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6 1. 3Buuaiini qudepeHianbHi PiBHAHHS Ta IXHI PO3B’SI3KH

Tema 1. 3Buuaiini gudepeHiliajabHi piBHAHHS Ta iXHi
PO3B’3KH

Kopomxi meopemuyuni gidomocmi

1.1. OcHoBHi 0o3HaYeHHsI ii MMOHATTsA. 3euualinum Jduge-
PEHULAALHUM DIGHAHMHAM HA3UBAIOTH CIIIBBIJIHOIIIEHHS

F(z,y.9,y"...,y™) =0 (1.1)
MiXK HE3aJIeXKHOIO 3MIHHOIO &, IMIyKaHOK QyHKIIE0 y = y(z) 1iel
sminnoi Ta noxixaumu vy, . . ., y"™) . Ilopsiiok crapiiol moxixuHoi

y piBusiaHi (1.1) HA3UBAIOTH NOPAJKOM IIHOTO DIBHSIHHS.
ugeperyianvre pisHANHA NEPULO20 NOPAJKY Y 3araTbHOMY
BUIIAJIKY 3aIUCYIOTh Y BUIVISII

F(x,y,y") =0, (1.2)
a PiBHSIHHS, PO3B’si3aHe BiHOCHO ITOXiTHOI, SIK
y' = flz,y). (1.3)

YacTo 3acTOCOBYIOTH CUMETPUYIHY (POPMY 3BUUANHOTO mqude-
PEHITIaIbHOTO PIBHAHHS MEPIIOrO MOPSIKY:

M(z,y)dx + N(x,y)dy =0, (1.4)

ne M(x,y), N(z,y) — 3amani dyHKIIi.

Poss’asxom nudepeniianbroro pisasinas (1.2) Ha inTepsasi
(a,b) HA3UBAIOTH HemepepBHO M(EPEHIIHOBHY HA I[HOMY iHTEpP-
Basi dyskiio y = y(z), ska nepersopiooe piBHsHHs (1.2) y To-
ToxkHicTH, ToO6TO F (2,y(2),y (2)) = 0. Anajoriuno o3Ha4yOTH
posB’sizkn udepeniianbaux piBastEb (1.3) 1 (1.4).

Cuissinnorrennst ¢(x,y) = 0 HA3UBAIOTH THME2PAAOM DIBHSI-
HHst (1.3) a6o (1.4), sSIKII0 BOHO HEsIBHO 3aJ1a€ PO3B’si30K Y = y(x)
piBHsiHHsA. P03B’s130K 3BHYaiHOrO IndepeHIiaJbHOr0 pPIBHSIHHS
MOoXKe OyTu 3amaHuil TaKOXK y mmapamMeTpudHiii dpopmi, TOOTO dAK

z =), y=1(t), nea <t <.
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I'padik poss’sisky y = y(r) 3Buvaiinoro audepeHIiajIbLHOro
PIBHSIHHS Ha MJIOIMUHI (,Y) HABUBAIOTH iHMEZPAALHON KPUBONO
IIFOT'O PIBHSAHHS.

Bagaay Bimuykanns po3s’si3ky y = y(z) piBusuus (1.3), axuit
3aJI0BOJIbHSIE 3aJ[aHy II0YaTKOBY YMOBY y(xo) = Yo, HA3UBAIOTH
sadauero Kowi.

1.2. Cknaganus nudepeHiaJbHIX PiBHIHb BUKJIIOYe-
HHSIM JIOBiJIbHUX cTtasimx. Koxkue mudepenmianbie piBHIHHS
N-TO TOPSIIKY Ma€, B3araji KayKydu, CiM 10 PO3B’sI3KiB, siKa 3a/1a-
€Tbcst POPMYJIOI0 3 N JIOBITBHUME CTAJIAMA.

Posp’asyeThest it obepHeHa 3amada: mobyayBaTh audepeHii-

aJIbHe PIBHSIHH 3a BioMuM poss’siskoM y = y(z, Cy, Ca, ..., Cy),
AKIN 33JaHU CIIIBBIIHOIIIEHHIM
@(x,y,Cl,Cg,...,Cn) =0. (1.5)

Mg nporo morpibuo 3mudepentiosaru (1.5) n pasis 3a 3MiH-
HOIO T, BBaXKAIO4W ¥y (PYHKIHEIO apryMeHTy X, a MOTIM 3 OTpH-
MaHUX DiBH#AHb 1 piBHsHHA (1.5) BuiyunTH JOBUIBHI Ccrasi

C1,Co,...,Ch.
Pozs’s3ysarnms munosux enpas i 3aday

IMpuxsazn 1.1. dosectn, mo dbynxmisa y = (1 + Cx + Inz)~?
Jtsg KoxKHOTO mificnoro C' € po3B’sa3koM judepeHiiaabHoro piB-
wanng zy' +y = y?Inz.

Pozs’sazarnsa. 3HaligeMo MOXiIHY 3aJaH01 PyHKII:

! -1 l
y_(1+C:c+ln:c)2 C+x ’

ITiscTaBisgioun B PIBHSHHA 3aMicTh Y Ta 4y BiamosiaHi BuUpasu,

OIEPKY€EMO, IO

- —(Cz+1) N 1

xT = =
YTV =0+ Cr+me)?  1+Cr+nw
_ —Cz—-1+1+Cxr+Inx Inzx

2
= =y“Inz.
(14 Cx+1nzx)? (14 Cx+1nx)? v
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@yukiis y(x) neperBopioe 3ajane judepeniiaabie PIBHIHHS
Yy TOTOXKHICTB i, OT2Ke, € fioro po3s’ss3koM. M

Ilpukaanm 1.2. [lepeBipuTn, un napaMeTpuvHO 3a7aHa PyH-
Kiisg x = te!, y = e~! € po3p’a3KoM udepeHIiatbHOr0 PiBHAHHS
(1+2y)y’ +y> =0.

Pozs’azarmsa. Ockinbku

—t
/ Yt —€

z, et +tet’

TO MicJIA HifCTaHOBKHU Yy’ y 3aJaHe PIBHSHHS OJEPIKYEMO TOTO-
2KHICTh
—e! 2t
1+t) ————+ee 7 =0. 1
( ) et(1+1)

IIpukmaanm 1.3. Iokazaru, o ajst KoxKHoro jiicaoro C' ciiB-
Bigmomenns y + arctg ¥ = C e inTerpanom audepenniaabaoro
pisusnns (z 4 2?2 +y2)y' —y = 0.

Po3se’azanns. 3acTOCOBYIOUN MPABUIO JU(EPEHIIIOBAHHS He-
siBHOI (DYHKIIIT, 3Hax0AuMO 1oxiaay ' (x):

1 yr—y
L+ (y/x)?  a?

r_ Y
22+y?+a

Y+ =0 = vy

[TigcTapigioun oTpuManuii Bupas Jyia Yy’ y 3ajJaHe PiBHAHHS,
OJIEPKYEMO TOTOXKHICTh

Yy
T+ x2 + 92

0. m

(z +2° +y°) y

ITpukiaazn 1.4. Ckiactu qudepenniagbie piBHAHHA ciM'T K1
P v} pis PEHIL, p

22 +y? = Ch.
Pozs’sazarns. 3nudepenmniroBaBm 3a1aHe CIIiBBIIHOIIEHHS 3
aMinHOIO T, ojep:kyemo 2x + 2yy’ = C. IligcraBigioun Terep

orpuManuit Bupa3 it C y piBHsIHHsT CiM'T KPUBUX, OJEPXKYEMO
pipastaa 22 + y? = 2(z + yy')r abo 2zyy = y? — 2. W
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Ilpukmaam 1.5. IlobynyBaTtu imTerpasnbhi Kpusi mudepeniii-

: r_ xty
AJIHOTO DIBHAHHS ' = .
P Y 7 Ter] _ .
Pose’saszanmns. PiBusuHs BusHauene Ha BCiil mwromusi (z,y),
KpiM mpsamol y = —x. B obsracTi Bu3HaveHHs 3aJaHe PIBHSHH

MO2KEMO 3allucaTu y BI/II‘.HH,ILi

/I ]-7 y>_x7
Y7\ -1, y < —.

Orxke, maemo tipsmi y = x + C'y miBmjionusi y > —x 1 npsmi
y = —x+C y niBmmomuni y < —x. [urerpasbi kKpusi 300pazkeHo
Ha puc. 1.1.

<

<
Q

S

J\(/m
N\

Puc. 1.1

Bnpasu, pexomendosani das aydumoproi pobomu

Josectu, 1o 3agani QYHKINI € pO3B’sI3KaMU BiIITOBITHUX JTH-
dbepennianbaux pisasiab (C' — 1oBiibHA cTaa):

Al.y=2+CV1+22 (zy+ 1)dw — (22 + 1)dy = 0.

A2. y = ;”fl ;o (@24 a)y =@+ + 1y

A3.y=eCcT . /sing =ylny.

Ad. y=VoVad — a2, dxyy = 3y? — 22

x .
Ab5. y:xfs%“tdt+2:):; xdy — (y + xsinz)dz = 0.
0
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pas PEHIY p b

t2 T

X
A6.y:(x—1)({e—tdt; y/:%—l—”—}le‘”.

[Tepesipurn, un dyskuil y = y(x), 3a/1aHi HesIBHO, € iHTErpa-
JIaMU BiAIOBiIHUX audpepeHIiaJbHuX PiBHAHD:

A7. In(zy)+2z—y=C; (1+z2)y+(1—y)ay =0.

A8. Jarcsin(z?) = In(1+e¥)—y; V1—aty' +z(1+e¥) = 0.

A9. Cy(ay+1) =y+1; (y*+y)dz+ (:):y +x+ %) dy = 0.

A10. ¥ =yln(Inz); (1 —y)evy — lelix =0.
Al1l. y? + 2% — 2y = C; (v —2y)dy — (2 — y)dx = 0.

€z .
Al12. ylny=x [ 222 gy +zlny =zsinz +ylny.
0

€T )

IlepeBipuTn, u napaMeTpuvHO 3aaHi DYHKIIT € PO3B’ A3KaMUI
BiamoBinHux audepeHiaIbHIX PiBHAHD:
_ 1
INER SR E
y=1t—1Int;
1 1

rT=—7+ 57

Al4. { Vi gy =1

Y(z—Iny') =1

y:%_\/i_ﬁi
r = e 'cost, , 9
A15. {y: Le2(1 1 gin20); dy = (y' + ).
x=3(ctgt+t)+C 2 2
Ale. T =1
{y—cosgt; yrrys

Cknactu qudepeHiiaabii piBHAHHS ciMell KpUBHUX:
A17. y? =20z + C2.
A18. Cy = tg(Cx).

xT
A19.y::c< Sis-l—C) +sinz.
2

Ins

A20. p? = acos2yp (a — mapamerp).

A21. Yy = 01562 + Cgex.

A22. y = C; cos z? + Cy sin 2.

A23. Ckiractu audepeHIiajbHe pPiBHIHHS CiM'T IPSIMEX, sIKi
IPOXOJATH Yepe3 TOUKy (3,4).
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A24. Cknactu qudepeHIiajibie piBHSHHS ciM'T mapabost, siki
MIPOXOJIATH Yepe3 MOYaTOK KOOPJAWHAT 1 CHMETPUYIHI BiTHOCHO OCi
abcruc.

A25. Crnactu pudepeniianabue piBHSHHSA ciM’T Kijt, gKi /10-
TUKaIOThcd 1o npamux y = 0, x = 0 Ta po3TaiioBani y neprriit i
TPeTiii KOOPAUMHATHUX YBEPTHAX.

A26. Ckiacru gudepeHiiajgbHe piBHAHHS CiM'T cTpodoin
z(z? + y?) = C(a? — y?).

IlobynyBaru inTerpaibhi Kpusi audepeHiiaabHIX piBHAHD:

A27. o = 2L
lzyl
1 _ x|z
A28. y = merk
!/ 111
A29. ¢ = ‘Ssmi‘.

A30. Hosecru, mo dyukiis y = ¢(x) € po3s’si3KoM 3ajadi
Komi ¢ = f(x,v), y(xg) = yo Tomi 1 TiNbKKM TOMI, KoM BOHA €
xX
po3B’s3KOM iHTerpasbHoro pisusHus y(z) = yo + [ f(s,y(s)) ds.
o
Bnpasu, pexomendosari 0as 0oMawHb020 3a80aGHHS
i camocmitinot pobomu

IlepeBipuTu, un 3amani GyHKII € po3B A3KAMU BIIIOBIIHAX
nudepeHIiaaibHuX PiBHIAHb:

Cl.x=CeV —y—2; (23+y+1)y =322

C2.y=aV1—2a2 yy =x—22°

C3. y=z2tg(lnz); 2%(dy —dx) = (z + y)ydz.

C4.z=y*(C —3lnly|); 2(x —y*)dy + ydr = 0.

C5.y=¢e"; zy =ytg(lny).

C6. y= (xjﬁ)g; y = (zy 4 2y)%.

CT7.2=¢eY(100 +tgy); (e Ysec’y —z)dy = du.

C8.y=In(2*>+C); xy = 2%e¥ + 2.

C9. z = (C —cosy)siny; (sin?y+ xctgy)y = 1.

Cl10. z=C(e ¥V —=1); zy +1=2¢".
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pas PEHIY p b

T = 2arctgt, 2
=In(1 ).
y = In(t? + 1); y=m{+y7)

12. {x—tlnt y’lnyz/zllx.

C11.

Q

y=t32Int + 1);
x = C cost,

C13. y = C'sint;

x+yy =0.
r=t—Int
C14. ’ 2y = Iny'.
{y—tS—t—i-C; y ety
IlepeBipuTHn, 9m € faHi CIIBBIHOIIEHHS iHTErpaJJlaMu BKa3a-
HuX JudepeHItiagbHX PiBHAHD:
C15. 25(y — C)% = 4a%; y? = 3.

C16. > +/at + oyt =C; yly —2y) = V2t + y*.

C17. z(e¥ +2y) = C; (¥ + 2zy)dx + (e¥ 4+ x)xdy = 0.
C18. Jy—z+ Ve =C; yVr=\y—z+3J/x.

Cl19. lnzlny=1; ylnydr +zlnhxdy = 0.

C20. ze¥ +ye® = C;  (we¥ + e”)dy + (e¥ + ye*)dx = 0.
C21. ¥ Iny+a+y® =0; (1+32%Iny)dr+ (3y +Z ) dy = 0.
C22. zy? — 2% +cosy =m; (y?—2x)dx+ (22y—siny)dy = 0.

Cknactu qudepeHiiaabii piBHAHHS ciMell KpUBHUX:

C23. % = C2® + 1. C28. y = v/Ca3 — 3a2.
C24. Cy? + 2z —y> = 0. C29. 22 — y? = Oy,
C25.y = Ce8% L arctg . C30. y = C1e* + Cox.
C26. y = Cz2e 3/7, C31. siny = Csinz.

C27. y = C1e*® + Cre™ 22, C32. y=Cycosx+Cysinzx.
Ckractu gudepeHIiajibii PiBHIHHS . . .

C33. ... ki jgoBiabHOrO pajiyca 3 nearpom y touri (1,3).
C34. ... jgorapudmiunnx cripameit 22 + y? = Cett8 s,
C35. ... KijJ Ha IJIOIIMHI, SIKi JOTUKAIOTHCS JI0 OCi OpJIMHAT.
C36. ... Kii Ha IJIOMIKHI, SIKi IIPOXO/ISITh Yepe3 MOIaTOK KO-

OpJIMHAT.
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C37. ... kin pagiyca 1, IIeHTpHU AKUX JIEXKATh HA MPIMIif, 1110
3’enmye Touku (2,5) 1 (—1, —4).

C38. ... eJirciB, MEHTPU AKUX 30IratOThCS 3 TOIATKOM KOOP-
JIMHAT, & OCl CUMeTpil — 3 0CAMU KOOPJIMHAT.

C39. ... einciB i3 3agamoo dokycnoro Bincranuio 2C.

C40. ... mucoin (2C — z)y? = 3.

C41. ... napabos 3 BepmmHo©0O y TouIi (2, —2) Ta Biccio cu-

MeTpil, mapaJjebHOI0 OC1 OpJIMHAT.

ITobynyBaru iHTerpabHi KpuBi AudepeHIiaJIbHIX PiBHIHD:

C42. ¢ = ‘ii:gi'. C44. y' = sgn(cos z).
0, y#x
- 45,y =4 )
Bidnosidi

A7. Tak. A8. Tak. A9. Hi. A10. Hi. A11l. Tak. A12. Hi.
A13. Tax. Al4. Tax. A15. Tak. A16. Hi. A17.yy? +2zy =y.
A18. vy — (1 +y?)arctgy =0. A19.y =xy — xcosx +sinx — %
A20. p) = —ptg2p. A21. 2z — 2?)y" + (2% — 2)y’ + (2 — 22)y = 0.
A22. xy’ —y +42°y =0. A23. 9y (v —3)=y—4. A24.2zy =y.
A25. 22y (1+y7) = (y—ay')?. A26. 423yy’ = da2y?—z*+y*. C1. Hi.
C2. Tak. C3. Tak. C4. Hi. C5. Hi. Cé6. Tak. C7. Tak. C8. Hi.
C9. Tak. C10. Tak. C11. Tak. C12. Tak. C13. Tak. C14. Hi.
C15. Tak. C16. Tak. C17. Tak. C18. Hi. C19. Tak. C20. Tax.
C21. Tak. C22. Tak. C23. xy?y =y>—1. C24. (y*> —62)y = —2y.
C25. (1+22)y’ = y—arctgz+1. C26. 2%y = y(2x+3). C27.y" = 4y.
C28. zy%y’ = y3+22. C29.2xy = (322 —y?)y’. C30. (1—2)y"+2y —
—y=0. C3L.y =tgyctgx. C32.y"+y=0. C33. (y—3)y'+z—1=
— 0. C34.y/(2y—z)+2z+y = 0. C35. (x"—(1+y2)y')° = (1+¢%)°.
C36. (22+12)y" —2(14+y2)(zy' —y) = 0. C37. (y/>+1)(y—3z+1)% =
= (1+3y)2%. C38. y”—%—k%z =0. C39. zyy'+(2®>—y* - C?)y' —ay =
=0. C40. 223y = > + 32%y. C4l. 4y (z — 2) = 2y.



14 2. PiBHsAHHSI 3 BiJJOKPEMJIIOBAHUMY 3MIHHUMH Ta 3BiJHI 10 HUX

Tema 2. PiBHAHHS 3 BiZOKpPEMJIIOBAHUMU 3MiHHUMU
Ta 3BigHI JO HUX

Kopomxi meopemuyuni gidomocmi

2.1. PiBHsiHHS 3 BijoKpeMJIioBaHnMY 3MiHHUMUA. [ude-
peHIliaJibHe PIBHSAHHS TEPINOrO MOPSIKY HA3UBAIOTD DIGHAHHAM
3 6100KPEMAIOBAHUMU 3MIHHUMU, STKITO HOT0 MOYKHA, 3aIMCATH Y
BUTJISAI]

M, (z)Ni(y)dx + Ma(x)Na(y)dy =0 (2.1)

abo
y' = f(@)g(y). (2.2)
st imrerpyBanust piBHsiHHs (2.1) 110TPiGHO JIOMOITHCST TOTO,
mob koedimienT Ot dr 3ajeXkaB TIABKH Bif T, a KoedimieHT
6ina dy — Tinbku Bim y. asg mporo morpibno obmasi wacTuHU
piBusanEA moximuTu Ha 100yToK Mo (z)N1(y) (sxmo Ma(z) # 0 i
Ni(y) # 0). Toxi, inTerpyroun, oepKyeMo 3arajbHuil iHTerpas

M () Na(y)
dr + dy =C.
My () Ni(y) ™
Cepen poss’si3kiB anrebpuunnx pisasiab Ma(x)Ni(y) = 0 i
g(y) = 0 MOXKyTb OyTH PO3B’si3KU JAudepeHIiaTbHIX PIBHIHD

(2.1) i (2.2) Bignosinmo. L1i po3s’si3ku MOXKYTb 6y TH OCOOIHMBUMA.

2.2. PiBusHHs, 3BiZfiHi OO0 piBHAHB 3 BigOoKpeMJrIOBa-
HUMU 3MiHHUMHA. [0 pIBHSHD 3 BiIOKPEM/IIOBAHUMUI 3MIHHUMMN
3BOAAThCA AU epeHiaabii PiBHSIHHS BUTJISLY

y' = flax + by +¢), (2.3)

ne a, b, ¢ — geski crasi, npudomy b # 0. dxmo B (2.3) Bukonaru
3aMiHy
z=ax+by+c, (2.4)

TO il 3HAXOJKeHHsT (DYHKIT 2(x) 0epKUMO pIBHSIHHA 3 BijI-
okpemioBannMu 3minaumu 2’ = bf(z) + a.



2. PiBHsAHHS 3 BiJJOKPEMJIIOBAHUMY 3MIHHUMH Ta 3BiJHI 10 HUX 15

3 sronomororo 3amian (2.4) 110 piBHSHHS 3 BIIOKPEMIIIOBAHUMHE
3MIHHUMI MOYKHA 3BECTH 1 OLIBIN 3araJibHi PIBHSIHHS, SIK-OT

(by' + a) g(x) = f(az + by + ¢). (2.5)

2.3. TeomerpuyHni 3amadvi, 9Ki IPUBOJAATH 0 PiBHSIHD 3
BiTOKpeMJTIOBAHUMUY 3MiHHUMM. Y T€OMETPUYHUX 33aUaX Ha
CKJIaJIAHHS PIBHSHB 3a3BUYail HEOOXI1THO 3HAUTH KPUBY, KA 3810~
BOJIbHSIE TIeBHI yMoBH. Ha ocHOBI yMOB 3a/ati CKIaIat0Th aude-
peHIiaibHe piBHSHHS JJIsi HeBimomol KpuBol (byHKIHT) y = y(x)
1, 3IHTErpyBaBIM HOT0, 3HAXO/IATH CAMy KPUBY.

Ckrnanaoun nudepeniiaabie PiBHIHHS, 9aCTO BUKOPUCTOBY-
IOTh F€OMETPUYHMII 3MIiCT MOXiJHOI: 3HAYeHHs IOXigHol ¥ y To-
qIi T =g JOPIBHIOE KyTOBOMY KOeMIIli€HTY HOTHYIHOI 10 KPUBOI
y=y(x) y Touni (xo,y(xo))-

Y Hedkumx 3aJadax JIOIMIJILHO CKOPUCTATUCS TeOMETPUIHUM
3MiCTOM BH3HAYEHOr'O iHTErpaJia fab y(z)dzr gk miomi KpuBoiHiii-

/!

HOI Tpallemii, BUpa3oM Jjisg KPUBUHU HYTU KpuBoi k = ——4——
paremil, BUP pit p Ay p (12

Ta IHITUMH reoOMEeTPpUIHUMU ITOHATTAMMU.
Pose’sa3ysarHsa munosuxr enpas i 3aday

Hanﬂa/:[ 2.1. 3inrerpyBatu gudepeHIiajibHe pPIBHIHHS
(22 + 1)(y* — 1)dz + 23ydy = 0.
Poze’szarns. s Bimokpem/ieHHsT 3MIHHAX IOMIIAMO OOMIBi
wactunu pisuanns na 3 (y* — 1). Toxi

:c2+1

dx + 2y dy=0 (x#0, y#=+£l) =

d d(y? -1
e -
ye—1
ln|x|—ﬁ+ 1n|y -1|=C =
ly? — 1| = eYe”” fem2lrl o 2 = Op2%et T 41,

Jie, BpaxoByIo4n NoBUIbHICTD crasol C, nosnadeno C = te
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Omxke, 3arajibHIM IHTETPAJIOM 3aJAHOTO PIBHSIHHS €

2

v =1+ Cax 2. (2.6)

3’s1CyeMO MOXKJIMBICTD TOsIBE OCOOJIUBUX PO3B’sI3KIiB 3aIaHOTO
piBasinns. Jlerko nepesiput, mo dyukiii z =0,y = —liy=1¢
PO3B’sI3KaMu PiBHSHHS, OIHAK Y 3araJIbHOMY iHTErpaJsi MicTaTbCs
qmiie Ba octaHHix (X MoKHa oTpuMmaru 3 dbopmyru (2.6) mpu
C =0). Oyukuig x = 0 € 0cOOIUBAM PO3B’SI3KOM.

. . 2

Bignosinb: y = £/ 1+ Cx2e=*", = 0.

Ilpuksan 2.2. 3HaiiTu iHTErpajbHy KpHUBY TUMeEpeHIiaIb-
Horo piBustHHg Y — 1 = 7Y, sKka npoxoauTh Yepe3 Touky (1,0).
Poses’azarns. Maemo piBHSIHHS 3 BiIOKpPEMIIOBAHUME 3MiHHU-
mu Buragay (2.2). Bimokpemstioroun 3minHi, 0fep:KyeMo:

dy dx

— (e Y 11 _Y
zdy = (e ¥+ 1)dx = per i (x#0) =

/eydy _ [dx
l+ev | z

In(l+eY)=hnz|+C = 1+e=Czx =

y=In(Czx —1). (2.7)

Jlns BimmykaHHs iHTErpaJibHOI KPUBOI, AKa MPOXOAUTD depe3
rouky (1,0), migcraBumo x = 11y = 0 y dopmyity 3arajbHOro
pose’sizky (2.7). Toxi In(C' — 1) = 0, a orke, C' = 2. Takum
YIHOM, IIYKAHOIO IHTErpajbHOI0 KpuBoo € y = In(2z —1). M

IMpukazn 2.3. 3inrerpysarn pipmanng y' = (92 + y + 2)%.
Poss’azanns. Maemo qudepentianbie piBHsIHHsT BUTTIALY (2.3).
Bpobumo zaminy z = 9z + y. Tomi v = 2/ — 9 1, migcrasiasoan y
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3ajlaHe PIBHAHHS, OJIEPXKYEMO:

dz
f = 2)2 "
2 =(z+2)"+9 j(z+2)2+9 r =

d(z +2) 1 z42

_—_— = — t —_— =
/(z+2)2+9 z+C = 5 arctg — z+C =

2
rctg%sz—kSC =

92 +y+2=3tg(3z+C) (C:=30).

Omrxe, 3aranbHuM po3s’szkoM € y = 3tg(3x + C) — 9z — 2.
Ockinbku (z + 2)% + 9 # 0 B MHOXKHUHI JIHCHEX 9HCENT, TO

0COOJIMBUX PO3B’{A3KiB 3a/laHe PIBHIHHS HE MAE.

Bianosiae: y = 3tg(3x + C) — 9z — 2.

Ilpukaanx 2.4. 3naiity 3arajbHUl PO3B’SI30K PIBHSIHHSI
222y = tg(y — x) + 222
Pose’azanns. Maemo piBusnHs Burisy (2.5). Iicas saminn
Z = Y — T OJIep:KYEMO PIBHSAHHS 3 BIJIOKPEMJIIOBAHUMU 3MiHHUMHA
2227 = tg 2. 3Bigcu

1 d 1
/CthdZ——/—x—l—C = In|sinz|l=——+C =
2 ) x? 2z

1
In|sin(y —z)|=——+C =
|sinfy — a)] = 5+
y=x+ (—1)" arcsin(Ce*%) +mn, neZ.

Posp’siskamu piBusguug tgz = 0 € dyuknii z = 7n, n € Z,
3BIJIKN OTPUMYEMO UACTUHHI PO3B’'A3KM TU(PEPEHIHATILHOTO PiB-
i y = ¢ + mn, n € Z. Oyukiig r = 0 He € PO3B’A3KOM
nudepeHIiagIbHOr0 PiBHIHHS.

Bignosiae: y =z + (—1)" arcsin(Ce*ﬁ) +mn, n € Z.

Ilpuknan 2.5. 3uaiitu Kpusi, B 9KUX TOYKA IEPETUHY J10-
BIJIbHOI JOTUYHOI 3 Biccio abcruc Mae abcerucy, BABIYI MeHmTy ab-
CIIUCH TOYKU JIOTHKY.
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Posze’azanns. Hexait M(x,y) — mo- vy
BiJIbHA TOYKa Ha MIyKaHIll KpUBIH,
AM — norudna, TPOBeJIEHA Uepe3 TO-
9Ky M, o — KyT MixK 3TrajJIlaHoIO JIOTH-
qHOIO Ta Biccro Ox, M B — nepreHu-
KyJp JI0 OCi abCIUC y TOHUI JOTUKY
(pue. 2.1).

3rigso 3 ymoBoto OB = 20A = z,
MB =y.

Posristremo AAM B. Y HBOMY

; MB Y 2y
gO[ = — = — = —
AB  z/2 x
3BijcH, BPaxOBYOUN T€OMETPUYIHUN 3MICT MOXiTHOI, OTPUMYEMO
. . . 2 .
PIBHAHHAM 3 BIJOKpEMJIIOBAHUMEA 3MiHHUMHA y' = ?y 3Bincu

d 2d
Zy:% (ry #0) = Inly|=2nz|+C = y = Cz?.

Omxe, mykannMu KpusuMmu € mapadoan y = C z2 . |
Bnpasu, pexomendosani das aydumoproi pobomu

3i"TerpyBaru PiBHAHHS 3 BIJOKPEMIIOBAHUMU 3MiHHUMU:
Al. (1 —y?)adr — y(a* + 4)dy = 0.
A2,y = 107V,

A3. 22%yy + 4% = 3.

A4. (zy? + x)dz + (y — 2%y)dy = 0.
A5. (y+ D+ (2* +16)(y — 3)y’ = 0.
A6. y3In(Inz)dx + ze?’ dy = 0.

AT, e+ VT Fcosy = 0.
A8. (y? —1)(z + 2)dx — 2ydy = 0.
A9. tgy -y =sin(z + y) + sin(z — y).
A10. zyy’ + /1 + 22 + 32 + 22y2 = 0.
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SHaiiTu iHTerpajbHy KPUBY DPIBHSIHHSI, SIKa MPOXOJIUTH depe3
3a/laHy TOUKY:

A1l (1+2y)z+ (1 +2%)y =0, (1,2).

Al12. z\/1+y2+yy'vV1+22=0, (0,0).

A13. y' cosz =ylny, (m,e).

Ald. e ¥(y' +1) =1, (~1,1).

3ualiTu pO3B’S3KHU, sIKi 3a/]0BOJIbHAIOTH BKA3aHi YMOBU:

_or
=%

A15. 2%y —cos2y =1, lim y(x)
T—+00

A16. 3y2%y + 162 = 2293, y(z) — obmexena pu & — +00.

A17.2(2? + 1)y —cos?2y =0, y — 77” pu & — —00.

3inTerpysaru piBHSHHS, 3BiIHI /10 PIBHSHB 3 BiJOKpEMJIIOBA-
HUMU 3MIHHUMU:

A18. ¢y =sin(z — y).

A19. y =4z +2y — 1.

A20. (z +y)*y = >

A21. (y — 3z + 3)dz + (3z —y — 1)dy = 0.

A22. '\ /xF+y=1.

A23. y =sin(xz +y) + cos(x + y).

Posp’sazaTn inTerpanabHi piBHsSHHS, 3BiBIIN 1X 70 audepeHii-
AJIBHUX:

xT
A24. y = [ydx + 1.
0

A25.y = [e Ydx (z > 0).
1

A26. 3uaiiTun KpuBi, I SKUX ILIOIIA TPUKYTHHKA, YTBOPE-
HOI'O JIOTUYHOIO, OPJAMHATOI0 TOYKHU JOTUKY 1 Biccio abciuc, € Be-
JIMYWHA, CTaJIa 1 JJOPIBHIOE .

A27. BuaiiTn KpuBi, B IKUX TAHT'€HC KyTa MiXK JIOTUIHOMO 1
JojaTHuM HanpsaMmoM oci Ox obepHEHO JIOPIBHIOE KBaapary ad-
CITUCH TOYKU JOTHKY.
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A28. 3naiiTi KpUBi, KOXKHA JTOTUYIHA 10 STKUX [IEPETUHAE MPsI-
My y = 1 B TodUIi 3 abCIUCOIO, IO JOPIBHIOE MOABOEHIM abcimci
TOYKHU JOTHUKY.

A29. BuaiiTn Kpusi, B SKUX BesmauHa mmigHOopMamil B ycix ii
TOYKAX OJTHAKOBA 1 JIOPIBHIOE a.

A30. 3uaiitu KpuBi, JjId SIKUX CyMa KaTeTiB TPUKYTHHUKA,
YTBOPEHOI'O JOTUYHOIO, OPAUHATOIO TOYKU JOTUKY Ta BicCIO ab-
CIIUC, € BEeJIMINHA CTaja i JopiBHIOE b.

Bnpasu, pexomendosari 0as 0oMawrHb020 3a80aGHHSA
i camocmitinot pobomu

3i"TerpyBaru PiBHAHHS 3 BIAJOKPEMIIOBAHUMU 3MIHHUMU:
C1. 22dx + y3e*tdy = 0.

C2. ¢y — xy? = 2xy.

Cs. (1 + xQ)y3dac = (1 + y2)x3dy.

C4. sec’x tg ydr + sec’y tg xdy = 0.

r _ z(2lnz+1)
Cs. T siny+4ycosy

C6. z+/a? — y2dx = (x* + 1)(y + 1)dy.
C7. zydr = (a — z)(y + b)dy.

5/o_ a3/ 4
C8. sz gy — Mdy

C10. (z + 1)y — Va2 + 1(y® — 1)y = 0.
Cl1l. e® — le ¥ = e (1 + %)y

C12. (2% — 3)y2dx = z(y + 8)dy.

C13. (2?y — 2?)dy = (zvy? + y*)dx.
C14. (z + 2)eYdz + yv/z + 1dy = 0.
C15. In(1 + z)+/1 — y%2dx + dy = 0.

DIIinHopMasIio KpUBol § = y(z) y Touni (z,y) HABUBAIOTH MPOEKIIIO HA
Bich abcruc Bipiska HOpMAaJ Bij ToUkH (T, y) MO TOYKM IEPETUHY HOPMAJI
3 Biccro abciuc.
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Cl16.y =zy+ax+y+1.

Posp’sazatn 3amaai Korri:

C17. (22 +3)y' —2z(y +4) =0, y(4) =91
C18. 2zy?dx + (22 — 1)(y*> + 1)dy = 0, y(0) = 1.
C19. zsinydx + (22 — 5) cosydy = 0, y(2)

C20. (2% + V)ydr — z(y + 7)dy =0, y(1) =
C21. 2?siny + Va3 + 1y’ =0, y(0) = 3.
C22. (z2+ 1)(y+ 1)y =92, y(1) =1
C23. x(z +2)y = (z + 1y, y(1) =+3.

C24. zcosydy = e*(zlnz + 1)dz, y(1) = L.

™
ok

1.

SuaiiTu pPo3B’s130K UdEPEHIHATBHOTO PIBHIAHHSA, SKUI 33710~

BOJIbHSIE BKA3aHy YMOBY:
C25. #3siny -y’ =2, y — % upn z — oo.
C26. ¢¥ = ey 4+ 1, y obMerkena npu x — +00.
C27.y =2z(m +y), y obMexeHa pu x — 00.
C28. 23y —siny =1, y — 57 npu & — o0.

C29. (z+ 1)y =y —1, y(xr) — obmexkena npu x — +00.

3inTerpyBaru piBHSIHHSI, 3BiTHI /10 PiBHSIHB 3 BiJOKpPEMJIIOBA-

HUMY 3MIHHUMU:
C30. ' = cos(y — 2z + 1).
C3l.y =y + 2z —3.
C32. y + 221 — 0.
C33.y =tg(bz+y+1).
C34. x4+ 2y+1= 2z +4y+3)y.
C35.y =Yz +y+1
C36. 2z +y + 1)dx = (4x + 2y — 3)dy.
C37. (3 —z —2y)dx — 2(1 + = + 2y)dy = 0.

Posp’sizaTy inTerpanbhi piBHSHHS, 3BiBIIN TX 10 mudepeHIi-

aJIbHUX:

C38. y = f\/gdac
0
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C39. /y = [ydx.
0

C40. 3naiiTu KpUBi, HOPMaJIb Y KOXKHIN TOYIN SIKUX ITPOXO-
JIUTH Yepe3 3aJ1any TO4KY (a,b).

C41. 3Bnaiitu ciM'I0 KPUBUX, sIKi MaOTh TaKy BJIACTUBICTH:
BiJIPI30K JIOTWYHOI, PO3MIIEHUH MiXK OCAMM KOODJHMHAT, y TOYII
JOTUKY 0 KOXKHOI 3 KPUBUX ITi€l ciM’T JLIUTHCS HABIILJ.

C42. 3naiiTu KpuBi, B AKUX TAHIEHC KyTa MiXK JOTHUIHOIO
Ta, JOAATHUM HanpssMoM oci Ox obepHeHO MponopIiiinmii abcruci
TouKM JA0THKY (k — KoedimieHT mponopiiitHocTi).

C43. 3uaiiTi KpuBi, JOTUYHA J0 SIKUX Yy TOUI] (x,Y) IPOXO-
T gepes Touky (22, y?).

C44. Buaiitu Kpusi, B skux mipgorndna? st BCIX TOUOK
JIOTUKY MA€ CTaJIy JOBXKUHY .

C45. 3uaiiTu ciM’10 KPUBUX, JJIsI SIKOT TPUKYTHUK, YTBOPEHUI
JIOTUYHOIO JI0 KPUBOI, BiCCIO aOCITUC Ta PAJIlyCOM-BEKTOPOM TOYKH
JOTHUKY, € PiBHODEIPEHNM.

Bionoeiodi

Al. In(1 + y?) —|—1 arctg% =C;y=+1. A2.y = —1g(C — 1(35”)
A3.y? —3=Cer. Ad.y* +1=C(2? —1); x = +1. Ab. arctg % +
+8y—32In|y+1|+C =0;y = —1. A6. 21nx(1nlnx—1)—|—ey2 (y2—1) =

. V3tg £+1 VITcosy—v2 —_ 0 _
= C. AT |G VoI | 0 = 0y =

neZ A8 y>?-1= CQCQG_%; x =0. A9.secy = —2cosx + C.
A10. VI+ a2 +/T+¢2 = m A2 L 00 ALl y =

=

T 2
Al12. VIi+22+ /1432 =2 Al13.In°y = L&z A1g, eV =
=1-(e—1)*. A1l5. y = arctg(l — 2/x) + 2n. Al6. y = 2.
Al17. y = %arctg (g +arctgx) + 77” Al18. tg Y =1 — IJ%C; Yy =
=z—Z+2m,neZ. Al19.z—/Ar+2y—T1+2In(/Az +2y -1+
+2) = C. A20.y = aarctg’%y + C. A21. y — 3z = Ce* Y.

Mligmornuanoro kpusoi y = y(x) y Toumi (,y) HA3MBAIOTH MPOEKIIO Ha
Bich abCIuC BijIpi3Ka JOTUYHOI, PO3MIIIEHOTO MiK TOYKOIO JTOTHKY 1 TOYKOIO
epeTuHy 3 Biccio abcruc.
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A22.2\/z + y—2In(y/z +y+1) = 2+C. A23.In (1 + tg =) = a+C.
A24.y=¢® A25.y=Inz. A26.y= 2. A27.y=-1+C.
A28.y =1+ A29.y% =42z +C. A30.blny—y =tz +C,
0<y<b Cle¥(y>?—3y>+6y—6)—e (2% +2r+2)+C =0.
C2. y(C’e"c2 —1)=2y=0. C3. %5 -2z = y% —2Inly| + C;

. _ cos2y—1 __ cos2x41., _ —
r=0;y=0. C4. cos2y+1 Ccost—l’ T=7Tn, Yy = 71']{), nak € Z.

C5. ysiny = z*Inz+C. C6. Larctgz® + \/a? — y?> —arcsin + C =
=0y=xa Cl.y+z+hlyl+alnjz—a|+C=0;2=a;y=0.

5 / 6 / 2, 2
Cs. sinxQ—i—%(” 2—3\3/y4) +C=0. C9.y—2++4/y2—2y+2=
=C(z -1+ Va2 -2z + 5)3. C10. V2?2 + 1+Injz+va2 + 1| = % -
—Inly|+C;y=0. Cll. z +2In(1 +e %) = +C. Cl2. ‘”2—2 -
—31n|a:|:1n|y|—§—|—C’;a:=0;y=0. C1s. 1n‘%|+5+%+0=0;
2=0;y=0 Cld. 2 (V1) +2/z+1=(y+1)e¥+C;z=—1.
C15. y =sin(z— (z+1)In(z+1)+C); y = +1. C16.y = Ce® /2t=_1.
C17.y = 5(2°+3)—4. C18.In|2°~1|+y—1 = 0. C19. (¢*—5)sin’y =
= —1. C20. Z£2 { 2| = y+ Thfyl. C21. Y@+ 12 +

Fin|Eed| = 1 22 mnfy ~ D41+ = arctgr. C23.y =
= a(r+2). C24.y = arcsin(e*Inx — 1). C25. y = arccos(z~?).
C26. y = 0. C27.y = —m. C28. y = 2arctg (1 — 7z + %).

C29.y = 1. €30 y =2z — 1 - 2arctg (§ tg “F3). €31y =
=Ce®* —2x+1. C32.y+2x =3lnly+z+1+C;y=—-x—1.
C33. 2z — 10y — 2In[5 + tgbz +y + 1)| + In (1 + tg*(5r + y + 1)) =
= (C;y = —arctgh+m —bxr —1, n € Z. C34. 8y — 4x +
+Infdz+8y+5| = C;4x+8y+5 =0. C35. 3(/(z+y+1) —
—2¥Yzr+y+1+2ln|Jr+y+1+1])=22+C;y = —z—2. C36.2y—
—r—Inly+2r—-1|=C;y=1-2x. C37. (x+2y)? -2z +4y=C.
C38.y =22 (z > 0);y=0. C39.y=0. C40. 2by—y* = 2*>—2ax+C.
C4l.y = €. C42.y = klnjz| +C. C43. y =
C44.y=Cets. C45.y=¢<

"

:c—Cg(C:c—l)’ y = 0.
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Tema 3. OHOpPiAHI PiIBHSHHS MEPIIOro MOPSAKY Ta
3BigHI O HUX

Kopomxki meopemuyuni eidomocmi
3.1. Oguopiani piBusuus. Jludepeniiagibiue piBHIHH
M(z,y)dx + N(z,y)dy =0 (3.1)

HA3UBAIOTH 00HOPIoHuM, Ko dyHKuil M (x,y) 1 N(z,y) € ogHo-
pigaEME (QYHKIIAMI OJHAKOBOTO BUMIpY m, m € R, Tobro mia
JoBibHOTO t (ab0 moBiabHOrO t > () CHPABIKYIOTHCST PIBHOCTI
M(tz,ty) = t"M(x,y), N(tz,ty) = t"N(z,y).

OnHopizre piBHsIHHS (3.1) 3aBXK /I MOXKHA 3BECTH JIO BUIVISIILY
v = ¢ (y/x). Hicnga 3aminu z = y/x, ne z = z(x) — HoBa dyH-
KIlisI, OJTHOPi/THE PIBHSIHHSI 3BOJAUTHLCS JIO PIBHSIHHSI 3 BiJJOKpPEM-
JIIOBAHUMHU 3MiHHUMU.

OpHopigHe piBHAHHA TAKOXK MOXKHA 3BECTH JI0 PIBHAHHA 3 BiJI-
OKPEMJIIOBAHUMU 3MIHHUMU 3 JOMOMOTOIO TIEPEXOLY O IOJISIPHIX
KOODJIMHAT & = PCOS Y, Yy = psin .

3.2. Haitnpocrinii piBHsIHHSI, 3Bi/IHi /10 OHOpPiTHUX.
Judepentiiagbue piBHIHH

, a1x + by + c1
= - 7 - 3.2
y f(agx—i—bgy—l—Q) (3:2)

abo itoro okpemuit BUITaI0K
(a1 + bry + c1)dx + (azx + bay + c2)dy = 0, (3.3)

e a1by —aghy 01 c% + cg = 0, MOXKHa 3BECTH JIO OJTHOPITHOTO
PIBHSIHHS 3 JIOIIOMOro0 3aMiH @ = & + o, y = n+ f, e &, n(§) —
HOBI 3MiHHI, a «, 3 — PO3B’I30K CYMIiCHOI HEOTHOPITHOI CHCTEMMU
aJreOpUYHUX PIBHSIHD

ara+b18 = —cq,
age + by = —ca.
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ko y piasiaHAx (3.2), (3.3) a1by — azb; = 0, o a; = kag,
by = kba, a1x + b1y = k(agx + bay) i obuBa piBHIHHS 3BOASATHCS
Jo piBasHHg Burssity y' = f(asx + boy) (mus. 1. 2.2).

3.3. ¥YzarasbHeHO omHOpiaHi piBHsSHHS. PiBHsinus (3.1)
HA3UBAIOTH Y3a2aAbHeno 00nopionum (K6a3i00HopioHuM), SKIIO
Jist oBibHOTO t (a60 moBiibHOrO ¢ > () CHPaBIZKYIOTHCS PiB-
nocti M (tz, thy) =t M (z,y), N(tz, t*y) = t"*+IN(z,y). Ina-
KIlle KaXKydd, sIKIO iCHy€ Take UUCJI0 k, IO IPHU MiJCTAHOBI B
piBasHms (3.1) samicts x, y i dy Bimnosinno tx, thy, t*~1dy onep-
JKUMO Te caMe PIBHSIHHS, TO BOHO Oy/ie y3arajJbHEHO OJHOPIIHUM.

ITicast 3aminm y = 2 ysarajbHeno omHOpiiHe piBHSIHHS 3BO-
JUTHCS JIO OJTHOPITHOTO PIBHSAHHS, & 3 JIONIOMOIOIO 3aMIHH § = 2k
OJIEPKUMO PIBHAHHSA 3 BiJIOKPEMJIIOBAHUMU 3MiHHUMU.

