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Ot ®PuboHaUYM A0 IDPAENIA

TEPMUWH CONCRETE (osHavarommit Takxe ,SeToHHEIR") o6paso-
BaH CAMSHHMEM CAOB CONtinous u disCRETE. ABTOpH, m36erass BoAbI
06061meHMii, Ha KOHKPETHHIX IIpMMepax 06ydaloT YATATEAS METOAAM
MCCAEAOBAHUS KaK AMCKPETHHIX, TaK ¥ HEIIPEPHIBHHIX CHCTEM.

[IpumMepH y4uaT He MeHbIe, yeM npasuaa. Y. M. earcdamay mpu-
IIMCHIBAETCS BHICKA3EIBAHUE: , ]€OPUH IPUXOASIT B YXOAST, a IPAMEPHI
ocratorcs’ ,,KoHKpeTHast MaTeMaTHKa" — 3TO X €CTh TOT CYyXoil ocTa-
TOK, KOTOPHI# COXpaHseTCs IMPH BCEX IOBOPOTAaX MOABI M COCTABASET
HeobXOAMMYIO YacThb PeMecAa BCIKOTO MaTeMaTHKa.

Cosparras HpioTroHoM 1 JitaepoM, BepHyaam u ayccoM, Aeitb-
HumeM u A\uprxAe, OHa OKa3HIBAaeTCs BEYHO I0HOH ¥ BHOBb BO3POXKAa~
eTCsT CACAYIOLUMY IIOKOAEHUSIMYI MaTEMaTIKOB.

Hacrosmmass KHUra ImpeAcTaBAsieT coboif MONMBITKY ydebHOro ms-
AOJKEHHS PSIAA ACHCTBUTEABHO (DYHAAMEHTAABHBIX MaTEMAaTHIECKAX
daxrros. spaHme OpEEHTHPOBAHO Ha IOTPEOUTEAS, XOTSI ¥ TEOPETH-~
KHZ, HECOMHEHHO, HafAyT B HEM MHOTO0 IoAe3Horo. O4ueBHAHAS HEMOA-
HOTa Kypca, OTpa’karoljasi AMIHEIE BKYCH aBTOPOB, SIBASIETCSI CKOpEe
AOCTOMHCTBOM, YeM HEAOCTATKOM.

KHaury, 6e3 coMHeHMsI, MOJKHO PeKOMEHAOBATh BCEM paboTarommM
MaTeMaTHUKaM ¥ BCEM CTyAEHTaM ¥ IOAb30BaTeAsIM MaTeMaTuky. OHa
PacKpHBaeT TaifHy oAHOro heHOMeHa aMepUKAHCKOro obpasoBanus —
Kak IPeBpalaTh MaAOIPAMOTHEIX INKOABHUKOB B IIPEKPACHBIX MaTe-

MaTHKOB.
—B. Aproaba, 1998



ITocesimjaercsa Aeonapay Ditaepy (1707-1783)

IIpepncaroBue

B OCHOBY 3TOM KHUI'M moAo’KeH OAHOMMEHHEI! KYPC ASKIHA,
KOTOPHIY eJKeropHo uuTaeTcss B CTandOpACKOM YHUBEPCHTETE, HAH-
Hast ¢ 1970 ropa. KaKARIA rop €ro CAyIIATEASIMM CTAHOBSITCS OKO-
AO IISITHAECSTH YEAOBEK — CTYAEHTOB IIPEATIOCAEAHETO X IIOCAEAHETO
KypCOB, HO, B OCHOBHOM, AWMIIAOMHUKOB,—a PSA HalMX BHIIYCKHH-
KOB y’Ke HadYaA HacaXAATh NMOAOOHBIE KyPCHI M B APYTHX MeCTax.
Tak 4TO HacTaaa, BUAMMO, IIOpa O3HAKOMWTH C MaTepHaAaMy Kypca
6oAee MMPOKYIO ayAUTOPHIO (BKAIOYAs MAAALIEKYPCHUKOB).

KoHRpeTHass MaTeMaTHKa 3apo’XAaAach B CMYTHOE X HECIIOKOM-
Hoe AecsaTHAeTHE. B Te GypHEIe I'OABl Ka3aBIIMECS HE3RIOAEMBIMU
LIEHHOCTH IOCTOSIHHO HOABEPTaAMCh COMHEHMSM: CTYAEHUECKHE TO-
POAKM IIpeBPAIllaAMCh B OYaru >XapKux AMcKyccmit. OcapuBaAWCh
caM¥ y4debHEIe IIPOrPaMMEI, M MaTEMaTUKa HE CTaAad MCKAIOYEHHEM.
Kax pa3 B To BpeMs A KoH XaMMepCAY HAaIIMCaA TOAEMIYECKYIO CTa-
TpI0 ,,O CHUJKEHWM YPOBHS MaTEMaTWYECKOM ITOATOTOBKH B IIKOAAX
¥ yHUBepcHUTeTax Haaropaaps ‘cCOBpeMEHHON MaTeMaTHKe' ¥ ITOoA06HOM
elf JKUAKOM MHTeAAEKTyaAbHOM mmoxaebke” [330]; Apyrue obecmoKoeH-
HBle MaTeMaTUKH [279] AaXKe 3apaBaAUCh BopocoM: ,Mo>XHO AM cria-
cTE MareMaTuKy?" Koraa OAVEH M3 aBTODOB HACTOSINENR KHUTH 3a-
AyMaA CepHIoO KHUT IIOA HasBaHWeM M CKyccTBo IporpaMMHpOBaHHS
AAs OBM, To npm Harmmcarum mepsoro ToMa oH (A.9.K.) obapy-
XKHA, 9YTO B €r0 apCeHaAe OTCYTCTBYIOT Ba’KHBIE MaTeMaTHJIeCKHe
WHCTPYMEHTH: MaTeMaTHKa, KoTopas TpeboBanrach AAST AOCKOHAAB-
Horo, 060CHOBaHHOI'0 MCTOAKOBaHWSI KOMIBIOTEPHBIX IIPOrDaMM, CO-
BEPIIEHHO OTAMYAAACh OT TOM, KOTOPYIO aBTOP M3y4aA B KOAAEAXKE
B Ka4eCTBe NPOMDUAUPYIOIIEH AUCINIIAMHEL. [103TOMY OH BBeA HOBEIMX
KYPC, COAepKalliiif MaTepuaa, KOTOPHIA OH, B CBOe BPeMSI, IIPEATIOUEA
6Bl mpocAymIATH CaM.

C caMoro Hadaaa Ha3sBaHUe Kypca —,KOHKPETHasI MaTeMaTHKa" —
TIOAPa3yMeBaAO €r0 ITPOTHBOIOCTaBAEHKE ,,a6CTPaKTHONR MaTeMaTH-
Ke', IOCKOABKY KOHKPETHEIE KAACCHIECKUE PE3YABTATE CTPEMUTEAD-
HO BEIMBIBAAMCh U3 COBPEMEHHOI'O MaTeMaTWIeCKOro ofpasoBaHMS
HOBOI BOAHOM abCTpPaKTHEIX MAEH, TOMYyASIPHO MMEHOBABIINXCS ,HO-
Boif MaT'Koi! ABGCTpaKTHasi MaTeMaTHKa — YYAECHHIA ITPEAMET, ¥ B
Hell HeT HWYero IIAOXOT'O: OHa Kpacusa, obina u moaesna. OapHako ee
TIPUBEPJKEHIIEL BIIAAY B 3a0AY KA€HUE, YTO BCS OCTAAbHASI MaTeEMaTH-
Ka 3aHuMaeT 60Aee HU3KOE ITIOACIKEHNE U AaAee He 3aCAYKUBAET BHU-
Mamms. [Torous 3a o6obieHrsIMU OKa3aAaCh CTOADL 3aXBaTHIBAIOLIEH,
YTO IeAO€ IIOKOAEHNE MaTEMATUKOB IIOTEPSIAO CIIOCOBHOCTL HAXOAUTD

»Kpyr ynrareae,
YPOBEHb U3A0XKEHHS
M TPaKTOBKa MaTe-
PpHaAa — TaKoro po-
Aa BOIPOChl 06bIYHO
obcysxaaroTcs B
TIDEAMCAOBHSAX!

— I1. P. XaaMouu [328]

,OTAeAbHbIE AHLA
npuobpeTaoT Ae-
1IeBBIf aBTOPHTET,
OCHacTHB CBOIO peyb
JKaproHoM: OHH Mo-
ryT NpornoBeA0BaTh H
BBICTAaBASITb HalloKa3
MOBEPXHOCTHBIE
cyxaerus. Ho ot
MaTeMaTHKOB-IIpo-
¢beccroraroB Tpe-
byroTcs He MX pas-
rAaroAbCTBOBaHHA H
A2Xe He CTeleHb HX
OCBEAOMAEHHOCTH B
TeX HAHM HHBIX MaTe-
MaTHYeCKHX BOIpPO-
cax, a FOTOBHOCTb
TPUMEHATD CBOM 3Ha-
HHS M C1IocCOBHOCTH
peaAbHO pellaTh BO3-
HHKaloll{He Ha MpakK-
THKe MaTeMaTHYe-
CKHe 3apayH. Kopoye
roBopsi, Mbl XXAeM
A€A, a He CAOBY

— AX. XamMMepcan
[330]



,CYTb MaTeMaTH-
KH — B KOHKDET-
HBIX MpHMepax
M KOHKPETHbIX
nmpobaemax:
—I1. P. XaaMom [327]

OAHO U3 3HavyeHHH
caoBa ,concrete”—

6eToH.
— Pea.

»YUHTb abCcTpaKT-
HOMY, He H3y4YHB
KOHKpPETHOIro,—
HermpoCTHTEAbHbIH
rpex*
~—3. A. Meassk [216]

KoHkpeTHasa Ma-
TeMaTHKa — MOCT
K abcrpakTHO#
MaTeMaTHKe.

»B0oAee MoAroTo-
BAEHHbIH YHTATeAD,
nponycTHBILIHH Te
4acTH, KOTOpbIE Ka-
JKYTCS eMY CAHLIKOM
3AEMEHTaPHBIMH, MO-
JKeT MoTepsiTh 60Ab-
1re, 4eM MeHee MOoA-
roTOBAEHHBI YHTa-
TeAb, KOTOPbIHA Mpo-
MyCTHT YacTH, ToKa-
3aBLIHECS EMY CAHIL-
KOM CAOXKHBIMHY

—A. Ioiia [242]

IIPEAMMICAOBHE

IIPEAECTb B YaCTHOCTSIX, B TOM YHCA€ ITOAYYATh JAOBOABCTBHE OT pe-
IIEHNs YUCAEHHEIX 3aAa4 MAM OLIEHUTD II0 AOCTOMHCTBY POAB MaTeMa-
THYEeCKUX MeTOAOB. ABCTpaKTHas MaTeMaTHKa CTaAa BEIPOJKAATBCS ¥
TEPSTE CBSA3b C ACHCTBUTEABHOCTHIO — MaTeMaTHdecKoe obpa3oBaHMe
HYXAaAOCh B KOHKPETHOM IIPOTHBOBECE AAST BOCCTAHOBAEHUS YCTOM-
4MBOI'O PAaBHOBECHS.

Koraa A.9.K. npucTymaa K 4YTEHUIO Kypca KOHKPETHON MaTe-
maTukE B Crandopae, OH 06BbSICHIA HECKOABKO CTPAaHHOE Ha3BaHME
Kypca TeM, 4TO 3TO IIOITHITKA IIPENOAABAHNST MaTEMaTHKN B CTHAE
,XapA® BMecTo ,codT! OH OOBSIBHA, YTO BOIPEKH OKMAAHUIO HEKO-
TOPEHIX €0 KOAAET OH He COBMpaeTcs M3AaraTh HY TEOPHIO aI'PEraToB
Beitpinrpacca, Eu TeopeMy BaokeHus CTOyHa, HM Aa’Ke KOMIIAKTH-
dukanuio Croyna—Yexa. (HeckoabKo cTyaeHTOB ¢ daKyAbTeTa rpa-
KAAQHCKOI'O CTPOMTEABCTBA IIOAHSIAKUCH CO CBOMX MECT ¥ IOTHXOHBKY
TIOKMHYAM ayAUTOPHIO. )

XoTsT KOHKpeTHas MaTeMaTHKa BO3HMKAA B KaYeCTBe PeaKIUM Ha
ADYTHe TEHAEHIIMM B MaTeMaTHKe, OCHOBHEIE IIPWYMHEL €€ II0SSBACHUS
CKOpee IIO3SUTMBHEI, HE)KEAU HETaTHBHHL. J II0 Mepe TOro Kak 3TOT
KypC IPOAOATKAA 3aHMMATH HaAAelKalllee MeCTO B yIeHHOM IIpoIfec-
ce, COAEPIKaHWE IIPEAMETA ,0TBEPAEBAAO” M AOKA3HIBaAO CBOIO IIEH-
HOCTb B LIEAOM DSIA€ HOBHIX IIPHAOKeHMit. TeM BpeMeHeM ITOCTYIIMAO
ApYyroe He3aBUCHMOE IOATBEPIKAEHNE YMECTHOCTH ITIOAOGHOrO HamMe-
HOBaHMA Kypca: 3. A. Meassik omybauKoBaA ABa ToMa CHIpaBoYHHKA
IIo KOHKpeTHoi MaTeMaTHKe [216).

Ha mepBriif B3rasa, copepiXaHne KOHKPETHOM MaTeMaTHKA MOXKET
TI0OKa3aThCsI 6eCIIOPIAOTHBIM HarPOMOJKAEHUEM YAOBOK, HO Ha AeAe —
3TO YIIOPSIAOYEHHEIN Habop MHCTPyMeHTOB. Boaee Toro, METOARI KOH-
KpEeTHOM MaTeMaTUKX 0OA3AAIOT HE TOABKO BHYTPEHHUM €AMHCTBOM,
HO ¥ BHEIIHeH IIpUBAEKaTeABHOCTBI0. Koraa Apyroit aBTop 3To# KHE-
ru (P.A.T.) BuepBHEe mpouuTan AaHHEIA Kypc B 1979T., CTyAeHTH
IIPHIIAK B TaKO BOCTOPT, UTO AOTOBOPUAMNCH IIPOAAUTE 3TO YAOBOAB-
CTBHE Ha CAEAYIOIINIA TOA,

Ho uTo >Xe B AefCTBITEABPHOCTH IIPEACTaBASIET o060l KOHKPET-
HAS MaTeMaTHKa? DT0 cMech KOHTHMHYaAbLHOR M AMCKPETHOM MaTe-
MaTHKY. Eure 60Aee KOHKPETHO: 3TO OCMBICAEHHOE OIIEPUPOBAHME Ma-
TeMaTUIeCKAMNU HOPMYAAMH C MCIIOAb30BAaHMEM OIIPEAEAEHHOTO Ha-
6opa MeTOAOB peureHMs 3apad. [locae TOro Kak BHI, YATATEAb, W3-
y4YrTe MaTepHaA 3TON KHWTH, BCe, ITO BaM ITOTpebyeTcs,— 3To sSICHast
ronoBa, 6OABIION AMCT HyMaru ¥ CHOCHEIA IIOYEPK AAST BEIYUCAEHUS
YIKaCHEIX CyMM, PELIEHUS 3allyTaHHEIX PEKYPPEHTHHIX COOTHOLIEHUMH
¥ BHIIBAEHHWS KOBapHHIX 3aKOHOMEPHOCTEH B AaHHEIX. BEI oBAapeeTe
anrebpamyecKoil TEXHMKONA B TaKOM CTEIIEHM, UTO 3a4acTyio BaM by-
AET IIPOILE ITIOAYYIHUTh TOYHEIE PE3YABTATE, HEXKEAHN JAOBAETBOPHTECS
IpUO6AMKEHHBIMY OTBETaM¥, KOTOPHIE CIIPaBEAAWBEI AL B IIPEAEAE.

Wcaucnenne cymMM, peKyppeHTHEIE COOTHOIIEHNS, SAeMeHTapHas
TeopHs YKceA, bMHOMUAABHEIE KO3 DHUIMEHTE, IIPOU3BOAIIINE DYH-
KIIMY, AUCKPETHAsI TEOPUS BEPOSITHOCTEH M aCHMIITOTHYECKHE METO-
ABI — BOT HarboAee Ba)KHBIE TeMEI 3T0i1 KHurH. [Ipy 3ToM ImpeamoyTe-
HUe OTAAETCSI TEXHWIECKOM CTOPOHE AeAa, a He TeopeMaM CYLIeCTBO-



10 IPEAMCAOBUE

BaHMS MAM KOMOMHATODHHIM PacCy KAECHUSIM: Hallla IleAb COCTOMT B
TOM, YTOOH CAEAATH KaXKAOTO YMTATEASI HACTOABKO OCBEAOMAEHHEIM
B AMCKDPETHEIX olepanusix (THuia BEYUCAEHNs DYHKIMN , HanboAbIIIe-
ro meAoro” MAM KOHEYHON CyMMBHI), HaCKOABKO M3ydalollye aHaAM3
3HAKOME! C HEIPEPHIBHBIMY OIl€pAlMsiMy (THUIa BHIYUCAEHUS PYHK-
1M ,,a6COAIOTHOK BEAMIVHEL" IAK OIPEAEAEHHOIO MHTErPaAa).

3aMeTHM, YTO 3TOT IIepedeHb TeM COBEPIIEHHO OTAMYAETCS OT TO-
ro, 9TO B HaIlX AHM OOBIYHO UUTAeTCS B KadecTBE CIIELKYDPCOB IIOA
Ha3BaHMEM , ANCKpeTHasT MaTeMaTHKa' [Io3TOMy Hamr IIpeAMeT Hy-

KAAETCA B OTAMIMTEABHOM HaMMEHOBAHWM, X HasBaHUe ,,KoHKpeTHasT  (Mbl He HacTOAbKO
MaTeMaTHMKa“, IpaBo, He XyXXe Aloboro Apyroro. A€p3KH, 4Tobbl Ha-

[lepBOHAYaABHBIM PYKOBOACTBOM ITO KOHKPETHOM MaTeMaTUKe AAsT  3BaTh HAlll IPEAMET

cTaH(OPACKOTrO Kypca CAYKHA paspeA ,MaTeMaTHIecKoe BBEACHHE" ”A"C"”"y“f"a”
u3 HckyccrBa nporpammuposanus aas 9BM [139]. Ho msaomerme —MATEMATHKA:
Ha Tex 110 cTpaHMIax 6BIAO CAMIIKOM CKATHIM, IIO3TOMY €Ille OAMH
aBrop kuuru (O.II.) 3aropeAcs JKeAaHUEM COCTaBUTh AAMHHEIN pPSA
AonoaHeHwit. HacTosmass KHUTa BREIpOCAA Ha UX ITOYBE: OHA OAHOBDE-
MEHHO IIPEABapSIET U ACIIOAHSIET MaTepran ,,MaTeMaTIIecKOro BBEAE-
Hus" HeKoTopkle BOIIPOCH IIOBHIIIEHHOM CAOKHOCTH OBEIAM OIYILEHE];
B TO ’Xe BpeMs B KHUT'Y BKAIOYEHO HECKOABKO TeM, KOTOPHIX He 6EIAO
panbIie X 6e3 KOTOPHX M3AOKEHWE 6EIA0 6B HEITOAHBEIM.

ABTODH ¢ yAOBOABCTBHEM O6'LEAMHUAM CBOM YCHAUS AASL paboTh
Hap 3TOH KHHTOI, IIOCKOABKY €€ IIPEAMET HadaA 3apo’KAAThCSA K 06-
peTaTh CBOIO COGCTBEHHYIO KM3HB Ha HAIIKX TAa3aX; Ka’KeTCHd, UYTO ... KOHKPETHbI/
KHHTa HalKcaHa Kak 6K cama coboit. Boaee Toro, oT4acTi pasHOpOA-  ChacaTeAbHeld Kpyr,
HEIEe TOAXOARI, KOTOPEIE BHIGMpaA Ka’KARI# M3 HAc, OKa3aAMCh IIOCAe  OPOLEHHBI cTy-
CTOABKWX AT COBMECTHO# PabOTEI HACTOABKO IIAOTHO OAOTHAHHEIMY ~ ACHTaM, TOHYLIMM B
ADYT K APYTY, 9TO MBI He MOTAM JA€PKaThCSt OT OIIYIIEHHs, uTo oTa  MOPE 26CTPaKIMH.
KHHIT'a — CBOET'0 POAA MaHU(ECT EAMHOAYIIHO BEI6paHHOro HaM¥ Iy TH — ¥ Tormaax
3aHATHIt MaTeMaTHKOH. [lo3ToMy MEI ToAaraeM, 9TO Hallla KHUTA IIPO-
3BYYHT OAO# MaTeMaTHMYecKOM KpacoTe U OYapOBAHMIO, M HAAEEMCH,

YTO HAUIWM YUTATEAM PA3AEAAT C HAMY XOTSI 6B € TOr'0 JAOBOABCTBHS,
KOTOpO€ MHl UCITHITaAM IIPX €€ HallMCaHUH.

ITocKOABKY KHHMT'a POAMAACh B YHUBEPCUTETCKOM CPEAE, MBI IIO-
TIBITAAMCDH IIEpeAaTh AYX ayAUTOPMHM HalllMX AHel, BHIOpaB Hedop-
MaABHBIA CTUAD H3AOKeHNSA. ECTh AIOAM, IIOAArarolye, YTO MaTeMa-
THKa —3TO HyAHOE 3aHSTHe, KOTOPOE BCETAA YHEIAO M CKYYHO; MEHI
>Ke HaXOAMM MaTEeMaTUKy PasBA€YEHHEM U He CTEIAMMCS IIPU3HATHCSI
B 3ToM. K 4eMy IpOBOAWTE 9eTKYIO TDaHb MEXRAY ACAOM M HUrpoit?
KoHKpeTHass MaTeMaTHKa ITIOAHA TOMY IIPUMEDOB: AeHCTBHS He BCe-
TAa AOCTaBASIIOT YAOBOABCTBHE, HO PE3YABTATHI MOTYT GHITH YAUBH-
TEABHO IPHUATHH. PapocT ¥ ropecTn MaTeMaTH4ecKoi paboTH SIBHO
TIPUCYTCTBYIOT B 3TOH KHUTE, IOCKOABKY SIBASIIOT cobolt wacTu Harre-
ro 6mITHS.

CTyAeHTH BCerAa yMHee CBOMX YYMTEA€H, IO3TOMY MHl IOIPO-  Mar rpagprth:
CHAM U3yYaBIUMX BIIEPBEIe 3TOT MaTepHMaA OTKPOBEHHO MOAEAMTHCE N =1=P =NP.
cBomM MHeHMeM B ¢opMme ,rpacpdaTn” Ha moasx. Hexoroprie ms ux  Kuapoi He 6bla
MapruHaAwit 6EIAK IOIPOCTY 6aHAABHEI, HEKOTOPHIE HE AMIIEHE! CMEl-  X03POM.

CAa: OAHU IPEAYIPERAAAU O ABYCMBICACHHOCTSIX MAM HESCHOCTSIX,



K sTomy npeamery
Y MeHS BCero AHIIb
MapruHaAbHbIH
HHTEpeC.

9T0 6b1A CaMblit
TPUATHBIH IPEAMET
M3 NpoAAeHHBIX
MHoro. Ho no me-
pe MPOABHXXEHHA
BrepeA 6b1a0 651
HEITAOXO ITOABITO-
JKHBaTh MaTepHanA.

MousTHO: KOHKpET-
Haq MaTeMaTixa —
3T0 MyIITpa.

AoMalliHee 3apaHKe
0Ka3aAoch Hero-
AaTAUBBIM, 3aTO

51 BLIYYHA YiAMY
HoBoro. Kaxabli
4ac CTOUA Toro.

AomairHne KoH-
TPOABHBIE eIl
TPHIOASITCS —
XpaHHTe HX.

KoHTpoAbHbIE
OKa3aAuch b6oree
TDYAHBIMH, YeM 51
OXHAAA, TASAS Ha
AOMaIlIHAE 3aAaHHS.

IIPEAMCAOBUE

Apyrue OBIAM THIIMYHEIMM KOMMEHTAPHSIMM YMHHWKOB C IIOCAEAHWX
psipoB. HacTh 3aMedaHMi IIO3WTHBHA, 9acTh — HEFATUBHA, NEHHOCTh
OCTaABHHEIX paBHA HyAlo. Ho Bce oHM, HeCOMHEHHO, OTPa’kaloT Peanb-
HEle YYBCTBAa YHMTaTeAEH, YTO AOAIKHO OBAEIYMTH BOCIIPUSTHE KHU-
ru. (BaoxmoBAsIOmas UAEST AASI HOAOOGHEIX MaprHHAABHEIX TIOMETOK
noyepnHyTa u3 CopaBoYHHKA AAsA nocTymatomux B Crangopa, rae
oduIMaAbHOK AMHIM YHUBEPCATETA IPOTHBOIIOCTABASIOTCS PEMapKHA
TIOKMAAIOIIKX er0 CTYAEHTOB. K IpuMepy, CIpaBOYHMK rAACHT: ,,EcThb
HECKOABKO BeIeif, KOTOPEE HEAB3SI IIPOIIYCTHTh B TAKOM aMopdhHOM
obpasosaruu, KaKoBRIM ssBAsieTcst CTardopa”, a Ha TOASIX ITOMeYeHO:
,,Obpasosarue, 6amn! KpyroM opHE IceBAOMHTEANEKTYaAH: Crmpa-
BOYHUK: ,]IoTeHIUaA IPYIIIEI COBMECTHO IIPOKUBAIOIIAX CTYAECHTOB
6esrpaumuern’ I'padduru: ,,CrandopAckue oblraru —3To 3BEpHHEIL
6es cMoTpuTeAs)

Ha moasix Tak>Xe DUTHPYIOTCS 3HaMEHWThIE MATeMATHAKH IPOLIAO-
I'o — IIOAAMHHEIE CAOBa, KOTOPEIMU OHM COIPOBOXKAAAM HEKOTOPHIE
cBoM (byHAAMEHTAAbHBIE OTKPHTHSI. OTYero MpeACTaBASIETCSI YMeCT-
HEIM CBECTHM BOEAWHO BHICKa3kIBaHUS J\eltbHuma, Ditaepa, [aycca m
ADYTHX C BHICKa3HIBAaHHSMM TeX, KOMY IIPEACTOMT IPOAOAYKHUTH MX
AeAo B byaymem? MaTeMaTHKa IIO-IIpEKHEMY ITPOAOAYKAET IIPHUBAE-
KaTh CBOMX IIPMBEPJKEHIIEB — M3 MHOTMX HHUTell criaeraercss 6oraroe
moaoTHO!

Kunra copepxur 6oaee 500 ympakHeHU#, pa3bHTHIX Ha IIECTh
KaTeropwuii:

® pa3MHHOYHEBIE YIPa>XHEHHUS, KOTOPEIE AOAIKEH IIOIBITATBCS
BRITIOAHHUTH KAJKABIA YATATEAD IIpY [IEPBOM YTEHWM KHUTH,

¢ obsg3aTeAbHbIE YyIPAa>KHEHHsI, TIpeAHA3Ha4YeHHBIE AASL YCTAHO-
BAEHNS (HhaxTOB, KOTOPHIE Ay4Ille BCEro yCBaMBAIOTCS, ECAX MX BHI-
BOAHMTH CaMOCTOSITEABHO, a HE YHTAaTh O TOM, KaK 3TO CAEAAAM

ApyTHE,

e AoMalIHHe 3aAaHUsl, IPeACTaBASoume coboil 3apauu AAS yr-
Ayb6AeHHOro ITOHMMAaHWS MaTepHaAa TOX I'AaBhl, K KOTOpOH oHH
OTHOCSITCS;

® KOHTDOABHBIe paboOTbl, OOKYHO OXBATHBAIOIIWE MaTepyan
ABYX Z GoAee IAaB OAHOBPEMEHHO,—B OCHOBHOM OHM IIpeAHAasHa-
9eHH AAS BHIIOAHEHUS AOMa (a He B ayAMTOPHM IIPHM HeXBaTKe
BpPEMEHNU);

¢ KOHKYDCHbBIE 3aAad9H, NPEBHILIAONINE BO3SMOXXHOCTH, KOTODPEIE
TIPEATIOAATAIOTCS ¥ CPEAHEI'O CTYAEHTA, M3yHalollero Kypc KOH-
KpeTHO} MaTeMaTHKK Ha 6a3e 3Toit KHUI'M,— OHI IIPOABHMTAOT M3-
AOJKEHVE B Ba’XKHEIX HAITpaBAEHUSX,

® HccaeAoBaTeAbCKHE HPObAeMBI, PaspellVMEE WAK Hepaspe-
IIIMEIE YeAOBEKOM, HO Te W3 HHUX, YTO IPEAAOKEHEI B KHUTe,
HaBepHOe CAeAyeT IoIpoboBaTh peiwTsh (6e3 orpaHWdYeHus: Bpe-
MeHHU).

OTBeThl KO BCEM 3TUM YIPAKHEHMSIM IIPUBOASATCS B IPHMAOKEHHK A,

3a49acTyIo C ACIHOAHMUTEABHOM HMHGbOpMaIyel 0 POACTBEHHKIX PE3YAb-
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12 MPEAMCAOBHUE

rartax. (Pa3symMeercs, ,,0TBETH" Ha NCCAEAOBATEABCKHE ITPOOAEME! SB-
ASTIOTCS HEINOAHEIMH, HO AK€ B 3THX CAyYasX MOTLYT OKa3aThCH
TTOAE3HBIMA YaCTHIHEIE PE3YABTATH MAM yKa3aHUs.) UuTaTersdaM He
Bo36paHsIeTCs 3arASTHYTh B OTBETHI I'aBHEIM 06pa3’oM pPasMUHOYHEIX
3apad, HO TOABKO IIOCAE Cepbe3HBIX IIONBITOK PENMTHL 3apady 6es3
3arASIARIBAaHMS YKPAAKOM B OTBETEL. AoabIps MoryT
B npmaoxerum C MH ITOCTapaAKMCh BO3AATh AOAYKHOE IIEPBOMC-  GAATb 3TOT KYPC,
TOYHMKAM Ka’XAOIO YIIpa’KHEHWsI, HOCKOABKY COCTaBAE€HHWE To# mAm  MPOCTO CIHChIBAA
MHO# IOy IMTeABHOM 3aAaTH 3a9aCTYIO BASETCS BeChbMa TBOpUecKuM ~ OTBETH, HO 0GMaHyT
IIPOIIECCOM C HEKOTOPOH AoAei Besermst. K coxanemmro, y Maremarn- O TOARKO ceos.
KOB CAOKMAACh TPAaAUIASI 3aMMCTBOBATh yIIpa’kKHeHUs 6e3 BhHIpaKe-
HMSI KaKoit 651 To HU 6BIAO IPU3HATEABHOCTH; MEl TIOAAr'aeM, 9TO I'O-
Pa3sA0 AydIille IPOTHBOIIOAOKHAS TPAAWIIAS, IPAKTUKYeMasi, HallpH-
Mep, B IIaXMaTHHIX KHUT'aX U JKypHaAax (TAe 3aBeAEH IOPSIAOK CIIEIH-
aABHO OrOBapHBaTh aBTOPOB, AQTy M MECTO NOSBAEHUS OPHIMHAAB-
HEIX ITaXMaTHHX 3apad). Kak 6l To HM 6BIAO, MEl He CMOTAH BH-  KoHKypcHble 33A3-
SIBATH NCTOYHMKY MHOTHX 3aAa4, CTABLIMX JaCThIO MAaTeMaTHYECKOTO YH He PaCCYHTaHbI
¢oabrAopa. Ecanm KoMy-HHOYAL M3 UMTaTeAell M3BECTHO O ITPOMCXO- Ha CTYAEHTOB,
JKASHMM TOI'O MAM MHOTO yIPa’XHEeHHs, CCHIAKA Ha KOTOpOe HaMu rmpo-  KOTOPbI€ Clely-
IyINeHa MAN HETOJIHA, MBI GBIAM GBI PaAHl y3HATH 06 3TOM HOApOGHee, —AHSHPYIOTCA 110
C TeM 9YTOOH BOCIOAHMTH ITOAOGHEIH ITpo6GeA B ITOCAEAYIOLIIX M3AQ- APYTHM TIpEAMETaM.
HESIX 3TO# KHWTH.
I1IpudT, KoTOpHIM BabpaHEI MaTeMaTHIeCKUe 0603HaYEeHNST B KHH-
re —3To HoBas paspaborka 'epmana llanda [159], 3akasamHass Ame-
PHMKaHCKIM MaTeMaTHYeCKUM OOLIeCTBOM M BHIIOAHEHHasI IIPH CO-
AEeMCTBME KOMMCCHM, B COCTaB KoTopoit Bomtam B. Buros, P. I1. Boac,
A.K. Aepct, A.3.Kuyr, II. Mépaok, P.C.Ilane, II.Penm, 9. Csel-
coH, C.B. Yuaaer u V. B. Byapd. OcHoBHast maes amsatina [landa —
OTPa3sUTh 0CO6EHHOCTH HAIMCAHUA MATEMATHYECKUX 3HAKOB MAEAAD-
HBEIM ITOYePKOM. PYKOIMCHEIA CTHABD B OTAMYME OT MEXAaHWIECKOTO
6oAee ecTeCTBEH, IIOCKOABKY MaTeMaTHIecKHe GOPMYAH OBEIYHO BH-
XOASAT U3-IIOA KapaHAAIla, PyYKM MAM KycKa Meaa. ([IpuMepoM opHO-
ro U3 (pEPMEHHHIX 3HAKOB 3TOrO HOBOTO AM3aifHa SBASIETCS HadepTa-
HHEe CUMBOAQ HyAS, ‘0’, KOTOPHI#A CAErKa 3a0CTPEH CBEPXY, IOCKOABKY
PYKOIMCHEIH HyAB PEAKO 3aKPYTASIETCS B MCXOAHOM TOYKe TAAAKO.)
ByKBH pacloAOKeHEI IIPSIMO, @ He HaKAOHHO, C TeM YTOOH HYMD)KHHE 5 He PHBHIK K
¥ BepXHMe MHAEKCH, a TaKXXe LITPUXW, OBIAC A€rde COBMEIIATL C  TakoMy o6opory.
ObHYHEIMU cuMBoAaMu. HoBoe ceMeHcTBO IIpM(TOB IMOAYYHAO Ha-
3parue AMS Fuler B 4ecTh BeAMKoro IBeiirapra JAeoHapaa ditae-
pa (1707-1783), OTKPHIBILETO TaK MHOTO B MaTEMaTHKe U3 TOTO, ITO
MEI CeroAHA 3HaeM. Aadasuthl AMS Euler BRAOYanOT B cebs Tek-
croBee (AaBb Cc...XxYy Zz), roruueckue (AaBbCc...XrYy 33)
¥ pyxommucHble npomuckHsie (ABC...XYZ) 6yker, a Takxe rpeye-
ckue 6ykBH (Ao BB Ty... Xx Y Qw) u crremsrakm Tuma » 1 NX. Hac
0cobeHHO paAyeT BO3MOXKHOCTD TOPKECTBEHHO IIPEACTABUTD 3HAEpO-
BO ceMeicTBO IIPUGTOB B Hallel KHUTe, IIOCKOABKY AyX J\eoHapaa
difarepa >KUMBET IONCTHHE Ha Ka)KAOHM ee CTpaHWMIle: KOHKPETHAS Ma-
TeMaTMKa — 3TO 3#AepoBa MaTeMaTHKa!
ABTOpPH Ype3BHIYaifHO IIpU3HaTEeABHE AHApPeo Bpoaepy, DpHCTY



Aoporoit npog.,
cnacubo 3a (1) Ka-
AaM6ypsl, (2) co-
AepXaTeAbHOCTb
npeaMerTa.

He noxumaro,
CMOXKET AH TO,
YTO 5T H3YYHA,
Koraa-HH6YAb MHe
TIDHTOAMTHCA.

C 3THM npeaAMeToM
Y MeHs XBaTHAO
XAOIOT, HO 51 3Halo,
YTO OH OTTOYHA
MOH MaTeMaTHYe-
CKHe H YMCTBEHHbIE
CITOCOOHOCTH.

CayyaiiHoMy cTy-
AEHTY CA€AO0BaAO
6561 AepxaTbCs
1I0AaAbLIE OT 3TOrO

Kypca.

IIPEAVICAOBHE

Mbsiipy, SuApIo 1 @paHcuc 5o, BHECIINM 3HAYUTEABHEI BKAAA B 3Ty
KHUTY B Te TOABI, KOTAQ OHU IIPENIOAABAaAM KOHKDETHYIO MaTeMaTH-
Ky B Crandopae. KpoMme Toro, Mul BripaskaeM 1024 6aaropapHocTi
aCCUCTEHTaM, TBOPYECKM IIOAOIIEAIINM K 3aIMCH IIPOMCXOAMBIIIETO B
ayAUTOPHM Ka)KABIA IOA U ITOMOTABUIMM COCTaBASTH 3K3aMeHallMOH-
HEble BOIIPOCH!; XX MM€HA IIepeYMCAEHEl B IpuAokenun C. STa KHUTA,
IIPEACTaBASIIOIIAS B CYLJHOCTH KOMIIEHAMYM BCETO IIEHHOTO, IIPO3BY-
YaBIIErO Ha AEKLUSX 3a LIECTHAAIATH AeT, 6EIAQ OBl HEBO3IMOXKHOM
6e3 Ux IIepBOKAACCHOM paboTHI.

W eme MHOTHE ITIOMOTAM 3TOM KHWTE CTaTh peaAbHOCTbIo. Hampu-
Mep, AOCTOMHEI IIOXBAaAEI CTYAEHTHl YHUBepCUTeTOB BpayHa u Paiica,
Koaywm6miickoro, Hpro-Mopkckoro, ITpurcTonckoro u Crardopacko-
I'o YHHMBEPCUTETOB, BHECIIINE BKAAA B oTobpadHEle rpacddiTH 1 OKa-
3aBIIMEe IOMOLIb B BRIAABAMBAHUU OIIMOOK IIEPBHIX BapMaHTOB 3TOM
KHMTY. Haluy KOHTaKTh C M3AATEABCTBOM DAAUCOH-Y 3CAU OBIAM OCO-
6eHHO 3¢bERTUBHE! ¥ ITAOAOTBOPHEI; B YaCTHOCTH, MEI XOTHUM IobAa-
ropapuTh Hautero uspareasi ([Iurep [opAoH), TEXHIIECKOTO AMPEKTO-
pa (Ber Apomncon), ausaitHepa (Poit Bpayn) u pepakTopa (Aun Aso-
upé). HammoHaabHEIM HaygHEIE doHA 1 OTAEAEHNE BOEHHO-MOPCKHUX
HMCCAEAOBaHMI OKa3aAM HaM HeoneHuMYyo rmoMoinb. [{Iupam I'paxem
6BIAQ BOMCTMHY He3aMeHWMa IIPM COCTaBAEHMM yKa3aTeAs. A cBepx
TOrO MEI XOTHM I06AaropapuTh Hammx xeH (®sH, AXuar m OMu)
3a MX TepIIeHMe, IIOAAEPIKKY, 0OOOApEHMe U COBETHI.

OTO BTOpPOE M3AAHME OTAWYIAETCS HOBHIM pa3speAoM 5.8, OIHMCEHI-
BalOIUM PsIA BaXKHBIX HAell, KoTopele AopoH 3uabbeprep OTKpHIA
BCKOpe TIOCA€ BEIXOAA IEPBOrO M3paHUsI. KpoMe Toro, MCIpaBAeHUS
K IIEpPBOMY M3AAHMIO BCTPEYAIOTCs IOYTH Ha KaXKAOM CTpaHMIIE.

MBI mEITAaAMCH CO3AATH Oe3yIpedHyI0 KHUTY, HO MHEI — Hebesy-
TpeYHble aBTOPH! ¥ IIO3TOMY IPW3BIBA€M OKa3aTh COAEMCTBME B HC-
TIpaBAEHHUM AOMYIIEHHHIX HAMU OIIMO60K. MEI C IpU3HaTeABLHOCTBHIO
BHIIIAAQTUM BO3HarpakxAeHue B cyMMe 2.56 pAoAanrapa IEPBOMY Halllea-
nreMy Arobyro oumbky, 6yAb TO MaTeMaTHYeCKasi, ICTOPHIECKAs UAX
TumIorpadcras.

Mroppe#t Xuan, Hero AxepcH,
Crangopa, Karugoprus, A.
Mart 1988 u oxT26pE 1993
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K pycckomy m3paHHUIO

51 C BOABLIIUM VAOBAETBOPEHUEM BcTperna m3pBecTme o
TOM, UTO II€PEBOA Halmelt KHUIM ONyOAMKOBaH B CTpaHe, TA€ AOA-
Toe BpeMsI JXIA M CO3AaA CBOM OCHOBOIIOAararomme paboTsl AeoHapA
Oitaep, KOTOPOMY M IIOCBSIIEHA KHUTA.

MEe pocTaBRAO IOAAMHEHOE JAOBOABCTBHE COTPYAHIIECTBO ¢ Vpu-
Holt MaxoBoit # B ee AnIe c M3paTeABCTBOM ,,MHp', KoTopoe AAMTCS
yxe modarZ 20 AeT. BEIAO OdeHb IIPHATHO YBHAETH, KaK 3AETaHTHO
Anpapeit Xoayaés, Oarra Aammko ¥ MX KOAAETH AAANTHEPOBAAM IIO-
AurpadudecKne CpPeACTBa, paspaboTaHHBIE MHOIO AASL aHTAUMCKOTO
ST3BIKA, IIOA PYCCKHE IOAMTpadWIeCKUEe TPAANIINH.

51 xorea 6m oTpaTh AaHb maMsTm Bopmca IToxopsesi, BHecirero
HeOIIeHMMBI BKAAA B IIEPeBOA KHUTH, PabOTy Haj KOTOPHIM IIpepBaAa
ero BHe3aITHasi KOH4IMHa. Bo BpeMst Moero Bu3uTa B CarKT-IleTep6ypr
B 1994 r. MBI ¢ BopmcoM moceruam AnekcaHapo-HeBckyro AaBpy u
BO3AOXKMAHM IIBETH Ha MoruAy JAeoHapaa Difaepa.

— A. 9. KayT, 1998



SHaueHusi 0003HaAYeH

,J1Aoxas cucreMa
obo3HaveHu# Moxer
CAeAaTh Xopoluee
H3AOXKEHNE TAOXHM,
a I1Aoxoe — eLje
XYALIHM; Aydllee
obo3HayeHne —
oTcyTcTBHE 060-
3HayeHuH!

—1I1. P. Xaamomw

(327, c. 262].

(Aobasa. mepes.)

YACTb CUMBOAMKU, ucroassyeMoit B sTolt kuure (eme?) He cTa-
Aa HopMoii. BoT crmmcor obosHaveHM, KOTOPEIE MOT'YT OHITH HE3Ha-
KOMH YWTATEASM, H3YJaBUIMM AHAAOTMYHBIA MaTepMaA IO APYTHEM
KHMTaM. B crmckre yRasaHBI HoMepa CTPaHWUI, TAe 3TH 0603HaueHUs
pasbsacHsrorcs. (CchaKE Ha 6oaee cTaHAAPTHEIE 0603HAYeHNUS CM. B
IIpeAMeTHOM yKa3aTeAe B KOHIIE KHUTH.)

QObosnaverue CMEICA

Inx
lgx
log x
1x]

HaTypaabHBI Aorapudm: log, x
ABomuHEI% Aorapudm: log; x
AecSITHIHEIR AorapudM: logyy X
moA: max{n | n £ x, n — meaoe}
MOTOAOK: min{n | n > x, n — 1eaoe}
ocTaTok: X —Y|x/y]

ApobHas yacTh: X mod 1

HeollpeAeAeHHasT CyMMa

oIpeAeAeHHasT CyMMa
y6rBaromast bakTopHaAbHAT CTEIIEHE:
x!/(x —n)!

BO3pacTarouas paKToOpUaAbHAS CTEIIEHD:
Ix+n)/T(x)

cybdarTopman:
n!l/0l —n!/1 +--- + (=1)*nl/n!

AefCTBUTEABHAS 9acTh: X, €CAM Z = X + iy
MHUMas 9acTh: Y, €CAZ Z = X + iy
rapMoHmYecKoe ducAo: 1/1 4+ -4+ 1/n

060b1IeHHOE FapMOHUYECKOE YUCAO:
/174 4+ 1/n*

M-s Dpou3BoAHasA GyHKIMH f B Toure 2z

Crp.
307
91
488
88
88
104
91

68

69
67,239

67,239
221

84
84
47
308

509



16 3HAYEHUSI OBO3HAYEHUN

K(Q],...,On)

(1
C
#A

(z"] f(z)
[, B]

[m=n]
[m\n]
(m\n]

[mLin]

umucao CTHPAMHTA IIEPBOrO POAa
(wmcro 1K AOBY)

qucao CTEpAMHIa BTOPOro pojpa
(wmcno ,mopMHOKECTB")

uucao Jitrepa

gmucAo JifAaepa BTOPOro Mopsipka

obosHaueHme AASL ) -, axb¥
B CHCTeMe CUUCAEHWS C OCHOBaEMeM b

xoHTHHYaHT (K-MHOro4AeH)
THIIEpreoMeTPUYeCKast QyHKIHS

MOIITHOCTDb: KOAMYECTBO IAEMEHTOB
B MHOXXECTBe A

roadummenT npu z" B pasaoxennu f(z)
3aMKHYTHIA HHTEPBaA:

MHOXecTBO {X | & < x < B}
1,ecAm m=n,

0 B mpoTMBHOM cAydae*

1, eCA M HameAo AEAWT M,
0 B mpoTuBHOM cAy4ae*

1, ecAM M HampocTo AEAHMT M,
0 B mpoTmBHOM cAydae*

1, eCAM T B3aMMHO IIPOCTO C N,
0 B mpoTuBHOM cAydae*

289

288

297

300

28

334

233

58

224
95

42

125

171

139

*B obmieM cAydae, €CAN S — HEKOTOPOE YTBEPIKAEHME, KOTOPOE MOKET
6HITH MCTWHHO MAM AOXKHO, KBappaTHO-cKobouHoe obosHaueHwme (S]
o3Hadvaer 1, ecau S mcTnHHO, 1 0 B IPOTHBHOM CAydYae.

TloBcIoAy B KHUT'e MHEl UCIOAB3yeM OAMHapHble KaBRIYKH (‘...’)
AASL BHIAEAEHHS TEeKCTa, KaK OH nuwemcs, a ABOWHEIE KaBHIYKK
(sy..-“)—Ana dpasm, Kak OHa npousHocumcA. Tak, cTpoka BykB
‘cTpoKa’ HasmBaeTca “cTpoka”.

Brpaxkenue Tuna ‘a/bc’ osHawaer To >Xe caMoe, uro u ‘a/(bc)’.
Kpowme Toro, logx/logy = (logx)/(logy) u 2n! = 2(n!).

B ToAKOBOM yuyeb-
HHKe 110 KOHKpeT-
Ho# MaTeMaTHKe
He oboiiTHCh 6e3
cbusaromero ¢
TOAKY CITHCKa
o6o3HaveHHH.

‘HecTpoka’ Takxxe
CTpOKa.



Bo3BpaTHbie 3apadu

Kro panbue 3Toro
He BHA€A, MYCTh
MOAHHMET DYKY.
O’keit, ocTarb-
Hble MOT'yT cpasy
nmepefiTH K cooT-
HOWEHH!O (1.1).

Bor ¢ HuMH, ¢ 30A0-
TBIMH, pa3obpaTbcs
6Bl ¢ HallIUMH,
KOHKPETHBIMH.

B OTOV I'NABE B KAUECTBE ITPYMEPA paccMaTpuBaroTcs Tpu
3aAaqH, II0 KOTOPHEIM MOJKHO 6YAET CYAUTB O TOM, UTO HAaCc OKHMAAET B
AaAbHeHIIEM. DTH 3apa4YX UMEIOT ABE ObIIpe YepTEI: K HUM HEOAHO-
KpaTHO 0b6pallaAuCch MaTeMaTHKU M PellleHre KaXAOH M3 HMX OCHO-
BaHO Ha HAee 6036pamuocmu (AAM PexyppeHmHOCmu), COTAACHO
KOTOpO# pellleHMe BCeil 3aAayd 3aBUCHUT OT peIIeHWH TOM >Ke caMoit
33Aa4M MEHbBIIMX Pa3sMePOB.

1.1 3AAAYA O XAHOMCKOM BAIIITHE

PaccMoTpuM cHavaAa MAaAEHBKYIO H3SAIIHY 0 FOAOBOAOMKY IT02
HasBaHMeM TaHolickaf bawHA, KOTOPYIO NpHMAyMaAn paHIly3CcKUi
MaTeMaTHK JAyapa Arora B 1883 r. Baurms nmpeacrasasieT coboit Bo-
CeMb AMICKOB, HAHW3aHHEIX B IIOPSIAKE YMEHbBIIEHNST Pa3MePOB Ha OAUH
W3 TPeX KOABIIIKOB:

N>,
I“UUHM JHI

= QU T LA

U

Ny
'H]WHIHI[[ !l

3apaya COCTOMT B TOM, YTOOHI IIepeMeCTUTDh BCIO OallHIO Ha OAMH U3
APYTHX KOARIIIKOB, IIEPEHOCS Ka>XKABIA pa3 TOABKO OAVH AMCK U He
moMentasi 60ABLINI AMCK Ha MEHBIIMA.

Aroka [209] cBA3HBaA CBOI HIPYIIKY C MUUIECKOH AereHAOM 0
3HaAYMATEeABHO 60oAbIIel 6anrHe BpaMbl, KoTopasi, KaK yTBEPXAAETCH,
cocTouT u3 64 AMCKOB YMCTOTO 30A0Ta, & KOABIIIKK IPEACTABASIOT
coboif TpM aAMasHHIX IMMAS. [Ipu coTBopeHmMy Mupa BceBrimrHwmit
TIOMECTHA AVCKY Ha IEPBHIA IIIIMAB ¥ IOBEAEA, YTOOH JKPEIIbI IIepe-
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MECTMAM MX Ha TPETHil B COOTBETCTBHU C IIPEATIMCAHHBIMU IIPaBUAA-
My, [lo MMeomMMCs CBEACHUAM >Kpelbl TPYAATCS Hap TOM 3apadeit
AEHHO M HOIIHO — KaK TOABKO OHM 3aKOHYAT, HalllHS pPacCHIIAETCS B
Ipax ¥ HaCTYIIUT KOHEI] CBEeTa.

He ToTyac o4eBMAHO, YTO 3Ta FOAOBOAOMKA Pa3pelINMMa, HO IIO
KPaTKOM PasMBIIIAEHUN (MAM IPEABaPUTEABHOM 3HAKOMCTBE C AAH-
Holt 3apaueit) y6exxaaeMcs, 9TO 3TO TaK. Toraa BOHMKAeT CAEAYIO-
il BOIIpOC: Kakoi crocob caMmif onTuMaabHEIA? To ecTh, Kakoe
KOAMYECTBO IepeMelIeHi AMCKOB SIBASIETCSI HeOOXOAMMBIM M AOCTa-
TOYHBIM AAS BHIIIOAHEHUS IIOCTAaBAEHHOMU 3apaun?

Hamaywmmit criocob paspelmTs Bonpoc, HoAOOHEIX HallleMy,— He-
CKOABKO 0606muTs ero. Bamns BpaMer cocTouT u3 64 AMCKOB, a Xa-
Holfckasz 6amrHs — u3 8; IOCMOTPHM, UTO 6YAET B CAydae N AMCKOB.

OAHO M3 IIPeMMYIIEeCTB TaKOro poaa obobILIEHMsT COCTOMT B TOM,
4YTO MOXXHO 6yAET Aa’Ke ellle yMeHbIINTL pasMep 3apaum. M B ca-
MOM AeAe, Ha IIPOTSKEHUM BCell KHNTY BH HEOAHOKPATHO CMOXKETe
y6eAUTBCS, ITO ITOAE3HO BHaYaAe PACCMOTPETb KPAHUE CAVYAU.  He Bnapas npy
CoBepiIeHHO SICHO, KaK IlepeMelaTh GalllHio, COCTOSIIIYIO TOABKO M3  3TOM B KpaitHocTH,
OAHOT'O MAM ABYX AMCKOB, a IIOCA€ HECKOABKMX IIOIIBITOK CTAHOBUTCS  PasyMeeTcs.
TIOHSATHO, KaK IlepeMellnaTs 6allHio U3 TPeX AMCKOB.

Caepyroumit mar B pellIeHUM 3aAa4¥ — BEI6Op IopAXoAsIIero obo-
3Ha4YeHUsT: OBOSHAYAN U BAACTBY. ByaeM rosoputh, uro T,, ecTb
MEHIMAABHOE YMCAO ITEPEKAAABIBAHMiA, HEOOXOAUMEIX AAS IIepeMe-
LIIEHMUS L AMCKOB C OAHOT'O KOABIINIKA Ha APYroit no mpasmaaM MoKa.
Toraa T, oueBuAHO, paBHO 1, a T, paBHO 3.

MoOXXHO ITOAYYMTb AONOAHHUTEABHYIO MHGMOPMAINIO, IPUYEM CO-
BepIIeHHO 6ecIAaTHO, eCAM PacCMOTPeTh CaMuft KpalfHwit caywaii:
SICHO, 4T0 To = 0, IOCKOABKY AAS IepeMelneHus bamsm u3 n = 0
AMCKOB BoobIe He TpebyeTcss HU OAHOrO IepeKAaAbIBanusa! BaecTs-
L[e MaTeMAaTNKY He CTHAMAMCH BIIaAATh B KPaffHOCTH, IIOTOMY |TO
€CAM XOPOIIEHBKO Pa306paThcs B YaCTHHX CAyYasx (Aa’ke B COBCEM
TPUBHAABHHIX), A€rde HOCTHYD OBLMe 3aKOHOMEPHOCTH.

Ho aaBaifTe Temeph W3MeHUM TOYKY 3PEHHS U IolpobyeM IIOAY-
MaTh O I'AaBHOM — KaK II€PEMECTHTh BhICOKYIO banHio? DKcIlepuMeH-
THL C TPEMS AMCKaMM{ IIOKA3HIBAIOT, YTO PEINAOIIAs UAESI COCTOUT B
TlepeHoce ABYX BEPXHMX AMCKOB Ha CPEAHMI KOAHIIIEK; 3aTE€M IIepe-
HOCHTCS TPETHii AMICK ¥ Ha Hero IOMEIIAIOTCA ABa APYI'MX. DTO AaeT
KAIOY K 06IIeMy IpaBUAY IIepeMEIIEHNS L AUCKOB: CHaYaAa MEI IIepe-
MermraeM N — | MEHBIIX AMCKOB Ha A060M U3 KOAHIIKOB (4TO Tpeby-
er T,_1 mepeKAaABIBaHUIA), 3aTeM ITEPEKAAARIBAEM CaMbIi 60ABIION
AMCK (OAHO ITepEKAAARIBAHUE) M, HAKOHEL, ITOMelaeM 1 — | MeHBIIuX
AMCKOB 06paTHO Ha caMulfi 6oabIuoi Auck (eme T,_; IIepeKAaAbIBa-
Huit). Takum o6pa3oM, N AUCKOB (mp# n > 0) MOXXHO IIEPEMECTUTH
camoe 6oabmree 3a 2T, + 1 mepeKAapbIBaHMIA:

Th £ 2Tq +1 opz n > 0.

B »Toit dopMyre purypupyer 3Hak ‘ < ' BMecTo ‘=, IOCKOABKY Ha-
116 IIOCTPOEHHNE IIOKa3HBaeT TOABKO, YTO AocTaTouHo 2T, + 1 me-
PEeKAAAHBaHMIA; MBI He AOKasaAM, 4To Heobxopmmo 2T, _; + 1 mepe-



(BoabwnHETBO
ony6AHKOBaHHBIX
npeleHni” 3aAa-
4y JAf0Ka, BpoAe
CoAepKalljerocs B
pabore Aarapanca
u Ppeitsepa [6], He
06BSICHAET, N109eMy
Tn AOAXHO 6BITH
? ZTn—I + 1 . )

ITocroitre, nocro#-
Te... 51 BHAEA 3TO
CAOBO paHblle.

1.1 3AAAYA O XAHOMCKOM BAIITHE

KAapbIBaHU. BEITE MOXKeT, KaKOR-HUOYAD MyADPEL OTBIIIET AYYIIWi
METOA,

A peiicTBUTEeABHO, HET AM 6oaee KopoTkoro nyTu? OKaseIBaeTcs,
HeT. Ha HeRoTOpOM 3Tare Mbl 06T3aHbI TEPEMECTUTh CaMEIi 6oAbIIOR
Auck. Korpa MaI 3To AenaeM, N — | MEHBIINX AMCKOB AOAKHEI HaXo-
AMTBCS Ha OAHOM KOABILIKE, a AASI TOTO 4YTOBE! cobpaTh MX BMeCTe,
norpebyercs 1o Menbieit Mepe Ty, 1 mepeKAapbBanmit. CaMerit 6oAb-
ot AMCK MOXXKHO ITePEKA3ABIBATh U HoAee OAHOTO pasa, eCAM MBI He
o4eHb pacTopomHul. Ho mocae mepeMerenust caMoro 60AbIIOrO AMC-
Ka B IIOCACAHHKHA pa3 MBI 06ST3aHBI IOMECTUTE N — | MEHBIIIMX ANCKOB
(xoTOpBIE OIMATH AOAYKHBI HAXOAMTECSA Ha OAHOM KOABILIKE) o6paTHO
Ha HamboApmmit AMCK, uTo Tak>Xe Tpebyer T,_i ImepeKAaABIBaHMA.
CaepoBaTeABHO,

STH ABa HEpaBEHCTBA BMEcCTe C TPMBUAABHEIM DellleEMeM IIpu N = 0
AT

To=0,

To=2Tao14+1  mpun>0. (1.1)

(BameTnM, uTO yXKe M3BECTHEIE HaM 3HadeHMs T =1 n T2 = 3 coraa-
cyroTcst ¢ aTumMu opmyramu. Ocoboe BHuMarMe K KpalHUM cAyda-
sIM He TOABKO CITOCO6CTBOBAAO BHIBOAY obmieit dopMyAart, Ho 1 obec-
meunAo yAOOHEIM criocoboM ITPOBEPKH, YTO MBI He COBEPIIMAHU I'Ay-
noit onm6bru. TaKye IIPOBEPKM 6YAYT 0CO6EHHO IIEHHBEIMU, KOTAA MBI
OTBa)XMMcst Ha 6oAee PUCKOBaHHBIE MaHEBPH B IIOCAEAYIOUMX T'Aa-
Bax.)

COBOKYITHOCTb PaBEHCTB THIIA (1.1) Ha3hIBAeTCS PeXYPPEHMHO-
cmuto (TOBOPST TaK>Xe O BOSBPATHOM COOTHOIIEHUM MAM PEKYDCHUB-
Holt 3aBucuMocTH). OHa 3apaeTcsd HaJaAbHEIM 3HaYeHUEM U 3aBHCH-
MOCTBIO OBILIEro YAeHa OT NMpeARIAynmMX. Horaa Mul 6yaeM Hash-
BaTh PEKYPPEHTHOCTHIO TOABKO BhIPasKEHME AASI OOIIEro YA€HA, XOTS
¢opMaAbHO AASI IOAHOTO 3aAAHNS PEKYPPEHTHOCTH HEOOXOAUMO elre
HadJaAbHOE 3HAYEHUE.

PeRyppeHTHOCTb IIO3BOASIET BEIYUCAATH I, AAS Aloboro n, Ka-
Koe Mul noxxeAaeM. Ho B AefCTBATEeABHOCTY HMKTO He 3aX04eT IIOAB-
30BaThCS AASL BHIYMCAEHUST PEKYPPEHTHOCTHIO, KOI'AA L BEAHKO — 3TO
3afiMeT CAMIIKOM MHOT'O BpeMeHN. PeKyppeHTHOCTS A2eT TOABKO KOC-
BEHHYI0, AOKaAbHylo mHbopMaimo. PeweHue pexyppenmHozo co-
omHoweHuA — BOT YTO AOCTABHAC 6Bl HaM YYBCTBO I'AYBOKOTo yAO-
BAeTBOpeHUs. To ecTh MBI XOTeAH 6Bl IOAYYUTE |, B IIPOCTOM, KOM-
IIaKTHOM, ,3aMKHYTO# (OpMe| YTO IO3BOAUAO OBl BBIYMCAHUTH T
6ricTpo Aake mpu GoabimoM ™. Pacmoaaras pelneHueM B 3aMKHY-
Toit popMe, MBI MOTAH 6BI IIOHATD, YTO Ha CAMOM AeA€ IIPEACTABASIET
coboit T,,.

HTak, Kak >Ke pelUTh PeKyppeHTHoe cooTHouieHWe? OAMH M3
CrI0co060B COCTONT B yraAbIBAHUU ITPABUABHOI'O DELIEHHSI C IOCAEAY-
IOIIMM AOKa3aTeAbCTBOM, YTO Hallla AOTaAKa BepHa. A Hamra caMas
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20 BO3BPATHBIE 3AAAYA

6oABbIIast HaA€KAA Ha yraAkIBaHWe pelIeHust — (CHOBA) KpaifHue CAy-
vau. [ToaToMy MBI IIOCAEAOBATEABHO BRIYUCASEM 13 =2-3+4+ 1 =7;
Ty=2-741=15;T5=2-154+1=31; T¢=2-3141=63. Ara! 9o
OIIPEAEAEHHO BHITASIAUT TaK, KakK eCAM OB

T, =2"—1 (1.2)

npu n > 0.

Mo xpaiineit Mepe 3Ta dopMyAa ,paboTaer" mpu n < 6.

Mamemamureckas undyxyus — 3To obumii crrocob AoKasaTeAb-
CTBa, YTO HEKOTOPOE YTBEPKAEHMUE O I[EAOM YHCAE T CIIPABEAAMBO
npu AroboM N = ny. CHavanra AaHHOE yTBEPKAEHHME AOKa3BIBaeTCs,
KOTAA T\ IPXHUMAET CBoe HauMeHbIIlee 3HAYEeHNE, Tlp; TO Ha3EIBAETCS
6a30li IAK ocHoearuem. 3aTeM AaHHOE YTBEPKAEHUE AOKA3HIBAETCA
AASL L > Ny, B IPEATIOAOKEHNH, YTO OHO y’Ke AOKAa3aHO AAS BCEX M
MeXXAY Mo X N — | BRAIOYHTEABHO; 3TO Ha3HIBAaeTCsI undyxyuet AU
undyxmueHsiM nepecodom. Taroro popa AOKa3aTeAbCTBO IIO3BOAS-
€T IIOAYYNTE 6eCKOHEYHOE YUCAO PE3YABTATOB IIPX KOHEYHOM 06beMe
paboTwl.

PeRyppeHTHOCTD MAEAABHO IIOAXOAMT AAS MaTeMaTHIeCKOA KH-
Aykmuu. Hanpuwmep, B HameM caydae (1.2) Aerko caeayeT u3 (1.1):
fasa MHAYKIM TPABAAABHA, IOCKOABKY Tp = 2°—1 = 0, a MHAYKTHE-
HEI TIEPEXOA BEIITOAHSIETCS AASI L > 0, eCAY IIPEATIOAOKHUTE CIIPABEA-
AmBOCTH (1.2), KOTAA T 3aMeHseTca Ha N — I:

To=2Tn+1=22""-1)+1=2"—1.

CAepoBaTeABHO, (1.2) CIPaBEAAMBO C PaBHBIM YCIIEXOM IIPH AK6OM
n. Orawuno! C morcKoM BHpPaXXeHUST AASA |, HAaromoAy9YHO ITOKOH-
4eHO.

OpaHaxo ¢ 3apavei 6paMUHOB AeA0 06CTOUT MHAYE — OHM IIO-IIPEK-
HeMY ITIOKOPHO II€PEKAAABIBAIOT AMCKHU M MM IIPHUAETCSA ellle M3PSIAHO
HOTPYAHMTBCS, TIOCKOABLKY IIpu N = 64 Tpebyercs 2%% — 1 (mpumep-
HO 18 c BoceMHAAIAThIo HYASIMU) IlepeKAaAbIBaHmii. Aaxke paboTast ¢
¢aHTacTUIeCKOM! CKOPOCTHIO OAHO ITEPEKAAARBAHNE B MUKPOCEKYHAY,
oM 3aTpaTar cBhie 5000 BEKOB AAS IepeMeleEns baurHm BpaMer.
CamMa >xe TOAOBOAOMKA J\IOKa HECKOABKO IIPaKTHYHee — OHa Tpebyer
28 — 1 = 255 mepeKAapBIBaHUi, KOTOPHIE IIPM M3BECTHON CHOPOBKE
MO>KHO BHIIIOAHUTDH IPUOANSUTEABHO 32 YeTHIPE MUHYTEI.

PeKyppeHTHOCTD, CBST3aHHASI C XaHOMCKOM bamrHei, THIIMIHA AAS
MHOJKeCTBa 3aAad, KOTOphle BOSHMKAIOT BO BCSIKOI'O POAA IIPUAOKE-
HUAX. B mpollecce mmomcka BEIPaKeHWsT B 3aMKHYTOR hopMe AAS He-
KOTOPOiI MHTepecyIoleil Hac BEAMYMHEI, ToA06HOH T,,, MBI IIpOXOAMM
TpH CTaAMH.

1 PaccMoTpeHMe Kpa#tHUX CAy4YaeB. DTO II03BOASET BHUKHYTH B 3a-
Aady ¥ IIoMoraeT Ha CTapMsax 2 U 3.

2 HaxoXpeHWe M AOKa3aTeABCTBO MAaTEMAaTHYECKOr'o BEIPa’KEHHS
AASL MHTepecymollei Hac BeAWIWHEI. B cAyJae xaHOMcKo# 6amr-
HU 3TO PEKYPPEHTHOCTH (1.1), KOTOpPast IO3BOASIET IIPY 3aAaHHOK
BBICOTe balllHY BHIYUCAMTD 1, AAS Aloboro n.

MaremaTHyeckas
HMHAYKLHA AO-
Ka3bIBaeT, YTo
MOXCHO IOAHATBCA
110 AeCTHHLE TaK
BBICOKO, KaK Mbl
TOro 1oXKeAaeM,—
AAS 3TOr0 Hapo0
AOKa3aTh, YTO MOX-
HO MOAHATHCA Ha
HHXKHIOIO CTYIEHb-
Ky (6a3a) u 4TO C
KaXKAO0# CTYNeHbKH
MOXHO ITOAHATHCS
Ha CAEAYIOILYIO
(MHAYKLHSA).

A ecan HaiTH
owH6Ky B 3TOH
KHHTe, TO MOXXHO
MOAYYHTD AKE
Ha 1 geHT 6oab-
1re ,,CTOUMOCTH"
XaHo¥cKo#t 6alIHH.
— Iepes.



,,JCOHeYHO, MBI 6yAeM
YYHTBCS AOKa3bl-
BaTh, HO 6yAeM
TaK>Xe y4YHThCS
AOraabiBaThCA:

—A. oiia,
[242, c. 15].
(Aobasa. nepes.)

3a6aBHo, MbI H3-
6aBasemcst o

+1 B (1.1) nyreMm
npubaBAeHHs, a He
BBIYHTAHHA.

A nuyya 6sira
o WBeALapCKHM
chlpoM?

1.2 3AAAYA O PABPE3AHNMH ITNIIITHI

3 HaxoxaeHHE ¥ AOKa3aTEABCTBO 3aMKHYTOM hOPMEI AASI HAIlEro
MaTeMaTHIECKOr0 BEIpa’XKeHUs. B caydae xaHolickoit HaurHu sTo
pellleHre peKyppeHTHOCTH (1.2).

ViMenHO TpeThell cTapuy MEI 6YAEM JAEASITH BHUMAHUE Ha IIPOTSIKe-

HUY Bceit kHUTH. [Topoit 6yAeM IepecKaKMBaTh Cpa3y depes cTapuu 1

¥ 2, TIOCKOABKY MaTeMaTH4eCKoe BhIpa’keHUe OyAeT 3apaHo B Kade-

crBe ucxopHoro. Ho pake Toraa Mbl 6yAeM CTaAKHBAaTBCS C IIOA3a-

AadaMy, HeobXOAMMOCTD PEIIeHNsT KOTOPBIX 3aCTaBUT HacC IIPOXOAUTH

BCE TPH CTAAUN.

Haur aHaaAmMs 3apayuy 0 XaHOMCKOI HalrHe IIpuBeA K IPaBAABHOMY
OTBETY, HO OH TpeboBaA ,MHAYKTHBHOI'O CKaYKa'“— MEI IIOAATaAKCh Ha
CYaCTAMBYIO AOrapKy o6 orBere. OAHA U3 OCHOBHEIX LiEAEH 3TOM KHU-
' COCTOMT B TOM, 4TOOEI OOBSICHUTB, KaK YATaTEAb MOXKET pellaTh
PEKYPPEHTHOCTH, He SBASIICh SICHOBMAleM. Hampumep, pekyppeHT-
HOCTB (1.1) MOXeT 6EITH yIpoIIeHa MpubaBaerreM | K obenM gacTaM
COOTHOIIEHWIA:

To+1=1,

Ta+1=2T1+2
Teneps, ecan moaoxurs U, =T, + 1, To moAyuum

Uy =1,

U, = 2u,_ (1.3)
He Hapo 6HITH reHMeM, 9T06H 0OHAPYKUTH, YTO pEIIEHME 3moti pe-

Kypcmuz ecThb mpocto U, = 2"; caepoBaTeAbHO, T, = 2™ — 1. Aaxe
KOMITBIOTED CMOT 6EI 06HAPY>XKHUTH 3TO.

npu n > 0.

mpu n > 0.

1.2 3AAAYA O PASBPESAHUM ITNIITHI

Bropas BribpanHas HaMu 3apada MMeeT HoAee Oy THMEIR reo-
MeTPIYeCKMii IPUBKYC: CKOABKO KYCKOB IIHIITEl MOXKHO IIOAYIUTD, Ae-
Aasd N IPSIMOAMHEHHBIX pa3pe3oB HoXxoM? Uam Boaee aKapeMUIHO:
KaKOBO MaKCHMaAbHOe 4MCAO L, obaacreif, Ha KOTOpbIe IIAOCKOCTh
AeAnTcst N npsAMeEIMu? Brepsrle 3Ta 3apava 6pina pemreHa B 1826 T
mBefIapcKUM MaTeMaTHKOM SIKo6oM IllTeitnepoM [356].

CHOBa HaYHEM C PAaCCMOTPEHMSI KPafHUX CAYdYaeB, IAMSTYs, YTO
HaYMHATHh HapO C caMoro KpaiiHero. IIaockocTh 6e3 IpsIMBEIX — 3TO
opHa 06AacTh, C OAHOM ITpIMOT — ABe 0bAACTH, & C ABYMS IIPSIMBIME —
geThIpe obaacTm:

1
1 /
2
Lo=1 Li=2 L, =4

(Kaxpast IpsiMast HeorpaHWYEeHHO IIPOAOAIKAETCSE B 060MX HaIlpaBAe-
HUSX.)
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Brl HaBepHsIKa AyMmaeTe, 4To L, = 2™! AobaBaeHre HOBOM IpsiMOii
TIOIIPOCTY YABaWBAeT YMCAO obaacteif. K corkaneHmio, 3To HeBEpHO.
Mgrl MorAM 6Bl AOCTMTHYTH YABOEHWSI, €ECAM ORI HOBas N-9 IpsSMas
paccekana KaXAyIo CTapyio obAacTh Ha ABe 9acTH; Pa3yMeeTcs, OHa
MOJKET PacCeKaThb CTapylo obAacTb B AyYIIEM CAydae Ha ABe 4acTH, O6AaacTb Ha3blBa-
IIOCKOABKY KaXkKAasl U3 CTaphx obaacreif BHmyKAa. (IIpAMoit AMHE-  €Tcd BbIIyKAOH,
elf MOKHO paccedb BHIIYKAYIO 06AacTb caMoe boAbllee Ha ABe HOBBle ~ ECAM OHA LEAHKOM

YacTH, KOTOPHIe TaKXe 6YAYT BHIYKAHL.) Ho Roraa po6aBasiercst Tpe-  COACPXKHT NIpAMO-
ThsI IPSIMasi — )KUPHAST AMHUS Ha HIDKHEM PUCYHKe — MBI 6BICTpO 06-  HHEAHBIC OTDESKH,
COEAHHSIOLHE ABE

Hapy’XKUBaeM, YTO OHA MOJKET pacceKaTh caMoe GoAblllee TPH CTaphle Atobble ee TOKH
obAracTH BHe 3aBMCHMOCTHM OT TOTO, KaK PaCIIOAOXKEHEI IIepBhIE ABe (30 He 1o, 4To
)
TIpSIMEIE: FOBOPHTCS B MOEM
2 CA0Bape, HO TaK

CYHTAIOT MaTeMa-
la
1b 4 3a

THKH.)
4b

TarumM obpasoM, L3 = 4 + 3 = 7 — camoe GoabIlee, YTO MOKHO CAE-
AQTh.

A TI0 HEKOTOPOM Pa3MHIIAEHUY Ha M IPUXOAMT U IIOAXOASIILEE
obobmenne. HoBast n-s1 mpsimast (mpu n > () yBeAMUYMBAEeT YHCAO
obaacreit Ha k Toraa M TOABKO TOTAQ, KOTAA pacceKaeT k cTaprix
obaacTeif, a paccekaeT oHa k cTaphix obAacTelf TOraa ¥ TOABKO TOTAQ,
KOTAQ IIepeceKaeT IIPe’KHUE IPsMEle B k — | pasAWYHEIX MecTax. ABe
TIpsIMBIE€ MOTYT IlepeceKaThcs He Hoaee 4eM B OAHOM TouKe. [losToMy
HOBas IIpsSIMas MOJKET IlepeceKaThb M — | CTaphX NpsMEIX He Goaee
4eM B N — | pasAMYHEIX TOYKAX, M ME AOAKHH uMeTh k < .. Hamm
yCTaHOBAEHA BEPXHSIS 'PaHUIlA

L, <Lii+n mpzn>0.

Boaee Toro, Aerko 0Ka3aTh 10 MHAYKIMHA, YTO B 3TOM (hOPMYAE MOXK-
HO AOCTHMYB PaBEHCTBA. ME IIPOCTO IIPOBOAMM T-I0 IPSIMYIO TAK, YTO-
6&1 oHa He 6EIAQ TapaAAeAbHA HUKAKOM APYroit (CAeAOBaTEABHO, OHA
IlepeceKaeT KaXkAyIo U3 HUX) ¥ Tak, YToBH OHa He IIPOXOAMAA HM e-
pe3 OAHY M3 MMEIOUTUXCS TOYeK IepecedeHUst (CAEAOBaTEABHO, OHA
IepeceKaeT KaKAYIO U3 IIPSIMEIX B Pa3SAMYHEIX MecTax). [loaToMy uc-
KOMO€ PEKYPPEHTHOE COOTHOIIEHUE MMEET BUA

=1 (1.4)
L,=L,1+n mpu n > 0. )
Vxe usBecTHHIe 3HaveHHUs Ly, L; u L3 mpeBocxopHO coraacyroTcs c
3THM COOTHOIIEHWEM, TaK YTO MEI €ro bepeM.

Temnepr HaM HY>KHO pellleHWe B 3aMKHYToi dopMe. Mu1 Morau 651
CHOBAa CHITPaTh B ,,yrapaiky' mHo 1, 2, 4, 7, 11, 16,... He HamoMUHaeT
HIYEro 3HaKOMOTO: II03TOMY IIonpobyeM IPUMEHUTH APYIOM IIOAXOA.



PaspepTsiBas?
51 681 cKa3an
,»JIOACTaBASAS:

Yro-To I'ayccy
TPHITHACBIBAIOT
MHOroBaro —
AH60 OH 6BIA
AedcTBUTEABHO
TOAKOBBIM, AH60O
HMMeA TOAKOBOIO
npecc-ceKpeTapst.

BBITh MOXET, OH
TIpOCTO HMEA NpH-
BA€KaTEAbHYIO
BHeIIHOCTb?

Ha camomM peare,
Taycca 4acro Hasbl-
BAalOT BeAHYaHIIAM
MaTeMaTHKOM BCeX
BpewmeH. IToaToMy
NPHATHO, YTO MBI
OKa3aAHCb B CO-
CTOSTHHH TOHATD
XoTs 6bI OAHO U3
€ro OTKpbITHA.
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3ayacTyio MOXHO pa3’obpaThci B PEKYPPEHTHOCTH, ,pa3BepTHIBas’
MAM ,pa3sMaTHBas ee BCIO A0 KOHIIA CAEAYIOIIMM obpa3soM:

Lo =Lia+n
=L+ n—=1)+n
=Li3+Mn=2)+n-1)+n

=L+14+2+---+(M=2)+(n—-1)+n
=14+ S,, rae S, =14+24+3+---+(n—1)+n.

Apyrumu caoBamuy, L, Ha eAMHMITY 60ABIIE CYMME! S, IIEPBBIX M IIO-
AOKUTEABHBIX ITEABIX UMCEA.

[TocKoABKY BeAMuMHA S, BO3HMKAaeT CIIAOIIbL M PSIAOM, HEILAO-
X0 6Bl COCTAaBHATh TabAMIy HECKOABKMX IEpPBHIX 3HawueHWH. Toraa Mh
cMoraz 681 ¢ 60ABLIE AECKOCTBIO Paclo3HaTh TaKME YMCAa, KOTAa
OHM BCTPETSITCS HaM B AaAbHelieM:

n|12345678910]1121314
Sn|13610 15 21 28 36 45 55 66 78 91 105

OTH YMCAa Ha3HIBAIOTCS TaKKE MPEYZOALHBMU YUCAAMU, TTOCKOAD-
Ky S, IpeACTaBAsIeT cobO YUCAO KerAei, pacCTaBAEHHRIX TPEYTOAD-
HUKOM B N pAA0B. Hanpumep, o65IYHas YeTHIpEXPAAHAS PAaCCTaHOBKA
*“cocromT m3 S4 = 10 Keraeit.

AAS BEIYIMCAEHUST S, MOXHO BOCIIOAB30BaThCSA YAOBKOM, A0 KOTO-
poii, Kak yTBepXaaeTcs, ['aycc popyMancs B 1786 r., koraa eMy 651A0
AEBATB A€T OT PoAy [96] (cM. Takxe Ditaep [378, wacTs 1, §415)):

San= 1 4+ 2 4+ 3 4+--4+4Mm-14+ n
+Sh = n +M=-D+MmM=2)4--+ 2 + 1
2% = M+ 4+ M+ +m+D)+--+n+1)+ n+1)

M=I mpocTo ckAapbIBaeM S, c caMoii coboil, 3ammcanHoM B 06paTHOM
TIOpSIAKE, TaK YTO CyMMa B KaXKAOM M3 N KOAOHOK CIIpaBa paBHa n+1.
Tlocae ympomernss nMeeM

Sn = n(n_z-i-l_) mpz n 2> 0. (1.5)
Hy BoT MBI ¥ moAy4HAK Tpe6yeMOe pelleHue:
1
L, = n_(%)_}_] mpz n > 0. (1.6)

Kak cmemmanmcTsl, MEI MOI'AYM 6Bl YAOBAETBOPHUTBCS 3TUM BEIBO-
AOM I pacCMaTpHUBaTh €r0 B KadeCTBe AOKa3aTeABCTBA, AAKE ECAM
CA€rKa OTMaXWBAAUCh OT BHIIIOAHEHWS ,pa3sBepTHIBAHUST" ! ,,0b6palme-
Husa' Ho usywaromme MaTeMaTHKy AOAJKHEI YMETh AeHCTBOBATh B CO-
OTBeTCTBMM C 6oAee CTPOTHMU CTaHAAPTaMM — BOT XOPOLIKH ITOBOA
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AASI CTPOT'OT'O AOKa3aTeAbCTBa II0 MHAYKIWY. PemmTeABHEIA MHAYK-
TUBHBIA IIIar —

Ly =Lioi+n=(Im-In+)+n=1Inm+1)+1,

¥ Tellepb MOXXHO He COMHEBAThCSA B CIIPABEAANBOCTH 3aMKHYTOM ¢dop-
Ml (1.6).

Me>xpy mpodumM, MBI Pasr'AaroAbCTBYEM O ,3aMKHYTHIX dopMax”
6€e3 TOYHOr'O OIPEAEAEHNSI, YTO MEI TI0A 3TUM IToHUMaeM. O6BIYHO 3TO
¥ TaK AOCTaTOYHO OYeBMAHO. PexyppeHTHocT:m Tmma (1.1) 1 (1.4)
IpeACTaBACHE B He3aMKHyTo# ¢dhopme, 60 OHE BHIPaXaloT HEKO-
TOPYI0 BEAWYWHY depe3 caMoe cebst, HO MX pelleHus Tuma (1.2) u
(1.6) —B 3aMkHyTO# dopme. Cymmrr Bupa 1 + 2 + --- + n 3amm-
CaHH He B 3aMKHyTOH ¢opMe, IIOCKOABKY OHM IpeIlaT HaAWIMeM
‘...": Ho BHIpa)keHMs BuAa N(N + 1)/2 mpeaAcTaBAGHH B 3aMKHYTOMK
dopme. MoxXHO AaTh HeKoe rpyboe ONpeAEAEHHE THIIA CAEAYIOLIE-
ro: BHIPaKEHWE AAS BEAWYWHH f(N) IpeAcTaBA€HO B 3aMKHYTOR
dopume, eCAM ee MOXXKHO BEIYMCAUTEH C IIOMOIIBIO HEKOTOPOro (K-
CHPOBaHHOT'O YMCAQ ,A3BECTHHIX" CTAaHAAPTHEIX OIlEPaIii, HE3aBUCH-
Mo or M. Hampuwmep, Brpaxxenus 2™ — 1 u n(n + 1)/2 npeacrasae-
HBl B 3aMKHyTo# ¢dopMe, TOCKOABKY OHM BKAIOYAIOT B Ce6ST TOABKO
CAOJKeHHe, YMHOJKEHUE, AeAE€HNe U BO3BEACHHE B CTEIIEHb B SIBHOM
BHAE.

Obmee YUCAO IIPOCTHIX 3aMKHYTHIX (pOPM OrPAaHWYEHO, TaK YTO
CYILIECTBYIOT PEKYPPEHTHOCTH, KOTOPHIE He ITPEACTABIMEI B IIPOCTHIX
3aMKHYTHIX popMax. Ho ecar Takre peKyppeHTHOCTH BOSHMKAIOT II0-
CTOSIHHO, AEMOHCTPHPYS CBOI0O BaXKHOCTb,— MEI IIOIIOAHSIEM CBOM pe-
IIepTyap HOBEIMU OIEPAIMSIMY; 3TO MOXKET CYIIECTBEHHO PaCIIMpPUTH
AMalla3oH 3ajpad, pelllaeMHIX B ,JIpOCcTOi" 3aMKHyTO! dopme. K mpu-
Mepy, IPOU3BeAEHME IIEPBHIX N IIeAHIX YHCeA, N (paKTOPHAA, OKa3a-
AOCh HaCTOABKO Ba’KHBIM, UTO TeIlePh BCE MBI PAaCCMAaTPHUBAEM ET'0 KaK
OCHOBHYIO omnepaiuio. [loaToMy dopMyaa ‘n!’ samiucana B 3aMKHYTOR
dopMe, XOTS 3KBHBaAEHTHOE eif BEIpaXkeHue ‘1-2-...-n’ — Her.

A Tenepp HeboABLIAS BapHau@sa Ha TeMY IIPSIMEIX Ha IIAOCKOCTH:
TIPEATIOAOIKYUM, YTO BMECTO IIPSIMBIX AMHUN MEI HCIIOAB3YeM AOMaHbIe
AVHUY, Ka)XKAasl U3 KOTOPHIX IIpEACTaBA€HA OAHEUM ,3urom‘ Kakoso
MaKCHMaAbHOe YHCAO Z, obAacTeif, HA KOTOPHIE IIAOCKOCTE AEAMTCS
N TaKMMM AOMAHHBIMU AMHHSIMU? MOXXHO 0XXHAaTh, uTo Z, 6yaeT
TIIpIMEPHO BABOEe MAHM, OHITH MOJXKeT, BTpoe 6oabire, yeM L. Ho aa-
BaiiTe IIOCMOTPUM:

1

Zy=2

W3 3Tux wacTHEIX CAydaeB, HEMHOI'O IIOAYMAB, MEI 3aKAKOYaeM,
4TO AOMaHas AMHUS NOAOGHA ABYM IIPSIMEIM C TeM AMIIL OTAMYMEM,

Z; =

Ecan comHeBae-
Tech — 06paTHMCA
K caoBaM. [Todemy
»,3aMKHyTOe" B Ipo-
THBOMOAOXKHOCTD
#OTKDBITOMY*“?
YeMy 3T0 AOAXKHO
COOTBETCTBOBATh

B Halux yMax?
OrBer: Bblpa)KeHHe
»3aMKHYTO €CAH
OHO He BbIpa)XaeTcs!
camo depe3 cebs,
PacKpy4HBasich

no cnupau. I'o-
BOPAT ,,BOITPOC
3aKpbIT" — OH He
BO3HHKHET BHOBb.
Meragpopbl — kalo4
K MOHHMaHHIO.

A ,3ur“—3ro Ha-
Yu4HbI# TepMHH?

... a3areM
nepeAyMas. . .



IoapobHocTi —
B ynp.18.

(YBaexaTeAbHYIO
HcTopHIo 3TOM
3apaym 06cyKAa-
for Apenc [9, 1.2]
u lepurreiit ¢
Kanaancku [70].
Camoro Hocucpa
(122] HeckonbKo
TpyAHee MOHATS.)

... H AHIB M03TO-
My MbI 3HaeM ero
HCTOpHIO.
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4T0 06AACTH CAMBAOTCS, ECAH ,,ABE" IIPSIMEIEe He IIPOAOAYKATH IIOCAE
X IIepecedeHus:

Obaacrtu 2, 3 # 4, KoTopEIe 6KIAY 651 Pa3sAEAbHEI IIPX HaAWYIUN ABYX
MIPSIMBIX, IIPEBPAIIAOTCS B EAMHYI0 O6AACTh B CAyJae OAHOM AOMaHO
AMHMM, T. €. MH TepsieM ABe obaacTu. OAHAKO eCAM IIPUBECTH BCE B
HapAeIKalMit IOPSIAOK — TOYKa M3A0MA AOAXKHA A€XKaTh ,JII0 Ty CTO-
POHY" lepeceYeHN C APYTUMU AWHUSIMY,— TO OKa>XeTCsI, YTO 3TO BCE,
YTO MBI TEpSIEM; T. €. MBI TEPSIEM TOABKO ABe 06AACTH Ha OAHY AMHHUIO.
TakuM obpazomM,

Zy=Lpn—2n=2m2n+1)/2+1-2n
=2m?—-n+1 npun > 0.

(2.7)

CpaBHUBas pelleHNs B 3aMKHyTo# dpopMe (1.6) u (1.7), MBI IIpAXOAUM
K BHIBOAY, YTO IIpH 6OABIIOM TN,

Ln ~ -;—le,
Zy ~ 202,

TaK 9YTO AOMaHBle AWHWM AJIOT IIPMMEPHO B YETHIpe pasa 6oablue
obaacreit, weM npsiMule. (B mocaepyoumx raaBax Mul 06CyAMM, Kak
aHAAU3KEPOBATh IIPUOAMIKEHHOE [IOBEAECHME IEAOYUCAEHHEIX (DYHK-
muit mpu 6oabmoM n. CuMBoa '~’ ompepeaeH B pasa.9.1.)

1.3 3AAAYA NOCUNPA PAABUA

ITocaepHMit U3 HAIMX IPeABapPUTEABHEIX IIPHMEPOB IIPEACTa-
BAsieT coboil OAMH M3 BapMaHTOB aHTWUYHOM 33AQYM, HOCSIIEH MMS
Hocnda $raBust — M3BECTHOrO UCTOPHKA IIepBOro Beka. CyllecTByeT
aereHpa, 9ro Mocud BEIXUA M cTan M3BeCTHBIM 6aaropapst Mare-
MaTU4eCKOH oAapeHHOCTH. B Xope myaeiicKoil BOMHEI OH B COCTaBe
oTpsipa u3 41 myaeiicKoro BowHa OHIA 3arHaH PUMASHaMM B IIelle-
py. IlpeaniounTass caMoy6MifCTBO IIAEHY, BOMHEI PEIIMAM BHICTPOUTE-
Cc B KPYT' U IIOCAEAOBaTEAbHO yOMBATh Ka>XAOTO TPETHETO U3 JKU-
BEIX AO TeX IIOp, IIOKa He OCTAaHEeTCS HU OAHOro deroBeKa. OAHaKO
Wocnd, HapsAy ¢ OAHMM U3 CBOMX €AMHOMBIIIAEHHUKOB, CYeA II0A06-
HBEI KOHeI 6€CCMEICAEHHBIM — OH 6BEICTPO BBIYMCAUA CIIACUTEABHEIE
MecTa B IIOPOYHOM KpyTe, Ha KOTOPHIE ITOCTaBUA cebst 1 cBoero ToBa-
puia.
B HameM BapwaHTe ME HaYHEM C TOr'O, YTO BBICTPOMM B KPYT
T YeAOBeK, IIPOHYMEPOBAHHBIX YUCAAMU OT 1 Ao N, ¥ 6yaeM MCKATO-
YaThb Ka’kKAOTO 8MOpo20 U3 OCTABIIMXCS AO TeX IIOp, IIOKa He yIeAe-
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€T TOABKO OAMH 4YeAOBEK. BOT, K IIpHMepPY, MCXOAHOE PaCIOAOKEHHE
npr n = 10:

10 2
9
8 4
7 6 5
Topsipok uMcKArodeHus— 2, 4, 6, 8, 10, 3, 7, 1, 9, Tak 4TO ocTaercs
HoMep 5. 3apava: OIIPEAEAMTD HOMED yieAeBIirero, J(n). Bort cayyail, koraa

MBI TOABKO UTO BRISICHEAH, UTO J(10) = 5. MoXxHo 681A0 681 Ipep- T = 0 He HMeeT
MIOAOXHUTB, 4To J(1) = n/2 mpn 4eTHOM N, TeM boaee, YTO cAydait CMbICAA.
n = 2 moaTBepyKAaeT Hamie mpepnoaoxkenue: J(2) = 1. OpHaKo He-
KOTOPHIE APYTHE YaCTHEIE CAYYal Pa309apOBLIBAIOT HAC — IIPEATIOAC-
>KeHWe Hapylmaerci npun =4z n=6.

n| 123 456
Jn)f 1T 1.3 1 3 5

[Ipuaercst BepHYTBCS K TabAMYKe M IONpOB6OBaTH CAEAATb Aydilee
npeanoaoxerne. 'mM-M . .. Kaxkercs, J(n) Bceraa 6yaer HewerHo. U B Aaxe HeyaauHas
CaMOM AeAe, AAS 3TOI'0 MMEETCSI BECKOe OCHOBAHME: IIEPBHIM 06X0A o A0raaka — He ny-
KPYT'y NCKAIOYaeT BCe UeTHBIe HoMepa. K ToMy Ke, ecAm caMo N ger-  CTaf TpaTa Bpeme-
HO, MBI IIPHXOAMM K CUTYaI[iH, TOACBHO Tol, ¢ KOTOpo# HadaAw, 3a ¥, TOCKOALKY OHa
MCKAIOYEHMEM TOTO, YTO OCTAeTCST BABOE MeHbIIE AIOAEH ¥ MX HoMepa go;;:r; a:yT BHUKHYTD
MEHSIIOTCSL.

Wrak, AonycTuM, YTO MEPBOHAYaAbHO HMeeTcst 2n Aropeir. [locae
IIEPBOr'O IIPOXOAA IO KPYTY MBI OCTaeMcsl ¢ HOMepaMu

m-1 1 3

2n—-3 5

¥ CAEAYIOIIMII IIPoXoA 6yAeT HadMHATHCS C HoMepa 3. DTo Bce paBHO,
Kak ecAM Obl MEl HaUMHAAK C L AIOAEH, 32 MCKAIOUEHHMEM TOTO, YTO
HOMED Ka’kKAOT'O YIIEAEBIIETO YABAWBAeTCs X yMeHbInaercss Ha 1. TeM  Bor B yeM Xxu-

CaMEBIM TPOCTb:
2n) =
J2n) =2J(n)—1 mpun>1. T ),
Tenepb MOXHO BEICTPO IPOABHUTaThCS K 6oabimM n. Hampumep, nam  rae newNo(k) =
u3BecTHO, uro J(10) =5, mosToMy 2Zk-1.

J(20) = 2J(10) -1 =2-5-1=9.

Ananormuso, J(40) = 17, u Boob1iie MOXHO BEIBECTH, UTO J(5-2™) =
M 4.
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YeT, HeyeT, 1IoYeT, Hy, a Kak Hac4eT HedeTHOro cAy4das? OKashlBaercs, 4TO B CAydae
yuer ... 2n + 1 Aropeit XeprTBa ¢ HOMepoM | YHUYTOXKAeTCs Cpasy IIOCAe
JKEePTBH C HOMEPOM 21N, ¥ MBI OCTaeMCsI C HoMepaMu
3
n+41 5
2n—1 7
9

OnAaTh NOAYYMAH IIOYTH IEPBOHAYAABHYIO CUTYAIMIO C . AIOABMH,
HO Ha 3TOT pa3 HOMEpa YIEAEBIINX JABAUBAIOTCS U YBEAUNUBAIOMCA
Ha 1. TakuM obpasom,

J2n+1) = 2J(n) +1 mpun > 1.

Ob6bepnHenye >Tux ypaBHeHul ¢ J(1) = 1 paeT peKyppeHTHOe COOT-
HOILIEHME, KOTOPOE OIIPEAEASIET | BO BCEX CAyYasX:

Jm =1,
J2n) = 2J(n) -1 mpun > 1, (1.8)
J2n+1) = 2J(n) +1 mpun > 1.

Bumecro nmoayuenus J(n) ms J(n — 1) 370 peKyppeHTHOE COOTHOIIE-
HUe AeHCTByeT 3HaUUTEABHO bonee ,30ddEKTUBHO', IOCKOABKY OHO
KaXXARIA pa3s yMeHbIIaeT BEAMYUHY N BABoe U 6onee. CRaXkeM, MOXK-
HO BEIYMcAMTH J(1000000), npumenss (1.8) Toapko 19 pas. Ho Mu
Mo-TIpe’KHEMY XOTUM HaiiTy BHIpakeHHue AAs J(1) B 3aMKHYTOM dop-
Me, IIOCKOABKY oHO 6yaer 6onree MHGPOPMATHBHEIM U IIOSBOAUT BHI-
YNCASITH pellleHre ele H6BICTpee. B KoHIlE KOHIIOB, 3TO BEAD BOIIPOC
SKU3HU WA CMEPTH.

