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10 IIEPEIMOBA

ITEPE/IMOBA

HudepentiaabHi Ta IHTErpabHI PIBHIHHS it METOMU TOCIIiI>KEH-
Hel 1X PO3B’A3KiB IMTUPOKO BUKOPUCTOBYIOTHCA Y PI3HOMAHITHUX TaJIy-
34X 1 po3Iiziax cydacHol Hayku it rexaiku. Came TOMy HaBYaJIbHA, JH-
crumtina < Iudepenrianbii Ta iHTerpaibHi PiBHIHHS» 3aiiMae dijib-
He MiCIle y HiATOTOBIN CHEIaJIIiCTIB 3 (Pi3UKN, MEXaHIKH, eJIEeKTPOHI-
K, Ximil, MaTepiaso3naBcTBa, 6i0J0rii, MAIMUHOOYIyBaHHS TOIIIO.

[IpononoBanmii TOCIOHUK OXOILIIOE OCHOBHY 4YacTHUHY YHIBEp-
CUTETChbKOI TporpaMu 3 AudepeHriajbHuX Ta iHTerpajJbHUX PiB-
HdAHb I CTYJIEHTIB HAIpPIMiB MATOTOBKHU «di3ukay, <«IpPUKJIa-
nna dizukay, ajse Moxke OyTU BUKOPUCTAHUN TAKOXK JJIs CTYJEHTIB
IH2KEHEPHO-TEXHIYHUX BUIUX HABYAJTHLHUX 3AKJIAIIB.

Mertoto 11ocibHuKa € 03HAHOMJIEHHS CTYIEHTIB 3 OCHOBHUMHU IIOHS-
TTIMU, TBEPKEHHSIMHI, METOJAMH Ta 3aCTOCYBaHHAMU Teopil mude-
PEeHIABHUX Ta IHTErPaJIbHAX PIBHAHD, CIIPUSHHS TVINOOKOMY 3aCBO-
€HHIO TEOPETUIHOI0 MaTepiajly 3a JOIOMOIOI0 PO3B’A3aHUX MPUKJIa-
HiB 1 337249 Pi3HOrO PiBHSI CKJIAQIHOCTI, HiIrOTOBKA IX 10 CAMOCTIMHOI
poboTH 3 HAYKOBOIO JIITEPATYPOIO.

[Tocibruk Mae BurIAm Kypcy 3 24 JeKIiiil, aKi yMOBHO MOXKHA, 110~
JiIUTH Ha 7 PO3MiiB: «3BUYaliH] TudepeHItiaabii piBHIHHS TEPIIO-
ro MOPAJKY», «3BUYAiHI mudepeHIiaJ bl PIBHIHHS BUIUX TOPSII-
KiB», «CHCTEMHU 3BUYAMHUX NUQEPEHIaIbHIX PIiBHIHLY, «PIiBHIHHS
3 YaCTUHHUMU IMOX1JTHUMU TIEPITOTO MOPSJIKY», «OCHOBUA TeOpil CTiii-
KOCTi», «iHTerpaJjbHi PIBHAHHA», «OCHOBH BapialliiitHOTO YMCJIECHHSI».

Te, mo aBTOpaMu Ha3BaHO «JIEKIIAMHU», MOXKHA BBAXKATU HUMHU
YMOBHO — IIEPEIOBCIM 1Tepe3 00cAT, KUl He 3aBK 1 BiAIOBIIaE TBOM
aKaJIEeMIiYHUM TOJMHAM, & TaKOXK depe3 HEPIBHOMIPHO PO3IOJiIEHU
matepian. Hacopasmi, TepMiH «JIekIist» — Iie pajiie MeBHUM TeMa-
TUYIHO 00’ HAHUN MaTepias, STKuil MoxKe OyTH OCHOBOIO JIJIsT CIIPAB-
2KHDBOI JIEKIIil Ta BiIIOBIAHOIO IPAKTUIHOTO 3aHSITTSI.

BaxkuBi moHATTS, TeOpeMu, METOIU 1TIOCTPYIOThCA MPUKJIA A~
mu. Kinernp po3p’sizannx HPUKIAIIB Ta 337a4 MO3HAYAETHCS CHM-
Bosiom M, ajie y TUX BUIIaJKax, Jie Oysia MOXKJIUBICTD «3aryOuTns
BIJIITOBIZIb cepeJl TEKCTY, 11 HAIIMCAHO B KIHII IIPUKJIAJLY YU 3aJ1a4i.

Koxkna nexiist cynpoBOIKy€eThCs MTUTAHHAMHY JIJIE KOHTPOJIIO Ta
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CAMOKOHTPOJIIO 3aCBOEHHSI MaTepiay Ta BIIPABaMU, sIKi MOXKYTb Oy-
TU OCHOBOIO JIJIsl IIPOBEJICHHsI IPAKTUIHUX 3aHATh 3 1I€BHOI Temu (y
noeHanHi 3 inmmmu 36iparkavn). [TocibHUK MOXKe BHKOPUCTOBYBa-
THUCH 1 sIK JOBIJHUK, YOMY CIPHSE IETAJbHUNA HMPEIMETHUN MOKarK-
qUK.

VY crnucky JiTeparTypu duTad 3HalIE TIEPesiK JITepaTyPHUX JI2Ke-
peJl, y SIKUX MATaHHs, BUCBIT/IEH] ¥ IIbOMY HMOCIOHUKY, BUKJIAIEH] 10~
inmomy abo G1/IBII TTOBHO.

CromiBaeMoCh, 110 Tieit MOCIOHUK JTOITOMOKE CTYIEHTaM B OBOJIO-
JIHHI BasK/JIUBUMHU PO3JILIAMU CYyJIaCHOI MaTeMaTHKU, a TaKoXK Oyie
KOPUCHUM /[IJIsT BUKJIQJIAYIB i 9ac poOOTHU 31 CTy/IeHTaMU.

ABTOpH BUCJIOB/IIOIOTH IMUPY BASIHICTH peleH3eHTaM IIpodeco-
pam II. I. Kasnentoky, O.I'. Cropoxy, P. M. Tariito, a TakoxK J01EHTY
M. I. Konaty 3a KOpHUCHI KPUTUYHI 3ayBarKeHHA M METOAWYIHI TOpa-
H, 9K 0€3yMOBHO CIIPHUSLIIN ITOKPAIIEHHIO SKOCTiI PYKOIHUCY. Yci Kpu-
TUYHI 3ayBayKeHHsI, PEKOMEHIAII] i TobaKaHHsd 3 BASIHICTIO OYIyTh
CIIPpUITHSATI aBTOpaMU Ta BPaxXOBaHi I TOKPAIEHHS 3MICTy HACTY-
[THUX BUJAHDb MOCIOHUKA, 38 aIPecorio:

76018, M. IBano-Ppankisebk, By Illesuenka, 57
IIpukapriarchbKuil HalliOHAJIBHNAN YHIBEPCUTET

imeni Bacuna Credannka,

Kadenpa qudepeHiaJbHIX PiBHSIHD 1 TPUKIAIHOI MaTeMaTHKN
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Po3min 1.
3BNYAVHI TN®EPEHITIAJIBHI
PIBHAHHA ITEPIIIOIO IIOPAIKY

Jleknisa 1. IlonsaTTsa nmpo audepeHIiiagbHi piBHIHHS.
ITpuknagm 3a/1a4, IKi TPUBOJISATH JI0O 3BUYANHUX
andepeHIfiadbHUX PiBHIHb

Ilnan

1. Bajadi, sKi TIPUBOAATE JO JU(DEPEHIIATBHUX PIBHSHb.

2. OcHoBHi 03Ha4YeHHS I TOHATTS.

3. Ckiamanust nudepeHIiaabHIX PiBHAHD BUKIIOYEHHAM JOBLIb-
HUX CTaJIUX.

1. Bagaui, ski DpUBOAATHL A0 AudeEpeHIliaJbHUX PiB-
HAHb. BUKOpucTanis MaTeMaTUIHIX MOJEEH € OqHuM 3 HAHOLIBII
eeKTUBHUX METOMIB BUBUYEHHS PI3HOMAHITHUX (DI3UUHUX ITPOIECIB
i gBum. MartemaTnani Mozesi HOMoOMaraioThb 3po3yMiTh (QisuaHUi
IIpoIIec, Jal0Th MOYKJ/IUBICTH BCTAHOBUTHU SIKICHI Ta KiJILKICHI Xapa-
KTEPUCTUKHU HMOr0 CTaHy, 3 IX BUKOPUCTAHHIM MOXKHA I€peadadn-
TH MOJAJILINNI PO3BUTOK MPOIECY 03 HATYPAJIbHUX €KCIIEPUMEHTIB,
[IPOBEJICHHS AKHUX y 0araTboxX BUIAIKAX € HAATO JOPOrUM abo IIPOCTO
HEMOXKJIUBHUM.

Bupuatoun ¢isnuni sBuUIa, He 3aBXKIN BIAETHCS OE3ITOCEPETHBO
BHAWTU 3aKOHU abo (POPMYJIH, SIKi MOB’SI3yI0OTh MiXK COOOIO BE/TMIU-
Hu Pi3UIHOTO TPOTIECY, ajle YaCTO MOXKHA BUSBUTH IIEBHY (PYHKITIO-
HaJIbHY 3aJIEXKHICTh MiXK HEBIJIOMUMH XapaKTEPUCTUKAMU IIPOIIECY,
IMIBUJAKOCTAMY 1X 3MiHE U 9acoM, TOOTO 3HANTH PIBHAHHSI, gKi Mi-
CTATH TOXITHI HEBIIOMEUX XapaKTepPUCTHK Iportecy. Taxki piBHSHHS
Ha3UBaIOTh duepenuiasbHuMU, a 3HAXOIKEHHS HeBIIIoMOI (yH-
KIIil (pO3B’'sI3KY) — tHMe2py8aHHAM TudEepPeHIiaIbHOr0 PIBHSIHHS.

Po3B’sa3yBanus 3aadi HOCIi2KEHHs TIEBHOTO (Di3UYHOTO ABUIIA
9H TTPOIECy MOXKHA, PO3JIITATHA HA JIBA €TAITH:

1. Ckuragansast nudepeHIiaJbHOrO PIBHSHHS, K€ IPH IIEBHUX
MIPUITYIIIEHHSIX OMUCYE CYTHICTH SBUINA UM IPOIIECY.
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2. 3HaxXOMKeHHS PO3B’A3Ky An(epeHIliaIbHOIO PIBHSIHHS, TOOTO
(GYHKITIOHAJIBHOT 3aJI€2KHOCTI MiXK BEJIMIUHAMU, AKI XapaKTepusy-
0Th (Qi3UUHE SIBUIIE.

Jnsa cknaganasg audepeHIiaJlbHuX PIBHAHD TPUPOTHUYINX HAYK
BUKOPUCTOBYIOTH (PI3MIHUIT 3MICT HEPINOl Ta APyrol MOXiJaHOol, a Ta-
KOXK JIOJJATKOBI YMOBHM Ta 3aKOHHW, NPUTAMaHHI KOHKPETHI! raJrysi
HayKW, TaKi SK-OT:

— JIpyruil 3aKoH Heroronal (F = ma, ne m — Maca Tiia, a —
IPUCKOPEHHs pyXy, F' — cyma cuit, 1o miioTh Ha T110);

~ 3aKOH BCECBITHBOTO TsDKinHa (F = k™1y
JIBOX TiJI, T — BiICTAHb MiXK HUMH);

, e My, Mg — Macu

—3akon Kipxroda (anrebpudana cyma Cir cTpyMiB, sKi IpOTiKa-
I0Thb y HEBHIl TOUI eJIEKTPUIHOrO KOJIia, JOPIBHIOE HYJIIO);

— 3akon DPyp’e (¢ = —)\(T)%, JIe ¢ — MATOMUIT TOTIK TEIJIOTH,
A(T) — KoedIIieHT TEITONPOBIAHOCTI cepeioBHITA, % — IIBUIKICTD
sminn remmneparypu T');

— 3akoH Hprorona mpo oxostozKenHst Tija (MIBUIKICTD OXOI0IKe-
HHsl TL/Ia IPONOPIIiHA PI3HUII TeMIIepaTyp Tiia Ta CepelOBUINA);

— 3aKOH PO3YMHEHHs PeYOBUHU (IMBUJIKICTH PO3UUHEHHS TIPOIIOP-
mifina HasgBHIl KIJIbKOCTI HEPO3UYMHEHOI PEYOBUHU Ta PISHUII KOHIIEH-
Tpariif HACHYEHOrO PO3YMHY 1 PO3UUHY y MEBHUIT MOMEHT 4Yacy);

—3akoH ['yka (cuia mpyzKHOCTI IPYKUHE TPOTIOPIiiiHa i1 BUI0B-
JKEHHIO) TOIIO.

[IuramHs Tpo BiATOBIAHICTHL MATEMATHIHOI MOAEN M PeaIbHOTO
ABUINA BUBYAETHCS HAa OCHOBI aHAJII3y PE3yJIbTaTiB AOCTiIy Ta IX 1mo-
PIBHSIHHST 3 TOBEIIHKOIO PO3B’sI3KY OJEPXKAHOTO IrepeHIiaabHOro
PIBHSIHHSI.

3ayBakKuMo, IO 0arato po3miiiB (i3WKN 3HAYHOIO MipOI0 MO-
2KHA PO3TJISIIATH SIK Pi3Hi PO3iin Teopil nudepeHiiaTbHIX PiBHAHD.
[Tepmr 3a Bce 11e BUSBJILAETLCA B AHAJITHUYHINA MexaHimi, sKy Oara-
TO BUEHUX PO3JISIAIOTH SIK MaTEeMATHUIHY AucHuILiiny. OCHOBHUM
arapaToM CydJacHOl TeopeTUIHOl (PI3MKU TaKoxXK € JudepeHIialbHi
PIiBHSIHHSI.

1)Bi6ﬂiorpa<bqui JlaHl TIpO BYEHUX, IPI3BUINA AKUX 3yCTPIidalOThCs Yy IOCI-
OHUKY, MOXKHA 3HAHTH Ha cTOp. 345.
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PosrisiHeMo mekinbKa IPUKIAIHIX 38084, sIKi IPUBOAATE 10 IH-
depeHIiaIbHIX PiBHSIHD.

Bamaua 1. Mamepiaavra mouka P pyraemves no npamit, axy
NPUUMEMO 3G 6iCb X, © Y MOMEHM w“acy t 3atmae MOAOIICENHA X
(puc. 1.1). Bidoma weudkicmo pyxy v(t). 3natimu saxon pyry mo-
uku, mobmo 3anescricmo x 6id t, x = x(t), axwo 6idomo, wo Y
Momenm wacy t = tg mouxa P 3atimae nosostcenns T = xg.

0 Zo T T
(o) (t)

Puc. 1.1

Pozs’sazarns. 3 Kypcy MaTeMaTUIHOI'O aHaJI3y BiJOMO, IO IIBHI-
KICTh TOYKH y MOMEHT 4acy ¢ jopiBHioe noximmiii ’(t) (dbisuannii
3MICT MOXiHOT), TOOTO

2/ (t) = v(t). (1.1)

Cuissinnormenns (1.1) € mudepeHriagbHIM PIBHAHHIM PYXY TOYKN
P i zagae 3akon 11 pyxy B mudepenmianabhiit dpopmi. IaTerpyroun
piBasians (1.1), omepKyemo

t

a(t) = /v(t)dt—i—C, (1.2)

to

ne C' — nosiibHA craja (craja iHTErpyBaHHs!).
Ba ymoBoro 3amadi x(tyg) = xzg. incrapasgoun B (1.2) z = xg
it = tg, omepxkyemo, mo C = xp. OTKe, MIyKaHUM PO3B’SIZKOM

(pyxom) €
t

x(t) = /v(t) dt + zo. H

to

Bagaua 2. Kyas, pyxarouucy 3i weudkicmio vy = 400 m/c, npo-
busae cminy moswunoro h = 0,2 m i suatmae 3 wei 3t weudkicmio
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vy = 100 m/c. Bsasrcarowu, wo cuia onopy cminy nponopyitina xea-
dpamy weudxocmi Ky, 3HATUMU MPUBANCTG PYTY KYAL Y CMIHL.
Pozs’sazarns. 3rigno 3 apyrum 3axkonom Heiotona ma = F, ne

m — Maca KyJi, a = % — 1T npuckopenHs (OXiJHA MIBUIKOCTI v 32
qacoM t), F — curma, aKa Jie Ha KymTo. 3a yMoBolo 3ajadi F' = —kv?,

Jie 3HaK MiHyC BKa3ye€ Ha Te, IO CUJIa OMOPY CTiHU CHPAMOBaHA Y
0IK, IPOTUIEXKHUIA 10 HAIIPSIMY IMIBUAKOCTI Kyii. OTKe, MAEMO Take
nudepenIiaabie PiBHIHHS:

dv
— = —kv® 1.3
m— v (1.3)
3 (1.3) omepxkyemo:
i =[S faic -
v2 m v2 m
1 k m
— o= =—
v m O kt —Cm
3 ymosn v(0) = vy = 400 snaxomumo C = —gi5, & TOMy
400m
= ——— 1.4
7 100kt + m (14)

dAxmo renep migcrasury y pisasinas (1.4) t = T (T — mykanuit gac),
a TakoxK v = v1 = 100, To

4m 3k1

Wkl +m L 7 T a0

nie osHadeno ki = m/k. Crany ki 3naiizemo 3 pisasans (1.4), sike,

BPaXOBYIOUH, II0 U = ‘Cil—f, 3alAIIEMO Y BUTJTISA

dr 400k
dt 400t + ki

3Biacu

400k,
= [—dt+C = k1 In(400¢t + k C.
T /400t+k:1 + = x 11n( + k1) +
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Armo t=0, To =0 (Kyig BXOAUTH y CTiHY), a TOMY
C=—klnky. dgmo t =T, o x =h =0,2 (kynst Buiitae i3 cri-
HI), a TOMy, BpaxoBytoun, 1mo 1" = 3k; /400, onepxKyemo:

0,2
0,2:k1h’l4k1—k1h’lk1 = klz .
In4
Takum anHOM,
3k1 3-0,2
=-—=—""= lc.m
100 ~ 4001nd 00k e

amaua 3. Busnauwumu gopmy 03eprara, axe cnpamosaHut Ha
Hb020 NOMIK NAPAAENLHUT NPOMEHIE 30Upae 6 00HY MOUKY.
Pozs’sazarns. 3pobumo mepepiz a3epkasia mionmaon Oxy, 1mob
TOUKA, B 5Ky 30MpaioThest mpoMeri (¢okyc), Oyra moIaTkoM KOOp-
awHaT, a Bicb Ox — mapaJjeabHO0 0 MIPOMEHIB, SKi MajJaioTh Ha
J3epKajio. Y nepepisi ogep:kyemMo Jesiky kpuBy y = f(z) (puc. 1.2).

)
y = f(z)
M _~7
\
a 'y
| |
A 0] B T
Puc. 1.2

BukopucraeMo 3aKOH reOMeTPUYIHOIl ONTUKHU, 3TITHO 3 AKUM KyT
HaJiHHs MTPOMEHsI JOPIBHIOE KyTy HOro BimowTTs (Ha PHCYHKY Iieil
KyT [O3Ha4YeHO depe3 «). Hexait M (x,y) — moBlibHA TOYKA KPUBOI
y = f(z). IIpoeaemo y miit Touni gorwany M A no kpusoi y = f(z).
Tpuxyruuk MOA pisnobenpenuit. Ockinbku y' = tg o (reomerpu-
IHAN 3MICT MOXiTHOT), TO, BBazKaioun, mo y > 0, omepKyeMo

y/ —tga = MB _ Y
AB 2?2+t

360, AKITO ITOMHOXKHMTH  YHCEJIbHHUK i 3HaMeHHHUK ,ZLpO6y Ha

Va?+y? -,
1
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Hudepentianbre pisusanus (1.5) ommcye dopmy mepepisy azepkasia
wionmao Ozy. 3 (1.5) oxepxkyemo:

! d
%:1 = d—(\/x2+y2):1 = Val+yl=x+C,
vVai+y x

ne C — moBinbHa crasa. TakuM IHHOM, Mae€MO PiBHSIHHSI OCBOBOIO
mepepisy azepkaria miomunon Ozy: y? = 2Cz + C2. 3 reomerpu-
YHOI TOYKU 30PY OIeprKajd CiM’10 mapabosl 3 BEPIIMHAMU y TOYKAX
(—C/2;0). Orxe, HOBEPXHsI I3ePKAJIA K IIOBEPXHsI 0OGEPTAHHSI OChO-
BOTO mepepisy HaBKojO oci Ox Mae BUTJISIT

y? 4 22 =20z + C?,

TOOTO TIyKaHi (GOpMHU J3epKaJja OMUCYIOTbCS CIM’€I0 PIBHSIHD Hapa-
6oJtoiniB obepranns. W

3ayBakKnUMO, IO AKINO MapabosivdHe I3epKasio, PIBHSIHHS SKOTO
oTpuMaHe y 3ajad4i 3, cupsiMmyBaru Ha ComHIle, TO yci BigduTi mpomeni
IPOXOIUTUMYTEH depe3 (POKyC, € MaTUMEMO BHUCOKY TEeMIIEPaTypy
(3Bimkm 1 massa focus — 3 jaruni Boruuime). [Tapabomiani n3epkaia
BUKOPHUCTOBYIOTh TaKOXK V PaioIOKAII].

Bamaua 4. 3natimu 3axon po3nady padito, AKWO 6100MO, ULO

WeUIKICd Po3Nady NPAMo NPonopyitina toeo maci i wepes 1600 po-
K168 MOUAMK06G MACA PAdito BMEHUUMBCA 80611,
Poszs’sazanms. Hexait my — nouarkoBa Maca pajitoo, m(t) — mMaca
pazito y moMmenT dacy t. IlIBuakicTs posmamay pajiio siK MIBUIKICTH
3MiHM (PYHKIII € moXiqHO 1iel dyHKIHl. OTKe, 3aKOH PO3MAILY MO-
JKHA 3aIlCATH Y BUTJISIIL AEpPeHItiaIbHOrO PiBHIHHS

m/(t) = —km(t), (1.6)

ne k > 0, k — koedinient nmponopmiitnocTi (3HaK MiHyC BKa3ye Ha Te,

0 Maca paJiifo 3 4acoM 3MEHIy€eThCst, a Tomy m/(t) < 0).
Hudepenmianbue pisusausg (1.6) pazom 3 ymosoio m(0) = myg €

MaTeMaTHIHOIO MOJIEJIIO PO3ady pajio. Po3s szkeMo 11e pIBHAHHS,
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dm.

BpaxoByroun, mo m’'(t) = it

d d
T km=0 = Dikdt=0 =
dt m

dlnm+kt)=0 = Inm+4+kt=0C = m — eC1—kt

Ockinbku C) — J0BUIbHA cTAsIa, TO MOXKHA Ho3uaduTu €' yepes C.
Orxe,
m(t) = Ce ",

Ba ymosoio 3amaai m(0) = mgy, a Tomy C = mgy. 3 ymoBm
m(1600) = 0,5mg 3Haxomaumo Koedimienr k:

m(1600) = me 1% = 0,5mg = mge 1% =
In2
k = —— ~ 0,00043.
1600 ’

OrKe, 3aKOH 3MIHM MacH PaJilo Bill Yacy HAOJUKEHO IOJAETHCSI
dbopmytoro

2. OcHoBHi 03HaYeHHS 1 MOHATTsI. 6uyuatinum dugeper-
ULAABHUM PIBHAHHAM HASUBAIOTH CIIBBIIHOIIEHHST BUTISILY

F (x,y,y’,y”,...,y(”)) =0 (1.7)

MiXK HE3aJIe2KHOIO 3MIHHOIO Z, IIyKaHoo (dyHKIien y = y(z) 1 moxi-
mamvu ',y Ly,

[Tosnadenns, sIKi BUKOpUCTaHI y O3HAYEHHI, HE € CYTTEBUMU: He-
3ajIe’KHa 3MiHHA MOXKE IMMO3HAYATHUCS depe3 t, IIyKaHa (PyHKIHd —
gepes s, f, F Toro.

ITopsodxom 3Buyaiinoro audepeHniaabHOr0 PIBHAHHA HA3UBa-
IOTDh TIOPSIJTIOK HANBUIINOI ITOXiTHOT HEBiOMOI (DYHKIIT, STKa BXOIUTD Y
PIBHSIHHSI.

VY piBasiHHI n-10 TOpPsiyiKy (1.7) BBAyKAETHCsI, MO MOXiTHA N-TO
MTOPSAIKY MTyKaHO! (DYHKIIT CIIpaB/Ii BXOAUTD y 1€ PIBHAHHS, 8 HasIB-
HICTb PEIITH apryMeHTiB HeoOOB’sI3KOBA.
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Hagememo npukiamm 3BudailHux audepeHIiaJbHuX PiBHIHD:

y=ay' +y?, o' +y=-cosa,
yIV _ 4y/// + 5y// N 2y/ +y= xea:’ y(lo) = .

[Tepure 3 HaBeAeHUX PIBHSHDL Ma€ HEPIMUl MTOPSIOK, APyTre PiBHSH-
He — JPYTUH MOPsiJIOK, TPeTE PiBHSIHHSA — YeTBEPTUH MOPSIOK, Ue-
TBEPTE — JECATHI TOPSIOK.

dAxmo audepeHIiagbHe PiBHSIHHS MICTUTh YaCTUHHI TOXiTHI He-
Bimomol (byHKIIT Bif KiTbKOX HE3aJIEXKHUX 3MIHHIX, TO HOTO HA3WUBa-
I0Tb PIBHAHHAM 3 YACTNUHHUMUY noxridonumu. Hasenemo npu-
KJIaJI TaKUX PiBHSIHb:

% —i—ug—’; = (0 — piBHSAHHS, SKe OIMCY€E PyX YACTUHOK 38 1HEPITIEIO;

% = aQ% — PiBHSIHHS, sIKE OINCY€E 3aKOH IONUPEHHS y Jaci Ta
POBIIOITY 3a JOBXKHHOIO TEMIIEPATYPHU HATPITOTO CTPUKHSHA;

2 2 . . . . .
% = GQ% — PIBHAHHA, AKE OIIMCYE PISHOMaHITH1 KOJIMBAJIbHI
LIPOLIECH;
0%u

52t % + % = 4mp(z,y,2) — PIBHSAHHS, TKOMY 3aI0BOJIHHSIE
1 Yy z
noreHrian u(z, Y, z) eJIeKTPOCTATUIHOrO 1oJsd, Je p(x,y, z) — rycTu-
Ha 3apsiIiB.
Hamaui, sikino He Oyjie cka3aHO PO iHITE, PO3IVISAATIMEMO TiJlb-
KM 3BUYAHI qudepeHIiajbHi PIBHSIHH, MPUIOMY 9K HE3aJIEKHY
3MiHHY, TaK i IIIyKaHy (PYHKIIO BBAKATUMEMO JIHCHIMU.
Pose’askom pisusanusa (1.7) ma gesxomy imrepsani (a,b),
—00 < a < b < +o0, HasuBalThL yHKIIO ¥y = y(x), gka Mae Ha
IIHOMY 1HTEpBaJ TOXiTHI IO TMOPSIAKY 7 BKJIIOYHO Ta 3aJI0BOJTHHSIE
piBasiaast (1.7). Ile o3nauae, 1o st Beix x € (a,b) CpaBIzKyeTbCst
TOTOYXKHICTH

F (x, y(x),y (@), (@),...,y™ (x)) =0.

Hampuknan, ¢yukiis y = e€® € po3s’sa3koM andepeHItiaIbHOrO
piBHsAHHA Jgpyroro nopsiaky y” —y = 0 ma imrepsani (—o0o, +00).
OkpiM Hel, po3B’sSI3KaMU I[LOIO PIBHSIHHSI, SIK JIEPKO IEPEBIpUTH, €
TakoXK y = e 7, y = 3e”, y = 3e” + 4e” " i, B3araji, Bci pyHKIIT
puriany y = Cr1e* + Cye™, ne C1, Cy — n0oBibHI cTaJIl.
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[Tizmimme 6yme BcTaHOB/IEHO, IO 3BUYAliHE AUQEpPEHIialbHe PiB-
HAHHSA N-TO TOPSJIKY Y 3arajbHOMY BHUIAIKY Ma€ CiM’I0 PO3B’a3-
KiB, 3aJI€2KHY BiJ N MOBIIbHUX cranaunx. Hampukiam, yci poss’ss-
K uepenIiagbHoro PiBHSIHHS y(") = (0 wmictareea y dopmyti
y=Cia" 1+ Coz™ 2+ ... +Cph_12+Cy, ne C1,...,C, — noBinbHi
CTaJIl.

3 reoMeTpuIHOl TOYKH 30pPy PO3B’SI3KY AuepeHIiaabHOro piB-
HSIHHS y TPIMOKYTHIN crcTeMl KOODJAWHAT BIJIIIOBL/Ia€ JlesiKa KPUBA,
sIKy HA3UBAIOTh tHIME2PAABHOM0 KPueoro. CyKyIHICTh iHTErpasib-
HUX KPUBUX, 3aJIEXKHY BiJ[ JOBUIBHUX CTajUX, HA3UBAIOTH CiM’ €10
inmezpaavrux Kpusux. Hanpukian, poss’asku pisasgnns y’ = 2
YTBOPIOIOTH JIBONIAPAMETPHYHY ciM'to mapabos y = x2 + Crz + Oy,
KOYXKHA 3 dKUX € iHTerpajbHOI0 KPUBOIO.

IIporec 3HAXOMKEHHS PO3B’SI3KIB AUQEPEHITIATHLHOTO PIBHSIHHS
Ha3UBAIOTh tHME2PYBAHHAM ITHOTO PIBHIAHHMA. ZKINO NPH IHOMY
BCl PO3B’I3KU BIAE€THCS BUPA3UTH Uepe3 ejleMenTapHi GpyHKIII abo y
K6a0dpamypax (Koju Po3B’si3KU BUPAXKAIOTHCS Yepe3 IHTerpajm Bij
esleMeHTapHuX (DYHKII), TO KayKyTh, 0 PIBHSHHS 3IHTErPOBAHE Y
CRIHYEHHOMY BU2Aa01. PO3TIisiTaTiMeMO B OCHOBHOMY caMe Takxi
PIBHSIHHSI, X04a 3HATHO OibIle amdepeHItiaalbHnX PiBHIHL He iHTe-
IPYIOTBCS Y CKIHYEHHOMY BUIJISIIL i JIJIsl TPEJACTABJIEHHS 1X PO3B’ a3~
KIB JIOBOJIUTHCST BUKOPUCTOBYBATHU OLIBIN CKJIATHUN MaTeMaTHIHII
armapar.

OcHoBHOIO 3aJ1a4€t0 Teopil iHTerpyBaHHs MU epEeHIIaIbHOIO PiB-
HSTHHSI € 3HAXO/PKEHHsT BCiX Oro pO3B’sI3KiB Ta JOCIIIIKEHHS X Bila-
CTUBOCTEM.

3. Cknanmanus audepeHnialbHIX PiBHAHb BUKJIIOUEHHAM
JOOBLIBHUX cTaamX. Hexait MaeMo piBHSIHHSI CiM'T KpMBUX, 3aJie-
JKHOT Bif omgHoro mificroro mapamerpa C':

O(z,y,C) =0. (1.8)

[To6yayemo mudepenmnianbie piBHsAHEs ciM’T Kpusux (1.8), To6TO
PIBHSIHHS, $IKE€ OIKCYE BJIACTUBOCTi, pUTaMaHHI BCIM KPUBHUM IIi€l
cim’i. st miboro 3amdepeHIiioeMo 3a 3MIHHOIO T OOMIBI YaCTUHN
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pisnocri (1.8), BpaxoByioun, mo y = y(z):

8_@+8_<I>'d_y:0. (1.9)
or Oy dx
ko coisBignomenns (1.9) me micrurs C, To BOHO Oyze Bupa-
JKaTU Ty 3arajbHy BJIACTUBICTDH, sTKa MPUTAMAaHHA YCIM KPUBUM CiM’1
(1.8) (manpukam, sximo y = x+C, oy’ = 1). Y 3araabHOMY BHUIAJI-
Ky piBaicTs (1.9) 3amexarume Big mapamerpa C. Tomi, Bukogaoan
neit napamerp i3 cucremu (1.8), (1.9), omep:kumo nudepeniiaabHe
PIBHSIHHSI TIEPIITOTO TOPSIIKY

F(z,y,y") =0. (1.10)

Pipusinus (1.10) Bupaskae cuisibHy BriacTusicTh Kpubnx (1.8) Hesa-
JieskHO Bix crajiol C, ioro HasuBaiTh dudeperuiasbHum pieHsi-
HHAM cim’T Kpusux (1.8).

Ilpukaan 1. 3natimu dupepenyiarvre pieHanns cim’i napaboa,
AKL NPOTOIAMD “ePe3 NoUamor KoopourHam i Marwms oci CuMempii,
napaiesvii do oci opouHam.

Poses’azannsa. Cim'io napaboJ 3 yMOBH 3a/1a4di MOXKHA OIUCATH 33
noromoroio dopmynn y = 2 — Cx, ne C' — nosinbua crata. Ckia-
JIEMO CHCTEMY

y =2x—C

i uksrounmo 3 Hel cragay C. s mporo smaitmemo C' 3 meprnoro
PIBHAHHS CUCTEMH 1 MiJICTABUMO y JIpYTE:

{y:xz—C’x,

2 2 2
e — T4 — 7+
CTIY L g Py Py
x x x
Bidnoeidv: xy = 2% + y.
Awnajoriuno, maroun cim’to kpusux P (z,y,Cy,Co,...,Cp) =0,

3aJIeKHY Bif N MOBLIPHUX CTAJINX, MOYKHA IIPU IEBHUX YMOBaX OJIEP-
KaTu AudepeHIiajibie piBHAHHS, JJIs sIKOTO 3rajlaHi KpuBi OyIyTh
iHTerpaspbanMu. st Mporo moTpibHo 3amndepeHIiioBaTH CIiBBiIHO-
mennst ®(x,y,Cp,Cy, ..., Cy,) = 0 n pasiB 3a 3MIHHOIO & 1 BUKJIIOUH-
TH 3 HBOT'O Ta OTPUMAHNX BHACIIIOK MUQEPEHIIOBAHHSI N PiBHSIHD
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crami C1,Cy,...,C,. Y pe3yabraTi omepKuMo audepeHIfiajibHe PiB-
HJHHA CIM'T KPUBHX, SIKE BHparkKaTHUMe 3arajbHy BJIACTHUBICTL IMX
KPUBHX.

Ilpukmaan 2. 3natimu dupeperyiasvhe Pi6HANHA CIM Y YCIT Kin
00UHUYHO020 PAdLYCa HaA NAOULUHI.
Pose’sazanns. PiBHsHHIM yCix Kt pajiyca 1 3 MEHTPOM Y JOBiIb-
uiit Touni miomuan (C1, Cy) €

(x—C1)? + (y— Co)* = 1. (1.11)
Hpiui 3nudepentiroemo (1.11):
2(x — C1) +2(y — Co)y' =0,
14y 4 (y — Co)y = 0.
Bukmogaroun Temep 3 cucremMn

(z—C1)* + (y— Co)? =1,
x—Cl—i-(y—Cg)y’:O,
1+y2+(y—Co)y” =0

crani Cp, Cy, omepKyeMo

14+ /2 2 14 2\ 2 3
S (S 1 ot

Pexomendosana aimepamypa: |5, c. 6 — 12|, [14, c. 6 — 15],
[16, c. 3 — 13, 22 — 25|, [17, c. 9 — 19], [19, c. 4 — §].

IInrannsa mo jgekii 1

1. fdxe piBHAHHS Ha3UBAIOTHL 3BUYANHUM AudEpeHIiaIbHIM PiBHSIH-
HaM? YuMm 3BuYaiini gudepeHIiaibHl PIBHSIHHS BiJAPISHAIOTHCS Bilx pib-
HsIHb 3 YACTUHHUMMY [TOX1THUMMA!

2. fx BU3HAYUTH MOPSIOK AUMDEPEHITAIBHOIO PiBHSIHHS?

3. dxy dyHKIIO HA3MBAIOTH PO3B’A3KOM AUQEPEHIIAJIBHOTIO PiBHSIH-
Hs1? SIK HA3MBAIOTH OLIEPAIII0 3HAXOIXKEHHSI PO3B’I3KiB JupepeHIaJIbHOrO
PiBHSHHS!
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4. {Iky KpuBY Ha3UBAIOTH IHTErPAJHHOIO KPUBOIO Au(EPEHITIaILHOIO
PiBHSHHS!

5. Y yomy moJisira€ OCHOBHA 3aJiada Teopil iHTerpyBaHHs JudepeHiii-
aJIbHOTO PIBHSIHHS !

6. Y goMmy TOJIsITA€ MAaTEMATHYIHE MOJEIOBAHHST PEAJThHUX (PISMIHUX
IIPOTIECiB, sika foro poJsib y BuBYeHHi nporecy?! HaBeaiTe npuk/iajiym BUKO-
pucranas gudepeHIiaJbHIX PIBHAHD /I MATEMATHIHOTO MOJETIOBAHHSI
Gbi3uTHUX TPOIECIB Ta STBUIIL.

7. dxuit BUrssi Mae piBHSIHHS CiM'T KpUBUX, 3aJI€2KHUX BiJl OJTHOTO TIa-
pamerpa (n napamerpis)? fdx suaiitu audepeniiaibie piBHIHHS 3a1aHOL
ciM’T oJIHOIApAMETPUIHUX KPUBUX (N-IIAPAMETPUYHUX KPUBUX)?

Brapasu mo gexkirii 1

1. Ilepesipre, uu € pyHKIIIT
xr
a) y =cosz +sinx + 5e~%; 6)y= x/
0

sin
t

t
dt; B) y=3x+1Inx + 2

pPO3B’sI3KaM1 BiANOBIIHUX au(epeHIiaIbHIX PiBHAHDb
a)y +y=2cosx; 6)ay =y+asinz; B) 2%y’ Inz— 2y +y=0.

2. 3HaiiiTh KPUBi, y AKUX KOXKHUI BiPI30K JOTUYIHOIL, SIKUN JIEXKUTH
MiK KOOPJMHATHUME OCSIMU, TOYKOIO JIOTUKY JITUTHCS HABIIJ.
3. Ckianite audepeHIiiajgbHe PIBHSIHHS CiM'T KDUBUX:

a) 22 +y?=C; 6)y=-cos(z+0C); B)y=Cra?+ Cae®.

4. Criagite audepeHIiaibae piBHIHHS:

a) ycix KiJ, sKi JOTUKAIOTHCA 10 0Ci abermc;

6) ycCiX IpAMUX HA ILIOIMHI;

B) 1mapaboJi, dKi IPOXOJATh 4epe3 TouKy (1; 2) i marorh Bich, mapa-
JIeJIbHY 10 OcCi abcrmc.

5. 3HaliiTh KpUBi, HOPMAJI JI0 FKUX B YCIX TOYKAX MPOXOJSTH Yepe3
TOYATOK KOOD/IUHAT.
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Jleknia 2. /IludepenuianbHi piBHIHHS
IIEePIIOro MOpsiAKYy (3arajibHa Teopis)

Ilnan

1. OcHOBHI O3HAYEHHS ¥ ITOHSITTS.

2. 3agaqa Komri. YMoBHU icHYBaHHS Ta € IMHOCTI PO3B’I3KY 3a1a4i
Kormmri.

3. Kimacudikariss po3s’si3kiB gudepeHIiaabHOro piBHSIHHS IIep-
IITOT0 TIOPSJIKY.

4. Teomerputune TayMadeHHsa AudepeHIliaJIbHOTO PIBHAHHS IIep-
IITOT'0 TOPSIIKY Ta Horo po3s’si3kiB. MeTos i3okITiH.

5. Mexaniune TymMadenns AudepeHIliaTbHOTO PIBHSIHHS IePIIo-
o TOPSIAKY Ta Horo po3B’s3KiB.

1. OcHoBHi o3Ha4veHHs i oHATTs. /ludepenmiaabae piBHS-
HH¢ TIEPIITOTO THOPSIIKY B 3arajibHOMY BUMAJIKY MOYKHA 3aIlNCATH y
BUTJIST

F(xvyvy,) = 07 (21)
Jle T — He3aJlesKHa 3MiHHa, y — Hesinoma dbyukuisa Big x, F(x,y,y') —
sagana PyHKIA 3MIHHUX T, Y, Y = Z—Z.

fkmo piBHsiHEA (2.1) MOXKHA PO3B’sI3aTH BITHOCHO HOXIiJIHOI, TO
Horo 3aluCcyBaTUMEMO y BUIVIAIL

y = flz,y). (2.2)

Taky dopmy 3anucy mudepeHIiaabHOrO PiBHAHHA HA3WBAIOTH HOP-
MAABHOIO.

Haiinpocrimmm 3 qudepentiiaabHux piBHIHD Y HOPMaJIbHi# (op-
Mi € pisasians y' = f(z). dxmo bynkuisa f(r) Busnadena i nenepeps-
Ha Ha JesgkoMy iHTepBasi (a,b), TO, K BILIOMO 3 MATEMATHIHOTO
ananisy, y = [ f(z)dz + C, ne C' — nosinbHa craa.

Y GaraTrpox BHIAJKax DIBHSHHs (2.2) 3pydHO 3aIlCYyBaTH SIK
Z—Z = f(z,y) abo y Burnsan dy — f(x,y)dx = 0, skuii € oOKpeMuM
BUITAJIKOM PiBHSIHHS

M(z,y)dx + N(z,y)dy =0, (2.3)
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ne M(x,y), N(x,y) — Bimomi byl (koediuienmu pieHanHs).
PiBusianst (2.3) 3py4He TuM, 10 3MiHHI 1 y y HOMY pPIBHOIIPABHI,
TOOTO KOXKHY 3 HAX MOXKHA PO3IVIAJATH K (DYHKIIO Bi iHITOI.

Pose’askom nudepenniaibaoro piBHsHHs (2.2) Ha iHTepBas
(a,b) HasmBaoTh HemepepBHO AUGEPEHIIHOBHY Ha I[HOMY iHTEpBaJI
dyukuio y = y(x), ska neperBoproe piBHsiHHS (2.2) y TOTOXKHICTB,
Tobro y'(x) = f(z,y(x)).

Posp’si30k piBHsiHHs (2.2) MOxke OyTH 3ajaHuil He TUIBKH SIBHO,
T00TO 5K Yy = y(x), ane it y nessuomy Buriisiai ®(z,y) = 0 (y Burs-
Jil, He PO3B’sI3aHOMY BiZIHOCHO ¥) abo y mapameTpudHii dopmi: z =
= p(t), y = ¥(t). Hanpuxnan, byukuis y =1 — 22, nez € (—1; 1),
€ pO3B’sI3KOM piBHsHHS §' = —x /Yy, ofHAK T1efi caMuil PO3B’A30K MO-
JKHa HojaTH y HesiBHOMY Burisiai 2 4+ 42 = 1, y > 0, a Takox y
mapaMeTpudHiii popmi z = cost, y =sint, 0 <t < .

2. 3agmaya Komii. YMoBU icHyBaHHS TAa €IMHOCTi pO3B’si3-
Ky 3aza4i Korrri. Bxke 3aznagasiocs, mo gudepenmiaabHi piBHIHHSI
3a3BuYail MaioTh 6e3/1i4 po3s’a3kiB. OgHaK y 6ararbox 3aladax Te-
OPETUIHOTO 1 MPUKJIATHOTO XapaKTepy JacTO CEPEel yCiX pO3B’s3KiB
JepeHIiagibHOro piBHstHHs (2.2) morTpibHO 3HAliTH Takuii po3s’s-
30K Yy = y(T), KUl 33]J0BOJIHHSIE YMOBY

y(z0) = Yo, (2.4)

Jie g, Yo — 38aHI IUCIa, TOOTO PO3B’SI30K, AKWIl /I 33 aHOTO 3Ha~
YeHHs He3aJIeXKHOI 3MIHHOI © = x( HabyBa€ 3aJaHOrO 3HAYECHHS Y.

Bajady BiaIyKaHHs PO3B’s3Ky piBHAHHS (2.2), AKUil 3a0BOb-
Hsie ymMoBy (2.4), HasuBaioTh 3adauero Kowsi (abo nouwamxosoro
3adawuero). YMOBY (2.4) HA3MBAIOTH NOYAMKOBOM0, & UUCIA T(, Yo —
nowamrosumy darumuy 3aaadi (2.2), (2.4).

3 reomerpuunol Touku 30py 3agada Komi (2.2), (2.4) momsrae
y BiamyKaxHi iHTerpaJbHOI KpUBOI piBHsHHS (2.2), sIKa MPOXOIUTH
Jyepes HallepeJl 3aJIaHy TOUKY (X, Yyo) wionmau Ozy.

Bingmosinp na muTaHHs Ipo Te, 3a AKUX yMOB 3agada Ko (2.2),
(2.4) mae posB’si30k, jae Teopema IleaHo, JOBEJIEHHST SIKOI MOYKHA
sHaiitu, Hanpukiai, B [10, c. 34 — 35].

Teopema 1 (ITeano). dxwo gynkuin f(x,y) nenepepera 6
obaacmi D naowuny Oxy, mo iCHYE HENEPEPSHA Pa3oM 31 CEOEI0
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nozionoto nepuiozo nopadky dymkuyia y = y(r), Aka € po3e’azkom
sadawi Kowi y' = f(x,y), y(xo) = yo, de (z0,y0) € D.

OHak 15t 6araThox 3a,1a7 BAyKJINBO 3HATH HE TIIHKHU (haKT iCHY-
BaHHA PO3B’S3KY Iu(EpPEeHIlaJIbLHOTO PIBHAHHS, aJie TAKOXK 1 Te, Tu
€ Tieil po3B’s130K eauHUM. BifmoBinp Ha 1€ TUTaHHS Ma€ BHHATKOBE
BHAYEHHS sIK JIJI caMOl Teopil audepeHIiaJbHuX PiBHAHD, TaK i st
baraTbox 11 3acTocyBanb. iliCHO, SIKIIO 3HATH, 110 PO3B’ 30K 33184l
Kormi eaunnit, To, 3HANRMIOBINN PO3B 30K, IKUl 3aI0BOJILHSIE 3a/1a-
Hi TIOYaTKOBI yMOBH, JOCJIiTHUK MOYKE OYTU BIIEBHEHUM, IO iHITUX
PO3B’sI3KIB, fKi 3aJI0BOJILHSIOTH Ti CaMi IMOYATKOBI yMOBH, HEMAE.
VY 3amadyax IpuUpOIO3HABCTBA IIe IPUBOJIUTD JI0 OJEPXKAHHS €TUHOTO
3aKOHYy SABUINA, SIKAM BU3HAUAECTHCS TUIBKK AU(EPeHIaTbHIM PiB-
HAHHAM 1 TOYATKOBUMH yMoOBamu. LimiocTpalri€io 10 IbOro MOXKYTh
O6yTu 3amadi dizuanoro 3micty 3 Jrekmil 1.

BusiBsisierbest, 1m0 ymoBa HeriepepsHocTi (byHKIil f(x, y) 3 Teope-
mu [leano we rapanTye eaunocti po3s’sa3Ky 3amadi Komi (2.2), (2.4).
PosristneMo, HAIIPUK/IA, PIBHSAHHS § = 2,/ Voro npasa wacruna
BH3HAYEHA 1 HemepepBHa y BepxHiit dactuni mwiomman Ozy (y = 0).
3a J0MOMOrO0 IMJICTAHOBKH JIETKO MEPEKOHATHCH, 10 1HTErpaibHI-
MU KpuBuMu € TiBnapabomu y = (x + C’)Q, ne x > —C, a TakoXK
upsiMa y = 0 (Bice Oz). OdeBuaHo, mo y KoxkHii Touni (z9,0) oci
Ox euHICTD PO3B’SI3KY HOPYIILYETHCsI, 00 Uepes 1[I0 TOUKY ITPOXO/IsiTh
JBi iHTerpabHi KpHBi, a came: mapabona y = (x—xg)? i mpama y = 0
(puc. 2.1).

Puc. 2.1

OCHOBHOIO TEOPEMOIO, sIKa 3a0e3I1evUye He TLIbKH ICHYBaHHS, aJie
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i equuicTs po3B’sa3Ky 3amadi Ko, € Teopema Ko, sgxa y immriit
IIOCTAHOBIN Oy/ie JoBeIeHa Ha JIeKITl 6.

Teopema 2 (Kouri). Hexati ¢ynruis f(x,y) susnavena y nps-
MOKYMHUKY

G=A{(z,y):|r—=xol <a, ly—yo| <b}, a,b>0

i 3a0080NBHAE Y HLOMY MAKT YMOGU:
1) f(x,y) nenepepena, a, omorce, G obmestrcera, mobmo

|fz,y)| <M, M >0;

. af .
2) wacmunna noxiona a—f icnye ma obmedrcena.

Todi 3adana Kowsi (2.2), (2.4) mae edunuti po3e’a3ok npunatimmi 1a
6idpisky | — x| < h, de h = min (a, b/M).

3a BHKOHAHHSI yMOB TeopeMu Ko MOXKHa& rapaHTyBaTH, IO
gepe3 KOXKHY BHYTPIIIHIO TOYKY 06sacTi G MPOXOJUTL €UHA iHTe-
rpajbHa KpPUBA.

OpauMm 3 Meromis josejenns Teopemu Komri € meron Ilikapa,
AKHMIA JIa€ MOXKJIMBICTH IMOOYIyBaTH PO3B’sI30K 3aja4i Ko sk rpa-
HUIO [TOCTIOBHUX HAOMMKEHb Yn(x), n = 0,1,2,..., Bu3HaYCHUX
pekypenTHuMu hopmynamu (Ppopmyaamu Ilixapa)

T

yo(x) = yo, yn(ﬂﬁ):yo+/f(t,yn_1(t))dt, n=12...

zo

Teopema Kormri mae Bennke 3HaueHHsT B Teopil 3BUIaiHIX aude-
PEeHIAJIBHUX PiBHSIHBb, 60 T03BOJISIE€ 38 BUIVISIIOM MPABOl YACTUHU
piBHsiHHS (2.2) BiAMOBiCTH Ha MUTAHHS PO ICHYBAaHHS Ta €IUHICTDH
PO3B’SI3KY IIHOI'O DPIBHSIHHS NPU 3aJaHUX [MOYATKOBUX yMoBax. lle
0COOJIMBO BaKJIMBO Y TUX BUIAIKAX, KON HEMOXKJINBO BKA3ATH TO-
qHy OpMyJTy, IO BU3HAYAE PO3B’SI30K PIBHSIHHSI, 8 TOMY IOTPiOHO
3aCTOCOBYBATHU METOIU HAOINYKEHOTO PO3B’sI3yBaHHsI Au(epeHIlia b
HOI'O PiBHSIHHSI.
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3. Kiacudikariisi po3B’s3KiB andepeHIiaJbHOTO PiBHIH-
HS MEPIIOoro MOPAIKY. 3a2aA4bHUM PO38°aA3KoM ITudepeHIlialb-
HOro piBHAHHA (2.2) y mesxiit obracti G maonminn Ory HA3UBAIOTH
byHKITII0

sKa 3aJIe’KATh Bl ofaHiel moBinbHOI crajol C', SKIIo:

1) BoHa € po3B’si3kOM piBHSAHHSA (2.2) 71 MOBiIBHOTO (hiKCOBa-
Horo 3uHadenHs crajoi C'

2) nuist moBlIBHOI oYaTKOBOI yMoBH (2.4), e (xo,yo) € G, icaye
enune 3Havenns crajnol C' = Cy Take, mo dbyukiis y = y(z, Cy) 3a-
JIOBOJIbHSIE yMOBY (2.4).

fKImo He MOXKHA 3HAHTH 3arajbHUIT PO3B’S30K y BUMIAL (2.5),
fforo nykaroTh y HesisHomy Buriisigi F'(x, y, C) = 0. Takuii po3s’si30k
Ha3UBaIOTh 3A2GAbLHUM tHIME2PAaA0M TU(DEPEHIIATLHOTO PIBHSIH-
Hs1. Hacro 3aranbHuii inTerpas ojaepxkyoors gk V(x,y) = C, To6TO
y BUIVISI, PO3B’si3aHOMY BimgHOCHO m0BULIBHOI crajol C. PyHKIiO
U(z,y) y IbOMY BUIAJIKY HASUBAIOTH {HIME2PAAOM TUDEPEHITab-
HOI'O PiBHAHHA. AHaJIOrYHO BU3HAYAIOTH CIM'I0 IHTErpaJbHUX KPU-
Bux (PO3B’sI3KiB) piBHsIHHSI, 3aJI€2KHY BiJl 10BLIBHOI cTasiol C, y na-
pamerpuuniit dopmi z = ¢(t,C), y = ¥(t,C) ax 3a2aabHut po3-
8’A30K Y NapamMempuuHit. popmi.

Ak y Tourni (xg,yp) MOpyuIyoThest ymoBu Teopemu Kori, To
9gepes 10 TOYKY [TPOXOIUTH JEKLIbKA IHTerpaIbHuX KpuBuX (Po3s’s-
30K He €/[nHuii) abo He IPOXOJAUTD YKOIHOT IHTErpabHOI KPUBOI (pO3-
B’s130K He icuye). Taki TOUKM HASUBAIOTH 0COBAUBUMU MOUYKAMU
nudepeHIiaJIbHOr0 PiBHIHHS.

Hlykatn ocobauBi TOYKHU MOTPIOHO cepe TOUOK, ¥ AKUX MAOTh
pospus dyukuis f(x,y) abo ii wactumna noxinua f,(z,y), a morim,
AHAJTI3YIOYN 3araIbHUN PO3B’A30K, HEOOXITHO IEPEBIPUTH, U1 OYIYTh
i TouKK ocobauBuME. Taka mepeBipka o00B’s13K0oBa, 60 Teopema Ko-
1Tl JTa€ JIWIE JJOCTATHI YMOBH, a OTXKe, MOXKe ICHYBaTH €JIWHUN pO3-
B’s130K 3azaqi Komi (2.2), (2.4) masite Toxi, koau B Touri (Zo,Yo)
HE BUKOHYETBCS OJHa ab0 OOMJIBI YMOBU TEOPEMH.

Posrasmemo mpukiamgm.
1.y = ysinz+e®. Oyukuis f(r,y) = ysinz + e* nenepepsna, a
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TOX1/THA fz”, = sin z obmexkeHa B ycix Toukax miomunu Oxy. 3rigHo 3
Teopemoro Korrri yepes koxkHy TOUKY 1tomuau Oxy TPOXOIUTh OJTHA
IHTerpaJjbHa KPUBA.

2.y = /1 —y2 IlpaBa uyacTuHa BHU3Ha4YeHa 1 HellepepBHA B
ycix Toukax mwiomunu Ozy, ne —1 < y < 1. Hacrunna mnoxigmna fz”, =
= ——%__ crae neobmexkeHow, aAKio y — = 1. Jlerko nepexona-

Vv 1-y?
THUCD, 10 KOxKHA 3 QyHKIH y = sin(x 4+ C') € po3B’I3KOM DiBHSIHHSI.
OKpiM TOro, MaeMo TakOoXK po3B’si3kn y = =+ 1. Taxkum umHOM, Ue-
pe3 KOXKHY TOYKY IpaMuX ¢y = £ 1 mpoxoadaTs nTpuHaiiMHI 1Bl iHTe-
rpajbHi KPUBi, & TOMY y TOUKaX ITUX IPSIMUX MOPYIITYETHCS €TUHICTH
po3B’sa3ky (puc. 2.2).

Y y=1

=sin(z + C)

AN

N\
_~

y=-1

Puc. 2.2

3.y =y~ 2. Y koxuiit Touni (z9,0) oci Ox dbynxuii f(x,y) =
= y 2, fz,/ = —2y~3 pospusni i HeoOMexeni mpu y — 0, age
yepe3 KOMKHY TaKy TOUYKY IIPOXOJUTH €IUHa IHTerpajbHa KpHUBa
y = /3(x — xp). Pucynok inrerpaapbHux KpuBHX audepeHIiaabHo-
ro piBusHHA Y = y~2 HpPOIOHYEMO YnMTAMAM 3POOUTU CAMOCTIIHO.

YacmurHum po3e’sa3rom piBHsHHs (2.2) B obacti G Ha3uBa-
10Th dyukIio y = y(x,Cy), yTBOpEeHy 3 3araJbHOrO po3s’s3ky (2.5)
npu nesHoMmy 3HaveHHi crajol C' = Cy.

SKIMO KOKHA TOYKA PO3B’SI3KYy AN(EPEeHIaTLHOTO PIBHAHHA €
0CODJIMBOIO, TO TaKUil PO3B’sI30K Ha3UBalOThL 0cobausum. Ocobiu-
BHUI PO3B’SI30K HE MOXKHA OTPUMATH 3 (DOPMYJIN 3araIbHOTO PO3B’ 13-
Ky (3arajsibHOrO iHTerpasa) audepeHniaabHOr0 PIBHAHHS IIPU KO-
JHOMY KOHKpeTHOMY 3HadeHHi crajol C.
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3 reoMeTpHIHOI TOYKHU 30pYy 3arajJbHUM Po3B’s3koM y = y(z, C)
€ ciM’st iHTerpasibHuX KpuBUX Ha mjomnuHi Oxy, sKa 3aJIeKUTh Bij
onHiel moBinbHOI crasol C, a YaCcTUHHUN PO3B’SI30K — IIe OfHA iHTe-
rpajbHa KPUBA ITi€l ciM 1, Mo TPOXOIUTh Yepe3 3aJany Touky. ['padi-
KOM OCOOJIMBOTO PO3B’SI3KY € iHTerpajbHa KPUBA, siKa Y KOXKHIN CBOTi
TOYIIl Ma€ 3arajibHy JOTHYHY 3 OJIHI€I0 3 IHTerpaJibHUX KPUBUX. TaKy
iHTerpaJibHy KpHUBY HA3UBaIlOTh 00610HO010 CciM'T iIHTerpajbHUX KpH-
pux. Hanpukian, s piBHanas vy = 2,/y obBinHoO € npsiMa y = 0,
To6To Bick Ox (puc. 2.1), a aya pisasaus y' = /1 — y? oOBiTHEME
e upsimi y = £ 1 (puc. 2.2).

4. TeomeTpuyHe TayMaueHHs AudEpPEHIIATIBHOTO PiBHSI-
HHS IIEPINOro IOPSAKY Ta Horo po3B’a3kiB. Y ¢isumi gacto
BUKOPUCTOBYIOTH MOHATTS BEKTOPHOTO IOJIst, TOOTO (DYHKIIIT, TKa KO-
JKHI#T TOUI fesTKol 06J1acTi CTaBUTh Y BiAIMOBIMHICTD ITEBHUI BEKTOP.
Hanpukias, BuBgaioun Te4ilo PiuHN, KOXKHIN TOYI MOYXKHA TIOCTa-
BUTH Yy BiIMOBIAHICTL BEKTOP MBUAKOCTI Tedil y 1iit Touri. Busua-
IO CHCTEMU E€JIEKTPUYHUX ab0 MArHITHUX 3apsiB, KOXKHi#fl TOUIN
CTaBJISATH Y BIJMOBIAHICTh BEKTOP CUJIM, 3 SKOIO Il CUCTEMA JIi€ Ha
ofuHuuHM (TIpOOHMIT) 3apsi, po3Minienuii y 3rajaniii Tour; i Be-
KTOPH YTBOPIOIOTH JIHIT IHAYKITil MAarHiTHOTO TOJIsI 3aJIaHOI CUCTEMU
3apsiIiB.

Axmo posrignat x 1 Yy 9K JeKapTOBI KOOPAWHATUA TOYKHU, TO
nmudepentianbie piBHAHHSA (2.2) BCTAHOBIIOE 3B’SI30K MiK KOODJIU-
HaTaMu JOBLIbHOI Touku M (x,y) miomusau i KyToBuM KoedinieHToM
JOTHYIHOL Z—Z 10 iHTerpasbHOl KpUBOI y Iiiit Toumi (puc. 2.3):

dy
tga = — = .
ga=__=f(z,y)

Ao dyukuis f(x,y) BusHadena B obsacti G, T0 KOXKHii ToUII
M (z,y) miei obracti BianoBigae Aeskuii HAUpsIM, KyTOBHUiT Koediri-
eHT siKoro nopisaioe f(x,y). Bkagyouu neil HalpsiM BeKTOpoM (J171st
BU3HAYEHOCTI BBAsKATUMEMO HOr0 OJIMHUYIHUM) 3 HOYATKOM Yy TOYII
M, onepxkumo B obstacti G noae HANPAMIB, BU3HATEHE PIBHIHHIM
(2.2) (puc. 2.4).
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=y

@]

Puc. 2.3 Puc. 2.4

[arerpanbia KpuBa, sika OPOXOAUTH depe3 Touky M (z,y) € G,
Ma€ Ty BJIACTHUBICTB, IO Y KOXKHIi# 11 TOYI HAIPAM JOTUYIHOI 30i-
raeThbcs 3 HAIPSAMOM Mo y 1iil Touri. Tomy 3 reomMerpudHoOl TO-
YKU 30py IHTerpyBaHHs jAudepeHIiaabHoro piBHsiHHS (2.2) moJisrae
y 3HAXOKEHHI KPUBUX, JTOTUYH] /IO AKUX y KOXKHIil CBOIY TouIl 306i-
TafoThCs 3 HAIPSIMOM ITOJIS.

Y disumi posrasmanTb - A
HiT IHIYKIHT 33J]aHOTO MarHiTHO- /
ro moJisg, TO6TO JiHil, HAIpIMU | /
dKAX y KOXKHIM Todmi 36iraro- — / /
ThCS 3 HAIPSIMOM I[bOTO ITOJIST
(puc. 2.5). 3 Toukm 30py Teopil | v
JudepenIiaJbHuX PIBHSAHD JIHIT | .
IHAYKII MAr"HiTHOrO TOJS € iH-
TerpajbHUMU KPUBUMH. — ‘;‘

ko y meskiit rourd (zo, yo)

Puc. 2.5

dynukuis f(x,y) crae Heckinden-
HO BEJIMKOIO, TO HAIIPSIM TI0JIsT OY-
Jie mapastesbuuit 10 oci Oy. ko f(z,y) y Toumni (zg,yp) meperso-
proeThesi B HeBu3HaueHicTh /0, TO yepes I TOYKY He IIPOXOJUTH
JKOJTHA, iHTerpajbHa KpHUBa.

JLst 100y 1oBU TI0JTsT HAIIPSIMIB JTEePEHITIaIbHOTO PIBHSIHHS 3pY-
YHO BUKOPUCTOBYBATU I'€OMETPHYHI MICIId TOYOK, y SKUX JOTUYIHI JIO
iHTerpaJIbHUX KPUBUX MAIOTL CTAJIUi HanpsM. Taki JiHil Ha3uBaIOTh
i30KAatHamu. PiBnanns 3ok qudepeHniaabHoro piBHsaHas (2.2)
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Ma€ BUIVISL
flz,y) =k, (2.6)

ne k — nosimbHa crasna. 3mixondn B (2.6) 3nadeHHs k, OIepKIMO
MHOXKWHY 130KJIiH B 00j1acTi G. 3a J010MOror0 i30KJIiH 1 BitoMux cra-
mx KyTiB « (k = tg o) HAXWITy TOTUYIHUX 110 iHTErpaJbHIX KPUBHUX,
dKi TX MepeTuHAIOTH, MOXKHA CXEeMATUYIHO HOOY/IyBaTH iHTerpasbHi
KpUBi AudepeHItiaabHoro piBHAHHS. TaKuit MeTOI JOCTIIKeHHST TH-
depeHIiaIbHIX PIBHIHD HA3UBAIOTH MEMOJOM 130KATH.

3a JIOIMOMOTOI0 METOMY I30KJIH MOXKHA BU3HAYUTH TAKOXK TaKi
XapaKTepHi JiiHii it 06J1acTi moJist iHTerpajJbHUX KPUBUX: 00JIACTi 3pO-
cranss (upu k > 0), cnaganns (k < 0) iHTerpasbHIX KPUBHUX Ta JIHIT
ix ekcrpemymiB (k = 0). dxmo dynknis f(x,y) y piBuauani (2.2) gu-
dbepenritiosna, To 3a gonomororo Jpyroi noxinuoi y"’ = fi +y'- f, =
= fp + f - f, MoxHa BUsHAUMTH 06TACT OMyKJIOCTI Ta JiHIl TOWOK
IIePErvHy iHTerpaJibHUX KPUBUX.

Ilpukaan 1. 3a donomoz010 i30KkA1H HADAUICEHO 300PA3UMU TH-
meepasvhi kpuet pienanna y' = x(y — 1).
Pose’aszanmna. 3rigno 3 (2.6) pIBHAHHA I30K/IH Mae BHUIVISIT
x(y—1) =k, k € R. dxmo k = 0, To i3okminamu € npsivi = 0 i
y = 1. Bamosx mux ' = tga = 0. dkmo k # 0, To i3okminamMu €
rimepbosin y = g + 1. dxmo, nanpuknan, k = +1, o tga = £1,
a, orxke, o = +45°. dxmo k = +£0,5, To a = Farctg0,5 ~ +27°
i 1. 1. Ione nanpsimis audepennianbaoro pieasaas y' = x(y — 1)
3o0paxkene Ha puc. 2.6.

Sx1mo moste HanpsAMIB audepeHItiaabHOrO PIBHSIHHS T0OYI0BAHE,
TO JjIsl TOrO, 100 HAKPECJIUTH iHTErpaJibHy KPHUBY PIBHSHHS, T0-
TPibHO, AK BXKEe 3a3HAYAIOCH, B3ATH Ha IJIOMWHI OYIb-sIKy TOUKY i
IIPOBECTH Yepe3 Hel KPUBY TakK, o0 BOHA Yy KOXKHi#l cBOIit Toui 30i-
raJlach 3 HAIIPSIMOM IT0JIsI, TOOTO JOTUYHA 10 KPUBOI y KOXKHI TOIT
IIOBUHHA MATH HAIIPsIM BeKTOpa y mift Touri. [nrerpanbhi kKpusi 3a-
JTAHOTO PIBHSIHHS CXEMaTUIHO 300pakeni Ha puc. 2.7. B
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V'=0,5
- )‘:l
g V'==05
A =5
O = R x
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5. MexauiyHe TiiyMadeHHs AU epeHIliaibHOTO PiBHSIHHSI
HepIoro MopsiiKy Ta iioro po3w’sa3KiB. PosrisHemo 3amaay mpo
pyx matepianbpaol Toukn P B3moBkK oci Oz (3amada 1 3 jekii 1).
[Mosnaunmo mBuaKicTs Touku P depes v(t, x) — dyHKI0, 3a1eKHy
Bim wacy t i TIOJIOXKEeHHS X, dKe 3aiiMae TOYKa y MOMEHT dJacy t.
JudepeHiiabHUM PIBHAHHSIM IILOTO PyXy Oylie

dx

e v(t,x). (2.7)

Bynp-sikmit poss’si3ok © = x(t) piBusaus (2.7) BusHadae Ies-
HUI 32KOH PyXy (HOro Ha3uBaTUMEMO IPOCTO pyxrom). Sanada Korri
JUTs1 piBHAHHS (2.7) mOJISATaE y 3HAXOKEHHI TAaKOro pyxy = = x(t),
SIKUI BUSHAYAETHCsI PIBHSHHSM (2.7) 1 38/10BOJIbHSIE IOYATKOBY YMO-
BY $(t0) = X0-

Pyxy x = z(t) Bignosimae wa tromumui (¢,x) kpusa MyM;
(puc. 2.8), sika 300pakye 3aaexkHicTh & Bij t. [{io KpuBy Ha3MBaOThH
epagpixom pyxy (ue tpeba maytatu rpadik pyxy 3 TPAEKTODIEIO
pyxy touku P — Bigpiskom PyP; Ha puc. 2.8).

XA XA

) M,
[1 ) X=X,
X

0

P M

Y
Y

() ’l'} ‘( '([ 4 () "(u ‘( ‘(1 !
Puc. 2.8 Puc. 2.9

Posrsnemo okpemi Bunagxu piBusmus (2.7):
1) dyuknist v(t, ) He 3aneKUTH Bix T, To6TO %L = ¥(1);

2) dyukrisg v(t,x) #He 3a71eKUTH Bif ¢, TOOTO

dx
i v(x). (2.8)
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Pipusnms (2.8) HASHBAIOTE CMAYUIOHAPHUM 30O ABMOHOMHUM. Y
HBOMY MIBUJIKICTH 3aJI€?KUTH TIJIbKU BiJI ITOJIOXKEHHS] TOYKH.

ko mpasa YacTuHa piBHSHHA (2.7) IEPETBOPIOETHCS B HYJIb
Ipu ¥ = Tg JJIs BCIX 3HAYEHDb ¢, MO PO3IVIANAIOTLCS, TOOTO IITBUI-
KICTb PyXy y TO4Ii o B OyIb-IKHil MOMEHT Yacy JOPIBHIOE HYJIIO,
TO piBHsiHHs (2.7) Mae po3B’sizok x = xg (puc. 2.9). Ilbomy pyxy
BiamoBimae cman cnokxoro. TpaekTopieio MbOro pyxy € TO4YKa Xy,
Ky HA3UBaIOThb 1MOYKOM0 CNOKOM0 abo MOYK010 pieHoeazu.

Pexomendosana aimepamypa: |1, c.24 — 37,42 - 48|, (9, c. 7 -
14], [10, c. 7— 9, 31 — 37], [16, c. 14 — 22, 25 — 27, 97 — 104], [19, c. & —
25, 76 — 85|.

IIuranHga go Jjekiii 2

1. dxwuit 3araapHUil BUNIAI Mae 3BUYaiine audepeHiiaabie piBHIHHS
epiioro nopsiaKy? AKy OyHKI0 HA3UBAOTH PO3B SI3KOM IIHOTO DIBHSHHS
Ha 3aJlaHOMY iHTepBaJi (a, b)?

2. dxy dopmy 3BHUAHOTO AMdEPEHIIAILHOTO PIBHAHHS IMEPIIOTO
HOPsIZIKYy Ha3uBaloTh HopMasbHOO! Kk 3Bectu piBuauus M (z,y)dr +
+ N(z,y)dy = 0 no nopmasbuoi dhopmu?

3. dx dopmysoernes 3amada Komri mjist qudeperItiaibHOro piBHIHHS

4. Chopmymmoiire Teopemy Ileano npo icayBanHs po3B’s3Ky 3a1a4i Ko-
i ggist pisastaEs ' = f(z,y). Yu MOXKyTb iHTerpasbHi KpuBi piBHSHHS
y' = f(z,y) 3 HENEPEPBHOIO MPABOK YACTHHOIO MEPETUHATUCS ab0 JTOTH-
KaTHCs OJHA OTHOI!

5. Yu rapaurye menepepsaicTh (Gynkuil f(x,y) icHyBaHHA €IMHOIO
pose’a3ky 3agaqi Ko mua pisasuus y' = f(x,y)? Chopmysmoiite Te-
opemy Korri. Yu moxke icHyBaTu €1nHMil pO3B’ 30K ITi€l 3a/1a9i MPU HEBU-
KOHaHHi Oy/Ib-sIKOI yMOBH Teopemu Kori?

6. [laiiTe o3HAYEHHS 3araJIbHOTO PO3B’A3KY AUMEPEHIaJILHOr0 PiBHS-
s y' = f(x,y) y desxiit o6racTi icHyBaHHs Ta €IUHOCTI PO3B’A3KY 3aa4l
Komri. dxuit po3s’si30k HaszuBaloTh 3arajabauM inTerpajom? I1lo masusa-
IOTH 3araJIbHIM PO3B’SI3KOM y HapaMeTpuuHii dpopmi?

7. IlTo Take wacTuHHWMI pO3B’s130K piBHsAHHA §' = f(x,y)? Axuit pos-
B’130K Ha3uBaioTh ocobyimBuM? JlaiiTe reoMeTrpudHe TIyMadeHHs X PO3-
B’SI3KiB.

8. dkwuii reomerpuunuii 3mict MaloTh piBugnag y' = f(x,y) Ta ioro
po3B’si3ku? YK BU3HAYMTH HAXWJI IHTErpajbHOI KPHUBOI y 3aJaHiil Todi
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3a BUIJIAJIOM IIPABOl YaCTWHM PIiBHSHHA? K 1OOYIyBaTU 10JI€ HAIPSMIB,
Bu3HaueHe piBHstHHEAM y' = f(z,y)? Y "oMy mossirae reOMeTpUIHUI 3MICT
iHTerpyBaHHs [IbOI'O PiBHSIHHS?

9. Ilo Take izokaina? KM € PiBHSHHS I30KJIIH A/ Au(epeHIiaIb-
Horo pisagnua y = f(x,y)? Ak 3naiitu jainii ekcrpeMmymMis i jiHil TOYOK
[IEPErVHY IHTEerpaJbHUX KPUBUX I[bOTO PIBHSHHS! Y YOMY IOJISTAE METO/T
i30KJIiH HAOJIMKEHOr0 PO3B’A3yBaHHsI AU(EePEeHIiaIbHOTO PIBHSIHHS !

10. dAxuit mexamiyamit 3micT MaTh gudepeHIiajgbHe PIBHSIHHS
y' = f(x,y) Ta fioro poss’asku? fk nos’asanuii Mik co6or0 rpadik py-
Xy (po3B’d3Ky), BU3HAYEHUI UM DIBHAHHSIM, 1 TPAEKTOPis HBOrO pyxy?
Axuit pyX HA3UBAKOTH CTAHOM CIIOKOIO, SKUMU € Ipadik 1 TPAEKTOPist O~
ro pyxy?

Bropasu go gekiiii 2

1. Poss’stxkiTh 3amaqi Komri:
a)y +2°=1,y0)=3; 6)y =tgz,y(0)=5; )y =z, yle)=1.

2. BuznadiTh 3aKOH pyXy Tijla, fAKe PYXa€ThCA MPSIMOJIHIAHO 31 MIBUI-
kictio v(t) = 5t — 12 i s(2) = 4.

3. Kopucryiouncs Teopemoro Komri, Buainite obsacti, y gxux aude-
peHIiabHI PiBHIHHS MAIOTh €IUHUN PO3B’I30K:

a)y' =siny —a% 6)y =/2? —y+cosz; B)y =2y /f+a>

4. 3naiigits 3a gonomororo dhopmyi Ilikapa nabmmkenus y1(x), ya (),
y3(z) 1o poss’sasky samaqi Komi i = 22 + 42, y(0) = 0.

5. 3a JI0MOMOro MeTO/y 130KJIH MoOyayiiTe moJie HanpsiMis jmde-
penriagpaoro pisHauud ' = x2 4 y? Ta HAGIIZKEHO 306pa3iTh JEKiTbKa
iHTerpajJbHUX KPUBUX.

6. HanmumiiTs piBHSAHHS, SKOMY 38/I0BOJIbHSIOTD:

a) ycl TOYKH eKCTpeMyMy IHTerpajlbHUX KDUBUX  DIBHSIHHS
Y =2’y +y;

6) yci TOYKM HeperuHy iHTerpaabHUX KpUBUX pisHsanH:A ' = y2e?® — 4.
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Jlekmnia 3. /lesiki ki1acu nudepeHiaIbHIX PiBHSIHDb
MEePILOro IMOPSAAKY, iIHTErPOBHUX Yy KBaJpaTypax

Il1an

1. PiBHsSHHSA 3 BiIOKpEeMJIIOBAHUMHI 3MiHHUMHI Ta 3BiJHI 0 HUX.
2. OpmHOpiaHi piBHSIHHS.
3. PiBHgHHS, 3BiJHI 10 OTHOPIIHUX.

1. PiBHsIHHS 3 BiJOKpPEMJIIOBAHUMHN 3MIiHHHMHJ Ta 3BiIHi
o HuX. PosrisHeMmo mudepeniiagbae PIBHIHHS [IEPIIOrO MOPSIIKY

My (z)N1(y)dz + Ma(z)Na(y)dy = 0, (3.1)

Jie KOoxKeH 3 KoedirieHTin 611 mudepentiaiis € 100y TKOM JBOX ByH-
KITiit, OJHa 3 AKX 3aJIE2KUTH TIABKHU BiJl &, a 1HINA — TIABKHU BiJ Y.
Pipusinus (3.1) HA3UBAIOTH PIBHAHHAM 3 B6100KPEMAIOBAHUMU
3MIHHUMU.

Hnst inrerpyBannst piBasinnst (3.1) mOTPIGHO JOMOITHCS TOTO,
o6 KoedimieHT 6ist dr 3aIekaB TIALKHU Bix x, a KoedirieHT Ois
dy — tinbku Bix y. Ile mocsiraeThbest JieHHSM 000X YaCTUH PiBHSI-
HHs Ha 100yTOK M (z)Ni(y), mpudomMy BBayKaeMo, 3BHYAHO, IO
Ms(xz) # 01 Ni(y) # 0. Iicast mporo ojiep:yeMo

M () Na(y)

@)™ T M)

dy = 0. (3.2)

Pisasinnst (3.2) MOxKHA PO3IJIAIATH sIK PIBHICTH JaudepeHIiaiis,
TOMY IHTerpaJim Bif audepeHIia B BiApi3HIOThCI Ha CTaIy, TOOTO

M (x) d + /NQ(Z/; dy = C, (3.3)

M2 (x) N1 (y

zo

ne C' — JoBiIbHA cTasta, Tg, Yo — AedKi duciaa 3 obsracTi 3amaHHA i

HerepepBHOCTI KoedinienTis piBusaus (3.2). Cuissignomenms (3.3)

€ 3arajJibHUM iHTerpasiom piusiHHs (3.1). Moro MmoxHa 3ammcaTy Ta-
KOXK Y BUTJISI

M (z) Na(y)

@) ] M)

dy =C,
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60 BU3HAUEH] iHTerpaan 3i 3MIHHOI BEPXHLOIO MEXKEI0 i HeBU3HAUEH]
IHTerpaJjii € MEePBICHUMHU JJIsl OJIHUX 1 TUX caMHUX HiJIIHTerpaJibHUX
GYHKITH, a TOMY BiAPIZHSIOTHCS JINITE CTAJIUMU, STKi MOXKHA BKJIIO-
qntu B C.

ko a — po3s’st30k piBusnua Ma(x) = 0, To = a € po3B’sI3KOM
piBasiaas (3.1), 60 dz = 0, a Ms(a) = 0. Tak camo, sKio b — KOpiHb
pisusmua Ni(y) =0, To y = b — xopinp piBHaang (3.1).

Hudepennianbue piBasiaHst (3.2) MoxKHa 3amnucaT y OLIbII 3a-
raJibHOMY BUTIJIS/II:

M (z)dz + N(y)dy = 0. (3.4)

Pipusinus (3.4) Ha3suBalOTh PIBHAHHAM 3 6100KPEMAEHUMU
3aminrumu, a epexizn Bix (3.1) mo piBusamsg BunIsny (3.4) — 6i0-
OKPEMAEHHAM 3MIHHUL.

BaraapHnM iHTerpasoM piBHsHHS (3.4) €

/M(w) dz + /N(y) dy=C.

PiBusnng 3 BiIOKpeMIIOBAaHUME 3MIHHUME MOXKHA, 3aIIUCATH Ta-
KOXK Y BUTJISTI
y' = fi(z) f2(y). (3.5)
s interpysanus piBusanas (3.5) moTpibHO momiauTi 06HABI fHoro
qactuau Ha fo(y) (saxmo fa(y) # 0) 1 momuokuTH Ha dr (BpaxyBas-
mn, 1o dy = y'dz). Orxe,
—dy = fi(x)d
——dy = fi(z)dx
fa(y) ’

a TICJTd 1HTErpyBaHHS OJEPXKYEMO 3arajbHUI IHTerpas pPiBHAHHA

Ty, sik i st pisustnas (3.1), saximo fa(a) = 0, To y = a € po3B’a3KoM
piBHsiHHHA (3.5).

Ilpukman 1. 3inmezpysamu piehsarms

(2% +1)(y* — 1)dz + zydy = 0.
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Pose’azannsa. 1as BimoKpeMIeHHSI SMIiHHUX ITOMIIAMO OOMIBI da-
crunn pisagnns na z(y? — 1). Tomi:

_1dy:0 (x £0, y#+1l) =

241
/x—i— dx+/ 2y dy=C =
x ys—1

1 1 fdy?—1)

2 1 9
7+ln|x!+§ln]y -1 =C =

In |302(y2 —1)=20-2> = ]wQ(yz —-1)| = et o

:/Uz(y2 —-1)= Ce_xz,

Jie, BpaxoByIo4un JMOBLIbHICTE cTasol C', mepenosnaderHo + e?C gepes
C. Hagani y Takiii cuTyaliil BAKOPUCTOBYBATUMEMO 3HAK :=, HAIIPH-
kian, C = +¢e2C,

Orke, 3araJbHUM IHTETpaIOM 3aJaHOI0 PIBHSHHS €

y? =14 Cz 2. (3.6)

3’g1cyeMo Terep MOXKJINBICTD MOSIBU OCOOJIMBUX PO3B’3KiB 3a/1a-
Horo piBusgHHS. Jlerko nmepeBiputn, mo epyuxiiiz =0,y =1,y = —1
€ PO3B’sI3KaAMM PIBHAHHS, OJHAK Y 3arajbHOMY IHTErPaJi MiCTATHCS
Jmine jiBa octanHix (X MoxkHa orpumaru 3 (opmyan (3.6), AKio
C =0). Oyuxrisa x = 0 € 0cOOIUBAM PO3B’IZKOM.
Bidnoeiov: y2 =1+ Cax~2e7%", 2 = 0.

o piBHSIHHS 3 BIZOKPEMIIOBAHUMY 3MIHHUMUI 3BOISTHLCS PIBHSI-
HHSI BUTJISTY

y' = f(ax + by), (3.7)

ze a, b — nesiki cragi. Cupai, sIKIIO BUKOHATH 3aMiHy z = ax + by,

TO
z—ax ,_12, a
b Y7

i ny1a 3HaxOoMmKeHHsT (DYHKII 2 0JIEPYKYEMO PIBHAHHS 3 BiJOKPEMJIIO-
BanuMu 3minaumMu 2’ = bf(2) + a.

y:
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Ipuknan 2. Binmezpysamu pishanns y' = cos(z + y).
Pose’sazanns. Hexait z = x + y. Toxai

=14y = ¢y =4-1 = Z—1=cosz = 2 =1+cosz.

3Bigcu, axmo 14 cos z # 0, To

d d
72: :dx = /72 :(E-FC =
1+ cosz 1+ cosz

dz z
= tg = = .
/2cos2§ xr+C = g2 x+C

OrKe, 3arajJbHUM IHTETPAJIOM € & — tg % =C.

dxkmo 1 + cosz = 0, TobT0 2 = 7 + 27N, He n € Z, TO
y=—x+7m+2mn, n € Z. Ili posp’ss3ku € ocobauumu, 60 IX He
MOXKH& OJeprKaTH i3 3araJibHOTO IHTErpaJly IPHU >KOJHOMY 3HAYEHHI
crajoi C.
Bidnosidv: x — tg%ﬂ/ =C,y=—x+n+2mn,neZ.

Jlo po3B’si3yBaHHs PIBHAHD 3 BiJOKPEMIIOBAHIME 3MIiHHUMU TPHU-
BOJATH OaraTo 3a7ad MPUKIAIHUX HayK. Po3rjigHeMo OmHY 3 HUX
(muB. Takox 3ajadi 2, 4 3 ekl 1).

Bamaga 1. ITocyduna 06’emom 30 4 nanosrena nosimpam (80%

azomy i 20% wucrro). V nocyduny saxauyemwves 0,2 a4 azomy 6 ce-
KYyHdY, AKUG HENEPEPESHO NEPEMIUYEMBCA 3 NOBIMPAM. 3 Nocydury
BUMIKAE MAKA CAMA KiAbKICMY cymiwi. depes axut wac y nocyoumi
6yde 90% asomy?
Pose’sazarns. llosnaunmo uepes y = y(t) KiIbKICTh a30Ty y 10CY-
IuHI B MOMeHT 4acy t. PosriisineMo mestkmii mpomizkok gacy At = dt i
3Hali/IeMO 3MiHY KIJIBKOCTI a30Ty y TMOCYJINHI 3a 1eil TPpOMIiXKOK, BBa-
2Kalouu, o mporec piBHomipuuii. Akmo 3a 1 ¢ 3akauyernea 0,2 71
a3oTy, TO 4Yepe3 dt ¢ B nocymauny norpanuts 0,2 dt i1 azory. 3a nei
Jac i3 MOCYIWHU BUTEUYE Taka cama KiabKicTb cyMimmi. OcKijabku B
30 1 moBITPsT MICTUTBCI Y J1 @30Ty, TO y 1 JI CyMIimTi MiCTUTBCS % JI
asory, a B 0,2dt 71 cymimri € % -0,2dt 1 azory. Orxe,

dy = 0,2dt — % 02dt = 150dy = (30 —y)dt.  (3.8)
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Takum uMHOM, Ofep:Kaan PIBHSHHS 3 BIJOKPEMJIIOBAHUMU 3MiHHU-

Mu. 3IHTErpyeMo Horo:
dy dt

30—y 150

t
= —ln|30—y|:ﬁ+0 =

y(t) = 30 4 Ce /19, (3.9)

Dopmyta (3.9) BusHATA€E 3aragbHAl PO3B 130K piBHAHHS (3.8). 3
(3.9), BUKOPHCTOBYIOUH IIOYATKOBY YMOBY (3a ymoBoto 3aja4i y(0) =
= 0,8 - 30 = 24 1x1), 3naxoaumo 3HaudenHs craigoi C: 30 + C' = 24, a
orxke, C = —6.

Mincrapasioun C' = —6 y (3.9), omep:kyemo dopMyIty it 3Ha-
XOJIZKEHHSI BMICTY a30Ty y HOBITpI y Oy/b-siKMii MOMEHT 4acy t:

y(t) =30 — 6~ H/1%0,

BukopucTtoByoun mo hyHKIIO, BASHAYUMO Yac T’ KOJIM B TIOCYIUHI
Eyne 90% asory (27 x):

30— 6e /10 =97 = T/0O_g5 =
T=-150-1n0,5~ 104 c. W

2. Oanopinni piBasuas. Oyukunio f(r,y) HasuBaoTh 00HO-
Pi0HO10 GYHKULEI BUMIPY T, SIKINO I OyIb-IKUX T, Y, t ClpaB-
JIPKYETHCS TOTOXKHICTH

f(tx7ty) = tmf(xvy)'

o o 2,02
Hanpuiag, fi(z.y) = /251 28, fole.y) = avesin 54 e
onHopimanMmu GyHKIissMr BuMipiB 1 i 0 Bigmosizmno, 60

filtz, ty) = ¥/ (te)? + 2(ty)® = t- /2 + 24 = t'- fi(z,y),

)2 4+ (t)2 2, ,2
(t)” + (ty) — arcsin_ +Y =10 fo(z, y).

(tz)? — (ty)? vt —y?

fa(tx, ty) = arcsin

Judepenriianbie piBHIHHS

y' = f(z,y) (3.10)
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HA3UBAIOTH 00HOPIOHUM, SKIIO f(z,Yy) € omHOpiaHOI0 MYHKIHE BU-
wmipy 0.

IToxkazkemo, 1110 OMHOPIAHE PIBHIHHS MOYKHA 3BECTH 0 PIBHSIHHS
3 BiJIOKPEMJIIOBAHUMHU 3MIHHUMHU. $IKINO NpaBa YaCTUHA PIBHSHHS
(3.10) — omgmopinna dyukis Bumipy 0, To 3a oznadennam f(tz, ty) =
= f(x,y). dxmo nigcrasuru t = 1/z, o f(z,y) = f(1, y/x), a
tomy piBastiHEs (3.10) moxua 3anucaru y surism ¥ = f (1, y/x),
3BIJIKM BUJIHO, 10 B OJHOPIAHUX piBHsiHHsIX Bursay (3.10) mpasa
qacTrHa (BaKTUIHO 3aJI€KUTDH TITBKU BiJl 9aCTKW Yy /. 3 OIIsiAy Ha
e BUKOHAEMO 3aMiHy u = y/x, To6TO

Yy = uz,

ne u = u(z) — nosa mykana ¢yukiis. Tomi

d
"'=dr+u = Jvrt+u=f(lu) = xﬁzf(l,u)—u.

OpnepxKajn PiBHSIHHS 3 BIJIOKPEMJIIOBAHUMUI 3MIHHUMU. 3iHTErPY-
€MO #oro:

T VWA et s

T
du

Axkmo nosuauntu F(u) = [ f(liﬁ’ TO 3arajbHUil iHTErpas OJHO-

pigsoro piBasHHS (3.10) MOXKEMO 3aIllCaTH y BHIVISI
F(y/z)=In|z| + C.

Posp’siskamu oHOpigHOrO piBHsHAS (3.10) MOXKYTH OyTH TAKOK
dyukiil y = az (z #0), ge f(l,a) =arTax =0 (y #0), saki Mo
OyTu BTpadeHi mpu BimokpemseHHi 3minHuX. i pO3B’SI3KU MOXKYTh
OyTH 0COOIMBUMU.

Ipukmaan 3. 3inmezpysamu pisnanna 2y —y? +zy — 2 = 0.
Po3se’azarmsa. 3anucaBiiny PiBHAHHS Y BATVISI

/

y = (y* — xy +2?) [2?,
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TEPEKOHYEMOCDH, 1[0 BOHO € OXHOPigHUM, 00 #oro mpaBa JacTHHA €

omHOpinHOIO dyHKIeo Bumipy 0. Bukonaemo 3aminy y = ux. Tomni
/

y = u/x + u i, migcrasnsgioun 1 Bupasw jyig y 1y y piBHAHHS,
OJIEPKYEMO
p 2?2 +u?2? — 2%u du 9
Ur+u= 5 = z—=14+uv"-2u =
x dx
du dx
—s = — 1, 0) =
! Injz|+C = 1 ! =
——— =z u=1—-——
u—1 In|z|+C

Y 1 1
gy ) ([ —
x In|z|+C Y x( ln]w|+C’>

dAxmo v = 1, To y = & — ocobnuBuit po3B’sizok, a * = 0 — He €
PO3B’SI3KOM 3aaHOIO PIBHSIHHSI.

Bidnosidv: y = x (1 — m), Y=z

Axmo audepenIiaibie PiBHIHHS IEPIIOTO MOPSIIKY 3AIICAHE Y
BUTJIST
M(z,y)dz + N(z,y)dy = 0,

TO BOHO Oyje omHOpimauM, skio M(z,y), N(x,y) € ogHopimHuMu
dyHKIIsIMI 0aHAKOBOrO BUMipy. IIpomonyemMo dmnTadam camMoCTiiiHO
[IEPEKOHATHUCH, IO MAUdepenIiaabii PiBHIHHSI

(x+y)de + (x —y)dy =0, 2zxydr + (22 +y*)dy =0

€ OJIHOPITHUMU.
3ayBakuMo, 110 audepeHiiaabie PiBHAHHS

2 2 _
e i (3.11)

y=—""—""""
)

ojeprkaHe Ha JIeKIlil 1 y 3ama4di 3 npo dhopMy J3epKaa, sike 30upae
mapaJiesibHi IIPOMEHi B OJHY TOUKY, € OgHOpiaHuM. Po3B’s2KeMo iforo
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3a JIOMOMOTOIO 3aMiHu Yy = ux. 1ol

V2 +uz? —x due  V14+u2-1
-

u’x—i—u: = =

Tr— =
U dx U
u du B dx+c N
V1i4+u2—1—u2 x
1 d(1 4 u?)
— =Inlz| + C.
2) Vi+ut—1—u? 2

OcklnpKn

d(1 + u?) 9 9 2p dp
22‘1—|—u :p‘:/ =

Vi+tuZ—1-u p—p*
d,
—9 1_p:—21n]p—1|:—2ln’\/1+u2—1,
-Pp

TO

—ln’\/1+u2—1’:ln]x|+0 =

Vi+u2—1=Clz = u®>=(C/z)*+2C/z =

(y)sz 2 _ 90z + C2,

x 2

Omxe, 3arampauM inTerpasioM pisasamma (3.11) € y? = 2Cx + C?
(nopiBHsifiTe 3 PE3yJILTATOM, OJEP:KAHUM Ha JIEKIIl 1).

3. PiBusinus, 3BigHi mo omHopigaux. Posrisinemo audepen-
IiaJIbHE PIBHSHHS BULJISLY

,aix+bhiy+a

, 3.12
asx + bgy + co ( )

ne ai, az, by, by, c1, co — mesiki crami. ko ¢; i co omHOYACHO He
JIOPIBHIOIOTH HYJIIO, TO TpaBa YacTuHa piBHAHHA (3.12) He € oaHODI-
mHOIO yHKIEo BuMipy 0, a TOMy Iie PiBHSIHHSI HE € OJHOPITHUM.
OpnHak, SKIIO0

al bl

A a9 bg

7'5 0 = a1bsy 75 azbz, (3.13)
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To piBHsgHHSA (3.12) MOXKHA 3BECTH 10 OIHOPIITHOTO 3a JIOMOMOIOI0
3aMiH
r=m+a, y=n+/, (3.14)

Je craii « i 8 moTpibHO BUOpaTH Tak, 1mob

{a10é+ b8 = —ci,

1
asa + by = — co. (3 5)

Briguo 3 (3.13) A # 0, a Tomy Jiniitna HeoxHOpiAHA cucreMa (3.15)
Ma€ €INHUI PO3B’A30K, sIKHMI MOXKHA 3HAWTH, HAIIPHUKJIAI, 33 (HOp-
mysnamu Kpamepa. Ilincrasmsioan y (3.12) 3amicts 2 1 y Biamosigai
Bupasu 3 (3.14), onepKyeMo piBHsIHHST

dn B a1m+bln+a1a+blﬁ+cl
dm  agm + bon + aga + baB + ¢’

abo, BpaxoByioun (3.15),

dn aim + bin
_—= 3.16
dm  aom + ban ( )

Hudepenrianbre piBusgnas (3.16) €, 09eBUIHO, OTHODITHIM.

IIpuknazn 4. 3inmezpysamu pienanmnsa y' = g;fg:g

Poss’sazannsa. Ockinbku A # 0, TO BUKOHAEMO 3aMiny T = m + «,
y=mn+ [, 1e uncia « i § 3aJ0BOJILHSIOTH CUCTEMY PiBHSHD

a—+26 =3,
20+ = 3.
Jlerko smaxomumo, mo « = S = 1. Takum uwuHOM, Ticjs 3aMiHN

r=m+1, y =n+ 1 omep:KyeMo OTHOPi/IHE PIBHAHHHA

dn _ m+2n
dm  2m+n’
Hexait n = um. Toxui
1+ 2u 24u dm

u'm+u = duzﬁ (u#=+1, m#0).

=
24 u 1 —wu?



46 Pozgin 1. JUGEPEHIIAJIBHI PIBHAHHSA ITEPIIIOTO ITOPAAKY

InTerpytoun ocranne piBHSHHS, 3HAXOIIMO:

In

——ln‘l—uQ‘ =In|m|+In|C;| =
u—1 2

l+u=Cm*(1—u)? (C:=xC}H =
14+n/m=Cm?>(1—n/m)®> = m+n=Cln—n)

u—l—l‘ 1

Orxke, 3araJibHUM IHTErpajiOM 3aJ@HOTO PIBHSIHHS € & + Yy — 2 =
=C(z —y)3>.

Agmo v = 1, Ton = m, m # 0, TobTo y = x, x # 1. dxmo
u=—1,Ton=—m,m#0, 70610 y = —x+ 2, x # 1. llepmmuit pos-
B’SI30K € 0cOOJIMBUM, a Apyruit — yacruaaumM. Haperrri, skmo m = 0,
To © = 1, ajie st QPYHKIlSI HE € PO3B’SI3KOM 3aJIAHOT'O PiBHSIHHSI.
Bionoeiov: x +y —2=C(z —y)3, y==z.

ko 175 koedirienTis piBasians (3.12) He BUKOHYETbCS YMOBa
(3.13), To6TO
albg = agbl, (317)

TO a1 = Aag, by = Abg, a Tomy 3 piBusnus (3.12) BuIIMBAE, IO

)\(agx + bzy) + 1
' = = f(asx + bay),
y asx + bay + co f(az 2y)

TOOTO OJiepKaIi PiBHsIHHSL BUrJisiay (3.7), sike 3BOAUTBCS JIO PiB-
HSIHHSI 3 BiJIOKPEMJIIOBAHMMU 3MIHHUMU 33 JOIIOMOIOIO 3aMiHU z =
= asx + boy.

BayBaxkumo, 1Mo 3a BUKOHaHHs yMmoBu (3.17) jjist 3BEJICHHST PiB-
uaHHs (3.12) 710 pPIBHSIHHSA 3 BIJOKPEMITIOBAHUME 3MIHHAME MOXKHA
BUKOHYBAaTHU TAaKOXK 3aMiHUd z = a1 + b1y, 2 = a1x + by + ¢1 abo
z = a2$+b2y+62.

Ilpuknan 5. 3inmeepysamu pieHarHA
(x+y+1)dr+ 2z +2y — 1)dy = 0.

Po3ss’sa3arnsa. 3amane piBHSIHHS JIETKO MOYKHA 3BECTH [0 BULJIAILY
(3.12), asie poburn 1e He 060B’s13K0B0. OcKinbku A = 0, TO BUKOHAE-
Mo 3aminy z = x+y. Toai dy = dz—dx i, niacrasisiodn y piBHIHHS,
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OJIEPKYEMO PIBHAHHS 3 BiJIOKPEMJTIOBAHUMU 3MIHHUMUT:
(z+Dde+(22—-1)(dz—dz)=0 =
(2—2)dr+ (22 —1)dz =0.
3i"TerpyeMo oro:

2z —1
d
x+2

dz=0 (z#2) =

_9(2 —
/daﬂ-/%zz)dz:(? = z-3In[2—2|—-2z2=C.

3aMiHUBIIHM 2 Ha T+, 3HAXOIUMO 3araJbHUI iHTerpaJl y BUIIIA I
3In2—z—y|+x+2y=C.

Axmo z = 2, To y = 2 — x. Lle#t po3B’a30K €, 0UEBUIHO, OCOOIH-
BHM.
Bidnoeidv: 3ln|2 —x —y|+x+2y=C, y=2—x.

AHaIOrYHO IHTErPYIOTHCST PIBHSIHHST O1JIBI 3araJibHOTO BUTJISIILY

, <a1$+b1y+cl>

= 3.18
4 asx + boy + ¢ ( )

ne f(u) — HenepepBHa (bYHKIIiSI CBOTO apryMeHTY.

3ayBakKnUMO, IO [IesKi PIBHSHHS MOXKHA 3BECTHU JI0 OIHOPIIHIX

3a jionoMororoo 3amiaum y = 2™, ne z = z(x) — HOBa (DYHKIIsA, a
. . 2
m — geske uuciao. Hanpuknaz, y pisugnni iy = z + 1—3 3pobumo

srajiany saminy (y = 2™ = ¢y = mz™"12/) i BuGepemo m TakmM,

o0 ofiepKaHe PiBHSIHHS
2m m+1

mzm_lz’:x+z—3 = rnz’:L%-i
T om—1 3
6ysmo omaOpimauM. /s mporo moTpibHo, 106 MpaBa YacTUHA PiBHSI-
HHsI OyJ1a ogHOPiIHOI dyHKITEH BuMipy 0, TOOTO IUCIO ™M TOBUHHE
3aJI0BOJILHATH piBHAHHA m — 1 = 11m + 1 = 3, 3Bigku m = 2. O1-
JKe, 3a JIOIIOMOTOI0 HiJICTAHOBKH Y = 22 3ajaHe PIBHSHHS BIAJIOCS
3BECTH J0 OIHOPIIHOrO

22 =)z 4 2B,
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3IHTErpyBaTH SKe MPOIOHYEMO YUTAYaM CAMOCTIIHO.

Pexomendosara aimepamypa: (3, c. 11 — 39|, (9, c. 23 — 27],
14, c. 16 — 177], [16, c. 28 — 33, 56 — 61], [19, c. 27 — 37].

ITuranasa go gekii 3

1. dke mudpepeniiaibHe piBHSIHHST HA3WBAIOTH PIBHSIHHSIIM 3 BiIOKpEM-
JleHuMU 3MiHHUME? SK 3HAWTH 3arajbHUN IHTErpaJl TAKOrO PIBHSIHHS !

2. dke nudepenriiaabHe piBHIHHS HA3UBAIOTH PIBHIHHAM 3 BiIOKpEM-
JifoBaHUMHM 3MiHHUMU?! fK iHTerpyerbcst Take piBHsiHHs? AKi DyHKIHT MO-
JKYTh BUSIBUTHUCSI OCOOJIUBUMHU PO3B’I3KAME !

3. 3a jgonomoromo gxkux 3aMid piBuanag y' = f(ax + by) Moxkua 38ecTU
JI0 PIBHSHHS 3 BiIOKPEMJIIOBAHUMU 3MIHHUMU !

4. Ko dyukuia f(z,y) 6yme oxnopinaoio sumipy m? Hasexnits npu-
KJIaau ofgHopinanx dyukIii Bumipy 0, 1, 2, 3, a TaKOXK IPUKJIAIA HEOTHO-
pigHUX QYHKITIH.

5. ke mudepeniiianapHe pIBHSIHHS [IEPIIOTO MTOPSIKY HA3UBAKOTH OIHO-
pimarM? 3a T0MOMOTOI0 STKOT 3aMiHM ITyKaHOT (DYHKINI TaKe PiBHSIHHS 3BO-
JUTHCSA IO PIBHAHHSI 3 BiIOKPEMIIOBAHUMU 3MIHHIMUI?

6. dxoto mae GyTm mpasa wactuHa piBHstHHA y' = f(z,y), m06 BOHO
OyJ10 OIHOPIAHUM?

7. dxmo dyukuii M (z,y), N(x,y) onHOPiIHI, TO Y1 JOCUTH IBOTO s
toro, mob pisusinas M (z,y)dz + N(z,y)dy = 0 6yso oxHOpiaHuM?

8. Axumvu noBuHHI OyTH YHCTA €1, C2, OO AUdEpEHIiaJIbHe PIBHIHHS
(3.18) Gys10 omHOpiAHIM?

9. dxumu noBunui 6yTH uucaa ai, as, by, be, w6 piBHanHA (3.18)
MOXKHA OyJI0 3BeCTH 10 OJHOPiaHOro piBHsiHHs? Koy 11e piBHAHHS MOXKHA,
3BECTH Bijipa3y J0 PIiBHSAHHS 3 BIJOKPEMJIIOBAHUMU 3MIHHUMU !

Bopasu go gekiii 3

1. 3iaTerpyiite nqudepeHIiaabHi pIBHIHHS 3 BIIOKPEMIIOBAHIME 3MiH-
HUMU:

a)y =e" Y 6) y(1 —2?)dy — 2(1 — y?)dx = 0;
B) (y* +ay?)y’ = ya? — 22

2. 3HaiiniTh po3B’a3ku 3a1a4 Kormi:
Pit P 1t

N[

a) (1+e")yy' =e”, y(0)=1; 6)y =2y+1)ctgz, y(3)=
2
y

+
\/E

1
B) zy’dr + dy=0, y(1)=1.
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3. Binrerpyiite audepeHiagbai piBHIHHSA, 3BiAHI 0 piBHIHBL 3 Bij-
OKPEMJIIOBAHUMU 3MIHHIMHU:

20 4+y—1
' =2 3: 6 r—1; e A
a)y =2r+y+3; 6)(x+yy =1, B)y PP

4. O6rpyHuTyiiTe, MO PIBHIHHS € OJIHOPIIHUME, Ta 3iHTErpyiiTe iX:

a) ydx + (2y/zy — x)dy = 0; 6)y/:g+ey/z; B)y/:x-i-y.
T T—y

5. Binrerpyiite piBHSHHS, 3Bi/IHI 10 OJHOPIHUX PIBHSIHb:

a) (dy =3z —5)y + Tz —3y+2=0;
6) (2x + 8)dx + (3y — bx — 11)dy = 0.

Jleknia 4. /leski kiacu nudepeHiaIbHIX PiBHIHDb
MEePIOro IMOPS/IKYy, iIHTErPOBHUX Yy KBaJipaTypax
(mpo1oB>KEeHHs)

Ilnan

1. Jlimiftui piBHgHHS.

2. PiBusgana Bepryii.

3. PiBugnng y noBHux audepeHIiaiax.
4. InTerpyBajibHUIl MHOXKHUK.

1. JliuiitHi piBasgaHSs. JIiHIGHUM DIBHSIHHSIM [IEPITIOTO TTOPSJI-
Ky HA3WBAIOTh PIBHAHHSA, y AK€ IIyKaHa PYHKINS Ta 11 MOXiTHa BXO-
JISTH y IIEPIIOMY CTeIleHi 1 He mepeMHOXKYoThest. OTKe, JiHiiiHe piB-
HAHHS M€ TAKWH 3araJibHUil BUTJILA:

A(x)y' + B(z)y + C(z) =0, (4.1)

ne A(z), B(x), C(x) — nenepepsni dyukmii. B obracti, ne A(x) # 0,
piBasiaHst (4.1) piBHOCHIbHE DIBHSIHHIO

y' +p(z)y = q(z), (4.2)
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y sikomy nosHateno p(x) = B(z)/A(z), ¢(x) = —C(x)/A(z).

dAxmo x A(zxg) = 0, To po3s’siskoM piBusiHHs (4.1), 3amucaHo-
ro y audepenniansniii dopmi A(x)dy + B(z)ydx + C(x)dz = 0, €
T = Xg, y YOMY JIETKO TEPEKOHATHUCS 38 JIOTIOMOIOIO MiCTAHOBKU.
Hanpukian, poss’siskamu piBusinas x(x — m)y’ + sinx-y = tgx €
x =012z =mx. Coocib BigmykaHHs iHIINX PO3B’SI3KIB JHHITHIX piB-
HAHb OyJe HABEICHWI JaJIi.