Pozs’sa3ysarnms munosux enpas i 3aday

IIpukmazn 3.1. Binrerpysaru pisaanns ry =y + /22 — y2.

: 2
Poss’azamnna. Ockinbkn y' = L44/1 — (£)" = ¢ (£), 10 3amame
PIBHSIHHST OJTHOPi/IHE. 3pobuMO 3aMiHy y = zx. Tomi
v(z2 +2) =zz+|z|V1-22 =
d
xd—z:i\/l—ZQ (z £0) =
x
dz sty o inz=+nlz|+C
——=t— (z arcsinz = +1In |z i
V1—22 T

BamiHO0UM Telep z Ha y/x, OJIEPKYEMO
arcsin 2 = +In |z|] +C = y=uzsin(C +In|z|).
x

dArmo z = +1 , o y = +a. O6uaei i QyHKINHT € 0cObJIMBIMEI
po3B’sa3kamu. Oyukiisg x = 0 He € PO3B’sA3KOM PiBHAHHS.
Bignosiae: y = rsin(C £ Inlz|), y =z, y = —z.

Ilpuknan 3.2. 3uaiitu inTerpajbHy KpHUBY JudepeHIiaib-
Horo pipHanHs rydy — y?dr = (v + y)2e” 7 dx, sKa IPOXOIUTD
1gepe3 TOUKY (e, 0).
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Pose’azarns. OcKuIbKI KOoeMIIieHTH PIBHSIHHS € OHOPITHUMU
GYHKIMIAMI OJHAKOBOI'O BUMIPY, TO MAEMO OJHOPI/IHE PiBHSHHSI.
3pobumo 3aminy y = zzx. Toml dy = zdx + xdz i
222(zdx + xdz) = (= + zx)2e ™ + 22502) dr =
2dr+ xzdz = (L +2)%e "+ 2%)de (x#0) =
ze*dz dx
zadz = (14 2)%ePde = ——0=— (2#-1).

Inrerpytoun wactunamu (u = ze?, dv = (z + 1)72dz), 3naxo-

numo nepsicny [ (Zl‘ij)zg = %, a OTIKe,
z ey/x
=hnjz|+C = ——=hiz|+C =
z+1 y/x +1

(z +y)In(Cz) = ze¥/*  (C := +e°).

IlincTaBasitoun Terep y 3HailleHUi 3araJIbHAI IHTErpaJ £ = e
iy = 0, onepxkyemo (e+0)In(Ce) = e, 3Binku C' = 1. Orke, yepes
TouKy (e,0) mpoxoauTh iHTerpagbHa Kpusa (z + y)lnz = re¥/*.

dxmo z = =1, o y = —z. g dysKIisg € 0ocobIuBUM po3-
B’SI3KOM, ajle BOHA He 3aJI0BOJIbHSIE [109aTKOBY yMOBY y(e) = 0.
Bignosiae: (z +y)lnx = ze/*.
riy
z—y
Po3zs’azarns. llepeiigemo 10 MOISIPHAX KOOPAWHAT: T = T COS (,
y = rsine. Toni dy = sinpdr + rcos pdy, dx = cos pdr —
— 7 sin @dy, 1 macTaBAI0YN 11l BUPa3u Y 3aJlaHe PIBHIHHS, OJeP-
KYEMO

IIpukmazg 3.3. 3inTerpysaru piBHAHHA Y =

dy  cospdr +rsinpdp  rcose+rsing

dr  cosedr —rsinpdp  rcosg —rsing
dr dr
—=r = —=dp = r=Ce".
dy r
Orpumaisn cim’'to jorapudmivamx cripaseil. [ToBepraroduck
JIO TEKAPTOBUX KOOPJIMHAT, OJIEPAKYEMO 3arajibHUil iHTerpaJ

v
Va2 12 = Cei5 5 m
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IIpuknan 3.4. Bimrerpysarn piBusinasa (v +y — 7)Yy =
=3z —y+3.
Pose’azanns. Maemo nudepentiaibie piBHsiHHST BUTTIALY (3.2),
B SIKOMY a1by — agby # 0. 3pobumo zaminy x =& + o, y =1+ B.
Toni (E+n+a+B—T)dn = (3§ —n+3a—pF+3)dS. Cran «
i B BubepemMo TakuMu, 1100

{a—l—ﬁ—?zo,

30— B+3=0 = a=1,=6.

Omxe, micys 3amia ¢ = £+ 1, y = n+6 oepKyeMo OTHOPITHE

piBasiaas (€ + n)dn = (3§ — n)d¢.
Hexait n = 2&, ne z = z(§) — nopa dyuxiis. Toxi

(€ + 28) (§dz + zd§) = (3§ — 28)d =
(1+2)dz+ (2> +22-3)dE=0 (E#0) =

/ (z+1)de , [de

R v— §:C (z#41,2z#-3) =

%ln]22—|—22—3]—|—ln\§] =In|Cy| =
(*+2:-3)%=C (C:==£C]) =
(/€ +2m/E=3)=C = m+3)n—-¢=C.

IToBeprarounch mo 3MiHHUX T, Yy 3a dopmynsamu & =  — 1,
n = y — 6, 3HAXOAUMO 3araJibHU#l iHTerpaJs 3aJaHOr0 PIBHAHHS
(y+3z—-9)(y—x—5)=C.

Axio € = 0, To z = 1. lla dyukiiis He € po3B’A3KOM 331aHOTO
piBasians. fkmo z =1, Ton =& = x—1, T06TO0 Yy = T+ 5, & AKIIO
z=—-3, 10N =—-3 = —3x+ 3, To6T0 Yy = —3x + 9. DyHKIIT
y=2x+5 y= —3x+9 — vactunui po3p’sa3ku, 60 X MOXKHA
orpuMaT 3 popMyJH 3arajibHoro interpasa npu C = 0.
Bignosiae: (y + 3z —9)(y —x —5) = C.

IMpukaax 3.5. Hdosectn, mo pisnannsa 3y?(z — 2y3)dy =
= (2 + y3)dz € y3arambpHeno oqHOPIIHMM Ta 3iHTErpyBaTH HOTO.
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Po3zs’azarns. [lokaxkemo, 110 3a7aHe PIBHIHHS € y3arajJbHEHO
omuopimanM. s mporo 3amicTs x, y i dy migcrasumo tx, thy i
t*=1dy signosimuo (mus. m. 3.3):

(tx + t3Fy3)dx 4 (665795 — 3%y ) P dy = 0, =
(tz + t3Fy3)dx + (6157 1y® — 3t3%y2)dy = 0.

106 3amane piBHAHHS HE 3MIHUJIOCH, YUCIO Kk TOTPIOHO BU-

opatu Tak, mobd 1 = 3k = 6k — 1 = 3k, TobT10 k = %

Bukonaemo 3aminy y = a5, Tomi
v+ 232)de + (62528 — 32228 ) (23 dz + Lo 3z2da) =0 =
( 3

(14 2% +225 = 2%)dz + 2(62° — 322)dz =0 (z £0) =

dr  6z° — 322

— +—dz=0.
ac+ 226 +1 “

.. 1
Jaui, inTerpyoun Ta BpaxoBYIOYH, IO Z = YT 3, MAEMO:

1 2
In |z| + 3 In(22% +1) — g arctg(v228) =C =

3

In(2y° + 2?) — V2arctg =C.

X

Oyukiig x = 0 He € PO3B’I3KOM DiBHIHHSI.
Binnosigs: In(2y° + 2%) — V2 arctg(v2y3/z) = C.

Bnpasu, pexomerndosari das aydumoproir pobomu

JloBecTu, 110 PIiBHAHHS € OJHOPIMTHUMHU Ta 3iHTErpyBaTH iX
(abo 3HaliTH YacTUHHI PO3B’sI3KH, SKi 3a/I0BOJILHSIIOTH 3aJIaHi TI0-
YATKOBI YMOBH):

Al. 2y =ylnZ.

A2. (y? —2zy)dr + 22dy = 0, y(1) = 2.
A3. 2z(y? + 22)y = y(y? + 222).

Ad. (zctg? —y)do +ady =0, y(1) =.
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A5. (z —ycos ) dx + x cos Ldy = 0.

A6. (22 + y)dx + ydy = 0.

AT. (3x —y?)dx — 2xydy =0, y(1) = /3.

A8. zy = y(lny —Inz +1).

A9. zsin4dy = (ysin ¥ — z) dz.

A10. (xye‘”/ Y+y )d:): z2e*/Ydy = 0. PekoMenioBana 3anMina
z=ux/y.

A11. (223 + 3xy?)dx + y3dy = 0.

Al12. (2/zy — y)dx = xdy.

3inTerpyBaru piBHSHHS, 3BiJIHI JI0 OJIHODITHIX:

A13.y = L2

Al14. (ac +y— 1)dac + (bx — Ty + 1)dy = 0.

Als.y - o

A16. (6z +y — l)dx + (4o +y — 2)dy.

A17. (z +y)%y =4

Al8. y = Zﬁ + tg 45 ac+1

A19. (z +y+ 1)dx + (2x + 2y — 1)dy = 0.

HoBecTn, 10 33/1aHi PIBHSAHHSA € y3arajbHEHO OJHOPITHUMN
Ta 3IHTErpyBaTH iX:

A20. ydx + (y* — 2x)dy = 0.

A21. 4ay’dr + (32%y — 1)dy = 0.

A22. y(2%y? + 1)dz + z(2%y? — 1)dy = 0.

A23. ¢ =y? — 2272

A24. 2(\/zty? +1 - 2?y) — 2%y = 0.

A25. (22y3 — y)dx — (v*y3 — 223y? + 32)dy = 0.

A26. Hosecru, 1o inTerpaabHi Kpusi mudepenmiaabHOro piB-
HauHs (ax+by+c1)dz+(ay — bx + c2)dy = 0 € norapudmivanMM
CITIPAJISIMU.

A27. 3uaiiT KpuBy, IO Ma€ TaKy BJIACTHBICTBL: BiICTAHDL
OyIb-s1KOI JOTUYHOI BiJl MOYATKy KOOPAWHAT JOPiBHIOE abciimci
TOYKH JIOTHUKY.
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A28. BusnaunTtu KpuBy, BCi JJOTHYHI JI0 sIKOI IIPOXO/ISITh Yepe3
ITOYATOK KOOP/IMHAT.

A29. 3naiiTu KpHBi, FKIIO BiJIOMO, IO IXHI HOpMaJIi 30iraio-
TBCS 3 PaIlyCOM-BEKTOPOM TOYKHU JOTHUKY.

A30. 3uaiiTu KpUBY, 3HAIOUH, 1[0 TPUKYTHUK, YTBOPEHUH 10~
TUYIHOIO 110 Hel, Biccio Oy Ta pajilycoOM-BEKTOPOM TOYKHU JIOTUKY,
€ piBHODEIpEHMIT.

Bnpasu, pexomendosari 0asi 00MaAUWHBH020 3a80aGHHA
i camocmitinoi pobomu

3iHTerpyBaT OJHOPIAHI PiBHsIHHSI a00 3HANTH PO3B’SI3KH 3a-
maa Komri:

Cl.zy —y=uxtgl

C2.y =e = +% y1)=0.

C3.y = y—i—tgycos Z

C4. 22%y = y(22° — y?).

C5. (23 — 32%y)dx + (y* — 2®)dy = 0.

Cé6. (2\/zy — y)dr —xdy =0, y(1)=4.

CT7. (y + Va? + y?)dz — zdy = 0.

C8. x(2? + 3y?)dx + y(2y? + 32%)dy = 0.

C9. 2 + 2%y = xyy'.

C10. z/ydy = (4o/x + 2y /y) dz, y(1)=1.

4x? +ay—3y2
Cll. ¢y = BT wy—y?

C12. 2y = ycosln ¥.

C13. zy/ +2y/zy — a2 =3y — 2z, y(1) = 2.
Cl14. (22 + xy + y*)dx — 2%dy = 0.

C15. (1 + e%) dz + ey (1 — %) dy =0, y(0)=1.
3iHTerpyBaru piBHSIHHS, 3BiJIHI 10 OJTHOPITHUX:
C16. (:): —2)dz + (y — 2z + 1)dy = 0.

C17. y = Bu=To+T

3x—Ty—3"
C18. (bx — Ty + 1)dy = (1 — x — y)d=x.
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C19. (z — 1)y +3z+2y+3=0.

C20. y = Ho=L.

C21l. (x+y+1)dx+ (r —y+3)dy =0.
C22. (z+4y)y =2z + 3y — 5.

C23. 4(x + 2)%dy = (z + 2y)%dx.

C24. (x — b5y + 7)dx = 2(5 — 2z + y)dy.
C25. (y +1)In &4 = In 24,

+3
C26. 21g§+4 = QyngE)'
C27. 4y = RS
C28. 2ty — e

3inTerpyBaru y3arajbHEHO OJHOPIIHI PIBHSHHS:

C29. 2zyy’ = 3/26 — y1 4 3y°.

C30. (2y? — x+/22y? — 25)dx = 2ydy.

C31. 2zy3 + (2% + 1)y = 0.

C32.y =25 L.

C33. ydz + x(2zy + 1)dy = 0.

C34. (y* — 2%y + 325y = 0.

C35. (z%y? — 1)y’ + 2293 = 0.

C36.y = % + .

C37. 2z +y = y>\/x — 2292

C38. 2(z? —zy?)y +1y> = 0.

C39. dxumu maroTs OyTH ducsaa m i n, mobd audepeHiabHe
piBasHHEA y = az™ + by™ Gy/I0 y3araJbHEHO OIHOPIIHUM.

C40. BusHaunTu KpuBY, 3HAIOUH, 10 IiTHOPMAJb Oy/Ib-sIKOI
TOYKHU € CepeHIM apudMEeTUIHUM KOODIUHAT TOUKH.

C41. 3uaiitTu Kpusi, y gKUX HiJJOTHIHA JIOPIBHIOE CyMi ab-
CITUCH Ta OPAWHATU TOYKH IOTHUKY.

C42. BusnaunTtu KpuBy, 3HAIOUN, 1110 TPUKYTHUK, YTBOPEHUIT
HOPMAJIJTIO B KOXKHIH 1T TOYIIl 3 OCSIMU KOOPJIMHAT, € PIBHOBEJTUKUHI
TPUKYTHUKY, YTBOpeHOMY Biccto Ox, TOTUIHOK Ta HOPMAJIIIO.
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C43. 3uaiiTu 3aMiHy, 3 JJOTIOMOTOIO SIKOI I epeHIiaabHe piB-
nsanns y' = f (%) ¢ (x) MoxkHA 3BeCTH 10 OFHOPIHOrO. 3iHTe-

. / (y+sinz)? cos
IPYBATH IUM CHOCOOOM PIBHAHHA Y = *———5—

C44. Tlokazaru, mo pisasaas (a1y® + biwy? + cizy®)dr +
+ (agxy + box® + coa®y)dy = 0 3 monomoroo 3amin = 1, y = %
3BOIUTLCS JI0 PIBHSHHS (a1§+b177—|—01)d77—|—(a2§+bgn+clgd§ =0.
Binrerpysaru y Taxuii croci6 pisasaumsa (7y> — 3zy? — Tzy®)dx +
+ (32%y — 723 — 323y)dy = 0.

C45. ITlokasaru, 1mo piBHsiHHs (3.2) MOXKHA& 3BECTH IO DiB-
HSHHS 3 BiJIOKPEMJIIOBAHUMHU 3MIiHHUMHU 3 JIOIIOMOI'OIO 3aMiHU

_ amztbiyta ; _
2 = apathoytey s TPHIOMY HABITH y BUIIAIKY, KOJIH a1bo—asgby # 0.

Bionoeiodi

o

Al. y = zef"tl, A2,y = 23:{21. A3. y ein = Cz. A4.cos¥ =

=—z. A5. Cr=c "%, A6./TIn(22> —|—xy+y)—2arctg“;}29:
=C. A7. 2> -2 =2. A8.In¥ = Cz. A9.cos? =Inlz[+C.
A10.ev +Injz| = C; 2z =0. All. 2x +y? —C\/x2+y2. Al12. z—
—xy=C;y=0. Al13. 2arctg = +1n(x +y?—6x—4y+13) = C.
Al4. (x —y)(z+ Ty —4)3 = C. A15 (y—z—1)>2%(y+z—-1)7°=C.
A16. (22 +y —3)? = C(6z +y —5). Al7. z +y — 2arctg 25¥

Q||

=z+C. AlS8. smyff =C(z+1). A19. 2+2y+3In(z+y—2) =
A20. y ey2 =C. A21. Jy—a2*\/y? = C. A22. 2z 2¢2%y” = C’y2

A23.1—zy = C23(xy+2), vy = —2. A24 2?(/xiy? + 1—2? ) C.
A25. \/2 — 2zy + x2y? —ny?’eamg W ay+1=0. A27 2?2 +y? =
= Cz. A28.y = Cx. A29. 2% + 47 —C. A30. 22 + 32 —Cx.
Cl.sinZ = Cx. C2.y = zln|lnlex|. C3.tg¥ = Cx. C4. 1z =
= +yVInCx; y = 0. C5. 2% +y* — 423y = C. CB6. VZY — o = 1.
CT.0z? =y++/22+y%2=0. C8. 2% +62%y2+2y* =C. C9.y =
= Cer. C10. 4x\/z+y,/y = 5z°. C11. (y—2)%(y—22)° = C(y+22)%;
y=—2z. C12.InCz =ctg(3In%);y = ze*" k € Z. C13.y =2z
Cl4. x = Ce~>°8W/*) C15. z +ye*/¥ =1. C16.In(y —2 — 1) =
= -z y+1—|-C’ C17. (z—y+1)*(z+y—1)°=C. C18. (x —y)x

x(x+Ty—4)P3=C. C19. z+y+2=C(z—1)er1. C20. (x—y) =
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(2=1)
—evou . C21. a2+ 2zy —y? + 20 + 6y = C. C22. (y —x +5)°x
12

x(z+2y—2)=C. C23. (x+2)e** 822 = (. C24. (z+y+1)?2 =

=C(x—2y+4). C25.m% -1 = ;5. C26. (z+y—1)7° =
=C(z—y+3). C27. 12 —In(z—2)+C. C28.In|(x+y)>—2| =

=2(zx—y)+C. C29. arcsin Jyg—i = +1In(C2?);y? = +23. C30. 2% Inx+
+ VY2 —at = Ca?. C31. 2%y? = Cy+ 1. C32. (2,/y — x)x
x(C +In(2/y — x)) = z;,/y = z/2. C33.y> = Ceﬁ; y=0;2=0.
C34. 25+ y* = Cy?. C35.2%y*+1 = Cy. C36. 22 = (22 —y)In(Cx);
y=a2 C37.2/x 1y=2 -1=—In(Cx); 2y*> = 1;y = 0. C38. 1> =
=zIn(Cy?). C39. m—n =mn. C40. (z—y)*(x+2y) =C. C4l.y =
= Ce®y. C42. (x—C)*+y? = C? C43. ¢ =sinu; \% arctg 2\%;% -
—In|sinz|=C. C44. (x +y—zy)’(x —y + zy)?> = Cx"y".
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Tema 4. Jliniiini piBHIHHSI NEepPIIOro MOPSAAKY Ta
3BiaHI O HUX

Kopomxki meopemuyuni aidomocmi
4.1. Jlimitiai piBagaaga. {udepenniaabie piBHAHHS

Y +p(z)y = q(x), (4.1)

ne p(z) 1 g(x) — menepepsHi Ha neskoMy inTepBadi (a, b) dyHKIIil,
HA3UBAIOTH AiHiUHUM. SIKIo B piBHgHHI (4.1) ¢(x) = 0, To fioro
Ha3UBAIOTh AIHITUHUM 00HOPIOHUM, THAKIIIE — ATHIGHUM HEOOHO-
PIOHUM.

Posriistnemo meronn pos3s’sisyBanus piBasiaas (4.1).

Memod sapiauii dosiavroi cmanoi (memod Jlazpar-
otca). 3araJbHUM PO3B’SI3KOM Yo BIIIOBLIHOrO JIHIHHOTO OTHO-
PiTHOTO PIBHAHHY € Yo = Ce—[p(@)de , 1e C' — noBijbHa craJa.
Posp’st30k piBusHHs (4.1) HIyKaemo y BUIISAI

y = C(x)e JP@de, (4.2)

Migcrapmsnoun (4.2) y (4.1), onepiyemo C'(z) = q(z)e/P@)dz,
sgimkn C(z) = [q(z)e/P@%de 4 C, ne C — nosimema crana.
Takum 9MHOM, 3arajbHUM PO3B’si3koM piBHsiHHS (4.1) €

y = e Jp@)d (/q(x)efp(x)dxdx + C’) . (4.3)

Memod nidcmanosxu (memod U. Bepnyanai). Poss’s-
30K piBHstHHs (4.1) mykaemo y Burisiai g00yTky y = uv. lin-
crapistiount B (4.1), nans Bimmykanas dysnii u(x) 1 v(z) micas
HECKJIQTHUX [IEPETBOPEHD OJIEPXKYEMO CUCTEMY

v+ p(z)v =0, u'v=q(z).

3 mepmoro piBHAHHS 1€l cucremn 3HaxomuMo v(z) = e~ JP@)dr
a moTim 3 npyroro — dyHKIio u(x) = fq(x)efp(:”)d‘”d:c + C. Tlo-
MHOYXKUBIITH 3HAHICHI BUpa3u JJisd 4 1 v, 3HOBY OJlepKyemMo (pop-
MyJIy 3arajbHOro po3B’si3ky (4.3).
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Memod inmeepysaavrozo mrootcrhukra (memod Edae-
pa). Homnoxnvo o6l sactumm (4.1) na e/P®d Ton

y/efp(x)d:t + p(x)yefp(:t)dx _ q(x)efp(:t)dx .
(yefpmdx)’ _ g(w)elr@d

y = e~ Jp(@)dx (/q(x)efp(x)dwdx + C> )
Hagejieni meTo/im MOKHA 3aCTOCOBYBATH TAaKOXK JIO PIBHAHD

(a(y)z +b(y))y = c(y),

SIKITIO BBaXKaTU Y 3MIHHOIO, a & — (PYHKIIEH 3MiHHOT 3. Crpas-
Ji, nosHaunsmm ply) = —Zg)), q(y) = %, oflepKyeMo JTiHiiine
piBusans 2’ + p(y)z = q(y) BimsocHo = = z(y).

4.2. PiBaanH4, 3Biaui g0 giuitiaux. o aixiinux piBHAHBb

MOKHA 3BECTH JCKiJIbKa THUIIB IHIMUX AudepeHIiaaIbHuX PiBHIHD.

Hanmpukia, piBHIHHA

F @y +p)f(y) = q(x) (4.4)

nicsst 3aminu z = f(y) (roni 2’ = f'(y)y') 3Bopumo 1o aiwniiinoro
piBusinust 2’ + p(z)z = q(z) BinHOoCHO dyHKIUT 2 = z(x).
dAxmo y piBHAHHI

Y +p(x) = q(x)e™ (4.5)
sanpoBajuT 3aminy z = e Y (tomi 2/ = —ne "™y’), To omep-
KuMmo Jiinifine piBasnEst 2’ — np(z)z = —ng(x) BiAHOCHO HOBOT
byukuii z = z(z).

Pisasuus

(fi(@) + fa(2)y™)da + fs(x)y™ 'dy =0,
(f1(y) + fo(y)z™)dy + f3(y)z™ 'da =0,
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Je m # 0, 3BOJSTHCsI 0 JIHITHOTO PIBHSIHHSI 3 JOIMOMOIOI0 3aMiH
z=y™ iz =™ BignoBizHO.

Poss’sa3ysanms munosux enpas i 3aday

IIpukmazn 4.1. 3inrerpypatu piBHaAHHS 3 — 27y = pe® T

METOJIOM Bapiallil JOBLILHOI CTaJIOl.

Po3se’azanns. 3arabHUM PO3B’SI3KOM %o BIIIOBIIHOTO JTHITHO-
ro oxHopianoro pisugnusa y' — 2zxy = 0 € yp = Ce*”. Poss’s130K
3aJIAHOTO PIBHAHHS NIyKaeMo y Burismi y = C (x)e‘”g. Toni

C"(x)ex2 +C(z) - 2xe®” — 290C(:c)6$2 =zt =

C'(x) =xe® = COx)=2e"—e"+C = y= (xex—ex—FC')er.
Bigmosigp: y = (ze” — e + C)e””.

Ilpuksan 4.2. 3HaiiTu iHTErpajbHy KPHUBY TUMhepeHIiaIb-
noro pisastaHa (z + 2y%)y’ = y, gKa TPOXOIUTHL HYepe3 MOYaToK
KOOD/INHAT.

Po3se’azarns. 3anuimeMo piBHSHHS Y BUTJISI
dr = 9

Wy (y #0),

POBIVISIIAI0YN B HBOMY & sIK (DYHKI[IO 3MIHHOI . 3iHTErpyeMo Iie
PIBHSIHHST METOJOM IimcraHoBku. Hexait x = wv, ge PpyHKIHI u i
¥ 3HAXOIUMO i3 cucremu (4.2):

v =1 =0,
v = 2y°.

3 mepmoro piBHsiHHA 1€l cucremu 3HaxoauMo v(y) = y. 3
yPpaxyBaHHSIM IIBOTO, 3 APYIOro PiBHAHHS 3HAXOIUMO (DYHKIIIIO
uy) =y* +C.

Otxe, 3aranpanM inrerpanom € z = y(y? + C). Ogenummo,
IO 4Yepe3 MOYaTOK KOOPJAWHAT MPOXOJATh BCl iHTErpasbHi KpUBi
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r = y(y?>+C), a Takox npsava y = 0 (bynkiia y = 0 € ocobmBIM

PO3B’SI3KOM DIBHSHHS).

Bignosins: z = y(y? + C), ne C — nosinbua crama; y = 0.
IIpukmazn 4.3. 3inTerpysaru piBHAHHA sin 2y -y + x sin? Yy =

= 10".

Poss’azamnms. Maemo piBustuns surisiay (4.4). 3pobumo 3aminy

z =sin?y. Toni 2/ = 2sinycosy -y = sin2y -4/, a oTzxke,

1
24+ rz=10" = (22)=10" = 2= —(lge-10°+C).
x
Basmmaerbess noBepHyTHCs 10 GYHKIGT y(z) 3a dopmyiioo
— oin2 -
z = sin®y:
1
siny = —(lge- 10° + O).
x
Bignosins: zsin’y =lge - 107 + C.

Ipuxsasn 4.4. Binrerpysarn pipasanns y' = x(r?e + 1).
Pose’azanns. Maemo piBusais sursy (4.5):

y —x = x3e,
: _ 2 o —2y, ! __ /
3pobumo 3aminy z = e~ Y. Tomi 2/ = 2~y = -2z, a
OTKe,
/ 3
z x
2 =2 = 4 2rr=-227
2z z

Otrpumane JiHiitHe piBHAHHS 3IHTErpyEMO METOJIOM IHTETrDYBaJsIb-

HOI'O MHOXKHUKA. [TOMHOXKMMO OOMIBI YaCTUHM OCTAHHLOTO PiB-
. 2 .

HAHHA Ha (DYHKIIO el2vdr — 2 Ton

2 2 2 2\/ 2
e 4 2wze” = —223¢6" = (zex) = 273" =

ze" = (—/w2e$2d(rx2) + C’) =

z= e*xQ(e‘”Q(l —2)+C) = z=1-2? +Ce
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[Moeepratouncy 10 byskii y(xr) 3a dopmynon y = —% In z,

OJIEPKYEMO 3arajibHUil PO3B’ 30K Y = —% ln(l — 2%+ Ce*xQ).
Bignosigp: y = —% 111(1 — 22+ Ce_:”Q).

Bnpasu, pexomendosani das aydumoproi pobomu

BinTerpyBaru JiiHIAHI PIBHSIHHS METOJIOM Bapialil JTOBIIBHOT
CTAJIOl 1 METOJIOM IIiJICTAHOBKU:

Al. ' + 2y = 2% + 2z.

A2. (1 =2zy)y’ =y(y —1).

A3. (22 + 1) — 2y = (2% — x + 1)e”.

A4. y/ B SiIQI%ZE = _%‘

A5. (y? —62)y + 2y = 0.

A6. Y +ytgxr = xcos? .

AT, 2ty 4223y = 1.

A8. (y —®)dx + (2zy? — 2 — 4y*)dy = 0.

SHallTy YacTUHHI PO3B’sI3KU, sIKi 33JI0BOJIBHSIIOTH 3aJIaHl I10-
9aTKOBI yMOBHU (DIBHSIHHSI 3IHTEIDYBATH METOIOM iHTErpyBaIbHO-

IO MHOYKHUKA):

A9. yzlnz —y=z(lnx—1), y(e) = 2e.

A10. y'sinz —y =2sin*%, y(%)=r.

Al1l. 2%y +y=4, y(-1)=5.

A12. (22 — 6y*)dy +ydr =0, y(3) =

A13. 2zy* —z —y?)y =y* —y, y(0)=

Al4. 2z + 1)y =22z +y), y(0)=0.

A15. 2y — 2y =22*, y(1)=1.

Al6. ;o = o y() =1

3BecTu piBHsIHHS JI0 JIHIMHUX PIBHSIHB Ta 3IHTErpyBaTH iX:
Al17.sec?y -y +xtgy = .

A18. s — 28 — 9(z +5).

A19. ¢ =z + ze e,
A20. ey —e % = €Y.
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A21. 2?yty = 2 — 1.

A22. cosy -y +siny =z + 1.

A23. BuaiiTu KpuBy, sIKa Ma€ TaKy BJIACTUBICTB: BiJIpi30K oCi
Oz Bijg mMOYATKY KOODJMHAT 0 TEPETHHY 3 JOTUIHOIO JIO KPH-
BOI B Oyb-sKiil ToUni nponopriiauii opauHari 1iel roukn (k —
KOeDIIIE€HT TPOMOPIHIHOCTI).

A24. 3uaiiTu KpuBy, JOTHYHA JO sIKOI yTBOpioe Ha oci Oy
BIJIPi30K, JOBXKWHA SIKOTO B 1 Pa3iB MEHIIA BiJl CyMH KOOPJIUHAT
TOYKHU JOTHUKY.

A25. Buaiitu KpuBy, JJis sIKOl BeJIMYUHA % fox ydx (cepemnst
op/uHaTa Ha Biapisky [0,x]) uponopiiiina ocraxuiii opiuHaTi,
sIKa BiJIIOBia€e mpaBoMy KiHITIO Biapizka [0, x].

Buaiitn po3B’si3ku y(z) IHTErpaJbHUX PIBHSIHb:

A26. y(z) = [; y(t)dt + = + 1.

A27. [Tty(t)dt + 2* +y.

A28. 3uajiiTi 3arajabHUil PO3B’SI30K JIHIHHONO HEOSHOPIIHO-
ro piBHSIHHS, KINO BiMOMi /Ba foro yacTunHi pos3s’ssku yi(x) i
y2(x).

A29. Josectn, mo pisngnna y' + ky = ™
PO3B’sI30K BUDJISIAY Y1 = be™* akmo m # —k, 1 y; = bre™*,
AKIo m = —k.

A30. Josecru, mo pisasuns iy —ky = f(x), ne k > 0, f(z) —
HerepepBHa 1 nepiogmyHa (YHKIlsI, MA€ TIIbKU OJWH I1€PIiOIH-
YHUN PO3B’SI30K. 3HAUTHU HOrO.

T Mae YaCTUHHUN

Bnpasu, pexomerndosari das 0omMawrHb020 3a80aGHHSA
i camocmitinot pobomu

3iHTerpyBaru JIiHIHI PIBHSIHHS a00 3HAWTH PO3B’SI3KU 337181
Kormi:

Cl.azy +y=uazcosz, y(3)=1

C2. (2z + y)dy = ydx + 4Inydy.

C3. zcosx-dy +y(zsinz + cosz)dr = 1.

C4. e’y = zsinz — 2zye®”, y(0) = 0.
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C5. 2(z* +y)dz — xdy =0, y(0) = 0.
C6. secydr — (x + siny)dy = 0.
C7.y —2zxy =cosx —2xsinz, y(0)=1.

_ z+V1-22
C8.y + \/(1:2)3 = (JLIQ)Q .

C9. vy + %y =%, y(l)=1

C10. (z + 1)y’ =5(x +1)? — 2y, y(0) = 1.
C11. (2z — 4y?)dy + ydx = 0.

C12. 2y + (z + 1)y = 32%e 7.

C13. ¢/ + ycosx = e~ 5%,

Cl14. (z —2zy — y*)y + %> = 0.

Cl15. 2%y + 2y +1=0, yle)=e L

C16. ydx + 2(x — 5y%)dy = 0.

C17. 4y = 3x§y2.

C18. y + 22y = e 7.
C19. (zy + €*)dx — zdy = 0.
C20. dz + (v — e ¥sec?y)dy =0, y(2) =0.

/o y+1

C22. zlnz -y +y=2Inz, yle)=0.

C23.y'+f(x)y = f(z)f'(z), ne f(x) — noBinbHA HenEPEPBHO
nudepeniitoBHa QyHKITIS.

C24. 3naiitu obmexkeHuil npu r — 5 PO3B’A30K JiHIIIHOTO
piBHsAHHA sin 2z -y’ — 2y = 2 cos .

3inTerpyBaru piBHSIHHS, 3BiJIHI JI0 JIHIAHUX:

C25. y 'y + (2 —2)Iny = z(e* — e_$2/2).

C26. _Zg;l VAT =22+ 1

C27. y + zsin2y = ze % cos? y.

In
C28. y' + my e ¥ =

Tn 2 1n3y o
C29. yyy’+ 3atD) — 1.
C30. y +tgy = ==

cosy”

1
(1—2%)In(ey) "
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C31. 4xyy’ — 3y> + 22 = 0.

C32. Buaiitu dbyHKI0O Y(T), IKa € PO3B’I3KOM 1HTErPATBLHOTO
pisusns [ (z — t)y(t)dt = 2z + [ y(t)dt.

C33. 3uaiiTu KpuBi, B IKUX IJIOIIA TpaIelii, oOMexKeHa OCsi-
MU KOODJUHAT, JIOTUIHOIO i OPJMHATO TOYKHU JIOTUKY, € CTAJIOK
BEJIMIUHOIO i nopismioe 3k2.

C34. JloBecru, 110 KOXKHa iHTErpajibHa KpUBa JIHIHHOTO piB-
HSHHS JIJIATH y CTAJIOMY BiJTHOIIEHHI BiJIPI30K OPJAWHATH MiXK J10-
BIIBHUMU JIBOMa 1HTETPAJIbHUMI KPUBUMU ITHOT'O PIBHSIHHS.

C35. Hosectu, mo JOTUYHI IO iHTErpajbHUX KPUBUX JIiHIM-
HOTO PiBHSIHHSI, IIPOBEJIEH] Y TOUKAX IEPETUHY ITUX KPUBHUX 3 MPsI-
MOIO, fKa napaJeibHa Jo oci Oy, abo nepeTnHaoThCs, abo mapa-
JIETbHI.

C36. Barajpuunii po3B’sI30K JIHIKHOIO PIBHSIHHS MAa€ BUIJIS
y = Ca(x) + b(x) (mus. (4.3)). Hoecru obepHeHe TBEpIZKEHHSI:
nudepenIiaabHe PIBHAHHS KOXKHOI CiM'T KPUBHX TaKOI'O BUIY €
JIHIAHUM pIBHIHHSM.

C37. Hosectn, 1o JjiHifiHe HEOIHOPiAHE PIBHSHHS, SKE Mag
YaCTUHHUHN PO3B’SI30K Y1 = const, € PIBHAHHIM 3 BiIOKpPEMJIIOBa~
HUMHJ 3MiHHUMHA.

C38. Hosecrn, 10 JiiHifiHE PIBHAHHSA 3aJIMIIUTHCS JIHIAHIM
mic/st TOBLTBHOT 3aMiHM He3asieKHOI 3MIHHOT © = (t) 1 micss
JIOBLILHOTO TIepeTBOpeHHsI IykaHol dyHKuil y = a(x)z + [(z).

C39. [losectn, mo mijgcranoska z = 4, ne z = z(x) — HoBa
dbyHKIlig, IepeTBOpIOE JiHiliHe PiBHAHHS Y JiHiiTHE.

C40. osecru, mo pisusunsa zy + ky = f(z), ne = > 0,
k #0, f(xr) — nenepeppHa obMmexkeHa DYHKIIisI, Ma€ TIIbKU OJIUH
PO3B’s130K, obMexkeHuit mpu = > 0.

C41. 3naiiTu 3araJbHUANR PO3B’SI30K JIHIAHOIO HEOIHOPIIHO-
ro piBHSHHS, 3BiBIIU HOTO JI0 PiBHSAHHSA, IO HE MICTUTbH JIOJIaH-
Ka 3 MIyKaHo (YHKIE0, 3 J0MOMOro 3aMminn y = «(x)z, je
z = z(x) — HoBa byHKIsA, o) — HesdKa HEIEepepBHO nudepeH-
nitoBHa DYHKITiS.
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C42. Hosectu, mo pisasiaas (1 + zyFy(vy) — xFa(zy)) y' +
+ y?F(zy) — yFa(zy) = 0, 3BOAUTHCA [0 JHIHOrO PiBHAHHA 3
JIONIOMOTOI0 3aMiHK Z = Y, JIe 2 — HOBA He3aJ/leXKHa 3MIiHHA.
C43. Jlosecru, mo pisusiaus y' +ky = P(z), ne k — Binminaa
Bij| Hy/I1s1 cTasa, a P(x) — MHOrOYJIeH CTeleHs m, Ma€ YaCTUHHUIL
po3B’s130K Burasay y = Q(z), ae Q(x) — MHOTOUJIEH CTEeHs M.
C44. JTosectu, mo poss’siskoMm piBusinust §' + ky = kq(x), ne
0 <z < 400, k— crana, € GyHKIa y = k:fooo q(z — t)e Fat.
C45. 3naiitu mepioguIHUl PO3B’I30K JIHHIHHONO PIBHSIHHSI

y' — 2ycos®x = sinx.

Bionosi01

Al. y = Ce 2 4 (222 + 22 — 1)/4. A2. (y — 1)’z = y — In(Cy);

y=09y=1 A3.y=Cve?2+1+e*. Ad.y = Ctgx + sinx.

A5. y? — Cy® = 2x. A6. y = cosz(C + zsinz + cosx). AT.y =

=Cr2+4+2/3. A8. 2 =4y>+Cy\/1—93%,y=0. A9.y=clnz+z.

A10.y= (z+3)tg2. All.y=c @D/o 44 A12. 2 =2y 24y

A13. 2 =Cy\/1 —y2 +9% Ald.y= 2z +1)In|22 +1|. Al5.y=
2

= z*. A16. Takoro poss’ssky me icmye. Al7.tgy = Ce™ 2 + 1.

A18.2y + 1 =2z(5Inz+z)+Cr. A19.y = —1In(Ce " +a2e ).
A20. y = —In9e =< A21.y° = 2 + Ca® A22. cosy - Yy +
+siny = x4+ 1. A23. z = yl(Ck' — kylny). A24.y = Cz™5 — .
A25. fom ydé = kxy; y = Cx % . A26.y = 2% — 1. A27.y =
= —(a® + 2)6’(””27"2)/2 +2. A28.y =y1 +C(y2 —y1). Cl.y =
=sinz+E. C2.x = 2Iny—y+1+Cy% C3.y = (Ccosz+sinz)/x.
C4. y = (sinz — zcosz)e®. C5.y = Ca? + a*. C6. z =
oSN Y iy _ ot — -z VI=2? ;

= (Ce®"Y—siny 1[. C7.y=¢€" —l—smia:. C8.y =Ce */Vi-® —|—\/1‘i7.
C9.y =27"2—273 C10.y = (z+1)3. Cll.z = Cy 2+y>. Cl2.y =
= (2*+C)e % /2. C13.y=e *"%(z+(C). Cl4. 2z =y*(Ce'/¥ +1).
C15.y= (1 —In|z|)/z. C16.z=Cy 2+2y>. C17.z = Cy® + y*
y=0. C18.y = (z+C)e®". C19.y = e*(In|z| + C). C20. z =
=eY(2+tgy). C2l.z= (e +C)(y+1)% C22.y=Inz— =

Inz*

C23.y = f(z) — 1+ Ce /@), C24. y = tgx —secx. C25. Iny =
g2
=¥ /272 (%e% (x—3)— 5+ C). C26. /2 +1=2a2-22+3+
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+ Ce ™. C27. tgy = (% —l—C) e’ C28. ylny =z + Cv1 — 22.
C29. ln%y = %-H (% + 32 4 C’). C30. y = arcsin(Ce ™ + z — 1).

C31. 32 = Cz% — 22, C32. y = —2*. C33.y = Cx? + %
C45. y(x) _ fooo efsfsinSCOS(S+2m) Sin(m —+ s)dS.
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Tema 5. PiBassnusa Bepuysri Ta 3BigHI 10 HBOTO
Kopomxi meopemuyuni gidomocmi

5.1. PiBusauusa Bepnymnmai. Pisuannam Bepryani HazuBa-
I0Th audpepeHItiaabie PIBHAHHS BUTTISIILY

Y+ p(x)y = q(x)y™. (5.1)

VY pieusani (5.1) BBazkaemo, mo m # 0 1 m # 1, 60 iHakie
BiZpa3y maemo Jiniiine piBusians (. 4.1).

dAximo y piBuguui Bepuyaai m > 1, To itoro ocobsmmBuM po3-
B’si3koM € dyukiiig y = 0.

Posriistnemo MeToim po3s’si3yBaHHsI PiBHsIHHsI BepHyJuIi.

Memod 3sederHa 00 AtHitiHO20 pieHAHMHA. KO piB-
HauHst (5.1) momuoxkutu Ha (1 — m)y~"™, TO omepKUMO DiB-
usuna surasay (4.1), a Tomy micas samimm z = y!'™™ (tomi
2/ = (1 —m)y~™y') maemo siniitne piBasiuHs 3 HeBizOMOIO bYH-
Kiiero z(x):

(1 =m)y™™y + (1 —m)p(z)y' ™™ = (1 —m)g(z) =
2+ (1 —m)p(z)z = (1 —m)q(x).

Memod sapiauii 008iabHOL cmaaoi. 3a aHAJIOTIEO 3 Me-
TOZIOM Bapialil JOBIIBHOI CcTAJIO1 715 JIHIHHOTO PIBHSIHHS PO3B’sI-
30K piBnsuns (5.1) MozkHa mykaT y sursi y = C(z)e~ /P,
Toni qyist Bimmykanust dyskuii C () o1epKUMO PIBHSIHHS 3 BiJi-
okpemtoparuyi svinamvu O (x) = g(z)e—m) Jp@) deom gy,

Memod nidcmanosku. 3arajbHUl pPO3B’SI30K PIBHSIHHSI
(5.1) mMoxkHa mIyKaTH y BUMIAM A00yTKy y = wv. Tomi dynkmii
u=wu(zr)iv=uv(r) OyayTb PO3B’I3KOM CUCTEMU

v+ p(x)v =0,
{u’v = g(x)u™v™. (52)

3 mepmioro piBHsgHHS cucteMu (5.2) 3HAXOAUMO (DYHKIIIO
v(z) = e JP@d 5 g sigmykanss w(z) omepKyemMo pisHsH-
s 3 Bigokpemmosamvm svimmnvm v = g(x)e(t—m) Jp@)dzym
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Hagemeni meroan po3s’sizyBanHs piBHsSHHA DepHysI MoXKHA
3aCTOCOBYBATH TaKOXK JI0 JUMEPEHITIaIbHIX PIBHAHD BUIJISLY

(a(y)z + bly)z™) v = c(y),

JKINO Y UIPURHATH 32 HE3AJIEKHY 3MIHHY, a T — 38 QPYHKINIO el
3MIHHOI.
5.2. PiBagnnga Pikkari. Jludepenriajgbie piBHAHHS BUIJISA-

ny
y' = P(x)y* + Q(z)y + R(x) (5.3)

HA3WBAIOTDH Pi8HAHHAM Pirxkxami.

Y 3araJbHOMY BUIMAIKY PiBHAHHS PikkaTi He iHTerpyeThCs.
I[Ipore, KO BilOMUI YaCTUHHUN PO3B’s130K Yy = Y1 () pIBHSHHS
(5.3), TO 3 IOMOMOrOIO 3aMiHU Y = Y1 + 2 BOHO 3BOAUTHLCS JI0 PiB-
HstnHs Beprysuii BignocHo HOBOI dyukIil 2z = 2z(x). Ha npakruri
MOXKHa BUKOPHCTOBYBATH 3aMiHy y = y1 + %, 3 JIOIIOMOTOIO SIKOT
piBHAHHA PikKaTi 3BOIUTHCA Bipa3y J0 JIHIHHOTO PiBHSIHHS.

5.3. Pisaaanaa Hdap0Oy. Pisuannam /[apby Ha3uBalOTL PiB-
HsIHHS

M (z,y)dx + N(z,y)dy + R(z,y)(zdy — ydx) = 0, (5.4)

e M(x,y), N(z,y) — onnopigai dyskuil Bumipy m, a R(x,y) —
onHopigaa dyHKIiA BuMipy n (m # n — 1). Ogaa 3 dyskiiin M
i N mMoxke 6yTH TOTOKHUM HYJIEM.

Piuannga Jlapby jerko mogatu y BUTJIsII

) = yR(z,y) — M(z,y)
wR(z,y) + N(z,y)

(5.5)

Pipusinns (5.4) 1 (5.5) micis 3aminm y = zx, e z — HOBa
byHKINSA, 3BOAATHCS A0 PiBHAHHS DBepHys BimHocHO (YyHKIL
x = z(2z) (Ko n —m = —2, To OJepP:KUMO JIiHIliHe PIBHIHHS, a
AKIO M — M = —1, TO — PIBHAHHS 3 BiJJOKPEMJ/IIOBAHUMH 3MiH-
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Baznaunmo, mo miBnpami y = a;x, x # 0, 1e aj — Kope-
ui piBusuusa M(1,z) + N(1,2)z = 0, MoXKyTb OyTH 0COOIMBAME
po3B’sa3kamu piBHgHHs /lapOy.