Harre pexyppeHTHOE COOTHOIIEHNE AQ€T BO3SMOXXHOCTH OY€Hb OhI-
CTPO COCTaBUTH TabAHMILy IIEPBHX 3HadeHuUit J(n). BriTb MoxkeT, oHO
TIOMO’KET HaM TaK >Ke ORICTPO 3aMeTHTH 3aKOHOMEPHOCTD ¥ yTraAaTh
OTBET:

n |1]23]4567|89101112131415]16
Jm) [1]13][1357[135 7 9111315 1

Bom ono! ORa3nIBaeTcsi, ECAY CIPYIIKPOBATh 3HAYEHNUS T II0 CTelle-
M 2 (B TabAMIle 5T MDYl OTAEAEHB BEPTUKAABHBIMY AMHUSIMA),
TO B KaXkKAo¥ rpymre J(n) Bcerpa 6yaer HaunHaTHCS € 1, a 3aTeM yBe-
AMYmBaThCs Ha 2 . MTak, ecAn 3ammcaTes n B BUAE L = 2™ +1, rae 2™ —
HaurbOABIIAsI CTENEHD 2, He IIPEBOCXOASIIAT N, a | — TO, YTO OCTaeT-
Cs1, TO PellleHre Halllero peKypPeHTHOTO COOTHOIIEHU I, ITO-BEANMOMY,
AOAKHO BHITH TaKHM:

J2™+1) =21+ 1 mprm=>0rm0<l<2™ (1.9)

(3amermm, uro ecam 2™ < n < 2™+ ro ocraTox 1 =n —2™ yaoBae-
TBOpsteT HepaBeHCTBY 0 < 1 < 2m*! —2m =2m))
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Temeppb Hapo AoKasaTh (1.9). Kak u npexxae, Mb1 6yaeM HUCIOAB-
30BaTh MHAYKIIMIO, HO Ha 3TOT pas — MHAYKImIo mo m. [Ipg m = 0
umeeM | = 0; TakuM obpasoM, 6aza AAT (1.9) CBOAUTCS K DABEHCTBY
J(1) = 1, xoTopoe He BHI3HIBaeT COMHeHW. HAYKTHBHEHIA mIar co-
CTOMT U3 ABYX YacTell B 3aBHCHMOCTH OT TOr'O, YETHO UAM HedeTHO L.
Ecamm >0wu 2™+ 1=2n, To | yeTHO M

J2™+1) =2J2™ T +1/2) =1 =2(21/2+1) =1 = 21+ 1

Ha OCHOBaHUH (1.8) ¥ MHAYKTUBHOTO IPEAIIOAOKEHHUST; 3TO KaK pas To,
YTO HaM HaAO. AHAAOTMYHOE AOKA3aTEAbCTBO IIPOXOAUT U B HEYETHOM
cay4gae, koraa 2™ + 1 = 2n + 1. MoxHO 6BA0 GBI TaKKe 3aMETHUTH,
4T0 U3 (1.8) CAEAYET COOTHOILIEHUE

J2n+1)=J(2n) = 2.

B AroboM caydae MHAYKIS BEIIOAHEHA X CIIPABEAAMBOCTD (1.9) ycTa-
HOBAEHA.

C meabio LAAIOCTpAIHK pelerus (1.9), Beraucany J(100). B sToum
cayuae 100 = 2° + 36, Tak uro J(100) =2-36+ 1 = 73.

Temepp, Koraa caMoe TPYAHOe IIO3aAM (pelleHa 3ajpada), OcMo-
TPUMCS HEMHOTO: PeIlleHNe BCSKOM 3aAadd MoXXeT 6eITh obobmieHo
TaK, YTO €r0 MOKHO IIPHMEHUTH K GoAee LIMPOKOMY KPYTYy 3apad.
Pas y>x HaM¥ ocBoeHa HeKasl TEXHWKA, IOYYUTEABHO IIPUCMOTPETHCS
K Heil IOBHUMaTeAbHee U BHISICHATD, YTO €llle MOJKHO IOAYYHTD C €€
nomoursio. [103ToMy B ocTaBIIeHcss YacTU AQHHOTO pasjpeAa MEI W3-
y4uM peieHue (1.9) X ACCAEAYEM HEKOTOPHIe 0606IIeHMsT peKyPPeHT-
HOro COOTHOIIeHus (1.8). DTH MCCAEAOBAHUS BHISABAT OMPEAEAEHHYIO
CTPYKTYPY, KOTOpasi A€XKUT B OCHOBE BCEX TaKWX 3apad.

Cremnenn 2 urpaim BaXXHYIO POAb B HAIIEM IIOMCKE PENIEHMS, TaK
YTO eCTECTBEHHO O6PATUTEHCS K ABOMYHBIM IIPEACTABACHHSM BEANIHH
n u J(n). AomycTuM, YTO ABOMYHEIE PA3AOKEHUS BEANYMH N UMEIOT
BHA

= (bmbm-1...b1bo)2;
T. €.
N =bm2™ + bpu12™' + - + 512 + by,

rae Kaxpoe b; pasHo 0 mau 1, mpudeM crapmmit 6ur b,, pasen 1.
BcmoMunast, uTo 1 = 2™ + |, MOCA€AOBAaTEABHO IIOAYYAEM:

= (1bm-1bm-2...b1bo)2,

1— (Obm-1bm—_2...b1bo)2,
2l = (bm- lbm—Z---blbOO)Z)
20+1 = ( m— 1bm_.2...b1bo])2,
Jm) = (bn—1bm—2...b1bobn):

(TTochepmee caepyer us Toro, uro J(n) = 21+ 1 by, = 1.) Mu

AOKa3aAH, 9TO

J((bmbm—1...b1bg)2) = (bm-1...b1bobm)2, (1.10)

Ho cymecrsyer 6o-
Aee mpocToif myTs!
KaroyeBoif MoMeHT
COCTOHT B TOM, 4TO
J(2™) = 1 npu
BCex M, a 3T0 He-
MEANEHHO BbITEKaeT
M3 Halllero 11epBoro
YpaBHeHHA

J(2n) =2](n)-1.
CaepoBaTeAbHO, Mbl
3HaeM, 4To nepBbli
4eAOBEK yleAeeT,
Korpa n ABasercs
creneHblo 2.

A B obueM cayyae,
Koraa n =2"+1,
YHCAO AlOA€H co-
Kpatjaercs Ao CTe-
nexn 2 nocae 1 uc-
KAroyeHH#. [lepBblit
H3 0CTaBIUMXCA B
3TOT MOMEHT — TOT,
KTO OCTaHeTcs B
JKHBBIX,— HMeeT
Homep 21+ 1.



(,iTepayus* o3Ha-
YaeT NpUMeHeHHe

¢yHKUHH K caMoit
cebe.)

Boaee 4eM cTpaHHO:
ecar M — KoM-
NaKTHOE T -MepHoe
MHoroobpasue

C® (n > 1)

TO CyILieCTBYeT
AHpepeHLHpyemoe
norpzvx(enue M

B R™™ po
Heobs13aTeAbHO

B RZn—v(n)—l .
HHrepecHo, He 3a-
HuMaacst au Hocugp
Tonoaoruei BraiHe
oT Bcex?

1.3 BAMAAYA UOCHUPA PNAABUSA

T.€., Ha IPOIPaMMHUCTCKOM >KaproHe, J(n) HOAydYaeTCs IyTeM IH-
KAWYECKOTO CABHTa ABOWYHOI'O IIPEACTABAEHMS N BAEBO Ha OAMH
6ur! Mucruka. Hampumep, ecar 1 = 100 = (1100100)2, o J(n) =
J((1100100);) = (1001001);, uTo paBHO 64 4 8+ 1 = 73. Ecan 651 MEI
MMEAH AEAO C ABOMYHOM 3alMCBIO C CaMOor'o HadaAa, TO, BEPOSTHO,
cpa3sy >Xe 6Bl HATKHYAKCH Ha 3Ty 3aKOHOMEPHOCTB.

EcAyM ME HaumHaeM ¢ N ¥ wrepupyeM J-dbyHKImO m + 1 pas,
TO TeM CaMEIM OCYUIECTBASIEM ITMKAWYECKHAN CABMT Ha m + 1 6m-
TOB; a TIOCKOABKY N siBAsiercsl (m + 1)-6MTOBBIM YMCAOM, MEI MO-
rAm 6Bl pacCUMTHIBATH B MTOre CHOBa MOAy4IMTH N. Ho 3To He co-
BceM Tak. K mpumepy, ecau n = 13, To J((1101)2) = (1011);, Ho
3aTeM I((lOH)z) = (111); u mponecc obprBaeTcs: Korpa 0 craHo-
BUTCS cTapmmuM 6uToM — OH mIpomapaer. B aeficTBureasHOCTH J(n)
BCerAa AOAXHO 6HITH < M IO ollpepeAeHMIo, 6o J(n) ecTs HoMep
VIEAEBIIEr0, CAEAOBATEABHO, €CAX J(N) < T, MBI HUKOTAA HE CMO-
JKEM HOAYYUTH CHOBA N B IIOCAEAYIOIIMX HTEPAIASIX.

MHorokpaTHoe IpUMEHEHUE | IIOPO’KAAET IIOCAEAOBATEABHOCTH
y6BIBaONINX SHAYEHNMN, AOCTHTAIOLINX B KOHIIE KOHIIOB , HEITOABUKHOMK
Toukm" M, Takoit, uTo J(n) = M. CBOMCTBO IUKANIECKOTO CABHTA
TO3BOASIET AETKO BHISICHHTB, UTO 3TO OYAET 3a TOYKA: MTEPHPOBa-
Hye pyHRKIuEM m # 6oaee pa3 Bceraa 6yAeT IopoXkAaTh Habop u3
OAHMX epMHHI co 3HauenmeM 2°(M) — 1) rae v(n)—umcao paBHEIX
1 6uTOB B ABOMYHOM IIpeACTaBAEHHH N. Tak, MOCKOABKY V(13) = 3,
nMeeM

2 u 6oaee

/—H
JJ(...7(13)...)) = 22 =1 = 7;
AHaAOTHNYHO,

8 u 6onee

——
JU(...7((101101101101011);) ...)) = 2" —1 = 1023.

CrpanHo, HO daKT.

J\aBaiiTe HEHaAOATO BEPHEMCS K HallleMy ITePBOHAYAABHOMY IIDEA-
TOAOXKEHHIO, 4TOo J(N) = n/2 mpu YeTHOM N. Boobi1iie-To 3T0 HeBepHO,
HO TeIlepb MEI KaK pa3 B COCTOSIHIY BHISICHUTH, KOTAQ 3TO 6€PHO:

Jn) =n/2,
2L+1 = (2™ +1)/2,
l=12m-2).

Ecam wncno 1 = %(2"‘ — 2) meaoe, To n = 2™ + 1 6yaer pelreHu-
€M, ITOCKOABKY | MeHbIte, yeM 2™. HerpyaHo ybepnThest, uro 2™ — 2
KpaTHO 3, Koraa m HedeTHO, HO He Koraa m 4derHo. (M=l 6yaeM u3y-
4Jarh 1oA0GHEIE Bemy B r'A. 4.) ITosroMy uMeercss 6eCKOHEYHO MHOTO
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30 BO3BPATHHIE 3AAAYHA
pelteHEnit ypaBHeH# J(n) = n/2, 1 mepBhIe — TaKue:

m I n=2"+1 Jn)=2l+1=n/2 n (aABowdHOE)

1 0 2 1 10
3 2 10 5 1010
5 10 42 21 101010
7 42 170 85 10101010

O6bpaTuTe BHMMaHNe Ha Kpa¥HW IIpaBHi cToAbel. OTo ABOMYHEIE
qMCcAQ, IAKANIECKU CABUT KOTOPHIX Ha OAHY IIO3HIIMIO BAEBO AQET
TOT K€ CaMHIi Pe3yABTAT, YTO X OOBIYHEIA CABMT' Ha OAHY IIO3MIIHAIO
BIIPaBO (AeAeHUE IIONOAAM).
OTAngHO, MBI AOCTAaTOYHO OCHOBAaTEABHO pa3obparmuck ¢ (pyHK-
mueit J; caeayrommit 3Tam — ee obobmierme. Yo 65 CAyUMAOCE, ECAM
6rl B Hamel 3apave BO3HMKAA PEKYPPEHTHOCTh, CXOXKask ¢ (1.8), Ho
¢ ApyrzMuy KoHCTaHTamu? Toraa MEI BpPSIA AM MOTAM 6Bl pacCYHTHI-
BaThb YyrapaTb pelleHWe, IOCKOABKY OHO 6BIAO 6B BOMCTHHY TaMH-
cTBeHHEIM. MccaepyeM 3TOT caydaif, BBeAST KOHCTAHTH &, B ¥ Y, ¥ Kakasd-To rpedecKas
TIOIIBITaEMCST HAlITH pellleHne B 3aMKHYTOM hopMe AAsT Bonee obimero — rpamora.
PEKYPPEHTHOT'O COOTHOLIEHUS

f(1) = «,
f(2n) = 2f(n) + B mpun > 1, (1.11)
f2n+1) = 2f(n) +vy oprn > 1.

(B HamreM nepBOHaYAABHOM DEKYDPEHTHOM COOTHOIIEHHM BEIAC & =
1, =—1uvy =1.) Haunnas c f(1) = o u npuberas x panee ompobo-
BaHHOMY CII0CO6Y, MOYKHO COCTaBHUTB CAEAYIOIIYIO CBOAHYIO TabAMILY
AASL MAaABIX 3HAYEHUHA N

f(n)

[~ 4

200+ B
2a + v

400 4 3B (1.12)
4o+ 2B + v
4o + B+ 2y
4a + 3y

8a + 7P
8a + 6B+ v

IToxoxxe, 4T0 K03 DUIMEHTE IPY (X PABHE! HAMOOABLIMM CTEITEHIM 2,
He IIPeBOCXOAAIMM N. KpoMe Toro, MeXAY IIOCAEAOBATEABHEIMH CTe-
neHsIMU 2 K03 PUIMEHTH IPH 3 YMeHbIIaoTCs Ha 1 BAoTh A0 0, a
IIp¥ Y yBeAWdWBaloTcs Ha 1, HaumHada ¢ 0. [ToaToMy, ecAn BHIpasUTh
f(n) B BHAE

f(n) = An)a + B(n)p + C(n)y, (1.13)

Ox|INanUupH|wN|—=]3
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Pa3sAeAsisi 3aBHCHMOCTDb OT &, 3 # Y, TO, IIO-BEAMMOMY,

An) =2,
B(n) =2"—-1-1, (1.14)
Cn) =1.
3aech, Kak obprago, N =2+ 1u 0<1<2™mpun > 1.
ToAoxAHTe, BIEpe- HeAp3sst cRasaTh, 4TO TaK y>X TPYAHO AoKasaTh (1.13) u (1.14)
AM Bac XA€T HOBOE  TI0 MHAYKIMHK, HO IOAOOHBIe AeHcTBIS 6ECTOAKOBEL M ManomeHHBI. K
yroljeHye. C9acThlo, CYLIECTBYET AyYIIMA criocob AeHCTBHMSA, eCAM BRIOpaTh OT-

A€AbHBIE 3HaYeHNUs ¥ 3aTeM CKoMOMHUpoBaTh ux. [IpoaeMoHCTpHIpyeM
3ToT crrocob Ha IIpMMepe YacTHOro caydas & = 1, f =y = 0, Koraa
¢byrrua f(n) mpeamoaaraercs pasHoit A(n). Toraa (1.11) cBopUTCS
K PEKYPPEHTHOMY COOTHOIIEHUIO

A(l)=1,
A(2n) = 2A(n) opun > 1,
A(2n+1) = 2A(n) mprn > 1.

JAocraTouro sicHo (A0KasbIBaeTCsT MHAYKIMel o m), 9ro A(2™+1) =
m,
3aTeM BOCIOAB3YEMCSI PEKYPPEHTHHM COOTHONIEHHEM (1.11) ¥ pe-
menueM (1.13) 8 obpamuom nopadxe, HadaB C MPOCTOH GYHKIMM
f(n) X BEISICHMB, HET AM KaKAX-HUOYAD OIMPEAEASIONINX ee KOHCTAHT
ToHKast MEICAB! o, B,v). [loacranoBra mocrosteHo# dyHKmux f(n) = 1 B (1.11) mo-
)
KasbIBaET, 4TO

1=«
1=2-1+8,
1=21+v,
CAepOBaTeAbHO, 3HaveHUs (&, B,v) = (1,—1,—1), yaoBAeTBOpsIIONIHE

M ypaBHeHMsM, AaAyT A(n)—B(n)~C(n) = f(n) = 1. [Toao6ubIM
>Ke 06pa3oM MOXHO IIOACTaBHTh f(n) = n:

1 = «,
2n =2-n+f,
n+1=2n+vy.

OTH ypaBHEHMS CIIDAaBEAAMBEI IIPDH BCeX M, Korpaa x = 1, B =0 n
v =1, TaK 4TO HeT HYXABl AOKA3HBaTh I10 MHAYKIMY, UTO IIPH 3THX
mapaMerpax f(n) = n. HaM yXe useecmto, 94To B TaKoM cAydae
f(n) = n 6yaeT pelreEneM, IIOCKOABKY DPEKYPPEHTHOE COOTHOIIEHUE
(1.11) oaHo3HaYHO ompepeasieT f(n) mpx KaXkAOM M.

W reneps, B cymHocTH, 6Ar0A0 roTroBo! MEI mmokasaam, 4To GyH-
rmuz A(n), B(n) m C(n) u3 (1.13), KOTOPEIE OIPEAEASIOT peLIeHNe
(1.11) B obmeM caydae, yAOBAETBOPSIOT YPaBHEHAIM

An) =2™, raen=2"4+1lu0<<1l< 2™
AM)—BMn)—C(n) =1,
AM)+Cn) =n.
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Hamm mIpeAnoAoIKeHNsI, CAGAAHHEIE B (1.14), IOATBEPIKAAIOTCSI He-
MEAAEHHO, IIOCKOABKY MEI MOJKEM DELIUTE 3TH yPaBHEHWS, IOAyYIas
Cn)=n—-An)=1luBnh)=An)-1-Cn)=2"-1-1.

V3A0>KeHHEIA ITOAXOA MAAIOCTPUPYET MCKAIOYUTEABHO IOAE3HBIH
penepmyapHbili Memold pelIeHus PeKyPPEeHTHBIX ypaBHeHwit. CHa-
Yanra MBI IOAOMpaeM BEAWYMHE! OOIIWX ITapaMeTPOB, AAS KOTOPBIX
MEI 3HaeM pelleHne,— 3To obecriednBaeT HAC PENePTyapoM paspelm-
MEIX YaCTHHIX pelleHU#. 3aTeM, KOMOMHUPYS YacTHEIE PEIIEeHNS, MEI
mmoAy4aeM obiiee penrenne. [Ipu 3ToM He0oBXOAMMO CTOABKO HE3aBUCH-
MEIX JaCTHBIX PEIIeHH, CKOABKO MMeeTCsI HE3aBUCUMBIX IIapaMeTPOB
(B HameM caydae mx 6EIAOC TPE—AAA &, B ¥ V). Apyrue IpuMepH
pellepTyapHOro MOAXOAA CoAep>KaTcs B yup. 16 u 20.

Mg 3HaeM, YTO IeEpBOHAYaAbHAS |-pEKYPPEHTHOCTD IMEET MUCTH-
YeCKOe pellleHNe B ABOMYHON 3aIlUCH:

J((bm bm—1...b1bg)2) = (bm—1...b1bobm)2, raebm=1.

A pomyckaetT AM 060b1IeHHAS J-peKyPPEHTHOCTD ITIOAOBHYIO MUCTHUKY?
Koreuno, mogemy xe Her? O6061eHHYI0 PEKYPPEHTHOCTD (1.11)
MOJXHO IIEpeNnucaTh KaK

f(1) = «,
f2n+j) = 2f(n) + B

€CAM HOAOKHUTE 3o = ¥ 31 =7. A 3Ta peKypPPEeHTHOCTb Pa3BePTEHI-
Baercs, buT 3a 6uToM:

f((bm bmet .. .b1b0)2) = 2f((bm brn1 ... b1)2) + Bo,
= 4f((bm bm—1...b2)2) + 2B, + v,

(1.15)

opuj=0,1 7 n=>1,

= 2"™f((bm)2) + 2™ Bo,_, + -+ 2Bb, + Bo,
=2Mx + 2"‘"[51,,“_, + -+ 2Py, + Bo, -

ITpeATIoAOXKMM, YTO Telepb MEI PACUINPUAU CHCTEMY CUMCAEHHUSI C
OCHOBAHUWEM 2, TaK UTO B Hel AOIYCTMMBI IPOM3BOABHEIE IUGDDH, a
He ToABKO 0 ¥ 1. [IpeABIAyIIU BEIBOA O3HAYAET, YTO

f((bm bm-1...51b0)2) = (xBb,_ s Bow ;- Boy Bro)z.  (1.16)

YUyaecHo. MEel cMmoram 6B 3aMETHTH 3TO OBCTOSATEABCTBO TOPasA0
paHbllle, eCAU 6Bl COCTaBHAH TabA. (1.12) B MHOM BHAE:

f(n)

o4

20+ B
20+ vy

4o+ 28+ B
4o + 2B + v
4o + 2y + B
4o + 2y + v

Noauhlwn| =3

Bxumarnne!
ABTOpEI paccyn-
ThIBAIOT Ha TO, 4TO
YHTaTeAb OCO3HAET
HAEI0 METOAA H3
3TOro MoApobHoro
npHMepa, H He
H3AaraoT ero mo-
CA€EAOBATEABHO,
#CBEPXY BHH3".
JTOT METOR, Ayyllle
Bcero paboraer ¢
PEKYPPEHTHBIMU
COOTHOLIEHHAMH,
YAHHEHAHbIMH® B TOM
CMBICAE, 4TO HX pe-
IIeHUST MOTYT ObITH
BBIDXKEHbI B BUAE
CYMMBI IIDOH3BOAb-
HBIX 1TapaMeTpoB,
MOMHOXEHHBIX Ha
HeKoTophle (yH-
KLHH OT M, KaK

B (1.13). B 3ToM
CMBICAE ypaBHEHHE
(1.13) THIHYHO.

MHe xaxercs, Ao
MEHS AOXOAHT: B
ABOHYHBIX MPEACTa-
BAeHMsAX A(n),
B(n) n C(n)
€AMHHLBI CTOAT Ha
PasHBIX MecTax.



,»CYLeCTBYIOT ABa
poaa obobLjeHni:
OAHMH AelleBblf,
Apyroif LieHHBIH.
Aerye 06061HTb,
pa36aB1B MaieHb-
KyIo A€o 60AbIIONH
6oaTOBHE}H.
IIpuroToBuTH
OYHILeHHBIH H CTy-
L{eHHBIA 3KCTPaKT
U3 HECKOABKHX
XOPOIIHX COCTaBHBIX
qacTeif 3Ha4YUTEAbHO
TpyAHee!

—A. Moita [242]

Bo3MoxHo, 3T0
6b110 cTeYEHHEM

HebAaronpUATHbIX
06CTOATEABCTB.

Ho, Boobie-To, 51
1IpoTHB Bo3BpaTa
BO#H.

1.3 3ANAYA NOCHAPA ®PNABUA

Hanpumep, mpu n = 100 = (1100100); sHavermgs x =1, f = —
u Y = | AAST MCXOAHOM J-pEKYPPEHTHOCTH AAIOT

n= (1 1 0O 0 1T 0 0) = 100
fn)= (1 1T -1 -1 1T -1 —1);
+64 +32 —16 -8 +4 -2 -1 = 73,

KaK u mpexae. CBOMCTBO IMKAMYECKOTO CABHI'A COXPAHSAETCs, IIO-
CKOABKY KaXXAHIM Habop ABomuHBX Idbp (10...00); B AaHHOM
IIpeACTaBAEHHMHE N IIpeobpasyeTcs B

(1-1...=1=1); = (00...01);.

VTaK, n3MeHeHMe CUCTEME] CYIMCAEHUS IPUBEAC HAC K KOMITaKTHO-
My pemernuio (1.16) obobieHHO! pekyppeHTHOCTH (1.15). Ecamn Ham,
mmpaBo, HefiMeTcss — MOXHO obobumTh ee eme Goapure. PexyppenT-

HOCTBb

<d,
<d =u

) =o npy

1
f(dn +j) = cf(n) + B; 10 (117)

<j
<j nxl,

COBIIQAQET C IIPEAI:IAYIIJ;eﬁ 3a OAHVM MCKAIOYEHNWEM:. Mbl HAYMHAEM C
4YyceA IO OCHOBaHHUIO d, a ITOAydJaeM 3HadYeHMs IO OCHOBAHWIO C. To
€CTh 3Ta PEKYPPEHTHOCTD UMEET PEIIEHNE C IIEPEMEHHBIM OCHOBaHNEM

b1bo)a) B Bog)ec -

[IpeanoAoXuM, K IIPEMEDY, YTO BCAEACTBHE HEKOTOPOT'O 6AaronpusiT-
HOTI'O CTeYeHUsI 06CTOSITEABCTB HaMM ITIOAYYEHO PEKYPPEHTHOE COOT-
HOIIIEHWE

f((bm bm-1.. = (‘xbm Bbm—l Bb.“-z" (1'18)

f(1) = 34,

f(2) =5,
f(3n) = 10f(n) + 76 mpr n > 1,
f3n+1) = 10f(n) — 2 opun > 1,
f(3n+2) = 10f(n) + 8 npun > 1,

M, AOIIYCTHM, MB XOoTHM BRYuMcAnTh f(19). 3paeck d = 3 mw ¢ = 10.
Torpa 19 = (201)3, u penieHMe 0 ITEPEMEHHOMY OCHOBAaHMIO IIO3BO-
AsIeT OCYUIECTBHTDH IIEPEXOA OT OCHOBaHMA 3 K ocHoBaHuio 10 mudpa
3a mudpoi. Tak, crapmas nudpa 2 craHoBUTCSA Iudpoi 5, a 0 u 1
craHoBsTCS mpdpaMu 76 ¥ —2, obpasys Haul OTBeT:

f(19) = f((201)3) = (576 —2)10 = 1258,

Urax, Nocud u uypeiickas BoliHa IPUBEAM HaC K AOBOABHO MHTE-
PeCHBEIM 0606IIEHHEIM BO3BPATHBIM COOTHOIIEHMUSIM.
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Yaopa>kHeHus1

PaszMuHOYHBIE ynpa>xKHeHHus1

1

To, 94TO BCe AOLIAAY OAHOM MacTH, MOXXHO AOKa3aThb MHAYKIVEH
TI0 YMCAY AOIIAAEH B onpepeAeHHOM TabyHe. Bor Tak:

EICAZ CyIIeCTBYeT TOABKO OAHA AOLIAAb, TO OHA CBOEH MacTH,
TaK 4To 6a3a MHAYKIMM TPUBHMaAbHa. AAS MHAYKTHUBHOIO Ilepe-
XOAa IIPEATTOAOYKHUM, UTO CYIIECTBYET N AoIIaAel (C HOMepaMH OT
1 po n). Ilo MHAYKTUBHOMY IIPEATIOAOKEHMIO AOLIAAN C HOMEpa-
Mu oT 1 Ao N — | opAMHAKOBOM MacTH, ¥, aHAAOTHYHO, AOIIAAY C
HOMepaMy oT 2 A0 N MMEIT OAMHAKOBYI MacTh. Ho Aomaam mo-
CpeaMHe ¢ HOMepaMH oT 2 A0 N — | He MOTYT M3MEHSATh MacThb B
3aBHCUMOCTH OT TOTO, KaK OHY CTPYIIIMPOBaHbl,— 3TO AOIIAAM, &
He XaMeA€eoHH!. [103ToMy B CHAY TPaH3UTHBHOCTY AOLIAAY C HOME-
pamu oT 1 A0 N Tak>Xe AOAXKHBI 6BITH OAMHAKOBOM MacTy. Tarum
ob6pasoM, Bce N AOIIAAEH OAMHAKOBOM MacTH. UTA'

EcTb Az ommbKa B IpUBEAEHHOM PaCcCyKAEHUM U KaKast IMEH-
HO?

HatipuTe KpaTyanryro IIOCAEAOBATEABHOCTH II€PEKAAABIBAHUM,
TIepeMeIAoMUX OalrHo U3 N AMCKOB C A€BOI'O KOAHBIIKAa A Ha
IpaBBI KOABIIIEK B, ecAm mpsiMoii obMeH AMCKaMmM MeXAy A
¥ B sanpemen. (Kaxxpoe nepekAaABIBaHMe AOAKHO TPOU3BOAUT-
Cs 9epe3s CpPeAHWIt KoABImeK. Kak o6bI9HO, OOABIIMIA AUCK HEAB3S
KAACTb Ha MEHBIIIMIA. )

IToka>kuTe, 9TO B IIpollecce IMepeMeIleHusI ballHy IIpU orpaHuye-
HUSX U3 IPEABIAYINETO YIPa’XHEHUSI HaM BCTPETSATCS BCE AOIY-
CTHMEIe BapMaHThl Pa3sMeIleHNsT N AUCKOB Ha TPeX KOABIIIKaX.

VMeroTcss AM KakKme-HMOyAL HadvaabHas M KOHeYHass KOHUrypa-
MY U3 N AMCKOB Ha TPeX KOAHIIIKaX, KOTOpHE Tpebyror Gonee
qeM 2" — | mepeKAaABIBaHUM, YTOOE TIOAYYNTh OAHY W3 APYroit
II0 MCXOAHEIM ITpaBmAaM JAoka?

Tak HasbIBaeMas ,AuarpamMMa Benna“ ¢ TpeMsi ITepeceKarolIuMu-
CsI OKPY’XKHOCTSIMM YaCTO IIPHBOAUTCS AASI MAAIOCTPALMMA BOCBMM
BO3MOJXKHEIX IIOAMHOJKECTB, CBSI3aHHEIX C TPEMSI 3aAaHHBIMU MHO-
JKeCTBaMHU:

(A
\/
\/

MOXXHO AW IIPOMAAIOCTPUPOBATH YETHLIPHMS II€PECEKAIOMIUMUCS
OKPY KHOCTSIMY ITECTHAALIATh BO3MOXKHOCTEH, KOTOPEIE BOSHUKA-
IOT B CBSI3M C YETHIPbMSI 3aAAHHEIMU MHOKECTBAMMU?

PasmuHka
BO BCEX rAaBax
obsi3aTeabHa!

— AAM-IIHA

LJ1pexae 4yeM pe-
warh 33Aa4y, mo-
AyMaif, 4To AeaaTb
¢ ee peleHHeM"

—A. Ioi#ia
[239} c. 208].
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6 Heroroprle m3 obaacTell, 0UepUMBAEMBIX T IPSIMBEIMU Ha ILAOC-
KocTH, BeCKOHEYHE, B TO BpeMS KaK ApPyrume KoHewHhHl. KakoBo
MaKCHMaAbHO BO3MOJKHOE YKCAO KOHEYHHIX obaacreit?

7 TIlycre H(n) = J(n+1)—J(n). B cuay ypasrenus (1.8) H(2n) =2,
aH(2n+1) = J(2n+2)—J(2n+1) = (2J(n + 1)—1)—(2](n)+1) =
2H(n)—2 opu Bcex n > 1. [loaToMy IIpeACTaBASIETCS BO3MOKHEIM
AOKasaTh MHAYKIMel o n, 4ro H(n) = 2 mpu Bcex n. YTo 3aech
HEeBEpHO?

AoMaluHne 3apaHAA
8 PemmuTe peKyppeHTHOE COOTHOUIEHNE

Q0=°‘, Q1 =B)
Qn (] +Qn—~1 )/Qn—Z Ipu n > 1.

ITpumure, uto Q,, # O mpu Bcex n = 0. Vxasanue: Qs =

(14 )/B.

9 VHoraa BO3MOXXHO HCIIOAB30BaHMeE ,,00paTHON MHAYKITAN, T. €. AO-
Ka3aTeABbCTBa OT N K N — 1, a He HaobopoT! K mpumepy, paccmo-
TPUM yTBEpPXAEHUE

P(n)- X1...%Xn S (u

n
) , €CAH X1,...,Xn = 0.

n
OHO CIpaBeAAHBO AASL M = 2, TaK Kak (X + x3)2 — 4x1x2 =
(x1 —x2)* > 0.
a Ilonaras x, = (X1 + -+ Xn-1)/(n— 1), Aokaxkure, uto P(n)

Baeder P(n— 1) npu BcakoM n > 1.
b [Iloraxmure, yro P(n) u P(2) BaeryT P(2n).
¢ O6bscHuTe, MOYEMy OTCIOAA CAEAYET CIPAaBEAAMBOCTB P(n)

IIpX BCEX M.

10 ITycts Qn — MUHMMaABHOE WHMCAO IIePeKAaAbIBaHUM, HeOOXOAU-
MEIX AAS IIEpeMeEIeHHsT HalurHy U3 N AUCKOB C KOAHIIIKa A Ha Ko-
ABlIIER B, ecAr Bce mepeKRAAABIBAHUS OCYLUIECTBASIOTCS 1O “aACO-
eoli cmpeaxe—T.e. ¢ A Ha B, mwam ¢ B Ha Apyroi RoAmIIIEK, LAK
¢ Apyroro Koanka Ha A. KpoMe Toro, nycts R, — MudtuMarbHOe
YUCAO IIEPEKAAABIBAHIN, HEOODXOAVIMEIX AAS IIepeMeIeHus barram
¢ B obparHo Ha A mmpu TOM JXe OrpaHWYeHUN. M\OKa’KUTe, YTO

Qu= 0, ecam n =0,
T 2Ry +1, ecam n > 0;

R — 0, ecam n =0,
"1 Qn+Quo1+1, ecamn >0.

(HeT HeobX0AMMOCTH peIaTh 3TU PEKYPPEHTHbIE COOTHONIEHMS —
KaK 3TO AEAAETCsI, Mbl YBUAMM B TA. 7.)
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11 ABoitnass xaHoicCKast HalIHs COCTOMT U3 2N AMCKOB M Pa3sAmWd-
HEIX pasMepoB — II0 ABa ACKa KaKAOro pasMepa. Kak u B caydae
OobEIYHO 6allHM, 32 OAWH Pa3 pa3pelIaeTcs IeEPEKAAABBATh TOAb-
KO OAMH AMCK X HEAb3SI KAACTh OOABIIMIA AMCK Ha MEHBIIWIA.

a CKOABKO IEpEKAAAHRIBAaHMI HEOOXOAMMO AAS IlepeMEIeHUs
ABOMHOM balllHM C OAHOTO KOAHIIIKA Ha APYTO#, €ECAM AUCKH
OAMHAKOBHIX Pa3MepPOB HEOTAWIMMEI APYT OT Apyra?

b YTo ecAM B OKOHYATEABHOM PaCIIOAOYKEHMM ACKOB TpebyeTcs
BOCIIPOM3BECTH MCXOAHEIA IIOPSIAOK BCEX OAMHAKOBHIX AMICKOB
cBepxy AoHu3Y? [ Vxasarue: 3TO TPYAHO — Ha CaMOM AEA€ 3TO
,KOHKypCHas 3apa4da’]

12 AaBaiiTe eme obobrmum ymp. 1la, mpeamoaarast, YTo MMeeTCs N
Pa3sAMYHBIX pPa3sMEPOB AMCKOB M POBHO My AMCKOB pa3sMepa K.

OmpepeauTe HauMeHbIIee IUCAO A(my,..., M, ) IepeKAaAnIBa- ,He Aeraiite npu
Hui AMCKOB, HEOGXOAMMEIX AASI IIEPEMEINIEHNST TaKo# banrHu, ecam  MoMoly 6oasuero
CYUTaTh AUCKHM OAMHAKOBHIX Pa3MepOB HEPa3sAWYINMEIMU. TO, 9TO MOXHO CA€-

AaTh NPH NMOMOILH
13 Ha xakoe MaKCHMaABHO BO3MOXXHOE YHCAO obAacTeil IIAOCKOCTH  MeHbLIero:

AEAMTCS T\ 3UT'3aroobpasHEIMA AMHUSMA. —A. Ioiia,
[2407 c. 277].

77, =12

KaXkKAasi 13 KOTOPHEIX COCTOMT U3 ABYX ITapaAAeAbHEIX IIOAyHecKo-
HEYHBIX NIPSIMEIX, COEAMHEHHEIX IIPIMOAWHENHEIM OTPE3KOM?

14 Ha cKOABKO YacTei MOKHO PaspAEAUTh M'OAOBKY ChIpa C IIOMOIIBIO
nsTe naockux paspesoB? ([oaoBKa celpa AOAXKHA OCTAaBaThCS B
MCXOAHOM ITOAOJKEHUM, IIOKa BEl €€ peXXeTe, U KaKAOMY pa3pe- Hy-Hy... )KeaaeMm
3y AOAXKHA COOTBETCTBOBATH HEKOTOPAS IIAOCKOCTh B TPEXMEpPHOM  Ycrexa B 3ToM Aeae!
npocrpancTBe.) Haifaure pekyppeHTHOE cooTHOUIEHME AAS P —
MaKCHMaAbHOI'O YMCAA TPEXMEPHHIX obaacTeil, Ha KOTOPOE MOJKET
6EITE pa3’buUTO MPOCTPAHCTBO N IPOW3BOABHO PaCIOAOKEHHBIMM
IIAOCKOCTSIMHU.

15 ¥V Uocuda 6614 APYT, KOTOPOT'O OH CHIac, HOCTAaBUB Ha IIPEATIOCAEA-
Hee cracuTeAbHOe MecTo. UeMy paBeH I(n) — HOMep IIpeaniocAea-
HEro BEIKUBIIIETO, ECAU SK3eKYIIMM IIOAAEIKUT KaXKAHIA BTOpPOit?

16 IIpuMeHUTe perepTyapHEIA METOA AASI pellleHns 06061IeHHOTO pe-
KYPPEHTHOI'O COOTHONIEHNS C YE€THPhMS ITapaMeTpaMu

g(1) = «,
g(2n +j) = 3g(n) +yn + B mprj=0,1 m# n>1.

Vxasanue: monpobyitre dyrkmmo g(n) = n.



39T0 4TO-TO BPOAE
NATH3BE3AHOr0
MeTopa?

1 YIIPAODKHEHWSI

KonrpoabsHbIEe paboThr

17 O6osHauuM yepes W, HauMeHbIllee YNCAO IepeKAAABIBaHMIA, He-
06XOAMMEIX AASL IIEpEMEINeHnst 6alrHy U3 M AMCKOB C OAHOT'O KO-
AHIIITIKA Ha APYTOM, KOTAA MMeeTCs He TPH, a YeThIpe KOABIIIKA.
ITorasxure, 4TO

Wiminz € 2Wam-12+Ta mprn >0.

(3aech T,y = 2™ — 1 —umcA0 IepeKAaABIBaHMIA B OOEITHOM CAydae
Tpex KOAHIIKOB.) Bocrmoap3syiiTech 3TUM AAS HaXOKAEHHUS BEIPa-
xeHus f(n), Takoro, 9ro Wy (n41)/2 < f(n) mpm Bcex n > 0.

18 [ToraXkuTe, YTO CAEAYIOUIAST COBOKYITHOCTD N AOMaHBIX AMHUMI Ae-
AUT IIAOCKOCTb Ha Z, obaacTeii, rae Z, OIpeAeAeHO B (1. 7) Ka-
®Aas j-s AoManas mpx 1 < j < n uMeer @saoM B Toure (n¥,0)
1 TIPOXOAMT Yepes TOYKH (N nd— W) r ¥ —nd—n"1).

19 MoryT Az N AOMaHEIX AMHHMHA PasAEAMTD IIAOCKOCTD Ha Z, obAa-
cTeif, KOTAA JroA Ka>kAOT0 M3A0OMa cocTaBaseT 30°7

20 [IpuMennTEe pemepTyapHH# MeToA pelleHrs: 06obIeHHo# peRyp-
PEHTHOCTH C NISTHIO TapaMeTpaMu
h(1) = «,
h(Zn+j) = 4h(n) +v;n+ B mpuj=0,1 = n>1.

Vxasarue: mompo6yiire dbyrkma h(n) =n u h(n) =n?.

21 AomycTM, 9TO B KPYT' IIOCTaBAEHO 21 YeAOBEK, IIEPBHE N U3 KO-
TOPHIX —,,CAABHBEIE pebsiTa’; a N moCAeAHUX — ,TapAKWe mapHU: [o-
Ka)KATe, 9TO BCETAA HaAETCS IeAoe M (3aBUCAIIEE OT M), TaKoe,
YTO €CAH, ABUTAsICh IT0 KPYI'y, MBI HaKa3EIBaeM Ka’KAOT'O M-TO, TO
mmepBEIMU 6YAYT HaKasaHH Bce rapkue maped. (K mpumepy, mpu
n = 3 MOXHO B3ATh M =5, a mpu n =4 B3are m = 30.)

KoHKypcHBIe 3apadH

22 Iloka>x@Te, YTO UCIOAB3YS T BEIIYKABX MHOTOYI'OABHMKOB, KO-
TOphIE€ KOHT'PY3HTHEL APYT APYTY ¥ IOBEPHYTH OTHOCUTEABHO 06-
1ero ImeHTPa, MOXKHO IOCTPOUTE AMarpaMMy BerHa ans 2" Bce-
BO3MOXXHBIX ITOAMHOJKECTB Tl 3aAQHHBEIX MHOJKECTB.

23 Aomyctuu, uro Vocud 3aHMMaeT KOHKPETHOE j-€ MEeCTO, HO IIpH
3TOM MMEET BO3MOKHOCTH Ha3BaTh POKOBOM ITapaMeTp (, IIOCAE
4ero YHMYTOXKAETCS KaXXABIM (- yeaoBeK. Beceraa AM oH cMoXeT
CIIacTHCh?

HccarepoBareabckue npobaeMsr
24 HaiipuTe Bce peKypPEHTHEIE COOTHOIIEHUST BUAA
ap+ a1 Xn—1 + - + axXn—k
b1xn—l +---+ bkxu—-k
PelLIeHUsT KOTOPHIX IEPUOAUYHEL.

Xn=

37
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25 PemmTe 3apady o XaHOMCKOM OalrHe ¢ 9eTHIPbMsI KOABIIIKAMU K
B BECKOHEYHOM YHCAE CAydaeB, AOKa3aB, YTO B COOTHOIIEHUM K3
yup. 17 uMeeT MeCcTO paBEHCTBO.

26 O6obmast ymp.23, 6yAeM HashHBaTh uUocudosvimM nModMmHodice-
cmeom MHOXecTBa {1,2,...,Mn} TaKoe MHOXXeCTBO M3 Kk HoMe-
POB, YTO Ip¥ HEKOTOPOM (| IIEPBHIME OYAYT YHUYTOXKEHBI AO-
A C ocTarbHBIME N — k HOMepamu. (Ha stmx k MecTax Haxo-
ASITCSL CAaBHBIe pebsra’i KoTopsix xoder cmactu Wocud.) Oka-
3EIBAETCS, ITO mpM N = 9, Tpu u3 27 BO3MOMKHEIX IIOAMHOMKECTB
SIBASIIOTCSL HEMOCUOBHIMY, a MMeHHO, mopMHOXecTBa{1,2,5, 8, 9},
{2,3,4,5,8} = {2,5,6,7,8}. Koraa n = 12, To 13 mOAMHOXECTB
SIBASTIOTCSI HEMOCHPOBRIMY, a IIpu AfoboM ApyroM n < 12 HeT Hu
opHoro HemocudoBa. PepAxy AM HeMOCHOBHI TOAMHOXKECTBA IIPX  Aa, 103ApaBAs-

6oasmmx n? €M, €CAH BbI HX
Ha#pere.



Ncuncaenue cymm

YAEeHOM MOYETHBIM
H [0 HEYETHBIM
TOXe.

CYMMEI BE3AECVIIIY B MaTeMaTHKe, IO3TOMY HaM IOTpebyOTCS
OCHOBHEI€ IIPHEME! O6PAIIEHUS C HUMU. DTa T'AaBa 3HAKOMUT C TeMU
0603HaYeHMSIMM M METOAAMY, KOTOPHIE IIOMOTYT OCBOMTBCS C CyMMHU-
pOBaHUEM.

2.1 OBO3HAYEHWNs CYMM

B ra. 1 MH y>Xe CTAAKHBAAMCEH C CYMMOii ITePBHIX N HATypaAb-
HBIX 9HCEA, KOTOPYIO CTapaTeAbHO BHIMACHBAAM Kak 1+2+3+4---+
(n — 1) + n. MHororoume ‘---’ B TakuMX POpMyAaxX yKa3mIBaeT Ha
TO, YTO IPOIYILIEHHOE Hy>KHO BOCIIOAHWTD II0 aHAAOTHMH C COCEAHVME
YAEHAMU CYMME. PasyMeeTcss, MBI AOAKHBI OCTEPETaThCs CYMM THIIA
1+7+--441.7, KoTOpHIe He 4YTO MHOE, KaK BOIIMIOIIAA HeCCMBICATIIA.
C Apyroi CTOpOHEI, BRAIOYEHHE YAEHOB 3 1 (N — 1) 6BIA0 M3AMIIHER
POCKOIIBIO — AOCTATOYHO 6BIAOC 651 HammcaTs 1+ 2+ - - + n. Kpaitae
caMOyBepeHHEIe OIPAHMYMANUCE O6BI AaXKe 3amuchbio 1 4 -+ 4+ M.

M=l 6yaeM uMeTh AeAO0 C cyMMaMu obIiero BAA

ar+az+---+an, (2.1)

TAe KaXXp0€e (i — OIIpeAeAeHHOe KaKAM-To obpasoM gucao. Takoe obo-
3HaYEHNE MMEET TO IPEMMYIIECTBO, YTO IIPK HaAWYMM AOCTAaTOYHO
Horaroro BoobpakeHusT MOKHO ,JIDEACTABATE" cebe BCIO CyMMY IIeAH-
KOM, TIOYTH TaK, KaK eCAH OBl 0Ha 6BIAA BEIIMCAHA IIOAHOCTBIO.

KaXXApiit 3AeMEHT () TaKO# CYMMEI Ha3hIBAE€TCS €€ “/ieHOM. 3a-
YaCTYIO0 9TH YAEHEI OIIPEAEASIOTCS KOCBEHHO, B BUAE (DOPMYA, CAEAYST
HEKOTOPOMY AETKO IIPOCMAaTPHBAloOIIeMycs IIDaBUAY, a B PSIAE CAyda-
€B IIPUXOANTCS 3alIMCHIBATh CYMMEI B Pa3BEPHYTOM BHAE C TeM, YTO-
6B cTaA IOHSATEH MX CMEICA. HampuMep, eCAM IIpeAIIoAaraercs, 9To
dopMyaa

T4+2+- 42

AOMAYKHA 0603HaYaTh CyMMY M3 N, a He U3 2™~ YAEHOB, TO €€ CAEAYeT
3ammcaTh bonee aKKypaTHO Kak

2042 42N
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XoTs 0603HaYEHNE C UCIIOAB30OBAHUEM ‘- - - ' IIMPOKO PacIpocTpa-
HEHO, OHO M3AMIIIHE POMO3AKO X MOJKET BHI3HIBATh pasHouTeHmM:. Mc-
TIOAB3YIOTCSI X APYTHeE CIIOCOOR! 3ammcy CyMMEI, ocobeHHO dopMa 3a-
IINCH C SIBHEIMW IIpEAeAaMU

n
D ax,

k=1

(2-2)

KOTOpasi HasEIBAaeTCs CHI'Ma-o603HaueHMeM, IIOCKOABKY 3AECh (pUTy-
pupyer rpedeckas 6ykea ) (mpommcHas curma). OTo obosHadeHUe
FOBODHT, YTO BKAIOYAaTh B CyMMYy HAAO MMEHHO Te YA€HH (i, HO-
Mep K KOTOPHIX SBASIETCS IEABIM YMCAOM, AEKAIIMM MEXAY HUKHER
¥ BepXHel rpaHunaMu 1 ¥ n BKAIOYUTEABHO. DTO IIPOU3HOCUTCS KaK
»cyMuMa 1o k ot 1 po n* Sto ) -obosnauerue BBeA YKosed Dypbe B
1820 r., ¥ OHO BCKOPEe IOKOPMAO MaTeMaTU4YeCKHAA MUP.

Kcraty, BeAUdnHa IIOCA€ 3HaKa ) (B AQHHOM CAydae Qi) Hashl-
BaeTCs 06WUM HAEHOM.

I'oBOpAT, UTO NMepeMeHHEIH MHAEKC k ceAsan 3HaKOM ) B (2.2),
TIOCKOABKY k B ax He MMeeT OTHOIIEHUS K TeM K, KOTODHIE IIOSIBASI-
JOTCS 3a paMKaM¥ cUTMa-obo3HadeHUs:. B wacTHOCTH, ATobass Apyras
6ykBa Moraa 651 3aMeHUTH k 6€3 M3MeHeHUst cMBIcAa (2.2). YacTo uc-
noAb3yeTcst 6ykBa i (BO3SMOXKHO IOTOMY, YTO C Hee HAYMHAETCS CAOBO
yindex"), Ho MBI 6yAeM, Kak IIPaBUAO, CYMMUPOBATh IO K, ITIOCKOABKY
pasyMHO COXpaHWTE i 3a v/—1.

OxkasulBaeTcs, 4To ellle 6oaee IOAE3HEIM, deM HopMa 3alMcH C
SIBHEIMM IIPEAEAAMH, SIBAsIETCS 06061eHHOe curMa-0603HaYeHNe. MEI
IIPOCTO 3aITMChIBa€M OAHO MAM HECKOABKO YCAOBHIH IIOA 3HAKOM ) _, 3a-
AaBasi TEM CaMBIM MHOJKECTBO 3HA4YEeHUI HHAEKCA, II0 KOTOPEIM CAEAY-
€T IPOBOAUTH CyMMUpoBaHue. Hampumep, cyMuMet (2.1) u (2.2) MOXXHO
3aImcaTh MHade KaK

Y a.

1<kgn

(2.3)

XoTs B 3TOM OTBAEYEHHOM IIPUMEPE ¥ He BUAHO CYIIECTBEHHOI'O Pas-
AWH7S MEKAY HOBBIM obo3HaveHMeM 1 obo3HadeHMeM (2.2), 06061IeH-
Hoe obo3HadYeHUe IIO3BOASET ,6paTh CYMMEI II0 MHOXXKECTBaM 3Hade-
HUWif WHAEKCa, He OrPaHWYEHHBIM [TOCAEAOBATEALHEIMU LIEABIMHU YU-
cramu. K mpumepy, cyMMy KBaApaToB BCEX HEYETHHIX ITOACKUTEAB-
HEIX ynceA, MeHpIIIX 100, MOJKHO BEIPA3HMTh TaKUM o6pasoM:

> K
1<k<100
k HedeTHO

AnHanor 3Toif CyMMEI C SBHEIMU [IPEAEAAMM

49
Z(2k+ 1)?
k=0

»Le signe 3 7°
indique que
I’on doit donner
au nombre entier i
toutes ses valeurs
1,2,3,...,¢t
prendre la somme
des termes
— K. ®ypoe [324]

I'papputy Ha
HHOCTPaHHBIX
A3bIKax cnocob-
CTBYIOT BOCITHTaHHIO

MOAHTAOTOB.
— Pea.

Hy, 51 6s1 He xoTeA
3aMEHSATD IepeMeH-
Hblif HHAeKC k Ha
a HAH M —3TH
6yKBbI ABASIIOT-
s ,,CBO6OAHBIMM
nepeMeHHBIMH',
HMEIOLHMH Ca-
MOCTOATEAbHOE
3HayeHHe 3a paM-
Kamu 3T0#f ).
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6oAee TPOMO3AOK ¥ MeHee HarAsiAeH. AHaAOTMYHO, CyMMa o6paTHBIX
BCeM MPOCTHIM uncAaM MeXXAY 1 m N ectsb

>
)
p<N p
P mpocToe
B cAydae (OpPMEl 3aIMCH C SIBHEIMU IIpeAeAaMu IoTpeboBanock 6l
HaIIICaThb

n(N) 1

1
=1 Pk

TAe Pk O3HadaeT k-e mpocToe 4ucAo, a 7T(N) — KOAMYEeCTBO IIPOCTHIX
umcen, He npeBocxopsinux N. (Me>xxAy mpounu, sTa cyMMa AaeT IIpH-
6AM3UTEABHO CpPeAHEe YUCAO IIPOCTHIX AeAUTeAel ,CAydaitHOro" me-
Aoro umcAa, 6amsKoro K N, IIOCKOABKY OKOAO 1/p 3THX IIeABIX YHCEA
Aeastcs Ha p. [Ipu 6oapmoM N oHa mpuMepHo paBHa InlnN + M,
rae M =~ 0.2614972128476427837554268386086958590515666 — KoH-
cranTa MepTenca [220], Inx o3HavaeT HaTypaAbHEIH AorapudM X, a
Inlnx osnadaer In(lnx).)

Ho campiM 6oaburmM mpenMyiecTBoM 06061eHHOr0 curmMa-0603-
3Hak cyMMbl oxoX ~ HadeHUsI IBASIETCS TO, YTO C HUM o6palaTbCs ropaspo Aerde, 4eM
Ha cropbupmerocst ¢ ¢dopMoit 3amMCK ¢ TBHBIMM IpeAenaMu. [IpeATIoNoKUM, HAIIPUMED,
rpys4HKa. YTO HaM 3aXOTEeAOCh 3aMEHWTH IepeMeHHHIM mHAeKC k Ha k + 1. B

cAy4ae o6obijeHHOM hOpMEI 3aIMCH MBI MMeeM

Z ax = Z Ax+15
1kgn 1<k+1<n

A€rKo Coo6pa3suTh, YTO MPOMCXOAMT, X MBI IIPOX3BOAMM IIOACTAHOBKY
nouT 6e3 BCAKMX paspyMumii. A B caydae ob03HAUeHMS C SIBHEIMH
IpeAeAaMM TIOAydaeM

n
> a=) ax;
k=1 0

E}
L

~
Il

B 3TOM CAydYae TPYAHee IIOHSATH, YTO CTPSICAOCH, ¥ BoABINe mIaHcoB
COBEPIUINTDH OIAOLIHOCTb.
TeM He MeHee, hopMa 3aIMCH C SIBHBIMU IIDEAEAAMU HE SIBASETCS
KpyraeHpkast coBepuIeHHO becrroaesHoi. OHa ¥MMeeT OKPYTAHlE, TIPUBAEKATEABHEIE
cyMMa. . . copME 1 6ricTpo mmmeTcsi, 60 cyMMa (2.2) COCTOMT U3 CEMM CHM-
BOAOB, B CPaBHEHMH C BOCEMbIO, TpebyeMuiMu AAst cymumul (2.3). [To-
3TOMY MHEI 6yAEM 3a4acTyI0 MCIOAB30BaTh )  C IPeAeAaMu mpu dhop-
MYAMPOBKE 3aAa4Yy MAW IPEACTABACHUN PE3YABbTATa, HO IPEATIOYTEM
Sr0 eme yTo. . . A METH AEAO C COOTHOLIEHUSIMU-TIOA- ) IIPU AEMCTBHUSIX C CyMMOIt, Ko-
Bbl 6bI OACHHTa- TOpHIe TPebYIOT Ipeobpa3oBaHMs IIEPEMEHHOM CYMMUPOBAHMS.
M, CKoABKO X B 3HaK )_ BCTpedaeTcs B 3Toif KHHUre 6oaee 1000 pas, mosToMy Hap0
WHrnape! 6Bl yOeAMTHCS B TOM, YTO MEl HaBEpPHSKa 3HaeM, YTO OH O3Hadaer.
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®opManrbHO

Z ak (2-4)

P(k)

TIPeACTaBASIeT Cobo# COKPAIEHHYIO 3alUCh CYMME! BCEX IAEHOB Ay,
TaKMX, YTO ILIeAOe K YAOBAETBOPSET 3apaHHoMy ycaopmio P(k).
(,VcnoBue P (k)" —3To HeKOTOPOE yTBEPKAEHME OTHOCUTEABHO K, KO-
Topoe MOXeT 6BTh AM60 MCTUHEEIM, Aub0 AoKHEIM. ) [Toka aomycTum,
4To ax # 0 AMIIB AAS KOHEYHOTO YMCAA K, YAOBAETBOPSIOMIMUX YCAO-
Buto P(K); B mpoTMBHOM cAydae 6yAeT CKAAABBATHCSI GECKOHEYHOE
YUCAO HEHYAEBRIX YAEHOB, ¥ TOT'AA IPUAETCS HECKOABKO MCXUTPUTE-
cs1. Apyras kpaitHOCT: Korpa P(k) AOKHO AAs Bcex meAmIX k, MBI
TIOAYYaeM ,IIYCTYI0" CyMMY — IIyCTast CyMMa II0 QIPEAEAEHUIO PaBHA
HYAI.

EcaAu 3HaK CyMMEI IIOSIBASIETCS B TEKCTE, a He B BEIA€AEHHO dop-
MyA€, TO MCIOAB3YETCS CAETKa M3MEHEHHast popMa 3amucy (2.4): ME
uIeM ‘Zp(k) ay’', mpmAaBas ycaoBuio P(k) BUA HE)XHEro MHAEKCA
Op¥ ), AAS Toro 4To6hl ¢opMyAa He CAMIIKOM BEIXOAWAQ 32 IIpe-
AEARI CTPOKH. AHAAOTHYHO, ‘ZL‘=1 ay’ mpeAcTaBAsiET coboit yAOOHEIH
BapHMAHT 3aIKCH (2.2), ECAYM MEI XOTUM YMECTHUTE AaHHOE 0603HaYeHTEe
B OAHY CTPOKY.

3ayacTyio cobaasHUTEABHA 3alIUCh

n-1 n
Zk(k—])(n—k) BMECTO Zk(k—l)(n——k),
k=2 k=0

TIOCKOABKY IIpH k = 0, 1 ¥ N COOTBETCTBYIOIIME YAEHE 3TOM CyMMEI
PaBHHI HyAIO — pa3Be He pasyMHee CAOKUTh N— 2 YA€Ha BMeCTO N+ 1
uyaeHoB? Ho He HapO IOAAABATHCSA TaKUM CObAasHaM: pasyMHOCTDL B
CMEICAE BBIYMCAEHMS M Pa3syMHOCTb B CMEICAE IIOHMMAHWS — 3TO He
oAHO Z To Xe! B pAaabHeleM ME 06Hapy>X¥M, 4TO KaK MOXHO 6onee
TIPOCTHIE BEPXHUE ¥ HUKHUE I'PAHUIE! MHAEKCA CyMMUPOBaHMUS MMe-
IOT TO IIPEMMYLIECTBO, YTO IIPY IIPOCTHIX I'PaHMIAX TOPa3sA0 IIPOILE
obpamarecst ¢ cymmaMu. Boaee Toro, obosHaueHMe THIIA ZE;; Mo-
J)KeT Aa’Ke IPMBOAMTEL K OMACHOH ABYCMBICAEHHOCTH, IIOCKOABKY HE
coBceM siceH ero cMbicA mpx N = 0 max n = 1 (cM. yup. 1). Hyaesnie
YAeHHl 6e30ITacHEl ¥ 9acTO M36aBASIOT OT HEHY>XKHEIX XAOIIOT.
O6o03Ha4eHNsT, KOTOPEIE MEl O6CY’RKAQAM AO CHX IIOD, SIBASIFOTCS
OBILIEIPUHATHIMY, HO ceifyac MK coBpaeMcs PELIMTEABHO OTCTYIINTD KOTODAS BCTDEda-
oT caoXXuBIIelcs Tpapuy. KenHer A#BepCOH B CBOEM SI3BIKE IIPO- MCbp MHE B :pymx
rpamuuposarus AITA [4, c. 11, cu. rakke 152], BHec 3aMeqaTeABHYI0  xyyrax (1 nuero 5
HA€10, KOTOpast, Kak 6yAeT BUAHO, CYIIIeCTBEHHO yIPOLIAET MHOTOE M3  pyay Syr , paBHYIO
TOT0, YTO MEI cCOBMpaeMcsI IPOAeAaTD B 3To# KHuUTe. Ero mpest cocrour 1, ecam k=n, #
B TOM, YTO6HI IIPOCTO 3aKAIOYATh UCTUHHOE-UAN-AOKHOE YTBEPXAe- O — B IPOTHBHOM
HUe B KBaAPaTHEIE CKOOKHE M CUNTATh [IPK 3TOM, YTO PE3YALTAT PaBeH CAY4Yae), Bcero
1, eCA AaHHOE yTBEPKAEHME UCTUHHO, ¥ 0, ECAM AaHHOE yTBEpXKAe- AHIUb YaCTHbIA

HHIe AoKHO. Hampumep, %ﬁ:ﬁ: ;ra_u:ze-

[p mpocToe] = 1, ecau p —mpocroe =mcao, CTO Hee MOXHO
0, ecAM p — He ITPOCTOE WHCAO. mucats [k=n].

Bor 3710 pa!, Aeab-
Ta KpoHekepa')



51 4acTo yAHUBASIOCH
HOBBIM, BaXKHBIM
[PHAOXKEHHAM [3T0-
ro obo3HayeHHs[".

— B. pAe ®uHerTH
[313]

... ¥ yMeHbIaeT
IAHCBI TOAYYHTD
MAOXY10 OTMETKY
Ha 3K3aMeHe 3a
,HEAOCTATOYHYIO
CTporocTs’

2.2 CYMMBI 1 PEKYPPEHTHOCTH

Horamnus AifBepcoHa IIO3BOASIET BEHIPAXKaTh CYMMEI b6e3 Kakmx 61 To
HE 6EIAC OrpaHIYEHMH Ha MHAEKC CYMMUPOBAHUS, IIOCKOABKY CYMMY
(2.4) MOXHO IepemcaTb B BUAE

Z ag [P(k)] . (2:5)

k

Ecam P(k) aoxHo, To uner ai[P(k)] paBen HyAlo, Tak 9TO MOXKHO
CIIOKOMHO BKAIOYATh €r0 B COCTAB CYMMMPYEMEIX YA€HOB. JTO yIIPO-
I[aeT MaHUIIYANPOBAHNUE C MHAEKCOM CYMMMPOBAHU, H60 HET HYKARL
6€ECIIOKOUTBCS O I'PAHNIHEIX YCAOBUSX.

HeobxoAMMO TOABKO OTMETHTEH OAHY TEXHWYECKYIO A€TalAb: MHO-
rAa ax OBIBaeT oIpeAeAeHO He AAS BCEX IEABIX k. DTO 3aTpyaHeHMe
MOXHO 0BOHTH, AOIIyCKasi, 4TO [P(k)] SIBASIETCS ,,049€Hb CUABHO HY-
AeBHIM' Korpa P(k) AOKHO,—OHO HAacCTOABKO HYA€BOe, UTO AEAAET
ax [P(k)] paHBIM HyAlo, AaXKe KOTAa Ak He ompeAeAeHo. Hampuuep,
€CAM BOCIIOAB30BaThCsI HOTalMeld AfBepcoHa AAS 3alMCH CyMME YU-
cea, obpaTHEIX pocTHM < N, B BuAe

> [p mpocroel[p < Nl/p,
P

TO IPH P, PAaBHOM HyAO, IpobAeM C AeAeHMEM Ha HYAb He BO3-
HUKaeT, [IOTOMY 4YTO Hallle AOIYILIeHHe IIO3BOASET CYMTATh, YTO
[0 mpocroe][0 < NJ/0 =0.

JaBaiiTe Temepb IOABITOXKUM TO, YTO OBCYKAAAOCH AO CHX IIOP
B OTHOLIEHWM CyMM. VIMeloTcst ABa 3aCAy>XKMBAIONINX BHUMAHUS CIIO-
coba 3ammMCcH CyMMEBI YAEHOB: B OAHOM CAyYae HCIOAB3yeTcs ‘---’,
B ApyroM—'‘) ’'. 3ammuch ¢ MHOTOTOYMEM YacTO IOACKa3bIBAeT IIO-
Ae3sHBle ITpeobpa3oBaHuUst (B YaCTHOCTH, PPYIIIAPOBKY CMEKHEIX IAE-
HOB), IIOCKOABKY, KOT'Aa BCSI CyMMa MasTINT y HaC IEPEeA TAa3aMu, MEL
MO>KEM YAOBHUTDH YIIPOIIAIOUIYIO ee 3aKOHOMepHOCcTh. OpHaKo obuAaue
Aobpa cpopHu mopoky. CurMa-obosHadeHre KOMIIAKTHO, BIIEJIATASET
POAHEIX M ODAM3KUX M 3a49acCTyIO ITIOACKa3hIBaeT IIpeobpa3oBaHMs, KO-
TOpBle HE CTOABb OYEBMAHEI B CAydYae 3aIlUCH C MHororouweM. [Ipm
pabore ¢ curMa-obo3HadeHNEM HyAeBble YAEHE COBCEM HE MEIIAIOT —
HAIIPOTHB, OHM YacTO 0BAErYaioT ) -OIepalfyio.

2.2 CYMMBbBI 1 PEKYPPEHTHOCTH

Wrax, Mi pa3sobpaiAmch, KaK BHPa’XaTh CYMMBI C ITOMOIIBLIO
TOr'O MAY MHOT'O IPHYyAAMBoOro obo3Hauenus. Ho kak Hapo AeicTBO-
BaTh AASI HaXOXKAEHWS 3HA4YeHWs ToM mAM wmHOM cymmel? OpmH u3
CII0CO60B — 3aMETHUTD, UTO CYLIECTBYET TECHAA CBSA3b MEKAY CyMMa-
MM ¥ peKyppeHTHocTsiMu. CyMMa

n
Sn = Z Ay
k=0

43



44 UCYUCAEHUNE CYMM
3KBUBaAEHTHA PEKYPPEHTHOCTH

So = ao;
Sh =Sh1+4+an opu n > 0. (26)

CAaepoBaTeABHO, MOXKHO BEIYMCASITH CYMMEI B 3aMKHYTO# hopMe, HC-
IIOAB3YS AASI TOTO METOAR! PEIIEHNST PEKYPPEHTHHIX COOTHOLIEHUIA B
3aMKHYTOH popMe, KOTOphle M3YIaAUCh B TA. 1.

K mpuMepy, eCAZ Q, €CTh HeKas IIOCTOSTHHASI IIAIOC HEKOe KpaT-
HOE M, TO CUI'Ma-pEKYPPEHTHOCTS (2.6) mprobpeTaeT cAeAyoLMiz 06-
A BUA:

Ro = «;

R.=Ru_1+pf+vyYn mpz n > 0.

AeficTBysI Tak >Xe, KakK B TA. 1, MBI HaxopuM, 4To Ry = o+ 3 + v,
R; = o+ 2B + 3y u T. 7., a2 BoobIlle ICKOMOE pelIeHNe MOKET GHITH
3aIMCaHoO B BHAE

(2.7)

R, = A(n)a+B(n)p + C(n)y, (28)
rae A(n), B(n) z C(n) — ko3¢ dUIMenTH IPU OCHOBHAIX TapaMeTpax
(x', ‘31 u Y'

PenepTyapHEIfi MeTop IIOACKasHIBaeT IONPo60BaTh IIOACTaBUTH
BMecTo R,, mpocThle GYHKIUYU OT N B HAAEKAE HAHTH TaKuUe IIOCTOSH-
HEIE IIapaMeTPH &, 3 ¥ 7Y, IIPU KOTOPHIX PellleHre 0CO6eHHO IPOCTO.
IToacranoBKa R, =1 paer =1, B =0, y =0, oTryaa

An) =1.

IoacTanoBra R, =n paer =0, p =1, vy =0, oTryaa
B(n) =n.

A moacranoBka R, =n? paer a =0, f = —1, y = 2, oTKyaa
2C(n) — B(n) = n?,

u Me1 moaydaem C(n) = (n? 4+ n)/2. IIpocTo Kak ABaXXAHI ABa.

WTak, ecAM MBI XOTUM BHIYUCAUTE CyMMY

n

2 _(a+bk),

k=0

TO CUT'Ma-PEKYPPEHTHOCTD (2.6) cBopuTCAK (2.7) ca =P =a,y =Db,
u orBeToM 6yaer aA(n)+ aB(n)+bC(n) =a(n+1)+bn+1)n/2.

U obpaTHO, MHOTME PEKYPPEHTHOCTH MOTYT OBITH CBEAEHEI K CyM-
MaM; B CHAY 3TOrO CIIEIMaAbHEIE METOAB! BEIYMCAEHHMS CyMM, KOTO-
pHIE MBI M3y9MM II03JKE B 3To rAaBe, 6YAYT ITOAE3HE! U IIPH PEIICHUN
PEKYPPEHTHBIX COOTHOIIEHMH, CIIPAaBUThCS C KOTOPHIMM MHade 6BIAO
61 TpyaHO. IlopxoasuImii IpUMep — PEKYPPEHTHOCTh, CBSI3aHHAs C
3apadei o XaHOMCKOR bamrHe:

To=0;
T =2Th 1 +1 opu n > 0.

(Cuwuraiire, yTo
Sn —He npocTo
OTAEAbHOE YHCAO,
a HX II0CAEA0Ba-
TEABHOCTb, OITpe-
A€AeHHas AAST BCEX
n=0.)

Ewe npoie:
2x2=

2
ngo (4n+1)(4n+3)



(BeanymHa sy co-
Kpalyaercs, TaK 4o
OHa MOXeT 6bITh
YeM YTroAHO, KpoMe
HyAL.)

2.2 CYMMBbI 1 PEKYPPEHTHOCTHA

Ee MOXHO IPMBECTH K HacTHOMY CAydaio (2.6), eCAM IOAEAUTH obe
yacTy Ha 2™:

To/2° = 0;

To/2" = Tuo1/2"4+1/2  mpun > 0.
Tenepb MOXXHO IIOAOXKHTD Sy, = T,,/2", moaydas

So =0;

Shn =S +27" npu n > 0.

OTCIOAa BBEITE€KA€ET, 4TO

n
Sp = Zz—k.
k=1

(O6paruTe BHMManmMe, 4TO UAeH ¢ k = 0 He BKAIOYEH B 3Ty CyM-
My.) Cymma reomerpmdeckoit mporpeccus 27 + 272 4 ... 427" =
(3T +(1)3 4+ -+ (3)" 6yaer BrBeaena B 3Toi rAaBe mO3AHEEe — OHa
OKayKeTCsI paBHOM 1 — (%)“. ChaepoBaTeabHO, T, = 2™S, =2 — 1.

B 3TOM BHIBOAE MEI IIEPEUIAK OT T, K S;,, 3aMeTUB, ITO UCXOAHOE
PEKYPPEHTHOE COOTHOUIEHHE MOJKHO BBIAO IIOAEANTD Ha 2™. DTa yAOB-
Ka — JacTHBIA cAydait obirero MeToAa, C IIOMOIIBIO KOTOPOro ¢aKTu-
4eCKH AIO6YI0 PeKyPPEHTHOCTD BUAA

anTh = baTho1+cn (2'9)

MOJKHO CBECTH K CyMMe. CYTb AQHHOI'O M€TOAA COCTOMT B TOM, 9To6H
AOMHOXHUTH obe gacT; Ha cym.mupyrou;uﬁ MHOHCUMEND Sy ©

SnlnTn = SubnTu_1+ sncn.

IIpy >TOM MHOXHTEAB S, IOABHPAETCSI CTOABD MCKYCHO, UTOBHI CAe-
AQTh S,b, PaBHEIM S;_1Qn—1. A Temepb, €CAM IOAOXKHTBH S, =
Snan T, TO IOAYYUM CUI'Ma-pPeKyPPEHTHOCTD

Sn = Sn—] + Sncn .
CaepoBaTEABHO,
n n
Sn = soaoTo+ Z sick = s1biTo+ Z_ SkCk
k=1 k=1
¥ pellleHMeM UCXOAHOR PEKYPPEHTHOCTH (2.9) SIBASIETCS

] n
Tn = : (slblTo+Zskck>. (2.10)

SnQn k=1

Hanpuumep, npx n = 1 Mu moaydaeM T = (s1b1To+ s1¢1)/s1a1 =
(b1 To+ c1)/as.

Ho xBatuT Am HaM coobpasuTeAbHOCTH, uTOOE HaiiTm Tpebye-
Moe s, 7 HeT mpobaeM: AOCTaTOYHO pa3sBepHYTb COOTHONIEHUWE S, =
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Sn—1Qn—1/bn, 9TOBE BHISCHUTD, YTO MCKOMEIM CYMMUPYIOLIMM MHO-
SKHATEAEM SBASIETCS APO6b
§n = An-1Qp-2...Qq (2‘11)
bnbn-1...b;
HAK Aloboe IOAXOAsIIIEe KPATHOE 3TOM BEAMYMHEL. B wacTHOCTH, AASE
PEeKYPPEHTHOCTH, CBSI3aHHOM ¢ 3apadeit o xanoiickoif bamme, a, = 1
u b, = 2; oburuit MeTOA, KOTOPHI MEl TOABKO YTO BEIBEAH, YTBED-
JKAQ€eT, YTO S, = 2" SIBASETCS MOAXOASIIMM KAaHAMAATOM Ha POAb
MHOJKHUTEASI, ECAU MEl XOTUM CBECTH PEKYPPEHTHOCTh K cCyMMe. AAs
TOro YTO6H OOHAPYRUTH Cell MHOKUTEAD, He HY’KHO MCKPEI BAOXHO-
BEHUS.
Kaxk Bceraa, Hap0 COBAIOAATH OCTOPOXKHOCTD, YTOOEL HEe TIOAEAUTH
Ha HyAb. MeTop CyMMEUDPYIOLUIETO MHOXKHTEAS CpabaTHIBaeT BCETAR,
KOTAa BCE A ¥ BCe b He paBHEI HYAIO.
IIprMeHVM 5TH COOTHOLIEHNS K PEKYPPEHTHOCTH, KOTOPAasi BOSHH-
KaeT B CBSI3M C aHAAM30M ,,OEICTPOM COPTHPOBKN — OAHOTO U3 Hawbo-  (,BhicTpas cop-
Aee IIONYASIPHEIX METOAOB BHYTPEHHEN COPTMPOBKM AAHHHIX B KOM- THPOBKa“ 6blAa
mbioTepe. CpeAHee YMCAO BHITOAHAEMEIX , 6EICTPOM COPTUPOBKOi" Ta-  MPHAYMaHa Xoapou
r'OB CpaBHEHNsI, KOTAA OHa IPMMEHSETCS K T 3AeMeHTaM AAHHEIX, pac- B 1962 7.[339])
IIOAOJKEHHEIM B CAYYaifHOM IIOPSIAKE, YAOBAETBOPSIET PEKYPPEHTHOMY
COOTHOIIIEHUIO
Co =0;
2 n-1
Cn=n+1+EZCk apu n > 0.
k=0

(2.12)

M-aa...STO BHIIASIANT TOpPasjp0 CTPAIlHee, YeM BCTPEYABIIMECS AO
CHX IIOP PEeKYPPEHTHOCTH: CIOAA BXOAMT CyMMa BCEX MPEABIAYIIMX
BEAWYMH, Al ellle AeAeHMe Ha M. [IomBITKa BEIYMCAMTL HECKOABKO
IepBEIX 3HaYeHWI AACT HaM Koe-Kakyo mHdopMamuio (Cy =2, C; =
5 C3= 33§), HO He M36aBUT OT YyBCTBa CTpaxa.

OAHaKO CAOKHOCTD COOTHOIIEHUS (2.12) MOKHO CHYKATE IIOCTe-
IIeHHO, cTlepBa U36aBMBIIICEL OT AEAEHMS, a 3aTeM — OT 3HaKa ) . Pe-
aAM3Ys 3TY MAEI0, AOMHOXXUM obe JacTM PEeKyPPEHTHOCTH Ha M, IIo-
AY9IHB COOTHOLIEHME

n-1
nCn=nZ+n+ZZC;< npu n > 0;
k=0

a ecAM 3aMeHMM N Han — 1, To

n-—2
M=1)Chy = (=1 +(n-1)+2) C mpun-—1>0.
k=0

Tenepp MOXHO BEIYECTb BTOPO€ PAaBEHCTBO M3 IIEPBOrO, U 3HAK )_
TIPOIIaAAET:

nCn—M—=1)Ch1 = 2n+2Crg mpun > 1,



Mp! HaynHaAK ¢ )
B PEKYDPEHTHOCTH
H OCHOBaTEABHO
TOTDYAHAHCS,
yT06bI H36aBHTHCA
oT Hee. Ho 3aTeM
1ocAe MpUMeHEHHA
CYMMHPYIOILEFO
MHOXXHTEAS Mbl
TPHIIAHK K ADYroi
> . Tak 410 XK€,
CYMMBI — 3TO XOpO-
110, HAH ITAOXO, HAH
Kak?

2.2 CYMMBbI 1 PEKYPPEHTHOCTH

MeXAy IpPOYMM, 3TO COOTHOIIEHWE CIPAaBEAAMBO U IIpX N = 1, Ho-
crkoabky C; = 2. Wtak, NcxopHOe PEKYPPEHTHOE COOTHOIIEHME AAS
C,. CBOAMTCS K ropaspo boaee IpocToMy:

Co =0;
nC, = (M+1)Chq+2n

npun >0.

SIBHBIX mporpecc. Teneps MBI B COCTOSTHUM IOAKAIOYUTD K AEAY CyM-
MUPYIOUMA MHOXHUTEAD, [IOCKOABKY ITOAYYEHHOE PEKYPPEHTHOE CO-
oTHoOIIeHWe UMeeT BUA (2.9) € An =N, by =n+1 7 ¢ = 2n. O6mmit
METOA, U3AOXKEHHBIM Ha IPEABIAYIIEH CTPaHUIlE, ITIOACKA3HEIBAET HaM,
YTO HY>XHO AOMHOXXKHUTbL BCE PEKYPPEHTHOE COOTHOIIEHWE Ha HEYTO,
KpaTHOE BEAMYMHE

An-1Qn-2...aq (n—l)-(n—2)~...-1 2

T Ry b, b, M+l on-....3  m+n’

Toraa, coraacHo (2.10), pelIeHUeM SIBASETCS

n -]
Co=2n+1)} -
k=1

OcraBurasicss cyMma O4YeHb IIOXOXKa Ha BEAMUYMHY, KOTOpas da-
CTO BO3HHKAET B IIPUAOXKEHNSIX. B AeHCTBUTEALHOCTH OHA BOSHMKAET
CTOAB YaCTO, YTO 3aCAY KUBAET CIEIIMAABHOTO Ha3BAHUS ¥ CIIEIMaAb-
Horo obo3Ha4eHHs:

n
1 1 1

Hn=‘+“+"'+_:z*" (2.13)

2 n k

k=1

BykBa H mpomcxopuT oT caoBa ,harmonic Tak wto H, —3To 2ap-
MoHurecxoe “ucao. OHO Ha3BaHO TaK IIOTOMY, 4TO K-S rapMOHMKA,
¥W3BAEKaeMasi M3 CKPUIIMYHOM CTPYHEI,— 3TO OCHOBHOM TOH, IPON3BO-
AEMBIE cTpyHOR AAMHOK 1/k OT AAMHEI MCXOAHOM CTPYHEI.

Usyuenne ,BRICTPO COPTHPOBKH" — PEKYPPEHTHOCTH (2.12)—
MOKHO 3aBeplINTh IpuBepeHneM C, K 3aMKHYTOMY BHAY, €CAY MEI
cumoyxeM BrIpasuTh C, yepes H,. CyMMa B Hameit dopmyare pas C,
€CThb

Ee MoxxHO 6€3 ocoboro TpyAa cBs3aTh ¢ cymMmoit H,, samenus k Ha
k — 1 1 U3MeHUB rpaHUYHEBIE YCAOBHUS:

1 1 1
ls;snk_!_] 1<k—ZISnk _ZSk\;H—lk

= - -+ —— =H, — ——.
1<ksnk 1 n+1 n+1
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NCYNCAEHVE CYMM

IMoasumM nopsipok! Haitpena cyMMa, HeobxopuMast AAS 3aBepIIEHUS
pemzenust (2.12): cpepHee YUCAO BHIIOAHSIEMEIX ,OBICTPOM COPTHPOB-
Koit" cpaBHeHMIX, KOTAA OHa IIPUMEHSIETCSI K L CAY4YaifHO PacIloA0KeH-
HEIM dA€MeHTaM AAHHEIX, €CTb

Ch =2n+1)H, —2n. (2-14)

U, Kak BopAUTCS, yEEAMMCS B IPAaBUABHOCTH IIEPBHIX 3HadeHMA: Co =
0,Ci=2,C; =5

2.3 ITPEOBPA3OBAHHNE CYMM

KAro4 K ycnexy Ipy CyMMZPOBAHMHU A€XKHUT B Halllel cCriocobHo-
cTE IIpeobpasoBHIBAaTh OAHY CYMMY B APYIYIO — AMO0 JIIPOIIAIOMIYIO
HCXOAHYI0, AM60 MPUOAMIKAIONIYIO HAaC K IeAW. A BHYYUB HECKOABKO
OCHOBHEIX IIDAaBHUA ITPeobpa3soBaHMsI ¥ IOYIIPaKHSBIINCH B UX IIPAMe-
HEHIY, MOYXHO AET'KO OBAAAETh TaKOM CII0COGHOCTHIO.

ITycts K — HeKoTOpOE KOHEYHOE MHOMKECTBO LIEARIX yucea. CyM-
MBI 110 3AeMeHTaM U3 K MOXXHO Impeobpa3oBHIBaTh, MCXOAS M3 TPeX
IIPOCTHIX ITPaBHA:

(pacnpeaeAnTeABHEL
Z cay =c Z ax (2.15)
= =~ 3aKO0H),

_ (cogeTaTeabHEIH

Z(ak +by) = Z ax + Z_ bk saxor), (2.16)
keK keK keK

TIepeMeCTUTEABHEIA
Z ag = Z Qp(k) iaxon) (2.17)
keK p(k)EK )

PacripepeARTEABHEIN 3aKOH paspellaeT BBOAUTH U BHIBOAMTE IIOCTO-
SIHHEIe IIOA 3HAaK ¥ 3a 3HaK ) . CodeTaTeAbHEIH 3aKOH IIO3BOASET
pa3bmBaTh OAHY CyMMY Ha ABE MAM OOBEAMHSITH ABE CYMMHI B OA-
Hy. IlepeMecTUTEABHEI 3aKOH T'AACHT, YTO YAEHBI CYMMEI MOYKHO
TepecTaBASTL B AoboM TpebyeMmoM mopsiAKe; 3peck p(k) — HekoTo-
pasi IepecTaHOBKAa MHOKECTBa BCEX LIEABIX umceA. Hampmwmep, ecan
K ={-1,0,+1} m ecar p(k) = —Kk, TO TpHm 3THX 3aKOHA yTBEP>KAAIOT
COOTBETCTBEHHO, UTO

ca_1+cap+ca; (pacmipeaeAMTeABHBIR
=c(a_1+ap+ay) 3aKOH),

(a1 +b_1)+ (ap+ bo) + (a1 + by) (cogerareabHEIR
= (a-1+ap+ai)+ (b-1+bp+by) 3axom),

a_1+ap+a; (mepeMecTuTEABHEIIM
=aj+ap+a_ 3aKOH).

Yaoeky I'aycca u3 ra. 1 MOXHO paccMaTpPMBaTh KaK OAHO U3 IIpH-
MeHeHU# 3THX TpPeX OCHOBHEIX 3aKOHOB. [IDEATIOAOXKMIM, MBI XOTHM

A c npaBonuca-
HHEM MOABHBIH
becropsAoK.

B Kakyro BaaroTy?

IToyemy 651 TOrpa
He Ha3BaTb €ro
1epecTaHOBOYHBIM
BMECTO IlepeMecTH-
TeAbHOro?
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BEIYHCAWTDL CYMMY apugdmemureckoll npozpeccuu obiuiero Bupa

S= ) (a+bk).
og<kn

9T0 HeyTO BPOAE CoraacHo nepeMecTUTEAbHOMY 3aKOHY, 3aMeHUB k Ha n—k, moAyduM
3aMEHbl ITepeMEeH-
HBIX B HHTETDAAE, S = Z (a+bn-k) = Z (a +bn—bk).
HO nontpoiye. o<n—k<n og<k<n

ABa 3THX ypaBHEHHUSI MOJXKHO CAOXKHTB, HCIIOAB3YSI COYeTATEABHBIN

3aKOH:

2= ) ((a+bk)+(a+bn—bk)) = > (2a+bn).
o<ksn ogksn

A Temeph IMpEMMEHNM pPaCHPEAECANTEABHBIH 3aKOH M BBIYMCAUM TDH-
»CKoABKO ByA€T BHAABHYIO CYMMY:
OAHMH TTAKOC OAHH
IAOC OAHH TAROC 25 =(2a+bn) ) 1= (2a+bn)(n+1).
OAHH NAKOC OAHH o<ks<n
MAIOC OAHH TAIOC
OAMH ITAFOC OAHH PaspeAuB Ha 2, BHISICHSIEM, 9TO
ITAFOC OAHH NTAKOC
oAMH?" i .
,He 3Ha0" oTBeTHAG Z(a +bk) = (a+3bn)(n+1). (2.18)
Aannca. k=0
51 coHAacy co
cera’ IIpaByio 9acTb MOXXHO 3aIlOMHNTE KaK CPEAHEE EPBOTO I IOCAEAHETO
,OHa He yMeer 9AEHOB, a UMEHHO Kak 3(a + (a + bn)), moMHoXeHHOe Ha 9MCAO
CKAGAbIBATB" YAEHOB, T.€. Ha (N + 1).

— Abtorc Kappoa Baxxzo mMmers B BuAyY, uTo dyHKums p(k) B obuieit dopme mepe-

[174]  MecTWTeABHOTrO 3aKOHA (2.17) CIATAETCS IIEPECTAHOBKOR BCEX IIEABIX
umceA. APYTEMM CAOBaMM, AAS Ka’XAOTO IIEAOI'O L AOAYKHO CyIIe-
CTBOBaTh B TOYHOCTH OAHO IeAoe k, Takoe, uro p(k) = n. B npoTus-
HOM CAy4Yae IIEPEMECTUTEABHBIN 3aKOH MOJKET ¥ He BBIIIOAHSITBCSI —
yop. 3 ToMy HarAsiAuEIR npuMep. IlpeobpasoBanus tuna p(k) = k+c
uam p(k) = ¢ — k, TAe ¢ —Ilearasst KOHCTAHTa, BCETAA IIPEACTABASIOT
coboit IeEpecTaHOBKH, IIO3TOMY C HMMMY BCE B IIOPSIAKE.

BrpoueM, MOXHO cAerKa 0CAabUTH OrpaHUYEHNE Ha IIEPECTaHOB-
Ky: AOCTaTOYHO BCEr'0 AHIIL, YTOOH! CYI[ECTBOBAaAO B TOYHOCTH OA-
Ho menoe k, Takoe, uro p(k) = n, Koraa n —sAeMeHT MHAEKCHOTO
maoxecrBa K. Ecam n ¢ K (T.e. ecam n He nmpunapaexur K), To
He CyLecTBEHHO, KaK 4acTO MMeeT MecTo paBeHcTBO p(k) = n, mo-
CKOABKY Iop06HOe k He yyacTByeT B cyMMe. Tak, K IPEMEDY, MOXXHO
YTBEPXAATh, YTO

Z ax = Z an = Z a2k=Zazk, (2.19)

keK nekK 2keK 2keK
k deTHOe T deTHOe 2k uyeTHOE

nbo MMeeTcsT B TOYHOCTH OAHO k, Takoe, uro 2k = n, xorpan € Kz
T — YeTHOe.
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Horamusa AitBepcoHa, O3BOASIONMIASA TOAYYaTh 0 A 1 B KadecTBe
3HAYEHNI AOTMYECKUX BEIPa’KEHNH BHYTPY HEKOTOPOI POPMYARI, MO-
>KeT OBITH MCIIOAB30BaHA BKYIIE C PaCIIPEAEAUTEABHEIM, COYeTaTeAb- B Kyme?
HBIM U IIepEMECTATEABHBIM 3aKOHAMU AAS BEISIBAEHUS AOITOAHUTEAD-
HEIX CBOMCTB cyMM. BoT, K mpuMepy, Ba’XHOe IIPaBUAO O6beAMHEHNS
PasAMYHBIX MHOXXecTB WHAeKCOB: ecAu K m K/ — HeRoTOpEHIE MHOXE-
CTBa LEABIX YMCEA, TO

Zak + Zak = Z ax + Z Qi . (2.20)

kekK keK’ keKNK’ keKUK'

DTo BHITEKaeT u3 obmux GhopMyA

Z ax = Z ax (keK] (2.21)
k

kekK
n

[keK]l+[keK'] = [keKNK'] +[keKUK']. (2.22)

O6EIYHO MCTIOAB3YeTCS IPAaBUAO (2.20) AUGO AAST OBbEAMHEHUS ABYX
TIOYTH HeIlePeCeKaloIMXCsI MHAEKCHHX MHOXECTB, KaK B CAydae

n

m n
Zak+Zak=am+Zak mpr 1 < m<n,
k=1 k=m k=1

Au60 AAST BHIAEAEHUS OTAEABHOTO YAEHA CYMMEI, KaK B CAydae

Z ax = ag + Z ax mpu n = 0. (2.23) (3aecs npasas n
ol S AeBast YaCTH paBeH-

cTBa (2.20) MoMe-
[TopobHast omepamnyst BEIAGAEHUS YA€HA COCTABASIET OCHOBY Me-  HAAMCH MECTaMH.)

moda npueederHus, 3a9acTyI0 MO3BOASIOUIETO BEIYMCAUTDL TY WAL

WHYI0 CyMMYy B 3aMKHyTo#t ¢popme. CyTh 3TOro MeTopa 3aKAI0YaeTCs

B TOM, YTO6EI Ha9aTh C IOAAEXKAIIEH BEIYUCAEHHIO CYMME! ¥ 0603Ha-

YUTh ee S,:

Sn= Z Ay .
o<ksn

(O6o3smayvaii 1 BAACTBYH.) 3aTeM MBI IepeUCcHIBaeM S, 1 ABYMS CIIO-
cobaMu, BEIAEASS KaK IHOCAEAHUIA, TaK ¥ IIEPBEIM YAEHEI:

Sn+an1 = Z ax = ap + Z ag

ogksn+1 I<kgn+1

= ap + Z Ak+1

1<k+1<n+1
ag + Z Qg1 - (2.24)

ogk<sn

Terepb MOJKHO 3aHSTBCS IOCAEAHEH CYMMO# M IIOIBITATHCS BHIpa-
3UTH ee depe3 S,. EcAM IoOmBITKa OKaXKeTCS JAAYHOMN, MEI IIOAYSHM
ypaBHEHMe, pellleHreM KOTOPOI'o ¥ 6YAET MCKOMAST CyMMa.
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BocmoaAb3yeMcsi, K IIPHMEDY, 3TEM IIOAXOAOM AAS HaXOXKAEHHUS

Ecan ona reome- CYMMEI zeomempureckoli npozpeccuu obIIero BUAA
TPHYECKasd, TO H

AOKa3aTeAbCTBO S = E axk.

AOAXKHO OBITH o<ken

TeOMeTPUYECKHM:

B cooTBeTcTBHY C obIIei cxeMoi IpEBeAeHU (2.24) cyMMa S, 41 me-
PEIMCEIBAETCSI B BHAE

Sn+ax™! = ax® + Z_ ax**!

LU

a CyMMa B IIPaBOM JaCTH PaBHAETCI X ) o i <n ax¥ = xS, mo pacmpe-
XM

AEeAWTEABHOMY 3aKoHy. TakuM obpasoM, S, + ax™t! = a + xSy, u,
paspelas 3To0 ypaBHEHHME OTHOCUTEABHO S, IOAyYIaeM

A

n n+1

a-—ax
Z ax* = ———  mpmx#1. (2.25)
1—x
k=0
(TIpz x = 1 pamHas cyMMa, pasyMeercsi, paBHa mpocTo (n+1)a.) [Ipa-
AX, pAa—>3Ty hop-  BYIO YacTb 3TOM HPOPMYABI MOXKHO 3alIOMHUTH KaK PA3sHOCTH IIEPBOT'O
MYAY BAOAGHAH BXOASIIETO U IIEPBOT'O HE BXOASIIErO B CYMMY YAEHOB, ACAECHHYIO Ha
B MEHA elle B PasHOCTL 1 ¥ 3HaMeHaTeAs IPOI'PECCHH.
CTapUMX KAaccax. Bce aT0 6HIAC AOBOABHO IIDOCTHIM AEAOM, IIO3TOMY AaBaiiTe-Ka

WCITBITaEM METOA IPWBEAEHMS Ha HECKOABKO Hoaee TPYAHOH CyMMe,

Sn = Z k2%,

o<ksn
B aamHOM caydae MuI mMmeeM So = 0, S; = 2, S; = 10, S3 = 34,
S4 = 98, HO KaKoBa ke obmiast dopmyaa? B coorBercTBHM C (2.24)
TIOAyYaeM
Sn+(n+])2n+1 — Z (k+1)2k+1;

ogkgn

TaK 4YTO JKEAATEABHO BHIPASHThH CyMMy B IIPaBOM dYacTH depes S.
Hy, a ee MO>XHO pa3buTh Ha ABE CYMMEI C IIOMOIIBIO COYETATEABHOIO

3aKOHa
k+1 k+1
RN )
ogkgn ogk<n

¥ IIepBasi U3 IOAYYeHHEIX CYMM paBHa 2S,,. Bropas cymma — 3T0 CyM-
Ma reoMeTpUIecKoit porpeccuy, paBHas (2—2"*2)/(1-2) = 2n+2 -2
o popmyae (2.25). CrepoBaTeasHo, S, +(n+1)2M1 =25, +20+2 -2,
¥ IocAe aArebpawdecKux MpeobpasoBawmit ToAydaeM

D> k2= (n-12 42,
0<kgn

Teneps moHATHO, IToueMy S3 = 34 —3T10 32+ 2, ame 2-17.



52 MCYMUCAEHWE CYMM

AHaAOrMYHEIA BEIBOA C X BMECTO 2 IpuBeA OHI Hac K YPaBHEHMIO
Snt+(Mn+1)x"1 = xS, +(x—x"*"2)/(1—x), OTKyA2 MOXKHO 3aKAIOYATS,
4T0

n 1 n+2
x— (n+1)x™! +nx
Z kx* = ( ) 5 mpa x # 1. (2.26)
(1T—x)
VHTepecHO OTMETHUTH, YTO 3Ty 3aMKHYTYI GOPMY MOXXHO 6HI-
A0 GBI BEIBECTH COBCEM APYT'HM CIOCOOOM, MCIIOAB3YS d9AE€MEHTaPHEIE
npreMil ArddepeHIMaABPHOrO NCYUCAEHNSI. ECAM HadaTh C paBeH-

CTBa
n xn+1
y o=
—X
k=0

¥ B3SITh IIPOM3BOAHYIO IO X OT 06€nX JacTeil, TO MOAYINM

(1=%)(—=(n+1)x") +1—x"+

n
kT =
kZ—_-O (1—x)?
1= (n+ x4+ nxt!
B (1—x)2 ’

TIOCKOABKY IIPOM3BOAHAS CYMMBI PaBHa CyMMe IIPOM3BOAHBIX €€ CAa-
raeMbix. B mocaeayromux raaBax MBI O6HapY>KUM ropaspo 6oaniie
CBsI3eil MeXXAY HeIPepEIBHOM ¥ AMCKPETHOM MaTeMaTHKOif.

2.4 KPATHBIE CYMMBI

YAeHBI CyMMEI MOTYT OHITH CHab>XeHHI He TOABKO OAHMM, a
AByMs 1 6oaee mHAeKCcaMU. BoT ImprMep ABOMHOM CYMMEI U3 A€BSATH  OG6bIYHO IpaBAEHHE

YAEHOB, YIPaBASIEMOR ABYMsI MHAEKCaMH j M k: 6bIBaeT M3 ACBATH
YAEHOB.