Axmo dyukuii p(z) ta ¢(r) y piBasuHI (4.2) HemepepBHi Ha
nesskoMy inrepBadti (a,b), To 3rigHo 3 Teopemoro Komri wepes ko-
KHY TOUKY cMyTH @ < a1 < ¢ < by < b, —00 <y < 400 IpoxoauTh
enuHa iHTerpaabHa Kpusa. Crupasii, skio pisHsHHs (4.2) 3anmca-
tn y Bursaai ¥’ = g(x) — p(x)y, To ioro upasa wacruna f(z,y) =
= q(z) — p(z)y €, oueBUIHO, HENEPEPBHOI (DYHKIIE, & YACTUHHA
noxinna f, (r,y) = — p(z) obmezkena y miit obmacti. Y npomy BUIAL-
Ky piBHsiHHS (4.2) 0COBIMBUX PO3B’sI3KIB HE MAE.

ko GyHKIA ¢(2) TOTOXKHO JOPIBHIOE HYJIIO, TO piBHAHHS (4.2)
Ha3UBaIOTh ATHITUHUM 00HOPLOHUM, & SIKIIIO TOTOXKHO HE JIOPIBHIOE
HYJIIO, TO AIHITUHUM HE0OHOPIOHUM.

Jnist po3B’sizyBaHHsl JHIAHUX PIBHSHB MEPIIOTO TOPSJIKY BUKO-
prcTaeMo memod eapiauii doeinvroi cmanot (memod Jlazpam-
otca) (3 IHIIMMU MeTOJaMU PO3B’I3yBaHHs [IUX PIBHSAHL MOXKHA IO~
sHaffoMuTHCch, Hanpukiai, y [19, ¢. 41 —44]). Tus nporo sinrerpyemo
CIIOYaTKY JIiHifHE OJTHOPiIHE PIBHAHHS

Y+ p(z)y =0,

dKe € BOAHOYAC PIBHAHHSAM 3 BlIIOKPEMJIIOBAHUMU 3MIiHHUMI:

dy dy
@ Py = S=p@ds (y#£0) =
In|y| = —/p(x)dx—l—C’ =
y = CeJP@)de, (4.3)

Po3B’s130k JtiHifiHOrO HEOAHOPiAHOrO piBHsIHHA (4.2) HIyKaeMo
y Burszi (4.3), saminusimn JoBiabHy cramy C neskoro (yHKIHEo
C(x), TobT0 y BULISAI

y = C(x)e /@) (4.4)
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[Mincrasnsiioun (4.4) y piBustang (4.2), omepKyemMo

C/(x)e—fp(a:)dx _ C(x)p(x)e—fp(a:)dx +
+p(@)C(a)e IPO® = g(z) =

C'(z) = q(z)e/P@d = O(z) = / q(z)eP@drgy 4 O

ne C — moBlIbHA cTajA.
[Tincrassioun tenep 3naiineny dyukmio C(x) y (4.4), maemo
dopmyity 1yist 3araabHOTO po3B’si3Ky JiHiiHOrO piBHsHHs (4.2):

y = e JP@)de. </q(w)efp(m)dzdx + C’). (4.5)

IMpuknan 1. Binmeepysamu pishannus y' — 2y/x = x.
Pose’sazanns. Po3s’siykeMo BifmoBiHe JiiHiliHE OJHOpPI/IHE PiBHSIH-
Hsl:

2 d 2 d d
y-2-o = L o /—y:2/—x+0 =
x dx x Y x

Injy| =2z +C = y=Cz”

Po3sp’s130K 3a1aH0T0 JIIHIFTHOTO HEOAHOPITHOTO PiBHSIHHSI MTYKAEMO Y
purnani y = C(z)z?. TigcTapasaioan y piBHAHHSA, 0lepAKyeMO:
1

C'(z)x* + C(x) - 2z — %C(x)xQ =z = ((2)= - =

Cz)=ln|z|+C.

Orxe, y =22 (In|z| +C). |

3apava 1. Snatimu 3axon 3minu cusu cmpymy I 6 eaexmpu-
YHOMY KOAL 3 onopom R, camoindyxuiero L, ssasrcarowu, wo nanpyaa
U e cmanoro, a cuna cmpymy y nowamrosuti momenm dopienioe Ij.
Pose’sazanns. Jkio B KoJii Ji€ MocTiiiHA HAIPYTa, TO 38 3aKOHOM
Owma U = RI. dxmo nampyra 3MiHHA, & TAKOXK Y MOMEHTH 3aMUKAa-
HHSI 1 PO3MUKAHHS CTPYMY IIOCTIffHOI HAIpyru, B KOJII BUHUKAE Ca-
MOIHJIYKIIisI, STKa XapaKTePU3ye€ThCsl BHHNKHEHHIM eJIeKTPOPYIIiitHOT
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CHJIH, TIPOIIOPIIIHOI MBUIKOCTI 3MiHU CTPYyMY %. Orxke, BesIunHA

Ii€l JIOMATKOBOI eJIeKTPOPYIITIHHOI CHJIN 1HTYKITI JTOPIBHIOE L%, e
L — koedinienT mponopIitHocTi, akuit HA3NBaIOTL KOeMiIlieHTOM ca-
Moiuaykmil. K Bimomo 3 disuku, mosHa Hampyra U CKIagaeThes 3
HAIIPYTH, BUKJIUKAHOI SIBUIIEM CAMOIHIYKIIil, 1 HAIIPyTH, 00yMOBJIe-

HOI OIIOPOM KOJia, TOMY

dl
L— 1=
7t + R U,
3BIIKHI
dl R U
7 + fI =7 (4.6)

Hudepentianbue pisasans (4.6) — siniitne Bignocno dyskil (t).
. . . . . d[ R _
Binrerpyemo crnoyarky Bignosinme onnopimme pisnannsa G+ 71 = 0.

Bigokpemtoroun 3MinHi, 01epKyeMO:

dl R R

—=-Zdt = Wml=-=t+C = I=Ce /L

I L L +
Hexait tenep C' = C(t). Higcrapumo I = C(t)e /L y pipnanms
(4.6). Toxi

C/(t)e—Rt/L _ %C(t)e—Rt/L + %C(t)e_Rt/L _ g N
cw=Yemn o cw=Yeminic -

I(t) = (%eRt/L + C’) e B/,

Ockinbku 3a ymosoro 3agadi 1(0) = Iy, To, sIK JIerKo nepesipuTH,

C =1Iy—U/R, a orxe,

U U
I(t) = (EeRt/L + 1y — E) e RYL o

U U
I(t) = (IO - E)th/L + 5
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dkmo ¢ meobMerxeHo 3pocrae, To e /L meuako cnamae i npa-

KTUYIHO B2Ke 9epe3 KOpOTKI/Iﬁ HpOMi}KOK JacCy IIponec MOXKHa BBazKa-
T yCTaJIEHUM, a CHUJla CTPYMY BHU3HAYATHUMETHLCA 3a 3aKOHOM OM&,

TobTO [ = %.
Axmo Iy = 0, o I(t) = %(1 — e‘Rt/L) — cuJjIa CTPYMY IIpU 3a-

vuKanHi Komma, Axmo U = 0, o I(t) = Ipe™ B/L

CTpyMy IIpu po3MukanHi Kosia.

— CHJIa 3racaro4doro

3ayBaxKUMO, I[0 HABEIEHWI MeTOJ[ PO3B S3yBaHHS JHHIHHIX
PIBHSHb MOXKHA 3aCTOCOBYBATH TAaKOXK JO PIBHIHL BULVISITY
(p(y)x + q(y))y' =1, akimo y npuitHaTH 32 He3aJIeXKHY 3MIHHY, a T —
3a dyukiio 1miel 3minnol. Hanpukiiaa, piBHIHHS (y2 +22)y =y, B
saromy y = y(x), € meminifinum. OgHAK, SIKINO 3aMICATH fOT0 Y BU-
DTS Tl

y/:72?/ = l/: 2y = x’—gx:y,
Y4+ 22 z Y4+ 22 Y

TO MaEMO JIiHiflHe PIBHAHHS 3 TPUKJIaTy 1, AKINO & — Mykana QpyH-
KITisd 3MIHHOT Y.

2. Pipuauusa Bepuynii. Piusaus surisity

Y+ p(x)y = q(z)y™, (4.7)

Je m — JesdKe YNCJIO, HA3WBalOTh Pi8HAHHAM BepHyaai. ko
m = 0, To onepxKyemo JiHiiine HeomHOpiAHe piBHAHHA (4.2), a
AKINO M = 1, TO pIBHSIHHS 3 BIIOKpPEMJIIOBAHUMM 3MiHHUMEU 3 +
+(p(x)—q(z))y = 0, Tomy Hamasi BBazkarumeMo, mo m # 0, m # 1.

st po3B’sizyBaHbs piBHsAHHA BepHyJ/LIi, TaK caMo, K JIiHIITHOTO
PIBHSIHHSI, BAKOPUCTAEMO METO/T Bapiallil JOBiIbHOI cTasiol. 3iHTerpy-
eMo crouarky pisuanns y + p(z)y = 0. Moro saraisuuit po3s’s30k
nonaersest opuyiomno (4.3): y = Ce~/p@)dr,

Po3w’a30k piBHgHHS BepHysuIi MykaeMo y BUIJISI

y = Cla)e [P, (4.8)

ne C(x) — nesika dyukuis. Ilincrasisroun (4.8) y piBasHHS (4.7),



54 Pozgin 1. JUGEPEHIIAJIBHI PIBHAHHSA ITEPIIIOTO ITOPAAKY

OLEPIKYEMO

C'(@)e /P — C(w)p(w)e [P 4 p(2)C (x)e /P =
g(z)C™ (z)e~mIP@dE

( ) ($)e(1—m)fp(z) dx -

q(x) (1-m) [p(z dxdx N

x

((fc)) /q ed=mp(@)dr g0 0 =
1-m
C ((E) /q l—m)fp(x)dz de +C, =

1

—m

C(z) = ((1 —m) / g(z)el=m) P dz g | c)

[Tiycrasmsitoun 3uaiieny dbyukiio C(x) B (4.8), omepKyeMo 3araJib-
HUM pO3B 30K PiBHAHHSA Bepmyiii:

1

y:e—fp(z)dx ((1_m)/q( ) (1— mfpx)dzdx_'_C)—m

IIpu mbomy Mir 6yTu BTpadenuii po3s’sa3ok y = 0, akio m > 0.
Axmo 0 < m < 1, To neit po3B’s130K Oyie 0cOOIUBUM, & Ko m > 1,
o yactunuuM. g m < 0 dyukiisg y = 0 He € po3B’I3KOM PiBHSHHS
Bepmywi.

Ilpukman 2. 3inmezpysamu piehsarms bepnyani

/ _ 3

Yy —2y/r=—xy°.
Pose’azamnmnsa. 3aranbuuii poss’si30k pisugnus y' — 2y/x = 0 Oys
3HAICHHIT T1i 1 Jac po3s’a3yBanus npukaary 1: y = Cx?. Po3s’a30K
3aJ1aHOr0 piBHARHA myKaeMo y suriamni y = C(z) 22, Tligcrasnsioan
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V PIBHSAHHS, OJIEPXKYEMO:

C'(z)2? 4+ 2C(z)x — 20 (x)z = —C3(z)z"T =

dC(x
C'(@) = —C¥(2)a 038 — Pz (C(z) £0) =
C—2(x) z8 3
= ——EJrC = C(Cx)=4= S =
3 V322
= £22. =Y
y v 26+ C - Y Vb +C

Ao C(x) = 0, To y = 0. [Tpononyemo caMocTiiiHo nepekoHa-
THCs, O 1 PYHKIliST € OCOOIUBUM PO3B’SI3KOM.
Bionoeidv: y = +/32%(25 + C’)_l/z, y=0.

Samaua 2. 3uatimu Kpuei, Yy AKUT J08HCUHA 610PI3KY, AKUT 610-

munaec domuvna Hna oci Oy, dopisnioe keadpamy opouHaAMU MOYKU
domuxy.
Posze’sazanms. Hexait M(x,y) — noBiaibHa TOYKA IIYKAHOT KPUBOI
y = f(x). ¥ mouni M mposememo morumuny g0 Kpusol y = f(x) i
Hexail A — Touka nepeTuny i€l moTudHol 3 Biccio Oy, B — npoekiiis
touku M Ha Bice Ox (puc. 4.1).

)

Puc. 4.1

Ba ymoBoio 3amadi OA = BM?, upuuomy BM = y. Bigpisox
OA 3naiiniemo 3 piBasinust gornanol Y —y = f'(z) - (X — z), y ske
migcrapumo X = 0. Toni OA =Y =y — y/'x.
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TakuM 4YMHOM, OJEpP:KyeMo piBHgHHS Bepmymi y — y'z = y2, y
YOMY JIETKO IEPEKOHATHUCH, SKIMO 3alMCATA WOT0 BUTJISIL

Y —y/r=—y*/x.
Biurerpyemo criouarky pisusiung y' — y/x = 0:

dy _y dy _ dz
x

= = hlyl=hjz|+C = y=~Cuz
der =« Y

Posp’st30k piBusans Bepmymii mykaemo y surisiai y = C(x) z.
[TigcraBisitoun y piBHSHHS, OJIEPXKYEMO:

C'(z)z+C(x) - Cx) = - C*(2)z =

ac
C'z)=—-C%z) = ‘oo b —dr =
1 1 x
_ - C C(z) = = .
C(x) v = (z) x—C = ¥ x—C
Orsxe, MIyKaHUME KPUBUMH € Trinepbomn y = —*~. B

BayBaskuMo, IO HaBEJCHWI METOJ pO3B’SI3yBaHHS PIBHSIH-
Ha BepHysu MOXKHa 3aCTOCOBYBATH TaKOXK [0 PIBHAHL BUIJISILY
(p(y)z + q(y)z™) -y = 1, axkmo y upuiingaru 3a He3aJeKHY 3MiH-
oy, a ¢ — 3a ¢yukmio el 3vinnol. Hampukiaam, sKIo piBHSHHS
(2x — y?23) -y = y sanmcaru y Burasami
/ Yy i Yy ;2 3

= = I —-r=—-yx,

L Y23 o 2w — Y23 Y

TO MaeMo piBHsiHHSI Bepmysut, po3s’s3ane y npukiazi 2 (Ko BBa-
karu, mo = = x(y)).

3. PiBHanua y moBuux audepennianax. ludepenmiaabme
piBHSIHHS

M(z,y)dx + N(z,y)dy =0 (4.9)

HA3UBAIOTh PIBHAHHAM Y NOSHUX JdugdepeHuianax, siKIo iHo-
ro JiBa JacTHHA € MOoBHUM Judepentianom aeskol dynkmuil U(z,y),
TOOTO

M(z,y)dx + N(z,y)dy = dU(z,y). (4.10)
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3 (4.9), (4.10) BunuBae, mo piBasHH (4.9) MOXKHA 3amucaTn y
Bunani dU = 0, a ToMy 3arajbHUM iHTErpajioM PiBHAHHS Y TOBHUX
mudepentianax € U(z,y) = C.

V zaraabHOMY BUNQJKY CKJIAJIHO O€3M0CEPENHBO 3’sICyBaTH, U
€ 3aJ1aHe PIBHAHHA PIBHAHHAM y MOBHUX audepenIiaiax. Brazkemo
O3HAKY, siKa JIO3BOJIUTDH BIJIIIOBICTH HA Ie MUTAHHSI, & TAKOXK OJIUH i3
crrocobiB 3naxoKenus byukuii Uz, y).

[Mpunycrumo, mo dbyuxiii M (z,y) i N(z,y) y piBusuui (4.9)
HEIICPEPBHi y IESAKOMY MPSIMOKYTHHKY 3 IEHTPOM y Touri (Zo,Yo),
i He MepeTBOPIOIOTHCS OJIHOYACHO B HYJIb y Iiit Touri. Okpim Toro,
BBAXKATUMEMO, 1[0 Y 3raJJAHOMY IPSIMOKYTHUKY iCHYIOTb HEIlEpEPBHi
YACTUHHI ITOX1THI %—A; 1 %—JX

[Mpumnycrumo, mo cupapiKyerbes ymosa (4.10), Tobro JiBa da-
cruna piBusanusg (4.9) € moBanM gudepeniagoM. 3TiTHO 3 O3HAYEH-
HsM gudepenmiana GyHkiil aBox 3aminaux dU (z,y) = %—gdac—i— %—Zdy,
a TOMY

ou o

Ockinbru M (x,y), N(z,y) MatoTh HellepepBHi YaCTUHHI TOX1JIHI, TO
mimani noxignai dyskmil U(z,y) He 3amexkaTh Big HOPAaky aude-
pentiroBanus. OTxke,
oM o*U ON 0*U
oy  Oydx’ Ox  Oxdy’
3Bigcu BHACJIIOK PIBHOCTI MINMIAHUX MOXITHUX OJEPKYEMO HEOOXi-
JIHY yMOBY TOrO, 110 (4.9) € piBHAHHSAM Yy TOBHUX AudepeHiiaiax:
oM  ON
oy Oz’

(4.11)

(4.12)

[Mokazkemo, 1mo ymoBa (4.12) € Takoxk J10CTATHBOI, TOOTO 3a BU-
KOHAHHS Iij€l yMOBH JiiBa dacTuHa piBHsAHHS (4.9) € moBHEM nude-
penriiasiom gesikol dbyskiii U(x, y). 3rigao 3 (4.11) mykana dbyHKIisA
U(z,y) moBUHHA 33/ 0BOJBHATH yMOBY %—g = M (z,y). Vci Taxi dyn-
KITi1 MOXKHa, OITUCATA (DOPMYJIIOI0

U(z,y) = /M(x,y)dx + C(y), (4.13)
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ne C(y) — nosinbHa HenepepsHO audepenniiioBHa bYHKINS Big y.
Ockinbku dyukiis U(z,y) NOBUHHA TAKOXK 33J0BOJBHATU JIPYLY
ymoBy 3 (4.11), To

%/M@meuwsz@w. (4.14)

s Bukonanust ymoBu (4.14) moTpiGHO BiIIOBIIHUM YHHOM IIijii-
6parn dyukrmio C(y). [lokaxkemo, mo Takuii Bubip 3a BUKOHAHHS
ymoBu (4.12) zasxkan moxkimsuii. Cupasai, 3 (4.14) maemo

dwzw@w—%/mem

JliBa gacTuHa 1i€l piBHOCTI € (DYHKIIIEIO TIIHKA BT ¥, a OTKe, IpaBa
JaCcTUHA He 3aJIe’KUTh BiJl X, TOOTO IMOXijaHa 3a 3MIHHOIO T Bij Ipa-
BOI YaCTUHU MOBUHHA JOPIBHIOBATH HYJIO. [lepeKoHaeMOCh y IHOMY,
BpaxoBytoun ymoBy (4.12):

% (N(x,y) — %/M(w,y)c&) =
o) a% (2 [atteais) -

_8N(§”;y (8x/Mxy >:

8N(x y) OM (z,y)

oz oy =0

Hagesiene jioBeiennst jgocrarHocti ymoB (4.12) nae BojHOUAC CIIO-
ci6 Bimmykanusa Gyskiii U(z,y). OTxke, ciogaTky noTpibHO 3HATH
dyukuio U(z,y) 3a dopmysnoo (4.13), posmisiaroun y siK cTaly, a
notim 3 piaocti (4.14) suaiitu C’(y), iHTErpytoUn sike, OTPUMAEMO
C(y). Higcrasnsitoun suaiigeny dyukiuio C(y) y dopmyny (4.13),
marumemo dyukmio Uz, y). s onepKaHHas 3araJbHOTO IHTErpasy
piBHsiHHS y oBHEX nudepentianax (4.9), sk 6y70 10BeIeHO pamHiIre,
dyukuio U(z,y) 1oTpiGHO NPUPIBHATH 0 JOBLIBHOI CTAJIOL.

Ilpukman 3. 3inmezpysamu picharma

(2zy + 3y?)dx + (2° + 6zy — y?)dy = 0.
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Pose’asannsa. Tyt M(z,y) = 2xy + 3y?, N(z,y) = 2% + 62y — ¢?,
a oT¥Ke,
oM ON oM  ON

g _ 9 L9 - =
3y T + 6y, O r+6y = 3y O

st suaxomkenns dyukuil U(z, y) Maemo cucremy

oU oU
— =20y +3y%, — =2’ + 6zy — >
or oy
SuaityieMo BUpa3 s MIyKaHol (pyHKII 3 HePIIOro piBHAHHS CHCTe-
MU 1 IiJIcTaBUMO MOT0 Y ApyTe PiBHIHHS:

U(z,y) :/(Qxy+3y2)dx+0(y) =

Uz,y) = 2*y +329° + Cy) = Z—Z:x2+6xy+0’(y) =

246y +C'(y) =22+ 62y —9y? = C'(y)=—-y* =
Cly)=—y*/3+C.

3ayBakKuMo, 10 B OCTaHHIN (POPMYJIi JIOBUIBHY CTAJIy IHTErPYBaHHSI
MOXKHA TPUAHATH PIBHOIO HYJIIO, OCKIIbKHM HMOTPIOHO 3HaiiTH Xx04a 6
onny dyukuio U(z,y), mudepennian sikoi 36ira€Tbesi 3 JIBOIO Ya-
CTHHOIO 33JI]AHOTO PIBHSIHHS.

Orxe, U(x,y) = 2%y + 3zy? — 1° / 3, a 3arajJbHUM iHTErpajoM €
22y + 3zy? —y3/3 =C.

4. TarerpyBasibHuii MHOXXHUK. ZKimo (4.9) He € piBHAHHAM
y mOBHUX audpepeHIiagax, TO 3aBXK/IM ICHYE BiJMIHHA BiJ CTaI0ro
qucaa (PYHKIIsS, Micass MHOXKEHHsI Ha sIKy JiBa YaCTUHA PiBHSIHHSA
(4.9) crame moBHuM gudepenianoM (IoBeIeHHs BOTO (HaKTy MO-
JKHa 3HaiiTn, Hanpukiaazd, B [19, c. 54]|). o dyskuio HasuBAIOTH
THME2PYBANDBHUM MHOHCHUKOM TUHEPEHITIATLHOTO PiBHAHHA.

Hexaii qyis1 koedinientis pisasitnst (4.9) He CHPABIZKYETHCS yMO-
Ba (4.12) i mpumyctumo, mo p(x, y) — IHTerpyBaJbHIi MHOKHUK I[HO-
ro piBusnng. Tomi mjst KoedillieHTiB piBHAHHSA

u(x7y)M(x,y)dx + M((E,y)N(I‘,y)dy =0
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IIOBUHHA CHIPaBAKYBaTHUCH YMOBa

O(uM)  O(uN) o oM Ou ON

oy T o = Ma_y+“a—y_ 3x+uaw =
oM ON ou ou
( oy 8x> Nax May. (4.15)

Takum 9UHOM, IHTErpyBaJIbHUN MHOXKHUK (4(Z,y) € PO3B'I3KOM DiB-
HSHHSA 3 YacTHHHIME TToxXiganmMu (4.15), oqaak po3s’s3aTu 1ie piBHs-
HHd y 3arajJijbHOMYy BUIIQJKy 3HAYHO CKJIAJHIINE, Hi2K 3BUYANHE JU-
depenmnianbae piBasung (4.9). IIpore y okpeMux BHIIAQIKAX 3HANTH
iHTerpyBaJbHUI MHOXKHUK BIAETHCS JOBOJI JIerKo. Po3risneMo me-
K 3 ITUX BUITQJIKIB.

1. Hexait piBusinug (4.9) mae iHTerpyBasbHUIT MHOKHUK, SIKAI
SaJIe}KI/ITI) TibKK Big 2z, To6ro u = p(x). Toxi, BpaxoByoum, 110
8" =0, (% =& 5 (4.15) maemo

oM ON du dp 1 oM ON
= _ )= nNZE - . (== _ ==
<3y 8x> = (83/ 3w>dw

dx I N
Axmo dyHKIig B mpaBiii 9acTUHI OCTAHHBLOTO PIBHSHHS 3aJIEZKUTD

TiIBKY Bi 2, TOOTO
1 oM ONY\ (2)
N \oy 0z ) o),

TO, 3IHTErpyBaBIIN HOTO, OAEPKYEMO
() = el Pl

2. Hexait piBusnus (4.9) mae iHTerpyBaﬂbHI/H/I MHOXKHUK, AKAN
3aJIeXKUTh TIIBKU Bif y, T00TO 1t = p(Yy). Toni 3 —“ =0, g’; = Z—Z i3
(4.15) 3HAXOIIMO

oM ON d d 1 oM  ON
B Y Vi L N R P
oy ox dy 7 - M oy or
Axmo ¢yHKIig B mpaBiii 9acTHHI OCTAHHBLOTO PIBHSHHS 3aJIEKUTD
TIIBKY BiZ Y, TOOTO

1 ( oM ON

i (G- %) — v
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TO iHTeryBaJIbHI/IM MHOXKHUKOM €

u(y) = el Y@y, (4.16)

Ilpukmaam 4. 3a donomoz0t0 iHmezpYsasbHO20 MHONCHUKA 3TH-
mezpysamu, pisnanna (2xy? —y)dr + (y* + x +y)dy = 0.
Poszs’sazarns. Maemo: %—]\; =4zy — 1, %—JX =1, a Tomy %—]‘; %+ %—g.

OcKIIbKNI

M

dy oz

1 (OM 9N _¢w—1—1__g:¢()
Ty oy WD

TO, CKOpHUCTABIINCH Gopmynoo (4.16), 3HaX0AUMO IHTErpyBaJIbHIIA
MHOXKHUK:

—2 [ —2In -2

ply) = e 1 = el = =2,
dAximo TOMHOXKHTH OOMABI YACTHMHH 3a4aHOIO PIBHSHHS HA
wu(y) = y=2, To ofepKyeMO DIBHAHHS y TIOBHEUX udbepeHtianax

(22 — 1/y)dz+ (1 4+ z/y* 4+ 1/y) dy = 0, 60 17151 HBOrO BUKOHYETHCsL
ymoBa (4.12):

B D))
Ockinbku
(22— 1/y)de + (1 +2/y* + 1/y)dy = d (2* —z/y + y + 1ny|),
TO ONIYKaHUM 3araJIbHUM iHTeraHOM €

2 —z/y+y+injy=C. =

PosrnanyTti Ha jeknigx 3, 4 TUNU PiBHAHL HE OXOILIIOIOTL yCiX
piBusHb Bursay y' = f(x,y), ki MOXKHa 3iHTErpyBaTH y KBaJIpaTy-
pax. Bararo iHmmx Takux piBHsSHb MOXKHA 3HAfTH y 1OBIAHUKY [6].
Binprmicrs 3 HEX ab0 HaJeXKaTh 10 PiBHSHB, BUBUEHNX Ha, JIEKITSX
3, 4, abo 3BOASTHCS JI0 HAX 3a JOIIOMOTO0 3aMiH.

Pexomendosana aimepamypa: [4, c.25 — 29, 34 — 44], (9, c.28 -
41], [16, c. 69 — 96, [17, c. 31 — 36, 40 — 42, 90 — 101], [19, c. 37 — 57|.
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IMuranns mo gekuii 4

1. dxwuit 3aragpHUil BUJIsA Mae JiiHiHE audepeHiiajbHe PiBHSIHHS
epIoro nopsiaky? fxa piszHuis MiXK JIHITHUM HEOTHOPIIHUM 1 OIHOPI-
JIHUM DIBHSHHSIMU?

2. Yu mae miniiine HeOmHOpPIiIHE PIBHAHHA 3 HENEpepBHUMU Koedirri-
eaTamMu 0cobJimBl po3B’sa3ku? Bimmosins oOrpyHTYHTE 3 BUKOPUCTAHHSM
Teopemu Korrri.

3. Y doMy mosidrae MeToJ, Bapiallil JJOBLIBLHOI CTAJIOl iIHTerpyBaHHS JTi-
HIAHOTO HEOJHOPIAHOrO PiBHSHHSA!

4. Skuit 3aranbunit BUurs pisasaas Bepryiuii? Y domy mossirae Me-
TOJ, Bapialil JOBUILHOI CTAJIOl IHTEIrPYBaHHS I[LOTO PIBHAHHA? Uu MOKe
piBastHEs Beprysa maru ocobsmBi po3s’s3ku?! Bin doro me 3amexurs?

5. dkumu nosunni O6ytu dynakuii M(z,y) i N(z,y), mob piBHsHHS
M(z,y)dz + N(z,y)dy = 0 6yno piBHgHHAM y HOBHEUX audepenijasiax?
Ax dopMmymioeThCsa HEOOXiTHA 1 TOCTATHS O3HAKA TOTO, MO0 e PiBHIHHS
Oys10 y noBHuX judepeHnmiagax”?

6. fx 3inTerpyBaTu piBHSIHHS Y TOBHUX Judepen tiamax? Sxuit BUursi
Ma€ 3araJibHUil IHTerpaJsl TAKOro PIBHAHHS !

7. Y oMy mOJIITa€ MEeTO/T IHTerpyBaIbHOrO MHOXKHUKA! HaBemiTe dop-
MYJIH JIJTsl 3HAXOPKEHHs IHTErPYBAJIHLHOIO MHOKHUKA.

Brapasu go aekiiii 4

1. Cepen, HaBeieHUX PIBHSIHB BiinykaiiTe JiinifiHe piBHsAHHS Ta 3iHTe-
rpyiiTe oro MeTooM Bapiarii JIOBIJIBHOI CTaJIOl:

/

a)y' = (r—y)* ©6)ay +2y—xy’ =0; )y =dy+e*

2. JoeemiThb, mo piBHAHHEA Yy’ + y = 2COST Ma€ €IUHUI IIepioanIHIM
PO3B’sI30K, a BCl IHII pO3B’A3KH IIPSMYIOTH J0 HBOI'O IIPU & — 400 (sBuIle
KOHBEpIeHIl).

3. HoBeniTp, 110 JiHiiiHe HeOXHOPiIHE PIBHAHHS MOXKHA 3iHTErpyBaTH
3a JIOMTOMOT'OI0 3aMiHM Y = UV, Jie U — JYACTUHHUN PO3B’I30K BiIOBIIHOIO
onuopiznoro pisusaus (Meron Beprysuii).

4. JloBeniTh, 110 pO3B’S30K JIHIHHOIO HEOJHOPIIHOTO PiBHSHHS JTOPIiB-
HIOE CyMi Oy/Ib-SIKOTO HOTO YaCTUHHOTO PO3B’sI3KY 1 3arajbHOTO PO3B’ 3Ky
BIJIIIOBITHOTO OJTHOPIJTHOTO PiBHSIHHS.

5. CepeJ HaBeJieHUX PIBHAHD Bijmykaiite piBusaus Beprysii Ta 3iH-
Terpyiite oro:

a)y +ay =y sina; 6)y +2y =21 B)y =(r+y)>
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6. Josenirs, mo piBuguus Bepuyiii (4.7) MoxKHa 3BecTH 0 JIHIAHOIO

piBHAHHS 3a I0IOMOroIo 3aMminu z = y'~™. 3imrerpyiite muM croco6oM
2

piBusHES 2y = y + 22y 2.
7. Hosenits, mo pisusauns Pikkati y' = a(z)y? + b(z)y + c(x) 3a g0-
IIOMOTO0 3aMiHU Yy = z + Y1, JIe Z — HOBa (DYHKIIis, y; — HOro YacTUHHUN
PO3B’S30K, 3BOJUTHCS 0 PiBHsIHHS BepHyJ/Li.
8. Cepen, HaBeleHUX PIBHSIHB BiJIIIIyKaliTe PIBHIHHS Y MOBHUX jude-
peHItiajax Ta 3iHTerpyiite fioro:

a) (ye® — e¥)dz = (ze¥ — e®)dy; 6) 3x%e¥dx + (z3e¥ — z)dy = 0;
B) (ysin2z + z)dz + (y? — cos 2x)dy = 0.

9. SmaiiziTe iHTerpyBaJbHUIl MHOXKHHWK JHHITHONO  pIiBHSHHS
y +p(x)y = q(xr) ma poss’skiTh He piBHAHHA 3 HOro  JIOIOMOIOIO
(merop Eiinepa).

Jleknia 5. HesBHi qudepeniaibHi piBHIHHS IIEPIIOTro
MOPSIKY

Ilnan

1. OcHOBHI O3HAYEHHS i ITOHSITTS.

2. OkpeMi BUIIAJIKU IHTEIPOBHUX HEIBHUX JUQEPEHIIaJIbHIX PiB-
HSHB TIEPIIOTO MOPSIKY.

3. PiBugamrna Jlarpamxka Tta piBusums Kiepo.

4. 3ajiava Ipo OPTOrOHAJIBHI TPAEKTOPIl.

1. OcuoBHi o3HavenHsi i1 noHaTTsd. Hessnum dudepen-
ULANBHUM PIBHAHHAM NMEPULO020 NOPAdKY (Judepenyianrvrum
PIBHAHHAM NEPULO20 NOPAIKY, HE PO3E AZAHUM BIOHOCHO NOTIOHOT)
HA3WBAIOTH CITiBBIIHOIITEHHS BUTISLY

F(w,y,y’) =0, (51)

ne byuknis F(x,y, z) nenepepsa B jesxiit obmacti D C R3.
Oynkrio y = y(x), fgka BH3HAYEHA 1 HElepepBHO TrdepeHTli-

ffoBHa Ha inTepBayi (a,b), HA3UBAIOTL PO36 a3Kom pisHsHHs (5.1),

SAKITIO Ha IIbOMY IHTepBaJi BOHA MTEPETBOPIOE WOTO §¥ TOTOXKHICTD.
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Axmo piBugnansg (5.1) MoXKHA PO3B’'sI3aTH Uepe3 eleMeHTapHI
dyuKIil BimHOCHO Y/, TO OFEP:KUMO OfHE abo JeKiIbKa PIBHSHb,
PO3B’SI3aHNX BIIHOCHO IOXITHOT:

y/:fk(aj7y)7 k:172?"'? (5.2)

ne fr(x,y) — miticai dyskmil, Tobro inTerpyBanus piBasHHS (5.1)
3BOJIUTHCSL JI0 IHTErpyBaHHsl KOKHOTO 3 PiBHsAHB (5.2), OCHOBHI TUIIH
AKUX PO3IVISIAJINCH Ha JIEKIigax 2 — 4.

Ipukaazn 1. 3inmezpysamu pisnanma y'> — 4y = 0.
Po3zs’sazarnsa. 3amane piBHIHHS PO3MAIAETHCS Ha IBa PIBHAHHS 3
BiJOKpeMioBaHnME 3MinanMi: §' = 2,/y 1y = —2,/y.

BaragpbHEM PO3B’A3KOM Trepmioro 3 mux € y = (z + C)2, e
x> —C, a apyroro — y = (x + C)?, ne * < —C. 3 reoMeTpuIHOl
TOYKM 30py Tie O3Havae, Mo KoyxKHa mapabora y = (z + C)? e inTe-
rpajibHOI0 KpuBoio. OKpiM TOro, po3s’sskoM pisasnusg € y = 0.

Y

0] x
Puc. 5.1

BajaHe pPIBHsIHHS Ma€ TaKOXK 0e3/d pO3B’s3KiB, sSKi MOXKHA
«CKJIEITU» 3 YaCTUH HaBeJeHWX Buille po3s’s3kiB. Hanpukias, ta-
KUMU PO3B’I3KaMu Oy/IyTh PYHKITIT

(x4 1)2, axmo z < —1,
y =<0, akmo —1 <& < 1,

Y= {O, gk r < 1,
(x —1)2, axmo x > 1,

(x —1)2, axmo = > 1,

rpadiku gKkux 300parkeni Ha puc. 5.2 1 5.3 Bianosigro. OpHak Hagasi
TakKi PO3B’SA3KM MU HE PO3IUISAIATUMEMO.
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Yy Yy
0] 1 x -1 O 1 x
Puc. 5.2 puc. 5.8

Bionoeidv: y = (x + C)?, y = 0.

Hesisae nudepeniiaibae pisasiaas (5.1), Tak caMo, siK i piBHsIH-
Hsl, PO3B’d3aHe BiAHOCHO ITOXIIHOI, BusHadae Ha momuHi Oxy mesake
1oJie HalpsiMiB. AJie Terep, sik MpaBuiio, y 3ajauiii rourt (xg, yo) Ma-
TUMEMO He OJIWH, & JEeKLIbKa HAIPAMIB I0JIsI, 00, PO3B’A3yI09n PiB-
usunst F (g, yo,y') = 0 BiguocHo y', 3a3Buvaii 0/1ep:KyeMo JeKiIbKa
nmificaux posB’s3kiB. Hanpukian, piBHAHHS 3 NpUKIamLy 1| BU3HAYAE
y KoxHiit Touri (o, %), e Yo > 0, 1Ba HAIPAME HOJIS: §) = 2,/Yo i
yh = —2/yo- Y KoxHiit TOUII (20,0) oci Ox ne piBHsHHS BU3HAYAE
TIILKA OJMH HAIPAM IOJIS: yi|(m0’0) =0.

3adavwa Kowsi nysa pisusnas (5.1) dbopMymmoeTbest Tak camo,
K 1 JJ1s1 PIBHSHHS, PO3B’SI3aHOI0 BITHOCHO TOXiHOI, a caMe: IOTpi-
6HO 3HalTH PO3B’30K Yy = y(z) piBHsaHHA (5.1), SKUIl 3370BOJIBHSIE
ITOYIATKOBY YMOBY

y(70) = Yo (5.3)

IIpu oMy, SKIIO pO3B’A3KiB, AKi 3a/0BOJBHAIOTH TOYATKOBY YMOBY
(5.3), He Gisbiie, HiXK KiTBKICTH HANPSIMIB T10JIsI, BU3HAYEHOI'O DiB-
usaEsM (5.1) y miit Tourni, To6To He Glible KiTbKOCTI PO3B’SI3KIB Y,
pisusinas F'(xg, y0,y’) = 0, To kaxyThb, mo 3agada Komi (5.1), (5.3)
Ma€ €IuHUi pO3B’A30K. B iHakIioMy BUIAJIKY KaxKyTh, [0 €IUHICTD
PO3B’aI3KY IIi€l 3a1a1i TOPYIITYETHCS.

Hexaii y, — oquu 3 aificnux kopenis piBustHEs (5.1). 3’scyemo
YMOBH, 3a sIKUX ICHY€ €JMHa iHTerpajibHa KpuBa piBHsHHs (5.1), 1110
IPOXOJUTH Yepe3 TOUKY (Zg,Yo), MPUIOMY MOTUIHA 110 Hel y I
TOYI yTBOPIOE 3 AomaTHUM HanpsaMoMm Ox KyT &g, TAHTEHC SKOTO
JIOPIBHIOE Y.
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Teopema. Hexatl sisa wacmuna piswannsa (5.1) sadososvhae
maxi YmMoGu:
1) ¢pynxuia F(xz,y,y") susnauena i nenepepsra paszom 3 4acmuh-

HUMU  NOTIOHUMU %—5, 3_5/ 8 0eaAKoMY 3GMKHEHOMY OKOAL MOUKU

(%0, Y0, )5

2) F(zo,y0,9)) = 0;

OF

3) %' (z0,Y0,Y0) 70
Todi pierannsa (5.1) mae edunuti pose’szox y = y(x), susnauenud i
nenepepero Judepenyitiosrnuti Yy 0eaxomy 0KOAL MOUKY T = T(, AKUL
sadosoavhse nowamkosy ymosy y(xo) = yo, 1 makud, wo y' (xg) =
= Yp-

JoBesienHs 1€l TeopeMu MOXKHA 3HAlTH, Hanpukiaam, B [19,
c. 63 — 64].

Jnst Bimmykanns oOBimgHOI ciM’l iHTErpaJbHMX KPUBUX MOXKHA
ckopucraTuch TakuM npasuiaom ([19, c. 82 — 85]):
1) ckmacTu cucreMy pDiBHSIHB

@(x,y,C’) =0,
{(I),C(xvyvc) =0, (54)

e ®(x,y,C) = 0 — 3aranpauil iHTerpas audepenIiaabHoro PiBHSIH-
us (5.1);

2) i3 cucremu (5.4) 3a JIONOMOrO0 BUKJIIOUYEHHs mapamerpa C
snaiitu kpusy ¢(z,y) = 0;

3) 3 xpusoi ¢(r,y) = 0 Buiyuutn touku, e P, i &) ommoua-
cHO JOpiBHIOIOTE HyJ0. Permra kpuBol ¢(z,y) = 0 i 6yae 06BigHOIO
3aJaH01 ciM’T iHTerpajJbHUX KPUBUX.

2. Okpemi Bumagkm iHTErpOBHUX HEABHUX AudEpeHIli-
aJIbHAX PIBHAHDb IMEPIIOro IMOPAAKY. Po3risineMo HesKi THIn
HesIBHUX UDEPEeHIalbHuX PiBHAHD BUrIsiay (5.1), /uis SKUX icHy-
IOTh 3arajbHi METOIM PO3B’si3aHHdA. HailnpocTiluMm 3 HUX € PieHs-
HHA, AKE MICTMUMDb MIALKU NOTIOHY, TOOTO PIBHIHHS BUIJISIILY

F(y') =0. (5.5)



Jlekuis 5. HesiBHI qudepennianabti piBHAHHS IEPIIOTO HOPSAIKY 67

Hexait piBasnms (5.5) Mae qesky (ckindenny abo HECKIHYIEHHY ) KiTb-
KIiCTb JIificHUX pO3B’sA3KiB Y/ = kj, 7 =1,2,..., ne k; — crani. Hani,
OCKLJIBKH

y—C

y':k‘j = y:ij+C’ = kj= ,
x

TO OJIEPKYEMO 3arajJbHUN IHTErpaJl MHOTO PIBHAHHS y BUTJISII

F(y_c> = 0. (5.6)

xT

Ipuknan 2. 3inmeepysamu piensamumna > — 3y'? +2 = 0.
Poseg’sa3arms. 3rigno 3 dopmynomwo (5.6) onepKyeMo 3araabHA iH-

TerpaJl
3 2
(y C) —3<y C) 12=0 =
XT XT

(y—C)P —=3z(y—C)?+22°=0. W

Judepentiianbie piBHAHHS BUTJISLY

)" +ar(z,y) )" + ..+ ana (@, )y +an(z,y) =0 (5.7)

Ha3UBaIOTh PIBHAHHAM NEPULO20 NOPAIKY cmeneHs M. 3rigHo
3 OCHOBHOIO TeopeMoro ajrebpu piBusuHs (5.7) Bu3HadYae N 3Ha-
YyeHb Jyid Y. SIKIo BIAKMHYTH KOMILIEKCHI KOPeHi, TO MaTUMeMO 1M
(m < n) qudepeHniagbHIX PIBHIHD [EPIIOrO HOPSIKY, PO3B’sI3aHIX
BIJTHOCHO TIOXiJTHOT:

y/:fl(xvy)v y/:fQ(iU7y)7 SRR y/:fm(xvy)‘ (58)

CykymmicTb 3araJbHUX PO3B'si3KiB y = ¢k (x, C) abo 3araabHuX
inrerpanis i (x,y,C) =0, k =1,2,...,m, pisagnb (5.8) € 3aranb-
HuM inTerpasom pisasanns (5.7). Moro Moxkma sammcaTté Takox y
BUTJISIIL

(y—e1(z,C0)) - (y — (2, C)) - ... (y — m(z,C)) =0
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abo
(I>1(3U,y,C) ' (I)Q(l',y,C) et @m(x,y,C) =0.

Akmio xoua 6 ogHe 3 piBHsAHB (5.8) Mae 0cobJUBI PO3B’A3KH, TO
BOHH Oy/IyTh TaKOK OCOOJIMBHME PO3B’si3KaMu piBHsAHHS (5.7).

Ipukaazn 3. 3inmezpysamu pisnanmua y'> — 2yy’ /x—1=0.
Po3zg’sazarns. Po3s’ss3yioun 1ie piBHAHHS sIK KBaIpPaTHE BiIHOCHO
y', ollepxkyeMo JiBa oHOpPiHI nudepeniianbhi piBHAHHS (JIeKITist 3):

y =y/r+\/(y/z)’

Bukonyroun 3aminy y = ur, MAEMO JBa PIBHIHHS 3 BiIOKpeM-

JIIOBAHUMHU 3MIHHUMUT:
! . !
vr=+vVu2+1 i vr=—-VuZ+1.

3iHTErpyeEMo mepiie 3 HUX:

_dw  _de = ln‘u+\/u2+1‘:ln1x|+0 =
T

uz +1
ut+Vui+l=Cr = u*+1=(Czx—u)? =
C?z? -1 N y C?2?—1 N C?z? -1
U= ——— =" - -_- -
2Cr T 2Cx 4 2C

AHaIoriuHO MOXKHA [TOKA3aTH, IO 3arajJbHUM PO3B’sI3KOM DiBHSI-

mnst u'r = —Vu? + 1 ey = S7,
Bidnosidv: y = (C*z* — 1) /(20), y = (C* — 2?)/(20).

Hexait piBusiaas (5.1) MOKHA PO3B’si3aTH BiTHOCHO Y, TOOTO BOHO

Mag€ BUTJIA

y=f(z,y). (5.9)
Toxi MO’KHa BUKOPHCTATH MeMod 68edents napamempa. Ilozna-
qumo iy’ = p(z), Tomi 3 (5.9) maemo cuissignomenns y = f(z,p),
MDEPEHIIIOIYHN SIKe, OJIEPIKYEMO

afd —l——fdp = ydz=

ox Op
3f
8])

afdx + a—fdp =

dy = oz Op

pdx = 8—fdx + == (5.10)
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[Tpumycrumo, 1o 3HaiifgeHo 3aragphuii po3s’'sizok © = ¢(p, C)
pisasians (5.10). Toui, mincrasistoun fioro y y = f(x,p), oxepKumMo
3araJbHAN po3B’s130K piBHsgHHA (5.9) v mapamerpmaniit dopmi

z=0p,C), y=f(op,0),p).

ko BacTbes 3HafTH 3arajabHU po3s’sa30K piHsHHA (5.10) y BU-
rgni p = h(x,C), To OTPEMAEMO 3arajbHUl PO3B’SI30K DPIBHSHHS
(5.9) y sBrOMY BurIsam y = f(z, h(z,C)).

Axmio piBasians (5.10) mae ocobuBuit po3s’si3ok p = ¥(x), To
y = f (z,9(z)) moxe Oyrn ocobsmBuM po3B’st3KOM piBHsAHHS (5.9).

Ipuknazn 4. 3inmezpysamu pienanmna y =y 2 3zy’ + 322
Pose’azannsa. Hexait y = p. Toni
_ 2 2
y=p° —3wp+ 3z (5.11)
Baudepentioemo (5.11), Bpaxosytoun, mo dy = y'dx = pdx:
dy = 2pdp — 3xdp — 3pdzr + 6xdx =
pdx = (2p — 3z)dp — (3p — 6z)dx =
(2p —3z)dp —2(2p — 3z)de =0 =
(2p —3z)(dp —2dx) =0 = dp=2dx abo 2p — 3z = 0.
Orxe, omepKaJnd [Ba PIBHAHHA. 3 NEPIIOr0 3 HUX 3HAXOINMO

p = 2x + C. Hiacrasnsoun 3Haiinene 3uavennst p y (5.11), oxep-
JKYEMO 3arajbHUI PO3B’SI30K

y=02x+C)? 3220 +C)+32° = y=2>+Cx+C%

3 pisnsanng 2p — 3z = 0 3HaxoauMO p = 37/2, a ToMy y = 312 / 4.
Ieit po3s’s130K 0COOIMBMIA.
Bionoeidv: y =22+ Cx +C? y = 3x2/4.

Hexait piBasiaus (5.1) MOKHa pO3B’si3aTH BiJHOCHO T, TOOTO

z=fy,y). (5.12)
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Ile piBHSIHHSI TAaKOXK PO3B’SIZKEMO MeMOodoM 66edeHHs Napame-

mpa. [Toznaamvo 3y’ = p(y). Toxi, BpaxoBytoun, mo dr = i—l/, MaEMO
of of
= = dr=;-dy+—dp =
z = f(y,p) v=5,WF g,
dy Of of
— = —dy + =dp. 5.13
p Oy dp (5:13)

[Tpumnycrumo, 1o 3HaliAeHO 3araabhuii po3s’sizok y = ¢(p, C)
pisasians (5.13). Toxi, nijcrassitoun fioro y = f(y, p), ofepKyeMo
3araJbHAN po3B’s30K piBHsgHHA (5.12) y mapamerpuuniit dpopmi

z=f(p,C)p), y=ebC).

SAxmo BAacTbes 3HATH 3arajdbHUN po3B’sA30K piBHsAHHA (5.13) y BU-
gni p = h(y,C), To OTpEMAEMO 3arajbHUN PO3B’S30K DPIBHSHHS
(5.12) y siBromy Burami x = f(y, h(y,C)).

Axmio piBasians (5.13) Mae ocobiusuii po3s’si30K p = (y), TO
x = f(y,¢(y)) moxe 6yt ocobamBIM PO3B’sI3KOM piBHsHH:A (5.12).

IHpuknan 5. 3inmeepysamu pienanmna © =y + 4y’
Posze’azanns. Hexait y = p. Toni x = p3 + 4p. Jani maemo:

d
do = 3p%dp + 4dp = ?y = 3p%dp+4dp =

34
dy = (3p3 + 4p)dp = y:%—i-sz—l-C.

Bidnoeidv: x = p® +4p, y = 3p4/4 +2p% +C.

3. PiBusinusa Jlarpam»ka Ta piBuaHHs Kuiepo. OkpemuMm
BUTIQIKOM piBHsiHHS (5.9) € PIBHSIHHST BUTJISALY

y=zp(y) + (). (5.14)

Axmo dbyukuis p(y') Toroxkuo He 36iractbes 3 Y, To (5.14) Hasu-
BaIOTh Pi8HAHHAM Jlazparotca. Fx Obauumo, piBHsHHS Jlarpam:ka
JIiHifiHE BiTHOCHO X 1 ¥.
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Hexait 3/ = p. Toni

y = zo(p) + ¥(p). (5.15)

Bmudepentioenmo (5.15), 6epyan g0 ysaru, mo dy = pdx:

dy = p(p)dz + ¢’ (p)dp + ' (p)dp =
(p — @(p))de = (x¢'(p) + ' (p))dp (p # ¢(p)) =
de  2¢'(p) _ ¢(p)
Py

dp  p—olp) p—el)’

Ocranne piBHsgHHS € JiHiftEM Bigpocuo ¢yukil x(p). Interpyoun
iforo 3a dopmyiioro (4.5) 3 siekii 4, ogepxkumo x = w(p, C'), mo pa-
3oM 3 (5.15) BusHavYaTHMe 3arajbHUIl pO3B’A30K piBHAHH: Jlarpan-
2Ka y nmapaMmeTpudHiit gpopmi.

ko piBusnug p = @(p) Mae aificHi KopeHi p = p;, TO, M-
crapisioun ix y pisusnas (5.14), omepxyemo y = xo(p;) + ¥ (p;)-
I1i poss’si3ku piBHsiHHS Jlarpamka (3 reoMeTpuIHOI TOYKH 30py —
psiMi) MOXKYTb OyTH OCOOMBUMU.

Ipuknan 6. 3inmeepysamu pienamns y = 2xy’ + y'2.
Pose’azanna. Hexait ¢y = p. Toni

y=2xp+p> = dy=2xdp+2pdx+2pdp =
pdr = 2(x + p)dp + 2pdx = 2(x+p)dp+pdr=0 =
de 2
—+-x=-2 (p#0).
dp p
Posp’s3yroun oneprkane Jinifine piBHAHHS (IUB. JIEKIHO 4), 3HAXO-
qumo, mo ¢ = —2p/3+ C / p?. Iligcrasismodn neit BUpas  y piB-
HicTh ¥y = 2xp + p?, Hic/s HECK/IAIHUX IIePETBOPEHb 3HAXOIIMO, IO
y =2C/p—p? / 3. Orxke, 3arajibHUM PO3B’SI3KOM Y TIapaMeTpUIHIi

dopwmi €

SIkmio p = 0, To HiACTABISIIOUN HOTO v y = 2P + p2, OIePIKYEMO
posB’s130K y = 0, sikuit € ocobsmBuM, 60 HTOTO HE MOXKHA OTPUMATHU 3
3arajJbHOTO MIPH KOMHOMY 3HadenHi ctasol C.
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Bidnosidv: x = —2p/3+C’/p2, Yy = 20/]3—102/3; y=0.

Posrnsguemo oxpemuit Bumajgok piBHAHHsS Jlarpamxka, KoJu
/

ely) =y

y =y +P(y). (5.16)
Pisusians (5.16) Hasusaiors pieHanHam Kaepo. lurerpytoun iioro
3a TI€I0 CAMOIO CXEMOIO, IO 1 piBHSHHS Jlarpamka, MagMo:

y=p = y=zp+ip =
pdx = xdp + pdx + ' (p)dp =
dp-(x+¢'(p))=0 = dp=0 abo z+'(p)=0.

3 nepiroro piBHsIHHs 3Haxoaumo p = C' 1, migcrapisiodn y ¢op-
Myny y = xp + ¥(p), oepKyeMo 3arajbHUIl PO3B’S30K DPIBHSHHS
Kiepo:

y=2zC+¢(C). (5.17)

Jlerko 6aunTH, MO 3 TEOMETPUYHOI TOYKHU 30PY 3arajJbHuil po3-
B's130K piBHsnHsg Kiepo € ogHonapaMeTpuvHoIo CiM’€0 NpsMUX, a
JIUIsT OTO ofieprKaHHs MOTPioHO y piBHAHHI (5.16) 3amMiHuTH TOXiTHY
y' na crany C.

3 piBusnust £+ (p) = 0 3naxonumo x = —1/(p). Ilincrasisioan
neit Bupas y dpopmyny y = xp + ¥(p), onepxyemo, mo y = ' (p)p +
+ ¢ (p). Takum TrHOM, MAEMO PO3B’SI30K

z=—¢'(p),
{yzwm»p+wm. (5.18)

Posp’s130k (5.18) 3a3Buuail € 0cobUBUM, 1 y IIbOMY BUIAJKY 3 [€O-
METPUYHOI TOYKM 30py Maemo o0Bimmy cim’i (5.17). Cuopasmi, Bia-
HIyKYIOUU KPUBY, I103piay Ha oOBimHy cim’T (5.17), 3a npasuiom,
BKa3aHUM HAIPUKIHIN TEPIIOTo MYHKTY ITEl JIEKITl, MAa€MO CUCTEMY

{yzxc+w&m
0=x+v/(0),

Ipyre piBHSAHHS SIKOI OIepXKaHe 3 MepIIoro AudepeHIiIoBaHHIM 3a
mapamerpoM C'. 3BiJicH JIEIKO 3HAXOINMO

{l’ = - W(C)»
y=—¢'(C)C+4(0),
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TOOTO CHCTEMY, sIKa BigpisHseThCst Bix (5.18) TiMbKM HO3HAMEHHSIM
HapameTpa.

Ipuknan 7. 3inmeepysamu piensamumna y = xy' + 2y
Pose’azannsa. Hexait y = p. Toni

y=xp+2p° = dy=axdp+pde+4ipdp =
(x+4p)dp=0 = dp=0 abo x+4p=0.
3 piBasinHst dp = 0 3raxoaumo, mo p = C'. [ligcrasnstoan p = C

Yy PIBHICTB y = xp + 2p2, OJIEPKYEMO 3araJibHU PO3B’sI30K 3a1aHOTO
piBasus y = Cx + 2C2.

dkmo x = —4p, 10 y = —4p? + 2p?> = —2p?. Takum TEHOM,
0COBJIHBUM PO3B’SI3KOM € T = —4p, y = —2p?. Bukmounsimu 3Bimcn
napamMerp p, Ofep:KyeEMO OCOOJUBUN PO3B’SI30K Y sIBHOMY BUIJISIJIL:
2
Yy=—z / 8.

Bidnoeidv: y = Cx + 202, y = —x2/8.

4. 3a/1aya PO OPTOTOHAJIbHI TpaeKTOpii. fK 1me onun npu-
KJIaJT OJ[HOTO 3 HaraTboX reOMeTPUIHUX 3aCTOCYBaHb JAudepeHIriaib-
HUX DIBHSIHB IIEPIIOrO MOPSIIKY, PO3TJISHEMO 3aJady PO OPTOro-
HaJIbHI TPaEKTOPil.

v

Puc. 5.4

Axmo kpusa L neperunae yci kpusi L 3amanol ciM’T mim mps-
MUM KyTOMl), TO 11 HA3UBAIOTH OPMO20HAABHOIN MPAEKINOPIEIO

I)KyTOM MiXK JIBOMa KPUBHMH y TOYIIl IX IIEPETUHY HA3WBAIOTH KyT MiXK J0-
TUYHUMH 0 HUX Y Il TOYIL.
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miei cim'T (puc. 5.4). Bokpema, KOXKHA 3 MBIPIMUX, sIKi BUXOIATH 3
MoOYaTKy KOOPIAUHAT

=kxmopux#0 ta £ =0mupu y # 0,

€, OYEBU/IHO, OPTOIOHAJIBLHOIO TPAEKTOPIEIO CiM'T KOHIIEHTPUIHUX KiJ
2+ y2 = R? 3 nenTpom y MOYaTKY KOOPAWHAT i OyIb-siKe 3 MUX KiJT
€ OPTOrOHAJBHOIO TPAEKTOPIEI0 3raaHol ciM’T MiBIPSAMUX.
Posp’stzkeMo 3a7aty y 3arajbHIfl MOCTAHOBIN: 3HAWTHU CIM'I0 Op-
TOTOHAJIBHUX TPAEKTOPIH 3a/1aHO1 OJHOIIApAMETPUIHOI CiM’T KPUBHUX

O(x,y,C) =0, (5.19)

ne C' — mapamerp. s boro cnodarKy CKJIaIeMo AudepeHIiaibHe
piBusiHHEs ciM’T (5.19) (n. 3 sexnii 1), Buksrounsmm napaverp C 3
CHCTEMH

(I)((E, Y, C) =0,

6@(35;3,/,0) + 0P (z,y,C) 'y/ 0.

oy -

VY pesysbrari ojepkuMo audepeniiaibhe pisasaaus cim'T (5.19) Bu-
DTSy
F(z,y,y") = 0. (5.20)
Hexait M (x,y) — 10BiIbHA TOYKA OPTOrOHAIBHOI TPaeKTOPil L.
3TiaHO 3 YMOBOIO B3a€MHOI EPIIEHINKYASIPHOCTI IBOX MPSIMUX KyTO-
BUiT KOeMIIieHT JTOTUYHOI J0 OPTOTOHAJBHOI TpaekTopil L1 y Touri
M nopieatoe —1/y', ne y' — kyroBuii kKoedilieHT HOTUIHOT B TOUII
M mo xpuBol L cim'i (5.19), ska mpoxomuTh [epes 1o Toduky. To-
My, 3aMinuBIng y audepenniaabaoMy piBHstHHI (5.20) 3amaH01 cim'T
(5.19) ' ma —1/y/, onepkumo audepennianbae piBHsAHHS ciM'T Op-
TOMOHAJILHUX TPAEKTOPIIi:

1
F (x,y,—;) =0. (5.21)

Biurerpysasmmmu piBasguas (5.21), 3HaiigeMo mykany ciM’io OpTOro-
HaJIbHUX TPAEKTOPiil.

Ipukaan 8. Craacmu dudeperyianvte pieHAHHA OPMOZOHAND-
HUT mpaexmopiti cim’i niskybivnux napabon y> — Cz3 = 0.
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Poses’azanna. Cxkmagemo nudepeHItiaabie PIBHIHHS 3aJaH0I ciM’T
kpusmx. [ozraumvo ®(x,y, C) = y? — Cz?, Tomi @/, + oy = 2yy —
3C2?%. Bukiouaoun napamerp C' 3 cucreMn

y? — Ca® = 0,
2y’ — 3Cx% =0,

onepxKyeMo audepentianbne piBaanus 2yy’ — 3y? / xz=0.
3 dopmysnu (5.21) Bunmsae, 10 NIyKAHUM DPIBHSIHHSIM OPTOrO-
HaJIbHUX TPAEKTOPiil €

1 3y? 2 3 2
oy Y g 5 24y 5 oy=2
Yy ox y ox 3y

3yy +2x=0. A

I3 3agagero mpo BiAMIyKaHHS OPTOTOHAJILHUX TPAEKTOPIH 3yCcTpi-
JaeMoch y Kaprorpadil, masirarii, mexanini. KaxxyTb, 1mo cuaose
nosie crBopene cuaamu F| ki MaioTh moreHmiag u = u(x,y), AKIIO
IPOEKIIil cuyl Ha oci koopauHaT Fj i Fy JNOPIBHIOIOTH BiJIIOBIIHUM
JaCTUHHUM TTOXigHUM (GYHKIHT u, TooTo F), = g—g, F, = g—Z JIimii
u(x,y) = C Ha3UBAIOTH ATHIAMU Pi6Hsa. JIiHI, HOTHUYHI 10 AKUX
30iraloThCa 3 HAIPSAMOM CHJIM y TOHUIN JOTHKY, Ha3UBAIOTH CUMAO-
sumu AtHIAMUY. [Tokarkemo, 1O CUJIOBI JIiHII € OPTOrOHATBLHUMU
TpaeKkTopisiMu cim’l iniit piBas u(x,y) = C. Cupasii, OCKIIbKA 10
TUYHA JO0 CUJIOBOI JIiHIl 38 O3HAYEHHSIM 30ira€ThCs 3 HAIIPSIMOM CHUJIN
F'y Touni motuky, To i1 KyToBuilt KoedirieHT mopisuioe k; = % 3
inmoro 60Ky, KyTOBHUil KOeMIIieHT JOTHIHOI [0 JIiHIT PiBHS MOXKHA

- . . . u
sHaliTh 3 piBHAHEA U, +uy -y = 0. Bim gopismioe ky = — o = —%.
Y Y
Ockinbku ky - ko = —1, To cuoBi Jiinil 1 J1iHil piBHS OPTOrOHAJILHI.

Pexomendosana aimepamypa: |9, c. 42 — 49|, [10, c. 41 — 50],
[16, c. 112 — 131], [19, c. 58 — 76, 86 — 89], [20, c. 68 — 82].

IIuranaga go Jjgekuii 5

1. dkwuit 3arajgpHUl BUIVISAL Ma€ HesiBHe IudepeHIliabHe DiBHSIHHS
mepiioro mopsiaky? Aky (yHKI0 Ha3MBAIOTH PO3B’SI3KOM HESIBHOTO JIH-
depeHIiaIbHOrO PIBHSIHHSI [IEPIIOrO MOPAIKY 7
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2. dx mobymyBaTH 1MoJIe HAIPSMIB, 3a/1aHe HEIBHUM Ju(epeHItiaIbHuM
PIBHSIHHSIM [IEPIIOTO TOPSIKY !

3. dx dopmysmoerses 3amada Komri st HesgBHOTO nudepeniiaaibHOro
piBHsHHS mepIoro nopsaky? Kosm po3s’s3ok i€l 3aga4i equanii?

4. dk dopmysroeThCcs TeopeMa PO ICHYBAHHS €UHOTO PO3B’SI3KY 3a-
madi Kol g1t HesiBHOTO JindbepeHIiiaabHOTO PIBHSIHHSL TIEPIIOTO TOPSIIKY !

5. fke HesBHE MUdepeHIliaTbie PIBHAHHSA HA3WBAIOTH PIBHAHHAM II€p-
IIIOr0 IIOPSIJIKY crereHsd n? K BOHO iHTerpyeTbes?

6. fxuii BurIsig Mae 3arajbuuii inrerpas pisuannga F(y') = 07

7. 4Ki 3aMiHEM BUKOPHCTOBYETBHCS IJIsl IHTETPYBAHHS PIBHAHb Y =
= f(z,y'), v = f(y,y")? Yu MoxKyTh 1l piBHIHHS MaTU OCOOIMBI PO3B a3~
ku?

8. dxuit Burssg mae piBusuas Jlarpamka? fky 3aminy BEUKOpuCTO-
BYIOTb JIJIsl iIHT€rpyBaHHs I[bOTO PiBHsIHHSI? ZIKi KpuBi MOXKyTh OyTH iioro
0COO/IMBIMU PO3B’si3KaAMMU !

9. dAxwmit Burnsn mae piBasiaas Kiepo? fk 3maiiTu 3arajpHuii i oco-
OIMBUI PO3B’A3KU OO PIBHAHHSA !

10. ITTo Take opToroHajbHA TPAEKTOPid 3a4aHOI CiM'T KPUBUX HA ILIO-
muHi? Jdk nmobynysaru audepeHiiajibHe PIBHSHHS CiM'T OPTOrOHAJIBHUX
TPAEKTOPIH?

Bopasu go gekiii 5

1. 3inTerpyiiTe piBHSHHS Ta BHUILIITH iHTErpajbHI KPHUBI, sIKi MPOXO-
JSATH Yepe3 3a/]aHy TOUYKY:

a) y? =4y, M(1,0); ©)yy? —(zy+ 1)y +2=0, M(1,1).

2. 3HallgiTh 3a BUIVISJIOM DIiBHSHb KpPHBI, mimo3piii Ha o0cobsuBi
PO3B’i3KH, 1 IepeBipre, 9u OyyTh BOHU OCOOJIMBUMU PO3B’I3KAMU:

a)y? =dy; 6) W +1)=1.
3. 3iaTerpyiiTe piBHSIHHS:
a)eV +y =1; 6)yP+y2—y +1=0.

4. Cepe[ HaBeIeHUX PiBHsSIHD BimmnryKaiiTe piBHsiHHs Jlarpam>ka Ta 3iH-
Terpyire moro:

a) y' =2ay—y”? 6)y=2xy —y* B)y=ay -2~
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5. Cepen, HaBeJIeHUX PIBHSIHB Bijinykaiite piBusinHs Kiepo ta 3inre-
rpyire oro:

a)y =2ay+y? 6)y=ay'+ay? B)y—ay —1-y?=0.

6. 3Hali[iTh OPTOrOHAJBHI TPAEKTOPIT ciM’T KijI pajiyca 1, meHTpu siKux
JiexkaTh Ha oci abcruc.

7. 3Hai AT CUJIOBI JIiHIT [10JIsI, CTBOPEHOTO CUJIAMH, 110 MAOTh ITOTEH-
wiax u = 22 /2 + y2.

Jlekniiss 6. OCcHOBHI BJIACTHMBOCTI pPO3B’A3KiB
anudepeHIliaJIbHUX PIBHAHBb MEPIIOTO MOPSAIKY

Il1an

1. IIpunHIun cTucKyoYnx BinoOpakeHb.

2. Teopema icHyBaHHS Ta €IMHOCTI pO3B’sA3Ky 3aadi Kormi.
3. IlpomoBKeHHsT po3B’si3Ky 3aja4di Korrri.

4. KopexrricTs 3amaqai Korrri.

1. Ilpunnun cruckym4duX BimobOparkeub. MempuuHum
npocmopom HazupaioTh MHOXKuHY W = {x} enemenris z 10BiIb-
HOI MIPUPOIN, SKIO I OyIb-sKOl mapu ejleMeHTiB xz,y € W 3a
[IEBHUM IIPABUJIOM BBEJICHO MEMPUKY (6810CMaHB), TOOTO IUCTIOBY
dyukmio p(z,y), gKa 3aJ0BOIbHIE TaKi BIACTUBOCTI (aKCiOMH):

1) p(z,y) > 0, npuuomy p(x,y) = 0 Toxi i TLUILKE TOAI, KOJIU
T =y;

2) p(z,y) = p(y,2);

3) p(z,y) < p(x, 2) + p(z,y) (st Gyab-sikux x,y,z € W).

EjteMeHTH METPUIHOIO IPOCTOPY HAZHUBATHMEMO TAKOXK 1OUKG-
MU TIHOTO TIPOCTOPY.

Hapememo nBa BaXK/IMBI IPUKJIAIA METPUIHAX IIPOCTOPIB.

1. CykynHicTh JifiCHUX N-BUMIDHUX BEKTODIB & = (1, T2, ..., Ty)
3 MeTpukoio p(z,y) = \/d p_q |2k — yk|?> € MeTpuaHEM HpOCTOPOM.
Iloro HA3UBAIOTL N-BUMIPHUM €6KAE0068UM TLPOCTILOPOM i TIO3HA-
qaiore R".
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2. CykyuHicTb jificHUX, HellepepBHUX Ha BIAPI3Ky [a, b] dyHKiit
y(t) 3 merpukow p(x(t),y(t)) = m[a%] |x(t) — y(t)| Takox € meTpu-
te

)

guuM 1pocropom. Lleit npocrip nosuauaors Cla, bl.

st 060X IPOCTOPIB BJIACTHUBOCTI 3 O3HAYEHHSI METPUKU JIETKO
MIePEBIPATOTHCS.

ITocnigoBHicTb X1, T9, T3, ... €IEMEHTIB METPUYIHOIO IIPOCTOPY
W HazuBaioTh GyHoamMeHmasbHO0, SKIIO nh_}rlgo p(zp, Znyp) = 0
IJIst JOBIJILHOTO IILJIOTO P.

Merpuunnit npoctip W HaszuBaioTb T08HUM, SKITO Y HHOMY
Oyab-sika GyHIAMEHTaJIbHA MOCTII0BHICTD T, X2, I3, . .. 30IraeThbCs
JI0 IEeSIKOr'O €JIEMEHTa, IIbOI'0 K IPoCTOpy. MOXKHAa JIOBECTH, IIO IIPO-
cropu R" (n > 1) i Cla, b] € noBaumu |7, c. 59).

Hexait y moBHOMY MeTpuunoMy mpoctopi W 3ananuit onepamop
(Bimobpazkentst, GyHKIIisA) A, KU KOXKHOMY €JIeMeHTY 1pocTopy W
CTaBUTDH Y BIIIOBIAHICTH €JIEMEHT I[HOr0 K IIPOCTOPY:

y=Ax, xz,yeW.

Toni KaxKyTh, 110 oneparop A Bimobpaxkae mpocrip Wy cebe.
Oneparop A Ha3MBAIOTH CTNUCKYIOUUM, SIKIIO ICHYE TaKe THCIIO
a, 0 < a< 1, mo aast Oyab-IKAX eJIEMEeHTIB X1, X2 € W

p(Axy, Azo) < ap(xy,x2). (6.1)

Yucno a 3 1boro o3HavdeHHsI Ha3UBAIOTh KOEPIUIEHIMOM CMUcHe-
HHA.

Enement ¢ € W HazuBaioTh Hepyromoro 1moukoro orneparopa
A, sxmmo Ap = . [HaKIIe KayKydu, HEpyXOMi TOYKH — IIe PO3B SI3KU
piBHsSHHA AT = x.

Biggnaunmo, mo 6arato nuTaHb, IOB’SI3aHUX 3 ICHYBaHHSIM Ta
€IMHICTIO PO3B’SI3KIB PIBHSHBb PI3HUX THUIIB, MOXKHA 3BECTH JI0 IUTA-
HH¢ IIPO ICHYBaHHSI HEPYXOMOI TOYKH JIEAKOIO BimoOpaskeHHst A Me-
TPUYIHOTO MpOCTOPY v cebe. Onieto 3 HANBAYKIUBIIIIX YMOB ICHYBa-
HHSI HEPYXOMOI TOYKHU € MPUHUUN CMUCKYIOYUL 81000pasriceHdv,
Bruepine copmynboBanuit C. Bamaxom. Ileit mpunnun € Teopern-
YHOIO OCHOBOIO MEMOOY MNOCAid08HUL HabaudHCEHD (MEMOIY
imepayil), SKAN MHUPOKO BUKOPUCTOBYETHCS JIsi HAOIMZKEHOTO
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pO3B’sizyBaHHs AUQEPEHIIaIbHIX, IHTEIPAJBHAX Ta aareOpuTIHmx
PIBHSIHb.

Teopema 1 (IpUHIMI CTUCKYIOYUX BimoOGparkeHsb). Sxuso
cmuckyrouut onepamop A 6idobpastcye nosrul MEMPUYHUT NPOCTNIP
Wy cebe, mo icnye eduna nepyroma mowka © yvo2o onepamopa. I
MOHCHA, BHATMU 3¢ POPMYAOI0

= lim z, (xr,=Az,—1, n=1,2,...),
n—,oo
npuvomy eaemenm xo y npocmopi W eubupaemsvcs d08iavHO.

ZJlosederns. Bisbmemo noBinbHMit eleMeHT g € W 1 mobymyemo
IOCJI IOBHICTH €JIEMEHTIB

ro, x1 = Axg, 13 = Ar) = A(Azg) = A%x0, ..., (6.2)
Ty = Azp_1 = A2, .

[TokazkeMo, 110 MOCJIIOBHICTD T1, T2, X3, . . . DyHIamMenTaabaa. s
I[OTO, BUKOpHCTOBYIoun (6.1), OIMiHUMO crroYaTKy BijcTani MiXK cy-
cimaiMu eneMeHTamMu mpoctopy W:

p(z2, 1) = p(Az1, Azo) < ap(z1, 7o),
p(x3,22) = p(Axo, Ax1) < ap(z2,21) < o?p(21,20), - .-, (6.3)
(xn+la n) (A$n7Axn—1) < .
< ap(Tn, Tn-1) < ... < a"p(x1,0),

Bukopucrosytoun ominku (6.3), a Takok p — 1 pasiB BiacTuBicTb 3
3 O3HAYEHHSI METPUKH, OJEPIKYEMO

P(wmxnﬂ-p) <
< p(Tn, Tpt1) + P(Tnt1, Tng2) + .o+ p(xn-i-p—lv xn-i—p) <
< (" + o™+ Q") (3, w0) =
a — QP a”

S A <
= Pl S5

p(x1, o)

JJIsI JOCTaTHBO Besmmkoro n. OTxke,
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Ockinbkn 0 < o < 1, 10 3 (6.4) BUIIINBAE, 1O 71T JOCUTH BEJIUKUX 7
BeJIMYUHA, P(Tp, Tpyp) € AK 3ABIOJHO MAJIOIO, TOOTO P(Tn, Tnip) < €,
a OTKe, T1, T9, I3, ... — PYHIaAMEHTaJbHA TOCIIIOBHICTE. OCKiIb-
ku W — moBHMIT IpPOCTIp, TO IS MOCJIIOBHICTL Ma€ I'PAHMINO, SIKY

MO3HAYNMO ( = lim x,,.
n—,oo

I3 cmiBBigHOIIIEHD

p(Ap, ) < p(Ap, zn) + p(xn, p) = p(Ap, Axy_1) + p(an, p) <
< 04,0(8073%—1) + p(xna 30) — 0

n—oo

surimsae, mo p(Agp, ) = 0, a orke, Ap = p, TOOTO P € HEPYXOMOIO
TOYKOIO BijoOpaskeHHst A.

Jist ioBesieHHsT €IMHOCTI HEPYXOMOI TOYKHU IPUIIYCTUMO, IIO
icHye IIe ofHa HepyxoMa ToUKa ) BimobpaxkenHst A, TobTo Ay = 1.
Tomi

p(p, ) = p(Ap, AY) < ap(p,y) =
plo, )1 —a) <0 = plo,p) =0.

3 piBuocti p(p, 1) = 0 3rigHO 3 MEPIIOO0 BAACTUBICTIO METPUKH BH-
IUINBAE, 1110 1) = ¢, TOOTO  — €IUHA HEPYXOMa TOYKA BiTOOparKeHHs
A. Teopemy moBeneHO.

Enementn xg, x1, x2, ... y dopmyni (6.2) HABUBAIOTH 1OCAIA06-
HUMU HAOAUNCEHHAMU HEPYXOMOT TOUKH (.

Haromomyemo, mo Bubip modarkoBoro nabsmkennsa xrg € W e
HOBIILHUM 1 BIUIMBAE JIAIIE Ha IIBUAKICTH 30i>KHOCTI IIOCJIIOBHOCTI
1, T2, X3, ... JIO CBOEI TPAHUII ®.

2. Teopema icHyBaHHs Ta €AUHOCTI po3B’a3KYy 3as1a4i Ko-
mri. BUKOPUCTOBYIOUM MPUHIMIT CTUCKYIOUUX BifloOparKeHb, JTOBEIe-
MO TEOpPEMY IIPO iCHYBaHHS Ta €IUHICTH PO3B A3KYy 3amadi Kot mgs
mudepeHiaabHOrO PiBHAHHSA MEPIITOTO MOPSAKY, PO3B’SI3aHOTO BiJI-
HOCHO noxi;LHO'l'l):

y/ = f(x,y),
y(wo) = Yo

n IIst Teopema 6e3 goBejIeHHST HaBeJeHa y 1. 2 JIeKIIil 2.
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Teopema 2 (Koui). Hexatl dynruin f(x,y) susnauena y nps-
MOKYMHUKY

D={(z,y):mo—a<z<w0+a, yo—b<y<yo+b}

de a,b > 0, i 3a00604bHAE Y HOOMY MAKE YMOBU:
1) f(x,y) nenepepsna, a omorce, G obmesrcerna (| f(x,y)| < M);

2) wacmurna noxiona g—i icHye ma obmedicena (‘g—]yc < L).
Y

Todi sadawa Kowi (6.5), (6.6) mae edunuti pose’asox y = y(x) npu-
natimmi wa 6idpisky G = {x 129 —h < x < xo+ h}, de

b < mi b 1
min | a, —, — |
M"L
Hosedennas. Ilokazxxemo crouarky, mo 3a1a4da Ko (6.5), (6.6) pis-
HOCILTBHA, HTErPaIbHOMY DIBHSHHIO?

y(x) = yo + / £t () d. (6.7)

Cupasi, siKio HenepepBHa DYHKIs y(T) € PO3B’SI3KOM iHTErpasib-
Horo pisustaug (6.7), To, mudepentionoan (6.7), omep:KyeMo, IO
y = f(x,y(x)) i, oueBumno, y(xg) = yo. Takum uuuoM, dyHKIIis
y(x) e posp’sizrom 3azadi Komi (6.5), (6.6).

Hasmaku, mexait y(r) — poss’ssok 3amadi (6.5), (6.6), Tobro
y'(z) = f(z,y(x)) 1y(xo) = yo. Toxi, iHTerpyioun mo TOTOKHICTE y
MezKax BiJl T J0 T, OJEPIKYEMO

T

/ () dt = / flty®)d = y)—yo = / £t u(t)) dt,

zo zo

T06TO y() € po3B’sI3KOM iHTErpasbHOrO piBHsAHHS (6.7).
Hanani gocizkyBarumemo pisasitast (6.7).

2)IHTerpaJILHe piBHSIHHS — Iie PIBHSIHHSI, B SIKOMY HE€BimoMa (DYHKIlisT 3HAXO-
JIUTBHCS TiJT 3HAKOM iHTerpaJia. [HrerpajbHi piBHSIHHS BUBYATUMYThCS Ha JIEKITi-
ax 20 — 22.
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[Mosnaummo gepes W muoxkumy HenepepBHux GyHKIN y = y(z),
JdKi 3alaHi Ha BiApisky G 1 3aJ0BOJIbHSIOTH HA HHOMY HEPIBHICTH
ly(x) — yo| < b. Ha muoxxumni W BBezemo MeTpuky

ply,z) = max|y(z) — z(z)|, y,z€ W
zeG

Takum wmnom, W — merpuunuit npoctip. Ieit mpocrtip € moBHUM.
Cupasi, sIKIIO TOCTII0BHICTh DYHKIIH Yy, = yp (), yn € W, € byn-
JaMeHTAJbHOIO, TO, IK BIJIOMO 3 MATEMATUIHOIO aHAJII3Y, I8 MOCJTi-
JIOBHICTBH 36iraeThCsi PIBHOMIPHO Ha BiApi3Ky G 110 JIesTKOT Helepeps-
HOT Ha IBOMY Binpisky dynknii y = y(z). Jua dyskniit y, € W
BUKOHY€ETHCSI HEPIBHICTH

lyn(z) — 90| <b, 2€G, n=1,2,...,

dKa 30epiraeTbcsa Mic/s Mepexoay [0 TPAHUIl IpH 1 — 00, TOOTO
ly(x) — yo| < b. Ane Toni y € W, 3Binkn BuiumBae, mo W — noBHuit
IIPOCTIp.

[IpaBy wacrumy inTerpasbhoro piBsiHHS (6.7) IPUPOAHO pPO3-
IIAJATU K JIedKe iHTerpajbHe MePeTBOPEHHs HEIEePEPBHOI (PYHKITIT
y(z). PiBuicrs

z2(z) = yo +/f(t,y(t))dt (6.8)

CTaBUTH y BIANOBIAHICTDL KOXKHINT dyHKIIT y € W nesky pyHKITIIO
z € W. Cupasni, sxmo y € W, 1o y(z) nenepepsaa byHKINsA, rpa-
dix sikol HasexknTh HpsiMokyTHUKY D1 = {(x,y) : xg — h < = <
<xo+h, yo—b <y < yo+ b}, Tomy Ha mijcraBi HerepepBHOCTI
dynukuii f(z,y) B D; npaBa dactuna piBusiaas (6.8) € HemepepBHOIO
dyukuiero Bix x, To6T0 z(r) — HemepepBHa (YHKIsSI Ha BiIPI3KY
G. Jlaiti, BEKOPHUCTOBYIOYH BiIOMY 3 MaTEMATHIHOTO aHAJI3y HEPIB-

o [ o] <| [otaz

< : (6.9)
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OIEPKYEMO, IO

3BigKM BUILIHBaE, mo z € W.

Omrxke, koxkHill HenepepsHiit dyskiil y(z) dopmyna (6.8) cra-
BUTH y BimnosianicTs Henepepsuy dyHKIHO z(z). Pedyasrar Buko-
HAHHS [IbOTO IEPETBOPEHHSI MTO3HAYNMO depe3 Ay:

T

Ay = yo + / F(ty(t))dt.

zo

TakuMm 9UHOM, MOYKEMO BBazkKaTH, 10 piBHicTh (6.8) BH3HAUAE OITe-

parop
z=Ay (y,zeW),

SKuil mepeBoAnThb moBHUIT pocTip Wy cebe (Takuii onepaTop Ha3u-
BAIOTDh tHMe2pasvrum onepamopom Ppedzoavma). [lokazkemo,
1o 11eit onieparop € cruckyounM. Crupas, aKimo 21 = Ayy, 20 = Ays
(y1,y2 € W), To, BukopucroByioun (6.8), (6.9), yMOBy Teopemu mpo
0OMEKEeHiCTh JACTUHHOI ITOXiTHOT By & TAKOXK Teopemy Jlarpamxka
IIPO CKIHYEHHI TPUPOCTH, OICPIKYEMO

|21 — 22| =

wet [ en@ar=m - [ remo)a] <
<| [0 =m0 ] <

< p(y1,y2) Lz — 20| < Lhp(y1,92) = ap(y1,y2), (6.10)

/ p(y1,y2)L dt‘ <

0

Je w € [y1,y2], a uncio a = Lh 3amoBosnbasie HepiHicTh 0 < a0 < 1
(3a ymosoio h < 1/L).
3 (6.10) BummBae, 1o

ple1,22) = max [21() — 22(2)] < ap(yn, )
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a OT?Ke, 3TiTHO 3 MPUHIUIIOM CTUCKYIOUNX BimobpazkeHb (Teopema 1)
y upocropi W icuye eauna dbyukiis (Hepyxoma Touka) y € W, nis
Kol y = Ay, iHakIme KaxKydu, PYHKIIisI, sIKa € PO3B’SI3KOM DiBHSIH-
us (6.7), a orke, it pos3s’s3kom 3azaui Komi (6.5), (6.6). Teopemy
JIOBEJICHO.

3ayBakenHs 1. 3acTOCOBYIOYM METOJ IOCJIJIOBHUX HAOJIM-
JKeHb, MOXKHA OTpUMAaTH HAOJUKeHuil po3s’si30k 3a1a4i Ko (6.5),

(6.6):

yn(x) = Ayn—l(x) =Yo +/f(t7yn—1(t))dt7 n=12...,

T
ae yo € W.

3ayBakeHHS 2. YMOBY TeOpeMu 2 PO 0OMEXKEHICTh YaCTHHHOI

TTOXiTHOT g—i MOYKHA 3aMIiHUTH Yymo6010 Jlinwiua:

|f(x7yl) - f($7y2)’ < L ’yl - y2’7

e (x,y1), (z,y2) € D, L — crana Jlimmina. [Tokaxkemo, 1mo 3 obme-

JKEHOCT1 YaCTUHHOI ITOXiTHOI ? B oOjtacti D BUILIMBaE€ BUKOHAHHS

Y
ymoBu Jlimmina. Cropasi, nexaii ‘g—i’ < L. Toxi, BUKOPUCTOBYIOIH

dopmyy Jlarpanka mpo CKiHYEHHI IPUPOCTH, OIEPIKYEMO
|f(z,91) — fz,92)] = \f;(x,w(x))\ y1 —y2| < Lyt — y2l,

ne w € Y1,y

SIKIIO BUKOHYIOTBCSI YMOBU TEOPeMH 2 1 B JesKOMY OKOJI TO-
aku (29, y0) dyukmis f(x,y) mae memepepsHi moximxi 10 k-ro mo-
PSJIKY BKJIFOYHO, TO po3B’si30K y(x) 3amadi Komi (6.5), (6.6) nere-
pepsHO nudepentiiiosunit (k + 1) pasis. Crnpasmi, ockinbku dym-
kiist f(x,y(z)) menepepsro nudepeniiiiopua, To 3 (6.5) BUILIMBAE,
mo iy’ = g—i + 8—5% = g—i + g—g;f = fi(z,y). 3a ymoBowo % i g—g
HernepepsHo Judepentiiiosni, Tomy 3" = % + % f = fa(z,y) Ta-
KOK HerepepsHo judepenniiioua dynkiis. IToBToprooyn aHaori-
ani Mipkysamus k pasis, omepxumo, mo yFth = fr(z,y) — Heme-
pepBHa QYHKITiSI.
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3. IIponoskenHs po3B’a3Ky 3aaadi Komri. Hexait () — neska
obmacts y R? i dyukiis f(z,y) nenepepsua y miit obiacti. s mgo-
BibHOI TOUKH (X0, Yp) UpsMokyTHHKA D Teopema [leano (mekiis 2)
JIa€ 3MOI'y BCTAHOBHUTH iCHyBaHHsI po3B’s3Ky 3aja4i Ko (6.5), (6.6)
Ha JIETKOMY, MOYKJIIBO JIOCUTH MAJIOMY, BIIPI3KY 3 IEHTPOM y TOYII
xg. Inakme kaxkyau, Teopema [leano — 1e JlokaJbHA TeopeMa iCHyBa~
HHsI pO3B 513Ky rdepentiaabaoro pisasauus (6.5). s i1 3acrocyBa-
HHsl TTapaMeTpu ¢ 1 b npsiMokyTHUKa D (BOHH MOXKYTh 3aJ1eKaT BiJl
Z0,Y0), EHTD SIKOTO PO3TAIOBAHUi y TodUIi (X, Yp), TOTPIOHO BU-
6oparu Takumu, mod D C Q. Ilicist 1boro MOKHA BU3HAYUTU TUCTIO
h = h(xg,yo) 1 BianoBiaauit Bigpizok G, Ha sIKOMY ICHY€ PO3B’sI30K
zaqadi (6.5), (6.6).

Kinnesi Toukn rpadika po3s’sasky 3azgaqi (6.5), (6.6), icHyBanHst
sKOTO rapanTye Teopema [leamno, sexkars B obacti (). Posrismarodan
IX K HOBI ITOYATKOBI JlaHi, MOYKHA 3HOBY 3acTocyBaTu TeopeMy Ile-
aHo # posmmpuTH 00/IaCTh ICHYBAHHS IIHOT'O PO3B’A3KY, SKIMO B3ATH
JIO YBAru Take TBEPJ/2KEHHSI.

Teopema 3. Hexatli ¢pynxuis f(x,y) nenepepsra 6 obaacmi Q,
a pynruii y1(x) i y2(z) — nenepepsni posze’asku pienanna (6.5) na
eidpiskax [z, 1] i [T1,22] 6idnosidno, npuvomy yi(x1) = yo(xy).
Todi pyrruyin

_ Jwyi(x), akmo x € [xg,x1],
y(z) =
yo2(x), akmo = € (z1,xs]

e pose’asxom pienanns (6.5) na 6idpisky [xo, ra).

Josedenns. OueBnano, mo Tak BusHadeHa GyHKIIA y(z) 3a710-
BOJIbHsIE€ piBHsIHHA (6.5) sIK Ha iHTepBaJ [Tg, 1), Tak 1 Ha (X1, T2).
JliBocToponust i mpasocToponns noxinmi dyHKIG y(z) y Toumi
icuytors i mHabysatorh 3HadeHb f(x1,y1(z1)) 1 f(z1,y2(z1)) Bimgmo-
BifgHO. AJle 3 YMOBH TeOpeMHU BHUILINBAE, IO Il 3HAUEHHS 30iraloThCst
3 f(z1,y(x1)), a Tomy y(z) — po3s’si30K piBHsiHHs (6.5) Ha BCbOMY
BiApI3KY [xg, x2]. Teopemy moseneHo.

MozK/IuBO, IO IHTErpajbHy KPUBY He MOXKHA Oy1e IPOIOBXKUTH
Jepes3 HabJIMXKEHHS 10 TOYKHU, Y SIKiii IOPYIIEeH] YMOBI TEOPEMHU 1ICHY-
BaHHA Ta €IUHOCTI PO3B’sI3Ky, abo iHTerpa/ibHa KPUBa HAOJIN3UTHCS
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JI0 ACUMIITOTH, siKa mmapasiesibaa 10 oci Oy. i Bunagku mpoigocTpy-
€MO TIPUKJIaIaAMHU:

1) zdx + ydy = 0, y(0) = 4. Inrerpyoun piBHSHHS 1 BUKOPU-
CTOBYIOUH II0YATKOBY YMOBY, OJIEPIKYEMO:

2 2
SN N y(0)=4 = y=VC?>-22 (C=4 =

2
y =116 — 22,

Po3B’s130k He MOXKHA [IPOJIOBXKUTH 32 Mexki iHTepBaty —4 < x < 4
(puc. 6.1). ¥V mexkoBux Toukax (—4,0) i (4,0) npasa qactuna piBHS-
s y' = —7 pospusHa. Ymosu Teopemu Ileano (icysanms poss’ss-
KY) MOPYIIIEHi.

Yy Y
4
—/
—4 0] 4 x o) i 20
Puc. 6.1 Puc. 6.2

2)y =42, y(1) = 1. Iuterpyioun piBHAHHS Ta BUKOPUCTOBYIOUH
MOYATKOBY yMOBY, OJIEPZKYEMO:

dy 1

— =dx, y(1)=1 = — :
2= 0 y(1) = Y=

InTerpasbHy KpUBY MOYKHA NPOJIOBKHUTH JIUIIE JI0 ACUMIITOTH T = 2
(—o0 <z < 2) (puc. 6.2).

4. KopekTtHictb 3aga4i Komri. ¥V peanpunx 3a1adax, Mo MO-
JEeTIITHC I PO3B’A3YIOTHCS 3a JIOIIOMOrOoI0 JindepeHItialbHuX PiB-
HAHb BUDIsiy (6.5), MOYATKOBI yMOBH, a TAKOXK MpaBa IacTHHA —
dyHKIIA f, IK TIpaBUjo, BigoMi 3 neskuM HabmkeHHIM. OKpiM TO-
ro, GyHKIls f MOXKe 3aJIeKaTh BiJl OZHOro abo KiJIbKOX IapaMeTpiB
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(Macu, TemmepaTypu, 3apsily TOIINO), siKi XapaKTepU3yIOTb IIPUPO-
Iy 3afiadi fi 3aBXKIM BUMIPIOIOTHC 3 JIEAKOIO MMOXUOKOIO, TOOTO Ha-
osmkerno. ToMy BaKJIMBUMU € [UTAHHS PO ICHYBAaHHS Ta €IUHICTD
po3B’a3Ky 3ajgadi Ko, a TakoxK 1po Te, 9K 3MIHIOEThC TIeil PO3B’s-
30K Ha CKIHYCHHOMY HPOMIXKKY 3a MajuX 3MiH (30ypeHb) MOYATKO-
BHUX 3HAYEHb, apamMerpis i camol dyukiil f. Bumornu icHyBanHST Ta
€IMHOCTI PO3B’SI3KyY, HOro HElepepBHOI 3a/1€KHOCTI Bifl MTOYATKOBUX
yMOB, mapamMerpiB i GyHKIHI f HA CKIHUEHHOMY ITPOMIXKKY CTaHOB-
JIATH 3MICT HOHATTS KopexmHocmi 3adaxi Kouui.

BukopucroByioun TeopeMy 2 1po iCHYBaHHS Ta €IUHICTH PO3B I3~
Ky 3agadi Korri, po3risimeMo TeopeMu, IO ONUCYIOTh SKICHY MOBe-
JHHKY PO3B’sI3KiB.

Teopema 4 (mpo HellepepBHY 3aJI€XKHICTh PO3B’A3KiB Bij
napamerpy). Sdxwo npasa wacmuna OuPepenyianbHo2o PIBHAHHA

Y = fz,y, 1) (6.11)

HENEPePeHa 3a 3MIHHOI0 [, [i € [, po], © 0aa KootcHO20 (Pikcosarozo
[ 3A40060ABHAEC YMOGU MEOPEMU 2 3 MUMU CAMUMU CTNANUMU G, b,
L, M, mo poss’asoxy = y(z, u) pienanna (6.11), axui 3adososvhae
nowamxosy ymosy y(xg) = Yo, HENEPEPSHO 3anexcumsb 6id L.
ZJlosederrs. OCKiIbKY WIEHH TOCIOBHOCTI

T

yn(x,u) =1%o +/ f(tayn—l(t,,u))dt

Zo

€ HemepepBHUMHI (DYHKINIAMA 3MIHHUX T 1 44, a cTtaya o = Lh < 1 me
3aJI€XKUTD Bl 4, TO MOCHNOBHICTD Y1 (2, 1), yo(x, i), ... 30iraeTbes
10 y(z, u) piBHOMIPHO 1O L. fIK BiZIOMO 3 MATEMATHIHOIO AHATI3Y,
piBHOMIpHO 30i2KHa MOC/TIIOBHICTH HellepepBHUX PYHKITIH 30iraeThest
110 HerepepBHOI (yHKIIl, T06T0 y = y(x, 1) — dyHKIIsI, HellepepBHA
3a aprymenToM (. Teopemy moBejieHO.

Teopema 5 (npo HemepepBHY 3aJI€XKHICTb BiJ| IIOYAaTKO-
BUX yMOB). Hexatl eukonani ymosu meopemu 2. Todi pose’saszor
sadaui Kowi (6.5), (6.6) y = y(x, xg, yo) Henepepsro 3anescums 6id
NOYAMKOBUL YMOS.
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Josedennsa. ko 3pobutn saminm z = y(x,zo,y0) — Yo 1 t =
= x — x9, TO BigHOCHO QyHKIII 2(t) omep:kuMo judepenIiagbae piB-
uaunst 2 = f(t 4+ xg, 2z + yo) 3 HyJIbOBUME HOYATKOBUME yMOBaMHU.
3riHO 3 TeopeMoio 4 MagMO HellepEePBHY 3aJIeXKHICTh PO3B’sI3KiB Bil
0, Yo 9K Big mapamerpiB. Teopemy T0BEIEHO.

Pexomendosana aimepamypa: |7, c. 52 — 63|, |9, c. 71 — 90],
[10, c. 27 — 41], [17, ¢. 63 — 78], [20, c. 27 — 41].

ITuranasa go gekiii 6

1. ITlo Ha3uUBaIOTH METPUIHUM IIPOCTOPOM? fKi BJIACTHBOCTI 32,10BOJIb-
Hsl€ MeTpuKa Takoro mpocropy? HaBemiTh NpuK/ajin METPUIHUX ITPOCTO-
piB.

2. {ky mocJiIOBHICTH €JIEMEHTIB METPUYHOTO IPOCTOPY HA3WBAIOTH
dbyugaMenTaabao0? KUl MeTpUYHUIT TPOCTIp HABMBAIOTH TOBHUM !

3. IIlo Take omepaTop, 3aJaHUl y MOBHOMY METPUIHOMY IIPOCTOPi?
Kouu omeparop Bijgobpazkae MeTpudHuil mpocrip y cebe? Zdkuit omeparop
HasuBarOTh cTuckytounm? [1lo HasMBarOTHL HEPYXOMOK TOUKOIO OnlepaTopa’

4. dk popMy/IIOETHCS TPUHITUIT CTUCKYIOUNX Bigobpazkensb? ke itoro
npakTuane 3nadeHnsa’? Yomy?

5. Ax dopmymoerbess Teopema Komri mpo icHyBaHHS Ta €IUHICTH
po3B’a3ky 3agati Ko murst audepeniiaabHOTO PiBHAHHS TEPIIOTO TOPS/I-
Ky, PO3B’s13aHOr0 BiTHOCHO 1toxinHo1? HaBemiTh ocHOBHI i€l JOBeIeHHsT i€l
TEOPEMU.

6. fx, BUKOPUCTOBYIOUM METO/ ITOCJIIIOBHUX HAOJIMKEHDb, MOYKHA 3HA~
WTH HAOJMKEHNH Po3B’sa30K 3ada4i Kol mjsa audepeniiaabHOTO piBHIH-
Hsl IIEPIIOTO MOPSJIKY, PO3B’SI3aHOI0 BIJIHOCHO IIOX1HOI?

7. Hu MOoKHA TIPOJIOBXKUATH PO3B’s130K 3asa4i Kol 3a mexi Biznpizky,
BusHadeHoro reopemoro Komi? HasemiTs mpukiagn.

8. [Ilo cTaHOBUTH 3MICT MOHATTSI KOPEKTHICTH 3ama4i Komri? HasemiTs
TEOpeMU TIPO HEMEPEPBHY 3aJeKHICTh PO3B’A3KIB BiJ mapaMeTpy Ta Mpo
HEIlEPEPBHY 3aJIEKHICTH BiJl MOYATKOBUX YMOB. Y YOMY NIPaKTUYHA Ba-
JKJIMBICTDH 1UX TeopeM?

Bopasu go sexiii 6

1. ITobGyayitTe mocaimoBHI HAOJMKEHHS o, Y1, Y2 JO PO3B’A3KY 3a1adi
Komi y = 2 — y?, y(0) =0.

2. BkaxiTp axunii-nebynb BiIPI30K, Ha SKOMY iCHY€ PO3B’fI30K 3a/ati
Komi y' =z + 32, y(0) =0.
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3. Kopucryiouncs sk0io-HeOy/Ib JOCTATHBLOIO YMOBOIO €IMHOCTI, BU/Ii-
Jite Ha ttormmai Ozy T1 TOYKH, Yepe3 sKi MPOXOUTDH €IUHUN PO3B’sI30K
piBusanua vy = 2 + Jy — 2.

4. Yn MoxKyTh Tpadikn IBOX pO3B’a3KiB piBHaAHHA y = = + y? mepe-
TUHATHUCA (JOTUKATHCH) B JlesdKii Toqri?

5. CKIJIbKM MOXITHUX MalTh PO3B’sI3KU PIBHSHB:

7/3.
)

a)y' =z +y"% 6)y =zl -y



90 Posnin 2. IN®EPEHIIAJIBHI PIBHSIHHS BUIIUX TOPSLIKIB

Po3znain 2.
3BNYAVHI TN®EPEHITIAJIBHI
PIBHAHHSA BUITINX TITIOPAJIKIB

Jleknia 7. IndepeHiianbHi piBHIHHS
BUIIUAX MMOPAIKiB

Ilnan

1. OcHOBHI 03HaYeHHS I TOHSTTSI.
2. HemoBHi piBHAHHSI.
3. OmHOpiaHi piBHSIHHS.

1. OcHoBHI oO3Ha4YeHHH U IOHATTs. Po3risineMo 3BUYaiiHe
mudepenmiaabHe PIBHAHHSA N-TO MOPSIIKY

F(x,y,y',...,y(")) =0. (7.1)

ko piBusgnus (7.1) MOXKHA PO3B’3aTH BITHOCHO CTAPIIOL MO~
Xi7HOI, TO H1OTO 3aIMCYBATUMEMO Y BUTJISII

y(”) = f(x, v,y ... ,y("_1)>. (7.2)

Dyukrio y = y(z), ska Bu3HaYeHA | HElIEPEPBHO THDEPEHIH0B-
Ha n pasis Ha iHTepBasi (a,b), HA3UBAIOTH PO36°A3KOM DIBHSIHHS
(7.2) Ha mpOMY iHTEpBAJI, SIKIIO BOHA JJIst BCIX = € (a, b) mepeTBopioe
1e PIBHAHHA Y TOTOXKHICTb.

Hns pisusnus (7.2) 3adawa Kowi GopMmymoeThest Tak: cepen
YCIX pO3B’SI3KIB I[bOTO PIBHSHHS 3HANTH TakWil po3B’s30K y = y(z),
AKUR JIJISI & = T 38/I0BOJIbHSIE YMOBU

_ / ) n—1 _

y(o) =yo, ¥'(®0)=vh -y ¥y V(wo) =15, (7.3)
n—1 . .

T€ Y0, Yy - - -+ y(() ) 3a/laHi Ync/a, gKi Ha3UBAIOTh NOYAMKOSUMU

darumu pose’adrky y = y(x). Yucao xy HA3MBAIOTH MOYATKOBUM

SHAYCHHSIM HE3aJIC’KHOT 3MIHHOI &, CYKYIHICTB YUCEI Z0, Y0, Y0 - - - »
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y(()n_l) — noyamxosumu daHumu pierarns (7.2), a ymosu (7.3) —

noYwamKro8uUMU YMo6aMU.
3okpema, Jisi PIBHSIHHSI JPYTOTO TOPSIKY

y' = f(z,y,9) (7.4)

sajiaga Kol nosisirae y 3Haxo/KeHHl po3B’sisky y = y(x) 1poro
PIBHSAHHS, KW 33/ J0BOJIbHSAE TMOYATKOBI YMOBHU

y(xo) = yo, ¥ (z0) = yp- (7.5)

3 reomerpuunol Touku 30py 3agada Komi (7.4), (7.5) momnsrae
y 3HaXOJKEHHI TaKOl IHTerpajbHOI KPHUBOI, fKa IPOXOIUTH UYepe3
TOUKY (0, Yo) 1 Mae y 1iiif ToUIi 3a1aHuil HAIPSIM JOTHIHOT y6, TOOTO
tg oo = Y.

3ayBakKnUMoO, IO €IUHICTh PO3B’A3Ky 3amadi Ko a1t piBHAHHS
n-ro nopsaKy (7.2) He o3HavaE, 1O Yepe3 TOUKY (Xq,Yo) IMPOXOJUTH
TIIBKY OJIHA iHTerpaJibHa KPUBa, K Iie OyJI0 M1 PIBHAHHS IIEPIITIOTO
HOPsIJIKY, PO3B’A3aHOTO BiIHOCHO noximHol (ekiis 2). Hanpukiag,
enunicTb po3B’sa3Ky 3agadi Komi (7.4), (7.5) osmnadae, mo gepes Ko-
JKHY TOUKY (X0, yo) IPOXOJUTD €JIMHA IHTErpaibHA KPUBA PIBHSHHS
(7.4), noruvna 70 AKOI y il TOUIl YTBOPIOE 3 TOJAATHAM HAIPSIMOM
oci Oz KyT o, mist sikoro tg oy = y(. Boxnouac, Kpim el inre-
IpaJIbHOT KPUBOI 4Yepe3 TOUKY (X, Yo) MOXKYTH HPOXOAUTH i iHII
IHTerpaJibHI KPUBI, aje 3 iHIUM HAXUJIOM JOTHYIHOI y Tl TOYII.

Posrnisinemo nuranms mpo MexaHiduHe TPAKTyBaHHs Iu(EpeHIli-
AJIBHOTO PIBHAHHSI JIPYTOTO MOPSIIKY, HOro po3s’si3KiB Ta 3amadi Ko-
mi. Hexalt marepiaabHa TOYKa MacH 1M PYXA€TbCs 1O TPSIMiil, dKy
npuitmemo 3a Bick Ox, mia aiero cum F (t, x, fl—f), 3aJIe’KHOI BiJT 9acy
t, TOJIOYKEeHHsST & 1 MBUIKOCTI % y MOMeHT 4acy t. 3rijiHo 3 Jpyrum

3akonoM Hprorona
2z dx
m—s = F|t,x, —
dt? dt )
2
e fng — IPUCKOPEHHSI TOYKU B MOMEHT dYacy t, abo

d*x dx
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ne f=F/m.

Koxxaomy poss’sisky = = x(t) piBusuus (7.6) Biqmnosizae nesHuii
3aKOH PYTY, TOMY YaCTO PO3B’s30K = = z(t) HABUBAIOTH PYTOM,
sikuii BusHadenuil pisasausm (7.6). 3agada iHTerpyBaHHs PIBHSIHHS
(7.6) mossirae y 3HAXOKEHHI BCIX PyXiB, BU3HAYEHUX IIUM DiBHSIH-
HSIM, Ta y BUBYEHHI 1X BJIACTUBOCTEI.