Pozs’s3ysarnms munosux enpas i 3aday

Ipukiang 5.1. 3iarerpysatn pisasuas y -+ %y = a9

Poze’sazanns. Memod seederms 0o ainitinozo piehanma. Mae-
Mo piBusHHs Bepuymt sursiny (5.1) 3 m = 3. IlomHOoKHMO
pipnannsa na —2y =3 (y # 0) i 3pobumo zaminy z = y 2. Toxi
2= —2y73y i

_ 4 _
27y — =y i=-22 = - —z=-22.
x x
Orpumane jinifine piBHsSHHA 3iHTErpyeMo MeTojioMm Kitiepa.

dz .

JJtst IIhOTO TIOMHOXKMMO #OT0 Ha, e/P(@)de — =4[5 — %4. Tomi
_ _ _ —4\/ —
7 — 4P =223 = (z:c 4) =273 =

=22 +C) = z=2>+Ca"
Ockinpku z =y~ 2, 10 y 2 = 22 + Cx?, 3Bimky y = —=L—.
' Yy, Toy + Co?, spiman y = ey
Oyuxkiist y = 0 € 0cOOJIUBUM PO3B’SI3KOM PiBHSIHHS.
Memod esapiayii dosiavroi cmanoi. OCKIIBKH 3araJbHUAM
) : / 2, _ C )
PO3B’A3KOM piBHAHHA Y + 2y = 0 € y = -7, TO PO3B’A30K 3a-
. . . C
JIAHOTO DIBHSIHHS BepHysuIl MIyKaemMo y BUTVISIL y = % st
Bimmykannst Gyskiii C(x) oaepKyeMo PIiBHAHHS 3 BiIOKPEMIIIO-
BaHUMU 3MIHHUMU:

C'(z)2? — 22C () L2 Cla) _ <C(x)>3

zt [ 2

230 (x) = C3(z) = Céi—g: %-I-C(C(:c)#()) =
S e s e 5 (=20

2C?(x) 212 V14 Cx?
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: _ C@) __ +1
Ockinbkn y = =5, T0 y = Tiic

Axmo C(z) =0, To y = 0 — ocobimBuil pO3B’sI30K.
Memod nidecmanosku. Hexait y = uv. OyHKIUT ¥ 1 v 3HAXOTIMO
i3 cucremn (5.2):

w'v = zudvd.

! 2,
{U + zU = O,
Po3sB’si3k0M 11€pIIIOTro piBHSIHHS CUCTEMU €, 30KpeMa, (DyHKITisT
v(z) = x72, poss’askom apyroro — dbynkmia v(x) = 0. Takox 3
JIPYTOro PIBHSIHHS 3HAXOIUMO (DYHKINO u(x):

3
p_w du _ dz v 1
u_ac3 = 3= 3 (u#0) = 52 =~ 2962—1-0 =
i
u(zr) = —— (C = -20).
O = ree )

: _ _ +1
Ockinbku y = uv, 10 Yy = e

Axmo v =0 (v = 0), To Mmaemo ocobiuBuii po3s’si30K y = 0.

Bianosige: y = xliﬁ, y=0.

Ilpuksazm 5.2. SHaiiTu iHTerpajibHy KpUBY PIBHSAHHS ydr =
= z(2%y? — 2)dy, axa npoxomuth wepes Touky (1,1).
Poses’azarns. OueBuiHO, 10 iHTErPAJILHOIO KPUBOIO € IIPsMa
y = 0, ase Bona He npoxoxuTh depe3 Touky (1,1). Hus y # 0
[IEPETBOPUMO PIBHSIHHS JIO BUTJISIILY fl—z + 2?90 = y3, To6TO MaeMo
piBusiHEst Bephysni BigHocHo dysKiil 2(y). BoHo sinTerposane

N P | _
y npukiaaal 5.1: x = ?J\/TT?!Q’ z =0.

Ilincrapasioan y opMyJly 3arajbHOIO po3B’s3Ky = = 1 Ta
y = 1, snaxogumo, mo C' = 0 i uepe3 Touky (1,1) npoxoaursb
ofiHa iHTerpasibHa KpuBa — rinepbosa z = 1/y (abo y = 1/x).
Bignosine: y = 1/z.

IMpuxsazn 5.3. Binrerpysarn pipusanns 222y’ = (zvy)? + 1.
Pozs’szanns. Maemo piBasaHa Pikkari, y oMy Jierko mepe-
KOHATHCH, 3allCaBIIU Horo y BULIAm y = %yQ + # YacTun-
HUil PO3B’SI30K 3a/IaHOIO PIBHSIHHSI CIIPOOYEMO BiHAWTH Y BUTIsI-
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i oyp = 7. [ijgcrapnaroun y piBHAHHA, OJEPAKYEMO TOTOXKHICTD

—% = % + ﬁ, 3pinkn a® +2a+ 1 =0, To6T0 0@ = —1.
Orxe, y; = —%, a TOMY BHKOHA€MO 3aMiHy y = 2 — % Toni
L1 12+1 I 22
7+ —==c(z-= — dE ="
x2 2 T 212 x 2

TuTerpytoun orpumane piBHgHHS BepHysui, 3Hax0muM0

—2 1 2

S Y G G Y P E e,

Kpim Toro, po3m’sizBkoM MOYATKOBOI'O DPIBHAHHS € (DyHKITis
y=—3z
Bignosiap: y = —2 — W7 y=—1.

Ipuxsan 5.4. 3inrerpysarn pisnsmns (23 — xy? + y)dr +
+ (22%y — x)dy = 0.

Po3zg’azarns. Maemo piBusuus lap6y:

(2% — zy?)dz + 22%ydy — (zdy — ydz) = 0.
3pobumo 3aminy y = zz. Tomi dy = zdx + xdz, zdy — ydx =
= 2%d(y/r) = 2%dz,
(2 — 2%2%) do + 22°2(2dz + 2d2) — 2%dz =0 =
(1 +2%)de + (22°2 —1)dz =0 (z#0) =

dzx . 2z x 1
— T = .
dz 2241 2241

Otrpumane piBHsAHHS € piBHsiHHSAM Depnysut 3 mHeBimomon dyH-
kuiero = x(z). Moro zarameauM inrerpasiom (IIpormomyemo Jio-
BecTH 1e camocriitno) € 3z%(22 4+ 1)% — 62 — 223 = C.
BamiHIO0OYM 2z Ha Y/X, OJEePKYEMO 3arajibHUil IHTErpas 3a,/1a-
noro pipmanns: 3z(z? + y?)? — 62%y — 23 = Cx3.
Oyukiig x = 0 € 0cobIUBUM PO3B’SI3KOM TTOUATKOBOT'O PiBHSI-
HHS.
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Bignosinn: 3z(z? + y?)? — 622y — 2y3 = Ca23, 2 = 0.
Bnpasu, pexomendosani das aydumoproi pobomu

inTerpysaru piBHsAHHs BepHysuni MeTosoM Bapiarii J0BijIb-
HOI CTaJjIol Ta METOJIOM IIiICTAHOBKH:

Al. y —ycosx = y?cosz.

A2,y —2zy = 223y

A3. zdy = (y*Inx — y)dz.

Ad. (z+ 1) +y?) = —y.

A5. 3dx + (23 Iny — xy?)dy = 0.

A6. 2y%y + 3+ 2 = 0.

AT,y (23 +y+1) = 322

A8. (xy + 2%y = 1.

Suaiitu iHTerpaJibii Kpusi piBHAHDb BepHysui, saki TpoxoasiTh
Yepe3 3ajiaHi TOUKN (PIBHSHHSI 3IHTErDyBaTH METOJOM 3BEJIEHHSI
JI0 JIHITHOTO PIBHSIHHS):

A9y + B =1 (1,1).

A10. 22%ylny —2)y' =y, (1,1).

All. zdy + ydx = y%dz, ( %)

Al12. zy — 4y —22%,/y =0, (0,0).

A13. 2y/sinz + ycosz = y3sin’ x, (%, 1) )

Al4. 22y%y + 2> =2, (1,0).

A15. 2y —y =%, (0,1).

A16. dayy — 3y + 22 =0, (1,1).

Binrerpysarn piBasinag Pikkari (y npukiauax, jge 9acTUHHUL
PO3B’s130K y1(x) HE BKa3aHO, 3HAiTH HOro muIsaxoM miabopy):

A1T. 2%y 4 a2y + 2%y? = 4.

A18. y =y? — 22y — 3.

A19. 22y + (zvy — 2)2 =0.

A20. y +2ye® —y? = €% + .

A21. (@24 1)y + 2y =2 -3 () = L

A22. y +y?sinz = sin yi(z) =

cos?2 g’

a
cosx’
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Siarerpysaru piBasiHHS lapOy:

A23. (2% +y? + y)dz — xdy = 0.

A24. (3 + 22y?)dy — 2y3dx + (x + y)(zdy — ydx) = 0.

A25. (2xy + 2%y — y3)dz — (2® + y? + 23 — 2y?)dy = 0.

A26. 3uaiiTu KpuBi, B AKUX BIIPI30K, IO BIATHHAE JTOTUIHA
Ha OCl OpAWHAT, IPOIOPIiiHNI 3 KoedilieHToM Kk KBaapaTy op-
JIMHATUA TOYKU JIOTUKY.

A27. 3uaiiTu KpuBi, B IKUX BiJPi30K, IO BIITHHAE TOTHIHA
Ha oci abcruc, TponopIiitHuil KyOy aOCIUCH TOYKN JTOTHUKY.

A28. 3uaiiTu KpuBy, y KOXKHI#l TOUI SKOI I THOPMAJb € Ce-
penHiM apudMeTHIHIM KBaApPaTiB KOOPAUHAT Ii€l TOYKM.

A29. 3naiiTi 3arajbHUl PO3B’A30K piBHsIHHSI PikkaTi, sIKIIO
BioMi Tpm HOro 4acTUHHI PO3B I3KH.

A30. /losecru, mo piBastHHs Pikkari (5.3) He 3MiHIOE CBOrO
BUJIy MICJIsI JOBLIBHOI 3aMiHM He3asIeKHOI 3MIHHOI = = (t).

Bnpasu, pexomendosari 0as 0oMawHb020 3a80aGHHSA
i camocmitinot pobomu

3inTerpysaru piBusinus Bepryst abo 3HalTH PO3B’'HA3KHU 3a-
na4a Kormmi:

Cl.y =y*cosz + ytgz.

C2. zy?y =22 + 43, y(1)=0.

I 2

C3. ¢ = oy

C4.y +ay =y*(sinx +zcosz), y(0)=1.

C5. 22%ylny —2)y' = y.

C6. zy + 2y + z°y3e® = 0.

C7. (22 + 9% + 1)dy + wydx = 0.

C8. zy3dr = (22y + 2)dy.

C9. (23 + e¥)dy = 32%dz, y(1) =0.

C10. 2y — & = 3V

C11. y/z3siny = zy’ — 2y.

C12. ¢ —y=azy% y(0)=0.
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C13. ¢ +y = y?ze®sinz?,  y(0) = 2.

Cl4. (y+ )dz + z(1 + z + 2y)dy =0, y(0) = 1.

C15. y —ytgx +y*cosz = 0.

C16. ¢/ + 2y = y2%e”.

C17. 5sayty =5 +4, y(1)=1.

C18. ¢/ cosxz — ysinz = y*.

Binrerpysarn piBusanus Pikkati (y npukianax, ge 9acTUHHUI
PO3B’s130K y1(x) HE BKa3aHO, 3HAiTH HOro muIsaxoM miabopy):

C19. 3y +y*+ % =0.

C20. (1 —23)y = 9% — 2%y — 2z, y1(x) = az’.

C21. (2?y* + zy + 1)dz — 2*dy =0, yi(z) = 2.

Cc22. ¢/ %—%—I—x, yi1(x) = ax + b.

C23. vy — (2v + 1)y + 3> + 22 = 0.

C24. 22y — 2%y* + 52y — 3= 0.

C25.y +y* = -4

C26.y —2xy +y?> =5 — 22

SiarerpyBaru piBasiHHS lapOy:

C27. (3z*y? + 9°)dx — (zy* + 22°y)dy = 0.

C28. (23 — xy?)dx + 22%ydy — (vdy — ydx) = 0.

C29. z%y3dx + 23y*dy + ydx — xdy = 0.

C30. (2%y +y® — 2y)dx + 2%dy = 0.

C31. ydz + zdy + y?*(xdy — ydz) = 0.

C32. y*(x + 5)dx + z(2% — 5y)dy = 0.

C33. 3HaiiTu KpuBi, B IKUX BiJIPI30K, 10 BiITMHAE TOTUIHA
Ha oci abcIuce, MponopIiiinuii 3 KoedirieHToM k KBaapary adbCcIm-
CH TOYKH JJOTHUKY.

~

C34. 3naiitu KpuBi, B IKUX BiAPI30K, IO BiATHHAE JOTUYIHA
Ha OCi opAMHAT, MPOIOPIifinmii 3 KoedinienTom k KyOy opauHaTu
TOYKH JOTHKY.

C35. 3naiiTu KpuBi, y SKUX BiIpi30K, 1110 BiATHHAE HOPMAJIb,
npoBeJicHa Yepe3 TOUKy (x,Yy) KpuBoi, Ha oci aberuc, JTOpiBHIOE
y* /.
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C36. 3secru pisnanng Pikkari ' = f(x)(2? —y?) +y o mi-
HIHOTO PIBHSIHHSA, SIKIIO HOr0 YACTUHHUI PO3B’IA30K MAa€ BUIJIAL
y1 = ax +b.

C37. Hosecru, 1o pisusuus Bepuysui (5.1) He 3MiHIOE CBOTO
BUIVIsLy micist neperBopentst y = f(z)u, ne f(x) — noslibHa
3ajaHa audepeHIiiioBaa GyHKIIid.

C38. Jlosecrn, 110 piBHsiHHA PiKKaTi He 3MiHIOE CBOIO BUIJISI-
Iy TiCas JOBLIBHOTO IPOOOBO-JIIHIHHOIO MEPETBOPEHHS IIyKAHOI
bymxnii y = 2R e a(w)d(w) # ox)b(x).

C39. losectu, mo audepeHIiagbae piBHIHHs CiM’T KpUBUX

y= % € piBugHHAM Pikkari.

C40. Ckiacru piBusinag Pikkari puriisity (5.3) 3a jgBoma iio-
IO HENEPEPBHUMHU PO3B’SI3KaAMU Y1 1 Ya.

C41. JloeectH, 1o JOBIIbHI YOTUPHU Pi3HI YaCTUHHI PO3B’sI3KU
Y1, Y2, Y3, Y4 PiBHsAHHA Pikkari OB’ s13aHi CITIBBITHOIIEHHSIM

Ya —Y2 Ys — Y2

: = const.
Y4 — Y1 Y3 — W

C42. Jlosectn, mo piBHsAHHS KOOI

(a1 + bry + c1) dz + (agx + boy + ¢2) dy +
+ (asz + by + ¢3)(xdy — ydz) =0
nicss 3aMid x = 4, y = 0+, ne &, n = n(§) — HoBi 3miHHI, a «,

B — cTauti, Kl TiIIAraloTh BU3HAYEHHIO, 3BOAUTHCA 10 PIBHSIHHS

Hap0Oy.
Binrerpysaru piBHsiHHs fIk006i (nuB. 3amaay C42):
C43. (y —x — 1)(dx + dy) + (x + y + 1)(zdy — ydx) = 0.
inTterpysaru pisasnns lapOy:
C44. (2% + y*)dx — 2zydxr — zdy + ydz = 0.
C45. (2% — y)dx + (z%y + x)dy = 0.

Bionosi0:

Al y(Ce 5% 1) = 1; y = 0. A2. y(Ce™™ —22+1)=1;y = 0.
A3. y(Cx+lnz+1)=1y=0. Ad.ylx+1(njz+1]+C) =1
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y=0. A5.9%2 =220’y +C);2=0 A6.y= Ce®—a+1.
AT.z = YTV —y—2. AS. gc(CeyZ/2 —y?4+2) = 1. A9. 42 =
= 322/(22% +1). A10. zy(1 —In’y) = 1. All.y = 1/((E +1).
A12. y = 0. A13. y*(7/2 — x)sma: = 1. Al4. 322 — 2%y3 = 3.
A15. 32 = (z + 1)e®. A16. y* = 225 — 22 AlT. y=2+ =

e

y=2 Al18.y=o-2+Famy=2-2 Al9.y= 1+ 3+C;y:%.
A20.y2:e“’—x_‘%c;y:e””. A21.y:””cf;+5,y:%. A22. y =
= é3f22s3xx+co£x;y: COLC. A23.z—arctg2 =C;2=0. A24.y =

:CeQ””/y—%;y:O. A25.y=1(y*—2?)In (””_er)’y—j:x y = 0.

2
A26. y = 5. A27. 2 = S5 A28.y% = Ce” — 2% — 22— 2.

A29. ﬁ . ﬁ =(C. Cl.y=(Ccos®z — 3sinzcos®x)"3; y = 0.
C2. y = V/4x3 — 322. C3. 22 —Ce““””—2(siny+1) C4. y = secz.
C5. zy(C —In*y) = 1. C6. y 2 = z*(2e” +C) y=0. C7.9y*+
+22%y2 + 292 =C. C8. 22 =1-— —l—Cey C9. 23 = (y + 1)e.
C10. y? —x—1+C\/|m2—1 Clla: (C —cosy) = y; y = 0.
Cl12. y = 0. C13.y = 2¢ “chz?. Cl4. z(y + 1)In|e?(y + 1)| = 1.
C15. y = 22y = 0. C16. y*(Ce" +3) = 1;y =0. C17.y =
= /bx —4. C18.y % =Ccos®x+2sin®x —3sinz; y =0. C19.y =
2
Z%-l-m;y:%. C20. y = %,y-—x? C21. y =

_ 1 1., — _1 _ — —
=iscmyn "o VY= 3 C22y=zx+ Ce%_l, y=z. C23.y =
3+Cz?

zx—i—x_i%c;y:x. C24.y:x+0x3;y=%. C25.y:m+%;
y:%. CZG.yzﬁ%—x—i—?;yzx—i—Z C27. z* — 33 = Cay?;
r=0;y=0. C28. 3x(22+y%)? = 62%y+2y>+C2?%;z = 0. C29. z%y>+
—|—21n|§|=0;a::0;y=0. C30. 22 4+ 32 = C’y2 2 x=0;y=0.

C31.y’+Caxy=1,2=0;y=0. C32. C(x—f—y)eo(ﬂfi?z;—x y = 0.
C33. y—(C—i—k‘y)x C34. x‘Q Cy—?—k. C35.y* = 22*(C—In|z|).
C36. v +u(l—2f(z)) = f(z). C43. (x+y+1)2 = C2(z +y)(z +1).
C4d4. 2= (x+C)(z—y);z=0. C45. 2% +2y*> +2y =Cux; z = 0.
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Tema 6. PiBHsHHS y TOBHUX AudepeHIiiagax.
IaTerpyBasbHUiT MHOXKHUK

Kopomxki meopemuyuni aidomocmi

6.1. PiBuauusa y nmoBHux audepeHiaiax. PiBHsHHs
M(z,y)dx + N(z,y)dy =0 (6.1)

HA3UBAIOTDH PIGHAHHAM Y NOSHUL JUPEPENUIAIAT, TKITO HOTO JTi-
Ba YacTuHa € moBHUM udepentiagoMm geskol byl U(z,y),
tobro dU(z,y) = M(z,y)dr + N(x,y)dy. Jra roro, mob (6.1)
Oysi0 piBHAHHSM y mOBHEUX mudepeniiaiax, HeoOXigHO i mocTa-
THBO, 1100

M! = N, (6.2)

Hons Bimmykanust yukil U(z, y) MOXKHA CKOPUCTATUCDH CITIB-
BigHomennsaMu (cucremoro) Uy = M(x,y), U, = N(z,y), Buxo-
HABIIE TP IILOMY OJIHE 3 [EPETBOPEHb:

a) U, = M(z,y), tomy U(z,y) = [M(z,y)dz + ¢(y), xe
¢(y) — pose’szok pieusns ([ M (z, y)da:); + ¢ (y) = N(z,y);

6) U, = N(z,y), tomy U(z,y) = [N(z,y)dy +(x), ne
Y (x) — pose’asok pieusnns ([N (z, y)dy); + ¢ (x) = M(x,y).

Oyukiio U(z,y) MoKHA 3HANTH TAKOXK 32 OHIEI0 3 (DOPMYIT:

U(z,y) = /xM(x,y)dx + yN(:co,y)dy, (6.3)

Yo

z y
U(z,y) = / M(z,yo)dx + | N(z,y)dy, (6.4)
To Yo
ne (xg,yo) — MOBLIbHA TOYKA.

BarajbHUM 1HTErpPaAJIOM PIBHSHHS Y MMOBHUX JudepeHIiaiax €
cuigsignomenus: U(z,y) = C, ne C — nosiabHa cTaja.

6.2. IaTerpyBaJIbHUil MHOXKHUK. [HME2PYSANOHUM MHO-
orcnukom piBasiaas (6.1) HasuBaoTh Taky dyHkuio u(z,y) # 0,
IicJIst MHOYKEHHST Ha 51Ky piBHsiHHSI (6.1) crae piBHSHHSIM Y IIOBHUX
nudepenmiagax.
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Baraabaoro METOLY Bi,ZLH_IyKaHHH iHTeryBa.HbHOFO MHOXKHUKa
HemMae, oaHaK y OKpeMHX BHIIaJKaX oro MOxKHa 3HAWTH {ABHO.

. M/-N, _
Hanpukmian, skmo p = p(w(z,y)) i WM% = p(w), TO

wlw) = el P(W)dw (6.5)

IIle ommH MeTOJ BiAIMyKaHHSA IHTErpPyBaJbHUX MHOXKHUKIB
I'PYHTYETHCS Ha BUKOPHUCTAHHI TAKOl TEOPEMU:

Teopema 6.1. Hexati po(z,y) — inmeepysarvruil MHOHCHUK
pishanna (6.1) ¢ Uy(z,y) — 6idnosionuti tiomy inmeepan pieHi-
wna (Ug(x,y) = C — 3acanrvrud inmeepan). Todi eci inmeepy-
saavHi MHodtchuru pishanna (6.1) eupastcaromoes dopmyaoto

w(z,y) = po(z, y)e(Uo(z,y)), (6.6)

de p(z) — dosiavna nenepepsno dudepenuyitiosra GynKyia.
Banummenmo piBusHHs (6.1) y BurIs i

Myidz + Npdy + Madx + Nody =0

1 TpUIycTUMO, IO MA€MO IHTerpyBaJIbHI MHOXKHUKHU (i1, [l2 Ta
zarayiphi iHTerpanau Uy = C, Uy = C pisusab Midx+ Nidy =0
i Mydx + Nody = 0 simmosinuo. Tomi, srigno 3 (6.6), Bci inTe-
IPYyBaJIbHI MHOXKHUKU IIEPIIOTO PIBHSHHS 33/1aI0ThCT (DOPMYJIOIO
p = p1p1(Ur), a apyroro — dopmynoio p = pape(Us), ae p1(2) i
2(z) — nosinbui qudepeniiosni bynkil. Akmo ¢1(z) 1 2(2)
MOXKHA iibparn Tak, mo u1¢1(Ur) = papa(Usz), To iHTerpyBasib-
HUM MHOXKHUKOM piBHstHHS (6.1) Oyme dyukuis p = p1o1(Uy).

Pose’sa3ysarHa munosuxr enpas i 3aday

IMpukmazn 6.1. 3iarerpysarn piBasians (x + y + sinx)dx +
+ (z + cosy)dy = 0.
Poszs’azamrms. Maemo M (z,y)=x+y+sinz, N(x,y)=x+cosy,
M, = N, = 1. Oyuxuio U(x,y) snaiigemo i3 cucremu

U, =x+y+sinz,
U, =z + cosy.
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3 neprmoro pisusna U(x,y) = 22/2 + xy — cosz + ¢(y), a mii-
cTapssioun B apyre, Maemo Uy = x + ¢'(y) = x + cosy, spinkn
snaxomuMo ¢ (y) = cosy 1 ¢(y) = siny.

Orxe, U(z,y) = 22/2 + xy — cos x +siny, a ToMy 3arajbHIM
inTerpasiom 3ajanoro pisHsgHHS € 12/2 + 1y — cosx + siny = C.

Jlo 1pOro K pesysbrary MPUXOIUMO, HE3[M0CEePEHBO BUKOPH-
croBytoun dopmyity (6.3) abo (6.4). CrkopucTaeMocsi, HATPUKJIAJ,
dbopmyioro (6.3):

T Yy
/(x—l—y—i—sinx)dx—l—/ (xg +cosy)dy =C =

0 Yo
x?/2 + xy — cosx — x3/2 — oy +
+ cos xg + yxg + siny — yoxg — sinyy = C.

OckinbKY X 1 Yo — cTasIi BeJIMIUHU, TO MEPEIO3HAYNBIINN 10~
BIJIBHY CTaJIy, OJIEPKYEMO 3araJIbHU#l iHTerpaJs 3a1aHoro PiBHSH-
ust: 12/2 + 2y — cosx +siny = C.

Bignosinn: 22/2 + 2y — cosx +siny = C.

IMpukiazn 6.2. 3uaiiTu iHTErpyBaJbHUT MHOXKHUK [t = [4(Y)
pisnsmna (y — 2ry?)dz = (y? + x + y)dy Ta sinTerpysaru pisns-
HHSI.

Pose’asanna. Maemo M, = 1 —4dxy, N, = —1, M, # N.
Ocxinpkn w = y, 1o wy, = 0, wy =1,

My,—N;  1—day+1 2
Nw), — Mw;, 2xy? —y y

i3 (6.5) omepxyemo p(w) = e=2/ % — gm2nlel — 2 = y2.

[Ticoiss MHOXKEHHST 33JIaHOTO DIBHSIHHS Ha [4(Y), OJEPXKYEMO
PIBHSIHHS y TOBHUX JIUQepeHIiaIax

1 1
(2x——)dx+<1+%+—)dy—0,
Y Y Y

6o M, = N, =y 2.
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BarajpHUil iHTErpaJl OTPUMAHOIO PIBHSIHHSI 3HAXOIUMO 34
dbopmyitoro (6.3):

r 1 Y 0 1
2¢ — — | dx + 1+—2+— dy=C =
0 Y 1 Y Y
x2—§+y+ln|y|—1:C.

Bignosine: 22 — z/y +y +Inly| = C.
Ipukmaanx 6.3. 3interpysaru pisnsamma y(2x3y — 1)dr +
+ 2(27y® — 1)dy = 0 3 JOMOMOrOM0 iHTErpyBaTBHOTO MHOKHUKA

= p(zy).
Pose’azarns. OcKiabku w = xy,

) Ay — 1 — day® + 1 2 2
w) = T Ty w
v 222y — )y — %y* —y)r oy W
TO 3 (65) MaEMO M e 672.[%“ e ﬁ = _(af::l]))Q .

Ilicnsg wmHOXKeHHS 3aJaHOr0 PIBHSHHS Ha 1HTErpyBaJbHUI
MHOXKHUK OJIEPXKYEMO DIBHSHHS y HOBHHUX JudepeHItiarax

1 1
20 — —— |dz+ |2y — — | dy =0,
22y o

3araJibHUi IHTErpaJl sIKOro 3HaXoauMo 3a dhopmysio (6.4):

v 1 v 1
2¢ — = | dx + 20— — |dy=C =
1 2 1 zy?

zy(x® +y*) +1=Cay (C:=C+3).

Bianosiab: zy(z? +y?) + 1 = Cay.

Ilpukiazm 6.4. 3HaiiTn iHTErpyBaJbHAN MHOXKHUK PiBHSIHHSI
(23 + zy? — y)dz + (v* + 2%y + 2)dy = 0, BUKOPHCTOBYIOUH Me-
TOJL, SIKUil I'pyHTYEThCs Ha dopmyd (6.6).
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Po3zs’azarns. Pozib’emo j1iBy YacTuHy PiBHSIHHS Ha JBI Ipynu
Tak, 100 iHTerpyBaJbHAN MHOKHHUK KOXKHOI 3 HUX OyJio 6 JIerko
3HafiTH:

2(2? +y?) de + y(22 + ) dy +  dy — ydz = 0.

Posrstemo npa pisasans x(x? + y?)dz + y(2? + y?)dy =0 i
xdy —ydx = 0. Iyis nepiroro 3 HUX iHTErpyBaJLHUM MHOXKHIKOM
€ dyHukIig p; = @, a inrerpasom — dyuxuig Uy = z2 + 3.
st npyroro piBHSIHHST iHTErpyBaJIbHUM MHOXKHUKOM €, HAIPHU-
KJIQJ, flo = ;%yv a inrerpasiom — Uy = % Orxke, 3rijiHO 3 DOp-
Mmysoo (6.6), Bcl iHTErpyBasibHI MHOXKHHUKHU 33IaHOTO DIBHSIHHSI

3a/I0BOJILHSAIOTH CITIBBITHOIIIEHHSI

1

B= 2y

1 y
(et +y?) = — -902(—),
Ty x

-1
3BiaKy, Hanpukaa, o1 (x? +y?) =1, @9 (%) = (% + %) .

OTKe, IHTErpyBaJbHUM MHOXKHHKOM 33JaHOTO PIBHSAHHS €
— 1 ]
H= iz

Bnpasu, pexomendosani das aydumoproi pobomu

IlepekonaTucs, 1Mo HaBe/IeHI PIBHAHHS € PIBHSIHHSIME Yy IIOB-
Hux audpepeHIiagax, Ta 3iHTerpyBaT 1X:

Al. (ycosx + 2zy?)dx + (sinx — siny + 222%y)dy = 0.

A2. 2zydx + (22 — y?)dy = 0.

A3 rdx+ydy ydr—zdy

T Va2 2y

Ad. Ydz + (y* + Inz)dy = 0.

A5. (2zsiny — y?sinx)dr + (2% cosy + 2y cosz + 1)dy = 0.

A6. 2 (Fly - yl%) + (leyg + In? x) — 0.

AT, (23 + zy?)dz + (2%y + y)dy = 0.

AS. §—§d$ + yQZ—E’xQdy = 0.
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A9. (1+ ex/y) dx +e"/Y (1 —z/y)dy = 0.
2 2y°tay+4 5

A10. \/y* +4dx + Tt dy = 0.

3inTerpyBaru piBHSAHHS 3 JIOIOMOI'OIO iHTErPyBaJJIbLHOTO MHO-
Kuuka (= p(w):

A11. (2zy + y?)dx + (222 + 32y + 4y?)dy =0, w=y.

Al12. (g -l—y) dy — (1+2)dr =0, w=2x?—1y%

A13. %“”—F(:c—l)dyzo w=12,

Al14. (1 +2%y)dr +2%(x +y)dy =0, w==z.

A15. (22 —y)dz + (z +2y)dy =0, w =2+ 9>

A16. (2zy% —y)dz + (P +x+y)dy =0, w=y.

A17.(1 )dm+<—+—>dy=0 w = 1.
A18. (1022 + y? + 922y)dx + (Ty? + 62y + 23)dy =0, w =
=x+y.

A19. (x/x2—y—|—2:1:>dx—dy:0, w=az2—y.

3,4 2, z? 4.3 2 323
A20.(2:cy m+y>d:c+(2xy = )dy—O w =
= zy.
SHaiiTn iHTErpyBajibHI MHOXKHUKU DPIBHSIHB 3 JIOIIOMOTOIO
TXHBOI'O PO3OUTTS Ha JBI YaCTUHH, T 3IHTErPYBATU PiBHIHHS:

A21. ydz + (x — 2%y Iny)dy = 0.

A22. y(1 + zy)dz + (%y +y+1) dy = 0.

A23. (%—F%)dw—k(%y—%)dyzo.

A24. y(z + y?)dx + 22(y — 1)dy = 0.

A25. (2% — y)dz + x(y + 1)dy = 0.

A26. (22 + 2y? — y)dx + (y> + 2%y + z)dy = 0.

A27. JloBectu, 110 iHTErpYyBAJBHUM MHO}KHI/IKOM OJTHOPITHO-
ro pisusnus (3.1) € dynkuis p(z,y) =

N

w

ML+, +N’ :
A28. JosecTu, mo iHTErpyBaJbHUM MHOYKHUKOM PiBHSIHHSI
Bepuymii (5.1) € dyukuisa p(z,y) = yime(lfm)fp(w)dx
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A29. [TosecTn, 1110 SKIIO iIHTErPYBAJIBHUMI MHOYKHUKAMU PiB-

usnnas (6.1
p/ pg =

) € dbynxmii gy i p2, mpuaomy pui/pe # const, To
C € 3arajJibHUM IHTErPAJIOM IIHOTO PIBHSTHHSI.

A30. Josecru, mo sximo piBasiabs (6.1) € piBHSIHHSIM y 1MOB-
HUX JaudepeHIiaiax i Mae IHTerpyBaJbHII MHOXKHUK (L 7 const,

TO 3arajbHUAM IHTErpaJjoM 1boro piBusuug € p = C.

Bnpasu, pexomendosari 0as 0oMawrHb020 3a80aGHHSA

i camocmitinoi pobomu

3inTerpyBaru piBHSIHHA y IMOBHUX JudepeHIfiaiax:

C1.
C2.

C3.

C4.
Cs.

Cé.

cr.
C8.
Co.

C10.
C11.
C12.

C13.

C14.
C15.

sin(z + y)dz + x cos(x + y)(dz + dy) = 0.
2rsiny —ycosz + Inx + (2% cosy — lny —sinz)y’ = 0.

(2ﬁysiny2+y—xg) dy = <2fcosy + + )dx.
(xIny — 22 + cosy)dy + (2* +ylny—y—2xy)dx:O.
(y +2sinz)dz + (z +9cosy)dy =0

(sm2x —|—£17) dx + (sm T _y) dy = 0.
32 +y dx 2x +5yd

y?
(6zy + 2% +3)y' + 3y% + 2y + 22 = 0.
2z(1—e¥)

@ e+ 2+1d =0.
(2:c - %) dz — (ﬂy - 2yctgw) dy = 0.

(14 %) do+ (b - %) dy =
32%(1 + Iny)dx + <2y—%3> dy = 0.
(3~ &) o+ (a5 ‘i)dy:

z(z? — 3y?)dx + y(y* — 322)dy = 0.
(2% — day — 2y*)dx + (y* — 4oy — 22?)dy = 0.

3inTerpyBaru piBHSAHHS 3 JIOIOMOI'OI0 iHTErPyBaJIbLHOTO MHO-
)uuka (= p(z) abo u = p(y):

C1e6.
C17.

y*(x — 3y)dz + (1 — 3zy?)dy = 0.
2ydx + (y* — 6x)dy = 0.
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C18. y(1 — ysinz) cos? ydz = (y* + x cos? y)dy.

C19. (32% ~ 1)da + (3 - 2 + 22 ) dy = 0.

C20. (z—z — #) dy = Zdx.

3iHTerpyBarTu piBHSHHSI 3 JIOIIOMOI'OI0 iHTEIrPYBaJJBHOIO MHO-
xkuuka = pu(x —y) abo u = p(r +y):

C21. (222 — zy + 1)dz — (2® + 1)dy = 0.

C22. (22 + 2%y + 22y)dx + x ctg(z + y)(dz + dy) = 0.

C23. (223 + 322y + vy —y®)dx + (2> + 3xy? + 22 — 23)dy = 0.

C24. (22 + 22y + y)dr — x(x + 1)dy = 0.

C25. (3y — 3)dx — (4y + = — 3)dy = 0.

3iHTerpyBaru piBHSIHHSI 3 JIOIIOMOT'OI0 iHTEIPYBaJIBHOTO MHO-
wnmka 1 = p(z? —y®) abo p = p(x® +y*) abo p = p(xy):

C26. (32 — 3zy® + £) dx + (1 4 3ya? — 3y*)dy = 0.

c27. (Sxy +E - 6) dz + (2:02 _ %) dy = 0.

C28. (y*\/zy — y)dz + (2zy /Ty — x)dy = 0.

C29.(2%y? + y)dx + (23y? — z)dy = 0.

C30. (z — ¥) dx + cos Ldy = 0.

SHaiiTy iHTerpyBajibHI MHOXKHUKU DPIBHSIHB 3 JIOTIOMOTOIO
IXHBOTO PO3OUTTS HA JIBI YACTUHU, Ta 3IHTErPYBATU PIBHSIHHS:

C31. (6z — 2y — 2y?)dx + (5y* — 8zy — x)dy = 0.

C32. (£ +32%) dz+ (1 + %)dy =0.

C33. (6xy? + 2%)dx + y(x — 3y?)dy = 0.

C34. y?(ydx — 2zdy) = 23 (xdy — 2ydx).

C35. y(ay + 1)da + (52 +y+1) dy.

C36. 3natoun, mo pisuanus (2 +y? 4 1)dr — 2zydy = 0 mae
inTerpyBaTbHi MHOKHUKE 1 = 1 (x), o = po(x? — y?), snaiitn
6e3 kBajpaTyp ioro 3arajgpHuil iHTerpasn (aus. npukias A29).

C37. Hdosectn, mo pisusunsg M (z,y)dx + N(z,y)dy = 0 mae
inTerpyBasbHIi MHOXKHUK [1(X,Y) = m, SIKITIO CIIPABJIZKYE-
thest ymosa MN (N, — M) = (M? — N?)(M;, + N},).
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C38. [osecru, mo piBastanst yFy (zy)dz+xFy(zy)dy = 0 mae
iHTerpyBaIbHIl MHOXKHUK [1(Z,y) = e (%&7 @) 3inrerpy-
BATU IUM CIIOCOOOM DIBHSIHHS

(ac2y3 + zy® + y)dr — (:1:3y2 — 2y + x)dy = 0.

C39. [Hosecru, 1m0 3arajabHuil iHTErpaj OJHOPIAHONO PIBHSIH-
Hsl, JiBa YACTUHA $IKOTO € MOBHUM JTMDEPEHITAIOM, MOXKHA, 3aIIH-
catn 6e3 KsaspaTyp 3a dbopmynoto My + Ny = C.

3inTerpyBaru OIHOPIAHI PIBHSAHHS 3 JOIIOMOIOIO IHTErpyBaJIb-
HOIrO MHOXKHUKa (uB. npukiaan A27):

C40. (5y — 3z)dz — (5x + 3y)dy = 0.

Cal.y =29 + 4

Binrerpysarn ofHOpiAHI piBHAHHS 6e3 KBagpaTyp (JuB. mpu-
kia A29):

C42. (z* 4+ y*)dz + 292dy = 0.

C43. (23 + 152%y + y3)dx + (523 + 3zy? + 2y3)dy = 0.

inTerpysaru piBusuus beprysuii 3 momoMoroio inTerpyBaJib-
HOIrO MHOXKHUKa (uB. npukian A28):

C44. y?dx + (2zy — 2*)dy = 0.

C45. 2%y — 3zy = —23/45.

Bidnosidi

Al. ysinz+z?y?+cosz = C. A2.32%y—y> =C. A3. /22 + 92 +1—
—arcctg 2 = C. Ad. dylnz+y* =C. A5. 2%siny+y?cosz+y=C.
A6. - —yln®z = C. AT. (a2 +y%)? = C. A8. L -1 = (.
A9. z+ye®/v = C. A10. (z+y)\/y2 +4=C. Al1l. 22y’ 42y +y* =
=C. A12.\/y? — 22 +arccos(z/y) = C; y = +x. A13.9y?/2—x/y =
=C. Al4. 2y*>+22%y—2 = Cx; x = 0. A15. arctg(y/z)+In(z?+y?) =
=C. A16. 22 —z/y+y+Iny = C; y = 0. ALT. 23 + 32y +
+3y2=C. Al18. (2® + )Y +y=C. A19. 2+ 2\/22 —y = C;
y = z2. A20. 5+ 2y + 5 = C. A2l. xy (]n;y —l—C) = —1;

z2y2 T

xz=0. A22.x+%+y+lny:0;y:0. A23. x2+y—%:C.
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A24. 20D || = iy = 050 = 0. A5, ae VIR -

=CO(y+ /22 +y?). A26. 2" +22%y2 +y* = C. Cl. zsin(z +y) =
=(C. C2.2%siny —ysinz +rlnz —z —ylnhy+y=C. C3.x/y—
—2/23 + /xcosy? = C. C4. z*/4 + zy(lny — z — 1) + siny = C.
2 L2 2 2 3
C5.4r+ 4 = C. C6. 2L 4 T — C. CT.z+5+52 =C.
C8. 3wy’ +22y+3y+22=C. C9.¢¥ —1=C(2?> +1). C10. /ztgy—
—y?ctgz—a2? = C. C11. x—l—Z—i—% =C. C12. 22+ 23 Iny—y? = C.
C13. ™ +Iny = C. Cl4. zt — 62%y? +y* = C. C15. (v + y)x
x (22 —Toy+y?) = C. C16.22-2/y—6zy = C;y =0. C17.y? -2z =
=Cy?y=0. C18. z+ycosz—ytgy = Cy; y = 0. C19. y?z3 —y2x+
+9° =C. C20. y*—dzy = C. C21.2*—2ya®+y2a®+ 2% —2xy+y? =
=C;y=ux C22.zsin(z+y) =C. C23. 23 +ay+y> = Clz+y);y =
= —x. C24. (22—y) = C(z+y); y = —z. C25. 23y+32y*+3wy3—a3—
—3z?y — 3zy®* +yt —y? = C. C26. \/(2? —y?)% —arcsin? = C.
C27. y*2®—3z?y+x = C. C28.y*z—2,/zy = C. C29.2%y*—2In¥ =
=C;r=0,y=0 C30.z+sin% =C. C31. (2x—y)(x—y2)g =
= (. C32.22%y3 + 3252 = C. C33. e3y2/’”xy =C. C34. {/xzy* =
= C (23 —4y?). C35.z+32%y+y+Iny=C;y=0. C36.22—y*—1 =
= Cz. C38.arctgzy+Inz—Iny =C;z =0;y =0. C40. /22 +y2 =
=Ce 585 C4l. \Jy/z—In|z| = C; y = 0(x #0). C42. 42® +
+3zy? = C. C43. 2% + 122y +2y? = C. C44. % - z;yﬁ =C;2=0;
y=0. C45. 32%y*/3 4 42 = C; y = 0.
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Tema 7. HesaBHi gudepeniiiajgbHi piBHIHHS MEPIIOTO
MOPAIKY

Kopomxi meopemuyuni gidomocmi

7.1. PiBHAHHS IIEpILOro MOPAAKYy cTeneHs n. Hesasnum
JupepertianvbHuM PIBHAHHAM NEPULO20 NOPAJKY HA3UBAIOTH CIIIB-
BIIHOIICHHS BUTJISLY

F(x,y,y") =0, (7.1)

ne dynxmis F(x,y, z) nenepepsua B nesxiit obmacri D C R3.
fAxmo B piBusnni (7.1) F' € MHOIOYIEHOM CTEIICHS 1 BITHOCHO
noxiguol y', To6To

ao(z, y) ()™ + a1 (z,y) ()"t + ...

7.2
coit an—1(x,y)y + an(z,y) =0, (72)

iap(x,y) # 0, To Take PIBHAHHS HA3UBAIOTH DIGHAHHAM NEPULO20
nopAdKY cmenens n.

Pipusinng (7.2) Busnavae n 3Hauenb g y'. OOMeKy0OUUCH
TinbKY aificanmu Kopensmu, 3 (7.2) marmvemo m (m < n) ande-
PEHIaIbLHUX PIBHAHBL IEPIIOrO MOPSIKY, PO3B’SI3aHUX BiTHOCHO
ITOXiJTHOI, OCHOBHI TUIHW SKWX BUBYAJIUCH Ha 3aHATTAX 2-6:

y = fiulz,y), k=1,2....,m. (7.3)

CykynHicTh 3arajibHUX po3B’si3KiB y = @i (x,C) abo 3araib-
nux inrerpanis P (x,y,C) = 0, k = 1,2,...,m, piBusanp (7.3)
€ 3arajpHUM iHTerpanoM pisnanna (7.2). Moro Moxkna sammca-
i Takox y Buraai (y — ¢1(x,C)) - ... - (y — om(z,C)) = 0 abo
Oy (x,y,C) ...  Pp(x,y,C) =0.

7.2. HemnoBui piBHAHHA. K0 jiBa YacTwUHA PiBHAHHS
(7.1) He MicTuTh He3aseKHOI 3MIHHOI i/ab0 yKaHol dyHKIIl, TO
HOro HA3UBAIOTH HENOGHUM.

BarajpHUM IHTErpajoM HEIOBHOI'O PiBHSHHSI

F(y) =0 (7.4)
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e F (%) = 0. fxmo xopeni piBusnus F(z) = 0 nosuictio
3alOBHIOIOTH JesfKUil iHTepBas, TO piBHsHHA (7.4) MOXKe MaTH
DPO3B’SI3KH, IKi HE MICTATBCS Yy HABEJIEHOMY 3arajbHOMY iHTerpa-
Ji.

Ao HemmoBHI PiBHAHHS

F(xvy/) =0, F(yay,) =0 (75)

MO>KHA PO3B’sI3aTH BiHOCHO MOXiIHOI, TO OJEP:KUMO PIBHAHHS 3
BiflokpeMmoBaHnME 3MiHHUMHA. fIKio piBHsAHHS (7.5) HEMOXKIIH-
BO PO3B’3aTH BiIHOCHO ¥, ajle MOXKHA, PO3B’S3aTH BITHOCHO T 11
9 BIJIMOBIJIHO, TO TIi PiBHSHHSA 3BOJATHCS JI0 KBajpaTyp. Hampu-
kaag, atst piBasaansg = f(y') maemo: ' = ¢(t), © = f(p(t)),

dy = o) f (eO)g (O dt = = / S0 () (1) dt + C.