Z ajbx = arbr +arby +arb; 3aMeTHM, 4TO 3TO

1<5,k<3 + az;b; + axby + azbs BOBCe He 03HayaeT

+ a3b; + asby + aszbs. CYMMHpOBaHHe 110

BceM j > 1 u BceM
AAST TaKHX CyMM HCIIOAB3YIOTCS Te JKe 0OO3HAYEeHMs M METOAHI, 4To k < 3.
¥ AAST CYMM C €AMHCTBEHHBIM MHAEKCOM. Tak, ecAu j ¥ K cBSI3aHH
HEKOTOpHIM ycaoBueM P(j, k), To cyMMa Bcex YA€HOB aj k, TAKHX, UTO
P(j, k) mcTuHHO, MOXXET ORITH 3aIIMCaHa ABYMsI CHOCO6aMu, B OAHOM I3
KOTOPHIX MCIIOAB3YEeTCsT HoTauus AWBepCcoHa, a CYMMUPOBAHUE OCY-
IIECTBASIETCS II0 8CeMm IlapaM IEeARIX j 1 k:

Z a,k_Za,, )].
P(j,k)

HECMOTPSI Ha TO, YTO 3AECh NMEETCSA 6oaee OAHOI'O MHAEKCa CyYMMH-
poOBaHNs, AOCTATOYHO TOABKO OAHOI'O 3HaKa Z, KOTOpHﬁ O3Ha4daeT
CyMMY IIO BCEM AOIIYCTUMEIM KOMGKHaI.IKﬂM UMHAECKCOB.



KpartHble cyMMb!
BBIYHCASIOTCS
crpaBa HaAeBo

(M3HYTpH-HapyXy).

A KTo, cobCcTBEHHO,
nanukyer? 9to
TpaBHAO MPEACTa-
BAsIeTCST caMo coboit
Ppa3yMeroIuMcst

110 CpaBHEHHIO C
HEKOTODBIMH BOAb-
HOCTSIMHM H3 T'A. 1.
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BrmpoyeM, cAyd4aeTcs MCIIOAB30BaTh M ABE CHI'MEI, KOIAa Dedb
HAET 0 cyMMe cyMM. Hampumep,

Z_Zaj,k [P(j, k)]

— 3TO COKpalllEHHAasl 3alliCh CYMMBI

> (g aj . [P k)]) :

KOTOpasi IIPEACTaBASIeT coboOif CyMMy IO BCeM IIEABIM j YAEHOB
Y« a4k [P(3,k)], B cBOl OYepeAb SBASIONUXCH CyMMaMM IO BCeM
ueAbIM k BCeX TaKUX YAEHOB @k, KOTOPHIE JAOBAETBOPSIOT JCAOBHIO
P(j, k). B TakuX cAydasix FOBOPSIT, YTO ABOMHAST CyMMa ,CyMMUPYETCS
cHavanaa o k CymMmy, KoTopas 3aBUCUT boAee YeM OT OAHOT'O MHAEK-
ca, MOXHO HaYMHAaTh CyMMHMPOBATh C AIODOT0O U3 3TUX WHAEKCOB.
OT0 0BCTOSATEABCTBO NMPEACTaBAsIET CObOI Ba>XHOE IIPaBMAO, Ha-
3BEIBAEMOE USMEHEHUEM TOPAOKA CYMMUposaHus U obobuiaroiiee
codeTaTeABHEIA 3aKOH (2.16), ¢ KOTOPHIM MBI yKe 3HaKOMBI:

Z ; aj [P Z_ Qjk = ; Z aj [P, k)] .

P(j,k)

B sTOM mpaBuAe CpeAHMIT YAEH IPEACTaBASET CO60M CyMMy IO ABYM
TepeMeHHHIM. B AeBoit wacT® ) ; ) | O3HAaYaeT CyMMUPOBaHUe CIlepBa
mo k, a moToM 10 j. B mpasoi wacty } Zi O3HaYaeT CyMMUPOBAHUE
CHavaAa IO j, a 3areM 1o k. Ha mpakTuke, Koraa HaM HaAO BEIYM-
CAUTDH ABOMHYIO CYMMY B 3aMKHYTO# opMe, 0OOBIYHO Mpolle CHaYaAa
IIPOCYMMWPOBATh 0 KaKOMY-TO OAHOMY U3 ABYX MHAEKCOB, a He IIO
ApPyroMy — Mu cBobOAHEI B BEIbope Honee yAODHOrO U3 HUX.

CyMMEI CyMM — He TIOBOA AASI ITAaHWKHW, HO OHU MOI'YyT CO6UTD C TOA-
Ky Ha9MHAIOLIEro — IIO3TOMY AaBaiiTe-Ka PElIUM ellle HECKOABKO IIPH-
MepoB. AEeBATUYAEHHAS CyMMa, C KOTOPOH MBI HauWHAAM, CAYXHUT
Xopolei MAAIOCTpaIel Mpeobpa3oBaHMsT ABOMHBIX CYMM, IIOCKOAb-
Ky 3Ta CyMMa AeHCTBUTEABHO MOKET GBITH YIIPOIIEHA, a CaM IIPOLIECC
YIIPOIIEHWS TAIIWYEH AAS TOT'O, YTO MOXKHO A€AATh C ABOMHEIMY CyM-
MaMu:

Z Cl,bk = Z a,bk[l ]

1<j,k<3
= Za,bk[l ]

(2-27)



54 VICHUCAEHMNE CYMM

) k

(Z a;[1 <i<3]) (Zbk[l <k<3]>
(5) (5w

j=1

3AEeCh B IIEpBOM CTPOKe 3allCaHa CyMMa U3 AeBSATH YAEHOB 6e30THO-
CHTEABHO MX IIOPsIAKa. Bo BTOpO# CTPOKE 3TH YAEHH! CIPYIIIIXPOBAHEL
o tpy, (a1b1 +ajbs+a1bs)+ (azby +azbz +azbsz)+ (azby +azby +
asbs). B TpeTbeil cCTPOKe UCIOAB3YETCS PACIPEAEAUTEABHEEIN 3aKOH
AAST BHIHECEHUS 33 CKODKZ BCeX A-UAEHOB, IIOCKOABKY a; ¥ [1 <j < 3]
He 3aBUCAT OT k; 3To AaeT a;(bj + by + b3) + az(b; + by + b3) +
as(by + by + b3). UeTBepTas cTpoKa aHaAOTMYHA TPEThEM, HO C AO-
TIOAHUTEABHOMN ITapoif CKOHOK, BBEAEHHEIX C TeM, YTOOEl CAEAYIOUIAs
CTPOKa He BHIM'SIAEAa CAMIIKOM 3arap0vHOM. B msaToil CTpoKe BHIHO-
CHTCSI MHOXKUTEAD (b1+bs+b3), KoTOpHI! BCTpeYaeTcst Ipy KaXkKAOM j:
(a1+az+a3)(by+by+bs). [TocrepHsIT CTPOKa — BCEr0-HABCETO APY-
rast dopMa 3armmcy IpeABIAyIneil. [IopAobHEIH BEIBOA MOMKHO MCIIOAB-
30BaThb AASL AOKa3aTeAbCTBa ObBLIEr0 pacnpedeaumenvHozo 3aKoHa

Z Cljbk = <Z Clj) <Zbk) y (2.28)
j€J i3 keK
kek
CIIPaBEAAMBOTO AASI BCEX MHOXKECTB HHAEKCOB | u K.
OcHOBHOE ITPaBuUAO (2.27) N3MeHEHNUS IOPSIAKA CYMMAPOBAHMS AO-
IIyCKaeT Pa3’HOI'O POAa BapHAallWK, BOSHMKAIOLIWE, KOTA2 MEI XOTHM
OI'PaHMYUTE 06AaCTH M3MEHEHMS] MHAEKCOB BMECTO CYMMUPOBAHUS II0
BCeM IIeARIM j ¥ k. DTu Bapmaluy BHSEIBAIOT ABA OIUYILIEHUS: BAHUAKY  Kak-6yATo elub mi-

¥ 6yARIKHO#M MocToBoi. CriepBa — ,BaHMAbHas" BEPCHUS: poxHoe Ha KpacHoit
nmaomaan!
2D Gk=) Grk=) ) G (2.29)
j€J keK €] keK j€J
keK

3TO BCEro AMIIb ApPyro#t cmocob 3ammucu (2.27), MOCKOABKY CKO6-
ku Atisepcora [j €],k € K] pacmaparoTcs B IIpoM3BeAEHHE CKOBOK
[j € JlI[k € K]. [IpaBmao c IPUBKYCOM BaHWAM TPAMEHUMO BO BCEX CAY-
Yasix, Korpa o6AacT¥ W3MeHEeHUs j ¥ k He 3aBUCAT APYT OT Apyra.

»DYABDKHa®" dopMyAa M3MEHEHUs NOPSAKA CYMMUPOBaHUS He-
CKOABKO boaee MyapeHass. OHa mpUMeHMMa, KOTAa 06AacTb U3MeHe-
HES MHAEKCA BHYTPEHHEN CyMMBEl 3aBICUT OT IIEPEMEHHOTO MHAEKCA
BHEIITHEN CYMMBI:

Z Z Qjk = Z Z ajk - (2.30)

J€T keK(j) kek’ jeJ’ (k)
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B aToM cayuae muOKecTBa J, K(j), K’  J'(k) AOAKHEI GHITH CBSI3aHEI
TaK, 9TobB

eNl[keK(G)] = [keK[je]'(k)].

B npumimume, pasaAoKeHHE TaKOro POAA BCETAa BO3MOXKHO, IOCKOAB-
Ky MoXHO cumTath ] = K’ MHOXeCTBOM BCeX NEARIX UHCEA, a
K(j) = J'(k) — ocHoBHEIM ycaoBueM P(j, k), KoTopoe ypaBasieT ABOH-
HOM cyMMoit. BMecTe ¢ TeM CylLIecTBYIOT Ba’KHEIE YacCTHBIE CAyYawH,
roraa muOXecTBa J, K(j), K’ 7 J/(k) uMeroT AOBOABHO IIpocTyio dop-
My. C HMMHZ YacTO IPMXOAMTCS CTAAKMBATBHCA B IPUAOKEHNAX. BoT
IIpUMep BecbMa IIOAE3HOI'O Pa3AOIKEHU:

M<i<nllj<k<n] =[1<j<k<n]

— I<k<nllI<i<K. (2.31)
Sr0 paBeHCTBO 110 AXBEPCOHY A€AAeT CIIPABEAAMBOM CAEAYIOMIYIO 32~
TIHCE:
non n k
2 D o= ) ax=) ) au (2.32)
=1 k=j 1gjgkgn k=1 j=1
(Teneps camoe OAHY ¥3 3THX ABYX ABOMHEIX CyMM OGEIYHO A€rde BHIYUCAUTD, IEM
BpeMs pasorperscd  APYT'YI0,— MBI MOXKEM BOCIIOAB30BaThCS PABEHCTBOM (2.32) AAS IIepe-
yup.4 1 6.) KAIOUEHHUS C TPYAHOM CyMMEI Ha A€TKYIO.
M ckymars Tsnkc. UcnoabayeM atu coobpaskeHus: C TOAB30M AAS Aera. PaccMorpum
MaTPUILY
aya aja; aaz ... aiap
axaq aa; azaz ... Qazaq
asa; asza aszaz ... AQszan
ana) Qnay and3 ... Qpdn

73 n? IpomsBepeHMit ajai. Hamra meas — HaiiTi npocTyio dopMyay
AAST

S = Z ajay,

1<j<ksn

CYMMEI BCEX dAEMEHTOB Ha M HaA MaBHOM AMaroHaAbIO 3TOM MaTpH-
npl. [TockoABKY Qjax = axQj, MATPHUIlAa CHKMMETPIYHA OTHOCHTEABHO
TAABHOM AMAroHaAM; CA€AOBAaTEABHO, Sy 6YAET IPUOAMIKEHHO pas-
Pa3pe Ha MocToBo#i ~ HO HOAYCYMMe 6Cer IAEMEHTOB (3a MCKAIOYWEHWEM AWIIHErO IAEHA,
MOTYT 6BITH AHIL- OTBEYAIOLIErO I'AABHON AMAroHAAN).
HHe GYAbDKHHKH! ITopo6HEIE HaBoAsIIE COOBPa’KEHUSI CAY>KAT IIOBOAOM AASL CAe-

AYIOLIIX MaHWITYASITHAN:

Sq= Z ajax = Z axa; = Z ajax = Sn,

1<jgksn 1sksjsn Iksjsn
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TIOCKOABKY (j, k) MoxHO mepeobosnaunTs Kak (k,j). Kpome Toro, mo-
CKOABKY
<<k +01<k<i<n] = [1<j,k<n]+[1<j=k<n],
MEI TIOAyYaeM
259 = Sy+ S, = Z a;ax + Z a;ay .
1<j,k<n 1<j=k<n

[lepBast cymMMa 110 obuIeMy pacIpeAeAUTEABHOMY 3aKOHY (2.28) ecThb
2
(X521 @) (Zkar ax) = (Zi=y k)", a Bropas— ¥, af. Tosrouy

n 2 n
Sv= ) g = %((Z (1k> +Za§> , (2.33)
k=1 k=1

1<j<ksn

— BBIPa’KEHUE AAS CYMMEI 9A€MEHTOB BepXHell TPEyroAbHOM MaTpu-
IIEI, 3aIIMCAHHOE yepe3 6oAee IpoCThle OAHOKPATHEIE CYMMEL.
BooayiieBAeHHEIe TaKUM YCIIEXOM, PACCMOTPUM €llle OAHY ABOI-

HYIO CYMMY:
S= ) (ax—a)(bx—b).
1<j<kgn

3Aech MBI CHOBa HMeEeM CHMMETPHUIO OTHOCHUTEABHO IIEPECTaHOBKH j
u k:

S= ) (g—albj—b)= D (ax—a)(bx—b;).

1<k<i<n 1<k<i<n

ITosToMy cyMMy S MOXKHO CAOKMTB caMy C Co60if, HCIIOAB3YSI COOT-
HOIIIeHUe

I<j<k<n]l+[1<k<j<n] = [1<j,k<n] = [1<j=k<n],
C TeM, YTOBHI 3aKAIOYUTD, ITO
25 = Z (aj —ax)(bj —bx) — Z (aj — ak)(b; — by).
1<jk<n 1<j=k<n

Bropas cyMMa 3pech obpaliaeTcst B HyAb, a KakK HacdeT mepBoi? A
OHa pacIapaeTcs Ha YeTHIpe OTAEABHEIE CYMMEI, Ka)KAa U3 KOTOPBIX

OTAQEeT BAaHUABIO: IIpocro KoKAHTED-
CKHif Marasus. . .
Z ajb; — Z ajbr — Z axb; + Z axbk
1<5,k<n 1<j,k<n 1<j,ksn 1<j,ksn
= 2 Z akbk -2 Z a,-bk
1<j,k<n 1<j ks
n n
= 2n Z akbk - Z(Z ak) (Z bk) .
1<k<n k=1 k=1

Ha mocaepHeM mrare obe CyMMEI IIOABEPTANCH YIPOIIEHUIO B COOT-
BETCTBMH C OBIIMM pacIpeAeANTEABHEIM 3aKoHOM (2.28). Ecam xe



(B aeiicTBH-
TeAbHOCTH, Ye-
6biEBBIM [346]
AoKa3aH aHaAOTHY-
Hblif pe3yAbTaT A
HHTErpaAoB, a He
NS CYMM:

(foflx) dx)

x (3 9(x) dx)
<(b-a)
x([f(x)g(x) dx),
ecan f(x) n
g(x) — MoHOTOH-
Hele HeyObIBalolLjHe
dynkuynn.)

2.4 KPATHBIE CYMMHI
IpeobpasoBaHwMe IIEPBOM CYMMEI OCTAeTCS 3araAKOM — BOCIIPDOU3BEAEM
€ro He CIIellla CHOBa!
25 abc=23 ¥ an
1<jksn 1<kgn 1<jgn
=2 b Y
1<kgn 1<jsn
=2 E axbgn = 2n Z akbk .
1<k<n 1<k<n
INepeMeHHRIH WHAEKC (B AQHHOM CAydae j), OT KOTOPOro He 3aBUCHUT
OByt YAEH CYMMEI, MOJXHO IIPOCTO MCKAIOYWTH, €CAY AOMHOXKUTH
TO, YTO OCTAETCsI, Ha Pa3sMEPHOCTH MHOJKECTBA 3Ha4YeHWH 3TOro MH-
Aekca (T.e. Ha n).
BosBpamjasich K TOMy MeECTY, I'A€ MBI OCTaHOBUAUCH, TeIIEPh MOX-
HO IIOAEAWTH BCE IIOITOAAM, IIPOM3BECTH IIEPECTAHOBKY M IIOAYYMTH
MHTEPECHYI0 (HPOPMYAY:
n n
(&) (=)
k=1 k=1
n
=n E axbx — Z (Clk — Clj)(bk —bj) . (2.34)
k=1 1<j<kgn
B kadecTBe YaCTHEIX CAy4YaeB 3TO COOTHOIIEHUE AAET HEPABEHCMEA
Yebviwésa AAST CyMM:
n n n
(X ) (X o) <n ) am,
k=1 k=1 k=1
eCAm a1 < -+ < An UMby < oo < by
n n n
(Za) (X b 203 ani,
k=1 k=1 k=1
ecAama; << apuaby =--- >0y,
(B obmem caydae, ecar a; < -+ < A, ¥ €CAM P — HEKOTOPAsI IIEpe-
CTaHOBKa MHOXXeCTBa {1, ..., T}, To HETPYAHO AOKa3aTh, YTO HaUbOADL-
n
Imee 3HAYEHWE ) ,_, Qb (k) Aocturaercss mp# b1y < --- < by, a

HauMeHbIllee 3Ha9eHMe — IIPK by,(1) = - = by(n).)
MmororparHoe CyMMEpPOBaHWe HMEET KHHTEPECHYyIO CBS3b C 06-

et omepanueil 3aMeHBI IT€PEMEHHON CyMMMPOBaHMS B 00HOKpam-

MBLT CyMMaX. B cuAy nepeMecTHTEABHOro 3aKOHA MEI 3HAa€M, 4TO

5

keK

= Z Ap(k)

p(k)eK

ecan p(k) SIBASIETCST HEKOTOPOH IIEPECTAHOBKOM IfeARIX uncea. Ho uro
6yaer, ecau 3aMmeHUTD k Ha f(j), rae f — npoussoabHas byHRIUS

f: ] —

K,

57
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KOTopasi IepeBOAMT IeAce j € J B meaoe f(j) € K? Obmas dopmyra
3aMeHEl [IEPEMEHHON BHIASANT TaK:

Z arg) = ) ax #f7(k), (2:35)
i€] keK
rae #f (k) obosHawaeT YMCAO IAEMEHTOB MHOKECTBA
= {j|fG) =k},

T. . YMCAO IAEMEHTOB j € J, Takmx, uTo f(j) paBHO k.
dbopmyAy (2.35) Aerko AOKa3aTh, M3MEHUB NOPSIAOK CyMMUPOBa-

Zaf()) =Y affi)=k =) a) [f(§)=

€] j€] kek  jeJ
keK

nocKOABKY ) oy [f(j) =k] = #f~ (k). B wacTmoM caywae, xoraa f—
B3aMMHO OAHO3Ha4uHOe cooTBeTcTBre MeXAY J # K, umeem #1~ (k) =1  Apyroit npenopasa-

npu Bcex k, 7 obmas dpopMyaa (2.35) CBOANTCSI K GopMyAe TeAb MaTeMaTHKH
Has3bIBA€T 37O
Z af) = Z a) = Z ay . ,Ouexuues; 6srts

MOXeT, MHe KOrAa-
HHUOYAD ITOHPaBHTCA
STo IepeMeCTUTEABHEIN 3aKOH (2.17), C KOTOPEIM MBI y>K€ MMEAM  3TO CAOBO.
AEAO0 —B CAerKa 3aMaCKMpPOBAaHHOM BHAE.

Ao cuX IIOp BCe HalllM MPYMEPE! KPATHBIX CyMM BKAIOYaAN B cebs
TIPOM3BOABHBIE UAEHEl THIIa Ay MAM by. Ho IOCKOABKY 3Ta KHMTA
TIpeTEHAYET Ha KOHKPETHOCTD, AaBaiTe PAaCCMOTPHUM KPAaTHYIO CYMMY,

jEJ f(j)eK keK

A 1moToM onATh. ..

BKAIOYAIOIIYI0 PeaAbHEE YACAA: I'AsiAMTe-Ka, aBTO-
: Dbl, II0-BHAHMOMY,
S, = Z_ —_ AyMaloT, 410 j, k
<k H T\ ,peaAbHble
Sj<ksn yHcAa“

B wacTtHOCTH, S1 = 0; Sz=];33=2—13+3—1—1+3—l—2=§

ObBI4HEIN crTocob BEIYMCAEHNS ABOWHOM CyMMEI COCTOMT B CyM-
MUPOBaHMM CHadaAa II0 j MAM JKe CHayaaa 1o k —I103TOMy AaBaiiTe
ucpobyeM obe BO3MOKHOCTH.

Sn Z Z CyMMUPYS CIIepBa IIO j

1<k<n l<]<k

Z Z 3aMeHsAs j Ha k —j

1<ksn l<k—)<k

I

Z Z yIpOLIast FPAHUIEL AAS

1<k<n 0<j<k— 1

Z H 1o onpepeaenuio Hy_1,
k=1 dopmyaa (2.13)



Bo3bMHTeE XABICT.

) M

1<k+1<n

> Hu.

0<k<n

2.4 KPATHBIE CYMMBI 59

3aMeHsass k Ha k + 1

yIIpoIasi TPaHuIsl AAS k.

VBu! Myl He 3HaeM, Kak 3arHaThb CyMMY TapMOHUYECKHX YUCEA B
3aMKHYTyI0 GopMy.

Ecam xe mompoboBaTh Ha4yaTh CYMMUPOBATh IIO-APYI'OMY, TO IIO-

Ay49uM

Sn

i

> Y=

1<i<n j<kgn

> )

TSisn j<k+jsn

y Y.

1<j<n 0<k<n—j

!
K

CyMMupYys crepsa 1o k

3amenss k Ha k +j

yIpomas rpaHunsl k

1o ompeaeaeruo Hy_j,
dopmyaa (2.13)

3aMeHssd j Ha N — j

YIUPOIIAst FPAHALEI AAS .

VI BHOBB OKa3bIBaeMCsI B TOM K€ CaMOM TYIIHKE.

Ho uMeeTca ewe o0un myTh, IO KOTOPOMY MOXXKHO AoBparThcs A0
IIeAM, eCAM 3aMeHITh k Ha k+j, npeostcde “em PeNMTLCT Ha CBEAEHUE
Sn K CyMMe CyMM:

Sp =

1<j<k+j<n

> oY .

1<kgn 1<js<n—k

n—k

k

TIEPENCHIBAS MCXOAHYIO CYMMY

3aMenss k Ha k +j

CyMMUPYs CIepBa II0 j

ubo cyMMa 1o j TPEBHaAbHA

B CHAY COYETATEABHOI'O 3aKOHA
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1
= n( Z E) —-n gepT Bo3bMH!

1<kgsn

o onpepereruio H,,,
=nH, —n.

dopuyaa (2.13).
Vpa! Mu Hamau S,,. ComocTaBAsiss pe3syABTaTHl 3TOrO ,3abera” ¢ Ao-
nymeHHEIMY HaAbCTaPTAMU, ME IOAYYaeM B KaJeCTBE IIPU3a CAEAY-
IoIllee COOTHOIIEHNE:

Z Hy = nH, —n. (2.36)

o<k<n

HMcrioab30BaHHYIO 3AECh JAOBKY MOYKHO OCMEICAUTE ABOSIKO: BO-
IIepBHIX, aArebpandecky, a Bo-BTOPHIX, reoMeTpudecku. (1) Aarebpa-
WYECKM: €CAM AaHA ABOMHAas CyMMa, YAEHE KOTOpPO# BKAIOYAIOT B
cebs k + f(j), rae f —mpomsBoabHas GYHKIWS, TO 3TOT IPUMEDP IIO-
Ka3hIBaeT, YTO HEILAOXO nonpoboBaTh 3ameHuThb Kk Ha k — f(j) u mpo-
cyMMupoBaTh 10 j. (2) [eoMeTpudecKH: MOXKHO IPEACTaBUTh CYMMY
S, HaIIpUMep CyMMy IpZ N = 4, B CAEAYIOIIEM BUAE!

k=1 k=2 k=3 k=4
j=1 T+ o3+

1 1

2 3
j=2 I+ 3
j=3 }
j=4

Haum mepBhle IONBITKY IPOCYMMEpPOBaTh CHa4aAa 1o j (mo cToab-
maM) uAM o k (o crpokam), pasaam Hy + Hp +Hz = Hz +H; +H;.
Ho BREIATPHINTHEIN XOA, IIO CYIECTBY, 3aKAIOYAACT B CYMMUPOBAHUM
II0 AMaroHaAsIM, U OH AaBaa % + % + %

2.5 OBIIIME METOABI
CYMMMUPOBAHUI

Teneph 3aKpemMM TO, YTO YK€ U3YYUAHM, PACCMOTPEB OAMH
¥ TOT >Xe NPUMEP C PasHHIX CTOpoH. Ha caeayrommx cTpaHWIax
6yAeT IpeANpWHSATA TONBITKA HAaWTM 3aMKHYTOe BBIPa’kKeHHE AAS
CYMMEI IIEPBEIX L KBAAPATOB, KOTOPYIo 6yaeM obo3HaIaTh depes [y :

O, = Z K2 npun > 0. (2.37)

ogksn

MEI yBHAMM, YTO MMEETCS II0 MeHblel Mepe CeMb Pa3sAWYHEIX CIIO-
cob0B peleHusI 3TOR 3apa4y, a B IIPOIIECCE UX TAaKTUMYIECKOTro pasbopa
MBI Hay4UMCSI ¥ CTPATEr¥X YCIEIIHOrO HACTYIIAEHUS Ha IIPOU3BOAB-
HBle CYMMEHI.

CYHTaTh B 3TOM BbI-
Boae k < n BMecTo
k<n-—1-3r0
66140 OCTPOYMHO.
IpocTeie rpaHuyb!
9KOHOMAT CHABL



(Boaee caoxHbIe
CYMMBI MOXXHO
HaifTH B 06'beMH-
CThIX TabAHLAX
XanceHa [332].)

2.5 OBIIIUE METOABI CYMMMWPOBAHUIS 61

Ho BHavaAe, Kak 06bI1YHO, TOHAbAIOAaeM HEKOTOPEIE KPaifHue CAY-
gau:

0123 4 5 6 7 8 2 10 11 12
n| 01 4 9 16 25 36 49 64 81 100 121 144
O, 0 1 5 14 30 55 91 140 204 285 385 506 650

Hukakoro 3aMKHyTOro BRIpaKeHUS AAS [1, Ha NepBEI# B3rAsip He
HabAIOAQETCsI, HO KOTAQ MBI €ro obHapyXUM, 3TV BEAMYMHBI MOTYT
6HITH TIOAE3HBI AAST IIPOBEPKU TOYHOCTH IIOTIAAAHUS.

MeToa 0: ¢ moMoOIIbIO CIPaBOYHHKA

[IpobaeMa THa CyMMEI IIEPBHIX N KBaAPaTOB, HECOMHEHHO, yXKe
KeM-HNOYAD pellleHa, TaK YTO BeCbMa BEPOSITHO, UTO €€ PElleHNe MOXK-
HO Ha¥iTH B AO6OM MMelolLlfeMcsl oA, pyKoil cnpaBounmke. U B ca-
MoM AeAe, Ha 36-i crpanune CTaHAADPTHEIX MaTEMAaTHIECKHX TabAHI]
CRC [16] copepXuTCs TaKo# OTBET:

nn+12n+1)
6

VCKAIOYHTEABHO C IIeABIO TPOBEPKU IIPAaBUABHOCTH IIPOYTEHUS ybe-
AMMCST B TOM, 4TO 3Ta hopMyAa BepHa: [Is = 5-6-11/6 = 55. Mexay
mpoynM, Ha Toit )xe 36-i1 crpanune Tabau; CRC CopepXUTCA AaAb-
Helirass ®HGOPMAIKA, O CyMMaX TPETBHHX, ..., AECATHIX CTeIeHeMH.

ABTOpuTETHEIM cObpaHMEM MAaTEMAaTHYECKUX (OPMYA CAYXKHT
CHpaBoYHHK II0 CIELHaAbHEIMH (DyHKRIHAM [2] oA pepakuueit Abpa-
moBuija ¥ Cruran. Ha cc. 616-617 3Toif KHUI'M IIPUBEAEHHI 3HAYEHUS
O, Ars Bcex n < 100, a Ha cc. 608 1 612 mpeaAcTaBAEHB QOPMYAHL,
IKBUBaAeHTHHE (2.38), BMeCTe C aHAAOTMYHHIMU (HOPMYAAMA AAS
CYMM TPETBHX, ..., ISSTHAAIATHX cTereHell (c mepeMeHoit uam 6es
IepeMeHb! 3HAKOB).

Ho HamAyYmIMM MCTOYHMKOM OTBETOB Ha BOIIPOCHL O IIOCAEAO-
BaTEABHOCTSIX OCTAeTCs M3yMHUTEeAbHas HeboAbImas KHUMXKKA CaroaHa
nop HaspauWeM CIIpaBOYHHK IO IIEAOYHCAEHHEIM IIOCAEAOBATEABHO-
cTsaM [276), B KOTOPO IIEPEYUCAEHE! THICSIM IOCAEAOBATEABHOCTE B
COOTBETCTBWH C X YUCAOBBIMY 3HaYeHUAMU. ECAM BE CTaAKMBaeTeCh
C HEKOTOPOH PEKYPPEHTHOCTHIO, KOTOPYIO €CTh OCHOBAHWE CYUTATh
yoKe M3y4eHHOH, BCe, YTO HYXXHO CAEAaTh,— 3TO BEIYMCAUTEH AOCTa-
TOYHOE YICAO YAEHOB AASI TOT'O, YTOBEI pacliosHaTh Ballly PEKYPPEHT-
HOCTb CPEAM ADPYTHX W3BECTHBIX; TOTAA ¥ BAC IIOSIBATCA LIAHCH HAATH
yKa3aHue Ha COOTBETCTBYIOLILYIO AMTEPATYPY B capaBoyHHKe CAoaHa.
Taxk, BHIsIcHsIeTCs, 4To 1, 5, 14, 30, ... y CaroaHa uMeeT HoMep 1574
¥ Ha3HIBAeTCA MOCAEAOBATEABHOCTHIO , KBAAPATHEIX ITUPAMUAANBHEIX
wmcer" (#60 B ImMpaMMAe C KBaADaTHHIM OCHOBaHMEM ¥3 N’ mIapoB
yMemaercst [0, mapos). CAoaH OTCEHIAeT HAaC K TPEM MCTOYHUKAM,
OAHHMM M3 KOTOPHIX CAY’KHUT yKe YIIOMUHABIIMICSA CIIPaBoYHUK Abpa-
MoBunia u Cturas.

O, =

mpu n = 0. (2-38)
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BEire oAMH criocob oYepnHYTH U3 KAaAe3s MUPOBOH MaTeMaTHde-
CKOI MYADPOCTH — UCIIOAB30BaHKE KOMIIBIOTEPHEIX IIporpaMyM (Takux,
xaxk MACSYMA, Axiom, Maple maux Mathematica), aaromux cpeacTsa
AMSI CHMBOABHEIX ITpeobpasopanmit. Takue mporpaMMel 0CO6eHHO 1IeH-
HBI, KOT'A2 IIPUXOAUTCSI IMETH AEAO C FPOMO3AKUMU POPMYAaMHU.
3HAKOMCTBO CO CTaHAAPTHEIMY UCTOYHUKAMY HHPOPMaIK Hebec-
TIOAE3HO, ¥60 OHM MOTYT OKa3aThCSI HCKAIOINTEABHO IIOAESHBIMU. TeM
He MeHee, MeTop 0 He BIIOAHE COTAACYeTCS C AYXOM 3TOM KHUTH, IIO-
CKOABKY HaM XOTeAOCH 6Bl 3HaTh, KaK yraAaTh OTBET CaMOCTOSITEAD-
Ho. ,,CIIpaBOYHEIR" METOA OTPaHMYMBAET HaC 3aAadaMy, KOTOPhle KTO-  MAH, o KpaifHed
TO CYEeA 3aCAYXKMUBAOIIMMY BHUMAHUS — MHTEPECYIONIYIO HAC 3aAa9y  Mepe, 335a4aMy,

CpeAr HMX MOXXKHO M He HailTH. HMEIOILIHMH Te JKe
OTBEThI, YTO H

33Aa4H, KoTopble
KTO-TO pellHA
paccMoTpeTs.

Mertoa 1: yraablBaHHe OTBEeTa C MOATBED>XKAECHHEM
0 HHAYKIHHA

Bo3Mo>xHO, OTBeT K 3apade IpUHECAa Ha XBOCTE COPOKA, a Mo-
XeT 6HITH, MBI IIPHIIAY K HEMY KaKHM-TO APYTHM TaWHCTBEHHBIM
cnocoboM — Toraa OT Hac TpPebyeTcs BCErO AWIND IIOATBEPAUTH €TO
TIPaBUABHOCTb.

Mn1 Moram 61, HampuMep, 3aMeTUTh, ITO 3HAYeHUs [J, packAa-
ABIBAIOTCS Ha MaA€HbKHE IIPOCTHIE MHOKMTEAHM, TaK YTO MEI MOTAM
HaifTz (2.38) Kak hopMyAy, paboTaroly o AAS BCEX MAaAKX N. MoxXHO
66110 6B TaKKe MPEAIIOACKUTE 3KBUBaAEHTHYIO (2.38) dopMyry

n(n+ Hn+1)

On = -3 npu n 2 0, (2.39)
KOTOpasi MPUSITHEE B TOM CMEICAE, UTO ee Aerde 3allOMHUTEH. Bce ro-
BODHUT B IIOAB3Y (2.39), HO MHI 0BsS3aHEI AOKa3aTh HAIIX IIPEATIOAO-
JKEHUSI CIIoco60M, He OCTaBASIOUMM HM MaAeiirero coMaenus. AAs
3TOi UeAM ¥ 6HAA IPUAYMaHA MaTEMATHIECKAS HHAYKIMSL.

,Arak, Bama gecTh, HaM u3BecTHO, uTo [g = 0 = 0(0+%)(0+1 /3,
Tak 4ro ¢ 6a30f MHAYKIME IPOCcTo. AAs HHAYKTHBHOTO II€PEXOAa
TIPEATIOAOKUM, ITO 1L > 0, M AOIYCTHM, 4TO (2.39) OCTAeTCs B CHAE,
KOTAa M 3aMeHsteTcss Ha N — 1. [TockoAbKy

On = Ona +T12,
TO
30n =(n—-1)(n-HMn) + 3n?
= (m3—3n2+In) + 3n?

—(n3 4 3n2. ]
= (n°+3n°+3n)

n(n+%)(n+]).

Takum obpasom, dopMyra (2.39) AUCTBUTEABHO CIPaBEAAMBA IIPH
Bcex N > 0 BHe BcIKoro coMHeHUs ['ocopa IIpHCsIXHEIE, HET BO3pa-
SKeHMt?



»B CTapHHY BHe-
3alHYI0 YAaYHYHO
MBICAB CYHTaAH
Mpo3peHHeM, AapoM
6boros. 3T0T Aap,
OAHaKo, Hapo0 3acAy-
JKHTb CBOMM TDYAOM
HAH, 10 KpaifHe#
Mepe, CTpacTHbIM
JKeAaHHeM'

—A. INoita,
[239; c. 140].

Boab1e moxoxe Ha
HHYBIO.

Merop, 2’
MeTOA MPHBEAEHHS
B CMATeHHe.

2.5 OBIIIVE METOABI CYMMMNPOBAHMS

VHAyROMS 3AeCh yMeCTHA M OTYacTH boaee oIlpaBAaHa, €M IIO-
JICK OTBeTa B cIIpaBo4HmMKe. Ho Bce paBHO 3TO He COBCEM TO, UYTO HaM
Hy)HO. Co BceMM ADYTHMU CyMMaM#, KOTOPhIEe AO CUX ITOpP BEIYHCAS-
ANICB B 3TOI I'AaBe, MBI CIIPABASIAMCE 6e3 BCIKO#M MHAYKIIUW; TOTO JKe
IIpaBUAa HaM CAEAYET IPUAEPKUBATHCS ¥ IIPK yCTaHOBAEHUM CYyMMEI
O,. He cTouT KaXXABlf pa3s HapeAThCS Ha CIACTAVBEIE IIPO3PEHNST —
MBI AOAJKHBI yMeTh 06palaThcs ¢ HOAOOHEIMM CyMMaMH U B IIOBCe-
AHEBHOCTH.

Meroa 2: MeToA pHUBEAEHHST

Hrax, paBaiiTe BEpHEMCS K METOAY IIPUBEAEHNS, KOTOPHIA TaK XO-
pOIIIO MPOSBHA cebs B CAyYae IeOMETPHYECKOM mporpeccuu (2.25).
BrIA€AUM TIEPBHIR U IOCAEAHUA YAEHE [, 1, AAS TOTO YTOBEI IOAY-
YUTH YPaBHEHME OTHOCUTEABHO [1y:

Y kD= Y (K+2k+1)

ogksn o<ksn

=Y K4+2) k+ ) 1

o<ksn ogksn ogk<n

=00 +2) k+ (n+1).

ogkgn

On+ (n+1)2

I

On-na! Beawawse! [0, B3auMHO yHHYTOXaoTcsI. CAy4YaeTcs, 4To, He-
CMOTPSI Ha BCE HAlllX CTAPAHWUSI, METOA IIPUBEAEHUS IIPUBOAUT K UeMY-
To Bpope [y = Oy, ¥ MBI OCTaeMcCsI B IIPOUIDHILIE.

TeM He MeHee, 3TOT BEIBOA, He COBCeM becCItone3eH: OH BHISIBASET
CIIOCOD BEIYMCAEHHUS CYMMEI IEPBBIX N IIEABIX YUCEA B 3aMKHYTOMR

dopume
2) k=Mm+1P=(n+1),
o<ksn

XOTsI MBI ¥ PacCUMTHIBAAY BBIYMCAMTH CYMMY UX KBaApaToB. A He
MOXKET CAYYMTBCS TaK, YTO, HayaB C CYMMH KyOOB IIEABIX WHICEA,
KOTOPYIO MOXXHO 0603Ha4uTh 4depe3 (), MBI IOAYYMM BEIPa’KEHUE
AASI CYMMBEI UX KBappaToB? JaBaiiTe monpobyem:

Dntn+1P= > (k+1P= ) (KB+3K7+3k+1)

0o<ksn o<ksn
1
=@n+3un+3(1i2—)i‘+(n+1).

Kaxk MBIl ¥ 0KHAAAM, BEAWYUHE (), YHWYTOXKAIOTCS, X MBI MOXKEM
ompeAeAnTh [1,,, He IIoAArasich Ha MHAYKITUIO:

Mm+1P=3m+1)n/2—(n+1)
=m+)n?+Mm+1-3n-1) = (n+1)(n+n.

30n

63
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Meroa 3: mopbop penepryapa
AAS CyMMMpPOBaHMSA KBaAPATOB AOCTAaTOYHO TaKXe HEMHOI'O
0606IUTh PEKYPPEHTHOE cooTHOUIeHMe (2.7). Pelrerne peKyppeHT-

HOCTH
Rp = «,
Rn = Rn_1 + B +yn + on? mpu . > 0, (2.40)

BoOb1IEe 6yAET MMETH BUIA
R, = A(n)a+B(n)B + C(n)y + D(n)s, (2.41)

¥ MBI yXe onpepeAran A(n), B(n) u C(n), mockoABKY (2.40) — TO e
camoe, aTo u (2.7), Koraa § = 0. Ecam Temeps moacTasuts R, = n3,
To BHICHSETC, 9To N 6yaeT pemermeM mpu x =0, B =1,y = =3
u § = 3. Uraxk,

3D(n) —3C(n) + B(n) = n?;

OTKyAa ompepeasiercss D(n).

Ho mac unTepecyer cymma [1,,, Koropast pasHa [,,_1 + n%: ecan
MEI oAoXKEM o =3 =y =0u § =1 B (2.41), To moaygum [I,, = R;,.
CaepoBareabtno, O, = D(n). HaM Hz K yeMy npuberaTs K anre- [Ipuberats Ayuire
6pe Ars BEIuHcAeHEs D(n) no B(n) u C(n), IOCKOABKY MH yXe He K QHHHLIY.
coMHeBaeMcsT B ToM, KakuM 6yaer orser. Ho ecam cpeam Hac ecTb
COMHEBAIOIIYNECST, TO UX CAEAYET 3aBEPUTH B TOM, UTO

n+1)n

3D(n) =n3+3C(n)—B(n) = n3+3——2—-—n
=n(n+%)(n+1).

Meroa 4: 3aMeHa cyMM HHTerparamMu

Te, KT0 B3pallleH Ha HUBe HENPEPHIBHOM, a He AUCKPETHOM MaTeMa-
THKY, HOABILIE CHMIIaTHSUPYIOT MHTErpaAaM, HEKEAU CyMMaM, ¥ II0-
TOMY HAaXOAST eCTECTBEHHBIM IIOIBITAThCS 3aMeHuTh ) Ha [. OpHa 13
LeAelf Halllel KHUIM 3aKAIOYaeTCs B TOM, YTOOHI CAGAATH ) HACTOAD-
KO IIPOCTOlt B o6paliieHuH, 4To yxke [ EyAET KasaThcst 60Aee CAOKHEIM
geM ) (mo KpaiiHeil Mepe, Ip¥ TOYHHIX BHIYUCAeHMSX). Ho Bce xe
MMeeT CMBICA IIPOCAEAUTD CBSI3b MEXXAY ) 1 [, IOCKOABKY ¥ CyMMH-
PpOBaHWe, ¥ MHTErPUPOBaHUe OCHOBAHEI Ha OYEHb CXOXKUX HUAESX.

B MaTeMaTH9eCKOM aHaAU3e WHTErpaA MOXKET PacCMaTpUBaTh-
Csl KaK IIAOLIAAB IIOA HEKOTOPOH KPHUBOM, M MBI MOXXEM BEIYHCAUTH
3Ty IAOIIAAb IPUOGAVIKEHHO, CKAQABIBAs IIAOIIAAM BHITAHYTHX y3-
KUX IIPSIMOYTOABHUKOB, KOTOPhIE COIPUKACAIOTCS C AAHHON KPHMBOM.
EcaAx Xe COBOKYIIHOCTB BBITSIHYTHIX J3KHX IPSMOYTOABHHMKOB 33Aa-
Ha, TO MOXKHO IOfTH 06 paTHEIM IyTeM: IOCKOABKY BeAMdrHa [1,, ecTh
CyMMa IIAoIIaAel IpSIMOYTOABHUKOB pasMepoM 1x 1, x4, ..., 1xn?,

TO OHa NPUBAMKEHHO paBHA IIAOCIIAAM IOA KpuBoi f(x) = x? B MH-



3aech Macmtab
110 FOPH30HTaAH B
AecATb pa3 60Ab-
we Maciuraba 1o
BEPTHKAaAH.

9T0 AAS nHTalO-
IHX CKAOHHOCTB K
MaTeMaTHYeCKOMY
aHaAH3Y.

2.5 OBIIIVE METOABI CYMMWPOBAHUISA

TepBaae oT 0 A0 M.
f(x)

123 n X

A Tak Kak IIAOLIaABL IIOA 3TOM KpHBOR eCcThb fg x2dx = n3/3, Mu

BRISICHSIEM, YTO BeAWdmHa (1, IpUOAMIKEHHO paBHA %n-”.

OAMH U3 cr1ocob0B N3BAEYD IIOAB3Y U3 3TOr0 paKTa — OLIEHHTH IT0-
T'PEIIHOCTD MIOAYYeHHOMR armporcuManuy, b, = On — %n3. TTockoABRY

O, yAoBAeTBOpPsIET peKyppeHTHOCTH [,y = ;9 +n2, MH 06HapyXRH-
BaeM, yTo E, yAoBAeTBopsieT elle 60Aee MPocToi PeKyPPEHTHOCTH

1 1
En =0n— §n3 = On— +T‘-2 - 3‘“3

=E,_1 +%(n—1)3+n2—%n3 =E,_1 +n—%.

Apyroit ciocob mpoBeAeHUS B XU3Hb MHTETPaABHOTO IIOAXOAA — Ha-
XOXRAeHNe hOPMYAR AAS E,, ImyTeM cyMMUpOBaHWS IIAOWIAAEH KAM-
HOBHMAHHIX (DUT'yp, COCTAaBASIOIINX IIOr'PeIIHOCTh. [Toaywaem

n n k
Dn—'J xzdx=Z(k2-J xzdx>
0

k=1 k-1
n n
K3 —(k—1)3
— 2 _ | - 1
- Z (k 3 - Z(k 3) :
k=1 k=1
B AroboM cayuae MoxxHO 6EIAO 6EI HaitTH E, , a 3aTeM [I,.
MeToa 5: ycAo>KHeHHe H yIpOIeHHe
Eme opms ciocob Haxoxxaerus [, B 3aMKHyTo# popMe — 3aMeHa
MCXOAHOM CyMME!I 60Aee CAOKHOM Ha NEepPBHI B3TASIA ABOMHONR CyM-

Moit, KOTOpast B A€HCTBUTEABHOCTH MOXKET OBITh YIIPOIIEHa, ECAM IIpe-
obpa3oBaTh ee KaK HaAQ:

O.= ) K= ) &

1<ksn 1<j<k<n

=y > k=) <j+—2—n)(n—j+l)

1<jgn j<ksn 1<jgn

65
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= "2' Z (nn+1)+j- 52) (B AaHHOM BbIBOAE

1<jgn OCAEAHHH LIar oT-

12 . . YacTH HallOMHHaeT
=+ 1)+ nn+1)— 300 MOCAEAHMIT Iar

METOAA IIPHBEACHHA,
TaK KaK Mbl IIOAY-

ITepexoa OT OAHOKPATHOM CyMMEI K KpaTHO MOXKeT CHAYaAa Mo- oM YPABHEHHE
€pexXoA, AHOKD y ABYKD C HeU3BECTHOH

Ka3aThkCs ITaroM Hasap, HO Ha CaMOM A€A€ —3TO Iar BHEPeA, M0  po i w0
OH AaeT HaM CYMMEI, C KOTOPHIMU Aerde paborarb. Heabsst paccul-  yacrax.)

THIBATh PEIINTH KAKAYIO 33Aa4y, HEIPEPHIBHO YIIpouasi, yIpoIas 1

yIpomasi, KaK HEAb3SI OBAAAETb 'OPHEIMU BEPIIMHAMY, TOABKO IIOA-

HEMAasICh, IOAHNMASICh U IIOAHUMASICH!

=Inn+3)n+1)— 300,

Merop 6: ncancaeHHe KOHEYHBIX pa3HOCTeMH

Meroa 7: ucnoab30BaHUE NMPOU3IBOASIIINX (hyHKIIHIH

HacrpauBaiiTecy Ha emre 60Aee 3aXBaTHIBAIOIIME METOABI BEIYH-
caemms On = Y 1, k2, KoTophle MEI 6yAeM M3y9aTh B CAEAYIOIIEM
PasAeAe U B ITIOCAEAYIOIIAX I'AaBax.

2.6 TCHUCANAEHUE KOHEYHOTI'O
N BECKOHEYHOTI'O

MRl M3yYHAM IIEABIA psip crocoboB HEMOCPEACTBEHHOro obpa-
weHust ¢ cyMMamMu. Temeph HacTaAa Iopa pPacIIMPHUThL Hall KPYro-
30p, paccMoTpeB mpobaeMy CyMMUPOBaHUS Ha 60Aee BRICOKOM yPOB-
He. [lo aHarormu c 6oAee TPAAMITMOHHEIM MCYMCAEHNEM 6ECKOHETHO
MaARX MaTeMaTHKaMM pa3paboTaHO MCUMCAEHME ,KOHEYHBIX PasHO-
cTeif’; C IOMOIIBIO KOTOPOro MOXKHO aKKYPaTHO ¥ METOAWYHO ITOAOHTH
K CyMMUPOBaHMIO.

Ncuucarenne 6ecKOHEYHO MaABX OCHOBAHO Ha CBoMcTBax dudde-
peryuanbHozo omeparopa D, ompepeAsieMoro Kak

Df(x) = &Eﬂ)w

Vicumcaenne KOHETHRIX Pa3HOCTER OCHOBAHO Ha CBOMCTBAX pasHoCcm-
Ho20 onepaTopa A, OIPEAEASIEMOro KaK

Af(x) = f(x + 1) — f(x). (2-42)

9T0 KOHEYHO-Pa3HOCTHHIN aHAAOT IIPOU3BOAHOM, B KOTOPOM MEI OI'pa-
HUYUAUCEH IEARIMU IIOAOKUTEABHEIMM 3HadeHUAMM h. Takum obpa-
30M, h = 1 —6AmXaillllee K HyAI0 3HaYeHHe, KOTOPOE MOXXHO IIO-
AyunTs B mpepeae” mpu h — 0, a Af(x) —aro (f(x +h)—f(x))/h
nmpu h = 1.

CnmBoanl D m A HasmBaloTCsI onepamopamiu, IOCKOABKY OHHI
,OIIEPUPYIOT" ¢ PyHRIMSIMY, 06pa3ys HoBEe HYHKIWA: OHY SIBASIOT-
c1 GYHKIESIMA DYHKOWH, pPE3YyABTaTOM KOTOPHIX SIBASIOTCS
dyermm. Ecan f — pocTaTouno raapkas dyHKIMs, oTobpaXkaromias
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BeIIeCTBEHHEIE YMCAA B BELIECTBEHHBIE TUCAa, To Df TakXe IBAgETCS
dyHKIHe! 13 BEIeCTBEHHEIX YMCEA B BellleCTBEHHBIE YMCAA. A ecAn
f mpeacTaBAsieT coboit A106Yyr0 PYHKIMIO U3 BEIIECTBEHHEIX YMCEA B
BEII[ECTBEHHEIE YMCAA, TO TaKOBOH sBAsieTca u Af. 3HadeHus dyHK-
muit Df 1 Af B TouKe X BBEIYHCASIIOTCSI B COOTBETCTBHU C AAHHBIMU
BEIIIIE OIIPEAEAECHUSIMH.

[Ipucrynas x umsydeHmo AU depeHINarbHOIO UCYUCAECHNS, MEL
IIpEXXAE BCEro BBISICHsIEM, KakK D AeficTByeT Ha CTelleHHBIE PYHKINK
f(x) = x™. AAs Tarux dynkmumit Df(x) = mx™'. HedopMaabho 3T0
MO>KHO 3aITCaTh, omyckas f, Kak

D(x™) = mx™'.

Brino 651 3A0poBO, ecAM GBI omepaTop A AaBaA CTOAD JK€ SAEraHTHBIN
PE3YABTAT; K COKAAEHMIO, 3TOr'0 He IIPOMCXOAUT. Tax,

A3) = (x+1P2 =x3 =3x? +3x +1.

Tem He MeHee, UMeeTCs HeKas Pa3SHOBUAHOCTB , M-I CTEEHN', KO-
Topast ACHCTBUTEABHO 3A0POBO IpeobpasyeTcs moA AeHcTBUeM A, U
MMEHHO 3TO OBCTOSITEABCTBO AeAAeT MCYMCAEHME KOHEUHEIX PasHO-
cTelt COpep>RaTeABHEIM. TaKue MOAMGHUIIMPOBaHHbIE CTENERM X OIIpe-
AEASIIOTCS II0 IIPaBUAY

™ COMHOXXHUTeAel
A

~

xm=x(x—1)...(x—m+1), neaoe m = 0. (2.43)

ObpaTuTe BHMMaHMe HA MaA€HbKYIO YEPTOYKY IIOA TN — OHA YKashl-
BaeT Ha TO, 4TO M COMHOKUTEAEH AOAKHBI ITOCTEIIEHHO CTAHOBUTBCS
BCe MeHbIIe ¥ MeHbIle. CyIIeCTBYeT, COOTBETCTBEHHO, OIPEAEAEHHE,
10 KOTOPOMY COMHOKUTEAU CTaHOBSITCS Bce 6oAbIle X HoabIe:

M COMHOXMTeAeH
A

xﬁ'z;(x+1)...(x+m—ﬁ, neaoe m = 0. (2.44)

ITpu m = 0 mmeem x2 = x® = 1, Tak KaK Io CorAamreHUIo IPOU3BEAE-

A ecAM OTCYyTCTBY-  HUE OTCYTCTBYIOIIMX COMHOKUTeAe IIpHHuUMaeTcs paBHEIM | (TodHO
10T H COMHOXXHTEAH, TaK >Ke, KaK CyMMa OTCYTCTBYIOLIUX CAAraeMEIX CIMTAEeTCsI paBHol 0).
H cAaraeMbie? Bearumra x™ Ha3HBaeTcs ,X B yOHIBalollel CTEmEHH M, eCAHM

HY’KHO IIPOM3HECTH 3TO BCAYX; CO3BYYHO X™ — 3T0 ,,X B BO3pacTaroe
crermeHr M DTH PYHKIMK HA3HIBAIOT TaKXe ybueatowumu gaxmo-
PUAALHBLMU CTMENEHAMU B 603PACTNAOUUMU HAKMOPUAALHBIMU
cmeneHAMUY, IOCKOABKY OHI TECHO CBSI3aHEI ¢ PaKTOpHaAbHOM DYyH-
kmmeit n! =n(n—1)...(1). B camoM penae, n! =nt =17,

B MaTeMaTHIeCcKOil AUTEPATypPE BCTPEYAETCS PSIA APYrEX obo3Ha-
deHM AAS (PaKTOPMAABHEIX CTelleHel, cpepA¥ HUX —,cuMBoAa [lox-
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ramMmepa” (X)m AAS X™ MAM AAS X; BCTPEYAIOTCS TakKe obosHade-

Hzst trma x(™) man X(m)- TeM He MeHee B MOAY BXOAUT IIOAYEPKHYTO-
HapdepKHyToe obo3HaueHwre, 60 OHO IIPOCTO IMIIETCS, AETKO 3aIlo-
MWHaeTCcsT M H36aBAEHO OT AMIIHMX CKOBOK.

V6r1Baromye cremeH X™ 0cobeHHO XOPOIIH IT0 OTHOIIEHNIO K A:

AX®) = (x + 1) —x2
=x+Dx...(x—-m+2)—x...(x—m+2)(x—m+1)
=mx(x—1)...(x —m+2),

TaK YTO MCYMCAEHME KOHEYHBIX Pa3sHOCTeH pacroaaraeT yAOOHHIM B
o6palleHyy IPaBHAOM, TIOA CTaTh mpaBMAy D(x™) = mx™ '

m—1

A(xZ) = mxB—, (2.45)

DT0 OCHOBHOM (paKTOPMaABHEIH paKT.

Oneparop D B mcuumchreHmm 6eCKOHEYHO MaABIX KMMeeT obpar-
HEIA — aETHAMGbEPEHIMaNbHENA (MAY MHTErPAABHELL) oepaTop |.
OCHOBHASI TEOPEMA AM®®EPEHIIMAABLHOI'O ¥ MHTEIPAABHOIO
MCYMCAEHUS cBstsbBaeT D ¢ [ caeayromum o6pasom:

g(x) = Df(x)

TOrAA ¥ TOABKO TOTAQ, KOTAQ Jg(x) dx = f(x)+C.

3aech [ g(x) dx — HeompeAeAeHHBIA UHTerpaA g(x) — SBASETCST KAAC-
coM QYHKIM, TPOM3BOAHASI KOTOPEIX ecThb g(x). ToyHo Tak e, ome-
paTop A mMeeT ob6paTHBI! — aHTHPA3HOCTHHIN (MAM CyMMUpYOIMif)
oIlepaTop ), ¥ B 3TOM CAydae cIipaBepAMBa Takat OCHOBHASI TEO-
PEMA:

g(x) = Af(x)

TOTA2 M TOABKO TOTAa, KOI'Aa Z g(x)dx = f(x) + C. (2.46)
3aecek ) g(x) dx — neonpedenennan cymma g(x)— sIBAsIETCS KAac-
coM PYHKIMYA, pa3HoCcmMb KOTOPHIX eCTh g(Xx). (3aMeTmM, 4To CTpod-
Hasi § COOTHOCHTCS C IpormMcHO# A Tak e, Kak d coorHocuTcst ¢ D.)
Byksa ,,C* B cAy4Yae HeonpeAeAeHHEIX HHTerpaAoB obosHayaer mpo-
M3BOABHYIO IIOCTOSIHHYIO, B CAy4Yae JXe HEOIIPEAECAEHHBIX CYMM POAb
,C" urpaet Arobast yukmus p(x), Takas, ato p(x+1) = p(x). B qact-
HoctH, C Moraa 651 6HITH ImepHoAMYIecKoi pyHKIMeR a + b sin 27tx —
Tak¥e QYHKINK aHHYAMPYIOTCS, eCAM MBI 6epeM OT HMX pPasHOCTH
(rouHO Tak Xe KaK aHHYAMPYIOTCSI KOHCTAHTHI, KOTAa MEI 6epeM OT
HUX IpOM3BOAHEIE). IIpm meaouwmcaeHHEIX X GyHRImMA C SBAseTcs
KOHCTaHTOH.

Tenepb MBI IIOYTH IIOAOIIAY K KYABMUHAIIMOHHOMY MOMeHTY. Mc-
upcAeHne HeCKOHEYHO MaARIX BKAIOUaeT B cebst m onpedesenHbie HH~
TerpaAms: ecam g(x) = Df(x), To

C MareMaTH4ecKoi
CHMBOAHKO#H mopoif
CAYYaIOTCS HaKAGA-
KH: Ha caMoM AeAe
oxrammep [245]
HcroAb30BaA obo-
3HayeHHe (X)m AAT
61HOMHaABHOrO
Ko3puLHeHTa
(), 2 e ana
¢haxTOpHAABHBIX
crenexed.
Bnpoyem, B Cnpa-
BOYHHKE 110 CIIELH-
aAbHBIMH YHK-
LHaM [2] cumMBoA
Ioxrammepa onpe-
AEASETCS HMEHHO
Kak (x)o = 1,
(X)m = x(x +
1)...(x+m-=1).
— INepes.

»,Quemadmodum
ad differentiam
denotandam usi
sumus signo A,
ita summam
indicabimus
signo L. ... ex quo
®quatio z = Ay, si
invertatur, dabit
quoque y =
Xz+C¥

—A. Diirep [374]
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COOTBETCTBEHHO, UCIUCAEHNE KOHEYHBIX Pa3sHOCTEH — BO BCEM UMU-
THpYyIolee cBoero 6oaee 3HaMeHUTOro cobpara — pacIoAaaraer oIpe-
ACAEHHEIME cymmamu: ecam g(x) = Af(x), To

3 o) 6x = f(x)| = fl(b) — fla). (2.47)

OTa opMyAa pPacKpHIBaeT CMBICA obo3HaveHMs ZZ g(x) 8x, Touno
TaK ’Xe, KaK IPEARIAYIIAST (POPMYAa — CMBICA fab g(x) dx.

Ho uto xe mpeacTaBAsieT coboif cymma ZZ g(x) 6x B AeicTBH-
TeAbHOCTH? MBI yCTaHOBHAM €€ CMBICA IO aHAAOTHH, HO He IO CyIle-
ctBy. Takast aHaAOrHS XOpollla AAS TOrO, YTOBBl OBAEr<UTH 3aITOMM-
HaHWe IPaBHAAa NCUYUCAEHUS KOHEYHEIX Pa3sHOCTEH; OAHaKO IOA06HOe
obo3sHavenue 6ypeT 6eCIIOAE3HBIM, €CAM MEI He IIOMMEM €ro MCTUH-
Horo cMruIcha. IlompobyeM BEISICHMTB CMBICA 3TOH CYMMEI, PaccMo-

TpeB CHaYaAa HEKOTOPBIE CIIELMAaABHEIE CAYYad, UCXOASL U3 TOr'O, YTO
g(x) = Af(x) =f(x + 1) — f(x). Ecam b = q, To

> " glx)8x = f(a) — f(a) = 0.

Aanee, ecam b = a + 1, To pesyabTar TaKoii:

Z:H g(x)dx = f(a+ 1) —f(a) = g(a).

W ewe, ecau x b pobaBuTs 1, TO

S e~ Y gbs
( (b+1)—f(a)) — (f(b) — f(a))

=f(b+1) —f(b) = g(b).

ITopobHBIE HabAIOAEHNMS, a TaK)Ke MaTeMaTHYeCKasI HHAYKIIMS, II03BO-

ASIIOT BBISICHUTBH TOYHBIM CMBICA Zz g(x) &x B obiieM caydae, Koraa
aub—ueanle qucAam b > a:

b—1

ZZ g(x) &x =Z g(k) =Z g(k) mpmumeamx b >a. (2.48)

k=a ask<b

U Bor paau sroro ApyruME cAOBaMy, OIpeAEAEHHAST CyMMa — 3TO TO YK€ CaMoe, YTO U

Bech cbIp-6op? ObHYHas CyMMa C IMpeAeAaMU CYMMUPOBAHUS, HO C MCKAIOYEHHEIM
3HaYyeHMeM BEPXHErO IIPeAEAa.

ITompobyeM HOBTOPUTH 3TOT BHIBOA HECKOABKO MHade. IIpearro-

AOXKHM, YTO HaM AaHa HEM3BECTHAasi CyMMa, KOTOpasi, IIPEATIOAOKM-

TEABHO, BRIYMCASIETCSI B 3aMKHYTOM (popMe, ¥ ellle IIPEATIOAOYKUM,

YTO ee MOJKHO 3aIlMcaTh B BHAE Zasukd: gk) = Zl;g(x) 5x. Teo-

P¥ST MCYMCAEHMSI KOHEYHHIX Pa3sHOCTEM I'OBOPHUT, YTO OTBET MOYKHO

BrIpasuTh B BHAe f(b) — f(a), ecAM TOABKO MBI CMOKeM HaiTH He-

OIIPEAEAEHHYIO CYMMY MAM aHTHPA3HOCTHYIO (PyHKIHMIO f, TaKyIo, 4TO
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g(x) = f(x+1)—f(x). OauE u3 ciocob0B MOHATD Cel MPUHIMI — BHI-
mmCcaTh Zask <p 9(K) B pasBepHyTOM BHAE, HCIIOAB3YS *

Dy (k1) = £(K)) = (fla+1) = f(a)
) +(fla+2)—fla+1) +
+(flb—1)—f(b-2))
+ (f(b) = f(b—1)).

Bce uneHE B mpaBoit yacTH, 3a ucKAtouenueM f(b) — f(a), corpama-

JOTCSI, TaK 4TO 3HadeHMeM cyMMHu sBasiercs f(b)—f(a). (Cymmer Bupa

2 a<keb (f(k + 1) — f(k)) 9acTo HasHIBAIOT MEAECKONUMECKUMY, TIO  Jf gce 1o Bpems,

aHAAOTHM CO CKAAAHBIM TEAECKOIIOM, TaK KaK TOAITMHA CTEHOK CAO-  [loka g AyMaA, OHa

JKEHHOT'O TeAECKOIIa OIPEAEASIETCS HCKAIOUATEABHO PAAMYCOM CaMOM  TeAeCKonmHpoBaAack,

6oABIIOM ¥ papKycoM caMoit Maaok us Tpyb.) TOCKOABKY CKA3ABI-
Ho npasuao (2.48) npuMeHIMO TOABKO IPE b > Q; @ 9TO CAydIMTCs ~ BaAach #3 AOBOABHO

upz b < a? Hy, coraacro (2.47), AAMHHOTO BbIpa-

JKEHHs1 B BeCbMa
b
Za g(x) 6x = f(b) - f(a) KOpOTKoe.
a
—(f(@)—f(b)) = = Y g(x)x,
YTO aHAAOI'MYHO COOTBETCTBYIOUIEMY COOTHOIUIECHHMIO AAS OIIPEAEACH-
HOro MHTerpana. IIop0bHEIM >Ke 06pa3’oM AOKa3BIBAETCS, UTO Zg +

b c c
Y § =Y . —ananor coorsomerus [, + [, = [, arg cymm. Bor sro
COOTHOIIIEHYe IPY IOAHOM IIapaae:

Z: ox)6x+ Y g(x)x =) " glx)6x (2-49)

AASI AIOOHIX IIEARIX a, b, H C.

Cropee Bcero, Ha AaHHOM 3Talle HEKOTOPhle HaYMHAIOT HHTEPEeCo-
BaThCS: a YTO HaM AQIOT BCe 3TH MapaaneAd U aHaaormu? Hy, aass  Apyrux sror so-
HadaAa, UCUUCAEHVE OIPEAEAECHHBIX CyMM AAeT IIPOCTOM CItocob BhI-  [POC 3aHHMAET yxKe
YUCAEHUs CyMM yGBIBAIOIMX CTEIleHeil: M3 OCHOBHBIX IpaBMA (2.45), AaBHO.
(2-47) u (2.48) BHTERaeT obmiee MPaBUAO

km+1

Z m+l

ogk<n

n T1m+‘l
m+1

mpe meAnx m,n 2= 0. (2.50)

OTa GopMyAa AETKO 3alIOMWHAETCSI, IIOCKOABKY OHAa OYEHb IIOXOXKa
Ha 3HaKOMyIo HaM pOpMYAy fo x™dx =n™/(m+1).

B wacTHOCTH, mp M = 1 mMeem k! = k, mosToMy AamHoe npaBu-
A0 MCUMCAEHUS KOHEYHBIX Pa3sHOCTEH IPeAOCTaBASET IIPOCTOM crIocob
3aIIOMWHAHWS Toro paKTa, YTo

n2
2 k= =nn-1/2.
0<k<n
Vcuncarenne olpeAeA€HHEIX cCyMM obAerdaercs Tak>Xe TeM obcros-
TEeABCTBOM, YTO CyMMH B mpoMexyTke 0 < k < n 3avdacTymo oka-
SHIBAIOTCSI MpOILIe CyMM B mpoMeXyTke | < k £ M: IlepBhle U3 HUX
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nmompocty pasun f(n) — f(0), B To BpeMs KakK IocaepHHMe TpebyroT
prraucaenus f(n+ 1) — f(1).

O6nIYHEIE CTEIIEHN TaK Ke MOXKHO CyMMUPOBATh 3TUM HOBHIM CIIO-
coboM, ecCAM CIlepBa BEIPA3UTh MX depe3 yOrIBaioIiue cTelmeHd. Tax,

k? = k3 4+ ki,

OTKYAQ

2
Yy K= 1‘—+7 =Inn-Nn-2+3) = Inn-DHn-1.
0gk<n

3aMeHa N Ha N+ | paeT elle OAMH CIIocob BRIYMCAEHHUS B 3aMKHYTOM
dopMe Hamiero cTaporo 3HaKOMOI'0 — CyMMBI [, = ZO<k<n k2.

Bor 3p0poBo — Tak npocTo! STo AeHCTBUTEABHO IPOIIE, IeM AIO-
601 n3 Toi yAMH cIToco60B, KOTOPEIMM MBI 3aMYYMAM AO CMEPTH AaH-
HYIO CYMMY B IIDEABIAYIIEM pa3aeae. IlosToMy monmpobyeM IOAHATHCS
BEIIIIe — OT KBaApPaToB K xybam. HecAoKHOe BEIYMCAEHUE ITOKA3kIBa-
eT, 4To

K =12 +3k2 + kL.

(O6rrunEIe cTemeHN BCerAa MOKHO 06paTHTh B haKToPHaAbHbIE X Ha-
obopoT, UcoAb3ys uucAaa CTHUpAMETaA, KOTOphle MEL 6yAeM W3ydaThb
B r'A. 6.) Taxum obpasom:

> k3_—+k3 ];Z
a<k<b

Wrak, ybmBatoume cTelleHM BeCbMa IIOAXOAST AASL BEIYMCAEHMS

cymM. Ho 06AapaloT AM OHE ellle KaKUMU-HIO6YAD KadecTBaMy, OIIpaB-

Kak MHOro ABIBAIOIIMMHY KX CyliecTBoBahWe? AOAXKHBEI AW MHE O6palllaTh AABHO
3HaKOMBIX . . . HaM 3HaKOMBle OORIYHbIE CTEIIEHN B yORIBaroIIye AO CYMMUPOBAHHUST, a
3areM ofpairaTe X o6paTHO, BMECTO TOr'0 ITO6HI AeHCTBOBATh Kak-

HnbyAL mo-apyromy? BoBce HeT: 3a9acTyio MOXXHO paboTaTh HeIO-

CPEACTBEHHO C (PaKTOPHAABHEIMU CTEIIEHSIMU, IIOCKOABKY OHM 0obBAa-

AQIOT PSIAOM Aonom'reunmx cnoﬁc'rn. Hanprmep, TOYHO TaK K€,

KakK CIIpaBeMK.BO 4T0 (x + y) = x? 4 2xy + y?2, cIpaBeAAMBO H TO,
aro (x4 y)% =x2+2x1y +y ¥ Ta JKe caMasl aHAAOTHSI CYyLIECTBYeET
MexXAy (x +y)™ m (x + y)= (BTa »PakTopHaArbHasT GHHOMMAAbHAS

TeopeMa“ AOKaskBaeTcs B yop. 5.37.)

Ao cHx Iop MEI pacCMaTpPHBaAY TOABKO yOriBaromue cTerneHn 6e3
OTPMIIATEABHHIX IIOKa3saTeAed. UTOOH IIPOBECTH aHAAOTHMH C OOHIY-
HEIMM OTPMIATEABHBIMM CTEIIEHSIMW, HaM IOTpebyeTcs ITOAXOASILee
onpeaenenne X npu m < 0. 'AsIpA7 Ha IocAeAOBaTeABHEIE CTEIIEHH

B =x(x=1)(x=-2),
x2 =x(x—1),
xl=x,

xt =1,

=3
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MOYKHO 3aMeTHTh, 9TO AAS IIepexopa oT X3 K xZ, K x! u k X2 MEI AeAuM

Ha X — 2, moroM —Ha X — 1, n moroM — Ha x. [IpeacTaBAsieTcs KeAa-
TeABHEIM (eCAM He 063aTeABHEIM) 3aTeM PAa3sAEAUTDb Ha X + 1, 9To6H
mepeittu o X2 kK x=1 = 1/(x + 1). IIpoaoAKast AeAeHNE, MEI TIOAY-
YaeM HECKOABKO IIEPBHIX YOBBAIOIINX CTEIIEHEH C OTPUIIATEABHBIMU
TIOKa3aTeAsIMH,

X"]—;_
Tox+1°
1

il e Ty £

1
._3__
T x+Dx+2)(x+3)’

TaK 4TO B 0OIlEM CAydae OIpeAeA€HNE OTPUIATEABHEIX YOBIBAOIIMX
cTereHe# TaKOBO:
1

iy vy by vy B SRR (251)

(Y6riBaroue cTEmeHN MOXKHO TaK)Ke OIPEAEAUTH ¥ AAS BEILIECTBEH-

HEIX ¥ Aa’Ke KOMIIAEKCHBIX T, HO MBI OTACKUM 3TO AO T'A.5.) Bce B KoMITA€Kce. . .
Baaropaps TakoMy oIlpeAeAeHMIO yObIBaroliiie CTeleHM obpera-

IOT AOIIOAHUTEABHEIE 3aMedaTeAbHble CBOcTBa. Bo3sMoykHO, Hambo-

Aee Ba’KHBEIM U3 HUX SIBASETCA obIlee MpaBHAO IOKa3aTeA€#, aHAAO-

TWYHOE ITPaBUAY

xm+n = x

X
AASL OORIYHEIX cTemeHei. Ero BapmMaHT AAsT yORIBarOIIMX CTeNeHelk:

xB = x (x —m)2, LeABlE M H M. (2.52)

1

=2 =t (=22 = - D 5m T

Ecam 6B MBI ompepeAnAr Xx— Kak 1/x, a He Kak 1/(x + 1), To mpa-

BHAO TOKa3aTeAel (2.52) 0Ka3aroch 6B HECIIPABEAAMBHIM B CAyYasix

Tima m = —1 ¥ n = 1. B AefiCTBATEABHOCTH, MOXHO 6BIAO 6EI BOC-

IIOAB30BATBCA IIPABUAOM (2.52), KOTOPOe KaK pa3s U YKasLIBAaeT, KaK [IpaBHAa MoKa3hl-
CAEAYET OIIPEAEASITh YOHIBAIOIIME CTENEHN C OTPUI[ATEALHEIMH [IOKa-  BaloT KaK M0A0-
3aTeAsIMH, ECAY IIOACKHUTE M = —n. Korpa Kakoe-To cyuiecTByomee KHTEABHbIE, TaK
ob03HavYeHNe pacIpoCTpaHsieTcsl Ha 60AbIIIee YMCAO CAy4YaeB, Bcerpa M OTPHUATEAbHbIE
Ayuire GOPMyAMPOBATh OMPEAEAEHNS TaKuM 06pa3oM, YTo6k! obmme  CBOH CTOPOHBI.
IIpaBHAA OCTABAAMCH CIIPABEAAUBEIMHU.
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V6eauMcs Temepb B TOM, YTO pelaiollee PasHOCTHOE CBOMCTBO
CIIPaBEAAMBO AASI YCTAHOBAEHHEIX HaMM II0-HOBOMY YOHIBAIOIIMX CTe-
meneit. AeiictBureabHo A AXx™ = mx™=! npu m < 0? Ecan, Hanpu-
Mep, M = —2, TO COOTBETCTBYIOWIas Pa3sHOCTh

1 1

Ax=2 = -

(x+2)(x+3) (x+1)(x+2)
x4+ = (x+3)
(x 4+ 1) (x+2)(x +3)

= —2x=3.

Aa, Bce BepHo! [Topo6Hast mpoBepKa IIPOXOAMT IIpH AroboM m < 0.
CaepoBaTEABHO, IIPAaBUAO CYMMUPOBaHUs (2.50) OCTaeTCs cIipa-

BEAAMBEIM KaK AAS OTPMIJATEABHBIX, TaK M AASL IIOAOKHMTEABHBIX

yO6EIBaIOLINX CTEIEHEMH, A0 TeX IIOp, IIOKa He IPOM30MAET AeAeHME Ha

HYAB:
b xmtl b
xTox = um#—1.
Za m+ 1 a up %
Hy, a kak e 6b6Tb ¢ M = —1? BcrioMHUM, 4YTO IpH UHTETPUAPO-
BaHUY Op¥ M = —1 ME ITOAyYaeM
b b
J x"'dx = Inx
a a

Hawm xoTenock 6B IMeTh KOHEYHO-PAa3HOCTHEIR aHAAOT In X; ADyrEMHE
CAOBaMH, MB! XOTMM HaitTn dyHKRIumio f(x), Takyro, 9To

BN
x+1
He odueHp TPyAHO BHAETH, 9TO TaKOi (PyHKIIWEH SBASETCSE

1 1 1
f(x) = ] +2+ +x’
KOTAA X — IIEAOE YHCAO, & 3Ta BEANUMHA — IIOIPOCTY rapMOHMYECKOE
uncao Hy u3 (2.13). TakuM obpasoM, AUCKPETHEIM aHAAOTOM HeIIpe-
pEIBHOM dyHKImH Inx cayxur H,. (Mm ompeaeamu H, anst Heme-
ABIX X TOABKO B T'A. 6, a AAST BAMDKafInMX 1eAeit 6yAeT BIIOAHE AOCTa-
B TouHocT#t 0.5777  mowuro MeARX X. MHI TaKKe YBHAMM B TA. 9, YTO IpH 6OABIINX X BEAU-
Mosxer, uMeetcst B umHa H, — In x npubamxenso pasra 0.577 + 1/(2x). CaepoBaTeAbHO,

= Af(x) = f(x + 1) —f(x).

muay 13, Hyx # lnx—He mpocTo amasoru: obEIYHO MX 3HA4YEHMS OTAMYIAIOTCS
A MOXeT, H HeT. MeHee 9eM Ha 1.)
Temepr MO’KHO AaTh IIOAHOE OIIMCAHWME CyMM YORIBAIOIIUX CTelle-
Heil:
xmt1 b
b — | mEmA
D xmix=¢ ™7l (253)
a b
H, mpz m = —1.
a
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9ra dopMyAa IOKA3LIBAET, TOYEMY IIPECAOBYTHE ,fapMOHUYECKHE"

YpcAa OYeHb FAPMOHWYIHO BOSHMKAIOT ITPY PEIIeHUN AMCKPETHHIX 3a-
Aad, THIIa aHaAM3a 33Aa4 ,,OHICTPOIl COPTUPOBKH', TOrAA KaK TakK Ha-
3pIBaeMEIE ,HaTypaAbHBIE" AorapndMbl BeCbMa HaTypaAbHEI IIPHA pe-
IIEHUY HETPEPHBHHIX 3aAad.

Temeps, Koraa HaiA€H aHAAOT AAS In X, IIOCMOTPHM, MMEETCS AK
TakoBolt Aast e*. Kakas dyurmms f(x) obaapaer csoitcteoM Af(x) =
f(x), coorBercTByIommMM ToXxAeCTBYy De* = e*? OrseT mpocrT:

f(x +1) — f(x) = f(x) = flx+1) = 2f(x),

TaK YTO MEI MMEEM AEAO C IIPOCTOX PEKYPPEHTHOCTBIO X MOJKEM TIPH-
HaTb f(x) = 2* B KayeCcTBe AUCKPETHON 3KCIIOHEHTEHI.

B cAydyae mpom3sBOABHOrO C PasHOCTh PYHKIMM C* TaKXe AOCTa-
TOYHO IIPOCTA, a MMEHHO,

Alc*) = 1 —¢* = (c—1)c*.
CaepoBaTeABHO, aHTHPA3SHOCTBI0 PYHKUIMU Cc* stBAseTca c¢*/(c — 1),
ecam ¢ # 1. DToT ¢aKT, BMeCTe C OCHOBHEIMU IIpaBUAAMHU (2.47) X

(2.48), AaroT HaM KOMIaKTHEIA crocob BhIBepeHUs obmieit hopMyAR!
CYMMEI [€OMETPIYECKOM ITPOrPECCHM:

Z ck =Zbc"6x= ¢’
a c—1

a<k<b

b__~a
£ =¢ mpuc #£ 1.
a -1

c

Bceskumii pas, Koraa MEI CTarKMBaeMcsi ¢ GyHKime# f, KoTopas
Moraa 6mI 0KasaThCs MOAE3HOM B KadeCTBE 3aMKHYTOI'O BHIPA’KEHHUS
CyMMBI, MOXHO BEIYMCAMTBL €€ PasHOCTb Af = g—TeM caMBIM MEHI
moaydaeM GYHKIMIO g, HeolpeAeAeHHasT cyMMa »_ g(x) &x KoTopoi
Ham u3BecTHa. Tabauma 75 npeacraBasieT coboif Hadano mmepedns map  ‘Tabauya 75’ —
PasHOCTH /aHTAPA3HOCTD, IOAE3HEIX [IPX BEIYMCACHUM CYMM, KoTOpast Ha CTpa-
HecMoTpsi Ha Bce 3TH IapaAAeAd MeXXAY HeENpepHIBHOM m Amc-  HALE 75. Aoxopnt?
KpPEeTHOM MaTeMaTHKOM, HEKOTOPEIe HEIPEPHIBHEIE ITOHSITHS HE MMe-
IOT AMCKPETHBIX aHanoroB. K IIpuMepy, ,JIPaBUAO LENOYKKA" B MCUH-
cAeHMM 6eCKOHEYHO MaAHX — YAOOHOE IPaBUAO BEIYMCAEHMS IIPOM3-
BOAHOH ,,bYHRIMM OT (PyHKIMK®, OAHAKO B MCYMCAEHWM KOHEYHEIX
Pa3sHOCTel IIpaBUAa, COOTBETCTBYIOLIETO ,JIPABUAY IENIOYKHK | HET, II0O-
CKOABKY HeT NOAXOASIIErO BHIpa’XeHUS AAS Af (g(x)). B aumckper-
HOM CAydae 3aTPyAHEHa TaK)Xe 3aMeHa IIEPEMEHHEIX, 33 MCKAIOYEHH-
€M OIIPEAEAEHHBIX CAYYaeB, THIIA 3aMEHHl X Ha C %+ X.
Oanaxo aast A(f(x) g(x)) ecmb BechMa moAXOASIIee BEIPaKeHuE,
¥ OHO obecrieuMBaeT HAC IIPABHAOM CYMMUPOSAHUA NO HACTMAM —
KOHEYHO-Pa3HOCTHBIM aHAAOI'OM TOr'0, YTO B MCUMCAEHIH 6eCKOHEYHO
MaABIX UMEeHYeTCs ,MHTErPEPOBaHMeM 1o dacTaM' BcrmoMumM, 4TO B
UCYUCAeHIY 6eCKOHEeYHO MaAKIX popMyAa

D(uv) = uDv+vDu

TIPUBOAMT K IIPABUAY MHTETPHPOBAHUS 10 JacTsIM,

JuDv = uv—JvDu,



B ncuncaenny
6ECKOHEYHO Ma-
ABIX MBI TTOAQraeM
1— 0, rakuro E
nponajaer.

A, A MoHAA, e* =
2" [Ipy AOCTaTO4HO
Maxoif 1.

2.6 MCYNCAEHME KOHEYHOI'O 1 BECKOHEYHOTI'O 75

Tabanma 75 CyMMel ¥ pasHocTH

f=12Xg Af =g f=12Xg Af =g
x2=1 0 2 2

xl=x 1 c* (c—T1)c*
x2=x(x—1) 2x c/(c—=1) c*

x™ mxm=l cf cAf

Bt/ (m4 1) xm f+g Af + Ag
H, xL=1/(x+1) fg fAg + EgAf

IIOCA€ MHTEIPHPOBAHNA M II€PECTAHOBKM YAEHOB,; TO )K€ CaMO€ MOJXKHO
IIPOAEAATh ¥ B NCYMCACHIN KOHEYHBIX paanocmeﬁ.

HagreM c IIPMMEHEHNSI PA3HOCTHOI'O OII€EpaTopa K IIPOU3BEAECHHUIO

ABYX dyurouit u(x) u v(x):

Au(x)v(x)) =

= u(x) Av(x) + v(x + 1) Au(x). (2-54)

Ora dopMyaa MoOKeT OHITH IPUBEAEHA K HoAee JAOGHOMY BHAY, €CAX
KCIIOAB30BaTh onepamop cosuza E, ompeaeAsieMEl Kak

Ef(x) = f(x+1).

IoacTaBasis ero BMecTo V(X + 1), moAydJaeM KOMIIaKTHOE IIPaBHAC
AMSI Pa3SHOCTH IIPOM3BEACHMS:

A(uwv) = uAv + EvAu. (2.55)

(Baecy E pocraBasier HEKOTOpoe HeyAOBCTBO, HO 3aTO AEAAET 3TO
ypaBHeHUWe IIPAaBUABHHIM.) B3sB HeompepeneHHyI0 cyMMy oT obemx
YacTell 3TOrO PaBEHCTBA M IIEPECTABUB YAEHBI, MH IOAydYaeM obe-
IaHHOE IIPABUAO CYMMHUPOBAHMS II0 JaCTsIM:

ZuAv = uv——ZEvAu. (2-56)

Kar u B ucuncAeHun 6€CKOHEYHO MAABIX MOYKHO IIPACTPONTE IIpe-
AEABI CYMMUPOBAaHHKS KO BCEM TPEM YACHAM, AeAasi HEOIIPEAEAEHHBIE
CYMMBI OIIPEAEACHHBIMMU.

JamHOe IIPaBUAO ITOAE3HO, KOTAA CYMMY CA€Ba BBIYMCAMTL TPYA-

Hee, 4eM CyMMy cmpapa. Bor mpumep. MHTerpar [ xe* dx obmrumo
BEIYMCASIIOT TIO YacTsIM; €r0 AMCKPETHEIM aHAAOTOM SIBASIETCS CyMMa
Y x2* §x, C KOTOpPO# MBI yXKe CTAAKUBAAMCH B 3TOH T'AaBe, IIPaBAQ,
3aImMCcaHHOI B BUAE Z;::o k2. AAST CyMMWpOBAaHMS IO YaCTsIM IIO-
AaraeM u(x) = x # Av(x) = 2%; orryaa Au(x) =1, v(x) = 2* n
Ev(x) = 2**!. TToacTanosxa B (2.56) Aaer

ZxZ"éx = x2* — Zz*“ dx = x2¥ — ¥t 4 C.
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A Temmepb MOKHO BOCIIOAB30BAThCS 3TUM AAS BHIYMCAEHUS CYMMEL, C
KOTOpPOI MEI MMEAY A€AO PaHbIIle, PACCTAaBUB IIPEAEAR! CYMMUpPOBa-
HUS:

PILZA S

k=0- -~ - - - -
= x2* — 2x+1 ln-'-1
0

((n+ ])2n+1 ___2n+2) _ (020 __21)
(n—1)2"" 42,

Buecro Toro 4TobH MCIIOAB30BATh METOA IPHUBEAEHMS, AEl'Ye BRIUH-

CAUTH AAHHYIO CYMMY TaKUM METOAOM, IIOCKOABKY IIPH 3TOM He HaAo

AyMaTbh HE O YEM. KoHeyHas Leab
Tae-To mocpepm 3Tof rAaBEl MBI HATKHYAMCH Ha (GOPMYAY AAS — MareMaTHKH —

> o<ken Hk # counm cebs cuactampbimm. Ho Mbl Moram 6b1 obmapy- —Boobile #36aBHTbCA

XuTh Hamy dopMyAy (2.36) 3aKOHOMEpPHO, eCAM 6K 3HAAM O CyMMU- 32:3263(:“,’,0%" °

pPOBaHMH I10 JacTsIM. [IpoAEMOBCTPUPYeEM 3TO, B3SIBIINCH BHIYUCANTD ~AN00 Ayuats.

Aake boaee TPYAHYIO Ha BHA CyMMYy Zosk <n KHi. Ha camom aene

peulerve 6yAeT HETPYAHBIM, ECAY MCXOAMTH M3 aHAAOTMM C MHTErpa-

aoM [ xInx dx: ME moaaraeM u(x) = Hy 1 Av(x) = x = x1, Tax uro

Au(x) = x=L, v(x) = x%/2, Ev(x) = (x + 1)2/2 1, cAepoBaTeABHO,

2 1)2
ZxHxéx = x—Hx — Z(X—H—Xiéx

2 2
x2 1 1
= _j—Hx — EZX_SX
x2 x2
—-??Fk - :r + C.

(TIepexoast OT 11EpBO# CTPOKY KO BTOPOH, MH 06'beAMHUAY ABe YORIBa-

rompe crenenx (x + 1)2x=1, ucmoabsys mpasmAo IOKasaTeeit (2.52)

cm=—1un=2) Tenepb MOXHO IIOAKAIOYHUTE IIPEAEAH ¥ 3aKAIO-
YHTH, YTO
2
n _ n= 1
Z kHy = Zo xH, &x = —Z-(Hn - 7) . (2.57)
o<k<n

2.7 BECKOHEYHBIE CYMMBI

BBoast B Hagane rAaBH ) -0603HaYEHMEe, MBI AOBKO YKAOHMAMCh  DTO Ha3blBaeTcs
OT BOITpoca 0 HECKOHEYHEIX CyMMaX, B CYIUIHOCTH, 3as1BUB: ,,OTAOKUM  A0BKO?
3TO Ha ITOTOM. A IT0OKa MOXXHO CYMTAaTh, YTO BCE BCTPEYAIOIIMECS CyM-
MEI UMEIOT TOABKO KOHEYHOE YMCAO HEHYAEBHIX YneHoBY Ho mpuino,
HaKOHEI], BpeMsI PaCIIAAThl — Mbl 06SI3aHEI IPU3HATh TOT (HaKT, YTO



JCKycHblif opaTop-
CKHi IDHEM COCTOHT
B TOM, 4T00BI MMOCTE-
ITeHHO AeficTBOBaTh
Ha BoobpaxeHHe
caymaTeAed mocae-
AOBaTeAbHBIM H3A0-
JKEHHEM AeTaAed, a
3aTeM yKe CAeAaTh
o6yt BbiBop. To
JKe caMoe MBI HMeeM
TIDH TTOCAEAOBATEAD-
HOM CKAaAbIBaHHH
YAEHOB CYMMbI'

—A. H. Yaiitxea,
[297; c.181].

ITpaBHABHO:
14244484 —
,,0ECKOHEYHO To4-
Hoe“ peACTaBAeHHE
y#caa —1 B ABo-
HMYHOM KOMIIbIOTEpE
C HeorpaHH4YeHHOH
AAHMHOI cAOBa.

2.7 BECKOHEYHBIE CYMMBbI

cyMMBEI MoryT 6mTh ¥ 6ecKoHedHEIMU. U, mo mpaBae rosops, 6ecko-
HEYHEBIE CYMMEI COIIPOBOKAQIOTCS KaK IPHUSITHEIMM, TaK ¥ HENPUST-
HBEIMM 06CTOSITEABCTBaAMHU.

CrepBa 0 HEIPHUSTHOM: OKa3BIBAE€TCSH, YTO Te METOARI, KOTODHIE
MBI ITPUMEHSIAY IIPY 06paleHNy C CyMMaMM, He BCETAA CIIPABEAAMBEL
AASI BECKOHEUHHBIX cyMM. A Terepb 0 IPHUSITHOM: CyIIeCTBYyeT obump-
HBIA IIPOCTO YCTPOEHHHI KAacC GECKOHEUHEIX CYMM, AAS KOTOPHIX
BIIOAHE 3aKOHHEI BCEe Te OIEPAIfy, YTO MBI BHINOAHSAM. [Ipmammsl,
KporoImecs: 3a 060MMHz 06CTOATEABCTBAMY, CTAHYT SICHEI ITOCAE TOTO,
KaK MBI BEISICHUM ITOAAMHHEIA CMEICA CYMMUPOBAHUS.

Bce 3HaroT, 4TO TaKOe KOHEYHAsI CyMMa: MEI AobaBAsieM K obimeMy
HATOT'y BCe CAaraeMule, OAHO 32 ADYTHM, IIOKYAQ BCE OHM He OKaXXyTCS
croxeHHEIMA. Ho 6ECKOHEUHYIO CYMMY CAEAYET ONPeAeAUTH Goaee
AEAHKATHO, YTO6H He IOIIacTh BIIPOCAK.

HampuMep, IpeACTaBASIETCA eCTECTBEHHEIM CUMTATh, 4TO Hecko-
HeYHast CyMMa

S=T+l+3+3+%+5+

paBHa 2, TIOCKOABKY IIPH €€ JABOEHUM IIOAyYaeM
2S=2+1+3+4+5+7+ - =2+S.

Ho Toraa, cAepyst TOR >Ke AOTHMKeE, HapO OBl cUMTATh CyMMY
T=1+2+4+8+16+32+-

paBHo#t —1, ubo p¥ ee yABOEHUY IIOAydaeM
2T =2+4+8+16+32+64+--- =T—1.

[TpOMCXOAMT HEYTO CTPAHHOE: KaK MOKHO IIOAYYHMTH OTPHIIATEABHOE
YUCAO, CYMMUDYSI IOAOKUTEABHEIE BEAMYMHEI? [[o-BHAMMOMY, AyY-
IIle OCTaBUTh CyMMY | HeOIpeAeAEeHHOH, a, BO3MOXXHO, HaM CAEAYET
CYMTaTh, YTO T = 00, IOCKOABKY CAaraeMele B | CTaHOBATCS GoAblIe
Afo6oro GUKCHPOBAHHOIO KOHEYHOrO YMCAA. (3aMeTUM, 9TO BEANYH-
Ha 00 SIBASIETCS APYI'MM ,pemeHuem” ypaBHeHus 2T = T — 1; oHa
TaKXe ,pemaer’ ¥ ypasHeHUe 25 =2+ S.)

ITompobyeM AaTh HapAeXKalllee ONPEAEAEHUE BEAWYWHEI IIPOU3-
BOABHON CYMMEI ) | .y Qk, TAe MHOXecTBO K Moxer 6mTbh 6ecko-
HeuHEIM. AAS HadaAa IIPEAITOAOXKHM, UTO BCe IAEHHE Ak HEOMPUUA-
menvHbl. B 3TOM CAydae TOAXOASIIEe OIIPeAEAEHNE HalTH HETPYAHO:
€CAH AAST Afoboro xoreunozo nopMuOoXecTBa F C K cymecTByer orpa-
HUYUBAIOIIasI IOCTOSTHHASA A, TaKasl, 4TO

Zak < A)

keF

TO MEI TIOAATaeM CyMMY ) , ¢ Ok PaBHON HaumeHbwel U3 BCEX Ta-
kux A. (Kak caepyeT 43 XOpOIIIO M3BECTHEIX CBOMCTB BellleCTBEHHBIX
ypceA, MHOJKECTBO BCEX TaKMX A BCETAA COAEPRKUT HaMMEHBIIMIA dA€e-
meHT.) Ho ecAu Takoit orpaHMYMBaloleit IOCTOAHHOM A He CyLIeCTBY-
€T, MBI CYMTaeM, UTO ) , .y Gk = 0O; ITO O3HAYAET, UTO €CAM A —

77
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HEKOTOpOE BEILECTBEHHOE YUCAO, TO HAMAETCSI HEKOTOPOE KOHEYHOE
YHCAO IAEHOB (), CyYMMa KOTODPHIX IIPEBOCXOAHMT A.

Ormpeaenenue B IpeARIAYILIEM ab3arie chOPMYAXPOBAHO CTOAD A€-
AMKaTHO, YTO OHO HE 3aBHCHT HU OT KaKOr'o ITOPSIAKA, KOTOPHIA MO-
JKeT CyIIeCcTBOBAaTh B MHAeKCHOM MHOXecTBe K. [ToaToMy Te AOBOAEHI,
KOTOpPHIE MEI cO6MpaeMcsl IIPUBECTH, OYAYT CIIpDAaBEAAMBEL HE TOABKO
AASI CYMM IIO MHOJKECTBY IIEABIX UHCEA, HO X AASI KPAaTHEIX CYMM CO
MHOTrMMM MHAeKcaMmu Kq, ky, ....

B wacTHOcTH, Korpa K — MHOJXeCTBO HEOTPHIATEABHBIX IEARIX
9yIceA, Hallle OIIpeAEAEHHME AASI HEOTPHMIIATEABHBIX YAEHOB () O3Ha-
YaerT, 94To

n
Z ax = lim Z ag .
k20 e
U Bor moueMmy: Alobasi HeybHIBaloIlas ITOCAEAOBATEALHOCTH BEIIE-
CTBEHHEIX YMCeA MMeeT IpeAeA (BO3MOXKHO, paBHEI c0). Ecam sror
mpeAen paBeH A, a F—HekoTOpoe KOHEYHOE MHOXXECTBO HEOTPH-
IaTeABHEIX IIEABIX YHMCEA, BCe M3 KOTOPHX < TN, TO ZkeF ax <
ZLO ax < A; caepoBaTeAbHO, Aubo A = 00, Au60 A — orpaHVYMBa-
omast nocrostiHast. Ho ecaum A’ — HeKoTopoe YrcA0, MeHBIIee yCTaHO-
BAEHHOM IDaHHMIIEI A, TO HalA€TCSI TaKoe M, 9T0 ) ,_, ax > A'; cae-
AOBaTeAbHO, KOHeWHoe MHOXKecTBO F = {0, 1,...,n} cBrAeTeABCTBYET
o ToM ¢arTe, uTo A’ He ABASETCS OrpaHMIMBAIOIIEH IIOCTOSHHOIA.

A Temepp MOJXHO AEIKO BRIYMCAMTH BEAWIHHE! KOHKpPETHHIX Hec-
KOHEYHEIX CyMM B COOTBETCTBHMY C TOABKO YTO AAHHEIM OIIPEAEAEHU-
em. HanpuwMep, ecan a, = x¥, To

_ { 1/(1-x),

o,

X . 1 —xnt+!
E x = llm —
nsoo 1 —x

k>0

ecam 0 <x< 1,
ecam x > 1.