3 MexanivtHOI TOUKH 30py 3amada Kol mst piBusxuas (7.6) mo-
JIITA€ Y 3HAXOJIZKEHHI TaKOro pyxy x = x(t), siKuil 33JI0BOJILHSIE 10
9aTKOBI yMOBHI

l’(to) = o, wl(to) = $,0,

TOOTO B MOYATKOBUI MOMEHT vacy t = ty TOUYKa IIOBHHHA 3aiiMaTH
3ajlaHe TOJIOXKEHHS (g 1 MaTU 3aJaHy IIBUIKICTD xg.

Jocrarusa ymoBa icHyBaHHA PO3B’s3Ky 3agadi Kormi s mude-
PEHITIaTbHOTO PIBHSHHS MTEPIIOTO MOPSJIKY MOMUPIOETHCS 1 Ha BUITa-
JIOK DIBHSIHHSI N-TO TIOPSJIKY: OAf iCHYySanHs (Henepeperozo pasom
3 nozionumu 00 Nopadky n exAwHO) pose’asky 3adawi Kowi (7.2),
(7.3) documob npunycmumu, wob npasa wacmuna piehanms (7.2) 6y-
A HENEPEPEHOI0 6 0KOAL novamkosur danuxr (meopema Ilearo).

Binmoink Ha muTaHHS PO iCHYBaHHS €IMHOTO PO3B’SI3KY 3a1adi

Komii (7.2), (7.3) mae taka reopema [19, c¢. 93 — 99.

Teopema (Komi). Hrxwo ¢dynruyia f(x, >y, ... ,y("_l)) Y pie-
Hanni (7.2):

1) Henepepera 3a 6CIiMa APLYMEHMAMU Y OCAKOMY OKOAL MOUKU

/ (n=1)\.
o, Yo, Yo, ---5 Yo )
2) mae obmesiceni wacmunni NoXIoHi 3a 3minnumu Y, Y, ...,
_ ) -1
Y"1 6 oxoni mouxu (900, Y0, Yo» - - - yén )),

mo icnye edunuti poss’asok sadavwi Kowi (7.2), (7.3), axud eusna-
wenutl i Henepeperull paszom 3 NOTIOHUMY 00 NOPAIKY T BKAIOUHO HA
dearxomy 6idpisky |x — xo| < h.

3azaavrum po3e’sskom piHsiHHsA (7.2) Ha3UBAOTH CiM'IO
PO3B’sI3KIB IILOTO PIBHAHHSI, 3aJI€KHY BiJ 7 JOBLILHUX CTAJIAX:

y:¢(x7017027"'70n)‘
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BarampHnii po3s’s30K piBHsHHA (7.2) y HESBHOMY BHIVISI
O(x,y,Cq,...,C,) = 0 HABUBAIOTH 3A2AABHUM THME2PAAOM TTHO-
o PiBHSIHHSI.

Y JeskuxX BHIAJKAX, HTErpyoud piBHsiHHs (7.2), NIyKamoTh
CciM’10 IHTerpaJbHUX KPHUBUX, SIKa 3aJI€XKUTh BiI 1 JOBIILHUX CTa-
gmnx Cp, Cy, ..., C,, y HapaMeTpUIHOMY BUIJISII

{l’ = So(pa 017025 cee aCn)v
Yy = 1/’(])7017027 oo 7Cn)

Taky ciM’10 IHTErpaJIbHUX KPUBUX HA3WBAIOTH 3G2aAbHUM PO3-
8’A3KOM Y NAPAMEMPUNHIT POPMS.

Posp’sizok y = y(x) piBusnusa (7.2) Ha3MBAIOTD YACTNIUHHUM,
SIKIIO HOT0 MOXKHA OJIEPXKATH 3 (DOPMYJIH 3arajIbHOIO PO3B’SI3KY IIPU
MeBHUX dYncyoBuX 3HadeHnsax craanx C1, Csy, ..., C,. Po3p’s30kK,
AKWI He MOXKHA, OJIEPXKATH 3 3arajbHOIO PO3B’SI3KY IIPHU KOIHUX 3HA-
genngax craaux C1, Co, ..., C},, HA3UBAIOTL 0COOAUBUM.

3ayBarkKuMoO, 110 AudepeHIialbHe PIBHAHHS N-T0 MOPSIAKY MOXKE
MaTH CiM'10 0COOJIMBUX PO3B’I3KiB, 3aJI€2KHY BiJI TOBLIBHAX CTAJIUX,
KUIBKiCTE skux Moxke Oytu n — 1. IIpoimocTpyemo 1ie Ha MPUKIATI.

ITpuknan 1. 3inmeepysamu pisnanna y" = 24/y.
Pose’sazanmns. 3pobumo 3aminy y' = z, e z = z(x) — HOBa IIyKaHa
dbyukiis. Tomi

dz
/
2 =2z = —— = [dx (2#0 =
Vios o [5e (= #0)
Vi=zx+C = z2=@+0C)?* = ¢ =@+0C)%
[aTerpytoun, 3HAX0IMMO 3arajbHUN PO3B’SI30K
1 3
y = §(9”+Cl) + Cs.

OcobmuBomy poss’sisky z = 0 piBusnus 2/ = 24/z Bimnosigae

ciM’st ocobmBux po3e’s3ki y = C pieaanna y’ = 2/y/.
Bidnoeidv: y = (x + C1)*/3+ Cy, y =C.
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2. HenosHi piBHsHHsa. PosrisgmeMo meski Kiaacu 3BUYAMHIX
JuepeHIialbHIX PIBHSAHB N-I'0 TOPSJIKY, 3araJbHINA PO3B 30K (3a-
raJIbHUI {HTErpas) KX MOYKHA 3HANTH 3a TOMOMOTOI0 KBaJpaTyp.
3BeJIeHHsT 10 KBaJIpATyp BUKOHYETHCS ab0 3a JIOIOMOI'OK0 CIIEIHa/Ib-
HAX IPUHOMIB, ab0 IIJISXOM IOMEPETHHOTO 3HUKEHHST MTOPAIKY PiB-
HSIHHSI.

Posrismemo criogarky HenoBHi piBHgHHS. HafipocTimuvu 3 Hux
€ PIBHSHHSI BULJISIILY

F(x,y(”)) =0. (7.7)
[Mpumnycrumo, 1o (7.7) MoxkHA PO3B’si3aTH BiIHOCHO y(”). Tomi
y" = (@), (7.8)

Pipusnusa (7.8) 3 memepepsnoo dyuKIeo f(x) 3aBxau inTerpye-
ThCst B KBagparypax. Cupas/i, iHTerpyodn obu/(Bl YacTHHU IHOTO
PIBHSIHHSI, MAEMO

D) = /f(w)dﬂc + 0y
JaJji aHAJOriIHO OJEPKYEMO:
) = //f(x)dx dz + Crz + Cy,
y(n=3) = ///f(x)dx dx dx + %xz + Coz + Cs,

yz//.../f(w)dxdan...dx%—ix"_l—i—
(n—1)!
~—
n pasis
T e T e e (7.9)
(n_2)! n—1 n- .

®opmysa (7.9) BusHavae 3arajbHUil po3s’s30K piBHsiHHS (7.8).

Ipuknang 2. 3inmeepysamu pienanna iy’ = sin? 3.
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Po3zs’sa3arns. lurerpyroun oOuaBi 9acTHHU PiBHSIHHS, OIEPKYEMO

1 — cos 6x r sinbx
g in2 fy _— = — —
Y —/Sln Bxdx—/ 5 dx 5 5 + Ch.

[aTerpyroun e oguH pas, 3HAXOAMMO 3arajbHUN PO3B’SI30K:

r  sinbx 22 cosbx
= —_ — d = —
Y /(2 19 +Cl> T 1 + 7 + Cix + Cs,

ne Cq, Cy — noBuibHi crami, Cp := Cy/2.
Bidnosidv: iy = % + 6052693 + Ciz + Cs.

VY numnamini Marepianbnol ToUku piBHsgHHs BUrAAmy 7 = f(t),
ne t —gac, x = x(t), 3ycTpivacThCs MPU BUBYEHHI IPSMOJIHITHOTO
PyXy, {KIO CUJIa, IO JI€ Ha II0 TOYKY, 3aJEKUTh TLILKHA Bl 9acy.

Bamaua 1. 3natimu 3akon pyxry x(t) mamepiarvroi mowku macu
m, AKG PYTAEMBCA 6300621C NPAMOL Nid JIEI0 CUNMU, UL 3MIHIOEMBCSA
3a gopmyacro F = ke P, de p > 0, AKw0 nowamxosi nososicerma
ma WeudKicms pYyxry AoPieHIomb HYAIO.
Pozs’sazarns. 3rigno 3 apyrum 3akoHoM HpioTona

" — 4 —
ma’ =ke P = 2 =—e P,
m

T06TO Maemo piBasHHs Buragny x’ = f(t). Ipivi inTerpyoun, oxep-
KYEMO:

k k
d=——eP+C = z=—se 401+ Co
mp mp
Ockinbku 3a ymosoo 3azgadi z(0) = 0, v(0) = 2/(0) =0, ro Cy = mip,
Cy=— mLpz’ a TOMy
k k k k
r=—se Py —t— — = z2(t)=—5 (e P +pt—1)
mp? mp . mp? (t) mp? ( p )
BayBazKuMO, MO OCKimpku lim e P! = 0, To j1g BeMKNX 3Ha-
t——+o0
YeHb t 3HalljeHnit pyX HAOIMXKAETBCA 10 PIBHOMIPHOIO PyXy
k k
z(t) = —t——.
mp mp

Bidnoeidv: x(t) = mLpZ (e7P' + pt —1).
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Posrisinemo mudepentiiansbie piBHSIHHS, K€ HE MICTUTH IIyKa-
Hol byHKIT Ta KiTbKOX 11 MOCIIOBHUX MEPIIUX IOXiTHUX, TOOTO
PIBHSIHHS BUIVISIILY

F(w, y(k), y(k+1), ... ,y(”)> =0, (7.10)

e 1 < k < n. Beememo HoBy HeBimomy dymukmiio z = z(x) 3a dop-
MYJIOIO
y®) = 2. (7.11)

3 (7.10), (7.11) BunmBae, mo QYHKIS 2z € PO3B’SI3KOM DIBHSIHHS
F(w, 2,2 ,... ,z("_k)) =0. (7.12)

BBuyaiino, pieasianst (7.12) He 060B’sI3KOBO IHTErPYETHCsS Y CKiHUEH-
HOMY BHUIVISI/TL, aJjie 1oro HopsIoK Ha k OJUHUI> MEHIHA Bil TOPSI-
Ky piBustaasg (7.10). fdxmo z = w (z,Cy, Co, ..., Cp_k) — 3arajbHuii
po3B’s130K piBHgAHHA (7.12), TO JUIsi 3HAXO/KEHHsT PYHKIT Y 07ep-
KYEMO PIBHAHHS k-T'O TOPSIKY

y(k) = W ((E,Cl, e 7Cn—k)7

sIKe JIETKO iHTerpyernes (Ie piBusiHms Burismy (7.8)).

Ipukaazn 3. 3inmeepysamu pienanns iy’ = /2 — 3y’.
Pose’azamnmnsa. 3pobumo saminy y' = z(z). Toxi misa 3uaxoKens
GYHKITT 2 0ep:KyEMO PIBHAHHS 3 BiAOKPEMJIIOBAHUMHI 3MIHHIMUI

2 =42 =3z

3iaTerpyemo ioro:

d 2
T'Z?):dx (2-32#0) = —V2-3z=2+C1 =

— oz

1 2 3

5(2—32):(954-01)2 = 225—1(954‘(71)2-

Ockinbku z = 3/, TO

/

y:

2 1
(x+C)? = y= 3%~ Z($+C1)3+C2-

[SSRI )
e~ w
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Oxpim Toro, sikmo z = 2/3, o y = 2x/3 + C. 1li po3s’sasku €
OCOOJIUBUM.

Bidnoeidv: y = 2x/3 — (x4 C1)* /4 + Cy, y =22/3 + C.

Bamaua 2. Touxa macu m pyraemuves no npamit nid diero cuiu,
AKG BMIHI0EMDBCA 30 Ppopmyroto I = Asin wt. Beaostcarowu, wo onip
cepedosuuLa nPonopuitinul weudkocmi mowku, mobmo Fy = —kv,
susecmu 3akon pyry x(t) mouku, AKWO il NOYAMEKOSE NOAOHCEHHA
ma WeudKicms JOPIeHIOIMb HYAI.

Pozs’sazanns. 3a ymoBoio 3amadi ' = Fy + Fy. 3rigHo 3 apyrum
zakonoM Hpioroma
ma = Asinwt — kv,

a ockimpku v = ', a = x”, To omepxKyemo qudepenniaabHe pIBHIHHS
Burisity (7.10):
ma” + kx' = Asinwt.

[MouarkoBumu ymosamu € z(0) = 0, 2/(0) = 0 (3a ymoBoro 3a/1aui
[OYATKOBI TIOJIOXKEHHSI Ta MIBUJIKICTb TOYKH JIOPIBHIOIOTH HYJIIO).

Beogumo noBy dyukiio ' = u (toxi 2’ = u') 1 onepxyemo Ji-
HilfHE PIBHAHHS NEPIIOTO HOPSIIKY

u 4+ —u= —sinwt
m m

3 movarkoBoo ymoBoio u(0) = 0. Po3B’s30K 1[pOro pIBHSIHHS MO-
»kHa 3HafiTu 3a dopmynow (4.5) 3 meknil 4. [Tpomonyemo unrauam
CaMOCTIfTHO TIEPEKOHATHCS B TOMY, ITIO

Cre it 4 — A (X ot ¢
u = e m % & — SIN Wl — W COS W .
! k2 +w?m?2 \'m

— __Anw
3 ymosn u(0) = 0 snaxogumo crany Cy = 77077, & TOMY

Am ity F inr ¢
U= —FF"-7-s|we m — SIN Wl — W COS W .
k? + w?m? m

Ockinbku u = ', To dbyukuist x(t) € po3B’sI3KOM PIBHAHHS

, Am

==
k2 4+ w?m?

_ky k .
we m’ + —sinwt — w coswt |,
m
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IHTErpyIOUn AKe, 3HAXOIIMO

B Am mw _k, k .
$(t) = m —TC m- — mcoswt—smwt +C2

Ockinpku z(0) = 0, TO
Am mw k A
Co=———|—+— = (Oy=—.
2 k‘2+w2m2< k +mw> >k
Taxum arnoM,

a(t) = A _Am (e ke B st +sinwt ). m
_ - m _— w 11 W .
ko k24+w?m? \ k mw

Posrisinemo Tenep mudepentiiaibie piBHAHHS, sike SBHO HE Mi-
CTUTH He3aJIe’KHO1 3MIiHHOI, TOOTO PIBHSIHHS BUIJISLY

F(y, v,y .. ,y(”)) =0. (7.13)

[TokaxkeMo, IO MOPSIIOK LBOIO PIBHSIHHS MOXKHA 3HU3UTHU Ha OIM-
numo. s mporo BBegeMo HoBY (yHKINIO 2 3a dopmynon y = z,

BBa)KAIOUN Y HOBOIO HE3AJIEKHOIO 3MiHHOIO, TOOTO 2z = 2(y). Bu-
pasumo noxixui v”, v, ..., y™ uepes dyukuio z Ta ii noxigmi 3a
3MIHHOIO ¥:

p_ Ay _de _dz dy
dr dr dy dx ’

dy" d [(dz d (dz dy
A B _ %8s &Y 2
y e - (dy z> a (dy z> T ("2 + 2")z,

y(n) = w(z, 2, ... ,z("_l)>.

Orke, Jyist 3HAXO/KEHHsT (DYHKIIT 2 ozteprkasn audepeHijaibHe
piBasiaHs (n — 1)-ro MOpSIKY

F(y,z,z'z,..., w(z,z’,...,z("_l)» =0. (7.14)
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Axmo z = ¢ (y,C1,Co,...,Cp_1) — 3ara’bHAil PO3B’A30K PiBHSIH-
us (7.14), To 3arasbHuii iHTerpas piBastHH (7.13) MOXKeMO 3HANTH,
PO3B’SI3aBINN PIBHSIHHSA 3 BiIOKPEMIIOBAHIMHI 3MIiHHIMI

y/ = Sa(yvc’laCQv' e aCn—l)-

3ayBakKUMO, IO MPUAMAOYN Yy 3a HE3AJIEXKHY 3MIHHY, MOXKHA
BrparuTu po3s’sa3ku pisHsHHs (7.13) Burisay y = C. Besnocepe-
JTHBOIO MiICTAHOBKOIO y piBHsAHHS (7.13) moTpibno 3’scyBarn, un Mae
BOHO TakKi PO3B’SI3KM.

Ipuknan 4. 3inmeepysamu pienanma yy" = y'? — /3.
Pose’azannsa. Hexait y' = z(y). Touni 3" = 7'z i, nincrasisoun B
PIBHSIHHS, MA€MO:

d d
yz—Z:,ZQ—z?’ = z y—z—z+22 =0 =
dy dy

z=0 abo y—Z:z—zz.
dy

3 mepmoro piBHaHHA BummBae, mo iy = 0, a orxe, y = C, a 3
JIPyTroro:
d d d
yE— 2 o / & :/_y (z—22#0, y£0) =
dy z— 22 Y
1 1 d
/< —i——)dz:/—y = Injz|-In|l—z=hly|+C1 =
1—2 =z Y
z Cry
=C = = —
1—=2 1y S + Chy
Ockinbku z = 3/, TO
I _ Cly d_y _ Cly
Y i o dr 1+ Cry

wdy =Cidr (y#0) =

1
/<§+C’1>dy:C1x+C2 = ln]y|+C’1y:Clx+Cg.
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Sxmo z — 22 =0, 10 2 =0 abo z = 1. Bunajok 2z = 0 B:ke pos-
DISHYTO, a aKmo 2z = 1, oy = 1, y = z + C. Yci ni upawmi e
0CODJIMBAMU PO3B’SI3KAMI.

Bidnosidv: In|y| + Cry=Cix+Cy, y=ax+C, y=C.

3. Oguopinui piBHgHHS. [Iudepeniaibae piBHIHHS

F(x,y,y/,...,y(n)> =0 (7.15)

HA3UBAIOTh 00HOPIOHUM BiTHOCHO IIYKAaHOT PyHKIIT Ta 11 HOXiTHIX,
SIKITIO HOTO JIiBa YacTUHA JJIS TOBLIHHOTO ¢ # 0 CIpaBIKye yMOBY

F(x,ty,ty’, ... ,ty(")> =" F(x,y,y’, e ,y(")>, (7.16)

Je gmcao m — Bumip ommopimmocti dymkmii F. [Tokaxkemo, mo 3a
JIOIIOMOI'OIO IT1JICTAHOBKH

Y
" (7.17)

e z = z(xr) — HoBa HeBimoMa (YyHKIs, MOPsAI0K piBHsiHHS (7.15)
MOKHA 3HU3UTH Ha oauHuIo. CrpaBmi, OCKIIbKN

v =vyz Y =yt =y 42,
y" =y (2" 4322+ 2%, ...,y =y g(z, 2, ... ,z("_l)),
TO, TMiACTaB/sIOqYN 1 Bupasu B (7.15), MaeMo CIiBBigHOIICHHS
F(x,y,yz,y (242, ... ,y-g(z,z’,...,z(”_l))) =0,
sike, BpaxoByiodn (7.16), MoXKeMO 3ammcaT y BUIVISAI
y" - F(x, 1,2,22+2,... ,g(z,z', e ,z(”_l))) =0.

[Ticost ckopouenust Ha Yy (y # 0), omepKyemo nudepeHifiaibHe pis-
HaHHg (n — 1)-T0 HOpsAIKy:

F(x, L,z,22+2,... ,g(z, 2, ... ,z(”_l))) =0. (7.18)
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Axmo z = p(x,C1,Cy,...,C,_1) — 3arajbpHuil pO3B’A30K PIBHAHHSI
(7.18), To, Gepyun 10 yBaru (7.17), 3HAXOAUMO 3arajbHuil PO3B 30K
onmopigaoro piBasHH (7.15):

7C 7C 7"'7Cn— d:
y:Cn.efso(x 1,02 Vdz

ne Cp, Oy, ..., C, — DOBLIBHI cTAJTI.
Oyukiis y = 0 € po3s’si3koM piBasiHHs (7.15), ase 1neit po3s’sa30k
MOXKHa oTpuMaTu 3 3arajabHoro npu C, = 0.

IMpukaan 5. 3inmezpysamu pisnanns v2yy” — (y — zy')? = 0.
Pose’sazanns. Jlerko mepekoHaTHCH, M0 JIiBa YaCTUHA DIBHSIHHS €
oxHopinHO dyHKIE (BUMIpy 2), a TOMY 3a/1aHe PIBHSHHS € OJTHO-
pimmmv. Hexait 3 = yz. Tomi 3" = (2 + 22)y i, nigcrapnamoun y
PIBHSIHHSI, OJEPKYEMO:

22 (2 + ) — (y—zy2)?P=0 =
2+ 22— (1—22)%=0 (y#£0) =
1

2
22 42 =1 = z'+—z:—2.
x x

Orxke, MaeMo JiiHiiiHe piBHsSIHHSI TIePIIOro mops Ky (ekiis 4). Voro
3araJbHUM PO3B’A3KOM € z = 1/x + C / 22, Jlani Maemo:

|
Vo161,
y x a? y x  a?

C

In|y| =Inlz| — 71 +Cy = y=Coze V7,

Posp’s130k y = 0 € yactuaHEM (010 MOYXKHA OJIEPKATH 3 3araJIbHOTO
po3s’s3ky npu Cy = 0).
Bionoeiov: y = Coxe €Y7,

Pexomendosana aimepamypa: |9, c. 15 — 17, 50 — 58|, [14,
c. 227 — 287], [15, c. 41 - 51], [16, c. 136 — 161], [19, c. 91 — 113).
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IMuranusa mo Jjgekirii 7

1. dxwuit 3arajpHuil BULIAI Ma€ auepeniiaabie piBHIHHSA N-TO IO-
PSIKY, PO3B’si3aHe BITHOCHO CTAPIIOI ITOXiTHOT?

2. dx dpopmymoernhes 3agata Kot mrsa qudepeniiaibue piBHIHHAS -
ro nopsaKy? fxa jgocraTHsl yMOBa iCHYBaHHs po3B’si3Ky Takoil 3aja4i? Ha-
BeaiTh TeopeMy Korri mpo icHyBaHHs Ta €IuHICTb PO3B 13Ky 3aiadi Kori.
Axuit reoMeTpuIHII 3MicT Mag IId 3aJa4a, 1A I epeHIiaJIbHOTO PiBHSI-
HHsI JPYTOTO MOPSIIAKY !

3. dxuit mexanigauit 3micT nudepeHniaabHOr0 PiBHAHHS APYroro mo-
PSIAKY Ta HOro po3B’sa3KiB?

4. 1o Ha3uBaioTh 3arajbHUM PO3B’A3KOM (3arajlbHUM IHTEIPAJIOM ) 1~
depeHIiaIbHOrO PiBHIHHS N-T0 TOPsaKy? AKuit po3B’s30K HA3MBAIOTDH Ya-
cruHENM, 0cobOimBuM? Yu Moxke mqudepeHIiaibie PIBHIHHS N-T'0 MOPSIKY
MaTu 6e3/1i4 0COOIUBUX PO3B’I3KIiBT

5. SIkumii BHTJIAA Ma€ 3arajbHmii po3s’s3ox pismamna y(™) = f(zr) 3
HEIIEPEPBHOIO IIPABOI0 YACTUHOIO!

6. 3a JOIOMOroO0 SKOI 3aMiHU MOXKHA 3HU3UTH MOPSIOK Ju(EpeHIi-
aJIbHOTO PIBHSIHHS, 1[0 HE MICTUTH IIYKAHOI (DYHKINI, i pIBHSIHHS, IO HE
MICTUTB ITyKaHOI (DYHKITI Ta MOCTIIOBHUX MEPIIUX MOXITHUX !

7. Ak 3un3UTH NOPANOK JndepeniaJbHOr0 PIBHAHHS, SKe HE MICTUTD
He3aJ1eKHOT 3MIHHOT?

8. fKy yMOBy Ma€ cIpaB/RKyBaTH JliBa JacTUHA JudEpeHIiajIbHOro
piBHsHHA F (33, Uy, y(")) = 0, mob BOHO OYJI0 OMHOPITHUM BiTHOCHO
mykanol dyHknil Ta i1 noxigunx? fKa 3amMiHa BUKOHYETHCH y TAKOMY PiB-
HsHHI?

Brapasu go aekirii 7
1. 3inTerpyiiTe piBHsIHHS:
a)y’ =2% 6)y" =sinzcosz; B)y"Y =222
2. 3HaliiTh YaCTHHHMI PO3B’A30K piBHAHHA Y = cosz, axmii 3a10-

BosibHsie novaTKoBi ymosu y(0) = —5, y'(0) = 1, y”(0) = 4.
3. Busnaure Tun piBHaHb Ta 3iHTErpyiiTe IX:

a) oy’ +ay” +y =0; 6)y +y” =wy’s v)d/my =1

4. 3HaiiAiTh PO3B’SI30K PiBHAHD, AKi 3aJI0BOJILHAIOTH 3aJIaHi [T09aTKO-
Bl YMOBH, JOCJIJIMBINK IOIEPEIHBO MUTAHHA PO ICHYBaHHA Ta €JIUHICTH
IIIyKAHOT'O PO3B’A3KY:
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a) y" = (1+y?2)%2, y0)=1, y'(0)=0;
6) 4y’ +y"* = 4ay”, y(0) =0, y'(0) =—1.

5. BigmykaiiTe piBHsHHS, OJHOPiAHE BiTHOCHO MTyKaHO! PYHKIMI Ta i1
MOXiTHUX, Ta 3iHTErpyiiTe fforo:

2 2 2
a) 2?y? =y +yy” =0; 6) ayy" +yy' =y + v
B) 2yy” +xy? — \/yy’ = 0.

6. 3HaiiniTe inTerpanbHy Kpusy pisHamms yy” + 32 = 1, gxa mpoxo-
nuth depe3 Touky (0,1) 1 morukaernes y it Touni g0 npamol y = 1 — x.
Ob6rpyHTyiiTe €IUHICTh TaKOl iHTErpaJIbHOI KPUBOI.

Jlekmnia 8. JIiniitHi ogHOpigHI audepeHIiaabHi
PIBHSIHHSI 71-TO MOPSJIKY

Il1an

1. OcHoBHI 03HAYEHHST 1 TTOHATTSI.

2. BuractuBocTi po3B’s3KiB JIIHIHOTO OTHOPITHOTO PiBHSIHHS.

3. Jliniitao 3anexui Ta sminHifiHO HesamekHl OYHKIII.

4. Teopema Tpo 3araJibHUN PO3B’SI30K JIHIITHOTO OXHOPITHOTO
PIBHSIHHSI.

5. @opmyaa Ocrporpacbkoro — JIiyBijist.

1. OcHoBHIi O3HaYeHHs I HOHATTHA. Y 6AraTbOX ITPUKIATHUX
3ajadax sk caMi QpYHKIII, [0 BUBYAIOTHCA, TaK 1 X 1mMoximHi HabyBa-
FOTh HACTIJIBKY MaJInX 3HAUEHb, IO 1X KBaJIpaTaMu, KybaMu i BUIIHU-
MU CTeIeHsSIMU MOXKHA 3HeXTyBaTH. lle 1m03BoJIsie 3aMiHUTH TOBLIBHI
3aJIE2KHOCTI MiXK BEJIMYMHAMUI 3aJIEKHOCTIMU JHHIAHUME. 3aCTOCO-
BYIOUHN 3a3HAYEHY OIepariiio Jineapu3aliil g0 gudepenniaabHuX pis-
HSIHB, IO OMUCYIOTH IEBHUM MPOIEC YU SIBUINE, OJAEPKYIOTh aude-
PeHIiaIbHi PiBHAHHS, B gKi MyKana (PyHKIIS Ta 11 MOXiTHI BXOAATH
miniftHo. Taki piBHSHHS HA3WBAIOTH JIHIAHIMMT.

Jlinitinum dueperHuianbHUuUM PLBHAHHAM N-20 NOPAIKY
HA3WBAIOTH PIBHAHHS BUTJISLY

y™ 4 p1(@)y™ Y + (@) + pa(e)y = flx). (8.1)
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Beazkatumemo, mo dyukiil p1(x), p2(x), ..., pp(z) (koepiyienmu
piBHsiHHSI) 1 paBa YactuHa f() HenepepBHi Ha JEIKOMY iHTepBaJI
(a,b).

dAxmo f(z) = 0 na inrepsaui (a, b), To piBusHHs (8.1) HA3UBAIOTH
ATHITHUM 00HODPIOHUM. BoHo Mae BUDIsiT

y(") + pl(x)y("_l) + .ot pu1(@)y + pu(z)y = 0. (8.2)

Axmo dyskmis f(x) roroxkHO BiaMiHHA Bij HyJIs Ha inTepBadi (a, b),

TO piBHsiHHS (8.1) HA3MBAIOTH ATHIUHUM HEOOHOPIOHUM.
Posriistnemo nuranHs npo iCHyBaHHs PO3B’s3Ky piBHsHHS (8.1).

Po3sp’st3aBInn oro BiTHOCHO CTApIINOl IMOXiTHOI, MAEMO:

y™ = f@) = pi(@)y" TV = = (@)y —pa(e)y. (8:3)

Ha mincrasi 3pobeHux mpuiyIeHsb BifHOCHO KOeiIieHTiB Ta IpaBol
yacTuHu piBHsAHHs (8.1) MEPEKOHYEMOCH, 110 TpaBa YaCTHHA PIBHsI-
uas (8.3) € menepepsroo dyHKIico Ha inTepBam (a,b) i Mae He-
HepepBHi, a oTKe, it oOMexkeHl Ha BiJPIZKY [a1,b1] C (a,b) gacTun-
i moxigEi 3a svinamMu v, i, ..., y "V (muvu e GymkIl —pp (z),
—pn—1(x), ..., —p1(x) Bigmosiguo). O1xke, 3 Teopemn Kormi (sexris
7) BUILIMBAE, IO JJisi OY/b-sIKUX OYATKOBAX YMOB

y(xo) = Yo, y/(xo) = y/07 R y(n_l) (xO) = y(()n_l)v

ne zo € (a,b), piBuaang (8.1) Mae eauunit poss’sa3ok y = y(x). Lleit
pO3B’s130K 1 pasiB nudepentiiiioBanii Ha inrepsadi (a, b). OcobmmBux
po3B’si3KiB piBHsHHS (8.1) He Mae.

JIljisT CKOpOYeHHsT 3aIuCiB MO3HAYMMO JBY YaCTUHY PiBHAHHS
(8.1) uepes L(y):

Ly) =y™ +pi@)y" ™V + .+ pua @)y +palx)y. (84)
Takum wmuoMm, L(y) — me pe3yabTaT BUKOHAHHS HaJ (DYHKILEO Y
oneparliii, BKazanux y npasiit qacruni dopmysnu (8.4), a came: 3Ha-
XOJPKEHHs MOXITHUX (DYHKINUT Y /10 MOPSAJIKY 7 BKIIOYHO, MHOXKEHHS

v, v, y", ..., y™ ma koedinienTn piBHAHHS H TOTABAHHS OTpPUMA-
nux 1060yTKis. CyKynHicTh nuX onepariil mosHaduMo 4epes L:
d" a1 d
=— + A o1 (2)— + pu(
dz™ pl( )dx" 1 Pn 1( )dl' pn( )
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i Ha3MBATUMEMO ATHITHUM JudeperHuiasbHuM ONepamopom n-
20 NOPsAdKyY.

Binsaaummo ocHOBHI BracTUBOCTI omreparopa L, sIKi BUILINBAIOTh
3 aHAJIOTTYHUX BJIACTUBOCTEH IOXiTHUX:

Buaactuicts 1. Cmaauti MHOAHCHUK MONHCHE BUHECTIU 30, 3HAK
NHITH020 QUPEPEHULANLHO20 ONEPAMOPA, MOOMO 0AA 08IALHOT cTa-
a0i C

L(Cy) = C L(y).

Buaacrtusicte 2. Jlinidnutd dupepenyiarvrut onepamop 6id cy-
MU GynKryit dopienioe cymi MHIGHUT OUPEPEHUTANDHUT ONEPATNOPIG
610 dodanxie, mobmo

L(y1 +y2) = L(y1) + L(y2).

BukopucroByioun oneparop L, jiHifine HeogHOPiaHE PiBHAHHS
(8.1) i siniiine oxHOpinHe piBHsAHHS (8.2) MOXKHA 3alUCyBaTH BiJIIIO-
Bigno sk L(y) = f(x) i L(y) = 0.

2. BaacTtuBocTi po3B’ga3KiB JiHiiiHOr0 OmHOPiAHOTO piBHSI-
HHA. 719 3HaX0/KEeHHs MiCHUX PO3B’s3KiB JiHifiHOTO audepeHtri-
AJIBHOTO PIBHSIHHSA 1HOJI BUKOPHCTOBYIOTH OO KOMILJIEKCHI PO3B’sI3-
KU.

Kommnekeny dynkiio y(z) = u(z)+iv(z), ae i = v/—1, aificroi
3MIHHOI & HA3UBAIOTH KOMNAEKCHUM PO38’°a3K0M DiBHsHHS (8.2)
Ha inTepBasi (a,b), AKmIoO i1 mMICTAHOBKA IIEPETBOPIOE 1€ PIBHSHHS
y Toroxuicts L (y(z)) = 0 mus Beix x € (a,b).

[MTokazkeMo, MO SKIIO KOMIUIEKCHA (DYHKIIs y(Z) € pO3B’sa3KOM
piBasiaEs (8.2), To i1 mificna Ta ysBHA YACTHHH € JIHCHUME DPO3-
B'si3kaMu 1[bOro K piBHsAHHsA. Crpaszi, Hexail dynkuis y(x) =
= y1(x) + iy2(x) € poss’siskom piBusHEs (8.2), Tob6TO L (y(7)) = 0.
BukopucroBytoun BiaactuBocTi 1, 2 oneparopa L, ofgepKyemMo, 110

L(y(x)) = L (yi(x) +iy2(2)) = L (y1(2)) +iL (y2(2)) -

Orxe, L(y1(x)) + iL(y2(x)) = 0, 3BiaKn i BUIIINBAE, IO

L(yi1(z)) =0, L(yz2(z)) =0.
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OueBnmo, KoyKHe JiHifiHe ofHOpiAHe piBHsHHS (8.2) Ma€e HYIBO-
BHil po3B’s130K Yy = 0, sIKMil HABUBAIOTH MPUBLAADHUM.

[Tizmimre Oy/te ToOKa3aHO, IO 3HAHHS YACTUHHUX PO3B’SI3KiB JIiHIH-
HOT'O OJIHOPIJIHOTO PiBHAHHSI CIIPOIILYE MPOIeC MOOYI0BYU 3arajbHOrO
PO3B’sI3KY, a iHOI J03BOJIsIE MOBHICTIO PO3B’sI3aTU 3aady iHTErpy-
BaHH{ [ILOI0 PiBHAHHA. 1le € MOXKJIMBUM 3aBISIKH TOMY, 110 YaCTHHHI
PO3B’sI3KM JIIHIMHOTO OMHOPIIHOTO PIBHSHHS MAIOTh HU3KY IIKABUX
BJIACTUBOCTEMN, AKi CHOPMYIIIOEMO Y BUIVISII TEOPEM.

Teopema 1. Hxwo y1 — wacmunhutl po3e’a30x AiHitiH020 00HOPI-
onozo pienanna (8.2), moy = Cyi1, de C — dosiavra cmana, marostc
€ D038 A3KOM UDO20 PIBHAHHA.

Losedenns. Ockinbku L(y1) =0, a < x < b, TO, BAKOPUCTOBYIOUH
BJIaCTUBiCTH 1 omeparopa L, oaep:KyeMo, 110

L(Cy1) = CL(y1) =0,

a orxke, C'y; € po3s’siskoM piBasHHA (8.2). Teopemy moseeno.

TakuMm YWHOM, 3HAIOYM OJMH YACTUHHUN PO3B’S30K PIBHAHHSA
(8.2), Mmoxkemo 6e3 KBajpaTyp OJepKaTh Biapasy ciM’io po3B’s3KiB
I[BOTO PIBHSIHHS, 3aJIeKHY Bij onHoro mapamerpa (crasol C).

Teopema 2. Sdxwo y1 i yo — 08a HACMUHHE PO36 A3KU AIHITHO20
0dnopidnozo pienanna (8.2), mo ix cyma y1 + y2 makxootc € po3s’as-
KOM Ub020 DIGHAHHA.

Losedenns. Ockinbku L(y;) =0, L(y2) = 0, TO, BAKOPUCTOBYIOUH
BJIACTHUBICTH 2 omnepaTopa L, oJepKyeMo, IIo

L(y1 +y2) = L(y1) + L(y2) = 0.

Teopemy m0BesIEHO.
3 Teopem 1, 2 BUILINBAE TaKe TBEPIZKEHHS.
Teopema 3. Axwo y1, y2, - - ., Yn — YGCMUHHI PO36 A3KU AIHITI-

H020 00HOPIOH020 pishsanns (8.2), mo

y=Ciyr + Coyz + ... + Cryn,
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de Cp, Co, ..., C) — 006iAbHL CNAAL, MAKOHC € PO3E AZKOM UbO20
PIBHAHMA.

s imocrpamnii Teopemn 3 posriasaeMo pisagnasg y’ +y = 0.
BoHO, sIK JIErKO [IEPEKOHATHCH, Ma€ PO3B’A3KK Y1 () = cos x, Yz () =
= sinx, a TOMy HOro pO3B’I3KOM € TAKOXK KOXKHA (PYHKIIS CiM'T ¢y =
= Cicosx + Cysinz, ne Cq, Cy — 1OBLILHI cTaJIi.

[Tpupoano BUHUKAE TUTAHHST: IKUMH [TOBUHHI Oy TH 1 TaCTUHHUX
PO3B’SI3KIB Y1, Y2, - .., Yn PiBHsIHHs (8.2), 11006 iX JiiHiliHA KOMGiHA-
mig y = Cry1 + Coyo + . . . + Cryp, sIKa MICTUTH N HOBIILHUX CTAJIIX
Cy, Co, ..., Cp, Oya 3araJibHUM PO3B I3KOM IIbOr0 piBHSHHs? 51
BIJIIOBiII Ha TIe BaXKJIMBE MTUTAHHSA BBEJIEMO TOHSATTH JIHIHHOI 3aJ1e-
JKHOCTI (JTiHIfHOT He3as1eKHOCTI) (DYHKITIi.

3. Jliniiino 3asyexxkHi Ta jginiiiHo He3asexHi dyHukIii. OyH-
kil y1 = y1(x), y2 = y2(x), ..., Yn = yn(z), Bu3HAYCH] Ha iHTEpBaJ
(a,b), HA3MBAIOTD ATHITHO HE3ANEHCHUMU HA TIHOMY IHTEpBAJI,
SAKIIO CIIIBBIIHOIIIEHHSA

a1y + aoys + ... + apyn =0, (8.5)

e o, g, ..., Gy — CTaJi, BUKOHYEThCS 71 BCIiX = € (a,b) Tiibku
TOJi, KOJIX BCl o] = g = ... = ay, = 0. dAxmo y cuiBBigHOIIEHH]
(8.5) xoua 6 omma i3 crammx aj, a9, ..., Q, BiIMIHHA BiT HyIsd,
To YHKIGL Y1, Y2, ..., Yn HABUBAIOTL AIHIUHO 3AAEHCHUMUY HA
inrepsai (a,b).

Posrasmmemo mpukiiaim.

1. Oyuknii y; = 1, yo = @, ..., Yy, = 2" nimiiino nHesase-

»KHl Ha inTepBasi (—oo,+00). Cupasai, piBHicTb -1 4+ agr + ... +
+apz™ ! = 0, B axiit me Bei (vj JIOPIBHIOIOTD HYJIIO, HE MOXKE BUKOHY-
BATHCH TOTOXKHO, 00 € ajaredbpuIHUM piBHAHHAM (n — 1)-T0 CcTemens,
dKe, K BiIOMO 3 aJiredpu, He MOXKe MaTh Oinbiie 7 — 1 pi3HUX KO-
peHiB.

2. Oyukil y; = cosx, Yo = sinz JiHiitHO He3aekKHI HA OyIbH-
dAKOMY iHTepBaJi, 60 CIiBBiIHOIMEHHS (ip cOs T + aigp sinx = 0, e o i
Q2 OJTHOYACHO HeE JIOPIBHIOIOTH HYJIIO, HE MOXKE€ BUKOHYBATUCh TOTO-
JKHO Ha YKOJTHOMY IHTEpBAJIi.
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3. Oyuxmii y; = sin?z, yp = cos? z, y3 = 3 miniitHo 3a1eKHI Ha

inTeppai (—o0,400), 60 3 -sin®x +3-cos’z + (—1)-3=0.

3ayBaKUMO, 10 Y BUIAJIKY JHHIAHOI 3aJ1€2KHOCTI (DYHKIINA OIHY
3 HUX MOXKHA JIiHifiHO Bupa3uTu depes inmmi. Hanpukazn, sxmo dyn-
KIil ¥1, Y2, . . ., Yn JIHIAHO 3as€KHi 1 oy, 7# 0, TO 3 (8.5) omepKyemo:
1
Yn = —a—(oqzn +aoys + ..+ —1Yn-1)-

n
JL1s1 BCTAHOBJIEHHST O3HAK JIHIHOI 3a/1€2KHOCTI Ta JIiHiTHOT He3a-

JesKHOCTI BYHKIIH y1, Y2, - .., Yn POSIAHEMO BUSHATHUK, CKJIAJIE-
HUH 3 TIUX PYHKIIN Ta TX MOXiTHUX 0 MOPSAKY N — 1 BKJIOYHO:

1 Y2 T Yn
! / - /
Wa= " 2o (8.6)
ygn—l) yén—l) o yr(zn_l)

Busnaunnk (8.6) HasuBaooTh 6udnauwHukom Bpomcvrozo abo
8POHCKIAHOM PYHKILH Y1, Y2, - - -, Yn-

Teopema 4 (HeobximHa yMoBa JiiHifiHOT 3a€KHOCTI N
dyukiit). dxwo Gynkyii yi, y2, - ., Yo MHIGHO 3a4e26CHT Ha de-
axomy iwmepsani (a,b), mo ix 6poncKian MomocicHo JOPiIEHIOE HYAI0
HA YbOMY THMEPBAAL.

Jlosederrs. 3rigHo 3 yMOBOIO TeopeMu st a < x < b MaeMo

1y1 + agya + ...+ anyn =0, (8.7)
Jle He Bcl uucna «j, j = 1,2,...,n, nopisHoioTs nymo. Jndepenmi-
fofoun criBsigaomenus (8.7) n — 1 pasi, oepKyeMo JIHIAHY OTHO-
PIIHY CHUCTEMY BIJTHOCHO (v, V2, ..., Qp!

a1y1 + oy + ...+ apyy =0,

a1y] + agyh + ...+ anyl, =0, (8.8)

"™ 4ol 4 Y =0,

Ockinpku xo4a 6 ojiHe YUCIO0 (v BiMiHHE Bif HyJIs, TO cUCTEMa
(8.8) mae HemymboBuit po3s’sizok. OTrKe, BUSBHAYHUK i€l CHCTEMH,
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AKW € BPOHCKiaHOM (DYHKIUH Y1, Y2, - - -, Yn, JOPIBHIOE HYJIO B KO-
JKHiN Touni inTepBasy (a,b). Teopemy joBeseHO.

3 Teopemu 4 BUIIHBaE BaxK/HMBe TBepKeHHS: axwo W (x) # 0
xoua 6 6 00nit movyi inmepsany (a,b), mo GyrKyii Y1, Y2, - -, Yn €
NHITHO HE3ANEHCHUMU HA UbOMY tHMepsaat. Hanpukiman, dyukmil
ehz ket ks piniiino nesamexxni na (a,b), axmio ki, ko, k3 — pizmi
qncia. Cropas,

ek ek ks 1 1 1
W(x): kleklz k26k2m kgekSm :e(k1+k2+k3)z ki ko ks | =
Ko gZeke ke R OR K

— e(k1+k2+k3)z(k3 — k1)(ks — ka)(ka — k1) # 0.

Harosomtyemo, mo toroxkuicts W (z) = 0 € Tinbku HeoOXigHOIO
YMOBOIO JIiHIIHOT 3ajexKHocTi DYHKIIN Y1, Y2, ..., Yn, TOOTO 3 TO-
ro, mo W (z) = 0, B3araii KaxKyd4n, He BUIUIUBAE, MO MYHKIUT Y1,
Y2, - - -, Yp JIHINKHO 3asexkHi (quB. Biupasy 9 110 Jekiil). OHak, Ko
Y1, Y2, - -+, Yp € HE JOBIIBHUMU (PYHKISIMHA, 8 JACTHHHUME PO3B’ 13-
KaMu JIHITHOTO OfHOPiHOTO piBHsIHHS (8.2), TO CHIPABIZKYETHCSI Ta~
K€ TBEPJI2KEHHS.

Teopema 5 (HeoOxiHA yMoBa JIHINHOI He3aJIEXKHOCTI N
PO3B’s3KiB JIiHITHOTO OJHOPIHOTO PiBHAHHSI NM-TO MOPSI-
KY). AKxuwo po3s’asku yi, Y2, ..., Yn AiHIGH020 00HOPIOH020 Pi6HA-
Hha (8.2) ainitino nesaneorcni wa inmepsani (a,b), mo ixr eponckian
BIOMIHHUT 610 HYAA 8 YCIT MOYKAT Ub020 THMEPBANY.
Hosedenns. Ilpunycrumo, mo y geskiii toumi o € (a,b)
W (x¢) = 0. Ckiazemo cucremy piBHsIHb, BBakafoun unciaa C; 3a
HeBiToMi:

Cry1(zo) + Caya(zo) + ... + Cpyn(xo) =
C1y1(xo0) + Cays(zo) + ... + Cry;,(z0)

I

0
0,

(8.9)
Cro\" ™ (o) + Coyd V(o) + ... + Coyl" ™ (o) = 0.

Busnaunnkom cucremu (8.9) € W(zp), a OCKIIBKE 3a IPHUITY IEHHSIM
W(xg) =0, To 111 cucremMa Mae HEHYJILOBUI PO3B’I30K, SIKUii MO3HA-

‘II/IMOClzcl,CQZCQ,...,Cn:Cn.
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Ckiagemo JHHITHY KOMOIHAINIO PO3B’SI3KIiB Y1, Y2, - - -, Yn'
y=Ciyr+ Coyz + ...+ Coy. (8.10)

Briguo 3 Teopemoro 3 dbyukiis (8.10) € poss’s3kom piBasHHS (8.2),
a 3 cucremn (8.9) BumImMBaE, MO y TOUIl T = ¢ po3B’a30k (8.10)
[IEePETBOPIOETHCS B HYJIb PA30M 3 yciMa MOXIIHUMHE JI0 MOPSIKY 1 — 1
BKJIFOUHO. AJle I1i caMi YMOBH 3aJ0BOJIbHSIE TAKOXK TPUBIAIBLHUN PO3-
B’s130K y = 0 piBasHHs (8.2), a oTkKe, 3rijHO 3 Teopemoro Komi (1po
€IMHICTH PO3B’sI3KY) 00M/1Ba PO3B’3KM 30iraoThCst, TOOTO

Ciy1 4+ Coya + ... + Cryn = 0,

MIPUYIOMY He BCi 4mCa C'j JopiBHIOIOTH HysIi0. Lle o3nagdae, mo yH-
KIil Y1, Y2, - - -, Yn JHIHO 3a/exkH] Ha iHTepBasi (a,b), mo cymnepe-
quTh yMoBi Teopemu. OTxke, mpuiyiieHas mpo Te, mo W(xzg) = 0,
xg € (a,b), xubue. Teopemy s10BeIEHO.

3 TeopeMm 4, 5 BUILINBAaE O3HAKA JIHIWNHOI HE3aJEKHOCTI N Ha-
CTUHHUX DPO3B’si3KiB piBHsiHHs (8.2): das mozo, wob n po3s’askie
MHITH020 00HOPIOH020 PieHAHHA (8.2) OYAU AIHITHO HE3ANEHCHUMU
na iwmepesani (a,b), HeobxioHo i docmammbo, wob ix eponckian
HE MEPEMBOPIOBABCA 6 HYAb Y HCOOHIT MOUUTL Ub020 THMEPBALY.

4. Teopema mpo 3arajibHUI PO3B’A30K JIiHINHOTO OJHO-
pimHOrO piBHAHHSI. ByIb-siKy CyKYyIHICTb 1 PO3B’sI3KiB JIHIAHO-
r0 OJHOPITHOrO piBHsAHHS (8.2), BUBHAYCHUX 1 JIHIHHO HE3aIEXKHIX
Ha inTepBasi (a,b), Ha3UBAIOTh HYHOAMEHMAADBHONO CUCTLEMONO
P036°A3K16 1OT0 PiBHsHHS Ha inTepBayi (a,b).

Hanpuknan, dyukmnii y; = cosx, yo = sin z yTBOPIOIOTH PyHIA-
MEHTAJIbHY CHCTeMY PO3B’si3KiB piBHsinHa 3" + y = 0 Ha inTepsBasi
(—00,4+00), 60 BOHI € pO3B’sI3KAME I[LOTO PIBHSIHHS 1 JIHIHHO He3a-
nexkHi Ha (—00, +00). Ajte e piBHsIHHS Mae i iHmmi dyHIaMeHTa b
Hi CHCTEeMHU PO3B’SI3KiB, HAIIPUKJIAJ, KOXKHA Mapa (DYHKINH BUATTISITY
y1 = kcosx, ys = ksinx, ne k — noBinbHa cTasa, BiaMiHHA BijT HYJIS,
TakoXK Oyae PyHIaMEeHTAIBHOIO CHCTEMOIO PO3B SI3KiB.

MoxxHa nosectu (/uB., Hanpukiaaz, [19, c. 118 — 119]), mo koxHe
JliHiitHe omHOpinHe AudepeHIiaJbie PIBHAHHA Mae (yHIAMEHTAIb-
HY CUCTEMY PO3B’sI3KiB, a K BHUJHO 3 HABEJICHOI'O MPUKJIAIY, TaKe
PIBHSIHHST MOXKe MaTh 6e3/1i9 PyHIaMEHTAJIbLHIX CUCTEM PO3B’sI3KIiB.
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Suanfsg GyHIaMEHTAIBHOI CUCTEMU PO3B’aI3KIiB 1a€ MOXKJINBICTD
o0y yBaT PO3B’si30K piBHAHHs (8.2), KMl MICTUTB N JOBLIBHUX
CTauX, IPUIOMY Ieil PO3B’SI30K OyIie 3arajbHUM.

Teopema 6. fHxwo yi, Y2, --., Yn — PyHdamenmavra cucme-
M@ PO36°A3KI6 NiNilH020 00HOPIOH020 pienanna (8.2), mo 3azarvrudl
PO36°A30K Ub020 PIGHAHHA GUIHAUAEMBCA POPMYAOIO

y=Ciyr + Coys + ...+ Cryn, (8.11)
ne Cq, Cy, ..., C, — dosisvbhi wucaa.
Zlosederns. llokaxkemo, 1o 3aBKau MOxKHa BuOparu cram Ch,
Cy, ..., Cp mak, mob dopmyna (8.11) BusHavama PO3B’SI30K PiB-

Hanas (8.2), axui 3a/10BoIbHSE OyIb-gKi HAIIEpe] 3a/1aH] TOIATKOB]
YMOBI:

y(x0) = yo, ¥ (x0) =ty s y" V(wo) =y V. (8.12)

Jns susnagenns Cp, Co, ..., C) OZepKyeMO HEOIHOPIIHY CH-
cTeMy JHHIAHUX aareOpuYHuX piBHAHD

Ciyi(zo) + Caya(xo) + - .. + Cryn(zo) = Yo,

Cryi(zo) + Cayy(wo) + - - - + Cuyn(0) = ¥p, (8.13)

Oyt (o) + Coy" (o) + .+ Cughl" o) = " .
Busnaunnkom cncremn (8.13) € W (wg). 3rimHo 3 Teopemoio 5
W(xzo) #0, a orxe, cucrema (8.13) Mae emunnmii poss’sizok Cf,
Cy, ..., C,. Oynxmiz (8.11) e poss’ssrom pismsaams (8.2) 3rimmo
3 Teopemoio 3. Bupas (8.11), B axomy C; = Cy, i = 1,2,...,n, ode-
BUJIHO, 33/I0BOJIbHsE moYaTKOBI yMoBH (8.12). Teopemy mosesero.

Posristnemo, Hanpukiaaz, pisaaans y” +y = 0. Panime 6y/0 1mo-
Ka3aHo, 1Mo (PYHKIII Y1 = COS X, Yo = Sin & yTBOPIOIOTH (DyHIaMEH-
TaJIbHY CHCTEMY PO3B’sI3KiB Ha iHTepBasi (—oo, +00), a TOMy 3rijHO
3 Teopemoro 6 y = C7 cos x + Co sin x € 3arajbHIM PO3B’sI3KOM HaBe-
JEHOI'0 PIBHSIHHSI.
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5. ®opmysa Ocrporpaacekoro — JliyBinmas. Hexait maemo n
JIHIITHO He3aJIe’KHUX YACTUHHUX PO3B’A3KIB Y1, Y2, - . . , Yy JAHIHHOTO
oxuopinnoro piBasaug (8.2). Toxi 1e piBHSAHHS MOYKHA 3AIMCATH Y
BUTJIST

Y1 Y2 s Yn Yy
Y yvs o Yy Y
Y Yo o Yn Y
N R R

60 piBusinas (8.14) Mae Ti cami JiHIiHO He3a/IeXKHI PO3B’SI3KU, 110 i
(8.2). Cupaszi, sikimo migcrasutu B (8.14) 3amicTsb y onny 3 dDyHKIH
Y1, Y2, -+ Yn, TO ONEPKUMO BU3HATYHWUK, SIKHU Mae JBa OJTHAKOBI
CTOBIIII 1 TOMY TOTOXKHO PiBHUI HYJIIO. 3BIJICH BUILIMBAE, IO 3ara/Ib-
Hi po3B’s3KN piBHAHG (8.2) 1 (8.14) oxHakosi, a cami piBHSHHS Bin-
PISHSIIOTHCsI JIUIIEe MHOKHUKOM. Po3kiasaoun BusHauHUK 3 (8.14)
3a eJleMEeHTaMHU OCTAHHBOI'O CTOBIIIS, 3alHIIeMo piBHaAHHS (8.14) y
BUTJIST

Ao(w)y(”) - Al(x)y(”_l) + Ag(x)y("_z) — ...
A (CDFAR@) Y 4 (— 1) A (z)y = 0, (8.15)

ne Aj(r) — BU3HAYHWK, YTBODEHUIl BUKPECTIOBAHHSIM OCTAHHBOTO
croBurd i (n + 1 — i)-ro psyika y BusHauHuUKY 3 (8.14).

Ockinpkn piBusnns (8.15) 36iraerbes 3 piBsaxasaM (8.2), To npu-
piBHIOIOYH KoedilieHTH Oi/IsT 0JIHAKOBUX MOXITHUX i BpAXOBYIOUH, IO
Ag(x) = W(x), onepkyemo

pl(x):—fvlg)), p2($):ﬁ/2((z))’ Pn(x):(‘l)nﬁg((f))‘
(8.16)

3mudepentioemo Terep BpoHcKiaH (8.6), BHKOPHCTOBYIOUH TaKe
IIPABUJIO: TIOXi/IHA BiJ BU3HAYHUKA N-T'O MOPSJIKY JOPIBHIOE CyMi N
BU3HAYHUKIB, sKi OJIEPXKYEMO 3 HHOTO TTOYEPTOBOIO 3aMIHOIO e/TeMeH-
TiB TEPINOTO, APYTOro, ..., N-TO PAAKa IX MOXiMHUMU. YCi IIi BU3HA-
YHUKH, KPIM OCTAHHBOTO, JOPIBHIOIOTH Hy/O (60 BOHH MAlOTh [[Ba
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OJIHAKOBI DSATIKM), & TOMY

Al Y2 T Yn

vh ys o Yy
Ui Yo o Yn

ygn) yé") o %(Ln)

Jlerko Gauamru, mo W'(x) = Aj(x), a gKo BpaxyBaTH IHEpILy
dopmyay 3 (8.16), To

3BIJIKH, IHTETPYIOYH, 3HAXOIUMO

—fpl(x)da:
W(x) =W (xg)-e *0 , (8.17)

e * = T — JOBLIbHA TOUKa 3 imTepBamny (a,b). Popmymy (8.17)
Ha3uBaIOTh opmyaoto Ocmpoepadcvrozo — Jliysiaas. Bona
JIO3BOJISIE 3HAUTH BPOHCKIaH (pyHIAMEHTAILHOI CHCTEMHU PO3B’SI3KiB
piBusHHA (8.2), He MaOYN caMoOl CHCTEMH.

3 dopmysin Ocrporpajicbkoro — JIiyBijijis BUILIMBAIOTH TaKi 8.4a-
CMUBOCMT 8POHCKIGHA PO3B’SI3KIB JIHIAHOINO OTHOPIAHOTO PiBHSI-
HHs:

1. Hrxwo eponckian n po3e’a3kie yi, Y2, ..., Yn pienanna (8.2)
dopisnroe nyao 6 deskit mowyi xo € (a,b), mo 6in dopisHioe HYAO
8 YCIT MOUKAT Ub020 THMEPBANY.

2. Hxwo sponckian n po3e’saskie pienanns (8.2) eidminnul 6id
HYAR TO% 6 00Hil mowyi xy € (a,b), mo ein eidminnul 610 Hysa 6
YCIT MOYKAT Ub020 IHMEPEANY.

Dopmyimy (8.14) MoKHA BUKOPUCTOBYBATH 711 T100Y10BU nudpe-
PEHIIAJIBHOIO PIBHSIHHSI, SIKIO BIJIOMOIO € HOro yHIaMeHTaJbHA
CHCTeMa PO3B’s3KiB.

Ilpukmnan 1. [lo6ydysamu dugepenuianvre pieHAHHA, AKE MAE
pyndamernmarviy cucmemy poze’aswic yi(r) = x2, yo(x) = z — 1.
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Pose’sazarns. Cropucraemoch dopmymomo (8.14):

2 -1 y
2r 1 y | =0
2 O y//

POSKJI&.,ZL&IOLH/I BU3HAYHUK 3a €JIEMCHTAMMN TPETHOI'O CTOBIIIA, MAa€MO!:

2 2

2x1_,x x—1+,,x x—l_O:>
Yo ol Y] 2 o Ylop 1 |7

2z —22)y" + 2@z -1y —2y=0. |

Pexomendosana aimepamypa: (9, c. 91 — 102|, [15, c. 171 —
177], [16, c. 174 — 197], [19, c. 113 — 121], [20, c. 93 — 106].

IMuranns mo jgekmii 8

1. dkuit Buris Mae stiniitHe TudepeHIiaibHe PIBHIAHHS N-T'0 TOPSIIKY !
YuwMm JtiniitHe ogHOpiIHE PIBHAHHS BiIPI3HAETHCS Bijf JHIAHOTO HEOTHOPI-
aHoro?

2. Illo maswBaiOTh JIHIAHUM IudeEepeHIiaJIbHIM OIEPATOPOM N-TO IO-
psaKy 1 sIKi iioro ocHoBHI BiacTuBocTi? SIK MOKHa 3amucaTn JiHiiHI 0/1HO-
pizfe 1 HeoHOPIAHE PIBHAHHS 3 BUKOPUCTAHHSIM JIHIAHOTO AudepeHItiab-
HOT'O omeparopa’

3. IIlo Ha3MBaIOTh KOMIIJIEKCHUM PO3B’SI3KOM JIIHIHHOTO OJHOPIIHOIO
piBasiHHA? JT0BEeiTh, 110 JifiCHA 1 ySIBHA YACTHUHU KOMIIJIEKCHOTO PO3B’SI3KY
TaKOXK € PO3B’sI3KaAMU I[bOTO PIBHSHHS.

4. Yu e niniitna KoMOiHAIS 31 cTaauMK KoeillieHTaMi YaCTUHHIX PO3-
B’SI3KiB JIIHIHOI'O OHOPI/IHOIO PIBHSIHHSI PO3B’SI3KOM IIHOI'0 K PIBHSIHHSI?

5. dxi yHKI] HA3UBAIOTH JIHINHO HE3aJEKHUMHU Ta JHHIAHO 3aJie-
>KHUMHK Ha iHTepBasi? HaBemiTh npukiagu Takux (QyHKILHA.

6. [Tlo HasmBarOTH BpOHCKIAHOM (DYHKINHA Y1, Y2, - - -, Yo'
7. 9k dbopmyroeTbest HEOOXiIHA YMOBA JIHITHOT 3a/1€2KHOCTI (DYHKIIIi
Y1 Y25 - Yn?

8. Adx dopmymoerbes HeobOXimHa i JOCTATHA yMOBa JIHIHHOI He3aJe-
»KHOCTI 1 YACTUHHUX PO3B’A3KiB JIIHIHHOTO OXHOPIIHOIO PIBHSIHHS!

9. Illo Take dbyHmaAMEHTAIBLHA CHCTEMa PO3B’si3KiB JIHINHOIO OJHOpI-
JIHOTO piBHsSIHHS? K OOy IyBaTH 3arajibHUil PO3B’SI30K JIHIHHOTO OTHOPI-
JIHOTO PiBHSHHS, 3HAIOUM HOro dyHIaMEeHTAJIbHY CUCTEMY PO3B sA3KiB?
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10. dkwuit Burss mae dopmysaa Ocrporpajcskoro — Jliysimis? Hase-
JiTh BJIACTUBOCTI BPOHCKiaHa PO3B’A3KiB JIHIHOTO OTHOPITHOTO PiBHSIHHS,
SIKi BUILTUBAIOTH 3 €T POPMYJIH.

Bopasu go sekiii 8

1. Buaiinits L(e®), L(e®*®), L(z?), axmo L — ninifianit mudbepemiias-
HUIi OrepaTop, 3a aHuil (POPMYIIOK
d? d
L=——-4—+3.
dx? dx

2. 3’gacyiiTe, PO3B’A3KOM AKOrO PiBHAHHSA € GyHKIA y = r2e®:

a) y/// _ 2y// = ze”; 6) y/// _ 3y// + 3:1/ —y=0; B) y// _ 2:1/ +y= 1267,
3. BHaiiniTh BpOHCKiaH QyHKIII:

a) y1 =% y2 = V1; 6)y1=¢", y2 =4de”;
B) y1 = cos?x, Yo = cos2x, y3 = 1.

Yu morkHa, 3HAIOYN BPOHCKiaH, 3pOOUTH BUCHOBOK PO JIHIMHY 3aJie-
>KHicTh (JiHIfHY He3aMeXKHICTb) X DYHKIHH?
4. Hocminite Ha JiHiliHY 3a/1eKHICTh DYHKILL:

a)yr = e, yp =% 6)yp =3+ 5, yo = 92 + 15;
B) y1 =27, yo = 37, y3 = 4".

5. Hosenite, mo y = C1e2* + Coe 3% e 3aragpHuM poO3B’a3KOM Tude-
penmiaibuoro pisusung y” +y — 6y = 0.

6. HoBexnitnh, mo byHKIIT Y1, Yo JHIHHO 3a/€KHI HA JEIKOMY iHTEp-
Bauii (a,b), sxmo ¥+ = const # 0, a <z <b.

7. HoBemiTh, 110 SKIIO cepes GYHKINHA Y1, Y2, - - - , Yn XOT OJHA TOTOKHO
JIOPIBHIOE HYJIIO, TO BOHU JIHIHO 3aJICYKHI.

8. BanwmmmiTe JiiHiliHEe OomHOpPiAHE mudepeHIfiajbHe PIBHSIHHS JIPYroro

IOPHAJIKY, Ke Ma€ PyHIAMEHTAJILHY CHCTEMY PO3B’S3KiB:

a) yp =sinz, yo = cos2x; 6) y; =¥, yo = >~
9. loBeniTh, 1m0 BpOHCKiaH (DYHKII
_ {0, sakmo z € [-1,0], 22, akmo x € [-1,0],
yi(w) = {xQ, skmmo z € [0, 1], y2(w) = 0, axmo z € [0,1]

TOTOXKHO JIOPIBHIOE HYJIIO, aJle BOHU JIiHIHO He3aJexkHi Ha BiIpi3Ky [—1,1].
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Jleknia 9. JIiniitHi ogHOpigHI audepeHIiaabHL
PiBHSHHS 7T-TO MOPSJKY 3i crasmmu KoedinieHramMmu

Ilnan

1. OcHOBHI O3HAYEHHS i ITOHSITTS.

2. Meron Eitnepa. Bumamok nmpocTux XapakKTEPUCTUIHUX THCE.

3. Meron Eitnepa. Bunagok KpaTHUX XapaKTEPUCTUIHUX THUCE.

4. ndepenmiaibHi piBHSIHHS, 3BiAHI 10 PIBHSIHb 31 CTAJINMHI KO-
edirieHTaMu.

5. 3acTocyBaHHS JIHINHUX OJHOPIMHUX AU(EpPEeHIIaJIbHAX PiB-
HSHBb JIPYTOTO MOPSIAKY JI0 KOJIUBAJIBHUX PYXiB.

1. OcHoBHi o3HaYeHHs ¥ mOoHATT. JIiHiitHI piBHsAHHS 31 cTa-
JMR KoediIieHTaMy — BasKJIMBUI Ki1ac gudepeHIiaJbHIX PiBHSIHbD.
Ix po3B’sI3KH BUpaXKAIOTHCS Yepe3 eeMeHTapHi ByHKIHT ab0 v KBa-
aparypax. Jlo Takux piBHAHBb 3BOAUTHCA OAraTo MPUKJIATHIX 33,14,
30KpeMa 3 TeOPETUYHOI MEXaHIKM 1 eJIEKTPUKU.

Posrisinemo stiniitae qudpepenmiaibie PiBHIHHS N-TO TOPSIKY

L) = y™ + ary™ Y +agy™ 2 + . 4 a1y + any = f(2),

Jie koedilienTu ay, ag, . .., a, — JificHi 9ucsa, a npasa dactura f ()
HellepepBHa Ha iHTepBasi (a,b) dyHKIis (30KpeMa, BoHa MoxKe OyTu
it cTasnon).

Bupunmo criouaTKy MuTaHHs PO HOOYIOBY 3araJibHOTO PO3B’si3-
KY BIJITIOBIHOTO OIHOPIIHOTO PIiBHSHHS, TOOTO PiBHSIHHS

L(y) = 0. (9.1)

JlJist 3HAXOJIZKEHHSI 3arajbHOTO po3B’s3Ky piBHsiHHs (9.1) moTpiGHO
3HaTH X04a O OHY (DYHIAMEHTAJILHY CHCTEMYy pO3B's3KiB Y (z),
y2(z), ..., yn(z) nporo pisusanus. Toxi 3rigHo 3 Teopemoro 6 ekl 8
3araJibHIM PO3B’sI3KOM IIBOTO PiBHSIHHSI Oy/1e

y = Ciy1(z) + Coya(z) + ... + Cryn(x),

ne Cqp, Oy, ..., C, — DOBLIBHI cTAJII.



Jlekuist 9. Jliniitni oguopifHi piBHAHHS 3i cTajgumu KoedilieHTaMu 117

Jlerko mepekoHaTHCs, 110 JIiHIfTHE OTHOPIAHE PIBHSHHS IEPIIOro
nopsaky y' +ay = 0, e a — AiiicHa cTaja, Ma€ YaCTUHHHUN PO3B’ 30K
y1 = e~ . Cupobyemo i 115 JIIHIFTHOTO OMHOPITHOTO PIBHIHHS 1-TO
nopsiziky (9.1) YacTUHHWMIT PO3B’SI30K BIJIIYKATH y BUTJISII

y = ek, (9.2)

e k — Jesike, OKM IO HEBU3HAYeHe, 4IuCyIo (fificHe abo KoMILTe-
kcre). [ligcrasmsoun (9.2) B niBy wacruny pisasams (9.1), onepxky-
€Mo:

L(e) = (K™ + a1k 4 agk™ 2 4. Fan_1k +ay) - e (9.3)

3 (9.3) BumuBae, mo ¢yukiis (9.2) 6yme po3s’s3koM TudepeH-
riasbHOro piBHsHHS (9.1) TOL 1 TLIBKY TO/I, KO YUCIO k € KOPEHEM
aJareOpIIHOrO PIBHAHHSA

Pk) =K+ aik" '+ ak™ % + .. 4+ ap1k+a,=0.  (9.4)

Mmuorowren P(k) Ha3suBaioTh TaPAKMEPUCTIUNHUM MHO20-
ynenom, pisasians (9.4) — TapakmepucmuyHUM PIBHAHHAM,
sike Bimmosinae pisugnmio (9.1), a iforo kopeni — rapaxmepucmu-
yHuMmu qucaamu pieasiabs (9.1). Jlerko GaunTu, 1Mo CKIAIAIOYN
XapaKTepUCTUIHE PIBHAHHS, TOCUTH 3aMinnTu B (9.1) moxiani pisanx
MOPSIJIKIB BiAMOBiIHUMU cTereHsMu k.

2. Metog Eiinepa. Bunajok mpocTnx XxapakTepUCTUITHIX
yucesi. CTpykTypa QyHIAMEHTAJILHOI CHCTEMU PO3B’SI3KiB, & OTKe,
i 3arajibHOrO po3B’si3Ky piBHsiHHA (9.1) 3a/eKUTH BiJI XapakTepu-
cruanux 4uces. lpunycrumo, 1mo Bei xapakrepuctudni duciaa ki,
ka, ..., ky miiicui Ta npocri (piswi). Toxi 3rigso 3 (9.2) dyskmil

_ kix _ Jkox _ knz
yr =€,y =¢e"" ..., y,=¢€" (9.5)
€ yacTuHHUME po3B’sa3kamu piusHHgA (9.1). ITokaxkemo, 1mo Bonu €
JIiHITHO HezaeKHUMA. I mboro 00YMCJIMMO BPOHCKIAH (QYHKITIH

(9.5):
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ekla: ekga: . eknx
kix kox . knx
W) = kie koe kne _
n—1_kix n—1_kox . n—1_knx
ki e ky e k' ~e
1 1 . 1
_ e(k1+k2+"'+kn)$ . l{fl ]{72 e ]{fn
n—1 n—1 n—1
kl ]{;2 . kn

Buznaunuk y mpaBift 4acTuHi OCTAaHHBLOI PIBHOCTI € BU3HAYHUKOM
Bannepmonma i, sk BimoMo 3 Kypcy aJirebpu, TOPiBHIOE I0O0YTKY
MHOXKHUKIB BUrIamy kj — ki, ne 1 < i < j < n. 3a npumyluen-
HaM kj # ki (j # 1), Tomy W(x) # 0. Takum aunomM, dynkiii (9.5)
YTBOPIOIOTH (DyHIaMEHTAIbHY CUCTEeMY PO3B’si3KiB piBHstHHs (9.1), a
TOMYy 3rifiHO 3 Teopemoro 6 (Jyiekiiis 8) dyHKIist

y = C1eM® 4 Cheh?® + .+ Cpefn®,

ne Cp, Cy, ..., C, — NOBULIBHI CTaJIi, € 3araJJbHUM PO3B I3KOM PiB-
Hsauas (9.1).

Ipukaazn 1. 3inmezpysamu pienanna y”' — 3y + 2y = 0.
Posze’azanns. CKIanaeMo XapaKTepucTHIHe piBHsHHS k2 — 3k +
+2 = 0. Horo kopensimur € k; = 11 ko = 2. Orike, 3arajbHuit
po3B’sa30K Mae BULIAL y = Che® + Coe®®, ne Cp, Cy — noBinbHi
crasii. B

Ipuknan 2. 3inmezpysamu pishanna y" — Ty" +12y' = 0.
Posze’azanns. Xapakrepucruune pisusans k3 — 7k% 4+ 12k = 0 mae
npocti Kopeni k1 = 0, ky = 3, k3 = 4. OTKe, 3araJIbHIM PO3B’SI3KOM
ey = Cp + Coe’® + C3e*®, ne C1, Cy, C3 — noBinbai crasi. B

Posrnsinemo BuIaiok, KoJin BCi XapaKTEPUCTUYHI YMCJIa Pi3Hi,
aje cepel HUX € KoMmIiuieKcHi. Hexait a + bi — ogHe 3 TaKUX UHCEIT.
Binomo, mio kosiu anredpuyne piBHAHHS 3 JificHEMEU KoedillieHTa-
MH Ma€ KOMILJIEKCHUN KOpPiHb, TO BOHO Ma€ TaKOXK 1 CHPsI?KeHWH 3
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HUM KopiHb. OTrKe, XapaKTepUCTUYHE PIBHSHHS y BUIAJKY, SKHIi
PO3IISIIAEMO, MAE TAKOXK CIIPSIPKEHUN KOMILIEKCHUI KOPiHb a — bi.

XapaKkTepuCTHIHOMY 9UCITY @+ bi BiIIOBijae KOMILIEKCHUIT PO3-
B's130K y = e(@T0)Z A jte ockinbku 3a dopmyitoo Eiepa

elaHb)T — 9% (o5 by + i sin ba),

TO JificHa Ta ysBHa dacTunu, T06To byHKIil e*® cos bx, e sin bx Ta-
KOK € po3B’st3kamu piBusgnusa (9.1) (mus. m. 2 jekuii 8), mpudomy
i PO3B’I3KM JIHIIHO He3aMexKHl Ha (—00, +00) (IPOIMOHYEMO caMo-
CTIIHO TIEpEeKOHATHCS, 10 X BPOHCKiaH Bimqminumit Bix myss). Crpsi-
2KEHOMY KOPEHIO a — bi BiNIIOBiMAIOTh TaKOXK JBa HificHi JiHiliHO He-
3aJIesKHI JaCTUHHI po3B’st3ku €% cos br, —e® sin bz, ajie po3B’sI30K
—e® sin bz miniitHo 3amexuuit 3 €%* sin bxr, a 0TXkKe, CHPSKEHUI KO-
piHb He MOpPOJKYy€e HOBUX JIWCHUX JIHIHHO HE3a/JIEXKHUX JaCTHHHUAX
PO3B’sI3KiB.

Takum anHOM, SKIIO BC1 XapaKTEPUCTUIHI TUCIa Pi3Hi, ajae cepe
HUX € KOMILJIEKCHI, TO KO2KHOMY JIIiCHOMY KOPEHIO k Bi/oBiae pos-

kT o KoyKHIH mAp] CHPSIZKEHNX KOMILUIEKCHIX KOPEHIiB a + bi

B’SI30K €
BiZIITOBiIat0TH ABa JAiMicHI JiHIITHO He3a/eKHI YJaCTUHHI PO3B’SI3KU BU-
sy e cos bx i e%* sin bx. Beporo MmaruMemo n IificHUX 9aCTUHHIX

PO3B’sI3KIB BUTJISI LY

e e cosbr, € sin bz, (9.6)
FK1 yTBOPIOIOTH (DYHIAMEHTAIBLHY CUCTEMY PO3B’SI3KiB. 3riIHO 3 T€O-
pemoro 6 3 srekil 8 3aragbHuii po3B’st30K piBHsAHHA (9.1) omepKuMO
y BUDJIsil JiHIHOT KOMOIHAINT yeix dacTMHHUX Po3B’si3kiB (9.6) 3
posimpauMEu cramnmu Cq, Co, ..., C},.

Ipuknan 3. 3inmeepysamu pishanna y'" —3y” + 9y +13y = 0.
Pose’azanns. Xapakrepucrinune pisasmus k> — 3k% 4+ 9k + 13 =0
Ma€ OIWH iACHUIT 1 IBa KOMILIEKCHO CIpsiXKeHi kopeni: k1 = —1,
ko = 2+3i, k3 = 2—3i. Tomy dbyukuii e, €2* cos 3z, 2% sin 3z yTBO-
pIOIOTH (pyHIaMEHTAIbHY CUCTEMY PO3B’3KiB, & 3arajJbHUM PO3B’a3-
koM € y = Cre™ % + Coe?® cos 3z 4+ C3e®® sin3z. W
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3. Meton Eitnepa. Bunamok KpaTHIX XapaKTEePUCTAIHIX
yuceJi. Hexait ki — npificae abo KOMILIEKCHE XapaKTEPUCTUIHE THCTIO
kpaTHocTi s. Tomi, Tk Bigomo 3 aarebpu,

P(k1)=P'(k))=...=PCD(k) =0, PO (k)#£0,  (9.7)

ne P(k) — xapaxkTtepuctuaunii Maorowren (xus. (9.4)).

JLis1 3HaXOMKEeHHsT PO3B’4A3KiB, sKi BiJIIOBITAIOTH XapaKTEePUCTH-
qHOMY uncay ki, 3audepeniioeMo ToToxKHICTD (9.3), 3ammcany y
BUTJIST

L(ek™) = P(k) - €,

m pasiB 3a 3MiHHOIO k, BUKOpUCTOByIOuUn dopmyry Jlehdbuina mis
m-1 oXigHOI Bif M0OYTKY JABOX (DYHKITIl:

(uv)™ = Zcfn uDym=1)

j=0
eCl = —m ICTB CITO €HDb 3 M eJIEMEeHTIB 110 j. ByieMo
e Cm = sy — KITBKICTD CIoyTy e JIEMEHTIB 110 j. Bymem
MaTH:
m
L(z™e*) =Y " CJ, PY) (k) 2™ ebo.
Jj=0

Tenep, BpaxoByioun (9.7), HOPUXOAMMO 10 BHCHOBKY, IO
L(z™e*M®) =0 qma m = 0,1,...,s — 1. e oznauae, mo dynkmil

e gehir gl gsTlohe (9.8)

€ po3s’siskamu piBasiaHs (9.1). BoHu, siK jlerko nokasaru, € JiHIHHO
He3aJIeKHIMI Ha iHTepBasi (—o00, +00). ZKmo npu oMy qncio kp
€ mificanM, To byl (9.8) Takox Gy yTh Aificaumu. Takum auHOM,
KOKHOMY JIHCHOMY XapaKTePUCTHIHOMY YHUCTy ki KPATHOCTI S BijI-
HOBiJla€ s AIHCHUX JHHIHO He3aIeXKHUX PO3B’sI3KiB BUIVIs Ly (9.8).

SIKIII0 MaeMO KOMILIEKCHE XapaKTEPUCTUIHE YUCTIO0 G+bi KpaTHO-
CTi S, TO XapaKTEPUCTUYHUM UHCJIOM Ti€l K KPATHOCTI OyJe TakoK
crpsizkere uncyo a — bi. 3rigmo 3 (9.8) uncny a + bi Bimnosimae s
KOMILJIEKCHUX PO3B’SI3KiB:

xe( $26( xs—le(a-i-zb)x'

e(a—&-ib)az?

a+ib)x a+ib)x
) )
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Buminsaroun y Hux mificHi Ta ysaBHI 9acTUHE, OIEPXKYEMO 25 TIHCHIX
PO3B’sI3KiB:

{e‘” cosbx, xe cosbx, ..., x5 e cosbz,

e sinbr, xe®sinbz, ..., x° e sinbz.

(9.9)

Heckmaguo moBecTw, MmO Il PO3B’SI3KU JIHIAHO He3aJeKHI Ha
(=00, 400).

Tax camo, 9K i It BUITAAKY ITPOCTOIO KOMILIEKCHOTO XapaKTe-
PUCTUIHOTO YHUCJIa, KpaTHe XapaKTepUCTUIHe YUCJI0 a — bi He Io-
POMKYy€e HOBHUX JINCHAX JIHIRHO He3aJIEKHUX JaCTUHHUX PO3B’sI3KIB.
Takum 9uHOM, KOXKHI TIapi KOMILIEKCHO-CIIPSI2KEHIX XapaKTepPUCTH-
TIHUX Yuce] a + bi KpaTHOCTI § BiANOBimafoTh 2S5 MiiCHUX JIiHITHO
He3aJIeKHUX PO3B’si3KiB Burisay (9.9).

Ipuknan 4. inmezpysamu pishanna y'" —7y" + 15y — 9y = 0.
Posze’azanns. Xapakrepucrudne pipusuas k> — 7k* + 15k — 9 =
= 0 mae omguH npocTuil Kopiab k| = 1 i oguu KpaTHU KOpiHb ko =
= k3 = 3. IluM KopeHsIM BigmoOBigaoTh po3s’sasku e, e, xed?, a
y = C1e” + Cye3® 4+ Cyze3® € 3araabHuM po3s’szkoM. W

Ipukaazn 5. 3inmezpysamu pienanna y" — 3y" + 3y —y = 0.
Posze’asanns. Xapakrepucruane pisasmns k> — 3k%2 + 3k — 1 =
= 0 Mae kparHuii aificauii kopiub k1 = ko = k3 = 1. Orxke, 3a1ane
piBHSIHHSI Ma€ TpHU JHHIHHO He3aexHI po3B’si3ku €%, ze®, z2e®, a
iforo 3aragbHIM po3B’s3KoM € y = Cre® + Coze® + Cyze”. M

Ipuknan 6. Sinmeepysamu pisnanna y¥ —y'v + 8y — 8y +
+ 16y’ — 16y = 0.
Po3se’azanns. Xapakrepucruare pisusmns k° — k* + 8k% — 8k +
+ 16k — 16 = 0 mae ommn mpoctuit kKopinb k3 = 1 i nmBa KparHi
KOMILIIEKCHO-CIIPsizKeHl KopeHi ko = k3 = 24, k4 = ks = —2i. OTke,
3araJbHUM PO3B’I3KOM €

y = C1e® + Cycos2x + C3x cos 2x + Cysin2x + Cszsin2x. W
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4. IundepeniiaabHi piBHAHHSA, 3Bi/IHi 10 piBHIHb 3i cTa-
aumMu Koedimienramu. PosristneMo fesxi JiHiiHI qudepeHIiaib-
Hi pIBHSIHHS 31 3MIiHHEMN KOoediIlieHTaMu, sIKi 3a JIOITOMOIOI0 3aMiHN
He3aJIeXKHOI 3MIHHOI MO2KHA 3BECTH JI0 PiBHAHB 31 cTajauMu Koedirri-
€HTaMU.

Pisnanrnam FElaepa nazubaoThb audepeHiiagbHe PiBHSIHH
BUTJISITY

2"y 4 ae" Yy 4t anazy 4 ey =0, (9.10)

ae ai, as, ..., G, — CTaJl mificHi uucia.

[Tobymyemo 3aranbpuuii po3B’sizoK piBHanaa Hitnepa mia x > 0
(sixo & < 0, TO B yCiX HACTYIHUX BHUKJIAJKaX MOTPIOHO 3aMiHUTH T
Ha —x). 3pobuMo 3aMiHy HeszaIexKHOI 3MiHHOT 3a hopmynoro x = €.

Toni

y'xzyft't;:yi-x—:yt'e 7

.= =

Vor = (o e =i e e = (v —yp)e ™,

Yl = (Yl — 3ylp +2y,) e, ..,
y = (U 4 (1) = Dty )™,

t

t " (Z)

[Migcrasasiioun x = e’ i 3Hafigeni Bupasu s y., Yp2s -+ Yo
y (9.10), onep:kumo JiiHiliHe OJHOPi/IHE PIBHSIHHSI N-T0 HOPSJIKY 3i
craauMu KoedimieHTamMu. 3HAUIIOBIIN 3arajbHUN PO3B’SI30K I[HOTO
PIBHSIHHS 1 IiZCTaBUBINK y HHOTO t = Inx, MaruMeMoO 3arajbHUi
po3B’a30K piBHanHs Eitsepa.

Ipuknan 7. inmezpysamu pienanna x2y" — 2xy’ + 2y = 0.
Po3zs’sa3arns. 3podbumo 3aMiHy He3aIeKHOI 3MIHHOI 38 (hOpPMYJI0Io
x = e (roni t = Inx). Toni, six Gyno poseneHo, y, = yre~ ", y’y =
= (yl’!2 — yé)e‘Qt. [TigcTaBisioun i BUPa3n y BUXiJAHE PIBHAHHSA, I
3HaXO/KeHHs (byHKIIT y = y(t) ojepKyemo:

e?t(y//_y/)e—Qt_Qety/e—t+2y:0 = y”—3y’+2y:0 -
y = Cre' + Cye? (nus. mpukman 1) = y= Che® + Che?P? =
y=Cix + Coz’. |
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V3aranpHenusM piBHanaa Eitrepa € pienanHa Jlaepanotca.
Tak #HazuBatoTh AudepeHIialbHe PIBHIHHS BUALJISLILY

(azx+ b)"y(") + pi(azx + b)”_ly("_l) + ...+ pa_1(ax +b)y + ppy = 0.

t

)
abo Bimpa3y 3pobuTn 3aMiHy HE3aJIe?KHOI 3MIHHOI 38 (DOPMYJIOI0 ax +

+b = ¢!, To oneprxuMoO iHiitHe piBHAHNS 3i cTamMMu KoedirienTamu.

K10 BUKOPUCTATH IIiJICTAHOBKY ax + b = ¢ 1 TO3HAYUTH ¢ = €

o piBusgHHA 31 cTaguMu KoeillieHTaMU 3BOJIUTHCS TAKOXK Pi6-
HanHa debuuwosa, TOOTO PIBHSHHS

(1 —a22)y" — xy’ +ny =0. (9.11)

Toukn x = +1 € ocobiuBUMEU TOYKAMU IHOTO piBHaAHHA. Ha
KOXKHOMY 3 iHTepBasie (—oo,—1), (—1,1), (1,4+00) BUKOHYIOTBCsI
ymoBu Teopemu Korri. [Tobymnyemo 3aranbuuii po3s’s30K PiBHSHHS
(9.11) ma inrepsasmi (—1,1). 3pobumo 3aminy He3aIeKHOI 3MIHHOT 3a
dbopmytoro

t =arccosz (x = cost).

Tomi
1 , 1

/ / / /
= . t = - —_— = — -,
Yo =Yt lp = Yt w; Yt <int

y” B y" 1 y' cost 1 B y” 1 y' cost

2 = — 2 — Y — —— = Y2 — — Y — .

r Psint sin?t sint Pin?t sin® ¢
ITigcrapisioun 3uaiiieni BUpasu 1yist y, iy, a Takoxk & = cost,

y piBusnas (9.11), onepxkyemo audepenniagbie piBHSIHHSA IPYTOTro
MOPSIIKY 31 cTaauMu KoedillieHTaMu:

ylh +n’y = 0. (9.12)
BaranpbHuM po3s’si3koM piBHsiHH: (9.12) €
y = C7 cosnt + Cs sinnt,
a IicJisl IOBEpHEHHs /10 3MIiHHOI & MaeMo

y = C cos(n arccos ) + Cy sin(n arccos z).
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YHacruuni poss’sskn pisasaus (9.11) T), = cos(n arccos ) Ha3u-
BAIOTH MHO20UAeHamy Hebuwosa.

Moxkna nokazaru [19, ¢. 158 — 159|, mio Jiniite ogHOpiiHe piB-
HSTHHS

g™ 4 p1(2)y ™D + L+ a1 (2)y + pa(x)y =0

3BOJIUTHCA TIEPETBOPEHHSIM HE3aJIE2KHOI 3MIHHOI JI0 JIHIWHOTO piBHS-
HHS 31 cTaanMu KoedillieHTaM1 TIIBKH 38 JOIIOMOIOO ITiICTAHOBKA

t= a/\"/pl(x) dx, (9.13)

Je « — jesika crana. 3 dopmyau (9.13) serko 3HaiiTu 3acTocoBani
BHIIE IICTAHOBKY I piBHAHL Eitepa, Jlarpamxka ta Yebumosa.

5. 3acTocyBaHHsI JIHIMHUX OJHOPIAHUX JudEPEHIHATb-
HUX PiBHSHBb JPYTOTO0 MOPSAJAKY A0 KOJIUBAJIbLHUX pyXiB. [Ipu-
IIYCTHUMO, IO MaTepiajbHa TOYKa MACH 1M IPSMOJIHIAHO PyXaeThCs
B310BXK oci Oz mia BININBOM TPHOX CILI:

1) cum Fy, 1110 IPUTSITYE TOUKY JI0 MOYATKY KOOPMHAT; 1[I0 CUILY
BBasKaTHMEMO IIPOIOPIIIHOIO Bi/Ial £ TOYKH BiJl MOYATKY KOOD/ -
Hat, T00TO0 I = —ax, ge a > 0;

2) cuin Fy o110opy cepeJIoBUINa, sIKY IPUITYCKATUMEMO IIPOIOPIIiii-
HOIO TIBUKOCTI PyXy TOUYKHM (Iie TIPUILyIIeHHsT OIM3bKe 10 IificHoCTi
JUTsl He3HAYHUX MBUIKOCTEd), To6T0 Fy = —ba', ne b > 0;

3) 30y proBaIbHOI (30BHIIIHBOT) CHUJIH, IO CIIPSIMOBAHA B3/J0BXK OCi
Ox i nopisuioe F3(t) y MoMeHT dacy t.

Tomi srimao 3 apyrom 3akonom Herotona F' = ma, me F' = F1 +
+ Fy + F3, a = 2" (t), maemo nudepenniaibie piBHAHHS PyXy MaTe-
piaJbHOI TOYKU:

ma" = —ax — ba' + F3(t)

abo
"+ 2pa’ + Pz = f(1), (9.14)

e p=b/(2m) > 0 — xoegiuienm onopy, ¢ = \/a/m > 0 — xoepi-
ytenm eidxruaenns, f(t) = F3(t)/m.
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Pisusinns (9.14) e niniffninM HeoAHOPIAHUM PIBHSHHSAM JPYTOro
MOPSIIIKY 31 cramMu KoedirieHTaMu. 3iHTErpyBaBIU HOTO, 3HAfiIe-
MO 3aKOH PyXy MaTepiaJbHOI TOYUKU.

OckinibKy HafOLIBIINN iHTEpEC CTAHOBJISITH BUIIAJIKU, KOJU PYX,
SKUil BU3HaveHnil piBHsHHAM (9.14), € KOJMBAHHAM TOUKN Oi/s 110-
noxkendst © = 0, To piBHgHHs (9.14) HA3UBAIOTL PIBHAHHAM KO-
ausans. [lpu 1mmpomy, gkmo 30yproBajbHA CHIa BiICyTHsI, TOOTO

f(t) = 0, to piusinus (9.14) HA3UBAIOTH PIBHAHHAM GIALHUL
KOAUBAHD 1 BOHO MA€E BUTJISLI,
" 4+ 2pa’ 4 ¢*x = 0. (9.15)

Hudepenmianbue piBusinas (9.14), y sikoMy npaBa 4aCTHHA TOTOXKHO
BiAMiHHA Bif Hy/IsI, HA3UBAIOTD PIBHAHHAM SUMYULEHUTL KOAU-
8aHD.

Posriisinemo piBustas (9.15) 1 3’scyemo, sik mapamerpu p, ¢
BIUIMBAIOTH HA XapakTep pyxy marepianbHoi Touku. [Ipoamasizye-
MO oKkpeMi Bunajku piBHsHHS (9.15).

Buniaziok 1. Pyx sidbysacmuoca y cepedosuuyi 6es onopy (p = 0).
Toni piBHAHHA PyXy Ma€ BUIVIA,

!
" + ¢z = 0. (9.16)
BayBaxkumo, 1o piBHstHHs (9.16) omnmcye BepTHKasbHI pyxu Tija,
ITiABIIIIEHOTO Ha MPY2KUHI, i/ BIVIMBOM CHUJIA MPY2KHOCTI TPYKUHA
i cum Baru, MaJli KOJIMBAHHS MasTHUKA, KOJMBAHHS TOBITPs B aKy-
CTUYHOMY PE30HATOPI Ta, 1HII SIBUIA KOJUBHOI TPUPOIH.
XapaxTepucruannm pisnanuaM s (9.16) € k2 + ¢ = 0, xa-
PAKTEPUCTUIHUMU YUCJIAME — KOMILIEKCHO-CIIpsi?kKeHa napa ki = qi,
ko = — qi, a ToMy 3araabHUM PO3B’si3KOM piBHsiHHs (9.16) €

x = (1 cos gt + Cy sin gt.

Bamicrs mosinpaux cramux Cp, Co BBegemo HOBI crami Ai ¢ (A > 0)
za dopmystamu C1 = Asinp, Co = Acos p. Toai

C
A=./C?+C3, @zarctgé (Cy #0),

x = Asinpcosqt + Acospsingt =
z(t) = Asin(gt + ). (9.17)
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Pyx, gkwii onucyerbes dopmysoro (9.17), HasuBaoTh 2apmo-
HIYHUM KoausaHHAM. BiH €, o4eBUIHO, TEPIOIUYHUM DPYXOM 3
neptodom T = 27 /q i wacmomoro q. Yucio A Ha3uBaOThL AMNAT-
myadoro koausarrs (9.17) (1e MakcuMaJIbHe BiIXUIEHHS] TOYKHU BiJ
crany piBuoBarn). Bemauny ¢t+ ¢ naszuBaiors ga3oro KoAu8aHHA,
a KyT ¢ — nowamxoeoto ¢a3oro komupanus (9.17).

3 dopmysu (9.17) BunmBae, 110 BCi pyxX¥, BU3HAYEH] PIBHAHHAM
(9.16), obmezkeni, 60 npu t — +oo |z(t)] < A. I'padix koxuOroO
KOHKPETHOTO PYXYy MOXKHA OJIEPXKATH 38 JOTIOMOTOI0 €JIeMEHTAPHIX
neperBoperb rpadika dbyHKIil & = sint (puc. 9.1).

x
A

xr=A
SANrANY
@) t
\/ \/ = Asin(qt + ¢)

Puc. 9.1

Byap-siknm mouarkosum ymosam z(0) = xg, 2'(0) = x{, 3rigHo 3
TEOPEeMOIO TIPO iCHYBaHHSI Ta €IWHICTH PO3B’si3Ky 3agadi Korri st
JMHIAHOTO PIBHSAHHS N-T0 TOPAKY (JIEKIlis 7) BiIOBiIae €uHumit pyX
3 dopmyiu (9.17). Buaiinemo iioro. Ockinbku ' = Agcos(gt + ),
TO BiANIOBIIHI 3HAYEHHST aMILIITYAu A 1 HOYaTKOBOI pasu o OIepPKYy-
€MO 3 CUCTEeMU

Asin p = x0, 1/ 2 qxo
= A=1\/¢?2x2+ 1! p = arctg ——.
{Aq cos ¢ = x|, q "To T %o > arcte x!

0

Bunanok 2. Pyx eidoysacmues y cepedosuuyi 3 onopom p > 0.
Xapaxrepuctnarum pisaaaaam s (9.15) € k2 +2pk +¢%> = 0, a
XapaKTEePUCTUIHUMU TUCTAMUI —

ki=-p+vVpP—¢ i ka=—-p—+p?>—¢
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dxmo p? — ¢® < 0, To, no3HauMBIH P> — ¢° = —h?, 3araabHuil
po3B’s130K piBHsHHS (9.15) MOXKeMO 3amnmcaru siK

x = e PY(Cy cos ht + Cysin ht),

e h = \/q% — p?, abo, BpaxoByIOUM MO3HAYCHHSH, sIKI BUKOPUCTOBY-
BaJIUCh T1pu BubejieHHi dbopmysm (9.17), y Bursii

z(t) = Ae Pt sin(ht + o). (9.18)

Pyx rouku, sikuii onucyerbes dpopmysioro (9.18), HasuBaoTs 32a-
CaAUYUM 26PMOHINHUM KOAUBAHHSAM 3 Tiepionom T = 27 /h, 1a-
crototo h, amtitymoo Ae P!, nouatkosoio dazoio ¢ (puc. 9.2). Ha
BiMiny Bizg rapmoniunoro KosmBanus (9.17) TyT ammuiiTya € Besn-
YIHOIO 3MiHHOIO. AJjle BoHa obMexkeHa, 60 Ae P! < A, i npamye 10
HyJIst iput ¢ — +00. Yueno A Ha3uBaIOTh NOYAMKOBON AMNALINY-
doto, a p — Koediuienmom 3zacarnsa. MHOKHUK e P! xapakTepu-
3y€ MIBUAKICTH 3racaHHsd KOJUBAHHSI.

T

Puc. 9.2
dxmo p? — ¢ > 0, To, no3HaumBIH p° — ¢° = h?, 3araabHuii
po3B’si30K piBHstHHs (9.15) 3amumemo y BUDJIsiI
x(t) = Creh Pt 4 Che (Pt (9.19)

Ockinbkn h < p, To x(t) — 0 mpu t — +o0. Hapemri, siximo p?—q? =
0, To k1 = ko = — p, a 3araJbHUM PO3B’SI3KOM €

z(t) = e POy + Cat), (9.20)
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npuaoMy 3HOBY z(t) — 0 mpu ¢ — +-00.

Pyxu, siki omucytorbes dopmynamu (9.19) i (9.20), HasuBaoTh
anepioduuHUMU 32aCA0YUMU PYTamu. 13 3poctantam ¢ Bigxu-
JenHs x(t) aCUMITOTUYIHO HABIMXKAETHCS JI0 HYJIs 1 KOJIMBAHb HAB-
KoJIO TosiozkeHHs ¢ = ( Hemae. YCi pO3IVIAHYTI PyXU Ha3UBAIOTDH
81AbHUMU a00 8AACHUMUY KOAUBAHHAMU.

Takum 9mHOM, HasBHICTH omopy cepemosuima (p > 0) Bumo3Mmi-
HIOE XapaKTeP KOJIUBAHDL, IPUYOMY, SIKIIO OINP P MOPIBHAHO HEBEJIU-
Kuit (p < ¢), TO PYXU 3aJHINAIOTHCS MEPIOANTHAMIE, 3racalovn IpU
t — 400, a IpU BEJUKOMY OIOPi cepenoButia (p = ¢) pyxu CTaoTh
anepioJIMIHIMU.

Pexomendosana aimepamypa: [9, c. 129 — 137, 387 — 389,
[11, c. 145 — 150], [14, c. 292 — 322, 330 — 349, [16, c. 220 — 241], [19,
c. 131 — 138, 144 — 148, 158 — 162].

IMnranns mo jgekuii 9

1. dxwuit Buryissa mae JtiniftHe audepeHiiaabHe PIBHAHHS N-T0 TOPAIKY
3i crajumu Koedimienramu?

2. Ilo Ha3mBaOTh XapaKTEPUCTUIHUM DIBHAHHSM, Ky HA3BY MalOTh
KOPEHI XapaKTepUCTUIHOIO PIBHSIHHS ]

3. dxwmit Bursisig Mae hopMysIa 3araJbHOTO PO3B 3Ky JIHIHOTO OHO-
PLIHOTO PIBHAHHS 1-TO MOPSAJKY Y BUIQJIKY ITPOCTUX JIACHUX XapaKTepu-
CTUYHHUX YHUCEJI!

4. dxi ppa mificui miHifiHO He3as€KHI YaCTUHHI PO3B’I3KHU JIHIHHOTO
OJIHOPITHOTO PIiBHSIHHSI BiJIIIOBi/IalOTh ITapi KOMILIEKCHUX XapaKTEPUCTH-
9HUX quces a & bi?

5. 4ki JiiHIHO He3aJIeXKH1 PO3B’I3KU JIHIITHOTO OIHOPITHOTO PIBHSIHHS
BiIIOBIAAIOTH JIICHOMY XapaKTEePUCTUUYHOMY YUCIY k KpaTHOCTi s7

6. dAxkuit Bursn mae piBasaas Eitepa? 3a 10moMororo sikol 3aMiHn
HEe3aJIe’KHOT 3MIHHOT MOTO MOXKHA, 3BECTHU JI0 PIBHSIHHS 31 CcTaJuMu Koedi-
mierramMu?

7. dxwuit Buryisig mae piastas Jlarpamka? 3a 0IOMOrO0 sIKOT 3aMiHH
HOT0 MOYKH& 3BECTHU 0 PIBHSHHS 31 crajmumu KoedirieHTaMn?

8. dkuii Burssig mae piBHsiHHs Yeburiosa? 3a J0IIOMOIOI0 K0T 3aMiHI
HOTr0 MOKHA& 3BeCTH JI0 PiBHsiHHs 31 crajumu Koedimienramu? o Take
MHOrOWwIeH YeburnroBa?

9. 4k iHTerpyerbcsi piBHSHHS BLIBHUX KOJUBaHb y CEPEJOBUINL 0Oe3
onopy? fkuii Buris Mae 3arajbHUil Po3B 30K 1boro pieustHHA? 1o Ha-
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3UBAIOTh TAPMOHIYHUM KOJIMBAHHSAM, MOr0 aMILITYI0I0, IIePiooM, 4acTo-
TOIO i HoYaTKOBOIO paz3or0? K 3ajexkarh aMILIITyAa i HoyaTKoBa ¢asa Bij
[IOYATKOBUX 3HAYEHb HIyKaHol (pyHKII Ta 1T 1oxXiaHoi?

10. dk iHTerpy€eTHCS PIBHAHHS BUIBHUX KOJIUBAHD ¥ CEPEIOBUIII 3 OO~
pom? Illo Ha3WBarOTH 3racaruMM rapMOHIYHAM KOJIMBAHHSIM, HOTO 11epio-
JIOM, 9aCTOTOI, aMILITYI0 1 mouaTkoBoro ¢azon? fka moBegiHKa am-
wiityau npu t — +oo? fK BIUIMBAaE HASBHICTH OMOPY CEPEIOBUINA HA
XapakTep KOJUBaHb!

Bropasu go gekiiii 9
1. Biarerpyiire JiHiiiHi onHOPiIHI PIBHAHHS IPYTOTO MOPSIKY:
a)y" -6y +8y=0; 6)y"+2y +2y=0; B)y -2y =0.
2. 3imTerpyiiTe JiHIHI OMHOPIAHI PIBHSIHHS:
a)y" —y ' =0; 6)y” —6y"+12y —8y=0; B)y"V —y=0.
3. BuaitmiTe po3s’a3ku 3aga4 Korri:

a)y’+y=0, y(0)=0, y'(0)=1;
6)y" =2/ +y=0, y(2) =1, ¥'(2) = =2
B) Yy —y =0, y(0)=3, y(0)=-1, y”(0) =1

4. Biurerpyiite piBusuus Eitzepa ta Jlarpanxa:

a) 2%y" + 2xy’ — 12y = 0; 6) 22%y" — 2y’ — 2y = 0;
B) (22 + 3)%y” + (42 + 6)y’ — 4y = 0.
5. st sskux 3HaveHb p i ¢ yci pos3s’si3ku pisastanga y” + py’ + qy = 0
OyayTh obMexeHi Ha miBoci x > 07

6. CxyamiTe JiiHiiiHE OMHOpPiAHE PIBHsSIHHS 31 cTaj MU KoedimieHTaMu
SKOMOT'a MEHIIIOTO TOPSIKY, sike Ma€ 3aJIaHl YaCTUHHI PO3B’SI3KU:

a) y1 = we”; 6) y1 = x%e?”; B) y1 =z, Yo =sinaz.
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Jlekmnia 10. Jliuiiini HeomHopimHi audepeHiaabHi
PIBHSIHHSI 71-TO MOPSJIKY

Il1an

1. CTpyKTypa 3arajbHOTO pPO3B’SI3Ky JIHIITHOIO HEOTHOPITHOTO
PIBHSIHHSI.

2. Metos Bapialil JOBUIBHUX CTAJIUX.

3. Meron mHeBusHaueHNX KOe@IIi€HTIB.

4. BacTocyBaHHS JIHITHIX HEOMHOPIIHUX PIBHAHBL JPYTOroO IIO-
PSIKY 10 KOJUBAJIBHUX PYXiB.

1. CTpyKTypa 3arajibHOTO PO3B’A3KY JIHIAHOTO HEOIHO-
pimsoro piBHsiHHA. Posrisinemo JiniitHe HeoqHOPIIHE AudepeHIri-
aJibHE PiBHSIHHS

L(y) = y™ +p1(@)y" ™ + .+ paci(@)y +palz)y = f(z) (10.1)
1 BiATIOBiZHE OJHOPIIHE PIBHSIHHSI
L(y) = 0. (10.2)

BussnsieTbest, 1110 3arajibHuil po3B’ 30K JIHITHOTO HEOIHOPITHO-
ro piBusgnnsg (10.1) 3aBxau MOKHA 3HANTH, SIKIIO BiIOMI 3arajbHIi
po3B’si30Kk piBHsiHHA (10.2) i Oyab-siKWMii YaCTUHHUIT PO3B’SI30K PiB-
manas (10.1). Lle BumumBae 3 Takol TeopeMu.

Teopema 1. 3azarvHutl po3e’a3ok AinitiH020 HEOOHOPIOH020 DIG-
nanna (10.1) dopisnioe cymi 6ydv-aK020 1020 4ACMUHHOZ0 PO36°A3-
KY Ma 3620451020 PO36°A3KY 6i0n0610H020 00HOPIOH020 PIEHANHA
(10.2).

Josedenns. Hexait Y = Y () — Bimomuii yacTHHHWIT PO3B’ 30K DiB-
usuas (10.1), tobro L(Y) = f(z). Beegemo HoBy Heiomy dyHKIIiO
z = z(x) i mokIaIEMO

y=2+Y. (10.3)

ITigcrasisioan (10.3) B (10.1) Ta BpaxoByroun JiHifiHiCTH OLEpaTOpPa
L, ogepxyemo L(y) = L(z+Y) = L(z) + L(Y) = f(z). Ockinbkn
L(Y) = f(x), To

L(z) =0, (10.4)
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TOOTO 2 — PO3B’sI30K JiHiitHOrO OHOpiAHOTO piBHsAHHS (10.2).