Sxmo piBHsHHS (7.5) HEMOKJIMBO PO3B’SI3aTH BiTHOCHO Y 1
BITHOCHO iHIIOrO aprymenta (ab0o 3poOHTH 1€ CKJIAIHO), TO Y
faraThOX BHIIAJKAX MOYKHA 3HANTH HapaMeTpUyYHe PeJCTaB/Ie-
HHsI 000X apryMeHTiB 4yepe3 napamerp t. Hanpukias, Ko st
piBasians F(z,y') = 0 Brasock 3maiitun taxi byskmil z = ¢(t),
y = (), IHO F( (t),(t)) = 0, To dy = P(t)¢'(t)dt, sBin-
KHI Yy = f Y(t)¢' (t)dt + C. Takum 9uHOM, OJIEPIKUMO 3arajibHU
PO3B’SI30K Y HapaMeTquHm dopwmi:

x = p(t), y—/¢ t)dt+ C.

PiBusirns (7.5) MOXKyTh MaTH 0COOMMBI PO3B’sI3KH T = a abo
y = b, e uncia a, b Bu3HAUAOTHCA 3 piBHOCTEl  lim F(a,y’) =0
y'—+o0

i F'(b,0) = 0 Bignosiso.
Hasenemo mesiki BKaziBKM II0JI0 BBEJIEHHSI TTapamMeTpa t:
1) Jst nucbepeHIiaibHuX PiBHSIHD

2kq 2kq 2kq 2ky

ar™ +b(y)m =1, ay™ by )m =1,
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me a,b > 0, mapameTp t MOKHA BBECTHU, BUXOIATIN 3 TOTOKHOCTET
cos?t+sin®t =11sec?t — tht = 1 BIAIIOBLIHO.

2) Jlist piBHSHB, sIKi MICTATH paJiMKajIn \/ y'? + a?, \/ a?—y
VY2 — a2, 3pyuHo 3pobuTH IapaMeTpU3AaIliio 3 JONOMOIOI0 IIijI-
cranoBoK y' = atgt, y = asint (abo y' = acost), y = sect
BiANOBLIHO (HABITH SIKINO 11l PIBHSIHHSI MOYKHA PO3B’sI3aTH BiJHO-
cHO = abo ).

3) PiBusinus

12
)

P(z,y') +Q(z,y') =0, (7.6)

e P(z,y') i Q(z,y') — omuopimui dbyskuil 3minanx z, y' Bu-

MmipiB k i m (k > m) BianoBimHO, iHTErpyeThecst Y HapaMeTpH-
/

qHiit dopwmi, gKIo mapamMerp t BBecTu 3a (POPMYJIO0 t = % N

. . _ 1t) .

pe3ysbraTi Takol napamerpusalil 3HaxoauMo x = 7% —% i
1y r-m/ QWY p - .

y =t ~ P(1.4) - BUKOPHCTOBYIOUH CIIBBIHOMICHHS dy = y'dzx,

MOXKHA 3HAiTH 3arajbHUii pO3B’si30K piBHsAHHsA (7.6) y mapame-

TpuuHiit dhopwmi.

Pose’sa3ysarnsa munosuxr enpas i 3aday

Ipuxsasn 7.1. 3inrerpysatu pisasmnsa y'2 + (1 —y?)y = 3.
Pozs’szanns. PiBHsSHHS piBHOCHIbHE CYKYITHOCTI JBOX PiBHSHB
y' = —1 Tta ¢y = y?, npaBi YacTHHE JKUX BU3HAYEHI Ha BCiil mI0-
muHi 1 B 2KOIHI#M TodIl IXHI 3HaUeHHs He 30irarorhes. Tomy modte,
BU3HAYEHEe 33JaHUM PIiBHIHHSIM, YTBOPIOETHCA HAKJIAJAHHSIM IIO-
7B, BusHAUeHNME piBHgHHaAME 3 = —1 Ta 3y = y2. BaraabHnMu
PO3B’A3KaMH 1MuX piBHAnb € y = —2 + C iy = (C — z)~! Bin-
MIOBIJTHO, TOMY 3arajbHUI 1HTerpaJ 3aJaHOTr0 PIBHIHHSI MOXKEMO

sanmcaru y Burysgl (y +x — C) (y — Cl_$> =0. 1
Ilpukman 7.2. 3inrerpyBaru piBHSIHHS

v — (22t ay+ o))y +ay (2P Fay )y -y =0

Posg’sazarns. JliBy dacTuHy pIiBHAHHS MOXKHA PO3KJIACTH Ha
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MHOKHUKH:

(v —2y) (v +ayy +2°y°) —y (2P + a2y + %) (v —2y) =
=y —a2y) (v —2%) (v — ).

Orxe, (v — zy) (v — 2%) (v — y?) = 0, To6T0 oneprxamm Tpu
mmdepentianbhi pisaanng iy = xy, y' = 2% iy = y?, saraapomvm
inTerpanamu skux € y = Ce® /2, y = 23/3+C,y = (C—z)7! Big-
nosiguo. OTke, 3arajbHUI PO3B’ 30K 3aaHOT0 PIBHSIHHS MOXKHA

3aIUCATH STK (y — Cer/Q) (y — %3 — C) (y + Cl—x> =0.1

Ilpukmazm 7.3. 3inTerpyBaru piBHSIHHS & = eV — Y.
Pose’azamnns. Maemo nenosne pisusinng surisy F(z,y') = 0.
I[IpejcTaBuMO PiBHAHHA y IapaMeTpuuHiil dopmi: x = e — ¢,
y' =t. Toni dy = y'dx = t(e! — 1)dt, a Tomy

2
y_/ﬂé—nﬁ+c_u—né—%+a

Bigmosigb: z =¢' —t,y = (t — 1)e! —t2/2 + C.
2
Ilpukmazn 7.4. 3inrerpyBaru piBHSIHHS y% +y'3 =1.
Pose’azanmns. Maemo nenosne pisnsnus surisyty F(y,y') = 01

OYeBHJIHE MApaMeTpPHUHe IIPEICTaBIeHHs: § = cos> t, y = sin®t.
Tomi

d —3cos?tsint
do =2 = 28 TN g — _3otg’tdt =
Y sin® ¢

1
x——3/ctg2tdt+ = :1:—3/(1— _Q)dt—i-C =
sin“ ¢

x=3t+3ctgt+ C.

Biamosiab: z = 3t + 3ctg2t + O, y = cos® ¢.
Ipukaazn 7.5. 3inrerpysaru pisusias z° + y'° — 3zy’ = 0.
Pose’azanns. le pisusiansg surisny (7.6). dxmo y' = tz, To

243 — 3’ =0 = 2z=3t(t>+1)"L
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Toxi, BpaxoByroun ciibsigHomenns dy = y'dx, ogep:KyeMo:

3t? 9(1 — 2t3)¢?
Vemyr T e ((t3+1)3” at
(=232 343 +1)
y—9/ EESIE dt+C = y—2(t3+1)2—|—C.

3t _ 3(4t3+1)
Fi10 Y = amrne T O

Bigmnosiab: © =
Bnpasu, pexomendosani das aydumoproi pobomu

3iHTerpyBarTu HesiBHI PIBHAHHS CTEIEHS 1

Al. zy? = y(2y/ — 1).

A2. zy? —2yy' + 2 =0.

A3. (zy + 3y)? = Tx.

Ad. zy (zy +y) = 2%

A5, y? — 22y = 822,

A6. y? +ay =y +ay.

AT. 2yy — (doy + 2y + 1)y + (day + 2y + 1)y’ — 22 = 0.

A8. 3 — (22 + 2y + yH)y + ay(z +y) = 0.

A9. 3 — (2 +y+2)y? + (22 + 2y + 2y)y’ — 2y = 0.

A10. (2% — 22y)y"? + 22yy’ + y? — 22y = 0.

3iHTerpyBarTy HENOBHI PIBHSIHHSI METOJIOM BBEJEHHS ITapame-
Tpa:

All. y? — 22y = 2% — 4y.

A12. z(y? - 1) =2y,

Al13. z =9y Iny.

Al4. z =o'\ /y? + 1.

Al15. (y +1)° = (v —y)*.

A16.y=In(1+y?).

ALT7. " =2y + o2

Al18. z =Iny +siny’.

A19. y = 2.
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A20. ¢y = arctg y%

3inTerpyBaru piBHSAHHS 3 JIOINOMOI'OI0 TPUTOHOMETPUIHUX
I JICTAHOBOK:

A2l y= Lo

A22. y =19y +/y?+ 1.

A23. z(1+y%)3? =6.

A24. y% —i—y’% = ab.

Binrerpysarn piBHsaHHs BUrsiay (7.6):

A25. 523 + 33 — 21z’ = 0.

A26. 4y 4 z* — 20zy’ = 0.

A27. Cknacru judepeHiiajpHe PIiBHSHHS CiM'T KPUBHX
(Vy—22—-C)?—22/4=0.

A28. 3uaiiTu Kpusi, JIs SIKAX BiJIPI30K, IO BIATHHAE JOTH-
9Ha Ha oci abcImc, MOPIBHIOE PaJlyc-BEKTOPY TOYKH JIOTHKY.

A29. 3uaiiTu KpuBi, I AKAX JIOBXKUHA Bipi3ka HOpMAJIi
JIOPIBHIOE PaJliyCc-BEKTOPY TOYKHU JTOTHKY.

A30. {dxumu € iHTerpasbHiI KPUBI PIBHSHHS CTEIEHS 1 31 CcTa-
mamu Koedirientamu ' + aly’n_1 +...+ap1y +a, =07 Sk
3HAWTHU 3arajbHUN IHTErpaJI IOro PiBHAHHA, HE 3HAXOIAIHN HOTO
kopenis? Binrerpyiite piBuanus y'> + 4y’ + 2 = 0.

Bnpasu, pexomendosari 0as 0oMawHb020 3a80aGHHSA
i camocmitinot pobomu

3iHTerpyBaTy HesiBHI PIBHSIHHSI CTEIIEHS 71
Cl. y'(2y —¢') = y?sin’ 2.

C2. yy? — (zy+ 1)y +x =0.

C3. o3 —yy? — 2%y + 2%y = 0.

C4.y? — 2v+y)y +22+2y=0.

/

C5. z(y — 2¢')? = 2y — 2yy/.
C6. y(zy' —y)*> =y — 2y’
CT. y? +dxy — y? — 222y = z* — 422,

C8. y(y —2zy)? = 2.
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C9. y? — 3z —2y)y’ +22% — xy — 3y% = 0.

C10. zy? + 2zy —y = 0.

C11. y3sinx — (ysinz — cos
+ysinz = 0.

C12. y* — 24292 + 4 = 0.

C13. 22y + 3xyy’ + 2% = 0.

Cl4. y? — (22 + 2y + 9°) (2 — wyy’) — 23y> = 0.

SHaiiT iHTErpabHi KPHUBI, IO TPOXOISATh Yepe3 3a1aHy TO-
YKy

C15. y?y? =4, (0,0).

C16. y2 + 3 4 22 0 (1,1).

C17. yy? + 22y —y =0, (0,0).

C18. (1 — 22)(y? + 4ay?) = o' + 4z, (1,0).

3iHTerpyBaru HENOBHI PIBHAHHS METOJOM BBEJECHHS ITapame-
Tpa:

C19. ¢ (z —Iny') = 1.

C20. z =93 + .

C21. y* — 2 = 2.

C22. y = y2e¥ .

C23. y'Iny —y=0.

C24. z =y siny’ + cosy’.

C25. 3y —yy +1=0.

C26. 2y —y? —2Iny' = 0.

C27. zy3 =o' + 1.

C28.y=(y —1)ev.

C29. y = y? + 242

C30. arcsin ; = .

2 2

2)y"? — (ycos?z + sinx)y +

C31l. y=19'tgy +1Incosy’.
SidnTerpyBary PpIiBHSAHHSA 3 JIOIOMOIOI0 TPUTOHOMETPUYIHUX
MiJICTAHOBOK:

C32. z = 3y'\/1+ 2.
C33. y/1+ 42 = 10.
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C34. y? +4% =.

C35.y=2y?2 + 1.

C36. y(1 +y?) =a.

C37.y—vy =/1+49y2.

Binrerpyiire pisasiaus Burisiy (7.6):

C38. 2% — 2y —x+ 2% =0.

C39. z* + 7y — 242%y' = 0.

Bukopucropyroun pesynbrar npukiany A30, sHaigiTh 3a-
rajJbHUN iHTErpas piBHAHD:

C40. y? — 4y +2 =0.

C41. y? -5y +3=0.

Binrerpysaru piBHsHHs Burisy (7.4):

C42. ¢y = 10siny/.

C43. eV 22y 4 g2y | 29y = ()

C44. y +|y|=0.

C45. 3inTerpysarn pisusnns z¥ = (y')*.

Bionosi0:

Al. (x+)? =4Cy; y = 0,y = 2. A2. 22+ C? = 2Cy; y = +u.
A3.y=Cao34+2/2/7. Ad. 2%y =C;y=Cux. A5.y=22>+C;
y=—x24+C. A6.y=Ce®";y=e "+a+1. AT.y=2+C;y =2>+C;
y? =a2+C. A8.y=122/24+C;y=Ce*;y=1—2+Ce %. A9.y = 22+
+C;y=Ce®;y=2%/2+C. Al0. (\/17—\/5)‘/5’1(\/@4-\/5)‘/5“ =C;
(VT — VA T+ B2 = C; ALl y = 3(C? — 2z — C)2);
y=2%/2. Al12. 2= y=527 —In|t? — 1|+ C. Al13.z =tnt,

71
y=LCmt+ 240 Aldz=t/E+1,y= 10202 - 1)VE+1+
+C. A15.x=1n|t|+§1n‘%‘i3\/t+1+c,y:ti(tﬂ)%;
y = +1. A16. v = arctgt + C,y = In(t?* +1); y = 0. Al7.z =
=+2v2+1-In(Vt2 +1£1)+C,y = —t+tvVi? + 1;y =0. A18.z =
= Int +sint, y = t(sint + 1) + cost + C. Al19. x = e'(t+ 1)+ C,
y=t%'. A20.x=ttgt—Incost+C,y=1t>tgt. A21.x = L(sect+
+lntg$)+C,y =tgt. A22.2=1In(Ctgtg (L +7Z)),y=tgt+sect.

A23. 2 =6cos’t, y=C —6sin®t. A24. x:5<%—tgt+t) +C,
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3
y = G,Sin5 t A25o Tr = t32‘<1|»t5’ y = 14’(7t(§‘t|’5—")_25) + C A26. xTr = ift[is»\l/i’

y = garctg(2t +1) — Jarctg(2t — 1) + 2(2t25t2t+1) - (2t2+2t+1) +C.
A27. (y —22)? =y—2% A28.y*=2C(z+C/2). A29.y?—22=C,
z?2 +y? = C?. A30. IHTerpaanHMI/I KpI/IBI/IMI/I € npsimi. 3arajabHuit
inrerpas: (y —C)" +arzx(y — C)"~ —|—a2x (y C)" Ly 4anz™ =0.
C1. 1n(Cy)—:Cismx y—O C2.y=% +C y? =22x+C. C3.y=
—:I:””,y—Ce Ca.y=1% Cy—Ce —r—1. C5. 224+ (Cy+1)? = 1;
y = 0. CG.(Cx+1)2—1—y y = £1. CT.y = Ce*® — 22,
C8.y2=C%—C;4ay? = -1. CO.y=Ce* —x—1;y =Ce 3% +
+2(3z—1). C10. (yJzxFy+yz)?=C. Cll.y = Ce®;y = C —cosx;
= Inctgg +C. Cl2. y = Ce”; y = Ce™™. Cl13. y = %; y =
=5 Cld.y=2%+Cy=0Ce"/?y =5 Cl15 y° = +4a.
C16.2y = 1;2%y=1. C17.y =0. C18. y+22? = 1; y = 1+arcsinz.
Cl9.z =Int+ 3, y=t—-Int+C. C20.z =13+t y=3t"+
+224+C. C21l.z =+ (2\/752 — 1 + arcsin \Tl|) +C, y = +vi2 —1;
y=0 C22. 2z =¢e(t+1)+C,y=t%. C23.z= f(Int+1)?
y = ylnt. C24. x = tsint + cost, y = (t* — 2)smt—|— 2tcost—|— C.
C25. 3y'5 S '+1=0. C26. :c—t— 1+C,y = 2+lnt C27.z = L
Y= t2+ 240 C28.z=¢+0C, y—(t—l)e y=—1. C29.z=
= 2t43t24-C,y = 7+lnt. C30.z = tsint,y = (t>—1) sint+t cost+C.
C3l.x=tgt+C,y=ttgt+Incost. C32.2%+(y—C)? =9;x = +3.
C33.z=+10Intg (§ — §)|+C,y = £2%. C34.y = /7sin(z—C).

C35. y = 2ch ””ch; y=2. C36.z = —Cgsit “Si2n2t +C, y = acos’t.
C37.z=1Intgt-tg (5 +5) +C, y=tgt+sect. C38.z==4,/%,
Y= 2(;;fl)—%:aurctgt—%1n(1f2—|—1)+C’. C39.7 = =21,y = 7(7336+1) +
+ %. C40. (y — C)? —42?(y — C) + 223 = 0. C41. (y — C)?

—b5z(y — C) + 322 = 0. C42. y —C = 10zsin=%. C43. e
+ﬁ,;c =0. C44. y= 1 |<p( )|)da:—|—C ae ¢(x) — noslabHA

byukmisgs. C45. y = %—i—C’ x—tf T y—ftﬁtt(tlntl)}dt—i—a




8. HesBHi nudepenniaabHi piBHSAHHSA [I€PIIOrO MOPSIKY 73

Tema 8. HesaBHi gudepeniiiajabHi piBHIHHS MEPIIOTO
opsiAKYy (IIPOJOBXKEHHS )

Kopomxki meopemuyuni eidomocmi

8.1. PiBHsiHHSA, pO3B’s13aHi BiTHOCHO He3aJIe2KHO1 3MiH-
HO1 abo BimHOCHO 1yKaHoil pyukiiii. Hexaii Hessre piBHsHHSA
F(z,y,y") = 0 MoxkHa PO3B’A3aTH BiIHOCHO HE3AJICIKHOI 3MIHHO,
TOOTO

= f(y,y).

[Mozuaanmo y' = p. Tomi x = f(y,p), a oTxe,

dr = f,(y,p)dy + fy(y,p)dp =

d , , d
d—‘y”zfy<y,p>+fp<y,p>£ (dy #£0) =

dp 1 , )
dy (; - fy(y’p)> /£y, p)- (8.1)

ko posrasiaaT p Ak GYHKII0O 3MIHHOI Y, TO piBHAHHS (8.1)
pO3B’s13aHe BiAHOCHO TOXIiIHOI.

Amnanoriuno inrerpyerbes pisasiung y = F(x,y’), Tobro ne-
sIBHE PiBHAHHS, PO3B’d3aHe BiTHOCHO IMIYKaHOI (DYHKITII.

8.2. PiBuanusa Jlarpanxka, piBaauusa Kiuepo. Oxpemum
Buna KoM piBusiHag y = F(x,y’) € pisnanna Jlaepanorca:

y=zo(y) +0), (8.2)

e ¢ i1 — mudepenniiiosni dynkuil 3minnoi 3. Pipnanna Jla-
rpaH2Ka 3aBKJIU IHTErPYeThbCcs B KBajparypax. Jjis 1mporo morpi-
61O 3pobuTn 3aminy y' = p(z) i 3mudepenniroaTu 06uIBI YacTH-
HU criBBiTHOmEHHS ¥ = T (p)+1(p) 3a 3MiHHOIO . Y pe3yJbTaTi
OJIEPXKUMO JIiHITHE PIBHSAHHSA BiJIHOCHO (DYHKIIT Z(p).

Axmo y pisasuni Jlarpanxa (8.2) ¢(y') = ¢/, To omepxkyemo
pienanna Kaepo:

y=zy +9(y).
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PiBugnna Kiepo Texk iHTerpyeTbcst 3 IOIOMOIOI0 3aMiHU
y =p.

8.3. Bunaaku, moB’si3aHi 3 ogHOpPiAHICTIO DYHKIIi.

1) dkmo f(z,y") abo f(y,y’) € cymoro nBox omHOpiAHUX DyH-
KIiit BuMipiB m 1 m + 1, To mijicTaHOBKa p = tx Ui PIBHAHHSI
f(z,y') = 01ip =ty nua pisasaaa f(y,y’) = 0 upusomuTh 10
paltioHa/IbHOI TapaMeTPUIHOI (POPMIU.

2) dxmo f(x,y') abo f(y,y’) € cymoro nBox omHOpimHUX QyH-
KIi#f BUMIpIiB m i m + 2, TO miACTaHOBKa p = tx AJId PiBHAHHIA
f(z,y) =01ip =ty nua pisusaas f(y,y") = 0 no3Bossie Bupa-
sutH ¥y, iy abo x, iy 4Yepes KBaJpaTWdHy ippaliiOHAJLHICTE Bif t.
Amnagioriuno, sxmo f(z,y’) a6o f(y,y’) € cymor TphOX OIHODII-
nnx GYHKIIH BuMmipis m, m + 1, m + 2.

3) Piusinus F(z,y,y’) = 0 HasuBaoTb 00n0OpidHuM, AKIIO
fioro JriBa yacTuHa — OIHOPiaHa (PYHKIlS BIIHOCHO 3MIHHUX T, ¥,
robro F (tx,ty,y’) = t"F (z,y,y’). Y upoMy BUNAJKY DiBHSHHS
MoxkHa 3ammcaru y surisi f(y/z,y’) = 0 i, gkmo iforo MoxHa
PO3B’sI3aTH BIIHOCHO YACTKHU Y/X, TO OJEPKUMO CYKYITHICTH DiB-
uaub Jlarpamka, y skux 1(y') = 0:

Y

= =upr(y), k=1,2,...
x

4) PiBusnus F(x,y,y’) = 0 HasuBaoTh y3azasvrerno o0no-

pionum, skmo F (tz, Py, th 1y} = t"F (z,y,y') . Tlicas 3aminn

He3aJIesKHol 3MiHHoI Ta mykanol GyHKi 3a dopmymamu x = e,

y = zeM onepixyemo HesBHE judepeHIianbae PIBHAHHS 6€3 He-
3aJ1e’KHol 3MiHHOL (IuB. 1. 7.2).

5) dxkmmo npasa yacruna pisasiig y = f(x,y’) € oqHOpiAHO©O
dbynkiiero BuMipy 2, To mijcTaHoBKa 4y’ = tx IPUBOIUTH JIO BiJIOK-

peMJleHHS 3MIiHHUX t 1 .
Pose’sa3ysarna munosuxr enpas i 3aday
Ilpuksazm 8.1. 3inTerpyBaru piBHSIHHS

2y +yy' -yt = 0.
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Poses’azarns. Po3p’szkeMo PiBHSIHHS BiJTHOCHO T 1 TIO3HAYMNMO

y' = p. Toni x = (y* — yp)/p?. 3audepentiroemo o6uaBI YacCTHHI
de __ 1.

OCTaHHBOT'O CITIBBIJTHOIIIEHHS, BPAXOBYIOUH, IO = 7

4q% — — oyt
Yy pdy+py 3ydp N

dx = P

dv _4y°—p py—2"' dp
dy p? p? dy
1 4y 1 N d
_:%__+(%_2y_3>._p
p p p P p dy

dy dpio

— 3
P 2y <2dy—gdp> =0 = p=2y° abo 22 — = =
p p Y b

SIkmo p = 243, TO 0JEePIKYEMO OCOBIMBHII PO3B’ 30K

4 4
y —2y 1 2
1y 1y TY” +

3 pisnastnsa 2dy/y = dp/p suaxomumo y? = Cp.
Orke, 3arajibHUM PO3B’SI3KOM y IapaMeTpudniit hopMmi €

= (y* —yp)/p*. y*=Cbp.
[TapameTp p MOXKHA JIETKO BUKJIIOIHTH:

4 2
y —y-y/C 2
T = = yk-C)=C. 1
(y?/C)?
Ilpuksazm 8.2. SinrerpyBaru piBHSIHHS
23y + 2ty = 1.

Po3sg’sazarns. Po3’sxxeMo piBHSHHS BiIIHOCHO Y i MO3HAYUMO

Y= 3,2
]__
S (8.3)

y - .’E2p
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B audepeHIiroeMo 06118l YaCTUHN OCTAHHLOI'O CIIiBBIIHOIIEH-
HS 1 BUKOHAEMO HECKJIa IHI TT€PETBOPEHHS:

1 2dxr  dp
dy:d(%>—d(:cp) = dy:—x—%—xQ—pQ—pdx—:cdp =
dy 2 1 dp dp

= ® P (gpr0) =
dx p  22p?dx P (dw 7 0)

(%—i—xp) <@+gdrx) =0 =
x?p p
1+ 2%p? =0 a6o In|p|+2In|z| = C.

3 oeprKAHNX PIBHAHD 3HAXOMUMO & = —p~2/3 i & = Cp~1/2
Biznosigno. Iigcrasmsmoun ix y (8.3), omepxyemo y = 2p'/3 i
y = C~2 — Cp'/2. Bei poss’siski OTpEMAHO y HapaMeTpHdHiil
dopmi.

Bukirouaroan mapaMeTp p, OJIep:KYEMO DO3B’SI3KH Y SIBHOMY
purnai: xy? + 4 = 0 (ocobmmsuit poss’ssok), vy = x/C — C
(3arambumit po3s’s30k). W

Ilpuksazm 8.3. 3inrerpyBaru piBHSIHHS
y = :Cle + y/2'
Poss’asanns. Maemo pisusuns Jlarpamxka. Hexait v/ = p. Toxi
y = xp? + p>. (8.4)
Hudepentiowoun (8.4), HOCAIIOBHO 0J€PKYEMO
dy = p*dx + 2xpdp+ 2pdp =  pdx = p*dx + (2zp+2p)dp =
dx 2z 2 9
b = - 0).
dp p—1 1—p (p p7 )
Orpumasn Jiniiiae piBHsnHs. Voro 3arajbHIM PO3B’SI3KOM €
r=C(p—1)"2—1. Toni 3 (8.4) Maemo Bupas myid y:

o C _ 2 2 Cp2
y‘<<p—1>2 1) LSRR S P ok
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Orxe,
C Cp?
=—-1 y=-—-=.
(p—1) (p—1)
Bukniouatoun mapamerp p, OZlepKyEMO 3araJibHUl PO3B’A30K
y SIBHOMY BUIJIAML: Yy = (\/m + C) .
Kopensim p; = 0 ta py = 1 piBuanus p? —p = 0 Bignosizaors
po3p’s3kn y = 0 1a y = x + 1 Bignosinno. Ilepmmii 3 Hux €
ocobyinBuM, a Apyruit — dactuaauM. B

Ilpukmnan 8.4. 3inrerpyBaru piBHSAHHS
y=zy —y?/2.

Poses’azannsa. Maemo pisnanns Kiepo. Iosnaanmo ¢y = p. Toxi
y = xp — p?/2. Indepenniiooyn Mo piBHICTL, 0IeprKyeMo

yY=p+ap —pp = p=p+@-pp = (x—pp =0.

Skmo p’ =0, To p = C, a ToMy 3araJbHUM PO3B A3KOM €
y=Cz —C?)2.

3i cuiBBignommenus r — p = (0 3HAXOIUMO PO3B’SI30K T = P,
y = pr — p?/2 y napamerpmuniit opmi, sxmit € ocobamsuM. Bu-
KJIIOYAI0YN TapaMeTp P, Ieil PO3B'SI30K MOXKHA 3allUCATH Y BU-
A y = 22/2.

Bnpasu, pexomendosari das aydumoproi pobomu

BinTerpyBaTn piBHAHHS METOJOM BBEJIEHHs MAPAMETPA:
Al. y? —2zy = 2% — 4y.

A2. 3+ 9% =ayy.

A3. 5y + 92 =2y + ).

Ad. 22y? = zyy + 1.

A5,y ="'y,

A6. y =y — 2%y,
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A7,y =2zy + vy

A8. 2zy' —y =y In(yy).
3iaTerpyBaru piBHsIHHs Jlarpamka:
A9. y+ay =47

A10. 2/ (v +2) = y.

All. y = ay? — 2¢3.

A12. 22y —y=1Iny .

A13. y = 2xy — 493,

Al4. y = —zy + 2.
3iaTerpysaru piBHsHHS Kiepo:
A15. y = zy — %

A16. y =ay —4\/1 + 2.

b/
Al17. y =ay + a/y .
ay —b

y/

A18. y =ay + 7 .
y —1

A19. y = oy + /1 +y2

A20. 3naiitu KpuBy, HKIIO JOTUYHA y OyIb-sKiifl 11 TOwIl

YTBOPIOE 3 OCSIMU KOOPJAWHAT TPUKYTHUK, ILIOIIA IKOTO JOPIBHIOE

S.

A21. 3uaiiT KpuBi, JOTWYHI 10 SIKUX BIJTUHAIOTH HA OCHAX

KOOPJIMHAT BiJIPI3KU, AKi B CyMi JOPIBHIOIOTH G.

A22. JTosectu, mo pisasauns z2y’ = f(y + xy’) 3 monomoroio

3aMiHU 2z = XY MOXKHAa 3BECTH 10 piBHAHHS Kitepo.

Bnpasu, pexomerndosari 0as 0oMawHb020 3a80aGHHSA
1 camocmitinot pobomu

3i"TerpyBaryu PiBHSAHHS METOJOM BBEJIECHHS IIapaMeTrpa;
Cl.y=2a>+avy.

C2. y? + 223y — 42%y = 0.

C3. 16y%y"” + 22y —y = 0.

C4. 8xy" — 12yy"? + 9y = 0.
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C5. y(y — 2zy')* =y

C6. 23y + 2%yy’ +a = 0.

C7.y=xz+y —Iny.

C8. 9yy'? + 43y’ — 42%y = 0.

C9. (xy +a)? —2ay + 2% = 0.

3iaTerpyBaru piBHsiHHs Jlarpamyka abo Kiepo:
C10. zy —y=1ny'.

C11. 12y (Sy’l— 4)(y — xy).

Cl12. z =

l< |l

;T F
C13. 2y(y +2) = 2y
Cl14. 2y%(y — xy) = 1.
C15. zy? — 2y —y = 0.
C16. y =y +av/1—y3.
C17. y3 = 3(xy —y).

2/
2y — 1
C19. zy® —yy? +1=0.
C20. 22y’ —Iny' —y = 0.
C21. y =5zy —o/°.
C22. 3naiiTu KpUBY, SIKIIO BiAPI30K IOTWYHOI, KWl MiCTH-

<

C18. y =2y +

ThCS MiXK OCSIMH KOODJIMHAT, € CTAJIOI0 BEJIUYUUHOIO 1 JTOPiBHIOE [.
C23. 3HuaiiTu KpuBi, y ssKuX J100yTOK BiJcTaHEl JTOTUIHUX BiT
JIBOX 3ajanux To4doK Fi(—c,0) i Fy(c,0) € cramoio BeJndnHOIO,

piBHOIO +b?.
*

C24. BukopucroByioun pe3yJbTaTU BIPaBU *, 3iHTErpyiiTe
PiBHSIHHS
xy +
72 y/ 4 yrty —0
1+ (zy' +y)?

3inTerpyBaru HesiBHI DPIBHSHHS, BUKOPUCTOBYIOYH OIHOPI/I-
HiCTb PYHKITI:
C25. y* —y* —yy? = 0.
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C26. ac3 +y? —3zy =0.

C27. y? — (y’3 +y?)zy + 2%y = 0.

C28. y?(1 — y?) + 2xyy/ (y? — 2) + 422y = 0.
/

C29. y = 2y? — % — 2.

C30. 2y2y% — 2y'y +2y%x — 1 =0.

Bionoeiodi
Al. 4y = C?—2(x—C)?; 2y = 22. A2. pry = y>+p3, y?*(2p+C) =
y=0. ABz=-E1Cy=L L =1y Ad x_iT}nc

y=F (\/21nCp— ﬁ) A5,z = %lnCy; y = ex. AG6. xp® =
:C\/H—l,y:xp—x2p3;y:0. AT7. 2p%z = C — O%*p?, py = C;
322% = =27yt y = 0. A8. 4% = 202 — CInC; 2z = 1 + 2Inly|.
A9.2,/p=lnp+C,y = /p(4-Inp—C);y = 0. A10.y = £2/Ca+C;
y=-x. All.z2=C(p—-1)"2+2p+1,y=Cp*(p—1)"2+p? y = 0;
y=2-2. Al12. 2 =p '4+Cp~ 2,y =2+2Cp ! —Inp. A13.x:3p2+
+Cp~2,y=2p3+20p~ Ly =0. Ald.z = %p—i—Cp’% y = 3p —Cp%
y =0 Al15.y = Cz— C? 4y = 22. Al16. y = Cx — 41+ C?;
2 2 _ — abC . .. _ __ab®
r\/1+p? =4p, y/1+p? = -4 AlT. y=Co+ 5=; ¢ = [CT=0EE
= L A18. y=Cr+ Loy =42+ +1. Al9. y =
(ap—b)? Cc-1
—C’a:+\/1+C'2 y=+1-22. A20. ny—iS. A21.y = z+\/ar+a.
Cl.y=Cz—22% C2. y—Cx —l—C’2 4y = —z*. C3.2Cx = y>—16C3;
T = 122;;47 Yy = 32p3. C4. y? = C(3m+%)3; y=0y = i%x.
C5. 20z = y? — V(2 2(v27 — V2T)zy = £1. C6. y = % + &
y=+42/2. C7.y=¢e""-Ciy=a+1. C8.y=+ZV9—-Ca?%
y=0. C9.z\/p2+1=C—aln(y/p?>+1+p), 2ay— (xp +a)? +x
C10.y=Cz—InC; y=1+1nz. C11. y—Cm+3C 1T = W’
y = (33)6—4)2 Cl12. y = Czx — 5; y? = —4x. C13. 2Cy = (Cx — 2)%;
y=0;y = —4x. Cl4. 20%(y — Cx) = 1; 8> = 2722, C15. z =
=@p—Inlpl+C)p-1)"2 y = (2p—2Infp| + C)p*(p — 1)7% — 2p;
y=0y=x—-2 C16.y = Cz+avl—C3 z = ap*(1 — p?)~ 3,
y=a(l—p3 3. C17.y=C’x—%3;9y2=4x3 C18.y = Cx+ 525

y=2vV2r+2+1. Cl9.y=Cr+ &;y= V222 + {/Z. C20.z =
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=l y = 2% —Inp. C21.z = %p‘l +Cp~1,
=0. C22.25 +yi =15. C23. oy + %

<

C2. y=C+ =S io=—(P+1) 1, y= .
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Tema 9. 'eomeTpuyni acnekTu Teopii
AndepeHIliaIbHUX PiBHAHb MEPHIOTO MOPSIKY

Kopomxi meopemuyuni gidomocmi

9.1. Metox i3okJtin. AkIio B qudepeniiajibHOMy PiBHAHHI

y/ = f($,y); (x,y) €G, (91)

pO3IIANATH X 1 Y SIK JeKAPpTOBI KOOPAWMHATH TOUOK ILJIOIIAHU, TO
(9.1) craBuTh y BiAmOBiAHICTH KOXKHI TOUI 061acTi G ieBHE 3Ha-
yenns 3, TOGTO HaJA€ IIEBHOTO 3HAUEHHsI KyTOBOMY KoedilieH-
Ty morudHol. [Hakme KaxKy4n, piBusgHHs (9.1) 1715 KOXKHOT TOUKH
M € G Brasye nanpsim kpusol y = ¢(z). Hakpecsiusumm B Toukax
obsiacti G BeKTOpH, IO YTBOPIOIOTDH 3 Biccio Ox KyTH, TaHI'€HCH
SIKAX JIOPIBHIOIOTH 3HaueHHIO f(z,y) y IUX TOYKAX, OJEPKUMO
300paKeHHS NOAA HANPAMIG.

TeomeTpuyi MicIst TOYOK 3 OJTHAKOBUM HAIIPIMOM TI0JIsT HA3K-
BAIOTHCS 130KATHAMY. PIBHSIHHS 130KJIH IrdepeHIiagbHOro piB-
HauHst (9.1) mae Bursy

ne k — noeinbHa crasia. g mobynoBu iHTErpaJbHUX KPUBUX IO~
TpibHO BpaxoByBaTH 0b6JacTi 3poctanus (npu k > 0), crnagaHHs
(k < 0) imrerpaspHEX KpUBHX Ta JiiHil iX ekcrpemyMmis (k = 0).
Axmo dyukuis f(z,y) y pisaguni (9.1) audepenriiioBra, To 3
noroMoroto pyroi noximmoi y” = fi +y' - fy = fi + f - f, mo-
JKHA BU3HAYUTU O0JIACTI OMyKJIOCTI Ta JIiHIl TOYOK IEperuHy in-
TerpajbHUX KPUBUX.

9.2. IzoronasbHi TpaekTopii. Jliuii, ki nepeTuHaIOTH KpU-
Bi 1aHOl ciM’T INTOCKUX KPUBUX IiJ CTATIUM KYTOM (0, HA3UBAIOTHCS
13020HAALHUMY MPGEKMOPIAMY THET ciMT. KIO KyT mepeTuHy
(¢ = 5, TO TPAEKTOPil HABUBAIOTH OPMO20HANLHUMU. I30r0HATB-
Hi (OpTOroHaJbHI) TPAEKTOPIT 3a/10BOIBHSIOTD JlesiKe JudepeHIti-
aJbHe PIBHSIHHS.
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Maroun piBHSHHS OJHOIAPAMETPUIHOI CiM'T KDUBUX Y BUTISII
®(x,y,C) = 0, 3naxomumo audepeHIiagbie piBHAHHS i€l cim'T
(muB. Temy 1): F(x,y,y’) = 0. Toxl piBHsIHHS 130rOHAIBHAX TPa-
€KTOpIi 38a€ThCI POPMYJIOIO

y —k
F J ) = .
(xvyv 1+ ky’) 07 (9 3)

Je k = tgp, a OpTOroHAIbHUX —
1
Fl x5y, 7 =0. (9.4)

Pose’sa3ysarHa munosuxr enpas i 3aday

Ilpukiam 9.1. 3 701OMOr00 METO/TY 130KJIiH HAOJIUKEHO I10-
OylyBaTH iHTerpajbHi KPUBI JudepeHIiaJIbHOro piBHAHHSA Ty =
Yy — .

Pose’sazamnmns. 3riguo 3 (9.2) piBHAHHS 130KJIH Ma€ BUIJIS

tk=y—z = y=uz(k+1), keR

dAxmo k = 0, To i30KJIHOIO € IpaAMa Yy = T, HA SIKY HAHOCH-
MO TOPU30HTAJIbHI MITPUXH, BIIOBIIHI HAIPAMY JOTHYHUX JIJIsI
To40K T1i€l i30kiinu. Came y TOYKaxX i30KJIiHU Yy = T iHTErpasib-
Hi KpUBI MOXKyTh MaTu ekcrpemyMmu. [ToOymyemMo TakoxK i30KjIiHN
o k=1, k=3 k=-1,k = -2k = —3 1 nanecemo Ha
Il IpsIMi MITPUXH, SIKi YTBOPIOBATUMYTH KyT arctg k 3 momarHuM
HanpsMoM oci abcrue (puc. 9.1). s upsvoi z = 0 mrpuxu €
BEPTUKAJIBLHIMU, III0 BKa3ye Ha Te, IO BiCh OPAMHAT € BEPTUKAJIb-
HOIO aCUMIITOTOIO i iHTerpajbHuX KpuBux. Haneceni mrpuxu
YTBOPIOIOTH IT0JIE HAIIPSIMIB.
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Puc. 9.1

A y=4z /y=2x

/

f

Puc. 9.2
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Temep npopeseMo iHTerpabHi KpuBi Tak, 100 BOHHU II€PETU-
HAJIM 130KJIHU i KyTamu, BKazaHuMu mrpuxamu (puc. 9.2). B

Ilpukmaan 9.2. Criactu pudepeniiagbie PiBHIHHS 130r0-

2 _y? = C, mo neperunaioTh

HaJIbHUX TPAEKTOPil ciM’T KPUBUX T
ix mij KyTom ¢ = 7.

Pozs’sazannsa. Cxiaanemo audepeHIliaJ bHe PIBHAHHSI 331aHOT
cim’i xpusux. Iosraamvo ®(z,y,C) = 22 — 42 — C, Toni @/, +

+ @3y’ = 22 — 2yy’. Bukmouatoun napaverp C' 3 cucremn

-y =C,
2x —2yy’ =0,

onepxkyemo audepentiaabie piaaaas  — yy = 0.
3 dopmyim (9.3) BuimmBae, 1Mo MyKaHUM JudepeHiajbHIM
b
nudepeHniaIbHIM PIBHIHHAM 130MOHAJBHUX TPAEKTOPIi €

=0 = z+ay-y+y=0 =

(r—y)y' +r+y=0 M

Ilpuknan 9.3. Critactu nudepeHIiajibie piBHSIHHS OPTOTO-
HAJIBHUX TpPaeKToOpiil ciM’1 kpusux 2 — y? = C.
Poss’asamnns. udepennianpue pisaguns r — yy' = 0 3a1a-
HOI ciM’T KpuBHX OYJI0 OJleprKaHe y IOMEPeIHbOMY MPUKJIai. 3
dopmysn (9.4) BumIMBaE, MO IMIyKaHUM JudepeHIialbHIM DiB-
HAHHSM OPTOTOHAJIBHUX TPAEKTOPIil €

1
x—y<—?>: = a2y +y=0 N

Bnpasu, pexomendosani das aydumoproi pobomu

3 JI0MIOMOroI0 MeTO/Ty 130KJ/IH HabJINKEeHO MOOYIyBaTH iHTe-
rpajbHi KpuBi audepeHItiajbHuX PiBHIHD:
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Al.
A2,

y' = 2%+ 92 A3.yy +z=0.
y’:;p+y, A4.y’:y+x2.

Cknactu nudepenniaabHi PIBHAHHA TPAEKTOPIii, MO II€PETU-

HaIOTh 3

A5.
A6.

ajaHi ciM’'T KpUBUX IIiJT KYTOM (0:

y:C:);A,(p:%. A7.y2:x+0,4p:%.
2 2

y=kxr,o=73. A8. &= + 4 =1, =17,

Bnpasu, pexomendosari 0as 0oMawHb020 3a80aGHHSA

i camocmitinot pobomu

3 JI0IIOMOror0 MeTOTy 130KJ/IiH HabJINKEeHO MOOYIyBaTH iHTe-

rpaJibHi
C1.
C2.
Cs.
C4.
C5.
Cr.
C8.

KpuBi audepeHIiaJIbHuX PIBHIHD:

yy' = 2x. C9.y = (y— 1.

y' =y — 222 C10. 3 = cos(z — y).
y =eY+ . Cll.yy =z — 1.

y =y —2x. C12. 9 =y? +5.
v(x+y =y—x. C13. 3z = y.

y = (y—1)>2 Cl4. ¢/ = /2?2 + 92,
y' = 2y% + 322 + 4. C15. e =z + 2.

Ckiactu nudepeHIiajabHi PIBHIHHST TPAEKTOPIi, 10 T€PETH-

HaIOTh 3

C16

C17.
C18.
C19.
C20.
C21.
C22.
C23.
C24.
C25.
C26.
C27.

amaHi ciM’'l KpUBHUX il KYTOM (p:

y=zlnz+ Cz, ¢ = arctg 3.
y:C':c—FxS,go:%.
yIn(Cz)+2=0, p =
xQ—l—CQ:QCy,(p:%.
?=y+C,p=1%.
y=Cxz?+1, p = arctgh.

™
PR

¢V =a+y? =35
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C28.y=Cax+C? p= 1
C29. 2 —y = 22 + a?, p = arctg 2.
C30. 2y=C, p= 5.

Bionoeiodi

A5. (V3x — dy)y = 43y +x. A6. y +x =
A7. (2y—1)y =2y+1. A8. (4—y*>—22)y = zy. C16. (z+y)y
+z—y =0. C17.y*(y2—4) = y2. C18. (v3y2—/322—2zy)y/
= 22 — 2y/3xy — v C19. (4xy? — 23 — % — o3 + 32%y)y/
= 4ay? — 23 —y? +9° - 32%y. C20. 3xy =y. C21. (2z+3y)y’
+dx+y=0. C22. (22% +y —V32)y' + 3y +2v323 + 2 = 0.
C23. (zy+ )y +2%2 = 0. C24. (z —yy> +x+y
C25. (232 — 1)y + 22+ V3 = 0. C26. (z — 10y + 10)y/
= 2y + 5z — 2. C27. 2zyy’ — 2y + (2% + y?) In(2? + y?) )
C28. (y—x—1)y* +(2y+2)y' +y+z—1=10. C29. (4z—1)y
+2z=3. C30. (y+V3z)y + 3y —x=0.

I+ <

I
S+

I
+ S0 =
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Tema 10. OcHOBHIi BJIAaCTMBOCTi PO3B’sI3KiB
AndepeHIliaIbHUX PiBHAHb MEPHIOTO MOPSAIKY

Kopomxi meopemuyuni gidomocmi

10.1. YmoBu icHyBaHHA po3B’a3ky 3azaui Kormi. Pos-
ragaeMo 3ama4dy Korri gy nudepeniaabHOro piBHSAHHS MIEPIITO-
I'0 MOPSIIKY, PO3B’SI3aHOT0 BiIHOCHO ITOXITHOI:

y, = f(xvy)7 y(.’Eo) = Yo- (101)

Teopema 1 (Ileano). Hexat ¢ynruia f(x,y) nenepepera 6
3amrHenit obmestcenit obaacmi (NPAMOKYMHUKY )

Q=A{(z,y): lz—xo| <a,ly—yo| <}, a>0,b>0,

npuvwomy M = (:?glf)lé{Q |f(x,y)|. Todi na eidpisky |r — x¢| < h, ne

h = min {a, %}, ichye pose’azok 3adawi Kows (10.1).