B wacrHOCTH, 6eckoHeuHEIe cyMMEI S u T, KoTOpHE 06CYyXAAAKCH
MVHYTY Ha3aj, PaBHEI, COOTBETCTBEHHO, 2 M 0O — KaK MHI ¥ IIPEATIO-
Aaraan. Apyroi sacAy>XxuBarolnuii BHUMAaHUS TIPUMeD:

=Zk-_2

1
Z (k+1)(k+2)

k=0 k>0
n —1m
= lim k=== lim —| =1
n—o00 n—o00 —]
k=0 0

Temepb PacCMOTPUM TOT CAydYaif, KOTAa HapsSAY C HEOTPHIATEAD-
HBIME CyMMa MOXXET COAEPXKaTh OTpUIaTeAbHbie UAeHH. Karoit, K
TIp¥MepPY, AOAKHA OHITH BEAMYMHA CYMMEI

DD =T—141—141-1+---7
k>0
Ecan CrpyIImpoBaTh YA€HEI IIOIIaPDHO, TO IIOAYYaeM:

=1 +(T=1)+0=1) 4 =0+0+0+---,

MHoxecrBo K
MOXeT Aa)Xe ObITh
HecyeTHbIM. Ho
€CAH CyIJeCTByeT
orpaHHyuBaoLas
nocrosiHHaa A, To
AHILIB CYETHOE YH-
CAO ero YAEHOB Mo-
JKeT 6BITh OTAHYHO
OT HYASl, HOCKOABKY
camoe 6oAblree A
yaeHoB > 1/n.

»Aggregatum

quantitatum
a—a+a—a+a—a
etc. nunc est = a,
nunc = 0, adeoque
continuata in
infinitum serie
ponendus = a/2,
fateor acumen

et veritatem
animadversionis

“

—I. TpanaH [80]
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TaK 4YTO CyMMa OKa3BbIBaeTCs pa.'BHOﬁ HYAIO; HO €CAX Ha4YaTh I'PyIIIH-
POBKY IIO ITapaM IlIaroM I103XXe, TO IIOAyYIaeM

1—(0=1)=(1=1)=(1=1)=+-=1=0~0—0—---,

T. €. CyMMa paBHa €AVHMUIIE.

Moo 6r1A0 6B TakXe HOIPobOBaTh MOACKHUTE X = —1 B ¢op-
MyAe Zkzo x¥ = 1/(1 —x), HOCKOABKY MH 3HaeM, ITO 3Ta opMyAa
cnpasepamBa npx 0 < x < 1; Ho Torpa Mel 6yAeM BEIHY KAEHEI IIPH-
3HaTh, YTO AaHHas GeCKOHETHAsA CyMMa PaBHa 7 — a BEAb 3TO CyMMa
HIeARX guceA!

ApyrzM AOGONBITHEIM IIPIMEpPOM CAYXAT beckoHeuHast B obe
CTOPOHBI CyMMa ) , Gk, B KoTopoi#t ay = 1/(k+1) mpm k > O n
ax = 1/(k—1) npu k < 0. Ee MO>XXHO 3ammcaTh KaK

P EPFED TR A (2.58)

EcAm ME BHIYMCASIEM 3Ty CyMMY, OTTaAKMBAasCh OT ,lleHTPaAbHOro"
3AEMEHTa ¥ ABHTasIiCh HapyXy,

--+(—%+(—%+(—%+(l)+‘7)+§)+1~)+~--,

TO IoAy4YaeM 1; M MBI IIOAYYIMM Ty Xe |, eCAM CABHHEM BCe CKOOKH
Ha OAMH 3AEMEHT BAEBO,

(A ED DD )

IIOCKOABKY CYMMa BCe€X YHICEA, 3aKAIOYEHHBIX B N BHYTPEHHUX CKob6-
KaX, eCTb

AHaNOrMYHOE PacCyKAEHME IOKA3EIBAET, YTO BEANINHA CYMMEI OCTa-
eTcsi paBHOM 1, ecAM 3TH CKOOKE IepeABHHYTH Ha Aloboe duKcEpo-
BaHHOE 9UCAO SAEMEHTOB BAEBO MAM BIPABO — 3TO YKPEILASIET HAaC BO
MHEHWM, 9TO CyMMa AefcTBUTeABHO paBHa 1. Ho, ¢ Apyroi cTopoHE,
€CAM CIPYIIIPOBATh YAEHB! CAEAYIOIIMM obpasoM:

R e R o R ER R R B PR ) R

TO N-s IIapa BHYTPEHHUX CKOBOK BYAET copepXaTh dUCAA

SR O IS DU I .
n+1 n 2 2 2n—1 2n
=1 +H2n-Hn+l .
B ra. 9 6yaer mokasano, 94To lim;, o0 (Han — Hp41) = In2,— caepona-

TEeABHO, AAHHEIY METOA TPYIIMPOBKE IPHBOAMT K MEICAM, YTO bec-
KOHeYHast B 06 CTOPOHHI CyMMa Ha CaMOM A€A€ AOAYKHA PaBHSITHCS
1+1n2
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EcTs HeuTo GeccMBICAEHHOE B CyMMe, KOTOPAst AeT pa3Hble 3Hade-
HUS IIPK CAOKEHWH ee YAEHOB Pa3sHEIMU crrocobamu. B coBpeMeHHEIX
PYKOBOACTBAX II0 aHAAN3Y MMEETCS IIEARIA PsIA OIIpeAeAeHuUA, C IIOMo-
IIBI0 KOTOPHIX ITOAOOHEIM TaTOAOTMYECKUM CyMMaM IPHUIIMCEIBAIOTCS
OCMBICAEHHBIE 3HAa4YeHUST; HO €CAM MHEl II03aMMCTBYEM STH OIPEAEAE-
HUSI, TO He CMOKEM OIIEpUPOBATh C ) _-0b03HadeHMeM TaK XKe CBOGOA-
HO, KaK AEAAAH 3TO AO CHX IOp. LleAm 3Toif KHUTHM TaKOBHI, YTO HaM
He Hy’XHBI padMHUPOBAaHHEIE YTOYHEHNS IIOHATHS ,,JCAOBHOM CXOAH-
MOCTH" — MH 6yAeM IIpHAEP’KHUBAaTLCA TAaKOTO OIpeAeAeHUs Hecko-
HEYHEIX CyMM, KOTOPO€E OCTAaBASIET B CHAE BCe UCIIOAb30BaHHEIE HAMY
B HaCTOsIIEH r'AaBe ONepalvu.

B cymmocTr, Hame onpeaeaeHne 6€CKOHEYHBIX CYMM AOCTATOYHO
npocro. IIycTs K — HeKoTOpoe MHOXECTBO, a (y — BEIIECTBEHHO3HAY-
HBI# YA€H CyMMEI, ompepeAeHHEIH mpu KaxaoM k € K. (Ha camom
Aeae, ‘k’ MOXKeT o3HaYaTh HECKOABKO MHAEKCOB ki, kj, ..., TaKk 4To
camo MHOXeCTBO K MOXeT 6HITH MHOrOMePHEIM.) BesiKoe BelllecTBEH-
HOE IHCAO X MOJKHO IIPEACTABUTh B BUAE PA3HOCTH €r0 IIOACIKATEAD-
HOI ¥ OTPHIIATEABHOM JacTel,

—-x7, raext =x-[x>0ux =—x-[x<0].

(Aubo xt = 0, aubo x~ = 0.) MBI yxe O6BSICHSIAM, KaK OIpeAe-
ASTb BEAWIMHB! GECROHETHRIX CYMM ) | ¢ ay # ) .k Qi , TOCKOAB-
Ky @) ¥ a, HeoTpumaTeAbHH. IlosToMy Hamre ofmee oIpeaeneHue

TaKOBO:
= + —
Z ax = Z Qe — Z Ay » (2-59)
keK kEK keK

€CAM TOABKO 0be CYMME! B ITPaBO# YaCTH! He PaBHE 00. B mocaepHeM
CAyHae CyMMa ) | g Qx OCTAeTCS HEOIPEAEAEHHOH.
Mycte AY = Y af m A~ = ), ¢ a;. Ecam obe cymmn
A* m AT KOHEYHHI, TO TOBOPAT, YTO CyMMa ) . Qx A6COATOMHO  ApyriMH cAOBaMH,
cxodumca K A = At — A~. Ecam At = 00, a A~ RoHe4Ha, To To- a0COAIOTHAS CXOAH-
BOPAT, UTO CyMMa ) | Gk Paczodumca K +00. AHaAOTHYHO, ecam ~ MOCTb O3HATAET, 4To
A~ = o0, a At KoHe4Ha, TO TOBOPAT, YTO ) , . Ak PACXOAHMTCS K CXOAUTCA CyMMa 26-
€K COAFOTHBIX BEAHYHH.
—0o. Ecam xe At = A~ = 00, TO He TOBOPAT HIYETO.
ME HauMHaAM C OIPeAeAEeHUsI, KOTOPOe ,paboTanc” Ipy HeOTPH-
IaTEeABHBIX YA€HAX CYMMEI, a 3aTeM PaCIpPOCTPaHWAM €ro Ha Alo-
6ble BelleCTBEHHO3HAYHEIE YAEHEI. KCAM JXKe YAEHBI CYMMH Oy — KOM-
TIAEKCHHIE YHCAQ, TO OYEBMAHEIM 06pa3oM Hallle OIIpeAeAeHUe MOX-
HO PacIpOCTPaHWTb M Ha ITOT CAydail: CyMMa ) | .y Qx OHPEAEAs-
eTcsT Kak Zkek Ray + iZkEK Jay, rae Rax u Jay —BelecTBeH-
Has ¥ MHUMAas YacTH Qyx NPY YCAOBUM, YTO obe 3TH CyMMEHI Cy-
IECTBYIOT. B IpOTMBHOM CAyYae cyMMa ) i ¢ Gk He OIpeAeAeHa.
(Cwm.ymp. 18.)
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2.7 BECKOHEYHBIE CYMMBbI

HempusaTHoe, Kak y>Xe FOBOPHUAOCH, 3aKAIOYAETCSI B TOM, YTO He-
KOTOpPHIe 6ECKOHEYHBIE CYMMEI IIPUXOAUTCS OCTABASITH HEOIIPEAEAEH-
HEIMU, [TOCKOABKY OIl€pAall¥y, KOTOPHIE MBI BRIIIOAHSIEM C HUMH, MO-
I'yT OPMBOAMTH K HecypasHocTsM. (Cu. yup. 34.) IlpusitHoe Xe 3a-
KAIOYaeTcsi B TOM, YTO BCe OIlePAllWy M3 HACTOsSIIEeH IAaBEl abCcoAoT-
HO CIPaBEAAMBEl BCSIKHM pas, KOTAA MBI MMeEM AEAO C CyMMaMH,
KOTOpHhle abCOAIOTHO CXOASITCSI B TOABKO YTO YCTAaHOBAEHHOM CMBI-
Che.

MHl MOXXeM IIOATBEPAMTH 3TO IPUSITHOE OBCTOSTEABCTBO, IIPO-
AEMOHCTPHUPOBAaB, YTO Ka’kKAOe M3 HAIIWX IIPaBMA Ipeobpa3’oBaHMUs
CYMM OCTaBASIET BEAWUYUHY AMOOOH abCOAIOTHO CXOASIIIENCST CYMMEI
HeM3MeHHOR. Boaee ompeAeAeHHO, 3TO O3HAYAET, UTO CAEAYeT IIPO-
BEPUTDH BHITOAHEHWE PACIPEAEAUTEABHOrO, COYETATEABHOrO U IIEpe-
MECTUTEABHOr'0 3aKOHOB, IIAIOC IIPABMAO, COTAACHO KOTOPOMY MOXXHO
HaYMHATH CYMMMPOBATh II0 AI060OM ITepeMeHHOM; Bce OCTaAbHOE, YTO
MBI BHIIOAHAAM B HaCTOsILIEH I'AaBe, MOXKET OBITh BEIBEACHO U3 3THUX
YeTHIPEeX OCHOBHEIX OIl€PaIii C CyMMaMH.

PacnpepeanTeAbHEIM 3aKOH (2.15) MOXXHO CPOpPMYAMPOBaTh 60-
Aee CTPOro CAeAyromuM obpasoM: ecAr cyMMa ) , oy Ak abcoaror-
HO CXOAUTCSI K A M eCAM C— HEeKOTOPOe KOMIIAEKCHOEe 4HCAO, TO
ZkeK cay abcoArOTHO CXOAMTCE K CA. DTO MOXXHO AOKa3aTh, pas-
6MBast CyMMy CHayaAa Ha BeIIeCTBEHHYIO ¥ MHUMYIO, 3aTeM Ha IIO-
AOKUTEABHYIO ¥ OTPHIATEABHYIO YaCTH, KaK Pa3sbUBaAK IPEXAE, U
AOKa3hIBasl YaCTHBIM cAydail, Koraa ¢ > 0 ¥ KaXKABINA YA€H CYMMBI Q)
HeoTpHIIaTeAeH. )\ OKa3aTeABCTBO B 3TOM YaCTHOM CAydYae IIPOXOAMT
B CHAY TOTO, 9TO ) ;. CAk = C ) Ak AAS AIOGOTO KOHEYHOTO MHO-
>KecTBa F; mocaepHMit )Ke PaKT AOKA3BIBAETCSI MHAYKIMEHA II0 PasMepPy
MHOXecTBa F.

CoueraTeAbHsIi 3aKoH (2.16) MoXXeT 6EITH chOPMYAUPOBAH CAe-
AyrommM 06pasoM: eCAM CYMMBI ) | oy Ak B ), ¢ bk abcoaroTHo cxo-
ASITCST COOTBETCTBEHHO K A 1 B, To cymma § | . (ax +bx) abcoarorso
cxopuTcs K A+ B. OkasmiBaeTcs, YTO 9TO IBASIETCSI YACTHBIM CAyYaeM
6onee obiieit TeopeMbl, KOTOPYIO MBI BCKOPE AOKaXKEM.

IepeMecTUTeABHEIR Ke 3aKOH (2.17) B AeHCTBUTEABHOCTH HET HY-
JKARI AOKa3bIBATh, IOCKOABKY IIPM 06CyXAeHMU hopMYAH! (2.35) MBI
IIOKa3aAM, KaK BRIBOAUTHL €r0 B KaUeCTBe YAaCTHOT'O CAydast obmiero
TIpaBUAA U3MEHEHUS IOPSIAKA CYMMUDOBaHUS.

'AaBHEIM AAST HAac OCTaeTCsI AOKA3aTEABLCTBO OCHOBHOT'O IIPUHIIM-
IIa AAS KPaTHBIX CyMM: abCOAIOTHO CXOASIIHECS CYMMEI C ABYMS H
6o.aee HHAEKCaMH BCErAa MOKHO HaYHHATH CYMMHUPOBATD IT0 A1060MY
U3 3THX UHAEKCOB. PaKTUYECKH, MEI AOAJKHEI AOKa3aTh, UTO €CAM |
7 3aeMeHTH {K; | j € J} —HeKOTOpEEe MHOXXeCTBa MHAEKCOB, TAaKHe,
4To

Z Qaj x abcoAroTHO CXOANTCSA K A.,
€]
kekK;
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82 MCUYUCAEHHNE CYMM

TO AAS KaXKAOTO j € ] HalfAyTCs KOMIIAEKCHEIE YMCAa Aj, TaKwe,
9T0

Z ajx abCOAIOTHO CXOAMTCA K Aj ¢

keK;

E Aj  abCOAIOTHO CXOAMTCA K A,

i€J
3To yTBEPXKAEHUE AOCTATOYHO AOKA3aTh AASL CAydasi, KOTAA BCE YAe-
HBI CyMMBbI HEOTPHMIATEABHH, H60 B 06lIeM CAydYae Bce MOXKHO pas-
6UTH Ha BEMIECTBEHHYIO0 M MHUMYIO, IIOAOKUTEABHYIO ¥ OTPUIATEAD-
HYIO 9acTH, KaK 3TO A€AAAOCH IIpexxAe. [103TOMY IIPEAIIONOKAM, YTO
ajx = 0 ars Bcex map (j, k) € M, rae M —ocHOBHOE MHAEKCHOE
muoxecTso {(j, k) | j € ],k € K;}.

Aaro, 4To cymMMa }(; ) cm @k KOHEHWHA, 2 HMeHHO, §TO

Z ajx <A

(j.k)eF
AASI BCeX KOHEYHBIX IIOAMHOXecTB F C M m 4yTo A sBAseTCsS Hau-
MeHBILIEH U3 TaKMX BEPXHWX I'paHun. EcAmM j — HEKOTOPEHIH SAeMeHT
MHOXXeCTBa ], TO KaXXAas CyMMa BHAQ ZkeFj aj x, Tae F; —xoHew-
HOe IIOAMHOXecTBO K;, orpanmdena ceepxy uncaoM A. CarepoBaTenb-
HO, TY KOHEYHEIe CYMMEI MMEIOT HAaMMEHBIIYI0 BEPXHIOI TPaHUILY
A; > 0, u, IO OIIPeAEAEHHIO, ZkeKj ajk = Aj.

Eme HaM HY>XHO AOKasaTh, YTO A SBASIETCS HauMeEHBIIEH Bepx-
Heli rpaHuIel MHOKeCTBA Zi G Aj AAsI BCeX KOHETHBIX ITOAMHOKECTB
G C J. IlpepmoroxuM, 4To G — KOHEYHOE IIOAMHOJKECTBO MHOJXKe-
cTBa J, TaKoe, 9T0 ) ;o Aj = A’ > A. MBIl MOXeM HaifTu KOHETHEIE
mopmuoxecTBa F; C K, Takme, uro ZkeFi a;k > (A/A')A;, npu Ka-
XKAOM j € G, pnst KoToporo A; > 0. ITo kpaiiHeil Mepe OAHO TaKoe j
Haitpercss. Ho Toraa ZjEG,keF,- ajkx > (A/A") ¥ ;cq Aj = A, 1T0 TIpO-
TUBOPEYNUT TOMY (DaKTy, ITO Z(j’k)eF ajxk £ A AAT BCeX KOHEUHEIX
noamHOXecTB F C M. ChaepoBaTearHO, ) .. Aj < A AAs aroboro
KOHEYHOTOo ITopaMHOXecTBa G C J.

Hakomnern, mycTs A’ — HEKOTOpOE BEIIECTBEHHOE YMCAO, MEHBb-
mee A. AoKa3aTeAabcTBO 6YAET 3aBEPILIEHO, ECAX MBI CMOXXeM HaiTH
KoHeuyHoe MHOXXecTBo GCJ, Takoe, 4To Z). e A >A'. UsBecTHo, 4TO
CYyILEeCTByeT KOHEYHOEe MHOXecTBo FCM, Takoe, 4To Z(j’k)eF aj>A';

mycts G 6yAeT MHOXKECTBOM MHAEKCOB j B 3ToM F, u mycTs Fj={k |
(j,k)EF}).  Toraa ZiGG Aj= Z)’EG ZkeFi aj k= Z(j,k)eF ajk>A".
YTA.

Urax, Teneps Bce 3akoHHO! Bee, 4TO MBI AeAaAd ¢ HECKOHEYHBIMM
CyMMaM¥, OIIPaBAAHHO IIOCTOABKY, IIOCKOABKY AAS Al0DO# KoHeWHOM
CyMMBI abCOAIOTHEIX BEAWYUH €€ YAEHOB CYIIECTBYeT KOHEYHas Ipa-
muna. Tax kak 6eckoHedHas B 0be CTOPOHE! cyMMa (2.58) AaBara HAM  qu, Hovemy e B
ABa pasHBIX OTBETa IIPY BEIYMCACHUM €€ ABYMsI DASHEIMU CIIOCOBAMU,  pocaearee Bpemst
€€ TIOAOKUTEABHBIE YAEHE! | +%+%+- -+ AOAYKHBI PAaCXOAUTBCSI K OO — g TOABKO H CABILLIY
B IIDOTUBHOM CAyYae HaMM 6bIA OBI IIOAYYUEH OAMH M TOT K€ OTBET, 0 ,rapMOHHYeCKoH
HE3aBUCHUMO OT cIrocoba IpYIIIMPOBKY ee YAEHOB. cxopuMocTH“?

JEG
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—A. o#ia n A. Ceré,
[244, c. 10].
(Aobasa. nmepes.)

Aaer Bo3pacraronjse

CTEIeHH.

2 YIOPAODKHEHWUS

Ynpa>kHeHust

PasmuHOYHbIE yrIpa>kKHEHHS

1

© 0w 3 O

Yro o3HayaeT obo3HaYEHNE
0
Z qx?
k=4

Vrpocrure Bripaxenuze x - ([x > 0] — [x <0]).
ITpoAeMOHCTpUpYyiiTe Bame IOHUMaHNe ) -0603HaTEHNS, BEIIUCAB

CYMMEI
Sa ow Y a
0<ks5 0<k?<5

B pa3BepHyTOM BHAE. (OCTOPOXKHO — BTOPast CyMMa C IIOABOXOM. )
Bripasute TpoitHyo cyMMy

2

1<i<j<ks4

Qijk

B BHAE TPOEKDaTHON CyMMEI (C TPeMs CATMaMu):

a cyMMupys BHadaAe IIO K, IIOTOM IIO j, a 3aTeM IO i;

b cymMMmupys BHadaAe IO i, IIOTOM IIO j, a 3aTeM IIo k.
BrimymmmTe TakXe Balll TPOEKPATHHIE CYMMEI B Pa3BEPHYTOM BH-
Ae 6e3 ) -0603HaYeHMsI, UCTIOAB3YsI (KPYTABIEe) CKOGKM, 9TO6HI IO~
Ka3aTh, YTO CKAAABIBAETCS BHAYaAE.

Yro HEBEPHO B CAEAYIOIIE BEIKAAAKE:

(Fa)(a)-ryoe-yye

j=1 k=1 j=1 k=1

Brrpasure ), [1<j<k<n] B sBupe bysrmm j u n.
Mycrs V(x) = f(x) — f(x — 1). Yro Taroe V(x™)?
Yemy paBrO 0™, KOraa m — HEKOTOPOE IIEAOE YUCAO?

Yro mpeaAcTaBAsieT coboif IIpaBMAO ITOKa3aTeAel AASI Bo3pacTaro-
mzx GaKTOPHAABHKEIX CTeleHel — aHaaor mpasuaa (2.52)7 Boc-

IIOAB3YATECH MM AASL OIIPEAEAEHUST X .

10 B TexcTe BHiBepeHA caepyiomast ¢dopMyAa AAsS PasHOCTH IIPOM3-

BEACHUS:
A(uv) = uAv + EvAu.

Kak moxer 6HITH 3Ta hopMyAa IPaBUABHOMA: BEAD €€ AeBast YacThb
CHMMeTPHYYHAa OTHOCUTEABHO U H V, a IIpaBasi — HeT?
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Ob6s13aTeAbHbIE yIIPa>KHEeHUS
11 O6uiee mpaBuAo (2.56) CYMMUPOBAHUS IO YaCTSIM SKBUBAAECHTHO

CAEAYIOIIEMY:
D (a1 —ax)bk
0<k<n
= Qnbn —agbo — Z ax4+1(bks1 —by) mpmn > 0.

0<k<n
JoKa>xuTe 3Ty POPMYAY HEIOCPEACTBEHHO, NCIIOAB3YSI PacIIpeAe-
AUTEABHEIH, cCOYeTaTeAbHBIN U IIePEMECTATEABHEIA 3aKOHEI.

12 ITokaxure, uro dpynkmus p(k) = k + (—1)¥c sBAsercs mepecra-
HOBKOM MHOYXECTBa BCEX LIEARIX YMCEA, KOTAA C — IEAOE UMCAO.

13 [IpuMenUTe pelepTyapHBII MeTOA AASI HAXOXXKAEHMS CYMMBI
Y k—o(—1)¥k? B saMkHyTOH dopMe.

n k

14 BuuucauTe cyMMmy ka=] k2, mepenucas ee B BUAE ABYKPaTHOR
CYMMBI } jicpen 27

15 Boraucanre @, = ) ,_; k? MeTopoM 5 U3 TeRcTa BOT Kak: criepBa
samummTe Bn + On = 23 1 ¢jcycn JK, @ 3aTeM npuMenuTe dop-
Myay (2.33).

16 Aoxaxure, yTo Xxo/(x — n)™ = x1/(x — m)%, ecAM TOABKO HH
OAMH M3 3HaMeHaTeAel He PaBeH HYAI.

17 Iloka>kuTe, 4TO CAeAyiolue (HOPMYAB MOTYT OBHITH KCIOAB30-

BaHHI AASI B3aMMHOI'0 obpalleHusi BO3PACTAONMX X yOBBaroImMx
daKTOpPHAABHEIX CTENeHeH IPM BCEX I[EARIX MM

X" = (DM (=)R = (x4 m -1 =1/ (x— 1),
B = (=)™ (=)™ = (x—m+1)™ =1/(x+1)"™.

(Cremenp x™™ ompeaeAeHa B oTBeTe K yup. 9.)

18 Ilycte Rz m Jz — pelicTBATEABHAS M MHMMAsl 9acTH KOMIIAEKC-
Horo umcAa z. Moayan |z| pasern +/(Rz)? + (Jz)2. Tosopsar, uTo
CyMMa ) ¢ Ok KOMILAEKCHEIX IAEHOB Oy CXOAMTCS aBCOAIOTHO,
€CAU CXOASITCS abconoTHO obe BellleCTBEHHBIE CYMMBbI ZkEK Ray
u }___keK Jay. Aokaxure, 4To ZkeK Qay CXOAUTCS abCOAIOTHO TO-
TAa ¥ TOABKO TOTAQ, KOTAA CYILIECTBYET OrPaHAYMBAIOIIAS IIOCTO-
siHHas1 B, Takas, 4To ZkeF lax| < B AAST Bcex KOHEYHBIX ITOAMHO-
xxectB F C K.

A omalnHHe 3apaHHASA
19 IlopbepuTe CyMMUpPYIOIIMHA MHOMKHTEAb M DPELINTE PEKYyPpPeHT-
HOCTB
TO:= 5)
2T, =nTpa1+3-n! npz n > 0.
20 ITonmpobyiiTe, BHIYUCASIS ZLO kHy MeTopoM mpuBeAeHMSI, HAaUTH
BeAMUHHY ) . _o Hi.
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21 Buruucaute cym,m Sn=Y o=k, To=Yp (=1 *kn
Uy = Y 1_o(=1)""¥k? meTopoM mpuBepeHus, camrast, 4ro n > 0.

TpyaHo oToXAe- 22 Aokaxute mootcdecrneo Jazparoica (He mpuberas K MHAYKIAN):
CTBHTb TOr0, KTO

yMep MoYTH 2 Beka o 2
TOMY Ha3aa. Z (a5bk — axb;)? = (Z ) (Z bz) - (Z akbk)
k=1

1<j<kgn k=1

DoxraxxnTe paree 6onee oblee TOXAECTBO AASL CYMMBI:

Z (Cljbk - Clkbj)(AjBk — AkBj) .
1<j<ksn
23 Boramcamre cymmy Y ., (2k + l)/(k(k + l)) ABYMSI criocobaMu:
a 3amenss Apobn 1/k(k + 1) ,pAeMeHTapHBIME ApobsaMu” 1/k —
1/(k+1);
b cyMMmpys mo 4acTsM.
24 Yewmy paBHa cymma Zosk<n Hy/(k+1)(k+2)? Vkasarue: 0606-
LMTe BRBOA (2.57).

970 o6o3HaveHHe 25 O6osHauerme ], ¢ Gk O3HaUaeT MPOM3BEAEHME WMCEA Q) MPH
66110 BBEAEHO STKO- Bcex k € K. [IpeATIOAORMM AAS IPOCTOTHI, YTO Ak # | AwIb
6# [400] B 1829r. AAST KOHEYHOro uncAa k, Tak 4To HeT HeoBXOAMMOCTH OIIPEAEASITD

6ecKoHeUHEIE TPOM3BEAEHUST. KaKUM 3aKoHaM, aHAAOTMIHEIM pPac-
TIPEAEAUTEALHOMY, COYETaTEALHOMY U IIEPEMECTATEABHOMY 3aKO-
HaM AASL )_-OIlepallii, YAOBAETBOpPsieT HopobHas | [-omeparms?

26 BrIpasure ABoitHOe IpoM3BeAeHNE [ [, <j<kgn @Ak I€Pe3 OAMHAD-
HOe IIPOM3BEAEHHe | |, _; Gk, MaHUIyAUpPYs ¢ | [-obosHageHnmeM.
(9o ympakHeHMe AaeT HaM IPOU3BEAEHNE SAEMEHTOB BepXHeil
TPeYTrOABHOM MaTPHIIEI IT0 aHAAOTHM C X CyMMOM (2.33).)

27 BrruucanTe BeAmunHy A(CX) M HCTIOAB3YHTE €€ AAST yCTAHOBAEHUS
BeAWYMHH cyMMHL ) ,_, (—2)k/k.

28 B KaKoM MecCTe CAEAYIOLIMI BEIBOA COMBAETCS C IIYTH MCTUHHOrO?

ko k=1
]_Zkk+1 Z(ﬁ'T)

k>1

-—ZZ( =k+1]— ) )
k=121

ZZ( )—k+l]——[)—k—1])
iZ1 k21
= ('—‘[k_)—u——[k-Hn)
iz1 k21 )
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KoHTpOoabHBIE paboThI
29 Brramcaure cymmy 3 . (—1)k/(4k? —1).

30 UrporaM B Kpumbep’X W3AABHA M3BECTHO, yTo 15 = 7 + 8 =
44546 =1+2+3+4+5. HaliauTe KoArdIecTBO CIIocoboB IIpeA-
craBAeHNS umcaa 1050 B BMAE CyMMBI IIOCAEAOBATEABHBIX IIOAO-
KUTEABHEIX IeAnix uuceA. (TpusmasbHoe npepcrasaerue ‘1050
B BHAE CaMOro cebsl CUMTaeTcsi OAHUM K3 TaKUX CIIOCOBOB; CAe-
AOBaTEABHO, MMEIOTCSI YETHIPE, a He TPHU criocoba IIpeACTaBAEHUS
yncaa 15 B BUAE CYMMBI ITIOCAEAOBATEABHBIX IIOAOKUTEABHEIX Ife-
ABIX 4MceA. MeXXAY IIpoumM, B 3TOHM 3apade He IIPEATIOAATAETCS
3HaHWS IIPAaBUA UTPH B KPHOEAK.)

31 Asera-byuriusa Pumana ((k) ompepensieTcss B Buae becKoHeuHOM

CyMMEI
1 1 1
T+ge+geto =Z)¢.
izl
Aoxaxure, uto ) ,.,(C(k) — 1) = 1. A wemy pasma cymma

Y1 (62 =1)7

32 Ilycte a ~ b = max(0,a — b). Aokaxxure, uTo

D min(k,x k) = ) (x=(2k+1))

k>0 k=0

npy AroboM BellleCTBEHHOM X > (, M BBIYHCAUTE 3Ty CyMMy B
3aMKHyTO# dopMe.

KoHKypcHBIE 3apa9H

33 IIycre Ak ak obo3HavaeT MUHWMAABHOE U3 WHMCEA Qi (WAM mX
HanbOABINYIO HYIKHIOI IpaHb, ecA K 6eCKOHEYHO), cauTasd, 4To
Ka’kpoe ax AMOO BelnecTBEHHOe YMCAO, AMb6o too. Kakme 3ako-
HBI CIIPaBEAAMBBI AASL [\-ollepaumy, aHAAOTWYHEIE TE€M, KOTOPHIE  3aKoHbI AXYHIAEH.
uMeroT MecTo AAs ) u | [? (Cm.ymp. 25.)
34 )\oxraxxuTe, YTO ECAM CyMMa ) .y Gk HE OIPEAEAEHA B COOTBET-
CTBUY C ONpPeAEAEHMeM (2.50), TO OHA PacCAAaMBAETCS B CAEAYIO-
meM cMbicae: ecAm A~ m AT — Arobrle 3apaHHBIE BELIECTBEHHBIE
4KCAa, TO MOXKHO HAlTH II0CAEAOBATEABHOCTD KOHEYHEIX IIOAMHO-
xecTB Fy C F; C F3 C - - MHOXecTBa K, Takyro, 4TO

Z ax < A7, ecAM M HEYETHO,
keF“
Z ax = A, ecam n werso.
kEFI\.
35 Aoxaxure TeopeMy ['oappbaxa
T 1 1 1 1 1 1 1 1

]=§+7+§+E+ﬁ+§g+§]—+§g+"'= e



2 YIIPAJKHEHW S

CoBeplIeHHO HCKa- rae P — MHOXXeCTBO ,,COBEPIIEHHEIX CTelleHeH' ommpeaeasseMoe pe-
KEHHBI€ COBEpILIEH- KYPCHMBHO KaK:

Hbl€ CTEIEHH.
P={m"|m>22n2>2m¢gP}.

36 ,,CamoormcareabHass mocaepoBaTeAbHOCTEY Conromona I'onromba
(f(1), 1(2), f(3), ...) — eAmHCTBeHHas HeybHIBaIOLIAS ITOCAEAOBA-
TEABHOCTb LIEABIX 9HCeA, 06Aaparomasi TeM CBOMCTBOM, YTO OHa
copepxuT poBHO f(k) BxoxxaeHmit Kaxxporo k. Ilo KpaTkoM pas-
MBIIIAEHUH CTAaHOBUTCS SICHO, YTO 3Ta IIOCAEAOBATEABHOCTD AOATK-
Ha HaYMHATHCS TaK:

n| 12345678910 11 12
fn)| 1223344455 5 6

Iycres g(n) —HamboabIIee menaoe m, Taxoe, uro f(m) = n. IToka-
XHUTE, YTO

a g(n) =3, f(k)

b g(g(n)) = Xy kf(k);

¢ g(g(g(m))) = Ing(n)(gn) +1) = L T 121 g(k)(g(k) +1).
HccaeaoBaTeabckast ipobaema

37 Mo>XHO AM JAOXKHTB BCE IIPSIMOYTOABHUKE pasMepa I/k Ha 1/(k+1)
mpu k>1 B KkBappaTe pasMepa 1 Ha 17 (BcmoMumTe, UTO CyMMa MX
Imaomapeif pasxa 1.)

HT.A.l
1 4
3

W

1
2

W= W=
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IHenouncaenubie PYHKIINH

LHEABIE YACAA coCTaBASIIOT KOCTSIK AMCKDETHOH MaTeMaTHKH, ¥
HaM 4acTO IIPUXOAUTCS OKPYTASITH APOOHBIE MAM IIPOM3BOABHEIE Be-
LIIeCTBEHHBIE YMCAA B IleAble. Hamra 1eab B 3To# r'aaBe — IOAYYIHMTH
TIpeACTaBAEHME ¥ HAaBHIKY B 06palieHut ¢ TOAOOHEIMM OKPYTACHUSIMA
¥ y3HaTh KOe-4TO 06 X 3aMedJaTeAbHBIX CBOMCTBaX.

3.1 IIOA/IIOTOAOK: OIIPEAEAEHMA

Haunem ¢ HacTMAA IIOAQ ¥ IEPEKPHITASA IIOTOAKA — OIIPEAEAE-
HU AAST ATOBOr0 BeIeCTBEHHOTO YMCcAa X (PyHKIMM HamboAbIIero u
HaUMEHBIIIEro LEeAOro:

|x] = Hambonbilee meAoce, MeHbIIIEE MAN PABHOE X ;

(3-1)

[x] = HamMeHBINEe menoe, 6oAbIIEE KAY PABHOE X .

Ty obo3HaUeHNs, KaK ¥ Ha3BaHUA ,IOA" U ,IOTOAOK'; GBIAYM BBEAEHEI
B obuxop Kennerom 3. AiiBepcoHoM B Haware 60-x roaos [4, c.12].
OH obHapy>X#A, 9TO HaBOPIIUKY BIIOAHE MOTAM 6B 0BOMTHCH MMe-
OIIIMKCST ARTepaMu ‘[’ ¥ ‘]’, cpesaB MX BEPXYIIKM X OCHOBaHHS.
[TpepnroskeHHEIe MM 060O3HAYUEHUS CTAAM HACTOABKO IIOIYASIPHEIMI,
4YTO Tellepb CKOOKH ,JToAa“ ¥ ,TOTOAKA" MOJKHO BCTPETUTH B AI060i
craTbe 6e3 Karoro-ambo mosicHeHMs. Ao HeAABHETO BPEMEHM dYallle
BCET0 MCIIOAB30BaAach 3amuch ‘[x]’ Ans Hamboabirero meaoro < X,
a AAST QYHKIMM HaWMEHBIIErO LIEAOTO IIOAXOASIINA SKBUBAAEHT OT-
cyTcTBoBaA. BrpoueM, HeKOTOphle aBTOPH! IBEITAAUCH ImIUCATh ‘|x[’ —
3aTes1, obpedyeHHasT Ha IPOBAA.

[ToMrMO MHOTO3HAYHOCTH B 0603HAYEHUSX, CYIIECTBYET HEOAHO-
3HAYHOCTPh B CyLIECTBe 3TUX DYHKIUA. TaK, B HEKOTOPHIX KaAbKYAS-
rTopax uMeercs pyHkuus INT, onpeaeaseMas Kak |X| IIpH IIOAOKH-
TEABHOM X ¥ KaK [X]| IIpX OTPHIATEABHOM X. BeposiTHO, cospaTeanm
TaKUX KaABKYASTOPOB XOTeAH, 4Tobsl ux pyHKRums INT yaoBaeTBO-
psina coorHomenuto INT (—x) = —INT(x). Ho MBI ocTaneMcs nmpuBep-
>KEeHITaMUY HallX GYHKIUHA ITOA ¥ IIOTOAOK, IIOCKOABKY OHM 0BAaAatoT
ropaspo 6onee IPUBAEKATEABHBIMM, YEM 3TO, CBOMCTBAMH.

)Y-yx!(



3.1 TIOA/TIOTOANAOK: OIIPEAEAEHUS 89

OAMH W3 IOAXOASIIMX CIIOCOBOB IOAYYHTEH IIPEACTaBAEHHME O
(YHKIUSIX IIOA ¥ IIOTOAOK — pa3obpaThbcs B UX rpadukax, KOTophe
PacIIoAaTaloTCs AECEHKOR BRIIE ¥ HUIKe AMHMM ,mepua” f(x) = x:

X =—e f(x) : f(x) =x
3 ecoode,

2 A
[X] = seveeee

1 beoees x| = —

3|2 o1 2 3 «

LXYYYYy —_ ]

odecos ._2

000000 gitmmmnn —3
X=e€

K mpuMepy, u3 pamHOro rpaduKa BHAHO, UTO

le) =2,  |-e/ =-3,
[e] =3, [—e] =-2,

IIOCKOABKY e = 2.71828 ... .

I'Asips1 Ha 3Ty rpadUIecKy 0 MAAIOCTPAIAIO, MOJKHO OTMETHUTD PSIA,
¢arTOB OTHOCHTEABHO ITIOAOB ¥ IIOTOAKOB. IIpeXXae BCero, IIOCKOAB-
Ky (PYHKIUS IIOA AEKHT Ha ¥ IIOA AMAroHaAbHOM AmHMelR f(x) = x,
7o |x] < x; TouHo Tak ke [x] > x. (Bmpoduem, 3TO U Tak SICHO M3
ompeaeneHus1.) B nmearix Toukax obe 3T HYHKIMK COBIIAAAIOT:

x| =x & x—merce &0 [x] =x.

(M moabsyeMcs obo3HaueHMeM ‘&)’, NOApasyMeBas IIOA 3TUM
,TOT'AQ ¥ TOABKO TOTAQ") A eCAU OHH He COBIIAAAIOT, TO IIOTOAOK POBHO
Ha | BHIIIe IOAa:

OcrpoyMHo. _ e

B cooTsercTBHH [x] =[x} = [x—se nenoe]. (3-2)

co cKoboyHot EcAn )Xe CABMHYTH AMAarOHaABHYIO AMHUIO BHU3 Ha eAMHUILY, TO OHa

’C‘g::";z?agg::g;e IEAMKOM OKa’kKeTcs IoA (PyHKIHed oA, Tak 4ro x — 1 < |x]; Touno

pasercTSo. Tak Xe X + 1 > [x]. O6bepumsisa 3T HaOBAIOAEHNUS, IOAYYaEM, YTO
x—1<|x] <x<[x] <x+1. (3-3)

W, HaroHew, AaHHEIE PYHKIWMH TBASIIOTCI OTPAKEHUSIMHI APYT ApPyra
OTHOCHTEABHO 0beux oceif:

l=x] = =[],  [—x]=—lx]. (3-4)

TaruM obpa3oM, KakKAasi M3 HAX AETKO BHIpa’kKaeTcs depe3 APYTryIo.
OT0 0BCTOSATEABCTBO IO3BOASET OOBSCHUTH, INOUEMY (PYHKIMS IIO-
TOAOK IIPEXAE He mMeAa cobcTBeHHOro obosHadvenms. Ho moToakm
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BCTPEYAIOTCSI CTOAb 9acTO, YTO 3aCAYKHMBAIOT CIEIMaAbHBIX 3HAKOB

OTAMYMS, TOYHO TaK ’Xe, KaK HaMy OBRIAM IIPHCBOEHE! CIEIMaAbHEIE

0603HAYEHNT BO3PACTAIOIUM, PaBHO KaK ¥ yOHIBAIoUM, CTEIIeHIM.

V¥V MaTeMaTHKOB M3AaBHA €CTb CHHYC ¥ KOCHHYC, TAaHI'€HC 11 KOTaHT'eHC,

CeKaHC ¥ KOCEKaHC, MaKCHMYM ¥ MUHIMYM — a Telepb y HaC eCTh KaK

IIOA, TaK M IIOTOAOK. A Ha caepyroweit
AAs TOro 4TOBH He MPOCTO AOBOABCTBOBAThCS FpacdudecKoif UA-  HeaeAe OYAYT H

AlocTpaimeif HeKEX (PakToB, a AEHCTBHTEABHO AOKasaTh CBoMcTBa  CTEHBI.

3THX (PYHKIMA, 0COBEHHO IIOAE3HEI CAEAYIONINE YeTHPe IPaBUAa:

x]=n & n<<x<n+l1, (a)
x]=n & x-1<ngx, (b)
[x]=n &= n-1<x<n, (c) (35)
[x]=n &= x<n<x+1. (d)

(Bo Bcex ueTHIpex CAydYasx CIMTAaeTCs], YTO M —IIEAOe, a X — Bellle-
crBeHHOe uMcAo.) [IpaBmaa (a) ¥ (c) CyTh HeMeAAEHHEIE CAEACTBUS
onpeaeneHus (3.1); npaeuaa (b) u (d) cyTs Te ke caMile ¢ Toi AMIIB
pasHHUIel, YTO AaHHBIe HEPABEHCTBA NlepeCTaBAEHH! TaK, YTO M OKa-
3BIBAeTCS B CEPEAHHE.

IleaoumcAeHHOE CAaraeMoe MOXKHO BHOCHTh X BHIHOCHTB B/3a
CKOBKH IoAa (MAM IIOTOAKA):

[x+n| = [x]+n, n —Ienoce. (3.6)

(AeficTBrTeABHO, mpaBHAO (3.5(a)) YTBEPKAAET, 9TO 3TO PAaBEHCTBO
3KBUBaA€HTHO HepaBeHcTBaM |x| +n < x+n < |x] +n+1.) Ho
aHaAOTH 3TO OIlEPAIMy — TUIA BHIHECEHUS 33 CKOOKH IIOCTOSIHHOT'O
MHOXKUTEAS — B 0bIeM caydae HepomycTuMsl. Tak, [nx| # n|x], Ko-
raan = 2xx = 1/2. 9T0 3HAYUT, 4TO CKOOKH IIOAA K IIOTOAKA
HeAOCTaTOYHO I'MEKM,— Mbl CIaCTAMBHL yJKe TOTAQ, KOTAA JAAETCS BO-
oblIile OTAEAATBCS OT MX IPUCYTCTBUS AM6O 4TO-TO CAEAATh IIPU MX
HaAWYHH.

OKasHBaeTCsi, YTO MMEETCSI MHOrO CAy4aeB, KOTAA CKOBKM moaa
¥ IIOTOAKA MSAUIIHM ¥ MX MOXXHO AMGO BCTABASITH, AUGO JAAASITH —
Kak HaM yToAHO. Taxk, Afo60e HEPAaBEHCTBO MEXKAY BELIeCTBEHHBIMHU 1
IeABIMH YMCAAMI PABHOCHABHO HEPABEHCTBY C IIOAOM MAM IIOTOAKOM
MeJKAY LEABIMM IUCAAMU:

x<n & |x/<n, (a)
n<x <& n<[x], (b) (3.7)
x<n & [x]<n, (9 37
n<x & n<gx]. (d)

OTH mpaBUAa AEKO AOKasHBaloTcs. Hampmmep, ecam x < n, To Ha-
BepHJAKa |X] < M, Tak Kak |x] < x. Y Haobopor, ecam |x| < m, To
HeIpeMeHHO X < M, TaK KaK X < |x] +1m; x| + 1< n.

Briao 6r1 306poBo, ecAM 6B Bce deTHpe IpaBuAa B (3.7) Tak Xe
A€rKO 3aIIOMUHAAMCE, KaK ¥ AOKa3hIBaAKCh. Kakpoe HepaBeHCTBO be3
IIOAA MAM IIOTOAKA COOTBETCTBYET TAaKOMY XK€ HEPABEHCTBY C ITOAOM



M-pa. .. Ayywe
He 0603HayaTh
APDOGHy0 YacTs
yepe3 {x}, Koraa
ee MOXHO CITyTaTh
C MHOXKECTBOM,
COAEpXKaIUM X B
KayecTBe CBOEro
€AHHCTBEHHOTO
JAEMEHTa.

Bropoe cayyaercs
TOTAQ H TOABKO
TOrAQ, KOrAa MpoHC-
XOAHT ,,JlepeHoc” 3a
AECATHYHYIO TOYKY
1PH CAOXKEHHH
APOBHBIX YacTeit

{x} n {y}.

3.2 TIOA /TIOTOAOK: IIPUMEHEHU S

MAM IIOTOAKOM, HO HY’KHO ABa’KABI IOAYMATh, IIPEXAE YeM DEIINTh,
KOTOPO€ U3 ABYX T'OAMTCS.

PasHocTb MeXAY X X |X| HasklBaeTcst dpob6HOoU “acmbto X U B
IPUACKEHNIX BO3HUKAET CTOAb YacCTO, UTO 3aCAyXXKHBaeT cobcTeeH-
Horo obo3HaYeHMs:

{x}=x—|x]. (3-8)
WHoraa |x| HaswBaeTcs yenotl 4acmob?o X, MOCKOABKY X = | x| + {x}.
EcAm BelliecTBEHHOE YHCAO X MOJKET OBITH 3aIIMCAHO B BUAE X = N+0,
rAe n—Ieace 4nucao, a 0 < 6 < 1, To Ha ocHoBaHMY (3.5(a)) MOXHO
3aKAIOYHTE, 4To N = |x| # 6 = {x}.

PasencTBo (3.6) He BBIIOAHSIETCST, €CAM N — BELIIECTBEHHOE YUCAO.
Ho, Boobiie-To, AAST |X + Y| MMEIOTCST BCEro AULIL ABE BO3MOXXKHOCTH.
Ecam x ¥ y 3ammcars B Bupe x = |x]+H{x} uy = |y|+{y}, To moayumm
[x+y] = x]+ ly] + [{x} +{y}]. A mockoarky 0 < {x}+{y} < 2, To
OKa3hIBaeTCsI, YTO B HEKOTOPHIX CAyYasx |x+Yy] —aro |x|+ |y],a B
ocTanbHBIX —3T0 |x| + |y] + 1.

3.2 IIOA/IIOTOAOK: IPUMEHEHU A

Wrak, MBI mopA06paAM OCHOBHEIE MHCTPYMEHTEI AASI paboTHI ¢
monraMu ¥ moroakamu. Ompobyem ux Ha AeAe, HadaB C IPOCTOH 3a-
Aadry: 4To Takoe [1g35]7 (Caepys mpeproskeHmo daBapaa M. Peitn-
TOABAQ, MBI UCIIOAB3yeM ‘lg’ AAsT obo3HadyeHMsT AorapudMa IO OCHO-
Bamumio 2.) Hy, mockoasky 2° < 35 < 2%, MOXXHO B3ATH AorapmdMsl,
moaydast 5 < 1g35 < 6,—TakuM obpasoM, mpasuao (3.5(c)) yTBep-
xpaer, uro [lg35] = 6.

3aMmeTnM, 4yTo 6YAyUM 3aNMCAHHEIM B CHCTEME CYUCAEHUS C OCHO-
BaHMeM 2, yucao 35 Toxxe cocTomT ®3 miectu 6uros: 35 = (100011),.
A BepHO Am, uro [lgn] —3To Bceraa AAMHA N, 3aIMCAHHOTO B ABOWY-
Hoit ¢popme? He Beerpa. Aast sammcu 32 = (100000); To>xe Heobxoam-
MO LIecTh 6UTOB, Tak 4TO [lgT]| — HeBepHEIH OTBeT Ha 3TOT BOIPOC.
(OH HeBepeH TOABKO B CAyHae, KOTAA T IBASIETCSI CTEIEHBIO 2, HO 3TO
O3HavaeT, YTo OH HeBepeH B 6eCKOHEYHOM YHCAe CAydaeB.) [IpaBUAL-
HBIH >Ke OTBET MOJKHO IIOAYYUTE, 3aMETHB, YTO AAS 3aIlACH Ka’KAOTO
umcAa M, Takoro, ¥To 2™ < n < 2™, Tpebyercss m 6mToB. A mo-
ckoAbKY m — 1 = |lgn| mo mpasuay (3.5(a)), To m = |lgn| + 1. To
€CTB, AASI TOrO 4YTOGHE! BEIpa3suTh Aoboe . > 0 B ABoMUHOM ¢dhopMme,
Heobxopmmo |lgn] + 1 6uros. Mcxops u3 mpasuaa (3.5(c)), azanro-
I'UYHBIA BEIBOA AaeT orser [lg(n + 1)] —ara dopMyaa cupaBearuBa
Aaxke IpH N = 0, eCAX HaM XOYeTCs CUHATATh, YTO AAS 3amucu n = 0
B ABOMYHOMH popMe TpebyeTcss HYAb GHTOB.

ObpaTuMcs panee K KOHCTPYKIMSIM C HECKOALKMMY IIOAAMHU U II0-
ToAKaMH. UTO Takoe Hxﬂ ? OTBeT IPOCT: IIOCKOABKY | X| — IieAoe qu-
cho, TO Hxﬂ — 370 IpocTo |X|. SToMy e paBHO Aoboe Apyroe BEHI-
pa’keHHe, B KOTOPOM CaMbIil BHYTPEHHUI | X | OKPY>KeH KaKUM JIOAHO
YUCAOM IIOAOB ¥ IIOTOAKOB.

91
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A BOT OpeleK IMoKpeIrye: pasrphI3sUTe-Ka TaKYIo 3aAaYKy — BEPHO
MAM HEBEPHO YTBEPXKAEHUE, UTO

W] = VX (3-9)

O4eBMAHO, 3TO PABEHCTBO CIIPABEAARBO, KOTAA X — IIEAOE YUCAO, 60
roraa x = |x]. Ho aT0 siBAsTeTcs paBeHCTBOM ¥ AAs 70 = 3.14159.. .,
warsge=271828...,mara b = (1++/5)/2=1.61803..., ubo Bo
BCEX 3TUX YACTHRIX CAyYasx MEI IoaydaeM | = 1. Hama 6esycmem-
Has TOIBITKAa HANTH KaKoi-AMO0 oIpoBepraronmil IpuMep HABOAUT
Ha MBICAB, YTO PABEHCTBO CIIPABEAAMBO M B OBIIEM CAydae, TakK ITO
AaBaiiTe onpobyeM ero AoKa3saThk.

MeXAy IpoYMM, KOIAQ MBI CTaAKHBAEMCSI C BBIGODOM MEXAY
,»AOKa3aTh MAU OIPOBEPTHYTH; TO OOBIYHO IPEANIOYMTaeM BHadane
OIIPOBEPTHYTH C IIOMOIIBI0 KAKOTO-HUOYAL KOHTPIIPMMEPA IO ABYM
IpUYKHAM: OIIPOBEP>KEHME CYLIECTBEHHO IPOoLle (Hy>XKEH BCETO AMIUD
OAMH OIPOBEPTAOIIXA IPUMED), & ,JIPUAMPKY II0 MeAOYaM" BEI3HIBa-
IOT IIPUAKB TBODYECKHX CHA. Ja’kKe €CAM AAHHOE YTBEPKAEHUE OKa-
3EIBa€TCsI BEPHBIM, IIOMCK KOHTPIPHMEPA 3a49acTyI0 IIPUBOAUT K €ro
AOKa3aTEeALCTBY, KaK TOABKO CKEIITHK OCO3HAET, T0YeMY KOHTPIIPH-
Mep HeBO3MOXKeH. [TOMUMO BCETO IPOYEro, CKENTHIM3M IOAE3EH AAST
3AODOBBSI.

Ecanz 651 MBI pemmMAM AoKasark, 4ro |\/|x]| = [v/X]| MeTopamu
aHaAM3a, TO MOTAM 6Bl HadaTh ¢ pasbueHMs x Ha IeAyI0 ¥ APo6-
Hylo qacTd |x] + {x} = n 4+ 6 c mocAeAyrOIMM pasAOKEHUEM KBa-
ADaTHOTO KOPHSI, HCIIOAB3YS 6GMHOMMaABHYIo TeopeMy: (n + 0)1/2 =
n"/2 4 n-1/29/2 —n—3/29%/8 + . ... Ho mop06HEL! IIOAXOA BechbMa He-
IIPaKTHYEH.

lopasapo IpaKTHYHEE BOCIIOAB3OBATHCS YK€ ITOATOTOBAEHHBIMU
HaM¥ MHCTpyMeHTaMu. [IpeaaaraeTcs Takoit maaH: KakaM-Anbo obpa-
30M pa3obpaTh Hapy>KHBIH ITOA ¥ KBaAPaTHEIE KOpeHb l_\/ [xj_' , Iocae
4ero ybpaThk BHYTPEHHMI IIOA, a 3aTeM BHOBB cobpaTh pasobpaHHoOe,
4T06B! HOAYUmTS |/X|. Popmrcst. Tloroxkum m = |/[x]| u Bocmoas-
3yeMcs mpaBuAoM (3.5(2)), moaygass m < /x| < m+ 1. Tem cambim
MBI m36aBAsIEMCST OT CKOBOK HapyKHOTO IIOAQ, HUYETO He Tepsisi IPX
aToM. [ToCKOABKY BCe TPHM YacTH 3TOM KOHCTPYKIMK HEOTPHUIIATEAB-
HEI, BO3BOAMM MX B KBappar, moaydas m? < |x] < (m + 1) Tem
CaMBbIM MBI OTAEGABIBAEMCSI OT KBAAPATHOI'O KOPHs. 3aTeM pasbupaeM
OCTABILIMICA TIOA, IIOAB3YSCH IIPABUAOM (3.7(d2) AASL AEBOTO Hepa-
BencTBa u mpasuaoM (3.7(2)) aArs mpaBoro: mX < x < (m+1)2 A
Teneph He COCTAaBASIET TPYAA BOCCTAaHOBUTDH IIPOAECAAHHOE: W3BAEYD
KBaApaTHBIE KODHH, ImoAydasi m < /X < m + 1, m Bocmoas3o-
BaThbCs mpaBUAOM (3.5(a)), moaydas m = |/x|. Takum o6pasom,
|v/1x]| = m = | /x| —Hame yTBep®AeHUE OKasaroch BepHBIM. Tem
3Xe CIIocoboM MOXHO AOKa3aTh, YTO

[V = [vx]

HpeAAOX(eHHOG AOKa3aTEABCTBO HE CTOAD YK CYUIECTBEHHO OIIN-
paercsa Ha CBOMCTBa KBaApPaTHBEIX KOpHeﬁ. Boaee BHEMaTeABHOE pac-

npw BemecTBeHHOM X > 0.

IIpy BeliecTBeHHOM X = 0.

(KoHeuHo xe, T, e
H ¢ —3r0 nepseIe
BeljecTBeHHbIe YH-
CAa, KOTODBIE HaAO
monpo6oBaTh,— He
TaK AH?)

CKenTHUHU3M MoAe3eH
AAS 3A0POBbS TOAb-
KO AO OIpeAEAEHHOH
creneHH. CKeNnTH-
4eCKoe OTHOIIEHHE
K HaMepeHHsIM H
nAaaHaM (ocobeHHO
CBOHM) BEPOSITHO
M36aBHT Bac OT BOA-
HeHu# 1 obecrednT
CIIOKOHHYIO JXH3Hb.
Ho nposasaerue
CAHILKOM CKEITH-
YeCKOro OTHOIIEHHS
HaBepHSKa 3aCTaBAT
Bac Bce BpeMs 6bITh
TPHKOBAaHHBIM K
paboTe, BMECTO TOro
YT06BI II03BOAHTD
cebe BEIKDOUTD
BpeMs AN pH3HYe-
CKHX YNpaKHeHHH H
BOCCTAHOBAEHHST CHA.
YpesMepHbI# CKENTH-
LH3M — 3TO0 MpsiMast
Aopora K COCTOSHHIO
»KOHYEHOro yeAoBe-
Ka‘ Koraa Bbl CTa-
HOBHTECh HAaCTOABKO
03a604€eHHBIM COOAIO-
AEHHEM CTDOroCTH H
3aKOHYEHHOCTH, 4TO
YKe HHKOTAQ He B
COCTOSTHHHM HHYEro
AOBECTH A0 KOHLa.
— OaAHH
H3 CKENTHKOB



(370 HabaoAeHHE
6BIAO CAEAQHO
Pobeprou A. Mak-
OAHcOM, KOrAa

OH 3aKaH4HBaA
YHHBEPCHTET.)

,CAAEM Ha MUHYT-
Ky, — IpEAAOXKHA
Axrnca.

»Ha MHHYTKYy?“—
BOCKAHKHYA Ko-
POAB.

A ecar 6b1 Ha Tebs

cean?”
—A. Kappoa

[174, c. 244).
(Aobasa. nepes.)

3.2 TIONA/IIOTONAOK: ITPUMEHEHU A

CMOTpPEHME IOKA3EIBAET, YTO MOJKHO 0OO6IIUTE AeJKalle B €r0 OCHO-
Be MAEM M AOKasaThb MHoro Goapmee. ITycrs f(x) —HekoTopas He-
TIpepHIBHAST MOHOTOHHO Bo3pacTarolliast (pyHKIMs, obaaparomas TeM
CBOMCTBOM, 4TO

=

(CumBoa ‘=)' o3sHadaer ,BAedeT 3a coboir) Toraa
Lfx)] = Lf(lx))] = [fx)] = [f([x])] (3-10)

BCSIKWiL pas, Koraa ompeperensl dyurnoum f(x), f(|x]|) 1 f([x]). Aa-
BaiiTe AOKa)XeM 3To obIee CBOKCTBO AASL IOTOAKOB, IIOCKOABKY AO
3TOTO MH YK€ 3aHMMAAKCh IIOAaMH, TeM GoAee, ITO AOKa3aTEABCTBO
AAS IIOAOB IOYTH TakKoe Xe. Bcam x = [x], To AOKasHIBaTh Hede-
ro. B npormBHOM caydae x < [x], a f(x) < f([x]), mockoasky f—
Bospacraromas dyarmzsa. Toraa [f(x)] < [f([x])], Tak kak [ ] —He-
y6nBatomas ¢pyuakmusi. Ecau 6m 661n0 [f(x)] < [f([x])], To AoaskHO
Ha¥iTHCh IHCAO Y, TaKoe, °4To X < Y < [x] u f(y) = [f(x)], mockoasky
dyurous f HelpepHBHa. OTO Y AOAKHO OBITH IEABIM B CHAY CIIELH-
anpHOro cBoiictsa f. Ho HemocpeacTBeHHO MeXAy X u [x]| He Mo-
’eT 6BITh HIKaKOT'o IEAOT0 YHCAA. DTO IPOTUBOPEYINE O3HAYAET, ITO
poaxHo 6ure [f(x)] = [f([x])].

SIBHOrO yIOMWHaHWSA 3aCAyXHMBaeT Ba’KHBIA YacTHHEIH caydait
3TO# TEOpeMHI:

[x+mJ=l[xJ+mJ . [m]z[ml (3.11)

f(x) = meAoe 4mCAO X = IEeAO€ YHCAO .

n n n n

€CAX T ¥ N — IEABIE YMCAQ, a 3SHAMEHaTeAb N HoAoXuTeAeH. K npu-
Mepy, mycte m = 0; Toraa |||x/10]/10|/10] = |x/1000]. Tpoe-
KpaTHOe AeAeHMe Ha 10 ¢ mocaepOBaTeABHEIM OT6pacHBaHMEM (P
oCTaTKa — 3TO TO JKe CaMoe, 9YTO ¥ HENOCPEeACTBeHHOe AeaeHne Ha 1000
C MOCAEAYIOIMM OoTOpackIBaHMEM BCET'O OCTATKa.

INompobyeM Tenepb IOATBEPAUTE MAY OIIPOBEPTHYTH APYTO€ IIPEA-
IIOAOJKEHNE:

[VIXIT = [vx]

OHO IPOXOAMT IIPK X = 7T X X = €, HO He IIPOXOAUT IIpH X = ¢ — TeM
CaMHIM BBHISICHSIETCSI, YTO B 0oOIlleM CAydae OHO HEBEPHO.

IIpexae 4eM ABHHYTHCS AQABIIE, CAeAaeM MUHYTHOe OTCTYIINAE-
HME AAS TOT0, YT06H 06CYAUTH Pa3AMYHEIE ,yPOBHE" 3aAa4, KOTOPHIE
MOTI'yT pacCMaTPUBATLCS B KHUTAX 110 MaTEMAaTHKe.

IIpH BelecTBeHHOM X > 0.

Vposens 1. AArs onpepeAeHHOro 06bEKTa X U OIPEAEAEHHOIO CO-
orHomrenust P(x) doxasams, dro BrmoaHsteTcsa P(x). Hampuwmep,
»AOKa3aTh, 9To |7t] = 3% 3paech CyTh Aena 3aKAIOYAETCS B HAXOXKAE-
HMM AOKa3aTeAbCTBa HEKOTOPOrO IIPeATIoAaraeMoro daxTa.

VpoBens 2. A OIpeAEAEHHOrO MHOXeCTBa X K OIPEAEAEHHOrO
cooTHomreHust P(x) A0KasaTh, 4To P(X) BHIIOAHSIETCA npu A1060M
x € X. Hampuwmep, ,,A0Ka3aTh, 970 |X| < X IIpX AF060M Bell[eCTBEHHOM
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x“ CyTh AeAa OHNSTH 3aKAIOYAeTCS B HaXOKACHUM AOKa3aTeAbCTBA,
HO Ha 3TOT pa3 — obIero AoKasaTeAbCcTBa. MEI uMeeM Aeno yKe He C
apudMeTHKOMA, a ¢ aarebpoif.

VpoBeHns 3. AAsT ompepeAeHHOro MHOXKeCTBa X M OIIPEAEAEHHOTO
coorHomeEus: P(Xx) MOATBEPAUTE uAu onposepzHyms, 9To P(x) BEI- B Apyrux moux
noaHsieTcsT IpH AfoboM x € X. Hampuwmep, ,JIOATBEDAMTE MAM OIPO-  COYHHEHHSX — HO He

BeprEyTh, 9r0 [/[x]] = [/X| mpm A6om BemecrsenHOM X > 0 i:fm;’"g:f K:;';
3AeCh MEI HMeeM AEAO C AOTIOAHUTEABHBIM YDOBHEM HEONPEAEACHHO- . z’;;w epI;A-‘
CTH — pE3yABTAT MOJKET OKa3aThcs AUOO TeM, Aubo ApyruM. STo 6au- HyTS* MpUMepHO
JXe K TO#f peaAbHON CUTYalM, C KOTOPOR IIOCTOSHHO CTAAKMBAETCS  p 99.44% cAyya-
MaTeMaTHK: yTBEPKAEHUs, IONAaAAIOIIe Ha CTPaHUIE! KHUAT, UMEIOT e, [0-BHAHMOMY,
obrIKHOBEHME GHITH MPAaBUABHEIMU, HO K HOBOMY CAEAYET OTHOCHTB-  paBHOCHABHO

cs1 mpeAB3siTo. EcAm AaHHOe yTBep)XKA€HME OUMOOYHO — Hallle AGAO  ,/IOATBEDAHTS"
HaliTH KOHTpHpuMep. EcAm AaHHOe yTBep>KAeHWE IIPABHABHO — MEI

06sT3aHEI HalTH AOKa3aTeABCTBO (KaK Ha ypOBHe 2).

VpoBenp 4. AAsi oIpepeAEHHOro MHOXKeCTBa X M OIIPEAEAEHHOTO
cootHomrenus P(x) HaltTu Heobrodumoe u docmamouroe ycaosue

Q(x) Toro, uro BrmoaHseTcs P(x). Hampumep, ,HaiiTu HeobxopmmMoe

¥ AOCTATOYHOE JCAOBME Toro, 4To | x| > [x]“ CyTh AeAa 3aKAO9aeTCs

B HaXoXAeHMu ycaoBus Q, Taroro, uro P(x) <= Q(x). Besycaos-

HO, BCETAa HAaroTOBE TPUBHAALHBIX OTBeT: IIpocTo B3aTh Q(x) = P(x).

Her, uMeercs B BUAY, UTO HYKHO HailTH yCAOBHe, KOTOPOE HACTOABKO

IIPOCTO, HACKOABKO 3TO BO3MOYKHO. A AASI HAXOXKAEHUST YAOBAETBOpsi-  Ho He npouge.
IOIIEro 3TOMY TPebOBaHMIO MMPOCTOrO YCAOBHSA HYKHA COOOpasUTeAs- — A. SfHWTelH
Hocth. (Tak, B HamreM caydae ,|x| > [x] & x—ueaoe) Sror

CaMblif 3AeMEHT COOBPasUTEABHOCTH, KOTOPEIA HEOOXOAMM AAST HAXO-

XAeHMS Q(x), CyIIecTBEHHO YCAOKHSIET pellleHre MOAOGHBIX 3apad,

HO KaK HEAb3S AYYIlEe XapaKTEPU3YET TO, C YeM IPUXOAUTCS CTaA-

KEBaThCs MaTEMATHKY B ,peaAbHOHR AelicTBuTeAbHOCTH U, HakoHeD,

AOAKHO GHITH, ECTECTBEHHO, AOKa3aHO, UYTO P(X) BEIIOAHSETCS TOrAa

¥ TOABKO TOTAQ, Koraa BhImoAHseTcsa Q(x).

¥YpoBeHb 5. A\AST OIIpeAeAEHHOrO0 MHOXXeCTBa X HallTH HEKOTOpOEe
unmepecHoe obwee ceoticmeo P(x) ero aneMeHToB. TeM caMEIM MBI
BTOpraeMcs B JXYTKHe Ae6pM YMCTO HayKM, TAe, KaK ITOAATAIOT CTY-
AEHTHI, apUT Bceobmmuit xaoc. Ho 3To y>Xe HacTosAmas MaTeMaTHKa.
ABTOpPH y4e6HMKOB PEAKO OCMEAMBAIOTCA 3aAaBaTh BOIPOCH yPOB-
Hs 5. KOHEL] OTCTYIIAEHUSI.

Ho aaBaiiTe mepeBepeM Hall IOCAeAHMIE BOIIPOC C YPOBHS 3 Ha
YPOBeHBb 4: KaKOBO HeO6XOAMMOE M AOCTATOYHOE YCAOBHME TOrO, UTO
[v/[x]] = [vx]? Mnt yxe BEIsicERAR, YTo TP X = 3.142 370 paBeH-
CTBO BHIIIOAHSETCS, a IpX X = 1.618 — He BHMOAHseTc. AaabHelinme
IIPOBEPKY IIOKA3HIBAIOT, YTO K TOMY K€ OHO HE BHIITOAHSIETCS IIPH X
MexAy 9 u 10. Oro-ro. Boaee Toro, cAy4au HEBHIIIOAHEHUST BOSHUKA-
0T BCsiKmit pas, koraa m? < x < m? + 1, Tak KaK B 3THX CAydasx
B AeBO! YacTH IIOAyYaeTcs m, a B npaBoit—m + 1. Bo Bcex Apy-
I'MX CAyYasiX, KOTAA /X OINpeAeAeH, a MMeHHO npH x = 0 mAM Ipu
m? +1 < x < (m+ 1)2, moayuaercss pasencrso. [TIosToMy AAS BEI-



(A nmeccumucTamu —
0AY3aMKHY TBIMH. )

ToyHo Tak Xe
MOXHO 3allOMHHTb
AaTy OTKDBITHA
AMepHKH, HaneBas:
»OAHH, YeTbIpe, Ae-
BATh, TPH — KoayM6
AMepHKY OTKpBIA!

3.2 TIOA /TIOTONAOK: IPUMEHEHN S

IIOAHEHHUSI PaBeHCTBa HEOOXOAMMO ¥ AOCTAaTOYHO CAEAYIOIIee yCAOBHE:
Ambo x — IeAoe IMCA0, AMbO 4/ |X| — He Ienoe dmcAo.

AAst dopMyAMpOBKM Hamlei CAeAyIOIIell 3apaddl BOCIIOAB3YEM-
csl yAOBHEIM 0603HaueHNEM AASI MHTEPBAAOB BellleCTBEHHON IIPSIMOIL,
mpeaaoxenHnM K. A. P. Xoapom u Aaitaom Paminoy. MaTepBan (o, ]
ofo3HayaeT MHOXXECTBO BEILECTBEHHBIX YHCEA X, TaKUX, UTO & <
x < B. OTO MHOXXECTBO HA3HEIBAETCH 3AMKHYMbBIM UHMEDEANOM,
IIOCKOABLKY OH BKAIOYAeT KaK OAHY, TaK ¥ APYL'YIO KOHIEBYIO TOY-
Ky o # 3. UnrepBaa (&, ), He BRAIOYAOIINI HU OAHOM, HU Apyroi
KOHIIEBOX TOYKM, COCTOMT M3 BCEX X, TaKMX, 4TO & < X < [3; OH Ha-
3EIBAETCS OMKPLIMbLM UHmMepeaaom. A uraTepBans (o, B) u («, B,
BKAIOYAOIIYE AKO0 OAHY, ABOO0 APYT'YIO KOHIIEBYIO TOYKY, OIIPEAEAS-
IOTCST AHAAOTMYHO X HA3BIBAIOTCS NOAYOMKDLIMbIMU.

CKOABKO IIEABIX YHCEA COAEPKUTCS B IMOAOOHEIX MHTepBaAax?
Ham yao6Hee HayaTh C IOAYOTKPBITHIX MHTEPBaAoB. Y Boobine, moutu
BCerpa yAoDHee MMETH AEAO C IOAYOTKPBITHIMU, €M C OTKPBITEIMU
WUAY 3aMKHYTHIMY HHTepBaAramu. K mpuMepy, oHM apAAUTUBHEL — IPU
06'bEAMHEHUN MOAYOTKDHITHIX MHTEpBaAoB [, B) u [B, Y) moayda-
€TCsi TIOAYOTKPHITEIM MHTEPBaA (&, Y). AAS OTKPEITHIX HHTEPBAAOB
3TOro He mpomsomao 6e1, 6o ToUKa 3 oKasaAach OBl UCKAIOYEHHOM,
a AAS 3aMKHYTHIX MHTEPBAAOB BOSHUKAM 6Bl mpobaeMbl, u60 ToukKa
[ okasarachk 6B BKAIOYEHHO ABa>XABI.

Ho BepreMcsa k Hamreit 3apade. Ecax « u 3 —meAble 9ucaa, TO
OTBET IIPOCTOM: TOTAA MHTEpPBaA [X, 3) COAEPKUT POBHO 3 — & LIEABIX
yucea &, x+1, ..., B —1 mpu ycaosun, uro & < f3. ToUHO Tak >Ke UH-
TepBaA (o, 3] COAEPKUT B — « IEABIX YUCEA IIPK TOM K€ YCAOBUH.
Ho nama 3apava morpyaHee, n60 II0 YCAOBHIO X M [3 — IPOM3BOAB-
HEIe BellleCTBEHHEIE YMCAA. TeM He MeHee, ee MOXKHO CBECTH K Hoaee
AerKoit 3apade, IIOCKOABKY COTAACHO (3.7)

x<n<p = [a] < n < [B],
a<n<p = la) <n < B,

KOTAa N — IIeAOe YUCAO. VIHTepBaAH CIIpaBa UMEIOT LIEAOYUCAEHHEIE
KOHIIEBEIE TOYKM ¥ COAEPIKAT TAKOe YK€ KOAMYECTBO LIEABIX YHCEA,
YTO ¥ MHTEPBaABl CAEBA, UMEIOIIe BelleCTBEHHO3HAYHbIE KOHIIEBEIE
rouru. [losroMy unTepBaa [«, 3) copepxur posHo ] — [«] meanx
unceA, a uHTepBaA (o, B] poBHO || —| | meABIX YnuceA. TO OAMH U3
TexX CAydaeB, KOTAa HaM AeHCTBUTEABHO HaAO 063aBecTHCH CKOBKaMu
TIOAQ MAM IIOTOAKA, BMECTO TOT'O YTOOBI M36aBASTBECSI OT HUX.

Kcrary, cymecTByeT MHEMOHUYECKUN IIPUEM AASL 3aIlOMUHAHUS
TOro, B KaKOM CAydYae yIOTPebASIOTCS HOABI, a B KAKOM — IIOTOAKH:
IIOAYOTKPHIThIE MHTEPBAAbl, KOTOPble BKAIOYAIOT He IIPABYIo, a AEBYIO
KOHIIEBYIO TO4YKY (Takue, Kak 0 < 0 < 1) HeckoabKo 6oaee ynoTpebu-
TeABHBI, YeM T€, KOTOPHIE BKAIOYAIOT HE AEBYIO, A IIPAaBYIO KOHIIEBYIO
TOYKY,— TaK >Ke KaK IIOABl HECKOABKO HoAee yIOTpeOUTEeABHEI, YeM
notoaku. Ho mmo 3akony Mepdu AeficTBUTEABHOE IIPSIMO IIPOTUBOIIO-
AOXKHO OXKMAAEMOMY — IIOTOAKY COOTBETCTBYIOT MHTEpBaAaM [, ),
a TIOABI COOTBETCTBYIOT MHTepBaAaM (o, B].
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Ananoruwunelit pasbop IIOKashIBaeT, YTO 3aMKHYTHI HHTEPBaA
[, B] coaepxut | B | — [o] 4+ 1 HeABIX UMCEA M YTO OTKPHITHIN MHTED-
Baa (&, B) copepxur [B] — || — 1 meABIX 9HCeA, XOTS B HOCAEAHEM
cAydae MH HaAaraeM AOIOAHUTEABHOe OrpaHWYeHMe x # [3 C TeM,
yrobhl 3Ta opMyAa He IPUBOAMAA HAaCc B 3aMEIIATEABCTBO OTKPO-
BEHHMEM, YTO IyCTOM MHTEPBaA (X, X) COAEPXUT POBHO —1 IEABIX
yuceA. [JOARITOXUM yCTaHOBAEHHEIE (DAKTHI:

HHTEPBaA KOANYECTBO IIEABIX WHICEA Or'PaHIYICHAE
[“»B] LBJ—[“]+] “g‘s)
(o, B) [B]—[«] x< B, (3.12)
(, Bl [B) — ] a< B,
(o, B) [B]— o) —1 a<B.

A BoT 33pava, KoTopas He MOXKET Hac He 3auHTpuUroBaTs. B Kaybe
ArobuTenel KOHKPETHON MaTeMaTHKM HaXOAMTCS KasUHO (AOCTYIIHOE
TOABKO 06A3AATEASIM 3TOM KHUI'HM), B KOTOPOM KOAECO PYAETKY MMEET
THICSIYY THe3A ¢ HoMepamu oT 1 po 1000. Ecam Brmaparommit npu
BpAIllEHNY PYAETKY HOMEpP T AEAWTCS Ha IIOA CBOEro Kybwdeckoro
KODHS, T. €. ECAX

W)\ n,

TO 3TO BEIATDHILIHEIA HOMED ¥ Ka3KHO BHIIIAAYMBAET HaM 5 AQAAADOB;

B IIPOTMBHOM CAy4Yae 3TO IIPOMTDHIIIHEIA HOMEP M y>Xe MH 0b6s3a-

HEI yoaaTuTh 1 poanrap. (O6osHaueHue ,,a\b‘ KoTopoe YnTaeTCsT Kak

,4 AeAuT b% osHadaeT, 4To b B TOYHOCTH KpaTHO Q,— 3TO COOTHOIIE-

HUe 0BCTOSITEABHO UCCAEAYETCS B TA.4.) MoxkHO AM paccumThBaTh  (Onpoc ayaH-

,CAEAATHb ACHBI'ZM" Ha TaKoi mrpe? TOPHH I10Ka3aA,
CpeAHMt BEIMTDHILI — T. €. CyMMY, KOTOPYIO MBI BEIMTpaeM (MAm  4TO 28 CTyAeHTOB

IIpourpaeM) 3a OAHY UIDY,— MOXKHO BEIYUCAUTH, IOACIWUTAB CliepBa [TOCIHTaMH, HTO

4yrcao W BBIATPHIIIEBIX HOMEPOB X umcAo L = 1000 — W npourpemm-  #TPaTP HE CTOHT,

HEIX HOMEpPOB. ECAM Ka>KABIA HOMED BBINAAAET IIO OAHOMY pasy B 13 moxeAai pHcK-

HYTb, @ OCTAABHBIE
1000 mrpax, To Mbl BHUTpEIBaeM 5W AOAAApOB ¥ IpoWrpeiBaeM L oo, .
AOANAPOB, TaK YTO CPEAHSST CyMMa BHIUTDHIIIA COCTaBUT OTBeTHTS.)

5W—L  5W—(1000—W) _ 6W — 1000 e e 5

1000 1000 N 1000 Kay6oum atobure-

Aeit KOHKpeTHO#
AoAAapoB. EcAu BEIMIDHINIHEIX HOMepPOB 167 u Goaee, TO MBI USBAC-  yareyatu.)

KaeM IpPUOHIAL; B IPOTUBHOM CAyYae BHIMTPHIBAET Ka3HHO.

Ho KaK moACYMTaTh YMCAO BREINTPHILIHEIX HOMEPOB CPEAM THICSTIH?
He Tak y>X ¥ TPyAHO yAOBUTH KX 3aKOHOMEPHOCTH. Bce HoMepa oT
1 a0 23 — 1 = 7 — prMrpHIIHEE, 160 AAS KaXKAOTO H3 HEX |1 = 1.
Cpean HoMepos oT 23 = 8 a0 3° — 1 = 26 BRIMTPHIIHEIMY SBASIOTCS
TOABKO JeTHBIE HoMepa. A cpean HoMepoB ot 33 =27 a0 43 —1 =63 —
TOABKO T€, KOTOPHIE AEASITCSI Ha 3; X T. A.

Obuiee 4rcA0 6AATONPUATHHEIX UCXOAOB MIPH MOKHO BEIPASHTh
AHAAUTHYECKH, ECAM BOCIIOAB30BATBHCS TEXHUKOM CYMMWPOBaHUS M3
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ITpeABIAYLIEH IAABEL C IPUBAeYEHWEM HOTanuy AMBepCOHa AASL AOTH-
YeCKHX BHIpa’keHuit, AocTaBAsiomei 0 uaum 1:

1000
W = Z [N — BEIMTpBEIITEEI HOMED]

n=1

= Y  [Wr\n] =) [k=|¢n]]k\n]1 <n<1000]

1< <1000 k,n

= ) [K¥<n<(k+1)%])n=km]1 <n<1000]

k,m,n

=1+) [K¥<km<(k+1)3][1<k<10]
k,m

=14) [me [k, (k+1)¥k)]1<k<10]
k,m

=1+ Y ([K+3k+3+1/k]—[k*])
1<k<10

=1+ ) (3k+4) —1+Zi’—31 9 =172.

2

1<k<10

DTOT BEIBOA 3aCAYKHABAET BHAMAaTeAbHOro usydeHus. ObpaTure BHU-
MaHMe, 4TO B 6-# CTpOKe UCHOAb3yeTcsi dopMmyra (3.12) AAS KO-
AMYECTBA IEABIX YMCEA B IIOAYOTKPHITOM MHTepBaie. EAMHCTBEHHO
#TPYAHBIA" MOMEHT — 3TO pellleHNe IIPY Iepexope oT 3-i K 4-it cTpo-
Ke BHEIAGAUTH N = IOOO B KagecTBe OTAeABbHoro caydas. (Hepasen-
crBo k3 < n < (k+ 1)° He Tak mPOCTO O6BLEAMHATE C HEPABEHCTBOM
1 < n < 1000 mpu k = 10.) Boobige-To, rpaHAYHEIE YCAOBUS, IIOXOKE,

He ,oxoxe’ a caMoe CKOAB3KOE MEeCTO IIpU Z-MammyAxmmx.

HMEHHO TaK. B HEXHe# cTpoKe coobmiaercss, uro W = 172; cAepOBaTEABHO,
Hamra popMyAa AAS CPEAHEH CYMME! BHIMTDHIIIA 33 OAHY MI'PY CBO-
AuTcs K (6-172 — 1000)/1000 pAoarapaM, UTO cOCTaBASIET 3.2 IIEHTa.

Tax rpe, Bbl cKa3a- Mo>KHO pacCYMTHIBATE CTaTh Horade mpuMepHo Ha 3.20 Aoanapa, cae-
AH, HAXOAHTCA 3TO AaB 100 crasok mo 1 poarapy. (Ecam, KOHEYHO, BAAAECABIH Ka3HHO He
Ka3HHo? CAEAQIOT TaK, YTO HOMepa HYAYT BEITaAATh C PABHOM BEPOSTHOCTLHIO,

HO HEKOTOPhIe — PaBHee APYI'HX.)

3apada 0 Ka3sMHO, KOTOPYIO MEl TOABKO YTO PELINAY, IPEACTABAS-
eT coboil IpUyKpalleHHyIo BEPCHIO HoAee IIPO3awdecKOro BOIIPOCA:
,,CKOABKO 1eAnrx uuceAa N Ipx | < n < 1000 yAOBAETBOPSIIOT COOTHO-
mermo |¢/n) \ n? C MaTeMaTIIecKoit TOYKU 3PEHMS 9T ABa BOIIPO-
Ca OAMHAKOBH. Ho MHOrAa HEMAOXO IIPUYKPacHTh 3apady: ME obora-
II1aeM CBOit CAOBaph (,BEIATPHINIHEIMY HOMEPAMK' U , [IPOUTDHILTHEIMUI
HOMepaM®"), YTO IOMOraeT HaM pa3o6paThbcs B CYILECTBE AeAa.

ITonpobyeM o60bmmTe 3apavy. [IpeanoroxuM, gro 1000 3ameHs-
ercst Ha 1000000 uam Ha eme Goabmiee uucao N. (Mur pomyckaem,
YTO ¥ BAAAEABLIEB KasWHO €CTh CBSI3M M OHE MOTYT AOCTaTh KOAe-
co moboasbmre.) HackoABKO TOrAa YBEAWYNTCS YMCAO BHIAIDHIIIHBIX
HOMEpOB?



98 INEAOYUNCAEHHBIE ®YHKIINN

AAsT oTBeTa Ha 3TOT BOIIPOC AOCTATOYHO TEX K€ CaMHIX PacCy-
>KAEHUN, HO HeobX0AMMO oCTOpOrXKHee obpalaTbcsa ¢ caMbIM H0ABIIIM
3HayeHVeM k, KoTopoe AAS yAobcTBa obo3HaumM yepes K:

K = |VN].

(Pambie K pasasnrocsk 10.) Aast mporssoabHoro N obimee 9uCAO BHI-
WIPHIIIHEIX HOMEPOB CTaHOBUTCSI PaBHBIM

W= ) (Bk+4)+) [K¥<Kmg<N]

1<k<K m

= L7 +3K+D)(K=1)+ ) [me (K2 N/K]
=3K2+3K-4+) [melK2 N/K]].

Ham msBecTHO, uTo ocTaBmasics cymma ectb |[N/K| — [K2] +1 =
[N/K] — K2 + 1; crepoBaTeabHO, bopmyaa

W= |N/K|+IK2+3K-3, K= |VN] (3.13)

AaeT obuimit oTBEeT AASI KoAeca ¢ N rHe3paMu.

IlepBEIe ABa uAeHa 3TOH HOPMYABI IPHOAMKeHHO paBHE N2/3 4
FN2/3 = 3N?/3, a npu 6oapmom N ocTaAbHEIe AEHBI IO CPABHEHNIO
C HUMM MHOTO MeHbINe. B rA.9 MBI y3HaeM, KaK HOAyYaTh BhIpajKe-
HYIST, IOAOGHEIE BEIPA)KEHUIO

_ 3n\2 1

W = 3N¥3 4+ O(N'/3),
rae O(N'/3) osmavaer BeAmuMHY, KOTOpPasI He IPEBOCXOAUT KOHCTAH-
THI, yMHOKeHHo# Ha N'/3, Kaxoif 651 Hu 651Aa KOHCTaHTa — OHA He 3a-
BucuT oT N, TaK 4To npu 6oabmoM N BKAap O-uaeHa B Beanuury W
6yAeT BechMa HesHaUMTeABHBIM IO cpaBHeHmIo ¢ 3N%/3, Tax, caeay-
fomast TabAMIla OKa3hIBaeT, HACKOABKO 6AmMsKM 3HaweHmss 3N?/3 x
BeawauHe W:

N 3IN2/3 W % morpemsocTn
1000 150.0 172 12.791
10000 696.2 746 6.670
100000 32317 3343 3.331
1000000 15000.0 15247 1.620
10000 000 69623.8 70158 0.761
100 000 000 323165.2 324322 0.357
1000000000 1500000.0 1502496 0.166

Brnoane npuanyHOe IpUOAMIKEHNE.
IpubamKenHble HOPMYAEI HOAE3HEI OCTOABKY, IIOCKOABKY OHH
npome, 9eM GOPMYAH C IOoAaMU X moToaKaMu. OAHAKO 3a9acTyio



... He pobaBAss
O06ILHOCTH . . .

~ECAH X €ecTb He-
KoTOpoe HppauH-
OHaAbHOE YHCAO,
MeHblllee eAUHHLBI,
TO MOXXHO B3ATh
OAMH U3 ABYX DSIAOB
BEAMYMH M/X,
m/(1 — x), rae
m — IjeAoe YHCAO;
Ka)XA0€ YHCAO,
NpHHAAAEXKalLee K
TOMY UAHM HHOMY
PAAY, H TOABKO
OHO OAHO, byaer
3aKAIOYEHO MEXAY
AfoBBIMU ABYMSA
33AaHHbIMH TI0-
CAAOBaTEABHBIMU
LEABIMH YHUCAAMUY
— Paneit [287]

ITpaBuAbHO — nIpH
BO3pacTaHUM T

Ha 1 AoAKeH Bo3pa-
CTaTh TOABKO OAMH
H3 3THX CYETYHUKOB.
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Ba’XHa ,,a0COAIOTHAST TOYHOCTH'; 0OCOBEHHO IPM MaABIX 3Ha4YeHHMIX N,
C KOTOPHIMI OOGBIYHO MMEIOT AE€AO Ha IpakTuke. CKa’XeM, BAGAEAEL]
Ka3MHO MOXKET OIMMOOYHO ImpeAnoAararh, 4To npu N = 1000 uMeeTcs
AMIIB %Nz/ 3 = 150 BHIMTPHINIHBIX HOMEPOB (B TAKOM CAyYae AOXOA
KasWMHO cocTaBuA 651 10 11eHTOB).

U B 3aBepureHie aroro paspenra obpaTMMcS K TaK Ha3EIBAEMBIM
cekTpaM. Cnexmp HEKOTOPOTO BEIECTBEHHOI'O YMCAA (X OIMPEAEAS-
€Tcsl KaK 6eCKOHEYHOE MYABTHMHOXKECTBO LIEABIX YUCEA:

Spec(a) = {|«], [2«], [3x], ...}.

(MyABTHMHOXXECTBO — 3TO TO JKe CaMoe, YTO ¥ MHOXXECTBO, HO B HEM
MOTYT COAEPIKAThCS IOBTOPSIIOLIMECS AeMeHTH. ) K mpuMepy, ciierTp
umcaa 1/2 Haumnaerca rax: {0,1,1,2,2,3,3,...}.

Jerko IIOKa3aTh, 4YTO HET ABYX OAMHAKOBHIX CIIEKTPOB — T.e€.
« # (3 Baeder 3a coboit Spec(a) # Spec(B). AeficTBUTEABHO, eCAM
TIPEATIOAOKUTD, He YMaAAsA OBIIHOCTH, UTO & < [3, To HaAETCsS He-
KOTOPOE IIOACIKUATEABHOE LIEAOE YHCAO T, TaKoe, ¥yTo m(p — o) > 1.
(Ha camom Aene, aroboe m > [1/(B — «)] 6yAeT TaKOBEIM, HO MEI He
BHAVM HEODXOAMMOCTH Ka’XAHIH pa3s 6paBUpOBaTh CBOMME MO3HAHU-
sIMA B 06AACTH IIOAOB M IOTOAKOB.) CaepoBaTeABHO, mP — mo > 1
# [mB| > |ma|. Tarum obpasom, Spec(f) copepXUT MeHee deM M
3AeMeHTOB < |moa, Toraa kak Spec(x) cCOAEpXHT IO MeHbIIEH Me-
pe m.

CrerTpEI 06132 af0T MHOTMMHY 3aMedaTe AbHEIMY CBocTBaMu. Pac-
CMOTPMM, HallpUMep, ABa MYAbTHMHOXKECTBA

Spec(v2)=(1,2,4,5,7,8,9,11,12,14,15,16,18,19,21,22,24, ...},
Spec(2+v2)={3,6,10,13,17,20,23,27,30,34,37,40,44,47,51,...}.

DaemenTsr Spec(v/2) Aerko BEIMMCASIOTCS Ha KaABKYASITODE, a CO-
raacHo (3.6) n-it saement Spec(2 + v/2) poBHO Ha 2n 6oAbIIe N-ro

anemenTa Spec(v/2 ). BoAee BHMMaTeABHOE PAaCCMOTpEHMe TIOKa3HIBa-
€T, YTO ABa 3THMX CIIEKTPa CBSI3aHEI ADYTI' C ADPYroM ropaspo 6oaee
YAMBUTEABHEIM 06pa3oM: IIOAyYaeTcs Tak, 4TO Aoboe YMcAo, OTCYT-
CTBYIOIllee B OAHOM CIIEKTpPe, IIPUCYTCTBYET B APYI'OM, HO HUKaKOe
YHCAO He COAEPKUTCSI OAHOBpeMeHHo B oboux! U sTo AeiicTBuTEABHO
TaK — BCe LIEABIE€ IIOAOXKUTEABHEIE YHUCAA IIPEACTABASIOT co60if 06b-
eAMHEHMe HellepeCeKaoLMXCsT MHOXKECTB Spec( v2) u Spec(2 +v2).
T'oBOpPAT, 9YTO 3TH CIIEKTPH 06pasyioT pasbuerue BCEX IEABIX IOAO-
SKUTEABHEIX YUCEA.

AAsT AOKa3saTeAbCTBa 3TOro ¢aKTa IIOACUMTAEM, CKOABKO B MHO-
xecrse Spec(v/2 ) 3AeMeHTOB < N ¥ CKOABKO 9AEMEHTOB < T B MHO-

wectBe Spec(2 +1/2). EcAn npu KaXAoM N ¥X 0bIiee THCAO cocTa-
BHT N, TO 3TU ABa CIIEKTPa AeHcTBUTeABHO 0bpa3yoT pa3bueHme Bcex
LIEABIX YHCEA.

99
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IIycTe & MOAOKHMTEABHO. UMCAO 3A€MeHTOB B Spec(a), KOTophie

< T, pasHo
N(a,n) = Y [lkaf<n] = ) [[ka] <n+1]
= kio[koc<n+l] =k>£[0<k<(n+l)/°¢]
= F(>1i+])/oc'| ~1. ‘ (3.14)

ITOT BHIBOA KHTEpPECEH ABYMsI MOMeHTaMW. Bo-mepBrix, 3Aech Hc-
TIOAB3YETCsI IIPAaBUAOC

m<n & m<n+l, ™ ¥ N — IeARe, (3-15)

AAS 3aMeHH ‘<’ Ha ‘<’ ¢ TeM, 9TOGEl B COOTBETCTBMM C (3.7) MOXKHO
6n1A0 ybpaTh cKO6KM mora. Bo-BTOpeIx —u 3T0 60oAee TOHKMIA Mo-
MEHT — CYMMMpOBaHMe OPOBOAMTCS Io k > 0, a He mo k > 1, Tak
Kak BeamamHa (n + 1)/« Moraa 6m okasaTbcsi MeHbleit | mpm He-
KOTOPHEIX N ¥ &. EcAM 6Bl ME TIOIBITAAMCH IPUMEHUTH (3.12) AAS
OIpeAEeAEHMST KOAMYECTBA LIEABIX YMCeA B mHTepBare [1, (n + 1)/«)
B OTAWYME OT OIPEAEAEHHMS KOAWIECTBA LIEAHX YHCEA B MHTEpBaAe
(0, (m + 1)/a), To moAyIEAM 6B IIPAaBMABLHEIA OTBET, OAHAKO HaIll
BBHIBOA, OEIA 6B HEIPAaBHABHBIM, IIOCKOABKY He 6BIAM 6B COBAOAEHBI
YCAOBHSA €r0 IPUMEHUMOCTH.

B AroboM cayyae y Hac ecTb popMyaa AAst N(o, n). Teneps MoxxHO
[IpOBEPHTH, O06pasylOT MAM HeT MHOXecTBa Spec(v2) n
Spec(2+ /2 ) pa3buenne Bcex IEARX TIOAOKATEABHBIX THUCEA, IPOBE-

DHB, BHIIIOAHSIETCST MAHK HeT paBeHcTBo N(v2,n) +N(2++v2,n)=n
IIPH AFO60M IIEAOM N > 0, HCIOAB3YS AAS 3TOTO (3.14):

- 2]

= [n;z]J+[2n++\/]2.J =n, CorAacHo (3.2),
n+1 n+1 n+1 n+1
— + - =n,
= -l e

coraacHo (3.8).

Bce ynpomaercss 6Aaroaapst H3SIMHOMY PaBEHCTBY
1 + 1 1
V2 2+v2

TaK YTO Hallleé YyCAOBHME CBOAMTCSI K IIPOBEPKE, ITIPABMABHO MAM HET,
4qTo

SRR
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npu AoboM n > 0. A 3TO IPaBUABHO, IOTOMY YTO 3TO APOOHBIE YacTH
HEI[EARIX YHCEA, KOTOPHIE B CYMMe AIOT IleA0e YcAO0 N+ 1. AelicTBH-
TeABHO, pasbuenne.

3.3 IIOA /IIOTOANAOK:
PEKYPPEHTHOCTHI

IToAn! 1 TOTOAKY O6€ECIIEUMBAIOT INPOK ML IIPOCTOP AAS M3y Ue-
HHUSI PeKYPPEHTHBIX COOTHOIIEHMH. AAST Hadana pacCMOTPHM pPEKYp-
PEHTHOCTB

Ko =1, 6)

Kney1 =1+ min(ZKln/2J3K[n/3J) npun > 0. (3'1
Taxk, manpumep, K; ects 1 + min(2K,,3Ky) = 3, a cama mocaepoBa-
TEABHOCTb HauMHaeTcsa ¢ uucer 1, 3,3,4,7,7,7,9,9,10,13, ....
OAMH U3 aBTOPOB 3TOM KHUTY C IPUCYLIEH eMy CKPOMHOCTBIO PEILMA
Ha3BaTh UX yucaramm KuyTa.

