiers k-coonyyent 3 n edemeHTiB.

C: — KiAmkicTh k-cmomydeds i nostopeRBSMH 5 efeMedTis n THIIR,

D, — RinericTh aMimeRb.

Da, » — KiILRICTL mepecTAROBOX 3 1t eNeMeHTiB, 3 RKHX n — r 3MiHWOTH cEiif
cTaH, & DiBHo r eNEMeHTIE He AMIHIONTE,

S: - uypeno Cripairra Apyroro pony — mucio crocofie posMimenHs n pisEmx
mpesMeTik 3a k YPHaAMHA.

B, — uncno Benna (umcno cnocofis poafiMrta n-MHOEWHE He HEDODOmH] Mifg-
MEOKHHH, 10 He OepeTHHEAIOTRCH).

po{n) — EimbRicTn BepOrs po3BHTTE WACTa N Ba k UacTHH (HATYPAiLHEX Ho-
JSAAKIE).

p(n) — RiABKiCT: BehOTO PoSBHTTA UMCHA 7t 3 YCiMa MOXRINBMMH IRAYEHHIMHA
THeNA YACTUH k.



po3ain 1

MHOXUHN

1.1. MHOXuHHU. Crnocobn 3a1laHHA MHOXVH

Exzexenmu Muowunu, cnocofi 3a0aHHA MHONCUH, CKIHYEHHE
Ma HECKiHYCHHE MHONUHL, YNODAGKOGAH! MHONCUHY, NEPadoKey

B noBcsKAeHHEOMY ¥UTTI T8 ODPAKTHUYHIH AlLAJZBHOCTL yacTo
LOBOAHETHCA FOEOPHETH NpPo Aesiki CYKYNHOCTI pisHAX ob’eKTiB: Opex-
MeTiB, IIOHATH, WMcel, cUMEBONIB Tomo. Hanpuminan, cyxyOHICTH
JeTanell MexaHiamy, aKcioM reoMeTpii, uncesN HATYPANLHOI'C DAZRY,
Jaitep aberxkr. Ha ocHoBl IHTYITHBHAX YABJIeHL Npo NoAi0Ri cykyI-
HocTi chopMYBANOCA MATEMATHUHe HNOHATTA MHOXNUHU. DHAYHERN
BHECOK A0 Teopii MHOMHWE 3pobHB I'eopr KanTop. BroioM 3aBRAKH
Horo mocHipxeHHAM TeOpiA MHOMKMH cTaja OiAKOM BH3HATEHCIO Ta
OOI'DYHTOBRHOIO TAJY33I0 MaTeMaTHKN, & HA chOI'0JHI BOES 3700yia
byagaMenTanbaoro sHayeEnRA. Teopia MHOMHH € FigcTaBow Zta
Beix posgiidiB aucKpersol MaTeMATHKHM Ta KOMII'IOTEDHHX Hayk
B LiZoMYy, € OXHIEI0 3 0CHOB (PYyHKIOIOH&NLHOTO S8HANI3Y, TOIOJOTI],
aarannHol anreGpu. I'nubori gocnifixenns B camiii Teopil MHOMKKHH
noB'gaani 3 DCHOBAMM MATEMATHEH.

Teopia MHOCKHH pazoM 3 IHIIMMHE pozfiJlaMH AKCKPeTHOI Ma-
TeMATAKH Mae Gedjiy KOPMCHUX BECTOCYBaHb y IIPOTpaMyBaHHI.
Bora BRKOpHCTOBYETHCA 4as DoOYACBHA cHCcTeM yOpaBiinna Gasamn
OAHHX, Oif dJac mofygoBH Ta copraHizanii poGoTU KoMII'OTepHHX
Mepex, SoKpeMa Mepexi IeTepHer.

MHoKREA € HACTINLKH 3aradbHUM i BOLHOYAC NOYATKOBHM IO-
HATTHAM, 1o 1i cTpore puaHadeHHA Yepes 6inpm npocTi MoEATTR Aa-
™1 paxkko. Tomy Beurifg 3a I. KanTopom Mu npuiiMaemo iHTYITHBHe
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VARNEHHA TIPO MEONKHAY K CYKYOHicTL fedRUX edemenmia, uin-
KOM BHMBHAYPHHX ¥ BHNAAKY KOKHOI KOHKPETHO! MHOMKHHH.

MHAOXKHEY Mo3HAYAIOTL BENEKMMA, 4 eleMeHTH MHCOMEH — Ma-
TTHMH TRTHHCAKHEMU GyKBaMH 460 MANHMH JAATHHGEKHME SyKBAMH
3 infexcaMi. EneMeHTHE MHOMXHH YacTo Birokpemmmiolorhes ¢iryp-
oMy avsckami, Hanpuxaaf, aanue A = {e, b, d, h} osHawae, mo
MHOMHHA A CKIIaZlacThCA 3 YOTUPLOX eleMeHTiB a, b, d, k. B zarans-
HOMY BHIVLAAL TEEPIDHEHHE, IO CKIHUeHHA MEGIKHHA A CRIATACTLCH
3 1 eJIEMEHTIB, JAIUCYyeThed Tak: A = {d), Tz, v Qo). Haneknicrs ege-
MEHTA MHOMHKHI MO3HAYAETBECH CHUMBOJIOM €: a € 4 (YUTAIOTH: efe-
MEHT @ HRJIeMHTE MHOKHHL A). B NpoTniekHOMY BHIIAAKY IOZHA-
YaTL ¢ ¢ A (YATaRTL: eleMeHT ¢ He Hale’XUTh MHOXKHHI A).

Jami BUKOPHUCTOBYIOThCHA TAKi aranbHONPHAHATI TOIHAYEeHHSA
OCHOBHUX UHMCJIOBHX MHOMKHR.

N — muomuna namypanvrux wucen, N={1, 2, 3, ..}.
Z — muoxcuna yinux uwucea, Z={.., -3, -2, -1, 0, 1, 2,3, ..}.
" Q — MuoxicuHa payioHeAbRUX wucen. Bynn-Ake pauioHannue
yHeso MOKHA 306pa3sHTi ¥ BRrASAL Apoby: a/b, pe a, be Z,
b= 0.

R — muomuna Oidicnux wucen. Byldb-ske giiicHe yneno mMox-
na z00pasuTH ¥ BUrAgAl HeckimyenHoro AecaTxoRore Apoby
a,by b by ... b, .. in ninoio uacruuolo ac Z ik, € {0, ..., 9}.
MuoxnHi gilichrx vucen BignoRigac MBEOMKHHA TOYOK HA YMC-
norilt npamiit,

EJeMeHTaM$ MHOKXHHE MOKYTh OyTE immi MBoxuHd, Tomi il
esieMeHTH [I03HAYaTHMYTLCH BEIHKHMH OyKBamH.

Tpuxaan. A={D, C}, D={a, b}, C={c, d, e}, [Ipn upomy
Dc A, Ce A aneaec Aiecg A

Mpuxaanx, E = {{1, 2}, 3}. Heit sanuc osHauae, o MHOKAHA K
MicTHTE ABA eaeMeHTH: MHOKHHY {1, 2} i esement 3.

BuaHaveHHR

MuoxHHa HasUBACTBCH CKINYERHOM, AKUIC BOHA MICTHTH
CRIHUEHHEe YHCJD eJeMEHTIB, 1 HEeCKIHUEeHHOw, SRMO BOHA
MIiCTHTH HeolMeXxeHe YHe/0 eJNeMeHTIE,

Npuxxag. Muooxpaa A={1, 2, 8, 4, 5, 6, 7, 8, 9, 0} nudp
B HecATHOBiH cHeTeMl YHMCIeHHMA CKIHMYeHHSA, a MHOMHEA TOYOK
KoJa HecKiHdYeHRa,
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Ynopadxosanoio BERXKAETECA TAaKa MHOXKHHA, B AKIA BaKIMBL
He Tinbk} 11 eNeMeHTH, ale 1 HOPAAOK IX HACTYMHOCTI ¥ MHOMKHEHI.
Hanpuknaf, YHODAAKOBAHOK € MHOXHHA, B AKiH KoxuHHE ere-
MeHT Ma€ CBifi nopmakopuii Homep. Ilo3HaualOTk YNOPALKOBAHY
MHOXHHY, K NpaBHAQ, a6o KpyrJumM, a6o TPHEYTHEMH AYIKKA-
mu. Hanpurman,

A=<1, 2, 3>,
A=<a, @3 ., @y>, ne N;
B=(a, b, ).

IIpuxnrar. Posraggemo yoopAAKGBERY MHOKERY A = (X, y)
reorpadivyHUX KOOPAMHAT AOBIOTH X Ta MIMpoTH 4. AKumio fosrory
i MHPOTY NOMIHATH MicodAMH, B pPe3yabTari MCxKHa NOTPAINTH
B iHILY TOYKY BCecBiTy.

BK&GETI’I ﬂOp.FI,B;ROHHFI HoMep AJA BCHKOro ,Il,iﬁﬂﬂ()[‘() yyucasa H&A
MuOXHEL R HemoKJHED, i Nopsigok y R safaertca sa JONOMOICI
nepieegAs < 1 £. Tomy saraneHe BU3HAYEHHS YOOPAAKOB2HOI MHO-
xkunn X npmnycxae, Mo AnS Beix map exementie 3 X BHanaveno
sidnouwennn nopadxy (aus. 1. 2.4)

Cnocobu aafganHAa MHOXUMH
1. MEOXKHHAY MOMKHA 38AaTH IPOCTUM ReperikoM enemeHmio
A= {all Qay <y an}'

[Iprknag. Mpoxury BigMIHHHKIE v rpyni mosHaummo O i a3a-
namo il mepenikom: O = {IparoB, IletpoB, Cuacpes, Kykymxkina).

Cnoci6 sajaHHA MHOKHHE IIepeJikoM il eJleMeHTiB He GDRJAT-
HUH I8 3afaHHA HecKiHYeHHHX MHOMKHH, 8 V BUNAJIKY CKiHUeHHUX
MHOKHH fOro IpaKTHYHO HacTo He MOKHa peaniayeatu. Tak, me
MOKHA TiepedidWTH MHOMHHy pub y Tuxomy oxeaHi, xoda ixHe
4YMeJ 0 CKiHYeHne.

2. Tumuii croci6 aaAaHHA MHORAHA CKIARJAETLCST 3 OMUCY
eNeMeHTIE swanauenow enacmuaicmmw: X = {x | P(x)}, me P(x)
oaHAyYAaE, IO eMeMeHT ¥ Mac BracTHBicTh P{x).

llpuraax. Muaoxkury N,y BCix HATYpanRHHMX uHces, MeRKMUX
sa 10, moskna sagarn rex: N,=—{x | x € N, x <10}

Baacrupoeri enementis momyrn 6ytu safaui me dopmanbho,
a 3a AOIOMOICI0 OIlMCY HA NMpPHpPOAHi# MOBi.

IIpuknan., MHOXHHE S cTyieHris rpymy 1IM-04-1, aki oxep-
AHYKOTE CTHIEHAII.
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IIpuxnan. ¥V reoMerpii yacro AoBOAUTLCS MATH CIPARY & MHO-
SKHHAMH, IO 33aHi cBOIMH XapaKTepHcTHUHUMH BIACTABOCTAMM.
Tax, K0Jio — reoMeTpHYHe Micile TOUOK NNOILUHH, L0 PiBHORBiA-
JaneHi sif uenrpa gaHoi TOYKK Iiei mrommlEN.

3. MuoxxiHa mMoxe GYTH 3a/1aH8 PeKypCiueHo BRaZiBKOIO cmo-
cofly noeaifosHoro MopofiKesHa i efeMeHTiB.

Ipuraaa. MuoxnHa IHaveHh pexypcuBHol yHkUil € pe.
KYDCHUBHO-38JAHOI0 MHOXMHOW F = (@i, @2 ¢ ..}, Be ¢, €N,
i=1, 2,3, ... Hexailt ¢; = 1, ¢, = 2, a2 KoKHe HacTyHmHe HHCJIO
38JIeNTh Bif JBOX MOMepPeXHIX TAKMM YMHOM!:

mn=3(pn—2+(pu—l’n=3: 4! -

Toai
L]}3=3lp1+(p2=33(1+2=5;

Q=32+ 03 =3x24+5=11irT. 1.

i

IIpu saganni MYOYKKMH MOKYTE BHAMKATHE NOMAIKY Ta IpOTHpid-
ug., MHuoMuHA 3afana KOPEKTHO, AKMO AN GYAL-SKOTO eNeMeHTa
MO)KHA BHAHAYUMTH, HAJEKWTE BIH MHOXKMHI i Hi.

IIpuraaz. BusHaueHHA MHEHOKHEA A AK MHORMHH, 11O MICTHTE
6yAL-AKI I’ATH HATYPAALHMX UHCENA, He € KOPEeKTHHM, OCKRINbKM
HEMOSKJIMEBO BU3HAUUTH TOYHO enemeHTH A. MyokuEa Bcix mpoc-
TUX UNCEN BHU3ZHAUEHA KOPeKTHO. [INA SYIR-AKOro HaATYpajlbLHOTO
YA MOMCHA NepeBipMTH, 4H € BOHO IPOCTHM, X0U8 NMPAaKTHYHO
HA e Moke 3HanobuTuca xyxe GaraTo wacy.

IIprkaax. MeoxreEa Beix aHHO3aBpPiB, IO XEAHE Ha Jemai,
€ MHOMKHHOW, 10 38J6HA NIPABHJIBLHC., X098 IPAKTHYIHC HEMOXRIH-
BO BH3HAUHTH €JIeMeHTH Oici MHOMHHEH, a2 TeOPeTHYHO ACHC, IHO
AKOI0 TBApHHA, K3 Oyib-Konm »cuia me Semul, ¢ AHHOIABPOM,
TO BOHA HAZEHHUTH AC Iici MHOKAHM, ¥ NPOTAIERHOMY BHIAA-
Ky — Hi.

HerxopekTHicTh S8JaHHI MHOMKHMHM YacTO OB S3aHa 8 RpPOmMu-
pivuagm npu nuepesipll BaNemKHoCTi AEAKOTO efeMEHTHa MHOMUHI.
HapeneMo 58 KARCHUHUX NPUKAaAH.

Npuxaan. BussauuMo MHOKUHY G AK MHOXHUHY BeiX MHO-
MUH, AKi He € eJeMeHTaMH caMuX cebe. Ane Toal me momxHa
3’HeyBATH, YM € cAaMa MHOXHKHA (7 eneMeHTOM MHOMHEM G. K-
e TAK, TO NPHXOAWMO N0 OpoTunivyvd, ocKinkxkw G MicTHTE
K eNeMEeHTH TiNbKM MHOEWMH, AKi He € eleMeHTAMH CAMUX
cebe. HArnio muoxuua G He € elemenToM camol cefie, To ToAl,
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3a BM3HaUeHHAM, BOHA NMOBKHHA OGYTH eleMeHTOM MHOMXHHU G,
II0 € IPOTHRIYUAM.

flpurrapn. €gununil mepyxap y mieri N BHaBavae MHOMKH-
uy K memkannip, fIKMX BiH NOBHHEH IOJKTH, AK CYRYOHicTh
Beix Tmx mMemxannin N, xnki me ronarwca cami. Ane Toai aasa
CaMOF0 Mepykaps BUXOZRTH MPOTHpiUuR i npu BRAIYEHHI foro xo
muo:xnny K, i npu Bignecenui ifforo A0 MelixanniB, sKi roaAThes
cami.

Taxi npoTapiuua HA3UBAIOTLCH AoZivKUMU napadoxcemu | Bu-
BOAlOThCS B MaTeMaTHUHIE norimi.

@ 3anuTaHuA
1. BanumiriTe 3a JOIOMOTOK HOZHAYEHL TBEPHMEHH:A, WO eNeMeHT &

HAJeXMHTh MAEOKUHL A, 4 eleMeHT b He HANEKATL MEOMKHHE A.

2. Hagpenits HpMRAAAH MHOMHH, ejleMeHTAMY SKMX ¢ MHOXKHHMA.

3. Hapexits npuryamy cRiEYCHHEX i HecKIBUeHEAX MHOMHH.

4. fIKy MEGKHHY HASHBAKTL YIOPAIKOBAHOW?

5. Hassith pifomi BamM criocofp saganHs MAOXKWH. B skoMYy BANAXKY
Heé MOMcHA 3acTOCYBATH ToM aGo iBIDNE cooci6?

6. B AxuX PUOATKAX MHOMKHHEA 3afaHA HEKOPEKTHO?

7. ki npormpiuvusn (napafoKcH) MOMYTL BUUHKHYTH MPY BUOHATEHHi
mA0kHH? HaseaitTs npuxmamm.

@ 3asnaHHA

1. Bapaftre neperigeHHaM eneMeHTIB Taki MHomcHHU:
2) MEOKBEEY HATYPanbHHX YHCces, He DinbwHx 3a T;
0) MHOmNMHY GYKB BALIOTO iMemi;
B) MHOXHEY, €IAHNM eJieMeHToM AKOl € Hazra BAmMoro Micra;
r) MHOHEY TpocTEX uncex mizx 10 i 20;
A) MEOEWEY ZOJAaTHHX UHcen, Mo kpathi 12.
2. Bepatire y sarnani X = {x | P(x)] Tari Muommnn:
Q) MEO;RHEY HATYPeJALHHX Yuced, He Giaemnx aa 100;
6) MEOXHHY UADHHX IOJATHUX YHCEA;
B) MEOXHHY HATYpanbHMX WHces, e KpaTui 10.

3. Haspire ereMenTH MHOMMH!:
a){x|xe N, 8sxs12)
6) {x | X — DECATHoBA LMQPA}.
4. BuosmauTe, eeMeHTOM SKWX 3 HABeeHHX MEOXHE ¢ 2:
a){xleN.x> 1}
6) {x}x=y% yeZh
B) {2, {2}



14 Poadin 1

1.2. OCHOBHI NOHATTA TEOPIl MHOXUH

Pignicme MRONMUR, BKTIOVEHHA MHEOKUH, YHiBEpCaAAbHE
i NOPONCHA MHONCURU, CMeniits MHONCUNL

PosrasaeMo (0HATTS PiBHOCTI MHOMHHU.

BuaHaveHHA

BEpi MHOMWHN pieri, AKILC BOHY MicTaTh ofHaxoBui maGip
enementio. IosHaueeThca A = B. SIkijo MHOXMHH He DiB-
ni, e mosHaudaeTeca A = B, Yuchao eleMeHTiE CKiHYIeHEHOI
MHORMEH A TIo3HAUMMO uepes |Al.

Anz mpoxuy A i B 3 neckiAueHHuM 860 BeJHEHM THC-
JdoM eleMenTin nepesipka 36iry Habopis ecix exemerTiB Mo-
e 6yrm BeokKolk, Binbil edeXTEPHOK BHABIAETBECA JAoriuHa
nepepipka deocmoponnsozo exnrouenHs. A came, A=B Toai
i TiapKH TOgl, KOIM 3 X € A BHXO{UTh X € B iaye B Brxo-
AUTL ¥ € A.

Posrnaremo Npukiaxg.

1Ipuxaan. Hexall zagaHi MHOMHH

= {1, 2, 3, 4, 5};
B — MHOXHHA HATYDAJALHHX uKcel Big 1 go 5;
C={c}1<e<5, ¢eNj
D=1{4 1,5, 2, 3}.

i muoxuar MicraTs oM Halbip enemenTis, ToMy A=H=
=C=D,.

ITpy sagaupl MHEHOMHAH MOMKYTE OyTH HeTodHocTi abo S0HTKO-
BoCcTi, AKi weabxigmo ycvBari. PoarnAaHeMo IMpukAaiu, .

HMpuxnag. PosrisHeMo MHOMHEY A SOIMIIKIR, IO OACPIXYIOTE-
cA npu nocaifornomy fAimenni marypansamx gucen {3, 4,5, 6, ..}
Ha 3: A={0,1,2,0, 1, 2,0, 1, 2, 0, ..}. IIla muoxuua micTurh
Bcrora Tpu eneMerTH: 0, 1, 2. Tomy If MokHa 3anHcaTH y BHMAS-
AA={0, 1, 2).

Ilpnxaan. Hexalt B — muomMEa Beix BUAiB mmaXoBuX diryp,
a C — muEomuHA RBCix niaxoBEX Giryp, mo GepyTh yuacTh B o[-
ri# rpi. Topi |B) = 6 (nmimax, Typa, exoH, XiHb, depas, Kopoias),

a |C]=32 (16 6ismx i 16 yopuux).
BuavaveHin

MHo:»gcuHa A, Bci enemenTH AKol HajesaTb MHOMHHI B, Ha-
SUBASTRCH NidMMHONCUIOI0 MHOKUHM B.
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llosnavenun. Hecmpoze sxniowerna No3Hadaersca A < B,
csHavae, Mo A — pidMpoesxcund MHOKRYHH B, 1o, MOXJAUBO, CHIB-
najxac 3 B. Cmpoze gxawueHHA MO3HATACTECE A C B 1 osHauae,
o A — OiIMHOMHHSE MHOKWHK B, wo He coiemagae 3 B. Cnm-
BoacHHI BRpes A< B UuTAIOTE «A BKMOUeHO Ao B».

Burouanng criesigjuomens A ¢ B i B c A Momnauage TinTBRH
upum A= B. 1 apoporuo, A = B, sakio A ¢ B iB ¢ A BogHOuUaC,
3aysa:xuMo, L0 iHOAL B NiTepaTypi cHMBOJOM C IOSHEYANTE +¢HE-
CTpOre» BKIIOUCHHA, N0 AOOYCKAE i DiBHiCTE MHOXHKH. ¥ IHOMY
BHIAJKY CHUMBOJA C He BHKODHCTOBYETHLCHA, & CTDOre BKJIIOYEHHH

aanMCcyoTh JBOMa crnispigmomennavu A < B, A = B.

NDpuxxan. Tas MHEHOKHEE gogaTHAX dHeel K. BHKOPHCTOBYETD-
cd 3HaK CTPOrOrc BRJNYEHH: BifHOCHO MHOMXKHHHE JifcHUX uHCeNd:
R.cR.

Hpurnan. HosnauyuMo MHOMKHURAY YYHIBE JesKoro kiacy gepes X,
MHOKUHY BiAmimnukis v nepomy xaaci — uwepes Y. Topi Yo X,
ocKiTBEEM MHOXKMHA RiAMinnmKkis y wnaci BrmloueHa A0 MHOXKHHH
yuHig IBOrC KJACY 1 TeOopeTHUHO MOMKe JHOpiBHIOBATH iif.

BuaHaveHHA

¥Yuisepcanenow Ha3UBacThed MHOMHHS, AKa MieTuTs Bei
MOMAURI eeMeHTH, Mo aycTpivanTheA B faHii sagaui. ¥ui-
BepcaiabHAa MHOMUHA NO3HAYACTHCA cuMeonom U,

dayeasxkmo, 1[0 yHiBepcanwHa mMHoxuHA U moxxe Gyrm iH-
AMBiyanLHCIo Aaf KosxHOl oxpemoi zajzaui i BusHauaeTnes B I
yMoOBi.

Ipuxaan. Posrnsnemo geaxy rpyny cryAeHTis. Hexaii A — mMHo-
JKUEA OHaKiB rpynu, B — MHokMEa BiAMIiHHHKIB. ¥ 0i#l aaja-
4i yHiBepcaNBHOK € MHOXM(HMHA CTYACHTiB rpynH, a MEOKHHEH AiDB
e 11 nigmuaosxkuaamu: Ac U, Bc U.

Bu3HaveHHn

ITopoxnbvolc HA3ABBEETLCA TAKA MHOMHHA, AXAa He MieTuTrs
HISKMX eseMeHTiB., Taxa MHOKHHEA NO3HAYAETHCH CHELLANL-
HEM CHMBOJOM .

Posr nopoxeEbol MEOXHER ¢ amamoriuea poji uncha EVib.
lle TOHATTA MOXKHA BHHKODHCTOBYRATH ANA BU3HaYEHHS Hacnpabki
HeicHyouol CYKYIHOCTI eneMenTip (HANPHKAAJ, MHOMKHHHM 3eje.
Hux caoHiB). Bimeur ieToTHHM MOTHEOM RBRREBEA€HHSA TIOPOKHBLOI
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MHOKHMHH € Te, 1[0 sasfajeridb He 3aBxJRA BigoMo (abo HeBigomo
a0s8ciM), 4 iCHYIOTS eJIeMeHTH, AKi 2a0BOJIEHATE XAPDAKTEPHCTHYHY
BHACTHEiCTE KOKHOI MuoxuEM. Hanpuxias, MHOoXKHHE BUTpailie
V RACTYIIHOMY THP&X] CIOPTAQTO HA KYIL/IeHi KBATKH MOXXe BHSBRH-
THCA NOPeXELOW. lloposwHs MHoxHHR & ¢ NigMHOMKHHOWG OYIb-
fkoi MHOMuER A, & ¢ A. Caig nam’aTary, 00 NOPOMKHA MHOXRHHA
€ MHOXHHOIO, TOMY fAKIIO JedKa MHOXXHHA A He MicTUTh KOZHO-
ro exeMenTta, To A = & |4] = 0. 3anuc A = {@} o3Hadae, moA
MiCTHTL OfMA eneMeHT — &, |A| =

TakuM YHHOM, GyIb-AKA Henopo:&cua MHCKHH2 A 060B’A3KOBO
Mac, AKX MimiMym, ABi MiAMHOMEHE — IOPOKHIO MHOMKHERY i camy
IJ0 MHOMRHHY.

Bu3Ha4yeHHRA

MEo®UHYY BCix DiAMHOMUH MEOKHUHEE X HAZBEMO MHONCUNOIO-
cmenenem, abo byneanom Mromunu X, i mosHauumo 2%,

Opuraax. Hexalt sapana Muomuna A = {a, b, ¢}. Cucrema
Beix 11 migmHoxwnr €

24 ={@, {a}s {d}, {C}, {a, b}, (b, c}, {4, c}, {a, b, C}},

Tak w10 24 MicrHTE 8 eneMeHTiB.
opoxua MHOXKHMHA Ma€ TiABKH OFKY NiIAMHOMHHY — CAMY
NOPOXKHIO MHOMHHY, ToMY 2° = {}). Ins LoBiAbLHOI MHOMKEIH
X a n exemenTtie KiaskicTs Bcix i mizmBOMEE (robro |2¥]) mopis-
HIGe 2™
[2%) = 2% = 27,

@ 3anuTaHHA

1. fAxi Myomunm ssamawTLCa piRdHMuH?

2. Ux MoXYTE IBa efleMeHTH oXHicl MEOKHHK GYTH OAHAKOBUMH?Y

8. Busraure noHATTA MiAMHOMKHRM i BRIOUEHHA MHOMHH.

4. HapeniTe: nDpHKAAZH MHCKHE A 1 B ana sumajkis A< B
i Ac B.

5. Yum Bigpisusernca erpore srauendsa Bijg necrpororo? HaseniTh
OPMKJIaZA.

6. fx BHIHAYEETHCH DPiBHICTE MHOMHA Yepe3d NOHATTA HeCTpOTOro
BKJIOUEHHHA?

7. flua MHOKA4a HASUBACTRCH YHinepeanhHoin?

B. Hka MHOXHHA HAIUEACTLCH MOPOIHLOKT

9. BamMuiTe RIFHCIOeHAA BKIKYeHHA MK YHIBeDCAIRHOW MHOMH-
How U, poBinerow ii migmEoxaHO0 A 1 MEOERHEOD .

10. fx noanavaeThCH MHOKHMEA BeiX niaMHoMEH JeAKol MHOKHHRAT
CrifMLRY eNeMenTiB BoHa MieTHTL?
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Q

3aBpaHHA

1.

10.

BragauTe, 9Ki 3 HABeAeEWX TRepAXEHDb cIpaBeTHBI:
a) [(@H = 1; (B = 2; m) {x} c {=
6) ({31} e (2R Mz elx o) {7 e (v mHx} e {{«l)

. CRiNBKHE efleMeHTiB MicTATL T4Ki MHOERHH!

a) {x}

6) {=1h;

8) {x, {x}h

) {{=}, x, {{x, {x}}}.

fxi o nazegennx Trepamens upapunrui? Hoseairs.

a)asrmpo Ac BiRBRcC, oA cCC,

G)akmec Ac BiBc A, 1o A= B;

B)akmo Ac BiBcC,ToAcC.

Haga muoxuea D = {7, 13, 25, 34, 101, 112}. Hki s RapeseHEnx
MEOMHH € migMpo:punaMu Meoxuan D7

a) {1, 7, 18}

6) {0, 1, 12);

B) {25, 112, 34};

r) {a, b, &, nh

m {7, 13, 25, 34, 101, 112}.

e) .

BuseayTe, SKi 3 HaReZeHAX MEMKNE AOpiBHIOITE OfHe onHid:
a) A = {x | icAye y Tam#, o x = 24, ¥ € N}i;

6C={1, 2, 38;;

B D={0,2, -2, 3, -8, 4, -4, ..}:

NE-={2x|xe 2}

IIobyayiire 24 gnA MAEOKHEE A, AKIO:

a) 4 = {&}}):

6)A=1{1, 2, 3, 4);

B) A = {s0eHbo, «HiT»}!

r)A = {1, {2, 3}, 4}.

Crinpxy miaMBoXITH MicTHTH:

a) MHOERHA QHIB THXHA;

6) MEOdHES MiCALIB POKY.

Hexait safani Muomani S,.-; i S,, Tagi, mo 8,.1 = {@o, &1, vy Gn-1}s

S, = {9, @1, w, @}. [lOACHITH, AK Ofiep3aTH 3 MEOMNHUHH 2%
MRAOMHHY 25,

. Craagits anropurm, sxnf ax sxigui gani ogepxye Api MEOKEER

i pnanavae, um pisgi Ml MOOMMER, UK € ORHA 3 EHX HNiAMHOMR-
HOIC Apyroi.

Crnagits aaroput™, AKHA SK BXiAH] AaH] gREpopye MRy I EDE-
CTPYIOE CHHACOK BCiX MOMJIMBEX NiAMEOHSEE SaRo0I MBOEUHH, ...
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1.3. leometpuuHa iHTepnperTauia MHOXWH

Hiazpaxu Benna, xpyzu Efiaepa

Jaa HEarnapHore 306paykenHA cHiBEiWomeRs Mix migMHo-
IKAHOME YHIBePCAALHOI MHOMHHE BUKOPHCTOBYIOTLCH IiarpaMu
Benna i kpyru Eiuepa. ’

IlobyroBa dinzpamu Benna nonsirac B posGuTTi MICIIUHEE Ha
2F obuacreii 3a zonoMmorow n Giryp. KoxnHa dirypa ma agiarpami
aobpazye oKpeMy MHOMXEKHY, 1 — UYHACIO B00pAKYBAHAX MHOMUH.
IIpn neomy xoxcuHa HacrymHAa Qirypa NOBUHHA MATH OJHY 1 TiABKR
OJHY 3aranbHy O3JaCTh-NMEPETAH 3 KOXHOIO 3 paHime noSyrosannx
diryp. Ilnomuna, He Ak sobpakymoTeca iryps, cTaHOBUTSL YHi-
Bepcansny Mpoxpry U, Tarum gunom, Toury, Ic He HANEmXATE
mopnit 3 diryp, uwaremars Masxe U. Miarpama Beuns gaasa ABox
MHOMHE A i B sofpayena Ra pue. 1.1.

3a pomomMorow fiarpam Bexn-
Ha MoOMHa rpadiu”Ho moKasaTM,
Yy HANEXHThE AeAKKN eldeMeHT
x € U po3TASHYTHM MHOKEWHAM,
um Hgi. Hampmenany, #na pme. 1.1
eJeMeHT X; HaJexuTh A i He Ha-
x nesxkuTh B, x; HamemuTsr A i B,
t x3 HaeruTh B i He HanexnThb A4,
x; He Hade:xVTL Hi A, #i B. Byae-
Puc. 1.1. lliarpaxa Benna Arnii efleMeHT HANMERHUTE VHiBep-
AAs ABOX MHOWEE A 1B canpHifi MuokHHI U.

JHarpamy Bedua fna Tppox
MHOREH A, B i C 3ofpaxeHo ma
puc, 1.2, e eneMeHT X; HANEHUTD
‘ MHOomuEaM 4, B i C, x. Bane-

#HTE B 1 C i He Hanexxurts A.

‘w& Jiarpamy Besna pia 4oTu-

pboxX MHOMUE A, B, C i D
sobpaxxeHo Ha puc. 1.3, Ha fiKo-
MY AK Npuriaag 300pa’xeHo elde-
MEeHT ¥y, O HAJEXHTh Bcim
HYOTHPBPOM MHOXKKHHAM: A, B, C

iD. -
Puc. 1.2, Jierpasa Benua Axs aeworo yAmremHs ?a..
IS TPROX MEHOMHH A, B i C HITPHXYEMO KOMXHY obnacTh Uiel
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ZiarpamMu, BUKOPHCTORYIOUY GLALIN IMyYeTe IITPHXYBAHHASA TaM, Ae TOU-
KU Ha/JeXaTh GiALIIOMY YHCAY MHOMCHH:

» HANCKHATL TiIMLKH ofHilt a MHOmWH:

" HAMEXHATh TLALKH ABOM 3 MHOMCHE;

" HAAGXKHTE TiILKH TPHOM 3 MHOSKMH;
® HANEHTH BCiM HOTHPLOM MHOXKHMHAM.

u

Pac. 1.3, Jiarpama Beusa aas wormpbox maoxug A, B, Ci D

Hiarpamu Benna He BigoOpamapTs peaJbHi BigHOmMSHHRA
BKJOYEHAN, 100 BCTAHOBJIEHI Mixm MHOMWHAMH, & POSTAAAAIOTH X
y 3araAbHOMY BHMnagky. Iuausiayansui BigHomeHna mim sasga-
HMMHA MHOKHHAMHM 300pa’kyioTh 3a fomomoroio xpyzie Edrepe.
B nroMy BROAAKY MHOMHHY, 10 H¢ MAIGTL SarajibHUX eJleMeHTin,
sofipaskyioTs He NepeTUHRUMHM $irypamu. BigzonieHna BrAOUSHRS
HA MHOKMHaX 300paiKyioTh, DOSTAIIOBYIOUH OARY Qirypy BrIaje-
uowe p immy. Poarnsmemo To6ygosy kpyrie Elinepa na mpuraaxi
puc 1.4.

A=l 4,6 A=1{1,4,6% A=1{1,4,6%
B=|l,5, 8 B ={1, ) B ={3,5 8
Baransaull erement — 1 BcA Hemae saranssmx eqemenTie A i B

Pnc. 1.4. Sobpamennn MECOMRAH 36 jonomorew Kpyrie Eimepa
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@ 3anuTaHHA

1. B womy BiaMizHiceTs Mixk gisrpamanMiy Beasa i kpyramu Eiinepa?

2. Cupofiyiire aoSpasury giarpany BeRHa LR YOTHPROX MHOXKHH,
BHKODHCTOBYIOUT X0NA. Un MOxrwBe Take aolparkeHHA?

8. Yu e ¢irypa, acbpakena na pue. 1.5, giarpamoro Bemna ans wo-
THPLOX MHOXHH? Aprymentyiire pifnoriab.

4. fIx posramomami xpyrn Eiifepa gas MHOMKHE, K He MaloTh 3a-
TaTBHAX eNeMEHRTIB?

5. fx sa moumomoroie kpyrie Eilrepa 300paadTH TMifMHOXKMHE TAHOL
MHOKAHE?

E AaegaaHHA

1. Buzsmaure, AKAM MHEORHHAM HeJeKATEH EIEMEHTH X; ... X7, IO poa-
Talropami na giarpaMi Benma, sobpaxcenift ma puc 1.6.

2. 3ofpasiTe Taxi MEOKAHM y BAMIAAL Kpyris Eitnepa:
a)A={0,1, 2}, B=1{1, 2, 38, 4, 5};
6)A = e, b, c,d, e}, B=I{d a, e}
8) N — marypaneui ynena, Z — uwini umena, R — gifcni wuaena;
r} X — MHOXHHA nraxis, Y — MHOKHHa 3Bipis, £ — MHOXUHA
ccaplie, F — MHOKHHA KDOJIRKIB, G — MHOMKHHE XHEBNX OPraHis-
MiB, AKi KHBYTh B MODEX i OReamax.

3. Bobpasits sa aonomoroio kpyris Elidepa Muosknny 4, B, C, akmo
Ac B, B C Nokaxite, moakmo Ao B, B C, To Ac C.

D

Pue. 1.5. VMoBa samutanns 3 Puec. 1.6. Jiarpama Benra

1.4. Onepauii Ha MHOXWHaX

OO’ cOnanna, nepemun, pianuys, 0onoeHeuHR

IInx HacuRoro sobpaceHHs onepamilf Syaemo BHKopHCTO-
ByBRaTd AlerpaMe BeHHA, B AKHX KDYIH 300paMkyoT: MHOMHHH,
mo GepyTh YuYacTh B omepanii, 4 3amITPHXOBAKA YACTHHA — Peayilb-
TaT omepaii.



MHOXURY

1. Ob’ednannz (cyme) AU Be MHo-
HMHA, IO CKIAAHACTRCA 3 THX
i Tinpxy THX eleMeHTiB, AKi BXO-
AATL afo g0 A, abo no B, abo po
A i B ognouacno (pue. 1.7).

Npuxnan. Hexalt pani MROMHAH
A={a, b, m}; B={m, ¢, p}, ToAi ix
of’cgnannsg AU B={a, b, ¢, m, p}.
2. IHepemun (dobymox} An B ¢

MHOMHHES, [0 MIiCTHATE TildbKH

eJIeMEHTH, fAKi HajdexeTh 1o Ai B

oguouacHo (puc. 1.8).

IIpaxnap. Oan maokun Ai B s
nonepeaanoro npuraaxy A B ={m}.
3. Pianuynr A\B e Muomuda, 1o
CHKISIACTHCH B TOUHOCTI 3 yeix ese-
MeHTiB A, AK] He HanexaTs go B
(pue. 1.9).

IIpakaaa. daAa BHILIEPO3TIAAHY-
THX TyT MHOWHH A i1 R

A\B = {a, b}

4, Honoarenna (sanepeuennn)d

{IATAETLCA e¢He A») € MHOMXHU-

HA INA (prc. 1.10).

Pisanuo MHOMUH MOMXXHA BHpA-
aUTH Hepea omepar(il aamepeqeHHA Ta
MepeTARY TAKHM YMHOM:

A\B=AnB.

IIpaxaan. Buxonaemo aii Ha
MACKUHL mianx wucen Z={.., -2,
-1, 0, 1, 2, ..} Ta MHoxuEl Z_=
={..,-2,-1,0}. JonoBHeHEAM 10
MHOMKHHHM Z. € MHOMHHA HATYPaib-
anx gucen N=1{1,2,..}: Z. =N.

@ 3anuraHHA

Puc. 1.7. Miarpama Berua

. amaAv B

Pue. 1.8, Hiarpama BerHa

A AnB

Prc. 1.9, Hiarpama Bennae

ana A\B

AR

. 1.10. Jiarpama Benua
Iid A

1. Haitre pusHadennA OMEPANIAM HA MHOOMKHHAX:

2. HasegiTh camocTiftHo MpHKIAAH MHOXKEH i BHKORaliTe KOMREY

2 YOTHPhOX onepariii.
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8. Tlpn suxoEenkl axoi omepanil BHKOpUCTOBYeThCH YRiBepCANEHA
MROxRRHA? _
4. Yy mMosmyTs Aedki 3 umx odepaniii 6yra Bapa)keHi ogHa yepes
igmy? Arum ymnaom?
(@ 3aBpanHA
1. Hns muomus A = (1, 2, 3, 4, 5}, B = {0, 8, 6} sualipire:
a)Aw R; 8)ANn B B)A\B: 1 B\A.
2. __Ba Jonomorow giarpam Bemsa AoBepiTs, mo

3.

4.

o

1.5.

A=A, A\B=AnB.

Hexait A — JeAns MHONKHER, SHalNiTh sHAYeHEA BHMpA3iB:

ay A U B) A\; AN D;  wm) PhA;

6) AU A; PpAUVU: eANnA; 3BAnl.

Bpafizite muoxmEn 4 i B, axme A\B = {1, 3, 7, 8}, B\A = {2, 10},
AnB-=1{3, 6,9}

Hexaii A, B i C — wmuoxuan. INoxaxite, mo:

BAdnBcA nNAUBz@uUBUCy

G)Ac{AUB); DANBNCcANB)

B) (A\B) ¢ A;

3o6pasite 32 Zonomoroio giarpam Benna nepetur 1a of’eaHAHES
TPHOX MEOKHH.

Hosenits, mo A ¢ B npasrasHo Togl i rixsku ToHl, KOXE OIPABHIL-
HEHo BC A

fAxi ancHoBKU ModkHa spofiuTH opo MEOKNHK A i B, AKINO IpaBHAIL-
HA Of{HR 3 TAKWX piBHOCTEH!

aAlAuUBw~=A;

6)AnB=A;

B) A\B = A;

r) A\B = B\A.

Anredpa MHOXKH

Il piopumem onepayill, momoxnocmi anzebpu MHONUH,
MOmMOACHE nepemaaperia aupazia

Manaosxkuna 2" Beix migMroxun yHiBepcanbmol MuOMHER U

is sajaHNMM Ha HBOMY HOTHMPMA OIepPalisMM CKAQJRE arzebpy
MEONCUN .

¥ saraabHOMY BHIAAKY anrebpy Moxe cknafatd OyAb-sKmi

RJac oz

— 2Y migMHOXHH YHiPepcaneEol MEOXHEH U, 3aMKHeHHH

BigHOCcHO Belx woTuprox omepaniit (guBe. n. 4.8). Bussavenss aJj-

rebpu, Mo He MiCTHTL HAAMIPHEHX (TowHime, 3a1elKHUX) o6MeIKEHB,
BHTJISA0AE TAKKM YHHOM.
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BuanavenHA

Knac MHOMHH €7 HASMBASTECHA an2¢0por0 (MHOXHH), SKINO:
1. U € ei.

2. 3 A, B € ot Buxognts A U B € o1

3. 3 A, B € ¢t BuxogmTs A\B € en.

Anrefpa MHOXKHE INEPOKO 3ACTOCOBYETBCH Y HporpaMyeauHi,
30KpeMa, IpH poboTi 3 pizHOMaHITHHMH €a3aMu JMAHKEX i CTaHO-
BHTE OCHOBY ANdA NoOyLoBH GaraTboxX MaTeMATHYHHX CTPYKTYD.
PazoM 3 TEM, Mo anreGps MHOMEH Mac OCHORONONOMXHe 3HaZeHHSA
B MATeMATHI, B0HA Hyxe IpocTa i OMHALKA L0 PeANbHOrC MKIUTTH,
MHu mroxusa 3acTocoByeMo omepaliii Ta 3aKoHA aarebpH MHOMHE,
HEe BaMHCJIOIOMACh HAL BuM. MH BigpaxoBYEMO 3 MHOXHE 2aJaq,
ki morpifiHe poar’saaTH, MHMKHUHY posB’AsaHEX Ta OepeMoca
A0 pOaB'#3aHEA peniTH. Ia HEX MW, Biporizso, B mepury 4epry
Bnbepemo Ti, AKi BiTHOCATHCA A0 MHOKHHH JeTKHX. Mn roryemo
CHIJAHOK, BUBHRAYAKYHA HNepeTHH MHOMHHE HASIRHAX IPOAYKTIR
8 MHOMKHHOIO NPOAYKTIR, aAKki HaM nofobamoThcsa. Bee Hale skurra
NPOXOAHNTE cepell MHOXMH, AKiI AKochL B3aemMoar’azaHi.

Mz Maemo gocTaTHRO omepamniit, mof crBoplOBATH CHIAAAHL
anrebpaluni eupasu. Jina nboro #eofxiano pusHaurTH, AKA#M Tpio-
PHUTET MAalOThH omepanii BifHocHO oaHA A0 oxHOI.

Tipiopurer omepauilf B axreGpi muomma Tarnii:

1. A.

2. An B

3. Au B

4, A\B.

Posrnsaremo opuxnaj.

Ilpmenan. Hexalt Tpeba pozTamyBaTH Ay XKW (BH3HAYHTH II0C-
NiZOBHiCTE BMKoHaHHHA onepariff) y dgopmyi:

E=(4\Bud n D)\B.
38 ypaxyBaHHAM IOpiopuTeTIB He CAix 3pobHTH Tax:
E = (A\(B v ((A) n D))\B.

B anreGpi MEOXHH 07 ABTOMATHYEO BHKCHYIOTHCA TaKl TOTOX-
HOCTi, AKi AO3BOJAICTE BIZHECTH ¢7 X0 KJacy Tak 3BaHHX bynesux
anzelip (A¥B. poaaix 4):

1. Komymamusri 2axonu

1.1.Awv B=FE8uA 2. AnB=Bn A
2. AcoyiamuéEni 3axoHU

21J., AV BuvCy=@Aav v

222An(BnCy=4A4n B nC.
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3. Auempubymusni aaxonu
Bl1LAUVBNO=AuBn@E4aul).
3.22ANBull=AnBvidn).

4. Bracmusocmi ROpONCHDBOL MA YKIGEPCANLHOT MHONUN
41. Auvd=4A 42.AnlU=A
4.3 AvU=U 44 AP =0.

5. Jexonu idemnomenmuocmi
B.lL. AUA=A 52 . AnAdA=A

6. Jaxon insorwyii
A=A

7. 3axon npomupiuvs
AnA=2.

8. Jaxon suxawnenozo mpemwozo
AvA=TU

p. Jaxon eriminayii
9.1.An{4d v B)y=A 9.2. AVU(ANn B) = A

10.3axonu de Mopzana
10.1.AUB=An~B 10.2.AnB=AvB
¥ci narefieni ToroxuocTi MoxkHa macuno sobpazaTu i goBecTH,

BHKOPNCTOBYIOUH Ziarpamu Benna.

Dpurxan. Moeectu sa gonoMorow glerpam Benra aucTpufyTHs-
auit aaron 3.2. AN{BuC)= (AnByuidnC).
IIpoinocTpyeMo Ra miarpami Jipy 4ACTHRY TOTOXKHOCTI, BHKO-

HABIMH cHoYATKY 00’eaHAaHNHA MHOKEE B i €, a morim mepernH
8 A (puc. 1.11).

BuC An(Buw(Q)
Puc. 1.11, [Tobyaosa piarpamMu Bemna gna A ~ (B v C)

Temep noGyayeMo AiarpaMy IAS UpaBoi Y4CTHHEHM TOTOAHOC-
Ti— (ANnB)w (4N C) (prc. 1.12).
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A A\
s/ \/
AL &A

AN B) Andc) (AnBYu(ANC)
Pre. 1.12. Tlo6vnoea giarpaxy Beada znma (A n BY Vv (AN 0)

Ax Saumtmvo, mpasi aiarpaMu Ha pre. 1.11 i 1.12 cnienagasoTs,
OT:Ke TOTOXHiCT: 3.2 cnpaBelIHBa.

34 ZOMOMOroi0 TOTORHOCTEH anrefpy MEHOKNE MOKHa 3HiKCHEO-
RATH eKPiBafleHTH1 NepeTBoOpeHHd BUpasis. PoaraaxemMo Taki nepe-
TBODeHHS HA MpHUKIafi.

Hpuxaan. CiapocTeTH BApa3s

AuBUC "ANBUC)YNB= (38CTOCYEMO 3aKOE

xe Moprazra)
= (AN Bn 6) NnAnBv 6}) ~B = {aconiaTuBHicTL
i xoMyTaTHRHiCTE)
=ANBnNnCrANnBNn{BuUCQC)= (3acTOCYEMO 3RKOH
imeMOoOTEeHTHOCTI)
wANBACn (Bv 6)) = {3acToCyEMO
AHCTPUOYTUBHAN 2aKOH)
=AnBAnCABuUANBNCAC= (3TiAHo 3 BAACTHROCTIMY

o - . OOPOXKHREOI MHOMMHH)
=@uUuUAnNnBnNnC=AnBnC.

Bignmomige: A N BnC

@ 3anuTaHHA
1. Poaramyiite onepanil anrefpu MHORHH Binopiguo xo ix npiopu-
TeTiB.
2. Haspite ToroxHoCTi anrebpn MHORHE, 2ANKINITE BignorixHi dop-
MYIA.

3. JAxmM 9HHOM MO:XHa rpadivao 300pazarH Ta ZOBECTA JAKORHE
i ToroxkHCCTL anreSpn MEKKA? HarefiTs npuraas Taxoro acse-
JeHHA, :

4. Hx¥M UMHOM BHKOHVIOTLEST eKBiRANEETRI TepeTBopenHs HopMyrn
anrefpr MuosxuH? HasegiTe IpHKaagm.
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@ 3aBaaHHA

1. Hdorexits an gomoMoroo AiarpaM Bexpa:
a) aconiaTUBRi aaronn;
6) aucTpuGYTHRH] saroRy;
B) BIACTHBOCTI MOPOXHEROI i YHiBepcanrrHOl MHOMHH.

2. MoBeAiTh e AONOMOCOI0 eXpiBANENTHHY NepeTROPeHE SAKOHH efi-
wminanil.

3. BuzomAauy 3 BAACTHBOCTEH IIOPOEHBOL MHOKHHH, 32 LOMXOMOIOK
¢HKBIBANEHTHMX NOPETROPEREL Ofep:xiTh BIacTHBCCT! YRiBepcanrniol
MEOMKUHM.-

4. CnpoeTiTh BUpaau:

BAUCUBUBNONBUBUCK
B AnBuln{au B)nC;
BAN((BnCuCuB)nC)nA)y
DANBACOYUA@ANBNCOC)

5. B axoMy BiHOMMeHH] 3HAXORATECA MEOXKEHM A i B, axmo A\B =
=BA =07

6. Umu ¢ aareSpolo KIac MEHOKAH, 38MKHEHAX BigHOCHO:
a) omepamift U, N;
6) onepamitt U, AoDOBHCHEN.

1.6. HeckiHueHHI MHOXWHW

JiucRenni ma KORMUHYGALRL MHOKURL, NOMYNHICME

Y nuckpeTHi# MaTeMATHIL, AK i1 v Becifi MaremarTELi,
B [IPMPOJO3HABCTBL Ly)He BaKJKBa PoJbk HATYPANBHOTO DALY THCEN]
N=1{1,2,..}. Xoua npakTU1HO OOUHCIEHHS 3ABXKI¥ BEKOHYIOTLCH
2i ckimgenuum migpiskom {1, 2, .., r} miei meckimuennmol MHo-
JKUHHM, HEMAE MOXAHBOCTI BKasarw Hafbiapiie 4HeIo 7, AKe He
6yae nepepeplirene ¥ Beix Bamagrax skuTTiA. ToMy JoBOOUTLCH
HocIiaryBATH BRacTuBOCTi Beiel Heckimgennol muosuan gucen N.
Ha gificHifi yrcnoriii rici B maTypaneEi T8 Biai uvena yTeopwoioTh
JoBori «pospimxenis nigmuooxmuuu N, Z (puc. 1.13), ski inTyi-
THBHO MOJKHA HE3BATH «guckperHis. MHomMHa pamioHanbHUX WIHM-
ced (), 0 YTEOPIOITLCH IPH AiMeHHL MiAnX uHcenx m/n, MinepHO
poaTamIoBYETheA Ha Aiffeni#t mici R: iEreppan (a, b) aAx aasropHO
manci NoBxKHHEU € =b—a (a= b) MicTHTE BecKiHUYEHHY MHOMHHY
PispUX pamioHaAsHHX TOYOK. UM MOKHA MHOKHMHY § BBaKatTH
«qucKkpeTHows? Buasnserben Tak, Xoua inrtyinia siaMopnsieTnesa
e BHSHATH,
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Puec. 1.13. HarypeasHi, i Ta pauicHansui umenaa Ha sici R

Hapeinri, Bes: aificaa pics B — ABHO HenepepBHA MHOMKHHA,
i TyT igTYiTHERHIT BHCHOBOK HAC He MZEROAWTE. I[JIA cTpororo Bu-
sHaYEHHA JMCKPETHHX TA HemepePBHUX HeCKiHUEeHHWX MEOMHH BH-
KOPHUCTORYIOTECH 3lCTABACHHA NUCKPETHUX MHOKHMHA HATYPAJILHOMY
pAngy uHcen, a HelepepBHUX MHOKHH — migpiswy [0, 1] ailicnol
Bici. HeofxigHo TinskM yTOUHHTH TepMin szicTaBuTH». MaeThca
HA yB&a3l BCTRHOBHMTH B32EMHO OJHOBHAYHY BiLIoBigHIicTE.

Tlonarrs B3aeMHO QAROIHAYHOL BigmoBigHOCTL & MepBHHEMM
¥ cBijoMocTl MOAMEN npH JRdepeRniiiopapoMy cnpHHHATTL npex-
MeTiB 30BHImHLOTO cBiTy. HKNOlo san gas rasjadiB samcBHeHHH
i HemMae BiABHUX MicLb, HaM He 060B'A3KOBO PAXYBATH KiNbKICTB
NPHCYTHIX FIaja3iB, BoHA ROPiBHKE uucay Kpicea y saxi. Iob
3poSHTH el BHCROBOK, MH iHTYITHBHO BHKODHCTOBYEMO HAABHICTE
B3a€MHC OZHOBHAYHOI BiZnoBizHocTi Mim rasgadamMy i Kpichaa-
MA. BigspaumMo ogHy ocobausicTh: GAKTHYHO Yy UbOMY BHIALKY
peanizoRaHa KOHKDETHA B38cMHO OLHOZHAYHA BIANOBiZHicTh IVIA-
Jaui — Kpicia (KosKHOMY rasjaadeBi Bignopigae oZse i TinbKM of-
He BHE3HadeHe kpicso 1 nHasnaxn). Hicns nepepsum fesixi raspaai
MOXKYT: DOMiHATHCA Micnsmiz, i KoEKpeTHa BignosigmicTh cTane
iHOI00, aJ€¢ BUCHOBOK ZIANHIIATRECA HONEPEXHIM: UMCAO TAAxaiip
JOpDiBHIOE UECIY MicLb.

BusHaueHHn

Baacano 0dnoanaunow HASUBACTLCA TAKA gidnosidnicms Mix
MHOoxURAME A | B, opu akiit xoxEoMy eneMeHTY @ ¢ A Bia-
noBifAae OfNH 1 TIIBKK OJUE eleMeHT b € B, i koXHOMY elNe-
MeHTY b € B Bignopijac oIMK i TiNbKHM OAHH eJileMeHT ¢ € A.
dynxuig, Mo BE3HAYAE B3ACMHO OLHO3HAUHY BIZHOBIEHICTE,
HASHBACTLCA Gickmusnow Qyuryicro abo ficxyicrw.

BusnaueHHa

Muoxuen A i B nasupaoThca exsigareumuumu afio piano-
nomyxrumu (A ~ B), sxmo Mik HUME MOMH& BCTAHOBHTH
BHAEMHO OJHOSHAYHY BiJIIORiAHICTD-

¥ npukiaiai is samoOBHeHMM 38JOM AJH PAAHAYIE MHOMKH-
Ha rAAfa4YiB eKBiBaJeHTHA MHOMHHI Kpicea. Takum 4RHOM,
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eKBiBaJTeHTHHEMH OJEa ofHill BRABNIAIOTECA Bel cKiIHUeHHI MHOMHEN
3 OQHAKOBHM YHCJOM €JeMeHTLB #, i YHeIo n BRAKAETHCS nomyxc-
Hicmio NMX MHOXKUH.

JAnsg HeckindyeHHoi MHOMEHHY CTpOore IOHATTA HOTYIKHOCTI He
BBOJAUTHCH, 4flé CAM TepMiH enomiysKHicmss BUKOPHUCTOBYETHLCA
ANA NO3ZHAYEHHS BMIACTHBOCTI, 3araneuol AnA Bcix expiBanmemTHITX
mMHoHH. ARmo ABi Beckinuepni mMHouMHM A i B exBiraneursi
(A ~ B), To pisnicTes ix moTymmoctedl dopMaILHO 2AMACYETLCH

ar 4| = |B|.

BusHaveHRs

MuoxkuHa A HABHRBACTBHCH B3HUCALHHONO, SIKINO BOHA eKBiB&-
JeHTHA HaTypalhHoMY pagyv N (A ~ N). TepmiH <auucaen-
Hicmb» € TOUHHM 3BMiHHEKOM IHTYITHBHOTC NOHATTA — «Juck-
peEMAICMY S,

3a gomomorow Oiekuii ¢ = N — A MokHa s¢IDepeniukrTn»
gci eneMenTH g 3 A, IpHBIacHAMBIUM IM iHAEKCH 32 NPABHJIOM
@¢(n) = a,.. Moxga sauHcaTH, mo A = {a., a=1, 2, ..}. MEHo-
KMHA NAPHHX HATYPaJILHEX yHcen N, = {2, 4, .., m, ..}, Bcix
HATYpaJrHux upces N ={1, 2, .., n, ...}, Oiaug qmcea Z i pauio-
HalbHIX “iHcen @ mociizoBHo BrJAAgeHi: N, ¢ N — Zc<@. Xo-
ya gna 6yxb-AKHX ZBOX 3 IHX MHOMKHH HeMac piBHocTi, BoHE
exeiganenmui odra odnid, rofTo MaOTH OAHAKOBY NOTY:XHiCTE
i e syncnesrumu: |NJ = |N| = |2| = |@. Tomy Bizmosissuo Ao EHa-
mux yrof MHoxHHM N, N, Z, Q ¢ Juckpemnumnu.

HOiticao, expiBazenTHicTs N ~ N, aprvMeHETYETECA 38 JOLOMO-
relo Bbiekuil p(n) = 2n : 2n = m. MHOXHRY Uinmnx 4Hcen Z MOXK-
Ha eDlepenmiunTHs (T00T0 mpHeBOiTH Horo eleMeHTamM HATYpaibHi
iHJeRCH) 38 NpPaBANOM:

el a2l a 4., 07 1=z -1=g

1/1|,2/1| 811 47| ..
172|272 82| 42| .
173| 2/3| as3| a/3} ..

2=24 2=125 8=2¢ .

Orxe Z ~ N.

Jdna nomefeHus eKBiRAJEHT-
HocTi Mpoxun @ i N pocraTmEno
374| 2/4] 3/4] 474 o BKA3aTH NPARHI0 HyMepanii mao-
HKUEM Q. ZOJATHHX PanioHaNbHHX
YHCEJ, U0 YTROPAThcH AiMeHAAM
Pne. 1.14. Tabnuua MHOKHHE Q. m/n HaTypaJbHEX uucenr m i n.

W | Ry |

ase v aun . 2.
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IIporyMepyeMo CTOBNOI TA pAAKH HeckimdeHHOI TabaMni iHgexca-
ME m i1 n eigooBigae (pme. 1.14).

Bynemo HymMepyBaTH IOCIiZOBHO 4YHCA8 7/ BSHOBXK NYHK-
TEPHHX OOXMIHX CTPLAOK, NOYHHAKIYH 3 JiBOI'O BEpXHBOIO KyTa
TabAVOl 1 HepexofAdH Hicad NpPOXOAPHAA KOKHOL crpiakm go
cycigaeol, 6iasm Korroi. IIpa UpoMYy HPONYCKAKTHCH BigHOIIEHHS
m/n, 9uce/IbH] 3HaUeHHA AKHMX 3ycTpidanKca paHimme:

G =1=1/1, q:=1/2, gs=2-=2/1, ¢q.=1/3,
Q5=3=3/1, Qs=1/4, q;=2/3, qa=3/2, QQ"'4=4/1,...
TaxuM YnHOM, MHOMHHA § pAIliOHAJBHHX YHCEI FYUCIEHHA:

@=1{q} n=1,2, ..

Snugalivo, icHyoT: HecrimuenHl Heawucaenmni MHOMHHAH,
Ta iX NOTY>XHicTE NPHPOAHGC BBaxkaTH Ginxnmiolo aa |N|. Tak, MHOMcH-
Ha To4oK Bifipiska [0, 1] = [x € RB; 0 < x < 1} re € 3uuerennow
(reopema T. Kanropa). Ii noTysinicTe HasuMBacThcs kermunyys
i noznavaeTnes Manow Gykmowo e: [0, 1]] = ¢. Cama mMuoxuHA
[0,1] i 6ynab-Ara exBinanenTHa it MBoKWHA HA3HBAITBLCA KOH-
MURYAALHUMU.

Buasaaernea, mo mHa Alitcrift Bici R roaTMHyansHuMHu (To6TO
exBiBamenTHEMU ofHa oaHil i Bigpiary [0, 1]) €, nanpuknag, MHO-
wunu [a, &), (a, b), opu Gyab-axomy a < b; (0, +o0); MHOmRUMA
(-, +w), mo gopisHIOE R.

KoHTunyaneHi TaKoX MHOMHHHM TOUOR GYIL-AKOr0 KBAJApPaTy
Ta Kpyry Ha nnommni K2, napadenenitteay Ta kyai y mpoctopi R®
i camoro mpocropy B*: |R| = |[R? = |R¥| = ¢.

@ 3aBRnaHuA
1. JosecTy Taki TBepmiREHHA:

1.1. Is 6yae-axol HecKiETUeHHOI MROXHMHT MORHA BHALTHTHE 34HC-
JICHHY NigAMHOMKHAHY.
1.2. Byap-Ara HecKiEdeRHa DiIMAOCHEHAA 34YNACASHAOI MHOKHHH
TAKO IYMCACHAE, 7
1.3. CyMa (06’ gHaHAL) cKiBYeEHO] Ta 3TNCAeEHO] MHOKHE € 3uC-
JIeHHA MHAOMHAHA. .
1.4. O%’eaEannA CKIHUEHHOrD YHACIE IUNCTeHHENX NHOXMHMHA € 3Uyc-
JeHHA MHOMHHA.

2, #xa DOTY:HICTH MEO:KAHNHN MHOTOUWICHIB 6YIL-AKHX CTeNeRiB 3 Ii-
AuME xoedinienramna?

3. J[iiicHe unMcio HABHBAETHCR ARzZeGpaiviunm, ARINO BOHO £ KOPEHEM
HesIKOr0 MHOTOYNeHA 3 HimuMa koedimicETamu. Bel immi umcia
HAIUBAKTLCA MpaHcyeRFenmuiumu. Hra moTyxHicTE MHOXMHHH
anreSpainanx uncen?
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BioHoLWleHHSA

2.1. ToHATTA BiAHOWEHHSA.
3agaHHA BigHOWGHb

Hexapmia dobymorx MHOMUK, n-QpHe aidHOWeHHA,
GinapHe sidnotieR A, cCROCOBY 300aHRA AidHOWENE.
Oxpeni sunadru sidnowens

BigHonreHRA peali3yloTh ¥ MaTeMaTHYHHX TepMinax Ha a6-
CTPAKTHAX MHOXHHEAX PeajbHi 3B’ ABKY Mi pealbHEMH 0b’eKTAMME,
BiflHomeHHA 3acTOCOBYIOTECS npr nofynoel koMmiu’'prepunx Oaz
Lannx, fki oprarizonadl y BArnsai rabmuub gasux. 3B A3y Mix
rpymaMy faHuax y rabiAOAX oNMCYHThes MOEBOIO Bigaomens. Cami
fadi obpobasaioTsed i mepeTEOPIOIOTHCA 38 ACIOMOTOK ONepani, Ma-
TEMATHYHO TOYHO BUBHAYCHHX AL BixHomeHER, Taki Gaam pganux
HASHBAKTHCA PENALiiHAME 1 HIMPOKO BECTOCOBYIOThCA ANA 3bepe-
skeHHA Ta ofpobkM HalipiaHoMaHiTHImMO! indopmanii: supobuutiol,
roMepniftuoi, craticrrunol romnto. BiznomedEa TakoX YACTO BRKO-
PHCTOBYIOTECA B NporpamyBaHHi. Taki ck/iaagoBi cTpyrTYpH JaHRAX,
AKX COUCKH, AePeBa TOMO ABUTAPHO BUKOPHCTOBYIOTHCA I8 OIUCY
peaxol MEOMHHE NaHHX Pa30M 3 RiIHOIIeHHAM MiX eleMeHTAMH
niei MHOYRHEH.

Mpuknag. Meaki mignpuemersa, axi safiMaloTeea gusaigoM
inrep’epy OpuMMillleRs, BHROPDHCTOBYIOTE BUIM NpOAYKIii Heskux
Bupo6BUYHX dipM, o posTamoBaHi B imwnxX Mictax. Has anaxi-
sy BeoGxigHo crmacTn <BifHONIEHHEA» peanrHUx KoMOGiganifi Tphox
napaMeTpiB: BasBH $lpMu, micna i1 sHaxomxenna (micto), Bmay
npoAykuii, mo MponoHYEThEs.
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Hexait mifomo, no YHI1 «Orions» (Ogeca) npomae mebni,
TOB «Ienb» (Xapkip) npogae cBitmasHuku, UKII «Sits (Ogeca)
Toprye mMebnamu Ta cpirmaruukamu, TOB «House» (Xapkis) npo-
Jac CBITMALHHKM Ta MaTepialm Ana peMOHTY.

B nroMy BigHoumiedHi GepyTh y4YacTh TPH MHOMHHH!

Dipmu = {MIIIT «Orion», TOB «enrs, UKII «Sits,
TOB <«Houses} — MHOXHHa dipM.

MicTa = {Oneca, Xapkis} — MACHKEHa MicT.

Ipopgykuis = {Mebni, cBITRISHHRH, MAaTepiann
IS PEMOHTY} — MHOYKMHA BUZIB IPONyRmil.

e migEOWIeEHA MOXHA GOPMANEHO 305pasHTH CIHCKOM €JI8MeH-
rin Taxum wpnom: {(YIIIT «Orion» (QOgeca) — me6ai), (TOB «Henns
(XapxiB) — cBiTeArHnkH), (YKII «Sits (Oneca) — mebxi), (SKIL
Sity» (Opeca) — ceitunswmukn), (TOB «Houser (XapxiB) — c¢si-
TENRRAKE), (TOB ¢House» (Xapkie) — marepianm pna pemon-
Ty)}. ME Gau@Mo, HIC ofepxKaHe BiZHOLUEHHA — L€ MHOKHHAE,
L0 CKAAJAECTECA 3 YNOpAAKOBAHHX rpyn THny (YIIII «Orion»
(Opeca) — wmebni). Ilepmunii eneMeHT rpynH HaJAeXKHTH MHOMCEEL
«Dipmu», gpyrRit — MuoxHHL «MicTas, Tpetift — MHOkEEL «Ilpo-
aykuia». Kpim Toro, me Bci Momimet KoMGimamil eneMenTie mmx
MHOKHH Ha)leaTs; HAIloMy BINHOWEHHI, & TITBKY JedAki 3 HuUX,
Hanpuknag, Taka rpyna, g (HYIII «Orions (Oxmeca) — marepia-
A EAA PEMOHTY) He HANSXKUThH HAIMOMY BiAHOIIEHHID, OCKINBKM
YIII1 «Orions Toprye Tincky Mebaamm, arpyna (UIIII «Orione
(Xaprir) — MeOni) He HaNeKHTE HAMIOMY BiIHOLUEHHIO, OCKiNBKH
YIIII «Orion» sHaxoguTrea B Ofeci, a ge y Xapxosi. BuxoauTs, mo
H&lle BiAHONIEHHA — Ie JeAxa NIAMHOKHHA MHOXHHHE BClIaxmx
xonGinaniit ¢ipm, Micr, npoayrimii.

Jdus dopmanbHoro onHey Heinaxmx xomGiHanifi a enemen-
Tie MHOMUH, O BXOANTL A0 BiJ(HOUICHHS, BRUKOPHCTOBYETLCS
NOHATTS JeKapTOBa RoOYTKY MHOMuH. PoaraAEeMo ne NOHATTA
i noTiM, BEROPHCTOBYIOUH HOTO, BH3HAYMMO GODMANLHEO IOHATTA
BifHOIIEeHHS.

BuaHaveHHA

Hexapmoeum dobymrom muomun X, x Xax .. x X, nazu-
BAETLCA MHOMHMHA BeiX MOMAMBHX YHOPAAKORAHMX HaGopim
{xy, X2, wey X;) 3 7 eNEeMEHRTIB (AKi HAIHBAIOThH KOPMENAMU
BUEKUHU ni), B AKUX [epnd eNeMeHT HAJEKHTh MHOMHUHL
X, npyrait — maoxkusi X,, .., n-# — Muoxuni X,. [Jexaprin



32 Poadin 2

JobyTok X x X x ... x X, B AKoMYy ofHa i 18 & MHoxHEA X
[OMHEOMKYETbCA 1 pas caMa Ha cebe, HA3HBAKTE dexapmodum
cmeneneM MRAOKHHE | nmosnauaiors X*. I[Ipe meomy X' = X.
Muoxuny X? HasusamTe dexepmosun keadpamom MHOKUHY
X, muoxuny X* — dexapmosum wybom MHoREHH X.

Npuxaan. Hexait A = {a;, as, a3}, B = {b, &}, C = {e1, €3},
Toni
A x B = {{ay, b)), (a1, b2), (az, b1), (G2, b2), (a3, b1), (as, b2)}.
B x A = {(B1, @), (b1, a2), (b1, a3), (b2, @), (b2, A2), (82, aa)}.
A x B x C = {(a;, b1, ¢1), (@61, I, €2}, (@1, b2y €1), (@1, b2y €2),
(az, b1, ¢1), (az, by, ¢2), (a2, bz, €1), (Gz, ey 1), (a5, By, 1),
(aa. by, Cz), (aa. b, ¢1), {aa, b2, Cz)}c
B = {(bls bi1), (b, 82), (b2, B1), (b2 bZ”'
HMopsagox npoxor:enAs map Mmie GyTH AOBIILHHM, ANe poOS3-
MiIl[eHBA 8JAeMEETIE ¥ KOMHi#t mapi BMaHavaeThCcH NOPHAKOM IIpO-

X0[JKeHHA MHOKUH, 00 HepeMHOMKYIOThEcH, Tobro A x B # B x A,
akmo A # B.

BuiHaveHHHA .
n-apre eidnowenna R ma muommpax X,;, X, .., X, — me

nigMHoKUHEa Jekaprona aobyTky nux a muoxkmH: Rc X, x
xXsx...xX..

Axmo wabip exeMeHTiB (X1, X25..., X,) HJEIKHTH BiAHOIeHKIO R,
TO CTBEPAKYIOTE, 10 SNEeMEeHTH X1, X3, vy £, 3HAXOIATECH Y BifHO-
mwerE] A. 11ix n-apuumn eidnowennar R na muoucuni X posymicrsca
nigMHOMMES 7T cTernend Wiel muoxpmEmn: R ¢ X" fIrmo n=1,
TO BiIHOLIEHHA HASHBACTLCH YRAPHUM, HKINO 7 =2 — GiRapHuMm.
B84yBaIXHM0, II0 YHapHe Bifomenns R na mEoxAHi X — me mig-
MHOXKHUHa BcaMoMy X: R < X.

purnag. BigaomeauaM =a MuoxHHax A, B, C z nonepen-
HbOTO TIpUEAARY € OyIb-AKA DiAMHOKXHEHA MHOkHMHM A x B x C,
BOKpeMa

Ry = {{a, By, 1), (a2, b1, €1), (G2, b, &3), (@, by, 1),
(a3, by, c2), (as, ba, 22)};
Ry = {(az, b, 1), (@2, by, €2), (a5, By, €1)}-

Poarnanemo oxpemo OGiHapHi BiAHOUIEHHS, AKiI € «BazmeHu-
MM» ¥ TOMY pO3YMiHHI, mo 6ygb-fKe n-apHe BiAHOIIEHHA MOXKHA
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300pasyTH Yy BAIVIAAL JapuioxKka GiHapHUX BigHOINEHh, MO MOCTi-
AOBHO KOHCTPYIOIOTLCA. Ileit oueBHaHME daKT € HacaigkoM acouia-
THBHOCTI AeKapToBa JOBYTKY MHOMHMH.

Cnocobwn zagavna GiHapHuX BigHOWEWL

Axmro R — 6imapue BigHomenua na myowumax X, Y, To daxr
(x, ¥) € R uacro 3anHcyeTbCA Y BRIMIAALL ¥Ry, i ropopaTs, mo ene-
MeHT X € X 3HAXOAMTLRCH V BigHomenni R 3 enememToM ye Y.

1. Byah-sike GiHapee migdonreRAda Momke 0yTv sgflaHe Y BH-
rIsjl cnucky, eleMeHTAMH AKOTO € O8pH, 3 AKHX CKILJAECThCH
BigHOMIeRHS.

IMpuxnax. Ha muomnaax uncenr A = {1, 2, 3,4, 5,6, 7, B, 9};
B ={24, 25, 26} no6yayeMo BiTHOIIEHHS +XiNLHHK S, AKE CKJIANAETE-
¢ 3 YIOPAZKOBAHHX map BRAY (X, ¥}, Ae ¥ — JiTBHER ¥, X € A,
Yy e B. TlosEauumo He pipmomerus Yepes R:

R ={(1,24), (1, 25), (1, 26), (2, 24), (2, 26), (3, 24),
(4, 24), (5, 25), (6, 24), (8, 24)}.

2. Bigapne migHomenHna R ma muoxuHax X i Y moxe Gyrn
3azaHe s34 AomoMoroin mempuyi (W = W(R)), paake aroi Bignosi-
J8I0TEH eleMeHTaM MHOxIHE X, CTOBNHL — elemMeHTAM MHOMKHER Y.
Arxmeo n=|X|, m =|¥| — xinekocri enemenrie maoxun X i Y
BignoBigHO, TO AoBiNLHA MaTpuug W Mae posMmip 2 x m. Enement
w,; matTpuni signosinse uapi (x, y;) € 4 x B fgexaprosa poGyT-
KY MHOXWH, npuvomy w,=1, armo (x,y)e R, 1 w;=0, axmo
{x, ¥;) ¢ R, To6ro Bigmomeuns R He MmicTurh mapy (x, ¥).

IIpukcnan. Hacrynza maTpuna W sagac sigHomernHa R «zins-
HAK® IA YUCJOBHX MHOXHH A HB 3 nomepegpnoro OpukAany:

a 24 2% 26
1 1 1 1
2 1 0 1
3 1 0 0
W = 4 1 0 0 .
S5 0 1 0
] 1 0 0
7 0 0 L]
8 1 1] 0
'] { 0 D
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3. BinapEe piguomenHa R #a MRoxmuHAXx X, Y moxe Oyra
safane zpagivno. Ha nnommHl zo06pasnMo TodKaMu X 1 y, eleMeH-
tn MEHOEHHE X i Y. Hxme napa (x. Y;) HeIe)XUTH BigHomeHHO R,
a'eZHAEMO TOUKH X, J; MiHicO, AKa ¢COpAMOBaHa Bif mepiioro eje-
MeHTa HNapH fo Apyroro. Ilo3HayMBIITM TakKM YHHOM BCi IapH, L0
HajJexkaTs BigHomemuio R, ojep:xuMo dirypy, SKA HasHBAETHCHA
zpagom siasomrenns. Copamorari mimii, mo a’e¢XHyloTL mapz To-
YOK, Ha3HBAIOTheH dyzascu. a TOUKH, M0 306DaskyIoTh elieMeHTH
MHGHH, — gepmunamu rpada. Axmo bGimapue Bimmomelss R
sanane Ha ofRill mEomumi X (Rgc X?), To BepurmuaMu rpada Gy-
AYTH elleMeHTH MHOXKHHEH X.

Ipuxaad. Ax ppukran rpadivsoro sajaHHa BiAHoIeHHS poa-
TVIAHeMO [eHealNoriuHe HepeBo AeAkol PORHMHE, IMo 300paikeHe Ha
puc. 2.1

Herpon Merposa
Ipas IpapoBAy Mapia Crenanisia Bapeunuit Bapeuna
Oner CemenoBnu  Ipzmna Iropisaa

IleTposa
Apnva IrapipHa

Ietpos Bapeunmh
Muxaiiro Inagosau Netpo Onercany
Bapeuna BapeuHa
Onsra IleTpisna Terana IHerpipga

Puc. 2.1. I'pad vigHomeHHs «GaTbKO»

BignoiueHHA «5RTEKO» B ARHOMY BAUAJKY 3aJaHe HA MHOKHAHI,
mo ckaagecThed s 9 ocib. Pue, 2.1 sobpamye rpad sigHolnenns
«6aTEKO». ¥TIOPEAKOBAK] N4DH eJleMEHTIE MHOKMHH, IO HANEMKATH
BifHOIIEHHIO, 3'eABanri gyramu rpada. [Hepmul eremenT Tarol na-
pu e GarnkoM, apyruii — #oro gurunoio. Jlyra rpada copaMoraxa
Bif Oepmoro ereMedTE A0 APYTOro.

PoasrnaneMo aedAri yacTkopi mMnamkm rigmomene. Hexail sza-
Zane Simapme BizmomenEA R Ha MEomHHi A: Rc A% Momnmsmit
BHOAAOK, KOMH B = A? . TaAke BifHONIeHHA HABKBACTLCH ROSHUM.
J1a n'ATHeseMeHTHOI MHOKUHU A Tpad MOBHOTO BiIHOIUeHESR 306-
paskeHo Ha puec. 2.2,6. Moske Tpanutueda, mwe H = &, — Taxe
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Binponierna HasuBacThen nopoxenim. Hpn |A] = 5 rpagd sobpaskenc Ha
puc. 2.2,e. Axmo Bianowenns MicTHTh Bel MOKIEBL mapH BHAY
(2, @) 1 ne mieture iHmMMUxX nap enemedTi®E, TO TAKE BIKHOIIEHHH
HASHBRETLCA momoxcaum. I'pad uboro Bignoinenns sobpasxeHo Ha
puc. 2.2,a gas |[A] = 5.

Q.

.az
a3
o B S
T O "
Puc. 2.2,a Pue. 2.2,8 Puc. 2.2,8
Tpadh Torommoro T'pad moBROIO I'pad DOPOKHBOTO
sigROmenHEA RigHOmMeHER RigHOmMeBHS

Axkmo noene sidrowennn Bajade 3a AOHOMOIO0 MATPMIL,
o Bel eneMenTH miel MaTpuui gopikEweTR oaMENNI. Matpunsa
ROPONCHLO2O GiOHOUIEHHA CKIAJAETECA 3 HYJILOBHX eJleMeHTiB.

Mg pupuniIH TPH cIOCOOH 3aJlaHHA Bigmoirens. IlepeniuennanM
SJeMEeHTIB MOMKJIHBO 3aJaBATH N-BpHI BigHomeHER Opu n 2= 2.
3a pomomorow marpuui i rpade spygHC sagaBaTH TineKH GiHapHI
BiAHOIIEHHA.

@ 3anuranHa

fx sp’azadi Teopis BPigEOmen: T Teopis MHOKUHT

JaliTe BUaBAYEHHSA JexapreBa AoOYTKY MHOMHH.

Hexali A — aedxa muoxuEa. [lo osmauae sanuc A%, A°, A"?

Hexali A 1 B — muaoxumn. IoacHirs, JoMy A x B # B x A.

o nasuBacrued slppomeruam? 1o Take n-apre, GiEapHe, YEapHE

PlgEomeHaa’?

6. Haasite cnocofin sagauEd BigHourenn. flxi 3 HAX sacToCoDPHL a4
n-apuux signonmens npu n > 27

7. TloacHiThL DoRATTA «rpads, ¢BepUIHHas, 4AyTA*.

8. Illo Texe ToromEe BigHOTIeHHS, MOBHe BifHOMeHHA, TOPCMEE

Bignomenns? Bo6pasirs rpadm umx pigmomens, mobynyiite ix

MATpHITI.

B e
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3aBnaHHA

1. IloByayiite MaTpumio i rpad II8 TAaKHX BiTHOMIERDL, BHIHAYSHEHX
Ha MHOxmEL A = {1, 2, 3}
a) {(1, 1), (1, 2), (1, 3)};
6} {(1, 1), (2, 1), (2, ), (2, 3)};
B) {(1, 1), (1, 2}, (1, 3), (2, 2]! (2, 3), (3, 3)}:
r) {1, 8), (3, 1).

2. Tlofynyitre rpad i enicok ereMeATiR [NA TaKuX BigHOMEHL, ER-
3HaTEHTX Ha MBORERL A = {q, b, ¢} MarpanaMu:

a) 0) a) £)

a
b

b a
1 1
1 1
1 1

S|l=]o |

c
1
0
1

=1S = a

€
1
1
1

L = L Y
-HE-R -2 K
Slo[D|n
- ™

¢ < ¢

- D | a
S e | O |

8. Io6yzyliTe MaTpEIio i cCOACOK eJIeMeHTiB 44 TakHxX BigHOmMeERS,
mo 3apafi rpadivmo:
a) 0)
Q:::i@

O
/ AN OO

b+____c

4. 3anumire ¢nucox ememenTis Ana J-apmoro Bifpmomexua R,
Mo aajade HA MHOKHEI HarypalbHEX YHCe] TAKHM YHEOM:
(a, b,c)eR, semo D <a<b<ec<h

5. SBagBwiThL cnrcox exeMeHTiB pag 4-apHoro pigmomeHHa K,
Mo 3ajaFe HA MHMENE| HaTypalLEuX udeced TAKAM THHOM:
(2, b,e,d) e R, axmo abed = 6.

6. 3apafiTe 3aKOH, PAZHEAUATREEII BigHomerHa H, mo 3B’daye Kii-

THHKH IAXCEBO]l AOLIKE, po3TAINOBAHL HA BLICTAHL OJHOIO XOoHa

koHeM, TobTo (x, ¥) € H, akuo kink Moxxe nepeliTd 3 KAITHHKR X

Ha KJETHHRY y 24 ofAR Xif.

Josenite, mo Ea ngumluur.i A, IO CENAJAETLCA 3 1 encMeHTiB, Mo-

e GYTH sagaH0 2% pianux GimapHAX BigROmens. Crinbkn S-apHux

Biggomens Mo)ke GyTH 3wIBHO HA IHE MHEOKERI?

CrINBKA PISHEX BIARCINEHE MoXe GYTH 250aHO Mis MHOGKWHAMH

Ai B, axmo |4 = n, [B| = m?

9. Crnagite 16 pismmx siggommems Ba Muosxmai {0, 1}.

10.BragetTe aNropYTM CKIASAHHY MATDUIL BiZHODIEHRS 85 3afaHUM
COACKOM €/IEMEHTIB i HaBIAKH.

=

8

-
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2.2. Onepauii Hag, BiQHOWEHHAMM

OGeprere sidnowenna, Komnosuyia eldnouienn,
cmeniny sidHOUIeHIR, nepepla EIOHOWARHA, (PAKMOD-MHONUHRT

INoBepHeMocA AC BiAHOIMeHHA «6aThbros. AKOO yHOPAAKO-
BRHA Lape eleMenTi® (x, y) HATEHHUTL A0 ULOTO BifHOWeERHH, ¢
O3HAadYaE, IO X ¢ OATRKOM y. AJle AKINO x & GATEROM y, TO ¥ € fH-
THHOIO X. I3 Hboro BHXOJHTH, Mo icHye i PigHONIEHHA «AUTHHAS,
AKOMY HadexHuTh Oapa (y, x). OueBmaHO, o Ipad BigHOMEHRH
«AMTAHas MOMKHA OREP:RATH 2 rpada BigHOIMeHHHA «barpko» 3Mi-
HOl® HANpAMKY [yr, fK NOKasano Ha puc. 2.3, umo <«obeprae»
puc. 2.1.

Herpos Herpona
Ieag IBagOBAT Mapisa Crenanisra SapeaHni 3apedra
Oner Cemenonry  Ipuue Iropinua

Ierpos Bapegnuti
Muxafino Inanoppy Ilerpo Onerosny

Baperna Qapeyna
Onsra ITerpiBEa Tersua [Tetpiraa

Puc 2.3. I'pah BifHOIMEEHA <AVTHHAS,
ofepaemoro Ao BigHoMenmAs «6ATLKO»

Tlefi mpErAan NMofAcHIO: DOHATTA ofiepHEHOTO BiAHONIEHHA.

Busnauenun

Hexalt R-6inapre Bignomennsa. Ofieprene pigromenna no R
nosravacThcs R1. YVnopadxosara napa (y, x) aanexurs B!
roai i Tinkkm Toai, xoam (x, ¥) Hadewurs R.

Axmo R X2, 10 R ¢ X3, ge X — Aesika MuoskuHa. fAnino
RcXxY, o Rlc Y x X,

Axmo 6inmapHe BigHOmMeHHA 3ajaHe HA AROX MHOMXHHAX,
To rpad BijHOmMIeHHS MO:kHa WOBYAVBATH TEKHM YHAHOM. Bep-
IMUHH rpada, mo BignopijfjaloTs eneMeHTaM Nepmoi MHOMXUHH,
pO3TALIOBYIOTLCA JiBOpPYY, BepuidHu rpada, mo BiamorizaloTs
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A B
1

[ ] 2

d '3

€a

! 4

Puc. 2.4, 'pad BigRCIOEHHEA
R={e 1), (g 2), (b, 4, {d, 1), {f, 4)}

A ’ B
e 1
b
Ew 2
d .3
Ew
7 vt 4

Pre. 2.5. M'pad siznomennsn
Rl= {(1! a), 12! a), [4- b)’ (lr d}, (4’ n”

eJeMeHTaM APYroi MHOMHHH,
pPO3TAIIOBYIOThCA LPaABOPYY.
TakuM InHOM, AYIU I'pada cops-
MoBaHi 3niBa HampaBo. Poaria-
HeMO OpHEJAan. Hexall zazani
mHOXRAEKE A={a,b,¢c,d, e, f},
B ={1, 2, 3, 4} i BinHomesn-
Ha R = {(a, 1), (a, 2), (b, 4),
(d, 1), (f, 4)}. T'pad uporo siggo-
mMeHEA 300pakeHo Ha pue. 2.4,
Jaa roro mob nobynyBaTH
rpad Bigsomenna R™', smioumo
HATIpAMKH AyT {pme. 2.5).
Tenep BuBuHMoO cocib ofep-
JKEHHA BigHOMEeHHZ 3 ABOX iH-
IIAX EifHOWEeHb, BHKOPHCTOBYIO-
uH onepautic koMoosuiii. Hexait
€ maoxura C={w, x, y, z}
iB=1{1, 2, 8, 4} i1 BigHomIeHHn
S = {1, x), (2, ), 3, x), (3, 2)},

8 ¢ B x €. Ronorauwmeo pwe. 2.4, aofpazwBmmE HA HBROMY, KpiM
rpata BigHomernHns R, rpad Bignomrenmsn S.

Puc. 2.0, T'pad Bigpomerua R i niguomenna
S ={(L, x), (2, 1), (3, x), 3, 2)}

Bu3anaveHHA

Hexali Ri 8 — pignomesns, tTaki, mo Rc X x Y, Sc ¥« 2Z,
ze X, Y, Z — peaxi muoxupn. Komnosuyiew eidnowens
R i S HasHBaeThCA BIZHOMIEHHS, IO CKAAZAETHCH 3 YHODHA-
KOBAHHX map (x, 2), x € X, 2z € Z, /A AKHMX iCHYE @JIeMeHT
y €Y, Takuil, o BUKOHYIOTECH YMOBH (x, ¥) € R, (¥, 2) € S.
Komnosunia sigmonrens R i § nosnavaeraca S ° R,
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3orpeMa, nis Biggomens RcAx A C
xBi8 ¢ B x C, 306pameHax Ha
pue. 2.6, wommoamria S ¢ R ¢ piggomen- &=
HA, mo 3o6paykene #a pue. 2.7 ie mig- ¢»*

i

MHOXKHHOWO XexaproBa Ao0yTRY Ax(. ¢ y
3aypamumMo, Mo 1 napH (x, 2) e 2» .z
e § o R e«npomisuEnxs enementis ¥ e

Puc. 2.7. T'pad

MOKe GYTH K1isKa, OJHaK 1lX ElJIb- BigEOImenEs S ° R

KicTe (AKIIC BOHA He EYJBOEA) He
BIUINBAE HA BHJ KoMOO3HOIl 8 o R.

Onepatnia koMmosuni einmomes: M03BoJse BBecTH NMOEATTH
¢TeneHR OlHApHOro BigHOINeHHH, INC 3ajaEe Ha OfZHIM MHOKHHI.

BuiHavyeHHA

Hexailt R — pestke BignomreNHdA, RM3HAUeHe HAa MHOMXHHIL
X:RcX xX. Toai n-fi cmeniny BigHOmMeHHa K NO3HAYACTE-
cAd B" i BEsHAYACTHECA PeKYPCHBHO THK!

R® — ToTONKEHe BiamoImeEHA Ha MHOKEHHI X
Rr=R-leR anan-=1, 2 .

Iz pManavenna Maemo, 1Mo R' = R, R®= R o R, RB* = R:oR,
TOILO.

Ilpuxnan. Hexalt pigsomenns R ma MroxuHL A ={a, b, ¢, d}
aagaHe rpagioM, sobpaxkeHMM Ha DpHc. 2.8.

a b c d
W T R e

Puc. 2.8. I'pad BigHomenns R

Mobyavemo creneri pimmomenns R. Keagpar sigHomenea R?
MoXKHA MoBYIYBATH, BHKOPHCTOBYIOYH NpaBMiao: B rpadi R? npu-
cyTHA Eyra (¥, y), HKLUI0 icHye Taks BepmIHHA Z, IO IpPABHMILHL
xRz i zRy (puc. 2.9),

a b ¢ d

Pre. 2.9. I'pad sigpowmesss R?

Creniay R® Moxna no6yayBaTH aHanoriuzo, BURODHCTORYIOUHM
npasuao: Brpadi R® mpueyTHa ayra (x, y), Ko icHye Taxa Bep-
IIMHA 2, Mo npaBuasui xRz i 2Ry (puc. 2.10).



40 Foz0in 2

a b [ d
Prc 2.10, I'pad siguomennn R?

Hobyayemo raros BixuomerHa RS. IlpaBnnc nobynoem aHa-
adoriyme: xR'y npasuabHe, AKILO icHYE Taka BeplHMEA 2, IIC
npasuaeEt *R% 1 zRy (puc. 2.11).

a b 4 d

Puc 2.11. Tpad nigmomerns R*

M=z 6ayumo, o nofiyacsaHMHA rpad RY me BinpisHgernca mix
rpada eiguomenua R?, ToMy B pesyisTaTi HOZRIBIIMX 1nobyaon
pigmowens KH®, RP.., MH oJep:KHMO BigHOmMEEHA, M0 COiBIAKAIOThH
3 R?, R®,

3pozyMijo, me cOpaseAIHBe HacTYOHe rpadiuHEe TPAKTYBAHHSA
cTelleHs BigHomennA: B rpadi pigpomensa K" € ayra 8 ¥ B i, SKIIO
prpadi R 9 BepludnA x v BepHINEY ¥ BeAe Xoua § OJHH MapIIpyT
DOBKWHH 7 (1o CKIATAETHCA 3 n Ayr), IPHUOMY ofiHa ¥ Ta K Iyra
MO}ke OYTH BKJMIOUEHA OO0 MAPIIPYTY CKIJABKH 2aBIONHO Pas.

Posraapemo wme oggy onepamiic, fika Ha3WBACTHCS Mepepiszom
GimapHoOro BigmomeHHS.

Buanavenun

Hexalt Rc X x ¥ — BigHomeHHA Ha MHOXHHax X i Y.
Armo x € X, To nepepisom Biguomerna R sa x, 1o mo-
saavacTocd R(x), ¢ mBokmHa R(x) ¢ ¥, mo crIagacThCcR
3 eneMeHTi8 ¥ € Y, Takux, mpo (x, y) € R. O6’eanaeus nepe-
piaiB 2a eneMenTaMH Aesrol miAMEOKHAN Z < X HAZUBACTLCH
nepepizom R(Z) aidnocno nidmnoxunu Z. Mpoxuna, mo
CRIAJACTLECA 8 Oepepiais Bignomenna Rc X x Y sa wommum
ereMeHTOM 3 X, HRAHBAETLCH PAKMOD-MEONKUNROW MHOKH-
En Y za BigmomeHEaM R i nozmavaeTrsca Y/R. dopMaanHo
MOKEa damucartH, mo Y/R = {R(x), Vx ¢ X}.

I[Ipuknan. PoasrnAneMo nepepisy BigHomeEns R Ha MHOKHHAX
A={a.b,ec.d, e, f}, B=11, 2, 8, 4}, R < A x B, mo aagadge rpapoM
(puc. 2.4): R = {(a, 1), (a, 2), (b, 4), (d, 1), (f, 4)}. Moxna ogepka-
TH Taki mepepism: R(a) = {1, 2}, R(b) ~ {4}, R(d) = {1}, R(e) = O,
R(f) = {4}. DaxTop-mroxuna B/R = {{1, 2}, {4}, {1}, &}. Poarnaxeno
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MHOoxMHY D = {d, ¢, f}. D — A. Hepepis BigHomenna R 3za
MHOMHAHOW D BHraajzae TexkdM gumom: R(D} = R(d)} v R(e) v
v R(f) = {{1}, {4}, D}

Kpim naBefenunx onepauiil, mo BiAHOLIeHE IACTOCOBHI 3BHU-
qalini reopeTmro-MuomUREL ontepanmii, Ak of’cAHanHA, NeperTHH,
OONOBHeHHA Ta pisEEns. PosragHeMce gBa BigmomeHEa R i S,
o BusHaYeHi Ha MHoxnEAX X i ¥V, Rc X x ¥, ScXx Y.
B pezyarrari BHKoHamHa onepauit R v 8, R n § i R\S ogep-
WKYEMO MHOMKMHHM VIOPALKOBAHMX IIap, IO € BiamoBigHo o6'ex-
HAHHAM, IepeTHHOM i pisHMuer MHOMHH R i S. PeaynpraTh
BHKOHAHHA IIMX omepaliii TAKOXK € BIAHONIEHHAMH H& MHOMKHH&X
X i Y. HonosHenna pigRomenns K nossauacTiea K 1micrars
Beli ynopaakoBaHi naper Mmooz X x Y, KpiM THx nap, Akl za-
Aextare K.

@ 3anuraHHA

1. IITo HasuBaeThCHA ofepHEEHM BiTEOIIEeEHAM, i AK BOHC IMOAHA-
yaeTheA?

2. Hx osepxaTy rpad BiZHOmeHEAA, oDepHEHOIO A0 AaHOTO?

3. Illo HasuBacTLCA KOMIoaBmico Bianomenn?

4. Hexaft B — geaxe piguomexnsa, Illo oaeauac aanuc H?, R* R
(crenine BiAHOMIEEHA POITNAALETECA BIIHOCHO ONlepaANii KOMITO3H-
uii Bigromens)? Ak ODobyayBard IOl BIAHOWeEEHA, I %M SapBXIH
LE MOMJINBOT

5. Iaiire nMaEadenns mepepiay pigmomenns R i parTop-MHEOKMER
3a BigEoIIeEHAM R.

6. HaasiTs TeopeTmro-MHOMMHEH] oneparii, aki zacrocoesi go Big-
BOmeHb, [loAcHiTH, AKMM 9YBHOM Wi omepamil 3acTOCOBYIOTECHA ZO
BifHONIEHE.

m 3aepasHA
1. Hexait B i R, — 6inapni sianomenns ga Maoxnyi A = {a, b, c, d},
ze R = {(a, a), (a,0), (b, &)}, Ry = {(a, d), (b, c), (b, d), (¢, d)}:
a) nobyayiire pifHomerEn R, o Ra, Rav R, R R
6) nobyayiite mepepisx piaromens R, R; 3a sneMenTamMu a, d
i BigHOcHO migmuoxuuE {a, b};
B) nofynyiiTe GaxTODP-MHOKHAY 32 BigmomewmsM R..
2. BmajigiTe sigHowmenHA A, Axmo BigEcmmenua R sajaHe TaxuM
YNHOM:
a){a, ) e R, agkmo a, b e N, a > b;
6){a, b) € R, sxwme a, b € N, a — ginsEun b;
B) A — MHOXMHA KpaiH cpiry; (a, b) € R, axmo a, b € 4 i kpal-
HA & MeXye s b,
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8. Hexail A — pmeska MHOMHEA NOLel, B — Bignomerasa «Barbkos,
BHM3HAYeHES Ha Iii MHEOXKMNHI Tax, mo (g, b) € R, axmo a — GaTe-
ko b. Hani § — pigHomenRrs «0par-cecTpas, BHIRAYEHE HA MHOMCHAL
A aa mpapHnoM (a, b) € S, armo ¢ | b MaTL oAguy i Ty & HApy
SaTeKiB. Omewire: pigmomernss R 8§, S« A, R®, R, SR\
Bupasire yepes pisHomenns S, R piguomenns C — egpoopigunii
Gpar-cectpas, Ae (a,b) e C, Axmoe a — pgnoropinumit 6par abo
cecTpa b.

4. Hexnit gano maozmen A = {1, 2, 8}, B = {1, 2, 3, 4} i sigEomen-
HA Rl.v ngA bt B: Rl ={(19 2)! (21 3]! (3’ 4)}! Rl‘ {(1! 1): (19 2):
(2, 1), (2, 2), (2, 8), (3, 1), (3, 2), (3, B), (8, 4)}. Bmagaure:

a] Riu R;;
6) B Ry
B) R)\Ry;
r) ARy,

5, Hexalt A — MEOMHEA cTyjenTin YHiBepenTeTy, B -— MHOMEHA KHRAT
y 6i6aioreni. Hexait sagano pigmomenus Ry, R:c A x B, Taxi, o
(a, b} € R, avmMD CTYACHT @ SFiAHO 3 HABYANLEOW MPOrPAMOID o=
BHHCH IIiJ] Yac HABYAHHS NPOYATATH KHUTY b, i (@, b) € Ra, AKMO
CTYASHT ¢ OiJ Yac HaBUaHRA Bake NpounTae kKEury b, lafite caonec-
Huil oIHC BifHOIIeHL, MIC ONEPHVIOTECA B PeayIbTaTi BAKOHARHSA

onepaniii:
a) B v Ry
6) iy~ Ry;
B) Bi\Ra;
I‘] Rx\R1.

2.3. BnacrusocTi 6iHapHUX BigHOLWEHbL

Perercuenicms, anmupeaexcusuicmns, cumempuyRicme,
acuMempuyRioms, aNMUCUMemMpPULHicMy, Mparaumusiicme,
anmumpanaunuenicms

Koxnee GiHapHe BigHomeHRR Ha MHoxuHHI X MoXte MaTh
oxHy abo xiAnka 3 HaaBanux BaacrEBocredt. I1Ii mmacTumocTi BM-
3HAYAIOTE BEA MaTpHUi i rpada migmomennsa.

1. PecbnexcusHicrs

Bigwomenna R ma Mmuowmnai X HAHBAETHCA PEPREKCUSHUM,
AKWO DAA OyAR-AKoro ¥ € X mae micme xRx, TofTo kokuHEll ene-
MeHT ¥ € X 3RaXoAWThCH y BigHomrenni R go camoro cebe.

BaacrusicTs pediercmiHocT. mpH 3ajaHHi BiEOmMeRL MaT-
PEIEK XapaKTepH3YEThcS THM, 10 Bei giaromannui esmemenTn
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Marpuni zopiBHDIOTE 1; IpK safaEHi RigHOIDeHHSA TpadoM KOXHENH
eleMeHT Mae NeTar — AVry (x, x).

Ilpuxaan. PeaeKcHBHAM € BigHOIIEHHE, MpeAcTaBieHe HAa
puc. 2.12.
a2

4

a a4 | Bz | B3 ] A4 | Gz
afaliloelo]o
allj1io]|o]o

gy . a, [0|OF1|O}O
[

O Xy 1 1 1 _._.1_'- 0

O asj 0] 1]1]|o0 [t

Puc. 2.12. lprxnan rpadge i MaTpuni pedlieKCHBHOIC BiZHOLIeHHSA

2. AuTupectdneKcHBHICTL

BignomeEns R Ha MHOXHE]I X HauHBAETHCH anmupedrencus-
Rum, AKMO 3 X,Hx; BUXOAUTE, L0 X, # X3.

BracrusieTn anTHpedneKcUBHOCTI UpH 3afaHHi BigHOmMeHHSA
MATPHLEK XAPAKTEPHBYETHCH THUM, (e Bel flaroHalibHl eneseHTH
€ HynsoBEME. IIpm safanmi takoro BijHomenHs rpadoM KonHa
BEpPIIMHA HEe Mae DeTAi — Hemae Ayr sHay (x, x).

BigromeHBa < Ha MHOXKWUH] AificHmx w@cen peduiekcuBHe,
BifHOmeERsT < Ha MHOXWHI AificENx uMcen — anTHpedIeRCHBHE,
Bixmomenra «matH coinenuil pincauks Ha MuroscHgl minux uucen
pedaeciernie, BigHOMEHHA «0yTH CUHOM» HA MHOMKHEL Al0geit —
antupedexciBHe. BifHomenEa «6yTH cuMeTprYEEM BigwocHo Bici
X Ha MHOXRHHI TOUOK KOOPDAMHATHOI NIONTUHM» He € aKi pednex-
CRBHMM, aHi aHTHDedIeKCHEHHM: TOUKA TJIOIIMEHN CHMETPHYHA
cama cofl, AKIIO BOHA JEXHTH HAa Bici X, i HecHMeTpHUHA caMa
coBi B NpoTHNERKHOMY BHOAIKY.

3. CumeTpuuHicTL

Biggomesnas R Aa MuoxuHi X HasuBAEThCA CUMEMPULHUM,
AKmo pas napu (x:, xz) & X? 3 x,Rx: PEHXOOUTE X2Rx;, (T0o8TO
anga 6yne-AKkol mapu R BHKoHYeThcH 860 B OOHARL Goku, abo He
BHAXROHYETHCA Rsaraiui).

MaTpuusa caMeTPHYIHOr0 BiAHOIIEHHA € CHMeTDHYHOKI BiIHOCHO
reaoBHOL AlaroHasi, a B rpadi, o sagae BiAHOWMEHHd, AAd KOXHOL
IYPH 3 X; B X, iCHYe HPOTHJIEXKAC CHpAMOBAHA LYTra 3 Xy ¥ X



44 Po3adin 2

Opuxaan. Ilpukiraj CEMeTPHYHOIO BiAHOMEHHA 300paxteHo
Ha puc. 2.13.

a2

a, a3 Q) | B | By | Bg | Bs
[+ 31 0.‘ 0 1] 1 0
a0 |[1tl1|o]a
as| 0 LT |8, 1

a a, a | 1|0 Lo K]0
as|O0|[1T]1T |08

Puc. 2.13. Hpurnag rpada 1 MaTpHIi ¢cHMeTDHMYHOTO BifHOMEERS

4. AcvMeTpUUHICTL

Bignomennsa H HasHBAETHCA acuMempuwnuM, ARN0C ANS OAa-
PH (x5, x:) € X? i3 x,Rx; BMXOAHTEL, IO He BHEKOHYETHCHE xR,
{robro nna Byab-axol naprn R a6o BnxoHyeThca B oAMH 6ix, afo
He BHKOHYVETLCA B3arani).

5. ANTMCMMETPHYRICTL

Bigaomenns R HAIWBRETHCA GHMUCHMEMPUNRWAM, SKIINC
8 x;Bx; i x:Rx, BUHXOAUTE, IO X, = Xs.

Npurnajg. Bignommensa «6yTH cMMeTpHYHMM BigrocHo Bicl
X ma MHOMUEI TOYOK KOOPIRHATHOL IJOMMHH? € CHMeTPHYHEM:
AKUIC Oepuia TOYKA CHMeTpH4YHA APYTi#, To i Apyra cuMeTpEYHA
nepmriii. IIpuraas anTHCHMeTPHYBOrc BifHOHIEHHS — BiAHOLIeH-
Ha < ya MAOEMHI alficHux uucen: axmo o < b i b<a, To a = b.
Bianomenna < Ha aificriii Bicl ¢ acUMeTPpRYHHNM, OCKLIBKH AKIO
a < b, 0 b < a He BHKOHYETLCH.

6. TpaH3aHTUBHICTL

Bignomenns R HaswBaeThed mpansumuenum, axigo 3 x Rx,
i xzRxy BEXOAUTE X Rx;.

¥ rpagi, mo sagac TpawaHTHBHe BiHommeHHS R, ATA Gyab-
Axoi NapH AYr, TakHX, L0 KiHenb mepinol coiBmafac 3 NOYaTKOM
Apyroi, icHye TpePa Ayra, LU0 Ma€e CHINBHEE MOYATOK 3 MEPHION
i coinpamit kiBeur 3 gpyrow.

Ipuknax. Biguowenuasn < i < Ea MEOKEEI gifiecrux wncen
TPaH3KTHBHL: gkmo 2 £ bib < e voa 5 ¢

IMpaxaan. [Mpuknag TpaHsMTHEHOre BigHOIIeHHS 306paeHO
Ea pHc. 2.14.
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7. AHTUTPAH3UTHEHICTL

Bigromennas K HAa3MBAETHCA GRMUMPERIWMUSHUM, AKINO
3 x,Bx, i x,Rx: BEXOJHTE, 10 He EHKOHYEThCA X Hxp.

az

a as @ | @; | a3 | &4 | &y
a1 0|01 |1 |0
ai0|O0]JO]|1]|O

2 ” a/0JoJoJoJe
O a | 0|]O0O]JO|O |1

Pac. 2.14. JIpnrnan rpada i MATpHIL TpaHIATHBROrO BiZEOIDeHHA

Npasaag. BigHollenAa +piBHicTLs, +6YTH ZLILHEKOM», ILOO
saxani Ha MHOXUEHI Dianx umcen, i BigHOmIERHA «KMTHE B OgHOMY
MicTi», mI0 3gJ8He Ha MHOXKHH] JIoleil, — TPAH3HTHEHL; BigROLIEH-
HA «0yTH CHHOM» — AHTHTPAH3INTHBEE,

@ 3anuTaHnn

1. Ygm npaskasee sucnormioRannsa: «Baacrumicrt mizmomerms — me
BHOHAYEHA YMOBA, AKA 32M0BONLHAC €MeMeHTH HUELoTo BifHoNIeH-
a1+ ? Iigreepai™s Bigmorigs 38 JonoMOTOH DPHEZAAY.

2. [ailiTe PH3HAYEHHA BAACTHROCTAM:

— peduTteRCHRHOCTI; — aHTEpe}ICKCHBHOCT;
— CHMEeTDHYEQOCTI; — BCHMeTPHIHOCTI;

— AETMCHMOTPAYHOCTI] — TPAHIUTHBHOCTI;

— ARTHTPAHZUTHBHOCT].

Jaa KoXEOro 3 HaBeLeHHX BJAACTHBocTell MOACHITE, YMM rpad
i MATpHIR BiAHOIIEHE, INC MAKTEL IO BAACTEBICTL, BLIpisEMIOTHCA
Big rpada i MATpHOI BiHOmMEHL, M0 He MAKTL Hicl BAacTHROCT.

3. Um mMoke BIZHOINEHHA MaTH He OJHY, & KiNbka BIacTHBecTel?
Hasepgits npuxnapu. ki 3 BLIOMEX BaM BaacTuBocTell MOKYTE
OFHOYACHO XAPAKTEPMAYBATH BiAHOIIEHH:H, & AKIL € B3A€MOBHEK-
JIOUHEMH, T00TC He MOXKYTE OJHOUACHO XAPAKTEPHUIYBATH OFHEe
BiZEOIIenHEaA?

m 3asnanna

1. BusuauTe, axl snacTnBoCTi Mae ko)KHe 3 HaBeJeHHX BiHOIIeRE.
Biguomenna aajeai Ha mBoxmnni A = {1, 2, 3, 4):
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ﬂ.) {(2# 2): (2v 3), (2, 4), (3, 2), (3. 3). (3, B);
6) {(1! 1), (1, 2), (2, 1), (2, 2). (3, 8), 4, 4)%
) {(2, 4), (4. 2)}
r) {(1, 2), (2, 8), (3, 4)};
m L 1), (2, 2), (3, 8), {4, 495
) {(1, 8), (1, 4), (2, 3), (2, 4), (3, 1), (3, 4)}
2. BusHavTe, K] RISCTRROCTL MAaE KOJKHe 3 RiANOMEHb, Mo 306pake-

Hi TAKMME TpadaMH:

aQa Q & s

b c
a
()] 2
d
<o Q
b ¢

3. Hexa¥ B, i R; — fesaxi pifHOMeRER. 3aMoBHIThH TALIHIID TAKAM
gEEOM. ¥ KoMipky Tebrmni noMicTiTe <+, sAkmIo-z ToTO, Mo M)
iR MajoTL 3a9HAYSEY BAACTHRICTH, BUXOIHTE, 10 DE3YILTAT ONle-
panii Tex: Ma€ Ui BAACTHROCTI, «—» — AKINO UPH TOMY, o Ry i R
MAa¥oTh BKAJAHY BJAACTUBiCTL, pesyAbTar orepanil Moxke He MATH
wiel BracTupocti. O6rpyETyitTe BAGIp ROMHOIO ¢+ i «—»,

4

o e

R]L)Rg le'ng R1 Rl\Rg R["Rg R“,[REN) m

PethnexcrnaicTs

AnTipedAcKCHBEICTD

CumMerpruHicTs

AcHMeTpRYHiCTS

AHTHCHMSTDYURICTE

TpaHsETHBHICTR

AHTHTPAHZHTHEHICTS

4. Brzrayre, AKi BracTHBOCTI MaloTh Taki miawomrenuns, mio aagami
Ba Zearill mucoxuni moneit. Hexath (a2, b) € R, axmo:
a) @ BKIIe Ka spicT, Hix O;
6) 4 i b HAPOAMIKCA B OAWH JAeHE;
B) @ € poARYeM b;
r) ¢ sraftommit 3 b,
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2.4,

5.

8.

9.

SraftAiTL DOMHRJIKY B DOBeJeEHI TaKoro TBepAaenud (Oe TBepIKeH-
A HE NPaBUILHE).

Taepdxncenna: SIxmo meske mifwomernun R cumerpnune iTpanan-
THEHE, TO BOEO € TarmK i pedrercRBHEM.

Hosedennn: BianmeMo mapy enemenTie (a, b), Taxy, mo (a, b) e R,
Topi i (b, a) € R (BigHOMenEs camerpuune). fAxmo (a, b)e R
i(b,a)e R, 7o 3a BIACTHBICTIO TPaHIRTHBEOCTI (4, ¢} € R, oTXke
BIAEQINeHEA pedIieKCHBHE.

Hagegniti npurnag Bigpomenun, axe:

A) ¢ CHMeTPHYENM i AHNTACHMOTPEIHUM:

6) ne ¢ oHi CUMETPUMHEM, AHi AHTHCHMETPHUHHAM.

Crineka icHye BigHOmIeHs, 1o 3afaHi Ha MHOKEHI A, |4| = 7, AKi
MBIOTE Takl BIacTRBOCTI:

a) CHMeTDHYHICTE; T) agTUpedIIeKCHBHICTE;

6) aRTHCUMeTPHYRICTH; ) cnMeTprusicTs 1 pedurexcrericTs.

B) acHMeTpRYHiCTS;

Hexa#t R — petdnercupe i TpamauTusgEe pigmomenma. Uy npa-
BMALED, Hio B* = R aaq seix n e N.

Hexail R) i R; — geaki pigromends, npayoMy Ri 2 Ra. IlokaxiTs,
mo axmoe R, aATucumMeTpraRe, TO A; TeXX aHTHCHMETpUTHE.

10.CraagiTs ANTOPATN BMIRAYEHHA BIACTHBOCTEH BigHOMIemHa. Bxig-

HUMY JaHUMH Moke SY¥TH MaTpHOA BigHomeHAs afo cNHCOX ele-
MEHTIB BifHOIMEHHA.

BigHoweHHA ekBiBaNneHTHOCTI, NOPAAKY,
TONepPaHTHOCTI

Bidnowennn exsiearenmuoemi, kagcu exdigaaenmuocmi,
waax y 2pagi, uaeemuoeuii { Heempozuii) nopadow, cmpozuil
nopadox, ziniiinul nopsdox, noplenarni i nenopiewsanui
EneMENML, BIOHOULEHNA MOREPAH I ROCT

PoarnaaeMo Aeski Haligacrilue BHUKODHCTOBYBAHI KNacH

OiHapEUX BimHOWIEHE.

BuaHayeHHA

Binapue BifmcINennd, 110 Mae BIacTHBOCT] pedIeKCcHBHOCTI,
CUMEeTPHYHOCTI i TPEHBUTHEHOCTI, HABHBACTLCH GLONOULEHHAM
exaisanenmuocmi (Mo3HAdacTECH ~).

Hexali zafgana muomuma A i siggomenns exrinanemTmocti,
100 BHIHAYeHe Ha it MEOmuHi: R — A x A, EaemMentn a, be A,
OAS SKUX BHUKOHYeThCH oRb, Ha3HBRAIOTLCH €XGIGAZLEHMHUMU.
Baxxknusa Baacrusiers OyaR-sxoro RifHomeans exsirarenTnocri R,
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BH3HAYECHOTO HAa MHOKHHI A, nojaArace 3 TOMY, INO BOHO PO3-
ONBAE MHOMHMHY A Ha HemepeTHHHI MiAMHOMHWHM, AKI HA3H-
BAIOTECA KAdcaMi exdisanenmuocmi. ¥ BHOamky ckiruenHOl
MHOMKEHHN A pozfurra Ii Ha KAACKH eKBiBAJEHTHOCTL BiABYRAETH-
cd TaknM u¥HOM. Hexali Ha MHoXHHLI A sajaRe BigjHomeHHs
exBiradentHocTi . BHGepemo esleMeHT #; € A i YTBOpHMO Kiac
C,, W0 cRIafaE€TLCA 3 yCciX eNeMeHTIB y € A, AJMA AKUX BHKO-
HYeThea BiaMomenus aifRy. Knac C, Moske ckiaafaTicsa TiAbKE
3 OJHOro eJeMeHTa f,, AKIIO He icHye iHIMUX eneMeHTIE y, TAKMX,
wo a,Ry. Baypamumo, mo vepes pedIeKCHBHICTE BiIHOIIEHHA
eKBiBaleHTHOCTL 3aBAH BHKOAYeTheR a4 Ra;. Axmo C, # A, To
subepeMoc 3 A ereMeHT da, 0 He BXOJAWNTE Ao kaacy Cy, 1 yTBO-
pEMO Kaac Cp;, SKHI CKNAZACTHCH 3 eleMeHTiP y c A, Zna AKHX
BHKOHYeThCA BigEomeHHA a.Ry. fxmo (C: v C2) # A, To BHbGepe-
MO 3 A eneMeHT 4z, IO He BXoZmnTe Ho kiaacie C; i1 Cp, i yreopu-
Mo kaec Ci;. BygeMo npogos:KyBaTH NoGyAoBY KjaaciB JoTH, DOKH
B A He 3aJIUINIATRECH MOLHOTO €/1€MeHTa, IN0 He BXOJHTH N0 CHHO-
ro 3 kxacie C,. Bulige cucrema kaacis C;, Cs, ..., C.. Il cucrema
KJaciB HASUBEETECA CHCTEMOKW KJacie exmBiBaneHTHOCTI 1 Mac Taki
BIACTHBOCTL:

a) KJacH OOMAapHO He IepeTHHaIoTbCH;

6) OyAL-AKi Iba eJIeMeHTH 3 OAHOrC KAacy ekpibajenTui;

B) Oyab-AKi ABA eleMEHTH 3 piaHUX KJ8CiB He exBiRANCHTHI.

TIpukaaa. Bigmowmenus piszocTi «=» Ha OGyab-akiilt muommEi
YACeNT € BifHOMMeHHAM ekBiBajeHTHocTi. BiflHoMieHHEA «BYMTHCA
R OXHOMY KRiacie ma MHOmNH] yuRiB mIKONH € BifHOIIeHHAM
eKBiBaneHTHOCTL i poafuBae BCK MHOMKHHY YUYHIR IIKOJNH HA OKpe-
Mi kAacH. BigmomerHsi emMaTH ogHaKoRe iM’fi» Ha BE3HAUEHiil
MuoxRHE]l Aofeldl ¢ BiZHOWeHHAM exBiBaseHTHOCTL 1poabusac
BCIC MHOXMWHY N¥ofeil HA KJIACH eKBiBanexTHOCTI — rpynm awojei
3 OZHAKOBAMHK iMeHaMH.

Buanavenwusn

BignomeHHA HA3HBACTLCA GLOHOULEHHAM YECIIKOG020 ROPRIKY
(mosHauaeThCA <), AKNIO BOHO:

a) pedieKkcusHe (@ £ a);
6) aHTHCHEMerpHYHe (AKII

o b<ag, 10a=>)
B) TpaHaHTHBHe (AKLIO & <

bi
b<c T0a<c)

o R

SIKIO HA MHOXUWHI 3ajlaHe BIIHOIIENHA YACTKOBOI'C NOPAIRY,
TO O MHOXXHHA HASHBAETBCH WACMKOG0 Ynopadkosancio.
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Icuye cuocib "araaguore sofpaskKeHus CKIHIeHHOI YaCTKOBO
ymopAakoRaHol MHOMHEH, AKHE HasHBaloTh didzpamorn Xacce.
Koxauii eneMedT ¢ € A HOIHAYAITE TOYKOW, i Oyae-aKky uapy
TOYOK, L0 BiXDORIZAIOTE eneMenTaM @ ¢ A 1 b € A, 3’e¢guyloTs
C¢TpinKo0, ImMo MAe 3 TOYKH 4 B Touky b, ToAi i Tiankm ToZi, KO-
au (a<b), (a # b), i He icEye ¢ € A TaKoro, mo a@ £ ¢ £ b, iene-
MeHT ¢ BipisHAeThca imiga, 1 Big b.

Hpurnan. lpuxnajoM BiAHOMIEHHR YACTKOBOTO MOPALKY
€ BifHOMIeHHA BKIIOYEHHS MHOMKHH, CIDABSJIHEe JJf AeAKHX Iap
nizMHOXHEH QixcoBanol mEHOoxHEA. Ha puc. 2.15 z06paxkedo rpad
BiJHOINCHHA BRAIOYeHHA Ha MHOKHEHL 24 peix HigMHOXRHE Tprele-
MeaTHOl MHOxHHE A={a, b, c}.

{a, b, c}

Ppe. 2.16. I'pad pizHOMIEHEA BRAIUCHHR MEOKHE

Ia maacruBicTio TpARSUTHUBHOCTI HOR’sizgaHe HOHATTA NLIAXY
B rpadi.

BuiHaveHunA

Illasx y rpadi BifHOMIeHH: 3 BRepINMHH & [0 BepuIwHU b —
ne mocxigosmicrs AYT (@, i), (X1, Xz), (X2, Tedrews (Tno1, b)),
rz1l. Yacao gyr n HASWBACThHCH J0GHCUHOID WARXY.

BRKOPHCTORVIOUN HOHATTA LINAXY B rpadi, MoaHa DOKAlaTH,
10 BAACTHBICTL TP&ABHTABHOCTL BHKOHYEThcA Y Biamourewni, 1o
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sayaHe rpadoM, Akme OvAB-fAKL ABl BepIIMHA, MiXK AKHMH icHYe
waax, a’'caHanl ayrolo.

acTo opu sobpaxcenHi rpada BigHoLIeHHS DOpAJKY RHEKJIOUYA-
0Th AYrH, AKL MoXHa KoGYAYBATH, BHKOPHCTOBYIOUM BAACTHBICTE
TPAHSNTABHOCTL, ToOTO, SKIMo Ea rpadgi icHye muax 3 a go b,
To Ayry (@, b) He sobpaxkyroTs. KpiM Toro, posTamoByioTh BepIlH-
H¥ TaK, IDo6 c¢npaMomaHicTs Beix pyr Gyna sEmay-Haropy. Topl
CIOIpPAMOBAHICTh LYI MOMHES He BKa3yRaTH. (OJepskaHa TaxHM 4H-
HoM jiarpaMa ACCTATHH [JA BH3HAYEHHSA BiZHOUIeHHH HOPAAKY.
Tak, BifHOMeHHS BKIWYeHHA MHOKWH 8 rpadoM Ea pmc. 2,15
MOoMRHEaA 3c0pasuTH 3a JomoMorok JiarpaMy Xacce, Ak sobpazkeHO
Ha pmc, 2.16.

{a, b, c}

{a: b} {bs c}

la}

{<}

Puc. 2.16. Jiarpama Xacce BigHONEREA BRIIOUEHHT MHOMUH

3 posragsyTore OpAKJIALY BHLHO, 1[0 He Bei Bepmmnu rpada
BifHollenna 3’egHaHl Mixk coboio umaxamm. Hanpuknan, ne icrye
maAxy mixk {a, b} a {a, c}.

Branauanua

EnemenTH a i b HasHRAIOTECT nOPIGHANKUMU YV BifHOITeHH]
YacTKOBOTO nmopafky R, AKMo BUKOHYETHCA Xoua 6 ofHe is
crniBRifnomenr aRb abo dRa. Muoxxuna A, Ha axifi sagage
BijHOMeHEA YACTKOROTO mopaAary R i ans awoi seinami asa
eJIeMEHTH IIicl MHOMHUHE TIOpiBHAMHI, KasuBaeThes RinidMo
yropadroeanom afio noanicmw ynopadxosanoio.
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IIoBHICTIO YIIODPAKKOBAHA MHOKHEA BiIpisHEaeThCH BIA YaCTKOBO
YAOpAAKoBaHol THMM, ING B YACTKOBO YIOpPAAKoBAHIE MEoxuHLIA
MOXYTE BYTH NPHCYTHIMA elleMeHTH, 3 AKHX MOXHA CHIANATH
HeIOpiBEAHHI mapH.

IIpuxaan. Muoxnaa N HaTypajlbkBRAX 9uce] DOBHIiCTIO ynopan-
KOBaHa BiZHOCHO MPEPORHOI omepalii MopisEAEEA <, AKa iCTHHHA
Ha Jleakiit miamuoxkuei R map (a, b) ZexapTosa xmagpara N2,
Byar-saxi npa enemenTH a, b ¢ N mopimEarHi 3a R, ocKiabxk
xoua 6 ogHa 3 HepiEHocTell a<bh, ba ictumma, Ha pue. 2.17
POBIIAHYTY MHOMKEHY N 3afaHo 3a ZomoMorom rpadga BigHomeHb
i giarpam Xacce.

o
4
8
2
1
) 32 AAHHA 38 JOIONOFOI0 £) 30[aHHA 34 JOOOMOroR
rpaga BiAHOINEHE niarpadn Xacce

Prc. 2.17. Jimifino ynopAZKOBAHE MHEOMHHA HATYPAJILHAX THACE]

BingoieEHA YacTKOBOIC MOPANKY, IO € pedJIeKCHBHEM, AETH-
CHMETPHYHHM i TPAHSHTHRHUM, HASHBACTHRCA TAKOXK GidHOWERHAMN
Recmpo2a20 nOpRIKY. Ha BizMiny Bif HBOrO, GidROLLERKA CPO2020
nopAdry (HosHAUAETECH <) BH3HAYEETHCH TAKAME BIaCTHBOCTAMIH!

a) agTHpedaeKkcnBHicTh (AKIOO ¢ < b, TO 4 # b);

6} acEMeTpHUHicTE (AKII0 ¢ < b, TO He TmpaBEABAe b < a);

B) TpaHaHTHRHicT: (AKkmo ¢ < b 1 b < ¢, T0 2 < ¢).

Taxum unHEOM, AKING V BiIHOIMeHE} HecTPOroro NOpAIRY BiIAC-

THBicTh AHTHCHMETPEYHOCTL Z8MIHHTH ACHMeTpHUYHiCTIO, TO ofep-
HBMO CTpOI‘Kﬁ HNOpAROK.
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BuinavweHHA

Bi[HONIEHHN HA3ZMBACTHCH GiIOHOUIEKHAM MOAEPAHMHOCRE,
AKILO BOoHO: a) pediieKcHBHe; §) cHMeTpHuHe i B) AHTUTPaAH-
AHTHEBHC.

ToncpanTaicTs dobpaxye coficio GopmanbHe YABJIEHHA iHTYI-
TUBHOTO MOHATTS cXomocTi. CxoxicTs gBoxX 00'cKTiB He BaJeXHTb
BiZ, TOro, B IKOMY NOpAAKY BOHM UOPIBHIOKTHCHA, B OLOMY BHAB-
JIETEC] BIACTHRiCTR cHMerpHuHnocTti. B Toll ke uac, SKIMO OIHH
00’¢KT cXoxHl' 8 Apyrum, a Apyruit cxoxkmit 3 TpeTriM, TO Ie He
osHa4ae, 1o nepirpit 1 Tperift o6'erTn cxovuki, Tofro BIACTHBiCTL
TPaHSUTHBHOCTI MOKe HEé BAKOHYRATHCH.

PoarnigaeMo BifHOIUeHHA TOJMepPAHTHOCTI HA NMpHERIajni momy-
nApEOl 3afadi «IepeTBOPEHEA MYXH Ha CHOHA» AK CXoocTi miwm
JyOoTHpHOYKBEeHUMA CACBaMM, SKU[O BOHH BiApisHA0TBECS ozHielo
6yRBOIO. OZeKAMO: MyXa — Mypa — Typa ~- Tapa -- Kapa — Ka-
pe — kade — Kadp — XKalop — KAWK — KPIOK — KPOK — CPOK —
CTOK — CTOH — CJIOH,

@ 3anuTaHuA

1. JlaiiTe BRIHaYeHHA BiAHOmICHES eKBiBalleHTHOCT-

2. frum yusom EiaSyRacThes poabuTTA MHOMHMIN Ha RIACH exBiBa-
merTHOCTI? fIXi eNeMeHTH HaZWBAIOTHCA eKBiRAgeHTHUMMA?

3. Hki rracTeROCTI XapaKTepHi J/A knacie exBiBanenTHCCTI?

4. HapeziTh mpuKAaa#m BIAHOWIEH) EKRIBANEHTHOCT] Ta OfeDIHYRARKX
NpH OBOMY KJaciB eXBiBANeHTAOCTI.

5. Haltre PAGHAYGHHS BIAHOIIEHHA YACTKOBONO HOPAAKY. K BOHO
noznauacTrca? Hagegite nmpicnan.

6. Illo raxe myax y rpadi? fx goHATTS MINAXY 3ACTOCOBYETHCH AN
AocuigxeEEa rpadis BifHOIDeHAN MOPSAKYT

7. Hra MHORHHA HaizuBaeThed NiHIAHO ynopaskopamow? e Take
nopiBEARA] | HencpipHauui exeMenTH?

8. Ynm BigpisHacTRCA BifHONIOHEA MOBHOTO MOPAAKY BN Bianomenns
qacTKOBore nopaaxy? Maiire BH3HaYeHHSA BiJHOIDEHHMS CTPOTOTQ
NoOpsagxRy.

9, JafiTe BusHaueREA BigHomem=ES TonepanmTHOCTI. HaBemiry mpu-
Kaaj.

@ 3asnaHnna

1. [Mosegits, mo Byan-Ake BiAHOTICHRA eKBIBANCHTHOCTL HA MHOMXUHI A
pPO36HMBAE U0 MHOMUHY HA HeNEDETUHHI MiAMHOXUMHE — KAACH
eKBiBANTeHTHOCTI.

2. Hxi a BaBegennx HaBopis DigMaodkps MAKKAN A ={1, 2, 3,4, 5, 6}
MocyTs OyTE po3GATTAMH Uicl MEOXHHE Ha KJacH eKBiBAJeHT-
HocTi:
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a)

10.

e Ol

a) {1, 2}, {2, 3, 4}, {4, &, 8}; B) {2, 4, 6}, {1, 3, B);

6) {1}, {2, 3, 6}, {4, 5} r) {1, 4, 8}, {2, 6}.

Hexait B, i K. — BimHomeREA eKBiBanenrsocTi. BAamauTe, ud €
Tak] BifHOMIeHHS BiANOMEHHAMHU ekRiBaNeRTHOCTI:

a) Ry v K;; 6)R, n Ry, B) A

Hexait By 71 fi; — BigHoMeHAA YacTkoEolo DOPAAKY. BuaHauTe,
UM € TAKL BiIHOIMEHHS BIZHONIEHAAMHK YacTKOBOTO MOPAZKY:

a) Ry v Rs; 6) By Re; B} Ry

Busnaure, AKi BigHOIMeHNA eKBiBANEHTHOCTI pOoa0HBAIOTE MEOMUHY
Ha Haibinnine 'Ta HaiiMennre ycio Kaacik eKBIRBANGRTHOCTI.
Hexait R — BigHOmMeRHst YacTKOROro MOPAAKRY. JloBesiTsn, mo
Rl — Tex BigHOMIEHEA YACTKOBOrO MOPAAKY.

ki 3 HaBeleHHX MaTpUIE 34a10Th BIAHONIEeAHA YACTKOBOTO OOpPAN-
ky? Jaa spaxofsacelna BiZnoblat pocaimiTe rpadm signomensn.

¢ | Bjec | d al|lb]c a|b]e
all1{0}1]|0 all|D])1 al!ll|0j0
b 10111190 Ff1]1]0 b10]110
el 0{0 1 1 ¢ce|B]o} 1 [ 1 011
d|1l 1|01
ki

ki 5 HaRe e HUX NATPHIE 34TA10TH BifHOmMEeTH eXBiBANICHTHOCTI?
Ilaa agaxopxensd pigmosinl mocnigith rpadw BiTHOmeEME.
albl|leld alb]|e a|bl|leceid
all1l0]1]0 g)11i1]1 e (11|10
b|O|1]O]D bl O [ 1] dal1111]110
c|]1]1]0{1]0 c |l 11|11 c|1]1|1;0
diol1i{o]1 d]0|]o]ot1

Axi 3 EaBemeEnX BiAROMIEHE HA MHOKKHI JIOAeH € BiARQIDeEHAMA
TONEPAHTROCTL, AKI — BiffRUIeHARAME exBiBaTeHTHOCTI?

a) @ i & oEHAKOBOTO BiKY;

6) @ 1 b MaoTs cmiasEAX GaTnLking

B) ¢ i b sHailomi;

r) & i b poaMoRNAITE OARICIO MOBO.

fIxi z HaBefeHNX BigHOINERR, 3aAAHI Mpadani, € BiIHOMEHHAMH
NoPALKY, AKL-— BiHOIMEeHHEAMH eKBiBajeHTHOCTL?

d
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11, CxnagiTs MOMIMEBY DOCALIOAHICT: BHKOHAHHA 348049 KA cTBODEH-
HA [egKoro HPOrPAMHOTNO TPOAVKTY, AKINO TiarpaMa, mo sagae
YacTKOBHP DOPAACK EA MHOMHHI 3ajay, TAKA:

Barepuiedna

Hanwcaxna
ROKYMEHTAN

Branauennn BHMOT

A0 CHCTENHE BusHaueHRA PyRXIIORATRHAX
BUMOr

BraEaueEHd BUMODP KODRCTYSa9a

12. CrxaaziTh 8ATOPHATM, L0 BHSHAYAE 54 BAMAEON MATDHOE BigHO-
MeHHS, UM € BigHOmIeNHS JAcTKOBHM alo cTporuM HOpATROM,
erpipanenTHicTio 260 ToRepaHTHiCTIO.

2.5. OyHkUiOHanbHi BigHOWEHHA

Pynxyionarvne aldnowennn, obaacmi eusnauenns | anaieny,
gidodpaxceuns, ciop'exyin, in'exyin, biexyia

DyuaknionagsHa aanesxAicre Mixk amiugumu abo ¢yuHrnis
€ JACTKORHM BHMAJAKOM BiJHOHMIEHHS.

Bu3HaAueHHA

Biznomensa R mixk mpoxxaraME X 1Y (R¢ X x Y) € pyux-
yioraasnum, AKIo Bei fioTo egeMeHT™! (ymopsgxoBaHl napu)
piaai 3a mepmUM enemenToM: koXHOMY X € X a6o Bianonizae
TiNEKH ON¥H eneMeHT y € Y, rakmii, mo xRy, abo Taxoro
elleMeHTA y Baaraii He icmye.

Marprius GyHELioHANLHOrG BIMHOMEHHS, 10 3ajaHe HA CKiH-
yeRHUX MHOoxHHax X 1 Y, MmicrAT™s He Ginnnoe opmiel ogummiri
B KOXHOMY paanxy. JArmo OyHEOioHaABHe BiZHOIMeHHS 3ajaHO
y Barasil rpada, TO 3 KOKHOI BepIIMAN, mo sofpakye Hepuuy
KOOpARRAaTY, BUXONUTL He Oiapime ogmiel ayru. IMpueaagu Gymk-
DicHaJABHOIC 1 HedyHKUIOHaNBHOrC BigRoweH: 306paKeHO HA
puc, 2.18.
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5
by

5

Ay e b 2
a}dyExrOlonansHe 8) byuxujicHaNbHe s) nedyERTIOAAALHE
rigmomeREA PiMomennn piTHOIIEHHA

Pue. 2.18. Opuxaafu pyERITioHANREHOrO i HedyHRIioEATLROT® RifHONICHE

Ipuraan. Hexail e MEOKNHA A KponuKkis I MEoxkIHA B #tniTok.
Hexait B — pizHONIeaHA posMimeRHA KPOJUKiB Mo KAITKaX -— «Kpo-
aukyu — Knitkr». Ina 6yAp-aKorc DosMIiIleHHA HKPOJHKIB oo
RuiTKax pigHomensa R 6yiAe QYHKOIOHAABHHM, OCKIZIBKHM KOMCHO-
MY KPOJEKY MOMKe BigHOOBiAATH TiMBKA ogHA KJiTka. IlozHauwmmMo
RpomuKiB §yKBaMIM, a KIiTKA — HoMepaMB. Hexali A= {a, b}, B =
{1, 2, 3}. Ha puc. 2,19 3obpaxedHo yHKOiOHaAbH] BigHOMeHHSA
R,={(u, 1), (4, 3)} 1 R.= {(a, 1), (b, 1)}.

Lo | B Lo | [Mb
Lo’ O Lo l:) :
3 3 3

Pre. 2.19. Tlppraean $pyuxnoionamsanx Bizpomens « Kpomaxyx — Kaitxas

Ilprxnajom HedyHROiohnALHOrO BifiHOIIGHHS € BigHOMEH-
s Ry = {(a, 1), (a, 2), (b, 3)}. BoHo Moxte 6yTH NpefcTaBAEHO
B TepMiHaxXx poaMimeHHA Kpoamkir mo mmiTHax, SX [IOKAZAHC Ha
puc. 2.20, xe xponuk a saftMac oxHouacHo Al kanitTkm 1, 2, sae-
IAKH anaMaHifi neperopogmi.

Lo ' it
Ll B’

[,

a, 8

>
Pue. 2.20. Ilpakray sinpomernns «Kporuxu — Kairkne,
o He ¢ QyHKIlico
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BuanavenHs

Hexalt R — meaxe signomensda, R ¢ X x Y. O6aaemio su-
anavenir BigHcmeRda R HA3HBACTLCA MHOXUHA Dj, mo
cRIAAfaeTECE 3 yeix eneMenTis MHomMEHM X, Akxi 3p’ssami
pigHomiesEAM K @ enemeEraMu® MHORKUE Y: Dpc X, Dr =
={x:3yeY,(x,y)e R} Obracmwo snavens BifEOITeHHA
Ha3SHBACTBCH MHOMHEA Rp. MD CKIAKACTLEA § YoiX eneMeHTIB
MHOXIEH Y, AKi 3B’dAsani pifHouleHHAM B 3 eleMeHTAMH
MEowHEd X: Rpc ¥, Re={y: I x e X, (%, y} € R}

BuzHauexHa

Hexa® F — dyexnionantee pigromenna, F ¢ X = Y. Bigno-
BigHieTs ¥ — y Bif nepuioro KO APYTOro eXeMEHTY KOKHOI
napy (x, y) € F BigaomesHa F HasHBaeTheA @ynryicre [ abo
gidobpawcennam { muomuni D 8 Y i mosnavaerbea 8K
f:Ds—>Y, abo ax D; L Y.

Muoxena ) HAZHBACTLES OOHACTIO BH3EaYeHHSA afo 3ajan-
ua Gyuraii (sizobpaxenna) f i mosmaudcerses AR DA=Dj).
Creepas=yioTs Takox, mo dyrknia f gie 3 X y Y i suaraue-
HR Ha niagmacxkuHi D; 3 X. Hxwo 1)y = X(=Dy), To nRmyrs
f: X > Y i rogopars, mo zapaso Bijobpaskenuyg X - Y.
HArino mumkuaa A = X, To uepes fl(A)={y e Y: y = f(x), Vx c A}
NOIHAYAETECA 00pas MHOMWHE A, MuoxuHae [(X)CY wazn-
BacTbeR ofpadom abo obracmro anavens sifobpamenus f
i nozrauseTLen vepes R, = f(X).

Hrmo muoxmHa B c Y, 1o MmHoxkuHEa fUB)={x € X: f(x) € B}
HAAUBBCTheA npoobpazom MHEomund B sipmocao sigobpa-
skeHHH |,

Banuc y = f(x) dyaErgiomanerei sadesHocTi aMimHOl y Big
anindol x (o HA3UBACTRCH ap2yMermom pyrryil) Menm indopma-
THEHHA, Hisk 3AO0MC y BUraajl Bigobpazxenma [: D, > Y, ockinnkn
NOBMHHA HONOBHIOBATHcH imopmanicw mpoe obiacTs BusHAuUeH-
HA — NiAMHOXKHAHY NDANYCTHMHX 3HaYeHbL APTYMEHTY X.

Fpagpivor dynxyii (aidobpaxcenna) :X — Y Hasuraerncs cy-
KYIHICThL ¢ fJBOBUMIDHEUX» TOUOK (x, Uy} BURY (x, f(x)) ¥y AekaprosomMy
pofiytey X « Y. Came B unoMmy posyminni cmumyeoina ¢ rpadixom
¢yaknii siny, mapatona (e oxonnke Bick ¥) — rpadikom xKeagpa-
rranol dysxuil x? roujo. TaruM unbom, axmo Fc X x Y — suxinwge
dhyukIionaneHe Bignonienss, mo DopoAxye GyHRIio (Rigobpaen-
uu) f, To F B Tounocti ¢ zpadix pyuxyii f. He caig amimysaru
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NOHATTA «Mpadik Gyrxoil f» i «rpad pigHOmenHs F»: rpad 3a
JOTIOMOTOIC AYT 31 CTPiJIRaMH OMHCYE Jii0 BifcOpasxeHHA [ Ha KOXK-

HOMY 3Ha9YeHHi aprymemTty x (pue. 2.21).

Buau einobpaxenb

1. dyarnia f: X > Y HasupaeTscn
clop’ EXMueRuM aidolipaicenRam, AKHIO
ER; =Y.

Ha rpadi, mo sobpaxye crop’exmuene
pigobpaxzcensa X — Y, 5 6yAs-AKol Bepium-
HHM X € X BHXOOUThE TOYHO OLHA AYra, & Jo
B6yab-faKol BeplINHEH, 010 300paskye eJIeMeHT
MHOXHHEHA Y, 3aXoAdTL He MeHine ofniei
ayra (puec. 2.21).

2. dynrnia f;: X »Y HasuBacTncA
in‘exmuenum gidobpancennim, AKIC
8 X * X3 BUXOAUTE f{xy) # f(xs).

Ha rpagi, mo sobpaxye iH’eRTHBHe
pigoGparkeras X — Y, s Oyab Kol pepluu-
HE ¥ € X BHUXOLHTL TOYHO OAHA Xyra,
a I0 OGVAR-AKOI BepIIHHH, Lo 300pamyec
eeMeHT MHOKMHE Y, 3aX0ZHTH He Olabime
oxHiel gyru (puc. 2.22).

Axme f: X Y — in’exrupHe Bigod-
paskenns 1 F={(x, f(x)), Yxe X} — Bixg-

Xy ¥,
X3 Ya
*3e el

w

Puc. 2.21. Ilpurnag
CIOp EKTHEBHOTO
sBigobpakeHHna

x i1

Pue. 2.22. Ilpuxaan
in'¢eXTHBHOTO
Bipobpazxenus

nopigHe dyHknioHanbHe BigHomeNHRE (Fc X x Y), To obepHeHe
siggomenra F'={(y, x), Yy € R/} Tarok e pyHKDioHANBHHM,
OyerrOia x = f'(y), f1: R,—> X, wo sagacTbes BigHOMeRHAM I,
Mae BracTHBOCTL: F(f(x))~x, Yx e X; f(f W)=y, Yy € W; iHa-
sEBacThed ofeprencro ao GyHKRILL f.

3. ®yrrnia fi X » Y HasuBacTbedA Gickmuenum cidobpaien-
HAM, HKIOIO BOHA cop’eKTHBHA Ta in'e¢kTHUBHA.

Ha rpadi, mo sobpaxkye GiexTusHe
pigobpamenns X —» Y cxiHueHHHX MHO-
#MH, 3 6yas-axol pepmuH x € X BUXOANTE
TOUHO DEHA gyTa, a 00 OyAk-AK0ol BepLIHHH
y € Y saxoaurs oxHa i TiNBRM ofHA Xyra
(puc. 2.23). TaguM uuHOM, OicKTHBHe BiT06- Yy
pamenHa f: X — Y agificHioc B2aeMHO OQHO-
aHavHe BigoGparienms Mim MHOEHAHaMM X
iY, oMy X~Y, |X|=|Y|(aus. n. 1.6).

Xy, ol 1

X 2

Puc. 2.23. TIpaxmang
HieKTHRHOTO
BlaodpamxeHHA
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Buacrugiers OiexTuBHOCTI 3afesredye icHYBaEHS cbepHeHROrO
Bipobpaxkenns. ILle ospauae, mo Axmpo f: X — Y GiexTuBHe, TO
icave obepHeme BigoGpaskenns f': ¥ — X, npuuomy D,, = Y.

Ilpoinmerpyemo saranee mDoEATTA PYEKOil i clop’exrushi,
in’exTABHL Ta GiexThBHL BiTofpameHHd Ha OpHKIagax ¢GyHRENDio-
HaaLbEEX Bigwomen:s Tuny <«HKpoamkn — Kiaitxms. Bigmomenna
R;, R; Ba pnc. 2.19 pusHaqaTe Bigobpaxerss f,: 4 B, fu
A — B ignosineo, npruomy fi iH’exTEBEe, f: — mi. O6mABa Bi-
moGpazenHA He € cIOP’€KTHEHMMH, ocKinskm miena poaMimenms
Kpoankin 3aiuIanThes BRINEEL KAiTKH. Ha exewMi, mo 3chpaxeHa
Ha pHc, 2.24, MaomuEa is oiecrd kpoamkiz X = {a, b, ¢, d, e, )
posmimyernes y Muosndl kIaiTox Y ={1, 2, 3, 4}.

Prc. 2.24, ©yuxuia «Kpoaury — KaiTens,
mo He € BigobpaskensaM X - Y

1ls cxema posnimeHEs BiamoBizac sizpomenHe R, rpad axoro
sofpameRo Ha pHuc. 2.25.

qae 1

be
€ *2

d 3
h—_/__._b

fe —‘:“4

Puc. 2,25, Tpad pignomenna R = {(c. 1). (d, 3), (e, 3), (f. 1)

Tle eigHomenHa R ¢ dvEEmioRanesAEM, ante dyukoia f,
ARY s3afae R, suaHmaueHa He Ha Beiit muoxumi X, ockinbkp ne
Bcl KposMHMKE poaMimieHi B KIiTxax. OGaacTio BHIHAYeHHA GYHK-
il f € maomuma D= {¢, d, e, f} i o6nacTio sHavems R, =
= {1, 3, 4}.

PosraareMo gBa iHIIHX BapiaBTH posMillleHHA IIecTH

wponukiBp X 2a woThpma xiiTkamz Y, oo BxasaHi ma pue. 2.26
i2.27T.
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Pmec. 2.26. Bigofipa:xermua «Kponwxa — Kritims

R € clop’exruBENM BimofpaiKeNHAM, SAKINO Bel kaiTiy saftpari.
G¥

Puc. 2.27. Cop’exrebne sigofpamenna sKponuryn — Kritkus;
xl=67|=4

Jf peanisanii iH’€KTHMBHOT'C pPO3IMIMEHHNA ITECTH KPONWKiB
(IX = §) Beobxigno 3GiapIunTH KiapkicTs KaiTox Tak, mob BoHa2
6yna He MeHWIe 38 KinbkicTe Kpoamwin. Bizneosighe simoGpaikeH-
A f: X - Y Gyae in’exrAsHuM BifoSpasReHHAM, AKIIC B KoKHIE
kairoi poamimverncst He Ginkhie ofZHOro KDOXHKA, afle MOXKYTh
saJqnlIaTHea i mopowmAl KATKH, AKX OOKAsSAHO HA pHe. 2.28.

Lo <o
P E | o |G

Puc. 2.28. In’exrupne pigobpasenna «Kponmen — KaiTius;
IxI=86lv|=8

R e GiexTurHEUM BifjofpaXkeHAAM, SKII0 B ROXKEINK rIiTHi aHa-
XOAWTLCA TOYHO HO OXHOMY KpOAmRKyY (pme. 2.29).

L& |
&GP | o

Prc. 2.29. BicktwprEe pifofipasxenns «Kpomurr — Kaitens»;
xX|=6lr[=6
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JanuTaHuna

1. flxe BigEHOUIEHHS RA3WBAEThCA PYHKIioHAnNEEMM?

2. Illo Taxe obMacTh BHaHaMeHHA | oflacTh aHAYeHHA BifHOMIEHHA?

3. §Iue nigmowenas R c X x Y aagae pigobpasennn X —Y?

4, Halire BH3HEUEHHA ClOp’€KTUBHOrO, iH'ekTHBHOrO i GiexTHEHOTO
Binobpazkent, UM XapaKTepasyeTEcH Mpad KOMHOMO 3 IHX Bigo6-
pasxenn?

5, fHrunil pug pigclparkeHHA MOXKHS HE3BATH «BaraTo go ogHOTO»,
axult — toxnA ho oaHOro»?

6. Fikmii Buj BifoOpRIKEHHH MHOXKHEH A Ha MEWKAHY B CcTARMTH
¥ BiUOBIZRICTE KOXMHOMY eeMEATY MROMEAM A ogHH I TLIABKE
OAHH €JEMCHT MHEOMHHHN B Tak, mo0 ROMHNH eJEMEeRET MHOMH-
uu B nocrapdeHo y BiAMOBiRHiCTE OgHOMY i TITRKM OXROMY ele-
MEHTY MHOKEHR A7

3aBnaMun

1. fzi a EaBefiennx BiaHomeRs R A?, mo 3agaHi Ha MHOMKHEHI
A={-20,-19, .., 0, 1, ..., 19, 20}, ¢ dyaroionarsummu? Jia
GYEKIIOHATLHUX BifHOmeH: BRaAXKITH BiAmosiaEi OYREMIT:

a) (a, b) € R, armo a ~ b%;
6) (a, b) € R, amano a? = b;
B) (a, b} ¢ R, Axmp a < b;
1) {a, b) ¢ R, axmo ah = 6;
1) {a. b} € R, avmo a = b¥;
e) (a, ¥} € R, agmo b = a?;
) (a, b) & R, axmo a = b*;
3) (o, b} € R, axmo a = 1/b.

2. fAxi 3 dyskuik /, mo smalinenc npm poss’AlsHEL 3agaui 1, £ Bi-
AobpaxenEdAME BALY f: A > A?

3. Hexaii zagaso MmEoxuun 4, B, C i siggomensas B c A x B
i ScBxC. Ilogaxcite 5o mpuraagax, WO HaBefeHi BUCHOBKM He
TpPABHALHL!
a) axio R — dyaxunionantee sigHomenns, To 8 ¢ R — dyuxuio-
HaanEe Bigtolenna;
6) axmo R sanac BigoSpamenns A — B, To S ¢ A — nigoBpascenus
A
B) Axme S BAsHauac ciop’ekmiic B—»>C, 7o § ¢ R — ciop’ernin
A-C;
r) gxkmwo S puseavae iw'exninn B C, o § « B — in'exnin
A=C.

4. Hexaft sanano Muomnru 4, B, C i sigsomensgs R c A x B

i8S c Bx L. lomexiTs, mo:

8) axuo B i 8 — dyaxnjonantyi pigpomenna, To § « R — pyuk-
HionanLHe BigHOMIeWws;
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6) gxmo R i 8§ suzgavanTs Bigobpaxcenud A —» B 1 B —+ C pigno-
rigEO, T0 S ° R Buanaua€ BigobpakenEa A - C;

n) axmo R i S susmauaiors cop’ernii, ro 8 « B — Tanox
cop’eriio;
r) axmo R i § sumsHavalors in’ernii, To § ¢« B — ramnoxk
in’exnmio;
x) akme B i 8 suanavawnTh Gieknii, To S o B — Tanom
Giexmlo,

5, Hosegirs, mo grmo f — im’ewrurna Ppyuxnis, To icnye $yak-
nia .

6. Hexali F ¢ X x Y susnauae ciop’exrusny pynxuin, Yn usnevae
F! pigofipacerua ¥ - X?

7. 3ualiaiTe ob6nacTes BA3HAYERHA i o0aacTh 3HAUeHL TAKHX
dryarrii:
a) ¢yRxnia, axa KOXHOMY HeRif’eMHOMY minomy uucay x, x < n,
CTABHMTE Y Bianopinmiers floro oeTaHHI0 BUPPY;
6} ¢pyEKEia, kA pAgKy GiTIR AOBKHHOI < n CTARHTEL ¥V Biamosij-
HicTh KilBRiCTE OIMAHNS ¥ NbOMY DSAKY:
B} GYHERIA, KA pAgKy GiTiR JoBKHHOIO $ 1 CTABETHL ¥ BiADOBiA-
HieTe KinbkieTp 6iTiB, mo salRmHMMcd OpH PosGHTTL NLOIO PASKY
AAa Gafrn;
) GvERDIN,. Aka AN9 DIIOro SOAATHOTO YHACAA X, X £ N, SHAXOIHTL
galidlosmmeit Kpagpar, Ni0 He NEPeBHIUYE Ie THCIO.

8, Hexailt A i B — ckinvensi MEoxHEH, mo MicTATh BiznoBigHo n
i m enemenris: || = a, |B| = m. BasHadre cnissifgomenusa Mix n
im, axmo:

a) icHye in’exTyEHe BigoOparkesnsa 3 4 B B;
6) icEye clop’exTrene BifoGpamenHd 3 A B B;
B) icaye GiexTipHEe BimobpakenHs 3 A B B.

2.6. Pensiginna mogens faHux
FHopmex, domen, ampubym, Pernyiitna aarzefpa ma onepauii e nili;
00’ cORAMNA, nepemun, pisHuYR, RPAMUL dobymox,
O0MeNCHNA, NPOCKYiR, HamypaRste 3’ cOnannn, ditenna

OaHa 3 Halibinsin BAKNHBUX ranysell sacTOCYBAHHN KOM-
n’oTepiBa Ha cxOrogHi — me afepe)keHHd Ta 00pob6Ka BeJHKOIO
ofcary imdopmanii, me Mae cKAAZHY BHYTPiUIHIO CTPYRTYDY.
Ila indopmanis mosmuna GyTH NpefcTaBieHa B nmam’sti EOM
Tak, mob iil 6yao Jerxo 3aobyBATHM, HONOBHIOBATH 1 TMepeTBO-
pwsati. MH posrasaEeMc oJMH 3 MeToXiB mob6ynoBH 0as JaHHX,
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pospobaennit nanpuringi 60-x pokis i IMHPOKO BHKODHCTOBYBAEHHA
sapaa. Ockiabknu sofpasmenHs iHbopMmauil y BHTIAAL TabauIb
€ HaibinpIu spyYyAMM Ta 3BHYHMM AJIA JIOJHHHE, Horo Oyao B3fATO
a8a OCHOBY i moKasano, mio GyAb-siKke 300paskeHHA ZAHUX 3BOAHTE-
cH Jo CYKYNHOCTI ABoBAMipENX Tabamnih. 3 MaTeMaTH4YHOI TOYKH
sopy Tabauuue zobpaskeHHd NAHHX JNerko GopMYJIIOETLCH B TepMi-
HAX BiHOIMEHL, 1 TOMY [0 HLOI'0 38CTOCOBAHO auapaT Teopii MHO-
kAR, TAKA MOJeNnks aHMX HABWBAETECA perRAyidnown (relation —
Bisnomenns). Jaa poboTu 3 peasyiinoo modearw OyIo CTBOPEHO
peasyiiny aazebpy. Koxna onepania mici anrefpz sakopHCcTOBYE
oany abo Kinnka taBmune (BigHOWeHL) Ak il onmepaHAiB 1Ipozy-
Kye B pe3ayiARTATi HoRy Tabmuiw, ToGTO [03BOJSE «pospisaTds
Ta «crIeroBaTis Tabauni. OcuopHa iZes pexsaniiimel anreGpu:
OCKITEKH BITHOIMEHHS € MHOMHUHAMH, TO 3acobu MawinyaioBaH-
Hg BianomtennaMuE MoxcyT: 6a3YRATHCA HA TAKMX TpagHmiftHHX
TeOPETHKC-MHOMHHHAX omepalnigax, ar ob’'efHaHHA, NEepeTHH,
pisHUISR, JAekapTis Ko6yTOoKR, MONOBHEHHX JeAKHMU cIellialLHHMM
ONepaIiaMM,

PoaraaHemMo NpHMEIafH pefanifiHoro sofpaskeHHA AaHKX. He-
xafi ¢ indopManizs mpo cTyiaedTin yuinepcuTeTy, mo zofipaimena
B Tabauni 2.1.

Tabruyn 2.1
Ipiserme Ininjiaan T'pyna
Anexcecn I. A KH-01
Angpeena Q. I1. TIM-01
BaparoB H. II. 11M-01
Braxona H. A. KH-01
Bouarkos B. B. M-01

s iudbopMarnia asnae coboio geske BifRomengs R, mo
sajaHe HA TPhOX MHOMHHAX — MHOXKHHI OpizBumm, MHoxugi ini-

nianir 1 maoxkuri rpyn. BigHomenus R, MOXKHA 3a5aTH CIMACKOM
iforo exementTig:

R, = {(Anekcees, L, A., KH-01), (Angpeesa, 0. I1., IIM-01), ...,
(Boawxos, B. B., ITM-01)}.
PosriAaBeMo TepMiROAOTiI, IO 3aCTOCOBYETHLCA IIiJ =ac moby-

AOBY MOAISHMX TaGNIUNE AaHKX. EneMeHTH BigHOINeHHA, Ak (AJeK-
ceeB, [. A., KH-01) i (Amnpeera, O. I1., [TM-01), mo mignosizaioTs
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pAgkaM Tabanii, HA3KBAWTEEA Kopmencarmie. Muoknun abo obracTi
JAaHWX, HA AKHX BASHAYSHO BiHOMIeHHS, TaKi, Ax MHOMEHA Ipis-
BHII[, MHOXMHS ixinianip 1 Muo:kuHa rpyn, 110 BiAEOBIZ2IOTE CTOBII-
mam Tabauui, AasEBarTLeE Jomendamu. HaliMemypanna cTopmiin
Tabarni HasuBaloTE ampubymaemu. BiggomlenHic DPEBIACHIOIOTH
iM’sn, manpuxknan, CTYOEHT 1. Cxemow SiOnowexnn € CNMCOK
aTpubyTis, Hanpuxaaj, cxemoio BigHomemra CTYIEHT 1 ¢ cou-
cok: (IIpizeume, lmimianw, I'pyna). 3o6pasuMo Oe BigHOWIEeHRA
Ha puc. 2.30,

Jna aMiud BMmietTy TakAx Tabaums v 6a3aX faEHX BHROPUCTORY-
oTh oitepanii JopaRaHBA, BHAANeBHS KopTexxip i aMinw sHaveHHA
arpubyris. Ile mpoeri omepauii is zanopHenHsa TaGauni.

PosrnsHeMo TeOpPETHHO-MEOKHMHHL omepsanii, mo aacrocomy-
OTECA AL TepeTBOpeHES BigHoINens v Gasi Jaumx, BUKOpHCTO-
BYIOUH TepMiEM peaaniimoi anre6pm. BigmowremHa, Jo AKEX
BACTOCOBYETRCHA ONepanifa, GyaeMoO HAZMEBATH BIOHOINeHHAMH-ORE-
pandamu.

EOMEHH
Alfexcecn I. A. IM-01
AMurpeena O. II. KH-01
Bapanos H.II.
Bukoza H.A.
Bonkce B.B.
CTV¥JIEHT 1
[Ipiapumge ImimiaTn I'pyoe —— aTpmubyTH
A LA -0
eKCEER A KH-01 > —
Anppeesa 0. 1. TM-01 /
Bapauos H.II IM-01
BrkoBa H. A, KH-01
Boakos B.B. IM-01

Punc. 2.30. Biggomennn CTYAEHT 1
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TeopaTuko-MHOXMHHI onepauil penaliddol anreGpu

06’ cdnanna gidnuouens. Ilpu erkonanri onepaiil o6’ egHanas
aBoX Rigwonmienk (L) ofep:xyeMo BimmolleHHs, Mo BEIoUae Bel
Koprexxi, ARi BXOAATH Xoua 6 B OLHe B8 BiHOUIEHL-OICPAHJIR.

Hepemun sidnowens. IIpy BUKOHAHH] onepanii NepeTHRAY ABOX
nignomens (M) ofepKyemMo BifHOIMeHHA, N0 BKIKTAE TIABEH Ti
KopTexi, Akl BXogdaTs B o0nBa BiAHODIeHHA-OUepaHAa.

Piznuyn eidnouwens. Bignoniennd, axe ¢ pisuuneio (\) xBox Bia-
KOIIeHb, BRIMOUAE Bl RopTemi, 10 BXOJATEL AO BiJHOMICHHA — Nep-
it omepaHz, Tari, mMo MOAHE 3 HHX He BXOAHTH A0 Bifnolmenusa,
fiKe € IpYraM ONeDAHKOM.

1Ii opmepauii MawTE ceHC IAA BifEOIeH:, Il0 BHIHaYeHI
He OJHRKOBEX AomeHax. Poarnsyemo Biggomewds CTYIAEHT 1
i CTVIEHT 2 (puc. 2.31).

CTYOEHT 1
Iipiasuige Ininjianm Fpyma
Anexrcees L A. KH-01
AnppeeBa O.1I. IIM.01
Bapanor H. 1. MM-a1
Braxona H. A. KH-01
Bonkxos B. B. IIM-01

CTYQEHT 2
TIpiasuine Iminiamu Cpyna
Ajenceen I. A, KH-01
Bukxosa H. A. KH-01
Apoanor I K. KH-01
danfen 0. H. 1IM-01
Kysnenosa E.B. KH-01

Puc. 2.31. Bigpomerra CTYIEHT 1 i CTYJEHT 2

3acTocyBapllly onepaii M, w i \ go sigpomenr CTVIEHT 1
i CTYHEHT 2, oaep:xmMo Takxil peaynktarn (puc. 2.32):

CTYAEHT I n CTYHEHT 2

Ipizeume Inigiaxun Tpyna
Anexceen 1. A, KH-01
Euxora H. A. KH-01
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BCI CTVZEHTH = CTYHEHT 1 v CTYVOEHT 2

Hpizpume Iminiara T'pyna
Anekcees I A, KH-01
AuAapeena 0. I1. mM-01
Bapamos H. II. IIM-01
Brkana H. A. KH-01
Boaxos B.B. IIM-01
Ilpoanor LE. KH-01
Balines 0. H. mM-01
KysHenona E. B. KH-01

CTYHOEAT I \ CTYQEHT 2

IIpiasume Imimiaan Fpymoa
Aznzpecpa 0. IL IIM-01
Bapagon H.1I. 1IM-01
Boakos B. B. TM-01

Pre. 2.32. PesyasTaT BHKOHAHHA ONePRIOiA M, U, Y

CxeMaTHYHe BUKOHAEHH onepanii ~, v, \ 3ofpameno Ha
pxe. 2.33.

Prc. 2.33. Cxema BHHOHAHHS oOepamiE M, ), \

Poarnabsemo onepaniie, sxa € gexaproBEM abo npamuM noGy-
TKOM BiOHOLIEHE.

Hpamud dobymox sidrowensy. IIpy BAxOHaHE] DpAMoro JobyT-
Ky (x) ABoX BigHOIIEHR OAePKYEMO BiIHONIeHHA, MHOXKMHA KOpPTe-

AR AKOTO € AeKAPTOBEM Ao6YTKOM R¥PC
MHOKWH KOpTexkie mepmoro i Apy- Hazu. plx Kype
roro ouepanais. PoaradHemo Big- 2001~-2002 1
momessa CTVIIEHT 1 (pue. 2.30) 2002-2003 2

i KYPC (puc. 2.34). Puc. 2.34. Bignomenuna KYPC
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BuxoxaeMmo npaMuii zobyrok sinHowenna CTVAEHT 1 Ha
Bigzowends KYPC (pue. 2.85).

CT¥JEHT I x K¥YPC

IIpissame Ininiany Cpyra Hanu. pix Kype
Ajexccen I. A, KH-01 2001-2002 1
Anexrcees 1. A, . EH-01 2002-2003 2
ARfpeesa 0. I1. TIM-01 2001-2002 1
AHppesbA . 1. TTM-01 20022003 2
Dapanor . IL. IM.01 2001-2002 1
Bapason H. II IM-01 2002-20603 2
Bukosa H. A KH-01 2001-2002 1
Buxoza H. A, KH-01 20022003 2
Boaxos B. B, IIM-01 2001-2002 1
Boakos B. B. IM-01 20022003 2

Puc. 2.85. PeaynLTaT BUKGHANHS OpAMoOro AofyTRY Binmoment.
CTYIOEHT 1 i K¥PC

CxeMaTHYHO BAKOHARHA onepamii x sc0paseno mHe pmc. 2.36.

[
X

ba‘ ‘

¥

Puc. 2.36. Cxema BHKOHaHHS onepaiii npamoro gobyTxy BiAHOIIEHE

Tenep mepeiizeMo R0 pPOSrIARY CHemianbAKMX omepanii, Mo
aacTocoBaHl v Hazax AaHMX.
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CneuianeHi onepauil penayiddoi anrebpun

Obmexcenna sidnouwennn. PesyarraTom ofmesxexns BifHo-
e (o) sa aeakum atpubyrom abo arpubyraMu, € BigHOIIeHHAA,
0 CKAAJAETBCA B TOYHOCTL 3 THX KOpTexin, AKI 38J0BOJLHAKTEH
YMQBY ©.

BukozHaeMo obMesxeHHs piznomenss BCI CTYIEHTH
(pmc. 2.32) sa arpwbyrom 'pviia = KH-01. HazgeMmo pesyasTaT —
CTYHOEHT XKH-01. B pesyapTari olep)xEM0 BigHOIMEHEHA, M0 Mic-
TRTE TITBRY KOpTexi, B SKHX seaueAHd aTpubyra Ipyna sopiedioe
KH-D1 (pmrc. 2.87).

rpenn = sn { BCL CTYHEHTH ) = CTYRAEHT KH-01

IMpissume Ininiaan ' Tpyna
Arexceen I. A. KH-01
Baxora H. A. KH-01
Ipoagon L K. KH-01
Kyanenosa E. B. KH-01

Pnc. 2.87. OfmMerkeBEA © 34 sHaueEEaM KH-01 arprbyre I'pyna

Hpoexyia sidnouwenna. Ilix 9ac puxosaHns npoeknii (m) Big-
HAOIIcHHA Ha safaHRH Habip #fioro aTpulyTiB BigHOIIEHHA pe3yabTaT
BUXOLATH IIAX0M BHIAJeHHA 3 BIJAOLICHHA-OIepaHAa aTpubyTiB,
He bREa38ANX Y safavoMy HaGopl,

Brxronaemo npoexniro Bignomenaa CTYIEHT 1 KYPC za ar-
pubyrame Fpyna, Hasq. pix, Kypc (puc. 2.38).

Toyas. srmm. p. wype (CTVIEHT 1 EVPC)

Tpyna Hagsg. pix Kype
KH-01 2001-2002 1
KH-01 2002-2003 2
IM-01 2001-2002 1
IIM-01 2002-2003 2

Pue. 2.38. IIpoeknina sa arpubyramu I'pyna, Hasu. pik, Kype

CxeMaTHUHO BHKCHAHHS oRepalil n szobpaxeHo Ha puc. 2.39.
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Pac. 2.39. CxeMa BHKOHAHHSA
oliepamrii mpoekmnit sa A;, A;

Buxoracmo npoexniw sigmometinn CTYIEHT KH-01 sa atpu-
Gyramm [Ipissume, Imirgjanu (pme. 2.40).

IPIBBHINE CT KH-0! = Ripameme, setisne (CTYHNEHT KH-01)

IIpiseRme [einjiam
Anepcece L A.
Buxona H. A.
Ipoagos 1. K.
Kyayenona E. B.

Pac. 2.40. TIpoeruia CTY,IEHT KH-01
sa arpagyramiy [Ipiswame, Irioiany

Hamypaavie a’cdnanns sidnowens. ¥ HaTypadbHoMy 3’ cjHaH-
Hi gpox BiaHomeHE ([><]} YTBOpPHOETLCR pesyabTyioue RiZHOIIEHHS,
KOPTeMi SKOrD € 3’e{RAHHAM KOPTEeXip Oeponloro i Apyroro BigHOo-
IeHb, AKOI0 SHAYCHHS CHLNLHMX ATPHSYTIB crHiBmagac.

CxeMaTHYHO BHKOHAHHR olepaunii =] sobpaxeHo Ra
puc. 2.41.

Ppe, 2.41. CXeMa BUKoHaRHA onepamii 3'ciHaHHA BigHOINeHL (f><])
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Poarnanemo Bigaomwenss HOMEP (puc. 2.42).

HOMEP
IIpiasume Iainiamm Boaikose KHIOKKa N Crya. M
AlleKkcees I A. 11197 784567
Axjpecsa 0. H. 11215 7845656
Bapauon H. I 11213 784508
BHKOBA H. A, 11216 784588
Boaxos B. B, 11217 784599
Hpoagos I. K. 11193 784611
3aitnes 0. H. 1114 784601
Kyanenopa E. B. 111956 785587

Puc, 2.42. Bianomenes HOMEP

BukonacMo HaTypaibHe 3’ ¢qEaHAd Biguomenr CTYIEHT XH-
01 i HOMEP (puc. 2.48).

CTYHEHT KH-0I =1 HOMEP

IIpizpuiuie Inimiaan TI'pyna Sarikopa KHKARHKA N Crva. Ne
Anercees 1. A, KH-01 11197 784567
Buxosa H. A. KH-01 11216 784588
Npozaos L K. KH-01 11193 784611
Rysnencsa E. B. KH-01 11195 785687

Pne. 2.43. Ilpupoaue 5’efmaung CTYIEHT KH-01 i HOMEP

Hinennsz sidnouwiens. Onepanin ginenss Bignomens (+) Bin-
OyBacTbCd TAKKMM YHEOM. BigHomreHHs — AiABHHK TOBUHHO MATH
Babip arpubyriB, mo BRJANYeRO xo0 Habopy aTpubyris Lizenoro.
PeaynbTymoue BigHomendA MicTuTh Ti aTpubyTm ginencro, aki me
NpHCYTHL B AinbHUKY. BHaAYeHHS 1uX atpubyris GepyThes 3 THX
KkopTresxkis ginedoro, SKi BRAoYalTh J0 cefe KopTexi AinpEMKAa.