Teopema Ileano He rapanTye €anHOCTI po3B 3Ky 3amadi Kormri
(10.1).

10.2. YMoOBU icHyYBaHHS Ta €IWHOCTI pO3B’I3KYy 3aaadi
Kormi. @yuxmist f(z,y) 3amoBosibusie ymosy Jlinwuus 3a 3Min-
Hoto y (piBHOMIpHO 3a 3MiHHOW T) B JesKiit obmacti Q C R2?,
SKITO icHye Take dncio L (crama Jlinmmig), mo jyist TOBUIBHIX
To40K (,91) € @ 1 (z,y2) € Q) BUKOHY€ETBCsI HEPIBHICTD

|f(z,y2) — f(z,y1)| < Lly2 — w1l

Axmo dbyukuil f(z,y) i f;(x,y) HerepepBHi B obacTi ), TO
f(x,y) sanoBosnbusie ymoBy Jlimmmuiis 3a 3MIHHOIO ¢ Ha KOKHOMY
xommakTi K C Q.

Teopema 2 (Ilikapa). Hexati ¢ynkuia f(x,y) nenepepsna
6 obaacmi @QQ 1 3adosoavhac 6 yiti obaacmi ymosy Jlinwuus 3a
aminnoro y. Todi npunatimni na 6idpisky | — xo| < h icnye edu-
nut poss’asok sadawi Kows (10.1).
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Posp’siz0k 3aza4i Komri (10.1) 3a BUKOHAHHSI YMOB TEOpeMU
[likapa MoXKHa& 3HANTH K I'PAHUINIO TIPU N — 400 PIBHOMIPHO
361:kHO1 rocstitoBHocT dyHKIii {y,(x)}, saxi BusHagaoTbes dhop-
MyJIaMA

T

yO(‘T) =Y0, Yn+1="Y0 +/ f(t7yn(t))dt7 n = ]-7 27 s (102)

0

Oninka 1OXMOKHU, $KYy OTPUMYEMO IICJIsd 3aMiHH TOYHOTO
po3B’sI3Ky () HOro n-HAGIMMKEHHIM Yy, () BUPAXKAETHCsT HEPIB-
HICTIO Y

y(e) — gl < T (10.3)

3. IIponoskenns po3B’sa3ky 3azadi Kormi. Y 6ararbox
BuMaKax po3B’s30k 3aa4i Komri (10.1) icaye na 6ibimomy Bij-
Pi3Ky, HixK BiAPI30K |x — xg| < h, BKasanwii y Teopemax 11 2.

Axmo dyukuis f(z,y) 3amoBosbHsie ymMoBu Teopemu [leano B
3aMKHeHIl oOMezkeHiil obiacti, To po3s’s30k 3azadi Komr (10.1)
MOKHA TTPOJIOBXKUATHU JI0 BUXOILY Ha MEXKY ITi€l 00J1acTi.

Axmo dynxuis f(z,y) y emysi a <z < 8, ly| < 400 (uucaa
a1 B MoxyTb 6yTH i HEBJIACHUMM) HEIEPEPBHA 1 3aI0BOJIHHSIE
nepienicrs |f(z,y)| < p(2)|y| + q(z), ne bynkuii p(x), ¢(x) ne-
nepepBHi, To KOxKHUIA po3B’s130K 3ajaa4i Komi (10.1) moxkaa mpo-
JIOBXKUATH Ha BECh 1HTEpBAT o < & < f3.

4. KopektHictb 3aga4i Komri. Okpim nuranb, OB’ si3aHUX
3 icHYyBaHHSIM Ta €IMHICTIO PO3B’s13Ky 3aja4i Ko (10.1), Baxkiu-
BO 3HATH, SIK 3MIHIOETHCSI Teil PO3B’I30K Ha CKIHUCHHOMY ITPOMiXkK-
Ky 3a MaJuxX 3MiH (30ypeHb) MOYATKOBUX 3HAYECHD, IApaMeTpiB i
camoi dyskii f(z,y). Bumorn icHyBaHHsI Ta €IMHOCTI PO3B’SI3KY,
foro HerepepBHOT 3aJe?KHOCTI BiJl TOYATKOBUX YMOB, ITapaMeTPiB
i dyukmil f(z,y) Ha CKIHYEHHOMY HPOMIXKKY CTAHOBJISITH 3MICT
MIOHSITTS Kopexmmocmi 3adaywi Kowi.

Teopema 3 (IIpo HemepepBHY 3aJIEXKHICTh Bijl mapame-
Tpa). drxuwo npasa wacmuna pisuanns y = f(x,y, p) nenepepsha
30 BMIHHOI0 [L NPU [ € [p1, pa] © daa Koorcnozo Pikcosarozo  3a-
d0BOABHAE YMOBU TEOPEMU 2 3 MUMU CAMUMY CMAAUMU G, b,
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L, M, mo poss’azox y = y(x, ), axuil 3a00604bHAE NOYAMKOBY
ymosy y(xg) = Yo, HENEPEPEHO 3ANENHCUMD 610 NAPAMEMPA [L.

Teopema 4 (mpo HenmepepBHY 3aJIeXKHICTh BiJ modar-
KOBUX YMOB). SKwo cnpasdncyomvpca ymosu meopemu, 2, mo
poss’asok y = y(x,x0,y0) 3adawi Kowi (10.1) nenepepero 3ane-
arcams 6i0 NOYAMKOBUL YMOS.

Teopema 5 (mpo audepenunifioBHicTs po3B’a3KiB). k-
wo 6 okoai mouku (xg,yo) Pynkyia f(x,y) mae nenepepsni no-
xioni do k-20 nopadky exmouno, mo pose’azok y(x) sadawi Kowi
(10.1) 6 desaromy okoni mouku (To,Yo) Mae HENEPEPEHT NOTIOHI
do (k+1)-20 nopadky exa0wHo.

Pozs’sa3ysarnms munosux enpas i 3aday

Ilpukman 10.1. Yu Buxkonyerbcs ymosa Jlinmuis 3a 3Min-
moro y y miBkpysi 0 < y < VR?2 — 22 s byskiii:

a) f(x,y) =y + 22 cos x?; 6) f(z,y) = Vo + /y?
Poszs’azamrms. a) dns 6ynp-gakux 180X TOUOK (x,Y1), (x,y2) 3a-
JAHOTO TIBKpyTa MaeMo:

|f(zoy2) = flay)|l=v3 — vi|=ly2 — il - |3 + vovr + ¥3|

Slyz—wl- |3 +30W3 +vd) +v3|=351y2 —wl- (¥3 +vi)
< 3R% |ys — 1.

<
<

Orsxe, ymosa Jlimmmns BukonyeTbes 3i cragoo L = 3R2.

6) Mipkyemo Bix cynporuBHoro. Ilpumycrumo, mo st 3a-
naHol (pyHKIIT BUKOHYEThCA yMOBa JIIIUIS 3 JESKOIO CTAJIO0
L > 0. Toxi mas rouok (0, 1) i (0, y), 1e y — JocTaTHLO Mase
YHCJIO0, MAEMO

1£(0,y) = f(O, D] = |Vy =1 < Lfy —1].

Ssigcu L > ﬁ, IO € HEMOXKJINBUM JJIF JJOCUTH MaJIIX 3Ha-

Y€Hb Y. 3 OTPUMAHOTO IPOTUPIUUS BUILIMBAE, 110 yMoBa Jlimmuis
He BuKonyerbcs. W
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Ilpukmaanx 10.2. Bkasaru Oyab-gakuil Binpizok, Ha SKOMY
icnye poss’ssok sazadi Komri 3 = y3 + z2cosz?, y(0) = 0y
xwampari Q = {Jo| < 1, |y| < 1}.

Pose’azannsa. Y xsagpari Q byuknia f(z,y) = y° + z?cosx

Henepepeaa (M = (mz)ié(Q] f(z,y)| = 2) i 3ag0BOsIbHSIE yMOBY
.y

Jinmmns (mus. npukiaazn 10.1 a). Orke, 3rigHo 3 Teopemoro Ili-

Kapa icHye eamHHUil po3B’s130K 3ajaHOl 3amadi Korrmi mpuHaiiMHi

Ha Biapisky |z| < h, ge h = min{l, %} = % [ |

2

Ilpukmaaza 10.3. 3HaiiT MEeTOIOM IOC/IIIOBHUX HabOJIMXKEHb
posB’sa30K 3amaui Ko ' +y =2+ 1, y(0) = 0.
Pose’sazanmns. 3riguo 3 (10.2) maemo yo(z) = 0,

32‘2
5

yl(:r)—/ (t+1-0)dt =z +
0 2

yg(:c):/ox<t-|—1—(t—l—%))dt:x—%,

4

?/3(:C)=/Ox<t+1—(t—%))dt::c+§—4.

3 J0IMOMOr0I0 METOIy MaTeMaTUIHOT 1HYKIHT MOYKHA TTOKa3a-
TH, IO
n
(_ 1) n

yn(ac):ac—l—Tx ,n=12...

3Bigcn BummBae, mo g |r| < @ MOCTiIOBHICTDL HAOIMKEHD
{yn(z)} npu n — oo piBHOMIpHO Hpsimye j10 x. OTKe, DYHKIsS
Y = X € po3B’sI3KOM 3aaH01 3amadi Korri. W

Ilpuknan 10.4. 3uaiitTy TpU MOCTIIOBHI HAOJIUYKEHHS PO3-
B'ssKy sagadi Komi ¢ = 22 + 42, y(0) = 0. Ominurn moxubky
OCTAaHHBOTO HADJIMIKEHHS.
Po3se’sazanmna. 3a nouarkoBe HabmKeHHsT BisbMeMo yo(z) = 0.
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Hacrynni vabimkennst 3uaxonumo 3a dopmystamu (10.2):

3

0
* 7
ya(x :/ 2yl gr=2 42
2(@) = | ( ) 516

2 t6 th t14
93(95):/ (t 5+ I +m>dt:
0
- 21.11 15

- 3 + & 5 + 2070 + 50535

OninuMo MOXUOKY OCTAHHBLOTO HAOJMKEHHS 3a (DOPMYJIOI0
(10.3). Ockinbku dynkiis f(z,y) BusHadeHa i HerepepsHa B yciit
ILIOIIUHI, TO 3a IapaMeTpu a, b MOYKHa B3SITH JIOBLIbHI YHC/IA.

Hexait, manpuknan, a = 1, b = 0,5. Toxi B npsaMoOKyTHUKY
Q = {|z| <1, ly| <0,5} smaxoaumo

M = max |f(z,y)| = max |22+ y?| = 1,25,
(z,y)€Q (z,y)€Q

L= Jnax |fy(z.y)| = omax |2y| = 1.

Temep Bubupaemo h = min {a,%} = min{l,%} = 0,4.

Takum amnoM, Ha Biapisky [0; 0,4] omepryemo

x) — x 1,25 - 13- _x4 = —5 z?
|y( ) ZUS( )| A1 06"
i ( )4
max — <—27 ~ 0,00133.
x€[0;0,4] \y(:):) yg(flf)’ 96

Om:xe, Teopema Ilikapa rapanrye 30i>KHICTH [TOCTIIOBHAX Ha-
6mkenb Ha Biapisky x € [0;0,4]. AbcosoTHa TOXHOKA TPETHOTO
nabmmkenns He nepepuirye 0,002. B

Bnpasu, pexomendosani das aydumoproi pobomu

Yu BukoHyeThCst ymMoBa Jlimmmrs ayist GyHKIINH f vy 3agannx
obstactax?
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Al. f(y)=v% |yl <a, a>0.

A2. f(y)=VIyl Iyl < a>0.

A3. f(z,y) =22 +y?, 22+9y®> < R%? R>0.

A4. JloBectu, 110 3 BUKOHaHHsT yMoBH JIinmmurist 1y1st pyHKITT
f(y) na Binpisky [, 8] BumuBae HenepepsHicThb f(y) HA 1BOMY
BiJIPi3Ky.

A5. Tlokazaru, mo byukuis f(z,y) = p(z)y + q(z) 3am0-
BoJIbHsI€ yMOBY Jlimmuis 3a 3minuo0 ¥ y emy3i y| < 5, f > 0.
SuafiTu Hafimenry crasy JIimmmums.

A6. Tlokazaru, mo dbyuxmis f(x,y) = (1+p?(x))y?, ne p(z) —
HenepepBHa (YHKIS y cMy3i |z| < «, o > 0, He 3a0BOJILHSIE
yMoBYy JIinmmIlg 3a 3MIHHOIO ¢ Y il CMy3i.

A7. Tlokazaru, mo dyukuis f(z,y) = P(x) + Q(sinz, cos x),
e P(z) i Q(u,v) — MHOrowIeHu, 3a/10BoJIbHsIE yMOBY JIimmmmis
3a 3MIHHOIO ¥y B yCiit IJIOIIUHI.

SHaWTH METOIOM IOCTIMOBHUX HAOJMKEHDL PO3B’SI3KU 33189
Kormi st ninifinux piBHSIHD:

A8.y+y=x+1, y(0)=1

A9. ¢y +y=2¢", y(0)=1.

BHaliTH MeTOIOM TOC/IJIOBHUX HAOJMKEHb HAOIMKEHHS
yo(x), y1(z), ya(x) mo posp’sizkiB 3amau Komr st mesmiHifHUX
PiBHSHD:

A10. ¢y =y% — 2, y(0) = 1.

Al1l. y =y% + 23, y(0) =0.

A12. ¢ =y% + €%, y(0) =0.

A13. OuianTu OXMOKY, OTPUMAaHY INCJIsl 3aMiHA PO3B’SI3KY
y(z) samaui Komi v/ = y? + 22, y(0) = 0, |z| < 1,|y| < 1,
HOCJIIOBHUM HaOJIMKEeHHAM Y3(T).

Kopucrytouncs Teopemoro Ilikapa, Bkazarm objacTi, depe3
KOYKHY TOYKY AKUX [IPOXOJIUTDH €IWHA IHTErpajbHa KPUBA:

Al4. o =y + 24

A15. ¢ =3+ Jy T .

A16. 2y = e® + ctgy.
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A17. Y = (y+ 1)/ (y —1)%

A18. BnuaiiTu 3navenns fgificHux nmapameTrpiB «, [ i Jinil Ha
ILIOIIUHI, B KOXKHI!l TOUI KOl MOPYIIYETHCA €IHICTH PO3B A3KY
piBmsHIs 3 = y®(1 — )P,

A19. Yu MoKy Th Bl iHTerpajbHi KpuBi piBHsHHA 3/ = x2+y4
B Jiesikiit Touri (zo, yo):

a) JIOTMKATHCS OJIHA JIO OJIHOI;

6) meperuHaTHCH?

A20. /st sgkuxX 3HAYEHb MapaMerpa « KOXKHUI pO3B si-
30K DpiBHgAHHS Y = |y|* MOXKHA TIPOJOBXKUTH Ha IHTEpBAJI
x € (—o0;+00)?

A21. CKiJIbKY TOXiIHUX Ma€ pO3B 30K piBHSAHHA 1) = :r—i—y%
B OKOJII MIOYATKY KOOpAUHAT?

Bnpasu, pexomendosari das 0omMawrHb020 3a80aGHHSA
i camocmitinot pobomu

Yu BukoHyeThCst ymMoBa Jlimmmrs ayist GyHKIIN f vy 3aganux
obstactax?

CL f(y) =lyl, Iyl <a, a>0.

C2. f(z,y) = =zly|, 22 +y* < R% R>0.

C3. f(x,y) = 2/|y|, 22 +9*> < R%, R>0.

C4. Ilokazarm, mo HemudepeHIiiioBHI 3a 3MIHHOIO ¥y WIPHU
y = 0 dynxrii fi(z,y) = [yl(1+sine) i fo(z,y) = [yl(1+cos )
3aJJ0BOJIBHSIIOTH YMOBY JIimImuIis 3a y Ha BCiil INCITOBIN MJIOMINHI.

C5. Iokazatu, mo dyukmia f(z,y) = y?sinz + e* 3a10B0/IDb-
uste ymoBy Jlimmuis 3a 3minHo©O Y eMmy3i |z| < o, o > 0, K10 y
it cmysi dysknil p(x) i ¢(x) HenepepsHi.

C6. Hosecru, mo dyukuist f(z,y) = Ty He 3a0BOJIbHSIE YMO-
By Jlimmung 3a 3MiHHOIO ¥ B yCiif IJIOIIMHI.

SHaWTH METOIOM IOCTIIOBHUX HAOJMKEHDL PO3B’SI3KU 33189
Kormi st ninifinux piBHSIHD:

C7.y—y=1—=xz, y(0) =1

C8. ¢y —y=e%, y(0) =1.
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C9.y —y=ux, y(0)=1.

SHaifiTu MeTOmOM IIOCTITOBHUX HaOJIMKEHb HaOIMYKEHHS
yo(x), y1(z), ya(x) mo posp’sizkiB 3amau Komn st mesmiHiiHUX
PiBHSHD:

C10. ¢ =2y% + 2, y(0)=1.

Cl11. ¢ = 22 — 2y%, y(0) = 0.

Cl2. ¢y =y +ev 1 y(0)=1.

C13. Jlna poss’ssky sagaqi Komi y' = 2 — y2, y(0) = 0,
0 < z < 0,5, mobynysaTtu TpeTe HAOIMKEHHS JI0 PO3B'SI3KY 1
OIIIHUTHU HOro MOXUOKY.

Kopuctytouncs Teopemoro Ilikapa, Bkaszaru objacti, uepe3
KOYKHY TOYKY SKUX [POXOJWUTDH €INHA IHTerpajbHa KPUBA!

Cld.y =z + Yy —=.

C15. (x +y)y = zlny.

C16. v =y + /y — z2.

Cl17. (z - 2)y' = Sy — .

C18. ¢y =1+ tgy.

SHaiiTy 3HaUYeHHs JificHUX mapamerpiB «, § 1 jiHi#l Ha 1LI0-
IIKHI, B KOXKHIN TOYI SIKUX MOPYIITYEThCS €IHICTD PO3B’SI3KY PiB-
HSIHB:

C19. ¢y = y*1In” i

C20. y'Iny = y*(1 — y)°.

C21. [lng sIKmX 3HaAYEeHb apaMerpa « KOXKHUII PO3B si-
30K piBHsanna 3 = (y? + €¥)® MOXKHa TPOJOBKHUTH Ha iHTepBaJ
x € (—o0;+00)?

C22. CkisbKku HelepepBHUX MOXITHUX MA€ PO3B’SI30K PiBHHA-
uns y' = z|x| — y? B oxosii moYATKY KOOpAMHAT?

Bionoeiodi

—

_‘,E_ —

Al. Tak. A2. Hi. A3. Tak. A5. L = 6 A8. y =z +
A9.y=¢". A10.yo(x) =1, p1(x) = 14+z—%, yo(x) =1

e
./1?4
. ¥ 2 2 e
— 55 All. yo(x) =0, y1(z) = T, vo(x ): xr x—4 A12. yo(x) =0,
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) =e€" =1, ya(x) = %62’” — e+ x4+ % A13. |y(z) — ys(z)| <
< %(%)46%. A14. Bea wionuna (x,y). Al5.y > —x. Al6. z #0,
y£rk ke€Z AlT.y#£1. Al8.a<1l y=0if<1y=1.
A19. a) Tak. 6) Hi. A20. « € (0;1]. A21. Tpu. C1. Tak. C2. Taxk.
C3.Hi. C7.y=zx+¢e% C8 y=¢e> C9 y=2"—z—1
2 2 3 5
C10. yo(z) =1, yi(z) = 1422+ %L, yo(z) = 1+ & + 82 4 o4 4 L
C11.yo(2) = 0,y (2) = &, yo(w) = 5 — 2. C12.y(2) = 1, ya () =
=142z, yo(x) = x2+x+%621+%. C13. y3(z) = %2—%—1—%—%,
ly(z)—y3(r)] <6-1075. Cl4.y #z. C15.2 #y,y > 0. Cl6.y > z°.
Cl7.2#2,y>0. C18. y#n/2+ 7wk, ke€Z. C19.a<1,y=0
ig<l,y=1 C20.a<l,y=0i8<2,y=1. C21.a <0,5.
C22. Jlsi.
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Tema 11. JIudepennianbHi Momesai
Kopomxi meopemuyuni gidomocmi

11.1. 3aga4i OpuUpoOAHUYUX TA COliaJabHUX HayK. Ilig
Jac BUBYEHHs 0araTboX SIBUIIN IIPUPOIN, PO3B’I3yBAHHS KOHKDE-
THUX 3a7a4 (izukn, Ximil, Oiosoril Ta IHIMNX HAyK HE 3aBXKIN
BIAETHCS H6e3I1ocepeHb0 3HAWTU 3aKOHU ab0 (hbopMysH, sSIKi ommu-
CYIOTH TOW UM IHINUI TIPOIEC, ajie YACTO MOXKHA BUSIBUTU IIEBHY
GYHKITIOHATBHY 3aJI€KHICTh MiXK HEBIIOMHMHU XapaKTepPUCTUKA-
MU TIPOIIECY, IMIBUIKOCTSIMU IX 3MiHU ¥ 9acoM, TOOTO 3HAWTU PiB-
HSHHS, Ki MICTATH TOXiTHI HEBIIOMUX XapaKTEPUCTHUK ITPOIIECY.

IIpu 11boMy PEKOMEHIYEMO JTOTPUMYBATUCH TAKOI MTOCJIi JOBHO-
cTl i

1) BCTAHOBUTH BEJIMYMHU, sIKi 3MIHIOIOTBCS Y 3aIaHOMY SIBUIILL
9H IpoTIeci, 1 BUABATH 3aKOHU (DOPMYJIH) BiIIOBIIHOT HAYKH, SIKi
Il BEJIMYIUHU MTOB’A3YIOTh;

2) BubpaTu He3aseXKHy 3MIHHY 1 (DYHKIO i€l 3MIHHOI, AKY
IOTPiOHO 3HANTH;

3) BUXOJAYM 3 YMOB 3aja4i, BUBHAYUTHU MOYATKOBI abo iHImi
YMOBH, AKi HaKJIaJAIOThCs Ha IMIYKaHYy (DyHKIIO;

4) BUpa3UTH yCi BEJIMYMHU 3 YMOBH 3a/a4l 4epe3 He3aJIeKHY
3MIHHY, IIYKaHy (QYHKINO Ta 11 TOXiIHi;

5) BUXOJAYM 3 yMOBH 3aJIa4l Ta 3aKOHY, KU OINCYE 3aJaHe
SIBUIIE, CKJIACTH AUQEPEHITiaJIbHe PIBHSIHHSI;

6) sinTerpyBaru ojepxKane jaudepeHiiaabHe PIBHIHHS;

7) SIKIIO 3a/1aHl OYATKOBI UM iHI yMOBH, 3HAWTH YaCTUHHUIT
POBB’SI30K;

8) mpoBecTH OCIKEHHST 0JIEPIKAHOTO PO3B’S3KY.

11.2. TeomeTpuuHi 3azadi. [Ipo po3s’a3yBanus reomerpu-
YHUX 33J1a4 JUB. Ha CTOP. 19.

V HesdKux BUIAJIKaX PO3B’a3yBaHHs 33129 IPUBOJUTD JO PiB-
HeHb, Ki MICTIATH MIyKaHy (PYHKIHIO IIi/T 3HAKOM iHTerpaJa, Too-
TO 1HMEZPAAVYHUT PI6HAHL. |HTerpasbHI PIBHAHHS BUHUKAIOTH,
30KpeMa, KOJIU BUKOPUCTOBYETHCSI TCOMETPUIHUI 3MIiCT BU3HAUE-
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HOT'O iHTerpaJja sK IO KPWBOJIHINHOI Tparermil Ta iHII iHTe-
rpaJyibHi hopMysn (JIOBXKUHHU JIyTH, IJIOMI TOBEPXHi, 06’eMy Tiia
ToImO). Y HPOCTIMINX BUNAIKAX TCIA JUBDEPEHIIIOBAHHS 1HTe-
rpajbHi PIBHAHHA BIAETHCS 3BECTH JI0 AUQEPEHINAJIbHUX.

Pozs’sa3ysanms munosux enpas i 3aday

Ilpukmam 11.1. YV i BepTUKAJIBHOI MUAIIHIPHIHOI TOCY/IH-
nu Bucotu H i paziyca ocHoBu R, 3al10BHEHOI BOJIOIO, YTBOPUBCH
HeBesmkuit orBip mwromy S (pue. 11.1). Yepes sikuii gac depes
OTBIp BUTEYE BCA BOJIA, SKINO TPETUHA BOIU BUTIKAE 4depes ti C.
Poszs’azannsa. fxmo 6 BuTikan-
HsI BOOM BiJOYBAJIOCh PIBHOMIPHO,
TO BCA BOJA BUTEKJa O 3 HOCYIH-
uu 3a 3tq ¢. OHaK JOC/TI AU TOKA3Y-
IOTh, IO 3i 3MEHINIEHHAM PiBHS BO-
AUy TOCYJWHI IIBUJKICTH BUTIKa-
HHS BOJU 3MEHIIYEThCA. 1OMY IIO-
TPibHO BpaxXyBaTH 3aJI€KHICTb MiXK
MIBUJIKICTIO BUTIKAHHSI U 1 BUCOTOIO
h croBma BOAM HAaJ OTBOPOM. 3ri-
mHO i3 3akorHOM Toppiuesmi

v = k+/2gh,

Je ¢ — NPUCKOPEHHS BiJIBHOTO Ta- Puc. 11.1

minHg, k — xKoedilieHT, KUl 3aj1e-

JKUTH Bijl B'13KoCTi pimmuu Ta dopmu orBopy (it BoAM y BH-
najKy kpyriaoro orsopy k = 0,6).

Posriistnemo rocsmipKyBanmit mporiec Ha BiIpisKy [¢;t + At].
Hexait y MomeHT uacy ¢ BHCOTa BOJIW HA OTBOPOM CKJajaJia h,
a gyepe3 At ¢ BoHa 3MeHIIIach i crama h + Ah, 1e Ah — upu-
pict Bucorn (oueBugao, Ah < 0). Toxi 06’em Bojy, sSIKWMii BUTIK 3
MIOCYJINHU, TOPIBHIOE 00’€My BiMIIOBiIHOTO IUJIiHIpA, TOOTO

AV = —7R%2Ah.
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[Ipunyctumo, 1m0 BOJa 3 MOCYAWHU BUJIMBAETHCS Y BUIJISLI
MITHAPAIHOIO CTPYMEHsI, IIJIOINA OCHOBH AKOTO S, 8 BHCOTa J10-
PIBHIOE IILISIXY, SIKUii IPOMIIIA BOJA 3a IPOMIXKOK 4acy [t; ¢+ At].
Ha mouaTKy i HaOpWKIHII IHOTO BiApi3Ky MIBUJIKICTH BUTIKaH-
Hsl BOJAM 3risHO i3 3axonom Toppivemr gopisriosana kv/2gh i
k+/2g(h + Ah) Bignosinso. fdxmo At mocurs mase, To Ah(t) ra-
KOXK MaJjie 1 OTpUMaHi BUPa3! JijIs IIBUIKOCTI MaiizKe OJTHAKOBI.
Tomy muisix, IpoiiJIeHuii BOJIOI0 3a IPOMIZKOK 4acy [t;t + At], Bu-
pazxaeTbest opmyioio (kv/2gh + a(At)) At, ne Al;lglooz(At) =0.

Otxke, 00’eM pinuHm, sKa BIJIJIETHCA 3a IPOMIXKOK vacy [t; t+ At],
MOKHA 3HAUTH 38 (POPMYJIO0

AV = (k 29h + a(At)) SALt.

[IpupiBHIioOUn 1Ba BUpasu Jjist 00’€My PiIuHU, TKa BUINIACH
3 IOCY/IMHNI 3a HPOMIXKOK dacy [t;t + At], ogep:KyeMo piBHSIHHSI

— TR2Ah = (k: 2gh + a(At))SAt. (11.1)

[Momxinumo o6uznpi wactunu (11.1) va At i nepeiizemo 110 rpa-

. . . _ . ARt _
vumi npu At — 0. Ockineku lim a(At) = 0, a lim =
P At—0 ( ) At—0 At
= h/(t), To omepxkyemo audepenIiagbHe PIBHSIHHS HEPIIOTro MO-

PAIKY
— wR2W (t) = k+\/2gh S. (11.2)

Orpumarn pisasians (11.2) moxkaa i inaxme. Jlocipkyoan
IIPOTIEC IPOTATOM HECKIHUYEHHO MAJIOrO IPOMIXKKY dacy dt, mpu-
IIyCTUMO, IO 38 Iel MPOMIKOK MIBUJIKICTh BUTIKAHHS BOJIM € He-
sminHoo. Tomy 3amicTh Habmmkenoro piBusuHs (11.1) Bimpasy
OIEP>KYEMO PiBHSIHHSI

— mR%dh = k+/2gh Sdt, (11.3)

sIKe, OYEBUJIHO, € TIPOCTO 1HII00 hopMoIo 3anucy piBusHHs (11.2).
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PiBusinng (11.3) — piBHSIHHS 3 BLIOKPEMJIIOBAHUMU 3MIHHUMU.
3iaTerpyemo #oro:

—7R? dh V21 R?
dt = —— 7~ t=—"""Vh+C =
V29K /i kS
t=C— AV, (11.4)
qe crama A = \/\/ng}? 3aJIEXKUTh Biji po3mipiB i ¢dopmu orBOpY,

B’SI3KOCTI PIIWHE Ta JeAKHX IHINX (DISUIHUX IapaMeTpiB, a cTa-
na C' e noBlibHOW0 (e crasia iHTerpyBaHHs ). 3HaiieMo I cTaJi.
Ba ymosoro 3amadi h(0) = H (ma movarky BiiKy BHCOTa
crosnia Bogu sopiuioBasia H). Ilincrasisioun y (11.4) ¢ = 0 1
h = H, saaxoaumo craay C = AvVH.
Crany A 3naiinemo 3 ymosu 3ajgaqi h(ty) = %H . 3Bigcu

2H t
ti=AVH — A\/Z= = A=(03B+V6)—.
3 vH

[Tigcrapnstioun 3uaiimeni suadennst crammx A i C'y dopmy-
ay (11.4), omep:KyeMo 3aKOH 3MiHM Yacy BUTIKAHHs BiJl BUCOTH

CTOBIIA BOJIH:
VH —Vh
vVH

3 (11.5) jerxo 3uaxoAuMo dac I’ MOBHOTO BUTIKAHHS DIiHIH
3 HOCYIUHU:

t=(3+V6) t1. (11.5)

MT)=0 = T=3+V6)t.

BayBakuMo, 110 3HaliieHe 3HadenHst 1’ npubsmsno y 1,82 paszu
GisbIiie 3HaYeHHA 3t1, SKE OJ€PXKAU y HPUIYIIEHH], 110 PiauHa
3 TIOCY/IMHU BUTiKa€ piBHOMipHO. B

Ipukman 11.2. V jekmniiiniit ayquropii Ky6aryporo 200 w3
noBiTps micas Jekmil micruth 0,1% Byrimekucioru. BenTussirop
nojiae cBixke nmosiTps, mo mictuth 0,04% Byruekucsoro rasy, B
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Kinbkocti a m> /xB. Ipumycrusiim, 1mo 3MilryBaHHsI 9UCTOTO TIO-
BiTps 3 3a0pyIHEHNM Bif0OyBaEThCA MHUTTEBO, OOYUCUTH, SIKOIO
Mae OyTH MOTYKHICTh BEHTHUJIsITOpa, mob depe3 10 XB. mepepsu
BMICT BYIVIEKHCJIOTO Ta3y B ayauTopii He nepesumtysas 0,06%.
Po3ze’szanns. llosaaunmo BMicT ByryieKucsioro rasy (B %) y mo-
BiTpi B MOMeHT 4acy ¢ uepe3 y(t). PosrisiHemo Jesikuii mpoMizKoK
vacy At 1 3HaifIeMO 3MiHY KOHIEHTpAalil BYIVIEKACIONO rasy B
ayauTopil 3a Ieit TpOMIXKOK, BBarKaro4d, IO IIPOIEC PiBHOMIpP-
umit. 3a neit uac BenrmaaTop nogae 0,0004aAt M3 Byriexucioro
razy, a BUXOAWUTbL HOTO 3 NPUMIIIECHHS HA30BHI 4Uepe3 MIMapuHU
0,01y(t + a)aAt m3. Otxe, 3a At XB. KiTLKICTh BYTVIEKHCTOTH B
nosiTpi 3minoeTses ma 0,0004aAt —0,01y(t+a)aAt M. 3 inmoro
6oky, (y(t + At) — y(¢))0,01 - 200 — e mpHUpiCT BYIVIEKUCIOTH B
npumimensi. OTxe,

(y(t + At) — y(£))0,01 - 200 = (0,0004 — 0,01y(t + a))aAt =
200dy = (0,04 — y)a dt.

Taxkum 9uHOM, OJlepKajy PIBHAHHS 3 BIJIOKPEMJTIOBAHUMU 3MiH-
HuMHU. 3iHTErpyeMO HOTO:

dy at

200m = adt = Yy = 0,04. + Ceim.

Ockinbku y(0) = 0,1, ro C' = 0,06 i
y = 0,04 + 0,06e™300.
Ockinbru y(10) = 0,06, To
0,06 = 0,04 +0,06e"200 = a=20In3~22n%/xs. W

Ilpukaamx 11.3. 3HaiiTu 3aKOH 3MIiHH 3arajibHOI KiJIBKOCTI
JKUBUX OPraHi3MiB y KOJIOHII, siKa PO3BUBAETHCA B YMOBaX KOHKY-
pPeHTHOI 6opOTHOM, HEAOCTATHBOI KIIBKOCTI Miciid i 12K, mepemadi
iHdeKIriit.
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Pose’sazanns. Hexaii x(t) — qucenpHICTh OpraHi3MiB y KOJIOHIT
B MOMEHT 4acy t, Ax — mpupicT uucejgbHocTi 3a yac At. Byaemo
BBaKaTH, 10 =(t) Moke HaOyBaTH He JIUIIE I[JINX 3HAYEHb, & €
HelepepBHO Audepentiiiiopnoo GyHKIreo 3minnoi t. [Tpupict -
CEJIbHOCT1 OPTaHi3MIB 3a/IE3KUTh BiJ 1X PO3MHOYXKEHHS 1 CMEPTHO-
cTi. PoaMHOXKeHHST Oprani3MiB € MPOMOPIHHUM 1X YHCETHLHOCTI 3
koedinienToMm nponopiiiaocTi k1. OcKiTbKM KOHKYPEHIIis 1 epe-
nada iH@eKIiil MOCUIIOEThCA 3 POCTOM KiTbKOCTI 3ycTpideil MixK
WIEHAME KOJIOHII, fiKa MPOMOPIHA JOOYTKY T - &, TO IPUPOIHO
BBaXKaTH, IO CMEPTHICTb TAKOXkK € HPOILOPIIIHOI T2 3 JesKIM
koedinienTom nponopriiitaocti ko. OTKe,

Az = (kyz — kyz?)At.

[Tominmmmo obuasi yacTuru Ha At i mepeiiieMo 10 I'PaHUI, KOJIU
At — 0. Orpumaemo audepeHIliajabHe PIBHSIHHS 3 BlJOKDPEMJTIO-
BaHUMU 3MiHHUMU

d
d—f = k‘lflf — k‘Q(l?Q,
3BLIKHT
dzx dzx kodx
— =t = |dt =
x (k1 — ko) Ky </ /kl - k2$> /
In|z| — In x——‘—klt—HDC = k1 =CeMt =
= g2
7 ﬁ Ceklt
T ko Cekt —1°

YacTurHuit po3s’s;3ok x = 0 Biamosizae BigcyTHOCTI opraHi-
3MiIB y KOJIOHII, a ocobmBuii po3s’si3ok = = ki /ke — iXx Makcu-
MaJIbHO MOKJIUBIM KiJIBKOCTI.

HAxmo z(0) = xp — moIaTKOBa KIIBKICTH Oprani3mis, TO

kk C koxq
Mo C=_—__"="
ky C —1 = koxo — k1

ro —
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Tomi
k‘lflfo €k1t

- kgxoeklt — koxo + k1 '

X

Ilpuknan 11.4. Buaiitu KpuBy, IJjis AKOI TOYKA [IEPETUHY
JOBLJIBHOI JOTUYHOI 3 BicCIO abCIMC OMHAKOBO BifgajeHa Bix To-
9KU JIOTHKY 1 BiJT TOYATKY KOOP/IMHAT.

4 y = f(z)
M (z,y)
(@) A B T
Puc. 11.2
Pose’sazamnns. Hexait M(x,y) — jgoBiIbHa TOYKA KPUBOI

y = f(x). Iposememo y muiit Touni moruuany MA (puc. 11.2).
3a ymoBoto OA = AM, nosnauanmo AM wepes t. 3HaiineMo Be-
JIMIUHY t 3 NpSIMOKYTHOrO TpuKyTHuUKa ABM, CKOpHCTaBIIUCH
teopemoio [licdaropa i Tum, mo OB =z, M B = y. Toxi

2 2
7ty
)24yt =t = ="
(z—1)"+y 5
Bpaxosyroun, mo 3y’ = tgZMAB = % (reomeTpudHUil 3MicT

HOXIJIHOT), OTPUMYEMO OJIHODiIHE udepeHIfiaibHe PIBHIHHS
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TuTerpyemo #ioro 3 mOmoMoroio 3aMinu y = 2x:

, 2z o 24z
zx—l—z:—l_z2 _1—,22
(1—2%)dz 2zdz dx
/z3+z N / /22—|—1 T
In|z| — In|2> —|—1|—ln|x|+lnC = =C =
2+ 1z +1)
y=C®+y°)

Po3p’s30k y = 0 € yacTuHHUM.
Biamosiap: y = C(2? + y?).
Ilpukaam 11.5. 3HaliT KPUBY, KA IPOXOJUTH Uepe3 TOUKY
My(3,3) 1 Mae Taky BIACTHUBICTB: SIKIO Yepe3 OyIb-siKYy TOUKY
KPUBOI TPOBECTH JIBl NIpsMi, MTapaJsesbHl 0 KOOPJAUHATHUX OCeil,
[0 TepeTHHY 3 HUMH, TO OTPUMAaHUN MPHU ITHOMY HIPIMOKYTHUK
JUINTBCST KPUBOIO Ha J[BI YAaCTHHU, 3 sSIKUX OJHA (1[0 HPUMUKAE
J10 oci abcIuc) 3a IIoMIeo BTpudi Olibia, HizK 1HIIA.
Pose’aszannsa. Yepes Oynb-sky vy y = f(x)
Touky M (z,y) murykanoi Kpu- B
BOl mpoBomuMo JaBi mpsimi: MA M(z,y)
nmapaJjejibHO JI0 OCi opJuHaT i
M B mapajenbHO 10 oci abcrmc

(pmc. 11.3). 3rigHo 3 yMOBOIO 3a- )
nadi Sooma = 3ScBm. OcKinbku 0 1 >
/ Puc. 11.3
Socma = / ydz,
0 x

Scem = Soma — Socma = xy — /ydﬂfa
0
OTPUMYEMO PIBHAHHSA

T x x

/ydsz xy—/yd:c = 4/ydx:3xy.

0 0 0
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SaudepeHiiiioBapiy 0OMABI YACTUHUA IILOI'O IHTErPaJIbHOIrO
PIBHSIHHS, OTPUMYEMO audpepeHItiagbie PiBHIHHS 3 BiIIOKPEMJIIIO-
BaHUMHU 3MiHHEMY 32y’ = Y, 3arajbHuil po3s’sa30K gKoro y° = Cx.
Takum 9uHOM, BKasaHy BJIACTHBICTH MalOTh KyOidHi mapabosn 3
BEPIIUHAME Y MTOYATKY KOOPJAMHAT i OCSAME CUMETpii, sKi 36iraro-
ThCd 3 Biccio abciuc. BukopucroByodn mo4aTkoBy yMOBY, 3HAXO-
JIIMO, IO MIYKAHOIO KPUBOIO € jinis 13 = 9z. M

Bnpasu, pexomendosani das aydumoproi pobomu

A1. 3a 30 pokis posnasnocs 50% mouaTkoBol KiJILKOCTI paiio-
AaKTHBHOI PEYOBMHI. 3a KMl Yac 3aumuThed 1% Big mogaTkoBol
KLIBKOCTI?

A2. [IIBuakicTh OXOJIOMKEHHS TiJIa B IOBITPI MIpOHOpIIiiiHa pi-
3HUII MiXK TEMIEPATypOoIO Tija Ta TeMIepaTypolo MoBiTps. Tem-
neparypa moBiTpst 20°C, Tijo nporsirom 20 XB OXOJIOIXKYETHCST
Big 100°C mo 60°C. 3uailTu 3a/€XKHICTb TEMIIEpAaTypH Bij dacy
Ta Yepe3 FKWil Jac TeMieparypa Tita 3Hu3uThest 10 30°C.

A3. Ha negky KinbKicTb HEPO3YMHHOI PEYOBUHHU, IIIO MICTUTH
y CBOIX mopax 2 Kr couii, giemo 30 1 Boan. Yepes 5 XB po3dumHsi-
erbca 1 kr comi. Yepes akuil yac posumanThea 99% mouaTkosol
KLJIBKOCTI coJti?

Bxasiera. IIBUIKiCTh pPO3YMHEHHS TPOMOPINNHA KLIBKOCTI
HEPO3YMHEHOI COJIi Ta PI3HUII MixK KOHIICHTPAIIIEIO0 PO3UUHY Y Ja-
HUII MOMEHT 1 KOHIIEHTPAIII€I0 HAcu4IeHoro po3unny (1 kr na 3 J).
KonmnenTtpariieto ¢ gaHol pedoBHHU HA3WBAIOTH 11 KIIbKICTh, IO
MICTUTBCSI B OAUHMUIL 00’€My.

A4. MoropHuii 10BeH PyXaeTbCsi B CTOSIiil BOMI 31 MIBHIKI-
crio v = 10 km/rox. Yepes 1 XB mic/ist TOro, sik BAMKHYJIU JIBUTYH,
HIBUJIKICTH YOBHA 3MEHIINIACH 70 6 KM/ro. fKoro crana mBuji-
KIiCTb YOBHa 4epe3 2 xBY KWl IMIIIX IPOMIIOB YOBEH 3a 2 XB
micJIst 3yIUHKY JBUTYHA? BBarkaTu, IO CUjia OMOpPY BOJAM PYXOBi
YOBHA ITPOIOPIiiiHA OTO IIBUIKOCTI.

A5. B kynbrypi nuBHUX APi2KKIB MIBUJIKICTH IPUPOCTY JTi-
09010 (epMeHTY MPOIOPIiiHa HasBHIA #oro KijgbkocTi. ZKImo
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11 KUTBKICTh MOJIBOIOETHCS TPOTATOM T'OJIMHU, TO B CKLIBKH Pa3iB
BOHa, 30L/IBITUTHCA MPOTATOM 4 TOIUH?

AG. Ilpu pyci uepes Jiic BiTep 3a3Ha€ OIOPY JIEPEB 1 BTpavae
JacTUHYy CcBO€ET mBuaKocTi. Ha 6e3MerkHO MaJIiit JiIsIHII MIIAXY 19
BTpaTa IPOMOPIIiifHA MMBUJIKOCTI HA MOYATKY MUIAXY 1 #OTO JT0B-
JKPHI. 3HAWTH MIBUJIKICTH BITPY, 1110 Tpoiiios 1o Jicy 200 M, 3na-
10YH, 110 TIePe/] JIICOM MOYATKOBa IMBUJIKICTH BiTpy Oyia 12 m/c, a
mic/ist MpoxoizKeHHst 1o Jiicy 10 M Bona 3menmmiacsk 10 10,5 m/c.

A7. Tocymunaa o6’emom B 20 j1 micrurh nositpst (80% aszory
1 20% kucHo). ¥V mocyauny 3akadyerbes 0,1 71 a30Ty 3a CeKyHIY,
KW HENEPEPBHO MEPEMIIITYETHCS, 1 BUTIKa€ TaKa cama KiIbKICTh
cymimi. Yepes ckinbku yacy B nocyauni 6ygae 99% azory?

AS8. VY Gaceitn rmbuHO0 3 M, SIKA Ma€ y MOIePEeTHOMY epe-
pizi dopMmy npsAMOKyTHUKA 31 cTOpoHamMu 5 M i 4 M, CTiKae Boja
31 mBuKicTio 600 J1/XB, a Yepe3 KBaJpaTHUN OTBIP 31 CTOPOHOIO
2 cM y qHi OaceiiHy BOHA 3 HBLOTO BUTIKa€. SHAWTH Wac HAIIOBHE-
HHsi H6aceiiHy Ta KiJIbKICTh BOJIM, K& 3 HHOTO 3a Iell Jac BUTEUE.
Axum Oys Ou vac HamoBHeHHs1 Oaceliny, akOu oTBip y mui OyB
6m 3akpuruM? IIprckopeHHsT BIILHOTO T iHHS BBAYKATH PIBHUM
10 n/c?.

A9. Hacenenns 3emsi y 6epesni 2013 poky craHOBHIO
7,07 - 10° moneit, a piummit npupicr — 1%. Y upunymensi, mo
IIPUPICT MPOMOPIIHHUN KiJTHBKOCTI JII0JIel, 3HANTH YUCETbHICTD Ha-
cenernst 3emuti y Gepesni 2020 poky.

A10. 3uaittu KpuBi, JJIst AKUX IJIOMIA TPUKYTHUKA, 0OMexKe-
HOT'O JIOTHUYHOIO, Biccio abciuc i BiApisKoM Bif mOYaTKy KOODIH-
HAT 70 TOYKU JIOTUKY, € BeJIUYNHA CTaja i piBHA q.