B ymp.25 mpeaiaraercs IOATBEDAMTH MAK ONPOBEPTHYTH, 4TO
Kn = n mpm aboM n > 0. HecKoABKO TOABKO YTO IEPEYMCAEH-
HBIX IepBHX K-4Mcea AEHCTBHTEABHO JAOBAETBOPSIIOT 3TOMY Hepa-
BEHCTBY, TaK 4YTO MMeeTcsd HEKOTOpPOe OCHOBAHME CYMTaTh, YTO OHO
CIpaBepAAMBO X B obmeM caydae. [lompobyeM AoKasaTh ero o WH-
Aykumu. Basa MHAyKuuE npu n = O BHITEKAeT HEMOCPEACTBEHHO U3
OIlpeAeAeHNsT PEKYPPEHTHOCTH. AAST WHAYKTHBHOTO IIEPEXOAA IIPEA-
TIOAOXKUM, YTO AQHHOE HEPABE€HCTBO BHIITOAHSIETCS BIIAOTH A0 HEKOTO-
poro GbUKCUPOBaHHOI'O HEOTPUIIATEABHOT'0 N, ¥ IOIPobyeM IIO0Ka3aTh,
4To Ky41 = n+ 1. [lo onpepeAeHM0 peKYPPEHTHOCTH HaM W3BECTHO,
10 Kn11 = 1+min(2K|,, 2),3K|n/3) ), @ [0 MHAYKTHBHOMY IIPEATIOAO-
wenuto — 4o 2K /25 2 2|{n/2| un 3K 3; = 3[n/3]. Oanmaxo 2|n/2]
MoXXeT 6BITH paBHEIM caMoe MeHbIIee N — 1, a 3[n/3| Moxer 6T
PaBHEIM caMoe MeHbItee N — 2. Camoe 60AbIIIee, YTO MOXXHO H3BAEYD
M3 HAlller0 MHAYKTUBHOTO MIPEATIOAOXKEHHS, 3T0 Kny1 = 1+ (n —2),
YTO SIBHO He AOTATMBAET A0 HepaBeHcTBa K, 41 = n + 1.

Teneps y Hac IOSBUAOCH OCHOBAHME YCOMHHUTBCS B CIIPaBEAAH-
BOCTH HepaBeHCTBa K, > T, I03TOMYy IONBITaeMCs €ro OOpPOBEPT-
HyTh. ECAM MBI CyMeeM Ha#TH N, Takoe, 9YTo Anbo 2K|n/2) <M, anbo
3K|n/3] < M,— APYTHME CAOBaMH, TaKOe, UITO

Kl_n/ZJ < n/2 AN K[n/3j < n/3,

70 moayumuM Ky 11 < n+1. BosMoxxHo Az Takoe? Ho 3pecs HaM Aydrie
BO3AEPKATHCS OT OTBETA, YTOOB He MCIIOPTUTH yup. 25.
PeryppeHTHEIE COOTHONIEHNS, BKAIOYAIOIINE B cebs TIOAB ¥/HAAK
TIOTOAKH, YaCTO BO3HUKAIOT B 3aAa4axX WHPOPMATHKHY, IIOCKOABKY aA-
TOPUTMBbI, OCHOBaHHbIe Ha Ba)KHOM IIPUHIINIIE , PA3AEASTH X BAACTBYIH':
3a4acTyI0 CBOAST 3aAady pasMepa M K PEIIeHUIO TeX JKe 33aAa4 MeHb-
LIIMX Pa3sMepPOB, SBASIOIMXCS IEAOYUCAEHHEIME AoAsiMu N. Hampm-
Mep, OAMH U3 CItocob60B COPTHPOBKM T 3amMced mpu n > | cocTouT
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B TOM, YTOBHl pasA€AMTb MX Ha ABe IIPMMEPHO DaBHBEIE YaCTH: OA-
Hy — pasMepa [n/2], a Apyryio — pasMepa [n/2|. (Kcratu, o6parure
BHUMAaHWE, YTO

n = [n/2] + |n/2]; (3-17)
3Ta POpPMyAa OKA3EIBAETCST KCTATU AOBOABHO 4acTo.) [Tocae Toro kak
KaXXAast 9acTh OTCOPTHPOBAaHA OTAEABHO (TEM K€ CaMBEIM METOAOM,
TIPUMEHSIEMEIM PEKYPCHBHO), MOKHO O6bEAMHUTH 3alMcH B Tpeby-
€MOM IIOPSIAKE, BHIIIOAHUB caMoe HoAbluee N — |1 AOIIOAHUTEABHEIX
cpaBHeHmit. TakuM 06pasoM, obIiee YUCAO BHIIOAHEHHKIX CpaBHEHMIL
He mpeswimaer f(n), rae

f(1) =0, (3.18)
f(n) = f([n/2]) + f([n/2)) +n—1 mpun>1. 3

Pemrenue 3T0if peKyppPEHTHOCTH MPUBOAUTCS B yIIp. 34.
B 3apaue Uocuda u3 ra. 1 burypupyer cxopHas peKyppeHTHOCTD,
KOTOPOM MO>XHO IIPMAATH CAEAYIOMINH BUA:

Jn) = 2J)(In/2]) - (=1)"  mpmn>1.

Temeps MBI pacmoaaraeM y>xe 6GABIINM YNCAOM IIPUEMOB II0 CPaB-
HEHHIO C TeM, YTO MMEAM B I'A. 1, mo3ToMy paccMoTpuM 6oaee pAocTo-
BepHYIo 3apady Mocuda, B KOTOPOR YHNYTOKAETCS KaXKABIA TPETHiA,
a He KaXXAH BTopoil. Ecau AAast pemnenus aToit 6oaee cAoKHOIM 3a-
AAQ4M BOCIIOAB30BAThCSI TEMU )K€ METOAAMM, KOTOPEIe CpabaTHIBaAH B
ra. 1, TO AeA0 3aKOHYUTCS PEKYPPEHTHOCTHIO BUAA

Js(n) = [%Ia([%nj) +Cln] modn+1,

rae ‘mod’ — 3To PyHKIMS, KOTOPOL MEI BCKOpE 3aiiMeMcs, ¥ a,, = —2,
+1 mam —5 coorBercTBenHo mpu nmod 3 = 0, 1 uax 2. Ho k aroit
PEKYPPEHTHOCTH CTPAIIHO AAXKe IOACTYIIMTECS.

CymiectByer Apyroit mopxoa k 3apade Wocuda, xoTopsiit mpuso-
AUT K 6oaee baaronpusaTHoit cuTyarmu. Beskui pas, Koraa opAMH U3
Afopelf OCcTaeTcs HETPOHYTHIM, €My MOXXHO IIPUCBOXTDL HOBHIY HOME.
TakuM obpasoM, 1-if u 2-if yenoBek craHOBATCA N+ 1-M u N + 2-M,
a 3-it mopBepraeTcs KasHd; 4-ii ¥ 5- 4eAOBeK CTAHOBATCA M + 3-M
¥ N + 4-M, a 6-if HopBepraeTcs KasHy, ... ; 3k + 1-it u 3k + 2-it gyeno-
BeK cTaHOBATCA N+ 2k + 1-M u n + 2k + 2-M, a 3k + 3-i moapBepraercs
Ka3sHHU I TaK AaAee A0 TeX IIOp, MoKa 3n-i 4eAOBEK He IIOABEPTHETCS
KasHHU (MAM He OCTaHETCS B JKMBHIX). BOT IpuMep IepeHyMepamuu

opu n = 10:
1 2 3 4 5 6 7 8§ 9 10
1 12 13 14 15 16 17
18 19 20 21 22
23 24 25
26 27
28
29

30
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Kasauuerit k-M 4eAOBEK IIPEKPAILIAET CYLIeCTBOBAHUE BMeCTe CO CBO-
uM HoMepoM 3k. Takum o6pa3oM, MBI MOKEM OTTaAaTh, KTO OCTAaHETCS
B JKUBHIX, ECAH CMOXXEM OTI'aAaTh IepBOHAYaABHEIA HOMED YeAOBEKa,
TIOAYYWBILIETO HOMep 3n.

Ecan N > n, To )xeprBa c HoMepoM N AOAKHA GElAa MMETh He-
KU TPeARIAYIIMA HOMep, KOTOPHIA MOXKHO YCTaHOBUTDH CAEAYIOLIMM
obpasoM: mockoABKY N =n+2k+1Tuau N =n+2k+2, 10 k =
L(N—=n—1)/2|. Ho npeabiaymuit HoMep 6bIA cooTBeTCTBEHHO 3K + 1
uau 3k+2. Do sHayuT, uTo oH 661A paseH 3k+(N—n—2k) = k+N—n.
CAepoBaTeAbHO, HOMED J3 (1) OCTaBIIIErocs: B JKUBBIX MOXKET OBITH BEI-
YHCAEH CAeAyiommM obpasoM:

N := 3n;
moka N >n BBIIOAHATH N = [N_:itlJ +N-—n;
Js(n) := N.

3To He SBASETCS BEHIpPa’XEHMEM AAS J3(N) B 3aMKHYTO# dopMe — 3TO
Aake He peKyppeHTHocTb. Ho, mo Kpaitreit Mepe mpu GoaburoM n,
JHor 7y caoy, 3TO ITO3BOASIET BHIYUCAMTH OTBET AOCTATOYHO BEICTpO.
HoT Ty cpacr” K cuacTbio, uMeeTcs BO3MOXXHOCTH YIIPOCTHTH 3TOT aAl'ODUTM,
—A.ApMCTPOHr  Bocmoab30BaBIIMCH epeMerHO#A D = 3n+1—N suecro N. (Takas 3a-
MeHa ITepeMeHHEIX COOTBETCTBYET IIPUCBOEHUIO HOMEPOB, YMEHbBIIA0-
mmxcs oT 3n Ao 1, BMeCTo HOMEpOB, yBeAUUMBaromwuxcst or 1 Ao 3n,—
mroA06HO o6paTHOMY oTcueTy BpeMeHu.) Toraa yCAOXKHEHHOE IIPABUAO
TIPUCBOEHUS 3HaYeHMIt TepeMeHHOX N CTaHOBUTCS TaKUM:

Di=3n+1— ([(3"+]”?)_"_]J +(3n+l—D)—n)

=n+D_[2n2—DJ =D_l?J =D+[—122] = [3D],

¥ IPeABIAYIIVIA aATOPUTM MOJKHO IIEPENMCATh CAEAYIOIMM obpasoM:

D:=1;

nmoka D < 2n semoamsars D :=[3D];

Js(n) ==3n+1-D.
Ara! 3To BHIIASIAUT ropasp0 NpUBAEKAaTEAbHEE, IIOCKOABKY N OYeHb
IIPOCTO BXOAMT B BEIUMCAeHUs. PaKTHIECKN, PACCYXAasT aHAAOTHY-
HO, MOXXHO IIOKa3aTh, YTO €CAW YHHUTOXKAETCS KaXKAHIK -i geno-
BEK, TO HOMED yLEAEBIIErO 4 (N) MOXKeT GEITH BHIYMCAEH CAEAYIOLIM
obpazom:

D:=1;

moxa D < (q—1)n BuommoamsaTs D := [a—“;TD] ; (3.19)

Jgm) :==qn+1-D.
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B caygae q = 2, xo-roll.)mﬁ HaM CTOAb XOpOIIO 3HAaKOM, IepeMEHHast
D sBospacraer a0 2™ mpu n = 2™ + 1; caepoBareArHoO, J2(n) =
2(2™ +1) +1 =2+ =21 + 1. lopmrcs.

B (3.19) peaamsoBaH Croco6 BEIYMCAEHHS IOCAEAOBATEABHOCTH
IEARIX JHCEA, KOTOPas MOXKET OHITH OlpeAeAeHa PEKYPPEHTHO KaK

DY =1,

(a) _ q (a)

D4 = [q_ D] mpz n > 0.
STH YMCAa, IO-BEUANMOMY, He CBA3aHEl KaKMM-HHGYADL IPOCTEIM CIIO-
co6oM ¢ KaKUMU-HEGYAD H3BECTHBIMY (DYHKIHMSIMY, 33 MCKAIOUEHHEM
CAy4as q = 2; CA€AOBaTEABHO, MM BPSIA AW MOXXHO IIPMAAThH IIpH-
BAEKaTEAbHHBIH 3aMKHYTHIL BEA. Ho eCAM MBI COrAacHMMCS NTPUHSTDH

IIOCAEAOBaTEABHOCTD D,(f) 3a ,M3BecTHYIO To 3apada Wocuda pomyc- |, M3BecTHymo" Kak,

CKaXKeM, rapMo-
HHYeCKHe YHCAA.
rae k — HauMeHbIIIee BOSMOXXHOE YMCAO, TaKO€, 4TO Dl(cq) >(q—1)n. 3. .M. OprsixKo 1
I'. C. Buabgh nokasa-
AH [231], 4TO

3.4 ‘MOD’: BUHAPHAJ OIIEPAIIN A DY =|(3)cy,

EcAax m N —IleABle IIOAOKHUTEABHEIE YUCAQ, TO YacTHOe oT TA€
AeAeHUS M Ha m paBHo [n/m|. IToaesHo of3aBecTuck AocTarowHo C = 1.622270503.
NIPOCTHIM 0603HaYEHWEM X AASL OCTATKa OT 3TOro AeAeHHs — obo3Ha-
M ero depes ‘n mod m'. OcHoBHast popMyAaa

(3-20)

KaeT IIPOCTOe OTMCaHKe: HOMeD yIjeAeBIuero J4(n) paser qn+1 —D‘((q),

n=m[n/m| + nmodm

JacTHOe OCTaTOK

I03BOASIET BHIpasuTh N mod m B BEAe N — m|n/m|. Sto MoxHO
PacIpoCTPaHUTh Ha IleAble OTPHIIATEAbHEIE YUCAA, & DAKTUIECKE —
Ha IPOU3BOABHBIE BellleCTBEHHEBIE YHMCAA:

xmody = x — y|[x/y] apry # 0. (3.21)

Tem camuiM ‘mod’ oKasHBaeTcsi 6MHAPHOMK onepanyef TOYHO TaK XKe,
KaK SBASIOTCsI 6MHApHBEIMU OIlEpaIliy CAOKEHWS ¥ BHYMTAaHUSA. He-
dopMarbHO MaTEMATHKHU W3AABHA MCIIOAB30BAAM NMOHSATHE mod, BE-  OTKyAa B37A0Ch
YHCASIS pasHEE BEAMYMHEI II0 MOAYA 10, IO MOAYAIO 27T ¥ T.11., HO  HasBaHue ‘mod’:
OHO yTBEPAMAOCH AMIIb B TOCAEAHME ABaAIlaTh AeT hopMaAbHo. [To-  OMHapHas omepa-
HSTHE — CTapoe, 0603HaYeHMe — HOBOE. uns? Bl ysHaere
Koraa X ¥ | — BellleCTBEHHEIE IIOAOKATEABHEIE WHCAA, CMBEICA 10 B C“AV"""C”’,
x mod Y MOXHO A€rKO YAOBHTH MHTYUTHBHO. BoobpasmuM cebs 6ery- Boarylole, raase!
UMY II0 KPYI'y C AAMHOM OKPY>XHOCTH |, TOYKaM KOTOPO# IIpUIIH-
CaHHl BeLIeCTBEHHEIE YMCAA M3 wHTepBaAa [0, y). Ecam, B3gB crapT
B Touke 0, mpobe>xaTh HEKOTOPOE PacCTOSTHUE X II0 OKPYKHOCTH, MBIl
ocTaHoBUMCs B Touke X mod y. (A moka Mu1 beraeM, Touka 0 BcTpe-
THTCA HaM |x/y] pas.)
Koraa Xe X MAM |y OTpHMIlaTEABHBI, Hy’)KHO BHIMAaTeABHO BHHK-
HYTb B OIPEACAEHME, C TeM YTOOH TOYHO BHISCHMTH, YTO B 3TOM
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A YTO eCAH Ha-
3BaTh 3T0 YHCAO
MoTopoM?
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cAy4ae osHavaeT x mody. BoT HeKOTOpHIe IIPMMEDPHI C IEABIMH X
ay:
5mod 3 = 5-3[5/3] =2,
5mod —3 =5—(-3)[5/(-3)]
—5mod 3 = -5-3|—-5/3]
—5mod -3 = -5 —(-3)|-5/(-3)] =

Yncao nocae ‘mod’ HaswIBaeTca Mmodyaem, HO HEKTO IIOKAa elle He
OpUAYMaA, KaK Ha3BaTh YMCAO Ilepep ‘mod’. B IpHAOKEHMSAX Mo-
AYAD OBBIYHO IIOAOJKUTEAEH, HO AAHHOE BHIIIE OIIPEAEAEHHME COXPaHSs-
€T CMBICA M KOTAA MOAYADB OTpHIlaTeAeH. B oboux caydasix BeAM4nHA
x mod Y AEKHUT MEXAY HYAEM X MOAYAEM:

o
o~
!\) ~ :—A

npr y > 0,
npz y < 0.
A rak Hacuer y = 07 OmnpeaeneHnue (3.21) 0OCTaBASIET 3TOT BOIIPOC OT-

KPBITHIM, C TEM 4TO6HI M36€XKaTh AEACHNS Ha HYyAb, HO AASI IIOAHOTH
MOJXHO IIOAOXHUTH

0<xmody <y
0>=2xmody >y

(3.22)

Tlopo6HOE coraamreHme coXpaHsieT CBOMCTBO X mod Yy BCerAa OTAH-
YaThCs OT X Ha BEAWUMHY, KpaTHyIo Yy. (Moxer mokasarbcs 6oaee
€CTECTBEHHHIM CA€AaTb 3Ty (DYHKUMIO HenpephlBHOX B O, moaaras
xmod 0 = limy,gx mody = 0. OpHaKo B I'A.4 YBHAMM, 9TO 3TO
cAerano 661 ee MeHee roAe3HOHA. HenpepsIBHOCTE — He caMasi BaKHast
cTopoHa onepanuu mod.)

M=Hl yXe CTaAKMBAAMCh C OAHMM 3aMaCKEPOBAHHEIM YaCTHBIM
CAy4aeM ornepanyy mod, KOrAa 3allMCEIBAAM YHMCAO X B BHAE CYMMBI
€ero meAoi u ApobHoi wacreit: x = |x| + {x}. Apo6Has gyacTb MOXeT
6BITH 3amMcaHa TakKXXe Kak X mod 1, moTroMy 4o

xmod 0 = x.

x = |x] + xmod 1.

O6paTuTe BEMMaHKe, 9TO B 3TOi HOpMyAe KPYTABle CKOOKH He HYX-
HBEI: CUMTAETCs, YTo 3HaK mod CBA3BIBAET OIEPAHABI CHAbHEE, YeM
3HAK¥ CAOJKEHUS UAY BHIYUTAHUS.

ITpm onpepeneHny onepalyy mod UCIIOAB30BaAaCh (DYHKITUA [IOA,
B TO BpeMs KaK PYHKIUS IIOTOAOK He JAOCTOMAACh PAaBHOI'O BHEMa-
HUS. BEITH MOKeT, CTOMAO 6Bl BOCIIOAB30BaThCA HYHKIHEH IIOTOAOK
AASL OIIpEAEAEHNS aHaAora ollepalyy mod THua orepauu

x mumbley = y[x/y] —x;

(mumble — HeuTo HeBpasyMuTeAbHoe.— Ped.). B cAydae Haule# aHa-
AOTHH C KPYTOM 3TO COOTBETCTBYET PACCTOSHUIO, KOTOPOE HYKHO AO-
6e>xaTh GEryHy, IIPEOAOAEBIIEMY PACCTOSTHUE X, YTOOHI IIOMTAacTh B MC-
xopHyo Touky 0. KoneuHo e, HeobXoAMMO 60A€e ITIOAXOASIIIEE Ha3Ba-
HMe, HeXXeAX ‘mumble’. Ho Hamaoch 651 TOAXOASIIEE IIPUAOKEHHE —
HaBEPHSAKA HaMAETCI X COOTBETCTBYIOLIEE HAa3BaHUE.
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CaMEIM BaXXHEIM aArebpandecKuM CBOMCTBOM oneparmy mod sB-
ASIETCS PacIPEAEANTEABHBIN 3aKOH:

c(x mod y) = (cx) mod (cy) (3-23)

Ip¥ AIO6BIX BellecTBeHHEIX C, X B Y. (Te, KTo ImpeAmounTaeT, 9TO6H!
3HaK mod CBSI3BIBaA OIEpPAHARI cAabee, YeM 3HAK YMHOXKEHUS, MOTYT
¥ 3AeCh y6paTh KPYTAble CKOOKM B IIPaBoii 9acTH.) DTOT 3aKOH AET'KO
IIOAYYaeTCsI U3 OIpeAeAeHus (3.21), TaK KakK

c(x mod y) = c(x —y|x/y]) = cx —cy|cx/cy] = cx mod cy,

ecam cy # O (cAydam ¢ HyAEBHIME MOAYASIMM TPMBHAABHEI). YeThl-
pe TPeABAYIIX mpuMepa ¢ £5 1 +3 ABa>XKAB MAAIOCTPUPYIOT 3TOT
3akoH Ipu ¢ = —1. ToxxaecTBo Trma (3.23) ACHCTBYET yCIIOKaMBalo-
e, 160 OHO NMO3BOASIET HAAESITHCS, YTO onepanusa ‘mod’ ompepeAeHa
HapAeXXaumM obpasoM.

B ocTaBmIeiicss wacTy 3TOro pa3speAa PacCMOTPHMM OAHO IIPUAOXKe- B ocraTke, a?
HMe omeparnuy ‘mod’, B KOTOPOM OHa OKa3hIBAaeTcs BeCbMa ITOAE3HOMH,
XOTsI M He UTPAeT LIeHTpaAbHOM poar. PaccMaTpmBaeMas 3apava da-
CTO BO3HMKAET B T€X MHOI'OYNCAEHHBIX CUTyalMdX, KOTAA HaAO pas-
AOKUTH M ITPEAMETOB Ha M TPYNI KaK MOKHO 60Aee PaBHOMEDHO.

ITpeATIOAORMM, HAlpUMEpP, YTO MBI PAaclOAaraeM N KOPOTKAMM
cTpokaMm TekcTa line 1, line 2 ..., KoToprte X0TeAOCh 6B pa3sMeCTHTH
B M KOAOHKaX. ITo acTeTdecKmM coobpa>keHMSIM KEAATEABHO, ITO-
6B 110 BHICOTE 3T KOAOHKY PACIIOAATaAVCh B yORIBaroleM IIOpsIAKe
(dbarTHueckm — B HEBO3pACTAIOLIEM IIOPSIAKE), IPUIEM BEICOTA KOAO-
HOK AOAXXHA OBITH IIPMMEPHO OAMHAKOBOM — HMKaKMe ABe KOAOHKH
He AOAKHBI OTAMYATHCS APYT OT Apyra 6oAee 4yeM Ha OAHY CTPOKY
TekcTa. Ecam 37 cTpok TeRcTa pasbMBalOTCA Ha IISITH KOAOHOK, TO
NIPEATIOYTUTEABHO TaKOe UX Pa3sMelleHne, KaK CIIpaBa:

8 8 8 8 5 8 8 7 7 7
linel line 9 linel7 line25 line33 linel line9 linel7 line24 line31
line2 linel0 linel18 line26 line34 line2 linel0 line18 line25 line32
line3 linell linel9 line27 line35 line3 linell linel9 line26 line33
line4 linel2 line20 line28 line36 line4 linel2 line20 line27 line34
line5 line13 line21 line29 line37 line5 linel3 line21 line28 line35
line6 linel4 line22 line30 line6 linel4 line22 1line29 line36
line7 linel5 line23 line31 line7 linels 1line23 1ine30 line37

line8 linel6 line24 line32 line8 linel6

K ToMy >XKe JXeAaTeABHO PAaCIPEAEAUTH CTPOKH IT0 KOAOHKAM CAEAY-
oM obpa3oM: BHaAYaA€ PENTAETCs, CKOABKO CTPOK BOMAET B IEp-
BYIO KOAOHKY, 3aTeM MEI IIEPEXOAMM KO BTOPOii, TpeTheil M Tak Aa-
Aee —BeAb MMEHHO TAaKOB IIOPSIAOK 4TeHMS. PacrpepeAaeHMe CTpPOK
TEKCTa PsIp 3a pspoM obecrmedmao 661 Hac TpebyeMEIM IMCAOM CTPOK
B KaXKAOM KOAOHKE, OAHAKO IIOPSIAOK MX UTEHUS OKa3aAcsa OB Hapy-
meHHNM. (MBI moAyumam 651 HeuTo IMOAOGHOE pa3sMENIEHNIO CIIPaBa,
Ho B 1-ii KOAOHKe oKasaamch 6m cTpokm 1, 6, 11, ..., 36 BMecTo
cTpoK 1, 2, 3,..., 8.)

XoTs IAQH pa3sMELIeHNS PSIA-3a-PSIAOM HEIIPHEMAEM, OH IIO3BOASI-
€T BBHISICHUTDH, CKOABKO CTPOK IIOMECTHTCA B KaXKAOM KOoAOHKe. Ecam
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T He KPaTHO M, TO B IIPOIECCE PasMEIIEHNs PSIA-3a-PSIAOM BRISICHS-
eTCsl, YTO YAAMHEHHEIE KOAOHKZ AOAJKHBH BMeI[aTh [1/m], a yKopo-
YeHHBIE — |/ | CTPOK KaXkAast; B pesyabTaTe 6yAeT poBHO N mod m
YAAHEHHEIX KOAOHOK (M, KaK BBISCHSETCS, POBHO N mumble m yKo-
POYEHHBIX).

Temnepp 0606IIIM TEPMUHOAOIHMIO ¥ IIOI'OBOPHM O ‘IIpeAMeTax’ M
‘rpymmax’ BMeCTO ‘CTPOK’ M ‘KOAOHOK'. TOABKO YUTO MBI BBISICHHAH,
YTO IepBas IPyIIa AOAYKHA BMEUATh [1/M| IPeAMeTOB; CAEAOBa-
TeABHO, MOYXHO IIOIIPO6OBATE CAEAYIOLIYIO CXEMY IIOCAEAOBATEABHO-
T'0 PacIpeAEAEHUsI: AASL PACIIPEAEAEHHS Tl IPEAMETOB II0 11l PPyIIIaM
mpu m > 0 moMecTuTb [n/mM] IPeAMETOB B OAHY TDYIILY, a 3aTeM
PEKYPCUBHO IIPUMEHUTH Ty >K€ CaMYI0 IPOLEAYDPY AAS TOTO, YTOBHI
pasMmectuts n' =n — [n/m] ocraBumxcsa npeameros B m' = m — 1
NPOYMX IPYyIMIIax.

K npumepy, ecam 1 = 314 u m = 6, TO pacmpepeAeHe IPOUCXO-
AHIT II0 TaKOH CXeMe:

OCTaBIINECS OCTaBIINECS [IPEAMETOEB B
IIPEAMETH rpynmbl rpymme

314 6 53
261 5 53
208 4 52
156 3 52
104 2 52

52 1 52

CxeMa paboTaeT — MbI IOAYYa€EM I'PYIIIL IPAKTHYECKY HEM3MEHHOTO
pasMepa, HECMOTPsI Ha TO, UTO A€ANTEAD M3MEHSIETCS.

A nogemy ona paboTaeT? B 0b1ieM cAydae MOKHO IPEATIOAOKNTD,
4o n = gm+ 1, TAe q = [n/m] # v = n mod m. Ecaz r = 0, To
IIPOIeCC pa3sMeEIeHNs IPOCT: MEI IIOMeIaeM [n/m] = g IpeAMeToB
B IePBYI0 I'PYNILy X 3aMeHsieM N Ha N/ =n — ¢, ocTaBassa n' = qm'
TIPEAMETOB AASI Pa3sMeleHUs B OCTaABHBIX mM' = m — 1 rpymmax.
Ecam xe v > 0, MBI moMemnaeM [n/m] = q + 1 IpeAMeTOB B IIEpByI0
rpynny u 3aMmeHsieM nHan' =n—q—1, octaBaszs n' =qm’' +1-—1
IIPeAMETOB AASI HoCAeAYiommx rpynm. HoBrli ocraTok 1/ sameHsieTcs
Ha v’ = r— 1, Ho q ocraercs 6e3 wamenennmit. OTCiopa CAeAyeT, UTO
IIOAYYNTCS T IPYII C  + | IpeAMeTaMu, 3a KOTOPEIMH CAEAYIOT M —T
TPYIII C  IPeAMETaMH.

CKOABKO JXe IIPEAMETOB OKaXkeTcsl B k-if rpynme? AAst oTsera Ha
3TOT BOIPOC HaM Hy>XHa ¢opMyAa, Koropas 6u AaBara [n/m] npu
k < nmod m u [n/m| B nporuBHOM caydae. Herpyano y6eauTncs,
YTO TPeOYEMEIM YCAOBMSIM JAOBAETBOPSET hopMyAa

n—k+1
m 1

IIOCKOABKY OHa CBOAUTCS K d+[(r—k+1)/m], ecan, Kak u B IpeARIAY-
mem ab3arle, 3amucaTh N B BUAE L = qm+T (3aeck = [n/m]). ITo-
aydaeM, uro [(r—k+1)/m]=[k<r],ecam I <k<mu0<r<m
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CaepoBaTeABHO, MOKHO 3allMCaTh CAEAYIOIIEe TOKAECTBO, KOTOPOe
BEIpakaeT pasbueHme M Ha M KaK-MOXHO-60Aee-paBHEIX JacTei B
HEBO3PAaCTAlOIIEM TIOPSIAKE:

e [E] [ e o). 520

m m

9T0 TOXAECTBO CIIPAaBEAAMBO IIPH AOGOM IIEAOM IIOAOKUTEABHOM T
¥ IIPX AIo60M IfeAoM N (IIOAOKUTEABHOM, OTPHIIATEABHOM MAK PaB-
HOM HyAK0). ME yXe CTaAKMBaAMCh co caydaeM m = 2 B (3.17),
IIpaBAA, 3AIMCAHHOM B HECKOABKO MHOM BHAe: N = [n/2] + [n/2].
Ecam 6B MBI IOXeAaAM, YTO6B BCE YacTH pacloAaraAuch B
HeyOHIBalOI[EM IIOPSIAKE — KOTAa MEHbBIIME T'PYIIIEI IIPEALIECTBYIOT
60ABIIMM,— MOXXHO 6BIAO OBI AeHMCTBOBaTH TeM JXe criocoboM, HO C
[n/m| mpeaMeraMu B IepBoif I'pyIIe, IOAydYas COOTBETCTBYIOILIeE

TOXAECTBO:
n n+1 n+m-—1
n= I\H} + [?J +-- 4 [—n1—J . (3.25)

ToxaecrBa (3.25) # (3.24) MOoXXHO 06paIaTh OAHO B APYToe, IOAb3Y-
sicb Aubo cooTHourenueM (3.4), AM60 TOXAECTBOM ¥3 yIp. 12.

Teneps, eCAY B (3.25) 3aMEHUTD N Ha | MX| X IPUMEHWUTE IPABAAC  HekoTopsie yTBep-
( 3.11) AAST YAAAEHUSI TIOAOB BHYTPH IIOAOB, TO IIOAYYMTCS TOKAECTBO, KAAmT, YTO 3aMe-

KOTOpOE CIIPAaBEAAVBO IIPK AIOOOM BEIIECTBEHHOM X: HATb 4T0 6Bl TO
HH 6bIA0 HA MX

1 m—1 CAMILKOM orac-
[mx] = [x] + [x+ EJ +-- 4+ [x + TJ . (3-26) g (Mmerorcst B
BHAY pakersl MX.
9TO A0 HEKOTOPOH CTENeHM YAMBHUTEADLHEI! pe3yAbTaT, ubo pynrmus — [lepes.).
TIOA SIBASIETCSI IIeAOYMCAEHHOM amIIpoKCHMalmel BellecTBeHHO3HAY-
HOM BeAMYMHEI — TeM He MeHee, OTAeAbHOE IIPUOAMIKEHIE CAEBA PaB-
HSIETCSI CyMMe X IleAol KOMITaHWHM CIpaBa. EcAM cunTaTs, 9TO |X| —

370, rpybo roBops, X — % B CpeAHEM, TO AeBas YacTh, 'pybo roBops,
i

paBHa IIPUMEPHO MX — 3, B TO BpeMsl KaK IIpaBast YaCTh — 3TO IIpH-
6amsmrensHo (X — )+ (x— 3+ L)+ -+ (x— 7+ B =mx— 1.
Ho cyMMa Bcex 3THX rpybhiX IpUOAMIKEHNN OKa3HIBAETCS BEANYMHOMN
ToYHOIH!

3.5 IIOA/IIOTOAOK: CYMMHI

Vpaprenne (3.26) HarAsIAHO IOKa3bIBAET, YTO IO KpaiiHel Me-
Pe OAMH BHMA CYMM, BKAIOYAIOIINX B cebst CKOGKH | |, MOXKHO IIOAY-
YUTh B 3aMKHYyTo# dopMe. A ecTb Ay Apyrue? Ecrs. YA0BKa, KoTopas
06BIYHO cpabaThIBaeT B TAaKMX CAyYasiX, 3aKAIOYAETCS B TOM, YTOOH
u36aBUTHCS OT IIOAA MAY TIOTOAKA, BBEAS HOBYIO IIEPEMEHHYIO.
[TocMoTp¥M, K IPUMEPY, MOKHO AM IIOAYYUTEH CYMMY

2 VK

0<k<n
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B 3aMKHyTO# dpopMe. [Ipepraraercs BBecTy mepemerryo m = |vk| —
3TO MOXXHO CAEAAThb ,YMCTO MeXaHWYeCKH', AeHCTBYS TakK Ke, KaK B
3apade C PyAETKOM:

> W=} mik<n][m=|vk]

0<k<n k,m=>0

Z mk<n][m<vk<m+1]

k,m=>0

= ) mlk<n][m?<k<(m+1)?]

k,m>0

Z mm? <k<(m+1)2<n]

k,m>0

+ Z m[m?<k<n<(m+1)?].

k,m>0

W BHOBb HEKOTOpEIE 3aTPYAHEHNS C TPAHNYHEIMM YCAOBHSIMHU. Aomy-
CTHM CHadaAa, 9To N = a’ — TouHHI KBaapaT. Toraa Bropast cymMMa
obpalfaeTcst B HyAb, a IIepBasi MOKET OBITH BHIYUCAEHA IO OOBIYHOMY

TIPaBHAY:

Z m[m?<k<(m+1)2<a?]

k,m=>0

=) m(m+1?-m?)[m+1<ad]
m20

= Zm(2m+1)[m<a]
m20

= Z (2m2 4+ 3ml)[m < a]
m2>0

=5 % om2 1

Y6bisaromue crene- = Zo (2m=+3m~)dm

HH yOHpaIOT CyMMY.
=Za(a—1)(a—-2)+3a(a—=1) = }(4a+1a(a—-1).

B of1eM cAydae MOXKHO ITOAOKHUTE = |4/ |; Toraa Hy>KHO Bcero
AMIIb CAOKMTB 4AeHH mpH a’ < k < M, IpWdeM Bce OHM PaBHHI q,
TaK 4TO B CyMMe AaKT (n — a’)a. A 3To AaeT cyMMy B TpebyeMoit
3aMKHyTO# popMe:

Z VK] = na-1a®—1a?-la, a=|vn]. (3-27)

0<k<n

Apyroi moaAXop K BEIYMCAEHHUIO ITIOAOGHEIX CYyMM COCTOMT B 3aMeHe
BHIpa’XeHUS BHAQA |X| Ha }:). [1<j <x], aTo AomycTMMO Bceraa, Koraa
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> 0. BoT KaK BEITASAMT 3TOT IIOAXOA B CAyYae CYMMH | KBaAPaTHEIX
KopHeli|, eCAK AASL JAOGCTBA IPEATIOACKHUTE, YTO N = a*:

Y Wkl =Y 1<i<vklogk<al]
0<k<n ik
Z Z[i2$k<a2]

1<j<a k

= Y (a?—j") =a>—ala+}(a+1).

1<j<a

I

A BoTr Apyro#t IpuMep, B KOTOPOM 3aMeHa IIepeMeHHOM IIPUBOAUT
K npeobpasoBanHOM cymMMe. B 1909 r. HesaBMCUMO APYT OT Apyra u
IIPaKTUYECKY OAHOBPEMEHHO TP MaTeMaTuka — Boap [30], Ceprmr-
cku [269] u Beitnp [49] — o6HApyXUAM 3aMedaTeABHBIA (aKT: ecAr
YHCAO (¢ MPPAIMOHAABHO, TO IIPX N — 00 APObHEIE AoAM {no} pacipe-
AeAeHEl BecbMa paBHoMepHO MexxAy O m 1. OpHa U3 hopMyAHPOBOK
3Toro ¢akTa TakoBa:

hm — Z f {koc} J f(x) dx (3-28)

0<k<n

IpX A06OM UPPANMOHAABHOM X ¥ AI060H orpaHwdeHHOM pyHKIMH f,

KOoTopasi HeIIPEPHIBHA IIOYTH BCIOAY. B wacTHOCTH, ToAaras f(x) = x,

MOJKHO HaiiT! cpedHee 3HadeHMe {no}, KOTOPOEe OKA3EIBAETCI PABHBIM

%‘ (VIMeHHO 3TOTO M CAEAOBAAO OXKMAATH, HO Pa3Be He IIPUATHO CO-

3HABaTh, YTO 3TO CIIPABEAAMBO BHE 3aBUCHMOCTH OT TOT'O, KaKOBO Ha  BruManHe! 9To

CaMOM AeA€ UPPanUOHAABHOE TUCAO X.) AOBOABHO TPYAHBI/
Teopema Boast, Ceprurcroro u Beiiast AoKasplBaeTCst MyTeM an-  Marepuar. A

mporcuMarnyy f(x) cBepxy ¥ CHE3Y ,CTyHeHYaTRIMM yHKIuSMM; Ha9aAd AOCTaTOYHO

KOTOpHIe ABASIOTCS AMHEHHBIMUI KOMOGUHAIIASIMY IPOCTHX (pyHKIp s  OPICTPO Mpobexars
ABE CAEAYOIIIHE

fo(x) =00 < x <V CTPaHHLbl — OHH
10Ka He CTOAb
mpr 0 < v < 1. OpHaKO Halla HEAb COCTOUT He B AOKa3aTeAbcTBe CYIHCCTBEHHEL
3TO¥ TEOPEMEI — 3TO JAEA KHUT IO YMCAEHHEIM MeTopaM. Mur ke mo- Couyscrsyromuit
mpobyeM BBISICHUTH OCHOBHYIO IIPHYUHY, 10 KOTOPOM OHA CIIpaBEAAH- acCHCTEHT

Ba, PacCMOTpeB YacTHHIA caydait f(x) = f,(x). ApyruMu chroBamw, VeropaiTecs
o cyMMa
onpo6yeM BEISICHMTB, HACKOABKO BAM3KA CyMM ¢ aTor0 MecTa

> [xad<v]

0<k<n

K ,AACAABHOMY" 3HAYEHUIO NV, ECAX N BEAUKO U (X UPPAIMOHAABHO.
C 370l meAbio onmpepeAnM omxaoHerue D(x,n) KaK MaKCEMyM
mo BceM 0 < v < 1 abcoArOTHO BEAMYHMHEBI CYMMEI

s{o,m,v) = Z ([{koc}<v] —v). (3-29)

0<k<n



ITpaBHABHO: 0603Ha-
yait H BAGCTBYH.
3ameHa nepeMeHHoH
k Ha j —BoT 4TO
rAaBHoe.
— CoyyBcTByrouuH
aCcCHCTEHT

(3anucp [0 mam 1]
03HayaeT HeyTo,
paBHoe ambo 0,
Ambo 1,— Her
HEOOXOAMMOCTH
CBAA3bIBaTh cebs
AETaAsIMH, KOTOpbIE
Ha caMoM AeAe
HECY1]eCTBEHHBI.)
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Hama 3apaga—mokasaTrs, uro D(x,m) He ,CAHWIIKOM BEAUKO“ IIO
CpaBHEHMIO C T\, II0Ka3aB, 4TO BEAMYMHA |s( o, 1, V)| Bcerpa AocTaTod-
HO MaAa AAS MPPAIMOHAABHOTO X.

Cravanra MOXXHO Iepermcath s(,n,Vv) B boaee IIPOoCTOM BHAE, a
3aTeM BBECTH HOBBII MHAEKC CYMMUPOBAHMA j:

> ([{koc}<v] —v) = Y (lke = [kax—v] —v)

0<k<n 0o<k<n

= —nv+ Z Z[koc—v<j<koc]

og<k<n j

=-nv+ Y ) [ia7'<k<(+v)a].

0<j<[na] k<n

Ecam HaM moseser, To MokHO 6yaeT mpocyMmupoBats o k. Ho mpe-
JKA€ CTOUT BBECTH HEKOTOPEIE HOBblE IIepEMEHHBIE, YTOOBI IPABECTH
3ty dopMyAy B boxxeckuit BuA. He yMaass obimHOCTH, IPEATIOAOKEM,
gro 0 < & < 1, ¥ MOAOKUM:

a=|a"], «'=a+a,
b=

TakuM obpasoM, o’ = {«x~'}—3To aApobmas wacTe o~
mumble-Apo6Hast gacTb oT v~

Y BHOBB eAMHCTBEHHOE, YTO HaC OTOPYaeT,— 3TO FPaHMYHEIE JCAO-
Busi. [ToaToMy paBaiiTe mmoka 3abyaeM mpo orpanuwdenme ‘k < n' u
BEIYMCAMM cyMMy 1o k 6e3 Hero:

Z[ke [, (5 +v)oc“‘)]

v, va 'l =b-'.

1 av' —sro

[G+v)(a+a)] = [ila+a")]

=b+ [ja'—v'] - [ja'].
Hy, a AaABIIIe COBCEM IIPOCTO — IIOACTABASIEM 3TO B S ¥ BHICTaBASIEM S

s(a,n,v) =—nv+[na]b+ Z ([joc’—v’]—[joc'])—s, (3-30)

0<j<[nea]

rAe S —IompaBKa Ha cAydam k > M, 0T KOTOPHIX HaM He JAAAOChH
u36aBuTHCs. Beamunta jo' 6yaer menoit ToabKo mpu j = 0, IOCKOABKY
9MCcAO o (U, CAEAOBATEABHO, ') MPPAIMOHAABHO, 8 BEARYMHA j ' —Vv'
6yaeT meaoit caMoe BoAbIIée TIPY OAHOM 3Ha4YeHUH j. TaK YTO MOXKHO
#CIYCTATHCS C TIOTOAKA Ha IOA“:

s(a,n,v) = —nv+ [nalb

- Z (UOC'J — lje’ ——V'J) —S+[0uan 1].
0<j<nal
WuTepecHo — BMeCTO CYMMEI B 3aMKHYToi hOpMe MBI TTIOAYIAEM CYyM-

My, KOTopasi BecbMa II0X0XKa Ha §(&, 1, V), HO OTANYAEeTCsI TapaMeTpa-
Mu: o' BMecTo &, [n] BMecTo N M V' BMecTo v. A UTO €CAM IOAYIMTD
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PEeKYPPEHTHOCTE AAS $(X, N, V), KoTopast (Kak MEI HapeeMCs) IIpHBe-
AET K PEKYPPEHTHOCTH AAST OTKAOHeHHUs D (x, n)? DTo 03HadaeT, 4To
MBI XOTHM BBECTH B PacCMOTpEHME CyMMY

s, [nad,v') = Y ('] = Lia’ =] =),
0<j<nal

IoAydasi peKypPPeHTHOCTD

s(a,n,v) = —nv+ [na]b—[nalv' —s(a’, [na],v') =S+ [0 mam 1].

BcmomuHast, uTo b—v' = va~!, MBI o6HapyRKuBaeM, UTO BCe IpeKpac-

HO yIIPOCTHTCS, eCAX 3aMeHuTh [nal(b —v') Ha na(b —v') =nv:
s(a,n,v) = —s(a/, [na],v') =S+ e+ [0 mrm 1].

3pech € — HEKOTOpas IIOAOKMTEAbHast AofaBKa, MeHbmas vo~'. B
yop. 18 pAoKaspIBaeTcs, 4TO IToA06HO eif S AexkmT MexAy O m [voc"‘].
K ToMy >Xe MO>XHO BEIBECTH M3 CyMMEI YAeH IpH j = [na]—1 = |n«j,
TaK KakK oH AaeT Amubo v/, ambo v/ — 1. CAepoBaTeABHO, ECAX B3SITh
MaKCHMYM abCOAIOTHBIX BEAMYMH 110 BCEM V, TO IOAYIMM

D(a,n) < D(«’, [an]) + o' +2. (3-31)

Meroabl, KoTOopble MBI 6YA€M M3y4aTh B IIOCAEAYIOLIMX T'AaBax, IIO-
3BOASIIOT, MCXOASL M3 3TOM PEKYPPEHTHOCTH, CAEAATh BEIBOA O TOM,
yro D(a,n) Bcerpa MHOTO MeHBIIE T, ECAM TL AOCTATOYHO BEAHKO.
CaepoBarenbHO, TeopeMa (3.28) cIpaBepAMBA; OAHAKO CXOAMMOCTD K Kotex
IIpeAeAy He BCETAa O4YeHb BricTpast (cM. ymp. 9.45 u 9.61). ' ycKopeHus
BoT-Te Ha —BCero AMIIB yIpa’kKHEHWE Ha MAHWIYASIMU C CyM-
MaM¥, IIOAAMU U IIOTOAKaMu. UMTaTeAsM, KOTOpHle HE IPUyYeHEl
»AOKa3EIBaTh, YTO IIOTPEIIHOCTH HEBEAMKH', TPYAHO IIOBEPUTH B TO,
YTO y KOr'O-TO MOTAO OBl XBaTHUTh CMEAOCTH HE OTCTYIMTH IIEPEA
TaKuMU GesHapeXHBEIMU cyMMaMu. Ha caMoM Aene IOBTOpPHOe pac-
CMOTpEHUE II0Ka3bIBAET, UYTO BCE 3TO BHIYNCAEHUE IIPOHU3EIBAET OAHA
npocrast MeICAB. CyTh ee B TOM, 9TO HEKOTOpas cyMMma S(o,T,Vv) U3
T YAEHOB MOXKET OHITH CBeA€Ha K aHAAOTMYHOM cyMMme u3 He Goaee
yeM [on] 4aeHOB. Bce ocTaabHOE CBOAMTCSI Ha HET, 33 MCKAIOYEHH-
eM HebOABIIOro ocTaTKa, 06pa3oBaHHOro U3 OAM3KUX K IDaHWYHEIM
YAEHOB.
A Temepb BAOXHEM IIOTAY6Ke ¥ BEIYMCAKM €llle OAHY CyMMY, KOTO-
pas TaK)Xe HeTpPUBHAAbHA, HO IMEET OAHO OT'POMHOE IIPEMMYIECTBO
(o cpaBHEHMIO C TOABKO YTO BEIYMCAEHHOM): OHa BHIPAKAaeTCsi B 3aM-
KHyTOHi ¢dhopMe, TaK YTO MOKHO AErKO IIPOBEPHUTE OTBET. Tereps 3a-
Aada 6yAET COCTOSITH B TOM, ITo6H 06061uUTE CyMMy B (3.26), Haliaz 3o 6oAee Kpen-

BBIPQOKEHUE AAS Kas cyMMa I0A0B
HAH cyMMa Goaee
nk +x KpenK#x moaos?
Z 1, m,n —ueArle gucaa, m > 0.
0<k<m

Haxoxxpaerme 3To#f cyMMEI B 3aMKHyTO# ¢opMe — OpeleK IIOKpeIrde
TeX, C KOTOPHIMH MEI HMEAM AEAO AO CHX IIOP (32 MCKAIOYEHMEM,



Ipeaynpexxaaem:
3T0 TOABKO HayaAo
TAHyefca A0
KOHL|a I'AaBbl
BBIKAGAKH, IPeA-
cTaBasiowjet
cobo#t pererme
oAHo# HypHO#
33AayH, 10CTa-
BAEHHOM HCKAIO-
YHTEABHO P3AH
AlobonbITcTBA.

— CryaeHThl

Crnipasepanso. Ho
noyeMy, 4Tobbl Bac
3aHHTepecoBarb,
BCErAa HY>KHO
TOBOPHTB 0 IIpaK-
THYecKo# MmoAb3e?
O9Ta cyMMa BO3HH-
KaeT, HallpuMep,
NpH H3YYeHHH H
TeCTHPOBAHHH
reHepaTopoB
CAYHallHBIX YHCEA.
OaHaKo MaTeMaTH-
KH paccMaTpPHBaAH
€€ 33A0Aro A0
NoABAEHHS
KOMIIbIOTEDOB,
HO0 HaXOAHAH
€CTeCTBEHHBIM
TIOHHTEPeCOBaThCH,
HeT AHM crocoba
TPOCYMMHpPOBaTh
10CTaBAEHHBIE Ha
noA“ apugpMeTHYe-
CKHe IporpeccHH.
— Bam
nperigaaBaTeAb
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BO3MOXXHO, 3apa4y¥ 06 OTKAOHEHWM, C KOTOPOM MEI TOABKO YTO pa-
306paamcs). Ho 3Ta 3apava HaCTOABKO IIOYyYMTEAbHA, YTO MBI 6yAeM
BO3HUTHLCSI C HEM AO CaMOro KOHIIA AAHHOM I'AaBHI.

Kaxr o6r14HO, 0CO6EHHO IIPH peIIeHNN TPYAHEIX 3aAad, HaUHEM C
PacCMOTPEHNS IIPOCTHIX KPaHuX cAydaeB. YacTHEIN caydaiin = 1 —
3TO TOXRAECTBO (3.26), B KOTOPOM X 3aMeHEHO Ha X/m.:

21 L2222

m

Y Kax B rA. 1 MMeeT CMEICA IIOAYYMTH €llle HEKOTOPYI0 MHGMOPMAIIHIO,
CHU30MAS A0 cAydasa n = O:

X X X X
R R T R
m m m m
Ho B Hamreit 3apade ABa apaMeTpa, M ¥ TN; Telepb IOCMOTPIM,
Kax BHTASIAST HEKOTOPEIE YacTHBIE CAydau AAd M. Ecam m =1, To
B CyMMe BCET'O OAMH YA€H, paBHEIA |x]. Ecam e m = 2, To cymma
paBHa |x/2] + [(x+n)/2]. Mo>XHO 136aBNTBCS OT B3aMMOAEHCTBHS X
H N, eCAM BHIHECTH M 3a 3HaK (PYHKIMH IIOA, HO ITOGEI CAEAATH 3TO,
HAAO PacCMOTPETh OTAEABHO CAydYau YEeTHOTO M HedeTHoro n. Ecam
T — 4YeTHOe, TO /2 — IjeAOe YMCAO, TaK YTO €ro MOXKHO BHIHECTH 3a
3HaK IoAa:

)+ (3l +2) =213]+3-

Ecanm e n —HederHoe, To (n — 1)/2 —meAoe YMCAO, TaK YTO MHI
oAydaeM

X x+1 n—1 n—1
lzJ+Q 2 J+_z—) ==
ITocaepnmit mar caepyer u3 (3.26) mpu m = 2.
OTI POPMYAH IIPH YETHOM M HEYETHOM Tl HECKOABKO HAITOMMHA-
0T opMyAsl mpu N = 0 1 1, HO OTYETAMBOM 3aKOHOMEPHOCTH ITOKA

elje He IIPOCMATPUBAETCS, TaK YTO Ay4llle IIPOAOAKHUTH PaccMOTpe-
HEFe ellle HECKOABKUX KpaHuX caydaes. [Ipm m = 3 cyMMa paBHa

x x+n x+2n
3]+ [ 3 J + l 3 J ’
¥ BO3MOXXHHl TPM BapMaHTa AAS N: Aubo oHO KpaTHO 3, Ambo Ha 1

MAHM Ha 2 6oabire sToro KpaTHoro—T.e. n mod 3 = 0, 1 uau 2. Ecan
nmod 3 =0, To n/3 u 2n/3 — neAble YNCAQ, TaK YTO CyMMa paBHa

31+ (3103 (514 3) =303
Ecam nmod3 =1, 10 (n—1)/3 m (2n — 2)/3 — ueaAnle uncaa, Tax
4TO HMeeM
2n—-2

(55 (252

)=|_xj+n——l.
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3A€eCh IIOCAEAHMIA AT OISITL CAeAYeT 13 (3.26), Ha 3TOT pas Ipy m =
3. U, Hakroren, ecar n mod 3 =2, To

5] +<[XJ3’2J +T—1—;—2) +([X3L]J +2“;]> = |x]+n—1.

Hanm AeBble MO3rOBBHIE IIOAYLIAPHS y>Ke Pa3obpaArlch co cAyda- ,[TbITAMBBIE yM Tpe-
eM M = 3, HO IIpaBHIe BCe ellle HUKaK He MOIYT IOCAEAOBaTh MxX byer mpuHocslei

IIpUMepY, II03TOMY IlepefiAeM K cAydaro m = 4: YAOBA€TBOpEHHE
YMCTBeHHOH Ae-
X x+n x+2n x+3n ATEABHOCTH KaK

I_ZJ + 4 + 4 + 4 : HEo6X0AMMOro

yCAOBHSI €ro co-
Ilo KpaitHeil Mepe Telepb MBI 3HaeM yiKe AOCTaTOYHO, AASI TOIO YUTO-  BepHIEHCTBOBAHMUA.
6BI PacCMOTPETH CAy4aM, OCHOBAaHHEIEe Ha 3HadeHuy n mod m. Ecau  ‘HeobxoaumocTs —

n mod 4 =0, To HCTOYHHK OTKDbI-
THii’ — becXuTpocT-

X X| mn x| 2n xj  3n X| 3N Haq norosopka.
z+ (5] +3)+ (lzJ + T) + ([ZJ + T) =47+ T Toomsmecrs —
HMCTOYHHK 6eCIIA0A-
Aecrmnmod4 =1, To HBIX YCHAHH' —
: : 5 5 5 ropasao 6Amxe K
X X+ n— X+ n— ucruue. OcHoBoif
'jJ + ([ 4 J + 4 ) + ([ 4 J + 4 ) pocTa COBPEMEHHBIX
OTKDBITHil ABASETCA
+<[x+3} +3n—-3) _ [XJ+3n 3 HayKa, a HayKa

7 - - —_—_Zz

4 7' MOYTH UEAHKOM
NPOU3pacTaeT Ha
Cayuait n mod 4 = 3, RKaK BHISICHSIETCSH, AAQET TOT >K€ CaMHI OTBET.  I[10YBe YAOBAETBOPE-
Haromen, B caygae nmod 4 = 2 MB IOAyYaeM HEYTO HECKOABKO HHs COBCTBEHHOrO
MHOe, ¥ 3TO HEYTO OKA3BIBAETCS Ba’XHEIM KAIOUOM K yCTaHOBAeHHIo Afofombircrsar
3aKOHOMEDHOCTH B OBIIEM CAyHae: —A.H. Yaiitxea

[299]
G (2 2) (G5 ()29

(e 52) 3l g

Ha mocaepHeM mrare ympouraercst Heuro Buaa |y/2] + [(y + 1)/2],
YTO BHOBb OKa3hIBAETCS JACTHEIM CAydaeM (3.26).
BoT cBopKa 3HaveHM Haleil CyMMEI IID MaABIX M

m| nmodm=0 nmodm=1 nmodm=2 nmodm=3

223 3]
3 3[§J+n Xl+n—-1  |xJ+n-—1
A wepd e B -]
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STO BHITASIAT TaK, KaK €CAM OBl MEI IMEAU HEYTO BHAA
x
a EJ +bn+c,

rae a, b, ¥ ¢ KakuM-To 06pa3oM 3aBUCAT OT M U N. Aaxe 6ausopy-
KHe B COCTOSTHIY 3aMeTUTD, 4To b, rmoxoxke, pasHo (m—1)/2. Tpyanee
PasrAsiAeTh BHIPa’KEHME AAS a4, HO CAyd4ail n mod 4 = 2 yKasmBaer
Ha TO, 4TO @, TIOXOXXe, paBHO HOA(m, n) — HauboAbuIeMy obimieMy Ae-
AUTEAI0 M ¥ N. DTO He AMIIEHO CMEICAA, TaK KaK HOA(m,n) —3To
TOT MHOYXHTEAD, KOTOPHIX MBI BHIAEASIEM U3 T ¥ N, IPABOASL APobb
7/M K HECOKPaTHMOI{, a Hallla CyMMa BKAIOYaeT B cebs Apobs n/m.
(Omeparuu ¢ HOA 6YAYT OGCTOATEABHO PAacCMOTpPEHH! B TA.4.) Be-
AWYZHA C IPeACTaBAsieTcs 6oaee TaMHCTBEHHOR, HO, BOSMOYXXHO, OHA
KaK-HEOYAD MOAYUHUTCS B XOA€ AOKA3aTeAbCTBA HAIIMX IIPEAIIOAOKE-
HU OTHOCHTEABHO A U b.

BHIYMCASIT CYMMY IIPHM MaABRIX T, MBI, IIO CYILIECTBY, IIEPEMCAAK
Ka>XABIA 9A€H 3TOM CYMME B BHAE

[x+kn} _ \.x+knmode +kn kn mod m

m m m m

)

u60 (kn — kn mod m)/m — meaAoe 4mcA0, KOTOpoe MOXeT OHITH BHI-
HeceHO 3a CKOb6KM moAa. TakuM o6pasoM, MCXOAHYIO CYMMY MOXXHO
IIPEACTABHTEL B CAEAYIOIIEM Pa3sBEPHYTOM BHAE:

I_}'J + g _ Omod m
m m m
x+nmod m n nmod m
+ —_—— + — - —_—
m m m
x+2nmodm + 23 _ 2nmod m
m m m

+ x+(m—1)nmodm 4 (m—=1)n (m—1)nmodm
m m m ’

Koraa MBI 5KCTIEPMMEHTMPOBAAY C MAABIMYU 3HAYEHUAMH M, 3TH TPH
KOAOHKY IIPMBOAMAY HaCc COOTBETCTBEHHO K a|x/a|, bn u c.

B wacTHOCTH, Terrepb MOKHO IIOHSATH, OTKYAA beperca b. Bropas
KOAOHKa IIPEACTaBASIET cob0i aprpMeTHIECKYIO MPOrPecCHIo, CyMMa
KOTOpOit HaM M3BECTHA — 3TO CPEAHee IIEPBOr'0 ¥ IIOCAEAHEI'O YAEHOB,
TIOMHOJKEHHOE Ha YHNCAO YAEHOB!

1 (m—=1n _(m=1)n
§(°+—m“)'"‘—‘—z—-

Takum obpasoM, Hama AorapKa, 9To b = (m — 1)/2, moATBepAHAach.
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IlepBast X TPeTbsI KOAOHKH CTOSIT ITOKpeEITde: YTOOEl OIPEAEAHTD
a ¥ ¢, HaAO TOBHEMAaTEAbHEE IIPHCMOTPETHCS K IIOCAEAOBATEABHOCTH
quceA

Omodm, nmodm, 2nmod m, ..., (m— 1)n mod m.

JDomycTuy, K mpuMepy, 9ro m = 12 1 n = 5. Ecax npeacTaBUTD
3Ty NOCAEAOBATEABLHOCTh B BHA€ dacoBoro umdepbaara, To AaHHEIE
wmcaa cyTh 0 gacos (12 gacos mpuaMMaeTcs 3a () JacoB), 3aTeM 5 Ja-
coB, 10 wacos, 3 waca (= 15 uacoB), 8 JacoB u T. A.— OKa3EIBaeTC,
YTO KaXXABIA Yac MpobWBaeT AMIIB OAHAKABL.
[Tpeanonro>xuM Temepb, 9ro M = 12 m n = 8. Torpa AaHHBEIE UMCAA
cyts 0 wacos, 8 yacos, 4 yaca (= 16 4acoB), Ho 3aTeM 0, 8 u 4 moBTO-
patorcs. Tak xak 8 u 12 xparus 4, a uucaa HauuHatoTcs ¢ 0 (Toxe
KpPaTHOro 4), BHIPBaThbCSA U3 3TOrO 3aMKHYTOTO KPyra HEBO3MOXHO —
BCE YMCAA AOAXKHHE OHITH KpaTHH 4.
B aTux AByX cAydasx MH umMeeM HOA(12,5) =1 um HOA(12,8) =4.
Oburee mpasuA0, KOTopoe 6yAeT AOKa3aHO B CA€AYIOIIel rAaBe, TAa-
CHT, 4TO ecAM d = HOA (M, 1), TO MBI ITOAyYaeM IIOCAEAOBATEABHOCTh  Cellyac —AeMMa,
yucea 0, d, 2d, ..., m—d, B3ATEX B HEKOTOPOM IIOPSIAKE, 32 KOTOPOiL  TOTOM —AHAEMMa.
caeayior emte d — 1 Kommit Toit e mocaepoBaTeAbHOCTH. K mmpumepy,
opu m = 12 u n = 8 Habop umcea 0, 8, 4 BcTpewaeTcst YeThIpe pasa.
Wrax, mepBas KOAOHKA CyMMEI IIPHOOpETaeT SICHHIA CMBICA: OHA
copepxutr d Kommi 4aeHoB |x/m], [(x+d)/m], ..., [(x+m—d)/m],
B3STHIX B HEKOTOPOM IIOPSIAKE, TaK 4YTO MX CyMMa paBHA

(e 5o )
o e )

~alz)

3A€eCh IIOCAEAHMIA 11T — ellle OAHO IIpuMeHenue (3.26). Hama poraaka
OTHOCHUTEABHO O IOATBEPAMAACE:

a=d = HoAp(m,n).

A reneph, KaK MBI ¥ IIPEATIOAATAAY, MOJKHO BRIYMCAMTSD C, 160 cTa-
HOBUTCSI IIOHSITHEIM COAEPIKaHMe TpeThell KOAOHKH. OHa COAEPIKUT
d Rommit uAeHOB apudMeTHaecKoit mporpeccust 0/m, d/m, 2d/m, ...,
(m —d)/m, Tak 4TO CyMMa X paBHa

1 m—d\ m m—d
d(z("*T)'E) =Tz

Ha caMOM A€A€ SAEMEHTH TPeTbeil KOAOHKH He CKAAABIBAIOTCS, a BHI-
YUTAIOTCS, TaK 9TO
d—m

cC = ———

2
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Koren sarapraM, KoHer; AoraakaM. MckoMast cyMMa B 3aMKHYTOM
¢dopMe BHITASIAUT TaK:

nk+x X m-—1 d—m
Z[m }zd[EJJr 7 "t

0<k<m

rae d = HOA(m, ). B mopsiaAke npoBepKu MOXXHO y6EAUTHCS B TOM,
YTO 3TO IPOXOAMT AAS YK€ M3BECTHHIX HaM YacTHBHIX CAydYaeB N = (
un = 1. Ecam n = 0, To moaygaeM d = HOA(M,0) = m; B
3TO#t (popMyAE ABa IOCAEAHHMX UA€HA PaBHBl HYAIO, II03TOMY ¢op-
MyAa AaeT IPaBUABHEIE oTBeT mM|x/m|. A mpu n = 1 MBI moAyJaeM
d = Hop(m, 1) = 1; ABa mOCAEAHHX YA€HA IYAECHO COKPAILAIOTCS U
CyMMa paBHa IIPOCTO |X].

IMTocae HeBOABIION MAHUIIYASIIINY C TOAYYEHHEIM 3aMKHYTHIM BhI-
Pa’KeHHMEM €ro MOXXHO CAEAATh AAKE CHMMETPHUYHBIM OTHOCHTEABHO

muzn
nk+x X m-—1 d—m
Z[mJ‘d[EJJr 7 "t
0<k<m
X (m=1)n-1) m—1 d—m
=d|=
HE 2 Tttt
X (m=1)n-1) d—1
=d I.d.| + 7 + > (3-32)
On-na! 51 noepxxed ~ DTO HECKOABKO HEOXKMAAHHO, IIOCKOABKY HET HHKAaKOT'O IIOBOAA ITO-
Ha [oA. AO3peBaThb, YTO TaKas CyMMa AOAKHA ObITh cuMMeTpwuHoi. Hamm

AOKa3aH ,,3aKOH B3aMMHOCTH';

Z [nk+x} _ Z. \‘mk+xJ’ Hexrte .1 > 0.
m n

0<k<m 0<k<n

K mpumepy, ecam m = 41 m n = 127, To AeBast cyMMa COCTOMT U3
41 gnenHa, a MpaBast COCTOMT U3 127 YAeHOB — TeM He MeHee OHM OKa-
3HIBAIOTCS PaBHBIMM IIPX AFOOOM BeIIECTBEHHOM X.

Yanpa>kHeHusI
Pa3MHHOYHBIE yIpa>kKHEeHHs

1 Koraa B ra. 1 ME pasbupaam 3apauy Mocuda, To mpeACTaBASIAR
TIPOM3BOABHOE IIEAOE IIOAOJKUTEABHOE YUCAO N B BuAe N = 2™ + 1,
rae 0 < 1 < 2™. IlpuBepuTe siBHEIE QOPMYAHI AASL | B M Kak
byHRIMIA N, NCTIOAB3YS CKOGKH IOAA M/MAK IIOTOAKA.

2 Kak BHraAspuT dopMyAra AAST OBAMIRAMIIETO LEAOTO K 3aAaHHO-
My BelleCTBEHHOMY 4mcAy x? B cAydae ,paBHOBecHs — Koraa x
A€XXKUT POBHO IIOCPEAMHE MEXKAY LEABIMHU YHCAAMM — IIPUBEAUTE
BHIpa’KeHWe, OKPYTASIOLee Pe3yAbTaT: (a) B CTOpOHY yBeAMde-
Hus, T. €. Ao [X]; (b) B cTopoHy yMeHbIIeHUS, T.€. A0 |X].
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3

Buramcaute ||majn/x|, ecam m m n—IeAble IOAOKUTEABHEIE
9mCcAQ, a X — HPPAIMOHAABHOE YUCAO, oAblee .

B TekcTe oXapaKTepM30BaHHl 3aAa4M ¢ 1-ro ypoBHS mo 5-i1. A gTo
peAcTaBAsieT coboit 3apada ypoBHs 07 (DTo, MEXXAY IIPOIMM, BO-
mpoc He ypoBHs 0.)

Vxa>kure HeOGXOAUMOE X AOCTATOYHOE JCAOBHE TOTO, UTO |NnX| =
n|x], ecam n—ienoe moroXUTeAbHoe uymcao. (Baure ycaosme
AOASKHO BKAIOYATh B cebs {x}.)

YTo mpuMedaTeABHOrO MOXKHO CKasaTh Ipo |f(x)], ecam f(x)—
HeIpepHBHAS, MOHOTOHHO Ybbiearousan bYHKIHUST, KOTOPAsi IIPH-
HEMAaeT IeAble 3HAYEeHWsI, TOABKO KOTAA CaMO X — IEAOE IUCAO0?

Pemmmre peKyppeHETHOCTD

Xn=n mpr 0 <n<m,
Xn = Xnem +1 opEn > m.

L OKaXKHUTe npuHyun Auuros Aupucaie: eCAR N IPEAMETOB pas-
MEIIEHH! 110 T SIIUKaM, TO HEKOTOPHIH SIIUK AOATKEH COAEPKATH
> [n/m] mpeaMeToB, a HEKOTOPHIH SIIMK AOAYKEH COAEPIKaTh
< [n/m].

B 1800-M roay Ao H. . erMIETCKME MaTeMAaTHKHU IIPEACTABASAU

pauuoHaAbHBEIE YcAa MeXXAY O u 1 B BUAE CyMM ,,0CHOBHBIX" ApO-

6eit 1/x1+---+1/xx, TAE Xi CYTh PAa3SAWYHEIE IIeABIE IIOAOKHUTEAD-
3

Hble YucAa. Hampumep, BMecTo % OHM ITHCAAM % + T]E Joxaxure,

9TO BCETAA €CTh BO3MOXXHOCTB A€AATh 3TO CUCTEMATUYIECKU: ECAU

0O<m/n<1, o

m—l-l- nec'raBAeIme—"l——l “‘I‘E--l

(910 anzopumm Puboraywu, IpeproKeHHEIH NeoHapao Pubo-
Hayuw B 1202 1. H.3.)

Ob6s13aTeabHBIE yIIDa>XKHEHUS

10 ITora>kuTe, YTO BHIpa’kKeHHE

2x+1] [2x+]1 4 2x +1
2 4 4
BCeraa paBHO Aub0 x|, Am6o [x]. [Ipy Kak#X yCAOBHAX MoAyda-
€TCS TOT MAY WHOH cAydait?

11 TIpuBepuTEe A€TAaAM OTMEYEHHOIO B TEKCTE AOKa3aTEALCTBa TOTO,

9YTO OTKPHITHIA MHTepBaA (o, ) coaepxur posHo [P] — [a] — 1
LeABIX YuceA Ipx o < (. [TogeMy AAST KOPPEKTHOCTH AOKa3aTeAb-
CTBa HY>XHO UCKAIOYNTD CAydal & = 37

Peyb npeT 0 Tak
Ha3bIBaeMOM
,nanupyce Paii-
HAQ“ — IT0 UMEHH
O6Hapy>XHBLIEro
€ro aHrAMicKoro
€erunToAora, HAH
HHamupyce AxMe-
ca“— 1o UMeHn
COCTaBHBLUETO €ro
€eruneTcKoro nmucya,
KOTODBIH CAY>XXHT
OCHOBHBIM HCTOY-
HHKOM CBEAEHMUH
0 ApEBHeerHier-
CKO¥f MaTeMaTH-
Ke; MoApobHee
cM. A. 5. CTpoiik,
[288; ¢. 37].

— Iepes.
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12 Aoxaxxure, YTO

I’ n "I n+m-—1
m m
IpH ABOM IEAOM N ¥ AIOGOM LIEAOM IIOAOKMTEABHOM M. [OTO

TOJKAECTBO A2eT APYroif crocob obpaleHHs IIOTOAKOB B IIOAHI I
obpam#o BMeCTo IIpPUMeHeHHs pechAeKCUBHOrO 3aKoHa (3.4).]

13 IlycTh o ¥ 3 — BelleCTBEHHBIE IOAOKUTEABHEIE YMCAA. A\ OKaXu-
Te, 4To Spec(x) n Spec(f3) ob6pasyioT pasbueHne BcexX LUEAHX IIO-
AOXHUTEABHEIX YHCEA TOIAA M TOABKO TOTAQ, KOTAA & M [3 Mppa-
muoHaABHH B 1/0c+ 1/B = 1.

14 IlopTBEpAMTE MAM OIIDOBEPTHUTE, YTO
(x mod ny) mody = xmod y TIPH IEAOM M.

15 VImeercs An aHanormuHoe (3.26) TOXKAECTBO, B KOTOPOM BMECTO
TIOAOB MCIIOAB3YIOTCS IIOTOAKH?

16 Aoxkaxure, uro nmod 2 = (1 — (=1 )“)/2. Haitpure 1 pokaxuTe
aHaAOTMYHOEe BHIpaXeHMe AAs nmod 3 Buaa a + bw™ + cwz“,

TAe W — KOMITAEKCHOe wcAo (—1 4 iv/3)/2. Vrasanue: w3 = 1
nl+w+w?=0.

17 Brrmcanre cyMMy ) oo, . [X +k/m] B cayuae, xoraa x > 0,
moacraBasst ) 5[1<j<x+ k/m] Bmecto |x + k/m| u cymmupys
criepBa 1o k. CoraacyeTcst An Bam oTBeT ¢ (3.26)7

18 AoKaXkKuTe, YTO OCTaTOYHHIA YAeH S B (3.30) He IIPEBOCXOAUT
o~ 'v. Vxasarnue: moKaXkKuTe, ITO MaAble 3HAYEHWS j He CyIlle-
CTBEHHEL.

AomalllHHe 3apaHUsT

19 KaroMy Heo6XOAMMOMY M AOCTaTOYHOMY YCAOBHMIO AOAXKHO YAO-
BAETBOPATDH BEIeCTBEHHOE YNCAO b > 1, 4TObH

[log, x| = I_IOgb ,.XJJ
IIpy AfoboM BemnecTBeHHOM X > 17

20 HaitauTe cyMMy Bcex 4mceA, KPaTHRIX X, B 3aMKHYTOM MHTepPBaAe
[, Bl, mpm x > 0.

21 Croabko umcea Bupa 2™, 0 < m < M, HaumHarorcs ¢ 1 B pecs-
THYHOM 3armcu?

22 BrumcAUTE CyMMED
1 1
- k _ k k 2
S“_Z[“/Z +-2-J m T,=) 2 [n/Z +§J :
k1 k=1
23 TlokaxxuTe, 9TO N-if 3IAEMEHT ITIOCAEAOBATEABHOCTH
1,2,2,3,3,3,4,4,4,4,5,5,5,5,5, ...

paBeH [\/ 2n + %J (Kaxxp0e 9ucAO T BXOAUT B AAHHYIO IIOCAEAO-
BaTeABHOCTH M pas.)
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24 YnpaxueHre 13 ycTaHaBAMBaeT 3aMEYaTEABHYIO CBSISb MEJKAY
AByMs MyAbTHMHOXecTBaMu Spec(x) u Spec(a/(x — 1)), Koraa
0t — HEKOTOPOE MPPAIMOHAABHOE YHCAO > |, ITOCKOABKY /o +
(c—1)/c = 1. Haitaure (1 AOKaXKUTE) APYI'YIO IPUMEYATEABHYIO
CBSI3b MEKAY MyAbTHMHOXecTBaMK Spec(a) u Spec(a/(ax + 1)),
KOT'Aa X — HEKOTOPOE IIOACKMTEABHOE BELIECTBEHHOE THUCAO.

25 TlopTBEpAMTE AU OIIPOBEPTHUTE, YTO unucAa KHyTa, onpepereH-
HBble cooTHOIeHueM (3.16), yAOBAeTBOPsIOT ycAaoBmio K, > n npu
A060M HEOTPHIIATEABHOM M.

26 IToxaxkuTe, 4TO BCIOMoraTeAbHble ducaa Mocuda (3.20) yaoBae-
TBOPSIIOT HEPABEHCTBY

a \" a \"
(757) sow<a(zh)  mmnzo

27 M\oKaXkWTe, YTO CPeAM OIPEAEAEHHEIX IOCPEACTBOM (3.20) dmceA
3
D) 6ecromedno MHOrO WeTHEIX M BECKOHETHO MHOTO HEETHBIX.

28 Penmre pexyppeHTHOCTH

ap =1,

an = Qn-1+ [/ Qn-1] mpu n > 0.
29 TToxakuTe B AOCIOAHEHME K (3.31), 4TO

D(a,n) > D(«/, [an]) —a™" = 2.
30 INokaxuTe, 9TO PEKYPPEHTHOCTD

Xo =m,
Xon=X2_,-2 mpun>0

n
umeer pemrenne X, = [0 |, ecAm M — 1eAoe UmcAO, GoAbIee 2,

rae a+a~ ' =mu a > 1. K npuMepy, ecam m = 3, To pelleHreM
SIBASIETCST

n+1 ]+\/§
Xo=[077],  o=-——F—, a=0.

31 TloaTBepaMTe MAM OmpoBepramre, 9To0 | x|+ |y + [x+y) < [2x|+
[2y).

32 O6osmaumu wepes [|x|| = min(x — x|, [x] — x) paccrosmme or x
A0 6amKaitmero neaoro. Kakosa BeAmuMHa CyMME!

> /24"
k

(BameTbTe, uTO 3TA CyMMa MoXKeT 6BITH 6eCKOHEUHOHK B 06e CTO-
ponnl. Taxk, ecau x = 1/3, To ee YAEHH OTAKMYHEI OT HYASI KaK IIPH
k — —o0, Tak 1 npu k — +00.)

Sra ¢popMyra
HECKOABKO OTKAO-
HAeTCA 0T (3.31).
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KoHTpoabHBIE paboTHI

33 Ha maxmarHO# AOCKE pasMepoM 2n X 2n KAETOK CHMMETPUYHO
HayepyeHa OKPYKHOCTD C AMaMeTpoM 2n — | eAWHMII; BOT KaK 3TO
BBITASIAUT Ip N = 3:

D
)4 AN
[
\ /
N P4
W ¥

a Yepes CKOABKO KAETOK AOCKM IIDOXOAMT AaHHas OKPY’KHOCTb?
b Vkaxure dpyskuuro f(n,k), Takyio, 4To BHYTpHX AAHHOMR OK-
-1
PY’KHOCTH TIOAHOCTBIO yMelIaeTcst PoBHO Y ,_; f(n, k) Kaerok
AOCKH.

34 Ilycts f(n) = Y ,_,[lgk].
a Haitaure Bripaxenme AAs f(n) mpu n > 1 B 3aMkrHyTO# dop-
Me.

b Aokaxwure, uro f(n) =n—1 +f([n/2]) +f([n/2_|) px AroboM
n=>1
Vipomas, He u3- 35 Ympocrure dopumyay |(n + 1)?nle| mod n.

MEHHTe 3HaYeHHe. .
36 Cumrast, 4To N — IleAO€ HEOTPUIIATEABHOE YHUCAO, HaliAUTe BEIpa-

JKEHHME AASL CYMMBI
Y wm
2llgkj4llglg k]
1<k<22™
B 3aMKHyTO¥# copMe.
37 AORaXkuTe CIIPaBEAAMBOCTD TOKAECTBA

S (- 1Y]) -

0<k<m

[mz} B [min(m mod n, (—m) mod n)zJ

n n

npu ATOOBIX LEABIX IIOAOKHUTEABHEIX M K M.

38 IlycTb X1, ..., Xn — BEIIECTBEHHEIE YUCAQ, TAKUE, ITO TOKAECTBO
n
S i) = m 3 ]
k=1 1<kgn

CIIPaBEAAMBO IIPH AIO6OM LEAOM IIOAOKHTEABLHOM M. Briscmure
4TO-HEOYAD XapaKTEePHOE AASL YHCEA X1, ..., Xn.
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39 AokakuTe, 4TO ABOMWHAS CyMMa

> D [lx+ibk)/pE

0<k<log,x 0<j<b
pasra (b — 1)(|log, x| + 1) + [x] — 1 mpu KaxxAoM BelmecTBeH-
HOM X > | ¥ KakpAOM meaoM b > 1.

40 CrmpanbHast GyHKIHES O(N), CXeMaTHYeCKH MOKa3aHHAs BHU3Y,
oTobpaXkaeT IeA0e HEOTPHIATEABHOE THCAO T B JIIOPSIACYEHHYIO
napy neasix ucea (x(n),y(n)). Hanpuwmep, ona orobpaxaer n =

9 B ymopsipodennyio mnapy (1,2).

ly A
9
2 1 ¢8
3 0 |7 X
4 5 6

a Aoraxure, 4To ecAM M = |/n], To
x(n) = (—l)’“((n—m(m+ 1)) - [l2v/n] wernoe] + [%m]) ,

¥ YKa’XKUTe aHAAOTHIHYIO POpMYAY AAsL Y(n). Vkasarue: pas-
beitTe crmpaab Ha cerMmeHTH W), Sy, Ex, Ny B 3aBucuMocT:
oT sHaueHus [2\/n| =4k — 2, 4k — 1, 4k, 4k + 1.

b U maobopoT, AOKa>KUTe, UTO N MOXKHO YCTAHOBHUTH U3 O(T) IO
dopMyare BEpA

n = (2k)2 £ 2k +x(n) +y(n)), k = max(jx(n),ly(n)|).

IIpuBeauTE IPaBUAO, OIIPEAEASIONIEE, KOTAA 3HAK + ecTsb +, a
Koraa —.

KoHKypcHbIEe 3apa4dH

41 Ilycts f ¥ g — Bo3pacTarouye GYHKIMM, TaKHe, YTO MHOXXECTBa
{f(1),1(2),...}n{g(1),g(2),...} obpasyror pasbuenue Bcex IEALIX
TIOAOKHATEABHEIX YHCeA. [IpeAnoroskuM, uTo f U g CBSI3aHBI yCAO-
sueM g(n) = f(f(n)) + 1 mpm ambom n > 0. AokaxuTe, 4TO

f(n) = [nd) m g(n) = [nd?], rae ¢ = (1++5)/2.
42 CyLiecTBYIOT AM BeLIECTBEHHEIE YMCAA &, 3 M 7y, TakKWe, 4TO

Spec(x), Spec(B) u# Spec(y) BuecTe B3siTEIEe 06pa3yioT pasbueHue
MHOXXECTBA LIEABIX ITOAOXKUTEABHBIX YHCEA?

B 1oxxHoM foAyIia-
DHH CIIHPaAb 3a-

KpydeHa B ADyryio
CTOPOHY.
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43 Aaiite ADYI'YIO MHTEPECHYIO MHTepIIpeTalyio uicaaM Kayra, pas-
BEPHYB PEKYPPEHTHOCTD (3.16).

44 TloKaXkuTe, YTO CYLIECTBYIOT LieABIE YUCAA a1(1q) u dff'], TaKue, 4YTO

D, +ai¥ _ D + 4l
q-1 q

ald) = mpu n > 0,

rae DY) spasercs pelleHreM PeKypPpeHTHOCTH (3.20). Bocmoas-

3yiirech 3TUM HAKTOM AAS TOAYUEHUS pellleHns o6obuieHHO 3a-
Aaun Mocuda B pApyroit dopme:

Jg(n) =1+ qu) +q(n— an)) Ipu an) <n< a,(ﬂr],.

45 [IpuMernnTe mpueM u3 yup. 30 AAST HaXOKAEHUS PelleHnsI PeKyp-
PEHTHOCTH

Yo =m,
Yo =2Y2_,~1 mpun >0
B 3aMKHYTOH dopMe, eCAM T — IeAO€ IIOAOKUTEABHOE HHCAO.

46 MoKaXkuTe, UTO ECAM Tl = |_(\/§l +v27! )m|, rae m u | — mearte

141 1
HeoTpumaTeAbHEIe wuCAR, T0 | /2n(n+1)| = (V2 +v2 )m].
BoCIOAB3YiiTeCh STUM 3aMedaTeALHEIM CBOMCTBOM AAST HaXOXKAe-
HISI PellleHNs] PEKYPPEHTHOCTH

Ly =a, menoe a > 0,
Ly = | V2L (Laor + 1) mpu . > 0
B samMKHyTO! dopme. YVrasanue: |/2n(n+1)] = [V2(n+ 1)].

47 T'osopsr, uro f(x) siBAsteTcs penauxamusHol GYHKIMER, ECAN

f(mx) :f(x)+f(x+nlm)+"'+f("+mn:])

NpPH KaXXAOM IIEAOM IIOAOKHTEABHOM M. YKaXKKTe, KaKuUM He-
OBXOAMMEIM ¥ AOCTAaTOYHBIM YCAOBHSM AOAKHO JAOBAETBOPSTH
BEIIIECTBEHHOE YUCAO C, YTOOBl CAeAyioue (DYHKINHU SBASAUCH
PEeNAMKATUBHBIMA!

a f(x)=x+c;

b f(x) =[x + c menoe];

¢ f(x) =max(|x],c);

d f(x) =x+c|x] — J[x He menoe].
48 A OKa)KWTe TOXXAECTBO

x* = 3x|x|x]| +3{(xH{x|x]} +{xP = 3|x] [x|x]] + [x]*

¥ IOKaKUTE, KaK MOJKHO IIOAYYUTH aHAAOTMYHEIE (POPMYABI AAS
x™ nmpu n > 3.
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49 VKaXUTe, KAaKOMY HeOODXOAMMOMY K AOCTAaTOYHOMY YCAOBHIO
AOATKHEI YAOBAETBOPSTD BemecTBeHHe uncaa0 < a < 1u P = 0,
4TO6B MOKHO HBIAO YCTAaHOBUTD X M [3 M3 6ECKOHETHOTO MYABTHM-
HOXXECTBa BEAUIUH

{Ina)+ [nB] [ n>0}.
HccaepoBaTeabckue npob.aeMbl

50 VYraxuTe, KakKOMy HEOOXOAMMOMY ¥ AOCTATOYHOMY YCAOBHIO
AOAJKHEI JAOBAETBOPSTE BEIlleCTBEHHEIE HEOTPHIIATEABHEIE YUCAA
o # 3, 4TOBEl MOXKHO BBIAO YCTAaHOBHTH X ¥ [3 3 HECKOHEUHOro
MYABTHMHOXXECTBA BEAUYHH

{|In«)B| | n>0}.

51 Obo3sHauuM Yepes X BEIIECTBEHHOE YHCA0 = ¢ = %(1 ++/5). Toraa
pellleHre PEKYyPPEHTHOCTH

Zo(x) = x,
Za(x) = Za_1(x)? =1 npr n >0

MoxeT 6BITH 3amucaHo B BUAE Zy(x) = [f(x)?"], ecam x — menoe
YHCAO, TAE
f(x) = lim Z,(x)"/?",
n—oo

Tax KaK Z,(x) — 1 < f(x)?" < Z,(x). Karumu ele MHTepecHEIMU
cBoiicTBaMu obaapaer pynrmus f(x)?

52 IIpu 3apaHHBIX BEIIECTBEHHBIX HEOTPHUIIATEABHEIX YHMCAAX X M f3
THIOAOKUM

Spec(a; B) = {|x+BJ, [2a+B], [3x+B],...}

— MYABTHMHOJKECTBO, obobIIaroiiee MyAbBTUMHOMECTBO Spec(a) =
Spec(a; 0). AoKakuTe MAK OIPOBEPTHUTE, ITO ECAKM T > 3 MYAb-
TuMHOXKeCTB Spec(ar; B1), Spec(az; B2), ..., Spec(otm; Bm) obpa-
3yI0T pasbueHNe BCEX LEABIX ITOAOKUTEABHEIX YUCEA M IIPH 3TOM
ImapaMeTphl &) < o < -+ < Oy, PAIMOHAABHEI, TO

2™ —1

X =

53 AaropurM PuboHawum (¥3 ymp.9) SBASETCS ,pKAAHHIM® B ToM

CMEICAE, YTO Ha Ka’KAOM Illare OH BHIOMpaeT Kak MOXXHO Goaee

Manoe (. U3BecTen 6oaee CAOKHEIM aATOPHUTM, C IIOMOIIBIO KOTO-

poro Arbast Apobs M /N ¢ HEYETHHIM N MOXKET GRITH IIPEACTABAEHA

B BUAE CyMMBI Pa3sAWYHEIX OCHOBHEIX Apobeit 1/q7 +--- + 1/qy

C HeuemHbiMU 3HAMEHATEASIMU. Bceraa AM 3aKaHUMBaETCS JKap-
HBII aATOPUTM IIPY IIOMCKE TAKOTO ITPEACTABAEHUS?



DANEMEHTHI TEeopnmn 9dmcen

Kopoye rosops,
roToBbTECH MTOATH
KO AHY.

LEABIE YACAA 3AHUMAIOT OAHO U3 KAIOYEBEIX MECT
B AMCKPETHO} MaTeMaTHKe, KOTopasi Hac ocobeHHO MHTepPeCyeT B 3T0it
KHuTe. [103TOMY HaM CAEAYET IOAYYMTH IIPEACTaBAEHME 06 snemer-
mazx meopuu “ucea — BadKHOM Pa3speAe MaTEMAaTHKY, MMEOIIEM Ae-
AO CO CBOMCTBaMM I[EABIX QHCEA.

B mpeaBIAyIIeit rAaBe MBI HEHAAOATO OKYHYANCH B BOABI TEOPHH
YmceA, KOTAA YIRAUCH IIAABaTh CTUAIMHY ‘mod’ ¥ ‘HOA'. A Temeps pe-
IIATEABHO 6pOCHMCS M y>Ke HaAOATO IOTPY3UMCSA B CTUXHIO AAHHOTO
mpeaMeTa.

4.1 OTHOIIEHUWUE AEANMOCTH

TopopsT, 9To M AeART N (MAM XXe N AGAUTCI Ha M), €CAM
m > 0, a OTHOIIEHHE /M — [IEAOE YNCAO. DTO CBOMCTBO UHCEA Ae-
SKIT B OCHOBE BCeil MX 3AeMEHTapHO! TEOpMH, TaK YTO PasyMHO 06-
3aBECTHCh AAS HEro CIEIMAABHEIM obo3sHadyeHweM. I[loaToMmy 6yaem
mMcaTh

m\n & m >0 u n=mk nopu HekoropoM ueaoM k. (4.1)

(Ha caMomM pene, B CyIIecTBYIOIEH MaTeMaTUIeCKOi AUTEpaType ro-
pa3spo 6oaee ynorpebureasHO obosHaveHme ‘min’, a He ‘m\n’. Ho ¢
BEPTHKAALHOM YepToii BRIIIEA SIBHEIA ITepe6op — ee MCIIOAB3YIOT IIPK
3amucy abCOAIOTHRIX BEAMYMH, MHOXKECTB, YCAOBHEIX BEpPOSTHOCTEH
H T.A., B TO BpEMS KaK C HAKAOHEHHOM BAE€BO UEPTOM BhHIIIEA SIBHEIM
Hepobop. IToMmuMo Bcero npodero, obo3HaveHe ‘m\n’ co3paeT Breda-
TAEHHEe, YTO M Kak Obl ABASIETCS 3HaMeHaTeAeM HEKOTOporo Boobpa-
JKaeMoro oTHoIleHMsi. Tak 4To HabepeMcs CMEAOCTH CKAOHMTH Halll
CHMBOA AEAMMOCTH BA€BO!)

To, 9TO M He AEANT N, 3aIKCHIBaeTCI KakK ‘min’.

HMeercss aHaAOrMIHOE COOTHOILIEHME ,, KPaTHO M'; KOTOPOe O3Ha-
YaeT IIOYTH TO K€ CaMoe C TeM AUWIIL OTAMYMEM, 9TO M He obsg3aHo
6EITE HOAOXKHTEABLHEIM YHCAOM. JTO IPOCTO O3HAYaeT, 94To n = mk
py HeKoTopoM ueaoM K. Tak, HampuMep, CYLIECTBYET TOABKO OAHO
gucao, kparHoe O (a mMenHo, cam 0), HO HEHYTO He AeAmTcs Ha 0.
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Kaxaoe 1eAoe IHCAO KpaTHO — 1, HO HMKaKoe IjeAOe YUCAO (CTpOro
roBopsi) He AeAMTCSI Ha —1. DTH oImpeAeAeHUsT IPUMEHUMEL X TOTAR,
KOrAa M M N — Alobble BenlecTBEHHBIE YMCAA; HAIIPUMED, 27T AEAUT-
cs Ha . Ho Mp1 mouTH Bceraa 6yaeM HMOAB30BAaTBCS MMM, KOTAa M
M N — IleARIe YCAA. B KOHIlE KOHIIOB, 3TO BCErO AHIIDL 3AE€MEHTapHAasA
TEOPHS IUCEA.

Hauboavwut obwuti deaument ABYX IEABIX UHCEA TN ¥ L — 3TO
HanboAblIIee IIeAOe IUCAO, KOTOPOE AEAUT MX oba:

(4-2)

K mpumepy, HOA(12,18) = 6. DTo usBecTHOEe BceM IOHSATHE, U60 3TO
He YTO MHOE, KaK 06K MHOXXUTEAD, KOTOPHIH €I11e B MAAAIINX KAAC-
caxX y4aTcs BRIAEASITH U3 ApobH Mm/M, Koraa IPHBOAST €€ K HeCOKpa-
THMOMY BHAY: 12/18 = (12/6)/(18/6) = 2/3. ObpaTuTe BHEMAHUE,
uro ecAZ n > 0, To HOA(0,n) = n, Tak KakK Ab60e IOACKATEABHOE
yncao AearT 0, a N ABASETCS HaMOOABIINM AEAUTEAEM caMoro cebs.
Ho Beamuusa HOA(0,0) He ompeaeaeHa.

APYrEM XOpOIIO KM3BECTHHIM IIOHSTHEM SBASETCS HauMeHbuwiee
obuwee xpammoe

HOA(mM,n) = max{k | k\m u k\n}.

m\k m n\k}, (4-3)

KOTOpO€ He ompeAeAeHo, ecAr m < 0 man n < 0. Usywarommm apud-
METHKY 3TO 3HAKOMO KaK HaMMEHBIIMii obIIuil 3HaMeHaTeAb, K KOTO-
POMy NPHUBOASITCSA NIPH CAOKEHHM ApobmM co 3HaMeHaTeASIMH M X M.
Hampuwmep, HOK(12,18) = 36, u Aa’Ke yueHMKH HadYaAbHHX KAACCOB
3HAIOT, 4YTO % + ,]—8 = %—}, + % = %. ITonsiTe HOK OTYacTH aHAAOTHY-
HO IIOHATHUIO HOA, HO ME He HYAEM YJAEASITH €My PaBHOrO BHAMAHUS
o Toi mpUYKHe, YTo HOA obaapaeT 6oaee IPHBAEKATEABHBIMY CBOM-
CTBaMH.

OAHMM U3 CaMBIX IPUBAEKATEABHBIX CBOMCTB HOA SIBASIETCSI IIPO-
CTOTa ero BEIYMCAEHNS C IOMOIIBIO M3BecTHOro yxxe 2300 AeT MeToAa,
HA3BIBAEMOrO ai2opummom Eexauda. AAst BEraucaeHUss HOA(m, n)
3apaHHEX BeAmduH 0 < M < N B aAropuTMe EBKAMAA HCIIOAB3YETCS
PEKYPPEHTHOCTD

HOK(m,n) = min{k | k>0,

HOA(O,n) = n,

HOA(M,n) = HOA(Nn mod m, m) (4-4)

Tak, HampuMep, HOA(12, 18) = HOA(6,12) = HOA(0, 6) = 6. YKasan-
Hasl PEKYPPEHTHOCTh 3aKOHHA IIOTOMY, 9TO Al060l obmmit AeAnTEAD
YHCeA T M N AOAJKEH ORITH TaKKe OOIIMM AEAMTEAEM KaK JHCAA M,
Tak ¥ 4rcaa n mod m, KoTopoe paBHO N — |n/m|m. Bpsa Az ume-
€TCsl PEKYPPEHTHOCTh AASL HOK(M, M) CKOABKO-HM6YAD 6AM3Kast IO
cBoel mpocToTe K AaHHOU. (CM. ymp. 2.)

AaropurM EBRAMAA AaeT HaM u Heuro OOABIIIEe: €ro MOXKHO 06-
obIIKTh TaK, YTO OH GYAET BEIYMCASITEL LleAlle umcaa m’ u n', yao-
BAETBOPSIOIIYE YPAaBHEHMIO

mpr m > 0.

m'm+n'n = HOA(M, ). (4.5)

-+ - HHKaKoe LjeAoe
gycAo (cTporo
roBOps1) He AEAHTCA
Ha —1%

— I'paxem, KHyT,
Martawnux [90]

Ha BpuraHckux
OCTpOBax 3T0 Ha-
3piBaercss ‘hef’
(highest common
factor) [a B Coean-
HeHHbIX [lTaTax —
‘ged’ (greatest
common divisor).
— Ilepes.].

He nyTarb ¢ Hau-
6oab1IMM 0OLIHM
KpaTHBIM.