CxeMaTHYHO BHKOHAHRY onepamii Xiiemms BigHomeHb 306pa-
WeHo Ha pHe. 2.44.

Pac. 2.44, CxemMa PAKOHAHHAA oNepanii mineHRA BigHOWEEE (+)
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Tenmep BEKOEeeMo jgineHHs Rigmomreans HOMEP (pue. 2.42)
Ha Bignomenua IIPIBBUIILE CT KH-0@ (pme. 2.40), suxopncto-
BYIOUH CcXeMy pHc. 2.44.

B pesyawsraTi ginenHs ME ofepikycmo TabaMUic FoMepiB €Ty-
gertie rpynmn KH-01 (pue. 2.45).

HOMEP + TPISBHITE CT KH-01

Banmikosa KEHzHA N Crya Ne
11197 784567
11216 784588
11183 784611
11185 785587

Pec. 2.45. Jineanss HOMEP ma IIPI3BHINE CT KH-01

Kpim posrasEyTnx mamm onepanifi peasmifinci aareGpm, mo
HaGopy onepaunit Sasm gaEAX 3BHYANiHO BRIIYAETBCH Olepalis
NPHBJACHIOBRHHA, IO HC3BOJAE 30epeTTH PesyasTATH O0UMCIeHEA
anrefpaivAAX BEpasie, omepanis mepeliMezyeanHAa aTpufyTie, Axa
H&JAE SMOTY KOPEKTHEO cOpMYBATH 3arofIOBOK (CXeMY) Pe’3vibTyio-
goro BigHomweHHN TaA iHITI ®opHeHi onepanii.

@ 3anuTtaHun

1. Mo saBase cofown penauilinuit Merog nobyaoery Gas namux?
2. Ifo EasuBaeTLca KoprexeM, aTpA6yToM, goMeRom? Hasenits
npHKaaz.

3. HameniTh reopermko-Muo:keHE! onepanii, U0 3acTocOBYKOTHCA IpH
pobori 3 peranifiAEME GasaMu JaEux. IloscHiT: npEHUAN iX BH-
KOHaHHA. .

4. Haazsits cueuiansui penaniitni onepauii, axi pam pigomi. Iosgcuits
IIPKAUNN BHKOHAHHA HOMHOI 3 HMX.

5, fIk peamisoBani posriIsHYTI B koMY posziii onepauil Baa sizmo-
menrEAME v CVB]l, @ axow BA mpaioere?

@ 3apflaHHA

TiobepreMoca g0 BigHOomewus, Ake posrnamanocd v p. 1 i Byao
CRIAfleHe ONa Aeskol muaaiiepcrkol dipmu v M. Xapxosi.




BidrotuenHs

7

dbipm—npoaymum-l

Haapa Micto IIpopyxuin
YIIII «Orions Ogeca melxri
TOB «[llexrs Xapkia CBITAIRHAKHA
YKIO «Sits Oneca Mebxni
YKII «Bit» Opeca e THAPHHKE
TOB «House» Xapkin CBITIIBHHEKR
TOR «House» Xapkis MATePpiATH AN PeMOHTY

IIpanycTumMo, icEye me ogHe BigHONIEHAR, CKAANEHE AeAK0I0 dip-
MoK ¥ M. Kuesi.

Gipma-npodyxyia-2

Haasa Micto Tipoaykruia
TOB «Huenp» Kuis MATOPI&IN ANH PEeMOHTY
HKII «Virtas Kuis caETexdixa
YKH «Virtas Knle ILANTKA
I «Orions» QOpaeca wmeboi
UK «Codins Euis canTexHika
YKII «Cohias Knla TAWTHA
TOB «lerns Xaprin CRITHILHWKY

1. Baxomafite onmepanmii o6’canamas, mepeTHRY i pDisHHEL manx Big-
HomewuaMA Pipma-npoayruis-1 i Tipma-npoaykuia-2. Axwui
CceHe MOJKe MATH 3acTocyYBaHgs Nux onepaii#t? Haspirs Tabun-
M0, OogeP:AHY B pesyALTATI BUKoHanna onepamnil of'cananua

DipMa-opoRyrIia-3.

2. BuxoHaliTe 3’¢iHaHE& BinHomenr DipMma-npoaykUia-3 i dipma-
Teaedon. Biguomennn dipma-renegon Taxe:

Dipaa-meneon

Haagpa Teredgon
YT +Qrione 784-556, 784-557
TOR o]lenbe 145-134
HTRIT +Sits 356-777
TOB sHouses 122-890, 126-713

TOB «Juenps

555-78-12, 553-77-09

HKIL «Virtas

233-T7-77, 233-77-78

YKII +Codias

850-00-09
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HagsniTe BifHOIMERHA, Oflep)KaHe B DE3YILTATI onepanii 2’caHanng
dipma-TpoAyEOia-TexedoH.

BubepiTe ABa BapiaHTH BUKOHEAHESA onepauii opoeknil zo BigzomenR-
ua Dipma-oponyxmis-renedon. Ba axAMU aTprGyTaMH BR poSHAH
opoermii?

Buxonafite ofmexxennd Bignomenna Pipma-npogyenia-renedon
38 YMOBH:

a) Mpoaysnia = mebui;

6) lIpoayrnia = MaTepiany gan pemonTy, Micro = Xapkis;

B) Micro = Opeca.

Hx amiEoeTsea umAcao wopTexis i (abo) arpubyris igmomenna
i Yac DRKOHRHHA EMBYEHMX HAMM omepanilt. PoarnaniLte xomuy
QIEPAIily OKpEMO.
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AnrebpaiyHi
CTPYKTYpH

3.1. Anrebpaiydi onepauii Ta ix Bnacrusocri

Yuapra onepayia, Givapua onepayis, n-apra onepeuis,
onepand, sanucu infix, prefix, postfix, maoauysn Keni,
KOMyMAamusiicns, acoyiamusnicms, ducmpubymushicms,
oFuHUYR, OlePHERLR eReMennt, onepayii dodasanna

ma MHOMEHRHR 30 Modyiexm

IMouarra anreGpaiuHol cTpyKTYpH RKIIOUAE BU3HAUYEHY
MHEOMHHY 06’ckTin Ta onmepanmifi maz mumu ob’extamMu. Ockinnku
OpaKTHUEO B Gynbp-ukilt sagaui ofpobkm gaHuNX 34 FONOMOTOI
KoMM'I0TEpA BHJIINACTLCA MEOMHHA caMux faHMx 1 omepanii, axi
3ACTOCOBHI MO NUX JAHUX, OUESBHJIHO, 10 NPH ThoMY GopMylOThECH
BUSHaYeH] anarebpaianl cTpykTypu. Mu Bixe spaiiomi 8 aarebpaiz-
HEMHM CTDYKTYD4AMH HA MHOKHHL HATYPAJBHEX, DIAHX i Aiffcanx
gMuces, Ha MHOXUHAX T4 BifHomemrax. PosrIAazeMo Taki anreb-
paiuHi CTPYKTYPH, K NiBrpynH, MoHoixau irpymnu, mo, 3aKpeMas,
BHKOPHCTOBYIOTECA LIA NePeTBOPeHHA DAJKIB cumEBOAiB 1 BepyTb
y4acTs ¥ dopMyBaHHl OUIBOI CKAAJHEX CTPYKTYP — Kijnens i mo-
Jie. i ooraTTa e 6a30BEMHE gag 3araibuol Ta JAinilfincl anreGpu,
BHKOPHCTOBYIOThLCA HiZ dac poGOoTH 3 MATPHIAMH, HPH KCOYBaHHI
isdopmanii Ta oHpobnoi aanEX.

Bw3aHayeHHA

Onepayicio Ha MHOWHI S HasuBaereeda byHEnis f, axa
€ BigoOpaskeRHAM BHAY S* 5 8, n e N, ne 5" — gexaprip
ZoGyror 8 x 8 x.x $, B AKAA S BXozuTL n pasie.
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¥ unnoMy BuanauveHHi € gBa BaKJAHBHX MoMekTH. [lo-mepie,
ocKLIbKH onepallis € PyHKIiew, TO Pe3yALTAT 3ACTOCYRAHAA oNiepa-
il eusuaveno oguoanavyuo, Tomy naHdi} yiopsgkosaHAN Halbip a n
efeMeHTiE MuoxHHHE S QYHKIIA [ DepeBoJNTE TINLKKM B OOMH
eneMenT ia S. Ilo-apyre, onepaliia saMkHena {zvws. u. 4.8) Ha §
y ToMy posyminei, mo obnacter BH3HAYeHHA Ta ofJIAcTh 3IHAYEHB
onepapii mesxate v §" 1 & BinmoBigHo.

CTBEpXXVIOTE, 0 omepania 5" — S mae nopzdor n afo €
n-aprowo onepayieio. Hacrime syerpivaerhed cutyruis, xenu aopa-
oK Aopiedioe 1 aBo 2. Onepanii supy S — S HAGUBAITDL JRAPHUMIL,
a omepagii 82— 8 HasupaloTk Ginaprumu. EieMeHTH ymopsjiKoBa-
HOTO HAGOPY 3 n €NeMeHTiB B 06jacTl BM3HaueHHS S° HAIHBAIOTH
onepandanmu. Onepanil 3pH4aiHO NOIAAHAIOTL CHMBOJNAMHA, L0 Ha-
3HBAKTE onepamopaMu. Y BUafky YHAPHUX olepaui#i sBuuaiino
CHMBOJI CIIepPATODPA CTABJATL Ireper ado Haj onepasjoM.

Ipuxknage. ITpuknageMu YRapHEX onepanifl € onepanis aminu
snaxky (~) Ha muommuMi mlicuux umcen R{-2,878:— 56), omepauisa
3BEJEeHHA JO0 CTENeHS (HANMPURAAK, A0 KBAApPaTY) Ha MHOMMHI
R: 562,72, B anre6pi muo:kHH npuknagom ymrapuoi oneparii
€ ONEpANiA ZOHOBHEHHTI MHAOMHKH. BimapHHMH omepanismu na
MHOXUE] gifieuux uaucen R e apmbmerwwni omeparnii — Kozapau-
HA, BifHiMaHHg, MHOXeHHA, jgimenns (+, —, =*, /). B axre6pi
MAOKER GimapuuMn e onepanii — of’caHanua (), OepeTHH (M),
pianuns (\).

Onepanii sanucyoTL oAHHNM 3 TPBOX cmocoGis., ¥ mepluoMy
BHNIANKY ollepaTop CTaBMTEes Misk omepangamn (infix), y Ipyro-
MYy — nepeX cnepaiaMu (prefix) 1 y TpeThoMy — NicJA orepanzin
(postfix). PosrasiHeMo TPH BapiaETH 3anucy GiHepHOi omepauii
aputdMeTHYHOTO BUApPasy a + b.

infix:a + b,
prefix: t+ab,
postfix: ab+.

Bignoeifto po BinplIoeri maTeMaTHYHHX TeKeTiB MM 6yaemo
BUKOPHCTOBYBATH TTO3HAUYEHRA infix. Popmu sanncy posifix i prefix
MAITL TY HepeBaly. Lo He noTpedyIOTh AVKOK IIPH BH3HAUEHHI
MOPAZKY o6McAeRb CKIATHHEX BuUpasls, 1 Le podHTh IX ocobiImBO
SPYYHHMHY IAA ABTOMATHYHOI oGpoOkH. BoHH uacTo BHKOPHCTO-
BYWOThCA NI HNpeLcTABNeHHH BHpPAa3iB y maM’sATi KoMmo'wrepa.
Mpm poarasnemo ix Bimbin AoknagHilDe Ma npuxiaani postfix.
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AnroputM of6uHMCcNeHHA 3HAYEHL BUPARY, 0 3amucaHWi y thopMi

postfix, BMTIAAae Tan:

1) Ilpuz mepernsazi samucy 37iBA HAIpaBO BMKOHYETHCHA HEPILA
sAnljacHA ollepania, Akii GeanocepegHbo NEpeAYe LOCTATHSA
aaa Hel KinbkicTs ommepaHAiB.

2) Ha wmicui pukonauoi oneparii i puxopHeTAAMX IAS HBEOTC OTE-
PAHSIE V PAADK AAOVCYETLCH PesYILTAT BMKOHAHHA oueparil.

3) Ilomepraemoca £o Kpoky 1.

Ipuxnan. Hexail e supas, axuit y cTangapTaiit 3suunit gna
Hac infix-GopMi BUrAgfae Tak:
1+2x3+(4+5*(6+T).

PesyarraT nepeseflegns Horo ao posifix 6yge TAKHM:
123 » + 4567 + * + +,

OfupcnaMo Telep SHAYCHHS BHPA3Y, BUEODHCTOBYIOUH HABC-
JeHUft anropmTM!

1283+*4+4567++++=16+4587+*++=
=T456T+*++=T74513+++=T465++=
=769 + = 76.
ANanorivHO 3aNKHCYOTHECH BHPASA 3 HEUHCJOBMMH 3IMIHHUMH
B anrefpaiunil# dopmi. Hasegeni mapu supasie sanucaui y dopmax
infix i postfix eigmoBigmo:
ay(at+P)rc+dtexfrg,abrerdt+efr+ g+
6jat+(br{ct+td)+elrfrg,abed+re+frtg+.
KpiM crapmapTH® BigoMRX HaM onepaliil (Ranpuxriag, +, —, *),
ienye Garato igmpx. My 6yAeMO BHKODHCTOBYBATH CEMBOJH &
1 gna nmosHauedHA alcTpakTEMX GiHapHHX onepauii. I[nak-
e KaOKYYY, CHMBOAN & 1@ BRKODHCTOBYIOTLCH HK 3MIHRI Hias
nosHaueHHa ByAL-mRUX oNepaniil. Bimapui omepanii, Buazave-
Hi Ha CKiIHUeHHHMX MHOXHHAKX, 3py4HiNlle 3afagaTM 38 [JOTIOMO-
roio Tabauus. Tabawnus {rabn. 3.1), uio sajae Aesiky bGimapnuy
onepaniw & Ha geaki¥ mHoMHHI A, HAazuBaeThca mabauyero
Keri, {1 paaryu Ta CTOBIHI HYMEPYIOTLCA eJCMEHTEMH MHOKHHH
A, aenementaM Tabauni, mo croires Ha Te-

. s ) Tabauys 3.1.
peTuHi PAAKY G; 1 CTOBNUA aj, €@NEMEHT qco o 1o’ 500 ©
= a; @ a;,.
laid|e
IIpurnan. Hexall omepanis ® ensna- a o a|b
yexa Ha MEoXHEEL {4, b, ¢} 3a Aonomorcio blo|ae|c¢c
Tadauni 3.1. cjlals|b
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Orxe, a @b=a, b @b=a,c@®b=2>, ..

Ouernjino, me BEKOPHCTAHHS TAOGAHMIL MAE BeNHKe BHAYCH-
Hf, OCKiNLEW neari omepanil, 3 AKHEMH ZOBOLHTBHCA MAaTH clIpaBy
B KOMD'10TepHil MaTeMaTHIi, Ae MPHAATHI AJA CACBEeCHOrO 3AB-
JaHHS.

HapemeMo BAXJIMBI BJAACTHBOCTi, AKL MOMKyTE MATH OoOoe-
parii.

Bu3navenHs

Hexall nano MEOMWEY A, Ha Aril BusBaveno geaxy GinapHy
onepaniro . Avmo ¢ ¥ b = & @ a gaa Bcix @, b € A, TO
CTBEDIMYIOTH, 170 SiHapHa onepagid @ Ha MHOmHHL A Mac
BNACTHBICTE — KOMYMAMUGHICMS.

Axmo (a D 0) @ c=a @ (b @ ¢} paa scix a, b, ¢ € A, TO
CTBePAKYIOTH, 1o OiHapHa onepamis @€ Ha MEHOKHHI A Mae
BNGCTUBICTE — GCOYLATRUGHICIRD.

Hexalt HEa MHEOXHHI A BH3HayeHo gBi OimapHi onepanmii @
i @, fArmo pas seix ¢, b, ¢ € A nuxonyerses ¢ ® (b B ¢} =
= (g @ b) & (a & c), To cTEBEPPKYIOT, Mo onepania @ mae
Bnacrusicts — duempubymusenicms pigHocHO pnepanii ®.

3ayBamuMo, Mo ¥ Bu3HaYeHB] aconiaTHBHeeT DOpAAOK onepas-
mie @, b i ¢ sbepexeno (onepanis Moxxe OYTH HeKOMYTaTHBHOIO)
i BUIKOPHCTAHO KPYTAL VKN, W00 Bkasarh HOPSADK BHKOHAHHA
onepanifi. TakxuM auHOM, BHpaz (¢ ® b) @ ¢ morpebye, mob cmo-
varky obuncuopanoca a @ b i moTiM peayarTaT Oboro (ckaximo, x)
Gpap ydacTh B ouepamii x ® ¢ Ak mepmuit omepapa., Axme one-
penis acoOiaTHBHA, TC DOpAAOK ofuucNens HecyTTeRuit i, oTHe,
AYHKY He noTpelyloTned.

MIpuxaan. 3suuaitina 6inapma omeparmia JorzakawmA (+) Ha
MuoauH] gificanx wiacenr R woMyTaTuBHA i acouiaTWBHA, A olepa-
nig signiMannaa (—) — HexoMyTaTHBHA 1 BeacomiaTEBHa, TOGTO

at+b=bt+a,anea-bzbd—a;
e+ +e=a+t(b+tc)anef{a—B-c=a—(b— o).

Kpim Toro, ma mMAoxkuui gilficedx duncen R MHOMeHHA AHCT-
puGYTHRHE BiHOCHO JONABaHHY, 4 AOASRAHAH HE JACTpUOyTHBHE
BiTHOCHO MHOM»eHEA, To6TO

a*btel=a=*xbtaxc,(at+by*rc=axc+b=reg,
atea +{b*e)#{a+b)*{a+ o).
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[Ins poas’ asauns piBHAHL BiZEOCHO KoXcHO! oneparil y MHOMHE-
Hi-Hocii anreGpaianol cTpYKTYpPH BHAINACTLCH 0co6ANBHI eleMeHT,
I HASWBECTLCH OJUHAYHUM EJIeMEeHTOM.

BuanaveHHA -

Axmio gna 6imaproi omepanil ® Ha MHOKFHI 4 icHye ele-
MeHT ¢ € A Taku#l, mo Aa4g Bcix g € A

e@a=aga®e=aq,

TOAL € HASMBAETECH OJUHULEF0 BIAHOCHO Ac omepanii .
Hexali ® — onepanis HA A 3 0OAUHUNELIO € | eleMeHTH X, if € A
88/JOBROALHAIOTE piBHOCTL

*r@y=e=yQux.

Tozi y HaznBacThcd olepHerum eremenmonm A0 X BiZHOCHO
Zo omnepanii ®, 1 x pasEBacTEes ofepuenum eLeMEHMOM A0
Yy BigHOCHO omepamii ®.

Inozi pospisEaloTs fiBi Te npasi opuEnul (64 @ @ = a afo
2 ® eppyy, = a ANA GyAL-aroro @ ¢ A) i nisl ra npasl ofepueni ene-
M@HTH, ofAHaK y O0inermocTti emmagkir ogumuni € AROCTOpOHHIMHE,
K Y HAIIOMY BHSHAYEHI.

¥ BunazKax, Konx 6iHapHS olepanis BBAXKAETECA AHAAOTIUHOIO
MHOKEeHHIO (*), OZMHAYHMIT elleMeHT no3HadacTecd 1, a ofepHenHH
JI0 eIeMEeHTA X eJeMEeHT JaIACYEThCA ¥ Buraaai x™'. Konu GixapHa
onepalisi BBAXAETHCA ARANOridHOK JOJABAHHIO (+), OFMHNUHHN
eJleMeET Io3HauaeTecAa 0, a o0epHeHHE X0 emeMeHTd X eJIeMEHT
sanHcyeThed ¥ BUrAAdl —x. ByIeMo raxox mosnavaty obepHeHuit
eJleMeHT A0 x aAK x'.

HaBegemo npUKIazd OZHHEOE 1 ofepHeEnx enemenrtin. Ha
MHOXKEHL giflcHEX YMcen R Oparolc OZUHHICK BiZAOCHO Zo BigHi-
MAHHA TA OAHHHOEO BiAHOCHO AOJABAHEA € 0, ocKIIBKH

a-0=g,anet —a=a, axkmo a = 0;
a+0=gqgi0+a—=a gna neix a.
B anre6pi MHOXKHMH AJA onepanil of'eAHAHEA ) OXMHHIHHM

eNeMEeHTOM € MOPOXHA MHOKHHA ¢, Ana onepamii mepeTHHY OXH-
HUIEI0 € yHiBepcaisHa mMEoXHMHa U.

Ona nopaapmore HeolXilHO BusHaYMTH onepauil gogaBaHHH
Ta MHOMEHHA 33 MoJyJeM N Ha MHOMMEL HiARxX umcen.
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BusHavyerHn

Hexait n — goBinepme HaTypaasHo dHcao. Jodasanns s
Modynem n Biaux duceld @ i b gasuBaeThed anrebpaigna one-
panis, peayALTATOM HKOI € pelrra Big almenns cyMu a + b
Ha n. Muoxennam ga modyream n uucen 4 1 b HasuBaeTLCA
anreBGpaiyna omepanida, peayanraTom Akoel e pemTa mif gimen-
RA floByTry a * b Ha n. 1{i onepanil (mozEauumo ix ®,, ®,)
BHUBHAYUEH] Ra MHOMUHL minux Hemin’empux uncen Z.:

ad,b=c, Tak, Mo a +b=k*ntec 0<e <n
a,b.ke-:Z+
a®, b=d,rak, moa*b=Ff*n+d, 0<d < n;
a, b, feZ,

O6nacTio sHaUeHs MY olepaliil € MHOKHHA UiAHX HeBiA eMHIX
yuced, MeHIUAX 54 7, moagaummo ii Z,, Z,={0, 1, .., n—1}.
TIacTO BUKOPHCTOBYETHCA TOIHAUYCHHSA

a + & = ¢ (mod n),
axb=d{(mod n)

ANd JOIABAHHA Ta MHCOMEHHI 33 MOAYJIEM .

HPKEJIBJI. Hazegemo IPHEJIaIH OO0RaBAHHA TA MHOXMEeHHA 334
MonyrneM n.

2®,2=23an. (4/3) =1, 2&®; 2 =23an. (4/3) =1,
2 @y 2 = Ban. (4/4) =~ 0, 2®,2=38an {(4/4) =0,
7 ®y 8 = an. (16/10) =5, 7 @ 8 = Bax. (56/10) = 6,
T ©2 8 = 3an. (15/12) =3, 7 @ 8 = 3an. (566/12) = 8.

2,

@ 3anuTauHAa
1.

HaiiTe BHaEatdeHRA onepanii i HaBeZiTh DpHKIagE onepamiil, moE
SRjani He plsEMX MBOMIHAX.

Hxi a mapefenux £ifl, o safani Ha MEOKHE] HATYPANLENX YHCET
N, MoxHa HAaBATH offepaIlisMp:

&) abinpmersa Ba 1;

6) sHAXOAMeRKA YHcla, KPAaTHOIC RaHOMY;

B) DOAaBAHHA 32 MOJVJeM J;

r) sHaxosKeHHd UUC/HE, MEAUIOrs, HiMK AAHE;

A) sHaXomReHRA Hailfiabmoro enminbeOTD AlabHHEKA:

€) 3HAXOIHeHIA YHela, sie NpH XineHAi #a 7 aae y saanmrky 6.

. Mo RasmpaeTrca mopagxoM onepanii? Hasegith npuxream yHaD-

Hol, 6iEapROi, N-apuol onepamii.
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4,

o

o masupaersed onepatopoM? Hasegirs mpHKIAN.

Hip spnaoTd coboo PopMu aanmcy infix, prefix i postfix? Ha-
BeJiThb Tpuxaagy. YoMy ¢opma sanucy infix MeHII apyduHa ANd
apToMaTHwHOI 0GpoGKU?

Akl onepaintil MoxHa T8 3pyYHO 3aZaBaTH 3a JOTOMOIOK Tabaams,
Yomy?

JaiTe BU3HaUeHHs BAACTHBOCTENR aconiaTHBHOCTL, JHCTPEOYTHRHO-
crl Ta KoMyTaTEBROcT omepamil. HageniTs DpuKAaZN.

IIpy BukoHaHHI AKOI YMOBH eJeMEHT ¢ HaSHBACTLCA OFHHUILIH
BifnocHO Aeskol cuepanil &Y

IIIo Tare obepHenuii eseMeHT Ho AeAKOr0 CAEMeHTY ¥ BiIHOCHO
feArol onepanii ®2

10.Yy € icaypapHA ogvHALL HeodxigHoK i (a60) HoCTATHROK) YMOBOIO

1.

Aan icaysauna ofepHeHMx enemenvin?

@ 3asaannn

Busyadre, yr saMxHeR] gaml onepanil BIAROCHO JaHMX MHOKHMH.
JanoBHiTL TabIKHI0 o3HAYCHHAME ¢3¢ — 3aMuHeHa afo «H» — He
SaMKHEHA.

x+yixuy|x—y|ix- | maxix, y)| mingx, p) § -z

Z (uini yncaa)

N (marypanegi uncaz)

x|[0cx <10, 2 e 2}

[x|-5<x<5 xeZ)

{z|-10£ 250, x e Z}

(22102 <10, x € 2}

2.

3.

4,

BuaHauTe, Y MaiOTh 3a83HayeHi omepaunif HareZeri BIacTuBoCTI.
SanoBHITL TabANI0 NosRedYeHHAMA «Taks — Mee | «Ilir — He Mae.
Omepanii posrasjaoTses Ea MHOKKEL ZificHUX ynees,

x+y|xnyle-ylle—g | max(x, y) | mine, ¥

AcoigaTupHa

Komyzarneaa

Mae ogmaiKa

OnnwiTe aaroprkT™m, SKWA BHaHatuae, aconiarmeaa Dimapua one-
pawis abo ui. BigaaMa BaHuME € Tadauud onepalil (omepanmis
207804 Ha ckivvenHif muomuni).

OnumiTs AAroOpNTM, AKBIH BM3HAYAE, KOMYTATKERA GiHADHA onepa-
mia @ eBigHocHo @ uwW Ait. Briguwmy pasuMm € TabAMI onepanidt
®1i@ (onepauii sageHi Ma ckindeundiil MHoZHHI).
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3.2. MoHaTTA anredGpaivHOI CTPYKTYPYU

AnzeSpatuna empyemypa, nifcmpyxmypa. :oMoMopiar,
[zomopghizm

BuaHaueHHs

AnzeGpaiunoe cmMpykmypoio {KOpOmMxKe — cmpyKmypos)
HASHBACTBCA MHOKHHA pasoM i3 3aAHEMHE ONepalisiMd, BU-
sHAYEHUMU i saMkHenuMy (aus. . 4.8) Ha mift Mzomnmi. Ia
MHOMUHA HABMBACTHLCH Rociem anrebpaiudsol eTpyRTYpH.

llpnxaan. AxreGpaidma cTPYKTYPa 3 omepanicio AonapanHg Ha
MHOkKH] N HaTypalbHMX uMces nosHauseTkeA (N, +).

Ipnxaan. Muoszuua Z; = {0, 1, 2, 3, 4, 5, 6} pasom iz 3Ba-
yafigolo onepanicio gogseanHa (+) ne Gyne anrebpaiqHor cTPyH-
TYpolo, OCKINLKH pesyiaLTAT BHKOHAHRSA onepanil Moxe He Hame-
MATH MEOXHKHEI Z;, Hanpuraea, 6 + 3 = 9, O ¢ Z;. Ane (Z:, B7)
¢ anreGpaiumom CTPYKTYROI, OCKINLKHM 06AaCTL 3HAYEHL Ollepd-
iy &; Jemurs ¥ Z;.

BuaHavyeHHA

Crpyxkrypa §' —(A', ®') ¢ nidempyxmyporo alrebpaiurol
CTPYRTYPE S — (4, D), argo:

1. 4 < A,

2. &' i @ onepanii ogHCro MOpAAKY i 3BYy>XKeHHA omepalii @
HE HigMHOMENL A’ cuiBmagae 3 onepauicio @' (EalpuKIaf, BAd
OiHapREX onepanid a @ & = g @' b gaA Beix a, b € A').

OuesmpgHo, wo Ha#binbmolo OigeTpyKRTYpPOID CTPYKTYPH S

ecama crpykrypa 8. ¥V gedxux PUOaakax IHIMHX TiACTPYKTYP
Moke He GyTH.

Mpuxnagn. Hexaii £ — MEOHEA NapHAX HATYPATLHAX UHCel,
Toni (E, +) 6vne mipcrpyxTypow ctpyrypH (N, +), e N — mHo-
AMUHA HATYPAJIBEHX YHCEJ.

Crpykrypa ({0, 1}, *) & DiACTPYKTYPOWO ¢TPYKTYPH (Z, *), Xe
Z — MHOXWHA HIINX qucen.

BiguonreHHA Mixk anre6paiudHMU CTPYKTYDAMU MOMYTE GYyTH He
TIILKM Taki, 0 BEAMOYAITL (CTPYKTYPa — IiZCTpYXTYpa). Mox-
muBi # iEmi BimHomeHHA, 0 Xo3BONAWTE agifcHioRaTH mepexinm
Bif CTPYKTYPH KO CTPYKTYPH, 3 BTpaTO0 Jenakoi imdopmanii abo
Gez BTpaTd iHdopmMamii.
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BuaHaueHHs

Hexai sagago gl crpykrypz (4, ®), (C, D) s onepaniamn
®, @ ogHOro nopaAAKy n. BimoGpakenunsa ¢: A — C Hasusa-
eThcH zomomopdiamom iz cTpyxrypu (A, @) ¥ CTPYRTYDY
(C, &), AKII0 BCHO NepecTaBlieHe 3 omepaniaMu ¥ TAKOMY
POJYMiHHI:

v 8=8- Eﬁi
Ae BigoBpaxenns 6: A" - C" pgie se mpaBrnioM

Pas, Az oer @) = (@(@1), @(az), ..., 9(a,)), Va; € A.
Dna Ginaprux conepauilf (n = 2), sokpeMa,

¢(x @ y) = o(x) © ply) Ana GyAL-AKUX X, ¥ € A.

I'pacdiuHe BrsRaYeHBA roMoMopdismy Aaf BAOAZKY OIHADHHX
onepauifl moacuioe pme. 3.1.

Sl

CxC c

[ ¢lx® )=
= p(x) & ofy)

Plx, 4=
= (o), ¢ly)}

Pac. 31 TomomopdisM g: ¢ (x @ y) = ¢ (x) @ @)

ARINO COpPOCTHTH HABeASHY iNIOCTpanito, TO OJePKHMO KOMY-
TATHEBHY AiarpaMy, fKe& LOOB A3YE€ OKpeMi eJeMeHTH MHOXHH Ta&
soGpaxena Ha pac. 3.2.

{x. 4 & = By

) o
(00x), 9) —E— 3 0(*) @ 0(y) = Y= B v)

Pnc. 3.2. 3p*a30K Mint oRpeMUMH ¢/IeMEHTEMH MHONXHE
TIpu roMomopdizMi @
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® . Yacro rarl giarpamu a06pamyoTs

Axd 4 y 6iasin cmpouleHoMy BMTAL, BHA3YIOWH

. TiTekH HeoOxigsi MHOMHHN, SK DorRazanmo
@ P Ha pue. 3.3.

Iloxidui giarpamm 4WacTo BHKOPUCTO-

oxe ® c BYOThCH NS aobpaskeHHs 3R'ABKIB Mix

CTPYKTYDAMHE, BOHU HAZHBAITECH KOMY-
Puc. 8.3, Komyratubia  momuygrumu, OCKiTLKH HOKA3YIOTH MOM-
mm&:&fﬁ:&’;mw ABICTh NMEPEXORY [0 PESYILTATY DIGHUMH
cniocofaMy (38 HANDAMEOM CTPiXOK).

Npuxsan. Hexaft sananoc sigofpasxkenuns 6: Z, — 2y, mo me-
PEBOAETE GYAR-SEKe Nije HeBig'eMHe UHCIO Yy PeINTY Bij AimenHA
nporo yuena Ba 10. Topl

9(20) = 0, B(17) = T,...

Arximo (Z., +) 1 (Z10, $1o) CTPYRTYDH 2 oneballicto apwyaiino-
ro zofaBaHHg +, 1IN0 BH3HAYEeHA Ha Z, i JomaBaHHAM 38 MOAYyJIeM
10 ua Z,, To 6 ¢ roMoMopdiaMoM 3 mepimol ¢TPYKTYPH ¥ IPYTY.
Hanmpuxaan,

8{24 + 38) = 9(62) = 2,
6{24) B, H38) = 4 @,; 8 = 2.

OxepRAHEA JAHOTO PeayibTaTY ABOM2 PisHHMH cHocobaMM
MOXKHA IDOLNMIOCTPYRATH KOMYTATHBHOIO miarpaMoio {puc. 3.4):

(24, 38) —1—» 62

] ]

(4,8) —%2——)- 2
Puc. 3.4. Komyrarupua giarpama. [ig roMmomopdisny 0
8 {Z., +) B (Zyy, B1) Aux enemenTie 24 i 38 MHoXURA Z

B saraneHoMy BUIAZKY AJAA roMoMopdiamy 0: (Z., +) —
= (Z10, B10) HoMyTaTHBHA JiarpaMa 6yfe BUTMAAZATH TaAk, AK e
aobpaxkeHo #a pme. 3.5.

[ " A——— )
5 al
@
By — 2 » 7,

Puc. 3.5. KomyraTupea giarpaMe rii roMoMopdgismy 0
8 (Z:, +) B (Z10, Dy0)



AnzebpaivHi cimpykmypu 83

Bu3HayeHHA

Fomomopdiam, sikui € Glexyielo, HASHBAIOTE iaoMopdiason.
Armo icayve isomopdisM Mixk JBOMa CTPVKTYpAMH, TO I'OBO-
PATh, 10O BOHH i3omMopdHi odra odniil.

Takunm SuHOM, MaH GyAL-gKOro isoMopdisMy ¢ icaye obepHe-
He Bifofpaxkennda ¢!, TakoMm E3acMHO ofHosHaube. fIwmo icmye
isoMopdisM cTpyKTYpPH S ¥ CTPYRTYPY &, To icrye it izsomopdiam
Q@yS.

Bidnowenns isomoppismy — ne 8iOHOUWIEHNKA eksiaarerHmuocmi
HA MHOMHAHI anrefpaitAEX CTPYKTYP, TOMY isoMobdiaM posbusac
MHOMHAHY Beix anrefpaidHEnX ¢TPYKTYD Ha KIACH eKBiBaNeHTHOCTI.
BuropHcTOBYIOUM izoMopdiaM, MoKEA spllicHIOBATH eKBiBajeHTHI
nepeTBOPEHHA aJdrefpaidyEHX CTPYKTYpP. Skmo aarebpaiufl ¢Tpyk-
Typu S i @ izomopgni, To eseMenTH i onepauii @ MoXkHa Iepe-
fimenyBaTn T2k, Wo @ cnienajae 8 S. Bygn-axe coiBBigHOmMIeHHA
y eTpykTypi S abepiraerbes y Gynb-siiil iaomopdHuifl i crpyrTypi Q.
Ile poaronde, ofepXaBIA NeRHL cHiBRiAHOIMEHHS ¥ cTpyRTYPL S,
ABTOMATHYHO NOINHPHTH iX Ha Bel cTpyxrypm, o isomopdri S.
Tomy aarebpaiuHi cTpYKTYpPH UacTo POSIAAZAKTECH 3 TOYHICTIO
A0 izoMopdiamy, TOSTO pOSrIALAIOTLCA KAACH eKBiRAIEeHTHOCTI 3a
BigROMIeHHAM isoMopdizmy.

IIpuxnax. Posrnauemo cnocit BUMipioBAHHEA ZOBKHHHA Y JI0A-
Max Ta caHTHMeTpax. Hrimo gogaTy GiHapHY omeparnino AoaaBaHHA,
To ofepykHMo IBi cTpyrTypH: (inch, +), (eM, +). Buanaumnmo izo-
mopdisM y: x (em) = 2,54 % x (inch).

Sk moraszaHo HAa giarpami (puc. 3.6), . +
MM MO3KeMo TIpoBecTH ofumchemHA (gopa- (nch)—————>(inch)
BaHEA) y AlofiMax, & mMoTiM IepepecTH pe-
3YARTAT ¥ CAHTHMETPH, i TAKOXK MOMIHBO
COOMATKY 300pasHTH Ti XK OIepaHAM B CAH-
TEMeTpax 1 noriM nposecTH HONABAHHA. (cn)? —-—-'-—P(GM)
B obox BHnaaxax G6yiAe ogepsEaHce OJUH Puc. 3.6. Tsomopdiam y
i Toit :xe peayasrar. Hanpuxaan, Hexan a (inch, +) ¥ (em, +)
Heo6xigTHO BHSHAYMTH HNOBXKUHY d JefKo-
ro BHpoOy, 0 CKIAAAAETHCH 3 YacTWH a1 b. BUMipMBITA uacTHHHN
a i & y proifimax, ofepsxaru, mo ¢ = 10, » = 15”. 3naiigemo d
ABoma crocobamu:

d=10" + 15" = 25", 2,54 *+ 25" = 63,5 cM;
d=10"» 2,54 + 15" *» 2,54 = 25,4 cm + 38,1 em = 63,5 cMm.

¥ ¥
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A npore NPUKA&NY KOMYTATHRHA fiarpaMa BHIJIAJAE TAKIHM
yunoM (puc. 8.7):
+

(10”,15") > 25"
Y ¥
(25,4 cm, 38,1 oM) —————3- 63.5 on

Prc, 3.7. IlepeTBopeHHA OKpeMHX eleMeHTiB
npy isoMoppismi v a (inch, +) ¥ {em, +)

Bipnofpaxesun € isomopdiaMom, OcklIbKH Y — OOQHOBHAYHA
signoBignicTs Ta icHye ofiepHeHe BimoGpakemus y: x (inch) =
= (0,39 * x (cM).

HasexeMo 1te aBa MpHMKJIadu izomopdismib.

Ilpurxan. Hexail Z — MHOMHES Beix uinmx amcen, Z.y — MHO-
WEHe Beix mapaux Sucea. Aarebpr (Z; +) 1 (Zav: +) iaoMopdni.
Iaomophizmon £ BigobpameHES @onv: 7 — 2n gna Bcix n € Z.

Hpuxnan. [zomopdiamom Mimx anreGpaiuENMH CTPYKTYDPaMH
(R..,*)i (R, +). ge R, — gonaTHa mifMuoxHHa R, € pigolpaxeH-
Ham ¢ — loga. ¥mosa romomopdismy @ (x @ y) = ¢ (x) @ ¢ (y)
V oMYy BANAAKY Mae Burasa log{a = b) = loga + logb.

@ 3anuTanHna
1. Jafite BusHaveHHA aarebpaiuBol cTpyKTYpH.

2. o maanBaeThes NigcTPYETYPOIo aaredpaiuuol crpyrrypn? AxuM
signomennsm mor'asani Muomunn-gocil aarefipajunoi erpyrrypn
Ta il nigerpykrypu? HapeniTe DpuEAAZM OiZCTPYETYD.

3. Haiite BRagayeHEs roMoMopdismy Ta izoMopdiamy. YAM BoHK
BigpiaEgioThca?

4. 3a pomomoroio yoro affiftcawerhen poafinTrsa anrefpaluaux eTpyx-
Typ Ha KMacH eKBiraleRTRocti?

5. HaBexmites npukaaiy isoMophRUEx aare6paidEHX CTPYKTYP.

6. Hapepite npusnes roMomopdismy, mo ge ¢ isoMopdismom. ose-
HiTE, YoMy ofpaile BaMi bigmomenEa He iaoMopdiam.

@ 3asaanun
L. Posraanemo anreGpaiuni erpyrrypu (la, b, ¢, d}, ) i ({e, b, ¢}, ®),
ge onepanii © i ® sagani Tabmunamu:

afn (e i@
Aale |lonis

Q| n (ofo
TR RSN
o |os [R]&

o lole @

nR R R

~lo|g for
o(n [a|a
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3.3.

Jag koxEol anrebfpaidnol ¢TPYRTYPH BHIHaYTe:

a) YN KOMYTATHBHA Onepania?

6) un aconiaTHBHA omepamia?

B) U icHYE OAMANIA 1T koskHol onepauif, axmo iceye, To axmi
e eneMeRT?

Tr) AXImMo OZMHHOA icHye, BH3HauTe, AKi eJeMeHTH MaKTh
ofiepHeni?

. DuaHauTe aarefpaiuny cTpy¥RTYDY (S, ), Taxy, Wjo AN 6ypn-AROI

nignaokaan T' < S npasuakrge, mo (T, &) — NiACTPYKTYpa CTPYK-
Tvpu (S, ®)

. BuaHauTe, 91 KOPEKTHO 3ajaHA a::r'eﬁpmqﬁa CTpyRTypa. SIkoto Tak,

BHaHAYTe, U¥ KOMYTATHBEHa ONEpPAIiA i, AKOIO MOKIWBO, 3HAHAITE
ofuHRW i cbepreti enemeHTH. TyT N — MHOKHHL HATYDANBHHUX
quces, Z — MHOKHRA ninpx uwcega, K. — A0RATHA RNIAMHEOKEHA
MHEOMPHU AittcHawx uucen:

a}(N, By x@pyp=x -1
DL R xB@y=x=y-1;
B) (N, &% x ® ¥ = max(x, y)
) (R, @) x @ g = x/y.

. Jopemits, mo:

a) ael anreSpainmi crpymypn He MOMYTh GYTH J0MOPOHEMIL, AKINO
MHOKMHEA-HOCHT OMX CTPYKTYD MaloTh PisHi NOTYHOCTI;

0} api anreGpaluni CTPYKTYpH MOKYTh He §YyTH isoMopdHEMHA, ARIO
MACOKHAN-Hocll mHX anrefp MaoTh OXHAKOBL HOTYRHOCTL.

Hexa# C — MHOXWHa CTPYKTYP 3 ofxielw GiRaprolo omepamicmn,
C={8,, 8;, ..}. BEshaunMo sigmomednd ~ Ha MHOXHRI C, Taxe,
oro 8; ~ §; puxonyereest, AKMIO §; 1 §; iaomopdui. Horegits, mo ~
£ BiJHOMEREAM exRiBaleHTHOCTI Aa Muoxuni (.

HainpocTiwi anreGpaluHi CTPyKTYpH

ITis2pyna, monoid, zpyna, abeacea zpyna

PoarngueMo CCHOBHI THNHM anrebpaidHMX CTPYKTYP, =ZKi

MaioTh TINBKH ogHy GiHapHRY omsepaniio.

BuaHadeHHA

Hiszpynow HasuBaeThes aarefpaigga cTPYKTYDA 3 MHOMKH-
How-Hociem A i GimapHoio omepamicio ®: A2 -+ A, axa zago-
BOABNAE BJAACTHBOCTI acouiatmsHocTi:

xP{(y®z2=(xBy) dz x, Y, 2 € A.
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Bu3HAYEHHA

Monoidom nasunaioTs anreSpaiuny cTPYRTYDPY 3 MHOXHHOW-
nocieM M i Gimapnoio onepanicrw ®: M?— M rakon, moe

1, ® acomiaTnBHAa:
x@(ER2)=(xDy) Dz ana vcix x, y, z € M.

2. Ienyc e ¢ M — opmaunda Bignocro ®:
eR@r=x=—x®egnaBcix x ¢ M.

TagkuM UAHOM, MOHOLL — Ie OiBrpyna 3 oLRAHUIED.
IIinrpynu i MoHOIZM BUHODUCTOBYIOTLCS NIpH 0o6pobEHL paxKis
cuMBoAiB. PosragageMo npHiIaj.

IIpuxran. IIpu o6pobui paAKiB CEMBONIE BEOXHTLCS Onepalfis
KoHkaTeHanil — anurra psaakin. [osmavumo i1 «. Kounareuatnis
BUSHAYACTLCA AR & ¢ B = off, Ae a 1 p — pazxku cumeoxis. Biss-
MeMO DSAKH: ¢IADs, «CAM», 40», «BO3», «X0Hs, ¢BaAP». BACTOCY-
paBmu omepanil xoHkareHanuii, ofepikyema Taxi pagru:

<II&pP* % ¢0» = «IIAPO?

«CaMP ® 203 = «CAMO#

sApO» * <BOSe — <IIADOBO3*

+Hapos» * ¢Xoi» «IIAPOXOI s

«CaMo» ® «BADP» = ¢CAMOBApP».

OuernAHO, MO UM ONEpalid ACCIiATHBHE, OCKIJIBKH

{¢<Taps ¢ «0») ® «BO3» = imMAp» ¢ («0% & &BOIS) =

= amapOBO3s i T. H.

Omxe (AY, @) € nmisrpynmono, fe A' — MHOMHMHA pisHUX pAIKIE,
e CKAAJATECH 3 OYKEB YKRpalHckKero andasity. Axmo Tenep Mm
NO3HAYNMO Yeped A' MEOKHRY BCITAXKUX PAAKIB, WO CKIAIAIOTHCS
3 ByKB YKPAIHCEKOTO ANGABTY i NOPOMKHEOTO PIAKY £, TO OLEDKH-
MO CTPYKTYPRY (A", »), AKA € MOHOIAOM 3 ONHHFYHAM eJIeMEHTOM &,
Ocxinpky & DO3HAYAE NOPOXKHIE pAJOK, TO MOXKeMO 3ampcarTd
E= 4«3,

¢«CAMORAP? ® «» = «» # «CAMOBap» = «camoBap» i T.A.

BuzHaveHHa

I'pynoewe BaavpaloTs Muoxuny G 3 Gimapsoie omepanicic ®,

o 3aMkHena B (7, Takom, IO

1. ® acomiaTUBHA:
x®(yR2)={(xBy)Rzpangareix x, py, 2 € G.
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2. IcHye eneMeHT ¢ € G — OIHBMIA BigHOCcHO &t
e®@x=x®e¢e=2xanapeix x € G.

3. KoxHaoMY esleMeHTY X € & BignoRiZae obepHennii eneMeHT
x' € ¢ BigHOCHO ®:

X @x=x@x'=e pnaBcix x € G.

I3 BUaHAUEHHSA MAeMOQ, 110 TPylIa — [eé MOHOIE, B AKOMY Bei
elleMeHTH 0OOPOTHI.

Yacre o caie e¢rpyvias i ¢MOHOIA*» IPUNKCYIOTE TEPMiH eKoO-
MyTaTasHuds. e o3navae, mo onepanis ¥ posrasayTil ¢TpyKTYDi
3870BONLHAEC BIACTABICTE KOMYTATHBHOCTi, ToGTO

y®x=x®ypana eeix x, y € M abo G,

KoMyTaTHBHA TPyNa HABEBACTRECA aberesoio 2pynow (Ha decTh
HOpPBE3RKOTO MaTeMATHKA Abesd).

Ilpuknamu. 1. ['pynoio € MHOXKEHA JiCHHX UKces PpaloM 3 one-
palicio aogapsaua: (B, +), uigrpywow uici rpynu e (£, +), e
Z — MHOXMHA Iinux unacen. Crpyxrypa (K, +), ae KX — MHOoXHHA
miJIAX 4ncen, mo KpaTHi k, & € N, ¢ niarpynowe rpyna (Z, +).
Jaa oax rpyn ogEHEGEe) € 0, oGepHeHK ejleMeHT YTBOPIOEThCH
38 JIOIOMOTOI0 IACTCCYRBAHHA YHapHo! onmepanii 3Minn aHaka ¢—»,
Hapegeri rpynx e abefleBHMH IrpynaMH, OCKiJNLKH JOJaBAHHA KO-
MYTATHEHE.

2. Crpyxrypa (N, +), ge N -— MHOKHHA HATYPAIBHHX THCE],
He € IpyHolo, OCKiNbKHE He icHye of0epHeHHMX eNleMeHTiB i ogWHHOI.
Hacnpasai, (N, +) — nisrpyna.

3. Crpyrrypu (R, *) i (N, *) He ¢ rpymaMu, & ¢ MOHOIZaMH.
OzuHEMYEHANM edeMeHTOM JAnA onepanii mMuoxkenHA € 1. OGepHeHi
eJeMeHTE ICHYIOTh Ha MHORUHI gXilicEux wucen R ana Beix ene-
MeHTiR, KpiM 0: me iewmye 07!, raxoro, mo 0 = 0t = 1. Taxam
UYHHOM, oOTlepanis MHOMKEHNA 5afjac Mpyny ma MEOMHI AiffcHux un-
cex, kpim ayaa (B\{0}, *). loaaTHa NigMHOMHHA MHOKIHK FllicHrX
YHceJ 3 ONepalicl; MHOXKeHHA (R, *) Tex € rpymncro — niarpynoio
rpyau (R\{0}, *). Muoskenus xoMmyTaTHBHe, OT)Ke, IIi TPpyIH € abe-
NeBEMH.

4. llosHauumo M, () MEOXKHHY BCiX HBALPATHHX MATDHIb
NOPSIAKY 7 3 eJeMeHTaMH 3 MHOMMHHK milicHux uucer. CTPYKTYpa
(M, (R), +) — KOMYTATHREUH MOHOIZ 2 OAHHHIEI0 — HYIROROID MAT-
puneto. Ctpyrrypa (M, (R), *) — HeROMyTaTHBHUI MOHOLL 3 OOHHN-
melo — OAMHHUYHOK MATPHIED.
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5. Ctpyxrypa (Z., ©,) — rpyna 3 ogununeio 0 1 ofeprennm
eneMenToM ¥ = n — x} (Z; ®,)— MoHOIZ 3 oguHHIEeL 1,

Jlna posp’AsKy PinRAHL HeOOXIHO iCHYBAHHS T4 ENHAICTD OJH-
HUHOe 1 ofepuennx enemenTtin. JlosefieMO Hi TBEDMKEHHS.

Teeprmenna 1. Hexall ® — onmepanif Ha muomkuHl A #i icnye
OIMHHNA e BifinocHO ®, Toal odunuunui exemenm edunul,

Hosedenns. Hexali e i ¢ — ppi oqmemmi Bigrocno ®. Toxi mas
6VOL-AKNX ¢, b € A IpaBuILHe a = ¢' @ a, b = b ® e. lligerannaoun
a=e b=2¢,ofepRyeMO ¢ = &' ® e = ¢,

Teepaxenna 2. Hexaii @ — acouiaTusEa omepaiuis Ha MHO-
skl A 1 e — oqunnma siguocHo ®. Togi, akileo x € A 1 x mae
ofepHeHMA enemeHT, TO oGeprenutd ernemenm cdurnuid Bij-
HocHo ®.

Hoeedenna. Hprnyerumo, mo x' | x" — oflepueni exeMentTH
A0 x, Tak mio

xQx=xRr=e, xQx'=x"@zx=ce¢,
TOAL
X=xQe=2P@xQx)={(x@x)Bx"=e@x"=x",

Beepeauni tpynn (G, ®) momxHa posp’azaTH pisHsnEa a ®
@x=h,

Jio pirmocri @ ® x = b aacrocyeMo smiBa @' — obeprenuft zo
d eJleMeHT i HOCIIJOBEO oJepmRyeMo!

ad @@ x)=a &b,

@' ®a)@ x=a ®b(® acouiaTHBHA),

e® x = a ®b(sracTuBicTs ofepEeEuUX eneMeHTiB),
x =g’ ® b (BRacTUEicTL OAUHMIII); X — POIB’AIOK.

[cHyBagnd ogMHHIL Ta O0epHeAHX edeMeHTiE BIZHOCHO Feamrol
onepallil HakJ/agae 3HagHe oOMesxeHHA Ha BuA Tabauni Keni nust miel
onepanii. Posrasnemo rpyny (Z:, &¢). Tabauna Keai (ams. p. 3.1)
Aa8 onepanil ®; BATAAZAE TAKUM YHHOM:

@& {0.]1[2(3]4|[5]8s
o le i l-ele el 56
1)1 3/4l5([6 (0
21213 5|6J0]12
g8|-8{4]5 ol1]z2}
4 lals[s8]o0 218
186|012 4
§glelol1 8145
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Cavannew BigHocHO cmepauii ©r € . Tabauna cameTpHyYHAa
EiJHOCHO JiaroHaJi — LX YMOBA BH3HAYSE KOMYTATHEHICTE ONe-
panii. SavBascumo, OO KOMKHEAH CTOBMYMK Tabxumi micrare Bei
eleMeHTH IpyYIH.

Teepmxennn 3. Byap-sixn# cropmank rabiauni Keai pna ome-
panii ckigyennol rpynu MicTuTs Bel ememMeETH rpynu.
Hogedenns. Pograauemo geaxy rpymy (G, ®), G — ckingeHnHa
muosuna. [IpunyeruMo, uje Reaeult crornuur g, rabauni Kexi gnsa
onepanii ® He micTuTh Akoro-Hebynb eAeMenrTa MEOKKHH . Togi
axaiicy iwmmii eneMeHT @; B QbOMY CTOBNYMKY MOBHHEH aycTpiTm-
ea apivi, exkaximo, v komy Ta l-oMy pagkax. Ane roal 0, ®a, =
= a;, 4 @a= a; 1 oTxe,
&G a=a® a,
H®a,®ae’  =a,® a;® a
(noMHOMXyeMo obUABI yacTuEM piBHOCTI HA @/),
G e=aRe,
(0:® a/ = e na BUSHAYCHHAM 00epHEHOTO cAeMeTa),
ay=a, (&,® e = ¢, 3a PU3HANEHHAM OAUHHIL).
QoepxyeMO a, ™ @, U0 HEMOMKAABE, OCKIILKHE TYT &), G; — OJIe-
MeHTH IpYyIH, N0 3aZaiTh pisHl pamgkm talanui. TakuM THHOM,

i-it cropmunrk TaGauni Keni e mepecTaBoBKoI0 Ha MHOMKHHI eJe-
MEeHTiB Ipynu.

@ 3anuranna
1. HRaitre ausHavenns miprpynu, MoHoiny i rpynm.

2. HapepiTs npuxnage mierpyou, IDo Ee € MOROIAOM, i MoHoiny, mo
He € I'PYHo,

8. HapermiTe mpuxaajgu rpymm.

4. fira rpyna HesHBacThes abenepoio? HaseaiTes nprkIazu.

5. SIki sracTuBOCTi eeMeHTIE rpymM pOBAATE MOMXAUBHM POIB’A3IOK
PIBHERB ycepeg#HL rpynu?

6. ki pnacruroeri Mac Tafnuna Keni ana cxinuennoi rpynu?

7. ki paacTABocTi Mae onepania abenesol rpymnm?

@ 3aBnaHHA

1. HoseniTe, mo B rpyui (G, ®) anq Bcix 4, b, ¢ € ¢ BUKOHYETHO!
ayarno a @ b=a ®e¢, ob=¢, i, axmo b @ a =~c¢c ® a, To
b=¢;

B) (@'Y = a — ofiepHennit eneMenT A0 ofepHeHOro eJeMeHTa A0 4
AOpiBEIOE 7.
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2. TobyaviiTe Ta6axwe Keni gaa rpynn (Zs, @s). I na xoxHOrO ene-
MeHTa BHZHaYTe obepHEeHRHHE.

3. IobyavitTe rpyuy z G1EADHOIO omepaLiclo maX, pe3yaAbLTaToM BH-
KOHAHHA AKOL € HaWOLIEIAA 3 ABOX onepaHxin.

4, Hexait muoxnpa E = {0, -2, 2, -4, 4, ...}. [Tokaxirs, o (£, +) —
niarpyna Tpyos (Z, +).

5. Hexaii saaana anreGpaiana erpykTypa (T, @), e onepauia ® aco-
niareeua. Hexaft tcaye enement 0 € T, Taxni, mo nna 6yas-gkorTo
x ¢ T npaspsac 0 @ x = x ® 0 = 0. Iokaxit,, mo (T, ®) ne
MoKe GYTH rpylclo, 3a BUHATKOM BUNagry T = {0}.

6. Hexail aeAkHi KOMRI'IOTep BHXOPHCTORYE pericTpm oo k Git zns
sofpakenHd HeRia'eMHHX Ninnx dneen. Egwda onepania, 4o BH-
KOEYCThea, — mRokasanna. Axy axreSpaivny crpyrrypy sobpamye
Iei KoM 'FoTep, AKMIO!

A} IpH BRHMKHEHHI nepelloBHCHAYL sHaueHHEN cTapmoro GiTa Brpa-
YAETHCH;

6) npy BUNMKBEHHI mepenoBHEEES pesyALTaTOM ¢ Halifinbpme is

soBpasyBAHMY YHCeN.

Sxa moTyauicTs MEHORENH-HOCIA Uil aarefpeaiymol crpyrrypn?
7. Cxnafits ANropuIM nepesipku, Un ¢ cTPYKTYDE (A, @) rpynon,

MBrpynoo a6o MOROIZOM. BRigAMME AAHEMY £ eJleMeETH TAGIUIL

Keni onepamnii @.

8. Craanirs aIropaT™M sHAX0MXeHEHA 0fepPREAOTO eAeMeHTa B0 & i pos-
8'A9RyY pisganeEs ¢ @ x = b sBigrocHo x ¥ rpyni (G, @). Bxiguuma
Japumy ¢ exementu Tabnmui Keni onepanit @.

3.4. Kinbua | nonsn

Y neponMy poszini po3rafsHYTe aarebpaidHi cTpYKTYPH
3 gBoMa OiHapHEMHM onepaniamum ® 1 &. Omepanio ® Hasuba-
KTk MHOMeHHEAM, a onepanio & — gopapanusm. [na & opnm-
HHYHUH eleMeHT Io3EadacThbca 1, a oGepHenu#l o eneMenTa x
BiagHocRo ® sanmdcyeThes ¥y BHraaai x'. Haa ®© ogmunuuuil
eleMeHT NosdHa4yaeThcAa 0, a ofepHeEUM HO edemexTa X BijHOC-
HO €@ psamucyeThesd y BUTIAAL —x. 3posyMmiro, me ana piamux
CTPYRTYP L1 oHepallli BUSHaAYaOThLER MO-pisHOMY, X04a uac-
TO HAZHBATLCA OAHAKOBO. Hanpuraajg, MHOMKEeHHS MAaTDUNB,
MHOKeRHA LIAVX 4Yuces, JorilHe MHOMemHS Toulo. Poarnanemo
CIOYATKY CTPYKTYPU, 1[0 HAZUBAIOThLeH KinkgaMy. Barato maTeMa-
THTHAX KOHCTPYRAUIA, aki npupogHo BMERKaOTs y Miniftaii snre6pi
(ocobauBo B Teopii MaTpuuk), € KinbaMHu ab6o micTaTe kiabnoa sk
NiACTPYKTYDH.
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BusznavenHn

Kinvyem (R, &, ®) HaaupactTbcd MEOKHEA R 3 BUAHAMOHMMY
Ha Hel Gixapmumu omepaniamu @ 1 @, TaxuMy, oo

1. @ acouiaTEBHS:
xrPYe)~(xDY® zannBeix x, y, 2 € R.
2. & xoMyTaTHBHA:
xDy=y@xanaBeix x,y € A.
3. ©® mMaec OAMHMLGI0, AKA HA3NBA&EThLCA HYJeM |1 HoaHa-
qaereca (:
0D x=uxpgna seix x e R.
4. Icnve obepHeHHH eleMeHT BigHocHO @ gaA KOXKHOIO
x e R
(X)) D x=x0(—x)=0 gna seix x ¢ R.
5. ® aconiaTHBHAa:
x®(y®2D)=(xQy)®z ana Beix x, y, z e .
6. @ aucTpHOGYTHBHA BifHocHOo @ axiBa i copasa:
xR ={(xB Y d (x ® 2),
(x@Y)Rz=(x®2)d (y ® 2) gna Bcix x, y, z  R.

Iamumu cropamu, axumo (R, ©) — abenerpa rpymna, (R, ®) — nis-
rpyna i ® auctpubyrusHa 3a D, Te (H, &, @) — EHinsue.

ByxeMo BBa;RATH, IO KiAbLOE kKoMymamuene, AKUIO MEOXKEHAS
& rROMyTATHEHe i € kiasyem 3 odunuyerw, SKIO icHye OAMHHANG
BiilHocHO MHO:xeHHS. Kinnne 3 oJUEMIESK HAKBAETHCH alzeb-
pow. 3puualino Ii nossaualors caMBOJoM 1. Jlerko nokazarth,
we B kineul (K, €, @) masn Oyab-AKHX ¢, & € R BUKOHYIOTHCA
CIiBEi fHOIIICHHA

0P®a=a®0=20,
a®@(-B)=(-a)@b=—(a®@b),
(~a) @ (-BYy=a ®b.
B kineni (R, ., ®) dakriiHO OPHCYTHA HexoMymamuena Oi-
HADHA omepalig BigniMaHHa «O», BESHAUCHS 3a HpaBMiIoM aCO b =

=q @ (—b). Boua ¢ npapoio 06epHeHOIO BiIHOCHO JOJAaBAHEA B TOMY
poayMinHi, mo {2 € b)O b =a. Miitcro,

(aDb)Ob=(a@b)D(-D)=aDbdbP(-b)=aD0=2a.
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BuaHaveHHA

Hone (R, ®, @) — lle KOMYTATHEHe KiAkle 3 opuHUIele 1
{10 sixgpisadgernca Bix 0), B AXOMY KCKHHI eJeMeHT a
{(mo BiapisEaeTbesa Bip 0) obepmeHnit 3a MHOKeHHAM.

Ilone mMoxHa BM3HAYNTH AK 06’eAHAMHA AKBoX abeNeBMX rpym,
NoB’S23aENY OJHUM 3aKOHOM AMCTPHOYTHBHOCTL.

IIpaxnax. PosrasageMo aareSpaiduy ¢TpyRTYPY (Z., D, B,
(nuB. posaianm 3.2, 3.3). Jng sumaary 7 = 6 rabmuni Keai ome-
panifi ©g i &g BUTAAZAOTE TAKUM YMHOM:

e lBil1]2|3[a]5s @lo[t]z2]3]4a]s
B Y218 |4.]5% ole]afo|o a
1P lsi 4|50 FFEfaTEFaZFE
21948 6|01 210 |2 02| 4].
HEEDNE 1|2 sjfoldfo 0|3
4{4]1s5lo0]1 3 4)J0|4l2]o0 2
s{6loj1[2]3 slol's]4]afsz

B Z; icHyioTs 4 BHNAAKH, KOAHU Jo6YTOK ABOX HeHYJALOBHX ene-
MEHTIiB Moe I8BaTH HYIh, a came: (2, 8), (3, 4), (3, 2), (4, 3), oTxe
(Zs, B, @) He € monem. Taxnm uunom, (Z,, 8, ®,) € KOMYTATHRHEM
rinemem 8 oxuuuneto npu Gyan-akoMy n € N. fAuxmoe p — npocre
ydchao, To aarebpa (Z,, @, &,) € momem.

Hpuxnax. (R, *, +) — MHOXKWHa JifiCAAX uMcen iz cTaHzapr-
HMMH OI€palrigMi MHOKEHHH i AQFaBaHHA € [OJNeM i cKAagacTh-
csi 3 abenesux rpyn (R, +), (B\{0}, *), onepauii s axux sB'ssani
BIITFOBIAHUM SaKOHOM [MCTPABYTHBHOCTI.

CrpyrTypYy (R, *, +) HasHpaloTs norem dilcHux wucen.

@ 3anuTaHHA
1. fAxi smactusocri MatoTE omepanii ximbnx?

2. Jlafire BUBHAYEHES KINBUA, BEKODHLTOBYIOUH TOHATTA TpYNh
i misrpymu.

3. BHRORaKHS ARUX CHiBBiaRGUIEHL MOKHA JOBECTH, BHKODACTOBYIO-
YH BAACTHBOCTI ONepanifi Kiawusa?

fIxi BracTEROCT MAOTH oNepanii Homa?
YAM noae BifpisHsaeTnen Bix xinsua?
6. /lafite BRaEaYeHHA NOJA, BHKOPHCTOBYIOUH NOHATTA TPYIH.

Sl
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®

3aspanHnA

1. Hoeexits, mo 8 moni (F, ©, ®) PHKOHYIOTLCA CHiBBiIROMeEeHHA:
a) —a =a @ (1)
6) —(a@ + b) = (—a) + (-b);
B) —(—a} = a;
r)akmoea 2 0, To (81! = a;
DEa)®(-b)=82 & b;
e)a®h=0 = a=0a6ob=0.

2. TloramiTe, o anrebpaivuia cTpyRTYpPa (Z;, €, ®p) € nogeM, AKMO
p — npocre uucao. Hapegith opuxman.

3. IlobygyiiTe nigcTpyKRTYPH nmonlg IiftcHAX 4Xces, Dio ¢ NoAAMHA,
KINBILAMH.

4. JHobegiTs ZROCTOPOHHIO THCTPHOYTHBHICTE MHOMeHHA ® BiaHOCcHO
piggiMaEns © y kizeni (R, €, @)
ax(dQOA)=(a@b)OD(aBec)
(?0)Ra=(EPa)2(c ®a).

3.5. [l'patkn

Bepxus ma nuxns spanl y vacmioao ynopadxosanrii Muomuii,
rpamia, NOaHd I'pamnra, 6GuRUUR [ RYyAL rpamiy

Posraanemo anrefpaiury crpykrtypy (M, <) 3 MHOXXUHOIO-

Hociem M 1 Gimapavm BigHomenHsam R uwacmxosozo noprdxy,
aki Oygemo mosuauatre <. HaragaeMo, nio ABa eneMenTH a,be M
MOMKYTh ByTH nopianAnnumu 3a BifHOEHEAM %, aG0 nenopisnan-
rumu (o. 2.4).

BuanaveHHRA

Bepxnvoio 2pannio gna napu enemedtia a, b € M Haaugae-
ThCA eneMeHT ¢; ¢ M, Takuilt, mo a < ¢, b < ¢,. Husensorwo
zpeNKI0 NJIA [1apy €JeMeHTIB a, b € M HASUBAETLCHA eJeMeHT
d;e M, raxuli, 1o &, < a, d,< &.

Haimenuioro 8epxivo10 2pannio Ins napu enemenris a, be M
HA3HBASTHCA eneMeHT ¢ € M, HaliMeRmuu#l 3 veix BepxmEix
rpaneil gua a, b. le osHauae, mo mas Gyme-gKoro ¢; & M,
TAKOro, L0 &# ¢, d £ ¢, b £ ¢;, BUKOHYETRCE ¢ £ ¢;. Halbine-
W00 HUMRBEON ZPDAHAIO NNA eNeMeHTIB ¢, b ¢ M nasHBacTh-
¢ eneMenT d € M naliGinsmuit 3 yeix Bepxmix rpameii ans
a, b. lle osnauae, mo gas Gvap-axoro d; € M, mo Biapisesa-
eThest Big d 1 Taxoro, mo 4,2 d, d, €4, d;< b, BUEOHYETRCA
d; = d.
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BuiHavyerHA

YacTKOEC YIIOPAAKORBAHA MHOMKMHA —— afprebpaiuna erpykTypa
(A, £), B gkiit KoHA TApaA eJIeMEHTIB Mae HafiMeHINY BepPXHIO
i ERIT6iIBpMIY HUKHIO rpaHl, HAZNBAEThCH I'PUmMKoON0.

Busmauusmu y rpatni (4, £) Simapri onmepanii A i1 v, gme
A — BHaXoAxeHHA Halibinnirol HHHBLOL rpaHi i v — aHaXOjKeH-
HA HaliMeEmol BepXHEOI I'paHi, ofepxuUMO aarebpaiuay CTPYKTYPY
rpaTku 3 ABoma GiveEpHUMHN onepanismu: (4, A, v).

CTpYKTYPY CHiIHYEHHHX YACTKOBO YNOPAEKOBAHHX MHOYMKHAH
MOXKHA 306pasHuTH 34 JomnoMorok giarpam Xacce, B AKUX eJeMeH-
TH 300pamyIOTECS TOURAMY, IUG poaTarmoBami Ha pismmx ropmaon-
TANAR, NpudoMy Ginkini eneMenTH 3’¢IHYIOTBed 3 GesnocepeTHBO
MEHLUIAMH 3a AOIOMOTCI JiHil, 10 omyckaloTbcsa. B pesyabrarti
elleMeHT @ BHABASeTHCA Ginblle Him exement b Tomi i Tinekw
ToAi, koau Ha giarpami Momtua mepeiiTm Big @ me b za mimig-
MH, ILEO OUYCKAKTbCH BEH3. Taka flarpaMa e migrpadom rpadga
Ginaproro Bignomenusa = 0, ofepHeHoro A0 <, NMPHYOMY B IBOMY
niarpadi He BKazanl manpaMkm fryr, ockinpxg BifomMo, 1o oaAS
xomHoY Ainii MaeThbca He yBasi HANpAMOK 3BepXy-BHE3 (IOopiBHA-
™ pue., 2.15 i 2.186).

Hpuknan. Posraanemo MuokuHY B, AifikoBuX BexTopis JoB-
SKHHY 1, J4CTKOBO VIOPALKOBAKY TAKMM YHHOM: v £ W, AKIIO
¥ BeKTOpi W CEUHMNI cTOATH Ha BeiX THUX Micn#AX, HA AKHX BOHH
cToAaTh ¥ U (i, MomuamBo, we Ba aeaxux). Hanpuknaa, (010) <(011),
a (010) i (100) ne nopieraAHi, Bo6pasuMo rpad BigHOmMenEa oo-
PAIRY 2z 1 miarpaMmy gaa sunagrky 7 = 3 (pmc. 3.8}

111 110

100
111
\ 011 N 110
I . | 100
Y 10 001
011
001 000 00

.. Puc. 3.8. Tpad sigRomesnna nopanxy 2
i giarpama TR MHOMHHH IBIKOBEX RekTOpin B;
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Muoxusua B, 1 eeegeanii Ha Hifl vacTROBHH DopAdoK < YTBOPIO-
0TE I'paTky. B Hill HafiMeHIUa BepXHA rpaHb v vV W — L BEKTOD,
B AKOMY OZHHALI cTOATE Ha THX i TiALKH THX MiciaX, Xe ofuHUII
e abo B v, a00 B w, & HalbOiNAbIIA HUXXHSA IPaHb U A W — Ie BeKTOp,
B AKOMY OZHHKUL CTOATH Ha THX i TinbkH ThAX MicuaAx, e € olu-
Hnui ogHouacHo i B v i B w. Hanpurnax, (010) v (100) = (110),
(010) A (100} = (000).

TaxuM YHEOM, v v W@ Ha Xlarpami BH3HaUYaeTecA AK HafiGAnmK-
ya BepLIHHA, AKA SHAXOAMTLCA HEJ V i W Ta 3 AKOl € IIJAX BHAD
imvie w. Opmek, ARINO € HIIEX 8  BHAR [0 w, TO U v w Oyje
AopiBHIOEATH v. AHanorivmo, v A w Ha fiarpaMi BUBHAYACTLCH AK
Halifnuicga BeplUAEA, AKa 3HAXOOMTLCA Oig v i w i B AKY ¢ Imnax
BHM3 i 8 v i 3 w. OfHAK, AKINO ¢ IIAAX 3 UV BHH3 ¥ W, TO U AW
6yne AOpIBHIOBATH .

He 6vab-axa anrebpaivaa CTPYKTYPA, M0 3A0ACTLCA A1ATDAMOKD
Xacce, € TPATHODO.

Ha pre. 3.9,0 306parkeHo CTPYKTYPY, IO € I'PATKOIO, OCKiNBKYU
B Hill KoxHa napa eleMeHTiB Mae HafiMeBNIy BepxHIO i HalibinbIoy
HHKHIO TpaEb. [aa niei rparkm cnpaBegnuBi Bupasu: b A ¢ =
=d,dnrna=d, evg=e evf=a

a

£ a) o)
Pre. 8.9. [Miarpanu, o BUSHAYAIOTE BiAHOLIEHHS YacTKOBOIC HOPAAKY

CrpykTypa, aiarpamy akoi sobpamero Ha puc. 3.9,6, He
€ I'DATKOI0, OCKIABKM Napa eneMeHTiB (@, b) He Mag BepXHBOI
rpani. KpimM roro, mapa (a, b) mae Tpu umxui rpami— f, d
ie, ane 3 HUX HeMOAUBO OOpPATH eJUEY HalGiAwINy, ocRiIBKU
d i e He mopisraHAi. Takim YUHOM, Dapa exeMeHTis (2, b) He Mac
galifiremol nmmunol rpani.

Hecknafno moxasaTH, mo A 1 v acomiaTesui i KoMyTaTBHIi,
TOMY MOZKHA DO3IJIAAATH 3ACTOCYBAHHE LHX omepaliil gns 6yAn-
faxol ckimuenHoi MiAMHOMMHE eleMeHTIR I'paTxH,
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Bu3aHaueHHA

rpaTKa, B akifi Raifinslia HMXXHA I'DAEL i HafiMeHIIA BepX-
HE rpadb icHYOTh A18 Oyab-fkol maMBo:xuHE I eneMenTis,
HARWBACTLCHI NO6KROI0. Yepe3d acolliaTHWBHicTh omepamiit A
i v ckiHvYeHH& I'DATKA 3ABMAN NORHA. HaliMeEma BepxHs
rpans 1 A8 BeiX eseMeHTiE NOBHoOI I'PAaTHE — Ile MaKcH-
MaXbHHHA eleMeHT IPATKH, INO HA3ZHBAETLCA oduRUYyerd
rpamxu. Haiibliwina HuxHA rpaEb O giaa Beix eneMenTin
MOBHOI I'PATKE — Ne MiHiManbEuil eleMeHT rpaTtki 860 ayas
rpemEg.

Hynr i ogauanuA rparkd €IHHI, OCKHIARKH HalMeHINA BepXHA
TpaEb i Raltbinbina HMMHA rpaHbL €AHMHI.

B rpatax (4, A,v) BAKOHYWTECA TaK] BRMacTHBOCTL omepanii
Vv, A IS OyAL-AKEX a, b € A:

1. Onepanii A, v KOMYTATHBEL:
anb=bara,avb=>5va.

2. Onepairii A, v acoliaTuani:
(arnbrc=anan{barchlavbve=avibve)

8. Omnepanii A, v ifeMnorenTHi:
aAsAncd=a, ava=ada.

4. BEKGHYIOTECA 38KOHH IOPARHAHHA:
anfavd)=a,avianb)=a.

BuxoHanus iux BracTHBocTeit fgocraTuno, mob CTPYKTYpa
(A, A, v) G6yna rpatkow. dxmoe B rpaTni npucyTHiI HYJIB I'paTRH
i omMHHIA IPAaTEM, TO IAX HUX BHXOHYIOTHCH Takl BiracTHBocTi:

dna 6yap-AKoro @ € A npaeunkHO @ v 0 =g, a A 1 = g,
an0=0,avl=1,

IpaTra 3 nynem 0 i ogMHHIEK 1 HAasHMBaETHCA r'pamxoio
3 JORUBHERRAM, HKIIO IS KOMHOIO I eneMeHTA a ¢ oGepueHEi
eJleMeHT —a BigHocHO ofox omepamiif A 1 v: ans SyaL-sikoro ¢ € A
chpasefnuBo 8 v (—a) = 1, a A (—a) = 0.

Onepallia 3HaXOAKeHHA ob6epHEHOTO ejleMeHTa 3af0BOJILEIE
TOTOHAICTE: — (—4) = a gaa 6yab-aKkoroe a = A.

Tparka HasuBacThCA ducmpubymuseror, AKIIO omepamii A
i v gucrpubyTHBHI OAHa BigHOCHO iHIIOIL:

andve=lanblvianchavidnanel=@avb)alave)
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BrzHaYeHHA

OucetpubyTrBEa I'DaTKAa 3 JMONOBROHHAM HasKkBacThes Oyae-
6ol rpamrorw abo Gyneaorw anzebpow (A, A, v, —, 0, 1), fe
— — YHApHA ollepamid 3HaXOM)KeHHA ODepHEHOTo eJjleMeHTa,
0,1 — ayJp i OAMHHIA IpaTKY.

Moxua gosectd, 110 B Gvaepili anrefpl BHKOEYIOTBCHS TaKi
TOTOMHOCTL, L0 HAINBAKTLCA zakKomaMy Je Moprama:

—(a v b) = -tz A =8, ~{a A &) = —a v—b pna 6yAL-AKUX
a,be A

Hapenemo mie xinbka npHrIafis rpaTok.

INIpnknan. Byak-AiKa NOBHiICTI VIOPSAKCBAHA MHOMKHMHE
{auB. . 2.4), B Akili ana woxHOl mapu eneMenrtis (a, b) icmye
MAKCUMANLHNH 3 JIBOX edeMeHT max(a, b) i mimimaneuuii 3 gBOX
ejseMenT min(a, b), € rpaThow, B Akik aaa 6yap-aArux a,beM
UpaBuibHO @ v b=max{a,b), a A b = mir{a, b). Taxa rpatka
He € GyneBow, OCKIALKH B Hifi Hemac oDepHeHHMX eXeMeHTis.

[pukaaz. BusHauumo HE MHOKHHI HaTypaJdbHMX quced N
BiAHOIIEHEA YACTKOBOTYO HOPAAKY TAKAM 4YMHEOM: @ < b, HKWO
a pinwute b, Toai a v b — nafimenine cniacme Kpatoe a i b,
a A b — Haibinemnd coineen#l gineeuk a, b. Hanpakaan, 9 v 10 =
=45, 9 A 150 =3, 5 A9=1, 5 v 9 = 45, BusHadeHA TAKHM 4H-
HoM cTpykTypa (N, v, A) € rpaTkomo, Hyns axoi e umeno 1. Ia
IpaTka He ¢ GyaeBOlo, BOMA He Mac OIWHEHIL I'paTKH, ToOTQ TaKO-
o eseMeHTa, Axuid 6ys OGu RaliMeHmmM COIIEHMM KpaTHMM Ais
Beix map uwucen a N.

Ipuxaan. Cxerema Beix migmaommn {M;} 6yan-axol cxinuen-
HOI Muomuny X 4YacTKOBO YNOPAAKOBAHA 38 BKAIOUEHHAM, TolTO
M, < M;, akme iTtinexyn axmp M, c M, s cucreMa ¢ rpaTkom,
eNEeMeHTAMHK AKol € MEOXMUHH M, a omepamiaMe v, A — 3BUYAM-
Hi TeopeTHKO-MHOKMHHIL onepamil of’cAHAHAS TA MEPETHEY: U, M.
Illg TpaTka 3aBKAH DOBHA. I ONWHHIEK € cAMA MHOMUER X,
HyJeM — IOPOXHS MHOMHHA. TaKa r'paTKa € OyJjeBow akrefpolo,

SaysamumMo, WO aaredpaivHEl GopMaaisM I'PaT 3aCTOCOBYETECH
B Teopii rpadin i y mporpamyBaHHi, sokpeMa, ¥ MOBAX IpolpaMy-
BAHHA i aHajizi Tuni® fanux.

cg) 3anwvanun
1. Maiire psHadenHd I'paTkH. Busnaure Halimepny EepxHio Ta Hal-
GiAbny HIMRHIO Tpagi ABOX eleMeHTiB YMacTKOBC YIOPAZKOBAHOL
MHOMHEH.
2, Busnaure 6iHapHi omepanii » i v.
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3. Axem wuaOM OVvA0BY CKiHYEHHHX TACTKOBO VHOPATKOBAHHX MHO-
EUH MOMHa a06pasuTH 32 JonoMoroiw Aiarpam?

4, HapeaiTe nparaagn ITiarpam, mo sofpadkyroTh CTDYETYDH, Akl
€ 'pATAMHA, Ta CTPYKTYDM, IMO He € IpaTaMH.

5. B axMX BHOAJKAK CKiHUeHHA YOOpPAAKOBAKA MHOMUHA He €
rpaTtkoia?

6. HKi eleMeHTH HASHBAlOTHCA HVNIEM Ta OGHHADOED I'paTHu?

7. HapeslT: OpHKNAgH I'pPAaT.

3aBgaHHA

1. Brogaure, 9M € I'PATAMH YaCTKCBO YUODPAOKOBAHI MHOGKHHHA, 300-
paseRl TAKAMHA ZiarparMaMm;

a) F3 6) " B} i
f k
d f F
! g
€ d e
b d e
b ¢
‘ b ¢
] a
[+

2. Buamavure, ui € rpaTemMu ajqrefpaiqai CTPYRTYDR ¥ BUINAAL TARAX
YACTKOBO YIOPRAKOBAMHX MHOXHUH!

a) (A =1{1, 8, 6, 9, 12}, sigEcIDeBEA NODALKY — «JiTBEAK®),
Bignomexua «+ZinbEAEK»OosEAUAMO | (Bampurnan: 3 |6, 6 9);
5) (4 = {1, 5, 25, 125}, BigHomenEA DopaAxy —|)

B) (Z — MHO®AEA OinAx 9HCeN, BiIHOINEHHS HODAARY — <)

r) (24, pignomenns mopanky c), fe A={a, b, ¢};

B) (2%, &)

3. Jlopepits, mo GyAb-AKa HEITOPOKHA CKIATe N a nigMACRMHA I'PATKK
mMac HaiiMeHIY BepxHK I HaBGinenry HEMKHI rpadi (MpaEWIAEMEA
MOXYTh BYTH eleMeHTH TPATKE, IT0 He HANEKATE o iiel nigMEo-
WHEH).

4, Hki 3 EaPeeHMX Tap eleMenT™n e nopipAAAEEMY B YACTHORO yHO-

psaaxosanif Muoxpmi minux KomaTANX uHcen Z* sa BiAHOIeHHEAM
«ginpERK — (Z°, |):

a) b, 156;

6) 6, 9;

B) 8, 16;

r 7T
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byneBi pyHKUII
Ta nepeTBOpPEeHHSA

4.1. bBynesi 3MiHHI | yHKLUT

Hsinxoei inmepnpemanit, icmomsi ma gpixmueni aMinni

Nna acbpamenHsa indopmallii 8 koMnI'Tepax BUKOPH-
CTOBYEThCH JABifiKOBA cHCTeMa 4Yuc/JeHHA. TAKAM 4HMHOM, Bei
onepanii, axi BHKoOEYe KOMI'IOTep, OpOBONATHCA HA MHOMMIHI
{0, 1}. IIi mepeTRopeHEA 3PYYHO (GOPMAaNSbHO 305paKaTH 3a HO-
noMoroK amnapata ABiliKoBol jgoriku, AkuHi 6yB pospoCneHuit
Mxopaxem Bynem y cepeammi XIX cronirrs. [la anreGpaiuma
cTPpyKTypa € anrefpoio i HasupaeThcA Oynerow (n. 3.5). Byne-
BA ajrefipa BHKOPHCTOBYETLHCH NPH po3s’ABaHHL pisHHX sansy
o0pobKkH imdopmanii, nmpa pobori 3 O6asaMH AAHWX, B JAOTiUHOMY
nporpaMyBaHHI, nNpy TpoexTyBaHH] iHTeneKTyaabHHX cHCTeM,
AJd KOHCTPYIOBAHHA Ta aEadisy polfoTH KoMII'IoTepiB Ta 1HIINX
&JeKTPOHENX Npucrpois. ¥ nif rioesl posrasayTo ocHOBHL Baa-
erusocti OyaeBnx QyHHNIN 3 aprymedramm 3 muoxkaAaan {0, 1}
i cnocobu zobGpaxkeHra GyneBux dyHEKOlE y Burnapni Bupasis By-
nepoi anrebpu. Byaesa diynknia moxe MaTH BeJHKY KiJhKicTh
sminHux isuakiB onepanii, y To# uwac, AK Moke icHyBaTw ixmie,
exBiBanenTHe 30OpakenHsA gaHol GYHRNIL, 1O Mae MEHINY KiNb-
kierp amMiHEWX i omepanift. ¥V riagax posfiny onHMcaHO MeToAH
ofep>KkaHHA BHpasin 3 minimaacHolo Hinkkicrio sminHux isHakir
onepariit.

PoarafiHeMo IBOXeAeMeHTHY MHOMXHHY B, efleMeHTH AKoi 6y-
JeMo moadauaT™h dYepea 0 i 1: B = {0, 1),
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BuaHa\ieHHRA

3MiHHI, SKi MOEYTS NpUAMaTH 3HAMEHHA TINEKH 3 MHOXKUKH
B, nasupanThca nozivnumi abo Syresumu aminnumu. Cami
spavenHE® (0 1 1 OyneBux SMiHEWX HaswBaloThcA Oyresusi
KOHCmARmMaMU.

B mMoBaX OporpaMyBaHHA AA8 pofoTH 2 TAKUMH aMiHHUMH,
fiX OpaBHNC, RROAWTHCHA cheliantuuit goriunuit (6ynencerruil) TUn
(wanpuxneg, y mosax Pascal! i Java — boolean, y C+ — bool).
Sminna nworo tHny NpuiiMac ABa 3Havendd: true i false.

BuaHayeHHA

PyrrUig Bugy ¥ = f(x1, X2, ..., X,), APTYMeHTH X; 1 3HAYEHBHA
Yy AKoi HallexkaTb MHOMHHI B, HasuBaeTbcA nr-MicHOIO Gyne-
Bo1o giynkyico. Taxi dynrnii TakoX HasUBalOTL AOriUHHMH
a6o nepemuxaaviumu PyHKOiaAMU.

BuzHaveHHA

Koprex (x1, X2, -, X,) KOHKDETHUX 3HAYeHb GyneBUX 3MIEHNX
HAZMBAEThECS ABiiKOBUM cnogom (n-caiogom) abo Gyaesum na-
Gopom poB:kuHE n. Oaa Gyierol dyErnii y = f(xi, X2 ) X0)
KOHKpeTHe (iHZuBifyanhHe) 3EAaYeHHsS Oyaeporo Habopy
(x1, X2y .o, X,) H43WBAEThCA TAKOXK iHTEpIpeTalnicio 6yrneeol
dynxyii f. MuoxmHa Beix aBifikopEX cyi, 1m0 DozHauae-
ThCA 4eped B, Hasupaerhbes n-gumipnum Gynesum xybGom
i micturs 2" enemenris-ciie: |[B7 = 2"

Hifkcro, ana n=1 € seworo 2! = 2 cnopa — (0} i (1), asapa-
XVHOK 36inslDeHHEA AOBMHMHA CACBA HA OZHH CHMBOJA KiJTbRieTs
chip afinnmyerbes B ABA pa3H, OCKIARKK SOKATKOBWI cmMBOX
Moe NpriiMaTH gBa sHaveEHEA — 0 abo 1. Ina HaogHocTi sobpa-
3HMO B OAHOMY DALKY Habopu OyieBHX 3MiHHHX 3pocTawdoi HoB-
SKHHH, ¥ OPYroMy PAAKY — KiaekoeTi pisaux HaGopis Bigmosigmol
OOBMHHEN!

’ (1), (%1, X2), (X1, X2, X5), ey (1, X2o .., X0
2, 2.-2, 2.2.2=2% .., 2-2-..-2=2",
[lokasxkemo, mio KinpkicTh BCiX MomAMBUX 6yleBux (QyHRIIN
¥ = f(x1, X2y ey X,) AopiBHIGe 22, 3ayBasKuMO, Mo Vv I03HAYSHHAX
. 2.5 Gynera dyurnia € pigobpaxtenns f: B* > B, B={0, 1}. Tlosua-
YHAMO 71-CAQBO OLHHMM CHMBOJOM Ui =(x;, X2, ..., X;) 1 TpOHYMeDyeMO
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Bel pisei cnosa: {u} = {ur, Uz, v, &5}, e p =27, Isi bynesl pyHril
fi(u} i fu) cniBmagaoTe, gxkmo fi(u) = f(u) ana seix u, i =1, 2, ...,
p=2". OckinbkH f(u) Moke MaTh gBa aeadeHHs (0 aGo 1), To
YHeI0 plsakx PyHxuid () gopiBEie KiaprocTi pisEux 6yneBHx
cii (EabopiR) JOBAKMHK p, TobTo yMcny 2° = 2%,

OyHrOil kiTEKOX He3aNeKHUX SMIAHHX MOKHE POIrALIATH HK
dyurnil Big Ginemol rinbkoeTi saMiHHWX. IIpn WhOMY SHAUYEHHA
¢dyrruil ne sMiHWETBECA PR 3aMiHI 3HAYEHHA OHX +«JOLATKOBHX»
aMinHMX.

BusKaueHHA
3minHa x; v DYERIT f{X1, wey Xi-1, Xy Xivgs wee Xp) HAZABA-
eTbcA HeicToTHOWO (abo ghixmuerorw), AKMIO

f(xl, vaey Xi_1, 0’ Xir 1y sensg xﬂ) - f(xls vy Lp-1y 1! Xiv1s 1eey xﬁ)

nopa Oyps-AKUX 3HAYEHHAX PellTH SMIHHAX, ToOTO AKMO
aMina sHaveHnda x; ¥ OyAL-AKOoMYy HaGopi sHAYEHEB X), ., Xa
He 3MiHIOE SHAaYeHHH dyHKIIL.

B unoMy BHNagky Gyarmia f(x1, .., X,.) DAXTHYHO 38/€KUTH Bl
n—1 aMiEHOI, To6To 306paxiye AYARII0 Z(X), ) X1, Xty ey Xn)e
CTeepAxy0Ts, M0 GYEKUiA g ogepxaHa 3 PyHKNil f BumameRHAM
dixTuBHOI aMiEEol, & PYEKIIA f ogep:xana 3 § BBefeRHAM QikTHB-
Hol saMimzol, npuuomy i ¢yurnil 3a BHazayeHHAM DiBHi.

@ 3anuTadHA

1. fAxi amindi HaamBaloThen GysiepuMu abo JOFiYERHMA 3aMiRHAME?

2. Naitre Busnavenns Gyaepol @ymuuii.

3. Ilo sofpamye ofilacTs BHSHaYeHHa i 0614¢Th 3HaYeHb Gynesoi
GYEROii?

4, TloacuiTe cexnc NOHATTS +«iHTepnpeTauis Gyaeeoi GyHKUII»,

5. flxi 3MigHi HasMBaOTLCH HeicTOTHHMMH 860 QixTHRHIMH?

@ 3aBgaHHnf
1. Ckinskn ixTeprnperaniit Mae Gyress GYHKOIA Bl TPROX 3MIHHEHKX
f(x, y, 2)7 Haasits ix.

2, 3BnaiiziTe KinskicTh 6yneBHX HVHKIIE 1 aMIHEAX, 0 IPAEMAKTD
aHageRRda 1 pisHo Ha onAOMY HaGopi.

3. 3HaliziTe KinbKicTh 6yneBux GOYVHKLIE A aMIiHERX, UIo IPpRAMAIOTE
He UpOTH/ACHHHX Habopax ogHakobl sHauenHA. Hporunexrumn
HalopeMA HABHBRITLCA Taki HABopH, AKki B OZERKOBHMX MOIHIII-
A% micraTe nporAnesxHi enementTH. Hanpuwiaap: (0, 0y — ({1, 1)
(1, 0) — (0, 1) Tomo.




102 Posdin 4

4.2. CnocoGu 3apanHA 6yneBux pyHKLUiA
Tatdruys icmunrrocmi, daoxeleMenmia dynreea
axzefpa, anzefipa Aoziku, cynepnosuyin Oyresux
Synryin, npinpumem onepayiil, exsicaienmuicme
dopruya Cyresoi arzedpu

Bynesi byrknil momxyre OyTH 2amaHi TAKEMH €10CO-
bamu:
1. 3a gonomorox Tabnuui icTArHOCTL (3HATTeHHAMY HA KOXKHIiM
e imrepmperamniit).
2. TlopaAKOBMM HOMeDOM, SKHI Mae UA OYHKIL.
3. AganiTuuno (¥ Buraszi dopMyin}.
Poarasaemo xoxcuuil iz sasnmauvenHx cmocobiB goxmagmimie,

4.2.1, Tabnuul ictTuHHOCTI

Tabnuui, B Axnx kKoxkHiil iateprnperanii (ro6ro Habopy apry-
MeHTiB) ¢yvHEOIT DocTarieno v sigmoniamicrs iI sHayeRESs, Wasmn-
BAIOTBCH TAGHMNSEMM icmunnocmi Syneaol Gyrxuii.

B Tabauni icTunHocTi woxkuiii sMmiumiii Ta sHaueHHIO camol
dyHEKIii Bigmorigae MO OXHOMY CTOBNUHKY, A4 KOKHIR iuTep-
nperanif — mo camoMy pasry. Kinokicrs pagzkris y rabamui
Bignorigae kinbkoeTi pisHux iAarepnperaniit dymEknii. Bynesi
byHrmil @(x), sri sanexkars Rin oaniel sMiumoi, HagemeHo B Tab-
armid.l.

Tatauya 4.1. Byresi pyrryii odniel sminnol

x o ® o P
0 0 1
1 0 1 0 1

Koxuilt dyuruil pignopigno ac sHaueHnL, L0 BoHa mpuiiMac,
MOMKHA IIPHBJACHHTH TAKL HA3ERMN:
o = 0 — dyurnisz xoxcranra 0,
01 = ¥ — (QYyAKNiA NOBETOpeHHS APTYMEHTY,
g2 = ¥ — tyuxnia igsepcil abo sanmepeyeHHsA apryMeHTY,
g3 = 1 — dyurnia xomeranra 1.

Plani 6ynesl pyuxdil apox sMmisEux f{x, y) sobpaskeso B Tad-
auni 4.2, ix xinekieTs JopisHIe 27° = 16.
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Tabruysn 4£.2. Byneai ynwyil deox aminHux
x|lp|h|h|fi | |l |k if|fo|f|h|faifulfiz|ha|fiu|fe
olojoOo|Oo|jOjOf(O0]jO|(O}O}L;1|1T|1]1}1]1]1
o(1jo0jo|jo0jO0f1!1]|]1]11Q|0O0)JO|O 1|11
ijojojojt1grjojej1,1]j]0]0]1]1 0l]1]1
itj1jofr|ofj1])]0ojr]jo|(1lOj1]O}1 1101

Binsmicts iz micrmagusarn Gynesnx GyEEROIA f(x, y) qac-
TO 3aCTOCOBYIOTBCA HA mpaxTiui. Ockinerkm pami dbyaxnii em-
KOPHCTOBYIOThCHE SK Y MAaTeMaTWLi, Tak i 38 OporpamysaHHIi,
BOHA MOMYTh MATH pisHe mosmadeHAsda. 1JosHadyeHHA, HA3BH
1 DpourTanns 6ynesmx ¢yHkUi# Big ABox sMiEHMX 306pakeHo
B Tabnuni 4.3.

Tabauys 4.3. Ilosnauenna Gyaceux Qpyrkylll dsox aminnux

BpTYMERTY

H . Inmni
tbyuiuia | Domwavenun Haaga e Tipounranus
1 2 3 4 ]
Bynp-axe O,
iox, ) N kogeTanTa 0 KoHeTaHTa 0
- KOH'WOHAKIIIA . &y &, *, N
flx, g} | 2Ay =20 | Goriune oiv) AND, 1, x, min xly
fe(x, 4) Xy aamepeYeHHA iNnmikanil \ xiHey
HEA
folx, 4) x :;:;;g;w frepiLoro aK X
ol ]! .
fx, ¥) yex ?;neqe:;]ii_?s ApHEHO \ Hex iy
OOBTOPeHHA APYroro
fetx. 4) L4 APTYMERTY HE Y
Mp BEKAIYRE +a60s P N
fetx, y) 185 | (eyma 32 moxyen 2) XOR x me aw y
AH3 IOHKIiA OR, ABO,
fx, y) vy {noriuge eafios) +, max x abo y
. T B .
folx, 1) xoy ?::;i':;:{:]ﬁii’;mga ot vy, xrQy He x i He y
folx, ¥) X~y SKEiBANTCHTHICTS <, = Eqv, = X 8Ky
Fiolx, ) ¥ BATaPEReRHs Lpyroro ¥ me y
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Hpodoewenrna madauyi 4.3

1 2 3 4 5
fulx, ) g x obepHera IMIAiKANLA c r; :;omguyy)
ey | 5| e mepmoro |y g
sz, i) x—y iMnnikanis >, =, Imp ?i;m: :6'01';)-"'
falx, ) x|y ?;I;;I;:: el}ﬁl;?p;,:;;)mmuij XAy, x & y | we x afo He y
Fis(x, 1) i roxeTenuTa 1 i%f:::r?;i-al Y

Mozeavenns Not, And, Or, Xor, Imp, Eqv sEkopHCTO-
BYIOTLCA ¥V MOBi mporpamyBaHHg Basic; nmosuayexra !, &, I=
BHKCPHCTOBYIOTECA y MOBL C; noszadeHHS —, A, vV BHKODHCTOBY-
orsea B cacredi Mathcead., na crHenmocTl v mpmkaagax Ta BH-
KJIAleHHEAX MH OyleMo oIyeKaTH 3HAK KOH' IOHKOIL I nmucat xy
3aMicTE X A Y.

4.2.2. Homepn 6ynesux ¢yHKLIA Ta iHTepnpeTalin

Kosmait ¢yuenil opusIacHoeTsHCH NOpAAKODBHAIT HOMED ¥ BHIAA-
Al maTypannHore uMcna, Ariltkoruit Kof axoro aobpasye CTORMUHK
anavens Gyuxnil y raGauni icrwnnoeti. MoaozmmMm poapanoM
BBAYKACTHCA caMMil HMWUYHH psjox (sHadgeuns ¢yuruii aa inrep.
nperanii (1, 1, .., 1)}, a crapmuMm — caMnit BepxHill (sHaveHus
dyuxuii Ha iarepmperawnii (0, 0, ..., 0)). Bxasarwil nopsakoru#
HoMep GVHRIUL, ar agilikosuit, Tar i gecarkopuii, nopHicTIO BH-
sHayae 6yIeRy OYHKIFIO.

Koxcniit jurepnperanii dynepoi dyRkOII Taxox NpERIacEOE-
ThCH CBild HOMep — aHaieHHA ABRiMKOBOrO KOXY, SKEH 300pamkye
inTepnperania. InTepnperanii, Mo 3anHcaHa ¥ BePXHLOMY pAAKY
Tabnumi icTurEccTi, NpEBAAcHIOETECA Homep (0, norim fge imTep-
npetalnis HoMep 1 Tom(o. B eaMoMy HMKUOMY pAjAKY POSTAILUOBAHE
inTepnpereuis sa HoMepoM 27 - 1, pe n -— KinbkieTs amimHwX, Big
AKHX 3ayexHETh OyneBa QYHKILIA.

Ilpuxaan. BraiineMo nmopagkoedHii Homep (yHrmii flx, ¥),
mo npuiiMae Tari smauwemna: f(0, 0) = 1, f(0, 1)=1, (1,0 =0,
f(1,1)=1. IloByayeMo Tabannmio icTrHHHOCTI ANE 1iel dymrmii
(rabnnns 4.4).
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Tabauua 4.4, Tadauya iemunrocmi f(x, y)

x ¥ flx, )
0 0 1
0 1 1
1 0 [}
1 1 1

[pifixoBHE Koa, w0 Bianoeigac sHedeHHAM niei dyrkmii, —
1101. IlepesegeMo ABifikoBe wuucso 1101, v mecsTKoRY cHetemy
yHeaeHAR. a4 Oeoro KoxHOMY pospAAy LBilKoBOIO uYHcia
NPHBASCENMO BaroBUH koedinisHTr, mo KpaTHRH BLANOBIAHOMY
cTeTleHI0 Ypcaa 2, HOUMHAKYH 3 Huxdoro paaky: 2°, 21, 22 tomo.
IloMuo:AENIH BaroBuil Koedinienr Ha BignoBigHy aBifikony nnd-
Py i noasBiIM OAEpKAHI 3HAYEHAHH, BHANAEMO NOPANKOBUA HoMeED
YRRl

1101, = 1x 28 + 1 x 22+ 0x 21 +1x 2°=8+4+0+1=13.

TaguM YKHOM, AccATEORMY moMep aamol ¢pyuuiii — 13, Tobro
postnauyTa ¢yurnia imnaivanit fis(x,y) = x> y (auB. fia(x, )
B rabmuni 4.3). Takum umnoM, QYERIID [fia(X, y¥) MOMHE aamaTH
aa ponoMerorn geifikopore Koxy, mio Biznmosizae i1 gpifinopoMy HO-
Mepy: fulx, ¥) Bignosiaae api#ikoBomy umeny (1101),.

IIpuxnan. [No6yayemo rabnunio icTeaEOCTI Ana GizapmHol byEk-
uii 3 nopsaxosum Homepom 14. Jna pnoro sHajigemo azifikoBe
ghcAo, fAKe BignoBigac ZecarkoBomy umcay l4, BofOpaszmsmu ne
YHCAQ KK CYMY CTeleHiB wucia 2, oepaHMO:

140 =84+4+2=1x 2"+ 1x 22 + 1% 2! + 0 x 2°= 1110,.

Taxum umeoM, fiux,y) Bigmoeizae aBifikoBOMY uucny
(1110)..

I1oGyayemo mykany Tabauio icTeAEHeCT, POSTALIVBABIIH Qlep-
#aHe 4YUCJIO ¥ CTOBIYHKY 3HaUYeHHE (QYHKIII TAKHM YMHOM, mob
MOJOAMIAN pO3PHI BUABUBCA ¥ HHJoMY paaky (Tabmmnos 4.5)

Tatauyn 4.5, Tabauwys icmunnocmi fulx, y)

x ¥ Fralx, 1)
0 0 1
0 1 1
1 0§ 1
3 1 |0
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4.2.3. bynegi anrebopyu: 3aranoHa, ABOXENEeMeHTHa
i noriuna

B 1n. 3.5 BEefieno HOHATTHA Sy.rieeoi arzebpu (A, A, v, —, 0, 1)
AK Bucmpubymusenoi rpamsxa 3 donosrennam, ne A, v — BiHapHi
omepauil, — — yHapHa omeparnis Ha MHOXKHHi-HociT A, aki Bosogi-
IOTE BUSHAUECHMMH BJIACTHBOCTAME, AHAJXisYIOUK anrebpaidny dop-
My Bcix nux saacTHBocTedt (ame. 0. 3.5) i saMingioun nosHauYeHHA
onepaniif A, v, — Ha e, +, ~ BiANOBigHO, MH BHALIAEMO TaKUH
Halip ResarexwcHux eaacmueocmelt, AKL MOXXHa BEA’KATH GKCiOMA-
mu oGO HedeaexchuMU daxonamu Oynesol anreGpu:

1. KoMmyTaTHBHiCTE: atb=b+a aeb=>0sag,
2. AcomiaTHRHICTS: a+ b +e)=(a+Db)+e¢
asbec)=(ash)sc
8. HucTpnbyTEREicTs: g + (b » ¢} = {a + B) » (a + ¢),
aesb+tcy=(arvbd)+ (aec)
4. 3akoHN A8 HYAS, OAMHKIL TA 3aNepedueHHd:
a+0=a, a+a=1, ael=1, aeda=0.

Bei inmi pignouwlenra (Jeskl 2 HAX TAKOK HASHBAIOTBLCH «3a-
KoHaMu» OyneBoi anreOpy) € HacKiAKOM 3a3HaYeHHX BHINE. 30K-
peMa, 8 1—4 BHXOZATL:

5. Bakonn igemmorentHocTi: @ @ — a e a = a,

6. Tami nnacrueoeri ogunnni i ByaR: a+1=1, ae0=0,

7. 3aKoHM IOMIMHAHEA: a e (@ + b)) =a + (a e b) = a.

8. BakoH inBomonii (moagidiHOre sanepevenns): ¢ = o.

9. Barkonun fe Moprana (moRsiftHocri): a+ & =g o b

ash =a+b.

Tarum 4YgHOM, BHsHaueHHA Gynepo! anreGpm s n. 3.5 BAIIA-
fae Tak (micas sanreGpaiupoil posmudpoBxus MOHATHL, WO GepyTh
¥ HLOMY Y4YacrTh):

Bu3zHaueHHR

Bynesa anzelipa — ne anrebpaiuna cTpyrTypa (4, », +, ,0,1)
3 GiHapHUME ouepaliaMH e, +; A? 5 A, YHapHOIO omepamicio
« »; A—> A i suainegnmu enemenTtanmn 0, 1 B Hociid, aki
3aJ0BCALEAKTE BJACTHBOCTI 1-4.

IMosrauennn omepaniyt A, v samicTh e, + y cnemiaapHuX 6y-
nemux anarefpax samoazuueHe 3 AOTiKM, B skid M. Byar Boeplue
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BHAINKB aiarebpaiudy cTPYKTYPY 3 BiacTEBocraME 1-4. Hoeilt niei
crpykrypn B = {0, 1} craagaeTees a JBOX eJieMeHTIB.

BuaHaveHHRA

Anrefpaigna crpyrTypa (B, A, v, 7), B = {0, 1}, ae omne-
pania A e ron'ronkgin fi{x, y), v ¢ dud’ronxyiz fx, y)
{mrur. Tabaui 4.2, 4.3), « "+ ¢ aanepevennn abo insepein ¢,(x)
(zuB., TabGauimo 4.1), HaaURacTLCA dgoxenemenmnoin Gynre-
8010 nazebpow,

BuxoHauls saxoHiB byaesol aare6pu 1-4 y eTpyrTypi (B, A, v, 7),
4 TAKOXK 3AKOHIB 5—9 BHXOANTH 3 BHIHAUeHHSA onepallii KoH'loH-
kmit, Aus’IoREREIl Ta aanepeueHHd uepez Tabamui ictmHHoCTi 4.1,
4.2 (gus. n. 4.4).

Bu3HaveHHs

Anazebpor Aozixkn HAIABACTLCH ABOXeJeMeHTHAa 0Oyviesma
aarebpa (B, ~, v, 7, =¥, =), B = {0, 1}, B axili MHOXKZ-
Hy onlepauilfi NOomoBHeHO ABoMa OlHapHMMH olepamisamMp:
imnnixayiero — (falx, ¥)) T2 exsicarewxmuicmio - (fo(x, y))
(aus. Tabmruni 4.2, 4.3).

4.2.4. bynesi ¢opMmynu i npiopurer onepauin
Byneri ¢yHrnil MoxyTs Gyt safani apaniTuuHO, TobTO thop-
MYyJIaMH.
BusHavenHn
dopmyrs — Ue BUPa3, WO MicTHTh: Gyaesl dyEKOil Ta ixni
cyneprosunii.
BuaHavueHHA
Cynepnosuyierw HasmBaeThea cltocib opep’kAHAS HORUX GVHK-
Oilf mMAAXOM NiACTAHCBKHE 3EaueHbh ¢OHHX GyHKIIN samicTe
sHaYeHb apryMeHTiB iEmnx ¢yexuift. Touxiie, eyneprosu-
yicro Bynenoci ¢yuruii fo i dyExuik f, .., f» HAZHBAETHCA
Q)YHRIIJ'-H f(xh wrey xM) = fo(gl(xl! seey xm]! erey gk(xlv ey xm))s
Ae KoxHA 3 QYHRULA gdx:, .., x.) cniBmagzae 3 ogHiclo
3 OYHKIIEA fiy vy Frs i € {1, vy R} Ilpu OBpOMY HedXi 3 QpyHK-
Wii f;, & 3HAYKTE 1 £ MOMYTH TOTOMKHC CIIBHAKATH 3 OAHiEID
ia smirHMX x., € {l, .., m}.

ITpuraan. Posrasuemo dopmyny, mo aafae dyakuilo flx, y, 2)
TAHKHAM YHHOM:

flx,y. 2)={x Ay va
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1Ia dopmyna micrurs PVHKLIL: g(x1) — sallepeverHd, $(x1, X2} —
KON'IOHKIIA i I(x,, %) — Aus’oHxuig. Jany QopMyay MoxcHAa
306pazHTH Vv BRAIMAAL cymepnosnnil BrRazaHMX GYHKIIN TAKHM
YHHOM:

flx, y, 2) = Us(x, &), 2).

¥ dopMyni (x A ¥) v Z BAKOPHCTAHO iHQiKCHHI sammc, KOAM
spakB dyukoii (onepaniit) posramosani mbx omepangamun. Maa
sanucy Bupazir y ingikenift popmi Heobxigno BUIHAYHTH NOPRIOK
BUKOHAHHE onepaliif, IO BUKOHYEThCA 3a AOIOMOIOK AYVHOK 860
SAZAHHSA TPIOPHTeTYy omepanii,

Sxme v dopMyal picyTHI Ayixkuy, TO onepanil BHMKOHYIOTHCA
¥ Takiifi mocnizoBHGCTi: 3amepedeHEA, KOH’IOHKLINA, AN3’IOHKIIA,
iMnniranigs Ta eKBiBaNeHTHICTH:

Ty A Vs =2

IIpernax. Honepegmio dopmyny f(x, ¥y, 2) = (x A Y¥) v 2 3 ypa-

XyBaHHAM NplopmTery onepaniit moxna sanucarn Gea Fyxmon:
(xA)vz=xnrpva

3BOPOTHO 3 ypaxveawusM mpiopHTery omepallilf poacTaBHMO
AYHKH!

x~z2=2xvemx~(2—> (Xv2).

Heobxigno pigsHAuURTH, WO JEAK ONepallil 3anepedeHHA MOXNe
posMiIaTHes He Tinbk#M HAA OKDEMEMH sMiHuawMu, ane 1 Hapg
cdopMmysamu abo IxmiMp dacTHHaMn. B nnoMy BUnaaky omepanii
BHKOHVIOTBCA TaK, K Eaue 6 TO BHpAS3, [H0 BHAXOEKTHCA Wi 3Ha-
KOM 3anepedeHBs, HYJ0 BRIANERO B AVIKKH,

IIpaxaan, ¥ GopMyai x > 2 Ay v x v # LYHKER MOXKE] poa-
CTABATH TAKMM YHHOM:

x o ({((zAy)vx)va).

Ha eigminy Big rabnuusoro sappamus, sofpaxenns dysrnii
tdopmMynor He eamue, Hampwmunag, ¢yuxnino mrpux Ileddepa
MO Ha 300pa3dTH sa AOIIOMOIOK OCHOBHHX oumepanii Gysimemol an-
rebpy Ppopmysamu:

fu=xvX abo fig= xx,,
a (pyHKLOiw crpinka Ilipca TaxuM YHHOM:
fa=xx; abo fu =12,V xa,

BuaHaveHHA

Dopmynn, mo sofipaxkyor™ ogay it Ty ' dyHrNiK, HA3HEBA-
IOTLCH eXSiGaREHRMRUMU AOD PIEHOCUILHULMU.
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ExBiBazenTHicTh OopMyII N03HaYaETRCA BHAKOM piBHOCTL. OfuHE
ia cmocofi®r BCTAHOBMTH eKEiBANeHTHicTE POPMYN CcKAAZAETbCH:
8 TAKOro: A1IA KoxkHol dopMyny OvaveTbed Tabauus icTwHHOCTI,
a moTiM ofepmadi rabamuul mopirHIOKTRCH, TOGTO AKRTHUHO XAA
KO)KXHOTO Habopy aMiHHMX nepeBipfAeThCcH, W AOPIBHIONTb Ha
HbOMY 3Havennf (yExnii. IcHyore # immi cmocobm mepeBipuu
eKBiBAJeHTHocTI dopMyn, Aki Gyne PO3rIAHYTO HHXYe.

4.2.5. Nepexin Bin dopmynu oo rabnuui
iCTUHHOCTI PyHKUIT
Hobyayemo Tabaupo lermaHoceTi zax ¢dyaxoil, me sagama
Takow dopMmynow:
flx, y, z, y=xvilzviay) >t
DYHREILiA 8aIeMHTL B YOTHPLOX 3MIEHHX i, oTie, Oas Hel
¢ 24 =16 iurepnperauiii. Jua nobyaosn TabaAul icTHHHOCTI HeoG-
XiZHO BM3HAUMTH 3HaueHHS hyHKOII Ha Beix iBTepmperalliax:
f(0,0,0,00=0vDOv00)5>0=0v10vO0)—>0=
=0v10v1)o0=0viI)>0=0v10=1->0=0;
f0,0,0,1)=0vOOvO00) 3 1=0v10vO0)—>1=
=0vi0v1)—=51=0vid)>1=0viol=1->1=1;
f0,0,1,00=0v01v0)=0=0v1lv0) 0=
=0v1ilv1)>0=0vI1)>0=0v1—20=1-2>0=0;

(1,1, 1, )=1v1{lviD=1=1v0lvi)>1=
=lvO{lv0)—->1=1vOdl)-1=1v0-o21=1-51=1.

PoamicTumo B Tabneni icrmamocTi imTepnperaunii B nopagky
a3binsmmenua signosigamx M ARiiixoRmx HoMepiB i sanumemo ofgep-
HeaHe SHAYeHNA QyHERNII Ha xouid inTepuperanii. OaepxuMo
rabaumnio ictumHoeri dyvaxmil f(x, y, 2z, =z viylzv i) >t
(rabnuns 4.6).

Tatauys 4.8. Tabauyr icmunnocmi flx, y, 2. t)

fx, 1 2, )
Q

[=RE—NI—RE—RE—NE—2§ 1
LRI -AE—-RE-NE—R{ -}

OO = OO N
= O | Qe | S

b [emd e | ST | ek
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x ] z 2 fx,y, 2, 1)
0 i 1 0 1
0 i 1 1 1
1 0 0 0 1
1 0 0 1 1
1 Q 1 0 1
1 Q 1 1 1
1 1 0 0 1
1 i V] 1 1
1 1 1 0 i
1 1 1 1 i
3anutaHHA
1. Haasire cnocoby saegamRa 6yaeRHX (PYHXOil.
2. Hdrem unnom SyayeThes Tabnuna lermunsocti Gynerol dyExrnii?
3. Hassire ocBoBEL 6yierl dyHrIil Big 80X aMiHMIIX.
4. fxkuM uuHOM BE3HAYECTLCA AoMeD Synenoi dynraii? Homep iuTep-

@ en

nperanii?

JaliTe BHaHaUeHH: cynepnosuiii Gyaesnx dyuruiil.

Arwnit npiopuTer BEsEaYeHHA Nia onepamiit aire6pn sorikn? Ons
sxol mini cAyAKUTL DpiopHATeT omepaii?

Akl dopmysu HasuealwoTLeS exBipanentHEMM?

. SIK¥M uAHOM 3RifcHIOCTLCH OepeXif Bix dopMyax o Tabauni ic-

TARHOCTL QyHKNI]?

3aepaHHA

1.

OnycTiTe MAKCEMAALHO MOMIWRE TUCRG TYEOK ¥ dopMyni a ypa-
XYBAHHAM NpiopHTETY EMKOHAHHA onepaiii:

a) (((x~y)~({{((xA2) A ) v @) > ) v )

6) ((x =+ 2) >y~ @) At v (T A x) ~ g}

Bl A@vUE >NV @Ay @)~ ¢V )

. Buapaure irepmpeTanii, Fa AKX BMKOHYIOTHCS CNiBRiTHO-

menHA:

alxn(x 2yl —=2lx—2)=0;

OGE->Paltox)vEi=1

BElYax~p=1

Tlo6yaytite Tabnmoi icThrroeri TX GyErnilh Ta BHaHauTe Ixmiit
TIODHAKOBME EoMep:

a) fix, y) = (x = y) Ay — x};

B)flx, y, D ={x A DB (x A DB (y ~n2)

B flx,y, 2)=(xnpdvixaz)viynazh

Nfx, g )=(xry)vixa2)v(yaz)
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R f(x, y) = x| (x| vk
e) flx, ) = (x| | (x| )

4. TlepeBipre 5a gomomMorol TabAMNL icTHEHocTi, TH cHOpABeIANBI
Taki coieBigHOMeHEA:
xrviy~2)=(xvy~{xva)
x> ~2d=(x->y~(x->2)
BxAy~2) =AY~ (x A2
Nxoa>yvay=(x-3yvix—>2),
Dx>yaz)=(x>pnA(x—>2)
xByrnz)={x@yYalx®z)
x> y—22)=(x—>y)—(x—>2).

4.3. [OsoicricTb
Hdaviemi ma camodsoicmi Gyneai Ppyrryii,
npuxyun deofemoemi

B ocHOBi Gynesol anrebpu, Ax 1 geaxnx iHmnx aarebpaiv-
HHX CTPYKTYpax, JIesKHThL OPMHIIAI ABOICTOCTI.

BuzHAYBHHA
Oyrkuia f{x), .., X¥,) HE3HRBAETbcA deoicmore N0 QVHKHIT
f(X1s wey X)), AKIWO

F(X1s ey Xa) = f(X1y vy Xa)e (4.1)

Hopenemo, mo ()" = f, ana uboro sa ¢opMmynomo 4.1 suatige-
mo ¢yHKNic, mo ABoicTa f* i, BEKODMCTORYIOUH 34KOH OOZRIi-
HOro sanepedyeREA f=[ (AokaagHinie -6yae poOarnsHYTO HHXK4e,
B . 4.4), ogepxuMo:

(f'(xh run gy xu))a = (f(ih away Eﬂ)),P = (f(fh eaey inn =
= f(x1, ) Xa).
TaruM uUMHOM, BifHoMeHHs aBoicTocTi Mix dyErmiamu cu-
MeTpuyHo. I3 BuaRayenHsd ABoicTocTi Maemo, mo Ang 6yAb-axoi
¢dyuknii apoicra il BH3HAYASTLCH ONEOSHAYHO.

BuzHa4eHHA
PDyukuia, zeoicta cama cobi, robro f = [, HAaauBacTLCH
camodgoicmow.

CymicTnmo Tabmuni icrunnocTi Gynesoi dyuruii f(x, y) i Aroi-
eroi dymrenil f'(x, y), BPAXOBYIOUH ¥ CTOBHUHKY 3HAUEHB f* pis-
Hicts (0, 0) = f(1, 1), (1, 0} = f(0, 1) Tommo. B croBomax fif+
cymicuHol Tabnumi 4.7 noskHe sRadensd GyHxUil f(x, y) RopiHioe
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samepeveHHI0 CHMeTPHUHOTO oMy sHaueHHA @yHRUIL F'(x, y)
PigmocHo TOpHIOKTAJbHOI MiHll cepenwuu Tabauni (B raGnumi 4.7
CEMeTpHuH] sHageHEs 3’efHaHi crpinkamy).

Tatauuya 4.7. ITopienannn Geoicmux Pynnyii
flx, 1) fiix. )

70,0) w_ o T, 1)
10.1) «—q L7 . 71,0
11,0 L2 >0, 1)

ry ¥ * Fo,0

- = lo]la |4
EEE-R N E-Nk]

TakrM auHOM, Ie6 To6yLysaTy Tabaunio iermuuocTi dyurnii,
mo gsoicTa Aanift, weofxigno nobGyayearH Tabnumic icTHHHOCTL
aaaanol yHxnii, wokHe anayeHHA OyreBol HyHKRUil samiHuTH
Ha OpoTuNexkHe 1 sanmcaty ofep:xaHuil CTOBOYMK V 3BOPOTHIH
nocaifoBHOCT.

IIpuraag. BmadTu oyERDin, aka psoicra dyErRUii fx, y, 2),
SKWe Bigomo, mo f(x, ¥, 2) = 1 Tinkky Ha ivTepuperamiax ((01),
(011), (111).

Jnst cTOBEOA 8HaveHE f reHepyemco Habip mpoTHIe:RHHX
(ieBepcE¥X)} sHadeHr (10101110). 3anmcaBmK fioro y 3BopoTHIiH
HOCJ]iADBHOcTi, OI[BPJRKMO TAKHM YHHOM CTOBLYMK 3HAYEHHH ABO-
feroi dymrmii f (tabanoa 4.8).

Tatauya 4.8, Tadruyrn iemunnocmi daolemux Qynxyil

x ¥ 2 fx, y,2) e, g, 2)
0 0 0 0 0
1] 0 1 1
0 1 0 0 1
0 1 1 1 1
1 0 0 0 0
1 ¢ 1 0 1
1 1 0 0 0
1 1 1 1 1

Posrassemo rabnuniwo icTunioeri camogpoierol dymruil (tab-
apoa 4.9).
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Tabauya 4.9. Camodaoicma Ppyuruia

x fiz.y=Nx.
0 f0, 0)=1(1,1)
0|1 (0, 1)=f1,0)
1|0 A(1,0) = J(0, 1) :]
1|13 K1, 1) =70, 0)

Iposegemo nimi cumerpil mocepeamui rabnuni. Ax magno
3 rabaurmi 4.9, Komue aHaverns dyurnii AopirHioe aamepeuen-
HI0 CUMeTpHUHArn HoMy amaueHHA. TaKHEM YMHOM, 3a Tabauiero
ictuEHOCTL QyHKRUIL 3aBXKIN Mo:xkEA BUIHAYHMTH, € JAHA QYHELUIA
CAMOABROICTOI0 UM Hi.

IIpuxnag. Pyuenii flx, y, 2) 1 g(x, y, 2) sapani rabaunamn
icrnurocTi (rabarnoa 4.10). BusHayHnTH, B € JaHI ¢yHERUII caMo-
ABOICTHMH,

Tatauus 4.10. Cynxyii fix, y. 2) u gfx. y, z)

x v z | Hxpad) | gz
0 0 ' 0 ! 0
0 0 1 1 1
0 1 0 1 0
0 1 1 | 1 ; 1
1 0 a i o g 1
1 | o ] 1 o 1
1 1 0 0 0
1 i 1 1 0

3 rabnuui 4.10 pEAHO, OO KOWHe gHaAYeHHI PYHRIIL f(x, ¥, 2)
£ palepeueHHAM cuMeTpHunoro oMy amauemnsa. Orxe, byHkrIia
f(x, ¥, 2) ¢ camompoicTeto. Jina dynxuii g(x, ¥, 2) € aAavenHsn
$yuruii, mo Ee AOPIBRIOITL 3alepeveHHI0 CHMETPHYHHX IM 3Ha-
YeHb, Hampuraan: (0, 0, 0) =0, a cuMerpHuHe HoMy SHAYEHHA
£(1,1, 1)=~0. Omxe, oyarmia g(x, y, 2) He € CaAMOHBOICTONO.

3Hauenna camofBoictoi GYRKIII MOBHICTIO BH3RAUANIOTHEA il
3HAYEHHAMY Ha DOA0BHH| iHTepnperauiit. Beroro Maemo 2° iHTep-
operaniit ¢yHrUil # aminanx. Ionoemnra ganoi xkimpkocri Hyxe
cTaHOBHTH 2"/2 = 2°°!, TaxkuM 4MHOM, KiAnkicTk caMogsoicTHx
dyErui# Big n sminpux gopismioce 2% '
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Hexaif pyuxuia F sagana Ak cynepnospuia dyarnii fo i pyak-
mitt fi, oo, for F = fof1, s Fu). @yuknio F', o geoicra F, Mox-
Ha OJEDYKATH, 3aMIHMBIIH B ¢opmyai F oyHrUl fo3 fi, -, fu Ha
asoicri no BEX f33 fiy w fa-

Hificro, sxmp pHyTpim=l GyEEDil f,, i= T,'_rI 3aMeMaTh Bl
m apryMexTiB X1, .., Ly, TO, 38 BUIHAUEHHAM, JJIA pesyabTyIOHNOI
dyrknaii F = Flx, .., X,) goicTa F* Mac BUPASK:

F* = F(Z1s s Xa) = FolFs@E1,s wver Emdy voes FulErs weer X))
NpHYOMY
fAZ1 oy Xn) = [iZ1y weer T} = [ X1y o0 Xa)e
3 izmoro Gory,
s wer )= Tol Fis ces FY=FolFrE1s s Tmds wvr Fults ooy Za))e
TaxuM guEOM,
F = fifis > Fa).

MeTonoM MaTeMaTHUHOI IHIVKLII Ile IPABHMIIO NTepeXogy AC ABOI-
cToi GYEKII nmomuploeThes ER «GaraToeTyHOiHuacTi» cymepmosEmii
OyaepHXx ¢yHKuUiii, KoaH «BHYTpimHi» ¢YHKOIi fi, .., fzs B CBOXO
qepry, € cynepnosumiamMe irmxx $yukuii Tomo.

Bramemo GyHKHII, Mo JABoicTi A0 eclieMeHTADHEX» GYHKIIN
Joriky A, v, , KoEcTaETa 0, KoHCPamTa 1:

fx, ) = x Ay fx,y)y=xry==xvy
f(x) = %; Fx)=% =% = fz)
f(x) = 0; £x) = 0 =1 = f(x).

Ockinbx# BigHOUTEeHHA [ABOICTOCTI CHMETPHYEO, MMKHA CKa-
3aTH, 1o KOH'IOHKIIA amoicra nms’ropkiii, ama’onknia neoicra
ko’ wHKO1Y, ¢yarnia «0» avoicTa dyHKOil «1», i Hapmaxny,
a fganepeyenHsd — CAMOABOicTA QYHRIIS.

3pincH BUXGIHTL TAK 3BaHUA npuxyun deéoicmocmi, OI0 BKA-
aye IpaBHMAC ofep:kaHHf ABoictEX dopmyn y Gynesift anrebpi:
«laa Toro 1mo€ ogep:xaTH ARoieTy GopMyNy 6yneBol anrefpwu,
HeobxigHeo 3aMirnTH B Hif Bel Kow'OHKNIT HE QM3 10HKO, ANI OHK-
il Ha xoR'orkLil, 0 Ba 1, 1 Ha 0 i BHKOPHCTYBATH AVYRKH, H€
HeoBxifHo, 106 mOpAXOKR BHKOPHMCTANHA Omepaliit samumpBes
momepegHiM» .

Ipuraaj. Suaiitn dyuxnio, geolery dyuruil [/ = xvyzv .
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CxopucraeMocs HaBeAeHHEM BMINEG NPABNIOM OJePIKAHHS XBO-
ierHx dyHInih:

F=@vEga)vy=-zalyvaal

Hacaxipox. drxwjo pyniyii pieni, mo i Jsoiemi in pynwruil

maxox

1.

2.

44.

pieni:
armo fL=f To fi' = fi.

@ 3anvTaHHR

. Haftre puaHAveHRR LBoYcTol dyHEIII.
. fxri dynxnil AasusaioTheA caMofROiCTHME?
. fAxnM aumom dopmyeThcs Tabawns icruumaocri ARoicrol dyHK-

mii?
BraspauTe, BUKOPHUCTOBYIOUH Tal B0 icTAROCT] Hynesoi dynnIil,
4 e BOHA caMofpoicTolo um Hi,

. ChopMynwiiTe IpUHTMI AROICTOCTL.

AxaM YAHOM MOMHA SHAMITEYHEM OIISXOoM ofepikaTy ia aagamol
dopuynolo ¢pyuKuii aABoicTy Ho Hei?

?Q JaBaannA

BnamagTe Kinbriers malopis, BA Axux camoxeoicra dymkmiz n
aminanx Acpizmame 1.

Buafiry gRoicT] hopMyan Ko TaknX GyHRmiM:
allx alyva)vx Al

6) xy v yz v xz;

By vxvywv a2t

Busgaure, yx € Taxi gyrxnii camogpoicTaMm:
) fix, ) =Evyrlv =)

BYfx, 4, )= (2 AP v (EAZ) V(¥ A 2N

B I ¥ D) = E AP V(EAD VG A
Dflx,yp)=Eap)vixaz) vy
Dz, N=xviap.

3akoHn OyneBoi anre6pu

¥ uiit rrasi 6yne nepesipeno BExonagas 3axkomiB Gynesoi

anrefpu 1-4, a Takoxxk 59 3 . 4.2.3 ana ABoxereMeHTHo! anred-

paigHol

cTPYKTYPH (B, A, v, ), @€ A, v, € omepauii kon'loHK-

nil f,, nua’ournil f; Ta sanepedvenms ¢, Mo safgani TASIUITAMHA
ieturnocTi (Tabanni 4.1, 4.2). B nogaArmoMy, SKINOC He OTQBOpeHe
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OpOTHAEN(HE, MH GYASM0 HasABATH ABOXeJeMeHTHY Oyneny anreGpy
{B, ~, v, ) mpocTo «byneBoic aarebpoios.

1. Komymamuenicme xor’wonkyii ma dus’onkyii
IVY=YVE XAY=YAX

Tabruys 4.11. Tabruui Cymictumo Tabnuui icruawoeri
icmunHnocmi Ana oBox uacTWH unepinol piBzoeri
(tabnunsg 4.11).
* y | xvy | yv=x Cropmii x v iy ¥ ¥y v x y Tabaunax
a 0 0 Q ierinroerl MicTaT: oawnaxori zEauen-
HHA, ¢ LOBOSHTH KOMYTATHBHICTb
N 1 1 1 oneparii zma’wrxunii. 3naitaemo ToO-
1 0 1 1 TOMHICTH, ABOiCTYy Ramid, ana woro
] ) 1 . aaMiEuMo Bei dyHENii Ha AroicTi
im:

(xvy)=@Gvzx), xay=pyn~x
2. Acovyiamuenicms non'ronxyii ma Oouz'rorxyil
xvipvay=(xvylva xalpaz)=(xry Az

CreopuMo Talamli leTMHHOCTI AAAR miBOI Ta MpaBol YacTHH
Apyroi piBHoeTi (Tabnuna 4.12).

Tabauys 4.12. Jlosedenns acoylamusnocmi won wHxyit

x ¥ z ynz xa(yaz) XAy (xap)az
0 0|0 0 )] 0 0
g |0 1 0 0 0
i} 1|0 0 0 0 0
0 1 1 1 0 0 D
1 00 0 o 0 0
1 0 1 0 0 1 0
1 1 0 0 0 1 o
1 1 1 1 1 1 1

CroBOuMKR, O BiANOBiZaloTH NiBilk Ta npapif vacTHHAM Apyroi
piBHOCTi, MiCTATE OXHAKOBL 3HaYERHASA, L0 LOBOSATH COPABEJINBICTE
TOTOKHOCTL & A (¥ A 2) = (X A ¥) A 2. TaTOXHicTE, 1110 BHpaxae
aconiaTuBHiers aus’oEKUii, gBoicTa HoBegeHil, ockiabkM Moxe
byt ofmepskaHa 3 Hel 1mInAxom aaMiEu Belx dyaxkmid Ra ABoieti
iM, i, oTte, BOMA Ted NPABHILHA.
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3. Quempubypmuenicme xon'ronkyii ma dus’ronxyii sidnocno
odna odniii
xalyva=(xay)v{xazh
xviyanz)=(xvy axvz2)
Hoeegemo gucrpubyruBricts won'wHiruil Iogo Ana’woHKOII,
BuKOpHCcTOBYIOUM TESIHNIO ictmAHocti (TaGauusa 4.13).
Tasauys 4.13. Quempubymuericme Kon’ 0RXUIT wodo dud onkyii

x ] z yve xalyve) xAay xrz {(xay)vixaz)
) 0 Q 0 0 0 1] 0
0 0 1 1 0 0 0 0
0 1 U] i 0 0 0 0
0 1 1 1 0 0 0 0
1 0 0 (] )] 0 0 0
1 Q 1 1 1 0 1 1
1 1 0 1 1 1 0 1
1 1 1 1 1 1 1 1

CroBnynky, aAki siamoeinalors aAipi#t Ta mpasiili yacTHHAM
nepmoi pinHoecTi, MicTATE oAHAKOBI amaveHHA, MO i AOBOAETE
cupaBefNABiCTL piBHoCTI ¥ A (g v 2) = (2 A i) v (X A 2). IBOiC-
Ta TOTOXKHICTE BHDaxkac AUCTPUOYTHBEHiCTE Iuz’oEKUEI BigHoCcHO
KOHFOHKIIIT.

4. Idemnomenmuicmv xowwnryil ma dusronxyii
XVX=X XAX=X,
Io6yayemo Tabauni ictEHgocTi dyukuifi 3 aiBuX wacTHE piB-
woeTi (Tabaumusg 4.14).

B radnumi 3sHaveHHA BCiX CTOBNIIB Tabauys 4.14. 3axon
olsaxkopl i cmiemagaloTs i3 3HaYeHHAM idemnomenmmocmi
aMignol x, IO i AOCBOAMTE OGHARI ToO- x xvx XAX
ToxkHocTi. Jaui ToTroxkHocTl TaAK, Ak 0 0 0
1 posraAHYTL BHILE, € ABOICTEMH OfHA " 1 "
ofnuii.

Tasruys 4.15. 3axon

5. JaKoR SUKAIDY4EHROZ0 Mpembozo BUKRINENO20 MPEMBOLO

xrvx=1

v x

x x
JdoBefeMo el 3axoH, BHKOPHCTO- o ’ 1
BYoud Tabrnolo iermwocti (raGam-
oa 4.15). 1 ° 1
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Crosrrunrk rabnauni iernnzoerti, axnit sobpamye diBy wacTHEY
TOTORHOCTI, mo AOCBOAUTECA, AOPiBHIOE KOHCTARTI oMMHHUI, Ijo
i Tpeba Gyao posecTH.

6. Jaxon npomupivis
. xnx=0.
]'_Ieﬁ SAKOH E ABOECTHM A0 JOBeACcHCTI'0 BHIIC 3AKOHY BHRKIIO-
9eHOT0 TPeThOTO.

7. Tomowxnrocmi @ Korcmanmamu
xvl=x; xnl=2; xvl=1, 2xA0=40.
INobyayemo Tabauni icTmEHOCTL NAA AIBUX YACTHH TOTOMCHOC-
Teit (Tabamia 4.16).

Tobauusn 4.16. Tabruyi icmunnocmi montoncnocmett

x xv0 xal xwvl xn0
0 i} ] 1 1]
1 1 1 0

Opepxara TabnenE JoBOIHTE CIOPABEATIMBICT: JAEHK TOTOMK-
HocTelf.

B. Jaxoru eniminayil
xa(evy=2 x2xvixay=z
Hoseaesmo neft aaxon AHAXITHYHO, BAKOPHUCTOBYIOUH TOTOMHO-
cTi 3 KoHcTaHTAMM 1 AECTPEGYTHBHHE 3aKOH:

xalxvp=lxvOW)alzvy)=av0ay)=xv0=y;
xvi{zay)l=(xal)vixag)=xa{lvy)=xal=x

9. 3axon nodeiiinoze zanepeverus
X = x.
ITo6yayemo signosinmy rabnunio icTuunocti (rabruusa 4.17).
Ogepxana Tabauna icraEHEocTi ZOBOAMTE CUpeBefJHBicTL TO-
TOMHOCTI.

Telauyn 4.17, Baxox Hacaimox. Axujo 8o desaxol wacmunu
nodailinozo 3anepevenns A popmyau F Oyaeeci arzebpu onepayin
Janepexenid 3acmocosana Oinvilie 0dHOzO
PA3yY, mo MOKHG eudaiumu Oydv-sKe napre
YUCRO Banux onepayid i INaAveHHA Popmy-
Au F He sminumbceR,

x
0
1

O [ Ry
=S H
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10. 3axonu de Mopzana
IVU=XAY; XAP=Xv].
HoBeneMc nepmy 3 HaBeAeHHX TOTOXKHOCTed 3a JOIIOMOroio
vabneui icTuRHOCcTL (Tabauns 4.18).

Tatruyn 4.18. Josedenns sancny de Mopzana

x v xvy vy x v XAy
1] 0 1] 1 1 1 1
0 1 1 a 1 0 o
1 0 1 a 0 1 0
1 1 1 0 0 0 0

TloGygorana Tabaunsa icTHHAOCTI NOBOAMTE CUIpaBeZAUBICTH
toroskHocTi. JIpyrufi saxom ge Moprana ¢ apoicTHM nmepmoMmy i,
OTXKe, TEKOM € HPABHALHHM.

@ 3anuTanuna
1. BaapiTe ocHOBHI saxcHu Gysaepol aarebprm.
2. Sxumu cnocofaMm MoXHa NoBecTH 3ekoHM Gyiepol anreGpu?
3. HxuM wAEOM DPHMEOMI AROICTOCTL 3aCTOCOBANO J0 3aKoHie OyiaeBol
anrebpn?
4. ChopmymoliTe 1 aaHITITL TOTOMRHOCTI ANAA KOMKIOrc 3 ACATH aa-
ronig 6ynenof anrefpr.

@ 3anaanHA

1. Cnpocrits 2a monomoromw sakoris Jgoriky Byns mumuerapegeni
Bupasn. I1oTiM a3a AoNomoromo Tabiamns ictuEHOCTI nopieBESiTe
ofepkaHi BHpasH 3 BHXigHAMM:
DEVEAWNAEAGY NvHvEy (v (YD
BxvaaaxvIDAzvzZag) AZ)vI);
BIgvdDallxnd)vixaa)vEADvixazd aly v i)
Dlavasax@vPaluvadalrvyyalyv a);
Dxadv{yvDalzvDHAEv N AEVvEV(ra2))
QG VAAGEVINVEAD Y (FTAD V2 A (YY)
U ADVvEAP VI ADIVIEAY VAL
Axvizviysaa@at)alzaMNalavFTaz)v i)y
DUxvA@vDaAvDAGy ) vilyvaalzv ik
KxvaDaAaxadvgaddvErADY ADA(xv2)
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4.5. JM3’tOHKTUBHI Ta KOH'IOKTUBHI
po3knanaHHs 6yneBux cdyHKUinA

Teopemu poskaaddnna, edemenmapni koit OHKYIA
i Gushonkyin, konemumyenmu nyis ma odunull,
Hopmaauiti Hopmu

Cepe; MHOMHH eKBiBaJeHTHHX (opMmya, e 3o0paxy-
wrs ofpany OGyneBy dynkuilo f, Bagiaserrca ogRa (opMyia,
fiKa HAGMEBACTHCA JOCKOHAROIG HOPMARLNO Gopxoro dyrknii f.
Bona Mae perJsaMeHTORAHY AOrIYHY CTPYKTYPY 1 OAHO3IHAYHO
BuaHavacThed 3a ynruien f (om. 4.6), a i mofyzoBa 3acHOBAHA
HA PEKYPEeHTHOMY 3ACTOCYRAHHI TeopeM Ipo cOeliadbHi poskna-
AapHA Gynenol dyHrnil za sMiHEMMM, K1 HABOAATLCA B LLOMY
posxaimi.

IIns coponeHHs MATeMATHYHHX BHKJIAJCHE BBegeMo ARifikonuii
napaMeTp © i mosHayeHHA X TAXHAM YWHOM:

x,oe B={0, 1},

x, ecan ¢ =0
xc}‘: ’ »
x, ecmu o =1.

Mosxemo 3poGHTH BHCHOBOK, IO

(oo b X=0,
0, x#o.

Beanocepenubo mepeBipaeThes, mo Ginapra dyakiia flx, o) = x°
300paKyeThCA PopMyNOH:

X=x0VvVX0. (4.2)
Teopema 1. [po dusioHkmiueHe posknadannsa Byneeol gyl
f(x, %2y ..., X,) 38 k 3MiHHUMU

Bydv-ary Oyxeey gynyio f(xi, Xg, ., X,) MOXNcHa 300pasumy
6 mawii: gopmi:

f(xh sy Xky Lk 1y seey xrx) =

=V 2D AT A AXEEA f(B1s T2y vy Gpy Xpoyy ey X))o (4.3)
[ CIT- PRy N
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Bannc \ osHaYAE GaraToxkpaTHy AU IOHEKLI0, aKa Oe-
p

{op. Gis wes )
peThcA 3a BCiMa MOXIHBHME HaGopaMU 3HAUYEER (O1, G2, .y Op)
npH b6ypp-axomy k(1 < k < n).
0 Josedennsa HooGxigpo mepesipuTH, oo He AoBlabHiE imTep-
nperauii (a,, gy .. @,) JiBa | npaBa yacTUHM piBHocTi (4.3) nmpu-
EMAlOTE OOHAKOBL 3HAYeHHA., ITiZCTABMBIUM SHAUCHHA Giy Gz o &y
3aMICTL Xj, #21 ey Xy OJEPIKIAMO:

flay, @2, ... @) =

=V gl aafen..aad A F(S1s Tay ces Ois Bpa1y sees Eu)s
{C1e Tis ey Oa)

3a QopMyncic (4.2) MoaceMo sammcaTH, IO

1} g-=
al = 150
0, a,=*g,

Kou'toHruis aft A af* A .. A af* gopirHioe HyNI0, AKIO XOUua
f oguE enemeHT xoH'OHKIIT ¢ AOpPiBHIOE HYINIO, AKA BiaGyageTnhed,
AEe 4, # 6. Humom (4, s, ... @) cmienagae a8 (61, Gz, -y Ou),
TO ai* A Q32 A .. Aa =1,
3BifcH BUXORHTEH, IO
af* A 858 A o A @8 A f(B1, O2s ey Gy Bicts wmva Gu) =
= 0 ) f(clv T2e veny Oy Anrly asey aﬂ) = 0
upu (@, @z, « @) * (01, Oz .., O
frwe (ay, .. @) =(61, «.,0), TO
At A @22 A o A G A [(O1, O2s ey Oy Bib 1y wes Ga) =
=1 A flm, 62, s Gky Bps1y ooy @a) = a1, B2y o Ba).

Buxozsiuu & Toro, sanMIIEMC SHaYeHHA NOpapBol UACTHHH TO-
ToxkHEoeTl (4.3):

Voap A aft A o AP A F(G1, G2y weay Gay Opsiy eas Tn) =
(LT - |

{posmaiteMo 6araTokpaTHY A¥3 IOHKIII0 vV Ba Babopax (Gy, Gz .-, Oi))

=0v.vOv fa;, @ o @) v 0 v.. v0O=Ffla, a, . a).

Omixe, BEAYeHHA MpaRoi YacTHEM ToToxkHocri (4.8) eniernagae
31 sHavennam mirol vacTunu wa gorimnnilt irrepnperainii. Teopemy
JOBEAEHO., | |
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Mprxaax. 3anixmemo Jua’IOEKTHEHe DO3KEafgaHHA GyHRnii

flx, ¥, 2, t) = (x Ay v 2) A ¢ 32 BMIHHAMH X, 2.
Poszs’ssorn. CROPHCTAEMOCH TEOPEMOK TIPO POIKAANAHHA:

f(x. py 2, ) =V 20t A 282 A f(O1, ¥, Oz 2) =

{5, an
=xAZAf0, 4.0, 0viazafi0, y L, v

verzaf(L,y, 0, 0vxazaf(l,y 1, 1)
OGqueanMo:;

f(0, 4,0, ) = OayvO) At =0,
KO, 4, 1) =O@nyvi)at=t,
(1, 9,0,)=LayvO)at=0,
My L =QayvAat=Fnt

. Iligcrasumo ofepxcanmi suauemus f(0, v, 0, ), f{(0, y, 1, #),
f(l,y,.0, 8, (1, y, 1, #) y dopMyny nH3'IOHKTHRHOIO DO3KAANAH-
Ha Ba SMiHEMMH X, 2:

e, y, 2, )=XnznlvianzatvazaldvxazafGat)=
=XAZALVEAZAGAL
PoarngneMo HeacTiAxkH 3 TeopeMu 1.

Hacaigox 1.-Jus'wexmusene pasxaadanur Gyaresol dyrwyil
flx1, x25 vy T2} B2 0FHOW0 IMINHOW.

BynL-ary Gyneny dyuriio f{x,, Xz, .., x;) MOxKHa 306pasuru
v rakit dopmi:

f(xh X3y seey X)) = V XA f(xh Xy aeey Xy - 19 Tiy K14 1y eeny xu)' (4-4)
o,

Sanuc o3Eavae, Mle AHS'IOHKIiA OepeThca 3a BeiMa 3HAaueH-
AAMu g, TobTo 0 § 1. 3amue J{x;, Xz, .y Xi-1y Giy Xi+1s ey Xa)
no3kavac sHAYeHHE® $YEKRIII Ha mabopi xy, Xz -, X, Ze 3aMicTh
sHaveEHA aMiHHo! X, migcranneHo d,.

Hprrnan. Poarnamemo dyexmiw f(x, ¥, 2, t)= yv 2)t. OrpuMaTi
Zu3' IOHKTHBHe DOSKJafaHHa uici GyHKuUii 3a aMinHOW X.

Poza’azox. CropucraeMocd HacAiZkoM TeopeMH Lpo poskia-
EeHHHA:

f(x! i, 2, t)=£"\ f(O, ¥ 2, tyvaxa f(l' Yy, 2, t)'
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OGunennMo apaverHs GYHEKIUI] flx, y,2,t) npu x=0 1 x=1:
’ f(ﬂ,yyznf}=(0Ayv"z)t=zt;
f(]-,y- Z, f]=(1/\yv§)t—gz\z.\t.

IMiacrasumo oxep:xRani axaverEa f(0, ¥, 2, )1 f(l, y, 2, &)
vy GopMysTy AN’ IOHKTHBHONO POBKJIALGHHE:

flx, y, 2, ) =X Af(0,y, 2, 0 vxAf(l,y 2 t) =22t v xyzt.

Hacnoigox 2. Jus'whxmuene posxaadaHns Oyaeeol @urxyli
flxy, X2s wey Xo) 3@ acima n aminnuMu.

Byas-axy 6yneBy gyEKOUO f(x;, X2, .., X.) # 0 MOXKHa 300pa-
auTH y Takilt Qopmi:

f(xs, X2 s ) =V XD A XTE A A X (4.5)

(@ Sp ooy Ta)
floy On vy S =1

3amuc \Y4 OsHavae, [I{0 AU3’IOHELiA GepeThes 3a BeiMa

{GLe Tgy oy Tn)
ey o cy ou =1

HaflopaMy aHeIeRs (Cy, Ca, .., G,), Ha AKAX f(Gi, G2 .-, G.) = L.
Hitteno, saapmemo cniBpigmonrenna (4.3) Ans BUmanky & =n:

flxy, x5y ooy Xp) = VXD A8 A v A XS A (o1, Gy ey Gp).
(51, Op = O}
SayBa)XEMO Take:
AKHO f{O1, G2 vy Gu} = 0,
TO X{' A X352 A v A XA F(O, G2y wey T) = 05

AKMO f(G1, G35 vy On) = 1,
TO X' A XT2A we A X" A f(O1, G2y vey Ta) = XA XFTA e A K™
Tomy fv3'IOHKTHBHE POAK/IAJAHESA 32 BCiMa sMiHHAME MiCTHTE

TiabKH KOH'IOHKLII, 1o BiAnoBigaloTr mabopaM (&), Gz, ..s Ou), AN
axAx floy, Tz, ey Op) = 1.

Hpuxcnan. Posraapemo dynkRio f(x, y, 2) = xy v 2. OrpEMaTR
ZH2 IHKTHBHe Po3KXaxaads niel ¢ysxnil za BeimMa asMiHHEMH.
Pozs’szorn. Basuaaamo snadvenH® GYHENII Ha x0XHilA 3 iHTEp-
uperanii;
f(0,0,00=0A0v0=0v1=1,
f(0,0,1)=0A0vI=0v0O=0,
f(0,1,00=0A1v0=0v1=1,
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f(0,1,1)=0Alvi=0vO0=0,

f(1,0,0)=1A0v0=0v1=1,
f1,0,1)=1A0v1=0v0=0,
f1,1,00=1Aa1v 1v1i=1,
f1,1,1)=1Aa1lv1i=1v0=1.

Buropnacrogyioan topMyay (4.5), ogepxpmo:

(=1l

N,y 2) =2y v P 2vxl P2y v atyt 2t =
=Xyzviyzvxyivyiyivzyz
BuaHayeHHA

Enemennmapinoio xoR'I0HKYLCG HAIWBAETHCSA KOH'IOHKIiA
6yan-sixoro yucaa 6yaeBHX aMimAmx, mo BaATi iz sanepedeH-
uaM afo Ges Hbore, B AKifl KowAA sMiHEa 3ycTpiuaeTnes
He 6innme oanoro paay. Exemenrtapsorn kon’iomRxmpicio, mie
MIiCTUTh HYJb 3MiHHMX, SyZeMoO BBaXaTH KOHCTAwTy 1.

lprxnan. EneMeHTApHAMHA XKOH BHEKIiamu gng dydxuil Bipg
ogaiei sminuoi MomxyTe OyTH y, 2z, aas dVHEOIT Big ABOX aMmiH-
HHX — X A ¥y, X A2, R4 GYEKOIT Bill TProX sMIEAAX — X Al A 2,
X AYAZ, XAYAZ TEIHII.
Bu3HaueHHA
Auz'onemusnown nopmarsnow gopsow (JJHD) HaauBacThen
dopmyna, o 306pakeds y BUMNAAL A¥3 10HKII eneMeHTap-
HMX KoH'IOHRIif.

Bu3nadyeHHA

EneMenrTapHa KOH'IOHKRIA X' A X2 A ... A X7* HAGHBAEThCA
KoHcmumyenmoio odunuyi {(minmepmon) byuruii flx, x.,
wey Xa)y ARIIO f(O1, G2s wes ©x) = 1, ToOTO IHTEpIpeTALli, AKA
ofieprae B OFUHKO0 AAHY elleMeHTAPHY KOH'IOHKIiK, 06epTac
B OJHHHIW i ¢gvHrOiw f.

KoHcTHTYEHT2 OAHMHHIL Mae Taki BJIACTHBOCTI:

i. KonctuTyenTa ofMHNLI JopiBajoe oiRANLL TiTbKA Ha BiANO-
Binuilk i inTepmperamii.

2. SHaYeHHA KOHCTUTYCHTH OAMHHKNL 0JTHO3HEYHO BH3HAYACThES
HoMepoM BiamoBigHoI iHTepmpeTauii.

3. Kon'wonxuia 6yas-AKoro YAcaa pi3HHX KOHCTHTYEHT OAMHM-
mi ¢yExuil gopisH0OE HYII0.
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pusnan. ExemenTapis KoH'ICHKIIA X A ¥ € KOHCTHTYEHTOIO
oppangl ¢yoruii apox smimmnax f(x, y) #a imrepnperanii (1, 0),
ocklIERR x Ay = 2! A1 x A ¥ = 1. EfeMenTapHa KOH'IOHKIiA
X A Y A 2z £ KOHCTHTYEHTOW OJMEELL GYHKILII Tphox amiERux
f(x, ¥, ) Ba inTepuperauii (1, 1, 1), cKinprRa XAy AzZz= X Ay A 2!
ixAaynz=1

BranayeHHA

Hocxoranow Bus’'wHremueHow HOpMARbHOW dopmolo
(A AHD) Gynepoi pyEKRii HasHBaeThcE QopMyna, IO 3006-
pakeHa Yy BHMSAL A¥3’0HKIII KOHCTHTYEeHT OoRHHHUI AaHOoI
dbyHrRnii.

JIH® dyekuii ¢ peayapTaToM U3 IOHKTHBHOIC DOSKJIAJAHHSA
¢yukuii sa BeiMa aMisuuMy i sigwoBigae dopmyii (4.5). Ak Bua-
no 3 sasnaveHnd, AJMH® dyuxnii MicTHT: TIIBKH A, v, , OTXKeE,
sacrocyBapmin o NAH® npusumn geoicroeTi, MOMKEA 0JepHaTH
Aeoicre sobpaskeHHdA, AKe HASABAETLECH KOH IORKIMUGHUM DPOIKAG-
dannam,

Teopema 2. [Tpo KoH'roHKMUEBHS PO3KNadaHHA Dynesol hyRKUil
f(xy, x2, ..., X,) 38 k 3MIHHLIMU

Bydvary Oyreey Qyrruio f(x., Xz, ., X.) MONKHA 300pazumu
y maiitt gopmi:
f(xh nary x#’ xk+17 sery Iﬂ) =

= /AN X0 v X5V e VXV F(GL, Ogy eeey Oy Lps1y ey Xn)e  (4.6)

(L P

Banme /\ osmauae, mo KoH'OHKHiE GepeThea ma Beima

[ (. o 4

MOMINBMMA HAGOPAME BHAYEHE (O, Gz, ey Or)s

O Hosedennn. JoneleMe TeopeMy, BHKODHCTORYIOUM MPHH-
nwn gBoicrocTi 1 ToToxkuicres (4.3). Banumemo Au3’WHHTHUBHE
posknaganns dyarnii £(x;, xz .., xX,), Zxa gsoiera ¢yurmii
f(xl: X2y seny xn)-

Flxey Xay iy X)) =

= V x?‘ A xsdz A e A xgh A f{cl, Tzy eevy Opy L 2 15 ooy xn)-

[0 - PR 15

ToromKicTs, ABOICTa A0 OCTAHHBOI, Ma€ BHIVIAA:
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f"(xh X2y vy x.ﬂ) =

= A\ (EP) V(2 V o v ()Y (O15 G2y e By Tut 13 oy Zn)e
(O, 030 ey O

B mieidt uacTuni pisrocr] ogep:xmMo flxi, X2y .y Xk ¥ npe-
Bi# uacrAHi mepeiizeMo go mBOicTHMX Bmpasie anma x”. IIna meoro
aanammeMo Qopmyny (4.2) 1 sualigemo zpoieTy jJo Hel maaxom
samipm Reix mxigaux go Hel QyHKniE Aa EBOicTi:

) = (xo v XE) = (% v S)¥i v ) =
= x0; v ;01 = x5} v x{0;) = xfa‘-

TaxpM HHHOM, pisxicTe 3 f npuiiMae dopMy (4.6), mo i Tpe-
fa 6ylIo HoBecTH. "

lipuraan. PosrnaHemo KOH'IOMHTHBHE DOSKIAAHHS GQyHHIIT
flx, y, 2,t) = (xy v z)t 38 smigEHME x, .
Poas’asor. 3a dopmynol (4.6) Macmo:
fx, gy 2, =B v v 0,y 2z O v £ v
viIiO,y 2 D v v,y 2z, 0 v vl y, 2,1)=
={xzviv Oy 2, 0)xviv 0,y 2 1xviv
vil,y, 2, ¥ vEv 1,y 2 1).
Bukopucrosyionu dopMyan
fl0,y,2,0=0DAayva)a0=0,
0, 45,21)=0Aryva)al=2z,
JLy,z0=>1Aayva)A0=0,
L.y, 2, )= (Alayvddal=yve

ki ingyrve QYRAKOIR f npA coeniancHAX sHeYeHHAX SMIHEWX X, t,
OREP:RAMO IYKAHe KOH IOHKTHBEE pPOIKIaaHHT:

fo, 2, ) =(xvivOxavivaxvivOxviviyva))=
=(xvixvivaxvixvivyvaz).
Hacainox 3. Kou'ronxmusue posxnadanns Oyreeoi ¢ynryil
f(x1, X2, wes Xp} 38 0OHIEN IMIHFHOI.

Byan-axy GyneBy pyERIito f(x(, X3, -., X,) MOmHA 300pasuTH
yraki#t popmi;

f(x1, X2,y ey ) = é\ 2P v f(21, X2y e X121y Ty Xp 4 1y ey Xn)e (4.7)
T
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Bamue A\ ogHavae, U0 KOH'IOHKOLA BeperbcA aa AROMA MOMK-

o
ABBAMK sHavernamy o, Tobro O i 1. Ingexc i € QixcoBaHnM.
Opuraan. OpepstaTn KoH'IOHKTUBHe DoakiafamHa GyEKnil
flx,y,2) = xy v z 3a 3MinHoIO X.
Poge'asor. CropHcTacMoesd HONEpeAHIM HACHLKOM!:

f(x, y, 2) = (B v fD, y, 2)) A (¥ v f(L, y, 2)) =
=(xvi0 y2NAxvily D=
={xvO0-yvzixvli-ygve)=(xvzKxvyvz)
Hacaizos 4. Kon'wnxmuene posxaadanus Gylresol Qynryil
flxy, Xz, ey Xp) 3¢ BCIME IMIHHUMI.

Byan-axy Gynepy dymrnin f(xi, %z .., X,) # 1 MoxkHa so6pa-
auTH y Takili dopmi:

FlXr, Xoy e X)) =\ 2Pt v 282 v . v x5, (4.8)
[ M- |
o, Fay vy 8 =0

¥ opaBit yacTuHi KoH'’i0BKLiA OGepeThesa 3a BeciMa Habopamy
IHaYeHE (01, Oz, .., Oa), H& AKHUX f(X1, X3, wy Xa) = 0.

Poarnsamemo, axaM 9vEOM dbopMyna (4.8) ogepxana 3 dopmy-
au (4.6). IIpm k=n

flxy, X2y ey ®n) = Axfivaityavady f(Ci, Ozy ars Guds

(o &gy @}

SIxmo f(o1, G2y oy C) =0, TOoxF v x5 v ... v x5 v f(Ch, T2y oors Gu) =
=i v it v . v xS,

SKIMO f(G1y Gz vy Gx) =1, To 251 v 2§ v oo v x5 v (5}, Oay vrs G} = 1.
Tomy KoE'IOHKTHBHEe POSKIATAHHS 34 Beima sMiBHEME MICTHTB

rinsk® AWa'IORKIIL, mo Bizmosiaalors EabopaM (o), O, .., O,), KO8

agux f(Gy, 2y .., G.) = O.

Hpaxaan. QgepixaT™ Kou'HKTHEHe poskiaafadus (yrroii
f(x, )y, 2) = xy v 2 3a Beima smMimEUMA,
Poza’zzox. BusHauvMo 3HaveHHd PyHRIil Ha xommilt 8 iTep-
nperamift:
f(0,0,00=0A0v0=0v1=1,
f(0,0,1)=0~A0v1=0v0=0,
f0,1,00=0A1v0=0v1=1,
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f(0,1,1)=0A1v1I=0v0=0,
f(1,0,0)=1A0v0=0v1l=1,
f(1,0,1)=1A0v1iI=0v0=0,
f1,1,00=1A1v0=1v1=1,
fl,,)=1A1lvi=1vO0=1.

3a dopuynown (4.8) ogepxryemo

flx, 2= vy v xlv P v x® vy vzl =
=(xvyva)xvyvixvyvz).

BusHaveHHA

Enemenmaproio dus'onxyico HaawBacThLCA U3 OHKNIA Byab-
SEKOro 4KXcna GydeBWX 3MIiHMUX, INo r3ATL ia samepeusHEAM
860 Ges HBOTO, B AKifl KOXHA 3MiHHAa 3ycTpidacThcA He Oiubime
ofHOro pasy. EnxeMeRTaAPHOI i3 IOHKII€10, [0 MICTHTE HYAL
sMminugx, SyaeMo BBaMkarE KoHCcTamTy 0.

Opurxan. Exementapuumu pua’onxnismu sig ofniei, apox

ra 6inbie aMiHHMX € Y, 2, X vV Y, X V Z, XV Y Vv 2 XVYVE,
xvyvziT @O

BusHaveHHn

Kononxmuanorw nopmaavnor popmare (KHP) nasupacThea
dopMyna, uto zofpakena v BUraaxl xow’ronnuii eaeMeHTaAp-
HUX ams’onkiii.

BuanauyeHHna

EnemenTapHa AHS IOHKLIA x{' v X§ v .. vV X°* Ha3HBacThCH
XoOHcmumyenmoio Hyrs (maxcmepmonm) Pyuxuii f(x,, xe, ..,
x;), axme f(oy, Oz o, G,) =0, Tobre imTepnperania, fAka
ofeprac B HYJIb JaHY eJleMeHTADHY Iua'IOHKLUiR, obeprac
B HyJb i QyHEILi0O [.

Koueraryeura Hyns Ma€e TAki BIECTHUBOCTI:

HoneTuTyeHTs, HYJIA XOPiBHIOE HYJII0 TiILKM Ha BigmoBigniM
i#t imrepoperamii.

KoHeruTyeHTa HyAs OJHO3HAYWHO BUIHAYAETLCH HOMEDOM Bij-
nosiguoi iit imTepnperamii.

Jdu3'oHKLig 6VIb-AKOro ynchaa PiaHuX KOHCTHTYEHT Ny
¢yurnii fopiBHIce oAMHMILI.
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Hpuxnag. EneMmeHTapha AU3 IOHKILA X v iJ € KORCTHTYEHTO HY-
nsa pyurnii geox smirnux fx, y) va inrepnperanii (0, 1), ockiabku
x vy =2vy®=x"vy, omre, ua inrepuoperanii (x, y) = (0, 1}
BUXOHAHO PiBHieTh x v § = ). EaeMenTapsa gus’loHKIIA xv v 2
€ KOHCTUTYeHTOl Hynd dyHknii Tphox aminmux f(x, y, 2) sa iH-
repnpeTtanii (0,0, 0). JikcHo, xvyvez=x'vyvzl=xvy'v2o
oTIHe, NUI'IOHRUIA » v ¥ v 2z JEOpiBRHIOE HYJIO HA iHTepnperaiii
(0, 0, D)=(x, ¥, 2).

BuaHavweHHA

Hocxonancw KOR'IOKKMUBHOD HOPMARLHOI (HOPMOIO
(AKH?®) @yaxnil HasupaeTnca GopMmy)ia, o 3o0pamena
¥ BUTVIAN ROH'BOWKUIT KOMCTUTYeHT Hyad famol gymxrmil.

JAKHD pyRrEil € pe3syAbTATOM KON IOHKTHBHOTO PO3KJRAaHHS
ynicuii ga Beima aminuumMAa i Bignoeigse dgropuayni (4.8). 3 anadi-
ay dopmyn (4.5} i (4.8), migmorigoux JAH® i TKH® dyrxuii,
MOXKHA 3poOHTH Taki BHCHOBKH:

1. Oas KoxHOT Gynesol ¢pyurmii f(x,, xz, .., %), IO HE € KOH-
CTAETOK HYNE, icHye sobpasmenns y smraagl JJIHD.
2. Iag romuaol GyaeBol ¢yHKUID f(X1, %20 ey &n)y LIO HE € KOH-

CTRHTOI0 OAUWHMLRA, icHye sobpaxenHsa y suriaani JKHD.

3. IIpi pismi 6ynesi ¢pyuxnii me MoRyTE MaTH oaHaxosi JIHD
abo JKHOD.

4. JNaa roxnuol 6yaesol dbymrnii f(xy, Xz, .., X;) icHye sob6paken-
HA y BUTJIAAL dopMyau 6ynerol anrebpu, meo MicTurh Tiankm

was

omepanii aua'oHknii, KoH'IOHKUII TA 3amepeqeHHs.

@ 3anuTanHA

1. 3annmits GopMyaK N3 OHKTUBHOIO posklafakus 6vaesux GvAK-
uifi Big n sminEuMx sa & aminenmm (B < n) aa peiva » amionnmu,
3a OMHICIO 3MIHHO.

2, 3anumiTts QopMyAN KoH IOHKTHBHOTO POSKIAAAHHA Gynesux GyHK-
oilf pix n sMinERX za & emigneMu (K < #) sa Bcima n omiEHEMH,
2a oRHiclo AMIHHOIO.

3. MailiTe BU3HAYEHHS TAKHX OOHHTL: efleMeHTapHA KoH'IOEKILA,
eleNMeHTapHa AHN3 IOHKIIsI, KOHCTHTYEHTA ONHHHII, KOHCTHTYEH-
T8 AyAA. AKAM YHHOM i NOHATTH MOB’H38HIL 3 IHY IWHKTHBHEAM
i KoH'IHUKTHEHMM POSKIALRAEHAM Oynebnx ¢ynruaiii?

4. ki pracTHBOCTI M2lOTL KOHCTHTYEHTH OZMHNII Ta KOHCTHTYEHTH
nyna?
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5. ChopmymofiTe RMAHAURHHA MOHATL HOPMAJALHHMX TA JOCKOHA-

mux HOpManbEMX (opm Gynerux ¢yHKHill. IMoAcHiTh Ix aB’asok
3 IHA'IHKTHUBHUM T8 KOM IOHKTHREMM posklajaHHAM GyreBux
G YHKILIA,

3aBpaHHA
1. BunurniTh KOECTATYERTH OZHHHLL 6yNesoi pyurnil f(x, x2, x3, X4)

3 TAKOIO CIIHCKY ejieMeHTAaPHHX KOH IOHR.Luﬁ
a) XaxaXes  0) X:XoX13  BY XaXaXsXi; )X

. Bununrite KOBCTATYeRTH EYIA Gyaesoi dyaruil f(xi, 22, X, x4)

3 TAKODO COMCKY eMeMcHTAPHHX U3 HHKMOiA:
a)xsviavas Dxiviaviy BXiv Tav Xav Xg )X

. 3maiiTu n¥a’ HKTHBEE DOZRIAJAHRA TAKMX GyHKRUiH a8 aMiHHUNMYT

x, 21

a) (yx v 22)(x v y2(z v 2Y));

S xvizvgadlilzviazvyy
Bixviyvzdzv ) vy v 2

r) (e v 2)xt vyt vid vyl v 2k

B (xy v xy) v ((x v gz v E)E v p)(E v 2).

. BualtTH RO’ IOHKTHEHE POKIASATHA TAKUX DYHKITIH 38 aMiHEUME

x, 2

a)(xz vylay v xy vz vk
Blyvaltvy)) vixvlzvyltv 2
Byt v {(z v Bxv 2 vadxvz) vyt
DEvitv)viEvolE viiyzy
nakv @y v idav ) v(Ey Nz vy
e) (¢ v T 2)0) v gy v Ny v )

aN(z v EUT v IHx v 2 v X)) v i v oyt
) (fvaxdv )y v (v )=t
Dzyvizvygev iz vyl

4.6. HopmanbHi thopmu 300paxeHHn

Oynesunx dyHKUiN

Anzopummu nepexody 6i0 mabauys icmunnocmi Oyresux pyRKyil
do QTHO/AKHE i nasnaxu, axzopummu nepexody 6id dosirvioi
dopuynu do AKHP | JOTHE

HAna xoxwuol imtepmperauii dpymrruii iemyors equmi sBiz-

nioBigAl i KoECTHTYEHTA OJRHHII Ta KOHCTHTYeHTa HyNsS. ToMmy
PIBEMX KOHCTHTYEHT ORWMHHIIL Ta Hyna Ans ¢yuwnil n amimmmx

flxy, %34 o, X,) iCHYE CTiABKYM 3, cKRiALRM ¥ iHTepmperari#t mieil
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dpyaknii — 2%, ITonivmumo, ckinbku icuye piznux JIHD i JKH®D
ana Gynepux dyurniit a saminenx. JIHD Gysrmli n sMiEHEX
MoOMcHa 300paseTH ¥ BHTIAAL:

flx, X2 vy Ty =foAaMov ianMy v oo v faey A Moy,
fe f,— aHademuma dyuruii f{xy, x3 .., x,) HA i-# iATepmperamii;

M;— HoHcTHTYeHTA ONHEMLL, Ulo Biamomigae i-ii iurep-

apeTanii.

Ocninernr My, My, .., Ma»_y ogEaxoBl AN Beix pyHkUil n
aMineEnx, 1o pEraan JAHD zanexuTh Big rabopy 2" 6yneBMX KOH-
eTaHT (fo, [1v s f2r-1). 3 UBOTO MaEMO, IG0 KinbKicTs piawux JIHD
AopiBHIOE KiABKOCT] ynopAZKoBaHHX Halopie 2° OY/IeBUX KOHCTAHT
i nopismice 22" (n. 4.1). KiapkicTh pisHux 6ynesHx ¢yskmoifi Big
n 3MiHHHX TAKOM CTRHOBUTL 22 (m. 4.1). Orxe, paa xoxHOI By-
aeBol ¢yHKOII icaye egmna NJIH®D. Ananorivso gosoawTsed, LI
pisaax JKH® bynknii Big n sminnux icaye 22 i, oTwe, KoKHIM
Oymeri#t dynkuii rigmorigac egnna JHEH®O,

IIpurnax. BanuineM0o KOHCTATYEHTH OAHHMNL Ta Hynd, IO

BiANoBiZaAKTE iHTepnperamiaM GYHEOIH Tprox sMiHEHX (TabJH-
na 4.19). ‘

Tabauys 4.18. Koncmumyenwmu nyna ma odunuyi Qyriyil
mpedX IMIRHUX

. Homep Lreprperaria Koncrrryerra | Koxeruryenra
irTepnperanii oaRkHIi HYAS
x1 | x| =

0 L] 0 a xyz xXvyva

1 ol o |1 Xyz xvyvz

3 0 1 1 xyz tvjvz

4 1 o a xyz Tvyvez

5 1 0 1 ¥z Ivygvz

] 1 1 0 xyz Tvgvze

7 1 1 1 xye xvgvz

AnroputM nepexoay Bia Tabnuui icTurrocTi Gyneroi pyHryli
ao ANH®

1. Baaiaute Bei inmTepuperauii (o1, o2, .., Ou), H2 ARKHX BHAa-
vyeHHA GyHKII] TopiBHIOEe oxmHUII.
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2. 3anucaTH KOHCTATYEHTH OBMHHLL BAAY X150 A Xp™ A v A X1,
III0 BiAmORiZA1OTH BiAsHaveHHM iHTepHpeTalisM.