Tozi 3riziHo 3 Teopemoro 6 (JiekIis 8) 3arajbHUM PO3B’I3KOM PiB-
aanag (104) € z = Cryr + Coya + ... + Cpyn, 1€ Y1, Y2, -y Yn —
Jeska dbyHJaMeHTaIbHa CUCTeMa PO3B’a3KiB Iboro pisnsanud, a C,
7=1,2,...,n, — noBinbHi crami. [lizcTaBumo oTpuMaHuil PO3B’I30K
piBusinas (10.4) y (10.3):

y=Ciy1 +Coyas+ ...+ Cry, +Y (10.5)

i mokazkemo, 110 popmyJia (10.5) BusHauae 3araabHUl PO3B’I30K piB-
msnas (10.1). 3rigao 3 03HAUEHHSM 3araJbHOTO PO3B’I3KY TudepeH-
[MiaJbHOrO PIBHAHHA N-TO HMOPSIKY JIA IIHOTO MOTPIOHO HOKasaTw,
o 3 (10.5) npu HasexkHOMy BubOpi cramux Cj, j =1,2,...,n, Mo-
JKHA OJEp:KATH PO3B’SI30K, SIKUIl 3aI0BOJILHSIE JOBLILHI ITOYATKOBI
yMOBH, TOOTO

- -1
y(@o) = yo, ¥ (o) =why - Y V(wo) =y Y.
[Mocninosro mudepentiooun (10.5), 3HaX0IMMO

y=Ciy1 +Coys + ... + Cryn, + Y,
y =Cuyy+Coyy + ... + Cryp, +Y7,

gD = Cy Y+ Copy Y L Gy YD,
K110 HiJICTaBUTH B II0 CUCTEMY T = X, TO MATUMEMO HEOIHOPIIHY
cucreMy m JHiHEX piBHAHL 3 n Hesiommmu Cj, j = 1,2,....n,
Bu3HadHUKOM $KOI € W (xzg). OcKinbku Y1, y2, - .., Yn — DyHIaMEH-
TajbHa CHCTeMa Po3B’sa3KiB, To W (xzg) # 0. Takum unnom, cram Cj,
7 =1,2,...,n, 3 OTPUMAHOI CUCTEMU BU3HAYAIOTHCS OJTHOZHAYHO, a
ToMy po3B’si30k (10.5) cupasai € 3aranbauM. Teopemy J10BEIEHO.

Teopema 2. Hexat npasa wacmuna AiHitiHo20 Heo0HOPIOH020
pisnanna (10.1) e cymoro dsox dodawxkis, mobmo

L(y) = fi(z) + fa(z). (10.6)

Hdxwo y1 — wacmunnut poss’asox pienanna L(y) = fi(x), a ya2 —
wacmunnutl po3de’asok pienanna L(y) = fo(x), mo y1 + y2 € ua-
cmurnum pose’askom pienanna (10.6).
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Jloeederns TeopeMn BUILINBAE 3 TOTO, IO
L(y1 +y2) = L(y1) + L(y2) = fi(z) + fa().

Posrngnemo, manpukiaz, pisasaaa y’ + 2y = 2 + ¢*. Pipua-
nag y” + 2y = 2 Mae yacTuHHHII Po3B’A30K y; = 1, a piBHAHHSA
y" + 2y = e* — wacTuHHHMIT PO3B’A30K Yo = €*/3. BrigHo 3 Teope-
Moto 2 dyskiig y = 1 + €%/3 € yacTUHHUM PO3B’I3KOM DIBHSIHHS
Yy’ + 2y =2+ €®, y 90My JIErKO TEPEKOHATHCH TIEPEBIPKOIO.

3ayBarkeHHsi. TeopeMa 2 TOMMUPIOETHCA 1 HA BUMAIOK, KOJIU
ImpaBa JacTUHA PIBHSHHS € CyMOIO JIOBIJIbHOI CKiHUYEHHO! KiJIbKOCTi
JTOJaHKIB.

2. Meton, Bapiariii moBijibHIUX cTajnx. PosrisHeMo 3araib-
HUI METOJ 3HAXOIKCHHSI YACTHHHIX PO3B’I3KiB HEOTHOPIIHOro piB-
uanas (10.1) — memod eapiauii dosinvrur cmaauxr (memod
Jlazpanotca,).

Hexait MmaeMo 3arajabHIit po3B’sI30K JIIHINHOTO OZHOPIIHOTO pPiB-
usauas (10.2):

y=Ciy1 + Coys + ... + Criyn, (10.7)

JI€ Y1, Y2, - - -, Yn — Jl€dKa PpyHIaMeHTATbHA CUCTEMA PO3B’A3KIB IhO-
ro piBasians, a Cp, Cy, ..., C), — H0BUIBbHI cTasi.

Yacruanumit po3s’s30k piBHsHHsA (10.1) mykaemo y BV
(10.7), sBaxkatouu Cq, Cy, ..., C), He cramumu, a HeBigoMumu (yH-
KISIMH Bif o, TOOTO

y=Cr1(x)y1 + Co(x)y2 + ... + Cr(x)yn. (10.8)

Bu6epemo tenep dbyukuii C; = Cj(x), j = 1,2,...,n, Tak, mobd
dyukuis (10.8) 6yna poss’saskom pisasuus (10.1). Judepentiooan
(10.8), omepyemo

vy =Cry + Covh+ ...+ Cryfly + Cryr + Chya + ... + Clyn.
Hakmnanemo ymosy, mo Clyr + Chys + ... + Cly, = 0. Toxi

y = Oy} + Corly+ ...+ Cryl,.
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Judepentioodn 1me oauH pa3, 0IepPKyEMO:
y" = Cry] + Coyly + ... + Cpylt + Oy + Chyh + ... + Chf.
Hexait Ciyy + Coys + ... + Chy,, = 0, Toxi
y" = Cryl + Cayy + ... + Cuypy.

[Iponoxkytoun jpudepenmitoparn 1 Bubupatoun ¢yukiii C1,
Cy, ..., C, Tak, mob

Ct" ™ + Cof ™ + .+ Oy =0,
OLIEPXKYEMO
y D = Oy 4 O Y L Gyl
I, maperri,

y(n) = Clygn) + ngén) +...+ Cnyr(zn) +
+ O Y O Y L Oy,

[Tisicrasumo rerep y piBustabs (10.1) Bupasu s y Ta i1 noxigHux:
Ci (y£”> ot Y e+ pnyl) +
+ Cy (yén) o 4 paath +pny2) + ...
ot Cy (yén) F oy 4 paayl + pnyn) +
+ O Y 1 Oy L Oy = f(a).

MHOXKHUKET B JyKKaX TOTOXKHO JOPIBHIOIOTH HYJIIO, 060 MYHKIII 41,
Y2, ---, Yn € dYaCTHMHHMMHU DO3B’si3kamu piBusiaHst (10.2). Orke,
OCTaHHE PIBHSIHHS 3aIUIIEThCS TaK:

Cio" ™V + Cags™ ™ 4+ Ly = f(a).
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Takum aunom, mykani Gyuxuii Cj(z), j = 1,2,...,n, 3a10B05b-
HSIOTH CUCTEMY

Ciy1 + Chya + ...+ Cly, =0,
Clyi +Chyhy+ ...+ Clyl, =0,

Ol + O™ + O =0,

Oy VoY Oyt = fla).

Maemo HeomHOPIAHY cuCTeMy N JiHIHHUX aJareOpUdHuX PiBHAHD 3 71
uesiomnmu Ci(z), Ch(x), ..., C! (x). OCKiIbKI BU3HATHUKOM IIi€l
CHCTEMU € BiAMIHHWI Bi/l HyJIsI BpOHCKIaH OYHKIUH Y1, Y2, - - -, Yn, TO
BoHa Mae equHuil poss’sizok Cf(x), Ch(x), ..., C} (x). Interpyroun,
snaitnemo dyukii C(x), Co(z), ..., Cp(x), HiciIst 0o 3aIHIITHCS
nijicrasuru 1x y dpopmyiy (10.8).

IMpuknan 1. Binmeepysamu pishanna y" —y' Jx = x.
Pose’azarns. Po3s’szkeMo BiAIIOBITHE OJHOPiAHE PIBHSIHHSI.

1
1
y—,:— = (Iny —lnz)=0 =
Yy

8

/
myf=-—mc = y =Ciz =
x

y = Ci2® + Cs. (10.9)
Hexait renep C) = Cy(x), Cy = Ca(x). 3 cucremn

Ci(x)a® + CY(z) -1 =0,
2C{(zx)x+ Cy(z) - 0=z

3HAXO/IIMO
Ci(x) =1/2, Cy(x)=-a?/2 =
Ci(z)=z/2+C1, Cy(z) =—2%/6+ Cs.

[Migcrasusitoun Cq(x) 1 Co(x) y (10.9), omep:kyeMo 3arajbHuii po3-
B30k y = Cr1o? + Co +23/3. A
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3. Meron HeBu3zHaueHux kKoediiieaTiB. Posriasmemo Temep
JIiHiiTHEe HEeOHOPiIHEe PIBHAHHS N-T'0 MOPAJIKY 31 cTaauMu KoedirieH-
TaMU:

L(y) =y +a1y™ D tasy™ D+, 4an_1y +any = f(x), (10.10)

ne a; — aiiicai yncra, dyskiia f(r) HenepepBHA Ha, JesSKOMY iHTEp-
Baii (a,b).

Ho piBusiaas (10.10) MoxKHA 3acTocyBaTH METOH Bapialil J10-
BITBHUX CTaJINX, BUKJIJEHU y II. 2 TIi€l JIeKIlil, oJHaK Ieil MeTos
Mag€ CYTTEBI HEIOJIKN: PO3B’sA3aHHs aareOpUIHOl CUCTEMHU 3 JIOCUTh
CKJIQTHUMH KoedillieHTaMHu Ta B3SATTS I'POMI3IKUX iHTerpasin. To-
My, AKIO MOXKJIMBO, METOJIy Bapiallil JOBITbHUX CTAJIUX YHUKAIOTH
i BIATOTBCS 0 TAaK 3BAHOI'O Moy HEBU3HAUeHUL KoediuieH-
mie, sIKuil pu HeBHiil cTPyKTypi mpaBol dacTunu piBHAHHA f(X)
JIO3BOJISIE JOCUTH JIETKO 3HAWTU YACTUHHUN PO3B’sI30K JIiHIITHOTO He-
onmopigaoro pisasams (10.10).

Posriasuemo okpemi BUMIAIKHU, MOB’si3aHi 3 BUIVISIIIOM IIPaBOl Ya-
crunn piBuaang (10.10).

Bumnagok 1. Hexait dyukmis f(x) € 106yTKOM MHOrOWIEHA HA
MTOKA3HUKOBY (PYHKIIIO, TOOTO

L(y) = Pm(z)e™, (10.11)

ne P (z) = pox™ + p1a™ ' + ...+ pm_12 + P € MHOTOUJICHOM 3
JificauMu abo KOMILIeKCHUMHU Koedirienramu (BiH MOXKe BUPOJIZKY-
BATHCH y CTAJY),  — JificHe ab0 KOMILIEKCHE IHCIIO.

Byaytoun wacrunuuit po3s’szok pisusiaas (10.11), Bugiisrume-
MO JIBa BUITQJIKU.

Bumagok 1.1. o He € XapaKTepUCTUIHUM YHUCJIOM, TOOTO
P(a) # 0 (P(«) — XapaKTepUCTUIHUIT MHOTOWIEH, JUB. JIEKI0 9).
Toni wacTunHMt po3B’s130K Y = Y (7) myKaTuMeMO y BUTJISI

Y = Qu(x)e™, (10.12)

1e Qum(z) = qor™ + ™ ' 4+ ... + @u_1T + ¢ — MHOrOHUICH M-TO
CTeIeHsT 3 HEBU3HAUEHNIMI KOeilli€HTaMM.
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Koedimjentn muorowrena @, () BU3HAYAIOTHCSA MiC/Is IiCTa-
HoBku (10.12) y piBasinas (10.11) i upupisHOBaHHST KoebillieHTIB
Ol OMHAKOBUX CTEIEHIB X y 000X YacTHHAX OTPUMAHOI PIiBHOCTI.
[Tepekonaemoch, 1m0 KoedilienTn MHOTOUWIeHa @, (X) y 1bOMY BH-
HaJIKy 3HaiayThes onHo3HaIHO. [lincrasmsroan (10.12) B (10.11) Ta
BPaxOBYIOUN BJIACTUBOCTI omneparopa L, 0J1epKyeMo:

L(Y)=L(Qn(z)-e*) =
=L ((qoxm + @™ L o1+ gm) -e‘m) =
= goL(z™e™®) + (&™) 4 .+ g1 L(we™) +
+ gmL(e™) = (poz™ +p1e™ L piz + Pm )",

CkopucraemMoch Terep GopMyIamMu
S
L(e"®) = P(a)e®, L(z°¢®®) =Y CIPY)(a)z" e,
§=0
siki Oysm BuBesieHi y 11. 3 sekmil 9. Ilicas ckopouenus na e** maeMo:

m m—1
qOZCfnP(j)(a)xm_j +q Z C;_IP(j)(a)xm_l_j +...
§=0 §=0

1
ot e Y CIPY ()2 + g P(a) =
=0

= pox™ + pr™ L D1 T+ P

[TpupiBasiemo KoedinienTn 6ijisg OMHAKOBUX CTEIEHIB X

m

™ | qoP(a) = po,
2™~ gomP'(a) + ¢ P(@) = p1,
(10.13)
20 | qoP ™ (a) + P V() + ... + gm_1P'(a) +
+ QmP(a) = Pm-

Ockimpkn P(a) # 0, To 3 cucremn (10.13) mocmizoBro MoKHA
OJIHO3HAYHO BU3HAYUTH BCl KOeIIIEHTH qo, q1, - - ., Gm, HAIPUKIAJ

q0 = po/P(a), g1 = (p1 — gomP'(«))/P(a) i . 1.
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Bunagok 1.2. a € XapaKTepUCTUIHUM YUHCJIOM KpaTHOCTI k,
TOOTO

P(a)=P(a)=...= P* V(a)=0, P¥(a)+£0.

Y [[pOMY BHIAJKY JacCTHHHUN po3B’s30K Y y Bumisiai (10.12) moby-
nyBatu He MOoXKHa, 60 P(a) = 0. [llykatumemo iforo y Buriisizi

Y = 2"Qun(2)e™®, (10.14)

se Qm () — MHOrOWIEH M-T0 CTeleHs 3 HeBU3HAYeHUMU KoeillieH-
TaMH, 9Ki BUBHATAIOTHCS TaK caMo, K i Bunaaky 1.1. ITimxcrasisroan
(10.14) B (10.11), omepkyemo:

L) = L(kum(x)e‘“) =

m
k+m—j ax k+m ar\ _
St e | =g =

‘7:
m k+m—j m
= Z q; Z C’,§+m_jP(s) (o)ghtm—i=sgar — ijxm_jew
j=0 s=k Jj=0

abo micist CKOpoueHHsT Ha e*”

Z%ZCEI; P (@)amIme Zp]

[IpupiBaiooun KoedimienTn OisT OMHAKOBUX CTEIEHIB X, OHep-
KYEMO CHCTEMY:

m

x QOC]§+mP(k) (a) = po,

— .

x| qo(k + m)PH+m= 1)( ) + Q1(/<?+ m — 1P (a) + .
+Qm 1( ) ( )_pm 1
a0 QOP (k-+m) a)+qlP (=D (@) + ... + g1 PETD (o) +

3 SKOI, OCKIJIbKHI P(k)(a) # 0, MOXKHA OJTHO3HAYHO BU3HAUUTH BCi
KOeDImeHT qg, q1, - - ., Gm.-
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Bunanok 2. Hexait nmpasa wactuna pisasaus (10.11) mae Bu-
TJIS1T

f(x) =e* (anl) (z) cos ba + PP (z) sin bx) , (10.15)

ne PV () Ta p? () — MHOTOYJICHU CTEMEHIB He BUIIUX Bif M, IpHU-

qoMy Xo4a 6 OJMH 3 HUX Ma€ CTEIiHb m (BOHH MOXKYTb OyTH il cTa-

JIMME 9HCJIAMH, OJHUH 3 HUX MOXKe OyTH TOTOKHO DIBHEM HYJIO).
Aximo ckopucrarucek dopmynamu Eitnepa

) eibx 4 e—ibx - eibx o e—ibz
cosbr = ——, sinbr = ———
2 21
To (10.15) MOXKeMO 3ammcaTn y BUIVIAIL
bz —ibx ibr _ —ibx
f@) = PP()er S — 4 PP (@)err " — =
i

= PV (z)elat® o p2)(g)ela—ib)z,

e B} )(x), p? (z) — MmHOrOWIEHN cTemneHst m, To0To f(x) € cymoro
JBOX JIOJTAHKIB, AKi PO3TIAAIICH YV BUITAJIKY 1.
Bunagok 2.1. Hexait a + bt He € XapaKTepPUCTUIHUM YHUCTIOM.

3riIHO 3 TEOPEMOIO 2 Yy IBOMY BUIAJKY YACTUHHUN PO3B 30K 3HA-
WeTbecs y BUTTISA

Y(x) = Qgrll) (x)e(a—i-ib)x + Q%) (x)e(a—ib)gc7

e Q%) ()1 QS? () — MHOTOWIEHN CTEIEHS M 3 HEBU3HAYCHUME KOe-
dimierramu. Ilepeitmopinu 0 gificHO3HATHUX (DYHKIH, 0IePAKYEMO
0OCTATOYHE IIPABUJIO 3HAXOIXKEHHSI YaCTHHHOTO PO3B’SI3KY PIBHSHHS
(10.11) 3 mpasoro wactunoro Bursiny (10.15): axwo a + bi ne € xa-
PAKMEPUCTNUNHUM HYUCAOM, MO HACTMUHHUT D036 A30%K 3Halldembes
y euzandi

Y(z) =e* (Q%) (x) cosbx + Qﬁﬁ) (z)sin bx),

de QS,? () 1 Qg) (x) — MHo20UuAEHU cMENnens M 3 HEBUSHAUECHUMU
KOEPIUIEHMaAMU.
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Bunanok 2.2. Hexait a + bi € k-KpaTHUM XapaKTEePUCTHIHUM
YHUCJIOM. Y IILOMY BUIAIKY YACTHHHUN PO3B’SI30K 3HAUIETHCS y BU-
TUISIITL

Y (x) = 2" (Q(l)(x)e(a-i-ib)x + Q@ (x)e(a—ib)a:>

m

abo
Y (z) = aFet® (QSZ) (z) cos bz + Q') (z) sin bac).

B o6ox Bumakax KoedilienTn MHOrOWICHIB Q%) ()1 QT(%) () Busna-
9qaroThes micss migcranoBku Y (z) y piBasabs (10.1).

BayBaKMMO, IO CXeMa 3HAXO/KEHHS YACTUHHOIO PO3B’sI3KY
Y (x) He 3MiHUTBCS, SIKIIO P7(nl)(x) = 0 abo P () = 0. A saxmo
f(@) = fi(x)+... 4 fr(2), me fi(z), f2(x), ..., fr(z) matoTs Burmsz
(10.12) abo (10.15) i3 pisaumu «, a + bi, TO 3rijHO 3 TEOpeMOIO 2
Y=Y1+...4Y, ne Y; =Yj(r) - wacrunHuii po3s’s30K piBHAHH:A
L(y) = fj(x), i =1,2,... k.

Ipukaan 2. 3inmeepysamu pisnanna y" — 2y" = —242% +
+ 24x — 4 — 2¢€*.
Posze’azanns. Xapakrepuctuune pisasiuua k° — 2k? = 0 Mae Ko-
peti k1 = ko = 0, k3 = 2, ToMy 3araJbHEM PO3B’SI3KOM BiJIIIOBITHOTO
onHOpimHoro piBusinus € Yy = C7 + Cox + C3e?*. IlpaBy uwacTumy
3aj1aHoro piBHsHHS 3anumemo y Buriasam f(x) = fi(x) + fo(x), ae
fi(x) = (—2422 + 247 — 4)e% | fo(x) = — 2€*.

Ockinbku @ = 0 € XapaKTEePUCTUIHUM UHCJIOM KPATHOCTI 2, a
a = 1 He € XapaKTEPUCTUIHUM YHUCJIOM, TO YACTHHHUN PO3B’SI30K
ITYKAEMO Y BUTJISAT]

Y = 2%(A2® + Bz + C) + De® = Az + Bz + C2® + De®.
[Tigcrapasioan e Y y 3ajaHe PIBHSHHS, OJEP:KYEMO TOTOXKHICTD

—24Az% + (24A — 12B)x + (6B — 4C) — De® =
= 2422 + 24z — 4 — 2¢%,
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3 SIKO1, TPUPIBHIOIOYN KoedimieHTH Ol OMHAKOBUX CTEIEeHIB X, 3HA-
xomumo A, B, C', D:

2| —24A = —24,
z'|24A — 12B = 24,
20168 — 4C = —4,
el —D = -2

= A=1 B=0,C=1, D=2

Orxke, Y = 2 + 22 + 2e%, a ToMy 3arajibHIM PO3B’SI3KOM €
) )

y=0C1 +Cox+C3e® + 2t + 22 +2:°. W

4. 3acTocyBaHHS JIHIMHUX HEOJHOPIAHUX PiBHAHBb JIPY-
roro MopsJKy J0 KOJUBAJILHHUX PyXiB. Posrignemo mudepen-
IiaJibHe DIBHSIHHSI BUMYIIIEHUX KOJIMBaHb (J1eKiiist 9)

" 22’ + ¢Px = f(1). (10.16)

3riiHO 3 TeopeMoio 1 PO CTPYKTYPY 3arajibHOrO PO3B’SI3KY JIi-
HIffTHOTO HEOJIHOPITHOTO PIBHAHHS YCi PYXH, sIKi BU3HAYAIOTHCA PiB-
HstaHAM (10.16), yTBOPIOIOTHCS 3 CYKYITHOCTI yCiX PYXiB, BUSHAYEHUX
BIJIIIOBITHIM OJTHOPITHUM DIBHAHHSM (DPIBHSIHHAM BIABHUL KOAU-
8aHb MOWKU), 1 Oy/Ib-SKOTO OJHOTO PyXy, BU3HAYEHOIO HEOTHODI-
qanM piBusgHuaM (10.16).

Posriisinemo Buma ok, Koy 30yproBasibHa cuita f(t) mepioguyana
1 Mae CHHYCOITAILHUN XapakTep.

Buniaziok 1. Pyx sidbysacmuoca y cepedosuuyi 6es onopy (p = 0).
Toni piBHAHHA PYXy Ma€ BUIVILA,

t” + ¢*x = M sinwt. (10.17)

Bracui xonmuBanns xo(t), gKi BU3HAYAIOTHCS BiAMOBIIHAM OJTHO-
pimaum piBsumam x” + g2z = 0, € rapMoHiYHEME (muB. dbopmyty
(9.17) 3 mekii 9):

zo(t) = Asin(qt + ). (10.18)

BauIaeTbesl 3HANTH JaCTUHHUNA po3B’s30K piBHstHHs (10.17).
Burnsan nporo poss’sizKy 3a/ie:KATbh Bif TOrO, 9 € 9HuCI0 a + ib =
= jw KOpeHeM XapakTepucTudHoro piHsHHs k2 + ¢° = 0. Ockib-
KH k12 = £ig, TO BCe 3aJI€KNUTh BiJ| TOro, 4n 30ira€Thcd HacTOTa
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30y PIOBAJIBHOI CUJIM 3 YaCTOTOIO BJIACHUX KOJUBAHDb (PE3OHAHCHUTL
8unadok), Y1 MAEMO He30Il IUX 4acToT (HEPe3oHAHCHUT 8UNa-
dox%).

PosriisinemMo crioyaTKy HEPE3OHAHCHUIT BHUIAJOK, TOOTO KOJIU
w # ¢. Yactuuanit poss’ssok pisuaang (10.17) X (¢) myxaemo y
Burisgi X (t) = Acoswt + Bsinwt, ne A i B — neski crani, siki
BU3HAYNMO 3romoM (Bumagok 2.1 m. 3 miei sexril). Tomi

X'(t) = —Aw sin wt + Bw cos wt,

X"(t) = — Aw? cos wt — Bw? sinwt
i, migcrasmsiioun B (10.17), omepKyemMo piBHSHHS
— Aw? cos wt — Bw?sinwt + ¢*(A coswt + Bsinwt) = M sin wt.

3 HBOro, HpUpiBHIOIOYN KoedimienTn Oist coswt, sinwt BiAIOBIAHO,
MAa€eMo:

= A=0, B=

—Aw? + Ag® =0, M
—Bw2+Bq2:M 2 — w?’

Takuim wnmom, X (t) = 2 sinwt, a 3aranbHuM po3B’sSI3KOM PiBHS-
q°—w

uus (10.17) €

M ) A
x(t) = o wt + Asin(gt + ).
Bumymieni KoIMBaHHsI, BU3HAYEHI MM 3arajbHUM DPO3B’A3KOM,
HA3UBAIOTH HAKAGIEHUMY 2QPMOHINHUMY KOAUBAHHAMU.
PosrustreMo piBHsIHHsI BUMYIIIEHNX KOJUBAHD

2" + ¢*x = M sin gt, (10.19)

siKe € OKpeMuM BHNaJIKoM pisHsuHs (10.17), Koy w = ¢, TO6TO
KOJIM 9acTOTa 30yPIOBAJILHOI CHJIM 30ira€ThCs 3 9acTOTOIO BJIACHUX
KOJIUBaHb (pe3oHamc). Y 1bOMyY BUIIAJIKY YACTHHHUN PO3B’SI30K Ma€e
BUTLVIS]T

X(t) =t(Acosqt + Bsingt),
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60 iq € TPOCTUM XapAKTEPUCTUIHAM HUUCJIOM (BHIAIOK 2.2 1. 3 1iiel
nekuii). Toxi

X'(t) = Acos gt + Bsin gt + tq(—Asin gt + B cos qt),
X"(t) = —2Aqsin qt + 2Bqcos qt — tq> (Acosqt + Bsingt)
i, migcrasmsiioun B (10.19), omepKyemMo piBHSHHS

—2Aqsin gt + 2Bqcos gt — ¢*t(Acos qt + Bsingt) +
+ ¢*t(Acos qt + Bsingt) = Msingt =
—2Aqsin gt + 2Bgcos qt = M sin gt.

3Bijcu, npupiBHOOYN KoedimienTn 61 cos gt, sin gt BimmoBigHO,

3HAXOAUMO, 1o A = —%7 B = 0. Takum guHOM,
M
X(t) = —2—75 cos qt. (10.20)
q

Hacruuanuit po3s’s30k (10.20) € BUMyNIIEHIM KOJTHBAHHIM 1 Mae
HeoOMerKeHy aMILIiTyny npu t — +00. ['padik mporo KonuBaHHS
PO3TAIIOBAHUI MiXK IPIMUME T = qut ix= —Q—Agt (puc. 10.1).

T

My

Puc. 10.1

V peanbHuX (DISUYHUX CHUCTEMaX KOJUBAHHS HIKOJIU HE MOXKYTb
3pocTaTn HeoOMezKeHO, 60 KOJMBAHHS 3 HEOOMEXKEHOIO aMILIITYI0I0
ab0 CTPUMYIOTBCS OIIOPOM, abO MPHU3BOAATDL J0 PyHHYyBaHHSI CHCTE-
M.
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BaraapbHnM po3s’s3koM pisasuHs (10.19) €
A M
x(t) = Asin(qt + ¢) — 2—t cos qt.
q

Bumymieni KonuBaHH:A, BH3HAYEHI UM PO3B’A3KOM, YTBOPIOIOTHCS
HaKJ/Ia/IaHHIM TapMOHifiHIX KoamBaHb (10.18) i kosmBaHb 3 HeoOMe-
JkeHoto amitiTy oo (10.20).

Bunanok 2. Pyx sidbysaemuvcsa 6 cepedosuuyi 3 MasuM 0NOPOM
(p < q). lpunycrumo, mo 30yproBajbHA CHJIA MAE CHHYCOLIAJIbHUIH
xapakTep. Tomi piBHAHHAM pyXy €

"+ 2pa’ + ¢®x = M sinwt. (10.21)

Briguo 3 dhopmysoro (9.18) Bracui komuBanHs xo(t) MAOTh BU-

LIS
zo(t) = Ae P'sin (x/q2 —p?t+ go).
Yacruunuit pos3s’s30k X (t) piBasaus (10.21) mykaemo y Burs-

i
X(t) = Acoswt + Bsinwt, (10.22)

Je crami A 1 B snaiinemo, migcrasisioun (10.22) B (10.21):

—Aw? cos wt — Bw? sinwt 4 2p(—Aw sin wt + Bw cos wt) +
+ ¢*(Acoswt + Bsinwt) = M sinwt =
(—Aw2 + 2pBw + Aq2) cos wt +
+ (—Bw2 — 2pAw + qu) sinwt = M sinwt =

A(¢? — w?) + 2pwB =0,
2 2 =
—2pAw + (¢ —w?)B=M
= —2pwM B— M(g* — w?)
T (W2 — )2 + 4p2w?’ T (W2 — 2)2 + 4p2e?
Orxe,
—2pwM M(q? — w?

X(t) L coswt + 4"~ o) sin wt,

T (w2 — ¢2)2 + 4p2u? (W2 — )2 + 4p2w?

(10.23)
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a 3araJbHUN po3B’s130K piBHstHHA (10.21) Mae BUIIAN

—2pwM M(q? — w?)
2 22 3 5 COSwWl +-—o—55 2.2
(w? — ¢%)? + 4p*w (w? — ¢?)? + 4p%w

+ Ae7Pt sin(\/ q® —p*t+ 30).

OckinbKky 1pu t — +00 OCTaHHINA JOJAHOK IPSIMY€E IO HYJIS, TO

sinwt +

z(t) =

HJId JOCTaTHBO BEJIMKUX t MOXKHa, BBaxKaTu, 110

—2pwM M(q* — w?)
2 _ 22 3 5 COSWl + 55— 2 2
(w? — ¢*)? 4+ 4p*w (w? — ¢%)% 4+ 4p*w

z(t) =

sin wt,

TOOTO BJIACHUMN <3FacaIO‘JI/IMI/I) KOJINBaHHAMMA MO2KHa 3HEXTYBaTHU.

Amntityna A Bumymienoro kosmBamasg (10.23) BupazkaeTbes

_ M : .
dopmysiorn A = NP e a SKIO OIp P JIy»Ke MaJunii, TO

T M . . .
A= o 3Bijgcu BUILIMBAE, MO PU HAOJIMKEHH] W JI0 ¢ AMILTi-

Tyaa A € J0BOJII 3HAYHOIO HABITH It Majioro M.

Pexomendosana aimepamypa: |5, c. 176 — 212|, [9, c. 103 —
108, 138 — 148], [11, c. 151 - 154], [16, c. 243 — 261], [19, c. 125 — 130,
138 — 144, 148 — 150].

ITuranasa go gekii 10

1. dky cTpyKTypy Mae 3arajabHuil po3B’sSI30K JIHIITHOTO HEOITHOPIIHOTO
PIBHSIHHSI 1-T'0 TIOPSIIKY 7

2. dxuit BUDISAT Ma€ 9aCTUHHUN PO3B’SI30K JIHIHHOTO HEOIHOPIIHOTO
PIBHSIHHSA, SKITO HOTr0 MpaBa 9acTHHA € CYMOIO IBOX a00 OL/IBINOT KiTbKOCTI
JOJAaHKIB?

3. Y "omy moJifra€ MeToJ, Bapiallil JOBITbHUX CTAJINX IHTErDYyBAHHS
JIHIHHOTO HEOIHOPITHOTO PIBHSIHHS 7-I'0 TOPSAKY !

4. Y 9oMy MOJIiTa€ METOJT HEBU3HAYEHUX KOEMIIIEHTIB 3HAXOMKEHHS
JaCTUHHUX PO3B’A3KiB JIHITHOTO HEOIHOPIIHOTO PIBHSHHS N-TO MOPSIKY
3i crajumu KoedimienraMu? ZKoro Buriisy Mae 6yTH IpaBa YacTUHA PiB-
HsiHHsI, 100 MOXKHA OyJI0 BUKOPHUCTATH TIeil METO. !

5. dKwuit BUrIg Ma€ piBHAHHS BUMYIIEHUX KOJUBAHb Y CEPEIOBUII
6e3 omopy y BUIAJKY MEPioanTHOI 30ypPIOBAIBLHOI CHIN CUHYCOIIAIHLHOTO
xapakrepy? fx iHTerpyerncs 1e piBHsHHA? KUl BUIIST Mae 3arajibHUi
PO3B’5I30K Y HEPE3OHAHCHOMY 1 PE30HAHCHOMY BUIAJIKAX !
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6. {x iHTErpyerhcs pIBHSHHS BUMYIIEHUX KOJUBAHb Y CEPEIOBUIII 3
MAaJIIM OITOPOM Y BHUIAJKY MEPioINIHOI 30yPIOBAIBLHOI CHUIN CHHYCOIIaIb-
HOro Xapakrepy? dkuii Burjsi Mae rpadik 4YaCTUHHOIO PO3B’S3KY IHOIO
PIBHSIHHSA !

Bopasu go sekiii 10

1. Bimrerpyiire siniitHi HEOMHOPiAHI PIBHSIHHS MeTOIOM Bapiarii mo-
BIJTbHUX CTaJINX:

a)y" +3y +2y =1 O Y +dy=gzss B Y -2y =5

sin 2z 7 T

2. 3inrerpyiire JiHiitHI HEOMHOPIIHI PIBHAHHS METOOM HEBU3HAYEHUX
KoeiIieHTiB:

a)y' —y=a>+3x; 6)y' -4y =x+2; B)y' +y =2sinz+xcosz.
3. 3HaliaiTh po3B’a3ky 3aa4 Kori:

a)y"+y=c¢e", y0)=1, y(0) = -2;
6) y" +2y +2y=uaxe ", y(0)=0, y(0)=0.

4. JIjist KO2KHOTO PIBHSIHHS 3allUINTh YaCTUHHUN PO3B’ 30K 3 HEBU3HA~
qeHnMu KoedilienTaMu, He TIyKaoIn 1X:

a) y” — 2y + 2y = 5x%e® +2cosz; 6) y" + 4y = sin 2z + cos 3x;
B) ¥y + 7y + 10y = ze 2% sin 5.
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Jlekmia 11. Jliniiini omHOpiaHi piBHAHHS
JAPYToro MmopsiaKy

Il1an

1. Kanoniuna ¢dhopma JHHITHONO OJHOPIAHOIO PiBHSIHHS JIPYyTOro
MTOPSIIIKY.

2. Camocnpskena popMa JIHIAHOTO OMHOPIHOTO PiBHIHHS JIPY-
TOTO TIOPSIIIKY.

3. IlobyoBa 3arajbHOrO pO3B’A3KY Yy BHIAJIKY, SIKIO BigoMuii
OJINH YACTUHHUN PO3B’A30K.

4. Bukopucranust dopmyaun Ocrporpaiacbkoro — JIiyBluisg mjis
IHTerpyBaHHs JIHIHHUX OJHOPITHUX PIBHSAHB JIPYTOrO HMOPSIKY.

5. ImTerpyBamms JHIMHEX PIBHIHDL 38 JOIMOMOIOIO CTEIECHEBUX
psIiB.

1. Kanoniuna dopma JiHiliHOro ogHOPIAHOTO PiBHIHHSA
apyroro nopsaaky. Jliniitai qudepeniiaabai piBHSIHHS IPyTroro mo-
PSIZIKY 9ACTO BUHUKAIOTDH IIPHU PO3B I3y BAHHI PI3HOMAHITHUX MPUKJIa-
JTHUX 33J71a9 MexXaHiku, (izuku, 6iosoril Ta iHmMMX HAYK.

Posrisinemo Jtiniitie ogHOpigHE PIBHAHHS APYTOTO MTOPSIKY

a(z)y” + b(z)y + c(z)y =0, (11.1)

e a(x), b(z), c(x) — HemepepsHi yHKIII Ha JesiKOMY iHTepBaJi

(a,b).
Axmo a(zr) # 0 na invepsani (a,b), To piBusHHs (11.1) MoxHA
3alncaT y BUTJIAL

y" +p(2)y +q(z)y =0, (11.2)
e p(x) = b(x)/a(z), q(x) = c(x)/a(z).

[Tokazkemo, 1o piBusiaHs (11.2) MOYXKHA 3BECTH 10 PIBHSAHHS, sIKE
He MIiCTUTh nepInoi noximuoi. s mporo 3anpoBaguMo 3aMiny

y=a(z)z, (11.3)

e z = z(x) — HoBa mykana QyHKIs, «(x) — HOKM 10 HEBigoOMa
dynukis, sika 6ye 3naiiaena sromom. Ilincrasmsioan (11.3) B (11.2),
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0/1EPKYEMO:

o’(2)z +2d (2)2 + a(x)" +
+ p(z) (o/(x)z + a(ﬁ)zl) +q(@)a(r)z=0 =
(

2+ (% + p(:c)> 2+ (aﬂ + q(a:)> 2 =0.
(11.4)

Bubepemo renep dynkiio ax) tak, mobd koedirienrt 6is 2’ mepe-
TBOPUBCS Y HYJIb, TOOTO

az) = e~ 2/p@)dr, (11.5)

BpaxoByioun, 1o

HasaMo piBasiHHIO (11.4) BUUIsIITY

2"+ (—p/(;) — pzix) + q(x)>z = 0.

Takum gamnom, 3 (11.3) i (11.5) BumamBae, 1o 3aMiHa IIyKaHOL
dyHKIIT 38 HOPMYIIOI0

y = e—%fp(m)da: e
3BonuTh piBHsHHA (11.2) M0 piBHAHHS

2+ 1I(z)2=0, (11.6)
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Je TIO3HAYEHO

PiBusinus (11.6) Ha3suBaioTh KAGHOMIUHOMO POPMOIO DIBHSIHHS
(11.2), a dyukmio I(x) — ineapianmom pisusuas (11.2), 60 Bo-
Ha He 3MIHIOE CBOT'O 3HAYEHHs JIJIsl BCIX IEPETBOPEHD 3a JJ0IOMOI'0I0
mijicranoBok Burisay (11.3). Ouesnano, mo xosn piBmsmas (11.6)
IHTerpyeThcsd y KBaIpaTypax, TO IHTerPYEThCd Y KBaIpaTypax i piB-
uanns (11.2). Tak, nanpuxian, Oyze, skimo [(z) = C, I(z) = I% abo
I(x) = ﬁ. VY nepuiomy Butnaky pisasiaas (11.6) 6yme sinifinum
PIBHSHHAM 3i cTaauMu KoedilieHTamMu, y IpyromMy — piBHSHHAIM Eii-
Jiepa, y TpeTboMy — piBHsiHHsIM Jlarpamka (auB. jekiio 9). 3aysa-
JKUMO, IO JijId JIHIHHOTO PIBHAHHS APYTOTO MOPSJKY 31 CTaJIMMU
KoedirienTaMu iHBApiaHTOM € B3ATHUH 3 TPOTUIEKHUM 3HAKOM JIAC-

KPUMIHAHT BIAIIOBIIHOIO XapaKTEPUCTUIHOTO PIBHIHHSI.

Ilpuknan 1. 3inmeepysamu pisnanns Becceas

22y +axy + (2* —n?)y = 0. (11.7)
Poss’s3arnsa. IcuyBannsa Ta €IMHICTD PO3B'SI3KYy TapaHTOBAHI Ha
inrepBanax (—o00,0) i (0,00); x = 0 — ocobimBa TOYKa DPIBHSHHS
Beccerst. Ockinbkn p(z) = 1/z, ¢(z) = 1 — n?/z?, 1o

I(z) =1+ (i —n2>-%.

ko, manpukna, n = £1/2, 1o I(x) = 1 i, Bpaxosytoun (11.6),
Ma€eMo:
'+2=0 = z=Cicosz+ Cysinz.

_l[dz
BpaxoByroun Tenep, mo y = e~ 2J = z = %, OCTATOYHO OIEPIKY-
€MO

cosx sinx
RN Ny
N3 N3
BayBaxkumo, 1110 10 piBHsHHA Beccesst urisy (11.7), okpemuii
BHUIA/I0K SIKOTO 3iHTErpoBaHuil y MPUKIal 1, 3BOAUTHCA OaraTo 3a-
nad pi3vKy, MEXaHiKM Ta aCTPOHOMII, HAIPUKJIAJ, 3aJadi PO CTili-
KiCTh BEPTUKAJIBHOI'O CTPUKHS, SKUII Mae (popMy 3Pi3aHOI0 KOHYCa

y=0C |
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1 CTHCKAETBCS MO3JIOBKHLOIO CHJIOKO, TTO3JI0BXKHIil 3IrUH BePTHKAJIb-
HOTO CTPHKIS mij giero Biaacuol Baru (|14, c. 390 — 395], [5, c. 222 —
229]).

2. CamocnpsizkeHa popMa JiHIHOTO OJHOPI/THOTO PiBHSI-
HHS JIPYTOTo NopaaKy. Jliniiine omHOpiIHEe PIBHSHHS APYTOro MO-
pPAIKY, B aKoMy KoedirienT 6is 3y’ nopiBHIOe mOXimuii Big Koedirri-
enTa 611 y”, ToOTO piBHAHHS

p(@)y" +p'(x)y +q(z)y =0
abo
!/
(p(2)y') +a(x)y =0 (11.8)
Ha3UBAIOTh CAMOCTLPDAHCEHUM.

ITokaskemo, 1m0 Oyab-siKe JIiHifIHE OTHOPiIHE PIBHSIHHS JIPYTOrO
nopsinky (11.1) 3 menepepsuumu Ha inTepsani (a,b) xKoedirmienramu
a(x), b(x), c(x) (a(x) # 0) 3aBXKU MOKHA 3BECTH JIO CAMOCIPSIZKEHOT
dopmu. s nporo momuoKkIMO 06uBi yacTunu pisusaus (11.1) na
HOKHU 1110 HeBijioMy QyHKIIO p(r):

a(z)p(z)y” + b(@)u(@)y' + c(z)u(z)y = 0.

Bubepemo Tenep dyHkIio p(x) Tak, mob crpasizKyBaiach PiBHICTh

b(@)u(x) = (a(z)p(x)" =

e T R
M@):% ok (11.9)
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To6TO piBHaAHHS (11.8), ¥ sKOMY

b(x) b(z)
f_dﬂf (x) — C(x) efmdx‘

a(z)
3 aBox ocranHix dopmys Burmsae, mo p(zx) i ¢(x) — HenepepsHi
Ha (a,b), npugomy p(z) > 0.

Ipukmazn 2. 36ecmu pishanns Becceas (11.7) do camocnpsorce-
HOY hopmu.
Pose’sazanns. Posrisinemo 3a1ane piBusinas Ha inrepsasi (0, +00).
Bukopucrosytoan dopmymny (11.9), snaxoaumo dyHKIO 1(T):

1 g 1 a1

M(x) = —ef‘Z(T) = —2€f r = —,
a(x) x x

Omxe, piBusinns Beccesst y camocipsizkeniit ¢opwmi samminersest Ta-

KHUM THHOM:

" ! n2 n/ n2
vy +y + r - y=0 = (xy)—i— T y=0. 1

3. ITo6ymoBa 3arajibHOro po3B’dA3Ky Y BUNAAKY, AKIIO Bi-
JOMHII OOUH YACTUHHUNA po3B’aA30K. Hexail Bimomuil onun He-
TPHUBIAJbHUIT 9aCTHHHIIA PO3B’s130K Y1 = y1(x) piBasmus (11.2). ITo-
KaykeMo, 10 3allPOBAJIUBINY 3aMiHY

y=1 /udw, (11.10)
ne u = u(x) — HoBa HeBijoMa byHKIis, piBHsaHHS (11.2) MoKHA 3Be-
CTH JI0 JIHIHOTO OJTHOPITHOTO PiBHSHHS TEPIIOTO MOPSAIKY, a OTXKeE,

piBusiaas (11.2) inTerpyerhes y KBaJpaTypax.
[Migcrasisoun (11.10) y (11.2), oxepxKyemo:

yi’/u dx + 2yiu + yu’ +
+ p(x) (yi/udx + yw) + q(x)yl/udx =0 =

(v + p(x)y) + q(z)y) /u dz + (2] + p(x)y1) u+ y1u’ = 0.
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Ockinbku y) — gacTuHHUi po3s’s30k pisusgnusg (11.10), o
yi +p@)yi +a(@)yr =0,
a TOMY

/
i’ + 2y +p(@)y1)u=0 = o+ (2% —|—p(x)>u =0.
1

Jlist 3HaxomKeHHsT (DYHKINT u OfeprKajIn PIiBHAHHS 3 BiIOKpEM-
JIIOBAHUMHI 3MiHHUMHA. VIOro 3arajlbHUM PO3B’SI3KOM, SIK JIETKO TIepe-
KOHATHUCH, € U = y%e‘f p()dz  Hexait C' = 1. IigcraBumMo oTpuMame

1
suadenss v y (11.10), Toxi aApyruil yacTUHHUN PO3B’SI30K PIBHSIHHS
(11.2) momaernest hopMyIIoI0

e~ Jp(x)dz
Y2 = yl/ig dx,
h

a TOMy 3TifHO 3 Teopemoio 6 (JIeKilist 8) 3araJbHUM PO3B’SI3KOM PiB-

usauns (11.2) e
e~ Jp()dx
y=y|Ci+ (72/7y2 dz |. (11.11)
1

®opmymy (11.11) HasuBaioTs popmynaoro Abeas.
Ilpukman 3. 3inmezpysamu pisnanns Jescandpa
(1 —22)y" — 2zy' 4+ 2y = 0.
Poss’s3arnsa. IcuyBannsa Ta €IMHICTD PO3B'SI3KY TapaHTOBAHI Ha

inrepBanax (—oo,—1), (—=1,1), (1,00); x = £1 — ocobauBi TOUKM

piBasians Jlexxkarapa. OQuH YaCTUHHAN PO3B’SI30K 3a/IaHOTO PiBHSI-

HHSI JIETKO Brajyerbest: y; = 2. Ockiabku p(r) = — 2% 1o 3riamo

T
3 (11.11) maemo

dx

I
e’ 1-=z d.',U
1 1
:x<C’1—|—C’2<lln 1+z —1>>
2 x

1—=x
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1)

4. Bukopucranaga dpopmyau Octporpajcbkoro — JIiyBiJ-
Jd OJid iHTerpyBaHHS JIHIMHUX O/ITHOPiIAHUX PIBHSIHBb JIPY-
roro mopaaKy. ZKimo BigomMuil OquH HETPUBIAJIBHUN TaCTHHHII
po3B’si30K y1(x) piBHstHHs (11.2), TO 1€ pIBHSAHHS MOXKHA 3IHTErpYy-
BATH IHIINM CIIOCOOOM, HiK Y TOIEPEIHBOMY IIYHKTI, 3 BUKOPUCTAH-
HsiM popmyin Ocrporpasicbkoro — JIiyBiist.

3rigHo 3 Teopemoro 6 (Jiekiiis 8) st Toro, mob 3HalTH 3araJib-
HU po3B’s130K piBHsAHHA (11.2), mOoTpibHO 3HATH (DYHIAMEHTAILHY
cucTeMy pO3B’sI3KiB 1bOro piBHstHHs. Hexaii yo(x) — Takuii po3s’si30k
piBastans (11.2), mo y1(x), y2(z) yTBOPIOIOTH DyHIAMEHTATBHY CH-
creMy po3B’sizkiB. Bukopucroywouu dopmysny OcTporpajicbkoro —
Jiysinns y surasg W(z) = C - e~ JP@)d (gopmyna (11.16) 3 e-
Kiiii 8)), ojep:KyeMo:

Bidnosidv: y =z (C’l + Oy (% In ‘%J_F_x

T

’ YL 921 _ o= fp@)de (qymo 0 =1) =

T

Y1Yh — Yy = e~ Jp(@)de, (11.12)

Orxke, s 3HAXOMKeHHS QYHKIH Yo(Z) MaeMO pIBHAHHI
(11.12) — ninifine piBHSIHHS TEPIIOrO MOPSIAKY. 3IHTErpyeMo Horo.
JJ1st IBOTO TIOMIINMO OOMIBI YACTUHM ITHOTO PIBHSIHHST HA y% (y1 #0):

! 1 e—fp(a?)dm
(%> = SenPEd oy, = yl/igdx-
Y1 Yy Y1

Ockinbru dyukii y;(z), y2(x) 3a mH0OYIO0BOIO yTBOPIOIOTH (DyHIA~
MEHTaJIbHY CHUCTeMY PO3B’si3KiB piBHsiHHst (11.2), To nrykanum 3a-
raJIbHIM PO3B’SI3KOM €

e—Jp(@)dz
Yy=u 01+C2/de .
1

Onepxamn dbopmyiny Abems (11.11).

Ilpukmnan 4. 3inmezpysamu pieHarma

(2 + 1)y — 22y + 2y = 0.
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Poszg’sasamnmns. Jlerko mepesiputn, mo yi(x) = x € YacTHHHUM
po3B’si3koM 3ajianoro piBHsiHHsA. Ockinbku p(r) = —xzzf_l, TO, BU-
kopucroByioun dhopmyry (11.12), ogepkyemo:
/ ’ [ dx / ’ In(z2+1)
Y1Yo — Y2 = € =+ = Y1y —Y1y2=¢€ =
Vivh —Yiya 2?41 N <@>’_x2+1
yi a? v a2

1
y2:x<x——>:x2—l.
x

OTxe, 3araabHIM po3B’askoM € y = Oz + Co(2? — 1). B

5. InTerpyBaHH4 JiHIMHUX PiBHAHDb 3a JOIIOMOTOIO CTEIle-
HeBUX psagiB. Bimomo, 1o po3s’s3Ku JTHITHOTNO qudepeHIialbLHOro
PIBHSIHHSI JIPYTOTO MOPSIAKY 31 3MIHHIMHU KOediIeHTaMu He 3aBXK I
BUPAXKAIOTHCA Yepe3 eJieMeHTapHi (PYHKIII, a iIHTerpyBaHHS TaKUX
PIBHAHDL PiKO 3BOJMTHCS JIO KBaJIPATYP.

Haiibisibir mormupernM MeTO/IOM IHTerpyBaHHSI BKA3aHUX PiB-
HSIHb € 300paskeHHs IIYKAHOTO PO3B’A3KY y BUIVIAI CTEIIEHEBOIO Psi-
ny. Haramaemo nesiki moHSTTS 1 (DAKTH, MO0 CTOCYIOTHCS CTEIIEHEBUX
psAIIB.

Oyukiio f(x), ska BusHaueHa Ha iHTepBasi (a,b), HA3UBAIOTH
aHnaaimuwHoro B Touni o € (a,b), gAKMo 11 MOXKHA PO3BUHYTH B
cTereHeBuil psif, 301KHUI ¥ JESTKOMY OKOJIi TOUKH Tg. KaxKyTb, 110
dyuknia f(x) anasimuyuna na intepsaii (a,b), KO BoHA B KO-
JKHI Touni T € (a,b) Moxke OyTH PO3BHHEHA B CTEIICHEBH DS, 10
36Ira€ThCst B JESTKOMY OKOJIi TOUKM T(o. 30KpeMa, SIKIO Psijl

f(z) =) enle — o)

k=0

Mae pajiyc 36ikuocti > 0, To dyukuia f(z) anagitndna Ha iHTEP-
Basi (xg — 1, ©o + 7).

Posristnemo mudepenmnianpie piasaus (11.2), B arkomy yHKIi
p(z) i ¢(z) anamituuni Ha iHTepBa (T — A, To + @), TOHTO IX MOKHA



154 Poszin 2. JUO®EPEHIIIAJIBHI PIBHSIHHS BUILINX ITIOPSIIKIB

PO3BUHYTHU y CTENEHEB] PAIN
o) o0
plz) = Zpk (z—m)’, qlx) = ZQk (z —m)",
k=0 k=0

siki 36irarorTbest Ha iHTEpBa (To — a, g + a).

Teopema 1. Hxwo y pisnanni (11.2) gynruii p(x) @ g(x) anani-
muuni Ha thmepeani (o — a, o+ a), mo 6ydv-axul po3s’a30k Ubo2o
PIBHANHA € AHAAIMUYHOI0 PynKyiero npu x € (To—a, To+a), mobmo
Mootce OYmu podsuHerutl y cmenenesutl pad

y(x) = ch(x — z0)F, (11.13)
k=0

wo 36izaemuves oan (rg — a, zo + a).

HoBesienust 1€l TeopeMu MOXKHA 3HAWTH, Hanpukiaam, B [17,
c. 284 — 286].

Touky © = x( HABUBAIOTH MOYUKOIO AHAATMULHOCTNE PIBHAHHS
(11.2). B okouii Toukn aHAITHIHOCT] pO3B’si30K piBHsiHHS (11.2) mry-
KaoTh y Burisal psaay (11.13), me uwmcna cg, c1, ¢, ... TIIATAIOTH
BU3HAYECHHIO.

Ipuknan 5. 3a donomozot0 cmenenesux pAdie sinmezpysamu
pishanns y” + xy = 0.
Pose’aszanmnsa. Bigsnaunmo, mo 3ajaHe PiBHSHHS He iHTEIPYEThC
y KBaJpaTypax. JIoro po3s’si30K MIYKAEMO y BUIVIS PSLy

o0
k
y(x) = cpa®, (11.14)
k=0
BBaXKaoun ¢, k = 0,1, ... mHeBusHadeHnmu koedirmientamu. Ilo-

KaXKeMo, IO I KOoedilieHTn MOKHa BU3HAYUTU 1 TPU ITHOMY P
(11.14) s6iraTuMerbes B JAesKOMy OKOJi Toukn = 0.
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Hpiui 3mudepenmioemo psn (11.14) i migcraBumo ioro pasom 3
pagoMm mia y” y sanane pisasinasg. OJep:KUMO TOTOXKHICTh

k(k —1)cpat2 + Z agrftl=0 =
k=0

(k +2)(k + Vegpoa® = — Z cp12”.
k=1

NERANgE

=
Il
o

[TpupiBaiooun kKoedirienTn 6iJig OTHAKOBUX CTEIEHIB X, 3HAXO-
JIIMO, III0

1
= L k>1.
2 =0, Ckyo (k+1)(k+2)ck 1,
Orxe,
Cs = (_1)mco
™ 3m(3m —1)(3m —3)(3m —4)-...-3-2’
C3m+1 = () c3 =0
T Bm A+ 1)3m(3m —2)(3m —3) -...-4.37 o2
gem =1,2,..., a KoeillieHTH ¢g i ¢| 3aTUNTAIOTHCST HEBU3HATEHUMU
(toBiTBHEM™).

[Toxkmamaroun cg = 1, ¢; = 0, 1m0 PiBHOCMJIBHO MOYATKOBUM YMO-
Bam y(0) = 1, ¥/(0) = 0, 3HAXOAUMO P8

o0

= Z (=ma (11.15)
B m(3m —1)(3m —3)(3m —4)-...-3-2° '

m=1

IToknanaroun ¢y = 0, ¢ = 1, M0 PIBHOCUJIBHO MTOYATKOBUM yMO-
Bam y(0) = 0, ¥/(0) = 1, onepyemo psif

( 1)m 3m+1
yale )_”“LZ Bm+ 1)3mBm —2)(3m —3) ... - 4-3°

(11.16)

Bukopucrosyioun o3naky I’ Asambepa, JIerKo IOKa3aTH, IO Psi-
u (11.15), (11.16) s6iratorbes s Beix @ € (—00,+00), a ToMy
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ix MoxkHa JgudepenrioBaTn Ha (—00, +00). Iligcrasmsoan (11.15),
(11.16) y pieasaas (11.2), uepekonyemoch, mio yi(x), yo(r) —
po3B’si3ku piBasaHg (11.2). Bigsmt Toro, i po3s’a3ku JiHITHO He3a-
JexkHi Ha (—00,4+00), 60 IX BpOHCKiaH BiAMIHHWIA Bij HyJIs y TOYII

z=0:
y1(0) y2(0) ‘
¥1(0) y(0)

Om:ke, 3araJIbHUN PO3B’SI30K MA€ BUIJILA,

W(0) =

‘10

0 1‘:1‘

y = Ciy1(z) + Coya(z),

ne y1(z), y2(x) BusHauatorbest opmynamu (11.15), (11.16), a Cq,
(5 — nosinbHi crasi. B

3a3HaunMO, 1110 METOJ], CTEIIEHEBUX PSAIB MOKHA BUKOPUCTOBY Ba-
TH TaKOX I PO3B’sI3yBaHHA JIHINHUX HEOIHOPIIHUX PIBHIHDL JIPY-
TOTO TOPSIIKY
y' +p(@)y +a(@)y = f(a),

aximo p(z), ¢(z) 1 f(z) — amamitnani GyHKIil B IesIKOMY OKOJII TOUKH
r = Zg-

Posrisremo Tenep Bunaiok, kouu p(x) i ¢(x) — koedinientn pis-
HsuHs (11.2) — He € aHAJITUYHUMM B OKOJI TOUKH T = . TOUKy

x = xg, g gkol lim p(z) = oo abo lim ¢(x) = oo, nHazuBaTh
Tr—T0 T—T0

0c06.4u6010 TOUKOIO piBHsHHs (11.2).

Hexait koedirienTtn pisusnus (11.2) moxkna mogaru dpopmymaMn

p() = 22 q(z) = 280 e pi(2), qi(z) — ananimwmi ynxnji

Ha iHTepBaii (xg — a, T + a), TO6TO

p1() Zme(x - wo)k, q1() :quk(x - xo)k~
k=0 k=0

Toni pisasinas (11.2) 3pydHo 3amucaru y BULJIsi

(x — xo)Qy” +(x —zo)p1(2)y +q(z)y =0, x# x0.

Axmo © = g — ocobiusa Touka pisHsHHs (11.2) (e Gye, KO X0-
1a 6 OJIHE 3 UHCeN P10, 10, ¢11 BiAMIHHE Bif Hyss1), To 11 HA3WBAIOTDH
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Pe2YAAPHOI0 0c006AUB010 TMOWKO10. B OKOJII perysisapHol 0cobtmBo1
TOUKM T = X PO3B’s13Kku piBHsHHs (11.2), B3arasi KaxKy4u, MOXKYTb
He 300parkKaTuCh y BUIVISJI CTEIIEHEBOTO DLy BI/II‘JISI,ILy (11.13). Ha-
HpI/IKﬂa,zL, 061/1,ZLBa posB’sizkE Y1 = x'/2 1 yy = 22 piBusmunsa Eiinepa
2y + 3 sxy’ —y = 0 He MOXKHA PO3BHHYTH y CTEICHEBI DAY BULTIALY
( 11.13), TOOTO y PAIU 32 IIJIUMHU JOJATHUMU CTEIEHIMU .
Y 1poMy BHIAJKY PO3B’S30K DIBHSHHA HOTPIOHO IIyKATH Y BU-
I Y3a2aAbHEH020 CMeneneso20 pady

y(a) = (& —20)" ) enlr —ao)",
k=0

ae 4uciaa r, cg, Ci, ... HIISraloTh BU3HAYEHHIO.

Ilpukmaam 6. 3natimu 3azasvhutl Po3e’a30K PIEHAHMA
"+2y + 2y =0. (11.17)

Pose’sazamnns. Touka xg = 0 € ocobusoro, 60 p(z) = % — 00 IpHu
z — 0. ToMy PO3B’A30K IIyKaeMO y BULJISJl y3araJbHEHOTO CTeIe-

HEBOT'O PsijLy
o0

x)=z" E et
k=0

Tomi
(e.)
(k + 7)1,
k=0

oo
Z )k + 7 — 1)epaktr=2,
k=0

ITincrasnsioun 3uaiigeni supasu mis y, y', y” v (11.17), onepxyemo,
1o

o0
Z (k+r) k—i—r—l)ckxk"'r Ly
k=0

oo
+2Z (k + 7)cpattr 1+Zc g+l =
k=0 k=0
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abo TicIsT CKOpOYeHHsT Ha T :

o0
Z (k+r) k+r—1)ckxk 1—1—22 (k+r ckxk l—i-chx =0.
k=0 k=0 k=0

OckinbKy 30iKHI cTerneHeBl psian € abCoJIIOTHO 3012KHI BeepeIuHi
inTepBaJsy 3612KHOCTI, TO MONIEPE/IHI PIBHOCTI MOYKHA HAJIATH TAKOTO
BUIVISATY:

(r* +7r)cor™" + (r? 4+ 3r +2)c12° + (co + (1* + 57 + 6)c2) = +

+ (C1+(7“2+77"+ 12)03)9024- (024—(7"2—1—97“—1—20)04)9034—... =0
(11.18)

3BijicH BUILIABAE, IO yCi KoediIieHTH y3arajbHEHOrO CTEeIeHe-
Boro psy (11.18) mopiBHIOIOTE HYJTIO, TOGTO

(r?2 +1)co =0,

(r? 4+ 3r +2)c; =0,

co+ (r?2 +5r+6)cz =0,
c1 + (r2 +7r +12)e3 = 0,
ca + (12 +9r 4+ 20)cy = 0,

(11.19)

\

Hexaii ¢y # 0, Toxi 3 neproro piBasiuust cucremu (11.19) oxep-
xKyemo, mo r = 0 abo r = —1. dxmo r = 0 i, Hanpukaam, cg = 1, To
3 (11.19) 3maxommmo

1
c1 =0, 62:—5, c3 =0, 0425,...,
_1)k
_ :0 = —
C2k—1 y  C2k 2k+ D)
Taxum annom, yHKITIS
() =1 x2+x4 1 x3+x5 sin x
H=1-—4+——-—..=—|z——+——...| =
h 31 " Bl v 31 " Bl v

€ po3B’si3koM piBHsiHHS (11.17).
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Hexait Terep r = —1. Toxi, BBaxkaroun, mo ¢y = 1, ¢; = 0, 3
(11.19) 3Hax0MMO

1 1 _(—D)*

62:_57 63:05 Co = 75 ooy 62]{:—1:05

a oTKe, PYHKITis

( ) 1 x+x3 1 1 x2+x4 COS T
r)=——=4+——...=—|1l—-=+——...| =
2 P T x o

TakoXK € po3B’si3koM piBHstHHs (11.17). Ockinbku 3HaMeH] DyHKIIIT
y1(z) 1 yo(x) niniiino nesasexkHi (IPOMOHYEMO Y MIBOMY [TEPEKOHATH-
csl CAMOCTIIHO, 3HAMIIOBINN X BPOHCKIaH), TO 3riHO 3 TeopeMoio 6
(seknist 8) 3arajbHUM PO3B’si3KOM piBHsiHHs (11.17) €

sinx cos x

+Cs

. i
x T

y=0C

Pexomendosana aimepamypa: |9, c.202 —219], [10, ¢. 95, 172 —
185], [14, c. 363 — 404, 412 — 435], [17, c. 269 — 273, 283 — 294], [19,
c. 120 — 122, 150 — 158].

ITuranaga go Jekiii 11

1. 3a 701IOMOro¥0 SIKOT IiICTAHOBKY JIiHIHE OIHOPI/IHE PIBHSHHS JIPY-
TOTO MOPSJIKY MOYKHA 3BECTU JIO PIBHAHHS, sIK€ HE MICTHTH IEPIIOl MOXi-
nuol? 4K HazmBarTh Taky OpMY PiBHSIHHS?

2. [Tlo HazmuBalOTH iHBApiaHTOM JIHIHHOTO OTHOPITHOTO PiBHSHHS IPY-
roro nopsiaky? Yum 3ymMoBJieHa Taka Has3Ba! ZIkoro Burisy Mae OyTH
imBapiaHT, 00 BiAIOBiAHE JIiHIiTHE OHOPIIHE PIBHSIHHSI JPYTOrO MOPSIKY
iHTerpyBaJiocst y KBaJaparypax?

3. dxwuit 3aragbHNit BUDIAI Mae piBHAHHS Beccens? s sskoro 3Ha-
YEHHsI 7L BOHO IHTEIPYETbCs Yepes3 eJleMeHTapHi PYyHKIHI?

4. dxy ocobuBicTh Mag JiHifTHE OIHOPiAHE PIBHAHHS APYTOro MOPSI-
Ky y camocupsizkeHiii ¢gpopmi? Ak JiiniiiHe omHOpPigHE PIBHSHHS JIPyroro
MOPSJIKY 3 HellepepBHUMEU KOeIIli€eHTaMy 3BECTH JI0 CAMOCIIPSIXKEHOT'O BU-
rany?

5. dk, Maro9In OMUH YaCTUHHUN PO3B’I30K JIHIAHOTO OJHOPIIHOTO PiB-
HSIHHS JIPYTOr0 MOPSIIIKY, 3IHTErpyBATH Tie PIBHSHHS y KBajpaTypax ! JAkuit
BurJisi Mae popmyia Abess?
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6. fdx moxkna Bukopucratu dopmysy Ocrtporpajscbkoro — JliyBiuis
JUIs iHTerpyBaHHs JIHIHHOTO OJHOPIAHOTO PIBHSIHHS JPYIOro HOPSIKY !

7. Ak 3HalTH 3araJbHUIl PO3B’A30K JIHINHOIO OJHOPITHOIO PiBHSAH-
Hsl JIpDYTOTO TOPSIIKY 38 JOIOMOTOK CTeleHeBUX PsaiB? Y SKOMY BUIA-
Ky PO3B’sI30K IBOI'O PIBHSHHS ITOTPIOHO MIYKATH y BUIJISIII Y3araJbHEHOTO
CTENEeHeBOro psity?

Brpasu go aekirii 11
1. 3BeniTh piBHsIHHS 70 KAHOHIYHOI (hOpMU Ta BiHTErpyiire ix:
a)y'+ 2y +y=0; 6) 2%y +22% + (2 —2)y=0.
2. 3BeiTh PIBHSHHS JI0 CAMOCIIPSI?)KEHOTO BUIJISLY:

a) zy" + (1 — )y’ +n’y = 0 (piBnsmms Jlareppa);
6) v — 22y’ + 2ny = 0 (piBuanns Yebumosa — Epmira).

3. 3inrerpyiiTe piBHAHHS, 3HAIOUN IX YaCTUHHI PO3B’a3KU Y1 (T):

a) (2¢+ 1)y + 4oy — 4y =0, yi(z) = e 7
6) x(x —1)y" —zy +y =0, yi(r) ==

4. 3inrerpyiiTe piBHIHHS METOJIOM CTEIIEHEBUX PsiJIiB:
1 / . 1 —
a)y"+azy +y=0; 6)y’ —ye*=0.
5. Binrerpyiite piBHSHHS METOJOM y3araJbHEHUX CTEIIEHEBUX PsIJIiB:

a) vy’ — (x+ 1)y +y=0; 6)92%y" — (2> —2)y =0.
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Jlekmig 12. KpaiioBi 3aga4i s audepeHmiaabHIX
PiBHSIHb APYTrOro HOPSaKYy

Ilnan

1. OcHOBHI O3HAYEHHS I TIOHSITTS.

2. IcHyBaHHS Ta €IUHICTH PO3B’SI3KY KPaioBOl 3a/1adi.
3. Oyuxiria fpiHa KpaiioBol 3a/1a4i.

4. Kpaiiosi 3agaqi Ha BIACHI 3HAUEHHS.

1. OcHoBHi o3HaveHHd W moHATTA. Y 3amadi Kol ymosm,
3a JIOIOMOI'OIO0 fKWX MOXKHA BUJIUINTH NEBHUN YaCTUHHUN PO3B’s-
30K JudepeHIiaabHOT0 PIBHSIHHS, 3a/1al0ThCsd B OJHIN (I0YATKOBIIA)
touri. IIpore y 6araThox IpUKJIAIHAX 3aJadaX YMOBHU HA HEBiIIOMY
GYHKITIO Ta 11 MOXiIHI 9acTO 33IaI0ThCs y IBOX TOYKAX, HAIPUKJIAT,
Ha KiHIFAX BiZpiska, Je IIYKAEThCsd PO3B 30K 3ajadi. Taki ymoBu
Ha3UBaIOTh KPAtioBuMU. 3a1a9y BiAITyKaHHS PO3B A3KYy audepen-
[1aJILHOT'O PIBHAHHS, IO 3a/I0BOJIbHSE KPailoBl yMOBU, HA3WBAIOTh
KPatiosoro.

Kpaiioi 3amadi BUHUKAIOTH TP BUBYEHHI OaraTbox QizmaHux
3a/1a4 (KOJIMBAHHS CTPYHH, KOJIMBAHHS BaJIiB, MOMIMPEHHS TEIUIA Y
npoBinHuUKy ToImo). Hanpukia, y 3aja4di npo pyx MarepiaabHOl TO-
9KM MaCH M I Ti€10 3a0aH01 cuan F'y 6aratbox BUIaIKaX MOTPIOHO
3HANTH 3aKOH PyXy $(t), KO y MOYATKOBHHA MOMEHT 4acy t = tg
BOHA 3HAXOAWIach v Touri M, a B MOMEHT 4acy t = t; TOBUHHA ITO-
TPAIHTH y TOYIKY M>. Bukopucrosyioun 3akon Hpiorona F' = ma,

d=s

Jle @ = Gz — UPUCKOPEHHd, Iif 3a/a4a 3BOJUTHCS JI0 BIJIILYKAHHS

PO3B 3Ky MudepeHIliaJIbHOr0 PiIBHAHHS JIPYTOTro TIOPIKY
ms" = F(t,s,s),

SIKIii 33/10BOJIbHSIE KpaitoBi ymoBu $(tg) = So, s(t1) = s1.
Hanasti 06MezKnMoch po3Iiisi oM KpaiioBUX 387184 TIIbKY JJIsT JIi-
dbepenIianbHIX pIBHSHB APYroro nopsaiaky. s piBHsHHS

y' +p@)y +qlz)y = f(2), (12.1)
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ne p(x), q(x), f(x) — HenepepsHi Ha BiAPI3KY [a, b] dyHKIT, Kpaitosi
YMOBH O3HAYMMO HACTYIIHUM YHHOM:

qu’(a) + B1y(a) = yo,
{azy’(b) + B2y (D) =y, (12.2)

ne ar, az, f1, B2, Yo, Y1 — 3aaHi Gncia, IprIoMy i, B1, a TaKOXK
Qig, B2 OTHOYACHO HE JNOPIBHIOIOTH HYJ0. SAKIo 4o = y1 = 0, T0O6TO

a1y (a) + Bry(a) =0,
{azy’(b) + Bay(b) =0, (12.3)

TO Taki KpaiioBi YMOBY HAa3MBAIOTh 00HOPIOHUMU.

fxmo f(x) ToroKHO He TOPIBHIOE HyIO, TO 3a1a4dy (12.1), (12.2)
HA3UBAIOTH HeOOHOPIOHOM0 Kpaliosoro 3adauero, a ko f(z) =0
iyo =wy1 =0, — odHOpidHOI0 KPatiosoto 3adauero.

Poss’asrom xpaitosoi 3amaqi (12.1), (12.2) nasusaorb byH-
kiio y(z), sika asivi HenepepsHo maudepentiiiosra Ha (a,b), Here-
pepeHoO judepeHnIiiioBHa Ha [a, b] 1 3an0BosbHSIE piBHsAHHs (12.1) Ha
(a,b) Ta xkpaiiosi ymosu (12.2).

2. IcuyBaHHs Ta €IMHICTh PO3B’sI3KYy KpailioBol 3agad4i. Ik
BiZloMO, po3B’s130K 3aza4i Ko myst pisasans (12.1) 3 mogarkoBuMu
YMOBaMHU

y(zo) = vo, ¥'(z0) = w1, o € [a,b],
ne p(x), q(x) — menepepsHi Ha [a, b], 3rigHo 3 Teopemoro Ko (Je-
Kiiist 7) icHye Ta €uHUII HAa BCbOMY BIIPI3KY [a,b]. st kpaiioBol
sagaqi (12.1), (12.2) me 30BciM He 060B’s13K0BO, TO6TO 11 PO3B’sI30K
MOXKe He icHyBaTu apo He OyTu eawHuM. /15 MeTabHINIoro posris-
JIy OO TIMTaHHsI HO3HAYUMO 4depes @1 (), @2 () dyHmaMeHTanbHy
CHCTEeMY PO3B’SI3KiB BiJIIOBIIHOIO OMHOPIMHOTO PiBHSIHHS

Y + p(x)y’ + q(z)y =0, (12.4)

a depe3 Y (x) — gacTunmmMit po3B’st30K piBmsnus (12.1). SrigHo 3 Te-
OPEMOIO TIPO CTPYKTYPY 3araJbHOr0 PO3B’sI3KY JIHIHHOIO HEOTHOPI-
nHOTO piBHsiHHS (sekiiist 10, 1. 1) 3araJbHUM PO3B'SI3KOM DiBHSHHS
(12.1) €

Yy = Clgol (x) + CQ(,OQ(%) + Y(x), (12.5)



Jlekuis 12. Kpaitosi 3ama4di qus qudepeHIiiaIbHUX PiBHSHB JIPYTOro MOPSIKY 163

ne C1, Co — moBinmpHi crami. s oTpuMants po3B’si3Ky KpaiioBol
sagaqi (12.1), (12.2) crani Cq, Co HeOOXiTHO BU3HAUUTH 3 KPANROBUX
ymoB (12.2). Iigcrasmsaoan (12.5) B (12.2), omepkyemo cucremy Ji-
HIMHUX aareOpuIHUX PiBHAHD:

(a1 (a) + Bre1(a))Cr + (arph(a) + Brpa(a))Co =
= —a1Y'(a) — A1Y (a) + yo,

(a2 (b) + Bap1 (b)) C1 4 (2 (b) + Baa(b)) Ca =
= —apY'(b) — B2Y (b) + 1.

Hosnaunmo depes U i U MaTpuIjo Ta posImpeny MaTPHILO Iii-
€l cucreMmu, a depes A — BusHauHuK Marpuii U. BuxkopucroByroun
BistoMy 3 Kypcy anredopu Teopemy Kponekepa — Karesuti mpo po3s’si-
BHICTB JIHIAHOI cucTeMn aJIreOpUIHUX PIBHSHD, OAEPXKYEMO BarKJIU-
BUl pe3ysbTrar.

Teopema 1. Poss’asox kpatiosoi 3adaui (12.1), (12.2):

— icHye ma edunud, axuo A # 0;

— He icHye, akuo A = 0 ¢ pane mampuyi U ne dopisHioe panay
PO3WUPEHOT MAMPULT U ;

— ichye, ane ne cdunut, axwo A = 0 i pane mampuyi U dopisenioe
pPar2Y MAMPUUL U.

Panr marpuni U HasuBaioTh parzom kpatiosot 3adaui (12.1),
(12.2). Onnopinna kpaitoBa 3amada (12.4), (12.3) mae jmmre Tpusi-
aJbHUIT PO3B’SI30K, SIKINO paHr MaTpuil U [OpiBHIOE JBOM, i Oe3sid
PO3B’sI3KIB, BU3HAYEHUX 3 TOYHICTIO JI0 CTAJIOTO0 MHOXKHHUKA, SIKIIO
paur marpuni U J0piBHIOE ONMHUIL.

Ipuknaxn 1. Jocaidumu wa pose’asnicmo xpatiosy sadavy y'" +
4y =0, y(0) =0, y(a) =yo, a # 0.
Pozs’sazarns. 3arajbHuM po3B’s3KoM piBHsIHHS € y = Cf cos 2x +
+ Cysin 2z. 3 kpaitosol ymosu y(0) = 0 3uaxomumo C1 = 0, a 3 ymo-
Bu y(a) = yo onepxkyemo piBusianst Cy sin 2a = yg. ko sin 2a # 0,
T06TO a # km/2, k € Z, T0 Cy = Siﬁﬁ i MaeMoO eauHUiT PO3B’SI30K
sajgadi y = 29— - sin 2z,

Axmio sin2a = 0, T06T0 @ = k7 /2, k € Z, T0 MOXKMBI 1B BU-
nagru. Ao yg # 0, To piBusHES Ch sin 2a = 1y, a 3HAYUTH, 1 3a-
JaHa KpaitoBa 3a1ada po3B’sa3KiB Hemae. Ko yg = 0, To piBHSIHHS
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(5 sin 2a = gy MEPETBOPIOETHCA y TOTOXKHICTD 1 KpaiioBa 3a1a4ua Mae
6e3stiu poss’saskiB Burisay y = Cosin2x, me Co — 1oBiIbHaA cTaja.
|

3ayBaxkuMo, 10 KpailoBl yMOBU MOXKYTb MaTU TAKOXK I'DAHUIHUN
BUIVIA, & Jucjaa a abo b MoKy Th OyTu HeBacHuMmu. MokHa, Hanpu-
KJI&JI, PO3IJISIAaTH TaKl KpailoBl yMOBH:

{oq lim y/'(z) + A1 lim y(z) = 0,
Tr—a Tr—a

Qg Ill)ngo y'(x) + B2 xh_)rglo y(x) = 0.

Ipukaan 2. 3uatimu pose’asox pisnanna x>y = 2y, axud
sadosonvrae ymosu y(1) =1, xh_)rglo y'(z) = 0.
Posg’sazarmns. Maemo pisusanus Eitnepa (mekmis 9). 3pobmvo 3a-
viny z = €' (t = Inz), Tomi y, =y, vo = (ylo —y;)e . Ilin-
CTABJISIFOYUN Y DIBHSAHHS, JJisl 3HAXO/KeHHs1 (yHKINT y = y(t) oxep-
JKYEMO JIiHifiHe OJHOpIiJHe pIiBHAHHS 31 craguMmMu KoedimienTaMu
y" — vy’ — 2y = 0, 3araJIbHUM PO3B’A3KOM SIKOI'O €

y:Cle—t+0262t = y:Cle—lnx+02621nx -
C
Y= _1+sz2.
Xz

Bub6epemo crami C1, Cy Tak, 100 clipaBipKyBaJInuch KpailoBi yMoBU. 3
ymon y(1) = 1 Bummusae, mo C; + Cy = 1. 3 ymosu lim y/(x) =0,
T—00

BpaxoBytoun, mo y = — C / 2?2 4 2Cox, 3naxomumo Cy = 0, a o1-
xe, (1 = 1. Takum anHOM, PO3B’SI3KOM 3a1aHOI KpaiioBol 3a1adi €
rinepbosia y = 1/z. W

3. ®ynuknisa I pina kpaiiosoi 3amaqi. Hajgamni posmisiarnve-
MO JIMIITE OJTHOPIIHI KpaiioBi yMOBH, 00 JjIsT HEOMHOPIIHUX KPAOBUX
yMOB po3B’s130K y(x) 3amadi (12.1), (12.2) MoKHA IIyKaTH y BUIVIST
y(x) = y(z) + z(x), ae y(r) — nosimbHa nBivl HemepepBHO THdepeH-
niifoBHa Ha [a,b] yHKIis, KA 33J0BOJIbHSIE HEOHOPIIHI KpailoBi
ymosu. Toxi mist dynkii z(z) omepKyeMo KpailoBy 3a/ady 3 OTHO-
pisHuMu KpaifoBumu ymoBamu i npasoto dactunoio f(z) — L(g).
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Hanpukian, Heoanopiani kpaiiosi ymosu y(a) = yo, y(b) = y1 3a
JOIIOMOI'OI0 3aMiHUI
—y— Y1 — Yo
b—a

(z—a)—yo

3BOJATHCS JI0 OAHOPITHUX KpaiioBux ymoB z(a) = 0, z(b) = 0.

[Mokazkemo, 110 po3B’si30K piBHsiHHs (12.1), siKuii 3a/10BOJIbHSIE
oxHopinHi KpaiioBi ymosu (12.3), npu meBHHX yMOBaX OTHO3HATHO
BUPAXKAETLCA Uepe3 TaK 3BaHy (DyHKIIIO fpiHa KpaifoBol 3a/1a4i.

Dynxuiero I'pina Kpaiiosoi sanagi (12.1), (12.3) masusaiorh
dyuxiio G(zx, s), sika BU3HauUeHa JJIs JOBUIBHUX T, S € [a, b] 1 3a10-
BOJIbHSIE TaKl TPU YMOBH:

1) muist koxxuOTO ikcoBanoro s € [a,b] G(z, s) aKx dbyHKIiA 3MiH-
HOI T Ha KOXKHOMY 3 IIPOMIXKKIB [a, §) 1 (s, b] € po3s’si3koM JiiniiiHOrO
oxuopinnoro piBusHug (12.4);

2) G(z,s) 3a 3MIHHOIO X 3aJI0BOJIbHSIE OJIHOPI/IHI KpaiioBl yMOBU
(12.3);

3) G(z,s) — menepepBHa Jyist BCiX z,s € [a,b], a i1 yacTunHa
noxiTHa %—f MAag€ IPU & = § PO3PHUB MEPIIOrO POLY 31 CTPUOKOM

0G(s+0,s) 0G(s—0,s)

- =1.
ox ox

Teopema 2. Hxuwo odnopidna kpatiosa 3adava (12.4), (12.3) mae

AUUE MPUBLANDHUTE PO3E A30K, MO PYHKYIA Iy DIHG HEOOHOPIOHOT Kpa-
tiosoi sadawi (12.1), (12.3) icnye ma eduna.
Jlosedenns. Hexaii ¢1(x) — po3s’si30k piBHstHHs (12.4) 3 mouaTko-
Bumu ymoBamu y(a) = aq, y'(a) = — 1, a () — po3B’s30K piBHSI-
uust (12.4) 3 nouarkoBumu ymoBamu y(b) = g, v/ (b) = — fa. Oue-
BUIHO, O QYHKIT 1 (), @2 (%) TOTOKHO He JOPIBHIOIOTH HYJIIO HA
[a, b], mpudomy 1 (x) 3a70BOJIbHSIE TIEpIY KPaloBy YMOBY, a @2(x) —
Jpyry KpaitoBy ymoBy 3 (12.3). Kpim roro, dbyukuil ¢ () i o (x) i-
HiitHo He3anexHi Ha [a,b], 6o inakme o (r) = Cp1(z), C # 0, 1 Toxi
2 (x) 3am0BOIBHSIA 6 0611BI Kpaiiosi ymosu (12.3), 110 cynepednTs
HPUIYIIEHHIO TIPO Te, 1o KpaijioBa 3amada (12.4), (12.3) mae mue
TpuBiaibHuii Po3B’s130k. Takum uumHOM, ©1(x) 1 @o(x) yTBOPIOIOTH
dyrmamenTanbHy cucTeMy po3B’si3KiB piBHsHHS (12.4).
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Oyukiito ['pina G(zr, s) myKaeMo y BULII

 Jea(s)ei(x), a <z <s,
Gla,s) = {@(s)g@(ac), s<z<b.

Ba mobyosoro dyHKI 1 () 1 wa(z) dyukiia G(z, s) 3a10B0/bHIE
nysxTn 1, 2 o3nadenns ¢yukiii I pina. s Toro, mob BoHa 3a,10-
BOJIbHSIA IIYHKT 3 I[bOTO O3HAYEHHS, 3aJIMIIAETBCS 3HANTH C1(S),
c2(s) 3 cucremn

(12.6)

[l cucrema OIHOZHAYHO PO3B’si3HA BiIHOCHO C1(8), ¢o(s), 60 i1 BU-
SHAYHUK BiIMiHHUI Bix Hys1s1 Ha [a, b] (HuM € BpoHckian W (s) dys-
KIiit p1(s), 2(s)). Ocrarouno omepxKyemo:

@2(;2201)@) a < T < S
G(x,s) :{ e ’ (12.7)
7“01(142223( ), s<a<b.

Teopemy noBeneHo.

Oymkmio [ pima kpaiiopoi sagaqi (12.1), (12.3) moxkua GytysaTn
METOJIOM, SIKIii BUKOPUCTOBYBABCS IPH JIOBEJCHHI TeopeMu 2.

Hpuknazn 3. [To6ydysamu dyrryino I pina xpatiosoi 3adavi y" —
y= f(@), 4(0) =0, ¥'(2) +y(2) = 0.
Pozs’sazarns. 3araJbHUM PO3B’SI3KOM BIJIIIOBIIHOINO OIHOPIIHOIO
pieaanng ¥’ —y = 0 e y = Cre™* + Cqe”. YacTunnuii po3s’s30K
v1(x) = €* 4+ e~* 3a/10BOJIBHSIE TIEPIITY KPAHOBY YMOBY, a PO3B’s30K
po(x) = e=® — mpyry. Tomy dynkIito I piHa MmykaeMo y BUIJISI

ci(s)-(e"+e ™), 0<z <s,

ca(s) - e, s<x <2 (12:8)

Gas) = {

Cucrema (12.6) nyist 3Haxomzkennst GbyHKIi ¢1(s), ca(s) mae Bu-
LIS
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3 Hel 3HAXOIUMO:

ITincrassioun suaiigeni ¢ (s), ca(s) y (12.8), onepxkyemo byH-
KIILIO fpiHa 3a/1aHOI KpalioBol 3aaadi:

_,—s . e’te”” 0
G(w,s):{ c 2

)

T S
s —s _ =
_%.e .’E’ S €T 2

B {—e‘schx, 0<x<s,

NN
NN

—e Pchs, s<z <2

Teopema 3. Hxuwo 0dnopiona kpatiosa sadaya (12.4), (12.3) mae
AUWE MPUBLANDHUTL PO3E A30K, MO P036°A30K HEOOHOPIOHOT Kpatiosod
sadawi (12.1), (12.3) icnye, edunuti i 3adaemoca Gopmy.aoro

b
y(x) = /G(w,s) - f(s)ds, (12.9)

de G(z,8) — dpynwuia I pina wpatiosoi sadawi (12.1), (12.3).
Josedenns. Sanumemo dbopmyry (12.9) y sursii

x b
y(x) = /G(x,s) -f(s)ds+ /G(w,s) - f(s)ds.

Ha kokHOMYy 3 HpOMiKKiB [a,z) 1 (x,b] dyukuil G(zx,s) i 6G{§i,s)

HelepepBHi, a TOMY KOXKHUI 3 iHTerpaJjiB MOKHA 31uMEePEHII0BATH
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3a 3minnoio 2 V. OxepKyemo:

T

v@) = [FEE f(5)ds + Glane — 0)f () +

a

b
-l—/% -f(s)ds — G(z,z +0) f(x).

T

Ockinbku dbynkiis G(x, s) HenepepBHA P § = T, TO HeiHTerpaJibHi
JOJAHKY B3a€MO3HUIILYIOTHCSI, & TOMY

T b

y'(x):/aGéZ’S) -f(s)ds+/8GéZ’S) f(s)ds.  (12.10)

a T

Pisricts (12.10) 1me oqun pa3 3audepeHIioeMo 3a 3MIHHOO :

[0%G 0G(z, 2 — 0
@)= [TODD )i 4 X0y
b
092Gz, 8G(z, 2 + 0
b [T sy 2T g
\ x
_ [9%G(x,s)

_ o - F(s)ds + <8G(xa—; 0,z) 8G(xa; O’JU))f(x).

a

Bukopucrosytoun nyHKT 3 3 o3HadenHs byHKIl G(x,s), oCTaHHIO
dopMyTy MOXKEMO 3AITUCATHA Y BUTJISII

b

0°G(z, s
y'(x) = % f(s)ds + f(x). (12.11)
a
¥ () ¥ ()
Y BukopucroByeMo  hopMyILy %( J f(a:,s)ds) _ i aféa;,s) ds +
() o(z)

+ f @, (x) 2 — f (2, p(x)) 2.
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3 dopmyn (12.9) — (12.11), BpaxoBytoun BIACTHBOCTI (QYyHKII
G(z, s), onepxyemo, mo (12.9) — pos3s’si30k Kpaitosoi 3amadai (12.1),
(12.3). Lleit po3B’s130K eaummit, 60 AKINO MPUITYCTUTH ICHYBaHHS iH-
moro po3s’sisky y(z), o dbyukiisa z(x) = y(x) — g(x) 6yae Herpu-
BlaJIbHUM PO3B’SI3KOM OIHOPIAHOI KpailoBOl 3a/1adi, M0 CyIepednTh
yMoBi Teopemu. Teopemy joBeeHoO.

4. KpaiioBi 3amavyi Ha BJacHi 3HaYeHHsA. JacTo BUHUKAE
HeOOXiTHICTh 3HANTH PO3B’aA3KM KpaitoBol 3a/ati

VAl ey =y, we (@b, (1212)
a1y (a) + Bry(a) =0,
{azy'(b) + Bay(b) = 0, (12.13)

e A — giiicanit abo KommiekcHuit mapamerp, Gyl p(z), q(z) —
HemepepBHi Ha BiMpisKy [a,b], of + B2 # 0, a2 + 43 # 0.

Bajiauy 3HAXOJKEHHS 3HAYEHb Iapamerpa A, JJjisd KX Kpaio-
Ba 3ajada (12.12), (12.13) mae HeTpuUBiaJbHI PO3B’sI3KU, HA3UBAIOTH
Kpatiosoto 3adauero Ha 8AACHT 3HAYEHHS.

BuaueHHsl mapameTpa A, Jyisi sKuX KpaiioBa 3ajada (12.12),
(12.13) mae HerTpuBiaJbHI PO3B’SI3KH, HASUBAIOTH SAACHUMU 3HG-
YeHHAMU, a BIANOBIIHI M HETPUBIAJBHI PO3B’I3KH — 6AACHUMU
dyrruiamu KpaiioBol 3a7adi Ha BIACHI 3HAUEHHS.

KinpkicTp minifino mHe3aseKHUX PO3B sI3KiB KpaitoBol 3a/1adi
(12.12), (12.13) 151 3312HOTO BIIACHOTO 3HAYEHHS A HA3UBAIOTD KPA-
MHICMI0 1IHOTO BJIACHOIO 3HAYEHHS.

MozxHa joectn (nuB., Hapukaa, [13, c. 24 — 26|), mo s 3a71a-
qi (12.12), (12.13) cupaBazKyeThesl TIILKE OJHE 3 TAKNX TBEPIZKEHD:
1. Kpaiiosa 3amaua (12.12), (12.13) #e Mae BIaCHUX 3HAYCHb.

2. Kpaitoa zamava (12.12), (12.13) mae e Gliblme 39UHCIEHHOT
MHOXKIUHY BJIACHUX 3HAYEHB, fKI IPU IBOMY HEe MOXKYTb MaTH CKiH-
YeHHOI TPAHUIHOI TOIKH.

3. Koxkne umcsio A € BjIaCHMM 3HAYeHHsIM KpaifoBol 3ajadi

(12.12), (12.13).

Ilpuknan 4. 3natimu eaacHi 3navenns ma eaacHi Gynrkyii 3a-

davi y" = Ay, y(0) =0, y(b) =0, b #£0.



170 Poszin 2. JUO®EPEHIIIAJIBHI PIBHSIHHS BUILINX ITIOPSIIKIB

Pose’azannsa. Hexait A > 0 abo A — komrekcue. Tomi 3amada He
Ma€ HeTPUBIAJILHUX PO3B’s3KiB, 00, MiACTaB/ISIOYN 3arajbHUA pPo3-
B’s130K piBagnnas "’ — Ay =0

Yy = Cleﬁx + Cge_ﬁx

y KpaifoBl yMOBH, OJEPKYEMO

= C1202:0 = y(x)EO.

Ci+Cy =0,
Cle\/xb + Cze_ﬁb =0

Hexait A = 0. Tomi, migcraBisdroun 3arajbHUil PO3B’SI30K Yy =
= Ch1x + (5 y KpaiioBi yMOBH, OIEpKYEMO

Cy =0, oA _
{C’lb+02:0 = (C1=0=0 = yx)=0,

TOOTO 1 y BOMY BHIIQJKY 3aJada Ma€ TiIbKNA TPUBIAJIbHUI PO3B’s-
30K.
Hexait Tenep A < 0. Toxni saranbanMm poss’si3koM piBHaHHA Y —
Ay=0¢e
y = Oy cos(zv/—N) + Cysin(zv/—N),

a, BpaxOBYIOYHN KpalloBl yMOBHU, OJIEPKYEMO:

Oy =0,
{cl cos(by/—N) + Cosin(by/—X) =0

Cl = O, 02 Sin(b\/ —)\) =0.
dArmo y ToroxkHO He HopiBHIOE Hy/Io, To Co # 0 i, oTKe,

sin(by/—A\) = 0.

3Bijgcu MaeMo GOPMYILY JJIsI BCiX BIACHUX 3HAYEHDb 3aadi:

2

Im BimmosimaroTh BacHi GyHKITIT

k
ykZCkSin—ﬂbx, k=1,2, ...,
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Je ¢ — JOBLIbHI cTaJji, BiaMinHi Bix Hyssa. B

BazkjimBuM OKpeMuM BHUIIAIKOM 33J1a41 Ha, BJIACHI 3HAYUCHHS € 3G~
daua IHImypma — Jliysians:

(p(2)y) — a(@)y + Ao(z)y =0, = € (a,b),

{qu'(a) + B1y(a) = 0,
azy’ (b) + Bay(b) = 0,

ne dyukuil p(x), p'(z), q(z), p(x) — nHenepepsHi Ha Binpisky [a,b],
p(z) >0, p(x) >0, x € [a,b], a2 + B2 # 0, a3 + 55 # 0. lerambrime
3 3azaqero [Itypma — JliyBiais, BIacTUBOCTAME 11 BJIACHUX 3HAYEHD
1 BracHux QYHKIIH MOXKHA 03HAROMUTUCDH, HATIPUKJIA, v [9, ¢. 189 —
201).

Pexomendosana aimepamypa: [9, c. 166 — 201], [10, c. 189 —
197], [13, ¢. 13 — 51], [15, c. 185 — 192], [16, c. 303 — 319).

IInrannsa mo jgekmii 12

1. ITlo Take KpaiioBi ymMOBH, KpaiioBa 3ajaqa JJjisi 3BUYAHOrO maude-
PeHIia/IbHOrO piBHAHHA? ZKuil BUIIIsL MaIOTh KpailoBli yMOBU JIjIsl JIiHIi-
HOT'O JiM(PEPEHIIAIbHOIO PIBHIHHS JAPYIOro MOPSAIKY 7

2. UuM BiJIpISHAIOTHCS HEOIHOPI/HI KpaioBi yMOBU BiJ OMHOPIIHUX?
YoMy, posriisiiarodn KpaioBy 3a7ady, MOXKHA, OOMEXKUTUCH OTHOPITHUMHA
KpafioBumu ymoBamu?

3. dky dyHKIiIO HAZUBAIOTH PO3B’I3KOM KpailoBol 3ajadi Jjis JiiHiii-
HOT'O JiM(PEPEHIIAIBHOIO PIBHIHHS JAPYIOro MOPSAAKY 7

4. Ko po3B’s130K KpaitoBoi 3a1ati /i1 JiHitHOro AudepeHIiaabHOro
PIBHSIHHSI JIpYTOro TMOPSIIKY ICHY€ Ta €IWHUIl, He iCHy€, ICHy€E, ajie HeEu-
Huii?

5. Illo rake dynxuis I pina xpaiiooi 3ama4i? Jka ii poas y mobymo-
Bl PO3B’sA3KYy HEOIHOPiAHOI KpaiioBol 3aja4i? Kosu icHye equHa QyHKIis
I pina kpaifosoi 3ama4i? Sk MoxkHa noGyrysaru dyukmio I pina?

6. Illo HazmBaOTh KpaitoBoio 3ajadero Ha BiaacHi 3Hadenns?! [1lo Take
BJIACHI 3HAYEHHs, BJIacH] DyHKIIIT Takol 3a1a9i? AK HopMyIIOeEThCs 3a0a9a
MIrypma — Jliysimrsa?

Bopasu go gekiii 12

1. 3HaiigiTh pO3B’g3KU KpaloBUX 3a/1ad:
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a)y’ +9y =1, y(0)=0, y(r) =1
6)y"—2y' =3y=0 y0)=1 Ilm y'(z)=2.

2. Iobymyiite byuknil I pina KpaiioBux 3aam:

a)y' +y=f(z), y(0)=0, y(1)=0;
6) zy" —y' = f(z), vy'(1)=0, y(2)=0.

3. 3HaliaiTh BJACHI 3HAYEHHS # BJIACHI PYHKIIT 3a1a4:

a)y" =Xy, y'(0)=0, y'(b)=0, b#0;
6) z*y" + % =Xy, y(1)=0, y(b)=0, b#1.
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Po3znain 3.
CUCTEMU 3BUYAMHUX
JINPEPEHIIIA/IbHNX PIBHAHD

Jleknizg 13. CucremMu 3BUYaliHUX
nudepeHiaIbHUX PIBHAHB (3arajgbHa Teopis)

Ilnan

1. OcHOBHI O3HAaYeHHS i TOHSITTSI.

2. Mexaniune TiiyMadeHHsT HOPMAJILHOI CUCTEMU Ta 11 PO3B’SI3KiB.

3. 3Bemenns andepeHItiaIbHOTO PIBHAHHS 1-TO TMOPSIKY 10 HOP-
MaJILHOI cucTeMu it obepHeHa 3ajata.

4. Jlimiitai omHOPiAHI cHCTEMH.

1. OcHoBHIi 03HaYeHHH U MOHATTHA. P0o3B’s13yr0um 6araTo mpo-
61eM cyvdacHOl bisuKmM Ta TEXHIKW, JOBOANTHCS BU3HAYUATH Biapasy
JeKibKa HeBimoMux (PYHKINH 3 BiAMOBIIHOI KiTbKOCTI andepeHii-
AJIbHUX PIBHAHBL, TOOTO MATHU CIIPABY 3 CUCTEMOIO JnepeHITtiaTbHIX
piBasinb. CyKyIHICTD CIIiBBiIHONIEHD BUIVISITY

Fy ($7y17y27~-7yn7 yllvyévvy';z) :07
F ($7y17y27~-7yn7 yivyévvy;):(h (131)
FTL ($7y17y27~-7yn7 y£7yé77y;) :07

Ze Y1, Y2, - - -, Yo — OIyKaHl DYHKII] He3aIe2KHOI 3MIHHOIL &, Ha3UBa-

0T CUCTEMOI0 36UMATHUL JUPEPEHUIAALHUL PIGHAHD Nep-
w020 NOPAIKY.

Axmo (13.1) MoxKHA pO3B’A3aTH BITHOCHO MOXiTHHUX yCiX (yH-
KI[iii, TO ONEPXKUMO CHUCTEMY

yll = fl(x7y17y27 cee 7yTL)7
!/
y2_f2(x7y17y25"'7yn)5 (13 2)

y;’b = fn('raylay%' .- ayn)v

AKY Ha3UBalOTb HOPMAADBHONO.
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Poses’askom cucmemu (13.2) na gesxomy inrepsadi (a,b) ma-
3UBAIOTH BIOPSIIKOBAHY CYKYIHICTH (DYHKIL

Y1 = y1($), Y2 = y2($)7 ceey Yn = yn(x)a (13'3)

BU3HAYUEHUX 1 HEMEPEPBHO MUQEPEHIIIOBHUX Ha IHOMY iHTepBAaJIi,
SIKITIO BOHA IEPETBOPIOE BCl piBHAHHA cucteMu (13.2) y TOTOXKHO-
cTi, $IKi CHPaBIRKYIOThCs st BCix 3Hadenb x € (a,b). KpuBy B
(n + 1)-Bumipromy mpoctopi (,Y1,Y2, - - -, Yn), dK& BiANOBiTaE PO3-
B’s13Ky (13.3), HA3UBAIOTH tHME2PaAbHOM KPusoro cucremu (13.2).

3adavwa Kowsi nis cucremu (13.2) dopmymoeTsbest Tak: cepen
yCix po3B’si3KiB 1€l cucremu 3HaiiTu po3s’si3ok (13.3), skuii 3a710-
BOJIBHSIE YMOBU

y1(wo) = y10, Y2(z0) = Y20, ---» Yn(T0) = Yno, (13.4)
Jie T = Xo — JOBLIbHA TOUKA 3 IPOMIXKKY (a,b), & Y10, Y20, - - -, Yn0 —
JIOBLIBHI Hamepe 1 3ajaHi JificHi uncia (IX HA3UBAIOTh NOYATMKOBU-
MU danumu po3e’asky). CyKyImHICTD THCET T(, Y10, Y20, - - -5 Yno

HA3UBAIOTH NOYAMKOSUMU danumu cucmemu (13.2), a ymoBu
(13.4) — nouamxosumu ymosamu cucremu (13.2).

3 reomeTpuyHOI TOYKH 30PY 3aa4a Ko nosisirae y Biirykanmi
cepe/Jl ycix iHTerpajibHux Kpubux cucremu (13.2) Takol KpHBOI, sKa
HIPOXOJUTDH 1epe3 33aHy TOUKY (X0, Y105 Y20, - - - » Yno)-

Posrisimaroun 3amady Komri (13.2), (13.4), upupojHO BHHUKAE
[ATAHHS TIPO iICHYBaHHS Ta €IUHICTD 11 Po3B’sA3Ky. Bussisernes, 1o
st iCHyBaHHsI HEIepepBHO MM(EPEHIiiioBHONO PO3B’A3KYy IIi€l 3a-
J@adi JTOCUTDH MPUITYCTHTH, 00 npasi wacmunu cucmemu (13.2) 6y-
AU HENEPEPBHUMU 8 OEAKOMY 0KOAL NovamKkosur danur (Mmeopema
ITearo). Hactynna Teopema rapanTye iCHYBaHHsI €JMHOTO PO3B’A3KY
sazadai Komi (13.2), (13.4) (oBemenus miel TeopeMu MOKHA 3HANTH,
Hanpukias, B [19, c. 93 — 99|).

Teopema (Komi). Hexat npasi wacmunu cucmemu (13.2) eu-
snavens 6 (n + 1)-eumipromy napaneseninedi

G:{(%yl?y%--wyn)i’$—$0|<a7 ’y]_y]0|<b7 j: 1,2,...,7’1}

de a > 0,b> 0, 1 36006046HAIOMb Y HLOMY MAKT YMOBU:



Jlekuis 13. Cucremu 3Buyaiinnx gudepeHIiaJbHIX PIBHAHB (3arajbHa Teopis) 175

1) eonu nenepepsni, a, omoice, U obmestceri, mobmo
’fj(xvylvy%"'vyn” < Ma ] = 1527"' y 1, M > 07

2) wacmunti noTions %, jk=1,2,...,n, ichyroms ma obme-
oHCEHL.
Todi 3adava Kowi (13.2), (13.4) mae edunuil pose’asox npunatimmi

na 610pisky |r — xo| < h, de h = min (a, b/M).

Hexait G — 11e 06/1acTh MPOCTOPY 3MIHU 3MIHHUX T, Y1, - -, Yn, ¥
KO Touni sikol 3amada Komi (13.2), (13.4) mae equnmii po3s’s-
30K. CyKymHiCTh (DyHKITIT

yj = pj(z,C1,Co,...,Cy), j=1,2,...,n, (13.5)

JKi BU3Ha4YeHI B Jeskiit obsacri sminu z, Cq, Co, ..., () 1 MaioThb
HellepepBHI YaCTUHHI HOXI1AHI 38 3MIHHOIO X, HA3UBAIOTb 3A2AAbHUM
po3e’azkom cucremu (13.2) B obsacti G, sKio:

1) cucremy (13.5) moxkna po3ss’sizaru B obsacti G BITHOCHO J0-

Biabaux craaux Ci, Co, ..., C), TOOTO
C:wj(x7ylvy277yn)7 j:1,2,,7’l, (136)
2) st BCIX 3HAYEHb (X, Y1, - . ., Ypn) € G dbopmysu (13.6) BusHava-
0Tb Taki 3Hadennsa Cq, Cy, ..., Cy, I AKUX CyKyIHICTb (PYHKITH

(13.5) € posp’sizkom cucremu (13.2).

Posp’st30k cucremu (13.2), y KOXKHIN TOYI SIKOTO BUKOHYETHCSI
YMOBa, €IUHOCTI pO3B’s13Ky 3amadi KoIrmi, Ha3uBaioTh “4acmuHHUM.
3 03HaUEHHsT 3araJIbHOIO PO3B’ 3Ky BUILIUBAE, IO BCI PO3B’SI3KMU, sIKi
YTBOPIOIOTHCS 3 HBOT'O [IJIsi KOHKPETHUX 3HAYEHD JIOBLIBHUX CTAJIIX
Ci, Co, ..., C,, € vacTuaauME. PO3B’s130K cucTeMu, y KOXKHI TOUIT
SIKOTO TIOPYIITYETHCST YMOBa, €IMHOCTI PO3B 13Ky 3aaxi Kol mst el
CUCTEMU, HASUBAIOTH 0CODAUBUM.