IIpoury — 3a6yab
BCe, YeMy ThI Y4HA-
Cs1 B LIKOAE, TOTOMY
YTO THI 3TOMY He
Hay4YHACHY

— 9. NaHaay,
[182; c.8].
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(He 3a6biBaiite, yto ~ BoT Kak 3ro pAeaaercsi. Ecam m = 0, MeI mipocTo BhibupaeM m' =0 u

m’ mn' moryr n' = 1. B npoTuBHOM CAy4Yae MBI IIOAATaEM T = N mod m ¥ IIprMe-
6BITH H OTPHLa- HsIeM 3TOT METOA PEKYPCHBHO — IIOACTaBASISA T M TN BMECTO M U N, U
TeABHEI.) BEIYMCASIA T X T, TaKUe, 4TO

Fr+mm = HOA(T, m).

A mocKoABKYy T = n — [n/m]m z HOA(T,m) = HOA(m,n), To aTo
ypaBHEHUe IIPEBPAIlaeTCs B

T(n—[n/mJ/m) + Mm = HOA(M, ).

JAeBast 4yacTb MoOXXeT OBITH IepenmcaHa, 4Tobhl IIOKa3saTh, KaK OHa
3aBUCHT OT M K N

(M — [n/m|F) m+Fn = HOA(m, n);

cAepoBaTeAbHO, M' =T — | n/m|Tu n' =T —3To Te IjeARe YHCAA,
KOTOpHIe HYXHH B (4.5). K mpumepy, B HameM n3Aro6AeHHOM CAydae,
rorpa m = 12 m n = 18, saror MeToA paeTr 6 = 0-0+1-6 =1-6+0-12 =
(=1)-124+1-18.

Ho 4emM ke Tak IIpuBAeKaTeAbHO ypaBHeHHe (4.5)7 'AaBHEIM 06-
pasoM TeM, uTo uncaa m' u n’' dakTHdecku nodmeepoicdarom, ITO B
Ka>XAOM KOHKPETHOM CAy4Yae aArOpPUTM EBKAMAA AaeT IpaBMABHBIA
oTBeT. [IPEATIOAOKMM, YTO IIOCAE IPOAOAKUTEABHBIX BEIYMCAEHMIM
Halll KOMITBIOTEpP CoobmmumA, uTo HOA(M,n) = d myro m'm+n'n =d,
HO MEI OTHOCHMCSI K 3TOMY CKEIITHYECKH M IIOAAraeM, YTO Ha CaMoM
Aeae uMeeTcss oAU OBIIM AEAXTEAD, KOTOPHIN MAlIXHA IOYEMY-
TO ,JIporasipenra’t OpAHaKO 3TOro OHITH HE MOXKET, IIOTOMY YTO BCSIKUA
obInuif AeAUTEAD THCEA T M L AOAXKEH ACAUTh M'M+n'n, a mocemy
OH AOAYKEH AeAMTEL M d — CAeAOBaTeABHO, OH AOAXeH briTh < d. K
TOMY 7K€ MOJXHO A€r'KO IIPOBEPHUTEH, UYTO d AeHCTBUTEABHO AEAHUT KaK
m, Tak ¥ N. (AATODHTMEI, KOTOPEIE AOCTABASIOT CBOM COBCTBEHHBIE
IIOATBEP>KAEHUST IPAaBUABHOCTH PE3YAbTAaTa, Ha3bIBAIOTCS CAMONO0-
MEePHCOaroOWUMY. )

J\o KoHIIa 3Toit rAaBEI MBI HyAEM MHOI'O pas IOAb30BaThCs ypaBHe-
HUeM (4.5). OAHUM U3 €ro BaXKHEIX CAEACTBUH SBASETCS CACAYOLIASL
MWHH-TEOpEMa;

K\m =z k\n = k\ HOA(M,M). (4.6)

(AoxkasaTeancrBo. Ecar uncao k AGAHT Kak M, TaK X N, TO OHO A€AUT
m'm + n'n, a noromy Aeaut m HOA(m,n). ObpaTHO, €CAM WMCAO
k A€AHT HOA(M, M), TO OHO AEAMT AEAWTEAL M U AEAMTEAB T, a
IIOTOMY AEAUT Kak M, Tak X N.) MEI Bceraa sHaAM, YTO BCSIKMIA o6t
AEAUTEAD YUCEA TN M N AOAYKEH OHITH MEHLWUM UAU PAEHLIM KX
HOA —IIO OIpeAeAeHMIo Hanboablnero obiiero Aeamrenss. A Tenepb
MBI y3HAAW, YTO BCAKUM OBIIM AGAUTEAL Ha CaMOM AEAE SIBASIETCS
deaumenem MX HaMBOABIIEro OBIIETO AEANTEAS.

Wnorpa 6riBaeT HEOBXOAMMO IIPOCYMMMPOBATh IO BCEM AEAUTE-
ASIM 4HcAa . B TakoM caydae 3awacTyo IIOAE3HO BOCHOAB30BaTHCS
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YAOOHEIM ITpaBUAOM

Zam= Zan/m)

m\n m\n

neaoe n > 0, (4-7)

KOTOpOE CIIPaBEAAMBO B CHAY TOro, 4To N/m mpoberaeT Te XXe Ae-

AMTEAM YHCAA N, 4To X M. Tak, mpm n = 12 3T0 o3HaYaeT, 4YTo

at+a+az3t+as+ag+app=a2+ag+as+az+a;+a.
CnpaBepAHBO Tak>kKe HECKOABKO Boaee obree paBeHCTBO,

Y am=)_ ) anln=mkl,

m\n k m>0

(4-8)

KOTOpO€e HEMEAAEHHO CAEAYET U3 oIpeAeAeHus (4.1). Ecau n — moao-
KUTEABHOE HUCAO, TO NPaBast JacTh (4.8) €CTh J ., Qn/k, CAEAOBa-
TeABHO, (4.8) BAeder 3a coboit (4.7). Ho paBeHcTBO (4.8) cpaBeaAn-
BO X IIPX OTPHIATEABHEIX N. (B TaKUX CAyYasx HeHyAeBhIE YAEHH B
IIpaBOl YaCTH TOSABASIOTCS TOTAA, KOTAA K SIBASIETCS OTPHI[ATEABHEIM
AEAUTEAEM M.)

Kpoume Toro, ABo#HAs CyMMa II0 AEAMTEASIM MOXXeT BGHITH ,JlIepe-
CTaBA€Ha" IO IIpaBUAY

2 ) m=) ) aka

m\n k\m k\n 1\(n/k)

(4-9)

K npumepy, ecarm n = 12, To 3T0 IpaBHAO IpHOOpeTaeT CAeAYOIIMA
BHUA;

ary + (a12+az2) + (ar13+a33)
+ (a14+azs+as4) + (@16 +0az6+ 036+ ase)
+ (a2 +az12+a3;12 + as,12 + a6,12 + a12,12)
= (a1 +a2+a13+a14+ai6+0ay,12)
+ (az2+azs+aze+azi) + (az3+ase+azn)
+ (a4,4 + a4,12) + (a6 +as,12) + a12,12.

PaBeHCTBO (4.9) MOXXHO AOKa3aTh C IIOMOIIBI0 HOTaIwm AitBepco-
Ha. Ero AeBast gacTb ecTb

Z Z ak,m[n=jm][m=kl] Z Z_ akx[n=jkl],
il k,m>0 i k,1>0

a mpaBas —
Z Z Qay, kl [n/k ml Z Z Qk,kl Tl mlk]
jm k,1>0 m k,l>0

YTO TO >XK€ CaMoe, eCAY He CYMATATh IIePeMMEHOBAHMS HHAEKCOB. DTOT
TIpHMep [TOKa3hIBa€eT, YTO Te IPHUEeMEl, KOTOPEIMU MEI OBAAAEAR B TA. 2,
IIPUTOAHKL ¥ [IPY U3YIeHHIH SAEMEHTOB TEOPHM HUCEA.

BaxHbi# cneyn-
aAbHBl caydait
CyMMbl (4.7) — yH-
Kapa 3, m,
CBSA3aHHasA € TaK
Ha3biBaeMbIMH
COBEPIIEHHBIMH
YHCAAMH"
CM. M. lapaHep,
[607 c. 343-352].

— ITepes.
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4.2 ITPOCTBIE YNCAA

Llenroe TOAOKUTEABHOE YHCAO P HA3EIBAETCS NPOCMbIM, ECAR
OHO MMEET TOABKO ABa AEAMTEAS, a UMeHHO | ¥ p. BmaoTs A0 KOH-
I1a 3To¥ rAaBEI 6YKBOH P Bceraa 6yaeT o6o3HaYaThCs IPOCTOE THCAO,

A Kak HacyeT p B Aa’Ke eCAH 3TO M He OroBapHBaeTcs BHO. [1o coraamernmuio 1 He SBAs-
cAoBe ‘oroBapHBa- €TCST ITPOCTHIM YHMCAOM, TaK YTO IOCAEAOBATEABHOCTE IPOCTHIX YHCEA
erca’? HauMHAeTCS TaK:

2,3,5,7,11,13,17,19, 23, 29, 31, 37,41, ...

HexoToprle umMcAa KaXKyTCs, HO HE SIBASIIOTCS IPOCTEIMM, IIOAOGHO
aucaam 91 (=7-13) u 161 (= 7-23). Ot u Apyrue YUCAA, KOTOPHIE
MMeIOT TPH ¥ 6oAee AeAUTEAEH, HASHIBAIOTCS cocmasHbmu. Kaxaoe
6oarinee 1 1eaoe ducA0 — Anbo mpocToe, ABHO cocTaBHOE, HO HE TO U
APYyroe 0OAHOBPEMEHHO.

ITpocTrie yncaa KpaliHe BaXXHEI, X160 3TO Te ,KUPINYUKH'; U3 KO-
TOPHIX CTPOSITCS BCE LEABlE TIOAOKUTEABHBEIE UMCAA — BCSIKOE I[EAOE
IIOAOKHTEABHOE YMCAO L MOJKET GBITH 3aIMCaHO B BUAE IIPOM3BEAE-
HUS IPOCTEIX IUCEA:

m
n=pr-...Pm=][P, PI< < Pm. (g.10)
k=1

Tak, 12=2-2-3, 11011 =7-11-11-13, 11111 =41-271. ([Iponssepe-
HUS, ob03HaYaeMEle 3HAKOM | |, aHaAOTHYHEI CyMMaM, 0603HadYaeMbIM
3HaKOM ) _, B TOM CMBICAE, KaK 3TO PasbsiCHSIAOCH B yup. 2.25. Ecan
m = 0, To TaKoe IIPOM3BEAEHUE CUUTAETCS IIYCTHIM, a €r'0 BEAMYIMHA
paBHa | IIO OmpeAEAEHMIO — MMEHHO TaK YMCAO T = | OKa3HIBaeT-
s IIpeACTaBAEHHBIM C IoMolnsio (4.10).) [Toao6Hoe pasaokeHEe Ha
MHOJKUTEAHM BCETAa BO3MOJXKHO, M60 eCAM 4mMcAo N > | He sIBAsieTCs
TIPOCTHIM, TO OHO MMEET AEAMTEAD N, TaKol, 4To 1 < Ny < N; cAepo-
BaTeABHO, TL MOJKHO 3aIIMCaTh B BUAE L = NN, a (110 UHAYKIMK) T4
¥ M) MOTyT OHITH 3alMCAHEl B BUAE [IPOM3BEAEHUM IPOCTHIX YUCEA.

Boaee Toro, pasaoxeHue (4.10) eOuHcmeeHHO: BOSMOXKEH TOABKO
OAVH CIIOCOD 3aIMCH YMCAa N B BUAE IPOU3BEAEHUS ITPOCTHIX YMCEA
B HeyORIBarollleM IIOPSIAKE. OTO YTBEP)XAEHHE Ha3bIBaeTcsi OCHOB-
HOM TEOPEMOW APH®METHMKM M Ka’XKeTCs HaCTOABKO OYEBUAHEIM,
YTO BIIOPY YCOMHMTHCS B HEOBXOAMMOCTH €ro AOKa3aTeAbCTBa. Pa3sse
MOTYT ABa PasHHIX Habopa IPOCTHIX YUCEA MMETH OAHO M TO YK€ ITPO-
usBepeHUEe? KoHEYHO JXKe, He MOTYT, HO He IIPOCTO 10 OIIPEAEAECHHIO
npocThIX ynuceA” Tak, ecCAM paccMOTpeTh MHOKECTBO BCEX BEIECTBEH-
HEIX gmceA BEAA M + ny/10, TAe M ¥ N — IeABle, TO IIPOU3BEAEHME
AIOBBIX ABYX TaKUX YMCeA CHOBA HYAET YMCAOM TOrO >Xe BHAA, M MOX-
HO 6BHIAO OBl Ha3BaTh TAKO€ YMUCAO ,IIPOCTHIMY €CAM OHO HE MOXKET
6BITH Pa3sAO>KEHO Ha MHOXKUTEAN HETPUBHAABHBIM criocoboM. Yucao
6 mMeeT ABa TpeACTaBAeHMs, 2-3 = (4+1/10 )(4—+/10 ), u TeM He Me-
Hee B yp. 36 OKa3aHo, 4TO B 3Toit cucreMe 2, 3, 4+v10 m 4 — /10 —
BCe ,JIDOCTHIE" YHCAA.

CaepoBaTeABHO, TO, YTO PA3AOXKEHUE (4.10) EAMHCTBEHHO, HaAO
AOKasaTs cTporo. HecoMHeHHO, ecAr 1. = 1, TO MMeeTCsT TOABKO OAHA
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BO3MOXXHOCTB, IIOCKOABKY IIPDOM3BEAEHHE (4.10) B 3TOM CAYYAE AOAXK-
HO 6BITH IYCTHIM. [109TOMY HIPEATIOAOKHMM, 4WTO N > | M 9TO BCce
MeHBbIIMEe YHCAA PasAaraloTcs Ha MHOKUTEAM €AMHCTBEHHBIM obpa-
30M. AOIIYCTHM, YTO MMEIOTCS ABA PA3ACIKEHUS

n=pP...pPm=0d1...9k, PI1< <Pm ¥ 1< - <k,

TA€ BCe YHCAA Pi U (i OpocThle. [loKaXkeM, 4To p1 = (7. EcAux 310 He
TaK, TO MOXKHO CYHTATh, YTO P < (1, TEM CaMBIM YHUCAO P MEHBIIE
BCex 4ynceA (. Tak Kak Py ¥ (1 — IPOCThIE YUCAAQ, MX HOA AOAKEH
6BITH paBeH 1; cAepAOBaTEABHO, CAMOIIOATBEDP KA aATopUTM EB-
KABAQ AQeT IieAble YHMCAQ A M b, Takue, 4To apj + bgy; = 1. Toraa

apidz...dx + bqidz2...qx = qz...dk.

Urak, p1 AeAnT oba YAeHa B ABOX YaCTH, IIOCKOABKY (1(z ...k = T;
CAEAOBaTEABHO, P1 AEAHMT M IIPAaBYIO HacTb (7 ...(x. TorAa YUCAO
qz...qx/P1 ILieAoe, a g3 ...(Jx — Pa3sAOKEHNE HAa MHOXWUTEAH, B KO-
TOpoM HIpHUCYTCTBYeT P1. OAHAKO (7 ...qx < N, TaK YTO OHO AOIYC-
KaeT eAMHCTBEHHOE PasAOKEHNE Ha MHOXKUTEAN (II0 MHAYKLIKM). DTO
IIPOTHBOPEYME IIOKA3LIBAET, YTO B KOHIIE KOHIIOB P AOAYKHO GHITH
paBHO (7. [loaToMy MOXXHO pa3speAnTb oba pasAcKeHMS T Ha P,
IIOAYYAst P2...Pm = q2...dk < N. [Iop06HO 3TOMYy U APyTHE COMHO-
JXKUTEAM AOAKHBI GBITH paBHBHI (II0 MHAYKIMHU)— TeM CaMbIM Hallle
AOKAa3aTEABCTBO EAMHCTBEHHOCTH PAa3sAOKEHUS 3aBepIIIeHO.
UHoraa yaobHee chopMyAUpPOBaTsE OCHOBHVIO TEOPEMY APYIUM  EpuHCTBeHHOE — 3T0
obpasoM: Af06oe LEA0e TOAOKHUTEABHOE THCAO MOXKET OBITH 3aIllMCAHO  Pa3A0KeHHe, HO He
€AMHCTBEHHEIM 006pa3oM B BHAE TeopeMa.

n = Hp“" , rae Kaxaoe n, = 0. (4.11)
)

[IpaBast 9acTb IpeACTaBAsieT coboil IpoW3BeAEHUE II0 6ECKOHEYHO
MHOTMM IIPOCTHIM YHCAAM, OAHAKO AAS AIOBOTO OTAEABHOTO M BCE
[IOKa3aTeAX CTENEHN — 3a HCKAIOYEHMEM HECKOALKUX — paBHEHI 0, Tak
YTO COOTBETCTBYIOIIWE MM COMHOXHUTEAU paBHH 1. CAepoBaTeABHO,
Ha CaMOM AeA€ — 3TO KOHEYHOE IIPOM3BEAEHUE, TOYHO TaK K€, KaK
B AEHCTBUTEABPHOCTH KOHEYHEI MHOTVE ,HeCKOHEYHHIE® CyMMEI, u60
HoAbIIas YacTh MX CAAraeMBIX PaBHA HYAIO.

Dopmyaa (4.11) OAHOSHAYHO IIPEACTABASIET T, TaK UTO IIOCAE-
AOBaTEABHOCTH (Mj,M3,Ms5,...) MOXXHO paccMaTpWBaTh Kak (xaHo-
HUMECKYIO) cucmemy npedcmasieHus NEARX IOAOKUATEADHBIX Y1~
cea. HammpusMep, npeacTaBAeHNe B BUAE IIOKa3aTeA€l TPOCTHIX YUCAA
12 umeer Bup (2,1,0,0,...), a IpeAcTaBAEHVE B BHUAE IOKa3aTeAeh
mpocteix umucaa 18 —(1,2,0,0,...). IIpu yMHOXeHUM ABYX YMCEA HX
TIPEACTABAEHUS IPOCTO CKAAABIBAIOTCS. APYIMMU CAOBaMH,

k=mn & kp, =mp+mn, IpHBCcex p. (4-12)
DTO0 03HaYaeT, ITo

m\n & mp, <N, IpHBCEX P, (4.13)
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— EBxana [360]
[MepeBoa:
»J1epBbIX 4H-
CeA CyIjecTByeT
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OTKyAa HEIIOCPEACTBEHHO CAEAYET, UTO

(4.14)
(4.15)

k = HOA(M,n) & kp, = min(m,,n,)
k = HOK(m,n) & k, = max(mp,ny)

IIpY BCEX D,
IIpY BCEX P.

Hampumep, mockoabky 12 = 22-3" 18 = 2' - 32, MoXHO HOAyYHTD
¥X HOA ¥ HOK, B3sIB min X max COOTBETCTBYIOIINX IIOKa3aTeAel:

HOA(]Z, ]8) — 2min(2,1) ‘3min(1,2) — 21 ‘31 — 6,
HOK(12,18) = 2max(21). 3max(12) - 22.32 = 36,

EcAu HeKoTOpO€ IIPOCTOE YUCAO P AEAMT IIPOM3BEAEHME TN, TO
OHO AEAHRT AnbO YMcA0 M, A6O0 YHUCAO N, 2 BO3SMOXXHO, X 06a U3 HUX —
B CHAY TEODEMBI O EAMHCTBEHHOCTH Pa3AOKEHUS Ha MHOKUTEAR. Op-
HaKO COCTABHEIE YKMCAA 3TUM CBOMCTBOM He obaaparoT. K mpumepy, He
npocroe uncao 4 peant 60 = 6-10, Ho He pAeant Hu 6, Hu 10. [Ipuunna
o4eBMAHA: B pasaoxenuu 60 = 6-10 = (2-3)(2-5) ABa IPOCTHIX COMHO-
SKUATEAs YucAa 4 = 2-2 pacuIenAeHE Ha ABE YaCTH — CAEAOBATEABHO,
4 He pAeAUT HUM OAHY M3 dacTeit. Ho mpocToe umcAo HepaciienasieMo,
TaK YTO OHO AOAYKHO AGAUTH OAMH U3 UCXOAHBIX COMHOXKUTEAEH.

4.3 ITIPOCTBIE ITPIMEPBHI

CKOABKO BCEI'O IIPOCTHIX YMCEA? Muoro. Ha camom ae-
Ae — 6eCKOHEYHO MHOI'0. DTO AAaBHEIM-AABHO AOKasaa EBKAMA B cBo-
eM rpepaokeHny 20 KHUrH X, 1 BoT Kak. [IpeATIoAOKUM, YTO UMeEET-
CsI AMIIBb KOHEYHOE YMCAO IIPOCTHIX, CKaKeM, k uucea 2, 3,5, ..., Py.
Toraa, roBopua EBKAMA, CAEAYET PACCMOTPETH YMCAO

M=2-3-5-...-Px + 1.

Hu oaHO M3 k IIpPOCTBIX YMCeA HE MOXET AeAUTh M, mbo Kaxpoe
u3 HuX AeAuT M — 1. TaxuM 06pasoM, AOAKHO MMETHCSI HEKOTOPOE
APYIo€ IIPOCTOE YMCAO, KOTOPOE AEAUT M, a, BO3MOXHO, camo M —
IIPOCTOE YMCAO. DTO IIPOTUBOPEYUT HALIEMY IIPEAIIOAOKEHHUIO, YTO
TOABKO 2, 3, ..., Py CyTb IIpOCTEIE YKCAQ, TAK YTO Ha CAMOM AEAE UX
AOAYXHO 6BITH HECKOHEYHO MHOIO.

EBKAMAOBO AOKa3aTEABCTBO HAaBOAWUT Ha MBICAB OIIPEAEAUTDH pe-
KYyPPeHTHO “ucaa Fexauda:

ecamn > 1. (4.16)

e, = ejer...en_1 + 1,
Ux IIOCAEAOBATEABHOCTD HAYMHAETCA C YHCEA

e =1+1=2,

e =2+1=3,
e3=234+1=7,
eq =2-3-74+1 =43,
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BCe U3 KOTOPHIX IpocThie. Ho yXXe cAaepyioliee umcAo, es5, ecTs 1807 =
13.139. Oka3niBaeTcs, 4To e¢ = 3263443 — IPOCTOE YHUCAO, B TO BpEMS
Kaxk

e7 = 547-607-1033-31051,
es = 29881-67003-9119521-6212157481 .

WsBecTHoO, 4YTO €9, ..., €17 — COCTAaBHbIE YNCAQ, TaK JKe KakK, II0 BCeH
BUAMMOCTH, ¥ OCTaAbHEIE e,. OAHaKo Bce uncaa EBRKAMAA SIBASTIOTCA
TOIIApHO 63QAUMHO NPOCMBIMU, T.€.

HOA(em,en) =1, eCAM M # n.

AnaropurM EBkampa (a Kax mHade?) IOATBEPKAAET 3TO 3a TPU KO-
POTKUX IIara: IIOCKOABKY e, mod e, = 1 mprx n > m, To

HOA(em,en) = HOA(1l,en) = HOA(O0,1) = 1.

CaepOBaTeABHO, €CAU TIOAOKHUTD (j PABHEIM HaMMEHBIIEMY MHOXKH-
TeAI YHCAA e; IPpM KaXXAOM j = 1, To Bce mpocThle ¥McAa (1, (2,
d3, ... BYAYT pasAMYHEI — OHM 06pasyroT HeCKOHEUHYIO MOCAEAOBa-
TEABHOCTH IIPOCTHIX YHMCEA.

Tenepr HEHaAOATO OTBAEYEMCs, YTOOHI pPacCMOTpPeTh YMCAa EB-
KAMAQA C To3unuii TA. 1. Mo>XHO AM BRHIpasUTh YHCAA €, B 3aMKHYTOR
dopume? PexyppeHTHOCTD (4.16) MOXHO YIPOCTUTD, H36aBUBIINCE OT
mHoroTouns. Ecax n > 1, To

en=¢€1...en_2en1+1 =(en1—len1+1 = eﬁ_] —en_1+1.

Takum obpasoM, B e, IPUMEPHO BABOE GOAbIIE ASCITUYHHIX DD,
4eM B €,_1. B yup.37 AOKasbIBaeTcs, YTO CYILECTBYET IIOCTOSTHHAS
E =~ 1.264, Takaq, uTo

en = [E2" +1]. (427)
A B ymp. 60 obocHOBEIBaeTca OpACHHAsS 3TOM dopMyAaa
Pn = I_Ps“J ) (4.18)

KOTOpas AOCTaBASIET TOABKO AUIIL IPOCTHIE YHCAA IIPM HEKOTOPOMK
noctostHHo# P. Ho Ha caMoM Aene dopMyan Tmma (4.17) u (4.18)
He MOT'YT PacCMaTpPMBAThCA KaK (POPMYAHR B 3aMKHYTOi dopMe, IIo-
CKOABKY ITOCTOSTHHEIE E 1 P BRIYMCASIIOTCS IO TeM Ke CaMBIM YMCAAM
en M Pn—Kak b6H 3aMeTas mpobaemy mop koBep. He msBectHO (M
€ro CyIIeCTBOBAaHME MAaAOBEPOSTHO) KaKoe-AubO COOTHOILIEHKE, KOTO-
pO€e CBSI3EIBAAO OHI 3TH WMCAA C APYT¥MM MaTeMaTHIeCKH Ba>KHBIMHI
TIOCTOSTHHBIMH.

W, AeficTBUTEABHO, HEIKTO He 3HaeT Hukaxol IOAE3HOH dopMy-
AHI, KOTOpas 6 AaBana CKOAB YTOAHO HoABIIMe ITPOCTHIE, HO TOABKO
IpocThie YncAa. TeM He MeHee, MPOBOAS B 1984 T. MCIIBITaHUS HOBO-
ro cymeprommbioTepa Cray X-MP, cnenmmaAuCTH U3 IeOAOTHIECKOM
roMmaauy Chevron Geosciences Bce-Taku HaTKHYAMCH Ha MaTeMaTH-
gecKu# KAap. Vcmoapsys mporpaMmy, KoTopyio paspaborar JA3BHA



A, MOXeT 6bITb,

# 6oAbIIE K TOMY
BpEMEHH, KOTAA Bbl
3T0 NIpoYTETe.

,4T0 33jaya pas-
AHYaTh NPOCThbIE

M COCTaBHblE YH-
cAa, OCAEAHHE
pasAaraTb Ha Ipo-
CThle MHOXKHTEAH,
TNPHHAANEXKHT

K BOXKHEHLIHM

¥ noAe3HeAIUM
33pa4aM Bo Bcei
apUMeTHKe ¥ 4TO
OHa 3aHMMaAa yM
KaK ADEBHHX, TaK H
COBDEMEHHBIX MaTe-
MaTHKOB, HACTOABKO
H3BECTHO, YTO 6BIAO
6b! H3AHLIHAM Tpa-
THTb Ha 3TO MHOT'O
cA0BY

—K. ®. laycc, [2967].

4.3 ITPOCTHIE ITPUMEPBHI 133

CAOBMHCKY, OHE OBHAPY>KHAK HauboAbIIIee X3 M3BECTHRIX Ha TOT MO-
MEHT IIPOCTHIX YHCEA,

2216091 _ 1

Ha mepcoHaAbHOM KOMIIBIOTEPE AAHHOE YHCAO AEFKO BBIYUCAUTH
3a HECKOABKO MWAAMCEKYHA, IIOCKOABKY COBPEMEHHEIE KOMITBIOTE-
PH paboTaroT B ABOMYHOMN cHCTeMe, a 3To YrucAo — mmpocro (11...1);:
Bce 216 091 ero 6uros cyTs ‘1’. Ho MHOTO TpyAHEE AOKa3aTh, ITO OHO
npocToe. [IpakTIrdecKy Arobast omepanyst C STUM YHACAOM ITOTAOIIAET
yHAMYy BpEMEHU W3-33 €ro CAMIIKOM 6oABIIMX pa3sMepoB. Tak, paxe
M3OIIPEHHOMY aATOPUTMY TpebyeTcss HECKOABKO MHHYT TOABKO AAS
npeobpasopanmit 2216071 —1 B pecarmunyro dopmy Ha I[TK. A Ars TOTO
4TOBEI IepecAaTh II0 IOYTE PACIedYaTKy 3TOTO YUCAA, COCTOSIIETO U3
65050 aecsTruHEIX P, BaM moTpebyercst 78 11eHTOB.

Mexay mpoumm, 2216991 _ 1 — 310 uncao mepekAaabIBaHmit, HEO6-
XOAUMBIX AASI PELIEHWS 33aAa4Yd O XaHOMCKOM 6HalllHe, KOrAA MMEETCS
216 091 amckoB. Uncaa BuAA

2» —1

(rae p —mpocToe, Kak X BE3AE B TON IAaBe) HA3HBAIOTCS “UCAQMU
Mepcenna, B gecTs npemnopobroro Mapena MepcerHa, KoTophii erie
B CEMHAAIIATOM BeKe 3aHUMAaACS UCCAEAOBAaHUEM HEKOTOPHIX CBOMCTB
oAOGHEIX umcea [218]. M3BecTHEIE K HACTOSIIIEMY BPEMEHH IIPOCTHIE
yncaa MepcenHa noaywatoTess mpu p = 2, 3, 5, 7, 13, 17, 19, 31, 61,
89, 107, 127, 521, 607, 1279, 2203, 2281, 3217, 4253, 4423, 9689, 9941,
11213, 19937, 21701, 23209, 44497, 86243, 110503, 132049, 216091,
756839 859433, 1257787, 1398269 u 2976221.

Yucao 2™ — 1 Bceraa He IPOCTOE, ECAZ T\ — COCTABHOE, IIOCKOABKY
2%™ _ 1 uMeeT OAHUM M3 COMHOXHTEAEH 2™ — 1:

2km 1 — (zm_])(zm(k—l) +2m(k—-2)+”.+])‘

Oanaxo 2P — 1 He Bceraa IPOCTOE YMCAO, eCAl p — mmpocToe: 21 —1 =
2047 = 23-89 — HanMeHblllee U3 TAaKUX He IMPOCTHIX uucer. (Mepcenn
3HaA 3T0)

B Hamm AHM pasAoXKeHMe Ha MHOXXKHUTEAM ¥ MCIBITAaHME Ha IIPO-
CTOTy BOABLINX YHCEA — TEMEI OKMBAEHHBIX MCCAepoBaHU. CBoAKA
TOro, 4TO BEIAO M3BECTHO 06 3TOM BIAOTH A0 1981T., copepXuTcs
B pasp. 4.5.4 kaurn [140], a TeM BpeMeHeM CTAHOBSITCS W3BECTHRIMU
MHOrHe HOBHIe pe3yabTaTHl. Ha cc. 431-435 (pycckoro mepeBoaa) o6b-
SICHSIETCSI CIIEIMAaABHBIA MeTOA NMPOBEPKY Ha IIPOCTOTY 4YuceA Mep-
CeHHa.

Ha mporsykeHUE IOCAEAHUX IITH CTOAETHM HaMbOABIIMM M3BECT-
HBIM IIPOCTHIM YMCAOM OKa3HEIBaeTCs, 0 6oAbIIeH YacTH, IIPOCTOE YK~
cao MepcerHa, XOTS MSBECTHO BCEr'O AUINb HECKOABKO AECSTKOB IIPO-
cThix umcea MepcerHa. MHOrMM He AaroT Iokost 6GABIIME YUCAQ, HO
OHU IIOAAAIOTCS UCCAEAOBAHMIO C TPYAOM. [loaToMy TeM, KTO paccum-
THIBaeT Ha AEHCTBUTEABHO 3aCAYKEHHYI0 M3BECTHOCTD (a HE IIPOCTO
Ha Be3eHHUe) ¥ MecTo B KHHIe MHpPOBEIX peKopAoB ['MHHecca, BMECTO
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3TOro MOXXHO BHIAO 6Bl IOIEITATh CYaCThbs C YMcAaMu Buaa 2"k + 1
mpu MaAmX k, cKakeM, 3 umam 5. OTH umcaa MoryT 6HITH IpoOBepe-
HEI Ha IIPOCTOTY IIOYTH CTOAB JXe BEICTPO, CKOAB I 4rcAa MepceHHa
(moapobHocT® cM. B ymp. 4.5.4-27 kuuru [140]).

Ho MBI eme He IOAHOCTBIO OTBETMAM Ha Halll IepBOHAYaABHBIN
BOIIPOC OTHOCUTEABHO TOro, CKOABKO MUMEETCS ITPOCTHIX YUCEA.
Vx 6eckoHeYHO MHOTO, HO AGAO B TOM, UTO OAHM OeCKOHEeYHBIe MHO-
JXecTBa ,I'yie’; HeXXeAu Apyrue. Tak, cpeAM IIeARIX TTOAOKUTEABHEIX
quceA 6ECKOHEYHO MHOI'O YeTHRIX Y¥ceA ¥ HeCKOHEYWHO MHOT'O IIOAHBIX
KBaApPaTOB, XOTsI C HEKOTODHIX HE AMIIEHHBIX CMbBICAA TOYEK 3PEHHS
YeTHBIX 4MceA 6oAbIe, YeM IMOAHEIX KBappaToB. OAHA U3 Takux To-  CrpaHHo. .. 5-To
YeK 3peHHUsT — CPABHUTH N-I0 BEAWYHHY: T1-€ IleAoe YeTHOe — 3T0 21, a  AYMaA, uTo le-
T-% TOAHEI KBapApaT — 3T0 N%; Tak KaK 2N TOPAa3A0 MeHbIle N2 mpu  AbIX YETHBIX H-
6OABIIOM M, TO M-€ IeAOe YeTHOE BCTPeYaeTCs 3SHAYUTEABHO panbmne, C6A CTOABKO Xe,
YeM T-if TIOAHBIK KBaApAT, TAK YTO MOXKHO CUMTATh, YTO MEARIX WeT- CLOAPKO A I0A-
HEIX YHCEA MHOTO 6OABINE, YeM ITOAHBIX KBappaToB. CXoAHAST TOUKa ﬁg’c);:j:‘%’f az:::éAy
3peHust — CPABHUTE UCAO BEAWTHH, HE IPEBOCXOASIMX X: UMEETCS  yny cvirecrayer
[x/2] TaKMX IEABIX YETHBIX YHMCeA ¥ |/X| TaKUX IIOAHEIX KBaAPa-  psaummo OAHO3HaY-
TOB; a IIOCKOABKY X/2 ropasao 60oAbIe /X Ipu 60ABIIOM X, TO CHOBA  Hoe COOTBETCTBHE.
MO>XHO CYMTaTh, YTO IEARIX YETHHIX YMCEA MHOro 60ABIIE.

Ho 4T0 7Xe MOYXHO CKa3aThb O IPOCTHIX YUCAAX C STUX ABYX TOYEK
sperns? OKaskIBaeTcs, YTO M-€ IIPOCTOE YUCAC P, IpPUOAUIUTEABHO
B N pa3 6oAbllle HATYPaABbHOrO AoraprdMa n:

Py, ~ nlon.

(BHak ‘~' MOXeT BEITH IPOYNTAH KaK ,,ACHMIITOTHIECKN PAaBHO" — 3TO
3Ha4YWT, 4TO IpeAeA oTHouleHus P, /nlnn pasex 1, koraa n cTpeMuT-
cs1 K Beckoneunoctu.) ITopo6HO 3TOMy, AAST WMCAa 7I(X)— IIPOCTHIX
quceA, He IIPEBOCXOASIINX X, MBI pacroAaraeM pakKToM, KOTOPHIX u3-
BeCTeH KakK ,TeopeMa O PacHpeAeAeHUH IPOCTHX YHuceA™:

X

m(x) ~ —.

Inx

J\OKa3aTeABCTBO 3TUX ABYX (PaKTOB BLIXOAWT 32 PaMKM Hallel KHU-
T'H, XOTSI A€rKO II0OKa3aTh, YTO OAMH M3 HUX BA€UeT 3a coboil Apyroit.
B ra.9 MBI 06CYAMM CKOPOCTH, C KOTOPBIMY BO3PacTalOT (DYHKIWH,
¥ YBHAMM, YTO (PYHKIMA Nlnn — Haure npubAMXeHUe yucaa P, —
AeXUT MeXAY byHKmusMu 2n u n? mpu 6oasmom n. CaepoBaTens-
HO, IIPOCTHIX YMCEA MeHbIIle, YeM IIEABIX UeTHHIX, Ho Goablre, yeM
IIOAHEIX KBaApaTOB.

Ot POPMYARI, CIPaBEAAMBHIE TOABKO B IIPEAEAE IIPU T MAM
X — 00, MOT'yT 6BITH 3aMeHeHH! boAee TOUHBIMU olleHKaMu. Tak, Poc-
cepoM u [TendeabaoM [263] yCTaHOBAEHE! CAEAYIOIIME YAAUHEIE IPa-

HUIIBL:

67, (4.19)

lnx—%<m";j<lnx—%, x>
n(lnn+lnlnn—3) <P, <n(lan+Inlnn—1),n > 20. (4.20)



Je me sers de la
notation tres simple
n! pour désigner le
produit de nombres
décroissans depuis
n jusqu'a I'unité,
savoir n(n — 1)
n-2)...32.1
L’emploi continuel
de I'analyse
combinatoire que
Jje fais dans la
plupart de mes
démonstrations, a
rendu cette notation
indispensable‘

—K. Kpamn
[167]
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Ecamn BrIbpatTh ,CcAydaiiHOe" IleAOE YHCAO M, TO €ro MIAHCH! OKa-
3aThCA NPOCTHIM COCTAaBASIIOT IPUMepPHO OAMH K Inn. Tak, ecam
BHO6MpaTs umcAa B6Am3um 10'®, To MBI AOAXXHEI IIDOBEPHUTH IIpH-
MepHo 16In10 ~ 36.8 w3 Hux, mpexxae YeM HaAe€M IIPOCTOE UH-
cro. (OxasmiBaercst, uro Mexay 10'® — 370 u 10'® — 1 umeercs
poBHO 10 mpocThix umcer.) TeM He MeHee B PacIIpeAeA€HHM IIPO-
CTEIX YUMCEA MMEETCSI MHOIO HeperyAaspHocreit. Tak, dumcAa MeXAY
PiPy...Pn+2u PiP,...P+Pry1 — | BRAIOUUTEABHO — aBCOAIOTHO
BCe COCTaBHBIE. /[3BECTHO MHOT'O IPIMEPOB ,IAPHEIX IIPOCTHIX YHUCeA”
pup+2(G5u7, 11ul3, 177u19,29u3l, ..., 9999999999999641 u

9999999999999643, ... ), 0OAHaKO HAKTO He 3HaeT, 6€CKOHEYIHO MHOTO
WAM HeT IIap TakuxX npocThix uucer. (Cu. Xapaw u Paiir (335, §1.4 u
§2.8].)

OAMH U3 IPOCTHIX CITOCOBOB IOACYUTATE BCE TT(X ) IPOCTHIX YHCEA
< X —TIpocesTh UX Yepe3 TaK HasEIBaeMoe ,peurero JparocdeHa'
CHayaaa BBIIIMCHBAIOTCS BCE IIeABle YMCAa OT 2 A0 X. 3areM obBo-
AWTCS YUCAC 2, T. €. OHO BRIAEASIETCSI B Ka4eCTBE IIPOCTOT0, X BEIYEP-
KHBAIOTCSL BCe APYI'Me YMCAa, KpaTHEIe 2. 3aTeM IIOCAEAOBATEABHO
0BBOASITCSL HAMMEHBIIINE U3 HeOOBEAEHHEIX ¥ HEBHIYEPKHYTHIX UMCEA
¥ BBIYEDPKUBAIOTCS BCe KpaTHble M. Korpa Bce oKaXkeTcsi obBeAeH-
HEIM WAM BBIYEDKHYTEIM, O6BeAEHHEIE YICAA — CYTh IPOCThie. Kcam,
HampuMep, x = 10, To BHOUCHBAOTCI YucAa oT 2 po 10, obBopmTCS
YPCAO 2 ¥ BEIYEPKUBAIOTCS KpaTHEIE eMy ducaa 4, 6, 8 u 10. 3areMm
HaVMEHBIIUM HeobBeACHHEIM, HEBEIYEPKHY THIM YUCAOM OKa3bIBAETCS
4yucAo 3, MO3TOMY OHO OOBOAMTCS M BBIYEPKUBAIOTCS YMCAa 6 U 9.
Teleps HAaUMEHBIINM SBASIETCSI YHUCAO 5, TaK YTO OHO OBBOAUTCS U
BRIYepKuBaercs uucao 10. B sakatouenue obBopuTcs uucao 7. Ob6se-
AEHHEIE 4mcAa cyTh 2, 3, 5, 7—Bor BaM 71(10) = 4 mpoCThIX YHCAAQ,
He npeBocxopsmmux 10.

4.4 PAKTOPUANDHBIE ®PAKTHI

Aasaﬂ're TEIleph IIOCMOTPHM, KaK BBITASAUT DPa3A0XEHHE Ha
IIPOCTBIE€ MHOXXUTEAN CaMBIX COCTAaBHEIX YHUCEA — CbaKTOpKaAOB:

n
n=12..n =Hk, meaoe n = 0.

k=1

(4.21)

B cooTBeTcTBHM C HAIIMM COrAalIeHWEM OTHOCUTEABHO IIYCTOTO IIPO-
u3BepeHUsT 3Ta copmyaa ompepeaser 0! xak 1. TaxuM obpasom,
n! = (n—1)!n AAS KaXKAOT0 IIEAOTO IIOAOKUTEABHOTO YUCAA .. DTO
YUCAO IIEPECTAHOBOK T PA3AWYHBIX OOBLEKTOB, T.€. UMCAO CIIOCO6OB
pPa3sMeIeHnsi N IPEAMETOB B HEKOTOPOM PSIAY: AASL Pa3sMeIleHUs TIep-
BOI'0 IIPEAMETA UMEETCST L BADUAHTOB; AAS KaXKAOTO U3 3TUX L BapH-
aHTOB UMeeTcs N— | BApHAHTOB Pa3MEIIEHNSI BTOPOTO IIPEAMETA; AAS
KaXxAoro w3 3tux n(n — 1) BapuaHTOB UMeeTCs N — 2 BApHAHTOB pas-
MEIeHNST TPETHETO IPEAMETA K T. A., YTo paeT n(n—1)(n—2)...(1)
BapMaHTOB pa3MeEIIeHNs B IIeAOM. BOT HECKOABKO IIEPBEIX 3HAYEHUI
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dakTopUarbHON DYHKIMN:

n|o1234 5 6 7 8 9 10
| 11 2 6 24 120 720 5040 40320 362880 3628800

ITone3HO 3HATH HECKOABKO (PaKTOPHAABHEIX PaKTOB: HAI[pUMED, TOY-
HEI€ 3HaYeHWs IIEPBHIX IIeCTH PaKTOPUANOB, IPUOAMSUTEABHOE 3HA-
gernue 10! paBHOoe 3% MUAAMOHA C MeAOYbIo. Eile opAVWH IoAesHBIHR
daKT 3aKAIOYAETCS B TOM, YTO KOAMYECTBO P B 3ammcH N! mpe-
BHIIIIAET M, Korpa n = 25.

Mo>XHO AOKa3aTh, 4YTO BEAMYMHA N! OYeHb BEAUKA, UCITOAB3YS He-
4T0 BpOA€ YAOBKHM ['aycca w3 ra. 1:

n
n2=01-2-...-n)(n-.. Hkn+l—
k=1

Umeem n < k(n+1-k) < %(n+ 1)?, HOCKOABKY KBaApaTHBI MHOTO-
aner k(n+1—k) = 7 (n+1)2—(k—J(n+1 ))2 IIpMHIMAET HauMeHbIIee
3HaveHKe Ipu k = 1 u HamboAabllee 3HaYeHME — IpH k = %(n +1).

IToaToMy

n n

(n+1)?

[Irn<n?<]] ,

k=1 ke 4
T.€e

n+1n"
nv2 < nl < o (4.22)

OTO COOTHOLIEHWE YKa3BIBaeT Ha TO, YTO (haKTOpHAaAbHAS (PYHKIUS
BO3pacTaeT 3KCIOHEHIIMAABHO!!

Anst 6oaee TogHOrO IPUOAMIKEHUS ! IIPK HOABIIIOM T MOXKHO BOC-
TIOAB30BaThCsT popMyAcit CTHPAMHIA, KOTOPYIO HaM elle IIPEACTOUT
BEIBECTH B T'A. 9:

nl ~ v2rm (%)n . (4-23)

A eme 6onree TOUHOe IPUOAMIKEHME AOCTABASIET €O ACHMIITOTHYE-
CKYIO OTHOCUTEABHYIO IOrPelHOCTh: hopMyAra CTUPAMETA ,HE AOTS-
ruBaeT" A0 BEAMYWHE! ! Ha MHOKUTEAD, IPUMEPHO paBHeLx 1/(12n).
JAaxe npu BecbMa ManoM N IopobHoe 6oaee ToOUHOE IPUOAUKEHHE
BIIOAHe AocTaTodHo. K mpuMepy, npubavkerue CtupamHra (4.23)
npu n = 10 paeT 3HaveHUe, bausKoe k 3598696, mpy 3TOM mmorpel-
HocTh — oKoAO 0.83% =~ 1/120 —xkpaitme mMara. Xopollas Belh —
aCHUMIITOTHKA.

Ho BepHeMcs k mpocTeM 4ucaaM. XoTeAochk 6Bl AASI Afoboro 3a-
AQHHOTO IIPOCTOr'0 YNCAA YCTAaHOBUTH HAWBHICUIYIO CTEIEHb P, KOTO-
pas AeAMT n! —T. e. IOKasaTeAb YUCAA P, C KOTOPHIM OHO BXOAMT B
OAHOSHAYHOE pa3sAoKeHMe N! Ha IpocThle MHOXUTeAN. O6o3HaumM
3Ty BEAWYUHY 4depe3 €,(n!) ¥ HavHeM Hallle ICCAEAOBAHUE C YaCTHO-
ro caydass p = 2 u n = 10. [lockoabky 10! — mpousBepeHMEe AECSITH
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YyuceA, To BeArduHy €(10!) MOXXHO HallTH, CAOKHB BXOXXAEHHUS CTe-
IIeHe# YMCAa 2 B 3TH AECATH YHCEA; IOA0DHOE BEIYMCAEHME COOTBET-
CTBYET CyMMUPOBAHUIO CTOABIIOB B CAeAyIoIIel Tabauie:

12345678 910| crertern 2

AeAamTciHa 2| X X X X X |5=[10/2]

AeanTcs Ha 4 X X 2=[10/4]
AEAMTCS Ha 8 X 1=[10/8]
crenean 2| 010201030 1 8

(CyMmapHEie 3HaueHUs CTOABIOB 06pasyoT TO, YTO MHOIAA Ha3H-
BaloT auHeewHou dymxyued p(k) B CHAY ee CXOACTBa C AMHEHKOR
TTTTTTTTTTTTTTT]Y AeA€HUS KOTOPO# OTMeYaoT AOAK AfoiiMa.) CyM-
Ma 3TMX 9IMCeA paBHa 8; caepoBaTeAbHO, 28 peamt 10!, a 27 —mer.

Ectb 1 Apyroit cnoco6 MOJKHO TIOACYMTATb BKAAAH! II0 CTPOKAM.
B mepBoii cTpoKe OTMeYEHB! WMCAA, KOTOPHE BHOCST CTeleHb 2 (,
CAepOBaTeAbHO, Aeasdrcs Ha 2): ux [10/2] = 5. Bo Bropo#t crpoke
OTMeYEeHH! T€ YNCAA, KOTOPEIE BHOCAT AOIIOAHUTEABHYIO CTEIIEHD 2: UX
[10/4] = 2. U1, HaKoHeL, B TpeTheil CTPOKE OTMEUEHE! YUCAA, KOTOPHIE
BHOCHT elte Koe-uto: ux | 10/8] = 1. TeM caMEIM IIOACYUTHBAIOTCS BCE
BKAAAHL, Tak 4To €(10!) =5+2+1=28.

AAS IPOM3BOABHOI'O L AQHHBIM METOA AdeT

et = 3]+ 5]+ 3]+ - Z 3]

=

B AeHCTBATEABHOCTH 3Ta CyMMa KOHeWHa, TakK Kak mpu 2X > mn o06-
i YAeH CyMMH obpamiaercss B HyAb. CAeAOBaTeAbHO, OHA COAEp-
JKIT TOABKO |lg | HEHyAEBEIX YAEHOB U AOBOABHO IPOCTO BEIIMCAS-
ercs. Tak, ecam n = 100, To

€2(100!) =50+25+124+6+3+1=97.

KaXABIA YAeH B 3TOM CyMMe — BCET'O AMIIb ITOA OT IIOAOBHHEI IIpe-
ABIAVIIETO YA€HA. JTO CIPABEAAMBO AAS AIOGOTO T, IIOCKOABKY,
KaK 4YaCTHBHIM CAydail BEIpa’keHHMs (3.11), HOAydYaeM [n/2k+'J
[In/2%]/2|. Ecan sammcats sT;t umcaa B ABOWdHO#M dopMe, T0 cyTb
AeAa CTaHOBHUTCS IIPEAEABHO SICHOR:

100 = (1100100),; = 100

[100/2) = (110010); = 50
[100/4] = (11001); = 25
[100/8] =  (1100); = 12
[100/16) = (110, = 6
[100/32) = (1)z= 3
l1oo/6a) = (1)2= 1

AT TOAYYEHHS IOCAEAYIOIIEr0 YAEHA MBI IIPOCTO OT6packIBaeM Hau-
MeHee 3HAYMMEIN GUT IIPEABIAYILIErO.
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[ToMuMo 3TOrO, ABOMIHOE ITPEACTAaBAEHME IIOKA3bIBAET, KaK BhIBe-
CTH APYTYIO (POPMYAY:

e2(nl) =n—v(n), (4-24)

rae va(n) — 9MCcAO0 eAMHWIT B ABOMYHOM IIpeAcTaBAeHMM N. [lopobHoe
yIIpOIIeHne BO3MOKHO IIOTOMY, 4T0 KaXXaast 1, KoTopast obeclieanBaer
BKAap 2™ B BeAMUHMHY N, obecreumBaer BKAap 2™ 42m 24 420 =
2™ — 1 B BeAmUHHY €;(n!).

O6061mast Hall HaXOAKM Ha IIPOM3BOABHOE IIPOCTOE YHUCAO P X
HCIOAB3YSI IPEXKHEE PACCY>KAEHHE, IIOAYIAEM, UTO

N IR ET e

A xaxoBa IpuMepHO BeAWdMHa €,(n!)? MoXHO HOAyYMTH IpO-
cTyo (HO XOPOUIYI0) BEPXHIOK OLEHKY, IPOCTO JAAASIS IIOA B 06-
mleM YAeHe CYMMEI, a 3aTeM CyMMUPYs HeCKOHEYHYIO IeoMeTpHde-
CKYIO TIPOTPECCHIO:

| n n o n
ep(n.)<g+1—)5+1—)g+--~
1 1
=2(1+_+_2+...)=2(_v_>:_n_,
p P P p\p—1 p—1
IIpn p = 2 u n = 100 3TO HEPaBEHCTBO CBUAETEALCTBYET, HTO

97 < 100. Taxum obpasoM, 100 —KaK oIeHKa CBEPXY — HE TOABKO
NIpaBUABHA, HO ¥ 6AM3SKa K AefCTBHTEeABHOMY 3HaveHmio 97. U B ca-
MOM AeAe, B 0OIIeM caydae AeHCTBATEeABHAS BEAMYMHA N—V; (M) ~ N,
moroMy uTo V2(n) < [lgn] acMMOTOTHYECKM MHOTO MeHbIIE M.

Ecam p = 2 u 3, To Hamm dopMyAn paioT €;(n!) ~ n u
€3(n!) ~ n/2, mosroMy BecbMa IPaBAOIOAOCOHO, YTO M3PEAKA Be-
AwgmHa €3(n!) A0AXKHA 6BITH POBHO B ABa pa3’a MEHbINE BEAMYUHEI
€2(n!). Tak caygaeTcs, HapuMep, KoTAA N = 6 ¥ N = 7, IOCKOAB-
Ky 6! = 24.32.5 = 71/7. Ho ellle HuKeM He AOKA3aHO, YTO HOAOGHEIE
COBIIAAEHUSI CAYYaloTCs HeCKOHEYHO YacTo.

OueHKa AAS BEAWYHHEL €, (T!), B CBOIO 04epeAl, IPUBOAUT K OLEH-

Ke AAst Beamumnsl pe (") koTopast paBHa BKAapaM p B n!:

pep(n!) < pn/(p—1) .

STy POPMyAY MOXKHO YIPOCTUTH (PHCKYsI CMABHO OCA2BUTH Bepx-
HIOIO TPaHuIy), 3aMeTys, uTo p < 2°~'; caepoBaTeanHo, p™/(P~1) <
(2p=1)/(p=1) = 2" Apyrumm croBamm, BKAAA, KOTOPHI Afo6oe Ipo-
CTOe YMCAO BHOCHUT B Nn!, MeHbIIe 2™,

Vcnoab3yst 370 HabAIOAEHKE, MOXKHO AaTh APYTOe AOKa3aTeABCTBO
TOr'0, YTO ITPOCTHIX YMCEA BECKOHEYHO MHOI'O. AefCTBUTEABHO,
ecAn 6B 6BIAO TOABKO k mpocThIX umceA 2, 3, ..., Py, To Mel 6m
uMean, aro n! < (2M)* = 2™* npm Aro6oM N > 1, TOCKOABKY KaXKA0e
IIPOCTOE YICAO MOJKET BHECTH B PA3AOKEHMe N! MHOKUTEAD, PaBHEIH,
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camoe Goabmee, 2" — 1. Ho mepaBercTeo n! < 2"k MoXHO Aerko
OIIPOBEPTHYTb, BEIOPAB AOCTaTOYHO GOABIIOE T, CKadkeM, . = 27K,
Torpa
2k
nl < 2nk — 22 k _ Tln/Z

)

YTO TPOTMBOPEYMT HepaBeHCTBY N! > n™/?, KoTopoe 6BIAC yCTaHO-
BA€HO B (4.22). Tak 4TO IPOCTEIX YHUCEA BCe JKe BECKOHEYHO MHOTO.
Mo>KHO ellle IIOMYCOAUTD 3TO PacCy’XKAeHWE, C TeM YTOOBI IIOAY-
4UTh IPYOYIO OIEHKY AAS 7{(N) — KOAMYECTBAa IIPOCTHIX YUCEA, He
mpeBocxoasamux N. KaXXpoe Takoe IIpocToe YMCAO BHOCUT B Pasio-
J)KeHMe N! MHOXKUTEAb, MEHBIINH deM 2™; 03TOMY, KaK U MPEXAE,

n! < 2nn)

Ecaum 3peck 3aMmenuTh BeAmuuHy n! mpubamxenveM CTHpAMHra
(4.23), KOTOPOE CAYKUT ee HUIKHER OIEHKOM, ¥ B3SATH AOrapudMEI,
TO HOAYYHM

nn(n) > nlg(n/e) + %lg(Zm) ,
OTKyAd
n(n) > lg(n/e).

ITopobrast HUXHSIS OIlEHKa COBCeM CAabast Mo CpaBHEHMIO C HaKTH-
4gecKoif BearumHo# 71(n) ~ n/lnn, ubo logn MuOro Menpme n/logn
nipu 6oabIoM 1. Ho 3aTo MBI He ITOTPaTUAK MHOT'O CHA Ha €€ BEIBOA —
OIIEHKA €CTh OLIEHKa.

4.5 B3AVMMHAIJ IIPOCTOTA

Ecam HOA(m,n) = 1, To IMeARle YMcAQ M ¥ M He UMEOT OAH-
HAKOBEIX IIPOCTBEIX COMHO)KI(ITeAefI; B TaKOM CAYy4Yae I'OBOPAT, YTO OHN

83QAUMHO NMpocmule.
BTO IIOHATHE HACTOABKO Ba>XHO Ha IIPAKTHUKE, 4YTO CAE€AOBAAO
651 063aBECTHCh AASL HEro CIelMaAbHEIM obosHauenumeM. Ho, yBHI,
TEOPETUKO-YMCAOBUKY €Ill€ HE IIPUIIAN K YCTPAaUBAIOIIEMY BCEX CO-
TAQIIeHWIo, a TIOTOMY MEI B3biBaeM: BHEMAUTE HAM, O MATEMATH-
ToaobHo ToMy, kak KU BCEI'O CBETA! BOABIIE MEAAUTE HEAB3s1!! MHOTHE ©OPMY-
NeprnesAMKYASpHble  ABl MOXXHO CAEAATBH SICHEE Y>XE CEMYAC, AOIOBOPUBILMCH O
npaMble He HMEOT HOBOM OBO3HAYEHMU! COI'AACUMCS >KE IIUCATL ‘m L n' U ro-
obuyero Hanmpabae- BOPUTB, YTO ,,m IIPOCTO C n‘ ECAM M ¥ N B3AUMHO MPOCTHI.

HHA, TAK M NIEPIEH- A yorprvy cAoBaMu, AaBaiiTe 06bSIBUM, 9TO
AHKYASDHBIE YHCAQ

He HMeloT 061yHX mln <& mmn—ueane # HOA(mM,n) =1, (4.26)
COMHOXXHTEAEI.
Apobs m/Mn HeCOKpaTHMa TOIAa X TOABKO TOTAR, Koraa m L n.

[TocKOABKY MEI CBOAYIM APOBOY K HECOKPATMMEIM, COKPAIIast Ha CaMBlk
6oAbLIOH 061N MHOXXUTEAD YUCAUTEAD ¥ 3HAMEHATEAb, TO MOJKHO
IPEATIOAOYKUTE, YTO B 0bIIEM CAydae

m/HOA(m,n) L n/Hop(m,n); (4-27)
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¥ 3TO AEHCTBHUTEABHO TakK. J\aHHOE 06CTOSTEALCTBO BEITEKAeT U3 60-
Aee obmiero mpaemaa: HOA(km,kn) = kKHOA(m,n), AOKa3saHHOro B
yup. 14.

OmnpeaeAeHMe OTHOIIEHNS | YIPOIIAETCS, ECAM BOCIIOAB30BaThCS
IpeACTaBAEGHHEM HUMCEA B BHAE IToKasaTeAel mpocTHX. B cuay mpa-
BUAA (4.14) AAST HOA MMeeM:

mln <& min(m,,n,) =0 upuBcex p. (4-28)
Boaee Toro, IoCKOABKY M, ¥ T, HEOTPUIIATEABHbI, 3TO MOXHO II€pe-
IIMCaTh B BHAE ITopo6Ho opToro-
HaAbHbIM BEKTOpaM,
mln & mpyn, =0 mnpuBcex p. (4.29) CKardpHOE MPOH3-
BEAEHHE KOTOPBIX

A Temepph MOXXHO JCTaHOBUTE BayKHOE IPABHAO, C IOMOIIbIO KoToporo  PaBHO HYAI.

MO>XHO Pa3beAUHSATH U 06beAMHATH ABa OTHOIIEHMS | C OAMHAKOBOMK
A€BOM YacCThIO:

klm z kln <& k.l mn. (4.30)

BBUAY cOOTHOIIEHUS (4.29) 9TO IPAaBMAO IPEACTaBASIET coboit Apyroit
BapHaHT CAEAYIOIIEro yTBepXAeHUs: kym, = 0 u kyn, = 0 Torpa u
TOABKO TOTAQ, Koraa k,(m;, 4+ n,) = 0 npm HeoTpHMIaTEABHEIX M,
nn,.

CymecTByeT 3aMedaTeAbHBII CIT0CO6 IOCTPOEHNST MHOXKECTBA BCEX
HeOTpPHMIIaTEABHEIX Apobeit m/n ¢ m L n, Hocaumit HasBaHue Jepesa
IIImepra—Bpoxo, MOCKOABKY OH GEIA OTKDEIT HE3aBHUCUMO APYT OT  MHTepecHo, oT4ero
APyra HeMeIKMM MaTeMaTHKoM MopuueM IllTepHoM [357] u dpan- MaTeMaTHKH roBo-

Iy3CKUAM YacoBImKoM AxuanroMm Bpoxko [41]. CyTs aToro cmocoba B PAT ,0TKPHIT) TOTAQ

. a 0
TOM, YTOOHI HadaThb C ABYX Apobeit (%, %), a 3aTeM moBTOPUTH Heob- 4K BcoatoTHo Bee
0CTaAbHblE CKa3aAH

XOAMMOE KOAMYIECTBO Pa3 CACAYIOIIYIO OIIEPAINIO: 61 , pHAYMaH”
m+m' m  m [[To 3ToMy moBoay

BCTaBUTh ——— MEXXAY ABYMSI COCEAHUMU ApobsMu — u — .  CM.MHTEpBbIO C
n+n n o mn PoraabaoM I'paxe-

MoM B 4-M HoMepe
Hosas apobe (m + m')/(n + n') HaseBaeTcs meduarmoti Apobeit sxypHara ,KpaHT"
m/n z m'/n'. K npumepy, mepsHit mar AaeT oAHY HOBYIO BCTaBKY 3a 1988 r.

MEXAY % u %: — ITepes.]

—lo

11,
10

)

CAeAyIOLMi 11ar A0DaBAsieT ABe:

—lo
_||_a
=N

1
' 0

=

Ilocaepyrommii 1mar AobaBASIET YETHIpPE:

—lo

1 23
T2 T

Nl
o=

w|—=
Nj—
wIN

’ 1 y y ’



4.5 BBAVMMHAJ ITPOCTOTA 141

3aTeM AobaBAsieTcs 8, 16 M T. A. HOBHIX BCTaBOK. BCIo COBOKYITHOCTH
BCTaBOK MOJXKHO IIDEACTABHUTD B BEAEe becKoHeUHOro 6MHaApHOrO Aepe-
S noaararo, 1/0 —  Ba, BEpPXHUE YPOBHU KOTOPOT'O BRITASIAST TaK:
3T0 6eCKOHEYHOCTD
B HECOKDaTHMOM T 5
BHAEY 1 e

3 1
1/ \2 3/ \3
3 3 2 T
l/ \; é/ \é i/ \é i/ \i
A LN
2 3 4 5 5 4 7 8 7 7 8 7 5

5
8 75 455 333127

wil—=
~i
ool
|
~Ni

Kaxxpast Apobn uMeeT BHA %;“,1, TAe % — 6AMIRAMIIIiA TIPEAOK CBED-
Xy CA€Ba, a ;1"‘—,' — cBepxy crpasa. (,,]IpeaxoM” ssBAsIETCS APOBB, KOTO-
past AOCTHIKHMA, ECAY CAEAOBATh II0 BeTBSIM BBepX.) [lopobHoe Aepe-
BO paAyeT I'Aa3 oOMABHBIM yPO’KaeM 3aKOHOMEPHOCTENA.

IMopa 6b! 3aHATBCA Ho mouemy 310 AepeBo maopoHOcHO? [ToueMy, HanmpuMep, KaXkKAas

KoHcepBHpoBaHHeM.  MeamaHTa (m+m')/(n+n') okaskBaeTca HECOKPATUMO, KOTAA CO-
3peBaeT Ha 3ToM AepeBe? (Ecam 6w Bce umcaa m, m', n u n' 6ei-
A¥ HEYeTHH!, TO MHI [IOAYYaAd OB Apo6H BUAQ HeTHOe/4eTHOE — TeM
He MeHee Hallle IIOCTPOEHNE IapaHTUPYET, YTO APObM C HeUeTHRIMU
YUCAUTEASIMH U 3HaMeHATeAsIMM HEKOTAA He IOSBASIOTCA psipoM.) U
II049eMy BCe BO3MOXKHEIE APOGH /N BCTPEYAIOTCS TOABKO OAHAYKARI?
[Togyemy Kakas-HUOYAL APOOB He MOXKET BCTPETUTBLCS ABAKARI MAU HE
BCTPETUTHLCS Boobie?

Bce 3T BOIIPOCH MMEIOT Ha JAMBAEHUE IIPOCTHIE OTBETHI, B OCHO-

Be KOTOPHIX AEKHUT CAEAYIOLINA 3AeMEeHTapHHH dakT: ecax m/n u
m'/n' —mocaepoBaTeabHBIE ADO6H Ha Af06OM Iare MX IIOCTDOEHHS,
TO

mn—mn' =1. (4-31)

9TO COOTHOIIEHUE CIIPABEAAMBO IepBoHadanbHO (1-1—-0-0=1), a
KOUAa MEl BCTaBAsieM HOBYIO MeAuaHTy (m + m')/(n +n'), To Hapo
IIPOBEPUTDH HOBBlE COOTHOIIEHMS:

(m+m'm-—mn+n')=1;
m'n+n)—(m+m'n' =1.

O6a >TuX ypaBHEHUs SKBUBAAEHTHBI HCXOAHOMY YCAOBHIO (4.31), KO-
TOpO€E OHU 3aMeHSIOT. [l03TOMY ycAOBHE (4.31) MHBAapMAaHTHO Ha BCEX
marax IIOCTPOEHHS.

Kpowme Toro, ecar m/n < m'/n' u ecan Bce 3TH BEAWUHHEI Heo-
TPHUIIATEABHEI, TO A€TKO YOEAUTHCS B TOM, UTO

m/n < (m+m")/(n+n') <m'/n’.
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MeawaHTa He A€XKHT TOYHO IOCEDEAMHE MEKAY CBOMMM IIpEeAllle-

CTBEHHMKAMM, HO OHA AEXKHT TAE-TO MeXXAY HuMM. CAepOBaTEABHO,

Hallle ITOCTPOEHME COXPAHAET [IOPSIAOK ¥ ITOAYUEHNEe OAHOM U TOlt Ke

ApobM B ABYX Pa3sHEIX MeCTaX HEBO3MOXKHO. Bce 370 TaK, Ho
Ocraercs emle OAMH BOIIPOC: MOXKET AU KaKas-HUOYAbL NOAOXKH-  €CAH y Bac 3acTps-

TeAbHast Apobb a/b c a L b oxasaThca mpomymerno#? OTeeT oT- A APoGb B PasHbIX

PUIIaTeAbHBI, 160 Hallle IOCTPOEHNE MOYKHO OTPaHWYINUTE Helocpea-  MECTax, To Aydile

CTBEHHOM OKPECTHOCTBIO Apobu a/b, B KOTOpOlt ee moBeAeHMe Aerko  10KasaTbCd Bpatdy.

IOAAAETCS aHAAK3Y. BHavaAe IOAOKUM

m _ 0 a 1 _ml

_—'-<(b)<0_n"
rae CKobkm y Apobu % YKa3bIBaroT Ha TO, YTO Ha CAaMOM AEA€E €€ 3AeCh
HET. BaTeM, €CAH Ha HEKOTOPOM Iiare

R<(®) <

TO Halle IIocTpoeHue obpasyer Apobs (m + m')/(n + n') u 3pech
BO3MOXXHEI TpPH BapmaHTa. Aubo (m + m')/(m +n') = a/b u Mu
yAOBAeTBopeHH!; Aubo (m+m')/(n+n') < a/b 1 MOXKHO IOAOKUTD
mem+m, nen+n'; ambo (m+m’)/(n+n') > a/b u MoxmHo
moaoxuTh M’ «— m+ m'/, n’ « n+n'. Iror npomecc He MoxeT
IIPOAOAIKATHCS] HEOIPAHIYEHHO, TIOCKOABKY YCAOBMS

a m m’ a
F—}T>0 n tn'T'—F>0

O3Ha4aloT, 4TO
an—bm > 1 u bm'—an’ > 1;
CAeAOBaATEABLHO,
(m'+n')(an—bm)+ (m+n)(bm'—an’) > m'+n'+m+n,

a 3TO TO Xe caMoe, ¥To ¥ a+b > m’+n’'+m+n, cornacko (4.31).
C ra>xABIM maroM Aubo m, Aubo n, ambo m', Aubo n' Bospacrator,
TaK 4YTO MBI AOAXKHEI GBITH JAOBAETBODEHH IIOCAE caMmoe GoAblee
a + b maros.

ITocaedosamenvrocmovro Papes mopsiaka N, oboszagaeMoit ge-
pe3 JN, SBASIETCS MHOMECTBO BCEX HECOKPATMMEIX Apobeit Mexay O
u 1, 3HaMeHaTeAN KOTODBIX He IIPeBOCXOAAT N M KOTOPHE pPacIono-
JKEHBI B Bo3pacTarolleM mopsiake. Tak, ecaum N = 6, To

01 111213234351

562T'Ev§’4’3'5’2»5v3»4v5’6»1-

B obmeM caydae moCA€AOBAaTEABHOCT Fn MOKHO IOAYYWUTH, Ha4yaB
cFH = 19,} ¥ 3aTeM BCTaBASS MEAMAHTHE! BCSIKUM pas, KOrAa 3TO
MOJKHO CAEAaTh, C TeM 4YTOOBI He IOAYYMTH NpeBhImatomuii N 3Ha-
MeHaTeAb. [Ipu sToM HM opHa APobB He 6yaeT nponyieHa, TOCKOABKY
M3BECTHO, 4To nocTpoerue [lITepHa—Bpoko He mpomycKaeT HU OAHY
W3 HUX, ¥ ITIOCKOABKY MeAMaHTa CO 3HaMeHaTeAeM < N HUKOraa He
obpasyeTcs u3 Apobu, 3HaMeHaTeAb KOTOpoi > N. (ApyruMu caoBa-
Mu, Jn BrIpenszeT B pepese llltepra—DBpoko HekoTopoe noddepeso,
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ImoAydaeMoe IIyTeM O6De3KM HEHYXHBEIX BeTBeil.) OTCIopa CAEAYET,
yro m'n — mn’ = 1 Bcarult pas, Koraa m/n u m’/n’ sBAsgioTCS
IIOCAEAOBATEABHBIMI APObsiMU B IIocAepoBaTeAbHOCTH Papest.

IMToa06HEI! MeTOA IOCTPOEHMSI IOKA3BIBAET, UTO IIOCAEAOBATEAD-
HOCTb FN AETKO IMOAYYAETCS U3 IOCAEAOBATEABHOCTH FN_1: MBI IIPO-
cTO BcTaBAsieM Apobb (m+m’)/N MeXAy mocAeAOBaTEABHEIMU APO-
6smMu m/mn u m'/n’ B Fny_1, cyMMa 3HaMeHaTeAedl KoTopeix = N.
Tax, IMoCA€A0BaTEABHOCTE J7 AETKO IOAYYUTD U3 3IAEMEHTOB IIOCAE-
AOBaTeABHOCTH Fg, BCTaBASIsSI B Hee Apobu %, %, ey g B COOTBETCTBUY
C YKa3aHHBIM IIPaBUAOM:

o1 111212314325 1234%5

Ecauz N —mpocToe uncao, To nosgBurc N — 1 HoBBIX Apobeit; B mpo-
TUBHOM CAydYae ux mossBuTcs MeHbile N — 1, Tak Kak IToAOGHBIM Ipo-
IIeCC TIOPOKAAET AMIIEL APO6M, MMeIOIIe B3aMMHO IIPOCThIe ¢ N um-
CAUTEAH.

Eme B (4.5) 65180 AOKa3aHO — IpaBAQ, B APYI'MX TePMUHaX,— YTO
ecamm L nu0<m < n, To MOXXHO HAifTH LleABle YACAA A U b,
TaKue, 9TO

ma—nb =1. (4.32)

(Ha caMoM peae yTBEpKAAAOCh, 4To M'm + n'n = HOA(m,n), Ho
BMeCTO HOA (1M, ) MOXKHO ITIOACTABUTb 1, BMeCTO M’ IOACTaBHTH @, a
BMecTo —n' moacTaBuTs b. IlocaepoBareabHOCTS Papes obecreynBa-
eT Hac APYTMM AOKa3aTeAbCTBOM PaBEHCTBA (4.32), TaK KaK MOXKHO
HOAOXKUTH APobb b/a paBHOM Apobu, KOTOpas IIPEAIIECTBYET APObu
m/n B mocaepoBareabHocTH F,. Takum obpasoM, (4.5) cHOBa ecTb
mpocTo (4.31). K npumMepy, opHuM 13 pelennit ypasHerns 3a—7b = 1
SABASIETCS A = 5, b = 2, IOCKOABKY APobB % IIPEeAILIECTBYeT Apobu % B
F7. V3 aToro caeayerT, 4To BCErAa MOXKHO HaiTH pellleHre YpaBHEHUS
(4.32) c0<b<a<n,ecan0 < m < n. Agarormuso, ecar 0 < n <
m u m L n, To ypasHeHue (4.32) ¢ 0 < a < b < M MOXHO PeIlUTS,
moaarasi a/b paBHoit Apobu, caedyroweti 3a Opobyro n/m B Fy,.

ITocaepoBaTeAbHBIE TPORKHM Apobeit mocaepoBaTeabHOCTH DPapes
0b6AaAAIOT YAMBUTEABHEIM CBOMCTBOM, KOTOpPOE AOKasaHO B ymp.61.
Ho Ayuine npekpaTuTs AaAbHellee 06CyKAEHNE IIOCAEAOBATEABHO-

XBatut Papes. creit Papes, ubo B meaoM AepeBo lTepra—Bpoko okaswiBaeTcs ro-
paspo bonee MHTEPECHEIM.

W B camoM aene, AepeBo lllrepHa—Bporo MoXXHO paccMaTpu-
BaTb KaK CUCTMEMY CHUCAEHUA AAS IIPEACTAaBAEHUS PAIMOHAABHBIX
YMCeA, ITOCKOABKY KaXXAasi IOAOKHUTEAbHass HeCOKpaTuMas Apobb
BCTPEYaeTCsi B HEM AMIIB OAMH pa3. BocmoabsyeMcs cuMBoaamu L
# R AAST MAEHTUUKAIIY A€BOM ¥ IIPABOM BETBM IIPY IIPOABHMIKEHNHI
BHU3 II0 AEPEBY OT KOPHS K HEKOTOPOH OIpeAeAeHHOM Apobu; To-
rAa CTpoka cuMBOAOB L m R 6yAeT oAHO3HAYHO MAEHTA(DUIIMPOBATD
MecCTOHaxXoXAeHMe Apobu B 3ToM AepeBe. Tak, LRRL o3magaer mpo-
ABIDKEHVE BHE3 BAEBO OT 7 K 7, 3aT€M BIIPaBO K %, ellle pas BIPaBo

K f’{-, ¥, HaKOHEIIl, BAEBO K %: crpoky LRRL Mo>kHO paccMaTpuBaTh KaK
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TIpeACTaBAEHME ApPobu % TIpu TakoM IIOAXOAE Ka’KAasi IIOAOKUTEAD-
Hasi Apobb ITOAyYaeT eAMHCTBEHHOE IIPEACTaBAEHWE B BHAE CTPOKH
cumBoaoB L u R.

OpaHako uMeeTcss HeboABIIIOE 3aTPYAHEHNE: APO6h % COOTBETCTBY-
eT nycmotl CTPOoKe ¥ HeoOXOAMMO ITOABICKATh €l KaKoe-HHOYABL 060-
3HayeHue. J\aBaiiTe ycAoBMMcS obo3HAdYaTh ee depe3 I, ITOCKOABKY
3TOT CHMBOA HamoMUWHaeT Imdpy | M c Hero HauMHAETCA CAOBO
yidentity (eammuma — ITepes.).

Taroro popa NIpeACTaBAEHWE BBISHIBAET ABa €CTECTBEHHEIX BO-
mpoca. (1) Ecam 3apaHBl IleAble IIOAOKHTEABHEIE YHCAQ TN X M C
m L n, To KaKas CTpoKa cUMBOAOB L u R cooTBeTcTByeT Apobm m/n?
(2) Ecam 3apaHa HekoTOpas CTpPOKa CMMBOAOB L u R, To kKakast Apo6b
et cooTBeTCTBYeT? Bompoc 2 BEITASIAUT IIOIIPOLIE, IIO3TOMY 3aiiMeMCsI
¥M B IIepBYI0 odepeAb. IIycTb

f(S) = Apobb, cooTBeTCTBYyIOIIAS S,

rAe S — HeKoTOpas cTpoka cumBoaos L u R. Tax, f(LRRL) = 2.

B coorBeTcTBHM ¢ HammM nocrpoerueM f(S) = (m+m')/(n+n’),
ecam m/n z m'/n’ aBaszorcs 6ARaiIMK K S (IIpeALIECTBY IOIIH-
MU ¥ ITOCAEAYIOIIMMHY ) APOBsSIMU Ha BEPXHUX YPOBHSIX HAIIIETO AEPEBA.
ITepBoravaabro m/n = 0/1 w m'/n’' = 1/0; sareM Aub6o m/n, aubo
m'/n' mocaepoBaTeABHO 3aMeHSIIOTCS MepnaHToM (m+m')/(n+n')
II0 Mepe IIPOABUIKEHUS II0 AEPEBY COOTBETCTBEHHO BIIPABO AU BAEBO.

Ho kak 06Ae4b 3TO AEHCTBO B MIOAXOASIIIVIE MATEMATHIECKHE OAE-
XAB? HeKoTOpHI# OIBIT IIOACKA3RIBAET, YTO HAMAYYIIMHA CIIOCOb —
CKPOHUTD 2 X 2-MaTpuiry

mis = (n m).

KOTOpasi COAEP)KHT BCe HUETHIPE BEAMYMHBI, BXOASIIME B APO6M —
npeaR” m/n u m'/n’, oxsarrparomue f(S). ITopobHO 3ammcu Apo-
6eit, MOXKHO 6EIAO OBl PACIIOACKUTH BEAMYMHEl T HAaBEPXY, a BEAU-
YHHEL N — BHE3Y, OAHAKO IIEDEBEPHYTOE BBEPX AHOM DPacCIIOAOKEHMUE
oKasbBaeTcst 6oAee TOAXOASIIMM, TTocKoABKY B Havare M(I) = (39),
a MaTpuna () TPaAMIMOmNHO HasHIBaETCS EAMHWHOM MaTpUIIei.

Illar BaeBo 3aMenster 1/ Ha n+n', a m’' —xa m + m'; caepoBa-
TEABHO,

!
Mist = (i)

n n' 11 11
=<m m’) (0 1)=M(S)(O l)'

(970 wacTHEIK caydail obiiero mpaBuAa

a b w x\ (aw+by ax+bz
c d y z/ \ecw+dy cx+dz
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Ecan Bul He HMeeTe ~ YMHOXeHMs 2 X 2-Marpwuil.) TouHO Tak ’Xe OKa3bIBaeTCs, 4TO
MOHSTHS 0 MaTPH-

ax — He BraAaiTe _fn+n '\ 1 0

B NIaHHKY: B 3Tojt M(SR) = (m-l—m’ m' )= M(S) 1 1)
KHHre OHY HCITOAb-

3yI0TCS TOABKO TMoaroMy ecan ompepeAnTs L 1 R Kak 2 X 2-MaTpuis
3A€Ch.

L=<(]) }) R:(l ?) (4-33)

TO MHAYKIIMEN I10 AAMHE S MBI IOAYYHM IPocTyio popMyay M(S) = S.
Passe He 3p00poBo? (Bykse! L 1 R ucnoAHsIoT ABe pOAY: POAD MaTpHI]
¥ DOAB CHMBOAOB B CTPOKOBOM IIpeAcTaBAenuu.) K mpumepy,

M(LRRL) = LRRL = (51) ;1) (i) (01) = (1) (i2) = (33)

TaK 4To Apobu-IIpeAKH, KOTOpEIe OXBaThIBaioT Apobs LRRL = %, pas-

2 3 .
HBI 3 uz. ISL s IIOCTPOEHNE AA€T OTBET Ha BOIIPOC 2:

£(s) =f((“ “)) _mim (4.30)

m m' n+n’

A kak Hacder Bompoca 1? Temeps, KoraAa MBI BEISICHUAM 3AeMeH-
TApHYIO CBSI3b MEXKAY Y3AaMU AepeBa ¥ MaTpUIaMu 2 X 2, OTBETUTE Ha
Hero y>Xe mpocTo. IIpy 3apaHHoM Tape IEABIX IOAOKUTEABHEIX YUCEA
muncm L n, Mecromonoxenre Apobr m/n B pAepeBe lllTepHa—
Bpoko M0>XHO yCTaHOBUTD ,, ABOMYHEIM IIOMCKOM':

S:=1;
moka m/n # f(S) BBIMOAHATH
ecam m/n < f(S) To (BeiBOA(L); S := SL)
nHave (BbiBOA(R); S := SR).

PesyapTaToM paboThl (IIOCEIAREMBIM Ha BEIBOA) SIBAsieTCsI TpebyeMast
cTpoka cuMBoAoB L u R.

To >ke camoe MOKHO BBHIIOAHWTH U APYTHMM cIlocoboM, M3MeHsIs
BEAMYMHEI M U N 6e3 UCIIoAb30BaHus nepeMeHHo# S. Ecan S — Heko-
TOpas 2 X 2-MaTpuIa, To

f(RS) = f(S) +1,

TIOCKOABKY MaTpuiia RS cxoxka ¢ MaTpuIeir S ¢ TeM AWIID OTAMYH-
eM, 4TO B MaTpuie RS BepxHss cTpoKa MaTpMIbl S ImpubaBaeHa K
HwkHell. (Pacmurem sTo moapobHee:

n n'y . _ n n' .
S_(m m’)’ RS_(m-l—n m’+n’)’
caepoBaTeAbHo, f(S) = (m+ m')/(n +n') u f(RS) = ((m+n) +

(m'+n' )) /(m+n').) EcAx aAroprATM ABOMYHOI'O IIOMCKA BEIIOAHS-
€TCsI IPUMEHNTEABHO K HEKOTOPO# Apobu m/n ¢ M > N, TO IIEPBEIM
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BBIBOAOM aAropuTMa 6yaeT R; cAeAOBaTEAbHO, IPY AAALHEMIIEM BhI-
noaHenuu aaropurMma f(S) 6yaer poeHo Ha 1 6oablue, yeM ecAm 6BI
MBI HauyMHaAM ¢ (M — n)/n, a He ¢ m/n. AHarormgHOoe 06CTOSATEAD-
CTBO MMEET MECTO M AASI L, TaK 4TO mOAydaeM

— (RS) — M=% _§S)  mpum>n,

23213
3

= f(LS — =f(S um<mn.
) &= =) mw
STO0 3HAYNT, YTO AATOPUTM ABOMYHOI'O IIOMCKA MOKHO IIpeobpas3oBaTh
B CAEAVIOLIYIO He3MaTPUYHYIO IPOLEAYPY:

IOKa M # N BBINOAHSATH
ecam M <mn TO (BeiBOA(L); M :=n—m)
nHave (BEBOA(R); m :=m—n).

Tak, ecam m/n = 5/7, TO ¢ UCIOAB30BaHMEM 3TOTO YIPOLIEHHOI'O
aATOPUTMA IIOCAEAOBATEABHO IIOAYYAEM:

m=5 5 3 1 1
n=7 2 2 2 1
BaBop, L R R L

B aepese IllTepra—BpoKo OTCYTCTBYIOT MPPAIMOHAABHEIE YMCAQ,
HO 3aTO IIPUCYTCTBYIOT BCE ,OAM3IKHME K HUM PalMOHAABHBIE YUCAA.
Tak, eCAY IONBITATHCA UCIIOAB30BATh AATOPUTM ABOMYHOL'O IIOMCKA C
upcaoM e = 2.71828 ... BMecTo Apobx m/n, TO moAyunM 6eCKOHEd-
HYIO CTPOKY cuMBOAOB L u R:

RRLRRLRLLLLRLRRRRRRLRLLLLLLLLRLR ... .

STy 6eCKOHEYHYIO CTPOKY MOJXHO PacCMaTpUBAaTh KaK IIPEACTaBAE-

HWe 9UCAa e B cucTeMe cumcaenus [lltepaa—Bpoko, ToyHO Tak XXe,

KaK YMCAO € MOJXKHO IIPEACTABHTH B BUAE OECKOHEYUHON AECITHIHOMN

Apobu; 2.718281828459. .. uau B BuAe HeCKOHEUHOM ABOMYHOM Apobu  3To 3aMeyaTeAbHOE
(10.101101111110... );. MexXAy TeM OKasBIBAeTCS, UTO IIPEACTaBAEe- OHHapHOe Mpea-
HUe umucAa e B cucreMe [lITepra—Bpoxo obHapyXuBaeT ycToiumByro ~CTaBAeHHe [epMaH

3aKOHOMEPHOCTE: Mnuuxosckuit npo-
AEMOHCTPHPOBaA

e = RLORLRZLRL*RLROLRLARLRLRL?RL ..., Ha MexayHapoa-
HOM KOHrpecce

YTO 3KBMBAAEHTHO YaCTHOMY CAYy4Yalo OAHOI'O OTKPBITHA, CAEAAHHOTI'O MareMaTHKoB B ['ef-
Sitrepom [369] B BospacTe 24 Aer. AeAnbepre B 1904r.
MCXOAH U3 3TOr'O IIPEACTAaBACHUS, MOXKHO YCTAaHOBUTH, YTO Ap06H

RRLRR L R L L L L R L R R R R R R
12358 11 19 30 49 68 87 106 193 299 492 685 878 1071 1264
CAY>XaT IIPOCTEUIIMMY DPaIlMOHAABHBIMYU IIPUOAVIKEHUSMM K YUCAY
€ CBEpXy M CHM3Y. AeHCTBHTEABHO, eCAM APOBEB M/TL OTCYTCTBYET B
3TOM CIIMCKE, TO MEeXAY M/N U € IPUCYTCTBYET HEKOTOpPas ApPobb
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U3 3TOTO CIIACKA C YACAUTEAEM < M ¥ 3HaMeHaTeaeM < n. K mpu-
Mepy, Apobb % HE CAYXXUT CTOAB JK€ IIPOCTHIM IPUOAMIKEHNEM, KaK

ApOb6b 179- = 2.714..., KoTOpas MPUCYTCTBYeT B CIIMCKe X KOTOpas
6AMKe K 9UCAY €. MBI Mo)XeM y6eAUTHCS B 3TOM Ha OCHOBaHMM TO-
ro, uTo AepeBo lllTepHa—BpoKo He IIPOCTO BKAIOYAET BCE DPaIyIo-
HaAbHEIE YMCAA — OHO BKAIOYaeT UX B YIOPSAOYEHHOM BHAE, a TaK-
’Ke Ha OCHOBaHMM TOTO, YTO BCE APOBK C MaABIMHU UUCAMTEAEM U
3HaMEeHaTeAEeM paCIOAAraloTCs BEHIIlE BCeX MeHee IIPOCTHIX Apobeif.
Tak, Apobb %% = RRLRRLL MeHbie apobu % = RRLRRL, xoTo-
pasi, B CBOIO O4YepeAb, MeHbIIe yucaa e = RRLRRLR.... SroT cmo-
cob TO3BOASIET HAaXOAUTH IIpPeKpacHele mpubamxenus. K mpumepy,
Apobb % a2 2.718266 = .9999%4e; 3Ta ApO6b IOAYYAETCS U3 IIEPBHIX
16 cMMBOAOB IIpeACTaBAEHMS YuCAA e B cucTeMe [IITrepra—BpoKo, a
TOYHOCTH IIPXMEPHO TaKas J)Ke, KaK B cAydae 16-6MTOBOro ABOMYHOTO
NIpeACTaBAEHUS 3TOTO YHUCAA.

BeckoHeYHOE NpPEACTaBAEHME HEKOTOPOTrO MPPAIMOHAABHOTO YU-
CAa (¢ MOKHO IOAYYMTH IIyTEM IIPOCTOi MopMdHKaImy HesMaTpud-
HOI IIPOIeAYPEI ABOMYHOTrO IIOKMCKa:

Il

ecaum o < 1 To (BeBoA(L); o :

oc/(]—oc])

nnave (BBiBOA(R); & = a—1).

(OTm mrarm AOAXKHEI 6BITH IOBTOPEHH! HECKOHEYHOE YUCAO pas, ITOKa
He HapoecT.) Ecan uucao o — parnuoHaAbHOE, To GeCKOHEYHOE TIPeA-
CTaBAeHUe, IIOAYYEeHHOE 3TUM CIIOCO60M, aHAAOTMYIHO IIPEXHEMY, HO
K (KOHEYHOMY) NPEACTABAEHUIO (X CIIPABa IIPUCOEAMHSIIOTCS CHMBO-

Al RL*°. K mpumepy, ecar « = 1, To moaygaem RLLL..., 9To co-
OTBETCTBYET HECKOHEYHOMN ITOCAEAOBATEABHOCTH Apobeit —}-, %, %, %,
2—, ..., CTpeMAIeics B Ipepeae K 1. Taxoe IoAoKeHHE AeA B TOY-

HOCTHM COOTBETCTBYET OOBIYHOMY ABOMYHOMY IIPEACTAaBAEHUIO, ECAH
paccMarpuBaTh L Kak O u R Kak 1: TOYHO TaK ’Ke, KaK Ka)kKAO€ Bellle-
cTBeHHOe uucAo X u3 [0, 1) uMeeT BecKoHEYHOe ABOMYHOE ITPEACTa-
BaeHue (.b1bybs ... ), He okaHYMBaromIeecss oAHUME U pamu 1, Tak
¥ KaXXA0€ BellleCTBEHHOe 4ucAo u3 [0, 0o) uMeeT GeCKOHEUHOE IIPEA-
craBaerue lIrepra—Bpoko B1B;B3 . .., He okaHYMBarOIIEeCsT OAHUMU
cumBoaamy R. TaruM obpa3oM, MMeeTCsT COXPaHsIolee IIOPSIAOK B3a-
MMHO OAHO3HauHOe cooTBeTcTBUE MeXAy [0, 1) u [0, o), ecam ucxo-
AUTB U3 coorBeTcTBUsI 0 & L1 & R.

CyimecTByeT TecHasd CBS3b MEXAY aATOPUTMOM EBKAMAA U IIpeA-
craBaerueM [lIrepra—Bpoko panuoHaAbHEIX YnceA. BEcam o« = m/n,
To moaydaeM |m/m| cuMBoaoB R, 3aTeM |_n/ (m mod n)J CHMBO-
noB L, mocae wero |(mmodn)/(nmod (mmodn))| cumsoros R
# T.A. Yucaa m mod n, n mod (m mod n), ...—3To He YTO HHOE,
KaK BeAWYMHEI, GUTypupoBaBuve B airopurMme EBrkampa. (Hyxmo
IPOSIBUTH HEKOTOPYIO M306peTaTeAbHOCTD, YTOOBI 06eCIIEYNTH OTCYT-
CTBHE B KOHIe HeckoHeuHOro uncaa cuMBonoB R.) ITopobHas B3aumo-
cBs3b 6yAET MccAeAOBaHa B TA. 6.

147
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4.6 OTHOIIEHUWE CPABHIUMOCTH

MoayasipHas apudMeTHKa —3TO OAMH U3 TI'AABHEIX MHCTPY-
MEHTOB, KOTOPHIMM PacIloAaraeT Teopws umceA. MBI MeABKOM Koc-
HYANCH €€ B T'A. 3, KOTAa UMeAU AeAo ¢ 6MHapHOi omepanueit ‘mod’ —
KaK IIPaBHUAO, B KaYeCTBe OAHOM M3 oleparuii HapsAy C APYTMMH B
cocTaBe HEKOTOPOr'o BhHIpaXkeHMs. B 3Toit raaBe ‘mod’ 6yAeT MCIIOAB-
30BaThCS ¥ B Ka4eCTBE CAMOCTOSATEABHOI'O BBIPAKEHNSI, B CBSI3M C YeM
6yaeT 6onee yaobHA HECKOABKO MHas (popMa ee 3aIiCH:

&> amodm =bmodm. (4-35)

K npumepy, 9 = —16 (mod 5), Tak xak 9 mod 5 =4 = (—16) mod 5.
dopumyaa ‘a = b (mod m)’ MoXXeT BHITE IpOYKUTaHa KaK ,,0 CPABHIMO
¢ b mo MoapyAro M J\aHHOe IIOHSTHE MMEET CMBICA ¥ TOTAQ, KOTAA 4,
b 1 M — IpPON3BOABHEIE BELIECTBEHHEIE YNACAQ, HO MEI IIOYTH BCETAA
6yAEM MCIIOAB30BATh €r'0 TOABKO AAST LIEARIX YHCEA.

[TockoAbKY X mod T OTAMYAETCS OT X Ha BEAWYMHY, KDaTHYIO M,
TIOHSITHE CPABHUMOCTH MOYKHO MCTOAKOBATh IIO-APYTOMY:

a=b (modm)

(4-36)

AeiicrBuTearHO, ecAr a mod m = b mod m, ToO ompeAeAeHHE oIle-
panuu ‘mod’ 3 (3.21) yKaswBaeT, 94To a — b = amod m + km —
(b mod m + lm) = (k — l)m npu HeroTOpHIX HeARX k u 1. I Haobo-
poT, ecA a —b = km, To a = b pu m = 0; B IPOTUBHOM CAydYae

a=b (modm)  d

a —b xpaTHO M.

amodm = a— [a/m|/m = b+km— |(b+km)/m|m
=b—|b/m/m = bmodm.

3ayacTyio IpoIle IPUMEHSTh XapaKTepH3auo = u3 (4.36), HeXXeAn
u3 (4.35). Tak, 8 = 23 (mod 5), ubo 8 — 23 = —15 kparHO 5—He
HY>KHO BRIYHACAATH HE 8 mod 5, Hr 23 mod 5.

3HaK cpaBHeHMS ‘=' o4eHb HalOMWHaeT 3HaK ‘=, ubo cpaBHe-
HHUs BeCbMa CXOJXK¥ C paBeHCTBaMu. Hampumep, cpaBHeHUE SIBASIETCS
oMmHOWeEHUEM IKEUBANEHMHOCTU, T.€. OHO ObAajaeT cBoiicTBaMu
pedAeKCHBHOCTH ‘a = a', CHMMETPHYHOCTE ‘a = b = b=ad'n
TPaH3UTHBHOCTH ‘4 = b = c = a = c’. Bce 3tu cBoiicTBa Aerko
AOKa3yeMEl, IOCKOABKY BCSIKO€ OTHOIIEHHUE ‘ = ', KOTOpoe JAOBAETBO-
psieT cooTHomeHm ‘a = b & f(a) = f(b)’ AAs HeRoTopo#k byH-
Kuuu f, SIBASIETCST OTHOIIEHUEM KBUBaAeHTHOCTH. (B HamreM caydae
f(x) = x mod m.) KpoMe Toro, cpaBHEMEIE 3AEMEHTH MOXKHO CKAa-
ABIBaTh M BEHIYUTATH 6€3 IIOTepH CPaBHUMOCTH:

a+c=b+d
a—c=b—-d

=b mw c=d =
a=b nu c=d =

(mod m),
(mod m).

A efcTBATEABHO, €CAM a4 — b ¥ ¢ — d KpaTHH M, TO 3TO K& BEPHO AAS
(a+c)—(b+d) =(a=b)+(c—d)unpra(a—c)—(b—-4d) =
(a =1b) — (c — d). Kcrarn, BoBce He obs13aTeAbHO micaTh ‘(mod m)’
TIOCAE KaXXKAOTO 3HaKa ‘= ’: eCAM BEAWYMHA MOAYAS He MEHSETCS, TO

,Numerorum

congruentiam

hoc signo, =,

in posterum

denotabimus,

modulum ubi opus

erit in clausulis

adiungentes,

-6 = 9

(mod.5), =7 =

15 (mod. 11) ¢
—K. ®. I'aycc [67]

,,CE€roAHs s 4yB-
cTBYI0 cebs npe-
KPAacHo 1o MOAYAIO
A€rKoi roAoBHO#
boau

— CaoBapb XaKepa
[283]
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AOCTATOYHO YIIOMSIHYTH €I'0 AUIIb OAVH pa3 6e3 N3MeHEHUS IIOCAEAY-
IOLIEro CMBICAQ. B 3ToM cocTomT 6oABIIOE YAOHCTBO IIOHATHS CPaB-
HEHUS.