A11. Kpusa npoxoaurs yepe3 Touky (1,1), a Bijpizok HopMa-
JIi y JIOBLIBHINl TOYIN, PO3MIIEHUI MiXK OCAMU KOOPJAWHAT, JiIU-
ThCs TOYKOIO JOTUKY y BimHOIIEHH] 2:3, paxyo4n Bifg oci abcruc.
3HailTH 110 KPUBY.

A12. 3uaiitu KpuBy, Jj1sI KO>KHOT Touku M siKOT abcIiuca, 1eH-
Tpa Barm KPUBOJIHINHOI Tparerlii, 0OMeKEeHOI OCAMHU KOOPIUHAT,
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Ayroro 1€l KpuBol i BizmpizkoMm, 1m0 3’egaye Touky M 3 i1 mpoe-
KI[€I0 Ha BiCh aOCIUC, JOPIBHIOE TPETUHI aOCIIUCH i€l TOUKM.

Bnpasu, pexomendogari 0as 0oMawrHb020 3a80aGHHSA
i camocmitinoi pobomu

C1. VY gan vaguro 100 1 ponu, mo micturh 10 KI' pO3YMHHOT
coJii. 31 MBUAKICTIO 3 JI 38 XBUJUHY B YaH BJIMBAETHCA BOJA, 1
CYMIIIT 3 TAKOIO CaMOIO ITBUIKICTIO BUTiKae 3 4aHa. [lepemintyioan
BO/Y, Yy YaHI HMATPUMYIOTh PIBHOMIpHY KOHIEeHTpaIio. CKiabKn
COJII 3aJIUIIUTELCA Y YaHi depe3 TOmuHY !

C2. Pyx maporuraBa ynoBlJIbHIOEThCsT CHJIOKO OITOPY BOJIH, IIPO-
MOPIITHOIO TBUJIKOCTI Taponyasa v. [logarkoBa MBUJIKICTH Ha-
portaBa vg = 10 M/c, depe3 5 ¢ MBUAKICTH APOIIABa MAJIAE JIO
v] = 8 M/c. Uepes sikmil 9ac MBUIKICTH 3MEHIUTHCA 10 2 M/c?
o 1 m/c?

C3. [Tocynumy, 1o Mae dpopMy IiBKYJ/I pajiyca 2 M, HAITOBHE-
HO BOJIO0. 3a sIKUil Yac BUTeYe BOJA Kpi3b KPYTJINii OTBIp pajiyca
0,1 M, Bupizauuit y aui nocyuau?

Bxasisxa. 3rigao i3 3akonoMm Toppivesii mBuaKiCTh BUTIKa-
HHS piguHu 3 nocyaunu gopisnioe v = 0, 61/2gh, e g — upuckKo-
PeHHs BiIBLHOIO NaJIiHHs, h — BUCOTa PiBHA PiIWHMU HAJ OTBOPOM.

C4. IIBuakicTs posmaay pajiio MPOIOPIiiiHa HasdgBHIN foro
KUJIBKOCTI. 3 JIOCBily BiZOMO, IO IPOTSTOM POKY Bara OJHOIO
rpama pajiro Mermae Ha 0,435 mr. BusaaunTn nepios miBpo3namLy
(gac, MPOTATrOM SIKOTO MOYATKOBA KLIbKICTh 3MEHIIHUTHCS BIIBOE).

C5. KinpkicTb ¢BiT/IA, IO MOIVIMHAETHCS M1 9aC MTPOXOIKEH-
HS KPi3b TOHKUH IIap BOIU, IIPOIIOPITIHA TOBIIII Mapy ¥ KITBKOCT1
CBiTJTa, IO MMa/1a€ Ha HOr0 TMOBEPXHIO. SKIIO ITiJ1 9aC MPOXOIZKEHHHA
Kpi3b MIap 3aBTOBIIKA 3 M IOTVIMHAETHCHA MOJIOBUHA TOYATKOBOI
KITBKOCTI CBIT/Ia, TO sIKa YaCTUHA i€l KiTBLKOCTI mifiae g0 rianou-
au 30 M7

C6. [IBuakicTb POBMHOXKEHHSI JeIKAX OaKTepiit MpomopIiii-
Ha KiJIbKOCTI H6akTepiit B po3risgayBanuii MmoMeHnT dacy. KimbkicTsb
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GakTepiil MOJIBOIOETHCS IPOTATOM TPhOX TOJMH. SHANTH: a) 3aje-
JKHICTB KITbKOCTI GakTepiii Bij wacy; 6) B CKIIbKEH pa3iB 301/1b-
MIATHCA KiTbKICTb OakTepiit nporsarom 9 rojaum.

C7. Ilpunycrtumo, 10 y BEPTUKAILHOMY MTOBITPSHOMY CTOBIIL
TUCK HA KOXKHOMY PiBHI OOyMOBJIEHHII THUCKOM IApPiB MOBITPH,
110 JIEXKATh BUIME. SHANTH 3aJI€2KHICTh TUCKY BiJ BUCOTH, SIKIIO
BiJIoMO, IO Ha PiBHI MOps THCK JOpiBHIOE 1 KI Ha 1 KB. cM Ta
0,92 xr na 1 xB. cM Ha BHcOTi 500 M.

C8. CnoBiyibHIOIOUA JIisT TEPTs Ha JUCK, M0 00EPTAEThCS B
piawHi, IpomnopIiiiiHa KyToBiil mBuakocti obepranus. Juck, mo-
qapmu obepranug 3i mBuakicTio 100 06epTiB 3a XBUIUHY, ITiC/Id
OMHIET XBUJINHU 00epTaeThes 3i mBuAKicTI0O 60 06epTiB 38 XBUIN-
Hy. 3HalTH 3a/I€XKHICTh KyTOBOI MIBUIKOCTI BiJl 4acy.

C9. [egka KiTbKiCTb HEPO3YHMHHOI PEYOBUHU MICTUTD Y CBO-
1x mopax 10 xr coumi. Iligmaroum i1 ail 90 1 BOAM, mOBimasmCs,
IO TTPOTATOM T'OJUHHU PO3YMHUJIACS ITOJIOBUHA HASIBHOI KiJTBKOCT1
couii. CKiJIbKE cOJli pO3YMHMIIOCS O IIPOTITOM TOTO CaMOTO Yacy,
Koyt 6 KiJIbKICTH BOJM IIOABOITH?!

Bxasiera. IIBUIKiCTH PO3YMHEHHS TPOMOPIINHA KLIBKOCTI
HEPO3YMHEHOI COJII Ta PI3HMUIN MiXK KOHIIEHTPAII€I0 PO3UYNHY V Ta-
HUIl MOMEHT 1 KOHIIEHTPAIII€I0 HAcH4IeHoro pozunny (1 kr na 3 J).
KonmnenTtpariieto ¢ gaHol pedoBUHU HA3WBAIOTH 11 KIIbKICTh, IO
MICTUTBCSI B OAUHUIL 00’€My.

C10. [esika pevoBUHA MMEPETBOPIOETHCS B IHIIY PEYOBUHY 3i
MIBUJIKICTIO, MTPOTOPIIHHOIO KLITBKOCTI HEIIEPETBOPEHOI PEYOBUHM.
KinpkicTs HemeperBOpeHOi pevuoBuHU uepe3 romuny Oyia 31,4 1,
gepe3 3 rogunu — 9,7 r. 3HANTH 3a/I€XKHICTh MiXK KiJIBKICTIO He-
[IepEeTBOPEHOI PEUYOBUHU T Ta 9aCOM t; BCTAHOBUTH, CKIJIbKH OYJIO
PEYOBUHU HA MOYATKY IIPOIIECY.

C11. 3HaiiTn 3a/eXKHICTh MBUIKOCTI v BiJ 9acy t Ta MaKCH-
MAaJIbHYy IIBUAKICTL MAaJiHHS MapanryTUCTa, SKIIO Horo Maca pa-
30M 3 mapairyToM gopiBaioe 80 KI, a cmja Oomopy MOBITps mpu
naJiHHi Tponopiiiina KBaapaTy MIBHIKOCTI HOro pyxy (BBaXkaT,
mo Koedinient npomnopriinocti k£ = 300 r/cm).
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C12. IzonpboBanoMy IpoBiaHUKY Hasau 3apsia Qo = 100 Ko
Buaciiok HenqOCKOHAJIOCTI 13014111 MPOBITHUK MMOCTYIIOBO BTpa-
4qae cBiit 3apan. IIIBuakicTs BTpaTu 3apsaay y JaHuit MOMEHT IIPO-
MopIiiiHa HasgBHOMY 3apsay. SIKWit 3apsi)1 3aJIUIITUTHCS Ha TPOBiI-
Huky 4depes 10 xB, gkio 3a rnepiry xBuinHy Brpadeno 10 K.

C13. VY mmaTKky ripcbKol mopojau mictutbest 124 mr ypamy i
10 Mr ypanoBoro cBuHIO. BusnauuTu BiK ripchbKoi OpOIu, SKIIO
BiJIOMO, 110 ypaH po3HaJaeThes HarosoBuuy 3a 4,5 - 107 pokis i
IIpU MOBHOMY po3mnafi 238 T ypany yTBopioeThesa 206 T ypaHOBO-
o CBUHITIO. BBaxkaTu, 1110 B MOMEHT YTBOPEHHS TipChKa MOPOJIA
He MICTHUJIa CBHHITIO, 1 3HEXTYBATH HAABHICTIO TPOMIXKHUX PaJIio-
AKTUBHUX IIPOIYKTIB MizK YPAHOM i CBUHIIEM y 3B’I3KY 3 1X 3HATHO
IIBUIIIIM PO3MIAIOM, HIXK YpaHy.

C14. Y nocyauny, sika MiCTUTBH 1 KI' BOAU IIPH TEMIIEPATY-
pi 20°C, omycruin asoMinieBuii npeamer 3 macoro 0,5 Kr, TuTo-
Mmoo rertoemuicTio 840 [Tk /(kr-°C) i Temueparypoto 75°C. He-
pe3 xBusmHy Bojga Harpinach na 2°C. Komm Temmneparypa Bojn
i mpeamera 6yayTh BigpisasTuck Ha 1°C? Brparamum rtermra Ha
HarpiBaHHs MTOCYJIMHU Ta IHITUMH 3HeXTyBaTh. [IuToMa Temmoem-
Hicts Bogm 4200 [Ix/(kr-°C).

C15. MarepiajibHa TOYKa MACOIO 1, = 2 IMOBLIBHO 3aHYPIOE-
ThCd V piguHy 6€3 ImOYaTKOBOI MIBUIKOCTI. BUBEIITH 3aKOH PyXY
BiJT TOBEPXHI PIIMHU, AKIIO OIP PiAUHUA TPOMOPIIHHUN JIO TIBU/I-
kocti (koedimient nponopriiinocti k = 2). Ipuckopennst BijabHO-
O TaiHHs BBayKaTH piBHIM 10 M/c2.

C16. Oyrbonbamit M’sta macoo 0,04 Kr KuHYTO Bropy 3i
mBuKicTio 20 M/c. Omip OBITPst IPOMOPIIHHAI KBAIpaTy IIBHU/I-
kocti i gopiaioe 0,00048 H npu msuakocri 1 m/c. BHaiitu vac
MIHATTS M’ S92 1 Ha#OLIbITy BHCOTY MigHIMAHHA. YK 3MIHATHCS
i Pe3yJIbTATH, AKIIO 3HEXTYBATU OMOPOM HOBITPs?

Brasiexa. 3a HeBigomy (hyHKIIIO B Iiil 3aa4i 3py4Hille B3sATH
IIBUIKICTD.

C17. MarepiajgbHa TOYKa PYXA€TbCs IO MPAMifl 31 MBUIKI-
€TI0, 0OEPHEHO MPOIOPIHIHOI MpoiiaeHoMy HUIAXy. B mouarko-
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BUI MOMEHT PyXy TOYKa IlepebyBaJjia Ha BiJicTaHi 4 M BiJI IO9aTKy
BIUIIKY NUIsIXy # Maja MBUAKICTH 15 M/c. 3HANTH MUIAX, KU
IIPOMIIIIA TOYKA, Ta 11 MBUAKICTD Yepe3 16 ¢ micasd nmovaTKy pyxy.

C18. Ilix BIIMBOM MOCTIHHOIO BUIIPOMIHIOBAHHSI Y Ta30BO-
MY CEPEeIIOBUIII BiOyBaEThCs MPOIIEC 10HI3aIlT, Tpu gKOoMy 3a 1 ¢
YTBOPIOETHCA ¢ TIO3UTUBHUX 1 ¢ HETATUBHUX 10HIB y JaHOMY 00’eMi
razy. OCKiTbKY MMO3UTHBHI 1 HETATHBHI 10HU 3HOBY 00’€THYIOTHCS
Mi2K c00010, TX KIJIBKICTh 3MEHIIYEThCs. 3 3arajabHOl KiJTbKOCTI Y
[TO3UTUBHUX 10HIB KOXKHY CEKYH]ly 00 €IHYETbCS YaCTHHA, IIPO-
nopiiiiaa KBagpary ix kirbkocTi. KoedimienT npomopiiitaocTi k
3aJIEZKUTH BiJl IPUPON 1 CKIIa Iy ra3y. SHANTH 3aJI€KHICTD KiJib-
KOCTi ioHiB y Binm yacy t. ¥ modyaTrkoBHUil MOMEHT iOHIB HE OYJIO.

C19. Huningpuannit pesepByap BUCOTOIO 6 M i jiamMeTpom
OCHOBH 2 M 3aIIOBHEHUIl BOJIOIO. 3a AKHIl Yac 3 HHOIO BUTEYE BOJIA
Jepe3 mismay mwiomeo 1 cm? v ami pesepByapa? Bick muminmpa
BepTUKAJIbHA.

C20. VY kopisnuKy, 06’em sxoro 1500 M3, npamoors /18a BeH-
THJIITOPU, KOXKHUI 3 sKnX 3a 1 xB momae 60 M> 4ucToro mosiTps,
mo mictuthb 0,03% Byriaekucioru. Bearkaiodu, 1Mo y IpUMIlIeHH]
sHaxouThca 120 KOpiB, KOXKHA 3 AKX Bujuxae 3a xsuiauny 0,1
M> HOBIiTps 3 5%-M BMICTOM BYIJICKHMC/IOTH, BUSHAYHTH HASBHICTD
BYIVIEKUCJIOTH y TMOBITPI MiCJg TPHOX T'OAUH IXHBOTO MEepedyBaH-
He Yy KOPIBHUKY, SIKIIO MOYATKOBUI BMICT BYIVIEKHCIOTH B HBOMY
cranosus 0,1%.

C21. 3uaiiTn 3akoH 3pocTanis iHGOPMAIIRHUX TOTOKIB ¥ Ha-
yui (3pocranHst KiTbKoCTI HayKoBUX Iy6Jiikariii), sIKIO BiJIOMO,
IO MIBUJIKICTH 3POCTAHHS MPSIMO ITPOIOPITIHA JIOCATHYTOMY PiB-
HIO KiJbKOCTI my6Jtikariii. BusnauuTtu, 3a gxuit yac KiJabKiCTb 1Iy-
O1iKaIliil OABOITHCS MOPIBHAHO 3 MOYATKOBOIO KLIBKICTIO, SIKIIO
BIIHOCHA MIBUIKICTH 3pOCTaHHs cKjaamae 3%.

C22. 3uaiitn KpuBi, B SKUX ILIOIIA TPAIEIliil, sika obMexe-
Ha OCIMU KOODAWHAT, JTOTUIHOIO i OPJMHATOI0 TOYKH JIOTHUKY, €
BeJIMUKHA CTaJIa i jopismioe 3a.

C23. BusnaunTtu KpuBY, 3HAIOUN, 1[0 TPUKYTHUK, YTBOPEHUIT
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HOPMAJLJIIO B JIOBLJIBHIH 11 TOYIIl 3 OCSIMU KOOD/IMHAT, € PIBHOBEJIH-
KAM TPUKYTHHUKY, yTBOpeHOMY Biccio Ox, JTOTUIHOIO Ta HOPMaJI-
JIIO.

C24. Buaiitu KpUBY, y sIKOI BiJICTAHD BiJl JOBIJIBHOI JOTUIHOI
JI0 TIOYATKY KOOPJMHAT JOPIBHIOE aOCITUCI TOYKU JTOTUKY.

C25. 3nailtu KpuBi, fKi IPOXOJATH Yepe3 MOIaTOK KOOP/IU-
HaT 1 AiIATh TPIMOKYTHUK, YTBOPEHUI KOOPIAMHATHUMU OCSIMU
Ta TepPIeHINKYJIAPAMHI, OIYIIEHUMU HA HUX 3 Oy/b-AKOI TOUYKHU
KpUBOI, y BijiHOIMMEHH] 2:1.

C26. Ilnoma dirypu, obmexkenoi KpuBoiw, Biccio Oz Ta J10-
BIJIBHOIO OPJIMHATOIO, JIOPIBHIOE KYOOBI Ii€1 OpinHATH. SHAWTH TY
3 IHTerpaJIbHUX KPUBUX, SKa MPOXOINUTDH Uepe3 MOIaTOK KOODIH-
HaT.

C27. Busnaure KpuBy, KOXKHa JOTHYIHA 0 sIKOI YTBOPIOE 3
OCSIMH KOODJMHAT TPUKYTHUK ILIONN a’.

C28. 3naiiTn KpUBY, KOXKHA JOTUIHA J0 sIKOI BiJCiKae Ha 0CSIX
KOOPJIMHAT TaKi BiApis3KH, 10 cyMa BeJIUInH, OOepHEHNX KBaJIpa-
TaM JOBXKHMH IIUX BiJIpi3KiB, gopiBHIOE 1.

C29. 3BuaiiTu KpuBi, s SKAX TiIIOTHIHA € CEPEIHE aApH-
dMeTHIHE KOOPAMHAT TOYKU JOTHKY.

C30. Buznauntu ¢popMmy Ja3epKasia, sike CIPsIMOBaHUIT HA HBO-
r'o MOTIK HapaJieJIbHIX [IPOMEHIB 30Upa€e B OJIHY TOUKY.

C31. 3naiiTi KpuBi, sIKi MafOTh TAKy BJACTHBICTH: BiIPI30K
oci abcmpc, KWl BIATHHAIOTH JOTUYHA 1 HOPMaJjb, IIPOBEICH] 3
JOBLJIBHOI TOYKM KPUBOI, JIOPIBHIOE 2.

C32. 3naittu KpuBi, fKi IPOXOJATH Yepe3 MOIaTOK KOOP/IU-
HAT TaK, IO BiAPI30K HOpPMAaJIi JI0 KPUBOI, AKUH BIATHHAIOTH CTO-
POHU TEPIOro KOOPAWHATHOTO KyTa, MAa€ CTaJy MOBXKUHY, sIKa
JOPIBHIOE 2.

C33. 3uaiitTu Kpusi, y gKUX HiJJOTHIHA JIOPIBHIOE CyMi ab-
CITUCU Ta OPIAUHATU TOYKH JIOTHUKY.

C34. Busnauntu KpuBi, y IKAX IIiJHOPMAaJIb JOPIBHIOE Pi3HU-
i Mi2K paJliyCOM-BEeKTOPOM Ta abCIIMCOI0 TOUKU JIOTUKY.
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C35. 3HaiiTu KpuBi, y SIKUX JIOBXKUHA BIJIPI3KY, SIKUil BiTH-
Hae jorudHa Ha oci Oy, NOPIBHIOE KBaJIpaTy OPJAUHATH TOYKA
JOTHUKY.

C36. 3uaiiTy KpuBy, B KOXKHIi#l TOUYI SKOI JOBXKWUHA IIiTHOD-
MaJii € cepenHiM apudMeTUIHUM KBAIPATiB KOOPIAUHAT IEl TO-
UK.

Bionosio:

A1. 200 poxis. A2. T =20+ 80(1)™; 60 xs. A3. 37 xn.
A4. 3,6 km/rom; 330 m. A5. 16. A6. 0,83 m/c. AT. 10 xB.
A8. 2 rox 28 xB; 29 M3; 1 rox 40 xB. A9. 7,58 -10°. A10. zy =
=a+Cy? Al11l.3y2 —222 =1. A12.y = &, Cl. 1,65 Kr.

VT
C2. 36 ¢; 52 ¢. C3.200 c. C4. 1593 poxu. C5. 7 ~ 0,001.

C6. y = yo25; 8. CT. P = 0,92500. C8. w = 100(2)".

t—1

C9. 517 . C10. @ = 31,4(#%) 75 565 r. ClL v =

16_2 kg
= ,;Lem—80Krg—98M/c k = 30 kr/wm;
t

l-l—e—2 kg
Umax ~ 5, 1 M/C. C12. 35 Ki. C13.578 - 10° pokis. C14. 7,8 xB.
C15. s = 10t + 10e~* — 10. C16. 17,8 c¢; 16,6 m; 2 ¢; 20 M.

C17. 44 15; 15/11 m/c. C18. y = \/%th(\/k:qt). C19. 16 rox

6 x8. C20. 0,5%. C21. 23,1 poxip. C22. y = £22 1 Oz2.
C23. 22 +y? =Cx. C24. (x £ C)? +y?>=C?% C25.y=Cz%
C26. 2z = 3y>. C27.y=Car+ayE20,y=+L. C28.y =
=Cr+VC?2+1,y = :I:\/l—x2. C29.y=C(y—2)? y=u,
y(y +32)2 =C. C30 y? + 22 —2Cﬂc+C’2 C31 Va2 —y? —

B 3p+2p3 = <
=x+C. C32.z = :|:( 2+1)3/2 \/ 2+17 Y= :F(p2+1)3/2 + \/p2+1'

C33. Inly| — % =C, > +2yr = C. C34. y> = C? + 2Cx,

(Va2 +y2—2)(v/22 +y2+22)2 = C. C35.y = —+c- C36. y? =

=Ce® —a? -2 -2,y =Ce ™ — 22 4 22 — 2.
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Tema 12. /IudepeHniaibHi pIBHIHHS BUIIIX
NOPSA/JIKiB, K1 IHTErpyoThcs y KBagparypax abo
JIOMyCcKaoTh 3Hu>keHHs mopsaaky (I)

Kopomxki meopemuyuni eidomocmi

12.1. BignoBjenns dyHKIII 3a 11 n-10 moximauoro. Jlu-
depeHIiaTbHe PiBHSIHHS

y™ = f(x) (12.1)

3 HerepepBHOIO (DyHKIEH f(x) 3aBXKAU IHTETPYETHCST y KBApa-
Typax. Moro zarajgpbuuii po3B’s30K MOXKHA 3HAHTH 33 (HOPMYJIOI0

y://.../f(x)dxdx...dﬂc+C’1x"1+...+Cn1:c+Cn,
—

n pasiB

12.2. PiBHgHHSA, IKe He MICTUTH IIIyKaHOl PYHKIIiI Ta
KiJIbKOX IOCJIiIOBHUX moXigHuX. [lopsamok audepeHIiagibHo-
IO PIBHSIHHS N-T'O HOPSIKY

F(x,y(’“,y(’““), . ,y(">) =0, 1<k<n, (12.2)

saminoo y®) = z, 2 = z(x), sHmKyerbest Ha k oumnnp. SIKIIO
OTpUMaHe PiBHAHHHA

F(:c, 2,2,... ,z(”_k)> =0

Ma€ 3arajgbHuii poss’ssok z = w (x, C1, Ca, . .., Cy_) abo 3araib-
uwii inrerpan ®(x, z, C1,Cy, ..., Cp_p) = 0, TO U1 3HAXO/PKEHHST
dbyuKIl y onepyeMo audepeHItiagbue piBHAHHS Kk-TO HOPSIKY
y® = w(z,C1,...,Cpry) ab0 @(z,y*), 01, Co, ..., Cry) = 0.

12.3. PiBHaHHS, sIKe He MiCTUTh He3aJIe?KHO1 3MiHHO].
[Topsimoxk mudepenmniaabHONO PiBHAHHS

F(y,y’,y”, . ,y(”)) =0 (12.3)
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saminow0 y = z, z = 2(y), SHUKYETHCS HA OJUHUIO. Y [[BOMY BH-
nanky y”’ = 2z, y" = (" 24+ 2%z, ..., y™ = w(z,2,... ,z(”_l))
i 711 3HAXO/2KEHHST (DYHKIIT 2 OTPUMY€EThCs JudepeHIliajibHe piB-
HstHHA (N — 1)-r0 mopsiKy

F(y, 2,2 %,..., w(z, 2, ... ,z(”_l))) =0. (12.4)

ZIKIo BAACTBCS 3HANTH 3araibHuil po3B’si30K piBHaAHHsA (12.4):

z = go(y, Cl,CQ,. .. ,Cnfl),

TO 3araJbHUi iHTerpas piBasHHg (12.3) 3M0OKEMO 3amucaTi y BH-
LTSI

dy
=z +C,.
/(p(ya 017027 vee 7Cn—1)

3ayBakKnuMoO, IO TPUIMAIOYN Y 38 HE3AJEXKHY 3MIHHY, MOXKHA,
BTpaTuTH po3B’a3ku pisHsHHs (12.3) Burisiny y = C. Besnocepe-
JIHBOIO ITiICTAHOBKOIO y piBHsIHHSA (12.3) Jlerko 3’sicyBaTH, 9u Ma€
BOHO TaKi pO3B’s3KW.

12.4. PiBHAHHS, siKe MICTUTD TiJIbK! HE3aJIeXKHY 3MiH-
HY i TOXigHY OPAJIKY N, ajie He € PO3B’A3aHUM BiTHOCHO
noxigpoi. Pipusans F(z,y™) = 0 MoxHa PO3B’si3yBaTn MeTO-
JIOM BBeJleHHs mapamerpa. llpuiyctumo, 1o y mbOMYy BUITAIKY
icuytors Taxi byukuii £ = @(t), y™ = (t), ge t — nesKumit napa-
merp, mwo F(¢(t),¢(t)) = 0. Bnaxoaumo

YD) = / GO (B dt + Cr = 1 (1, Cr),
(=2 _ /wl(t, COF (1) dt+ Co = st C1, Ca), -
Yy = @Z)n(t, Cla 027 o 7Cn)

3araJbHUM PO3B’SI3KOM y HapaMeTpudHiil dopmi piBHsAHHS

F(z,y™)=0ez=9(t), y = n(t,C1,Ca,...,Cp).
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Pose’sa3ysarHsa munosuxr enpas i 3aday

IIpukmaz 12.1. 3interpysaru pisusauuga y”' v a3 = 3.
Pose’azanna. inennam Ha Vx3 3BOAMMO Halle PIBHAHHS 10
Burvisiy (12.1) i rpuui nocsiiioBHo ifforo iHTErpy€emo:

Y’ = S/x_%d:r = 6277 + (1,
y/ = /(—6:6é + Cl)d:c = —12$% + Ciz + Oy,
Yy = /(—121‘% + Cix + Cg)dx = —8(1?% + 01322 + Cox + C3,

ne Cp, Cy, Cs — nosinbHi craui, Cy := Cy/2.
Biamnosiae: y = 83+ Ci2% + Cyx + Cs.

IMpuknan 12.2. 3inrerpysaru pisusgnus zy” = y” + 2xy”.
Poss’azamnns. 3pooumo zaminy y” = z. Toxi 1is 3HaX0MZKEHHS
byHKIil z = z(z) MaeMo pIBHSIHHS 3 BIIOKPEMJIIOBAHUMU 3MiH-
HUME

zZ = z(1 + 2z).
3iHTErpyeEMO 11 PiBHSIHHS:

dz  1+2z
~ =

dr (z#0,2#0) = Inlz|=n|z|+22+C; =

2z = Cze*® (6’1 = ecl) = y" = Cize®®.

Onepzxanu mudepentianbie pisasang surasary y’ = f(x). dsiai
IHTErpyIoun YaCTUHAMHE, 3HAXOIIMO

1 1
y/ = Cl/xe%dx + 02 = 501 (xe% _ 5e2x) + Cg
1 2z 1 2z
y=501 [2eTdr — 2C1e™ + Cro+ 03 =

1
Yy = ch($ — 1)6290 + CQCC + Cg =
Yy = Cl($ - 1)621 + CQ$ + Cg (Cl = 01/4).



116 12. Judepennianbi pisasanusa suiux nopaakis (1)

dkmo z = 0, 1o y”’ = 0, 10610 y = Chz + Co. Koxkna 3 nux
byHKIH (IPIMUX) € YACTUHHUM PO3B’3KOM 3a[aHOTO DIBHSIHHSI.
Oyukiig r = 0 He € PO3B’sI3KOM DiBHIHHS.

Biamosiapb: y = C1(z — 1)e?* + Coz + C3.

Ipuknaz 12.3. 3inrerpysaru pisuanng yy”’ = y'2 + 4.
Pose’azarns. OckinbKu piBHSHHS SBHO HE MiCTUTD T, TO 3p00OU-
mo 3aminy y' = z(y). Toni ¥ = 2’z i, nigcrasisitoun B piBHSHHS,
MaEMo:

dz dz 9
yzr— =242 = z2|ly—-2-22)=0 =
dy dy

d
z=0 abo y—Z:z+22.
dy

3 nepmoro piBusHHA BUILHBaE, mo y = 0, a otxke, y = C, a 3
JApyroro:

dz d
yd—y—z +z = /22+z_/_y (z2+27é0,y7é0) =

/<Z_z+1> /_

Injz| -lnlz+1=hl|yl+C1 = Z—_H:Cly =

_ Gy
1-Cy

Ockinbku z = 3/, TO

Gy dy _ Ciy N
1-Chy de 1—-Cry

ﬂdy =Cidzx (y#0) =
Yy

1
/(;—Cl)dy—Clx—l—Cg = ln\y]—Cly:Clx—l—Cg.
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Sxmo 22 +2=0, To 2 =0 abo z = —1. Bunajok z = 0 Bxe
PO3LIAHYTO, a aKmo z = —1, To y = —1, y = —x + C. Yci ni
IpsiMi € 0COOJIMBUMY PO3B’I3KaMU.

Bignosiae: Injy| —Ci(y+2)=Ce, y=—2+C, y=C.

IIpu inTerpyBanHi moYaTKOBUX 33184 JOMLIHLHO BUKOPUCTOBY-
BATH MOYATKOBI YMOBH B CAMOMY ITPOIIECi iHTErpyBaHHS PiBHSH-
He.

Ipuknang 12.4. 3uaiitn po3s’s30k 3agaqi Komr y” sin® ¢ —

— (y'sin?z +y*)cosz =0, y () =2,y (%) =1
Pose’azarns. OCKibKI PIBHSIHHS SBHO HE MICTUTH (PYHKIII ¥,
a Jiie 1T oxXiHi, MoyKHa 3aipoBauTu 3aminy 4y’ = z, z = z(z),
toni y” = 2’. Orpumyemo pisnsgnua Beprysii

Zsindx — (zsin?z + 2% cosz =0 =

272 sindx — 27 sin xcosx —cosz =0 (2 #0).

Baminoo u = 271

OCTAHHE PIBHSAHHS 3BOJIUTHCS JI0 JIHINHOTO PiB-
HSHHS

o' sin® z + usin? z cosx + cosz = 0,
3araJIbHUN PO3B 30K AKOI'O MA€ BUTJIST

1+ Cisinx
u = f.
sin®

Tomi

sin? x , sin? x ,

=, :0 —N =, :0'
i 1+ Cisin i Y 1+ Cisinx y

3 zpyroi modaTkoBol yMoBH 3HaxoauMo, mo C = 0. Orxe,

. x 1.
y =sin’z = y==—=sin2z+ Cs.
2 4
3 nepmoi novaTkopoi ymosu Co = 7.

Bignosigpb: y = § — isin 2z + 7.
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Ilpukmam 12.5. 3iaTerpyBaru piBHSIHHSI eV’ — 3y” 2 _ o

Poses’azanns. 3acrocyeMo MeTos1 BBeJieHHs apamerpa. Ockiib-
KM DPIBHSIHHS PO3B’SI3aHO BIJIHOCHO T, MOXKeMO B sIKocTi 4" B3s-
T posinbny dynkmio (t). Hexait y” = t, Tomi = = e’ — 3t2,
dz = (¢! — 6t)dt. Bupazumo y 1epes napamerp t:

d(y') = y"dx = t(e' — 6t)dt,
y = /(tet —6t1)dt = te! — et — 2t3 + O,
dy = y'dx = (te' — et — 2t3 + C1)(e! — 6t)dt,

y= /(tet —e! =283 + Cy) (€' — 6t)dt =

1 12
— o2t <§t — Z) + et(6t — 6 — 2t%) + E155 + Cyet — 3C4t% + .

Binnosigs: z = et — 3t2, y = ¥ (5t — 2) + (6t — 6 — 2t3) +
+ 25 + Cy(ef — 3t?) + Cs.
Bnpasu, pexomendosani das aydumoproi pobomu

3iHTErpyBaTH piBHSTHHS:

Al. ¢y = 4xsin 2. A6. 3y = 1.
2
A2y = AT =y 4 1.
(£E2+1)32 A8' ny// o y/2 — 1.
A3y =z + "> A9. 2 + 2" = 0.
Ad ay' +y =2 — L. A10. ay” = y'(1+y').
A5. (y? + 1)y + 2yg/2 =0. All. z = 2siny” + 6y”.

SuaiiTu po3B’st30K 3aga4i Kol

Al12. ¢ =T7y% /g, y(0) =1, ¥/ (0) = —2.

Bnpasu, pexomendosari 0as 0oMawrHb020 3a80aGHHSA
i camocmitinoi pobomu

3iHTerpyBarTu piBHSHHS:
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Cl.y"V = ¥z +2. C13. zy" =4/ + 22 cosz.
C2. y/// — 375 C14. y///y/Q _ y//3.
C3. cos’zy” = 1. C15. " =2(y" — 2) ctg .
C4.y" = mtp C16. 2yy" — 3y'> = 42.
C5. ¢y = 1. C17. 2zy/y" = y'* — 1.
C6. y" =sin%. C18. yy" —y'* = oy
C7.y" = # C19. 4zy’ —y"* = 4(y' +2).
C8. y" =2z + 1. C20. ¢ = 2yy.
C9. ¢’ =sin’z — 1. C21. 3yy'y" = y° + 8.
C10. " =Inz. C22. y'(e*+1)+y =0.
C11. 22y" = y/°. C23. y" =y
C12. zy” = y/(Iny’ —Inz). C24. 4,/yy" = 1.
C25. (1 +y)y" — (32 + 1)y = 0.
C26. y//3 + 43//5 _ (y// + 4y/)y//y/2'
C27. yy" = 2y/% — 53y, C30. 22 —y)y" =y + 1.
C28. zlnzy” —y' =0. C31. z = y"* + y"3.
C29. (4+22)y"+y"*+4 = 0. C32. z = 4e¥" + 6y”
Posp’sazatn 3amaai Korri:
C33. ¢ =y + (1—y)y, y(1) = /(1) =e.
C34. i = (1+y*)32, y(0) =1, y/'(0) = 0.
C35. 252" + /> =9, y(0) = 1, 4/ (0) = —3.
C36. v +y'* =2y'¢, y(0) =0, 3/ (0) = 1.
C37.y" = %ln% + %, y(1)=5,y'(1)=e
C38. yy" =6y + 42/, y(1) =1, y/(1) = —1.
C39. " cos® z+(y cos? a4y sinz = 0, y(0) = 10, ¢/(0) = 1
C40. y*y" +y" Iny —y?y? =0, y(1) = y'(1) = ¢
C41. 4y + ¢ = 4zy”, y(0) = 3, ¥/(0) = —1.
C42. 3y'y" =¢¥, y(—-2) =0, y'(-2) = 1.

Bidnosidi
Al. y = —zsin2x — cos2x + Ciz + Cy. A2, y =

—In(z + V22 + 1)+ Ciz + Cy. A3,y = Ga? + Oz + O;
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y = —:1”—;—1—0. Ad. y = %—x+011n\x]+02. A5. o3 +
+3y = Cle+Cy y = C. A6. Cry?2 — 1 = (Cra+ Cy)?.
A7.y = —In(Cycos(z 4+ C1)). A8. 4(Cry —1) = C(Cy + z)°.
z4C.
A9. P = Ci(xz +Cy)% y = C. Alo. sin%ﬂc1 == oy =C.
Al1l. x = 2sint + 6t, y = 3sintcost + 3t+ 12sint — 2tcos?t +
+6t2 sin t+6t3+2C sin t+6C 1 t+Cs. A12. y = Gat2y +2) Cl.y =
= %xlf;—kﬁx +Ci1a® 4+ Cox® + Csx+Cy. C2.y = 21763:”_5—#
—1—0121?2 + Cyz + C5. C3. Yy = —ID‘COS$’ + Ciz + Cy. CA4. Yy =
= I3z — 1| + C12? + Coz + C3. C5. y = %x2ln|x|—%+
+C1:c2—|—02x—|—03. C6. y = 27 cos %—FCl:E?-I-CQCC—f—Cg. C7.y=
= zarctgr — $In (22 + 1) + Crz + Co. C8.y = =(2z+ 1)% +
+Ciax?+Cox+Cy. C9. y:lcos2:c—x—2+01x+02 C10.y =

:%xQInx———l-Clx—i-Cg C11. Clx—C%y_ln‘Clx_|_1‘+
+Cy; 2y = 22 +C; y=C. Cl2. C¥y = (Cyx — 1)er1#+! 4
+ 027 Yy = %xQ + C. C13. Y = —ICosST + sinz + Cle +

+Cy. Cl4. z =Inp| +2C1p — C, y = p+ C1p* + C3; y =
= Ciz + Cy. C15. y = Cycos2zx + x2 + 20122 + Cox + Cs.
C16. arctg VCly =2z +Cy; y = 0. CI17. 9012(?/—02)2 =
= 4(Crz+1)% y = +2 4+ C. C18. y(1 — C2e“?) = C1Ce17;
y(C—2)=1y=C. C19.y = C12?2 — (C? +2)x + Co; y =
= %3 + C. C20. y = Cytg(Ciz+ Cy); ln‘yfcl = 2012 +

y+C

+Coy(C—2)=1y=C. C2L Ciy=8=+/(3 Clx—l—Cg) :
y = C—2z. C22. y = Ci(z—e ") +Cy. C23. y =
= (5 — ($+01)IDCQ(CC+01); y = Ciz+Cy. y = Crx + Cs.
C24.z = 3p*+4C1p+Ca, y = (P*+C1)% C25. y%(1 — Cre®1®) =
= (%e“1®. C26.y=—In|z+C|+Cy, y = _#6414_02, y=0C.
C27.y°+C1 = y(4x+Cy),y = C. C28.y = Ci(zlnz—x)+Cs.
C29.y = (44+C2)In|z+C)|—Cra+Ch, y = -5 +C. C30. 7 =

:—C(2+1—|—arctgp)+6’g, 2+1—|—2 C31. z = t* + t3,
y = 32t° + Tt + 7+ C1(t* + %) + Cy. C32. z = 4e’ + 6t,
y=e?(2t—3)+e!(3t2 -2t —2+C1) +t3+C1t+C. C33.y = e”,
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C34. 22 +y*=1. C35.y=-3x+1. C36.y=—1In(l—x).
C37.y = (z—1)e"+5. C38.y=1. C39.y =%+ 1sin2z+10.

C40. y = eV, CAL.y=+a®—2+3. C42.y = —3In(152).
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Tema 13. /IudepeHnianbHi pIBHIHHS BUIIIIX
NOPSA/JIKiB, K1 IHTErpyoThcs y KBagparypax abo
JonyckaoTh 3HmkeHHs nopsaaky (II)

Kopomxi meopemuyuni gidomocmsi

13.1. PiBHsIHHA BUIIUX HNOPSIJAKiB, OJJHOPiJHI Bi;THOCHO
nrykasoi pyHKIIil Ta 11 moxiguux. Iudepenmiagbae piBHAHHS

F(:c,y,y’,...,y(")> =0 (13.1)

Ha3WBAIOTh 00HOPIOHUM BITHOCHO MIYKaHOI (PYHKIHI Ta 11 mOoXi-
JHUX, KIIO HOro JIiBa YacTHHA JJI HOBLIbHOrO t # 0 clipaBIzKye
YMOBY

F(fc,ty,ty’, e ,ty(")> =t". F(fcyy’ . ,y(")),

Jie 9MCJIO m — BAMIp omHopigHocTi ¢yHkiil F. 3 10moMoroio -
cranoBku Yy = yz, ne z = z(x) — HoBa HeBimoOMa QYHKIIis, TTOPsI-
20K piBHsHHs (13.1) MoxkHA 3HM3UTH Ha ojuHUINO. [Ipu mBOMY

Y =yz, o =y(t+2),

"=y (2" 4322+ 2%, ..,y =y w<z, 2. ,z(”_l)).

Toxi micast ckopouennst Ha Y (y # 0) omepxyemo jnudepeHiii-
asbHe piBHAHHSA (n — 1)-T0 HOPSAKY:

F(ac, L,z,224+4,... ,¢<z, 2. .. ,z(”_l))) = 0. (13.2)

Axmo z = ¢(z,Cq,Co,...,Cp_1) — 3arajbHuil PO3B’sI30K PiBHsI-
uust (13.2), ro, Gepyun 10 yBaru z = 3’ /y, 3HaX0MMMO 3arajabHUl
PO3B’s130K OztHOpiAHOrO piBHsHHS (13.1):

y=0C, - 6f90(17017027---7cn—1)dx

)

ne Cy, Cy, ..., C, — D0OBUILHI cTaJIi.
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13.2. ¥YzarajibHeHO OmHOPpiaHiI piBHsHHA. /ludepentiaib-
He piBHsHHA (13.1) HABUBAIOTL Y3a2aavHeHno 00HOPIOHUM, STKIIO
icHytoTh Taki umciaa k i m, mo

F(etx, ery, e(kfl)ty’, ... ,e(kfn)ty(")> = eth<x, v,y ... ,y(")>.

Tomi zaminoo z = €', y = ze' (npu z < 0 MOXKHA TOKJIACTH
x = —e'), ne 2 = z(t) — HoBa HeBizoMa (YHKIIs He3a/IeAKHOL
aminHOI ¢, piBHsiHHsA (13.1) 3BomUTHCS 70 AudepeHIiaaIbHOro pis-
HIHH, K€ He MICTUTh He3aJeKHOI 3MIHHOI ¢ 1, OTKe, JOIyCKae
BHIKEHHS MOPsiIKY Ha omuuuiio. [Ipn BuKoHaHHI 3raaHOol 3aMi-
HU TIOXigHI OyIyTh TaKUMUT:

Y = (2 + k)" = (4 2k — 1)+ k(k = 1)2)e® 7,

y(n = g(zu Z/, .. ,z(”))e(k?—n)t'

*

13.3. PiBHSHHS 3 TOYHMMH HOXiZHHMH. TaK Ha3MBAIOTH
piBusans (13.1), jiBa gacTHHA $KOIO € TOYHOIO (IOBHOIO) IOXi-
JHOIO JiesKol (pyHKIIil, TOOTO

n d n—
F(x,y,y’,---,y( )) = %@(x,y,y',---,y( l))-

[Tpu 1mpoMy OfepPKYEMO PiBHSIHHS

@(x,y,y',...,y(”_1)> = (1, (13.3)

ne C1 — noBlIbHA cTasIa, TOO6TO MOPsiAoK piBHsHHS (13.1) Bramocs
BHU3UTHU HA OJUHUITIO.

PiBuictp (13.3) HA3WBAIOTH NEPWUM THMEZPAAOM DIBHIHHS
(13.1).

Axmo (13.1) me € pIBHAHHAM 3 TOYHHMH IOXIIHIMH, TO
y 6araTboX BHUIIQJIKAX BIAETHCA 3HAWTU TakKy QYHKIHIO g =
= U (x,y,y’,...,y(”_l)), MicJId MHOYXKEHHSI Ha Ky OTPUMYEMO
piBHsIHHS 3 TOYHUMU ToXimuumu. PyHKINIO [ HA3UBAIOTD iHMe-
epysanvrum mroocrukom pisasaas (13.1). Tlorpibuo mam’srarn,
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1110 BUKOHYIOYW MHOXKEHHS Ha 1HTEIPyBaJIbHUI MHOXKHUK, MOYKHA
orpuMaTH 3aiiBi po3B’s3ku (po3B’s3ku piBHAHHS 1 = (), & TAKOK
BTPATUTH JIesiKi PO3B’si3Ku (PO3B’sI3KM, B3IOBXK AKUX (DYHKIUA [
[EPETBOPIOETHCS Y HECKIHICHHICTD ).

Pozs’sa3ysarms munosux enpas i 3aday

Ipuknaz 13.1. 3inrerpysaru pisusnns ryy”’ — xy'? = 2yy’.
Poses’azarnsa. Jlerko rnepekoHaTHUCs, M0 OOMIBI YACTUHHU PiBHSI-
HHA € OTHOPiAHUME (DYHKINSIME BUMIpy 2, & TOMY PIBHSIHHS €
ommopimanm. Hexait 3y = yz. Tomi v" = (' + 22) y i, migcrapns-
109U y PIBHSHHS, OJIEPKYEMO:

o (2 + 22 —ayt =2 = 1 =22 (#£0) =

/

2=0C12 = y—:Clx2 = ln]y\:Cle/S—i—Cg =
Yy

Yy = 02601903 (Cl = 01/3, CQ = :|:€CQ).

Oyukiisg y = 0 € YaCTHHHUM PO3B’sI3KOM.
BignoBige: y = Cgeclxg.