Hemnepepsrno mudepenriiiioBay i He3BiAHY 0 CTaIol (DyHKIIO
(x,y1,Y2, - ., Yn) HABUBAIOTH tHMezpasom cucremu (13.2),; sgkino
BOHA TOTOXKHO IIEPETBOPIOETHCS Y CTAJY B30BXK JIOBIJILHOIO YACTHH-
HOI'O pO3B’sI3KY i€l cucremu. 3Bijcu BUILIMBAE, Mo dip = 0 BHaCIII-
JoK cucremu (13.2), To6ro

o oy oy

dip = ——dx + ——d it —dy, =
0 e $+8y1 Y1 + +ayny
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oY oY oY
=—de+ —fidv+...+ — frodx =0.
Ox x+8y1fl o +<9ynf !
Pisricts ¥(z,y1,vy2,...,yn) = C, ne C — noBinbHa cTasa, Ha3U-

BAIOTh nepwum tnmezpasom cucremu (13.2). Hanpukia, koxHa
3 piBHocTeit (13.6) € meprmum inTerpastom cucremu (13.2).
Cykymunicrs n nepmux interpasis cucremu (13.2)

¢j(9ﬁay1,y27---,yn)=C’j j=12....n,

HA3UBAIOTh 3G2AGAbHUM THIME2PAAOM Tl CUCTEMNU, SIKIIO iHTerpa-

am Y1, Yo, ..., Pp € HE3AACHCHUMU, TOOTO MIXK Y1, P9, ..., Y, HE
icuye cuiBBigaomenus Burisiiny F(11,19,...,1%,) = 0 ajst xkomHol
dyukIii F. 3 MaTeMaTHIHOr0 aHaJi3y BiIOMO, IO JJIsT HE3AJIEKHO-
cri B 0bs1acti G QyHKIIH 1, Y2, . . , Yy, SIKI MAIOTh YACTUHHI ITOXITHI
;. . .
a—fz, J,k=1,2,...,n, HEOOXiaHO 1 JOCTATHDBO, 00 BU3HATHUK

o . O

Oy1 OYn

On . OUn

8yl 81/71

B obsiacti G OyB BinMinuwii Bij HyJIs.

Moxkna moxkazaTu, 1o HOPMAaJbHA CUCTEMa N PIBHIHDL HE MOXKE
MaTH Olyible, HiK 1 He3aJIeKHUX iHTerpasis cucremn (13.2).

Bynb-siki n nepmwux iHTerpasiiB Ha3MBAaIOTL HE3AAEHCHUMU,
SIKIIO BiAMOBimHI iM iHTerpasm Hesasexni. OTxke, 3amada 1mo0yI0-
BHU 3arajbHOrO iHTerpaJia CUCTeMU Oyiae pO3B’sI3aHOI0, SIKIIO OyIe
3HANJICHO N HE3aJIEXKHUX IEPIINX 1HTerpaJiB.

3araJbHOIO CHOCOOY 3HAXOKEHHS HEePIUX 1HTErpaJsiB He iCHye.
Opnnak y 6araThbOX BHUIAJKAX BJAETHCI 3HAUTHU IMEPIIUN iHTErpaJs
[IJIAXOM JIeAKUX [EPETBOPEHDb CUCTEMU, y PE3YJIHTATI 90I0 OTPUMY-
€Thecs audepenItiagbie PiBHAHHSA, sKe JIETKO iHTerpyeTbcs. Koxkme
Take PIBHAHHA HA3UBAIOTh tHME2PO8HO Kombinauiero. Koxma
inTerpoBHa KoMOiHallisl TOPOKye mepiuii inrerpasi. OmHak cepen,
HUX MOXKYTh BUSABUTHUCH 1 3aJI€2KHI 1HTErpaju, a TOMY OJep:KYI0Un
HOBWUIT TIepIuii inTerpaJ, noTpidHo nepesipuTu, uu Oyjie Biz He3asIe-
JKHUM 3 paHillie OTPUMAHIMHU.
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Ipukaazn 1. 3inmezpysamu cucmemy?

! __ —2
Yy =z(@y—2)"",
_ -2
7 =yly—2)""
Pozs’szarnsa. llomimusim mepine piBHSIHHS CHCTEMH Ha IpyTe,
. . . d
OJIEPKYEMO IHTErpOBHY KOMOiHAIIIIO % = 5,
049U 3MiHHI, 3HAXOJIUMO

3BIJIKH, BIJIOKPEMJIIO-

d z
LA ydy —zdz=0 =
dz vy
y? — 22 =0 (13.7)
Binmimatoun Bim apyroro piBHAHHS 3aJaHOI CUCTEMU IIepIIle,
OJIEPKUMO 1€ OJHY IHTErpOBHY KOMOIHAIIIIO % = %, 3BLIKHT
(z—y)? = =22+ Cs. (13.8)

Kozxkue i3 crisBignommens (13.7), (13.8) € meprmmym inTerpasom, a
OCKIJIBKM BOHU € He3aJIeKHIMH (Y I[bOMY IIPOHOHYEMO TIEPEKOHATHCS
CaMOCTIHO), TO TX CYKYIIHICTb € 3araJlbHUM 1HTErPAJIOM CHCTEMH.
Bionoeidv: y? — 22 = Cy, (z — y)? = 22 + Cs.

K B2Ke 3raIyBasioCh, 10 CUCTEM JudepeHIliaIbHIX PiBHAHDb 3BO-
JSIThCSI PI3HOMAaHITHI 3aJa4i TPUKJIATHOTO XapakTepy. Posrisinemo
OJTHY 3 HUX.

Samava. Busnawumu mpaexmopiio pyxry 2apmammozo chapady,
AKUT BUAIMAE 3 NOYAMKOBON WEUIKICTNIO Vg Ni0 KYmMom & do 20pu-
30HMY.

Pose’sazanns. 3a MOIATOK KOOPAWHAT Bi3bMEMO TOYKY BUJIBOTY
cuapsga (puc. 13.1). Ha cmapsan nmie cmra itoro Baru P = mg, 11
CKJIQJIOBA Ha OCl & JOPIBHIOE HYJIIO, 60 CHJIa MEPHEHIUKY/ISIPHA [0
miel oci. Ilpumycrtumo, 1o omip HOBITpst MPOMOPIHHHUN IIBUIKOCTI
pyxy. Tomi mudepeniaabHIMU PIBHIHHIMA PyXy B3/IOBXK KOOPIHU-
HaTHUX OCed €

d’x dx d?y

dt’

b dAxmo y cucremi aBi HeBioMi PyHKIIIT, TO TO3HAYATHMEMO IX 1U€epes ¥, z.



178 Poszin 3. CACTEMU 3BUYANHIX OUOEPEHIIIAJIBHIX PIBHSIHD

SKIMo 3HEXTyBaTH OMOPOM IOBITPS, TO Il PIBHSHHS IIICIsT CKO-
POUEHHS Ha M MATUMYTh BUIJISII:

d?x d?y
oo, 2=y 13.
a2~ a9 (13.9)
ylr
o
mg
Q
0 %
Puc. 13.1

OTxe, 3a7ada 3Beacsa JIO IHTETPYBAHHS CHCTEMH JTBOX JHde-
peHIia/IbHUX PiBHsIHDb. [HTErpyroun KoxkHe piBHsiHHsI cucremu (13.9),
OJIEPIKYEMO:

dx dy
V=— =01, vy,=—=—gt+C5 13.10
7 o= 7 (13.10)
e Uy, Uy — CKJIaJI0Bi mBHIKOCTI v = v(Z,y) Ha OcaX. Y IOYATKOBHUIL
MOMEHT dYacy tg = ( KOMIIOHEHTaMH IIBHUJKOCTI € Uy = g COS «,
vy = v Sin @, a OTKe,

Ch =vpcosa, (Cy=rvgsina.

Bpaxosyroun 1i dopmysn, 3 (13.10) 3naxommmo
gt?
xr=wvgtcosa+Cs, y= - + vt sina + Cy,
ase ockinbku (0) = y(0) = 0, To C3 = Cy = 0. OcrarouHo MaeMo
2

xr =uvgtcosa, Y= —% + vpt sin a.
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Bukmouaioun 3 1mx piBHSAHD ¢, OMEPIKYEMO TPAEKTOPI0 pyXy (ma-
pabosty)
gz’

——a— +xtg .
21)(2) cos?a &

y =
JlaibHiCTh T TMOIBOTY CHApsia 3HaiimeMo 3 piBHaung y = 0,

TOOTO
2 2

qzx v§ sin 2«
rtga——5———=0 = T =2
2v cos g
MakcnMasIbHOIO JaabHICTD HOJBOTY Oy/ie Tofi, Kou sin2a = 1,
3BIJIKM 3HAXOMMO BIIIIOBIIHUN KyT BUabory « = 7 /4. B

2. Mexaniune TJiyMadyeHHsi HOPMAaJIbHOI CHUCTeMH Ta 11
po3B’si3kiB. Hopmasbhiii cucremi (13.2) Ta i po3s’sskam MoOKHA
HaJIATH MeXaHidHe TIyMadeHHsd. Po3risgHemMo cucremy

xll = fl(t,LUl,LUQ, cee 7xn)7
JJIQ = fg(t,$1,$2, e ,J}n),
(13.11)
xl = fult,z1, 29, ..., 2p),
ge t — 4ac, X1, T2, ..., Tp — KOOPJAUHATH TOYKH N-BUMIPHOTO IIPO-

cropy. Leit mpocrip HasuBaoTh azosum. dnsg n = 1 dasoBum
IpOCTOPOM € Bich t (pasosa npsama), nis n = 2 — wiomuna (¢, ),
sIKy HA3UBalOTH (Ha308010.

Koxnmit po3s’s30k (iHTerpajbHa Kpusa)

x1 =x1(t), x2=122(t), ..., Xpn=2ax,(t) (13.12)

cucremu (13.11) Bupazkae 3akon pyry 10Uk y (HhasoBOMY IPOCTOPI.
Tomy poss’sizok (13.12) nHaszuBaTMeMO PYLOM y N-BUMIPHOMY IIPO-
cropi R, sikuit Busnauennii cucremoro (13.11), a Kpuny, siKy onucye
pyxoMa ToUKa y (Hha30BOMY MPOCTOPi, — MPAEKMOPIEID PYTY.

JIiBl wacTunn cucremn (13.11) e ckmamoBuMu (3a OCSMHU KOOD/IH-
HAT) MIBUJIKOCTI PyXy TOYKU, TOMY KaXKyTh, IIO Isl CUCTEMA 3a1a€
[IoJie MIBUJIKOCTEN PyXiB, TOOTO TOYKA MOYKE MPOXOIUTH Yy MOMEHT
vacy t uepes mOJIOKeHHs (1, T2, ..., Ty) TIIBKU 3 33JIAHOIO BHUJIKI-
CTIO.
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SIKIO MBUJKICTD, 3 SKOIO TOYKA HPOXOJUTH dYepe3 MOJIOKCHHS
(x1,x2,...,Ty), HE 3AJIEXKUTDH BiJl MOMEHTY 4Yacy IIPOXO/ZKEHHsI, TOO-
To cucreMa (13.11) mMae BUIIsT

zy = filzr, 22, 20),
ry = fo(r1, 29, ..., 7)), (13.13)
Ty = fo(w1, @2, n),

TO 11 HABUBAIOTH ABMOHOMHO0 (CMAUIOHAPHOI0), & PYX, IO OIIU-
CYIOTBCS TAKOIO CUCTEMOIO, — YCMAAEHUM.

ko y geskiit Touri (219, 20, - - ., Lpo) TPaBl TACTHHU CHCTE-
mu (13.13) J0OpiBHIOIOTH HYJIIO Jjisi BCIX 3Ha4YeHb 4vacy ¢, TOOTO
fi(t,z10, 220, .., Tpo) =0, 7 =1,2,...,n, TO 1A cucreMa Ma€ po3-

B’SI30K
T1 = T19, Lo = X909, ..., Ty = Tno, (13.14)

ajpKe, migcrasisiiodn jioro B (13.11), omepxkumo ToToxKHOCTI. Pyx
(13.14) Ha3UBAIOTH CMAHOM CNOKOM. TPAEKTOPIEIO THOIO PYXy €
TOUKA (Z10, 220, - - -, Tno), AKY HABUBATIMEMO MOYKOI CNOKOMW.

3adaua Kowi nyisi cucremu (13.11) mosisirae y 3HaXOJKEHHI Py-
xy (13.12), axwuii 33/J0BOJIbHSIE OYATKOBI YMOBH

z1(to) = x10, @2(to) = 20, ..., Tn(to) = Tno,

ne to, 10, T20, -- -, Tpo — 387TaHI Yncaa (NOwaMK06: daMi), TOO-
TO TIyKaeThcst Takuii pyx (13.12), npu sikomy pyxoma TOYKa 3Ha-
XOIUTBCS Y 3aaHiit Touri (19,20, - -, Tno) HA30BOrO MPOCTOPY y
sajianuii Moment uacy t. Ilpu mpomy (z10, 220, - - -, Tno) HABUBAIOTH
nowamroeor mowkoro pyxy (13.12). 3aysakumo, IO SKIIO T10-
9aTKOBOIO TOYKOIO pyxy (13.12) € Touka crokoro (19, X20, - - - , Lno),
TO ONHUM 3 PO3B’si3KiB 3aza4i Komri 6yze cram crokoro (13.14).

3. 3BeseHHs AudePEHIiaJIbHOTO PiBHAHHS N-T'O MOPSAKY
JI0 HOpMAaJIbHOI cucTteMu ii obepHeHa 3ama4da. Judepeniaisae
PIBHSIHHST N-TO TOPSIIKY, PO3B’si3aHe BiIHOCHO CTAPIIOl TOXiIHOT

y™ = f (xyy’ . 7y("_1)) (13.15)
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3aBXK U MOYKHA 3BECTH JI0 HOPMAJILHOI CUCTEMU 1 TuDepeHITiaaIbHIX
PiBHSIHB. 3 I[EI0 METO MTO3HAYUMO

y=y, ¥=v2 ¥ =y3 ..., YV =y,
Toni
vi=y =y h=v"=ys .., vo1=y" Y =y,
y;L = y(n) = f(xvylvaa oo 7yn)a
TOOTO (DYHKIUT Y1, Y2, .., Yn 38JOBOJBHSIIOTH CUCTEMY IUMEPEHITi-
aJIbHUX PIBHAHD
yll = Y2,
Yy = Y3,
... (13.16)
y;z—l = ynv

y;z = f(xvylvy% s 7yn)

Cucrema (13.16) — e HopmasibHa CECTeMa, piBHOCHIbHA aude-
penrianbaomy pisasiHHO (13.15). BBesiennst onHoro pudepeniiaib-
HOT'O PIBHSIHHSI JOBIJILHOTO MOPSIAKY, PO3B’SI3aHOTO BiTHOCHO CTAPIITOT
ITOXiTHOI, 0 PIBHOCUJIBLHOT HOPMAJIBHOI CUCTEMU PiBHSIHB ¥ 6araTbox
BUIAJIKAX CIPOIIYE 3aJa1My 3HAXOIKEHHSI 3araJbHOr0 PO3B’sa3Ky abo
po3B’sa3Ky 3agadi Korrri.

Posrnisinemo obepueny 3ajiatdy, TOOTO 3aJaMy PO 3BEJIEHHS HOP-
MasipHOI cucremu (13.2), y akiit f; — (n — 1) pasis audepentiitosni
dyukIiil, 10 omgHoro audepeHIiaabHoro piBagHHg. g 1bOro mo-
crinoBHo 3audepennioemo (n — 1) pasiB ofmHe 3 piBHAHB CHCTEMH
(13.2) (manpukiia, mepiie), 3aMiHIOIOYUHI TCJIsi KOYKHOTO Jud>epeHii-
IOBaHHS MOXiH Y], Y, . . ., Y, BEpa3aMu s HuX 3 cucremu (13.2), 1
BUKJIIOYMMO 3 TI€PIIOro PIiBHSIHHS 11i€l cucremu i orpumanux (n — 1)-
ro piBusinns QyHKIN Y2, Y3, . ., Yn. 1IPpH MBOMY I8 3HAXOIKEHHS
GbYHKITT Y1, OYEBUIHO, OJIEPXKUMO TudepeHIliajibie PIBHIHHS N-TO
MOPSIKY BUTTISIITY

Yy = f(w,y1,y’1,---,y§”_l)),
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i 9KIO BIACTBHCA 3HAUTH HOro 3arajbHUil PO3B’sS30K, TO (GYHKIII

Y2, Y3, - - - , Ypn SHATIYTHCS O3 KBaJIpaTyp.

Merton po3B’si3yBaHHS HOPMAJILHOI CHCTEMU PiBHSIHD 3BEIECHHSIM
1T 10 omHOrO JndepeHItiaJbHOTO PiBHSIHHS, PO3B’SI3aHOTO BiJHOCHO
cTapmiol MMOXiIHOI, HA3UBAIOTL MEMOJOM SUKAIOUEHHS.

Y heskux BUIIaJKAX 3BEJIEHHST HOPMAJIBHOI CUCTEMH O OIHOTO
PIBHSIHHSI MOXKHA 3IACHIOBATHU 3 BIAXUJIEHHSIM BiJl OIIICAHOI 3araJjib-
HOI CXEMU.

Ilpukmaan 2. 3inmezpysamu cucmemy Memodom GUKAIOUEHHS

Y =2y+z
2 =3y + 4z.

Pose’sazanns. 3 1epiioro piBHsIHHsI BUPpA3UMO z depe3 y 1 mijcra-
BUMO Y JIpyre PIBHSIHHS CUCTEMMU:

r=y 2y = (y¥-2) =3y+4(y -2y) =
y" — 6y + 5y = 0.

3araJbHIM PO3B’SI3KOM Ojiep:KaHoro piBugaHd € y = C1e® +
+ C2e°®. TlincTapisroun 1eif BUpa3 y Heplie PiBHIHHS CUCTEMH, Ma-
€MO

z = (Che” + 0265”), —2(Cre” + C2e™) = — Cre” + 3Cae™.
Bionosidv: y = C1e* + Cyed®, 2 = — C1e® + 3Cye”.
Ipukaazn 3. 3inmezpysamu cucmemy Memodom SUKAIOUEHHA

/
Y1 = —Y2 T Y3+ 2y,
I
Yo = Y1+ 2y2 — y3,
/
Y3 = Y1 — Y2 + 2y3.
Po3zs’sa3arns. 3audepeHIioeMo TpeTe piBHIHH CHCTEMH 1 Ii1cTa-
BUMO 3aMiCTh ¥, Y5 BIANOBIIHI BUpaA3u 3 IOYATKOBOI CHCTEMU:

ys =yl — Yo+ 2y5 =21 — Y2+ y3 — (Y1 + 2y2 — y3) +
+2(y1 — y2 + 2y3) = 3y1 — Hy2 + 6ys.
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Judepenrioodn oTpruMaHe CIIiBBIJHOIIEHHS i 3HOBY BUKOPUCTOBY-
FOUN PIBHSIHHSI CUCTEMHU, OJEPKYEMO PiBHSHHSI

y3' = 3y; — Byy + 6y5 = Ty1 — 19y2 + 20y3.

I3 cucrevm
Y =y1 — Y2 + 2y3,
Y5 = 3y1 — dy2 + 6y3,
vy = Tyr — 19y + 20y3

BUKJIIOYUMO Y1 1 yo. JuIst bOTO HOCTATHBRO, HAIIPUKJIAJ, PO3B A3aTH
CHCTEMY, YTBOPEHY 3 IIEPIIIOTO 1 IPYTroro piBHAHB, BIIHOCHO Y1 1 Y3.

{yé =y1 — Y2 + 23, {y1 —ya =i — 23,
Y4 = 3y1 — by2 + 6y3 3y1 — by2 = y5 — 6ys3
1 1 5 / 1 1 3 /
== Syt —2 - = Q.
1 5Y3 T 5 203y 593 + 5Ys

ITicTaBUBIN 3HAAICHII PO3B’'A30K B TPETE PIBHSIHHS, OJICPZKIMO
n i !
ys — 6ys + 11y — 6ys3 = 0.

OCKIJIbKM XapaKTepUCTUIHUMEI YHCJIaMH, sIK JIEPKO IIepEeBIpUTH, €
k1 =1, ko =2, ks = 3, To 3arajbHNi PO3B’sI30K OCTAHHBOT'O PiBHSIHHS

Ma€ BUIJIA
y3 = Cre® + CQ@QQC + 036333.

[Ticist mpoOro 3HAXOAUMO Y1, Yo!
_ 2x 3z _ x 2x
Y1 = 026 + 036 y Yo = Cle + 026 .

Bidnosidv: y; = Cre®® + C3e3, yy = Cre® + Cre?*, y3 = Cre® +
+ 026233 + Cgegx.

[Torpibro Marm Ha yBasi, Mo IpU PO3B’s3yBaHHI cucreM (dK i
DiBHsIHB) BiIIOBi/Ib MOXke OyTH 3anucana y pisuiit dhopmi, npudomy
11 MOKHa 3BECTH BiJl OMHOTO JIO 1HIIOTO BUIJISILY IEePENO3HATEHHSIM
cTajnx.



184 Poszin 3. CACTEMU 3BUYANHIX OUOEPEHIIIAJIBHIX PIBHSIHD

4. Jliniitai omHopiaHi cucremu. JIinitinoro cucreMoro aude-
PEeHIaJIbHUX PIBHAHB HEPIIOrO HOPSIKY HA3UBAIOTh CHCTEMY

y) = p11(@)y1 + pi2(x)y2 + ... + pin(@)yn + fi(z),
yh = pa1(2)y1 + p2a(x)ya + . .. + pon(T)yn + fa(x), (13.17)

Yl = pn1 ()1 + pn2(@)y2 + - -+ Prn(@)yn + ful),

AKY CKOPOYE€HO MO2KHa 3alluCaTH y BI/IFHﬂ,ﬂ;i
n
7j=1

Bpazkarumenmo, mo dyuxuil pg;(z), fi(x), k,j =1,2,...,n, Heme-
pepBHi Ha geskoMmy inTepsami (a,b). Toxi srigao 3 Teopemoro Korri
(1. 1) cucrema (13.17) mae exunnii po3s’szok (13.3), sxuii 3a/10B0Jb-
Hsie modarkosi ymosu (13.4). Ileit po3s’si3ox Oyme Bu3HadeHUil Ha
JlestKoMy  Biipisky [ag, b1] C (a,b). OcobimBux po3B’si3kiB cucrema
(13.17) me mae.

fkmo wa inrepsaii (a,b) Bei fi(x) = 0, To cucremy (13.17) nHa-
3UBAIOTH ATHITHOM 00HOPIOHOM0. Bona Mae BUDIsIT

n
v =Y pri(@y;, k=12, (13.18)
j=1

Axmo y cucremi (13.17) we Bei dyHKIIT fi () TOTOXKHO JOPIBHIOIOTH
HYJIIO, TO 11 HA3UBAIOTH AIHIUHON HEO0OHOPIOHO10.

OueBnyiHO, KOXKHA JIiHIHA ONHOPIAHA CHCTEMa Ma€ HYJIbOBUI
po3B’sizok Yy = 0, yo = 0, ..., y, = 0, gKkuii HA3UBAIOTHL MPUBTE-
anvHUM.

Posp’sti3ku iiniitnol omnopignoi cucremu (13.18) marorh jeski
XapaKTepHI BJIACTHBOCTI, $KI aHAJOTIYHI [0 BIAIOBIAHHX BJIACTU-
BOCTell PO3B’SI3KiB JIHIHOINO OTHOPIMHOrO PIBHSHHS M-T'O MOPIIKY
(mexmis 8, 1. 2).

Baactusicts 1. fHxwo y1 = ¢1(z), y2 = w2(x), ..., yp =
= () — poss’asox odnopionoi cucmemu (13.18), mo

U1 :CQOl(LU), y2:C¢2(x)7 cet yn:C@n(x)v
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de C' — 0o6iavHa cMaia, MaKoHC € PO38 A3IKOM ULEL CUCTEMU.

Baacrusicts 2. drxwo 3adarno m poss’asxie cucmemu (13.18):

(% ) .
1-1 po36’asok : Y11, Y12, - - - Yin,
2-1 p036’ﬂ30% Y21, Y22, - -5 Y2n,
m_ﬁ p0367ﬂ30% : ym17 mea c aymnv
mo 1T AiHitinae Komobinayia 3 dosiavhumu cmasumu Cr, Co, ..., Cp,

y1 = Cry11 + Coya1 + ... + CruYma,
y2 = Cry12 + Coyaa + ... + Cryma,

Yn = Clyln + CQan + ...+ Cmymna

ab0, CKOPOUEHO,

vk =Y Ciye, k=1,2,....n, (13.19)
=1

makootc € pose’askom cucmemy (13.18).
osedennas. Ilincrassroun (13.19) B (13.18), omepxkyemo

m / n m
> Ciyin | = prj@)| D Ciyiy | =
i=1 j=1 i=1

m m n
Zciygk = ZCi Zpkj(ﬂﬁ)yz’j, k=1,2,...,n.
i=1 i=1 =1

,D;OBG,ZLGHHH BJIACTHUBOCT] BUIIIMBAE 3 TOTOXKHOT'O BUKOHAHHSI piBHO—

creit
n
y;kzzpkj(x)yl](x)v k:1727”‘7n7 i:1727“‘7m7
7j=1

SIKI € Pe3yJIbTaTOM IJICTABJISAHHS i-10 PO3B’s3Ky y cucremy (13.18).

BitacTuBicTh J10BeIeHO.
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Tak camo, K 1 Ajs JiHIKHOTO OmHOPiAHOTO HUdEPEHIIaIBLHOTO
PIBHSIHHSI N-T'0 TOPSIIKY, JJIsST 3HAXOMKEHHS JIfICHUX PO3B’sI3KiB CH-
cremn (13.2) gacTo BUKOPHUCTOBYIOTDH i1 KOMILIEKCHI po3B’st3ku. Cy-
KYIHICTb DYHKITIi

yj(x) :uj(x) +ZUJ($), .] = 1,2,-..,71,

ne u;(x), vj(z), 7 =1,2,...,n, — giiicai GyHKIil, HA3HBAIOTH KOM-
naekcHum pose’asrxom cucremu (13.2) ma inrepsasi (a,b), gxmmo
BOHA IIEPETBOPIOE BCi PIBHSIHHS 1€l cucTeMu y TOTOXKHOCTI. I1pu 1160-
My JIETKO TIOKAa3aTH, IO BIOPSIKOBAHI CyKYITHOCTI, CKJIa/IeHi OKPEMO
3 IIMCHUX Ta 3 YABHUX YaCTUH ITLOTO PO3B’S3KY, € JIMCHUMU PO3B’ 3~
kamu cucremu (13.2) ([20, c. 184]).

Pexomendosana aimepamypa: |1, c. 115 — 118, 134 — 135, |9,
c. 18 =22, 65 — 70, 91 — 92|, [16, c. 322 — 340, [19, c. 93 — 99, 164 —
179], [20, c. 51 — 53, 168 — 184].

IInrannsa mo gekmii 13

1. dkwuit 3arajbHWI BUTIS Ma€ CUCTEMA 3BUYANHUX I epeHIiaIbHIX
piBastHB meprroro mopsaky? 11lo HazuBarTh PO3B’SI3KOM IEl cUCTEMHU Ha
nesikoMy inTepsadi (a,b)?

2. dxuit BuUrIga Mae HOpMaJIbHA cHCTeMa AudepeHIliaIbHIX PiBHAHDL
mepiioro mopsiaky? Ak dopmysoerhes 3amada Kormi 1jist HopMabHOT cu-
CHCTEMY HA3UBAKOTh aBTOHOMHOO?!

3. dxwuit MmexaHidHUI 3MicT Mae HOpMaJIbHA cucTeMa Ta 11 po3B’s30K?
o Take dazoBuii npocrip, ¢gpasosBa mwiomuHa, (gpasosa npsMa’ JAK 1o s-
3aHi Mi2K CODOIO PyX, KUl OMUCYETHCS CUCTEMOIO JuepeHItiaIbHIX PiB-
HsIHB, Ta Oro TpaekTopis? AKuit pyX HA3UBAIOTh CTAHOM CIIOKOIO, SIKa f0ro
TpaekTopis? Illo Take mose mMBUAKOCTEl, BUSHAUEHE CUCTEMOIO IM(pepeH-
niajbHUX piBHAHL? JaiiTe MexaHiuHe TJIyMadeHHs 3aJadi iHTerpyBaHHS
HOPMAJILHOI CUCTeMU AudepPeHIliaIbHIX PiBHIHD.

4. dx dpopmymoeTbess Teopema Kot mpo gocTtaTHi yMOBU iCHYBaHHST
Ta, €IUHOCTI HelepepBHO MUMEPEHIIOBHOIO po3B’sa3Ky 3amadi Ko s
HOPMAJIBHOI CUCTEMU IUEPEHITaIbHIX PIBHSIHD !

5. Illo Ha3WBaIOTH 3arajbHUM PO3B’sI3KOM (IHTErpaoM) HOPMAJIBLHOL
cucremMu nudepeHIiaJIbHIX PIBHAHD y JIedKiil 00J1acTi iCHYBaHHS Ta €11-
HocTi po3B’s3kiB 3aga4i Komi? ITlo Ha3uBaloTh YaCTUHHUM Ta OCOOJIMBUM
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PO3B’sI3KaMu HOPMaJIbHOI cucTeMy AU epeHIliaJbHuX PiBHAHL! 2K BOHM
[IOB’sI3aHI 3 3araJIbHUM PO3B’A3KOM CHUCTEMU !

6. Ilo Take inTerpoBHi KOMOiHAIII i K BOHU BHKOPUCTOBYIOTHCS JJIst
3HAXO/IPKEHHSI 3araJIbHOrO iHTerpaJa’

7. ddx nudepentiaabHe PIBHAHHS N-I0 MOPSIKY, PO3B’s3aHE BIITHOCHO
CTapIIOl MOXiJIHOI, MOYKHA, 3BECTU JI0 PiBHOCUJIBLHOI IOMY HOPMAJBHOI CH-
creMu JudepeHIiaJIbHUX PIBHSIHB?

8. Akwuit Buriis g Mae Jiniitaa cucrema JudepenIiagbux piBHAHL? Hum
BiZpisHsETHC JTiHIHA HEOIHOPIIHA crcTeMa Bifg omHopiaHoi? ki BiacTu-
BOCTI MaIOTh PO3B’SI3KHU JIHIAHOT OIHOPIAHOI crucTeMu?

Bopasu go gekiii 13

1. 3inTerpyiite cucreMu, BUKOPUCTOBYIOYM 1HTEIPOBHI KOMOIHAIIIT:

Y =2(y? + 2?)x, y' = sinycos z,
a) ¢, 6) .
2 = 4dyzax; z' = cosysin z.

2. 3iHTerpyiiTe CUCTEMH METOIOM BUKJIFOUEHHSI:

/ _ I _ T
a) {y—lOy 6z, 6) {y Yy — 2z —xe®,

2/ =18y — 11z; 2 =by—z— (x+1)e%
Y1 = —2y1 + 2y2 — ys,
B) Q Y5 = —6y1 + 2y2 — 2y3,
Y5 = —6y1 — 2y2 — ys.
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Jlekmia 14. Jliuiiini ogHoOpiaHi cucTeMu 3BUYaHUX
andepeHIfiadbHUX PiBHIHb

Ilnan

1. JliniitHo 3asexHi (He3aIexkH1) CYyKyIHOCTI (byHKITi.

2. ®opmyaa Ocrporpaacbkoro — fAKobi.

3. Teopema mpo moOyI0BY 3arajbHOIO PO3B’SI3KY JIHIHHOT OJIHO-
pizHol cucTeMu.

4. Jliniitai omHOpiAHI crucTeMu 31 ctagaumu KoedimierTamu. Metos
Eitnepa.

1. Jliniiino 3asiexkHi (He3aJieXkKHi) CyKynHOCTI (byHKIII.
Hexait 3agano m cykymnHocreit byHKITINH

Y11, Y12, .- -5 Yin,
Y21, Y22, -5 Yon, (14.1)
Ym1ls Ym2s -+ -5 Ymn,

Y KOXKHIi 3 SIKUX 110 . (DYHKII{i, BU3HAYEHNUX 1 HEllepEePBHUX Ha Jie-
sxoMy ixTepBasi (a,b). Cykymrocti dymnkiit (14.1) HasuBaOTH N%-
HITUHO He3aneHcHuMmu Ha inTepBai (a,b), AKIIO TOTOKHOCTI

a1y11 + aoy21 + ...+ amym1 =0,
a1y12 + ooy + ...+ apYme = 0,

1Y1n + a2Yon + ...+ A Ymn = 0,

e «q, Q9, ..., Q4 — CTaji, BUKOHYIOTbCS TIiJIbKA TOMi, KOJIN
a] =aqg = ... = qy = 0. B inmomy Bunanky cyKymHocTi yHKILiR
(14.1) HABUBAIOTL ATHITHO 3aaercHumUu Ha (a,b).

3okpema, J1Bl CyKymHOCTI (DYHKIUH Y11, Y12, - - - Yin 1 Y21, Y22, - - -,
Yon, OyAyTH miHifiHo HezamekHuMH Ha (a,b), AKIIO He icHye CriBBiI-
HOITICHHSI BUTJISITY

g _ 92 9 k2o, a<z<b

Y11 Y12 Yin
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Hampukian, cykymnrocti dyHKITIT

3 3 3z
Y11 = 3€°, y12 = 2€”", y13 =€ i

3 3 3
Y21 = €77, Yo = 2€°7, yo3 = 3™

€ miniitno HezaseKHUME Ha (—00, +00), a CYKyIHOCTI DyHKITIi

3z 3z 3z
Y11 = 2e7, yipo =€, y13 = —e i

Y1 = 4€3T| Yoo = 2637, yo3 = —2¢%7

miHifiHO 3astexkHi Ha (—00, 4+00).
BceranoBumo mHeoOXiqHy yMOBY JIIHIHOI 3a/1€2KHOCTI JOBIIBHUX 7
cykymHOcTel byHkiiit. OTxke, HEXall MAEMO N CYKyITHOCTEH (DYHKITIH

Y11, Y12, --- 5 Yin,
Y21, Y22, --- 5 Y2n, (14 2)
Ynly, Yn2, --- 5 Ynn-

Busnaururxom BpoHcvbko20 abo 8POHCKIGHOM CYKYITHOCTEH
dbyuxkiit (14.2) HasuBalOTH BU3HAYHUK

Y11 Y12 0 Yin
W)= P2 (14.3)
Ynl Yn2 °° Ynn

Teopema 1 (HeoGximHa yMoBa JiHINHOT 3aJIEXKHOCTI 1L Cy-
KymHocTtel dbyukuiit). Sxwo n cykynnocmet gynruyii (14.2) ai-
HitiHo 3anestchi wa inmepsani (a,b), mo W(x) = 0 na yvomy inmep-
8aA1.

Hosedenns. Ockinbku n cykynuocreii dyukmiit (14.2) miniiino 3a-
JIE’KHI, TO 38 O3HAYEHHSIM

n
Y aiyx =0, k=12...,n, a<x<b, (14.4)
=1
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Jie He BCl o JOPIBHIOIOTH Hymmo. Posmismaroan (14.4) sk ommHopimmy
JIHIIHY cucTeMy aJreOpuYHUX PIBHSAHB BIJTHOCHO (1, (g, ..., Qin,
06a4mMo, 10 BOHA MAa€ HEHYJIbOBUI DPO3B’S30K, & TOMY BHU3HAYHUK
1iel cucreMu HopiBHIOE HYJO. [{lM BU3HAYMHUKOM € BPOHCKiaH, OTKe
W(x) = 0 B ycix Toukax intepsaiay (a,b). Teopemy mosesneno.

Teopemy 1 moxkHa cPOPMYITIOBATH iHAKITIE: AKWO 6POHCKIAH N
cykynnocmet gynrkuit (14.2) na deaxomy inmepsani (a,b) 6idmin-
HUtl 610 HYAA, MO Ui CYKYNHOCME GYHKUIT ATHITHO HE3AAEHCHT HA
UDOMY THMEPBANL.

Hexaii reriep koxkna 3 cykynHocreii dynkiiit (14.2) € po3s’s3kom
JIHIHOI OAHOPIAHOI CHCTEeMH

n
Ve =Y pri(@)y;, k=1,2,...n, (14.5)
j=1

koedimientu py;(x), k,j = 1,2,...,n, gKol HenepepBHi Ha JIEAKOMY
inrepsaii (a, b).

Teopema 2 (HeoOximHA yMmoBa JIHINHOI HE3aJIEXKHOCTI N
PO3B’a3KiB JIiHIITHOT OIHOPiAHOT cucTeMHU 1 PIBHSIHB ). SKwo n
pose’askie (14.2) cucmemu (14.5) ainitino nesanestcni na inmepeant
(a,b), mo iz eponcKian He NEPEMEOPIOEMBCA 68 HYAL Y HCOOHIT MO
UDb020 THMEPBANY.

Jlosedenns TeopemMu IpOBeIEMO Bij cynporuBHOro. Hexaii
W(xo) = 0 ansa mesikol Toukn xg € (a,b). CrimageMo cucreMy n aj-
reOpuYHuX PiBHAHD

n
Y Ciyin(zo) =0, k=1,2,...,n. (14.6)
i=1

OckinbKn BU3HAYHUK OfHOpiAHOI cucremu (14.6) mopiBHIOE HYyITIO

(0)

(mmm € W(zg)), To BoHa Mae mHenympoBuii poss’szok Cp = C) 7,
0 0
c,=c, ... c,=c?.
[Tob6ymyemo po3B’sizok

= Ca, k=12..n (14.7)
i=1
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Ockinbkn C’Z-(O) 3a/10BOJIbHSIIOTH cucremy (14.6), To po3s’sizok (14.7)

Ma€ HyJIbOBI ITOYATKOBI 3HAYEHHS y TOUI & = T, ToO6TO y1(xo) = 0,
y2(z0) =0, ..., yn(xo) = 0. AJte 1i cami mOYATKOBI yMOBH 3a/10BOJTb-
HsI€ TAKOXK TPHUBIAJbHUN PO3B’sI30K, TOMY 3rimno 3 Teopemoio Korri
(mm. 1, mekmis 13) 1i po3s’si3ku 36iraroThest, TOOTO

n
Y oV =0, k=12...,n,
i=1
Jie He BCi C’Z»(O) JOpiBHIOIOTE Hysti0. OTprMasu, mo po3s’asku (14.2)
JiHiitHO 3asexkHi Ha (a,b), 1o cynepeuntb yMoBi Teopemu. Teopemy
JOBEJIEHO.

3 Teopem 1 i 2 BuUmIuBaE: das mozo, wob n po3e’a3kie cucmemu
(14.5) 6yau ainitno nezareorcrumu va inmepsani (a,b), Heobxioro
1 docmamHusbo, wWob X BPOHCKIGH HE NEPEMBOPIBASCA 68 HYAb Y
2HCOOMTT MOYUYT U020 THMEPBANY.

2. ®opmyaa Octporpajsicbkoro — fkobi. Ila dpopmyna mo-
3BOJISIE 3 TOYHICTIO JIO CTAJION0 MHOXKHHKA BAUPA3UTH BPOHCKIaH PO3-
B’sI3KiB JIHINHOT ofiHOpiAHOI cuctemu (14.5) yepes miaroHasbHi Koe-
dimieHTH Ii€l cucreMn, a came

xT

J (p11@)+p22(@) 4 APnn (@) da
W(z) = W(zo) - e : (14.8)

Jle ¥ = xo — JOBLIbHA TOUKa iHTepBanty (a,b). Popmyny (14.8) ma-
3uBaloTh opmyaoto Ocmpoepadcvkozo — Sxobi. s nosene-
unst popmyian (14.8) smaiigemo moxigny Bif Bpomckiama (14.3), au-
depeHIiioOYM #Oro 3a CTOBHISIMHU. Y IBOMY BHIIAJIKY ITOXIiTHA Bij
BU3HAYHUKA N-T'0 MOPSJIKY JIOPIBHIOE CYMi 77 BUSHAYHUKIB, AKi OTPH-
MYIOTBCS 3 HBOT'O TIOUYEPIOBOI0 3aMiHOIO €JIEMEHTIB MEPIIOro, IPyro-

ro, ..., N-TO CTOBIIIA IX MOXITHUMI, TOOTO
/
1 1,k—1 1,k+1 " in
n U1 Y12 Y1,k Y1 Y1k )
/
W’(w)zz Y21 Y22 0 Y2k-1 Yo, Y20k+1 0 Yon
k=1

/
Ynl Yn2 - YUnk-1 Yngp Ynk+1 -~ Ynn
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Baminnmo moximHi ¥y, Yoi, - - - Uiy 1X Bupasamu 3 (14.5). Toxi
n
Yir Y12 Yik—1 D Pki¥lj Yik+1 0 Yin
~
Jn
= Y21 Y22 0 Y2,k—1 Zpk‘yzj Y2,k+1 " Yon
W/(x): ) j:1 J )
k=1
n
Ynl Yn2 - Ynk-—1 Zpkjynj Ynk+1 ° Ynn
Jj=1

K1 pO3KIIACTH KOKEH 3 BUBHATHUKIB CIIPaBa HA CyMY 7 BUSHATHH-
KiB, TO BCl BOHU JIOPIBHIOBATHMYTh HYJIO (KOXKEH 3 HUX MATHME J[Ba
IPOTOPIHHI CTOBII), KpiM BH3HAYHUKIB, 5Kl Bianosizaors j = k.
Y npoMy BunaKy k-it BUSHAUHWK ClpaBa JopiBHIOE pii(z)W (), a

n
romy W'(z) = > prr(z)W(z), 3BiaKH IHTErpyBaHHSAM OTPUMYEMO
k=1
dopmyny (14.8) (mopisusiiite 3 BuBegeHusM dopmynun OcTporpa-
cbkoro — JIiyBimrst 3 siexrii 8).

3 dopmyau Ocrporpaicbkoro — fKobi, 30KpeMa, BUILIMBAIOTH
TaKi BJIaCTHBOCTI:

1. HAxwo W(x) =0 zou y 0dniti mowui inmepsaay (a,b), mo
W(x) =0 8 yciz moukar 4020 iHMeEPEaY.

2. Hxwo W(x)#0 y deaxiti mowui inmepsany (a,b), mo
W(x) # 0 6 yciz moukar 4020 iHMeEPEay.

3. Teopema nmpo modby 0By 3arajibHOTO PO3B’sI3KY JIHINHOT
oaHopiauoi cucremu. CyKymHICTb N PO3B’'A3KIB JHINHOI OIHOPI-
quol cucremu (14.5), Bu3sHavMeHnX i TiHiiiHO He3aIeKHUX Ha iHTEpBAI
(a,b), HABUBAIOTH PYHOAMEHMAADBHON CUCTNEMOI DPO38°A3KIE
Ha TOMY iHTepBaJIi.

3 m. 1, 2 miel Jieknil BUILIMBAE TaKe TBEPIKEHHS: CYKYNHICTMD
n po36’askie Ainitinoi 0dnopionoi cucmemu (14.5) 6yde dyndamen-
MAABLHON CUCTMEMON PO36 A3KI6 Ha inmepsani (a,b) modi i misvky
modi, KOAU BPOHCKIGH UUT PO36 A3KI6 GLOMIHHUL 610 HYAL TOY 6
00nit mowyi inmepsany (a,b).

Tak camo, K i mjsg JHIFHIX OZHOPIIHUX PIBHSHB N-TO MOPSII-
Ky (sekuist 8), 3HaHHs (DyHIAMEHTAJBHOI CUCTEMU DO3B’sI3KIB ja€
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MOXKJIUBICTD TTOOY/IyBaTH 3araJbHAN PO3B SI30K JHHIHHOT oaHOPiIHOT
cucremn (14.5).

Teopema 3. fxwo cyxynnocmi ¢ynruit (14.2) ymeoproroms
pyHoamenmarvHy cucmemy po3s’a3kie AHItHOL 00HoPIOHOT cucme-
mu (14.5) na inmepsaai (a,b), mo gopmyaru

y1 = Cryn + Coya1 + ... + Cryna,
Yn = C1y1n + Coyon + ... + CpYnn,

de C1, Co, ..., C) — 006iavHI cMaAAL, BUSHAYGIOMD 3020AbHUTL DO3-
6’asok cucmemu (14.5) 6 ycitd it obaacmi 3adanms.

Josedenns. Heomnopiamy cucremy (14.9) moxkna po3s’ssaTu Bij-
Hocuo Ci, Co, ..., Cp, 60 11 BUSHAYHUK BiAMIHHWN Bijx Hyss (HEM
e W(x)). Kpim toro, cykymuicts dyukmiit (14.9) € po3s’s3koM cu-
cremn (14.5) mns Beix smadens gositbaux cramux Cp, Co, ..., Cy
(BimacrusicTb 2 3 11. 4 srexii 13). Tomy 3rigHo 3 03HAYEHHSM 3arajb-
HOTO PO3B’sI3KY HOPMAJBHOI CHUCTEMU JUMDEPEHITIATbHIX PIBHIHD CY-
kynHicts dyukuii (14.9) € 3aragpaumM poss’sskoMm cucremu (14.5).
Teopemy moBeaeHO.

4. JliHiitHi ogHOpPigHI cucTeMu 3i crajqumu KoedilieHTa-
mu. Meton Eiisiepa. Posrisinemo JniHifHY OZHOPIIHY cUCTEMY

yi = a11y1 + a12y2 + ... + A1n¥Yn,
Yy = a21y1 + axnyz + ... + a2,Yn, (14.10)

y;z = an1yY1 + an2y2 + ... + AnpYn.

e a;j, 1,5 = 1,2,...,n, — gifical crai, 1 IOKaxkKeMo, o 11 3aBXKIu
MOXKHA, 3IHTErpyBaTH y CKIHIEHHOMY BULVIsAIL (TOOTO Wepe3 esreMeH-
TapHi HYHKIIT 00 y KBaJpaTypax).

3rigHo 3 TeopeMoio 3 /i TOOYI0BH 3arajbHOTO PO3B’SI3KY CHCTE-
mu (14.10) mocurs 3HaiiTu xXoua 6 ofHy 11 QPyHIAMEHTAIbHY CUCTEMY
posB’si3kiB. Yactunuuii pos3s’sizok cucremu (14.10) mykaemo y Bu-
TUISIITL

Yy = fylekajv Y2 = 72ekxv ey Yn = 'Yndm, (1411)
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J€ Y1, Y2, --+y Yn 1 k — meski cTasi, IpuaIoMy Yi, Y2, ..., Yn HE
JIOPIBHIOIOTH HYJIIO OJIHOYACHO (IHAKIIIE MATUMEMO OYEBHUJIHUI TPU-
BlaJIbHUN PO3B’SI30K, SIKAW HE MOXKE HajekaTh (QyHIaMEHTAIbHIMN
cucremi poss’si3kiB). fkmo migcrasuru (14.11) B cucremy (14.10),
ckopoTuTH €F* i meperecTn yci TOMAHKE y JIiBY YACTHHY, TO OIEPIKY-

€MO OIHOPIIHY CUCTEMY AJIreOPUYHUX PIBHIAHD

(a1 —k)y1 +aey2 + ...+ apyn =0,
a21'yl+(a22—k)’yz+...+a2n7n =0, (14 12)

ap1vy1 + ap2y2 + ...+ (ann - k)’}/n =0.

HenynpoBuit poss’szok cucremu (14.12) icmye smime Tomi, Koau 11
BU3HAYHUK JIOPiBHIOE HyJIf0. [losnauusin itoro uepes A(k), Maemo

ann —k  ap a1n
N B E R CPRT)
anl an?2 cor Qpp — K

Pipusians (14.13) nHasuBaoTh TapaxmepucmuuHum pieHAHHAM

cucremu (14.10), fioro KopeHi — LapaKMePUCMUYHUMY YUCAAMU,

a BusHadHuK A(k) — TapaxmepucmuuHum 8U3HAUHUKOM.
Hexait yci xapakTepuctuyuni uucaa ki, ks, ..., k, opocri. Tomui,

K Bigomo 3 amrebpu, A(k;) =0, A'(kj) #0, j=1,2,...,n.
[Tokarkemo, IO paHT MATPHIL

ayn — k;j a2 e ain
a ag —k; - a
A= 21 22 J 2n ’
Gn1 an2 ot Onp — kj

CKJIaJIeHOT 3 KoediIieHTiB cucremu, Ky ofep:kyemo 3 (14.12) mics
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saMminu y Hiit k Ha kj, gopismioe n — 1. s mporo suaiigemo A’(k):

-1 ap - ain
A(k) = 0 ax—%k - G2n n
0 an2 e A — k
ain—k 0 - ain
+ a2 - @2n + ...
anl 0 - apn—Fk
an—k a2 - 0
4 as asp—k -+ 0 _
an1 any - —1
= —Aqp(k) — Axa(k) — ... — Apn(k), (14.14)

ne Ajj(k) — anrebpudHe IOIOBHEHHSI €JIEMEHTa (j; — k BUSHAYHHUKA,
A(k). Ockinekn A'(kj) #0, j =1,2,...,n, 1o 3 (14.14) BumIHBaE,
110 x04a 6 oquH 3 BusHadHuKiB Ajj(k;) (a e BusHauwHEKN (1 — 1)-TO
HOpsiZIKY ), Biaminamii Big myns. Orxe, panr marpuni A J0piBHIOE
n—1, a Tomy osire 3 piBHsHb cuctemu (14.12) € HacsiaKoM iHIIUX 1 1151
CHCTeMa Ma€ HeHYJIbOBUI PO3B 30K, AKUI BUSHAYAETHCS 3 TOUHICTIO
JIO JIOBLJIBHOT'O MHOXKHUKa Fj:

vir = Bimit, vie = Pimag, oo, Yin = Pmp, 1=1,2,... n.
(14.15)
Axmo y bopmynax (14.15) 3adikcyBaru MHOKHUK P;, TO 0JIep2KUMO
KOHKDETHHII PO3B’s130K cucremn (14.12).

[Tigcrasisroun Tenep y (14.11) 3amicTs k 1mociiioBHO Xapakre-
puctuuni unciaa ky, ko, ..., k,, a 3aMicTb Y1, Y2, ..., Yn — BIIIO-
BijHi M po3B’sizku cucremu (14.12), Busnadeni dhopmynamu (14.15)
npu biKcOBaHMX MHOXKHHUKAX P, 0EepKYyEMO N PO3B’sI3KIB CHCTEME
(14.10)

_ k _ k _ k
Y11 = 111", yi2 = 112€", ..., Yin = Y€ ",
Yo1 = 121", yag = yo2ek2T L yo, = yo,efn?,
(14.16)

_ k _ k _ k
Ynl = Yn1€ ", UYn2 = Yn2€™?*, ..., Ynn = Ynne "™
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Jlerko mokaszaTu, 110 Il PO3B’sI3KM JIHINHO He3aeKHi Ha (—00, +00).
Axmo npu nbomy Bci umcaa ki, ko, ..., Kk, JilicHi, TO po3B’d3KH
(14.16) rakoxk OymyThb AIHCHIMH.

TakuMm 9uHOM, JJIsI TPOCTUX JIACHUX XAPAKTEPUCTUIHUX UUCE]T
cucrema (14.10) mae n aificHuX JTiHIAHO He3a/IEKHAX YACTHHHIX PO3-
B’s13kiB Bursny (14.16). Tomy srigno 3 Teopemoro 3 dopmysiu

y1 = C1y11€"® + Coypre®?® + . + Cpyniehn®,
y2 = Cry12€M7 + Coyaoef2® + . + Cpypae?,

Yn = Cryine™ + Coyone™® + ..+ Cpypnet™®

BU3HAYAIOTH 3arajbHuUil po3s’s30k cucremn (14.10).

[Tpunyctumo, mo xapakrepuctudHi aucia ky, ks, ..., ky mpocri,
aJie cepell Hux € kommyekcui. Hexait a+4b 1 a—ib — mapa KoMILJIeKCHO-
CIIPSIZKEHUX XapaKTePUCTHIHUX drcest. duciy a+ b 3riguao 3 (14.11)
BiziIToBiziae po3B’sa30K

g1 = el E et (atib)e
e Y1, Y2, - - - Yn — KOMILIEKcHI uncia. ITokagaroan

M =71+ Y1, Y2 = Y12 Y22, -5 Yn = Vin + 20,
OJIEPKYEMO KOMILIEKCHHUI PO3B 30K

y1 = (711 + i920)el Ty = (m1g +inen)el T

Yn = ('7171 + i,YQn)e(a-&-ib)a:_

Binokpemitioroun y oMy pO3B’s3Ky MificHI Ta ysdBHI YACTUHU, Mae-
MO JIBa MifiCHI PO3B’SI3KMH:
y11 = €** (711 cos br — 791 sin bx),
ax :
y12 = € (12 cos b — oo sinbzx), ...,

Yin = €™ (y1n cos bx — Yo, sin bz)
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Y21 = €™ (711 sin b + 721 cos bx),
Yoo = €™ (y12 8inbx + o9 cos bx), ...,
Yon, = €™ (Y1 SiNbx + oy, cOS b).

Jlerko moxkazaTu, 110 I1i PO3B’SI3KU JIHINHO He3aJ/IeXKHI Ha iHTepBaJIi
(—00, +00). O94eBUAHO TAKOXK, IO CIIPsiZKEHUIT KOPiHb a — ib He 1o-
POKYE HOBUX MIHICHUX JIHINHO HE3aJIE2KHUX JYACTUHHUX PO3B’A3KiB.

Ilpuknan 1. 3inmezpysamu cucmemy

y' =5y +4z,
2 =4y + 5z.

Po3zs’sazarnsa. Po3p’s3yioun xapaKTepuCTUIHE PIBHIHHS

5—k 4
4 5—k

’:0 = k2 —10k+9=0,

suaxomumo k1 = 1, kg = 9, oTKe, XapaKTepUCTUYHI YUCIa JilcHI i
IIPOCTI.

CkiazieMo cucTeMy JJisl 3HAXOXKEHHsST IUCEesT Y1 1 Yo, sIKi BiImo-
BiJAIOTH XapakTepuctTuaHomy uuciy ki. Marpuiio koedimienTiB i€l
CHCTEMHU OTPUMYEMO 3 MATPHITL

55—k 4
4 5—k

zaminoo k Ha k1. OTxXKe, IIyKaHa CHCTEMa MA€E BUIJISA,

4’71 + 4'72 = 05
= = —~o.
{471 + 4,}/2 =0 il 72
Hexait v, = 1, Tomi 79 = —1. TakuM unHOM, XapaKTEePUCTUIHOMY
qucity k1 = 1 Binmosimgae po3B’sizok y; = €%, 21 = — e”.

AmnajioriuHo, po3B’si3yroun cucTemy, sika Bimmnosimae ko = 9:

{—4’71 +4y2 =0,
4y — 4y =0,
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BHAXOIMMO, IO Y, = 7yg. fKmio B3gaTu 71 = 1, To 72 = 1, a Tomy
[IbOMY XapaKTE€PUCTHYHOMY HHCIy BiIIOBinae po3B’s3oK ys = €97,
Z9 = 691

3araJbHUI PO3B’SI30K 3aIIUCYEMO 3TIHO 3 TEOPEMOIO 3:

Yy = Cie® + Czegm, z=—C1e" + 02691. |

y =2y —z,

Ipuknazn 2. 3iwmezpysamu cucmemy {z’ —y 422

Pose’sazanns. XapakTepuCTUIHE PIBHSHHS

2—k -1 9
=0 = k"—4k+5=0
‘ 1 2—k

Ma€ KOMILIEKCHO-CIIpsizKeH] KopeHi k1 = 2+ 1, ko = 2 — 1. Po3’s130K,
gkuil Bimmosinae ki, mMae Bursg y = y1e2T0% 2 = 45T e
quciia yi, y2 3HaIeMO 3 CUCTEMU:

—im =72 =0,

7 —iy2 =0.
[Mokmagaroun y; = 1, 3HaXOMUMO Y2 = — %, a TOMY IITYKaHUM PO3-
BsskoM € y = e(2T7 5 — _ je(2H)T Bijokpemmonotn y mpomy
PO3B’aI3KY MificHI Ta yABHI YaCTWHU, OAEPAKYEMO IBa JIIICHI PO3B’ a3~
Ki: Y1 = e*cosx, 21 = e*sinz i yo = ¥ sinx, 20 = — e* cos .

IIi po3B’si3ku yTBOPIOIOTH (BYHIAMEHTAJILHY CUCTEMY PO3B’I3KiB, a
TOMY 3arajbHUM PO3B’SI3KOM €

y=e**(Cicosz + Cysinzx), z=e**(Cysinz —Cocosz). W

Aximo ceper KOpeHiB XapaKTEPUCTUYHOIO PIBHIAHHS € KPaTHi, TO
MeTOJ, BUKJIaIeHU BHIIE, 3aCTOCOBYBaT He MOXKHa. OIHAK 1y IbO-
My BHUIIQJIKY BJIA€TLCs TOOyIyBaTH (HbyHIAMEHTAJILHY CUCTEMY PO3-
B'sI3KiB Uepe3 esieMeHTapHi (QyHKINI. 3ayBaKUMO IEPIN 3a BCE, 10
AKIO k1 — IpOCTe XapaKTEePUCTUIHE UUCJIO, TO, HE3aJIeXKHO Bif TO-
ro, 91 OYIyTh Cepesl IHIMMNX XapaKTePUCTHIHUX TNCET 3YCTPIdaTUCS
KpaTHi 49U Hi, foMy 3aBXKJIU BiJIIOBiJa€ ONMH TaCTUHHUN PO3B’SI30K

k k k
BUITIANY Y1 = Y1€°'%, yo = 72, ... yp = Wme™T, me v, e, ...,



Jleknist 14. JliHiitHi omHOpPiHI crucTeMU 3BUYAWHUX IUdEPEHIaJIbHUX PIBHIHb 199

Yn — JesdKi cTaji, gKi BU3HAYAIOTHCA 3 TOYHICTIO /IO CTAJIOTO MHO-
JKHUKA.

Taxum 9uHOM, 337898 3BOJUTHCS JI0 TOTO, MO0 3HANTH TaCTHH-
Hi PO3B’S3KH, AKi BiNOBiIAaI0TH KpaTHOMY KopeHnio. [Ipu mpomy, Tax
caMo, K 1 71 JIHITHOTO OHOPITHOTO PiBHAHHS N-TO TOPSAIKY, BU-
ABJISIETHCH, IO OJHOMY XapPAKTEPUCTUIHOMY UHUCJTY KPATHOCTI S BiJl-
MOBiZIa€ S JIHINHO He3aJIeXKHUX YACTUHHUX PO3B’SI3KiB.

Teopema 4. Axwo ki — Tapaxmepucmuire Yucio Kpammocmsi s,
mo tiomy eidnosidae poss’asok cucmemu (14.10)

Y1 = Pl ($)eklx7 Y2 = P2($)eklxv cees Yn = Pn(x)eklxa (1417)

de Pi(z), Po(x), ..., Py(x) — MHo20UAEHU cENEHA HE BUU020, HINC
s — 1, axi maroms y cykynmocmi s 008IABHUL KoePiyieHmis.

JoBeienHst TeopeMu MOXKHa 3HaiiTu, Hanpukiai, B [10, ¢. 119 —
126].

3 npakTUYHOI TOYKM 30Dy PO3B’S30K, IO BiJIIIOBi/lae xXapakTe-
puCTHIHOMY ducity ki, oTpibHO nrykaru y sBurisan (14.17), BBaxka-
oun Pj(x), Pa(x), ..., Py(x) muOrounenamu (s — 1)-ro cremens 3
HeBusHaYeHNMHU Koedirientamu i, migcrasisioun ix B (14.10), Bupa-
3UTH BCl KOeIIIEHTH Uepe3 S 3 HUX, sIKi 3a/IUIIAIOTHCS JOBLIBLHIIMT.
IToknamaroun 1Mo Yepsi OAuH 3 IUX JAOBLIBHAX KoedillieHTIB piBHUM
OJIVHMUIT, a PEITa PIBHUMH HYJIIO, TOOYIYEMO § JIHINHO HE3ATEKHIX
PO3B’aI3KIB, sIKi BiIIIOBIIAIOTH XapaKTepUCTUIHOMY ducay ki. Yci 1mi
JACTHHHI PO3B’SI3KH OyIyTh yTBOpEHi 3 M00yTKiB dyHKIil eF1®
MHOTOYJICHU BiJl T, CTeIeHi AKUX He MEePEBUIYIOTH § — 1. AKIO MHO-
rowienu Py (x), Py(x), ..., Py(z) y dopmyni (14.17) BupoaKyoTbes
y CTaJjii, TO OIEPKUMO § JHHINHO HE3AJIEKHUX JaCTUHHUX PO3B’sI3KiB
TAKOTO K BUIJISY, K 1 JIJIs BUIQJKY IIPOCTOTO XapaKTEPUCTUIHOTO
qHCIIA.

fxmo cucrema (14.10) Mae KOMIUIEKCHE XapAKTEPUCTUIHE YUCIIO
a—+ bi KpaTHOCTI S, TO BOHA MA€ TAKOXK CIIPSKEHE XapaKTEPUCTUYIHE
qncsio a — bt Tiel 2k kparnocti. [lobymyBasim s JTiHITHO HE3ATEKHIX
KOMILJIEKCHUX PO3B’SI3KiB, sIKi BiANOBIIAIOThH Yuciay a + bi i Bimokpe-
MUBIIIN B HUX JIHCHI Ta ysSBHI YaCTUHU, OJIEPKUMO 28 JTIACHUX JIHIH-
HO HE3AJIE’KHUX JACTUHHUX PO3B’A3KIB.

Ha
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Orke, y 3araJbHOMY BHUIIAJIKY KOXKHOMY IIPOCTOMY [IiACHOMY Xa-
PAKTEPUCTUYHOMY UUCJIY BifIIOBIIa€ OJIMH YACTUHHUI PO3B’I30K, KO-
JKHIN mapi TpoCTUX KOMILJIEKCHO-CITPS2KEHUX XapaKTEPUCTUIHUX IH-
ceJl Biamosizae mBa ificHi JHiHITHO He3aJeXKHI pO3B’si3KH, JifiCHO-
My XapaKTEPUCTUIHOMY YHUCITY KPATHOCTI S BIJANOBiIa€ § AIHCHIX
JIHITHO He3aJIeKHUX YaCTUHHUX PO3B’A3KiB, a JJIsd KOXKHOI Hapu
KOMILJIEKCHO-CITPSI2KEHUX XapPaKTEPUCTHIHNX YUCeST KPATHOCTI § Ma-
€MO 2s JIificHUX JIHIfTHO He3aJIeXKHUX JYaCTUHHUX PO3B SI3KiB. YCHOTO
MaTHEMEMO N JIHCHUX PO3B’SI3KiB, sIKi yTBOPIOIOTH PYHIAMEHTAILHY
cucTeMy po3B’si3KiB Ha iHTepBaJi (—00, +00). 3arajbHuii po3B’si30K
cucremn (14.10) oepzKuMO 3riJIHO 3 TEOPEMOIO 3.

Ilpuknan 3. 3inmezpysamu cucmemy

/
y =6y + z,
{z’ = —16y — 2z. (14.18)

Pose’sazanns. Po3’sa3yeMo XapaKTEPUCTUIHE PIBHSIHHSI

6__165 _21_k ‘:o = K —4k+4=0, = k =k =2
3rigao 3 Teopemoro 4 3araJbHHI PO3B’S30K IIyKAE€MO y BHUIVISII
y = (Az + B)e®®, 2= (Cxz+ D)e*. (14.19)
Ockinbku

Y = (2Az + 2B + A)e*®, 2 = (2Cx + 2D + C)e*?,
To micist migcranosku (14.19) B (14.18) maemo:

(2Az + 2B + A)e*® = 6(Ax + B)e* + (Cx + D)e**,
(2Cz + 2D + 0)e?* = —16(Az + B)e*® — 2(Cx + D)e*®
(4A+C)z — A+ 4B+ D =0,

(164 + 4C)z + 168 + 4D + C = 0.

=

[TpupisHiooun KoedirienTn 6111 OTHAKOBUX CTEIIEHIB &, OTPUMYEMO
CHCTEMY:

4A+4+C =0,

—A+4B+ D =0,

16A +4C =0,

16B+4D + C = 0.
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Y 1iit cucTeMi € JiMine JABa JIHINHO He3a/JIeXKHUX DIBHAHHSA, HAIPHU-
KJIaJ1, mepiie i apyre. BraxkarumeMo y HUX BITbHUMHU HEBiIOMUMU,
npumipoM, A i B i Hagamo iM goBiibHuX 3HavdeHb: A = C1, B = Cs.
Toni C' = —4C, D = C1 —4C5, a 3arajpHuil pO3B’sI30K 3aIUIIETHCS
V BUTISATI

y=(Cix + 02)6217 z=(-4C1z+ Cy — 402)(3%. [ |

Ilpuknan 4. 3inmezpysamuy cucmemy

Y1 =y2 + v3,
Yy = Y1 + U3,
ys = y1 + yo.

Po3s’sa3arrsa. 3HAXOINMO XapaKTEPUCTUYIHI TUCIa CUCTEMHU:

k1 1
1 -k 1 |=0 = KkK-3-2=0 =
1 1 —k

ki =2, kyg=—L.

Yucny k1 = 2 Bianosigae cucrema JBOX DiBHsHBL (TpeTe € Ha-
CJILTKOM JIBOX HEPINUX):

{—271 +72+73 =0,
Y1 — 272 +7v3=0.

. 1
Omur 3 11 pose’si3kiB 71 =1, 7o =1, 73 = 1. Tomy y% ) = e,
1) _ 2z 1) _ oz 3 -
Yy = e, ys = e’ € PO3B’A3KOM 3aJIaH0l CHCTEMH.
XapaKTepuCTHIHIM 4HCIaM ko3 = —1 Bimosigae ojne piBHAH-

Hs (apyre i Tpere 36iratoThest 3 HUM): 1 +Y2 473 = 0. Bubepemo nsa
JIIHITHO He3aJIeKHI PO3B’A3KM IHOTO PIBHSHHSI, HAIIPUKJIAI, Y] = 1,
o =0,v =—-1iv =0, % = —1, v3 = 1. Koxxnomy 3 HUX
BiZITOBiZIa€ OMMH PO3B’SI30K:
2
i =

y@zﬁy

—x7 yém = 07 y§2) = _e—z’

O = e B =
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OcCKiTbKY BPOHCKIaH 3HARIEHNX TPHhOX PO3B’SI3KIB BIIMIHHMIA Bi
HYJIST:

e e 0 1 1 0
WE)y=[e* 0 —e®|=[1 0 -1|=-3,
2T _eTT 7% 1 -1 1

TO BOHH YTBOPIOIOTH (PYHIAMEHTAJIbLHY CHCTEMY PO3B’SI3KIB, & 3a-
raJIbHIM PO3B’SI3KOM €

y1 = C1e* + Coe™™, yp = C1e* — Cze 7,
Y3 = C1€236 —Coe™*+C3e7". N

Pexomendosana aimepamypa: |9, c. 91 — 102, 109 — 128|, [10,
c.84 - 90, 115 - 127], [16, c. 341 — 356], [19, c. 198 — 205, 210 - 214,
222 — 227], [20, c. 185 — 188, 192 — 199).

IInrannsa mo gekuii 14

1. dxi cykynnocri dyHKII HA3UBAIOTH JIHIAHO He3a/eKHUMU (JIiHii-
HO 3aJIe’KHUME) Ha JesKoMy inrepsasi? HaBegirh Ipukiam Takux cyKy-
nHocTelt MYHKI.

2. ITTo Take BpoHCKiaH pO3B’I3KiB JIHIAHOI OMHOPIAHOI CHCTEMH 1 PiB-
HsHb? ZIK 3a JOMOMOTOI0 BPOHCKiaHa BU3HAYUTHU, UU € 3aJIaHi 1 CYKYITHO-
creii GyHKIIN JIHITHO He3aIeXKHUMU !

3. dx dopmysoeTbes HeOOXiTHA YMOBa JIIHIRHHOT HE3aJIE2KHOCTI 12 PO3-
B’sI3KiB JIiHITHOT OHOPiHOT cucTeMu 1 aupepenmiaabHux piBHAHbL! Chop-
MyJIIOfiTe HEOOXiJHY 1 OCTATHIO YMOBY JIHIfIHOT He3asezKHOCTI HA iHTEp-
Bail (a,b) n po3s’a3KiB JIHIKHOT OMHOPIAHOI CUCTEMU.

4. dxuit Burssn mae dopmysa Ocrporpajcbkoro — Akob6i? ki Bia-
CTHBOCT] BUILIMBAIOTH 3 Iii€l (popmysu?

5. Illo mHazuBarTh GyHIAMEHTAJIHHOK CHCTEMOI PO3B’si3KiB JIHITHOT
onHOpiHOT cucTeMu Ha jesdkoMy iHTepBasi? fxa 11 posb y 1moby/aoBi 3a-
raJIbHOIO PO3B’sI3KY JIHINHOI OJHOPIIHOT CUCTEMMU !

6. dAxuit BurIAm Mae JgiHifiHA OmHOpIAHA cucTeMa AudepeHIiaTbHAX
piBHSAHB i3 cragumu KoedinieaTamu? 1110 HA3MBAIOTH XapaKTEPUCTUIHUM
BU3HAYHUKOM, XapPaKTEPUCTUIHUM DIBHSIHHSIM, XapaKTEPUCTUIHUMU M-
CJIAMU TaKOl CUCTEMU !

7. Y womy nosisirae MeTos, Eilsiepa iHTerpyBaHH JIHITHAX OTHOPITHUX
cucreM 31 crajgumu Koedinienramu? K 3ajekuTh cTpyKTypa dyHIaMeH-
TAJILHOI CHCTEMU PO3B’SI3KiB TAKOl CUCTEMH BiJ] BUIJISAILY XapaKTEPUCTH-
YHUX 9UCEJIT
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Brapasu mo aexirii 14

1. Biarerpyiire cucremu meronom Eitepa:

/I _ [— _
2) {y— 2 -37 g {y 5y — 4z,

2/ =6y + Tz; 2z =10y + Tz;
YL =Y1— Y2 — Y3, Yy = y1 + 2y2 + 23,
B) S yh = —2y1+2y2 + Y3, )< yh =2y + y2 + 2ys,
y5 = 4y1 + 2y2 + 3ys; yh = 2y1 + 2y2 + ys3.

Jlekuis 15. JliHiiiHi HeomHOPiAHI cMcTeMM 3BUYATHUX
andepeHIfiadbHUX PiBHIHb

Il1an

1. CTpyKTypa 3arajbHOTO PO3B’SI3KY JIHINHOT HEOIHOPITHOI Ch-
CTEeMU.

2. Meron Bapiarii JOBIIBHUX CTAIHX.

3. Meton neBu3HavueHNX KOeiIli€HTIB.

4. Meron, /I’ AjtambGepa.

1. CTpyKTypa 3arajbHOT0 pO3B’s3KYy JIHIIIHOT HEOMHOPI-
JHOI cucteMu. PosriisineMo JiHIHY HEOTHOPITHY CHCTEMY

y1 = pu1(@)yr + pi2(@)y2 + ... + pin(2)yn + fi(z),
yh = pa1(x)y1 + pa2(x)y2 + . . . + pon(T)yn + fa(x),

(15.1)
Yn, = P1(2)y1 + pr2(@)y2 + - .. + Pan(2)yn + fu(2)
abo0, y CKOPOYEHOMY 3aIluCi:
dyp
— = pri@)y; + fr(x), k=120 (15.2)
j=1

[Tpumyctumo, 110 HaM BimoMuit JesIKuit YaCTUHHAN PO3B’ 130K ITi€l
cucTeMu

Y= Ya=Us s ey Yn =y,
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a OTKe,
dyy) _ & 0
—= =D @)y + felw), k=120, (15.3)
j=1
Beeznemo HoBI HeBimoMmi dyuKIil 21 = 21(x), 20 = 22(2), ..., 2n =

= zp(x) 1 nokagemo

ve=v) 2z k=120 (15.4)

Iligcrassioun ynkmil (15.4) B cucremy (15.1), omeprkyemo

dy,(cl) dzp
dx dr
n n
1
=S @)y + @)z 4 fe(z), k=120 (15.5)
j=1 j=1
Bpaxosytoun (15.3), 3 (15.5) musa 3HaxomkenHs QyHKIiH 21,
22, ..., Zp OTPEMYEMO JIHIHY OTHOPIIHY CHCTEMY
dz -
k
= ;pkj(x)zj, k=1,2,...,n. (15.6)

Onnopiany cucremy (15.6) nasuBaioTh 610M0610H010 HEOOHODI-
Oniti cucmemi (15.2).

3riguao 3 Teopemoro 3 (ekist 14) 3aragbHUl PO3B’S30K CHCTEMI
(15.6) Bu3HAUAETHCST (DOPMYJIOIO

n
2k :ZCijk, k= 1,2,...,n, (15.7)
j=1
ne zjk = zjk(x), j,k = 1,2,...,n, - nedka GyHaMeHTaTbHA CHCTEMA,
poss’saskis cucremu (15.6), Cj, j =1,2,...,n, — noBiabHi crai.

[Mincrasasioun (15.7) y (15.4), omepxKyemo, 1o

=y + > Cizp, k=1,2,...,n. (15.8)
j=1
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Dopmymna (15.8) BusHatae 3aragbHuil po3B’s30K cucremn (15.1)

Taxum 9uHOM, 044 3HATOOIHCEHHA 3A42AA40H020 PO3E A3KY HEOIHO-
pionoi cucmemu (15.1) docmammvo snatimu 6ydv-axudl i wacmur-
HUtl po36’a30k ¢ dodamu do Hb020 3a2aAbHULE PO36°A30K 610N0610HOT
00nopidnoi cucmemu (15.6).

2. Merona Bapiamil moBiibHUX cTraamx. s 3HAXOIKEHHS
YaCTUHHOTO PO3B’A3KY, & PA30M 3 THM i 3arajbHOTO PO3B’SI3KY JIiHil-
HOI HEOJIHOPITHOI CUCTEMU y BUIAJIKY, KOJIU BJIAETHCH 3IHTErpyBaTu
BIJIIOBIIHY OIHOPIIHY CHCTEMY, 9aCTO BUKOPUCTOBYIOTH MEMMO0 8a-
piauit dosinvrur cmaasux (memod Jlazparoica).

Posp’st30k JiiniitHOT HEOmHOPIIHOT cucTremu (15.1) mrykaemo y Bu-
TUISIITL

n
ve = Ci(@)zjp, k=12,...,n, (15.9)

j=1
ne zjk = zjk(x), j,k =1,2,...,n, — nedxa dyHIaMeHTaIbHA CHCTEMA,
po3B’a3KiB oxHOpimHOl cucremu (15.6), a Cj(x), j=1,2,...,n, —

JedKi HemepepBHO AudepeHIiiioBHi GyHKITI.

Butepemo y (15.9) dyukuii Cj(x) Tak, mobd 1a dopmyia Bu-
sHadasa po3s’s3ok cucremu (15.1). IMincrasmsioun (15.9) B (15.1),
OJIEPIKYEMO:

Y Ci@)zn+ Y Ci(w)zy, =
o j=1
:Zpkl(x)zcj(x)zjl—i_fk('r)a k:172a"'7n5 =
=1 7=1
D Ci@)zn+ Y Cilw)2ly, =
j=1 j=1

n

:ch(x)zpkl(x)zjl+fk(x)a k:172a"'7n5 =

j=1 =1
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= fulz), k=1,2,...,n. (15.10)

Ockinpkn zj; — dyHIaMeHTaIbHA CHCTEMa PO3B’A3KIB OJHOPIIHOI
cucremn (15.6), To Bupas y myxkkax y dopmymi (15.10) mopisrioe
HYJII0, a TOMy Jjsi 3Haxo/kenust dyukuiit Cj(x), j = 1,2,...,n,
MaEMO CHCTEMY:

> Ci@)zin = falx), k=12,...,n. (15.11)
7j=1

Busnaunuk cucremu (15.11) Bigminnwmii Big Hysast Ui BCix
x € (a,b) (mmm € Bponckian W (zx)), a ToMy BoHa Ma€ €IHHUIT PO3-
B'f130K, AKUII MOXKHa 3HaUTH, HAlpuKIam, 3a dopmynamu Kpamepa:

n

Ciz) =" MV/[’;J(S;) fulz), §=1,2,....,n,  (15.12)
k=1

ne Wij(z) — anrebpudne JIOIOBHEHHsS €JIEMEHTa Zj; BPOHCKiaHa
W (z). Inrerpyroun (15.12), 3Haxoqumo

" W) ,
Ci(x) = I fe(x)dz +Cy, §=1,2,...,n,
7 ;/ W(z) " ’

ne C; — noBinbHI cTadi, a 2 — 10BiabHA TOUKa 3 iHTEpBamly (a,b).
ITincrasnsioun suaiineni supasu s Cj(z) y dopmyty (15.9),
OJIEPKYEMO

n

yk:szk g / Wj(x) fs(x)dx+ZC’jzjk, k=1,2,...,n.
j=1 s=1g j=1

(15.13)
Mincrapasiioun B (15.13) C; = Cy = ... = (), =0, Maemo 4a-
CTUHHUI PO3B’SI30K

. n n IW54 x
y = ZijZ/ W](;))fs(x)dx» k=12...,n,
j=1 s:lz0
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a Tomy (15.13) moxkna 3ammcarn y Burvisiai (15.8). Orike, po3s’si30K,
SIKUI BU3HAYAETHCsT (popmyJioto (15.13), € 3arajbHuM PO3B’sI3KOM J1i-
HiitHOl HeoxHOpiAHOI cucTemu (15.1).

Ilpukmaam 1. 3a donomozoto memody sapiayii AoGIALYHUT CMAAUT
3IHME2PYBATIU CUCTIEMY

Yy =2y —=z

2= —y+ 2z + 4ze”.
Pose’sazanms. Bianosiany ofHOpiIHY cECTEMy 3IHTETPYEMO METO-
JIOM BUKJIIOYEHHST:

/
Yy =2y — =z, /
:2 —
{Z/:_y+2z = y=2z—2z,

22 =" =2022-2)—2 = ' -4+32=0.

Ockinpku xapakTepucTndie piBusams k2 — 4k + 3 = 0 mae kopemi
]{71:1, k2:3,T0

20 = Che® + Cge?m = Yo = 2(Clem + CQ@SI) —
— (Clex + 302631) = Yo = C’lex — 026393.
Po3B 30K 3a1aH01 HEOJHOPITHOI CHCTEMH IIYKAEMO Y BULJISI
y = C1(z)e” — Cyx)e®®, 2= Cy(x)e® + Cz(x)egx, (15.14)
ne dynkuii Cp(x), Co(x) 3uaiimemo 3 cucremu Buriismy (15.11):
Cl(x)e” — Ch(x)e’” =0,
Ci(z)e* —i—C’( )e3% = dxe®
Ci(z) = Ch(z) = 2re =
1
Ci(z) =22+ Cy, Cy(z) = —we ™ — 3¢ e 2+ Cy.
[Tigcrasisioun suaiineni Gynkuil Cp(x), Ca(x) y (15.14), onepxye-
MO 3arajbHuil po3B’d30K 3aJ]aHOI CUCTEMU:
y= (22 + C1)e” — (—ze 2 — 0,5e™ % + Cp) e =
= (Che” — 02€3x + ($2 +x+ 0,5)e$
z= (22 4+ C1)e" + (—ze > — 0,5 2" 4+ Cy)e** =
= 16" + Che’® + (2 —2—05)e"
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Ilicst 3BemeHHST TOMIOHUX [IONAHKIB 1 ITEpEHO3HAYMEHHS CTaJIol
(C1 :=C1 +0.,5), maemo

y = C1e® — Care® + (x2 + x)e”,
2= C01e® + 0™ + (xQ —z— 1)6”. [ |

3. Meroa HeBu3sHadyeHux KoedirieHTiB. Y 1. 1 miel jekmil
BCTAHOBJIEHO, IO iIHTErpyBaHH JIHINHOI HEOJHOPITHOI CUCTEMU JTH-
depeHIiaIbHIX PiBHSHb 3BOJUTHCS JIO HEOOXITHOCTI 1100y 108U DyH-
JaMeHTAJbHOI CHCTEMHI PO3B’SI3KiB BiAMMOBIAHOI OMHOPITHOI CHCTEMI.
Tomy ocobsuBuMit iHTEpeC CTAHOBJISITH TaKi JIHIWHI HEOJHOPIIHI CU-
creMu, y gKuX (PyHIAMEHTaJbHA CHCTEMa PO3B SI3KIiB BiIOBIIHOT
OJTHOPIJIHOI CHUCTEeMU BUpParXKaeTbCsi Uepe3 ejqeMeHTapHi dyHKIl. o
TaKNX CACTEM BiIHOCSITBCSI, IEPEIOBCIM, CHCTEMHM 31 cTaaInMu Koedi-
ITi€HTaMU.

Posriisinemo miniiiny mHeomHOpimHy cucTeMy andepeHItiaIbHIX
PIBHSIHB 31 cTaJIumMn KoedillieHTaMu

yé = a921Y1 + a22Y2 + ... + a2nYp + f2(x)7

y;z = ap1yY1 + an2y2 + ... + ApnlYn + fn(x)

abo0, ¥ CKOPOYEHOMY 3aIluCi:

dyx, -
Y _ ;akjyj ¥ @), k=1,2,...,n. (15.15)

Ao dyukuii fr(x) y cucremi (15.15) ckinagamorbes 3 cyM i g0-
6yTKiB MHOTOUWIEHIB Py (2) = po+p1rax+...+ppx™ ta dyukmiit e*”,
cos Bz, sin Sz, TO 11 PO3B’sI30K MOXKHA IIIyKATH METNOJOM HEBUIHA-
wyenux koediuienmis. Lle poObuThCs 3a TAKUME K IPABUIAMU, III0
i A71s1 OTHOTO JIiHIHHOTO I epeHItiaabHOTO PIBHSIHHS 31 CTAIUMU KO-
edinientamu (7ekmis 10), aje 3 meBHUME 3MiHAME. 30KpeMa, SKIIO

fu(@) = Py ()™,
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ne Pp, () — MHOTOWIEH CTeleHsl My, TO YaCTUHHHUN PO3B’SI30K CH-
cremu (15.15) morpibHO 1mykaTu He Y BUNIAIl T°Qpy, (z)e® (aK me
6ys10 711 JIHIHHOTO PIBHSIHHS), & K

yi = QY (2)e", i=1,2,....n, (15.16)

m—+s

e Q&Ls(x), 1 =1,2,...,n, — MHOT'OWIEHHU CTeNeHs M + S 3 HeBi-

JoMuMHu KoedimienTaMu, m = max mg; s = 0, 9KImo «a — He €
k=1,....m

XapaKTePUCTUIHUM YHUCJIOM, 1 § JOPIBHIOE KPATHOCTI IILOIO YHCJIA,
SIKITO (v € XaPAKTEPUCTUIHUM YUCJIOM (SIKITO TOYHIINE, THCIO0 M + S
Ha M ONWHUIL OiJIbIlle HARBUIIOTO 31 CTEIeHIB MHOTOUJIEHIB, Ha K1
MHOXKATBCA EKCIIOHeHTH €% y 3araJbHOMY PO3B 3Ky BiIIOBIIHOT
OJIHODIJIHOI cucTeMu).

Hesimomi koedirientn MHOrOWICHIB Q&)Jrs (r) BU3HAYAIOTDH IIPH-
PiBHIOBaHHSIM KOeMiIlieHTIB Oijist BiAMOBIIHUX TOMAHKIB IIC/IST TIif-
crasisiaas (15.16) y cucremy (15.15).

AHaJIOriYHO BU3HAYAIOTHCsI CTEIEHI MHOTOUJIEHIB y BHUIIAJIKAX,
ko byl fx(x) y cumcremi (15.15) micrsars dbyukmii e cos Sz
i e sin Bz, a ancio o + [i € abo He € XapaKTEPUCTUIHUM.

Ilpuknan 2. 3inmezpysamu cucmemy Memodom HESUSHAUEHUT

rxoedhiyienmie:

Yy =y—2z+e",
2 =y + 4z + e,

Pose’azamnns. Bukopucrosytoun meros Eiiepa (srexiiis 14), 3Ha-
#IeMO CIIOUATKY 3araJibHUil PO3B’SI30K BiIOBIIHOI OXHOPITHOI CH-

cTeMu
Y =y— 2z
2=y +4z.
XapaKTepuCTUYHE PIBHSIHHS
1-k -2
1 4—k | 0

Mae KopeHi k1 = 2, kg = 3. Xapaxrepuctuanomy duciy ki = 2 Bim-
MOBiIae cucrema,
{—’71 — 272 =0,
Y1+ 2’72 = 07
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3BiAKHU, HampukIam, v, = 2, 72 = —1. Yucay ko = 3 Biamosimae
CHCTEMA
{—2’71 — 27 =0,
7 +72 =0,
3Bigkn ¥ = 1, 79 = —1. OTiKe, 3arajbHUM PO3B’SI3KOM OJHOPIIHOT
CHCTEMH €:

Yo = 2C1€2I + 02631, 20 = —C1€21 — 026393.

‘o . 2

Bpaxosytoun surmsig dyukmiit fi(z) = e* i fo(z) = e, ua-

CTUHHUI PO3B’I30K ¥1, 2] HEOMHOPIIHOI CUCTEMU HUepe3 HEBU3IHAUECH]
KOeDIIieHTN 3aInIeMo Y BUTIsI I

y1 = Ae® + (Bx + C)e*®,  z) = De® + (Ex + F)e*.  (15.17)
[Mincrasasioun (15.17) y 3amany cucTeMmy, OJIepKYEMO:
Ae” + 2(Bx + C)e** + Be* =
= Ae” 4 (Bx + C)e** — 2De” — 2(Ex + F)e*® + ¢,
De” + 2(Ex + F)e* 4+ Ee** =
= Ae® + (B + C)e®® + 4De” + 4(Ex + F)e®® + 22,
2z 2

[Tpupisaioloun koedinientu 6isg e®, e** 1 re“” B 000X YacTUHAX
X TOTOXKHOCTEM, OJIEPKYEMO BiJITIOBITHO:

e |A=A—-2D+1, e |D=A+4D,
e |20+ B=C—2F, €*|2F+E=C+4F +1,
ze’*| 2B = B — 2F, ze?®|2E = B + 4F.
3Biacu
3 1
A:—E, B=2 C=0, D:§, E=-1, F=-1,

a TOMY YaCTUHHHUM PO3B’SI3KOM HEOIHOPITHOI CHUCTEMU €

3 1
Yy = —Eez +2ze?®, 2 = §em — (x4 1)e*,
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a 3araJIbHIM PO3B’SI3KOM —
3
y = 2C1** 4 Che’® — Eem + 22",

1
z= —O1e* — Cye®® + iex —(z+1)e*. m

IIpukaazn 3. 3anucamu wacmurhul po3e’aA30K 3 HEBUSHAEHU-
mu Koediuienmamu (He wykaowu iT) cucmemu

(15.18)

Yy =4y — 2+ xe3 + 3T sinx,
2 =y + 22+ xe cosx.

Pozs’sazannsa. 3HaiiieMo XapaKTepUCTUYHI YUC/Ia BiIITOBIIHOL Of1-
HOPIJIHOI CUCTEMIU:

‘4—k -1

f— 2— p— p— p—
1 2—]{‘_0 = k 6k+9=0 = Kk ko 3.

V cucrewmi (15.18) mas bymkmiit xe3?, €37 sin x, xe3* cos x ancna

a—+ (i BiAIOBITHO MOPIBHIOIOTE 3, 3+1%, 3+14. ToMy okpemo 3HaiigemMo
YACTUHHI PO3B’SI3KU CUCTEM

/ 3x
y =4y — z + xe?,
{z’ =y+2z (15.19)
i ! 3
y =4y —z+e*sinzx,
{z’ =y + 2z + ze’* cos x. (15.20)

Hnst cucremu (15.19) a+ i = k) = ke = 3, s = 2, m = 1. 3rigno
3 (15.16) 11 wacTuHHU PO3B’SI30K MOTPIOGHO MIYKATH Y BULJIsII

y1 = (ax® + bx? + cx + d)e?,
21 = (fx? + ga® + ha + p)e®.

st cucremn (15.20) a+ i =3+ # k12, s =0, m = 1, a Tomy
11 YaCTUHHUI PO3B’SI30K Mae BUIJISII

Y2 = (Az + B)e3*sinz + (Cz 4 D)e* cos z,
2 = (Bx 4 F)e* sinz + (Gz + H)e3® cos .
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Toni wacTunHUit po3B’s30K cucremu (15.18) 3ammImeTsest y BUTTISAI:

Yy =y + Yo, z=2z1+2. 1

4. Meroa 1’ Asram6epa. Posriisinemo JTiHiHY HEOTHOPIIHY CH-
creMy OBOX AndpepeHIliaIbHIX PIBHAHD 31 cTaanMu KoedimienTaMu

{?/ =any + a2z + fi(x), (15.21)
2 = ao1y + agez + fo(z). '

[TomHOXKUMO ApyTre pPIBHAHHS ITiE] CUCTEMHU HA JesdKe YHUCJI0 A i
J0AaMO MOUJIEHHO A0 MEPITIOTO PiBHIHHS:

(y + )\Z)/ = (CL11 + )\agl)y + (a12 + >\CL22) zZ + fl(x) +A fQ(x) =

z) + fi(z) + Afa(x).
(15.22)

aio + Aaso

+Az) = (a11 + A +
(y z) (a1 a21)<y 411 + Nag

Kopucrytounch moBinmbHiCTIO wnciaa A, BubepeMo HOTO TakuM,

100
aj2 + Aagy

a1l + Aagy

TOOTO
agiA? + (a11 — ag)\ — ajz = 0. (15.23)

Toni piBusinas (15.22) 3anummemo y BUITISI:
(y + A2) = (@11 + Aa21)(y + A2) + fi(z) + Mfa(z). (15.24)

Pisusnns (15.24) € niniiinum nudepenIiagabHuM PIBHSAHHAM TI€p-
IIIOT0 TMOPSAJIKY 3 MIyKaHoIo (BbyHKIEo y+Az. [HTerpytoun itoro (dop-
mysta (4.5) 3 Jiekil 4), oJepKyemo:

Yy + Az = elantia)z (/(fl(x) + Afo(z)) e (antraz)e gy 4 C).
(15.25)
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ko kopeni A; 1 Ag KBajgpaTHoro pisusaus (15.23) pisni i miit-
CHI, TO MAEMO CHUCTEMY

y+ Az = elarthia)e (/(fl (x)+)\1f2(x))6_(a11+A1a21)zdx+Cl>7
Ytz = e(a11+)\2a21)a: (/(fl ($)—|—)\2f2($))6_(a11+/\2a21)xdx—i—Cg),

PO3B’sI3y104UM sIKY BiTHOCHO ¥ 1 z, 3HAiAeMO 3arajbHUil IHTErpasI Cu-
cremu (15.21).

ko kopeni piBusgnus (15.23) kpatHi, T06T0 A\] = A2 = A, TO 3
(15.25) omeprKyeMO TiIbKN OZHE PIBHSHHS:

Y4z = elartia)e (/(f1(96)+>\f2(x)) e~lantraz)z g, o C’)»

aje y 1IbOMY BHUIAJKY, IIiICTABISIOUN BUpa3 JJIs Y, 3HallIeHuit 3Bi1-
cu, y npyre piBasHas cuctemn (15.21), omeprkumo JtiHiiitne piBHAHHS
MIEPIIIOro MOPSIAKY 3 HEBiIOMOI (DYHKITE 2.

Pexomendosana aimepamypa: |5, c. 244 — 264], [9, c. 103 —
107, 138 — 144], [10, ¢. 90 — 91, 127 — 131], [16, c. 370 — 385], [19,
c. 206 — 210].

ITuranaga go Jjekiii 15

1. dx 3mHadiT 3araJbHUl PO3B’I30K JIHIITHOT HEOIHOPIIHOI CHCTEMH,
OHOPiAHOI cucTeMu?

2. Y "omy moJssira€ MeTOJ, Bapiallil JOBITHHUX CTAJIUX 3HAXOJIZKEHHS
3araJIbHOTO PO3B’SI3KY JIHIHHOI HEOAHOPIIHOT cucTeMu?

3. Y domy moJisira€ MeTOJ| HeBU3HAYeHUX KoedilieHTiB iHTerpyBanns
JIHIHHAX HEOMHOPITHUX cucTeM 31 crajmmu Koedimiearamu? Yu st Ko-
2KHOI JIHIHOT cHCTeMU HOro MOYKHA BUKOPUCTATH !

4.V gomy nosisirae merog [’ Anambepa inrerpyBanus JiHITHUX crucTeM
3i crajgumu Koedimienramu?

Brapasu go aekiiii 15

1. 3inTerpyiiTe cucTeMu METOIOM Bapiallil JOBUIBHUX CTAJIHX:
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2) y =4y — 8z + tg4x, 6) y =3y — 2z,
2 =4y — 4z; 2 =2y — z+ \Jxe®.

2. BinTerpyiite cucreMu METOJOM HEBU3HAYEHUX KoeilieHTin:
y =2y — 2, y =3y + 2z — 3e”,
a) / 6) /! x
2= -2y 4 2z + 4x; 2l =3y —2z—¢€"
) y =5y — 2+ 5sinz,
2/ =4y + z+ 2coszx.

3. Binrerpyiite cucremu merogoMm JI'Anambepa:

) {y I {y =5y +4z +e”,
2 =4y+52+ 1.
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Po3znain 4.
JINPEPEHIIIAJIbHI PIBHAHHA 3
YACTVMHHIMMMUN TTIOXITITHNMMN
IHEPIIIOI'O ITIOPAIKY

Jlekuist 16. Jlinilini oqHOpiAHI piBHAHHS 3 YaCTUHHUMU
MOX1JHNMH IIE€PIIOro IMOPSIKY

Ilnan

1. 3B’ 130K JIHIHOTO OJHOPIAHOTO PIBHIHHS 3 YACTUHHUMHE ITOXi-
JHUMU TEPIIOTO MOPSIKY 3 BIIIIOBIIHOIO CUCTEMOIO XapaKTEPUCTUK.

2. IlobynoBa 3arajgbHOrO PO3B’s3KY JIHITHOTO OTHOPIIHOrO PiB-
HSIHHS.

3. 3amaqga Ko st JIiHIHHOTO OMHOPIIHOTO PIBHSIHHS.

1. 3B’930K JIiHIliHOTr0 OMHOPIAHOTO PiBHAHHS 3 YaCTUHHU-
MM IIOXiJHUMH IIE€PIHOro IMOPAAKY 3 BIAMOBiAHOIO CHUCTEMOIO
XapakTepuCTuK. baraTo mpobyem TeXHIKE i MaTeMaTnIHOI Pi3uKN
(kosmBaHHs CTPYHHU 1 MeMOpaHu, Terjonepeaada, audysis, razosa
JIMHAMIKa Ta 1HI) TPUBOAATE 110 JudepeHIiaJbHIX DIBHAHB 3 4Ya-
CTUHHUMHA TIOX1THUMH.

Mu obmexkmMOCst BUKJIAJIOM HAWIIPOCTIIINX BimoMocTeli Teopil
PIBHSAHDb 3 YaCTHHHUMU TOXITHUMHY ITEPIIOTO MOPSJIKY, MAIOIN 33 Me-
Ty IOKa3aTH 3B’SI30K TAKUX PIBHsSIHb 3 CHUCTEMaMU 3BUYANHUX JTU-
depeHIiaIbHIX PiBHAHL 1 HABECTH METOMHW IOOYIOBH 3arajibHOTO
PO3B’a3Ky Ta po3B’sa3Ky 3azadi Ko, dKi 'PYHTYIOThCA HA ITHOMY
3B’s13Ky. PiBHAHHA 3 YaCTHHHAMHY TTOXITHIMHU BUINUX HOPSIKIB iHTe-
IPYIOTHCS IHIMIMUA METOJAMHU, SIKi y IIbOMY HOCIOHUKY He pO3IJsiia-
TOThCS.

JTudeperuiarsbrHum pi8HAHHAM 3 YACTMUHHUMU NOTIOHU-
MU HA3WBAIOTDb TaKe CIIBBIIHOINEHHS, STKEe MICTHTDL HeBigomy yH-
KIIIO BiJI JE€KIJIbKOX 3MIHHUX, He3aJIe2KHI 3MiHHI Ta YaCTUHHI ITOX1IH1
HeBizoMol (GYHKINT 3a He3ajaekHUMU 3MiHHUME. [lopsgmok crapimol
JACTUHHOI IOXiJTHOI, SIKa BXOIWUTH Y PIBHSIHHSI, HA3UBAIOTHb MOPSA0-
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xom piBHsHHSI. Hanpukian, mudepeHiiaibHe PIBHIHHS 3 YaCTUH-
HUMHJ MOXiTHUMHU TEPIIOTo MOPSIIKY Ma€ TaKUil 3arajJbHUN BUTJIA;

ou OJu ou
dla1,20,....20, 8, —,—,...,— | =0 16.1
( ) ) 9y ns ) 8x1’ a$27 9y axn 9y ( )
_ o : ou  Ou ou e
e u = U($1,$2,...,xn) nIyKaHa d)yHKHlﬂ, Bz Omg’ """ Ozy 11

JacTUHHI ToxigHi, ® — 3a1aHa HerrepepBHO AudepenIiitoBHa OyHKITST
B leaxiit obmacti G C R?" ! npuaomy B pisasamns (16.1) nmpumaiinvmi
OJIHA JACTUHHA TOXiHA BXOIUTH 000B’SI3KOBO.

Barato ¢isudnnx sBUI OMHUCYIOTHCST PIBHAHHAMM 3 9aCTUHHU-
MU MOXITHUMHU TEPINOro nopsaaxky. Hampukiam, y ra3osiit muHamiri
BasKJIMBY POJIb Bijirpae piBHsSHHS Xorda

ou ou

E—FU%:O,

je u = u(t,r), a B ONTHUIl BUBYAETHCS DIBHIHHSI

2 2 2
() () () s

me u = u(z,y,2), dKe ONNCYE MOMUPEHHsS CBITIOBUX IIPOMEHIB Yy
HEOJIHOPIJITHOMY CEepeJIOBHUII 3 TIOKA3HUKOM 3ajioMyieHHst f(x,y, z).

Pose’asrom pisusmnus (16.1) HasuBaioTh HelepepBHO AudepeH-
miiiopny dyskiio v = u(ry,Ta,...,T,), 9Ka IEPETBOPIOE PIBHSIHHS
(16.1) y TOTOXKHICTD JIJIsi KOXKHOT TOUKM (X1, X2, ..., 2n) C G.

Axmo v = u(xy,x9,...,2,) — po3B’a30K piBHaHHA (16.1), TO
iforo rpadik — moBepxHo u = u(xr1,x2,...,Ty) y upoctopi (n + 1)-i
3MIHHOI Z1,Z2, . .., In, U — HASUBAIOTEH THIME2PAAbHON TLOGEPLHEID
piBusiHHs (16.1).

Posrisimemo mekisibka TpOCTUX TPUKJIAIIB BiAITYKAHHI PO3B’ 13-
KiB piBHsHHS (16.1).

Ilpuknan 1. 3inmeepysamu pieHAHMHA g—;:x—y, de z =

= z(z,y).

Pozs’szarns. Interpyioun obuasi 9acTWHE 38 3MIHHOIO Y, OJAEP-
2

xyeMo z = [(x —y)dy = xy— %+ o(x), 1e p(r) — nosinbHa mude-

pentmiiioBaa GyHKIlsS 3Mminnol . W
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. . 2
Ilpuknan 2. 3inmeepysamu pieHarHA 889353,, =1.

Poses’aszanms. Iurerpyiodn 3a 3MiHHOIO T, MaEMO g—; =z+p(y), ne
©(y) — mosimbaa mudepentiitoBaa dynkiis. [HTerpyoan octaHHIO
PIBHICTH 3a 3MIHHOIO Y, OJIEPXKYEMO, IO

- /(x+g0(y))dy = ay + 1(y) + p2(),

ae 1(y) = [o(y)dy, p2(z) — nosinbui xudepenniiiopni dyukuil. W

3 HaBeJIeHNX MPUKJIAJIIB BUILINBAE, 110 PO3B’A3KU UM EPEHITAb-
HOT'O PIBHSIHHS 3 YJACTUHHUME HOXITHUMH MEPITIOTO TOPSIIKY MOXKYTh
3ajIeXKaTh Bij o/iHiel MOBLIBHOI (PYHKIIT, & PO3B’I3KU PIBHAHHS JIPY-
rOTO TIOPSIAKY — Bij ABOX JAOBiMbHUX GyuKIii. [lizminme O6yme moka-
3aHO, 1O Po3B’s3ku piBHgHHSA (16.1) MOXKYTH 3amexkaTn Bif ommHiel
HelepepBHO JUEPEHITIHOBHOI (PYHKIII, KITbKICTh apryMeHTIB AKOT
(n—1).

Ao y piagnni (16.1) dyuknis ¢ 3amexurhb JjiHiliHO Bij da-
CTUHHUX MOXITHUX IIYKaHOI (PYHKIMI, TO HOTO HA3SUBAIOTDL ATHIT-
HuM. JliHifine pIBHAHHS MOXKHA 3aITUCATH Y BUTJISIL

n ou
f1($1,$2,. .. ,xn,u)a—m + fg(x1,$2, c ’$n7u)a—@ 4+ ...
ou
e 1€ T 2 RO oy 7)) = R(x1,22,...,Tpn,u). (16.2)

Oy

ko mpasa gactuna piBHstHHS (16.2) TOTOXKHO JTOPIBHIOE HYJTIO,
a koedimientu fi1, fo, ..., fn He 3ajeKaTh BiJ HIYKaHO! PYHKIII 1,
TO MaEMO PIiBHSIHHS

9 %
fl(wlvﬁv---vxn)a—; +f2(9617$2,...,xn)a—;2 +
ou

oo+ oz, 22, ) =— =0, (16.3)
oz,

K€ HA3UBAIOTh ATHIUHUM 00HOPIOHUM DIBHAHHAM 3 YGCTMUH-
HUMU NOTIOHUMU TLEPUL020 Nopsadky. Beaxaemo, mo Koedilri-
earu f1, fo, ..., fn BU3HAUYEHI Ta HEINEPEPBHI pa3oM 3 YACTUHHUME
MOXITHUMU 33 3MIiHHUMHU ZT1, X2, ..., Tn Y JETKOMY OKOJI 3aJaHOl
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TOUKK (L10,L20, ..., Tpo) 1 ¥ [iil TOUMI BOHE OJHOYACHO HE HEPETBO-
PIOIOTHCs Y HyJIb, HAIPUKIAM, frn(Z10,220,---,Tno) # 0. OueBuno,
mo piBusaug (16.3) Mae po3B’a30K u = ¢, [ie ¢ — IOBLIbHA CTAJA.

Opnuouacuo 3 piBHsiHHAM (16.3) pO3IISIIATHMEMO CHCTEMY 3BH-
JaiHuX AudepeHIiaIbHIX PIBHSIHD

dzrq dxo dxy,

fl(x].7x27"'7xn) f2(x17x27---7xn) ‘ f’ﬂ(xl?x27"'73771,)7
(16.4)

fKa CKJIaJaeTbest 3 (n — 1)-ro piBusaus. Cucremy (16.4) nasusa-
I0Th CUCTNEMOI0 TAPAKMEPUCTIUK (TapaKmepucmuwHo cu-
cmemo10). CrucreMy XapaKTEPUCTHK MOXKHA 3allFCATH TAKOXK Y BHU-
TUISIIT:
dey _ fHL dxe _ fo drp-1  fan-1
dzy, fn’ dxy, fn’ o dxy, fn .
IloBenemo nBi TeopeMu, sIKi BCTAHOBJIIOIOTEH 3B’SI30K MIiXK PIBHSI-
uusiM (16.3) 1 BignosigHO0O cucremoro xapakrepuctuk (16.4).

(16.5)

Teopema 1. Koowcrnuti inmeepas cucmemu (16.4) € poss’asxom
pisnanms (16.3).
Josedenns. Hexait (1, 22,...,2,) — iHTerpan cucremn (16.4),
BU3HAYEHUH Y JIETKOMY OKOJI TOYKHU (X109, X20, - - - , Lno)- LOJL 3rigHO
3 o3HavYeHHAM inTerpasa (aekiis 13, m. 1) nosuuit mudepentian yn-
Kiiii ¢ BHaCHiO0K cucremu (16.4) TOTOXKHO JOPIBHIOE HYJIIO, TOOTO

_ o oY oY _
dy = amdxl%— amdxg—i—...%— a%nalalcn_(),
ne nudepentianun dxq, dxrs, ..., dr,_1 TOTPIOHO 3aMiHUTU BHUpPa3a-
MH, {Ki BHILUIMBAIOTDH 3 (16.5):
dry = %dmn, dry = ;—zdxn, o, dryy = f’};l dzy,.
Takum auHOM,
o fH O fo o
— =+ —— =4 4+ — ) dr, =0 =
<8x1 fo 0wy gu o)™
0 0 0
fl'—w-i-fz' w _|_”._|_fn._¢507

o1 8—£L’2 Oy,
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3BiIKN BHUILTHBAE, MO GYHKINA u = Y (z1, T2, ..., Ty) € PO3B’I3KOM
piBasiaast (16.3). Teopemy oBeeHoO.

Teopema 2. Koorchutl 6idminnut 610 cma.not po3e’as30x pieHAH-
A (16.3) e inmeepanom cucmemu (16.4).

Josedenns. Hexait u = ¢(x1,x9,...,2,) — PO3B’'SI30K DIBHIHHS
(16.3), mpuaomy u # const. Toxi
o o oY _
n 16.6
hogethg, Tt g = (16.6)

Buaiinemo audepentian dbyHKIGT ¢ BHACTI0K cucremu (16.4):

W 31/1 O

_ 3_¢ﬁ aié 9% _
- <8x1 o Oap e +awn>d‘7”"_
-+ (fl Yt d’ ..+fn§—i)dxn,

3Biziku, BpaxoBytoun (16.6), maemo, mo diy = 0, To6TO 9 € inTerpa-
aom cucremn (16.4). Teopemy moBeseno.