IToao6HOE CBOMCTBO CIIPABEAAMBO U AASL YMHOJKEHMS, ECAY TOABKO
MBI UMeeM AEAO C IEABIMM YHCAAMHU:

a=b m ¢c=d = ac=hbd (mod m),
meAsle b, cC.

JAoxkasareancTBo: ac—bd = (a—b)c+b(c—d). A moBTOpHOE IpHUMe-
HEHWE 3TOT'0 CBOMCTBA YMHOXKEHMS AEAAET €I'0 CIPABEAAUBEIM M AAS
CTemneHe:

a=b = a*=bv" (mod m), meawrte a,b,
mearre n > 0.

K npumepy, mockoabky 2 = —1 (mod 3), To 2™ = (—1)" (mod 3); aTo
o3Havaet, 4To 2™ — 1 KpaTHO 3 TOraa X TOABKO TOTAA, KOTAA TL YETHO.
TaxuM obpasoM, 6GABIIYIO YacTh aArebpandecKux oleparnyii, Ko-
TOpble OOBIKHOBEHHO BHIIOAHSIIOTCSI C PABEHCTBAMM, MOYKHO BEITIOA-
HSITb ¥ CO CpaBHeHMsIMM. BOAbBIIyI0O — HO He BCe: omepanys AeAEHUS
6ancraTearHO oTcyrcrByeT. Ecan ad = bd (mod m), To aTo He Bce-
raa osHadvaer, uTo a = b. K npumepy, 3-:2 =5-2 (mod 4), Ho 3 £ 5.
OaHaxo CBOMCTBO COKPaTMMOCTH CPaBHEHMH MOYKHO COXPAHMUTH B
YaCTO BCTPEYAIOMIEMCS CAyYae, Koraa d M m B3aMMHO IIPOCTH:

ad=bd & a=b (modm), (4-37)
mearre a,b,d,mud L m.

K npumepy, us roro, uro 15 = 35 (mod m), BIIOAHE 3aKOHOMEpeH
BHIBOA, 9T0 3 = 7 (mod m), eCAM TOABKO MOAYAB TN He KpaTeH 5.

AAsT AOKa3aTeABCTBA 3TOTO CBOMCTBa CHOBa BOCIIOAB3YEMCS pac-
IIMpeHVeM TIpaBUAa (4.5) AAS HOA, Haxoas d' m m', Takue, uTo
d’d 4+ m'm = 1. Toraa, ecar ad = bd, To MOXHO YMHOXUTH obe da-
cTu cpaBHeHus Ha d’, moay4ast ad’d = bd’d. A mockoarky d'd =1,
7o ad’d = a u bd'd = b; caepoBaTersHO, a = b. DTo AOKazaTeAb-
CTBO IIOKa3bIBAET, UTO IIPYM PAaCCMOTPEHUN CPAaBHEHMH IT0 MOAYAIO M,
yucao d’ Beper cebst Hammopobue uncaa 1/d, B cAY dero ero HasblBa-
0T ,,0bpaTHEIM d IO MOAyAIO M

JApyroe mpuMeHeHUe OIlEPAIK ACAEHUS K CDAaBHEHUSIMM — AeAe-
HUe MOAYAS HapsAY C ADYTUMM YMCAAMU:

ad=bd (mod md) & a=b (mod m) mpm d # 0. (4-38)

ST0 ImpaBMAO CIIPABEAAMBO AASI BCEX BeIeCTBEHHBIX YHCEA a, b, d
¥ M, ITIOCKOABKY OHO OCHOBBHIBA€TCS TOABKO Ha PaCIpPeAEAUTEABHOM
3akoHe (a mod m)d = ad mod md: umeeM amod m = bmodm
& (amodm)d = (bmod m)d & ad mod md = bd mod md.
Tak, HampuMep, u3 Toro, uro 3-2 = 5-2 (mod 4), 3arArogaeM, 4TO
3 =5 (mod 2).
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Temeps MOXHO 06beAUHUTH (4.37) ¥ (4.38) ¥ IOAyYUTH obmiee
IIPaBUAO, I3MEHSIONIEe BEAMYNHY MOAYASI B HAXMEHbIIIeH BOSMOKHOMN
CTEIIEHH:

ad = bd (mod m)

& a=b (mod measte a,b,d,m. (4.39)

@)
HOA(d, m)/’
AelicTBuTeAbHO, MOXHO yMHoXuTb ad = bd ma d’, rae d'd +
m’'m = HOA(d, m), moay4as cpaBHenye a-HOA(d, m) = b-HOA(d, m)
(mod m), KoTopoe MOXKHO pa3speAUTb Ha HOA(d, m).

HemHoro pasoBbeM IOAODHYIO HAECI0 M3MEHEHNST BEAUINHE] MOAY-
Ast. Ecam HaM wsBecTHo, uTo a = b (mod 100), To a A0AXHO GEITH
cpaBHUMO C b mo MopyAalo 10, a Tak>Xe MO MOAYAI AlHOro Apyroro
aeauTeas 100. Ckasars, uro a — b xpatsHo 100 —3TO CUABHee, YeM
CKa3aTb, 94TO a — b kpaTHo 10. B obmiem caygae

a=b (modmd) = a=Db (modm), uenrced, (4-40)

IIOCKOABKY BeAWYNHA, KpaTHas md, KpaTHa ¥ M.
O6bpaTHO, eCAM M3BECTHO, YTO A = b II0 HEKOTOPEIM ABYM Ma-
ABIM MOAYASIM, MOXXHO AWM CAEAATh BEIBOA, UTO 4 = b M II0 KaKOMY-  Moayabunkam?
Anbo 6oAbIIEMY MOAYAIO? MOXXHO — COOTBETCTBYIOLIEE IIPABUAO I'Ad-
CHUT, ITO
a=b(modm) m a=Db (modn)
& a=b (mod HOK(m,n)), merste m,n>0. (4.41)

Tak, ecA U3BECTHO, YTO a = b 1o Mopyato 12 u 18, To MOXXHO C yBe-
PEHHOCTBIO 3aKAIOYMTD, 4To a = b (mod 36). OcHoBaHMEM AAS 3TOIO
CAY>XXHUT TO, YTO €CAM PA3HOCTh A — b KpaTHa KaK M, TaK X N, TO OHA
KpaTHa ¥ HOK(m,n). 9To BBITEKaeT U3 [IPHWHIINAIA EANHCTBEHHOCTH
Pa3A0XKEHUS Ha IIPOCTHIE MHOXKUTEAH.
VcKAIOUATEABHO BaXXeH YaCTHBEIA CAyYalf 3TOro mpaBMAa, KOTAA
m L n, Tak KaK HOK(mM,n) = mMn, eCAX M ¥ N B3aWMHO IIPOCTHI.
IToaToMy cHOPMYAUDPYEM er'o B IBHOM BUAE:
a =Db (mod mn)
& a=b(modm)ma=b (modn), ecaumln (4.42)
K mpumepy, a = b (mod 100) Torpa # TOABKO TOTAQ, KOraa a = b
(mod 25) 1 a = b (mod 4). I'oBopst WO-APYTOMY, €CAM W3BECTHEI
x mod 25 # x mod 4, To 3TOro BIIOAHE AOCTATOYHO AAST YCTAHOBAEHHUS
x mod 100. STo gacTHEIH cAydait kumatickoll meopems 06 ocmam-
xaz (cM. ymp. 30), orkpeiroit Cyss 1[3n1 u3 Kurast okoao 350 1. H. 3..  [Tnuiyr Takxe CyHb
Moayaz m # n B (4.42) MoryT 6BITH Aanee pa3AOXKeHHI Ha B3auM- Lo, #an Cyrb T3y.
HO IIPOCThle MHOXXUTEAH, ITI0OKa He 6YAYT BBIAEAEHB! BCE PA3AWYHEIE — Iepes.
npocTele yucaa. CaepOBaTEABHO,

a=b(modm) <& a=b (modp™) mpuBcexp,
€CAM Pa3AOKeHUE (4.11) YUCAA M Ha IPOCTEIE MHOXKUTEAY UMEET BUA
I—[p p™r. CpaBHEHUS II0 MOAYAIO CTEIlEHEMN IIPOCTBIX YHCEA — 3TO Te

, KEPIIMYUKY'; 13 KOTOPHIX CTPOSITCSI BCE CPABHEHMS II0 MOAYAIO IIEABIX
YHUCEA.
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4.7 HESABNCHUMBIE OCTATKN

OAHO M3 Ba)KHEMINNX IIPUACKEHWMI TEOPUM CPaBHEHMMA — cu-
cmema CHUCAEHUA 8 OCMamKaT, B KOTOPO! IIeAOe YUCAO X IIPeA-
CTaBAEHO HaBOPOM €I'0 OCTATKOB (MAY BHIYETOB) II0 B3aMMHO IIPOCTHIM
MOAYASIM:

Res(x) = (x mod my,...,x mod m,),
ecammy L mempr 1 <j<k<r,

Suanme x mod my, ..., X mod M, HHUYEro HE IIO3BOASIET CKa3aTh
Ipo X, OAHAKO BCE JXe IIO3BOASET YCTAaHOBUTH BEAMUMHY X mod m,
TAe T PaBHO IIPOM3BEAEHMIO Mj...MM.. A IIOCKOABKY B IIPaKTHYe-
CKUX IIPUMEHEHUSX 3a49acTYI0 M3BECTHO, UTO X AEXKUT B HEKOTOPOM
AMaria3oHe, TO MOJKHO y3HAaThb BCE IIPO X, €CAM M3BECTHA BEAMYIHHA
x mod M ¥ M — AOCTaTOYHO HOABIIIOE YUCAO.

PaccMoTpuM, HalIpMep, OAMH U3 CAYYaeB CACTEMEl CINCAEHUS B
OCTaTKaX, KOTAA MMEETCST TOABKO ABa MOAYASI— 3 1 5:

x mod 15 | x mod 3 | x mod 5
0 0 0
1 1 1
2 2 2
3 0 3
4 1 4
5 2 0
6 0 1
7 1 2
8 2 3
9 0 4
10 1 0
11 2 1
12 0 2
13 1 3
14 2 4

Bce ynopsipouenHsie mapsl (x mod 3, x mod 5) pasAMYHE!, TOCKOABKY
xmod3 = ymod3 m xmod5 = y mod5 Toraa ¥ TOABKO TOTAQ,
roraa x mod 15 =y mod 15.

CoraacHo cBoiicTBaM CpaBHEHUN MOKHO CKAAABIBATH, BEIUMTATD
¥ YMHOXXaTb 0be KOMITOHEHTH He3a8ucumo. K IpuMepy, eCAM HYKHO
ymuoxurh 7 = (1,2) Ha 13 = (1,3) mo Mopyato 15, To BEIYMCASIOTCS
1-Tmod3=1wu2-3mod5 =1. Orseroum 6yaer (1,1) = 1; creposa-
TeabHO 713 mod 15 poakHo paBHATHC 1. (BesycaoBHo, Tak oHO 1
€CTb. )

Ceif IPUHITAT HE3aBUCUMOCTH ITOAE3€EH IIPY BEIYUCAECHUSIX Ha KOM-
TIBIOTEPE B CHAY TOrO, WTO PasHBIE KOMIIOHEHTH MOXHO obpabaThI-
BaTb Pa3sAeABHO (CKaXkeM, Ha PasHHEIX KOMIbloTepax). EcAu B Kaue-
CTBe Ka>KAOTO MOAYAS My BRIOPaHBI PasAWYHEIE IIPOCTHIE YHCAA Py,
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HECKOABKO MeHbIe yeM 23!, To KoMITbioTep, BEIMTOAHSIONIME OCHOB-  Hampuumep, yA06-
HEIe apudpMeTHYeCKNe OIlepalluyl C HIEeABIMU YUCAAMM B AMamna3soHe HO paborars ¢
[—237, 237), MOKeT A€rKo BHINMCASTH CyMMBI, Pa3HOCTM M IIPOM3Be-  [POCTHIM YHCAOM
ACHWS IO MOAYAIO Py. Habop U3 T TaKMX MPOCTHIX GMCEA AAeT Bo3- MEPCEHHA
MOXXHOCTb CKA2ARIBATh, BRIYATATh X YMHOXKATh ,JMCAa MHOTOKpAT- 2N 1.
HOH TOYHOCTH, cocToslme u3 modry 31r 6uToB, a cHcTeMa ocCTaT-
KOB AaeT BO3MOXXHOCTBH CAEAATH 3TO OHICTpee, YeM ecAM OBl TaKme
60ABIIME YMCAA CKAAARIBAAKCEH, BRIYUTAANUCH ¥ YMHOKAAUCH APYTH-
My criocobaMu.
A B psiAe CAyYaeB MOXHO BHIIIOAHSTDH ¥ AeAeHue. [IpeATIonoKuM,
HallpuMep, YTO HY>XHO BHIYMCAMTH TOYHYIO BEAMYMHY HEKOTOPOTO
GOABIIIOTO OIIPEAEAUTEASI, COCTABAEHHOTO M3 IIEARIX YHCEA. Pe3yab-
TaroM ByAeT HeRoTopoe meaoe urcAo D, a rpammip aast |D| MoxxHO
3aAaTh, MCXOASL U3 pasMepa ero sneMeHToB. OAHAKO BCe M3BECTHEIE
Cr10co6BI HEICTPOro BEIYMCAEHUS OIIPEAEAUTEAEN TPeOYIOT AeAeHNH, a
3TO IIPUBOAUT K APO6sM (M IIoTepe TOYHOCTH, ECAY AOBOABCTBOBATHCS
ABOMYHBIMU IPUOAVIKEHUSIME). BEIX0OA 3aKAIOYaeTcss B BHIYUCAEHUN
D mod px = Dy 10 psiAy 60ABIINX IPOCTEIX YUCEA Py — MOXKHO CIIO-
KOMHO AEAHTDH TI0 MOAYAIO Py, ECAM TOABKO AEAHTEAb HE OKaYKETCS
KPaTHBIM Pk. DTO CAyYaeTcs KpaiiHe peAKO, HO eCAM BCE-TaKH CAyda-
€TCs1, TO MOKHO BHIOpaTh Apyroe IIPOCTOe YNUCAO. B KOHEYHOM cUeTe,
3HaHMe Dy AAS AOCTATOYHO MHOTHMX IIPOCTBIX MOAYAEH IIO3BOASET
YyCTaHOBUTEL BeAmuuHy D.
Ho Mm eme He 06bsICHMAM, KaK OT 3aAaHHOro Habopa OCTaTKOB
(x mod mq,...,x mod m,) nepeéit K x mod m. M mokasaam, 4TO
TaKo} IIepeXoA TEOPETUYECKM BO3MOXKEH, HO CaM¥ BBIYMCAEHHUS MO-
I'yT OKa3aThbCS CTOAb BHYIINTEABHBI, 9TO IPAKTUYECKU CBEAYT Ha
HeT BCIo 3Ty 3areio. K c9acThio, MMeeTcsT AOBOABHO HECAOXKHBIH CIIO-
cob yAaAMTBE A€AO, KOTOPHI MOXKHO IPOMAAIOCTPUPOBATH Ha IIPH-
Mepe Habopa (x mod 3,x mod 5) u3 Hamreit Tabamukm. Karogesas
HAEsl COCTOMT B paspellleHMM AAHHOM IPOGAEMEI AASL ABYX CAydYa-
es (1,0) m (0,1); aeiicrBureanHo, ecax (1,0) = a u (0,1) = b, 0
(x,y) = (ax + by) mod 15, TOCKOABKY CpaBHEHMSI MOKHO IIEPEMHO-
>KaTh X CKAAABIBATD.
B HamreM cay4ae mpocMoTp TabAudKY paeT a = 10 1 b = 6; HO Kak
HaitT a 1 b, Koraa MoAyA¥ orpoMuE? VHave rosopst, ecar m L n, To
TA€ TOT IIyTh, KOTOPHIH IIPUBEAET K YACAAM A ¥ b, yAOBAETBOPSIOLIAM
Ka)XAOMY W3 ypaBHEHMIt

amodm =1 amodn=0, bmodm =0, bmodn =17

U onsaTh Ha BEIPYYKY IIPUXOAUT (4.5): C IOMOIIbIO aAropurMa Eb-
KAMAA MOYKHO HaiiTy ymcaa m' u n', Takue, uro

m'm+n'n=1.
[TosroMy MOXXHO B3sTh 4 = n'n ¥ b = m'm, npu HeobxopmMocTH
IpUBOAS #x IIo mod mn.

TIpu 60OABUIMX MOAYASX AASI CBEACHUS BBIYMCAEHUN K MHHUMY-
My 6BIBaloT HEOOXOAMMEI M APYT'HE YAOBKH; IIOAPOBHOCTH BBIXOAST
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3a paMK¥ 3TOM KHUTM, HO MX MOXXHO HaliTu B KHure [140, pasa.4.3].
ITepexop, OT OCTAaTKOB K COOTBETCTBYIOILIUM MCXOAHBIM YUCAAM — OIIe-
pauus B IIPUHITUIIE BEIIOAHMMAsi, HO AOCTAaTOYHO MEAAEHHAs, TakK
YTO BHIUI'PHIINIA BO BPEMEHU BHIITOAHEHUSI MOJKHO AOCTUYH AMIID IIPHU
YCAOBMH, YTO JAAETCS BHIIOAHUTH CPa3y HEKOTOPYIO ITIOCAEAOBATEAD-
HOCTb OIlepaliif B CHCTeMe CUMCAEHUS B OCTaTKaX Ilepep obpaTHBIM
IIEPEXOAOM.

ITonpobyeM IOAKPENUTE 3TN CPAaBHUTEABHEIE UAEY PEIIEHUEM He-
6OABLIOH 3aAa4M: CKOABKO PEIEHNI UMeEeT CpaBHEHME

x2=1 (modm), (4-43)

€CAM ABa pelIeHus X X X', Takue, 4To X = X', CYMTATh OAMHAKOBHIMK?

B cooTBETCTBMM C YyCTaHOBAEHHHIMH paHee OBIIMMY IIpaBUAAMY,
BHadaAe CAEAYET PACCMOTPETH CAydYail, KOrAd 1M PaBHO CTEIIEHH IIPO-
croro ymcaa p* mpm k > 0. Toraa cpasrenue x? = 1 MoXXeT GEITH
3aIIMCaHO B BUAE

(x—1)(x+1)=0 (modp*),

TaK 4TO P AOAXKHO AeAUTb Ambo x — 1, ambo x + 1, aubo u To m
Apyroe. Ho p He MoxXXeT AeAMTB KakK X — |, TaK ¥ X+ 1, €CAM TOABKO P
He paBHO 2 (OCTaBMM 3TOT CAydYail HamocAepAoK). Ecau >xe p > 2, To
P\(x—1)(x+1) & p*\(x —1) mam p*\(x + 1); mosToMy uMeercs
POBHO ABa pelreHMs: X = +1ux = —1.

Cayuait p = 2 HeCKOABKO oTamdaercst. BEcau 2K\ (x — 1)(x + 1), To
OAHO M3 umceA X — 1 mam x + 1 peauTcs Ha 2 (Ho He Ha 4), a Toraa
APYTO€ HMCAO AOAXHO AeAuThcs Ha 2X~'. Dro osmawaer, uro mpm
k > 3 uMeeTcs JeTHIpe PeIIeHMS, a UMeHHO, X = 1w x = 2% 1 £ 1.
(Hanpumep, ecau p* = 8, To 3TMMU YeTHPbMS PENIEHUIME 6YAYT X =
1, 3,5, 7 (mod 8) —moaesHo 3HaTh, 9TO KBaApPaT AGOr0 HEYETHOI'O
gmcaa uMeer BuA Sn+ 1.)

Urak, x2 = 1 (mod m) Torpa ¥ TOABKO TOrAa, KOraa x2 =1
(mod p™r) AAS Bcex MPOCTHIX UUCEA P € M, > 0 U3 KAaHOHWIECKOT'O
Pa3AOKEHUS M Ha MHOXUTeAM. Ka)kpoe IPOCToe YMCAO HE 3aBUCUT

Bce npocTeie yn- OT APYTEX, ¥ AAsT X mod p™ (KpoMe cAydast p = 2) MMeEeTCsl POB-
CAa CBOH CPEAH HO ABE BO3MOXXHOCTH. II03TOMY €CAM M HMEET POBHO T Pa3sAKNYHEIX
HEYeTHBIX, KpOMe TIPOCTHIX AEAMTeAed, To obllee YUCAO pelleHu# CpaBHEHUS x2 =1
::ec;‘; cza,o ;)}:’K‘”' 0 paBHO 2" (3a MCKAIOYEHWEM IIOIIPABKYU Ha deTHoe m). B obmieM cay-

Yae TOYHOE YMCAO pemennﬁ paBHO

JrHB\mI+[4\m]~[2\m] (4.44)

Tak, UMeeTCsT YeThIPe ,KBaAPATHBIX KOPHS K3 EAMHMIIEL II0 MOAYAIO
124 aumMenno 1,5, 7 u 11. Ilpu m = 15 pauHas YeTBepKa — 3TO YMCAA,
ocTaTKM KOTOpHX o mod 3 u mod 5 pasBum +1, a umenso (1,1),
(1,4), (2,1) n (2,4) B cucTeMe CUMCAEHUS B ocTaTKaX. B obnrumoit
(AecsiTHaHOM) CHCTeMe CIMCAEHUS STUMM pelneHusMu 6yayT 1, 4, 11
u 14.
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4.8 AOIIOAHUTEADBHBIE ITPTMEPbBI

3a HaMM TSHETCS AOAT U3 I'A.3: MBI obellaAM AOKa3aTh, YTO
m 9uceA

Omodm, nmodm, 2nmodm, ..., (m—1)nmodm (4.45)
cocToAT B TouHoCTH U3 d Habopos m/d umcea
0, d, 2d, ..., m—d,

B3SITBIX B HEKOTOPOM IOPsIAKe, FAe d = HOA(m, n). Hanpuwmep, ecan
m=12un=28,rod=4u>m; wcaa cyts 0, §, 4,0, §, 4,0, §, 4,
0, 8, 4.

IlepBast 4acTp AOKa3aTeABCTBA— IIOKa3aTh, YTO MBI IIOAyYaeM
d mabopoB mepBhix M/d BeAMYWH,— Tellepb y)Ke TpuBmaAbHa. Co-

raaceo (4.38), Marematuky obo-
JKaloT rOBOPHTS,
jn = kn (mod m) = jin/d) = k(n/d) (mod m/d)  uTo To HAM HHOE
TPHBUAABHO.

OTKyAa MEI IoAydaeM d HabopoB uncea, moAydeHHBIX npu 0<k<m/d.

Temephb Hy>XHO IIOKa3aTh, 4To 3T m/d umcea cyts {0,d,2d,...,
m — d}, B3sTEle B HeKOTOpOM Iopsiake. [loaokuM m = m'd u n =
n’d. Toraa kn mod m = d(kn’ mod m’) mo pacnpeaeAuTeABHOMY
3aKoHY (3.23), TaK YTO BEAWYMHEI, KOTOPEIE MOAyHaoTcs mpu 0 <
k < m',—aro B3siTEIE IO d pa3s umcaa

Omodm', n'modm’, 2n' modm/, ..., (M’ — 1)n’ mod m’.

Ho Ha ocHoBaHmUu (4.27) w3BecTHO, yTo M’ L N’ — OHH yKe [IOAEAEHE!
Ha ¥uX HOA. IloaToMy HY>XHO paccMOTpeTh AMIIBL cAydait d = 1, a
MMEHHO TOT CAYydYaif, KOrTAa M ¥ N B3aUMHO IIPOCTH.

Urak, pomycrum, yro m L n. HeTpyaHo 3aMeTHTB, 4TO B 3TOM
cAydae yucaa (4.45) —3TO He YTO MHOE, KaK PaCIOAOXKEHHBIE B He-
KoropoM Iopsiake uucaa {0, 1, ..., m — 1}, ecan Bocnoawb3oBaThCS
,JIDAHIIATIOM TOAYOUHEIX THe3A " Cell IPUHIIUIT yTBEPIKAAET, ITO ECAX
m roaybeit paccaXXxmBaIOTCS IIO M THE3AAM, TO OAHO M3 I'He3A OKa-
JKeTCs IIyCTEIM TOrAa M TOABKO TOTAd, KOTAA B KaKOM-HUOYAB ADY-
roM reespe 6yaer cuperh boaee opHOro roAybsa. (OTo aHAAOTHIHO
,IPUHINIY SIMIKOB Aupuxae’ AoKasaHHOMY B yup. 3.8.) MssecTHo,
9TO 4nCAa (4.45) PA3AUIHE], IOCKOABKY

jn = kn (mod m) = j =k (mod m),

ecam m L n (3To cBoiicTBo (4.37)). CAepoBaTeABHO, BCe THE3AA C
Homepamu 0, 1, ..., m — 1 AOAYKHBI 3aNOAHMTBLCS M PASAMIHEIMU
YMCAAMK ¥ AOKAa3aTEAbCTBO 3aBeplIieHO. TeM caMBIM Halll AOAT M3
TA. 3 IIorames.

A oOKasaTeABCTBO-TO 3aBEpIIEHO, HO €CAM He IIOAAraThCs Ha Koc-
BEHHYIO ,ITHYbIO" apIyMeHTAIINIO, 3 BOCIIOAB30BAThCS IIPSIMBIM METO-
AOM, TO MOXXHO AOKa3aTh Aake 6oabmee. Ecax m L n u ecan 3apaHo



,Cubum autem
in duos cubos,
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(Aobasa. nepes.)

B 1772 r. Ditrep [379]
TNIPEATTOAOKHA, YTO
at+ b+t £dY,
OAHaKO B aBrycTe
1987r. Haym 9ab-
KHc [383] obHapyuA,
YTO CYIeCTBYeET
beckoHeYHOE YHCAO
PpelieHHH.
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HCYepIbIBaOILHit
MAIUIMHHBIH TTOUCK,
BBIACHHB (IOCAE
110 JacoB paboTs!
CynepKOMIIbIO-

repa Connection
Machine), 4o
€AMHCTBEHHBIM
pemernem Aaa d <
1000000 sBAsgeTcst
95800* + 217519*

+414560*
=422481*4.
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3Havenue j € [0, M), To MOXHO SBHO BHIYMCAMUTEL YucAo k € [0, m),
TaKoe, 4To kn mod m = j, paspeLIuB CpaBHEHME

kn =j (mod m)

orHOcHTeABHO k. MBI mpocTo yMHOXaeM obe WacTM CpaBHEHMS Ha
yucao n', rakoe, aTo m'm + n'n = 1, moayuas

k=jn’ (modm),
oTkyAa k = jn’ mod m.

ToABKO YTO AOKa3aHHBIE PAKThl MOT'YT OBITH MCIIOAB30BAHEI AAST
JCTaHOBAEHUS OAHOT'O Ba’XHOTO OBCTOSITEABCTBA, OOHApy>KEHHOI'O
IIbepoM ae Pepma B 1640 r. PepMa 6EHIA BEAMKEM MAaTEMAaTHKOM,
BHECIIINM CYIIeCTBEHHEIN BKAAA B CO3AaHNe AUDPepeHITNaABHOTO MC-
YNCAEHUS X MHOTHME APYTMe Pa3sAeAbl MaTeMaTUKY. [locae Hero ocra-
AMICh PYKOIIMCH, COAeprKalle MacCy chOopMyAMPOBaHHLEIX be3 AOKa-
3aTeABCTBA TEOPEM, ¥ BCE OHU OBIAM BIIOCAEACTBHU IIOATBEPIKAEHEL.
Bce —3a ucKAlOYeHMEM OAHOM, KOTOpasi CTaaa CaMOM 3HAMEHHUTO,
TIOCKOABKY OHa IIPOTUBOCTOSIAA AYYIIMM MaTeMaTHKaM Ha IIPOTSyKe-
Hum 350 Aet. Ta, uTo ocTasrach HeAOKA3aHHOM, Telleph HOCUT Ha3BaHUe
[IOCAEAHEN TEOPEMEI PEPMA U yTBEDPIKAAET, UTO

a™+b" #£ " (4-46)

AAS BCEX IIEABIX ITOAOKUTEABHEIX WHCEA d, b, c © M, ecAm N > 2.
(Pasymeercs, ypaBHeHus a +b = c u a? +b? = ¢? umeror yitmy pere-
Huit.) B KoHIle KOHIIOB 3TOT BoIlpoc 6BIA paspellleH DHAPIO YafacoM:
€ro 3I0XaAbHOE AOKa3aTeABCTBO (GOpMyAH (4.46) omybAMKOBaHO B
Annals of Mathematics 141 (1995), c. 443-551.

Teopemy Pepma 1640 r. ropaspo Aerde IpoBepuTh. Telleph OHa
Ha3bIBaeTcs MAAON TEOPEMOM DPEPMA (KHAM, AASL KPATKOCTH, IIPO-
cTo Teopemoii PepMa) U yTBEPIKAAET, UTO

=1

(mod p), ecam n L p.

(4-47)

AOKA3BATEABCTBO. Kax 06BIYHO, AOIIyCTUM, YTO P 0603HAYAET IIPO-
croe umcnro. Ham msBecTHO, uTOo p — 1 umcea n mod p, 2n mod p,

.., (P— 1) mod p cyTs uncra 1, 2, ..., p— 1, B3siThHIE B HEKOTOPOM
nopsaKe. [103TOMy ecAM KX IIEPEMHOKUTD, TO IIOAYYIUAM

n-2n)-...-((p—1n)
= (nmodp)- (2nmod p)-...- ((p—1)n mod p)
(p =11,
TA€ CPaBHMMOCTb IIOHMMAETCS TI0 MOAYAIO . DTO O3HaYaerT, uTo
(p—=1n"" = (p-1)

¥ MOJXHO COKPAaTHTL Ha MHOXHUTEAL (p — 1)!, IOCKOABKY OH He Age-
AWTCS Ha p. UTA.
Wnorpa 6onee yaobHa Apyras dopMyArpoBKa TeopeMsl PepMa:

(4.48)

(mod p)

n’ =n (modyp), mmeAoe 1.



156 SAEMEHTbBI TEOPUN YN CEA

J\aHHOEe cCpaBHEHNE MMEET MEeCTO IIPH AI060M IIeAoM N. AoKasaTh 3TO
AErKO: ECAM N L P, TO IpoCTO yMHOXKaeM (4.47) Ha N; €CAU JKe HET,
To p\n, Tak yro NP =0 =n.

B ToM Xe roay, Koraa uM 6blAa OTKpEITA TeopeMa (4.47), PepMa
B nIucbMe K MepceHHy BRICKa3EIBa€T CBOE IIPEATIOAOXKEHHE O TOM, YTO

YUCAO
fo=2" 41
AOAIKHO 6BITH IIpPOCTHIM IIpy Bcex N > 0. OH 3HaA, YTO IepBhIE HATH .. .. laquelle
CAydYaeB AaBaAM IIPOCTHIE UMCAA: proposition, si elle
] 2 4 est vraie, est de trés
2'4+1=3, 2°+1=5, 2°+1=17, grand usage®
2841 =257, 2'®4+1 =65537, — I1. pe Pepma [311]

HO OH HE MOT IIOHATB, KaK AOKa3aTh, 4TO B CAEAYIOMIEM CAYYae YHCAO
232 1 1 = 4294967297 sBASI€TCS IPOCTHIM.

CaMoe MHTepECHOE, YTO UCIIOAB3YS CBOO JKe COBCTBEHHYIO TOABKO
YTO OTKpPHITYIO TeopeMy, PepMa Mor 651 AOKa3aTh, 9To WncAo 232 4 1
He SIBASIETCS MPOCTHIM, ECAM 6B HallleA BPeMs AAS BHITIOAHEHMS He-
CKOABKHX AECSITKOB yMHOXeHMi. MoXHO oaCTaBuUTS N = 3 B (4.47),
yCTaHaBAMBAs T€M CaMEIM, YTO

32" =1 (mod 232 41), ecau 232 + 1 —mpocToe 4mcAo.

A 3TO COOTHOIIEHNE MOXXHO IIPOBEPHTE BPYUHYIO, HAYMHas C 3 U BO3-
BOAS B KBappaT 32 pasa, COXpaHss AMIIb ocraTKé mo mod 232 + 1.

2 3
Brauanre Mrl moayugaem 32 = 9, sarem 3% = 81, motom 3% = 6561  Ecau 3ro Bcero-

M T. A., AO TeX IIOp, ITIOKa He pAobepeMcs A0 HaBcero MAAASL
. TEOPEMA PEP-
377 = 3029026160 (mod 232 +1). MA, To Apyrad,

XoTd ¥ 6blAa 10-
B pesyabTaTe He moayydaeTcst 1, Tak uTo 232+ 1 He SBASETCS IIPOCTBIM  cAeAHed, HO TOABKO
qnucaoM. [TopoBHEIN MeTOA OIIPOBEPIKEHUS HEe AQ€T HMKAKOr'O KAIOYa  He [10 BAXKHOCTH.
K pasrapkKe TOro, KaKOBbI MOTYT OBITH COMHOXXHUTEAM,— OH TOABKO
AOKa3BIBAET, YTO COMHOXKUTEAN CYIeCTBYIOT. (B paHHOM cAydae oHU
pasHel 641 1 6700417, uTo 6BIAO BIEPBBIE OOHAPY)KEHO ODUAEpPOM B
1732 r. [366].)

Ecau 651 amcao 32° oxasarocs pasnem 1 mmo Mopyamo 232 + 1, o
AAHHOE BEIYMCAEHME He AOKA3BIBaAO 6bI, 9TO umcAo 232 + 1 mpocToe,—
OHO BCEro AMIIb He oIIpoBepraao 6ul 3To. OapHako B yup. 47 o6cyxaa-
ercs obpautenne TeopeMsr PepMa, ¢ IOMOIIBI0 KOTOPOr'O MOJCHO AO-
Ka3aTh, YTO HOABIIME IPOCTHIE YMCAA — ACHCTBATEABHO IIPOCTHIE, He
npuberast K N3HYPUTEABHEIM apUpMeTHIECKAM BHIKAAAKAM.

Mnl pokasaam TeopeMy PepMa, cOKpaTHB obe YacTH ypaBHEHHUS
Ha (p — 1)!. OkasniBaeTcs, yTo BeAmumHa (p — 1)! Bceraa cpaBHEMA
¢ —1 mo MOAYAIO P —3TO CAEACTBUE OAHOTO KAACCHIECKOTO (PaKTa,
W3BECTHOTrO IIOA Ha3BaHUEM TeopeMbl Buabcona:

mM=1)'=-1 (modn)
= N mpocToe, ecAm 1 > 1. (4-49)
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OpaHa TOAOBMHA 3TO# TEOPEMEl TPUBHAABHA: eCAM L > 1 — He IIpocToe
YHCAO, TO Yy HET'O €CThb IIPOCTOM AEAUTEAbL P, KOTOPHIA IIOSBASETCS
B KadeCTBe MHOJKUTEAS B pasAokeHm# (n — 1)!, Tak 4To BeAMdYMHA
(n—1)! e Moxer 6p1Th cpaBHuMa ¢ —1. (Ecau 661 BeawunHa (n—1)!
6b1Aa cpaBHMMA C — | 110 MOAYAIO 1, TO OHa 6EIAA 6B TaK>Ke CpPaBHUMA
¢ —1 mo MoayAIo P, HO 3TO HE TaK.)

JApyras moaoBuHa TeopeMbl BuabcoHa yTBepKAaer, uTo (p—1)! =
—1 (mod p). STy moAOBMHY MOXXHO AOKa3aTh, OObEAMHSSI IIONIapHO
4mcAa 1 obpaTHBle K HuM Mo mod p. Ecam n L p, To usBecTHO, 4TO
CyliecTByeT n', Takoe, 4TO

n'n=1 (mod p);

3aecs ' —umcno, obpaTHoe K M, a, B CBOI0 04epeAb, N — obpaTHOe
K n'. Arobrie ABa O6pAaTHHEIX K N YKXCAA AOAXKHBEI ORITH CpaBHUMEI
APYT C APYTOM, IIOCKOABKY NN’ = nn' Baeder 3a coboit n' = n'.
Tenephb MPEATIOACKHEM, YTO KaXXA0E IMCAO MeXAY 1 u p —1 obpa-
3yeT mapy co CBOMM obpaTHEIM. [I0CKOABKY IIpOU3BeAEHNE HEKOTOPO-
ro 4mcAa X obpaTHOro K HEMY CpaBHHMaA C 1, TO IMPOM3BEAEHUE BCEX
ob6paTHEIX YMCeA BO BCEX ITapaxX TaK’Ke CPaBHUMaA C |; HO-BUAUMOMY,
u BeanuuHa (p — 1)! 6yaer cpaBruMa ¢ 1. [IpoBepum 3TO, CKaXkeM,
npu p = 5. [loaygaem 4! = 24, Ho 3T0 YrcA0 cpaBEMMO C 4, a He ¢ 1 TIo
Mopayalo 5. O-as-ast! ['ae e Mu1 onmmbaucs? J\aBaiiTe-Ka IOCMOTPUM
[IOBHMMaTeAbHee, YTO CO60it IPEACTaBASIIOT O6paTHEIE YUCAA:

1"=1, 2'=3, 3'=2, 4" =4,
Ax, BoT B 4yeM Aeno: 2 1 3 obpasyroT napy, a 1 ¥ 4 HeT — OHU ABASIIOTCS

obpaTHEIMU K caMuM cebe.
Yrobrl MCIIPaBUTh HAIM PACCYKAEHWS, HAAO YCTAHOBHUTH, KaKUe

970, HaBEPHOE, YHCAa SBASIIOTCSI obpaTHEIMM K caMuM cebe. Ecar umucao x sBAsiercss
060pOTHH. obpaTHEIM K caMoMy cebe, To X2 = 1 (mod p). Ho y>xe aokasano, uTO
3TO CpaBHEHHE UMeeT POBHO ABa KOpHs, Koraap > 2. (Ecaup = 2, To
o4eBUMAHO, uTO (p — 1)! = —1, Tak 4TO HET HYKAH 6eCITIOKOUTHCS 06

3TOM CAydae.) DTH KOPHH paBHH | u p — 1, a Bce OCTaAbHEIE YHCAA
(uexay 1 u p — 1) 6aaromoayyHo pasbuBaioTCs Ha MapHl; CAEAOBa-
TEABHO,

p-N=1-p-1=-1,

4T0 ¥ TpeboBaAOCh.

K coxanenuto, Mr1 He yMeeM 3P PEKTUBHO BEIYMCAATh HaKTOPH-
aABl, TaK YTO B KaYeCTBe IPAKTUYIeCKOrO MHCTPYMEHTa IIPOBEPKY Ha
mmpocToTy TeopeMa Buancora 6ecionesHa. 9To TOABKO TeopeMa.

4.9 oU- 1 MIO-OYHKIINN

CroabKo cpepm ueanix ducea {0,1,...,m — 1} B3auMHO mpo-
CTEIX ¢ M? DTa BaXkKHasl BEAMYMHA HashIBaeTcd @(m)—, TOTHeHTOR"
qmicaa m (HasBaHHOM Tak AX. Axx. CuaBecTepoM [274] — aHTAMIACKUM
MaTeMaTHKOM, AOOGHUBIIIM NMPUAYMHBATh HOBhE TepMUHBI). MMeeMm
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(1) =1, o(p) =p—1u @(m) < m— 1 AAT BceXx COCTaBHEIX YU~
cea m.

OYHKUMS ( Ha3BIBAeTCS Ilneposot Pu-dyHxyued, nbo Ditrep
6BIA IIEPBREIM, KTO M3y4daA ee. Tak, Diaep obHapy>XuA, UYTO TeopeMa
DepMma (4.47) MoXKeT OEITH 060bIIeHa Ha HEIPOCTBIE MOAYAM CAEAY-
oM obpasoM:

nem =1

(mod m), ecamn L m. (4-50)

(AoxasaTs TeopeMy JiiAepa IpepiaraeTcs B yup. 32).
EcAM m SBASIETCS CTEIeHBIO IPOCTOTO WMcAa, m = p¥, To @(m)
A€TKO BEIYMCAsteTCs, 60 n L p*X &= pXn. KpatunmMu p cpean

wmcea {0,1,...,p* — 1} aBasrorcs wucaa {0,p,2p, ..., P~ —p}, crepo-
BaTeABHO, Becero ux pX~', a @(p¥) moAcUMTEIBaeT TO, YTO ocTaeTCs:
o(pF) =p*—p*.

ObpartuTe BEMMaHMe, 4yTo Ipu k = 1 3Ta popMyAaa, KaK U IIOAOKEHO,
AaeT BeAmunHy @(p) =p — 1.

Ecam m > 1 He SIBASIETCS CTENEHBIO IIPOCTOr'0 YUCAA, TO MOXKHO
3ammcaTh m = mymy, rae my L my. Toraa wncaa 0 < n < m Moryt
6BITh IIPEACTABAEHEL KaK (1 mod mj,n mod m;) B CUCTeMe OCTaTKOB.
Coraacso (4.30) # (4.4)

—

CaepoBaTeAbHO, BeAMYMHA N mod M SBASIETCS ,,XOpOLIER Toraa u
TOABKO TOTAR, KOTAA SBASIOTCS ,XOpommMu“ Kak n mod m;, Tak u
1 mod m;, eCAM CIATATh B3aUMHYIO IPOCTOTY XOPOIIUM KadeCTBOM.
A oburee YHMCAO ,XOPOUIMX" BEAWYIUH IO MOAYAIO M TEIEPh MOXXET
6HTH BHIYMCAEHO PEKYPCHBHO: OHO paBHO @(m;)@(m;), HOCKOAB-
Ky uMeeTcsi (M) Xxopoummx criocoboB BEHIG0OpPa IIEpBO KOMIIOHEHTEI
n mod my u @(m;) xopowmux crrocoboB BEI6opa BTOPO KOMIIOHEHTEI
n mod M; B MOAYABHOM IIPEACTaBAEHUM.

Tak, @©(12) = ©(4)9(3) = 2-2 = 4, IOCKOABKY T B3aUMHO
mpocTo ¢ 12 Toraa X TOABKO TOraa, koraa nmod 4 = (1 uam 3) n
nmod 3 = (1 uam 2). BoT YeTEHIpe BEAMYMHEI B CUCTEME OCTaTKOB,
B3auMHoO npocTeix ¢ 12: (1,1), (1,2), (3,1), (3,2); B oberunoit pecs-
TuaHOM 3ammcu; 3to 1, 5, 7, 11. Teopema 3iinepa yTBEPXKAAET, UTO
n* =1 (mod 12) Bcakuit pas, koraa n L 12.

OyHKIMs f(M) IEeABIX IOAOKUTEABHBIX YACEA HASBIBAETCS MYAb-
munauxamuerot, ecan (1) =1u

nlm nmodm; L my ¥ nmodm; L my.

(4-51)

TeMm caMBIM MBI AOKa3aAM, 4To (M) — MyABTHUIIAMKATHBHas PyH-
Kiys. Padee B 3TOf rAaBe HaM y>Ke BCTpedaAcs APYroil IIpuMep
MYABTUIIAMKATUBHOM DYHKITNN: YUCAO HECDAaBHMMBIX PEIeHUil CpaB-
Henus x? = 1 (mod M) MyABTUIAMKATHBHO. A BOT ellle OAMH IIPUMED:
f(m) = m®* npu AroboM mOKa3aTeAe CTENEHH X.
MyABTHIAMKATUBHAS GYHKIMS IOAHOCTBIO OLIPEAEASIETCS €€ 3Ha-
YeHUSIMU Ha MHOJKECTBE CTeIleHel IIPOCTEIX YHCEA, IIOCKOABKY Afoboe

f(mimy) = f(my)f(my) AAS AFOBBIX My L m,.

i fuerit N ad x
numerus primus
et M numerus
partium ad N
primarum, tum
potestas x™ unitate
minuta semper per
numerum N erit
divisibilis
— . Diirep [375]
~AaTbIHb Oifaepa
0YeHb IIPOCTa, a ero
0603HayeHHs MOYTH
COBPEMEHHbI —
no)xaAyi#, 6b1a0 6bl
Ayyllle CKa3aTh, YTO
Haly 0603HaYeHHs
o4y 3naepossI!”
—A. 4. Crpoiik
[288; c. 165]

o1 sint A et B
numeri inter se
primi et numerus
partium ad A
primarum sit
= a, numerus
vero partium
ad B primarum
sit =D, tum
numerus partium
ad productum
AB primarum erit
=ab¥

—A. Diixep [375]
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LIeAOE TIOAOKUTEABHOE YHCAO TN MOXKET OBITH Pa3A0’KEHO Ha CTEIEeHN
IIPOCTBIX COMHOXMTEAEMN, KOTOPEIE B3aUMHO IIPOCTHI APYT C APYI'OM.
Oburas dopmMyaa

fm) = [[fe™), ecamm=T]p™, (4.52)
P

P

UMeEeT MeCTO TOTAQ X TOABKO TOTAQ, KOTAA f — MYABTUIIAMKATHBHAS
dyHKIUS.

B gacTHOCTH, 3Ta GOPMyAa AOCTABASIET BEAUYUHY 3liaepoBoit du-
GbYHKUIMA AAS IPOM3BOABHOTO YHCAA MM

— mp Myl — __l
o(m) = [Tp™ —p™) =m ] (1 p)- (4-53)

p\m p\m

K npumepy, @(12) =(4—-2)(3—-1) =12(1 — 12)(1 - %).

O6paTuMCcs Teneps K UCIIOAB3OBAHUIO (O-DYHKIMY AAS U3y IeHUS
pammoHaAbHEX yuceA 1o mod 1. IoBopsr, uro Apofs m/n — npa-
esuavraa, ecam 0 < m < n. CrepoBaTeAbHO, @(N) —3TO YUCAO He-
COKPATHMEIX IIPAaBUABHEIX Apobeil co 3sHameHaTeAeM N, a Bce HECO-
KpaTUMBble IIDaBUABHEIE ADOOH CO 3HaMeHaTeAeM T AU MEHBIIUM U
HeIpaBUABHAS APobb % BXOASIT B COCTaB IoCAepoBaTeAabHocTH Da-
pesx F,,.

MHOXecTBO 6cex MPaBUABHEIX Apobell co 3HaMeHaTeAeM 12 A0 ux
TIPUBEAEHUST K HECOKPATUMEIM UMEET BHA!

0o 1 2 3 4 5 6 8 92 10 1n

7
72 120 720 120 120 120 120 120 120 120 120 12

-

a IIOCA€ IIPUBEACHUA —
o 1 1 1 1 5 1 7 2 3 5 1

T2 e 3 I D T2 3 4 6 120
¥ 3T APOB6Y MOJKHO CI'PYIIINPOBAThH II0 UX 3HaMeHaTEAsIM:

. 1. 1.2, 1.3, 15 1 5 7 1

T2 33 Do e 120120120 12
Ho uT0 13 3TOro Mo>xxHO u3BAeub? Hy, HampuMep, To, YTO CpeAU 3Ha-
MeHaTeAel BCTpedaeTcs KaKABIM AeAuTeab d umcaa 12 BMecTe co
Bcemu @(d) cBomMu uncauTeAsmu. Bee 63 MCKAIOUEHMST 3SHAMeHAaTe-
AN sBASTIOTCS pAeauTeasmu 12. Takum obpasoM,

(D +0(2)+03)+94) +¢(6) + ¢(12) = 12.

EcaAu Xe HawaTh ¢ HECOKPAIIEHHEIX Apobeit %, FIH’ ceey 1'—‘—“:—'— P AlO-

6om m, TO, OYE€BHUAHO, BHﬁAeT TO X€ CaMO€ — CA€AOBATEABHO,

> @(d)=m. (4-54)

d\m

Kaxk-To B Havane 3To# rAaBEl MBI YTBEPKAAAM, UTO B TEOPETHUKO-
YMCAOBBIX 3aAadaxX YacTo TPeOYIOTCS CYMMEI IO AEAUTEASIM HEKOTO-
poro uncaa. Kak Bupure, (4.54)— OAHA M3 TAKUX CyMM, TaK 4TO Halle
YTBEPKAEHME IOATBEPAUAOCE. (MBI YBUAUM U ADYI'Me IPUMEDHL.)
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A reneprs — Kypbe3HHI dakT: ecam f(m) — HeKoTOpas GyHKIMS,
Takasl, 4TO CyMMa

= Z £(d)

d\m

SIBASIETCST MYABTUIIAMKATUBHOM (DYHKIMeH, To ¥ cama f — MyABTH-
nAuKaTuBHAS GyHKIUs. (DTo 06CTOSITEABCTBO, HAPSAY C (4.54) ¥ TeM
daxToM, uTO g(Mm) = M, OYEBUAHO, MYABTUIIAMKATABHAS (DYHKIHAS,
AA€eT Apyroe obbsICHEHME TOMY, IIOYeMY (M) SIBASIETCS MyABTHIIAU-
xaTuBHOR yHKuuei.) Ceil Kypbe3HEIN (PaKT MOXKHO AOKasaTh WMH-
AYKIMel o m: 6a3a MHAYKIMY yCTaHaBAMBAETCS IpocTo, ubo f(1) =
g(1) = 1. llycte m > 1 u pomycTmy, uro f(mymy) = f(my)f(m;) aas
AIOBBIX My L my m mymy < m. Bcar m =mym; # m; L my, To

glmimy) = Y f(d)= Y > fldidy),

d\mjm; di\my dz\m;

# d; L d;, Tak KaK BCce AEAHTEAW MM; B3aWMHO IIPOCTEI CO BCEMU
AeAuTenaMu m;. [lo MHAYKIMOHHOMY npeanoaoxenuto, f(did;) =
f(dq)f(d;), 3a UCKATOUEHMEM, BO3MOXKHO, CAydasi, Koraa di = my u
d; = m;; cAepOBaTEABHO,

(X ftan (@) = m)tma) + fmims)
di\my

dz\m;
= g(my)g(my) — f(mq)f(mz) + f(mimy).

Ho sro pasHo g(mim;) = g(mi)g(m;y), mak yro f(mimy) =
f(mq)f(ma).

O6bparHo, ecar f(m) sSBASIETCS MYABTHIIAMKATUBHON (hyHKIMEH,
TO COOTBETCTBYIOIIAS €if (DYHKIMA CYMMBI II0 ACAUTEASIM ¢(m) =
> d\m f(d) —Bcerpa MyABTHIIAMKATHUBHAS GYHEKIM. Ha camMoM aAeae,
Kak [TOKa3kIBaeT yIIp. 33, crpaBeAAMBO pasKe 6oabinee. CAeAOBATEAD-
HO, Halll Kypbe3HHIH (PaKT X 06paTHBIA K HEMY — 3TO HEIIPEAOKHEIE
daKTHI.

Dynrxyusa Mébuyca p(m)—HasBaHHAS TaK B YeCTh MaTEMaTH-
Ka AEBSITHAALIATOrO cToAeTust ABrycTa Mébuyca, 3SHaMEHUTOrO TaKXe
CBOEM AEHTOM,— OIIpeAeAsieTCs IIPH Bcex M 2> | ypaBHeHUEM

D ud) =m=1]. (4.55)
d\m

Boo6irie-To, 3TO peKyppeHTHOe ypaBHeHWe, ITOCKOABKY €ro AeBas
YacTb IPEACTaBAsIeT coboit cyMMy, cocTosiyo u3 cobcTBeHHO p(m)
¥ oIlpeAeAeHHBIX 3Havenni p(d) mpu d < m. Hampumep, ecar mocae-
AOBaTEABHO HOACTABASTL M = 1, 2, ..., 12, To MOXHO BHIYHCAUTH
ABEHAAIIATH IIEPBHIX 3HAYEHUH AAHHON (QPyHKIIN:

m |1 2 3 45 6 7 8910 11 12
pm)| 1 -1 =1 0 =1 1 =100 1 -1 0




Ceityac camoe
BpeMs pa3sMAThCA
ynpaxHeHHeM 11.

B 3aBucHMOCTH OT
TOro, KaK 6bICTpO
BbI YHTaeTe.
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Puuapa, Aeaerunp, [100] n XKozed Amysmarp [199] B 1857r. 3a-
METHAM CAEAYIOIIMIA BasKHBIH ,IPWHIIAI obpalesns:

=Y ) & fm =Y w@e(F). (a56)

d\m d\m

B cooTBeTcTBMU C 3THM OpHHIENOM, GYHKIMS | obecliednBaeT Hac
ele OAHUM CIIocob6oM BEISICHEHMSI TOro, 4YTO CO60M IMpeACTaBASIET He-
KoTopast dyHKIms f(m), AAST KOTOpO# M3BECTHA CyMMa ) avm (d).

AAsi AOKa3aTeAbCTBA COOTHOIIEHUSI (4.56) BOCIIOAB3YeMCST ABYMSI
mpuemamy (4.7) # (4.9), KOTOpHE GHIAM IPUBEAEHH TAE-TO B HaYaAe
aroit raaeu. Ecan g(m) = Zd\m f(d), To

> w@glF) = 3 w(Fg(d)

d\m d\m

=Y W)Y f(K)
d\m k\d

=Y Y
k\m d\(m/k)

=2 )
k\m d\(m/k)

= Z[m/k=1]f(k) = f(m).
k\m

Apyras IoAOBMHA COOTHOLIEHWS (4.56) AOKa3HIBAeTCSI aHAAOTHYHO
(cM. ymp. 12).

Coorrouterue (4.56) BEISIBASIET IIeHHOE KadecTBo GyHKImM Mebn-
yca, ¥ MBI y>Ke IIOMECTUAM B TabAMYKY IIepBble ABEHAAIIATE €€ 3HaYe-
mmit. Ho KaroBa BeAmumHa p(m) mpu 6oabpmior m? U xax paspenmTs
peryppeETHOCTE (4.55)7 Hy, ogeBmano, uTo g(m) = [m=1] aBas-
€TCs MYABTHIIAMKATHBHON (DYHKILIMEH — IpM BCEX M OHa IIOIPOCTY
paBHa HYAO, 3a HCKAlodeHMeM M = 1. Tak yro dbynruus Mébuyca,
OIpeAeAeHHasI ypaBHeHUEM (4.55), AOAXKHA OHITH MYABTHIILANKATHE-
HO# DYyHKIMEHR B CHAY TOrO, YTO MK AOKa3aA¥ MUHYTY HAHX ABE Ha3ap,.
[ToaTOMYy MOYKHO BHISICHATB, 9TO TakKoe |L(Mn), eCAM BEMCAKTD u(p*).

Koraa m = p¥, To (4.55) yTBep>XAaeT, uTo

r(1) + 1) + 1p?) +- -+ pp*) =0

mpm AroboM k > 1, Tak Kak AeamreAsiMu pX sBasiercs 1, ..., pk.
Orciopa caepyeT, 4To

pp)=-1, pE") =0 arzk>1.
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ITosroMy B cuAy (4.52) moAaygaeM obIyo popMyAy:

um) = [ up™)
p\m
(=1)", ecamm =7pip2...Pr,
=40, €CAM M AEANTCS Ha HEKOTOPHIA (4-57)
KBappaT TIPOCTOTo, P2.
Bort 4To Takoe L.
EcaAu paccMaTpuBaTh (4.54) KaK PEKYPPEHTHOE COOTHOLIEHUE AASI
dyurmIM @ (M), TO 3Ty PEKYPPEHTHOCTH MOXXHO Pa3pELINTh, IIPUMe-
HUB npasuno AepexuHpa—AmyBuAAs (4.56). VickoMoe peurenue Ta-

KOBO:
m
o(m) =} u(d) 7. (4.58)
d\m
Hampumep,

©(12) = u(1)-124 u(2)-6 + u(3)-4 + 1(4)-3 + u(6)-2 4 p(12)-1
=12-6-4+4+04+2+0=4,

Ecax m AeAWTCS Ha T pPasAMYHEIX IIPOCTBIX UHCEA, CKaXkeM, Ha
{p1,...,P+}, TOo cyMMa (4.58) uMeeT TOABKO 2" HEHYAEBHIX IAEHOB,
ubo dyHKIES | boABIIEH YacTbio paBHAa HyAK. Tak, MO)XHO ybe-
AMTbCsT, 4To (4.58) cornacyercss ¢ dhopMyAol (4.53), 3anncaHHON B
BHUAE

o(m) =m(1 —l)...(1—l);

P1 Pr
€CAM IIEPEMHOKUTH BCe T coMHoXuTerel (1 — 1/p;), To moryuum B
TOYHOCTH 2" HEHYAEBHIX YAEHOB CYMMEI (4.58). AOCTOMHCTBO HYHK-
mum Mébuyca COCTOMT B TOM, 4YTO ITIOMUMO PacCMOTPEHHOM, OHA IIpH-
MeHVMa ¥ BO MHOTHMX ADPYTHX CHUTYaIUIX.

K mpumepy, monpobyeM BRISICHUTH, CKOABKO Apobeil HacuuThIBa-
ercsl B rrocAaepoBaTeAbHOCTH Papes F),. VX KOAWYECTBO PaBHO YHCAY
HeCOKpaTUMHIX Apobeit w3 [0, 1], 3HaMeHaTeAM KOTOPHIX He IIPEBOC-
XOASIT M, Tak YTo oHO Ha | 6oabmie BeamunHsl O (n), KoTOpas ompe-
AEASIETCST KaK

o(x) = )  olk). (4-59)

1<k

(3-3a mocaepneit Apobu } K ®(n) "Hyx)HO npubasuts 1.) Hemocpea-
CTBEHHOE BBIYUCAEHWE CYMME! (4.50) 3aTPYAHUTEABHO, OAHAKO BEAH-
yuay @ (X) MOXXHO yCTaHOBUTH KOCBEHHO, 3aMETUB, UTO

Z(D(%) = %—[x] [T +x] (4.60)

d=1

npu Arobom BemecTBeHHOM X > 0. Ho mouemy 3To ToxxpecTBo cupa-
BepAuBO? Hy, HeCMOTpPSI Ha ero HECKOABKO IIYTAloLi BUA, Ha CaMOM



(Moao6Hoe npo-
AOAXKEHHe Ha
BeljeCTBEHHbIE
YHCAa — NOA€3HBIH
npueM AAS pas-
DeLIeHNsT MHOTHX
PpexyppeHTHOCTeH,
KOTOpbIe BO3HMKa-
10T IIpY aHaAU3e
aATOPHTMOB.)

B peficTBuTEABHO-
crit Mébuyc [215]
#306pea cBoOrO
yHKUHIO H3-3a
cBoifcTBa (4.61), a
He (4.56).
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A€Ae AOKa3aTeAbCTBO €I'0 CIIPABEAAUBOCTH He BHIXOAUT 32 PaMKH Ha-
IIIX BO3MOXXHOCTei. Beero mmeercst §|x)|1+x] mpaBuabHBIX Apobeit
m/nc0 < m<n < X, cY4uTas KaK COKpalleHHEe, TaK U HeCoKpa-
LI[eHHEIE APO6M,—3TO AaeT MpaByIo0 YacTh. A WHMCAO TaKWX Apobeit c
HOA(mM,n) = d pasro ®(x/d), moromy uTo Takue Apobu cyrs m'/n’
c0<m' <n' < x/d nocae samensr m Ha m'd u n Ha n'd. Ta-
KuM 06pa3oM, AeBasi 4acTh IOACUMATHIBAET YHCAO TEX JKE CAMEIX APO-
beif ApyruM crrocoboM, ¥ AAHHOE TOKAECTBO AOAXKHO OBEITH IPU3HAHO
CIIPaBEAAUBHIM.

Teneps H6onee obcTosiTeAbHO pasbepeMcs B CAOKUBIIEHCS CUTY-
amum, ¢ TeM 4YTOBH ypaBHeHUs (4.59) # (4. 60) craau 6oree SICHBI-
mu. U3 ompeaeaenuss @(x) caeayer, uro d(x ( |_x_|) OAHAKO
yAobHee cumTarh pyHKIMIO O(xX) onpeAeAeHHon Ha IIPOM3BOABHBIX
BEIIIECTBEHHABIX YNCAAX, a HE TOABKO Ha LEABIX. B IIEABIX TOYKax I0-
AYYaeM CAEAYIOUIYIO Tabamiy:

n 012345 6 7 8 92 1011 12
en)j — 1 1.2 2 4 2 6 4 6 4 10 4
On)| 0 1 2 4 6 10 12 18 22 28 32 42 46

¥ MO>KHO IIPOBEPHUTH TOXAECTBO (4.60) mpm x = 12:
O(12) + O(6) + ©(4) + @(3) + ©(2) + ©(2) + 6-D(1)
=464+124+6+4+2+2+6=78=73-12-13.
ITopasureasHoO.

ToxxaecTBo (4.60) MOXKHO paccMaTpUBATh KaK HESIBHYIO DEKYD-
PEHTHOCTH OTHOCHTEABHO {(X) — KaK MEI TOABKO YTO BHAEAH, STUM
MOYXHO HBIAO BOCIIOAB30BATHCS IIPX BRIYMCAeHUY BeAndunsl O (12) mo
onpeAeAeHHEM BeawdnHaM @ (m) mpu m < 12. A paspemraTs Tarkue
PEKYPPEHTHOCTH MOYKHO C IIOMOIIBI0 APYTOro IIPEKPACHOr0 CBOMCTBA
dyuruun Mébuyca:

=) u(d)glx/d).

=Zf(x/d) = f(x

d=1 d>1

(4-61)

JaHHOE IIpaBUAO OOpallleHUsT UMeeT MeCTO AAS BceX MyHKuwmi f, Ta-
KHUX, 4TO Zk a1 If x/kd)| < 0. STo MOJKHO AOKa3aTh CAEAYIOIIIM
obpazom. [TpeamoroxuM, 9To g(X) = 3 a1 f(x/d). Toraa

> u(d)g(x/d) = Zu(d)Zf(x/kd)

d>1 d>1 k=1

=D flx/m) 3 u(d)im=kd]

m>1 d k=1

=) flx/m) ) wud)

m>1 d\m
- Z fix/m)[m=1] = f(x).
m>1

D\ O0KasaTeABCTBO B APYI'YI0 CTOPOHY IIO CYILIECTBY TAKOE JKE.
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BorT Temeph MHl B COCTOSIHHM Pa3pEIINTb PEKYPPEHTHOCTH (4.60)
oTHOCUTEABHO D (x):

Ox) = 5 Y wld)lx/a]l1 +x/d]. (4.62)

a1
dTa CyMMa BCerpa KoHeuyHa. K mpuwMepy,

©(12) = 1(1213-6:7—-4-5+0-2-3+2-3
—1.24040+1.2—1.240)
=78—21-10—-3+3—-1+1-1=146.

B ra.9 MH IOKa)keM, KaK MCIOAB30BATh (4.62) AAS IOAyYEHUs Xo-
powrero npubamkeruss K O(x); B AeHCTBUTEABHOCTH MEI AOKaKeM
Pe3yAbTAT, yCTaHOBAeHHHIH MeprencoM B 1874r. [219],

3.2
D(x) = s + O(xlogx).

CaepoBarenrHo, dpyurnust O (x) BospacTaer ,IAABHO', YCPEAHSIS CY-
MacbpoaHoe moBepenne dyHRImME @ (k).

[IpuaepRUBasiCh 3aBEAEHHOM B TPEABIAYIIEN I'AaBe TPAAUINH, 3a-
BEPIIMM 3Ty TAABY 3ajadelf, MAAIOCTPHpPYIOLIE# MHOroe M3 TOTO, C
YeM MH YK€ II03HAKOMHUAMCH, M UTO, KpOME TOT'O, MMEET OTHOLIEHME
K cAepyromeii raase. [IpeapcTaBuM cebst obrapareasiMu 6ycHHOK N
Pa3AMYHBIX I[BETOB; Hallla I[eAb — ITOACYUTATh, CKOABKHAMU crocoba-
MM M3 HUX MOXHO COCTAaBHTh O’KEpeAbe AAMHEI M. B AaHHOI 3apaue
MO’KHO HCIIBITATh IIPUHIMI ,0b603Havyail ¥ BAACTBYH'; 0603HAYMB UM~
CAC BO3MOJKHEIX oKepeAwmit yepes N(m,n).
K nmpumepy, u3 6ycuHOK ABYX mBeToB R u B oxepeawve AAMHEI 4  Red # Black—
MoxHO cobparh N(4,2) = 6 pasArYHBIME cITOCObaMU: KpacHblit # vep:;uﬁ.
—FreA.
RN Ry RN RN RN B~
R R R R R B B B B B B B
R~ g~/ g~/ R/ g/ g/

Bce apyrue crocobrl 3KBUBAAEHTHBI OAHOMY M3 3THX, IIOTOMY 4TO
BpalleHUe O’KePEAbsST HU4ero He MeHseT. OAHAKO MX OTPa’KeHUS CIH-
TAIOTCA PAa3AMYHEIMU, TaK, B CAyd4ae m =6

B~ B~
R R R R
| | OTAMYHO OT | | .
R B B R
N/ g/

3apaya MOACYETa TAaKUX KOH(UIypalyil BIlepBrle 6rIAA pellleHa Maii-
opou II. A. Mak-Marosom B 1892 r. [212].

SIBHOI peKyppeHTHOCTH AASL BeAmumHB! N(m,n) He CymiecTByer,
OAHAKO YHCAO OJKEPEAUIt MOJKHO IIOACINTATH, Pa3pPhIBasA ¥ BEITATUBAS
B HUTBH M crrocobaMy Ka>kA0e U3 HUX ¥ PaCCMaTPUBasi IIOAYJaIOIIAeCsT
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obpriBku. HampuMep, mprg m = 4 © n = 2 moAydYaeM CAEAYIOIIHe
Habopsr:

RRRR RRRR RRRR RRRR
RRBR RRRB BRRR RBRR
RBBR RRBB BRRB BBRR
RBRB BRBR RBRB BRBR
RBBB BRBB BBRB BBBR
BBBB BBBB BBBB BBBB

Kaxxapiit 13 n™ BO3MOXHEIX HabopoB BCTpedaeTcs 10 KpaiHeil Mepe
OAKH pas B 3ToM Hapsipe u3 mN(m, n) muTok 6yc, a HeKoTophle Habo-
pH — 1 Boaee opAHOrO pa3sa. A CKOABKO pas Ha CaMOM AeAe BCTpeda-
ercst Habop Qg ... an—17 B TaKOM BOIIpoce HET HUYIEro CAOIKHOIO: 3TO
YMCAO IUKAMYECKHUX CABUTOB Habopa ay...Qm-1Qp...0k—1, IPHBO-
ASIIMX K TOMY ’Xe Habopy, YTo U mepBoHaYaAbHEIM Habop g . .. Am—1-
K npumepy, Habop BRBR moaydaercss ABa>XAEL, TaK KaK YETHIPE CIIO-
coba pa3priBa oxxepeAbst ©3 6yc BRBR cooTBeTCTBYIOT YeTHIpeM IH-
rAaudeckuM cppuram (BRBR,RBRB, BRBR,RBRB), aBa u3 KoTopmix
coBnaparoT ¢ camuM BRBR. ITopobHOE paccy’kAeHue IOKA3EIBAET, YTO

mN(m,n) = Z Z[ao SOQmo] =0k...Qm-100. .. Qk—1]

g,y @m-1€SH O<k<m

=Z Z [ao...Qm-1=0k...Qm-100...AKk-1] .

o<k<m ao,...,am-1ESn

3pech S;, — MHOYXECTBO N Pa3SANYHEIX I[BETOB.

BEISICHMM, CKOABKO HaboOpOB yAOBAETBODSIIOT PaBEHCTBY
ap...Qm-1 = Qk...Ap-1Qp...0x—1 OIPH 3aAaHHOM k. K IIpUMeEDPY,
ecar m = 12 1 k = 8, Hy’)XHO IIOACYUTATEH YACAO DELIECHWHA BUAA

0pQ10a20a3040506070809a10Q11 = Aga9Q10a1100A1QA20a304050607.

dto O3Ha4YaeT, 4TO Qp = aAg = A4, A1 = a9 = A5, A2 = Q10 = Q¢
¥ a3 = a1 = ay. TakuMm obpasoM, ap, Qi, Q2 ¥ Q3 MOTyT GHITH
BHI6paHBI N* crloco6aMm, a oCTaABHEIE A4, . . ., 411 — B 3aBUCHMOCTH OT
Hux. He HamoMuHaeT Ax 3T0 uTO-HME6YADL 3HaKOMOe? B obreM caydae
COOTHOIIEHUE

Qj = Q(j4k) mod m mprl<j<m

3acTaBASIeT HAaC YPaBHATh Qj C Q(j4kl) mod m IPE L =1, 2, ..., a
HaM HK3BECTHO, YTO KPAaTHHIMU Kk II0 MOAYAIO M SIBASIIOTCS YUCAA
{0,d,2d,...,m — d}, rae d = HOA(k, m). [TosToMy obiee pemrenue
COCTOHT B HE3aBUCHMOM BHIGOpE Ay, ..., Q4_1 ¥ IOCAEAYIONIEM ITPH-
cBoeHMMH a; = aj_q Np# d < j < m. A Bcero pemenuit nd.

Tem caMBEIM MBI AOKa3aAH, ITO

mN(m,n) = Z nHoAlkm)
0<k<m
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STa cyMMa MOXKET 6BITh YIIPOILIEHA, IOCKOABKY OHA BKAIOYAET TOABKO
unems Bupa nY, rae d\m. [Toacranoska d = HOA(k, m) AaerT

%Z n® Y [d=nop(k,m)]

d\m o<k<m

_ %Z n Y [k/aLm/d]

d\m 0<k<m

==Y nt Y [kim/d].

d\m 0<k<m/d

N(m,n)

(Mn1 uMeeM npaBo 3aMeHUTH k/d Ha K, Tak Kak k AOAXKHO 6BITH KpaT-
Ho d.) HakoHen, o ompeaeAeHNo, Zo<k<m/d[klm/d] = @(m/d),
¥ MBI ToAydaeM dpopMyry Mak-Marosna:

Nimm) = =3 nto(T) = LY plan™. (a69)
d\m

d\m

K npumepy, ecAm m =4 N = 2, TO YUCAO OXKEPEAUR PABHO J‘-(l 244
122 +2.2') = 6 —KaK TOrO ¥ CAEAOBAAO OKHAATD.

He Toryac oueBupAHO, uTo BeamynHa N(m, 1), onpepeasieMast cyM-
Mot Mar-MaroHa, ssBAsieTcs meARIM ducaoM! AaBaiiTe monpobyeM Ao-
Ka3aTh HEITOCPEACTBEHHO, UTO

Y o(dn™¢=0 (modm), (4.64)
d\m

He CBSI3bIBasi HAIIM PacCy>KAEHUS C OKepeAbsiMu. B wacTHOM cayuae,
KOTAA TN — IIPOCTOE YHMCAO, 3TO CPABHEHME CBOAUTCI K NP+ (p—1)n =
0 (mod p), T.e. K cpaBHeHmIO NP = n. MBI yXe BUAeAH B (4.48), UTO
3TO CPaBHEHME [IPEACTABASIET cO60i APYIYI0 POPMYARPOBKY TEOPEMEL
depma. [Toaromy cpaBHeHue (4.64) CIIPaBEAAUBO, ECAR M = P,— €TO
MOJXHO pacCMaTpHUBaTh Kak obobuieHue Teopembl PepMa Ha CAydai,
KOT'A2 MOAYAD He siBAsteTcs mpocThiM. (O6obmenne Sitaepa (4.50) —
3TO Apyroe obobiueHue.)

M= pokasanm (4.64) AASL BceX IIPOCTHIX MOAYAEH, Tak 4ro obpa-
THMCSI K HAaMMEHBIIEMY W3 OCTABIUMXCSI HEIPOCTHIX CAYYaeB— CAY-
yaro m = 4. Hapo pokasars, uTo

n+n?4+2n=0 (mod4).

A OKa3aTeAbCTBO YIIPOCTUTCHA, ECAM PACCMATPHABATh OTAEABHO YEeTHBIE
¥ HedeTHBIE CAyYan. EcAM N 4eTHO, To Bce TPX YA€HA B A€BOX YacTH
cpaBHUME ¢ O 0 MOAYAIO 4 —TaK JXe, KaK X UX cyMMa. Ecam xe
n meverHo, To n* u n? cpaBHMME c 1, a 2n cpaBHMMO C 2; CAeAOBa-
TeABHO, A€Bas YacTb cpaBHUMa C | 4 1 4+ 2, a TeM caMbIM, CpaBHMMa
¢ 0 mo Moayalo 4, M MEI TOAyYUAY TpebyeMoe.
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A Temepp HEMHOTO OCMEAEEM W 3aMaxXHeEMCsS Ha CAydait m = 12.
3TO M AOAYKHO HaC 3aMHTEPECOBATh IIOTOMY, YTO OHO MMEET AOBOAD-
HO MHOT'O MHOXXHUTeA€H, BKAIOWas KBaApaT IIPOCTOrO YHMCAA, HECMO-
TPs Ha TO, YTO caMo OHO BecbMa Mano. (K ToMy ke HaMu ABMIKeT Ha-
A€XAA IIOAYYUTE BO3MOXKHOCTH 0606IIEHUS AOKa3aTEeABCTBA AAS 12
Ha IIpou3BoAbHOE M.) CpaBHeHME, KOTOPOE HAAO AOKa3aTh, ITO

n24nt4mt4 i+ 2mi4+4n =0 (mod 12).

Hy z uro? CoraacHo (4.42) 3TO CpaBHeHWe BHIIOAHSETCS TOTAA U
TOABKO TOTA3, KOTAQ OHO BHIIIOAHSETCS II0 MOAYAIO 3 U IIO MOAY-
aro 4. [losToMy BHawaAe AOKa)kKeM, YTO OHO BEIIIOAHSIETCS IIO MOAY-
ato 3. CpaBHeHne (4.64) BEIIOAHSETCS AAS IPOCTHIX YHUCEA, TaK UTO
n3 4+ 2n = 0 (mod 3). [ToA IHTAMBEIM B30POM BHISCHSETCS, YTO AAH-
HHIA paKT MOXKHO UCIIOAB30BATh AASI IPYIIIMPOBKY YAEHOB HoAbImei
CYMMEI:

nZ4né 42t +2nd + 20 +4n
= "2 4+2n*) + M® +2n2) +2(n3 +2n)
0+04+2.0=0 (mod 3).

Hrak, o MOAyAIO 3 3TO IIPOXOAMT.

TToapera cperano. AAsT AOKasaTeABCTBA CPAaBHUMOCTH IIO MOAY-
A0 4 BOCIIOAB3yeMCS TeM K€ CaMbIM IIPHEMOM. Y’Ke AOKa3aHoO, UTO
n* + n? 4+ 2n = 0 (mod 4), mO3TOMY BOCIIOAB3YeMCST STUM OB6CTOS-
TEABCTBOM AAS IDYIINPOBKY YAEHOB CPaBHEHUS

n24né 4+t +2nd 4 2n? +4n
= M2 +n+2n%) +2(n* +n? +2n)
0+20=0 (mod 4).

YTA: YpesBbiyaiiHo dTA AASL CAydas m = 12.

TpusnaabHoe Aeno. ITora Hame cpaBHeHVE AOKAa3aHO AAS IIPOCTOTO M, AAI M =4 K
AAst m = 12, Teneps mompobyeM AOKa3aTh €ro AASI CTEINIEHE IIPOCTOro
yucAa. AASL KOHKDETHOCTH MOXKHO IPEAIOACKHTE, YTO M = p> mpu
HeKoTopoM IpoctoM p. Toraa AeBast dacTb (4.64) ecTs

3 2
n? +o(PIn® + (P’ + o(p?)n
3 2
=n" +(p-1n" +(p*—p)n’ + (p’ —p’)n
2 2

=m” —nP ) 4+p@” —nP) +pi(nP —n) +pin.
MoHO HOKa3aTh, YTO 3TO CpaBHMMO c ( IO MOAYAIO P>, ecAm M
cyMeeM AOKasaTh, UTO -’ AEAMTCS Ha p3, 9To P —np AEAUT-
cst Ha p? ¥ yTO NP — N AeAMTCS Ha p,—uBO BCe 3TO BMecTe 6yaeT
Torpa AeAuThes Ha . Coraacho Teopeme depMa B aABTEpHATHBHON

dopMyaupoeke umeeM nP = n (mod p), Tak 4TO P AeAmT NP — 1,
CAeAOBaTeABHO, CYIIECTBYET IIeAOE (, TaKOE, YTO

n’ =n+7pq.
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Terepb Bo3BoAMM 06e 9acTH B P-IO CTENEHb, Pa3AaraeM IIpaByIo YacTh
B COOTBETCTBHMM C GMHOMMAABHOI TeopeMoii (C KOTOPOM! TO3HAKOMMM-
¢ B I'A. 5) M IIOCA€ IEPErpyNINpPOBKYA YAEHOB IOAYIaEM

(n+pa)l° =P + (pq)'n?~"’ (‘;) + (pq)tnP2 (‘2’) T
=" +p’Q
an HEKOTOpPOM ApyI‘OM IIEAOM Q MH OKa3aAMCh B COCTOAHHNH BBIAE-

AWTH MHOKHUTEAb P“ IIOTOMY, YTO BO BTOPOM CAaraeMoM (‘1’) =p, X

IIOTOMY, 4TO MHOXHUTEAD (pq)? MCYTCTBYET BO BCEX IOCAEAYIOIIMX
yneHax. Wrak, BHSICHMAH, UTO p° A€AHT NP — nP.

BosBepeM emre pa3 obe 4acTé B P-I0 CTENEHDb, PA3AOKHUM B PSIA U
IIePErpynmupyeM YA€HH, IIOAYYAs

n” = (P +p’Q)
=n" + (sz)lnp(p—l)G’> + (p2Q)2nPr-2 (g) + ...

2

=n" +9p°Q

2
npP

I

mpu eme opHoM meaoM Q. Urax, p3 Aeamt n?’ —nP’. Drum 3aBep-
IIaeTcs AOKa3aTeAbCTBO AAS M = p3, mbo HOKa3aHO, YTO P> AEAHT
AeByI0 9acTb (4.64).

Boaee Toro, MOXKHO AOKa3aTh II0 MHAYKIUH, YTO

+ p*Q
[IpY HEKOTOPOM IOCAEAHEM IieAOM §) (IOCAEAHEM IIOTOMY, 9TO MEI

MCYepIIaAy BCe CIOCOBEI HadepPTaHUST AAHHOM GYKBBHI); CA€AOBATEAD-
HO,

k k-1
P =nP

= (mod p*)  mpmk>0. (4.65)

TakuM obpasoM, AeBasd dacThb (4.64), KoTopas paBHa

(P=n? ) + P =1 ) 4 P (P D) + pEn,

AEAMTCSA Ha pX M TeM caMEIM CpaBHMMa c () IT0 MOAYAIO PX.

V¥xe mouTy Bce caenano. Temeps, Koraa cpaBHeHue (4.64) Aokasa-
HO AASI CTeIIeHel ITPOCTOro 9UCAR, BCE, YTO OCTAAOCh,— 3TO AOKA3aTh
€ro AAST M = MMy, TAe My L m;, cuMTast, YTO AAHHOE CpaBHEHHE
CIIpaBeAAMBO Ipy M ¥ M. PaccMoTperne caygas m = 12, KoTophalit
pacmapancst Ha OTAEABHBIE CAydYa¥ M = 3 ¥ M = 4, AaeT OCHOBaHME
HaAEATHCS, YTO TAKOM IOAXOA 6yAET ompaBAaH.

ITockOABKY HaM W3BECTHO, 9TO () — MYABTHIIAMKATHBHas ¢pyHK-
IV, MOKHO 3alMCaTh

Yooe@n™i= 3} g(didy)nmm/hd
d\m di\my, dz\m;

=2 v(dl)( > w(dz)(nm'/d')mz/dz).

di\my dz\m;
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Ho BHyTpeHHss cyMMa cpaBHMMA C O IT0 MOAYAIO T, TaK KaK MBI
TIPEAIIOAOIKUAH, UTO (4.64) BEIIOAHSETCS IIPX My; CAEAOBATEABHO, ¥
BCsI cyMMa cpaBHEMa ¢ 0 1o MOAYA0 m;. VI3 cuMMerprranEIx coobpa-
JKEHUH BEISICHSIETCS, YTO BCS CyMMa cpaBHMMA ¢ O II0 MOAYAIO M.
Taxum o6pasoM, B cuAy (4.42) OHa cpaBHUMa ¢ 0 IO MOAYAIO M. YTA,.

Ynpa>kHeHus1
Pa3MHHOYHBIE YyIIpa>XHEHUS

JDie ganzen Zahlen 1 KakoBo HanMeHbIIee IEAOE IIOAOXKUTEABHOE YHUCAO, MMEIOIIIee POB-

hat der liebe Ho k AeamTeneit mpu 1 < k < 67

Gott gemacht,

alles andere ist 2 Aoraxkure, yTo HOA(M, M) - HOK(M,M) = M - N, ¥ BOCIOAB-

Menschenwerk® 3y#Tech 3THM TOXAECTBOM, YTOOR! BHIPasMTb HOK(m,n) depes
— A. KpoHekep. HOK(n mod m,m) ompu n mod m # 0. ¥YxasaHnue: BOCIOAB3Yi-

(Aobasa. nepes.) Tech IpaBUAaMu (4.12), (4.14) # (4.15).

3 Ilycre 7(X) — KOAMYECTBO IPOCTHIX YMCEA, He IIPEBOCXOASIIMX X.
JOKa)XuTe MAM OIIPOBEPTHUTE, YTO

7t(x) —m(x — 1) = [x — opocToe umcAo] .

4 Yo 6m cayumaoch, ecam 6u mocrpoernue IlITrepra—Bpoko Hauwm-
Hanoch ¢ maru Apobeit (2,5, %, 5, 9), a He c apobeit (2,1)?

5 Vraxure mpocTrle hbopMyAs AAs LX 1 R¥, ecam L u R cyTs 2 X 2-
MaTpuis u3 (4.33).

6 Yo osHawaer 3ammck ‘a = b (mod 0)’'?

7 AecATh YeAOBeK, ITepeHyMepPOBaHHHEIX yucAamu oT 1 po 10, BH-
CTPOEeHHl B KPYT, Kak B 3apade Mocuda, 1 KaXKARHE mM-# denro-
BeK IIOABepraercs KasHu. (Beamuuna m MoxkeT 6HITH 3HAIMTEAD-
Ho 6oabme 10.) AokaXkuTe, UTO EPBHIMUA TPEMSI O6peYeHHEIMY Ha
YHUYTOXXEHNE AIOABMY He MoryT 6mTh 10-i1, k-it 1 k+ 1-it wenoBek
(uMenHO B TakOM HOpsiAKe) IpH AfoboM k.

8 CucreMa cumcaeHus B ocTaTKax (x mod 3, x mod 5), paccMoTpen-
Hasl B TeKcTe, obAapaeT TeM 3abaBHBIM CBOMCTBOM, YTO YHCAY 13
COOTBETCTBYeT B Heif mapa uuceAa (1,3), KoTopast BHTASIAUT IIOYTH
Tak Xe. ObbsIcHUTE, KaK YCTAaHOBUTH BCE CAydYaM IOAOBHOro co-
BIIAAEHUS, He BEIYUCASIS BCE IIATHAAIATD IIap OCTaTKOB. ApyruMu
CAOBaMu, HaliAUTe BCE PEILIEHNST CPaBHEHMIA

10x+y = x (mod 3), 100x+y =y (mod5).

Vxasanue: Bocmoab3yiiTech TeMn darramu, uto 10U+ 6v = u
(mod 3) m 10u+ 6v = v (mod 5).

9 Iloraxxwure, uro (377 — 1)/2 — HeweTHOE cOCTaBHOE WMCAO. Yxasa-
nue: wemy paBHO 377 mod 47

10 Brruucante @(999).
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11 Haitpure dyuKImMio 0(n), obAaparolIyio TeM CBOMCTBOM, YTO

gm) =) f(k) & fn)=) o(kign—k).
0<ksn ogksn
(9ro amanrormyno dbymkrIME Mébuyca: cM. (4.56).)

12 Vopocrure GOPMYAY I 4\ 2 g H(K) g(d/k).

13 Ilenoe IOAOKUTEABHOE YUCAO L HA3KIBAETCS C80600HbBIM 0T KEA-
dpamos, eCAH OHO He AeAMTCS Ha m? mmpu Arobom m > 1. Ycrano-
BUTe HeOOXOAVMOE ¥ AOCTATOYHOE YCAOBME TOTO, YTO YKCAO TN CBO-
60AHO OT KBaApaTOB:

a depes PEACTABAEHME (4.11) YUCAA N B BUAE TOKa3aTeAel Ipo-
CTHIX;
b uepes dysrmuo p(n)..
O6s13aTeAbHBIE yIIDa>KHEHUS
14 AoKa’kXuTe MAM OIIPOBEPTHUTE CAEAYIOLINE IIPABAAA:
a Hop(km,kn) =kHopa(m,n);
b HOK(km,kn) = kHOK(m,n).

15 BcrpegaeTcst AN KaXXA0€ IPOCTOE YUCAO B KAYECTBE COMHOXKUTEAST
HeKoToporo uucaa EBrampa e, ?

16 Yemy paBHa CyMMa BEAWYWH, OOpaTHHIX IIEPBRIM N uucaaM Eb-
KABAA?

17 Iycrs f, —,amcno Pepma“ 22" 4 1. Aokaxkure, 9To T, L Ty, ecam
m<n.

18 IlokaxuTe, 4To ecAm 2™ + 1 — IPOCTOE YMCAO, TO N IBASIETCS CTe-
IIEHBIO ABOMKHU.

19 AoKa’KuTe CAEAYIOLIIEe TOKAECTBA IIPH IIEAOM IIOAOKUTEABLHOM T

LY {( S Lm/im)) J

1<k<n I<m<n 1<k<m

e

k=1
BrumaHue: BOITPOC HECKOABKO YCAOXHEH, HO OTBET HNCKOABKO
He CAOXKEH.

20 Ilpm Ka>kKAOM LIEAOM IIOAOKATEABHOM YKMCAE L HAMAETCS IIPOCTOE
YHCAO P, TaKoe, 9To N < P < 2n. (B cymmocTw, 3To ,mmocTyAaT
Beptpana’; cipaBepAmBOCTD KoTOporo B 1845 r. mpoeepua >Ko-
3ed Beprpar pas n < 3000000, a B 1850 r. pokazan [1. Yebrimes
AAsT Bcex M.) BocmoassyiiTeck nocrynraron Beprpana aast AOKa-
3aTeABCTBA TOr'O, YTO CYIIECTBYeT IIOCTOSHHASA b & 1.25, Takas,
4TO BCE YUCAA

1200, 122, 122, ...

TIPOCTHIE.
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21 Ilycts P, —n-e mpocroe uncao. HatiauTe mocrosauyio K, Taxyo,
4qT0

|(107'K) mod 10%| = Py.

910 yro, npoBepka 22 Yumcao 1111111111111111111 —mpocroe. AoKaXuTe, YTO B CHCTe-

Ha KocorAasme? Me CUHCAEHMS C AIoBEIM ocHoBaHueM b wmcao (11...1), MoXeT
6EITH IIPOCTHIM TOABKO TOUAA, KOTAA YMCAO €AMHWIL— CaMoO IIPO-
CTO€ YHCAO.

23 VcranopuTe PeKYPPEHTHOCTD AAST p(K) — AMHeewHO#M DYHKIUM U3
TOro MecTa B TeKcTe, A€ obcyxpanack BeamumHa €;(n!). [Toka-
XUTe, YTO CYNIECTBYET OIpPEAEAEHHAs CBsI3b MeXAy p(k) # TeM
AMCKOM, KOTOPHI IIepeKAaABIBaACST Ha K-M miare (1 < k <2 —1)
IIPM HepEMEIIEHNN XaHOMCKOM Halmsy 13 N AUCKOB 3a 2™ — 1 me-
PEKAAABIBAHMIM.

24 BripasuTe BeAWdMHY €,(n!) wepes dyHRmEIO Vp(n)—cymmy
mudp IPEACTaBAECHHMS YUCAA TL B CHCTEME CUMCAEHUS C OCHOBa-
HEeM P, ob6obast TeM caMbiM GOPMYAY (4.24).

25 ByaeM roBopuTb, YTO M Hanpocmo Oeaum T, 3aIMUCHIBAs 3TO
Kak m\\n, ecax m\n z m L n/m. Tak, AAsT pacCMOTPEHHBIX B
TercTe baKTOPMAABHEIX AeamTeredt pe (M \n!l. Aokaxure mam
OITIPOBEPT'HUTE CAEAYIOIIE YTBEPIKAECHUS:

a k\nzm\\n & km\\n, ecam k L m.
b aAs Bcex m,n > 0; Ambo HOA(m, n)\\m, Arb6o HOA(m, n)\n.

26 PaccMOTpPHM HOCAEAOBATEABHOCTD Gn BCeX HEOTPHMIIATEABHEIX He-
COKpAaTHMEIX Apobeit m/n, rakmx, uro mn < N. Hampuwmep,

9_011111111212132534567891_0.
10 = DI eI DD DD DD DD DD T

BepHo A, uTo m'n — mn’ = 1 Bcsikmit pas, xoraa Apobs m/n
HETIOCPEACTBEHHO IIpealnecTByeT Apobu m'/n’ B N7

27 YRaXXWTe IIPOCTOe NIPAaBUAO CPaBHEHWS DPallMOHAABHBIX YHCEA,
OCHOBaHHOE Ha WX IPeACTaBAEHUSIX IIOCPEACTBOM CHMBOAOB L m
R B cucreMme cuncaenus lllrepra—DBpoxko.

28 TlpepcraBaenue lllTepra—Bpoko umcaa 7w uMeeT BUA,
7t = R3L7RPLR??LRLR?LR]LRL?R. .. ;

BOCIIOAB3YHTECH 3THM AAS HAXOXXAEHUS BCEX NPOCTEHIINX paru-
OHaABHBIX IPUOAMIKEHMH K 7T, 3HaMeHaTeAN KOTOPHIX MeHbIe 50.
OTHOCHTCS AV K HUM %?

29 B TeRcTe 0XapaKTepH30BAHO COOTBETCTBUE MEXKAY ABOMIHEIMY Be-
IIECTBEHHEIMY uncaaMu X = (.b1babs ... )2 u3 [0, 1) u BemecTBen-
urMy uncaamu [lItepra—Bporo oo = B1B,B3 ... u3 [0, 00). Ecan
YHUCAY X COOTBETCTBYET YHCAO & ¥ X # 0, TO KaKOe UMCAO COOT-
BETCTBYeT WMCAY | —x7?
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30 AOKaXHTe CAEAYIOLIeE YTBEPKAEHME (KUTalCKylo TeopeMy o6
oCTaTKax): mycTb Mi, ..., M, —IeAble YHMCAA C M; L my mpu
1<j<k<<mnoyerpm=my...m; ¥ Qy, ..., a4, A—IeAHE
umcaa. Toraa CyIiecTByeT POBHO OAHO IIEAOE YUCAO Q, TAKOe, UTO

a=ax (modm)mpr 1 <k<r # A<L<a<A+m.

31 AecaTWYHOE YMCAO AEAMTCS Ha 3 TOrAQ M TOABKO TOTAA, KOrAa
cyMMa ero mudp AeAUTCS Ha 3. J\OKa’kUTe 3TO IIMPOKO U3BECTHOE
IpaBHAO U obobiuTe ero.

32 AoraxuTe TeopeMy Jitaepa (4.50), 06061MB AOKa3aTeABCTBO Te-  [ToyeMy ‘Euler’ npo-

opemn Pepma (4.47). H3Hocurcs ,itaep”
Toraa Kaxk ‘Euclid’
33 Ilokaxure, uTo ecan f(m) u g(m)— M}’AI:TmIAKKaTKBHHe dyHK- HpoRsHocHTC
mum, To TaKo# >xe 6yaer u yrkmus h(m) =3, f(d)g(m/d).  gaxama«r

34 MAokaxkure, 4TO (4.56) SIBASETCS YaCTHHIM CAydaeM (4.61).

A oMallrtHHe 3apaHAST

35 Ilycts I(m,n) — dyHKIMS, KOoTOpast YAOBAETBOPSIET COOTHOIIE-
HHUIO

I(m,n)m + I(n,m)n = HOA(M,n),
€CAM T K T — IleAble HEOTPHIATeABHEIE YMCAa B M # N. TakuM
obpasoM, I(m,n) = m’ u I(n,m) = n' B coorHOmEeHMM (4.5);

BeAnmumHa I(m, n) — 3T0 06pawerue M OTHOCATEABHO M. YcTaHO-
BHTE PEKYPPEHTHOCTH, KOTOPAsI OIIPEAEASIET BEARIMHY I(m,n).

36 Paccmorpum muEOXecTBo Z(v10) = {m + nv/10 0 | measte m,n}.

Uucao m + n\/ 0 HasmBaeTca obpamumbim (MAZ edunuyet),
ecam m? — 10n = 41, Tak KaK OHO MMeeT HEKOTOpoe obpaTHoe

wmcao (T.e. (m + n\/— - (£(m — nv10)) = 1). K npuuepy,
3 +/10 — obpaTmMoe IICAO, TaK XKe Kak ¥ 9ucao 19— 6/10. Ila-

PE B3aMHO COKpallaeMEBIX 06pa.THM]':IX YHCeA MOryT 6EITH BCTa-
BAEHHI B Awoboe Pa3AOKeHHMEe Ha MHOJXKHUTEAM, IIO3TOMY OCTaBMM

ux B nmokoe. HeobpaTuMrle uncaa MaOXecTBa Z (1 10) HasmBaroT-
cs ,JIDOCTHIMM'; ECAYl OHM He MOTYT OHITH 3aIlMCaHBEl B BHAE IIPO-

M3BEAECHMST ABYX Heobpatummeix. [lokaxkure, uro 2, 3 u 4 + V10
SIBASIIOTCS ,JIDOCTHIMK” umcAaMu MHOXKecTBa Z (v 10). ¥xasanue:

ecan 2 = (k + WI10)(m +nv10), To 4 = (k2 — 1012)(m2 — 10n2).
Kpowume Toro, KBappaT Ar060ro IeAoro IucAa 1o MoayAn 10 paBen
0,1,4,5, 6, urm 9.

37 Aokaxure dopMyay (4.17). ¥Yxasarue: MOKaKATe, 4TO €, — % =
(en—1 — %)2 + JT» ¥ paccMoTpuTe yucaa 2~ " log(e, — %).
38 Aokaxwure, uro ecar a L bua > b, To
HOA(a™ —b™, a™ —b") = @#oA™M _pHoAMM) 0 < m <.

(3aech Bce mepeMeHHBbIe — IIEABIE YHMCAA.) Yxkasarue: BOCIOAB-
3yiiTech aATOpPUTMOM EBKAMAA.
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39 Ilycte S(mM) — HauMeHBIIee IjeAOE TIOAOKUATEABHOE YNCAO M, AAS
KOTOpPOro CYIIECTBYET BO3pacTarolias IOCAEAOBATEABHOCTD Iie-
ARIX 9HCEA

m=aq1<a<---<aq =mn,

TaKasl, 9TO @14, ... Qy — IOAHKIA KBaaparT. (Ecau camo umcaro m —
TIOAHEIY KBappaT, TO MOXKHO IOAOXHUTh t = 1 m n = m.) K npn-
Mepy, $(2) = 6, ubo HamAyUIIIeH U3 TaKUX ITOCAEAOBAaTEABHOCTEMH
SABASIETCH Q1 = 2, az = 3, a3 = 6. VImeem:

n|12345 6 7 8 91 11 12
S(n)|1684101214159182220

Doxraxure, uro S{m) # S(m') prg arobrx 0 < m < m'.