3. Onepskarn JAHD dpyrrnil za gonoMorolo 3’cIHAHHHA olepa-
miew aus’onknil 3ANMCATMX KOHCTHTYEHT OJAMHKIL.

Anroputm nepexoay Bia Taénuul ictusHocTl Gynesoi dyHkLi

ao AKH®

1. Buginute Bei inmTepnperanii (ci, oz, .., 0.), HA GKHX 3HAa-
yerHs (yHrnil nopiEHIOE BYIAIO. ~

2. BanUCATY KOACTHTYEHTH HYJIA BHIY X1 v ZV o VX,
mjo Bigmosigasors BMAiTeRHM iHTepuperaism.

3. B8anmncasm¥ XoH'IOHKNI0 KOHCTHTYEHT HYJHA, OZePXATH
JTKH® dynrnii.

Ipurnan. Opeprxary JJAH® gna dynxuii fis(x, y) 1 folx, ¥)
{rabnuui 4.20, 4.21).

Poas’szox. Hodyayemo NAHD sapaunx dyuxuiz, sHKopHCTO-
BYIOUN BHUIeomucaguit anropuT™. Ha mepmomy kponi nobyayemo
TaGanmio ictmrmocTi Gyresol dyukmii fidx, y) (Tabnmua 4.20).

Tadauus 4.20. Oynxuis f1s(x, y)

x ¥ fialx, ¥)
o J.a. 1.
6.} 1. 1

1 0 0

1] 1 7] v

Ona ogepxanna BOHP pixszaynmo iTepmperanii, Ha Sxux
Fua(%, y) = 1, zannmeMo BifmoBigHi KOHCTHTYeHTH OAMHHNI,
of’egaaBmn iXx sHaroM AH3'WHENII (AuB. dopmyxay (4.5)):

felz, ) =x"pPvay vy =xyvayvxy.

Hepeiigemo go AJHD dyaknii fi(x, y) a 'raﬁ.unn;elo icTHHHO-
cri (tabauma 4.21).

Tadruus 4.21. Pynxyis faofx, y)

Folx, 1)
1

-|=|e]le|n
I

0
0
0
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Jara ¢yEKUia ZopipHioe oquHUNI TiNBKE Ha ofHi¥ iETepnpe-
Tanii, Axda Bignomigae KOHCTHTYERTL OAHHHUIN, OTHKe:

folx, y) = x"y* =xy.

Ipuxnax. Orepxan JKH® pra GVEROIR fia(x, ¥} 1 fal(x, y).

Posza’azox. Oyrakuia fi; AopiBHIOE HYIK Ha efuroMy Habopi
(1, ®) (muB. Tabaumio 4.20). SamucaBiy BiAOOBIAHY M0 IBOTO Ha-
6opy KOHCTUTYeHTY Hvas, omep:xkumo AKH® dymrmii fi: sriowo
3 a’ArOpHTMOM:

fule, ) =x' vy =x2"vyl=x vy

Ina opepxanna NEH® dysxuii fo(x, y) Bunumemo Bci Tpm
KOHCTHTYeHTH HyAd (Iue. tabavmio 4.21), s’camapmu X sHakoMm
KoR'IOHKIIT:

folx, ) = (v X' v (@ vy =(x v Evy) X vy).

KinekicTes inTepnperauniii, ma axmx QyHKOia AopiHKE omu-
Auni, gopieewe xinekoeri koHcTHTyeRT opmEHNi ¥ JIH® niel
dyuknii. Avanoriuno RiALKicTE iHTepoperanii, Ha srEX hyHkrnis
JOPiBHIE HYJIIO, AOPiBHWE KinsKocTi xoHcTaTyedT Ayax y JRHD
miel pyaruii. Tomy ana byaeniil, mwo gopipHIOTE HYJII0 HE GiApm
Hidk nodoBHHI iHTepnperaniit, surignime 6yayearw [JJIHP, Hix
JKH®D. Hificao, B ganomy unagxy IIH® Gyne MICTHTH MeHIle
CUMBOJIIB sMiHHMX i sHakin onepauii, uixx JIKH®. I nasnaku, pna
dyuugii, oo gopisHOTL oavHul HA Ginemocti inTepuperarniii,
surigginte Gyzyearun JKHOD.

Ogepsagna Tabnuni icrurHOCcTi QyEKRUiL, 1o sagaza OJOIH®
a6o NMKHD, aobpakye npoueaypy, obepHeRY pPOSTIAHYTIH BHNje.

Opuenan. 1a dyaeuil flx, y, 2) =xyzviyzvxyaz,
mo zagana HIH®P, mobyayeari if Tabiunio icTHEHOCTI.

Poase'asox. ,I[ana cpynmua MIiCTHTE TPH KOHCTHTYEHTH OJIUHH-
Oi—X& A Y AZ XA YAZ, X A Y A Z, AKAM Bigmosigarore isTep-
operarii (1, 1, 0), (0, 1, 1), (0, 0, 0). Ha aasux intepnperani-
ax dyurnia zopirnioe oguuMni, Ha pemti — Hym©O. 3amuineMmo
BKAa3aHi 3HaueHHA (yHKOII y croBmiuk f(x, ¥, 2) (Tabauna 4.22).
Cropnni x, y, 2z, f(x, y, 2) yTeopwIOTh Tabaunw ictunnocti

dyarnii f.

IIpukaaa. Tus oyuruii glx, y, 2)=(x vy vaixvyva)x vy vi),
mo sagaHa JKHD, nobyayeare il tabiumie ICTHHHOCTI.

Poss’asox., CropucracMocs BHLICONACIHNM airopaTMom. Koa-
CTATYeHTaM HYJIA X v § v 2, X vV ¥y v 2, X v § v z jaHol dyHkOil
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Bizmosigasotres imTepmperanmii (0, 0, 1), (1, 0, 0), (1, 1, 1).
B mamemenux imTepnperamiax $yHxuia gopirHioe Hymo, B pei-
Ti — opuHMUi. BanvcyeMmo AaHi sHavyeHHA QYHRLIT ¥y CTOBIYHK
glx, y, 2) (Tabauns 4.22). Crornui x, y, 2, g(x, ¥, 2) CTBCPOIOTE
Tafaumo icrmrHocTi byHKIiL g.

Tabauun 4.22. Tabruys icmunnoemi fix, y, z) u glx. y. 2)

x ¥ z flx, 1. 2) | 8lx, ¥, 2)
0 0 0 1 1
Q 0 1 ¢ 0
0 1 0 0 1
] 1 1 1 1
1 0 0 0 ¢
1 o 1 0 1
1 1 0 1 1
1 1 1 1] 0

Anroputm nepexogy Bin posinuHol dhopmynu anre6pu

norikm ao AlHD

1. BUKN30UNTH KOHCTAHTH, BHKOPHCTOBYIOUH 3aKORH Ji¥ 3 KOH-
CTAHTAMH.

2. OnyceTHTH 3HAKM 3anepevyeHHs OeamocepelHpo Ha 3Mminmmi,
BEKOPHCTOBYIOUH 3aKOHN Xe Mopraza.

3. BEKOPUCTOBYIOUM KFUCTPMOYTUBHEH 36 KOH, DOSKPHTH JYHKKH.
Jo OZepKAHHX eJIeMEHTAPEMX KOH'IOHKUiH 3acTOCYBATH 38KOMK
imemnorenTrRoCcTi # mpormpiyud, CHPOCTHTH IX i 3BecTH momidHi.
PeaynpTaToM BHKCHAHES BEa3aHUX Iif € ogep:kanHa JTH®P Gyne-
goi $yHROIL

4. HeGyayraTy KOHCTHATYEHTH ofMHKIL $yHENEIT ARegenam
¥ KOKHY eJleMeHTapHY KOH'IOHKIiI0 BifCcyTHiIX 3MIHHWX, BHKODH-
CTOBYIOUH BAKOH BHKJ/IIOUEIIOTO TPEeTLOIO.

5. Ba gomoMoroio AUCTPHOYTHUBHOTO 38KOHY DOZKPHTH IVIKKHK
i sBecTH mopiGHi, BUKOPUCTOBYIOUH 3aKOH ifeMnorenTHOCT. Ofep-
skarna dpopmyna pifnosifac NNHD dyErmii.

AnropuTm nepexoay Bia AoBinkHol hopmynu anreGpu
norikn go AKH®

1. BunanouyyTe KOHCTAHATH, BHKOPHMCTOBYIOUH 3aK0HH il 3 KOH-
CTAHTAMH.
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4. OuycTHTR 3HaKW 3alepedeHHs OesnocepeJHLO Ha 3MIHHI,
BHKODPHCTOBYIOUM 3aKOHH Je Moprana.

3. 3a I0HOMOroOKw BHKOPHCTAHHSA IHCTPUGYTHBHONO 34AKOHY,
3BeCTH QYHKIiIC KO BHAY KOH'IOCHKHII eJleMeHTADHHX AH3 IOHKIIHA.
Jdo onep)kanMX eNeMeHTApPHUX IW3’IOHKIIH 3acToCyBaTH 3aKoHH
ifeMIoTeHTHOCTI i BMKIIUCHOTO TPETLOIC, CIPOCTHTH iX i amecTn
nogibHi. Pe3yJbTATOM BHUKOHAHHE BKAJSAHUX Ai € OJepiRaHHA
KH® Gyaesol dyuruii.

4, IloGyayBaTA KOHCTATYEHTH HYAA GYHKIIT BBEARHHAM ¥ KOM-
HY eJIJeMeHTapHY AU3'I0HKUiIC BifCYTHIX 8MIEHMX, BHKOPHCTOBYIOUH
3aKOH NpOTHpiyud.

5. Ba monmomorow AWCTPpHOYTHBHONG 3AKOHY 23BECTH (GYHKIiH
Ho BMAY Kou'10HKIIY KoHcTHTYeHT Hyasg i copeerrta dopmyvay,
BHKODHCTOBYIONR 3aK0H ilemnoreHTHOocTi. Ogepsxama dopMyna
€ JKH® ¢pyuriii.

IIpurnan. Hobyayearn JJH® ¢yrrnii
flx, y, 2} = xy v (x(f v 2} v y2),
Posas’azox. CropacracMocs NepejgoCTAHHIM AXIOPETMOM.

OHYERE.E‘.MCI .'mnepeqeﬂlm HA 3MiHI~li, BHROPHCTOB?IOIIH JAKOHH
Ze Moprana:

xy v EE VI vy =xy vl v =
—xy v (EvEvNT v =2y v Ev DT VI
TloGyayemo JTHD, BUKODHCTOBYIOUM AVCTPHOYTHERHMWI 3aKOH,
3aKOHHM 1ZeMIOTeHTHOCTL I mpoTmpivus:
xyvE vy v =xyvxyvyzyvxzvyzz) =
=xyvayvOvizvpyz—xyvIygviazvy.
Jana QyHRLiA 38JeXKHTE Bij TpPhLOX 3MiIHHHAX, TOMY Ao eJle-

MEHTBPHHX KOH'IOHKUiN HeoOXizHo BBecTH BipcyTHI amiHHL, BHKO-
pHGTOBYKI‘-IPI 3AK0OH BHEKIMINYEeHOI'O TPETI:OI‘O:

xyvxyvrzvyz=xylzvvxylevaviyvylzvixvi)yz.

BuxopHcTOBYIOUH AMCTPUGYTHBHMHA 3AKOH, POBKPHMEMO IYMKY
i spegemo moxiGmi mna ogepxkamua JIIHD:

XYZV XYZ VI Yz VA FzvXyz v X gZ Vv XYz v XYz =
= XYz v AXYZVXPgzvIYyZvIYyz
Opepxena JJHD sazamol dyHxmii:

fle, y, 2y =xyzv xyzvxyzvxyzvxys.
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Hpurnan. Hobyaysatn JKHP dpynrumii

flx, y. & = xy v (x(y v 2) v y2).

Pose’giox. CropuctaeMocs OCTEHEIM aaropatmoM. Ak y nmo-
nepeARLOMY OpPHEIAAI, ONYCTHMC SENepedeHHs OeanocepeAHEO Ha
sminui i, BUKOPHCTOBRYIOUN 3aKOHH e Mopraus, OLepyKHMO:

fix, y. 2)= xy v (x v (y2)}y v 2).

Ilo6yayemo KH®, nuxopucTonywdH AMCTpUBYTHRHHH 3aKoH,
3aKOMH ifeMmoTeRTHocT # BURMIOTEHOPO TPETLOTO!

yvixvNyvdd=xyvEvyleva)(yva)=
=xvEvyrvaAFvaly vE v e vy ve) =
={xvivylzvxva)xvyvadyvevylyveva)yvyva)=
=1 1-(xvygvaXyviXyvzvz) 1 =(xvyva{y vy vz va).

Jana @yHKNiA 3aleHHUTh Bi TPROX SMIHHRX, OTHe M0 eleMeH-
Taproi Aua’lOHENIL (y v X) HeobXiano BBecTH BiAcyTHIO sMiMHY 2z,
BUKOPHCTOBYIOYH 3aK0H IpoTipiuud. Ilicaa 4oro, BUKOPHCTOBYIOUHR
AHCTPROYTHREHYH 3aKO0H, CRIA 3BECTH (MYHKUIK 0 BUAY KOH'IOHKHIT
KOHCTHTYEHET HYAR:

xvyvayvayvxva)=(xvyvalxvyvallxvyvz) =
=xvyvafxvyvaxvyvaxvyva)

Ilicaz 3BepesHs MofibHHEX 3a JoNMOMOroX 38KOHY imeMmoTeHT-
#oeti ofep:yemo AKHOD:

flx,y, 2) = (x vyva)Evyva)dvyvaz)

@ 3annTaHHA

1. CrifgpEH itHYe KOECTHTYSHT OZMHALL T2 HYAA AA8 PYVHERNIL n
aminnmx?

2. HArpMm uAHOM Lndg 3agaHol imtepnperaiii 6ynesol dyrrLil Byayio-
THCR BiANOBIMHE IM KROHCTUTYeHTHA OAUHMNIL, Hynas?

3. Omnmite anropUTMR Tepexoay Bif Tabnnii icTHEHoeTi ByneBoi

dyaxnii po JIJMH® i JTKH®.

[loAacHITE anroputy mepexomy eix JIIHD 6yaeroi Qyarnii no Tad-

JHLL ieTHrHOCTI.

Onunits anroprT™ Hepexony Bin JKHE Gyrenoi dynroil go Tab-

Auni ieTUHHROCTI.

. JMafite mopiBHANMLREY XapaKTepHCTHKY AJNTOPHTMIB IepexoAy Bifg

‘AoBinsHOi hopMynu Gyaepol Ppynxnii zo JIHD i JKHD.

& = »
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Q@

JaspanHAa

1.
2,
3.

Baairn JHS dpyuknii, mo sspasa dopmyton (x(x = y)) — v.
Onepmaru KHP dopmynu (xvylx = ).

Tlo6yayeara Tabmpm icrumnoceti s dryuknilt, mo sagani TKHI:
a)filr, g, 2)=(Evyvixvyvaxevyvzy

6) falx, o 2)=(Xvyvaxvyvaxrvyvz)

B) falx, y, 2) = (X vy v vy v )X vy v

. Mobyayeate Tabanni ierunmoeri gas dyeErnif, mo aagaxi

JHE:

a)fx,y, Q) =xyzviyzvxysz
O fx,y,2)=xyzvrxygzvxyaz;
B)fx, 4y, 2 =xyzviyeavayaz
) flx,y, =¥ yzvxyzvxy 2

. Buafipgite JHP raxux dyHxoiil;

a) fulx, vy, 2= (1, 1, 0, 1, 0, 0, 0, 0), TyT byEKOin [ sagaHa
CTOROIEM aHAUeHL 3 TabBmuni ierTHEBOCTI)

6) fdz, yy )= x Ay AZ;

B) fdx, y, ) =x D g @ =5

r) fdx, ¥, 2) = x v yz;

e,y 2)=(cry)—> 2

Orpumaiite JEHD Taxnx pyuxniik:

a) fl('ta Y, Z) - (11 1? Ol 1: 0: 0: 0! 0)‘: TY¥T @YHKJ’.liﬂ fl safaHa
CTOBIIEM JHaYeHE 3 TAGAKOI iCTHARHOCTI;

6y flx, y, 2) =2 viyv

By, y, 2) = xSy & 23

r) fox, y. 2} = x vyz vz

&)} faor(x, ¥, 2), TYT BYRKIiA 38]aHR HOPAJKOBHM HOMEDOM.

. HoBeaiT, cnpapeAnnBie?s TARHX TOTOXKHOCTeill, BHKODHUCTOBYIOURA

aaxoHM Gyaesol axredpm:

DN E~- MDD =((y22)>(xe 2L
Yy | ¢t » o

O rdlweallx|DelwaN=(x|]xSy)~>
Sz ) At = 2
Bxipvid e (zedz-D)={z> )z ) >
—)((xl-t)v (y-[-t));

Dx - e« xlyl@z~-DdGzet)=1(zx)
lzeidel ol il

BD{xapdyv @@« (teDl-2)~((x>2)Ay>2) >
~= x| O]z on

lxv Ppexdyvize HI(z-0)=(z«x}i
lzeyallxv)e(ydoy

B(E NGy D> =)@ (x-p -~
= (x « ¥)).
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4.7. Anrebpa XerankiHa. JIliniAni dpyHKuiT

Cmpyxmypa i momoxnoemi anzebpu Mezaaxina, sofpaxenni
dua'ouKyil ma sanepevenni noainomonm Mezariing,
Aiulizniems Oyreaux gynicylia

BuaHauyeHHA

Anrebpa (B, A, @, 0, 1), mo yreopena muoxrHoK©W B = {0, 1}
pasoM 3 onepaniamu A (roH'loukuii}, ® (XOR — or eXclu-
sive OR, cyma sa mogynem 2) i woxcramramu 0, 1, sasuna-
erhest anzebporn HKezarnina.

Ipuknag. Popuyna (x @ p@ DA (x D28 1) DxApd1,
ae x, ¥, ¢—6ynesi aMiHui, £ ODpURIBLOM QOPMYIR anreSpu
Keraakina, TOMY WO BoHA MicTHTH onepamii rod’romkWIl i XOR.

B anre6pi erankina onepatuis kor’oHENil noericTio imeH-
THYHa& MHOXKeHHI0, a onepania XOR acbpaxxye JoZaBaHHSA 3a MO-
AyieM A8 CHIHYeHHIX MHOXKHE.

4.7.1. TotoxHocTi anrebpu Xerankina

Haragaemo BaactusocTi omepanii xor’wHkKIiI (AME. m. 4.4):
Dx aly A 2)=(x AY) A 2z— aconiaTHBREICTS.

2)x A Yy = ¥ A X — EKOMYTATHBHIiCTH.

3)x A X = ¥ — iZeMOOTEHTHICTE.

Dx A0=0, x A1 =2x~— gii 3 KOEcTaHTAMM.
BaactuBocti onepanii XOR (zomaBaHHA 3a MogyneMm 2):
Nx@{(yDz)=(xDy)Pz— aconmiaTHBRICT, onepanii XOR.
Haa moBepenun Gyayemo Tabaumio ieTHrHoeTi (Tabmuus 4.23).

Tabauys 4.23. Hosedenns acoyiamuenoemi onepaylt XOR

x u z Yoz *r@&yDd2) xSy (xDy)D2
Q 0 0 0 0 0 0
001} 1 1 1 0 1
0 1 0 1 1 1 1
0 1 1 L] 0 1 0
1 0 1] 0 1 1 1
1 0 1 1 Q 1 Q
1 1 0 1 o 0 ¢
1 1 1 0 1 D 1
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Jiipa Ta npaBa YACTHHEW TovowHO- Tadiuyi 4.24, Joeedemns

cri MaloTe oaEaKoBI TAOMHIOI icTumEEHO- momoxnocmi &

CTi, TAKHM YHAHOM, TOTOXKHicTn 5 AO- x y Oy | y@2

pejena. o o 5 S
8)x ®y =y & ¥ — KOMYTaTHBHiCcTE

onepanii XOR suxonurs 3 Tabauni icreH- 01 1 1

HocTi (Tabamuga 4.24). 1 0 1 1
T)x @ x = 0 — saKkoH 3BeJleEHS NO- 1 1 0 0

AiBHMX FOKAHKIE.
Ax suano 3 TabIML ICTEHHOCTE ANA  Tasauys 4.25. Josedenns

onepauii XOR (rabauun 4.26), axknio ome- momoxcHocmelt 71 8

paHiy ojHaroRi, To dyBKIin AopiBHIoE

M x x®x x®0
HYI0, & AKDO onepaHJH DI18HI, TO 3HAa- 0 P o
yeHHEA QPYHKIII — oguHUUSA.
8)x © 0 = x — onepanin 3 koucran- L 0 1

To0 0 (rabmnoa 4.25).

9) x(y ® z) = xy & xz — pucrpubyrusHicts A BifHOoCHO @
BHXOANTL 38 Tabnuni icTEaHOCTL (Tabnapns 4.26).

Tabzruya 4.26. Juempubymuancemi A sidnocno ©

x ¥ z y&=z ¥ ®2) Xy xz xy @ xz
4 IH 0 0 1] 0 0 0
0 0 1 1 0 Q 0 0
0 1 0 1 0 0 0 0
0 i 1 0 0 0 L] 0
1 0 aQ (1] 0 0 0 0
1 0 1 1 1 0 1 1
1 1 0 1 1 1 0 1
1 1 1 Q Q 1 1 0

Onepania XOR (cyma s Mogynem 2) Bifgirpae BacIHBY poJib
y nporpamypauni, npm ofpobii ta koayeanHi imdopmanii. Boma
Ma€ BAaXXTHBY BJACTHRICTE — HagBHicTh o6epHEeHOro eNfeMeHTA X'
Ana xosxHoro x € {0, 1} (onepanii awa'oHKNII i Ko’ OHROIT Tarol
BAACTHBOCT] He MatoTh). ¥V 1ift anre6pi xosxHul eqeMedT € oGepHe-
HUM fo caMoro cefe: x' = x. Ile aosposnsac po3s’ABYBATE DiBHAHEA
WAAXOM ROAABAHHS o 060X YacTHE oZHaKOBHX ejgemesTis. Ha-

mpEENan, PiBHAHHA BALY X* ® g = b pooB’ASYETECA TAK!
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xPaBa=09a;
xD0=5D a;
=b D a.

MoxcnnBicTE PO3B A3KY NOLIOHNX PiBANHE, 1IN0 BigcyTHA ¥y Oy-
aeriff anrebpi, o0yMoBEAL WIHPOKe sacTOCYBaHHA omepanii XOR,
SoRpeMa, NpW Kopaypasdl imdopmanii.

Asrebpa HerankiHa € kinslem 3 ogupuuerr 1 (aua. 1. 3.4).
Agrefipa Heraiakina He € I'paTKow, OCKINLEE B Hifl He BAKOHYIO-
TheA Bei HeofximEi zAs 1 BOre BJacTHBoCTi, HATIPMKIAH, ifzemmo-
TenTricTs of6ox omepauiit (. 3.5).

Byap-ska Gynesa {yHHEDRis Moxxe 6yTy sofipaskena uepes ome-
paii kow'ronknii, aus’onknii, sanepeuenna (no. 4.5). Nng mose-
JleHHa sobpaxenna Oynb-arol 6yneroi dyuxitii dopmynoc anredpn
JleraskiHa AOCTATHLO BHPASHTH AW3'0OHKNIW i 3anepedyeHHs yepes
roH'1oHknio i XOR — omepamii anrefpe Merankina.

Bobpasennsn sanepevedns B anrebpi Meranwizma dopmynotw
X=x © 1 puxoanTh 3 Tabruni icTHHHOCTi (TAbauma 4.27):

Tatruys 4.27. Onepayin 3anepedenns

x@1
1
0

o
&= | H]

Bobpasxxenra gma’ionkuil B anrefpl Meranxina peanisyertnes
dopMyJIolo X v i = xiy B x B y.
JNosememo nm GopMyny aHanmiTHYHO:
XVY=Xvy=XAy=x0 O =xOoNyO101=~
=2y PyPxP1S1l=xyDy & ax.

Taxnm YoM, Gyjb-Aka moriuxa dyuxnis moxe GyTu 306pa-
seHa dopMynow B anrebpi Herarrima.

4.7.2. Noninom Xerankiva

Cepep Beix exBiBaseHTHHX zofpasennb dyuknii B anre6pi He-
rankifna BURinAsTheS ocoGAuBHE BUA GODMYJ, IO HAIWBAIOTHLCA
norinom Kezanxina.

Bu3naveHun

IToninamom JKezanring HazuBASTLCE CKiHUEHHA cyMa 34
MogyAeM 2 MoNapHC pizHHUX eJMeMeHTAPHHX HOH'JOHKNIH Haj
MHMKEHOK SMIHHEX {X;, X2 v X} KinckicTe 3MiHEHX,
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M0 BXOASTL 0 eleMeRTapHol koH'I0ARIIT, HasUBacTheS pax-
Z0M enemMenmapioi KoM IOHKYIL.

KinpkicTs monapHe pisHux efleMeHTADHHX KOH IOHELIH y mo-
Jiinom] masuBacTheA GoaicuHOr0 neAiHOMA.

BobpaskeHna y BHMALL DoainoMy icuye Ta eauHe Ang roskHol
6ynesol dvrArboii. .

Ona no6yaoeu monrinomy Merankima ¢pyuxilii, mo sazaHa
geakoro dopMyrolo anreépu Hlerankima, HeobxiaHo poskpuTH Bei
LY>KHU B AaHidl dopMyIi 32 3aK0HOM AMCTpHOYTHUBHOCTL i BHKORATH
BCi MOXTHBL cOpollleHHS 3 BMKOPUCTAHHEAM 3AKOHIB Alif 3 KoHCTAH-
TAMA, 1AeMIIOTeHTHOCTL i 3BefeHKA OONIOHHX XoAaBKIE.

IIpernay. 3o6pazutu noxinomamu Herankina noriuni dyErmii
imnaikamiio (—) i exBiBanedaTHicTe (~).

Po3a’asor. Cnovarky sanuwemo JJHE panux dyrrnii, noriM
BHpasuMo omepaiii aus’ionriil Ta sanmepeueHHs uUepez omeparnii
ror'wukNii Ta XOR. Ozepmarin dopmyny anrebpun JKerankina,
KOPHCTYIOUMCh CNUCAHNM BHILEe OPaBUAOM, OAEPKHMO II0JiHOM
Heranrina gua xoxuol 3 ganux dyHKIiii:

X3 y=rvy=xdDvy=(x2 )y 2{(xd1)dy-=
=xyByPxP1By=-axpBx®d1;
~Y=XYVvIXYy=xprxy@rydrxy=xy@xy=
RPNy PL)=2yDxy®xBy®l=xDy D1

3a suaoMm noninoma JKeraakiza BEIHAYACTHCHA TOKI BAKJINBA
BracTyBicTL GyneBux dymrmill, ax minifimieTs.

E]

i

BuaHavyeHHA
ByreBa ¢yHKIif Ha3MBacTheA AIRiEROMN, SKI0 11 mosiHoMm
Herankida He MicTHTE KOH'IOHKIIH 3MiHHMX.

Yu e ninitinnmu onepanii 6ynerol anre6pu? 3anepedyenHa — mi-
uiftua dyERIia, ockinbku ii mominom Meranxina x ® 1 He mic-
THTh KOH'oHKUili sMinumEx. [Tua’loHknis — Henimilina dvakiia,
ocxinsku ii noninom Herankina x ® y ® xy MicTuTs KoH'IOHKOi0
aMiEHDX X i y.

Ipuxknaa. Basaauute, a# xAigiinl gyeEroii imoaikanii (—)
i expiBasmenTHOCTI (~).

Pose’azox. llpoaHaniszyemMo CTDYKTYPY (OPMYN, LIC BHBege-
Hi ¥ nomepefHpoMy OpHKJIagi. 3 HpOro BHAHO, mo iMnaikanis
(=) € Hernini#lHow dyHKLic, a exBiBaseHTHicTL (-) — dyHKUIR
JiHifHA.
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Hpuuaang, Jocaipntu uwa nimiftmiers dyHrninn flx, g, 2) =
={x vy — z

Poaa’aszor. Hobyayemo noninom HKerankina oyrrnii f(x, y, 2),
BHKOPHCTOBYIOUE TAKL TOTOMHOCTI: £ = §y = X Vv ¥, x v ¥ =
=xy D xPy. x=x® 1:

fe, y, =X vy =Z=EFVHvi=Fvzo@Evy)dz=
=xy@xQydVNz NSy PxByP1BzE1 =
=xyz @ x2D 2@ 1 A2PaxYAlDxAlByanld@lals
DryPrxPyL1PzPl=xyzOxzD 22Dy Dx @
BDydlorxydxdyPl1DPzD1l=xyz @ x79 yz © 1.

DOyurmia f(x, ¥, 2} = (x v ¥) = Z ue ¢ ninifincw, ockiabru
i1 monigon Kerankina mieTuTsr Ko OHKIiI sMiHHMX.

Teopema

Han 6ydv-arol 6ynresol pynryil icuye edunuit norinor HKe-
zarRnina.

O [Josedennn. HosegeMo icnysaHH#A mHoxinoma. [IAs Oyab-agrol
¢yHEOii icHye sofpaskeHHA y BHrAAAl tdopmysa Oynesoi anrebpa
{n. 4.5). Big dopMya Gyaeroi asrebpH 3apKAM MOKHA [IEpedTH A0
dbopmyn anrebpn JHRerankina, a motiM o mosiHomy eralkina,
BHKOPHCTOBYIOYH TOTOMHOCTI 306paskeH s onepaliif sus AR Ta
sanepevenHd B aarebpi Merankinma, a Taxkom IpaBUIC ToOYZOBH
moainoma. Taxum umHoM, paa Ovae-axol Oyaepol dyvaKoii icEye
noainom HerankiHa.

Iliapaxyemo KirnxicTs pisHmx nodaidHomie eraakira Big
n smimpex. Cnouarky sHalijeMo kinbxicTs piaEux eneme=n-
TAPHUX HOH'IOHKILiii Gea samepeueHhL Bif n BMIHHEX. ¥ 3aranb-
HOMY RENAJAKY TAKY KOH IOHKIi0 MOMHA ZANUCATH Y TAKQMY
BUTIAANL:

{xivadalxzv o) A .. alx, v a),

e Ty, Gz, ..., G, — GyNeBl KoHCTaBTH, AphaoMy o; = 0, gAKWO x;
BPHUCYTHE B KOH'IOHKINI i 0; = 1, AKINO X; He TIPUCYTHE B KOK IOHK-
nii. Ha6ip (61, 0z, .., G.) IDOBEICTIO BH3HAYRE eJeMeHTADHY
KoH'W0OHKII0, orke Kiaskicrn Takmx HaBOpiB (G, Ge w, O.) JO-
PiBHKE KiTLKOCTL elleMeHTADHUX KOH'WHKUIA 6e3 aamepeueHk Bip
n amisaunx. Kigpkicrs nBilikoBux HabopiB (KoxiB) ZOBKHHH R
Aopisnioe 2%, o 6ygo gomedexo 8.0. 4.1. Tomy kinpricrs enemen-
TAPHMX XOR'IOHKNIE Big n aMiHHEX Ges aanepedyeds JopieuHiloe 22,
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INoninom Meraikina, za BusHaudeHHAM, £ CYMOIO 28 MOAYIEM 2
TAKHX e/eMEHTApPHEX koH’IOEkOINH. IlepenyMepyemMo Bel mMoax-
nEEi eneMeRTapHi koH'wouknii 6es sanepeuens Bif 17 3MiHHMX
i nosmaummo ix K,, K .., H». Banvmemo noxinom Meragrina
¥ BATIAAL:

KA, DE, Ac; D ... @ Koo Ao,

ne Gy, Gsye., Oy =— OyNeBl KOHCTAHTH, mpuuoMy ©; = 1, armo
KoH'woEKNLR K, Op¥cyTHs v DohinoMi i ¢, = (, Skuo xoH’0HKIIA
K; ne npucyTHa y nonimomi. Habip (g, o2, .., 62 DoBHicTIO BH-
3Hauae BU MOMIHOMA, OTKe KiJnKieTh Taxux HaGopiB KoBmHHK 2°
oopiBHIOE KinbKOCTL mosiHomies Meranwkina Big n 3MiumEEX, TOOTO
mopienioe 22" (n. 4.1). Kinpkicte pisHux Oyiesux $ymknii sig n
sMIHHEX Takox gopismioe 22 (1. 4.1). OcKiTbKH OHOMY TOJiHOMY He
MOMYTE BRifnosigaty Al piani dyuxuii, xoxuift 6yneBit Qynrnii
Bifnopimae eauuu?® noaimoM eranriza. Teopemy JoBefeRo. |

Ha niii Teopemi zacHoRaHo MeTo] HeRHM3BaTeRMX Koedini-
€HTiB, AKHIE MO¥HA BHKOPHCTORYRATH AN 3HAXOLKEHHH IIOJi-
HovMa Herankima saganoi ¢yuknii. Posraamemo meit Merog Ha
npUENAZi.

IIprraag. llo6yayraTu noninom Herankina ana dbysruii
fis(x, ¥) — iMunaixanii, BUKOPHCTOBYIOUYN MeTOX HeBHIHaYeHAX
woedimienTis.

Poseg’azok. 3anulileMo DolimoMm Ana gaHol @yHKUII v BUrasagi
cyMH 3a MogyJeM 2 BCiX MOMJHABUX eNeMeHTADHHMX KOHE IOHRLIA
ANA X, ¥ 3 HeBHSHAYSHHMHM KoediniceHTamMu:

fialx, ¥) = x > y = a1xy D asx ® azy D a,,

Ie Koebiniearn a,, @i, as, ¢, DpRHMAKTL 3HAYeHRI 3 MHOKHEN
{0, 1} i emsHavalTE NDpHCYTHiCTE 460 BiXCYTHiCTE emeMenTapHOl
KoH"IOHKIII B morimomi. IllyxaeMc nocnipoBro sHaueHEHS Koethi-
mieHTiB, MiACTABIAKYY 3HAYEHEA 3MiHHNX 1 yHRUII Ha DIZHHX
iHTepmpeTaniax:
fla(O. 0) =09 0= 1,
lmalA0A0902A0$a3A0$a4=a4.
Omxe, a,= 1.
Jlami
fis(0, 1) =0 > 1=1,
1=a1A0Al1l®Dan0Ba;rn 1@ Ll=az; D1,
aBIIKM MaeMo, Mo gz = O,
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Ha rakifi istepnperanii
full, ) =1->0=90,
D=, A1 A0@aAlPaAn0Pl=a&1,
3BIAKK MacMo, o gz = 1.
Hapenrri,
fa(l, 1) =1 > 1 =1,
1= AlAl@R1AlD0AlPl=g @1@E1=a.

IligcTaBuEmHK oAepixaRi 3HaUueHHa Koedinienris a,, a; a;, d,,
ofepkyeMo nmodiRom Herankina gna ¢yHKUIL fa

* o y=axy BaxDayDa,=
=1lrxp @1 Ax@®0Ay21=2xyDxDI.

@ 3anutasna

1. Sanmmnite erpyrrypy anreGpu Meranxina.

2. HaapiTs ocrosri sakon# aarebpn erankinma.

3. Bamumirs ToTaKHOCTI, N0 AOSBOATHOTE BHDAZUTH OCHOBHI onepanii
Gyneeol adrebpn B anrebpt Heraakina.

4. [aitre puanaueHAs DoudaTTio noainomy Meraaxima.

5. fxi Syneri dpynrpil HasuparoThea minidEmau?

6. Cxinbkm piamux nonimomin Mleranxina mMoxua noSymymsa™a Ana
doeiabEol Gyresoi GyrRuii?

T. ChopMmyaroiite npasuwio nobyaosn norimoMe Meraaxima.

@ 3asaanHn
1. Hpexcrasnry y surangai morinomy MHeraskina rawi nroriwmi

(pyHRIII:
8) (xz v yNayy v 2 § v 2)x v j);
DyvaXevy))vexy((zvyEva)
B) yt v ({2 v ) x v 2)F v 2¥x v 2)) v yt;
D)z v Ot v xvE v XN v DT v 2);
BRxvizyvdzydvidyazy )
&) {{t v 2T} vy v oy v D))
w(z v x)x v Dx v 2)G v ) v yT v pi;
a) ( vxiv )y (fviz)zet;
Dayvizvyzv i2vyt

2. HNocxinurn ma ninilfiniers Tari Gyaeni dymrmii:
Byva—yeavilx—iix~ty
B) ((z = 1) | (2 ® D({x ~ y) = (x A yIh
B) ((z | 2 - 1)) = ((x @ ) A {y > )N



Bynesi hynkuil ma nepemeopenHsa 145

D(Ee)vit-x)) e« (zey) i E gy
D+ @-)vixapd iy
v}~ N|E®Y - (x« i
B2y -2D 2O DA -0
N D vFON « ((x 2L (x-2))
DE@Pe—@raNd@-Hd0¢ <
xdpvE-de Gz« -0
Nz 2)e=x DN~ 1) (¥ -8
MEZIPIE- Y/ EeD > & <D
BEIPvEON « (0 {- ).
3. 32 gomoMoroxy MeTofy HeBusHAUeHHX KoedimicHTis mobyaysaTu
nonigoM Jeraiaxima AnsS TaKMX GQYBEKIIH:
a) (yx v xz)(x v fz(z v XY));
BY((x v (@vy)ezvrzvy)
Bxvylyvazv v yvay
T} (x v 2)xt v yt v Xt v yfiXx v 2);
N (xy v 20 v (X v )z v BXx v o)z v 2)).

4.8. lNoBHOTa Ta 3aMKHEHICTb

Samxneni xaacy Gyresux pyrryiil, hyHxyionasero noena
cucmexa Oyaceux Qyrkyil, meopemn npo 0OKRORACHY RUBROMY

Byne-axa noriuse dyExuia Momxe 6yTH aobpaskeHa 3a AoMO-
MOreio onepanii Gysesoi anreGpu (m. 4.5) afo axrebpn Merankina
(z. 4.7). IIpapogHo BUEUKAKOTE 3anuTaERda’ «Yu icEyiors iHIT MHO-
MUEM ODep4amiil, 3a HOIOMOIOK SKHX MOXKHA BASHAYHMTH OVIL-AKYy
OyieBy QyHkIin?s, «fIri paacTHRoeTi BoHH MaloTh?». BBegemo
Ooz3HAYeHHA: P, — MHOKHH& BCiX MOKJIUERX OyieBux ¢yHKOif,
o sajexars Big Oyab-iiKOro vyuead sMiHHUX.

BuanaveHHA

FJamenennam muoxcunu X Oyrnesux QyHwxyid HA3ZUBRETL-
ci MHOXKHA [L], mo ckiragaeThes 3 GyHKHil, AKI MoMHa
ofepmxara cyuepuosuuico pynrnif ¢ . Hxkme T = [Z], To
mMHOXHHA Oymerux ¢yurmili I HAIABEETLCE FAMEHEHUM
Exgcox. JHINMMKM cIOBAMH MOMKHA CKARATH, IO MHOXKHHA
3 HAaBUBACTLCA BAMKHOHHM RIACOM, ARINO OVIL-AKA eyIep-
ooaniisa GyEROid 3 I TarkoMm HAJNEKHUTL L.

BuaHaveHHs

Cucrema Synesux oyeHKUiin £ = {fi, f2y .., [x} HasHBaETECA
QYHRYIOHAALRO NOeGRON, AKWD [E] = P,.
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3 iHmoro Gcky, AKHIe icayioTe OyieBl pyrxuii, mo He Hase-
axarh [Z], To ccreMa I He € PYHKUIOHAIBHO [MOBHOW.

Tecpema. [po odHoyacHy noeHomy

Hexaii dano dai cucmemu Synesux Qyrxyiit T, ma ., npuno-
MYy cucmeMa I, — Qyrrkyionaavio nosna, Axwo woxna Qyrryin
i3 cucmemu L, solpaxcena y euz2afdi cynepnosuyii Qpynxyiir i3
cucmeMu Xi mo cucmema QyuHxyilt X; maxkoxm € GyrRKUIOHAALHO
nosHoM0.

O [losedenna. Hexalt f e P, — pesika Oyaera dyukiia. 3o6pasu-
Mo i1 y Burnagi cyneprosunii ¢yeErUiil 3 I,. Bupasumo koxkEY
dbyaknin ogepsxanol ¢opmyin vepes byuxnii eucremu Z,, wio sa
YMOBAMH TeopeMH MOM.JIHBO. Daep:kaHa dopMyaa zobpaskye GYHEK-
nie f i micruTs TinpkE dyrkmoii 3 .. OT:ke, cncreMa I; € GyHK-
LLiOHAJIAHO NOBHOWI, 10 i Tpefa 6ya0 AOBECTH. |
HOpurman. MosecTH, mo cucreMu {v, }, {A, } — dyarnio-
HANLHO TWOBRiI, AKINO BigoMo, Mo cueteMsa {A, v, } € TAKOIO.
Posza’azor. Bupaaumo dyarniw » depes dyHrnil cucremm

{v, _.}: — e
XAYy=XAY=XVY.

Omixe, Bei dyHEnil nosHoi cueremu {A, v, |} MoxHa 3o6pasnTH
24 Zormomoroi dyuxmiif cmeremu {v, ~}. TakuM uMHOM, cHCTeMa
fv, 7} € DYERLOiOHAALHO HOBACIO.

Ananoriveo XOBOZHTLCS NOBHOTA CHCTeMH dyaROil {A, },
OCKLIbKM (VHENII0 v MOMHA BAPASUTH JYepe3 (PYHKLILI cHcreMu
{~, "} TarkuM 9uHOM:

XVY=XVY =XAY.
Teepasxenna nodeaeHo.

@ 3anuTaHHA

1. fiR BMBRAYAETECA 3BMKHERHS MHOMHUHH OSyneBux GyHKuii?

2. BusHauyTe TOHATTA SaMKHeHor'e Kiacy Synemsnx qyskOii.

3. fIka cucrema GynerRXx GpyHKmi HASWBACTLCA DYHKIIORAILHO IOB-
HOWT?

4. HaspiTh ocHoBHI 3aMxHeH] knacH GyneBux dyHKmid.

5. Chopuynioilte TeopeMy APoO NOBHOTY ABOX cucTem GyneBux dwyinagil
@ 3aBnanHA

1. JopecTH MOBHOTY TOKHX cHeTeM GYRRUIH MINAXOM SPejcHHESA ix
o BijoMHX MOBHMX xmacis:
a) {x = y, x};

6) {x 4 yh
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By {x >y, x By}
Dlxvy x@y 1}
A fx~y 1, xvyh
2., IMepesipuTH Ea noBHOTY Takl KaackH pyHRoiil:
a){r Ay, xDy & 1}
6) {0, 1, (x A 1) v 2
B{0 1, x~y}
D{xay®x x-y 0}
BRixvypxay®axaz)
@A vVEazyya
= @y, x vyva

4.9 dyHKuUil, Wo 36epiraloTs HYNb
Ta oAMHULIO. MOHOTOHHI (PyHKLT

Bidnowenns nopaduy das inmepnpemayiil,
O2HaKUN MOHOMONHOCTRE GyRRYiT
BuaHavueHHA

Bynena ¢pyrenia f{x;, x;z .., X,) Ha3UDACTLCH (PYRXYLEW, U0
2bepizae 0, AKIIOC HA HYILOBOMY HaGopi BoEa Aopisaioe (Ot
f(o, 0, ..., 0) = Q.

BuanaveHHA

Byaepa $pyurIia f(x., Xz -., X.) HA3HBAETLCA PYHEYicI0, WO
abepizae 1, AKIMD Ha ofMHWUHOMY Habopi BoHa AopisHice 1:
fi1,1, .., 1)=1.

Dyuxpii x A y 1 x v y abepirarors 0, ockiapkm 0 A 0 = 0
i 0v 0 =20, Kpim Toro, gaxi ¢yHKmii Takomk abepiratoTs 1, ockink-
¥KnlAal=1ilv1=1 Oyexnia x me s6epirac 0 i He abepi-
rac 1, ockinekn 0 = 1, 1 = 0.

HOpuxnan, Busuaute, gu afiepirae 0 ra 1 dyurnis fix, y,2) =
=x vya2.

Poag’aszox, Tlepepipumo sHaueHns Aamol dyHRUII Ha HyJaboBO-
My Ta ofMHMYRoMY HaGopax.

f(0,0,0)=0v§/\(j==0v1/\1=0v1=1,
fil,1,1)=1v1lal=1v0AOD=1v0=1.

Orxke, nana dynkriisa abepirae 1 i me abepirae 0.
Poaraanemo paxamBuili kiaac Gyneenx ¢yHEIIME — MOHOTOH-
Hi Oyaepi ¢pynxoii. Iaa uvoro BBefeMoO gidHouwienks ROpRIKY
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(auB. 0. 2.4.), ake GyaeMo NO3HAYATH CHMBOJOM 2=, @Ax Habopie
Synesux woncmaxm (inTepupeTauiii) a = (a), 4z ., @), p =
= (b, bz, ..., b,) TAKHM UHHOM:
oa<pB, Axmo e, <k Ang Beixi=1, ., n.
Hrmo xoua 6 ann oamiel mapu (a,, b) BloHomenHAa a; < b, He
BUKOHYETHCA, TO Bigmopixai iM nabopu o i B y BigHoueHHi nopsa-
Ky He GepyTh yuacTi, To6TO € HeDOPiBEAHHNMH.

Ipueaan. BasEaganTH BigHOUWIEHHA NMOpAJKY AJ1A iHTeprnpera-
ui#l GyHxnii oasol Ta ABOX ZMiHHHX.

Poae’asox. Qua dysruif ogHol 3mimeol f(x) MaeMo zBa Ha-
Gopn smiEHux: (0) i (1). BigHoluieHHA HOPAAKY BCTAHOBIETHCH
TAKHM YHHOM:

<@ @®<{1), W)=,

Tyt Bei napu inTepnperauif mopiBnanui.

HOna ¢yurmnii neox aminnux f(x, y) maeMo wotupH inTeprperta-
nii (0, 0), (0, 1), (1, 0) i (1, 1), Ana arux BigHOmMEHHS NOPHARY
BCTAHOBJIOETHCH TAKHMM THHOM:

0.0)<(0,0) (0,0<(0, 1) (0,0)=(1, 0);

0,0y < (1, 1); (0, (O, 1); (O, D (I, 1);

(1,0 <(1,0); (1,00 (1, 1); (1, 1) s (1, 1)
HenopiBaapaumu HaGopamu €, manpukaag, (0, 1) i (1, 0).

BuaHaueHHA

Bynepa HyHKOiA [ HASUBECTLCH MOROTRORKOMO, AKINO INA OyIh-
AKAX nap Halopis snaveds sMiHEEX (€, ..., @,) 1 (b, ., &),
AIA AKHX BYKOHYETLCH BITHOWIEHHA (8, «., &,) < (b, w, b)),
npasuabHa i Hepismicts fay, .., @) € f(By, ... B

JAnrs mepesipku ynrnii ma momoroumierr meobxigmo Koci-
JUTH BMKOHAHEA Hepirrocr flay, .., 4,) € f(;y, -, b)) An= peix
nap mabopis (aj, .., a,) £ (&, .., b,), KpiM BHTIAAKY (81, ., 4,) =
= (b1, w» Bg), ¥ AROMY 3HaUeHHA PYHEKNIA cHiBnagamoTh.

HOpuenan. Jocmigury Ha MoHOTOHHICTH dyHKLIL f(x, Y)=x A Y,
e(x, y) = x & yp.

Pozs’azon. dna Qpysruil f(x, y) sanrmemo sei zabopu sHAYEHD
SMIiHHHX, 014 AKKX BHKOHYETHCH BIIHOLIEHHA NMOPAAKY, BUIHATH-
Mo 3HadeHHA QYHKLII Ha pgaEnx HaGopax i nmopismaemo ix:
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(0,00, 1), FfO0,0=0, f0,1)=0, [0, 0)=<fO0, 1).
0,0=<{1,0), f0,0=0,7Ff1,0)=0, f0,0)=f1,0).
0, MH=(1,1), f0,0=01,1=1, f0,® =1, 1)
0, 1)<(L, 1), f{0,1)=0,AL, 1)=1, FfQO, 1)< f1,1)
1,MH=<1, 1D fa,H=0,f1, D=1, f1,0) <71, 1).
Bucropox: dyurnia f(x, ¥) = x A y € MOHOTOHHOW.
AHasoriveo npopefeMo RocaifkeHHA GYHKIIT glx, y).
0,0 <(0,1), 20,0 =0, g(0,1)=1, g(0, 0) < g0, 1).
(0,0<(,0), g0,00=0, g(1,0)=1, g(0, 0) < g(1, 0).
0,0<(1,1), g0,00=0, g(1,1)=0, g0, 0) < g, 1).
0, 1)=<(,1), 20,1)=1, g(1,1) =0, g0, 1) 5 g1, 1).
BucHoBor: dyremia g(x, ¥y} = ¥ @ y He ¢ MOHOTOHHOIO.

Teopema

Bynresa dyrwyia, sidminna 6id xoncmanwm O i I, € Monomon-
HOW, AKWO i MiAbKU AKUL0 60HA NPURYCKAE S00PANCERKR POPMYIL0I0
6ynesol aazebpu Ges sanepetens.

0 [Hosedennsn. Hexail jeaxa dopMyna Gyaesoi anrefpu Ges aame-
peueHb sofpaxye fesry dyarnilo f Bix n sMminuux. ITeperBopamMo
naHy ¢opuyny xHa JJH®, posKPHEBIIM JY:KKH 82 JOIOMOTOK LHCT-
pufiyrupHoro sarony. Onepsxapa JH® raroxe me Oyjae mictatu
aanepedent. ITpunyetumMo, mo QyEKNis [ HeMOHOTOHHR, TOXI Ha
axiiice iHTepmperanii o < P suauensa ¢yHroii fla) ¥ f(B), TobTo
floy = 1, f(B) = 0. Pismiety f{o}) = 1 osnazae, mo JHD dynrnii
{ MieTuTh eneMenTAPHY KOH'IOHELII0, AKka Topienio: 1 Ha Habopi a.
Ocrinrxy AaHa KoH'IOHRNIA He MicTHTh aamepedeHh, il MOMREA
HO3HAUWTH YEpPeE3 X; A X3 A ... A X;. SanHImeMo EaGip sHayeHb o
AK (@1, @2y wey Bk Q115 veey Bn)e OCKRIABEM X3 A XA o A X =1
Ha Habopi o, TO @1 A Gz A .o A ds = 1,1, oTiRe, @)= G = ... =
= a, = 1. Jloeainumo temep Habip B = (bi, b2 ooy Biy Drsry ooy 81)-
Cuouarky 6yao 3pofieHe NpHOyMeHHd, o o £ B, oTore, by, = by =
= .. = b, = 1. Tonmi KoH'IOHKLis X A X2 A ... A X, MPHA MiAcCTa-
HOBL} 3HaueHL 3 HaGopy [ AopiBHKE oxuEHNi, SBiAKE BMXOANTH,
wo F{f) = 1. Onaak 3 noyaTky AokemeHHA Hyso apobreHe npHNy-
oerga f{f) = 0. 3paunTe, NPUOVINEHHS NOMHIKORBO iQyHrUia f
MOHOTOHHA,

Hexaii Tenep f — MoRoTOHHA GYHKIiA Big n sMiHEKMX. 3olpasnA-
mo ii vy JHD. puoyernmo, mo fane [HP micTur: enemenrtapry
KOH'IOHKIilo i3 aanepeuenuam. IToanaummo ii x; ~ K, ge K —
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eneMeHTApHA KOH IWHKIIA 3MIHHHX Xz, wey X POSINISHEMO NeAKHN
Habip o) = (0, 22, =y Tay Ty s 1y wny 3y), Ha AKOMY X A K =1, a oTike,
i flow) = 1. Posraanemo Bablp o2 = {1, @2, ey @iy Qi+ 1> ooy Q)
OckinbEy oy £ o 1 pyaKUIa f MOHOTOHHA, To f{us)= 1. Ocranue
TRepIKeHES Gyle cOpaBeAmBe TiNbKH Toxl, koaH JTHIP dpyuxnii
f MicTATL eleMeHTAPRY KOH IOHKLiK X, A K, AKy Habip o; obeprae
Ha ogmnumu. TaxumM umnom, THP dyaunii f moxua sanucaru
vy TakoMy BHrIsAi: X; A K v x; ~ K. BacrocypaBimy JuerpabyTun-
HUFE 38KOH 1 38KOH BHKJAKNYEHOTO TPETLHOro, ONEDIKHMO:

A KvaoaK=@xva)a K=K
TaxkuM UMHOM, 3aMiHHa i3 aalepedeHHsM SABRAH MOMe OYTH
enganera 3 JHD moroToRHOI dyHKmii. TeopeMy Xobegeno. [ |

Ilprraag. Buanaunry, uu € dyurnia f(x, ¥, 2, t) = (xvy) >
—{z v 1) MOHOTOHHOIO.
Posa’nsor. Bupasumo f(x, y, 2, 1) uepea enemeutapui pymenii
Gyaenol aareGpu:
EvidoaG@vt)=FvPviEv=xyvavi
Opepxcane hopMmyna 6yaeBol anrebpH He MICTHTE 3alepedeHs,
ot:xe Gynxnia f(x, y, 2z, f) € MOHEOTOHHOW,

@ 3annTanun

1. [alire BusHAweHHA BynepHx SYRROLE, mpo s6epiramwTs Hyar Ta
ORHHAMIO.

2. Hx sa Tabuannew icTurEoCT, GYHEOIL BHARaYATH, Wi 36epirac pona
HYsb (ogEEUnD)?

3. Haagire pymEknii grox sMimmmx, gki aGepiraiers myas (opn-
HHAIO).

4. B yomy monarac momoromuicTs 6yNeBnx GyHxIil?

5. fx BEsHaYaeTHCA BIZHOMEHHS NOPAZKY ANA DAp Hafopin Gyrerux
KoHeTaaT?

6. Armo ¢yAkniz f scbpamena dopMyaol Gynesol arrebpy ia same-
peveHHAMM, TO YH HpaBMNLHO, 10 [ HemoHoToEHA? OGIpyHTViTE
BiAnoBigs.

7. Yn moxua sa sagom JHOD Syneroi dyuknii ereeparypaTd mpo T
MOHOTOHHICTE?

@ 3aBaaHHA

1. IloseeTr MOHOTOHHiCTE Taxkux Qyuwmifi:
ayxAlyvzy B)xvyvaz
Bxviy Azl DXAY A2

2. HocuinmTa Taki GyHKuii Ha MOROTOHHICTE:
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a) yx @ y; rNx—{ > xh
Bxy @y @x; Wx - (x> y)
B) X ~ I3 exAavi{xazyv(yaaz2)
3. JopecTH, oo GpyEKDia, geoicra MoHOoToHHIil, caMa € MoHo-
TOHHOIO.

4.10. Teopemu lMocTa Npo NOBHOTY

Kaacu Hoema, xpumepiill nognomu, Heckopomiicmes ma caadia
noeROma cucmemu Pyl

KEaacamu IMoema HasuBaroTheA Taki n'aTe MHomuH Gyne-
BHX (QYHKIi#:

To — Kaa¢c dyeEEOiii, mo 36epiraloTh HYIb;

Ty «— mpac dyeRUii, mo 36epiramoTh CAEHIILO;

8§ — xnac camogpoicTHX dYHKMNIlL,

M — kaac MOEOTOHHHX (GVHKNIiH;

L — gnac ni”HiliHEX GYHKDIH.

Bynesa oyarmia f=f(x1, ., X:) MOXe Halemars ofHoMmy abo
rimsxom wrnacam IlocTta. Binsm Toro, dgynryiz, wo npoexmye,
f(x1, wey 25 .., X,)= x, HANIESKHTL yCiM II'ATLOM KJIacaM (Hepero-
naiiTech y meomy). Ofuak icmylots bymknii, o He BXofATH ZO
MOAHOTO KJAacy, Hanpmraaz, mrpux Ilebdepa flx,y)=xAD.
Hifteno, moxinom Meranrina X Ay =xy $ 1 ryr Heniniinuii, Takx
mo [ £ L. Toi#t darr, mo byurnia f, me mMicTuThes B mozmoMy
3 kaacis Ty, Ti, S, M, Bigpasy méauactica 3 tabanii ierEHEOCTL
Ina fi4 (ous. Tabaunio 4.2).

Teopema 1
Koxenuii 3 xnacie Hoema saMxnenui,

e osmavae, mo OyabL-AKE cyOepmosnuid QVHRILH 3 ofHOrD
# rToro ik kaacy Hocra npus3BoguTs Ao $yHKUil Toro = Kiaacy.
HificHe, sakmo f, g To i
(X1, ey Xp) = P2 x1s s Xp)y ey X1y s Xp))y TO
o0, ..., 0) = f(z2:(0, ..., 0), ..., 8a(0, ..., 0)) =~ (0, .., 0)=0;
ToMY ¢ € To. AnasorivHo nepepipaeThed, 10 cyIepnosnIlia 6yneBux
$YHEKLiA He MOpYylLIy€e BJIACTHBCCTI CAMOABOICTOCTi, MOHOTOHHOCTI,
abepexkeyHs MyAA, JiHifzHoeTi.
BuapiaseTecsa, a8 mosijgesol cucTemMn X = {f} 6yneBux pyHK-
Liil noBHOTa L 03HAavYaE, 0 JONOGRERAR KoxKozo 3 kaacis Hocma
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MieTHETE xoua 6 ogny dyHKiw f creremur Z. Bignosiguuit xpurepiti
IOBHOTH, 10 HajexxuTp llocty, MU HaBojgumc Ges aoBefeHHA.

Teopema 2. Kpumepii noesomu flocma

Cucmena T Gyneeux (pyricyiit noena, AKUO | MIRLKL SKUWO 80
Ha Micmumbs xoua § 0dny pymryin, wo He a0epizac nyav, xoua
odny dyriyio, 1o ke abepizac odunuyio, xowa 6 oduy Hecamo-
Jaoiemy Pyrxyin, xoia 0 oduy Hemonomonny ynryio i xoua §
odny Heriniiiny Hynryio.

a

3ayBamumMe, WO OLRA # Ta x GYHKOIA Moxme sobpaxarn
v pyEKULionansHo moRHiHE cucreMi oAy abo kinkxa HeoBXigHHX
BaacTHRocTe. Tomy MimimMannHe ancao GyneBux Gvekuit v dyux-
uioRaZBHO noBHoMY Habopi aopiBumowe ofuHrRui. OnHa byHxUix
MOe MATH Bel n'AThH MeolbXigHHX BAacTHABOCTE.

BuanaveHHA

1lorHa cucTema 6yneBux PYHKIIH HA3UBACTHCA RECKOPOMHOID,
AKILO 3 Hel He MO)XHE BERIIOYATH KOTHOI Gyieboi diyHKLIIL
Gea YTPATH BIACTHHOCTI MOBHOTH.

Hacxigok. Maxcunansta ritexicme Oyiesux yHKyiil y vecko-
pomuomy Qynruylondarno nosHomy Habopl dopieHine YomupwoM.

IIpuraan. BusmavuTy sa gonomorolo Tecpemn ITocra, um
¢ cncTema { , —} PYHRUIOHAABHO NOBHOIO?

Posa’szor. 3anepevuenns sobpamyernes noainomom Heranxina:
x=x@1, orxe DyHKOis sanepevenHsa ximifiga.

3a tafmnneo icruHHocTi 4.28 BUaHAUAeMO, I YHKIIA 3ale-
peueHHs caMonBoicTa, He 20epirae 0, He sbepirae 1, HeMoROTOHHA.
Immnikania € weainiftnolo dyukimicro (Mpurnag n. 4.7).

Tabauua 4.28. f(x) = x Tatiruyn 4.29. f{x)=x >y
x x x ] iy
Y 1 G o 1
1 1} 4] 1 1
1 0 0
1 1 1

Ba Tabaunew icTHHHoCTI 4.29 BH3HAUacMo, o immaikamis
HecaMofArolera, He sbepirae 0, sbepirae 1, HemoHoTOHHA. IloGy-
Avemo tabanmio 4.80, B AKi# Bif3HaYMMO 3HAKOM e+» HASBHICTD
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BimoRrinHUX BaacruBocreil v Gyukuii — samepedeHHA Ta iMIIiKa-
uii, a sBHAKOM «-» — BifcyTHiCTh.

¥ koxHOMY paARy Tabnuui npucyTHiil sHar ¢-s. OToxe, nasa
roxkuoroe Kaacy Ilocra B gami#t eucremi ¢ xoua 6 ogua dyuxnia,
Axa nroMy Kaacy Ilocta He Haae:xuTh. 3a Teopemoio Ilocra Tana
cucTreMa OGynepux HyHEUIM ¢ dyarnioHansLno NeBHOML.

Tabruyn 4.30. Bracmusoemi docaidawyaarnozo nabopy

Haapa snacraBocTi Xy

+ | ™

JliiftaicTe

MonoTopHicth - -

SGepiranna @ - -
36epirapnsa 1 - +

Casoaroictiers + -

B tabnuni 4.31 HaBegeno pexyabTATH SJOCTIAKEHHS 3 HANesHOC-
i no wkmacip [TocTa momHol Byxenol dyEKIII ABoX aMinpuX. BHAK
o 03HAYUAE, MO GYHKIIA HANEXRUTH KJACY, & 3HAK «-» — O3HA-
uae, m[o QYHRIIA He wanexHTh KJIacy.

Tabauyn 4.31. Haaemnicms Oysesux Qynryii deox smivnnux
xagcen HHocma

folti|fe|fa| fa|s)fafde|ful faFrio| |tz fin] fra| F1s

x ¥ el »lpE> = T Y > Y R
A A 2R

1] 0 sjaojo|jo(o|ojolo|21y1{1 11|11 }1

0 1 gjojojol1r]1)j1fLjojojOo O)131|1]1

1 0 glio|1j1|{o|oj1{1|OFOF1 |2 }O0O(O]|1]|1

1 1 g|1|O0|1|({O|1j0;1}0|2]|O0 1010}

L: NMinifinicre L BN R R B N A I I S -1+
M: MoroTonnicTs S8 I SR I I I N R PR I P O
To: 3bepiranust 0 +|+|+|+ |+ |+]|F]+f-] - - -0 -
Ty: 36epiranss 1 S P o I Y +i-1+] -0+ -] -+
S: Camonpofericrs e I R R e e e

Ha npaxTiii yacTo npUIyckaeThes, Io HocTifini 6ynesi dynk-
nii-gomeranTy 0 il sagani saspaierigs, ¥V TeKOMY BHOSKKY AC
HaOopy @yuknii L daprMude nozatTs GyHENI-KoucranT: 01i 1.
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ByaHayeHHR

Cucremy Oymerux (yHxuit £ masusaiorh @yrRegicndrnno
nosnoe 6 chabxomy posyminni, apmo Gygb-axa aorigma
dyErIig Moxe OyTa sobpameHa cymepuosunieio pyHkIiR
3 MHOKHMHU, H{0 OAEDAHA WIASXOM JOAABAHES JO0 MIOMHUHY
Z womeranT 0 i 1.

3 rteopemMu IlocTa Maeme, 1IN0 EAY OYHKUIIOHAALHOL TOBHOTH
cucteMy GyHKROIi £ y cnabkomy poayMiHHI mocraTHRO, 06 ¥y E
micTHAMCA HediHiiHA Ta HeMOHOTOHHA PYHKUIL, OCKINBKM pellTa
Reo0XiAENX BAACTHEOCTel NMPpUCYTHA ¥ KOHCTAHT (KOHCTAHTS OLM-
Huni me slepirae 0, koHctaHTa HYAA He 30epirac 1, 1 o0mpgei uwi
ipyuxnil mecamoproicTi).

IIpu cunresi soriuHUX cxeM KoxHiA GyHrUii BignoBinae Aorig-
HM eNeMeHT BMEHaYeHO'o TUIld, 4 (YHRIIoHANLHA TOBHOTA 03HAYAE
MOKIIMBiCTE peaniayBaTi Gyab-axy OyaeBy QyHKIi0 Ba JOIIOMOTOK
eneMeHTiB 3 Bigmeeigmsol <noBHol» cHereMH THUIE. KoHcTanTH 0
i 1 He moTpebyTh cuelialbEHHX eleMeHTIB A/A peanisanii, ToMy
YacTO X BEAMKAIOTHL JAHUMA. B TAKOMY BMOAJKY cHCTeMy THHie
JorivHNX eJeMeHTIE FocHimkyHTeE HA HYHRILIOHAARHY NOBHOTY
B ciabkoMy poayMiHHI.

@ Janntankn

1. CoopmymoiiTe TeopeMy Npo 3aMyHeRi knacH byneBux GyHRNiM.

2. IlIo sofipaykye cynmepmodmAIin HecamogmmoicTol $yaxuii Ta sanepe-
yednn?

3. Ary dyHETI0 MOXEA OACPKATH 34 AONMOMCI0K CyHeploanLil He-
MoHoToBHOL GyEKOII Ta woncrant § i 17

4. flra dyukuis Moxe SyTi solpaKena 2a fOMOMOrol0 cymeprosuilii
uenimiiinol ynxrnii, sanepeyenna Ta woucrant O i 17

5. Céhopmynriofite reopemy IlocTa.

6. Hxa nopEa cucTeMa GyAeRHX GYHRNIA HasHBaeTLCA HECHOPOT-
HO¥?

7. ChopmynioliTe Hacainox 2 TeopeMu IlocTa.

8. Haitte BHaHa4YeHEA QVHKIlIOHAAEHO NoBHoT ¥ caalroMy posyMinui
cucreMmy Gymepux qyuxniit. Hagnnoerl arpx dyrenilt nocratano
I BUKOHEBHHS YMOBH (DYHKI[IOHANLAO TIOBHOT Y cIalKoOMY po3y-
MiRH] cacreMu?

@ 3asnaHvnn
1. 3a zonomorelo TeopeMn IlocTa mepeBipuT™H 3 nosHoTH Habopw
SyneBnx GymKniii:
a) {x v y, =x};
6) {x = y, —x};
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B {xAy@x, 1}
N{x @y x~ a2
DAy x@y x~@vinh
e)f{x =~y 1, xvyh
KHx Ay, x Dy D L
ay{0, L, (x Ay)vzh
iy {0, 1, x -y}
K {lx Ay ®x, x~py 0
mixrvig,xap&xnz)h
Mifr, (xApvixaz)viyadk
{1, x, x © yj;
o){x@®y, xvyvazh

2. Hoeecrn dpyHKOiOHAABEY NOBHOTY KoXcHOL 3 YHEEOIA: mITpux
Iedpepa abo crpiaxe [lipea.

4.11. Midimizauin 6yneBnx tpyHkuin

Ocnosui nongmma. Memod wapm EKaepuo (diazpax Belina ),
wacmxoso asusnaierni pynnyli, semod Kealina — Max-Kaaexi,
nmemod IHopeyvrozo — Breiina

4.11.1. OcHoBHl NnoHATTA

IMomyx HaliSinnm npoetol noriumol popmynu Gyaeroi dyeknii
Ma€ BelNKe SHaYeHHHA npd (opuyBaHHi sanurie Ao Gas apHHX,
y NOTiYHOMY TpOTpaMyBaEHi, B iATeneXTyaNbHHX CHCTEMAX.

3agaua Minimisanil ckaagaernca a3 nmomyry nalimpoctimoi,
arizgo 3 ofpakmM wxpumepiem minimisayii, Hopmyan. Kpurepii
MOWYT: OyTH plaunMu, Hanpukiaa: KinrericTs sminuux vy dopmy-
ni, winpxieTs zmakie won'wErNl] Ta pus’orExnii abo xoMmbéinania
nogi6Hux KpHTEpPiiB.

Hukve posrxagyto MimiMisaniz ma muomuxi [JH® i KH®
KinbKocTi cHMBOMiB 3MIHHMX Ta omepanii, uio Micrarsca y ¢dop-
myui. Taka zaflaya HAIUBACThCA RAHONINHOMN 3adaveio MiHimiza-
yi{. MiniMansei dopMu, 1o omep:xaHi B peayaeTaTti il po3s’asky,
Ha3nBawTecAd MiHiManbanmu JH® i KHO.

BuiHaveHHRA

Ixnrivanmoin Jeawroi dgymaruil 7 wasupaeTheda GyHKIIA g,
Taka, 0 Ha Becix iHTepnpeTanmisx, Ha AKUX § AopiBHIoe
OqUEMIi, [ Tex AOpiBHIOE OTHHMI.

nii, mo BxomsTh Ao cxkaagy JIHEI $yaknii, rakox e il imnii-
KaHTaMH.
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BuaraueHHA

MuoxEHa S, M@0 CKIAJAETLCA 3 IMAAIKaHT GyHKUIL f, HA3H-
BacTLCH noxpumman (aGo NOSHO0 CUCMEMOO iMRlikarRm)
PYHELII f, AKILO KokHAe ONUMHHYHES 3HAYNCHHA DYHKLIL f moKpH-
BASTECA OAMEHILEI Xoya 6 ogMol iMOIMiKadTH 3 MHOXHEHEK S.

Habip imunikanr, ckaagosux QHP dyaknii, ¢ I nokpurTam.
Habip mcix konceTuTyeHT ofHHANL dYHRILL, Mo BXOAATE X0 il
JOH®, ¢ mogpeTTaM AaHol $yaknil.

Byan-Ary eleMeHTapHY KOH’IOHKIiIO A, Mo BXOAWUTH JO CKJa-
Iy enementaprol Kou’oHKUIL B i micrurs mMerme smimnwx, Him
RoR’IoHRIIA B, HasuBalOTh 6AACHON uacmuncm How’jonxuii B,
i BBasRaAIOTE, 1IN0 KOR'IOHKIIA A noxpusac koW wHEIIK B.

BuanaueHHn

Hpocmow imnaireaumoie byrknii [ HasdBaeThes rTaka
KoR'nHKNifg-iMIAikanTa, 110 Higka 11 BJIACHA YACTUEA HE €
imnrirarTol xamoi dymiii.

MuoxmHAHa Beix IpocTHX iMOnixkaHT (PpyHKLII CTAHOBUTL nO-
xpumma parol GyaRQii.
BuanaueHns

HAdua’ouknia pelx opocrnx immaixaar $yHknil nasneacTees
ii exopovenocro JHD.

BusHaveHHA

Aus'rourxmusnum sdpon 6ynepol GYERUIL f HA3UBACTLCH TaKa
MHOMHEA Ii IPOCTHX IMITIiKAHT, AKA CTBORIOE NOKPHTTA f, alle
micas BufaneHHA GyAb-AK0l iIMOAIKGHTH BTLAYAE L0 BIACTH-
BieTk, TOBTO MepecTac GYTH NMOBHOIO CHCTEMON IMIITIKaHT.

BuauayeHHn

Tynuxoeoro JHEP nasnpacrbes JHDP gamol 6yienol pyakuii,
G CKJIANAESTHCA TLMILKM 3 IPOCTUX IMIITiKAHT.

Ha Bigmiay Bix ckopouenal IHH®D, ryunrora JTH® mame He
MICTHTH AesKi 3 npocTHX iMIiikanT Ppyeruii. Koxua Synena hyHk-
nia Mac eguAy ckopoueny JH® i moxe maTe jgexigbka Tynuko-
Bux OHD, ¥ woway s rynukosnx JHD sxopars sce iMnxixanru
OK3 IOHKTHBROIC AApa AaHol dymkmii.

BuiHaveHHA

Minixansyoro JHP (MAH®) pauoi byaepol yurrli Ha-
3MBacThCH oJHA 3 II TyimukoBux JHD, akift signosifgac nait-
MeHIOe 3HadYeHHS Kpurepilo MiHimisauili JTH®D.



EByneai chyrkyil ma nepermsopeHns 157

IIJIA 3HEXOLMEHEA MHOMMEHN NIPOCTHX iMImixanT QyRKIil, 1o
sagaua CIH®, BuropHeTOBYIOTECA TaKi OYeBHAHI NepeTBOPEHHHA
dopMyn OvaeBol anreGpu, AKi TpasuUifiHO HAIMBAIOTLCA <«OIlepa-
WiAME».

Onepanifi nenosnozo FUa"IORERMUGHO20 CKACISANKA:

Ax v Ax = A v Ax v Ax,
Onepania dua"10RKMUSH0Z0 NOLAUHLIHHR:
AvAx = A.

BuxoHaHHA IBOX 383HAYEHHX ONepaliil mocrigoBHO 300paskye
BHKOHAHHA onepallii noswoze Juz’'loNKmiléHo20 CEACIOGAHNHA!
Ax v Ax = A.
TyT A — feAaxa eneMeHTapHA KOH IOHKIN amimEux, ¥ — 6yJe-
Ba aMiHHAS.
Ipurrag. Hexalt € gyrruia f, mo sagana JAHD:
f(x,y, 2y =xyrvxyzvxyjazvxyaz.

BukonagMo omepuilil [IOBEOTO CHJICIOBAHHA TAKHM THHOM:
fle,yu2)=xyazviyzvigygavxyz=
=(xpzvxyzyv(xyzvryavixgaviyan=
=yzvievxy.

BHkoHaeMO Telep onepallil cKAeOBAHHA IHNTHM criocoboM:
fix,yd=(xyzvxyayvi{iryzvzy2)=ypzvxy

B obox sunaxkax ofepsani ryvouropi JHD dpyuxoii fx, y, 2).

Hpyra Tynukora JJH® npocrima aa mepmy, ockilhkH MiCTHTH
MeHmy KinekicTh cimBonir sMinnux ismaxis omepanili. IToSyaye-
Mo Tabaxup icruEHOCTI ¢GyHKOIL f(x, ¥, 2) Ta I TpROX IMmnikanT,
mo BXoZATE no crkaaxy OHQ (rabnnus 4.32).

Tabauys 4.32. Hoxpummasa odunuirux 3ngiens gyrxyil

x{iy| =z f vz Xz ¥y
0jo0| 0 1 £ 9 1
o]0 1 1% II 1 1
0|1]0 0 0 0 0
011 1371 1 0
1]0]0 o 0 0 0
101 0 0 0 0
1J1]0 o 0 0 1]
111]1 1 11 0 )
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Ha Tux iATepunperaniax, Ha AKMX iMIJixaHTa AOPiBHIOE OAH-
uuni, Pyurgiga raxosk popieHe ofuEAni. Takum YwHoM, KOIK-
HA imMnnixasTa «IoORpUBACs JedAKi OAMHWUHI sHaveHHa (GyHREOIT
{8 Tabanui me morasanc crpiawamu). Mg amaxiay pisaux sobpa-
sceHs Gynenol dynknil vepea KH® i ogep:xxaaua miniMmansanx KHPD
NPHPOTHC TpaHCHOpMyBaTH BHKJIaACHI BUILE [ZOHATTA Ta cHepamil
CKJACIOBAHHS 38 NpMHIENOM JBoicTocTi. JlBoicTi HOHATTA BigTIOBIA-
HO HaBHWRAKTHCH TepMiHaMU: imnaigenma, npocma imniiyenmae,
nosne cucmema imnaiyenm, ckopovenas KH®, mynurxovea KHD,
minimaavue KH®. Bukopucrosysadi gasi miximisarii KH® ome-
panil cxielopaHES M2I0Th TaKWil BHrIAL:

Ouepalif HenOBHOZ0 KOR'IOHKMUEHOZO CKACIOSAHHKA,

(Av x)Avzx)=AA v )4 v ).

Omnepania xon'1ORKMUGHO20 ROZAUHAHHAS
AAv x)=A.

Onepanin no6HO20 KOR'IORKMUEHOZ0 CEACIOGANHA:
(4v x2)A vi)=A.

Tyt A — jesaxa ejeMeHTapHa AH3'IOHEIA, ¥ — OyjaeBa
amimHa.

4.11.2. Miuximizayia 6yneBnx dyHKUIW MeTOaOM
kapT KapHo (piarpam Beliua)

Hiamo minimisanil € sgaxomxerds MiHiMaAbHOI 83 TYIIMKOBHX
JH® (KH®D), Tobre sHaxoMxeHna MiHIMaJLHOrO MOKPHTTA AaHOL
dyvrrnii. dia nsore reobxigno nodyayeatn Bel MoaHBI TYIMROBL
AH® (KHDP), snxopucroBylouy onepanii CKICICBAHHA Ta IOTVIH-
HaHHA IA8 paHol dyHEIIL. Meroguxa Kapao i Befiua aoaronse
BHKCHATE 3a3EaueHl onepaiiji rpadigxo.

Kapra Kapuo anas HHD (gmiarpama Beitua — gng KHdD) ¢ ana-
Jorom Tabauni ieruHEOCTi, 300paxenili v cnegianeHil gopmi. Bua-
yeHHA 3MIHHMX poaTalucBaHi y saroJoBKaxX paAikKiB 1crosmuis
kapT¥. Kowuifi KomeTurvenTi ogunuui dyHEHII Bignosizae omHa
kJiTka (komipxa) Tabaumni. Hyns a6o 0AMHHELA B KJIITIi BHaHauae
3HauenHa ¢yHKRNII Ka AaHi# inTepmperauii. 3HaueHHR 3MIiHEHX
poarainoBaHi Tax, OO cycigai (o MamwTE CHIABEY MEKY) PALIKH
i crornui Tabnuul migpisHATIHCL sHaueHHAM TiNLKM ofmiel aminm-
Hoi. ToMy 3anuc iHTepnpeTaliii geox aMimHHX v nopsiakry (0, 0),
{0,1), (1, 0}, (1, 1) veopunyctumuit, ockitexy cyciani mHabopu
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(0, 1)1 (1, 0) BiapisEaloTees sHavenmHsMH ofox aMiRHuUx. ¥ wap-
tax Kapro iETepunperamii [Box sMiHHEX pOBTAILIOBYIOThCH Y Tarii
nocrigopwoeti: (0, 0), (0, 1), (1, 1),(1,0). ¥ ni# nmocaigoBmHocTi
TTepIlla Tk OCTAHASA iATepmpeTallii TAKOMX BiAPIIHAIOTECA 3RAYEHHAM
Tineku oaHiel sMiEHOi, TOoMYy nepmmil 1 ocrannil pazkw (cToBINi)
TabIHIl BBAKAIOThCEH cycigHiMu (OpoTHIemHi rpaummi Tabauni
EBAHANIOTECH clisnagamunMu). IIpH TakoMy poaTamysaHH] MinTep-
MH, O AKHX 3acTOCOBHAa DOepalliA cKAEFOBAHHE, POSTAIIOBYIOThCA
¥ CYCiZHIX KAXITKaX KapTH, 1 cKAeOBAMHA IIPOBOAUTRCA rpadiuno
3a ACHOMOrQI0 of'efHAHHA XKJITOK ¥ IDVIIH.

Keapru KapHo zas dyHKNi# ABox 3MiH-
HHX MaKTh Buj Tabauni 2 x 2, ge croBmui ¥ x 0 1
BiinoBizalTs SHAYEeRHAM MNepiiol 3MiHHOI,

8 DPEJAKM — 3AAYEHHAM Apyroi smimHoi, Ha 0 w4 ntd
puc, 4.1 zo0paxeno cTpykTypu KapthH Kap- 1| xy Xy
HO, B KJAITKAX BKaZaHO Bignomigmi mimTepMm p, . 4. CrpykTypa
¥ BRI dopMyn 3 afcrpakTHEMY sMinmuME. rapry Kapho ana
CrpyrTypa xaprr KapHo ana QyHKmid BBOX 3MIHHMXL

TPpEoX sMiHEMX Maec sup Talmuni 2 x 4, 7Ae
¢ToBTNI BignoBigaloTE ReimaxuM Halopam spgadeHb HEpPIIUX ABOX
aMinnux, a pagkn — anaveausa™ 0 1 1 Tpervol aminmol (puc. 4.2).

B raiTrax ¢TPYKTYpH BKa3aHO BignosiaHi minTepMH 3 abcTpakTHH-
MH SMiHDHMH.

xy
2 00 01 11 10

0] xp= xyz xyz xyz

xyz ryz xyz xyz

Puc. 4.2. Crpyrrypa kapti Kepao aas GyHEKO TPhOX sMidEMX

Jiaa xorkpeTHol Gymepol QyHkuil xapra KapHo saloeBHIOETS-
cA TAKHM YWHOM. ¥V KaiTkax, mo BianoBizul imTepnperamiam,
Ha AKHX (VHEKDia popiBHIe oxumEmOi, samWcylThs oxmEmENi. IIi
KIiTKEH BLANOBLEAIOTH KOHCTHTYEHTAM OAMEMIL, INo NPHCYTHI
y JAH®D dyurnii. B inmi xniTkd sanmeyiors Hymi.

Ipuraag. Ilo6yaysate kaprty Kapeo ags dymnxuii

flx, ¥y, 2)=XyzvXxXyzviyzvxyz.

Poge’aszox. Ilobynmosa Kaprm KapHo ans saganoi QVHKINII:
noMimaeMo OAHMHHIIL Ao KXiToK, L0 RignoBiZawTE MiHTEp-
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MamMm, Akl wpueytui B gamidt JJOHDP, i wyni — & pemry wnirow
(pnc. 4.3).

xy
z 00 01 11 10

0| 1 0 0 0
1 1 1 0

Puc. 4.3. Kapra Kapso paaa pyExui
fle,y, 2)=xgzvyzvryavxypz

Jo KoHCTHTYeHdHTiB ONHHHNI, 10 BigmopizanTe GyAb-AKHM
ABoM cycigmiM ®KXITKaM, MOMKHA SACTOCYRATH clepaniio ckielio-
BaHHA, OCKiJIEKH BOHY BigpisHAKOTHCA TIIBKM OAHICIO 3MIHHO.
BaypamnMo, o #Ha Kapri Kapao ansa PymEkoil Tprox aminBEEHXx
KOJKHa KAITKA Ma€ TPH cycigHi KiIiTKH, Ra kKapti Kapao gna ¢ynx-
uii 4orMpLOX aMiHHMX — woTupu, u& wapri Kapmo gma dyuwmii
m'ATE SMiHHMX — 0'grs TomT. llpwW NBOMY AR KIITOK Ha Kap-
i Kapro &yaxui! TproX 3IMIHHMX, PO3TANOBAHWAX ¥ KpafiHLOMY
npapoMy abe y kpaliHboMYy JiBOMY CTOBILAX, cycigHiMK ¢ RaiT-
KM, mo posTamloeaHi BesmnocepepHnC adiBa (aBo chpara), BHHIe
(e6o umxue) v cycigusomy paaky, 1 kpailins aisa (a6o mpana)
¥ TOMY ¢ paAfAky. Ax npExaag na pue. 4.4 pigsmaueno wkaitiwm,
cycigHl 3 rRairkamu A 1 B,

xy Xy
z 00 01 11 10 z 0¢ a1 11 10
0 ' 0

A

w

Puc. 4.4. Kaiten, cycigni s xaitkame A1 B

Npaewno cknewBaHHA KNiTOK | sanMcy MiHimansHol HD

1. Byayerbeda kapra Kapmo, mjo pixnosigae pamifi dyurnii.

2. KriTrr of'egHylOThCH Yy IPYyOHM, [0 NOSHAYAIOThL ouepanii
ckhaewsangd, B o6'eguanni Gepyrs yuacTs Tlabxu cycigdi xaitka,
B SEHX ZHAXOAHAThLCH OAMHMIN.

3. B rpyny moxui of’egnaty Tinbku kinskiers maivok, mo no-
piBuioe 2%, = 1, 2, 3, ... [Ipy nboMy rpyma Mose MaTh TiALKH
npaMoryTHy abo kBanpatHy dopmy.

4, 3apaua CKJICIOBAHHA TOJAArae y sHaxo KeHHl maGopy Mak-
CHMANEHAX IPYn HaiTok. MakcuMAaJILHA rpyma — e Tpyna, AKa
HE BXOJWTE OIIKOM Yy ¥oAHY inmy rpyny i sigmosigae npoeriit
imnnikanti dysaruii. Kinekiers rpyn y Taromy HaGopi mosmmHAa
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6yTH MiHiManbHOW0, OCKINbBKH TaRa I'pyna pignoBigae viHiMansgif
rynureBiil JH®, Koxua oguanng kaprr KapHo NOBEHEZ BXOAUTH
xoua 6 Ao oxmici rpymy, mo 3abesreuye HOKPHTTA PYHKUIL ogep-
AEHMM RalopoX imnaircarm.

5. Koxua rpyma xaiTok, Lo oJepykaHa Iicad CKJISKOBAHHA,
pBianoeigae Tii imnuikauri yeEruii, peanpHi sMirrl Axoi MaloTh
OfHaKOBE SHAdYeHHR ANA BeiX KJAIITOX rpynm. 3mimmi Gepyrsca
bea samepedexsda, ARmo iM BigNOBiZ&akTE OLUMHUYHI 3HAYEHHA,
i i3 sanepedYeHHAM — B iHIIOMY BHHAJKY.

6. Jus’oukuix Beix ogepmanux Ipocrux IMIIikaBT achpaxye
peayanTaT MimiMisanii dopmynu i € minimazerno JHD.

Ockiapkr npr wvimimizamii xa muoxmnai JHP y cxnewsan-
Hi GepyTh ¥9ACTL TiALKHM RAITKH, W0 MicTaTe opuemni, Y1
B kaptax Kapro, 9k npaseno, He BRa3ywTh i MaloTh Ha yBasi, mo
nopomul kIiTRM MicTaTeE HYAI.

Ipaknan. Bnaite migimaneey JHD ¥ o0 o1 11 10
dyrruii 3 nomepeIHLOrO NpPHKILAY. ol 1
Poze’azox. Ounyekalous HYJIL Ha pHe. 1l 1 1 1

4.3, samAcyemo BuXigny xapry Kapmo
v Traxomy Bmraami (puc. 4.3).
T'padiyHo cKIEIOBAEHA NOHAYAETHCH

Puc. 4.5. Kapre KapHo
dyrrniy fx, y, 2)

ofi'ejuaHnaM cycianix ogununs Tabauni zxy 00 o1 11 10
¥ I'PyHH, DE3yALTATOM 4oro € npi imm- 0 m
aixautu A i B (puc. 4.6).
— — _ 1]\
InnixagTa A= ¥y Z vy z= \‘]\ Q-j]%
=xy(zva)=2xy. 4 B
IMnnikeETa B=X y z v x y 2 = _ Puc. 4.6, Buaxoxwennan

iManikanr dyurnil f(x, v, 2)

(x v x)yz = ya.
TaxnM unHOM, oAepxaMe MiHimaavny HHD:
flx,y, 2) =Av B=xyvya.
IIprraan. 3naitty MIH® ana bdyukoii
flx, y, 2) = xyz v xyz v Xyz v xyz.
Poaa’asox. Ilobygyemo xaprty Kapuo ans samasoi dyaxmii
{puc. 4.7).

0 a1
1 [/ 1
ravi P
A B T
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Minimanswa TH® flx,y,2) =Av Bv C=xyzvyzvxy

Nprxaag. 3matrn MOAHD Takoi GyEruii:

flx,y, )=xyzvxyzvrgevifzviyzvryjzveyaz.
Poaa’azox. Tlobyryemo BignoBipay kapTy Kapmo {pumc. 4.B).
Minimansga JH® f(x, y, 2) = Av Bv C=yvzvzx

Poarsapneno sacrocypaHAsS kKapTt Kap-

> 00 o1 11 10 Ho pafg Mimimisanll dyermift, mwo sare-
1 {1 s%aTL Big voTHprox amirHHX. Kapra Kap-

1l 1 J;' \5& HO Ang GyBEKOIl 4OTHPLOX SMIHEHX Mae
£’§ /c poamip 4 x 4. Koxkha KiiTka Mae 90THPH

cycigrix. [IpaBuaa CkIAeOBAHESA KIiTOK
i sanmecy pesyanTyiouol GopMyAN aaiMilia-
WThea ODonepesuiMu. BigMminuiers nonarae
B TOMY, 10 cycignmiMu HeoOXiamo mpaykaTH
He Tineky kpa#iHi#t npasuit Ta xpaliniil JirEE cToBROUi, alle TaKOX
kpatiniit pepxnilt i kpattuiit pmxnilt papxn.

Puec. 4.8. Kapra Kapuo
ana GyERmil fx, ¥, 2)

IIpuxaan. llo6yayeaty MimiManeny HH® zaa dyaruii
fx,y, 2. t)=xyzivxyztviyztv
vX¥yztvayztvyztvaxyztitvxygzl.

Poaa'asor. IloGyayemo pignosiany mapry Kapmo {puc. 4.9).

Sanumesdoe MiniManbay THP, noegzuabiuy gus’ioHKmieo opoeTi
iMmnixkanTa A, B, C, D miamosiguo:

flx,y, 2, ty=gzvytvxrztvaxyzt.

Kapta Kapro paa dyarnii n’ste amin-

EHX 306paye y DpocTopi ABOmAapoBHA . jfﬁ\
Hapajenenines, Ae koxuuli map Bifnosigae 27 0901 110
xapri KapHo Bi nepmiMx YoTHpEOX 3MiH- o] I\ 1l
Enx ¢ymrknii. [lepmni wap sobpaxye na Ol X Xi
nAomuHi BeinAki inTepnperanii, opu axux 11 N1 |
1'ATe aMiHHa JopiBHIoE Hymo, a Apyrmit —  10] L\ ] T
Beinaki iArepunperanil, npu Axkux n'ara Lo

B C D

Puc. 4.9. Kapta Kapuo
Ana f(x, 4, 2, 1)

swMiHRa AopisAwe oguanii. Koxkaa Kaitka
Ha KapTi Kepro gna dyHKIii 0’ aTd aMinaux
Nac I'ATbh CYCifHIX KIITOK: YOTHPU — Ha
CBOEMY INapoBi KapTH i II’'ATa — Ha cyciArid, To6TO KIITKY, AKA
chiBllaje 3 JAHOK, HKILI0 POITALIVBATH LIAPDH KapTH OAMH NOBEpX
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iHmore. OG'¢IHAEHA KJiTOK V TPYIH Ha KOXKHOMY mapi kKaprti
soificHI0ETRCA AK i ¥ BUDAOKY YOTHPEOX 3MIHHHX. KpiM Toro, Momx-
Ha CKJIEIOBATH JBi OJHaxoBi IPYNY, IO 3EAXOASTHECH Ha DIZHHMX
IMapax KAPTH, POSTALIYBAHHA AKHX CcliBnafe, AKINOG IOMIiCTHTH
OAKH ILIap KAPTH IIOBepX iHILIOrO,

llpuknag. IloGynyeare MiniManery JH® ana Gysroii
e, y, 2, ¢, w) =
mxyztuoviyziwvxyelwvayzTwoveygziwy
vXyziwviyztwvxyztwvxyzitwvxyziw.
Poze’azox, JlobyayeMo kapry KapHo gad AaHol byHEOIIL
{pmc. 4.10).

xy xy

A 00101 L11) 10] AR 00101 11) 10
00 1 I\1 00 \d

01 T ool 1T

]

11 : Y 1T
g')‘ ! [)—-*—-‘ /
I
{
[

wf/ | ;KA By 10
w0 /TEPRT e
A B CD F

Prc. 4.10. Kapra Kapno gna dyuemil f(x, v, 2. £, w)

IIpoeri iMmaikanTH, 0 BXOOATL Ao MixiMansmol JTHD:
A=Xyztio, B=zzfw,
C=p2i, D=xtw,
F=xyzuw.
SamumeMo Minimansay JHP, noeguanutu ofep:kadi imnainan-
TH 3HAKAMH U3 IOHRIiL:

flx,y,2,t,wy=xygzitivvztwvyztvxiwvzyzi.

Minimizalin Ha MHOXUHI KHOD

Huaa minimiganii 6ynemoi dyuxuii gwa mmpoxuni KHdP muxo-
prcToRyloThen aiarpamu Befiua. Ix mofyaoma ananoriuma mapram
Kapno. Ha kapri mozmaualoThcs RJITHM, UT0 BiamorizaiTh iHTep-
nperamniaMm, Ha AKUX GYHEIIA gopirHioe mysw. ITicna oboro npo-
BOAATLCA CKRJICIOBAHHA KJiTOK, mio MicTaTh Hyai i dopmyeamusA
miHiManeHol KH®. CrneoBanny KIiTOK 3dificHIOCTHECA 38 THMH XK
npasuaemMy, wo # opy A3’ IOHKTHBHIA Minimisauii. Ko:mxna rpyna
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KIiTOK, IO Ofep>RAHA B PE3yNLTATI CHKJCIOBAHHS, BLANIOBifae IH-
a’iogknil TiNLKH THX SMIHHHX, AK1 MawThL OfHAaKOBe 3HAYEHHA
AAS BeixX KRaiTor rpynu. 3minHl GepyThes Oed salepedyeHHA, AKILO
iM BigmoBifae HyXnOBe 3HAUeHHs, i i3 3amepeucHHAAM — B iHOIOMY
Bunaaky. Koe'IOHKIIA oflep:KaHHX eleMeHTAPHRX AW3'WHKDIA €
peayanraTtoMm mimimizauli dopmyan.

Opuxnax. Opepxxatu MiniManwuy KH® ana ¢yuxuii, upo aa-
Aana JKH® rakum umHOM:
f‘.x’ U, 2 1, W) =
=(xvyvaevivuw)(xvyvavivuwl(lxvyvazv
vivw){xvyvazvivuw)alavyvzvivwiixvivzyv
vivurvyvevivelrvyvazviviolxvyvaviv)a
AEvyvazvivw).
Poae’asox, Nana Ppyuknis ofepTacThcd Ha HYJF HAa TAKHX
nabopax: (0,90,0,0,0), (0,0,0,0,1), (0,0,1,0,0), (0,0,1,1,0),
0,1,1,0900,¢,1,1,1,0),(1,00,0 0,1, 0,0, 0, 1),

(1,1, 1,0,0), (1, 0, 1, 1, 1). Tlo6yayemo xapry KepHo ans niei
tbyurnii (pme. 4.11).

S g0\ o1 11 /10 }f{N}m 11/10
09 0

01 k""‘"i--.____ﬁ or] -

11 T T ®

1\o [/ 4 10 /
/ow=0 O\ w=1 /
B C )

Puc. 4.11. Kapra Kapuo aas dysknii f(x, y, 2, t, w)

Sannmemo Mirimansry KH®D, poeanapiny sHaraMu KoR OHKLI
e/leMeHTAPHL aa3' oAEKUiL:

f(x’y’zstsw)=Af\B/\CAD'-_

={yvevixvzvwilgvzvivwixvyvzvivw).

Minimizayin 4acTKOBO BM3HaveHUX thyHxuif

Axrio AnA poaR’s3Ky 3ajad9l BMKOPHCTOBYIOTRCH He Bel Habopnu
BxigHMX gaHMX, To nmpUIycTHMe Cyak-dke aHeueHHd Pynxnil Ha
HeBHKODHCTOBYBAHMX IHTEPNpPeTALIAX i Taka PVHEKUIA Ha3UBASTECA
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YACTKOBO BH3HAYEHOIO. [HINKMME chaoBaMu, (PyHKIig He EM3HaueHa
Ha BRasanuX imrepnperaniax. ITpm mimimisanii Taxi gpyarnii go-
BUANAUAIOTLCA TAK, 1Mol ofep:xaru uHatfintm exonmoMiyHy MiHi-
maasny QHS (KHD).

IIpuxnax. dyaxois f(x, y, 2, ) HopiBHOE OXMHHNI Ha Ha-
6opax (0, 0, 1, 0), (0, 1,1, ), (1, 0, 1, 0), (L, 0, O, 0) i me
BHaHaveda, sxuio xy = 1. Heobxizno nobyxyeaTu MinimManmgy
JHD.

Poze’'raox. CrnageMo xaptry Kapmo ana szaganoi ¢yuimii
(puc. 4.12).

Minimaarna ITHOP

L . Xy
fx,y, 2, 1) =Av B=2tv xt. 0001 11 10
Meron kaprt Kapao se ¢ dopManLHUM 00 1 %
i ckmaamruit y peamizanii. Kpim Toro, iz 9!
He IPpyuHHUH y 3acTocyBaHHI Jo ¢yHKUi% u
8 kimpxicTio amimmEMx 6Ginsive mecrd. In- Il | 1 ,Alé

muit merox Minimiaanii, axmit Gyae posrag- A »
ByTHH] HHMXKUYe, TpHAATHUHA A8 OporpamMHol

YTHH HHARE, TPHEL ALA Tporp Puc. 4.12. Kapra
peaxyizenmii i MoMe BacTOCOBYRATHCA IpH KapHo ANf 48cTKORG
pemukift kinsxoeri aminrux. EM3HaYeRol QyHKIil

4.11.3. Minimisaunina cyukuin metogom
Keana — Mak-Knacxki

Merox minimizanii Keaitna — Max-Knracki Taromx peanisye
nepexiy Big JIH® no mimimanemoi JH® 3 suxopicTOBYBAHHAM
omepauifi exnefoBaHHs Ta mornuHapHsa., Bir 6yB sanponoxHoBaHmRM
B. KpalintoM, a noriM yaockonamenuin Man-Kaacki.

Anropnre KpaliHa ckIJ2a8€ThCH 3 TAKMX KpPOKiB:

1. Banmecarn JJIH® sapanoi ¢ysrmnii.

2. BuxorarTH Bci MOMNKEBI onepallii HeMOBHOTO JAUA’IOHKTUBHOIO
CKJIcIOBABHESA. Pe3yarTyioua opMya € U3 IOHKII€I0 BeiXx MOdK-
JHBAX iMIIikaHT gaHol GyHKILIL,

3. BuUKoHATH BCi MOXJIHBL omepanii A¥a’lOHKTHABHOTG [OIAH-
BaunaA. Pesynpryioua dopmyaa € cxopodenolwn [HIP gaunol
PVHKIIL.

4. Cxaactd iMOoiaikauTEY Tabauumic i aHalTH AH3 IOHKTHUBHE
ALPO.
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5. CropoctuTst iMnairaHTHY TaOGJHIK® 38 JONOMOrCI BUAANEHHS

PALKiB, 100 BiATOBIAAIOTE iMINiKARTAM KA’ DUKTURHODO S7pa,

i eropnuie, 1o BigTMOBiAATE THM KOHCTMTYEHTAM ONWHHIL,

Akl DORPEBAIOTECH iMnaixanTamn sapa.

6. 3uafity pei Tynukosi JHP nasoi dynrnii.
7. Bnaiita Migimensny HHD,

Aximo mpy mimimizanii geaxol @yHkuii BMXOAHTHL, WO crpo-
meda iMnrikapTHa Tabnuua noposkHA, TO TymukoBa JIH® miei
dyurOil ¢ mMiniMansHow 1 exaaZaeThes TinLkH 3 ImMnmirant ou-
3'IOHKTHBHOrO Afpa. AKOlo & cnponjeHa iMmnikaHTHA Tabnuos He
HOpoKHS, To B Ko:Ell Tynukopilt JH® pyuruii, xpiMm imnaixanr
Anpa, opueyrHi i feaxi npoeri iMmaikanTH, Mo He BXOAATRE AO
AH3’OHKTHBHOTo Aapa. Habip gauux imnaikant BusHauvae pianumi
Mix Tynnxosamu JHSD,

IMpuxnag. 3aafiTu mMerogom Kpaiina minimansmy HHP dynwmii
fx,y,2)=xpypzvxyzvxyzviyzviysz
Poza’a3ox. BukoraeMo Bei MoxauBi onepanii Aus’oHKTHREOrO
CKJICIOBaHHA i NOrAMHAHHA!
xXyavaxyz=yaz

Xyzsvxyz=2xy.

Ozep:xumo Taky Gopmyny:
flx,y,2)~xyezvaexyiviyesviyesvayz—
=yzvpIvizviy.

BpobyBmH momapHe TepiBHAREA BCiX eleMeHTADHHX KO-
H'1oHRIi{, M0 BXOOATE ¥ JaBEY GopMyNy, NPHXONHMO 10 BHCHOB-
Ky, N0 onepaTH iHwi eseMenTapRi kod’loHKUil sa aomoMorolo
onepaIlii cKJICBAHHA B AaHIN GopMyal HeMOXKIAHBO. TakuM

UMHOM, OFepHaHO Au3'IOHKILI0 BeiX MOMIUBHX iMIAiKaHT maHOL
dbyERUII:

fx,py2)=yzvizvxzviy.

Ozep:xana dopmyna ¢ ckopedencio JH® panol dymruii.
Crkaazemo iMmnaikanTuy Tebrimimo (tabaunsa 4.38). W panxu sa-
JaloThCHA NDOCTHME iMNTikaHTAMY, A CTOBNUI — KOHCTUATYEHTaAMH
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oaununi PpyEkuii. 3ipoukcro BiA3ZHaAYaeThCA KOXKHA KJiTKa TabuH-
oi, 4Jf #AK0I iMmIigkauTa 3 pagka €& BJAACHON) YacCTHHOK KOHCTH-
TYeHTH i3 cTOBNILA.

Tadauyn 4.33. Innaivanmnua matauys yneyii f(x, y, z)

xyz | xyz | xyz | xye | Xyz
pz *
yz * *
Xz 3 *
xy * *

SualifeMo AUa’IOHKTHEBHE K7po. o HBOTO BXOAUTE KOMHA
npocTa iMNAiKaMTA, AKA € EAHHOI ¥ DOKPHTTL 6YIL-AK0I KOHCTH-
TyerTH ogmEuuUi. B iMnuixanThaill Tabruni mo ogHOMY SHAKY +¥%+
MieTATE cTOBOLI, W0 BiATORiAAIOTE KORCTHUTYEHTAM OAHHMIL XYz
i x y z, nampory mpoctEX iMmiaikasTr yz i yz. i apoeri iMmnaikaBRTH
CKIafaloTh AN3'JOHKTHEHe f7Apo. CKAaleMo cNpomeHy iMmaikadT-
ry tabaunio. [ns nboro 3 imnmixaHTHOI TabnmEni BHkpecnioeMoO
pPANKM, Mo BigmopigeloTs iMnmixauram gn3’HEKTHRHOrO AZpAa,
i crornnyi, mre BiANORiZANOTHE KOHETHTYEHTAM OJMHHKLI, AKl mokpHTi
iMoaikantaMu gapa (tabanns 4.34).

Tabauya 4.34. Odepxcanns cnpoujenol IMnrixanmuol madauii

xfz | x§z | xfz |xyz ¥z
¥z L
7 :
xz &
Xy w*

B napoMmy BMnaary imMonikanETH fgpa IOKPHBAKTL BCL KOH-
CTETVEHTH OAVHHIL, Kpim ozuiel, ToMy cmpoleHa iMmaikanTHa
TAGIuUA Mae TakHil pmrasa (Tabnmus 4.35):

Tabrvys 4.35. Cnpowiena iuniikanmng madauys

xyz

xz *

Xy %
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Iz enpoigeroi iMunikanTHol TAGAHL] 3HAXOAMMO, OIO TYRHKOR]
IHD gamoi Q)ymcml, Kpm A¥xz’ JOHKTURHOrD ALpa, BKIKOYATE abo
iMomikanTy ¥ 2z, abo X y. TakuM IMHOM, oZep:KyeMo ABL Tymuzosi
OH®D ana gaxol dyarnii:

JH®L1: f(x,y,2)=yavyzZvxaz;
IHDP2: fx,y,2)=yzvizviy.

Brasani J[H® micrats mo 6 cumBoxis sMiEAHX, a TaKoX Of-
HAKOBY Kiabkiets suakxis omepaniit Ans'womErnii (2) i won’omrIil
(3), Tomy BubGepeMo AK mimimaarry JHD1, mo micTHTh Meymnre
sHakiB ornepallift aamepeveHHnA.

B meroni Kpafina gas dyuknil Sinxpmioro uMcena sMiHHEWX
nepesliveHHs BApDIAHTIBE CKIEOBAHES | MHOKHHE TYHNUKOBHX
ITH® ¢ snauno cEIaAHicTIo. YJocKOoHaNeHHH, WO BBeJeHe
Man-Knaeki, cnpomye sanue mimimisenificol Qopmynu. 3rip-
HO 3 HOro IPONOSHEICH KOHCTHTYEHTH OAHHHNI 3aNHCYIOTRCHA
Y BUTIAAL ABitkoBOTO KOAY — HOMEPH AaHOI KOHCTHUTYEHTH. Bka-
sanuil Homep Bignobizae igTepnperanii, Ha AR KoORCTUTYEH-
Ta Aopienwe oawHuILi. Bei ocrvamual iMmuxikanTi, mo ogepsxkaxi
B pe3YyJhTATI BACTOCYBAHHSA onepaniffi HeNOBHOTC CKJIGKEAHHA,
TAROM SANUCYIThCH Y BUrAAnLi mpifikosux wogie. ¥ nosunigx
KoEy, Mo BigmoBimaroTh peajgbHMM 3MIiHHUM iMunirikaHTH, IoMi-
maeTecs Habip 3H&YeHs IMiHHAX, aknlfl obepras IMprikasarTy
He ognaMEio. B nosduisax QikrTneEMX sMIHEMX IMOIiKaHTH cTa-
BATLCH TIpouepk. TakWM UYHHOM, onepanii ckielcraAEdA i nmorjim-
HAHHA OPOBOAATHCA He 3 CaMHMHM iMnaikanTamu, a 3 ix xgaid-
KOBHMM HOAAMU, I PoOMTH AJITrOPUTM NPOCTHM Y DporpamMHii
peanizanii.

Kpim roro, MHOXNHNHA HOMAIB IMNAIKAHT AiNHTHECH Ha Tpy-
A 38 KiABKICTIO OAMHEIL, MIO B EHX yTpHMyHThcH. OCcKinbxn
onepanil HeNnoOBHOTO CKJICKBAHHA BACTOCOBHL Ao IMuaikaHr, KO-
AW AKHX BiapizHAWTBCS 3HAYEHHAM TiABKH B oAHIH mosmuiil,
B CKJECHBAHHI MOMXYTE OparTH y4aCTh TIJNBKH IMIJiKaHTH, IO
HaJeRaTk A0 CYCIAHIX TpYIl, HOMePH AKHX BigpisasaAwTeCca Ha
opuanIo. KpiM Toro, BHKOHaHHEA onepanili ckyeOBAHHA aiACHIO-
€Thesl NOKPOKOBO. HA nepiloMy Kpoui agificHI0OTHCA Rl Mox-
JHBL CHICBAHHA KOHCTHTYeHT OLWHMILI, Ha APYromMy Kpoii
3FifCHIOETECA CKISIOPARHSA HA MHOKMHL IMIJAIRAHT, o onepsxaHi
Ha neplooMy kKpewi, Towmo. IliZeHHs Ha IrpynM Ta KDOKH A03BO-
Jd¢ icTOTHO CKOPOTHTR KiABKicThL mepeBipox pap iMnaika®T Ha
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MoA#sicTs sAificHedna cxieBaHHA 1 pofHTE ATropuTM 6Giakm
eheKTHBHHUM.

Hpu puronansi onepani¥ moraveEanHA 3 GopMyIH BHIAaNHIO-
TheA Bel IMIUIIKAHTH, IBO He € NDpocTHMH. PeayiabTyioda dopMyna
sobpazxye aus’ WHKIK npocTHX iMOnikanT GyRkiil — 1 ckopoueHy
JH®. Immaikan™, mo 6panl yuacTs xoua 6 B 0AHOMY CKJASIOBAH-
mi, He € mpocTHMH. OT:ke, 3aMicTh onepalill NOrAMHAHHA MOMHA
BHAaNKTH 3 GopMyNH Bel ImnaikenTH, o Gpaad yuacTb Xod4a b
B OJHOMY CKIOBAHRI, 3 ONHAKOBHM pesyasTaToM. Tomy npu
BuKoHaHHI omepaniit criaeloBaHHEA ofjeprkaHl iMNIIKAHTH MOZHAYA-
oTbed. [licas BMKOHAHEHSA BeiX MOMUIMBHX CKJACIOBAHE ITozmadedi
iMnmiranty BuganarTLea. e xae Toit xe peayabraT, o i npH
RUKOHAHH] omepaniii norauuanus.

OopManLHUi MeToA SHAXOMAEHHA MHOKHEK BCiX TYNHKOBHX
JOH® ¢pyvukaii 6ys sanpononosanuif C. IlerpuxoM. ¥V neoMy Me-
ToAi KOMKHIA 8 mpoeTnx iMmnikaBT Gyurnil, Ujo He BXOJIATH O
I3 WEKTHRHOIG AADE, NTPUAKCYeThcA GYKBeHe nosHaueHHA. Hara-
JAAEMO, W0 NOIIYK NPOCTHX IMEIIKAHT NPOBOZHTECHA Yy COPOIeHIE
iMmirkasTHI TabaBui. 3a Homomorow miei Tabauui zanHeyeThbed
JoriuHa ¢GopMyJa NOKPUTTS KOHCTHUTYEHT OJAHHHULI NMpOoCTHMH
iMnaikeETEMu. Ins HBOreo ANA KOMEHOI KOHCTHTYEHTH OJHHHIL
CKJIANRCThCH AW3'IHKOLA JiTepHEMX NO3HASUEeHL BCiX NDOCTHX iMm-
mnixadT, Axi I moxpuearTh. Haxi sanmcyersea dopMyna, mo
aobpaxye KOH'IOHKLi oflepKaEHX elleMeHTAPEEX AUI HEKOLH,
B dopmyni pozkpHBajorbed Bel Zy:kH, nicas yoro poHa agolysae
By gua'oHkrnil eremenrapHEX KOE'loHkNil. KoxnHa enemenTapHa
KOH'IOHKIiA B ofiepskaHill roprMyii Bignosigae ofHiH 3 TYIHKOBHX
JHD oyurnii. Jura nobygosu rtaxoi [JHP ueodxigme saumcarn
iMorikanTH, wo BiANORizarOTH NiTEDHMM nNo3HAYEHHAM, AKi Bxo-
OATE O0 CKJIaAy Aanoi ememeHTapHol xox'oakmil, #i iMnaixantm
A3 IOHKTHBHOrD AApa QyERIIL.

Ipuxaaxg. 3HaiiTe 3a gomoMoron merona Krajina — Max-Kna-
ckl mimimansuy IH® dyrrnii f(x, ¥, z, t), o sajaHa TAKOK

OIOHD:

flx,y, 2, 8y =XgZtfvxyztv

XyzFvixyztviyztv
vxyestvaxpzivxyztvxyzfvxyztvxyzt
Poss’asox. ¥ Tabauni 4.36 zannuleMo KOHCTHTYCHTH OAMHHII
Jaxnol GyHrUil y BuMrashl aBifkoBHX Kogie y APYTHUil CTOBNYHK.
¥ nepmomMy ¢TOBNIL 3alBHNIeMO ZeCITKOBL HOMeEDH iHTepmperamii.
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Tatauun 4.36. Hailikoei xodu xoncmumyenm odunuyi pynkyii

HecATKoRI HoMepst Jpiiikori voau KogeTRTYEHTH CIRHHUL
iHTépuperanik KOHCTHTYEHT GAWHHUILL Pyrnuil fix, . 2, 1)
Q 0000 xyzi
1 0001 zyzt
2 ao10 Tyzt
8 0011 ryzt
3 g101 xyzt
7 0111 xyzt
8 1000 xyzt
10 1010 xyazt
11 1011 xyzt
12 1100 xyat
13 1101 xpzt

BigmopigHo no meromy spilicHuMo Tari Kponm:

3rpynyeMo ARilixosl kopy iMOaikaeT 3 OAHAKOBUK KiALKicTIO
ognEAUL. HasgeMo YnCKO OOHHHEUL M iHAeKCOM I'PYIH. YIIO-
PARKYEMO I'DYOE ¥ HOPAIKY 3POCTAHHA M,

IMounuaouu 3 m = 0, 3poduMo HOPIBHAHHSE KOMEODO ABiliko-
BOTO KOZY B TPYIl a infekcoM m 3 KOMHHM KOJOM 3 TPYIH
3 iugexcom m+ 1. Hume mopisHtopani AsiiikoBl Kopu piami
TIBKK B OJHOMY P03pAfni, To ¥ HACTYIHu# croRmuHR Taban-
ui sanuniemo pigmopizEwit iM ABilikoBMIT Ko 3 IODPOIKHBOIO
TIO3HAYKOI0 «-» Ha Micmi sasAayenoro pospaay. Hanporun xomx-
HOrO HOBOrO KOAY 3anuinreMo HoMepH KoXiE gpox iMnmiraxT,
mo 6pany yvacths V OopiBHAHE, Iy HACTYITHOMY CTOBOUHKY
ni iMmomikaETH TO3HAYMMO 3HAKOM Vs, ockiBKEM BOHH MHe €
npoctuMi imonikaETamu, Bel ko, Akl salMIMHUINCE Helo-
SHAUEHMMHU 3HAKOM «V», BifmopifaioTs IpocTHM iMniaikaHTaM,
TOMY NO3HAYHMO iX 3HaKOM «X».

Axme cepes snoB ofepixanMX IMIUIIKAAT € OHAKROBE, TO 3 HEHX
4J18 [IOAAJBIIOr0 BHKOPHMCTAHHSA 22JTHINAEMO TiALKH OJHY.
ITonTopioenmo kpoku 1-8 aoTH, AOKH icHYEe MOMJIRBICTE ofep-
JKYBATH HOBL kKoam iMuaixant.

PeaynpraT BHKOHAHHHA ONKUCAHKX KPOKIE HaBegeHo y rab-

aani4.37. CooyaTKy 34N0BHKEMO TDPH CTOBNRA HYIABOBOFO
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nuxay: m (AecaTkopHi iHfexc rpynH), ABifikoBu# xof iMonikaH-
T, HoMep imnnikauTi. IMoaixaHTHA AiAMMO Ha IpynH 3a ZHA-
YeHHSIM n.

Tadauys 4.37. Odepicannn npocmux imnzixanm Ppynwyil f(x. y, z, 1}
xmemodom Kealina — Max-Knacrl

IHUKII0 UK 1 UK 2
m _Kon ‘Mi ,Blﬂl m| Kon Ne Bua|m| Koa Ne Bua
1M, | LMILI. | 1MILI,.
01{ 0000 0 v 000- 0,1 v 00-- 0,1),(2, 3) X
0001 1 \% o(o0o} 02 fV ol % 25tk
000 08 |V 00 | ©.2.6.10 | x
1} 0010 | 2 v o0
1000 8 v 00-1 1,8 v (A7 58 £°T)
001 LS IV o | @aen | X
0011 | 3 v oo | 23 | v o
1 . . r
o101 | 5 v 1
2 1010 | 10 v Rl Bl M -01- |(2,8),(10,11)| X
100 8,10 | v o | aiorcs
1100 | 12 v roo | 812 | x
o111 T v 011 37 v
ali011 | 11 v o | s11 | v
1101 | 13 v o | a7 | v
2 \
-101 | 513 | X
101 § 10,11 | v
110- | 12,18 | X

IloriM saificHuMo TOPIBHAEHA mepllol iMNNiKaHTH 3 rpymH
m =0 (iMonikagra 0000) 3 DepimcK IMIIIKAHTONW 3 rpyny m=1
{(imnnixanTa 0001). Bonu pigpisasioreca TibkR B OJHOMY po3pH-
i, ToMy pobuMo IX CKICIOBAHHA T& 0JEepP:KYEMO HOBY IMOIIKAHTY
3 kodoM 000-. SanrHcyeMo AaHull KOX ¥ CTOBOUMK KOAY iMILIiKaHTH
uukny 1, a saupora iMmitikagr 0000 i 0001 cTaBHMO [MO3HAYKH
«V», OCKINIEKYM BOHM He € HPOCTHMM. [X HOMepH BKA3yeMO IMopsj
3 kogowm 000-, IToriMm nopiBHemo iMaaixasTy 0000 3 gpyroro iMu-
AiKAHTOO 3 TPpyoM m = 1 — imuoaikaaTox 0010 Towo.

Koar mopipnsanusa seix wozis iMnaikedr crosnmn euumka Os
3apeplieHo, aHaNiayeMo cToBmumk BMAY imnuikadre. Hanporn
BCIX JMIILIKAHT CTABHMO LO3HAYeHHA +V», oCKiABKH B muxii
KOMXHa iMIaikaliTa NPUOYCKAE CKACIOBAHHA 1 He € IPOCTOIO.
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Hani posaingeMo narpynu m = 0, m = 11im = 2 xogn iMmnaikaar
nuxay 1. IoriM nonapao nopipHweMo Ui iMnaixasTr i oxepRyeMo
CTOBIMUME Koy imnniranT «uukn 2+. KogH, 1o MicTATE 3HaKN ¢-»,
MOMKYTE YTBOPIOBRATH HOBI IMOAikauTH, TINBKA AKIIO BOHH MicTATE
DHAKH 4«-» B OfHHUX | TMX ke poapsaax. S4KIHUMBMIHA IIODIBHEAH-
HA, BEILISEMO npocTi iMnnikaETH y CTOBOOl +BUAS «IHKJIY L»,
Akl He MaloTh NO3BHAYKH 4V, [ MO3HAUAEMO IX IIOBHAYKOIO $X».
¥ croBoni ¢koms ¢nuxay 2» £ ogHakoBl IMNALKAHTH, TOMY J0BLIL-
HCG BUKRDECTIOEMO ONMH 8 OAHAKOBAX paAKIR, 106 KoxcHa iMmmaikas-
Ta sycTpiuatacs TinmkrM ofuu pas. Ilopisaiopun kogu imnuixasT
¥V «ITMEII 2», NPUXOAMMO FO BHCHOBRY, IO METOAOM CKIEKBANHSI
3 HHX HeMOMKJAUBO ofepxaTy Homi iMmmixanTz. Bel romw mukiry 2
BignoBinawTs npocmunm ixnaixauman, oT:xe, No6yaosy Tadauni sa-
BEPIIERO.

Iun sHaxomuensda tynukopux JH®D nofyayemo iMnmAikaHT-
HY Tabaunw, B paakex fAxoi posramoByeMo JBilikomi koaHd, 1o
BiinoBigaoTh HpocTHEM iMnaikaETaM, & B CTOBNUAX — KOIM,
o BiAncsigaloTe KOHCTHTYeHTaM ofMEHEIi. fAxmo apifixoruit
KON DPAAKY € UACTHHOW KOXY cTOBNNA (mo3umii ia aHakoM <-» He
OOPiBHIOWTECA), TC ¥ BIONOBIAHY KIiTKY TRGAHNO]L 3auHCcyeMo 3HAK
«*» (rabrama 4.38).

Tasruys 4.38. Imnrivanmna madauys Gyrxyii f(x, y, 2, t)}

0000 | 0001 | 0010 | 0011 | 0101 | 0111 | 1000 | 1010 | 1011 { 1100 | 1101
1-00 v *
101 . -
110- * -
00-- " * * -
00 . . * .
0--1 * * * »
-01- - . * -

Bigzmauumo cropuni tabammi, Axi MicTATh TO ORHOMY 3Ha-
ry <*». Bigmosiamri IM npoeri iMOJIKAHETH € Juz’ iwoHKMUGHU-
mu 2dpamu. BuxpecnioeMo paAAku Tabaumi, mo BigmosimaroTs
agpaM, i crosnui, NoKpMTi AgpamMu, sk 3o6pameHo y TAGIM-
i 4.89.
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Tatauyz 4.39. Odepranni crpotienol iMnrinanmuol madruyi

I L i ! [
0000 | oop1 | odto { od1 [ 011 | o111 | 1000 | 1fto | 11 | 1100 1101
1.00 L *
-101 x
110- PR
00-- *
00| = p
==t —
01s
¥

OnmepryeMo clipoieRy iMimiirauTEy Tabauuie (radtanus 4.40).

Tasauya 4.40. Cnpowera ivanixgumua madauys

0000 14000 1100 1101
A 1-00 - .
B -101 *
c 110- N "
D 0Q-- *
E 0-0 * ~

Temep zrailgenmo Bei Tyonuxosi JHD dbywxkoil flx, g, 2, t)
i obepeMo 3 HEMx MiRiMansHy. 3rigHe 3 MeTogoM IleTpHKa KoKHINR
3 iMIIikanT TAGaMUi OpHOMCYEMO JiTepHe No3HAYCHHA I 3AMACYEMO
hopMyNy DOKPHTTA KOHCTHTYEHT OAWHHI HPOCTHMH iMILIIK&HTA-
MH. KoHcTHTyeHTA OZHHMILI 3 Komom 0000 momxe OYTH mOKpRTA
iMaaikagTo D abo imuoaikaztow E, Tobro aus’oakmii: D v E,
KoHeTrTyeHTa ojuEnni 3 kogoM 1000 momxe Gyrz mokpHTa iMnui-
KaHTolo A aGo imnmikamroto E: A v E. Amasnoriuso 1100 moxxe
6yTu nokpura Av C, a 1101 — aua’uknicio B v €. Takxum uyuHOM,
NORPUTTA KOHCTATYEHT OAUHULI cnpolferol iMmnaixanTHol Tabanni
byuxnii f{x, y, 2, t) npocTHMu iMOTiKAHTAMHM MOMHA BAMHCATH
y BUrAAIL (opMYJIM OOKPUTTA:

(D v EYA v EXA v CHB v C).

Axmo B uili dopMyni poZKpPHTH AYMKKY, TG OTPUMAEMO CHM-
BOJLHe 300pamceHHA Beix momcnusux HaGopis Opocrux imnuikast
Aast rynukoBux [TH®, mo He BrRawouae U3 HEKTUBHI Hupa:
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DvEAVvENAVvOAB v CO)=(DA v EYAB v C) =
= DAB v EAB v DAC v EC.

B omepxani#t dpopmyni kowna kou'oHEDIS OYKBEHWX NO3IHA-
uyeHs Bigmosigac mHaBopy imnmikavT y geAarif ryuukosiin OHP,
Ao sxoi obop’saKoB0 BXOAATE TAKO:K AM3 IOHKTUBHI sxpa. Tasa
Toro miob ogep:xary MmiHimMansny JIH®D, neobxizmo EnbpaTu Habip
3 MiHiMaALHOW KiABKiCTIO iMIAikeHT (v AaHoMy npuxaagi ue EC)
i gogaru immaikamru saapa (0--1, -01-). Opepxyemo MiHiMambHY
JAH® puxigunol dyuruii f:

MIOIH® f(x, y, 2, ) =yitvaayavxtvya

TaxuM uHHOM, 3a Xomomoron MeTofa Kaailtma — Mak-Kiacki
oepxada MiHimansEa JHD dysknil f(x, y, 2, t), axa micTuTs
BCLOI'O JIHIIe 4 eJleMeETAPHI KOH'WHKLIII saMicTs 11 KOHCTHTYEHT
ognrgoi JAHD.

Heponix Merony mirimisanil Gyneenx dbyaruit Keattua — Maxk-
Knacrki moansarae y mecHxinmoeri zamucyeatn HIJHD dyaxaii, axa
BiKe DPH ceMM 3MIHAMX Moste MicTHTH Ginbme cTa KOHCTHUTYEHT
opuuuii. Hactynuu#t Meron Aoaponde spificHIORaTH AM3'IOHKTH-
BHY MiHiMisenio, BAKOpPHCTOBRYMM AK Buxigny acpianpay HH®P
@yHKIIT.

4.11.4. Mivimizauin ¢dyHKUI# meTogom
Mopeubkoro — bnenka

Meton mimimizanii [Topenkkore -—— Brelika peanizye mepexij
Biy aopinvEol JHP ¢yrrnii go cropouemoi HHP sa gonomorowo
onepailifi y3aralbEEeHOTC CKJICIOBAHEA 1 NOMAHHaHHST.

Omepanis Yy3g2envHenR020 CRACIOBARRS:

Ax v Bx = Ax v Bx v AB.
JdoBegemo chpeaRefIHBICTE AAHOL TOTCIKHOCTL:
Ax v Bx = Ax{lv By v B¥(1 v A) = Ax v ABx v Bx v ABx =
= Ax v Bx v AB(x v x) = Ax v BX v AB.
Merog ITopeunkoro — Baefixa mongrae v sacTocyBaEHL pisHEX
ollepailiifi ysaranpHenoro cknewbaHHs fo AH® dyaxuii. [ToTim

y ofiepxkaHift dopmysi spificEwiorsca pel mMoxianBi onepanii
NOrnHHAHHS.
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MIpuraan. 3uwakitn cxopoueny JHP 3a metomom Ilopensko-

ro — Bnelira gaa ¢ysxuil fix, y, 2) = xyz v xz v xy.

Pose'asox. BnilicEuMo omepanii ysarambHeHOTO CKICICBAHHA:

XYz v XZ =Xy v Xyz v xz, TYrA=2xy, B=x;
XYz v XY = Y2 Vv XYz v Xy, ryrA=yz, B=y;
xzvXy=yzvxzviy, TyTA=2,B=y.

OueBugao0, AUS'IOHARNIA JiRUX yacTHH cmienajsc 3 QyHKOicKw [.

Ho 3mory oftepmanmx iMniirau™ Mome 6YTH 3acTocoBAHA One-

pamnis moRHoTO OEZ'IOHKTHBHOTO crAeoBaHNA (m. 4.11.1}):
yrvyz=y, Xyviy=y.

Taxum unHOM, BHXizna dopmMyaa npmiiMe TakHBE BUCASA:
fx.y, )=z vxzvey=(xyviy)vayprvxzy(yzvyz)=
=yvayzvrzvy=yxzvil)vxz=1xyve

Omxe, f = xy v 2 € ckopouena [JHD.

@ 3anuTaHHA

1. B yomy nonsarae sagaua MiHiMiszauii Gyneswx $YRKOIA? ¥V womy
ocobnupicTs i xaporiarol dopMu?

JaiiTe BRIAaYcHEA NOHATTIO IMuAikanTh Gyiepol PyREUIL

o z06pakye NoBHA cHcTeMa IMOMIKAET?

flra iMONiKaETE HABMBAETHCA LPOCTOIOT

5. Hajire BHcHaYeHHEI CKOPOYEHOL, TYOIUKGDBOL | MiHiMaabECI KH3 I0HK-
THBHUX HOPMAALHUX HopM?

6. o masuBaloTh KMa'IOHKTHBHHUM AapoM Gyaesol fyHKOii?
7. Ina axux gitet caywuTs iMmomikarTRa TaGrHna?

8. BaoymiTs GopMyAH oNepaliil IHa’IOHKTABHOTG CKACOBAHHS i ITO-
TJIHHAKHA.

9, Janzmits GopMynd ofepalill KOH'WHKTHPEOTC CKIelOBAREA 1 Io-
FIHHAHHA.

10. I0c sofpaxkye xapra Kapuc {(giarpama Befiua)?

11. CodopuymoitTe IpaBrAC CRACIOBAEAR KAiTOK 1 sammcy miniMansnoi
JH® 3a meropom rapr Kapno.

12. B uomy riamivmicrs sactocymanea xiarpam Beitua ana minimisamii
Ha MEOX¥HHEL KH® nig xapr Kapuo?

18, fxum yunom sAificEoersca MiEiMmizanis uacTkoBO BEMAHAWEHHUX
yEKTiA?

14. HaagiTe ocHOBHLI KpOoXE aMropuT™y minimizanii Keaiiua,

B
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15. fxi Mogumdikanil sanponoryran prectd Max-Knacxi y meronq mi-
wimisapii Keaifaa?

16. [na uorc npHEsHadeHnd Meron LleTpHKa?

17, B womMy moasirac HeAoJixk Mercay MiHimisauil GysneBnmx (QyHKI(H
Kealiga — Mag-Kaacxi?

18. B vomy cyTs MeToRY MikiMizauii Oymesmx $ymxuili ITopeusio-
ro — Baeilxa?

19. Banumirt QopmMysAy anepanil y3aralhHEEHOrND CHACIOBABHMS.

20. MafiTe nopisnAALHY XapaKTepHCTHKY MeTomniB Mitimizamil [ope-
phxoro — Bretika i I(saiina — Max-Knacki.

3aBmaHHA
1. TloGyayeaTn KapTe KapHo AnA Taxux PyHKIiH:

a) f(x, y, 2, t) = xyzt v Xyzt v Xyzf v xyzi;

B) flx, y, 2, 1) = xyzt vxyzt v xyzl v Xyef;

B) flx, y, 2, 1) = xyet v xyat v xyzi v xyzt;

T) flx, 4o 2, ) = xy2t v Xyzt v xyzt v Xyzi;

MNDfx, py, 2, t) =xyzt v Xyat v xyzt v XYz,

e)fix,y, 2, t)=(xv yv v ixv yv

vezv hxvyvaezv tfxvyvzv ixv gv zv I

2. Bmatn mimimansal JHD ¢pyuxaiit, mo seaami TarrME KapTaMis

Kapno:

a) ~ xy v=0
B) «_z¢
’m?": 11‘ 1: 2P~ 00 01 i1 10
orfof1[1]o0 00j011100
. 1o vpifo|ololo
1(1,'001 o110
! L wlo[1]1]0
u}xy =1
r) s 2t
200910011 111 '10 2P~_00 01 11 10
oofol1170
sl RHRT
wol1[oloft 1140j1}1]0
wjof1|1]o

3. 3uafiti mimimanreHi KH® aaa dvaxniit, oo sazani TakuMA Bia-
rpaMamiu Beiiua:

Do w10 PR 00 01 1110
oofo]o|i]t oo[o]1]0]1
orfafo]1]1 o1[o|1]1]0
uli[1[1]1 nlojojofo
wlo|ol1]1 w[1(e]o|1
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4, 3mahTn MiniMamnHl JH® yacrxoro emaHadewnmx byaxkiii, mwo
3amaHi TakuMA Aiarpamann Belia:

Y 00 01 11 10 G)z:xy ¢o 01 11 10
00| -jo|0] - ao|13-(1]1
o1j1]-j1]1 01 - |1
11joj0}-1|0 11]0] -0
100 -]0) -] - w(ii1jojo]1

5. Bmadru midiMansei KH® uaerroBo prsEaqeEnx GyHRUil, saganux
TAKHMH KapTamMna KapHo:

u) )~y
00 01 11 10 zt~_ 00 01 11 190
0oj1|1]1 00| -|(0|1]1
ort|ofo|1]1 orf1 |1
1m{-|-|1]- 1mjo|-{ojo
w111 - wli1|1)o]-

6. Buaiiti minimaneni JHOD dyuxniit merosom Keafina — Mak-Krace-
ki. JAH® dyuxnoifi aagani yoMepaMy KOHCTHTVEHT OAAREHIL TaKBM
TUHOM:

a) f(x, ¥, 2, ) = {0, 1, 2, 4, 5, 7, 8, 10, 11, 18, 14, 15};
6) flx. v, z, ) = {0, 1, 2, 3, 4, 5, 7, 8, 10, 11, 13, 14};

B) flx, ¥, 2. ) = {0, 1, 2, 3, 5, 6, 7. 9. 10, 11, 13, 14, 15};
0 fx, ¥ 28 =11,28,4,6,7,8,9, 11, 12, 14, 15);

R flx, y, 2z 1)=1{1, 8, 4, 5, 8, 8 9, 10, 12, 13, 15}

£ ) 1

e) fix,y,2,0)=1{2,4,5, 6, 7, 809,11, 12, 13, 14}.
7. Bnaitry cropoueni JH®P Meroaom Ilopenekoro — Baeifika gas Ta-
rux yRROifk:
a) f(x, ¥, z, 1) = yat v x2t v T§T v xy4z7;
6) f(x, ¥, 2z, t) = xyz v XZ v XYzt v xY;
B) f(x, Y, 2, 1) =Xt v x2t v Xz v Xpzt;
D) flxy gy, 2, 1) = xyz v 2 v T2t Vv ¥i;
a) flx, y, 2. 1) = xyz v xzf v xyzt;
& f(x, y, 2, ¥y =gzt v Xt v xyzt v xyi.

4.12. NorivHi cxeMu

Ocnoanl xozivni enemenmu, nogLoma nadopy AozivHux
excrmermia, ARARLZ A CLEME3 NO2IXHUX cXeM

Joriugi cxeMHy y KOME'loTepax T8 IHIOIHNX edeKTPOHHHX
NPHCTPOAX 0HepyTh 3 HabopaMM BXiAHAX Ta BHXIZAHX JaHHX,
I[HO CKJAJAIOThRCH 3 HYJiB Ta OAUMHHNL. Bynema anrebpa i Gyzesi
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GyHROil 206paKYIOTE MaTeMaTHUHRYA anapar gas poforu 3 Ta-
KHME JZAHUMW i BUKOPDHCTOBYIOTECA IAASR AHALI3Y Ta CHHTeay
Rozivrux cxem (nanwyrozie). OcHomow nobygosm nOTiuHHUX cxem
€ Habip rozivhux eremenmis. Koxxnuil noriunmit eseMenT peaniaye
Heary Gynepy dynruilo. Horo sxomu BignomizaloTs GyneRuM aMiH-
HEM, & BUXiA — sHauenu1o dyukuii. I'padivuni cuMBon#s i HasEu
HaiigacTimle BAROPUCTORYRAHUX JIOTIUHMY eNeMeHTiR aofpaxkeHo
y Te6anoi 4.41.

Tadruyn 4.41. Ocnoeni nozinni eremenmu

Crmson Byaers
JeTigHOrC eleMeHTA byEROin

x, =
i f
x, ]
*
ABO 4 f=atva:
X ’
I3 IORKIiA
HE x—Do—f f=x
salepeseARd
X, =~
I-HE . f f=x1nx:
7 arrpux [eddepa
X,
ABO-HE f f=xvx,
%2 crpinxa Mipca

BUKJIIOYHE ABO 1 " o ® 2

¥ XOR

Haana

f=2xyn2xs
KOH'IoHRILA

Hefip Aoriyuux enementis nosnud, Axmio 3 HOro JOMOMOTOIO
MOJKHA peanisyBaTH Oyab-axy OyiaeBy ¢yHEOin. Jfasa tosHOTH
Taxore HaGopy HeolOxigHo i goerarsno, mob riguoBiguuit Rowy
Hadip GyneBux OyHrui#t Gys noamuii. Ak 6asopuil Habip eneMen-
TiE A4 POsB’ASKY KOHKpPeTHOI sazaui obmpaiors Taku#t HaGip, sa
AOMOMOrol0 §KOTO JNerlle BChONC peallisynaTH meobxigHi B xadii
sagayl dyERIil,
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Jloriaua cxema OyAyeThea 2 Halopy 6a30BHX eneMeHTIB i 306pa-
KY€ CYLeplHosHuilc ZaHWX eleMeHTiB Tax camMo, AK GopMmyaa
€ cymepuosnuico Gaszopux GYERIIA Oyiaesol anrebpu.

Ipuxaax. ITodyaysaTu Xoriuumit maumior, mwo peanmiaye
dysruin
f(x, y, 2) = (x v y)z.
Poae’s3ox, Buxopueronyioun aorivnl eneMeuTr «I» # ¢ ABOs,
dopMyeMo cyneprosuinino, mo Bignosigae gamift dyuriii. Onepxa-
HUit noriummii mammior ao6paxkeno Ha pue. 4.13.

x
¥
flx,n2)=(xvy)

2

Pac. 4.13. Jloriynn# maumor, Wo peaxisye Gyaxdin
fie, g, 2) = (x v y)z

Jloriuni eneMenTH, mio peanisyioTk omepamii 3 BAACTUECCTAMHA
ACOIIaATHBHOCTI 1 KOMYTATHBHOCTL, Ha CXeMaX Mo yTh sobpamkarrcs
3 YACJOM BXOAIB OiMbille ABOX, M0 O3HAYAE OArATOKPATHE 34CTOCY-
BaHHA AaHol omepamii. Jloriuru# enement «ABO» Mae TpH BXOAH
i peaxisye QyHRLi0 ¥ = 11 v X2 v X3 (pHe. 4.14).

*q
Xz F=xX vV
X3

Puc. 4.14. Enement «ABO+, mo Mae Tpn Bxoan

ITig vac mocHigkKeHHSA JOTiYHAX JEHIIOTIR BHEUKAIOTHL [Bi OC-
HOBHI 3azgvi: araaiz Ta cunmesd. Anania yoriygoro JaHuUiora mno-
asarae y noGymosi Gynesoi $yHruii, ARy pearmisye ganuit morigmmit
npucTpiit. [aa nLoro REAHAYACTRCA AHAUEHHA BHXiAHOTO CHTHANY
Ha BciXx mafopax BXIAHMX AaHWMX i CKAANEETHCH TabBAUOA icTHH-
HocTi pyurnil. BukopucTosyoum Tabauir icTuEHocTi i nmpaBmaa
nobyqgonn JOIHD e6o TKHIP, moxuna nobyaysaTH HopMyay, o
pigmorifae mami#t dorivwi#t dyEknii. 3 iHntoro 60Ky, BHKODHCTO-
BYIOUM JIOTIYHY CXeMy, MOMKHA CHOYATRY MofyaysaTa dopMyay,
mo Bigmorigae mywraniit dpynrnii, a moriM, BuKopHCcTORYHOYHM Oofep-
xany hopuyny, noGysysatn TaGununi icTuRHOcTi dyuknii. 3a ga-
HOIO JOTiyHOK cXemoK0 ¢opMyny MokEHa nobSyayBaTH, 3alHCARIIH
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cyneprnoanuiro Gynesnx QyExuiil, mo Bigmoeizae cxeMuifi cynep-
noanmii JoriduHHX eJIeMeHTiE.

Oazava CHHTe3Y IONATAE ¥ NOOYIOBL AOTiuHOr0 JAHEOIOra A
6yaesol gpyakuil, mo zagana Tadaxmelo ato aa gorxomorotn dopmy-
au. Buxopreronyoun npasmuns nobyaosu IIHD i TEHD, Mmoxua
nepedTH Big TaGarni icTuxmnocti byHkuil mo miamomizHOI Hopmy-
1M, a moTiM peamisyearu sminni Ta onepanii dopmynu soriuaum
JAHNIOTOM.

BapricTe JoriuHoro JaHIiora saJIe:XHTh BiA HOroe CKJIaIHOCTI.
OcKiMBKM eKOHOMIYHO peHETabeNLHO POBHTE JOTiYHI JaHLIOTH Mi-
Himanesol Baprocti, 6yreni dpyrknii, 28 sxAMY sHificHioeThes TMO-
Gynopa JaRUlris, DoBMHAEL 6yTH momepeZHRo MiHiMizoBami. Tomy
nepes nofyAoROK JOrigHOrO AMaEmIOra HecbxigHo ogep:xaTh MiHI-
MaisHe sobpascensa Gyurnii.

Ipuxaan. 3anucaTy 6ynery pyHROi0D, AKY pearisye NorivHud
AaEnwr, sobfpaykenuii Ha prc. 4.15. HobGyaysat™u mimimannumii
BaEmIor, 1o peaxisye nany ¢yHrmiw.

Poases’szox. ByaeM0 DOCHNiZOBHO NONABATH HA BXiJg cxXeMH iH-
repnpetanii dyrruii i auaHavary i aHaveHHs Ha KOXHI# 3 HUX
(puec. 4.15).

0-0-1-~1 —1-0-0

) 0-0-0-1
Xy 0-1-0-i

Puc. 4.15. Intepuperanii | suaveAns GyARIil,
o penjlizoRaHa JOTiYAAM AARIIOM

1-1-0-1
H(xye %5)

Ilobyayemo rabaunio icruamocri myramol dyvmruii (radbam-
na4.42).

Tabauun 4.42. Tabauys iemunnocmi f{xy, x3)

x X2 f(x1, x2)
0 Q 1
1] 1 1.
=1 L] 0
1 1 1
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3a rabmunelo nobyayemo IKH® nanol dyurumii:
f(xl, x:) = El vV Xa.

Opepxana dopmyna € migimarrrow KHO aarol dymrnii,
OCKiNBKKM MIiCTHTBH TIABK# OZHY KOHCTHTYeHTY Hyasa. CkopHera-
eMocH APYIHM crmocobom i samumemo gopMyny, o Bixmosizae
cynmepnosnnii JoriuHHX eneMmeHTIB, 306paxxkeHilt Ha BHXiAHIii
cxemMi:

f(x;, Iz) = :fl v X1Xa.

11a ¢ropmyna exBiBaneHTHa ofepxanill paninre, ogHax € Hinbin
CRJIAAHOI. BHKODPHCTOBYIOUM MiHiMaJBHRY dopMyny Ana Qyrkiii
(1, 22), MoskHa nobyaysaTH MimiManeaul moriumnit ranmtor, mo
peaniaye maxy 6yaery dyakriniro (puc. 4.16).

x
flx,, 2} =%, v x,
Xz
Puc. 4.16. Jlorivruit aannior, mo peaxisyc
dyRELi0 f(X1, %) =% v X2

TaxknaM unHOM, MiHiMisania Gynemol pyEENI] JosEoaAuNa CKO-
POTHTE BHUXiflHY JoTiyAy cxemy Ha eneMeHT «¢ls.

@ 3anuTanHA

1. Iflo € ocroroio Ana nobyaond JoTivanx cxem?

2. fr Gynera anreSpa sp’AzaHa 3 OPOEKTYBAHESM JOTIUHMX JIAR-
moris?

3. Hapwmeyiite rpadiuni moamavenns ocmosnux Joriunmz ene-
MeHTiB.

4. Swxuit nabip noriunmx eremenrTtin RazwmaeThes MOBHUM?

5. flzoMy mabopy norinuux eneMeHTIE ¢/l BIAZATH TepeBary IO wac
poaB’AsanHs koHKpeTHoI aagaui?

6. OxapakTepHsyilTe 0CHOBHI aagadi, IMo BHHUKAIOTE DK ROCALAeH-
Hi JOriyHMX JAHITIOTIR.

7. V uwomy monarae anajnia norivEnx naunoorie?
8. AxuM yHAOM 3mificHICETLCS CHHETEes JIOTIMHMX JaHmiorin?

9, HAxy onepenimpn cain spilicEuTe Hag Synemoic PYHKLiE mnepel
ii peanizaniew y BACAALRL moriveoro nasmiora?
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3anaanHA
1. IIpomecTn aHATIs TAKMX JOridHMX JaEmIOriB:
a) B}
*1
Xy
Xa ¥z
Xy
Xy Xy
6) r)
xy X,
Xa :E
X, x
L]
Xz x,
a)
X,
X3
Xa
L1

*3z

2. 3piftennTy CMRTes NOFMIMHEX cXeM AnA Takax Gvaemnax dyurmiii:
a)x = (x — y);
lxAapvixa)viyaazk
B)xy By D x;
rfzyvitzvyz v iz
MNEay) >z
Rlxpypavyavaya
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MatemMmaTuuHa
norika

5.1. lcTopina i 3apadi MaTeMaTUYUHOT NOTiKK

HAx Hayka sorika Buedkiaa me y IV er. go H. €. B Ipa-
nAX cTaporpensxoro cinocetpa Apucrorenda, OCHOBONCJAOXKHHMKa
dopmaneroi nozixu. [lepmuil fioro Teip, mo gilimoe go #Hac, cne-
niaabHO TpHCBAYeHRE Joriui, — <Anarmirnxus (384-322 p. Ko
H. &.). ApucToTello HANERKATH BiAKpATTA POPMATEHOrO XapaKTepy
noriggore BHCHOBRY, SKe IIQAArac B TOMY, I0 B HAHIHX MipKyBaH-
HAX OJHI TPONo3uIiii BUXOAATL B IHNINX uUepes IeRHMH 3B AS0K
mix ix dopMoio, CTPYKTYPOK HeaasexHo Bix Ix sMmicry. [Iporarom
fararnmoXx CTOJITE Jorika Malike He posBmBanaca. CnpapxHil
nporpec Gyao pocarayTo Tinskn y XIX er., Koau y norini cranm
3ACTOCOBYBAT MaTeMaTHUR] MeTonn.

Ipero maTemarnsanii morixwm sucaoBnB e ¥y XVII cr. menn-
kvl HiMenbkuit puenuit Jle#b6umur. Big chopMynioBaR sagauy
CTBOPEHHH HOBOL JIOTiKH, fka Oyaa 6 eMHcTenTBOM OOUHCIEHHSA».
B nii aoriui, sa aymxowe Jledibuuns, komcuHomy uUoHATTIO Big-
nosigas 6W cuMBOA, & MipkyBaEHA Malu & Burasy obumcaeHL.
Yacn Jeli6Huna byny enoxor, KOJH aKcioMaTWYHA reoMeTpisa
CTAPOJABHIX IpeKiB LepeuBana HoBHil poskbBiT. MaTemaTuka
sobpaxkyBalia Hayky, B guxilf ymosuBig Bifirpanas Biasn BasxJIHBY
poJis NOpiBHAHO 3 iHmMWMK HaykaMH., Bel MateMaTwuni TeopeMu
OIHpaAKucA HA TOMHI ZOBeAeHHS, 3aCHOBRAHI HA BUCHOBKY HacI1JKiB
iz saraJcHONpPEHHATHX MaTeMaTUIHEX akciom abo nocryxariz.
Tomy Ee AMBHO, (O BYeHi nmpHU EH&TII] MaTeMaTUUHHX MipKyBaHb
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BIAKDHIIM BeAHYesHY KiIbkicTe cxem (coocobin) mobymoBu ymo-
BEBOLIR. JleHfHUMLEL PMPIMIABR Tak choOPMYIIOBATH HPABHIA Ma-
TeMaTHYHOro AoBefeHHs, Lo6 IpH IX aacTOCYBAHHI He WPHXO-
Aunocs Oinboie AYMATH TpPOo 3MICTOBHUWH CceHC MATEeMATHYUHMX
Bipaszis. [ng nboro HeoOGXiZHO CTBOPHTH O6GUHCAEHHST, B AKOMY
HpUPOAHi, 3MICTOBHL MoBefeHHA Oynn 6 aamideni dopManLEUMH
o6AcIeHHAMA | TEM CAMUNM CTaNRH O npegMercM MaTeMaTHKH. Ta-
Ke ofuHCJIeHHHA, pPO3yMicThedA, NPHNYCKAE cHeulalbHy CHMBOAIKY,
B ARill MoKyTE OyTR 300paxeni akcioMu, TeopeMy Ta BM3HAUeHHS
MaTeMaTHEH.

Tinexn y cepeguHi XIX cT. ipnaHAcbKHI MaTeMaTHK
M. Byab 4acTKoBO BTiNAB y »swTra igeio JleiibHunda. B foro po-
6orax «sMarematTuaadAll aHanias, ¢34KOHA MUCTeHHA», 4 TAKOX
y pofiorax Je Moprana Gyno zakaaleHO OCHOBH OvieBol anrefpm
i anrebpy gorikn, saxi posrasgenunca y poagini 4. 3a gomomo-
rol anreGpy JoTiKM MOMKHA OITHCYBATH MIDKYBAHHA Ta <ol0ulc-
JIOBATHS iX PesyJNBTATH, AKIIC CHMBOJA3M 3IMiIHHHX NOCTABHTH
y Bignosigdicrs Aeskl TRepiixeHHs, W0 HASHERIOTHCSI BUCIOBJIEH-
Hasmu. Take sacTocyranHA anTedpH JOTIKK OfeDIHANO HAZRY ROZi-
Kn sucroeReHs i arofoM OGyne DOINMpEHO AOJBRAHHAM 3MiHHEX,
oo npriMaIoTh 3HAYCHHA 13 MHOKMHWA TOHATH, IO CPOPMYBAJO
nozixy npeduxamis.

Y ar’sary a3 THM, Ojo B MatemaTHuyrifl morimi npulimaTa chm-
BOJAIYHA MOBH, BOHAS TAKOM HASHBAETLCH CHMBOMIUHOW ROo2ixnio.
B poforax [leano, Ilipca va Mlpeaepa Taxox creopoBasacd i yxo-
CKOHAJIIOBAJNACH MATEeMATHUYHA CHMBOJIKA LIS 38K0HIE MUCIeHHSA.
i poborn Beenanu Bipy y Gesmexsi- MoxcauBocTL Qopmanmisanii.
3ycHANAMH TAKMX BHIATHHX BUYeHHX, AK Paccen, Yailitxer, Fian-
Hept, Bepnaiic, 'enenns i Wepu, dopmanizania y paMkax cydyacHHX
Joriypux ofuycnedn gocardaa sucokoro pisua. Ipu enpobax peasti-
3yBaTH NPaKTUYHO inelo dopmanmisanii BuHAUKIA TpyARoi snoriy-
HOTO XapaKTepy, Akl BHSRMIOCA HeMOMIHBO 3J07aTH 3acoGaMy
knacuuHol opmansHOl Noriku. I1i TpyaHonii ocTaTouHO He YEVEYTL
i To mneit wac, ajJe copobu Ix 370MaHHA JAJMH MOPYTHIH [OLITOBX
PO3BHTHOBL HOBHX pPO3MLIIR JOrikyM — HeOKTACHYKHX, MOJAAbLHHX,
iETYiHifunx.

Nlupore sacToOCYBAHHA KOoMN'IOTepiB aaxamano Bipmomigmo-
ro MaTeMaTHYHOro 3abeameueHHA: po3polKM CcllenianbHHX MOB
AnA 6a3 gaHEX 1 1N4 yABJeHHA 3HaAb, NOrMHGIeHoro Joriumoro
aranisy opupoanux Mos. Ili npofgeMu i IparHeHHA 3MOASNIO-
BATH Ha KOMI'I0Tepi Benukuit Krac iHTeeXTYANBHHX IpOLEAVD
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{izei mTyuyHOro iHTeNeKTY) MOCTABHAM Tepej JOTiUHOK HAYKOO
Homi aagadi. Peay ILTaTH pPOSB A3KY sazHAYeHUX 3afay IHAXOAATh
HuHi Bee HoBl i pisHomaHiTHI 3acTocyBaHHS Yy CAraTeROX ramysfx
HAvEH i TexHikm. MaremaTnuEa jorika saiiMaeThca opManisani-
€10 Aeskol obnmacTi NOACHLKOTO MHCIEHHA, ¥ ToMY 4Heni 3 Tiario
HaAHHS MOMKJIHMBOCTI HANHMCAHHA TPOrpaMH ANS OGYHCIIOBANE-
Hol MRIDMHA, SKa B IIOMY posvMiEHI mpunfae sgarEicTs Mip-
KYBATH,

@ 3anuTaHHa

1. XT0 € 3aCcHEOBHMKOM (HOpMANLHOL JOriku?

2. HxEM wuHOM BiOGYyBaBeA POSBHTOK JOTIKH SK HayKH?
3. o sofpaykye MaTeMaTHYHA JOriKa?
4. HaseiThs MOXIHB] ramyai sacTocyBaRHs MaTeMaTHMUHo! Jorikm.

@ 3aenanHA
1. ki sucHOBKE GVAYTE DPaROMIDAMMM NPH TAKOMY HOCHI&HHI:

sHrxwo cmydenm ke 3nae A0ZikY BUCAIDEREHDb, MO HE IMONE PO3-
a'saemu sadany rozitny sadavy»?
1.1. Crynenr poas'a3ap 3ajady JoTizEY 3agavy. OmRe, cTYAeHT
SHAE JIOTIKY BHCHONICED.
1.2, CrynenT He aHae noriry awemornenn. OTie, BiR He posn' ke
3ajaHy aamady.
1.3. CryaeET 3Hae AOTIRY BucIoBeHb. Orixe, BiH poas'dxke 3agaldy
anaavdy.
1.4, CryznenT He pose’syke aagady noriumy samauy. Ore, BiH Re
3HAE JIOTIKY BHCIOBINCHE.

5.2. TMoHNTTS NOrikM BUCNOBIIGHL

Buciosaenns, icMuNRiCHe IRAYERHR, AMOM, ROZiTHI 36" A3KL,
npasurbro nobydosaHa QopMyna, ivmepnpemaoyis BUci08ALHNA,
npiopumem i paxz onepayiil, masmorozin, MoOMoxHo xubHa
GOPMYAL, HEIRZARBHOZHANYLA POPMYLA

B npupoauux MoBax iEQopMalia nepefacThes 38 AOIOMO-
rolo cJaiB, o0’eqHARRX ¥ pedeHHna. PopmanbHa Jdorike saiMaerbed
AHANi30M petdeHEL, 3REPTANTH OCHOBHY VBary Ha GopMmy isigsoni-
Kaloauck Bia smicry.

MaTemaTHuHA JOrika BHBYAEC TA MOAYNOE TIALKE OHOBigaJXpHL
peuerua. Harazopi, ORKJIHIHI Ta MUTANERHI pedeNHA 3HAXOIATHOSA
nosa cepore poaraany. Ckopoueki peueHHA BHKAKYAKTECA TOMY,
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L0 MOMYTE MaTH NofABifide sHavenud. Hanpuxiag, Ha NMUTAHHSA
«4U He CRISHUAUCR 68U Ha JAexuiw?» cxopodeHa BigmoBiRb «mars
HeapoayMiza. B uroMy BHmaaky y Bigmorifi HeobxigHo Oinsm
MOBHe TBepJKeHHsd, Ake Moo 6 ByTn dopMmanizopame. Jlas dop-
Mamizanmii migitiae pededra: «F enisnuecs ua nexyino». MaTtema-
THYHA JICTiKa He BHBYAE BHYTDIIUHK CTPYKTYPY i aMicT peueHsb,
A OBMeRVETECE POTASALHEAM 1X loTHHEHiCHEUX BMacTHROCTel, TobTO
yu sobpamyroTh BoHHM IeTuRy a6o xu6uicTb. ¥ SB’ABKY 83 LHM i3
POSrAfAaHEA BHK/IOUEH] ONOBiNaipEl peueHHEA, I8 AKHX HEMOXK-
JHBO BH3HAUUTH, ICTHHHe BOHOo ab6o XxuHGHe. OueBMIHO, WO TakKe
a06paykenis NPHPOAKECI MORK He € INOBHUM, ane BOHO Heo6Xinne
AJs 3ACTOCYBAHHA JIOTIKH BHCHOBACHD.

BuzHavyeHHA

Bucaoenennszs — ue OIOBiZanbHe pedYenHHd, PO AKE MOMXKHA
CKA3aTH, icTHHHe BoHOo alo xubue, ane He Te # imme ogHo-
YacHo.

BuaHaueHHA

IeTiHa 200 xw@GHicTh, UDHNHCA&HA AEEKOMY BHCJIOBJIEHHIO,
HAJHBAETHCH ICMURRICRUM 3HAYENHAM LbLOI'C BHCJIQBJAEH-
Ha. llesxavactnesa: «lectHnas — I, T (True) abo 1, «Xu6-
HicTh» — X, F (False) abo 0.

llpuxkaan. BAasnHaunTH, AKi 3 DaHNX pedYeHR € BHCJIOBJIEHHA-
Mu: «Boneza enadac a8 Yopre mopes, «Borza snadae @ Kacniitcone
Mopes, ¢Hxuir ceozadni denv?», «Bidcmanv 8id Bemai Ao Conya
dopisne 150000000 xn».

Posze’gaor. Hepiri gra peyeHHA € BHCAOBREHHAMUW, NPHYOMY
nepile € XWOHUM BHCAOBICHHAM, a Apyre — IicTHHHHM. Tpete
peueHHA BUCHOBAcHHAM He € (32 BH3HAYEHHHEM), OCKIiNBRKH BoHO
He omomifamhie. TeTBepTe peueHHS TaKOM He € BHC/IOBJACHHAM,
TOMY 1o #oro icTHHHiCTE afo XxubuicTs aanexurs Big moTpiGmoi
TOYHOCT].

OnorigaasHi peyeHHA 6yBalOThL BPOCTUMH TA ckaagHrMu. Cxasp-
Hi pedeHHS, #K UPABAIO, CKAAJAIOTLCA 3 MPOCTUX peueHb, MOECH-
HAHUX cnoayuHvkaMmi. KoskHe mpocre peueHE:A € caMoeTiliHuMm
TBCPAMEHHAM, 1 BOHO Boke He MOe OyTH posbure Ha binsim
OpibHi pevenns. I1i npoeri peueHHs Ta COONYYHMEK € €JeMeHTA-
MH CJA0BEHKa, HeoOxiaHoro faa diopmaniaanii npmpognol Moem 3a
ROIIOMOTQI0 JIOTIKH BHCHAOBNEHS.
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BuinauedHn

Amomamu (eneMermapHU MU GUCAOGAEHKAMN ) HASHBAIOTL-
¢ BUCHAOBNEHMA, AKi Bigmosigalorr mpocTuM onopifannHHM
peuYeHHAM, To6TC He MAIOTH CKAAJOBMX YACTHH,

51k cUMEBOJMY JJif O3HAYEHHAA ATOMIB BHUKOPUCTOBYIOTECHA BeJINKI
Gyxpn natmHchKoro andapity A, B, C, .. abo Benuki GyREM 3 iH-
pexcamun. Kowxxnma Gyxksa y mipkyeanni mopHHHa Do3Ha4YaTH O[HE

i rinekrnm O0HEe elCMeHTApHEe BUCIOBJSHHSHA.

Bu3HaueHHNA

Jlorika gucioenene — He anreGpaiuma oTpyrrypa ({X, ),
Ay v, =, -, X, I) 3 HOcieM - ABIHKOBOK MHOMXKHUHOIO
{X: eXubuictnr, I: «IcTHHA}, ONEPAUHIAMH — ROZIiNHUMU
ag’aaramu (A — xor'WORXLUIA, v — AU WHKDOIA, — — 3Anepe-
YeHHS, ~» — IMIAikanidg, ~ — ereipagenTHieTh) 1 KOHCPARTA-
MH: X — xubHicTs i I — icrmHAa.

B posgiai 4.2.3 rnasn 4 Gyyo susBadeHo an2e6pYy A0ZiKu, AK
anrefpaiuny crpyrrypy (B, A, v, 7, =, ~, 0, 1), 10 cTROpeHa ABiii-
KOBOK MHOERHOK B = {0, 1} pasoM 3 onepamnisami kon'ouruii, 1u-
a'omkii, sanepeuennsa, imoaixkaniy, expisasenTrOCTI I KOHCTARTAMY
0 i 1. Ocriankw onepanii aareSpu aoriku i JOrikM BUCIOBIEHb
OfHAKOBI, & Mi¥ MHOMHHAMU-HOCISME JaHHX ajredpaiuyHuX ¢TpyK-
yp {0, 1} i {X, I} MoxHa TpoBecTH B3acMHO OJHOAHAYHY Rif-
noeignicTs, DpUX0IMMO A0 BUCHOBKY, MO BRA3aHi anrebpaiuni
CTPYRTYPH isomopdui (aus. . 3.2). Tomy Bei TBepaAxenHHA, WO
apo@neni yraapi 4 sigHocHo aaredpu Joriku, cnpapeZuamwBi i ana
JIOTiKH BHCACBIEHE, 30KpeMa, KOMYTATHBHMIE, acomiaTHBHEHHE Ta
igmi saxoHEM 3 n. 4.2.

Crnasnl peveHHA TNpUPOSHO! MOBH CHJIAAAIOTBCA 3 APOCTHX
peueHEs i caymO6oBHX ceIIR (e«dAKNIOer, ¢is, ¢To», <abo» i Tomo).
B rpamarunl sasHaveni cayxOGoBi cJIOBa HAIHMBAKOTLCS 3B A3KaAMM
(a6 cmosy4YHUMKAMY), OCKIJIBKH BOHE 06 ¢IEYVIOTE TIPOCT]I DedeHHS
B ozHe ckaagHe. Hanpupnan, aBa peuendsa «Mu noidemo sximuy
do Kpumys i «Mu nolfemo eximwy 8 z2opur MOmHA 00 c¢AHATH
3B’718K0I0 «abo» B OZHE cKAafHe peucHHA sMu notdemo aaimuy do
Kpuny, abo mu noidemo enimixy € zopur»., TyT sp'asky «a6os: He
MOXKHa HPHELHATH ARl 40 NepInore, aHL Lo APYrore OPOCTOr0 peden-
HA, BOHa OOCAYroBye OXHOYACHO ODHABA HPOCTHX pedeHdd i ToMmy
Ha3UBAcThed Oinapuoro. Po3arnaneMo 3BOPOT «HENPABUNALHO, LLD..7,
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HKHAN BYKHBAETRCHA 2 Oijmio sanepedeHHs. Hanpuknen, y pedeHHi
eHenpaauasho, uyo xumenia y Kucsi menwe, nixn y Xaprosiv Bix-
6yBacThed 3amepeveHHA pedeHHA «B Kuecel menuwie ycumeania, Hix
y Xaprosis, 38’ A5KkAa «HeNIPDABHILHO, HID ...» € YHaApPHOW, TOMY 0
BACTOCOBYETHCA JO ofHore pededHa. KpiM posragryTHX, y NpHEPOL-
Bifi MoBl iCHYIOTE 3B’ASKHM 4HSKI0.., TO..*, ¢UM», ¢i», <abos,
e«fi.. Hiws, €.TOAL 1 TIILKH TOAl, KOOIH..t 0 iH.

QOuepatii norikd BUcIORIeH: — JOTIYWHL 3B"ASKH — pPOBTIATA-
0Thea 2K QopmalbHi NosHEYeHHR 5B A30K, L0 IM BiAIIOFiAOTH,
npupogHoi MoBM (rabauna 6.1).

Tatnuya 5.1. Joziuni 38’ asxu € Aoziyl sucioenens

Haapa Tosravyeuns ARanors npaApoARol MoBR

@KBIBANIGHTHO, PIHROCHAEBHO,
ekBiRATeHTHICTE - = e «TOM1 i TiNEKY TOAL», AKIDO
i TiNEKHE AKIIO

THAIHe, «AXHI0 .., TO¥,

iMnaixania -+, 3 s
¢TineRE ARIRO»
KOH'IOHKIIS A& i
) abo, «abo ofHe 3 FBOX...
W
An3'IOHRILA abo obuBas
aanepeIeHHA g He, +HENDABHAILHO, O

Opepanii A, v, =, ~ ¢ DiHADHMMHE JOTiYHAMH 3B’ASKAMH, Ha
sigminy Bijg omepanii -, sxe ¢ yRapHow, Kopucrywouncs, spegedn-
MY JIOTiMHEAMHE SB'A3KAMH, MOKHA 3 €JeMeHTAPHWX BUCAOBJIACHL
GynysaTH CKNafHI BHCROBIEHHEA, IO HAIWBAKWTECSA QopMyIaMu
abo morexyramu.

BuaHausHHA

B soriul BuciIOBNeHE NpaPMALHO Robydosana gopMmyna éu-
3HAUAEMbCS PEKYPCHBHO TAKHM YMHOM:

1. Atom e dopmyna.

2. 5fgmo A 1 B — gopuynn, to (4 A B), (A v B), (A - B),
(A~ B)i—-A — rakoax dopMyiu.

3. Hiaxrx SopMyX, KpiM DopoAKeHUX BKAZAHNMH RUILE
OpPABHJAMHE, He iCHYyE.

DOpPMYNHE NOriKY BUCHOBNEHE, 0 BiINOBIZAIOTE CHAALHMM BA-
cHOBACHHAM, OpuifMaloTh sHaveHna I abo X sanexxkHo BiJ sHaueHb
efleMeHTapHAX BHCIOBMEHE, 3 AKHMX BOHM HobygomaHl, i JOriqHEX
3B'A30K.
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BuiHaeHHA

TpunvcynanAg iCTHHHICHHX 3H&YeHL ATOMAM, 3 AKHX moby-
ZORAHE BHCHOBJIEHES, HA3MBAEThLCA iNTepnpeTanickn suciod-
REenna.,

Jinsg BHCHOBJEHHA, MO MIic¢THTEL n aTOMIB, MOMXHA CKA4CTH 2
igTepnperauiii, Ax i gas n-micaol 6ynescl yREIIL

Ilopag a3 BUCACBIEHHSIMY, iCTUHHICHE 3HAYEHHS SKHAX Hezalex-
He BHig cHTyanil, MoMkHA BBAXATH OJHOSHAYHO BU3HAUYEHHM, HK,
HanpARIag, ¢2 x 2 = 4» = [, icHYOTE BACAGBACHHA, SIKI MOXKYTE
upuiivMare pisHi sHavensA. Happuriaa, BHCIOBICHHIO +3a8mpa
Oyde dougs MOKER HAAaBATH sHaueHHMs i «leruras, i «XubHicTb
anfeHO BiJ KomxperHoi cuTyamil.

DOpMYJIHE JOriKW EMCIOB/AEHD MOMHA 3aTABATH TabadigMu ic-
TEHEOCTL moxibuo o 6yaenux pyeknii. Havegemo Tabanuio icTHe-
HoeTi RIS JIOTIYHMX 3B S80K JMOTiKM BHCJIOBAeHS: (Tabauna 5.2).

Tadauyn 5.2. Tabruys icmunnocmi RO2ITHUX 368'230%

A B —~4 AnB AvB A B A-B
X X I X X I I
X I I X I I X
I X X X I X X
i i X I I I I

PoariapeMo OpExAaly i BApasy NPHPOAHOL MOBHM, AKi Biamo-
sigaoTE JorivHHM 3B ASKaM.

3anmepeuennn. Janepeuenus —A ictuHAe Toxi i TinbKEm TOZ,
kony A xwuGHe. iz yHapHa onepamisa Bifnosifae sanepedeHHIO ¥
asuualinili momi, Axe MoXxe MaTH pisHi cmHTakcwyHi BuUpasmH, =Ha-
OpEKN&], peucHEdA «Henpasurviio, wio v Ipalia ¢ uac» piBHOsHAUNE
peuerHio «¥ [BRaHa Hemae uqacys.

Kox'tonknin. Bucaosnesssa A A B, 150 Ha3HBAETLCHA KORIOHKY-
ieo A i B, icrurHe Toxi i rvinekHa ToAl, KoawM icTHHE] o6HZBA BH-
caoepneHnd A 1 B. IIa noriuna onepamis Biamosizae y npupopniit
MoBi 3B'sTami «is, o0 83'cABYE JBa pevenHA.

Ilpuxaan. Bamvcary y surnagi GopMyad JoTiky BHCJIOBISHD
ipnanaynTH icTuHEicHe 3HAYEHHA TAKHX BHCJIOBJEHE:

I — &6 Jiaumeea ua 8, i 10 6iasite 5s;
II — «6 diaumeca na 3, i 7 6irviie 10s».
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Posa’naox. Buginumo sromu. Ix Tpu:
A — «6 ginuThcA Ha 8s, B — «10 Gineie 5»,
C — «7 Ginne 10s.

Tozi BRcroBXeHHA I Syde BignopimaTH Gopmyai A A B, mm-
cnopiaensa I — dopmyni A A C. ByaeMo BBaxkaTH, IO BUCAOR-
Aeuna A 1 B icrunni, a sucnosnesHA € xubHe. BukopreTOBYIOUA
icruHHiICHI 3HadYeHHA BMcloBieHE A, B, (, BHaHAUMMO 3IHAYEHHA
Bucaopiens I i 1I:

AAB=IAl=I AnC=InX-=X

Mnsoukiis. Bucnonneuns Av B, 1o HAsuBacThes dua’onx-
yicw A i B, xubue rTopi i Tinrku rogi, xomm xubri obuARa RH-
ciopnesHs A i B.