POSI"JIHHGMO, HAIIPUKJIAJ], PIBHSIHHS 3 YACTUHHUME ITOXITHUMN
ou _ 2 . .
et oe T 2y — 323, = 0. lomy Biamosijae cucrema XapakTepUCTHK

da:_dy_ dz
x 2y T =3z

bynkiii up = 232, us = x /\/Q € PO3B’sI3KAMI HaBEIEHOI'O PiBHSIHHS
3 YaCTUHHUMU TTOXiJTHIMU.

fKa Mae iHTerpasu 1 = 3z, Py = x/\/g Orxe,

2. IlobynoBa 3arajibHOTO PO3B’A3KY JIiHifiHOTO OAHOPI-
aHoro piBHAHHsI. HacTymHa Teopema BU3Ha4Ya€ criocid moOyI0BU
3araJbHOrO PO3B’sI3Ky JiHiiiHOro ofHOpiAHOro piBHsHHA (16.3).

Teopema 3. Hezat

¢1($17$27---7$n)7 ¢2($17$27---7$n)7 sy wn—1($17$27---7$n)

€ nesanescnumy inmeeparamu cucmemu (16.4). Todi gynruyia

= ®(¢Y1,09, ..., Yp_1), (16.7)



220 Posuin 4. PIBHSIHHYA 3 YACTUHHUMU ITOXLIHUMU

de ® — dosinvha ynruia, axa mac Henepeperi NOxXioHL 36 3MIHHUMU
U1, Yo, ..., Yp_1, € po36’askom pieranns (16.3).

Hosedennasa. Ilincrasmsioun (16.7) y pisuamnsa (16.3) i Gepytm
o yBaru, mo (pYyHKIUL 11, P2, ..., Yn—1 € PO3B’I3KAMU PIBHSIHHS
(16.3), orpumyemo:

e O
fl +f2 --+fn87:
D Oy 0 0yi 0% Oy
_flzawiagg /2 Zawia f"Zawiaxn

awz awz awz _
S (e f>

a e it o3mHadae, mo ¢yukiisa (16.7) e poss’saskom piBasHHA (16.3).
Teopemy moBefetHo.

@opmyny (16.7) HasUBAIOTH 3G2AAbHUM PO36’°A3KOM DIBHSIH-

s (16.3). 3BepraeMo yBary, Mo 3arajbHUil PO3B’'sI30K DIBHSHHS 3

YJaCTUHHUMHU TIOXITHUMH IIEPIIOTO MOPSIKY MiCTUTH JOBIIBHY (yH-

KI[ifo, a He JIOBiIbHI cTaJi, g9K 1e Oyso0 i 3BuYaiinux audepeHtii-
aJIbHUX PIBHSHbD.

Ilpukman 3. 3inmezpysamu pieharma e 833 + y ay + 22U 8z =0.
Pose’azanma. CkiamzeMo BiIIOBIAHY CHCTEMY XapaKTEPUCTHUK
de dy _ dz . . . _ _
& =5 = 7 1 sinTerpyeno ii. Bynemo martm: y/xz = Cy, z/x =
= (Y, a ToMy iHTerpasiamu € 1 = y/x, 9 = z/x. OrKe, 3araabHUM

PO3B’sI3KOM 3a/IaHOTO PiBHAHHS €

u=o(2, %),
' x
ne ¢ — noBibHa HenmepepBHO audepeHIiiitoBaa QYHKINS Bif 9aCcTOK
y/xr 1 z/x, TO6TO U € JOBLIBHOK HENEPEepBHO JndepeHIiiioBHOI
OJTHOPITHOIO (PYHKINEIO HYJIbOBOTO BUMIPY HE3a/JIEXKHUX 3MIHHUX I,
y, z. Hampukia, po3s’s3kaMu 33 aHOTO PIBHSHHS € (DyHKIHT

_ _ o _ 2 e 2 _ z/z
uy = —, uQ——+E, usz = E , U4—51n5, us = e’'”.
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Bidnosidv: u= ¢ (y/z, z/x).

3 TeopeMu 3 BUILIMBAE, IO 3aJ@4a PO MOOYIOBY 3arajibHOIO
po3B’s13Ky piBHsHHS (16.3) piBHOCHIBHA 33241 IPO BiANTYKAHHS 1 —
1 HezaeXKHUX IHTErpaJIiB BIIIOBIIHOI flOMy CUCTEMU XapaKTEPUCTUK
(16.4).

Y Bumajky IBOX He3aJEXKHUX 3MIHHUX, MO3HAUUBIINM ITYKAHY
dynukmio gepes z(x,y), MAEMO PIBHSIHHS

0z 0z

Binmosinna cucrema XapaKTepUCTUK BUPOIXKYETbCST B OfHE TUde-
peHIiaJIbHe PIBHSIHHS

de dy
fl(xvy) fQ(xvy).
Axmo ¢ (z,y) — inrerpan pisasguas (16.9), To z = ® (Y(z,y)), 1e

& (1)) — mosinbHaA HenepepBHO JudepeHIiioBHa (yHKIIis Bl 3MIHHOT
1), Oyie 3araJbHIM pO3B’sA3KOM piBHAHHSA (16.8).

(16.9)

Ilpukmaan 4. 3inmezpysamu pieharma y% — xg—z =0.
Po3zs’szarns. Binnosigna cucrema XapaKTePUCTUK BUPOIZKYETHCS
. . . Jde _ dy .
Y PIBHSIHH:I 3 BIJIOKPEMIOBAHUMI SMIHHUME: S5 = =7, IHTErpajioM
axoro € 1) = x2 + y2. BrigHo 3 TeopeMoio 3 3araJbHMI PO3B’I30K

3a/JAHOTO DIBHSIHHSI Ma€ BUIJISL
2. .2
z=®(z" 4+ y°).

3 reoMeTpuyYHOI TOYKU 30PYy MAEMO CiM’'I0 NOBEpXOHL OGepTaHHS
3 Biccio obepramus (Oz. Takum dYwHOM, 3a1aHe PIBHAHHSA € IH-
depenniaabHIM pIBHAHHAM yCiX HOBEPXOHL OGEpTaHHS 3 BicCIO
obeprannss Oz. IHTerpaabHUMM HOBEPXHAMU € IIOBEPXHi obepTaH-
na z = ®(z? + y?). OkpeMuME BHIMAIKAMEI IUX TIOBEPXOHb € 2 =
= 22 +y? (mapabonoin obepranns), z = / R? — 12 — y? (miBcdepa),
z = /2% 4+ y? (xonyc), z = ¢ (wromuna).

Bionoeidv: z = ®(x? + y?).
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3. Bamaua Koimi gis JjdiHiIfiHOTO OAHOPiIAHOrO PpiBHSH-
Hs1. 3adawa Kows nis piBusiHEs (16.3) mossirac y 3HAXOJRKCHHI
po3B’si3ky u = u(xy,xa,...,Ty,), AKH 1719 BHIKCOBAHOTO 3HAYCHHS
OJTHIET 3 HE3AJIEXKHUX 3MIHHUX, HAIIPUKJIAT Xy, , IEPETBOPIOETHCS Y 3a-
JIaHy HelepepBHO AudepeHIitoBHy (DYHKINIO PerTH 3MiHHAX, TOOTO
3aJI0BOJILHSIE NOYAMKOBY YMOBY:

uly, g0 = P(T1, T2y Tno1). (16.10)

Y BuUNaJKy, KOJU IyKaHa (PYHKIS 3aJIeXKUTh Bif JBOX He3aJie-
JKHIX 3MIHHUX, TOOTO muist piBusnus (16.8), 3amada Ko nossirae y
BiykaHHi Takoro po3s’ssKy z = f(x,y), sKuil 3a/10BOJIbHSIE TOYa~
TKOBY YMOBY

2|y 2o = (Y,

ne ¢(y) — 3amana dynkis. [eomerpudno 1e o3HavaE, Mo cepe yeix
IHTerpa/JIbHUX [MOBEPXOHb, sIKi BUSHAYAIOTHCS PiBHsHHSAM (16.8), mmy-
Ka€eTbCs Taka MOBepXHA 2z = f(z,y), sIKa MPOXOAUTH 9Yepe3 3aaHy
KpuBy z = ¢(¥y), AKa JIEXKUTb y IJIONMHI & = xo (g JIONMHA A~
pasenbaa 10 wionwan Oyz).

3rigHo 3 TeopeMoio 3 3ara’abHUil PO3B’s30K piBHsAHHA (16.3) 3a-
naerbest popmysioro (16.7), To6ro

u = (P(wl7¢27 e 7¢n—1)-

[Tincrasnsioun mo dyukiio B (16.10), 6admmo, 1110 po3B’sI30K 3a1a11
Komi (16.3), (16.10) 3BoauThCst /10 BUusHaYeHHs BUJIs LY DyHKIGT P,
SIKa 3aJI0BOJILHAE yMOBY

(P(wl7¢27 o 7¢n—1)’zn:mn0 = @($1,$2, o 7xn—l)‘

TakuM IUHOM, OIEPKYEMO NPABUAO PO38 a3ysarnHs 3adawi Ko-
wi (16.3), (16.10):

1) ckaacmu 6i0nosiony cucmemy xapaxmepucmuk i snatmu 7
n — 1 He3asescHuT 1thmezpanis:

¢1($1,$2,---,$n), ¢2($1,$2,---»$n), R ¢n—1($15$25"'7xn);
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2) saminumu Yy 3HATUOEHUT IHMEZPANAT HE3ANEHCHY BMIHHY Ty
17 NOYaAMKOBUM 3HAYEHHAM Ty = Tpo:

P1(x1, T2, - Tno1, Tno) = Y1,
wQ(xl7x27"'7xn—l7xn0) :/(/]27 (16 11)
wn—l(xlvx% s 7xn—17xn0) = Jjn—l

i poss’asamu cucmemy (16.11) eidnocro x1, Ta, ..., Tp_1, MOOMO

3natimu

Iy = Wl(&lv&% s 7'(7571—1)7 T2 = WQ(&I?@E% s ﬂZn—l), tee
Tpn—-1= Wn—l(&lﬂﬁ% s 7'(7571—1);

3) nobydysamu dymnryito

u = @(Wl(wlﬂ/&? e 7¢n—1)7 W2(¢17¢27 oo 7¢n—1)7 ey
Wn—1(¢17¢2, s awn—l))v

axa 1 6yde poss’askom sadaywi Kows.

Ilpuknan 5. 3natimu poss’asox sadaui Kows

x@—i- %—i- %—0 3 =Y +
Ox yay 9, T M= TYTE

Poses’azannsa. InrerpasamMn BigIOBIIHOI CHCTEMI XapaKTEPUCTHUK €
1 =y/xz, Yy = z/x (mus. npukian 3). Ockinbku

_ Yy — V4
V1] = Y1 = 3’ Vol = P2 = 3

TO Yy = 311, 2 = 31), & TOMY IIYKAHIM PO3B SI3KOM €

w=3P 43 = u:3yiz. n

Ilpuknan 6. 3natimu inmezpasvhy NOBEPTHIO PIBHAHHS

9z 9z _
Yor  Toy ~
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axa npu x = 0 npoxodums vepes Kpusy z = y>.
Pose’azannsa. Ockinbkn ¢(z,y) = 22 + y? (qms. npuxmnazn 4), To
P = Y| =0 = y?. 3Bigcn y = £1/1, a TOMy HIyKaHOIO IHTErpaIbHOIO
[TOBEPXHEIO €
_ _ 2 2
z=YP(x,y) = z=zx"+y".

3 reoMeTpUYIHOI TOYKHU 30py MaeMO mmapabosioin obepramms. W

Pexomendosana aimepamypa: |1, c. 325 — 328, [9, c. 275 —
280], [10, c. 198 — 202], [16, c. 458 — 463], [19, c. 247 — 281].

IInrannsa mo jgekuii 16

1. [Tlo HaswBaiOTh AudEpPeHIiaTLHIM PIBHAHHIM 3 YJACTUHHUME TOXi-
aanMu? Sk BU3HAYUTH MOPSIJIOK TAKOTO DIBHSIHHS !

2. Illo Ha3MBaKOTh PO3B’SI3KOM DIBHAHHS 3 YACTHHHUMU ITOXITHUMU!
Axuit reoMeTpuyHUil 3MiCT Ma€ pPO3B’sI30K PIBHSIHHS 3 JBOMa HE3aJIEXKHU-
MU 3MIHHAMEA?

3. ke piBHsAHHS HA3WBAIOTH JIHIHHUM DIBHSIHHSM 3 YACTUHHUME I10-
XIJTHUME TIEepIIoro mopsaKy? ¥ sSKOMY BHUIAJKY HOTO HA3UBAIOTH OJHOPI-
aanm?

4. fdxwnit BUTTISAT MA€ CHCTEMa, XapaKTEPUCTHUK JJIsl JIHIHOTO OJHOPI-
JIHOTO PIBHSIHHS 3 YACTUHHUMUY TOXITHUMU [MEPIIOro mopsaKy? Akuii 38’s-
30K MiXK JIHIHHUM OJIHOPITHUM PIBHSHHAM 3 YaCTUHHUMH ITOX1THUMH IT€p-
IIOr0 HOPSIJIKY 1 BIIIOBIHOIO CUCTEMOIO XapPaKTEPUCTHUK !

5. dx dopmymioeThes 3amada Ko s piBHAHHS 3 YACTUHHUME MTOXi-
JIHUMU TIE€PIIOro Mopsiiky ! AKuii reoMeTpUdHMIL 3MICT BOHA MA€ Y BUIIAIKY
JBOX HE3AJIEKHUX 3MIHHUX?

6. dx moOymyBaTy 3arajbHUN PO3B’sI30K JIHIHOIO OIHOPIIHOrO PiB-
HIHHS 3 YACTUHHUMU TIOXITHUME TEPIIOro mopsaky? Kk poss’s3yernbes
zajada Kol 11st 1boro piBHIHHS?

Brupasu go aekiiii 16

1. IlepesipTe, un € BKazaHi GyHKIII pO3B’I3KaMU 38 IaHUX PIBHSIHD 3
YACTUHHUMU [TOX1THIMIE:

a) Qﬁ%—yg—zzO, z=+/T+Iny;
2 2
6) (x2+y2)g—;‘—|—2xyg—z +a2zdt =0, u= 5 +3;

z

4 2 3
B) (x—&-%)g—;—i—ng—Z—l—z%:O, u:%—l—lrz.
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2. BinTerpyiiTe OJHOPIAHI PIBHSIHHS 3 YACTUHHUME [TOX1THUMU:
1ol 9z _ . e} ou _ .
a) (v +2y)gz —ya—z =0; 6)xg; +yzgs =0;
2 2,2\ 9 2 ou _
B) (2%y — 2%y )a_.7;+y8_7;+3_:_0'
3. Posp’sexiTh 3amaui Kormi:

oz 9z __ _ . du du ou __ —
a) x5 -y =0, zl,—y =27 ©) 55 + oy T252=0, ul,_, =yz.

Jleknia 17. KBasiniuiitai Ta HeJtiHiliHI piBHIHHS
3 YaCTUHHUMU IIOXiTHUMU MEPIIOTO MOPSAIKY

Il1an

1. ITobymoBa 3araJbHOTO PO3B’SI3KY KBA3LIHIHOrO piBHAHHSA
[IEPIIIOTO TOPSJIKY.

2. 3amaqi Kot fyist kBazimiiHITHOTO PIBHSHHST TIEPITOTO TOPSIJIKY.

3. Heniniiini piBHAHHS 3 YACTUHHUMH IOXITHUMHI IIEPIITOTO II0-
PSIKY.

4. Pisustaus I1dadda.

1. Ilo6ygoBa 3aranbHOrO PO3B’I3Ky KBasijgiHiliHOro piB-
HSHHS MEePINOoTro NOPAAKY. PiBHSIHHSI BUTIISTY

0 0
P12 ) e o1, )
ou
cooF folzr, 22, .o T, u) = F(z1,22,...,Tp,u) (17.1)

Oz,

Ha3UBaIOTh ATHIUHUM HEOOHOPIOHUM PIBHAHHAM 3 YACTNUH-
HUMU TNOTIOHUMU Nepuwo2o nopadky. lle piBHsHHS HasuBa-
IOTh IIe K8a3tAtHitHuM. 1o 1boro K Tuiy OyaeMo BigHOCH-
TH TaKOXK piBHgAHHA, y sgkux =0, ame xoda 0 oauH 3 KO-
edimientis  f; samexkuTh Big u. Bpaxaemo, mo fi, f2, ...,
fn, F — HemepepBHo audepeHIiitoBHi (QYHKINI B JIEIKOMY OKO-
i 3ajgaHol Touku (X109, 20, - - -, Lo, Ug), 1 HEXAH, HANPUKIIAI,
Jn(Z10, 220, - - -, Tno, uo) # 0.
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Posp’st30k piBnsnns (17.1) mrykaeMo y HesIBHOMY BHIVISIIL:
V(xy,x9,...,2n,u) =0, (17.2)

e GyuKIis V Mae HemepepBHI YaCTUHHI IMOXiTHI 38 yciMa apryMeH-
TaMU TIpUHAWMHI B JesKiit 001acTi 3MiHA T, T3, . . . , Ty, U, TPAIOMY
! . . .
Vu|(mo,xzo,...,azno,uo) # 0 (e rapanTye ‘Te, o B it 006J1acTi piBHSHHS
(17.2) BusHavae u K HessBHY (DYHKIIIO BiT 1, X9, ..., Ty).
Bmudepentiosasimm (17.2) 3a 3MmiHHOW Zjp (BOHA BXOAUTH Y
(17.2) aBHO 1 HesIBHO 4epe3 (DYHKILIO U), OAEPIKYEMO:

oV OV ou
oy ou omy, O k=LZe.n =

ou ov  [ov\ !
Ou __ OV (oV k=12 .. .n 7.
N (8u> , 2.m (173)

[lizcrapastoun Bupasy AJIst YACTUHHUX ITOXITHAX g—;c 3 (17.3) y
(17.1), micsist TPOCTUX TIEPETBOPEHDb OJIEPXKYEMO JIHINHHE OIHODI/IHE
PIBHSIHHSI 3 YaCTUHHUMH IIOX1THIMUI

fl(xl,xg,. .. ,(En,u)a—z + fg(xl,xg, . ,xn,u)g—a‘; + ...
oV oV
e +fn($1,l'2,. .. ,LUn,U)a—.rn +F($1,JJ2, Ce ,LUn,U)% = 0 (174)

BistHOCHO HeBizmoMol dyHKIl V.
[ITo6 sinTerpysaru piBHsHHA (17.4), yTBOPHMO BiANOBiAHY Cu-

cmemy xapaxmepucmux (. 1 jexuii 16):
dry  dvy _dx,  du

T_f_”'_f—n_F

1 IPUITYCTUMO, IO HaM BJIAJIOCA BiJINIYKATH 711 HE3AJIEXKHUX IHTErpa-
JIB IIi€] CHCTEMU:

(17.5)

wl(xth? cee 7xn7u)7 ¢2(£U1,LU2, cee 7xn7u)7 s 7¢n(x17$27 cee 7xn7u)'

3rifgHo 3 TeopeMoIo 3 HOIEePEHBOL JIEKINI 3arajbHuil po3B’sI30K piB-
HsauHst (17.4) MOXKHA 3alMcaTH y BUIVISI

V= @(wl(xl,xg, cey Ty ), YTy, T,y T, 0,
/(/]n(xl7x27 e 7xn7u))7 (176)
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ne ® — noBibHA HemepepBHO AudEpeHIliioBHa (YHKITS CBOIX apry-
MEHTIB.

Bpaxosytoun (17.2), omepKyeMo IIyKaHuil PO3B’sI30K PIBHSAHHSI
(17.1) y HesiBHOMY BHIVIST

q)(¢1($1,$2, s a-rnau)v ¢2(x17x25 s axnvu)a R
wn(xl,wg,...,wn,u)) =0. (17.7)

Cuissignoriennst (17.7), ne ® — nosinbHa HenepepBHO audepeH-
mitoBHA (DYHKIIIS, HA3UBAIOTDH 3A2AABHUM PO38’°A3KOM PIBHSIHHS
(17.1). dxmo (17.7) BoacTbest po3B’si3aTH BITHOCHO U, TO OJEPIKUMO
3araJbHAN PO3B’S30K y SABHOMY BUIVIAML: U = u(X1,X2,...,Tn), A€
u — HellepepBHO gudepeHiifioBHa QyHKITis.

Cucremy (17.5) HA3MBAIOTH CUCTNEMOMO TAPAKMEPUCTIUK KBa-
siminifiroro piBusHus (17.1).

Taxum guHOM, 048 3HATOOHCEHHA 3G2GAbH020 PO38 A3KY DPIGHA-
nna (17.1) nompibro ymeopumu 6i0no6idny cucmemy rapaxmepu-
cmuk, 3HATMuU N HE3ANEHCHUT THIMEZPAALE ULEL CUCTNEMU 1 NPUPILE-
HAMU JO HYAA D08LALHY Jupepenyitiosny GYHKYLIO YUT IHME2PALE.
Ompumara npu yvomy pisricmos eueandy (17.7) 6yde szazanrvrum
po3e’askom pienanna (17.1) y neasnomy eueandi. Poss’asyrouu to-
20 6I0HOCHO U (AKWO UE MOACAUBO), MOHCHA 3HATMU 3a2a4bHUT
PO36°A30K Y ABHOMY 6UAADL.

. . 0 0 ou __
IMpukiaz 1. 3inmezpysamu pisnanns, gy + ya—Z + 2% = u.
Pozs’sazarnsa. CkiageMo BiAIIOBIIHY CHCTEMY XapaKTEePUCTHK:

3arajibHIM PO3B SI3KOM €

<1>(g z 9) = 0. (17.8)

) )
'z w
Axmo (17.8) mMoxkna poss’s:3aTn BigHOCHO U/T, TO

fs(E2) > mes(t)

x x x
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e f — nmosimbHa QYHKINS, a OTKe, pO3B’A3KOM 3aJaHOTO PIBHSIHHS €
JOBIIbHA OJTHOPiIHA HenepepBHO JudepeHIiioBHa MYHKIiS BUMIPY
1. Takumu QyHKIISIMA, HAIPUKIIAT, €

_ _ .9 _ _ (Y2 _
U=, U= -—=9Yy, Us=z|—+—)=y+2z2,
x r
y? 52 y? 52
w=z(5-25|]=—-2—.1
x x x x
Ilpukman 2. 3inmezpysamu pieharma e”% + yQég—Z = ye”.
Po3ses’azanns. 3anuieMo BiIOBIIHY CUCTEMY XapaKTEPUCTUK:
dr dy dz
eT y2 yer :
. de __ dy . . .
3 piBuAnHA T = o (e piBHSIHHS 3 BIIOKPEMJICHUMA 3MIiHHIMN)
. _ _ . d
3HAXOIMMO HepInuii inTerpan y ! —e™® = C, a3 piBHAHHSA y—g = ;TZM
T Y A
BPAxoByIOUH, INO €' = ==, MaeMO lie OJMH NepHuii inTerpai
Injy|—x :
2= gy T = (5. Takum amHOM, 3arajJbHAM IHTErPAJIOM 3a,IaHOTO

—z Inly|-=
9 e—z_y—l

1 — 1
z:mw(_e-z)_ -
et —y~ Y

2. Bagaui Koiti ay1a KBasijiHifIHOTO piBHSHHS IIE€PIIIOrO
nopsiaky. 3adawa Kowsi njist kBasiiiniiinoro pisasiaast (17.1), Tak
caMoO, K 1 JIIs JIIHIWHOTO OJHOPITHOrO PIBHSHHS, IOJISTaE y 3Ha-
XOJIPKEHHI Takoro pose’si3ky u = u(Z1,xa,...,Ty) IbOrO PIBHSHHSI,
AKWH 338J0BOJIBHSIE NOYAMKOBY YMOBY:

PIBHSHHS € @(% —e ) = 0, a 3araJbHUM PO3B’SI3KOM —

u|$n:xn0 =@(x1,29,..., Tp-1), (17.9)

Je ¢ — 3ajJlaHa HemepepBHO JudepeHItiioBHa DyHKITiS.

ITokazkemo, K 3HAWTH PO3B’sI30K 3amatdi Korm mjist piBHSHHS
(17.1), sratoun ioro 3arajabHuil poss’szok (17.7). fx i mis oxHo-
PIHOTO PIBHAHHSI, BCE 3BOAUTHLCA 10 BU3HAUEHHS BUTVISAY (PYHKIT
. dkmio 3anucaru mouarkoBy ymoBy (17.9) y Burssii

’LL(JJ]_,]?Q, cee 7xn—171"n0) - (p(xlva’??‘ .. ,LUn_l) =0
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i mopiBasaTH 113 (17.7), TO Gaummo, 110 dyHKIio ¢ HoTpibHO BHOpAaTH
TakK, 1100

(1,2, hno1) = u(@1, T2, ..., Tp_1, Tno) —
— (1,22, .., Tp_1), (17.10)
Je depe3 1,51, 1Z2, .. ,&n MMO3HAYEHO (PYHKII, IKi OTPUMYIOTbCA 3 iH-

rerpasisB cucremnu (17.5) 3aMiHOIO T, TOYATKOBUM 3HAYCHHAM Tp(,
TOOTO

1Zj:wj(xlvx%"'a$n—la$n07u)a j:172a"'7n' (1711)
Posp’sizyroun cucremy (17.11) BigHOCHO 21, X2, ..., Tp_1, U,
OJIEPKYEMO:

T4 :Wj(&laqz%a&n)a ]:15275n_17
U:CU('(E1JZ2,--‘,'(,Z7Z)-

Axio Tenep B gxocti dyukIl $ B3sgTH DYyHKITIIO

®(¢17¢25 ce 7¢n) = W(¢la¢25 ce 7¢n) -
- @(w1(¢1,¢2»- v 7¢n)7 SR Wn—1(¢17¢25 s awn))v

To ymoBa (17.10), oueBuHO, cupaBKyeTbest. Orike, hopMmya

W(¢1,¢2, cee 7¢n) -
- @(wl(wl7w27 cee 71/}71)7 ey wn—l(wl7w27‘ .- ﬂﬁn)) =0 (1712)

BU3HAIa€ po3B’ 30K 3aaadi Komi (17.1), (17.9) y HesgBHOMY BHIVISIL.
Posp’sizyroun (17.12) BigHOCHO % (SIKIIO 1€ MOXKJIMBO), OJICPXKIMO
po3B’si30K 3agadi Komri y ssBHOMY BUTISAl, TOOTO y BUIVISI U =
u(xy, o, ..., xy).

TakuM IHHOM, IPUXOIUMO JI0 TAKOTO MPASUAL PO36 A3YBAHHS
3adavwi Kowsi nins kBasininiiinoro piBusinus (17.1):

1) ymsopumu 6idnosiony cucmemy Tapaxmepucmur i 3natimu n
11 He3aNeHCHUT THIME2DANIE:

Yi(x1, T2, .. Tp—1, Tpyu), J=1,...,m; (17.13)
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2) saminumu 6 inmeepanraxr (17.13) nesanesrcny sminny Tp i
3a0aAHUM 3HAMEHHAM Tp, = Tpo:

wl(xl7x27 L 7xn—17xn07u) = 1&17
¢2($15$25---7x’n—17$n05u) :¢27 (17 14)
Un—1(1, 22, ..., Tne1, Tno, u) = Pp_1

i pose’azamu cucmemy (17.14) eionocno x1, x9, ..., Tp_1, U

x] :wj(ilvlﬁ??"'vd;n)? ]: 1,...,7’1;
u:w(lﬁlﬂzjﬁ‘”?&n);

3) ymeopumu cniesidnowerHA

w1, 2, .., 1b) —
—p(wi(®1, %2, . )y s w1 (1,2, y)) =0, (17.15)

aKe U 6usHaAYAMUMe WYKGHUT pose’asok 3adawi Kowd (17.1), (17.9)
y Heasnomy sueandi. Pose’asyrovu (17.15) eidnocro u (axwo ye mo-
2HCAUB0), 0depoatcumo po3e’azok 3adavi Kowi y asnomy euzandi.

Ilpukmaam 3. 3natimu inmezpasvty NOGEPTHIO PIGHAHMA

0z 0z
97 9y YF 2 2
xax y@y -ty

AKA NPorodums weped Athito y = 1, z = z2.

Pose’sazanns. 3anuiemMo BiIOBIIHY CHCTEMY XapaKTEePUCTUK:

d_x dy dz

r  —2y :x2+y2'

Ileprmuyu inTerpagaMu i€l cucTeMn, sSIK JIETKO IEPEBIPUTH, €
yr? =C; i x2/2 — y2/4 —z=(h.

OrKe, 3araJbHUIl iHTErpaJ PIBHSHHS MOXKHA& 3aIllUCATH Y BULJISI
<I>(yx2, x2/2 - y2/4 - z) = 0, a 3araJbHUM PO3B’I3KOM €

2= 22 /2 =y [4 + p(ya?). (17.16)
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OyHKISA  3riAHO 3 MTOYATKOBOIO YMOBOIO 33JI0BOJILHSE DIBHSHHS
a? = 22 /2 - 1/4+ p(z®) mpu @(t) =t/2+ 1/4.

Orxe, p(yr?) = yx2/2 +1/4, a 3 (17.16) 3HaXOAMMO NIyKAHWIi

PO3B’SI30K:

z? -
z=—
2

] =

y* | ya?
-+ =+
4 2

3. HeuniuiitHi piBHsIHHS 3 YaCTUHHUMU TTOXiITHUMU MEPIIIO-
ro nopsaky. Posrismemo HesiHiiiHe pIBHSAHHSA 3 YACTUHHUME II0-
XUJIHUMU TIEPIIOrO MOPSIJKY 3 JBOMa HEe3aJIe;KHUMU 3MiHHUMHU (3Ha-
YHA YaCTUHA PE3YJIbTATIB MO2Ke Oy TH MOIMUPEHA Ha BUIAJIOK OibIITol
KUJIbKOCTI 3MIHHUX). VY 3arajbHOMY BHIIQJKY TAKe PIBHSIHHSI MOXKHA
3alncaT y BUTJIAL

F(x7yvzvp7Q) =0, (1717)

ne z = z(x,y) — mykana GyHKIUA, p = %, qg = g—;, F — zanana

HerepepBHO TudepeHIiiioBHa QyHKIA CBOIX ApTYMEHTIB V JIeIKOMY
OKOJII TT0YaTKOBOI TOUKH (X0, Yo, 20, D0, 40 ), AKA 3aJIEKUTH BT P 1 ¢
HeJTHINHO.

Bustsnsierbes, 1110 3a/1a1a iHTErpyBaHHs OJHOTO PIBHSIHHS BUTJIS-
ny (17.17) € ckiraHinmoro, Hizk IHTErpyBaHHs CUCTEMU JIBOX CyMICHUX
piBusnb Buragy (17.17).

Posriisinemo cucremy

{F(ﬂ%y,znn q) =0,
G(z,y,2,p,q) =0

i mpumycTumo, 1Mo y JesdkKiit obsacti 3minu x, y, 2, p, ¢ IIO CUCTEMY
MO>KHA PO3B’SI3aTH BiIHOCHO p i ¢, TOOTO

p=A(x,y,2), q=B(z,y,z), (17.18)

e dyukiil A i B — HenepepBHO Iu(epeHIiioBHI B JI€STKOMY OKOJI
HOYATKOBOI TOYKHU (T, Y0, 20)-

Buaiinemo HeoOximHy ymoBy cymicuocti cucremu (17.18). Ilpm-
IyCTUMO, 110 PO3B 530K z = z(x,y) cucremu (17.18) mae HenepepsHi

. N 2 2 .
YJaCTUHHI TTOX1THI %, g—;, aazazyv 8?;51 y JIesTKOMY OKOJIi TOUKH (X0, Yo )-
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Hudepentiooun pisusanas cucremn (17.18) 3a sminnnmu y i
BIJIITOBIZTHO, OJIEPKY€EMO:

o oA oa o: 0% _oa oA

oyox Oy 0z Oy oyox Oy 0z
o _oB 0B 0: 0 _oB 0B
oxdy Ox 0z Ox oxdy  Ox 0z

[TpupiBHIOIOYN 06UABa BUpa3n JJist IPYTol MiImaHol moxigHol (pe-
3yJIbTAT HE 3aJIeXKUTh BiJI TOPSJIKY JUMEPEHIHIOBAHHS ), OJIEPKYEMO
HIyKaHy HeobxioHy ymosy cymichocmi cucmemu (17.18):

0A 0A OB 0B
—+B———-A—=
oy 0z Ox 0z

Pisricts (17.19) mepeTBOpUTHCST ¥ TOTOXKHICTD, SKIIO 3aMiCTh 2
mijicraBuTH po3s’si30K z(x,y) cucremu (17.18). Ao ymosa (17.19)
He BHKOHYETbCS TOTOKHO, TO (17.19) — piBHSAHHS 3 TphOMa 3MIHHU-
MU I, Y, Z, fKe BU3HAUae z saK GyHKIio Big x 1y, z = z(x,y), i
HoTepe/HI MIpKyBaHHs ITOKa3yIOTh, IO po3B’sa30K cucremu (17.18),
AKINO BiH icHye, He MoxKe OyTw iHmwuM, HiXK 1ieo dyukiieo. Yu €
dyukuis z = z(x,y) po3s’sa3kom cucremu (17.18), serko mepesipurn
38, JJOIIOMOTIOIO 1T JCTAHOBKH.

3’s1cyemo, 3a sikux ymMoB cucreMa (17.18) mae 6e3stiu pos3s’s3KiB,
TOOTO Uepe3 KOXKHY TOUKY (X, Yo, 20) JA€AKOI 001aCTi IPOCTOPY PO~
XOJIUTDH IHTErpaIbHa MOBEPXHS, dKa BiIIOBia€ EBHOMY PO3B’d3KY.
Y npomy Bumajaky ymoBa (17.19) moBuHHA BUKOHYBATHCH y KOXKHIM
TOUIN 3rajlanoi obs1acTi, T06TO TOTOXKHO s (T, Y, Z).

Otixe, ToTOXKHE BUKOHaHHS ymMoBH (17.19) meobxinme mjist Toro,
o6 cucrema (17.18) masa Gessiy po3B’s3KiB, sIKi 3a/exKaTh PU-
HaiiMHI BiZ omHiel HoBiabHOI cTayol. MoXKHa moKa3aTH, 10 TOTOXKHE
BUKOHaHHs yMOBH (17.19) € TakoxK J0oCTaTHIM JIJIsl CyMICHOCTI CHCTe-
mu (17.18), To6TO 33 BUKOHAHHS Ii€] yMOBH 3HAXO/KEHHS CIIIBHUAX
posB’si3kiB cucremu (17.18) 3BOAUTHCsT 70 iHTErpyBaHHS JIBOX 3BU-
JafiHux audepeHIiajTbHuX PiBHIHbD.

0. (17.19)

Ilpukmnan 4. 3inmezpysamu cucmemy PiGHAHD

%—z—i—z %_224-23}2
or  C Y By T ‘
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Pozs’sazannsn. CkmagemMo Bupas g JIBOI YacTUHH PiBHOCTI

(17.19):

04, 04 OB 0B
oy 0z Ox 0z
=24+ (22 +222)(1+y) — 22 — (2 +y2) (22 +2x) = —2(1 + 2 +y2).

SHalijeHuii BUpa3 He JIOPIBHIOE TOTOXKHO Hymo [TpupisHiotoUn #ioro
710 HyJIs, ofepxKyemo, mo z = 01 2 = —3— +y 3a JOmOMOTrO0 IIif-
CTAHOBKHU IEPEKOHYEMOCH, IO TiAbKHU (yHKINS 2z = 0 € po3B’da3KoM
3a1aHO1 CUCTEMU.

Bidnosidv: z = 0.

Ilpukmnan 5. 3inmezpysamu cucmemy PieHAHD
0z o 0z 1 n 2z
or U oy  y? oy v
Pose’azamnmns. Ymosa cymicuocti (17.19) BUKOHYETBCSI TOTOKHO:

0A  p0A OB 0B _, 2 ,
Yy

By + 0z Oz 0z 0

IuTerpyrotun nepiiie piBHAHHA CHCTEMHA 33 3MIHHOIO &, 3HAXOIIMO

z—/ 2dz = xy® + u(y), (17.20)

ne u(y) — nosinbaa audepenniiioBra GyHKIIs 3MIHHOT Y.
[TincTapasgioun B Apyre PIBHAHHS CUCTEMU, OJEPIKYEMO:
2u 1 9

1 2u
ey +u'(y) = 5 +2ry+——y° = Wy -—==5-v"
y y y oy

A 1ie € jtiniiine piBHSHHS IEPIIOro MOPSIIKY Bl,Z[HOCHO HeBioMol dpyH-
KIii w. JIoro 3arajibHEM PO3B’SISKOM € U = —iy — 3 4+ Cy?, ne C
JoBinbHa crana. [ligcrasiasoun et Bupas mist u y (17.20), oxep-

JKYEMO 3arajbHuil PO3B 30K CUCTEMMU:

1
z:ny—yg—@—i—C’yQ. |
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4. PiBusaana Ildbadda. Pisnarrnam Ilpagpgpa nazusaoTsh
DIBHSIHHST BUTJISALY

P(z,y,2)dz + Q(z,y,2)dy + R(x,y, z)dz = 0. (17.21)

Y piBusaaa (17.21) 3minni 2, y, 2z BXOAATH CHMETPHYHO, a OTKeE,
OyIb-sIKy 3 HEHX MOXKHA MPUAHATH 3a myKany Gyakiio. [Ipumycru-
Mo, o Koedimientn P, (), R Bu3HadeHi Ta HelepepBHI pa3oM 3 4a-
CTUHHUMHY TOXiJIHUMHY IIEPIIOrO MOPAJIKY B OKOJI IMOYATKOBOI TOYKU
(20, Y0, 20) 1 HE IEPETBOPIOIOTHCH Y Ml TOUI OJHOYACHO B HYJIb. He-
xait, manpukian, R(zo,yo,20) # 0. Toxl piBuamnus (17.21) moxkna
3alicaTu y BUTJISAL

P Q

dz = ——=dx — = dy.
R R
3HaiieMo yMOBY, 3a sikol piBusuns [Idadda mae civ’'to po3s’s3-

KiB (IHTerpaJIbHUX MOBEPXOHB ), 3aJI€3KHY BiJ| OJHIET JOBLIBHOI CTAJION.
OckinbKn Ha KOXKHIN IHTErpasbHiil moBepxHi 2z = z(x,y) CIpaBIXKY-
€ThCsI CIIBBiHONIEHHS dz = %dw + g—;dy, TO

0z 0z P Q

—dr+ —dy=——=dx — =dy.

ox oy 4 R R 4
3BijcH, BpaxoByI0UN HE3aI€KHICTD qudepeHtiaiB dx i dy, omepxky-
€MO, 1110 NIYKaHi iHTerpaJjbHi MOBEPXHI ITOBUHHI 33/I0OBOJILHATHA CUCTE-
My PiBHSHbD

0z P 0z
9z _ P 02 Q (17.22)
or R 0y R
Taxkum aunom, pisasaus [Idadda (17.21) piBrocmibhe cuctemi
(17.22) i, orke, HEOOXiHO 3’sICyBATH YMOBH IIOBHOI iHTE€TDOBHOCTI
M€l CUCTEMM.

Bammcyioan ymosy (17.19) mis cucremn (17.22), maemo:

19P P OR ( 1 0P P8R>< Q):

“Roy Raoy \"Ro: RoJ\ R

18Q+Q8R+< 18Q+Q8R><_5>_

R

ROr  R20z

ROz  R20z
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Homnuoxyioun obmasi uacTunn na R? i 3rpylyBaBIIN T0TaHKH
BigHOCHO P, () 1 R, omepxKyemo:

OR 0Q OP OR
Pl ——-—— —_— - R
<3y 32)+Q<3z 8x>+
Hnst 3pyanocti 3amam’sToByBanist ymMoBy (17.23) mMoxkHa 3ammu-
caTH y BUIVISJIl YMOBHOI PIBHOCT1

9Q 9P\
(% - a_y> =0. (17.23)

P Q R
o 0 9 |_
or Oy 0z |~
P Q R

SIKIT[0 BU3HAYHUK YMOBHO PO3KJIACTU 32 €JIEMEHTAMU IEPIIOro Psiji-
Ka.

Ao ymosa (17.23) BUKOHYETbCSI TOTOXKHO, TO i1 HA3UBAIOTH
YMO0B010 NosHot tHmeeposrocmi pieuanns Igagpgpa. 3a Buko-
HaHHs 1€l ymoBH inTerpyBanusa piBusanng [ldadda 3BomuThesa 10
inrerpyBanus cucremn (17.22). IIpu mpomy icnye cim’st po3s’si3KiB,
K& MICTUTH OJHY JIOBLIBHY CTaJIy.

Ilpuknan 6. 3inmeepysamu pisnanna Ipadpa
(222 4 2x2 + 22y* — 1)dx — 2ydy — dz = 0.

Pose’azanna. Ockinpku ymosa (17.23) moBHOI iHTErpoBHOCTI BHU-
KOHYETbCsI TOTOXKHO:

(222 4+ 2x242xy* —1)-(0—0) + (—2y) - (2 —0) + (1) - (0 — 4xy) = 0,

TO 3aJlaHe PIBHSHHS MAa€ CiM'I0 iHTerpajbHUX MTOBEPXOHD, 3aJIEXKHY
BiJ| ZI0BUIbHOI cTasiol. Braxaroun mnrykanowo byHKILEO 2z = z(z,Y),
3aMIHIMO 3a/laHe PIBHAHHS PiBHOCHIBHOIO CHCTEMOIO

) )
a—; = 227 + 22z + 20y% — 1, a_; =2 (17.24)

i mepeBipumo Jij1st Hel BUKOHAHHs yMoBU cyMicuHocti (17.19):

dzy + 22(—2y) —0—0- (222 + 222 + 22> — 1) = 0.
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Orxe, cucremy (17.24) moxua sinrerpysatu. leprie 3 piBugnb y
(17.24) niniitae BigHOCHO 2z (s1KIO 3adikcyBaru y). [nrerpyoun iforo
(3a dopmysoo (4.5) 3 mekmii 4), 3HAXOAUMO

2 =e" (/(2x2 + 2xy% — 1)e_m2dx + C’(y)),

ne C(y) — nosiibHa nudepentiiiopaa (yHKiis 3MiHHOT y. OCKIIbKY
/(2302 + 2z9% — l)e_mzdx = —y2€_12+/2x26_12d$ —/e_mzdx =

=y — ge —i—/e_”de —/e_Ide = (P + x)e_IQ,

TO

2
—y? -

z=e" (C(y) —(y* + x)e_xz) = z=C(y)e"
Bub6epemo renep C(y) Tak, mob GyHKIA 2 33 [0BOIBHAIA IPYTe PiB-
usinns 3 (17.24). Hudepenniooan z = C(y)e”Q— y? —  3a 3MiHHOIO
Y, MAgMOo:

2—220’(1/)69”2—% = e -y=-2 =
Clyy=C = s=Ce" —y*— 2. W

Pexomendosana aimepamypa: [9, c. 280 — 305], [10, c. 202 —
213, [16, c. 463 — 470], [19, c. 282 — 300], [20, c. 243 — 278].

IIuranasa go Jekiii 17

1. {xe piBHSIHHS 3 YaCTUHHUMU IIOXiTHUMU IIEPIITOTO MOPSIIKY HA3UBA~
I0OTh KBa3iaiHiAHIM?

2. dxnit BUrIs1 Ma€e cucTeMa XapaKTePUCTHK JJisd KBa3LIiHIHHOTO piB-
HSIHHS 3 YACTUHHUMH MTOXITHIMY [EPIITOro HOPSIKY !

3. dk nmobymysaTy 3arajbHUIl PO3B’A30K KBa3IiHINHOTO PiBHAHHS 3
YACTUHHUMU TOXITHUMU TIEPIIOTO MOPSIKY !

4. dx dopmyioerbes 3amada Ko jist KBa3iaiHITHONO DIBHSHHS 3
YACTUHHUMU TOXIJTHUMU TIEPIIOTo MOPSAKY ! K 3HATH PO3B’A30K 3a1a4i



Jleknist 17. KBazisminiitui Ta HesriHiiHI PIBHSIHHSI 3 YACTUHHUMU ITOX1THUMA 237

Komri gnsg xBazinminiitHOro piBHAHHS 3 YACTUHHUMH IOXITHUMHI IIE€PIITOTO
OPAIKY 7

5. dxuit 3araabHUN BUTTISII MA€ CUCTEMA HEJIIHIHHIX PIBHIHD 3 YACTUH-
HUMH [TOX1THUMHY TIEPIIOTO MOPSAKY 3 JBOMA HE3AJIEKHUMA 3MiHHUME ! SIK
IHTErpyThCcs Taka cucrema?

6. [lo masuBarorh piBHsiHHIM [Idbadda? Axiit cucremi piBHOCHIBHE
e piBHsiHHs? ZIKOI0 € yMOBa 1OBHOI iHTerpoBHOCTI piBHsiHHs [1dadda?

Bupasu go gekiii 17

1. BiaTerpyiite kBa3itiHiHI pIBHAHHS:

oz 20z __ 2. 30z 30z _ ..2,2
a)my%—ya—y—m, 6)mz%+yza—y—my.

2. 3HaliTh IHTErpaJibHi MOBEPXHI PIBHAHD, sIKi MPOXOSATH Yepes3 3a-
JaHi JIiHIT:
20 Oz __ _ — 2.
a‘)y £+xy0_z_xvx_ovz_y ’
el Oz __ _ _ .2
0) Tortyg =z—ay,v=2,z2=y +1

3. BHaiiniTh moBepxHi, Kl 3a/10BOJbHIOTH piBHsHHS [Idhadda:

a) (x —y)de + zdy — xdz = 0; 6) 3yzdx + 2xzdy + xydz = 0.
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Po3znain 5.
EJIEMEHTHU TEOPII CTIMKOCTI

Jleknig 18. OcHoBu Teopil criiikocTi po3B’dA3KiB
andepeHIliaibHUX PiBHIHDb

Il1an

1. OcHOBHI O3HAYEHHS ¥ ITOHSITTS.

2. JlocmigKeHHsT Ha CTIKICTh TOYOK CITOKOIO.

3. CrilikicTh 3a HepIuM HAOJIUYKEHHSIM.

4. Kpurepii Payca — I'ypsina, JI’enapa — [Hlumnapa.

1. OcHoBHi o3HaveHHsT I HNOHATTA. CTBOPIOIOYM HPUJIAIH,
KOHCTPYKIIIT, MaIIWHU, AKI BiJAMOBITAIOTh MEBHUM yMOBaM, HeOOXi-
JTHO 3HATH, K Oyze BecTu cebe 00’€KT IpU HEBEJUKHUX MIePEPO3II0Ii-
Jlax cujI ado IMpU 3MiHi MOYATKOBUX yMOB. Toit 06’€KT, eKcryaTarriii-
Hi ITapaMeTpH AKOTO He pearyioTh Ha Il 3MiHU, HA3UBAIOTH CTIMKUM.
Hanpuknas, npu pisHux BiAXuIeHHIX MasgTHUKA Bl IIOJIOXKEHHS PiB-
HOBaru, TOOTO PI3HUX MOYATKOBUX YMOBaX, PyX MAdATHUKA MOBHHEH
OyTH CTIKHIM.

Bzarasi, po3s’sa3yioun KOHKpeTHY (i3WdHy UM TEeXHIUYHY 3a/1a-
qy, 3a3BUYAil MIKABIATHCS HE 3araJIbHUM, & JaCTUHHUM PO3B’sI3KOM
nudepenIiagbHOro PiBHAHHS, TOOTO PO3B’I3KOM, KUl 338 0BOJIHHSIE
meBHI mo4yarkoBi yMoBu. OCTaHHI, SIK IPaBUJIO, OEPYTHCA 3 ITOCIILY
91 €KCIIEPUMEHTY, a TOMY 3a X aOCOJIIOTHY TOUHICTH PYJATHUCT HE MO-
»KHa. Martodn 11e Ha yBa3i, JIeKOIN IPUITYCKAIOTD, 10 He3HAYHI 3MiHI
IMOYATKOBUX YMOB BUKJIMKAIOTH HE3HAYHY 3MiHY CaMOTO PO3B’S3KY,
iHaKIe KaxKydu, IO PO3B’SI30K HEIIEPEPBHO 3aJIEXKUTH BiJl MOYATKO-
BUX yMOB. AJjie fKIO HE3HAYHI 3MIHU MOYATKOBUX YMOB 3yMOBJIIO-
IOTh iCTOTHI BiIXWJIEHHsI PO3B’SI3KiB, TO TaKi pO3B’SI3KM HaBITH Ha-
OIMKEHO He ONMMCYIOTH ABUIIE UM MPOIEC, SIKi PO3IVISIAIOTLCA. Taki
PO3B’sI3KM HA3UBAKOTh HecTiiikumu. OTKe, OJTHUM 3 OCHOBHUX € [IUTA~
HH¢ TIPO TaK 3BaHy CTIMKICTb PO3B’a3KiB mudepeHiaabHuX PiBHIHD
MO0 PIZHOTO POy 30ypeHb IX BXITHUX JAHUX, TOOTO HETOUHOCTEMH
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3aJIaHHsS [UX JAaHuX (MOYATKOBUX JAaHUX, IPABUX YACTHH DIBHSHD
TOIIIO).

[Iuramus crifikocTi po3B’sI3KiB AudepeHIiaIbHIX PIBHIHL — Ipe-
JIMeT Meopii cmitikocmi po3e’sasxie (teopil crifikocri pyxy). Te-
Opist CTIMKOCTI 3aCTOCOBYEThCA y OaraTbox 00JIacTIX HayKW 1 mpu-
POIO3HABCTBA, HAIIPUKJIAMI, Y €KOJIOTiT, 6i0Joril, eKOHOMIII Ta iHImmx
KOCTi ITOJIbOTY CHApsIIiB, cTabiiizalil pyxy CYIyTHUKIB, BUBUCHHS
CTIKOCTI MeXaHIYHUX CUCTEM, PyXy TBEPJUX TiJ 3 MPYKHUMU eJie-
MEHTaMHU 1 TOPOXKHUHAMU, SKi MICTATH PiJAWHY, TOIIO.

3 disuaHOl TOUKM 30py 3aja9a PO CTIHKICTH MOXKe OyTu chop-
MYyJIbOBaHa TaK: PO3ITISIIAECTHCS JesIKNAM pyX, IO BiANOBIIae 3aJaHIM
ITOYATKOBUM YMOBaM. SKITO mic/isg 3MiHA TIOYaTKOBAX YMOB Ha MaJIy
BEJINYUHY XapaKTep PyXy BaJUIIUTHCs MOMEPeTHIM ab0 3MIHUTHCS
MAaJIO, TO TaKUl PyX HA3WBAIOTH CTIMKWM.

[lepeitmemo 110 BUKJIJIEHHS OCHOBHUX IOHATH TeOPil CTiiiKo-
cri 6inbm crporo. IMosuauumo uepes y1 = yi(t), yo = ya2(t), ...,
Yn = Yn(t) miitcui GyHKIH, SKi XapakTepu3yOTh CTAH MEXaHITHOTO,
€JIEKTPOMEXAHIYHOTO YU iHIIOTO sABUIA abo Iporecy. 1ak MOXKYTb,
HaIIPUKJIAJ, TO3HAYATHUCS KOODAWHATH, IIBUJKOCTI, CHUJIN CTPYMIB,
BEeJIMYUHU HAIIPYT, TeMIepaTypu abo GpyHKIil nux Beauyaud. [Ipuy-
CTUMO, IO IIPOIIEC 3MIHU BEJWIUH Y1, Y2, - - ., Yn 3 TACOM t OIHUCYE-
ThCA HOPMAJIBHOIO CHCTEMOIO JndepeHIliajIbHuX PiBHIHD

dyj _
dt

3 HOYaTKOBUMU YMOBaMM

fj(t7y17927~-7yn)7 j:1727"'7n7 (181)

y1(to) = y10, y2(to) = v20. --- 5 Yn(to) = Yno- (18.2)

SKINO pO3IIISIATH Y1, Y2, - - -, Yp AK KOOPAUHATH PYXOMOI TOUKH,
TO KOXKHHIIT Po3B’s130K 3a/1a4i (18.1), (18.2) HasuBaTuMEMO pYyToOM.

Axmo cucremy (18.1) posriasgarn Ha CKIHIEHHOMY MTPOMIZKKY
|t —to| < T', To BiAUOBi/Ib HA IIMTAHHSI PO BIUIUB MAJIUX 3MIH [0Ya-
TKOBIX yMOB (18.2) Ha BiixuseHHs pO3B’SI3KIB CHCTEMH J1a€ TeopeMa
5 3 ekl 6. Ajie y IpakTHYHUX 3a/@9aX apryMeHT (HUM, sIK [pa-
BIJIO, € Yac) MOXKe HeoOMerKeHo 3pocraru. Tomi 3rajaHa Teopema He
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rapaHTye HEeIEePEPBHOI 3aJI€2KHOCTI PO3B’sI3KiB Bijl TOYATKOBUX YMOB,
TOOTO He3HAUYHA 3MiHa MOYATKOBUX YMOB MOXKE BUKJIMKATU iCTOTHI
3MIHE y TMOBEIIHIN PO3B’I3KY P HEOOMEKEHOMY 3POCTAHHI 3HATEH-
Hs1 aprymenTa. Orike, Ha a1l BBazkarumeMo, 1o ¢ € [T, +00), To6To
qac MOKe HEOOMEyKeHO 3POCTATH.

Po3p’sa30k

yj:@](t)a j:1,2,...,7’L, tE[T,+OO),

cucremn (18.1) masumBaioTh cmitkum (cmitikum 3a Jlanyro-
8uM), SIKIIO Jiist Oyb-sakux € > 01ty > T icaye uncio 6 = §(g) > 0
TaKe, IO JOBLIbHUI iHIMiT po3s’a3ok y; = y;(t), 7 =1,2,...,n, miel
K CHCTEMH, HOYaTKOBI 3HaueHHS Y;(to) AKOrO 3aJ0BOJIBHSIOTH He-
piBHOCT1

ly;(to) — wj(to)| <6, j=1,2,...,n, (18.3)
BU3HAYEHUI JI7TA BCiX ¢ 2 tg 1 cCOpaBIKyIOTHCA HEPIBHOCTI
[nmuMu cioBaMu, PO3B’S30K ¥ = @; (t), 7=1,2,...,n, cucremu
(18.1) € crifikum, KO KOKHIIT Po3B’s130K ¥; = y;(t), j =1,2,...,n,
cucremn (18.1) 3 HOYATKOBHMH yMOBaMHu 3 0-OKOJIy TOUKH ¢;(to),
=12 ....n, upu tg < ¢t < +00 icHye 1 He BUXOJIUTH 3 E£-OKOJIY
rpadika po3B’a3Ky y; = @;(t), j =1,2,...,n.
Posp’sizok y; = ¢;(t), j = 1,2,...,n, HABUBAIOTH ACUMNITO-

MUYHO CTNITUKUM, SIKIIIO:

1) BiH criiikwuii;

2) yci posp’asku y; = y;(t), j = 1,2,...,n, cucremn (18.1) 3
JOCTATHLO OJIM3LKUMU TTOYATKOBUMHU YMOBAMU IIpU t — + 00 HEO0D-
MezKeHO Hab/ImKaoThesa 10 ¢;(t), j = 1,2,...,n, TobTo 3 HepiBHOCTI
(18.3) BumuiuBae, 10

Jim [yt o0 =0, j=12...,n  (185)
BayBazknmo, 1o yMOBH 1) 1 2) 1[bOro O3HAYEHHST HE3AJIEXKHI. 3 YMOBU
1) o3navenHsi He BHILIMBae ymoBa 2), 60 3 HepiBrocti (18.4) He BH-
wmBae (18.5). 3 yMoBHU 2) O3HAUEHHSI TAKOXK HE 3aBXKJIU BUILIUBAE
ymoBa 1).
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Posp’s130k y; = ¢;(t), j =1,2,...,n, cucremn (18.1) nHasuBaioTsh
HeCMIUKuM, KO BiH He € crilikum. [le o3nadae, 1o icHye Take
e > 0, mo st OyIb-SIKOro sIK 3aBrOJHO MaJyioro ¢ > 0 3HalimzeThcst
poss’sasok cucremn (18.1) y; = y;(t), j = 1,2,...,n, A gaxoro upn
BHKOHaHHI HepiBHOCTell (18.3) mpunaiiMmi st OZHOrO 3HAYEHHS j
MaTHUMEMO, IO

ly;(t) — ()| > €

JJIst gesikoro t 2> .

Sk npaBuso, Jisi JIOBEJIeHHs] HECTIHKOCTI PO3B’SI3KYy KOPHUCTYIO-
ThCs HeoOMexkenicTio pisuumi |y;(t) — ¢;(t)| Ha imTepBai [t, +00)
abo TUM, 10 g PI3HUIE IPAMYE J10 +00, AKIIO t — +00.

Posp’siz0k (pyx), sikuii BiANOBiZaE MOYATKOBUM JaHUM tg, Y10,

Y205 - -+ Yn0, HABUBAIOTH HE3OYPEHUM, & PO3B’'S30K 31 3MiHEHUMU
TOYATKOBUMU JAHUMU 1, Y10, §20, - - - » Yno — 30YPEHUM PO3B’I3KOM
(pyxom).

Ilpukmnan 1. Jocaidumu na cmitixicms po3s’asku 3a0aui

Y =ky, ylto) = yo.

Pose’azanms. 3araabunM pos3s’sskoM pisusmng € y(t) = CeM, a
po3B’st3koM 3aganol 3amadi Ko —

y(t) = yoekt=t). (18.6)

Bajamo ianry nouarkoBy ymMoBy §(tg) = go. Toai po3s’sskom el
3aj1a4i (30ypeHUM PO3B’SI3KOM) €

j(t) = gioe™ 1), (18.7)
Ouinnmo pisaumo poss’s3kis (18.6) 1 (18.7):

ly(t) — §(t)] = |yoektt) — goeht—to)| = eklt=to) |y — G551, (18.8)

dkmo k<0, to eFt=10) <1 g Beix t>ty. Orke, KO
lyo — Jo| < 6 = ¢, To 3 (18.8) Mmaemo, 1110

[y(®) =9 < [yo — gol <,
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TOOTO PO3B’A30K CTIMKU. Y IHOMY BUIAJKY PO3B 30K TAKOXK ACHUM-
MTOTUYHO CTIMKUN, OCKLIBKHI

: ~ : = k(t—t
Jim y(t) —g(t)] = lim [yo — gole (1=t0) —
= lyo — go|  lim eMi=to) — .

dxmo k>0, To poss’sizok (18.6) wecriiikuii, 60 sikuM 6u
He Oyino tog, g t>tg, Yo # Yo, pisHuis pose’siskis (18.6) i
(18.7) mpm 3pocranmi t cTa€ HECKIHYEHHO BEIMKOIO, OCKIIBKH

lim_Jyo — GoleHE—1) = + oo,

t——4o00

Hapermnri, akmo k& = 0, To po3B’si30K y = yg CTiliKuii, ajie He
ACHMIITOTHYHO CTiiKMit, 60 BUpa3 |yo — Yo| He UPsMYE 70 HYJIsT, KON
t — + oo.
Bidnosidv: Posp’sa30k crifikuit, sikmno k < 0, y TOMy 9HCI acuM-
OTOTUYHO CTifikmit, akmo k < 0, i HecTilikmii, akmo k > 0.

2. HocJtigzkeHHsT HA CTIfiKiCTh TOYOK CIOKORO. JlociiKken-
HsI Ha CTIHKICTH 3a1aH0r0 po3B’sa3Ky ¢1(t), ..., ¢n(t) cucremn (18.1)
MOZKHA 3BECTHU JI0 JOCJIZKEHHsI Ha CTIfiKiCTh TPUBIaJIbHOIO (HYJIBO-
BOTO) PO3B’sI3Ky Jesikol inmoi cucremu. st mporo y cucremi (18.1)
repeiiieMo 10 HOBUX HeEBimoMux (OyHKITii

J}j(t) :yj(t)—goj(t), j:l,2,.‘.,n. (18.9)

Orzke, neBinomi dynkmii x;(t), j = 1,2,...,n, — He Biaxuienus cra-
pux HeBimoMux QyHKIiH Bif DYHKIIN, SKi BXOAIATDL ¥ PO3B’A30K, MO
JOCTiKy€eThCs Ha crifikicTs. Bemmanun x(t), j = 1,2,...,n, Hazu-
BaloTh 306ypennamu. [incrasisaoun (18.9) B (18.1), omeprxkyemo

yi(t) = 2 (t) + () = fi(t,z1(t) + @1(t), ..., n(t) + @n(t)) =
l’; = fj(taxl + Q1,0 Tn + Son) - fj(t53017 s 79071)7 (1810)
nej=12...,n.
Pipusnns (18.10) nasmBatorh audepeHIiaIbHIMI PIBHIHHIMI
30ypenoro pyxy. Koxkuomy pyxosi cucremu (18.1) Bimmnosinae ua-

crunanit po3s’s30K cucremu (18.10). Bokpema, He3bypeHOMY PyXOBi
cucremu (18.1), oueBuHO, BiNOBiA€ TPUBIAILHEN PO3B’ 30K

z;()=0, j=1,2,...,n, (18.11)
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cucremn (18.10). Posp’stzok (18.11) xapakTepHmii TuM, IO TOYKA
(x1(t),...,zn(t)) He pyxaeThbCs 31 3MIHOIO Yacy t, & 3HAXOUTHCS Ha
micri. Tpusianbauit po3s’s3ok cucremu (18.10) i Touxy (0,0,...,0)
y 1IbOMY BHUIIAJKY HA3UBAIOTH TLOAOHCEHHAM PI6HOBA2U CUCTEMU
(18.10) abo moukoro cnokoro.

Omxke, 3a/1a9a JOCHIZKEHHsT CTIHKOCTI (ACUMITOTUYHOI CTIHKO-
cTi, HecTiiikocTi) ToukH crokoro cucremn (18.10) piBHOCHIbHA 3318~
9l JIOCHZKEHHsT CTIKOCTI (acHMITOTHYHOI CTIfiKOCTI, HECTIHKOCTI)
posB’s3Ky cucremu (18.1).

3 ypaxyBaHHsIM IUX MIpKyBaHb O3HAYEHHs CTIHKOCTI Ta acum-
MITOTUYHOI CTIfIKOCTI MOXKeMO cOPMYIIOBATH 1HAKIIIE.

Hexait y cucremi (18.1) f;(t,0,...,0)=0,5=1,2,...,n. Tpusi-
asipHUIT po3B’s130K @;(t) =0, j =1,2,...,n, cucremn (18.1) emiti-
xull (cmitkul 3a Jlanynosum), sKIO 7 TOBUIbHOTO € > 0
icaye d(e) > 0 Take, mo KoxKHIit po3B’s30K y; = y;(t), 7 =1,2,...,n,
Ti€l K CHCTeMH, I0YaTKOBI 3HadeHHsI Y;j(tg) SIKOTO 3a0BOJIbHSIIOTH
HEPIBHOCTI

Bt <5, j=1,2....n,

BU3HAYEHUI JJ1sl BCIX ¢ 2> g 1 BUKOHYIOTbCS HEPIBHOCTI
’y](t)’<€a j:1,2,...,7’L,

s t > tg. fdxmo, kpim Toro, lim |y;(t)] = 0, j = 1,2,...,n,
t——4o00

TO TPHUBiaJIbHUIT PO3B’A30K ©; (t) =0, j = 1,2,...,n, HA3UBAIOTH
ACUMNMOMUYHO CTNITKUM.

Orxke, CTIfIKiCTH TPUBIAJIBHOIO PO3B’SI3KY O3HAYAE, IO TPAEKTO-
pis IOBUIBLHOTO PyXY, HOYATKOBA TOUKA sIKOI 3HAXOIUTHCA Y JIESTKOMY
J-0KOJIi TI0UATKY KOOpAuHAT (Hha30BOro MpPoCTopy (Y1, Y2, - - -, Yn) CU-
cremu (18.1), myist t > to He BUXOAUTH 3a MeXKi JTOBIIBHOTO £-OKOIY
TOYKH CIIOKOIO.

Jlerko mokazaTw, IO 1€ O3HAUEHHSI CTIMKOCTI MOXKHA 3aMiHUTH
TAKUM: JIIsT KOXKHOTO € > () 3Haiimersest 0 > (0 Take, 10 3 HEPIBHOCTI
yi(to) + y3(to) + ... + y2(to) < 62 BUIMBATIME HEpPiBHICTD

i) + 3t + .+ yn(t) <€

JJISI BCiX t > 1.
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Ilpuknan 2. /Jocaidumu Ha cmitikicmsd mpusiasvHuli po3e’a30k
dz __ dy _ < 4
cucmemu G = — vy, o =, axul npu t =ty = 0 nabysae 3Hauenns
T = 2o, Y = Yo-
Pose’sazanns. Posp’sisytoun cucreMy 1 BpaxXOBYHOUH IMOYATKOBI
YMOBH, 3HAXOINMO

x = Tgcost — ggsint, y = Tgsint + ggcost,

3pinkm 22 + 4% = :76(2) + gjg. st 6yap-sikoro 3aganoro € > 0 mocuThb
B3ATH 0 < €, aJiKe sIK TLIbKU ig + gjg < 62, mo 22 + 4% < €2 ana Beix
t > 0. Orxke, po3B’s130K ¢ = y = 0 € criiikum. W

Ipukmnan 3. Jocaidumu Ha cmitikicmsd mouky cnokolo cucme-
dx d ~ -
mu & =y, ¢ =2x+y, 2(0) = To, y(0) = Bo.
Pose’azanns. Poss’ssyioun cucremy, smaxommmo x = Che?l +
+ Coe™t, y = 2C1€* — Cre~t. BpaxoByioun 1mouaTKOBi YMOBH, ozep-

xkyemo, mo Cy = (Zg + o) /3, Ca = (2Z9 — §p)/3. Ocrarouno maemo

To+Yo o | 2T0—Yo 4 2 9 2T0—Yo 4
r=——>="e"+—e¢ =—(To+ et — ——e".
3 3 ;Y 3( o + 7o) 5
[Toxkmagemo 4o = 2%g. Tomi, axkuMm Om MajguM He OyJI0 YHUCIO I,

dyukii || Ta |y| HEOOMEKEHO 3pOCTATUMYTD TIPH ¢ — +00, & TOMY
po3B’s30k © = y = 0 € mecrifikum. W

3. CrilikicTb 3a mepIinuM HAOJM>KEHHAM. Y HaBEJICHUX IPU-
KJIaJax maudpepenmiaabii piBHSIHHS ab0 CHUCTeMU MOXKHa OyJio 3iHTe-
rpyBaTH depe3 eleMeHTapHi PYyHKINI. Y TaKuX BUITAIKAX BiIIOBICTH
Ha TMUTAHHS PO CTIHKICTh PO3B’s3KiB HE BUKJIMKAE OCOOJUBUX TPY-
JHOIMIB. AJie 3 IPAKTUYIHOI TOUKHU 30Py BayKJIMBO BMITH JOCJIIZKYyBa-
TH Ha CTifikicTb po3s’s3ku cucremu (18.10), He Maroum i1 3arajabHOTO
posB’si3ky. Ha BcTamoB/IeHHI TaKNX KPUTEPIIB 1 CIIMHAMOCK.

I[Ipumycrumo, mo npasi wactunn cucremu (18.1) f(t,y1,...,Yn),
7 =1,2,... n, HenlepepBHi pa30M 3 YJACTUHHUMHU MOXiTHUMHA JI0 JIPY-
roro nopsaky Biimodxo. Hexait y;(z) =0, j =1,2,...,n, — Touka

coxoro cucremu (18.1), Tobro f;(t,0,...,0) =0,j=1,2,...,n. Bu-
kopuctoByioun (opmysy Teitsopa B OKOJI MOYATKY KOODJAMHAT, CH-
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cremy (18.1) MoKeMO 3ammcaTd y BAIVIAIL:

of;
Oy

8.
y1+i ‘Y2 + ...

dy; _ .
(t,0,...,0) Y2 (#,0,...,0)

pr = £i(t,0,...,0) +
91
Yn

...+ yn+Rj(t,y1,,yn)7 ]:1,2,,7’L,

(t,0,...,0)

ne dbysknil Rj(t,y1,...,Yn) MICTATH NONAHKH He HUXKYE IPYTo-
ro TOPSJIKY BIAHOCHO ¥1, Y2, ..., Yn. JIKIINO IIOBHAYUTH TeEIEp
of;

i |(1,0,...,0)
TOYHO Ma€EMO CI/ICTeMy

= a;i(t) 1 Bpaxysaru, mo f;(¢,0,...,0) = 0, To ocra-

y; = aj1(t)y1 +ajp(t)y2 + ... + ajn(t)yn +
YRty ), G=1,2,... 0. (18.12)

Cucremy piBHSHD
y; = ajl(t)yl + an(t)yQ +...+ a]n(t)ynv .] = 1725 s (1813)

HA3WBAIOTh CUCIMEMOI0 NMePpulo20 HabAUNCEHHS, a 3aTady Ha
CTIfIKICTh TOYKM CIOKOIO IIi€l CHCTEMH — 3aJad4el0 Ha CTIHKICTH
PO3B’SI3KYy B MEPITOMYy HaOJIUKEHI.

3ayBakKnUMO, IO JOCTIIZKEHHsT Ha CTIHKICTb TOYKU CIOKOIO JIJIsd
miniitol cucremu (18.13) € ckiaHO0 1 70Ci HE PO3B’sI3aHOIO MPO-
61eMo10, 60 He iCHye 3arajibHOrO CIIOCO0Y IHTErpyBaHHsI CUCTEMHU JIi-
HiffHUX audepeHIiaIbHIX PIBHSHD 3 JOBUILHUMN 3MIHHAMEI Koedi-
ITi€HTaMU.

Posristnemo okpemuit Bunaqok cucremu (18.13), komn 11 Koedi-
nieHTn € cramumn: a;(t) = aj, j,k =1,2,...,n, ro6T0

[

Y; a;1y1 + ajey2 + ... + QjinYn, 1=12....,n, (18.14)

i JOC/I MO TIMTAHHS PO CTIfKICTh TPUBIAJBHOIO PO3B’SI3KY CHCTE-
mu (18.14). Haragaemo (ekmist 14), mo po3s’si3ku i€l cucreMu Ma-
FOTh BUTJISIT

kit kot knt
yl:Alel7 y2:A2627 cet yn:An€"7
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ne ki, ka, ..., k, — xapakrepuctuani gucia cucremn (18.14), a ms
icHyBaHHd HETPUBIAJBLHUX PO3B’I3KiB HEOOXiTHO #I MOCUTH, 1100

all — k ai19 N A1n
aztapm =k am ) (18.15)
anl an2 ceo Qup — k

Posriisinemo okpeMi BUNIaIKM, TIOB’sI3aHi 3 BUIVIAIOM KOPEHIB PiB-
uanns (18.15) (xapaxrepucrnanux wmcen cucremu (18.14)).

1. Axwo eci zapaxmepucmuuni wucaa cucmemu (18.14) maromo
610 ’emmi diticni wacmunu (mobmo abo eonu diticni 60 emni wucaa,
abo KOMNACKCHI YucAa, JUCHT YaCTMUHY AKUT 610 €EMMHL), MO MPUGi-
aavhuti pose’azok cucmemu (18.14) acumnmomuyno cmitixud. [pu-
IIyCTHUMO, IO yCi XapakTepucTudui uncia ki, ko, . . ., k, mificHi i mpo-
cri. Ockinpku k;j < 0, T0 BCi bynKmil y;; = Aijekﬂ't IPSIMYIOTDH JI0 HY-
ada upn t — 4-o00. fAkmo k; = a; +i6;, 1 = V-1, aj < 0, To, mogas-
mu e®! y rpuronomerpumiit dopwmi efit = e%it(cos Bt + isin B;t),
HEePEKOHYEMOCh, IO IpH ¢ — + 00 DYHKIIT ¥;; = Aijekft — 0 (=Ko

a; <0, To lim et = (). Ili BUCHOBKH He 3MiHATLCs, AKIIO Jle-
t——+o0

sIKl 3 XapakrepucTuuHux uncesn (abo Bci) € kparnumu. Crpasii,
AKINO 9UCI0 k; Mae KPaTHICTD S, TO HOMy BiAIIOBIAIOTH PO3B’A3KH
P,_1(t)e*st, ne P,_1(t) — MHOrOuJIeH CTelleHs, He BUIIOrO 3a S — 1, i

t_l>i+rnoo ekitP,_1(t) = 0, 6o k; < 0, a mokasHUKOBa (DYHKIIif 3pocTae

HIBU/IIIE, HIXK CTeleHeBa, (OCTAHHIO PIBHICTD JIETKO JTIOBECTH, BUKOPH-
croByoun 1pasuio Jlomitasst).

2. Sxwo xoua 6 odne rapaxmepucmuyne wucao cucmemu (18.14)
mae dodammy diticny wacmuny (mobmo abo ue wucao dodamme, abo
Komnaexcre 3 000amuoro diicHON “acmuKoto), Mo MPuslasbHul
po3e’azox cucmemu (18.14) necmitivut. Crpasai, y 1bOMY BUIAJIKY
npuHaiivui onHa 3 dynkmii eF1t) ekt eFrt meobmeskeno 3pocrae
3a MOmyJeM pu t — + 00, 1 OCKITBKH BOHA MICTUTHCS Y 3aTaJIbHOMY
PO3B’sI3KY, TO OCTaHHIl TAKOXK HEOOMEXKEHO 3POCTAE IIPU 3POCTAHHI ¢.
OTxe, po3B’a3kn 61m3bKi /10 Toukn crokoio y; =0, j =1,2,...,n,
3a MOYATKOBUMU JIAHUMU, 31 3pOCTaHHSAM t HEOOMEXKEHO Bia Hel Bij-

JAJIATUMY THCA.
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3. Hxwo ceped zapaxmepucmuunur wucea cucmemu (18.14) ne-
Mae wuces 3 000amuumu JIGCHUMY YACTNURAMU, QA € NPOCTE YU~
CAG 3 HYABOBOI0 OLGCHOI0 YaACTUNHOI, MO MPUBLEALHUT PO36 A30K
cucmemu (18.14) e cmitikum, are HE ACUMNMOMUYHO CMITKUM. Y
boMy BuIJKy Bei dyHKIHT y;(t) obMexkeni 3a MomymeM st 6y1b-
AKOTO t > tg, akuMu 6 He Oy/IM TOYATKOBI 3HAYMEHHs ITUX (PYHKITIH.
Orxke, gyst 6ynb-sikoro € > 0 3Haiimerbess Take § > 0, 10 IpU BU-
oopi |gjo| < 6, j = 1,2,...,n, bynemo maru |y;(t)| < e maa Beix
t > top. 3HaunThb, TpUBiAIBHUIT PO3B’sa30K cucTemn (18.14) € criftkum.
Aule BiH He aCUMITOTHYHO CTiiiKmit, 60 /I8 JOBIMTBHUX ¥;0 He Oy1yTh
OJIHOYACHO HPAMYBATH /10 HysIs Bei dbynkiii y;(t) npu t — 4 o0,

4. SAxwo ceped xzapaxmepucmuuruzr wucen cucmemu (18.14) we-
Mae wucen 3 000amHUMU TTCHUMU YACTNUHAMU, GAE € KPATMHT YUCAA
3 HYALOBUMU OTCHUMU HACTNUHAMU, MO MONCAUGT AKX CMITKI, MaK
1 HECNITIKT MPUBLAALHT PO36 A3KU.

IToBepremocsk 110 cuctemu nepmuioro nabsmzkents (18.12).

Teopema 1 (JIamynoBa). Hexat dynxuii R;(t,y1,...,yn),

J=1,2,....n, y cucmemi (18.12) nenepepsni 3a cykynnicmio 3mir-
HUT 1 HECKIHYEHHO MGAL SUWE NEePuozo nopadky npu Yy — 0,
kE=1,2,...,n, mobmo das ecix t >ty i |yx| < d

[Rj(t g,y <M (Jyn 77 4 Jyo 7 4 [y ),
7=12,...,n,

abo
’R](t7y17' A 7y7'l,)’ < w(y)|y’7 ] = 1727"' ’n7

de |yl = \yi +y5 + ... +y2, a, M — dodammni cmani, w(y) — 0 npu
ly| = 0. Hexat, xpim moeo, a;i(t) = aji, j,k =1,2,...,n, de aj, —
cmaani. Todi axwo rapaxmepucmuyuni wucaa cucmemu (18.14) wma-
tomov 610°emmi 0ilicHi wacmuHu, Mo MPusiarvHutl Po3s’a3ox cucme-
mu (18.1) acumnmomuuno cmitikul; akwo xoua 6 odne Tapaxme-
PUCTNUYHE YUCAO MGE J00amHYy JIICHY YACTMUHY, MO MPUBIANLHUT
po36’azok cucmemu (18.1) necmitikud.

Aximo pificH] YacTUHE BCiX XapaKTEPUCTUIHUX UHMCEJ HEIOIATHI,
IpuyYoMy JificHa JacTuHa X04a O OJHOrO 3 HUX JIOPIBHIOE HYJIIO, TO
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JOCHII>KEHHST Ha CTIMKICTH 3a HepIMM HaOJIMKEeHHSIM, B3araji Ka-
JKYUH, HEMOXK/IMBE (IIOUYMHAIOTH BIJIMBATU HEJHIHHI wieHn R;).

Ilpuknan 4. /Jocaidumu na cmitixicms 3a nepuium HabAuNMCE-
HHAM MPUBLAALHUT PO36 A30K CUCTIEMU

dr — T+ 2y — 2@ty

‘fl—i’ =sinz + In(1 — y).

Poazs’szarnsa. Bukopucrosyioun dopmyay Teitmopa maas dyHKINT
f(x,y) nBoX 3MiHHUX 3 3ajunIKOBUM WieHOM y hopmi [Teano i obme-
JKUBIINCH TIOXITHUMHU TIE€PIIIOTO MOPSIIKY:

f(x,y) = £(0,0) + £2(0,0) - z + £,(0,0) - y + o(p),

ne p = /a2 + y? — sigcranp Big Toukn (0,0) 70 JOBLIBHOI TOUKH
(x,y), o(p) — HeckimuenHo Masa Bejmunua upu p — 0 Ginbion Bu-
COKOT'O MOPSJIKY, Hi?K p, BUJIIAMO JIHIITHI YaCTUHU NIPaBUX YaCTUH
CHCTEMMU:

\/ 1 +2y — 62(x+y) = -2z — y+Rl(x7y)7
sinex +In(l —y) =2 —y+ Ra(z,y),

e Rj(z,y) = 0<\/x2 + y2>, j = 1,2, 3a10BOJIbHSIOTH YMOBH TEOPE-
vu 1.
SHaitIeMo XapaKTePUCTUIHI YuC/Ia JIHITHOI cucreMu

%:_2$_y,
Lp—
Maemo
—-2—k -1 _ 9 _
1 1k =0 = k"+3k+3=0 =
W h

2 2
OckinbKM IificHI YacTHHH 000X XapaKTEPUCTUIHUX YHCEN Bil eM-
Hi, TO TPUBIAJbHUI PO3B’A30K 3aJaHOI CUCTEMU ACUMIITOTUYHO CTiil-
kuii. &
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4. Kpurepii Payca — I'ypsina, JI’enapa — IIlunapa. fx
BUILIMBAE 3 MOIMEPEIHBOrO IYHKTY JIEKIl, PO3B’SI3yl0oun 3ajadi Ha
CTIfiKiCTh [JIsI cucTeM audepeHIialbHIX PIiBHSIHD 31 CTAINMU KOe-
dinieHTamMu, BasKJIMBO 3HATH 3HAKHU JIACHUX YACTUH XapaKTEepPUCTH-
IHUX 9UCEJI.

Posrnsuemo anrebpudse piBHAHHST

aok™ + alk:"_l +...+ap_1k+a, =0, ag>0. (18.16)

Haramaemo nesiki TBepmKeHHsI, JOBEJIEHHS SIKUX MOXKHA 3HANTH
y TiapyvHUKax 3 JIHIHHOI ajaredpn.

Teopema 2. Heobxidhoto ymosoro mozo, wo 6ci 0ilichi “a-
cmunu Kopenie pisnanna (18.16) eid’emni, e nepisnocmi a; > 0,
j=0,1,...,n.

Temep naBememMo HeOOXiTHI 1 JOCTATHI YMOBH, 38 BUKOHAHHS TKIX
JHHCHI YacTUHM XapaKTEepUCTUYHUX ducesa OyayTh Bix'emuumu. Ilo-

3HAYNUMO
a a ay aop 0
1 0
Alzal, AQZ 5 Agz as agz ajp |, ey
az a2
as a4 ag
al aq 0 0 PN 0
as as al ag ... 0
An - ’
a2n—-1 a2pn—2 Ga2pn-3 AdA2p—4 ... QAp

ne a; =0, axkmo j > n.

Teopema 3 (kpurepiit Payca — I'ypsina). fiticrui wacmumnu
Kopenis pisharns (18.16) 6id’emmi modi i miavku modi, Kosu

A; >0, j=1,2,...,n
Teopema 4 (kpurepiit JI’enapa — Illunapa). /fitichi wacmu-

nu Kopenie pienanna (18.16) 6id’emni modi i miavku modi, Koau
a; >0,7=0,1,...,n,1

An—l > 07 An—3 > 07 An—5 > 07
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Ilpuknan 5. Jlocaidumu na cmitikicmo MouKy Cnoko preHAH-
HA
yV + 5y + 13y + 19y’ + 10y = 0.

Poszs’sazanns. Bukopucraemo kpurepiit Payca — I'ypsina. Ckirane-
Mo xapakTepucTuune pipnanms: k% 4+ 5k3 + 13k% + 19k + 10 = 0.
OcKinbKH

5 1
A1 =5>0, AQ—’lg 13‘>0,
> 10 159 113(; (1)
Az3=119 13 5 |>0, Ay= =10-A3 > 0,
0 10 19 0 10 19 13
0 0 0 10

TO TOYKA CIIOKOIO acuMIToTn4Ha crifika. l

Ilpuknan 6. Jlocaidumu na cmitikicmo MouKy Cnoko PreHAH-
HA
yV + 4y + 165" + 259" + 13y’ + 9y = 0.

Pose’sazarns. Ockiibku BCi KoedillieHTH XapaKTepUCTHIHOTO PiB-
manns k° + 4k* 4+ 16k + 25k + 13k + 9 = 0 momarHi i

41 0 0
41 25 16 4 1
AQ"% 16’>0’ =19 13 25 16|

0 0 9 13

To 3rigmo 3 kpurepiem J'emapa — [lIumapa Touka CIOKOIO 3a1aHOTO
PIBHSIHHSA acUMNOTOTHYHA cTiiika. W

Pexomendosana aimepamypa: |9, c. 231 — 252, [10, c. 156 —
171], [16, c. 390 — 416], [19, c. 229 — 241], |20, c. 203 — 206, 221 — 229|.

IInrapnsa mo jgekmii 18

1. ITlo BuB9ae Teopisi cTifikocTi po3B’s3KiB nudepeHIiaIbHIX PIBHSIHD !
YoMy Tak BarXKJIMBO 3 TPAKTUYIHOI TOUKU 30Dy 3HATHU, YA € PO3B A30K M-
depeHIiaIbHOrO piBHHHS 200 cUCTeMU CTIAKUAM?
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2. dxwuit po3B’sI30K cUCTeMU TUQPEPEHITAJIHHAX PIBHIAHD € CTIHKUM,
ACUMITOTUYHO CTifikuMm, Hecrilikum? JlaiiTe reoMerpudvHi TpPaKTyBaHHS
[IUX TIOHSATD.

3. dxuit po3B’si30K cucremu AudepeHItiaJbHIX PIBHIHD HA3UBAIOTH HE-
30ypenum (30ypenum)?

4. ITTo HA3UBAIOTH [IOJIO’KEHHSIM DIBHOBAI'H (TOYKOIO CIIOKOIO) CUCTEMHU?

5. Y YoMy moJisira€ OCHOBHA iJiest TOCIIi/PKeHHs Ha CTIKICTh PO3B SA3KY
B IIEPIIOMY HaOJIMKEHHi?

6. 4k mocaiguTH Ha CTIHKICTH TOYKY CIIOKOIO HOPMAJBHOI CUCTEMU 3i
craaumu Koedirienramn? Koan Touka CIIOKOI0 € AaCUMITOTHYHO CTIHKOIO,
CTIKOI0, ajie He aCUMITOTUYHO CTIHKOI0, HECTiiiKow? KuMmu moBuHHI Oy-
TH XapPaKTEPUCTUIHI YUCIA, MO0 CHCTEeMa MOTJIa MaTH SK CTiiKi, Tak i
HeCTIlKI TpUBiaJIbHI PO3B’SI3KH?!

7. dx dopmysiororsesa kpurepil Payca — I'ypsina i JI’enapa — Hlunapa
PO HEBIi/I'€MHICTH JIACHUX YACTUH XapPAKTEPUCTUIHUX duces! AK mi Kpu-
Tepil BUKOPUCTOBYIOTD JJIsl JIOCJII?KEHHS Ha CTIHKICTh PO3B’I3KIB JIHITHIX
piBHsHb (cucrem) 3i crasumu Koedinjenramu?

Brupasu go aekirii 18

1. BukopucrtoBymo4n oO3HaUYeHHS CTIMKOCTi, JIOCTIJITh Ha CTIHKICTH
po3B’sa3ku 3ama4u Ko piBHSHD i cucTeMm:

a)y' =2x(1+vy), y(0)=0; 6)y =y+z, y0)=1

5) {y’l = —y1 —9y2, y1(0) =0,
yh =y1 — Y2, ¥2(0) =0.

2. JlocaiaiTe Ha CTIfIKICTH TOYKY CIOKOIO CHCTEM:

Yy = —y1 + y2 + 5ys, Y1 = —2y1 — Y2,
a) § ¥p = —2y1 + Y3, 6) Yo = y1 — 242,
Y5 = —3ys; Y5 =y1 + 3y2 — ya.

3. Hocainite Ha CTIHKICTH 32 MIEPIIUM HAOIMKEHHSAM TOYKY CIIOKOIO
CUCTEM:

2) Yi = 3y1y2 — Y1 + v, 6) Yl = —y1 + y2 + yisinys,
Yy = 4yt + Y3 + 2y1 — 3yz; yh = —y1 — 4ya + 1 — cosy3.

4. Bukopucrosyroun kpurepii Payca — I'ypsina abo JI’emapa — Illuna-
pa, TOCHiTiTh Ha CTIMKICTh TPUBIAIbLHUI PO3B’I30K PiBHSIHD:
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a) y" =3y +2y=0; 6)y"Y +4y" + Ty’ + 6y + 2y = 0;
B) yV + 3y — 5y — 159" 4 4y’ + 12y = 0.

Jlekmia 19. Merox dyskiiit JIsmyHoBa.
dazoBa NJIOHIMHA

Ilnan

1. Hocnimkenus Ha crifikicTh 3a MeTomom dyukiiit JIsmyHosa.
2. Knacudikariiss TOYOK CIIOKOI0O aBTOHOMHOI CUCTEMH.

1. HocaimxkenHs Ha crilikicTb 3a MmeTogoM pyHkIlii JIg-
nyHoBa. Ha monepesmiit eIl BUBIaINCH JAeKi MUTAHHS, TIOB 32~
Hi 3 JIOCJIIPKEHHAM Ha CTIfiKiCTb PO3B’sI3KiB HEJIHIMHUX CUCTEM -
depeHIiagbHIX PiBHIHD. [Ipu 1IbOMY BUKOPHCTOBYBAJIACh BiIIOBII-
Ha cECcTeMa IEpIIoro HabJuKeHHsI. AJjie 3aMiHa HEeJIIHIAHOI cuCTeMHI
(18.12) miniitroro cucremoro (18.13) € daxTnano 3aminoio oxmiel mpo-
GsieMu iHITOIO 1 MiXK HUME MOXKe He OyTH Hivoro cruijibaoro. MoxkHa
HaBECTH TMPUKJIAIN TAKUX CHCTEM Au(EpPeHIlaI-HIX PIBHAHD, JOCTi-
JIKEeHHs SIKUX 33, [epIUM HaOJIMKEeHHAM J1a€ CTIfKiCTh He30ypeHoro
PyXy, X04a HACIpaBIi BiH HecTiiiKuil, i HaBmaku. Bomnouac Bimomi
IPUKJIAIN, KOJIM TIepIie HabJ/IMKEeHHsT TOBHICTIO PO3B’A3ye€ MpodIeMy
CTIKOCTI.

Bigmosiap na muTanHS MpO CTIKICTD (ACHMITOTHYHY CTIHKICTB)
HOPMaJIbHOI HEJIHIIHOI cucTemMu

y;‘:fj(tvylv"'vyn)a j:1527"'an7 (191)

sIKa Mae TpuBlagbHuit po3s’s3ok y;(t) =0, j =1,2,...,n, nae Taka
TeopeMa.

Teopema 1 (JIsmmynoBa). Sxwo ichye dudepenuitiosra @ym-
kuia V=V (y1,...,Yn), AKa 36§0060A6HAE YMOBU:
1)V >=0iV =0 miavku modi, koau y1 = ... =y, = 0;
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2) nosna noziona gynkyii V- esdosorc aszosoi mpackmopii (mob-
mo e3dosotc pose’asky y;(t), j =1,2,...,n, cucmemu (19.1)) nedo-
damma, mobmo

AV ROV dy; = OV
dt = 8yj dt = 8yj
das t = ty, mo mpusiarvhuil pose’azor cucmemu (19.1) emitrudl.
Sxwo 3amicms ymosu 2) GUKOHYEMBCA HEPIGHICT

dv

— < —f5<0

4 S B

onat =ty >tyi0<d < y%—i—. ..+y2 < 69, de 61, b, B — cmani, mo

mpusiarorutll pode’azok cucmemu (19.1) acumnmomusmno cmitikudl.
JoBesienns 1i€l TeopeMu MOXKHa 3HaNTH, Hanpukiaag, B |10,

c. 163 — 165].

Oyukmito V' 3 Teopemu 1 HasupBaioTh ymnruiero Jlanyrnosa.
3ayBaKuMO, IO 3arajibHOr0 Crocody mobymposu dyHKII JlsamyHosa
HeMae. [1 peKOMeHIyETbCs TIIYKATH Y BUTVISI KBAJIPATUIHOI (bopMU

n
BiJl apryMeHTiB Y1, Y2, ..., Yn, TOOTO y Bursismi V = > a;jyiy;. 3
4,j=1
ymoBu 1) Teopemu 1 BuiuBae, 1mo V' noBuHHA OyTH JI0JATHO BU3HA~
TEeHOI0 KBaPATUIHOIO (pOpMOI0. AKNM InHOM BUOpaTH KoedillieHTn
a;j, mob dopma V Oyia JOJATHO BU3HAYEHOIO, BKA3YETbCA Yy KpPU-
mepii Cuaveecmpa, BiToMOMYy 3 Kypcy ajredpu: moTpibHo, 1100

ail ... Qin
>0, ..., | ... ... ... |>0.

apl --- Gpp

ai; a2

aj; > 0,
azr a

Y mpocrimux Bunajkax GyHKIo JIgmynoBa MoXKHA MIyKaTA Y
BUTJIST

V(x7y) = a‘rQ + by27 V(xvy) = a$4 + by47 V(w,y) = CL%A + by27

ne a >0, b > 0, Tomo.
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Ilpuknan 1. /Jocaidumu Ha cmitikicmsd mpusiasvHuli po3e’a30x
cucmemu
dx 5 dy 3
E:—x -, a:x—y .
Pose’azarnns. Posrnsnemo dbynkmio V(z,y) = 22 + y2. Bona 3a-
JIOBOJTRHsIE 00u 1Bl ymMoBU Teopemu 1. Crpasi:
1) V=01V =0 rineku Tomi, komm x =y = 0;
2) B3JOBXK PO3B'SI3KY &, Y CUCTEMHU
dv. oVdx 0V dy

= 2 o (—ab — w(x — y3) =
i ord oy T v e —y)

=—-2(2%+ 4% <o.

3rigHo 3 TeopeMoio 1 TpUBIAJIBHUI PO3B’SI30K CHCTEMHU CTIHKMHIA.
Binbir Toro, ockibKM 1Mo3a OKOJIOM MOYATKY KOODIMHAT (362 +y? >
> § > 0) maemo % < —B <0, me B — mimimym dynkmii 2(x® + y?)
no3a kosoM x> 4+ 32 = §, To po3B’sA30K & = y = 0 aCHMITOTHIHO
critikmii. B
Ilpuknan 2. /Jocaidumu Ha cmitikicmsd mpusiasvHuli po3e’a30K
cucmemu
) PO S B
a T
Pose’sazarns. Ulykaemo dynkmuito Jlsmynosa y surmsai V(x,y) =
= Vi(z) + Va(y). Toni
awv v

ov
E = % fl(way)"‘a_y fg(%’,y) =

=V{(2)(2y® — 2°) + V3(y)(~z —y® — ¢°) =
= —2"V{(z) — (y* + ") Vi(y) + 2¢° V] (2) — 2 V5 (y).

— —z—y® b

Hexait, namnpukira,

23V () —zVi(y) = =
yVi(z) —zVa(y) =0 = - 23 =
! !
Vlf) = 1, V;;if) =p (u=const) =

Vi) = 5o Valy) = Sy



Jlekuist 19. Meron dyukuiit JIanynosa. @azoBa miommHa 255

Bu6epemo p=2. Tom V(z,y)=2%+y* V(z,y)>0, saxmo
22+ 42 #£01V(0,0) = 0.

OxkpiMm TOTO,

av

ov oV
o = oy @)+ oo falwy) = — (225 + 495 + %) < B <0,

Ay

ne B — mimimym dyukii f(z,y) = 224 49% + 4y® noza xomom 3 nen-
TPOM y TIOYATKY KOOPIHUHAT. 3 TeopeMu 1 BUIIIMBAE aCUMIITOTHYIHA
cTifikicTh TpuBiaJabHOrO po3B’saA3Ky cuctemu. W

[Iporonyemo ymrTadaM CaMOCTIHO TEPEKOHATUCS Y TOMY, IO
OTPUMATH OJHO3HAYHY BIJAMOBIb IPO CTIHKICTh TPUBIAJIBLHUX PO3-
B’SI3KIB CHCTEM 3 IPUKJIAMIB 1, 2 3a mepimM HaOIMXKEHHSIM He MO-
KHA.

2. Knacudikallisi TO4Y0K CHOKOIO ABTOHOMHOI CUCTEMM.
PosrisreMo noseminKy Ha daszosiil mwionmai R? daszosux TpaekTo-
piif aBTOHOMHOI CUCTEMHU PIBHSIHD

(19.2)

ne P(x,y), Q(x,y) — nenepepsHO mudepeHiitoBHi B mesikiit obmacti
(abo B yciit mrommumi R?) dynkmii. Cucrema (19.2) Moxke MaTu e
Tpu TUIH (DA30BUX TPACKTOPIii: TOUKA, 3aMKHEHA TPAEKTOPIs (I[IKJI)
i He3aMKHEHa TPAEKTOPis. PO3B’SI30K, TPAEKTOPI€ SIKOrO € TOYKa
(z0,Yyo) (mosmoxkennst piBHOBarn), € cramuM x(t) = xg, y(t) = yo (s
Gyab-sikoro t € R). 3aMkHeHili TpaekTOpil BiIOBIIa€ I€PIOUIHMIA
PO3B’I30K, HE3aAMKHEHi — HellepioanIHuI.

OcHoBHOIO 3aJa4uero sKICHOTO mocipKenHst cucremu (19.2) e
oJlepKaHHsI fa306020 nopmpemy CUCTEMU, TOOTO KAPTUHU PO3-
6urTs daszosoi mromuman R? Ha TpaekTOpii.

Hnst Toro, mob mobymysatu daszosuii moprper cucremu (19.2),
TOTPiOHO 3HATHU TMOBEIIHKY TPAEKTOPIHi B OKOJIAX TaK 3BAHUX OCO-
OJIMBUX TPAEKTOPIli: TIOJIOXKEHb PIBHOBArW, rPAHUYHUX ITUKJIIB 1 Je-
KX HE3aMKHEHNX KPUBHUX, sIKi BIIILIAIOTH CiM'T TpaeKTopiit omHy
Bij omuol. I'panuvHum yukraom cucremu (19.2) HasuBaroTh Ta-
KUl [MUKJ, HeSIKUi OKiJl 9KOrO IIJIKOM 3allOBHEHHUN TPAEKTOPIisIMU,



256 Posuin 5. EJIEMEHTHY TEOPII CTIMKOCTI

B3JIOBXK AKuX ToukKa (z(t), y(t)) HeoOMeKEeHO HADINKAETHCS JI0 HBO-
ro npu t — 400 abo t — —oo.
Posrsanemo Bumaok, komn cucrema (19.2) e siniitroro:

& = a1 + a2y,
@ (19.3)
G = 0217 + a2y,
A — [ @ o2 -
ne = ap gy ~  gificHa  cTaJa MATPHIE, IIPHIOMY
ail a2
A= 0.
a1 a2 7
Jlerko Gauuru, mo x(t) =0, y(t) =0 e poss’szkoM cucremu
(19.3).

Cucremi (19.3) Bignosinae ojne piBHsIHHS 3 JIPOGOBO-JIHIHOIO
IIPaBOIO YaCTUHOIO
dy _ an+axny

= , 19.4
dzx a1 + ay ( )

T0OTO BCi iHTerpasbai Kpusi piBHsiHHs (19.4) € TpaekTopisiMu cu-
cremu (19.3). Ajle M He BHYEPIYIOTHCS BCI TPAEKTOPIl CHCTEMH
(19.3), 60 Bona momnyckae pyx x(t) = 0, y(t) = 0, TpaekTOpi€IO SIKOTO
€ Touka & = y = 0 (TOUKa CIOKOIO).

Opanny3pknit MaTemaTuk [lyankape moxkaszas, 10 MOXKJIUBUMU €
KiJTbKa BUIIAJIKIB, KOXKEH 3 AKUX BIJITOBIJIa€ 3a pO3TalllyBaHHS iHTe-
IpaJIbHUX KPUBKUX B OKOJIi ocobmeol Touku (0,0) abo, 1mo Te came,
3a PO3TAIlyBaHHs TPAEKTODIit cuctemu (19.3) B OKOJI TOYKHU CIIOKOIO
(0,0). i Bumagku HasuBaioTh munamu Ilyanxape.

[Tozunaunmo yepes k; i ko — KOpeHi XapaKTepUCTUYIHOIO PiBHIHHS

ann —k a2

_ 12 _
an am—k | " (a11 + az)k + A =0. (19.5)

Ockinbru A # 0, To 3 (19.5) BunmmBae, mo k = 0 He € XapakTepu-
CTUYHUM HYHCJIOM.

Bumnanok 1. ky ¢ kg diticni ma pisni. Hexait a = (a1, a2), f =
= (f1, B2) — Bi1acHi BeKTOpH MaTpHIll A, 10 BiANOBIIAIOTE KOPEHSIM



Jlekuist 19. Meron dyukuiit JIanynosa. @azoBa miommHa 257

ki i ko, TOOTO

{(an —k1)oq + apae =0, {(an —k9)B1 +aiefBs =0,

19.6
aziaq + (a2 —ki)ag =0, az1 1 + (age — k2) B2 = 0. (19:6)

3rigHo 3 Teopemoro 3 Jiekmil 14 3araJbHUM PO3B’SI3KOM CHCTEMMU

(19.3) €
z=Crone™' + Cafre™,  y = Crane™ + Cofe®,  (19.7)

ne C, Cy — moBLIBHI cTAJII.

Ao k1 < 0, ke < 0, To 3 (19.7) BUILIHBAE, IO TOYKA CIHOKOIO
r =y = 0 € acuMOTOTUIHO CTiitKoI0. CIpaBi, SIKIMO, HAIPUKJIAT,
to = 0, To po3B’s30k (19.7), sikuii TPOXOAUTH Yepe3 TOUKY (X, Yo),
y MOMEHT 4acy tg BusHadaeTbca cragnvu C7 1 Cy, Kl 3HAXOAATHCS
3 cucTeMu

zo = Crag + Co 81,  yo = Crag + Ca B,

ne a1fBs — agfy # 0. Ane tomni Cy = Axg + Byg, Co = Dxgy + Eyp,
ne A, B, D, E — nesxi crani. Bpaxosytoun, mo |eF1?| < 1, |eF2!| < 1
st k1 < 0, ko < 0, MaeMo OITIHKHI

|z| < |Azo + Byl - |a1| + |Dxo + Eyol - 1],
ly| < [Azo + Byo| - 2| + |Dzo + Eyol - |52].

3Bijcu BuIUIMBaE, 110 I A0BLIBHOTO £ > 0 3HaiigeTbCs § > 0 Take,
IO SIK TLIBKE |Zo| < 0, |yo| < 6, TO

z[ <&, lyl<e (>0),

T06TO0 TouKa crokoro (0,0) criitka. Oxpim Toro, ockimbku eFit — 0
(kj <0) upu t — 400, To 3 (19.7) Bunsusae, 1o Touka (0,0) Takox
ACUMIITOTHYHO CTiiiKa.

ko BukmounTH apryment t 3 cucremn (19.7), To omepxKama
npu 1pomy GyHKIis y = f(r) BU3HAUATUME TPAEKTOPIIO PyXy B
cucreMi koopgunar Oxy.

Marepia/ibHa TOUKa, siKa 3HAXOAUTHCS Y IIOYATKOBUHA MOMEHT Ya-
cy t = tp B 6-0KOJII ITOYATKY KOOPIUHAT, IJIsI HOCUTb BEJIMKUX t
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[IEPEXOIUTE Y TOUKY, K& HAJIE?KATH £-OKOJIy MOYaTKy KOOPAWHAT 1
npu t — +00 UpsIMy€ 0 MOYATKY KoopamHaT. Taky TOUKY CIIOKOIO
HA3WBAIOTH CMIUKUM 8Y3A0M.

Ha puc. 19.1 306pazkeHo po3TalnryBaHHs TPAEKTOPIiil, sike Bimo-
Bifae npomy Bumnaiky. CTpijkaMu BKasaHWil HAIIPSIM PyXy IO Tpa-
exTopil npu t — +00. Yci Tpaekropil, kpim oxniei, B Touri (0,0)
MAalOTh CIJIBHY JOTUIHY.

Puc. 19.1

Axmio k1| < |ke|, To KyToBuil KOedIIieHT TOTUIHOI JTOPIBHIOE
as/aq. Copasai, 3 (19.3) 1 (19.7) maemo (Cy # 0, o # 0):

dy a1 (Crare® + CoBier2t) + agy (Crane™t + Cyfpet?t)
dr — aii(Crareft + Cofrekat) + ajp(Cragekt + Cofaekzt) —
as1 (Craq + CaPre®27FIb) 4 ay9 (Crag + CoBaek2k)t)
—
a11(Croy + Cofreltka=Ft) + a19(Crag + Cofgehz=kt) o0
ag1Cran + apCioy  anon +aney  koy o

- - )
t—+oo a11C1a1 + a12Cio2 apjon +apay ki oy
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60 srimmo 3 (19.6) agiaq + axay = kiag, ajja) + ajpas = kiag.
Skmo a1 = 0, TO aHAJIOIIYHO OIEPXKYEMO, IO
dx o1

— — —=0.
dy t—4oo Qo

Ao Cp = 0, 1o 3 (19.7) oep:KyeMo OJ[HY TPAEKTOPIIO — IPSIMY
Y= %x, JOTHYHA JI0 KOl Ma€ KyTOoBHUil KoedirmieHT %

TakuM 9UHOM, JOTHYHA JIO TpaekTopiii, B sxkux C7 # 0, napa-
JIeJIbHA JI0 BJIACHOTO BeKTOpa o = ((v1,(rp), KWl BiAmoBigae Haii-
MEHIIIOMY 3a MOJIYJIEM XapaKTEePUCTHIHOMY Jucay ki (sKimo g = 0,
TO BeKTOp HampasieHuii 83108k oci Oy). Kpim toro, mpu C1 =0 €
OJIHA TPAEKTOPIA — IPAMA Y = ﬁ—fx, dKa IapaJiesbHa 10 APYroro Bja-
cuoro BekTopa 3 = (f1,52), MO BiANOBinae GIABITOMY 32 MOIYJIEM
XapaKTePUCTUIHOMY YHUCIY Ko.

Puc. 19.2

Axmio Temep ky > 0, ky > 0, To 3 (19.7) BumINBaE, MO TOYKA
crokolo x = y = 0 mecriiika, 60 e¥! — 400 mpu t — +oo. Ta-
Ky TOYKY CITOKOIO HA3UBAIOTbL HECMIUKUM 68Yy3.aom. Lleit Bumamok
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OTPUMYEMO 3 MOIEPEIHBOTO 3aMiHO0 ¢t Ha (—t), & TOMy pyX TOYKH
[0 TPAEKTOPIl BiIOYBAETbCs y NPOTUIIEKHOMY Hatpsimi (puc. 19.2).

Haperri, sikmmo k1 < 0, ke > 0 abo ky > 0, ko < 0, To TOUKa CIIO-
KOIO HecTiiika, 60 €2t — +00 a6o eF1t — 400 mpu t — +00. Touxw,
sIKi PO3TAIIOBaHI B 0-OKOJII ITOYATKY KOOPIMHAT, IO TPAEKTOPIl

x = CyB1eM,  y=Cypsek?t

PYXaloThCsl y HeCKiHdeHHICTh. OMHAK ¥ 1THOMY BUIAJIKY € TPAEKTO-
pid, 1Mo gKilf pyX TOYKU BiIOYBAE€TbCS y HAIPSIMI JIO MOYATKY KOOD-
auHaT IIpu t — +00, a caMme

z = Craref?t,  y= Craget. (19.8)

Hiero TpaekTopi€eio € npamMa a1y — aex = 0, 9Ky JIETKO OJIEpKATH
3 (19.8), BukmoumBmm 3MinHy t. Taky TOUKY CIIOKOIO HA3WBAIOTDH
cidaom (puc. 19.3).