40 EcaAm npeAcTaBAEHHE YMCAA L B CHCTEME CIUCAEHUS C OCHOBAHH-
€M P MMeeT BHA (Qpm ...Q100)p, TO AOKAXKUTE, ITO

nl/ps™) = (=1 ™Ma 1. alay  (mod p).

(\eBast yacTs ecTb MPOCTO N! C MOAHOCTBIO YAAAECHHEIMA MHOKH-
TeAsIME P. B caydgae n = p 3T0 cBOAMTCS K TeopeMe BuabcoHa.)

41 a [loraxxure, 4To ecAm p mod 4 = 3, TO He CYLIECTBYET LEAOTO
YMCAa M, TaKoro, 9To p AeAHT n’ + 1. Vxasarue: BOCIOAD-
3yitrech Teopemoit Pepma.

b C aApyroit cTopoHEI, IIOKakUTe, 4TO ecA¥ p mod 4 = 1, To Ta-
KO€ IIeAO€e YHCAO CYLIECTBYeT. Yxaszanue: 3ammumre (p — 1)!

B Buae ([ (r— ”/ k(p - k)) u BcioMHuTE TeopeMy BuabcoHa.

42 PaccMoTpuM ABe HecOKpaTHMble Apobu m/nu m'/n'. Aokaxure,
YTo ecAM cyMMa m/n + m'/n’ npuBeAeHa K HECOKPATHMOMY BH-
AY, To ee 3SHaMeHaTeAeM Byaer nn' Toraa ¥ TOABKO TOTAa, KOTAa
n 1L n'. (ApyraMm caoBamu, Apo6s (mn’ 4+ m'n)/nn’ cpasy 6y-

_AET HECOKDATUMOM TOTAA ¥ TOABKO TOTAd, KOTAA TL 1 ./ He mMetoT
06IIlero MHOXHUTEAS. )

43 Ha yposxe k aepesa llITepra—Bpoko umeercs 2 y310B, cooTser-
CTBYIOIMX ITOCAeAOBaTeAbHocTM Marpmr LX, TXTR, ..., R¥. ITo-
Ka’kUTe, YTO 3Ty IIOCAEAOBATEABHOCTb MOKHO IIOAYYUTDb, Ha4aB C
Marpuns L¥ u 3areM mocaepoBaTeABHO yMHOXKaST Ha MATPHILY

PapnoxommerTaTOp:
we .- [THT4ep Mapk 0 -1
Aetrngp potrea 1 2p(n)+1

Ao BTopo#f 6a3bl! Y
Mapka, ¢ koagppu-

K
yuenToM 637TEpa mpu 1 < n < 2%, rae p(n) — AnHeeyHass GyHKIHS.

Autlib .080, 370 44 Mokaxure, yTo GeificboaucT, KoadduienT 63TTEPa ¥ KOTOPOTo
BTOPO# yAauHEIH . paBeH .316, AoAKeH 6BIA OTOMTH MAY IO MeHBbIIeH Mepe 19 pas.
JYA3p B 3TOM CE3OHE. (Ecam y Hero 651A0 M yAQYHEIX JAAPOB 3a T Pa3, KOTAA OH BHIXO-

Yro-HHOYAb He TaK? AuA Ha 6uty, To m/n € [0.3155, 0.3165).)
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45 Yucnro 9376 obrapaeT cBoeobpasHEIM CBOMCTBOM CaMOBOCIIPOM3-
BOAMMOCTH, KaK TO:

9376> = 87909376 .

CKOABKO YeTEIPEX3HAYHEIX YUCEA X YAOBAETBOPSIOT yPaBHEHHUIO
x2 mod 10000 = x? CKOABKO N-3HAYHBIX YMCEA X JAOBAETBOPSIOT
ypasrermio x? mod 10™ = x?

46 a Moxaxute, aTo ecam V=1 m n*=1 (mod m), To n¥AGK =1,
b ITokaxure, uro 2" # 1 (mod n), ecam n > 1. Vxasanue:
PacCMOTPHTe HaWMEHBIIMIA IIPOCTORX MHOXXKUTEAD B PasAOXKe-

HOH M.

47 Tloxaxure, uTo ecam n™~ ! = 1 (mod m) u ecam n(m=D/P £ 1
(mod m) anst Aroboro mpocToro YucAa p, Takoro, uro p\(m — 1),
TO YMCAO M — IIPOCTOE. Yka3aHue: IOKaXXKUTE, ITO ECAR ITO JCAO-
BHe BHINOAHseTcs, To npx 1 < k < m Bce uucaa n* mod m pas-
AMYHEL

48 Ob6obmmTe TeopeMy BuabcoHa (4.49), yCTaHOBUB BEAMYMHY BLHIpa-
xernst () cnam nim™) mod m mpum m > 1.

49 Tlycts R(N) —KoAM4YecTBO map (M, N) HmEARIX YMCEA, TaKMX, UTO
T<m<N,T<n<Nmzmln.
a Bripasure R(N) uepes O-dynxuuso.
b Aoxaxure, aro R(N) =} ;.\ [N/d]?u(d).

50 IIycTe M — HEKOTOPOE LEAOE ITOAOKHUTEALHOE YUCAO K
w = e¥™/™ = cos(2m/m) + isin(2m/m).

T'oBoOpAT, 4TO W SABASETCS KOpHEM U3 eOUHUUbL CTEIIEHM M, TaK A YTO TaKoe KOPHH
Kak w™ = e?™ = 1. Ha caMoM AeAe, KaXKAOE M3 T KOMIIAEKCHBIX 43 Pas-HHLbI?
qucea w®, w', ..., W™ gBAsTETCS KOpHeM M- CTENeHN U3 eAM-

HMIIE, TTOCKOABKY (W)™ = e?™i = 1; caepoBareabHO, z — Wk —

OAMH U3 COMHOXHUTeAel MHorodaeHa z™ — 1 mpm 0 < k < m.

IToCKOABKY 3TM COMHOMXWTEAM DPa3sAWYHEI, TO IIOAHOE DPa3AOXKE-

Hye MHOTOYAeHa z™ — | Hap IToAeM KOMIIAEKCHEIX YHCEA AOAYKHO

6BITH TAaKUM:

a Iyers ¥in(z) = TTocrem kim(z — w). (Oror MHOrouwreH
CTeIeHM (M) HaSEIBAETCS KPY206blM MHOZ0MAEHOM NOPAJ-
xa m.) NoKaXkuTe, 4TO

2" =1 =[] ¥ala).

d\m

b Aoxaxwure, uT0 Wi (2) = [y, (28 — 1)H™/9),
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KonrpoabpHbre paboTbl

51 Aokaxure Teopemy Pepma (4.48), pasaaras (1 +1+4--- 4+ 1)
TTOCPEACTBOM MYABTHHOMUAABHON TEODEMEL.

52 IlycTb N ¥ X — IleABIEe ITIOAOKATEABHBEIE YHCAA, TaKHe, UTO X He
mMeeT AeAmTered < n (UcRArodYas 1), M IOyCTh P — HEKOTOPOE
IIPOCTOe YMCAO. AOKakKuTe, 4TO II0 MeHbIIel Mepe [n/p| dmcea
{(x—1,x2—1,...,x"" — 1} xpars=u p.

53 YKaXuTe BCe IIEABIE IIOAOKHTEABHBIE YHCAA TN, TakKue, YTO
n\ (= 1+ ).
54 BriumcamTe ,BpyuHyoo" Beamanny 1000! mod 10259,

n
55 Ilycrs P,, — mpousBeAeHMe IIEPBEIX N haKTOPHanoB, | [, _; ki. Ao-
KaXXuTe, YTO IPY AIOOOM IIEAOM IIOACKMTEABHOM T OTHOLIEHME
Pon/ P;‘l SIBASIETCS IIEABIM YHCAOM.

56 [Toka)xkuTe, YTO BEAMYNHA

2n—1 n—1
(I—I kmln (k, 2n—k) )/(H(2k+ ])Zn—Zk—1>

k=1
SIBASIETCSI CTEIIEHBIO 2.

57 Ilyctb S(m,n) — MHOMXeCTBO BCEX IIEAHIX YHMCEA K, TAKHX, UTO
mmodk+nmodk > k.

K mpumepy, S(7,9) ={2,4,5,8,10,11,12,13,14,15,16}. Aoxaxu-
T€, YTO

Z @(k) = mn.

keS(m,n)

Yxasanue: BHagaAe AOKAKUTE, UTO CyMMa ) , <m snz d\m e(d)=
2 a>1 @(d)|n/d]. 3arem paccmoTpuTe pasHOCTH [(m+mn)/d| —
[m/d] - [n/d].

58 Ilycte f(m) = Zd\m d. YraxuTe HeoOXOAMMOE M AOCTATOYHOE
ycAoBHE TOrO, 4TO f(1M) SIBASIETCS CTeleHbIO 2.

KoHKypCHbIE 3aAadH

59 AoKa)KuTe, YTO €CAM X1, ..., Xn — LEABIE IOAOKATEABHEIE YACAA
ul/x1 4+ 1/xy = 1, To max(xq,...,xXn) < en. ¥Yxasarue:
AOKa’KHTE II0 MHAYKIINYM CAEAYEOLTMi boaee CUABHBIN Pe3yABTAT:
JBEeam 1/x1+- - -+1/xq+1/0c = 1, TAE X1, . . ., X;y — IleABIE TIOAOXKH-
TeAbHBIE YHCAA M (X — PallMOHAABHOE YMCAO > max(Xi,...,Xn),
o &+ 1<en1 Xy ... xp (x4 1)<ey. . .enen 1" (AoOKasaTeabcTBO
3TOro HETPUBUAABHO. )
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60 AokaXxuTe, YTO CyLIECTBYeT IIOCTOsiHHAA P, Takas, uTo popMyAra
(4.18) pocTaBAsIET TOABKO IPOCTHIE UMCAA. MOJXXHO BOCIIOAB30-
BaThCSI CACAYIOIMM (B BHICIUEH CTelleHM HETPUBMAABHEIM) ak-
TOM: IIp¥ AFO6OM AOCTATOYHO GOABIIOM P MeXAY P u P +p°® mme-
€TCsI IPOCTOe YUCAO, eCAU O > %.

61 Aoxraxkure, 9To ecAr m/n, m'/n’' mwm” /n" — mocaepoBaTeAbHEIE
3AEMEHTHl ITOCAEAOBAaTEABHOCTH Fy, TO

m” = |(n+N)/n'|m’'—m,
n’ = |(n+N)/n'|n'—n.

(9Ta peRypPpPEeHTHOCTH IO3BOASIET BHIYNCAUTH BCe IAeMeHTH Fy
IO IIOPSIAKY, HaYWHAasA C % u ﬁ)

62 Kakoe ABOMYHOE YHCAO COOTBETCTBYET YUCAY €, MCXOAS U3 COOT-
BETCTBHS ,,ABOMYHAsI cUCTeMa + cucTeMa [IIrepra—Bpoko*? (Bei-
pasuTe Balll OTBET B BUAe 6€CKOHEYHON CYMMEI, BRIYACAATE €€ B
3aMKHyTol opMe He HY>XKHO.)

63 [TorakuTe, UCIIOAB3YS TOABKO METOABI M3 3TOM T'AABBEI, YTO ECAM
TIOCAEAHSIST TEOPEMA PEPMA — yTBepxAeHuUe (4.46) — HeBep-
Ha, TO HaWMeEHBbIIEEe T, KOTOPOE €€ OIPOBEPTAET, IBASIETCSA IIPO-
cThM yucAoM. (MOXKHO cuMTaTh, UTO yTBEpKAcHUE (4.46) cIpa-
BeaAMBO, Koraa n = 4.) Kpoume Toro, ecam aP + b? = cP —Han-
MEeHBIINH KOHTPIIPUMED, IIOKa’XUTe, YTO CYUIECTBYET I[EAOE IUCAO
™, TaKoe, YTo

atb= { mP, ecau pXc,
PP~ 'mP, ecam p\c.

TakumM obpasoM, wucro ¢ > mP/2 AOAXKHO GHITH IIOMCTHHE TH-
TaHTCKUM. Yxa3aHue: IOAOKHTE X = a + b ¥ 3aMeTbTe, 4TO
HOA(x, (aP + (x — a)?)/x) = HOA(x,paP™').

64 ITocaedosamenvrocms ITupca Py nopadxa N —aT0 paspeneH-
Has 3HaKaMU ‘<’ uAm ‘=' becKoHeYHas CTPoKa Apobeii, cocrosiast
73 BCEX HEOTPHMIATEABHBIX Apobeit m/ncm = 0un < N (BRA-
yast HeCoKpalleHHEe Apobu). OHa onpeAeAsieTcst pEKYPCHBHO, Ha-
YMHasI C TOCAEAOBATEABHOCTH

Py = 9<i<icdcialaclal il

IIpu N > 1 mocaepoBaTeAbHOCTS P41 06pasyeTcs myTeM BCTas-
KM ABYX CHMBOAOB HEIOCPEACTBEHHO mepep kN-M cHMBOAOM Io-
caepoBareabHOCTH PN 1pm Bcex k > 0. BcraBasieMBle CHMBOABI

CyTB
k—1
NF] T ecau kN HeyeTHO;
k—1
PNKN T ecam kN yeTHo.
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3aecb Py j obo3Hagaer j-# cCUMBOA IOCAeAOBaTeABHOCTH Py, KO-
TophM 6yaerT Ambo 3HaK ‘<’ Ambo 3HaK ‘=', ecAm j weTHO, AmMbO
aro 6yaeT HeKoTopas Apobb, ecam j HedeTHO. TaK,

Pi=i=d<iciztedeimteici-tcieimicicttr
Py=9=9=f<tei<icizimt<icicici=g=i<icic
Pi=§=g=t=9<ici<imtcdaici-t=i-f<ici<i—
7i=g=i=d=4=dcicicicied-taicicicial-to
Pe==g=g=i=3=g<ici<i<i-t<i<i=i=i<i<i-
(OamHaKOBEIE 3AeMEHTEl BHICTPAMBAIOTCS B AOBOABHO CBoeobpas-
HOM TIOpsIAKe). M\oKaXXuTe, 9T0 3HaKM ‘<’ ¥ ‘=', OIIpeAeAeHHEIE II0

YKa3aHHOMY IIDAaBHAY, KOPPEKTHO OIMMCHIBAIOT OTHOIIEHUS MEXAY
cocepAHMMY ApobsiMu B TocAepoBaTeAbHOCTH [Iupca.

HccaepoBareabckue npobaeMbr

65 Bce am umcnra EBRAMAA e, SIBASIFOTCS YHUCAAMM, CBOOOAHBIMH OT
KBappaToB?

66 Bce au ymcnra Mepcenna 2P — 1 SBASIIOTCS YMCAaMU, CBOOOAHEIMM
oT KBappaToB?

67 A\oKa)KuTe MAM OIPOBEPTHUTE, YTO MaX|j<k<n Ak/HOA(Qj, ax)=n
AAST A0603 ITOCAEAOBATEABHOCTH IEARIX Yrcer 0 < @) < -+ - < Qy.

n
68 CymecTByer Au ocTostHHas Q, Takas, uTo umcao |Q?" | apasercs
TIPOCTHIM IIpM AfoboM N 2> 07

69 IlycTy P,, obo3HagaeT n-e ImIpocToe YUCAO. AOKa>KUTE MAU OIPO-
Bepraure, uTo P, 1 — P, = O(log P,)2.

70 Byaer am e3(n!) = €2(n!)/2 prsg beckoHewHO MHOTHX N7

71 Moxa>kuTe MAU OIIpOBEPTHUTE: ecAM k # 1, To HadipeTca n > 1,
Takoe, uro 2" = k (mod n). CymecTByeT Au 6eCKOHEUHO MHOIO
TaKux n?

72 AOKa’kuTe MAK OIIPOBEPTHUTE: TP AIOOOM I[EAOM YKCAE A CYLIE-
cTByeT 6€CKOHEYHO MHOI'O N, TaK¥X, 4To @(n)\(n + a).

73 Ecam 6u1 @ (n) + 1 uareHoB mocaepoBaTenbHOCTH Papes
Fn = (Fn(0),Fn(1),...,Fn(@(n))
6BIAM pacIpeAeAeHBl AOCTATOYHO PAaBHOMEPHO, TO Hapo 6Bl 0XKu-
aare, yro Fh(k) ~ k/®(n). CaepoBarearHO, cymMmMa D(n) =
Z&(g) If}'n(k)—k/ (D(n)l CAY>KUT Mepoii ,,0TKAOHeHUs F,, OT paBHO-
MeprocTH BepHo Am, wTo D(n) = O(n'/2*¢) mpn Aro6om € > 0?

74 TIpnbAM3UTEABHO CKOABKO PasAMYHBIX BEAMYHH COAEP)KUTCS B
muoxecTBe {0! mod p, 1! mod p,...,(p—1)! mod p} mpu p — ?



BunomMmnanbubie KO3 OUITUEHTDI

IIEPEBEAEM AVX. B mpepbIAyIIMX TAaBax HaM IIOPOM IIPUXOAU-

AOCH HEAETKO C CyYMMaMW¥, BKAIOYABUIMMM B Cebsl IIOA-, TIOTOAOK-,

mod-, du- u Mio-byHKIUKM. A celfyac HaM IPUAETCS 3aHATHCI OU-
HOMMAABHBEIME KoadpHUIIMeHTaMu, KOTOphle oKasbiBatoTcs (a) Gonee
Ba)XXHBIMY B npunoxenusx ¥ (b) 6oaee yaobHBIMY B obpaieHun, 4eM  Yaayn!
BCe OTMeYeHHEIe BEAWYMHEI.

5.1 OCHOBHBIE TOOKAECTBA

Cumsoa (V') —3To 6MHOMMAABHEIM KO3 €HT, CBOMM Ha-
k )

3BaHMEM O6sS3aHHBIN OMHOMUAABHOM TeopeMe — Ba>KHOMY COOTHOILIE-

HIIO, KOTOPOE MBI PAaCCMOTPMM IIO3KE B 3TOM paspeAe. A uuTaercs

3TOT CUMBOA Kak BHI6Op ,k 13 n* [TopobHOE 3aKAMHAHKE IIPOUCTEKA-

€T U3 ero KOMOMHATOPHOM MHTEPIIPETAIINY — 3TO YMCAO CIIOCO60B BBI-

6opa K-3AEMEHTHOrO IIOAMHOXXECTBA U3 N-3AEMEHTHOTO MHOXECTBA. MHaye H3BECTHbIE
CrkaxeM, ABa saeMeHTa U3 MHOXecTBa {1, 2, 3,4} MoXHO BEI6paTh Ime-  KakK k-YAeHHbIE

CTBIO criocobamu, KOMGHHALMK U3
T YAEHOB be3
1,2}, {1,3}, {1,4}, {2,3}, {2,4}, {3,4}, IOBTOPEHHS.

Tax uro (3) = 6.

AAS TOro YTOOB! BHIPA3UTh BEAWIUHY (’;) B boAee IIPUBBEIYHBIX
TepMMHaX, yAODHee BCero BHaYaAe YCTAHOBUTH HE UUCAO ITOAMHO-
>KeCTB, a YUCAO K-3AEeMEHTHHIX nocaedosamenvrocmeti, BRIOPaHHBIX
M3 N-3A€MEHTHOT0 MHOXXECTBA; B ITOCAEAOBATEABHOCTSIX YYUTHIBAETCS
IIOPSIAOK 3AEMEHTOB. Bocmoab3yeMcs TeM >Xe coobpa’keHMeM, KOTO-
PBIM MBI IIOAB30BAAMCH B I'A. 4, AOKa3BIBas, YTO T —3TO UUCAO Ie-
PecTaHoBOK u3 N 06beKToB. CyliecTByeT 1N BapMaHTOB BhIGOpa IIep-
BOTO 3AEMEHTa IIOCAEAOBATEABHOCTH, AAS Ka’KAOT'O M3 HUX CYIIle-
cTByeT N — | BapraHTOB BhI6Opa BTOPOrO 3AEMEHTA M T. A., BIAOTH
A0 n — k + 1 BapuanToB BeI6Opa k-rO 3AEMeEHTa, UTO AAET B HTO-
re n(n —1)...(n — k + 1) = nX sapuanTos BEI6OpPa. A MOCKOABKY
KaXxxp0e k-3AeMeHTHOE IIOAMHOXXECTBO MOJKET OHITH yIIOPSIAOYEHO k!
Pa3sAMYHBIMY cliocobaMu, 3To 9MCAO nocaedosameavHocmel yUu-
THIBAeT KaXXpoe nodmroorcecmeo poBHO k! pas. UTobel HOAydYHTH
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TpebyeMoe, MBI IIPOCTO AeAuM Ha k!:

ny nn-1)...n—k+1)
(k) - k(k—=1)...(1)

Taxk,

4\ 4.3
<2) ==&

YTO COTAACYETCSI C HAIIMM TIPEABIAYIIUM IIePeINCAEHUEM.

HaszoBeM n seprrHum undexcom, a k — HuorcHum urlexcom. B
COOTBETCTBUU C UX KOMOWHATOPHON MHTepIpeTanyedl 3T¥ WHAEKCH
OrpaHWYeHEl HEOTPHULATEABHBIMM IIEABIMM YHCAAMM, TaK KaK MHO-
J)KeCTBa HE MOTYT MMeTh OTPHIATEABHOE MAM ApPODHOE YHCAC 3Ae-
MeHTOB. OpHaKO 6MHOMMAABHEIE KO3 GMUIINEHTH] ITIOAE€3HEI HE TOABKO
cBOelt KOMOMHATOPHOM TPaKTOBKOM, a IT0CEMY OT HEKOTOPHIX OUPaHM-
qeHU# 6yaeM m3baBAsaThC. OKasbIBaeTcs, YTO ITOAE3HEE BCETO CUH-
TaTh BEPXHUN MHAEKC IIPOM3BOABHBIM BEIIECTBEHHBIM (HMAKM AaQJKE
KOMITAEKCHEIM ) YUCAOM, & HUKHUI — [IPOM3BOABHEIM IIEARIM YMCAOM.
CooTBeTCTBEHHO, Hallle HOPMAABHOE OIIPEAEAECHIE IPUHIMAET CAEAY-

IOLIMIA BHA:

rr=1...(r—=k+1) 1k

(D: k=1 . e Heroek=0,

0, menoe k < 0.

(5-1)

STo ompepeAeHMe 06AAAAET PSAOM 33aCAYKUBAIOIIWX BHUMAHUS
ocobeHHOCTel. Bo-mIepBhIX, BEpXHUN MHAEKC 0603HaYeH Yepes T, a He
4epe3 N — 6YKBa T MMOAYEPKUBAET, YTO GMHOMMAABHEIE KO3 dHUIEH-
TH COXPaHSIOT CMBICA ¥ TOTAQ, KOTAQ B 3TOM MECTE OKa3hIBAETCsI AO-
6oe BelecTBEHHOE YMCAO. TaxK, (‘31) = (=1)(=2)(-=3)/(3-2-1) = —1.
HecMmoTps Ha oTcyTcTBUEe KOMOMHATOPHOIO CMEICAA, CAyYall T = —1
OKa3bIBAETCSI OAHUM M3 BaKHEMIINX JacTHBIX CAydaeB. HekoTopnie
HelleABle MHAEKCE, THIa T = —1 /2, Tak>Ke 0Ka3BIBalOTCSI IOAE3HEIMMU.

Bo-BTOpEIX, (;) MO>XHO PacCMaTpMBaTh KaK MHOro4AeH k-i cre-
TIeHM OTHOCHTEABHO T. MBI yBMAMM, 4TO TaKas TOYKa 3PEHUS JacTo
6BIBaeT TAOAOTBOPHOM.

B-TpeThux, MEI OCTaBUAM HEONPEAEAEHHBIMY EMHOMMAABHEIE KO-
3 PUIMEHTH IPK HElEeABIX HIDKHUX MHAeKCax. MoXXHo aarh mpue-
MAeMoe OIIpeAeAeHMe U B 3TOM CAydae, HO Ha IIPAaKTHUKE TaKue Koad-
UIMEHTE PeAKO OBIBAIOT HY>XHBI, IIO3TOMY MEI OTAOXKKMM IToA06HOE
obobiieHMEe 1 3afiMEMCST UM IIO3AHEE B 3TOM I'AaBe.

U mocaepnee. B mpaBoit 9acTy Hauiero onpeAeA€HUs IPUBEAEHE
orparudenus ‘meaoe k > 0’ u ‘meace k < 0’. I[lopobHEIe orpanmye-
HUs 6YAYT IPUBOAWUTBCS BO BCEX PACCMATPUBAEMEIX COOTHOIIEHUSIX
C TeM, 4TOb6EI 6EIAA sicHA 0BAACTh MX NPUMEHMMOCTH. Boobie-To,
4eM MeHbIIle OTPaHWYEHUH, TeM AyYIle: caMoe AydIllee — COOTHOIIIe-
Hue 6e3 orpaHUIeHNH; HO Y>K €CAM OHH IIPUCYTCTBYIOT, TO COCTABASIIOT
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Ba’XKHYIO YacTb COOTHOLIEHHUS. [Ipy MaHUNIyASIXAX ¢ OMHOMUAABHEI-
M Ko3dbuImeHTaMy Ipole Ha HEKOTOPOEe BpeMsI 3a0EITh 0 TPYAHBIX
AASL 3allOMPHAHUSI OTPAHUYEHUSIX, a 3aTeEM IIPOBEPUTH, He OBIAKM AM
oHM HapyueHH. Ho o mpoBepKe 3a6hIBaTh HEAB3S.

Tak, IPaKTUIECKN BCAKUR pas, KOTAA MBI CTAAKMBAEMCS C KO3d-
dumenTOM (;‘), OH OKa3HEIBAeTCsI PaBHBIM 1, a HIOTOMY MOXHO BIIacThb
B 3abAy>XA€HHE, 9TO OH Bceraa paseH 1. Ho BHEMaTeABHOe paccMo-
TpeHMe oIpeAeAeHUs (5.1) MoKasbBaeT, 4To (1) paBeH | ToABKO IIpH

n > 0 (up® ycAoBHHM, UTO M LIEAOE); ecAr Xe N < 0, To (:) =0.HU
TaKWe AOBYIIKYM MOIyT (¥ 6yAYT) HOACTEperaTh HaC Ha Ka>KAOM IIIary.

IIpexxpe 9eM NIPUCTYIHUTH K TOXKAECTBaM, KOTOPHIMU MEI byaeM
TIOAB30BaThCsSI AASI YKPOIIEHWS CTPOITHBHIX OMHOMMAaABHEIX KO3(-
dureHTOB, 6POCUM B3TASIA Ha HECKOABKO HX HadYaAbHEIX 3Hade-
HuA. Ynucaa B Taba. 180 obpasyioT Hauaro mpeyzoavruxa Ilacxans,

Ha3sBaHHOro Tak 10 ¥MeHZ Baesa ITackaas (1623-1662), Hanucasiue-

Tabauna 180 Tpeyroavnuk [lackans

n n n n n n n n n n n
10066 EE)E 6666
0| 1
1 11
2 1 2
301 3 3 1
41 1 4 6 4 1
5/ 1 5 10 10 5 1
6| 1 6 15 20 15 6 1
711 7 21 3% 3 21 7 1
8 | 1 8 28 5 70 56 28 8 1
91 1 9 36 8 126 126 8 36 9 1
10| 1 10 45 120 210 252 210 120 45 10 1

ro 0 HMX OCHOBOIOAararoumit rpakrar [233]. IIycThie MecTa B sTol
TabAMIEe Ha caMoM AeAe o3HadanT () W3;3a HyAS B uucAuTeAe (5.1);
K IIpUMepY, (;) =(1.0)/(2-1) = 0. ST MecTa OCTaBAEHEI ITyCTHIMK
IIPOCTO AASL TOI'O, YTOBH BHIAEAMTH OCTAABHYIO 9aCTh TabOAMIIEL.

He MemraeT 3anmoMHEUTE HOPMYAHR AASI IIEPBHIX TPeX KOAOHOK:

G (- G-t e

OHM CIIPaBEAAMBEHI IIpH AfoboM BemecTBeHHOM T. (BcmoMmmre, uTo
(") = In(n+ 1) —>sTo dbopMyra AAT TPEYTOABHEIX THCEA, KOTO-
PYIO MBI BHIBEAM B TA.1l; 3TH umcAa cpa3y >Xe 6pocaloTcs B rAasa
B KOAOHKE (TZ‘) Taba. 180.) Hemaoxo Tak>Xe 3allOMHUTH OKOAO IISITH
TIePBHIX PSIAOB TPeyroAbHUKa Ilackaas: ecAM B KaKo#-HUO6YAD 3apade
BCTpeTuTcsa Habop uucea 1, 4, 6, 4, 1, To MEI MOXXeM IIPEATIOAOKHUTE,
YTO TAe-TO MOBAU30CTH IPUTAUAUCH OMHOMMAABHEBIE KO3 DUIINEHTHL.

BuHomuabHbIE
K03(hpHLIHEHTBI
65124 XOpoLLIO
HM3BEeCTHbI B A3HH
3a MHOT0 BEKOB A0
Toro, KaK Ilackaap
POoAHAcs [361], Ho
OH HHKOMM 06pa3oM
He Mor 3HaTb 00
3TOM.
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Yucaa B TpeyroabHMKe [lackans yAOBAETBOPSIOT IIPaKTHUYECKU
B Utarnu o Hasbl- GECKOHEYHOMY YHCAY TOXKAECTB, TaK UTO HEYAMBHUTEABHO, €CAM IIPU
BaeTcs TPeyroAbHH-  ero BHMMATEABHOM PaCCMOTPEHMU MEI OOHapY>XKUM DPSA JAUBUTEAD-
Ko TapTaAbH. HEIX 3aKOHOMepHoCTel. BoT, HanpuMep, A0OOIEITHOE ,,CBOMCTBO IIre-
(A cam IMackaab Ha- ~CTAYTOABHEKA', KOTOPOE MAAKCTPUDYETCS WIECTBIO WMCAAME 56, 28,
3biBaA ero triangle 36, 120, 210, 126, oxpy>katomuMy urcAo 84 B HMIKHeH IIpaBoil Ya-

arithmétique — cti Taba. 180. ABa BapraHTa IIepeMHOXEHUS YUCEA U3 3TOrO IIECTH-

apumMeTHIeCKUM JTOABHMKA Yepe3 OAHO AAIOT OAMHAKOBHIA pe3yAbTaT: 56-36-210 =

TPEYyroAbHHKOM. 28-120-126 = 423360. To >xe caMoe CIIpaBEAAMBO, ECAM BHIAEAUTD

—Ilepes.)  1opo6HEBIN 1IECTUYTOABHUK U3 AIO6OK APYTroil 9acTH TPeyroAbHUKA

[Tackans.

A Teneppb — cobcTBeHHO TOXKAeCTBa. Hallra ieAb B 3TOM paspene —

,C’est une chose BEIyYUTh CPAaBHUTEABHO HEGOABIIIOE YMCAO IPOCTHIX IPABUA, C IIOMO-

éstrange combien IIbI0 KOTOPHIX MOKHO PEIIaTh IIOAABASIOIIEe 60ABIIMHCTBO IPaKTH-
il est fertile en YEeCKM Ba)KHEIX 33724 C GMHOMMAABHEIMM K03 DHUIMEHTaMM.

proprietez B ofpryHOM cAyYae, KOrAa BEPXHUM HHAEKCOM T SIBASIETCS HEKO-

—B.Tlackars [233] 106 nenoe M, Goabiee MAY paBHOE HIKHeMY HEAEKCY K, OIpeAeAe-

HuIO (5.1) MOXXeT BBITh IpUAaHa MHas hopMa — B BUAe HaKTOPUAAOB:

n n!
(k) = m , meane n >k > 0. (5-3)
AAS TOrO 9TOGHI IOAYYIHUTD 3TY (POPMYAY, IPOCTO YMHOMKAEM YUCAU-
TeAb M 3HaMeHaTeAb (5.1) Ha (n — k)!. Ilopoit 6xiBaeT mOAE3HO BHI-
pasuTh 6MHOMMAABHEIA Ko3dduimeHT B I0A06HOR dhaKTOopHaAbHOM
dopMe (cKaxkeM, TP AOKA3aTEABCTBE ,,CBOMCTBA IIECTUYTOABHUKAY).
Ho 3agacTyroo mpuxopmTcs AeiicTBOBaTh B 06paTHOM HaIpaBAEHHUH,
3aMeHsq PaKTOPUAAH GMHOMUAABHEIME KO3(hUIIMEHTaMH.

PaKTopHanrbHOE NIPEACTABAEHME YKA3BIBAE€T Ha CHMMETPUYHOCTD
TpeyroAbHMKa IlacKaas: KaXKABIA psIA YHTAETCS OAMHAKOBO — KaK
CAeBa HAIlpaBO, TaK M CIpaBa HaAeBo. TOXXAECTBO, OTPa’KaIOIIEE 3TO
CBOMCTBO,— COOMHOWEHUE CUMMEMPUU — IIOAYYAETCST 3aMeHo# k
Han—k:

n n
= > . .
(k) (n _ k) , meaoe n > 0, menaoe k (5.4)

Ora dhopMyna nMeeT KOMOMHATOPHEIA CMEICA, M0 ontpeaeasiss k IIpea-
MeTOB, BEIOPAHHBIX M3 M, MBI TeM CaMbIM OIpeAeAseM N — k HEBHI-
6paHHEIX ITPEAMETOB.

SlcHo, nodeMy N u k B ToxXAecTBe (5.4) OTPaHWYEHH LEABIMY Y-
CAaMM — ITIOTOMY YTO BCSIKWH HYDKHUN MHAEKC AOAJKEH OHITH I[EABIM
umcaoM. Ho moyeMy n He MoXXeT 6T oTpuniaTeAbHEIM? K mpuMmepy,
TIPEATIONOXKEM, UTo N = — 1. BepHo AM paBeHCTBO

()= (L)

¥YBrE. B wacrHOCTH, Ipm k = 0 B AeBoif YacTH moaydaercs 1, a B
mnpasoit — 0. Ha camoM aAene npm BesikoM meaoM k > 0 AeBast 4acTb
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paBHa

T.e. Ambo 1, Ambo —1, Ho mpaBas YacTb paBHA 0, TaK KaK HUKHUN
MHAEKC OTPHIIATeAEH. A IIpM OTpUIIaTeAbHOM k AeBast YacTh pasHa 0,
HO IIpaBas 4acTb paBHA

N
(1) =

T.e. Am6o 1, Am6o —1. Tak UTO pPaBEHCTBO ‘(‘k') = (_
HeBepHO!
CooTHoIIIEHRE CUMMETPUK He BHIIIOAHSIETCS U IIPU NIPOYUX OTPH-
LaTeABHHEIX IEeARIX M. Ho, K cokaAeHWIo, 3TO OTpaHMYeHUE AErKO
3abBIBaeTCsI, IIOCKOABKY BBIDA’KEHWE B BEpXHEM MHAEKCE IIOpOoii 65I-
BaeT OTPHULATEABHBIM AW IPX HEKOTOPHIX MaAO3aMETHHIX (HO Cy-
IIECTBYIOIINX ) SHAUEHUSIX €ro IePEMEHHEIX. BCsKui, KTo MHOTO pa3  Hy, 5-To Haje-
“MeA AEAO0 C BMHOMHAABPHEIMU KO3 DUIIMEHTaMy, ITOTAAAACS B 3Ty  focb He [101acTh B
AOBYIIKY He M€Hee TPeX pas. STy AOBYILIKY Ha
OAHaKO 3TOT HEAOCTATOK COOTHOIIEHHUS] CHUMMETPHM KOMIEHCUDY-  KOAAOKBHyME.
€TCsI CYLLIECTBEHHEIM eI'0 AOCTOMHCTBOM: OHO BBIIIOAHSIETCSI TIPU BCEX
3sHayeHUsxX K, paxe Koraa k < 0 mam k > n (ubo B TakMx cAydasx
obe JacTu paBHH HyAR). B caygae xe, koraa 0 < k < n, cuMmMerpus
HEMEAAEHHO CAEAyeT u3 (5.3):

(n) _ n! _ n! _( n )
k) Kn-K! (n—(mn-k) n-k! \n—-k/

Caepyroliee Ba>KHOE TOKAECTBO AOIIYCKAET BIHECEHNE U BHECEHUE
u3/TIop 3HaKa 6MHOMMAABHOrO KosdduImenTa:

(;) = % (]:: ]]) , menoe k # 0. (5-5)

JaHHOe orpaHudeHye Ha k IIpeAOXpaHSET HAC OT AEAEHUS Ha HYAB.
HasoseM ToXAeCTBO (5.5) IPAaBUAOM 8HECEHUSA, IOCKOABKY, KaK IIpa-
BUAO, MBI IIOAB3YEMCSI MM AASI BHECEHWS IIOA 3HAK OMHOMMAaABHO-
ro Ko3(pdUIMeHTa HEKOTOPOI MeNIarollell ITepeMeHHOM. DTO paBeH-
CTBO BBITEKaeT W3 OmpeAeAeHus (5.1), Tak Kak ™= = r(r — 1)k=L »
k! =k({k— 1) mpu k > 0, a mpz k < 0 obe yacTy paBHEI HYAIO.

Ecan ymHOXUTB 06e wacTu (5.5) Ha k, TO IOAYyYNM IIpaBUAO BHe-
CeHusi, KOTOPOe BBIIOAHSIETCA AadKe Ipu K = 0:

k<]:> = r(lz: ]]) , meaoe k. (5.6)

V 3Toro cooTHOIIEHUS ECTh KOMIIaHbOH, KOTOprfI COXpaHsieT HUDKHIAR
HNHAEKC B HEIIPDUKOCHOBEHHOCTH!

(r—%) (;) = r(T; ]) , uenoe k. (5.7)

-1

_k) ' BCcerapa
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ToxxpaecTBo (5.7) MOKHO BEIBECTH, IIPUTOTOBUB CIHABUY U3 ABYX CO-
OTHOIIEHUH CHMMETPHY X OAHOTO IIpaBUAA BHECEHUS MEKAY HUMMU:

T

(r—k) (r T k) (B cuAy cuMMeTpHH)

T<rI;l 1) (s cuay (5.6))

r—1
T‘( K ) . (B cuny cummeTpun)

Ho mocroiire-ka! MBI y>Xe OOBABHAM, YTO AAHHOE TOXXKAECTBO
CIIPaBEAAMBO IIPK A1060M BEIIECTBEHHOM T, a BeAb IIPOBEAEHHEIN
BEIBOA CIIDABEAAMB, TOABKO KOTAA T — IIEAOE IIOAOKUTEABHOE YHCAO.
(Ecam MBI He cobupaeMcsi UCIIOAB30BAaTh YCAOBHE CHMMETpPHH (5.4)
cebe BO Bpea, TO BEPXHUIT MHAEKC T — | AOAXKEH OBITH IIeABIM HEOTPH-

(Hy, He 3Aech, Tak B IJaTE€ABHBIM 4ducAoM.) Moxker, MBI cMomrenHwdanrun? Bobce HeT. Aa,

APYyroM Mecte.) 3TO BEPHO, YTO AAHHLIN BEIBOA, CIIPDABEAAMB IIPDU IIEAOM IIOAOKUTEAD-
HOM T, ¥, TeM He MeHee, MOJKHO YTBEPXKAATDH, UTO AAHHOE TOXKAECTBO
BBHIITOAHSIETCSI IIPY BCEX 3HAUEHUSIX T B CHAY TOTO, ITO obe 9acTu (5.7)
SIBASIIOTCS MHOTOYAEHaMU cTeneH” Kk + 1 oTHocuTeasHO T. Hemyaesoit
MHOTOYAEH CTelleHM d MAM MeHbIIEH MOXKET MMEeTh camoe HoablIee
d pasAMYHBIX HyAel — CAEAOBaTEABHO, PA3HOCTH ABYX TaKMX MHO-
FOYAEHOB, KOTOPasl TaKXXe SIBASIETCSI MHOTOYAEHOM CTelleHM d MAM
MeHbIIIER, He MOKeT obpaiaThcs B HyAb 6oaee geM B d ToUKax, ecAn
TOABKO OHa He paBHA TOXKAECTBEHHO HyAIo. [lHade roBops, ecal ABa
MHOTOYAEHa cTereH < d coBmapaioT Honaee ueM B d TOUKax, TO OHH
COBIIAAAIOT BO BCeX ToduKax. Hamm mokasamo, uro (r—k)([) = r(’;’)
SIBASIETCSI TOKAECTBOM BCSIKUI pas, KOTAA T — LIEAOE IIOAOKUTEABHOE
YUCAO, TaK YTO 3TU ABa MHOI'OYAEHA COBIIAAAIOT B BeCKOHEYHOM 4u-
CAe TOYEK, a 3HAYUT, TOXKAECTBEHHO PaBHHL.

Crocob AoKasaTeAbCTBa U3 IpeABIAyIIero absalla, KOTOPHI# MEI
6yA€eM HASEIBATh NOAUHOMUAABHOU apezymenmayueti, IIOAE3eH IIpU
IIepEHeCEHUN MHOTUX COOTHOIIEHU, CIIPaBEAAUMBHIX AAS IIEABIX UU-
CeA, Ha BEIIECTBEHHBIE YMCAA — MBI HEOAHOKDPATHO 3TO yBUAMM. He-
KOTOpble€ PaBEHCTBA, TUIa COOTHOIIEHUS] CUMMETPUH (5.4), HE SIBAS-
IOTCST TOXKAECTBAMU AAST MHOT'OYAEHOB, TaK YTO MEI He BCETAA CMOYKeEM
NIPUMEHSITD 3TOT crocob. TeM He MeHee, MHOI'ME COOTHOLIEHUSI MMEIOT
HY>XHBIA BUA,.

Bot, X mpumepy, emie OAHO IIOAMHOMUAABHOE TOXKAECTBO — BO3-
MO’KHO, CaMoe Ba’KHOe U3 BCeX OMHOMMAABHEIX TOXKAECTB — U3BECT-
HOe KaK PopMYyAa CAOIHCEHUA

(]T;) _ (r;]> + (;:1) ,  menoe k. (5.8)

Ecam r — menoe IOAOKUTEABHOE YUCAO, TO (POPMYAA CAOXKEHHUS IIO-
Ka3BIBaeT, YTO Ka’KAOe YUCAO B TPEYTOABHUKe [lacKaAs eCTh cyMMa
ABYX YHCeA IIPEABIAYIIETO PsSiAd— TOTO, YTO HEIIOCPEACTBEHHO Hap,
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HUM, X TOTO, YTO PSIAOM CA€Ba OT Hero. JTa GpopMyAa IIpUMeHVMa
TaK>Xe NPpY¥ OTPHUIATEABHOM, BEIIECTBEHHOM HAM KOMIIAEKCHOM T C
€AMHCTBEHHBIM OrpaHUYeHMeM, YT0o65 k 6BIAO LEABIM (C TeM, YTO6H
6uHOMMaABHEIE KO3DDUIMEHTH GEIAY OIPEAEAEHH ).

OpavH m3 crocoboB AOKa3saThb (POPMYAY CAOKEHMS — IPEATIOAO-
)KUTh, YTO T —IEAOE IIOAOKATEABHOE YHMCAO, ¥ BOCIIOAB30BAThHCS
KOM6UHATOPHEIMYU coobpa’keHUIMM. BcrioMEMM, 4TO (;) — 3TO YHCAO
BCEBO3MOXKHEIX K-3A€MEHTHBIX ITOAMHOJXECTB, BHIOPaHHEIX U3 T-3A€-
MEeHTHOI'0 MHOXKeCTBa. ECAM y Hac T AuIl, CpeAM KOTOPHIX OAHO TyX-

aoe, o umeercst (7) croco6oB Bribopa k stum, Poero B (7' cayuasx
) k k

PE€3yABTAaTOM 3THX BHIGOPOB 6YAYT TOABKO CBEXXKHE SIHIla, a B (;:]])
CAyYasX CpeAM HHX OKaXKeTCS TYXAOe S0, U0 pe3yAbTaTOM TaKMX
BEI60pOB 6ypeT k— 1 3 v — 1 cBexxux stmrr. CKAaABIBasT ABa 3THX YU~
CAa, moAy4aeM (5.8). B aToM BrIBoae IpeATIoAaraeTcst, 4To T — IeAoe
ImoAO>KHTeABHOe YucAo ¥ 4To k = 0. IIpm k < 0 obe wacTm paHHOTO
TOXXAECTBA PaBHEl HYAIO, 2 BO BCEX OCTAABHEIX CAyYasX CIIPaBEA-
AMBOCTB TOXAECTBa (5.8) yCTaHABAMBAETCS IIyTEM IOAMHOMMAABHOM
apryMeHTAIWH.

ToxxpecTBO (5.8) MOXKHO TaKKe BEIBECTH, CKAAAKIBAsI ABA IIPaBH-
Aa BHecCeHUsI-BhIHeceHus (5.7) # (5.6):

r=0(e) #1() =+ () 0 2):

A€Basi 9acTh — 3TO r(;), CAEAOBaTEABHO, MOKHO PasAEAUTh obe da-
CTH Ha T. DTOT BREIBOA, CIIPABEAAUB IIPH BCEX T 32 MCKAIOYEHNEM CAY-
4ast 7 = (, KOTOPHI# AETKO IIPOBEPUTH OTAEABHO.

Te u3 Hac, KTO He CKAOHEH OTHICKMBATD CTOAB TOHKME AOKA3aTEAD-
CTBa, HAM Te, KOMY 3TO, HAIIPOTWB, HAAOEAO, MOTAM 6 IIPEATIOYECTD
BHIBeCTH (5.8) IyTeM HEMOCPEACTBEHHOI'O MAaHUIIYAUPOBAHMUS C UCXOA-
HBEIM ompepeieHmeM. Ecam k > 0, To

T—1 r—1 _(r—])i (r—1)k=t

( k )+(k—1) T R P T

(r—1kl(r—k) (r—1)k=lk
k! + k!

o (r=NElr gk
o k! Tk \k/C

U omare caygam mpu k < 0 AerKo IIPOBEPHTH OTAEABHO.

MEI TOABKO YTO ITO3HAKOMUAUCH C TPEMS BeChbMa Pa3sAMIHBIMM
AOKasaTeAbCTBaMK POPMYAR cAOXKeHUS. U 3T0 He yAMBUTEABHO: 6H-
HOMUaAbHBle KO3(pdUIMEHTH obaaparoT GoabpmmM pasHoobpasmeM
CBOMCTB, pasAW4Me KOTOPHX 06s3aHO IPHBOAMTE K Pa3sAMYIHEIM AO-
Ka3aTeAbCTBaM WHTEPECYIOUIETO HAC COOTHOILIEHMS.

B cymmocTn, dbopMyAa CAOKEHHST — 3TO PEKYPPEHTHOCTD AAS YH-
CeA M3 TpeyroAbHMKa IlacKaas, ¥ MEI ellle YBUAWIM, YTO OHAa OCO-
6eHEHO IIOAE3HA ITPX AOKA3aTEABCTBE APYTHX TOXKAECTB II0 MHAYKIUH.
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A MOXXHO ¥ HEMEAAEHHO ITOAYYHUTH HOBOE TOXKAECTBO, Pa3sBePTHIBas
AQHHYIO PEKYpPpeHTHOCTh. Tax,

5)-()+C)

-(3)+()+0)

-(3)+()+ ()@
()6 () )+ ()

ITocroABKY (_'1) = 0, IOCAEAHM YAEH IIPOIIapAAeT X MOKHO OCTAHO-
BHUTBHCSI. DTOT METOA, AAeT ObIIyio POpMyAy:

(1) () (1)

_ (r+n+l

+(5)+
+{)+
+(5)+

n ) , IIeAOE M. (5.9)

ObpaTure BHUMaHWE, YTO HET HEOOXOAMMOCTY OIPAaHNINBATE UHAEKC
CYMMWPOBAHUS CHU3Y, IIOCKOABKY BCe YAEHBI CyMMH IIpu k < O pas-
HEI HYAIO.

OTa ¢dopMyAa BEIpa>KaeT OAMH OMHOMMAABHEIA KO3(DODHUIMEHT B
BUAE CYMMBI ADYI'HX, BEPXHWH M HUXHWHE MHAEKCH KOTOPHIX OCTa-
IOTCA ,,paBHOYAAAEHHEIMU' . MEI HallIAU €€ MyTeM ITOCAEAOBATEABHOI'O
pasAoXKeHUST HMHOMMAABLHEIX KO3 @UIMEHTOB ¢ HaUMEHbBIINM HUXK-

HEM MHAEKCOM: BHadaie Ko3ddHImeHTa (g), 3aTeM Ko3(ppUIeHTa

(3), morom xoacpcbummenta (}) u, Hakomen, KosdummenTa (3). A

YTO CAYIUTCS, ECAM Pa3BEPHYTHh APYTUM CIIOCO60M — IIOCAEAOBATEAD-
HO pasaaras Ko3ddUIIMERTH ¢ HanboABIIMM HUXHIM MHAEeKcoM? [To-

CMOTPHM:
ay (4
3 2

()~

w W

w

I
/—\/\m/—\/\
N—— e e

+

/N

NN
N—— N N

+
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Terreps Koschumuent (3) paBeH HyAlo (Tak e, Kak (9) = (}), xorsa
OHU ¥ IPHAAIT AAHHOMY COOTHONIEHHMIO HEKOTOPYIO ITPUBAEKATEAD-
HOCTB), ¥ MOHO JAOBUTb OGIIYI0 32aKOHOMEPHOCTS:

S (m)= () ()4 ()

o<ksn
1
= (:1_:_ ]) , measte m,n > 0. (5.10)

9TO TOXKAECTBO, KOTOPOE MBI Ha30BEM POPMYAOL CYMMUDPOSAHUA
no eeprHemy unoeKrcy, BEIPAXKaeT OAMH GMHOMMAABHEIN Ko3dduiy-
€HT B BUAE CYMMEI APYTHX, HUKHIE MHAEKCHl KOTOPEIX He M3MEHSIOT-
csi. B AaHHOM cAydYae CyMMa HY’KAA€TCs B HUJKHel rpamune k > 0,
TaK KaK YAEHBI CyMMHI ¢ k < 0 He HyAn. K ToMy >Xe m ¥ N Boobie
He MOTYT OEITH OTPHIIATEABHBIMU.

ToxxaecTBO (5.10) AOIYCKaeT MHTEPECHYI0 KOMOMHATOPHYO TPaK-
ToBKY. EcAr Hy>xHo BEHfpath m + 1 u3 n + 1 6uneToB, IpoHyMepo-
BaHHBIX gucAaM¥ oT 0 A0 M, TO 3TO MOXKHO CAEAATh (:L) criocobamy,
ecar HamboabIMit HoMep BEIGpaHHOro 6MAeTa paBeH k.

Kax coorrouenue (5.9), TaK ¥ COOTHOLIEHNE (5.10) MOXKHO AOKa-
3aTh 10 MHAYKIUY, ACIOAB3YsI GOPMYAY CAOXKEHWS, HO MOXKHO TaK-
J)Ke IMOAYYUTh OAHO COOTHOIIEHWe W3 Apyroro. AasaiiTe, HallpUMED,
moayuuM (5.9) #3 (5.10): AOKa3aTEABCTBO IIOCAY>KUT MAAIOCTpaLyei
HEKOTOPHIX CTAaHAAPTHEIX OIlE€panuii ¢ 6MHOMUAABHBIMEU KO3ddUIIN-
eHTaMy. B ofux depTax naaH AeHCTBUSA TaKOB: CHadaAa Ipeobpaso-

BaTh AEBYIO YacThb ) _ (r"l:k) cooTHoIIeHXs (5.9) TakuM ob6pa3oM, 4To-

651 OHa BEITAsIA€AQ KaK AeBast 9acThb ) _ ( :1) cooTHomeHus (5.10); 3a-
TeM IpUBErHyTh K IIOMOIIY IIOCAEAHETO COOTHOIIEHNS, 3aMeHIUB BCIO
CyMMY OAHUMM-EAMHCTBEHHBIM GMHOMMAABHBEIM KO3 dUIMEHTOM; Ha-
KOHell, IIPUBECTH 3TOT KO3 UIMEHT K BUAY IIPaBOi FacTu (5.9).
AAst yAOBCTBa IIPEATIOAOKHUM, UTO T X N — IjeAkle HEOTPUIIATEAD-
HEIE YUCAa; B 06IeM cAydae cooTHoUIeHNE (5.9) 6YAET MOAYIAThCS U3
3TOr'0 YACTHOT'O CAydasi B COOTBETCTBUM C IOANHOMUAABHOM apryMeH-
Taruei. YCAOBMMCS IXCATh M BMECTO T IIOTOMY, ITO 3Ta lepeMeHHas
foAbllle HaITOMUHAET LieAOe HeOTPHUIATEABHO UMCAO. Temepb MOXHO
IPUCTYIATH K CACTEMATUIECKOMY BOIIAOIIEHNIO HAIllero IIAAHA!

sz ()

k<n —m<k<n
(m+k) (k)
- Z m ) Z m
—m<k<n ogks<m+n

_(m+n+1\  (m+n+]

T\ m+1 N n '
IITar 3a mraroM MPOCAEAMM 32 3TUM BEIBOAOM. Pellaromwii mar cae-
AaH BO BTOPO# CTPOKE, TAE MBI IIPAMEHSIEM IIPABUAC CUMMeTPHH (5.4),



~Koraa emy
[MopuaptH| ncnioa-
HHACST ABaALlaTh
OAHH TOA, OH Ha-
[HcaA TpaKTaT 0
6uHOMHaABHOH Te-
opeme, MPHHECLIHIE
eMy eBpoIeHCKy0
H3BECTHOCTD. 9TO
T03BOAMAO EMY
MOAYYHTD KacheApy
MareMaTHKH B
OAHOM M3 HalllUX
MPOBHHLHAABHBIX
YHUBEpPCHTETOB'
—III. Xoamc [163]
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wrobr sameruts (M%) Ha (™). A 310 MOXHO cAeAaTB TOABKO IIPH

m + k > 0, Tak 4TO IIEPBHI{ LIl OTPaHUYMBAET 0OAACTH M3MEHEHNT
k, oT6packiBast YAEHE CyMMEHI ¢ K < —m (4TO 3aKOHHO, IOCKOABKY
OT6pOollIeHHble YAEHE PaBHEI HYA). Temepb MEI TOYTH TOTOBHL IIPH-
MeHUTH (5.10): TPEThS CTPOYKA FOTOBUT IIOUBY AAS 3TOTO, 3aMEHSS
k Ha kK — M ¥ IpPUBOAS B NIOPSIAOK AMAIla30H CYMMUPOBAHUS. DTOT
mrar, TOAOBHO IIepBOMY,— IIPOCTO 3aWTPHIBAHUE C ) -0BO3HAUEHUEM.
Ho remeps k cobcTBeHHOM IIEPCOHOM TOSIBASIETCS B BEPXHEM MHAEKCE,
A2 ¥ IIPEAEABl CYMMWPOBAaHUS NIPUBEAEHE! B HAAAEXKAIIMHA BHA, Tak
YTO B YeTBEPTO CTPOYKe HpUMeHseTcs (5.10). B 3aBepiierne Beero
ellle Pa3s MUCIIOAB3YeTCs IPAaBUAO CUMMETPHH.

HekoTopbie cyMMbI, C KOTOPEIMY MBI IMEAM AEAO B TA. 1 U 2, Ha ca-
MOM A€A€ SIBASIIOTCS AUG0 JaCTHEIMIA CAYYasiMU COOTHOIIEHU (5.10),
Au60 CKPHITHIMM BapyaHTaMU 3TOro cooTHouleHus. K mpumepy, cay-
4aift m = 1 AOCTaBASIET CYMMY HEOTPUIIATEABHEIX I[EARIX UHUCEA AO T
BKAIOYUTEABHO:

(0o

Mm+1Imn (n-l—l)

= — = 2

2

A obmmit caydail 5KBUBaA€HTEH IIPABUAY

n 4+ 1)m+1
Z kﬂz(—;;_lf—, meAsle m,n = 0,
o<k<n

U3 T'A. 2, eCAY pa3speAuTh obe gacTu 3Toit bopMyasl Ha m!. Y B camoMm
Aere, dopMyaa caoKeHus (5.8) yKaskEIBaer, 4To

(@)= Ca) ()= (2):

€CAM 3aMEHUTH T ¥ K COOTBeTCTBEHHO Ha X + 1 1 m. CarepoBaTeABHO,
MeTOABI M3 I'A. 2 obecreduwBaloT Hac yAobOHOU hopMyAaol Heompeae-
AEHHOT'O CyMMWPOBAHUS:

= (o= (i) o

CBouM HasBanweM buHOMMaAbHEIE KO3 DUIIMEHTE! 06I3aHEl 6U-
HOMUAALHOU Mmeopeme, KOTOpasi IMeeT AeAO CO CTEIleHSIMHU buHOMa
x +y. Bor mpocreitinre cayganm 3Toit TeopeMsr:

(5.11)

(x+1)° = 1x%°,

(x+y) = Ixy® +1x%],
(x+u)? = Ix%y° +2x"y' + 1x%?,
( )

( )

I

I

3= 13y% 4+ 3x%y" 4 3x'y? + 1x%3,
= Ix*y0 + 43y +exPy? +4ax'yd + 1x0yt.



188 BUHOMMANABHBIE KO3®PUITNEHTHI

HerpyaHO NOHATE, TOYEMY 3TH KO3(GUIINEHTH COBIAAAIOT C YMCAA-
MM TpeyroabHuKa IJackaas. Koraa Mel pacmceIBaeM IIPOM3BEAECHHE

T COMHOXUTeAeH
A

~
(x+y)" = (x+y)x+y)...(x+y),

Ka)KABIA €ro YAE€H CaM SABASETCSI IPOM3BEACHMEM T COMHOXKHTEAEH

X # Y. YUCAO TaKMX YAEHOB C K COMHOKMTEASIMU X ¥ N — K COMHOXXH-

TEASIMU | IIOCAE IIPUBEAEHWS IMOAOOHHIX YAEHOB CTAHOBMTCS KO3(-

cbummenToM mpm x*y" k. A 310 B TOWHOCTH paBHO WMCAY CIIOCO60B

BEI6Opa k M3 N ABYYAEHOB, M3 KOTOPHIX B IIPOM3BEACHME BOMAET X,

T.€. 310 (}).

B HeKOTOpPHEIX yuebHMKax BeAwunHy 0° OCTaBASIOT HeompeAeAeH-
HO¥, 06bsICHSS 3T0 TeM, uTo yHKmMu x° u 0% MMEIT pasAHMYHEE
TIpeAeAH, Korpa x crpemurcs K 0. Ho aTo 3abayxaerme. Heobxopu-
MO OIIPEAEAHTH

x0 =1 npu ApboM X,

¢ TeM 4TObOH 6MHOMMaAbHAsS TeopeMa 6nlAa BepHa mpu X =0, y =0
H/uAz x = —Y. DTa TeopeMa CAMIIKOM Ba)kHa, ITObLI ee IPOM3BOAD-
Ho orpanwumBaTh! Y, Hanporus, pyukuusa 0* coBceM He BaxkHa. (CM.
AaabHelimre o6cyxAeHus B [152).)

A 4To MMeHHO NpeAcTaBAsIeT coboit bmHOMMaAbHAS TeopeMa? Bo
BCEM CBOEM BEAWKOAEIMM OHAa BHICTYIAET B OOAMYMM CAEAYIOIIETO
TOXKAECTBA!

r_ T\ k. vk neaoe T > 0
(x+y) - ; (k)x Y ) HAT Ix/y' <1. (5.12)

9To0 cyMMa IIO BCEM IIEABIM K, HO B A€HCTBHTEABHOCTH IIPH I[EAOM
HEOTPHIIATEABHOM T 3TO KOHEYHAsI CyMMa, IIOCKOABKY BCE €€ YAEHEI
PaBHHEI HYAIO, 3a NCKAoueHueM uaeHoB ¢ 0 < k < 1. C aApyroii cropo-
HBl, bMHOMMaABHAS TeopeMa BEPHA ¥ IIPM OTPHIIATEABHOM T ¥ AaXKe
TIPX IIPOU3BOABHOM BEIleCTBEHHOM MAY KOMIIAEKCHOM T. B Takux cay-
Jasx AaHHas CyMMa AeMCcTBIUTeABHO becKoHeuHa X TpebyeTcs, YTobh
[x/yl < 1 pAAs rapaHTEN aBCOAIOTHOM CXOAMMOCTH CYMMEI.

J\Ba 9acTHEIX CAyJast OMHOMMAABHOM TEOPEMEI 3aCAY KUBAIOT 0CO-
6oro BHEMaHWsI, HECMOTPS Ha TO, YTO OHM MCKAIOYUTEABHO IIPOCTHL.
Ecam x =y = 1 ¥ v = n HeoTpMILaTEABHO, TO

M = (g)+(?)++(2) menoce n 2> 0.

OTo paBeHCTBO IIOKA3BbIBAaET, YTO CYMMa YHCEA T-TO PSIAA TPEYTOAB-
HuKa [lackans pasHa 2". A ecau x BMecTo +1 paBer —1, To

On=(n>_(n)+...+(_1)"(n), meaoe n > 0.
0 1 n

K npumepy, 1 —4+6—4+1 = 0; ecAn cHabBANTE 3AEMEHTHL T-T'O PSIAA
YepeAYIOUIMMNCS 3HaKaMM, TO UX CyMMa paBHa HYAIO, 3a MCKAIOYe-
HueM BepxHero psiaa (Koraan=0u 00 = 1).
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Tabamma 189 ITpopoAIKeHHEI BBEPX TpeyroAbHMK [lacKanas.

~EEHEEEE) 666 6 G

—4 1 -4 10 -20 35 -56 8 —120 165 —220 286
-3 -3 6-10 15 -21 28 —-36 45 -55 66
-2 -2 3 -4 5 -6 7 -8 ?2 —-10 11

-1
0

-1 1 -1 1T -1 1 -1 1T -1 1
0o o0 o0 0 o0 0 0 0 0 0

— o —

EcAn v He SBASIETCS HEOTPMIIATEABHEIM IIEABIM, TO OMHOMMAAB-
Hasl TeopeMa dallle BCETO MCIOAB3YeTCS B JaCTHOM CAydae y = 1.
CdopMyAupyeM 3TOT YaCTHBIM CAydail TBHO, 3aMeHMB X Ha Z, YTOOH
MIOAYEPKHYTH TOT (AKT, UTO 3AECh MOXKET IIPUCYTCTBOBATEL IIPOM3-
BOABHOE KOMITAEKCHOE YHCAO:

(1+z)r=z<;>zk, lz| < 1.

k

(5-13)

EcAm noACTaBUTS CIoAQ Z = X/Y ¥ YMHOXUTb 06e YacTd Ha Y, TO U3
370l POPMYAHI BHTeKaeT obmast dopMyaa (5.12).

MEI A0Ka3saAM, ICXOAS B3 KoMOMHATOPHOM MHTepIIpeTamy, 6uHO-
MUaABHYIO TEOPEMY TOABKO AASI LIEAOTO HEOTPHIlaTeABHOro T. MEH
AWIIEHBl BO3SMOJXHOCTH BEIBECTH (POPMYAY AAS obuiero caydas us
CAy4asi LIeAOTO HEOTPHULATEABHOTO T, HCIOAB3YS IMOAMHOMHMAABHYIO
apryMeHTanuio, ubo B obueM caydae cymma beckomeuna. OpHaKo B
CAydae IIPOM3BOABHOIO T MOYKHO BOCIIOAB30BaThCs TeopeMoit Teino-
pa U3 aHaAM3a:

f0) o, f'(0) ,  f"(0) ,
&) =gzttt =t
(k)
f k;(O)Zk'
k=0 '

IponsBopnsie pyHKImu f(z) = (142)" AerKo BEIYUCASIOTCS: B CAMOM
aene, f9(z) = % (1 4 z)" . A moacramopka z = 0 paer (5.13).

Kpoume Toro, Hy>XHO AOKa3aTh, YTO HECKOHEUHASI CyMMa CXOAUTCS
mpi |z| < 1. Y 3To AeffcTBUTEABHO Tak, HOCKOABKY (1) = O(k™'™")
COrAacHO PaBeHCTBY (5.83), KOTOPOE IIPUBOAUTCS HIUIKE.

A Temeph 3aiiMeMcs BIIAOTHYIO BeAWduHaMy (}) IpH IeAOM OT-
pumaTeAbHOM N. OAMH U3 cIIOcO60B IMOACTYIMTHCS K 3THM BEANYIH-
HaM COCTOMT B TOM, YTOBH MCIIOAB3OBATh IIPABUAO CAOXKEHUS (5.8)
AAS 3antoAHeHNST Taba. 180 aneMeHTaMM, KOTOPHIE A€KAT BEIILIE MMEFO-
LIMXCS YHCEA, ITOAyYIas TeM caMbIM Taba. 189. K mpumepy, (_01) =1,
rax xax (3) = (') + (7)) u (7}) = 0; sarem (') = -1, Tax xax
M =G)+(G)inma

Bce 3T 4McAa HaM yKe 3HAKOMEI. J\eACTBUTEABHO, PSIABL ¥ KO-
AOHKHM ¥3 Taba. 189 oKashIBaroTCs KOAOHKaMM U3 Taba. 180 (3a BEIue-



190 BUHOMMAABHBIE KO3®PNIINEHTHI

ToM 3Haka ,MuHyc"). Tak 4YTO MEXXAY BEANIMHAMU (;:) IIpK OTPHIIA-
TEABHBIX ¥ ITOAOXKUTEABHEIX N AOAJKHA CYIIECTBOBAThb HeKas CBSI3b.
Obi1ee IpaBUAO TAaKOBO:

™Y _ ok [k—T—1
(k) = ( l)( K ), neaoe k,

4YTO AET'KO AOKa3aTh, IIOCKOABKY

’=rr-1)...(r—k+1)
= (=Dm)(T=1)...(k=T=7) = (=D¥k—T—1)k

(5.14)

npu k > 0, a mpu k < 0 obe yacTu paBHE HYA.

OcobeHHO 1IEHHO TO, YTO COOTHOIUEHUE (5.14) BEIIOAHsIETCS 6e3
BCAKMX orpanwdeHuit. (PasyMeercs, HIKHEE MHAEKC AOAXKEH GHITH
LIEABIM C TeM, YTOBEI BEIAM OIIpeAeAeHH 6HHOMUAALHEIE KO3dbduIu-
enThl.) I[IpeobpasoBanue (5.14) HA3BIBAETCS 06PAUEHUEM BEPIHEZO
undexca, MAK IIPOCTO ,,BEPXHUM obpanieHmeM"

Ho xak 3amoMHMTS 3Ty BaxxHyo dopMmyAy? Ecam Bce cooTHomre-
HUsI, C KOTOPBIMY MBI YK€ MMEAM AEAO,— COOTHOLIEHMSI CUMMETPHH,
BHECEHUSI, CAOXKEHMUS U T. II.— OBIAM AOBOABHO HECXUTPOCTHEI, TO 3TO
COOTHOIIEHNE BEITASIAUIT BECbMa 3aMBICAOBaTO. TeM He MeHee, CyIIle-
CTByeT MHEMOHNYECKOE IIPABUAO, UTO CaMO II0 cebe He TaK YK U ILAO-
xo0. Obpalnenye BepXHEro MHAEKCA HaumHaercs ¢ samacu (—1)%, rae
k — myoxHM nHACKC. (HIDKHME HHAEKC He AOAYKEH U3MEHSIThCS.) 3a-
TeM MEI CPa3y >Ke CHOBa 3aIMCHBaeM k ABa’KABI: Ha MECTa BEPXHETO U
HIDKHEr0 MHAEKCOB. [loToM obpamjaeTcss MCXOAHBIN BEPXHUM HHAEKC
IIyTEM €Tr0 6bLMUMAHUA U3 HOBOTO BeEpXHero mHAekca. VI B 3aBepre-
HEe eviiumaemcs emie | (Bcerpa BeluuTasi, a He npubasasisi, ubo 3T0
mponecc ofpamnieHus).

AAST 3aKpeNIAEHNST MaTepuaAa ABa pa3a IOAPSIA o6paTuM BepXHUAK
uHAeKC. VMeem

(Q-crC 1)
k k
SR

¥ MBI BEPHYAUCH K TOMY, C Yero Hadaau. Bpsa AW 3To TO, K 4eMy
MEI CTPEMUANCEH, BOCCO3AAB AAHHOE COOTHOIIEHNE,— HO IIPUSTHO CO-
3HaBaTh, YTO MEI He COMAMCH C IIyTH.

PasyMeercs, uMetoTcss 6oaee MOAE3HEIE IPUMEHEHNST COOTHOIIE-
Hus (5.14), 9eM 370. Tak, BepxHee obpalljeHIe MOXKHO HCIIOAB30BATh
AASI TIEpeMENTEHNST BEAUYNH U3 BEPXHEr0 Ha MECTO HUKHETO MHAEKCA
¥ HaobopoT. COOTBETCTBYIOIIEE COOTHOIIEHNE UMEET CUMMETPUIHYIO

dopmy:

(—1)"1(":“‘]) _ (—1)"(‘“11‘]). neaste m,n 3 0, (5.15)

m+n) .

160 obe wacTH paBHEI ( .

Bel Ha3biBaeTe

3TO IPaBHAO MHe-
MoHHYeCKUM? S
ObI Ha3BaA ero
TTHEBMaTHYECKHM —
OAHO COTpsICEHHE
BO3AyXa. XOTsS OHO
AEHCTBUTEABHO I10-
MOraeT 3allOMHHUTb.

(Camoe Bpemst
pasmaTbes ynp. 4.)

Ho u HenpuaTHo,
€CAM Mbl cobupa-
JHCh MonacTh B
APYTO€e MecTo.
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Kpowme Toro, BepxHee obpalijeHre Mo>XeT OBITH UCIIOAB30BAHO AAS
BBIBOAA CAEAYIOIIEH MHTEPECHON (POPMYAB CYMMUPOBAHUA:

Q= (- ()

- (_])mC;]) , meaoe . (5.16)

Vaest BEIBOAA 3TOM (POPMYABI COCTOMT B TOM, YTO6HI cIiepBa 06paTuTh
BepXHUN MHAEKC, 3aTeM IPUMeHUTH (opMyAy (5.9), a IOTOM CHOBa
0bpaTUTL MHAEKC:

(3aech ABofiHoe T k—r—1
6, - ~1)* =
obpaleHne oKa Z (k)( 1) Z ( K )

3bIBaeTCs COAEpKa- k<m k<m
TEAbHBIM, IOCKOAB-

Ky MbI IOMECTHAH —T4+m
MEXAY HUMH ADY- = < m )

ryio omepayuo.)

Il

()

OTa popMyAa AAET YACTUYHYIO CYMMY T-I'O PsIAa TPeyroAbHUKa [la-
CKaAsl, IPK YCAOBUM YTO 3AEMEHTAM AAHHOTO PsSAA IPUIKMCAHEL de-
peAyloluecs SHaKU. Tak, mpu v = 5 © m = 2 sta dpopMyara AaeT
1-5+10=6=(-1)2(3).

O6paruTe BHUMaHWe, 9TO IpX M > T opMyaa (5.16) AaeT 3HaKo-
YepeAYIOLIYIOCS CYMMY SAEMEHTOB BCETO PSAAA, a TaKas CyMMa paBHa
HYAIO P IIEAOM IIOAOXKUTEABHOM T. DTO y>XKe OBIAO AOKa3aHO IIpPH
pasaoxenuu (1 — 1)7 B cooTBeTcTBUE ¢ 6MHOMUAALHOM TeopeMoi —
WHTEPECHO TO, YTO YaCTUYHEIE CYMMBI TaKOT'O Pa3AOKEHHMS MOLYT
OEITH BEIYUCAEHEI B 3aMKHYTO#H popMe.

A xax HacyeT Hoaee IPOCTON YACTUYHON CYMMEI

0= 6 ) o0

EcaAx MBI yMeeM BEIYUCASATH COOTBETCTBYIOLIYIO 3HAKOYEPEAVIOLIYIO-
CS CYMMY, TO HaBepHSIKa AOAKHEL CYMETb BEIYUCAUTE U 3TY. A BOT U
HeT: AASI JaCTUYHOM CyMMEI 3A€MEHTOB PsIAA TPeyroabHUKa [lacka-
AS He CYLIECTBYET 3aMKHYTOr'O BhIpa)kKeHHs. MEI yMeeM BEIUYMCASITD
CYMMEI 3AEMEHTOB B KOAOHKaX — 3To ¢dopMyaa (5.10),—Ho He B psi-
Aax. AOOOIEITHO, OAHAKO, YTO MOYKHO BEIYUCAUTE YaCTUIHEIE CYMMBEI
3AEMEHTOB PSAd, ECAM YMHOXXKUTDH MX Ha PACCTOSIHUE OT IIEHTpa:

Z_ <]T<> (% - k) = mT-H (m:- ]>, IleAoe M. (5.18)
k<m

(9Ta dopMyara AerKo IPOBEPsIETCS MHAYKIMEN 1m0 m.) BsauMocBssp
MeXKAY 3TUMM YaCTWYHEIMU CyMMaMU — UMEIOIMMY U He MMEIoLIn-
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MM MHOXUTEAD (T/2—k) B ob11eM YAeHe — aHAAOTMYHA B3aUMOCBSI3K
MEXAY MHTErpaiaMu

o 2 2 o 2
J xe X dx = ——%e““ u J e *dx.

—00 —00

SIBHO 60A€€ CAOKHBIN MHTEIPAA CAEBA C MHOKUTEAEM X BEIPA’KAETCS
B 3aMKHYTO# cpopMe, B TO BpeMsI KakK 6oAee IpocToil Ha BUA HHTe-
rpaa cupaBa 6€3 TaKOrO MHOXUTEAS — He BHIpaXkaeTcsi. BHemmocTs  (Hy, Ha camoM
6rIBaeT O6MaHYUBOMA. A€A€ OH paBeH
B KoHIle 3Tolt TAaBH MH pasbepeM MeTOA, C IOMOIMpI0 KoTopo-  3V7i(1 +erfa) —
T'0 MOXHO ONPEAEAUTD, BEHIPaXXalOTCSI MAM HET B 3aMKHyTol opme KOHCTaHTE lAloC
JaCTHYHBIE CyMMEI HEKOTOPOTO 3aAaHHOTO PSIAA C GMHOMMAABHEIMY  CAHHHE, xpa'r6ua;‘1‘
K03 DHUIEeHTaMK — B AOCTAaTOYHO obIel mocraHoBKe. M\aHHEIM Me- ’(’,fy;'(ﬂ;; ;;" ::; K
TOA B COCTOSTHUM O6HApPYXUTb popMyAH! (5.16) 7 (5.18), @ TAKXKe O~ (o o o' ey
3BOASIET BEISCHUTD, YTO HaXOXXAeHMe GOPMYAR! AAs (5.17) —TU6AOE  yrg sauxnyToli
Aeno. ¢opmoii.)
YacTuyHEle CYMMB! GMHOMHMAABHOTO PSIAA IPUBOAST K ADYTOTO
POAa AIOGOIIEITHOMY COOTHOLIEHMO:

Z (m: T) xEymk

k<m
- Z <;r)(—x)k(x+y)"‘"k, meAoce M. (5.19)

k<m

He cocTaBasieT TpyAa AOKa3aTh 3TO COOTHOUIEHUE 110 MHAYKIUH: IIPU
m < 0 obe wacTy paBHH HyAlo, a mpu m = O paBEH 1. Ecau obosHa-
YUTH CYMMY B A€BOM 4acTW 4epes S,;, TO, BOCHOAB30BaBIIMACh ¢op-
MyAOH caoKeHU (5.8), A€TKO IOKa3aTh, 4TO

1 m—1
Sm=Z(m k+r) kmk+Z( +r)xkym-—k’

k<m
u
Z (m-— 1 +T)xkym—-k — ysm—l + (m—‘ 1 +T)Xm’
k m
k<m
—1
Z m +T Xkym_k - xsm—]
k—1
k<m

npu m > 0. Caep0BaTEeABHO,
S = (e S + (1) (2"
m

a mpaBast 49acTh (5.1Q) TaK)Xe YAOBAETBOPSIET TOMY PeKYpPPEHTHO-
My cooTHomreHuo. [lo MHAYKIMH, 0be YacTH AOAKHEI OBITH paBHEI —
YTA.

Ho ecTp 60Aee TOHKOE AOKA3aTEABCTBO. BCAM T — I[eAO€E YUCAO U3
npoMexyTka 0 > 1 > —m, To 6MHOMUAaABHAsS TeopeMa ITOKa3BIBAET,
4To obe wactu (5.19) paBHE (x +Y)™*"y~". A nOCKOABKY obe YacTh
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MPEACTaBASIIOT CO60#f MHOI'OYAEHE! OTHOCHTEABHO T CTEIEHM T HAK
MEHBIIEH, TO COBIIAAEHUS MX TOABKO B M + | pasAMYHEIX TOYKax
AOCTaTOYHO (HO TOABKO-TOABKO!) AASI yCTAHOBAEHUS paBeHCTBA B 06-
LIEM CAYYae.

Bpoae 6bI rAymno 063aBOAMTBCSI COOTHOIIEHWEM, A€ OAHA CyMMa
paBHa Apyroit. Tem 6onee, YTO HU OAHA U3 HUX He BEIPA’KaeTCI B
3aMKHyTO# dopme. Ho MHOrAa BEIIUCAUTE OAHY CYMMY OKa3BIBAETCS
mpoie, 4eM Apyryko. K mpuMepy, ecar moaoxurb x = —luy = 1,
TO MOAYYIMM aAbTEPHATHBHYIO GOpMY cOOTHOIIEHUS (5.16):

m+r v _ (—
Z( K )(—l) —(m)’ meaoe m = 0.

k<m

A ecam moroxuTh X =y =1 wr=m+ 1, To moOAyUHM

2m+1 m+k\ .«
() -z ()
k<m k<m

B AeBoif YacTH IIpOCyMMMpPOBaHA TOABKO ITOAOBMHA OMHOMMAABLHEIX
K03(pPUIMEHTOB C BEPXHAM MHAEKCOM 2m + 1, a 3T¢ K03 pUIMeHTH
PaBHEI CBOMM ABOMHWKAM B ITPaBO# IIOAOBUHE, IIOCKOABKY TPEYI'OAb-
HUK [lackans obarapaeT AeBo-IIpaBOCTOpOHHEH cuMMeTprei. Caepo-
BaTeABHO, A€Bast 9acTh — 3T0 IpocTo 322™+! = 22™  u MEI moAydaem
(MMeercs kpacuBoe ~ POPMYAY, KOTOPYIO HUKAK He OXKUAAAY ITOAYUATh:
KoMb6HHaTOpHOE A0-

Ka3aTeAbCTBO 3Toif m+k\,_x  m
dopMyas! [192].) k%—. ( k )2 =2", meace m = 0. (5.20)
<m

= 4.

Sl

Tposepum ee mpr m = 20 () + 1) +1(5) =1+ 3 +
ITopasuTeAbHO, HO aKT.

Ao cExX mop MBI paccMaTpUBaAM AM60 OTAeAbHEIE GMHOMMAABHEIE
K03 DUINEHTH, ANO0 CYMMEI, B YAEHE KOTOPHIX BXOAMAO TOABKO
o oAHOMY brHOMMaAbHOMY Koddduimenty. Ho Muorme us 6pocaro-
LIMX HaM BBI30OB 3aAa4 BKAIOYAIOT B Cebsl MPON3BEAEHUS ABYX U 6onee
BMHOMMAABHBIX KO3()HAIMEHTOB, ITO3TOMY OCTABILIYIOCS YaCTh 3TOTO
pasjena MBI IOCBSITEM PaCCMOTPEHUIO MMEHHO TaKUX CAYYaEeB.

Bot yao6HOe mpaBHMAO, KOTOpPOE 3a4acTyIO IIOMOTAET YIIPOCTHTD
IIpou3BeAEeHME ABYX OBMHOMMAABHBIX KO3 DHUIINEHTOB:

(n) () = () G) momemi o

MEI y>Xe BCTpe4anuch C YacCTHBIM cAaydaeM k = 1 —mpaBuaoM BHe-
cenus (5.6). XOTs Kak opHA, TaK M Apyrast 4actd (5.21) cyTb IIpo-
W3BeAEHUS] BMHOMMAABHEIX K03(hDHUIMEHTOB, 3a9aCTyI0 OAHY U3 HHX
IMPOCYMMUPOBAaTh IPOIIE, YeM APYTYIo, 6Aaropapst B3auMOAEHCTBHIIO
C APYrEMM YacTsMH (opMyAH. Tak, m BCTpedaeTcs B AeBOH da-
CTH ABa’XAHl, a B ITPaBOf — AMINb OAHa)XKAHL. [lo3ToMy mpm cyMMmu-
POBAHME IO T MBI, ECTECTBEHHO, IpeAmounTaem 3ameHuts () ()

ma (1) (1), "
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PaBeHCTBO (5.21) CIPaBEAAMBO MCKAIOYUTEABHO 110 IPAYMHE B3a-
MMHOTO COKpameHus m! B (paKTOPMaAbHEIX IPEACTAaBAEHMSX () u

™). EcAM Bce IepeMeHHBIe — IleABle Yucra U T > m > k > 0, To
k

T\ /m) _ ! m!
(m) (k) T ml(r—m)! kI (m—k)!

!
k! (m —k)! (r—m)!

_ Tl (r—k)! AV AR
TK(r—K)! (m=Kk)!(r—m) (k) <m—k>‘

3aeck He 6BIAC HEYero caoxsHoro. K ToMy e, ecam m < k uam
k < 0, To obe wacTu (5.21) paBHBEI HyAIO, TaK YTO AAHHOE COOTHOIIIE-
HYe BHIIIOAHSETCS IPHU A6HIX HeAsx m U k. HaroHer, nocpeacTBOM
ITOAMHOMMAABHON apryMEeHTAIY ero MOKHO PaclpOCTPaHUTh Ha BCe
BeleCTBEHHEIE T.

BunoMuanbHELA Koaddumment Buaa (;)=r!/(r—k)! k! MoxHo me-
pemmcats B BuAe (a+b)!/al b! mocae coorBercTByromero nepeobosna-
YeHWs IepeMeHHEIX. AnanormuHo, Beawdusy v!/k! (m — k)! (r—m)!
B CEpeAMHE IPEARIAYIIEH BHIKAAAKM MOJKHO IIEPEICaTh B BHAE
(a+b+c)l/alblcl. Oro ,rpuHOMUANBHEI! KO3DDUIMEHT| KOTOPHIA
BO3HMKAET B ,TPHHOMUAABHOIM TeopeMe":

2

0<a,b,c<n
a+b+c=n

>

0<a,b,c<n
a+b4c=n

(a+b+c) . by
a!b!c!

a+b+c)(b+c) o v
( b+c )( c )xyz.

TaxumM obpazom, () () —3To Ha camoM AeAe TPHHOMHUAABHEIR KO-

adduimesT B Apyrom obaxurn. BpeMs: oT BpeMeHM TpUHOMMAABHBIE
K03 bHIMEHTH BOSHUKAIOT B IPUAOKEHUAX, X X OBBITHO 3aIIUCHI-

BaIOT KakK
a+b+c (a+Db+c)!
a,b,c alblel '’
4TO06B IIOAYEPKHYTh HAAWYINE CAMMETPHH.

O6obmenneM 6MHOMHMAABHBIX M TPUHOMUAABHEIX KO3(HUIMEH-
TOB CAYXAT MYALMUHOMUAALHBIE KO3PPHUUUEHMBL, KOTOPEIE BCE-
I'Ad BRIPA’XAIOTCS B BUAE IIPOM3BEAEHNS] BMHOMMAABHBIX K03 dunm-
€HTOB:

(ﬂl+az+'-'+am) _

(x+y+z)" =

(a1 +ax+---+am)!
01!02! am!

ar,az,...,am

_(a1+az+---+am) (am_1+am
az+---+anm Qm ’

HctunHo Tak.

nExcogitavi
autem olim
mirabilem regulam
pro numeris
coefficientibus
potestatum, non
tantum a binomio
X + Yy, sed et a
trinomio x +y +z,
imo a polynomio
quocunque, ut data
potentia gradus
cujuscunque v.
gr. decimi, et
potentia in ejus
valore comprehensa,
ut x°y32%,
possim statim
assignare numerum
coefficientem, quem
habere debet, sine
ulla Tabula jam
calculata’
— T Aeittuny [187]
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Tabaunma 195 CyMMul nporsBeAeHWH 6MHOMMAABHEIX Ko3duim-
€HTOB.

Z ! S )= TS nearte myn. (5.22)
- m+k/\n—k/  \m+n/’ e S
s l+s neaoe 1 > 0,
, (5-23)
m+k n+k l-m+n IeABIe M, M.

1l s+k K lam [S—M nenoe 1 = 0,
(m+k)< )(_]) =" 0o) meame mn. (5:24)
-k K tm [ S—m—1\ mearte
() ()=t (ST ), e, (529

1-k q+k 1+qg+1 meante L m > 0, (5.26)
m+n+1)’ meare n > g = 0. 5

%
5

k<t

A moToMy, Ipm BCTpede C IMOAOOHEIM CTPALIMAMINEM, HaM ITOMOXKET
Hallle UCIIBITaHHOE OPYJKUe.

BoT MpI u pobpaauch Ao Taba. 195, B KoTopoii ITlepeuncaAeHE Hal-
6oaee BaKHBEIE M3 YHMCAA UCIIBITAHHBIX HAMU TOXKAECTB. DTO Te To-
KAECTBA, Ha KOTOpHIE MBI OIIMPAeMCs B IIPOTMBOOOPCTBE C CyMMOH,
BKAIOYAOIIEH B cebsi Mpou3BeAeHIE ABYX 6MHOMPAABHEIX KO3 PUIIH-
eHTOB. Ka’xpoe U3 3THX TOXKAECTB IIPEACTaBAsIET coboit cymmy mo k
C OAHMM k B KaXKAOM GMHOMMAABHOM KO3((UIIMEHTE; IIOMUMO 3TO-
ro, B HEe BXOAUT II0 YETHIPE IIOYTH He 3aBUCAIIMX APYT OT Apyra
mmapaMeTpa, ob03HaYaeMBIX YEPE3 M, N, T U T. A.,— II0 OAHOMY Ha Me-
CTe KaXXAOro MHAEKCA. B 3aBHCHMOCTH OT TOro, BXOAUT MAM HeT k B
BEPXHUN MAM HYJKHUHE MHAEKC, 2 TAKJKE OT TOTO, C KaKUM 3HAKOM OH
BXOAWT, MBI MM€EEM AEAO C PASHBIMH CAyYasiMU. A B HEKOTOPBIX CAY-
Yasix MMeeTCS ¥ ACIIOAHUTEABHEIH MHOKUTEAD (—1)¥, HeobxoAMMEL
AAST TOro, YTOORI CyMMa BBHIYUCASIAACh B 3aMKHYTOM dopMe.

3arHuTe yroaok Tabautia 195 CANIIIKOM YK CAOXKHA AAS 3alIOMHHAHUS; OHA IIPEA-
3Toif CTpaHUYKH, Ha3Ha4YeHa TOABKO AASL crpaBoK. OAHAKO IepBoe TOXKAECTBO U3 3ToH
4T06b! noToM ObI- TabAMIEl 3allOMWHAETCSI TOPA3A0 A€r'de OCTAABHEIX ¥ €I'0 He CAEAYET
CTPEHbKO HAUTH 3abniBaTh. OHO ycTaHaBAMBAET, YTo cyMMa (10 BceM IeArM k) mpo-

AaHHYIO TabAH-
1y. OHa BaM ele
npuropuTcst!

M3BEAEHUST ABYX OMHOMMAABHBEIX K03 (PUIMEHTOB, B KOTOPHIX BEPX-
HIe MHAEKCEH! TIOCTOSTHHEI TIOPO3Hb, a HUKHHUE MHAEKCH IIOCTOSTHHEI B
cyMmMe np# AroboM k, paBHa 6MHOMMAABHOMY KO3(PPHUIMEHTY, IOAY-
YEeHHOMY IIyTEM CAOKEHUST KaK BEPXHNX, TaK ¥ HUKHUX HHAEKCOB.
J aHHOe TOXKAECTBO M3BECTHO KaK ceepmxa Bandepmoroda, IOCKOAB-
Ky AnexcaHap BanaepMOHA Hammcan IO 3TOMY IIOBOAY B KOHIlE 18-
o BeKa BayKHYI0 CTaThio [45]; oaHako emme B 1303 r. 0HO 651A0 U3BECT-
Ho Yxy [lIn-nze n3 Kurasi. Bece ocranpHEIe TORAecTBa B Taba. 195
MO>XHO IIOAYYMTEH U3 CBEPTKU BaHAepMOHAA, aKKYPaTHO BBIITOAHSSA
mpeobpasoBarmsa obpanieHnss BEpXHEro MHAEKCA, IPUMEHSIST IIPAaBHAO
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CUMMETPHH ¥ T. II.,— CAEAOBAaTEABHO, CBEPTKa BaHAepMOHAA SIBASIET-
€S ,,CaMBbIM OCHOBHBIM" M3 BCEX OCHOBHBIX TOXKAECTB.

IlpaBuAO CBepTKM BaHAEpMOHAAZ MOMKHO AOKa3aTh, MCXOAS M3
3aMedaTeAbHOM KoMbuHaTOpHO! MHTepnpeTanuy. Ecan 3amenuTs k
Ha k —m, a n Ha n — M, To MOXXHO CYMTaTh, 4To M = 0; CAepOBa-
TeABHO, TpebyeTcs AOKa3aTh TOXAECTBO

Z (;) <n i k> = (r : S), meace M. (5-27)

k

IlycTs T U S — LeABle HEOTPUIATEABHBIE uMcAa (obmmit caydail mo-
AYy4aeTcsi HOCPEACTBOM ITOAMHOMMAABHOM apryMeHTanuu). B npasoit
JacTu (r:s) —3TO0 YHCAO CHOCOOOB BHIOPATH M YEAOBEK U3 T MYXK-
YUH ¥ S KEHIIVH. B AeBoit YacTH Ka>KABIN YAEH CYMMBI — 3TO YUCAO  )KeHOHeHaBHCTHHKH!
crroco60B BHIGpaTh k YEAOBEK M3 T MYKYMH ¥ N— K YEAOBEK U3 S )KeH- BBl YIOMAHYAH
mwH. A CyMMUpOBaHMe II0 BCeM K yIMTEIBaeT KAKAYIO BO3SMOXKHOCTL — MYX'YHH IIEPBBIMH.
DPOBHO II0 OAHOMY pasy.
Kaxk mpaBmAO, 3TH TOXXAECTBA IIPMMEHSIOTCS CA€BA HAIIpaBoO, TaK
KaK yIOpOIIeHWe HMAET MMEHHO B 3TOM HampaBaeHumu. Ho mHoraa
OIIpaBAaHHO ABUXeHMEe B 06paTHOM HalIPaBAEHHUH, AAYKE ECAX IIPUXO-
AMTCSI BDEMEHHO MATH Ha ycAoKHeHUe. [Ipu aToM obrIdHo obpasyercsa
ABOHAsI CyMMa, B KOTOPOX MO>XHO M3MEHHMTDH IIOPSIAOK CyMMMpPOBa-
HUA U [IOTOM YIIPOCTUTB.
Ilepea TeM KakK ABUHYTBHCS AaAblle, IIOCMOTPHM, KaK AOKa3hIBa-
IOTCST €eIlle ABa TOXKAECTBa M3 Taba. 195. ToxxpecTBo (5.23) AOKa3aTh
AETKO: HYKHO BCETO AHWIIb 3aMEHUTDH IEPBHIA OMHOMMAABHBIA KO3d-

dummenT Ha (|| ), a moTOM IpUMeHMTH CBepTKY BamaepMoHAa

(5.22).

Caepyromee TOXXAECTBO, (5.24), HECKOABKO CAoXHee. [IyTeM mo-
CAEAOBaTEABHHIX IIpeobpa3oBaHUll €ro MOXKHO CBECTH K CBepTKe Ban-
AEPMOHAQ, HO MOXXHO AOKa3aTh €r0 CTOAb JK€ IPOCTO, ECAM IIpuber-
HYTb K CTAPOMY MCIBITAaHHOMY METOAY MaTeMaTHHEeCKOM MHAYKIIUH.
3a4acTyo MHAYKLHS —3TO IEpBOe, K YeMy MEl npuberaeM, ecAmn B
TOAOBY He IIPUXOAUT HUYETO ADYI'Oro, HO 3AECh MHAYKIWMS 1o | IIoA-
XOAKMT KaK HEAB3S AYHIILE.

AedicTBuTeAbHO, mpu | = O Bce YAEHBEI CyMMEI PaBHE! HyAIO, 3a
HUCKAIOUEHMEM dYAeHa ¢ k = —m,; Tak 4To obe WacTH AAHHOrO pa-
BercTBa paBHHl (—1)™(*[™). A Temeph IPEATIONOKMM, UTO AAHHOE
TOXXKAECTBO CIIPABEAAMBO IIPH BCEX SHAYEHUSIX, MEHBIIXX HEKOTOPOTO

dukrcuposansoro 1, rae 1 > 0. Mo>XXHO BOCIIOAB30BaThC GOPMYAOH
CAO>KEHUS AAS 3aMeHBI (mfrk) Ha (T}:k) + (,,3)); Toraa mepsoma-
YaabHAS CyMMa PaclapaeTcs Ha ABe CYMMEI, KaXKAYIO X3 KOTODEIX

MOJXXHO BEIYUCANTD, HCXOAST U3 IIPEAIIOAOKEHU S

= (i) () 2 (i) (2 )

k k

—_ (_1\l=1+m s—m _1\l+m s—m+1
= =) (n—1+1>+( R (n-—l+1)'
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A echm elne pa3s MIpUMeHUTL POPMYAY CAOKEHMS, TO 3TO JIPOIIAETCS
¥ TIOAYYAeTcs: IPaBast 4acTh (5.24).

B 3ToM BHIBOAE 3aCAY’KMBalOT BHUMAaHWS ABe Bemm. Bo-mepBrix,
MEl BHOBb y6eXKAaeMcsi B OIDOMHOM IIPEMMYIIECTBE CyMMUPOBAHMUS
IO BCeM IIEARIM K, a He Io k B OIpPEAEAEHHHIX IIPeAeAaX, IIOCKOAb-
Ky He HYXXHO 6eCIOKOMTBCS II0 TOBOAY TDAaHWYHEIX yCAOBMIi. Bo-
BTOPHIX, POPMYAa CAOXKEHMS IYAECHO CTHIKYETCS C MaTeMaTHIeCKO’
MHAYKIIZENR, ITOCKOALKY OHa NPEACTABASET PEKYPPEHTHYIO 3aBUCH-
MOCTh AAsI BMHOMMAABHEIX KO3(HIMeHTOB. BHHOMMAaABHEIN KO3d-
HIMENHT, BepXHUH MHAEKC KOTOPOT'O €CTh |, BHIpa’kaeTcst B BUAE CYM-
MH ABYX K03 UIMEHTOB, BEpXHUAE HHAEKCH KOTOPHIX CyTh 1 — 1, a
3TO MMEHHO TO, YTO TPebyeTcss AASL IPEATIOAOKEHUS MHAYKIIUH.

ITo>)xanyit, xBaTUT 0 Taba.195. A YTO MOXXHO CKasaTb O CyM-
Max ¢ TpeMs u 6oree 6MHOMMAABHEIMU Ko3ddunmenTaMn? Ecan wn-
AEKC CyMMMPOBaHMsI pa3bpocaH mo BceM Ko3dUITMeHTaM, TO IIaH-
CHI OTBICKATh CyMMY B 3aMKHYTOH popMe HEBEAUKH: M3BECTHO AMIUb
H