IIs noriuna omepania BiAnOBifKaE NOSIHAHHIO BHCAOBJIEHD IIPH-
poaHCI MOBH 38 OOIOMOICIO 5B H3KH «ab0», 10 BAMTA ¥ pO3YMiHHI
¢abo, 0o He BHKJIIOYAaE»! ¢lpaBulibHe A, abc npaBuabsHe B, abo
o0MaBa BHCAOBJAEHHA NPABUJIBLHIS.

IIpuknaa. 3auvcaTd v BUNIALL GOopMyAHM JIOriKH BHCJIOBIeHB

i BHanaguTH icTHHHiCcHe BHaYeHHA TAKMX BHCJIOBJICHL!
I—«64+2=10a60 5 x 2 =10,
H—«6-3=2na603x 2 =5».

Poae’asorx. Buginumo aToMu:

A— ¢+ 2=10s; C— «6 -3 = 2»;
B— ¢dx2=10%; D — «3 x 2 = b»,

Toai sucaosneynsn I Gyzxe sinnosigary ¢opmyai 4 v B, BucIOB-
neHER Il — dopmyai C v Il BuclhosaeHes B ieTHHHe, B BHCJ/IORB-
negHa A, C i D xubui, Tomy:

AvB=Xvi=I CvD=XvX=X.

Imnnikanin, Bruciosnenns A — B, m0 HA3HBACTLCA IMARIKG-
yicio (YMOBHMM pedYecHHAM), XuOHe ToAl i TixexH ToAi, moam A
icragHe, a B xubue.

B imnmixanii A — B sHcloBneHHA A HASHBaETHCA BACHOBKOM
{yao0s0i0, ameyedenmom), B — nacIifKOM {6LCHOGKOM, KOHCEKALH-
mox). IIpuuupno-nacainkorni ap’Asok Misk A i B, 0o BUpaKaeTscH
imnrikanieo, Ha npapogrii MoBi omHcyeThCA TAKHMH 3BOPOTAMM:
«ARmoO A, To Bs,¢A ¢ focTaTHbOW MmigcTaBoio 118 Bs, <«B, Tomy
mo A», «B, aa yMoBH BuroHaHHa As, «ATAaTHe B» Tomio.
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BukopHeTOBYBAHI B TOMHUX HAYKAX MOHATTH AocTaTHROL Ta
HeobxXizzol yMoB MOKHA HOPDMANLEC BHPA3HTM 3a JOMOMOTOK
iMnmixanii. Came ans neox cdaxTis (moxili) A i B pucnosrenns
A — B oanauae, mo <A € docmamusoi yxosow dag B» ioanovac-
HO, 0 «B € Heobxidnow ymosow das A». HeobxiguicTe B ans A
BHpAMAETLCH TAKOX v QopMi «B misvku, axujo As. TeepasteHnsa
«A € HeoOxidHow [ docmamueow ymosow dirs Bs eKBipaJeHTHe
noAri#tRifl iMnnikanii A & B, abo

(A>B)A(B>A)y=A o B.

PoasrasaHeMo KiZbKa OPHEKJIALIB.

¥ pucnornerHi ¢«A Ko vucko n — napre (A), mo n Jirumovca
Ha 4 (B)» ymoBa A Gyae Heo6xiaR0W0, ase HeJgocTaTHbLOW. HoiKe
HedapHe YWKHCACO He 4 He AladTbeA, 1 B TOW e yac € MapHi dHCTA,
fAKi He ginareca Ha 4. Orse, npaBaabHa iMiairania B — A, Bu-
XizHe BHcnoBNeHEA A — B xulHe.

Y BucnoBneHHL «Hkwo fide Jowy (A), moe Ha nebi xmapu {B)»
vymosa A 6yae nocrarHLOWw, ane He heobxignow. JeHyIOTE BANAZKH,
xond Ha Hebi € XmMapn, ane gomy HeMac. TyT mpaBuirHe BAXigHe
Auciopaenus A — B.

Y sucnornenni «Hrxwo zeomempunna Qizypa — xeadpam (A),
mo eona — pieénobivrui npamoxymuurx (B)s ymoBa A G6yne iHe-
obxigHow 1 AOCTATHECK ANA BHKCOHaHEE B: A« B.

Iipuxaan. 3anvcatTe y puraafl GopMyJiN JIOTIKH BUCJIOBNEHL
i mo6ynyeaTn TAGAHIIO icTHHHOCTI BHcAOBIeHHA «Fxwo Gde dows,
mo Had Moclo 20A08010 sidkpuma 1rAPaCOALKAS.

Poze’r3aox. BeefeMo aToMu:

A — <«fine goms;
B — «Haj MOEK IOJIOBOI BIIKDHTAE II&pAcOJbKAas,

Togi pucnosneHHaA «SKIo ixe Aom, To Haf MOEIO MoIOBOIO Bij-
KpHTa napaconLka» 6vie signosigary dopmyni A — B. Peayabcrati
inTepnperanii Urore BHCAOBAeHHA HaBeAeHO y tabiauui 5.9.

Tabauyn 5.3. Tabauysn icmuniocmi sucloBAEHHA

A B A B Peayarrar

X X I IAHITYCH CYyXHM
I X X IMOKHY

X I I FAXHIYCH CYXHM
I I I 3ATHIIYCHA CYyXHM

Opyruit pagor raGnmni 5.3 Brasye Ha BigjcyTHiCTE OpHYHHHO-
HacHixkonoro aB’gaky Misme noaismu A 1 B.
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ExzinatentricTn (exrinanenmin). Axuaio A i B — BHCIOBJIeH-
HA, TC BHCJOBJeHHA A ~ B icTHEEe Togi i Tinpxy Toai, xoan
Al B abo obngra ictuHri, abo ofuara xubGHI.

Ils omepania BiATIORifAe Yy NpUPOAHiI# MoBi 3BOpOTEM: +..TOZI
i TinpKH TOAi., KOJK..», «IJIA TOTr0 INOG.., HeoGxigHo i pmocrart-
HBO...». Hanpmuxnal, «Busuenna Juckpemmnoi mamemamuru Gyde
yeniwnum modi i mizvku moedi, xoau Gyde oceéoeHa Mamemamiy-
Ha A0Zika».

BrkopucToByOuH Ta0AHII0 iCTHHHOCT] €KBiRAJIEHTHOCTL, MOXK-
Hi goBecTH, mo BWpas A - B exRipasienTHAiA BuEpasy (A — B} A
A (B> A). TaxunM uHHOM, JoriyHa eKBiBRaJXeETHicTh 306pamye
iMnnizanio B 060X HanpaMKax, TOMY BHpas <A icmunne modi
i miasku modi, xoiu B icmunnes o3nadse, Mo <A TAre B,
1 B Taree Ae.

Baminawcun iMmaixanio if samicom y suraazi JKHD (A—- B =
=—A v B), ofepmumMo:

A~Bw{A 3 B)Aa(B—= A)y=(-4 vB) A (=B vA),
A~B=(—AvB)A(=BvA). (5.1)
bopmyaa (5.1) xac AKHD ana ekpiBadenTiocti. 3a npuHuMnom
asoicroeti (o. 4.3) JIH® aas expiraneHTHOCTI Mae BHLAAA:
A~B=ArBv-Anr-B. (5.2)

Hpurran, 3anucaT™d ¥ BETAANL SOPMYIH Xorikd BHeTOBIeHB

i BUBHAYATH iCTHHHiCHe 3HAYEHHA BHCJOBJIEHE!

I — oflna mozo wot 2 x 2 = 4, peobxidno i docmamuvo,
wol 2 + 2 = 4»;
Il — ¢2 x 2 = 5 pianocunvio momy, wo 3 x 3 = 8».
Posze’m3ox, BregeMo nosmaueHHst aroMin:
A—2x2=4; B—3x3=8;
C—-2+2=4; D—_2x2=025,
Bucnonenasa 1 signoeigac dopmyni A~ C, BHCHEOBAEHHS
II — popMyni D ~ B. Byaemo prakary, mo atoMu 4 i C iernu-

Hi, a atomr B i D — xubgi, i suavaueMo icTHHHICHL 3HAYeHHHA
CKJAAJH¥X BHCJIOBJEHD:

A-C=I1-I=I, D-B=X-X-=1
IIpouanTenEs GopMys CKIafHUX BHCIORTEHL MOKe GYTH He-

OAHO3HAUHMM, AKINO0 He BBECTH AYKKH, IO BKASYIOTL, B AKOMY
MOpAAKY 3B’A3YIOTECH Mix coboio camBoau. JMedui JysKH MOmHa
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OIYCTHTH, YBIBIIY TOCTiTOBAICTE BHKOHAHEA abo MpiopHTeT omepa-
Iifl TAKHM Ke UHHOM, AK [JIA Onepauiil anreGpu JorikH:

Ty Ay V! —>, ~.

Hanprkiafg, Taki pEpasy Ges Xy:KOK AOPLBHICIOTH (opMyramM
8 IyHEKaMM:

A BAC=A - (BAC)y
C-AanB>C=C~((AAB)—=>0)

Byab-akiit GopMyal JorikM BUCJHOBAEHL MOXKHA ITOCTABHTH
y BiinoBiauicTh JeAxe cRIaHe BHCJOBAEHHS NPHUPoHO] MOBH i HEB-
IaKK, <NIpaBUIbHI» ckaaiHl pedeHua MoskHa sanucaTH y BUTWAALL
GopMyTH JoTiky BHCAOBAEHL. AHANIZ CKAAJHOTO peueHHS HeolxigHo
MOYHMHATH 3 BHAHAYEHHS TAKoro QaKTy: 9H & BOHO CKOPOYEHMM BE-
pianToM GinkIn posmoBcioRXeHOro ckaagHoro peuenHA? CropoueHuii
papianT cxaix samiHNTH AOBEUM BapiaETOM pedeHEd. Jani BufinuTe
OpocTi peueHHS Ta BSATH IX B OY:RKH, 3aHIIAIOYH HO3a LYAKKaMU
cnyxxBori emoBa, Mo moeAHAOTE NpocTi peuenHsa. IIponmec BaaTTA
Y AVHKE IOBTOPIOETHCH NCOTH, ACKHN HiIKOM yce cKiaxHe peueH-
HA He BRABMTBCH B3ATHM ¥ Xykkn. Ilicag nporo coonayyEMKH Ta
3BOPOTH NPUPOAHOL MOBY 3aMIiHIOITECH BiANOBiZHHMK AoriunmMm
8B’g3KaMl, a4 NPOCTi PeYeHHA — ATOMAPHUMHE GopMyTaMu.

IIpumep. Banucatd y BUraagi GopMynaH NOTikM BHCIOBJIEHD
Taxe peqyeHHS1: «Ockinvicu £ Aiz niano cnamu, £ npocnaa i uepes
Ue HE Rilios8 HA Napys.

Posa’szox. Buginrmo npocrti pedeMES y IEOMY CKAATHOMY
peueHHiL va BisrMeMO IX ¥ AV:KKM, SaNHWIa0YH cayxboBi choBa
nosa ix MexaMmu:

«(Ockinbku (g air miaEo cmatH), (s mpocnas)) i uepea me
He (minmom Ha mapy)s. '

Bei Tpe peuvenma 3B’a3ami cay:k6oBmMu croBamu, IO BHpA-
ATk JoTiudi BigEOomeHHA. KpiM Lporo, mepex TpeTiM IpocTHM
PeUcHHAM CTOITE YACTKA <He», MO Bigmoeigac noriumii omepanii
«3anepeyeHnsa». TpeTe NpocTe peYeHHA He € IOBHHEM, OCKIJIbKH
posginge cminpHUBl migMeT <«2» 3 APYrHM IPOCTHEM pedeHHAM.
JoneBEMMO TpeTe PeYyeHHs BRIACYTHIM HigMeToM 1 BBeZeMo ATOMM
P,Q, S Taxpm unHOM:

P — «H nir nizso cnatms;
@ — «f npocnass;
S — «fl mimos Ha mapye».
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Bamigumo mMpocTi peueHHA CUMBOJaMH aToMiB, a cayxkGosi
C/I0B2 ~ JOridHHMY 38'sakaMyd, OAepHMO GOpMYNy JOFKM RH-
CIOBIeHE:

(P - Q) - =S,

Opaxaan. [lo6yayeatu Gopmyny 1 Tabrmuio ictrHRocti Haa
BucnoBneHs: sAxwo cmydenm ue nidzomyeasca do icnumy abo
ftony nonages ckaadnuil 6item, mo elH ne craade icnum Ha no-
sumuany oyirxyy. BUSHAYUTH, B HKHX BHIALKaX Le BHCAOBJICHHA
BUABHTHECHA XuBHUM.

Posa’szox. BuginnMo npocti BEcaoBaeHHN 1 mocnimoBRicTs IX
NoefEGHHA CAY:KGOBHMH CIOBAME B2 JOMOMOron AVOK: <Hkrimjo
{(cTyZeHT He mifroryepaBea Jo icoury) aGo (foMy momamcs exmaj-
HRit 6laer)), To (Rim He cxkAafle ICMUT Ha TOSUTHRHY ONMiHKY)s.
IToanaynMo aToMM:

A — «CrymedT migroryeasea go icmurys:
B — «Cryjenry nonmarca cHIagHBEH OGiners;
C — «CryaeBT ckiajfe iciMT HA MOBHTHBHY OLIHKY».

Opepxana PopMyle Mae BATASA:

(—A v B) » —C.
Tobyayemo pignoBizny Tabaunio icrraHocTi (Tabinoa 5.4).

Tabruya 5.4. Tabruya iemunnoemi (-4 v B) - -C

A B c -4 |-AvB| =L —AvB--C
X X X I I I I
X X I I I X X
X I X i I i I
X I I i i X X
I X X X X I I
! X I X X X I
! I X X H i r
I i I X i X X

3 rabauui mMmm SavHAMoO, 00 icHYIoT: TpH iHTepupeTanii:
X. X, ), (X, I, D), J, 1, 1), Ha sikux BUXiAHE TBEPAKEHHA BHSIE-
aaerhes Xxubaum. Isrepnperauin (X, X, I, oanayac, 110 CTYAEHT He
nigroTysascHd Ho icnUTY, ale oNep:KaB HeckaagHui Giner, i Homy
Bflanocs CKJAACPH icnuT HA NOSMTUBHY ouiury. ¥ eunazry (I, I, I)
CTYHeHTY TIoNaBcs Haxkkwuil 6lmer, ame min migroropnennit 1o 1BO-
ro lcOMTY 1 CKAAB icHIMT HA TOBUTHBHY ouiuky. B ixrepnperamii
(X, 1,I)crygenT He MiAroTyBaBCeA N0 icaury, HomMy HouaBeH BaAcKHi
OisieT, ane BiH BCce OJHO CKJaB iCHMT HA NOZRTHEHY OHIHKY.
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Buxoaaun 3 OpHAHATHX POPMYA NMOriKHM BUCAOBIEHL iCTHH-

HicHMX aHayen:, (POPMYJIM pPOSALNLKTBCA HA TOTOXKHO ICTHHHI,
TOTOYKHO XMGHL Ta HesaransHoszHawyri.

Buanauyeuun

DopMyna Ha3ABACTLCH MOMONKG ICMURKOIO (MASMORG-
ziew afo azaRBROZHARYNLOW), ARMO BoHa NpHiiMae sHATeHHA
«[cTHREA» HA Beix iHTepnperaniax (Eabopax 3HAMEHb 3MiHHHX).
DopMy/Ia HASUMBAETBCA MOMONKKS XuOGHDIO (CYnepeurnsolo
ato neaditicnennow), SXIO BoHA MpuilMac 3HAaYeHHA «Xub-
HiecTh» Ha BeiXx iHTepnperapimx. PopMyNa Ea3UBAETHCA
HE3CZAALNOIHANY U000, HeumpanvHow abo Hecynepednu-
6010, AKILIO BCoHA HA OJHHEX iHTepupeTalisx npuiiMac 3Ha-
qerHs «leTumas, 8 Ha iHmAx — «XuGmicThe. Voi ¢opmynn,
Axi Re HaXeXaTh A0 CYHOepedldHBHX, YTBODIOIOThE MHOMXKHHY
adilicnennux opmyn.

BusHnadeHnn

MipXyBaHHA HaSHBACTLCA NPa4uAsRuM, AKIIO BOHO BEpAXA-
€TheS TOTOMHO ICTHHHOKR QOpPMYNQIO.

Takum uyuHHOM, HEPEBIDUTH WPEABHALHICTL MIPKYBAHHA MOXK-

Ha, nolGyAyRaBIIHE BiAnoBiiHY Ao Hsoro GopMyny 1 BHIHAYMBIIN,
YH £ BOHA TOTOMCHO iCTHHHOI.

Joeecrr, mo dopmylla € TABTOJIOTIEID, MOXKHaA ABOMa CIOCO-

Gamm:

1.

Ilo6ypysaTn Tabrumio icruEHocTi Oiel dopmyan. Tozl, srmmo
y Tabrnani icTHEHOCTI Ha Belx iHTepnperaniax ¢yHKNIA npHi-
Mae 3HEYEHHA «IcTHHAS, TO BianoBigxe A0 GopMYyRE MIpKYBaH-
HA € TABTOMAOri€IO,

SacrocysaBoiu Ao GOpMYAM TOTOMKHI NepeTBopeRH#A, sBecTH ii
38 JOOOMOTOI0 TOTOKHUX REpeTROpeHt A0 BHAY OAHOIS 2 JO-
rivENx 3aroHiB. JIKINO B pesyakTaTi MepeTBOpeHL CREpPIKUMO
saadeHAs «[cTHHa», To JopMysaa — TABTOAOTLA.

3anuTaHHAa

1. Hruli ruj peders Mofemoe HopManbLHa norixa?

2. Habegith MpHKIAIH pedeHE, AKi He po3rIAAAOThECA ¥ GopManbEil
Horimi.

3. HaliTe BA3HaYeHAA IIOHATTIO ¢BHCAOBJCHHA?.

4, IIlo matoTh Ha vBasi nig iCTHRHICENM 3HAYEHHAM BHCAOBJIEHHHAT

5. Axi mucnonnenusa masusaloTECH ATOMAMU?

6. JaiiTe pH3EaYeHUA JOriKH BHCAOBNEHE.
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7.
8.
9.
10.
11.

12.

Ilc y sorini BECHOBRNEHEh HASHBAIOTH JOTIUHMMY 3B’ ASKAMM, HARBG-
Hire IX.

Iloxaxirs, mo anrebpa Jorik® i JoTixa RHCHOBNeHb isoMopdHI.
HAxuil a UBOIO MAEMO BHCHOBOK?

HaiiTe BAoEaYeEHA NPaBHJABHO Hofynosadol GopMyIn.

Hapeairt, npuraaau dopmys gorikm BMCAOBIEHE, W0 MICTATH
Oyae-sxi noriuni ap’Asky, i BianoBiaEMX A0 ENX peveRb UDHPOH-
HOL MOBHA.

CdropMynIolfiTe ANTOPATN 3ANACY CRIASHOTC PedeRHA NPHPOAROT
MoBd ¥ BETAAAI dopMynnA JIOTiKH BHCIOBIEHS.

HazpiTe By GyHKOi#H JOTiKH BHCIOBIEHER 3 TOYKH 30py Npuliada-
THX HNMF iCTHHHiCHAX 3HAUEHB.

3aBaaHHA

1.

3.

Yu ¢ taxl dopMyan saraabEOSHAYYIOAMHA, cylepedJRBRME af0
Hecynepedyi¥BAME:

a) ~{—A) — 4;

6) (A - B)= (B —> A);
BIAA(B 3 A) 2 A

NnAv—-8)v(-4v B).

. Po3cTaBETE plaEMME cTioco6aMA AYKKE YV TAKHX dopMylax:

a) A v ~B AC;

6)A->B—->C-—>D.

BurmiounT Akomora Ginbme gHcIOo ZYVIROK ¥ GopMyai:
a) {(—{ta) v (O)) v (B)

6) ({{4) — {(B)) = (C) v ((4) = ((B) = (C)));

B) ((B) ~ (~(CM v (({4) = {A) — (B) v (DN}

1) ~((~(4) v (B))) ~ (C)) = ((-((C) » (D) v E));

5} (~((B) ~ (CN) ~ (~E)) v (AN

e} {(~({4) = (BY) v {(~{C) v (D) A ~(F).

. IlofynylTe cKAATHI BHCNOBAGHES 3 BHKOPHCTAHHAM TLIALKA 3a3HA-

YeHaxX onepaniii:

a) expiBANIEHTHICTE;

6) imnuikamia i xon'wHKDiA;

B) JamepedeHks, KOH'IOEKNIN 1 ZUs' OBEKOLE.

. JoBeniTs, mo aamepeyeHHA BHUCIORIEEHA «A € JOCTATHS Ta Heol-

XifHa yMoRa ANA B eRBiBalleHTHE RUCIOBAEHHID 4—A4 € AOCTATHS
i HeoGxiana yMoBa ang —Bs,

IlobygyiiTe BRC/AOB/CHHSA, eKBiBaJeATHEe A v B, BHKRODPUCTOBYICUH
Tiapku onepanii sanepeuenna i montonknil.

. Ilobyayfite ckiaagHe BHC/ICBAeRH, ekbhibaledrte A v B, sHKopu-

CTOBYIOUM TiNbkH onepanii xou'wakmil i aanepevyenns.

. ITobyzyiiTe cknaane BHCIORNCRHA, ekRiRATenTHE 4 A B, BHKOpH-

CTORYIOUM Tinnkm onepauii ama’rouknii i sanepeverss.

. IobygnyiiTe A82 cKJIAZHNX BHCAOB/JICHHSA, ekBiBasenTHNx A — B,

BHKOPHCTOBYIOYH TiieknA:
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a) onepanii aua’loEKNil i samepevenHn;
6) aamepeyeRHS i KOR"OHKNIIL.
10. BRKOpHCTOBYIOUH TOTOM(HOCTI, cOpocTiTsh ¢opMyIHd MOriKK BE-
CJIOBJIeHE:
A~ AvBvOA(Bv-THOA-B;
B AvBA~CvAv-CvBv A

5.3. [eaykTMBHIi BUCHOBKW Y NOTili

BUCHOBNEHDb

Jloziunuit nacridox ma iivzo sracmueocmi, axciomu, dogedenns,
npasuna Jedyrmusnux eUcHoBKis

Hafipa:xaaBilnoKw XapakTepHCTHKOK JOriYHOTO BHCHOBKY
¢ BifHOmEeHHA cYMicHoeTi mim #oro sacHOBKOM T8 BUCHOBKOM.
Y poriui npaBEAa BHCHOBKY BHKOPHCTOBYHOTLCH, HI00 BAEOIHTH
OfHi icTHHRI peueHHA 3 IHIIAX iCTHHHUX pedYeHb.

Bu3HavyeHHA

BucnoBieHHA B € aoziunum Racridxom BuciorRjeBRA A,
HxIe GopMyra 4 — B e momoxcno icmunmow. Lle BusHa-
YeHHS MomRe 6YTH yaaralbHeHO HA BHOANOK AOBLALHOTO
YHCIE 3ACHOBKIB TAKMM YHHOM: BHCIOBIEHHES B HasMBA€Th-
CR NOZitHUM RachidxoM euchceireds A; Ai, .., A, aIxuo
ArAAs A o A A > B-— momod¥no icmurna gopmyaa.

Ilpexnan. IlokasaTH, 10 BEMCIOBAeHHA (A A B) v —C € Aoriunum
HacaigkoM BHcJOBNeHHS A A—C.
Posze'azox. JocTaTHLO BHEBRETHCA, WO Gopuvia (A A =C) —
— ((A ~ B) v —C) e saranbHosHauylnon. BEKopHeTacMo ToTomBAOeT
JIOriXM BHCJAOBIEHb AJf eKBiBAJeHTHHX NEpPEeTECDEHEL, BDAXOBYIOTH,
wo x - ¥ = fis(x, yY)=xvy (gus. Tabanmo 4.3 u. 4.2).
AALOY>({(AABY-LO)=xAn-C)v({(AAB)yv-C)=
= AvCv{AAB)vC=-AvAAB)vLv(-=
= Av(ArBvI=1] _
Tax¥M 9HHOM, M0BefeHO BArAJLHOSHAUYINICTL HOpMYyNH.

BuanaueHHA

Hedyrxmusnum cucnoarom HAIEBACTLCA BHCHOBOK (DODMYIH
B 3 dopmynrH A, zacHoBaHUH Ea ToMy, w0 B ¢ Joriunmm
HacniaroMm A.
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Iipuknan. JosecTH NpaBHALHICTE MIpKYBRAHHS sa JieRAyKIlicro:
«Pesonouin yxsarwemucs, AKWO i MIALRL AKUI0 3@ HéL z0a0CHE
oinbwicme denymamis, 3a pesoawuilo He npozodocyenana Siavwicms
denymamis, moMy pesoniOYil He Yx8aARIOCMbCAL.

Poze’a30x. 3acHOPKAMU Y I[hOMY BUCHOBKY € BHCJOBJIEHHS
«Pezoaionia npuitmaeThes, AKmo 1 Tinkky AKUIe 33 HEI roJocye
finpmiicTs JemyraTiBs i «3a pesonoililo He mporoaccyeasa Gixb-
niieTs ZFemyTaTtiBs, a BHcHOBKROM — «Peaonionia He mpufiMacThCHs.
Brenemo Taxi aToMu:

P — ¢3a pesonmwiil nporomocypaya 6inmnuricts gemyraTie»;
@ ~— «DesDInid NPHUMACTHCAS.

Toxi 3aCHOBKN i BUCHOBOK NO3HAYEMO BinomigHo uyepez P - @,
—-P, —@Q, mpuexnacmo sa aonomoroio immmikanil mo xon'romrmil
3acHOBKIB (P ~ @) A (—P) BucHOROK (—@)) i DmepepipuMo, HanpH-
KJaA, 58 JONOMOIo TOTOMHEX IepeTBOpeHAh, YW & iMIiikanis
(P ~ @) A (—=P)) - (—Q) roriuBuM 3aKOHOM.

((P-@QA(=P) 2(RQ)=(-Pv@)a(PvVv Q) a(-F)—>
- (—§) = — BHDPASHJAM PKBiBAJMEHTHiCTL 4Yepes KoH'HHKILiIO,
ans’oukiio Te samepedenua (Aws. (5.1)).

(-P v @) aA(RP) APV Q) = (—Q) =— 33CTOCYBATH KO-
MYTATHBHHNR 3aKO0H.

(-=P) A (P v Q) > (—Q) = — BMKODHCTOBYBANK 3aKOH IO-
IJIMHAHHA.

(=P A P) v (—P A —Q)) - (Q) = — 3acrocyBaJH AHCTPHOY-
THBHUH SAKOH.

(wP A Q) = (—Q) = — BUKOPHCTCRYBAJH 3aKOH CYIE€peu-
HOCTi.

~—P A —@) v (&) = — BHPAIATH IMOJIIKAHiIO Uepes same-
peyeHHA Ta GH3'oRKIi}0, Temep poskpHeMo AVKEH i 3acTocyeMo
38K0E BHRJIDUETOrO TPETROrO:

PVQV—'lQ“I.

Opepscano icTHHHe BUchaoBaenEsa. OT'xe, BHCHOROK BUXOZHTEH
8 BacHOBKiR, 1 aafjane MipKYBAHHS 33J0BONLEAC BEOHAUEHHS JAe-
AYHTHBHOI‘D BHUCHOBKY. IC'I‘H]:!HiGTL BHCHDBKy B MeNYEKTHEHOMY
BYCHOBRY rapaHTYeThCH icTHHHIiCTIO 3aCHCBEIB.

Teepnacenna 1. Bucnonaenna B ¢ noriunnumM HacTiakoM BHCNOB-
JeHHA A, AKHIO BUCAOBNEHHA A 5 —B ¢ TorokEo xubauM.

Teepaxenuna 2. BucaosneHss B ¢ jnoriyuuM HacaigkoM Bu-
CHORIAEHHA 4, ARINO Ha Beix iuTepuperaninx, Ha Axux A icTuune,
B Tent icTunne.
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Toromua ieryrHicTe a6o XN6HiCTE sacHOBRY iMIITiKauii aoaso-
A€ SpofHTH BHCHOBOK Npo icTHHHicTL abo xubmicTe Racaiaxy.

Tpepmxerna 3. ko sncacpnerna B ¢ goriuaum HacaigkoMm
BHCJIOBJIeHHA A i BHCAOBIEHHA A — TOTOMHO ICTHHHE BHCAOBJIEH-
Hf, BUCIOBNEHHEA B TaKOM¥ € TOTOMXRHO iCTHHHHM,

Teepawenun 4. fAxnio sucA0BAeHHA A € TOTOXHO XHOHUM, TO
Ins GyaL-AKOro BHcAoBAeHHA B npaeuassHO, IO A — B.

IIpu creopeuH] MaTeMaTHuHol JOTiKM IepechizyeBanacA Uik
nofygosd GopMANEHOl MOBM AN MATEeMATHYHHX MIpDKYBaH® i HoBe-
JeHb. ¥ MateMmaTynl 1 «9pcerifie Jorini moBOXATE TeopeMH, ToGTO
BUBONATE HacHiZKH 3 ITeBHHX NpRuymeHs. lIpHnyrmeRHA HasHBa-
0Thca axciomamu abo zinomesamu, IPH EbOMY HepenbadacThbed,
Hj0 BoHH TOTOYKHO iCTUHHIL ¥y Beill poarnanytilt Teopii. Josedennsn
ABnAe 006010 JIOI‘i‘-II-lHﬁ BHCHOEROK CIII!ICEY BHCMOBJeHL. ,[[OJJ,EBRHHH
BHMCJIOBIEHHA ¥ CIIHCOK J0Be/IeHHA MOKINEBE, AKIIO GoHe BHCAOBIEH-
HA € HacaigkoMm BWCIOBAEHL, BHECEHMX A0 HROI'C CIMCKY paxime,
afo axmo BoHo £ akciomow uM rimotesam. Teopema BBAMKAETLCH
JOBEASHOIO, SKINO TBEPYKEHHSA TEODEMH 3allMCaHEe Y CIHCOH LOBe-
LeHds, To0To ¥KINC BCTAHOBJEHOD, INO TBEDMHeHHS TeopeMH € JIO-
rigHAM BACHIgKOM BBemReHWX akciom.

Ilpapraa ans AeAYKTHBHOrO BHCHOBKY SyAylThes Ha mifcTasi
saraJpHosHauymux GopMyn Joriku pucaopireHs suay A — B. I
TpABNJIA YACTO 34AMACYIOThH AK TpaBUila (POPMAIBHOr0 BUCHOBKY
¥ TAROMY BUIJIAMI:

Ay A,
5 .

Tyr A,, .., A, — BACHOBKH BHCHOBKY, a B — Hacnigok. TarTo-
Joria, o BignoBigac Taxomy mpaBuay, — A; A As A .. A A,— B.
Haitfinsm gvacTo RUKOPMCTOBYBaHI paBMIa Ae/[YKTUBHOIO BUCHOB-
Ky HasefieAo y Tabannoi 5.5.

Tatauua 5.5. [Ipasura Jedyxmueriux sUCHOBKI8 ACZIKU SUCAOBREHD

Ilpaenao
ABAYKTHRHOTO Tasronoria Hassa opapnna
BHCHOBKY
1 2 3
A A= (AvEB) 17 ' it
AV Ha
AvE PEBHJIO BBEIEHHHA LKA OHKLL
A,
B {(AY A (B)) = (A A B) TIparusc AREReHRA KOH IOHK I
AnB
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Hpodoswennn mabruyl 5.5

1 2 3
AvE .
’ Mparnno sRAaNeEHA AN2 OHKITHT
;;‘- (AvByr-A>B (Aua’ourtTRBaKit chaoriam)
ArB , .
_A_ AnB)y—>A Ipanitno sHAAIEHYA HOR WHKRLIT
A= B I cws . -
TBoa (A — B) » (~B—>--A) paBRiio KORTRanoaunil inamikani
A I B 8 B Ipasmao Biggiieras
B “rd-> BN~ {Modus Panens)
-B Big'cMua Gopma
A—B (-BAA—->B)->-A pARUIA BiAKiNEHHA
—A {Modus Tollens)
A->B
B> R (A - B)rtB > )= linoreTHyuHmMi craorizm
ASR AR

3 ycix nparun, Hapefenux v Tabauni 5.5, Ea#fimwm uacto
BHHKOPHCTOBYETHCA NPABUIO Biafinennsa. fpasuno eiddinenna mae
Takyit noriuanit ceqe: AKINE 3ACHOROK NMPABRHIBEME, TO IPABHIBHHE
i nacaigox a sporo. Haseaemo npuxiaaJn MiprysaHb 33 JOTIOMOTOIO
npaBuaa BiaZiNeHHA:

«AKwo cmydenm ne sueius meopilo, mo 814 He BUNONAE 3a8-
danna. Cmydenm ne sueuue meapin. Omuce, cmydenm He GUKOHAE
3a60aHHA.

«SIKII0 ¢TYAeHT OAepXAaB I’ ATH, PHAYHTh, BiH PO3B'S3AB 3afa-
4y. CTy1eRT ofiep:kaB I'4Th. OTie, CTYAGHT PO3E’SI3EE 3ajaTye.

HNpukaan. Jado ictuHaEe BECNOBIenHA «F xujo n dizumscs na 9,
mo n dirumvea re 8». Hexadt Tarkosx sigomo, 1o «n dirumves
K2 9+, kil BACHOBOK MOMHA 3poBUTH, BUXONSUN 3 LHX JBOX
BYICJHIOBJIeHET

Poss’'gsox, BregeMo aTOMADHL BHCHOBAEHHSA:

A — «n JinAThcd Ha 9»;
B — apn miyuTeca Ha 3».

Bracaosnenaa «AKmo n giaprbca Ha 9, To n giauTenea Ha 3s

MoxEs zobpazeTH v Buraani dopuyanm A — B. 3 opnouacuero
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BIKOHAHES 3acHOBHKIB A — B i A Mo:xXemo apo6HTH BHCHOBOK B
34 IpaBHJOM Bigginenua: «n ginmThes Ha 3».

IIpuxnan. Busaeure THI npasu/a JefYKTHEHOIO BHCHOBRY, AKe
6yJi0 BHKOpJCTAHe Y TaxoMy Mipkymawmui: «Temnepamypa noeimps
+1°C, i iufe dowy. Omaice memnepamypa nosimpa +1°Cs.

Posa’aszon. BeegeMo aTomu:

A — «TemmepaTypa moriTps +1°Cs;

B — «Hzxe pom».

Bucrosnesnda «Temneparypa nosirpa +1°C, i fige gongs Moxk-
Ha sofpasurTu v BNl dopmynan A A B, a agepxXaunii BUCHOBOK
s«TeMnepaTypa 0oBiTpa +1°C» € BHcnoBaeHHA A. OUeBMIHO, OI0
BHCHOBOK 3p00JieHO BiANOBiAHO KO IpaBMIA BEHAANCHEA KOH IOHKII
{(muB. Tabn. 5.5).

@ 3anuraHHA

1. B womy Toadarae BigMigHiCcTh JeAYKTABHAX BEHCHOBKIE Bi HeReAVH-
TABENX?

2. Na#tre nmManaveHHA Noriyuore Hacxigxy oaHoro (RiNLKox) Bu-
CNOBITEHE.

3. flxkuM uyuAOM GyAyETHCA AeAVKTUBHMI BHCHOBOK?

4. [aitre ¢THCIY XAPAKTEPHACTHKY OCHOBHHX IIPABHI AeAYKTHBEOTO
BHCHOBKY.

% 3aBnaHHA

1. fAxngo KoHrpec BigMOBAAETHLCA DpUitHATH HOBI 3akoHM, TO CTpalik
Re Gyne aakiAueHo, SKMO BiH He TpuRaE Hiakine poxy i rpe3nieHT
dipMu He fine ¥ riacTasky. U saKiEUATHCA cTPARK, AKITO KOHIDEC
BigMosaserses SIATH 1 eTpaik TinbKE nouapesa? IloGyayiiTe noriu-
RHil »qcHoBOX i omepair Bianosiae.

2. Joseairts Taxi TBeprenna: «3 Toroxuo xnGRol dopryan JorivHe
BAXOAHTE GyOb-aka dopMyias.

3. JloBeaiTh TBEpDJIKEHHA JOTIKH BHCAOBJeHh: ¢ TOTOXHO icTHHHAa
gopMyna JoriyHo BHXOAATE 8 OYAER-aKOl thopMyIH».

54. 0O6uucneHHs BUCNOBNEHb

Mosa, axcioMu | PAGUAL GUCHOBKY, ROSHOMA M
Hecynepericmes, npasuna eiddienin i nidcmanoeKi, meopema
Bedyryit ma i nacridox, dosedenns memodom 8i0 cynpomueRozo

Hdna noriumoro eHaniay HeolxigHo cTBOpHTH cyKyuHlerh
IpaBWJ BHAHAUeHHS icTWHHocTL aGo xunbHocTi BHCIOBAEHB.
JoBecTH Te, 10 feAka GOpMYTa JOTIKHT BHCAORICGHL € TARTOJNO-
ricio, MoskHa, BHKOPHCTOBYIOUHN TaSauiio ictuaHoCT], ekBiRaNeRTHI
IepeTBOPERHNA [l)OpMyJIH, a TaHOME 32 JOIIOMOrol ,Z[E,ZIyKTHBHOI‘D
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sucaopky. Ha Basi noriky BHCJIORAEHH CTROPEHO (GOPMAOALMY Cil-
cmemy — O6RUCAENHA SUCRO6AEHE, AKA JO3BONAC 34 AOIOMOIOI0
TIpaBRA JeAYKTHBHOTO BMCHOBRY MepPeRipUTH, UM € safana dopmyna
3aralbHOBHAYYIOIO, & TAKOMNK OJGPIKATH 2aTalbHOZHAYYINI GopMy-
AU JOTiXKH BUCJOBJASHE.

Hacnpasai, icuyiors pizni dopmanizauii sxoriku BucnoBieHs,
To6TO piani 06uucAeHnA Gucnosrensy abo sa iHNIOI TepMiHONOTiCK
piani gopmanvri cucmemu. Tepmin popmanvuud oagavae, 130
06’eKTH poITAATAlOTheS Gea imTepnperaunii ix amicry, 3HaueHHEA
afo cemcy. Omnepauili maXx o6’exTaMy IpPOBOLATLCH 38 CTPOrUMY
QOpMAILEENMHE HpaBHiIAMH, He DO3TASAREThCR 3HAUCHHS CeECYy
NpoBefeHuX omepamii.

ObgHC/leHHSA BAC/JAOBACHE MICTHTE MORY, ¢HcTeMy akcioM i npa-
Bii1a BHCHOBKY.

Moed o8uucnReiNA sUCROBNEHD CKABOAETECA 3 OPABHALHC 110-
6ygoBanux $opMyJa JorikM BHCAOBJEHD.

Axciomanmu obuncnenns GUCROARENDL € JEAKA MHOMMHA Ba-
TalLHOSHATYIIHX GOpPMYN JIOTIKH BHCIOBIEHE.

Hpasure sucroexy ROIBCARIOTE ofiep:KyBaTH HOBl dbopMymnm,
#Ki € icTHEHEHNMH 38 YMOBE icTMHHOCTL Becix sacHoBki®, mjo BxO-
ZATE A0 NpaBnia.

Teopema 1

Teopemu oORUCAEHHA GUCROSAEHD € MOMONHO ICMUHHLMU
QOpHYTAMLU.

O [Josedenna. Teopemn — me popmynu, aAxi € dorivnum nacaig-
KOM MHOMHHE akcioM ganoro ofqHcneHHA. AkciomMu ofupchaeH-
HS BUMCHAOBJIEHER € TOTOMHO icTHHHAMH dopMyAamH, a Joriyyi
HacHifKE TOTOMHO iCTATHUX GOPMYJI TAKGM € TOTOMHO icTHRHH-
MH (TBepiseHHsa 3, m. 5.3). TakuM uWHOM, TeopeMH O6GYUCAEH-
HA BHCIOBIeHE € TOTOXHO icTHHHUMH dopmynamu, IIo i Tpeba
6yJI0 ZOBECTH. [ ]

Creremn arcion obuMciieHES BHCIOBIEHh NiAGHPAIITECH TAKUM
YRHOM, 00 OGYMCAERHA MANC BJIACTHBICTL ACENOMU.

IMTosnoma ofuucrenns euciAcanent TONArae B TOMY, M0
B fauilt cueremi e joerarms rinmnricrn axeciom gas rtoro, imod
BHBecTH GyIOb-RY (ODMYNY JIOTIKM BHCIOBJEHD, K& € TOTOMRHO
ieTuHHOO.

Kpim Toro, ofuHcineHHA BHCAOBAeHL Mae BAacTUBicTH, Hecy-
nepedsocTi.
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Teopema 2. Hecynepeuricmb 0BUUCNSHHS 8UCIO8NEH

He icryc gopmyau A maroi, wo popmyru A i ~4 ¢ meopena-
MU Ybo20 OOYLCACHKSA.

0 Hoeedenna CropUcTAcMOcH METOAOM Bif eynpormeHoro. Hexait
TPaBHILHG, MO A 1 —A OJHCYACHO € TeopeMM ILOrD ofuucienHA.
3a saroHoM cynepedHocTi xoua 6 oAHa 3 HUX He ¢ 3ArajJLHOIHa4Yy-
molo. 3 innloro Goky, 3a Teopemoro 1 Bel thopmysw oSuwcaerHsa
BHCJOBJIREL € 3arajbHoaHauyIiuMu. Ofemkana cynepeduHicTs ZOBO-
IUTH TEOpeMY. u

Axme xoIEY 3 axcioM cHcTemu 0GYHCNCHHSA BUCHOBIEHL He
MOXKH& RMBECTH % PEINTH, 3ACTOCOBYIOYM IIPABRNJA BMCHOBKY JaHOL
CHCTEMH, TO TOBOPHATH, IO CHCTEMA AKCioM Rezarexmna. Axciomu
obYHCIeNHA BHCROBACHL IiADHAPAIOTHRCA TAKHM UYHHOM, 06 BORY
OyaH He3aJleXxHi.

Kpim npasmna Bigginensas (Modus Ponens, m. 5.8), vy ofuKc-
neHH] BUCAOBAEHL YACTO RUKODHCTOBYETHCH TAK 3BAHE UDPABWJIO
HiACTAHCBKH.

Mpasuno nincTAHOBKH

Hexaii F1 i F; — ¢opMynn Jorikd BHCJIOBJIeHb, A — aToMap-
pa Gopmyna. Axmo F.(A) — dopMyna, BHBejeHa B oduncnenHi
BHCJOEACHD, II¢ MicTHTL aToM A, To F, (B) — BuBefeHa GopMy-
Ja, odepxaEs 3aMiHOl0 Beix Bxogkedur A y dopmyat F, ma dap-
Myny £,

[Ipasuio ODiACTEHOBKN BAMHECYETLCA TAK:

RA|F)
F{B)

IIpaBuiao MiACTAHEOBKH BHpaxae Tol $akT, WMo KINO ¥ TOTOM-
HO loTHHHIA QopmMyii Bel Bxopxedra byas-siKoro aroMa 3aMiERTH

Ha JesKy GQOpMYAY, TO OJep KaHHil BUPA3 3aJEIIATLCH TOTOMHO
iCTHHHHM.

TIpuknan. BuxopucToRyVIOUH TpasKiAo MigCTAHOBKE i KoMmy-
TATHBHYil SaKcoH ANA OH3'I0HKILI, Z0BECTH zaralbHOIHAUYIicTh
TaK0l hopMyIH:

AvBAC~BACVA.

Pose'riox. 3anunieMo TOTOXHICTE, DO BiAoBifge KOMYyPATHB-

HOMY 34KCHY AJH JU3 IOHKLII:
AvD~D~vA.
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BuanauiMo MiACTAHOBKY — aTOMAPHY (gopmyny D saminmmo

Ha (B A C):
AviBAO~(BAC)vA

OnyeTHBIIE TyXKH 3TigHe 3 npiopnTeToM omepaniit, mepexo-
HyeMocd B IcTHHHOCTI BHXInxHoi dopmynu.

Yaero npaEmao MiECT2HOBKH HE 3rafyvioTh, a BEKOPHCTOBY-
©Th Horo AK oveBMAHUE GarT, NPaBENLHHE AJA TOTOXHOCTEMH.
V nmpoMy BHmaAKY akcioMy of6qucieHHS BHCIOBNeRbL HAZHBAIOTH
cxemMaMmuy axciom, MiAKPeCIIIOYA Te, 00 KOXKHANA aToMapHEil CHM-
BON ¥ HUX moce Oy1u samimeRull Ha fJeary QopMmyay.

Ottumemo Ani dopManbni cuereMy o6YnCAeHHS BHCIOBNCHD.

Cucrema 5,

1. Moea ckraageTncd 3 NREBMIALHO NoGYAORAHEX GOPMYI JOTi-
KH BHCJGBJIEHb, M0 MicTATh onepauii {—, —}. Axdasir MoBn cIis-
pafae 3 andapiToM AOrikE BUCAOBNEHL i MicTwTh, XpiM cmmsBoain
nepeniveHNx MorivEEX omepanif, cMMBOAM [IYy:HOK icmMBOAN AIA
NOBHAYEHHAN BHCIIOBJIEHD.

II. Arciomn:
1. A - (B = A);
2. A->{B-CYP->({A—»>B)> 4> 0)
3. (=B - -A) - ((-B —» A) —» B).

111, IlpaBpusia BHCHOBRY:
1. IIpasnxao sigxinezns (Modus Ponens);
2. lparuno nizeTanoBEN.

Cucrema S

I. MoBa criagaeThcH 3 NpaBAILHO BolOyiaoBanux dopMysn Jao-
rik¥ BHMCAOBJEHb, Lo MicTaTh omepanii {A, v, -, —}. Andanir
MOBM cuiBnapae a wnpaRiToM JOTiKM BHCAOBAEHB i MicTHTB, KpiM

CHMBOJIR OepeliueHEUX JIOTIUHUX onepallilt, cuMmBoan ayxox i cuM-
BOAM NNA TIozHAYeHHS BUCIOBJIEHS.

II. Axciomu:

1. A (B - A);

2, A=>2B->2>((A>(B->0C) (A > 0);
3. (A A B) —» A;

4, (A »n B) —» B;

8. A (B > (A A B

6. A > (A v B)

7. B - (A v By
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3. A5 0)=>(B->C)—> ((Av B)y—> O));
9. (A - B) - ((A ->-B) - —4)
10. —A4 — A,
ITT. TTpapuaa BHCHOBKY:
. Ipasmno eigninenns (Modus Ponens);
2. IIpaBuno nigcTaHOBKM.

—_

[Ipuxaag. lloBectu BupignicTs dopMynau A — A B cucremi S;.
[Iponenypy AoBefeHHA IPOBeleMO NOKPOKOBO:

l1.A=>({(A-> A= A2 (A2 (A A)—~> (A > A)— dmia-
CT#HOBKA B akciomy 2 (A — A) samictn B, A samicts C.

2. A > ({4 > A) 5 A)— mipgeranoska B arciomy 1 (4 — A)
samicTe B.

3. A-> (A > A4) 5> (A > A)— 3a npasumom 1, xpoxu 1, 2.

4. A > (A - A) — migcranoBka B akcioMy 1 A aamicTs B.

5. A > A— 3a npasuiom 1, kpoku 3, 4.

HoBegeHAS OpPOBeHeHO.

YacTo y MATEMATHYEHX MipKYRAAHSX icTHEHICTL TRepAKernusn B
KOBOAATL 38 NPHUNYINEHHAM icTHHHOCTL TBepisxeHHa 4, micas 4oro
OpHXOARTL AC BHECHOBKY, IO UPABUALHE TBepIMtCHHS <ARI0 A,
To B». Taknii mpuiiom floBeZeNHA € TPABUIALHAM i chopMyaLOBAHUIIT
v Texifi Teopemi, CriouaTKy BEEfEMO CHMBOJ |— TaBTOJOTII,

Teopema 3. Teopema Jedyxuif

Arwo Ay, w, As Cl— B, mo Ay, w., Ay|— C > B. 3onpena,
axwo A— B, To |— A — B.

Teopema 4. MHacnidox 3 meopemu Bedyruyir
Is sacnoexis A - B, B — C susodumo A — C:
A>B BHC|l—AC.

Hpexaan, Hosectn, mo ¢gopmyna (-4 - —B)— ((—4A — B) 2 A)
BHBeAcHA B cHcTeEMi Ss.

1. (A = B) » (-4 - ~B) - —~A) — nigcranoBka B aKcio-
My 9 —A aamicTe A.
(-4 > B), (A -» —B) |— 4 — Teopema 3, xpor 1.
. —d|— A — axcioma 10.
. (4 - B), (A - —B) |— A — Teopema 4, xpox 2, 3.
. (-A > —B) |— (-4 > B) > A— rTeopema 3, kpox 4.
|— (-4 —+ —B) - ((~4 — B) > A) — Teopema 3, xpok 5.
JoreleHHEA OpOBeHEHD.

O W
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Bei reopeMu obuuedenns BHCIOBAeHEL 5B’ssaHi 3 poss’asxom
TaKoi 3amaui: «uH BUMAUBAE e THODAMEHHA 3 JedAR0l CyRYD-
BocTi iHIDHX TBepgmeHL?» TobTo, AOBOAMTECA TOTOKHA ICTHH-
nictn popMynu Ay A — B, mp moxba spificenTH KirerxoMma
MeTogaMHu. SamicTe NpAMOre AoriuHOTC BUCHOBKY dopMmyaun B
3 GOPMYNH A YACTO BHABIAAETHCH BPYYHEHM JOBECTH CynepeunicTh
popmMyau A — --B, TeM camwm goBipimu icTuHHicTE dopmyan
A—> B. B dopuyni A ——B upHcyTHe sanepedyeEHs] Hacaigxy —B,
TOMY TAKH{ MeTOp JOBEJEHHN HASWBACTLCH dosedennam gid cy-
npoMmUeHO20.

fiei cxeMu AOBEREHHA METOAOM BiA CYNPOTHBHOTO

L.{dA=BYy> (CAr=C)=A— B— axino 3 npulyigedns,
10 A — NpaBUABHO, & B — HeUpaBHIBHO, BUXOAATHL ABa CyMeped-
HEX OAMH OAHOMY BHCHOBAeHER, TO He 03HAYaE, II0 3 A BUXOAHTH
B (ouB. TBepikesHs 1, m. 5.8).

2, ~B =+ -A =4 - B— AKNO 3 OpUOYIFEHERA, e B — He-
NpaBHILHO, BHXOJHTh, 10 A HeIpaBHJILHO, TO He OJHAaYae, Ilo 3 4
pEXOAATE B. TakAM yHEOM, AopiBmA icTemmEicTs XiBoi gYacTHHH
ONHiel 3 HaBeJeHHX C¢XeM, AOBOAATh ICTHHHICTL BHCJOBJIEHHA
A — B.

@ 3anmTaHHA

1. Hlp aeaae o0YuCIEARE BACJOBJIGHbLT

2. IloAcEITE NOHATTH MOBY, AKCiOM i IpABAT BACHORKY OOYHCIIEHHAS
BHCJIOBJIEHE.

3. o ¢ TecpemaMH OCUHCICHEA BHCJOBISHE?

4. B oMy noaarac DoBEOTa i HecynepedHicT: 0GUHUCIEHES BUCTOB-
JeHL?

b. MHafiTe BHaNadYeEHA HesaleHiEX cHcTeMi axciom.

6. HaaBiTe npaBnia BUCHOBKY, fiki HAfIGLIELT YacTO 38CTOCOBYIOTHCH
mig vac moGyROBRN oGUMeIeHns BHCAOBAeHb?

7. Chopuymofite Teopemy Aefyruil Ta i HAacKIOK.-
B. B yomy monArae MeToX AOBeIEHHS Eil CYIPOTHBROTO?

0. JNaitre mDopiRHANKHY XapaKTepHCTHRY AROM CXeMaM JoBefleHHS Bijt
CYTIPOTHRHOTO.

E 3aBgaHuA

1. Hexail A — +gpcpHEil 3aMoK znaManntts, B — eBxinei apepi Bia-
KpuTis, BumumiTe sianopigunil Jorianuil BUCHOBOK 8a NpaBUAOM
Modus Ponens.
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2. Ilepcpipre npapniabHicTL TEKHX BHECHOBKIE:

A—>B A B A= B.C—>-B,

) —— ;. B)
B A->C
SJA—z-B.—-B—)--.C_ l.].al.—n-‘E!,—.A—)»t:’.‘
C—A ’ BoC

5.5. [Jlorika npeauxaris

IHoprdox npeduxama, oGAdCHbd SUSHUYeHHA npedurKama,
mepm, npedMemii suinni mo KoHemanmu

Haragaemo, me dopmanisania npupogmel Mopy vy Jorinmi
BHCJIORIICHEL 3JiHCHIOETECH po3fHBAREAM ¢MOBHHX IIOBiJOMIIeHL» HA
HenoliapHi onoBinansEl peveHna (aToM®) Ta ix sMicTone 06’ cqHARHEA
s JCDOMOPO 3B’ 430K, IPMIOMY BHYTPIIIHA CTDYKTYpa aTOMIiP He
EpaxoByeThea, QOaHak Vv npupoAHil Moei icHye meaumka KinekicTe
YMOBHBOAIB, AKI He MOKYTh OyTH (QopMaJi30B&H] OILHCAHHMM CID-
cofoMm. PosriaHeMe KJacAYHHI YMOBHMBiA:

ellomna rwduna exepmua.,

Ocxiavru Coxpam 2NIUHG, MO SIH cMepmHUly,

JaTyirHBRO 3asHaYeHH JOTiYEAH BHCHOBOK HPEeLCTABISCTHCA
KOpPEeKTHEM, BrelleMO Taki ATOMH:

A — «KOKHa JIONHEHA CMEpPTHAa»}

B — «Cogpar — MoiHHES;

C — «CoKpaT cMepTHHi»,

Tonxi suxipaanii ymosuria 6yge BinnmoepigaTu opMmyai Jorixm
Bucaoaness A A B - C.

3Befemo gany dopMyny o HopManbHol dopMe:

AAB>C=—AAB)yvC=-AvBvC

Ha igrepmnperanii (1,1,0) ozep:xxana ¢opmyna KOpiBHIOE HY-
A0, OTHe, LA DOPMYJIA He € SATAABHOSHAUYI0I, TOOTO ¥ pamMKax
norikm BuciaopJeHsr C He ¢ JoriuEmm HacxigxoM A i B. Taka
ofMemeRicTE MOMRINBOCTEeH Hallol dopMagisanii sp’fAsaHa 3 THM,
110 B aToMi A He BpaXOBYEThed BHYTplmps smicroBa ocobmueicTs
Y3AraJhHeHHA «KowHuis, Lle BUKJINKae HeobXiaRmicT: yaockoHa-
JIATH JNOriky BUCHNOBAeHb 3 THM, HI00 BoHA NOBHIiNIe [TOACHIGRA-
aa 3giGHeCeTL AMogmBM poGuTH Joriumi BHcHOBKHE. Jlnd nnoro go
agzixu npeduxamie¢ BEeLEHO A0ZATKOBI, HOBL NOpIBHAHC 3 JOri-
K0K BACJOBJeHE JAOTiUEl BOHATTH, &caMe: mepM, npedukam
i1 keaumop.
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BnaHayeHHA

BustaueHo fefku#l npedurxam, Ko

a) 3afiaHa JAefAKa (JORiNLHA) MHo:KMHa M, nijo HasHBaeTbCA
of7CTI0 BMaHAYeHHA npegHxaTta (OpegMerHa olaacTs);

6) pixconana MHoxmuwa {1, 0}, 1Mo HasuBaeThea obnacTio
3HAYEHh;

B) BRA34HE IPABHJIO, 34 AOMOMOTOK SKOTC KOKHOMY eJleMeHTY,
1o B3ATHIl 3 NpenMeTHol 061acTi, CTARMTEEA ¥ BigmoBixHicTE
Oa¥MH 3 ABOX CJeMeHTIB 3 obmacti sHAUEHL.

ITonaTTa npeAHKaTA € TaCTKOBMM BAIAJKOM MOHATTA PyHKIIT,
Jaa axol uiTtko dikcopana ofnacTh 3EAYEHD.

Haapa mpeAuKaT NCXOGMTH Bij anriiifcekorco ciosa predi-
cale, mo osmavac BucaoBaenHs abo npucyaok. Ilpeamxarom
YacTile BCHOrO NO3HAYaWTE BadcTEBictTh abo Ail, BApameHy
¥ BHCIOBJIEHH] npucyfkoMm, a of’ekThn 1 cyb’exTn miel gii, a Ta-
KooK imimi 4yneHM pevyeHHH € ApPryMEHTaMM JAHOre NpejdKara.
Jais nosnavends ODpeguraTa dacTo o6upaoThk caoBo, 1o Bifbmpae
#loro smicTtoBe 3HAaYeHHA, 860 3arosoBHy OYKBY JATHHCEKOI'C abo
inmoro ampaeiTy.

BusHavueHHn

IlpeanxaT P, mp wmae n apryMeHTiB, HASUBAETHCA N-MiCHUM
npedukamom, NOIHAYACTECA Plxy, Xz, ., X,).

BvianayeHHA

Kinpricre aprymenTtiB npeauxata P(x;, Xz, .., X.) HasHpa-
erhed Horo nopadxom.

Tak, HaNpUKRALJY, BHCAOBICHHA «x — JiificHe YHCAO» MOXKHA
2006pasuTH ofHOMicHMM DpeAMKATOM, <y MeHIIe 2» — JBOMic-
HHM OpeZHNKATOM, a «x¥ i y 6aThKH 2% — TPEOXMICHHM HOpe-
angaToM. fARINO x, y 1 z samMimed] KOHKPeTHHMH 3HAYEHHA-
MR (06’cKTAMHM), TO NpeAHKAT NePeXOAHTH Y BHUCIOBIEHH,
fiKe poaradajaeThcd AK HyAbamicrull npeduxam. Hanpaxaaa: «Tepm
i ®xBAHTOpD — DOHATTA AOTIKM HIpeAHKAaTiBs. TAKHM WHHOM, SKINO
kinnkicTs apryMenris npepyukata P (x1, Xz we, X,) 7 SMIEHMX
AODiEHIOE HYMO, TO NPefKKAT € BUCNOBJCHHAM; AKIMO 1 = ],
TO TIpeINKaT Biimopifjae BAacTHBOCT; AKINO n = 2, TO OpegMKAaT
¢ bimapuuM nignomrenmgm; axine n = 3, To NpeauKaT — TEpEAap-
He BiAHOINEHRS.
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TIpuxaan. 306pasuTn y BUTAAAL NPEeAWKATIB BACNOBIEHH!
«x ginuThes HA 13+, ¢x AlNUTHCA HA Y», «X — OPOCTE UHCHAOS.

Pose’rsor. ObepeMo AK HasBy npegukxaris aii abo Bxa-
ctHRocTi mux pevens: JNINTMTBHCS, IIPOCTE. Togpi saganl Bun-
CJIOBNIeHHA MOXKHA JANFACATH ¥ BHTIASL MPeIWKATIB TAKHEM Y-
moM: NIMUTHCA(x, 18), JINIHUTLCSH(x, y), ITPOCTE(x). Tyr
nmepmuit i rperiit mpepguxatTu e oamomicHEME i kxoxuui#ft BuU-
PasKAE JeAKY BIACTEBicTL uneaa x; IpYrMH mpeguxar — ABoMic-
HEW i BEPakac GiHAPHe BIZHOWeHHA NoxlrsrocTi Ha MHosuHI
YHCed.

¥ noriui npeankaTiB icHye NOHATTA @YKKUIONAIBHOZO CUMEO-
ny. Hanmpuxaad: minye (¥, ¥) — OVHKOIOHATBHKDE CHMEBOM <X — f»;
GaTbkO(x) — dYEKOioHAABHNY cuMBoA +0aTBKO ANAKHEH X3. Axuio
QYHELIOHANEHEHA CHMBOJI M&€ n SDPIYMEHTIB, Te BiH HA3HBACTLCH
n-MicRUM PYUNKIORAALRUM cCUMEOR 0N, RAaUpAKIAL: MiEVE(X, ¥) —
ABoxMicani dyHrnionannEwnit cumeon. IepuRigyansERil cHMBOXN
a0 ROHCTAHTA MOMKe posmiapmaThca Ak GyHROioHAnLHAN CHMBOA
Oes apryMenris.

Oroxe, ana mobyfoBKM aToMiB JOTikH DpefHKATIB A0ZBOIAETECA
BHEKOPHCTOBYBATH TAKI THIM CHMBOJIB:

1. Indusidyaneni cumeoru n6o xovcmanmu, axi apugaitHo € iMe-
raMme of’ckrin, Hanpuxnaga: Corpart, 13.

2. Cumeonu npedmemnux aminnux, sa Akl spnualino GepyThca
6YKBH JNaTHHCLKOTC AndaBiTy, MOMAHBO, 3 iHAEKCAMH, HAIPH-
KABL: X, ¥, 2.

3. Pynuxyionerrni cumaoru — peakoBi GyKBA JATYHCLKOTG AJ-
¢apity abo occMmuciaeni cinoBa 3 pAgKoBHX OYKB, HAIPHKAAL:
minye, GaTero.

4. Hpeduxamu — Benuki GYKBU af0 ocMECIEHI cl0Ba 3 BETHKMX
6yks, Hanpuxaal: P, @, IINIMTHCH, BIILIIE, ITPOCTE.

Bu3zHadyeHHn

ApryMeHTH DpelAKATAa HASHBAIOTHECA mepmamu. Tepm Bu-.
BHAYAETHCA PEKYPCHBHO TAKKM YHHOM:

1. KoHCTaHTa € TepM.

2. 3miHHA € TepM.

3. Axmo f e n-mMicAuUM PYHRIIIOHAJEHEM CHMBOJIOM, & |, {2y,
t, — rTepmu, 10 f(t1, ta; ., £2) € TEpPM,

4. Hiaxknx Tepmin, KpiM NopojsKeHMX 3a AONOMOTON BKaza-
HUX BHINe UPAREWJ, He icHye.
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Bu3naueHHA

Tepmu npuiimaioTs s3HaveHHA i3 3a3anerias BUaHaUeHOl MHO-
KHHa, AKA HAIMBAETRCA npedmemuoro obnacmic M.

BuaHaueHMA

TepMHU-KOHCTAHTH i TePME-3MiHHI HaBHBAKTHCH Rped NemHu-
MU KORCIaHmaMy 1 npedMemuumy IMminnumu.

Opnknajp. 3o6pasutn y BATIHAAL NpeAHKaTiB TaKi petleﬁnﬁ:
1) «CTyaeHTH CKJABJAIOTE ceciios.

2) «Ymeso x + 1 Gineme gAcka Xxe.

3) «Bpar Mapuuns.

Poza’'azox. 1) Peuernns «CTyAeHTH cRIAZaI0THE cecilos Mo-
e npufimaty anauenns slermma» alo «XwudmicTns, TOMY #Horo
MoJKHa 300pa3HTH ¥ BUMIAAI NpeAnkaTa. ¥ BHYTpimEIN crpyrTypi
HLOTO PEUSHHA MOMHa BHUIIAHTH TpPACYXOKR +CKAANAIOTRs, MifMeT
«CTYReHTH» 1 KODOBHeHHA «ceciioy. OcTaHHi MOMKHA DPOITASIATH
AKX NpPeSMeTHI KOHCTAHTH. TaKHM YMHOM, OAEp:KYEMO HYJIbBMicHMI
upepnrar CRITAJTATH(ctyaesTn, cecir).

2) IIpucyarom ¥y De0oMY peverni e eopo «0LIbmes., 3obpasaMo
migMer «x + 1s i gomoBHeHHs «x» ¥ BHrAAfgi Tepmin. Ipuvomy
TepM «X + 1» Mae BHYTPimMHIO CTPYKTYDY, OCKiABKE #HOro MoOMHA
300pasWTH 38 JONOMODrol (PYHKIIOHANBHOrO CHMBOAY nuawc(x, 1).
Togi puxigne peueHHA npuiime BHPIAL ABOMICHOTO TIpejHKATA:
BliibIIIE(nxoc(x, 1}, x). Tyr x — npeamMeTHa sMinne, 8 1 — xoH-
CTAHTA.

3) Peuennsa «6par Mapuuw» me MoxkHa sobpasuTH y BErasgi
mpennKaTa, ocKklabxE floro sHaueHHAM € He «lcTuHA» afo «Xub-
RicThe, & JedKuil enemeHT Ipeamernoi ofaacri, aka Bigmoripgae
MHOEWAL aoaed.

lpusaan. IlepexnacTH Ha NPUPOAHY MOBY Taki BHCJIORJECHHS
JOTIKH TpeIHKATIB:

1) JOPIBHIOBATH(x, 5).

2) BHATH({nona (Baca), mamemamura).

Poze'azok. 1) Ilpegurar NOPIBHIOBATH(x, 5) signosimae

TBePIKEHHID «X RopiBmice 5» npHpoguol moen. Tyt 5 — koncran-
Ta, ¥ — [pegMeTHA 3MiHHA.



MamemamuyHe noegika 211

2} ¥ Bucnosiaenni SHATH(nama(Baca), MaTeMaTika) dyar-

miomanpEnit cUMBON <¢mana({x)s ODpmiiMae 3HAUYEHHHA 3 MHOMHHA
miofeil, o Bigmoeizae BigHOmMeHHIO <«ByTH 6aTpkoM X». TomMy
pupas nana(Baca) c¢rip iHTepnperyBaTm aAr «Bacin nanas. Ta-
KuUM umHOM, npemnkatr SHATH(mana(Bacs), MaTeMaTMKa) Bix-
OBiZae peueHHI0 ¢Iana ¥ DBaci sHae MaTeMAaTHRYs NpHPOgHOI
mopu. Tyr «Bacas i eMaTeMaTHkas ¢ KOHNCTARTAMH, A X — ITIPEA-
MeTHa 3MiHHA. '

?

3anuTaHHA

© 0 ;oA

IaiiTe BR3EAYCHER TOHATTIO OPEAHKAT.

{Ijo masuBacTLCA NOPAZKOM IPEAAKATA?

HaBeaiTe NpHEASZH n-MicHAX IpexnKaTiB.

HaassiTh crocofd BUsHaYeHHS IPDeRHKATiE.

HapeaiTe npukaagy QYHKIMIOHATRHEY CAMBOJIB.
Axpit dpyaxnionantunit cUMBON EASHBAIOTL N-MiCHEM?
Halite BAzpaieNEs TepMa.

Ido poaymilors mig mpeamerHol o6nacTio?

HeliTe PHIHAYCHEA DOHATH NpeAMeTH& 3MiHHa i mDpeaMerTHa KGH-
cranTa. HagegiTs ONpHKAAAA.

3aBpaHRA

1.

3 HapeseHMX HUKYE PevYeHb BANMIOITL CKPEMO BHCJIOBAEEHSA, OK-
peMo — OpefHKATH:

a) x > 0; B) Ip0 HLOT'G IIOCH TOBOPATEH;

€2+ 3=06; rix Srar y;

J) nporenexni Goke 4 i B mapaiedorpama pibsi;

€} KosHe SBUINE X Ma€ CROIC MIPUMHBY Y.

B uamefeHu¥ ofHOMICHHX Npefuratex spoliTh MoxcuiEsl mixcra-
HOBKH 3MiEEOI X Tak, mof ofepakatu icTurHi BucioBreEnd. fAki
23 HHX IPANYCKAIOTL OJHY, 8 AKi — 6araTo OmiIcTAHOBOK?

a) ¥ — Hailsma ropHa RepOIHHA ¥ CBiTi;
6) x — HpepCTABHUE JAidJEKTHYIHOL JOTiKE;
B)x + 7=158; I') x — JoriyHa 3B’ A3Ka;
A} X — ERJATHHH aHETAYEHIE Jorik.

. Buminni dyEknii «x > y» npEiManT: 3HaYEHHEA HA MHEOMHHI

{1, 2, 8}; B|, B; — npeankaTH, o sagaloTscd mNiero pyEKnicio
sBinmosizuo opy anpapiTHOMY i 3BOpOTHOMY lioMy mopAaxax. Bera-
HOBITB:

a) ofinacTs SMIHaYeHHA DpeJRKartis B, i1 B

6) sHawemHn lcTuHHocTl By(2, 3) 1 Bs2, 3).
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4. CrinkkH pisHRX OpefuKaTiB BH3HAUAC BACHOBIEHHS 4X + Y = Zs,
axmo M., M, i M, — MHOWUER 3HAUEHh ZMiHHMX X, ¥, 2!
aYM,~M,=M.=1{1, 2;;

6) M, = {l}v My = {la 2}, M.= {2, 37

5. BranauTe, YH eKBiBaNeHTHE Taki npeauxaTH:

a)x*=1ix=1; G)x?=xjix=1.

5.6. KsanTtOopM

Heanmop aazaravHocmi, k8eHmop icHYBAHNA, 38°A30HA
ma BiALNG SMIHRG, SMEHULCRRA NOPATKY n-Michux npeduxamie

IIpp Bu3EAaueHH] icTHHHICHOTO 3HAUEHHSA IpeAWKAaTa Heabu-
AKWR iHTepeCc CTAHOBMTEH ODHTEHHA: YM € BiH icTHHHIM npH GyIb-
AKOMY 3HaveHHiI mpeaMeTRol sMiHHOI ao v icHye Xoda 6 omuHe
3HaUeHHA aMiEROI, OpHA aKoMy Lell npemukar icruranii. Hanpuxaax,
TEepAXeHHA +Bei npocmi wucaa manoms dea diavnukar MeXHEa dop-
MamiaysaTh 3a gonoMoroio npexuxata MATH_ITBA TINIBHHEKA(x),
AxkAl e ieTHHEEM 214 BeiX x ¥ mpenMeTHIR obnacTi OpocTAX unces.
Teepz:reHHA «IcHylomb HamMypaasvki wucra, Aki He diarmoecs Ha
. 2» ozpavae, mo Dpemuxar JIJINTHCA_HA 2(x) icTuHERE He RaA
BCiX X ¥ npeamernifi ofnactt HATYpPAARANX uMCel.

BuiHaveuHA

Hexait P(x) — npepuxar, Buanadenuit na M. Bucnornenns
«aa8 Beix x € M, P(x) icTuaEe» noseEavaerses Vx P(x).
3HaK V HAIMBAETLCH KGGHMOPOM 3GTARLHOCTI.

KpauTopK KepyOThH 0OMAACTIO SHAUEHHA sMiHHOI, HacTyneol 3a
CHMBONOM KBaHTope. AKIIO 3acTOCOBYETHhCH KBAHTOP SaralbHOCTI,
TO MM TOBODHMO, IIC BHCJIOBJERHA icTEHHe ZAd BeiX x 3 gedaxol
MHOZMHHE,

BuaHavueHHR

BucaoBnerrnna ¢icHye Taxe x € M, mo P(x) ieTunHes Do-
8EauaeTheR Jx P(x), Be 3HAK 3 HABKBAETLCA KEdHMOPOM
icnyeanns.

KpaHTop icHYBAHHS 3acTocoByeThes, Koam Tpefia mrazary,
¢ icHye Xoua 6 oZHe 3HageHES aMimmoi, AN AKOro icTHHHe ne
BHCJIOBJIEHAH.

B norini npeguxatie (abo mepmroro nopagxy) icuye rake o6-
Me)KeHHA: He MONSHG 3ACTOCOBYBATHM KBARHTOPM AC UPeAWMKATIB.
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Hanpnenan, He mMoxxua samucard VP Px). Opgarx Taki omepaiil
saiiicrendi y morikax GilbI BHCOKHX HNOPAXIKIB.

BuaHaAY8HHA

ITepexin sin P(x) Ao Vx P(x) abo Jx P{x) HasuBaeThCH
ag'azyeannanm avinbol x, a caMa aMiEHA X ¥ ILOMY BHIaZA-
KY — 36’23ar010.

BuzHaueHHA

3MinHa, ve sB’aAsanHa HiAKMM KEBAHTODOM, HABHMBASTHCHA
SinBHOW0.

Bia roro, yn e aMiHHa 3B’as3anow abo BiABHOIO, 3aleKHTh
#HRUeHHA UpefUKaTa. Binoua smiuna — me npefMerTHa 3SMiHHAS,
AKa MOXe NpRiMaTH pisHi sHauenns 3 mHakBEHEH M, i sHadeHHS
npegukata P (x) salesxkuTr Bif aHaueHHA sMinHOl x. HaBmaku,
BApas ¥Vx P(x) He sanexAThH Bif sminnol x i npm sajammx P i M
Mée BHSHEYEHe SHAUCHHSA; TYT x — 3B S0aHR 3MiHAa,

3p’azani ammm 3ycrpmamncn ge Tiaexm y nmorimi. Hanpu-

KJA4JI, ¥ BHpazax Zf(x) abo If(x)dx sMimEa x sB'AsaHa i gani

r=1

BHpasH IpH QikcoBAEHX a, b 1 { MaTh BH3HAYEHI 3HAYeHHH, He
sanestui Bifg 6YAL-AKOTO SHAUCHHS X.

Hpuxaan. 3anucaTs y BETASA] IpeJAKATIE 3 KBAHTOPAMH TAKI
BUCJOBJIeHHA: +«Bci ecmydenmu craadarome icnumus, «eaxi ecmy-
denmu ckradawoms icnumu Ha eldMinHO».

Poaza’szorx. Beepemo nmpepukarun: P — ¢cRIazaTu iecnuras
iQ — ecraapmaTu icumTE Ha Biaminnos. IIpeaMerHa ofascrs Aa-
HHUX NpEeAAKATIE ABNNE MHOMUHY cTyAeHTiB. ToAi Brxigunl supasn
HaGYAYThL BUTIAXY:

Y(x) P(x) i 3I(x) Q(x).

lperaaz. Posrnapnaloud Ax OpegMeTHY o6NacTh MHOMKHHY
AilicH¥X yHceNn, 3aNMcATH Yy BUCNSJl BHpasy JOriKH OpegUKaTiB
MATEMATHYHI TRepA:KEHHSN:
«das ecix x npasuavro, o (x — 1)° = x* — 2x + 1»;
slcrye wucro, ksadpam fxozo dopignioe 4».

Poaa’nsox. Beesemo npegurar JJOPIBHIOC(x, ), akuit ictan-

Huii v TOMY BMOAJKY, AKIN0 3HAYeHHA 3MiHHOI x fopimHIOE 3HAYEH-
no y. Toni, BUKOpHCTOBYIOUH KBAHTOPH, MOMKHA BAMUCATH:
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vz JOPIBHIOSKx — 1), (x? - 2x + 1))
3x JOPIBHEOE(4?, 4).

3acTocypalusa KBaHTODIE Ao 6araTOMICHHMX IIpEeAMKATIE 3MeH-
mye KiTbkieTh BiIBEHX SMIHHHX, Bif AKHX sanedcdaTe nell Ipe-
auxat. Hexalt A(x, y) — nearuil gsoMicHui# npefdKsaT, BH3HAUe-
umii Ha pomiapHift mMuomxwmmi M. Keaurop saraiabHecTi i kBaHTop
icHyBaHHA MoXkHA 3acTocyBaTH HO Hel A jgua amiEHOl X, Tak
i ana amimnol y:
Ve Alx,y); Yy Alx,py); 3x Alx, y); Ty Az, y)

Bei woTupu mameAeHi BApPA3IH € 3andcaMM OfHOMICHHX OpejH-
kaTiz Bifg BigmoBiamoi mimeHol amimmOl, Tar, VxA{r, y) — 0AHO-
micauft opesunar pif smiunof y: Vx A(x, y) = F(y). Ilpegurar F
feTHHHKE TOYHO AMd TAKMX enemenTit b € M, And ARAX NpeAHKAT
A{x, b) icrurnuit Ha Beix gpaveHHAX aprymeHTy x. Ko sobpa-
3UTH MHOMEUHY 3uateHb icTMHHOCTL npepuxara A(x, y) y surasai
MaTpHNi, To mpeamxar F(y) = Vx A(x, y) icTHHEMA ana Taknx
y="b, Ana sAKUX CTOBUUHK ApPIyMeHTY y =& MicTHT: BAKJIOYHO
Oyxpy I. [as insocTpanii AHskue HABeleHC MATDUNI DpelUKATA
(rabaunga 5.6), o Bpanaverull Ha MEOXMHIM 3 O'ATH ejdeMeH-
TiB @), @2, 23, &4, 35, 1| MATPULI oHOMiCHAX NpeaWHaTis (Tabamni
8.7-5.10), mo oxepixani 3 BUXigHOrC 38 AOHOMOIOK 34CTOCYBAHHS
KBAHTOPIB.

HonioauM wunoM Yy A(x, y) = C(x) — ognomicEnifi mpeamurar
Bif x, o icTHHHANR AMA TAKMX ¢ € M, [a8 AKHX PAJOK apryYMeHTY
x =a Mictuts Tineky 6yksy I. IIpepurar Jx A(x, y) = H(y) ictan-
Bul AAdA texux a = M, ana swux BigmoRiguuit cTOBMUME y=~>4
MicTuTE, MoHaliMeHITle, ofHH paz O6yxny f. Hapemri, mpeaurar
Jy A(x, y) icTHRHREI Ang TakHMX ¥=g € M, paa ARHX Yy BiADOBig-
HEOMY PAAKY X =a sycrpiuacTeca Oyxea I,

Tabauun 5.6. Mpeduxam A(x, y) Tabnruya 5.7.
ITpedurxam Yx A(x, y)
Y
@ gz | a3 } 8« | as [ Yx Alx, ¥)
X

& 7 I X I X & X
az X I X I X az I
2y I I X I I aa X
a | X |1 X | I I a4 I
a; I I X I 1 as X
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Tabauus 5.8. Tabauus 5.9, Tasauyn 5.10.
Hpeduxam Ax Afx,y)} Ipeduxam Yy Afx, y}  Ipedukam 3y A(x., y)
y [3xA(x,p) x| vyAlx, ) * | JyAlx.y)
oL I a X m I
ag i as X ar I
a3 X a3 X a3 I
aa I a X as I
as I & X s I

TaxpM uMHOM, 3aCTOCYBARHS KBaHTOpa 34 ofHicio iz zmiumux
ABOMIiCHOrO nNpeaurara nepersopioe Horo Ha oguoMicuuil. ¥V sumaz-
KY TPLOXMIiCHNX TIpeIHKATIR 3acTOCYBAHES KBAHTOPA NMPHIBOIHTH
O ABOMiCHOTO MpefMKAaTy. AHaNoriymo, AIS n-MICHMX NpefWKAa-
TiB ZacTOCYBaHEA KBaHTODPa 38 OYAL-AKOI0 3MIHHOIC MePETBOPIE
npeguxar Ha(n — 1)-MicHuil, To6rTo sMeHmye #Horo mopAloK Ha
OAHHNIIO.

EKBasTop 3araibBOCTi MOXKEA IETepOpeTYRATH AK Y3aranbHeHHSA
KOR’IOHKIII, A KBAHTOD iCHYBaHHA — SK YIAraALHeHEHA AHI'IOHKIIL.
Hacnpaggi, axmro obnacts susHadedud M npejgnkara P ckiEuenga,
Banpuxitan, M = {4, &z, ., @}, TO BHCIOBAeHEA VX P(x) ekpi-
BaleHTHe KOH'WOHKLII P(a:) ~ Plaz) A ... ~ P(a,), a BECIOBIeHHA
Jx P(x) — aus’woERuil Pla} v Plas) v .. v Pla,).

Jx mpmrxanz posradaieMo npelnrar P{x), AKHi ospavac
X — HeIapHe uMCcAO» 1 BH3HaTeHHH ma obiacri M = {a, b, c}. Bu-
CIOBJCHHA Vx P(x) ozHatae: «a — HemapHe 4HCJI0, 1 b — HenapHe
VHCJIQ, i ¢ — HCNAPHE YHCAOs*; 8 BucjobleHHs Jx P(x) oanadae
Te XK, mo i AMd'IOHKOIA ¢a — HemapHe YHchao, abo b — HemapHe
yHueno, abo ¢ — HemapHE YHCHOH.

@ 3anuTanHs

Illo posyMioTh DA KBaHTOPOM sareJbHocTi?

Jaiire BHIHAYERRA NOHATTIC KBAHTOP icCHYBaRHA.

Axi amiAkl HasWBaOTHCA 5B’A38HMMHE, 4 HKi - BinhHAMH?

TloscHiTE Ha NpUKNaaax NpHU3HAYERERS 3B A38HHX SMiEHUX.

Io axux Hacnigxin MpUaBOKHTL 3aCTOCYRARHA KBAHTODA 34 OXHICIO

is amigaux n-MicrOTI® mpepmKaTa?

6. CuimnxoMa pismuMM choocoGaMm Moxe SYTH 3aCTOCORAEMH KEAHTOD
ienypanna fo n-MmicHoro npegukaty?

7. Koan upeaunar Vx A(x, y) OphiiMac sHaqeEHs <letamas?

il S
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Poadin 5

3asaanns

1. BampmiTe Taxi nncnoﬁneuux. BUKOPHCTODYIOUH 3HAKY KRAHTODIR!
a) ierye umeTo X Taxe, wo x + 1 = 5;
6) sznm 6m He Gyno umeno y, y + 0 = i3
B} 6yEbL-aKe unciao ebo goaaTHe, abo Bix'emHe, abGo ZopiemEloE
Hymo.

2, BraxiThk BinbHI Ta 38’g3aRi BXoMKeRAHA KOM(HOI i3 3MIHHMX ¥ TAKHX
fopMyaax:
) ¥x P(x, y) A Yy Qu);
6) Vx (P(x) — Py
B) Vx (P(x) - Q(z)) v Iy Rix, y);
) Yx [(P(x)> Q) v Iy Rix, y)]-

3. Hexail x i y — Gyap-axi alogu, Q(x, y) c3Eayae «xX HaTbKO Y.

Raseneni sucnopnenns chopMyaioliTe OpEPOAHOI0 MOEOIO, BHIHA-
YHBIIN IX% BEAYEHHS icTHHHOCT:

a}Vx 3y Hx, yh ) Vy 3x Qx, y); A Vx Yy Qx, y)
6)3x Yy Qx., y): 13y Yx Qx, ¥ e)3x Jy Ax, ).

4. Hexait N(x) — sx — HaTypannne ancaos, C(x) — «x — mine une-
aos, P(x} — «x — ppocTe wHcnos, E(x) — sx — napHe YHCAOS,
O(x) — «x — nenapHe wnctos, D{x, y) — «y AIIRTRCA Ha x».
ChopMymoiiTe IPHPOJHOK MOEOIO HaBEIeH] BRCJORNGHTS, RCTAHO-
EMBOIH iX 3HauyeHES ieTmHAOCYi:

a) P(z); 1) vx vy [O(x) = (P(y) = D(x, y))};
G) E(2) A P(2); r) Vx [Clx) —+ (E(x) v ~E{x)];

B) Yx (D(2, x)} = E(x)); x) 3x Yy [(C(x) A C(y)) - D(x, y));

r)3x (E{x) ~ D{x, 8))% M) ¥x Yy [(E(x) » Ox) - Dz, ¥l

A} Vx [Plx) = 3y (E(¥) A D(x, yD);
e} vx {(N{x) - C(x))
#) 3z (N(x) = C{x));
3) Vx (C(x) = N(x));

5. IIpeamear P{x, y) segauo B npegMerHilk odnacti D = {a, b} Taxow
MATpANAK:

x | alalbd|bd

Y o b | e b
Bz, i) 01 1 1

Hra 2 nmryeHapedenMy. GopMya Buauadae Oeil Opegarar?
a) Vx P(x, a); B)3y Vi P(x, y): 1a)Vy Vx -P(x, y).
6) vy Ple, yi 1) Vg Vx P(x, y);
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5.7. ®opmynu y noriyi npeguxaris
Enemenmapna gopMyaa, npasunsso nodydosani gopuyau,
ofageme Oif Kaanmopa, ikmepnpemayin Goprys rozixu
npeduramia, 3azaAbHOSHeYyWi ma cynepeyausl gopayru,
Ro2ivHuL Racridow

BHKOPHCTOBYIOUH IOHATTA NPeAHKATA, KBaHTOpA 1 TepMma,

MOKHA BUIHAYKTH HNOEATTA GOPMYJIH YV JOrini IpeAnKaris.
BranauyeHHRA .
Axmo P ~ n-MmicEM# npegukaT i t1, .., {; — TepMH, TO
P(t, ....1,) HA3ABAETECA amomom abo eaemenmepnow dop-
mynaw norikn npeankaris. Hampaxaax: JIJIMTHCH(x, 13),
HUIHTBECH (>, y), BINBIIE(nmawc(x, 1), x), JOPIBHIO-
‘BATH(x, 1), CRIIATATH(cTyaeaTH, cecii).

BusHauenun

Hpasunvioe nobydoeanumu popmyaamu JOTiKH TPelHKATIB
Ha3HBAIOTbCH POPMYIAN, AKiI MOKHA peKypCHBHO BHSHAYHTH
TAKHEM THHOM:

1. ATrom ¢ dopmynow.

2. fkuo F i G — dopmynu, o (=F), (F v G), (F A G),
(F > G), (F -~ G) raxox ¢ dopmyaamu,

3. drxmo F — popMyna, a x — sintma amiana, 1o (Vx)F
i (3x)F Tex popmyTH.

4. Hiskux <¢opMyan, KpiM nopojgsxeHHX BRKA3SAHUMM BHIOE
HpaBHJAAMH, He icHye.

Bu3Ha4eHHA
YacTuHa $opMyAH, Ha AKY HNOIIHPIOETBCA RiA KBaHTOpa,
Ha3HBAETRCA ob6rdcmio 3ii xeanmopd.

OcrimprHE aia KBaAHTOPA MOKe MOMUPIOBATUACH He Ha Bcio Hhop-
Mynry, a Tinsky Ha {i uacTHHY, TO sMiHHA Moxke 6YTH 3B’A3RHOI
B oAHil yacTHHi dopMyaH i BineEOIO B Apyriii. ¥ OROMY BHOAJRY
BRAKAIOTH, WO 3MiHHa € i aB'maaHolo, i BIIBHEOW OAEOYACHO.

Ipuknax. BuazsaanTH, SKi 3MiHEL € 38’43aHHMH, a AK1 — Bilb-
HHMH ¥ TaKUX QopMyJiax:
. 1. Alx, y).
2. dy (B(x) » vx A(x, u)).
3. dx (B(x) —» Yx A(x, y))-
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Poae'nzox. O0naei smieHi v popmyni 1 € plasarMu. ¥ dopmy-
ai 2 sminHe y € 3B’A3aHol0, a aMiHAA x — i 3B'd3aHO0, i BinpHOKO
(3Miuna x BinbHA ¥ npexpukam™ B(x) i ap’aAsana y npeanrari 4{x., y))-
B ¢opmysi 8 sMiHHa x € 3B'A3aHOIO, 8 3MiHHAa ¥ — BinbHOIO.

B agorini pHeaoBaens imrepaperanin GopMy ¥ HOJSArae y npH-
OHCcyRAHAIL aroMaM icTHHAicHWX 3HauveHb. ¥ Jorinl npefuxarie no-
HATTA inTepnperanii GopMyIH ZeKIALKA NOIINPIOETLCA: HEOOXinHO
BrazaTH npexwmerTHy obiacts (06acTh 3naYeHh NpegMeTHHX IMiH-
HUX) i aHAYeHHA KOHCTAHT, A TAKOX PYEKIIOHAABHEX CHMBOJIB
i mpegakaris, oo 3ycTpiunioThed ¥ opMyni.

BuaHaueHHA

Inmepnpemayia popmyau F noziky npeduramie cknaacTs-
cA 3 eNeMeHTiE HemopoykHEbLO] MIpeaMeTHol ofaacti D, auyauens
Beix HKOHCTAHT, QYHKIioHaNREWX cHMBoNiB i nMpesurarisg,
mo sycrpivaoTeea B F. BrasaHi 3HaueHHA 3aJa0Thed Ta-
KUM YiHOM!

1. Ko:xnilt xoneranTti cTanuTthesl y BigmosigmicTs mesnnmit
elleMent 3 D.

2. RoxxHoMy n-MicHOMY QYHKNiOHANEHCMY CHMBONY CTa-
BHTLCA ¥ BlEOOBiAHicT: BigoGpaskenns s D* y D. Tyr D" =
= (X1, X2y cas Xn)}y A€ X1y oy Xp € LN

3. KomHOMY n-MicHOMY MPEeAMKATY CTABHTECA YV BiguoBignicTs
Bigobpaskeunn 3 D* e {I, X}.

Odaa romxHol inTepnperanii Ha obGnacti D dopmMyna Moxe
oflepskaTH icTHHHicHe sHavenns I abo X srigno 3 TakmMmu npa-
RELJIaMH: )

1. fwno sagani suavennsa dopmya F i G, To icTuHRicR] sHavenns
dopmya {(—F), (F v G), (F A G), (F - @), (F ~ G) ogepxyOTh-
¢ 86 JOHOMOrow Tabiuge icTHHHOCTI BigDOBigEHMX Horiunmx
onepatiit.

2. dopmyna (Vx)F ogepxye sHaveHHsn I, axuo F ojepxkye s3Ha-
yensa [ Anx Ko¥kHoro x 3 D, ¥y NpOTHAEKHOMY BUIIBAKY HOHA -
ofepIKy€e zHaueHHsd X.

3. Dopmyra (Ix)F oxepxye aHavenHa I, axuo F OepKYE OHA-
vyensaa I xoya 6 ans ogHoro x 3 D, y NpOTHAEIKHOMY BRIAAKY
BOHA OJep:Kye 3HaueHHS X.

4. dopmyda, 1O MICTHTh BiNbHI sMiHEI, He Mo:Ke oAep:kaTH ic-
THHHiCHe 3HAYCHHA.
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Ilicaa yrounerus novaTTa ivrTepoperanii B aorini npesmkaTis

TAK]I NOHATTS, AK 3AGZAABNOSHAVYWICML, cynepeuvaudicms, adii-
cHenRiems, Helmpanviicmsd (itesazaivioanauyugicms) hopmynu
i mozivtnui Hacridox MoxyTE OyTH BRnaHaueHI ToOuHO AX IAA Gop-
My JOriKH BHCAOBIeHh (gumB. n. 5.2, 5.3).

®

3anvranona

M e os wee

Haire Bu3HAYEHHA ATOMA Y JOrini mpesmkaTis.

Illo HasHEseTheA DOPMYIOK B IOTidi MpexuKarin?
CdropMynoiiTe touATrs iarepnperanii ¢opMynr Jorike mpe-
AAKSTIB.

TiTo poaysitoTs mify ofnacrio gii kramTopa?

IlopipnatiTe noraTra iETepnperanii v xorini suwenoeneds i xorini
OpefHKATIB,

HagssiTe Brzn dopMyn NorikH NpearKaTie 3amexHo Big npuitEATHX
HUNMM icTHHHICHEX 3Ha4YeHb.

3anumiiTe OpaBuaa, arigHo a AKAMYU GopMYIa JoriKM ODpeAHKaTis
Monte ofepaary ierMEEicHe sDaveHHs.

3aspaHHA

1.

Hexa# npegurar M(x, y) osRayae «¥ MeHme ys, TPOAEKAT
D(x, ) — «x nopiBAIcE y+, & OpenExaT S(X, y, Z} — «X =~y + 2.
Hapezeri pacaobieHEs chopMymoliTe IPEPOARGIc MOBOIO!

a) (Vx) M(0, x) B) GyX3x) S(x, y, 2);

6) (Vx) S(x, x, x); e) (FyNVx) (D(x, y) v M{x, y));

B) (3x) Mix, x — 1);  xHVxUVy) (S(x. ¥, ¥) = M(y. x))-

) —{(3x%) S(x, x, x));

. Hexalt X — muoxunra comispofiraukis migpiny, a P(x), Q(x)

i R{<) — npeZRBAaTH, WO 0GHAYAWTH Biguvsigzno: x salimactTnea
©TIOPTOM, X BUBYAC inoseMIy MOBY, x Mac DMEaxond, X © X. Pos-
mudpyiire:

a) (3x) P(x)Q(x); 6) (vx) P(x)(Q(z} > R(x)).

. Bxaszatwn pintvHi 1 98’g3al] BXofkeHnda aMiHRHUX v Taki QopMyNH,

Do MicTATL npeaukaTh A i B:

a) (Vxz) A(xy, x2);

6) (Yx3)(Vx1)A(x1, X3} < A(xa, X1));
B) (Vx2) A(xa, x3) = Yz Blxs, x3);
1) (Vxz) A(xy, x2) = Fx A(xy, x2);
) (3xg)(¥x) A(xr, x3) = B(xi).

. 3apano npeamrerEy obaects D = {1, 2}, 3HaYeRHEd KOHcTaHT a i b,

$YHROiOHAMLHAX cHMBOJIB f, a4 Taxox upeanwara P:

b i) | A2) P(1,1) | P(,2) | A2.1) | P(2,2)
1 ]| 2 2 1 1 1 1 e
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BualiTH icTHHHICH] 3HAYEHEA TAKHX OPEeIHUKATHHX BHpasis:
a) Pla, fla)) » P(b, f(b));
6) (VEUYHUP(x, ¥} > P(f(x), f(¥M).

5. Ouinnru dopmyny (Y} P(x))— Q(f(x), ¢) a invepmperamil
D={1,2}, a=1, f()=2, f(2)=1.

P1) | P@2) 1QLDLIQ0,2) | 2,1 | Q2.2
0 1 1 1 0 1

5.8. 3akoHM | TOTOXHOCTI
y noriui npeaukarie

Koaizin aminnux, samina s’ azanol aminnoi,
xKoMymaniieni i ducmpubymusni exgemuaocnt
Ksakwmople, 3axon d¢ Mapeana dan kegumopie

Bei aarkomm i rotoxmoceri, sixi cnpasegappBi v sorini Bu-
CIOBJeHb, 3AMKMIAIOTHCH COpPABefJABHMM i1 ¥V JNorini npefgAraTis.
KpiM Toro, y norini mpemwxarie icuywore Zoaarkosi zakomi, mo
Np¥3HEAYeH] AJA eKBiaJeHTHOro IepeTBOPeHHA $oOpMYyJ, IO Mic-
TATE KBAHTCPH Ta 3MiHHI,

Cnip 3ayRaskUTH, MO TepeHeceHAs KBAHTOPA HA NOYATOK (op-
MYJAH MOSKEe 3MIiHMTH 3MicT mpeguKaTHore EHcioRneHHA. Tawx, Ha-
npaknax, Vx F(x) n Vx G{x) Be expiBasentre Vx (F(x) A G(x)).
¥V zerannEOMY BHUOSSRY caif nepelivMenypaTe ap’asanmi amigmi,
mob samobirtit koaiaif — curyaniy, konu v dopmyai ogna # ta
3MiHHE SHAXOZHTLCA B ofmacti aii mpoTmne:xHmx kpanTopin. Ha-
OpuKEAag, ¥ dopMmyai Vx (F(x)) - Jx (@{x)) sminna x ogHowacHo
BHAXOAUTECA B ofifacTi mii xBamTOpie V i 3.

PoarnapeMo BHCAOBNEHHA, IO BHKOPHCTOBYe NPeAHKAT DPiB-
vocri JOPIBHIOE apox gmcen: Yx Jy JOPIBHICE(x + 1, y).
Hdage BHCAOBACEHA 08HAYAE, N0 ANS GYEL-AKOIO YWCA& X icHYE
uMcHo Iy, fAKe Oiapme #foro ma ogmEHRIm. HaBesene BuchoBaeHHH
€ lermaamm. Oznak, SKIO NOMIHATH HOPAJOK DOBTAIIYBAHHT
KBAHTOPIE H& NPOTHIEKHHIH, TO OJeDKHMMO TaKe BHCIOBAeHHA:
Jy vx JOPIBHIOE(x + 1, y). Odepxene BHCIOBJEHHH OIHAa1ae,
moe icHye Take wncae y (ogHel), gxe Ha ogumumw Gineme Gynas-
axoro uncna x. [le BucNOBJeREHA He BismoRizac molepegELOMY
ie xubnpm.
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Huaa exeBiBaNeHTHHX nepeTBOpPeHER NpPeIWKATHHX BHC/IOBIeHB
3 KBAHTOPAME HeoUXiTHO BHKOPHCTOBYBATH HABeAEHI HHAUe 3aKo-
Hu, Ilepm mimx GesmocepeqHBC mepe#TH A0 POITIAKAHHA 3AKOHIB
Oiffi 3 KBaHTOpDaMH, BBefleMc Taki mosHavemns: F{x) i H{(x) — oa-
HOMicHL npegukare, P(x, y) — ABomicEMl mpesuKaT.
1. 3amina a¢’azanol aminnoi:
(3x} F(x) = () F(y);
(¥x) F(x) = (vy) F(y).

BeeieAHA HOBOIO No3HAYeHHT 3B’szaHol amimnoil (TobTe nepe-
ANMeHYBaHHA 3B AaaHol aMiEHOI) He amiHoe oMicT GopMyad Jioriku
MpeJUKATIE, SKI0 BAKOHYETHLCA TAKA YMOBA: Higxa BigbHa sminza
y Gynk-ariii yactuui dopMyan He mOBEHHA MicaA mepeliMeHyE&H-
Ha 6yTH 3B'SsaHoW. IHmMKMK CAOBAMEK, AJA HOBOI'C HOBHAMEHHHA
ap’dAsaEoi smiEnol ciij ofuparm GyeBy, Axa BigcyTAs y dopmyni.
Hanpuraan:

(Vx) (3y) P(x, y) = (vx) (32} P(x, 2).
¥ pamomMy npHERJaAl 3ZilicHeHO omepaniln DepedMeHyBaHHS
ar’saanol amiHBOL Y.
2. Komymamueni enacmusocmi xeawmopis:
(vx) (Vy) Pix, y) = (Vy) (Vx) P(x, p);
(3x) Gy) P(x, ) = Ay) (3x) P(x, y).
3MiHIOBATH MicoaMHM MOKHa TiNbKH oxHOMeHHI KBaHETODH.
(Vx) (3y) Plx, y) = 3y) (vx) P(x, y).
8. Jucmpubymuseni saagcmusocmi Reaumopis:
(VX)F(x) v G = (VX)F(x) v G);
(Ax)F(x) v G = (AxUF(x) v &)
(VX)F(x) A G = (VZHF(x) A &);
(3x)F(x) A G = (AxIF(x) A D),
e G — dopmyaa JOorikN NpeAuKarie, AKa He MICTHTE X,
(VX)P(x) A (VX)H(x) = (VX)(F(x) A H(X));
(3x)F(x) v (Ax)H(x) = (3x)F(*) v H()).

Cihopmynnhosanntt guctpubyTurAuil sakoH cnpaBefTuBHE TLIL-
KH i KBaHTopa sarajabsocti ¥V npe xom’ionknil A i kBauTopa
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icaypauma 3 npu aus’oHrnil v, oexrinrnkn inmi xombGimauii npm-
SHOJATE 10 HepiBHocTeil:

(Vx)F(x) v (VX)H(x) 2 (V) F(x) v H(x));

(Ax)Fix} A 3x)H(x) # Qx)}F(x) A H(x)).

A moZonaHEA OhOTO OOMeXXeHHS NECTPHEGYTHEHOTO 3AKOHY,

CJlJ, BHKOPHCTORYBATH 3aMiHY 3B’aaaHOl 3MIHHOL:

(Vx)F(x) v (Vx)H(x) = (Vx)}F(x} v (YY)H(Y) =

= (Vx){(¥y) (F(x) v H(y));

(3x)F(x) A Gx)H(x) = (3x)F(x) A (INH(Y) =
= (3x)(3y) (F(x) » H(y)).
TagEM YUHOM, ¥ 3aTaJbHOMY BHOAAKY ANCTPpUGYTHBH] BAACTH-
BOCTI KBAHTODIE MOMKHA 3aITUCATH TAKOK CXEMOI:

(@ x)F(x) v (@) H(y) = (Gha) @) (F(x) v H(y))

(@i x)F(x) A (Qey) H(y) = (QixNQ:y) (F(x) A H(¥)),
Je G, @ — Gyan-axuit 3 kBeHTOPIB J abo V.

4. Jaxon de Mopzana dns xeaumopie:

~A(Vx)F(x)) = (Fx)-F(x);
~A(3x)F(x)) = (Yx)~F(x).

IIpoinrocTpyeMo me#l aakoH TakEM IpaxkiapoM. Hexaid npe-
gukatT F(x) osHauag, IO ¢X € NPOoCcTHM 4¥cioM». Koau x Ioc-
JAifoBHO TpRriiMac 3EAUCHAA PAAY HETYPAJBHHX 4YHCced — X =
={1,2,3,4,5, 6, 7, ..}, ipegaxar Bignosizao sMiHioc icrurRHicHe
SHaYeHH:

Fly=X, F2)=1I,F@)=1T,
Fay=X,F5)=I, F6) =X, F(T) =1, ....

IepexonacMocs ¥y enpaBesassocTi uepmol dopMyIu O1a 3ame-
peueHHA KBAHTODA 3arambHOCTI:

—~((Vx)F(x)) = «He Bci x € NpoCTUME 4YMCIaMH» = «iCHYIOTH
Tari x, Akl ¢ RempoeTuMu uMemamits = (3x)-F(x) = I.

Ob6uyBa HaBeleHi RucnobnenHs ieTHHHL. Temep mepekoHaemo-
cs ¥ CIpAaReJNHBOCTL Apyroi diopMynr AR 3amepe¥YeRHSA KBAHTODA
ienypanng:

-{(3x)F(x)) = <Hemae XoaHOro X, #AKe O6yn0 O HMpOCTHM» =
= «BCl ¥ € HempocTuMH umcaaMmus = {(Vx)=F(x) = X.

Hi BEcIOBIEHHEA € XHOEAMMH.
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1.
2.

3,
4.
5.
6.

7.

9.9.

@ Sanurannn

ITo posymiroTe nif Kozjisieo sminEux?

Jeo Aaxux HachigkiB MoXte TpPHIBECTH HEPEHeceHHA KBAHTOpa Ha
nouaTox GopMynn? HapeRiTh OpMKIATH KOPeKTHOTO 1 BeKOpeRT-

HOr0 OepeHeceHES KBARTCDIE Ha MOYATOK QOPMYIH.
ToacHi™s cyTs aaminn ar’azanmoi sMigmHoi.
CdopMynoiiTe KOMYTATHPHL BJACTHBROCTL KBAHTODIB.

3a norpuMaERS AKol YMOBH NPABOMIDEOC BHKODHCTOBYBAHHA AHCT-

pHOYTHBAWMX BAACTHBOCTEH KBAHTODIB?

Hxum arHor MoxkHA oBifTH OOMeXeHHA NTACTPUOYTARENX BAACTH-

BocTell KBamTOPIR?
Janumits ¢opMynu saxoRy Ae Moprana nd KBauTopib.

@ 3aBgaHHRA

1. Onyerirs 3EHaky sanepedeHHA OesmocepeZBbC Ha IOpeankaTH abo

Syaeri aMinmi:

a) ~(3x} ((—(¥y) (B(y) v (32)C(2)) A -A(x)));
6) -(vy) (—(3x) (Aly, 2) v B(x)) v C(2));

B) —(dx) ((—=(Vy) (A(x) = B)) v C(x, 1))

) AYu) =(ve)(P(u) = Qv) = A(z)).

. BeraEoBiTs, TH eKBiBANCHTHI 3ajaH] NpeRMKaTH:

a) (3x)(A(x) A ~B(y)) n (V) A(2) - B(y))

6) (YxN(A(x) = B(x)) A (A(x) > —~B(x))) = —{Gy)} Ay).
BunecTd 33 AY:RKH KBAHTODH:

a) (32} C(v, y) A ((3x) A(x) v B);

6) (3x)3y) Alx, y) ~ (3x)3y) B(x, y)

B) (3x) A(x, ¥} v ((Vx) B(x) v (V) C())

r} Ax)(VyAlx, y) » (3xN32) (Blx. 2) A (3y) A=, ¥)).
JoBecTH 3arajeHO3HATYIRICTE TAKHX QOPMYI:

r) (Vx)P(x) = (3y)P(y);

B) (Vx)P(x) v {(Ay)-Ply)).

HosectH, e gopmyna (Vx)P(x) » {(y)-Ply) cynepewrusna.

Hoeecrn, mo dopmayna Pla) = —((3x)P(x)) Hecynepeunusa.

BunepemxeHi HopManbHi

cdopmMmu i noriyvHMA BUCHOBOK

y noriui npeaukaris

Bunepedacena HopMaabna opma, CAZOPUMM IBedeHHA

do sunepediceral HopMaaviHol QopMiu, npagusa
8UOANCHHA/G8CTHRA KEAKRMOPE IA2ANLHUCIRL/ICHYSAHAA

B norini BucacEnens 6ynoc BRelleHO ABL HOPMANBHL dopMH:
KOA'ICHKTHBHA 1 AU3’IOHKTHBHA. B Jorini mpeaukaris BBOEWTHCHA
TpeTA HopMansHa dopMa, Mo HASHBACTHCH BHNEPeAKeHO HOp-
MansrHoI $opMolo.
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BuaHadeHhnA

®opmyas F B aoriuzi npegukaTiB SHAXOIHTLCH ¥ gunepedace-
nid nopmanwvuid gopmi (BHP) Toni i Timeku ropi, monm
BOHA Moxe 6yTH 3ofpaskena vy euraami (@) .. (@.x.) (M), ze-
koxue (@), i = 1, .., n, € abo (Yx), abo (Ix), a M — dop-
MyJa, mo He MicTuTh KBamTopiB. Ilpuwomy (Ghx) ... (@.x.)
HAaBUBALTLCH npedincom, a M — mampuyew gopmynu F.

Jna mepersopeHHa BHpasin gopinenol popmu y BHOD meobxin-
HO OO llepai BHHKOHATM TAKi eTamH nepeTBOpEeHHA.

1. BeExmouauTn Joriuei 3B ASKH ekBiBajeHmii (~) ra iMniaixa-
uii (=), BupasuBmn Ix 4epes omepanii AU3'WHKIIL, KOH IOHKIIL
i samepeueHHEs 3a JOIOMOTOK TAKMX 3aKOHLIB:

FoG=aFv G;
F-@=(~Fv@Ar(-~GvF)=-FA-GvFnaG.

2. OnyeTuTH 3HAKH omepanifi samepetueHHs GesnocepelHBO
HA NpeIUKATH, BHXOPHMCTOBYIOUM aAKOH IIOoABiifHOTO aamepeverns
—(—~ F) = F izaxoEr fe Mopraga —(F v G) = -F A -G,
—(F A G) = -F v -G, y ToMmy uncni o144 KBaETOpiB:

-((Vx) F(x)) = (3x) (-F(x)); —((Ax) F(x)) = (Vx) (=F(x)).

3. fHrulo meoHximuo, nepeliMenysaTH 3B'd3aHi aMimHi.

4. BuHecTH KBAHTOPHE HA MOYATOR (GOPMYJIH, BHKODHCTOBYIOYH
BigmoBinui sakoEH, ANA olepKAEHA BHUIepelikeHOl HOpMaibHOD
dopMu,

Hpmraax, 3pecrir gopmyny (VXIF(x) —» (3x)Q(x) xo BHD.

Pose’agox. CnouaTKy BHKJIKUHMO iMILTikanilo, motiM omyc-

THMO 3HAK ollepaii saNepeyeHnHA OeamocepefHbO HA IIPeJIHKAT
i BEHeceMC KEBAHTOP Ha NOUYATOK:

{(Vx)F(x) — (EIx)H(x) = ((Vx)F(x)) v (x)H(x) =
= (Ax)(=F(x)) v @x}H(x) = Gx)~F(x) v H(x)).

IIpuxaan. Opepxara BH® gna gopaynn
G =(vxUVyN(V2X)LP(x, y) ~ Ply, 2)) = (32)R(x, y, 2))-
Pozs’azox. CropueTaEMOCH HABEJEEWM BHINE AJTODHTMOM.
G = (Ve VyN-~((V2)P(x, 2) n P(y, 2}) v (32) R(x, v, 2)) =
= (V) Vy)((Zz)—~P(x, y) v —P(y. 2)) v (Ju) R(x, y, u)) =
= (VXN E2)Zu)—P(x, y) v —Py, 2) v R(x, y, u)).



Mamemamuyxa nozika 225

PosrnsHeMo mpasn/ia BHCHOBKY, AKi MOMHa BHKOPHCTORYBA-
TH OAdA NpOBeJcHHA OedYKTHBHHX yMOBHBO,![i‘.B 3 BHCJIOBJJEEHAMH
Jorikd npeankaTis, Wwo MicTATer kBaHTOpH. Ili mpaBmMna yacTo BH-
KOPHCTOBYIOTRCA ¥V X0Zi MaTeMATHUHMX HoBeJeHL 03 JOZATKOBOTO
OOACHeHHA.

IIpapAnc BHIAJMOHHA KBAHTOPR 3araJpHOCTI
Yx F(x)
Flc} gna posiacmoro c¢e D

BHKOPHCTORYEThCH N4 AcBefieHHA icTuHHROocTi F(c), Ae ¢ — JOBiNb-
Ho ofpanuil eaeMenT npeametHol ofaacri D, y akiii cupaneannse
Vr F(x). Hanpurnan, is sacHopry «Bei emydenmu Sasxaloms ofep-
wysamu fobpl oyinwus pobuMo BUcHoBOK: «Cmydenm Ilempoe
Oadsicae odepacysamu JoOpi oyiHKuUY.

IIpaBKjic BEeZeHHA KBAHTOp& 3aralbHOCTI
F(cy nna mesinenore ec
Yx F(x)
cTBRepxkye leruHAicTs Vx F(x), Armo jopefeHa icTuHHiCTE F(£)

Ang 8yre-AKOTO ¢, ToBTO Asd Beix emeMeHTiIB ¢ 3 poOsPAAHYTOL
npeaMeTHoI ofinacti D.

IlpaBaso BRASNEHHS KRAHTOpA icHYBaHHA B icTuHEIH dopMy-
ni 3x F(x) nonarae B moanauenHi iMeH! enemMenTa ¢ (KOHKpeTHOID
afio rimorernuHoro), aursa gkoro F(c) icTuHHe:

dx F(x)
F(e) gna pesikoro ec D )

IIpaBuno BBeJeHHT KBaHTOpa ICHYBAHHS

F(c) znn gerxoro ce D
Jx F(x)

JO3BOALE BHMPilUATH, Mo Jx F(x) € icTHHHHM, KonH sigomuit ge-
AKANA eJNeMeHT ¢, ANA AKOro icTHHHe F(c).

KpiM HaBeleHHX npasuil, ¥ A0rini IpeguraTis y Xoli felyKTHB-
HOr'0 BHCHOBKY MOQXKHA BHKOPHCTOBYBATH Bei nmpaBuia, fAKi sacTo-
COBYIOTBECH IJA HEAVKTHBHHX BHCHOERKIBR ¥ Jjorini BUCJOBIIEHE.

Mpuraan. Hokasaru, mo 3 TeepAsxers «Bei y nepuiiit zpyni
susualoms Mamexamuxys i «Mauia — emydenmxa repliol zpynis
MaEMO BHUCHOBOK:! «Mawa suevaec Mamemamurys.
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Poss’asox. Ilosnaunmo depes F(x) NpeJUKaT ex € cTyReHT

nepimol rpynmas», & uepez M(x)— «x BHERYAc MaTeMaTHKYs. To-
Ji BACHOBKHM MOMHA sanrecatn y Baraagi: vx (F(zx) — M(x))
i F(Maina) sigmosirmo, a morpibruit BHcHOBOK —~ M(Mama). Ina
OfePMAHHSA IBOIc BHCHOBKY HeoGxXifHO 3zificHMTH Taky nociaizoe-

HicTe Oilk:

1. ¥V (F{x)—> M(x)) TIEpLIKil 3ACHUBDK.

2. F(Mawma)— M(Mama) xpox 1, npeBmnIo BUFANEHHS KBAHTOPa V.
3. F(Marua) IPYTHE 3aCHOBOK.

4. M(Mama) kpory 2 1 3, npasnio BiAZinennsa.

TaxkiM YUHOM, OXEPIKaHO WIYKAHUH DesyaBTaT.

?

3anuTannsa

1. Ha#ire sHaHAYeHHA BAOepemkeHoi HopMaxbHOL dopMa.

2. Ba jomoMorol AKHX 3aKOHIB MOKHA OINYCTMTH BHAKH Oonepamil
aamepedenAA GesNocepesHhc HA NpeARKaTH?

3. ChopMymoiiTe aNropMTM DepeTBODeHAA BHPA3iB noBinnEel dopMRE
y BHP,

4. Ha3piTh DpaBHNa BHCHOBKY, fZKI MO:KHA BHKODHUCTOBYBATH AJNA
NpoBeAeHHA AeJYKTHEHHUX YMOBMBOAIR 3 BHCHOBJICHHAMH MOTIKH
OpegHXaTis.

5. B uoMy nonarac OpaBHac BuajgaldeRHES KBAATOpA BATANBHOCTI?

6. Mk i Haplino BAKODUCTOBYETRCA NDABANO BBeJeEHA KBARTODA 3A-
rajsaocTi?

7. HoscHiT: BiZMiHRICTh ¥ TPAKTYBAHHI eleMeRTa mpefiMeTHOI 06-
AacTi y NpaBKJI BUIAISeHHSA KBAHTOPa icHYBAHHA Bijp npHiiEaTol
¥ OpaBHANl BEBefeHHA KEARTOpA jaraabmrocTi.

8. Hxe npeBHsc BReNgHHS KPAHTOPE iCHYBAHHS?

3asgaHHA
1. Bmectu go BH® Taki supasu:

B) (Yy) (Fi(y) v =(3x) P(x, y)):
6) —{dx) (YY) A(x. y) A (3y) (V2) (C(z) — B(x, y)k
B) (3%) (Vi) Blx, y) ~ (3x) Alx);
r) ~(vy) (3x) (A(x) > B(y));
B) (Vx) Fi(x}) - —(¥z) (F:(y) v (Vy) P(x, ).
2. Buayavure, um € bopMyna (3x) (P(x) ~ €(x)) JorivapM Hac/ligxoM
doprya (3x) P(x) i (3x) G(x).

3. Bacrocosyroun AefYKTUEHI TpaBHia NOTIKE Opeawkarir, HanemiTh
PHCHOBKY 3 TAKMX 3uCHOBKIB!
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3.1. fIxmo xTocy 3 THX mofell — aBTOp MEX DXITOK, TO BiH ray-
ouft i GesopuHnunumn. Ane HixTo 3 THX MOdetl we raynmit i He
nozfapnenit npuATHAIE.

3.2. Arxmo rei oi AAR He xopoGpi abo Ha HUX He MOMHA TIORJAC-
TUCA, TO BOHF He HAMEKATh A0 Hamol womriaHil. Ane BORM Hade-
MaThk 0 HaNIol KoMITawii.

3.8. flxmo xrock 3 Mizoapinux azificEnE Bei ni ReposkpHTL Kpa-
Bi’sEH, TO BiR OyB peTeLHO MigroTosneHuii i Mas chiBywacHHKa.
Axmo 6 Bcl Kpagimkn GyAM migroToBaeH] petenasHo, To, AKIO §
§yB coipyyacHUE, BEpagero 6yio § sadararo Ginpme. Ase vcTaHEE
He Mae€ Micud.

3.4. filxmio oa¥H 3 Hac Nife 3aETpa Ha Mepile 3ARATTH, TO Bill MO-
BMHeH Gyfe HifRecTHCs pano, a SXI0 MHA OiieMo CLOTOAHI BBedepi
¥ kiHO, To BiH nmxe miswo cnarm. fAximo 6yAL-AxAd 3 Hac JdEKe
misio ¢maTH, a niAgBeNeTHCA paHO, TO 6Yde 3aJOBONBHATUCS I ATh-
Ma FOLWEAMH CHY. Ae MH He MOMKOMO S5J0BCABHATECH I'ATEMA
ToANHAMH CHY.

3.5. B 6oaxxeri puHAKHe AedigyT, ARID | TIALKH AKIO He OiABH-
marb geAxi muta. Jep:xasei BuTpaTru Ha Bel conianbui HecTaTHH
CHOPOTATHLEA, AROID i TinbkW Axmn y Sommeri Gyae jnediunr,
Jegwi Mirra nigermaTs.

3.4. Axmo sel nigu ofHOUACHO HIABMMYIOTHEA, TO HiABRHOIyEThCA
isapobiTea maaTa. Bei miny sucoki 860 3acTOCOBYETHCA peryiio-
BaHBAA OiE. Hkmo 3acTOCOBYEThCH PETYJIOBAHEA LiH, TO HeMae
indmanii. CnocrepiracTnes indnanis.

5.10. OByncneHHA nNpeoukaTiB

Cmpyxmypa ofiducrerns nppeduxamis, npasuaa eiddirenns
ma Y3A2AAbHEHER, NPAsunq ¥V i 3-asedennr, nepeltmenyeanus
sirsizux i se'asanux aMinnux

ABanorigHo oGUHCISHHIO BHCAOBIEHD B Jorini npexuka-

TiB icHye thopManhHa cHeTEMa — o8ucAeHHA npeduxamie, AKa
3aHMACTECH KOHCTPYIOBAHHAM dopMyn i forefieHEAM IX 3aralabHO-
sHadymocTi. QO0unCJAeHHA OPegHKATIE Ma€ igeHTHIHY OCYACAECHHID
BHCACEBNEHL CTPYKTYDPY, 2 CAMe! MOBY, CHCTeMy aKciom i npasmna
BHCHOBKY.

ArcioMu ofuKcJIeHHA IIpeMKATIE MOKHA NOALXMTH Ha ABi
rpym#;
1} AxcioMp obuscnennst BucaoBnent (Moxxua obparyg Gyan-aky

3 dopmanabRux crcreMm S8;, 8,).
2) Ipeamkarui axciomu, ge smiuna x y dopmyal F(x) e sinnHolo

i mofHOro pasy He miggacTecs Ail kBamTopa 3a yi
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Pl) vx F(x) = Fiy);
P2) F(y) — Ix F(x).

Popmyna F(y) ogep:xana 3 F(x) zaminor x Ha y.

Jlna a'scymagHsA ceHcy BEMMOTH Jo BXORMXKeHB X ¥ F(x)
poarnanemo arx F(x) dopmyny 3y P(y, x), B ski#t BiakHe BXO-
AHeHHA X aHaXOoAHTheA B obaacTi Zil xeBanmTopa Jy, TobTe Ba-
aHaYena HUMOra He 34/[OBONLHAEThCA. 111/[cTaHOBKa ZaHol dop-
Mynu jgo akciomu Pl gae raky dopmyny: ¥x Iy Py, x)-o
-3y Py, ».

Axmo ofepxaxy ¢hopMyJIy HOpoiHTepNpeTYBATH Ha MHOXHAHIL
HATYP&NLEMX uHcen N 3 mpegmkatrom P «6yTu Ginbures, To ogep-
JUMO BHCIOBNGHHA: ¢AKIIO JIA BCAKOTC X 3Halfernca y, AKMUHE
Ginpmie @woro, To sHafigeThbex i y, GiApmHMA 3a camoro cebes. Ba-
CHOBOK Wiel iMunixanii ictrreEri Ba N, a floro sUcHOROK XHOHHI,
TOMY Bci BHCIIOBJIEHHS € XMOHAMHA.

B ofiuncaeHHi TpeaMKaTiB BMKOPHCTOBYIOTHGH TaKi NpaBHia
BHCHOBKY'

1) Ilpagnae migpineuns: (Modus Ponens), edopmynboBaHe
yo. 5.3 (guB. Tabxamio 5.5), noewicTio mepeHocATheA 3 ofgucien-
HA BUCACBNEHD.

2) Ilpasuao yzaransHeHBA (V-BRefjeHHA):
F - G(x)
F >VxC(x)
Ae G(x) micTuTh BiNbHI BxOmEeHHS x, a F IX He MicTHTE.
3) Ilparuno I-eeejeras’
G(x)>F
JxG(x)> F

npK THX #e BUMorax go F i &, 1o # ¥ DonepegHbonMy IpaBiii.

Mpasuno nepeiiMeHyBaHHA BINBHNX 3MIHHHKX

B ofuncnenni upeguxartie 2 puBigmocti dopuymmn F(x), mo
MicTHTE BiJ’IbHi BXOJAXeHHA X, MOOHe 3 AKHX H€ JHAXOAHTRCH
rofnacti xil kBeHTOpa 34 ¥, BUXOAWTE BHBiAmiers F(y).

Ilpuxnan. JopecTH cnpaBeinnpicTs Npagdia HepefiMeHYBaHEA
BiNBHUX IMiHHMX.
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Poaa’saox.

1. F(x) (3a yMOBH).

2. F(x) = (G - F(x)) (axcioma 1 dopMaIbHOI ccTeMH Sp; TYT
aKk G MosHa ofpard 6yAL-AKY IOBIZEY (opMyny, mo He MicTHTH
BIiTBHEHX BXOAXeHL SMIHHMX x: AoBigwicTs niel dopmynu sHano-
fuTscA Ha Xpoui 5, a oOMeeHHSZ Ha ¥ — Ea Kpomi 4).

3. @ - F(x) (sa mpaEnaoM BifgineHHA, KpokH 1, 2).

4. G —» Vx F(x) (sa npasmiaoM ysaraihbHeHHHA, KPOoK 3).

5. ¥x F(x) (mackigox 3 xpoxy 4, ockineku G — icTruHHE dop-
myaa).

8. F(y) (xpox 5, axcioma P1)

IpasAac AOREfEHO.

MpaBsuno nepeiAmeHyBaHHA 3B'A3aHAX 3MIHHMX

B ofuncnenni npearraris a BuBignocT vV F(x) BHXOZHTL BH-
mignicts Vy F(y), a 8 Busigmocri 3x F(x) — Bupignicts Iy F(y)
gd yMOBH, mo F(x) #me MicTHTL BiIBHEX BXomxeHb ¥ i MicTETH
BibHI BXOMMEAHMA X, :KCOHe 3 AKHX He BXOIHUTE Ao objaacTi Ail
KBAHTOpa 34 V.

IIpuraan. NTosecTnm npaBnao mepeliMeHyYBAHES 3B £3aHNX aMin-
HEX ANA KBAHTOpA 3arAJbHOCTI.

Posze’ssok.

1. ¥x F(x) (3a yMoBH).

2. Vx F(x) > F(y) (axcioma P1).

3. ¥z F(x) - Yy F(y) (upeBuno ysarajibHeHHS, KPoK 2).

4. Yy F(y) (xpoxn 1, 3).

Heofixiaro 3ayBaKUTH, 110 ACBeAeAHA AAS KBaHTOpa 1 3Aifi-
CHIOCThCH aHandoriumHo, ane BRKOpHCTOBYE akciomy P2 i npasumso
3-REeAcHHA.

Teopema 1

Byov-ara dosifna popryia obuucienti npeduxamis momoxc-
HO icmuHRA.

IIa reopenMa aHaJoringa BigmoBiZEi# Teopemi obumenenma
BHCJIOBJIeHk i NOKasye, 10 OpaBHAA BACHOBKY B 00YMCIeHHI
npeamkariz sbepirajoTek sarajbHO3HAUYYINicTh, ToGTO ix 3acTocy-
BAHHA A0 3aTAJBHO3HAYYHIUX GOPMVI 3HOB JAE BAraJbHOSHATYIII
dopMyaH,
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3anuTaHHA

8.

9.

Rl b S

ChopmyniofiTe npusHaueHEs ofuKCAcHHA OPEeAUKATIE.

BamuoiitTe GOPMYAN akciom 00UYHCIeHHA Tpearkatis.

Iloscrirs obMemeREA aKkcioM ofuncAeHEA MpelHKATIB.

HaassiTh Npasmia BECHOBKY O0OHHCHeHHA IpejHKaTIB.

HobGyayitTe cleMy LpaBniaa Y3araNbHeHHS.

Buanayre Npasuiro J-BpelewHa 3& HOIOMOTOI0 CXEMM.

ki o6MexkemHA ReoOXiAHI qinst pasuna yaaranisHeHEs | 3-BRefieH-
8A? o AK¥X HAcNifKIR Moe APUSBecTH HeAOTPUMANEA BKA3AHTX
obmeskens?

Hxy ocofaupicTs spofysac OpaBRIO TiICTAHOBHH B OGUMCHeHEL
npeanKaTis?

Chopmryniotite mpaBnao nepefiMeRyBaHHA BiTLEAX 3MiHHNX.

10.B uoMy nmonsra¢ cyTHICTb NMPaBMMa NepeiiMeRAVBAEHA 3B’ ABAHAX

SMIEHEAX?

11.ChopmyaicliTe TBEePIKEERA TEOPEMH IIDO 3araNbHOIAAYHMOCT]

NpaBuyl BHCHOBKY ofoHCHeHAS NpefukarTin,

3aBOaHHA

1.

Hopeaits meaoriumicTh TAKEX MipKYBaHb:

1.1. Bei eryaeRTH Hamol rpynH — wWieHu xnyba sduuamos. A fe-
axl wnend Kayde «JnEamo» daliMaloTsca cmopToM. Otame, Jedaki
eTYAEHTH Halnoi rpyny 3afiMaroTLCA CcHOPTOM.

1.2, Meaxi cTyneETE Eamol IpynHE — sOonizaneEHKE ¢« duuamos.
A geski sGonipanbHUKKE « [ uHaMO» zafiMaloThed cpopToM. Omke,
Aesikl ¢TyAeHTH Hamol rpynn 3aliMaloThCA CROPTIOM.

1.3. Kosxennit neprnokypenve suafioMuit xumoch 3 eTyAeHTiE APYTo-
ro Kypey. A geal APYroKyPcBHEKR — clopTemeE. Omxe, RoxEnil
NepmIoKYpcHEK 2RalioMHii 3 KEMock i3 chiopTcMeHiB.

Noxasate, 1m0 dpopMyla G He € FOriYHAM HACALAKOM MHOMKEHHR
dopmyr X:

8) G = (Vx)-R(x), K = {E)R(z} - Ex)Q(x), -Q«);

8) G = (Vx)R(x, x), K = {(VxXVy)(R(x, y) - Ry, x)),
(Va)vy) (V2 R(x, y) » Ry, 2) —» R(x, z))};

B) G = (Qx)(P(x} ~ —R(x)), K = {{vxhP(x) > BNQW) ~ Sz, y)).
(32 R(x) ~ (YyXAY) — —S(x, y»). (3x)P(x)}.

5.11. baraTo3HauyHa norika

Bunurnenna Oazamosnaunux xozix, JHALERHA icmunRocmi
BUCROBALRNA, dAPasim GazamosHaunol Koziku, ynapi i GinapHi
Pynkyil, noara cucmera pynnyiil bazamoarkaunol Aozixi

Brepine GaraToaEavyia Jorika 8'ABMAACS Yepes salepedeHHS

APHCTOTENEBa 3AKOHY BYKIIOUEHOr'0 TpeThoro. Biamosigno Ko uboro
3aKOHY B¥3 WHEKTHBHE BUCJIOBJEHHH P v —p € TABTONOriA, a aToMap-
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He BUCIOBNEHEA p v apEcToTeiesiit norimi sasxam abo icTuHHe,
abo xubHe. OckinkkM B ApHcToTeNeBiit norini 6ynb-Axe BHCTOB-
JeHHA MOXe HpHiiMaTi TINLKH OfHe 3 [BOX 3HAYeHbL icTHHHOCTL
{icrury a6o xubHicTh), ROHA OJEpIKaNa HasBY Ssoanaunci roziru.
B 1921 poni . Jykamesuu y MajgeHbKil craTti HAa ABoX cTOpiH-
Kax po3rasflae TPeOXSHaYAy Joriky, To6To Taky JOriRy, B ARid
fyAn-Aie BUCNOBIeHNS P MOMKe NPAHMATH oJHe 3 TPLOX MOXKIH-
BHX 3HaYeHb ictuHeocTi. Hesaxesxuo miax Jlyxamesuua E. IToct
AHANIBYE M-3NaXHY JOTIKY, B AKill BUC/OBIGHHH p MOMe TIpuiima-
TH OJHE 3 /i MOXJAWBHX 3HadeHL icThMHHeeTi, he m — 6YAL-8Ke
nine uncxo, O6inkmme za 1. ¥V Bpmaaxy, xkoaw m Oinvme sa 2,
JIOTIKY HAs3MBawTk Sazamosrainoo. B 1930 poni Jyramesuy
i Tapcrxuil mpUCTYMaloTh 0 MHOLANBIIOrNG BHBUCHHA M-3HAYHOL
qorikn. B 1932 poui moEAaTTA m-aneuMol NOTIKM y3aTa/lbHIOETH-
ca I'. Peiixenfaxom, 1Mo posrisgac HecKiHueEHozHaYHY JOriRY,
B AXill ANA BHCIOBJIeHHA p icHYE HEeCKiHUeHHA MHOMKHHA 3HaueHL
icTHRAOCTI.

BupaTtanit uenuit A. lediTidar opubnzsHo y To i e uac
nHoGYAYEAB ABOIHAUYHY CHMBOJIUHY JIOFiKYy, BRXOAAYH 3 II0Tpeb
igryinioEnceroi Maremarmurol mkonn. IIa norika, Ha BigMiHY
Bif apucTorTeneroi, me mpHiiMac GeasanepeuHo 3aAKOHIB BHKINIIO-
9eRore Tperworo : mexsiitHoro sanepeueHEA. DHacumizox msoro
3AKOHH CTROpeHO] 3i cnemiaNbHHMY UiagM¥ jorikum IeiiTiHra,
AK i saxomm 6GaraTozmAYHEX JOTIK, BiAPIisHAOTLCA Bif 3aKOHIB
Apucrorensi. Tomy raki JolikH HasHBalOTE HeapHCTOTEJEBMME.
CumMponivda ZBo3HEAYHA Norika, mobyxopana [eiitiarom y pobori
«[IpHANMNIM MaTeMAaTHXKH», HaNeKUTh N0 HEapHCTOTEJeBUX JIO-
rik, BigpizHsmuHNer Bif apucroTemeBol iHIICX iHTEpHpeTallicio
iMumikaii.

IlopiGHo HeeBKAIZOBUM TeOMETPiAM HEAPHCTOTEJEBL JOTiKH
Tago® BBAHIWIN cobi sacTocysaHHA. HeckindyenBozHayHa JoriKa
6yna aagymana I'. PefixemGaxom sr dyngaMenT MaTeMATHAYHOL
Teopil iMoriproeTi. A ¥y 1933 poni T. HIsnnheuii nomitue, o
OaraTo3BauHi JOrikd MOXYTE OyTH BHKOPHCTORYyBaHI y cyusacHii
kBaHTOBif disumi. Bararo acrmexTiB Takoro BHKOpHETAaHHA Byam
Aocnigaceni I'. Bipxrodom i T'. PeiixenGaxom. Buropucranus in-
ryinionicramu Jsorikw elfiTidra Takox cBiguHTE Tpo MaTeMaTwuHi
tiinnoeri nopux Jgorix.

JAnd cOpoljeHEA PO3TNAOY OCHOBEMX MONoxeHL Teopii Ga-
FATO3HAYHHX JOTiKk ODMeUMOCA TPROX3HAYHOK JXolikow i cko-
pucTaeMoca MeTogoM TabavOoh icruHuocti. B uepmy uepry,
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pigTROpuMo Tabnumio icrumHoeTl aad omepanii xod'ronmnii (raé.
Juns 5.11).

Tatauys 5.11. Tabruysn icmunnocmi Kor' KU

q

X
I I X
X

Ta6rxunoa 5.11 mobylopata TAKHM UMHOM: ¥ JiBOMY cTOBHIL!
SHAXONATLCA MOEIWBL aHAYeHHA icTHHHOCTI ANlA BUCHOBAEHHA P,
4 y BeDXHBOMY DAKY — MOMNHBI 3HAYeHHA icTHHHOCTE JA8 BH-
CNOBACHAA ¢, SHAKYHM 3HAYEeHHA iCTHHHOCT] BRA3AHEX BHCIOB-
NeRnL, MO¥HS sHalitu amaweHns IX woH'IOHKEIL y Kowmipni, mo
cTOITH HA MepeTHHI pAAKY, IO BiANOBiNAe 3HaYeHHIO icTuHHOCTL p,
i ¢roBmuA, BiANOBLAHOro agaveHHio icTmHHocTi g. Ockinbrm, 3a
BUSHAUECHHAM, KOH IOHKIIA icTHAHE B TOMY 1 TIIBKH B TOMY BHITAT-
Ky, Koa¥ ofmaba BUCAOBXeHHA p i ¢ icTuHHi, sHavenHs I croiTe
v nieifi BepxmEi#t xomipumi Tabawni, a Bpemri — X. SaszHauuMo,
00 TabaMlsA 3aN0BHIOCTHCHA HA migeraBl oAEoro Jinile BUSHATEHHESA
omepanil KoH'WOHKII.

Tenep nepeliieMo A0 TPLOXZHAYNOL JOTIKM i IOBHAYHWMO TPH
MOKJIHBL 3HAYeHHA icTHEHOCTL BHcAoBAeHHA uepes I, «?» 1 X,
3HoB craafieMo Tabaunmio ieruaRocTi onepanii xkor’roHRuiT (TAGIH-
g 5.12). Ockitbku KoH'IOHKILIM icTHEHA, KOJH 00MABS RACAOBIEH.
"H# p i g icTHHER], 1iB8 BepxHA kKomipra Tabanii MOBYHHA MICTATH
sgaderH® J, kpim Toro, I me Moke zmaxopMTHcs Hi B akift immik
xoMipui Tabruml. TaxuM urHOM, 3alMmAEThCA BiciM KoMipok,
B KOMXHIH 3 AKMX Moxe OyrM sanucaso afo amaueHH® X, abo 3Ha-
ueHHS ¢«?». Beboro ogepxxyersesa 28 = 256 cmocofip 3allOBHeHHSA
rabaumi. 3BigcH mMaeMo, Mo Y TphoXsHAuUKIN ;orimi icrye 256 pia-
HOX BM3HaYeH: KOH IOHKIIi.

Tabaunya 5.12. llabron maGauyi icmunnocmi
won'lorKyll ¥ mpeox3Hadil soziyi

q
? X
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B TabaMusx 5.13 i 5.14 mapegenc ABi 3 256 MokAHBUX Tab-
JHUb icTHHHOCTL onepauil ko WHKUII y TprOX3HAYHiA sgorini.

Tabruys 5.13. Tabauuys icmurnocmi won'oRkyii
Y MPrOXIHAUHIR Roziyi (Ayrnawesun ma in.)

q
A
' ? X
I I ? X
? ? ? X
e
X X X X

Tatauys 5.14. Tabruya icmurnocmi xon' on il
y mpuoxaHaumiii poziyi (Bovap)

I
?
X

| e ]
FON RSO IESCR RN P
b [~ [ pe | b

Taéanug icTugHocTi 5.13 Gyna sanponoHoBana JIykalmeBuuem,
Iocrom i Poccepom. Bora 6ynyernes BifloBifHO fo yroam, 3a AKOW0
3HayedHA ¢7s Giaemm xubme, mim 7, ane memm xnbme, Him X, a
2Ha4YeHHA KOH'IOHKLIT cniBmapgse is sHaYenHAM icTHHHOCTI Olanm
xHOGHOrOo i3 CRJIANOBHX BHCJIOBJEHE.

Bigminne Big omucaneoro pHs3HaueAHA xoH'HKLII zae Bouap
(rabauna 5.14). 3a BouapoM cHMEOX «?» OZHAYAE HEPO3B A3-
HicTh, 8 KOH'IOHKIIN BHCJIOBIEHE P 1 ¢ BBAMKACTLCE HEPORB’ABHOIO
¥ BUNAAKY HepoaB’AsEocTi Xoya 6 ogHOrO i3 cKAaZoBHX BH-
CJIOBJICHb.

Posrnanemo Tabamupw icTEHHOCTI omepauil sanmepeueHHA.
Y BHDAagKy 3anepeycHHA ¢fuHe o0MerleHHA OOAATAE Yy TOMY,
0 —p He MOXKe 6yTH icTHHHMM npu icTHEHOCTI BHCHOBJIEHHA
Py 1 —p BHe moxe Gyt xubunum y aunaary xuboocri p. BrasaBe
o0me:keHHA moBHiCTIO BusHAa4ae TalIU10 ICTHHHOCTL ANA sanepe-
UeHHs y ABoaEavuxiff norini i mpunycrae 12 moxamerx erocnbir
BH3HAYERHA 3allepedeHusa y Tphoxausunitt. Huxxue nasepmeno gei
3 12 Mo:RIMBHX anE sanepedeRHA Tabaunb icrmHHocTi onepanii
zanepeuennd. TaSauns icToEmocT 5.15, mo zanponononana IToc-
TOM, B3aCHOBAHA Ha yroai, sringno 3 Axoi0 onepanil samepeveHHd
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IIPHBJACHIETECA HAcTYIHe 34 HOPAAKOM IHAUSHHN ADPTYMeHTY.
Ta6anua ictanpocti 5.16 6yna aanpomomopana Bouapom, Jlyka-
mesndeM i Poccepom, axi suxogunm 3 Toro, mo —(—p) MOBHHHEe
6yTH eKBiRaneHTHe p.

Tabapni icTaEHOCTI IHMIIMX JoriuHEX onepalili MoxkyTe OYTR
nmobypoBadi Ha migeTaki ix BHsHAadZeHBS 38 AOTOMOTOK omepanid
KOH'IOHKIHI Ta sanepederEas. OcKiNMLKN KOH'IOHKIIA Ta 3anepedeHHA
HesadeskHi, & pelnTa onepaiiii Moxe OyTH Hepez HHX BUpaxceHA,
To icEye Baaranxi 256 x 12 = 3072 pisHux TPLOXIHAYHMX JOTIK.
TakyM YHHOM, EilBKicTh Di3HHX MOMAMBHX CTPYKTYP GararosHau-
nol soriky HaJs3BHYAWHO BeAHEKA.

Tabruya 5.15. Tabauus iemunuocmi 3anepevenys
y mpeoxanaxia Roziui (Ifocm)

—-p

Pl | wd | |

1
X
I

Tatauyn 5.18. Tabauys icrmunnocmi sanepeiennsn
y mpooxanayiiit zoziyi (Bovap ma in. )}

—p
X
?
I

P
I
7
X

B aeskux Brmankax mpH nofyaosi 6araTosHayHHX JOTIK BR-
KOPHMCTOBYEThCH TAKe NOHATTHE IHAYEEHS icTHHHOCTI.

BuanaveHun

Hificke gucne T(p) » iETepBany {0, 1], sxe cTaBHTLCH
¥y BiANOBIAHICTSE BHCAOBJIEHHIC P, HAZHBAIOTE JHALENNAM
iemunnoecmi BHCIOBJIEHHA P,

8nayenna icrunaccri T(p) MomHa posymire aAk HdMopipricTh
TOTO, 1[0 BHCIOBNEHHR p lcTHHHe, IpHYOMY ABR BHCJAOBJEGHHA,
o MaiTh OfHe H Te K SHAUEHHS ICTHHHOCTL, MOMHA BBAKATH
noriyHo exBiranenTHUMHN. 3HaueHHA ictuuHocTi T(p) = 1 osHauae
icrurmicTh, a8 3HavYeHHA T(p) = 0 — xwubHicT: BACHOBICHHS p. Ba-
NepedeHHA —p BUIHAYAETRCH 38 JONCMOroI0 3HAUEHHSA iCTHHHOCTI
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rakam usHOM: T(—p) = 1 — T(p). B Tppoxsuauniii norioi, Ha-
OpHKJaZ, AK JHAYEHHA LCTHHROCTI Mo:xHA TpdHiARaTH yucna 0,
1/2 i 1. Hxwme sHadyerHs icTuHHOCTL T(P) = 1/2, TOo 3HAYeHHH
icTuHHOCTI —p Takok JopiBHIoE 1/2, 1 p BHUABJAAETHCA JOTI9HO
eKBiBANIEHTHAM CBoEMY sallepeueHHI0. Take BHCNOBNEHHA MOXe .
6yTy HasBaHe CYMHIRBAUM, [IpHYOMY 3allepedeHHA NbOT0 BHCHOBJALSH-
HH TAKOMS BURBJSCTHCH CYMHIBHHMM, SasHadueHHN Nigxip esigunrh
PO HaABHICTE TiCHOI0 3B #sKy Mix OaraTosHaTHHMH JOoTikamu
i Teopiclo EmoBipHOCTEH.

BaraToznauna norika posrasjae ofHOpignRi xorivnl $yrxUii,
mo pusHaveHi wa Mmuowmui (0, 1, .., B — 1), skra ckaajgaeTncsa
3 k enemenris. B cuay op”opigHocri cama dyurnia k-zuavwnoi
aorixu Big n amigRMx npuiimae smauenusa a mei sk ckimdennol
MHOKHHH.

BusHavyeHHA

Dyuxnii k-snavnol noriky EmaHauedi 1 mpHiAMAaOTE 3HATEH-
HA, OI0 BXOAHTh A0 Aesxol MHoxkwmuu B, = {0, 1, .., k — 1},
e HAGHWBAETLCH aidasimorm nici rozixw.

OyrKnin A-3Havxol Jorikd ofHosHAYHO BMaHauae 11 Tabau-
nAa sHavemRb (icTeaHOcTi). MHOXHHEY Belx yHRNIR k-anaunoi
xorikm nmosHauaTh P, Kiaskicts @yHKUiE P,, INo 3aJeMarTh
Bin n smiuEmx, nopiBEwoe k*. Sk i y meRO3Haumi#t morimi, BH-
CNOBJAEHHA 300paXyRTRCH ¥ BHIAARL Qopmyn k-3HauHol JHOriKE.
EneMenrapui dyHxuil 300pamyioTs ysaraJbHeHHS agaJ oriuHEHX
dyurniit aposraudo] Joriku. Poaroagemo ocuorHi dyarnii k-zpau-
HOI JOTiXHA.

YHapHi cyHkuii
1. Hurniuse sanepedeRns:
—x = x + 1(mod &),
Je y mod k& — BaluINOK Big AineEua y Ha k.

TaxyM YHHOM, A eleMeHTapHa QyHKuIIA 3o0pamye ysa-
rajJjbHeHEA 3allepedeEHA ¥ PO3YMIHHL «IURIiYHOIrO» asMiluens
3HAURHB:

= x+1, upn x#k-1
o, mpu x=k-1

2. 3anepevenusn Jlyxkamesuda:
Ne=k~-1-2x
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Hapenena eqeMenTapHa pyEKNiaA N, € iHOTMM ysaralhHeHAAM
ornepaiil aagepeteHRA ¥ posyMinHl «azeprajIbHOTO» BifoGpaxenHsn
aHaueHb.

3.¥saranpyene sanepeueRHdA:

k-1, opua x=0
0, mpu x5, Me x,ae{0,1,..., k-1)

r°<xi={

Enementapra dyakmia [°(x) npn o + k& — 1 ¢ ysarancHeHHAM
JeAKHX BJIAcTHROCTelH s3allepetleHHA.

4, XapaxTtepueruuna QyeKnia:
1, npx x=¢

7 (x)h{l), npr x#6, Ze x,0¢e{0,1, .., k-1}

dyuknia J(x} — xapaxrTepucTHuHa GYHKNIiA IHAUCHHS G NPH
¢ # k —1 sofpaxye yzarantHeHHR olepanii aanepedeEHd.

BidapHi dyHrull

1. ¥zaranegedua xKoH'0HKLIL:
min{x;, x).

2. Iame yzaranbHeEHE KOH’OHKEOIL:
x; x; (mod k).

3. ¥saraieHeHHs JH3'IOHKNII:
max(x;, x;).

BusHaveHHRA

Cucrema Qyuxuiit f; ... fo HAZNBACTLCA NO6HOW, AKMO GYAL-
gra GyEELia 3 Py Moxe 6yTA aobpakena y BUraagi dopmy-
Y, U0 CKAAJAETLCA 3 OUX GVHKOi#R.

B k-3HauHL# Aorini 3ATHUIIRIOTLCH CIIpaBeAIHBHMY AeAKi 32 KOHE
JBOosHAYHOI, & caMe: aconiaTHBHOCTI, KOMYTATHBHOCTL, AXCTPUOYTHE-
mocti i 7. a. IlogiGwo mo dymkuiil ARoamauHOol Jorikm k-amawHi Mo-
riuni GyERNil MoXKYTL 6yTH 3a7aui ¥y sumiasl Tabauni. Kinnxicrs
cToBONiE y Tabauui gopisRIe k?, ae n — Kimbkicrhs smiEHEx, o
BXOBATh A0 Gynxnii, a KiTekicTs ¢yHKMOIX BRiIHAUAETRCA YHCIOM
k¥, mKe MIBMAKO apocTae ia sbinnmenndam k. .

B k-znauniét aorinl icaye k wxoderanr fo=0, =1, ..,
fe-1=Fk -1, Cepen ¢yHKRii oxaici sMindol Ha#biibm wacro BR-
KOPHCTOBYBAHMMH € TaKi:
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1) XapakTepucTuui $yHKIiI i-ro nopazky — fo(x), fi(x), fx(x),
1o BH3HAYeHi B Tabmuni 5.17.

Tabruys 5.17. Dynwyil odnict sminnol y mpooxsnaunil Roziyi

X
x 0 1 2
folx) 2 1] 0
filx) 0 2 0
om0 | o | 2
N 2 1 0
—X 1 2 0

2) 3amepederns Jyramesuaa N, = k - 1 — x.

3) ®yrkuin nukAiuEOro samepedeEHA —x = x + 1 (mod).

TaGruni ieTmAanocri BRasaHHX GYHKNIN y TPROXEHAUHIN morimi
OyayTh MATH BHIVIAA, N0 sobpaxenni y TaGamui 5.17. Cepex gpyHE-
Ui gpox SMiHHHMX Raiilisbpil BA'K/IMEBe 3HAYCHHS MAIOTL TaKi:

1) zravna pna’oEknis — x; v x, = max{x,, x).

2) snauna RO IOHRIIA — x; A Xy = min(x;, xg).

3) dyurnia lleddepa — Bebbax — xij2 = 2, v &3+ 1(mod k).

4) JonasaEHs 3a MozyiaeM k — x, + X; (mod k).

5) MuoxesErsa 3a MogyiaeM kB — X + x» {mod k).

JHaueHHA AaHAX ¢yHKUid npu 2 = 4 sobpaseHo B Tab-
auni 5.18.

Tabruyn 5.18. Pynrkyil deox IMIHRUX Yy VOMUPUSHAVRIL Ro2iyi

x o,0(o|jO01|1]1]|1]|2]|2}2]|2|3|3 |33
X2 oj112)3(oj1j2j3|o0f1|2|3 (0|1 |23
v Xz 112|383 |1|112|3|2[2|2{3|3|3)|83]|3
1A X2 oclojolojoflrlrji1joj1j2{2j{o0|112:3
mvaomtl{modk) [1/2|3|0)|2|2|3|0(3|8|3|0|0|0 |00
%1+ xe(mod k) o|1(2)|8|1|2|83|0|2]3}|0|1(3|0|1]2
x1%xz (mod k) g|ojojojoil}2)3|0}2|/0|2 0|3]2]1

CKROPUCTABIIACE NOHATTAM XapPAKTePHCTHUHMX (yBERUift Ama
ABC3HAYMHOTO BUOAZKY, BecKJanHo sanucartu JJH® i JKHD
y Gararcsmaurift jorini. Haregaemo, mo ocroBHy poas y JIJEH®
Bigirpaiotk eleMeHTapHi KOH'IOHRIET x7'A.. AxJ, aAri Bigmimmi
Big myna nume ®a ogHoMy Ha6Opi (81, .-, 0.)- IIPH nBoMy Bei BO-
HH ofiepxkaHl 3 koH’1ORKINY, Mo Bignosigac ogumHuHOMY Habopy,
migerapodroio yHKLil Big camiel aminmoi x%.
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3anuTanus

1.
2.
3.

4.
]

6.
7.
8.
9.
10.
11.
12.
13.

o posymiloTs nig SaraTosnaunon Jorikow?

Sxi icEyiors pisHosxAn SeraToaRauHBX JOrik?

CriABRA PioANX BHIHAYCHL KOH'IOHKLII icHye ¥y woTnpursuaunill
Jorimi?

CrnagiTe TAGAMIIO iCTMHHOCTI KOH'IOHKOLI v TphoxawayHiil norini.

. B uomy noasrae carHe ofMesKenHa omepanil sanepedeHns y 0ara-

TosHayHiE Torini?

JajiTe BHIHaYeHHA NOHATTIO JHGUEHHES iCTHHHOCTI BHCJIOBJICHHA.
CdopMynmoiiTe BRsEaAYCHEA andanity Ranaduoi dorixkm.

CEiNEKA icHYe pisAnx GyHEODIA k-sHauwol Joriem six n sMiHEBUX?
BanemiTh GOPMYIHM CCROBANX YRApHWX PYHRIIHR k-sHaMEOL JMorikm.
Hagsnirs Bafipazcaneimn Oinepri GyekOii kanavnol aorika.

Hxe cucrema dyHKIiN k-aHauHol AorikM HA3aWBAaEThHCA MoBHOO?
HassiTe walibiienr vacro smkoprctToRyBaHi QyBKIEL ofHlEl aMinAOL,
Cxnafite TaGnumwo ocHoRHNX $yHxnik ABoX aMiHEHX y YoTHpH-
sEayHil Jdorini.

3aBAaHHA

1.

2.

5.

Craazite Tabmuno leruurocti dyuknil ysarajiegeRoro sanepedeH-
HA ¥y TpLoxanauni# jorimi.

IMobyayiire Tabaumio ieTrAEceTi iMnnixanii y TproxspaqHiil xori-
i, BUXOAAYH 3 NPUNOYIIEHHA, 100 icTAEA He MOXRe iMmIikysaTi
xubHicTe. Yn MoxxauBe ¥ Zagil Aorili eJHEMM UMHOM BHPASATH
iMnaikaic gepez sanepedeHHs Ta KOH IDHKILiD?

3a aEANOTICIO 3 ABOXBHAYHOIO NOrIKOIO AOBEIITHL CIPABEXNIUBICTL
AECTPROYTUBHAOID 3aKOHY ¥ R-sHaurid norimi.

IloGyayiiTe Tabanuni icteanocti pyaruid ogniel amiunol y yotupu-
sHauwif Jgoriui,

BannmiTts dopmyas JJTHD i NKHP v k-snaumif morimi.
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Teopisa rpadis

6.1. lcTopuuni 3ayBaxeHHHA. Tunosi 3apadi

IIpuitnaTo MoB’A3yBaTH 3apOAKEHHA Teopil rpadis zr Ma-
TeMaTH4YHO! Aucruniaini s poforow Jeonapna Eitnepa 1736 p.,
y arift sHalineHo yMORY icHYBaHHA Y 3B'AaHOMY rpadi mukay, mo
MicTATh Bel pebpa rpada (6es mopropers). Takuit nHKN Temep Ha-
3URACThCH etneposum. fk Imokasye mpocTeit mpukiaz {puec. 6.1),
e rpatu, 0 He € eHIepOBMMH IMK/IAMI.

xlmx,
'\_}_/

Prc. 6.1. He eiinepie rpad

Ilepmogixeperom 3agaui npo eijiepis nHKA cam Eitmep Hasn-
BA¢ RiIOMY TONOBONOMKY Ipo KeHircGepcexi moctH. B micti Ke-
mircfepr (v 1736 p.) xepa piukosux ocrpoBa A, B a’eqmysainci
misk cobow i 3 Geperamu C, J piukn Ilperens cnoMa MocraMu

Ty
os
/e G/,

Prc. 6.2. KenircGepchxi mocTa
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c Yu moxcEa aINCHUTHA NPOTYAAHKY
o MicTy, NpoHINOBIIN 1O KOMCHOMY
MOCTY TOYHO OAHH pas, I TOBepHY-

A B pyca o Ruxizmoi rouku? Bo6pasup-
Iod ZIMAHKKM cylni BepInMEAMM, MOC-
TH — pefpaMr (pzc. 6.3), ogepKHMO
D

rpad, Axuit He € ellTepoBUM IHEKICM

Pre. 6.3. I'pad mepexozin (guB. n. 6.3). Tomy i 3agaua npo Kenir-

Mo MOCTaM cOepebKl MOCTH He MA€ NO3HTHBHOIO
po3B’AIKY.

Hactyunuii Kpok spobuB y 1847 p. Kipxrod. Bupuaoun exexT-
pHuH]l ARHOIOrA T4 e6eTparyiourck Bij disruHCl MPHPOAE DPHCTPO-
ie, BiF BHAlaAWEB cxpeMo KOMOGIHATOPHO-TONOJOTIYRY CTPYKTYPY,
1[0 HARHBAEThCH 3apa3 zpadom Leruwza, pPolpobHUR AITOPHTM
SHAXOAMKEHHSA MAKCHMAALHOTO HiArpady Ges pmiaie (1o Hasubac-
TRECA JepeBoM) 1 3 Horo ZoIOMOrol 3anncaB HallMeHHIY He3aMes-
HY CHCTeMY DiBA#HL JaHnora. [JoenijkeEHA 8 cnreKTpoTeXHIKH,
eIEeKTPOHIKN, pefefiHO-KOHTAKTHHAX CXEeM A0 CLOTOAH] IHJYKYIOTH
pisui fgocaigxenHs s Teopil zpegie, i Hasnaru.

B 1867 p. y ag’ssky 3 npobnemamu cpraHiumel ximii Ke-
nmi poaraazaB safauy HepesidTeHHs Bcix gepeB 3l crememaMu
gepmivHE 1 i 4. Bora nor’szana 3 onmucoMm izoMepiB TPAHHYHHUX
(Hacudennx) ByraeBojHIB C.Hj, .2 @ AaHHM 9HcIOM (72) aToMib
Byrnerio. Bagaua BHABHJIACA HEMpOCTow, i ceHe sposymimmit
gz puc, 6.4, Ha axomy sobpaxenc 2 izomepm npm n = 4 (Dyran
Ta isobyram).

fli C, C, C, C,
H—C—H C, Cy C, C,
I —— ¢ ¢ " — C«l
! c, G G| ¥ ‘
L L —
4

MeTau Eran Ilponan Byran IsoGyrau
r=1 n=2 n=3 * v g

n=4
Puc. 6.4. Ysomepy C,Hap .2

Hobpe Bigoma 3ajgaua KoMimosixepa, IO Mae YUCAeHHI 3acTo-
cyBaHHA (B TOMY uHcai B eKOHOMIiNi, NpoeKTYBAaHRi): gad sajaHol
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CHCTeMH NYHKTIE (MicT) i aopir mix HnmH, cxemaTtuiHe sobpaske-
HHX IUIoCKUM' 3B'ASHMM rpadgom, ofpaTu HaiiKOpOTIOWH MapmpyT
KoMiBOAMKepAa, AKHH BUXOMWUTL | NOBePTAETHCS A0 BHXijHOro MicTa
Tak, Mod BigpiZaTH pelITY NMYRKTIB 1 TIABKH OXWH pa3. Samada He
3aBYKIM MAE Po3B’A30K, & AKII0 Mae, TO BLAOMI alropiuTMHi NMPaLIo-
10Tk ebeKTHBHC AKIIe L5 NOpiBHAHO HeBenmkux rpadis — i ne,
HeadBa)kaloUH Ha HeaOMAKYy OiCaiorpadile i3 sagaui komiBoAxKepa.

YacrrwoBuil BANAACK Liei sagadi, [0 He BpaxoBy€ KOBXHHY
nepexonip Miszk NyHKTaMH, aJdae abepirae Bei ii npHHIMIICBR] TPYA-
Howmi, chopmyncBas y 1859 p. B. lamiabToH Ha DpHKNaAl
rpada aofekaeApy: ofifiTH 3aMEHeEMM MapmpyToM Do pebpax
GaraTorpaEauka Bel fioro BepmmMHM, NPOUOIOBIIKM depes KO-
HY REpIOIMHY piRHO oAWH paz (KpiM HouaTky i kigns muaxy).
Came o sajgauy laMminbTon npozar 3a 25 rineil oanomy mafi-
cTpoBi irpamor y Buraagi rpm «HaBkpyru ceitys. [Ias gosine-
Horo rpada saaada laminnToHa He 00OB’AIKOBO Mae po3B’sI3OK
i dopmynwerseas Tax: IuHadtTH npecmud yurx, me MicTuTh Bel
BepmiuHH rpada (Takuilt IUKA HAZUBAETHLCS 2aMIiALGMOMOGUNR).
HAas rpada aopexkaeaps raMineToHiB IMEN icHye. 3a DeBHEX YMOR
cyuacHA BAfaYA KCMiBOSAIKepa, o TPHOYCKAES HEOAHOPaA3oBe BifBi-
AAHHA BepIUMH, 2BOAMTLCA IO BiflyKaHua v rpadi iz saganumu
e¢loREMAAMU s pefep raMinbTOHOBOrO MUKIY HAWMEHIIGT JOEXKHHHA.
3razaui ymonum taki: koskue pebpo (a, b) rpatha mae aomxkuuy,
IO AOPIEHIOE JOBUHI HANKOPOTLIOrO JNaHIlIOra Mijt BepuIinHAMHA
aidb.

Oppa 3 maliBifjoMimux sajauy MaTeMaTHKM — mupobaema dYo-
THPEOX (aplb — TAKOK HaJexKHTs Xo rpadin. IIle v Munymomy
cTronirti 6yJa0 BifsHaueHO, I0 KOMHY KOHKPeTHY reorpadidmy
KapTy MoikHa postapbyBaTH yorwpma dapbamu Tak, mol OyAL-
axi api cyecipggi® wkpaiunr 6vin nodapboeani y piaHi woawopn.
Oanar pomeAeHHA Aa8 JoBinpEe! KaptH (Tofro ANA JBO3B' A3HOTO
mirockoro rpadgia) BAANOCE NATH 3 BHKOopHcTaHHAM EOM rinpkm
B ocTanui poxu. Ilounnawup 3 XIX eronirra, 6yao HajaHo Gararo
MOMMAKOBHX HOBeJeHL NpobleMu 4oTHphoX ¢apb ax mpodeciona-
HaMH, TaX | He MaTeMaTHKaMH — BciX mpusabimioBasia IIpocTOTA,
ecTeTHMHICTE iTIyuHa NoNyAsSpHicTs sajzaui. Caixg migkpecnuTH
pesynsrar XiByAa, mo jgoBiB y 1890 p. pocrartHieTs m’aTm ¢apb
nna poadapGysaHHS KAPTH.

! Tobru peanizOBAHMM Sk Teomerpuuuuit rpad y AY.
? [ITo mamwTh sarateHy Jimifiny (a He TOYROBY) ALAAHKY rpaHumi.
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JIag Hennockux rpadis sajgaua npo posdgaplyraHHA CTABATHCA
iHaxime — pns BepmInH; TYT € 6araTo pesyibTaTik | Heposs’s3aHUX
sagay, UikaBHX A Teopil i mpaxTurM (qus. p. 6.7).

I'pad HasmBacThed naockum (aGoc naangprum), ARo ioro
MOIKHA YKAacTH Ha muomuul Oes expemeHns pebep (maaxom Ix
Hernepeprroi fedopmanii). Tonmoxeriyamii Kpurepifi naamapHocTi
rpada Buasus JI. C. IlonTparin (1927 p.) 6es onySaikysagas upo-
ro pesyneTary i mesate:xso — K. KypaTosenkuit (1930 p.). Yepes
RarcMicTh ILIAHapHOI peanisanil eJIeKTPOHENX cxem (ApykoBaHi
naat™i i ix.) ocTauniM uacoM ojepikaHc IHNIL RpHTepil MmaHapHO-
cTi Ta anropuT™MH yRIajeHud rpadin (Barnep, Virui, Max-Jleits,
PDapi, Ilreitn Tomo).

Hounnawuu 3 30-x poris XIX cronitra, monyaspuicTs
rpadie i kiaekicTes npans 3 uneroi Teopii rpadie Ta i sacro-
CYBaHE HEeYXUJABHO 3pocTae. 3a AOMNOMOrok rpada MOAeNO-
oThes GyAb-AKL cXeMM, B AKMX BHIiagooThea 6idepIn npocTi
YaCTHHH (BepIIWHM) i 8B’A3xM Mix mumu (pefpa). He nusno,
mo rpagpm sycrpidaloThea y JfochifiikemHSX 3 conionorii, menm-
xonoril, ekoHoMikK, Teopii irop, Jorikm, mporpaMyBaHHS, Teo-
pil AmosiprocTell {nanuore Mapkopa), kBauToBol MexaHixu
(niarpamy Pelinmana), Ximil (eTDYKTyYpa MoJeKkya), CTATHCTHY-
Hoi Mexamiru, xpucramodiamxy, MesuIlMHKE (Hepbori, cyauuEHIL
Ta iHwi Mepexi), enexTpo- i pagioTexmikM, AimreicTmkm, Teopii
pO3KITafiR, 3 TPAHCIOPTHHX MepeX | Tediil, BeHTHAALINHKX Me-
pesk Ta iH. ’

6.2. HeopieuToBadi rpacu i TepmiHonoria

¥ pmojgannmomy 6yme a'scoBaHo, mMo O6yAs-ARVE cKinven-
Hu#l rpad (UpH 3AraapEOMY Horo BHSHAUEHHI) MoMHA JAX HHOY-
HOCTL YHBUTH AK CYKYIHICTE: AiKiN, 3’¢aEylounx samadi Touxum
¥ TphOoXBHMipHoMy IpocTopi. ToMy KopucHe MaTH BHsHaveHHA
Tak BBAHOrO zeomempuyHozo zpaga y mpocropi R": He cykym-
BieTk Towor X i mpocTux! kpuBwx Y, KiHNi AKX ¢ ToukM
3 X, a caMi KpHBI monmapHO He MalTh COLILHMX BHYTPiIDHIX
rouok. Toukn 3 X wasuBawTbeA Gepwuramu, kpupi a ¥ —

t HEHU]J\!PRHHX. CAMOHEREPCTHININX,
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peGpamu rpada. Ha puc, 6.5 300-
paxceno rpad y npocropi R? (abo,
Axmo Gaxano, — y R?, ne

X = {x“ X2y Xgye Xuy x-’:};

Y = {yl, Y2y Yz, Yas Us, Us, y:}-
Toskayernns ana rpada: G=(X, Y),
n = ng — YHECAO BePIINH, M = Mg —
uycno pedep rpada.

Puc. 6.5. IIpuxnag rpada v B2

OcCHOBHI TepMiHK'

Cymiaxcrti BePLUMEH (X2, ¥3) — Me BePIINHM, 3’eAHAHI pebpoM, ¢y-
mixcii pebpa (y:;, y;) — He pebpa, MO0 MAOTH CHiJTBHY BepIDHHY.

Bepmnna x; i pebpo y; inyndexmi odra odnomy, AKIIO TOUKA
x» € KiBeub KpABOI ys. Hemasn (yi) — samkHeHe pebpo, [eonnosna-
HA BepIiuHa (x4) HelHIPHKeHTHS KoIHOMY pedpy.

Hapareavni (xpamui) pebpa (y,, ¥, Iys) — Oe pebpa, mpo in-
nugeHTl oxHiM mapi BepIonME (X3, Xi).

Mapwpym (3’'egaynouuil BepmmeHU x,, X;) — CHIHUEHHA IIOC-
Aipgosricrs pebep Ta IHHMACHTHMX M BEpIIAH, IO CHJIAJAKTH
HellePeDBHY KPHUBY 3 KiHIAMH X,, X;. Yucao pebep y mMapiopyTi
HA3MBAETLCE HOI'o Joexrunore (BRJOYAIOYA BHECOK LUBTOPIOBRHHMX
pebep). Tak, Ha pre. 4. nocnigopnicTs pebep Yy, Ys, Yz Ys: YPar ¥71
(y Ginpnl AoKNAZHMX [OZHAYEHUAX — MepeMixHa nocxigoBHicTh
BEpLIHH i peﬁep X1y Y1y Xz Y5s X1y Yoo X2y Yy X3y Yeo X3y YUy xﬁ)
€ MApPIIPYT SORKHHKM 6 3 KiHnaMm x;, x;.

Mapmipyr semenenuil, grio kiumgi fforo emirnapalorn (x; = x,).

MapmipyT HasWBAETRCA RARYINZOM, AKIIO Bei Boro pefpa pia-
Hi, i npocmum aanyroezom, Axrnio bei Horo Bepmuun (KpiM, MoMe,
rinnis nammiora) pissi.

Hurxr — pe saukHenwit nauor (npocmuld Yyuxxa, ARILO JAH-
uior npoctui).

I'paih maaupaeThes ae’saxur, Ao GyaL-saxa mapa doro Bep-
OiHH 3'eAHYCTLCH JAHIJIOTOM. _

IMidzpatpr — Gyob-aka uvacTHHa Ipada, DI0 caMa € rpadom,

Komnonenma (36'23nocmi) — MakcBManbHuit ap’asruil mig-
rpad v rpadi (Hampumkraaja, rpad pHe. 6.5 mMac 2 KOMIOOHEHTH:

'V Mlnm opienToaHnX rpain aue. m. 6.4.
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{xd} i sanumkosa vactuua). Cmenins degx; — & (x) GePUILHU X, —
HHCA0 IHUppeRTEUX I#t pebep (8 (x,) = 4, § (xs) =1, 86 (x,) = O,
UpHYOMY IIeTI BPAXORYEThbeA AK ABa pebpa (8 (xs) = 5).

F'pad HasuBaeThCA n-36’A3HuM, AKWO MK Syas-akuMu iforo
ABOMA ?epmnuamn SHAMAETLCA 2 JNAHQIOrin, [0 TONAPHO He MA-
KTk CHITBEAX HEKiHIeBHX BEPIIHE.

Ipad G = (X, Y) nasuBaetbea:

— NOpoHIM, AKINO MHOMAHA Horo pefep NMOPOXKHS;
— mpocmuM, HKLO BiH He MicTHTL merens i napajeJbHHX pebep;
— nroanum, AKOIO BiH npocThit i koxza mapa EepIIMH CYMi»KHa;

— pezyasprum ab6o odnopidrum (crenexi r), Axmo cremeni Beix

JOTO BepIIMH OfIHAKOBI (QOPiBHIOIOTL r = degz, Vx, e X):
— depegom, AKUIO BiH He MicTHTE nmEEXip i 8B AzAN;

— Xyrvmuzpadom, AKIO BiH MicTMTE napaieibHi pebpa;
— mncesdozpagam, AKINO BiH MicTHTH WeTni Ta KpaTHL pebpa.

I'pad &' = (X, Y') naavBacThea donoanenna upoCcTOTO rpaga
G=(X.Y) 3 riclo 3k MHORIHOK Bepiigd X, AkIjo Y N Y = @
i rpad Go= (X, Y U Y} ¢ nesnun. IHaxme Kamyud, ¥ JONOBHIO-
BANLEOMY rpadi G' BepmuEZ (x,, x;) cyMikHI (a’epmani pe6Gpom
Yu€ Y’), AKINO BOHW HeCYMixHi y BEXiaHomy rpadi G.

Toura sunenyeanns rpada — Bepmuna, BUAATEHHA AKOL
pasoM 3 IHRUAeRTHHMHE I pebpaMM OPHBROIHTE Ao 30inBIOIeHHA
UHMCla KOMIOOHeHT rpada.