(kl <0< kg)

Puc. 19.8
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Bunanoxk 2. ki @ ky xomnaexcno-cnpasiceni: ki o = pEiq, ¢ # 0.
Baranbpauii po3s’s30k cucremu (19.3) MOXKHa 3amEcaTH y BUIVISI
(19.7), me BexTopu @ = (a1, 2) 1 B = & = (@1, ?2) MAIOTH KOMILIe-
KCHI KoopyuHaTh. fK Bimomo (ekiis 13), aificHa Ta ysiBHa YacTUHE
I[bOTO PO3B’A3KY € IifICHUMH DPO3B’f3KaMHU CHCTEMH, TOMY 3araJib-
HUil po3B’s130K cucremu (19.3) MOXKHA 3amucaTh y BUIVISL JTIHIAHOT
KOMOIHAIT] ITUX PO3B’sI3KiB:

x = eP'(Cy cos gt + Cysingt), y = eP'(acosqt +bsingt), (19.9)

ne Ch, Cy — moBlIbHI cTadi, a i b — JiHIiHI KOMOIHAIIT IMX CTAJIHX.
Ak p = 0, To Tpaekropii (19.9) st pisaux Cp, Co (Ha mijgcra-
Bl IepiOAMIHOCTI MHOKHUKIB y JIy’KKaxX) € 3aMKHEHUMI KPUBUME —
esincamu 3 nearpamu y touri (0,0) (puc. 19.4). Iio Touky Hasusa-
10Th yernmpom. fkmo p = 0, To Touka (z(t),y(t)) pyxaerscs 1o
OJIHOMY 3 eJIIICiB BKa3aHol cim’l, 0bxojstn fioro 6e3tiu pazis. Bona,
OYEBUIHO, HE TPIMYE 70 YKOIHOI TPAHUII TIPH ¢ — 400, TOOTO TOUKA
criokoro (0,0) He acuMOTOTHYHO cTifika. AJie BOHA € CTIfKOIO.

)

/)
y T

Puc. 19.4

Hexaii Tenep p < 0. 3 (19.9) Burumsae, Mo y mbOMY BHIAIKY
TouKa (Z,y) IpU t — 400 MPAMYE 10 TIOYATKY KOODIMHAT — TOUKH
r = 0, y = 0, gky HaszuBaioTb cmitikum @oxycom. HaspHicTn
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MHOKHUKa eP!) sikuit npu ¢t — +00 HpsiMye JI0 HyJIsl, TIePETBOPIOE
3aMKHEHI KpUBI y cHipaJii, fKi acCUMITOTUYHO HAOJIUZKAIOTLCS IIPHU
t — 400 10 movarky Koopamuar (puc. 19.5).

Toukwu, siki po3ramosani pu t = tg y JOBIIBHOMY 0-OKOJII TIOUa~
TKY KOODAWHAT, JIsI JJOCTATHBO BEJIMKOTO ¢ MOTPANISIOTE Y 3aJaHmit
€-0KiJI TIOYaTKy KOOPIMHAT.

TpaexTopii, ki TpaMyIOoTh 10 POKyca, XapaKTepHI TUM, IO J10-
TUYHI 0 HUX pU t — +00 He NPAMYIOTb 10 KoHoI rpanuntti. [{um
$dOKyC BiIpi3HAETHCS Bi By3JIa.

Y Bunagky p < 0 Touka x = 0, y = 0 aCUMIOTOTHYHO CTiflKa.

dAxmo pificua gactuna p uncen ki i ko momaTHa, TO Iei BUIIAIO0K
[IEPEXOINTE y HoepeaHiil micas 3aminn ¢ Ha —t. OTKe, TpaeKTOpil
30epiraioTh Taky ) popmy, gK Ha puc. 19.5, onHakK pyX TOYKH Bil-
OyBaTHMETLCS y TPOTHIesKHOMY Hampsami. Ockinpku ePt — +o0o mpn
t — +00, TO TOYKH, SKi 3HAXOIATHCA YV MOYATKOBUII MOMEHT Yacy B
OKOJIi TIOYaTKY KOOP/WHAT, ITOTIM II€PEXOIsITh Y HECKIHIEHHICTh. Ta-
Ky TOYKY CIIOKOIO HA3UBAIOTH Hecmitikum gorycom (puc. 19.6).

Y Y

Puc. 19.5 Puc. 19.6

Bunagoxk 3. ki = ks. Toni kq, ko — milicHi, a 3arajabHuit po3B’si-
30K cucremu (19.3) mae BurISIT

z = (A+ Bt)t, y=(C+ Dt)e"?,
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ne A, B, C, D — craJji, moB’si3ai MixK co00I0 IBOMA JIHIAHAMHI PiB-
HSIHHSIMU, sIKi MOYKHA OJIEPXKATHU, SIKIIO mifcraBuTu HyHKIil x(t),
y(t) y cucremy (19.3) i ckoporuTn Ha e,

dxmio ki < 0, to €1t — 0, teF1t — 0 mpu t — +00 i, oTke, TOUKA
CIoKOI0 & = 3 = () ACHMIITOTHYHO CTifika. [i HABMBAIOTD CMATRUM
sy3aom. Axino ki > 0, To TOUKa CIIOKOIO HecTiiiKa, 11 Ha3MBalOTh
HECMIUKUM 8Y3A0M.

JeranpHinme npo BUMAJIOK k1 = kg MOXKHA ITPOYUTATHU, HAIIPU-
kiaz, B [10, c. 144 — 148].

Hagemeni Tpu Bumaakn oTpuMaHi y MPUIIYINEHH], [0 BU3HATHAK
A cucremu (19.3) Bigminawmii Bing wHysas. [Ipunycrumo tenep, 1o
A = 0. Toni xapakrepucruynumu dncjaaMmu € k1 = 01 ko = a11 +ags.
Axmo ke # 0, To 3aranbHuii po3s’sizok cucremu (19.3) mMae Bursi

z = Cloq + Czﬁleth, y=Clasg + CQBQ@th, (19.10)

ne C1, Cy — noBiabHI cTaui i aj1aq +ajgas = 0, —agse B +a1ab2 = 0.
Buksiogaroun 3 (19.10) mapamerp ¢, 07ep:KyeMo CiM'10 apaJiesib-
HUX IPSIMUAX

Yy — 01042 = &(x — C’lal).
B

)

(]{72 < O)
Puc. 19.7
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ko ke < 0, To ipu t — 400 Ha KOXKHIIT TpaeKTOpil (Ha OTHOMY
3 HapaJieJIbHUX [IPOMEHIB) TOUKHU HABIMKAIOTHCS JI0 TOYKU CIIOKOO

(puc. 19.7)

o9
r=Ca, y=Ciaa = y=—u.
aq
Touka criokoro © = y = 0, Tak camo, siK i JIOBiJIbHA TOYKA HPSMOI
y = agx/ay, pu ko < 0 cTiiika, aje He ACHUMITOTHYHO CTifiKa. SIKImo
ko > 0, TO TOUKA CIIOKOIO HECTilKa.

dAxmo k1 = kg, TO MOXKINBI IBa BUIIAIKMN:

1. Baranpaum poss’sizkom cucremu (19.3) € . = C1, y = Co (1e
6yae Tomi, Ko marpurg A mynbosa). Tozi ToUKa CIOKOIO CTiiiKa,
aJjle He aCUMIITOTHYHO CTifiKa. YCi TOYKN IUIOMUHN (T, Y) € CTIHKIME
TOYKAMH CIIOKOIO.

2. Barampanit po3s’a30k cucremn (19.3) Mae BUIIs

x=C1+4+Csot, y=a-+bt.
Toni Touyka CIIOKOIO HeCTifiKa. ¥ IbOMY BHIAJKY G99 = —a11,
aigas < 0.
Ilpuknan 3. locaidumu xapaxmep mMouky cnokor cucmemu,

dx dy
dt Yy—x, Yy

Haxpecaumu dasosi mpaekmopii na naowuni (,y).
Pose’sazanns. XapakTepuCTUIHE PIBHSHHS

—1—-k 5 _0
0 —2—k
Mae KopeHi k1 = —1, ko = —2. OTke, TOUKa crokoio z = y = 0 €
CTIAKUM BY3JIOM.
XapakTepuctuanomy duciy ki = —1 BiAmoBigae BiacHUt BEKTOP

a = (1,0), a uncay ko = —2 — Bekrop 3 = (—5,1). Ioxinua g—g y

TOUI MOYATKY KOODIMHAT JOPIBHIOE ao/cv; = 0. OTke, HOTHYHI 110
$az30BuUX TPAEKTOPiil y MOYATKY KOOPAWHAT € MOPU30HTAJIBHUMU, a
caMmi TpaekTOpil MOXKHa OOy /IyBaTH, HAIPUKJIAT, 9K Ha puc. 19.8. B
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~

N a
O\w

Puc. 19.8

Ilpuknan 4. /locaidumu xapaxmep Mouky cnokor cucmemu,

dx
— =ar+y,

d
I —y:—x—i—ay

dt
3ANENHCHO 610 3HAUEHHA NAPAMEMPE (L.

Pose’szarns. BinnosinHe xapakTepucTUUIHE PIBHSHHS MAa€
KOMILTTeKCHI KopeHi k12 = « £ 7. fkmo a = 0, To TouKa CIOKOIO
€ TeHTpOM. Y IbOMY BHIIAJKY CHCTeMa HabOUpPae BULJIAILY ‘fl—f =y,
‘Cll—i’ = —z. 3Bigen 22 + y? = C, T06T0 HAZOBUMEH TPAEKTOPISMU €
kosta 3 merrpoM y touri (0,0) paziyca +/C. dkmo a # 0, To Touxa
crokoio € pokycoM: crifikum, aximo o < 0 i HecTiitkum, gxino o« > 0.
Paz30BUMHI TPAEKTOPISAME € CIipaJi, IKi «HAKPYIYIOThCA» Ha TOUIKY
(0,0). dxmo « < 0, To Touka (z(t),y(t)) pyxaerhbcs 1o cripassx y

HaIlpsIMi TOYKH CIIOKOIO, & Jijid « > 0 — y Hanpawmi Big mel. B

Pexomendosana aimepamypa: |1, c. 251 — 281], [9, c. 253 —
274], [10, c. 132 — 149, 163 — 168], [16, c. 417 — 453, [19, c. 216 — 222,
241 — 245].

IInrapnsa mo jgekmii 19

1. SIx dopmysoerbest Teopemy Jlsmynosa npo crifikicTs (acuMIToTu-
4Hy CTifiKicTh) HOpMAaJBLHOI HeJliHifiHOI cucTemMu?
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2. dki BiacruBocti mae dyukiis Jlamynosa? Y sSKOMY BHUIJISII PEKO-

MeHJIyeThCs nrykaru by Jlsmynosa?
3. IlTo HasuBaioTh (ha30BUM HOPTPETOM HOpPMAaJIbHOI cucremu?! ZK mo-

OyayBaTu (Ha30BUil MOPTPET CUCTEMU !

4. dx mow’s;3ami Mizk co00I0 aBTOHOMHA, JIiHIMHA OJHOPIIHA CHCTEMA
nBox gudepenniaabaux piaanb (19.3) I piBHAHHSA HEPIIOro MOPAIKY 3
OJTHOPIZHOIO POGOBO-JIiHIAHOIO IpaBoio YacTuHOK (19.4)7

5. Jaiire kmacudikariro [Iyamnkape TOUOK CIIOKOIO aBTOHOMHOI CHCTEMU
JudepeHIiaJbHIX PIBHSIHB. Y SKOMY BHUIAJKY TOYKA CIIOKOK € CTIAKOIO,
ACHUMIITOTUYHO CTIHKOI, HECTIHKOIO?!

Bopasu go gekiii 19

1. JocmimiTe Ha CTIHKICTh TPUBIAJbHMUII PO3B’SI30K CHCTEMH, 3HAIOYUM
dyukiito JlsamyHosa:

dz 3

a = YT _ 2,2
a) Z—‘”=—£—3y3 V=2 +y%

t )
dz 2,2
G =T 2ytatyt, )
dt 2 20

2. Hocainite ocobsmei Toukn piBHsiHb. HakpeciiTh iHTerpasibHi Kpubi
Ha 1wiomuHi (x,y):

dy 2z+y . 6) dy _ —x+2y
dx 2e—y

3. Hocaimits ocobmusi Toukn cucreM. HakpecaiTh TpaekTopil Ha ILI0-
i (2, y):

a) § dy .0y _ 3
E—-l‘, %——Jf— Y.
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Po3znain 6.
IHTET'PAJIBHI PIBHAHHA

Jleknis 20. IaTerpasibHi piBHSIHHS, 1X 3aCTOCYyBaHHS Ta
JesKi MeToau po3B’s3yBaHHs

Il1an

1. OcHOBHI O3HAYEHHS I TIOHSITTS.

2. OiznyHi 3a7a4i, SIKi TPUBOALTE 0 IHTErpaIbHUX PIBHSAHb.

3. 3B’s130K MiXK IHTErpajbHUMU PIBHSHHAME Ta 3ajadeio Ko
IJIsT 3BUYIAHNX TudepeHIiaJbHnX PiBHIHD.

1. OcHoBHI O3HavYeHHs W MOHATTHA. InHmezpasbHuM pPie-
HAHHAM HAZUBAIOTb PIBHAHHS, sIK€ MICTUTh HEBIIOMY (DYHKITITO ITiJT
3HaKoM iHTerpaja. HaBememo mpukiiann iHTerpaJbHUX PIiBHSHD:

b
y(x) = )\/K(x, s)y(s)ds + f(z), =z € a,b], (20.1)
y(x) = )\/K(w,s)y(s)ds + f(z), =€ la,b, (20.2)

e K(x,s) i f(x) — 3amani dyskuil, a y(x) — mykana dbyskiis (Bo-
HU MOXKYTb OyTH JificHUME ab0 KOMILICKCHO3HATHUMHE), A — JesiKe
qucsio (JificHe abo KOMIIJIEKCHE).

Oyukrito K (z,s) nasubaioTb s0pOM iHTe-
rpaJibHOrO piBHsiHHS, f(T) — 6IABHUM “AEHOM. |
Y piBmsmuax (20.1), (20.2) dyukmis f(x) Busmnade-
Ha Ha BiAPisKy z € [a,b]. ¥ piBuammi (20.1) snpo |
K (z, s) Busnadene y KBajpari ! !

O| a b =
Puc. 20.1

Q={(z,s) :a<z<b a<s<b},
a y piBusnai (20.2) - y tpukyrHEKY (puc. 20.1)

G={(z,s):a<x<b a<s<z}
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Hamaui, sikimo me ckazaHo mpo iHie, BBazKaTuMeMo, 1o s1po K (z, s)
i BUbHUI wieH f(x) € HenepepBHUME (DYHKIISIMU Yy CBOIX OBJIACTSIX
BU3HAYUEHHS.

PiBusans (20.1), (20.2) € atHidnumy iHTErpATBHUMA PIBHSIHHSI-
Mmu, 60 nrykaHa GyHKINS BXOJAUTD y I PiBHAHHH JiHiiHO. 3ycTpiva-
FOThCSI TAKOXK 1 HEJTiHIHI iHTerpasbHi piBHAHHs. TakuM, HAIIPUKJIIA]T,
€ PIBHSIHHSI

1
y(r) = /e”yz(s)ds +2, z€][0,1].
0

Hanmami posrimsimaruMemo TiABKHU JIiHIAHI iHTerpabHi PiBHSIHHS.

ko mykana pyHKITST MiCTUTBCA TIJIBKH 111/ 3HAKOM iHTerpaJa,
TO BIAIIOBIHE PIBHSHHS HA3UBAIOTH tHME2PAALHUM PIBHAHHAM
nepwo20 pody. TakuMy PIBHAHHSIMUI, HAIIPUKJIAI, €

b
/ K (. s)y(s)ds = f(x), (20.3)

/K(x, s)y(s)ds = f(z). (20.4)

Pisasianst (20.1) 1 (20.2), y skux mykada (byHKIIS MICTUTHCS
TAKOXK 11033 3HAKOM IHTerpaJia, Ha3UBaOTh THIME2PAALHUMY Pi6-
HAHHAMU OPY2020 POIY.

fAxrmmo Mexi iHTerpyBanns (bikcoBaHi, TO BiIIOBiAHE iHTErpasb-
He PIBHSIHHS HA3UBAIOTHb PI6HAHHAM DPpedzosbma, a sIKIIO OJHA,
3 MeXK IHTerpyBaHHd € 3MIHHOIO, — TO Pi8HAHHAM Boavmeppa.
Orxe, (20.1), (20.3) — piBusinasa @pearoabma, a (20.2), (20.4) — pis-
HsHHsT Boasreppa.

PiBuannga Bosibreppa MOXKHA PO3IVIANATH K OKPEMHUil BUIIa-
oK piBustHHs Ppenrosbma, BBazkaooun B (20.2) abo (20.4), mo
K(z,s) =0 musa s > x. Onnak disuuni 3aa4i, ski IPUBOAITE 10
piBusgub BosibTeppa i @penronbma, a TaKOXK BJIACTUBOCTI PO3B’sA3KiB
X PIBHSHb CYTTEBO Pi3Hi, TOMY piBHsAHHA Bojbreppa BHBUYaTHME-
MO OKPEMO.
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Pipusnus (20.1) - (20.4) mHasuBaioTb O0HOPIOHUMU, SIKIIO
f(x) =0, y inmomy Bunajky — #e00HOpioHUMU.

Po38’s3K0M IHTErpaJbHOrO PIBHSHHS HA3WBAIOTH (DYHKIHIO
y(x), sika mepeTBOpIOE HOro y TOTOXKHICTH Jist x € [a,b]. Hamnpu-
kitan, Gyskiia y(x) = %x_l/ 2 € PO3B’SI3KOM IHTErpaIbHOrO PIBHSIH-
Hs BosbTreppa mepIoro pomay

a dyukiig y(x) = e~ — 2x — poss’sa3koMm piBusaH Pperoabma
APYroro poay

1
ylx) =e "+ Z/xesy(s) ds,
0

y IOMY MOKHA ITIEPEKOHATHUCS MEPEBIPKOIO (IIPOMOHYEMO TUTAYAM MO~
Ka3aTu 1e CaMOCTIHO, BUKOHYIOUM BIPaBy 1 IiCIst JIEKIIIT).

2. PisuyHi 3aga4i, AKi IPUBOASATH A0 iHTerpajJbHUX PiB-
HHb. [HTerpayibui piBHIHHS BiirpaloTh BaKJIUBY POJIb Y MaTeMa-
TUIHOMY MOJEIIOBAHHI PI3SHOMAHITHUX (PISUTIHUX IIPOIECIB 1 sABUII.
ITepeBazkHO OCHOBOIO JIJIsT CKJIAJIaHHS iHTErpajibHUX PiBHsIHBb € Bij-
noBiaHI dizmuni 3akoHn. Tak, HAIIPUKIIAI, BiIoMi 3aKOHI 30eperKeH-
He MacCH, IMIOYJILCY Ta €Hepril MaloTh iHTerpaJibHe (POpPMyJIIOBAHHS i
IIPUBOJISITD JIO IHTErpabHUX PIBHSIHB B IKOCTI MOJe/Iell KOHKPEeTHUX
IIpOIteciB 4m siBUIN,. lHTErpasibHi piBHIHHS BHHUKAIOTDH y Oararbox
obJracTaX HAyKW 1 TEXHIKM, a TAKOXK Yy YUCJIEHHUX 3aCTOCYBAHHSIX,
HAIIPUKJIaJ Y Teopil IPYy>KHOCTI, Teopil IJTaCTUIHOCTI, TiIpoInHAMI-
111, Teopil Maco- i TeronepeHecenHst, biomexaniri, reodisuili, acTpo-
HOMIT ToIT0. Po3riistHeMo [1es1Ki TpuKIaIn.

Bagaua 1 (3amaua AbGenst). V sepmukasonit naowuni (T, 8)
3Hatlimu Kpuey, 6300621C AKOT MAMEPIANLHA TOUKA, NOYAEULL PYL 6E3
noYamKo8oi weudxocmi y mouyi 3 opounamoro T, nid dier cuiu msa-
orcinnsa docsizae oci OT 3a wac T = f(x), de f(x) — sadana Pynryia.
Tepmam snexmysamu.
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Posze’sazarns. Hexait a = «s) — KyT, sKHil yTBOPIOE JTOTHIHA IO
nryKaHol kpusoi 3 Biccto O7 (puc. 20.2).

[IpupicT KiHeTndHOI eHeprili TOUYKH S
npu i1 nepemirienni 3 M mo N mopis-
HIOE POOOTI CHIN TSIXKiHHSI, TOOTO

M

va

2
Je m — Maca TOYKH, g — IPUCKOPEHHHA
3EMHOTO TSDKIHHS. 3BiJCH OJIEPIKYEMO
dbopMyIty I TIBUJKOCTI PYyXOMOI TO-
9KU: 0

v=1/29(z — s). Puc. 20.2

3HAX0INMO CKJIAI0BY BEKTOPa IIBUIKOCTI B310BXK oci Os:

ds . .

— = —vsina = —/2¢g(x — s)sina,

dt

Jie t — IOTOYHe 3HAUEHHs Yacy HaJiHHS, & 3HAK «MiHyC» BKa3ye Ha
Te, IO HAIPSAM IMIBUAKOCTI IPOTHUIIEKHII 10 HanpsMy oci Os.

3 mornepeIHbOT PIBHOCTI BUILIMBAE, IO

= 7719('r - S)a

dt = — %, (20.5)

Jie IO3HAYEHO p(s) = Sral)
Binrerpysasmmu pisaicts (20.5) y Mexkax Bif 0 1o , omepKyeMo
qac T, moTpiOHU# MaTepiasibHIM TOUIN JJIsS ITepeMillleHHs 3 BHCOTU

s = x 5o noJjioxkeHHs s = 0:

1/ o(s)ds

T=— | ——.
V29 ) VJxr—s
0

Ockimpku T' = f(x), To s 3naxomkenns QyHKIIl ¢(s) oxepKan
inTerpasbHe piBHsIHHS Bosibreppa mepiioro posy:

1 Icp(s)ds — e
V% J NoEr f(x). (20.6)
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Iarerpanbie piBusans (20.6) HazuBaioTh pieHaAHHAM Abeas.
ko, poss’szasimu pisasuas (20.6), 3Haiinemo dyHkIio ©($),
TO MOYKEMO CKJIACTU PiBHAHHS NTYKAHOI KPUBOI:

1
= ZQ
p5)=— = s=2(a)
Hami maemo:
q)/
Eztga = dr= ds = (a)da
dr tga tg o
P’ (o) dav
= | — =7 .
’ / tga

TaxkumM IHHOM, IIyKaHa KPUBA BU3HAYACTHCS Y IapaMeTprutIHiil (hop-
Mi:
7T=01(), s=P(a). M

Samavua 2. FHatimu nomeHutasvHy eHepeiio NoAS, 8 AKOMY “4a-
CMUNHKG 301CHIOE KOAUBAHHA, AKULO 6100MA 3AAEHCHICTL NEPIOY
KOAUBAHHA HACTNURKY 610 i1 enep2ii.

Pose’sazanns. [lpumyctumo, 10 NOTeHIaIbHa €HEPTis TOJIsT 3a/a-
eThCst PYHKIEO u(T), sIKa € TApHOIO i MOHOTOHHO 3POCTAIOYOIO TS
x > 0. 3rigiHO 3 3aKOHOM 30epexKeHHsI eHepril

muv? m [dx\?

ne E — ewmepris wactunku, m — 11 maca. Bimokpemoroun 3MiHHI,
OJIEPZKYEMO

(B ()

a  Vm N dt:@%%um
= \/g‘/\/Ed—xu(x) T

ne C — moBlIbHA cTasA.

=
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Hexait u(0) = 0 i zo(F) — xopiub piBusaus u(zr) = E. Toxl mia
nepiony kosmanb T'(E) maemo dbopmyiry

T(E) =2V2m - /M, (20.7)

ne @(u) = da;s:‘). Axmo dyuknis u(zr) nesimoma, age Bigoma 3aJe-
xkuicte T(E) mjist gesikoro iHTepBasy 3HadeHb E, To 3aja4ya 3HAXO-
JoKeHHsT DYHKIT 1(2) 3BOAUTBCS 10 PO3B’sI3yBaHHS IHTErPATIBHOIO
piBasiaHst Bosibreppa mepmioro pomy (20.7) BignocHo dbyHKil @ (u).

Buaiimosmmm 3 (20.7) ®(u), nykamny 3ameKHiCTD 11 u(x) MOKHA

oJepzKaTuu 3 TOro, Imo

du dz\ ! 1

3. 3B’s130K MiXK iHTerpaJibHUMU PIBHAHHSAMH Ta 3a/IAY€F0
Ko ajs sBuyaiinnx qudpepeHiiiadpbHUX PiBHAHBb. [HTerpainh-
Hi piBHgHHs BoJsibTeppa Apyroro poiy 49acTo BUKOPUCTOBYIOTHCS IJIst
ONHUCYy AMHAMIKM PI3HOMAHITHUX TPOIeciB y cucteMax. [Ipukimagamu
JOUHAMIYHUX CHUCTEM € MEXaHi3MU, €JIEKTPUYHI KOJIa, CUCTEMU Pery-
smoBaHHd. /lo anasizy AuHAMIYHAX CHCTEM 3BOJATHCS Oararo 3a1ad
JOCJIiI2KeHH s TporieciB xiMmil, 6iosoriil, 6iodizukn, eKosoril, eKoHOMi-
KHI TOITO. 30KpeMa, KoKHy 3ajady Kot g jiniinoro audepeHrri-
aJbHOTO PIBHAHHS

y™ 4+ p1(x)y "V 4 pa(a)y = f(2)

MO>KHA 3BECTH JO0 PO3B’sI3yBaHHSI JIESIKOrO JiHINHOTO iIHTErpaibHOIO
piBusiaus Bosibreppa apyroro pomay. Ilokarkemo 1e Ha mpuk/Iami.
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Ilpukaan 1. Crxaacmu thmeepasvre pi8harHa, axe 6idnosidae
3adawi Kows

y' +2y +y=2% y(0)=1, y(0)=0. (20.8)

Posze’azarns. Ilozaaanmo y” = u. Inrerpyioun ne CIiBBiIHOMIEHHS
Ta, BPaxXOBYIOUHN IIOYATKOBI yMOBH, IIOC/IIIOBHO 3HAXOIUMO

V(@) =y (0) + / u(s)ds = / u(s)ds,
0 0
y(z) = y(0) +7dp /pu(s) ds =1 —l—/m(x — s)u(s)ds. (20.9)
0 0 0

[TincraBasioun 3uafineni supasu s y(x), y'(x) y 3a1ane piBHAHHS,
OJIEPIKYEMO

xT x

u(z) + 2/u(s)ds +(1 —l—/(x —su(s)ds | =2 =
0 0
u(z) =22 —1— [ (242 — s)u(s)ds. (20.10)
/

Takum annOM, sKINO Yy(x) — Po3B’s130K 3a1aH01 3a1a4i Ko, To
dbyuxiig u(z) = y” samosonbusie inTerpanbue pisusnms (20.10). T
HABIIAKH, AKIIO u(z) — po3B’s30K piBastams (20.10), To dbyukmis y(x),
BusHadeHa (opmysioro (20.9), € poss’saskom 3amaqi Komi (20.8). Or-
ke, 3amada (20.8) piBnocuibHa iHTerpasbaoMy piBasHHO (20.10). W

Binowmo (sexrist 6), mo 3amada Ko s audepenmniaabHOro pis-
HSIHHS [IEPIIOr0 MOPSAAKY, PO3B’SI3aHOIO BiAHOCHO IOXIIHOT
/
y = f(z,y), y(xo) =10

y 3arajJbHOMYy BUIAJKY PIBHOCWJIbHA HEJIHIHHOMY IHTErpalbHOMY
piBagHHIO Bombreppa

T

y(z) =yo + /f(x,y(s))ds.

zo
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Amnasoriuno 3amaqy Komn mist moBibHOro audepeHniajabHOro pie-
HAHHS N-TO TOPSJIKY, PO3B’A3aHOTO BiITHOCHO CTAPIIOI TOXiJHOT,

y = f(ﬂ:7y7y’7 S 7y("_1)),

— / _ n—1 _ (n—1)

y(zo) = yo, ¥ (z0) =Yo; ---» y( )(950) =Y

MOXKHA 3BECTH JI0 CUCTEMU HEJHHITHUX IHTerpaJbHUX PiBHAHb Bosb-
Teppa.

Ilpuknan 2. Ckaacmu cucmemy iHMeepasvbHUL PIBHAHD, PIEHO-
cuavny zadavi Kowi y' = —y? + 2y, y(0) =1, /'(0) = 0.
Pose’azanna. Ilosnaanmo y; = y, yo = y'. Toni 3amana 3amada
Komri sBomuthest 0 3amadi Kol 17151 HOpMaJIbHOI CUCTEMU:

Yi=v2, vh=2y1—v3, vi1(0)=1, y2(0)=0.

VY cBorto 4yepry, oTpuMaHa cucTema JudepeHIiaIbHuX PiBHSIHD 3 ypa-
XyBaHHAM TOYATKOBAX YMOB PIBHOCHJIbHA CHCTEMi iHTErpaJbHUX
piBHSIHD

xT T

yi(z) =1 +/y2(s)ds, ya(z) = /(Zyl(s) - yg(s)) ds. &

0 0

YV Gararbox BUIIAJKaX PO3B’SI3yBaHHS 1HTEIrPAJILHOIO PIBHSIHHS
Bosbreppa apyroro pomy abo CHCTEMH TaKMX PIBHSIHDb MOXKe OyTH
3BeJIeHe 10 PO3B’a3yBaHHs JAesKol 3amaqi Kot a1 3swgaitnoro am-
depenmiagbHoro piBasaHHA. HaBememo nsa criocobu, 3a JOTOMOTOO
SIKUX T€ MOXKHA 3POOUTH.

Cmoci6 1. Posriasmemo piBHaHHs Bosbreppa apyroro pomy
(20.2) i npunycrumo, mo foro sapo K (x,s) i BuibHuil qnen f(x)
MalOTh HeIlepepBHI MMOXiJHI % i f(x) (3a nux ymoB inTerpaib-
He PiBHAHHS MOXKHA 37udepeHIioBaT oaun abo IeKiabKa pasiB 3a

3MIHHOIO ).

Ilpuknan 3. Pose’asamu inmezpasvHe pieHAHHA

T

y(z) = cosz +/cos(x —s)y(s)ds, (20.11)
0
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seiswy ozo do 3adawi Kowsi das dudepenyiasvro2o pieHAHHA.
Pose’szarnns. [ocninosuo mudepentiooan (20.11), ogepxyemo:

T

y'(z) = —sinz —/sin(x — s)y(s)ds, (20.12)
0

y"(z) = —cosx —/cos(ac — s)y(s)ds. (20.13)
0

Bupasusmn inrerpas 3 piBasang (20.11):
/cos(x —s)y(s)ds = y(x) — cosx

i migcrasusmmm itoro B (20.13), omepkyemo:
y"(z) = —cosz — (y(x) —cosz) = " +y=0.

3araJbpHUM PO3B’SI3KOM OJIEPYKAHOIO PIBHSIHHS 31 cTaauMu Koediri-
€HTaMU €
y = Crcosx + Cysinz. (20.14)

3 (20.11), (20.12) 3HAXOAUMO MOIATKOBI yMOBH:

y(0) =1, ¥'(0)=0,

3a JOMOMOroio skux 3 dopmynnu (20.14) j1erko BHISIEMO IIyKaHUIT
po3B’sA30K Yy = cosx. M

OueBnno, MO el crnoci6 3aBKIM TPUBOJUTH 0 METU Y TOMY
BUTIAJIKY, Ko s11po K (x,$) € MHOrOYJIEHOM 3a CTEIeHsIMH & — S,
nanpukaan, kom K(z,s) =z — s, K(z,s) = (v — s)?, K(x,5) =
= (z — 5)3 4+ 2(x — s) Tomio.

Cmooci6 2. Hexait sapo piBusinag Bosbreppa mApyroro pomy
(20.2) € supodatcerum, TOOTO MAE BUTJIS/T

K(x,s) = ij(iU)Qj (5).
=
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OrKe, MaeMoO iHTerpajbHe PiBHSHHS

y(x) = )\/ ij(x)qj(s) y(s)ds + f(x), x € [a,b]. (20.15)
j=1

a

Banmmemo piusHHs (20.15) iHaxie:

y(@) =23 pia) / 0i()y(s)ds + £(z) (20.16)
j=1

a

1 TTO3HAYNMO

ui(z) = /ql(s)y(s)ds, ceey Up(x) = /qn(s)y(s)ds. (20.17)
Ba gomomoroio dyHKIR ui(x), uz(z), ..., uy(x) 3 (20.17) pis-

msanas (20.16) MoKHA 3allIcaTH y BUIVISA
y() =X pjla)u;(x) + f(z). (20.18)
j=1

Hudepentiroroun crisignorrenns (20.17) i migcraBisiioun 3amicTb
y(z) Bupas (20.18), mis veBimomux GyHKiit ug (), us(z), .. ., Uy (x)
OJIEPKYEMO CHCTEMY Tu(EPEeHITATbHAX PIBHSIHD

n

up = Aqu (fv)];pj(w)ug'(x) +ai(z)f(2),

= Aa() 3 i)y (@) + a0 (@)

J

ITincrassioan B (20.17) o = a, 3HAXOAUMO MTOYATKOBI YMOBH:
ui(a) = ... =uy(a) =0.

Busnaunsimm 3 ocrannpol cucremu GyHKIHT ug(x), ug(x), ..., up(z) i
nijicrasuBnm 1x y (20.18), ogepkumo po3s’si30k () iHTErpaabLHOro
piBusnua (20.15).
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Ilpuknan 4. Pose’asamu inmezpasvHe pieHAHHA

T

y(x):2+3/

0

e’ +e®
my(s) ds,

seisuwy ozo do 3adawi Kowi oas dudepenyianvhozo pieHANHA.
Poazs’sazarns. [loznaausim

T

u(zx) = /(es + e *)y(s)ds, (20.19)

0
3a/laHe PIBHAHHS 3aIUIIEMO Y BUTJISAI]

3u(x)

=24+ ——. 20.2
ya) =2+ (20.20)

3(20.19) i (20.20) BumuBag, 1mo audepenIiatbue PIBHIHHS s
SHAXOJZKEHHsT U(T) Mae BUIVISIL:

u'(z) = (" + e P)y(z) = (" +e77) <2 + ﬁ:—%) =

u —3u = 2(e” +e77),

TOOTO € JHHIHIM HEOJHOPITHUM PIBHSHHSAM MEPIIOTO TOPSIKY (J1e-
kiis 4). Bukopucrosyioun dopmysty 3araabHOro po3s’ssky (4.5),
OJIEPXKYEMO, IO

u=el3d (/2(61 e e 3 gy 4 C) =

e—x

u:€3m<2/(€_21+€_4z)d$+0> = u=C0e" e — R

[\e][d%)

Ockinpku 3 (20.19) Bumusae, mo u(0) = 0, to C =

Y

3
u:§e3m—ex—7,
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a orxke, BuKopucToByodn (20.20), omepKyeMo IIyKaHuil O3B’ sI30K:

3 3 -
y(r) =2+ ———— (—e?m—ez—e—) =

et +e T \2 2
3 33T — 2T — 7
=24 —- =
y() + 2 et +e*
(@) 0e3% — 2¢% 4 =7
€T) =
Y 2(e® + e %)

Pexomendosana aimepamypa: |5, c. 82 — 84|, [7, c. 9 — 26], [8,
c.13 - 19, 35 - 38, 110 - 113], [9, c. 306 — 314], [16, c. 481 — 482].

IInrannsa mo gekuii 20

1. dxe piBHsHHS Ha3UBaOTH iHTerpajabanM?! [1lo HAZUBAOTH AIpPOM iH-
TerpaJjbHOTO PiBHSAHHS, BIIbHUM wieHOM! HaBemiTh mpuk/iaam iHTerpaib-
Hux piBHsHb. I1[0 HA3MBaIOTH PO3B’A3KOM iHTEIPAJILHOIO PIBHAHHSA !

2. fxke iHTerpajbHe piBHsHHsS HasuBaloTh JiHiiiHuMm? HapemiTh mpu-
KJIa M JIHIWHTX Ta HeJIHIHHUX iHTerpaJbHuX piBHAHL. Koy inTerpaibhe
piBHsiHHS Oy/e nepiioro (apyroro) poy?

3. ke piBHgHHA Ha3WBaIOTL piBHAHHAM @OpearosibMa, PIBHAHHIM
Bouibreppa?

4. dxe iHrerpasibHe pIBHSIHHS HA3MBAIOTH OJHOPIAHUM (HEOIHODI-
JIHEM)?

5. fxoMy iHTerpaJbHOMY PIBHSHHIO PiBHOCWIbHA 3aJada Kot st
JuepeHIiaJIbHOrO PIBHSHHS MEPIIOro IOPSIKY, PO3B’S3aHOIO BiJHOCHO
TTOX1THOT?

Bopasu go sexkiii 20

1. HoseniTh, mo 3agaHi QYHKINT € pO3B’SI3KaMU IHTerpaJbHUX PIBHSIHD:

) ylx) = Lz, AL ds =1

1
6) y(z) = e — 2z, y(z)=e*+2 [xesy(s)ds.
0
2. CkyaJiTh iHTerpaJibHi piBHSHHS, sIKi BianoBizamoTh 3agadam Komii:
a) y' +2xy =e”, y(0)=1;

6)y" —sinz-y' +e"y =2, y(0)=1, y'(0)=-1;
B)y =xsiny+2, y(r)=m.
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3. Posp’sikiTh iHTErpasibHi piBHAHHS, IIOIEPETHBO 3BiBINN iX /10 3BU-
JaftHnx audepeHItiaJbHIX PIBHIHD:

x

a) y(z) =e* 4+ {y(s)ds; 6) ylx) =z —1+ QZ(Q: — s)y(s)ds.

Jlekmisa 21. Jliuiitni iHTerpasbui piBHIHHS
Ilnan

1. Meton moc/ifoBHUX HAOJMXKEHDb s PiBHAHHS Ppenarosbma.
2. Metosa moctiioBHUX HAOJMXKEHbB I PiBHsSIHHSA BoJibTeppa.
3. Metox itepoBanux simep /st piBHAHHS Ppearoabma.

4. Meron iTepoBanux sjiep njis piBHsaHHA BosbTeppa.

1. Meroa mocaigoBHuUX HAGIAMXKEHDb AJis PiBHAHHA Ppe-
arosbma. [lpunnun cruckyiodnx BioOpakeHb, SKUil BUKOPUCTO-
BYBAaBCSI JIJIsI JIOCTIIZKEHHsI iCHyBaHHs PO3B’s3KiB AudepeHiaabHux
piBHSHB (JIeKIis 6), Ma€ IMUPOKe 3aCTOCYBAHHS i y Teopil iHTerpab-
HUX PIBHSIHb.

Haramaemo crmovarky HTPHUHIMII CTUCKYIOUNX BiToOpaykeHb (Jie-
Kiiist 6).

Teopema 1. Sxwo cmuckyrowutd onepamop A eidobpasicae nos-
HUl mempuunud npocmip Wy cebe, mo icuye eduna Hepyroma mo-
wKa @ Ubo2o onepamopa. 1t mootcna 3natimu 3a GopMYLGMU

= lim z, (xr,=Azr,—1, n=1,2...),
n—,oo

npuvomy esemenm xo y npocmopt W moorcra subpamu 006iabHO.
Posrnsuemo piBasiHEa PperonbMa Ipyroro pomay

b

y(x) = )\/K(w,s)y(s)ds + f(x), (21.1)

a



280 Poszin 6. IHTETPAJIbHI PIBHSIHHSI

ne dynkuis f(x) menmepepBHa Ha Bimpisky a < = < b, a dyHKIidg
K (z,s) (si1po) HemepepBHa y KBaJpari

Q={(x,s) :a<z<b a<s<b}

Posrisnemo inmeepaavruti onepamop Ppedzoavma (Aus.
Jekito 6, . 2)

b
Ay = /K(x, s)y(s)ds,

ne y € Cla,b] (o3nauenns: upocropy Cla,b] HaBeseHe Ha Jiekiii 6).
Toni piBusnas (21.1) MoxKHa 3amucaTn B onepaTopHiit dhopmi:

y=Ny+f = [-N)y="F, (21.2)

ne I — opuHuaHUi oneparop, TO6TO onepaTop, KU KOKHOMY eJie-
MEHTY IIPOCTOPY CTABUTDL y BIINOBILIHICTD Iel caMuil eJIEMEHT.

Pose’a3rom pisusnns (21.2) HasuBaroTh HEllepePBHY Ha BiIpi3-
Ky [a,b] dyukuilo y = y(z), sKa mepeTBOpIOE Iie PIBHSIHHS Y TOTO-
JKHICTD.

Axmo A = 0, To 3posymisio, mo y(x) = f(z), T06TO PO3B’sI30K
piBasians (21.1) eaunmii. [Tokazkemo, 110 11€ pIBHSAHHS Ma€ PO3B’sI30K
(/10 TOro K €UHMIA) 1 JUIs OBLIBHUX JTOCHTH MAJHX |Al.

Hexait A — onmeparop, BusHaueHU (OPMYJIO0

b
Ay = )\/K(x,s)y(s)ds + f(2).

Toni piBusanns (21.1) nabupae Buraany Ay = y, a Tomy bakTHIHO
HIeThCst TIPO BIMIIyKaHHs HEPYyXoMol Toukn orteparopa A. loctimu-
MO BJIacTUBOCTI 1boro oneparopa. Hexait y € Cla, b]. Ilokazxkemo, 1o
byHKITIS

b

o) = A / K, 5)y(s)ds + f(z)

a
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Takoxk Hajexuthb npocropy Cla,b]. Maemo oninky:

lg(z +h) —g(x)| < |f(z+h) = f(z)]+

b
HM/]K(JH—h, §) — K(x, 5)|-ly(s)|ds. (21.3)

3 nmenepepsrocti dynkuiit f(z) i K(z,s) Bummmsae, 1Mo

|f(z+h) = f(z)] <
19
20— a)Y )

st |h| < 4y,

N ™

|K(x+ h,s)— K(x,s)| < st |h| < 8y (Vs € [a,b]),

e Y = m{a;li] ly(x)|. Takum aunom, 3 (21.3) omepxxyemo, 110
z€la,

lg(z +h) — g(x)| < 5 + 5 =€ ana |h| <min(dy,d2).

| ™
N ™

Otxe, oneparop A nepesonuts npoctip Cla,b] y cebe.
3’sacyemo Tenep, I IKUX 3HAYCHDb |A| omepaTop A € CTHCKYIO-
anm. Hexait y; € Cla,b], y2 € Cla,b]. Toxi

p(Ayy, Ays) = rg[mlc)] |Ay1 — Ays| =

b
= m[a>l<7} A/K(w,s)(yl(s) —ya(s))ds| <
z€[a,

S IMM(b = a) max |y (@) = ya()] = NM(b = a) - oy, v2),

)

e M = max |K(z,s)|.
8 (9675)€Q| (#,5)]
Orke, SIKIIO

IANM(b—a) < 1,

TOOTO 1
A _ 21.4
N < 35— (21.4)

TO omeparop A CTUCKYIOUMIA.
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TakuMm YMHOM, HAMHU JIOBEIEHO TaKe TBEPI>KEHHS.

Teopema 2. /s 6ydo-akozo A, wo 3adosoavhsc ymosy (21.4),
inmezpaavre pishanna Ppedeorvma (21.1) 3 nenepepsrum Adpom i
HENEPEPEHUM BIALHUM YAEHOM MGE EQUHUT HENEPEPEHUT PO36 A30K
y(z). Hocaidosri nabauorcenns yi(x), yo(x), ... yvo2o po3s’asky eu-
BHAUAOMBCA PEKYDEHMHUMUY POPMYAGMU:

b
Yn+1(z) = A/K(w,s)yn(s)ds—i—f(x), n=12,...,

de y1(z) — dosinvha nenepepsna Gynkyia na 6idpisky [a, b], npuvomy
y(a) = lim yn(z).
Ilpukmam 1. 3natimu memodom nocaido8HUT HAOAUNCEHD PO3-

8’a3ox pisHanna Dpedeosoma Ipyeozo pody
1

y(z) = )\/xs y(s)ds + 2.
0

Possg’szanns. Anpo K(x,s) = xs HemepepBHe y KBaJpari

0<zs<1, upuaomy M = m:?xl] |zs| = 1. Briguo 3 (21.4) po3s’s-
z,s€|0,

30K 3aJ[aHOTO DIBHSIHHSI MOKHA 3HAWTH METOOM IIOCJIIJIOBHUX Ha-
Omrkens st |A| < 1:

1
2 A
y1(z) =2z, yo(x) = A/x3-23d3+2w = g)\x—i—Zx = 2<1+ §>x,
0

1
2 A AN
)\/xs‘<§)\+2>sds+2x:2<l+§+(g) )x, e

0
Yn () <+3+<3> + +<3> )x

BukopucroBytoun ¢popMyy st CyMU HECKIHIEHHO CIaTHOI Te0-
METPUYHOI ITPOT'PECil, OIEPKYEMO, IO

y3(z)

y(x):nh_?;oyn(x): 1_% 3\
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Bidnosidv: y = %.

2. Meton mmocjiiioBHUX HaOJIM>KeHb OJisd PiBHAHHA BoJib-
Teppa. Teopema 1 (IpUHIWIT CTHCKYIOUNX BiTOOparkKeHb) JOIyCKa€e
HUBKY y3arajbHeHb. HaBeieMo oj[He 3 TAKUX TBEP/YKEHb, JTOBEICHHS
SIKOIO MOXKHa 3Haiitu B [9, c. 315].

Teopema 3. Hexati onepamop A, wo nepesodumsv mempuywHul
npocmip W y cebe, € nenepepsrum, NPuUOMy Oai 0eaArx020 HaMy-
pasvrozo n onepamop A" e cmuckyrovwum. Todi onepamop A mae
EQUHY HEPYTOMY MOUKY.

Posriisimemo Tenep inTerpasibie piBHsinHA BosbTeppa Apyroro
poay

y(x) = )\/K(w,s)y(s)ds + f(z), (21.5)

y sikomy dyukiisi f(x) HemepepsHa Ha BiApisKy a < = < b, a sijipo
K (x, s) HemepepBHE y TPUKYTHUKY

G={(z,s):a<x<b a<s<z}

Hexait A — oneparop, BusHaueHU (OPMYJIO0

T

Ay = A/K(w,s)y(s)ds—i—f(w), y € Cla,b].

a

Ax iy m. 1, nerko mepepipuTH, 1Mo omeparop A mepeBoIuTh MPOCTIP
Cla,b] y cebe.
Host nosinbaux y; € Cla, b, y2 € Cla, b] maemo

[ Ay — Ayi| < MM (2 — a) p(y2,51) < [AM (b — a) p(y2, y1),

ne M = max |K(zx,s)|, TobTo
(z,9)€G

p(Aya, Ayr) < [AM (b — a) p(y2,y1)-
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ITokazkemo, IO JesIKMii CcTellinb omeparopa A cruckyrounii. Ma-
€MO:

|Ay2 — Ay1| < (z — a)[\[Mp(y2, 1),

|A2yy — A2y1] = )\/K(w,s)(Ayg(s) — Ayl(s))ds <

2
Tr—a
g ’>\|2 MQ%p(y27yl)7
n

n n nym\& —a
|A™ys — A"y | < [N"M %P(y%yl)-

“ ey

. . n

Ockimbku  lim 2 (AM(b—a))" =0, To amst Gymp-sikoro A
n—oo ’

YUCJIO N MOXKHA BHOpATH HACTIIBKU —BEJUKUM, 100 oy, =

= L(AM(b—a))" < 1. Toxi oneparop A" Gy/ie CTHCKYIOTHM, azKe
p (A2 — A"y1) < anp(yo,v1), an < 1.

BuxkonyrooTbcst Bci yMOBHU TeopeMu 3, a 0TKe, oneparop A y mpocropi
Cla,b] mae enuny Hepyxomy TOUKy. TaKMM UMHOM, CHPABIKYETHCS
TaKe TBEpP/KEHHS.

Teopema 4. ‘Axwo 6 ithmezpasohomy pienanHi Boavmeppa
(21.5) adpo i 6iavHUTL wAEH HenepepEi, Mo 60H0 MaE EOUNUT Hene-
pepsnuti pose’azox y(x). Iocaidoeni nabauotcenns yi(x), ya2(x), ...
U020 PO3B’A3KY BUSHAYAIOMBCA PEKYPEHMHUMU POPMYAAMU:

s (1) = A / K(z,$)ya(s)ds + f(&), n=1,2,...,

de y1(x) — dosiavra Pynruis 3 npocmopy Cla,b], npuwomy y(x) =
= lim y,(z).

n—o0

Ilpuknan 2. 3natiimu memodom Nocaid08HUT HAOAUNCEHD PO3-
6’A30% pisHanHs Boasvmeppa dpyeo2o pody

T

y(x) = /(s —x)y(s)ds+ =z, z€[0,7].
0
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Pozs’s3arns. Jlerko mepesipuTu, mo BCi yMOBH TeopeMmu 4 BHKO-
HytoThest. Bubepemo yp (z) = x. Toxi

T

3
yg(x):/(s—x)sds—l—x:x—%,

3 0 p2n—1
n - Ty - 1 n—1
Un(@) =2 = gk g )" gy
Toni
N (—1)k—12k—1
y(x) = nh—>nolo yn(x) = nh—)n;oz_:l % = sin x.

Bidnosidv: y = sinz.

Metos moctiioBHUX HAOJIMKEHb MOXKHA 3aCTOCOBYBATH TAKOXK
10 HeJIHINHUX piBHAHDL BojbTeppa, HAIPUKIIAI, 10 PiBHAHHS

y(x) = )\/K(x, s,y(s))ds + f(). (21.6)

IIpu nepnmx ymoBax Ha dynkuii f(z) i K (z,s,y(s)) mociigosni Ha-
OJIMKEHH A

yn-‘rl(x) = )‘/K(%S?yn(s))ds“‘ f(l‘), n= 1727"'7 Y1 € C[avb]v

rapaHTOBaHO 36iraloThest JI0 PO3B’si3Ky piBHsiHHs (21.6).

3. Merton itepoBanux simep aJjda piBHaHHa Ppearospma.
Posrnsinemo piBHsiHHsS OpearoabMa Ipyroro Pomy

b

y(x) = )\/K(w,s)y(s)ds + f(x), (21.7)

a
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ne dyukiia f(z) HemepepsHa Ha BIAPIBKY a < x < b, a aapo K (z, s)
HelepepBHe v KBajpari .

PosB’s130k inTerpasbHOro piBHsHHs (21.7) HIyKaeMo y BHIVISI
CYMU CTeleHeBOro psiy mo A (ekiist 11):

y(z) = Zyn(w))\" =yo(z) +yr1 ()N + ... +yn(@)\" + ..., (21.8)
n=0

e yo(x), yi(z), ..., yn(x), ... — mokm mo HeBimomi dyukmii. [Tpu-
mycrumo, 1o psiz (21.8) piBHOMIpHO 36iraeTbest Ha BIIPI3KY [a, b].
Toni #toro MoyKHA MOWIEHHO iHTErpyBaTH i, macrasiasioqan y (21.7),
OTPUMYEMO

o o b
Z Yn(2) A" = Z )\”H/K(aﬁ, $)yn(s)ds + f(x).
n=0 n=0 a

3Bijcu, mpupiBHIOIOYN KOeilienTn 611 OTHAKOBUX CTEIEHIB A\, 3HA-
XOJIMMO PEKYPEHTHiI dpopMyIn

b
Yn+1(T) :/K(x, s)yn(s)ds, n=0,1,2,..., (21.9)

1e yo(z) = f(z). Tenep nokazkemo, mo dyuxionatbumii psy (21.8)
piBHOMIpHO 306iraeTncs Ha [a, b).
Buacninok menepepsrocti dyukmniit K (z,s) i f(z) Bunansae ne-

nepepsHicTb GYHKINE Y, (2), n = 0,1,2,..., BusHadeHux dhopmysa-
mu (21.9). [Tosuaaumo M = max |K(z,s)|, N = max |f(x)|. Toxi
(x,5)€Q z€a,b]

Juist Beix x € [a, b] Maemo

lyo() = [f(z)] <N,

b
(2)] < / K (2, 5)|-lyo(s)| ds < N-M(b— a),

b
|y2(2)] </!K(%S)!'Iyl(é‘)lds<N-[M(b—a)]2,
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b
lyn ()] < /!K(%S)!-Iyn—l(S)!dS SN-[M(b—a)]”,
a
3Bifcn BumBae, mo GyHKIioHaabHuit s (21.8) Mae MaykOpaHTOIO

YUCJIOBUN AT
oo
> Nq",
n=0

sxuit 30iraerecs 11 ¢ = |[A|M (b — a) < 1. Toxi 3rixxo 3 o3HaKoIO

Beiiepmrpacca dynkiionanbauii psy (21.8) 36iracThest abCoMIOTHO

i piBromipro must [A| < 1/[M(b — a)] na [a,b] 1 ifloro cyma € He-

nepepBHOIO Ha [a,b] dyHKHiewn. €nuHicTh 100YI0BAHOIO PO3B’A3KY

BUILINBAE 3 €JIMHOCTI PO3B’SI3KY IHTErpaabHOro piBHsAHHS Dpenrosb-

Ma JIPYroro poiay npu BukoHanHi ymoBu (21.4) (1. 1 i€l jekril).
@opmynu (21.9) zanmmemo y Bursi

b
w(@) = fz), i) = / K(z,5)(s)ds,
b

b
Z/2(9U):/K(x,t) /K(t,s)f(s)ds dt =

a a
b b

:/ /K(x,t)K(t,s)dt f(s)dsz/sz(x,s)f(s)ds,

a a

e
b

Ks(z,s) = / K(z,t)K(t, s)dt.

[Mosnaunmo Takox Ki(z,s) = K(z,s). Anamoriano

b b

y3(x) = /K(x,t) /Kz(t,s)f(s)ds dt =

a a
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b

:/b /K(z,t)KQ(t,S)dt f(s)dsz/st(wvs)f(S)ds,

a

e
b
Kala,s) = [ K(.0)Ka(t,5)d,
1 Tak JaJii:
b
yn(x) = /Kn(x,s)f(s)ds,
e

b
Kn(x,s):/K(x,t)Kn_l(t,s)dt, n=23..  (21.10)

Anpa K, (zr,s) Ha3uBAIOTH {MeposarHumu (noemopHumu). 3
iX gomoMororo psj (21.8) 3anuimemo y BUTIsI

00 b
y(@) = f@)+ Y )\”/Kn(x, $)f(s)ds. (21.11)
n=1 a

D yHKITIT0

o)

R(z,5,0) = Y A" Ky (x, ).

n=1

HA3UBAIOTH pe3oabeenmoro sapa K(z,s).
Posp’si30k pisasinnst (21.7), Bpaxosytoun (21.11), moxkHa Bupa-
3UTH Yepe3 PE30JIbBEHTY, & CaMe:

b
y(x) = )\/R(x,s,)\)f(s)ds + f(x). (21.12)
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Ilpuknan 3. 3a donomozoro imeposanux Adep 3HATMU PE30ND-
B8EHMY 1 PO3B A30K THMEZPANOHO20 PIGHAHHA

1
:/ ds—i—x + 1.
52
0

Posze’sazamrms. Ockimbkun K(z,s) = 257 TO, BUKODHCTOBYIOUH
dopmysu (21.10) gyt iTepoBaHuX s1I€EP, ONEPKYEMO:

T

Ki(z,s) = K(z,s) = SR

1
In2 =«

dt = —-—_—

/t2 152+1 2 82417
0

1

In2 In2 T
Ks(z,s) = dt =
3(@ /t2 1s2+1 <2> 2+1

0

m2\""! 2z
Kn@ﬁ):(?) 2l

Ao lnTQ])\] < 1, Tobro |A| < %, TO, BUKOPHUCTOBYIOUN (DOPMYILY
JJIsT CYMU HECKIHYEHHO CHaTHOI TeOMETPUIHOI IIPOrpecii, 3HaIeMO
PE30bBEHTY siJIpa:

R(z,s,\) = Z)\" "Kn(z,s) =

_i ln_2)\ r 1 x
- 2 52+1_1—ln72>‘ s24+1°

Hnst 3aganoro piBHsHEa A = 1 < % i, orxe, R(x,s,1)=
=52 o7 LlykanuM poss’saskoM Ha migcrasi (21.12) e
/ 2
x
/2 — 82+1(52+1)ds+x2+1 :x2+ L.
0
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4. Meton iTepoBaHuX sjep OJid piBHaHHA BojabTeppa.
Posrisinemo inrerpajibie piBHsAHHSI Bojbreppa apyroro pomuy

/K 2, 8)y(s)ds + f(x), (21.13)

y sikomy dyHKiis f(z) HenepepsHa Ha BinpisKy [a, b, a supo K (z, s)
HenepepBre y TpukyTHuKy G = {(2,5):a <z < b, a < s < x}.

Ax i g interpanbHoro piBasgHHS Ppenroabma, po3B S30K piB-
uanas (21.13) mykaemo y Bumisiai crenenesoro psy (21.8). @op-
MasibHO mizcrasusiu (21.8) y (21.13), nowieHHO 3iHTErpyBaBIIH i
IpUPIBHABIIN KoeillieHTn 611 OMHAKOBAX CTEIEHIB A, OTPUMYEMO
pekypeHTHi hopmyn

Yn+1(z /K x,8)yn(s)ds, n=0,1,2,..., (21.14)

ae yo(z) = f(x).

Hexait M = max |K(z,s)|, N = max |f(z)]. Tomi mst Bcix
(z,5)€@ z€a,b]

x € [a,b] maemo

lyo(x)| = [f(z)] <N,

e /rK £, 5)|-lyo(s)|ds < N-M(z — a),

M?(x — a)?
e /rmsuyl(nds NI
Mz —a)”
ol /ersHyn ()]s < N 20T
3 IMX OIIHOK BUILIMBAE, IO
M"™(b—a)”

[yn(2)] < N

n! ’
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a ToMy byHKIHOHAIBHIIT Psat (21.8) MasKOPYEThCs IMCTOBUM PsIIOM

Yy nL (21.15)
= n!

e q = |A|M(b— a). Brigno 3 oznakoro /I’ Anambe-
pa psanx (21.15) 36iraerbest 171 BCIX A, a TOMY Dsij
(21.8) 36iraeTncst piBHOMIPHO Ha [a, b] st BCix A, a
fforo cyma € HerepepBHOIO Ha [a, b] dyHKIi€H.
BMiHuBIM TOpsAIOK iHTerpyBanus (puc. 21.1),
dopmysn (21.14) moxkHa 3anmcaTH y BUTTIAT

ze
X
x,s /K x,t t,s)d
S
1 Tak JaJii:
X
x) = /Kn(x,s
a
ze

Kn(x,s):/K(x,t)Kn_l(t,s)dt, n=23.. (2116

[Mosuaunmo rakox Ki(z,s) = K(x,s). dupa K,(x,s) nasusa-
I0Th {meposaHuMmu (nosmoprumu). 3 ix gomomoroo psy (21.8)
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3alUIIEMO Y BUTJISI

y(@) = F@) + 3 )\”/Kn(x, $)f(s)ds. (21.17)
n=1 a

D yHKITIT0

R(z,5,A) = Y A" Ky (x, ).
n=1

HA3UBAIOTH pe3oabeenmoro siipa K(z, s).

(21.18)

Posp’st30k piBusnus (21.13), spaxoByioun (21.17), moxkHa Bupa-
3UTH 9epe3 Pe30JIbLBEHTY, & caMe:

T

(@) = )\/R(x,s,A)f(s)ds +f(@).

a

(21.19)

Ilpuknan 4. 3a donomozo1o imeposanux A0ep 3HATMU PE30ND-
8EHMY 1 PO3B A30K THMEZPANDLHO20 PIGHAHHA

T

y(r) =z — %/wy(s)ds.

0
Posze’sazamnmns. 3 pekypenTHux ciiBsigaomens (21.16) ogepxyemo

i 22 — 52
Ki(x,s) =z, Ks(x,s)= /xtdt =ux-

s

x
t2—2 2 2\ 2
Kg(x,s):/xt 2Sdt:g-<x S), cey

2
s

k) = G (2§> )

Bukopucrosytoun dbopmymy (21.18), 3naiigeMo pe3osbBEHTY

o) 1 2 .2 n—1 22
R(x,s,)\)ZxZ(n_l)‘-(Agc 2S> =ze’T .
n=1 ’

1,2,...
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3HaiigeMo Temep pPO3B’sI30K 3aaHOT0 PIBHSHHS 3a (POPMYJIO0
(21.19). Ockinbku f(z) =x i A= —1/2, 10

xr
1 22— 52 22
y($)=w—§/xse_ 4 ds:x—xe_4/d<esz/4):
0
12 12 z2
:x6_4<e4—1> :x<1—e_4>,

12
Bidnosidv: y = x (1 — e‘T>.

Pexomendosana aimepamypa: |7, c. 63 — 115], [8, c. 20 — 26,
45 - 55, 165 — 173], [9, c. 314 — 327, 338 — 357].

ITuranaga go Jekiii 21

1. Y gomy mosisirae MeTO 1, IOC/Ii TIOBHUX HAOJIMKeHb 1115 piBHIHAA Dpe-
JrojbMa, Ipyroro poay? 3a sSIKUMU PeKypeHTHUME (DOPMYJIaMU MOXKHA
BHAWTHU MMOC/I0BHI HAOJMXKEHHST PO3B 3Ky I[HOTO DIBHSIHHS !

2. Y womy TOJIATAE METOJ MOCJITOBHUX HAOJUKEHb JJIsi PiBHSIHHS
Bossreppa jpyroro pomy? 3a sikumu (hOpMyIaMid MOXKHA 3HAWTH TOCJIi-
JIOBHI HAOJIMYKEHHST PO3B’SI3KY IBOI'O PIBHSIHHS ]

3. 3a gxumu opmyaamu OyIyHOTHCs iTepOBaHi s/pa JJjis PIBHSIHHS
®pearosibma Apyroro poay? Ak 3a iX JOMOMOrO0 3aliCATH PO3B’ 30K I[bO-
ro piBHSAHHS Y BUDJIsII (DYHKIIOHAIBLHOTO PSILy !

4. ITlo Ha3uBaOTh PE30JIHLBEHTOIO sApa iHTerpagabuoro pisaaaug Ope-
JITOJIBMA, IPYToro pomy? $1K 3a JIOMOMOrO0 pe30JIbBEHTH MOYKHA BUPA3UTH
PO3B’SI30K IILOTO PIBHSHHS?

5. IIlo HA3UBAIOTH PE30JIBBEHTOIO SIAPa IHTErPAJILHOrO PiBHAHHS BOosTb-
Teppa Jpyroro poay? Sk 3a JIOMOMOroi pe3oJbBEHTH MOYKHA BHPA3UTH
PO3B’SI30K IILOI'0 PIBHAHHSA!

Brapasu go aekirii 21

1. Posp’sakiTh inTerpanbHi piBusunsg OpearoabmMa METOIOM MTOCTITIOB-
HUX HAOJIMKEHbD:

a) y(z) = %Ofy(s)ds +sin(mz); 6) y(z) = 2 [cos®s - y(s)ds — 1.

Ot—x
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2. Po3p’skiTh inTerpasbHi piBHSIHHS BoJsibTeppa METOIOM TOC/IiT0B-
HUX HAOJIMKEHbD:

x

a) y(z) = /xy(s)ds—i— 1— 22, yo(z) =1— z2;

0

T
2

6) y(z) = /y(s)ds - % —z, yo(z)=-1.
0

3. Posp’sixkiTe inTerpasbui piBusinaa Ppenrosbma MeTOJIOM iTepoBa-
HUX SIJIEp:

1
a) y(z) = 5= [y(s)ds +sinz; 6) y(z) =1 [wey(s)ds +e "
0

Ct—x

4. Po3p’sakiTh iHTErpabHi piBHgnaa BoimbTeppa MeToa0M iTepoBaHUX
Azep:

x

a) y(z) = Ofsy(s)ds —-1; 6)y(x) = Ofxsy(s)ds + .

Jleknis 22. IaTerpaJibHi piBHAHHS 3 BUPO/I>KEHUMU
A/IpaMU Ta iHTEerpaJibHi PiBHAHHS IEPIIOTr0 POy

Ilnan

1. Inrerpasnbui piBuguusa Opearoabma Ipyroro pojLy 3 BUPOJIKe-
anmu sgapavu. OCHOBHI O3HAYEHHS i TTOHSTTS.

2. Teopemu @penrosbma.

3. ImrerpasbHi piBagaus Ppenronbma i Boabreppa mepimoro po-

AY-

1. IarerpanbHi piBussHHS ®PpearojgpMa ApPyroro poay 3
Bupo/2keHuMH siapaMu. OcHOBHI 03HaYeHHsd i moHATTH. Pos-
IJITHEMO iHTerpajbHe piBHsaHHA Ppenroabma IPyroro poiy

b
y(x) = )\/K(x,s)y(s)ds + f(z), =z €a,b, (22.1)

a
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SIPO KOO € CKIHYEeHHOIO CYyMOIO MOOYTKIiB MBOX (DyHKIIIH, OmgHA 3
SAKUX 3aJI€KUTh TUIBKK BiJ X, a iHIIA — TIBKH Bif S, TOOTO

n
K(x,s) =Y Pi(x)Qi(s). (22.2)
i=1
Anpo Burmmsiay (22.2) HABUBAIOTH 6UPOOIAHCEHUM.
Beaxkaemo, mo byukiil P;(x), i = 1,2,...,n, a takox @Q;(s),
i=1,2,...,n, jiniliHo He3aJeXxHl Ha BiAPI3KY [a,b]. Axmo 1e He

TaK, TO KOXKHY 3 IuX (PYHKIH MOXKHA TONATH Yy BUIVIAM] JiHIil-
Hol KombOiHaril MeHIol KiJbKOCTI JIHINHO He3aseKHUX (QyHKIIH,
a orxke, AApo (22.2) 3amumeThest 3a JOMOMOTOI0 MEHIIOl KiJTBbKO-
cri pomankis. Ilpunycrumo rtakox, mo P; € Cla,b], Q; € Cla,b],
i=1,2,...,n. Toxi sanpo (22.2), oueBuaHO, HENEpEPBHE y KBaAPATI
Q= {(z,s) ra <z <b, a<s<b}. Inrerpasbhi piBHSHHS TaKOro
BUTJISITY BJAETHCsI TIOBHICTIO JOCJIUTH, KOPUCTYIOUUCH JIAIIE 3aC0-
Gamu JtiHiiHOT aaredpu.
[Mincrapasioun (22.2) y piBasans (22.1), omepKyemMo

n b
va) =AY P [ ds + fl@) (223)
i=1 a

Hexaii inTerpanbhe piBusiHHs (22.3) Mae po3B’si30k y(x), Henepeps-
Huil Ha Biapisky [a, b]. Tlosnaunmo

b
¢ = /Qi(s)y(s) ds, i=1,2,...,n. (22.4)
a
Toni piBHsiHHS (22.3) MOXKEMO 3aIUCATH y BUIVISLI
n
y(x) =AY aP(x) + f(=). (22.5)
i=1

Js1 3HAXO/PKEHHsT HEBLIOMUX [ucest ¢; mijgcrasumo (22.5) B (22.4).
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Bynemo maTn:

b

: n
g = /Qi(s)y(S)dS :/ Ajz:;quj(s) +f(s) | Qits)ds =

a
b

. b
= | Pi(s)Qi(s)ds+ [ f(s)Qi(s)ds.
;q]! J /

a

ITosmauumo

b

b
kij = /Pj(S)Qz'(S)dS, fi= /f(s)Qi(s)ds, i,j=1,2,...,n.

a

Toni myisa 3HAXOMKEHHS HEBIIOMUX @; OJEPKYEMO CUCTEMY JIHITHIX
HEOTHOPITHIX AJreOpPUIHNX PiBHSHD:

qi—)\Zki]’q]' :fi7 1= 1,2,...,71. (226)
j=1

ko cucrema (22.6) HecymicHa, TO, OYEBUHO, iHTErPAJIbHE PIBHSIH-
Hs (22.3) po3’sa3kiB He Mae. dkino cucrema (22.6) Mae po3B’A30K ¢,
42, - - - Qn, TO TiACTABUBINN iforo B (22.5), 3HaiieMO HellepEepBHY Ha
BiapisKy [a,b] dyHKIi0O y(x) — pOo3B’s130K iHTErpajIbHOrO PiBHSIHHS
(22.3) (y 1pOMY JIETKO IIEPEKOHATHCS 3a JOIIOMOIOIO IIiICTAHOBKM).

Takum 9UHOM, PO3B’sI3yBaHHsI IHTErpaJIbHOrO piBHsAHH: (22.1) 3
BUPOJIZKEHUM $IJIDOM 3BOJIUTHCS JI0 PO3B’sI3yBaHHs BIIOBIIHOI CH-
cremu (22.6) siHiftHUX ajIreOPUYHUX PIBHSHb.

[Mosnasumo BusHaIHUK cucremn (22.6) gepe3 D(A):

1 — Ak — k19 ce —Mk1n,
Dy =| Mmoo oAk e A (227
—Akp1 —Akno e 1= Ak

Busnaunuk D(\) HasuBaoTh 8udHaunukom Ppedzoavma st
piBusiHEs (22.3), a itoro mysi, To6To Kopeni piBHsamHHsA D(\) =0 —
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TapaxmepucmuvHumy wucaamu sapa K(z,s) (abo piBHsHHS
(22.3)). OueBnano, 1o BusHauHUK D () TOTOKHO BiMIHHEI Bl HY-

as1, 60 D(0) = 1.

2. Teopemun ®pearonpma. Ockiibku BusHadHuk D(N), BU-
snadenuii popmysoo (22.7), € MHOrOYJIEHOM BiTHOCHO mapameTrpa A
CTeIleHsT He BHUIIE M, TO 3TiJHO 3 OCHOBHOIO TEOPEMOIO aarebpu pib-
usuasg D(\) = 0 mae He Giblne, Hi2K 1 PI3HUX KOPEHIB.

Posrisinemo oxkpewmi Burajku.

Bumnagok 1. Hexait D(\) # 0, To6T0 4mcyio \ He € Xapakrepu-
criaanM. Tozi cucrema (22.6) 0HO3HAYHO PO3B’A3HA [JIsT JOBLIBHIX
mpaBuX JacTuH f;. PO3B’s30K IMi€l cucTeMn 3HaXOMUMO, HAITPUKJIAT,
3a popmysamu Kpamepa:

g = i=1,2,...,n, (22.8)

nie D;(\) — BusHAYHMK, yTBOPEHUIT 3 BU3HAYHUKA (22.7) 3aMiHOIO i-10
CTOBIIIII Ha CTOBIEIb MpaBUX dacTul f;, ¢ =1,2,...,n.
TakuM 9UHOM, JIOBEJICHE TaKe TBEDP/XKEHHSI.

Teopema 1 (mepmia teopema Ppenronabma). drxuwo A e €
xapaxmepucmuurum wuciom aopa K(x,s), mo das dosisvnoi nene-
peperol na [a,b] dynruii f(x) pisnanna (22.3) mae edunut nene-
peperutl Ha 6idpisky [a,b] poss’asox y(x), eusnauenut dopmy.aoro
(22.5).

Ockinmbku D(A) # 0, To BiAmosigHe iHTErpaJbHOMY DIBHSIHHIO
(22.3) omHOpiHe PIBHSAHHS

n b
a) =AD" Pia) [ Qutsly()ds (22.9
=1 a

Ma€ TiTbKY TpuBiaabHuit po3s’sa30K y(z) = 0. Crnpasi, KO Ha Bi/I-
pisky [a,b] f(x) =0, 0

b
fZ:/f(S)QZ(S)dS:O, i:1527"'5n7
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i cucrema minHiiinux piBHsAHb (22.6) € omHOpinHOW0. 1K Bimomo, oxHO-
pifHa cucTeMa JIHIHUX PIBHSIHD 3 BIIMIHHUM BiJl HYJ/ISI BUSHAYHUKOM
Ma€ TUIBKHU TpuBiaabHUR Po3B’si30oK. OTXKe, @1 = ¢ = ... = gp = 0,
a tomy 3 (22.5) Bummsae, mo y(z) = 0. Takum guHOM, TEopemy
1 moxkHa cdhopMmymoBaTy iHAKIIE: 044 Mo2o, wob piehanmns (22.3)
3 006iAbHONW Henepepenoto na 6idpisky [a,b] dynkuyiern f(x) manro
edunuli nenepepsrutl na 6idpisky [a,b] pose’sasox y(x), neobxiono i
docmamnvo, w00 6i0nosidne 0dnopione pistanna (22.9) mano mino-
KU MPUsBiasoHUll po3e’ A30%.

Ilpuknan 1. Pose’asamu inmezpasvHe pieHAHHA
1
=\ / (5z — 3s)y(s)ds + 1.
0

Poss’azanmsa. OcKiIbKn
K(z,8) =5z —3s = Pi(2)Q1(s) + Pa(2)Q2(s),
ne Pi(z) = bz, Py(x) = =3, Qi(s) = 1, Q2(s) = s, 10 3amane

PIBHSIHHS 3aIIAIIEMO Y BUIVISIL

1 1
y(z) = )\/Pl (2)Q1(s)y(s)ds + )\/Pg(x)Qg(s)y(s) ds+1=
0

0
= 5A\zp1 — 3\pa + 1, (22.10)

1
= [y(s)ds, pa= [ sy(s)ds. (22.11)
.

Iigcrasasioun (22.10) B (22.11) Ta obuncionotdn iHTerpam, s
3HAXOJIKEHHSI P1, P2 OJIEPXKYEMO CUCTEMY JIBOX JIHIMHUX DIBHSIHD:

e

1
p1 = [(5Ap1s — 3\p2 + 1)ds = Bp1 — 3Apa + 1,

0 =

1
p2 = [(5Ap1s? — 3Apgs + s)ds = py — SApa + 3
0
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(1-3)p1+3Ap2a =1,
- (1+5)pe =3

Buznadnukom omep:KaHOl CHCTEMU €

1-—5 3\
5\ 3\

3 2

—5A2 44X\ —4
—

Ouesnnno, mo D(A) # 0 mia JoBiabHOrO JAificHOTO A, a TOMy 3a
dopmynamu Kpamepa saHaxoanumo pi i ps:

1 1 3\ B 1
PL=DOv| —1/2 —1-3)2 | " a2 —ar+ 4’
1

B 1-5%2 1 | 5A+6
P2=DO0 | a3 —1/2 | T 3BA2 —4rt4)

[Tiycrassitoun 3uadigeni pp, pe y (22.10), micias HecKIaJHUX Tepe-
TBOPEHDb OJIEPXKYEMO IIIyKAHUN PO3B’A30K:

(@) = 20— 10A 44
S VIS W

Bukopucrosytoun dopmymn (22.8), 3HaiieM0 pO3B’s30K iHTE-
rpajibHOro piBHsiHHA (22.3). st mporo koxken BusHadHuk Dj()\),
i=1,2,...,n,y (22.8) poskiamemMo 3a eJIEMEHTAMH i-I'O CTOBIIIIA
IpaBUX YACTHH:

n
k=1
ne Di(N), i,k =1,2,...,n, — ajrebpudni JOIOBHEHHSI, IKi € MHOTO-

9JIEHaMU BiTHOCHO A CTeIeHs, He BHUINOro, Hi2k 1 — 1. BpaxoByroun
(22.12), 3 (22.8) maemo

n

> DN fes i=12,...,n.

k=1

1

"= B0
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[TincraBnsioun ni 3Hadenns y dopmyiy (22.5), ogepxKyemo

y(z) = §j f}jak Vi + f(z) =

:D?)\Z ZDzk /f )Qk(s)ds + f(z) =

f=p

E\)\ (Z > DikO‘)Pi(x)Qk(S)f(S)> ds + f(z)

=1 k=1
abo
b
M@ZA/M%&Mﬂﬁﬁ+f@%
1e '

R(x,s,)\) ZZDZ;C Qu(s).  (22.13)

'lel

Oyukrio R(x, s, \), Busnadeny dopmyrono (22.13), HA3HBAIOTH
PE3OABLEBEHMON0 THIMEZ2PANLHO20 PieHAHHSA (22.3) abo pe3onsb-
eenmoto sdpa (22.2). OueBuaHo, 1m0 1715 (DIKCOBAHUX T, S PE30JIb-
BeHTa (22.13) € 1poboBo-pallioHaIbHO (DYHKIIEIO Bijl TapaMeTpa .
Jutst BCiX 3HAYEHD A, BIIMIHHAX BiI XapaKTEPUCTUIHUX THCETT SIIPa,
K(z,s), dyukuis R(x,s,\) € HenepepBHOO y KBajpaTi Q.

Bumnagok 2. Hexaii D(\) = 0, T06T0 A € XapaKTepUCTUIHUM
qucaom sapa K (z, s). Toxi, sk Bimomo 3 asnrebpu, ofHOpiAHA CHCTE-
Ma, Bigmosigaa cucremi (22.6), mae p, p < n, JIHINHO He3a/IEKHUX
CYKyITHOCTE PO3B’sI3KiB:

qgl), qél), e qg), [=1,2,...

OyHKITT

T) = qu)Pi(%), l=1,2,...,p,
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a TaKoXK IX JOBLIbHI KOMOIHAINI € pO3B’si3KaMM OTHOPITHOrO piB-
usuHs (22.9). Herpusianbui poss’sskn piBusHHs (22.9) HA3UBAIOTH
saacHuMy GYHKrYIAMU IH0TO piBHsIHHS (ab0 fforo siapa), sKi Bij-
MOBIIAIOTH JifiCHOMY XapaKTEPUCTUIHOMY YHUCTY. UUCTIO P HA3UBa-
I0Tb PaAH20M (KPAMHICITII0) XaPAKTEPUCTHIHOTO THCIIA.

Moxxna mokazaTu, 10 MHOXKUHA BCiX BIacHUX (DYHKIIIN, dKi Bif-
MTOBIJIAIOTH MEBHOMY XapaKTEPUCTUIHOMY YHUCITY, YTBOPIOE JIHIHHIIMA
IpoCTip BUMIPHOCTI p, 6a3UCOM SIKOTO € CyKyIHICTh (DyHKIIH y1 (),
y2(x), ..., yp(x). Toxni nosimbHUIT PO3B’A30K OAHOPIAHOTO PIBHAHH:
(22.9) MOKHA 3aIUCATH y BUIVISLI

p
y(x) = ajy;(x), (22.14)
=1

ne o, j=1,2,...,p, — nesaxi crani. Cuissignormenus (22.14) nasn-
BalOTh 3G2AAbHUM PO38’°A3KOM OIHOPIIHOIO IHTErpPaJILHOIO PiB-
uanas (22.9).

Anpo K*(x, s) HasuBaoTh cnpstcerum 1o siapa K(x, s), ko

K*(x,s) = K(s,x),

Jle PUCKA 03HAYAE KOMILIEKCHE cupsizkenns. fkmo K (x,s) — miiicHo-
snagna Qyukiis, To K*(z,s) = K(s,z).
InTerpaibpie piBHAHHS

b
() = A / K*(z, 8)p(s)ds + g(z)

HA3UBAIOTH CMPAHCEHUM JI0 IHTEIPAJIBHOrO piBHsIHHS (22.1).

Bapa/u criporents Hagaa 6yaeMo BBaxkarTu, mo sapo K(z,s) i
napamerp A — giiicui. st inTerpasbHoro piBusiaHs (22.3) 3 BUPO-
JIZKEHUM SIZIPOM CIIPSIZKEHUM JIO HBOT'O € DIBHSTHHSI

b

o) =2 Qi) / Pi(s)p(s)ds + g(x).
=1

a
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Axmo g(z) = 0, To cupsizkennm 70 (22.9) iHTerpasbHUM PIBHAHHSIM
€ PIBHAHHS

n b
o) =AY Qu(o) [ Ri)e(s)ds (22.15)
1=1 a

a 110ro pPo3B 30K MOXKHA, 3aIIUCATH sIK
n
p(r) =AY GQi(x),
i=1

ne craji ¢;, ¢ = 1,2,...,n, BU3HAYAIOTHCA 3 CUCTEMU JIHHIHHIX aJjire-
OpPUYIHUX PIBHSIHDb

Gi—AY kjgi =0, i=12... n (22.16)
j=1

Cucremy (22.16) HasuBaiorh cnpastcenoro o cucremu (22.6), a 1i
MATPHIl € TPAHCIIOHOBAHOIO 70 MaTpurli cucremu (22.6). Cucremn
(22.6) i (22.16) MaroTH p JIHIAHO HE3AIEKHUX CYKYITHOCTEH PO3B’si3-
kiB. Basucom nipoctopy poss’si3kis piBusinHs (22.15) € cucrema dyH-
KIIii

ol@) =Y i), 1=12...p, (22.17)
i=1

e cjgl), cjél), ey qﬁf), Il =1,2,...,p, — 6a3uc TpocTOopy pPO3B’dA3KiB

cucremn (22.16).
OtiKe, CHPABIZKYETHCS TAKE TBEP/IZKEHHSI.

Teopema 2 (apyra teopema ®pearonabma). dxuo A € za-
PAKMEPUCTNUNHUM YUCAOM Pishanna (22.3) 3 supodocenum A0pom
K (z,s), mo odnopidne inmezpasvne pisharna (22.9) i cnpastcene do
Hb020 piskanna (22.15) maromov 00HAKOBY KiAbKICMb AMHITHO He3a-
AEHCHUL BAACHUT HYHKUI.

Hexait Terep A — xapakrepucrudne [ducio sapa K(x,s) panry
p. Posrisinemo HeosHopiiHe iHTerpasibie piBusiHHs (22.3). fKio me
PIBHSIHHSI Ma€ PO3B’SI30K, TO HOr0 MOYKHA 3alucaT y BUNIsa (22.5).
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Ak Bimomo 3 anrebpu, JJIst CyMIiCHOCTI crcTeMu piBHAHB (22.6) HE0O-
XijiHo 1 socraTabo, 1106 BeKTOp (f1, f2,. .., fn) BUIBHUX djeHiB OyB
OPTOTOHAJBLHUM JIO IIiIMPOCTOPY PO3B’A3KIB CIPAXKEHOI OTHOPITHOT
cucremu. lle osnauae, mo Bexrop (f1, fo,..., fn) Mae GyTu opTo-

~(1) ~(1) ~(l))’

TOHAJIBHUM JI0 KOXKHOTO 3 P 0a3MCHUX BEKTOPIB (ql 2G5 55 Qn

TOOTO

S ha" =0, 1=12...p.
=1

Ockinbru  f; = f;f(s)Qi(s)ds, i =1,2,...,n, TO, BPaXOByIOUH
(22.17), maemo

b n b
/f(x)qu”Qi(x)dx = /f(x)go,(x)dx =0, 1=1,2,...,p.
a i=1 a

OrKe, CIPaBIXKYETHCS TaKe TBEPIKEHHS.

Teopema 3 (Tpersi Teopema ®pexnrosibma). dxuwo A € za-
DAKMEPUCTNUMHUM HUCAOM, O HEOOHOPIOHE THMEZPAALHE DIGHAHHA
(22.3) 3 supodocenum sdpom K(x,s) mae pose’szox modi i misvku
modi, kKoau eisvnutll waen f(x) opmozonasvhul do 6cix po3e’askie
cnpaotcerno2o 00Hopidnoeo pienanms (22.15).

TaxuM YuHOM, AKINO YUCIO A € XAPAKTEPUCTUIHUM, TO TUTAHHS
PO iCHyBaHHSI PO3B’SI3KY HEOJHOPIIHOTO iHTErpajibHOTO PiBHSHHS
(22.3) 3BOAUTHCSI JI0 IEPEBIPKU P YMOB OPTOTOHATBLHOCTI:

b
[f@at@dr =0, 1=12..p

[li ymMOBH HA3WBAKOTH I YMOBAMU PO36’A3HOCTME PIBHSIHHS
(22.3). SIkmio BoHM CIIPaBIZKYIOTHCs, TO IHTErpasbHe PIBHSHHS Mag€
6e3J1i4 PO3B’SI3KiB, sAKi MOXKHA OIMUCATU (POPMYJIOI0

y(x) = aiyi(z) + j(x),
i=1
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Jie TEepInil JOJAHOK — 3arajbHUIl PO3B’sI30K OJHOPITHOrO PiBHSH-
Hs (22.9), a gpyruii — JesiKuil YacCTUHHUN PO3B’I30K HEOHOPIIHOIO
piBusnEa (22.3).

Ilpuknam 2. Posg’asamu inmezpasvHe PreHAHHA
2
y(z) = )\/sin(x —s)y(s)ds + x.
0

Poss’sazanns. Ockinibku sin(x — s) = sinzcoss — sinscosx, 1O
MAa€eMO IHTerpaJibHe PiBHSIHHSI 3 BUPOIXKEHNM sIapoM. Toi

27 27
y(x) = )\/Sinxcoss ~y(s)ds — )\/Sinscosx cy(s)ds +x =
0 0
= Ap1sinx — Apacosz + x, (22.18)
ne
27 27
p1 = /coss ~y(s)ds, py= /sins -y(s)ds. (22.19)
0 0

[lincrasnsiioun dyukiio y(x), BusHadeny ddopmymnono (22.18), y
(22.19), Ta obuMC/IIOYN IHTErpaJd, OJEPKYEMO CUCTEMY BIJIHOCHO

p1 i p2:

2
P = /coss (Apysins — Apycoss + s)ds =
0
21 21 2
= )\pl/cosssinsds - )\pg/COSQS ds +/s cos s ds = —ApaT;
0 0 0
2

Do :/sins()\plsins—)\pgcoss+s) ds =

0
2 2 2

= )\pl/sinzsds—)\pg/sinscossds —i—/ssinsds = Ap1m — 2m.
0 0 0
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Orxe,
p1+ Ampa = 0,
—ATp1 4+ p2 = —27.
Busnaunukowm miei cucremu € D(A) = (Am)? + 1. Ockinbxu D(N) # 0
JIJIsT BCIX DICHUX A, TO HEOTHOPIAHA CHCTEMa Ma€ €INHUI PO3B’SI30K:

B 22\ _ 27
P=0mzrr P70

Toxi 3 (22.18) 3HAXOIUMO IIyKAHUN PO3B’A30K:

(x) = 27r72>\25inav+ Acosx%—x [ |
yie) = (Am)?2+1 (Am)2+1 '

Hacmaigkom teopem 1 — 3 € Take TBepIKEHHS.

Teopema 4 (anbrepuaruBa Ppearonabma). Jxwo odnopione
inmezpansvre pisnanns DPpedzosoma dpyzo02o pody 3 BUPOIHCEHUM
AOPOM MAE AUULE MPUBLAALHUL PO38°A30K, MO 610N0610HE HEOOHODI-
one pisharma mac cOurutll po3e’a30x.

Hxuso o0nopidne pi8HAHHA MAE HEMPUBLAALHT PO3E A3KU, TO 610-
nosidHe HeoOHOPIOHE PIBHAHHA 3AAEIHCHO 610 BLABHO20 "AeHA GO0 He
Ma€E P038°aA3ki6, abo mae be3aiw po3e’aA3kKi6.

3ayBakKnuMo, M0 TeopeMu 1 — 4 CIpaBIKYIOThCI He TLIbKU JJId
BUPOJIPKEHOT0, aJie i JJIs JOBIJILHOTO HEIIEPEPBHOTO sIpa BiIIOBI -
HOI'O IHTEI'paJibHOI'O PiBHSIHHSI.

3. InrerpasabHi piBuauua ®pearoapMma i Boabreppa mep-
mroro poxy. larerpasibhe piBHsHHsI PpenroiabMa MIEPIIOrO POLY

b
/ K, 5)y(s)ds = f(x),

B3araJji Kaxkydu, He Ma€ PO3B’S3KYy JJI JOBLIBHOI MpaBol YacTUHU
f(x), a gkimo po3B’sa30K icHye, BiH Moxke OyTu HeeguHuM. Hampu-
KJIaJI, PO3B’SI3KOM IHTErpaJIbHOT'O PiBHSIHHS

1
O/y(s)ds =1
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€ KoxxHa 3 byHKIit y(z) = ax + f, 1e «, f — 6yap-aKi aificHi dncia,
sIK1 3aJI0BOJIBHSIIOTH YMOBY (v + 23 = 2 (y IIbOMY MOXKHa [EPEKOHA~
THCH 6E3M0CEPETHBOIO TTiICTAHOBKOIO), & PIBHSAHHSI

1
/y(s)ds =1+
0

OYEBUJIHO, B3araJji He Ma€ pO3B’A3KiB.

Taxkum wuHOM, PO3B’SI3yBaHHS IHTErpajbHOrO piBHAHHST Ppe-
JATOJIbMA TIEPITIOro POy — HEeKOpeKTHa 3ajada. /s po3s’a3yBaHHsa
TaKUX 33J1a9 BUKOPUCTOBYIOTL CIEIaJIbHI METOIU, BUBUYCHHS STKUX
BHUXO/IUTH 33 PAMKHU I[HOT'O IMOCIOHUKA.

OckinbKy iHTErpajbHi piBHsIHHS Bojbreppa IEpIIoro poiy €
OKPEMUM BHIIAIKOM piBHsSHL PpearosbMa, Bce CKa3aHe BHUIIE PO
piBHsgHHST PpeArosabMa MEepIIoro POy 3aUIIaEThbCsl TPABUIBHAM i
JUIs1 piBHSIHB Bosbreppa. AJjie y 6araTbox BUIIaIKaX iHTErpaJibHi piB-
HaHHA Bojbreppa mepIioro poay JIerko po3B’si3yIOThCs.

Posrnsuemo, Hanpukiia i, iHTerpajibae piBasagHHsT Boabreppa nep-

IIIOI'0 POJLY
x

/ K(z,s)y(s)ds = f(x), (22.20)

a

e f(a) = 0, i npumycrmvo, mo dymii K (z, s), 25@2) f(a), f'(x)
HelepepPBHi y TPUKYTHUKY

G={(x,5):a<x<b, a<s<a}
Hudepentiiroroun obuasi gactunu pisuguus (22.20) 3a 3minmoo x,
OJIEPIKYEMO

K(z,2)y(z) + / %y(s)ds = flx).  (22.21)

a

Byab-sikuit vemepepsruit npn a < & < b po3s’si30k y(z) piBHsIH-
us (22.21) €, oueBunno, it po3s’s3koM pisasHHs (22.20). HaBnakn,



Jlekuist 22. InTerpasipHi piBHSAHHS 3 BUPOJPKEHUMU s1/IpDAMU 307

KOYKEH HelepepBHUIl Po3B’st30K piBusnusa (22.20) mpu ¢ < = < b
3a/10BOJIbHSIE TAKOXK piBHsIHHs (22.21).

Axmo K (x,x) He mepeTBOPIOETHCA B HYJIb y KOAHIH TodIi Bis-
pisKy [a,b], To piBHsHHS (22.21) MOXKEMO 3alicaTH y BUIVIS

i) = 2 [ sy

TOOTO BOHO 3BOJIUTLCS IO IHTEIPAJILHOTO PiBHAHHSA Bosbreppa JIpy-
rOTO POy, siKe PO3TVIgAaaoch Ha Jekmiax 20, 21.

Axmo K (x, ) 1meperBOplOeThCst B HyJIb Y JlesiKiil To4Ii Biapiska
[a, b], To piBHsHHs (22.21) BOJIO/iE OCOBIMBUMU BIACTUBOCTSMHE, Bijl-
MIiHHUMU Bif BiacTtuBocTeil piBHanb Bosbreppa apyroro pomy. Taki
PIBHAHHS iHOJI Ha3WBAIOTH PIBHAHHSIME TPETHOI'O POJIY.

Axmo K(z,z) =0, x € [a,b], icHyioTb HenepepBHi ApyTi MOXiHI
sipa ta GyuKiil f(2) 3a 3MiHHOW = 1 BuKOoHYy€eThCst ymMoBa [’ (a) = 0,
TO MOXKHA I1e pa3 3audepeHtioBaTu piBasiHHs (22.21) 3a 3MiHHOO
x. Toni omepKyeMo piBHSHHS

x

2 xT,S
Kifolyta) + [ y(s)ds = (o),

a

ske, axio K, (x,x) # 0 na BiApisky [a, b], nicas ainenns na K. (z, x)
3BOJIUTHCS JI0 IHTErPAJBLHOIO PIBHIHHS JIPYTOrO POJLY.

Ilpuknan 3. Poss’azamu iwmezpasvre pienanHa Boavmeppa

nepwozo pody
xX

/(x + s+ 1Dy(s)ds = x.
0

Pozs’sazarns. 3audepeHIiioeMo PiBHAHHSI 38 3MiHHOIO X

T

2z + Dy(z) + /y(s) ds = 1. (22.22)
0
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Ockinbru 22 + 1 # 0 gt x > 0, To micas mijeHHs Ha 2x + 1 orpu-
MY€EMO iHTerpaJibae piBHsSHHS BoJjbTreppa Opyroro pomy

T

1 1
y(z) = —/2$ n 1y(s) ds + w1 (22.23)
0

Posp’sizkemo piBHsinHs (22.23), 3BIBIIM KOO TONEPEIHBO /10 3BU-
qaitnoro mudepentiaabnoro pisasuns (aekiis 20). s mporo fioro
CIIOYATKY 3MU(EPEHITIIOEMO 33 3MIHHOIO X:

y(z) 2 f

/ 2
0

3 (22.22) Bupasumo iHTErpas

T

/y(s) ds=1— 2z + 1)y(z)

0

i, migcTaBuBIIM HOTO B piBHAHHSA (22.24), MiC/IS HECKIATHAX EPETBO-
pPEeHb OTpUMYyEMO JudepeHItiagbHe PIBHAHHS 3 BIJJOKPEMJIIOBAHUMU
3MIHHIMHA

3y
S . 92.25
y 2% + 1 (22.25)

Kpim Toro, 3 (22.23) maemo nouarkoBy ymony y(0) = 1.
BaraabHIM pO3B’SI3KOM piBHsSHHS (22.25) €

C

Y= —F—F—7—=
(2x +1)3

a BpaxoByroun 1modarkoBy ymoBy y(0) = 1, orpumyemo dacTuHHUIL
PO3B’SI30K ITLOTO PiBHIHHS:
1

yzi,m,

SAKWI € TAKOXK PO3B’I3KOM 33IaHOTO iHTErpPaibHOTO PiBHSHHS.
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1
V(2z+1)3"

JAKIo sapo iHTerpaabHOTrO PIBHSHHSI 3aJI€XKUTh JIUINE Bim & 9n
Bin s (abo € mobyrkom Takux dyukiii), K(x,z) # 0 Ha Biapisky
[a,b], f(a) =0, To inTerpanbue piBHsiHHS Bosbreppa mepioro poiy
(22.20) BIaeTbCsT PO3B’SI3aTH IIIE POCTIIIIE.

Bidnosidv: y =

Ilpuknan 4. Poss’azamu iwmezpasvre pienanHa Boavmeppa

nepwozo pody
xX

/(x + Dy(s)ds = x.
0
Poze’azarmsa. Ockinbku  + 1 # 0 gasa x > 0, To

3audepeHIioBaBIy OOUIBI YaCTUHE 38 3MIHHOIO X, OJIEPIKYEMO

1

y(x) = CESE |

Pexomendosana aimepamypa: |7, c. 27 — 51, 225 — 243, [8,
c. 56 — 79, 87 — 95, 139 — 156, [9, c. 327 — 337], [16, c. 482 — 483].

ITuranaga go Jjekiii 22

1. dke s1po iHTErpaJIbHOrO pPIBHAHHS HA3WBAIOTh BUPOKeHHM?! o
SKOI CHCTEMM 3BOJNTLCS PO3B’sI3yBaHHA iHTerpabHoro piBHsaHHsa Ppe-
JICOJIbMA, IPYTOTO POMY 3 BUPOPKEHUM SITPOM !

2. dAxwmit Burnsg mae usHagauk Ppemronsma? [Ilo Take xapakrepu-
cruusi yncia aapa? [lo HasuBaiorh BiacauMmu QyaKiisyu siiapa? [1o rake
paHr xapakTepuctudHoro dncia’ fke s/1po HABUBAIOTH CIPSIKEHUM !

3. Kount inTerpasbue pisasaas Opearosbma Ipyroro pojy 3 BUPOIKe-
HUM sIpOoM Ma€ eauunii po3s’s30k? Chopmyitoiite Teopemu Pperosibma.
Y gomy noJisirae aabrepaatua Opearonbma’?

4. Yu 3apxu iHTerpaJibHe piBHaHHsT Ppeprosbma un Bosbreppa Mae
enuHuii po3s’sa30Kk? HaBeniTh npuksaiu.

5. 4K MoxkHa po3B’sI3aTH iHTerpaJbHe piBHAHHS BosbTeppa meprmoro
poxy (22.20), skmo f(a) = 07
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Brapasu go aekirii 22

1. Posp’sixiTh inTerpasibHi piBHsHHS DpeirosbMa 3 BUPOIKEHUMA
ATPaMU:

1 ™
a) y(z) =342 Of(x +s)y(s)ds; 6) y(x) = A Ofsin(x + 8)y(s)ds + 4x.

2. Posp’sokiTh inTerpasibHi piBHsgHHS BobTeppa mepioro pomy:

x x

a) [(z+5)(s>+ 1)y(s)ds = 32%; 6) [(zs+ 1)y(s)ds = 2.
/ /
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Po3nmin 7.
OCHOBU BAPIAIIIMTHOT'O YNCJIEHHYI

Jlekmnia 23. Ilpocrinii Bapianiiiai 3amavi
IL1an

1. IIpenmer Bapiariiinoro yucienns. Knacuuni Bapiarmiiini 3a1a-
qi.

2. OCHOBI O3HaYeHHS ¥ MOHATTS BapialliifHOrO YMCIEeHHS.

3. HaitmrpocTina 3agava BapialliifHOTO IHCIEHHS.

1. Ilpeamer Bapiamitinoro unciaeunsa. Kimacuyuni Bapiarriii-
Hi 3a7a4i. Y Kypci MaTeMaTUIHOTO aHaJ i3y BUBYAJIUCH 3aJadi HA
BHAXO/?KEHHA HAMOLIBIMNX Ta HAMEHINX 3HAYeHb (PYHKINNH OHieT
Ta OLIbIol KibKocTi 3MinHuX. OHAK y 6araTbox 3ajadax (pisuku
BUHUKAE HEOOXiTHICTD 3HAUTH HAHOIAbIN Ui HaliMeHII 3HAUEeHHS He
GYHKITH, a BeTMIUH OCODIUBOTO POIY, AKI HASWBAIOTH (PYHKITIOHA-
JIAMU.

Hexait M — nesska muoxkwHa QyHKINNH. KO KoxkHIM QyHKIHT
i€l MHOXKUHU MOYKHA ITOCTABUTU Y BIJIMOBITHICTL JlesKe JIificHe 9u-
CJI0, TO KaXKyTh, 110 Ha MHOXKuHI M 3amaHo yrruyionaa. Takum
YMHOM, MOXKHA CKAa3aTH, 10 (PYHKIIOHAIN — IIe (PYHKITI, V TKUX He-
3a/Ie2KHOI0 3MIHHOIO € KpuBi abo iHm (yHKITI.

Hanpukoas, koxHiil cnpsimunosaniii kpusiit) miommmm a6o mpo-
CTOPY MOXKHA, TIOCTABUTH Y BiJIOBITHICTE TIEBHE YUCJIO — 11 JIOBXKUHY.
Omxke, MOBKWHA KPUBOI — 11 (PyHKITIOHAJ, BU3HAYEHUN HA MHOYKUHI
crpsMIioBaHuX KpuBnx. OyHKITIOHAJIAMU € TAKOXK KOOPIUHATH IEH-
TPy Barw, MOMEHTH IiHEpIlil, CTATUIHI MOMEHTHU JESTKOI OJHOPITHOT
KpUBOI ab0o moBepxHi, 00 1X 3HAYEHHS] BU3HAYAIOTHCI BHOOPOM KPU-
BOI abo moBepxHi, TOOTO BUOOPOM (PYHKIIH, AKI BXOAATE Y PiBHSIHHS
KpuBOI U roBepxHi. Baarasi, GyHKIioHATIOM € KOXKHUN BU3HATEHUIT

b CrupsM/TIOBAHOIO HA3UBAIOTH KPUBY, JJIsI IKOI JIOBXKWHA OYIb-SIKOI BITMCAHOL
JIAaMaHOI 3 BEPIIMHAMH y IIOCJIIOBHUX TOYKAaX KPUBOI (B omHOro KiHIg 10 iH-
III0r0) € CKIHYEHHOIO.
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inTerpasi. OyHKIIOHAIN IHTErPAJIBLHOIO THUITY 3yCTPidaioThca y Oa-
raTbox 3aJadaxX MAaTEeMaTUKW, KJIACUYIHOI MEXaHiKM, MaTeMaTHIHOI
dizukn, MeXaHIKN CYIIJIbHUX CEPEIOBUII i B IHITUX PO3/ILIaxX HAYKH.

OCHOBHOIO 3aJ1a4€I0 8aPIAUITIHO20 YUCAECHHS € JTOCIIIZKEHHS
dyukmionamis Ha ekcTpeMyM (MakcuMyM abo MiniMyM) i Bimmryka-
HHsT TUX (DYHKIIINA, Ha SKUX [EH eKCTPEeMYM JOCSTA€Thes. 3aaadi, y
AKAX (DYHKIIOHATH JIOCTIZKYETHCA HA €KCTPEMYM, HA3UBAIOTH 8G-
PLauttiHUMU.

Barato 3akoniB isukn 3BOAATLCS 10 TBEPJKEHHS, IO IESIKMI
bYHKITIOHAJI TTOBUHEH JOCAraTH cBOro ekcrpemywmy. 1li 3akonm Ha-
BUBAIOTh 68aPIAUITUHUMUY NPpuHyunamu dizuku. Jlo Bapiarmifinmx
MIPUHINIIEB YN HACTIAKIB 3 HUX, HAIPHUKJIA, HAJIEXKaTh 3aKOH 30e-
PEeXKeHHs eHepril, 3aK0H 30epeXkeHHs IMITyJIbCy, 3aKOH 30epeyKeHHs
KUIBKOCTI pPyXy, npuaimuin Pepma B ONTHUIN TOIIO.

Benukwit BB Ha pO3BUTOK BapiallifitHOrO MCIEHHS MaJil TaKi
TPH 3a1adi.

Bagaua 1 (izonmepumerpmyHa 3ama4a). 3nalmu kpusy 3a-
danoi dosorcunu L, axa obmesicye Ha naowumi @ieypy Hatibiabwor
NAOUYL.

3apajin CIpOIIEHHsT PO3TIIAHEMO 3318~ ¢
gy y JIemo BYXKdilh mocTtanoBmi. [Ipwury-
CTUMO, M0 (irypa Mae Takuii BUTTISI, SIK
Ha puc. 23.1, a L — 11e J10BXKUHA KPUBOJIi-
miitrol gactuau dirypu. Ilpunycrumo Ta-

KOXK, III0 KPUBOJIIHIAHA YacTUHa € rpadi- O‘ a b =

KOM HelepepBHO JudepeHIiiioBHol ¢yH- Puc. 23.1

kil y = y(x), Bu3Ha4deHol Ha BiApisKy [a,b]. IIpu npomy, oueBn/HO,
y(a) = y(b) = 0. (23.1)

3 MaTeMaTUYHOIO aHAJII3Y BiZOMO, IO JOBXKMHA, L KpUBOJIHIAHOL
JaCTUHU MEXKi O0UNCIIIOETHC 38 (POPMYIIOI0

b
L= /«/1 @) de, (23.2)
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a TIoIa BiamoBianol dirypn — 3a (HopMysIoio

S(y) = / () da. (23.3)

Omrxke, 3a7a9a 3BeJIacs JI0 3HAXOJKEHHST HEEPEPBHO JudepeH-
niitoBaOl dyHKIHT y(x), sfKa 3am0BosIbHSAE yMoBH (23.1), (23.2) (L —
dikcosane) i gyist sikoi dbynkiionas (23.3) HabyBae HAfOLILIIIOrO 3HA~
YEeHHS.

Saadi Takoro poay pos3s’s3yBasn e y lapniit ['penii. Hampu-
KJaJ1, ApximMes BCTAHOBUB, IO 3 YCIX 3aMKHEHUX KPUBUX, JTOBXKU-
HU SIKAX JTOPIBHIOIOTH JEAKOMY 3aJaHOMY 3HAYEHHIO, KOJIO OXOILIIOE
HafOLIBIY TIJIONLY, & 3 YCiX 3aMKHEHNX KPUBHUX, AKi OXOILTIOIOTDH 3a-
JaHy IUIOILY, KOJIO Ma€ HAWMEHIIY JIOBXKUHY.

V 1696 pomui 1. Beprysii cdopMymoBas HACTYIIHY 3a/axdy.