Ipuknaz 13.2. Binrerpysarn pipnsaus y” = (2zy — g)y/—i—
+4y® - 4.
Pose’azanna. llincrasumo 3amicts z, v, 3, ' v piBnanns e'z,
ekty, ek=Dty/  o(k=2)ty/l ginnopingo I NPUPIBHAEMO MOKA3HUKE
eKCIIOHEHT y BCixX gomankax. Orpumaemo: k — 2 =2k =k — 2 =
= 2k = k — 2. Orke, kK = —2, a 3ajaHe piBHHAHHS CIPAaBJi €
y3arajabpHEeHO OJHOpifHNM. Bukonaemo 3aminy: x = ef, y = ze ™2,
z = z(t). Toni

d
y = et = (2 —22)e 3,
= —_dt et = (2" =52 4 62)e” M.

[Micia migcranoBkm Bupasis mag z, y, y', y” y piBHaHEa 1

ckopoueHHsT Ha e~ oTpuMyeMo piBHSHHS

=52 4 62=(22-5)(¢ —22)+42° —4z = =227,
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sIKe He MICTUTH Hesastexkuy 3minny t. [lokmasmm 2/ = u, u = u(z),
2" = u'u, orpumyemo:

wu=2xu = =22 (u#£0) = u=22+0 =
dz

—— = dt.
224+ C

Z,:Z2+Cl =

ko Cy > 0, To nicist nepenosnadenss crasol (Ch := /C1),
iHTerpyBaHHs 1 BpaxyBaHHs TOTO, IO z = 2y, t = Inx, OTpUMYy-
€MO:

1
— arctg S +InCy, = 2ly=0C tg(Ch In Cox).

4 4
Axmo Cq < 0, To
1 z—C4
_ — 1 —
20, n FE) t+1nCy (Cl Cl) =

2’y — O = Co(@®y + C1)|a* (Cy = £C59).
dAximo C7 = 0, To MaeMo ciM’'I0 0CODIMBUX PO3B’SI3KIB

1
—~=t+InC = 2*yhCr=-1
z

Skmo u = 0, To 2’ = 0, 3Bigku z = C, TO6TO Y = x% Jlerxo
HepeKOHATHCh, IO g (PYHKI[A € YaCTHHHUM PO3B A3KOM PiBHS-
HHS.

Bianosiab: 2%y = C1tg(C1 In Cyx), 2?2y InCx = —1, 2%y —C; =

= C’g(ny + Cl)|$|2cl.

. . 7
IMpuknazn 13.3. SinTerpysarn pispanna <% — yy' = 0.
Po3zg’azarns. JIiBy yacTuny piBHSIHHS MOYKEMO 3aIIUCATU K

y_,_1y2 /:
x 2 ’

3BIJIKM 3HAXOUMO IEePITUil iHTerpas piBHAHHS:

/

Yy 1,

Z — ¢y =C]. 13.4
et 1 (13.4)
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Cuissignorennst (13.4) — e piBHSIHHS 3 BIOKPEMIIIOBAHUMU
3MIHHUMH, TOMY

:_+CQ7

dy T
= —d =92 =
XL (Cl Cl / y Cl

y2 + Cl 2
[pUYOMY iHTerpaJt 3ayexkuTh Bij cranol C1, ska Moxke HaOyBaTn
3HAYEHHS PI3HUX 3HAKIB.

Axmo Cp = 0, To ofiepKyeEMO 0cOBJIUBI PO3B’A3KHU

1 z2 4
- = = —_-— = 4 .
” 1 +Cy, = y 21 C (C Cs)
dAxmo Cy > 0, To
1 Y x?
arctg =—+4+Cy =
VCi VG A4

y = 4C) tg(Cha? + Cs) (01 = \/C1/4, Cy:= CNE).

Axmo Cq < 0, To

1 C 2
n ‘ 1‘ = T +Cy =
IC1]  |y+ICi]| 4
y—Ci 2
_1 = C Ci :=+/|Cq], Cy:=4Cy).
Cy ‘y—i-Cﬁ z°+ O ( 1 |Cy|, Co 2)
Bianosiab: y = 4C; tg(Cra? + Ca), & 2 In ‘ ergl =22 4 Oy,

y= o
Ipuknan 13.4. 3inrerpysaru pisusanns yy”’ — 32 =1/
Poses’azarnsa. IHTerpyBaabHIM MHOXKHUKOM ITBOTO DIBHSIHHSI €
bynxuizg y 2. Cupas/i, HOALIMBIIT OGH/BI YACTHHN DIBHAHHS Ha
2 (y #0), omepxyemo:

"o 02 / / 1/
Wyt oy, (y_+_)_ N
Yy
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/
1 d
y_+_:CI = y=Cy—-1 = Y9
y oy Cry—1
Orpumaiin piBHSHHS 3 BiJOKpeMJIEHUMHU 3MiHHUMHU. IKITO
C1 # 0, TO MaeMO 3araJibHUil PO3B’SI30K:

dx.

1
= (heC1® 4 —
Y 2 c;
Axmo C = 0, To onepKyeMo ocobsnBi po3s’sizku y = —x+C.
Kpim Toro, ocobmusum pos3s’sa3koMm € dyukiig y = 0.
Bignoins: y = Cre®1”* + C%, y=—-z+C, y=0.

Bnpasu, pexomerndosari das aydumoproi pobomu

3iHTerpyBaTu piBHSHHS:

Al zyy — (x4 Dyy = 2y

A2. 22yy" — dayy — 2%y'? = 5y?.

A3 (22 + 1)y —yy") = ayy'.

Buaiitu po3B’s30K 3aa4i Kori

Ad. gy = (1-2x)y% y(1) =2,9/(1) = 1.

3iHTerpyBarTu piBHSHHS:

A5. 24y + (2 —y)® = 0.

A6. 23y = (y — xy)(3y — 3z — ).

3inTerpyBaru piBHSAHHS, IEPETBOPHUBIIH 1X 10 TAKOTO BUIJIS-
Iy, 1100 00MABI YaCTUHN PiBHSIHHS OyJIM TOUYHUMU TTOXiTHIMIT:

AT. gy + % = 3. A8. yy" +3y'y" = 0.

Bnpasu, pexomendosari 0as 00MAUWHB020 3a80aGHHA
i camocmitinoi pobomu

3iHTerpyBarTyu piBHSHHS:

C1. yy" — /% + 4y®sin 2z = 0.
C2. zyy’ + yy' = zy'* + 22
C3. z?yy" = (y — xy')>.

C4. zyy’ + zy'* = 5yy/.
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2
C5. *(yy" — ") = v*.
Cé6. yy" +yy' tgx + 3y’2 —0.
C7. nyy// — (xy/ 4 9)2-
C8. zyy’ — :):y’2 —yy =0.
Co9. yQy/// _ Syy’y” + 2y/3 + yg cosz = 0.
C10. yy" — % = L

Va2+1®
/ 2
Cl1. yy" — 25 =3y~

C12. zyy” — yy' = 2zy'*.
C13. vy + yy' tgz = 2%
C14. zyy” + 2zy'* = 2yy/.

12
C15. awyy” —ay” —yy' = 7.

C16. zyy” + yy' — 5a2y’> = 0.

C17. 42%y3y" = 2? — y*.

C18. 223y = 3zy3y’ — 4y* — 2B,

C19. z4(y? — 2yy") = 4x3yy’ + 4.

C20. y2 + 22%y/* = 523y" + 2xyy/.

C21. 2%y — 3zy/ + 4y — 22% = 0.

C22. 2%(yy" — %) + ayy’ = (2ay' — 3y)Vad.

C23. yy + zyy” = xy'? + 22°.

C24. 23y" — 22/% + 2zyy’ = 2.

C25. 22(2yy” — y'*) = 5 — 2ayy'.

3iHTerpyBaT piBHSIHHSI, IIEPETBOPHUBIIHI IX 0 TAKOTO BULJIS-
1y, 06 00MIBl YaCTUHU PIBHSHHS OyJIM TOTHUMU ITOXITHIMIU:

C26.y" — Ly + x%y = 4. C30. 5y — 2y"yV = 0.
C27. y* + 4yy’ = 0. C31. 2zy'y" = y'* — 4.

C28. "y —2y"* = 0. C32. ¢ — 2xy/ — 2y = 2.
C29. zy” —2yy' +y = 0. C33. o'y =" +y'*y".

C34. yy" + 2%y +y* = (22 + 1) yy.

C35. y" — ¢/ cosz +ysinz = 0.

Posp’azarn 3amagi Kommri:

C36. yy' — 5%”/ — =0, y(1) = €2, /(1) = 12e%.
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C37. zyy” + (1 +2?)yy' + a2 = 2y/%, y(1) = 2, y/(1) = -2
C38. 2xy?y" — 2zyy” + 22y = y'y?, y(1) = /(1) = —1
C39. 2 (y" —¢/) =y (y — 29/), y(1) = ¢y/(1) =e.

C40. (1 —sinz)yy” + yy' cosz = 3%, y(0) = 2, 3/ (0) = 1

Bionosi0:

Al. nChy = Cie®(x — 1), y = C. A2. zy = Che1”,
A3. y = Cy(x + Va2 + 1)1, Ad. y = 2e2ter—7/4 A5, % =
= sin(Cy — %), y = Cz. A6. 3y = —zlnln(Cz) + Cox,
y=Cx. AT7.y?> =23+ Crox+Cy. AS8.y% = Cy + (Cox + C3)2,
Yy = Cl$ + CQ, y2 == 0156 + CQ. C1. Yy = CQgsin2x+Clac'
C2.y= Cg]:):\cle%. C3. y = Chze C1/*. C4. y? = Cozb + C).
C5. zy = C2e“'*. C6. y* = Cysinz + C. CT7. y¥z =
= Cgeclxg. C8. y = C’geclxg. C9. y = 036014”24‘02:“‘51“‘”.
C10. nCoy = Ci(zvVa?2 + 1+ In(x + Va2 +1) +22), y = C.
Cl11. y?(22 + 20+ C1) = Co, y = C. C12. y(z? — C1) = Co,
y = C. C13. y(sinz + Cy) = Oy, y = C. Cl4. 3 =
= O3 + Cy. C15. B?In(Cay) = C1In|Cy + bVa? — 22|
—ba2—2%2 y = C. C16. Ciy + Syln|y| + In(Cox) =
y = C. CI17. 4C1y° = 4z + CixIn?(Cyz). C18. Oy
= Cla*In*(Cox) — 24, 32 = +22%In(Cz). C19. 2Cyz?y =
= (C1z — Co)? — 422, 2Co2%y = (Coz — C1)? — 4, zy = +2.
C20. y = —5zIn ‘% + Cl| + Cyx, y = Cx. C21.y=221n?|z| +
+ C12% In(Cyz). C22. Cry = 23/2(Coz +2), y = C2%/?, y =
= 2232 InCx. C283.20,Coy = C3|z|C 24222~ C24.y =
=—zln|L — C1|+Chz, y = Cz. C25.4C1y = 20+ CF In*(Caa).
C26. y = 2° + Cizln(Cox). C27. y = (Ciz + Cy)¥/°.
C28. y = Ci1In(Coxr + C3), y = Cixz + Cy. C29. y =
= C} tg(C1 In(Cax)), y — C1 = Colz >t (y + C1), yIn(Coz) = —1.
C30. 4C7y = 9(Crx + C)*3 + Cax + Cy, y = C12° + Cox + Cs.
C31. 3C1y = #2(C1x +4)32 + Cy, y = +22 + C. C32. y =
= (C1fe ™ dx + Cy)e™ — 1. C33. C) + Che™¥ = Cze 027,
y=Cix+ Oy, y=—In(Ciz + Cy). C34.y? = 11(1(6’1e“’2 + Cy).

=
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C35. y = (C1fe *m%dz + Cy)es"®. C36. y = e’ C37. zy =
=2 (C38.y = —e2Vo 2 (C39. y = V¥l C40. y =
— (cosz + 1)e'® 2,
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Tema 14. Jliniiini nudepeHniagbHiI PIBHIHHS BUIIIX
MOPAJIKiB

Kopomxki meopemuyuni aidomocmi

14.1. Jliuifino 3anexkHi i giHiiiHO He3a/exkHiI PYHKITII.
Oynxnii y1 = y1(x), y2 = y2(2), ..., Yn = yn(r), BusHAUCH]
Ha iHTepBasi (a,b), HABUBAIOTH AIHITHO HE3ANEHCHUMU HA TTHOMY
IHTepBaJIi, AKIO CIIIBBIIHOIEHHST

a1y1 + asyo + ... + apy, =0, (14.1)
Jie a1, g, . .., iy — CTAJI, BUKOHYETHCSI JJIsl BCIX = € (a, b) TinbKu
TOJIi, KOJIK BCl ] = Qi = ... = v, = 0. K10 y cIiBBiIHOIIEHH]
(14.1) xoua 6 oxHa i3 cTANUX (1, (2, ..., Q4 BIAMIHHA Bij HYJI,
TO0 YHKINT Y1, Y2, ..., Yp HABUBAIOTH AIHIUHO 3AAEHCHUMU HA
inrepBaii (a, b).
Buznaunnk
Y1 Y2 T Yn
y/ y/ ... y/
1 2
W)= " ...
(n—1) (n—1) (n—1)
Y1 Yo o Un

Ha3UBAIOTh 6U3HAYHUKOM Bponcvrozo abo eponckiarom QyHKITIH
Y1, Y25 -5 Yn-

Axmo W (x) # 0 xo1a 6 B oxmiit Touni inrepsary (a, b), To Y1,
Y2, -, Yp — JIHINHO HE3AIEKH] HA IIbOMY iHTepBaJi PyHKIIII.

14.2. ITobygoBa JIiHIITHOTO OAHOPIZHOTO PiIBHAHHSA, SIKE
Ma€ 3a/1any PyHJAMEHTAJIbHY CUCTEMY PO3B’a3KiB. JIinid-
HUM 00HOPIOHUM OUPEPEHUTIANDHUM PIBHAHHAM N-20 NOPAJKY Ha-
3UBAIOTH PIBHSAHHS BUIJISLY

y(") + 1 (x)y("fl) + oot puo1 (@)Y + pp(x)y = 0. (14.2)

Byap-gaky cykynHicTh 1 PO3B’g3KiB JIIHIHHOTO OJIHOPI/IHOTO
piBasinns (14.2), BusHaveHux i JiHIfiHO He3aJIeKHUX Ha IHTEpBa-
i (a,b), HABHBAIOTL BYHOAMEHMAADHON CUCTNEMOIO PO36 A3KIG
[OTO PIBHsIHHS Ha iHTepBasi (a,b).
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Jlnst mobymoBu JIiHIHHOTO OXHOPIMHOTO IudepeHIliaJTbHOTO
PIBHSIHHSI, SIKIIIO BiJOMOIO € #oro ¢pyHIaMeHTaJbHa CUCTEMa PO3-

B’I3KIB Y1, Y2, - - -, Yn, BUKOPUCTOBYIOTH (DOPMYITY
Y1 Y2 T Yn Y
" Yoo ot n y
A A b 0. (14.3)
9 Y2 T Yn Y
I O R R

14.3. 3Hn>keHHA NOPAAKY JIHITHOro ogHOpPigHOrO Iau-
depeniliaIbHOrO piBHSIHHS 3 JOMNOMOIOIO JIiHiliHO He3a-
JIEXKHUX YaCTUHHUX PO3B’A3KiB. Ko Bigomuit dacTUHHMII
posB’si30K y1(z) # 0 miniiiHOro ogHOpisHOrO nUbepeHIiaibHOro
PIBHSIHHST JIPYTOTO HOPSIIKY

y" +px)y + q(z)y =0, (14.4)

TO 3arajbHIM PO3B’sI30K IILOT'0 PIBHAHHSI MOXKHA, 3HaTH 3a (op-
MYJIOIO

e~ Jp(@)dz
Y=y 01/72d$ +Cs . (14.5)
Y1
Y 3arajgbHOMY BUIIQJIKY, SIKIIO BiTOMUil OIWUH YaCTUHHUI
po3B’si30K y1(x) # 0 miniiinoro ofHOpiAHOrO MHbEPEHIIATLHOIO
piBusiHHs (14.2), TO JUIsl 3HUKEHHSI HA OJMHMUIO HOPSIJIKY IIHOTO
PIBHSIHHSI CLIOYATKY BUKOPUCTOBYIOTH 3aMiHy ¥ = Y12, 2 = 2(Z), a
norim 3aminy u = 2/, u = u(x). B pesyabrari 3HOBY OTpHUMYIOTH
JIiHilTHEe OJTHOpI/THE PIBHAHHSA. ZKINO BiToMO m JHiHIAHO He3ase-
JKHUX DO3B’si3KiB piBHsiHHS (14.2), TO MOC/IIIOBHEME 3aMiHAME
BJIAETHCS 3HUBUTH HOT0 MOPSIOK HA 1M OUHUIB. J0KPEMa, SIKIIO
Bisiomo 1 — 1 siHiHO He3asIeXKHUX PO3B’si3KiB piBHsHHS (14.2), TO
MIOCJTIIOBHI 3aMiHU JIAIOTh PIBHAHHS 3 BIAOKPEMJIIOBAHUMU 3MiH-
HUMU, IHTETPOBHE Y KBaIpaTypax.
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Pose’sa3ysarHsa munosuxr enpas i 3aday

Ilpukman 14.1. JlocniguTu Ha JiHifiHY 3a/0€KHICTD DYHKITI

y1=3r—2,y2 =22 +5, y3 = 2°.

Pose’azannsa. CrirajemMo BU3Ha9HUK BpoHcbhKOTO 115t nux yH-

KITiii:
3r—2 2z+5 a3
W(z) = 3 2 322 | = —114ax.
0 0 6x

OcCKiJIbKE BHU3HAYHUK BpOHCHKOTO He JIOPIBHIOE HYJIO, SIKITO
x # 0, To 3ayanH] QYHKIII € JIHITHO He3aIeKHUMI Ha Oy1b-sIKOMY
inTepBaJi uncioBol oci. B

Ilpuknan 14.2. HochignT Ha JiHIAHY 3a/1€KHICTD QYHKITI
y1=c+3,y2 =22 — 5, y3 =4z — 1.
Pose’azanns. CkiiageMo piBHICTE a1y + aoys + asys = 0:

ar(z+3)+ ez -5)+az(dr—1)=0 =
(041 + 209 +4043)$ +3a1 —bag —az3 =0 =

1 +20¢2 +4043 == 0,
3041 —5042 — Q3 = 0.

OcranHsI cucTeMa € HEBU3HAYEHOIO, & TOMY MAag He JIUIe TPHUBi-
asbHuil po3B’sa3ok. OTke, 3a7aHi QYHKII € JIHIHHO 3a7€2KHIMI
Ha Oyab-ssKoMy inTepBaJi dncaosol oci. W

Ilpukmaan 14.3. Ckiaactu jginiiine ogHOpigHE I EpeHITiaIb-
He DPIBHAHHS AKOMOTA HUXKYOTO TOPSJIKY, SKE Ma€ PO3B’sa3KU
y1 =, yp = = + 3.
Poss’azamnns. Ilepekonyemoch (Tak, sk 1e Oy/a0 3pobJeHO
y mpukmam 14.1) y nimiitniit mesamexxmocti dynkmiit y; = 23,
y2 = x + 3. Cropucraemoch opmysiown (14.3):

2 x+3 y
322 1 ¢ | =0.
6x 0o
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PO3K.H&,ZL€MO BU3HAYHUK 3a €JIEMCHTaMMN TPETHOI'O CTOBIIILA:

2 z+3
322 1

3 r+3
6x 0

3:1:21_
Y 60 0] Y

(223 + 92%)y" — 62(x +3)y + 62y =0. WA

/

‘+y//

0 =

Ilpukaan 14.4. 3iaTerpyBaru piBHSIHHS
(2% + %)y — (23 + 42% + 22)y + (2® + 42 +2)y = 0. (14.6)

Poszs’azanma. 3aragbHoOro crnocoOy BiIMTyKAHHS YaCTHHHOTO
PO3B’sI3Ky JIHIHHOrO PIBHSIHHS 31 3MIHHAUME KoedillieHTaMu He
icuye. Jlekonm #Oro BJA€ThCd 3HANTH y BUIVISAL MHOTOYJIEHA
qn ekcronenTu. llpumycrumo, 1o po3s’sa30K JndepeHiiajabHo-
ro piBHsIHHSI iCHye y BUIVIsII MHOrowieHa. Crpobyemo 3HaiiTh
fioro creminb. Hexait y1 = 2™ + ..., Toui ¥} = naz" 4+ ..,
y! = n(n — 1)2" 2 + ... Ilicna migcranosku y pisasmans (14.6)
MaTHIMEMO:

n(n —1)(x® + 2%)2" 2 — n(a® + 42% + 2x)2" 1 +

+(@® +4r+2)2" +...=0 =
n(n —1)z" ™ 4 n(n — 1)z" — ng"? — dnz™ ™ — 2na™ +
+ 2" 4 42" 22" + . =0,

[TpupiBHiooun KoedilieHT OLIA HAWBUIIOIO CTENEHS T 0 HYJId,
orpumyemo n = 1. Takum aunoM, y; = x + a. [ligcraBisgioun 1o
dbyukuito B piBusiaag (14.6), snaxomumo a = 0. Orke, dyHKIIisA
Y1 = T € YACTUHHUM PO3B’si3koM piBHsiHHs (14.6).
BBememo piBusnns (14.6) mo sBurasay (14.4) nginennsam Ha
3+ 2%
g w344 +2r , 2 +4x 42

_ = 0.
3 + 22 vt 3 + 22 y
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Ckopucraemoch Tenep dopmyown (14.5):

3+4a:2+21 dx

T Tax TaT

ef 3422
y=a Cl/—de—i—Cg =
T

d(13+a:2) dx

efdx"‘f o
= Cl/ dx + CQ =

2

= x<C1/ex(:c + 1)dz + Cg) = C12%e" + Oy,

Qynknii x = 01 x = —1 ne € po3s’s3kamn piBasang (14.6).
Bigmosins: y = Ciz%e® + Cy.

Ilpukaan 14.5. 3iaTerpyBaru piBHSIHHS
2?2z — 1)y" + (4o — 3)xy” — 2xy’ + 2y = 0, (14.7)

SIKITIO BIJIOMI #i0r0 J[Ba YaCTUHHUX PO3B'SI3KH Y1 = T, Yo = 1/x.
Posze’azamrms. 3anpoBapKyemMo 3aMiny y = zx, ne z = z(z),
romi y = 2w+ 2,y =2"v+ 2,y = 2"v + 32", a piBuanns
(14.7) nabyBae BUIIsILY:

222z — 1)(2"x + 32") + (4o — 3)a(2"x + 27') — 2x('x + 2) +
+2z2 =0 =
2?2z — 1)2" + (102* — 6x)2" + (62 — 6)2’ = 0. (14.8)

[TopsimoK oTpUMaHOrO PIBHSAHHS JIETKO 3HUXKYETHCSI 3aMiHOIO
u=2u=u(x):

2?2z — Du” + (102% — 62)u’ + (62 — 6)u = 0. (14.9)

Ockisbku piBsiHHs (14.7) Mae po3B’si30K yo = 1/x, TO piB-
nanns (14.8) mae posp'ssox z; = 1/x2, a pibmanna (14.9) —

. /
posB’azok u; = 1/23. Bamina u = o =0(x), v = 5 — i—Z,



136 14. Jliniitui qudepenniaabHi PiBHAHHSA BUIUX HOPSIKIB

" :
W = 1;_3 _ g_z + % A€ pIBHSAHHST

" /

9 v 6v  12v 9 v 3v
x(2x—1)<;—g+ﬁ>+(lo$ —6$)(E—F +
+(6x—6)%20 = Q-1 -2 =0 =
2z —1w —2w=0 (' =w, w=w)).

Tomi

w=C(2z—-1) = JV=0C22-1) =

1 1
v=Cia?-2)+ G = u=01<“—2> N
x T x
1 C C
chl<ln|$|+—>+—22+03 (CQIZ——Q) =
T T 2

C
y=Ci(zln|z|+ 1)+ ?2 +Csz. W

Bnpasu, pexomendosani das aydumoproi pobomu

Busnauuntu, qu € 3amani Gyukmil giHifiHO HE3aI€KHUMU:

Al.y1 =245, yo =2 — 3.

A2, y; =8x+ 10, yo = 122 + 15.

A3.y1=z+4,y2=3x+5, y3=1—4x.

Cknactu pudepeHiiaabil piBHAHHS SIKOMOIa, HUXKYOIO II0-
PSLIKY, sIKi MalOTh 3aJIaHl YaCTUHHI PO3B’A3KM:

Ad. y; =%, yy = 37,

A5.y1 =1, yp =z, y3 = 2°.

SHaiiTy 3arajibHI PO3B’SI3KU 3aJlaHUX PIiBHSHb, 3HAIOUN IXHI
YaCTUHHI PO3B’SI3KU. Y TUX BIIpaBax, Je YaCTUHHUN PO3B’sI30K He
3ajJaHnil, 3HANTH YaCTUHHUN PO3B’'A30K y BUIVISAI HOKA3ZHUKOBOI
bynKIii y1 = e abo MHOrOWwIeHa ¥ = =" + ax" " + b2 4. ..

A6. 2y’ —2(x — 1)y + (z — 2)y = 0.

AT 2%y — (2% +22)y + (z +2)y = 0.
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A8. 2z + 1)y —4(x+ 1)y =0.

A9. (222 + 2)y" + (822 — 1)y — (162 +4)y =0, y; = e 2.

A10. y"cos’x —2y =0, y; =tgx.

A1l 2%y — 22y — (22 —2)y =0, y1 = ze®.

A12. (22+43)y" —(1220420)y" +(222+439)y’ — (122+22)y = 0,
Y1 = ex’ Yo = e2x'

A13. 23y — 322" + (2% +62)y — (22 +6)y =0, y ==z,
Yo = zsinx.

Bnpasu, pexomendosari 0asi 00MaAUWHB020 3a80aGHHA
i camocmitinot pobomu

Busnauwnru, un € 3agani QyHKIG diHiiHO He3amekHUMU (B
KOXKHI#T BrpaBi QYHKINI PO3IVISAAIOTHC B Tiit obJiacTi, B sKiii
BOHU BCl BU3HAueHi):

Cl.yy=x2+2,y2=1.

C2. y; = 26z + 6, yo = 65x + 15.

C3.y1=¢% yo=Inz.

C4.y1 =1, yp =z, y3 = z°.

Cs5. Yy = 2x’ Y2 = 3x’ Yz = 47,

C6. y; = cos’z, yp = cos 2z, y3 = 1.

CT.y1 =22 +3x, yp =2 —5, y3 = 22> + 1.

C8. yy =22, yp =0, y3 = €**.

C9. y; =Inbz, yo = Inz?, y3 = 4.

C10. y1 = VT, y2 = V& + 5, y3 = Vo + 10.
C11. y; =sinz, y2 = sin(x + 3), y3 = cos(z — 2).
Cl12.y; =z, yo = sinz, y3 = 3%, yy = 132.
C13. y; = sin2x, yo = cosx, Y3 = cos 2.

Cl4. y1 =z, yo = 2°, y3 = |2°].

C15. JloBectH, 1o sSIKIO cepell DYHKIUH Y1, Yo, - .., Yn € JABI
OIHAKOBI, TO BOHM JIHIAHO 3a/I€KH.
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C16. JloBectn, 1m0 BpOHCKiaH (QYHKITIH

n(z) = {0,2 SKIIO T € 511,]?], yo(z) =

22, axmo x € [—-1,0],
x“, dKIOo T €

0, saxmo x € [0, 1]

TOTOXKHO JIOPiBHIOE HYJIIO, aJle BOHU JIHIHO He3aseXKHi Ha BiJ-
pisky [—1,1].

Cknactu nudepeniiaibii PIBHAHHS SIKOMOTA HHU2KYOTO I0-
PSIKY, sKi MaIOTh 3aJiaHi YACTUHHI PO3B’A3KU:

Cl17. y1 =1, yo =sinzx.

C18. y; = 23, yp = €*.

C19. U1

C20. y; = cosx, yo = sin 2x.

22, yp = Inz.

C21. y; =z, yo = €%, y3 = .

C22. y; =1, yp =sinx, y3 = cos x.
C23. y; = €%, yp = ¥, y3 = %,

C24.y; = 2%, yo = ;%27 y3 = z’Inz.

C25.y; =23 + 3z, yo =322 =5, y3 = — 2.
C26. y1 =2z, yo =€+ 2, y3 =3 — .

C27. y1 =Inzx, yo =5, y3 = €*.

C28. y; =10, yo = tgx, y3 = .

xT

C29.y; =z, Yo = 23, y3 = e 2.

C30. y; =z, yp = 2°, y3 = 2°.

C31. y; = €*, yo = sin 3z, y3 = cos 3z.

SualiTu 3arajbHi PO3B’S3KHU 3a/[AaHUX DPIBHSHb, 3HAIOYU IXHI
YaCTUHHI PO3B’g3KU. Y THUX BIIPaBax, /¢ YACTUHHUN PO3B’I30K HE
3aJaHnil, 3HANTH YaCTUHHUN PO3B’A30K y BUIJILAl MOKA3HUKOBOI
bynKii y; = e abo MHOrowIeHa y; = " +ax" L 4 b2 4. ..

C32. 2zy" — (x + 2)y +y = 0.

C33. 2z + 3)y" — 2y — %y =0.

C34. 2y — 2z + 1)y + (z+ 1)y =0.

C35. (z+ 1)y +(x— 1)y —2y =0.

C36. (z—1)y" — a2y +y=0.
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C37. 2%y" — (322 + 22)y’ + (3z +2)y = 0.

C38. zy” + (3 —2x)y' + (x — 3)y = 0.

C39. 2z + 1)y" + (4o — 2)y’ — 8y = 0.

C40. (523 —22)y"+(2523 —2022+22)y’ — (2522 —202+2)y = 0.

C41. 2%y — 32y + 4y = 0.

C42. y" cos? z + 7/ sin 2z + y(2 — cos2 x)=0, y; =cosz.

C43. (zlnz)y" + (Inz + 1)y — = =0, y=Inz.

C44. 222 + 1%y + (622 = 2)y =0, y1 = xgil.

C45. 2 ”—i—4xy +2y=0, y1=7

C46. y" coswsin®z + ¢y sinz(1 — 3cos?z) + 2ycos®x = 0,
Y1 = sinz.

Ca7. 2%y — (222 —2)y + (22 —2 - D)y =0, y; = xe®.

C48. (23 + 222 + )y + (203 + 42% + 42 + 2)y' + 22y = 0,
Yy = 1+ %

C49. z2(z +6)y" — (22 +6)y +2y =0, 3 = 2%

C50. 2y’ — (6z —2)y' —6y =0, y =1.

C51. 2%y" — 22y + (22 +2)y =0, y; = wsinw.

C52. 3 " _3x2y" +6xy —6y =0, y =

C53. (4:1:—1—5) " — (162 +24)y" + (4 +9)y’ + (242 +38)y = 0,
yr=e", yp=e*.
C54. 23y" — (423 + 322)y" + (323 + 822 + 62)y' — (322 + 8x +
+6)y =0, y1 =2, y2=we®

C55. 23y" — (23 + 32%)y” + (222 + 62)y’ — (22 + 6)y = 0,
Yy =

C56. (22— 3)y" + (16 — 122)y" + (222 — 23)y' + (5— 122)y = 0,
y1 = €e*, yp = e’

C57. 23y" — (623 + 322)y" 4+ (923 + 1222 + 62)y’ — (922 +
+122+6)y =0, vy =, yo = xe’®.

C58. 2z +1)y" — (14x+9)y" + (2224 15)y’ — (10 +T7)y = 0,
Y1 = €%, yo = xe®.

C59. 23y" — (223 + 62%)y” + (18x — 323 + 822)y’ + (622 —

— 122 —24)y =0, y; =22, yp = x2e3".
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C60. 2%y" — (322 +22)y" + (322 +42+2)y' — (2% +22+2)y = 0,

y1 =€, yo = x’e".

Bionoeiodi

A1. Jliniiino wesamnexkui. A2. Jliniitno 3amxexui. A3. JliniitHo
samexxui. Ad. y’ —4y' +3y =0. A5. 2y —y" =0. A6.y=
= C’l%x + Coe®. AT.y = Crze® 4+ Cox. A8. y = C1 + Coze®®.
A9. y = C12% + Coe ™. A10. y = Crtga + Cy(1 + xtg).
Al1l. y = Cixe® + Coxe™™. Al12. y = Ci1e* + 6'2(223c + Cg$63x.
A13. y = Cixz + Cozsinx + Csxcosx. C1. Jliniitno He3a€XKHI.
C2. Jlinittno 3asmexxni. C3. Jlimitino mesasmexxni. C4. Jlimiii-
o Hezajexkui. C5. Jliniitno mesasnexxkui. C6. JliHiitHo 3a/eKHi.
C7. Jliniitno mezasiexxui. C8. Jlinmiitno samexui. C9. Jliniitao
sajexkui. C10. Jlimiiino wesanexkui. C11. JliniiiHO 3aj1€KHI.
C12. Jliniitao 3amexxui. C13. Jliniitno mHesamexni. C14. Jlimiii-
no mezasexui. C17. y” cosx +y'sinx = 0. C18. (22 — 32)y” +
+ (6 — 22y + 3z — 6)y = 0. C19. (2® — 32%2Inz)y” +
+ (z + 6xlnz)y — 9y = 0. C20. 2y"cos’z + 3y'sin2zx +
+ (4sin®z +2)y = 0. C21. (5z — 6)y™ + (31 — 30z)y" + 25z —
—25y=0. C22.y" +y =0. C23.¢y" —11y" + 34y’ — 24y =
= 0. C24. 23¢y" + 22" — bxy + 8y = 0. C25. y" = 0.
C26. y" —y" =0. C27. (22 +2)y" — (22 —2)y" — (z+2)y’ = 0.
C28. y"sinzcosx + (2cos?z — 3)y” = 0. C29. (23 + 322 +
+ 3z)y" + (23 — 3z — 3)y" — (322 + 32)y’ + 3z + 3)y = 0.
C30. 23y —62%y" +15xy’ —15y = 0. C31. y" —y"+9y' —9y = 0.
C32.y = Ci(z+2)+Chrez. C33.y=C1E +Cha? C34.y =
= e*(C122 +Cy). C35.y = C1(z2 +1) + Ce™®. C36. y =
= Cix+Cqe®. C37.y = Cix+Coxe®. C38.y = C1S 4 Che®.
C39. y = C1(42% + 1) + Coe™2*. C40. y = C12%e % + Cox.
C4l1. y = Ciz’lnx + Cox®. C42. y = Cixcosz + Cycos .
C43. y = S& + Colnz. Cdd. y = C30500=1 4 ¢y 2o
C45. y = % + % C46. y = Cysin?x + Cysinx. C47. y =
= 01% + Cyxe®. C48. zy = (v + 1)(Cre 2 + Cy). C49. y =
= C1x2 + CQ($ + 3) C50. Ty = 6'1(263c + CQ. C51. Yy =
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= Ciasinz+Chxcosz. C52.y = Crax+Chra® +Czx3. C53.y =
= Cre™ + Cye®® 4 Cyze®®. C54. y = Cix + Corxe® + Cyze’®.
C55. y = Cix+ Cox® +Cyze®. C56. y = C1e2® + Coe3® + Caze®.
C57. y = Ciz + Coze’® + Cyz?e3®. C58. y = Cre® + Coze® +
+ C3ze®®. CBI. y = Cra? + Cox?e3® + Cyx?e ™. C60. y =
= (Cl + CQ.’/UQ + C3.Cl?3)€x.
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Tema 15. Jliniiiai omHopigHi audepeHIiaabHi
PIBHSIHHS T-TO MOPAJKY 3i cTammMm koedirieHTaMmm
Ta 3BigHI JO HUX

Kopomxi meopemuyuni gidomocmi

15.1. Jliniiini omHopigHi piBHAHHSA N-TO MOPSAAKY 3i
cramuMu Koedinmientamu. s JiHifiHOro ogHOPiAHOrO PiBHSI-
HHS 1-TO TOPSIIKY 31 cTagmmu KoedilieHramu

™ 4 ary ™Y +agy ™D 4 a1y Fany =0  (15.1)
OyLyEMO XapaKTEePUCTUIHE PIBHSIHHSI
K"+ ar k" '+ ak™ 2+ ... +ap_1k+a, =0. (15.2)

Koxuomy mpocromy aificnomy Kopewio kj pisasaus (15.2) cra-
BHMO V BiamosigmicTs GyHKIHO €7, KoKHOMY IifiCHOMY KOpPEHIO
k; xparHocTi s; — (byHKIII ekt xekit . x%iTleki® | xommiit
Hapi IPOCTHX KOMILIEKCHO-CIPSZKeHIX KopeHiB k; = aj + i3; i
kjq1 = a; —iB; — bynkmii e*¥ cos Bz i € sin B;x, koxKmiit na-
Pi KOMILIEKCHO-CIIPSZKeHNX KOopeHiB kj = aj+ifj i kj 1 = aj—1if3;
3 i Q4T AGT 3 a5

KpaTHocTi s; — dyHkuii e*® cos Bz, e sin Bz, ve** cos Bz,
xesin B, ..., 2%~ Le%® cos Bjx, 2%~ Le%® sin Bjx. Baramnb-
HUIT PO3B’s130K piBHsHHsA (15.1) Gymyemo sk JiniiiHy KOMOIHAIIIO
orpuManux 1 QyHKI 3 goutbHUME ctagumu Cp, Co, ..., C).

15.2. Iudepennianbui piBHAHHA, 3BiIHI OO0 PiBHSIHbL
3i cranumu Koedimientamu. Pisngnnsm Eitnepa nasuBaioThb
nudepeniiaabie PIBHAHHS BUTTISIILY

x”y(”) + alx”_ly(n_l) + ...+ an_lxy' +any =0, (153)

ne ai, ag, ..., Gp, — craji gificai wucaa. dnsg ¢ > 0 Bukonyemo
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3aMiny HesasexkHol 3MiHHoI 3a dopmynoio x = e'. Tomi

1
—t
Yo=Y =Y =Yie
Ty
Yo = (Y -e "=y e et = (yh —yp)e ™,
Yy = (yjs — 3yp2 + 2y,§)673t, e
n n —1 —nt
y = (o) o+ ()" = Dty ) e
[igcrapnsioun = €' i sHaiiIeni BUpasu I ¥y, Yla, - - - yi’z)
y (15.3), omepzkuMo JiiHiiiHe OMHOPIHE PIBHSIHHS N-T0 TOPSJKY 3i
crajinmu Koedinienramu. 3HARIIOBINN 3arajJbHANl PO3B’A30K IHO-

t

r'o PiBHAHHS 1 TiJCTABUBIIM y HHOTO t = Inx, MaTuMEMO 3arajib-
HUil po3B’a30K piBHsAHHS Eitrepa.
Pisasauna Jlarpamxa

(az + b)"y™ + (az 4+ b)" pry Y + ..
oot (az 4+ b)pn—1y’ + pry = 0,

ne a, b, p1, p2, ...,Pn — CTaJ, 3aMiHOIO He3aJe>KHOI 3MIHHOI 3a
dbopmyoio ax + b = ! 3BomuTHCA 110 iHiiHOrO PiBHAHHA 3i cTa-
JIMHu KoedirieHTamu.

PiBugnnga Yebumona

(1—2?)y —zy' +n’y =0

3aMIHOI0 He3aJIeXKHOI 3MiHHOI 3a dopmynon x = cost (t =
= arccos ) 3BOJUTHCS [0 JIHIHHOTO PIBHSIHHS 31 CTAJIUMH KOE-
dimienTammn.

Jliniiine opHopiguae piBHsiHS (14.2) 3BOAUTHCS I1EPETBOPEH-
HAM He3aJIe2KHOI 3MIiHHOI JI0 JIHIHHOTO PIBHAHHS 3i CTAJIMMU KO-
edirieHTaM1 3 JIOIMIOMOIOO ITiICTAHOBKA

t= a/\"/pn(x)dﬂs, (15.4)

Ie o — JesiKa cTaJja.
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Pose’sa3ysarHsa munosuxr enpas i 3aday

IMpuknan 15.1. 3inrerpysaru pisusgnus y” + 1y — 2y = 0.
Po3ze’azarns. XapakrepucTuaHnM piBHAHHAM € k%2 +k —2 = 0,
a fioro kopensimu — uncyia k; = 11 ko = —2. Orxke, 3arajibHUM
po3B’sa3KoM piBHsHHS € Y = C1e® + Cae 2%, ne C1, Co — n0BibHI
crasi. B

ITpuknan 15.2. Binrerpysaru pisusuus y” + 6y’ + 20y = 0.
Posg’sazarnsa. Po3p’a3kaMu  XapaKTEPUCTUYUHOTO  PiBHSHHS
k3 4+ 6k+20=0 e ogun [ificHmii i JBa KOMIIJIEKCHO-CIIPSIZKEH]
Kopeni: ki = —2, ko =1+ 3i, k3 =1—3i, a ToMy 3araJbHHI
PO3B’SI30K 3aITAHOTO PIBHSHHST MOXKEMO 3alUCATH Y BUTISI Y =
= Cre % 4 Cye® cos 3z + C3e”sin 3z. W

IIpukmazn 15.3. 3inrerpysaru pisusunsa y” —y” — 5y’ — 3y =
=0.

Posze’azanns. Xapaxrepucruune pisasuus k> — k> — 5k — 3 =
= 0 mae omuH npocTuit kKopiunb ki = 3 i onMH KpaTHUII KOPiHb
ky = k3 = — 1. Ilum KopeHsM Bimmosizaiors poss’siskn e3%, e ™%,
ze % ay = C1e3 4+ Cre™® + Cyre™" € 3aranpHuM po3s’s3roM. W

IMpuknan 15.4. 3inrerpysaru pisusgnns y"” — 6y” + 12y —

— 8y =0.
Posze’azanns. Xapakrepucruune pipauns k3 —6k%+12k—8 = 0
Mae KpaTHuil mificauit Kopiub ki = ko = k3 = —2. OTike, 3amaHe

PIBHSIHHSI Ma€ TpH JIHIAHO He3aexKH] po3s’sizku 2%, xe?®, x2e??,

a iioro 3aragbHuM po3B’a3KoM € y=C1e?* +Coze®® +Czx%e®. I

Ipuknazn 15.5. Binrerpysaru pisusmas 41V +8y” + 16y = 0.
Pozs’szannsa. BinmosinHe XapaKTepUCTUYHE PIBHAHHA Mae
JBa KpaTHI KOMILIEKCHO-CIpsI2KeHi KopeHi ki = ko = 2i, kg =
= ky = — 2i. Orxke, 3arajgpuum po3B’s3kom € y = C] cos2x +
+ Coxcos 2z + Cssin2x + Cyxsin2z. W

Ilpukman 15.6. 3inrerpysaru piBuanua Eittepa 22y” —
—2xy’ — 4y = 0.
Pose’azanns. 3pobuMo 3aMiHy He3aeyKHOI 3MiHHOI 3a ¢op-
mynoo & = e (t = Inz). Toxi y, = yje™", y’ = (yo — y})e .
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[TigcTapnsgoyun 11i BUpa3u y BUXiAHE PIBHSHHS, IS 3HAXOJIZKEH-
Hst GyHKIIT y = y(t) omep:KyeMo piBHSIHHS:

e2t(y// o y/)€—2t _ 2€ty/€—t _ 4y -0 = y// _ 3y/ o 4y = 0.

Ockinpku Xapaxrepuctudne pipusuua k2 — 3k — 4 = 0 Mmae
aBa gificHux pisaux KopeHi k1 = —1, ko = 4, T0

y(t) = Cleit + 0264t = y(:c) = Cleilnx + CQGMHI =

C
y:—1+02:c4. |
T

Ilpuknan 15.7. SinrerpyBaru piBusguus Jlarpamnxa
(4 — 1)%y" — 4(4x — 1)y + 32y = 0.

Pose’azanns. 3pobumMo 3aMiHy He3aeyKHOI 3MiHHOI 3a ¢op-
mysoro 4z — 1 =e' (t = In(4e — 1)). Tomi y, = dye™", yl, =
= 16(yj> — y;)e " Iincrasasmoun ui Bupasu y Buxigme pisms-
HHS, JJTsl 3HaX0/KeHHss byHKIil y = y(t) omepkKyeMo piBHSAHHS:

16e” (i —y) e — 16e'y'e ' +32y =0 = o' -2/ +2y=0.

OckinpKn Xapakrepuctudne pipHsuHa k2 — 2k + 2 = 0 mae
KOMILJIEKCHO CIipsizkeHi kopeni k1 =1+, ko =1 — 4, TO
y(t) = Crel cost + Cye'sint =
y(z) = Cre™ D cosIn(4e — 1) + Coe™ @ Vginln(4e — 1) =
y=C1(4x —1)cosln(4z — 1) + Cy(4z — 1)sinln(4z — 1). W

Ilpuknan 15.8. SiarerpyBaru piBHsgHHS JeOuriosa
(1—2?)y" — 2y +4y = 0. (15.5)

Toukn © = +1 € ocobymBUME TOYKaMU IILOTO piBHaAHHS. Ha
KOXKHOMY 3 inTepsasiB (—oo,—1), (—1,1), (1,+00) BUKOHYIO-
Thesd ymoBu Teopemu Korri. [Tobymyemo 3araabumii po3B’sI30K pPiB-
HstHHSA Ha iHTepBasi (—1,1). 3pobumMo 3amMiny He3a/1€2KHOT 3MIHHOT
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3a dopmysoro x = cost (t = arccos x). Tomi

1 1
y;:yé't;:yi'x—é:—yfk@,

0o p 1 , cost 1 o 1 , cost
a2 = (yt2 sint ytsin2 t) (_sint> — e sin?t ytsingt'
[igcrapnsaioan snafizeni Bupasm jid Y, i yl,, a Takox
x = cost, y piBastHHs (15.5), mis sHaxozkenns Gyl y = y(t)
MaeMO audepeHItiaabae PIBHIHHS JIPYTOro HMOPSIKY 31 CTAJTIMU
KoedirienTaMu:

y" +4y = 0. (15.6)

BaraspauM po3’sskoM pisasnHs (15.6) € y = Cjcos2t +
+ Cysin 2t, a micjs HOBEPHEHHSI JI0 3MIHHOI T OJEPXKYEMO

y = C cos(2arccos x) + Cy sin(2 arccos x).