Bidcmans d(v, 9) Mixk mepmuEaMu v, $ rpada G — poB3KUHA
HaRKOPOTINOrQ JAHIIOra MiX U, 5. Hrmo Big BepmwEM L Ao Bep-
MIHHN & He Beje KOAHUE JaHuwior, To d{u, 8) = <.

Aiamempon d(G) rpada G HasHBaeThCT MAKCHMATbHA BifcTaHD
d(v, 8) # w0 y rpagi G.

Fpannio (xomipxow) reoMerpuunoro rpada y H? (TofiTo nroe-
k020 2pagda, B aroMy pebpa NMepeTHHAIOTLCA TINBKH ¥ BepIIUHAX)
HAasHBAEThCA TaKA HENOPOXKHA 3aMKHeHa Nifo6aacTh TMIOLIMHH,
wo Oyak-aki Bl Touyru obiacti MomHa 3’eanaT npoctoto (Iop-
A8HOBOI0) KPWBOI0, BHYTPImIEi (He kianesi) ToyxH Akol Jexarh
BcepeAnHi obaacTi, He mepermnaloumch 3 pebpaMu Tpada.

Tpanuyew zpani BBa)KaeThed MHOMUHA pefep i BepuiMH
rpadda, INO HajewxaTh rpaHi. Byab-akuit cxinvennuii nroexui
zpa¢p Mae B TOYHOETL ONHY HeobMesceny I'paHb, AKA HASMBACTHCS

306HIWNHBOI0 zpaknio. Pemta rpameit (o6MexkeHnx) HASHBAIOTBCS
eHympiatHimny.
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Excyenmpucumem e(L) BepIIUHE v € X y 3B'a3HOMY rpadi G
€ BifcTaHb Bia v A0 makbinpm Biaganewol Bifg mei BepnHK, a pa-
diye r(G) rpada G — maliMmenuInit 3 eRCIeHTPUCUTETIB BeplUKH:

e(v)=max d(x,v), r(v)=min e(v).
vreX Yo X

3poaymMinoe, 1m0 HatiGiABUINA eKCHeHTPUCUTET JOPIBHIOE AlaMET-

py rpada:
d(@)=maxe(rv) =max maxd(x,v).
voeX v x

BepluuEA U HASHBRETECA WEeRMPALLHOI0 SePULLNOI zpadha
(G, AKINO Ha HIf JocATAaeThes MIiHIMYM eKcILeHTpHCcHTeTiB, TobGTo
e(v) = Q).

Ilenmpom 2pagpa G HasHBacTbCA MHOMKHHA BCix HOoro ueHT-
PRIBHHX BepUINH; IeHTp MoMe CKAAJATHCA 3 €XWHOI BepIIHHY,
a Mo¥Ke — 5 JIBOX i Oineime BepmuH. Hanpukiaz, meHTP MHOCTOTO
HUKIY G, micTuTs Bei n BepmnHd. Ha puc. 6.6 maBefeHo gepeso G
3 yueseoM pepmuH nt = 21, ynciom pebep m = 20, me pas KoxHOL
BepIIMHY BKAa3aHo 1i excueHTpucurer. [epeso Mae paaiye HG) =4,
giamerp d{(G) = T, UEHTp JepeBa CKIAJAECTRCH 3 NapH BepIIHH
{u, v}, KOMKHA 3 AKKX Mae MiHiMAILHMHA eKCUeHTPHUCHTET 4.

7 7
7 g 5 5 Uenrp 7
J f/l': vl 5 I
l 5 ) il/ 6 7
T 7 G 6 7

Puec. 6.6. Excuenrpucurern pepmn= i nenrp rpada &

@ 3asaHHA
1. Yu npapuabHO, OI0 3aMKECHWH MapmpyT HelapHol XOB:KUHM Mic-
THTL NpocTHit MBERAT A napHol gomxuam?

2. HosecTt a6o cHpOCTYBATIH!
a) o6’ caHABHA BYAL-AKHX JBOX PISHAX NAHOIOrin, 3'e€MHYIOUAX ORI
BEDINPEY, MicTHTH ODDOoCTHH MK
6) o6 eNHanHA OVAL-AKEX ABOX HPOCTEX JaHI(lorin, 3’e¢JHyYIOUHX
ABL BepIRMHM, MICTHTL OPOCTHH IHKJI;
B) rpad ar’'asuuit rozi i TiALkE Toal, Koau mHOmuAY X foro
BepITHH He MOKHA po3buty ma jnBi migmpomunn X, X, mo He
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NEPETHHAWOTLCA, TR, IMofi KoxkHe pefpo Syno imnujenthne abo
ABOM BepmruHaM 3 X,, abo gzom sepumiMHam 3 X,

r)y ap’asgomy rpadi Oyas-Axi gba Hafiopmi mpoeTi TaAUIoTH Ma-
OTEL COiALAY BEPUINIY;

A) HETIPapMILHG, U0 ¥ KOMRHOMY 3B’ saHoMy rpadi Bel naiimommi
OPOCTi JSHIJIONY MAaWThL CIiNbRY BEPUITAY.

3. fAxwo rpad se’sErdil i n — YHeNo HOTO BePOIVH, TO AKA HHMHA
ouinxa Ans umcna Yoro pebep?

4. JfosecTH, mo 38’ A3HUA rpad sanRLIAETLHCA 3B H3HAM NP BUJAJIEH-
Hi pebpa Toal 1 TIMLKE Toxl, KoMH He Pebpo MiCTUTBCH ¥ AeHKOMY
MK,

5. HoBecTH, Mo MHORHHA Beix pefiep exinyenHoro ap’saHoro rpadm
yTBopioe MpocTHE DHKE ToAl i TinbKH ToORi, koaR crenendi weix
BePHINH KpaTHL 2,

6. Hosectu, mo Eci peGpa ckiEYeHHOre 38" ATHOI0 rpada MOAKHA BRJFD-
YHTH 0 JAEAKOTO MApIpPYTY.

7. IlosectH, o aanOjor z Ae Moxke GyTH HpocTHil, AKIIO 3 MHOKHEHK
Bcix #oro pefep MOMNCHA YTBODHETH iHIIRE JIaHmier 2 (= 2).

8. Hexail rpad & mae ry BepIIMH CcTeNeHl k, a pemTa BEPIIHE MAICTh
creminp & + 1. Togi n, = (kE + 1)» — 2m, e n — 4uCIO BepUINH,
m — gqucao pebGep rpada.

6.3. EnnepoBi uMknu

Banepeuna Bigmopiar ¥y ronomonommi mpo rkeuireSepenii
MocTH {AuB. p.6.1) punAnBac 3 Taxkoi Teopemu Eiinepa.

Teopema 6.1

Ppap micmume eiirepie yuka modi i mireu modi, Koru @in
a’stanult I cmeneni scix fiozo gepilun — naphi.

0 Hrmmo rpad eiinepis, To BiH 3B’A3Bui i npE o6xoxal eitnepona
OHEAY 3axif 1 BMXig B YeproBy BeplUIMHY BHOCHTE ABI OAHMHEHII
B iI cTenin® (Tomy ujo pebpa He mOBTOPICITHER). OckiiEKE NPOXO-
AATecq Bel pefpa rpaga, To creneHi Beix meprmMm — mapsi.
Hexaii Tenep 3B’sauuil rpad G mae napHi cTemeni Bepurds.
OGepemo BepmuHY X, 1 mepefigeMo Bixg uel Ao Bepmuuu x; 2a
JedkAm pelpom y;, nogapysasmu #toro nmoagyMEM y OyAn-akmii
Kodip. 3 BepMHE X, PYmIMMO fgani B x; 0o HemodapblieHoMy
pebpy (me moxausc uepes degx; = 2k, k > 1), nodapBysannumn
¥oro micast npoxofxcenua. IIpocyRalounck TAKHM YIHHOM [0 Heo-
tdapboBaHuM peGpaM, MR IIOBHMHHL mOBEpHYTHCA HAO BUXIZHOT Bep-
AR x; (@ycTpivamw4n, MOMKAWBO, immi eepmmuu rinnka pazin),
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60 y NpPOTHNEHHOMY BHIAAKY BEP- [ y——

IMHAHA X; #* Xp, 3 KOl MM He Mose- »
MO DYXaTucd jgajai, Ma€ HenapHy P |
crenine. IloBepRyBiNMNCh: Deplu#it ° —— i
pa3 ¥ RepIiUHy X,, Mu nodapbye-
Mo rpad Gy, e € 3a MobyAoBOm
eltrepopuM muraoM. Hrwo Gy=G, T0 B cuny se’sasocti G icHye
xovya 6 oaue nenodapBoBane pebpo y, Mo 3’eAHYeTheA 3 NiATDa-
oM Gy HemodapBoBaHHM NAHI[IOTOM 2, MOMJIHBO, HYNLOBO! JOBHHHH
{puc. 6.7). Buganumo 3 rpada G nodapbonasi pepa i ogepmrmu-
Mo rpad a MAPHHMY CTeREHAMM BepIIHH. 3HalimeMo BepHIMHy ¥
JOTHKY JMAHUWra z \J y xo niarpady Go. IMounmHawOUM 3 BepHiM-
HH ¥, MOXHA BHLIAHTH 3 HemogapGoBaHMX peGep HOBUH HMKA
Gi(o z v y), aKkuld v nocgHandi a Gy Taxoyk yrBOpE efnepommit
nEKa y rpadi Gy U Gy Hapomywouy TaxEM 9MHOM MUKW, MH
BHYepIaecMc Bech cKiAveHEHH rpad @ ellnepoBHM IHKIOM. [ |

by

3
N LA
z |
|

Puc. 6.7. HapomyBagH? HHKIY

@ 3aBRavun

1. ¥x HapHCYBATH BECE eiilepiE MK OXHENM POSIEDEKOM, He MpKbirato-
4 ¥ npolleci NOBYAOBY 10 HMOCAIJOBHOI'C HAPOIIYBAHHA IHHNIR?

2. JomecTH, mio rpad eilmepie Tomi 1 TIALKM TOAL, ROIW MEOKARY
f#ioro pebep MoxHA PO3OHTH Ha HpocTi HEKAH (Mo AMOLADHO He
nepeTHHAWTHCH o pefipax).

3. EjimepoBuM MaHuioroM y rpadi ¢ EasupBaeTheA JAaHIOr, [0
MicTHTE Bei peGpa 3 G. JloBecTH TaKe Y3araAbHeHHS TeOpeMH
Efinepa: rpad ¢ mac efinepoBnil nagmiwor toai i tineke Toai,
KOAH BIH 8B'#2Hui i YACAC BepIIHH HeMAPHOTO CTeNeHA NOPLBHICE
0 ato 2.

onoBHeHHA

1. 3azaua KuTakCLKOrO JIHCTOHOWI TICHO MOB’A3aHa 3 eHAeDOBMMH
oRKaaMu: vy rpadi G, pebpaM AKoro mprImcaHi goJaTel saru C,
anaiiTh saMKHeRnH MapmpyT @, mo MicTATh Bei pelpa {y;}7, 3 Mi-
HiMANBPHCI CYMAPHOI Barolo Zn}c}, ae n; — YRCAO NPOXOMKeHL
pebpa y; ¥ Mapuipyti €.

Jlas 6yAb-akoro ap’asHoro rpada G aagayue KATAHCEROTC THETOROIL
POSE’ABHA, CCKINBKY HHCIC OPOXOAXKERE pebpa y; He oGMexKyeThCH
oZmEunelo. Hrumo G mictHTe efinepis ouka, To Syap-armil Takul
UMKJ fac pO3B'A30K 3a7ati mMucToHOINi: KoxxdHe peGpo Mae mimi-
MYM NpOXoJEeHb i BATA ITHKEIY Zc‘i— MiEiManbHa. ANropuTMu

it

poan’azKyY sagadi kATalickEROTO NucToMOM Nnpononysany Benawanu
i Kyx — MeTon [MHaMidYEOr0 OIPOTPAMYRAHHA B OKPEMOMY BHNAAKY,
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Koad ¢; = 1(V)); ¥ saranasHoMy eMpagxy — Epmonae, HxoHcow,
Bacakep, Caati, Kpierodinec.

3acToCYRARHA JaNaui KKTaHChKOIQ JUCTOHOUIL ZOCHThL THCJAeHHL.
Hanpurnea, ne Misimisobaui aa fomwmwueon npofiry Tpaucnoprii
gafiayi 06CAVTOBYBARNHSA CROMRMBAYIB ¥ KoxEHOMY pelpi na sananifl
Mepexi fopir (ocTapka NoMITH, TPOAYHTIB Ta IRMHX BaHTawis,
nonus, HMATPY.MOBAHHA BYNHIL, Nprbupanns cwirra) abo incmex-
TYBAHHS KOXKHOTO Bixpiaky y Meperxki posTofiineRRx CHCTEM (enekr-
TpAYHNAX, TedeQOHAKX, 3aMisHHYENX, BeHTHIARIAHNK) i BaBiTHL
BH3HAYEHHA Ta peKOMeHAaLid eKOHOMHOT( MAPIUPYTY OrJIARY
MYy3e10.

6.4. AGcTpakTHi rpathm Ta reomeTpuuHi
peanizauii. OpieHToBaHi rpacm

Ileomerpuunnii rpasd v A°, mwo sasEavegnii v n. 6.2, saseuyail
HAJIMBACcTLCA HeopieHTOoBAHAM, SIKILO HA KOxHOMY #oro pebpl oGpa-
TH NeBHHE HAIPAMOK, TO TaKHM rpad HAaSHBAETLCHA OpiENMOSanUM
zeomempuynunm zpagrom y B, a ficro pebpa 3 HanpaMErama — Jy-
2ami., Hanpaxaag, sabesneunBmn pebpa rpaga zHa puc. 6.5 ga-
OPAMKAMH, OJep:XMMo OpicHTORaEMi rpad (pnuc. 6.8).

Haprzaxu, irEopyoyn HanpaM-
v, KH Ayl B OpicHTOBaHOMY rpadi
i posrasnawdd iX AKX pebpa, ogep-
JKYeMO BiAROBIAHKA neopienmosa-
nud zpagp. Yepes ne puas opicH-
ToBaHoro rpeta abepiralorrca Bel
DOHATTH Ta XapaKTepueTHRH, Nio
sianocarees Ao mignorignoro ne-
opierToBAHOTO! CyMimHicTs AROX
Puc. 6.8. Opientorapuii rpadg BeplINE (HaOpHKJIAL, Xz i x3), iH-
LYEeHTHICTL AYTH 1 BeplIvEW (Ha-
NPpUKIaA, X2 i y:), MAPWIDYT, A4dIIOr, MK, 3B’A2HiCTE, cTelIeHi
BeplIAHH, #-3B A3HicTs i T. A. [IpuponHe, BUHHEAIOTL apaIoTiufi
NOMATTA 1 XapaKTepHCTHKH, IO BPAXOBYIOTE OpicHTanilo Ayr, Jac-
Tiille BCBLOrD 3 AOJ2BAHHAM €LITeTY ¢OpieHTOBaHUM».

Opicnmodanu Mapwpym (ZOBXKIHK n) — [IOCIIA0BHIicTS 3 n
oyr (He 000B'A3K0OBO PizHUX), IO NPOXCAMTLECH HellepepBHUM podyep-
KOM B3AOBK HalpAMKY AYT Big mouaTkoBol BepIDWHEHM A¢ KiHUeBOI
(HampukAaz, opicHTOBaHMA MapWIPYT Y1, Ys» Yz, Ys MAE IOYATHOM

X2

Y
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BepINEY X,, KiHUeM — x3). ByAr-AkEil opieHTORAHEE MapIIpyT €
MapIIPYyTOoM (HeOpicHTOHAHHKM), 3BOPOTHEe MOMe HE€ BHKOHYBATHCHA
(HanpHUKIaj), MApIIDYT Ye, ¥: Mi¥ BepUIHHAMH X., X; He € opieH-
ToBaHMM). OpieHTORAHUN MapHIpYT Oes gyr, IIC HOOBTOPKIOThCA,
Ha3HEBAETHCR WAAXOM (U1, Ys, I7); SAMKHeHH [ AKX - KGHLMYPOM.
IIinax e JaHWIOrOM, KOHTYp — LUKJAOM; 3BOPOTHe, B3arani KaxXy-
un, HenpaBuabHo. [Hrsax (kKoHTYp) Ges BHYTPIIMHIX BeplIMH, LU0
TOBTOPKIOTECA, 3BeTheHd npocmum. Oprpad Ha3HBAETLCH CUALHG
36'Aanum, AKINO LA GyOL-AKol HapH pisHuX BepmHH v, w icHYE
ImAgX 3 U A0 w i mIAX i3 w go v.

Xoua reoMerpuyHi rpadu (B R"') MaloTh B Axoeti pepuraH X i pe-
Gep (ayr) Y peanbHi reoMerpuuni of’exth y K" (Toukm i kpmsi),
MeTPHYHL XapakTepHcTHKKN HHX ob’ekTiB (opMu KpuBmXx, iX ACB-
KHHH i Bixcrami mix Toukamu) He Bimirpaiore poxni. IlpuiimaioTecd
Jo yBard JdHIOe BAeCTHBOCTI iHo#paexuil sepmuuy x; 1 pebep (ayr)
Y- ¥ 3B'A8KY 3 UHM BEH3Ha9eHHA 'pada AK reoMeTpHYHOTO 06'eKTY
B METPHYHOMY OpOcTOpPi A" € HAAMIpHEM 3 AOTIYHOI TOUKH z0pY,
Xo1da i HarmaZRuM, O[O0 CHUPACTHLCA HA IeOMeTPHYHY IHTYILiO,

Busnanennn abempaxmuozo 2paga. I'padom G (opicETORaRIIM)
HasupaeThed Tpiiika & = (X, Y, N, re X, ¥ — 1nosinpei MBpOXKE-
He1, 1Y - X x X — Rigo6paxxemHA MEOMHMEHA Y Vv ZeKapToBKi
Ro6yTox MHOEMHEM X Ha cebe. EneMeHTH MHOKHHHM X HAIHBAIOTHCH
BEpPITHHAMH, MHOKHHH ¥ — IyraMu, BigobpamesHus f — iHIHAeHTO-
pom. Enemenramn X x X e ynopsaaxosasi napu (x;, x)) i pieriers
f(ys) = {x;, x;} MoO>KHa iHTepIpeTYBATH TAKHM UMHOM: «AYTds> Y
BUXOJUTE 3 ¢BePLIAHN» X, | 3aX0ZUTH A0 «BEepIIMHHA» X;; TaKa AYyra
¥ HA3WRAETHCH IHLHWACHTHOK BepIIUHAM X, X; Hampuxaaz, aisa
reoMeTpAMHOTO Ipada Ha pee. 6.8 Moxua mobymysaru Bignosin-
Huif oMy aberpakTHUE rpad Tak: BEecTH abCeTPaKTHI MHOMHHA
X ={x}f.1, Y={yu)f -, ma inumgenTop f:

Tn) = f(y2) = (x1, x2);  f(ya) = (22, 23);  F(ya) = (23, x3)3
flys) = (x2e 15 flys) = (%3, x1);  Flyr) = (s, x3).

HeopicHToBaHNH abcTpakTHRM rpad BH3HATEETHCA 3a AOMNOMO-
rofo TpifikH & = (X, Y, ¢), Ae MHOKUHA X HASHBAETHECA MHOMH-
HOI0 BeplI¥H, ¥ — MHOXHHA& peGep, a ¢: ¥ —» <X x X> — pino6-
paxeHHs pebep y CHMeTDUIOBAHMH ZeKaprTiB AOGYTOK BeplllMH Hu
cefe, B AxoMy napu (x, x;) i (x;, x) ororosxkHeHl. Hxmo depes
©: X x X » <X x X> pesnaunTy BiAmosigme BinobpaseHHs cHMeT-
puzanii, To ana opieETOoBAHOTO rpada G = (X, Y, f), i Y -2 X x X
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pignopifami oMy umeopientomanwil rpad MoOMCHA BUAHAUNTU ST
Gy= (X, Y, 6f).

YacTo rpady Mo3HauyalOTHCA V¥ BUMASAL NepITHX ABOX MHOMKHH
Tpifikm: G = (X, Y), iHnuaeHTOp f MaeThcA Ha yBA3L HeABHO.

Asa rpada & i ' HesHBalThCA izemoppuumu (G ~ G'), ak-
0 icHYIOTH B3acMHO OAHOIHAYHL BiAoOpaskeHuda Bepund i pedep
XX, ¥:Y - Y slanorijHo, mo 36epirawTe BigHOIMEHHSA
inpnpennii: v =(¢ x @), Inarkme Kaxy4u, pedpo (Zyra) y iHOH-
JleHTHEe (3aXoJWTs, BHXOAUTL) BepmIHHLI x rpada G Tofl 1 TiAbkH
Toal, kKoxy B rpadi ' eigmorigme pebpo (myra) ¥’ = ¥(y) irowm-
AeATHe (3axoZuATb, BUXOINTL) BeplIHHI X' = ¢(x). Omire, isoMop-
dizm O: ¢ > ¢ ¢ nepersoperHa PG} =D(X, Y, f) = (p{X), ¥(Y);
(¢ x @)}¥), ane nna coponenta Mu 6ynemo nucary inopi X' = ®(X),
Y = oY), £ = O(f). Inomopdhiamu rpada y cefe HABMBAIOTLCA 4B8MO-
Mopdiamami; OUEBHEHO, BOHM YTROPWIOTE rpyny. Hasnakn, MoxkHa
nokasaTH, o 6yan-Axa aberpaxtHa ckinuenna rpyma isoMmopdhua
rpyni asromMopdiamis geawroro rpada G (3i ckiEYeHHN M uHCIOM Bep-
wud Ta gyr). Skwe zpad G izomopdnuii zeomempunnony pagy G
y B*, mo G' nasusacmucn 2e0Mempuniolc peanizayicio zpaga G
y npoemopi R~ Hanpurnaj, reoMmeTpuusuft rpadr v R® wa pue. 6.9
isomopd)Bril reomerpuuHOomMy rpady B R? wa pme. 6.10.

T'pad (abcTpaxTEH# 800 reoMeTpHUHHNi), II0 Mac reoMeTpHY-
Hy peafisauiio v A? (imaxmie - IUIOCKY Deanisaliio), HAIXBACTLCH
rnaraprum. Feomerpuauruit rpad vy R®* Ha puce. 6.9 — mranapuwui,
N’ATHBepIXHEMT rpad Ha puc. 6.11 — Hennawapsud (JoxaagHilue
IUB, 38BLANHA 1 jonoBHenHa 9, 10).

K;

Puc. 6.9. Tpad K, Puc. 6.10. ITaocke Puc. 6.11. Tpad K
sofipaxxeura K,

Isomoppiam 2paghie € GiOROUIEHHAM enEiBANEHMHOCME, TOMY
BCA MHOMKHH& Ipadis posbuBacThef Ha KiacH izoMophHHX rpadie.
Uaero MM He 6yjpeMo poapisHaTH isomopdHi rpagm (TobGTo BHB-
YaTH KJ&cH) 1 MaTH clIpaBy 3 FeOMeTPHUHHMH MOpeJcTaBHHKaMH
(peanizaniamu).

Cnix migrpecnuTH anropuTMivHY cxaaguicTs nepeBipku izo-
mopdisma ZBox rpadis — e KomOGiHaTOopHa safaua, ARY MOMHA



Teopis epaghie 251

B3BECTH N0 3 ACYBAHHS rofi6HoeTi JRoX MaTpHLB cyMixHoeri (BUB.
HxKYe IL 6.5). IeoMerpHuHi sob0parkeHHs rpadhis HE KpecneHEHAX
B LLOMY BHNafKy Mano eekTupHi. Hanpukxan, He pifipasy BuA-
HO, 10 HeReJHKI NIOCTABePITHHHI rpadu Ha puc. 6.12 iaomopdni
OLHH CAHOMY.

1 2 g2 1 5 5 2

4 5 6 4 3 4 3
Kya G, G,

Puc. 6.12. Isomopdui rpadn

Tpa) ¢ HA3HBAETHCH CKIHYEHHMUM, AKIIO MHAOKUHE BeDIIHH
X i pebep Y ckinverni, i AoxaasHo cxinvennuMm, KO cTerneHi
Bcix sepiunH cxinueHHi. Heexinuenni duckpemni zpadu (13 3zuc-
AeruuMu mhomunanu X, Y) sycrpivaooTecs ¥V SRCTOCYBAHHAX.

3B’A30K 3 BigHOWeHHAMK. HannpocTiwi
BNacTUBOCTI

HArmo R — GimapHe BigHOITeHHA Ha MEo:xEH] X, To skt x Rx,
MOXHA 300pasiTH HaABHICTIO IVIK 3 eJeMeHTa X; B elleMeHT X».
Taxum yuHOM, Mix CiHapruMu @idnowennamu ma opichmosanu-
xu zpaamu fes noparessHUX dyz SCMAHOBAIEMBLL 830EMHO 00-
noznauna gidnoeidnicme. Ockinbky Hac OyayT: nixkasutu rpadmn,
o [PUNYCKAIOTh NapanefeHi Ayru (Hanpuwiaj i, Yf; Ha puc, 6.8),
TO MH MAEMO cOpaRy 2 of'exToM Ginnm sarannEuM, Fide 6inapri
pigmoltemHs.

Hanpurinni ropkremoca gafinpocrimux koMbiHATOPRHUX BJIac-
TuBocTell criEwenHuUX rpadis. OckinBKY DOABA KOXMHOrO HOBOIO
pebpa [ofae Mo OAMHUIL A0 CTeleHin NBoX IHUHAEHTHHX Homy
BepiuuH (abo ABI¥KY RO cTemeHi ofHiel BepIIWHH ¥y BHIAAKY HeT-
Ai), cyMa cTeneHiB Bcix BepmIMH rpada B JABa pazM NepeBeplIye
yucno pebep m =|Y]| («nema npo pyxocmuckanmrar):

D 8(x)=2]Y

FreX

Hacainor. Jucao sepwun HenapHozo cmeneni naphe.
Jiticnn, cymMa napHux cTeneHiR — DapHa, ToMmy | cyma Benap-
HHX CTeleHiB NOBHHHA GYTH TAPHOIO.
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B oprpadi, xpim cremens pepruuHM 8(x), BBOAWTLCA dodam-
nud emening 5'(x) — uucno Ayr, U0 MOYHHAIOTLCA ¥ BepUINHI X,
1 gid’emnuii cmenine & (x) — umcsmo Ayr, U0 SAKIHUYOTLCA ¥ BEP-

oiunl x.

3a immow tTepminogorieio §4(x), 5 (x) — niscmeneni <su-

x00y i saxoedy» y Bepmuuni x, OueBpHAHO,

1.

9.

3'(x) + 8(x) = é(x),
2.5 (x) = Zﬁ (x)=1, }:ﬁ(xb {Y|=m.

VxeX TxaX YxelX

@ 3aBpaHHA Ta NONOBHEHHA

Eitnrepis wouTyp B oprpagdi, sa BusHadeHRAM, MIcTHTE Bei gyru
iTiasku mo opHomy pasy. CKODPEKTYBATH AOBeNeHHS TeOopeMH
Eiinepa 6.1 (zna Heoprpadis) Takx, mob Hyna ofepsxaHa TAKA TEO-
pema. Oprpad Maec efiaepis KoHTYp Tofi 1 TinkkK TOMI, KoMK BiH €
ap’aagum i ncepfocmmerpuuunM: S(x)=38(x), Vx e X.

. T'pad G = (X, Y, ) Ha3FBAEThCA cuMempuUEHimn, SKOO0 I8 KokHol

Dapd eepwdd (X, X;) 4RCA0 AVT, o HAYTE 3 X A0 X;, AopiBHIE
uueny Ay, Mo WAYTL 8 x; Ao x¢ Jf W, x)| = [f Wy x)l Tlepe-
BipHTH, 010 cHMeTpHYHRAH rpad € NceRJOCAMETPRIHNM, & 3BOROT-
He — HenpabANBHO.

. JlomectH, uio 6yAL-axuil konTyp Moxe SyTi posginennil Ha xijdpka

IpOCTHX KOHTYpiB,

. JosecTH, mWo 6yAL-AKuI ReOpocTHH IOAAX 8 U JO W MOXKHA

PoSAiNHTA Ha DpocTAHX masX i ozuH afo xilbKa OpPOCTHX KOR-
TYpiB.

L Heme §5(x) = 1186(x) 21 Vx € X, T0 44 OpPaBHABHO, UI0 OYAL-

fika BepIIMHA oprpada HANEXHTh, MOHaRMeHMEe, OJHOMY KOH-
Typosi?

. JoBecrr, mo AKmo 3(x) > 0 abo & (x) > 0 ana VYx ¢ X, To

B oprpadi icnye, MoraltMeHlle, OAMH KOHTYD.

. Josecrn, mo opieATORAEM#A rpad cHALHC 3B'H3AHHA TOXI 1 TiTnkH

Toal, Koak icoye samuxneRnAd opicwropammit MapmipyT, 40 AKOro
KOMHA ZYra BXOAVTE, IOHAalMeHIe, OfMH paa.

. HeXal sepminex BiamoBigpaoTe Oiawm ducaam sig 0 zo 12. [lo-

6yrymath rpadu, 110 XapaKTepHayloTh Ginapri pigmomenns R,
Ae vRw oavavae: a) V = W% 6) v i w DopipEsiHni 3a moxynem 4
{rob10 v —~w KparrHe 4); B} v 1 w B3saeMED npocTi.

Bisoma rofoponoMka — ¢38Jaua 0po TPH KPUHMITIS -—— IOJIATAE
y @a’€lHaHAI AopOraM# TPROX BGDOTYIOUHX NOMIiB 3 TPLOMA KPHHM-
mAME (fxepenaMi) Tax, mob xowuHl AiM 3’eHYBABCH 3 KOMHOK
KpHEERLEK, a7le AOPOTH He HepeTHHATHCH (3& BHKIIOUEHHAM TIo-
uariopuX i kinverux Touox). IlepexonaiTecn, mo zajaya He Mae
poss’asky: Il poar’Asok osHavas By, 30 rpad Has (pue. 6.12) Mae
OAOCKY peajisamii, Mo HellpaBHALHO.
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10. T'padr K; (pue. 6.11) i Kaa (puc. 6.12) sagawTe OpaKIaay He-
naockHX rpadis. Brasnnersena, mo i A5l koEdirypanii € xapak-
TepHUMH IJ5 HenIocKuX rpadis. et nempoceruit peayarsrar GyJo
nerauosaero y 1927 p. JI. C. MonTtpariumm (Gea ony6aixyeanesn),
iy 1930 p. — Hesanemuo K. KypaToscrrnM.

Teopema MoHTPsAriHa — KypaToBckkoro

I'pad G € NNaHaPHEM TOZii Tine- & b c a
K Toai, Koau BiH He MicTUTE wHix- 1 3
rpadis peEay Gy, G: (puc. 6.13). G,
i G; HasmBatoThcA TpatpamMu IloeTps- { o 3 5 5 4 4
1 2

rina — KypaToBCEKOTO; MalOTh pocTi
JIAHILIOMN MiK TO3HAYCHHMH BepIlHHA- Pue. 6.13. Ipagu

MM i MOXKYTL OYTH oJep:KaHi aaMiEomD llorTparina — Kypatorerkoro
pebep yrpagax Ks; i K; ZOBIAIRHHUMH HPOCTHMH JaHIUOTEMH,

11. Horectu crporo, mo rpadu Hourpariza — Kyparorcrkoro He mwna-
HapHi.

Biaazisxa. Hoerarnne posraanyTi rpadu Ks (pre. 6.11) i K;,
(phc. 6.12). TlpunycTuTH, Mo BOEY RAaHapHI, aa Teopemolo Eif-
sepa ofYACAKMTH umcao rpadeli f; Bpaxomyloum oninkm 3Ewuay 4
(v Kza) i 8(y Ks) ana wnena pebep v rpani, migzcyMyBaTn umc-
Ja pebep 3a BeiMa rpagaMHu i nopiBaATH 3 GAKTHYHUM THCAOM
pebep.

6.5. Marpuuna cymixxrocCTi, izomopdiamu
Ta onepauil Hag rpacdamMu

1. Ksajgparua marpuna A poamipy n = [X]|, emement nxoi
d;; FopieHice uMcay Ayr, 1o HAYTH Big BepmIMHH - X; O Bep-
WHHA X;, HA3UBACTLCA Mampuyerw cymizxnocmi opzpada G =
= (X,Y). JIlnz reopiecHTOBaHOTC rpada eleMeHT 4, ; MaTpHUIi cy-
MidkHOCTL Ay BH3HAUAETLCA SIK yuchao pelep, 3’¢IHYIOUUX BepIIH-
HH x; 1 x; (O4eBHOHO, Ap 2ABMKAN CUMETPHUHA BiTHOCHO rorosyoi
Jiaronani: 4, = Af). Henynsore 3HaAUeHHSA eNleMeHTa @, ; XapaxTe-
puaye eymikuioThs Bepinuu x; i x; y rpadi, seifen i maspa — mart-
pagH cymizxsocri, Heno, mo rpad 2 TouwicTo mc isoMopdiamy
BigroBmoerhen sa marpuuen A(dy). dna oprpada va puc. 6.8
i sigmomiggore mHeoprpada ua puc. 6.5 marpuni cymi:xHoeTi Ma-
I0Tb BHTJIAL: :
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X, X, X3 X, X; X Ox, X, X, X
[0 2 0 0 0 %[0 3 1 0 0
» ! 0 1 0 0 %3 0 1 0 0
A=x|1 0 1 0 1 A=x/1 1 1 0 1
x[0 0 0 0 o |0 0 0 0 0O
0 0 0 0 0] /0 0 1 0 O

Ouesuano, JA% xopigsHoro oprpada G i BignoeigHoro HeopieH-
ToBanoro rpadga Gy («u1o BTPaTHE» opiedradile Ayr) MaTpuni
cymimuoerl A 1 Ay ar’Anani chniesignomennam A + AT = A,.

2, Bate BifisHavaaocs, Mo NpaxTwyHo (i sisyaapHO AN reo-
MeTpHYHMX rpabdhir) BaXKKo BCTAHOBHTH izoMmopdiaM sBox rpatis
(auE. pyc, 6.12). MaTpuni cymixaocTi Z03R0AAIOTE ¢hOPMYMIOBATH
npocTHil anrebpaiunuil kpurepiil isoMopdiamy.

Teopema 6.2

Tpapu G = (X, V), &' = (X', Y') isomopbri modi i mineru
modi, rxollu 6éonK Maomb OFHAKOBE HUCAO BEPUIUH, | MAMPUYS
cymizmuoemi A(G') odepxeyemosea 3 mampuyi A(G) nocaidoanumu
nepecmasieHHAMU DAKIE 3 OJHOYACHUM NeDecMmAsaaRNaM O8Ho-
iimennux emognyia.

B mecpieHToBRaHux Tpathax Te K NpaBUJAbHE JJIH MATPHIb Ag.
Tuawiie kasmyum, icEye Taka mificTagoBxa § v rpyni niacraHoBok
muosurd {1, ..., n}, n = |X| = |[X'], mo ana Bcix emeMentr mar-
PHLb TPaBWIBHO @ {G') = ay, . ulG)-

0 3 BradaueHHA MAaTPHIl CcyMiXHOCTI BHXOIHTE, INC B3AEMEL
saMina HoMepie mepmiMH x4y, X; y Ipadi G OpHsBozuThL A0 Mepe-
CTRARIEHL MICHAMHK OepHINX [A0X pAARis | ogmouwacHo Wepmux
JBOX cTOBIMIIiB ¥ Matpuni A(G), i rasnaxku. Take mnepeTROPEHHS
€ HalinpocrimuM izomopdismom Hag rpadom G. ¥V Toll e uac
inoMopdiam P Hax G ofHO3HATHO BUaHAYACTHCA (BiAHOBAWOETLCH)
832 cpoew aico Ha sepmuam: P(X) = X', orke — 3a AeHKON MHiA-
CTAHOBKOIO & Ha MHOMUHI Homepis BepmHH, Ane nifcTaHoBRa &
POSKIATAETRCH ¥ cylephnoanilifo HaltnpocTiliuy niferagorok (i < j),
Tomy isomopdiam $: G — G exriBanenTHH cynepnosunii Hatinpo-
crimmx izomopdisMin i BRasaHoMy B YMOBi TeopeMy NepeTBODEHHIO
Haa marpuner A(G). [ |
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Kinsriers Beix migeranosowr gopieame n!, TomMy Gesmocepefq-
HE 3acToCYBAHHR Teopemk 6.2 asa posunicAaBanHA isomopdismy
rpacdvin, mo nmonarae y nepebupanai al mapiantis, HeedexTusHe
npu Benmxomy urcai Bepmuar n = |X|. Icaywors pisei sacobn
TA aJAropHTMH, fSKi gia rpadis Toro 4W inumoro cuenudiunaoro
BUAAY icroTHO 3MeHUIYIOTH 06’em ofumMcieHs Npu a'scyeaHHL i3o-
Mopdiamy.

3. Ona peox oprpadis G = (X; Y:; f), &G = (X; Yy; 1) 2 o&-
FAKOBMME MHOKHHAMHM BeDIUMH BHASHAYEMO onepayli JodaeaHHs
i MHONCEHHA.

Cyma G+ G, = (X; Y v Yy [+ i) opepxyeThea ob’ e fHARHAM
gyr Y i Y. Ilpn MAomenHl GG, = (X; Yo; f3) 3 BepmuERE X; A0
BepILUAHHA X, iiZe CTINBKH AYr, CKiNBKM iCHye WINAXIB JACBKHMHH 2

yvrpadi G+ &) 3 pepmuiHuN X 4O BepIIMRH X; TAKHX, OO TepIIa
Ayra HajlexuTs Y, Apyra — Y.

Teopewma 6.3

Anra cymu ma dodymry opzpagia (3 odnawoeumiy MHONUHAIMY

8EPULUN ) MamPUNi cyxinnocmi eidnogiono dodawomuca i nepemuo-
HYIOMued, Ma HABNAKIL:

AG + &) = AG) + A(G\): A(GGY) = AG) - A(G,).

0 TeepIKeHHS LAS CYMH 0ueBAHO: ¥ rpadi G + G uMcexc Ayr
3 Xx; Jo x; nopisrwe adGF) + ai{G.). B rpadi G + G, uMcno piszHEX
Inaxie 3 DocnaifioBEicTIO BepluKH BUAY {X: X X}, TAKNX, LIO AVTH
a x; o x, HajemaTk rpady G i Ayrd a X, A0 X; HaJeXaTh rpady
Gy, mopieHioe aW{F) - a,(G)) (pre. 6.14), B uii mocaigepHOCTi
BePIOHH (X Xy X;) NPOMiIHS BepIIRHa X. (QixcoBaHszs. 3arajnHe
YHEJN0 LIAAXIB HOBMEHM 2 3 NeplIolw A4yrow 3 Y, Kpyrow —
3 Y, nopiBHIOE Za“,(G) - ay,(G)) — 38TaNLHOMY eJeMeHTY MaTpHLi
N |
A(R) - A(G). |

xy

Y Y,
Puc. 6.14. Tpadp G + Gy
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Hacnigor 6.1. JAxwo A — mampuya cymixenocmi opzpagpa G,
mo eaemenm ajl, mampuyi A® (namyparsviozo cmenens n) dopienine
Yueny pisMux opieHmosarux mapupymie doswmunu n, wo idymo
3 gsepwiunu x; 6o x, y zpaghi G.

0 'TeepmxkeEHS npaBUJdbLHE OpH k = 1 33 BUOHAUEHHAM MATpHIi
cyumisxsocri. Hexa#t soHo mpaBuibHe gng £ = n — 1: exement af !
MaTpuili A"~ ! gopiBHIOE uUMCAY OPiCHTORAHUX MAPHIPYTIR JOBIKM-
Hn n—1 3 x no x; vy rpadi & 1 oaHovacHO YHCIY AYT 3 X; A0 X
v rpadi G"-!, pHamAYEHOMY OOCJAIOBHHM NePeMHOMEHHAM ABOX
yuHAMKIBE. Ockinrky A"= A" A, 10, 3acTocoByIOUE Teopemy 6.3
Io aobyrry rpadie G" G, ofiepskycMO TRepiKeHHA AJTS MaTpHIi
A" (n-ro xpoky imgywruii). ]

Hacaixok 6.2. B opzpagi @ ichye opmapupym Ooexunun
madi i miavxy modi, koau A* » 0; He icHye wonmypis modi
I miavki modi, KoAU Mampuya cymimuocmi HIAGROMENMHT,
A" = 0 npu Oeawomy r.

3aysaxcenua. B 3B A3KY 3 APYTOIO YACTHHOK HACIALAKY 2 KOpHC-
HO BiASHAYHTH, L0 ¥ BUOAAKY KOHTYPY JAOBXKHMHHU ; 3 BepIUXHAMH
«, Bs .., ¥ Bel cTeneHi A" (n = 1, 2, ..) MaTpHOi cyMixHocTi A
MBKTh BigMiHHI Bijg Hynsa AlaroHalbHLI eJleMeHTH 3 HOMeEPAMHA
(o, ) (Bs BY vy (¥, 7). Arme RoHvypiE y rpadgi HeMmae (30KDe-
Ma, AKIO 6iJbIT TOrc, HeMac UHMKAIR), TC JOBXKHHH BCiX ILIAXIB
obmexxeri ynenom ayr m i A" = 0, enemeHnT @} MaTpPHIL A" 10-
pisuioe uHCIY PisHMX NMPOCTHX IIIAXIE JOBMKUHUA n @ BeDIUMHH i
¥ BepUIHHY J.

4. ITuranna decaxcrocmi (oguici BepmnEm 3 1HWO NUIAXoM
neBHOI AOBKHMHHN) 3B'A3aHi, 3BAUANHO, 3 BNACTUBOCTAMH CTeneRiB
MaTpuLi cyMixkHeeTl A rpada. Bmasnseroes, piacTHRoOCT] cTeneHIB
A, A%, A%, ... poBiabnzol MaTpuni A 3 Hesig’eMHUMH e/eMEHTAME
2y > ( (Eenpuraapx, marpani eaprocTell B excHowmili, fmoripxo-
cTel TepexodiB i T.1.) TAKOK HAZAKTL IiHRY ludiopmarniio mpo
aR'A3KHA MiR JIOKAJIEHAMHM <«ByamaMll» of’crkra y Jauuil MOMeHT
abo pisHi MoMeHTH 4Yacy.

Tpakrauno wopncHi magaul mpo nmigpaxyHor u@cna Kou-
TypiE safanol MOBRMHHE 7 NPHPOAHO 3B A3aHI 3 MATPHIED CY-
miskHoeTi A (oeTaTHELO TpoaHAJdisyRaTH AiaroHaAwHEl eneMeHTH
maTpHIl A"). 3agaui TAKOIO COPTY AyCcTPIiUAOTRES TIPH KOJYRAH-
HA, y kprnrtorpadii, JinrsicTeni, npu mopemoBanHi rpadomM juc-
KpeTHHX OisHMYHMX npoleciB — y an'Aary a DigedcreMamM#u, IO
«BALUEKAIOITECAY .
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@ 3an0aHHA

1. BeTaHOBHTH isoMop-
dhism rpadie G, G2 Ba
puc. 6.15.

2. HosexiTsn, mw:
a)rpad G He e ap’a3HHM

rofi i Tinewi roai, romu G, G,
AesAKUM MepecTaBlIeH-
HAM PALKIB 3 ofiRoiiMenH- Puc. 6.15. T'padu crenexd 4

EHM DepecTAaBIeEHAM
CTOBNIIB MATPHUA cyMixaOcTi A({7) 2BOAHMTRCS XO MaTpPHIL, HIo
podnagacTeC:

A, 0 ne A; — xpagpatai marpuni;
0 4, ’ ’

6) MaxcHMAJAEHE YHCIC NIAroHa bHHX KBagpatHUX O/MOKiB, Ha SKi
MOKE PO3NajaTHCA MATPHLA CYMiXHOCTI npm Aeakiii HyMepanii
BepITHE, AcpisHIOE uWeny sr’damux KoMmpoHeRnT rpada.

3. JaTH BusHaYeHEA CHIBHO 3B'S3HOTO Tpada ¥ repMinax nopeainnxm
eneMeHTIR 4] MocHioBHEY cTenmsHiE A" (r ~ 1, 2, ...) maTpnili cy-
MmixkHoeT: A,

4. fx pUpaswTy Yepea eNeMeHTH MATPUIL A" Bifgcrauk dix,, x;) Mix
BEPIIAEAMA X;, X; (AOBKHUAY HAH{KOPOTINOTO JAHOOra MiX WEMH
BeplOAEaMy)?

5. Hoeexits, mo armo & — peryndapHE#l HeopieHTOBAaREH rpad
CTENeHA r, TO BCi KOPeHi A; «XApaKTepHCTHYHOrD IofiHoMa
det(A; — Ay) = Xo(A) sHAXOgATLCS ¥ Kol pazivea r:]a € r, mpwao-
MY OMHMH 3 KOPEHIB HODIBHIOE r{= Az).

6.6. MaTtpuus iHuMaeHLin

1. Ockinnkn Bepmuun i fyrn oprpada & = (X, Y, f) Ges
nerexb 3aHyMmeposaHi: X = {x1, .., x:}, ¥ = {1, s Yu}y Sit0
iHnngeETOpa [ MOXKHA OXapaKkTepHayBaTH (B x m) — MATDHILKH
isungenuiii B = {b,;}, Ae 3a BHsHaTeHHIM:

+1, AKLEO LYD& Y; BUXOAUTD 8 BePIIHHEA X}

b, =4 —1, AKOIO AYTA J; 3AXONMTH ¥ BEPIUHY ¥X,;
0, AKI0 AYra yi He IAUACHTHA BePIUHHIL X;.
JAns neoprpada G 6es mereas MaTpHus iHumAeHni# R = {r;}

BH3HAUYAETRed Tak: r, = 1, akmeo pefipo y; innugenTHe BepmuHi
X, ir;=0— y npoTunesxHOMY BHIIaZKY.
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Jdna rpapa g2a prac. 6.16 1 gaq sianoBignoro deoprpada 3 BTpa-
TOK OpieHTanii Ayr maemo:

¥
i ¥
X, *x,
x 1 :7
x ¥ ¥

Puc, 6.16. I'pad 3 TpeUMa KOMIOREHTOMH

¥, Yy Uy Yy Yy ¥ Uz Y,
wf1 0 0o 0] {1t 0 o 0]
-1 1 1 0 »nl 1 1 0

g% 0 -1 -1 0 x50 1 1 0
xi0 0 0 1 x| 0 0 0 1
x/0 0 0 -1 %0 0 0 1
%0 0 0 O %0 0 0 O]

Matpuui opiesTopadoro i sigmopiamoro cumerpasoBaEOTO
HeopicHTOBAHOIO rpadis aw’sAsaHi coissifnomensany b = r; Oue-
BHIHO TAKOMK, M0 B MaTpHAll B Ko»RHHH cTOBIUHE MiCTATL TO4-
Ho ofHy +1 i ogEy -1, 8 R — aBi +1, peimura eJnemMeHdTiB — HYII.
3 uUiel »x NpAYHHE cyMa Beix paAkis ¥y B JopiBHIOe HYNLOBOMY
BeKTOPY, v KB — Hyaw 2a mopyiem 2,

fxmo rpad ¢ Mae n KoMIOHEHT 3B'H3HOCTi, TO, HYMEpYIOUH
BepHIHHY | pefpa OKXPeMHME rpynaMy y koxuiff xomoonenTi (afo
nepecTaBAAOYM cropinl Ta paaxu y B i R), ogepxumMo ang mar-
puni inmupenni# B(R) Gxouno-ZxiaroHanLuy cTpYKTYDY!

B, 0 ... 0
5.0 B - 0]
0 0 .. B

"
[IpaBuabHe i SBOpPOTHeE.

2. Teopema 6.4

Pane mampuyi inyudenyiic B 3e’sznoe0 opzpaga 3 n eepuiu-
rHamu Oopisnioe n—1 (wucny padwie Gez ofnozo).
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0 Buacrigor 38’A3HOCT rpada kowkHil BepiinHi innmaenTHA XO0Uua §
oArA Jyra, TOMY ¥ MaTpuni B HeMae HYMLOBHX psAkiR. BUKpecTumo
ocTaEHIH pagok b, 1 mpumycTUMo, M0 LA MaTpEiUl Bo, AKka aaanmin-
nacs, JiHiHa xoMbiHanif i BekTOp-pANKIB HopiBHIOE HYJIO:

“Z_lal.i_)::().
i1

Bepunra x, 38’A3aHa AYTOK Y, 3 JedAKOI0 BEPIIKHOW X, TO-
MY Y BUKPECHCHOMY DAAKY b eneMeHT b, miaminnuét Big nyas,
a y paaky b — enement b, # 0. Ocrinpkm y cropxOoi j, MaTpH-
i By TiAbKA ofuH eleMeHT b, BiaMmimmmii Big mynd, To o, = 0.
B rpadl & cmerema BepmHH {X,, ... X} 3B’H3aHA ZedAK0i0 AYTOI0
Y, 3 HOBOIO BEDLUXHOK Xy, TOMY by, # 0. Ipyruil HeHYNALOBHH ese-
MEHT CTOBNIS j; MaTpuIi B HaNeXXUTk oAHOMY 3 DAAKIB b,, b,
omxe, o, = 0. [IpogoBXxylouH NpoUec NpUeXHAHHS BEPIIMH (PHAA-
KiB): {x.}, {xa, 2}, {xas %, X4}y ooy (X}, ME DOCAinOBHO OEpkHMO
HYnboBl aEaveHHR AaA Beix KoedinieHTis o v mimidmiid xomGiranii
BeKTOpP-pALKIB MaTpuui B, Tak, 1Mo
reng By = rang B = n - 1. ]
Marpuwl imungeEnmid 1 cymikEocTi MoxkHa 3B’S3aTH OiK&BHM
CHiBBigHOUIEHHAM, SKIIO0 BBECTH IiaroHalbHY MATPHRIO CTeIleNiB
BepmuH A = {§;} rpada G, §; = 0 (i # f), & = 6(x) — crenius
BEPHIMHEH X;.

Teopema 6.5
Axwo G — opepagh Oes nemeav, mo {020 Mampuui cymiiHoc-

mi A, inyudenyiit B i cmenenie septun A 3a'asani cniagidnouieH-
HAM:

(A + AT) + BBT = A, (6.1)
0 Exaemenra, marpuni A + AT gopiBHwoe uncay T1; peGep, 3’exHY-
OYAX BEPUIAHH X;, X; &; = 2a; = 0. Jag marpuui BBT enement

8 inflexcaMu i, j AopiRME mebj,,, mo pae (—M;) opu i = ji cre-
k=1
NiHE 3(x;) BepUIUHY X, IPU I = j. [

Hacainox 6.2

1. det(A +BB™+AT) =] [8(x,).
=t
2. I'pagp pezyrapruit modi i misvrky modi, Koru mampu-
us (A+ A"+ BBT) cxanapua, npuvcmy A + AT + BBT = rl, de
r = olx)) — cmenine zpaga, I — odunuuna mampuyasa.
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3. I'pach 6e3 nemenv € NOGHUM, AKWO
det (4 + A™ + BB™) = (n — 1},
de n = |X|, i Hasnaku.

@ 3asaaHun
1. Uoxamirs, mo Matpuns innngennis B(R) susnauae rpad < a ToY-
HicTio mo isomopdiamy.
2. Uepenipute Qopmyny (6.1) And KOEKPETERX 3HAUESHDL MaTpUih
rpada pac. 6.2:
2.1, Jxa nosAOro rpada Se3 nerens 1 DapaieAbBAX pPefep
(A4 A =(n - 1}{A + A") + BB".
2.2. fng peryasapHoro rpada crellend r
det{d + AT + BBT) = .
Yy npaBHALEe 3BOpOTHE (OOpiBMA#l 3 n. 3 Hacaigxy 6.2)?

2.3, Panr MarTpuui imnngennili p-koMnoHeETHOTO rpada 3 11 Bep-
LOMHaME ZOpiBHIOC 2 — p.

6.7. Po3acapOyraHuna

1. [Ipo npobaemy 4oTUpLoX ¢apl AAS ODAOCKHX KApPT BiKe
ropopmnitocd ¥ 0. 6.1. HacTinbkn GaraThox BoHA BBOAHJIA ¥ CIOKY-
cy, mo Pperk Xapapi nucas y 1969 p.: «I'inoTeay woruprox Gapb
MoHA Ha HoRHIM migerasl HazraTn we «xpopoboro voTHPROX dapbe,
OCKIJILKH BORA AY)Ke CXOMKA Ha 3&2XBOPWOBRHHA. Boma gyike zapasHa.
laopi BoHA npotixac DOPIBHAHO JIETKD, ade ¥ HAEeAKHX BHIAAKAX
HabyBae sarsyicHore a0o HapiTh sarposianporo xapaxrepy. Hiaermx
IeNsieHL NpotH Hei He icEye; mpaBjs, JIOAE 3 JOCTATHLO 3A0PO-
BHEM OPTaHi3MOM Hicjfi KOPOTKOro CIanaxy 3L06YRARIOTH IoBiupmii
imyrirer. Iicio xBopoboio noguHEA MOMe XBOPITH KiNbka pasis,
i BoRa CYNIpOBOMMKYETLCHT TOCTPEM GOJeM, ajie JKOFHOTO JETalsHOr0
Hacnimgry sapeecTpoBano e byno. Biaomui, njonaiimenine, opaun
BHNAHOK HACHIZVBAHHA XBopoOu Bijg GaTtnka Ao cuHa, TOMY, MOMKE
OvTH, BOHAa CHAJAKOEMHA .

Ilopiruane megaBno, y 1976 p., <xpopofy wornpnox daph»
HaBUANHCSA AikyeaTu — rinetesa nigrrepriunaca, papemiti. Oxnax
faraToeTynindacTe JoBeleHHA MBOTO PAKTY € «piutdio y cobis, o-
ro HacTiNBEM BaMKO MepeBipHTH, nio meaxi cnerjanicrn eymnisa-
OThCA ¥V TOMY, 10 rinoresa eupimena. ETanu usoro pnnefenHs
raki. Cnouarky, Burkopucresyiodk igew T, Bipkroga npo onuc
BiacTiHBOCTel creriadbHEX «HeaBiAHUX» (10 He poza(apBoRyOTH-
cA yorupMma apbamu) rpadgir, MATEMATUKHM 3Bl YHCAO BepITHH
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4-poadpapbosHux rpadis ao 96. Hortim y 1969 p. X. Xeem azis
npofieMy YOTHPROX Gapl 1o nuTaupa 4-poadaplyRaHHA BeJIAKOTO,
ane crinyenmoro umcxa rpadir. Ifianimme uncno raxux rpadis 6y-
0 asefene g0 1483, Hapemri, y 1976 p. K. Anneas 1 B. Xeliken
(3 KOJERTHBOM MATeMaTHKiB i nporpamicrie) npasuasso poadapby-
BaTH Bei 1482 rpada 3a ZOITOMOTO0 ITOTYKHOTO KOMII'IOTEpa, 3aTpA-
THBMU Ha posdapbysanun Gmymsnko 2000 roguH MamuuHOro 4dacy.
I Bce 3k Taku ua npobnema, IO TAK AOBrO IPOCTOANA, — HTH-
1mMe oKpeMHil BUNAAOK Hinoro HanpaMKy posdapbysaupd rpadis.
IlepedpasyeMo sapady poadapbyBanua kpaid 35’ssHoro rpaga G
y sagaqy posdaplyBagHA BepiOMH iHILIOTO NAockoro rpaga G (He
BHMaraiouu [JfA saraasHocTi, 10ob G 6yB fBo3e AsEHNM). Beepexnni
KoxHol obnacTi @; (rpani, Kpailn) rpaga (7, BKJIOYIAIOUN 30BHIINKHIO,
HOZHAYMMC OJHY TOUKY X, — BepIIMHY IUyKaHoro rpada G.
HAxmo y & RpalHH @ 1 Q; Malork coinbHe pebpo ¥, To 2'¢AHAEMO
y G BePWHAHNA X; 1 x; peGpoM ¥y, o nepeTHHae Tinskn y. I'pad G
HA3WBAEThCA 2e0Memputro Jecicmum fo mwiockoro rpady G.
Hacaipok. 3edaia posgapbysanus Kpain zeozpadivkol Kapmi
{obracmel: naocKkozo ecpada G) exeisarenmna 3adati posdapbysan-
HA Gepuidn 2e0Mempuino deoicmozo zpaga G, maxodk RACCKOZO,

Ilpx nmpoMy yMoBa HpaBHJALEOTO pos¢aplyBaHEA BepIIHE IO-
asrae B ToMY, wo cymixui (y G) Bepwunru x;, x; nabyBaioTs
pisHEX koxsopis. Ockinexy omepanis ¢ — G pigmofpaxkac Bech
KJac 3B A3HKX IJIocKHX rpadis Ha cebGe BsacMHo oJHO3Ha4uHC (Ie
BUXOIUTE 3 pisdocti G= ), To mpobnema uwoTHPLOX ithapd mepe-
DOPMYIICETRCH TaK:

Oydv-arcuil naockuil epagh npurycraec nPAsUALHE POPapiysan-

N gepuwun He Biawut, Hid womupma Qapbesiu.

Saysaxennna, ExsipanenTnicts npobnemu pospapbyBanHs
Kpaid i npobieMn pozdapbyeaHng BepHIMH ¥V KAAcl BCIX NJOCKHX
rpaip Moy¢Ha BCTAHOBMTH, He KOPHMCTYIOWKMChL TOMHOI piBHicTiO

G = G. Baxaupo, Lo IpA Tepexoli 4O ABoicToro rpada G — G
poatapbysanus kpaln G Mepexoautks y poadapbyBaHHs BepHIHH G,
poadapGyBaHHA BepIOIUH (f — y po3dapbyBanHEA kpaim G. _

JoBiasHANR (He ofoB’AzKoBO DNOCKMIH 1 3B'saRyil) rpad G
HA3UBAETLCA r-poigapbosrum (abo r-xpomamuirum), SKIC BiE
OpUOYCKAE NpaBUAbHe poadapbyBaHHA BepiuuH r Qapbamu.

He smeHIyousd 3araisHoCTi, MOKHa BBAXKATH, LII0 IpU posdap-
fyBaHEL Bepmy¥H rpag He MICTHTL OapaienbHux pebep i metene,
TOBTO € NPOoCTHM.
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Tpad G, ma puc. 6.17 3-pos-
tdapbopunit, G: — 4, 3, 2-poadhapbos-
nuii.

a G MiniMansme umcro koanopis, He-
ofxifne FAsi npaRuaALHOre poadapby-
Puc. 6.17. 3-poapapBosrh®  payus pepmmA rpada G{min r) nasusa-
L 2-poadapbomuuil rPAGH  opyey wpomamusnun wucrox 1(G).
Heaxi npaxkruuni sapaui nor’asani
3 poadapbysaungaM pebep rpada &, AKe BRAKASTLCA NPaRMILHUM,
AKOIO KokH]I ARA cymbxHux pebpa (iHnuaeHTHHX ofHiX BepmuHi)
poadapboByioThea ¥ pisHi xoavopu. Halimennie uneao koasopis, mo
NPUNYCKAE OpaBAIbiHe poadapbyBasHA Pebep, HAIMBACTLCH XPOMA-
muynum xaacom Y{G) rpada abo indexcor. B mpuununi, poatapby-
BaEHA pebep rpada G 3BOZNTECA A0 poadap6yBaHHA BepIIUH AeAKOTO
rpada G, mo HA3MBAcThCA dyaivHum' 3a BiaHomeHHsM 0o G, TOMY
Y(G) = y{G') — xpoMaTHUHKY EKaac G AOPIBHIOE XPOMATHIHOMY
yneny AyansHoro rpada. Ils exacrHmicrs ayanmxoro rpada G!
BLONMOBIIAHM YMHOM iHAVKYE Horo BASHAUYSHHS: BePIINHE IVAJILHO-
ro rpadga G' 3HAXORATHCH V B3aEMHO OXHO3HAUHIN Biamoepigmocti
3 pebpaMn G, i ABi BepmMHM ¥ (! moeaHani peGpoM, AKIO
(i Tinexu axngo) signopizmi gBa pefpa v G cymimxkai.

2. fAxmp ¥(G) = 1, To rpad
G He Mae pebep (CraafaeThca
3 i3OoNLORAHUX BepIIHH; nmeT.ni
y OUTAHHAX po3dapbyRauun
BepIIHH He BPAXOBYIOTBCH).
Byab-nxe fepeBo Mae Xpowma-
THYHe YHcao 2; rpad 3 XpoMa-
THYHUM 4ncyaom y(F) = 2 Ha-
BUBAETLCA Gixpomamuupum,
Byan-axe poagapbyraHHa G
Asoma dapbamu (puc. 6.18) poa6usac BepmMUHH Ha ABL ofEodaph-
Hi MAEOHHE X,, X,, BcepeuHi KOXKHOL 3 AKMX BepIIWEU nonap-
Ho HecyMmixHi (HesanemHi, gk iHogi roeopsT:). Ila obcTaBMHa
SHAXOZHTE HGHCJEHH]I 3acTOCYBAHEHA Ha OPAKTHELI 1Nnpd pisHMx
JOBefeHNAX,

Ham sxapoOurThea Olapmi-MeHOI OYeBHIHA JieMa.

Pue. 6.18. BixpoMaruuricTh

! 3a inmow repuironorieo, rpad G! HaansacrLea peGepmUM rpadoM ATn G
i nosupuaeteer L{G).
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Nema 6.1
Bydv-awunii zamxnenuvii mapuwpym

Q = {xo0, ¥15 X1, Y2, X3y w5 Yus Xo}
MONCHE sUuMepnamu (odepHcamu nopoNRHiil Aanyw:z) wasxom Ha-
20MOKPAMKHOZO 3ACMOCYSAHHA MAKUX onepayiil.

@. Bupanenns HenepepBHO NpoXigmore miamaplupyTy, IHe €
OpPOCTHM IHKJIOM.

Y. BuganeHHs TPHBIaJLHOTO 3aMKBEHOTC NigMapmIpyTy AOB-
WHHH 2 BHAY {Xps Uss Xi+ 10 Yoy Xahs
O [Hiitcro, sacTocyeMo go @ nociigesHo omepamnin ¢ porw, moku
e Momaupo. Oenineky migmMapmpyTa @, (¢ @), 10 3aTUIMMUANCA,
He BXOAATh A0 KOAHOTO NEKAY, TO KoxHe pebpo g € &: sycrpi-
yaeTbed B o6’cgHaHHl migzmapmipyTie LEJQ,- ojHAaKoBe YHCIO paszim

¥ NpAMOMY i BBOPOTHOMY HEIPAMKaX. SACTOCOBYIOYWH Telep Mocii-
JMOBHC onepainiio ¥, ofepUMO NOPOMHIN NamIlior. [ |

Teopema 6.6 (Keniz)

I'pah G ¢ Gixpomamuinum modi i miaviu modi, Kok eci 020
YUKW MANMb NAPHY GOGHUNY.

Saysawmenns. Hacrynui Tpe BroacTABoeri rpadia G exBiRanenTsi.

1. Bei 3amrHeHi MapIIpyTH MaXTh TAPHY JOBXXHAHY.

2. Bei nuka@ MaOTE NADHY LOBKHUEY.

3. Bei mpoeri DA MAOTE DapHY AOBXKUHY.

Jli#icro, imnaikanmis 1 = 2 = 3 oyerugua, a 3 = 1 sunnn-
BAc 3 JIEMH, OCKiABKM BuAaneni y gosefenui aemMu miaMapmipyTH
MAaOTh TapHY JORKUHY,

O Hexali rpad G 6ixpomaTuyunil; peanisvemo 6yab-ake poadap-
GyBaRHSE JROMa KoOAbopam# (Y KoxHilt xommomen™ a3p’asmocti).
Kiagi 6yAn-Akoro nagIiora TapHOI ZOBXHHH MAaloTh CAHAKOBHI
KOJIip, HedApHOI — pi3Hi KONROPH, TOMY 3aMKHeH] MapIUPDYTH (ITHK-
JIH) HemapHol JOBMKHEM BifcyTHI. 3BopoTHO, Hexailf Bci zaMKHeni
MapmpyTu rpada G manTh mapEy AoBxuHy. IlodapbGyeMo y koxip
o OZHY BePHIHHY Xn, IOTiM ¥ xoxip f — il oToueHEAa (MHOXHEY
CYMiKHMX BepIIHH), ¥V KOJiP ¢ — OTOYeRHA BepPUINH KOXEODY [
i Tax parmi. 3a ekirvernne umed0 kpokis Bei BepIIHEH Tpada No-
dapbylorbed ¥ KoJIbOPH o i [, mpudomy po3dapCyBaEHA BepIIH-
HU x; HBIYi oB3Hauyae, 10 Mik nepuHM 1 ZpyruM nogapbyBaHHAM
aaropuTM po3dapiyBadHA SAXONWB 3aMKHeHHMH MApIIPYT 3 HOYAT-
KoM i KiHnoeM x;. Yepes mapricTs fioro goBKMHE o6HABa pasH X,
nothapboBaHa B oguE konip (o abo p). [ |
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3. OxapaKTepHayBATH CTPYKTYDPY R-Xxpoxamuuwxux rpadis
npu n2> 3 moaifHO Ao Toro, Ak e pofiuTh Teopema Kenira aus
GixpoMaTHuHOro rpada, NMOKM He BAACTLCS. € GaraTo wacTKOBHX
pPe3yILTATiE, HADPURIAK, IAd JeAKHMX KJaciB peryadgpHHX rpadis,
IINOCKMX rpacdin 8 TPUKYTHEMER KOMipKamMu (NAOCKHX TPlaETyAAniA).
Biganauumo, mo xoda maockuil (imaxme — nunanaprwii) rpad mae
XpoMaTHIHe uucle v < 4, NIaHapHICTL He € XAPAKTePHCTEYHOIO
03HaK0W 4-xpoMaTwyHOCTL rpada: K, ; (puc. 6.12) 6ixpomaTuanuii
{(y—2), aJe He MIaHAPHUH,

JIng ofepaHHA 3AralbHUMX OIiHOK XPOMATHYHOrO WHCAA
3pYYHO BBECTH KiNbka BH3HaueHb. Kiaixa — OyAn-axkuit morumit
nigrpad rpada G; xxaikose wucao (abo winericms) p(G) — uuc-
Jno BepmInH Hadmoryxpimol miaiku. Hesaremwna muowuna —
OYAL-AKA CYKYIHHICTE DOMADHO HECYMIMHMX BepINUH, YULAO He-
aanesdcnoemi o{G) — URcAC EepIUMH HaRHOTY:RHIINGI MHOMHEH
HesanexHocTi, Jodamxosum do zpaga G = (X, Y) HasupacTheH
rpap G=(X,Y) 2 rierw x MHOKHHOK BeplUHH, Lo JoNoBHIbe &
Jlo TTOBHOFO rpata

G=G+G=(X,Yu?).

Ilpuxnazgu knix rpada G (pue. 6.19) sobpaxkeno ma pze. 6.20,
GojaTkoBuil rpad G — Ha puc. 6.21.

2

G
4

Puc. 6.19. 3e’sanuii rpad &

2 2
' / A
K, 1Yk, ' P
Pue. 6.20. Knmikwi rpads ¢

L G 3

4
Puec. 6.21. NlogaTroBuil rpag G
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OckinbKE By b-AKa MHOXMHHA NCOapHO CYMIMKHMX BePILAH PH
pozdapbyBasHi BUMarae KOJBOPIE 3a YHCAOM BepPIIHMH, KIixkoBe YHC-
710 € HKHLOK OLEKOI0 I/ XpomaredHoro udchaa (6.2.a4). Jpyra
onieka (6.2,6) BUXOAUTE 3 TOro, mie ¢ CHiBIaZac 3 nory:xmricTio
D, Haiblaemol MEOMKMHH BepHIMH, Lo NPMOYCKae HoghapObyBanHA
OJHHM KOJLODOM;

. X
2) HG) = plG); 6)7(G1>[' (G'J 6.2)
HiiicHo, Hexall dikcoBaHe AeAKe ONTHMAaNkHe poadaplyBanus,
V: — 0AHOKONLOPOBI MHONMEHN Bepmux, V| = p.. 8a no6yaoeoio

t i . .
UV,=X, Yp =|X| i xoxne V; ¢ Hesanexxna Mmuoxxuna. Jinenns
121 i=1

ocTeHHbOl piBHOCTI He o 3 ypaxyBaHHAM HeplBHOCTeH p;< o npH-
SEOAUTE Ao noTpibHoi oninkm:

Y>Zp' =|“—| [IXI]

o

Bigsnaummo 6ea fosedenHsa Binwm rpydy, Him (6.2,a), ane

npoTe Jerite ofuncnioransry ouinxy (Tenmep . H., 1970 p.):
2

Y(@) 2 -2—"% n=|X|, m =Yl

[ikapi ouinkm cymz Te ZoGyTKY XpOMATHYEMX wncel ¥ 1y
rpad)a ¢ Ta #oro gonmcBHeHHA G, noseneHi Hopaxaysom B. A. iTan-
cymom K. B. vy 1956 p.;

2
2J;£y+75n+1: nSy?’S(n;lJ. {(6.3)

QueBnNaHa Take»k OuUiHKA 3Bepxy: y S n + 1 — o. Hexai
& = 8((7) uatimenmnui iz cTeneHnir Bepinuk rpata ¢, A = A(G) — Haii-
irpmuit. Cnpapegnuei Taxi BUTOHUCHI TBepH:KeHHS.

1°. Teopema Bpykca (1941 p.).

Areuwgo G — nenognuit ss'aznuit epad i A(G) 2 8, mo
wW(7) £ AMG).

2°. Iag 6ydv-anux HAMYPAALRUX HUCER 1, O, ¥, WO 3ad080RL-
HAKMY HepisHoermi n/2 <y < n + 1 — o ichye n-aepulunnuii zpagh
3 QUCAOM He3aAeMHOCMI O | XPOMAMUUHUM YUCAOM 1.

4. 3agavy posdapbyranna pepmiuH rpada & MoxHa ITepedop-
MYJIWOBATH ¥ BHUTIALI AeAxol aagadi 6yJieBOro nporpaMmyeBaHHA.
Hexath r> y(G) — ara-Ae6yAb BepXHA OI[iHKa XPOMATHMHOTO UHCTA
TAK, W0 rpad G r-posgapéosrui. BeegeMo MaTpHiio GyaeBHX 3MiH-
aux poabapBymamms T = {t,;}, i=1, .., mj=1, .., n; n=|X],
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e ansa KoxHoOTo posdapbyesanna f; = 1, skilo Bepmuia x; nodap-
GomaHa Yy i-if Roxip, i t;=0 — ynpoTuaemHoMy BHNaAry. Hrio
R = {r;} — Marpuna imnuAeHIiii HeopienToBAanoro rpade G, To zan

nooytky Marpurns TR enement (T-R), J=z:t,,ﬁr,,‘i jopirmwe: 0, axio

»kO/ieH 3 Kinuie pefpa j He noq)apﬁonaﬂuigf;l i-it xonip; 1, AKIme ToOY-
HO OAMH Kigens pebpa j nodepboannill y i-i koaip; 2, axnio obugsa
KiHng pebpa j nogap6opani y i-it xoaip. OcTanns cHTyalid MOKIHBA
TINLKM TPH HETIPABMALEOMY poadgapfyRaHRi, ToMy yMOBa HpABHMJIBHOCTI
poadapOyBalHd PHPAMKACTLCA CHCTEMOK 7+ m HepiBHOcTeH:

(T - Ry<l; 1<isr 1<j<m=|Y] (6.4)

Yuorow modpapbyBaHEA Ko¥HOI RepITHHHM X; B OAHH KoJip €
Yi=1, 1<j<n. (6.5}
i=1

Byas-axa OyieBchke maTpuis T, M0 3g0BOJNEBHAE 0DMeReHHS
(6.4, 6.5), sabeaneuye r-pospapéysenns . ol ogepieaTu evanjapray
onTuMizanidny sagauy, neobxinno roratu qyukniio nini, nanpaxkran,
MiHiMiSyBATH 4YacTOTY BUKOPHOTAHHA OCTAHRLOrO (r-ro) KoJILODY:

p(T)=) %, — min. {(6.6)
j=l

Byap-axu#t pose’azok T, sagaui JiHiAHoOro OyiaeBCBKOI'C IIPO-
rpamyrarausa (6.4, 6.5, 6.6) mae npapHAbHe pozbapbypadus G
sa gomomMorowr (r — 1) dapd, akmo v{G) < r. B nhoMy BHO&OKY
pATo) = 0 i MoxkHa 3MeHIIHTH YWHCAO PAAKIE MaTpuui posdapGy-
BaERA T Ha ofHy, saminuTE v (6.4, 6.5, 6.6) r Ha r— 1 iposp’a-
SATH 3aAa49y 38HOBO. [IpoaoBmyloun Taxuil nponec, ME DpHAAEMO
A0 MOMEHTY, KOJH AJAA pode’aAsky T ueprosoi sMeHLIeHOi 3ana-
yl BOoepie ORePKETLCH HEHYALOBE 3HAYCHHH LinNbOBOI Qobpmu:
ps{T) # 0. He 6yme osmgauaTh, mo &) = S.

lcaye coocid zapgauss minboboi GopmH, 110 OAPA3IY OIPABOINATH
ao poasdapbyBaHHs 3 HalimemuinmM umcnoMm (apd y(G). 3icrasumo
KOKHOMY KOJILOPY § urvpad p; Tak, mof p; ., > np;{n = IX|). To-
Al mingnosa dropma

Z(T)=ii}’;f¢- ->min (6.7)

i=1j=1
a oOMexennanu (6.4, 6.5) sabeameuye posdapbyeamna T, 2a jgo-
noMorc® ¥(G) dapb. IHIIHMM cloBaMH, OydeBebKEN posn’sdok T
safaui {6.4, 6.5, 6.7) Maec HynwoBi paggx v + 1, .., r.

HiicHo, Bymeoenit i-#l pagox v Ty osHauae, mo i-A kodip ne
BHKOPHCTOBYETECA, 1 AKILO BHKODHCTOBYEThCA KOJIp { + m, To
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TepecTaBAeHHA ABOX DPALKIB i, i + m B To npupene 1o poadapbysanHa
T, 3 menmoto topmomw (2.14): Z(T) < Z(Ty), mo Hemoskmuno. Tomy
¥ To HYJILOBl pAgKH cToaTh ocTaHHiMH. Hanl Hexadt ry — HalOLiIb-
muil HoMep HeHYNLOBUX pagriB. Toal ry 2 y = y(G), ockiaprK Aan
ByAh-AKOro MpaBuNLHOre poadapbysannsa Tpeba ne memmre y ¢apb.
Ipunycrnmo, rozy+ 1 i T — MaTpung npasuiasaoro poadapbysanns
3 ¥ dapbamu (xoga 6 ogHe Take poadapbyeanis icHYE i 38A0BOTLHAE
ymoen (6.4, 6.5)). He amenmyioun 3arankHOCTi, MOMKHA BEAXKATH,
o Bel HynboBi pagku T MaiwoTes HoMepw ¥ + 1, .., r. Ouesugmno,

Z(T) = Ezpftt,s pyzz:l,_ p,Zl np,,

Z(To)=EE;P.t3 Zprnapyq'
[y 92

8a ymoRn OIITHMﬁJILHOCTi poap’gary T, nosuuno 6yt Z(T,) <
<Z(T), aeigxu p ., < npy. OcTauHa HepiBRicThH cynepeduTh YMOBi
obpanunA mTpadpeEnXx Koediuieutin, ToMY 1 = ¥.

3agexHo Big curyauii, samicts r - m ymoB (6.4) MoxHa BU-
KOPHCTORYRATH I - 71 YMOB

n
LO-t)-Y 8,2, 20; 1<i<r Lsjsm (6.8)
k=1
jge I — 6ypb-gKe qMcao, o Ginklue n; a, ; — eleMeHTH MaTpHIL

cyMiskHOCT1 Heoprpada (. HpH IROMY, He 3MEHIIYIOUH 3arajbHOCTI,
MoH8 BBakath, o 0 < a4, ;< 1, 6o KpaTHL peGpa MoxHa yOpaTm
3 (4, He aMimcloun aagaqi posdapOyBaHHA BepIUKH.

SasHAYUNMO, INO IIPH BeJIHKHX # i r v uinposiit ¢opmi mrpadui
KoediuicHTH MAalOTh JaHAATO BeJMKHH PO3KHJ 38 NOPAAKOM SHEUEHL;
e eTBODIOE HeapyuHOCTL 11 obunc/iens i norpebye ocobNuRHX 3acobip
Ansda sbepexxedHA HaJeHoI TouHOCTI. B clIoNMyIeHH] 3 TpMEITUNOBHM KA
TPYAHOIIAMH TOTHOTO PO3B’A3SKY s8faui ByJIeRCLKOTC IIPOTPAMYBaHESA
BeJHKOI po3MipHoeTi MM ITPUXOAMMG 0 HEBTIIIHCrO BHCHOBKY: AJIA
BeSIMKHUX rpad)is posdapbyransst | sHAXOMIKEHHS XDOMATHIHOrO YHC-
Jia MEeTOHOM 3BeJieHHsA A0 sasaui OyneBCLKOroc NMpOTPAMYBAHHA OpAK-
THuHO HeeekTHBH]. Caif BUKOpHMCTOBYBATH cHElH(DIUH] alIrOpHTMH,
IO BPAXOBYHOTH ocofinuBocti reomerpii rpada. Binnm rtoro, sk
IocTaBleHa Hepe; ofuucaIoRAYeM 3aJaua GyJIeBCRKOro NpOrpamMyBaM-
HA npulyckae iHTepmperallilc Ak saZada poagapGyRaEHA JEEKOTO
rpatha 7, TO NpH BENHKHX pO3MIipHOCTAX edeKTHBHImMe ITyKaTH
HaltonTuManbHilne poshapbyranua rpada, a BxEe 34 fforo JonoMorow
SAIIMCYBaTH PU3B H30K BMXigHOI 3ajaul IPOrpaMyBaHHA,
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s poadapdbyBanHa He BYiEe BeJUMKHX rpadiB 3acTocOBYIOThCA
aAropHTMHA lepebopy.

Odxsa posdapbyBanns Beauxux rpadis, KosaH TouHi aaropHTMH
BAABAATECA HeAONYCTHMC TPYAOMICTKHMH, BHKODHCTOBYXTBLCA
aaropuTMu Habnu:xeHoro posgapOyBaHHA, CiMelCcTBO AKWX HOCHTB
yucaenHe. Cepea HUX € eBpHCTHUHI TA BHIAAKOBO-IOIIYKOBL ANro-
paTMu. Ilpm X BHUKOpHCTAHHEL cAlx NPOABIATH BiTOMY o00epeXHIicTh
{HaIpHKJIAJ, NOPiBHIOBATH DPe3YyJNLTATH PO3B AIKY 3a KiilbKOoMa
OPUHUHIOBO PIZHUME aATOPUTMaMHK), 60 48 KOMKHEOIC aJIropUuTMYy,
fK TIPABHJIO, MOKHa TioOyavBaTi rpady, AJss SAKOro aJropMT™ Laec
ICBIIEHO HeNpaBHJALHY OIIHKY XpPOMATHYHOrO YHCHA.

5. Ilpuknagui sagaui, 1o sp’ssani s poajapbyBanmamm, Mmo-
WYTL OVTH B ToyHOCTL eKRiBaTeHTHMMH 3ajaui poadapbyBaHzg,
ale dacTime MICTATE me JoaaTroBi obGMe:keHHA.

5.1. 3adaua sasanmaxenri (posMiuenna) n npodyKmis (1pen-
MeTin) 1o AmMUKaM (cxoeuimam). Moaenbuuil rpad &G Mae n BepIIHH
(1o BigToB}AAIOTL IpOAYKETAM), & HAABHICTE pebpa (x;, x;) o3Hauae,
10 HPOAYRT X; HecymicHmil 3 x;. Armo micTroeri @; amiukin remnki
(&@;> n), To 3amavua Po3MiHNleHHA Y HaWMeHIIIe YUCAO AITHKIB eKBi-
BaNeHTEAa 3afayi onTuManrHoro poadhapbyranug BepmiyvH rpada G.
Ilpu obfmexensi MicTrocTi € Ao 3puuadiHux ymoe poatapbyBaHHA
Y mno3HaueHHAX . 6.4 DojasayThed ofMesKeHHS

it,,.sa,.. (6.9)
j=1

5.2. B 3amauax meopit posxaadie (inakie, KarerdapHozo naa-
HYE6QHHA) onepauiaM (ornsgam) aicTapiA0TECA THMUYACOB] iHTepRA-
Ju. BigHeceMo IM BepliHHU X: MOAebHOIO rpapa G, B AKOMY €
pebpo (x, x;) Tomi i Timpxry Toxi, woau omepauii x, x; HecymicHi
y uacl. IIp oznakoBifi JoB:xHEHI Ta foBlALEIN geproroeTti onepaniii
OHNTHMAJBHH po3KJah (cyMapHHIH uyac, Mo MiHIMiaye BMKoOHaHHSA
BCixX pobiT) exBiBaJeHTHHAE ONTHUMaSLHOMY poadapbyBAHHID MOAEAL-
Horo rpage . XpomarTuune YHMCNo ACPiRHIOE OINTHMANLHOMY dacy
BHKOHAHAA Beix pobir: y(G) = T.,;,. Kpim Toro, pisui konnopu mo-
JXYTh BIANIOBiAaTH, HADPHRIAZ, PisHHM Alnaukam (NpuMibieHHAM),
i Axgo Ha (- AlnguLi He MOMCAa BUKOHATH Ginbmte @ onepanifi
OAHOYACHO, TO B MoAeAbHOMY poadaplyBanHi 8’SBRfeThca HOAAT-
xope oOMexennsa (6.9).

Turoscw Jajgadeio [[boro THIY € 3884 CKJIaJaHHA pO3RIAaay 3a-
maTe. Hexall, nanpuenaz, rpeta npountarn Kinkka nernidt (koxmua mo
ORHI# roanHi) 3a HaKopoTmuil yac. Ywreao rpyn cnyxadip JOpiRHIOE
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upeny neritift, ane nee 3 feaxi mernii Be MoKHA YNTATH OJHOUACHO
(Eanpurnajf, X grrae offHH 1 To# ke nerrop). OnTAManeHUA po3-
KJajA exsinanseHTEud MimiMmansromy poadapiyBasnHiD Takoro rpaga G,
¥ AKOro BeplUIMHH BiJATIORIASIOTE NEKOisiM, & CYMIMHICThR BepIINH
o3Hauee, Mo RiNNOBIAHI JNekIii He MOMHA YWATATH CAHOYACHO.
Heraxxro cropextysaTu GyAh-AKUil 8 AJTOPATMIR ONTEMANILHOrO
posdapbyraHus Tak, mod BpaxoryeBanmcst obmemeHnusa (6.9).

(@ 3apadHs
1. lomecTn, mo umeno BepIHUH R peryaapHoro bixpoMaTHYHOI'O rpa-
¢da dapHe, a MEOXHEY OfBROKONbOpHOCTI X\, X: (puc. 6.18) MaloTh
OAHAKOBIL YMCNA BEpIINH:

Xy = X4 = &) = ny2.
2. Homectn, Mot
a} A7 upaBEABHOro po3hapSyBaHHR KAPTH, MO0 OJEPXKYETECH TIPH
nepeTUHi Kin Ha IIMOLIHHI, KocTaTHRO ABOX KOJALOPIB;
6) 6yak-aka xapTa, U0 He Mac BepllHMH CTeleHs 2, MaE rpaHs,
FPEENLA AKOL MicTHTs He Giismwe n'ata pebep.

6.8. epeBa

By3HaYeHHRA

3e'aanuil zpag T Oea yunais Haszueaembes depesom. OpicH-
Talifd MO)Xe He BpaxoBYBaTHcA, I Toal rosopaTh mpo pefipa
depeaa y;. ARWO OPICHTRUIA BPaXOBYETHCH, TO TOBODATE 1Ipo
dyzu depeen, acaMe NepeR0 HARKBAETHLCA OpPiEHMOSAHUM,
HaOpuKJag, JepeBe JMOriyEny MOXKIWBOCTell, reHealoriuxe
IepeBo.

Kpiv HaBeaenoro BuUamauennd, MOMKHA& JaTH e KinkKa €KBi-
BajeHTHHX BH3HAuUeHb JepeBa.

Teopema 6.7

Han zpagpa G 3 n eepwunamu i m peépasis pisHOCUABHI MAKL

saacmugocmi:

1. G 38’ rznuit i ne mae yurnris.

2. G as'aanuls, | yucao ito20 sepuiun Ha COUHUYIO nNepedepulyc
yucho pebep: n = m + 1.

3. G ne micmume yurkais i n = m + 1.

4. G He Micmumb yuxaie, ane dodasanns pelpa Mix Oydv-fwu-
My 6oME mecyMINCHUMU BepuinnamMu npuIsodumb Fo noxeu
YUKy,



270 Po3din 6

5. G a3g’nsnuit, are empaiac Yo sracmusicms npu sudareHni
oyde-Anozo pelpa.
6. Bydvaxi del eepuiunu x; # x. zpags G 3’ednye edunuii aanywez,

ko ooy 3 BaacTeBocteil 2-6 BrkoHaBO, TO rpad G € AepeBo.

IIosegenuaa reopeMu 6.7 abo if wacTur micTuThes y SaraThox
KHHUrax 3 Teopil rpadis. Ockinekn BoHO He ItoTpebye cremianbBol Tex-
HIKH | JOCHTH eJeMeHTADHe, HajaMo #foro ujTadveBi Ak BOpaRy.

Hacainox 6.3. Bydv-axe depego 3 uwucaom sepuwun n = 2 mae,
wonalimeHwe, 06l sucayi (xinyesi) sepwunu.
HilicHo, 3a neMoI0 Npo pPyKocTHeranusa (I, 6.4) cyMa crellenin
I
BepIUKH € Zﬁ(x,) =2(n -1). Cckineku &(x) = 1 (izonroBaHi BepMUEH
i=]
BiJicyTHI), Te xoua 6 JB] BepIOWHK X |, Xz MAIOTh CTEILHb 8(x;) = 8{x2) =
=1, y UPOTHJCKHOMY BUNazry 8(x;) = 2 ona peix i, Tak Lo

38 (x,)2 2. ]
i=1

B poaaini 6.2 na puc. 6.6 6yno HaReneHo NMPHKJIaj AepeBa (7
8 yucaoM Bepmyd A = 21, y AKOMY IeHTp cKRJIAfaBCH 8 AROX
geprnun {u, v}. Jlna mpoeroro nawmiora P, nmeHTp exkiagaeThed
8 ofHiel BepluNHA, AKINO YHCIO BepINKWH n HemnapHe, i BinmoBiano —
3 ABOX BepInMH, §KINO n mnapue (pue. 6.22).

suN
{
——_ 2 \1,) 2o 3
-, - T — -
u v - o~
Pzr\ — Pa / u [ \‘P
oM Seg g

—— — —

Pye. 6.22. EKcueHTpHCHTeTA BePIINE [ UeHTPH AaHUOTE Py, Ps P,

Buasngeroea, Aaa OyAp-SKoro gepepa clipaBeljHBS.

Teopema 6.8

Henump O0ydv-sxoze depeea crnaadaemecs 3 odunici abo deox
CYMINCHUX SEPULUN.

O [aa geper P;, P33 guenoM BepluvMy n = 2, n = 3 TBepAKeHEA
cnpasepause (guB. puc. 6.22). Hexalt T — gepero 3 n pepiiuna-
MU, n >3, Axmo Buganuty 3 T Bei Bueauwi pebpa 3 xidmerumm
Beplinaamyd, To ogepiane gepeBo Tp (= T) Mae Toit ke LeHTD,
uwe i gepepo T. Temep Teopema BUBOOMTHLCA Ba iHAYROiciO. [ |
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MepeniveHHA rpaciB | aepes: HeizomophHHX,
KopeHeBUX | NO3HaYeHNX

Sagaui mepenmiuenns Beix episHuxs (¥ TOMY uYmM immomy posy-
Minni) rpadis iz zajgaHuM UHCAOM REPIIHH 2 € BAXKEMH. BoRu
BHHUK&NN 1 posp’asyBaadcad y uyucToMy BMTnAni abo a gozaTko-
BUMH obMesxenHaAMM y MaTteMmaTHui, Ximii, pisuni, npoexrysanuni
Ta pisEAX iHMemepHux TpoBaemax. 3posymino, Mo nepesiveHusa
JepeB 3 1 BeplUHHaAMH YTBOpIOe, 3 ofHoro Goky, Ginmm mpocTHi,
& Apyrorc Goky, — GasoBWil RJIAC 3afad.

Fpap G = (X, ) HasUBACTECA RosHAYERULM, AKNIO 0r0 BepIIdHAM
npuBracHeni dikcopami nosnauxu, manpmknax, womepn 1, 2, .., n.
Ba nosnauednx rpata odrarxosi (ne piakaAmeca ), AKINO IXHi Bep-
IIKHH NO3BAYeHI ofHicio CHCTEeMOI0 MO3HAYOK Ta icHY€ isoMopdism
{(auR. p. 10.4) ogHoro rpade Ha iHmMIHE, Ipyu AxkoMy 36epirarThes
NO3HAYKH Beix pepunH. Ha pue. 6.23 sofpaskeno Beci mosHaueni
rpady 3 UMCIOM BeplIME n = 3; iX KiabpkicTh AopiBHioe 8.

Kineskicts G, (HeopieHTOBAHUX) nosHaueHEnX (71, m) — rpadis
{npocTHX 8 # BeplIMHAMM | m peSpamMu) AopiBHIOE, CUEBHAHO, YHC-
Iy cHoJiyuYeHb 3 MHOMKHHE PISHMX HeOpicHTOBAHHX HAP BEPIIRH
{(x;s x;)} 3a uncaoM pebep m. Ockiibkn UNCI0 BKASAHUX NAp BePIINH
JopieRwe uxeny cnoaydeds C.2 (3 n mo 2), to (gus. n. 10.8)
G,.=Ch=Cr, 8=C: =L’;—1-’-. (6.11)
Cymyroun unciae (., 38 BCIME MOMUJIMBHME KiJbKOCTSAMH pe-

n{n-1)
2
BHIAAKY IOBHora rpatdha 3 £ pepmiduamu, ofepskyemo wuciao G,

&acix nognauerRux zpadié 3 n BepULUHAMU:

Gep m=1, 2, .., rin BEnagxy 6GeapefepHoro rpada 1o

Tl 1.

;2.

Puc. 6. 23 Hosﬂaqem Tpathy 3 TPLOMa BEPIIHHAMEA
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6, -3er -2, s=cz-20 0, (6.12)

306pamgnns cyMu B (6.12) v Burasgai 2% MaeMoO 3 bopMy R

43
(10.14). Bokpema, G, =2 =2° =8 (gus. puec. 6.23), G, =2% = 21F =
=2°=64,

Qucro g, neizomopdrux epagie 6e3 nosnavon {IIPOCTHX, HeOPleH-
TOBAHHX) 3HANTH 3HaTHO Tpysuime. Cepen BochMH rpadin puc. 6.23
6ea ypaxyBaHH#A ODO3HAYOK MOXHA BKAZATH TiLILKH YOTHPH IONapHO
HelzoMOpQHHX OJUH OAHOMY, HAIPUKAAA, V KBagpaTtax 1, 2, 7, 8.
Orme, g3 = 4, WMo BABIYI MeHimle uucaa (: nosHaueHnx rpadis.
Yreno G, nmospatdeENX JOTHPHBEPIIHHHUX Tpadis aopisHios 64,
B Tofl Wac, sK pilaAux HelsoMop)HHX YOTHPHREPIDMHHEX rpadir
0e3 noaHauok icHye Behoro 11 = g, (AuB. pue. 6.24).

L . iz, . |[3 A P
; ;

. . : i

5\_-?.6 t |17 2
1
i1 L -

8 ) ‘o 1 |
: i !
H i !
: i |

L= P [ — A [ S S———— —

Puc. 6.24. YornpueepimueERi HeizoMopdHL rpadm

ARIIO Yeped g,, TOIHAYUTH HUCRO HEiZoMOPPHUX N-GEPUIUHHUL
2pachia 3 m pedpamu, TO

. -1
€= Bum s=Cf=mé—)~. (6.13)
;=0

3rigno 3 puc. 6.24 auA n = 4 MaeMo: 8 = 6; g0 = 1 (xBag-
paT 1), g:1=1 (kBagpar 2), g.: = 2 (xBagpatn 3, 4), g2 = 8
(wpanpatu 5, 6, 7), £4.4=~4 (xBagpern 8, 9), 2, 5 = 1 (kpagpar 10),
€u.s = 1 (xBagpar 11). Ba dopmynon (6.13) ga=1+ 1+2+ 3 +
+2+1+1=11.

B saranrsHOMY BHNAJKY KimbkocTi HeisoMopdHHX rpadiB g, &-
FHAXOAATRCS 3a ROTIOMOTOK) Teopil NepesivenHd Kordirypaiiil, uo cTeo-
pera JI, Ilofia. 3 i gonoMoro MigpaxoBaRO, HEAPUKAAL, MO f & =
= 25, go,7 = 148, .0 = T71, g, 15 = 21933, gy 1» = 34040; i rapem-
Ti, uHcAo ReiX rpadis a3 9-Ma BepllWHAaMH AopiBHIoe (G = 308 168.
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Ilepeitnemo fo nepeaitennn Jepes, HosHATHBIIN 2epe3 T, YUCAD
nogHaveHux fepes i wepea 2, wucxo gsuvalinux' (xeizomopdhuix)
depee 3 n pepmunaMi. Ha puc. 6,23 (kpagpara 5, 6, T) BuanO,
mwo 13 = 3, £z = 1. Jani £, = 2 (puc. 6.24, xeagpath 6, 7) i ax
BAJHO 3 puc. 6. 25 qncno nodda4yeHHX YOTHPHUBEPIIHAHUX HepeB
JopiBHIOE 16 =

el
N

RN
b
SN,

10

NE
%

4
N4

g

14 16

N L

Prc. 6.25. Iloagaveni woTEpABepmHHE] Irpadn

Popmyna A. Kexi (1897 r.). Qucao 1, nosnaverux depes 3 n

seputunamu dopignioe n*?
. =n""2 (6.14)

JloBe/leHHA HABOAMTECA HMXYe (fEB. Hacaizox 6.4 a Teope-
MH 6.9).

Hanpuknaag, 12 = 22°2 = 1, 1, = 882 = 3, 1, = 44" % =~
= 16 (puc. 6.25), 1 = 5°"2 = 125, 14 = 6 = 1296, 1, = T° =
= 16807.

! Hepesa Gez Gynb-SKAX MOSHAZOR iHOA) HADHBAIOTECH SiAbHUME depesaru.
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Yucna ¢, BHYAARBX (HelsoMopdHHUX) JepeB € 3HAWHO MeH-
MHMHE, ofHaK obumceaurTH iX icroTEO Bamue. CyuacHl agropmrTMm
BHAXOMKeHHA SHAUEHb f, i oflepaHHa KoHpirypamili xHeizomopdh-
HHX JepeB 3 N BepIimEaMy aacHoBani Ha Teopil nmepenmigvepnsa
. Ioita.

Baxnueu® Kaac rpadip YTBOPIOIOTE AepeBa 3 OfHIEIO HOZHAYE-
HOI0 BEePINKHON, AKA HAZHBAETLCR KopeneM. CaMo fepeBo 3 OJHICHD
Ho3HaUedACH («BMAiNEeHOD») BEpHIHHOK HAIHBAETHCH KOpeHeouM
depesom. Tucmo xOpeHeBEX AepeB 3 7 BePIUHHAMH MOZHAYAETLCH
uepez T,; apoayuino, mo

te =T, < 1T, (6.15)

Bei koperesi fepesa a 4HeloM BepmEE # = 3 1 n = 4 aobipa-

*KeHO Ha puc. 0.26.

MR AN

Tg =2
Puc. 6.26. Kopenesi fepeBa 3 TPphOMS i YOTHDMA BepIIEHAMA
B radbnaul 6.1 maRepeHo aHadYeHHA YHcend !, Heisomopduex

Jepe, T, KOpeHeBHX JepeB i T, D03HAYEHHX JepeB B UHRCHAMH
Bepio®R n Big 1 go 10.

Taoruys 6.1. Buavenma t,, T, 1.

Uacno BepuIne 2 1|2|3{4] 5 8 7 8 9 10
Yucae gepes s 1i1i1121 38 & 11 23 47 106
Yncno kopeHeBMX

1
nepes T 11214 9 20 48 115 286 719
‘ncao mosHAMeHUX | o |y | 3 |4 (125| 1206 | 16807 | 262144 [ 4782960 | 10°
AEepPeB T

Ha puc. 6.27 sobpamenoc nei ueisoMmopdui zepesa 3 m'arhma
BepmixHaMu (t; = 3).

. e
~

Pne. 6.27. HeisoMopdE] aepena 9 n'2PLMa RepinMBaMu
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OcTtoBu (kapkacwu) rpacpa

Ocmosnum nidzpadpom (XOpoTKO — ocmosom) abo kapracom
zpapa G = (X, Y ) Hasnpaerwcs migrpad H = (X, Yy} fe3 uyuxanris,
mo MicTHTh 8ci geputunuy X 1 Maxcumaawno seaure yucro pebep.
Arwpo rpad G — sa’asmuit, To ocroB H e depeso, axmo G MicTHTL p
KOMIOHeHT B8 A3HocTi, To ocToB {kaprac) H cxmagaeThcs a p
depes. [Ia ocToBN ¥y G BRAMKAOTHCA PisSHEMMM, AKIIC BOHH Bixpiz-
HAIOTbECA xoua 6 oguuM pebpom, Tobro sk rpadum. [lasn roro mob
G mas Oiapiie ogHoTO ocTOBa, HeobGxiano i AoeTaTHLO icHYRAHHS
xoua 6 omHore mukay B (.

Bagava BU3HAYEHHA YuUcaa gcix ocmosie epaha G i Ix daxkrHy-
EOTO KOHCTPYIOBAHHA € BAXKAMBOW AJIA 3ACTOCYBaHL. 3poayMino, I
AOCTATHLO POSB'#3aTH 14 3s'gsHoro (. Iaa nosrezo (npocmozo}
zpapa G neperiverns ocmogls € nepeniveHna 8cix nosnauenux de-
pes 3 n = |X| sepuranaMu, Tak IOo YHEIO OCTOBIB gopiBHIOE n"?
{auB. (6.14}, Teopena Keai). ¥ saranpHoMy BHUAIKY HHUCIO CCTORIB
ogep:xab Kipxrod v 1847 p. Mampuuyew Kipxzo¢a K(G) npocrare
rpacga G HASHBAETRCH 2 X NI — MATPHIA 3 eleMeHTAMH

—1, ARING BEPIIHEH Xi, X; cyMImHi;
k ;=4 0, ARII0 BeDIIAHM Xi, X; He CYMLyCHi;
di = degxi, AR i = j.

Cyma enemenmis y Koimuomy padxy (i Koxmnomy cmosaniyi)
smampuyi K{(GQ) dopisenwe nyrw. ¥ O0ydv-grwoi keadpamuol mampuyi
3 maxolo saacmusgicmio padkis i cmoenyis, a Ke mileri Y mam-
puui Kipxeogpa K(G), anzebpaivni donoenenmnn Ay ecix ereMenmis
Ry pieni Mixe cobow: Ay = A,

¥ metprmi :x K(G) BepyueHa A JOpIBHIOE YHCIY OCTOBHMX Jepen.

Teopema 6.9 (Kipxzogh)

Tucao ocinosnux depes y npocmomy 3e'asnomy zpadi G 3 n
geputuHam (n 2 2) dopisnoe arzebpaivnomy donosunennio Oydv-
ax02o ereMenma mampuuyi Kipxzopa K(G).

HoreneHHs cIIHpaeThCAd HA BUPAJKeHHA BHBHAYHHKE 34 (opmy-
noto Bige — Kommi.

Hacaxigor 6.4. Cnpasedausa gopmyna Keai (6,14} 0az wucra
nozHaNenux depes 3 n gepuLUHAMU T, = n*72,

0 Bei noszaveni fepena 3 n BeplIMHAMH YTBOPIGHOTL B TOTHOCTI
MHOMEWHY OCTOBHMX flepeB noaxozo rpata K,. 3a reopemoio 6.9
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ix umcno mopiBEIE anreGpaldEoMy IZONOBHEHHIO Ay efleMeHTa Ry
marpuni Kipxroga
n-1 -1 -1 ... -1

-1 mp-1 -1 ... -1
K(K,) =

-1 -1 -1 ... rn-1
posMipy 2 x n. BusHa9EKE Nopagky (n— 1)
n-1 -1 -1 ... -1
-1 n-1 -1 .. -1
Ay =

-1 -1 -1 .. n-
SPYYHO TIePeTRBORPHTH, 3aMiBMBIIM CTIOUATRY IepmIKit PAZOK CYMOI0
Beix pAgkir, a morim, ZoAauYu ojepAaRWl pAACK 3 OSAHUIE RO
puskis s nomepamu 2, 3, .., n—1:

1 1 1 ... 1 1 .11 ...1
Ap=1-1 n-1 -1 ... =-1|=(0 . n 0 .., Of=pn"2 N
-1 -1 -1 ... n-1 0 00 ... n

Anroputm nobyaosu OCTOBHOTO AepeBa.
Nowyk y rnudnny

3anava nobygoBn fAKoTo-HeOGYAbL (ogHOrO!} OCTOBHOTO AepeBa
yrpadi G = (X, Y) HanexmHTs O UHcia HadBamkJIPBIIINX A1A
NpaKTHKE i, HA WacTd, ¢ Ha¥nmpoeTimomn aaA aiaropurMmisanii
i komn’roTepnol peanisanii. 3posymine, mo ocHoBHA ixes noSypoBH
OOBHHHA IOJATATH Y nocnijosHOMy Bigbopi pefep, mo He yreo-
pIoloTh MEKJIH 3 nonepegnimu. IIpunyerumo, nofygosy ocropHOTO
nepesa T = (X, Yy} saxinueno. Togi y #oro nponeci Sysno meperas-
HyTo Bei n pepun i sigi6pano (n — 1) peipo rpada G, n— 1 ={Y7|.
Heapoaymisio, ckinnks Besoro pefiep Gyme moTpifinoe neperasmyTH,
sinfupeawun pebpa Y, Ges nuxnis; moxnuec, ¥ ripmomy BHIagKy
Bci pebpa muoxnnn Y,

Bpaxoryouu OCTAHHE BAYBAMKEHHS, MH CHOUATKY HaBEAEMO
TAaK 3BAHHNA ANIOPHTM ¢NOLIYKY ¥ MHCHHY#, IO Neperadgac mo
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ONHOMY paszy Bei pebpa rpada G i ssuualino Bei #oro BepiIIHEH.
Baypaxumo, o momyx y raubuRy (cxopouexo III') — He ¢AHHHE
MeToX Oeperasay Beix BepmuH i pebep rpada G. Hanpuraaa,
YACTO BHKOPHCTOBYEThLC Nepellan rpada «TOINYKOM ¥y LIADHHY»,
IpH SKOMY ¥ KOxHill ueproBill BepnHI meperisageiorscst Bei iH-
numeHTHL {# pefpa Ges BHKJOUeHHA i Bei ix KiENeBi BepmnHN
{Tobro ¢orouennds PepmwHH X). MeTog momyry B DIMPpUHY dak-
THYHO BAKOPHCTOBYBABCH HAMH ¥ poagini 6.7 upm pozbapbysansi
fixpoMaTuyHoro rpada y AobeleHHiI Teopemm Kewnira.

AxicHui onKuc anropuTMy NOWYKY B rMWGKHY, NO3HAUYEHHA

B mponeci nomyky B TIHOUHY sepmIuEaM rpada G nocrioreo
NPAEBAAcHIOTECA HOoBL HoMmepm (III'-momepu) Big 1 1o n, apebpa
OAEPHMYIOTE IOSHAYKE gBOX KJIaciB: «mpsaMe pebpos i «aBopoTHe ped-
pos. TTomyk DOYEHACTLCS 3 OOBLTLHOI BepInuEm v, € X, Akift mpu-
pracHioeTses IT-HoMepl: IIT (vo) = 1. Hani oGupaeTsea Gyab-axe
iEnuaenTHEe A0 Vo pebpo {vi, V), DOIHAYAETHECH NOZHATKROK «IpsAMe
pe6po» i Bepmnni v npusaacHioeTkea IIN-aomep 2. Haetynauf (Tpe-
Tifl) KPOK IOIIYKY HOUYKHAEThCA YV Bepruuni v, B akiif III (v) = 2,
i mizxopaeTECH pexypeHTHiH mpomeaypi., AKY MH ONHIIEMO ATA
AoBiabEOro Kpoky (k¢ + 1). Ilpunycrumo, k-ii Kpok BAKoEAHHH
i xesaxa mepmuHa x omepsxkana III'-momep HT (x) = k.

Mosknupi api emTyanii:

1. ¥ pepmmEi x icHye iEnngeRTHe HenosHavuede pelpo (x, w). Ax-
nio BepminHA W BXe mae IIT-HoMep, To pebpo (x, W) ogepixye
MO3HAYKY «3EODOTHE», i NPOACRIXYEThCHA MOUIYK HEIOSHATEHOIC
pebpa, mo iEuMaeHETHe BepwImHi x. SAKIUC K BeplHEa W He
Mae peHime npaBnacHeHoro [II-Homepy, TO I TPHBAACHICETLCH
yepropuil IIT-roMep IIT (w) = k + 1, pebpo {x, w) ogepsxye
TIO3HAYKY «OpAMe», inoMyK mepemimyeTscs ¥ BePIIHHY wW.

2. Bci pebpa, 110 iEnuzaeHTHI BepmuEi X, No3HaveHi Ha Domepepn-
mix kpoxax. Togi nomyx HoBepTaeThCH ¥ BepIIAHY X, IO MAE
nonepeaaiii IIT-momep T (x) = & — 1.

Tlomyr y raubuuy sakiHuyerscd, xoau pel pebGpa rpada G
BHARIATLCA TOIHAUSHHMH.

IToamauynMo Y, — MHoMHHa OpAMEX pebep, Y_ — MHOKHHA
3B0POTHNX pebep. Iz mpomeaypu nowyKy B rAMOEHY BHXOAKTH
TBepI KeHHs.

Teepaxenna. Axmo G = (X, Y) — s8’asguit rpad, To mia-
rpad T=(X, Y.) € ocTosHe Jepero B (7, a miarpad (X, Y.)
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€ JoaaTkosHM Xo xepesa T. Hlepero T € opieRTOBAHNM KOpDEHEBHM
3 KOpeHEM V.

Iepeiinemo o GopManisoBAHOIO ONACY AITOPHTMY IMIOWIYKY B IIubR-
ny. [lonepenuno ingopmaniic npo rpag G apyyHo 306PA3HTA Y BUTAALL
cumckis cymiskaocTi {N.}yex, e N, — cnmcok pepuiuH w, iHIUAeRT-
HzX pepimuAi x. B mponeci momyky dopMyeThCE AMEaMiuEHA CIIMCOK
S pepuumH, B skMH KOKHA BEPINIMHA X BEAIOYACTHCA B TOMHOCT ORVEH
pA3 ¥ MOMeHT npuBaacHerns it IIT-HoMepa, 1, MOEINRO, BHRIIOHAETECA
3 8 y MoMeHT NoBepHeHHS 3 X ¥ Bepinuay 3 nomepenrim III-HoMepoM.
Croucox S opragisyeTbef AK CTeK, ¥ AKOMY BIJIIOUEHHAR 1 BUKJLIOUEHHA
BEpIIMH Bin6yBacThed cipaga. BEKOPHCTORYIOTEEA TaKi sMinHi: B — oc-
rauniit npeerackenwmit IIT-woMep; p — NOKAXKUMK KiHINm cTeka §,
TAK o S(p) — iM'a ocTaEHROl BepMHEHN cTexa S. AIropurM gop-
Mye TPH cIHCKAa, W0 POSIHHDWIOTECE: ciumeok Bepuanm SIIT, mo
ofep:xany Ha Heil MoMeHT JI-HoMepa; cIcOK «OpAMEX s Debep SY.;
coucok SY. ¢3BOpPOTHHX» pelep.

AnropuTtm nowyxy B rmuGuHy Yy HOOPIEHTOBAHOMY 3B’A3HOMY
rpadi G = (X, Y)

1. O6patu goRinepny BepwiHuey ve € X. Iloxaactu IIT{vp):= 1,
S(1y:= vy, STIM= {vg}, SY.:= {&}, SY_:= {&}.

2, Ofipatn mocaimmyBany Bepimuuy x:= S{p).

8. lepernap cmueky cymixkzocetri N,. SHa#iTH Tary sepminuy w e N,
o pebpo (x, w) He nosHaueHo, i mepeiiTH Ao Kpoky 4. fkmo
TaKol BEPIIMHE V CIHCKY N, HeMag, TO mepeitt™m o Kpoky 5.

4. 4.1 SIxmo pepmHa w Bixe Mac [IT-noMep, To mosHauRTH peb-

po (x, W) HO3HAYKOW <«3BOPOTHEe* | 3aHECTH ¥ KiHenp cnucky
SY_. IepefiTe 10 Kpoky 3 i nmposomKHTH HeperaAn CIRCKY
eyMixHocTi N,.
4.2. flxmo pepmHEA W e He Mae II-HoMepa, To IIPUBIACHHTH
i# weprosuii IIl-uomep: &:= k& + 1, IIT" (w) = k& + 1. PeGpo (x, w)
3a0e3NeTMTH MOSHAUKOI enpAMe» i samecTH y kimenms cnmcka
SY.; nokaacTH p:= p + 1, S{p):= w. epeiitu 10 kpory 2.

5. Armo aas coEeKy cyMmixkrocri N, , mo HeperisgaeTecsd Ha
kpoul 3, komna pepmmEas w ¢ N, 8'efHYETHCA 3 REPLINHOIO X
BXe NosHaTeHUM pebpom (x, w), 10 TOBEPHYTHCS Bijl RepUTAHN
X Ao pepuavAn 3 nomepedriMm III'-Homepom i mornacTn:

p:= p — 1 (epganesns sepumuHy x iz crexa §).

Armo p = 0, momyk B rarduny sarepmmyerscd. dxmo p = 0,
nepefiTH Zo Kpory 2.



Teopis apadgpie 279

6. Ilomvk y raEbHEY 3aBepIIyETRCA, KOJH Bei pebpa Y omep:xa-
JH NoaHaykH, TobTo KoaH SY, w SY_. =Y. Toxi

Y, =8Y,Y =8Y,SIIT=X,T=(X,Y,)—
ocTORHe fAiepeBo rpada G.

3ayaamenns, Ocrosae gepese T Morso GyTH chopMoBaHO,
BBATANL KaxkydH, A0 3aKiHueHHS mepermany Bcix pebep Y, came,
y Tofi MOMEHT, KOMNHW YHCHo IpAMHUX peGep Jocario sHaueHHns n — 1:
ISY=n - 1.

Axa mpydomicmricms anzopummy nowyry 6 eaubuny? Ockine-
KH KOXHA 3 n BepilliH rpacda G He Giasm Hixk ara pasu obpodimw-
€Thed ¥ crexy S (0oZMH paz BKRANYAETHEA i, MOXKIHBU, OJHE pas
BHKJIOUaeTLCA), To poboTa ai eTexoM aafimac @(n) uacyl.

Cymapre BuxoHadnsa kpory 4 anropurmy norpeSye 8(m) qacy,
Ae m — uncxo pedep rpada & (1us. poapin 8). CymapHe BMKOHaH-
HA KPOKY 3 TAKMK MOXtHa ofMexHTH wacoM B(m): AocraTHBO Op-
raniaypaTs XoAATKOBHI MacHB iz aminnon g = g(x), mo BKAaye
HOMep meprmoi HemeperaaHyTo! BEpMIMHH YV COUCKY CYMiXkHOCT
N,, 1 mouunaTy depropuit nepernss Ha Kponi 3 3 pepmmEHuM g(x).
Omre, TpyZoMieTricTs BCLOrO ANTOPHUTMY CTAHOBHTE B(n + m). Ile
Haiixpamguit MoxanABmit pesyanTaT, ocKiABEM Bei n+ m BepmHE
i pefep nopumni 6yru nepernayyri. Ilpo Taxi anropurMu rRamyTs,
Mo BOHY MAIOThL AiHiiiny crradnicme: B OIiANi uacy ans madirip-
moro sapiaHTy o6uHCIERh YNCAO BeiX ¢BXIAEMX XAHRUX» AJIrODHTMY
(TyT e n + m) NOMHOMKYETHCA HA IOCTIHHY, 110 HE SAJNEXKTH BifX
KiThKoeTl DaHEMX.

IIpoiniocrpyeMo poboTy adro-
pETMY Ha rpadgl (pec. 6.28). Hua
spyvyHOCTi IepBHAHHI iMeHa BeplInH
He HABOASTHCSE, & BKA3VIOTLCH BIKE
ixui IIT'-Homepa, Akl ofepxyioTsca
HoCHigeBHO ¥y nponeci poboTH aaro-
paTmy. [Ipami pefpa nosHauRIOTECH
ingexcom ene i OfHi€® CTPINKOW  Pyc. 6.28. AnropwTM nowysy
H& CYLWiJbHKMHA XiHii, spopoTHi pel- B rapfuuy
pa — imgexcoMm ¢0» icrpiakamu
Ha nyExrapaii ainil. Homepe pefep npueaacHoloThCA ¥ mopan-
Ky iX npoxoz:xeHHA. B rabauni 6.2 napeieHo 15 KPokiB nomyky

! Tobro DpH BeIMKHX RN BUTPATH H8CY Ha cTek S He SLner miw o, ge Docrifina
¢ He 3aJeKHATE Big n.
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B TIAOHHY, M8 KO:KHOMY HKPOll BKASYycThCE IDBHICTI) Bech CTeK
BepinuE S, Bech MAcHB JaHux SY., Becs MackB SY. imosmau-
Ka HoBore pepa — AKINO TAKe €, SYOHHka — micad kpory 15.
B pagxy 1% macmB SY. jae Bcio MEoKHRY Y., pefep ocToBHO-
ro gepepa T, macue SY.— MHOKEHY Y_ peGep KoZepera, Xoud
daxrruno Y. Gvac ogepxxeHe mwe HAa Kponi 13. I'pad aagammil
coECKaMHE cyMixkHocTi N, — MAGKHMEAMHU BepIIUH, CYMiKHEMA
k-# Bepmnmmi: (¢ = 1, 2, ..,9): N, = {2, 8}, N. = {1, 3, 8},
Nﬂ = {29 4; 89 9}9 va = {31 5}! N-'J = {4r 6’ 7}’ NS“ {5’ 7}, N'i'= {5! 6},
Neg = {1, 2, 8, 9}, Ny, = {8, 8).

Tabzuys 6.2. ITowyw y zaubury das epada G puc, 6.28

MNe | S — crek pepmm | [Moaagka pelGpa Macus SY, Macae SY-

1 1 1o 1o -—

2 1,2 on 1,2-m ——

3 1,2,3 Bn 1,23-n _—

4 1,2,3,4 4o 1,2,.8,4~n —

5 1,2,8,4,5 5 1,2,3,4,6—1 —

6 1,2,3,4,5,6 6n 1,2,8,4,5,6-n —

71 1.2,8,4,5,8,7 To 1,2,3,4,5,6-1 To

8 1,2,8,4,5,6 —_ 1,2,3,4,6,6—nm Te

9 1,2,8,4,5 — 1,2,8,4,5,6-1 To

10 1,2,5,4 — 1,2,3,4,56-n To

11 1,23 &n 1,2,8,4,56,8-n To

12 1,2,8,8 9, 1,2,8,4,5,6,8-1 To. 9

13 1,2,38.8 10 1,2,3,4,4,6,8,10-no To, 9o

14 1,2,8,8,9 11, 1,2,8,4,5,6,8,10—-n Toy B, 110

15 1,2,8,8 124 1,2,8,4,5,6,8,10-1 | o, 90, 116, 120
Synunka

Sayaaxcennsn. Armo suxiguui rpad G He e 3B’T3HUM, TO AX-
TOPHTM NOWIYKY B MIMGKHY Heperifde TiNbKHU OOHV 3 KOMIIOHEHT
rpada i noBygye ocToBHe gmepepo niel xomnonearw. 3posymino, Ak
MoAM(PiKYBATH QJTODHTM, HI00 MOMYK mepeiimmor Ao HoRoi KOMITO-
HEeHTH ap'sanocTti i gaxi nepernguys mocaigoseo BCl KOMOOHEHTH,
noSyayBaBmIy, 20KpeMa, ocTOBHI Aepera ¥y Becix roMmMmoHewTax, To6-
To ocmosnull nic zpaga G.
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Anroputm nobynoBu oCTOBHOrO fepesa
WNAXOM AOBINLHOIO nepernsay pebep

PosrasineMo oie ofuH AATOPHTM Oo0yXOBA OCTOBHOTO -Aepeba,
B axoMy pefpa rpatda G npornafaloTecH YV ACBINIBEHOMY UOPAIKY.
B koxHOMY KpoLi ajJropuTMy MHOMKHHA pefep Y poabnBacThcA HA
TpH mifMHOAEEH: Y, - nodapborani a-koanopoM, Y -— nodapbo-
Bafi §-koawcpom, Yo — HenodapGoBani. [lo mouarky poboTH anro-
patmy Y,=@, Yp = &, Yy = ¥; micas synmexu — |Y,| = n—1,
i pocarHeHHA Niel piBHOCTI € OfHOK 3 ABCX MOJXKJHBHAX YMOB 3y-
uupkHn. [Ilykane ocrorne fepeso T Gynversca & a-pefep gocTynoso,
IIIAX0M IMOOOBHEHHS 3B'SA3HUX migmeper, Akl iHofi nasunarwTeCA
«Oywemanus. llomoBHeHHA a-0yKeTis POGHTHCA AOTH, AOKM IE
MOMXINBO Bea NoABH «-OMKNiB a6o focaraetscsa ymosa [V j=n—1.
fixmpo [V, < n — 1, a hapbypasra a-KogkopoM Gyap-akoro pebpa
3 Yo IpHU3BOAUTE AC NOABH C-OMKAY, TC AJFODHTM 3VIHHAETLCH,
rpad G He 3B’AsEHI, CCTOBHe HepeBOo He icHye, i MOKH& CKOPeK-
TYR&TH ANTODHTM ANA mMoOYAORH OCTOBHOTO Jicy.

DOpManbLHWA ONKC aNTOPUTMY

Kpox 1. O6patn poriabue peGpo ¥;, HOSHAMHBIIY Or0 o-KOJLO-
poM i chopmysarH mepuruil a-8ykeT, mpuesHaBIIU Ao pebpa
7 Iapy iHORAeHTHHX oMYy BepuinH.

Kpox 2, Ofpatn 6yak-ake Henodapbosade pefpo y; i synuunTtuca,
AKIIO TAKOre HeMae (B ccTaHHIN cHTvanii He icHYe ocToBHOrO
IepeBa B rpadi G 3 uMCNIOM BepillHH n > 2). JAxa obpaHOrO
pefpa y; MOXKIHBI yoTHpH cHTyanii.

2.1, O6uaei kignesi sepmunEN pefipa y: AANEKATE ORHOMY O-G¥-
rety. Toni nodapbyearn pebpa y, KoanopoM B i noRepmyTHesa
HA DOYATOK KpoKy 2.

2.2, Ogpa @ kiHIeBHX BepIIMH pebpa Yy, HAJCHHUTL AeSKOMY
a-6yrerori B, inma — He HaXeMHMTE RMoAHOMY 3 O-Gykeris.
Toai y. nodapbysatu o-koaBOpoM 1 monoBHUTH GyKeT B peb-
POM i; PA30M 3 IHUEAEHTHOO KiIHOEBOWO BEPIIHHOK,

2.8. O6uaBi Kinneni pepmuEK pebpa y; He Ha/EMATE ROTHOMY i3
chopMoBannx 6yreris. Toni nodapbysar® y: KoXBOpOM o 1 cop-
MYBATH HOBMH 6yKeT 3 y. i ABox iforo KiHIEBHX BEpIUMH.
2,4. O6maEi Kinnepi BepIEHH pebpa y; HANERATbh XBOM Dpis-
HUM OyxeTaM. ¥ IBOMY BHNAAKY HohapOyBATH Iz KOJLOPOM O
i 3nuTH ARa 3rafaEHX GyKeTa A0 OZHOrO-
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Kpor 8. Axmio sei sepinurer rpada G yeikkmnon ao ognoro 6ykery
(e expiBanerTHe ymosni Y| = n — 1), saxinumTy npoueaypy,
B oMY BEDaAKRY migrpad T = (X, T,), mo craafaersed a yeix
BeplInH i Beix a-pebep, € ocToBRMM JepesoMm rpatda G. B mpo-
THJIEKHOMY BEISJKY —- IDOBEDHYTHCA HA IOYATOK KPOKY 2.

OctiB MIHIMaNLHOI Barm

Feaxwenum zpadpom HasupaeThesd rpad G = (X, Y), xoxHOMY
pe6py AKOro NpHOHCaHA 8d2d — AOKATHe 4ucao ¢ = o(y) >0 (inoai
¢ = 0), Breoro nidzpapa 3 (¢ HA3HBACTHCH CyMAa Bar peOep mixrpa-
da. Bajads BiAMyRaHAA ocmosa waliMexruiol eazu y rpadi G dacro
YCTPi9a€ThCA ¥ 3ACTOCYBAHHAX: IIPH OPOEKTYBAHHI KOMIN IOTEDHUX
i xaGernAux Mepesk, NiHil elekTporocTadayng, Tpylonposoin, Aopir
rormo. I[Ipr MareMATHYHOMY MOZEJNIOBAHHI WX pealbHWX cATyamil
pons BepiinH rpada G BifirpaoTe BignopigHe koMmmn'oTepH, KoM-
n’1oTepHi meRTpH, aGoHeATH i nmepexaBaudi (v xafenbHRX Mepemxax),
Axepesa i cioykuBadi elleKTpoeHeprii, Bogu, razy i 7. A. Poxs pebep
y;1 Bar ¢, araxeroro rpada G Bipirpeiors npunyeTHMi masxu npo-
KNaAKH Kabesis, Tpyl, hopir Ta ix Baprocri. Axmo 3B’asarit rpagd
(G «IpHOYCTHMHRX TpacyBaHb» Gnusbkmit Ao noeHoro rpada K,, To
qucaAc BCiX OCTOBHMX gepes gopiexice n" %, i npamuil nepebip Beix
Jepes 1 oGuMedeHb ix Bar Mode MaTH ofTamxyiounid of’eM ofuuc-
nenn. Haopuxaen, uncio ocroBie 1, gna K, npa n = 22 Mac HHE-
HIC OOIHRY T2 = 2220> 202 = 220 . 1020 > 10%, PazoM 3 THM, A4
SHAXOMKeHHA cocroBa EaltMeAmiol Baru e Oina Huska edeKTHBHMX
anIrepHTMiB., OnHIIeMo ABa 8 HHX, INO CTANH BIHE KIACHUHHMH.

Anroputm Ix. Kpackana aHaxo[KeHHA OCToBa

minimanbHo) Barn (1956 p.)

Igen anropuTMy noaAra€ B TOMY, IO HZ KOMNHROMY Kpoyl ax-
zopumMy ofupaemuca Haltkopomule pebpo, W0 He YymMeEopioe HJUKR
3 ofpaHuMu paHiilile pefpamu.

1 xpox. B muxigmomy rpadi G = (X, Y) Gvaverben nigrpad
Ty= (X, Y;) 3 oguum pefpoM u; = y MiEiMaJRHOI Baru
e(u,)= gﬁ {e(y N,

Kpox k. Axmpo rpad T, = (X, Y._1) Ges OHKIB e no6yLoBanmii,
obupaeno pebpo u, € Y\Y,-, Tax, HIo6 BOHO He YTBOPIGBAJO
naxay 3 pebpaMy Y, -1 i Mago HafiMeRUIy Bary cepef BCIX TAKHX
pe6ep. Byayemo rpad T,., npHeaRyIcUK Ao rpabda T -, pebpo u,;
Tj= (X,YJ.), Y;, = Yy,_l v {u,,} k= 2, 3, ey R — 1.
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Anroputm P. NNpuma noyaoBu ocTora

MiHimanbhoi Baru {1957 p.}

Ha xoxeomy kpoui anropmr™y Ilpuma SynyeThes AepeBo —
8B’ gapuit miarpacd Ha migMHokAHI X; BepiuMA ¥ &, B TOif uac, HK B al-
ropuTMi Kpackanla nocxiforHi niarpadu T, 6e3 KHKALB MicTHIR BCIO
MHOKHEY Bepmut X rpada @, i ToMy npu 2<n— 1 rpadu T, 6y-
AW HesR’'A3HMMH. B iHImOMY anropuTM# CX0:Ki OfHH HA OJHOIO.
KEpor 1. Obupaemo v G = (X, Y) peGpo e, 3 miniMannLHoo BaAroio

c(e1)=r£iﬁ1}{c(y)} i piasHayaeMO BEDPIMIHHH Uy, Uy € X, AKi iH-

nuaeHTHL pebpy e,. Bynyemo gepeso Ty = (X, T1) = G, Jze
X; ={v. va}, Yi={e}.
Kpox k + 1. Hexai gepero Ty = (X,, Y,) < G B:xe modygoBaHe,
e Y, = {e}-1, X = {v},~1"'. Cepes mHOxHMHH pebep Y(X,, X9
oo a’efHYyI0TH BepNTHHW i3 X, 3 BepMIUHAMA 3 MHOKHHH
X4y = X7\X,, obupacmo pebpo e, ., 3 NAaliMeHHOIOI Barolo:
(e, + 1) = min{e(y), vy e Y(X,, X))} Iepeso T, ., Oyayers-
cd OpuegHaHEaM o T, oxmoro pefpa e, ., 1 ofHOI BepmwAn
Ur+z2 € X inmumenrtnilt pebpy €xs 1! Tev1 = (Xe+1, Yrsa),
v 1= Xs Wi e = Yo U &4 41
dayeaxcerna, Inoai Tpefa mobyayBaTH OCTIB MaKCHMAMABHOI
Barx y rpadi G. Arropurmy Kpackana i [IpuMa moeHicTIO posp’sa-
3YIOTh ¥ 3afaUy, K]0 V HAX BCIOGH MIHIMAALHY Bary seMiHWTH
Ha MaKCHMAJBLEY.

OpicHroBaHi | 6iHapHi gepeba _

Hdepera 3 opieETOBAaHUME pefpami (Jyzamii) BURODHCTOBYIOTHCH
LaBHEO. J[OoCTATELO 3raflaTH reHealIOTiYEL JepeBa, poaraly:xeHi Ppisruri
Ta iEdopmaniiini mponecn. Ha choroAHl BOHY iCTOTHO BHKOPHCTOBYIOTE-
¢f ¥ HINTAHHAX KOAYBaHHA, Teopii Mop i rpamMaTik, Teopil aBTOMATIB,
¥ JAOTiYHOMY 1 CHHTAKCHYHOMY aHaXisl, B Teopil aaropmTM™iB.

BuaHaveHHn

Opienmoagnun depesom {(inGKlLe — KOpeHeauM opicrnnoga-
Hum depesom) HasuBaeThed OpieHTORaHHH Tpad Ges muUKIIB
3 BJACTHBOCTHMH:

a) icHyYe TOUHO OfHA BeplliMHA r, M0 HASWEAETHCA KODEHEM,
Y SKy HE B2XOfUThL KOAHA AYTra;

6) B KO:KHY BepOIMHY, KpiM kopeHA, BAXOAMTE TOYHC OJHA
Aayra;

B) icHYe TIIAX 3 KopeHA 7o Oyab-axol ivmoi BepIHHHH.
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Bayeaxenus. O6paBIIN opicHTAniC HA Beix peSpax HeopienTo-
BaHOro rpada, ME ofepikycmo opienroBammit rpad. Oamax BmGip
AoeinnHol opienTanii Ha pefpax HeopiemToBaHOro fepepa He obo-
B'S3K0BO IPHBBOLUTE ZO OPicHTOBAHOrO ZepeBa Y poayMinni Rapese-
HOI'O BHINé BH3HaueHHA. Hanpuraaa, rpad a 4oTupMa IVIaMHA HA
pHc. 6.29 Be ¢ opicHTOBRHMM LepeBoM, I'pacd Ha puc. 6.30 — opien-
TOBAHE Ae¢DEBO 3 KOopeHeM r = 1.

1 3 1 3
2 2
4 5 4 5
Puc. 6.29. Puc. 6.30.
Heopierrosane gepeso OpieHTORAHE AepeBo 3 KopeHeM r

BignocHO eneMenTiB Opi€HTORAHHX AepeB BeTaHORMIACH Biamo-
pigna TepMinosoria. Hawadox v BepIIMHH ¥ — ie BepOIAHA U,
B AKY Bejlé WASY 3 BEPIIAKM ¢, NPH ObOMY U HA3ZHBAETLCA nped-
xom pas v. JIkmo AoBXkUHa mpore NIIAXY Aopisume 1, TobTo
3 U4 Ao U Befle Ayra, TO u — <famexos BIA U, 4 UV — ecuns AN4 u,
BepmHAEs, M0 He Mae HAIIALKiB, HasHBacThCE aucmon. Mubura
GeplLUNYL U Y [epeBi — Oe ACBXKHHA INNAXY 3 KopeHa y v. Bu-
COMON GEPUWURE U ¥ AeDeBl HAZWBAETHLCA AZOBKHHA HalifOBRIIOTO
uAgxy 3 v go Gyas-skoro sucra. Bucomae depesa — 1me umcao
EyT Hadijommioro maaxy, TobTo BHcoTA KopeHd. Pigens eepusunu
v — Ne pisEMNE Mix BECOTOI BCHLOTO fepeBa i TAMGHMHOI BepImw-
H#E v. BucoTa mepema ua pme. 6.81 JopieHOE 3, BepuIivuHa 8 Mae
rmu6uey 2, BucoTy 1, pisedn 1.

_____________ Pisexr 3
————————— Pipens 2

— — — Pigers 1

Puec. 6.31. KopeHepe fepepo, YLOpALKOBaHE 3a PiBHAMU
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JIluctamyu € pepmurn 3, 5, 7, 9 Ix pieni i rofuna y npun-
pumi pisei: auera 3, T mators pisenn 1, raubuny 2, auers 5,9
MawTh pisens 0, raubuny 3. Bucora & 8yAp-AKoro JHCTa AOPiB-
Hioe 0.

Ynopsdxosanuxm depesom (OpicETOBARAM, PO3YMieThCA) HAIH-
BAETECHA HAEpPEeBO, B AKOIM0 MHOMHEA CHHIB KOKHOI BepIIMHE yIIO-
pilkoBaHa sBHYaliHO aniBa mampamso, AK Ha pHe. 6.31: 2 < 6,
3<4, T < 8.

BuanaveHHA

Binapuum (deidxoeum} depesom T Hasusacmbcs ynopsd-
#08dHe Jepedo, 3 KONHOU GePULUKU AKO020 MOXce auxodumu
He Oinswie daox dye.

Haragacmo, mo ynopajkopBaHe gepeEo T € opieHTORAHHM,
3 KOpeHeM, 1 TOMY ¥V KOXHY BepIIWHY, 10 BigMiaHa Big kKopens,
saxoAuThE piBHO oxH& Ayra. Kosxnaa Bepmmpa GiHapHOro AepeBa
Moe MaTy abo ABOX CHHIB — :zigozo | npasozo (Tax RepmmEaa 2
puc. 6.81 Mae misoro cuHa 3 1 NpaBoro cHHa 4), a6oc MaTH TLABKH
aigoro cuHa (nism# cue 9 sepmman 8), abo TidEEHR DpaBoTOo eMHA
(eepmuEa § — eawmmit npaBmf#l cuH BepmuHEM 4), abo He MaTH
xonnoro cuHa (amcrs 3, 5, 7, B).

Jdisum niddepeeom cepuiunuy u HAIHBAETHCA MAKCHMAALEHE
mizzepeso Ty(i) < T, xopeHeM AKOTO € NiBHl CME N, BEepIOHHH U.
Biauoeineo npace niddepeso T(u.) pepiifHN U BUSHAYACMECR AK
MaKCHMAILHE NifgepeBo 3 KOPeEeM i, — NpaBIM CHHOM BePIUEHH 4.
Ha puc. 6.31 xise miganepeso BeplIHHE & CKIafacThCA 3 ORHIE]
BeplipHHA 7, npape niggepeero — 3 BepmuH 8, 9 i ayri (8, 9).

KoMmno'ioTepHe saBnannAa asifikoBoro mepesa T 3ruuaitmo zobpa-
xye gsa Macmem: JIBHM CHH i [IPABHM CHH. fikmo BepIuBEH
T sauyMepoBaxi umcaamu sig 1 Jo n, To B Macmpi JIIBUM CHUH
{i] = k romi i TinpkE ToAl, KOAWM BepmIAEA «k+ € JIBMM CHHOM
BepmmHn ‘i, Ta [I] = 0 Toxi i TinekM TOAi, KonW BepmmEa ‘I’ He
Mae JiBoro cuHa. Iasz gepepa puc. 6.31 sobpakeNHA BKA3AHHIMH
ABOMAa MACHBAMK Mac Buraga tabamuoi 6.3.

Tabruysr 6.3. Bobpawennn depesa puc. 6.31

i3 1|2({8[4[s[6[7[8]8
JIBUH CHH 2|3|afojo | 7]|0]9
[IPABHI CHH 6|4J0ofsj0|8|O0]OfO
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@ 3asnaHHA

1. TlepeBipHATH, Ni0 IMAAX 3 KOPERZ B BYAb-AKY iHMY BepIIHEY
€ EANEHAM.

2. HassiTs Bei monapHo He isoMopdHI DARE OAHOMY JepeBa YETBEPTO-
To TOPAAKY (TofiTo 3 IOTApMA BepuIHHAMN); BHANROTIYEO — T 2TOTO
OOpPSIKY.

3. flumo gea pepeda inoMopdmi, To mocoigopHoeTi ¢Temenie ix Rep-
meE § € 8z € .. £ 5, onraxopi, Y npasnnbEe asoporHe?

4. Ywu uparuisHo, OO SYAR-AKAR MapIpyT ¥ AepeBi € OpocTHM JIaH-
moron? JosecTH abo CHPOCTYBATH.

5. Haasire HeisomopdHi Aepess 2 micTeaMa BepmkzeMH (f, = 6).

6. Haaszire xopeyesi nepesa 3 n'arsma BepmmEaMa (T5= 9).

7. CropexTypaTs alTopHT™M meGyIOBHM OCTOBROrO J¢DeBA MOOIYKOM
¥V THHOMAY 412 BROANEY hedp’dsHore Ipada Ta ollep:RaTH sigmo-
BiaEnd ANropUTM NolYAOBA OCTOBHOIO Jicy.

8. Momndirysamd a/TOPHTM NoOYIOBE OCTOBHOTO JepeBa JoBLALHRM
nepeSopoM pebep ¥ ANTOpHTM Do6yToBH 0CTOBEOTC Jicy HesB'A3E0TO
rpada.

6.9. Teopema [lyankape. dyHpaMmeHTaNbHI
MaTtpuli nepepisis i yuknie

1. B opienropamomy rpadi G = (X, ¥, [} korzomy uyux-
2y g (TofTo BAMKHEHOMY JaHOIOrY, I. 6.2) craBuThca ¥y BiATIORiA-
HICTh BEKTOD-I[AKN E 48 TAKHM NPABMIIOM: KOMIIOHEHTA g, DAJKY a'
LopiBHIOE HYJXIO, AKNI0 AYTA ¥; HE BXOAUTL OC¢ OHXKAY g} AKIIO X
¥t € q, 7o ;=1 abo ¢, =-1 sanexmno Big Toro, crmisnagee um Hi
HATIPAMOKR AYTM ¥; 3 ofpanumM AoAATHHM HAMpAMKOM ofXony ITHH-
ay. OQuray g={y, y2 ¥, ¥s} V¥ rpadi na puc. 6.32 nignopinae
BEKTOp-HHKA

By
/

Xe

Ya

Pue. 6.32. ITnen y rpadpi
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W ¥ Y YUy Y5 Ve Ys

¢g=(-1 1 0 1 0 -1 0)

Byab-sika MaxcuMaivhae ZinilHO Re3aaeiHG MHONUHE 6ek-
mop-yurxais, ob'ednanux za padramu y mampuyo Q, HEFUGZEMLES
Mampuyeio yukiie zpaga'.

Hepepiaom (poapizon) 3 rpada ¢ HasHBacThCA NMeBHA MiTMHO-
JHUHA KYT, BEAANCHUA AKol s6iMLMYe YACAO KOMIIOESHT 8B’ ABKOCT,
Tomy migrpad G\s ckmagacThea 3 ABoX JAUS'IOHKTHUX YacTHH ()
1 G;, 38’A30K Miwx Axunu v rpadi G spilicHioeThCA TINEKK LyraMu
nepepisy s (puc. 6.33).

=\ : %

f

G, G G,

Puec. 6.33. Tlepepis rpaca

Bepmnman X, iz Gy, Akl iHuEmedTHI AyraM 3, Ha3UBAKWTLCH
mepwuM GokoM Nepepisy; BepmuHA X;is (2, iBAuBxentTHl § — qpy-
rum GokoM nepepisy s. TakmM UdHOM, TIAMHOXKHEHA BepiuuH X,
X, Mo He NEPRTHHAITLECH, YTBOPIOIOThE posbummsa MEOKHHY BCix
BepmrH X = X; U X, rpada G. [aa nepepisy (8K i Eng Uukny)
EOBiAbHO BBOOWTLeR opicHTanin — HadpAMOK Bij opHoro Goky
mepepiay fo immero. BerTop-mepepis 3 — e pagokx 8, y aKoro
koMIToEeHTa ;= 0, xoa¥ gyra y, He BXOJHUTE V Iepepis s. Arimo
AyTra ¥, HAAeXETH nepepisy ysrofmeHo 3 o6panoio opieHTanmicio ne-
pepisy, To 3, = 1; akmo HE ysrojmeHo, To § = —1. laa nepepiay
8 = {ys, Y, Ys} ¥ rpadi (pue. 6.32) pexrop-nepepis AopinHioc:

h Y Y3 Y4« Us Ye ¥r

................................. v T

§=(0 0 -1 1 0 1 0)

! Inomi @ HAIMBACTLCH +6A3HCHOIO MATPHNRIO MUKIIB+, & MATPHIEI0 URKIIB — cy-
KYOHieTh BelX BeKTOpiB-UMKAIE, Boarani naseyum, aimifinc saneskEmx.
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Marpuns S, pagey aArol yreopiolTh MakcHMaenbHuit mimid-
HO-HEe3Ie:RHHHA Habip BeKTOp-nepepisiB, HABHBACTLCA MAMPHYEID
nepepiaie’ rpaga G. Cropnui MarpmEno: nmepepizis i nurrir myme-
DPYIOTECE ORHAKOBO — AyraMu rpada, a yHedo x pajgkie y 3araib-
HOMY BHMUIazKy pisHe.

?Q 3aBAANHNHA
1. Hobynysarn MatTpHni mepepisis S i nuxnie @ rpada ma pue. 8.34

8
i nepexonaTHCcE, INo iX 06’eJRARAA BUAY [Q] € KBAf{paTHA HeBHpQ-

JHCEHA MATPHIH.

2. Roxmwmil panox b, maTpuni isuppenuis B (u. 10.6) e BexTop-mepepi-
aom, WO BifmoBinae mepepiay s HABKONG BepmHEY X; {puc. 6.34).

Puc. 6.34. Ilepepis HABKOIC BeplIMAN

2. B rpadi G a3 m AyraMu RoMcHEE BeKTODP-IIHEI Eomorona.ns-
HElt 6yaL-AKOMYy BexTOpY-Depepisy 3 (Teopema Ilyarkape):
g 5" =(q,8)-=0. (6.16)
Binem Toro, Axmo BBecTH mpoctip BexrTop-uukrais H, sax ai-
HilfEYy 0GOJICHKY BeKTOP-LUHKJNIB?* i mpoctip BexToOp-mepepisin H,
AK miEikRy 06oJOHKY BeKTop-mepepisig, To
H,® H, = R~ ! (6.17)
TakuM uHHOM, KpiM BaacTHBOCTL oproroxHaasHocti (6.16)
BEKTOpP-IHMKAH i BexTOp-TIepepian rpada 3 m IYraMH VTBODIOKTH
momaashy cucmemy eneMeHTiR y npoctopi R™, rofro cucreMy
BeKkTopinr, Aiuifima ofosoHkA AKMX € Becs mpocrip R™.
JdoBenemo cnouatky cmirBignommerns (6.16).

! AGo «GaancHol0 MaTpUOElo Depepisise, He Binminy sig MuUTPHIL Beix nepepi-
3ie rpada.

¢ Me ninifmi xonSiHARL yTROPIOOTECH 3 OYAL-AEHMH Alfemmmy KoedinterTamy,
& Me TiTRKW 3 I[LA09HcTIOBHMNA,
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Teopema 6.10 (A. flyanxape)

Hoeirvruil 6exmop-nepepiz § opmozonanviuil 6yds-2xoMy aex-
mop-yukny q zpapa G.

B cyni
3qT =Y 8,q,=¢s7 (6.18)
i=1

BigMiERi Big myasa riackm ti ZomamHkwM (¢, g;), AaA AKHX Y-
ra y; BXOAHTHL OAHOYACHO ¥ posrasuyri nepepis s 1 muwa q.
Yucno Tarkmx pefep y; mapHe. [lilicHo, mpu o6xoal mukay ¢
NpOXOAXKeHHA AYrH y; € § y HAOpAMKY opicurauii nepepisy mo-
BHAHHE KOMMCHCYBATHCH NPOXOMHEHUAM AedKol AYTH Uy € 8 ¥ Ha-
NPAMKY, TpoTEAekHoMYy opicHTanmii s. IlpunycTuMo, BEYTH ¥ ¥
copAMoOBani B JoAaTHUNM HATpAMKOM ofxofy HERIY ig;=q=1.
Toni sgn 8 = —sgn 8 i 8,g; + s.q. = 0. 3mina HanpaAMKy Ayru y;
NpHZBOIHTE A0 OXHoYacHOl sMinm amakis umMcen 8§ ig, Tak Imo
3HAYCHHA 3,q; sbepiracThen.-B cuny Bimsuavenoi mapHocTi cyma
(6.18) AopieHIOE HYNIO:

> 8,4, =0. |
vi

8. lopegesnn poaxknagaHHa {6.17) spyuHo NpoBecTH 3a JOIO-
MOTOI0 TAK SBAHOI Pyndamermanvuol cucmems yuxiie i nepepi-
aia, 1o migmopigae Qircosamomy rapkacy T rpada & (kapracom
HASHBAETLCA MakKchmMalnhHWE migrpad Gea murnis).

3poayminoe, W0 FOCTATHBG POSIVIALATH Ui NMUTEHHS JNA 3B’ A3-
Horo rpada, oCKIIBKH Yy HesB AsHOMY rpadi BexTopM &, ¢ € NpH-
MAMH CYMAME BLATOBiABMX BeKTODIE ¥ KOMIOHEHTAX 3R’S3HOCTI.

Kapxae T ar’azHoro rpadpa G = (X, Y, f) €, oveBugHo, Aepe-
poM T = (X, YT, f7), mo micTars Bel Bepmiuum rpada. Kodepesom
(. HagrpaeThCA ADIOBHEHHSA

G.= G\T ={X, Y\YT = ch fc = fIYc)'

Hanpukaang, ofuy 3 xapracie rpaga G prc. 6.35 sobpamenmit
HAPHAMHA JIiHIAMA (Kapkac «BelHKOlI BegMemuni») 1 BignosigHo
AYTH Koxapkaca Y. = {i7, Ys, Yo: Y10} — TOHKHMHK JiHisma.

Hepepiz 3 HasuBacTeECA Pyndamenmanvium (3a gepeeoM T),
AIKIOO BiE MicTHTE TOMHO ONAY AVrY Y, Aepeka T, a obieHTaLia nepe-
Piay 8 yasrojsxeHa 3 OpieHTAllielo AYTH g, 3posyMiso, Ho 3aBIaHHA
AYrH AepeBa NOBHicTI0 BHaHauae BigmoBigamit ¢$yHZaMeHTANLAWN
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nepepis. Ha puc. 6.35 nyHxTupamm sobpasceno ¢yHiaMeHTANbHL
nepepiant &, 8z, ..y 8g 32 FepeBoM T «¢BeNHKa BeAMeRUIss.

Dyndamenmansioo mampuyew nepepisie Sy (sa gepesom T)
HASHRACTHCH MATPHULA, PISKAME NKOI € BeKTop-nepepian, dyHaa-
MeaTanbHL 8a gepesor T. BupaineHomy gepery T na puc. 6.35
pifnomisae dynaaMenTannHa MaTpHus Oepepizig, crornpi skoi
no3Hadyeni moMepaM# Ayr Bcharo rpada, pAIHH — HOMEDaMH IyD
flepeBa, TOUHimle, HOMepaM¥ BifjHoRiAHNX QyHLaMeHTAJIBEHHEX Ie-
pepisin:

8 8z 8 {54 X ;’85
Vo VY e oy
x — 1 *4 | x,// *
R TI
A \ 7
| N ¥a
" // | \\\“ys N !h\I f/ o Xy
ot : A N,
ol
X5 ;;! x;t
Puc. 6.35. Jlepepo speqmkol RegMenuLIis
123456178910
11 0 0 0 0 0,-1 0 0 0]
2001000011 000
g 30010001 110 6.19)
40001000 110 )
50 0 0 61 010 010
60 0000 1/0 00 1]

dyndarenmanvnum yurion zpade G (3a depesom T) HasHEa-
eTheA 6yaL- AUl UUEA, Mo MieTHTE TOUHO ONHY XVI'Y I Koaepesa
G\T i opieETOBAHEH# Y3rolKeHO 3 HANPAMKOM AYrH y,. 3posyMmino,
0 KeHa IYra ¥ KoAepesa OAEOSHATHO 3alac GyHIAMeHTANLHMH
LuKa ¢, axnl fyra y aamuxae Ha JepeBl T. dyxdamenmansnon
mempuyero yuxaie @y (3a gepeBom T) Ha3HRAeThcH MATPHILA,
pagEyn Arol ¢ Bel PyHAaMenTAALHL BeKTOP-LIUEKIM 34 fepeBoM T.
Hrmo aiaa rpade Ha pue. 6.19 dypaaMentantnl mexTOp-MEKAU
OO3HAYHTH HOMepaMH BiNoBifHEX AYT, KOmepeBAa Y1, Y, Yo ¥ior
T0o PYHAAMEHTANLHA MATPUIA OUKITIE TAKA:
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7f1 -1 -1 0 0 011 0 0 ©
|
8{10 0 -1 -1 0 0,01 00
= ' . 6.20
QT900~1-1~10:0010 (6.20)
1000 0 0 0 O -110 0 0 1

Bayaaxenns. BifgocHo po30HMBAHHA MHOMHHHN BCix gyr
Y=Y,uY, ua ayrn aepera i kojepeBa pynjamenTancai marTpu-
mi mepepisie 1 naxaie poabuBaroTLed Ea ONOKH BEAY:

Yr Y. Yr Y.
Sr=Yr[E; Sol; Qr= Y@ E] (6.21)

3 reopemn Ilyankape opepxyemo:

Hacnoigox. aa dosinenux mampuyi nepepizie S i uyuwais @
danozo epaga G ¢npaeednuee cniseldnolweHH OPMOZOHAALHOCT

5Q7=10; QST = 0. _ (6.22)

Indpopmaniitai 6roru S,, @ (6.21) dynaaMeHTAaNEEAX MATDHANE
Sy, Qr (32 ONHEM JepeBOM) BUPAMAIOTLCA OMHUE uepes JApyruit aa
dopMyIoo:
8o = -7} Qo= —S,7. {6.23)

Tomy HOCTATERG OGUECANRTH OQHY 3 GYHIAMEHTANBHMX MAaT-
paue Sr, Qr.

Temep mMoxkEA o6r'pyETyBaTH poskaajamas (6.17) mpocropy
R™ y opToroHa’aBHY cyMmy IpocTopy Bexrop-umexie H, i Bextop-
nepepiziz H,. Ilpoctip H, (H,) micTars mimifiny obonoHKY Z,{Z,)
pagris marpuni @ (Sy). B cuny (6.22) maemo Z, L Z,. ¥ Toi e
yac yepez ogmHuuHl Gmoxu y (6.21)dimZ, + dimZ, = m, spigxm
Z,®Z, = B

S
Hacuignox. Keadpamua {(m x m) Mampuys [ ], 3oxpema

Q

[Q ] MOGE MAKCUMEALHUL pale m.
T
Hacainor (ia dopmyam (6.21)). Jra 3e’asnozo epapa 3 m oy-
zamu i n aepuiuHaMuU
rang 8 = rangSr={Yz7=n - 1; rangQ=m - n + 1 =|YJ.

Benumuura rang € coiBnsfae 3 IHKIOMATAYHEM YHCIOM v —
YHCJIOM KOMipPOK IJ0OCKOro rpada. ¥ BHNagKY HeNJIOCKOro 3B A3HOTO
rpada 9¥eao v = m ~ n + 1 TAROM HAIKBACTLCH MHKIOMATHIHMM,
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BOHO cmuiBmajgac 3 poamipHicTio mpocropy BeKTOop-mnuEkaAis dimH,
(a0 MaKCHMMANBHMM YHCIOM JiHiiiHC HeaalledKHHX BeRTOP-DUKJIIR

rpaga).
@ 3agnaHHA
1. Yu exsiBanerTHI ofHa ofHil (i B AkoMY ceHdci) MaTpPEOA iHmufeH-

2.

6.10.

uiif i mepepizin?

TMosna ainiitzo nesamemHa cHeTeMa piBraus Kipxroda enextpuu-
Horo JIAEWIOTa Ha rpaq:i G Moske GyTH 3afEcaEg 3a JOIOMOIOI0
MATpAI nepepmm i nuxaie v BexropHiit dopmi Tak:

SI = - 0; QU = 0. floBegiTs mB.

Tyt I(U)- BeKTOp Belx cTpyMin (manmpy:kenn) rinox.

. NoBegite, mo:

&) GyIb-Aka HeBUDPOAMEeHB KBAJAPATHA MATDHIH, HI0 CKIAfReHA ia
CTOBNIIB MATPULI nepepiziB, BiAUoRizae meAxoMy Kapkacy rpadae;
6) Oyap-AKa HeBHPOAKeHs KBaADATHA MATPHMIHA, 0 CHJAKEHA
iz eroRnnis MaTpHni MHEKAIB, BIANOBiNac ZeAKOMY KOKADPKA&CY
¥ rpadi.

TepexonafiTecas p TOMY, Hio AJS TIOCKOTO Tpada Bagaua nepe-
niTeEHH Tepepisin rpadga @ eKBiBaTeHTHA sanadi TeperigeHHA
nukain geoicroro rpacga G.

Ilo6yayeaTi GyBEAAMEHTAIREY

MaTpANIc Depepisis i pukiis

asox rpadie IloeTpsarina — Ky-

PaTOBCRKOTO, o sobpaikeni

Ha puc. 6.36. IleperoraiiTecsn

B OpTOrOHAALHEOCTI MaTpARE S

i @7 nma wowHore rpada.

Migmeoxmena pebep ¥y ¥y mra- Puc. 6.36. Fpapn
HapsoMy rpadi G = (X, Y, /)
YTeoploc npocTHit OMEN TOAI i TiAbKA Toal, Koau BigmoBifHA HOMY
migMuomuHa pefep Y, v reoMerpiuno asoicroMy rpadi & yTEoproe
nepepis. Noeexits ne.

TlorTparina — KypaToBeskoro

HaixkopoTwi Bigcrani
Ta WAAXW Y Mepexax

Bagayi sigmryranna HafixopoTIIHX BigcTanett Mis¢ Bepurn-

HaMm¥ rpatda (Mepe:xki) is vagaEuMu BaramMu pefep wacrTo aycerpida-
IOTRCA HA NPaKTHIi i MaloTh DUeBENHEN exoHoMiuHME amicr. Ile
¥ MOMEA CKAZATH i Hpo 3afZadYi NMOMYKY ONTHMANBLAMX NIIAXIB
¥ OpicHTOBAaHHUX Mepexax. ¥V nboMy posaini Hasegero meari eder-
THRHL e/JTODATMHE DOaR'AGKY TAKHMX Bafav: anroputmu Hefikerpu,
doppa, Pnofiga, Naumura.
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Hexatt G = (X, Y) — spaxkenwii opieaToBanuii an’asumil rpad
3 JONATHMME ACBRHHaMM (Baramu) ayr c(y) = 0, Tpefa sHailiTh
HAaKOpOTIINE mAAX (3 MIHIMANLHOI CYMOK Bar Ayr) 3 Beplll-
i 8 po Bepmumau ¢ rpada. EdexTuBEuni anropaTM 6yiao 3anpo-
nonosano E. Ieiixerporo v 1959 p. Horo ifjea Taxa. fAxmo e
sHaligeHo JOByHMHM (Barn) i(x;) BAHKOPOTHIMX IIJIAXiB 3 BepIIRHH
& i Brasano (enmodapboRaHO») Ti BepIIuHE X, = 8, X3, ws Xps MO0
AKHX BEeAyTh I} ULIAXH, TC <UYeproBHii» 3a AOBXKHHOK WIAAX i3
8 go (k + 1)-1 BeplIAHM x;,; ¥ KiHOi Oboro mWMAAXY MOKHE
aHafiTy aa TakaM npakuacMm. [osmaummo vepez X, = {x}f -
muooxuAy modaplosaHux eepuma. [Jia komnoi uerntodapboBsHOL
BepIUMHH W IeperiAHYTH AOBMHMAN c(x;, w) ayr (x;, w), x, € X,,
weW, = X7\X, i aualite

min {c(x;, w)} = e(Vo, Wo)y Vo € Xu, - o € Wi (6.24)

Kony BepmuEM X, @w He cyMixkHi, To c(x:;, w) = . fdArmo
e(x, w)y=w gna Beix x;, € X, i Beix w e« W,, To anropurm 3ay-
OHHAETECH: Bel BepIMMHM W MHoxkMEM W, i, 30KpemMa, BepmUEHA
t He JocsxxkHI is s. ko icHye Xoua 6 opEA Ayra 3 MHOMHHU
BepitHH X, y MHOXuUHY W, Togai MigiMywm (6.24) ckinuenHBH
i pepmuny w; G6yne sHafigero. [IIyxanuii («4yepropali» 3a NOBME-
HOK) WJIAX BeAe 3 BePUIMHY 8 J0 BeDPIOHHHU o, TOBKHHA ObOTO
WAAXy JopisHioe (vo) + e(vy, wo). MH Moxemo nodapbynari Bep-
[IWEY Wy, TOOTO IPHUBIACHHTE il MO3ZHAUEHHS Xy .1 = Wy, IIOKJACTH
2y + 1) = Uvo) + ef{ve, Wo) i chopMyBATH BINBII IUNPOKY MHOMHHY
nodapbopaunx pepmiul X, .1 = {x}41*. Iponec saximuyerscs,
AKINO X3 .1 = L.

PopmansHEo B anropuTMi modsapbosadili BepmuHI ¥ e X,
OPUBNACHIGETECE MHocTifiHa mMoaRauka I(x) — fAoBXHAHA HAHKOPOT-
morc maaxy iz § go x. Hxmwo pepmuHa w € W, me He MaEe
nocTifiHol moasauky, TobTo He modapboBana, Il NMPUBIACHIETHCH
THMuacoBa TosHauka lw), mio gopiBHIOE Aop:tMH] HaliwopoTmora
(2, W)-IOAAXY, U0 OPOXOTMTE TiAEKH MO BepIIMHAM 3 MocTilinuMu
mosHauiaMu (nodapbopanuM). THMYacoBa NO3HEYKA BEPUIMHH W,
B3ATATI KaMKy4YH, BMIiHIOETBCA BiJ KpPOKY N0 KpoKy 1 mepecrac
aMinwoBaTHCA, KOMM Bepurura W dapdyerbea (omepikye moeTiitiny
MO3HAaYKY).

IIpakTHuHo Ha k-My Kpoui alropurMy GYAVETECH KOpeHEeBe
Aepeeo TW(> T.- 1) BiX KOpeHN 5 A0 BeplIHH MHOMHEM X, 3 OO-
crifirnmMu nosrauxamu. Ha ocTaHRROMY kporni ko BepmIHHa I cTae
KiHLeBOK BepPIIHHOIO0 AepeBa T,
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Bayeamenns. ANTOPNTM MOMHA CHOPEKTYBATH ¥ TYAKRTI «3y-
MHHEKA s, ARIIO CTABHTY 388Uy 3HAXOAMCHHA HAHKOPOTIIHE MAAXIB
3 KOopeHd § 1o Beiel pemtu Bepuiny rpadha G sa YyMOBH, [0 BOHM
pocAgskHi is 8. B uLoMy BHUNAJKY afiTOPUTM ZYITMHAECTLCHA TiABKHN
Tofi, Koru 6yge nobynomBaHo Aepesc T,, 10 MicTHTL Bcl BepmId-
uu 8 X. Tawur uunom, anzopumm [leitkempu nobydyc ocmoéne
opicimosane depeec T, ezpapa G 3 wopenem 8.

Sayeancernns. AnroputM HefKeTDH MOe 3HAXOONTH HAUKOPOT-
mi pigcTani Mixk NApaMH BepIMUH y HeopichmosaNOMY 38’ R3HOMY
aeadcenomy zpadi G 3 dodamuumu sazamu petep cly).

HBns aacTocyBaHES ONMCAHCI BMIOE OpOoLeAYpH caif nepeiiTh
L0 Opi€HTORAHOTO CHMeTDHUYHOTO rpada, saMiHmBIM KoxEe pebpo
OApPOI0 OPOTHAEKHO CHPAMOBAHHX XYr oaHarosoi mark. OcTopre
Zepeso T, saBxkan Moxe 6yTH mofyfoBaHe 3a NOTOMOrOK &Nro-
patMy deitkcerpr, i T, 6yae ckaagaTucs 3 HANKOPOTIUHX HPOCTHX
JAHUIOTIE MiM BepIIAHOK § i pelnTol mepmuH rpada G.

PopmanbHUiA onuc anropuTMy JenkeTpu
nobynosn HAMKOPOTLIMX WAAXIB I3 BEPWMHN S

Epox 1. IIpurnacHeHEA ITOUATKOBHX 3HAYEHE.
Tlornacti I(s) = 0 i BPayKATH WO DOSHAUYKY nocriiznoio {(TobrTo
nodapbysary BepimMEY s). Tlokaacra [(w) = « ana meix sep-
HIMH & # 3 1 BB&sRATH L1 NO3HAYKH THMUAcOBHMM. IToxmacTh
P =8 (p— iM’A ocTagHBOI BepILIVHH, IO Oofepikaka MOCTiHAY
NO3HaIRY).

Epox 2. OHOBNeHHA NO3HAUOK.
Ana goxkaoi mHemodapboBaHOI BepINMHH w, ¥ #KY Bege' ayra
(p, ) 3 BepLIMHH p, DO3HAYKA l(W) SMIHIETECH 38 IIPABHIOM

l(w) « min| Ww), I(p) + c(p, w. (6.25)

Kpox 3. 1lepeTsopeHHA TosHEYKM y Ooctifimy.
Ha muoxuui seix penodapOoBaH¥X BepluKH (3 THMYACOBMMH
nosHaukamu} W, snaiftu pepmiuny w, 3 MiHiMayLHOW HO3HaY-
koio: i(w,}=min{i(w)}. BpobaT mosHauKy (W) BeDIIAHK g

we W,
nocrifinole i moknacTH B = We.

HKpox 4. (Hxmo rpeba sHaliTH nuiue Haﬁlcopo'rmni& mWaax Big
8 o ). .

! ¥noBy sBepe Ayra (p, i)y MoxiHa He NepeslpaTy, ane Toxl poornnisiorses sci
BEPIAEY ¥ § THMYACOPNMA OOJHEUKEMH, | AKmO ayra {p, w) siicyTsa, TO B (6.25)
¢lp, w) = = 1 TEMyacoba Noesaavka Hw) He smiHiceTscH, AnB. NpRkaag pac. 6.38,
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4.1. Axmo p = ¢, To p) — soBxkuBa Haliropormore (s, t)

mAAaxy.

Synunxa.

4.2. Hrxmo p = t, To nepeliTa o wpoxy 2.

Kpor 5. (dxmo rpefa spaliTn pafixopormi muasxs mifg s Ao Beix

BepmuH Tpada ).

ANTOpDUTM BHKOHYETHCA TaK JOBro, mjof Bcl BepmMBRU onep-
WHAIH nocTiliEi mosHadYkM 1 MHOKHHA HenodapOopaHMX BePIIRH
BAUepnanaca: W, = 0.

dynunxa.

CknapHicTb anroputMmy [edKcTpu

BaypamuMo, o ONiEKA ckAafgHocTi aaropurMy He 3aleRNTh
Bif TOro, YH MyXAaOThCHA HalKOPOTIIOI DINAXH Bij BepIIMHH 3 [0
Bciel pemTr pepmua abo TimepkH Big 8 g0 (piKcomaHol BepIIHAH i,
Jifteno, Axio kopoTmuil (s, ¢)-MAAX FHABIAETECH HARJIOPIIHEM ia
BCix HalKopOTIDEX (3, W)-IAAXiB, To 00NABI aaga9i O3B’ A3YIOTECA
34 OfEHAKOBE THCA0 KPOKiB. ¥V IboMy BHNAZKY EQREHH 3 Kpokis
2, 8, b BHKeoEYeTRCA Ito (7 — 1) pasis. TpymomicTkicres opmoro
Kpory 2 pnopiBHIoe 0(1), ofgHOro Kpoky 5 — Taxox 9(1); Tpyaomi-
eTKicTe KpoKy 8 Ma€ NOpPAAOK CepefHROl HOTYMKHOCTI MHOXKHHH
W, — uncaa L_;)."'_l= _;i OTxxe, TDYZOMICTKICTE BCBOTO AATOPDHTMY

Mae HOPAKOK YHCIA 4@4—2{:@.—1), Tobro 0(n%), n = |X|.

Npuxaan (podoma arzopummy Helixwcmpu )

SHalilemo HalixopoTmwMH MAAX MiX BepmMHAHAMY 8 i ¢ y 3Ba-
xeHoMy rpadi G Ha puc. 6.37, ogHOYACHO BHA3ABINM HAWKOpOTLII
MAAXH MeRmrol JOBKMHM 3 BepillMHY § AO BiALIOBiAHMX BepillHH
(raru ayr, mo AOPIiBHICKOTL MiAHM YHCAAM, BKA3aHO HA PHCYHKY).
Muoxuna sepmurH € X = {s, a, b, e, d, t}, | X] = n = 6.

a 3 b

_—

¢ a
Prc. 6.37. Tpad gna imocrpanii anroputmy Jettrerpn
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Io3uauennd. c(u, v) — para (AoBKHHA) AYTE (¥, V), {w) — 10B-
AuHa (3, w)-IMAEXH afo Nos3HauKe BEPIUEHH W HA ASHOMY KpOIU,
I(w) — nopmuua (8, w)-miuaxy abo Mo3HauYKa BepPIIMHMA i HA IO-
nepefHLOMY KPpOILi.

Kpox 1. llpuBnacHeHHEA NOYATKOBAX BHAYEHE.

}{s) = 0 — nocriitna nosaauka; s dapbyeTbed.

{a) = =, i) = w, b) = =, l{d) = =, I(}) = 00— THMUacoBi

NO3HAYKH RePIIHH &, e, b, d, t. Hlpunyckaemo p = 8.

Kpox 2. s. (p = 8). OHOBNEHHS NO3HAYOK.

Ka) = min{l_(a), ¥s) + (s, a)} = min{wo, 0 + 4} = 4

i) = min{l(d), i(5) + ¢(s, b)) = min{w, 0 + T} = 7

I{e) = min{l{e), Ys) + c(s, e)} = minfec, 0 + 3} = 3

Kd) = min{l.(d), I(8) + e(3, &)} = min{o, 0 + x} =

Kt) = min{l{t}, I(8) + (3, 1)} = minfw, 0 + om}.

Kpox 3. 8. (p = §). IlepeTBopeHEA HO3HAYKK Ha WOCTIHAY.

min{l(w), w e W, =la, e, b, d, t}} =
= min{4, 7, 3, w, w} = 3 = le).

Bepoinna e ogep:xye nocrtiliny nosHauky (e} = 3, mepinuHa

e — thapbyersca pasoM 3 Ayrow (¢, ¢). Horoune gepeso T,

HAlKOPOTIIMX MAAXIB 3 BEePIUIHHH 8 MIiCTHTE BeDIMUHHE 3, &

i ayry (8, ¢) (nus. puc. 6.38).

Mpunycraemo p = e,

Kpox 2. e. (p = €). Ockinvkm t ¢ T, mepexogAMo Ko Kpoky 2
npy p = ¢, OHOBNEHHA IIO3HAYOK.

i(a) = min{l(a), I(e) + ¢le, a)} = min{4, 8 + «} = 4

by = min{l-(b), i(e) + c(e, B)} = min{7, 8 + o} = 7

{(d) = min{l.(d), Ue) + ¢(e, d)} = minfw, 3 + 8} = 6

I(t) = min{l(t), e} + c(e, £)} = min{w, 3 + ©} = e,

Kpox 3. e. (p = ¢). IleperBopeREs nmoaHauku Ha moctifiay.
min{{w), w ¢ W, = {a, b, d, t}} = min{4, T, 6, «} = 4 = }(a).
Bepuimzna a ofepacye mnocritay mosmauky l{a} = 4. Bepmuna
a ixyra (s, a) gapbyrorsca. IlorouHe Aepeso HalkROpOTIMHX
maaxie T; exknagaeThed 8 BepIuMH 3, ¢, & 1 ayr (8, &), (s, a)
(suB. pme. 6.38).

Ilpanycraemo p = 4.

Kpox 2. a. (p = a). OHOBJIEHHA NTO3HAYOK, OCKiABKY t € Ta.
i) = min{I_(b), i(a) + e(a, b))} = min{7, 4 + 3} = 7
(d) =~ min{l(d), {e) + cla, d)} = min{6, 4 + 2} = 6
it} = min{i(2), (a) + c(a, )} = min{o, 4 + o} = o,
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Kpox 3. a. (p = a). TlepeTRopeBHS lo3HAUKH Ha mocTiitmy.

min{l(w), w € W, = {a, d, t}} = min{7, 6, ©} = 6 = i(d).
Bepmuaa d ofep:xye nocTiiBy nosmaury [(d) = 6. Bepmuna
d i gyra (a, d) papbywrtica. [loToune JepeBo HAHKOPOTIMHX
masxie Ty ckhanaeTecAd 3 BepInMEa 6, €, 4, & i gyr (s, ¢),
(s, a), (a, d) (zEB. puc. 6.38).

IIproyekaemo p = d.

s

Pue. 6.38. 3pocracui opiearonani gepesi T, malixopoTminx maaxis

Epor 2. d. (p = d). OpoBnenns nosHadoK, ockiAbkM £ g T,

I(b) = min{l-(b), Xd) + c(a, b)} = min{7, 6 + =} = 7
I(t) = min{i(t), {d) + (@, ?)} = minjw, 6 + 2} = 8.