Bamaua 2 (3amaya npo GpaxicToXpony). YV sepmukasvhil
nAOWUHT 3HATMU Kpusy, wo 3 cdnye 3adani dei mouku O 1 A, pyza-
0YUCH NO AKIT MAMEPIAALHG MOYKa Ni0 JIE0 CUAU MANCIHHA CKO-
mumoca 3 mouku O 6 mouky A 3a natdrxopomuwuts wac.

3po3yMijIo, IO BarK/IUBUM €
Toit Buma oK, Koy Touku O(0,0)
i A(a,b) He nexarTb Ha BepTH-
KaJIbHIA npawmiit (puc. 23.2). He-
xait M(x,y) — moBiIbHA TOYKA
KpuBoOi. ¥ TOpIBHAHHI 3 MOYa-
TKOM KOODJMHAT IIOTEHIaJIbHa
eneprito Toukn M (x,y) 3MeHIIn-
Thes HA Mgy (M — Maca TOYKH,
g — IPUCKOPEHHS BLJILHOTO TaJIi-
HHS), & KiHeTHYHa eHeprisa — 361TpmmuThes Ha mv?/2. 3riano 3 3aKo-
HOM 306epeKeHHs eHepril

mv?/2 =mgy = v=+/2gy.

BBazkaroun, 10 TPAEKTOpI€0 pPyXy TOUKH € KpuBa y = y(z),

O a

bt-----------TTT= A
Y

Puc. 23.2
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upuaomy y(x) — nudepeniiiiosa na Binpisky [0, a] dyukiisi, oxep-

JKYEMO
ds /14 (y)*dx

v —_— =

Tt dt
ne ds — nudepeHItian JOBXKUHA AyTU KPUBOI. ToMy

1 /)2
V2gydt = /14 (y)2de = dt= Vit ) dx. (23.4)
V29y

3 mudepennianbroro pisHsHHs (23.4) 3HAXOAMMO Yac, HEOOXi-
JHHUN 1JIsT TOrO, o0 MaTepiajbHa TOYKa CIycTmirach 3 Todku O 1o

Toukn A:
_ 1 r 1+ W)
t(y) = \/%0/ " dx. (23.5)

SHaYN KOOPJUHATH IOYATKOBOI Ta KiHIEBOI TOYOK TPAEKTOPII,
OZIeP’KYEMO KpaiitoBi ymMoBH 7151 GyHKIHT y(T):

y(0) =0, y(a) = 0. (23.6)

Takum guHOM, 337898 PO OPaxXiCTOXPOHY 3BeJIacs JI0 JOCIiIKe-
HHs Ha MiHiMy™m dyHKiionana (23.5), skuii 3a70BOJIbHsIE KpaiioBi
ymoBH (23.6).

Bagaya 3 (3amaua mnpo e
reoge3unyHi qinii). Ha nosepx-
Hi, AKG Y MPAMOKYMHIT cucme-
Mmi koopduram Oxyz 3adana pis-
Hannam o(x,y,z) = 0, snatmu
KPUBY HATLMEHWOT 0BIHCUHU, ULO
3’ednye dsi mouxu A i B uiei no-
sepri (puc. 23.3). (0]

T'eodesuvHnumu  ATHIAMU
JIesIKOl  IIOBEpXHI  HA3UBaIOTh
HalKOpOTII 3a JOBXKUHOIO JIi-
Hil, IO JIeXKaThb Ha IIOBEPXHIi T
i 3’egHyIOTb JBI TOYKH Li€l Puc. 25.3
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noBepxHi. Hampukaam, reofe3smyanMy JiHIIMI ILJIOMIMHA € TIPsIMi, a
TeOJIE3UTHUMY JTHIIME chepr — JIyTH BEJHKOTO KOJIA.

[Tpumnycrumo, 1o moBepxus ¢(x,y, z) = 0 € IaaKow, a MyKaHa
KpuBa 3ajaHa piBHAHHAMI Y = Y(x), z = z(x), = € [a,b], ne y = y(x)
iz=z(x) — mudepenniiiopui dynkiii. Toal 3 BUKOpHUCTAHHAM KpH-
BOJIIHITHOT'O iHTerpaJia Mmepioro poay JoBxKuHa L KpUBOI Mix 3a1a-
HUMHU TOYKAMH JOPIBHIOE:

b
L(y,2) = /ds = /\/1 + (v')? + (2')% dz. (23.7)

AB

OTxke, 3a/1a1y BAAIOCH 3BECTH JIO 3HAXOZKEHHST TAKUX TJIATKIX
Ha BiapisKy [a,b] dyukuiit y = y(x), z = z(z), mo

o(z,y(x),2(x)) =0, y(a) =yo, y(b) =1, z(a) =z, 2(b) = 21,

a dymnkiionan (23.7) nabyBae MiHIMAILHOTO 3HAYMEHHS.

BayBaxumo, mo (23.7) — e dyHKIioHAT, SIKUH 3aJeKUTh BiJL
aBox dyukmiit. eramprinre Taki QyHKIIOHAIN BUBIATUMYTHCA HA
JIeKIii 24.

Yy

2. OcHoBi o3HaYeHHsI I MOHATTH BapialiiiHoro 4mcJjeH-
He. 4K BXKe 3a3HaYaI0Ch, (PYHKITIOHAJ € y3araJbHEHHAM MOHATTS
dyukiii. OyHKIg oaHieT 3MIHHOI CTABUTh Y BiANOBIIHICTL 3a IEB-
HUM TPABUJIOM OJIHOMY HHCJIY T iHITE YUCJO Y, DYHKITS TEeKIIHKOX
3MIHHAX CTaBUTH y BiIIOBITHICTH CKIHYEHHIN CYKYIHOCTI 9uces 1,
9, ..., Ty 9uca0 Y. QYHKIIOHAT CTABUTh Y BiAMOBIIHICTL (DYHKIIT
My Buna Ky GyHKIioHaJI nosHadarumemo J[y).

Muoxuny dbyskuiit y = y(z), Ha kit BusHaYeHuii GyHKIIOHAIT
Jly], HasuBaioTh 06aaCMIO BU3HAUEHHS DYHKIIOHATA, & TUCIO
J — sHauenHnam dysaxiionana. Hacro aprymenTt dyHKIioHaATIa —
dyukmio y(z) — gK eIeMeHT JesSKOro IMPOCTOPY HA3WBAIOTL 1MO-
YKO010.

Jlj1sT BUBYEHHST TAKUX IIOHSTH, 9K MPUPICT PyHKIOHAIA, HEle-
PEPBHICTH PyHKIIIOHAJA, eKCTpeMYM (DYHKITIOHAJA Ta JIESTKUX 1HITITX
CyTTEBUM € TOHSATTS «BimcTaHi» MiK aprymeHTamMu (DyHKITIOHATIA —
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eJIEMEHTAMH PI3HUX METPUIHUX IIPOCTOPIB (O3HAYECHHS Ta JesIKi IPU-
KJIaJIi METPUYHUX HPOCTOPiB — Ha JiekIil 6). Takumu mpocropamu,
HAIPUKJIA, €:

Cla, b] — mpocrip dyHKIi, HellepePBHAX HA BIIPI3KY [a, b;

C*¥[a,b] — upoctip dbyukuiit, k pasis Herepepso audepentiios-
HUX BiIpisKy [a, b].

Bincrans y npocropi Cla, b] Mixk noma dbyskiiaymu yi(x) i ya(x),
x € [a,b], moxkHa BBECTH 32 (DOPMYJIOIO

pe(y1,y2) = max [y1(z) — y2()|.
z€la,b]
®Dopmyity, TKa BCTAHOBJIIOE BIJICTAHD MiK €JIEMEHTAMU IIPOCTOPY,
HA3UBAIOTH MEMPUKOO [IHOTO IPOCTOPY (JIUB. TAKOXK JIEKIIIIO 6).
Hexaii € — nesike momaTHe 9muCIO0. £-0KOAOM Y METPHIL TIPOCTOPY
Cla,b] abo cuavrum £-0K0A0M KPUBOI Y = Yo(T) HABUBAIOTH MHO-
JKIUHY BCIX HellepepBHUX KpuBHUX y = y(x), 11 akux pe(y,yo) < €.
Bidecmannro y ipoctopi C[a, b] Mizk mBoMa dbynkmisvm yi(z) i
ya2(x), x € [a, b], HABUBAIOTH YNCIIO

per (y1,y2) = max |yi(z) — yo(z)| + max |y (z) — yh(z)].
x€[a,b] z€[a,b]

)

e-oxoaom y Merputi poctopy Clla, b] abo caabrum c-oxonrom
KpuBOi Yy = yo(x) HA3UBAIOTH MHOXKMHY BCiX HelepepBHO JudepeH-
nifoBHuX KpuBux y = y(x), mist skux p1(y, yo) < €.

AHaIoriYHO MOXKHA& BBECTH ITOHSITTS BIICTaHI Ta OKOJIy Y IIPO-
cropi C¥la,b], ne k > 2.

3posymino, mo GbyHKIisa y(x), sKa TOTPAIIAE Y CJIabKUi £-0KLT
dyHkil yo(x), mOTpaAnUTL TAKOXK y CHJIbHUN £-0KiT GyHKIHT yo(z).
Iammvm croBamu, caabkuit €-0Ki 3aBXKIU MICTUTBCA Y CHJIBHOMY
e-okouti. Tomy, sikio dyHKIioHAn Ha KpuBiit y = yo(z) BoJsOziE €~
SIKOTIO BJIACTHUBICTIO IT0 BiJHOIIEHHIO 0 KPUBUX 3 CHJILHOT'O OKOJIY, TO
IE€I0 K BJIACTUBICTIO BIH BOJIOJITUME IO BiTHOINIEHHIO JI0 KPUBUX 3
oro cj1abKoro OKOJIY.

®ynknjonasn J[y| HA3BUBAIOTH ATHIUHUM, SIKIIO:

1) J[Cy] = CJly|, ne C — noBinbHa crada,;

2) Jlyr + y2] = Jlya] + J[ye]-
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Posrisinemo dyukuionasn J[y| i 3adikcyemo dynkmito yo(x) 3 iio-
ro obsiacti BusHaveHHsi. Toji m0BLIbHY iHIMy dyHKII0O y(x) 3 miel
obutacTi MoxkHa 300pasuTn y Buriasan y(z) = yo(z) + dy(z), ne dyn-
KIiifo 0y(x), sika BUpakae 3MiHy aprymenTa ¢yHkunjonasa J|y|, Ha-
3UBAIOTh 8apiayicto apaymernma yo(z).

ITpupocmom pynruionana J{y] y Toumi yo(x), sxuii Bimosi-
JIae Bapialil apryMeHTa 0y, HA3UBAIOTH BEIUINHY

AJ = AJlyo(x)] = Jyo(x) + dy] — J[yo(x)].

Badikcyemo Tenep apryment y(x) dyuxiionana Jy|, 3amamo i
TakOXK 3adikcyeMo JesKy Bapialiifo 6y apryMenTa y(x) i po3risiHeMo
cim’to kpuBux y(x, @) = y(x) 4+ ady, 1e o — nosimpHmit mapamerp. Ha
kpuBEx Y(z, ) dyskuionan J[y| meperBoproerbes y dyHkiio J (o)
aminnol «. Hexait icuye noximma %(5).

Bapiauier §J gynruyionana J[y] upu y = y(x) HA3UBAIOTH
dJ(a)

noxifny —z.~ 1pu a = 0, To0TO

d
0Jly, 8y = ——Jly + ady]

a=0

b
Ipukaagn 1. 3natimu eapiayito dynryionara Jy] = [y?(z)dz.
a

Po3zs’sazarnsa. 3rigHo 3 o3nHadeHHIM Bapiallil ¢pyHKITIOHATA

a=0
b

:2/y5ydx. [ ]

a=0 a

b
_d 2
5,]—@/(344—0453/) dx

b
= 2/(y + ady)dy dx

a

3ayBakKUMO, IO IHOHATTS Bapiamil (yHKIIOHAJIa aHaJOrivHe
o3HaUYeHHIO qudepenmiata GyHKIl onniel 3minnol. Cupasmi, mude-
penrian dyskiii f(z) y Touni x MOXKHA 3HAWTH 3a NPABUIOM 3HA-
XOJIZKEHHsT Bapiallil GpyHKITIoHaIa:

df = %f(x +0lz)| = f'(u+adn)Ax],_, = f(z)Ax.
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Dyukrionan J[y] Mae noKaAbHUT MiHIMYM (A0KAGABHUT Ma-
KCUMYM) HA KpuBiit y = yo(x) y JgiHIAHOMY METPUYHOMY HPOCTOPI
E (manpuxnaz, y C abo C1), sKmo y mpoMy TpocTopi icHye Takwmit
£-0Kij1 KpuBol y = yo(x), MO jj1st MOBLIBHOT KpUBOI Yy = y(Z) 3 1BOrO
OKOJTY CIIPABIKYETHCA HEPIBHICTD

Jlyl = Jlyl 20 (Jly] = Jlyo] <0).

ko B o3nadenui MiHiMyMy (MakcuMmyMmy) GyHKITOHAT PO3IIIsi-
naerbesa y npocropi C', To MAEMO CUABHUT AOKGALHUT MIHIMYM
(cuavruti A0KAABHUT MAKCUMYM), & FKIIO Y TPOCTOPI C', o
cAabKuUT A0KAABHUT MIHIMYM (CAAOKUT AOKAADHUT MAKCU-
MYM). fIKITI0 y IbOMY O3HAUEHH] He HAKJIAIATH OOMEKEHDb Ha PO3MIp
£-0KOJLy KpUBOI y = o(x), TO KaxKyTh, 10 Ha Kpusiii y = yo(z) 10~
CATAETHCS AOCOAMOMHUT MIHIMYM (AOCONOMHUT MAKCUMYM)
dyHKITIOHATA.

Teopema 1 (HeobximHa ymoBa ekcrpeMyMy dbyHKI[iOHA-

gaa). Hexatl na kpusili y = yo(x), yo € E, docazaemovca sokarvhul
excmpemym Pyrkyionara J i nexal na yo icnye sapiayia 8.J [yo, dy].
Todi 6J[yo,0y] = 0 dan dosisvhux oy € E.
Josedenns. Posrusinemo dyuxkiio ¢(a) = Jlyg + ady], dy € E,
0y # 0. Hexait 1y1s1 KOHKPETHOCTI Yo — TOUKA MiHIMyMY (DYHKITIOHAIA
J, ToJii iCHYy€ €-0OK1JI TOUKH Yo TaKUil, IO JJIs BCIX PYHKIH 4o + ady
3 ILOIO0 OKOJIy BUKOHYEThbCs HepiBHicTb J[yg + ady] = J[yo]. Toni,
OYeBUIHO, icHye ymcao g > 0 Take, o JJjisT BCIX o 3 IHTEPBaJLy
(—a, ag) BuroHyeThCst HepiBHicTs J[yo + ady] > Jlyo], ToOTO M185T
BCIX «r 13 3a7aHo0r0 iHTepBasy MaeMo HepiBHicTb () = ¢(0). Ta~
KM 9rHOM, QPYHKIA ¢ v Touri 0 Mae miniMmyMm. OCKITbKE QyHKITisS
o(a) nudepenniitosra, To ¢'(0) = 0. Orxe, 6J[yo, 0y] = ¢'(0) = 0.
Teopemy noBeneHo.

Omke, nepina Bapialis 1jis (yHKIOHAa — I aHAJOr MEepPIIol
MOXiTHOT JJ1s1 PYHKITT ofHiel 3MiHHOT Y HeoOXiTHifl yMOBI eKcTpeMy-
MY.
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3. Haiinpocrima 3agadya Bapiariiinoro uncjaents. Posris-

HeMO (PYHKITIOHAT
b

Iy = /L(w7y7y’)dw, (23.8)

a

ne L(xz,y,y') — apiul memepepsHo audepentiitoBaa byHKIIsI, Ky
HA3UBAIOTL tHMe2parmom. Binpizok [a, b] BBazkaeMo dikcoBarim
1 CKIHYEHHUM, a MEXKOBi TOYKH JOMYCTUMUX KPUBUX 3aKPilJIEHUMU,
TOOTO

y(a) = A, y(b) = B. (23.9)

Hatinpocmiwa 3adava 8apiauitino20 4UCAECHHSA CTABUTHCS
Tak: cepes ycix GyHKIii y(z), sKi MalOTh HEIepepBHY ITOXiTHY
(y € C*{a,b]) i samoBombHsTOTH Kpaiiosi ymosu (23.9) (taki dys-
KIIil HA3WBAIOTH JONYCNMUMUMUY), 3HAATH Ty, HA AKiil JOCATAETHCS
excrpemyM dyukiionana (23.8). o 3a7auy HA3UBAIOTL TAKOXK 3a-
danero 3 3aKPINAEHUMU MEHCAMU.

OckinbKr MHOXKMHA (DYHKIIA, JJIsi SIKUX 3a0€3M€9yYeThCsl CUITb-
HUil eKCTpeMyM, IIMPINa, HiXK JJIs CJIa0KOr0 eKCTpeMyMy, TO (hyH-
kiist yo € Ct[a, b], mo 3a6e3medye CHILHII eKCTpeMyM, 3abe3medye
Takox ciabkuii ekerpemym. Tomy s dynknii yo € Ca, b] Heobxi-
JIHA YMOBa, CJIADKOIO eKCTPEMYMY € HEOOXITHOIO YMOBOIO CHJIBHOTO, &
JIOCTATHSI YMOBA CUJILHOI'O €KCTPEMYMY € JIOCTATHLOIO YMOBOIO CJIa0-
KOTO.

Beranosimooun HeoOXiaHi yMOBU iCHYBaHHsSI eKCTpeMyMy (DyH-
kiionana (23.8), BHKOpPHCTOByBaTUMeMO saemy Jlazpamotca, siky
HA3UBAIOTH IIIE OCHOBHOM AEMOI0 B8APIAUITIHO20 YUCAEHHS.

JIema (siema Jlarpauxka). Hexati g(x) — nenepepera na 6idpis-
b

ky la,b] dynryia. Txwo [g(x)h(xz)dz =0 daa Koscnoi nenepepso
a

duepenyitiosnoi dynruii h(x) (h € Clla,b]), wo sadosoavnae wpa-
tosi ymosu h(a) = h(b) =0, mo g(x) =0 dan ecix = € [a,b].

ZJlosedernsn. llpumyctumo mpormieskHe, TOOTO IiCHye TOUKa
xo € [a,b] Taka, mo g(zp) # 0. Toxui, BpaxoByOUM HelepPEpPBHICTH
dbyukuil g(x), maemo, mo g(x) # 0 mig Beix x € [a1,b1] C [a,b].
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Hexait g(x) > m > 0. Posrisremo remep dyHkImio w(z):

B (x—al)zk(x—bl)zk, x € [ay,b],
o) ={§ v ¢ fonba].

®yuknis w(z) € HemepepBHO dEPEeHIIIIOBHOIO, & TAKOXK CIIPaB-
JoKye ymoBu w(a) = w(b) = 0. Toxi

/bg(x)w(x) dr = 7g(x)w(x)dx > m7w(x)dx > 0.

Opnepxxan cynepedHicTs. Jlemy moBeseHo.

Teopema 2. Hexati pyrxuin yo(x) 3abesnevye crabkutl A0KaAD-
nutll exempemym dynkyionany (23.8), dynrxuyii L, L;, L;, — Hene-
pepemi, a L;, — nenepepsno dudepenyitiosna na 6idpisky |a,b]. Todi
ona 6ydv-axux T € [a,b]

d
L;(x,yo(x),yg(x)) — %L;/ (x,yo(x),y()(x)) =0, (23.10)
de L;, L;/ — yacmunHi NOTIONT IHME2Panma 3a 3MIHHUMY Y, Y.
Jlosederns. I1obynyemo dpyHKILIO

b
p(0) = Tl + ] = [ ((2,0(0) + ah(e) s e) + at () di,

a

e h — mosinbHa HemepepBHO andepeHIiiioBHa (DYHKIIA, SKa 33710~
BOJIbHSIE HYJIHOBI Kpaitosi ymosu, To6T0 h € C[a, b], h(a) = h(b) = 0.
3uaitmemo

07 [yo, h] = ¢'(0) =

b
= [ (L} m0(o) 36(@) ha) + Ly (z,0(0), s ) H () do
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Jpyruit nomaHoK y 1BOMY IHTErpaJii 3iHTErpyeMO YaCTHHAME

(u= L (z,y0(z),yo(z)), dv = b'(x)dz):
b

Jlyo, h /L z,y0(z),yo(x)) h(z)dz +

1, (2,500, 1 (@) bl | — / (L e wola), v (@) i
a
Jpyruit 1omaHOK y MpaBiif YacTUHI OCTAHHBOI PIBHOCTI JTOPiBHIOE
uy.o, 60 h(a) = h(b) = 0. dys roro, mob dynkionas J|[y| nabysas
eKCTPeMaJsIbHOIO 3HAYEeHHsI Y TouIl Yo () HeobximHO, 106 0.J[yo, h| =
= 0, TobTO

b

J (e ah) = 5 (£ (o)) o e =0

a

3acTocyBaBIIN 0 OCTAHHBOI PIBHOCTI Jiemy JlarpaH:ka, OTpuMy-
emo dopmyiy (23.10). Teopemy moBesneHo.

Gopmymy (23.10) nasuBarors pienannam FEdaepa, a iioro
posB’sisku  (iHTerpasbHi Kpusi) — exkcmpemaasmu. Jlomycrumi
bynkmii (3 kracy Cla, b] 3 3amamIMm KPafioBUMH yMOBaMH), IO 3a-
JIOBOJILHSIIOTE piBHsIHHs Eiijiepa, Ha3uBaioTh JONYCMUMUMUY eKC-
MPpematimu.

Ilpukmaan 2. Pose’asamu Hatinpocmiwy apiayitiny 3adavy
2
/ xy 2y 2yy d y(1) =0, y(2) =2In2.
1

Poss’azanna. Ockinvkn L(z,y,y) = zy'> + 2yy/, 10 L, =2y,
L), =2zy" + 2y. Srigno 3 (23.10) pisnannam Eitnepa e

2y — 2xy +2y) =0 = ay' +y =0.
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Jist po3B’si3aHHS IBOTO PIBHSHHA 3aIpPOBAIMMO 3aMiHy 3MIiHHOI
y' = z(z). Toni

, dz dx Cl
2 +z=0 = —=-— = 2z2=— =
z x T

y=Ciln x|+ Cs.

Bpaxysasmu Kpaiiosi ymosu, saaxogumo C7; = 2, Cy = 0. Orxe,
€IMHOIO JIOMYCTUMOIO €KCTPEMAJLTIo € Yo(z) = 21n x.

Hosesiemo Teriep, 1110 3HaiijieHa JOIyCTUMA eKCTPEMaIb CIIpaB/Ii
sabesneuye ekcrpemyM dyukiionany J[y|. dyst goBiabHOT dyHKIGHT
h € C'1,2], sixa 3anoBosbuse ymosu h(1) = h(2) = 0, maemo

Jlyo + ] = Jyo] =

2 2
/ z(yg + 1)+ 2(yo + h)(yo + 1)) dz — / (zyo? + 2yoyh) dz =
1 1

2 2

2
2/(xy0+yohdx+/x dx+2/y0hdx+2/hhdx
1 1 1 1

Ilepumit inTerpas sinrerpyemo wactunamu (u = zy,+yo, dv = h'dz),
Bpaxysasim, 1mo h(l) = h(2) = 0:

2

2
2/(xy6 +yo)h dz = 2(zyg + yo)hﬁ - 2/(xy6 + o) hdr =
1 1

2
= —2/(y6 + 2y) + yo)h da.
1

Toni

Jlyo + h] = Jlyo] =
2 2

2
= —2/(2y6+xy6’)hdx +/ W2 dx + 2 / 0hdw+2/ (h?) dx =
1

1
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2

2 2
= /wh'de — 2/(;;6 +ay)hde + B2[S = /xh’Qdﬂc > 0.
1 1 1

[Tpy 1BOMY BHKOPHCTAJH, IO Yy — EKCTPEMaJb, & TOMY BOHA 3aJ10-
BoJIbHSIE piBHaAHHA Eitnepa xy” + 1y = 0.

Taxum auHOM, Ha JOIMyCTUMINM eKcTpeMaJii 4y = 2 1nx maemo ab-
costoTHUIT MiHiMyM dyskiionana J(y]. W

YV mpuknami 2 piBusnaga Eitsepa Bmaoch JIErKO 3iHTErpyBaTH.
Aute Tak OyBae He 3aBxK;u. Po3ryisiHEMO KiJTbKa OKPEMUX BHUIIAJI-
KiB piBHsiHHS Eilepa, B SKUX MOPSIOK AUQEPEHIaTbHOTO PiBHIHHS
JIETKO 3HU3UTH.

1. Iurerpanr ne 3anexkurs Big y', Tooro L = L(x,y). Toni pisus-
nna Eitnepa nabysae Burisamy L; = 0 i € anrebpuanumM, a He mude-
penmiaabauM. ToMy #Oro pO3B’sI30K HE MICTUTH JOBLILHUX CTAJNAX i
MOKe 3aJI0BOJILHATHA KPAWoOBi YMOBH JIUIIE Y BUHATKOBAX BHUIIAIKAX.

2. Inrerpant 3amexkuThb Bij ¢y JiHiiiHO, TOOTO
L(z,y,y") = M(z,y) + N(z,y)y.
Y npoMy BuUnNaIKy piBHsHHA Eitnepa mMae BUTTIST
M, + Ny =N, —=Nyy' =0 = M, - N, =0.

[le piBHsiHHA TakoXkK aJredpuvHe, a HWOrO PO3B’SI3KM MOXKYTH 3a-
JOBOJILHATH KpPaloBI yMOBM JIWIIE B OKPEMUX BHUIAJKAX. SIKITO
MZ”, — N! =0, To niginTerpajgbHuii BUpa3 € MoBHUM JudepeHIiagom
IedaKol (PYHKIIT, TOMY iHTerpaJl He 3aJIe2KUTDh BiJl MIJIIXY iHTerpyBa-
HHS 1 BapialliliHa 3aj/lada B3araJji He Ma€ 3MiCTy.

3. Inrerpanr He 3amexurh Big y, robro L = L(z,y"). Toni

d
—L,/ -
dr Y

Ile Tax 3BaHUIT tHMeE2PAA LMNYALCY.

4. TarerpanT He 3ae:KUTh ABHO Big 2, Tobro L = L(y,y’). Toxi
MaeMo tHmez2pan exepaii

L-yL,=C. (23.11)
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Ile BummBae 3 TOrO, IIO
i(L— /L/)_L/ "L LA — L, — L (/)Q_L// I/
dr YLy ) =Lyy yY Y Ly y'y\Y yyYYy =
d
(L~ Iy — ) = <L; - %ng,> |

PiBusnma (23.11) mae 3aiiBy ekcTpeMasb y = const.

3ayBakKuMo, IO TeopeMa 2 J1a€ JIuIne HeoOXiaHy, a He JOCTATHIO
YMOBY €KCTPEMYMY.

Ilpuknan 3. Poss’asamu watinpocmiwy 8apiauitiny 3a1ady

27
Iy = /(91/2 —16y”?)dz, y(0) =1, y(2r) = 3.
0

Pose’azannsa. Pisusaas Eitmepa mae BUDIST
18y +32y" =0 = " +9y/16 =0.

Woro zarajpunii po3s’sa30k y = C1 cos %ﬂc + Cy sin %x, a 3 KpailoBux
yMoB 3HaxomuMmo C7 = 11 Uy = —3. OTKe, €IMHOIO JOIIyCTHMOIO
E€KCTPEMAJLIIIO €

yo(x) = cos(3z/4) — 3sin(3x/4).

HoBenemo Terep, 1o 3HaleHa JOIMYCTUMAa €KCTPEMajb He
zabesmeuye excrpemyMmy yukmionasy. [aa moBiibHOI QyHKIT
h € CY0,27], h(0) = h(27) = 0 Maemo

Jlyo + h] = J[yo] =

2 27
= /(9(yo +h)? —16(y) + 1')?) dz — /(9y3 —16yp?)dx =
0 0
27 27 27 27

= 18/y0hda; + 9/h2dx — 32/ygh’dg; — 16/h’2dx =
0 0 0 0
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2 2 o7
::w/%hmw@/ﬁ%x—3%@ﬁf+w/%mmF
0 0 0
2 o7
—JQ/M%M:i/(Wﬂ—JGMﬂdx
0 0
Posriistnemo nocitiorocti  byHKIGH Ay, () = %sin LIS (€

n,m € N. Oueuano, mo hyy, € C0,27], hyn(0) = hpmn(27) = 0.
Kpim 1010, Ay () 36iratoTsbest 1o wyms npu n — 0o. Toxi

2

9  omx 4m?  ,max
J[yO"i_hmn]_J[yo]:/(mSln T—FCOS 7 dr =
0

2

9 2m? T
= /(2—712(1 — cosmx) — F(l + cosmx))dw =(9-— 4m2)m.
0
Pizuuts 9 — 4m? 3uminioe 3HaK: sKmo m = 2,3, ..., To BOHa Bi -

eMHa, a sKImo m = 1, To gomarHa. ToMy IisT BapialiiiiHa 3ajada He
Ma€ eKCTPeEMYMY Ha €IUHill JOMyCTUMIN eKcTpeMaJi .
Bidnosidv: Bapiariiina 3ajada He Ma€ eKCTPEMYMY.

Ilpukaan 4. Poss’asamu eapiayiting 3adayy

114972
t@%=¢EO " dz, y(0)=0, y(a)="0.

Poszs’sazamnns. Oyukiionan t(y) BUHUK [P JOC/IKEHH] 3aja4i
npo Gpaxicroxpony (m. 1 i€l sekmnii). OCKiIbKE IHTErpaHT SBHO He
3aJIe2KUTD Bl &, TO CKOpucTaeMoch opmysioro (23.11) st piBHsHHS

Eitnepa:
1 12 12
[T+y~ y _c
Y Vy(+y?)
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[Ticist crporreHb OTpUMYy€EMO AudepeHIfiaJbHe PIBHSIHHS IEPIIOro
HOPsIJIKY, He PO3B’si3aHe BIJIHOCHO TOXiMHOI (Taki piBHsSIHHSI BUBYA-
JINCH Ha JIEeKIl 5):
12
y(1+y7) =Ch.

BinTerpyemMo Ie piBHAHHA METOJOM BBeJEHHs Hapamerpa. Hexaii
y' = ctgp. Tomi

C 1
y:ﬁ :>y:C’1$in2p:§C’1(1—COSQp),
d 2C si d
do = %Y = ZASMPCBPD _ o0 inp dp = €y (1— cos 2p) dp,

Y ctgp

1 1
r=C (p ~3 sin2p> + Cy = 501(2]0 — sin 2p) + C.
3 ymos z(0) = y(0) = 0 omepxkyemo, mo Cy = 0. Takum guHOM,
napaMeTpuiHe PIBHSHHS NIyKAHOI KPUBOI Ma€ BUIJISL,

e}
2

_a

v 2

(2p — sin 2p)a Yy (1 — COS 2p)a
ne Ch BusHavaeTbes 3 ymoBu y(a) = b. OrpumMane napamerpuyHe
PIBHSIHHS 3a1a€ CIM 10 TIMKJIOLT 1, OT:Ke, OpaxiCTOXPOHOIO € IINKJIOIIA

(puc. 23.2). B

Pexomendosana aimepamypa: [12, c¢. 72 — 85|, [15, c. 289 —
301], [16, c. 472 — 476], [20, c. 280 — 305)].

IInrannsa mo gekmii 23

1. ITlo Take dyHKIIOHA, ITEpIia Bapiaiisi QYHKIIOHAIA, eKCTPEMYM
dyukiionaaa?

2. fxoro € HeoOXiaHA yMOBa eKCTpeMyMy (pyHKIIOHAJIA!

3. Y 4gomy moJisirae HampocTima 3aa49a BapialiiHOro YucjaeHHs?

4. CdopmyitoiiTe OCHOBHY JieMy BapialiifHOrO IUCJIEHHSI.

5. Cdopmyitioiite HEOOXiITHY yMOBY eKCTpeMyMy (YHKIIOHAIA I
HaNMpPOCTINIOl 3a/1adi BapialliflHOroO YHWCIeHHs. SIKUil BUTUISA Ma€ piBHS-
HHst Eitsiepa nis miel 3amaqi?

6. Ilo Ha3uBaiOTH iHTErpaHTOM, EKCTPEMAJISIMHE, TOILYCTUMIMUI €KCTPEe-
MajsaMu’?
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7. 1o fiKoro piBHSHHS 3BOJAUTHCH PiBHAHHS Eiljepa y BUmaKy, KOJIH:
a) IHTErpaHT He 3aJIe’KUTh BiJ y'; 6) iHTerpaHT JHINHO 3aMeKuTh Bix y';
B) iHTerpaHT He 3aJeXKUTh Bijl ¥; I') IHTErpaHT He 3aJIe’KUTh $IBHO Bix =7

Brupasu go aekirii 23

1. BHaiigiTh JomycTUMi eKcTpemMasii BapialiifHux 3a1a¢d:

71'/8
a) Iyl = [ +2yy' — 16y>)dz, y(0) =2, y(L)=3;
0

6) I[y] =

= w

((222y® — )y + y*z +sinz) dow, y(1)=2, y(3)="7.

2. Posp’sokiTh HadmpocTimi Bapiariitai 3amaxdi:

@Hm=$%yuﬁkw% y(0) =2, y(1)=e

7r/2
6) Ily] = [ (v +y2 —4dycosz)dz, y(0)=2, y(%)=chZ.
0

Jlekmis 24. /lesiki y3arajbHeHHsT HAUWIIPOCTIIIOL
Bapiailiiinoi 3agadi

Il1an

1. Bapiamitina 3asa1a 3 KiabKoMa (QyHKITIsSIMHU.
2. Bapiamiitna 3amada 3 TOXIIHIME BHIIUX TOPSIKIB.
3. Isonepumerpuyna 3amada.

1. Bapiariiina 3as1a4ya 3 Kiibkoma dyHKiissmu. Pozrisae-
MO Bapiamiitny 3ajaqdy:

Jy1,y2, .. yn] =
b
— (L1 (0)12(0), 0o @), @) 1500), ) dr, (20.1)

yi(a) = A1, yo(a) = Az, ..., ynla) = Ap, (24.2)
y1(b) = B1, y2(b) = B2, ..., yn(b) = By
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y Kjaci HenepepsHO judepeHIifioBHIX Ha BiAPI3Ky [a,b] cykyiHo-
creit dynkuiit y1(x), y2(z), ..., yn(z).

DyHKI0 2n+ 1 3MIHHOT L(Z, Y1, Y2, - - - s Yny Y15 Yhy - - - s Uby) Y DOD-
Mysii (24.1) HA3UBAIOTH tHIME2PAHIMOM. 3a AHAJIOTIEIO 3 HANTIPOCTI-
ITI010 3a/1a9€I0 BapiariifHoro uncyienns (Jekiist 23) cyKymHocTi dyH-
kuiit y1(x), y2(z), ..., yn(r) HASUBaTEMEMO dONYycMUMUMU Y 3a-
nmadi (24.1) — (24.3), AKIO BOHU € HElepepBHO MUMEPEHIIHOBHIMA
Ha BLAPI3KY [a, b] 1 3310BOsIbHSIIOTE KpaitoBi ymoBu (24.2), (24.3).

Teopema 1. Hezati cyxynnicms Gymnryit

g1(2), G2(2), -5 Gn(2) (24.4)

3abeanevye caabkul Aokaavrul excmpemym 3adavs (24.1) — (24.3),
a pynxuyis L — nenepeperno dudepernyitiosha 3a 6Cima 3MIHHUMU HA
6idpisxy [a,b]. Todi cyxynnicmov dynwyit (24.4) sadosoavrse cucme-
MY PIBHAHD

L;Jk (x7g1(x)’ s ,ﬂn(x),ﬂi(ﬂﬁ), s 7g;z($)) -

Yk

BMIHHUMU Yk TG Y}

Hosedenns. Tloknasmm B (24.1) — (24.3) yo(x) = g2(x), ...,
Yn(z) = yn(x), s dyuxuionana J[y;] orpumyemo Hafimpocrinry
Bapiariiiny 3asa4y, poss’siskom sikol € 1(z). Tomi 3 HeobximHOl
YMOBH pO3B’sI3Ky HaifpocTimol Bapiarmiiinol 3amaqi (Teopema 2 3
nekrii 23) BuiMBaE, MO CyKynHicTh GyHKIiH (24.4) 3a70B0OJb-
Hsi€ meprre piBHsHHs cucremn (24.5). Haui, dikcyroun B (24.1)
yi(z) = o1(z), ys(x) = G3(), ..., yn(®) = Yn(z), onepxyemo naii-
npoctinty Bapianiiiny 3amady s dyHKiionana J[ys], po3s’saskom
KOl € Jo(x). Bukonanus piBusans Eitnepa s go(x) o3nadae, 1o
cykynHicTh (yHKIiil (24.4) 3a10BOJIbHsIE Jpyre DPIBHSIHHSI CHCTE-
mu (24.5) i . x. Haperri, npunycrusmu, mo y(z) = §1(z), ...,
Yn—-1(z) = Jp—1(x), orpumyemo Haiinpocrinty BapiariiiHy 3ajady
st dbyskiionana J[y,], po3s’sskom skol € g, (z). Tonl kokua 3

oe k = 1,2,...,n, L L;, — YacmuHHt NOTIOHL tHmezparnma 3a
k
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dbyuxuiit g;(x), j =1,2,...,n, € PO3B’SI3KOM N-rO PiBHSIHHS CHCTe-
mu (24.5), a orxke, cykynHicTb GyHkIii (24.4) — po3s’a3koM Beiel
cucremn (24.5). Teopemy nosezeo.

Cucremy piBasinb (24.5) HasuBaooTh cucmemoro Etinepa. Ko-
JKeH PO3B’sI30K cucreMmu Eilepa Ha3mBaioTh ekcmpemannto Qpyn-
kiionasa (24.1), a KoXKHY eKcTpeMaJib 1boro (hyHKI[IOHAIA 3 MHO-
JKUHU JIOMYCTUMUX (DYHKINH — dONYycmumor excmpemannio.

Cucrema (24.5) mictuTh n 3BUYaiiHUX JudePEHIIATLHIX PIBHIHD
JPYTOro MOPANKY, iX PO3B’SI3KU OyIyTh 3aJIe2KATU Bif 2N JTOBLIHLHUX
cTanmx, JJIs BIAIMIYKaHHS SKUX € 21 KpaifloBUX YMOB.

Ipukmnan 1. 3natimu donycmumi excmpemani GyHKUIOHAA
2

Iy, 2= [ (/7 —yz)da,
/
y(0) =0, 2(0) =1, y(r/2)=1, z(n/2)=-1.

: : / / ! !
Pose’sazarms. Ockinbku inrverpant L(z,y,2,y,2") = ¢’z — yz, 10
Ly=-z L, =2 L, = —y L, =y Srizno 3 (24.5) cucrema
Eitnepa nabyBae BuUrasgmy

2+ 2=0,
Yy +y=0.

Ii zarajapunMm pO3B’513KOM, AK JIETKO IIEPEKOHATUCHA, €

y=Cicosx+ Cysinz, 2z=Cscosz+ Cysinzx.

3Bimcu, BpaxoByIOUN 3amaHi KpaiioBi ymosm, smaxomumo C7 = 0,
Cy=1,0C3 =1, Cy = —1. OrKe, €IMHOIO HOIIYCTUMOIO €KCTPEMAJI-
JIO €

y(x) =sinz, Z(x)=cosz —sinz. B
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2. Bapiaiiiiina 3agava 3 moXiJHUMM BUINUX IIOPAOKIB.
Posristnemo Bapiariifiny 3amady

b
Jly] = /L (x,y(x),y’(x), o y™ (x)) dz, (24.6)

y®(a) = A, y®)=B,, k=01,...,n—1, (24.7)

y pocropi C"[a, b]. @yHKIi0 N+ 2 3MIHHEX L(x, TR ,y(”)) Ha-
3uBaIOTH tHmezparmom. Pyukuii 3 npocropy C"[a, b HazuBaTume-
Mo donycmumumuy B 3aaa9i (24.6), (24.7), KO BOHE 3a0BOJIb-

[¢]
HAIOTH KpaijioBi ymosu (24.7). Ilosnaunmo depes C™|[a,b] MHOXKH-
ny byuxiii h € C"[a,b], s axux suxomyioTecs ymosn hF)(a) =
=b®©B)=0k=0,1,...,n— 1.

Teopema 2. Hexati gyrxuis yo(x) 3abesnevye crabkull A0KaAD-
nutl exempemym sadawi (24.6), (24.7), a ¢ymxyii L, Ly, L’y,, e
L;m) — nenepepeni i L;(k) € C*[a,b]. Todi dynxuia yo(r) sadosors-
HAE PIBHAHNHA

L/ d L/ d2 L/ n dn / —

v o y,—i—@ yu—...+(—1) g y(n)—O. (24.8)
Tym Lgﬁ L;M cee L;(n) — YacmuHHL NOTIOHT THME2PAHMA 34 3MIH-
nwumw y, Y, ...,y

osedenns. 3uaiiemo neprry Bapianito dyukiionana J[y|. dus
nporo Bigurykaemo noxiany ¢’ (0) dyukuil ¢(a) = J[yo + ah] aus

[¢]
noBiibHOT dyHKIGT h € C"[a, b]

0 [yo, h] = ¢'(0) =
b

!

3riiHo 3 MEepIoI0 HEeoOXiJHOI0 YMOBOIO €KCTpeMyMy QyHKIOHA-
na (reopema 1 3 jsrekmil 23) y Touri yo(r) BUKOHYETHCsI PIBHICTDH

> L (w yol(@), yh(x), ...yl (x))h(k) (x)] dz.  (24.9)
k=0

dJyo,h] = ¢'(0) = 0 mus Beix h € (%"[a,b]. [ITo6 sacrocyBaTh
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nemy Jlarpamxka (mexmist 23), meperBopumo Bupas (24.9), imTerpy-
109l JacTuHaMu k pasiB k-if JI0JAQHOK IiJ 3HAKOM IHTerpaja Ipu
k=1,2,...,n. BpaxoByioun Hy/JbOBiI KpailoBi yMOBH, AKi 3a10BOJIb-
usie Gyukiis h(x), oIepKyemMo:

5J[y0, h] =

b n
:/ [Z(_l)kj—; (L;<k> (w yo(@), v (@), ..,y (w)))] h(z) da = 0.

k=0

BacrocoBytoun rerep Jjiemy Jlarpanzxka, orpumyeMo pisHsiHHs (24.8).
Teopemy JI0BeJIEHO.

PiBusinng (24.8) nasusarors piBusinusMm Fiaepa — Ilyaccona.
Koxken po3B’s130K 1IbOT0 PIBHSIHHS HA3UBAIOTHL €KCMPEMAAAI0 DYyH-
kiionasa (24.6), a KoxkHy ekcTpeMasb (GyHkIionana (24.6) 3 MHO-
JKUHU JTIOMYCTUMUX (DYHKIIH, — 0ONYCmumor eKcmpemannio.

Barasbuuii po3s’si30K pisasaHs Eittepa — [Tyaccona (mudepen-
[IaJIbHOTO PIBHSHHS HOPSIAKY 2n) MICTHTHME 27 TOBIIBHUX CTAJUX,
JJ1 BINTyKaHHS KX MAEMO PIBHO 271 KpailoBUX YMOB.

Ilpukmaan 2. Poss’asamu eapiayiting 3adayy
1
Jlyl=[ ("~ 48y)dx, y(0) =1, y/(0) = -5, y(1) =y'(1) = -2.
0

Pose’sazamnms. Ockinbku inrerpant L(z,y,y',y") = "2 _ 48y, TO
L, = —48, L;J, =0, L;J,, = 2y". Tomy piBuannsg Eitrepa — Ilyaccona
Ma€ BUTJISLIT yIV = 24. 3araabHUil po3B’SI30K IHOTO AU(EpPEHITiaIb-
HOTO PIBHSIHHSI TaKWii:

y =2t + C12® + Cox® + Cyz + C.
Hesinowmi crani Cy, Cy, C3, Cy 3HaAX0MUMO 3 KpailoOBUX yMOB:

Cy=1, Cy = -3,
C3 = -5, N Cy =4,
1+C1+Cy+C34+Cy = -2,

44+3C; +2C5 4+ C3=-2 Cy =1

i
|
|
o



332 Poszin 7. OCHOBU BAPIALIIMHOT'O YMCJIEHHS

Orxe, IOIyCTHMa EKCTPEMATD
yo(z) = * — 323 + 42 — 52 + 1. (24.10)
HoBenemo terep 3a o3nadeHHAM, 110 eKcTpeMasb (24.10) cripas-

mi sabesneuye ekcrpeMyMm dyHKIoHATY. st moBinbHOT DyHKIII
o
h € C?[0,1] maemo

1
Tlyo + 1] — / Y4 )2 — 48(yo + h))dar —
0

1

1 1
- /( 02— 48yg)dx = 2 / yoh' dx + / (h"* — 48h) da =
0 0

0
1

1
- ngh’\é—2/ o ’dx+/h”2—48h)d
0
1 1

= — 28], + / 48hdx+/h 2w = /h”de

0 0

Bukomnyioun 1 mepeTBOpeHHsI, BUKOPHCTAHO Te, IO Yo(x) — exc-
TpeMaJib i, OTKe, BOHA 3aJI10BOJIbHsAE piBHanHs HKitnepa — Ilyaccona
2V — 48 = 0.

Takum guHOM, JomycTuMa ekcrpemasb (24.10) 3abesneuye abeo-
JIIOTHUI MiHIMYM 3ajaHo0l Bapiariiinol 3ajaqi. W

Ilpukmaan 3. Poss’asamu eapiayiting 3adauy

(" + 4y + 32)dx,

<

=

Il
o\._

P036 ﬂSaHH.ﬂ Ockimbku L(z,y,y,y") = y"* +4y/% + 3z, T0 L, =0,

y/ = 8/, y// = 2y". Tomy piBuanus Eitnepa — Ilyaccona mae Bu-

TJTSAT yIV —4y" = 0, a BiAmOBimHE HOMY XapaKTePUCTUIHE PIBHAHHS
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A — 4)X% = 0 mae xopeni 0, 0, 2, —2. Orike, 3arajJbHII PO3B’A30K
nudepenIiaabHOro PiBHAHHS TAKMi:

y = Cy + Cyz + C3e* 4 Cye 2",

Hesimomi crami C1, Cy, Cs, C4 3HAXOAUMO 3 KPaliOBUX yMOB:

Ci+C3+Cy=1, Ci1 =1,
Cy+2C3 —2Cy =3, Cy =3,
Cr+Cot Cye+Che=4, ~ )C3=0,
Cy + 20362 - 2C4€_2 =3 cy =0.

Orxe, gomycruma exkcrpemaib yo(r) = 1+ 3x.
JloBemeMo Temep 3a O3HAYEHHSM, IO IsI €KCTPEMAaJb CIIPaB-
mi sabesneuye ekcrpeMmyMm dyHKIoHATY. s moBinbHOT DyHKITI
o
h € C?[0,1] maemo

1
Jlyo + h] — / y0+h” +4(y6+h’)2+3x)dx—
0
1 1
—/( 02 + 4yo% 4 3x)d 2/ ”h”dw—l—8/y0h’dx+
0

1 1
+/h//2—|—4h/2 d$— 2y// /‘0_2/ " p! do + 8y0h‘0
0

0
1

1
—S/yohdx+/(h”2+4h’2)dx:—2 ’”hyo+2/y hdx —
0 0 0

-8

o _

1 1
yUhda + / (h"* + 4h'*)da = / (W' + 4h'*)dx > 0.
0 0

Tyt BuKOpucTagu Toit hbaxt, Mo Yo(r) — eKcrpemalb i, OTKe, BOHA
3a,10BosTbHsIE piBHsiHHs Eitnepa — Ilyaccona y'Y — 4y = 0.
Bidnoseids: na excrpemaii yo(r) = 14 3x nocsraerbest abCoIOTHUIL
MIHIMYM.
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3. IzonepumerpuyHa 3amava. PozrisineMo y3arajbHEHHs
HaAUIIPOCTIIOl BapiallifiHol 3aja4l Ha BUIAJI0K HAaSIBHOCTI JIOJATKO-
BIX YMOB 3B’s13Ky (YMOB, IO HAKJIQIAIOTHCS HA IIYyKaHy (DYHKILIO).
Taxki 3a7a41i BUHUKAIOTh, 30KpeMa, IPU BiAITyKaHHI KPUBUX 33IaHO-
ro mepuMeTpy, Mo 0OMEeXKYIOTh MAKCHUMAJIbHY IUTomly (yreKiis 23).
Posp’si3ytoun Taki 3aj1a4i, BUKOPUCTOBYIOTE MEMOOI MHOHCHUKIB
Jlazparotca — aHayior BiIOMOrO 3 KypCy MATeMATHYHOIO aHAJI3y
METO/ly MHOXKHUKIB Jlarpamxka, SKuit BUKOPUCTOBYETLC JIJIsT PO3B’si-
3yBaHHs 33/1a1 Ha YMOBHUI eKcTpeMyM (DyHKIIH 6araTbox 3MiHHUX.

Hexait morpibHO HocHianTu Ha eKcTpeMyM (QpyHKITIOHAT

b
Lmﬂszwwm»ym»m (24.11)

IIPU BUKOHAHHI KpaltOBUX YMOB

yla)=A, yb)=DB (24.12)
Ta YMOBU 3B’ 13Ky
b
Kly) = [ Gl y(a).y/@)do = g (24.13)

Jie q — Jiesike aucio. Y MoBu Buriisity (24.13) Hasuaiorh i3onepume-
mpuunumu. Excrpemym mmykaemo cepen dynkmiit y € Ca, b], axi
3aJI0BOJIbHSIIOTH Kpaiiosi ymoBu (24.12) Ta i30mepuMeTpudny yMOBY
(24.13) (raki dyHKIHT HABUBAIOTE ONYCMUMUMU).

Teopema 3. Hexati yrxuis yo(x) 3abesnewye crabkull A0KaAD-
Hutll excmpemym izonepumempuynoi 3adawi (24.11) — (24.13), dyn-
xuii F', G — nenepepeni, a Fé, G; — HenepepeHo dudepenitiosHns Ha
6idpisky [a,b]. Todi icnyromov maki ditici wucaa Ao © A\, aki 00Houa-
CHO HE JOPIBHINIOMD HYA0, W0 Ha Kpusil Yo(x) eukonyemvea pie-
HAHHA

d
L;($,y0,y6) - %(L;’(xvymyll))) = 05 (2414)
de
L(z,y,y") = MF(z,y,y") + AG(z,y,y).
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ZJlosedernns. Tlosnaunmo depes (Oj'l[a,b] MHOXKHUHY THX (DYHKI
h € Cla,b], nna axux h(a) = h(b) = 0. 3naiiaemo mepimi Bapiarii
dyukiionanis J ta K, Busnadennx dopmymamu (24.11) i (24.13):

b
5‘][y07 h] = /(Fgg(xvyl)vy{))h(x) + sz’ (xvyl)vy{))h,(x))dxv

a
b

6K[y05h] = /(G;(xay()vy/O)h(x) +G;/(x,y0,y6)h’($))dx,

a

(0]
mst Beix h € Clla, b].
(e}
Hexait 6K [yo, h] = 0 nna nosinbroi dynkmuii h € Ctla, b]. Binre-
IPyeMO JacTHHAMU Apyruii jponanok y 0K [yo, h):

b
5Ky, h] = /G;(x,yo,yg)h(x)dx + Gy, g ()|

a
a
b

- [5Gy ) hia) e

a

Bacrocysasim jiemy Jlarpamka (Jiekiiis 23), 0J1epKyeMOo, 110

Gy (x, 90, yp) — %G;/ (z,90,50) = 0,
T00TO piBHsiHHS (24.14), y sikomy A\g = 0, A = 1.

Hexait Tenepo5K [y0, h] = 0 me yist BCix h € ol [a, b]. O1ke, icuye
dbynxmis hg € C'a,b] Taxa, mo 6K [yo, ho] # 0. Bisbmemo Temep
JOBLIbHY DYHKIIIO h € (%1[a, b] i posrsiHeMo yHKILT

u=¢(a, B) = Jlyo + ah + Bhe],
v=1¢(a, B) = K[yo + ah + Bhg,

ne o, 3 — niiicui uncna. 3 ymoB, Hakaajgenux Ha Gyukuil F, G 1 yo(zr)
BUILINBAE, IO J0 iHTErpaJsiB, depe3 siKi BUParKaioThbCst (DyHKIIOHAIN
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J 1 K, MOoXKHa 3aCTOCYBATH TeOpPeMy PO AUQEpPEHIHIOBaHHs iHTe-
rpaJiiB, 3aje;KHUX BiJl mapamerpa, npudomy o(«, 5) i (a, B) € nere-
PEPBHO IuepeHIiHOBHIME (DYHKINSAME B IesikoMy okoi o« = 3 = 0,
1 1110

p0.0) = Tl 250 5ttt 2D 5ol
0(0.0) = K], 20D = xctyo, . LR — 5Ky il

ITokaxkemo, mo upu « = =0 i poBiabHOI QyHKIIL

h € ol [a,b] sikobian dyukiii ¢(, ) 1 ¥(a, f) TOTOXKHO HOpIBHIOE
HYJIIO, TOOTO

v 0
Jda  Oa

=0.
oo ov

B 9B a=p=0
[Tpunyctumo mporuaexkue, TOOTO IO Tell sKoOiaH BimMiHHMI Bif
HYJIS I JesaKol DyHKITT he (071 [a,b]. Toxi 3 Teopemu po cucremy
HesABHUX (DYHKIII BUILINBAE, IO CUCTEMA PiBHAHD

u=p(,f), v=1(ap)

OJTHO3HAYHO PO3B’sI3HA BIHOCHO «, [y Jesskomy okoi o = 3 = 0.
[Mpunycrusimm Jijisi BU3SHAYEHOCTI, 1m0 yo(x) 3abe3neuye JOKaIbHU
MIHIMYM i30IIEpUMETPUIHOI 33/1a9i, PO3TJITHEMO CUCTEMY PiBHSIHDb

oo, B) = ¢(0,0) =&, ¢(a,B) =14(0,0), (24.15)

Jie € > 0. 3rigHo 3 TEOPEeMOIO PO CUCTEMY HEeSBHUX (DYHKINH icHye

enuHuit po3B’si30K (&, B) cucremu (24.15) 3 okosty o = 3 = 0 Takuwmii,
1o
(P((SQB) = SO(Oa 0) —&= J[y()] - &
W(@, B) = ¥(0,0) = K[yo] = ¢.
Ile osmauae, mo sHaiiierscs (yukuia surisany yo(r) + ah(z) +
+ Bho(x), nyst sikoi

Jlyo + ah + Bho] = Jlyo] — € < J[yo), Klyo + ah + Bho] = q.
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Ate e cymepedanTs TOMy, 110 Yo(x) 3a0e31etdye JTOKATbHINH MIHIMYM.

o
OT3ke, Hallle TPUITYIEHHsT HempaBuibHe i s Beix h € C'a, b] aKo-

Giax
o] o
5 a _| 8o hl Ko,k | _ (24.16)
do O 6J[yo, ho] 0K [yo, hol | — '
o 9B a=£=0
IMoknamemo A\g = 1, A = _Wyoshol - Ok dK [yo, ho] # 0, ToO

0K yo,ho]
A # oo. Toni 3 (24.16) ayst xkoxnoi dynxmii h € Clla, b] orpunmyenmo

TOTOXKHICTD

X0 [yo, h] + Ao K [yo, h] = 0.
B imTerpanbmiit ¢dopMi 1T TOTOXKHICTH Ma€ BUTJISI,

b
/ (0B + A, h(2) + (ME) + MGy (@) )dz = 0.

a

[arerpyroun 4acTuHaMu JOJQHOK, 0 MicTuth b/ (), omepxyemo:

b
/ (MoFL + AG))h(@)dz + (Mo Fly + A )h(z)[" -

b

d
_ / —(\oFy +AG))h(x)dz = 0.

a

3Bijcu, BpaxoByioun dopmyiy i L i 3aCTOCOBYIOYN OCHOBHY Jie-
My BaplalliffHOro 4ucjieHHsi, OTpUMyeMO piBHsiHHsT Eitnepa (24.14).
Teopemy moBejieHO.

Bupasz
L(%, Y, y/) = )\0F(£U, Y, y,) + )\G(LU, Y, y,)

3 TeOpeMHU 3 Ha3UBAIOTH AA2PAHHCIAHOM, INUCIIA Ao, A — MHOHCHU-
xamu Jlaepanorca, a pisusuns (24.14) — pienarnnam Etaepa. Ko-
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JKeH po3B’si30K piBHsHHA Eitnepa (24.14) nasuBaorh ekcmpeman-
/10 130IIEPUMETPUYHO] 3871841, a KOXKHY €KCTpPEMaJib, IO € JIOIyCTU-
MOIO (DYHKIEIO, — JONYCMUMOI0 €KCMPEMAAAIO 130IIEPUMETPH-
THOI 3aJadi.

BayBaknmo, o izomepumerpudny 3agady (24.11) — (24.13) wmo-
JKHA y3araJbHUTH Ha BUIAJIOK KIJIBKOX YMOB 3B’SI3KY

b

VY 1poMy Buna Ky Jarparxkian L s pisasauas (24.14) maTumve Bu-

TUTSITT
m

L(z,y,y) = MF(z,y.9') + > NGilx,y,1/).
=1

Ilpuknan 4. Poss’aszamu 130nepumempusny 3a0a4y
1 1
Tl = [oPde, [ayds =0, y0) =—4. y) =1
0 0

Pose’azanns. Ckianemo sarpamxian L(x,y,y') = )\oy'z + Axy.
Pisuaunsa Eitnepa mna L mae Buriisan

Az — 2\gy” = 0.

ko A\g = 0, To TakoK A = 0, a oTKe, Incaa Ag, A MHOXKHIKaAMK
Jlarpamzxka 6yTH HE MOXKYTb 1 JIOIyCTUMUX eKcTpeMaJeit nemae. Tomy
Ao # 0. Hexait \g = 1. Toxi

A A
v'=Zzr = y/=Z$2+C’1 = y=E$5+Cl$+C2-
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3 KpailoBUX yMOB i yMOBU 3B’S3KY 3HAXOIMO:

y(()) =4 = 02 = —4,
A

=4 = —+C =4
y(1) 12+1 ;

1
/xydx 0 = /(—+Clx —4x>dx:0 =
0

1
\x® O 9
— -2
( T I >
3Bimcu A = 60, C1 = 3, Cy = —4, ToMy €quHA JIOIMYCTUMA, €KC-
TpeMaJb

A
. 60 3

yo(z) = b2’ + 3z — 4.
[Tokaxkemo, 1m0 BoHa 3abe3medye aOCOMIOTHUI MIiHIMYyM i30IIe-
puMmerprudHol 3amga4di. CupaBmi, sl KOXKHOI JOIyCTHMOI QyHKINT
y(x) = yolz) + h( ), ne h(x) — nosinbHa QYHKIiS 3 IPOCTOPY

o 0, 1], mis sikOT thdx = 0, Mmaemo
0

1

1
Jlyo + h] — Jyo] z/yo+h' /y’Qdﬂ:—
0 0
1

1 1 1
=2/y6h’dx+/h’ dr = 2y0h‘0—2/y hdx+/h'2dx:
0 0 0

0
1 1 1
—2/309011 dx + /h’de — /h’de > 0.
0 0 0

TyT BUKOpPHCTAHO iHTErpyBaHHS YacCTUHAMU Ta piBHAHHS Hitrepa
y" = 30z.

Bidnoeidv: na excrpemani yo(z) = 52 + 3z — 4 gocaraerbea abceo-
JIIOTHUI MiHIMYM.
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Ilpuknan 5. Bushavwumu xkpusy 3adanoi dosorcunu |, axa npoxo-
dumnv wepes mouxu A(—xg,0), B(zo,0) i pasom 3 6idpiskom [—zg, o]
obmestcye Pieypy MaxCUMaNOHOT NAOUL.

Pozs’sazarns. Maemo okpemuit Bumaiok 3aga4i 1 3 jekil 23. ITo-
TpibHO Bimmykarn (yHKI0 y(x), M0 3a10BOJIbHSIE KPAoBl yMOBH
y(—z0) = 0, y(zp) = 0 Ta 3abe3neuye MakcumyM (byHKIIOHATY

xo
Syl = / y dx
S

3a, 130epUMETPUIHOI YMOBU

o
/\/1 +y%dx = 1.
o

Cxramaemo marpamxian L = Aoy + A/1 + /2. Bukopucrosyioun
(24.14), onepkyemo piBusiHus Eitiepa:

!
L S W S

YoodxY dr \/1 + 42
Axmo A\g = 0, To A # 0 (ue Bci MmHOXKHUKK Jlarpar:ka — HyJi)
i, orke, y' = const. Toxmi 3 kpaitoBux ymoB y(—zo) = 0, y(zg) =0
Ta i30IIepUMETPUIHO] YMOBH BHILIMBAE, MO JOIYCTHMa €KCTPEMAJIb
yo =0 ma | = 2x.
dArmo Ag # 0, To noknamemo A\g = 1. Toxi 3 piBasaEs Fittepa

d Ay 1

dr \ /14 y?
Inrerpyioun e piBHAHHS Ta BUKOHYIOYH HECKJIAJHI IePEeTBOPEHHS,
OJIEPKYEMO:

A /
71;7{ ~ =x+C; = )\2y’2:(x+01)2(1+y’2) =
V Yy
2 (x4 C1)? , x4+ Cy
L U R Y N —(z+ )
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dy =+ ot Gyds = =Fdy N —(z+C1)* =

A2 — (x+Ch)
y+Co =TV —(z+C1)? = (24C)>+ (y+0Cy)% =)\

Ile € piBusinag kosa. Ockinibku y(—xg) = y(xg), To C; = 0, T06TO
22 4 (y + Cy)2 = A2,

Hesimomi crami Cy, A MOXKHA 3HAWTH €IMHUM YHHOM 3 yMOBHU
y(xo) = 0 Ta i30mepUMeTPUIHOI yMOBH.

Axmo 229 < | < 7wz, TO icHye enmHa (3 TOYHICTIO O 3HAKY)

eKCTpeMaJib — JIyra KoJjia JOBXKWHMU [ 3 IeHTpoM Ha oci Oy, ke mpo-
XOIMUTh depe3 Toukn (+ xg,0). OcKibKE 33/7ada Ha MaKCHUMyM, TO
BUOUPAEMO EKCTPEeMaJib, IO JIEXKUTH y BepxHiil miBmiomuni. s
I <2x9il > mxy HEMAE IOIMYCTUMUX €KCTPEMAaJIei.
Bidnosidv: fximo 2xy < | < wxg, TO MAKCUMAJIBHY ILIONLY PA30M
3 BlApI3KOM [—xq, 2] 0OMexKye jyra KoJa JOBXKUHU | 3 IIEHTPOM Ha
oci Oy, sike TPOXOIUTh 4epe3 TOUku (£ xg,0) 1 JekuTh y BepxHiii
MIBILJIOIIITHI.

Pexomendosana aimepamypa: [12, c¢. 85 — 93, 206 — 215|, [15,
c. 301 — 307, 322 — 326, |20, c. 305 — 312, 385 — 391].

IIuranasa go gekii 24

1. Y gomy nosisirae Bapiariiina 3aja4da i GyHKIIOHAJA, IKUH 3aJ1e-
KWUTB BiJI KIIbKOX (DYHKINH! KO0 € HeoOXiTHAa yMOBa iCHYBaHHSI €KCTpe-
MyMy 1€l 3a/adi?

2. dx dopmyroeTbes BapialiiiHa 3a/1a9a 3 TOXITHUMEI BUIUX TOPSI-
KiB. Koo € HeoOXiaHa yMOBa iCHyBaHHs eKCTpeMyMy L€l 3amaqi? fxwmii
BuIJIsij Ma€e piBHsHHs Eitsiepa — [Iyaccona? I1lo Ha3uBarOTh €KCTPEMAJIAME
1 JOMyCTUMUME eKCTpeMaJIsiMy THel 3amadi?

3. Ak dbopmymoerbest i3omepumerpudHa 3a7a4da’ Ko € HeoOXigHA
yMOBa ICHyBaHHSI eKCTpeMyMy Iii€l 3ajadi y BHIAQJIKY OJHIEl Ta KIJIBKOX
i3omepuMeTPUYHUX YMOB. Y YOMY IIOJISTa€ MeTOJ[ MHOXKHUKIB Jlarpamxa
po3B’s3yBanHs i€l 3aa4di? Illo Take narpanxian? HasemaiTs npukJa 3a-
CTOCYBaHHS 130IIEPUMETPUYHOI 3a/1a4i B TeOMeTpil.
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Brapasu mo aexirii 24
1. BHaiigiTe JomycTuMi ekcTpemMasti (pyHKITIOHAJIB:

1

a) Iy, z] = [(y* + 1222 +y? + 2'2)dx,
0

y(0) =1, y(1)=e, 2(0)=5, 2(1)=8;
27

6) Iy, 2] = [(2yz — 2y? +y? = 2/2)dx,
0

y(0) =0, y(2r) =1, 2(0)=0, z(2m) =1.

2. Posp’sokiTh Bapiariiiai 3amadi 31 crapiimMu MOXiTHAME:

a) [(240zy — y"?)dz, y(0) =0, y'(0) =6, y(1)=8, y'(1) =12;

o

1

0) Jemy/ e, y(0) = 2 y(O0) =0, y(1) =1—e, Y1) =1

3. Po3B’skiTh i3omepumerpuyHi 3a1ai:

1 1

a) [Qzy +y*)dx, y(0)=0, y(1)=1, [zyde =1;
0 0
L 1 1

6) [y dx, y(0)=y(1)=0, [yde=1, [zydx=0.
0 0 0
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KOPOTKI BIZTOMOCTI IIPO BYHEHUX,
AKI STAAYIOTBHCHA ¥V ITIOCIBHUKY

ABEJIb Hinbc I'enpik (Abel Niels Henrik; 1802 — 1829) — nopsesb-
Kuil MareMaTuK. ABTOp BaXKJIMBUX BiJIKPUTTIB B aireOpi Ta MaTeMaTHIHO-
My aHaJti3i. BcTanoBuB HEpO3B sI3HICTD 3araabHOTO AareOpUTHOTO PiBHSIH-
Hsl CTEIlEeHs 1 > 5, OIepKaB O3HAKH 3012KHOCTI 9nC/IOBUX Ta (DYHKITIOHAIb-
HUX Ps/iB. 3aiiMaBcs TakoXK JudepeHIiaJIbHIMIA DIBHSIHHSIME, OJHUM 3
MEepINUX MTOYAB BUBYATH IHTEIPAJIbHI DIBHAHHSI.

BAHAX Credan (Banach Stefan; 1892 — 1945) — nmosibebKuii i ykpa-
THChKUiT MaTeMaTuK, mpodecop JIbBiBebKoro yuiBepcurery. OuH i3 TBOp-
IiB Cy9aCHOr0 (DYHKITIOHAJILHOTO aHAJI3Y 1 JTbBIBCHKOI MATEMATHTHOT IITKO-
JIN.

BEPHYJIJII Jdauuin (Bernoulli Daniel; 1700 — 1782) — mBeiiap-
CHKUIT MaTeMaTHK, MexaHnik, dbizuk. Cun V. Bepuysui. Haii6iasm Bigomuit
parsgMi 3 MaTeMaTUIHO! (i3uKn Ta Teopil audepeHiajibHIX PIBHIAHb —
iioro pasom 3 JI’Aslambepom i EiljlepoM BBakaloTh TBOPILEM MaTeMaTH-
qHOl izukn. K dizuk 36araTus KiHeTUYIHY TEOPiio ra3iB, riapoauHAMIKY,
aepoJMHAMIKY, Teopilo mpyzKHOCTI. oMy HaaexkuTh ogHe 3 meprmx hop-
MYJIIOBaHb 3aKOHY 30epeKeHHs eHeprii, a Takox (oxHodacHo 3 Eiiiepom)
repire (hOPMYJTIOBAHHST 3aKOHY 30€peKeHHsI MOMEHTY KiJIbKOCTI pyXy.

BEPHVYJLJII Woraun (Bernoulli Johann; 1667 — 1748) — mseiinap-
cokuit MmaremaTtuk. Momoammuit 6pat 4. Bepuymnni, 6arsko . Beprysmi.
JlaB mepie cucreMaTuyuHe BUKJIAJAEHHA IndePeHIiaJbHOoro Ta iHTerpaib-
HOTO YWCJIEHHsI, aBTOP JIesIKUX METOJIB iHTerpyBaHHS 3BUYANHUX ude-
PeHIaJIbHUX PIBHSHDL (PO3POOUB METO/ BIIOKPEMJIEHHS 3MIHHUX Ta METO/L
HiJICTAHOBKY IHTErpyBaHHs JIHIHUX PIBHAHDL HepInoro nopsaky). Omun 3
TBOPIIIB BapialiffHoro YuCIeHHs, 30KpeMa chopMyIIOBaB KJIACUIHY 337~
9y PO Teo/e3WYHi JIiHil Ta 3HAWIIOB XapaKTepHYy T'€OMETPUYHY BJIACTH-
BiCTBb 1IUX JIiHI. I7IOMy HaJIeXKaTh TAKOXK BAroMi JIOC/IJIP>KEHHST 3 MEXaHIKH,
30KpeMa 3 Teopil yuapy, pyxy Tl y CePeJOBHII 3 OIOPOM.

BEPHYVYJIJII dko6 (Bernoulli Jacob; 1654 — 1705) — mBeiinapcyKkuit
MareMaTuK. ABTOp BHJATHHUX IIpallb 3 aHAJITHIHOI TeoMeTpil, MaTeMaTu-
YHOro aHaJi3y, Teopii WMoBipHOCTEIl, IdepeHIiaJbHIX PiBHAHD (piBHS-
nns Bepnyoti). Pasom 3 6parom Voramnom 3akias OCHOBH BapialiiiHoro
qucyienHs. [Ipu mpoMmy ocobJiiBe 3HAYEHHsT MaJju i301I€PUMETPUIHA 3318~
va i 3Haiienuii HEM po3B’s30K copmymbosanol WM. Bepryi 3amadi mpo
6paxicroxpony. IIpamoBas TakoXK y pi3HuX rajy3sax bisukn (BU3HAUEHHS
LHEHTPY KOYeHHs TiJI, OHOPY TiJ pi3HOI (hopMHU, sKi DYyXalOThCsl Y PiAuHi).
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BECCEJIb ®pinpix Binsreabm (Bessel Friedrich Wilhelm; 1784 —
1846) — nimenpkuii acrponoM i MmaTemaruk. IIpani npucssadeni reopii rude-
PeHIiaJIbHUX PIBHAHD 1 HeOeCcHi MexaHimi. Y MaTeMaTHIl #oro im’s HOCATH
Tak 3Bani nutinapuani Gynknil nepmoro pouy (byuxiii Beccens) i qude-
peHIfiajibHe PIBHSHHS, fKe BOHU 3aJ0BOJIbHAIOTH (piBHsAHHSA Beccesis).

BAHAEPMOH/I, Anekcauap Teodin (Vandermonde Alexandre
Theophill; 1735 — 1796) — dpanmnysbkuii MmaremaTuk. Binomuil npansgvu 3
aarebpu, 30KpeMa J1aB JIOTITHUI BUKJIAJI TeOpil BUSHAYHUKIB, i€ Bigommuit
BU3HAYHUK BaHmepMoHIIA.

BEMEPIIITPACC Kapa Teomop Binbresnm (Weierstrafi Karl
Theodor Wilhelm; 1815 — 1897) — mimenpkuii MareMaTux. oro ocuosui
JIOCJTiI?KEHHST TTPUCBSIIEH] MATEMATHIHOMY aHAJII3y, Teopil PpyHKIIiH, Bapi-
arifHoMy JIHCIEHHIO, JTiHiiHIN aaredpi. Jlo BapiamiitHoro Yuc/IeHHs BigHO-
CATBHCH: JIOCIIJPKEHHsI JIOCTATHIX YMOB eKcrpeMyMy (yHKIioHa a (yMOBa
Beitepmrpacca), mobyoBa 33184 BapialiiiHOro Yuc/aeHHs JJisl IapaMeTpu-
4HO 3a/aH0l QyHKIil Ta iH.

BOJIBTEPPA Biro (Volterra Vito; 1860 — 1940) — irasmiiicpkuit
MaTreMaTuK. Bimomwmit mpamgmu 3 mMaTeMaTwdHOl (Di3uku, iHTErpabHUX
Ta iHTErpo-audepenIiaJIbHIX PIBHIHD, (PYHKITIOHAJIHLHOTO aHATII3Y, Teopil
npyzkHOCTi. PO3pobuB Maremarndny Teopiro 60poTHOU 3a iCHYBaHHSI.

BPOHCBKUI1I (FEHE-BPOHCBKUIT) I03ed Mapis
(Hoéne-Wrocski Jozef Maria; 1778 — 1853) — nosibebKuii MareMaTnk i ¢i-
gocod. OjiepkaB MiKaBi pe3yabTaTu B ajredbpi, MaTeMaTUIHOMY aHAJI3i,
Teopil audepeHIiaTbHUX PIBHAHB. YIIEpIe BBiB (QpyHKI[IOHAIbHNI BU3HA-
YHUK, KWl Ma€ BeJIMKe 3HAYEHHsI B Teopil JHIMHNX mgudepeHIiajibHuX
piBHsHD (BU3HAYHUK BPOHCHKOrO ab0 BPOHCKIaH).

I'PIH dxopax (Green George; 1793 — 1841) — anruiiicbkuii mare-
MaTuK i ¢dizuk. OCHOBOIOJIOKHUK TIKOJM MaTeMaTndHol ¢dizukn B Kem-
6puki. Ojiep:kaB BaroMi pe3yabTaTh B MaTeMaTwdHiil (isuili, po3BunyB
TEOPII0 eJIeKTPUKH fi MArHETU3MY, CIIUPAIOYNCH Ha 3HalIeH] HUM (hOopMyJIin
Teopil moTeHIiaTy.

I'VK Po6Gepr (Hooke Robert; 1635 — 1703) — auraificbkuit npupoio-
3HaBEIlb, WieH JIOHIOHCHKOro KOPOJIBChKOro ToBapucTBa. OCHOBHI mpari
y pisHOMaHITHUX Trasy3sx ¢izuku i acrporomii. OuH 3 TBOPIB MaTeMa-
TUYHOI TeOPil NMPYKHOCTI.

T'YPBIL, Anonbd (Hurwitz Adolf; 1859 — 1919) — mimernpkuit maTe-
MaTuK. Bizomuil npamnsgymu 3 MaTeMaTHIHOTO aHaJli3y, ajredpu (Kpurepiit
Cypsina), Teopii auces. 3 1892 p. npodecop Houirexuiunol mkosu y Iio-
pixy, ze cepex iioro crymentis 6ys Anbbepr EitHmreiin.

I’AJTAMBEP 2>Kan Jlepon (D’Alembert Jean Le Rond; 1717 —
1783) — dpanmyspkuii MaTeMaTuk, MexaHik i dinocod. Asrop byHmamen-
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TAJILHUX MPAIlh 3 MEXaHIKH, MATEeMATUIHOI (bi3ukm, Teopil audepeHitiaib-
HuX piBHsAHBL. Buepire cdopMmysioBaB 3arajbHi IpaBuiia CKJIAIAHHS IH-
depenuianbHuX piBHAHBL DYXY OyIb-sIKUX MaTepiaJibHUX CUCTEM ([IPHHIIHIL
JI Anambepa). OcHOBHI MaTeMaTU9HI IPAIll CTOCYIOThCs Teopil judepen-
1iaJbHUX PIBHSIHDB, 7€ BiH 3alPOIIOHYBAB METOJ, PO3B’sSI3yBaHHsI DiBHSIHD
JIPYTOro MOPSAKY 3 YACTUHHUMU IMTOXITHUMU, IKi BUPAYKAIOTH MaJii KOJIU-
BaHH$I HECKIHYEHHO TOHKOI OJHOPIIHOI CTPYHU (XBUJIBOBHUX DIBHSIHB). o-
ro poboru, a Takoxx Hactynui podoru JI. Eitrepa i 1. Bepuymii 3akianmu
OCHOBY MaTeMaTUJHO!I (bizuku.

EMJIEP Jleonapn (Euler Leonhard; 1707 — 1783) — BugarHuii Ma-
TeMAaTHUK, MEXaHiK, (GI3UK, aCTPOHOM. 3a MMOXOXKEHHSIM IIBeHfIaperb, aJje
Maiixke miBxkuTTsI IpoBiB y Pocii, 15 pokis npamosas y Himeauuni. Asrop
Maiike 850 HAyKOBHUX IIpallb 3 MATEMATHIHOIO aHAJIZY, AU epeHIiaabHOT
reomMeTpil, HAOJIMKEHNX METOIB 00UYNCIeHb, HeOeCHOT MEXaHIK!, MaTeMa-
TUYHOI (Di3uKu, onTuKu, basticTukn Ta iH. CucTeMaTuIHO PO3BUBAIOYN HO-
Bl mpuiiomMu iHTErpyBaHHs audepeHIiaJbHIX PIBHAHBb Ta BBIBIIU HU3KY
OCHOBHUX ITOHSTBH ¥ Mi#t ob/acTi, Eitep cTBOpUB K caMOCTIWHY JUCITUILITI-
HY TeOopiio 3BUYAMHUX JU(EPEHITaJIbLHAX PIBHAHD 1 3aKJaB OCHOBU TEOPil
PiBHSHb 3 YACTUHHUMU HOXITHUMMU.

EPMIT IIlapus (Hermite Charles; 1822 — 1901) — dpaniy3sbkuii Ma-
TemMaTuK. PoboTu npucBsieni Teopil duces, aaredbpi Ta Teopil cremiajbHIX
dbyukuiit. 30KpeMa, BUBYAB KJIAC OPTOrOHAJIBHAX MHOIOWIEHIB (MHOIOUIIE-
uu Epmira) — po3s’s3kiB 0(HOT0 3BUYaiiHOro nudepenIiajbHOro PiBHAHHSI
Zpyroro nopsiiiKy (piBusuust Epmira).

KATIEJIJII Ansdpeao (Capelli Alfredo; 1855 — 1910) — itasiiicbkuit
MaTeMaTuK. PO3BUHYB TeOpilo KBaJpaTwuIHUX (GOPM Ta Teopit ajrebpu-
9HUX piBHSHB. JlOBIB HEOOXiNHY 1 JIOCTATHIO YMOBY iCHYBaHHSI PO3B’S3KY
JOBITBHOT JIIHIHHOT CUCTEMU AJITeOPUIHUX PiBHSIHbD.

KIPXTO® Tycrae Pobepr (Kirchhoff Gustav Robert; 1824 —
1887) — mimenpkuil dizuk. OcHOBHI Ipalli 3 ONTHKY, €JeKTPOAUHAMIKY i
MexaHikd. Po3B’s13aB 3a1a1y 1Ipo PO3MOILIT €JIEKTPUIHUX CTPYMIB Y po3ra-
JIy?KEeHHX eJIeKTpUIHuX Kojax (npasmia Kipxroda). Maremaruyni goci-
JIZKEHHsI BIIIHOCATHCs TOJIOBHO JI0 MaTeMaTu4Hol (izuku (Meron HabimzKe-
HOTO PO3B’sI3yBaHHA 3a/a4 JAudpakiiii KOpOTKUX XBUJIb, dopmyan Kipx-
roda B Teopil MOTEHITaTy, TPEACTABICHHS €JIEKTPUTHOI CXeMU Y BUTJISII
rpada).

KJIEPO Auxekcic Kaox (Clairaut Alexis Claude; 1713 — 1765) —
dpaHIly3bKIil MATEMATUK, MEXAHIK 1 acTpOHOM. BBIB MOHSTTSI IOBHOTO JH-
depemnrtianaa GyHKINT KiTbKOX 3MIHHIX, 3aTaJIbHOTO Ta, 9aCTHHHOTO PO3B I3~
KiB gudepeHniaJabHoro piBHAHHA. Bimomuit TakoXK mpalsgMu 3 reoMeTpil,
AHAJITUIHOI MEXaHIKM, Teoe3il, acCTPOHOMIT.
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KOIIII Orrocren JIyi (Cauchy Augustin Louis; 1789 — 1857) — dpan-
my3bpKuit MaTemaruk. Ony6sikysas nmoua 1 800 mparpb i3 Teopil uncest, aj-
redOpu, MaTEMATUIHOTO AHAII3Y, TEOPETUIHOT MEXAHIKN, MATEMATUIHOI (i-
suku. JlaB giTKe 03HaUEHHS HerepepBHOI (DYHKIIT, OCHOBHUX HOHSITH TE€OPIl
36ikHux psajiB (o3maka Kom, kpurepiit Komi), po3sunys ocHoBu Teopii
aHaTITHIHUX DYHKIHA. Y Teopil audepeHiiajbHUX PiBHIHD JI0BIB OCHOB-
Hy TeopeMy iCHyBaHHs PO3B’s3Ky 1104aTKOBOI 3azad4i (3amaui Komi). Pos-
pobUB MeTO/U iHTErpyBaHHS PIBHAHb 3 YaCTUHHUMHU ITOXITHUMH IIE€PIIIOTO
MTOPSIIKY.

KPAMEP Ta6piess (Cramer Gabriel; 1704 — 1752) — mBeitiapcbKuit
Maremaruk. OJuH 3 TBOPIUB JiHiiHOT anrebpu, ydaens 1. Beprymi. 3a-
MIPOITOHYBaB METOJI, PO3B’sI3yBaHHS CUCTEM JIHINHIX aJIreOpUIHIX PiBHAHD
(meron Kpamepa). OrpumMas HOBI pe3ysibraT TAKOXK y IeoMeTpii, Teopil
itMoBipHOCTE#, HeOecHil MexaHimi. 3aiiMaBcs iCTOPIEI0 MATEMATHKN.

KPOHEKEP Jleonounp (Kronecker Leopold; 1823 — 1891) — nime-
nbKuit Mmaremaruk. Hamucas monas 120 HaykoBux mnpails 3 ajaredpu i Teopil
4qnces. ByB npuxunbHuKOM «apudmernsaliii> MaTeMaTUKH, siKa, Ha HOoro
JIYMKY, IIOBUHHA 3BOJIUTHUCH 10 apU(PMETUKH [IJINX YHCEJI.

JIATEPP Eamon Hikona (Laguerre Edmond Nicolas; 1834 —
1886) — dpanmysbkuii maremaruxk. OcHoBHI mpami 3 reomerpii, Teopil
bYHKIT KOMILIEKCHOT 3MIHHOI Ta Teopil cremiajbHuX (QyHKIN. 30Kpe-
Ma, JOC/IIJIUB KJIAC OPTOTOHAJIBHUX MHOrOWIeHIB (MHOrowienu Jlareppa) —
PO3B’SI3KiB OIHOTO 3BUYIANHOTO Ju(EepeHItiaabHOr0 PiBHAHHS APYTOro Mo-
psanky (piBusiaus Jlareppa).

JIATPAH2K 2Kozed JIyi (Lagrange Joseph Louis; 1736 — 1813) —
dpanny3pkuit MareMaTuk i MexaHik. Haitbiapmn BaxkuBi mparii BigHOCS-
ThCsI 0 BapialliffHOro YUCJIeHHS 1 MEXaHIKU. I710My HaAJIEXKATh TAKOXK BUJIA-
THI JOCJIZKEHHs 3 PI3HUX IIMTaHb MaTeMaTHYHOIo aHaJizy (dopmyia 3a-
JINTITKOBOTO "jieHa psamy Teitaopa, dopMysia CKiHIeHHUX TPUPOCTIB — Pop-
Mmysta Jlarpamaka, Teopis YMOBHUAX €KCTPEMYMIB — MeTOJ MHOXKHUKIB Jla-
rpanzxKa), mudepeHIiajbHuX PIBHIHD (TEOpis 0COOIUBUX PO3B A3KIB, METOL
Bapiamii JOBUIbHUX CTAJIUX IJIs JIHIHHOIO PIBHIHHS N-I'0 HOPSIIKY ) Ta iH.

JIE2KAH/IP Angnpien Mapi (Legendre Adrien Marie; 1752 —
1833) — dpanunysbkuit Mmaremaruk. Bimomuil npargmu 3i cdepudnoi Tpu-
roHOMETpil, Teopil iMoBipHOCTEH, Teopil umncen. Bupuatoun aunamiky eJri-
rcoiza obepTaHHs, BIAKPUB i JOC/IIINB BJIACTUBOCTI MHOTOUJIEHIB, IKi 3r0-
JIOM OJiep2KaJii Ha3By MHorowieHiB Jlexkanapa. ¥ BapiallilHOMY YHCIE€HHI
BCTAHOBUB O3HAKY ICHyBaHHsI ekcrpemyMy (ymosa Jlexkanpa).

JIEMBHIIL Tordpin Binsreasm (Leibniz Gottfried Wilhelm;
1646 — 1716) — mimenpKuii MmaremaTuk, ¢izuk, dinocod. Oqun i3 TBOpIEB
JudepeHIiaJIbHOrO Ta IHTErPaJIbHOIO YUC/I€Hb, IXHIX MOHSIThH 1 CUMBOJIIKHY.
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Momy HaseskaTh TepMinn «audepentians, «aubepeHIiaabHe THCaAeHH,
«audepeHIiaIbue piBHAHHAY, «DYHKINA>, «KOOpAUMHATH» Ta iH. Y izu-
i BiZKpWB 3aKOH 30eperKeHHs eHepril, BUCJIOBUB i71€10 PO MTePEeTBOPEHHS
OJIHUX BUJIIB eHeprii B iHImi. Iu/IOMy HaJIE’KATh HU3KA BiJIKPUTTIB y CIIEIi-
aJbHUX pO3iiiax (Gi3uKu: B Teopil MpyKHOCTI, T€Opil KOJUBaHb Ta iH.

JIITIIIIIT Pygonbsd Orro Curismynsg (Lipschitz Rudolf Otto Si-
gismund; 1832 — 1903) — niMenpbkuii MaTeMaTuK. ABTOP BasKJIMBUX IIPAIlb 3
MaTeMaTHYHOI'O aHaJI3y, Teopil unces, nudepenriajbHuX PiBHAHD (yMOBa
Jlinmnina), reopernauol MexaHiKu.

JITZVBLJLJIb 2Kozed (Liouville Joseph; 1809 — 1882) — dpauitysn-
Kuil MaTeMaTuK. ABTOD BasKJIUBUX IPAIb 3 KOMILIEKCHOTO aHAJIIZY, Teopil
quces, qudepennianbuux piBasab (popmysa Ocrporpazcbkoro — Jliysi-
Jist). Ilepiim cTporo J0BiB HEIHTErPOBHICTD y KBaJAPATypaX JesKUX KJIACiB
nudepentianbunx piBasgHb. Pazom 3i 2K. IIITypmom po3pobuB Teopito Kpa-
HOBUX 33121 Ha BJIACHI 3HAYEHHsI JJIsl JIHITHUX TudepeHIiaJbHuX PiBHIHD
apyroro nopsanky (3amada Irypma — Jliysiwig). Hosis oguy 3 dynga-
MEHTAJILHUX TEOPEM MEXaHIKU — TeOpeMy PO IHTerpyBaHHS KaHOHIYHUX
PiBHSHb JTUHAMIKU.

JIOIIITAJIb Tiitom ®pancya Amnryan (Lhopital Guillaume
Frangois Antoine de; 1661 — 1704) — dpaniysbkuii maremMmaruk. ABTOp 11ep-
IIIOT0 APYKOBAHOI'O APy IHUKA 3 JudepeHIiajbHoro ducienns. Jlocitus
HU3KY CKJIQJIHUX 33Ja9 MaTeMaTUIHOI'O aHAJIi3y, 30KpeMa, 3alPOIOHYBAaB
OJIMH 3 METO/IiB PO3B’sI3yBaHHs 33/1a4i PO OPaXiCTOXPOHY.

JIAIIYHOB Ounekcanap Muxaitmosuu (1857 — 1918) — pociii-
CHbKUIT MaTeMaTuK i MexaHik, jificauii wien [lerepbypabkoi AkajeMil HayK,
npocdecop XapkiBebkoro, Oechbkoro yHiBepcuTeTiB. 3aCHOBHUK MaTeMa-
TUYHOI TeOopil CTIKOCTI PyXy, aBTOP BaXKJUBUX JIOCIKeHb po (dirypu
piBHOBAru pinuHu, MO PIBHOMIPHO 00epTaeThesi. 3pOOUB BATOMMUIT BHECOK
y Teopito HMOBIPHOCTEN Ta TEOPII0 IMOTEHIAIY.

HBIOTOH Icaak (Newton Isaac; 1643 — 1727) — amruificekuii ¢i-
30K, MATEMATHUK, MEXaHIK, ACTPOHOM. 3aKJIAB TEOPETUIHI OCHOBU MEXaHIKN
i acTpOHOMIT, BIIKPUB 3aKOH BCECBITHBHOI'O TsXKiHHSA, pa3oM i3 Jleitbmimem
BBaXKaE€ThC TBOPIEM AUMEPEHINAILHOIO Ta IHTErPAJBHOrO YnucjaeHb. Bu-
HaHIIOB METO/T iHTerpyBaHHs JU(EPEHITATLHAX PIBHIHDb PO3BUHEHHIM 1X
po3B’sa3KiB y cremnenesi psau. Ha ocHOBI 3aK0HY BCECBITHBOTO TSAXKIHHS 1aB
MaTeMaTUIHe OOIpYHTYBaHHsI epiioro 3akony Kerurepa.

OM Teopr Cimon (Ohm Georg Simon; 1787 — 1854) — miMenpKuii
dizuk. BeraHOBUB OCHOBHUIA 3aKOH €JIeKTPHYHOrO KoJta (3akon Oma). Bin-
kpurTst OMa J1aim BIepiie MOXKJINBICTD KIJIbKICHO PO3IUISTHYTHU SIBHUINA €JIe-
KTPUYHOIO CTPYMY 1 MaJjIi BeJIMKE 3HAYEHHS JJIs HAYKH.
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OCTPOT'PAJICBKUM Muxaiino Bacuisosua (1801 — 1862) —
yKpalHchKuil i pociiicbkuii Maremaruk (pogom 3 Ilosrasmunu), wien Ile-
TepOyp3bKoi AKajemil HayK Ta 0araTboX 3aKOPJOHHUX akKaJeMiil Hayk.
Posp’s3aB HU3KY BaxK/IMBUX 3329 MaTeMaTUIHOI (pizuku, Teopil 3Budaii-
uux audepennianbaux pisaanb (dbopmysa Ocrporpaiacskoro — Jliysimwis),
BapiaIiifHOro YNCJIeHHs, TEOPETUIHOI MEXaHIKHU. 3AIPOIIOHYBAaB CIIOCIO 3Be-
JIEHHS HEOJIHOPiJIHOI KpaitoBol 3a/1a4i 0 OJHOPITHOT.

ITIEAHO [xxysemnmne (Peano Giuse; 1858 — 1932) — irasnificekuil
MaTeMaTHK. 3alpOolOHyBaB CHCTEMY akKcioM apudMeTHKH, IOBIB Teope-
My icHyBaHHs PO3B’sa3Ky 3ajadi Komr mis nudepeHiaapHOTO piBHSIHHS
3 HEIepepBHO MTPAaBOI0 YaCTUHOIO, EePIIUM MO0Y/IyBaB HEIIEPEPBHY KPU-
BY, fKa I[IJIKOM 3all0BHIOE KBajpar (kpusa Ileano).

IIIK AP ITTapas Emins (Picard Charles Emile; 1856 — 1941) — dbpan-
my3bKuit MareMaTuk. OCHOBHI mparii 3 Teopil jaudepeHIialbHuX PiBHIHD
(mocmiKeHHsT 0COBIMBHUX TOYOK, ACUMIITOTHYHI PO3B’ A3KU, METOJ, IOCJIi-
JIOBHUX HabOJIMKeHb pO3B’si3yBanHs 3aa4ai Komi).

IIVAHKAPE Amnpi 2Krous (Poincare Henri Jules; 1854 — 1912) —
dpanmyspkuit MaTemaTuk, dizuk, acrpornom i dizocod. Asrop nona 1000
parnb 3 audepeHIiaabHuX PiBHIHB, TEOPil MOTEHITAIB, MATEMATUIHOI (hi-
3uKH, HebecHol MexaHiku., OUH 3 3aCHOBHUKIB AKICHOI Teopil audepeHini-
aJbHUX PIBHSHbD.

ITVACCOH Ciwmeon [leni (Poisson Siméon Denis; 1781 — 1840) —
dpaHIly3bK1ii MaTEMATHK, MEXaHIK i (pizuk. ABTOP BazKJIMBUX IIPallb 3 TEO-
PEeTUYIHOT MeXaHiKM, MATEMATUIHOT (Pi3uKHU, BapiaIiiifHoro YnucaeHHs, Teopil
iiMoBipHOCTEll. 30KpeMa, BBiB Tak 3BaHe piBHsHHs [lyaccona i 3acTocyBas
oro 710 po3B’si3yBaHHS 3aJ1a4 rpasiTaril Ta ejgekTpocraruku. Jlocmimky-
BaB NMUTAHHS TEIJIOMPOBIIHOCTI, MAarHETU3MY, KAILJISPHOCTI, MOTTUPEHHS
3BYKOBUX XBWWJIb T4 iH.

IIOADD Morann Ppigpix (Pfaff Johann Friedrich; 1765 — 1825) —
HIMEIbKUI MaTeMaTHK i acTpoHoM. Bimomuit qoctipkeHHIMy 3 Teopil au-
depennianbanx pisusanb (piBuguna [Ibadbdda).

PAVYC Easapga dxkou (Routh Edward John; 1831 — 1907) — anruiii-
ChKHUit MexaHik i mMaTeMaTwk. Bimomuil mparsgMu 3 TEOPETUUIHOI MeXaHi-
Ku. 3ajiMaBcs pobsiemaMu criiikocti piBHoBaru i pyxy (kpurepiit Payca —
l'ypsiua). BeranoBus crernjaibHuii ajropuT™ Jyisi BUSHAYEHHs KUJIBKOCTI
KODEHIB ajIre0pUYHOrO piBHHHS, fKI MAIOTh JOJATHI JificHi dacTunu (Te-
opema Payca).

PIKKATI [xakomno ®pandecko (Riccati Jacopo Francesco;
1676 — 1754) — iranificbkuii MmaremaTuk Ta imxenep. OcHoBHi npari cro-
CYIOThCsI IHTErpaIbHOTO YHUCIeHHS i qudepeHIliabHIX PiBHIHD, 30KpeMa
BiH aBTOp JIOCTI/IZKEHHS MPO IHTErPOBHICTDH y KBIPATYPaAX OJIHOTO KJIACY
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nudepeHIiaJbHIX PIBHAHB [EPINOro HopsiaKy (cienjasibae piBHsaHHd Pik-
KaTi).

CUJIBBECTP Hdxeiimc dxko03ed (Sylvester James Joseph; 1814 —
1897) — amruiiicbkuit maremaruk. OcHoBHI mpami 3 ajrebpu (Kpurepiii
CusbBecTpa), Teopil dnces1, Teopii HMOBIpHOCTEl, MexXaHIKKM I MareMaTu-
qHOI Di3uKH.

TEMJIOP Bpyk (Taylor Brook; 1685 — 1731) — anruiiicbKuii MaTeMa-
Tuk. Busis 3aransuy dopmyiy (dopmysa Teitinopa) possunents ¢yHKIii
y creneneBl psgu (psau Teiliopa), 3am04aTKyBaB MaTEeMATUIHY TEOPIIO
KOJIUBAHHS CTPpYHU. ABTOp POOIT, NPUCBAYECHUX MEPCHEKTUBI, B3a€MOIil
MAarHITiB, KamiJspHOCTI Ta iH.

OPEATOJIBM Epik IBap (Fredholm Erik Ivar; 1866 — 1927) —
IIBEJICHKUIT MATEMATUK. 3ACHOBHUK 3arajbHOI Teopil JIHIHUX iHTerpalib-
Hux piBHsAHb (piBHsHHg Ppenronbma, Teopemu Ppeprosbma).

OYP’€ 2Kau Barucr 2Kozed (Fourier Jean Baptiste Joseph;
1768 — 1830) — dpannyspkuii maremaruk. HaliBaromimi pesyibraru oTpu-
MaB y mMareMaTnduiit dizuri. 3okpema, BuBiB nudepeniajabHe piBHAHHSI
TEIJIOPOBITHOCTI, pO3POOUB METOJT PO3B’sI3yBaHHS IIHOTO PIBHAHHS PH
neBHUX KpaifoBux ymosax (Meron ®@yp’e). oro imei cramm moryskmmm
IHCTPYMEHTOM MATEMAaTHYHOTO JIOCI/IZKEHHST HANPIZHOMAHITHIIIX 3818,
HOB’43aHUX 3 XBWISMU 1 KOJUBAHHAME (ACTPOHOMId, aKyCTHKA, PaioTe-
XHIKa Ta iH.).

XOII® Ecepxapn, (Hopf Eberhard; 1902 — 1983) — miMenpbkwuii i ame-
pukaHChKU MaremMaTuk. OCHOBHI POGOTH CTOCYIOTHCSI TEOPIT TMHAMITHUX
crucreM i audepeHniaJbHuX PiBHAHD 3 YACTHHHUMU IOXITHIMHA. 3aiiMaBcs
TaKOXK aCTPOMI3UKOIO.

OITYPM 2XKak IIlapas Ppancya (Sturm Jacques Charles
Francois; 1803 — 1855) — mBeiinapcokuit maremaruk. OCHOBHI nparni npu-
CBSTYEHi 3a/1a9aM MaTeMATUIHOl (Di3UKU Ta MOB’I3aHUM 3 HUMU KPAOBUM
3ajadaM Ha BJACHI 3HAYEHHS JJId 3BUYAMHUX AudepeHIliaIbHIX PiBHAHD
(zamaua [Irypma — Jliysiwig). 3akiaas OCHOBU TEOPIl KOJUBHOCTI PO3B’ 3~
KiB JiHiHUX gudepeHIiaabHuX PiBHIHL. ABTOD BasKJIUBUX POOIT 3 ONITUKU
1 MEXaHIKH.

AKOBI Kapa I'ycraB dxo6 (Jacobi Carl Gustav Jacob; 1804 —
1851) — miMenpKuii MareMaTuK. oMy HasieskaTh BiIKpuTTs B Teopil un-
ces1, aJiredpi, BaplaliifHOMy YHCJIEHH], IHTerpaJbHOMY YUCIE€HHI Ta Teopil
mudeper iaabanX piBHsgHb. Jlocaimkysas qudepeHiiajapai piBHSAHHS U~
HaMiKi, PO3poOUB HOBI MeTOU TX PO3B’sA3yBaHHS.
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IIPEIMETHUN ITOKAXKYNK

Anbrepuarusa @pearonsma 305

Bapiamisg aprymenTta 317

— dyukiionana 317

Busnaunuk Bporcbkoro (BpOHCKI-
an) 108, 189

— @pearonabma 296

— XapakTepuctuiauii 194

Bigcrans 316

Bpouckian (Busnaunuk Bponcbko-
ro) 108, 189

Byson nmecriiikuit 259, 263

— crifikuit 258, 263

I'padik pyxy 34
Hani nmouarkosi 25, 90, 174, 180

Exkcrpemass 321, 329, 331, 338
— nonyctuMma 321, 329, 331, 338

Bamaga Abens 269

— Bapiamiitna 312

— — 3 KipKoMa dyHKIIsIMEI 327

— — 3 NOXIJHUMY BUIIOTO MOPSIIKY
330

— — Hajnpocrima 319

— 3 3aKpilieHnMHu Mezkamu 319

— i3onepumerpuyna 312, 334

— Kommi 25, 65, 90, 174, 180, 222, 228

— KpaitoBa 161

— — Ha BJacHi 3Ha4yeHHa 169

— — HeojiHOpiHA 162

— — ozHOpiTHA 162

— nouarkosa (3aga4da Komi) 25

— npo Opaxicroxpony 313

— reoje3uydi Jiinii 314

— Irypma — Jliysimmsa 171

SaJstexkuicTs Jiiniiaa 107, 188

36ypennst 242

Suadenns Biaacue 169
— dyukiionana 315

Izokmina 31

IuBapianT 148

Tarerpan audepenmiaabHOTO PiBHSI-
HHS 28

— eneprii 323

— zaraJyibauit 28, 93, 176

— iMmyaecy 323

— He3aJtexKHui 176

— nepmuit 176

— — HezajiexkHuit 176

— cucremu 175

TarerpanT 319, 328, 330

Koedimienrt piBusuaus 25, 104
— CTUCHEHHS 78

Konuanus Binibue 128

— BjacHe 128

— rapMoHiuHe 126

— — 3racaioue 127

— rapMOHiYHe HakKJaJjeHe 141
Kowmbinamis inrerposna 176
Kopexrricts 3agaqai Korri 87
Kpusa inrerpansna 20, 174
Kpurepiit JI’enapa — Hlumapa 249
— Payca — I'ypsimna 249

— CunbBectpa 253

Jlarpamxian 337

Jlema Jlarpam:xxa 319

— OCHOBHA BapialliifHOTO YHMCJIEHHS
319

JIinil reomesnuni 314

— piBHSA 75

— cuJIoBi 75

MaxkcumyMm dyukiionasa 318
— abcomoTHumit 318
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— JIOKaJbHUi 318

— — cubHUi 318

— — cuabknit 318

Merox Bepuymii 62

— Bapiamil JoBibHEUX crajmx 50,
132, 205

— BBezieHHs mapamerpa 68, 70

— BUKJTIOUEHHs 182

— BiJIOKpeMJIeHHs 3MIHHAX 38

— I’ ArambGepa 212

— Eitnepa 63, 193

— i3okutiH 32

— irepaniii (mocainoBHUX HaBIH-
JKeHb) 78

— Jlarpamxka 50, 132, 205

— MHOXKHUKIB Jlarpamxka 334

— HeBU3HaYeHHX KoedirienTis 135,
208

— mocuisoBHUX HabJmkeHb (irepa-
wiit) 78

— crereHeBUX pAmiB 153

Metpuka 77, 316

Minimym dyukmnionana 318

— abcosornuit 318

— JIOKaJIbHUI 318

— — cupHUi 318

— — cnabknit 318

Muorounen xapakrepuctudanuii 117

— Yebumosa 124

Mmuoxnuk inTerpysaiabauii 59

— Jlarpamxka 337

Habnuxxenns nocainosui 80

O6signa 30

ObmacTp Bu3HaveHHd (DyHKIIOHATA
315

Obwmexxennst i3onepumerpuani 334

Omeparop 78

— imrerpaspuuit ®pearosbma 83,
280

— niniitanit tudepennianpunit 105

— CTHCKyIoumii 78

ILmomuna dpaszosa 179

Ilosepxmusa interpanpna 216

IToste mampsimis 30

ITostoxxenns pisHoBaru 243

IToprper dazosuit 255

Ilopsanok piBusuusa 18

— 3 YaCTUHHIMH HIOXiaHnMHu 215

— 3BHYAfHOrO audepeHIiajIbHOro
18, 103

IIpunnun Bapiamiitawmit 312

— CTHUCKYIOUMX BinoOparkeHb 78

ITpupict dyukionasa 317

IIpocTip merpuunwmit 77

— M-BUMIpHHI eBKJIiIOBUH 77

— TOBHUM 78

— (pazosuii 179

IIpsama daszosa 179

Panr xpaiioBoi 3aga4i 163

— XapakTepucTuaHOro uncia 301

PesonbenTa 288, 292, 300

Pezonanc 141

PiBusians AGens 271

— aBTOHOMHE 35

— Bepuysi 53

— Beccens 148

— Bosbreppa 268

— mudepentiaabae 12

— — 3 4YacTUHHUMH noximammu 19,
215

— — 3BUyaiine 18

— — ciM'T kpuBux 21

— Eitepa 122, 321, 337

— Eitepa — Ilyaccona 331

— 3 BIIOKpeMJICHIMU 3MiHHUMU 38

— 3 BIJIOKPEMJIIOBAHUMU 3MiHHUMU
37

— iHTerpasibHe 267

— — JIpyroro poay 268

— — jiniitae 268
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— — — HeogHODPITHE 269

— — — omHOpiaHe 269

— — mepmoro poxay 268

— — cupsizkere 301

— KBagininiitae 225

Pisugrna Kiepo 72

— KOoJuBaHb 125

— — BuMmymierux 125, 140

— — BlIbHEX 125

— Jlareppa 160

— Jlarpamxa 70, 123

— Jlexxannpa 151

— JjiHilfHe gpyroro nopanky 146

— — 3 YaCTUHHUMHM MOXITHUMU TIep-
oTo MopsaaAKy 217

— — 31 crasimmu kKoedimienramu 116,
135

— — HeomHOPiIHE N-r0 nopsaaxky 104

— — — 3 YACTUHHUMU IOXiTHIMU IIep-
IIIOT0 HOPSIAKY 225

— — — nepmoro nopsaaxy 50

— — OJIHOpi/iHE N-ro nopaaky 104

— — — 3 YACTUHHUMU IOXiTHIMU IIep-
IoTo MopsaaAKy 217

— — — Iepmoro nopsaaxky 50

— — TEePIIOTo NopsIKy 49

— HegaBHE 63

— —, dKe MICTHTb TIIBKU MOXiTHy 66

—, He PO3B’si3aHe BiJIHOCHO MOXiTHOT
63

— oxuopinne 42, 100
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