KEpox 3. d. (p = d). IleperBopeHHA Noagauxy Ha NOCTilHy.

min {{w), w € W, = {b, t}} = min{7, 8} = T = Ub).
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Bepminua b ogepxye nocriitay uosEaury (b)) = 7 i paplyers-
cA pasoM 3 ayrok (b). Iloroune pepemrc HalfiKOpOTMIMX MIAAXIB
T, crlamaeThed 3 BeDIUMH S, ¢, a4, d, b 1 gyr (s, €), (s, a),
{a, d), (2, b) (amus. puc. 6.38).
Ilpunycraemo p = b,

Kpox 2. b, (p = b). OHOBNeHAS NHO3HAYOK, OCRinbKM f g T,
) = min{l(#), Ub) + b, )} = min{8, 7 + 2} = 8.

Kpox 3. b. (p = b). IlepeTBopeHHS MO3HAYKH Ha TocTiliAy.
min{{w), w ¢ W, = {i}} = 8 = ip).
Bepmmna ¢ ogepXye nocTiiiHy nmoznauxy (i) = 8 i dapbyersesa
pasom 3 ayroio (d, £). Iloroune fepesc Ealtkopormmx masxis Ts
MicTEThL Bei Bepmued rpada G 1 ayra (s, e), (s, a), (a, d), (s, b),
(d, t) (z&s. pue. 6.38). depeso Ty ¢ oCTOBHHM AepeBoM vy G.
3ynunka.

Hafixopormm#t mnsix is ¢ Ao t e (s, a), (a, d), (d, t). Bi" ne
€ €ANHUM, TAKRY X JOBXKHHY 8§ mMae maax (s, e), (e, d), (d, ).

Anroputm dopaa

B anropurmi Hefivcrpu nmepenfazamocsa, mie Bard (AOBXKHHEH)
Beix ayr dodamuni. Mosanei i mesig’emul Barm ¢; = 0, ockinskE
nocAifoBHe ¢THAPYBAHHE AYT 3 HYJARCBHMM BaTAMM TPHABOAUTL A0
8BAXKEHOr0 rpabs 3 JOAETHHMH BATaMH JVT.

Oanak, AKIIO € AYTH 3 8id° cMRUML | Fo0GMHUMY BETAMH, SJITOPHTM
JeitkeTpH, Bearali KaXydd, He 3HAXOAWTH HallKopoTIIOTC MIIAXY.

ITe mo moseH ¥ 1939 p. amroprrmy Hefikcrpu 6yio aanpoilo-
HOBAHO OPONEAYPH 3HAXOIIKEeHHA Ha¥KopOoTINMX DIAAXiB 32 IyraMn
3 Gynn-sKkumMu sHakemMm zar: 1956 p. — Dopa, 1957 p. — Myp,
1958 p. — Benaman. B rososHoMy 1i npoueaypy exoxi: Bifmopigna
O0UNCMIOBANLHR Npolleypa HAZHBACTLEA BAPa3 arzopummorn Popda
nofiydosu Halhxopomiuux uraxie y eunadxy dosiavrHux &az.

Anroputv $opra Mosia BUKARCTH KK MoOuixayin anropaT™y
Jelikerpu. 3ming anropmrmy JefiKeTpH NORATraoTL y TAROMY!

1. Ha kponi 2 «OmnoBnenHa nozuauoks mepenik BemvunH I(w)
sa dopmyiown (6.25) pofuThea das ecix eepuwiun — AKX 3 THMYACO-
BUMH, Tak i 8 mocrifinumy nmoamauramu (HemodapfosamuMu i mo-
thapObopanwnm). IIpn nDroMy AoBXKUHH (W) MOXKYTh 3MEHIIYBATHCS
AR AnA Heuodepbosarwx sepiuui, TaK i gxa nodapboBaRux.

TlonaTra «nocTifina noanaukas BePIIMEHN X, CTAS HeKODEKTHHM,
i spyunime ropopdTH, 1110 BepIMUHA X, nogapbosana (Ba Kponi 3),
aje, MOXKIKBO, TAMYACOBO.
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2. fIkmo mas paeskrol nodapboBaHol BepiMUHM x, nicna aacTo-
CYBAHHS KpoKy 2 BinfyvBacThCca SMeHIIeHHA «Bigcramis I(x;), Toml
3 BepIIHHH X, i Modapbosarol AYrH, IMo Befe Ao Hel, snimacmecs
dapbysanns.

3. Anroputm Dopaa sakiEuyeThcH ToAl, KOMM Bel BepmIKHE
rpada nodapGosani 1 me oaHe BUKOHAHKA HPOKY 2 He 3MiHIoe
skonHe 3 umces l(x), vx € X.

¥mopa xoperrHocti aaropuwtmy Popga, Tobro saBeplieHES
srifiHo 1z saysameHHSM 3 3a ckiRveHHe uymcno kpokir, mondarac
vy Taxony: zpad G e nosunen micmumu xowmypis aid’caxnoi «doe-
Funw» (3 Bi'eMHOW €yMoOw0 Bar mayr).

Bsaraal xKamyud, BUSBJIEHHA KOHTYpiB Bix’emmoi ZoBxH-
HE € OKpeMowl> samadelo. OaEAK LA BMaHaYeHHS KOpeKTHocTi
anropuTMy Popme mw 3ajaly He o60R’AZKCBO po3s’A3YBATH OK-
peMo. HocTaTHbO 3BHYAMHHEM YHHOM 3aCTOCOBYBATH &JATl'OPUTM
Dopra, nokn afo AJITOPHTM ZakKiHUNTBECH BigmosigHo'po 3a-
ypaxennd 3, abo umciao dapbyBaHE OVAb-AKOl 0AHOI BepUIAEHN
He DOCHATHe BeAMIHHY R-kiAbikocmi BCix mepmimH. Y OCTAHHBOMY
BHOAIHRY Ipad Mae KOHTYD BiZ'eMEoI Zop:xuEHH i anroprT™ PDopia
He KopewmHitil.,

Mo peui, arroputM Popaa 3HAXOIKEHTA ONTHMAILHOIG IILINA-
XY 3 BepITHHW 8 J0 BepIIMHE { MOMHA 3aCTOCYBaTH Jo rpada 3
Hesid cMHuMy eazamu Oye, OJHAX Yy OLOMYV BHAMAAXY BiH MeHIO
ehexTuruuii 3a meuaricTio mopiBuamo 3 anropurMom JlelixeTpw,
ockimbkM craagmricTs aaroputMy Popaa xopismme 6(n%), a anro-
putMy Heitwerpu —6(n%).

Anroputmn ®@noiaa i QaHuura

Bafiaua NMOUIYKY HeliKopomuwiux WAAXIG MK 6ciMa napami éep-
wu zpaga Moxke GyTa poss’gsana NASXOM HOCAIZOBHOTO IIPHBIAC-
HEHHA NO3HAUKM «IIOUATKOBA BeDIIUHA §» KOWHIL depituni zpaga
G i HacTYnHOTO 3acTaCYBAHHA ANropUTMY Helixerpu (dropaa). 3poay-
MiT0, M0 CKAAJHICTh Takoro <Gararopasosoro axroputmy lleiiker-
pa» € 0(n?), a ebararopaszosoro anropurmy Poprar — BiEMoBiZHO
O(n'). Ognax icHY10TE GiMBLIT e@EeKTHEHI MeTORM, Hix GaraTopazoRe
(caMe n-xpamHe) TOBTOPEEHA anroputmy HeiixcTpu abo ®opae —
caMe aaropurMu ®aoliza (1962 p.) i Janmmra (1967 p.). Obuasa
ATITOPHTMH SACTOCORHI AK Y BHUAAKY Hepif’¢eMHHX Bar Ayr, TAK
i y sunaaxy ear aoBiibarx sHekis. OIHak y 6yab-AKOMY BRIAJKY
HeoOxidno, ol 2pad G He Mae wonmypie sid’emmnol dosicunuy.
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ITonmepezneo OpoayMepyeMo BepITHHH rpada ¢ HaTypalbH:-
MH ypenamu 1, 2, .., n i BBemeMc noaHaveHnd i ; Aua NOBRWEHR
HaiiKopoTHIOTO 3 YCiX TARMX mAAXir Rig RepIIMEH [ Mo BeplMHM
j (inarme — meix Tarux (i, j) — maaxie), aki ax npoMimni pep-
IMHHY MOMYTH MiCTHTH TinRKH mepmi m BepmiuH, ToO6TO BEepINUHMA
a MuokuEH" V, = {1, 2, .., m}. Ilpu usomy I ; = o, AKI0 He
icuye moxuoro (i, j)-IMIAXY 8 HPOMIdKHHMM BeDIUMHAMH TLABKHA
1 V. Hag m = 0 spamacTned, me V, = {&} — nmopoxEa MEOMKHHA
i I) — mommwma ualiwopormol (i, j}-ayru (robra (i, j)-muaxn Ges npo-
Miskngx pepinun) npu i # j. [lna i = j npunyekaersea &, = 0.
Aaropurm daodaa eTaBUThH cBoc Minaio mockigoBHO IAR
m=0,1,2, .., n ofuncaropaT® n® yHcen (nomsknu) I7; i saxinwy-
BaT ofuMcieHHA oFep:aHHEAM I {i, j = 1, 2, .., n) IOYRaBHX
HAHKOPOTIOMX AOBXKMH MNAXiB midk Becima mapamwu (i, f) sepinmH
y rpadi G. fAxmo ana dikcosaHoro m 06’egHATH Bel JOBXKUHH
I ; ¥ MATpHIlc, TO 38Ja4d8 NOJATaE y nocxifosHOMy ofumcnenui
MaTpunb Lo, Liy vy L1y Limy oy Do
IIpu nboMY BHSRAAECTHC MOMUIMBEM OOUHCIHTH MATPHUIO L,
BHKOPHCTOBYIOOH TIiALKYW JHuie GeanocepelHEbo NMoNepegHIoO MAT-
punw L, - ,. Jliiemo, wexait pigomi Bci HalixopoTmii pomxcunm
mNi,j=1, .., n). Posi6’'emo Muomuny Beix (i, j) — masxia
depes BepmuEH V, Ha ARa KaacH! mo o060B’S3X0BO NMPOXOAHATH
yepe3 BepIIMEY /m 1 [0 He NMpoxogATh 4epead m (To6To ®Ki Ipo-
XOAATH TLILKM Uepes BepimMHK 3 V., _ ;). HaltkopoTmiuii mnsx
v ApyroMy knaci mac gomsmmy [7°!. Haltmopormu#t maax ue-
pes BepLUEHY M y NEepIIOMY KJaci CKiaajaeThcd 3 ABOX YACTHH:
(i, )) — mnaxu pommmuy L ' i (m, j) — maaxu gomsmumm Ly’
Tomy naiixopoTmia# (i, j) — mugx uyepea BepHIAHY m (2 mpo-
Mi>KHUM# BepIINHAMM TiABKM 3 V,) Mae gommumy L™ ' +4r7 ;7.
OTixe,
FrEmin{ym L et L (6.26)
3posymMino, ilo rpad ¢ He Mac KOHTYPIBR Bix’eMHoi ZOBXHHH,
igarme pexypeRTHe HpaBEAO (6.26) He GyZe cupapelinpim!
Tenep HaM 3aNHUIAETHCA OPHUBECTH QOPMAALHHE onHce anaro-
putmy Piaoiipa.

Onuc anroputmy ®noinga noliyky HaAROPOTILMX WNAXIB Mk
BciMa napaMu BepwwH

KEpox 1. TlepenymMepyBaTn BepmuHE rpada G umenamu 1, 2, ..., 1.
Chopmysate Marpmmio AomsruH L, = (I }, nokmasmu uuc-
a0l mpui=j, mo fKopinnioe MiniManumilt gopwuni ayru



Teopin zpachi 301

3 BePIIKHH i fO BepmmMHE j 460 I, ; = o, AKHI0 TAKUX AVT
BeMae. Slkmo i = j, To I ; = 0.
KEpor 2. Ilocaniposmo ama m = 1, 2, .., n, BHXOJAYH 3 efle-
menrtis [ ! marpuni L, - i, o6uMcawTH eleMeHTH MaTpuni
L, = {iT;} sa pexypeRTHHM npasuaoMm (6.26). dikcysaTr «Haii-
Kopormni#» (i, j)-mUTax, mo Mac Ropxuuy [F; opy i1 obfuue-
neuHi aa dopmynom (6.26).
IIpu m = n anropATM™ saxinuye pebory. Yucna If ; € ZOBXHEE ITy-
KaAHX Haiikopormmx (i, j)-masxis y rpadi Gy i, j = 1, 2, .., n.
3ayeaxmenns. Ilpn cgepsxani matpuui L, (no L, ) sHaYeHHA
elieMeHTiB rojopHol Aiaromani If ; edlementis mrToro PAAKY 7 ;
im-ro crosmus If , MORHE He ofumexoBaTy 3a dopmyaok (6.26),
2 ODOKJIacTH Bigpasy
=0, In, =Lyt Wa=Umt.

JilicHo, BepmIMHA m He MOXMe BHCTYNATH AK IpoMidxHa AAN
HAHKOpPOTLIOro MaAXY, SKHH 860 DOYHEAeThCH B M, a00 3aKiHUY-
€THCA V BepIOHHL m.

Oraxe, na. dopmynolo {6.26) zHeobxigxo ofuHcnIOBATH JEIIE
{n — 1Xr — 2) enemenrie Marpuui L,. Pasom 8 TuM, nopadox cxaad-
nocmi ofuitcnesnd L., E18 dikcoraHoro m gopisHioe n. SIkujo Bpa-
XyBATH, IO KiABKicTh obuMcIOBaAbHNX MAaTpHUb L, ZopirHIOE R,
TO ONepXYEThCH CKIARAICTE anropHTMy Droliza mopanxy (n?).

Anroputm faHuwra nowyKy BCiXx HaldkopoTwux wnsaxis

TyT BURODPUCTORYVIOTLCA Ti 3K NOEATTA i MoaHAadYeHHA, N0 i B anro-
put™i Paofipa: 1, 2, .., n — HOMepa BepmuH; ¥V, = {1, 2, .., m} —
MHOMWHA TEePIIHX i1 BepmuH; [7 ; — DOBMHHA «HAZKOPOTIIOro»
(i, j)-1raxy a npoMixknumy sepmiuamu 3 V,,, Matpmna Lo= {8} (i, j =
=1, 2, ..., n) «HA#KOPOTIIINX IyT+ MiXx BciMa mapami Bepiiny rpada G
ME€E pO3MIipHICTR 71 X 7t 1 GOPMYETRECA TOUHO TaK, £K B alropuTMi $oit-
fa. OfHER ¥ NOAANLILOMY 3AMICTH NOCJILOBHEMX (7t x n)-MaTpHOb L,
6yoywTeca ix sromopuir miaMarpuui D, poaMmipHocTi m x m:

D, = {"";.l.f,(i.!- 1,2, .., 8¢

Marpuna D; € uueno I}, = 0. ¥V mogaxbmomy Bei jgiaro-
HANLH] €JIeMEATA TAKOK AOPLBHIOWTE HyA: 17, = 0; 1 < i < m;
m=1, 2, .., n.

B marpuni D, aci eaeMenTH, I0 He BXOAATL 70 OCTAHHEEOTO
paaka i B ocranni#t croamenk, Tofro emementn IN; mpu 1 < i,
f£sm— 1, o6UNCHIOITLECA TOYUHO TAK, AK R anropuTMmi dwroiina sa
dopmynomw (6.26). Boun AopIBHIOTE ACBMUHAM 4HAHKODOTIIHX»
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(i, ))-maaxie mMix BepmmrHaMy i, j € V. 3 IPOMIKHHME Bepuri-
HaAMH 3 MHOMHHE V.

Ana ofepxanEd IT , — AOBMHUHKE «HAHKODOTIHOro: HIIAXY
3 BEPIUMHE i € V,, - ; 10 BEPIUHHY m Jepe3 BepIIAHW V,, 38YBaXKH-
Mo, Mo ByAb-Aaruit Taxuit mnax S§ , He moxe MmicTHTH BepIMHY
m Aax mpoMmimuy i kinmesy oAHOUACHO, OCKINLEM 38 YMOBOKO GyAE-
axuil KOHRTYp Mae HeBia'emuy nomwxuny.

Hexati p(e V,,_1) — BepImuAa Ha maAgxy S) ,, AKa Oepefiye m.
Ane roji enalixopormmits muax Sm, p MoxH2 posl(HTH Ha ABA
mnaxu: Sy, vy S5 m, e S} » CKTafaeThes 3 oamiel ayrH (p, m)i,
sEuuaiiHo, JOBKMHA MUIAXY Sj . XOPiBEIOE MHCHY ), , — eMeMeHTY
matpuni Lo. Bposymizo, maax S, ' e uadikopormum (i, p)-mna-
XoM Yepes mepwurn V, _,, ToMy Horo gommmHa RopiBHioe l,:",,"
(£, p € Vu-1). UYncro 1;',",,' ! ¢ eremeHTOM momepeansol MarpHUi
D, - 1. Ba nobynonow

R AR 1 (6.27)
Ocrinexyl +HaARKOpoTIMEy Wnsx ST, HaM HeBigomuil, a sBigo-
Me nume tioro icHyRaBHA, To foro gomxuuy (6.27) MoxXHR anailiTn

K TakH¥ MmimiMym:
I, = min {u +If,"m}, i=1,2,...,m-1. (6.28)

15k=m
Taxum upHOM, exeMeHTH {; . cTroBuns marpuui D, ofducmoo-
TLCA 84 eleMeHTaMH monepeannoi matprui Dy, -, i marpuni L.
Ananoriumo ana eleMeHTiR ocTaHubLoro pagxa Matpuni D,
To0TO ZndA Jos:xEH [ ; ¢Heilkoporminx» {m, j)-magaxis wepes Bep-
muan V, ogepmkyeMo bopMyay:

tﬂl m{l:k .j_]}! j:]-l 2ao--sm_1- (6-29)

" 1sksm
BalHMIaeThes HasecTH dopManpeEmil omue axroparny Jaxnura.

Kpox 1. IlepeRymepyBaTy sepIiMEN rpada G uncaamu 1, 2, .., 1.
ChopMyeaTi Marpuom L, posMmipHoCTi (i x n), XOMHAA ege-
MeHT AKoi [ ; € AcB:kmHA HalfxoporTimol Ayru 3 BepOuam i
A0 BepuIuBY j, e i # j. Axmo Taxux Ayr Baarajii Hemac, TO
R,=w (izj). Axmo i=j, 70 £, = 0.

Kpox 2. IlocnigoBro 3a JOoOOMOrO0 pekypeHTHoI nponeiypM BU-
SHEYHUTH [OCHLLOBHICTE KBRAPETHAX MATPHIL

-Dls DQ’ weay Dm-ls Dlm ke y -Dn
3pocramoyol posmipHocri. Poamipnicers marpuui D, mopieHIoE
m x m. Exementu Iy {1 < i, j € m) marpunl D, ofuncrionrsca
np¥ i # j depes eneMenTd MaTpuis D, -, i Dy 3a hopmynamu
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(6.26) ana 1 = k£ m — 1, za popuynamu (6.28) — ana j =
m, 3a opmynamu (6.29) — gag i = m. Hapemri, mpr { =
npaayckaereca' I, = 0.

Kpox 3. Ocramnmilli Kpok pexypeETHoI Oponeaypn 2 gae (1 % n)-maT-
pEOw D, J0BXKME HEAEKOPOTINAX MIAAXiB Mi Bcima mapamun
BepmiuH rpada &.

Anroparm JeHoura Mac TaKy X CKRIAKHICThL, AK ANTFODUTM
Dnofiga — G(n?).

@ 3asgaHnn
1. 3a somomoroio anropurmy JNefirerpn oofyiyBATH OCTOBHE XepeBo
HafixopoTmiax maaxis i3 BepmuAEM x; o BepmzE rpada G Ha
puc. 6.39. Koxkue HeopieHTORAHEe pefpo 3 BAIOI0 ¢; POATAAAAETHCHA
AK Napa OpOTIUICAHO COpPSMOBAHHMX AYT 3 OMHAKOBHEMH BAPMAMH Cj.

Xz 18 xa
L 25
10
4
8 24 14
x) 12 13 7 09 16 xy
9
5
6 Xo 5 15 10 X5
X 23 Xg

Puec. 6.39. Fpad & gas aapgaHudA 1
(no6yaoBa OCTOBHOIC AepeBa aaropmrMoM HelikeTpn)

2. Jarn nopeEnii onne aarcpuT™y Popia 3a KPOKAME, He CONDAIOYHCH
Ha anroputm Jlefkerpy.

8. Omispte indopManifisuit o6’em PopMYBAHHEA «HANKODOTIINE$
(i, )-mnaxie ma xomuif m-if irepanii aaropurmy Prodiga. Poz-
rIAEYTH DpEEXag puc. 6.40.

Puec. 6.40. T'pad G an4a sappanHs 5
(Donyx RaXKOpOTIIAX LLIAXIB axropeTmoM <Dioiza)

! Boxpema, sapagE oguoBMMipua Martpuua D, ¢ umMeno Hynms: D), = 0.



304

Po3din 6

6.11.

. Ilokasatu, mo AnAd dopMysanua Bcix Halfkopormmx (i, f)-tinaxie

y rpachi G 0CTATHLO BHATH JHINE IeDeJICCTAHNHIO BEPIMWHY X; Hail-
wopormore (i, j}-Mraxy pas scix map sepmus (i, /) Ha rxoxHOMY
rpoui anropurmy Daoitza.

BAKOPACTOBYIOUM AJropHTM <Pnoiigs, sHaAATE HaliKopoTIi HIAAXH
Mix BeiMa mapamE BepmiMm rpade G Ha pre. 6.40.

Buality Haftropormni mrmaxm misc Beima mapamu Bepmur rpaga G
ua pue. 6.41, pUKOpHCTORYOUM anropit™ Maumura.

Puc. 6.41. I'pad & nas aasgans 6 i 7

INopisnarue pobory aaropurmis @aociine i Janmura momyky Hadl-
KODOTIHX mIaxis y rpadi G me pre. 6.41.

Yu snnwmeae BubGip Eymepanii repmnvwne rpada Ha edexTHBHICTH
anropur™ie ©nofiza i Jagqura? Axmo BOIHBac, To ToMy?

He nedrronepepofEoMy 3ap0fi € YoTHPR MicTRoctl (4, B, B, I,
i meHAKicT: meperaurz HadTH 3 ogmicl micTxocTl B immy Brasa-
Ho y Tabamani 6.4. Buajirh apa melikpamux coocodn mepeKadKkmM
madTE 3 mictroeri A v mieTriers T

Tabauys 6.4. Hieudrocmi nepexaviku nwagpmu 3 4-x micmrkocmell

MicTxicTs A B B r

0,00 0,13 0,14 0.15
0,08 0,00 0,13 0,08
0,17 0,12 9,00 0,18
0,10 0,06 2,13 0,00

-l L1 L1 £

FaMinbTOoHOBI YUMKNK | WRAXN.
3apaua xoMiBosHKepa

Mxepena va BU3HAYEHHA
Iamizsmonosux yuxnom y rpadi G = (X, Y) nasuBacrs-

e npocmiuii yura Q = (X, Yy), ujo Micmumo sci sepuiunu zpaga,
HesanemHo Biag Tore, uM € G opieHTOBaHMM. BEMoOra npoeToThH
OUEKJIY E NPHRHIMUICBOK: 38 FAMINBTOHOBMM NHKIOM § MOMXHA
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ofifiT Bci BepuimHp x rpadha &, Bigpigyiouu komHY DpoMimEYy
(TofTo He NOMATKOBY i He Kimmepy) BRepHIMHY TiNBKM OAMH Dpaad.
Cam rpad G, B AxomMy icHye raMinnToHiR mUKN, HABMBAETLCH Za-
MinvmonoeuM zpagonm. 3posymino, umo raMinprvonin rpad e ap’A-
spuM i, 6inem TOrO, F80368’AIHUM, OCKINBKE Mi¥K KOXKHONI IIapol0
BepHINH icnye He MeHIM Hid ABa pisHmx npocTux nasutora. Ilpm
6yab-axoMy 7 = 3 nosEmit npocrrit rpadp K, € raMinsToHOBHUM.
Horauit apouactronuil rpad K,, 8 PiBHONOTYRHAMA HACTKAMH
(OAHOKOJIBOPOBEMHE MEOKHEAMH) Takox raMineromin, ams. K,
Ka_a, Ks Ha pHC. 6.42.

1 2 3 8
2 4
4 b 6
1 5
Ksa Kas Ks

Prc. 6.42. Temineroropi rpadgm Xz, Kiys, K.

Beanocepesure nepesipserees, Mo rpadd G,, G», G Ha pHc.
6.43 He MicTATH raMinbLTOHOBEX HHKJIIB i, oT:He, He € raMins-
ToHosumMm rpadamp. Onmax sei ni rpadm micTars raMiaLTOHOBI
naHgory. Famiznsmonoeurm nanyrozom y rpapi G = (X, Y) Ha-
3uBacTheA npocmuii naunylez Z = (X, Y,), wo micmume eci sep-
wunu zpada. 'pad, M0 MAE raMiALTOHOBMMA JIEHIOT, HA3HRAETLCA
mpacoerum., l'aMinbToHOBAM JNaEmOroM y rpagi G; € Janmior
23514, v rpadi G; — aannor 623451, v rpadi Gz — xaumor
643215, a Tarvom 264 315. Biasmauumo, mo rpad Gs He ¢ ABO-
38'A3HMM, TAK IN0 JAS TpacyBaHHA BHMoTa ABO3B’AzHocTi rpada
G aaitpa.

£} G, Gy

Pue. 6.43. F'aMinbTOHORI mMaHItorR



306 Poadin 6

Ha pac. 6.44 306parxero ABa HeraMiThToHOBHX rpada Kps, Kaa.
O6uaea BoERN gBo3s’SsHi. B K,; icHyTR raMineToHOBL nanmiorw,
HanpukiIag, (4,1,5,2,8),(8,1,4,2,5), (4,2, 5,1, 8). B rpadi Kp4
HeMae aEi FaMiNLTOEOBMX ITMKJIB, AHlI IraMiJLTOHOBHX JAHIOTIE.

1 2 1 2

3 4 ;1 6
K3 Kz4

Pzmc. 6.44. Heraminsromosi rpagn

HeramineTonori rpadm G, &3, K23 MieTars ak migrpadH Tak
aBaHi mema-zpagu, Mo MapT: xouya 6 ABL BeplIMHH cTemneHs 3,
3’eZHAHI TPbLOMA NPOCTHMHM HNONRPHO PiZHMMHA JAHNIOTAMH JTORXKH-
HE He MeHmm pgpox. Hanpmenag, y rpadi G, nammiorm (1, 2, 3),
(1,5, 3), (1, 4, 3) yreopKIOT: TeTa-miarpad 3 BepmHHamu 1, 3
crenena 3. Cnpasegnnsa

Teopema 6.10

Hrxwo deoza’asniLil zpad He micmumb 2aMIEMOHOE020 YUKZAY,
mo sin micmums mema-nidzpag.

O Hexalt @ — npocrril UHKI MaKCHMAJBHOL AOBKHHN ¥ HAIIOMY
rpadpi G = (X, T). Ba yMoBoI IMER @ He mMoxxe GyTH raminb-
TOHGBMM, TOMY YHCHO HOre BepIIMH NOBMHHe GyrH MeHe, HiXK
n = |X|. Jlerko nepexonarucH, mo Opy n = 3 a6o n = 4 KBPOIB’AB-
Hu# npocTuil rpadp G € ramMiabTOHOBHNM, ToMy # 2 5. Yucao Bep-
wHE X, nuxay @ (i pefep) He Menme 4: |Xg| 2 4. Hificno, axmo
¥y KBosp’maEomMy Ipadi G € IHRI BOBXHEAA 3, TO ACc HHOI'O MOMXHA
OOABTH JAHUIOT 3 HOBOI IPOMIiNKHOIO BepIIMHOW TAK, INO6 BHHHK
npocTHll DUMEN ZoBXHHA Oinbimmoi, wHixk 3 (gue. puc. 6.43, Gi).
Icnye Taxe pebpe (x, v) € ¥, mo x € @, v ¢ Y\Q. Ilosrauumo gepes
a, b BepmAHA DHKNY §), cyMixkHi 3 BepmiHHOIO X (AuB. pue, 6.45).
Ockinpxy nuxa @ MaxcHManoauii, To BepIIMHA U He CYyMiyKHa aHi
8 BePIIMHOIO ¢, aHi 3 BepIOMHOI b ¥ HPOTHICKHOMY BHIAIKY
ModitHa meOyJyBaTH LHKJI OGintmol ZOBXKHHHU.

Baganumo 3 rpade G pepmiMHy x pasoM 3 IHOHAEHTHHAMH Iiff
peGpaMu, Ko MHOXMHHE AKHX EaleXuTh i peGpo (x, v). B rpadi,
Imjo 3aldIOMBesd, AAS KOXKHOI BEepIIMHM W Ha OHEXL @ (xpiMm x)
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icaye npocruii (v, w) — naamior P,, 3'€AHYIOIHHA BepPUIHHHE
i v. Cepeg Beix raxmx nanmiorie P.(w = @, w = x) obepemo Haliko-
poTIunil nanuior P,, 3’egnyiounil BepDIINAY ¥ 3 deAKOK BepLIHHOO
¢ € @ OueBHpMo, ¢ # g ic = b, iHAKWe OHKA @ He 6yB GU Mak-
CHMaJbEHHM IDOCTEM LOHXJIOM yrpadi G. Jlammior P. He MicTurh
BepIIUH ODHKAY @, BisMiHHEEX Bij ¢, 00 v OpoTHARHKHOMY BHOAIKY
P, Be ¢ Haliropormna# maax iz scix nmaHnpris P,. Ilobyayemo
y rpadi G nmigrpap Go = @ U {x, v) u P, ob’enryiounill uuKra ¢,
pebpo {x, v} i nammior P, pasoM 3 iHOHACHTHANME BepIIHHAMH,
Bpoaymizno, mpo G, ¢ Tera-rpad, y AK0My BepIIHHH TPETHOTO CTeMle-
HA x i ¢ g'egHyOTLEN TpLOMA PiSHMMH IPOCTAMY JaHNIoraMu. B

Pac. 6.45. I'vad, mo MicTaTs TeTanmiarpad

Baysamenns, Icnyaanna mema-nidzpaga € auuie HeabXIFHOW
yMo8010 OAR Hezamiabmomnosacmi dasosa’aanozo zpaga. B pBo-
s3p’asHoMy rpade K;; pac. 6.42 ieayiors TeTa-migrpadu, ogHaK
K — raMiigpromis. Amanorivso rpad (a Ha puc. 6.43 TaKomK
Mae raMigeToRis mHKI (G, 2, 8, 1, 5, 4, 6) i ogHouacHO Mae TeTa-
nigrpad 3 Tphoma maHmloramm (2, 3, 4), (2, 6, 4), (2, 1, 5, 4)
Mix®c BepmiEHAME 2, 4 TpeThorc creneHnd. 3 immoro 60Ky, BEMOra
ABosR'sgHOCTi ¥y Teopemi 6.10 icrorra: ReraminpToHIB rpad Gs Ha
puc. 6.43 ogmosp’asuuit i He MicTHTH moxmEoro Tera-mimrpada.

[HocTaEOBKS 3aJ84i Npo raMiJbTOHIR LHKNT 3 OZHOKPATHHM
OpoXoMEKeHHAM BCiX BepmuH rpada MOMe BHCIAAATH CXOMOI0 a6o
B AKONY-HeGVAEL ceHci ABoicTolo M0 mocTRHOBKH 3ajadi mpo
elinepiz OHEJ 3 OZHOKPaTHHEM HPOXOZKeHHHEM Beix pebep rpa-
¢a. OgHak ne He Tak. 3ajava NPO FAMINBTOHIR HHUKJ, HA XKaTb,
He Ma€ Ha ChOrogMi aHi NoBHOro TeOpeTHUHOrO POSB’S3KY, aHi
BaAOBLALHOIO AJrOPHTMY BiXIIyYKaHHA LUKAY AAA He AyXKe Ma-
negskux . SIxk mm Gavnnm y posgiai 6.3, i reopeTHUHMEt pos-
B’si30k, i Ao6pi axropnrMu € Jgnx efizepoma mukny. leropavwo
NepUINM Po3MISAAB 3afady o6XoAy NpocTUM HUKIOM BCiXx BepmuH
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rpada pigomuit ipramgerxuit Maremarur V. Iaminstonm y 1859 p.
Bid mofyAyRaB HU3KY TAKMX HUKJIIB Ha pefpex gofexasapa — nOpe-
BUNBHOTO ONyHJIore SaraTorpamHuxa 8 20 mepmiruwamu 1 12 u’srua-
kyTEuMK rpansmu. [Inocke sofpaskenEs Jogekaegpa, SKEe MOMCHS
TPAKTYBaTH 8K foro OpoeKnilo Ha OZHY <¢pORTATHYTY* paHb, 300-
paseno Ha puc. 6.46. Ogun 3 ramijgpToHOBHX NUKJILE sobpaiceHO
HA PHUCYHKY KUPHOIO TaMaHolo, [aMiJLTOR TPARTYBAR CROK 3aKaTy
v surasyi rpe «HanxkonocBiTHa nmogoposks, v aAxili opononyermcs
o6paTH MapIIpyT BigBigyBaHHA ABaZUATH MicrT Ha semniil kyni,
pyXaiogsich mo Joporax-pebpax pgofexaeapa. Bin HaBiTe npogar
cBow0 Tpy Toprosieni irpamkamu sa 25 riwmeit.

Puc. 6.46. nocke zofpaskeHns Zoaexaeapa

B opicuronanoMy rpadgi mopsan s raMianToOHOBMM nHKIOM abo
raMinbLTOHOBUM JAHIIIOTOM YACTO NOBOAMTHCA NIYKATH zamiavmonia
rormyp atGo wrax, obxig Aaxux agificHIOETRCH TITLKH 32 HANDIM-
raxu dyz. Taminvmonie wasx — ye npocmuii (1, v)-wazx y zpagi
G, wo Micmums aci gepuiunu zpaga. fIxmo v = v, To Ne — 2a-
minsmonis xonmyp. Byap-axuit reMinsTORIB IMAAX € raMiabToHIB
JaHOIOr, 3BOPOTHE, B3araii kaxyul, Hempasuiseo. I'padu K.
i K; na puc. 6.42 € raminszToHOBUMM Oea BpaxymaEHA opicHTamii
Iyr, CIHAK BOHM He MAalOTh FPAMLIBTOHOBHX KOHTYpiB. IIpM nhomy
rpad K, Mae raMinpToHiR mIAX, V SKOMY HOCAiROBHiCTE mpoxe-
Joxenns peprows € 1, 4, 5, 2, 3. B rpadi K, puc. 6.42 ramias-
ToHIR mMAX BifgcyrHiil.

IlogidHa cHTyanis HeMOMWJAHBE Yy CHMeTpHUHOMY Ipadi: kowx-
HOMY TaMiJLPOHOBOMY JaHIIOrYy (MUKIY) HeopieaToBanoro rpada
BLATIOBIZAE NAPA NPOTUMENKHO CODRMOBAHHYX FAMIALTOHORHX LIIAXIB
(xkcHTYPIB) ¥ BiiHOBiZHOMY OpieHTOBaHOMY CcHMeTPMYHOMY I'padi,

BacTOCYBAHHA MAMINETOHOBHX NAHIIOrIR i IUIAXIB JOCHTH YHC-
neHHi. B meopil posxnadie okpemi mponeaypH (4ii) soGpamyloTecsa
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TOYKAMN — REPIIHHAME X1, X2, .., X, & 3 BEPIIMHN X;, Befile AYTa
A0 X;, AKHIO NMiCNA BAKOHAHHA TIPOIEAYDH X, HpUTYCTHMHIt nmepe-
xif Ko BHKOHAHRH® NpoueaypH x; lamiabvToHis uiAAX y Taromy
MOOeALEOMY Ipadi safac <«posKAaf» IOCIIAOBHOP0 BHKOHAHHS
BCiX «n» Hponenyp.

B docaidacenri onepayiit THTOBOK € TAKA CHTyanif. € TexHiu-
gl npEerplit (seperaT, KoMm'oTep 1 T. M) i n cnepamniit (3azag),
KOXHY 3 AKHX NpHCTpiil spaTen sailicamTn (supimuth) nicas
GUKOHAHHA 6idnosiduoi nepenacmpoilki (nepenpozpamysanis).
Touninre, npu OepexoAi sig i-oi sagaui Jo j-oi 3agavi mepemporpa-
MYBaHHA IPHCTPOK HoTpebye BHTPATH iy ONRHKUIE uacy abo idimoro
pecypey. Heobxigno snafiTe mocaizopraicTs BHKOEAHEA aaBJaHk, DK
fRiif yac KoXXHOrD DepenporpaMyBaHHS He INepeBepilye 3aJaHOTO
aHAYeHEA T. ByaycTecsH NPoCTHH MOZeIBENAN rpad 3 MHOXKHHOO
pepmnE {1, 2, .., #}, vy AkoMy ayra (i, j) OpHCyTHA TORL i TiABKM
7041, KOMM iy <1. Byge-sku#t raMigeToHiR mansx y MojeabHOMY
rpadi zagac IIyYKAHY NOCHiZOBHICTH BHKOHAHHA J8BAAHD.

Posrnanemo sigoMy sadauy npo wruzu, B skrifi npEERUMD
MOJedIOBAHHA 3a JOMNOMOrol Tpada € HOCHTE MOBUANLHHMM 1 MO-
Ke 3ACTOCOBYBATHCE AJNA POSB’A3ky iHIOMX 2agad. Jng BHpod-
BHOTBA A KHHAT APYKap Mac KBl MallHAM: JpyKapchbKy Ta XId
mepemnereHHd. Ha gpyxyBaHHA k-1 KHEM BHTpadaeThCH @ Yacy,
Ha 1 nepenyieTeHHs BHTpAYaEThef b, dacy. 3posyMino, mo y Ie-
PeNnJieTeHHS k-3 KHUPa HaJXOAHATH Hicaa iI IPYKYBaHEHA, TOMY
JeAKHHA TJac 3 NovaTKy pobGOTH BepCTAT IAS TepelileTeHHS MoXke
OpPOCTOOBATH. SHAHTH TOPAAOK pofoTM 3 XHUIaMH, NPH AKOMY
Yyac BHKOHAHHA BCHLOTO S&MOBJIeHHS HA 71 KHHAD Oyae Mimimank-
HrM. HeBasxkKoe moGavuntTH, MO, MAa©04Yd ONTHMaJbHKMA HOPALOK
poborn, MoxHa nepebyayeaTn iforo Ges sMeHITeHHA NOBHOTO YACY
BHKOHARHA 3AMOBJIEHHA TaK, o6 KHUMM HAAXOAUIAM Ha MANIAHY
IAS mepensieTeHHR B Tid e nocaigoBmocti, B aAkiit BoEM Hag-
XOJATE HA APYKApChbRy Mamumpy. OT:me, oNTUMANBHEN NOpAAOK
BUTOTORJEHHS MEONCHHA KHHT (X, X2, ., Lp) BH3HAUAECTHCH ACAKAM
nepecraBaeHHAM (x,,X,,...; %;). MoxHa HOKaszaTh, IO IPY ONTH-
ManbHOMY TOPAXKY i-&8 KHHra moBuEHa Oynxe HagiitTu no apyry
panimre k-1 kanre (ge ofion’ssropo miapan), AxIe i TiNbkE ARIID
min{a, b} < min{a:, b,}. Temep aposyminoc, ax mobynysaTe Mo-
Jensumit rpad. Ha Muokuni Bepmue {x,, X2, .., ¥, TPOBOAUTLCH
Ayra (x;, x;), IKUC BHKORAHO aasHadeHy Hepinnictn. TaminnTouir
HIAAX y InLOMY rpadi Brasye myraunti onTHMannHMii NoOpagor
EUTCOTOBJIEHHS KHMT.



310 Po3din 6

Oz3Hakn iICHYBaHHA raMmiNbTOHOBUX UMKIIB,
wnaxis i KOHTYPIB

OnepxaEHA YMOB raMiabToHOBOCTI rpaiB € DONYJASAPHOI
sajadelo, Ao Kinng He posp’msancl Ha cxoroaEi. HonynapreicTs
«HHUBHTRCHSS» He TINLKM OPpHKIAZHOIO UIHHiCTIO YMOB, anle i pigkic-
HOI0 NIPOCTOTOIO Ta ODPHPOAHICTIO caMoi MOCTAHOBKH 3aAA4i mpo ra-
MIIETOHIB UMK/, 10O He BANATAC NoNepeAHiX MATEMATHYENX 3HAHB
i CHMBOALEHMX No3Ha4eHb Vv GODMYNIORARHI.

IIopan#i rpad Mae raMineToOHIB IHKJI, TOMY, BHCJOBJICIOYHCH
HeCTPOro, AKiCHO MOMHA DPHOYCTHTHM, L[o 9HM Ginbme pebCep
y rpadi i uuM 6inpme +piBHOMIDHC® BOHHM PO3INOAIJNCHi, TEM BHINE
fimopipuicTs icHyBanHA raminbTomoma nwkay. Haeegeml pocraTtri
YyMOBM raMigbTOHOBOCTL rpade miATBeP[PRYIOTh Lle NpHOYIIeHHH,

Bei rpadm npunyckaloTheH 38 RIHUMU i npocmuMu.

Teopema 6.11 (I". fipax, 1952 p.)

AKrwo uitcao n eepllun pada G He MeHuie mpbox I emenins
& = deg x; OyBv-RKOL BEPULUHY X; He MeHULe %(6 2—3—}, mo zpagp G
€ 2aMiIpMONOEUNM,

ChopuynroBana o3Haka J[ipaka € OUeBHARKM HacJiAKOM GLIsm
BaTanbHOl OSHAKHM raMijABTOHOBOCTi, WO BeTaHeBaeHAa y 1960 p.

Ope.
Teopema 6.12 {O. Ope, 1960 p.)

Hrwo y 2padi G 3 n aepuunaru (n 2 3) cyma cmenenia 6ydv-
axux Hsox sepurun U, V € xe mentiow, win n (degu +degvzn),
mo zpagy G zamiasmonie.

B ceoio uepry, osHany ramiapToHoBocTi Ope MOMHA BHBECTH
a 6ixemr emiamixs osHax JI. Iloma i B. XBarana.

Teopewma 6.13 (B. Xeaman, 1972 p.)

Hexait daa ynopadxoeanotl sa 3pocmannam nociidoexocmi
cmenenie sepwun 5, = degx;

5] 5 52 €. 0, (6.29)
epaha G suronauni imnaixayll

B, sk =5, ,2n-k), Vk:lsk<§-,

modi G — zaminvmonie zpag.
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IchyloT: osHakM ramizeToHOBOcTi rpadim, mo € moxigHuMu
Bif Aesxux immux rpacis, soxkpema, A1 cremediB GF i pefeprmx
rpadie L{G). Haragacmo, 1o Bepimuuu pefepHoro (aGo gyantHoro)
rpada L(G) spaxojsaThcs Yy B3aEMHO OfHO3HA4HiK mipnmoBignoecTi
a3 pebpamu rpada G, a z8l BepmipuEm y L((7) s’eamanmi peGpowm,
arme i rirsku Ao Bignomigni peGpa v G cymimui. Crenine &G
rpada G = (X, Y) TyT posymieTecs AE rpad 3 TiC K MHOKHHOK
pepuupne X, B kil sepmmunn w, v € X a’¢gEaul peGpom (cymisx-
Ki), armo i TiaexkH akmo y G Bifcran: Mik w 1 v me Ginpme p:
d(w, v} < p y rpadi ¢. Hampurnag, axmo C; — OHKA 3 H'ATEMA
pepiinHaMM i n'areMa pepamu, to (C;)? = K; — nosHuit o’ aTheep-
mugenif rpad. Neit npukraan i came BUaHaueRHA G miaxasye, Mo
y OYAb-aKoro ss’asnoro rpada G aeskni crenink GF mosuxeH 6yTh
raMinsToOHOBHM rpagoM. Is raMineromoBocTi cremeEa G BEXOGHTh
raMineTOHOBiCTE GF*1,

Slxa HMMXEA TPAHE cTelleHIR p, MO 3a0e3NedYIOThH IaMiJABTOHO-
BicTh G*?

Teopama 6.14 (f]. Kapazanic, 1968 p.)

Adna 38’asnozo zpaa G 3 wucaom sepuiun n > 3 emeniny G*
€ 28MiIbMOROBUM 2pahoM.

Teopema 6.15 (I". ®neliwrep, 1971 p.)

Hrwo G — Osose’asnuil zpag) 3 vuciox éepuiun n > 3, mo
G? — zamiavmonie zpag.

Teopema 6.16 (¢. Xapapi, C. Hew-Binbamc, 1’965-p.)

Pebepuuii 2pag L(G) eaminvmonie modi i minsku modi, xoru
y & icuye yuxa, wo micmume xoua 6 no odrill eepwiuni 3 rwowm-
Hozo pebpu zpagu G.

Hacainok., AJxiwo zpagp G abo citaepie, abo zamiavmonis, mo
pebepruii spap L{(G) zamirvmonis,

JAra pismHnA MiR 3ajauaME IOpo MOLIYK FBMiILTOHOBOTO
OHXKJAY i DoIyK raMiNLTOHOROTO JaEnlora y rpagi? 3 ogmoro
6oRY, TAMiIBTOHIB rpad 3ap’kAW MiCTATL HelaMKHeHHN raMijgnTo-
HiB JaHnor. 3 immoro Goky, mpukaaau rpadis @), Gy ua pme.
6.43 ceiguaTs, Mo raMiNLTOHORL JaHEIOrEm MORYTH iCHYBATH
¥ HelraMinLToHOBOMY rpadi, ToMy KJaac TaMiJLTOHOBHX rpadin
MICTHTBCA Yy KJacl TpacOBEHX rIpadiB, He cOoiBmagamodd 2z HEM.
YkasaHl JBi 3agadi MAKTL OJHAKOBY CKAAJHICTL, a GyZb-sKHi
TpacoRHEHA rpad G JocHTE OpocTe VRIAZaeThCA ¥y OVEL-SKHM
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raMineToHiB rpag G,, MHOKMHA BepIIMH STKOTO HA OfHY BepIIH-
HY U nepeBepulye MHOMHHY BepIIHMH BHEXimmoro rpaga G. Cawe,
AKINo (@, b)-aHUr Z € PaMLIETOHOBMM JNAHIJIOM y TDACOBHOMY
rpagi G = (X, Y), To goaaBarHsa onHie! moBoi meprumEm v i gBOX
HOBHMX pebep (a, v), (b, v} npuseoauTs mo rpada G, = (X U v,
Yu (b, v)v (v, a)) 2 raminsromosEM uuraom Z s (b, v)w (v, a).

Hanpurnag, HeraMiibTOHIE TpacosEwMii rpad 7, ua pue. 6.43 ¢
migrpadom raMinsToroBoro rpaga G. Ha pHe. 6.47, Ae Aonani pes-
pa aobpakeno nyEKTHEpeM. IIpu nnoMy naps mojasmx pebep (&, v),
(v, a) «saMuKae» KORKPeTHHN raminnromir aammior Z y rpadi G.
Illo6 ne op’nayBAaTH BHJBLEHHH TpacoBHOro rpada y raminnronis
3 BHSHAYEHAM raMiILTOHOBMM JIANLIOrOM, YACTO HOBY BEpPIIMHY U
3’¢fHYIOTE 3i BeiMa BepmuRaMu muxizmoro rpada G i O ePIYIOTH
rpag Gu 3 dominywrowo eepuunoio v. Toxi Syas-Axmii ramiasTo-
HiB mammior y G AONMOBHIOCTLCS J0 BiIOBiAHOro ramMinnroxoBoro
LEKAY B G, (pHc. 6.47).

\ i/
A% ! ! //

AN J ///
AN / 4

N g
v
Gd’v

Pue. 6.47. llonoBHeHER 40 raMinnroororo rpada G,
t qo raminrToHoBEX MEKIB Gy

O3HAKH iCEYBAHHA zamiAbmON0GUX LWIAAXIE | KON mypie B opieH-
TOBAHOMY rpadi € CeHC poarnfafaTH TIIbKH JIA HECUMEMPULHUX
opepagis. Oxmicio 3 Hadnpoerimux e osEaka Kemira.

Teopema 6.17 (Keniz)

B noenomy opzpagi G (6ydv-axa napa sepuum K020 3’ edny-
EMbCca xoua 6 6 00HOMY nanprmxy) 3aewdu ichye zaminvmonie
wanxt,
| Bn_;:i.mmo vV G opoernit (x), x)-mnax Z xosxuue (r — 1)
8 HOCHINOBHiCTIO nonapHe piawmx mepmiud [x;, X3, .., x.] i noxa-
#eMD, IO 3 HOro JONOMOrOI0 MOJMKHA OfepATH MPOCTHA HIASX

' Ao me raminbToEi KOETYP (RMB. oprpady K, puc. 6.42).
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JOBKHHE Fr 3 NONApHO pisAuMu RepmuHamu. Hexall v — Bepllpza
rpaha G = (X, Y), 110 #e nane:xuTs muaxy Z. Ilpunycramo, oo gas
6ynb-aroro & € {1, 2, 3, .., r — 1} Be icHye muaxy B G AOBXKHHH T
3 MOCHLOBHICTIO BepIIMH [X1, X2, ey Xp» Uy X4+ 1r ey Xr]. TOAL DK
KOEBOMY £ empaneanaunl immoiwanii

(X, NVeY2W )Y > (v, V) Y, (6.30)
NpPHIOMY OCTAHHA iMmmikanida Bunaumac 3 nmoBHoTH rpadga G. Hk-
mo icHye ayra (v, x} € Y, To MH Bigpasy ogmep:cyemo IIyxanmii
MISX AOBXMHEU r 3 NochifopHicTio Bepmwe [v, x;, X2, -, Xl
Axmo ayra (v, x,) Biacy™ua B G, ro iemye ayra (x,, v), 1 Bcm-
ay (6.30) mocrainoBEO oaep:myemo, mo rpad G MicTHTE AYrH
(2, V) € Y, (%3, ) ¢ ¥, .., (x,V) € Y. Ane rogi icaye npo-
CTHA IMIAX KOBXKHEM r 3 DOCALZOEHICTIO MOMApHO pisHHX BepmVE
[xs, %2, s % U] (pHe. 6.48).
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Prc. 6.48. Hocaigosricrs uonapro pisAAX BEPIIAR

IlorToploroun npomeaypy aGiabmenus muaxy cKinderne
YHCJIO pad, OXePREMO mpocTHit magx gopmunuM n — 1 (R = |X]),
mo Micrsrs el pepmwmam a X. Ie i € mwyragmiét raMianToHiB
ouIAX, 1

Haenxipor. Yvacnukis mypripy, € sxomy sidbygeemeci 3ycm-
piv koxcuol napu i 36 NPGEUAAMU HeMONCAUGL HivulHi pesyioma-
mu, 3aen0u Moxcna nicas mypuipy ynopadxysamu {paricysaimu)
max, o6 woxmnuil nonepedunill 6ys nepemorcyem Geanocepednivo
HacmynHazo.

Bigsgaanmo gesaki aareCpaiuni saacTHEBocTi Ppadise, mo Ma-
OTs raMineTofiB maax aGo ramineToHiB KoHTYP. Hna Aosiabrol
nigmuEoxmEr S Bepman oprpada G = (X, ¥) BESHaUEMO MHO-
KMHY S.BCiX THX BepIUMH ¥, B AKi BegyTh AYIH 3 BepIIHH MHO-
SKHHH S:
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S, ={veX:(x,v)eY, Vx e S}.
Hepiyumom npocmozo zpaga G = (X, Y) HagupaeTeCH YHCIO

8, = max (8| -iS, |)- (6.31)

3puyafinoe, |S| noaHauae YUCHO eNeMeHTIB MHOKHEE S.

Hacrynea reopema MicTHTR anrebpaiuni yMoBH, B@WKOHAHHA
AKEX HeobXigHO Ans iICHYBAHHA raMiTLTOHOBOTO KOETYDY 1 raMins-
TOHQOBOrQ IUNAXY B oprpadi.

Teopema 6.18

Hxugo y zpadi icuye zaminomonie xoumyp, mo dediyum zpada
(6.31) dopienwe nyrio: & = 0. Auwo ienye zaminrvmonie wrax,
mo 0 £ 80 <1.

3apavua koMiBosDKepa

3ararbua'! zajavua KOMiBOSIKepA ITONATAE Y TAKOMY: BHEKO-
PHCTOBYIOUY 3aXaHY CHCTEMY TPAHCOOPTHHMX CIOJNy4eHb (Jopir
i r. n.) Mixk oynkTaMu (Micramu, dipMamu i T. 1.) ¥ xoEKpeTHIH 30Hi
oficnyropypannus, sigsigari sei nyarrn y rari#t nocaigosnocti, mob
npoiinernit Mapmpyt 6ys HalikopoTioHM i3 BCIX MOMIAMBMAX.

Ha moBi Teopii rpadis afo Mepesx sarannHa safadya KoMinos-
sepa Mae Take (POPMYIOBAHHSA: ¥ 3BAXKEeHOMY 3B A3HOMY rpadi &
auaitTu HalikopoTmHil MapmpyT, IO OPOXOAATE 4Yepe3 Bei Bep-
mimAEE rpada. B mocramosmi sagaui MoMmiwmBa JOEATKOBA BAMOTA
FaMKHenocmi MapMIpYTY KOMiBoaMepa (DORepHeRHA KoMmiBosskepa
¥ OYHKT BuXigaoro nepelyrannsa). 3poayminso, mo y GyAb-IKOMY
ap’ssHoMy rpadi G saranwHa safade KoMimoskepa (i saMkRema
i AesaMKkHeHa) 3ARMAM MAE PO3B’AZCK.

IcHye me ogHa ITOCTAHOBKA, B AKill dodamroso Ao monepeHbOE
saflaui Tpeba, mo6 moxmuuil DYHKT oBCIAYroBYBaHHA KOMiBOAIKEp
BigBiAyRaB miavku odun pas. OuepnAno, B Takiif mocramomnmi 3a-
Jada KoMiBosikepa He SaBXAYA Mac po3B’ASOK, A AKMOID Mae, TO
MapmpyT KoMiBodxepa B rpadi G € HallkopoTIIEM raMiThTOHOBHM
ARHIIOTOM abo NUKAoM. ¥ 3B'dA3KyY i3 ckasaHuM O6yaeMo HasHBaTH
OCTAHHI TOCTAHOBKY «ZaMiAbMOH060I0» 3adauerd rwoxidofepa
{za RigMiny Bin ¢saransHois). HKME INYKAETECA JAMAHeHLL MapUI-
PYT, TO AAS po3B’ASHOCTI <raMinsToHOBOI» zagayi KoMmiBosiiepa
neobxifgno i gocraruno, mob rpad G 6ys ramigbTOHOBMM, HASA

' Ha siaminy sig eramizsTonorois aajaui Kominomsepa.
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He3aMKHEHOro raMijJsTOHOBOTO MapIIpYTy — Tpad (F nosaHeH GyTH
MpacosHuM,

B opicumosaromy apaykeHOMy rpadi G sycTpivaeTeca Takox
aafaqa HOMYKY 3@2aAbNOZO OPLENMOSAHO20 Mapuipymy Koxisos-
aepa — HaltROPOTIIOrO OpiEHTOBAHOTC MAPIIPYTY, IO MICTHTH Bel
pepuIREY rpada, 1 BignoBinHO, opiekmosunozo wanxy abo xowmypy
romieodxepa (o MicTHTL KOSKHY RepUIMHY OXMH paz). 3aMKHe-
"t opiceToranmit (abo HeopieHTOBAHHI) MapUIDYT KOMiBOAMKepa
IpH saraasviil HeraminbroHOBINK HocTAHOBUI 3akaui He 0DOB’ABKORO
€ raMiZBETOHOBHM KOHTYpPOM (BiAnoPiIHO raMinkETOHOBRM IHKJOM).
Hanpexiaz, rpadp G Ra
puc. 6.49 Mae oAuH raMins-
TOHiB KOHTYD 1 kiabka ra-
MiJBLTOHOBHMX DOHKJiB, Bci 2 2
Ix goBKUHHE JOpiBRHIOIOTH
24, i roxawii MicTETE Tpu

a

Eyra. Opnax HalfikopoTiam & g 20 e
SAMHKHEHHM OpMapmipyTOM  ppue 6.49. (a, b), (b, 4), (a, <), (¢, @) —
KoMiBosiepa (HexpocTHM) nafivopornmit saMrHennil OpMADIIPYT

¢ 3aMKHeHH# MapHIpyT
3 gorHpma ayramm (g, b), (b, a), (a,c), {c, a), AKuil DpoxoguThH
uepes KOMHY BepmurHy Aeivi i Mae Jommnuy 8.

B axux Bumazrxax raMinbToHiBE RoRTYp {860 NUKA) € po3r’A3-
KOM 3aranbHo]l 3apedi KomiBossmepa?

Teopema 6.19
Arwo gynnyla d(x, v) eaz (Jdoescun) pebep (abo dyz) mix
nepaMu septuk x, v y zpapi G = (X, Y) 7 vuchom eepuiun
n = |X] > 3 sadosonenae Hepisnicmv mpuxympuxa
dx, v) sdix, 2+ dlz,v), Vz#x, 2+v, 2 X, (6.32)
ma icHYE po3s’a30K 3azanvHol sadavi xomisozxmepa, mo ickye ma-
KG¥ pG36'R30K «2aMIRLMOROS0I» 3adavi KoMieoRycepa.

YMOoBa TPHKYTHHKA 03HATA€, Mo ¥ T'padl G ZoBMHHA «0ZHOKDO-
KOBOTO» WIAAXY' (JaHUiora) Mix BepLIMHAMA X i v, ckiHueHHAa a6o
HecKiHUeHHA, He nepesepusye JOBKUHMU BYAL-AKOIO ¢IBOXKDPOKOBOIro»
(x, v)-maaxy ((x, v)-Tanmora) s oJHICI0 NPOMIMKHON BepPLTHHOIO.
0 Hexall @ — onraMaibHHil saMKHEHEH MapUIpYT koMiBosAKe-
PA, AAA BU3HAUEHOCTL — opicHromramuit, i npuoycTEmMe, @ He €

! Tofro masxy (naELors) Uz, v} Bes npoMlicHux sepmmB Mix » i v; Bin craa-
AacTecH abo 2 peGpa {(x, v), afo Bigcyreid,
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TAMITLTOHOBHM KOHTYpoM ¥ rpadi G. Toat icaye mepmuna 2z ¢ X,
fKa TORTOPIOETRECH OpH 006xoAl KomTypy @, mouafimeHnmre, aslui.
IIpunycrumo, NMpM mepllioMy OPOXOAMKEHHI KoMiBOfXKep HOTPan-
nAae y BEPINMHY 2 3 HomepefHbO! BEPIIWHHM X, A BHXOQUTH 3 2
A0 HACTYNHOI BepIUMHH ¥. 33 YyMOBOI TEOPEMHM [OBMHEH iCHYyB&-
TU<OJHOKPOKOBUit» maax I(x, v) 3a gyroio (x, v), AREH He goRHIE
ABOXKporoBOro maaxy (x, z, v) (pue. 6.50). Orxe, v MapmpyTi
%) npa OOHOKPATHHX mpoxopmsenHs ayr (x, z), (z, v) MoxHa saMi-
HUTH OAHUM NpoXomkeunam pyra (x, v).

Q x

Pre. 6.50. Samina aB0X ONHOKPATHHME IpPOXOJMeEs AYT (x, 2), (2, V)
HA OXHe NPOXGHKeHHA AYrHE (x, )

B pesvasTari ofepayersca saMxreEnE MapInpyT KoMiBogKepa Gh
AomruBan d(@,) < d(Q) 3 UNCcIOM KpOoKiE, TOOTO IMCAOM LPOXO[KeH:
IYT, MeHIOuM, HiX v MapmpyTri Q. IIDH npoMy 9Hcilc ODpPoXoJKeHE
BePIIMHA Z SMeEIIYETECA Ha OJHHMI (TodHiIDe, Ha COAMH 3aXix
i oguu BuXin), a YMCAO DpOXOmKeHE pellTH BeplunH rpada abepira-
€TBCA. BacTOCOBYIOUH Hell Hpomec 4o MapIUpyTy @, MM mobyayeMo
BaMKHEHH{I OpMapIIDyT KoMiBodscepa @; ACBMHUEU d(Q:) < (@)
3 YACAOM OPOXOiKeHb AYyT, MeHIIMM, Hix y @y, i T. A, Ilicaa ckin-
YeHHOTO THCHIa KPOoKiB MH OJeDKIMO 3aMEHeHEH MapmpyT koMiBog-
Jepa @y, ¥ AXOMY KOMHA BepIIMHA IYCTDIYacThLCA TOIHO OAHEH Pas.
Otske, @, € raMiILTORIB KOHTYD ¥y rpadi G. [

HArmo rpad G He 3aa0BONLHAE HepieHieTh TpRKYTHHKA (6.32),
10 (OPMAALEOC BAaTANLHY 3849y KROMiBos:epa HeoDXifHoe poar’Ha3y-
BATH CKPEMO Bif raminrtoHopoi aafaui komiBosxepa. OgEax dak-
THYHO MONHG po3s’naok 3azarvnol zadaui secdumu do poae’ssky
szaxinvmonosgots. [Ina nhoro ZOcTATHLEG TPOCTUM TepPETEOPEHHAM
nepeSyayeatn rpad G i ogep:raty rpad G;, 1IN0 3AIOBOJILHAE Hepir-
miers (6.32) aa aomomorore saMiHM ¥y G AoBEHE d(x, U) KomHOI
Ayrn (x, v), mo He safoBoabHAe (6.32), ma goBmumRy Halikopor-
more mMNAXYy 3 x Ao v. Hexall @, — po3r’#30K «TraMiNsTOHOBOI
sanayi KoMmiBodmepa y rpadi G,. Koxny pyry! (v, w) a ramininro-

! Bemiovaloyy BifeyTHIO AYTY 3 GOpMAaILHEOND JOBKHHOK 00,
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HOBOIrO KOHTYPY @, moBuHa Axcel Gyna paHime sMeHIIeHa HpH
nepexoni &G —» G,, crig saminurn HaikopormuMm (v, w}-MiaAxoM 3
rpada . Ozep:raEui TAKMM YHHOM MAPIIPYT ¢ € ONTAMANLHEAM
po3B’AskoM sarajissol sagaui komisosixepa ¥ rpadi G.
Henpuxaagx, y rpadi G ma pue. 6.49 pyra (b, ¢) He 3afoBOIL-
nae ymory (6.32): 20 > 2 + 2. Tomy caig saminnTa JoBwunny 20
ayra (b, ¢) aa pomuny 4 = 2 + 2 maliropormoro (b, ¢)-mnsxy
(b, a, c). B ogepxanomy spamenoMy rpagi G, (romonoriuHo BiH
cuiBnagae 3 G, siapisHawThes guie paru pyru (b, ¢)) ramineronis
koHTYP (@, b, ¢, a) Mac goBxkuEy 2 + 4 + 2 = 8 i € onTMansHEM
MapHIDYTOM KoMiRosmepa y rpadi (. Samiusioun y §; «cxopove-
Hy» ayry (&, ¢) HalikopormuM (b, c)-maaxom (b, @, ¢), ofepRycMO
ONTUMAALHMI ¥y rpadi G opmapmpyT roMmisodxkepa (a, b, a, ¢, a)
JOBKMHH 8, mio BKJWOYae HYOoTHPH Xyrd i Ee € PraMiJIPTOHOBUM.

MNpakTuuni metoau i anropurmn

B camomMy HecnpHATINEOMY EUOaAKY (TorRuH rpad i daransra
HEeBAava) ONTHMAILH U raMiasTOHIR Jannior abo nuKka ¥ rpadi G, 1o
MOUVHACTRCHE V aafanill BepmiuHEi x;, MO&NA To6YIVBATH MIIAXOM
pisHHX MePecTAHOBOK Ka MHOMRHEL paIliTH BepmINH [z, X3, ., X)-
Orixe, ofuHCMIOBANBHA CHAANHICTE sagauw aminsToHa i KOMiBOS:.
mepa Mae mopagok (n — 1) Buacaigor rakoi sumaunoi o6umenlo-
BAJMLHOI CKIAAHOCTI AMA po3B’43Ky 3a/ladi KoMiBossxepa CTBOpeRO
GaraTo anropMTMiB, K ABTOHOMHEMX, TAK i TakuX, o 0a3yIOThLCH
Ha iHIIMX onTHMisamifHMX AaJITOpHTMAX, — [IOTOKOBHX, N0 OyAy-
10T MimiMaarEWi ocrie Tome. IIpH npoMy TOYHI AJNTOPHTMH, IO
rapaHTYIOTh OACDMAHHS MaAPIIPYTY KOMiBosikepa y ByAB-sKOMY
BUHAAKY, € TPYAOMICTKHMI 1 3aCTOCOBHI J0 Mepexd< He AViKe BH-
coxol poamiprocTi. HabnmaseHl alropuT™ME ¥ GinkINocTi BHNALKIB
3aCTOCOBHI 70 OiabII TPOMIBAKHMX Mepe)Xk, OAHAK i1HOAL OPHABOAATE
X0 HeONTEMAXBHOro MapwpyTty [10, 42, 47]. PoarngHeMo KOpPOTKO
AB& BJIMOPHTME.

AnrebpaiusniA anroputm Woy, [laHienccowa, flxasaHa

B anropur™i mocrifiopHo GyayioThes Bel TpocTi IMIAKXE Opo-
cToro oprpada G 3a ZOIOMOroi MOCHAIfOBHOTC IePeMHOMEHHS
(n % n)-MaTpHUE, {0 MIiCTHTE CHMBOJHM BepIIMH Xi, X2, .., X.. He-
xait A= {ay}] — Marpuna cymixnocti oprpada G. UYepea V = {v;}]
NMO3HAYUNMO TAK 3BAHY MOGUGIK0SARY MAMPUYKIO cYMiNHOCT 2pada
G, B fRi#l vy = x;, AKIMO icHYE OyTa 3 X; H0 Xx; i vy=0— Ao
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raxol ayru Hemae, Tobro, BHa micnl oagwHANE ¥ MaTpHIL cymikHO-
¢Ti A cTARNATLCH CHMBOJM X; REDHIAH, B AKi 3aXoAfTs Bigmosigni
pAgKaM IYTH:

ﬂu=1¢=l’”=xj; a;‘.——-—0¢->vi_;=0.

«Buympiuthin doCymixom sepliurs IMAAXY (X, X2, X3, -,
Xy-1, Xiy) HASWBACThed QOpMANLHEY anredpaiunxii Bupas (CRoBO)
Xy X3 .- Xp-1, N0 He MicTUTe nouaTkoBol i kiHilenol BepmAR
muaaxy. IIpm k = 2 noSyrox BBR:XAEThcA pisEuM 1.

3anponoHoEaHKil anropuTM 6YAYE MOCAIKOBHICTE MATPHILb

Pls P21 weey Pn-lv V'Pn-ls

xe P, = {pi, D} ;-1 — marpunsa, exeMenT aAxoi pfi, f) mopienioe
cymMi BHYTpimEIX xo6yTRiR acix npocmux waaxie 8 x; 40 Xx; LOB-
wound 8(l < s < n — 1), aemo i = [ 1 pfi, {) = 0. Bposymino, mo
P, = A (Marpung cyMmimnuocti). SIxmo marpumna P, nxke obuncaena,
TO AJiAa Ofep:xaHHf P;,, coouaTKy GyLYETbCA MaTpHLA

B =V -P={pl 0. PGD=2V, p(k ). (6.38)
E]

Ii enement p* , 1(i, j) AopiBHICE cyMi BRyTpimmix 106yTKiB 8cix
maxux zranywozie (He Tinbxn npoctuxl) 3 BepmuEM X, Ko Bepmn-
HM x; KOR:XUEHE 8-+ 1, cepes sikmx HenpocmuMu € B To9HoeTi T
JMAHIIOrMA, BHYTPIH] J06YTKA AKNX MicTATH y YaHHRKAX p.(E, j)
3 {6.33) pepmxuy X;. Bukmoumsmu 3 cyMH y (6.33) gogamku, oo
MicTATL X, omep:RyeMo aarebpaiumnil BEpas p,..(:, j), me xpopis-
HI0e cyMi BRYTpimHIX Ao0yTKiB BCix npocmux (x;, x;) — maaxis
poBxWEn 3+ 1, me i # j. Beamamoum p,..i, i} = 0, opepxumo
mMyKaHy Marpumio P, .; BeiXx mpocTHX HesaMKHeHMX IIIAXIiB AOB-
MyHE 3+ 1,

Hapemri, npy s =n -1 maTpuns P, _, Aac Bci zamizemonosi
wagxe (1Mo MawTs gosxkuny 2 — 1)} y rpadi G mim BeiMa mapa-
MH BepmInH. [aMiNbTOHOBL KOHTYDH OfepMmYIOTLCA AOTABAHHAM
AyrH (arulo BoHa icnye), mo 3’¢aHye KiHens raminbpTonoBOTO
mAAXY 3 floro moyaTkoM. IHaKIle KAKYyYH,

a : b s . .
ramMiasToHoBl HOHTYPRE NepenivyioThca die-
A HeMu BHYTpimHiX go6yTkiB BepIIHH, IO
# MicTaTECA Ha JIATOHANBHHX eTeMEeHTaX MAT-
prui V- P, _,.
e f c .
¢ TIpoinwerpyeMo pobory alropHTMy HAa

npuksaaai oprpada G pac. 6.51 3 MEOXHEROL
Puc. 6.51. Oprpah G Bepmun X = {a, b, ¢, d, ¢}.
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Marprns cymiseroeTi 4 1 Mozmbixopaga MaTpHUA CYMiXKHOCT]
¥V MaoTE BETIAR:

_abcde“ _abcde_
a |01 010 a [0 b O 4dOD
» |0 0011 b |0 0 0 d e
A<clo1oo01] Ve io b 00 ef
d [0 01 0O d [0 D ¢c OO
e |1 010 0] e la 0 ¢ 0 0]

Beasxaemo P, = A. Ofuncaooun marpunio Pi=V-P, i aani-
HWIOUYH B Hilt OifKkpecieni giaroHafpHL eneMenTw HYNIAMH, OAep-
syemo P;. Baxpecneni a aiaromani BepIZHER ¢, ¢ € npoMiscauMyE
¥ 2-romTypi (c, ¢, ¢) i (e, ¢, ¢) BimmoRigAO.

a b ¢ d e a b ¢ a e
ald O d b & alo O d b b
ble 0 d+e 0 0O bie 0 d+e 0 0O
Pe= : B= .
Z27¢cle O e b Bb|’ 27¢cle O 0 b b
dj0 ¢ 0 ¢ d|0 ¢ 0 0 ¢
e _0 a+ce a ¢| e _0 ate 0O a O]

0

0
Iani asaxogamo P3=V . P, i nicna saminm giaropannuux exe-
MeHTiE HYJISAMHA — MATPHI0 TpocTAX 3-mmagaxin P,

a b e d e

albe; de bd+bel 0 1 dec
bl O Edc+ea+ec 0 | ea -i de
P:=c bej ea + ec bd+be§i ed j 0 -*;
d|cel 0 o0 | eb | cb
e b T e e e e e
e|ce! 0 i ad 'ab+ch!abich
a b c d e
al0 idcibdvbel O | dc]
b]0:0} 0 | ea |de]
P=c|belea} ea |0
e e o e e e b —
d ce_; ¢; O 0 lc¢b
- ¥ -
e|0 0] ad !ab+eb} O
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Bunkpecaeri v marpuuni P} miarcEanppi eneMentu Bigmomima-
10Tb 3-KOHTYpaM, fki 3 BigTOBiAHO! NMpUYHHH He MOXKYTE GYTH
JARJi YAaCTHHAMH IPOCTEX 4-miiaxis. Buxpecieni y PJ elleMenrm
ec, ¢e Ha miciax (3, 2), (b, 1) BiANoRigaIOTL BEIPOCTHM IITIAXAM
{c,2,e,b), {e, c, e, a) BiznonigHo, TOUYHiIIe, BePUIHMEY ¢, € € BHYT-
PLIDHIMH (OpOMIMKHMME)} ¥ DMX mMIAXax. ¥ MaTprui P; aHaueHHs
(bd + be} enementa (1, 8) osHauae, mo nocraigosricTs Bepmus {bd}
€ BHYTpilIHROK Yy npoctomy 4-mnaxy {a, b, d, ¢) 1 nocaixormicTs
BeplEH {b, e} € BHYTPimHELOD ¥ OpocToNY 4-minsaxy {a, b, ¢, ¢).

B marpeni P$ = V- P; migkpecneni giaroHannHi enemedTH Bij-
HOBiZAIOTL 4-KOHTWQM y rpadi G, a migxpecieHi HeziaroHanbHI
eIeMEeHTH — HEeNpPOCTHM 4-IMIAX8M, 10 MIiCTATL KOHTYP LCOBXKVHH
3 abo 2 {goBx<UHY KOHTYpPY BKAa3ye BigcTans BiJl MouaTKOBOI BeplIM-
HH IMAAXy o Micud iI ooBTopeHEA y BRyTpimmgiil mocaigosrocti).
Ticns saming y PS migkpecaenux eneMeRTiB HyJAfIMH 0JCpKyEThCS
maTpung P, Bcix raMinhrToHOBHX NHIAXIiE rpade G, ocKiabkm TYT
4 =7 -1, 3aranbaa KiaegicTh raMineToBEOBHX 4-MAAXiBE KopiBHBE
10: ne upeno BeiXx HeHyAnOBUX HopaHkie y Marprui P,. Hemo
raminnronori masaxw (a, b, d, ¢, €) i (a, d, ¢, b, €), mo Bigno-
Bigalore ememeHTy (1, 5) maTpuui P,, ZonoewHTH Ayrow (e, a),
TO MM OJEpPKHMO ABA faMIirbmoncsux xoumypu zpaga G: Q, =
- (a, b, d, c, e a), @ = (a, d, ¢, b, e, a).

a b c a e
a|dee: 0 t 0 bea Lbdc+dcb
bldcei 0  ead | eabtech | dcb

PP=c[0 0 | ead |beatecbreab| bdc |
—— N | S ey R, A —— T s s L e T e o
d|cbe| cea !} 0 H ceq i 0
L e e e e e T e e e e e
e| che | adr.'+cea ! abd +abe | cea ! ade
a b e d _ e
o[ 07010 0 Jbderdet]
bl|dee: 0 1ead: 0 I 0
_____________ A — e e e e e ]
Ba=P=c} 0 : 0 1 0 ibeaveabi O
dlchelceal 0 ! 0 H 0
e o e SRR S
el 0 !ade)abd! 0 H 0

HKkmo 6yab-SKHil 8 pellTH BOCEMH IaMilbTOHOBHX 4-MIAXiB
AOMOBEMTH BiADOBIZHOI LYrol0, OJEDKYETHCA OIUMH 3 OBOX KOHTY-
PiE @, aBo @;, Tax N0 IHMHEX raMiThTOEOBHX KOHTYpPIB vy rpadi G
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reMac. JlonmoBHeHHA BCiX AECATH HEe3AMKHEHHX ramifbTOHOBHX
maaxis Ao ramizpToEoBOre KoETYpY @) afo & meperxiuyrorThed
38 AONOMOTON BHYTPimiHiX noGyTkiR RepmuH, IDo cTOATh HA IO-
aosHift giaromani marpumi V-P, = {y.). Hanpuknag, eaemenTt
Y22 = dcea + eade pignosifae Apyriit BepmuHi ¢b» i raMiILTOHOBHAM
xourypam (b, d, ¢, e, a, b) i(b, e, a, d, ¢, D), 3 AKEX nDepmHH
crniemagae 3 6, pyrui — 3 Q.. Taxun vusOM, KoxcHLT Fid20HAAL-
Hull enemenm mampuui V - P, ., nepenivye aci caminbmorosi KOX-
mypu zpaga 3a AoNOMOTeI0 BRYTpimAixX A006yTKiB, Mo BHEHKAKTL
npn ofxogl xoHTYpiB & nouaTKoOM y Tii Bepmnyi, akilt Bigmosinee
giaroHaneHUil eneMeHT Y.

fArimo He Tpeba sHAXOAUTH Bci HexaMKHeH] raMinsTOROBI IIAA-
XM, a HeoOXiZHO JNAIIe HepeAidmTH 8ci zamiibmomcoei KOHMYyPU
zpaga, To axzebpaiynulli arzopumM MOMCHA AEKiNBEKA CIPOCTHTH,
CKOpPOTHBIIH 06G’e¢M ofuucieH: opicuTroBHO y n pasis. A caxe,
AOCTATHLO OOUMCHUTH JRENIe OAME AlaroHAJbLHHHE eleMeHT MAT-
puni V. P,.,, HaIpMKRIaA, ¥1;, & AN OO0 MOMKHA 3HAXOJMTH
i abepiraty y mam’ari me Bci enedewrn martpump P% .., P. ,;
PY_ 4 Po_gi .3 Py, @ Auiie ix nepusi crmoanui.

Bayeaxenns, Ilicna opepranus acix raMinbTOHOBHX HE3AMKHE-
BHMX magxis aGo raMilBrTOHOBHX KOHTYpPiE posB’sisok zamadwi KoMi-
Bosmziepa' (BianoBigHo HesaMkHenmit abo zaMKHeHHIA) sROAHTRCA AO
nmopisuauna par maaxie ado rourypir 1 anaxogmenus minimansnol
Baru. Onucauni anreSpaiunmii MeToq pose’sasKy sagay [amineroua
i xoMiRoasxepa 3aBRAM EPUSBOAUTL A0 TOUHOTO PO3B’ASKY, ONHAK
€ JOCHTH TPYACMICTKMM, NPHIYCKAE BAKOPUCTAHHEA OGUHCIIOBANL-
HHAX abo nmporpamMaux aacobin BMCOKOre pirHs, U0 eeKTHEHO ome-
PYIOTL 8 BeJIHENMH 0B6’c¢MaMU CHMBOJLHUX NEDPETROPEHL.

@ 3aBoannn

1. Iligpaxyeatw xinskocTi Beix ramMinuToHOBEX DHKAIB Yy rpadax
K., K5 i neperiuntH Ix.

2. 3a AKMX YMOB DOBHEN JBogounpHui rped X, ; € ramMinsToHOBHM?
Koam K, , ¢ Tpaconamam?

3. 3malire TeTa-nmigrpadu y meramintromoBux rpadax Kas, K4 Ha
pue. 6.44.

4. Hexall rpam™acTill rpad G yTeopeHR# p rOpH30OHTAIBHEAMA Ji-
HiaMy i ¢ Bepraxeavaemu. Koxua Touka Nepepisy BBacacThesH

! PoayMieTsed, ¥ raMinpToROBIN DocranoBmi (IME. mepexix o rpady Gr B RimIi
MOMepaIHEOro poaginy).
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BepmKHOI rpada, a KOMEMHE Bigpisox mMimx cycinpiMu ToukaMu
nepetiury — peSpoM rpata G. Ipn akux p i ¢ rpag G ¢ raMine-
ToROBMM T

§. TlokagaTa, 0 MEOKHEA ONTAMAARHMX posB’dAskis sagaui xomi-
BOFIKepa He J8JeXMTE Biy TOro, AKa 3 BepHAE OOMpASTRCA fK
TOYATKOBE TpH 06XoAl.

6.12. Teuli y mepexax

B oMy posaini 6yne posragnyro saskerwuit rpag — rpad,
KoxEill Zysl Awxoro mpHpMcaHa Teuid Nedakrol pegormHM. Takmi
rpad) € SPYUHOIO MOASMNI0 MPH AocHiyxedui nizoro pany samau
¥ TpaHcoepTi, 8R'gaKY Ta immHy ofnacTax, ap’Asannx a3 gificHuwm
abo yseHMM pyxom ToBapik, indopmanii abo mroogeii. BeegeMo BH-
SHAYEHHA 1 ITOSHAUEHHS, THIOBL ANA LUKOTO KONA HHTAHB.

Mepexcero 6ypeMo HasuBaTH opieaTopanuit 3B’ sa3nkl rpad Ges
meTeAk i DapasielhHAX pebep. 3ayeaxumMo, mo Tedili y HeopieHTO-
BAaRUX rpadax Moxpa sofpasmTn vy pMrasal reuilt y sianmosipEnx
opicHTOBAHUX; Teuil y Hear a3HMX rpadiax MoKyTh BABYATHCH HO-
KOMIIOHEHTHO; Tedia y Der/i He BOnuBae Ha po3nofia Tedvil mix
BepIUVHAMHE,

Posrnapemo mepexy G = (X, Y), {X| = n, {Y] = m. Hexaik
rkoxniit Ayal y; € Y nmocraBneno y sizmomiamictn Henip'emze
niltcHe uneso oy, oo iETepnperyeThcs AK nponyckne adamnicme
(micmricems) dyzu y,. IloasaunMo uepes x, — X MHOKUHY AZyT,
mo BMXONATL 3 BepIiMHK x;, yepe3d X — Xx; — MHOMUHa Ayr, mo
3aXOMATL A0 BePIMHMHU X

Teuwicio y Mepexi G 2 seputunu X, 00 SEPUURUN X, JEIUNUNY
v HasHBacThCA Hepix'cMua, BH3HAYEeHa Ha Ayrax y, GYHROIR ¢!
Y —» R. v {0}, Taka, mpo

v, X=X,
Y0 - Yoy =10, x#x,x, (6.34)
yex-+X yeXrx
1— v, X=X,
‘P(!lj) L cjo j = 13 wny 172, (6°35)
Bepmnna X; HAUBRETHCSH 6Jteepe.w.u, BepMyE"a x, — emo-

KoM, A DEIlTa BEPUIHH — npoMisxnumu ayanamu. Yucno Q(x,) =
= th(y) — 3 0(y) HaaMBacTECH MO0 MeEUicl 3 BEPLIMHE X,
yex, X ysX=x;

BigHocHO ¢. Uncno o(y) HasupacThCR mewiew 34 Gyzow y. 3ayBa-
JHHMO, IO AKIOIO ¢peaJbHa» Te4Yid 3a AyToI0 Big'eMEHA, TO II MoXKHA

-
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3pobKTH AOLATHOIO, o0paBIMI¥ BiANOBIIHY opieETanilo Ayrx y. CrHe-
TeMy piBEAHE (6.34) MoXHa NepenHcaTH Yy BeKTODHOMY BHIJIAZIL:

Bd =1, (6.38)
ge B — marpuna inounenuiil poamipmocti B x m, @ = (p{y1) .
@)y, 1=(0. .0::0. 0 -'vo..l))". Ockinbxu pasr MaTpRii il:nn.u,ennin

Zopiemioe n — 1, To eucrena pinaanzn (6.84) sapTHIIKOBA: ZQ(x,) =0,
icl
JaypamHMO TAKOK, IO TEYiS ¢ 3 X, A0 X, BeNMYMHRA © € Teyid

BE&IMYMHH —U 3 X, Q0 X,.

Iparaax
-x.
5:6 x‘ 2;2
h Ya

22

X, it 2y
% A
7;8 ¥s 0;8 o e sl

Y )
ry=x, s 44 x,

o

Pac. 6.52. Teuia penmanan 3

Ha puc. 6.52 HameneHo npexiaag Mepexi, Mo CKIANAETHCH
3 I'ATE By3niR i BocbMH AYr, B AKIE pOSNIALAETRCA Teuid 3 X,
Jo xs. Koxkmift qysi npunmcani Jea uMcaa: mepiie — BelHUAHA
reyii aa Ayrow, Ipyra-— OpoOycKHa 3gaTHieTE ayry. Benwunza
miel Teuii mopiBmwoe 3. Hificmo,

Q(x)) =5 -2=3, Xx:) =T~ (5 +2)=0,

Q) =-4-04+2+2=0, Qr)=-4+4=40, (6.37)

xs)=4+0-T7=-3.

Cucremy piBnaup (6.37) MoRHa 3alHCATH ¥ BeKTODHOMY BM-
rasxi B = | (6.36):

3
1 -1 0 0 O 0 O 2 3
-1 0 -1 0 1 0 O 2 0
B={0 1 1 -t 0 0 -1y ©=|(4}, I=| 0
g 0 0 1 0 -1 O i 0
O ¢ 0 ¢ -1 1 1 4 -3

\0/
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3anava Npo MakcumanLHy redilo

Banaua moaaArac v 3HaXogxeHHI Taxol MHoxHMA Teuwidr 3a
ayraMp, mo6 BennunHa Q(x,) 6yna MakcuManabHOKR. BBegemo me.
o6xigHl BH3HAaueHHA.

Hepepis 8 eidoxpemnioc x, 6id x;,, AKMIO BEeDIINEH X,, X; Ha-
Jexarh pissuM SokaM mepepisy: x, € X, x, ¢ X, X = X, X,
Hponycxnow sdamuicmio ¢(S) nepepisy S HAIMBACTHCA cyMa
NPONyCKHHX 3gaTHocTeli AYr mepepisy, mo moumnnamThea 3 X,
i saxiguyoThca B X,:

(8= D .
yelX,— X))

AJroprTM po3NMillleHHNM U03HAYUOK 3aCcHOBaHMII Ha Takmi

FeopeMi.

Teopema 6.20. Teopema npo MaxcuUMansHy mMeviro

i Miimanbnuli po3pia

Han 6ydv-akoi Mepesi MaKcuMaitHa GeAURUHa mevril 3 x, 0o
x; Jopienioe minimanrwvnili nponyckyiit sdamuocmi nepepisy, wo
aldoxpemane x, aid x,.

O Ilokaskemo choouaTky, nto BeaHumHa v OyZb-akol Tewll @ wWe
nepeRepye NPONYCKHY sjaTHie™s Gyan-groro mepepiay (X., X)),
mo sigoxpemaloe x, Big x,.. Ockinexku dyHERIia ¢ ¢ Teuiew, To
BOHA 3aJ0BOJLHAE PisHAHHA (6.34) sbepesxenHs Teuwii:

Yo - o=y,

yex,» X yeX—sx,

20 ~ Do)=0, x=x,x, (6.38)

yex» X yeXx

Yoy - D ely)=-v.

pex,+X yeXox,

Cxaagzemo 1i pireaxEA 3 (6.38), axi BignoBinawTe Bepmmuam
2 X,. Bpaxomvounu, mo x, « X,, x, ¢ X,, omepsyemo:

v= 3o - D eW.

yeX, X yeXa X,

Best MHOMUEA ReDITUE DOANAJIACTRCS Ha Jra Gonm: X =X, X,.
Onep:xyemo



Teopia epagis 325
v= Yo - YYo=

yeX X UX, wpyeXUX X,

= Yo + 2o - Yo - Yey=

yeX =X, yeX, X, peX =X, yaX, X,
= 20 - o) < Do) £ 3 dy=eX, X,).
veX,—» X, YeX, =+ X, veX, X, yeX X,

Temep HAM 3aMUIIMIOCA MOK&3ATH, Y10 icHYloTh fedari Teuis @
i mepepis (X,, X,), Ansa AKHX seanuuna Teuil JopieHioe nponyckHii
agaTHocri nepepiay. fIx Buamo, Bei Teuii Bim X, jpo X obmeskexi
i cepem HuX MoxHA oOpaTH MaKCHMAJBHEY Tediio ¢. 3a ii aAomoMo-
roio BUsHaUHMO nepepis (X,, X,), aaa axoro

Yoy =dX,.X), Yo@=0.
yeX, X, yeX, X,

BuznauuMo muoxkuHy X, — oany 3 OoKiB Hepeplay — peky-
peHTHO: )

x e X,

2)fIxmo x, € X,, Ayra y Befe 3 BEpIIMHH X; Ao Oyib-akoil
BepHIMHM X; 1 @) < e(y), To x; € X..

3) Hxwmo x; € X,, Ayra y sejze 3 jeaxol BepIHHEH X, M0 Bep-
unem X i o(y) > 0, To x, e X,.

Kpox 1) mobymorm muHoxuHM X, osHauae, W0 JIKepeJao X, Ha-
nexuTs nebymoBaHomMy Goky nepepisy. Iloxaskemo, mo cTiK ToAL
Je:RMTE He iHmoMy Ocui liepepisy — x, € X, = X\X,, IIpunyeramo
cynepeure: Hexalt x, € X,. Toal icHye <«HeopiemTeoBRHHMI» A&HIIOT,
o BefAe Big Asxepesa x, JO CTOKY X,, TAKW, L0 JJIA KOKHOI IYTH Y
JaHIora 3 HAUPAMKOM, LI0 CIIBNagac 3 OpicHTallicelo «Bim Axepena
Zo cTory» @) < ¢, a AJA KOKHOL AyI'M y; JAHOIOTA 3 HAIIPIMKOM,
1[0 He cOiBnajac 8 opicHTAniclo Bifg f:repena fo crorys ¢y) > 0.
(Taxuil TAHOIOr HASWBEETECH GYZMEHMAABRUM RANYIOZONM medii).

Tlosaaurmo gepes ! = min {c(y) — ¢()}, 3a BeiMa Ayramu ¥y, Tau-
Ifora 3 HAMpSIMKOM, IO ciliBmagae 3 opicHTalliclo «Bia mxepena Ko
CTOKY», Iz = min{¢(y)}, 32 BciMa Ayramp y; JaHIIOra 3 HAIIPAMKOM,
1LI0 He coiBIajac 3 OPICHTALIEIO B Jepelia 4O CTOKY», I =min (1, {3).
Teqiro ¢ MoxHa 36insmETR Ha [, 36inbmremu Ha [ Tewilo Ha nyrax
JaHDjora, U0 BeXYTh «Bif Akepena AC CTOKY» i BMeHIUMEBIIN Ha !
Teyilo Ha Ayrax JAaHIOTa, W0 BeOYTh <Bifl CTOKY IO Mkepenas. 1le
cyTiepetiTt TOMY, UI0 BeNWYREA Teull ¢ € MAKCHMAJLHOI BeJIMYH-
HOIO IpHNycTUMO] Teuil Bl BepIU#HHM X, A0 BepIIHEHN X,. |
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B posrAgHYTOMY BULUe NPHKJIAAL Tedid He € MaKCHMAJLHOIO.
MiniMaleHY TpOnyCKHY B3JATHiCTE Mae nepepis, o cKJAagacThes
3 AYT Y1, y2: (X, X)) = 6. llpE nnoMy
Xo={x}, Xi= {2 25, 2, 2, X, o> Xi={ys}, Xio X,={ys).

ANTOPUTM POIMIILEHHA NO3HAMOK
Ana 3apgavl Npo MakcnMmansHy Tedilo

Hosenenns Teopemm 6.20 aac anropurM Ana nobygoBE MiHi-
ManbHoro mepeplsy (X, X)), W0 BimoxpeMiawe x, Big x,, i Mak-
cUMAaABLHY Teuito ¢ Bif x, A0 x,. Ile#l anropuTM sanponoxHosanmit
JI. ®oproM i . DanxepcoHoM. ANTOPHTM nodHHae poboTy 3 Bigomol
apunycTuMoi Teull ¢ (Haopuraaf, 3 HyAsonoi). IToriM obuncrenusa
POSBUBAIOTECA ¥V BUTHALL TOCHiAOBEOCTI «pPO3IMINEHAR NOBHAUOKS
(omepania A), koxAa 3 axknx abo npuasoauTh Ao Teuli 3 6inkmioo
BexnuuHOWw {omepania B), abo x 3aKiHUVETRCA BUCHOBKOM, IO
pOSTHAAHYTA Tedifd MaKCHMANLEA.

Bynemo mpunyckaTH, 110 DTPONYCKHI 3AaTHOCTI ¢; AYT MepeXxi
WinoyHeaoBi.

Onepayia A (posmlwenna noanavox ). Koxua pepliuna Moxe
SHAXOMUTHCH B ONHOMY 3 TPhOX CTAHIB: BepIIXHi mpHmucana mO-
awauyxa i BepmMUHa nMeperasyyra (TofTo ROHAR Ma€ TO3RAHKY i Bel
cyMixkHi 3 Helo BepmINHMN +«08po6ieHls), BEepIINHA [O3HadeHAa, ale
He MepelMTAHYTA, BepIIEEa He NozHaueHa. IloamAuKa DepIHMEH X,
Mac ofiHH 3 ABOX BHEIR! (+x;, 1) abo (—x,, [). YacTHHE +¥; TOBHAYKH
NeprIore THOY O3HAaYaE, WO Tedis MpUIyckae 26inbIlleHHA BITOBH
AyPY {(x;, x;) Ha BeqEuHHy I, YacTHHa —x, NO3HaYKY APYTOro THRY
OsHEAavae, 1110 Teuid NpHNYcKae sMeHINEHHA B3JOBE Ayry {x, x;) Ha
BeMuuyMHy {. CirouaTky Bci BepIIHM He MAIOTh NOJHAYOK.

Kpox 1. [;xepeny x, NPHENACHIOCTLCA NO3HAYKaA (+, «). Bepiniuna
X, IO3HAaYeHR, ade <He NeperidHyTas.

Kpox 2. BisbmeMo 6yOb-aKY HodEavYeHY, ade He IePerasHyTy
Bepurnry, Hexait BoHa Mae mosHaaKy (tx,, [(x)). «Ilepernane-
MoO» i, ToOTO mepernaHeMO BCi BEPIIMHM, HIo cyMixkHi 3 Helo,
i nmosHayrmo T 3 HUX, #Ki e HemozHayemi.

BeiM HenmosHauennMM BEpIIMHAM X;, B 8Kl HAYTE OyTH y,. 9 X,

i ana axnx ¢(y) < ¢, npuoMcyemo nosHauky (+x;, I(x;)), e

l(xj) - min(l(xi)’ cr - (P(!h))v
Bcim HenoamaueMHM ReplidHaM ¥;, 3 AKRUX BAYTH AYTH Y, g0 X,
i gna axux oly,) > 0, mpunucyeMo nosHaukry (—x;, i(x)), ne

I(x;) = min ({z) o(y.)).
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Tenep mepinMHa X; i Io3HAa4YeHa, i1 DeperaAHyTH, & BeplLIHHA
x;, NIO3HEYEHA, ane He NeperIAHyTa.

Rporx 3. IlorToplopaTH KpPoK 2 JOTH, AOKH abo cTiK — Bepmin-
Ha X, — Ovale noaHavexra, afo BepIIHHa x, Dyne He Mozpade-
Ea iHigZKHX IHHX noz:HauvoK He MoxHa Byie posMicrurn.
B mepuromMy BERagKy nepexogumo fo onepanii B, a 3 apy-
TOMY BHOARAKY BJTOPHMTM 3aKiHuye poboTy 3 MaKCMMANLHONO
Tedicw p. V APYroMy BHIAJKY MHDMKHHA NO3HAYEHHX BepIIMH
1 MEO:XHHEA BeTOJHATEHUX BepIIHH YTBODPIOOTE ABA GOKU MiHi-
walibHoTe mepepiay (X,, X.).

Onepayia B (36iabliteHna mevii)
Kporx 4. Iloknacte x = x, i nepeifTH g0 Kpoky 5.

Kpow 5. ARIZO noanauKka y BepmmuHi x Mac sarasa (+z, {x)), To ami-
HUTH Teuim Bspomxk myru (2, x) 3 oz, x) Ha o2, x) + Yx).

fIxme nosHauke vy pepruEHi X Mag puraag (—z, (%)), to ami-
EHTH Teuilo Bajopx Ayr# (x, 2) 3 ¢(x, 2) Ha ¢{x, 2) — I(x).

Kpox 6. Aximo z = x,, To crepTd Bci mosHaykr i moBepHyTHCA
Jo Kpoky 1, miol 3HOB mouaTw poaMilmysaru mosHadKm, &lie
BHKOPHCTOBYIOUH BiKe MoainmuteHy Teuiie, mo 3HaljeHa Ha
kpomni 5. '

HKmo z # x,, TO B3ATH X = Z 1 IIOBEDHYTHCH 4O KPOKY 9.

AnropurM posmimienns mnosHauoxk (onepaiia A) 3ofpawmye mo-
MYK MAAXY Bifl Mxepesa x, 10 CTOKY X;, B3JNORM SKOTO MOMKHA
afigpmraT Teuiro, He NePEBEPINIYIONHN NPONYCKHEX 3AaTHOCTeH
Ha Dyrax i abepirajouu Teuin y mpoMimEMX BeplragaX. fkimo
¢Tik BMAERMBCS TO3HAUEHMM, TO TAKWH mnax (Biagnorixmo ayr-
MeHTANLHWH JAaHnwor) sHalifjeHuil i BafioB¥X HBOTO Jerko 36inminm-
TH Tediw. JIkmo x omnepauis A zakiHuHiacH, 4 CTIK BUABHBCA
HeNOZHAYeHAM, TO Tedin Oyjla MakcuMadbHOW — Ii He MOMHa
s6inpmut. MBOoXxHEa AYr, U0 BeAYTh 3 NO3HAUEHMX RepIUUE [0
HellO3HAYeHHUX, YTBOPIoE MiRiMalbHUN nepepis, OCKLIEKH O3HAYEHI
BCPIOMHH CAMe CKJIAfalTh MHOWKHEY X,, IO BASHAYeHA Y AoBeleH-
Hi reopemu 6.20.

Tonosna mpHIHEa OOYMCTIOBAALHOL edeKTARHOCTE BJITODATMY
posMinmenns NO3EAYOK TIOMATAC B TOMY, IO AKIQ SKa-Hebyns
BepIIMHA II03HAYEHA i Ieperifinyra, TO y OofanplmoMmy ii MoxHa
He BpaXxoByeRaTH. [Ipunmucypatdds nepminui x Keakoi nosHauwky Bif-
noBigace BUILMCHHIO NIAAXY 3 X, 4O X, AKHK Moxke OyTH modaTKoM
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ayrMeHTeAbHOrO Jaguiora, TeKHX LUIAXIB 8 x, A0 X MOKe OyTH
6araTo, aae JOCTATHLO 3HAMHTHA Xoua €& OAMH 3 HEX.

Yueno, HA Axe 30LALINTYETHCS Tediss B onepanii B, € HaTypanbsdauM.
OTsce, AKDIC BelAUHHA NPUOycTHMO] Tedii, 3 Akol novanacs pobora
anropuTMy, miza, TO Bel HacTynAi Tedil SynyTE MimouHeToBHMHA. 3BiA-
CH BHXOQATE, 10 QITOPATM ciikyerruii. CHOPMYIIOEMO TEOpeMY.

Teopema 6.21. Teopema npo yinovucnoaicme

Hrwgo nponycni sdamnrocmi 8yz ¢; yiri, mo IcHye MAKCUMARL-
RG meuif, 40 MAE MAKONE Yiny SerULUHY.

Peanizauin anroputmy Popaa — PankepcoHa
AnR mepexi pMc. 6.52

1. BiseMeMo Teduil, 1Mo 3cbpeskeHa Ea pHcyHKY 6.52 aAax mo-
YaTKOBa HpuHOycTHMa Tedis. Bowa mac penamumnay 3.

2. lIpusnacENMoO fzkepeny, RepIiuMHi x;, nosaadyky (+, o). Bep-
IDHHA X, NOsHauYeHa, aJe He HeperjaHyTa.

3. [lepernaneMo BepMIMHN, CYMidH] 3 BepUIMHOI0O X;. Bepmmuui
x; TPUBASCHAMO Ho3HAURY (+x;, 1), & BepmuHi x; — NMoO3HAUKY
(—x1, 2) (0(x1, xz) = 5 < 6 = ¢y, @(x3, x1) = 2 > 0). Bepmnuma x,
nosHaueka i DeperiAHyTa, a BePOIMHH X i x; [oBHaYeHi, aje He
neperasayri.

4. [lepernaaeMo BepliHEN, CYMIXKHI 3 BepmmHOW Xx3. Ia Bep-
IIMA, CYMiMHAX 3 BEPUIAHOKI0 X3, HE IO3HAUYEH] BEPIIMHM X i Xs.
Bepmaui x4 ApUBIACHEMO NO3HAYKY (—X3, 2}, ockineky @x,, x;) =
=4>0 1 min(2, 4)=2. BepmHHY Xs HEe NUIHAYAEMO, OCKiABLKU
@(2c5, 25) = 0.

5. [lepernsHeMo BepluMuy, cyMisni 2 BepmunoI0 X3 Bepmuni x;
TIPHBJIACEHMO Mo3HAURY (+Xz, 1), OCKIIBRH @(X2, x5) =~ T < 8 = ¢;. Crik
noanavenni#i. Hepexonumo no omepanii 5 -— abineinemss Teuil.

6. Crix Mae nmoamauxy (+x;, 1). Tomy 36i1bI0yeMo Teqito B3fOBK
Ayru (xg, xs} Ha 1.

7. Bepmnaa x; Ma€e mosHAuKy (+x;, 1). Tomy abinbliyemo
Teyil B3AOBIK ZyTH (X, X2} HA 1. MK ofepmeani HOBY Teuin Be-
nuqyuEn 4 (pHe. 6.53).

8. CrEpacMo Bei HOSRAYKH.

9. llpuBnacuoemo Bepmuui x; mosHauxy (+, «).

10. IleperniganeMo BepIIHHKE, CYMiXKHI 3 epmmHow x;. Bepmmn-
Hi x3 NpNBAACHMMO NO3HRIKY {—x,, 2). Bepniuay x, He nozHauaEMoO,
OCHIIBKA ¢{xy, Xx2) = & = e(y1).
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X=X,
6:6 2;2
LA i
2:2
Xa . Xy
Y A

8; 8 ya 0; 3 yr yd . 4

1 44 '

> - x,

Xy =X, ¥s

Pre. 6.53. Teuia renwrupnmu 4

11. ITepersianeMo BepiIHHA, CYMIDXKHI 3 BepImIMHOKO X3. Beprmu-
Hi ¥, mpuBnacEAMO MOo3HaYRy {—x3, 2), ociabku @(x,, x3) = 4>0,
Hx)=2 i min(2, 4)=2.

12 IlepernaHeMo BepLIMHY, cyMimHi 3 BeplunHoio x;. Bepmu.
Hi X3 NIPABNACHIMC NO3HAYKY (—x,, 2), oCKIiABKH @(xs5, x,) = 4 > 0,
i{x,) =2 i min(2, 4) = 2. Crik noagadenuii. llepexogumMo Ko ome-
panil B — sb6inkinennsa Teuii.

13. CTix mae mosmauky (—x,, 2). ToMy 3MeRIIVEMO Teuiw
B3ROBHK IVrH {x:, x,) Ha 2.

14. Bepminua x, Mac nosHadaxy {—x;, 2). ToMy aMeRIIyeMo Te-
uito Bagom nVyrE (x,, x;) Ha 2.

15. BepimiHa ¥; Mae mo3dauky (—xi, 2). ToMy 3MeHITyeMO
Teyilo BamoByX AVTH (X3, x;) Ha 2. MK oxep:meny €oBY Tediio Be-
nranen 6 (puc. 6.54). 8 Teopemm 6.20 Mm 3HAcMo, 0 LA Tedis
€ MaKkcHMannHoK. llepeBipmrMo ne.

16.CtapaeMo Bci nosHAuKH.-

=X
6;6 0;2
¥ Y
2:2
xy - x5
0:3
88| y, " % 5 s
Y 9.1
> Z * x,
X=X, U

Puc. 6.54. Markcumannua Teuis
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17, IlpueracEHMO BepIlUmHI x; mosrauxy (4, =)

18. Bepmiuy, cyMixHi pepm#pi x,, He MOMHA IO3HAYUTH,
OCKITEKM Ayra (%, X2) sacuueHa — @(x, X3} = ¢(n) = e{y) = 6,
a yepes Ayry (x;, x;) Teuid He nepegaeTncA. CTik sgAuITABCA HEIIO-
agavenruM. Omre, oflepaya Teuig ¢ MakcumMansHolo. Jyru (x;, xg)
i (23, %) yreopowoTs MiniMantuuli nepepia. MHosxnHa no3HaueHUX
BepIIHH YTRopioe Toit foro Gik, akui micTuTh Fmepeno: X,={x,}.
Henosuadeni sepiinni yreoptoioTs inmmit 6ik mepepisy, mo MicTHTE
erix: X, = {x,, x3, %4, ¥s5}. Ilo6ygorana Teuia mae surnarn ¢(y;) = 6,

o(ys) = 8, oy} = 2, oy = 2, ¢ya) = 2, @lya) = olys) = 0.

I'padhmn 3 Gararbma pxepenamm i cToKamu

Aumropurm Doppa — DalKepcoHa SACTOCOBHHUE 1 A BHMBHEUEH-
HA BeJWYHHN MAKCHMaJbHOI Teyil mix MHMXHHCI BepIUHH-mXepel
i MHOMKUEOIK BepiTUH-cTOKIR. P0o2i6'eMO MHOMHHY BepIINE HA MHOMH-
HY Axepen X. = {x € X: @(x) > 0}, 110 CTROPIOIOTE TeYilo, MEOKIRY
erokiB X_ = {x ¢ X! Q(x) < 0}, 10 COOKABAIOTE Tedllo 1 MEOKAHY
npoMixkunx peprnd X, = {x ¢ X: @(x)= 0}, mo 3bepirators Teuino
¢ X = X. u X v X, [leperBopHMO TeUilo ¢ yTewilo, KA MAE
TiNBKH OZHE HMKepeao Ta OXHH CTiK, I0LIBIONBOIM KiNEKICTE: BepmInH
y mepexi. Jins nworo goxamo ABL HORl BepInuuEN — eDiKTHBHe»
mwepeso x, i «DikTuBEKl» cTiK x,. 3’€AHAEMO BePLUERY X, 31 BciMa
nittcArME LxepenaMu. [lum gyram npHnAlIeMce Tediio, 100 YTBOpPEHA
BiffnoRigHAM MrepenoM. A BiA kokpHoro AiicHOr0 CTOKY CIIDEMYEMO
AYTY A0 «DiKTHBHOTO» CTOKY X, LiMM ZyraM npuinlIenMo Tediw, Lo
COOMKHMBAETBCA BIANOBInHKM cTokoM. IIpu npoMy mponyekai agaTHoCTi
JOASHNX AYyr BBaXKaeMo HecKiHuenHRMH. B peayawraTi omepiiyemMo
Mepemxy 3 OAHHM JKepeloM 1 OZHMM CTOKOM. BacTocoByiouM Ao Hei
anropuT™ Popaa — PanxepcoHa, 3HAXONHMO MAKCHMANLHY Tediio,
AK& £ MaKCHMaJIBHOK Iand eBuxigHol Mepemi.
%, 2 = 8 . IIpoinwoerpyemo RHa HPHEJIB,E[i
»> NMeperBOopeHan Mepexi s KinLkowma
3 gt 5 AepejaMu i KIABKOMa CTOKEMH 0
5 4 \Fx MepeXKi 3 0gHMM JKepeJioM i oOgHEMM
* - ,;; * ¢ToxoM.
A

L \ 4 IIpuxnag

. »
- -~

x, Xg %o Ha puc. 6.55 sobpaseHo Mepexy

2 JBOMAa JIKepenaMM X, 1 x3 i TproMa
Puc. 6.55. Mepe:ka » TproMa A Amep . ! alTp
CTOK&MH CTOKAMHM X7, Xg, Xat
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x;) = 5, Qxs) =3, Qx1) =3, Qxs}—4, Qxo) =1,
Q(x2) = Q(xxs) = Qxs) = Q(xe) = 0.

IlepeTBOPEMO L0 MepeXY Lo Mepexl 3 oZEMM LKepenom
i ofHEMM cToKOM.

8

Y™
Y

&0

Xy

Pne. 6.56. HepersopeHe MepeKa
Ha puc. 6.56 sofpameHo Mepexy BXe 3 OJEHM EeperoM
x, i ogE¥M cTOKOM X,

3anaua npo 6araTononioCHy MakcuManbHy Teuilo

PoarasreMo 3a£auy SHAXOMXEHHA MaKCHEMAIBHOI Teyil AAa Beix
nap BY3JiB y HeopicHTOoBaKii mepexxi. Uwo 3agagy moxxHa po3ras-
LATH AK y3araJbHeHHd 3&Ka7i 3 OXHAM AXKepeloM i oXHHM CTOKOM
i 1i moskna poss’AaaTH, 3AcTOCOBYIOUH anropuT™ Popra — Peaakep-
COH2 JJIA KOMHOI MapH BepIIMH. Binnm eQeKTHRHAM € aJTOpHTM,
mo sanpounonosanu# P. Tomopi i T. Xy,

AnroputMm Tomopi — Xy

1. O6epeno neaxi xpi sepmuAn rpada. Ilosznauyrmo oRyy 3 HUX
yepes Xx,, 4 iHmy yvepes Xx,.

2. BacrocyeMo anropurM Popaa - Dankepcona i amaiigeMo
MAKCUMAaNBHY Teuilo 3 Axepena x, ¥ c¢Tik x,.. IIpn opoMy MHOKMHA
MO3HAYEHHX BEePHIHH i MHO)MHHA HeTIO3HAYEHHUX BEPINIKH YTBOPIO-
10Ts gBa GokM Mimimanemoro mepepiasy X, i X.

8. Obepemo ABi BepwiuMHAHN rpade x; i x; Lo JeXKaTE 3 OAHOTO
6oxy Bim mepepisy. Hampuwxaafm, Hexait x, x; € X,.

4, 3aminrmMoe gyre 3 mirimagwHoro mepepiay (X,, X,) ofEiew
BYT0ol0, & BepIIHHEHA DOKY NIepepiay, B AKOMY He JIeXKaTh BepLIMHA
Xy, X;, (Hanpukaang, X,), — opniee sepuianoio. [Ipooyckny agarricTs
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v TAK BH3HaYeHIZ Aysi moknameMo pipmill nponyckreid agaTEocTi
nepepisy (X.. X.).

5. IlokxapgeMo: X, = X, X; = X, 1| ODOBepHEeMOCH OO ApPyroro
KPOKY,

Moxua mokasari, 1io Iicas Toro, Sx Oyae obpaso n — 1 ma-

. nn-1 -

p& BepIIMH, ME BH3HAyUMO Bcl ﬂ-z——) HeJAHUMH MaKCHMANLROI

reqii aas BEXifHOI Mepexi. OcHoBHA ifesn aAropHTMy nojsarae

B itepatTusHif mo6yAoBi MARCEMAJLHONO OCTOBHOTO AepeBa, riakn

axoro BifimoepigaioTe nepepizam, a nponyekni agaraoeri rimex po-

PiBHIOIDTE DPOIYCKHHMM 3AATHOCTAM LMX IepepiziB. Hrmp 6 mMu

sacTocyeann aaroputd Popra — Panxepcoma A0 KOKHOI HApH

n(r-1)
2

BepIUMH, TO HaM OH JoBejocs #oro SRCTOCYBATH pasis.

B anropurMmi x I'omopi — Xy MaKcHManbHA Tedida Mim Oapolo
BepIlH BHSHAYAETHCH 34 JONOMOIOI0 AJTOPHTMY DOBMIINEHHA IO-
anavox TiApKM n — 1 paais.

IIpoiniocTpyeMe Ha npurnapi aaroputm omopi — Xy.

x 8 % 4 x5 [puxnan
PosrnsHeMo Mepe:xy, 3obpa-
5 eny Ha pHc. 6.57. Unena, mpu-
nucaHi pyraMm, RifnowigaloTs ix
Py 3 T4 1 %, HPONYCKHHM BAATHOCTAM. Tpeba
Aas xoskHOI mapm Ryanir mepe-
*i BHAHAYNTH PETHUMHY MAKCH-
ManpE0l Tewil mim mumu. Ila
sajaua posp’sayeteea a2 R — 1 = 6 — 1 = 5 irepani#t anaropurmy
Tomopi — Xy. Axmo aaroparm @opra — Dankepecona poaMimenEs
MOAHAYOK 3ACTCCOBYRARCH 6 o RoXkyol mapm Ryalis, To Tpeba Gy-
no O poap'ssaTi 15 aagau mpo MaKcHMMaITLHY Teuiio.

Puc. 6.57. Mepexa
3 l'IpD[lchHEMH SAATHOCTAMH

Peanizauin anroputmy lomopi — Xy ana mepexi
3 npuxnapy puc. 6.57

1. Ofepemo BepluMHEE 8 = x; 1 ¢ = x;. MiniMansHy mponyck-
HY 3BaTEicTh BiAHOCHO Axepejla 3 = X, 1L CTOKY ¢ = x; Mae
nepepis a Goxamu X, = {x1, X5 X, x5, Xe) i X, = {x2}). 3a Teo-
pemoro 8.20 penrmumRa mMakcumenpuoi Tewli Mim Bepmumamm x,
i x; mopiBnioe mponmyckuiit agaTHOCTI mepepiay {X., X): vy =vy =
=X, X;) = 2 + 8 = 5. Ob’cgnacMo sBepuinun & X, B OAHY
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BepiHy i 3’egHaemo i 8 BepIIAHOIO x; rilkole 3 NPONYCKHOIO
agartHicTO 5 (pme. 6.58).

5
e B s s By 5y

Puc. 6.58. Ilepniuil KpoK ANTOPHTMY

2. O6epeMo BepmIHHM 8 = x; i ¢ = x3. MiniManeny mponyck-
HY 3AaTHicTE BifgHocHO J:epena 8 = X, i eTORy t = X; Mae
nepepia 3 Gokamu X, = {x;} i X, = {x;, x5, ¥y, ¥, xs}. Ba Teo-
pemoto 6.20 penmumna MaxcuMaapzol Teuil mMim sepmmEaME x,
i x; nopismice nponyckHil snatROCT Hepepisy (X, X\): viz=va =
mwo(X,, X)=2+ 4 + 2 = 8. Obf'eHAEMO BEPIIHEH X3, Xy, X5 X
B ORHY BepIOIHRY i 2’caHaeMo ii 2 BepIINEOIC X, TiNTKON 3 TpPONYCK-
Holo agarHicTio B (pHe. 6.59).

() Gonan——(5)
Prc. 6.59. Jipyra#t xpok

3. OfepeMo BepmEHH 8 = x4 1 § = x;. MinimaneHny mponyck-
Hy 3AaTHicTL BigHOCHO AKepeta & = x, 1 cToky ¢ = x; Mae
nepepiz 3 BoramMu X, = {x} 1 X, = {x,, x5, x3, x5, Xg}. 32 TEO-
pevow 6.20 BermunHa MakcuManbHOL Teuil mim BepmuHEAMM X4
i x; popiruroc npomyckniili agarmocTi nepepiay (X,, X,): Uy = vy =
=X, X) =2+ 5 + 4 = 11. Ob’canncMo BePIIHHWN X3, X5, X
B OLHY BepHMEY i 3’¢xHacMo ii 2 BeDIIKEOK x4 FiAKOK 3 IPOAYCK-
goto sgaTricTic 11 (pre. 6.60).

Pec. 8.60. Tperifi xpok

4. OGepeMO BepPIIWENA 5 = X5 1 £ = xy. Minimﬁnhny OpPONYCeK-
HY 3ZaTHicTE BiZHOCHO QKepena 8 = Xxs 1 CTOKY ¢ = x; Mae
mepepis @ Goxamum X, = {x;} i X; = {x,, x2, X3, x4, Xe}. Beamun-
HA MaKCAMAJBHOL Teduil wix BepmumamMu x. 1 x; gopinnice npo-
nycxHill saarHocri mepepisy (X., Xi): vss = vas = o(X,, X)) =
= 5 + 4 =9, Ob'cgHacM0 BepIIMHHM X3, X3 B OZHY BepLIHHY
i 3’eaRaemMo ii 3 BepIOIMEOK X: TiIKOIO 3 TPOINYCKHOK 3ITATHiCTIO 9
(puc. 6.61).
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Pue. 6.61. YeTrepTHil KpoK

5. OfepeMo BePIOMHH § = Xg U ¢ = X;. MiHIMENLHY HTpPOOYCKEY
anaTHicT: BiffHOCHO mMyKepena 8 = X, 1 CTOKY ¢ = x; mMae Iepepia
5 Goxamu X, = {xg} i X, = {x;, X2, 23, %4, ;). Beawuuna Mawcu-
mansHof Tewll mim nepmunamy xe i xy JopiBEK0E Nponyexwiit sgaT-
mocti nmepepisy (X,, X\ vga = s = c(X,, X) =6 + 8 + 4 = 15,
3'eaHAEMO BEPIIHHY X; 3 BEePIOMHOK Xg TLIKOW 3 IIPONYCKHOIO
agargicrio 15 (puc. 6.62).

15

@8@11"’ 50

X

Pnac. 6.62. OcraTouHe gepeno mepepisis

3a AepeBoM mNepepisie, scbpamenum Ha p¥c. 6.62, merxo
sHafATH pemlTy ReNRUHH MakcHMaXsHux Teuid, Hanpuxaan,
Uig = Ug = B, 0ckineKNM Y JaHOlory AepeBa Hepepisis, 100 2'¢AHYE
BepIIHMHY X; i X, MiHiManrHa nponycxEa aZaTHiCTL TiJoOK
AopiBHIe 8, 3aOMIEeMO BeJHYHHM MaKCAMaJbHHX Tedill y BHIuIA-
Zi maTpEDi:
(-5 8 8 8 8)

- 5 5 5 5
§ - 11 9 15
5 11 - 9 11|
5 9 9 - ¢
5 15 11 9 -

o I B e I R

\

TyT Ha HeperwHi {-paaKa i j-CTOBIIA CTOITE BEINUMHA MAaKCH-
ManbHol Tewil Mix BepmmEaME X; i x;.
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®Q

3aBOaHHA

1.

2
3.
4

10.
11.
12.
13.
14,
15,
186.
17.
18.

19,
20.

21.
22.
28.
24,

26.

26.

Yu mozke y nasmpora 6yTn Asa ogHakopmEx pefpal? Jpi opnarosi
pepEnan?

. Ux Moke gepeBo MICTHTN HHUEAT?

Y Gyae-axuilt quxn B opiearosasomy rpadi € KoRTYpOM?

. Um Moyt B eMul yMcna 6YTH eeMeHTAMH MaTPHIi cyMimEocTi

A rnesaroro rpaja?

. Yomy aopiBAOE CYyMa eleMeNTIB 3a cTOBINEM MATPHU] iHUMAeHDiR

Aeakoro rpada? -

Yy gopisaoe cyMa sa pEAKOoM CyMi 8a ¢TOBNOIEM Y MATPUXi cy-
MixtHoCTi A AeopienToRanoro rpada? Oplenrtomanoro?

Hlo canauae piBHICTE HYA0 MaTpRLL cymixubocri A y geanidt cte-
peni k?

. Uy ¢ 3B'aaH¥M rpad, v HKOro YMclo pebep m < n — 1, ge n — wusc-

9 BEpPLIAHT

. Crinbku peBep MicTAT: npocTRil mopHW# rpad 3 n sepInHEaMHE?

® RpAaBEALHO, L0 cepef cTeneinls Bepinyu rpada e xoua G ABa
OBHAKOBAX?

Axmo rpad 3e’aAsEBk i # — yHCHe HOro BEPLINE, TO AKA HUMKHSA
OI[iHKA AAA JUcAa iioro pebep?

Yo ¢ naockuMK ABoLonbHL rpadn Ko 1 Kse?

TobyaysaTu MATPHUI CYMiMEHOCTI ABGACNLHEX TpahiB Kozl His.
ARy KiNpKicTL KOMIOHeHT 3B'APHOCTL Moxe Oyrn y rpada 3 n
BepmeHamMn?

AKy reoMerpuuHy iHGOpPMaIil HecYTh eJeMeHTH maTpuni A%,
Jie A — MATPHOA CYMIXHOCTI opieATORaEOro rpadga?

In ofMerxeHA MHOKHEA XPOMATHUHEX YHICes KJ2CY BCiX TENOCKUX
rpagiB?

3naiiTn xpomaTiuni uucna rpadis IHoaTparina — KypaTosecekaro
Ka,aiﬁs-

Yu OyAbL-ake HATYpPANLHE MMCAO 1t Moxke OYTH XpoMaTHUHHM YHc-
JioM Jexioro rpada?

YoMy mOpiBHIOC XPOMATH'HE UHCIO gepesa?

Tu mome uucHo pebep jNepeBa AopiBHIOBATH umciy #ioIc Dep-
mnH?

Cuinsxu lenye piagnx rpadis 3 4-ma Bepurmaamu? C 5-ma?

Ak obumcnnmTn q¥eso JiAiiino RessieRHHX NHUKAIE rpada?
TMoGyayeaT MATpUOIO iIBNEECELIH rpada, o sobpaxye pebeprui
KapiKac Kkyba.

B aroMy BHNAaZKY MaTpuusa cysimuocti opiearoBaHoro rpaga
£ CHMETPpUIHOI?

HoGyaypatn MaTpami cymiskHocTi Ta inoupgenuill rpada, ogep-
JKAHOTO 3'¢AHAHHAM HEMTDPA NPEBHMJALHONO I'ATEKYTEHKE 3 loro
BePIIHMHAMA.

llo6yayeaTn QyHAAMeHTANILHY MaTDHIC LHKIIB JBOYacTKOBOID
rpada Hys.
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27.
28.

29.

Ilobyayeath byraamMeRTaJERY MATPHID Depepizis npoqacTKOBOrO
rpada Ksa.

INoGyaysaTn GyHAAMEHTANLHI MATPEOi OUKAIB i mepepisie rpa-
da Kz,

Yxm icAye raMinbTOHIE LMEA V TBOYacTHROBHMX rpadax Kaa, Kia,
Kea, Kea?

30. 3maiiTn ramiseToRoBl KoHTYPR ¥ rpadi C.

3l. B rpadi H BRaszaTh AalKopoTmAE KOHTYP KoMiBomKepa 1 Haliko-

32,
33.
34.

35.

36
a7

38

39

40

POTIAA 3aMRHEHeHRE MApIOpYT KOMIBOSAEpa (3 MOMIIBHAN TOBTO-
PEHHSM BepIIHH).
a

H

Hice yucao peGep ocToBHOrO JepeBa aB’a3Horo rpada & 3 1 sepmK-
Hamiz i m peGpamm?

fIk sB’msaHi Mix cofom XpoMaTHTHe dHeno y i KiaikoBe uMcio p
rpada 7

IlobyxyBaTH HPHEKARAA KIIK i HezafMexHHX MHOXHUH rpabis Ky,,
Hasi rpade is sagawi 30.

¥lKka BIACTHRICTE € ZocTaTHLOIO YMOROI0 Tolo, MUoS goBinsBxl rpad
MicTHB TaMiILTOMIB OuEA?

Un opasnabHo, Mo 6yAb-Axnil octik rpade & Mae, ifodafiMenme,
1 coinkRe pebpo & KoxHMM pospisoM?

In Gyas-2xa MAOKWHa ((F) He3aXesKHAX OUENIE 6yae ehyHRaMeH-
TanrsHCI0r? (V(G) — e uAKIoMaTHYHEe uneno rpadba &)
Byap-axufl nExa rpadba G Moxua 705pasHTA ¥ BUCARIL CYME a2
Moayaex 2 dyEgaAMeHTAIBENX uuKIiR. Un OpapRALHe zBOPOTHE
TBepAXceHHA, ToOTO o 6yAb-aka eyma 3a MojyiaeM 2 QyHIaMeH-
TANLREX OMKJIIE 000B'E3K0BU HalacTs cXWENE HHKAT

Ym oaxmoaEauHOe 0O6HMpacThed MEOMKHHa QymAaMeHTAILHHAX
THEALIBE?

HapecTu UpuNAafU cHABHO 38’ S3BOTO, clabo aB’A3AOro, Hedn'as-
Hora rpadis.
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41.
42.
43.

44.
45.

48.

47.

Yomy A0piBHIOE CyMa BCiX eneMeRTiR pAAKa MATPHEEII cyMixHOCTI A?
Yomy RopiBEIOC CYMe eJeMEHTiE ¥ CTOBIILI?

Yu cnpaBsgAuBe TEePHMeRHZ, Mo GyAs-akuil mopRw# cHMeTpIIy-
HAll rpad MiCTATL rAMiALTOHIE OHRA?

[forasaTn, moe paBEr Marpuni inguaeEnii B as’sasore rpada 3 n
EeDIEMEAME Jcpisme n — 1.

YoMy mopisMme gHCNO NosEaveEmX rpadie 3 n sepIrrHamMA?

Jk ap’Asan] YKCA0 DOSHAYEHHX UapRZX rpadis 3 # pepmuBaMp
iumeno peix nospaveunx rpagin a umesoM pepinuy 2 — 17
Yomy [opiBHIE 9McNO 3B'A9HHX MoSHAYEHAX rpadis 3 n pep-
IAHAMKT

Un Gyas-axall rpad e eftmepopum?
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MosBwu
Ta rpamMmaTuKu

7.1. 3apaua chopmanisauii MOB Ta nepeknaay

Heofixidnicma QopMaabhozo 3a0aHRE MO8 Ma PO3E AIKY 3adavi
nepeicnady 8 NPozPaMYBEHKI

Cyuacai EOM nBasioTe co00I0 CKIaLH] KOMILIEKCH NPHCTPO-
in, mo nNocTagaloThCA POIBHMHEHAMH CHCTEMaM¥ MaTeMATHYHOI'O
sabesmededHs, AKI MiCTATH MOBH IPOTrPAMYBAHHA i TpaHeIATOpM
3 OUX MOB, ouepauifigl cumeTeMH, ZHcIeTdepH, MOHITOpH, pisHOTO
poay oOcAYrOBYWHY1l Iporpami, & TAKOEK CHCTEMH cTaHIapTEHAX
i TEnoBux mizmporpam. ¥ci mi sacofm MoXRYTE Gyt peanisoBani
K IPOrpAMHHM, Tak i cXxeMBHUM cnocobom. Ilponec pospobru
CHCTeM MAaTeMaTHYHOre safesnedeHHs, AKX 1 IDOSKTYBAHHA CAMMX
EOM, manaspwqafino ckiuagauii 1 rpymomicTruf. OgAMM 3 OCHORB-
HHX Jxepeld 3ajad € OpobiieMa 3ajaRHS MOBH Ta OOTHMAILHOIO
nepexkaajgy 3 ofHiel MOBW Ha iRy, 3afaya Nepekaajy Moxe OyTn
cPOpMYILOBAHA TAKHM JMHOM: ICHYOTL ABI &JATOpPATMIYHI MOBH
i Jedxnil aJropHTM, HANMMCAHHMA HA OfHi# 3 HEX; TpebGa 3HAHTH
OUTHMAJLEY 38 38AaHMMH KpuUTepinmu peanizanino Oporo anro-
putMy Ha iEmiik momi. B mporpaMypaEmi 3a sBHuaeM IIepiIoio
€ ODeAKAa MOBA IpCIpaMyBaHHSA, CPicHTOBAHA HA Te YH iHINE KoJo
dagad, a4 AYroilo — BHYTDINIHS MOBA MaIlOWHY, Ha fAkiil poss’say-
oTbeda Ui sajgaui. TarkuM ywueom, iAeTECA Npo IepeKyiaj 3 MOBU
[MPOrPAMYBAHHS HA MAOIMHEHY MOBY 3 OJHOYACHOI OINTHMizaiicio
BHXignoi nporpamu. lla sagaua posp’AsyeThcH OpM IPOEKTYBaH-
Hi TpaHcaaTopie i komniasropin. ¥ To¥ me uac BUXigHUM MoOXxKe
OyTu aaroputM poloTu Nearoro npuerpox EOM, samacaruit Ha
opusHadeHilt Ana wmiel mixi anropuTMivRif mMoBi, a MoBa, Ha ARY
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NepexaafacThcd NaAWE anropHMT™M, — Ie MoBa cxeM. Toal sagaus
[OIATAE B OJepP:KAHHI ONTHMAJLHOI CXeMHu, IO peajiisye anropuT™
pofioT aaHoro mpmerporo abo nesaxof fioro uacrunm. IIpomec pos-
B'A3KY TAKHX 3aja4 HA OpaKTHOI mOAinfeTbcd Ha npoMiskmi era-
K, Ha KOKHOMY 3 AKHX pobUTLeA ONTuMisanis i npucyTHsa ceos
MoBa. PopManbHe 3aTaHHA MOBK HeoSXiflHe K AJMA CAMOIO Ipolecy
neperkIafy, TAK i A/ BH3HaUeHHS KJAAcYy NPHOYCTHMMX 3alluciB Ha
miit Mopi, TOOTO A1 BHIHAYEHHS KOpPeKTHOCTL abo mpHmycTHMocCTi
3aNHCY, L0 neperJagaeTecd Ha iHmy moBy. MoBM CKIafarOThLCA
3 pAAKiB c¥MBoAiB i, OTXe, Bech ofUHCHIIOBANBHAH OPOOEr MOMCHA
POSTIANATH AK IIepeTBOPeHHA OAHicI MHOMHHE DAAKIB Ha iHmy,
ToHTC AK MATEeMATHIHHHE 00’¢KT.

@ 3anuTaHHa

1. B axux punagxax a4 pofiorn EOM neobxinmauit poar’saok aapaui
mepexJafy 3 oAHiel MoBE Ha immy? .

2. Has 4oro posk'sSsyeTbed 3844898 (DOPMANLHOP) agfaHHs MoB?

3. Yuwm miapisuacThca mpollec HepeKJIany B JiTepaTYPi Bia nepexsa-
HiB, 10 BUKOEYETRCH Opn pobori EOM?

7.2. lMepeTBOopeHHs pAakiB cumBonie

Aadasim, padox, cumeon, nidargasim, nowupenur aagasimy,
nopoxciifi prdox, doawcuna paiKy, KonKemenayia padxis, nidpadox

PopMaaLHui axdaBiT s06paiKye MHOMHHAY HeAlJieHAX
ciameonie. Ckinuenanl nocniforHoeTi 6yke andapiry HasmparoThCA
pALKEMH, BUpDAKEeHHAME Y NboMy andgabiti.

AndariTe Mu 6yaeMo MOAHAUATH BeJUKHMH GYKBAMM JNATHH-
cerore ampasity, manpukaax, A, B, C.

CraMEBoIH MM 6yAeMO DO3HAUATH MaJeBBKEMM OyxkBaMmMu Ja-
THHCBKOrO aabasiTy 8 ingexcamMu abo Gea imgexcip, HampHKJAAX,
ay, Ga, Q.

Ockinrkn andaBiTi € MEOXMAEAMY, To A0 HUX 3aCTOCOBHI Teo-
PeTHKO-MHOMHWHHI onepanii: m, v, ¢, <, €, € TOHIO.

BuanayeHHA
Swmo A i B — andari™® 1a A c B, To A Ha3KBAEThCcA Ii-
HDandgapitom B i B — moumrmpeHusM A.

Paaxy ¢ yoOopAAKOBAHMMH CYKYIHOCTAMA CHMBOMIB anxdasiry
i, oTske, € eleMEHTaMH ZeKAapTOBR A0OYTRY A" =AxXAX..xA. Tyr
————— 4
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A — andaslr, B — Fopmuda paakis. Paaxy mu GyZeMo SamMUcyBaTH
v BAMALL HO0CAIROBHOCT CHMBOJIIR, HANPHKNAN, G1G2...&n. CHMBOAH
TAKO® € PAIKaMH ANA BHOAAKY n=1. B TexcTl sHaueHHA DAAKY
HABOJAUTHECH V NATKAX, HATPUMRIAA, PEARM <«abcds, «1 +2 =»,
«00001110101s. Paaxu 3a 3BHYAcM IO3HAYAOTHCA MaNeHEKHMY
GyxBAMH rpenskoro amgpapity, mampmexag, o, f, v.

BuanaueHdn

HopoxEili prdox — we paAnok, AKEN He Mae CHEMBOMIR.

Hoazaumme Horo £. IlopowxHilk pazok He © cuMponoM i He

HajJesxuTh Hisromy addasiry. Ile mMomxHA 3anHcaTH Tak:
YAaeg A, ae A — andasir,

Yepea A" mosaavaeTscs MHOMCHHA Rcix pagkis andabity A,
BEJIOUYAICYH NOPOXKEL pagox. 3posyMiio, mo A" = A% U ATu A%u,..,
fe A'=¢ — poposkmift pagor, Al=A — piszi pagrr anxdasitTy A
popsRuAN 1, A?=A x A — plani paaxn andasity A popmunn 2, ...
MHomuHa A HeckiHUeHHA.

Yepes A* nosuadacThbes MHOKHEA Belx pagrir andasity A, He
BRAOUaOHH TIoposkHIft paaon: A =A! U 4% U A%, AT=A% U A%,

HopxnHA pRAKY O AopiBEWE KinskocTi cEMBONIR ¥ DRARY
i nosnauaeTsea jof. TrIyo o = 1G;...8,, TO [0} = n. NoB:HUEa nOpOH-
HLOTO DPAAKY AopiBHioe mymwo: [g]=0

BuaHauaHHA

Kogkareganiclo afio saurTan pagxieB o i p HasnBaeTnhca pa-
ok af. Hanpuwnaj, KOHKATeHANIEW PAAKIR «sdfs, ahtuwgs
€ pagok «sdfhtuwg». BearacTecs, Mo OF =e0 = ol

BanHe o° 03HAYAC @o...(, O caHadae o, OF osHavae £, Tyr
g ?

L] nw k] ]
B AKOCTL (1 MOXKe 53’1‘]1 AKX PAJROR CHMBOJIIB, TAK 1 CHMBOJ.

Hanpurrayx, 0312=00011. Tyr a"b™c oszmavuac paAZok, o
CRITAJAETHCA 3 1 CHMBOIIB 4, 3a AKMMHE HAVTE m cuMBojlis b, sa
AKMMH #Oe OJUH CHMEBOJ C.

BU3HaAYGHHA

Pajok P e migpaakom paaxy suraday offy, opuuomy o i ¥ Mo-
YTh OyTH GVAbL-AKUMY, B TOM 9Hciai | moposHiME pRIRaMu.

Iopoxnift pagox € ¢ nigpsaxom GyAL-AKOrO psika.

Hanpukaas mizpsiaxamna pAaky exl =yl +z1» ¢ pagrn exle,
«x1 =9, «l=yl+2z», «+»s, NOpoxHilA pagox & Ta iEmN pagrw.
Yaeno DIZPEAKIB ¥ CKIHYeHHROIO paiKka — cKiHveHHe.
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@ 3annTaHHA
1. Haseirs gpa pisEnx nmxonn A0 BMBUSHHA AR 2 iHdopmManifizol
TOUKH 30pY.

2. Yn € andaBireud cnocib gocraTRiM aaa sobpaxenHA §ylb-Axol
mackpetaol indopmamnii?

8. Hasegiti npuxrags andansitTaore caocoSy 300paKeHEs ¥ OOBCAK-
JeHHOMY SMTTi: .

a) Henepeprrol indopmarnii;
6) anckpereoi imdopmanii.

4. Jafite pusHAYCHHS amdapiTHOro cnocoby safaHua inmdopmanii,
andasiry, pagry.

5. Hamo gpa amdpasith A* 1 A2, mpuuomy A' ¢ A Ax masmBaeTheH
Al sa pigmomennam no A?? Ax nasusacTnca A? sa eizmonmrenmaM
no A'?

6. Ilo Take mopoxHil pﬂ,z[on:?

7. HaliTe BA3HaueHHs oHepalil KoRxaTeHalii pAAKiB.

@ JaBganHA
1. Buseaute andasita ana sanmcy:

a) apudMeTHIEHX BADPARiR;

6) az6yru Mopae;

E) mocmifoBHOCTL XoAiR mpw rpi y maxm.

HagegiTs npurnagyn pagxis y oux andagivax.
2. IIna andaeitiz A= {a, b, ¢}, B =(0, 1} cxnagiTe:
a)A*, B
6)Af, BY;
Hexai sagano pagox o= ¢nocaigosHictss. SHAHAITE ZOBKEHY
paaka |o.
Tobyayitre pazeun 0°12, g%, O"Al®, ana n =3, §, O.
o= «alphas B = «bets IIo ¢ nounarenanicw paakie ofi?
Hxi 3 HaBeOeEHX DAAKIE ¢ MiApPATKAME DAKKA ¢ = s¢iBEAyCTpia-
Jizaniss:
B = «inayes, B: = singyerpias, P= stpue, P= vanmidas?

+

pos @

7.3. 3anaHHa MOB 3a AONOMOrOI0 rpamMaTHUK

Mosa, wo poarisnae i nopoducye zpamamury, mepMinaisiLi
i HemepMinaAbRi cuMeoal, npodyKyin, NONAMKOSLUL CUMBOT,
sugid padwie

Bu3HaueHHA
Mopa I, — IIe MHOXMHHA pAAKiE CKiHYeHHEOI ZORKWHH ¥V 3a-
AaHOMY cKiRdeHHomMy andmabiTti.

I[lepme RaxIWEBe NUTAHHA: AK OGUCATH MOBY L B TOMY BULIEAKY,
KOIH BOHA HeckKinvenna., Axkmo fomuHA Beix pagkis ofMedxeHi,
10 L cxnagaernea ia ckinYeHHOTO YMCAA PAAKIE I MOMHSE CKIACTH
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CIIHCOK Beix paarie 3 L. OgHar ana 6aTaTBOX MOB He MOMHE
a60 Heba'kAEO BCTAHOBUTH BepPXHIO I'DAEHNI0 NPHIYCTHMOI AOB-
WHHHEH pEAKY MoBHM. Taki MOBH He MOMHA BHIHAYHTH OepedikoMm
Beix pazakin. Heobximuuit onue MOBH NOBHHEH 6YTH CKRiHUSHHHM,
v Toif wac, AKX MoBAa Moxke OyTU HeckinyenHoio. BigomMo kiarpka
TakHX crmocobip omucy MoB. OfHH 3 HUX MONSTAE ¥ BHKOPHMCTAHHI
CACTeMH, HI0 HABHBARETHCHA ZpeMamuxole. 3aje:xHo Bif cmocoly
RUSHAYCHHS MOBH I'DAMATHEM AinATh BHa Ti, mo poanizHaioTs, iTi,
mo IOpPOMLKYIOTE.

BuzHavyeHHA

IFpamamuxa, w¢ poaniznae, — e FPAMATHKA, AKa ANA
OyAs-AKOro PAAKA MOMKe GUIHAYUMU, € el PAXOK IPaBH.Jb-
H#M abo Hi, T'pamaTtuka, wo nopodacye, — Ie rpaMarTHia,
AKa MoXe nodydysamu Gyne-axnit mpasnasENi pATOK 1 He
6yAve HenpaBMALHHX PAAKIB.

Mu GygemMo poaragaaTd TiABKEH IPaMATHKH, HI0 HOPOASKVIOThH,
HasuBaouy X y OoZAALIMOMY IIPOCTO rpaMaTHxaMu. J(na nosnol
TPAMATAKH BH3HAMAKTLCA ABI CKIHYEHH] MHOMHHHM, IO He Nepe-
TUHAIOTLCA: MAMKHHA T TepMiHANILHEWX CHMBoOJain i Muommpa N
HeTepMiHANRHEX cHAMBOIIB.

3 mepMminaAbHLX CHMBONIB YTBOPIOIOThCA DAIKM MOBH, AKa
BUIHAYAETHECH, ¢ O03HAYAE, IO MHOMHHA TepMiHANLHEX CHEMBOJIIB
ckiranac aadarit niei mopn. Hanpurialx, Asximo Mopa e npo rpa-
MaTHRY, NG TOPOANYE apHAMETHYHI BHDa3H, ¥ HROMY BHOAAKY
TepMiHANLHAMA CHUMBOJaAMY € DUMDPH, AYMKHN i SHAKH ofrepallifi.
Hemepminansii cMMBOMH BHRODPHCTOBYIOTheA 8K mornomimui abo
npomixHi ¥ npoueaypax mno6yAoBH pAfKiR MOBH, aJe BOHH He
BXOJATE A0 OCTATOYHOIO («IpaBUALEOrOs) BUpasy MoBH. Jlas mo-
aHaYeHHH HeTeDMiHaNRHNX cHMBoJIR O6yleM0 BHKODHCTOBYBATH
Beaukl OykBH JMarmHCBKOTO andazsity.

CepueBHHY IDAMATHKH CKI3JAC CKIHUeHHA MHOYKHHA TpOAYKILR,
BuzHaveHHs
IIpodyxyia — me ynopAAKOBAHA NMApa PASKIB, meplIUM ede-
MeHTOM AKoI € Gyap-AKHI pAAOK, cKAaZeHMH i3 cEMBoJIB
andasity N U T, opuqoMy mell pagok o6oB’sa3KkoB0 MicTHTL
xo4a 6 oOHBE HeTepMinanbHHE cuMBoJ. JIpYrEM eleMeRTOM
napH € OyEb-AKHE pagok, Mo cKIAdeHHR i3 cHMBOAIB aJ-
dapity N U T. MeoxuHa mpoaykuifi P onHeye upolec mo-
POMYKEHHA PAAKIE MOBH.
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MHOKYMHY HepIUHX eJleMeHTiB HPOoAYKII# MU MOMKeMO 3allHca-
T 82k (N U TYN (N v TV, Tyr (N u T)Y — ne MHOXHHA DPHAA-
®ins, ckaageRux iz cuMBoidis aandgasiry N v T, N — MHCEHHA
HeTepMiHANBHHX CHMMBOIB, 3 fSxux GepeThcA OIUH 00608’ A3KOBHH
JANA MepLIoro pAKKY. MHORHWAY Apyrux eneMmeHTiB Bpoaykifilt mm
MoeMo 3anmcatH Ak (N o T). Ilpu sanucy mepmuit i gpyruit
eJleMeHT MpOAVKNIL 6yleMo PO3ILNATH CUMBOJIOM «—», TakMM uy-
HOM, MEOKHHY BCiX MOMINBHX NPOOVKIIIN MOxHA 3amHcaTH $k
(INUTYVNWN uUTY=>(Nu Y.

[lopoa keHHs pPAAKIB Y FPAMATHKAX IOUMHAETECA 3 OCOOIHBO-
ro pAAKa, N0 CKIALAETHCA 3 OAHOIO BUALIEHOTO CHUMBOAY, AKHM
HASHBACTLCHE MOUAMKOGUM cuMaonom. Bix moamagaernesz S.

Hageaeme topMaibHe BHZHAYCHHS T'PAMATHKH.

BU3HaYeHHA
I'pamamuxore HaauBaeThea crpykTypa G=(N, T, P, 8), je

N — ckipueHHA MHOXHH@ HeTEPMIHANLHEX CHMBOJIE;

T — HenepeTHHHA 3 N cKiHUeHHa MHOMKHHA TePMiHAJIBEUX
CHMEOJIiB;

P — MEONKUHR OPOAYKIIA — cKiHUYeHHA DIAMEOXNHA MHOKHH
(N U TYN(N v TYX(N T,

S — nouaTroBult cuMBOm a N.

BacToCYBAHHA NPOAYKIIN rpaMaTHKY OIPHASBOHTE A0 IODPOANKEH-
ns (eanoay) paakirs y rpamartuni.

Hasegemo npuKIajg IPAMATHRH.

IIpuraaa. Posrasxnemo rpamatury GiL=({4, X, S}, {0, 1, 2,
3,4,5,6,7, 8,9 (L L,P, 8), ae P cxnagacrbed 3 BaGopy TaKMX
npogyxmiii:

1.85-A, 9. X - 3.

2.A—A A 10.X = 14.

3.AA+A 11.X 5.

4. A—-A-A, 12. X — 6.

5 A— (Al 18.X->1T.
6.A- X, 14. X - 8.
7.X-1. 15. X = 9.
8.X -2, 16. X - 0.

B ni#i rpaMaTHII MHOMHEHA HeTepMiHANBRMX CHMBOJIB —
N={4, X, 8}, mgoxuHa TepMimamebEMX cHMBoniB — T=1{0, 1,
2, 3, 4, 5, 6, 7, 8, 9,(,)}, rpamaTka MicTuTe 16 nmpoaykmiit,
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oo CKJIAAAIOTE MHMKZHY P, DOUATKOBEHA cHMBON TpDAMaTHKHM S
HANCKHTE N.

I'pamaTera BRaHawac MOEY PEXYDCHBHO, 34 AOIOMOTOI0 BHBE-
ACHHEX DATRiE,

BuaHaueHHA

Busedeni padwu (pazprd, Akl mosHa BHBecTH) ¥ IpamaTimi
BESHAYAIOTHCH TAKHMM THHOM!:

Hexa#t G=(N, T, P, 8) — peaxa rpamMaTHka, ToAi

1) S — puHBenenm¥ panok;

2) Armo offy — susemenuil pagok I mpoayxuia P — 8 mic-
TuTLCH B P, TO 0dY — Texk BHBeaeHHll pAXOK.

Moaa L(G), wo susnavaemocs zpamamuxcio G, — Ie MHO-
SKEHA PAEKIB, AKI CKIAZAIOTHCA TLINBKHE 3 TepPMiHaniB i BEBOZATRCA
y rpemeTani . I'paMATHKY exBiBaNeHTRI, ARII0 mOpPOMKeHl HEMH
mop¥ pisgi. PiemicTe MoOB BHaHadacThCA 3a NMPABMJAOM piRHOCTI
MHOMEH.

Hanpurnan, npoayinicso v geskiit rpaMaTuri moxe 6yre napa
AB = CDE., BacTocOBYIOTRCA Il DpoayKOil TakAM YUHOM:

1. Hexait AB ¢ miapagkom paaka, BHBeLeHOTO B rpamaTuni G.
2. BamirumMo y nromy pagky AB na CDE — ojep:xuMo HOBHH

PAACK. .

8. Lelt RoBUI PaIOK Ted BRAMAETHCH BHBeeHMM B rpamMatumi G.

Soxpesa, ZKINO paroxk FGADBH Bmpegenuii, To FGCDEH Temx
BHREACHHU. :
MoswauBicTh BEHBOAY PAAKA ¥ MPAMATHAKAX HOSHRYAETRCHA TaK:
¢ = WY {unrTacTecHa <y OeanmocepefHnL0 BUReAcHW 3 (¢) O3HAUAE,
IO pe3yNbLTATOM BACTOCYBAHHA ofHiel mpoxyruii 3 P no psax-
K& @ ¢ DPAJOK V.
¢ =" y (YATREThCH «\ BHReAeHWI 3 (p») OSHAYAE, MO icHye¢ Moc-
JiZOBHICTE © = ¢ =..=> Oy = Y.

IIpuxaaa. IloBepuemoca mo rpamarakn G1 = ({4, X, S8}, {0, 1,
2,3, 4,5, 6,7, 8, 9,,)},P, §) 3 DouepeAHEOro IPHKAAAY.

1Ia rpaMaTHRAG NOPOK/KYE BEDASH iz nudp, Mo MicTATE 3HAKH
cymH 1 gofyTky.

Bueegemo pagox (1 +5)-7.

Homep npoayknii, BUKOpReTaAHO! HA KOMKHEOMY KPOLOi, BKABAHO
6ing sHaka ¢=ps.
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S =44 A= 4) A= (ATA) A= (X+A)) A=
= X +X) A= (X+X) X =2A1+X)-X =
= u(l+5)- X = {1 +5)-7

@ 2anuTanHnA

HajiTe BASEAYeHHA MOBH.

Yonmy max roro, mob onmcaty Mopy, HeobXigHo 3acTocyBATH Clle-
wiaanHL dopmMansri cucTeMn (HAaXpAKIAN, MPAMATHKA)!

fIxi rpamaTHEd € TMMM, Wo poadiaEalorh, i Akl TmMm, mo nope-
KyioTh?

JaliTe PRIAAYECHEAS MpaMaTHKi Ta 11 cKIAXOBHX.

flkFMM YHHOM TpPaMAaTRKH, IO HOPOAIKYIOTH, BH3RAYAIOTL MOBYT
Axi PALKE EasHBAKTLECA BEEEJCHUMH Y TPAMATHII?

@ 3appannn
1 n= rpararexs &1, posraguyTili y npuxnaai, spobite Busia pax-
xa{4-5)+2 - 3.
2. 3Bmimite 3anuc NonepeaULOore BHEOXY, BHKOPHCTOBYIOUH CEMEBON =,
3. BwimiTh enucor mpopyeyif rpamararm G1 Tax, mio6 y Brpasax,
mo ¥ Hel DPHIYCKAKOTRCT, MOLAK 6yTH NpRCeyTHi:
&) onHOGHAYH] 1 AROsHawHI WHCAA;
6) qucna 3 GYAR-AKOK KiNLkicTio po3panis;
B) Big'eMH]l wmcna.
4, IlepenemiTs coACOK Npoiykni# rpamaraxmE (1, Re aniEwioun
OOPC/KEEY HeD MOBY:
&) 3MOHINMBNTA YUCAO BEKODUCTOBYBANHY HeTepMiHANLHWK CHMBONIE;
6) 3GiNAINUBIIA YKCHO BHEKOPACTORYRAARXY HeTeDMIiHANLAWX CHM-
BOJIE.

L o B bt

7.4. ®opma bekyca — Haypa

Popma Bexyca — Haypa zanucy npodynyii 2parMamuxu

Ina spyuBEOCTi 3anmcy NpoAyRIiN rpaMaTHK BMKOPHCTOBY-
eThesl HOTallid, 1o BBegeHa Bexycom — dopmae Bexyca — Haypo
(opma Bexyca, BH®). Bona oco6AMR0 KOPHACHR, KOJU MH BHKODPH-
CTOBYEMO ejleMeHTH 2 N, Axi MO:KHA NepenayTaATH 3 eJeMPHTaAMH
s T. Ilg moramis momarae y TaxoMmy:

1. CHMBOA )% 3AMiHKCTHCA HA @:i=».

2. B xyToBi AYMEH ¢< >» OepyThcA HeTepMimaabHi cHM-
BOJH.

3. 3raK «|» BHKODHCTOBYEThCS RNR CKOPOYEHOTO 38MUCY NpO-
AyKIil, moazavac <abos» i 06’equye rpyny npoAYKIift 3 ogHAKOBOIO
NiBOK YACTHHO, alle PiSHKMY NpaBHMH YaACTHHAMH.

Mpusenan. PoarnsgHeMo rpaMaT™RY (enenot
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Gunero = {{Uncao, 3uar, lline Yucao, Mpibua Yacruua, Hudpa, S},
{+, -0, .., 9,,}, P, 8),

Jde P crmapacthes 3 Habopy mpoxykiiii:

1. Yncao —» 3Hax LlineUncao HpitnaYactuna. 10, [Tudpa — 1.

2. Buar - +. 11. ITndpa — 2.
3. 3uar > -, ' 12. IIndpa — 3.
4. 3HaK — €. 13. IIndpa — 4.
5. IineYucno — Wndpa. 14. ITudppa — 5.
6. HineYncno -> udpa LineUncno. 15. Iedpa — 6.
7. OpibuaYacTauna -». lireYucio. 16. Hudpa— 7.
8. NpiéraacTuna — €. 17. Ywudpa — 8.
9. udpa - 0. 18. Uudpa— 9.

Banumemo mpoaykiil niel rpamarmrn pignosigme BH:
<Hueno> 1= <Buar> <Ilize Uncno> <Jpibma Yactuna>
<3HAK> 1= +|—|e
<Iline Ymecno> = <I.[ncl:pa>| <IIndpa> <I[line Yucno>
<JIpi6naacrura> ::=, <lline Yncmo> le
<Ingpa>:=0f112]3l4]5l6]|7]|8]9

Ha npaxthii npy sanucy rpaMATHE MOMYTh BHKOpPUCTORYBA-
THcA He Bei cumBoau BHE, a TinbkH « |» aBo «<I®, ¢ | o,

@ 3anuTaHnn
1. Nas goro aacTocoByeThed thopma Bexyca — Haypa?
2. B womy noarrae dopma Beryca — Haypa?

3. Haapits nepepary samucy NDpoAYRHiI¥ rpaMaTHE 3 AOODOMO-
roio BHg,

a 3asaanHn
1. Bamwwire nponyrnii rpamatuxy Gl (1. 7.3) y BHD.
2. Hrum npoaysniaM rpamataxn G = ({4, B, S},{a, b},P, 8) sianosi-
gac sannc S — ad | bA | ABba?
8. Sammmire y BH® npoxyknii rpavatokn

G=({Al B, 8 }:{0! 1}:P: 8):
1) S = AB. b)A — 010. 9)8 — BA.
2) AR - 000. ﬁ)B-)I'UL 10)3&—)111.
3)A001. T)A—5100. 11)Soe.
4) B— 110, 8)B—-011,

4. fIka MoBa BUSRAYAETHCA IPaMATHKONI (hpo? SPo6iTh BMBIN pafkis
+—12,178», «100», «0,5+, «0» ¥ rpaMarani G
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7.5. Tvnwn rpamaruk
Tepapxia XoMcbitozo: epamamuri 342alevHoz0 eu214dy,
KOHMEICMHKO-3aNeH i, KoHmeNcmuo-8inbHi, pezyaapri.
TTpofaemu narexcrocmi, nopaxrocmi, exelsaisenmuocmi drs mos

CpamaTuin MoMHEA KaacHGikyBaTH 38 BUNIGA0M IX DpoayE-
uil. Taka knacHpikKalia Ha3UBAETLCA icpapxicro Xomcexoro.

Hexalt G=(N, T, P, §) — rpaMaTuka.

Tun 0. Byap-aka rpaMaTHra BHU3Ha4YeHOTO paHillle BUTAALY
HABMBEEThCA MPAMATHKOIC 3a2ansHozo suzaady (3 GpasoBoio CTPYK-
Typolo, bed obMexeHR).

Tun 1. I'pamaTiike HABEBACTLCA KoRmMexcmHo-3arexmnow (K3)
a6o Takolo, IO He YKOPOUYE, AKIIO KOMHA NPOAVEKLIA 3 P Mae
BEMag o.—> B, e Jol < [B| abo o — &, e € — mopokmilt pajok (e-
opoAyKLIii).

Tuu 2. N'pamMaTHKa HasHBACTLCH Konmexcmuociavuorw (KB),
AKINC KOMKHA IPOAVKILia 3 P Mac Buraag A-—o, de A € N,
ae (Nu TYy.

Tan 3. TpaMaTHKe Ha3HBAETLCH NPasoAinilinow (BEDiBHAHOK
BOPAEC), AKINO KOMHA NpoAyklis 3 P Mae suragg A — xB abo
A—ox, 12 A, B e N, x ¢ T'. I'pamarike HasHBacThLead RiGORIHIH-
noio (BHPIBHAHOIO BAiBO), AKNIO KOCHA TIPOLVKIOia a3 P Mac BHLAAL
A=3BxaboA—-x,ne A, Be N, x ¢ T, Jliponinifiki i npasoxiniiui
rpeMaTAKH HasHBAIOTLCA PEZYRAAPRUMU,

IIa icpapxif € MOHOTOHHOIC BigEOC- Tun 0
HO BKJIIOYeHL, TOOTO BCl rpaMaTHRH THOY 8
€ TpaMaTHKaMM THLY 2, B¢l rpamMaTHKH
THOY 2 — rpaMaTAKaMH TALDY 1 TOWD, fK Tim 2
3o0paxkeHo Ha pHc. 7.1. 111 iepapxia BrII0-
4eHHA CHpaBefnUBa 1 gn4 MOB, WO NGPO-
Baceni, [Ipr mboMy MOBI NpHBAACHIOETLCA
Tun | AKkicHa XapaKTEpHCTHKA MDAMATHEH,
o OOpoOMYE, — 2arajbHOTO BRLY, K3,
KB, peryaspaa moea migumoBigmHo.

Hanpuknas, ockiAnkmW koHa mnparoniHifina rpamMaTiKa
€ HOHTEKCTHO-RiNELHOW, TO RO HA MpaBoainifina mosa € KB-mMorolo,
Ta icHyloTb KB-MoBR, 1o He € peTyJsipHEMH.

BrawdeHHsS THIIR € CTPOIAMH B TOMY PO3yMiHHI, mo icayloTh
MOBH, fKl HaJemaTh Ao THNY k£ 1 He HalexxaTh Jo Tany k+1
{Osks2).

Tun i

Tum 3

Pue. 7.1. Tuna rpaMaTHk
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Ane AKUI0O MORY MOMHA TeHePYRATH TPAMATHKOW THOY &,
TO MOMJHEBC, BI0 i MO)MHEA IeHepyYBAaTH I'PaMATHKOW THNY k2 + 1.
Hanpnkaaj, MOBA, IO I'eHEPYETHCHA 34 AOINOMOTOI0 HeperyasapHol
rpaMaTHKH, MOMe BHABATHCA pelyJdapHOIO.

Bae nepme oSMe:xeHHA, L0 HAKAAAACTHCA HAa NOPOAYKLiI
TpaMaTHK THOY 1, BE3HAYAE BAKAMBY BJACTHBICTL MOBH, HIO DO3-
nisnaerscd. 0aa rpeMaTHir, o He YKOPOUYOThH, Oed E-IpOAVRIiA
AOBEZeHO, IO MOBH, AKi AHMH OODOAKYIOThCHA, JETKC pPO3li3Han-
ThCH, TOOTO 32 CKiHYeHHe YHCHC KPOKiB ANA OyIb-SKOT0 DPHALKA
MOMHA BHIHAYHTH, YH HAJISXEATE Uell pajgox Mobpl 4 mi.

Jpyre o6me:xenusa Ha npoAyknii v rpaMarini Tany 2 aBiabAse
Bif BOAMBY KOHTeKcTY. Hanpuknag, aponyruisa sugy o;fos — oy,
osHauae fo3bid samlaaTH B Ha y TIALKM V KOHTEKCTI O, Cz. Taki
NpoAyKOil HABHBAIOTHECH KOHTEKCTHO-88’ 43aHUMHA. B pornaexaicts
mLOMYy npoayxiil, mo He BHKOPHCTOBYKTL KOHTeKCTY (NpPAaBHJA
KB-rpanaTuk), HaaHBAKTECHA KOHMEXCMHO-giabnumu. I'paMaTHKK
TH[[Y l HAIWBAIOTECH KOHTEKCTHO-3AJIeXHHMHA, OBKiJII:I(.H MDJKYTB
MiCTHTH KOHTEKCTHO-3B fsaHl Opofyxmii.

Hopieuooun npoayknil rpamaraku Gl a3 npurasay o. 7.3 i o6-
mexkeRHA B iepapxil XoMcrKoro, MpUXoARMOo R0 BMCHOBKY, IO ILH
rpaMaTHKa € KOETEKCTHO-BiasHOW. HasegeMo npEKJIagy iHuux rpa-
MATAK i BUBHAYMMO, JO SAKOr0 THUIY HANEXHUTh KOMHA 3 HHX,

IIpnkaax. s rpaMaTrka noporskye nocxigosHicTs (Habip) iz
oadp 0, 1, 2, fe koxkHA HacTynHa Hudpa AopiBHIOE cymMi ABOX
HonepefiEIX 3a MOAyJeM 3.

chsua:{{A; Cs S }! {0, 1, 2}v P, S),

Le P craagacThea 3 Habopy OpOAVKDiii:

1.5 — AAC. 8.02C — 022C.
2.A—->0 9. 10C -+ 101C.
3.A-1. 10.11C > 112C.
4.4 - 2. 11. 12C — 120C,
5.C—e. 12. 20C - 202cC.

6.00C - 000C. 13.210-5210C.
7.01C - 011C. 14. 22C-2321C,
Upurnag Busoay: S = 44AC = 0AC = ,02C = ;022C =

= 140221C = 1,02210C = ,022101C = ;0221011C = ,,02210112C =
= 502210112. :

da BUAOM NPOAVELI# BASHAYAEMO, HI0 UA MPAMATHKA € KOH-
TeKCTHO-3ATHKHOI0,
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Ilpaknapn. IloGyavemo rpaMaTMXy G.., o OOpPOJKYE DHAAKH
puay 0"1°, ne N (sanuc 4" osHayac 7 CHMBOJIB «<d», poaMilne-
HuX nigpsa).

Gun= ({S}r {Oo 1}’ p, S)s
fe P criegaeThed 3 ABOX HIponyEILii:

1.5 - 081.

2.8«

Ba BEOOM NpoayERIiit merxo BESHAYATH, 1IN0 LA MpaMaTUKa Bij-
HOCHTRCS J0 THIIY KOETEeKCTHo-BlOLHHNX. OaHAK LS I'paMaTHKA He €
PeryAfpHOI0, OCKIAEKHM BOHA He € NiBoBiuHolo afo mpaBoGiwHOIO.

IIparaag. IToSyayeMo rpaMaTHKy, OO0 OOPOAKYE PAJKU BHAY
0~i"2, n € N.
GBKN=({A! B, S}'F {01 11 2}' P9 S)’

xe P cxaanaersed is ceMu npoayxoii:
1.8 —+084B. 5.14-11.

2.8—¢ 6.18—>12,
3. BA - AB. 7.2B - 22,
4. 0A - 0L

3a BHAOM OPOAYELiii BH3HAUAEMO, IO I KOHTEeKCTHO-3aNex a
rpamaTrira. Nificzo, B aisiit wacTupni opoayknit 4—7. pozramorano
no ABa CHMBoONM, nepinuil 3 AxuX TepMinanLuuil, a 1A% KOHTEKCT-
HO-BINRHHAX FPAMATHK Yy JiBilf YacTuHI DpoayKiil nmOBHHEH SHAXO-
AUTHCS TiMLKM OARH CHMBON, AKKH ¢ HeTepMimannmamm.

3 uoTupLox Tumnie rpaMmarnk iepapxil Xomenkoro kmac Kon-
TEHCTHO-BiTLHHX rpAMATHEK HAHGiAbIl BaskAMBHAA 3 TOYKH B30RY
JacTOCYBaNL A0 MOB DporpaMyBanua i xoMmniasumii. 3a gomomorolo
KB-rpaMaTHRH MOXHA BHSHAYWTH BeIHKY TACTHHY CHHTAKCHYHOI
CTPYKTYDPH MOBY TIporpaMyBarug. KpiM Toro, BOHa € OCHOBGIO pia-
HHX cXeM 33JaHHS NepexJajis.

Yu icuye y Zeaxiit dikcopanili KB.rpamMaTani susin sxigno-
ro pAAKA i ARIIO TAK, TO BMAHAYMTH BHELX IOBOrO pAAKA — OfHEe
3 OCHOBHHX TNTaHb, fKe DPOo3B'AIYIOTh KOMIingrTop Ta iEmI mpo-
rpaMer imeETHOIkALIl i mepexnany. Has cnpoigeHHEA miel sapaui
38CTOCOBYIOTRECA fepens BHEBOJY Ta €KBiBANEHTHI NnepeTBOpeHHSA
rpaMaTHX. 14 rpaMaTuk AK 3acobiB omHcy MOBH HOTpi6HO po3-
p'AsyBaTH Taki mpoGaeMu.

HIpoBaema narercnoemi: «Jlaro onpc MOBM BU3HAYEHOTO THIY
i paApoK ¢, UM HaJe)XHTh O i MOBi?»
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Ilpo6rema nopomnocmi: «JaHo oulc MOBH BH3IHAUEHOIO TH-
Oy; 44 DOpoMHA A MoBa?s IloposkmicTer MOBM oOsHadae, MO He
icaye papris, mo AanexaTs Uil MoBi.

Hpotnema engisanenmnocmi: «Jlavo ABa ONHCH MOB OZHAKO-
BOro THIOY; YHM CIiBOAKAIOTH LI MOBHT#

HJoregeno, mo Bei ni npo6aemMu poap’sisni gas kaacy KB-rpa-
MaTHE.

OuesuaHo, W0 TPAMATHKM B OCHOBHOMY MicTATh pexypeii,
T00TC 3 pAXKaA, MO MicTHTs AedKu#E HerepMmimansHUHA cHMBON,
BHEOARTLCA 3a GIHE a60 Kinbke KpoKiB pAgox, mo MIiCTHTE TOMH
e CAMEN HeTepMiHaK i ToMY He € «blHANBREM» PAAKOM BHBORY,
TobTo BiIacHe paALxoM MoBH. Haragaemo, o diHanom EMBOAY Ta-
BHHEH 6YTH pAJOK MOBM, IO CKAAJAETLCH TIMBKH 8 TEPMiHAABHAX
CHMBOJIiB. I'pamMaTHKH, 1O He MicTATL peKypceiil, HOPOAXKVIOTE CKIN-
denni Mosu i BeJMEOro iHTepecy He OpeNcTaRIAIOTH. I'paMATHKH
MOMHE KnacHpiKyBATH 3a BHEIOM perypcilf, Ijo B HEX MicTATRCH,
AK ue spobneHo npu BH3Ha4YeHHI THny 3-rpaMartux. IlpaBoaimismi
TPAMATHEHM HASHBAIOThE TAKOK RPAGOPERypcUdHUMy, & JiBOIiIHIMA-
Hi — Rrisopexypcusnumy. 'pEMATHER, IO MiCTATE NPOAVKILL BHAY
X > oXpB, e X e N, a, f e (N v T), Ha3UBaWTE TAKNMH,
IO cAMI GKAIONAIOMY.

Bix Toro, sxoro Bugy pekrypcil MicTHTE rpamarmka, 32/NeEHTL
opraHisanis BHBOZY LIA eDeKTHBHOTO HOPOIMEHAR HeoOXimHMX
PALKIB MoOBH.

@ 3anuTaHHa
1. Buzrayury iepapxiio XomcLKroro Jng rpaMaTek.

2, Yu Mosxke:

a) KOHTEKCTHC-BiIbEA IPAMATHAKA GYTH DeryaspHol0;

6) peryaspHa TpaMaTHEA He 6YrH KORTeHCTHO-BLTbHOW?
3. Yw saBacpu:

a) KOHTeKCTHRO-32)I83KHA TPAMATHKA € PeryJidpEON;

6) KOHTeKCTHC-BiILHA rpaMaTHHA € Ti€I0, IO He YHOPOuye?
4. fxuit THOD MOB HOPOIKYE KOXHUHA 3 THNIB rpamMaTAk?

5. Hapeaite mpuKAeX BILIMBY KOHTEKCTY HA BHSHAYSHHA IHAYUCHESR
CAiB KJAWTs, «AYEs ¥ peuennax pociiicekoi soru. o pasusaoTs
KOHTeKCTOM?

6. HapeaiTe NpHEEAaj HOBTEKCTY ¥ IPOAVHIIAX rpaMaTHk.

7. HapeaiTe OpHKIagy MPoAYKOLA, OO MicTATE JiBY pekypcilo, nmpasy
pexypcil, caMOBKAIUSHHAL,
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3aBaaHHA

1. Jns rpaMaTREM Gouu. BEXOHalTe BHBiA immoro Mo:JIRBOTD
DEIKA.

2. NoBegirs, mo rpaMaTHEA G, AificHO BHBOZUTE BCi JAHINDKKH
epugy 0'1*. HarepiTe OpuMKIas BHBOALY.

3. HoBeairs, W0 rpaMATHRE (Frpn AlMCHO BHBOARTE Bei JaHDIOMKHE
Brgy 0°1°2°, HapexiTs NpuKRAaZ BUBOIY.

4. Nas rpamarekye G= ({4, B, S}, {a, b}, P. S) euazeauTe THO B lepap-
xii Xomcororo. Cnxcok npoaykuilt P raxmii:
a) S3adB, A—Bb, Boe;
6) 8 »>aB, AB > a;
B) S—>ABA A—qB, B-ab;
T) 8= bA, A—aB, B—abA.

5, Yu icHywoTs peryaspHl ckindenHni mosw?

7.6. PerynspHi Bupa3m i moBM

MoBu, mo Bu3HaYeni rpaMaTHraMu THTy 3 iepapxii Xom.

CLKOr0, HABWBAIOTLCA pezyAfpuuMU. [INA 3aBLAHHA peryIapHUX
MOB (MHOMEHH pPAAKIR) BHKOPKCTORYIOTHCR TAKOM clenmianwpHi Bl-
pPagHd, Imo HA3HBAIOTHCH DPEryJApHHAMH BHDAGAMEH.

Buanauenns

Pezyasprutd eupas y meaxoMmy aigaBiTi A BH3HAYACTBCH
PEXYPCHBHO:

& — peryaspHnili Bupazs (ICpoxHA MHOKHHA DALKIE);

£ — peryiaspHuil Bupa3s (moposkHill pagok);

X — PperynApHuii BHpad, SKmMo x € 4 (x — cAMBoa aita-
riTy A);

XY, X oY, X' — perynapri mupasu, axuro X, ¥ — pery-
ASPEi BHDA3H, Ke:

XY — rxonkatTeHanig paakis, uro susHaveni mupazamu Xi Y;
X U Y — ob'engaHEA MHOXKMHY DAAKIB, Mo BuaHageni X i7Y;
X' — xomxareRallis OyAb-AKoro SHcHa paAAkis, Mo BUsHavYeR]
pEpasor X’ afo mopowHill pajox.

B peryaspnux BEpasax Ana BuanauyeHHA obaacti aii omepamiii

BHKODHCTOBYIOThCH Ay-kkH. KMo gy:kkM BiacyTHi, To npioputer
onepanifi Taxui:

1. X",
2. XY.
3. XuY.
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Hpuaxnay 1. Bapas 10° posymiereea ak 1(0°) i oamavae peAx-
KH, NEepLIHM CHMBOLNOM AKHX € ¢l», a moTiM ize Oyan-sike uMcao
Hy.iB ab6o sxoamoroe myas, Hanpuknag, «100000000», +10», <1»
Ta iH.

Mpuraan 2. Bupas (10)" carauae Gygb-axy kinpkicts «10», mo
#ayrs, nocnine, ado mopo:kuilt pagok. Hanparnan, 101010101010,
«10»%, £ Tomo.

Npwxnan 3. Bapas aac ' bbb osHAYae ARa PAAKM — pANOK
«daas» abo pagox «bbbs.

HOpuzxaax 4. Bapas a{z v b U ¢)" osHavae Syfb-Axuil pagok,
HIO CKAALAETLCS i3 CUMBOJIB «as, ebs, «c», AKAH DOUMHAETE-
¢A ia cCUMBOAY «2», HANDHUKAAN, sabccbbaaabbecs, <aacacaadaas,
«dcocy,4¢as Ta iH.

Bpoaymiro, mo perynapuuit supas ¢ pAAKOM Aesaxro! MOBH.
HoBenero, 1[0 MOBY MOKHA 3a48TH 58 JIONOMOTOI Dperyasproi
rpaMaTHKHE Togi i riawxu tori, ronm I moskHa BagaTH 3a go-
IOMOroK peryxapHoro Bupasy. Tomy perynapuy MoBy imogi nra-
3HBAKTE pPLTYAAPHOK MHOXXHWHOK, MAHYH Ha ynasi MHOMHHY
ii paaxis.

ITpukaan 5. PozrasaeMo rpaMaTHRY Guge, 3 O. 7.4.

Ila rpeMeTHRE € DeryAAPHOK, OCKLNLKHE KoXkHa IPOIYKILA
3 P Mac Bug A—xB abo A—=x, fe 4, B e N, x €T'. IloGyaye-
MO peryafpEM¥ BHpaa, 10 BH3HAYAE TY X MOBY, Lo i rpama-
THK&. 9HcA0, MO BYLVETLCHA 38 TONMOMOIOK I'PAMATHKE (s,
NOYBHAETLCA 3HAKOM, ale 2Hak Moxe Oyry BigcyraiM. Brasis-
Ky 3Baxa abo ftoro EBigcyrHicT: peaniayioTe npoaykuil 2, 3, 4.
Ilsomy Binnosigge peryaspamii Bupas (+ -y £). Hani dge mi-
A8 4acTuHa gnciaa (mpoagykmii 1, 5, 6), s#xka BHaHAYAETLCA HAK
mine umchno — ogAr abo Gizpnie nAGp, npHdoMy HYAL Ha nosar-
KY YHCIAR IPUDYCKAaThbefA. PeryngpHmil BHpas AaA ninoi wuac-
THHE Tapgup¥: (O wl v 2 v 3 vdubhoubduTusdul
Dulu2udududud o T8 u9). Takam Ke YHHOM
BH3HaYaeThecd i perynapauli Bapas gag Zpi6HOI wacTHBH, 3 Tickio
pisrnnelo, mo nepex EpifHOKN YacTRHOX BHAXOZUTLCE KoMa (LIDO-
AZyknia T), i gpi6baa uacTuHa Moke GyTH BifcyTHA (mpoaykuis B),
TOMY ME ZOZAMO 3HaK U €.

Perynapuauli BEpas AdA ApibHol yacTHHM Mac BHAI:

GOLUlu2ud3udubuBuTuBubd)
Culu2uldududbubuTu8u9))ues,
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O6’eAHaBIUE OfepHAHI BHpPasK 38 JOIIOMOTOI KoEKaTeHarii,
ONepKHMO IIYKaHii perynapaEil BHpas:

(Hu-vegulu.oN0uvulu.uy
GOvlv.u9Qulu.u d)uek

Ileit Bmpas BuBHA9AE TY 3 MOBY, IGO0 i rpaMaTHKA Gucne

?

3annTaHHA

1. fx s3B'AaaHi perVAAPHI rpaMaTAKn, peryiAdpHi BApasy i peryrapui
MoBu?

2. NafiTe BUZHAYEHHS PETYIApHOr0 BOPA3Y.

8. fx BusHauecThCT nMpiopuTeT omepaniif v peryagpEAx BHpasax?

4. Yu icAye Mona, 3afiaga 34 MOMOMOTOI0 DETYIAPHO]L I'PAaMATHRY, AKY
He MOJKHE JAJATH 32 JOOOMOIOI PeryAfpEOro supazy? Ie iemye
MOBa, 388EA 38 JONOMOIQIC PeryadpHOrO BHPAsY, AKY HeMOKIHBO
3BJATH 32 SONOMOIVK PEryiapHOl rpaMarTHRy?

3apaaHHA

1. Ilna napefeEHEX PerynApPHEX BUpasis pagaiiTe ciopecmuil onmc
MHEHMKKEHH DAAKIB 1| BE3AauTe, 9% HAJAeKETh pATok +1011» mik
MHOMHEL!
a) 10"1"; ) 010 v 11)%
6) L(01)'1%; e} 1°01(¢ v 1);
B) (10)"(11); k) 1{00)'(11)";
r) (10)'1011; =) (1 v 00)OL v O)1°.

2. Onnmirs HaBedeEl MoBE 33 BONOMOICX pPerVAAPHEX BUpaais
i rpamaThak:
8) pEAKH, M0 NOYNEHAKTLCS 3 ofEorD afo Glisme HyiiB, 38 AKEMYE
Hae ogua abo Ginrmie ogRHHEIL;
6) pAOKE 3 GYKRB pocificbKol MOBH, IO HOUNHAOTRCS 3 TolocEol
ByRBH;
B} pupke 3 BYKB pocificerol MOBE, IMe MIicTATE Sk NiAPAKKHA C/IOBO
<KOMI' I0TEp?;
r) opaRuanHi peuenns pochiteniol MoBM, AKRI MoXHA CKJIACTH 3 Ha-
6opy cnis: {Tloamopopasio, Br, fyse, nobpe, morano, siaMinno, He,
pOSB’A5ANH, BRKOHAAN, 3aBXaHNs, sajady, Ipuxkian}.

3. CxnapiTe pervifapEi BrpasH, M0 BHIHAYAIOTE TAKI MEOXKHHK
pajguia:
a) {e, O
6) {0, 11}
B} {0, 11, ODO};
r) {00010, 01010, 00011, 01011}.

4. CruajiTe pervaapHEi smpasm gius rpamatek G = ({4, B, S}, {0, 1},

P, 5) 2 TaxaMA maGopaMu Opoxywuill P:

) S—04, S—1B,A-0, B50;

6 S—>1A, 850, 8S>5¢, A»08, 8518, B—-1;

B) S 518,80, A-31A, A>08B,A>1, A0, B-1.
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1.7. [lepesa BuBoaiB. CTparerii BuBogiB

Jepeso susody. Cmpamezii eusody: 3@epxy 6HU3, 31i8d HANPAED,
IHUIY BEEDX

B rpamaTtuni mose GyTH kinmka BHBOAiD, Mo exBiBamenTHi
¥ TOMV 3HAaYeHHi, U0 B KOMKHOMY BHBOLI 38CTOCOBYIOTHCH OfHI # Ti
3 nporykuii B ofgumx i TEX ke miemax, anme y piasmomy mopanky.
BH3IEAUNTH DOEATTHA €KBiBATEHTHOCTI JBROX BHBOAIB JAJA IDAMATHE
IOBiNLHOrO BHAY CRJBKHO, ajde y BAnazky KB-rpamarax moxxna
BBecTH 3pyuHe I'padiuHe sobpakennAsa Knacy eKBIBAJeHTHMX BHBO-
niB, IO HAAMBAETLCH AepeBOM BHBOAY.

BuaHaueHnn

Iloarayere yIopAAKOBaHE BepeBo D HasuBaeTLCH depeson su-
sody (abo depesom poabapy) y KB-rpamarnui G=(N, T, P, 8),
AKIIO BHKOHAHI Taki yMoBH:

1. Kopins gepeBa D nosrauenuii §, a KoXKHA BepIAHA fepe-
Ba D — cumBoaom 3 N u T U {g}.

2. Oaa Byab-akoi BHYTpintHRol RepmvaY X; fepena i ynopag-
koraHoTo cnucky 1i exnis X,, X3, ..., X, MEOKHHA IpoAYRIii
rpaMaTUku P BxaAouae Tary Opoayrmino A — a,, ds, -, @,, OO
A, ai, @3, .., @, € NO3HAYKAMYE BepiINH X, X, Xz, ey X,
BignoBigHo.

3. fixmo xopine Aepesa Mae eIWHOrO HAINA[KA, M0 TOGHA-
deHH¥ £, To el HAmMAaaoK AoMiHye HAJ AEDEBOM, AKE CKAA-
AHEThCA 3 €AwHO! BepHIMHH g, | S — & — TpOAYKIiA 3 MHO-
MuHU P.

Ha pne. 7.2 sobpaxeeno fepesa BHBOAIR ¥ rpaMaTtuni G a opo-
aykuiame S — aShS | bSasS | e.

@% (3) (S)

D O ® VS e B
FHow © O B
® ©® ©

Puc. 7.2. Hepera BuBomis y rpaMaTHmi
a3 npoayknisMu S — aShsSbSasle
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Ocrincku 6yIh-aAKe AepeBo BUBONY € YIIOPSAKOBAHAM, LAA ftoro
BHCHYMX BepuiuH icuye epupe JNinifime yuopaaryesHHS. Bamucyo-
IR IO3HAYKKM BACAUKX BepIIMH ¥ Hill ynmopaaxoBaHoCTi, MOKHa
OLEePYATH DPALOK, BABLE AROre zofparkeHHii IuM HepeEoM.

Bueijy y rpaMaTHKaXx cXeMATHUHO 300-
PAXKYETECH V¥ BHIMAAI TPHKYTHHKA, 300-
Pa)KeHOro Ha PHEC. 7.3, i 3anOBHOETHCH
BRifmoBigHe mo HaGopy npoayknifi rpama-
THKH.

B Oinnmocri BUnNAiKkiB 3aM0BHEHHSA
TPAKYTHHKA HE MOMKHA POSYMHO BHKOHA-
TH 38 OMMH KPOK, i 3a 3BMYAEM BOHO OAePIXYETHCH 3a ACIICMOTIQI
nocrigosHoeri nmigaepes. 1li nocrigoREOCTL MiAAEpPEB MOXKYTE DYTH
ofiepakani kinbkoma eTpareriamu, Akxi sobpaskeni nma pme, 7.4.

ANAN

3BepXY BHHB Jiisa HADpaEo 3ruay BBEpX

@ @ -

Puc. 7.3. Cxena BHBOIY
B I'paMaTEKaX

Puc. 7.4. Crparerii eurony (posbopy) v rpaMaTHrax

HOpw rpamaTuunoMy pozbopi MoOpALOK 3AMOBHeHHS JLepeBa
3BOZUTRECA A0 OfHi€l 3 ABOX cTpaTeriii: seepxy enusz (pmc. 7.4,a)
i snuay aeepx (puc. 7.4,6). [Ipk sanopHeRH] sBepxy BHU3 — cmpa-
mezia cnaduoze ananiay — Bel ToMepeflHHKKE KOMHOI 3aMOBHIO-
BaEol y Zepesi BEYTPIMIHBEOI BepHmIMEM XO AAHOrO MOMEHTY BiKe
3alloBHeHi. 3alnoBHeHHH 3HUIY BBepX — cmpamezis cxidnozo
ARARI3Y — XAPAKTePHAIYETECA THM, II0 Bei cnagxoeMui KoKHOL
3ATOBHIOBAHOI ¥ fAepekl BeplMEm BiKe HAJNeXKATh Ho6YJIORaHil
qacTHHL Tepesa. TakEM YHHOM, OPHM 3aNCBHeHHI JepeBa 3BEPXY
BHH3 PyXaHHdA 3AificHIoeTheA BiAg lioro KopeHA A0 BHCAYAX Bep-
INUH, a4 IPH SAI0BHeHHI 3HM3Y BRepX — HaBuak®. [IpE 3anoBEeR-
Hi 3niBa HALIpaBo — empemezin opu3oHIRAALHO20 araAisy (puc.
7.4,6) — Ha KOXXHOMY Kpomi piabyBaeThed saMiHa cAMOIC JiBoro
HETePMiHANLHOTO CHMEBOJIY TepMiBaJlbHHAM.

cg) 3anutansn

1. IITo Taxe BHBiA v rpaMaTHI?
2. Hxi syeoam exBiBanenTri?
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3. Illo maxke nepeso mmBozry?

4. Sxuih cAMBOJI £ BepIINHEOIO AepeBRa EHBOXY?

5. CamMBosAn AKoro angasiTy € IECTAMH AepeBa BHBOAY?
6. flxi cTpaTerii BusOZY Y IPAMATHKAX BY 3HAeTE?

<@ 3appanun

1. BacrocyiiTe piani crparerii BRROAY 40 I'PAMATHK, INO HABEAEH] AK
opaxaaae y om. 7.3-7.5.

2. ToGygyiiTe AepeRa ANS BRBOMIB, IO OfeDMAHI IpH poas’azaEHi
aasjauas 1.

8. G — rpamatnuka, N ={8}, T={a, b, ¢}, nozaTROBRH cnMBOT — S
i mpopyruil: S = beS, S =008, S = a, S — ch. lloGyRyliTe Jepeea
BHBOTIE AAA:

a) bebbay
6) bbbebba;
B) beabbbbbch.

4. (G — rpamarmxa, N={A, B, C, 8}, T={a, b, ¢}, nouarxonn# cum-
Box — S i mpopyknii: S > AB, A—Ca, B— Ba [XB| b, C > cblp.
BuKOpUCTORY10OUE Piadi cTpaTerii BMBOAY, BUSHAYTS, UM HAIERATH
ui paaxE MoBi, mopozmeHilt rpavaTakon G
a) baba;

6) abab;
B) chaba;
r} bbbeba.

7.8. TobGynoBa rpaMaTUKn MOBM
nporpamyBaHHA

Anrgpaaim moau, cayxclosi crosa, idenmudicamopii, onepamopi

PosragHeMo Jedak] aclekTn GopMAJEHOrO 300pamenHd MO-

BY MpCrpaMYBAHHA HA NpMEKJIani MoBuM Pascal,

Texcr nporpaMM DOBHHEH MicTHTHcA HA J¥cxoBOMY (aiai
i soBparyBary nocAifoBHicTh paAjAKiB, IO CRJIAJAKOTRCH i3 CHM-
BOJIB, AKI yTBOPIOIOTL andapiT MoBd. Paaky nmporpaMm sakimuy-
OTHCH CHEiaMbENMY KEPYIOAMHA CUMRBORAMMY, I{0 He RXOASTL A0
aadgasity.

Andanir MoBu Paseal crxnajaeThes 3 TAKHX CHMBOXIB!

* Baronopri i pagkopi JaTHECEKL GYRBH Ta cHMBOA '_’:
ABC.LX, Y, Z a, b, e, v, x, 4 2_.

ByKBY BHKOPMCTOBYIOTHCH WIS GopmyBaHos izenrrdixkaropis
icaymGoBux cxis.
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* Hecars apaberxux mudp Big 0 go 9:
0,1,2,8,4,5,6,7,8, 9.

Iudpy BEKOPHCTOBYIOTLCA ANAA FANHCY YHCEN Ta ifeHTudika-
TOPpiR.

* HBaguATh KRA CHEmiaNLEHMX CHMBONIB:

+=v)=><.,;: @[} # 8"

CrenpiaibHi CHMBOMY BHKOPHCTOBYIOTRCH AJA KOHCTPYIOBAaHESA
gmakis onepaniii, pEpasiB, KOMeHTAPIB, a TAKOM HK CHHTAKCHYHI
POAINLHHKY.

CumMponu 2 andeapiTy MOBH BHKOPHCTOBVIOTECA ANA NoGyNOBH
64a30BHX eleMeHTiE OporpaM — nexceM. Jiekcema — MiHiManbHa
OQUHUIA MOEH, HI0 Ma€ caMocTiiime IHaYeHHA.

B umchi aexcem MoBM Pascel sHaxofgaTees cayaxGoBi (sape-
gepsoBagi) cnoa. lle oOMemeHa Ipyna cais, o HobVAOB&HL 3
Gyxs. KomHe cayxboBe ¢lopBo aolpaskye HeloJilBRE YTBOpeHHSH,
3HAUeHHA fKoro ¢ixcoeame y mopi. Hanpmrnaz: begin, do, for,
or, string, virtual.

InerTudiraropm (iMena) — e oIMH BN JieKceM, TNO BHKO-
pHEcTOBYETECE YV MoBi Pascal. BoHR noswayaloTe iMeHa sMiEBMX,
KOHCTAHT, THIIB, MO3HAYOK, IpoleXyp i dvAKNilt Ta dopmyoTheH
3 6yks i mudp srifHo 3 BiAmoBiAHOIO Alarpamolo:

—{Gymoa]
Gyxpa

1leGypyeme rpamarery Gy, AKA DOpoakye imeHTmdpikaTopu:
G.. = ({Bll, Byrsa, HOudpa, Igenr.},
{4,...2Z, a,.., z, ,0,1,..,9}, 2, InewrT.),
Ae P exnafgacThesd 3 HaBopy NPoAYKMiIL:

1. <Izenrt.>:: = <Byxpa> <BI[>.

2. <BI[>:: =<Byxea> <BI> | <Onrdpa> <BI[>| e.

3. <Byksa>u:=AlBlc!|...IXIYIzlclblcl...ixlylz]_.

4, <Umppa>:=0i112]..19.

LeaTpanbHuM ejgemenToM MoBH Pascal € omepaTtop. Ha6ip
onepaTopie MoBy Pascal cxaagac MIHIiManbHY MHOKAHY KOHCTPYK-
mifi, EeodXigHAX Jun HATNAAHOTC Ta OAHOIHAMHOIO sobpaixteHHS
aATOPHTMIB.

Moea micTuTE Tawri oneparopu:

— QHepaTop IPHBIACHIOBAHEH;

- OMMepaTop IpomejaypH;
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— onepaTop DEpexoay;
— CRAAJOBHA oMepaTop;
- yMOBHHH ollepaTop;
—~ onlepaTop BAapianTy;
— ONepaTop THKIY 3 NepefYMOBOIO;
— omeparop IHEKAY 3 NOCTYMOROIO;
— oneparop LMKNY 2 TapaMeTpoM;
— ollepaTop Haj 3alBcaMK;
- mopoxniil omeparop.
PeoaraaneMo TpaMaTERY G, IO DopoaMye YMOBHI onepaTopH,
AKRi cxeMaTHUHO MOXHA 306pasuTH Tak:

IE——IEKW H then HOneWTOp i—rl else |——1 Omeparop I—‘-

Gy = {{Oneparop, Bapas, Inakine, ¥MoBuuii Onepatop},
‘ A, P, ¥morumii Oneparop),
Je A — anpapit moBm Pascal.
" P cxaanaeTheH 3 HaGopy NpopRyKILiii:
1. «¥mormAmii Oumeparop>:: = if <Bupas.>
then <Omeparop> <IRakme>;
2. <Imaxkme>—> else <Qmeparop> &
3. <Omepatop>::=begin<Onepatop>;
<Oneparop>end | <OmepaTop>

o

QOuesngHo, o B Habopi npoaykuifi #e BHeTavae NpomyrLiik
NOpOfAKeHEs oNeparopis, BMpazie Ta in., AKX He HABeeHO TYT
uepes ix rpomisaxicrs. Tineku pismosuAis omepaTopis mosm Pas-
cal, Ak 6ync HABeAeHO paHilme, icAve Gamsnko 10,

TaxkuM YAHOM, [N YTBODEHHS IPAMATHKE MOBH HPOTPAMY-
BaHHA HeobxinHo sapaTH Tari npozyknii nna NopoaxeERA Beix i
OAUHHILEL, AKX Omeparop, iaenTHdikaTop, BEpas, ONMC, BUIHAUCHHA,
yucno Ta ig. Ilepmiolo mpogyklicio y rpaMarnni MOBH IpOrpamy-
BAEHSA € IPOAYKNiA, [0 BH3HAYAE KOHCTPYKILI HporpaMy.

@ 3anuTanHa

1. M craagee andasit MOBM OpOrpaMyBaHEsR?

2. Illo Take inerTHMiKATOP. ONepaTOP, YMOBHNIA ollepaTop, ONlepaTap
OEKAYy?
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Q

3.
4.

fuuilli opueoEn MOGYAOBH FPAMATHKE MOBH OporpaMybaHEA?
B arux sAnagkxax pagox, DoSyROBAHNN 38 AOLIOMOrOI0 FPAMATHKY
Gz, He Gye NPHUNYCTAMHM LIeATADIKATODOM Y TporpaMi?

3aBhaHMA

1.

Samamite v dopMi Beryea — Haype rpaMaTuky, Ska Oyae mo-
pomEyBATH colleparop NDHETY i3 sHaliomoi BaM MOBH mporpamy-
BaHH4.

. 3mahgiTs aanmcaHy v gopmi Bekyca — Haypa rpaMaTHKy Bigomol

BaM MOBH nporpaMmysadHfi. Cnpobyfite noGyxyeaTH HeBizomi Bam
CHETAKCHYHL KOHCTPYKII MOBY, KOPHCTYIOIHCE 3AOHCAHOK ¥ Td-
xi#l dopml rpamaTHKOIC.

Tlo6yznyiire rpaMaTURy, O RUROAATS iNeRTHMIRATOPH REKODHETO-
BYBaHOI BAMM MOBK TpOrpAMyBaHHA. SariimiTe, fKINO MOEINBO,
pigmoBinEnit peryaapuuii BApaa.

. IlofyayiirTe KOETEKCTEO-BLABHY I'PAMATHRY Wi GyIL-SKOTQ BigoMoro

BAM ONepPATOpa MHHKAY. JAUUMITE, SKINC MOMJIHBO, BlAnosimamit
peryaspanlt sApas.
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Anroputmu

8.1. TloHATTA anropuTmy

Inmyimuene noramMmAa arzopummny, arxpaeimui onepamopu,
demepmirosanl ma nedemepminodani arnsopummu

Ax i HOEATTA MHOMKUHY, ¥V SAraJbHOMY BUIAAKY NOHATTS
anropMTM He MAae CTPOrOr'c MATEMATHYHOrO (i, AKIIO 3ABroAHO, JIO-
riunoro) BH3HAYEHHA, 1 JOBOJRTLCA B3aCBONLEATHACA IHTYITHBHHMY
VABJIeHAAME, 3aCHOBAHRUMH Ha JocBigi, Ockinbkn Aocmig y pispmx
raryasax cBifl, To i c/I0BO «AJrOPHTM» BYKUBAETHCA ¥ DIGHHX 3HAYCH-
HAX: aJiropyT™ IOBREiHKH, AJrOPETM H00YZ0BH, AJIFOPHTM PO3B A348-
HRA npobiaemH (sagawi) i T. A. IRaKIIe KaskyuH, MO aaropHETMOM
Y IOHPOKOMY 3HRUERHI pO3yMiloTs IIOCIiIOBHICTL BH3HBYEHMX Aif
abo onepaiiif, Giaslll wd MeHII eleMeHTAPHHX.

TyT ME BHKOPHCTOBYEMO TepMiH «ANrOPHUTM» BMEJIIOUHO Y 3HA-
ueHHL npoyedypu o6RUCAEHHSR, WO OPUIVCKAE NPOTPAMYBAHHA
i koma’wrepry peanisaniw. IIpu mnoMy obuMHCJIeHHEA pO3rad-
JaeTheA AK ¥ UHCHOBOMY, Tak i B amrebpaiuHoMy {(CHMBOAREOMY)
andapirax. Take HOEATTA aNropuTMy Taxkek He GopMAalisosane,
OAHAK JO9BOJNAC BHCJIOBMTH BHMOLH, gKi HOBHHHI 3aA0BOJILHEATH
CTAHZAPTHI NepeTBOPEHHA, MO YTBOPKIOTH «0OYACAIOBANLHHIL»
ANTOPHTM. ¥V HepIly Uepry, posnisvanicnms Ta 0JROIHAYHE SU3HA-
venicms (demepminosanicmd) paa GyAbL-AKOro NpeXCTARHAKA
3 KJACY KOPUCTYBadiB, AKHM aZpecverhea anropuT™. Haxi — ymi-
éepcarrnicmey (macodicme) aATOPATMY, TOGTO ZJATHICTE <mepe-
poGnoBarHs 6yxn-Aki BEXizBi zagi 3 mpEnyeTumMol MHOMKHHM.
Hapemri, duckpemuicms i criudennicme (peayaAnTaTHBHICTE)
anzopummy — OHepHARHSA OCTATOTHOTO («BUXiZHOrD) pPesyabTaTY
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38 cRimyeHEe Wmcno kpokir abGo oaepskaHmdA iHdopmamii npo Te,
W0 pesyJsTAT icHYE.

fIE mpHKnAgM BUIHAYXMMO NPHEUANOBHE NJAaH HOOVIOBH AJ-
ropuTMIB posB’A8KY ABOX BIZOMMX sajady; NeBHHAN 0NNAC HHX AJ-
FropAETMiE morpebye 3HAYEO BLABIIMX 3VCHIL.

MNpurrax. PoarngueMo anropRTM AONABANHA Oinux uncen
y OecarroBiift cHereMmi wucnenHsa. Iiedl anropuTM mepepobaroe
pAAKHA pRAYy <2 +be v aidaBirti, mo ckxamacrica 3 10 nudp
i aHaka momaBAHHA, ¥ PAEKH ¥ TOMY X addapiTi, 3 AK0ro BAKJIIO-
YeHO 3HaK cyMH. CrinueHHa CHCTeMA OPABHI, MO BH3HAYAIOTH
@JIFOPATM, CKIAJACTLCH 3 MPABHJA IIOPO3PAKHOrC NOLABAHHSA, IPa-
BUJA 3HAXOZKEHHA BiANOBIAHEX OZWH OZHOMY DOIPAAIB JOAAHKIB
(v ToMy umcai MoNCAIINX pospazgis), npasmn xogasanps nudp
(Trabnuna JopaBaHHA) 1 NpaBHAa NePeHOCY ¥V CTAPIDHH pospsn
¥ BHIAIKY <[ePelCBHEHHA» MOJGAIIONO.

Ipnkaan. PosrxsneMo rpy B maxy, TPAKTYIOUM ii AK IepeTBO-
peHHR psiixip v ckigveHroMy andasiti. Ik andasiT TYT npUpogHO
BHKOPMCTOBYBATH CTAHAAPTHI y iIaxoBil Teopil caMBoan. PEIKaMu
noBEHHIL 6yTH ckintenl nocaigoBEoCcTi cumeonis aagasity. Heaki
3 TAKHX NochAifoBEOCTeR 306pamyioTs Iaxosi noaunil, innri — npoe-
To Gesrnyani Aabopu cuMBoniB (Hanpmkiaan, aeell). Aaroputm
33 AEThCS NWNIe E14 PALKIB, We 300paRyioTs ocsucaerl mosnuii,
i monarae y neperBopeRHi OyAr-arol saganoi mosruil y mosmiio,
100 BMRHKAE 3 Hel micqn BrKoHaHHA weproporo Xozpy. Ak Eigomo,
IpaBnis NepeMimenHa WeXoBux ¢iryp me He BUIHAYAIOTH AKNH-
HebyAp pozymEN# BHOIp xopy v Tilt un inurifi xoukperuidi moamiil
1, OTiKe, He AOIBOAHIOTE NoOyAyBATH OCMHCHEeHMH ANMTODHTM IpH.
Oznak, AKX MOKA3YE LOCBIY, MOMRHa CKJIACTH CKiHYeHHY cHCTEMY
cTpaTeriugmMx MpaBMi, 1[0 ACBBOJAITL y KOXHI# koHrperHii
nosKLll o6ApaTH eduHEN Halikpamuit (v geaxoMmy 3Hagenni) xin.
IIpreanyoun OI cHCTEMY NPaBHA A0 MPABHN NepeMimenusa diryp,
MK OZEpIKYEMO AANOPHTM, SKHAN TPUPOAHO HASBATH AJTOPHTMOM
maxoBoi rpu. Cnig rigpazy aaamayuTn, Mo 3ameXxHo Big Toro,
AKUM YMHOM BHBHAYAETHLCA AKiCTh Mosullil, sMiHIoeTheH i s3HaYeHEA
TNOHATTA ¢HalKpamoro» xoay. {4 o6cTaBuHa BU3HAYAE icHYBaMESA
He OAHOr0 €NMHOrC AJTOPHUTMY INaxoBol I'pH, A MHOKHHH TaKMX
asropaTMis,

My sanrnmaeMo c¢TOPORE NETAHRKS PO HMOBIPHOCHI aNITOPUTMH,
e BuOIp ofpasy Zad TOro YW iHMIoro pagKa BUSHEYAETHECHA He Of-
HOSHAUHO, a BUNAAKOBO BiAOBinHO A0 AKHX-HeOyab fiMoBipHOCHHX
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KpHETepiiB. 3posyMijic, IO CTOCOBHC LIAXOBUX AJrOPHTMIB DOIIJIAL
BUTAAKOBMX HepexOfdiB He € gopeuHAM. TAKHM THHOM, Tpagmiiii-
Ho OyAeMo HA3HEATH &JrOPHTMOM JIHUIE CTPOTO AeTePMiHOBaHY
cUcTeMy NpPaBRA.

BuzHavyeHHA

ANropuTM, B AKOMY Ha HOMHOMY KDOIL MOKHA OZHO3IHAY-
HO BM3HAYHTH HACTYOHHI KpPOK, HABUBaeThcA demepai-
HOGAOHUM.

Bianonigno ao npuiinaToi HaMm JUCKpETHO! TOUKH 30Dy Iepe-
TBOpeHHA indopmanii MoxEa 306pasuTH AK BifoOGpasxeHHT MHOMH-
HN pAfKiB vy ZeakoMmy ckimuenHoMy aiddasiti B Mpomnuy pagxis
¥ TOMY % caMoMy afo 6yab-axoMy iEmomy cringensomMy andasiri.
Haspemo rani pifobpaskeHHA aagasimruMmu onepamopamu.

AJrOpATMH MOXkKHE TPAKTYBATH AK AabarRiTHL omepaTopm, HI0
3a/laHl 3a [OTOMOTrOK CKiIHYeHHHX CHCTEM IIpaBHA. ¥ TAKOMY BH-
3HaYeHHL TAK0X HeMmae MaTeMaTHYHOI TouHocTi. He nojonaBwin
MBOTO He{ONiKY, He MOKHA 3pobUTH MOHATTA aJlOPETMY IPELMeTOM
maTeMaTHaIHol Teopii. Byno apo6aero ukcnenti cnpofH YTOUREAHEA
TOHATTA AJATOPHTMY, AKi MpUBeNd A0 BCTAHOBJEHHS CHOCO0iE TOU-
HOTO 2AZAHHA AJCOPUTMIB pisEMX kKAacis.

@ 3anuTaHHA

1. Hapegite opHRIaAY ART'OPUTMIB, INC BEKOPHCTOEYIOTACH ¥ IIOBCHAK-
OEEHOMY MTTi.

2. Jealite BHsHAYEeHHA a/1QaBiTHOTO omnepaTopa.

3. #uuii aaroprTM RasHBacTLCA AerepminoBaHuM? Habenits mpaxman.

8.2. HopmanbHi anroputmu Mapkoea

Hopmaavni arzopummu Maprosa, npunyun ropmarizayi,
CAZGPUMMIYHG P36 A3Kicmb

Anzopummu Mapxoga, mo Ha3MBAKOTHCA TAKOXK HOP-
MAALRUMU aRzOpUMMAMY, NeDeTBOPOIOTL DANKH, AKi sazani
y 8yJb-AKOMY CKiAYeHHOMY aadapiTi A, ¥ PAAKHE ¥ TOMY &k caMoMy
ardapiti A. Haragaemo, o psfiok v andapim A — ue ynopsako-
BaHA CHiHMeHHA CYKYNHICTb CHMBOJIB mboro andasity. Hopmans-
HU} anropuTM 38J8EThCA CKINUEHHOIO TTOCAiTOBHiCTIO MiACTAHOROK.
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Hidcmanoska — e yOOPAAKOBAHA Iapa pAAKIB, HeoboB'A3KOBO
OOHAKOBOI MOBMKHHH, IO PO3iJeHa CHMBOJOM <—r». Hanpuxian,
niferagoBkow € @b — ed. lligcTaHoBKa z8CTOCOBHA SO BHXiJHOTO
panka, SKINo Hell PAJOK MICTHTL AFK NiAPAACK NepmMy KOMIOEeH-
TV NiACTAHOBKH. B peayIALTVIOUOMY PHAKY MaEMO 3aMicT: Nepinol
KOMIIOHEHTH LiZCTAHOBKH Apyry. Hanopukxaaj, 3acTOCYBABINH IIiA-
CTaHOBKY @b — ¢d RO paary «sabfgr, ooep:kKHMO pAjoK «3cdfgr.
Jo paaxy e«sbaff» L4 nigcTaROoBKA HE 3aCTOCOBHA, OCKINBKY mix-
pAaRa<«ab» y pagky esbaffr Hemae. LIiACTAHOBKH TAKOM MOMKYTh
OyTH NoSHAUeH] K 3aKJI0UYHL. 3aCTOCOBYIOTE HOPMAJIBHHEN aJdlropAETM
A0 BHXINHOTO pAKKa TAKHM YHHOM:

1) Iz cIIECKa MiACTAHOBOK O0MPAEMC NMEPLIY HiACTAHOBKY, AKAa
38CTOCOBHA A0 BHXIZHOI'C pAZKa.

2) Axmo moTHA TmigcTaHOBKA I3 CTIHCKA MiACTAHOBOK He 3aCTO-
COBHA [0 BHXiZznOro pafxa, TO AJIIOPHTM IIPHIMHAE pobOTY.

3) Bacrocoryemo migcraHonky 3 n. 1 go BEXifHOrG pAIKA,
OJlePIKYEMO DEBYJIBTYRUHE PAACK.

4) Hxmo BHKOHAHA HIACTAROBKA € 3aKJIOYHOW, TO AIFOPHTM
OpuIHHZE poboTy. [HaKIme IepexofuMo mo M. 3.

5) PeayanTyounil pAAOK BBAKAEMO BUXIIHMM i mepexogmumo
Aon. 1.

3ayRasKeEHA: ANTOPUTM MOKe He MICTHTH 3aKAIOUHUX MiAcTa-
HOBOK.

Tlopapor 3acTOCYBANHA IDifcTaHoBOoK, BKasaumit v m. 1, Mae
BeJTHKe AHAYeHHA ANA OpaBuabHoI poGoru arropuTMy. Cnucor mif-
CTAHOBOK IPOTJAAAETHCHA, NOUYHHAIOYYM 3 migcTaHoBKH Ne 1. HAkigo
AOC BUXiAHOTO PAAKY 3ACTOCYBATH MigcTaHoBKY Nt 1 He Mo:KHA, TO
poarnagaeTheda ODigcraHoBxa Ne 2 rougo. fAximo it ocramns nizcra-
HOBK& He 3aCTOCOBHA OO BAXITHOro pPALKA, TO AArOPHTM NMpPHIVHAE
pofoTy, Ak BKasaHo v n. 2,

Axmo HopMaNbHKH! AJATOPHTM, 2RCTOCOBAHHN [0 AedAKoro BH-
XigHoro pAfKa, Ke IPHOHHAE poBoTY, a Upanioe HeCKiHUeHHO, TQ
BBAMKAETHECH, W0 BiH He 3aCTOCOBHEH JAD LLOTO BHXigHOro pAIKA,
OCHINBKA He BHAGE DPe3YALTATY.

IIpurnan. PoarngHeMo npukiaj HOPMaJbHOTO alrepUTMY,
AEWK posminiye 6ykBM B andabBiTHOMY nopaiaky. Aadapit — A=
={a, b, ¢}. Habip migcranonox:

1. ba > ab.

2. ca - uc,

3. cb - be.
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SacrocyeMo el 8RATOPATM Lo pAika «cbabe». B mpomeci po-
60TH ANTOPHTMY TOCIIJORHO OIEPIKYEMO DHIKH:

achabes BHXigHA;

s«cabbcy nigcragesKa 1;

s1acbbes OifCTaHOBKA 2;

aabcbes miAcTaHEOBKA 3;

sabbcer miacTaHOBKa 3.

PeayaeTyrouuil pAECE — <abbees,

Nprxzanx. B andasiti A={a, b, ¢, d, e, ..., y} Ko pagka eabcds»
CIIHCOK LicTAROBOK

l.a—e;

2.b—od;

3. ede — ab
He 3ACTOCOBHHH, OCKiNbKH BHAMKHEHHS LHKIY

1 2 3
{abed) — (cbed) — (cded) — (abed)

[NPHSBOJHTE A0 HeckiHdyeHHOI poform anropurmy Mepxoma, SRIO
He BXA3AHO, AKa 3 TPHOX IiACTEHOBNK ¥ CIHCKY £ BAKIIOUHO.

Tpaxnax. Andasit A={1, 0, n, W, (.})}. Habip mineTaHoBOK:
1.1n0-0. 6.1 01=1,

21nl1=l1 T7.001-1,

3.0n1-0. 8.0 000,

4.0 n 0-=0. 9.(1)>1.

5 1u0-1l. 10. () — 0,

3acTocyeMO HOPMANBHUE RATODPITM A0 piika «(0 U )10 0s.

B npormeci pofioTe anTropHTMy MOCIIMOBHO OJASPHYEMO PALKH:

«(Du 1) 1vuldr auxiasa;

«(D ol s nifcTaHOBRA 5;
«(1) N 1» nigcraHosxa T;
«1 N 1s migcranoexka 9;
«1s nigeranoska 2.

Peayneryrounit pagok — «1»,

MoxHa mokasaTu, IDo 6yar-AxKE aaropuTM exBinareRTHHI
JeAKOMY HOPDMAAERHOMY AJropHTMY. IHakIIe KaXydu, AXH HYAh-
AROTO ANTOPHTMY HAJ XOBLMTRHYM cKiAYeAHEMM anxdapiToM A MoxcHa
nolyAyBaTH HOPMAJBHYH ANTOPHTM, U0 Mepepoblioe PALKH TOYHO
Tax, gk i Buxigwudt axropuTM.

Takum urEOM, MOXHa CHOPMYIIOBATH MPUHKLR HOpMARi3n-
yil arzopummy, AKEI NOJAATAE B TOMY, o GyAb-AKE# ajropnTM
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B andabiti A expinaneMTHH#t JesaxoMy HOpMANBHOMY ANIMOPHUTMY
B andasiti A, KopoTrro qopMyIwlOTe Tak: Oyde-axuili arzopuma
8 A nopmanizyemuca.

ITpranun mopmanizanii, 3 oggoro 60ry, CTRepAXKYE icRyBauHESA
HOPMANEHOIO QATOPHMTMY AJS DOSB’A8Ky koxkHOL safaui, Ans Awroi
icHye anropurM B A. 3 inmore 6ory, BiH JOSBONAE CTBEPAIKYBA-
TH, MO HKI0 AAR PO3R'A3KY AKoi-Helyak 3afaui HopMansERH
ANlFOpUTM HeMOXIMBHH (floro He icEyE), To He Mae ceHCy LIYKA-
T Gyak-Axnél iHmu# anropurM, To6Te ApMHMUOD wopMasiaanii
€ sacofoM JOCHif’ReHHA NHTAHHEA @AzopumMmivnol poss’sawocmi
a60 Hepozg’sanocmi sadavi.

@ 3anvraHus

1. IIlo aBAg0TE cofiol aaroparMu Mepropa?

2, B axoMy mopaary IMACTEEOBKH 3aCTOCOBYIOTLCH N0 BAXiAHoTO paaka?

3. B axoMy pMOagky BRAMKACThCH, IO IDifCTAHMOBKA QACTOCORHA A0
Buxigmoro pagra?

4. B svromy Bunajxky anropurM Mapropa opankEse pobory?

5. B SKoMy BHIIBAKY BBAXKAETLCS, INO ANrOPHTM MapxoBa He 3acTo-
COBHHH 20 BHXIZHOrO paaxa?

6. ChopmymwoiiTe opuauMn BopMaiisauii,

@ 3asnandn

1. BacrocyliTe arropuT™ 3 npukaagy 1 mo pAAKIE «cabecs, sccchbas.
2. Lna eadagiry 4= (0, 1, 2, 3) nobynyilTe HopMAZRERE anroparM,
oo posMimmye DHOpU BHXIAHOIO pRIKA ¥V NOPASKY CIHAZAHHA.
3. 3acTocyiiTe aJAPOPHETM 3 NpHRIALY 3 go pagkrie ¢1 W (0 M 1)w is,
«{(WO0N1u0)uw0nls.

4. B ambapiti A = {0, 1, -, N, v, (,)} nobyayiiTe opManbirit anro-
PRTM, AKAA OoBYHCTIOE dRAUSHHS BHpasy AHARNOTIUEO IPMRIaZy 3
(y BRpasi Moxte OYyTH OPHUCYTHIM 3HAK ¢—# — 4HE#).

8.3. AnroputmMu Ta pekypcusHi pyHKuUiI

Odsucawsana Pyrrxyin, mesuc Yepua, 6asoei pexypcusni Pyrnyil,
onepamopu nobydosu pexypcusnHux QyHKkyii

BRBYaOUA DOEATTA AJNTOPHTMY, MOMKHA 3BeDHYTHCH JO Bike
BUBUeHOro NoHATTA SyHROII. BeamxaeThca, mo Takl ob’exkrH, AKX
PeKypcHBHI QyHKIil icEYIOTs a0 He iCHYWTE TOYHO TOAL MK, KOAH
i arropET™MH.

TeopeTHko-MHOKHEHe BU3HauYeHHs QyHKIII aUrrazae Tax:
dvHELico ¥ = Ax) HaauBacTheA BinobparxeHHs MHOMEHE X y MHO-
HUHY Y, AKe KoXXHOMY edeMeNTY ¥ € X ¢TaBHTh ¥y BifmomiamicTe
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TOYHO OOMH eleMeHT ¥ € Y. ANropuTM MoOKHA BEAJKATH KOH-
CTPYKTHEEMM NPABHJIOM, L0 CTABUTh Y BIATIOBIAHiCTL KOMCHOMY
OpHIYCTAMOMY SHAUCHHI HeaaleXHol BMinHOl sHAaYeHHS PYEKLIL,
TobTo npasmiom, wo iagykye dynruin. He gna 6yasb-akol gynx-
nii icaye aaropuTMm, mo ofumciloe i sHaveHHAN. '

BrUIHaJYeHHA

dyHKIig, 8 gxoi icHye 6ynp-axuit xoHcTPpYRTNEHEH cnocib
offepsKauEA 11 3HAYEHHS 34 3HAUEHHAM ApPrYMeHTY 3a cKin-
YeHHE YUCLO KPOKIB, HASUBAEThCH OGHUCAIOBAHOIO,

OueBngro, mwe $pyuxuil, aAxi IHAYKYIOTRCA aATOpUTMAMH, of-
yueToBaHi. B JeARMX NUTAEHAX SaMicTh posrasay aiATOPATMIR
MaskHa obiflTHer RurvenusM ofumcnropauux HynxUifl, manpmk-
nap, AKO[o GyjAe AoBefeHo, o AJA posB’ssry Aearol npolmemu
He icHye obyueatoBamol dymRKNii, To TUM camum Oyne JoRefeHe
i sefcuysanma anropuT™y. Bueuatoum pisHi obumcmoBani dyuk-
mii, A. Yepu y 1936 p. BHCAOBUEB TBepI[:&{eHHH, nvifjoMe Temep An
Teanc Yepua.

Tesue Yepua: Byar-axa oﬁtmmrmnana dyEKOiA Big n HaATy-
pPATBEUX apTyMeHTiB, o IpHiiMae HATYpaJdbHiI 3HAYEHHA, TOTOXKHO
IOpiBHIOE geARiH pexypcHPHI# (yHKIII 3 TAM e YucJIOM Hesa-
NemHux aMignux.

Teszuc Yepya zicrasnde imryiTitBHe OOHATTA ofuMcaloBaHOl
$yHRUi] 3 TOYHUM MATEMATHYHMM OOHATTAM peKypcusHOI PYEK-
mii. CreepaKyeThe, MO AKHM OH He OYVB ajJropuTM, HI0 OEpye
NLINMH HeRiJ eMHAMM THCIAMHE, icHYe anropUTM, CYOYTELIR peryp-
cubHIlt dyaruil, axull HoMy exsipanmenTHuM. AITOPUTMOM, OO CY-
NyTHI# pexypcHBHi QyHKNII, HA3HBAETRCA AJITOPHTM obuHMCNeHHSA
if anavennAa (Tobro To#, N0 € 3AaKOHOM 3ABHAHHA pPeKYPCHBHOI
dvuxuii). Poaraanemo ¢dopMaJbHEe BABHAYEHHA KJIacy PERYPCHE-
HHX (YHKIIH.

PexypcuBnow € byaknis, njo sukopHcToBye caMmy cebe y cBoe-
vy BusHaueHdl. Pewypcil mMa aycrpiuaemo Ak y maremardui, rax
iB noBcakfeHHOMY 3UTTi. Hanpmknajn, pexypcHBRRHe BHZHAUeHHS
PAAKA MoxkHA cGopMyToBaTH Tar: +Pagxkom nasuBacTbea abo mo-
poxcHill pagok, aGo pAACK, Zo #Koro nprnuecana Gykbas,

Opyrnit npuraan pekypeili — meroa MaTeMarmunol inaywrmit
Baa popegeHb. lleft MeTom mondarae y TaKkoMmy:

1) Tlepesipaemo icTHHBicTH TBEpA;KEHHA AAA Xg.

2) Ipunyckaemo, 1[0 BOHO icTHHHe AJIR X;.
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3) Humo, BUKOpHCTOBYIOMH 2), BIacThcH JOBECTH, W0 TBep-
JUKeHHd icTHHHe JNSA X4y, TO MOMEeMO 3pOOGHTM BHCHOBOK IIPO
ieTHHHICTL KBOro TBepAKEHHA ANA X, OpH OyAb-Akomy { € N.

Knae pexypenrnux dyaruil 6yayerncs ninaxoM BKaziBKE Jed-
KOTO uHcNa edeMeHTapHHX (6asopux) byHkuiil i Tprox omepamiit
Haj QYHKLIAMH, 38CTOCYBAHHS HAKNX 1 IOpoAMYye Beck KJac.

BuaHayeHHA

Hapegeri ¢yRRIOi] oroNomyOTHC eleMEHTADHHMHU abo Ba-

Josumu pyniyiamu, Ta ix obnacTk BHanadeHHd, i ofmacrn

AHAYEHHSA 34Jal0ThCA 3 NOMIAPEEOro HATYPAILHOrO pPAAY
No=Nu {0):

1) @ynxuii 6yab-axoro yuena aMinaux Q. (x,, .., x,), TOTOM-
HO pirmEi ByAK, Ae N — 49UCIO 3MiHEMX!:
Ox1, oy X0} =0, Vx,.

2) dyHrUil subopy V., {x1, ., Xa) abo cenexTopHi GyuELil, fe
n — Ypcie sMiREHX, { — HOMep 3MiHHOI ¥ CIMcKY 3MIHHHX
dyERUil, 3EaYeHHEA AKOI NpHiiMac cenexkTopHa dyHkuia:

Vn. i(x]9 weny xn) = X
3) PyHKLid NPOXOMYKeHHA, o MOSHAYCHA Yepes A(x) = x + 1.
Bnauvennam pyHril e vncio, mo GesnocepefHBO € HACTYITHHM
3a x.

Hwuxnili ingerc 6ias smaxy ¢yHEDID DosHadac pawnz QyrRk-
wii — xinpricrs smimaBx niel ¢ymsruii., Hauprraag, ¢yernia F,
3ajesKHTEH Big n aminEnx. Hmxnil ingerc 6ina nosHaueHHA 3MIiH-
HOI c3HAuae NOPAAKOBHI HOMep i€l 3MIHHOI ¥ CHUCKY 3MIHHHX
dyukmii. _

JIna wosxaol Gasopol ¢iyarnii icrye npoerm#t anropuTmM, IMo
obyucaioe Il sHaueERA. BiH HAasMBacTLCH cynymuixm arzopummon
niel pyunyii.

Hapegemo onmepamepu, sa OIIOMOTOK AKHX 3 PeKyPCHRHHEX
byunmitt Moxkia ofepsatn nonl pexypemsni dynrnii.

Onepamop nidcmaroexu (cynepnosutii) S nopoaxye dveERiin
&, Big m aprymenTtis (¥, .., T.) 88 QyEXUickw F, Big n aprymeH-
TR f1, ..., [o. Dyurnia O, suapavacThes yMonolo O, = P.(f1, .« F)-
Oneparop nificranoBkn obuicnioe 3HaYeHHS GYHKUiK f), ..., f, 110
sanexark Bif m apryMentis, i npnitmae ix 34 3HaYeHHA BiANOBijA-
HEX UM pyHrnisM apryMmenTir ¢pyuknii F,, micna uoro ofuuciioe
sHadenHA Gyaxnil F,. PesynnTar BRakaeTheA SHAeHHAM (Qyoknii
&, i mosmavyaeThes
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@, = S(Fa, 1o f20 s [2)e
Onepamop npumimuenoi pexypcii R aa gsoma dyrkmia-
MU @Q,-; 1 V.., Oyaye dyurmin n HezasexHUX sMiHHMX D, =
= R(ps-1, Wy i)

¢n(x1, eeny Xp -1y 0) = (Pn-l[xh ey xn—l);

DXy sy Tamts £+ D) =Woi (Zhy wus Zne1y £ Dl X1y sey Xa-1, 1)),
ae i=0,1, .., x,-1.

Onepamop minimiaauyii |13 0,., —» P, 3a sajano byHRIickh
@a1(X1, ey Xy Xaey) BVAVE eMiniMisoBany» dynunin &, Big men-
IIOTO YHETa APrYMEHTIR 3a TAKMM TNpPaBHIOM. ADTYMEHTY X, )
GVYERII Q.. (X1, ..oy Xns X, +1) HAAAOTE DOcAiZORHO 3HaUeHHEA 0, 1, 2
i T a. gor, AoKE QYHRIIA P,., He cTAHe IepUIMii pas ROpiBHIO-
BATE Hynoo, OgepykaHe 3HAYEHHH X,,; NPHHAMAIOTE 38 SHAMEHHA
pesyiIsTYIOUOl $yuKIii:

DulX1, vy Xn) = Xas1, AKIEO QPrs1(X1y ey Xny Xas9) =0,

Axmo Ao sakiHveHH® Opomecy Ha AKoMYy-Hebynb kpomi ¢..,
CTaHe HeBM3HANMEHO, TO Ipounec GeapesyIBTATHO OBpPHBACTLCH.

Pexypeusnumu HasusawoThed OGazobl oyEkmil i dyaxaii, oo
QAePKYIOTECH LINIXOM BACTOCYBAHAIL A0 0830BHX QYHKIIE ckiH-
YeHHOIO YHcila onepaTopiB OiJCTAHOBKM, pexypeil Ta mimimizamii.
S pxe BigsEauanoca, AKEM OM He 6yB AJTOPHTM, L0 OmEpPye
ninuMHM HEBiA eMHHMH 4MCJI&MH, icHYE eKBiBaneATHHH lomy an-
ropurM, cynyrHifl gesxi# pexypcupnifi ¢pyuruii. Ile osravae, mo
BHKOHEHHA &JTODHTMY Yy TIeBHOMY 3HAUEHHI expimajeHTHe ob64mc-
JIeHHIO 3HaueHHA pexkypcHEHOI dyEKUil.

PoaraaseMe malinpoerinli pekypcubHI GymREEii.

dyarnia F(x)=x+ 1 cnienasaec 3 Gasopow ynrnieo A(x),
a4 3HAYMTE & PeRYPCHBHO.

tbyurnia F(x, y)=x + Yy TAKOK € peKypcHBHOK. JosezeMo ne.

1) TIlobygyeMo perypceHBRy dOyEXRIiK f(x, ¥, 2) =2 + 1, aacTocy-
BARINY CIIEPATOP NiACTAHCBEM J0 6230BRX PyHRULH Vas(x, ¥, 2)=2
BAz)=z + 1. Migcrasumo (z) samicts 2. Opepxana byurDia
Voslx, ¥, M2)) =2+ 1 exBinanenTtHa ¢pyuruii f(x, y, z)=2z+ 1.

2) BacTocyeMmo onepatop pexypeli go dyvarni Vi, (x)==x
i flx, y, 2)=2z2+1.

Tlognaemun y BY3HadeHHi oreparopa pexypeil @.(xi, x3) =
= F{x1, Xz), X1=2%, Xp =y, Xa=2, Va.1(x, ¥, 2) = f(x, y, 2), Osx, D) =
=F(x, 0)=V,(x) =%, ofep:XYEMO MOCTiIOBHO:
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Fx, 0)=Vislx)=x

F(x, 0)=f(x, 0, F(x, 0))=f(x,0, x)=x+1

Plx, 2)=1f(x, 1, F(x, 1) =f(x, 1, x+1)=x+2
Flx, y))=flx, y— 1, Flx, y- 1) =F(x, g~ 1)+ 1=
=x+(y-1)+1l=x+y.

Myxana dyernia F(x, y)=x +y sofpaxnteHa 3a JONOMCIOI0
onepaTopa pexypcii R uepes Gasosi dyernii: F(x, y) = R(V,, i(x),
f(x, y, 2)). Ananoriuro popoauThca, iure F(x, y)=x - y Taxox
300pasKyBaHA ¥V BEMIAAL pekypcuBHol ¢yErIii.

SayBaykumMo, IIC ANTOPHTM, CYNYTHI pPeKYPCHBRIE ¢yHERMii,
ue ¢ eanenM. Tak, v npiwnani Fx, y) = x + y Ba ZepmoMy Kponi
obymcaenns dyHErOil F{x, y) Moxma nobynysaTH dyHEKNi f 4K
f(x! ¥, 2)= l( Va,a(x- U 2)) =z+1.

8riano 3 resucom Yepua qaa Byab-gkol obuncarosanol dyHKHii
MOKEAa ToGYAVBATH eXBiBanenTHY i pekypcHBEY (yHKnio. fAkiTo
AN poaR’sisKy Aroi-Hebyap 3afadi ModxHa moOYIYBATA PEeKYPCABHY
thyEKIi0, TO icHYE i AXrOpPHTM, 1110 pO3BR’ASYe IO 38[aTY. B IpOTHIEMK-
HOMY BHNAZKY He icHye 1 anropmTmy, 1o po3s’ssye L0 sazagy.

@ 3anuraHnA

1. HNafire Bnamauenna ofunciiopanel dymmmil.

2. Hasegite npuraanu pexypeii.

3. Uu Moxke Gyne-axa ofuucmosaEa dyHKNis 6yTH sobpaxedsa ¥ pe-
KYpPCHEHOMY BHTAALIT

4, Haa qoro B Teopil arropHTMiE 3a¢TOCOBYIOTECA PEKYPCHEHL DYHKIII?

5. loGyayearn anroprt™ ofaicacuns $yuxnil F{x, y)=x - v Uepes
Gasoni yurmii Ta omepaTopn.

8.5. npumé,qu nobynoBu anropuTMiB

Hpasuasiuit azzopumMm, GRZOPUMM COPIYSAHNS
ECMABKAMY, QLIOPLINM COPMYSAHHA JRUMMAN, NPURLUR
«poadiagit ma soaodaprois

B nporpaMyBaHHi aaropnT™ — e GOPMAEAERHO OONHCAHA
o6uHCIBAJIBHA NpOLeAYypa, IO BHKOPHCTOBYE BHXiNHI pani, aki
HA3UBAIOTECA TAKOM. éX0doM anrzopummy abo Horo aApyYmenmon,
i Bupae pesyaepTar ofuHMciens Ha BEXiL. PopmymoBaHHa 3afaui
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MiCTHTE BUMOTH, SKHM TOBHHHO 32JOBOJEHATH PO3B'A3AHHSA 3ala-
ui, A aJropaTM™, mE posr’Haye L0 Bafavy, SHAXOAATH 00’ckT, 10
8A/IOBOJEIAE 11i BUMOIH.

IToGyaoBRy AJrOpHTMIB po3rasHeMC HA NPHRIAL 3ajadyi cop-
TYBAHHA:

Bxin: IMocaigosnicTs n umcen (ay, gz, ., &)

Buxin: TlepecraBnenss @), a3, .., a, Buxignoi nocxigormoerti,
ang sxoi @) £ a1 € .. £ 4.

Hanpuknazn, omepxaemu Ea Bxix (31, 41, 59, 26, 41, 58),
aNropETM COPTYBAHES NOBHHeH RHAATH Ha Buxiz (26, 31, 41,
41, 58, 59).

BaraTo anropuTMiR BHKOPHMCTORYIOTh COPTYBAHHA HK IPOMixK-
umnfi kpok. € Gararo pisHHX anropuTMiB copryBaHHA; BUbip ogHOro
3 HMX ¥ KOoHKpeTHill curyanil sanemxuTs Bij| JOBIMUHAN [TOCHifoBHOC-
Ti, mMe copTyeThCH, Bif Toro, HACKINLKHM BOHA BiKe BificopToBaHAa,
8 TAaKoK Bij THOY maM AT, MO BAKOPHUCTOBYEThCH.

BuiHaveHHA

ANTOpPHTM EB8:KAIOTE RPAGUABHUM, AKII0 Npu OyAbL-AKOMY
npunycraMoMy (AJg AsHoi 3ajgaui) BXoAi BiH 38KiH4YYE po-
60Ty i BHZac pesysbTaT, IO 3I8ACBOJBHAC BUMOTH 3amadi.
B unoMy BUnajky roBOpPAThH, OO AJNTOPUTM pO3B'A3ye Jamy
o0YHCAIBAILHY 38J84YY.

HenpapuasHull anxropuT™M Moxe (478 AeAKOTo BXoay)} zoBcim
He SYOMHHTHCA a0 AaTH HenpaBHALEKR pesyawrar. Ilpore Hempa-
BHJABHHN ANTODUTM Moxke 6yTH KOpPHCHHY, AKINO INOMHIKH JOCHTH
plaki. Ane e Bce ¥ TakK, MafyTh, BUHATOK, Hi¥K NpPaBRJIO.

Aanroputm moxke OyTH zanEcaenit Ha pocilicskiit, anrmificexiit
6o immi¥ opmpogHili MoBi ¥ BHMAALL KOMI'IoTepHOI MporpaMy
a6o Haeirk ¥ MammaHax xojax. Baskswpo Tinbem, moed npoueny-
pa ofupcieRE MaJa TOUHHH onme, U0 He OPUOVCKAC ABOSHAUHEHX
TIYMAYEHL HA ROMHOMY Kpoli.

B mamyx mpukaagax 6yiemMo 3anMcyBaTH aArOopUTMH 3a A0IO-
MOro0 MeeBJOKOAY, 1HO Harajye MopH OporpaMysarsa. TyTr imogi
AOBBOMIEHC ONMHCYBATH Ail ANTOPHTMY «CHOIMM CHOBAMM», AKINO TAK
BAXOAHTE sposyMinime. Kpim Toro, onycxaimoThed TexHoJoridui
nogpoGuIi {o6pofra moMmIiok Ta iH.), Axi meobxixui y peansmiit
nporpami.

Hasegemo ocHOBHI yroam, AKi BHKOPHCTOBYIOThECA Y lICEB-
ROKOXI:
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1. 3HaK <« 03HAUAE IPHUCBOCHHA JHAYEHHA.

2. Unxnu while, for, repeat i ymoBHi KoHeTPYKWil if, then,
else MaOTh Te X 3RAa9eHHA, wio 1 y Pascal.

3. IHEeKC MACHBY NHINeThCS ¥ KBAAPATEEX AvaKax; Afi]
€ i-fi eJeMe®T MacHBY A. 3HAK «,.» BHJALNAe JacTHHY MacHBY.
CumBon A[l..j] nozsagae ninsuKy MacuBy A, mo Brawuae A[l],
A[2}, ... Aljl

4. Bigeryn Big niBoro moJA BKAaBye HA pPiBeEL BKJIAASHOCTI.
HapefeMo IPHKALL IAMHCY IPOLEAYDH:

ProceEnure 1 (X, n, 8, k)

l.se0

2.E<0

3.forie<1tonr do

4. 3 3+ X[i]

5.if s=0 then

6.he1

T.xe—k+1.

Tino ourny for (pagor 3) craafaeToes 8 paakxia 4—6, a mo ymo-
BE if (pagok 5) manexuTs Tinnkw pagox 6, ane He 7. Ile pobuts
salteum coeniantui romanpu Tuny begin Ta end ana mouaTRy
i kiuma Gnoxy. B pealrHWMX MOBAX IpPOTDAMYBAaHEA TAKA YTOJRE
B8ACTOCOBYETHCH PiZlKO, OCKINBKH YCKIAAHIOE YHTAHHA IPOrpam,
mo NepeXOonATh i3 cTOPiHKY Ha CTOPIHRY.

5. 3minni (y mamromy npukiaani — i) dokannui reepeguni npo-
neaypH.

6. CuMBon ¢ moTuuac xomerRTapiit, mo ime mo wimus papxa.

CopTyBaHHA BCTaBKAMW

CopTyBaHHA BCTABK&MM 3pYTIHe OIS CODPTYBAHHS CTHCIAMX IIO-
caigosBocTeil. CaMe TaxEM cmocofoM 3BHUYAHHO CODTYIOTE KAPTH:
TPAMAIOYN ¥ JiBil pyui Bme ymopaakoBaxi KapTH # ya3dBLIM IIpa-
BOIO DYKOI) YeproBy KapTy, MH BCTABIsSeMo il y morpifue micoe,
NopiBHIOIOYHA 3 THMHK, IO BXKe MaeMo i fayuu copaga waaiso.

BanuiIeMo Uell aJropHTM y BEIVIAAI upoueZypy INSERTIONSORT,
napaMeTpoM AKOI € MacEB A{l..n] {nocaigosricTe A0BKHHH 2, TiA-
JNAT&I0TA COPTYBAHHIO). IlozHauHMO uHCIO eleMeRTIE y MaCHBL A
uepes length[4]. IlocnigoBHicts copTYeThea <Ha Micnis Ges moaar-
KoBOl maM’ATi: KpiM MACHRY MH BRHKCPHCTORYEMO NuIIe dikcoBaHe
uucno KoMipok mam'ATi. Ilicns BuKoHaHHA Npouenyps INSERTION-
SoRT Macup A YIOpPAJKOBaHZN 34 3POCTAHHAM.
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INSERTIONSORT (A)

1 for j« 2 to length [4] do

2 key « A[j]

3 ¢ momatu A[f] mo Bizcopromamoil uactmEm Afl..j-—1]
4 ie—j—1

5 while i > 0 and A[i] > key do

6 Ali + 1] < A[i]

7 ie—i~1

8 Ali + 1] « key.

Ha pue. 8.1 aoBpa:xenc pobory anroputmy mpn A={5, 2, 4,
8, 1, 3,}, n=10, iggexc j BKA3YE 4eploBYy KapTy (TiNprkE IMo ysd-
ry 3i crosa)., HizAagkn A[l..j— 1] cRuaagapoTs Bke BifcoproBaHi
waprn (mia pyxa), Afj+ 1..n] — e me meperngnyri. B umeai
for ingeke j mepefirae macuks aniBa Hampaso. Mu GepeMmo enement
Alj] (pagox 2 anropuTMy) i mepeMimiyeMO BIpABO €JEMEHTH, IO
ayTh nepeq HuUM i Ginslii aa HLOTO 3a BeAHYWHOW (IOYMHAIOTH
3 (j = 1)-ro), seinnuamoyy Micne gns BeaTorc enemenTa (pagxd 4—7).
B panky B enemenr A[f] eTasuTheAa Ha aBinLHeHe Mice.

L5 @ 4 6 1 8
2 45 6 1 3
2 4 5, @ 1 3
2 4 5 8 (D 3
1 2 44 5 6 _@
al 2 38 4 5 6

Prc. 8.1, Pobora uponenypr INSERTIONSORT
Buxigumit pagox — A ={5, 2, 4, 6, 1, 3, }- [Toaunia j sofpaxena xonoM

CopTyBaHHA 3NUTTSM.
MpuHUMD «po3[inaid Ta BONOOAAPION»

€ Garato CcTaHZApPTHMX cnocobfis, I0 BMKODHCTOBYIOTRCH IMif
yac noOyaoBy aaroput™is. CopryBaHHsi BCTABKAMH € NPHKAAZOM
ANTOPATMY, LI¢ Ji€ 38 KPOKAMH: 50 BiIcopToBaHOl J9aCTHHH MacH-
BY JOBANThCA €MeMeHTH OONH 3a ofHnM. [loka:xemo y gil immmi
nixxin, aAKkEidl HABMBAIOTE «p03LinAl Ta BoJoAapioii», 1 mobyayemo
aa #ioro ZonoMorow 3HAYHO MENAKIMAE alToOpUTM COPTYBAHHMA,

Bareto alropuTMiB 34 CROEIO NPHPOLOIO PEXKYPCHERHI: pPoaB’aAzy-
OUH [efKY 3ajady, EOHY SUKJMEKAITL caMHUX cefe ONA DPO3IB’A3RY
il mipgzanau. Ixes Merony eposfinall Ta BONOJApIOHs IONArac AK
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pas y npoMy. CnouaTKy 3afava poabuBacThcA HA Kinbka migaagau
MeHLIOre posmipy. ITotiM Oi sagaui poss’aayioTecs (3a AoIOMOrow
DPEXYPCHREOTO BHKIUKY — abo Beamocepelino, AKING POMip J0c-
TaTHbO Maauii). Hapeinri, ix poss’askur xoMmbluyioThea, i ogepiry-
ETECH PO3B A30Kk bBuxiguol sagavi.

Ona sagaui copTyBaHEA Il TpH eTANH BATIAAAOT: Tak. Cno-
YATKY MAacHB po3buBaeThLCS HA 4Bl HOJOBEHH MEHINOro posMipy.
IToTiM koOMHA 3 MONOBHE COPTYEThcA okpeMo. Ilicia mporo sanuila-
¢Thed 3'¢/IHATH ABa YIOPAAKOBAHUX MACHBH TIQJIOBMHHOIO poaMipy
B oamH. PexypcuBEe po3buTra aagaui He MeHIi Bia6yeacTnca Jo-
TH, HOKH POSMip MAacHBY He Ziiiae Jo ogurull (byab-axui Macup
DoB:REHE 1 MOMKHE BBAYKATH YOODPASKOBAHHM).

3’caHanns LBOX YNOPSNKOBAHHX MABCHBIB B OfHH BHKOHYETBCH
3a ACIIOMOICI0 FOoMOMimkioi mponegype MERGE (A, p, ¢, r). Ilapa-
MeTpaMH Hiei mpouegypu ¢ macus A 1 umcna p, ¢, r, U0 EKASYIOTH
rpanuni AizAHok, aki smauealorkesa. Ilpeneaypa npuunyckae, mo
P =g <rimo ginanka Alp..q] i Alg+ 1..r] Bxe pigcoprosani,
isameae ix B ogny glasaxy Alp..r).

Temep crAafieMo TpONEAYDPY COPTYBAEHA 3IUTTAM MERGESORT
{4, p, r), axa coprye Ainanry Alp..r] macuBy A, ue sMinwomun
PelITy 4ACTHHH MACHBY. IIpW p > r AlLIAHKA MICTATE MBKCHMYM
OAUE eJMeMeHT i TUM CAMHM BXe BifcopToBama. ¥ IPOTHIEHKHOMY
BHIAIKY MM BimmykyeMmMo wHCAO ¢,, AKe FiANTE [p —r] 8 wucnom
eneMeHTiE n=r—-p+ 1 ma ABi npubausmo pimwi wacrunu A[p..q]
(MicTHTL [1n/2] entementin) 1 A[¢ + 1..7] (MicTuTs [n/2] eneMenris).
Ty¥T uepes lx] M mosmavaemo niry uvacTuHy x (HaiGiablne nine
yHeaAc, MeHIne abo Take, 10 ACPiBHIOE Xx), A Uepes rx]— HaiiMeH-
me Uine umeno, 6ianine abo Take, O0 HOPiBHIOE X.

MerceSorT (A, p, 7)_

if p<r then

g« L(p + r)/2J
MERCGESORT (4, P, q)
MERGESORT (4, g+ 1, r)
MercE (4, p, g, 7).

o W=

Bech MacHB Teflep MOMHAa BiICOPTYBATH 32 JOMOMOIOK BHRIAKKY
MERGESORT {4, 1, lengih[A]). Hxnjo noBxuna Macupy n = length[A)
€ CcTeTmint JBiHiku, To y mponeci copryBaHuA RiAGyMeThHCA BIHTTH
nap eaeMeHTiB v BifcopToBaHi Jinauky gopmuHA 2, nOTiM 31UTTH
Iap TAKWX JinfHOK y Bigcoproeaui Ainsakn xomxunu 4 i rax gani
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fon (Ha OCTAEHLOMY Kpolli 2'e¢QAYIOTECH ABI BigcOopTBaHi AilaAHKE
JOBEHUHH R/2). Ilefi npomec zodpekeHo Ha pue. B.2.

Biacopropana nocMiAOBRRILTS
[1 2 2 3 4 5 8 8 |

Goprysm\ ' Coprynmrk
FRUTTR

VANYANYAY

E'HK]JIHQ ]IOCJllJl,OBch'l‘ll

Puc. 8.2, CoprypaHHA sAMTTAM ANd MacHpy A={5, 2, 4, 6, 1, 8, 2, 6}

®

®

8.6.

3anuTaHHA

1.
2.
3.

ITo masABaeTLCs aATODHTMOM ¥ OporpaMyBanHi?

Anuil anropuTM MOXMHE BRAYRATH NPaERIbRHEM?

BanumiTh AJrCPETME COPTYBAHHS BCTABKAMH Ta 3NMTTHAM, TOAC-
HITL OpAEOMOH Ix poGoTH.

JapnaHHA

1.
2.
3.

4,
5.

Ixyunm aa spasxom (puc. 8.1), acbpazits, sx mpaxice INsErTIONSORT

Ha BXOmOl A = (81, 41, 59, 26, 58).

SuiniTe aponeaypy INSERTIONSORT Tax, Io6 BOHA COPTYRANA THCAA

¥ HeapocTaouoMy Hopsaky (3aMicTh Hecnagnoro).

PosrnAReMo Taky 3afaqy ToMYKY:

Bxin: Iocrigonnicrs 2 yucen A ={a,, 2z, .., 4} i 9AcIO V.

Brxia: Iepexc i, gaa axoro v = A[i], abo choemiafeHe sHaYeHHA

NiL, saxmo v He aycrpivaersca B A. Hamumire anxropuree simiit-

HOTO NOluyKy, SKEH [OCALLOBEO Nepernsaac A y monryrax v.
OY4YH 38 spaskoM (pnc. B.2), moramiTs pofoTy cOPTYBaRHES aXmT-

TAM RAd MacwBy A =(3, 41, 52, 26, 38, 57, 9, 49).

Henumorite Texer npoueayps MERGE (4, p, ¢, 7).

Cknagnicte anropurmie

Crradnicme onucy ma ofYucIeRyR aizopummy. posmip sadaxi,
waccaa cxradnicme, micmricna cxxadnicme, nopadox
ckradnocmi, anaria ckradiocmi areopummie copmyeanns

Posrnaparoun pisHl airopUTMmM pozr’asky ogmol i miel =
P ¥

aafa4i, caix mpoamanisyBaTH, CKilbKH OGYUMCAIOBANBHUX pecypcis
BOHH HoTpebyoTh, i ofpaTH Hafifiasm edexTHBHMA aJTOPHTM.
BeayMoBHO, eqeKTHBHICTE: 3a€:XHTHL BiJ, BHGopY 06GUHCIIOBAILHAOL
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Monesni. B HAINHX OPHRIAJAX POSIAAAAETHCH OAHONDPOIIECOPHA Ma-
IOMHE 3 ACBLALHAM JjocTynom (randomaccess machine, RAM), mo
He nepefbavac mapaneJbHOrO BHKOHAHHS omepaitiil.
Po3pisHa0Th CKARIHICTE CAMOrO AArCPHTMY I CKASAEICTE Horo
onrecy (peanizamii).
BraHayeHHA .
Crnadnicme onucy arzopummy — 1ie BeAUYUHA, LI XAPaKTe-
pHAYe DOBRHEY OMHCY adropuTMy. Crraduicmas arzopummy
(cknagHicTs 00UNCACHHA aNTCpHTMY) — Le HYHERLIA, W0 Lae
YHCNOBY ONIHKY TpHBaJocTi pofioTH AArOPHTMY 3 MOMEHTY
HAAXOJKeHHS Ha Horo BXif DOYATHROBHX AAHHX JO MOMCHTY
OICP’KAHHA AJITOPUTMOM BUXIHUX [JAHHX.

A1 OmiHKH CKAAAHOCTL ANMropuTMiB icHye 6araTo RpMTepi-
i, HalfuacTilme posrasafgacTbcAd OLIHKA uyacy NOBHOIG POSB ASKY
sagadi i spict MicTkocTi mamM'ari npH sOLIpmieRH]L 06’eMy BXiZHMX
ZaHHX.
Buana4eHnn
Poamipom nafaui HasnBaeThCH uYMcdo, dKe BHpaKae Mipy
rinbrocTi BXiAHEAX ZaHUX.

Hanpuknaa, posmipoM sagadi MHOMeHHS MATPHHL Moxe Oy-
™ Hailfinkimmi poamip mMaTpunt-wyunmnxis. PoaMipoM zagaui Ha
rpagi Moe 6yTH umMcao pebep gamoro rpada.

BuanaueHHn

Yac, Mo BATpayae aJIropuTM, AKX (GYHKIisS posMipy sagadi,
HA3MBAETECH Y4060 CKRARIHICMIO NLOIO AIrOPHUTMY.
06’em nam’aTi, o0 BUKOPHCTOBYE ANIOPHTM, AK (PyHKNiA
poaMipy 3agadi, HASHBACTLCA MICMKICHGI0 ckAAdRicMIO THO-
TO aJIOpHTMY.

IIpy saganux ofMeskeHHAX HaM AT TA MBUAKOCTL KoMII'loTepa
CKJIAAHICT: AATOPMTMY BHSHAUYAE B pemTi pemt posMip samad,
AKI MOXKH2 pO3R’AZaTH 3a UUM aIropETMoM. PoarfAdHeMo YACOBY
CEIATHiCT: HA DpUxXIaLi AATOPDHTMIB CODTYVBAHESA.

AHani3 copTyBaHHA BCTaBKamu

Yac cOPTYBAHHSA BCTARKAMH 3aleATH Bl posMipy MacHRry, 110
COPTYETHOA: UMM Hifdnmie MacHB, THM Gianlie Tpefa uacy. 3a 3BH-
YacM BHBUAETRCS (DYHKUIiOHaNRHA ONiHKA 3POCTAHHSA “acy po6oTH
aITOpPUTMY Bif 3pocTaHHf posmipy Bxony. Ilpore nusa anropuT™my
COPTYRAHHA BCTABKAMI BAXKIWBHIL He TinBKM poaMip MacwBY, ajie
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it nopajgok lforo emeMeHTIB: AKIIO0 MACHB MaliKe YIOPAAKOBAHHIA,
TO 4acy Tpeba MeHe.

A pumipaT posmip Bxoay? Ile sanexuTe Bif KoHKpeTHOI
aagavi. B ogEux sMnafkax poaMipoM pPOayYMHO BEAXKATH UHCAO
eJleMeHTiB Ha BXofi (AK y 3amadl copTyBaHHf). B immux — 6iasiu
HpUPOAHC BBAKATH POIMIPOM sarannke qpeno Giris, mo HeoBxixHe
A1 306pacskeHEa Beix BxigHux aaHex. IHoxl posmip BXoAy BMMipIo-
€TheA He OJHHM YHCAOM, 8 KiZbKoMa (HAIPHKIAZ, YHCJIO BEPOIHH
i yncno pebep rpada).

Yac poboTH &ATOPHTMY BHPASKMO Yepes YACHO eJAeMeHTapHHX
KPoKip, Akl BuKoHYE Dell arrepuT™ TiA yac pofotu, IlntaBua Tigk-
KE B TOMY, IIC BBAXKATH €/JeMeHTapHHM KpoxoM. Byzemo mpuuye-
HATH, U0 OAHH PAXKOE INCeBAOKOXY BHMAra€ fOCHTh BH3H&YEHOI'O
tdhixcopaHoTo TKcaa onepanift (AKINO TiALKY Oe He cioBecHUl omKc
AKHX0CEL cknandnx Aiff). Byaemo poapizEATH TAKOK BUKJINK IIpoIe-
Aype {Ha axudl ize dikcosane umcno onepanii) ta i agilicuenna,
awe Moxme GYTH JOBrMM.

IlorepHeMoOCA [0 OPOUEAYPH AATCDUTMY INSERTIONSORT Ta Rif-
aHauMMo Oing mroxuoro papka Ii mapricTt (uMcao omepaniit) ta
yueao pasis, ake il papox apiftenwerncea. JIas wxosknoro j sig 2
ao n (tyr n =length[A] — poawmip mMacKBy) migpaxyecmo, 2a cRinbpkm
pasip Gyge suificEemo pagok H, 1 mosHAYMMO ne YHCAC YEpes i
3aypaXkuMo, M0 PSAKH BCepefAHI MUKAY BEEOHYIOTRCA Ha OJHE
pas Memite, Hisk nepenipka, ockidsky occranHs mepesnipxa Buxo-
AHTh 3 TBOKJIY.

InsertionSort (4) BapTicT:  YHCIO pasis

1. for j+ 2 to length[A] do ¢ n

2, key « A]j] Cs n-1

3. O nomaru A[j] 0 n-1

o siacopromaHol wacrumEmr A[l..j-1].

4. ie—j—1 Cs n-1

5. while i > 0 and A[i]> key do ¢s ),
j=2

6. A[i + 1] < A[i] cs >, -1
j=2

7. fei-1 & D¢~

8. A[i+ 1] ¢ key Cy n-1.
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Panok papricric ¢, NoBTOpeHMA m pasis, fae BHECORK c¢in
V¥ 3arajibHe YHUCJAC olepaniil (IaA KinkkocTi BAKOPHcTaHOI maM’aTi
ILBOTC CKASATH, B3Arali Ka)Ky4H, He MoxkHa). CKIaBImIH BHeCKH
BCiX DPASKIB, OZepXKHEMO BHpA3, IO BUIHAUAE YaCOBY CKIAAHICTH
nponeaypH IngsertiONSORT — T(n)

Pry=cr+cyin-1)+c,(n-1)+

$6 ) b+ csi(t,. -+ c,i(tj —1) + ¢gln - D).
j=2 j=2 f=2

Tac pofoTH alropHTMY 3aie)kuTs He TUILKH BiZ n, ate i Big
Toro, AKHE caMe MACHEB posMipy n nmofamuft nHa sxia. Haféiremn
CIpMATIHRHH BUIAJOK, KOJXH MACHR EXe BigcoproBanuil. Texi muka
¥ PEAKY D 3aBepllyeThcA OApasy IiciId NepInoi NepeBipKE (0CKiNbKH
Alil<key npu i=j~1), Tax mpo Bei {, piei 1, i sarasbeni gac €

Tny=cen+cin-1)+c,(n-1)+c{n-1)+ga(n-1) =
=(¢, +ep +e ey +egdn—(cy +&+ ¢y +63).

TaxkuM upAOM ¥y HaWGiNeID copuATIMBOMY BRHOAZKY dac T(n),
HeoOxinuu#t Ana copTYBAHEHA MAcHBY posMipy r, e aigifiHow GYyHK-
uico Bip n, Tobro Mae suraan T(n) = an + b AnA AeAKUX KOHCTAHT 4
i b (Ol KOHCTRETH BAIHAYAIOTECA OOPAHHMH 3HAUCHHEAME €1, -~y Ca)-

Hrmo x MacHB poaMiIeHnll v apopoTHOMY (CHANEOMY) nopsax-
Ky, T0 uac poboTH nponexypm 6yme MAKCHMATBHUM, KOXKHHEH ene-
MeHT A[j] zoBemeThcs mopiBxioBaTH a3i BcimMa emememTamMu All], ..,
A[j - 1]. Ilpn moromy t;=j. O6uucAMMO CYMH

zj=2+n(n_1):n(n+l)_1;
=2

2 2

5. S, 1+n-1 n(zn-1

—1 - A ————] —1 =----_.
;(} ) é: gD ==

Opepacyemo, H10 y Tipmomy BENajgky uac poloTH aIropHETMY
JopiBHIOE

T(n)=c1n+c2(n—1)+c‘(n—1)+c'5(§—--——(f~i—-1—)-—1)+
+eg n(nz— 1 + & n(nz— 1) +en-1) =
=(%‘+-"‘2i«1-"'-?")n2 i (e, + 5 + e, +%+%‘+%+ca)n—

=(c, + ¢, +¢; + ).
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Tenep dyurnia T(n) — kBagpaTudha, To6Te Mac suraax T(n) =
=gn?+ bn + ¢, e KOHCTAHTH 4, b | ¢ RU3HAUAIOTLCH 3HAMEHHAMH
Cly +wes Cgs

ITeit npuknazg NMoKasye, mo YacH poloTH aIropuTMy Yy ripmro-
MY Ta KpaIlOMY BHNAZKAX MOXYTh CHJIbHO Biapismarnca. Jas
onepixaHHA MapaHTOBAHUX PAMOK OUIHWETHCH MAKCHMANBHHH uac
poGOTH ANA BXOALB 38aHOTO po3Mipy.

B aefknx BUNaAKax Hac OyJe NiKaBHTH TaKOXK cepefHi# Jac
pofiorH anropmTMy HA BXojax marol foe:xHHH., BesymosHo, 14
BeIMUMHA 38JIeKHTE BiJ ofpaHore posnoginy Hmosiprocreii, iHa
OPAKTHI] peadbHEH posdilofin BXOAIB Mo¥e BiApisHATHCHA Bix me-
pepGauyBadoro, fAxe gBpuailino BERa)kawTL piBHoMipamMm. Inoxi
piBHOMipHMI DOSNMOKIN MOAEMIOIOTH, BHKOPHCTOBYIOUHM HBATYHMK BH-
NAAKOBHX UHCEe.

Ham axaniz gacy pofoTn nponenypi INSERTIONSORT 6yB aacHO-
BaHMH Ha KIIEROX DPENVINEEHAX, e cOpomyloTh. CrmouaTky MH
OPHOYCTHIH, I¢ Yac BHKOHAOHSA [-ro pAgKa HOCTidHHE igopie-
swe c;. IloriM ME orpy6ink ouinky aoc an®-+bn +¢. Jani Syaemo
BPEXOBYBATH TiJBKM HOPAAOK BeMHUYHH. Ysac poborH y ripmmomy
BENAEKY MAE MOPAJOK 3POCTAHHA n? (MM BiAKMAYIH UIeHH MeHIINX
nopagkie i roedinicrr npu n?). e samucyrore tax: T(n)= O(n3).
B upoMy BHIAZKY roBOpATEH, LI0 YACOBA CKJAAZHICTE AJTOPHT-
MY — MOpAAKY n2.

ANropuTM 3 MeHIINM NOPAAKOM YacoBol cKAafHocTi Giabim
NepeBaKHEN: AKINO, CKAX@iMO, OAMH aXrOpHTM Mae dac poboTu
O(n?), a inmmiE — O(r®), To mepmiH# Ginpmn edeKTHBHEVHE, MIOHAH-
MeHINe, ANA GiAROIHX 7.

AHarni3 COpTYBaHHA 3NUTTAM

Yac poborr npomeaypu anuTTs MERGE (4, p, ¢, r) € ©(n), ge
n — 3arsjbHA ACBKHHA LiNAHOK, II0 3MURAOTLCH (R=r-p+ 1)
e merxo moacumrH Ha Kaprax. Hexalh Mw maemMo ABI Kynku
xapr (copoukols BAHS), 1 ¥ KosKHi# kymui kapTH HIYTE 3BEpXY
BHH3 ¥ 3POCTAIOYOMY MopARKY. Sk 2pobuTi 3 HAX ofHY KYyUKy?
Ha xoskmomy kpoui mm GepemMo MeHImY 3 JABCGX BEDXHIX KapT
i1 wnagemo i1 (copoukom yRepx) ¥V peayabTylouy Eynky. Koam
o4Aa 3 BHXIJHWX KYVIIOK CTac NOPOMKHLOIO, MH JO/J4EMO BCIO pelm-
Ty KapT APYrol KYNKR A0 PesyJbhTyIOoMOl KYIKW. 3pOsyMisio, oo
KOHHA KpOK BHMarae obmerkeHoro umcaa Ailt i saranesHe gueno
Zif € 8(n).
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dua copomensa GyaemMo NpPHOYCKATH, INC posMip n BXiZHOro
MacHBY € cTeninn Amifikn (ue obmemenEa He Aysxe icrorHe). Togi
Ha KOMMHOMY Kpolii ainanka, 1Mo copTyerhes, SINUTECH Ha OBl Dpib-
Hi nDoaoBREH (nus. puc. 8.2). Posburra Ha wacTHHE (o6uMcheHHS
rpaHuni) saMarae dacy ©(1), a aauTTA — Hacy ©(n). OmepxryeMo
CHIBBIAHOIIGHHA:

T(n) = {9(1), saxmo n =1,
2T(n/2) + O(n), axmon > 1.

IIle — pekypeRTHE cuigBizuoiteHEs. Moskna JoBecTH, 1[0 3 HbO-
ro BUXOAWUTE OniHka

T(n) = &n logn),

Zie yepes log M nosnadaemo Apifixonuit morapudiv (ocooBa dorapag-
MiB He Bigirpae posi, aeRiALKY NIPUSBOAUTE AMIIe A0 BMiHA KOECTAH-
TH). ToMy aas GINBIIAX 1 COPTYBEHHA SMHTTAM Ginbin edeKTHBHE,
Hi3 COpPTYBAaHHS BCTABKAMH 8 YacoBOK cKaagmicTo €(n2). .

@ 3anuvraHna

1. Yum migpisgserrea ckIagEiCTE ANTOPHTMY BiJ ckAagHOCTL nnHCY
anropaT™My?

o BasnBacThCcA posMipoM 2agani?

IIo sasHBaeTHCA TACOBOIC 1 MICTRICHCIO CRIAZHICTI ANFOPHTMY?

4. Big woro sarexxars aac pofoTa AAIOPATMY COPTYBAHHA BCTaBKaMu?
B sromy BHnagry BiH 6yle MAKCHMAALEEM, 8 B RKOMY — Mimi-
ManEHuM?

5. Axuf mopanok ckmagzocTi NMpoMeAYDH COPTYBARHA BCTABKAMM?
IIposeniTs obuncleHHA.

6. Bin yoro sanesxATH yac poboTHE ajMOPATMY COPTYBAHEA BIWTTSIM?

7. HAxuil nopsier ckAsKHOCTL OpolleAypPH COPTYBAHHA BCTABKEMEA?

IIpoBenity oGUMCACHHS.

e

@ 3apaantn

1. ByaeMs cOpTYBATH MACHE 2 n eleMeHTIR Tax: nepernsdemo Ho-
ro i suafifjeMo MinimManbunit enemenr, ARKI cxonitoeMo y mep-
my xoMipky immero macmpy. IloTim neperifsHeMmo macus SHOBY
i sHAleMO HACTYOENHE enemeHT i T. A, Takui cmocif copryBaHms
MOKHA HASBATH COPTYBAHHAM BHOOpOoM. BaOHIIiTE el anropHTM
Ha ncepaokogi. Braxkite gac Horo poliorn ¥y Kpamomy i riptifomy
BHOA/KAX, BHKOPHUCTOBYIOUM ©-I03KaYeBHA.
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2%,

5¥,

JaHa DocaifoBHicTh uHeen x,, Xz, .., Xp. IloKARITE, IO 3a Qac
©(n log n) MOKHa BH3HAYUTRA, UH € B Oilt necnigosnoeri ama on-
HAKOBYX YHCHA.

. $Ix zamdea™ Bupas n?/1000 - 10022 - 100n + 3 3a gomomoroi

O-nosHAYCHL?

. Maitixe 6yne-axuit adTOPUT™M MOMEA TPOXU AMIHRTH, PAARKANLAO

SMeHHIHBOIH vac fioro pofioTn y KpamoMy Banagky. Se?
Bosexnits 54 ingykmico, Mo sKIMO

o(1), nprn=1,
2T(n/2)+O(n), mpun=2% wk>1,

ro T{n)=8(n logn).

CopTYBaHESA BCTABKAMH MOXHE OPOPMHTH SK PeKYDPCHEHY DpOOe-
Aypy: Gamapunl sigcopryearn All..r], MH (DERYPCHBHO) COPTYEMO
A[l..n - 1], a noriM erasnmMo A[n] Ba npaBUARRe Micne ¥ sigcopro-
paromy macHBi A[1..n — 1]. HanrmiTe pexypentre cninsi tHomenng
HREA gacy pobork TAkol MpomeXVRH.

IIpy momykry y BicopropaHoMy MacHBi MM MoMeMO cCIOYATHY
NOpiBHATH Mykauwii eneMenuT iz cepeamiM eseMeRTOM MACHBY
i gomifarveca, B ARif nomosmHi iHoro ¢aiA mykaTH, a morTiM 3a-
CTOCYBATH TV K ifero peRypcHBEO, Taknil cmocié wHasmeaceTheH
ABifixopM momyxoM. Hanowurire BigmoBigHy nporpamy, BHKOPH-
CTOBYIOYH ORKJI afo pexypeik. IlogcHiTE, YoMy Hac i1 poborm €
B(logr)?

T(n) =

. BayBa)xAMo, mo ouka while y paakax 5-7 nponeaypu Insertion-

Sort meperasaae enemeHTH BigcoprosaHol Almarrm A[l..j- 1]
nocninL, 3axieTs THOre MoxEa Gya0 O BHKOPHCTORYBATH ABiliwopmit
nomyk (sapzannda 7), mob sualiTh micme neTaBrM sa vac O(logn).
Yy BIacTheAd TAKHEM UMHOM 3pobHTH 2aralbHRN Yac po6oTH pisumM
O(nlogr)?

CoprypaHHA BCTaPKAMH AMA MAAMX KycKis,

CoprysaHHA SIHTTAM OiBID HIBHAKe, HiK COPTYBAHESA BCTABKAMH,
ajie ANA MAJEHLKHMX A CIIBRiNHOLIEHHA 3B0poTHe. TOMY Ma€ CeHc
AOCTETHLO KOPOTKL Eycxm ue poalupaTH faJi, a 38CTOCYRATH AO
HUX CODTYBAEHS BcTapkamm. [IHTapR=s B ToMmy, J€ CIifi OpoBecTn
TRPAHAIO.

9.1. Hexa#t macur poamipy n posturuit Ha & wacTUH poaMip n/k.
TloraxiTs, IO MOXKHA BiCOPTYRBATH BCl WACTHHM OKPEMO 34 JOTO-
MOIDI0 COPTYBAHES BCTABKaAMM 3a dac O(nk).

9.2. IMoxamxiTe, Mo MCAA M(LOr0 MOXKHA 3NUTH BCi YACTUEY B OJHH
YHopazxoRarHil MacuB aa wac O{nlog(n/k)).

9.3. Barareunfi yac poboTH TAROTO IMIMAHOrC AATOPHTMY €
O(nk + n log(n/k)), Axa MakcuMankLHe MBHAAKICTE 3pocTaREA B AK
dyRunii Bia n, npu aAkid ne#t vac Tak i € G{nlogn)?

5.4. fix 6M BH cTatH ofMpaTH ONTHMANLEe 3HAYeHHA k Ha Opax-
T™HI?
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10.Yscao ingepcii.
Hexa#t A[l..n]-— Macun a n pisHex uncen. Hac 6yJe LiKaBHTH
uncao imeepeifl y nyoMy Macusi, TeGTo UMeRo Oap i < j, AIA AKHX
Ali] > Afj).
10.1. Braxirs n'arte inpepciit y macusi {2, 3, 8, 6, 1).

10.2. dxe MakcuMaNbHO MOMKJIUBE uucsio iEpepcilt ¥ Macupi nos-
KHEHR nl

10.3. Axr as’asannil yac poloTH ANTMOPHTMY COPTYBAHESA BCTEBKAMH
i uncno ineepcifi? [MoscriTs eBoOlo BigRORINE.

10.4. TlobynyiiTe anxroprr™, axuil paxye 9¥cAo igBepciit y Macuni
JORHHY 7t aa dac O(n logn). BraziBKa: MogmipikyiTe anroputm
COPTYBAEEA 3JUTTHAM.

8.7. BukopucTaHHS WBWAKUX anropMTmiB

Hocridmenna 3aiedHOCME MONCAUBOZO POIMIDY 6daui
6id cxradnocmi anzopummy i weudwocmi pobomu Komr'omepa

Ygero pisEHDA mix moranmam i gobSpum anropurMoM 6insim
icroTHa, Hix MIx MBUARHAM i DoBLIbEMM KoM foTepoM. Hexali mn
X0UeMO BiACOPTYBATY MacHB 8 Minbiiona unces. lllo mengme — cop-
TyBaTH HOrce BETABKAMM Ha IIBUAKOMY KOMII'OoTepi, AKHI BHKORYE
100 mineioEiB omepanilt 2a cexynzny, afo 3IHTTAM Ha OOBIJABHO-
My Komu'woTepi, akui spaxonyc 1 minuion omepaniii za cexysgy?
Hexail go Toro ®# copTypanHd BCTABKAMM HalWcaHe HausBAZaltHo
€KOHOMHO 1 ANA COPTYBAHHA n UHcel Tpeba qume 2r° omepalii.
¥ Toff ke gac ANTOPHTM BAMTTHA Hanwucanui Ges ocobimnoel TypGoTH
upo edexTABHICTE 1 Bumarac 50n - logr onepauii. das copryean-
HA BCTABKaMM MinbloHa WHCea 0Jep:HYEMO

2(10%)* onepanii
10® omepani#i 3a cexyEQy

=20000c= 5,561

AN CYMEPKOMI'IoTepa i Beroro

5010%)1log(10°%) omeparntis
10° onepauiii 3a cekynay

=1000c =17xp

Las igmore (moBinekHOre) xomun’worepa. Ilepesara 6inens edexTHR-
HOT'O AJITOPHTMY OYeBHHA.

Poarnsuemo mie ofun npukrnan. [Ipunyerumo, y Hac € I'ATh
ANTOPUTMIB A,, .., As 3 TAKMMH YACOBHMH CHISJHOCTAMM:
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Aaropurm Yacosa
ckaagHicTh — T(n)
Ay R
A, n logn
Ay n?
4, n
A; 2°

. B rabauni 8.1 Hamegeno posMipm sajau, ARL MoOMKHA poaB’d-
34TH 32 OJHY CeKYHAY, OJHY XBUIUHY, OAHY POIUHY HOMHUM
3 OIX NATH AJTOpPHTMIB.

Tadruun 8.1. Barexcnicmv moxcrueux posmipis zadaui
8id cxaadnocmi ansopummy

MaxcrManbEMit posMip aapavi
. {X1BKICTE YMORENX OZMHMTE IHdopMa-
AAropATM Yacosa CKAAZHICTL i), AKY MOKHA POSE’HIATH 38
le 1xs 1r
Ay n 1000 Gx 104 3.6 x 108
Az 7 logtane 140 4893 2x10¢
Ha n# a1 244 1897
Ay r? 10 39 153
Ay bl 9 16 21

Hexait ogunnua indopmanii nepepobioerned 3a ofHy Mirtice-
kyHRY. ToAi anropurm A, Moxe ofpoBuTH 3a OfiHY CeRYHJY BXIAZ
poaMipy 1000 ogumnn: imdopmanii, B Toil 4ac, sx A; — Bxig
poamipy He 6ineme 9 ogmEMOL iRdopMamii,

Poarnasemo, sk nouHe 36incmienusa mBMAKOCTI RoMI'iorepa
B 10 pasip Ha MoxampooTi BUROpHETaHHs anroputmin A4; .. A;
ANA pO3B’A3SKRY 38784 3 YACOBOK CKIAIHIicTIo mopagky n2. Hexail
& — posmip geaxoi sagaui 1. Hexaft uac posp’gary i1 5a mepmomy
xomm'oTepl — T). Ha inmoMy koM’ oTepi na sagava posB’sayerbes
v 13 pasis mwenpnre, TofTO ANA APYTOoro KoMu'ioTepa NPABMILHO
T./10 = 8(s,%). BusmauuaMo, SKOro pos3Mipy aafayy Mo¥e po3B’fi-
saTy apyruli komu’'wrep 3a uac T,. Ile ozHauae, mo meolximHo
snaitTH 8, Take, mie mpaBuiIeHo T, = O(s,2). Buxoaaum 3 piexocri
T,/10 = O(s,%), BUKOHAEMO HePeTROPEHHEA?

T, =10 &(5,*) =(8,16) B(s,%) = B((3,165.)%).
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Oaepxcyemo, mo 8; = 3,16s,. Ile oaHadae, mo AnA aaropuTMiB
a 4acoBCW cknaaHicTic Mopafky n® gecaTapazose 3bimbmrenus
MBHEAKROCTL ofyucreHr 26insnrye posmip zagadui, AKY MOMHE PO3-
I’ABATH, TiThkA B 3 pasu.

B rabmuaui 8.2 prasano 26iMnmenHS MaXCHMAILHOTO PO3AMipy
2agavi, ARY MOMJIHBO PO3B’sA3aTH OpH 30iibmesH] mBBAKOCTI Ma-
mueHn 'y 10 pasin.

Tabauuyn 8.2. Sarexcnicme modcaueozo posmipy sadaui
gid cxradnocmi arzopummy

MarcaMaTsHAR poaMip sagani
ASropuTM c;:;:?:u A0 NPACKODEBHS Ricas OpHCKOPeHHS
y 10 paair y 10 pasis
Ax n a 10s:
Az nlog:n az npnfauano 10s.
Az né £ . 3.1635a
A a? EN 2,15s,
As 2n ER a+3,3

TlopierElcun HaBegeHl TabanOl, MPHXOZAMO J0 BHCHOBKY, LIO
3ACTOCYBAHHA Binbm Ainuoro ajropnTMy And po3B’dA3KRy aagaui
y GaraTeoX Bunaskex dee Oiablun# BErpam v gaci, mixx sacrocysan-
HA 6insm mewakogirogol Mamuan. OckinbkH o6UMCIIOBaILHAL MAIIH-
HH OpaliIOTH BECe IMBHAINE i MM MOXKEMO pPO3B’S3YBATH Bci Beawki
sajadi, caMe CHJAAIHICTE AArOPUTMY BH3HAYAC Te 30iABIeEHR Pos-
Mipy 3afladi, AKOIO MOMKHA JOCATHYTH i3 80LALIMeEHAM WMIBHIROCTE
mMamuaEHA. Mr Gavumo, Mo pospobka edeKTHBHHX ANrOPHTMIB He
MeHIO BeJKJIMBA, Hisk pospobka IIBHAKOI eleKTPOHIKH.

@ 3anuTannA

1. o € 6insml BARIHBEM: eeKTHEBHICTh AATOPATMY 460 HMIBHAKICTL
poborE konmloTepa? OBIPYETYHTE BLAMOBIAR.

2. TloGyayiiTe TAGIHINC 38J1€KHOCTI MAKCEMAILHO IPALYCTHMOIO PO3-
Mipy sagegi gais poss’aanEns 3a 1c 1 1 XxBuAMHY AnA anroprTi™is
3 YACORMMY CRIAMHOCTAMY mapagxy n, n?, 27,

3. Hamenire po3paxyHOK, AK BILTHBAE IGLILINEHHA MEHAKoCTI pobo-
TH xomm'ioTepa v 10 pasie Ha DPEDVCTHMHE POIMip asajavi naa
ANTOPHTMIB 3 YACOBHMH CKAAAHOCTAMM OOPHAAKY R, n?, 2",

@ 3aspankn

1. Hexai copTyBaHHA BCTABHEMH 1 AMMTTAM 3TiCHIOIThCA Ha ofHEi
i Tiif ke MamnHI i BuMAaraoTs 8n? i 84n logn onepauiit signorigko.
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Jnd axex anaveRs /i COPTYBAHAA BLTABKAME ¢ 61mbm edexTEBRIM?
fix MoucAA DOKPAIOATA AATODHTM COPTYBAHHA TMTTAM?

. Ilpm AxoMy HaiiMeAIONY 3HAUCHHI n agropnT™, Mo BHMarae 100n?

onepanif, edeKTHEHINIe 3a ANCopHTM, IO BHMAarae 2" omepaniii?

. llopiemarus yacy poforr. Hexalt ¢ anroput™, oo poss’Aaye aana-

Ty poamipy n sa f(n) mikpocekynA. Hxnl MaxcHMAIRHEK poaMip
aajayui, AKXy BiH aMoxke poaB’da3ard 3a gac 1?7 3malite foro mas
dyHrnilt i uacis, HapegeHHX y TAGIHI{.

f(n) le¢ 1xe ir 1 gers 1 1pik ler
logn

n logn

nt

nl
2:

n!
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ABTOMAaTH

9.1. 3aranbHa XxapakTepMcTUKa aBTOMaTiB

Aasmomam, cxexa aemoxama, ocdnocmopontiit asmomam,
mizbKl tumaeoull aGemomMan, yumaorri ma nuwysul
asmomant, nam'Ame asMOMAME, MAXm pobomu asmoxMama,
wepywwuit npucmpili, noxamxosa ma 3aKAGNHE KoRpizypayia,
demepminnaanuii ma wedemepminoganuil asmomamu

ObuylnciaeHHA 3a AJTOPUTMOM MOMKHa pOIDIAJATH AR fed-
KWl npollec, AKMH OOHCYETbCA CBOEID MHOMHHOK CTAHIB, [104AT-
KOBMM cTaHOM | mpasnieMy pepeXofy ia crauy xo cramy. IIi pe-
DEXOAM MOMYTh BHKOHYBATHCS 3afeKHO Bif 30BHiIIHiIX BIANBIB
(BxiggEx mAaEAX), WiJ BOAHBOM HEeAKOI0 BHIAZKOBOI'O MeXaHIZMy
a60 sIKOCh iHaXUIe, HANPHKJAHA, 32 BHEGOPOM JgedKkol «:HBOI ic-
ToTH». IIpouec, y SKOMY IlepeXOXH BHKOHYIOTHCA OiJ BILIMEBOM
30BHimHiIX xiit, MojenoeTeCcd 3a JONOMOrOK ABTOMATA. ABTO-
MaT — e CXEeMATHICBAHHIE anropuTM. BHKODHMCTORYKUH &BTOMA-
TH, MOHA MOoAeNnoBaTH ﬁar'a'ro MAIINMH, BRAIOYAKOYH KOMIIOHCHTH
KOMIT'10Tepa.

Konu Bu3HaueHO 387844y, AKY Heo6XijHO po3B A3aTH, BMHH-
K2I0Th TPY NHTeHHA. [lepimnit — ui MOMKIHBe po3B’a3aEHs mict
safavi. Jpyvreil — SKEM YMEOM MOMKHA POSBS3aTH LI 3aAa9y.
Tperilt — aka ckIafxicTs pose’ssry nicl 2afingi. BUxopHETORYIO-
¥H Taki o6umcmIOBaALHI MOAeNi, AK ABTOMATH, MOMKHA EOCHignTH
OMTanEs poas’asHoct 1 cxxegMocTi pisHkx sagau. fIk i rpaMaru-
KH, ABTOMATH TAKO BHKODHCTORYKTECH Mif wac JochaigsxeHsa
TpaMaTHYHOI CTPYKTVPH MOB.
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ABroMaTrT MoXKHA 300pAasuTH ¥ BHrAsgi cxemm (pHe. 9.1).

[dol a; I az I " ™ | 8n l Bxinwa crpigxa

Bxinza rozisxa

Kepywani npactpift
3l exiggeH 00 aM’ TTIO

I

| Poboua nam’aTe J

Pure. 9.1. CxeMa apToMatTa

OCHORBHI INOHATTA. AsTOMAT CKIAZAE€TLCH 3 TPBOX Yac-
TUH — #XidHoi cmpiuky, Kepyewo20 APUCHPOI® 31 CHRiINUEHHOO
nam’arTio i donomixcnol, abo poSouoi, nam’ami.

Bxiony cmpinxy MoxHa posrnafaTH Sk AiHiliny nocninoeHicTs
kiaiTok, abo koMipox, OPHYOMY KOMHAa KoMipka MieTHTH To4yHO
OfUH BxigHuit cmMBox 3 geaxoro criHueHmoro exidnozo axrdaei-
my. Jlisy 1 opaBy RomipxM MoxyTh 3alimaTH ocobausi xinyesi
maprepu, nosEauumo Ix A. [MoposxEi roMipkm nmospaummo £. 3a
AonoMoroio Bxigmol crpiukm zobpamyerbesd imdopmania, mo roe-
TyNae HA BXix aBTOMara.

Bxidne 20Riexa y KOXHMHE MOMeHT UHTAE OJHY RXIZHY KO-
Mipry. 3a ofMH KpoK pPoOOTH aBTOMATA BXiAHa rodiBKa Moke
SMIiCTHTHCE HA OLHY KOMIpDKY BJiBO, JAJHIIHTHCHE HepYXOoMol0 a6o
ZMICTHTHCH H& ONEY KOMipKYy BIpapo., ABToMaT, SKMA HikoaH He
nepeMinrye ¢BoX BXiAHY roaisky BAlBRO, Ha3HBacTECH OdHOCMO-
ponnim. Cxemy sxigmoi cTpiuxm Ta BXinuol roaiskm 3ofparkeHo
Ha pue. 9.2.

Yo alalal = &3] )

Bxigna romiaka BXigHa cTpiuKs

Prec. 9.2. Bxigea cTpivka Ta BXiaHAa rojaipxa

BxigEa roxiexa Mosxe GyTH miavKu “HMa0yor0, AKWO IOiE
ya¢ poBOTH ABTOMAT He YTBOPIOE PHAAOK — De3VALTAT. ICHYIOTH
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Taki aBTOMAaTH, BXifHa rojiBKa AKHX wumaroia Ta nuwywa. Tari
ABTOMATH MOXYTh 3aNMCYBaTH Pe3yALTYIOUHH pAjox afo 3aMiHOBA-
TH CHMBOAM Ha BXIZHiN cTpiuii.

ITam’'amy aBTOMaTA — IE CTPYKTYpa, B Akidl aanucyoThod,
alepiraoTeca i1 sunTyOTLCH JOAATKOBL KaHi, 10 BHKODUCTOBYIOTH-
¢ aroMatoMm npe poGoti. Jlna xoxHoro Emzy aBTOMATIE eTporo
BHSHAYEHO THI maM'ATi, PyHKOIL focTyny Ao mam’sTi Ta meperso-
peHHs maM’daTi. ABTOMaT Moxke He MaTH nem’saTti. Tun nmam’arti
YacTo BU3HAMAE HAZBY ABTOMATA.

Pofora aproMara CKIAAETECA 3 NOCHIKOBHOCTL maxmie. Kox-
HMI TAKT CKASAAETHCH 3 TaKMX Aif:

1. YuraeTsca NOTOUEHi BXigEAN cHMBOJ.
2. Ba pomoMorct GYHEKHII A0CTYIY XOCHAIAMYETECH IAM ATH, 1 J0

Hel saHoCcHThCA Aedka iHGopmamisn.

3. SMiHWETBCA CTaH KepyHOuoro IPHCTPOIO.

4. 3anucyernca BMXigHa indopwmanis y koMmiprm Bximmol cTpiukn.

5. Bxiama roniBka sMimyeThca Ha OJHY KOMipKY BAiRo, BOpaso
abo 3GepiraeTsca y HOYATKOBOMY CTaHI.

Ilorournit Bxiapwmii cumpon T8 iHdopmMenida, moe BATATHYTA
3 maM’ATi, pasoM 3 IIOTOYHHM CTAHOM KEePYIOUoro IPUCTPOK BHIHA-
Y410Th, SAKMM HOBHHeH OYTH Hell TarT.

TaruM UHHOM, HA KOXKHOMY TAKTI BEAHAYACTRCA TOTOYHA KOH-
pizypayia anromaTa, A0 AKO1 BXOAATL!

— DOTOYHHH CTAH KEPYKYOrd NPHCTPCID;
— noTouHH# sMicT BXigHOI crplunm;
— morounnii sMmiet pofouoi nam'ari.

Kougirypania apTomara sMinoeThea Ha KOMHOMY TaKTI mix
PIIIMBOM KEPYIOUOro HPHCTDOK.

Kepywuuii npucmpit ckaagaerncs 3l crinuennol MHOEHHH
cTagip S = {3, ... 8.} i Bijo6paxent, ari samexno pia nonepen-
HLol RoEdirypanii fo3BondioTh BHIHAYHTH HoBY KoHGirypamiio
ABTOMATA, HAIPAMOK MepeMiltenma BXiAHOl roXiBKH (AKMO BO-
HA He OJHOCTOPOHHA), iH(popMarnio Ha ADYKY (AKLI0 B ABTOMA-
Ti mepen6aveno GyHKII0 APYKY), imdopmanir, 10 3aHOCATEH
¥y AaM’Ary i eATArYIOTE 3 maMm’aTi (axiuo aBTomar mac pobouy
maM’daTh).

ABTOMuT NOYHHEE poboTy 3 mowamxosoi koHdNirypanii. IIpn
noyarkoBid KoEdirypanii kepyoudil npueTpill sHaxomuThCA Y 3a-
AAHOMY NOYaTKOBOMY CTaHi, BXigHa rosliBka oraagae IiBHit eHMBOA
Ha Bxipmi#t crpivui, i maM’ATE Mae aasganerifs BCcTaHOBIEHRH
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noyaTkoBHil amicr. Kondirypanin, npu aki#f asTomar npunuAAe
poﬁorry, HHESHBAETLHCH 34KANOUHON. ABTOM&T IIleIHHﬂE pOGO‘l"y,
NepedIIOBIIH B OAMH i3 cTaMim aasganerifk BualleHoi MEOXHHM
SAKJHYHHMX CcTaHiB, afio ToAl, HOJAH NeperaAd BXIZAHMX JBHHX 3a-
BepIIeHKEN. ¥YMoBHA npunauHesns# pofoTe uiTKO BASHAYAIOThLCS ANd
KOKHOT0 KOHKPETHOIO HBTOMATA.

Kepywunrit mpucTpill € nedemepminosanus, RXINe A komrol
KoHDirypanil icHye ckiEdeHEa MHOXKHHA MOXXIUBHX KoRdirypaniik
(6ineize opmiei), Tak mo B 6YAL-AKY 3 HHX ABTOMAT MOJKE OepeHTH
Ha HacTynHoMy Kponl. Kepywuumil mpucTpii HasuBaeThca demep-
MinosanuM, ARMOo A4 KoxEol xoHpirypauii icaye me Ginsme
onniel moxamBol HacrynHoi KoHbirypanmii. Bianoeizro asromar
HAsHBAEThCA AeTepMiHOBAEHM i HeZeTepMiHOBAHEM saXeXHO Bijx
BHJY Kepyioqoro OpHCTPOIO.

HepmerepMiHOBARKEN aBTOMAT pPOSIMISNACTHCT K MHOMKHBA MA-
panleapHo Mpalolouux AeTepMiEOBAHAX #Horo exseMnaapis. Ha-
UpHKNAL, K10 Ang AaHol kOH(pirypanii icHywT: TDH MOMIHBHX
HacTYOHEX kordirypanii, To posraspaeTkea TPR IAPAJEIBHO
NPAMOIOYHY ReTepMiBOBAHAX aBTOMaTa. Heferepminism ekinuen-
HOIO aBTOMATA He CJiI 3MIiNIyBaTH 3 «BMOAIKOBICTIO», IpH HKil
aBTOMAT MOXe BHOAAKOBO o0paT# oaxH ia craniB a dixcoramMmMu
AMoBipHOCTAMM, ane caM ABTOMAT 3ABKAM € TiNBKK B OJHOMY
eK3eMIIApi.

@ JanuTanHA

1. fArun urHOM 3B’ A3aH] TORATTA ABTOMATY i ANTOPMTMY?

2. Jlng pocnifyeHHs AKMX NNTAHL BUKOPHCTOBYIOTECH ABTCMATH?

3. BobpasiTh cxeMy aBTOMAT: i HAaaBiTh CKIafOBi YACTHHR aB-
TOMATA.

4. TIoacrite npuroun ail i mobSygoRy XoMmHOI HACTHNE ABTOMATA.

5. o pxnaogac Takt poboTH apToMaTa?

6. Buagaure noMATTHE KoHpirypanil astomara. lllo raxe nouaTkoBa
Ta KiENeBa RoHGirypagii aptomaTa?

7. Unwm sifpiauswreea AeTepMinopannil | RefeTepMinoBauEil criFyen-
Hi arToMaTHT

@ 3apnannna

1. Bragature TAKTH pofOTH ABTOMATA, WO PO3B'sA3ye 3ajady mizpa-
AYHKY CyMH elleMeHTIH MACHRY, CXeMa aBTOMaTa 300pasKeH& Ha
PHCYHKY (IPATYCKAEMO, N0 JOJABAHHSA ¢ eeMeRTADHOIO Dllepanicio
A28 1ILOrO ABTOMATA).
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9.2,

g % | al1]] a[2] | af3) g[nj] x Eoer
- UHTAKYA TOTIBRA
Kepywouult mpaerpift
Bxinua indopmaniz (1)
Crag Yeeao A

D S0 S=0.H.B1 S‘O.H,Ba
131 S=S+1,R,81 H!sz

8 stop

U

PoGoaa mam'sTe

S

B TaSmuani xepyoucre npacrTpow pkasano xiY, agificmenni asroma-
ToM, i cTaH, B AREIl ABTOMAT NepexoAUTL BANENHC Big moTouHoro
cragy i sHavYeHHEA BXigRol imdopmarnii.

IlozBageRHs:

P> —nokamumk noTounoro cramy;

H — auratoua roniexa sanmMmaeThes Ha Micmi;

R — 4ymraooga ronipka aMibmyeThCA BIPABO;

I — indopmanis, mjo ODpoYMTAHA HA AAHOMY KpPOIi.

CxanaziTs cXeMHA ABTOMATIE 38 OpRENANOM cXeMH ¥ sasaanxi 1, oo
BUKCHYIOTh TaKki aii:

4) RH3nAYeHEA ROBKMHY BXigmoro pamka;

6) migpaxyHor rimproc™ nyniz y BxigmoMy pagxy.

PozanizHaBaui

Posnianaean, npunycmumul paioic, suanaiena poanianagaiem Mosa

PDSPHH,I[&IO‘IH rPaM&aTHKH, MH BHZHAUMIE ABA cIioco0d aa-

JaHHS MOB: PO3IidHABAHHEAM PAAKIB T& IOPOAReHHAM pAAKiB. Jlaa
rpaMaTHE B OcHOBHOMY 34CTOCOBYETHCH Jpyruil cmocif. AsToMarH,
Mo BUKOPHCTOBYIOTECHA ANId BUGHaUYeHHA MOBH, 4acTile € THMH,
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0 POSMISHAIOTE, X HA3UBAOTE pPo3nisHdddiaMi. 3a JIOMOMOTol0
poInisHABATIB, TAKOM AK 1 3a JONOMOro}C rpaMaTHE, MOMKHA O-
HO3HAYHO BUIHAYUTH MOBY.

3BuyaiiHO NpHIOYCKacThCA, 10 BXifHa rojiBka posnisHaBaua
TiAEKM YHTAE.

Posrnaremo Aedaxkuit pagor . PoslisHarau donycxae BXig-
HUA pAajoK , AKIEG, IOYKHAKUYWA 3 IouaTkoBol koudirypanii,
B Akl pagox o sanucamuii Ha sxigREil c¢rpiuni, poanizmaBad momxe
3pobUTH nocaiposHicTs Kpokis, UI0 dakiHYyerTheH 3aBEPINANLHOKD
xoudirypaniew. Caig BrasaTH, Do, NOYWHAKYHE 3 AaHOl HOYATHO-
Boi kordirypanii AefierepmiHOBaHWH POSTTiZHARAY MOIKE BHKOHATH
GaraTe pisaux nmocrifoEnccreit kpokis. Armo xoua 6 oana 3 MUX
nocnifosRocTell 3ariHdYyeTLCA 3aBeplIAIbHOKW Koddirypanieio, To
novaTKoBME BXigEWil Jasmioskor O6yAe JomyuleHwmi.

Moea, ujo ausnaiena poanisnasauem, 306paixye MHOKEHY
BXiAHEX NaHiyoxkis, Akl poma aomyckac.

J1a Ko HOre Kiacy rpaMaTHk 3 iepapxii XoMcekoro icEye Kiac
Po3NlisEaBayiB, mI0 BHIHATAC T ke Kaac mMoB. LlumMu posmisHapa-
YaMH1 € cKiHYeHHI ABTOMATH, ABTOMATH § MATAIMHEHOKO HaM’ ATTIO,
JinifiHO o6Mekerl apToMaTH Ta MamuHU Trioprura. Tounime Moy
3 iepapxii XoMCRKOrO MOCKHA 0XAPaKTePH3YBATH TAK:

1. Mosa peryiapaa (iipasoainiiias aGo aiBoainifira) Tozi i Tins-

KU TOAl, KOJMMW BOHA BHM3HAYACTRCA CKiHUEHHUM SBTOMATOM.
2. MobpBa KoOHTeKCTHO-BiapHa TOAl 1 TiazkH Toxl, KOJH BOHa BH-

3HaYaeTeCH aBTOMA'TOM 3 MATA3HEHOIO TaM’ ATTIC.

3. MoBa KOHTexXCTHU-3aJIesKHA TOA: I TIARKYU TOAl, KOJM¥ BOHA BH-
sHauaeThea JiHifimo ofiMescenuM aproMaTOM.
4. MoBa BH3HAYAETHCH TPAMATHKOWI 32TATBHOTO BUAY ToAi i Time-

KM TOAi, KOJNH BOHA BMIHAYAECThCA MAMHKHON ThIODHHrA.

Bei HaBegeni yoTHMpM THNHM apTOMATiB OmMcyOTBCA Y HacTyI-
HUX poaAiizax.

@ 3anurarnAa

1. Ary aagauy posp’A3yI0TE ARTOMATH, U0 HAZMBAIOTHCA POATiAHABA-
4aMU? :

2. AxyM yAHOM BHSHAYACTHCH, IO ARTOMAT AolycKae BXIZHHA
pagor?

3. Mo rare Moba, BM3HAYCHA pO3TisHABAUYeM?

4. fx ap’saani pismi Buan pozniamapauis Ta rpamaTHK?
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9.3. CxiHyeHHi aBTOMAaTU

Crinvennull asmonam, agmomam 3 sauxodom i 6ez auxaody,
3gadanna asmosxama malbauyer i dlazpamow cmarisa,
namomamu Miat i Mypa, eidnosidricms cicinuennozo
poanisnasaia pezynnpriil spamamuyi i pezyiaprory supasy

CrinueHHM{ ABTOMAT CKJAAZAETRCH TiNBKH 8 BXiAHol cTpiu-
KK TA Kepylouore NpHCTpold i3 ckiEdennow naM’darrio (pumc. 9.3).
Yuecno #ioro craHie cximyeHHe, mio 1 sHsmawae itoro Hazpy. Ke-
pyiodril mpHcTpii Moxe 6yTH AeTepMimomamEM afo HeZeTepMiRo-
BAHHMM, aJie BXiHa roJiBra — OQHOCTODOEBHA — L¢ 3MillyeThes
BIpPAEBO,

o | & | a2 | w . | 22 | Bxiguacrpiuxa

Bxinua ronizxa
(oEHOCTOPOEES)

Kepyiounit npucrpit

3i cKiNYeHHHAM YHCIOM

CTAHIB

Puc. 9.3. CxeMa crimdensoro apToMaTa

Mu puomau¥Mo ckinmuenouil anromar, sagaBmu cringenny
MHOMUHY Horo ctadik, fonyermmi mxiani cummonwm, aonyerumi
BExiaR]I CHMBOJIM, TTOYATKOBMI CTAH i MHOMMHHY 38BEeDIIAJBHHX
cTaHIB. 3aARIOTHCA TaKo¥ QYHKIIA IepexoAiB cTaHiB, AKa 38 AA8-
HHXM [OOTOYHHMM CTAHOM i1 MOTOYHHMM BXiZHMM CHMBOJOM BKAa3ye Bci
MONHBL HacTYnmEl cragH, i GYEEOIS HApyky.

BusnaueHHa
Crinvennuil aomomam — e CTPYKTYPA BUIY
M=(S': Is O| fl gs 8p, F)s

Fe S — cxinuenna MHOXKHHA cmania;
I — criHYeHRA MHOMHHA NOOYCTHMHX sxidnux cum-
sonia;
0 — cKiFYeRHA MHOXKHWHA JONYCTUMHX QuXidnux cum-
aonig; .
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f — BinobpaxedHa MHoRHEH S X I y MEoxkuay S, Wio
BH3HAUac BHOIP HacTynHoro crany (byuknio f HasmBaoTh
QyrKyierw nepexodie),

g — BigobpaskeHHsS Muoxkurd S x [ y mupoxkugy O, mo
BU3HAYae PUXIAEMN cHMBOM (dynrniw g HasHBaOTE gryrK-
yicwo suxedie); _

s & 8 — nowamiosuildl cmar Kepyrouyoro OpUCTPOIO;

F c 5 — MHOXHHA Jadepuraidvhux cmarie.

ABTOMAT MO)Ke He MaTH GYHKUII & 1| MHOXKEEE O, SKI0 He
nepexbadeno BHEIawl BHXigEoi imdopmarii. B nhoMy sunagxy BBa-
#AacTheA, HI0 apToMaT Oe3 enxody. flkmo aBTOMAT MicCTHTHL PYEHE-
iio g, Tofgi BBaRAETHCA, IO BiH 3 guxodom. MHoxuua F moxxe
fyTH He BHIHA4YEHOI.

CrimueHHII aBTOMAT MOXHA 3aflaTH 3a JOIOMOroid mabauyi.
B nift rabruni pna komxuol xombinamii cranis astomara i nxinmoro
CUMBOJY BKA3YEThCHA HACTYNHUE cTad i Buxiguwit cumsox. Kpim
TOre, CKiHUeHHUH aRTOMAT MOMHA 3aJAaTH 3a AOTOMAOTON api€ETORA-
HoTO Tpada, HI0 HABMBACThCH digzpamore cmanis, ¥ usomy rpadi
BepPIINHAN 306pAMYIOTH CTAHU APTOMATA, AYI'H — HEPEXOKH 3 ONHO-
ro eredy B iEmui. KomHe Ayra nmosHaueHa BXIifHEM 1 BEXigmpM
CHMEOIIOM, IO BiANOBiZlHE IHOMY nepexofy.

Npuxnan. YloGyaysaTe ckinvemnuii apToMaT, agifteriwowoumit
JIoJaBaHHA JABOX HATYDPAJNLHHX YHCel], BHKODPHUCTOBYIOUM ix Gimap-
He 300paxMeHBs.

TloAcHuMO NIPONEZYDY TOpoapAAHOro GiHapHOPe AOAaBAKHA.
Hexa#i ¢ xpa uMcla, salucali sa AGHOMOTOK 7i-pO3pARHOTe ABij-
KOBOTO KOAY: Xp ... X2 %11 W - yz 4. CoouaTRy goxawThed X11yi,
V peayNbTaTi 4oro BHXOIUTE PeayJbTaT 2,1 mepeHecenus c;. Ilicas
OboTO pOOHTLCS JAOINABAHES Xz, Yo 1 ¢, ¥ Pe3yNALTATI BHXOAATD 23
i mepenecenHs ¢;. s npolexypa upopoBRyeTbcH 0 KPOKY R,
Ha SKOMY OP¥ AojaBaHHL X., y, i ¢,_, BHXOZUTL 2,1 ¢,. Qcranpsa
cyMa 2,+1 AODiBHIOE [IePEHeCeHHIO ¢,.

Cs Cr-1 e €3 €2 €y
Lnwe Xa Xz Xz X1
Yo il @2l

Zpi1 Zpoe 24 2522 24

IMeperecenna
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Cxiggersu#t aBTOMAT, O BUKOHYE Ile AOAABAHHA, MOXKHA MO-
6yayBaTH, BUKODHCTOBYIOUM TIABKM ABa CTaHW.

Poarnaayrait apromar M =(S, I, O, [, £, $S) Maec MEOMUEY
craunis 8 = {5, 81}, MHOXAHY BXimuux cumeonie I = {00, 01, 10, 11},
MEOXNKHEY BUXLIHHEX cHMEOAiB O = {0, 1}, noyaTKoBMHE cTaH — Sy € S.
ByaeMo eparxaTy, INO SRTOMAT NPHIUHAEe DoboTy, Komu sakimum-
Jocs HAAXOMXKEHHS BXiHNX JaHAX, Ile O3HAYAE, IO NOJRBAHHS
38 BEPLIEHO,

BxigHAMHA JaHPMMH Ha OXHOMY TaKTi € ABa 6iThm — BiANOBiAHI
6iTH gopaHKiBE, ToMy MoAUBL BapiaHTH BXigHol indopmaunil ans
oxnoro takty — 00, 01, 10, 11. Ilepexogn nobygoBani BifNoBigHO
Zio onepRyBanol cymu, sika sobpasxkena euxigawm Gitom, 1 mepeHe-
ceHHAM, gKe 300paskene CTAHOM (S, — TepeHeceHHA Jopiexioe O,
8; — HepeHeceHHA popiBHIOE 1).

BinobpamenEq f: S x I = S (pyrruin nepexopis)i g: SxI -0
(byaknis enxopie) sofpameni y Tabnmui 9.1. B radouni sobpakeso,
o AKmo 6itH, ki goasoTeea, — 00 i moTouHnit cTal 8, (IepeRe-
CeHHA HEeME€), TO ABTOMAT BAJMHINAETRCH ¥ CTaHi 8o (MepeHeceHHA
HeMac) | BEmae pesynprar 0. Arxmo 6iTH, mo KoxawThed, — 00
i morounmii cTaH s, (NepeHecedmHA — 1), TO aBTOMAT BAJMHINACTHCHA
¥y cTaEl 3, (mepeHeceHHEA HeMae) i BEAac peayaepTarT 1. AkIio, Ha-
opukian, 6iTH, uo RoaaloThes, — 10 i morounud# cran s, (epeHe-
ceHHA — 1), TO ABTOMAT 3aJIMIIACTLCA ¥ CTaHi 8, (mepeHeceREA — 1)
i Bugae pesynsTar 0.

Tabauysn 9.1, Qynxyii nepexodie f i suxodia g
CKiHYeRHOZO démomama dax dodaeanus

Crann ! g
s nloo | o1 | 1] 11 |oe o1 | 10| 12
8o So Sn 8o L1 4] 1 1 0
8 8o EN L3 5 1 0 0 1

Jisrpamy crapis, wo pinosijac usoMy aproMarTy, IpeACcTaB-
JeHo Ha pHc., 9.4. .

Bins mommol erpiakm mepexofy BxasaHo BXifny indopmaiiio
i puxiguuil curuan. Hanmpukaazg, sammce 01.1 Gina metai y crami s,
oaHa4ae, IO AXINC HA BXig aBroMaTa iz cTaHoM 8 NMocTymae mapa
Giriz 01, To Ha Buxia nHeofixigno augary 1 i g HacTynHME craH
abeperTi $,. PosrasHeMo poSory aproMara. SxKmo, HanpHKJIaA,
norounu¥l crad — 8, i A BXig moerymae (1, macrynHuadl cran
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Gyae 81, a Buxia — 0. BinGysaeTsca aogzaBansd 0+ 1 + 1 ={10).
Tomy suxiammit curman — 0, a nepepecenss 1 BM3HAUAE HACTYII-
HYH ¢T&H 8&,.

01.1 01.0
start

10.1 10.0

Puc. 9.4. Crinuernu# aBTOMAT ATR AOAABEHHA

B posrnaeeyroMy EaMK apToMAaTi BuxiaHa irdopmanis mia-
nopijac llepexofaM, OAHAK ICHYIOTh ABTOMATH, B AKHX BHXiAgEa
igxhopMANiA 2ANeRUTL TIABKH Bif ¢TAHY, B SKHH NepexXoiHTh
aBTOMAT. Jane’kHO Bif Hroro pospisHfIOT: ABA BHIH CKiHUYeHHHX
ABTOMATLB.

Bu3aHaueHHA

Crinverrnil apTOMAT, ¥ SKOMY BEXigna indopmanisa moeran-
JieHa y BLATORIABHICTE mepexofgaM, HASHBAETECH C6MOMAMOM
Mini. CriEuernuit apToMaT, ¥y AKoMy BuUXifHA indopmaris
fOCTABTeHA Y BiXNOBiAHICTE ¢TaHAM, HAIHMBAETECH ASMOMa-
mom Mypa.

BusHavepas ogHadae, mo B aBToMarax Mini ¢yskpis smxo-
JAiB — He 3apexKicTh BEXizpol indopmanil Bif moTOYHOre cTAHY
i norounol mxizmroi imdopmanii, B & asromarax Mypa dyrKuin
BHXOZIB — Oe 3RJexHicTh BUXigHoi iHdopmanil Tinbkm Bip Ho-
TOYHOro CTAHY, ’

CkigdyeHHME apTOMAT JANA [OJABayHA 3 HAIIOTO HDMKJAZY €
apromaToM Mini. PoarngHemo npukaan asromara Mypa.

Npukaag. IloGyayeme apToMar Mypa, akuii Ha BAXoZi Apy-
Kkve «l», AKINO KiALKiCTE OJMHEUL, IO IPOYHTAHL ABTAMATOM
y BXLAHOMY PAIEY, AlnuThes He 3, 1 apyrye «0» y OpoTHIERHOMY
BHOENKY (aBTOMAT Takomk JApykye 0, KMo He MPodYATAHO KONHOI
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OAMHENL ¥ NOYATKOBOMY CTAH1 8}, Bxigux# andasit amTomara
J={0D, 1}. HazBemo nelt asroMaT Aj.

BragagEMO CTAHH 8BTOMATA: 8¢ — HOYATKOBHH craH, s; — IIpo-
YHTAHO YECHAO OGHHHANL, INo A&E OpH AideHHui Ha 3 vy sanvmwiy 1,
83 — NMPOUYMTAHO THACIO CAHHHIL, IO N4€ NpH ZAinedHi Ha 3 y aa-
JHIOKY 2, 83 — OPOYMTAHD YHCIO OJHHHIE, KpaTHe 3. 3ppuaiiHo,
mo BHXigny iEdopmauio B TaxoMy aproMaTi MOKHE HOCTABHTH
¥ Bignosigmiers cramam. Ilobyayemo TaGnupio nepexomis i rpagp
aBroMata (Tabaunoa 9.2, pmc. 9.5).

Tabauyn 9.2, Gynuxyii nepexodie [ i euxadis g
agmomxama Mypa Ay

I f &

§ o 1
£ S0 81 0
0 81 82 0
52 82 £ 0
L s L 1

Pnc. 9.5. Asrouar Mypa A

IpunyecruMo, HA BXiJ apTroMaTa nocTynus pagox «0001010100..
Posragnemo, axy suxigny indopmaniio smpacts apromar. IloGyaye-
Mo Bigmopiguy malammnio (rafnuua 9.3).
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Tasruys 9.3. O6potra axidnoi ingopmayii «J001010100»
asmoMamoM As

Mpouwranuit panor f F 4
Q 2 0
00 £ 0
000 o i}
0001 81 0
00010 51 0
000101 82 0
0001010 &g 0
00010101 .29 1
000101010 5 1
0001010100 & i

Ilicas npountayns paaxa <0001010100+ aBToMaT ApYKYE «1s,
TobTo HiNbricTL ofpHMNE, IO IPOURTAB ABTOMAT YV BXiftHOMYy paA-
Ky, TiITHTRCA Ha 3.

3a ZoUOMOroK CKiHYeHHMX ASTOMATIE MOMHA PO3Ii3HARATH

‘puiaxE MoB. ABroMar As, m0 MoGYAOBAHMI Y TIOTEpPEAHHOMY IIpPH-
Kraji, MOXEE POATNAJATH SK DOINIsHABEAYT MOBH, IO CKIAKASTHRCA
8 pagris Girip, axi Mmicrars uueno oguEMnuL, KpaTtHe 3. Haane-
Mo mic MoBy Lg. Mosi L; wanexars, Hanpmuxnaz, pagkd «111s,
«010001100010101005, «0101010101010101010s rTomo. Musu
poanisHa#EA MoBM sBHUalizo He morTpifHa HadBHicTh ¥ aBTOMATA
PAXIAENX CHTHAJNIE, ajle BHAHAYACTLCS MHOMHEMA KiBIeBHX CTAHIB
aBToMaTa. AKIN0 UPOUATAHHA BXIZHOTO PAKKA ABTOMAT 2aBepIIHB,
SHAXOAYNChL ¥ KIHI[eBOMY CTAHI, To pAJOK BREMKAEThCH polnisHa-
EuM. ¥ HENIOMY OpHKIafl MROKMHA KiHIEBMX CTAHIB CKABA2ETLCA
3 E€JHHOTO CTAHY 8.

Teepaxenua. Mosa e pezyasapworo ToAi i Tinbkw Topi, Koum
BOHA DOSBTMI3gAETLCA 34 JONMOMOrck ckimveryoro aBTomara.

Ocxinpkn icnye cKiFUcHHME aBToMar, ulo posnisnac MoBy Ls,
70 oT:e, Ly — peryaapHa Momra, Ta il MOMHA 3afaT# 3a JOTOMO-
ToI0 peryiapHore Bupasy i peryaspuol rpamaruxku. Cxasgemo Bia-
noeinmuii perynapauit supas. ¥ craHl 8, ARTOMAT 3HAXOOHTHCH,
NpONyCKAYE ByAb-AKY KiabkicTs HyNiB, Ha nouariy sxifnoro
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pAaxa, me BiAnosizae peryinapdomy Eupasy 0°. Crau s, gonmye-
KAE OJHY OAHHFEIIO (nNpuy mepexoni iz 2, Ko 8,), moTiM mome
e 6yap-Axa kinpkicTs aynip, aBToMar sanKmMAaEeTBCA Y CTa-
Bi 8;. TaxnM umHOM, CTaH 8, BiAmoBifiac IpHeAHAHHA BEpasy
10*. Asanoriyso mepexoAy BiA &, A0 CTaHY 8, Bix s: — A0 5,
BignoBigae mARopasope npHeanauEa pagxa Buay 107, Cran 8; e
rigneeum. CrxnafemMo BHpas 8a JOHOMGOroI0 omepallii Komkare-
wanii: 0°10°10*10". Ocrinpkn i3 craHgy s; aBTOMAT MoKe IHOBY
nepeiiTH Jo- ¢Tany 8;, IPOYMTABINM OJAMHMIIW, inoTiM Taxom
nocnifoeso mpofiTH HACTYNMHI cTAHH CKiALKM 3aBTOJZHO pasiB
Bifm 4 7m0 33, TO Y GopMi perynspHEOTe BHDA3Y Ile BUIIAJAE TAK!
(10*10'10°)". TaxuMm uuMHOM, peryagpugil BHpas ans Moy L, Mae
BHIMAA!

Ls: 0'10°1010°(10°10710%)".
Mowxna nofyayBaTn rpaMarsky niag MoeE L;. Ile € rpama-
TUKA :

G3=({Al B'l C! S}) {0! 1}1 Ps S)'

Ae P criaajaeTnca 3 Habopy Ipomyxiii:

1. §-AB.

2. A-ClC1C1C.

3. B—1CI1CICB | ¢.

4, C-0C | &
Hiiicao, npoayruia 4 siamosizae BHpasy 0°, Toxi nmpoxyk-

nig 8 signomigac mpasy (10°10°10%)*, a ppoayxuia 2 — smpasy
0"10°10°10".

@ 3anutanHa

1. 300psasiTh cxeMy CKiHYEHHOTO ABTOMATA TA COMMITE Roro OpH-
crpiif.

2, NaiiTe BH3HAYEHEA cRiHYyeEHOro aproMaTa, Horo craafopHX.

. OmumiTE fFBA CNOoCOOH 3ABNANHA CKIHUYEREOr0 ARTOMATA.

4. YamM BifipiaEAlOTRCH CKiIHYEHHI aPTOMATH & BAXoAOM i Ges BH-
XOHY. :

5. JafiTe pHamaueREA apromarie Mini i Mypa.

6. HxuM unmom OVHKDIOHVIOTE ckinderHl posnisHaBawi?

7. #xmit BUL MOB BHIHAYASTLEA CKIHUYEHENMH aBToMATaMH? 3a JoIO-
MOT0I0 AKAX $OPMANLEMX CHCTEM, KpiM CKiHYEHHHX apTOMaTis,
MOMEA 3agaTH neit Bug mon?

w



398 Po3din 9
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1. IlofygyiitTe piarpaMi 418 cRimyeHHMX aBToMaTie, wo solpaxesi
TaruMn Tabrunamuy;

a) g ! g 6) g f £
01 01 01 01

§o 5 80 01 8y 8 8¢ 00

8y 89 2 01 9 89 82 11

Bz £1 B LR 82 81 8 01

81 8 82 10

2. Nobyayitre rabauui cramis gas asroMarie, mio saja=i xiarpa-
MaMu;

a) ' 0)

3. [lobyzyiite crigyeEaMA aBTOMaT, AKAN aMimKe RoRmAR mapHM
Git y puxigEoMy pajxy, DOMMHAIOYM 3 Qpyroro, a wenapHi Glru,
OOUWHAOTM 2 NEpPIIAro, SANMIMIAE HeaMiHHEMU.

4. Tobyayire ckiAUeRFAN aBTOMAT, L0 MOZeMIoe poboTy 3aMKa Ous
cefha, mo micTwTe wAcaa Big 1 go 40. Birdunaetscn xoMmbinaniero:
nosopoT npapopyk Ha 10, airopyu ua 8, mpasopyy ma 87. Bxiami
Z8HI CHIANAIOTRCS 3 TIap: HANPAMOK NoropoTy (L, R), wucno Big 1
fio 40. SKIQo BEAXKATE Hell aBTOMAT PO3Ni3EABAYEM, TO AKY MOBY
BiB BHsEavac?

5. TlobBynyilre crinuenEnif apToMaT, AKKIL BU3HAYAE, WH € OCTAHHIMH
CUMBOJIAMA BXIAHAX AAHMX CHOBO ¢aBroMars. Bxigwi aawi — pagox
a Syrs pociiicnroro andasity. Ilo6ygyiiTe sinnopigau peryrapruii
EPpaa.

6. Hocnixire, srknM uUMEOM MokHe 3NificHHTH Do6GymoBy cRiHUeH-
HOTQ aBTOMAaTa, 0O BignoRizac safiaHoMy pery/IApHOMY BHpPasy,
i peBnaxy.
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9.4. ABTOMATM 3 MarasMHHOK NaM’aATTIO

AsmoMam 3 Ma2A3UKNHOK NAM AMM0, POINiZHASAHHA
PAJKie aamoxamom, MO8Q, U0 SUINANAECMLCS QGMOMAMOM

Apromar 3 Marasuuanoio maM’ arTo (MIT-agTomaTt) — ire ekin-
vennult aproMaT, e Mac mpHETpift mam'ari Tuny crex. ¥ cremi
eneMeHTH iHpopMalii zaHocAThca A0 camoil epepxHBOI KOMipHHU
naM’'ari, sMimylour TUM caMuM Bech ii amicT ma ommy KoMmipry
BHN3, i picraroreesa TinbRH i3 camMol BepXHBoi koMipxM mam’aTi,
3Mimynouy THEM caMHM Bech Ii sMicT Ha oAHEY KOMIpKY BEepx.
IIpn npoMY ¥ KOMEHNR MOMEHT 4acy HOoCTYyNHME TiAekE camuil
BepxHIE enemerT nam’ari. Teopernuro, of’em mam’sari MIl-aB-
romaTa He obOme:keHRfA, Cxemy MIl-apromara aolpaxxeHo Ha pH-
cyHKY 9.6.

ay { @ | d2 a4, | Bxigmaerpiura

Bxigna rojibsxa
(0AHOCTOPORRA)

Repyiowaft npucrpiit C__—D
ia cHiNUEHERM SECIOM %o
cTaHiE

Zin

I[Mav’sTL THOY CTEK

Puc. 0.6. ABTOMAT 3 Malrt3HRHOIO IDaM’ATTIO

Bu3HauOHHA
Aemomam 2 Maza3uRKOWQ RAM AMMPO —— e CTPYKTYPa
M=(Sv Il O! Zv f! &, 80, Zg; F)v

fe S — crRiHYeHHa MHOMKHHA cMmaMie;
I — crinveHHa MHOEHHA AONYCTHMMX 6XifrUX cUMSOALS;
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0 — ckiHueERA MHOMHHA JONYCTHMEX Suxidnux cumeo-
Aia;

Z — crinvyeHHa MBOMHHA AOOVCTHMHX CuMaonis nam’ami;
T — @ynxyis nepexodiec — BinobpaskeHHR MHOKIEH S x I X Z
v MHORURY § X Z, mo BU3Bauae Bubip HACTYIHOrO CTaHY
i cuMBon, AKHIl 3aHOCHTHCH A0 HNEM’ATI;

£ — @ynxyin suxodis — BinobparkeRHS MHOKHMEKR S X[ X Z
y MEoX®EHY O, mo spagavae BuXiguuit cumsosn;

€ S — novamkosuli cmar KepyHUOro NPHUCTROD;

Zo€ Z — nolamxosul cuMgor — CHMBOJ, IO 3HAXOAWTD-
¢ v naM’aTi (eTer) y IOo9aTKOBHD MoMeHT;

F ¢ S — MHOMHHA XiByesux cmakris.

IIpuraan. PoboTy aBToMaTa 3 MATASHEHOIO IIaM’ATTIO PO3IyH-
Hemo Ha nprkiazi MIl-posnismasaua, mo ZoOycKac MHOMHHY
{0°1"jn=0, 1, 2, «}. 3amme 0°1° ozpauae MHOKEHY pHJIKIB,
Ulo cKAafapTbes 3 piBHOI KiabkocTi HyAIE Ta OXHHNLE, HAIPHK-
aan, «000111s, «01s, «0000011111s. B m. 7.5 nio momy Gylo
nozHaveno 9epez L,,. BoHa € KoeTexcTHO-BinbHOIO, ane He & pe-
rYJAPHOIO.

Poarasaytui asromat M =(S, [, Z, f, 0, 20, F) Mae MHOMHHY
craHiB 8 = {8y, 8, 8:}, MHONRHEAY BXigHUX cuMBoIis I = {0, 1}, MHO-
SKHEY cnMBoJiE mam’ari Z = {0, 1}, nouaTronuit ctan s,, ninnenumit
cTaH gy, CIOYATKY Y HEM'ATh IAUMCAHHI CHMBOJA X = 25 Byaemo
RBLKATH, IO ABTOMAT JoOyckae BXignuit pagor a,, @z, .., @, I,
AKRINO Nicna NpouHTANHA NLOTO palxa (TodTo nocxifosBHOro or-
JAy ToXiBKOH BCix cuMMBoONiB a@; pAfka), aBTOMAT rzepexo,:m'rh
¥ Einnenmil cran.

dyrKNis DepeXxoAiB f sagacThes TAKHMHM sHaueHHAMH:

f(se, 0, x)={(s1, 0x)};
f(81, 0, 0) = (51, 00)};
f(s1, 1, 0)={(s2, £}k
flsa, 1, 0) ={(8e, €)}s
f(sz, & x)={(30, €)}.

Pajgox & — moposkniit psaox. [epexim f(so, 0, x)={(s1, Ox)}
OBHAYAE, IO FKINO ABTOMAT SHAXORHTHCHA V €TaHl si, olepxye Ha
Bxig 0 i micvee a3 mam’aATi noTOURME CUMBOXN X, TO BIH TNOBMHEH
nepeHTH V cTaH $;, MOBEPHYTH ¥ NaM’'ATE CUMBOX X 1 NOMicTHTH
vy ctex cuMBon 0. Ilepexin f(sz, 1, 0)= {(s:, £)} 0sHagae, mo SKIOO
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aBTOMAT 3HAXOZHTBCA ¥ CTaHl §;, Oflep>Xye Ha BXifg cumsoa 1
i gicTae 8 nem’ ATl noTouEMA cuMuos 0, To BiH IOBAHEH 3AAMIOATHACH
y crari 81 B nam’ATe #ivoro He pogaBaTm. TARMM YHHOM, BH-
XOAMTh, [0 HA (LCMY TAKTI i3 cTexa nam’dTi ¢BANITOBXHYTHHAS
i saryGmennii caumson ). Kinmesa roudirypamia asromara — (Sq, £).
ITpr poGoTi aBTOMAT SUHTYVE ¥ M ATE HepIlIY NONOBUHY JAHIIORK-
K, 1[0 CKARJAETLECH 3 HYJIB, 4 HOTIiM BRjande 3 JaM STl 10 0gHO-
My HYJIIO He& KOXKHY OAHHWIOI, IMe HocTyuse Ha sXig. Kpim toro,
nepexony cTaHis rapa#Tyiors, Mo Bel Hyni mepenyloTh OUEHUIAM.
Hanpurnag, gna Bxigzoro nauniosxka 0011 asTomar agificEnThL
TARY TOCTiJORHICTE TAKTIB:

{80, 0011, x)—(s1, 011, Ox) = {5y, 11, 00x) >
— (82, 1, 0x) > (82, €, X)— (8, E). .

CAMBON «—¢ OuHadae nepexiy Big taxty go raxry. as ROMx-
HOI'0 TAKTY 3&8lHCaHA KORQIFypamid, Ska BKAKYAE MOTOYHHI CTaH,
YACTEHY BXiEHOTO MAHILIOXKKA, L0 3aXHMIIHJIACH HemdpouIHTAHOI,
amicr mam’sTi. Hanpukaan, gna xondirypanii {s;, 011, ¢x) norou-
HAM CTAE — 8§, HEIIPOUMTAHA YACTHHA Bxigmoro nanmwoskkra — 011,
norounnift BXITHKE cuMBoA (poaMimenmid aisopya) — 0. 3micr ma-
m’ari — Ox, cEMBoJg, mo gictacThea (posmimennii giropyq) — 0.

3a AODOMOro ABTOMATIE 3 MArasMOHOIO IAM ATTIO MOMCHE
poanisEaBaThm pAAKM MOBM ABOMAa cnocofamu. Ilepmuit — pagor
BBAYXAETHCH PO3MIBHAHUM, SKIO0 Oicnd #Oro OIpodYMTAHHA aBTOMAT
TepeXouTh Y saBepinannumid crad. [[pyruil — sxmo micsna npoun-
TAHEA PAJZKA CTeK HaM'ATi BUABJAACTLCS MOPOKHIM. ¥ poarnaHy-
TOMY HEMH OpHKJIAKL BEMAraJocd BHKOHaHHA ofox ymoB.

Trepaxenns. MoBa € xonmerxemro-6iaoioio TOL i TLIBKE TOLI,
KOJAM BOHA PO3IiZHAETLCA ABTOMATOM 3 MATAZMHHOK IIaM’ RETTIO.

@ 3anuraHHna

1. 3BofipaziTe cXeMy ABRTOMATA 3 MaTaswHHOK maM’arrio. Ilegcmite
npacTpi#ft 6aoxky man’ati MIl-apToMaTa.

2. afiTe BASHAYeHHA aBTOMATA 3 MAarasdHHOIO MaM’ ATTIC.

3, Hxmmu cmocofaMu MOMHA DPOINiSHABATH DAAKH 34 AONOMOTOK
MIl-apromaTta?

4. Srwit BUA MOB MoXHa posnisHaBaTy 3a gonoMorolo MIl-aBromara?

@ 3aBaanHA

1. IlepexonafiTecqa, o AnA MoBH L..: 0°1* , n 2 0 HeMOXIUBO IIO-
OyaypaTh ckindennuii posnisHasaq. [ToOyayfiTe cximgenERll pos-
nisHaBaY IAK wici MoBu npu ofMexerEl 0 £ n 5 10.




402 Pozdin 9

2. 3pobiTs posnisnaBaHuEs paakis «000011» «111000» 3a JONOMOrOK
MIl-posniamasaqa SAd MOBH L,, (neit posnianasay poaraggaBca AK
npurar y uift raasi). [lepexonaliteca, mo Ti pAOKE He MOMYTL
6yTm poaniamawi.

3. Tlofynyitre asToMAT 3 MATR3HHHOIC TaM’ ATTIo, AKKHIE posnisnae Mo-
BY, HI0 CKIATACTRCA & PRAKIE (0°, Ae  BMBHAYAETRCA PEryJIAPHAM
BHEpasoM (& U b a U B,

4, BHanauTe, SKY MOBY 387aI0Th rpaMarEiKu. ITobygyiiTe asTomar 3
MarasMHHOI NAM’ ATTIO, AKHH poamiasae 1o MOBY.

a)
G-({Av s}v {a‘s b, d}' P, S),
P
1. 5»>A4d
2. A~ adbb | abb.
5}
G‘({A! S}! {al b' d}' P| S’i
P
1.S>SStA
2.4 041 |01,

5. HamrmiTs aaropuT™, o Mogeiaoe poGory MIl-apTomara.

9.5. MawwHa TolopuHra.
Jlininno-06mexeHi aBTomMaTn

Mawmna Towpunea, mesuc Yepua — Toiopunea, posnianasanis
PROKIS, MOSY, W0 POINIFHAIOMLCR, ANilro-0IMeHer] agmonamu

Mamuae TriopHHTa, HagBaHA Ha YecTh aHMIACLKOrO MaTe-
MaTEk2 Anana TelopEHrPa, € mafifitem mDoTy:KHHM ABTOMATOM
iz Beix posrasEyTRX Hamd. Bona micTuThs Beci enmeMeHTH CKiH-
9eHHOT'o ABTOMATA, KpiM Toro, Il BxifHa cTpijuka HeckinueHHA
B o6ox HanpaMkax, roAirka, Mo 3YATYE, € TAKOMXK i Ticlo, mpo
APYKY€E, BOHA MOMEe HepeMmimiaTicsa BsJoBx cTpiuku B ofox Ha-
npAMKax.

Trepaxenna. 3a gomoMoro Mampay TEHODHHIE MOXKHE MOLe-
moBaTh 6yne-axult ofducToBaaEHENH Apomec, SXKEH MOMKHA HAaSBA-
Th anropuTMoM. Lle TBepamenHsa Bloome gk Tezuc Yepua — Trio-
puAra. 3a OonoMorgle MAmWHH TRIOPUHT2 MOKHA DOZMOi3HABATH
6yas-AKi MORH, BHAEAUeHi I'pAMATHKAMIY 3araJLHOrc BHIY.

Cxemy mamuen Tsropuara sobpaskeHo Ha pHcyHKY 9.7.
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HeckiuvernHa

- @ Y1 | il Bita PXi(HE CTPiuKS

Bxigna rontexa,
MO YNTHE i THIe,
PYXAETBECA BAiBO i BNpago

Kepywunit npucTpiit
19 criNtennol0 MHOMRMEOIO
¢TaliB

Pue. 9.7. Cxema mamern ThlopHHra

Bu3aHa4YeHHRA
Mawuna Twopunza — He ¢rpyrTypa

T-(ss I’ fl 30)1

hFe S — crinueHHA MHOXHEHA cmadis;
I — crinvenHa MBOXMHa donycmuMmux cumeonie crTpiu-
KH, BKI0YAE HOPOXKEIX cUMBOI A;
f — BipoGpasmenna MHBOMHNAX S X [ v MHEHOXKUBY Sx]Xx
x {L, R}, nto BusHAYac IiAs xomOimanii cramy 1 Bxiznoro
CHMEOJY BHBip HRCTYIHOrO cTadvy, APYKRORBRHWH CAMBOJI,
HaNpPAMOK HepemMillieHHEA rojieku — L (nimopyd), R (apa-
BOPYY);
8. € 8 — novamxosull cmax KepyuoOro IpPHCTPOIO.

OckintbRM cTPiUKA HecKiHWeHBa, To iHQopManis, AKs IOBEH-
Ha GyrH mpounTaHa, 3eHMAE [HIME FACTHHY <TpiukK. Ilopoxxmi
koMipKH saifvae cEMBOA A. B nodaTkoBoMy cTaHi royiBka, 1Mo
9uTAE i IMiNe, BCTAHOBJIOCTHCA HAa JiBY 3 HeNOPOXHEIX KoMipoK,
i Kepywunli npucTpiii sEAXOZUTLCH ¥V cTaHi 8;. Malmua NpaLioe
tak, o i pii pesHawaThea dyEERUicio f. Mamnea 3yIuBAETECA,
ARIMO Ma8 7 rouHoi RomGinanii crany i Bxigmoro cuMBoay byHK-
nia f He Ti::HayeHa.

Mosxe GyTe sagaHa MHOMHHA Kinnepmx eranin, Kinmesi cranu
BH3HAYAIOTLECH, B OCHOBHOMY, KOJM MAOIMEA MOJEAIOE poanisna—
BaHHA PAIARIB.
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Npuraax. IToByayemo mamuny ThlopMHrs, o poslisHae paa-
ku suay 071" r > 1. MuoxkuHA OUX psagKIB yTECDIOE KOHTEKCT-
HO-BLILHY MOBY L,

Tloxrnagemo T=(S, I, [, a),

ae

8= {So, wey 83},

I= {0’ 1' M}l

89 — MOYATHOBUIL cTaH;
83 — Kinmesnit cram.

DyEKIi0 Tepexonis f sofipaskeno y tabnmui 9.4. B koxuild
xomipni MicTHThes HOMeED HACTYIHOTO CTamy, Apykosauul cam-
BoJA 1 HROpAMok nepeMimenHs roaipku (L — aieopyu, R — npa-
BOPYY). :

Tabauyn 9.4. Pyrnxyin nepexodis f

Bxigus inpopMania

0 1 M A
s, &, MR - - -
5, s, OR 5, 1R | 5, ML 3 )L
s, - e, M L - -
s, 5, 0L s, 1L {s MR -
1, , 0L - s, M R -
8 . . s, M it -
8, - - . -

Bxiguuii pagox BamaeThCA POSNiZHAEKM, HKUIO Hicaa foro
NPpOYHTAHHA MAIIHHA HepeXofUTEH IO kiHIeBOro ¢Tamy 8¢ [Ipn
posmisHaBaHHI BHKOPHMCTOBYETECA domoMixdcauii cmMmbBoa M, axuit
3ANKACYETHCA 3AMICTL B3C@ INPOUYATAHHX CHMBOJIB pAJKA.

Posrasgeno nocaigopricTs Kpoxik aanol MamuHu TroopHTa
NpH po3misHaBAEHi pagkxa «000111» =013,

Ha nepimomy kponi Mammpea T 3unTye Deplru#t HYAB, 3aMiEIOE
fioro Ha M — «M00111s, DepexonuT: y CTAH §,, NepeMiIyeTbeH
npaBopyd, NoTouHEM c¢Tae gpyruil 0. Ha apyromy xKpoui Mammea
SYMTYE IIOTOYHWH HYIb, He 3MiHIoe Horo, 3aauiuaeThes ¥V cTaHi 8;,
nepeMinIyeTLcA OpaBOPYY, NOTOYHEM crtae rpeTiiz 0, 1 7. n. Bobtipa-
suMo ni aii cxemMaTHuHO TAKMM YHHOM:
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(8e) . AQOCI11X ... 5 (31) ... AMOO0111D ...
= (&) ... AM00111% ... = () ... AMO01113 ..o
= (81) .. AMOO111X ... = (8y) ... AMOO11]1M ... >
< (81) .. AMOO1112 ... —»>¢s,) ... AMOO111% ... >
— {82) w AMO011]12 ... & {83) ... AMOOL1IMA ... >
— (82) « AMOOL1IMA ... > (8,). . AMOQ11IMA .. —
- (84} . AMOO11IMA ... (84} ... AMOO11IM) .. -
= (80) ... AMOQO11MA ... = (34) ... \MMOQIIMA ... —»
= (8) .. AMMOLIMY ... 5 (5) ... AMMO11M). .. >
— (81} - AMMO11M ... > (82) .. AMMOL1M) . >
— (83) .. AMMOLMMS), ... = (33) ... \MMOLMM). ... —~
— (84) . AMMOIMMA ... > (8) o AMMOIMM) .. >
- {81) ... \MMMIMMM\ ... »(s1) ... \MMMIMMX ... >
= (8) .. \MMMIMML ... = (%) .. \MMMMMM). ... >
= (85) ... \MMMMMM)M ... > (8¢) .. \MMMMMM3 ...—>
— 3YOHUARKA (DepexiA He BH3HAUeHMI).

OckinTbRA MamiHA 3apepmuna pobory y cranl g5, 10 e oana-
gag, mo pajox 0°1? posmizHammit. OTiRe, KOHTEKCTHO-BiJILHA MOB&
L.. MmoXxe GYTH 3ajaHa S8 AONOMOTOI0 ABTOMATA 3 MATA3HHHOIO
naM’'a7Ti0. Posrasmemo Moy 0"172" (maspeMe Ii Ln..). MoBa L.
€ KOHTEKCTHO-3AJIe;KHOK i BAMarae Giapin cRIAgHANA 2BTOMAT LS
posmiasepagEd. IlobyayeMmo mamuny ToopHHTa, WMo poanisnaec
I MOBY.

Ipuxaax. Mammna Tropunra, mo poanisuae MoBY Lg,,.. Ilo-
RIATEeMO
T=(Sl Ir f; 80):
Ae
S = {30, veey 89}1
I={0,1, 2, M, E},
8¢ — TOUATKOBUY cTaH;
8 — KiBuenni# cresd.

dyurniw § sobpaxxeno y Tatnauni 9.5.
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Tabauys 9.5. Pynryir

Bxigza irdopMania

A 0 1 2 E M
S0 80 A L g5 0L - . . -
M s ER - - - - -
52 - aa MR - - - |1 282 MR
- - 33s 0 R s MR - - s MR
84 - - #« R | aa M R - uwMBE
8 as A L - - §s 2 R - -
) - - - s 2 L - | ML
&1 - e70L | #11L | &1 2L | mER |- ML
& - - - - w EL | s ML
& - - - - - -

Mamunau TpOpUHTA MOKYTh MOAETIOBATHA He TINBKK pO3miaHEA-
BAHHSA pankis MoBH, ane i Oyab-aki iAmI ofuMeTIORANLHI ANTODHT-
mu. OdeBUAHO, Mo OAA BHKOHAHHA TAKUX Halimpocrimux obyme-
ek, AK AojAaBaHHA 800 MHOMeHHA, OOTPiORL gocuTe rpomisgki
mamuHR Toiopuura. Jekinbka cOpolllye eTPYKTYPY HUX NAINKH
JONAaBaHHSA AONATHKOBHX MApANeNLEHX Bximmux i Buxinamx erpi-
yok. Ane apoaymino, mo MamgEHa TLIOpAHTA He € ONTHMANBEUM
OPHECTPOEM AAR OPAKTHYHONC BUKOHAHHA obumcieHn afo poamiama-
paHHEA MoB. OcHOBHAa Nin®: IX cTBOpDeHHS. onfArae y Jochimsenui
3 IX FOIIOMOTO HHTaHb CHIANHOCTI AJIrOPHTMY TA aJIropMTMivEO]
poar’aarocTi. AKIIO BAAETLCR JOBecTH, IO AJSA POSE A3KY JeAKol
BAJAYI HeMOXAHRO N0SyAYyBaTH Mamiay TrIOpHAra, To e oauaqae,

1o He icHye il anropmTMy AnA Il poss’A3KyY.

BuaHavygHHA

Heperepmimoparuil poamisgasat, TaM aTTH SKOr0 € IepBHH-
EO IOPOMKHSA cTpiuka Mamuen ThIOpDMETA LOBKYHOK He GLIb-
e BXiAEOIO JAEHIOMKKE, HAIHBLETECA Ainidro-obmencenum
a8MOMAMOM.

Moza BuzHAYAETECH JiHiftHO-06MeKEHAM aBTOMATON TOIL 1 Tillb-
KH TOZi, KOJIN BOH& KOHTEeRCTHO-3aJI€XKHA.
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®

3annuTaHHA

1. ChopmyaioiiTe Teame Yepua — ThiopuHTa.

2. HAxi MoBR MOYKHA POIMISHABATH 32 JZONOMOTCI0 MAMKHE ThiopHaTa?

3. Bobpasir: cxemy Mamrun TropzEHra.

4. Jaiire Buspavenny mamuan Tropuara.

5. flxa OCHOBHA UiJb CTBODEHEA MAIMER THIODEHTAT

6. o sobpasxyc aimilimo-obMemennit apromar, i sKxi MoBH BiH BH-
sHayac?

3aBpannA

1. Hocnigite pobory MampaAn TeOpHEra AJAA pollliEassHHA MOBH
Lipga: 07172% (KOBRCTDYKIiIO MAIIVMEH HABSHSHO AK IPUKJIAK ¥ IXhO-
My poziini). BuxopmeToByliTe SK BXIARY indopmanino pagkn, mo
HANemxarTh 1 He HAnNexaTh maHid mobi.

2. Hexa# mamiwsa TwiopuEra safana Tabmouieo.

Bxinra indopmanis

0 1 A
Bo 30 R nlR A R
" %0 R 520 L ©1L R
o QR - -
8 . . -

Busnaure, axuit sug Gyae mary indopmanis ma etpiuni nmicas
. AYOHHEM MAIMHHM, ARmIC Ha DOYATKY PoGOTH HA BXiX mogamo
paEAoE «.. AAQI0110)) ...» (ToMiBKA BCTAHOBIERA Ha IiAKpecie-
HEH CHEMBOI).

3. IoSynyitre Mamuuy Triopmera (ardagit crpivxn {0, 1)), axa:

a) sminoe nepmndt 0 ma crpiuni Ha 1 i pemTy crEMBONAIB SanAmac
Ges aminm;

) sminioe Bci cHMBoaE 1 Ba crpignoi ma 0, xpiM nieoi ognERui;
B) posmiadac pAOKH, M0 3aKiTUVIOTHCE HYIeM;

r) poanizHac PAJKH, OIC MicTATE HapHe UHCTO ONHHHIL.

4. Craagit. anropurs, mo Mogemntos pobory mamuny Triopuura. Ha

BXLA AaATOPATMY HAAXOAMTL TAGMIURA MAMIMEM TA BRiaEUi pajgox.
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KombiHaTOpuKa

10.1. MNMepepmosa

KombGinareopuka aboc RoMbiEaToOpEHN aHakis — posiix
ZACKpPeTHOI MaTeMaTMKH, AKa BHBYAEe KoMOiHauii 1 nepecTaHOBKY
NpeAMeTiB, BSAcMHE DPOSTAIIYBARHA JacTHH cKiEdeHBUX MHEOMHN
npeAMeTiB KOBINBEHOTO IOXOMMMEHHH, & TAKOMX HeCKiHUYeHHMX MHO-
JKMH, AKi 3aZOBOJERHAKTE JedKi YMOBH nignopsgxosagocri. Bu-
HExAa KomGinaropuxa ¥ XVII c¢r. Axne ¥ camoctifiry naykopy
EMCHHEJIEY KoMmOiHaTopHEH aganis chopmysaBca anmme ¥ XX cT.
KombGigaropri Metogm 3acTOCOBYHOTHCH B Teopii iiMosipHocTeil,
BHNAAKOBMX Ipoliecax, craTHCTHNi, MaTeMaTHIROMY NporpaMyEaH-
Hi, naeaHEyBaHHiI eKcHepHMeHTiB. PosrnapaiooTrcs 2afadi, B AKHMX
OoBogHTHCA obMpaTH Ti 4K iHINI NMpeAMeTH, POITRAIIOBYBATH Ix
¥y ITEBHOMY MOPAAKY 1 BHAXOAWTH cepel DISHOMAHITHAX KoMOinamil
naiixpami. KomBinaropuka Ticoo 3B’Asadr 3 TeopisiMu uueces, rpa-
(is, cKiHYeHENX aBTOMaTIB. [i JOCATHEHRA BEKOPKCTOBYIOTLCS TILA
uac OAAHYBAHHHE Ta AHAJI3Y HAyKOBHX eKcIepMMeHTiB, y miniftno-
MY TA AVHaAMiTHOMYy IIpOTpaMyBAEHI, ¥ MaTemaTHuHik exomomimi,
¥ CHCTeMaX NPOSKTYBAEHS TA KEPYBAHHS, ¥ KOMII IOTEPHUX HAVKAX
Ta {HIDEX TaayssEX HayKHM i TexHixw.

Buaingrore Taxi npofnemu xoMBimaTopHoro amanisy:

1) Badaui na nepenivenns, B AKUX HeodXizHo BUSHAYNTRE Kinb-
kieTs posMmimers eneMeHTiB cRiHUEHHOT MHOMKHMEM, IO 233 AOBONBES -
10TL nesRl yMmosm. [lua poaB’siaky 3afiau mepenivenns poapoGneno
piszoManiTai meTonu, cepefl AKHX cXif BigaHawuTH MeTOR NMpPOAVK-
TBHUX yHKUiA 1 MeTon nmeperiuenns Ilo#a.
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2) 3adaui npo icrhysanrns ma nobydoey. B sagaaax Taroro
KAACY DOATASAATOTHCS MIMTAHNS: UM Mace Micle BHaHagena Koudi-
TYpAanifs 4YaCTHH CKiHYeHHOIl MHCOKHHE 3 AeAKHMU BNACTHBOCTAMY;
AKMe Taka koHbirypamis iceye, To 4k ii nobyayeatu. Tlpu nnomy
RaMAUBY poAL Rifjirparorh uncennywi Ta anreSpalun! mMeTozum.

3) 3adaui npo subip. 3agsaui TAKOTO THNY JOCHLAMYIOTE YMOEBH,
8a AKMY MoxHa spidicHuTH BE6ip migMeokruEn abo Fesuol cyrRyn-
HOCTI YACTMH MHOMUEM TaK, IM06 3AJOBOJLHHTH TERHI BUMOTH.
Jna poap’gary zafauv mpo Rubip, kpiMm komBimaropumx Metonis,
Tpefa zacTocoBysarn aiareSpalwHm#i anapar.

lcTopia po3BUTKY KOMGIHaTOPWMKU

Kuraiicexi pykoaucn XII-XIII er. X0 H. e. OOHUCYBAIN HABKO-
numED gificuieTe Ak of’c¢ZEAHEHA ABOX NOYATEiE — TOJIOBIUOTO
i mimouoro. BiciM puMcyHKiB 3 TPBOX PARIB cHMBOIIB 3006pacyBa-
J¥ BeMXI0, TOPpH, BoAy Ta& iAmi cTExii — cyMa mepmux BOChLMH

HATypaJdbHEHX ducen (36) yrimwsana Beecnir.

Jlereras npo KuTakicsRore imneparcpa I, skt xue 4000 po-
KiB TOMYy, poanoBijac: icHYBaJA CBAINEHEA 4YEperraxa, Ha NaH-
mupi Aol 6yp sobparkeHwil pHcyHok, N0 MIicTHB JeB'aATE THced
(pre. 10.1).

4 9 2
3 5 7
8 1 6

Puc. 10.1. Marigami xsagpar

HomaBmy YHcAa ¥ PAZKAX, CTOBOIAX a6o glaroHanax mariveo-
ro RBaApary, sobpaxkedoro Ha puc. 10.1, ogepruMo ofHe i Te &
uyueao — 15.

KoHkperni kombimaropei sagaui, AKl cToCcyBaNMCA Nepemiky
npeaMeTrin ao HeBeNVKUX IX Ipyn, cTapofaBHI PpeKH poO3B'Ray-
Barn 6es MOMHJIOK.

Icuyiors. cymisxui zagaui mim xoMm6inaTopukorn Ta Teopickw
yHCcel.

0 0
00 o0
0 00 0 0

Puc. 10.2. 3oSpasxeuna KRAADETIE UHCEN

Qoo
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Craporpenbki dinocodhm 3aliponoHyBaNH [OHATTS «KBAAPATY
YHCJas — KBAJAPATH HATYPAJLHHX UYHCEJ 300payBajicd KAMiH-
uAMH, #Kk so0pameno Ha puc. 10.2. 3a ponomeorow xombimauifi
npexgmMeris Ta cbuncAenns KiaskocTi Takux koMbinanii 6yno ogep-
AaHO YHCRa, HKi AOPiBHIOKTE cYMi CBOIX ZiNRERKiIB, HanpHKAaA,
6=1+2+3; ¢apymHal umcaas, KoXMHe 3 AKUX HopiBHIOE cymi
HiIbHHKIBE HedAKoro iHINOro wWHcxa,

Beauknii posguTok y cepenHi Bika B Crponi Ta Asu ojep-
3aJIH pisROMaHITHI uMexoBi 3afoboHH 1 TIyMadedHA, 3B’ A3aH] i3
saMiHoK OYKE BIATIOBIAHUMM 4YHedaMM {IpeKH NO3Ha4YaJIH YHCIA 3a
JomoMoroio 6yke — pepmii 9 mitep andasiTty nosHavaian IHppH
Biz 1 m09, macrynui sa Hmmu — Big 10 pgo 90, a ocrasui 9 ni-
vep — ymena Big 100 mo 900). B cepeawi sikm BueHi, AKI HasuBa-
Jued xabasicraMu, nilgsBaJd TAKOMY <aHejisys cnoBa BiGail ra
iAINMX cBAIMEHEAWX HHAT 1 pobuad Aa oiferari eroix mocnipxennb
npoponTBa npo MalibyTHe epity. Ocofinmeo Bupinanuca wopTrosa
JiooruHs — upeno 13, xomOimamil gboro umcaa 3 JHAMH THXRHS
T8 ACTPOHOMIUHMMH ABMINAMH - sarbMapeHHsMu a6o MOSBON KO-
MeT; YHCN0 guapoaa — B66.

Ilopan 2 wabanicTamuy i MicTAKaMB KoMGiHaTODHKOI Y cepel-
HEOBiv4i 3afiMenscs acTponoru.

AcTtposnorid — Hayka, Axe BuBuac oG'egHaHuA nJjaHeT 1 ix
BBREMOPOSTAIIYBAHHA Min cofo0l0, — TAKOE JAJA8 UOWITOBX AAN
QOpMYTHBAHEA 1 POo3B’ASKY KIACHYHHX KOMBIHATODHMX 3ajad.
AcTpodiorip LiKABWJIO OMTAHHA IpPe PyX IaadeT i iX BAJAMB Ha
Zoaw nojnAn. OcobiEbe 3HAYEHAA IPUAINAAM BOHA oD'cHAHRAM
IJBHET — 3JycTpivuaM pisHHX IUIAHeT B OJHOMY 3HaKRy 3ogiaky.

Actposor Ben Eapa (1140 r. 1. e.) migpaxysak KiibKkicTh cro-
nydeHb CeMH IJjaHeT II0 ABi, mDo Tp®# 1 7.A. Buasuioca

2 5 3
C:=C3: Ci=20Ci
ne Ch— uncno cmonywers 8 7 pisHHX npeaMeTis Do k.

OcraToqEo QopMyay 4yncaa cnoiyyeHs ogepsas Jlesi Beu Tep-
mag vy XIV cr.;

¢ nn-1)..4{n— k I)
Cr = 1-2-.,.-

Ha nouarky XVII cr. oo gopMyTy 3aH0BO BHBIB bpary3pKKfi
maTeMmatik II. Epiros.

Benuxy yeary krnacudirauil spais cyamenn NpuILIgIa ¢XodaC-
THYHE HAyKa. ¥ CXOJACTHELI JHEHO NepensiTalHcd NoclimkeHHsA
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forocJIOBiB 3 NOCHifMceHHEAMH npodsieM, AKI upuMuUKAOTL AC KOM-
GimaTopmKky, MaTeMaTHYHOI morikM, rTeopii MHOMME Ta iHMIIMX cy-
YaCHUX PO3AiIiB MATeMATHKE. BelIHKHMH SHABISAMHY CXOJACTHYHNX
AOCHim:KeHDb 6y 3aCHOBHMKE Teopil MHoxUA — Beprapd Forsyawno
ta I'eopz Kanmop. Clepedalouich Npo B3AEMOBIIHONIEHHEA Y4/eHiB
npecBaroi Tpifini, cymigzpanwocTi anrenis, apxanreain, xepyBumis
Ta cepapuMin, cxonacTH GyaH amymeni poaraagaTH piznoMauitTHi
BigHomenua mopsaakis Ta iepapxii. Hampurrag, sarpofanii csir,
mo onncaduit Tante v «BoxecTBenniilt komeniis, s #ore wonmamm
meksia i pisHEMhA YacTMHAMM YHCTILIRAIA 1 paio.

Cxonacr Paitmond JMyaiii ereopur y XIII cr. mamany, cxiaa-
FeHY 3 KUIBKOX KiJI, Ha AKHEX 6ynX HaHeceHI OCHOBHI mpeAHKaTH,
cyb’exTH, arpubyTH Ta iR NOHATTA exonacTHYHol Aoriku. [Tosep-
TAw4YM Ui KoJAa, BiH onepyBap plaEoMaHiTHI of’cAHAHHA MOHATL
i cnopieased 3sHalTH 3 IX gomoMOroK iCTHHY.

Poap'ssvioud naTanag Opo Ao0yToK KopeHis 6yab-AKOTO CcTele-
HA, apabepki anrebpalern gifITE o popMyas ONA cTeleHS CYMH
ABOX vHces, BimoMmow nix HaasBow «6iHoMm HreloTomae:. HamnesHe,
o0 GopmMyny 3aHaB IIOeT M MAaTeMaTHE Omap Xaiiax, AKHH KUB
y XI-XII cr.H.e. B XTH-XV c1. H. . Taky $opMyny HaBOAATh
y cBoix poforax geaki apabGebki Bueni.

Iramiens Jeonapdo Ilisancexull, Ha IPi3BHCBKO dbiaanawi,
yeroiff kuuai «Liber Abacis», mo Bngauna y 1202 p., cucremaTnay-
B&B BCIO apH(pMeTHRY apabiB, Aesaxi BizomocTi 3 reomerpii Eskrida
1 foZaB MO HHX PesyJILTATH CBOIX JocaikkeHs. Pobora Pibomadui
micruna i HoBi KombGinaTopHi 3agaui, HanpHKAaj, Opo BHAXOAMEHHASA
HaiMeRAmo] KinbxocTi MMp, 3a JONOMOroX SKHX MOMKHA OLepPKATH
Oyas-aky uiny pary Big 1 go 40 dyurie. Posraazas JleoHapao
i sHaXOAMeHHS MiIUX posp’AzkiB pisrane. Hani amanoriuni saaaqgi
TIIpH3BENH A¢ po3B’A3KY 3ajaui nmpo xinekicTh HATYpAABHHX pO3-
R'aA3KIB cHCTeM DIiBHAHE Ta HepiBHocTell, KA MOMe POITIAJATHCH
AK OpHA 3 PYHIAMEHTAABHUX UYARCTHH KoMOiHaTOpHMKWA.

Aje roaoBHOIO 3acayroio Jleorapao nepes, kombimaTopuioio 6yiro
Te, IiC BiH copMyJsOBAER TA PO3B'AZ4B «3aJa4y NP0 KPOJIHKIB:.
IITe 2a yacie rpegsiwx MaTeMaTHiIB 6yJM BigoMi IRl nocnijoenoe-
Ti, ROKHHNE UieH AKHX ONePKYBABCH 32 BHSHAUSHHMH NpPaBAASMHU
3 nonepefHix uYJeHiB — apudiMETHYHA Ta reoMeTpPHYHa nporpecii.
B asagaui Jleouapao a’spunscs HOBA MOCHILOBHICTEL, KOMCHMEA LJIeH
AKoi (DIOUAHAIOMM 3 TPeTLOro) AopiBHIOE cyMi ABOX nonGepelHix
yneHis: ¥, = u,.; + u,... Hoaibui dopmMynan oxepmxanu Ha3IBY
perypedTHnX (Bia JaPHHCEKOING recurrere — nosepratucs). Mertoa
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PEKVPERTHAX GOPMYJ BUABHECA 3 1aCOM OAHMM 3 HalmoTy:RHimHx
Ang posB’s3Ky KoMOimaTopEHX =2agav.

Haprgw, mamk, Blaxm, ANCHCRK] oBraBH] IMAKA «TO» — B ILUX
irpax Tpefa posrasaarn pisEoMaBiTHI 3'¢jHaHEA NepecyBEUX di-
Typ, i nepemarae Tolt, Xro iX Kpalle BUEYIHThL, TPOPAXYE BUTPAITHI
xwoMbinanii Ta yEUKHe nmporpalrHmXx.

Yumannit DoIMTOBX MO POIBHTKY KoMOinaTopukn ganyu asapTHi
irpnm, axi icEyBanR Xy:Ke AaBRO, aNe ofep>kanry ocobinBe DOMIHpeH-
ua nicna xpecroBux moxoxin. Ha#Ginnine nomupenHs ogepyxana
rpa y Kieri.

Pobori Baeza [Hacrwarz i Ilvepa Pepra (Ppanriz, XVII ¢r.) no-
KAaan otaTok KowbGiHaTopHOI (OHcKpeTHOI) Teopil itMomipHocTeil.

B 1666 p. Nomgpud Biavzeavny Jelbnuys 3anpononyeas bys-
BaMeHTaJIbHI NoEATTA KoMbiratopukn. [Jo obaacri koMbinaTopEEn
Jlefibrunb BiAAOCHE 1 ¢YHiBEPCATLHY XAPDAKTEPHCTHKY» — MATEMA-
THRY CyAxdcern, To6TO Ipoofpas MaTeMaTHUHOI JOriku.

Micas poGit Ilackana T1a Pepma, Jleitbrnns ta JI. Eitnepa
MoxHe GyNio Bike roBOPUTH Npo KOMGIHATOPHKY AK NP0 CAMOCTIH-
HY YACTHHY MATeMATHKH, TiCHC mOR'AsaHy 3 IENIHMA poaginaMy
HAYKM, 2K Teopig HmMoBipHoctell, BueHEA mpo pazw i T.o. Ha-
npukiagi XVII! ¢r. mimensxuit egenmit Timneubypr i #toro yumi
spoGuJIH HaRiTh cripoby BHOGYAVBATH 3alPalIBRY Teopilo koMGiHATOD-
HOT'O AHAJiaY.

B XIX cr. nig gac gocaigmxendad 3 KOMGIHATOPHKH NOTIANH HpoO-
CTEXXYBATHCA 3B A3KM Ii€l Teopil 3 BUSHAYHMKAMH, CKiHUeHHHMH
reoMeTpisiMu, I'DYIEMH, MaTeMATRYECK JOTikoi0 1 T. 4.

Onpicro 3 HafiGlasn cxaauEnX sarapok y Gionorii XX cr. 6yaa
6yHoBa «HUTeM KHATTS» — MOAeKYJH Binkxa i HyKNeIHOBUX KHCIOT.
Brasunocs, mjo Mosaerynau Ginkxa — pe ob’efHAaRHA KiNALKOX HOB-
IMX Jaauwris, mo ckaageri s 20 aminorucaor. Ilicaa sigkprTra
6ymorn [FTHK BuEmKA0 HUTAHHA: SKUM uymHoM moaexyym JIHEK
nepeiaioTs OpPraHisMy iHCeTpykrWili Dpo nolymoBy JeHOOTIB aMiHOo-
RUCIOT, 3 AKAX ckaafaiorbes Oinxu. [Mocnipkenysa noxasean, mo
moBa ¥pe npo 20 aminoxucaor. AMepuranchinit gisun I'. Mamoa
chopMyniOBaB 38KAYY TAK: AK 38 A0IOMOrolo 4 BMAIB HYKRCOTHIIB
Moixua zsamugpypard 20 ruzin aminoxmexor? Ilg aagava, ax i Ga-
raTo ifmnx 3agaY reHeTHKY, Mac KombGimaTopanit amicT i, aoxpema,
ag’gsaHa 2 TAKAM posgimoM KoMGIHATODHAKH, SR KOJYETHRA.

KEpunmozpagis — Hayka npo muppysanasa — Gyxa sifoma
3 maBHiX waciB; ogpa 3 ofiacreli kpunrorpagil — posmmdposkra
necpMeH (TexeTid) gpesdix nupinisani#i. Kaou go npounTanns
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iepornitis, sarybnenm# xinbka THCAYONITH ToMy, 6¥I0 BHOBY 3HA-
HigeHo caMe 3aBASKHM KOMOIHATOPHHMM MATOAAM Yy YHTAHHI sabyTax
NHchbMeHHOCTel, 3ACHOBAHUX Ha CIOCTepeMeHHAX 38 TEKCTOM, Ha
sicrannenni norTopwBanocti xombinanilt cais i rpaMaTUuHKX dopwM.
Taxox Dorpi6EHil ananis OpHsHedYeHHS HAZUHCY, dacy TA YMOB
Horo ckaasenusa iT.x. Tumosmit npurrag z niel obnmaeti Hagae
ieropia posmudpOBKH KIMHODHCHHX HAAIIUCIB,

10.2. MNepBUHHI NOHATTA
kOMGIHaTOpPHOro aHanisy

Renki knacu4Hi 3agavi komMGiHaTopukK

A. Mariunmii kpappart. «PosmicTury umena 1, 2, 3, 4, 5,
6, 7, 8, 9 vy sErnani kBaApaTy TaK, Lof cyMa ymces OVALR-AKOTO
ia croponie, papxis i ziaromaned fyna ogmicio H Ticw sks.

Mariunaii xpagpar 3-ro nopazky 6vio sobpaxceso Ba pae, 10.1.
Binenr ckragHa 3gfava — MoGynoBa MAriYHHX KBaApATiR 4-ro mo-
pPAAKY: NOBEAEHA MOMIUBiCTE MoOyAoBH Behoro 880 Tunis Taxux
KBaApaTis. ICHYIOTE ajJropHTMH NOGYACBN KBaipaTtis BMMHUX Ho-
paakiz i marizvamx xydis.

6. Waxosi 3apnadi. Mo6pe Bigoma zagaua npo depai: «Iloc-
TABUTH HA IISXOBY ZOIIKY Ead¥binomy kinbxicts QepsiB Tarum
YUHEOM, 00 KoJeH 3 HHX He 3Mil' B3ATH IHINCroO».

Po3R'A30K TYT HOCATh OUEBHXHEWE — Ginbine 8 depsis Ha polno-
KY HOCTABHTE He BRACTLCH.

Qcrinnkn ¢epar 6'¢ mo ropmacHTaNi, BepTuKanmi i giarcwani
maxopol gommeu poamipom 8 x 8 wiitor, vo Ginnmre 8 depain moe-
TABUTH HEMOSKITMEO. 3a7auy MOKHA POSR’A3aTH NPpSMUM nepefopoM
papiapTip, i BMABMTECS, W0 Bicim tdepais MomHa pos3MicTHTH Ta-
KHM 9MHOM, OpHYOMY BChOro ¢ 92 maplamTH Tekoro poaMimremmsa.
OxuE 3 BapiaHTi® AK NpPHKAAL HapeAeHo Ha pme. 10.8.

B saraasHONPpHEAHATHX NO3HAUEHHAX IIAXOBHX BepTHKanei
i ropusoHTANel BRA3IAHNNA BaplaHT po3MiuleHHd (eps3iB 3anmcye-
ThCH TaK:

(a, 6), (b, 8), (¢, 5), (d, B), (e, 1), ([, 4), (&, 2), (R, ).

Hapenemo IMe OZMM TpHEOYyCTEMUIE BapiadT poaMiljeHHS:

(a, 6), (b, 1), (c, B), (d, 2), e, 8), (/. 3), (g ), (A, 4).
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Pue, 10.3. Poamiienns depsin TaxuM yHHOM,
Mo SKOAEH B HEX Eé MOMKE BIATH IHIMOro

Ha moumi posmipoM n X n, e YHCIC i He NOBHHHe NIAHTHCH
afl Ha 2, aHi Ha 3, MO)KHa NOCTABUTH Ie n QepziE n piaHOMAaHIT-
HUX ‘KOJALOPIB TekUM IRHOM, woebd Qepsi ogHOrG KoaLopy He OUAR
OIWUHE OXHOrO. )

Hiio poamicTuTH MIaXOBUX KoHel, TO BUSEUThe#A, MO BYIL-
AKMH 3 HHMX Ha Aowmni posmipoMm 2 x 4 moce GUTH TINBKH OOHY
kIiTRY iHa nift gomil MokHA pPo3MICTHTH TIABKM YOTHPLOX KO-
weit, axi me G'rote ogeH ogworo. Ha gomui 8 X8 moama Takum
YHUHOM TOCTABMTH TiABEH 8-4 = 32 xXoHf, OCKINLKK [OHIKA PO3-
mipom 8 x 8 xiaiTok poabupaeThcH Ha BiciM monis posmipom 2 x4,
Ha gomni poamipom n X n wmomxua noctanuts (n - n)/2 woneit, oo
we 6’10TH OAVH OJHOTO, AKIO I HapHe, i(n- n + 1)/2 koHeit, ak-
U0 n HEemapHe,

B. Narnuckki keappatr | 6nok-cxemu. Knagpar posmipom n
papkie i o croennis, ckaageHuft 3 » JiTep TAaKHM uRHOM, LLOO
Ko3XHa Oyxpa BXOJU/R MTHINE OAMH pas ¥ KOKHHI CTOBHelb 1 KO-
BEHE PAJOK, HA3HBAIOTHE mamuncetrum. Ha pue. 10.4 zoGpamkeso
JATHHCBKHH KBajparT posMipom 4 x 4.

A B C
B A D
¢ D A
D C B

Pue. 10.4. Jlatuncrrnii xeagpar 4 x 4

S v I R
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AKImmo ABa NATHHCBKHX KBAZPATH «HEKIACTH? OZWH HA CLHH
TaKk¥M YHHOM, OIo0 KOXKHA mapa Gyks (Renuxa i ManeHwsxs) A, B,
C,Dia,b, ¢, dsyeTpinucsa TiNbKHM OAMH Dpa3, TO Taki KBaIpaTU
HA3HBAIOTE OPIMOZORANLRUML.

Oprorodannpumilt saTHHCHEEKH kRaapar poamipom 4 x4 aofipa-
weHo Ha pme. 10.5.

Ab Db Ba Cec

Be Ca Ad Db
Cd Bt De Aa
Da Ac Cb Bd

Pue. 10.5. Ilapa opTeroHaNLHEX JATEHCLKMX KBaApaTiB

Ilepirnm 3afad4y Ipo OPTOrOHANBHI JaTHHCEK] KBaigpaTH pos-
mianys JI. Eitnep {(sazada opce «odildepchke kKapes). Ila sagaua
He Mae posB'Askvy Ipu n = 2 in = 6.

. Teopema npo NpeacTasHWKIB

Hexatli v nesakiii mucxkuiel X pmainesi miamuaoxuan X, X, ..,
X.. Has mozo, ujof y X Moxmna Byro ofpamu n piaHux ernemen-
mia-npedemasnukis ay, dz, «., Gn, MAKUX, WO & € X1, a2 € X2, oy
dy € X,y HEOOXiOHO i GOCIMAMHLO SUKOHAHHA MaKOL ymosu: Or4
KoMcnrozo sravena k = 1, 2, .., n — 1 ofednanua Oydv-axux &
obpanux nidmnoxcun X nosurue micmumu, ujonaiimeruie, k neodna-
kosux enemenmis. CHopMyaAL0BaHA Teopema [Pe OpeIcTaBEUKIE Oy-
aa jgopegena P, Xoanom. Cama npobiema IIOIUYKY UpeiCTABHUKIR
Mae iHIi Haspu abo TayMaveBHA. Hanpuriaal, Haspa «3adaua npo
CeRRCHiE geciaAi» BURKKIO ToMy, Mo ['epmar Beiias Bnepme cgop-
MYJIICBaB TMORIORY sajauy y AexigbKa KapTinameemy ToHi: «B ceni
BifEOCHO Ko:HOTO NMapybka 1 AiBYHEH Bigomo, Apy#AaTh BOHH 4HH
ni. o ang 6yab-axux k napylkris of’efHanna MHOKHH IX IDof-
pPyr MicTHTH, moHaliMenine, £ aipuar, TO KOMHHE mapybfox moxe
obpaTi cobi ApY:RUHY 53 uyHecaa ceoiX moapyr». Tyt X — MHOMHHA
Beix misuart; X, X3, vy X — OIIMHOKEEH, AXi CRIAZAOTLCH 3 HOA-
pYr mepimoro, Apyrore, .., n-ro napybra. JoBoaaTh 1o TeopeMmy
MeTOJOM MaTeMATHuHoI IHAVKII] sa kiabkicTio mapyGkis..

Baysaxumo, mo P. Xoua goeis cmpaBegausicts TeopeMm
mpo pisEnx npemcTaBHUKIE Aas GyAb-gKoi cHeTeMU MiMHOMUH
X, X,, ..., X, muokunn X, AKa MOe MicTUTH 1 HecKiHYeHHe YUC-
N0 enemenTis. Ocrarouniil BapiaaT Teopemu ©. Xonaa expiraneur-
Hu®t meopemi . Keniza npo mampuyi (6yob-AKa 3 TeopeM Jerko
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BUBOGHTECH OfHa 3 ofgHoi). Teopema Kenira eTocyeThen Oynenux
M&TPHALE, AKl 3ycTPI9aOTECA ¥ JOrili, OiACUHCNOBOMY LHpOrpaMy-
Balui, B Teopii rpadis i Mepex. Byap-axm¥ cropnenk abo psack
MATPHIi HasuBalTheA 11 «rinico».

Teopema []. Kenira (npo mampuui)

Hexaii eremenmu npamoxymuol Mampuyli cxradaomecs ia
ryrie ma odunuys. Minimaasne xucxo zinilt, axi micmamov sci
odunuyl mampuyl, JopieHIE MAKCUMAALHOMY YUCAY ¢ MAKux
ofunuub y mampuyi, ceped axux He icHye J8ox posMiujeHUX HA
odnitl ainii,

Koxaa migMEO:RMHEE 3 ¢ OAMHMIIP MATPHIL ia BKasaHo0 BjAa-
CTUBicTI0 HaaeeMo fOeaucHolr MHONWROW odunuys. PosriaHeMo
OpHKIAAN OyJIeBHX MATDMILh:

401 0 0 0 41° 1 0 0
=3001‘1:)03311’00
210 0 0 0 of “2io o 1 1f
10 0 0 0 O 11 0o 0 of
a b ¢ d e a b ¢ d

¥ marpuni A OasHcHA MHOMKHHE OJAMHEHIL HOSHAYEHA 3ipouka-
MH, BOHa eavHa. Yncno ¢ dopidHioe [BOM, a MiHiManbHa MHOKHEHA
JNimi#i, Aki MicTATe Bel ogMAEEEI A, He oaHA. Baache, icHye 4 Mi-
HIMBALHHMX MHOMXHHE AiHif:
{pagox 3, pagox 4}, {crosmeny b, croBOen: ¢},
{pagox 4, crosnens ¢}, {pafgox 3, crosnens b},
¥ matpuni B wucno ¢ nopirgioe TphoM. MiniMannaa MHoXRAHA
nigilt, axi micTaTh Bel OMMHMNI, oxma: {cToBHEnE &, c'ronnem,b
paiok 2.
DBazucra MHOXHAA OAMHENE MO3HAYEeHA 3ipOUKAMM, ane BoHA
He OfHAa.

@ 3asnannn

Ilepepaxypat Bei GasucH| MEOKHEY OZMEHUL ¥ MaTpuli B.

L. Mpaeuna cymun i aoByTxy

Hpasuno cymu. Axmo mooxyaa M — ns of’caHagHd MHO-
wua M., M, M;, .., M, aKki He nepeTHBanTiCA INONApPHO, TOZL
KiZABKICTh e/leMeHTIB MHOMHEN 3B H3aHl CIiBBLIHOLUEHHAM

IM} = M| + ... + M.
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Tyr M| — xinnkiets enementin Muoscumm M.

Hexa$t mpeamer 2, MoxxHa 06paTu m, cmocobamu, IpeameT
@y — Mg CHOCOOAMH, .., IPEAMET 4y — M, cnocobaMm. Toxi smbip
nmpenMeTa @,, &6o @z, .., a6o @, Moxxe O6yTu zpobnenmi

my + Mg+ o+ oM {(10.1)
crocobamm.

Ilizkpecaumo, 1Mo TYT CHONYYHHE <afo» BIKHBAcTHECH ¥ PO3Ai-
JIOBOMY BMicTi, ToOTo Bubip 4, BUKMIoYae Bubip Gyap-aAKoro iHmoro
opegMeTa.

Npuxaan. 3 uicra A v micto B BupymiatoTs 10 morarie, 5 xi-
Takiep i 3 asrofycu. CrinpxoMa cmocofaMy oJHiH aofHHI MOMHA
gicratuca 2 A go B?

Ba opaBnriaoM cyMH Bekoro icEye 10 + 5 + 8 = 18 cmoco6is.

Hpasune debymry. Axmo M,, Mz, M., .., M, — ckinyenni
MEOKHMHE i M = M, X M; X .. x M, — Ix mexaprie jobyTokK, To

IM[ = | My x My X oo Xx M| = M| M - ... - M.

Hexait npegMeT a, Moxua ofpatd m, cnocofaMu, IpeaMeT
a; — my enocofaMu, ..., TIpefMeT &, — my, coocobamu i nexait eabip
npeaMeTa @¢; He BOJMNUBAE HA KinbkicTh cmocobie suGopy mpeaMetis
az, .., 4,; BUOIip ODpegMeTa a; He BIAMBA¢ HA KinkRieT: cnocois
Bubopy npeameris a;, @y, ..., @z 1 T. g4. Toxi rabip yropsdxosarndi
MEOKHHEA NpeaMeTiB (@i, @2, .., 41) ¥ BKA3AHOMY NOPAAKY MOXK-
Ha spificouTn

My Ms- e - My (10.2)
cHocobaMH.

Ilparnaaa. € 17 napybkie i 21 gisunna. Ckiasky TaHDHOBAIL-
HMX Oap BOEH MOXKYThE YTBOPHATH?

Coouatry oSepemo mapyfxa — 1te MoiHa2 spobuTi 17 cmocoba-
Mu, Tiiend meoro komHut napybor oBepe cobi maprHepmy (21 cno-
ci6). 3a opaBuacM o6yTKy BHGip yHopaaKoBaHOl MEOXHHMA TAHL-
BalbHUAX nap (napybox, AisumMa) ckiagac 17-21 = 357 nap.

E. CxnagHuiA BuGip npegmerie

Yacto y wombimaTopuux sagauax pufiip mpeameris sgiicuio-
eThcd ¥ Ki™ .ka eTamiB, OpUYoMYy B AeSKHX 3 HHX BMKOHYIOThCSH
YMOBH, 334 HKHUX JiIOThL OPABKAA CYMH, B iHINMX — OpaBuiac xoGyT-
kKy. Baarani <craagoBmits, sckmagauils BMbGip npenmerie, AKUHK
aAIMCHIOETRECH IINAX0CM HoCHifoBHOTD BNGOpy «NpoCTHX s NpejMeTis,
¥ ODpaKkTHUYHHX 38484YaX SyCcTpidaeTnLesl JOCHThL YACTO., SPYIHEM
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aacoboM aEaniay MoxknukccTell 1 mepebopy Bunmazkin Bubopy € mo-
6yROBA KODEHEBOI'C A€PeBa — KOMHIE EHOCALAOBHOCTI MOXJIABHX
BubOpiB Bigmomigac mnax, AKHIE copsMopaEHE Bix wopensa X,
A0 KiEleBEX BepInHH gepeBa. Kineur 6vib-akoi 3 Ayr mepmoro
PiBHSA BiAMOBigAC MOMKJIKBOMY PesyALTATY BROOpPY nepmoro pirHA
i r. n. Takam u¥HOM, Aepeso BynyeThes pineHb 3a piBEeM, NOKH
He OyAYTh BUUEpNaHi Bci Mok aAnBocTi BuGopy B mocsaigoBsHOCTI, AKe,
posrnagectees. Kimens xomuol nyre k-pisga fmepepa Bignopizae
enuuili nocnigosmocTi pesyabrarie mepmux B Bubopis.

Hpuxnax, Kox Mopse. CrilbKY piaHHX CHMBOJIB MOXe OyTH
samucelo konoMm Mopse (-, —), AKmo gnfA iX 38NIHACY BHKOPHUCTO-
ByeThcA He Oinbme o’aTe 3Raxin?

Icaye w'ars cmocobis ruGopy meexkunw chameoay: 1, 2, 3, 4
abo 5 puaxie. Is xopena X, suifizyTe 5 gyr:

XOXI.: X0X2l XDXSs X0X49 XDXB-

Ipu gomxuni kozy 1 icEyiloTh 2 cHMBOJAE + i -, TOMY 3 Bep-
muHd X, eigmoriazo BuGODPY SOBXKUHM CEMBONY, SKHHA AopiBHIOE
1, npoepoanmMo aei ayrn: X; X 1 X, Xyz. Ilpu goexeHl Kogy, Axa
AopisHOE 2, icEyrOTE 4 cEMBOMN: »+, *—, —~+, ——; 3 BepIOHAHN X,
mpoBoguMo 4 gyru:

XaXo, XsXs, X:Xs XX,

IIpu pomxmuni xogy, sxs fopisRmwe 3, mMaemo B cuMBoIiB.
Orxxe, 3 sepmuny Xy mposogume 8 ayr. Amanoriunc 16 cumso-
aip foBuEH 4 132 cHEMBoaM AoB:xMHH 5. 3araibHa KidbEKicTb
KiBeBHX BeplInH fgopieHioe 2 = 4 + 8 + 16 + 32 = 62. He i e
MYKAHE UYHCHC CHMBOJIB.

10.3. NepecTaHoOBKKN, PO3MILLLEHHS,
CNONYUEeHHA

PoamiuieHHs i nepecraHoBKM 63 NOBTOpPeHbL
Hexait M = {ai, @2, ..., 6.} — QiKCOBRHA MHOXHEA.

BusHaveHun

Vroopaaxopani nmizMHoRuHH 3 £ eneMmeHTtin (b1, by, ..., bBa)
MHOKUER M HasWBAKTECR Repecmdanosxamu k ereMeHTiB.
Mosxcna ckaszaTH, Hio E-nepecTaHOBRE (b, b, .., &) — ne
poamimeHns v BH3HaYeHOMY DOPALKY &k elleMeHTIB 3 MHO-
HHu M.
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BuanHayeHHA
k-mepecTaHOBKE MHOMHHI 2 1t eJeMeHTIR HA3HBAIOTHCA poO3-
migennamu 3 n ne k ereMeHTiB.

Hrmo y nepecranonnl Gepyrs yuacTs Bei e€eMeHTH MHOMKH-
HH (R-IepecTAHOBKA), TC BHKOPHCTOBYIOTL TePMiH nepecmdrooxa,
a xineKicTs BCiX A-nepecmanogox NMO3HAYAITE Yepes P,.

JiBa poamimenna &8 7 no k pisni, AKIo BOHM CKAAZAIOTHCA 8
pizepx exeMeHTiB afo 3 OXHAKOBYX eNeMEHTIR, ajle poaMimieHHX
y piSHOMY TODAIKY.

Iozuauennn. A: — kirvkicms k-posmiuiens n-muoacunu M (vp-
tacthea A 3 n no k). IIpn vreopenni poamimmens mepmuit enemeHT
Maxe 6yTH ofpamwit n cHocobaMH, OCKiARKH icHYe MOMIHRBICTB
HesanexxHoro suGopy 2 n eneMenris, aApyru#t — (n — 1) pisnpmm
cnocobaMu, ockinkxM Hesadexunil Bubip spi#icHIoETECA AA pemTH
3 {r — 1) enemenTts, k-fi eneMenT — BigmosimHo n— k + 1 cnocoba-
MM, 3aCTOCYEMO NpaBHJIO ZOGYTKY:

nl
(n-kt’
ko » = &k, roni A; — KinexicTs Beix cnocobis ynmopsaky-
BAHHA IUX eXeMeHTIB:
P, = A, = nl. (10.4)

Hpuxaag. M = {1, 2, 3}. HoGyaysaTH pisHi IepecTAHOBKH
MHOXHMEM M mo 2 i mo 3 enemenTH. ’

TlepecTanHoBkH (posMimMeHHA) Do 2 edeMeHTH:

(1, 2, (2, 1), (1, 3), (8, 1), (2, 3), (8, 2).

Ix rinpxicTs A2 = 8 - 2 = 6.

IlepecTanoBKkk mo 3 eJeMeRTH, ToBTO NPOCTS NePEeCcTAHOBKE
eJeMeHTiE MHOEMHH M:

(1,2,38,(1,8,2),(2,1,38),(2,3,1), (8,1, 2), (3, 2, 1).

Ix ximnriern P;=81=1-2 - 3 = 6.

Posmiwennz i nepecmanosku 0008’ R3K080 8PAX0BYIONL NOpa-
dok enemenmis.

A =n(n-1)...n-k+1)= (10.3)

PoamilleHHs | NepecTaHoBKM 3 NOBTOPEHHAMM

IlepecTaHoBkE 3 7 edemeHTiB ¥y Kinbroeri (10.4) Ta poa-
MinieHHEs 3 n eneMeHTis mo k y ximbroeti (10.8) aobpamyoTs
ynoprixoeani eubiprxu nomapHo pisHux emeMeHTIBE HOYATKOBOI
muoknEn M, |M| = n. Yacro goBoamThcs pofUTH YHNOPAZKOBaAHI
BUOipKH 2 noamaopeuramu feaxumx enemenTie. Hanpukiaaz, TAKHMH
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e 3-pubiprn (1, 1, 2), (1, 2, 1), (2, 1, 1), (2, 8, 3), (3, 2, 8) iz
maozuEr M = {1, 2, 3}. Taki aarensni ynopagkobari k-subipxn
(3 nosTOpeHHaAMH a6o Ges HAX) IHOZL HASHBAIOTEL Kopmemamu (A0R-
wupy k). sa ropremi (ToGro OBl saranbHEL BEGIipKA) BBAKAIOTHCA
odraxoeuMuy, SKINO BOHM MAIOTH OJHAKOBY AOBNKHHY i Ha Micoax
3 OLHAKOBHMH HOMEPEMH CTOATH OJHAKOBL eJeMeHTH.

Busnaveuna

PoamiuienHam 3 nosmopennaMy a n eJleMeHTiB no & (k-poa-
MiujenHam 3 IOBTOPEHHSAM 3 1) HASHBaeThCH KopTex (Brbip-
KA 3 HOBTOPEeHHAM) KOBXKWMHE k 3 i enemMenTis.

KinpkicTs k-poamilnens 3 MOBTOPEeHHAMHE 3 n eJeMeHTIB o6-
YHCAKETHCH 38 GOpMYNoo:

AF=n*, (10.5)

HilicHO, nicsa 3aNOBHeHEA MepIoro Micd KOPTexXyY SOBKHHOI0
k oaxHuM 3 n eJeMeHTIB (10 MOMCJIHBO 3pOBHTH 71 BapiaHTaM®d) 3a-
NOBHUTH APVyre MicHe KOpTexy Mo Ha 3HOBY OYAR-SKUM eleMeHTOM
3 yciei MHORHMHE (DOBTODNIOUM B ONHOMY 3 BapiaHTiB eJleMeHT,
AKWE 3HAXOAWTHCA Ha mepmioMy Micui), i rak gani k pasis. Ba
TpaBUAOM AOGYTKY ofep:KuMo, mo A'=n-n..n=n"

IanIe goBefeHHA IEOrC CIiBBLIHOINEHHSA IPOBOAHTLCHA METOAOM
maTeMaTHunol ingykuil sa & xiRexicmio eneMeHTiB y posmintenni
npH dikcoraHOMY 3HAYEHHI n.

Dpaknag, Axmo vy BHrAAAL OD0YATKOBOL MHOMUHE BIATH
6yae-AKe clloBo, Hampukaajg, BPAT, Tonmi omep:xumo 24 crmosa
3 4 pisenx Gyxe (24 mepecTaBECRKH 8683 NOBTOPEEB BiXMOBiIZHO
Bo dopmynn (10.4) nna n=4), Axmo MoxIEBl DopTopeHREa Bykra,
Hauparnes, BPPP, BABA ra im., Tomi mu cpepxuMo KlabkicTs
cain A; = 4" =256, Muomnua 3-caiB, IO BUKOPUCTOBYIOTE YOTHPH
pieni Oyrpu {rakux, ax BAP, PAB, APA Ta in.), cxaagacTeea
34® = 64 cxis.

llepmm mix posTAAAATH UEpRCTAHOBKM 3 NOBTOPGHHAMH,
3’HcyeMo, exiALKM HeoJHAKOBHX KOPTEXkKiB HOBKHHH 4 MOIKHA
YTBOPHTH, IlepecTaBAfIOUH Mk coboro 6yxeu ¥ enosi TATA. Ta-
KHX NEPECTAHOBOK MaeMo Tinmky 6 (3aMicTh uMcra IepecTAHOBOK
Py = 41 = 24 a uorapbex pisEnx Oyxe Ges moBTopeHb):

TATA, TAAT, TTAA, ATAT, AATIT, ATTA.

IIpaBuno yTBOPeHHSA UHX 6 KOpTEHKiB MOMHA HepethOpPMYIIOBA-
TH igarme, GiNLIn cOPUATANBO AAA YVsaranbHeHHS.
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YoraprneneMeHTHa MHOMHEA M CKABJAETECH 3 ABOX eJEMeH-
ris MmuoskuAEn M, = {A, A} THIY «As | ABOX eneMeHTIB MHOMRHHH
Ms; = [T, T} tany «I'». Ckinexr icuye 4-ubipor (nepecrarcpok)
3 ejqeMeHTiB M TaKHMX, HKi MICTATH JE& efleMeHTH TUIy A ijaBa
eneMenTy TNy I'?

¥aaransHeHRA NLOTO NpUKAAY sabeaneduye Bhajte GopMyTIOBaH-
HA Ta WBUARKN posB’dAsor 3apsdi npo kixbkicme YnopadKoGaHuX
REpecmanosor ia no3HadeHuMuL indexcamMu nosmopenb.

dopmymonanra. Hexall muoxnza M 3 n mpenmeris (M| =n)
CHJBNAETECA 3 MHOMHHM M, mpegMeTiB mepinoro TANY KiABKicTiO
m(|M,| = nr.), muoxuar M. npeAMeTiE APYroro THIY KiNBKicTio 1y
iT. x. mo MEoMnEM M, npeaMeris k-ro Tuny xinnxicTio ny({My = n.),
OpuyoMy

k
M='[—IIM" n1+nz+...+n;,=n, MfﬁMj=g,i'¢j-

Crinekn icHye TAKMX R-UepPecTAHOROK B MOBTOPeHHAMH, AKQ
MicTATE N, eJeMeHTiB MepIIorc TUOY, 1z €IeMeHTIB Jpyroro THny,
wrs Tl €NEMEHTIB k-ro THOY?

EieMeHTH Deplioro THHY MOMHa IEPecTaBIATH Mix cobow
ny! cnocoGamu, ajle ocKiABKH Bel eNleMeHTH ofHakKoBi, Takxi mepe-
CTAHOBKH Hi40ro He 3MIiBIIOTH.

IlepecTaHOBKH eJleMEHTIB OAHOTrO THNY MOMHa pobHTH He-
3afleKHO Bif IDepecTAHOBOK eleMeHnTtiB iHmIore ramy, TOMY 3a
NPABUAOM LoOYTHY elleMeHTH NepecTAROBOK MOKHA MepecTABIA-
™™ Mi¥ cofow nlns .. n crmocofamm Tak, e zaraneHA N-nepe-
CcTAHOBKA He 3MiHMTBeH, OTme, mmoxkwuHa Beix 2! mepecTaHOBOK
iz n enxeMenTiR MOYATKORO! MHOMKHMEHN POSHATAETHCA HAE MACTHHH,
AKL ckiagaloThCA 3 Myl ... ny! ogEaKoBEMX mepecTaHOBOK. Kink-
KicTs pismOMaHiTHHX DepecTAHOBOK 18 BKASAHHMH HOBTOPEHHAMH
ny, Mg, ... Ny NOPIBHIOIOTL

_ nl

ninl..nl
ge n = ng + ng + .. + np. CoEcox (ny, N2, ... H;) HASUBAIOTE CHe-
yudixayicro nepecmanosxu,

PG, ny, ... 0) (10.6)

CnonyJyeHHA

B THx BMRagrax, KOJH He IMiK&BWAH NOPAJOK €JeMeHTIB ¥ KoM-
Giganii, a nixasui Amime cKian roMGiHaNil, rOBOPATL Opo cAOAY-
wenHA (IHOZI BUKODHCTOBYETBCH TePMIH ¢xOMOIHAUIAY).
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Cnony4eHHs 603 noBTOpEHb

BuaHaveHHs

Crnoayuennam 2 nt earemenmie no k (kR-cnonyuennam a a)
HasuBacTheH ByNb-axke k-poamiilienus {(afo k-subipka) 3 oux
eleMEeHTiD, B SKOMY BPAXOBYETECA JENIE CKAAM EICMEHTIB
i He BpaxomyeThCA iX HOPANOK.

Kinvkicre k-cUonydess 8 n edeMeHTiB nosmavaeTsca C¥, abo
, TATAEThCH 4«KiMBKICTL cHONYUeHEL 8 22 TIO Re.

13 HeymopagKoBaHOl MEOKHHE eXeMeHTiB By sl yeres G MOM-
He YTBOPETH k! ynopAAKOBAEWX k-po3MiuleHb MO3HAYEHUX eje-
MenTiB. Tomy KinekicTs Ch Beix k-CHONYYeHDb 3 N eIeMeETiB v k!
pasis Memmie, Him xizexicre A} BCiX yhopszkoBaHEX posMimeHs
3 1 eNeMelRTiB Imo &:

k
rl
ctotn B 10.7
"R (n-E)A ( )
s hopmyna coisnagae 3 dopmyiaomwe (10.6), axmo n, = &k, ny ™
= n—k .

Pk, n—fy = —1

[Ty (10.8)

IHDIHMHA CcJIOBaMH,
Ch = P(k, n - k). (10.9)

Ilpukaan. ¥ $yrboasaomy gemuoioEeri GepyTp y2acts 17 xo-
MaHA. 38 yMoBOX, o 3 oCTAHHI HOMAHAH BaAUINAIOTL BHINY Airy,
CKiALKK BapiaBTiB TAKOTO AaRepiieHHA YeMTioHATY?

Ocrizekn mAC He UiKARMTE B&eMHHE NOpANOK KOMAaHSK, SKi
pocinu ocTauui Micua y nisi, sacTocyemo dopMyny nmigpaxyuky
cooJNy4eHs — KinpkocTi BapianTis:

2 1M _17-16-15

ce = = =17-8-5=680,
77 aig! 123

CnonytleHHn 3 NOBTOPEHHAMM

Maeme npezmetrn 2 Tanis y Tariit xinrexocri, mo mpenMeris
KOYRHOTO TUTY He MeHIIe, Hixm k eksennnapiz. CKiArkH icHye He-
ymopagxosaHnx k-BHGipox (wom@inaniit) mpeaMerin 2 MomameamMy
NOBTODEHHAMHE?

s npofiieMa mae AOTeMHY 4ROEAMTEPCLEY# lamCTpaniio.
B Marasnsai mpogamThed TicTedxa YOTHPLOX copTis (rmmir): dine,
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HalloneoHn, micouni Ta exmepu. Cxiasxu icnye xomBGimauilt mpwu-
A6aEHs T ricrewok? Tyr n = 4, k= T.

Hrmo imeaTudirysatsn THne TicTeuoxk Homepamu 1, 2, 3, 4
v Tiit mocrigosAOoCTI, AKX BOHM 3amHcaHi, TO IDUKIAEH HPRICAHEKST
TicTeyoK MaloT: BHIMSA KOpTediR moBXKHHE 4:

1,1,1,4,2,2,2,1),(2,0,0,5), 02,8, 2), ... (10.10)

JApyrui xoprex osmadae, o My npupbanu 2 bGise, 2 Hamoxeo-
HHK, 2 micounwka, 1 exaep.

HasepgeMo exBiranerTHe GopMymioBanHa nici sagawi. 3makTn
kinpkicTs C cnonyuenv no k eremenmis 3 nOsmMopeRHaAMy i3 n
enemenmis MHOKMEN 4 = {a)].

INosrauuno gepes k; KinbRieTh IOBTOPeHL ejleMeHTa &; ¥ RH-
BHAYSHOMY choayuermi (xombGimamii)

Bie{0,1,2 w, khi=1,2 ...n Topik + ks + o + by = k.

3anauy po3E’ASYOTH 38 AOMOMOTOK KOAYBAHEA — 3AIINGpPYEMO
KORHY KomOimamiio Hynsmn Ta OAMHALAM Mgyl KOMHOTO THLY
NUMIYTE CTLIABKM OZHHENMOL, CKiAbxM mOpegMeTiB HEOTO THOY BXO-
ARTh ¥ KoMOinamilc i, AKMIO IpeIMeTH AeAKOIO THILY He BXONATH
v xoM6imanio, Togi mHa BignosBizmomy mienmi mmmersea 0. Cycig-
Hi T™MOM BiZOKpeMAIOWTE OXMH Biz ofHOre EyieMm, SKINC o0uZBa
cycigHix Tuna micrare xoua 6 mo ofHiK opmEMni. Tak, YoTmpu
woMOinanil (10.10) 3 «KOHAHTEPCHKOrO HPHKJIALYE KOLYITHCH
BignosifHo TAKEM YHHOM:

1,90,1,0,1,0,1,1,1,1),(1,1,¢,1,1, 0,1, 1, 0, 1}
1,1,90,0,0,1,1,1,1,1),(0,1,1,0,1,1,1,0, 1, 1),

1Ipx xoAYBAHHLI OJepXHMO CTIARKM OAMHMHEL, CKiABKH IIpeZ-
MeTiB BXoauTb jo koMOGiHamii, To6ro £ ogmHHALG i (n — 1) Hyxis.
Pionam xombinaniam (aGo neynopsarosanaM AGipxam) signosiga-
HOTH Pi3Hi NepecTaHOBRY 3 NORTOPEHHAMMA, & KOXKHIN TTepecTaHOBL
pignmorigne komGimania nyais ta ogumunb. Taxum UHHOM, Kinb-
KicTs k-CroAyvens 3 noamopennimu 3 enemenmic n munic Cr
HopiBHIE KiznkoeTi P(k, n — 1) mepecTaHCBOK 3 NMOBTOPeHHAMH
3 k oguryns i(n — 1) rymis:
(B+n-1)1 .
Rin-11 "
Jdofamo yMOBY — Ao womOiHanil MOBMHHEI BXOAHTH eXeMeHTH

Kinbkox dikcoperux TANis {r TROis) rsn. Olo6 BRKORATM IO
YMOBY, BisLMeMO OApPasy * 10 ORHOMY €JIeMeHTY 3 JAaHHX r THIIB.

C* = Pk, n—1)= (10.11)
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TakuM YHHOM, Yy k-CHOAVUCHAL BHABAATLECA SAHHATIMM r Miclb,
iEmi (k- r) Micus Mo¥cH4 SADOBHUTH ByLb-AKHMH eJieMeHTaMH,
ToMy KoMOiHamifi mykaHoro Beny Oyae

_{krn-r-1

CHr=Ctr | = . 10.12
TR (Rl (n - 1) ( )
@ 3ampannn
L. B aamaui 3 TicTreuxaMu migpaxyBaTH winskicTs sapiamTie xyniemi
7 Ticreuok.

2. 3a TMX MHe CAMAX YMOB 3A7aYi MipaXxyBATH: CKiALKY icHYE TaKHX
BapinaTip Kynieni 7 ricreuok, ARi MicTATE:
a) xoua § opmEe Gise;
) He Mepm Rix 3 exnepu.

BnactusaocTi cnonyvyeHs
| -4

ApudMaeTUIHNA TPMKYTHUK (TpMKyTHUK TMackana)

ITocaigoBHi 3HAaYeHHHA Cﬁ MOXMHA ILAPBXYBATH 38 JOIOMOIOK
dopmyn (10.13), axi nepesipaxoTkea GesnocepeXHEO 38 AOTOMO-
row (10.7): '

Cl=Cr* Ch=CilsCh .. (10.13)

HobyryeMo Tar spapuit apudmerTHunuit TPUKYTHHR.

1. Moxsagemo C; = 1, 3anumeMo lle 3HAYERHH y nepmuil
DAIOK.

2. B Apyromy pAgky sandmiemo 3HadeHHs C) = 1, Ci = I ra-
KHM YXHOM, IN0G 3HaYeHHER C; ONMHNMAOCA HaJ NPOMIMKKOM Mix
ynejaMy gpyrore pageka (pme. 10.6).

3. HacTynEuit pagok: mepite i octaHHe (Tpere) umcna € 3 =~
=Ci= 1. Mix neMn yHcraMy sanHieMo savenns C; = 2. Ba
dopuyaoio (10.13) Ct = €T + Cl, robro C; popismioe cymi umcen
NonepeAHBOIC DAAKa, mo po3Mimeni aiBopyd Ta mpapopyd Bifg
HeoTo: C3 = Cl + Cil =1+ 1 = 2.

4. 3a TAKUM Ke MPABKIOM 3ANMOBHIOEMO HaCTYITHI PAJKK — MO
xKpaaM mmmeMo uucaa Co = CF = 1, a Bel npomixkni apaveHHz
OfePIKYEMO SR CYMM ABOX 4HcCEN NONepefHLOTO PANKa, INO poami-
wedi AiBopyY Ta npapopyd Big MIYKAHOro 3HAYeHHA. B peayianra-
Ti ofep:REMO apudmemuiiul MPpUXyMEUK, DCpIXl PAJKH HKOro
HagefeHo Ha puc. 10.6.
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1 3 31
1 4 6 41

Puc. 10.6. Apndmeravunit TPURYTHREEK

IIpy mobyaoBi apHPMeTHYHOTO TPHKYTHHKA KOMKHE YHCIO
n-pagka Gepe yuacts y dopMmyeaHHi ABOX uHcen (z + 1)-ro pagka.
HAxmo poaatn umenn (n + 1)-ro pAgKa uepea OHO, TO OACPMKAHA
cyma jpopismroe cymi Beix aucen r-pajfka.

Yepes ogHo 9ucha (n + 1)-ro paiKa MoXH4 ACTABATH JBOMA
cuocobaMu — migcyMysaTH umeaa, INo posMilleHi Ha HenapHHX
nosMIiAx y pagky, abo T, mo posMimeni Ha nmapEuUx nmoauniax.
B of0x BHOAAKAX OAEDKHMO OJBaKOBe YMCHOC, AKe AOPiBHIOE cymi
YHceN ¥ PALKY 8 NonepedHiM HoMepoMm . Ilro BaacTHBiCTE: 3alH-
meM0O ¥ BUDIAZL

C+C+C 4., =Cl4C+C3 4. .=C | +C: +C+...+C2)

O6panl ToToxHocTi

3 BracTHBocTelt ApHGMETHIHOrO TPRKYTHEKA BUIITUEAE, IO CY-
Ma uncern (n + 1)-ro pagxa paRiui Ginnme cyM¥y uHcen rR-ro pAAKE.
B nepmonMy paAxY cToiTE wHca0 1, i cyMa 9mcesn mepuioro pagka 1.
Tomy v (n + 1)-My paaky cyMa uucex aopismioe 2°, rofro

Cl+Cl+ .. +0C =2 (10.14)
Ile winepka anacTWBOcTed HamefleMo Ge3 J[oBe/leHHSA:

L+ +C e+ C i1 =C s (10.15)

Cr+C + €0t O =CMTL, (10.16)
8Bigcm

1+2+3+...+m="'('”T+1)=c;+1; (10.17)

12422482+, . +m? = mim +1)@m +1).
6 ) ]
13+2° 4+ 8% +...+m® =M'
4 ¥
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(CoP +(C) ) +...+(CY =Cf,;
Cl=Cl4 O .+ (-1)"C" =0
Ci‘ m-ﬁ=ci Wl

n~R n *

10.4. ®opmyna BKMHYEHb Ta BUKNIOYEHb,

3acrocyBaHHA
3aramsaa gopmyna. Hocrasumo aagauy: eHexaill e N npeg-
MeTiB, flegKi 3 AKHUX MAKTL BRACTHBOCTI O, Cgy ., 0. 1Ipnm OBO-

My oxpeMMil TpegMeT MoOMe He MATH XKOEHOI 3 OMX BIacTUBOCTElH
abo MaTH OfHY 3 BAACTHBOCTEH, 400 MATH BIACTHBOCTL O, O, . Ua
i, mokIuUBO, JeAxi 3 iwmux BractumeocTet. Tlozmauumo depes
Moy, oy ey o) kinbkieTs mpegmerin, axl MawTL BAACTHEBOCTI
Oy Oy -y O K0 TPEAMETH He MAIOTE BAACTRBOCTI ), MOIHAUBMO
e mTpuxoM oty Hanpuraag, N(0;, O, 03 — xinekicTs npepMertie
is BTacTHBOCTAMY O, O, SIKI He MAIOTH BAACTHBOCTI 0. ITpo immmi
BJACTHBOCTL HaM HeBifjoMO, YA MAIOTE 1X Nl npeameTu 9u Hi.

SaranpHa PopMyNa BKIOYEEE T4 BHKJIOUYEHE OiPAX0BYE Kifb-
kicTh npeamMeris, nosbangennx peix Gea BHKTIONEHHSA BAACTUROCTEH
i Mae BHrNREQ:

N, 0, .0y 0 J= N = N(0,) - N(0) —...— N{a, ) + ‘
+ N, o)+ Niog, o)+ 4+ NG, 0 )+ .+ N(ox, .00 ) - No , 0,04}
= = N(O, 200 @)+t (CD)P N0, 0 0, ). (10.18)

Huwmo (040 ... Ox0,) — wombinania nracrunocreil Ges ypaxy-
BaHHA TX MOPAARY, To sHaK «+» y dopmyxi (10.18) craesuTrca
38 YMOBH, IO KiAsKicTs BaacTHBOCTeR ITapHa i ¢—» — AKND(O
Hemapua. Haopuxaag, unen N{c, 0, O, 01} BXOAUTH i3 aHaroM
«tr, a wned N{Cz, 04, Og)— i3 3HaAHOM e—».

TaxEM UHHOM, ¥ $opMYyAl BRIOYEHR TA BAKJIIOUEHEh CIOTATHY
BEKJIOYAIOTECA Bel ODpefMeTH, #Ki MalTh Xoua 6 OZHY 3 BAACTH-
pocteil Oy, Oy, w., Oy, OOTIM BKAKNYAKTRCA TMPenMeTH, AKL MaIOTH
xouya 6 gBi 8 mux BracTreocTell, Aasi BHKNIOYANOTHCH Ti, AKi Ma-
10Th, IMOHANMeHIe, TPY BIACTHEBOCTL i T. A.

HopefleAHA NPoBOINTLCA MeTofoM imgyknii 3a xinpkictro Baa-
CTHROCTEH.

Haxnagemo Tarl ofmesxkenus Ha Kimckicrs ememenTtis, aki
MRIOTEL JeAXi 3 BAACTHROCTEH ), Olgy .., Oyl
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N{O) = .. = N(o,) = N,
N(o1, 0z) = N(ow, @3) = w = N(0, -1, a) = NP,

LR N e Y EY T TR TY

N(CYs ooy ) = oo = N(Oly = g o 30 o, On) = NP,

..... I L L L T T T T TP P

N{ou, 2, .., 0, = N™).

TakuM YHHOM, .XOZATKOBO NPHIOYCKAETHCHA, Mo xixbkicme
enemMenmis 3 6yAbL-AKHMY BJAGCTHBOCTAMH SaJeKHTh TiABKM BiZR
KinskoeTi 1mux BmacTHBocTeid, & He Rig Tmny (a6o HoMepiR) Bia-
cTHBOcTel, 1[0 XapakTeprl Anma npexmerie. Bpixcm BUNNMBAE, MO
cyMapHa Ki/ZBKICTE NpeaMeTiB, AKI MaoTh pinHc k& BaecTHBocTell,
TopisHIOE

b oprtk
Ny, ooy @)+ d Nt _ygsees @) =CIN® L R=1,2,..., 1.

32 BKA3AHUME oOMeXeHHAME GOpPMYIe BKAIOUeHL TA BHKJIO-
4YeEb Ma€ auragy (10.19):

N@)yen 0) = N-CINW L CIN® _ 4 (-1)"C’N*™. (10.19)

3acTocyBaHHA (HOPMYNKU BKNIOYEHDb | BUKIIOYEHb
A0 1epecTaHoOBOK 3 0OMeXeHHAMM

KinbkicTe 3miwenb D,

Bratity xirekicTEs aMimens D, — DepecTau0OBOK 3 1 elleMeHTIR,
iz AKRMX HomeH He BANFEINAETECA Y NePBHHHOMY MicIii.

dazava nNpo sMimeHnHS BigoMa JaBHO: HaAOpHKAAN, Helo 3aii-
MaBcy e Jl. Eifnep. 3xavenEa D, mBuiKO ojepiRyeThecd 34
gonomorcic GopMynH (10.19) BrawYeHL Ta BREKRJIIYEHE 3 olMe-
weHEAMY. Hexatt N= P, — KinekicTe BCiX nepecradoBok iz n
eneMeHTiB, N®' = P, ; — KiAbKICTb TAKHMX NEpPECTAHOBOK, B SKHX
oneH $ikcoBanmll eleMeHT ¢ JAMMMIAETECH Ha chocmy Micui. Baa-
rani, N¥ = P, _, .~ rinpkicts mepecranoBok, B grvx k dikeoBaymnx
eneMenTis (i3 WX 7 eXeMeHTIB) SANHMAMTHCHE HA cBoewMy Micii,
=1, ., n.

Togi kinpricTe smimens D, gopiemioe N(oy, .., 0 — uueny
TNEPECTAAOBCK, ¥ SKUX KOKHAH eleMeHT ¢ He BATHNIIAETHCH HA
cpoeMy Micnui. 3rigne 3 (10.19) Maemo

D =P -CP_+C*P, _,—...+(-1)"C'P, = n1[1——1-+l+. Nt
1 2 nl

1.

Bescymuisao, D, = 0.
Axmo n = 0, aomopuMocsa, o Dy = 1.
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3miwenHA HENOBHOT KiNLKOCTI enementis

Kinpkicts nepecranosox D, . i3 n eneMenTis, np¥ AXEX piBHO
r eJleMelTis BaJHIDAIOTRCS HA UepRUEANX Mickax, a immi n—r
o0OB’A3KOB0 IMIHKITE CBOE Miche, AOpPIBHIOE

Dn, e C:Dn —

CrouaTry cnia subparh, AKi caMe r eneMeHTiB 3aNHINYTHCA HA
micni. Ile mMoxua spobutu Cf cmocobamu. Immi (r — r) eaeMenTtie
MO HA NIepecTaBaATH OyIb-AKAMHE crocobaME, nimie 6 ofgeH 3 HUX
He ONWEWEBCS Ha cBoeMY mouaTkosoMy Micnl. Tle mostnra spofurn
D, _, cnocobamu. 3a npasusoMm 2o8yTKY ofepammo C, D,_, wyka-
HUX [OepecTaHoOBOK.

Posif’eMo Bci mepecTaHOBKHM HAa KJACH 3ajelXHo Bif Toro,
CKiNBKYM eleMeHTIB 3aIMIIAIOTLCA ReSMIiIleHMMH NpH Lilk mepe-
CTEHOBIIL

3D,.-YCD, ~n,
r=0 r=0

{oCKiIBKY 3arafibHa KiAbKicTe HDepecTaHOBOK AopiBRIce nl).
8a gonoMoror QOPMYJIH BHKIKIEHL Té BUKINUECHE MOXMHA
POBB’ ABATH TAKY Saavy: <«3HaiTH KiabkicTh NepecTaHoOBOK ia n
eJIeMeHTiE, UPU AKHX Z8Hi r eneMeHTiB amimenri (a iBmi MoxkyTh
GyTE a6o Ha cBoix Micmax, abo aMimenumu)s. 1la xKiapkicTs Zo-
PiBHIOE
Ml -Cln- W+ Cin-20- ..+ (-1)(n-n
ApryMenrania zpificHIoeThEa 3R 3pa3KOM BUEBOJY HOPMYIH
onz D,: Bip nmepmoro Kporky — BHRJIOUeHAA 3 P, kiabkocri mepe-
cragoBok C'P, _ 1, B AKMX OOHH 3 7 elleMeHTiB He aMimioe cmoro
micns, A0 r-ro KpoRY — BPAXYBAHRS Kinskoeri CP,_, = P,_,
TNepecTAHOBOK, B AKMX I RKASAHHX €JeMEHTIB BaNUINAETHCA HA
cBOIX Micosax:
Pyo=CPr g+ CiPy_ 3 = o + (~1YCP, .

3apavi npo po3mMilleHHs npeameTie

Poss’saywun safaui npo poaMimeHHsi (posnofin npeaMeris
3a ypHaMu), EHeoGxigno mpoananiaysaru swmicr sagaui, dismuni
BIacTUBOCTL IpexgMerie, o6 MPABMALHO PO3B'#3&TH MHTAHHA [IpPO
TE&, BBaaTH npeiMmeT OAHAKOENMH 49H piammm, EpAXOBYBATH
yy Bi nopanox eubipku npegMeTiR, pospisHATH uYA Hi YDHHM OIHY
BiZ oaHOI. Axmo sagada GopMVYAKETLEE TaK, L0 HeMOXJIKBO OX-
HO3HaAYHC BignopicTH ma nogibmi naTamms, meodxigHo npHBHsTH
HOAATKOBl DPHIYINEeHHA.
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Posmogin n piserx npeameris 3a & ypramu. Kinsxicrs poami-
meHEb 3a k ypHaAMA n pisHMX OpefMeTiE 38 YMOBOW, HI06 ¥ mepmy
YPHY Nonano n, OpeAMeTiB, ¥ IDYTY — Nz, .., B OCTAHHIO — I,
mpeaMeTi®, AopiBHIOE:

n!
P(n,, 7,1y} =

_ 10.20
rlint .. m,l ( )

R=n+ 8+ .. + R,

m 3aBaaHHA :

Buxopasam iz 26iry dopmya (10.20) i (10.6), scraEoBATH 3B A30K MI%
SaJAYaMH IIp0 72-NepecTAHOBKH 3 moBTopeERAME (. 10.3) i posnoaix
npeAMeTiB Mi ypHaMH.

Braiiexa. HoMepu 6yOL-aKore 3 n, OpeiMeTik i-i YpHH BiNCBiAKTL
HOoMepaM Micnor, AKi 2afiMAICTE ¥ IepeCTAHOBKAX MOBTOPIOBAH] e/eMeH-
TH i-T'0 THNY.

Posnoain n ogHakoBKX nNpaameTiB 3a K ypHaMu

BeranoBumo, mo R OAHAKORHX IpeAMeTiB Mix %2 ocobamu
MOKHE PO3AIMHTH

P(n,k-1)=C},, = ::;-1

crroccBaMHu.
O BummkyeMmo B OfHH PAAOK 7 OAHAKOBHX nOpeameris 1 yreo-
puMo JoAaTHOBO MHOXUAY 3 {(E — 1) mpeameris gpyroro Tuny
(¢«posfinsauxies). Berasnawuu Bei mopaTkoBi nmpenmern Ha piswHi
Micna v pAIKY MK HDogaTKOBEMM NpeZMeTAMH, MOXXKHA DOAiAATH
OCTAEHL HA «k» TIOCIiNOBHUX JMaHIIOXKKiIB, AKi BpydaloTheHa RifmO-
BiguuM ocobaMm. Bpoaymino, mo KiJIBKICTE WIYKAHUX DOIOORINiB n
OQHAKOBUX IpeiMeTi® MixK k ocofaMm JopisEwe KiankocTi nepe-
CTAHOBOK ia (n + & — 1) npeameTiB 3 NOBTOPeHHAME N NPeSMeTiB
nepmore THOY i (B — 1) mpexMeris gpyroro THOY, ToSTO AOPIBHIOE
P(n, k — 1). SIkmo upy OEOMY m PO3ILALAHKIB IepeAyIOTE Beim n
npeAMeTaM IepIdoro THAODY, ToXl ocobm 1, 2, .., M Ee oJePKYIOTh
MOAAOTO HpeaMeTy HpH posgimi, m € {l, .., B — 1}. n
HAxmoe ginnTH cHpaBeInRO, 3 pinHEM cIIpape JJINBOCTL F, TO KOMK-
HAl y9aCHUK POSHOLLNY NMOBHHEH OJEPIKATH MiHIMyM 7 npegMeTiB.
Ilounemo 3 TOro, HmI0 KOMHOMY posxamo no r npegmerie. EHicas
LLOTO 3aJHmaeTheA (1 — kr) DpegMeTiB, AKi posIodinuMO KOBLNL-

Ho. lle MomHa 3pobuTH

r-1 _ -1
a-krek-1- n-hir-1y-1

coocobam.
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Poznogin planux npeamerin

63 ypaxyBaHHd NOPAAKY NpeaMeTiB B ypHax

HeobxigHo posnonisinTd n piannx mpeaMerie mix kB ypHamm,
MicTKicTs AKX He ofMexxeHa (HOXKEHA MOANHA, AKa Gepe YyUacTh
y poanogini, mome sabparn cobGi Bce). Ilepinmii npeaMer MOMXKHA
NOKAACTE ¥ GYAL-AKY 3 £ YpH, ApYrHill (HesaleskBo Bij Mepmoroc)
TaxoXX ¥ kR ypH i T.a. Ba npasuioM AobyTKY OpeIMeTH MOMKHA
posnogigaTa k" cuocobamu.

Posanogin pisHux npeoMmetiB

M OAHAKOBHMMWU YPDHaAMK 32 YMOBH, 1O YPHUA HE NOPOXHI

TosnauuMo Si kinnkicTs cmocobis posnoainy n pisamx npen-
MeTiB Mid k OHAKOBMMH YpHAMH Tak, Iob6 koxEa ypHa Gyiga He
MOPOMHLOIO. I3 KOMHOTO TAKOTO PO3NONINY MOMKHA OAepIKaTH ki
AHAJTOPIYHHX POSNOXiAiB 3a pisEEMHM ypHaMu (MO3ZHAYHTH k£ YpDH
MoxHa k! cnocobami). TaxuM ¥MHOM, kiavricme M(n, k) poanodiaia
n piaHux npedmemia mixe k pisHuMu ypHaMu 3 BUKODUCTMARHAM
KOXCROI ypHU § KOXCHOMY po3nodiii («He MODPOMHLI YVpPHES) Aopis-
HIoe M(n, k) = kIS

Kinexocri M{n, k) HocATs Haswry wucer Mopezana. DopMyna

st =;1—![h” —Cik~1) +Ci(R~2)" +...+ (=1 C{71"]  (10.21)

BUILIMBAC 3 (POPMYJAH BHIIOYEHb i BARTIOUEHS.
k . .
Yncna S, HasEpalorwcd wsucaamu Cmipzinza dpyzozo pedy.
Busnauunmo:

St =0,axmo k>nabok=0. Taxom 55 =1, 3% = 1.

Ypeas Cripainra S& aagosoapasiorTs PeKypcHBHe CIIBBILHO-
LIeHH:

St =RkSE+ 84,
Yucna Benna

Hucaa Beana B, — me KiTbkicTs BCiX cNocobiB posGETTS MHO-
JKHHH 3 1 eneMeHTiE B of'eHHAHHA HelCpOXKHIX mMizMpo:xEH, gkl
He LepeTHHAWTRCA. 3poayMino, IXo

ne Bo =1, 82 =0,
Ilepepipaerpes, wio

B,, =2 CiB,.
=0
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Poanopin piaunx npepmeris

3 ypaxyBaHHAM iX NOPAAKY B ypHax

HArxmo He ofiMexyBaTi KidbKicTh IpegMeriB B YPHAX 1 AKmO
upesMeTH He pospisHATH Mix ¢06010, TO KiABKiCTE TAKMX DpoBIO-
ainis mopisme C7) ..

Koxnomy crnocoby posnofily ogHakoBHX IipeaMeTiB Mix ypHAa-
MH BiguoBigze n! cnocobiB posmoainy pisHEMx OpesmMeTis 3 ypaXyBaH-
HAM iX OOpAAKY, AKi 0AepIKYIOThCA 38 LOIIOMOI'VK [EPEeCTAHUBOK
npesMeTie Misx cofoio Gea smieM kinsrocti NpegMeTis B ypHaX. Ba
NpaBEAOM ACOYTRY OpepikyeMO MykaeHy KiJbkicTh posmozinis:

- n+k-1)! a
Crian =(—(#= nekal®

10.5. BinomiantHa | noniHoMiankHa dopmynu

Binom Huviomona. Qdopmyny

(a+b)=Cla" +Cla't"" '+ ... +

+ Cia's" " + .. + Cla™’ (10.22)
AoBexeMo KombinaTopummu Mipkysannama. koo supas (e + b)Y
aanucaTH y BAMAEAL poGyTKy uuMHHMKIR (@ + b)Ye + &) .. (a +]),
To Omicas IX mepeMHOXKeHHA Oe3 SMIBEV NOpPAJKY MH OfepKEMO I10-
Ai6HL JozaHkH, Ao KOXKHOrO 8 AKMX y pPisHOMY HOPAZKY BXONATE
k MAoxHEEKiB @ i1 (n — k) MHOKuuxie Wk = n, n —- 1, .., 0).
Kimgicts nopi6uux unenin a'b” ™ * o dirconamnumu crenensiva % i
n -k jgoplanmoe Kiibkoceri BapiedTis sammcy Oyksd 4 Ha k nosuni-
AX i3 B MOKJIMBEX Ho3muiit, Tobro fopiBuice C). 3Biacu BUTNABAE
dopmyaa (10.22).

Horinomiarvna Hopmyra

;]
(@, + 8+t a,) =Y Pl ky,. .. k) afagt. e, (10.23)
k,-o

Ae B, + Ey + .. + k, = n, ¢ yaarancEeHHd dopMyaHn Gimomy Hrro-
tota (10.22). lopeperHa ofpasy s BHIOIALBAC 8 TOFO, IO KLALEiCTH
NOZIGHMX wieHIB 7' -85 ... ), 1o ofepKaHl micaa mepeMHONKEHHHA
n MHOMHUKIB

(a;+ay+ . +ay))(a+a;+ .. +an) .. (@ +az+ .. +aQm)y

HopiBHIOE YBCAY posbHTTE n Micnk Ha m rpyn a4 k; MHOMHHKIB a;,
k2 MHOXKHHKIB a3, ..., Bm MHOMHUKIB @,. 3arafbHa KiIbKiCTD BapiaH-
TiB Taxoro poa®HTTA HopiBriot P(&i, Rz «. km} (ZHB. (10.20)).
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10.6 KomGinaTopHi 3anaui i Teopia uucen

Pewero EparocdeHa

Ofnua 3 BeJMEMX 3ATAJOK MATEMATHKH — pO3MiIMeHHA
NpOCTHX YACe] ¥y HATypaasHomy pajli. Epamocgen 3anpononyBas
posB’A30R 3A7AYI IOpD SHAXOMMMEHHS BCiX NPOCTHX YHACEN cepel
H&TypaneHAX BRig 1 go N (zapaa 1 BRamaerncs ocoGAMBAM wYuC-
nrom). Cnoci6 Eparcedena: conowaTEy BUKDECHCIOTE Bel 9uens, #xi
ZinaTnes Ha 2, 3aAMNIAIOYH caMe uuciao 2, moTiM GepyThk HacTYmHE
yucao — 3, 3po3yMiso, M0 BOHO TpocTe, 1 BHKpecHIoloTH Bci Ha-
CTYHHi 9mcaa, Akl XindTeeq Ha 3 i 7. 4. Umena, Axi sanpmBIHCH
nicng BUEpecNIOBaHHEA, i € IpocTi.

Iligpaxyemo, cKinbkM mpoeTEX uucen y mepmiit cormi. Ila-
SHAYHMMC Lo Kiaskicte depes A(100). IIpocTti umesaa, Menlui, Hix
100=10, ¢ gncna 2, 8, 5, 7. BacTocyeMO aNTropPHTM pelieTa
EpaTocjena go uocaigoemocti 2, 3, 4, 5, 6, 7, 8, .., 100 i BRB-
KPec/AMO Bei YdAcna, gkl MaThH Xoua 6 oaMH AiAeHHK 2, 3, 5, 7,
2 cami Ul AlALHEKY sanninacMo y noeaigosHocTi. Toal sanminac-
1ece T(100) mpocTHx uamcen. [IospautuMo BAACTUBOCTI:

0, — IoaiaeRicTs Ha 2;

0z — ToAiLALHiCTE Ha 8;

O3 — IOAIALHICTL HA 5;

0y — noaineHicTe Ha 7.

3poayMine, mo y nocaigosrocTti 1, 2, 3, ..., 100 kigskicTe yHcen
N(a}, af, o, o), AKi He MAIOTE MoaHol BAacTusoet oli =1, 2, 3, 4),
nopiemroe N(aj, oz, of, oy = m{100) + 1 - 4 = a{100) - 3. Tyr
Bopgara 1 — xinbkicTh ocobGamBux uwcen (ogueEung i migpare 4 —
Kinpkiers mepmnXx 4oTEPLOX HpocTHX uucen (2, 3, 5, 7), xoxne
3 AKHX MAE TOUHO OfHY 3 BJIACTHROCTEH (.

Haragacwo, mo N(o,) = [l—gq] = 50 — kinpkicTe uMcen Big

1-ro mo 100, aki ninarecs Ha 2; N(ooz) = [1?.—0] = 16 — ainaTica

B2 2 1 8 ommouacHo; N(o,, Oh, O4) = [?3-1—??] = 0 — ginartuca Ha

3, 5, 7 ognouacuo; N(oy, O Oz, O4) = [__lO_Q_l = 0 — JpinmTs-
2.3.57

cqd Ha Bygb-axe 3 umcen 2, 3, 5, 7. Tyr [k] ¢ noanavenns wigol

YACTHHHE wucha k. -
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3a QJOPMYJIOID BHJIOYEHE TA& BHKIKNYEH:R MAEMO
m{100) — 3 = N(oj, «t, o, ai) = 100 — N(o,) — N{og) —
- N(as) — Nlow) + N(ay, o) + N(ew, o) + N(ou, o) + N(0z, o) +
+ N(0ig, 0u) + N(0s, ) — N(o, Oa, 0iz) — N(ou, Oz, 0} — N0, 05, 00) —
— N(cte, 03, o) + N(oxy, oz, 0, o) = 100 - 50 ~ 33 — 20 — 14 + 16 +
+10+7+6+4+2-3-2-1-0+0=22,

OcTaTouno ofepskyemo, 1o y neptuiit corui pMimmyernes n(100) =
= 25 npocTHx u@cen.

<@ 3aBgaHHnA

Hagectr Bei 25 nmpoctux ygeen Big 2 ao 100. CxinpkH cepel] EMX HaTi-
UYETBCH «Lap OMATHIOKIB» -- [Ap OPOCTHX YHceX, Aki BiTpisEmTOTRCA
B8 27 CkiNEER IPOCTHX YACEN NOLAJE ¥ KOKHEEA JecATOK — Nepumif,
apyref, .., DecaTHid?

Pexypei-lrl-li cniesigHOWeHHA

MeTon peKYDEHTHEX CHIiBBiIHOMEHL MOIArac ¥ TOMY, o poa-
B’ Asokr roMBGiHaTOpHOL 3a7adi 3 7 ApeAMeTAMM BHUpAXKAEThCH 4Yepea
poae’azox amajyoriwmoi sagaui 3 Memmon KiALkicTIo npesMeTin
aa JONOMOroI0 Jearoro cuimpipmoimenust, ske HASMBACTLCA PERY-
peHTEMM («3BOpOTHEM»). Kopucrylouues muM cniBBignomenHam,
MYKAHY BelMUHHY MOoxHa o6UMCINTH, BUXONSHYHE 8 TOTO, IO AN
HeBequxol kinckoeri npeamerin (ogporo, ABOX) poas’aaor aagaui
Jerko SHAXOAHTHLCA.

IlpoinmweTpyeMo MeTo[ peKyPEHTHUX CIiRBijEOIIEH: HA DpHA-
KJABLL CIOJYYeHP 3 HOBTODEHHAMMH,

Ilosnavumo kinexicres choiydens is n npeaMeris {ai, ... @.)
0 k& 3 NOBTOPEHEAMH vepes fr (v posmini 10.3 6yxo sacrocoBano
noszauenun C;). Byas-ake is cnomyuens abo micTHTh, 260 He Mic-
THTE ). KiaskicTs coonydeRs, fki He MmicraTs a,, ZopiBHIOE [ -3
(e COOMYYeHHA 3 [IpeIMeTiB da, .., 0, 00 k). KoXHe enonydeHHH,
fKe MICTHTH a; K MiHIMYM ofHH pas, Moxe G6YyTH ojepkaHe NpPH-
€IHAHHAM IO ¢ LeAX0ro CLHOAYYEHHA 3 n npeaMerie mo (k — 1)
(KiIBKicTE TAKAX cIOayYeHb AopiBHKE [+~ '). Orme,

fa=fi o+t (10.24)

Ilocnigorao 3mcTOCOBYIONWE He pPeKypeHTHe cnimBigmomenns,
ONepIKHMO

fraf e = (I == N L 4 £ (10.25)
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3poayMido, mo f.‘l =n, ff=1.
Bramawuu k& = 2, maemo (gms. (10.17)):

fF=n+(n-1+..4+2+1=n(n+1)/2=C2, . (10.28)

dAxuio k=3, roai 3 ypaxysanaam (10.16) maemo:
fR=C 4 Cia +CEHCECE,,.
Ha (k- 1)-my Kpoul ogepkumo:
f& =Caier = Pk, n-1), (10.27)
MO V3TOAKYETLCS 3 TomepefHiM pesynsTarom (10.11).

Huena didooHauui

Jleonapao Pibonavui v 1202 p. posp’aayBas 3aayi 34 JonoMo-
rOI0 PeKVPEeHTHOrO CHiBBiffHOIEeHAA, B gxoMy n-it uner BUpamanca
3Aa ZOMOMOra [JBOX nomepeArix. Bagaua, aka poarnazaiacs, Mae
TAKWH BMTAAL:

«KoxxHa mapa AopocinX KpoXiB IPUHOCHTE LIOMicALA me Dapy
KPOAHKIB (caMKy i caMisa), fKl, ¥ €Bolo 4epry, NOYHHAKTH JABATH
TAKNE caMiil NpEnaig depes Aga Micani miead cBoro HapoZyKeHHA.
Cxinpky Iap KponmMKiB 6yle depes pik, SKIOI0 Ha HOYATKY POKY
6yna ofHa Tapa HOBOHAPOMX€HHX KPONHKIB i 'HoleH 3 HUX 3a
pik He 3ArEAVB?»

IHospaunmo 4epesd U, KilBKiCTh HAap KPOJHKIE Ha NOYATKY
n-ro Micang. Toai sa ymomolo u, = 1, uz = 1, uz = 2, oCRiNBKE
HA [OYATKY 3-ro Micans 3'asngeTheda npunaix. Jaai u, = 3,
us = 5, OCKLIBKU UpHUIiL Aa€ AK NeDPBEHHA mape, Tak i Dapa, @O
Hapoxuiacd HaOpAKiROi apyroro micaus. Jlerxo GaumTH, Mo AaHi
yHuena aB’gaaui mixk coGol chniBpiHOMeHnHAM:

Uy = Up-y + Un-2y (10.28)
OCKiNEKM HA TOYATRY R7-TO MicAnsd MaeMo Bel mapu, axi GyiaH Ha
noYaATKY TolepedHboro, i, kpiM Toro, OpMIIL NpHHECYTE Bl na-
PH, Mo HapoAMAHcH 3a ABA Micani Ao mamoro i pamime.

Jlerko mimpaxymaTH, nio ;s = 233, Tob6TOo uepes pin Oyze
238 napu KpoamnKis.

Yucla iy, sy o, i, HOSHBAIOTH Yacramu PBiborayyi. Hi guena
3YCTPIUAOTECA ¥ PiSHEWX pO3Ainax MATEMATMRH, HATIpHKAAM, TIPH
ONTHUMAaALHOMY JHAXOAMKEHHI TOUOR eKCTPeMYMY MeTcJom npol.

Hapegemo 14 unenmis mocaigoBHocTi {%,} 3 HOYaTKOBHMH Yie-
HaMH ¥, = L, wo = 15 ()0 =1, 1, 2, 8, 5, 8, 18, 21, 34, 55,
89, 144, 233, 377, ..
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Imoxi mocnigosricTs uncen OMiGoravui mounHaloTs 3 UHeen Uy = 0,
¥; = 1, gonoBHWIOYH HAaTypaabHult iHmexc sHadeHHAM n = 0:
{u.}r-s=0,1;1, 2, 3, 5,8, 13, 21, 34, 55, ... (10.29)
Toxi pexypeETHe cnipBigromennas (10.28) esumromyeThCH ANA
sHaYeHs iHjexcy n = 2.
B inmmx pumafKax posTaAsiAacThHCA NOCHIAOBHiCTE uuncen Dibo-
Haudi f, 3 MOYATKOBUMH UneHAMMH

fo=1, =2 {fidr-0=1,2;38,5, 8, 13, 21, 34, 55, 89, ... (10.30)

@difoHauyi 3anpoNOHYBAB caMe 0 NOCIiZoBHicTH, BHXoZA-
UM 3 OJJHOL MAPH AOPOCAMX KpPOJHKIB Ha IepedolHl mepuroro Mics-
g (fo = 1) 1 omepmyl0oun nicad HepHIOro HApPOLKeHHA Bl MADH
KpoJMKiB Ha nepimomy Mmicani (fi = 2). PexypeHTHe cniseiaHo-

megHA (10.28) TAakox BHKOHVeTheHa Aada nocdaigesmnocti (10.30),
AKIo h = 2:

fn=fn71 + fn—s-
3poaymMino, o mocrigoBHicT: uncen PiGoHauui (10.30) momx-

HA SMicTHTH BIiBO, HAODHEJNAJ, EMOMpAIOUM TIOUATKOBI €leMeHTH
fo=13, fi = 21, abo aMicTHTH BOpapO, HanpHKIAL, BUGHpaOYR
fo=-3, H=2

Toai, zamoBONBLHANYNA PekypeHTHe cniBBigmomenmsa (10.28),
OyzeMo MaTH BiAOBiAHO mochaijoBHOCTI

13, 21; 34, 55, 89, 144, 233, 377, ..
-3,2;-1,1,0,1,1, 2, 885, 8, 13, 21, 34, .. (10.31)

Ilepira 3 UHX DOCAIGOBHOCTEH € UACTHHOK HociiporHocTti Di-
6onauvi (10.30), aApyra — HABNAKK, MicTHTE nocaifosHicTs (10.30)
SK CBOIO YACTHHY.

TuM He MeHW, He GyZb-Axa NochxigosmicTe {f.)5, Aka sajo-
BOJBHAE PEKYPEETHY YMOBY fo = [ -1 + fa -2, MICTHTBh Yy CBOEMY
CKJIaAL AKY-HebYIb TacTHHRY NnocaixnoBRAX gncena PiGorami (10.30),
HAIIPpHKJIAL,

2,8; 7,12, 19, 31, 50, 91, ..
-2, 6, 4, 10, 14, 24, 38, 62, ...
HaeegeMmo ABHY GopMyny Ana ofUHCIeHHHE AOBIILHOIO YUCIA

DiboxHauqi, Axy Enepme ofep:xas Bime. 114 nocnigosnocti (10.29)
dhopMyJa MaE BHIIAN

_1(1448) 1 (1-48B) 3
un_\’g{ : ] Jg[ - ] n=0,1,2 . (10.32)
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HOificHo, pna nocaizowrnocti (10.32)
L o lasBya-Ey ] 1 a-vEyr a4y |
Tl 2 | 2 5 2 2’
_ 145y 1448 1a-4B) 145
J5 2 2 J5 2 2 nel

TaK 1[0 peryperTHe crinBignomenus (10.28) suxonyetrnca. Ilo-
YaTxoBl sHaveHus up,= 0, ¥, = 1 ogepxywThca & (10.32), axkmo
n=0, n=1 sigmoriano.

Bpaxosyous sMmimenss ingexcey Ha 2, Ana nocnizosHocTl uncen
®bibonauai f. (10.80) maeMo rarni parasa dopmyan Bime:

. T[1+~f] T[_f_}z nwo,1,2,
1446 145
2 2

€TBCA THM, IOO Ii YUCHAA € KOPeHAMYE DPiBREHHA

»

OcofiauBa poJb yHcen

v ¢dopuyni Bine noscHio-

AP—A-1=0: 11=1+2‘/5, ).,:1‘2‘5. (10.38)

e pipHAEHA HOCHTE HA3By XAPAKMEPUECMUNHOZO FJIfi PEHY-
perTEOro ciipBigHomienaa DiGomavui (10.28) u, - vy ~wy-2=0
i BMEMRAe, Axmo mMyRaTH posp’ssox (10.28) y serasni u, = A"

M- - =0 - - 1) =

JoBepemo, mo 3aranbBFl posR’A30K PEKYDEHTHOTO CIiBBiAHO-
menHa {(10.28) — nocaigoBRicTs {Ua)h « o 3 OVAB-AKUMH NOYATKO-
BAMH 3HAYCHHAMHM LUy, i, — MAE BHAI'NIAS

. =0 A] +ehy, n=0,1,2, .., (10.34)
Je OoeTiliHL ¢y, ¢: 3anexaTs TLIBKHA Bifl BAGOPY MOYATKORHX 3Ha-
YeHb Up, U, .

Jicro, mepmi aBa crieeiggemenrnsa y (10.34) yTBOpIOIOTE cH-
cTeMy ABOX JUHIAEHMX piBHAHL BiAHOCHO IIocTiAHMX ¢1, €2

{11:1 +1ec, =iy,
Moy + 090 =1y

HerepminasTt Liel cucTemn AopiBHIoe A = by — A = —4f6 0.
CucreMa Mae €AMHMH posB’Aaok
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¢ = -ty 4 1 u; cz=hu0-—Lu.
R NN
3oxpema, nocaigosHoeTi (10.29) mianosigamors ¥y dopmyni

(10.34) crani

1 1
'31=Ev ‘-'3=“'£ (i =0, u, =1),

nocaigoeprocti (10.30) — crani
c —-1—+i e 1.3 (. =fh=Luy=Ff=2)
155 2ng 253 m o =lo=L¥=h .

I mapemri, nocnigosmocTL 5 MouaTkoBMME sEaveHHAMH (—2),
6 mizmomigaioTs crai

7 7
G =7g--1, Cqy ="75-"1.
ACHMITOTHYHA TOBeNiHKA 34TAJBHOI'0 Po3R’ dA3ky {u,} (10.34)
peRYpeHTHOT0 cniBeigEomensa (10.28) i uncen ®iGonavvi 1, (10.29)

1-45

<1,
2

3 gxoro Bunaupae s6ismieTe A3 = 0, 1 — . Taxum upHOM,
u, ~ cihi{n — w). 3oxpema, ansa uucen PiGonayui (10.29)

un-vlg[1+2‘/g], n—. (10.35)

1 [1+JE]"

3a YMOBH 72 — < 3°ACOBYETLCA IiCNA 3ayBaKeHHA |1.2|=

Binsm roro, uncao Pibonauyi u, € Haltbausxve fo — 2

Uije queno. JE

Jo qnrces PiboHavddi NPpAROAETL, BATPHUKJIAJ, TAKA 3a[AYL TEO-
Pil indopmanii. Ilosaauumo uepes f, KinbkicTs moBigoMaeHb, AKi
MOXKHI nepefaTtm 3a foloMoroikn r curHanis 0 i 1 rak, mob mpn
NEOMY Hie He onWHAAWCH Nopap Aea curuanx 0. 3poasyminc, mo
fo = 1 (BiicyTHicTh CHrHAAY POSTAANAETLCA AKX OAHE ¢IOOPOIKHES
nopigomnennsn), f; — 2. Bei momigomnenssa ¢goBmuEows (r + 2)
KinpRicTio fy.: MOMHA TOAINHTH HA LBA KJIACH!

a) Ti, B AakEx mepmmit curHan € 1; ix kiaekicTe fopisHIOE
fo+1, ockineru gpyruit curuans vome Gyrm ax 0, Tax i 1;

6) 1i, B Akux nepum#t curHan € 0, i, orme, Apyra#t curean
ofiop’nskoBo € 1; ix xinnkiern gopiBHwIE f,.

Omxe, fose="Fas1+ /o, TOMY [, € uucnamu Pibouaad (10.30).
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10.7. Komnoauuii i po3éurra
Komnozuuii
IIpu poan’asauni sagag mpo posOmOiN 7 ONHAKOBHX IIDEA-
MeTiB Do % HeNOpoXHIM KOMipKAM MOMKHA TOBOPHTH IpO PO3HJAa-
FaHHA QUCHA R ¥ CYMY HATYDAJIBLEHMX ACAaHKIB n:
n=n+nRe+ ..t pgekzl, nzl. (10.36)
Hba TaKkHUX posKIalaHHA UHCHAA X BBLKAITLCA plagEMU, gKOlO
BOHE BifpisHsAloTEC] xoda 6 ogHUM JofaHKOM. ¥ TAKOMY BHOAA-
Ky KaiKyTh [Opo KOMOOSHUii uMcraa n. IEakme, xomnosuyii wucra
n — e foro posxaagaHHs y sariagai (10.36), Ae BpaxoBYIOTHCH
AKX eefuMuHU dodaniie {edacTHHEY} iy, Tak 1 nopafox Tx poamauiy-
sanua y cyxmi (10.36),
Bunamremo, Hanpuarnaa, Bel KoMoosmOii wzmcena 3:
3=8,83=2+1,3=14+2,83=1+1+1.
Komnoauyii iz o6mexennanu nae rizskicms dodanxie. Yucao
xomnosunitt ¥(k, n) yuenn n 8 B fogaHKaM# OpiBHIOE YHCIY pPOa-
noAinie n 0AHAKOBUX IpefMETiB 110 B pisHAX KOMiIpKAX 38 YMOBH
BigcyrHOCTL NOpo:xAix KoMipok. Yneao npeaMeris, AKki noTpanHin
¥y KOMipKY 3 HoMepoOM i, Af€ HOJ2HOK r. 3BijgcH BANJAHBAe, LIC
W(k,n)=C"i. Jiiicro, Biznosiamo Ao . 10.4 KinbkicTs posmoALNiB
7 OAHAKOBHX OpeaMeTis Mid k ocobaym (y HAIIOMY BENAIKY -— Mi¥
k xomipramu) 3 pirEeM cnpaBefJINBOCTI I ZopiBHIOE C::Ik(r-lp-]-
3a HAIIMMHA YMOBAMM KOXKHA KOMIipKa OJepiKye He MeHIIe OXHO-
ro npegMeta, ockiapkm z, > 0. TaxgM UHHOM, CJiff BCTAHOBHTH
spiBeRs cnpaBefnBocTis 7 = 1, i MM oflepaRYeMo YMCT0 posnoAinin
yik,n)=Ch1. 3pellToK 3aIHINAETHCH 00 € JHATH UHNCAa KOMIOSHILA
Y(k, 1) 3a BciMa MOMJIHBHMH KilbKocTAME Aogaukis k=1, 2, .., n.
Yucno scix xomnosuyil wucaa n CKAALAE:

Y ¥k, n)=) Ciry=2"", (10.37)
k=1 k=1

Jie ocTaHHA DpiBHicTs O6I'PYHTOBYETRCS 28 AOHOMOTOI0 TOTOKHOCTI
{10.14).

PoabutTtAa

BuaHaveHHA

Posbummanm wucna i HA3UBAEMBOR 1020 300PANCCHHA Y BUZIA-
Bi (10.36), axwo noprdox Jodaxkisa n, He ePAXOBYEMBLH.
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[IizpaxyHok kxiTbKOCTL BapiaHTis poaGETTS exBiRaNeBTHHIT 3aja-
ui mpo Kixexiers posmoginiez n ofHAKOBUX NperMeTiB 2a 0JHAKOBH-
MM HemOopOXHIMM KoMipkamu. fAx i an8 xommosuni#t, goganxm n,
¥ po3bUTTI HARHBAKTECA YZeMUNAML;, KITLKICTs BXOAKeHE KoMcHOT
gactuap v cymy (10.36) HaampacThea ii xpamuicmp. Posburra
yHcaa 71 Ha R ACKAHKIE 11, Nz, o, 72y MOMKHA DORDIARATH Ak k-cho-
Ay4YeHHA (3 OOBTOPeHHAMHM) NEX YHMcel, SKe 38JOBOARHAE YMOBY
(10.36). Inoni A moyKy xoMnosEuiil ancaa n (abo oGuHUCIeHER
ix KiXbKOCTi) 3PYYHO POSB’H3ATH II0 3} 3aiady AN Horo posbur-
™A, 8 HiCJAs OBOTO HepeliTH Z0 KOMHOOSHIILMN.

Ockinekn v poz6ETTL (na BigMiEy Big xoMmosnnifi) mopamok
ygoTHH (AofaHKIB) He BpPaxXOBVETHCH, LOMOBHJIMCHA Y pos3buTTi
{10.36) poaTamoByBATH ZOJAHKH Tak, ol BOHK He 3POCT&JIN:

mezmz.zn (k21). (10.38)

Kiavkiemv ecix eapiaumie poabumms wnucaa n nae k dacTHH
TNIOAHAYNMOe 8K Py(n), a kinnricTs Beix papianrie peaburra uuena n
i3 BeciMa MOKAMBHMY 3HAYEHHAMYU uMcHa YacTHH k(1 <k < n) — ve-
pes p(n). 3posyMisno, 110 aa OpaBHAOM CYMH

A

p(m)=Y py(n), (10.39)
k=l
opuyomy pi(n) = 1, pn) = 1, p(n) = 0 ana n < &.
&

Is piBxocTi n=Zn, (10.36) GopManeEE0 oAepIHYEMO
iwl

i(n,—l):u-h, (r,— 1) > 0. (10.40)

Pipnicts (10.40) MoixHa BBamerH po3CHTTAM umeaa (n — k)
Ha ko pogaHkiB, e ko= min {i: n, = 1} (nme. (10.38)). fAxrmpo
¥ posburTi (10.36) n; > 1 pna seix uvacTHH, Tofi B, = k. 3a npa-
BHJIOM CYMH KinskicTk posdurra qnchIa (n — k) Ha YacTHHHE, AKAX

He Oiapwe wisk B mMTYK, JopiBHIoE Z p{n—k). KoxkpgoMy Taromy
i=1
poasbuTTIc 9Mcaa (n— k) HA Rk, YACTHH

n—k=m + M+ . + M, L Sho=k
OAHOZHAYEO BiANloBinae po3abuTTA n Ha kB YacTHH BHIAARY
n=(m;+ 1)+(mg+1)+...+(mkn+ N+1+1+..+1.

%’__}

Tomy (kE — ko) pas
L]
()= p(n-k) (10.41)
F=1
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Ile pexyneRTHe cHiBBigHOMEHHESE BUsHadYae uMcla py(n) sa mo-
9aTKOBHX YMOE pk) = 1, pi(n) = 0, armo n < k. Jas BukopHCTO-
BYBRHHES 3pyuHime nepenncatrna (10.41) y poaropEyToMY pRrIaai

pdn) =pun — k) + pu1(n — k) + .. + pi(n — B). (10.42)

IlocainoBEo Maemo: pu(n) = 1, Vn 2 1

pAr) =p(n - 2)+p(in - 2)=pain - 2) + 1, n 2 2.
TaxaM IHHOM,
Pe{1) = 0; ps(2) = L; p(B) = pol1) + 1 = 1
PAA) =P+ 1 =1+ 1 =2 pyB) =pe8) + 1 =1+ 1 =2;
Ppi6) = pa(4) + 1 =2 + 1 =3; pT) = 3; pi(8) = 4;
pi9) = 4; px(10) =51 T 1.
Hani
pi(n) = ps(n — 8) + pa(n - 3) + pi(n - 3);
pn)=pi{n — 8y + pin-3)y+ 1, n 3.

OTxe,

Pi(8) = 1; po(4) = pa(1) + po(1) + 1 = 0 + 0 + 1;
P(B) = pa(2) + pe(2) + 1 ~0+ 1 + ] =2
P6(6) =ps(3) +pA3)+1=1+1+1=31irz

3HAYeHHA YWcna BaplaHTIB posbarra pmin) ana 1 < k, n £ 10

HaBegeHo v Tabammi 10.1.

Tatauyn 10.1. Bruavwenus pu(n), pir)

A ” 1]213)4 |5 6f7{8}|0}10
1 N EN R BN R
2 o|l1f1l2|2/3|3|a[a]s5
3 clo|1{1l2l38]|aefslzls
4 eloflo|1|1l/2]|8]5]6]9
5 cloflofofls|r]|2)slslr
8 clo|o|oloi1]|1f2i3]|s
7 olofojofolol1fslz2ls
8 o|loflo|ofejo|lof1[1]2
9 olofoioloejolofoli]l
10 o|loflo|o[oejo]lofjo]o]1

py=y pm) |1 | 2|8 |5 |7 11]|15)22]|30(42
A

CyMyu¥ uncaa pu(7n) B n-My CTORIUHKY, MH OJEDRYEMO Kilb-
ricTp BapianTiB postHrrs p(n) anesa n, 200 kinpxicTn posmoginis
n ONMHAKOBHX IpegMeTiB 8& 1 OXHAKOBMMH KOMipKamu, wacTEHA
HHHX MOMKEe BMABUTHCHA DODOMKHIMM.
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BracTuBocTi uncen poabuTTta p(n), pxr2) BEEYANIACA 3 cePefHIX Bi-
KiB; BOHH Ba)iiuBi AK ATA KOMOIHATOPHMKH, Tak 1 Aas reopii umcen.
Hepini nornubaeRi peayabTaTH RAR HAX ogep)xas JI. Eiirep, i manai
go ocraanpore gyacy — K. Tayec, Peppep, Hx. Cunpbectp, IT. Max-
maroH, I', Xapzai, C. Pamanymxan, I. Hlyp, I. Panemaxep, . Erapioc
Ta iH. OgHIcI0 3 HeTPHBiaJLHHX 3[AY € XaPAKTepPHCTHKE 3pOoCTAHHA
upesa p(n) sa PeMHKHX B — . B HIREROMY pagky Tabamui 10.1
HaBeAeHo aHavedHg p(1), p2), .., pH(10). BaysaxuMo, M0 WBHIKICTE
apocTadHEf p(n) THM BHIge, umEM 6insme n: gxmwo p{l)=1, p(5) = 7,
p(10) =42, To p(20) = 627, p(30) = 5604, p(40) = 37 338, p(50) =~ 204 226,
p(60)=966487, p(T0) = 4087968, (80) = 15796476, p(90)= 56634173,
p(100) = 190569292, p(200) = 3972999029388,

AcpMOToTHYHO NP 1 — o TocrtigoprieTs uucen p(n) (n=1,
2, 3 ..) ekBipaJeHTHa TaKiil mochaigoBHOCTL umCeN g,:

LW

eV pny: m PP oy (10.42)

1
Y e g,
¥
3)5

TYPANBHOrQ Yucaa p{n) And BEIUKOro n. Binsm TouHi HAGIHMKeHHA
nas p(r) snaitiran T, Xapgi i C. Pamauymxan (ingificeenii MmaTeMa-
TouHn rerifi-caMoyura): ypaxyepaHEHS Behoro 8 unenie y ix dopmyai
aabuusxenoro obfuncnenns: snavennd p(200)=3972999029388 —
Oy>Ee BEAUKOre Yucja — Ma€ ToMuMAxy Beworo 0,004,

Binpntiers AkicHUX pMCHORKIB BifHOCHO uHeeN py(n), p(n) Mox-
ANBO OJEP:KATH 3A JOIOMOTOI0 HROYHOro 306pAXKeHHA pPo30HTTA,
mo Haszpame giarpamoro Peppe (aGo Pdeppepa).

Aiazpama deppe pozburra (10.836) € n Todor, pO3TAILIOBA-
HUX pAAKAMH OMH IIig OJHMM Tax, OIo Oepmuii pAgox MicTHTH

1
Taxam YHAHOM, THCJIO m(e € HabJ¥eHe 3HAYEHHA HAa-

n, TOYOK, APYTMil pPANOK — fp TOYCK, .., i spemroi k-ii pAZonr
MmicTuTs n, Touyor. Hanpuxaaa, posburra
15=5+5+43+2 (10.43)

BigoGpamyernea miarpamoo Peppe Ha pue. 10.7.

KoxpoMy posSuTTIO 9HCAA 71 OAHOSHAYHO BiAMORifaE cupsikeHe
pOBGHTTA NKLOTO YHCIA, AKEe BUSHAUACTLCH TpaHCNosuLieio giarpaMu
Deppe (mepeTBOpPEHEAM DPAAKIR ¥V CTOBNMYUKHM i cTOBOUHUKIE ¥y DAZ-
xu). Hanpuxnan, Tpancmosunis aiarpamu puc. 10.7 € aiarpama
puc. 10.8, saxa BuaHauae posGUTTS

15=4+4+383+2+2. {10.44)
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OO0 QO0C¢C QO0OCOo
000
O0CO0OC 3006
o Co OO0
Q O GO
Puc. 10.7. Hiarpama Puc. 10.8. Hiarpama
dreppe poabtinTTa (10.43) Meppe posburra (10.44)

BpoayMiao, 1[0 A1S posGHATTA Ha k IACTHH COPAxKeHe poabHTTA
CKABEACTLCA 3 YACTHH, AKI He NepeBeplIVIOTHL THEAO R, 1 Xoua B
OAHA YacTHH& Aopiruioe k (zna po3durra (10.43) & =4).

Ile cmocTepeskeHHA AOBOANTEL TAKEe TBEPHKeHHH.

Teopema 10.1

Kirerxicme sapianmie posumms uucia n Ha k dacmur do-
PianI0E KiAbiocmi eapiaumie posbummsa YucAa n 3 HALOLRLULOI
yaemuHow, aKd dopienie k.

@ 3aBpanHn

JobecTr, N0 KiNbEicTE BapladTis posfHuTTA MACHa R, B AKMX YACTHHE
He NePeB¢PIMVICTh k (MOMXINBO, HE AOPIBHIOKIECE k KOLHOIO Pasy),
cnisnafiae a kigsxicrio papiayrie posGarra wena kB + k Ha k yacTEE
{6yne-axux), Tobro cuirmapae 3 pi * ¥\

B8a gomnomorowm aiarpam Peppe RoBOAATHCH TAKI Tikani TBep-
K3 eHHd, ’

Teopama 10.2

Kinvxicmb sapiaumis po3bummasa 2iicaa & HA LACMUHYE, 3 RKUX
woxchi fai plani, dopianree xiavkocmi eapianmis poafumma duc-
RO HO Henaphi wocmuHu.

Teopema 10.3

Kinvxicmy sapianmie camocnpancenozo posdumma wucaa i { poa-
bumms camocnpaicere, AXUO G0HO cnisnadae 3i CeOiM CnpRicen-
Ham) doplanioe xixzvkocmi eapianwmie maxozo poabumms yucran
HQ HERApPHI HGCMUHU, € AKUX KoXHI Oei wacmuuu pizni.

Teopema 10.4 (i1, Ednep)

Kinvxicmv eapianmis posfumma uucaa n na re Giavuc Hine k

. ; ; 3 kk+1)
vacinuy Jopienwe Kiabkocmi sapiaimis poabummas wucae n + ——=
Ha k HepisHUX YQCHLUH.

Teopewma 10.5

Kinpxicmo sapianmiae pozfummsa wucaa n Ha Henaphi wacmu-
Hu dapianwe kiabkocml sapicumic posDumma wucia n, 8 AKUX
ko ruit dodanox, kpixn naitbiavuiozo, npucymruill napry witbricms
pasié, g raubinrvwui dodanox — HenapHy KiAvkicmu pagis.
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10.8. MNMpoaykTueHi PyHKLUIT

TIOKHATTR NPO NPOAYKTUBHI HyHKLT
Hexaif nano Jjeaxy ODOCHIJOBHICTS YUCET G, 31, Tay ey By wes
Hrmo cremenesuii pan

Ao+ aix + @ax® + . 4 " + .. (10.45)

coipoazae 3a IeAXAX x 3 PyRKLic f{x), To f(x) HAZHBACThC RpPO-
dyxmuenow QYRKYIEIo I NOCHINOBHOCTL Goy 1y G2y oy Gy e s
3 nocxmipoBHieT® @9y @i, d; ey Gny .. MOFHA 3B'E34TH IIe
O/HH CTeNeHeBHH pAL:
x!- xn
g+ a\x + a2—2—1+...+a,,§+.... (10.46)

fxmo ne#t pax coisnagae 3 dynxuieo o{x), To @(x) HazHBac-
TBCA EKCRORENYLARLROIO RPOTYRMUSHO PYyREYiICIO LN NOCTif0B-
HOCTI @o, G1, Bgy s Quy . LIS HASEA TIOACHIOETHCH THM, IO N
nocaixoBHocT 1, 4, 47, ... a°, ... éKCIIOHEHIIANLHOKO TPOAYKTURHOI
dyernicio (10.46) ¢ excmonenTa e™:
ax a’x? a"x"
e =1l+ax+ +aeat
2 n!
Hna riel 3¢ nocnigonmocti sauuaitna nmpoayxrEBEa GyHHRILIR
1
l-ax’
(l~ax)'=1+ax+a’x*+ .. +a"x"+ ... (10.48)

+..., (10.47)

Jitieno, Aaxmo ¢ = ax, |gf < 1, 10 e |x|<|—;{-, roni sa opMy-

J1010 CYMH HecKiHYeHHO cnagHol reoMerpruHoi mporpecii (10.48)
ofepXRKyEMO:

L:l+q+q’+...-1+ax+a’x’+_..

1-¢
3oxpema, axio a = 1, Toxai
A ettt ., <l (10.49)
1-x .
Hudepennirorarns {10.49) opueoauTs o0 pisHOCTI
! ==142x + 8x* + .. + na" '+ .., [zl <1, (10.50)
(1-x}

& MHosenHa (10.50) Ha x nmac
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m )3=x+2x’+3x3+...+nx"+..., [x<1. (10.51).
-x

TaxaM YHHOM, € NPoAYKTHBHA PYHKIIA AR OocligoBHOCTL

1-x

1,1,1,1, ... (10.49),

a _lx)z — NpoXyYKTEBHA QYEKNiA Ans mocii-

JoBHOCT] 9ucen HaTypaaknaoro pagy 1, 2, 8, 4, ... (10.50), x

A-x)*
OponyKTHEBHa QYEKLOIA Axa mocaigoemoeTi 0, 1, 2, 3, ... (10.51).
Dyauxnie f(x), Aka Mae HOXiZHI AKX BABrOJHO BECOKOTO MOPRJ-
Ky OpH ¢ = 0, MOXHA BBAKATH CKCIOHCHIIANLHOK OPOXYKTHBHOI
dyaraico ana mociaizoenoeti epoix noxixuax £(0), £(0), £(0), ..,
f'"’((l).... Hdificno, MA Maemo poakiapaHHs y pag Tefizopa:

— 4 8, x! (n} xu
f(xl-f(0)+f(0)x+f(0)E+...+f (o)-EJf...

PosrasasemMo NpoyKTHEHI VEKIII Anda nocaimosHocTeil, 38°4-
3aBMX 3 KoMBiHaTopHEMM aagadanmH.

Onepauli Han nocninoOBHOCTAMU
Ta NPOAYKTUBHUMM DYHKLIAMK

3aBAAKH ocTaHEHIM NpEEAafaM ME Mo)KeMO OPpHOYCTHATH, INO
onepaniEM Haj NPOAVKTHBHHMH (QYHKIIAMH NIOBHHHI Bigmominga-
Ty beBHi onepamil wapy BinmoeigEmMEM noecaigosEocTamu. Hificwo,
Hexall f(x) e nponykTHBHA $VYHKLIA mocAigoBHOCT @0, @1, @2, v
i gam g(x) — mpoaykrueEa QyEKOiA mocaigosHoeTi bo, b1, b2, .y
T0OTO

flx)= f:akx‘. 8(x)= ib‘,x'.
k=0 k=0

Toai nmimifina xombinamin dymxuil of(x) + Pg(x) = o(x) e
NpOAYKTHBE2 GYHEKOiA NocaifoBHocTi {¢, = oay + Pbils -0, aKa
OZepHYETRCA HK BignoBiane aimifina xom6Gimania mocaipoBRocTeit

{ae}, (Ba):
o{x) =J§oc,,x".

Ilosnavennit 3p'A30K MiK ouepauisMy y Kiaci mpogyKTHBHEX
dydrmilt 1 B Kraci DoIAOBHOCTEN CHMBOMIYHO MOMCHA 3JAIIHCATH
Tek: armo f(x) ~ {a.}, 8(x) ~ {s}, Toai
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of(x) + Ba(x) ~ afa) + Blbul. (10.52).
Bsegemo npinsa nocaizosrocTell GimapHY onepaniio 2ropTKH 3a&
IpaBAIOM:

{a,}*{b)e =1d.}icay  di =l + @by +.. G, b,.

Iz pparmna MHOMEHHSA CTeneHeBHWX PSAiBR MAEMO, IO BTOPT-

mi ABRox mocinigoBHOCcTeH Bigmomigae g00yTok IX UPOAYKTHEEUX
PyERII:

f(x) g(x) ~ {as} = {ba}. (10.53).

Bigoorigzoeri (10.52), (10.53) mixx nDocrigopHocTAMEH Ta iXx
OPOAYKTABHUME GYHKIINMH BHSBIAKTHLA eheKTHBEUMH I KopHc-
EHNMH ¥ KoMGiRATOpENX obunmcieHEsX. Ik apasox HaBegeMo dop-
MYy nad cyMy xBazpaTis 1 + 2° + .. + n" mepmmux n uucen
EaTypaJlbHOre paagy. .

Heckinuenna mocnifosricTs kBagparia {n°); ., Mae npogyKTHR-

HY bYEKOID _d.. ; B IILOMY MOJCHA [IePeKOHATHCHA 3a BOTIOMO-
dx(l- ;':)a

ror qudepeEniosanea pisnoceri (10.51), Tomy dyakIia xdi(l x 7
x(1-x

Bignomifac nocaigosuoerl {n®); .o 3 nepmuM uwneHom 0, ocKinLkH,

awmo f(x) ~ {ag, @1, @2, ..}, TO Xf(X) ~ {0, @y, a1, B2, ..}, Ockins-

KK Il_-{l, 1, 1,...} (auB. (10.49)), To
—-X

1 .4 13"'{1,1,1----}*{”2:-o={an=ik2}'
=0 axd

x
l-x dx(-x)
TaxkuM YMHOM, mIykKaHi Qcaa o, = 1 + 2° + ... + n® noenHE]
6yTH RoedinieHTaMH cTemeHeBoro pAfy AAX (PpyHKRil
x d x xx+1) &

= =y o,x", ap=0.
1-xdx(1-xf (1-x)* g;, ¢

CoouaTRy ORepPMHMO pOSKIAZaHEA QYHKIII

1 B cTemeie-
. . a-x
su#t pap. Koedinmienr pagy nopiexioe
. I
* T Rd

-2 =%4(4+1)-...-(4+k—1)(1—x)"""

x=0 =0

TP T e 7&
—M[‘i] -2, 0= i

Ae Bnnopuc'rani IIO3HaAYCHHA
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[m)=mm+1)..(m+ k- 1) (10.54)
3Bizen ozepayeMo HoCHiZORHO
HED (o p py1-x)t = (42t )iLg—x" -

(1'—‘:‘)‘ r=0

I U O i T
P e I3
Je
=mﬂ-=l. . [4]11-1 N [4]!0—2

e " n~1 (n-2)

, nz2

Rpaxonyloun snauenus [4]" ", [4]"~? ariamo 3 (10.54), Bigpaay
OJlePIKYEMO, INO
_n(n+1)2n+1)
" 1-2.83

Ockinekd ¢, € CyMa KBAApATIB, MyKaHR (JOpPMYIa MAE BHTIAL:
1? +2"'+...+n2=%n(n+l)(2n+1). (10.55)

3ayaanennn. Szopmra RopiatHol nocrigoBHoeTi {4,.}o 8 mocni-
poBmicTio {1, 1, 1, ..} mopismoe {a,}s ~ {1, 1, 1, ..} = {aq, ¢ + ay,
do+— a1 + &, ..}, Tomy mocnigosmicts {1,1,1, ..} HOCHTL Ba3RY
cymamopa. Harapaemo, 1Mo cyMarop Mae ODpPOAYKTHRRY GYHKILIO

1

1-x
BHRINE INs MiCYyMOBYBaHHA KBaJparia 12 4+ 27 + .40l TIpu uip-
cYMOBYBaHH] exiguenHUE nocxinornocredl {bg, by, b2,y .y b4, 0,0, 0 ..}
ejJleMeRATHE BroprxH crabinisyoTbheda, NMOYMHAKYY 3 BHZHAYEHOIO
pomepa. dokpeuna, ann $ysrnii

(10.49) i mo BIACTHBOCTAMH CYMATOPR MH CKORHCTAIHCH

(1~22°+ 8x" + 42 + 5::“)-—1—
1-x
xoedinicHTH creneHesoro paay mpm x*°, x', .. FopisHiclors umc-
ay 11 (=1 -2 + 8 + 4 + 5), roediniea™s upm x', x°, .., x™*
JopisapeTs 2 (= 1 - 2 + 3).

MNpoayxTtueHi cbyHkUii cnonyvyeHbs

Sueififemo npoaykTHBHY PynKUie Ana moeaiposnocri
{Cr, Cas Coy ., €2, 0,0, 0, ). (10.56)
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VrropuMo ana sMiHHMX x, x5, X2, .., X, MHOTOUNEH

(L+xxXL + 2220)(l 2222 =1+ (23 + 22+ oo + 2,)x +
+ (xx2 + X5 + . + Xy o 1 X)E F e (X1 X o X)X (10.57)

Bposymino, mo xoedimient mepen x'(0 < & < n) mae BHrAAJ
cyMn seix k-poSyTrin a enementie r-MBEOERMHEE X = {xX;, X2y w4 X}
Ockinbxn 6yAb-AKMH k-706YTOK y CYMi BAAEMHO OZHOZHATHO Bifmo-
Biae BUBHAYEHOMY R-CIIOAYYCHHIO 3 n-MHOEHEH X, TO KiAbKicThb
nopankiz (k-n08yTriB) ¥y cyMi mepes x* mopiBHwe came kinsKoecri
k-cnonryuens (6e3 MOBTOpeHS) 3 n-MHORHHU, Tobro Ch.

Bupas (10.57) MicTuTh ApHu# Oepenir Beix iHgMBiZyaIbHHX
k-cnonydeHb. Ane Axmo HaM Tpefa sadikcyBarm ix sarananmy
KinskicTs CF, moknagemo y (10.57) x; = %3 = .. x, = 1 i omep-
JXEMO NPOAYKTHUBHRY GYHKOIN EIA DOCHIACBHOCTL WHCceN cIORY-
yeHs (10.7):

R
1+ x)* = > Cixt. (10.58)
k=0
Besnepeuno, Ue iHIMEE moraax Ha goGpe Bigmomy Simomianb-
Hy popmyny. 3esMmanvack HA HOBOMY LIAALY, AMbepeHnjilceMo
pienicte (10.58) &k pazie, norjJageMo micas mroro x = 0 i ogep-
KAMO:

nn-—1..(n—-k+1)=Ck(k — 1).. - 2 -1, 3Binxn

oo Mn-l. kil ol
. k! T k(n-k)

Onep:xuMo Tenep npo,u;yrcmnny dyHRIID o144 TmocnigoBHOCTI

e, CLCh .., e O L), (10.59)

ge C* — rimekicTh k-coofydeHL 3 MOBTODEHHAMM Ges afMexxeRh
3 eJemenTtis n Tumnis. ¥saransHwooon Garatounen (10.57), ana
sofpaxeHHd iHAVBiAYAIBHAX k-cOOAYYeHL 3 I ¢JIEMEHTIB 3 [IOBTO-
PeHHAME YTBODHMO nr-FOoOYTOoR GOpMANBHHX PAMLIB & TAKMMMI M4t
BMIHHUMH X, X1, Xz, ..., Xu!

{ams. (10.7) n. 10.3).

A+xx+xlx? +L ) +xx +xpgx? +00) L+ x, e+ xix’ +.00) =
=14 (2 Xy e+ XIEH (X F et XX, XD AR x4
+ (2, %00 Xy + XF XXy o H 2 )2 L (10.60)

B cymi, ake BAgiieHa ayXKaMH Depex X', KOMKHHI AOZaHOK
(k-z0o0yTOK) 3cbparkye BiameBigHe iAOHUBifyaXbpHe k-cMONAYUYSHHA
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3 nopTopeHHAMHU. UJ0G offepokaTy 3aranbHy KiTbKicTh TAKHX A-crmo-
nyuens C¥, noxranemo y (10.60) x, = xz = ... = x, = 1:

Q+rx+x2+.) =ZE‘£", Z'E=1.
h =0
SaMiHHMO DAR Zx' fioro cymoro (10.49) i ogepmAMO:

1 _ St : 10.61
o Ec,, . <1 ( )
TakuM YHHOM, NPOAYKTHBHOI AJA nocriforeocti (10.59) e
dyuxnia (1-x)". 3a saransaum mpaBuwiom k-if xoedimiemr CX
cremeresoro pARy (10.61) moxke 6yru obuucrennit gudepenrio-
BapRAM JiBol uacTAHU:

- 1 d* o —n)(~n -1)...(-n~-k+1)(-1)*
CF =t o1y o = LN DR =B DEY
E_n.(n+1)...(n+k-1}__(n+k-1)!_ &

" 2! T (n-he T TR

Bapyre oxep:xapuit Bupas C,=C,,, , LAA KifepKoeTi k-cmoxy-
YeRb 3 TIOBTOPDEHHAMN Yepesd KidbKicTh E-cmoayvedns 6e3 DOBTOpDeHk,
CTBODIOBAHMX HA HolmHpenifi MEOXHBL eneMeHTiB.

Axanoriuno 6yayoThea NpofyKTABHI ¢yHKNIT 413 cnoxyueHb,
Akl sanoBonpuAIOTs planl obMerxeHHS HA BHKODMCTAHHESA 6VIb-AKO-
TO 3 eneMeHTiB — iHfuBRigyanbHEM afo sarTaJbEHMM.

Hanpuknagz, saxkmo Gyan-AkE# 3 7 exeMeHTiB MoXRe NOBTO-
pioBaTHCH ¥ KOXKAOMY croayyerui He Giarme mHim m pasie, Tomi
POITNAZAETECE A-ZoOyTok GaraTounemim

AQ+xx+. +x]lx2™)l 20+ A 202" )L+ 2,2+ 0+ 20X ) =

mn N
=3 (xfxgex’ +.)xk
k=0

OSk;Sm, k1+k2+...+k,,:k.
IlokaaneMo T¥T X1 = X3 = oo = X, = 1

(A +x+x%+. +2™) =3 C(n, I m)x*, (10.62)
R20
Ae qyepea C(n; #; m) nosgaveHa KiakkicTs TAKHX &-CHOJNYYEHD 3 I1O-
BTOPEHHAMHN 3 eJIeMeHTIE i THIIIR, B AKX KOKHAHHA eNeMeHT MOmKe
ByTn BzKOpHcTARAil (TosTopenn#t) Bix 0 xo m pasis. llpogykTHEna
byHKOiA TAKEX CHOJYYeHL € Jdisa vacraHa (10.62),
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ApoaykmveHi ¢ yHKLIT posMilleHk Ta NEPECTaHOBOK

Jira ingueigyankssoro nepeaiky ynopadrosanux sulipox (epe-
CTAHOEOK, PpOoaMillleRs) OLIbI 3pydHO0 YacTime BHABAAETECH eKCno-
HenyianvHa npodyrmuena pynxyis, ockitbkn 3pUIalAL (cTeneHeRa)

GYHEKIIA TpakTye AOBYTHH X1X» i Xa%; K ABA ONHAKOBHX.
]

Biromianegy dopmyay (10.58), xe C* =%, TobTO
no_ 3 k x* -
{L+zx) Z:DA,. T (10.63)
OfHOTACHO MOMCHA BEAKATH POIKIaJAHHAM ¥ PAA eKCIOHEHTia AbHOI
mpoAyKTHBHOI hyHKLL (I + x)" xasa nocaigoBRocT {43, AL, .., A%;
0,0,0, ..} uucen k-posmilenn (a60 k-IepecTAHOBOK) R-MHOXUHH.
TyT MaloThCi Ha yBasi k-TiepecTaHoBkh Oes MOBTODeHB.
Ao 6yAb-AKME 3 n eJeMeHTIB y &k-nepecTaHOBII Moe
mobToOpioBaTHed BiE 0 zo m pasis, ToAl excnoHeHTianbHA ITPOLYK-
THRHA PYHKNiA Ans yucen C.n, &; m) TAKHX R-IepecTaHOBOK MaE

BHIIAL,
2

x xm ma xk
l+x+—+...+=—)" =) C.(m &; m)—-.
( 1 ) = 2O B m)
' Hpunyerumo, vy k-nepecTanopill MoMHS BHKOPHCTOBYBaTH (1Io-
BTOPIOBATH) eeMeRT {-ro THITY He finnire gisk m, pasin, i=1, 2, ..., n.
Excoonerniaapea NDpogyKTHBEA $YHKLIA TaKAX NepecTAHOBOK

n xz xm,
[r+x+ o= |—
2

=1 m)

SaraTounex crenena (m, + m; + .. + m,).

a 3aBaanHn

1. PoarnaHYTH k-TepecTaHOBKH 3 HeolMeKeEUMHM NOBTOPEERAMY iz n
PisENX THIIB ejeMmenTiB. YH OpapHiIbHa HaBegeHa bopMyna gad
eKCIIOHeHI(ANRACL IpoAYKTHBHOI GyHRRI] TAKMX IepecTaHOBOK,
i AR imTepuperylorscs Koedimientr n” y mpanidi swacTHmi:

2 e ]
lrxsiov ] =0t 2
21 Fr S )
InaxmTe KaXyIH, 4H € JdiBa TacTHEA GOpMYIH eKCOOHSHITIATLEOIO
TpORYKTEEHOK dyEKIiCo 414 nocaizosHocTi {n'Ys - o?
2, TNepepipura, mo gyaROiA ——— ¢ MPOAYKTEBHOK (3BMIalHO0)

In{l-x)

AJH IMocoigoBROCTi
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3. Mepenipurn, ngo

1 PRI < ,‘x_“
k!(e 1) =38 ot

n=k !

(-1" . )
10610 o EKCIOHEHEITIANBHA NPOLVATABHa QVHKIIA AN
upecen Cripninra apyroro poxy {Skli - fe Si=0, axmo n < k
(aus. m 10.4).

MpoayxtnsHa cyHkuii Ans poadbutra uMcen
Poasdnrra (10.36) qucna n 5a uacTHHM A,
n=1nyt+n+ . + ny
iHofl sajga€TecA 3a JOIOMOTOK sexmoprol cneyudinayii
& = (81, B2y ey B}y 0 <& < 1, (10.64)

KOMTIOHEHTa AK0I & AODiBHIOE KiASKOCME EX0dHeHd HAMYPAALROZ0
yucac i 8 posbumma (10.36), { = 1, 2, .., n. [HaKkile KaXKy4H,
meBig’emEi nini gweaa & yrBopioloTr cmemmdikaniio (10.64) ges-
XOTO po3abGUTTA URCHa N, AKIIO

4]
n=1.8,+2-8,+..+n-3,=>1-8. (10.65)
i=1 R
3posyMino, mo kiabkicTs kB wacTuu posburra (10.86) fopizHwe
cyMi KommowmenT cmeyudikanii:

Bi+ 8+ +8 =k 1l<k<n. (10.66)

YacTuHA KOMOOHEHT O, cKAaZuersea 3 BYIAie. BakxopuctosyeTn-
oS TAKOMN MyAbmundiramusnuid dgnuc creyudivayil:

(1% 2% ...,n™). (10.87)

Bin pobpe ysrommyerscs 13 aanumcom posbuTra v BErIAmLi
«sRefenois cymu (10.65). Ha sigminy Bip serToproi cmenmdi-
ranii {10.64), MyapTuUnIikaTHRHMR s3amB¢ MOMXKEHA CKOPOYYBATH
32 pexyHok nap i% y arux § = 0. Hanpuxmaa, Ara poaburrs
7T=2+4+24+1+1+1 gaBeaene posdusapHs (10.65) e T =1 .3 +
+2-2=1.8 + 2 8, coenmudirania (10.64) mae peragng
6=(3, 2, 0, 0, 0, 0, 0), a MmynsTunniraTEREMH zammHc croemudi-
ranif 6iaem apyunnmi: (1°, 2%).
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Bianopizuo gasg peadburrs T=5+ 1+ 1 Macmo §=(2,0,0,0, 1,
0, 0) u (1% 5%, dxmo 7 = 7, Tomi §=(0,0,0,0,0,0, 1) i myss-
THILTiKaTHEHUH 3amme € (TY).

Haragaemo, mwo py(r) nosHa1ae KinkkicTs BapianTin k-poaﬁurm
yueaa n (posburra (10.86) 3 k urenamu), p(n) — KinbkicTh BapiaBTiE
Oyzap-9Koro po3GHTTA yuche n. depes p(n, n, S r) D0IHAYNMO Kinb-
kicTs BapiaHTiB POSCHTTA WMClan HA WacTUHH (OOMAHKH) n,, AKi
He nepesepuwiyoms r. Maloun Ha yBasi TpuRialbHe «po3dnTTA» 0 =0
3 TpuBiagpHOW ecnemudikauicior § = 0 (Vi), gomoBHMOCSH, IHO
p(0, n, £ ry=1. Poarasnemo $opManpHAit 5o6yTOK ABOX DAZLB

A+ 4+ 2+ A+ + 22+ 2% Ly =

=141 (2" ey (P Ty (2P

+ 21 Ry =141 x4 2%+ 2+ 850+ 8t =

=p{, n; £ 2) + p(1, n,—s2)-x+p(2,.n[52)-x2+

+p(8, m<2)-x* + pl4, m<2) B+ o + (A<D "+

Hiiicno, (1') — eanna My IbTHANIXATHEHE cnenEdikamis poabuT-
ra vuena 1; (1)) i (2') — pel MyasTunmixarneri cremudikanii pos6aT-
ra yuena 2; (1% i (1%, 2%) — coenndikanii Beix sapianTis pos6uTTA
ypcena 3 Buay 3 =1+ 1 + 1, 3 = 2 + 1, rTakax, 1o IX gyacTHHU
He MepemepiIyiorh wucta r = 2; (1°), (2%, (1%, 2') — cnemmdiranii
Beix THX BapianTis pos6uTTa umcsaa 4 Bugy 4 =1 + 1 + 1 + 1,
4=2+2,4=2+1+1, JaCTUHNA AKHEX HE TEPEBEpPIIYIOTE YHC-
na 2. Tomy cyma f(x) pany

1+1-x+2x2 422"+ 82" +32° + ... = ip(ﬂ,nfsa?)'x""f(x)
=

nosuAHA 6yTH DpOAYKTHBHOK GVERIicw mocnigzopmocti
1,1,2,2,3,38, .)={p(0, n.<2), p(1, n, < 2),
p(2, n<2), .., pln, n, 2 2), ..}. (10.68)

BaysamiMo, mo
1

2
€ npoz:y;'ma;aa $dVHEOIA nocaigopHOCTL
(1,0,1,0, 1,0, 1,0, ..).
Ockinrkm sropTka ITiel nocaigosHocTi ia cyMaTopom
(1, 1,1,1, .)«(1,0,1,0,1, 0, ..)
coiemajae 3 mocxigoericTio (10.68), To nocaigoericTs (10.68) Mae
NPOJYKRTHRHY (YHKIiI

=1+t + 22+ 25+ <1
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1 =ip(n,n,s2)-x”.

o= aa &

s A0BiNBHOIO HATYPAABHOTC &, AKe OOMEXYE YACTHHHU Po3-
6RTTH, BiLmOBiAHO MAacMO NPOAVKTHBHY HYHKIiO

1 — S . "
(1—x‘}(1—x*)...(1—x')‘E"’(n’ mEr) X (10.69)

8a JomoMOrsx CHMBONY ROGYTKY OPOAYRTHBHY GyHKOiW (10.69)
3AMACYIOTh AK
o1
erl-x' .

HAxme y (10.69) r = oo, Toal oOMeKeHER HA YACTHEY posOMT-
T4 1, 3BMKAE, i caim ouikymarm, me

Hl,lx*? 3. p(n)- x" : (10.70)

=1 7=0

€ IPOAYKTHEHA QOVAKLIiA A nocaigosHocTi umcen poaburTs
{p(n)); - 1. e TeepamxeHEA CKAANA¢ BMicT RiZOMOI TeopeMs XOM-
OimaTopHOro auanisy. Besnocepenne AoBegeHHA dopmyau (10.70)
OREPAYETHCH NINAXOM TocHiZIOBHOrO SAMHCY UAEHIB CTEIIeHEBOL'Q
pany, sSxkri opMaTLHO JopiBHWe HeckinueHEOMY ROGYTRY

JTa+x* +x*2 4252 4 =1+ -2 +ay-2" +...
k=1

pAKIB : 1 =1+t + X%+ 2% + L, x| < 1, asanoriune

TOMY, #K Le Oyao spofieHo BHme LaA AoGYTKY ABOX DAZIB.

@ 3asgaHHA
1. Yepes p(n, dif) nosraunaMo xinnkicrs mapiarTin poafurra uMcna
r Ha NomapHo piami wacrmHAH, .
Iepesipury, mo npogykraeda dyrenis nocrigosuocri {p(n, dif)in-o
€;

Rix)=(1+2)1+ 2 )1+ 2.1+ x")...= i pin,dif)x*.
a=0

2. MpoaykTHsAA GYAKLLA ANS uncen PoIBHTTA Ha HeN&pHL YacTHHN
OopiBHIOE:

1 1 1 1
[xlgl—x 1-x* 1-x° A-x*1)
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Baysaxenns. Npogyktaeni dyrrnii R(x) i N(x) cnismaaaioTs.
JificEo, cKOPHCTAEMOCH CUiRBIAROMIeHAAM:

1-2*
1+x'= o F-L2.
Maemo
Ct-x 1-x* 1-2" 1 1 B
B = 1o 1o " T 1ex 1oar TN

TakMM YHHOM, MH OfepYyEMO AOBefleHHs TeopeMH 10.2 aa gomo-
MAaTD TPOAYKTUBHAX SyRKIid.

10.9. ACUMNTOTUYHI OULIHKK Ta thopMmynu

Baarani kombiraTopHi xapaxTepucTnrHu (GyEKIii) samexaTs
six unena n eneMeHTiR mouaTKoBoT MEOMHEH, 2 Axol agificmioro-
TheH KomOiHaTopHI BMOIpKH. AcUMnTOTMYH! oliHKM Ta dopmynn
XapaxTepH3YIOTh suavennd Blamosigmoi xombGimaTopHol ¢ymxiil
Opy JYiHe BeNVKHMX SHAUEHEHAX N, AK, HANPHEIAK, cOiBBifHOIEH-
HR (10.35) nma ugucen PDibonauui u,.

IIpy sanucy acHMIOTOTHYHEHX OLiHOK Ta POpMYN BHKOPHCTOBY-
OTHEA Tari MoaHaAYeHHN:
1) f(x) = o(g{x)) npu x — o (uuTAcTECH <€ f(x) o-Mane Big g(x)»)
ToAl i Tineku Tomi, Aaxmo lim |f(x)/g(x)} = 0;
r—+x

2) f(x) ~ g(x) npa x = oo (AUTAETHCA «f(x) i g(x) acHmMnOTO-
THYHO piBEi*» &60 exBiraneHTHi) Tomi i TinekuM ToOXi, KOMMR

iiﬂlf(x)/e’(xﬂ =1

3) flx) = O(g(x)) mpn x — © (uaTaeTecE «c f(x)} O-Beauke Bifg
g(x)») Tomi i rimpku Toxai, axmo icmyrors womeranre C >0,
R >0, Taki, me |f(x) € Clg(x)| npu |x| > R.
BuanadeHHAM eKBiBANEHTHOCTL ~ MH BiKe KODHUCTYBANHCH JUISA
acuMororHunol oninkn (10.35) umcen dibonauui u,.
3pepHemoca o topmyan winbroeri D), smiment — mepeeran-
JneHb i3 n enemenTiR, Y AKHX HOTHUH eleMeHT He B3AMHMIAETHCH
Ha NepBRHHOMY Micmi:
1 1 (-1)"
D, n!{_l 1!+2!+"'+ o
Tlopisusaemo D, a menwumnoic nle”!, cxopwcTABIIMCH pPO3KJAA-
JEHHAM y PsA

).

et-1-L4l, D
1 2 nl

+aue



454 Poadin 10

i omiEkom @, — az + 93 — a4 + .| < lay| gAm cyME 36xHOrO SHA-
KO3MiHHOTO DHAY:

1 1
D —pnle=|[(-1)""n! - )=
e b T eer T )I
| 1 1 1 1
= - +...5 &<
|n+1 (n+1)n+2) n+l n

TakuM YHHOM, cOpaBeANHBl acumMOTOTHIHI dopmynd
_. nl
D,=nle* +0(}), abo D,~—, n - «.
e

JIna poiaxn mani HaBeferAo gesri KoMOiHATODHL ACHMIITOTHY-
Hi dopmymu:

i%=lnn+0(l). n =, (10.71)

kel

In(n)=3Ink=rlnn-n+0(nn), n— . (10.72)
=]

ln(nl)=(n+%)lnn—n+1n42n +i-g—, 0<Be<l1, n— x(10.73)
n
dopuyna (10.73) Tourima aa dopmyay (10.72). Crxopmcras-
nmmchk ToToxHicTio n! = e™, ogepayemo expimaneHTHE opMyni
(10.73) coninpigmomenns (10.74):

a
=427 (4" €', 0<B <1, n — . (10.74)

Paxmopisrvna pyrxyis I'(n + 1) = nl gyxe BRRINEA, TOMY
Ang Hel ofeprtaHo GaraTo anporcuMailift i hopmyn HabminkeH .
@opuyna (10.74) yacro HocnTh Hasey gopmyau Cmipninza, Ha-
RefleMo Ife GIARIN TOUHY «anpoxcumayio Cmiprinzas:

LI S B
M= y2mn (2)".e1% 3@ 10° < g < 1, (10.75)

Hrumo yv dopmyni (10.75) sigxwuyTH BignoRigxi AozaHkH

V NOKA83HAKY CTEelIeEA €KCIOHeHTH, BiApasy oJeDKuMDd LOCHTEL TOH-

¥i oniaxK smaueR: deaxTopianbEol GYHKN OpH n — oo
1 1 1

Vann ()" el 0 < pi< ona - (2)° e (10.76)

Ins gucen Cripsinra gpyrore poay S» (10.21) suxomnyerses
acHMOTOTHYHA dhopmyna:
n

Si-Tp mo o (10.77)
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Ha 3aRepmenns HarajaemMo, IGO0 ACHMIITOTHYHA HOBELiHHKA
aucyaa p(n) Beix BapiaATiE posGuTTA uUMena n 3a YMOBH 22 — o
poarnagzanaca smule y . 10.7 (ame. {10.42)).

@ 3enpanHn

1. Dgepxata dopuyny (10.74), sExogaun 3 dpopnyaz (10.7§) atio
onirok (10.76).

2. Opepsxarn dopayay (10.72) ax Hackxigox dopmyam (10.73).

3. loBectn, mo 3 Gyaws.aAxol dopmyman (10.72), (10.73), (10.74),
(10.75) abo oninox (10.76) punrusae expinaleETHiCTs QaxTopni-
ansEol dyHKOil:

ul~42rm(%)", n -~ w.
4. HosecTw (abp mepeBIpATH ATA AKRNX-EHeSyIy sHAYEHAL 2) OTIBKY

n"‘" <nl<
5. JlopecTH, mo

Yh =0, n->o,

A=l

TOvHilIe

ika uml-n’, n - w,

A=1 3

6. TlopieRaTH 3POCTAHANA MOCHIROBHOCTEH {215 - 1, {Bals -1, THE @ = 2™,
by = (InnY, n > m,
7. Hosectd, mo

1+%+o(n"]=(1+',2:)(1+0(n"))- n >,

8. 3a mopomoroo dopmyra Criprinra aobecTH:
1

C -———4", n—owm

" rn

0. [Tosecru HepiBRoeTi (2n)l< (2(n + 1)), (-g] < nl.

Kouﬁirfa-rapai 3aBfaHHA ANA KOWTPONIO 3HaHb
Ta camocTiiiHol poboTH

1. 3 Knepa po Yepniropa mocHa ficTarmcs IaponnaBoM, Nois-
HoM, arTobycomM, airtaxkom; ia Yepriroea po Hoeropox-Cisep-
chKoro — mapounaaBoM aGo aBrobycom. Crkiinkoma crocobGamu
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2.

3.

4.

8.

7.

8.

9.

10.

11

MOXKHA 3AiACHMTH momoposk 3a Maprmpyrom Kuip — YepHi-
tis — Hosropos-Cisepenkuii?

CEiNBKH YOTHPH3HATHUX YACE/ MOXKHA ckaacTH 3 mudp 1, 2,
3, 4, 5, armo:

a) sKofHA a IUPp He NOBTOPIOETLCA BiNLine oforo pa3sy;

6) DEGPN MOMKYTH IIOBTOPIOBATHCH:

B) YHCJIA MOBMHHI 6YTH HemapEUMHK (TUMHPH MOMKYTH HOBTODIO- .
BaTuca)?

B romnky 12 a6ayx i 10 apenncuHis. Bpar nuGupae abnyko
afo ameakcu®, nicas toro cecype BHGupae iz dpyxrie, axi
saammanucd, iaGayxo, i ameabcre. CriNpRE MOEIUBOCTel
Taknx pubopin? IIpu axomy BuGopi 6paTa cecTpa Mae Binwire
moxansoctei BuGopy?

€ 5 suxin xonRepriB 6ea mMapox i 4 pEgH Mapok. Ckinnkoma
coocofiaMu MoxcHA BUGpATH KOBEBEDT i mMapky Jns aucra?
CxinsroMa cnocoBaMy MoKHEA BHGPATH TontocHY i OpHrosocHy
¥ CJI0Bi «napxems»?

Bidnoaids: n = 8.

CrinpkoMa crocobaMH MOKHA BKAIATH He wWaxopifl pomni asa
KBAAPATH — Olauil Ta vopEnii? Posr’axits HI0 3aga4y, AKII0
HeMae o0OMe:XKeHL Ha KOJip KBagpary. Poar’axire Ii, Axomo
Tpela BaGpaTH 2 6i1MX KBAZPATH.

CrinskoMa cnocofamu moxza Bufpar Ha maxonift gomui
Ginmit Ta gopEMH KBafpaTH, AKL He JexaTh Ha ogmiil TopmaoH-
Tesni aBo Ha oAmifi seprERani?

Iz 8 exsemundapip uizpvanukis anredpu, 7 reoMerpii i 6 ¢i-
suru Tpeba BubpaTH KoMOJAeKT, HENH MiCTHTE Do oJHOMY
NiIpyYHURY KOMHOTO npenMeTa. CrizexoMa cmocobaMu Ie
MOMHI apobuTH?

Bidnogide: n = 3 - 7 - § = 128,

Jorenirte, mio 77 Tenedonie He MoixHa 3B A3aTH Mimk cofioe Tax,
mob KowxHUA 3 Eux 6ys ap’asaHull piExHo 2 15 immiwmu.
Crinpxn Tpefia B3ATH eJeMEeHTIB, NH06 YMCHAO NEpeCcTAHOBOX,
YTBODEHUX 3 HHMX, AopiBHioBana 50407

Bidnoside: n = T (71 = 5040).

.B opmaagnaTomy kaaci 35 yunis. Bosw ofminanuca dororpa-

digsvu. Crinnxm Benoro dororpadiit Gyno posgano?

Poze’azox. KoxxHEl y4eHb ogep:uTh 34 dororpadii. Tomy n =
= 8534,
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12. CKinrbKH PiBSENX IPAMEX MOXMHA NpOBecTH 4Yepea 10 Touok
OJIOINMHEM, 3 AKKX HiAKi 3 He nexcaTh Ha OAHIA mpamii?
13. MoBexirs, mo cepen GyAL-ARKX & rpubiB y nici, 3 axux miaxi
3 rpibu He poamimeni ra ofrik npaMili, zaBxIH MOXE2 3HAH-

TE 4 TAKWX, AKi € BepIIHHAMHE ONYKJIOI0 YOTHPMKYTHHKA.

14, Ha naotpuai Ba3aTi § Touor, posMilfeHNKX ¥ BHIMAZI KBAAPATA
8 % 3. Crinbkn icrye TPEKYTHHKIR, ¥ HAKHX OLHA BepMHEHA
3HARXOAXTHCH ¥y (ikcoBaniil rouui A, a ABi iHmWi — cepex iR-
oMx 8 Togor?

15. Heakra koMicia 36upanaca 40 pazis. KoxHHul pas Ha sacizanHax
Gyxo no 10 nzopei, opavyomy 2 i wieHn He Oyam IpucyTHiIMH
binpme oxsoro pasy. HJoeectn, mo KinbKicTh 4ieHiB Komicil
6ineme 60.

16.B geaxifi yeramoei 25 cmippobiThmkie. Howectu, e iz HEX
He MOMHA ckJacTH noHag 30 xomiciit mo 5 noauH v ROXKEIH
TaK, o6 Oyabs-aKki 2 xomicii He mMaam Ginpime ogHOIO 38raJb-
HOTC UIeHA.

17. Asoe rpawrs y Taky rpy: He NoSauHBIIA HOMEDY ABRTOMATIIH-
HHN, AKkA HabOJKWKaEThCA, NepInHit ¢Heper ABi Ovas-axKknx undpn
HOMepy (HampHEIaj, Tepiny i Tperio afo Apyry i gersepry),
a ZpyroMy Iietauyrbea ABi immi; aximo @HOMep CTAE BigoMuM,
obupgBa rpaBOd ckJafzioTh nEdpn 1 Depemarae Toil, y AKoOro
B cymi mmdp oguuEnb Giaomie. CRIABKH cepef HoMepiB Big
0001 mo 9999 Takmx uHce)d, e Ir'pa 3aKiHYYeTbcH BHiuMio
He3aledHo Big BEGOpY, apobieHoro HeplliiM IpapLeM?

18. Ins nodapbyparra oxniei rpani xybuka tpeba 5 c¢. 3a axwmit
HalMeHOIER Tac 3 JROAMEH MOXKYTE lodapbysatu 188 ky-
6ukie? (IlpanycxaeTbcdA, Lo KB JIOZHHN He MOEYTh pasoM
apOyBaTH OAWMH KYGHK).

19.B 3MarapEHfX 3 riMHacTHKRA JBl KOMAHAH MAlN¥ OJHAKOBY
KINbKicTE ywacHMKiIR. ¥ pesyakraTi aaraarna cyMa Ganis,
ofep)RaHMX Bcima yvacaukemm, aopieHwopana 156, Cxinpkm
fiyno yuacEVEiB, AKI0 KOXMHHA 3 HUX ofepskaB ouinky 8 abo
9 Baxin?

20. Arux uncen Ginkme cepeq Nepiroro MianitoHa: THX, B 3alHCYy
AKUAX aycTpiuaeThesa 1, abo Tux, B aamucy AkHX 11 nemae?
Poaa’saox. Higpaxyemo kinskicts uncen mig 0 go 599999,
B 3a0UCy AKHX HeMae OAVHMIIL, TOGTO CKIiZIBKHM MOMHA CHJIA-
cTi YHcel mmecTm 3Hakie is umdp 0, 2, 3, 4, .., 9 (gZxmo
YHCHO MAE MEHINe IecTH unudp, AOMOBHMOcS AONHCYRA-
TH 3f4iBa Hyxi). Ha nepiioMy MicOi y TakKoMy 4YHCIL MOMKe
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21.

22,

23.

24,

25.

26.

27.

28.

cTOATA OyAL-8KAa 3 Aep’aATH mudp, Ao 6yAL-AKOT 3 HHUX MOXK-
HA TDHIOMCATY 3 npaBoro Gory OGYAL-AKRY 3 THX » JeB'ATH!
0, 2, 8, 4, ..., 9; oTxe, ofepxuMo 81 aRozmayHE HHCAO
c 0, 2, 3, 4, .., 9. IIpoaosxywun, ofepxuamMoe 9° mec-
THIHAYHMX uncen, ia Hux tpefa pmrmiousrta 000000. Tawkum
YUHOM, MOKA38HO, 1[0 cepes mepmoro Mianioma icHYIOTE
9° — 1 yucen, B 3anmmMcy SKHX HeMac OLMHMIL, TobTo 9°—
~1 = 5381371, mo Hinpme DPEINTH TUCER Y NEPIIOMY Milk-
fioni.

3a nepecunanHsa Gayjeporni caig conaruty 18 rpE. CrinkrkoMa
cmocobaMK MOKHA CIIATHTH Ii MapKaMA BapTicTio ¥ 4, 6, 10 rpH.,
A0 ABa cmocolH, BKi BigPIsEAIOTECH DOPAJKOM MapoK, BBAXKa-
0Thea pisHIME?

Bidnoaids: Mapky MpkHa HakIeloRaTu 8B-10 crocobammu:
1)(10, 4, 4); 3) (4, 4, 10); 5)(4, 6, 4, 4); 7) (4, 4, 4, 6);
2) (4, 10, 4); 4) (8, 4, 4, 4);8) (4, 4, 8, 4); 8) (6, 6, 6).
3a xpyrani crin cizae n{n > 2) awpoxeit. JIpa posmimenna sa
cTonom OyAeMe BEARMKATH CIIBNATAIOUUMHN, SKIGO KOMHA NIO-
ANMMe Mae OFHHX iTHX e cycigir B ofox punagkax. Crinskm
ieHye cmocobis cietst aa erin?

CrinnpxoMa cnocofiaMiz MoXKHa TOCAARTH 38 KPYLAME CTiA it yo-
nosikie i n xiBoK TAkMM uHHOM, mo6 Hiaxi aBi ocofm omHoro
noJy He cHALNM mopax? '
CRINBLKE MOMXHA CKJIACTH NTePECTAHOBOK 3 Nt BIEMEHTIB, B HKHX
3a08HI m eJeMeHTH He posmimeni mopaa vy Gyab-AKOMY Io-
pagry?

Maema mHabip ia 16 wkapror. Ha wormprox Hanucana Gyksa
A, Ha yornpsox — B, Aa "zoTHprox — B, Ha yoruprox —T.
Cxinbry pisaux cxie MomHI ofgepskaTi, BubmEpatoun 3 Habopy
4 raprku 1 posmimyroum ix y Aearomy nopaaxy?

Crinpkoma cmocofaMi MOXKHA oOTArTH 6 CcTiABRUiB TRAEHHOIO,
AKIOO BOHA € INeCTH DiaHUX KOoAbopis, 1 Bel crixnmi moBwHHI
6yTE pPiZHOKONLOPOBHMH?

Bidnogide: n = P; = 6! = 720,

CrigbKoMa cO0c00aMM MOXKYTh posMicTHTHeSA y TYpHipHi# Tab-
angi 10 QyT6oNBHAX KOMAaHA, AKIO BigomMo, wWo Hisaki 2 He
HaOpany ofHaxoBol kKiaxpkoeTi ouok?

Bidnoeids: n = P, = 10!.

Crinbke JOTHpHEHAYHMX 4HCE]l MOMKHA YTBOPHTH 3 mudp 0,
1, 2, 3, He mosToproOUn ix?
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29, Ha 36opax nosuaHi BucTymuty 5 dogei:-A, B, B, T', . Cxins-
KOMa crnocofaMB MoKHA TX pO3MICTHTH ¥V CHHCKRY OpaTODIE,
HELIO:

1) B =He noe#HEH BUSTYUOATH nepef Aj;
2) B noBWHEH BHCTYIHTH ofpasy 3a A7

30. CrinpkoMa cnocobaM¥ MOMHA CKIACTH TPLOXKOJIpHAHR cMy-
racriif mpamop, AKIO0 € THKAHMHH T ATH pisHHx KOJBODPiB?
Poap’sxiTh Ty M caMy 3ajaqy 3a YMOBH, KOJH OAHE CMYTa
OoBMHHa OyTH QYepBOHOIW.

31.€ 8 rokapir. Crinnkoma cmocofaMu MOMHE JOPYUHTH 3
3 HHUX BUTOTORJEHHS TphoX piaHux neraneit (2a ofHHUM BHLOM
Ha KoxAacro)?

Paza’azorx. Mosa fiae npo su6ip 3 Torapin ia 8 3 mogannuIMM
poamimenmam Ix 6Ginsg TproX BepcTaTiB, AKI BHTOTOBIWOIOTL
pisri perani. ToMy n = A} = 336.

32. B npodakTur dakynnrery obpanc 9 mioamm. 3 Hux Tpeba of-
PATH TOJICBY, #Oro SACTYNHEKA, ceKpeTaps i KyanTpoliTHHKA.
CrinproMma crocobaME e MOMHA 3poOHTH?

o
Bidnoside: n=4, = Tl 3024.

33. CxinpkoMa crnocofaM® MOKHA ONYCTHTH D aucrie y 11 momro-
BUX CKPHHLOK, AKIIO ¥V KOKIY 3 HEUX KHJaeThes He Ginelue
opHore aWcra?

Bidnogidun: n = A}, = ? :

34. CrinpkH pisH¥X HATYPAJNBEHX YHCEJ MOKHE YTBODHTH 3 IHdp
0, 1, 2, 3, 4, SRI0 KOM¥HEe YNCHO MICTHTH GYIb-AKY 3 J4HUX
oHgp He GiAbme oRHOIC pasy?

35.1s wonoam y 52 waprta puTArHyam 10 kapr. ¥V crinnxox pu-
nagKax cepef IIHX KapT BHABATLEA:

a) xoua & OZHH TYS3;

6) piBHO OZME TY3B;

E) He MeHIe JROX TY3iB;
r) piBEO ABa TY3M?

36. Byxipenrua ¢gipma hopmye 6purany s 5 poSouux. B opramisamil
20 poBounx, B Tomy unchai 5 maxapis, 4 Tecni i 2 mryraTtyprr.
CrinhroM ywenoM coocoBfiB MomKEAa YHOMIJIEKTYRAaTZE GpPUrany,
mo6 BoHA cKAajanaca 3 pobouux Bcix emenjaanmoctelt mo ox-
HOMY? :

87. 3uaigiTe cCyMy YOTHMPHZHAYHHX YKCe], SKi ofepkyIOoTheA 38 HO-
MoOMOTOI BeiNAEUX mepecraBoBoK nmudp 1, 1, 4, 4. Te sk came
onst 0,0, 4, 4.
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38. CrintexoMa cmocobaMm MoMKHa CKJACTH TPM IIapH i3 n mmaxicria?
39.Crinsxoma cnocobaMm MoxHa BHOpatw 6 kapT is xosonm
y 52 KapTH TAKHM YHHOM, INo6 cepea HuUX By/m xapTH KOMK-
"ol MacTi? :
40.Crinpkoma cnocobaMm y rpi «Cnoprimoros mMoxkpa:
a) BEGpATH T'4TE KYNIL 3 36;
6) Bragate 5, 4, 3 mOMepH.

41.CrinbxoMa cruocobaMp MokHa poamicTuTn 12 piaEnx getanedt
y 3-x amurax?

42.CKinpkn icuye aPTOMODIIBPHHX N’ATHIHAYHEX HOMepis,

a) ckJaadeHEX 3 oEdp 2, 8, 5, T;
'6) mo He MicraTe mudpy 8;
B) mio He MieTarTe oGP 0 H 82

43, 3HalTH KiABKiCcTE cnoco0iB po3NOJIY 77 OTHAKOBHX KYJL 3&:
a) gBoMa; O) TphOMA; B) { HEDISHUME YPHAMH.

44, CkinnroMa cmocoffiamMy MosKHa posmicTurh n, Ginnx, r, YopHAX
in, GABKUTHHAX KYAL 38 m pilaHumMH ypHamu?

45.B nabopatopii HaykoBO-ZOCHIZHOrO IHCTHTYTY IpPaLIoE Kildb-
Ha Aogell, mpuIoMy KOXMHA 3 EEX 3Hac Xoda § oAHY inosem-
HY MeBY, 6 — aHIJilicbRy, 6 — Himeusky, 7T — (BpaHUYIBRY,
4 — amriificery | miMemwry, 3 — Himembxy 1 dpamnyssry,
2 — ¢pannysery 1 aHraifickky, ofHa ocola — Bel TpH MoBH.
Cxinpky miofell mpauroe B azboparopii? CkiNbxH 3 HuX SHac
aume aHraifckky MoBy? Cxinnkp ocid 3Hae auille OfEy Mo-
By?

46, CKiTEKE umcel cepel mepOiol TRCHYL HATYDAALHEX YHCEd He
AimAaTsca aHl Ha 2, aHi wa 8, ami Ha 5, ani »Ha 7?

47, CHiZIBKM 1NecTH3HAYHAX umiceJ MOMHa ckiaactu 3 nudp 1, 2,
3, w, 9, AKMO OYAb-AKe YNCAC NOBHEHO CKIAJATHCA 3 TPbOX
DapHAX 1 Tphox HenmapHUX LHUGp, mpudomy Hiski 2 mudpn
B YHCHL HE MOBTOPIOKTECH?

48.20 nacasxmpis s6upaoTecd HOLOpoMYBATH molafgoM. Y Ekaci
e 12 Ginerin ua wuskai momkm i 8 — Ha Bepxui. IIpu mpomy
4 macaxupu He SamawTs IxaTH BuM3Y, a § macaixxupir — Boep-
xy. Crinsxoma cnocoBamu ix MoskHa poaMmicTwTH ¥y moisai,
AKITO:

2) TOPAJOK DOSMIIHeHHA NACAKHDIBE AR BHMAY, Tak i BRepxy
He BPAXORYEThCSHS

6) mopsmox po3MinieHES RpPaAXoBYEThLCS AK BHMAY, TAK 1 BBep-
X¥;

B} BpPaxoBYETLCH MODPANOK POGMiMieHHSA JHMINE BRHEBY?
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49, Crinpky cAip MOKHA OJEPKATH, HEePeCcTARIAKWYH OGYKBH
caia:

a) snapabfonas; 6) ememamopdosas?

50. Ias npemiit Ha mMaTemarmuuil oxiMmiiazi BualneHo 3 exaem-
IIAPH ojHol KHHre, 4 — gapyroi i 8 — rperbol. CkiabkoMa
crocofaME MOMHA posaiiuTH ui npemii mim 30 ygacEmramu,
Axmio GyAb-AKOMY Bpy4awnThk He Ginkime ofHiei xHErn?

51. AGiTypieHT noBuHeH cknactu 4 icnmru. Bin BBawkae, wio aaA
BRUYMCACRHH JocTaTHRO Habpari 17 odok. CkinbKkoMa cmocoba-
MH BiH 3MO)Ke ¢KAacTH icnwty, HabpaBmu He Menme 17 cuok
i He ojepsaBIUE oAHOI ABilknM?

52.Crinngn cnip, sAki MicTaTs HE MeHIIe ofHicl OyKBH, MOMKHA
cknacTH 3 ABoX Oyxs A, m’arnm 6yxe B i ges’stm 6yxs B? .

53.Crinsrm chiB 3 m’'aTnm G6yue, 6yiAL-AKe 3 AKHX CRJIATAETHCA
3 TPHLOX NPHUTOJOCHHX i JBOX ToJIOCHHX, MOMHE CKJIACTH
3 OyXB CnOBA «piBHAHHTS?

54, Yuacuuku «I'eryeankol norepei» xynywoTk 6ineTn, Ha AKUX pos-
mimeni uucaa Big 1 ao 90. Ha gesxnx OineTax BkasaHi oppasy
2, 3,4 abo Sg9ncen. ¥ fenn posErpamy AoRiaAbHO obUpamTh 5
skeToHiR 3 HoMmepaMu Bix 1 go 90. IlepemaratoTe TI yYBECHHKH,
B AKMX Bci HomMepH Ha Ginerax OyxyTs cepea cbpanmx Ha XKe-
toHaX. dAra ¥moripHicT: BMrpamy y Bunagky kKynierai Ginery
a2 omuEM unciaoM? 3 k umcaamu (1= k £ 5)?

55. Crinsroma cnocobaMB MoKHA nepecTasaTH GYKBU caoBa <ofo-
ponoadamuicme», mMeb Ari 6ykrm «o» He Hunrm migpax?

56. 3uakiaiTs maibinemui#l roedinienr y posknaaaHmi:

a) {a + b+ ¢)'%
6) {a + b + ¢ + d)".

57.Cxinnkm icHye TPHRYTHEKIR, ZOBKUHYE G0KiB ARYX TpUHMAaIOTE
OJHe 3 TaKHX 3HaueHbL: 4, 5, 6, 7 cM?

58. Crirnku Moxkna mobyyBaTH NPpAMOKYTHHX Napafeleninezis,
JOBMHAHM pebep AKHX BHDAMAITLCA HATYPAJLHUMH TUCTAMA
pig 1 no 107

59, CrimsroMa cnocofaMH 9 nacakMpis Mo Ha POSMICTHTH ¥ TPhOX
BaroHax? Mlns ckinbkox poaMimleHr y neplnEil BaroH cAAYTH
3 3 Hmx? Haa cKiilbkOX poaMillen: ¥ KOXMHHA BATOH CAAYTE
3 3 sux? Jlra ckimexox posmimieEr B ogHH RaroH cafe 4,
y npyruii — 3, a y Tpetiit — 2 macaxupa?

60. CrinsromMa cmocofaM¥u Mo:xkHa BigiSparn rimbka GpykTiB i3
7 abayk, 4 aEMoHip, 9 amenkcuHiB (BBaskaemo, 1o GpyRTH
OJHOrO BRAY He BiApiangioTnes ofWr Rix oawmoro)?
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61.

62.

63.

64.

65.

OBl romexam A 1 B rpaoTrk cepino MardiB y Gackerbosn ZoTH,
MOKH OfHA 3 HAX He OAep:UTH YOTHDH XepeMoru (Hiumix He-
mae). CKigbkn pisEnX cepiif Taxux MaTuiE Mowe 6yTu?
Ceiid piTUMRACTREE 38 JOIOMOTOK TUGPOBOTO KOLY, Nudephinar
fIKOTO cKaafacThes 3 100 Kiamim 3 WHCISMH, POIMimieHAMA
o xony. Haa Toro, mo6 sigymmurn ceiid, Tpeba HATHCEYTH
fAkick 8 xnapimi, mpuuomy Bigomo, mo Mixk 6yAR-AKEMH ABOMAE
IMYKAHUMME KAABIIIAME posMimyeThcs He MeHnre Eix 10 im-
X, Crinpka woMGiganift iz 3 xaasim Tpeba mepempobysaTh,
uo6 siguuawry ceiid, #KIO:

a) IOpARCK HATHCKAHHA He Ma€ 3HAYEHHSA;

6) mOpAZOK HATHCKAHHA NAE€ 3HAUEHHAT

dna Ko)HOrO HATYpaaAbHOro 7 smafiTh cymy

8 =1-11+2-21+3-3+..+n-nl

Bxaaisxa. Ilepesiputn S, = (n + 1)! - 1,

Nogegits, mo (C3)° + (C1) + ... + (C}) = Cj

Poze’asox. C% — XiapkicTs n-eleMeHTHUX TigMHOKAR
2n-enemMeRTHOI MHOKHHK B MOXKEA TTijgpaxysard Tax. Pogi6’emo
mHOoXKUAY B Ha el migmpeoxunu (B, i B:) 3a n enemeHTAMH
y xomcmifi. ByAs-Aki is mykesmx n-emeMeHETHHX IiAMHAOCKHH
CRIANANOTHCH 8 2 ejleMeHTIR MHoHH B, i1 (n-— k) enementin
muomuan By (k= 0, 1, &, ..., n). Oan Gyas-axoi 8 Cr subipor
k eaemenTie MHORHAE B, pemry (n — k) enemenrie is MHOKHU-
e B, moxua subpare C; e C: crocoGaMi, 3a IpaABAAOM
gJo6yTRy KiJbRicTE WYKABEUMX IMiAMHOMHE 8 kB eJleMeHTAMH
mMuOXcHHY B, Gyne (C:)g. QOckinnku

k=0,1, 2, i, n, ToCl={(C?+ (C}P + .. +(CI.
HoBegiTs Taky TOTOMKHICTE RAA yucen Ch:
Co-Co, +C,-Crl 4. +Co O+ O] C) =CY.

a-p a=g a-p " e p

Poag'aszox. C', — uiasxricrs m-eXeMeHTHUX nigMHORHE Y
muoxurn X 3 n egementin. Pozi6’eMmo MHomunry X ga B
migmaoxuun X, iap enementin i X, -, 3 peritu {n — p) exe-
MenTis. MEmRuRE ¥ Moxmuei OyayveaTi, ofuparun cnowatry 0
eneMentis Mposuuy X, i m enemeuris mMuommam X, _, {10
MORHA 3pobHTH Cﬂ - C% ., crocobamu), i Tak gami, oGmpam-
un k eneMenTiE MBoHEM X, i (m — k) eleMeHTIB MHEOMHHH
X - 5, W0 MoxkHa apoburu C,.C;7} coocofamu. Ocrinbry Ans
pisHUX sHavenb k HyfAemo MaT® piani mipmuomwun, a igmwx
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MiAMHOXKME OVTH He MOIKe, TO 3BiJjcH BHOJWBAE CIOpaBeIIU-
BieThk sanucagoi BAmME QOpMYAN.

Toro:xuicTh iz sagaui 65 uwacrime sycTpigaerbea B onmiﬁ
3 TAKHX cdopM:

[} -k
Sererteent 3 erer=ert.
k= »=0

IIa TorosxHicTL HOCHTS, BasBy szopmiu A. Bandepmonda (kizens
XVIIlcr.), opaax vy 1308 p. nona Gyaa migoma Wwmy Iliuase
y Kural.



MHCNAMOBA

B oguiit kEHai Radkxo HagaTH DPoaTOPHYTHI BHEAAR Beix poagimie
AUCKPeTEOl MATEMATHKH, POSTASHYTEX ¥ UELOMY DiApYIERKY. TyT Jorknax-
HO DOSTAARYTO Bignomerng, Gyneni arrefpu i dyrrnil, rpadu, Marepian
AKX MoXKe OYTH BHKOPUCTAHAE MiJ 9ac BEKOHAHHEA IRXUBIAYAILHRX 3aB-
JaHL i BHBUeREA cHenKypceis 8 Bigmomiamux TeM. JOCHTH €MKO BRKJAjE-
HO MEO/HHEH, MATeMATHIHA JoTika i xombiEaTopuxa. B Toil e wac aaa
Ginnm mornuGReNoTO BURYEHMA MATepialy OHX Poaxinis i REKOpHCTAHESR
IX ycneukRypeax MH peROMeHAYEMO KOPHMCTYEATHCH AOTATKOBOIC JiTepa-
rypoin: Kyparoscskmit K., Mocropcrrnit A. (28), HararnconI. 1. (26) —
a Teopil muosxmA; Kaaum C, (16), Mengeascon E. (28), KoiaMoropos
A H., Nparamin A.T. (17), Yewn Y., Jli P. {(37) — 53 maTeMaTHuHOI JO-
rign; Apgepcon k. (1), Birenkin H. #. (8, 9), Immeskuii B. (24), Pi-
opnen [x. (30), Tpexem P., Kuyr 1., [loramnix 0. (13), Xonmn M. (36) —
3 xoMmObiHaTOpHKM.

AsTopn amymeHi 6ynu GLTeII KOHCHEKTABHO BEHKJIACTH Taxi poaginm,
Ak «+Mosn Ta rpamMaTHEMe, + AATODUTMY T6 ABTOMATH» . 3BHYAIHO 11i poazi-
N1 TATRIOTLCA ¥ BHIIAA] OKpeMHX SACKATLIIR Ha 6araThoX crelialbHEOCTAX
¥ BHIOAX HaBUAALHEX 3akiasgex., MomEa DOpPeKOMEHAYBATHA LAY HWBKY
KHUT 3 TpeKpacHHM BRURJIAFAHAAM nHX poafimir: Axo A., Vismarm [Dx.
(2, 3). Ramitonosa }O. B. Ta im. (15), 'tymros B. M. (12), Kopmar T..
Jeltaepcon Y., Pisect P. (18), Kyx 1., Beita T'. (22).

B HaBegeRidl aiTeparypl ¢ 6araTo MozelbEMX 1 aMicTOBHRX IPHKAA-
Bin, ari xopucri ra mopwaxanmi. HeAkuMU 2 HUX ABTOPH 3 MOXAKOK
CKOPHCTANTACH.
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