Bnpasu, pexomerndosari das aydumoproi pobomu

3iHTErpyBaTH piBHSTHHS:

Al. oy — 8y + 15y = 0. A5. " —2y" = 0.

A2,y +2y +2y=0. A6. y" —y" -8y +12y = 0.
A3.y" -2y =0. A7. 4V —y=0.

A4. y" +9y =0. A8. 22%y" — 5y + 8y = 0.

A9. 23y — 222" — 29/ + 9y = 0.

A10. (22 — 3)%y" + 4(2z — 3)y’ — 24y = 0.

All. (z+1)%y" = 2(z +1)%y" +4(x + 1)y’ — 6y = 0.
A12. (1 —2?)y" — zy' + 16y = 0.

SuaiiT po3B’st30K 3aga4i Kormri:

A13.y"+y —2y=0; y(0)=0, y'(0)=3.

Bnpasu, pexomendosari 0asi 00MAUWHB020 3a80aGHHA
i camocmitinoi pobomu

3iHTErpyBaTH piBHSTHHS:
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Cl.y" +y —2y=0. C9.y" +y —6y=0.
C2.y" +4y =0. C10. y" — 2y +y=0.
C3.y" +2y +2y=0. Cll.y" -2y +2y =0.
C4. y" — 10y + 25y = 0. C12. o + 14y + 49y = 0.
C5. 4" +2¢y +5y =0. C13. 2y" — 5y — Ty = 0.
C6. y" — 2y — 3y =0. C14. y" — 6y + 5y = 0.
C7.y" — 8/ + 20y = 0. C15. 4y" — 4y’ + 5y = 0.
C8. y" +4y' + 4y = 0. C16. """ — 19y’ + 30y = 0.
C17. y'"—i—y -9y — 9y =0.

C18. y" — 5y" + 24y’ — 20y = 0.

C19. y’” —5y" +3y 4+ 9y = 0.

C20. v + 9" + 2Ty’ + 27Ty = 0.

C21. yIV + 5y/// _ 7y// _ 29y/ + 30y = 0.

c22. 4V + y” =0.

C23. ¢V — 2y —19y" 4 70y’ — 50y = 0.

C24. y 2y”’ +5y" — 8y + 4y = 0.

C25. y'V — 249" + 64y’ — 48y = 0.

C26. y" + 1y — Sy = 0. C30. 2%y" — zy’ + 10y = 0.
C27. 2:):21/” 2y +y=0. C31. 422y" —4xy' — 5y = 0.
C28. 22 ”—l—2:cy —2y=0. C32. 2%y" — Txy' 4+ 15y = 0.
C29. 2%y —xy' +y =0. C33.z 2 "+ Ty +9y =0.
C34. 32%y" + Taxy’ — 4y = 0.

C35. 23y — 4a?y" + 8xy’ — 8y = 0.

C36. z 3 " _ 3x2y" + 11xy — 16y = 0.

C37. Sy”’ 222y" — xy + 9y = 0.

C38. 23y + 152%y" + 61zy’ + 64y = 0.

C39. (:c +2)2y" — 5(z + 2)y’ + 8y = 0.

C40. (z + 3)%y" + 2(z + 3)y’ — 6y = 0.

C41. 22z +1)%y" — 2z + 1)y’ + 2y = 0.

C42. (x —1)%y" +5(x — 1)y +8y = 0.

C43. (27 + 3)%y" — 2(2x + 3)y’ + 4y = 0.

C44. 2(z +5)%" + (x +5)y —y =0.



148 15. Jliniitui ogHOpPiiHI PiBHAHHSA N-TO MOPSAAKY 31 cTamumu kKoedilieHTaMu

C45. 3z + 1)%y" +8(3x + 1)y’ — 6y = 0.

C46. (5 + 7)%y" — 25(5x + 7)y’ + 225y = 0.

C47. (x4 3)3%y" +5(x + 3)%y" — 2(x + 3)y’ — 6y = 0.

C48. (22 +5)3y" + 9(2x + 5)%y" + 4(2x + 5)y’ — 8y = 0.
C49. (z +2)3y" + 3(z +2)%y" — (z + 2)y' — 4y = 0.

C50. (1 — 22)y" — 2y + 3y = 0.

Suaiitu po3B’s3ku 3aa4d Kormi:

C51. ¢y +2y +5y=0; y(0)=0, ¢/(0)=

C52.y W4y =0; y(0)=-2, y'(0) =1, y"(0)=y"(0) =0.
C53.y"+y —6y=0; y(0)=0, ¢y(0)=

C54. y" — 6y +5y =0; y(0) =0, ¥/(
C55. ¢ +y — 12y =0; y(0) =0, ¢(0) =

Bionosi0:

Al. y = 013 4+ Cre®®. A2. y = Cre % cosz + Coe “sin.
A3,y = C1 +Ce®. A4,y = Cicosdz + Cysin3z. A5,y =
= C1 + Cox + C3e%*. AB6. y = Cre 3% 4+ Cre®® + Caze®®.
A7. y = (Cie® 4+ Cye™ + C3cosx + Cysinz. AS8. y =
= C122 + Coxt. A9. y=Crz 4+ Coxd + Cyz3lnz. A10. y =
=C1(2z — 3)73 + Ca(2z — 3)2. All. y = Ci(z + 13 +
+ Co(z + 1)sinln(x + 1) + Cs(x + 1)cosln(z + 1). Al2. y =
= () cos(4arccos ¥) + Cysin(4arccosx). Al3. y = &% — e~ 22,
Cl. y = Cie 2 4 (e®. C2. y = Cicos2x + Cosin2z.
C3.y = Cie®cosx + Cre ®sinz. C4. y = C1€°® + Coze®®.
C5. y = Cie ®cos 2z + Cre ®sin2z. C6. y = C1e3* + Che™™.
C7. y = Cre*® cos 2z + Chre*®sin2z.  C8. y = Cre 2 +
+ Coze™2®. C9. y = Cie 3% 4+ (9e?*. C10. y = Cie* +
+ Chxe®. Cll. y = Cre* cosx + Coe®sinx. C12. y = Cre ™ +
+ Coze ™. C13. y = Cie2® + Che®. Cld. y = Cye® +
+ Cped®. C15.y = Cle% cos T + Cge% sinz. C16.y = C1e*® +
+02€3$+036_5$. Cl7.y = 01€3$+026_x+036_3$. Cl18.y =
= C1€% 4 C9e?* cos 4z + C3e®® sindx. C19. y = C1e3% 4+ Cyxe3® +
+ Cge™™. C20.y = Cr1e7 3" 4+ Chze™* + C1z2e™3%. C21.y =
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= 01654+ Cre?®+C3e 37+ Che 5%, C22.y = C1+Cox+C3cos x+
+ Cysinz. C23. y = Cie” 4+ Cre ™ + Cze3® cos x + Cye3? sin .
C24. y = Ci1e® + Coze® + C3cos2x + Cysin2zx. C25. y =
= C1** 4 Cyxe® + C3z%e®® + Cye 5. C26. y = Oz + Oy /x.
C27. y = Oz + Cy\/z. C28. y = Cix + Cy/x?. C29. y =
= Cizlnz + Cyz. C30. y = Cizcos(3lnzx) + Cozsin(3Inz).
C31l. y = Ci2%\/z + % C32. y = C12® 4+ Coz®. C33.y
= (C1+Colnz)/a®. C34. y = G + Va2 C35. y
= Ciz + Coz? + C3x*. C36. y = C12? + Coa?cos(2In )
+C322sin(2Inx). C37.y = C1/x+Cox®+Csz3Inx. C38.y
= (C1 + Colnz + Cgln2:1:)/:1: C39. y = Cl(x + 2)2
+ Co(x + 2)*. C40. y = (+3)3 + Oy(z + 3)2. C41. y
=C1(2x+1)+Cov2z + 1. C42.y = W(Cl cos(2ln(z—1))+
+ Cysin(2 ln(:c —1))). C43. y = (2z + 3)(C1 In(2z + 3) + C»).
C44. y = ¢— + Co(w +5). C45.y = C1iB3r+ 1+ i,
C46. y = (C1 + CyIn(5x + 7))(590 +7)3. C47 y=Ci(x+3)?+

+ == + @j{—g)g C48. y = (2;;5)2 + m + C3(2x + 5).
Cycosln(z + 2) + Cssinln(z + 2)).

I o I

C49. y201(33+2) $+2(
C50. y = C; cos(v/3arccos ) + Cysin(v/3arccosz). C51. y

=e Tsin2z. C52.y=x—2. C53.y=¢e?" —e 3% Cb54.y=
=5 — e, CB5. y = e —e 47,
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Tema 16. Jliniiiai omHopigHi audepeHIiaabHi
PIBHSIHHSI JIPYTOTO MOPSIIKY

Kopomxi meopemuyuni gidomocmi

16.1. 3amina 1rykaHnoi pyHKIil. 3Be/ieHHsT 0 KaHOHI-
gyHOl dopmu. Jliniline onHoOpiiHe PIBHAHHSA JAPYTOTO HOPSIKY

y" +p(x)y + q(z)y =0, (16.1)

ne p(x), q(x) — HenepeppHi Ha Jesikomy iHTepBadi (a,b) dyHKI,
3 JOIIOMOI'OIO 3aMiHU

y = e~ 2/p@)de z(z) (16.2)

MOXKHA 3BECTHU JI0 PiBHAHHS 0€3 IEePIol MOXiIHOl

2+ I(z)2=0, (16.3)
e / 2
(@) = g(a) - 2 21D (16.4)

Pipusinns (16.3) HasuBaoTh KGHOHIYHON HOPMOIO DIBHSHHS
(16.1), a dyuxiio I(x) — tHeapianmom 1boro piBHsHHS. fKIITO
piBasiaas (16.3) iHTErpy€eTHCS Y KBaIpaTypax, TO y KBaJIpaTypax
iHTerpyBaTnMeThCst TakoK piBHsiHHsA (16.1). Tak, Hanpukiasm, 6y-
ne, ko I(z) = C, I(z) = Cx~% abo I(z) = C(az +b)~2. Y nep-
moMmy Bunayky (16.3) — piBHsiHHs 31 cTamuMu KoedinieHTamu, y
APYTOMY, TpeTboMy — piBHAHHS Eistepa Ta piBugaHd Jlarpamxa
BigmosinHo (c. 142-143).

[Tpu inrerpysanui piBusHast (16.1) iHKOIM KOPUCHOIO € KOM-
Gimanis migcranosok (15.4) i (16.2). Ilepma 3 HuX 3BOAUTH DiB-
HsaHHst (16.1) no piBHsiHHS 31 cTasmM KoedinieHToM Giiist IyKaHoT
dyHKII, a Apyra — 3HUIILYE JOJAHOK 3 IEPIIOI0 ITOXITHOI Bil
mykaHol dyHKI. Y pe3ysbraTi MOXKEMO OJIEPXKATH PIBHAHHA 3i
cTaJuMu KoeillieHTaMu.
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16.2. 3amina He3ajie2kHOI 3MIiHHOI. 3BeCcTH PIBHSIHHS
(16.1) mo piBHsiHHS 6e3 TEPIIOl MOXiMHOT MOXKHA TAKOXK 3 JIOIO-
MOI'OI0 3aMiHH He3aJIeXKHOI 3MiHHOI = = (1), ne p(t) — mesika
dbynkuis. Tomi dyukiis y(t) € po3B’si3KOM piBHSIHHS

©"(t)
¢'(t)

Hobupatoun terep dbyHkiiio ¢(t) tak, mob supas 6iist y' 1o-
PIBHIOBaB HYJIIO, OJIEPXKYEMO:

(g/,;g))g =M ((P(t)) = (p/(t) - e*fpld:t’

y + <p1(s0(t)) A1) - ) Y + pa((®) (¢ ()% = 0.

3BLIKHT

t= /efpl(x)d‘”dx. (16.5)

16.3. 3BegeHHd OO0 CAMOCHPS>KEHOT0 BUTJIAMY. JliHiitHe
OJTHOPiJIHE PIBHSHHSA JAPYTOTO MOPSJIKY BUTJISTY

po(2)y" + pi(x)y’ + pa(z)y =0, (16.6)

ne po(z), p1(z), pa(x) — memepepsHi dyHKIIT HA JTedKOMY iHTED-
Basi (a,b), micisi MHOYKEHHsT Ha

p1(x)
1 IPO(E) da

(16.7)

MOKHA 3BECTH JI0 CAMOCIIPSIZKEHOTO BUTJISIY, TOOTO 0 PiBHSHHSA,
B KoMy KoedimieHT 6ins ¢y mopiBHIOE TIOXimHii Bij KoedimienTa
ol y’:

p@)y" +p' @)y +q(@)y=0 =

(p(z)y) + q(z)y = 0. (16.8)

Akmo B piBasani (16.8) 3pobuTn 3aminy § = 1%’ TO oniep-

JKUMO piBHsIHHS BUIVIsiay (16.3).



152 16. Jliniitni ogHopinHi gudepeHiagabHi PIBHAHHS APYTrOro MOPSIKY

16.4. 3Beaenns no piBaguHsa Pikkari. [lopsiiok piBHsH-
Hst (16.1) 3aBK/M MOYKHA 3HU3UTHU HA OJMHHUIIO, SKIIO CKOPUCTA-
TUCA 3arajibHUM MIPABUJIOM 3HUXKEHHs TMOPSIKY PIBHSIHD, OJHO-
pizHux BigHOCHO 1TyKaHOol yHKIHT Ta i1 moxigaux (c. 122). dkmo
B piBasaH] (16.1) 3pobuTu 3aminy

Y =yz(z), (16.9)

TO oziepKUMO piBHAHHA Pikkari 2/ = —22 — p(z)z — q(x). SIxmo
z1(x) — vacTuHHUI PO3B’SI30K 1BOTO PIBHSHHSL, TO (QYHKILs

y1 = el 1@y (16.10)

Oy/le YaCTUHHUM PO3B’si3KoM piBHsiHHs (16.1).
Hasnakwu, 6ynp-sike piBHgnus Pikkari

/

Y = p(x) + q@)y + r(z)y

. ’ e
3 IIOIOMOIOI0 3aMiHH Y = —#(x) MOKHA 3BECTH IO JIHIAHOrO

PIBHSHHS JIDYTOr'O TOPSJIKY.

2

Pozs’s3ysarnms munosux enpas i 3aday

Ipuxsazn 16.1. 3sectn pisuanns x2y” +xy'+ (22 —1/4)y = 0
10 KaHOHIYHOI dopMH Ta 3iHTErpyBaTu Horo.
Pose’azanns. Ockinbkn p(z) = 271, g(z) = 1 — 272/4, 1o 3a
dbopmyitoro (16.4) 3naxoaumo iHBapiaHT

I(z) =1+ (-1/441/2 - 1/4)z72 = 1.

. _lrde —1/2 .
Orxke, zamina y = e 2=z = zzx 3BOIUTL 3aJaHe PiB-
HAHHSA 10 piBHAHHA 2 + z = 0, 3araabHUil PO3B’A30K SKOTrO

z = Cjcosx + Cysinx. Ockinbru y = zxil/Q, TO

y=a"Y2(Clcosz + Cysinz). W

Ipuknazn 16.2. Sinterpysarn pisnsaas 2*y” 4+ 4y = 0, Kom-

OiHyIOYM 3aMiHy He3aJIe’KHOI 3MIHHOI Ta IIYKAHO! PyHKIII.
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Pose’azanns. 3pobuMo 3aMiHy He3aJIeXKHOI 3MIHHOI 3a (hopMy-

nomo (15.4):
4 dx
C/“:):‘l x C/xQ

i Bisbmemo crany C' = 1/2. Toxi t = —1/x abo z = —1/t. Ilin-
CTaBJISIIOYUN y piBHsAHHS - = —1/t, a TakoXK TOXiH]

dy _dydt _dy d?y d (dyt >t2 d?y

da? ~ dt\ dt

4 t3
dr  dtdr dt ' d dt

dy
4

227
at Ty

BimHOCHO byHKIHT y = y(t) 0IepKyeMO piBHSHHS
1 2
I (y” th+ 2t3y') +4y=0 = o'+ Zy' + 4y = 0.

OcranHe piBHSIHHSI 3BEJIEMO JI0 KAHOHITHOI (DOPMH, BUKOHYO-
qu 3aminy (16.2): y = eff%z(t) = @ Ockinbku 3a GOPMYIOI0
(16.4) imBapianT I(t) = 4, To 115t 3HAXO/KeHHsT GYHKIIT 2 = z(t)

OJIEP:KYEMO PIBHAHHS 31 CTaIuMK KoedilieHTaMu
2"4+42=0 = z=C)cos2t+ Cysin2t.

Ilicsiss moBepHEHHS 70 3MIHHUX X 1 Y O/IEpXKYEMO 3arajibHUil
PO3B’5I30K 3aJIaHOI'0 PiBHSHHS

2 2
y—x(Clcos——l—Cgsin—>. [
T x

IIpuknan 16.3. 3secru piBusinas xy” + y'/2 —y = 0, ne
x > 0, 10 CAMOCIIPSA?KEHOT0 BUIVIAY Ta 3IHTErpyBaTH HOTO.

Pose’asanma. BuKopHCTOBquH dbopmymy (16.7), 3HAXOIIMO
ling

dyuxmio p(x): p(x) = el 5% — o3
He PiBHAHHS Ha 110 MYHKILIO, 0JePyKYyEMO DIBHSIHHS Y CAMOCIIPSI-
2KEHOMY BUTJISIIIL:

Vay” +

= /z. llomHOXKUBIIN 3314~

n’ 1
2[ fy*O = (\/Ey)—ﬁy:()-
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3pobumo zaminy & = fd—\/f”_ = 2v/x. Toni % = %% = 2—2’%,

d2 . .
%( v ) 7 (\/_df \}) Eg% 1, migcraBisioun y 3a1a-
He piBHHHHH, iCJIsl HECKJIaIHUX TI€PETBOPEHD, J[JIsl 3HAXO/ZKEHHST
byukuil y = y(§) onepxkyemo piBusinus y” —y = 0. 3igcu

y(€) = C1e® + Cae™ = y(z) = C1eVT + Cre V™. B

Ilpukaanm 16.4. 3 H0mMOMOrow0 3aMiHE HE3aJIe:KHOI 3MIHHOL
spectu pisngmnsa (1 — 22)y” — 2y’ + k*y = 0 jo pisHsHHA 6e3
MepIIol MOoXiIHOT Ta 3iHTerpyBaTH Horo.

Pose’azanns. Kopucryouncs dopmynow (16.5), oxepxKyemo:

xr
. /efl_xQd:cdx _ /6é1n1x2+cdx _

C arcsin .

‘C/m

Bisememo C' = 1. Toxi = = sint = ¢(t) i 1y 3HAXOPKEHHST
byl y(t) MaeMo piBHSIHHS

k‘2
Y+ cos’ty=0 = Y +k*% =0,
1 —sin“t
3araJiIbHIM PO3B’SI3KOM SIKOTO € (PYHKITis
y = Cy cos kt + Cy sin kt.

IToBepTatouuch 10 3MIHHOI X, 3HAXOIUMO 3araJbHUN PO3B’si-
30K ITOYATKOBOI'O PIBHSHHS

y = Cy cos(k arcsinz) + Co sin(k arcsinz). B
Ilpukman 16.5. Suailtu YacTHHHUI PO3B’sI30K PIBHAHHSA
y'+ay — (207 + 1)y =0,

ToIepeIHBO 3BIiBIIN foro J10 piBHAHHSA PikkaTi.
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Pose’sazanmns. Bukonyroun mijcranosky (16.9), ogepryemo pis-
2 —xz+ 222 + 1, YACTHHHEM PO3B’SI3KOM SIKOTO,
sIK JIETKO TIePEKOHATHUCH, € PYHKIIs 21 = . OTxKe, 3rigHO 3 dop-
mysoo (16.10) moyaTkoBe pIBHSIHHSI Ma€ YaCTUHHUN DPO3B’SI30K
Y1 = /2. m

HAHHA 2 = —2

Bnpasu, pexomendosari das aydumoproi pobomu

3inTerpyBaru piBHSHHS, 3BIBIIH iX JI0 KAHOHIYHOI (DOpMHU:

Al. " —2xy + 2%y =0.

A2, 2y —2(x+ 1)y + (z+2)y = 0.

A3. (2?2 —2)y" + (x+ 1)y —y =0.

Ad. Y+ 2y — Py =2.

A5. 22y + xy + (2? — 1/4) = 225/2¢7.

A6. 2%y 4 22%y + (25 + 223 + 1)y = 0.

3inTerpyBaru piBHsAHHS, 3BIiBIIH 1X 3 JOIIOMOIOIO 3aMiHUA He-
3aJIe2KHOI 3MIHHOI /10 PiBHAHBL 06€3 MepIol MOXi HOT:

A7. 9 +tgx -y +coslx-y=0.

A8. y" + ZU + g = 0.

A9. zy’ — 1y — 423y =0.

A10. oty + 223y —y = 0.

A11. 2zy" +y' — 2y = 0.

A12. zy” — 2y + 92°y = 0.

3BecTu PiBHIAHHS JI0 CAMOCIIPS2KEHOTO BUTJISALY:

A13. zy" + 2y’ 4 5zy = 0.

Al4. 2y + (1 —22)y’ + ny = 0.

A15. 2%y + 222y +y = 0.

A16. (1 —22)y" — zy' +ny = 0.

Kombinyroun 3aminy He3a/1e2KHOI 3MIHHOI 1 IIyKaHol yHKIIIT,
3IHTErpyBaTH PiBHIHHS:

AL17. 2%y — K%y = 0.

A18. " + 22y + (22 + 272 + 1)y = 0.
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3BecTn JIiHINHI PiBHSIHHSI JIPYTOro MOPsiAKY [0 piBHsiHBb Pik-
KaTi:

A19. zy’ — Ty + 2y = 0.

A20. 2%y — 2zy +y = 0.

A21. 243y —y = 0.

A22. Pisnsnns Pixkari y' =y + £ 4+ 1 ssectu 1o niniftnoro
JDEPEeHIiaIbHOTO PIBHIHHS JAPYTOTO MOPSJIKY.

A23. Hexait

(p(@)u) +a(z)u = f(z), (p(2)') + a(z)o = g(x).

HosecTtn ToTOXKHICTD Jlarpamxka

(p(t) (e () — o/ (o(0))) 1", = / “(90)ulp) — FE))dp.

0

Bnpasu, pexomendo8ari 0as 00MAUWHB020 3a80aGHHA
i camocmitinoi pobomu

3iHTerpyBaru piBHSIHHS, 3BIBIIH 1X JI0 KAHOHITHOI (DOpMH:

Cl. z(z+ 1)y" + (4o +2)y' + 2y = 0.

C2.2zy" — (z+4)y + (1 +4/z)y = 0.

C3. (1+ 22" +22(1+ 22y +y=1+2%

C4. zy" + 2y — xy = 2€*.

C5. 22y — 2xy’ + (22 +2)y = 0.

C6. zy" — (4o + 2)y' + (4o + 4)y = 0.

SinTerpyBaru piBHsIHHS, 3BIBIIM 1X 3 JOIIOMOI'OI0 3aMiHU He-
3aJ1e2KHOI 3MIHHOI /10 PiBHAHB 06€3 mepInol MOoXiaHoT:

CT7. 2%y + 223y + K>y = 0.

C8.y" —y +e*®y=0.

C9. (22 + 1)y +ay +y=0.

C10. ¢’ sinxz — y cosx — ysin® z = 0.

Cll. zy" +y'/2+y=0.

C12. 29" — (1 + 222)y’ — 2423y = 0.

—
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3BecTH PIBHSHHS 70 CAMOCIPSI?KEHOTO BUTJISATY:

C13. ¢y’ —2xy/ + 3y = 0.

Cl4. zy" — (222 + 1)y’ + 4y = 0.

C15. z(x — D)y + (o + B+ D)z — )y + 2a8y = 0.

C16. z(z + 3)y" — 4(2® + 3)y’ + 62y = 0.

Kowmbinyroun 3aminy He3aie2KHOI 3MIHHOI 1 TITyKaHOoT OYHKIIIT,
3IHTErpyBaTH PiBHSIHHS:

C17. ¢ —2zy/ + (22 — 272 - 1)y =0.

3BecTu JIiHIAHI OJHOPI/IHI PIBHAHHS JIPYTOro MOPSJIKY JI0 PiB-
ngaub Pikkari:

C18. 2%y +xy —y = 0.

C19. 2ty + 223y + 9y = 0.

C20. 2%y" — 22y + (2% + 2)y = 0.

Piuannga Pikkati 3BecTu 110 JiHitHux audepeHIiajibHux piB-
HSIHB JIPYTOTO TOPSIIKY:

C21. ¢y =5y +y? + 2%

C22. ¢ = y? — =43,

C23. Jlosectu, 1o sKIo y1 (), y2(x) — po3B’sd3Ku PIBHIAHHS
(16.8), To icuye Taka crana C, mo y1 (2)yh(x) — v} (x)y2(z) = 1%'

C24. BukopucroBy09n pe3yJIbTaT IOMePeaHbol 3a1adi, J0-
BeCTH, 1o JBa po3s’si3ku yi(x), yo(z) piBasuusa (16.8) (p(x) i
q(x) — memepepsHi QyYHKII), SKi MAIOTh CIIBHY TOYKY €KCTPE-
MYMY & = X, € JIHIITHO HE3aJIE2KHUMU.

Biodnosidi

Al. y = eé(C’l cosz + Chysinz). A2, y = C(Cie* +
+ Che®a®. A3, yx — 1) = C) + Coa®. Ad. y = Q& 4
+ CzeT_” - %. A5. yyz = Cicosz + Cysinz + (z — 1)e”.
A6. y = \/Ee_% (Cl sin (@ 1na:) + C5 cos (@ 1na:)). A7,y =
= Cisin(sinz) + Chcos(sinz). A8. y = Cisin(arctgz) +

+ Cycos(arctgz). A9.y = C’lemz —|—Cgef“’z. A10.y = Chew +Coe™%.
All. y = Che2Ve 4 Che~2VE, A12. y = Cicosz® + Cosina®.
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A13. (2%y') +5xy = 0. Al4. (ze=2%y) +ne 27y = 0. A15. (e2"y')'+
+ 57y = 0. AL6. (VIZWY) o+ iy = 0. ALT.y = Crach o
+ Chze%. A18. Yy = e‘g\/f (Cl cos (@ 1na:) + C5 sin (\/Tg 1na:)>.

0.

A19. 22/ + 222 —Tz+ 2 = 0. A20. 222" + 2222 — 222+ 1 =
A21. 2 + 22— 2743 =0. A22. 22" — 2 +2=0. Cl. z(z + 1)y
=C1x+Cy. C2.y = Crz+Coxes. C3.y= Clx+02+f;§j_ﬁ+ Veltl) g
C4.y = W +e*. C5.y = Cizcosz + Corsinz. C6. y =
= C1e®® +(Che?®23. CT7.y = C)sin % +Cycos % C8. y = Cysin(e”) +
+ Cycos(e®). C9. y = Cysin(z + vaz+1) + Cacos(z + Va2 +1).
C10. y = C1€°%% 4 Che™ %%, Cl11. y = C; cos(2v/x) + Casin(2+/x
p 2 2

Cl2. y = 0163I2 + 02672962. C13. (67I y/)' 4+ 3eFy = 0.
’

+

0

C14. (x y’> +Aely = 0. Cl15. (27(z— 1)etArHLy)

2

- / 2115
+ 2aB27 Yz — 1)*FF7y = 0. C16. (“’*‘3)161/) 6,

x4e4:l;
z2 5 5
Cl7.y=ez .z (Clx% + ng*%). C18. 222/ + 2222+ 22—1=0.

C19. 22 + %224+ 222249 =0. C20. 222 + 2222 —2xz+224+2 = 0.
C21. 2" — 52 + 222 =0. C22. 2432 — 2 =0.
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Tema 17. Jliniiitai HeomHOpiaHi MudepeHmianbHi
piBasiHHS n-rO nopsaky (I)

Kopomxki meopemuyuni gidomocmi

17.1. CTpyKTypa 3arajibHOTO pPO3B’I3KYy HEOIHOPiaHO-
ro piBHaAHHS. PosrisHemo JiHiifiHe HeoqHOPiTHE TudepeHIialb-
He PIBHSHHS N-T0 TOPSJIKY

L(y) =y™ +pi(@)y"™ V. A pal@)y = f(z), (171

ne koedinientu p1(z), pa(x), ..., pp(z) i nupasa vactuna f(zx) e
HEIlepepBHAMHI Ha JiesikoMy iHTepBai (a,b), a TakoK BiIHOBiHE
OJTHOPiJIHE PIBHAHHS

L(y) = 0. (17.2)

BarayibHuii po3B’si30K HeopHOpiHOrO piBHsHASA (17.1) mopis-
HIOE CyMi Oy/Ib-SIKOT'O 9aCTHHHOTO PO3B’I3KY IILOTO PIBHSIHHS 1 38~
raJbHOIO PO3B’sI3KY BLALOBIIHOTO OiHOPiAHOrO piBHsHHS (17.2).
Tob6ro, sxmo Y = Y (x) — nesikuii 9acTHHHUNA PO3B’I30K PiBHSH-
ua (17.1), a

yo = Cry1 + Coyo + ... + Cryn (17.3)

€ 3araJbHIM PO3B’sI3KOM piBHstHHS (17.2), TO 3arajbHIM PO3B’si3-
KoM piBasiHHs (17.1) €

Yy = C’lyl + CQyQ + ...+ Cnyn +Y. (17.4)

dxmo mpaBa YacTHHA JIHIMHOTO HEOIHOPITHOTO PiBHSHHS
(17.1) € cymor0 JEKIIBKOX JTOJAHKIB, TOOTO

L(y) = fi(@) + fa(x) + ... + fm(),

TO YACTUHHUM PO3B’SI3KOM JIHIMHOTO HEOTHOPITHOTO piBHSIHHSI
(17.1) 6yne dynxuia Y = y1 +y2 + ... + Ym, J€ Y — JaCTHHHHIL
posB’sa30k piBuanHA L(y) = f;(z).

17.2. MeTon Bapiaril JoBiJIbHUX cTasnX. J1j1st 3HAXOIKe-
HHsI 3arajIbHOIO PO3B’sI3Ky HEOMHODiHOro piBHsHHsA (17.1) gacTo
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3aCTOCOBYIOTH Memod sapiayii dosiavhux cmasur (memod Jla-
2panoica), KU 3aBXKU JO3BOJISIE€ 3HAWTU 3arajbHUN PO3B’sI30K
piBusiHHs (17.1) y KBajparypax, sIKIIO BimoMa dyHIaMeHTaIbHA
cucTeMa po3B’sI3KiB Y1, Y2, - - - , Yp BIAMOBIIHOTO OIHOPIIHOTO PiB-
HauHst (17.2). Leit Mero nosisirae y ToMy, 10 PO3B’sI30K PiBHSIHHSI
(17.1) mykaeTbcs y BUIIIsI

y=Ci(x)y1 + Co(z)y2 + ... + Cp(x)yn, (17.5)

ne Ci(x), Ca(z),...,Ch(x) — nesxi HenepepsHO judepeHIiiioBHi
dyuxkil, gxi morpidno suaittu. I1i GyHKIil 3HAXOIATE 3 cUCTEMUI

Ciy1 + Chya + ...+ Cly, =0,
Ciyy + Coyp + ... + Crlzy;L =0,

Clyt" ™ + O™ + .+ ™ =0,
Cly" ™ 4 Oy L+ Ol o) f(@).
OcCKiJIbKY BU3HAYHUKOM IIi€l cucreMu € BpoHckian W (z), sikuii

BiMIHHWI Bl Hysist U1 BCix € (a,b), TO cucTeMa Mae €IuHUi
PO3B’sI30K

W () f () Wh;(z
O (z) = I L) / Was(@)f (@) C;,
i(@) W (z) &
ne j=1,2,...,n, Wyj(x) — anrebpudne JONOBHEHHS €JICMEHTIB

n-ro psika sponckiana W (z), C; — mosineHi craini, a zg € (a,b).
Ilincrapsioun 3naiigeni supasu s bynxuiit Cj(r) y dop-
mysy (17.5), omepKyemo

y= Z?/J / Wn] dx + Z Ciy;. (17.6)

17.3. Meton Kormi. Hexait y1, 42, ..., yn — OyHIaAMEHTADb-
Ha CHCTeMa PO3B’$A3KiB JIHIHOrO ojHOpigHOrO piBHsHHS (17.2).
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Buxkopucrosywoun dopmyry (17.3), moby/yeMo po3s’si30K piBHsI-
unst (17.2), gxuit 3a70BOJILHSAE TIOIATKOBI YMOBH

2(s) =0, Z(s)=0, ..., z(”_2)(s) =0, z(”_l)(s) =1, (17.7)

e © = § — JoBlIbHA TOYKa 3 inTepsany (a,b). Ileit poss’s3ok
HO3HAYNMO Yepe3 z = p(z,s) (BiH 3a1eXKuTh BiJ[ S K BiJ mapa-
Mmerpa). Pyskiisa z = ¢(z, ) g9k OYHKIS 3MIHHOT T € PO3B’sI3KOM
ozHopiHOrO piBHsHHS (17.2) 11t KOXKHOTO S € (a, b) i, KpiM TOrO,
K (PYHKITiST 3MIHHOI & 3a8I0BOJILHSIE YMOBH

o(s,5) =0, ¢'(s,5)=0, ...,

17.8
2 (s,5) =0, o V(s,s5) =1, s
e SO(]) (8, 5) = %ﬁ’s) s . TO,ZI;I (byHKHlH

Y@Q—:/xwugﬁf@yk, (17.9)

0

1e zo € (a,b) — JOBlIbHA TOUKA, € YACTHHHEM PO3B’SI3KOM DIBHS-
uust (17.1), sKuit 3a70BOJIbHSAE HY/IBOBI IIOIATKOBI yMOBH, TOOTO

Y(20) =0, ..., Y'(2g) =0, ..., Y D(zg) =0.

Dopmyay (17.9) masusators gopmyaoto Kowsi. Bukopucro-
BYIOUH IO (bOpPMyJIy, 3araJbHAi PO3B’A30K JHHIAHOTO HEOTHOPI-
joro piBastHs (17.1) MOkeMo 3allicaT y BHIVISI

y=yo+ / (. 5)f(s)ds,

0

Je Yo — 3arajJbHUIl pO3B’sI30K BiIIOBIIHOTO OXHOPITHOTO PiBHSI-
uus (17.2).

Dynxuiero Kows oneparopa L(y) Ha3MBaIOTh PO3B’A30K 3a-
naqdi Kol
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Pose’sa3ysarHsa munosuxr enpas i 3aday

. . 1 y/
IIpukisazn 17.1. 3inTerpysaryu piBHAHHA Y — 2

Poses’azanns. 3inTerpyeMo BiJIIIOBIIHE OTHODIIHE PIBHSHHS:

= X.

y”—y—ZO = vy _ = (lny’—lnx),:O =

/
y—ch = y:Clsc2+C’2.
xr

Orxe, 4y, = 22, yo = 1 — dbyHIaAMEHTAIBHA CHCTEMa, PO3B’S3-
kiB. Hexait C1 = Ci(x) i Oy = Co(x). Criagemo cucremy

Ci(x)x® + Ch(z) -1 =0,
2C1 (z)z + Ch(x) - 0 = =.

Beinen Cf(x) = 1/2, Ch(x) = —2%/2, a oTxe,
Cl(x) :$/2+Cl, CQ(x) - —333/6,

ne Cp,Cy — nosinbai crami. Iligcrasasoun C(z) i Co(x) y 3a-
raJbHUNl PO3B’sI30K BiIIOBITHOTO OJHOPITHOTO PIBHSIHHSI, OHEp-
JKYEMO 3arajbHU pO3B’A30K 3aJaHOI0 HEOJHOPITHOIO PIBHSIHHSA:

2 a’
y=Ciz*+Cyo——. 1
3
Ilpuknan 17.2. Suaioun pyHIaMEHTATBHY CHCTEMY PO3B’s3-
KiB y1 = Inx, yo = x BiANOBiAHOrO OMHOPIIHOrO PiBHSIHHS, 3HA~
WTU YaCTUHHUM PO3B’I30K PIBHSHHSI
2
2 " ! (1 —In :C)
z*(1—Inz)y" + oy —y=——""—,
T
AKAM MPSIMYE JI0 HYJS IPU & — +00.
Po3s’sa3arHs. 3acTOCOBYIOUN METO Bapiallil JOBIIbHUX CTAINX,
3HAWIEeMO 3arajJbHN PO3B’SI30K 3aJaHOTO PIBHSHHS:

y=Ci(z)Inz + Cy(z)r =
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Ci(z)Inz + Cy(z)z = 0, R T
{ Ci(fc)%-FC’é(:c):% = Cl(x)—ﬁ, CQ(x)__?.
Inrerpytoun, 3aaxonumMo GyHKII
1 Inx 1
Ci(2) = —+C1, Coa) = 5 + 75+,

i, TIic/Ist HECKJIAQIHUX [IEPETBOPEHD, OJIEPAKYEMO 3araJibHUN PO3B’s-

30K
1—-2nzx

4z

Axmo x — 0o, To PyHKIIT Y1, Y2 NPAMYIOTH JO HECKIHUYEHHO-
cri. Tperiit momanok y (17.11) € HecKiHYeHHO MaJIO0 (PYHKINEO
IIpU T — 00, ¥ YOMY JIETKO TIEPEKOHATHUCS 3 JTOTIOMOTOI0 TTPABUIIA

y=Cilnz + Cox + (17.11)

JlomiTasst.
Orke, yMOBY & — +00 3aJ0BOJIbHSAE TLILKH YaCTUHHUI
) _ 1-2Inz

posB’azok Y (z) = —**. A

IMpuknan 17.3. 3inrerpysaru pisasang y” + 4y = f(x) me-
Tomom Korrii.
Po3se’azarns. 3aranbHuM PO3B’s3KOM BiJIIIOBITHOTO PIBHSHHS €
Yo = 1 COS 2x + 9 sin 2.

Bukopucrosytoun ymosu (17.7), onepKyemo cucremy

C1cos2s + Cysin2s = 0,
—2C1 sin2s + 2C5 cos2s = 1.

Beinen Cy(z) = —H825 Oy(z) = 9525 a Tomy poss’ssok K (z, 5)

Ma€ BUIVIA

1
K(z,s) = 3 sin2(z — s).

Temnep 3rizHo 3 (17.9) MoxkeMo 3amucaTi po3B’sI30K 33 ]aHOIO
PIBHSAHHS 3 HYJBOBUMH IIOYATKOBUMH YMOBaMM:

Y(z)= %/x sin2(x — s) f(s)ds.

0
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TaxkuMm 9rHOM, 3arajJbHUM PO3B’I3KOM 3aJ[AHOT0 PIBHAHHS €

1 T
y:Clcos2x+Cgsin2:c+§/ sin2(x — s)f(s)ds. N

Zo

Ilpukmaan 17.4. Ilobynysaru dbyukmia Komi mudepeniiainb-
Horo oneparopa L(y) = y" + 2y +y.

Pose’azamrms. 3rigao 3 (17.10) nmorpibHO 3HA#TH PO3B’sI30K piB-
usanast Y’ + 2y +y = 0, axuil 3a10BOJIbHsIE OYATKOBI YMOBH
y(0) =0,y'(0) =1.

BaraJibHUI PO3B’SI30K BiJAIOBIIHOIO OIHOPIIHOIO PiBHSIHHSI
mae Buran yg = Cre™® + Coze™ ™. Iligcrapmsioan #ioro y moda-
TKOBI ymoBH, 3Haxoanmo crajai Cp = 0,Cy = 1. O1xke, IIyKaHoo
dyuxiiero Komii € dyuknis K(r) =ze . R

Bnpasu, pexomendosani das aydumoproi pobomu

1. 3iaTerpyBaru piBHSIHHSI METOJOM Bapiallil JOBLIBHUX CTa-
JIAX.

Al. ' + 4y = sec2x.

xT

A2,y -2y +y = %.

/:2_‘T€x'

" 1
SIN~ X COS T

A5. 22" + zy’ —y = sinz.
A6. " +y =2secd .

AT. y”—yzex_ei

A3. Y —y

3

A4

xT

eT — efx'

A8. " — 3y +2y = P

2. 3uaittu po3B’s30K 3a7a4i Korri.
e:t

, y(m/6) =1,y (/6) = /6.

A9,y — 2 +y =

A10. " + 9y =

1
sin 3x



17. Jliniitai neoppopiani audepennianbui piBusaHHA n-ro nopsaaky (I) 165

) 1 /
All. ¢ += = —— y(r)=0,y'(7)=0.
4  sin %

A12. ¢ + 9y = ctg? 3z, y(r/2) = —2/9, v/ (7/2) = 3.

A13. Y +4y +dy=eFInz, y(1)=0,y'(1) =—e2

3. 3HalTH YaCTUHHUI PO3B’sI30K PIBHSHHS 13 38JaHUMU yMO-
BaMU Ha HeCKiHUeHHOCTI (y1, Y2 — yHIaMEHTAJbHa CHCTEMA

PO3B’sI3KiB BIJIIOBIIHOIO OJHOPITHOTO PIBHSIHHS).
2

1 m
2y, 1 r_ o —
Al4. (1+2%)y ' +2zy = PR xEI}_l y(z) = g Y (0) =0.

A15. dxy” + 2y +y = 1, xgrfooy( r) = 1; y1 = siny/x,

Yo = COS /.
A16. 2222 —Inz)y’ + 24 —Inz)y —y = (2 —Inx)?2" Y2,
lim y(z) =0; y1 =Inz, yo = V.

T—>+00
A17. 23(Inz — 1)y" — 2% + 2y = 2Inz, lim y(z) = 0;
T—r+00
y1=1x, y2 = Inwz.
4. 3inrerpyBaTtu piBHsSIHHSA MeTo oM Kot abo 3HailTu po3s’si-
30K 3a/1a491 Kormi.
A18. 2%y + 2y —y = sin .

9 —3x
A19. ¢ — 3y = ¢
e

A20.y" +y= o y(0) =1,4(0) =1.

A21. " + 2y +y=e*, y(1)=1,4(1) =0.
A22. ' +4y =sinz, y(0) =1,y (0) =1.
5. llobynysatu dyuxiio Komi mudepeHiiaibrHoro omeparo-

pa.
A23. L(y) =y" —2y' +2y.
A24. L(y) = y —6y" + 11y — 6y.
A25. L(y) = y + 4y" + 3y.
A26. L(y) =y — 4y,

Bnpasu, pexomerdosari das 0oMawrHb020 3a80aGHHSA
i camocmitinot pobomu
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1. 3iaTerpypBaru piBHSIHHSI METOJOM Bapiallil JOBLIBHUX CTa-

JIUX.
Cl.y" +y=tg’x.
1
C2. ¢y —y = .
vy e?+1
C3.y" +2y +2y = —.
esing
4e**
C4.y" —6y +8y = ——-.
L g
—2z

C5. o + 4y + 4y =
A

y// ty= ;
Vsin” z cos8
C7.4y" + 2y =2 — 42 sin 2.
C8. y" + 4y =tgwsecz.
2. 3uaittu po3B’s30K 3a7a4i Korri.

1
C9. ¢ + 16y = . y(0) = —1/32, 4/(0) = —4.

C10. y" +2y +2y =e “tgz, y(0) =1, y'(0) = —2.
e2* sin x:

et =1,/ (0) = 5/2.
o3, Y0 =19(0)=5/

3r—1
C12.y 43y =5 () =1 /(1) = -2

C13. y — 4y = (15 — 162%)v/z, y(0) =0, ' (0) = 4.

3. 3HalTH YaCTUHHUI PO3B’sI30K DIBHSHHS 13 38JaHUMU yMO-
BaMU Ha HeCKiHYeHHOCTI (y1, Y2 — yHIaMEHTAJbHa CHCTEMA
PO3B’sI3KIB BIJIIOBIIHOIO OJHOPITHOTO PIBHSIHHS).

C6

Cll. ¢ — 4y + 4y =

6
Cl4. 4oy + 2y +y = Tt lim y(z) = 0; y; = siny/z,

xQ ’ r—+00
Y2 = oS /.
C15. (1—z)y"+zy' —y = (z—1)%", lim y(z)=0, y(0)=1;

T—r—00

Y1 =1, Yy = e*.

2
C16.y" + =y —y =4€e*, lim y(z) =0, ¢/ (-1) = —e ™ 1;
T T—r—00

— € —
1= "7,Y2= (-
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C17. z(z—2)y" —(2*—2)y —2(1—z)y = 22—2, lim y(z)=1;

— 2 _ LT
=27 Yy2=¢".
4. 3inrerpyBaTtu piBHsSHHSA MeTo oM Kot abo 3HailTu po3s’si-

30K 3a/1a491 Kormi.

pa.

3 1
C18.¢" + =y = =

4 24e7 1
C19. y" + 9y = 36¢€3*.

C20. ¢ +y = cosz +

1
Vcos3 2z

C21. ¢ +xy +y=2¢", y(0) =0,y (0) =1.
1
—, y(r/2) =1,y (7/2) = -2.

C22. ¢y +4y =

T—+00

5. llobynysatu dbyukiio Ko gudepennianbaoro omepaTo-

S11N T
C23. L(y) =y" - v +v.
C24. L(y) =y" + 4" — ¢y — 4.
C25. L(y) =y — 5/ + 4y.
C26. L(y) =y — 10y + 9y
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Tema 18. Jlimiiini HeomHoOpiaHi MudepeHmianbHi
piBHstHHS n-TO mopsaky (IT)

Kopomxki meopemuyuni aidomocmi

18.1. Meton HeBu3HadeHuUX koedillieHTiB. Meron He-
BU3HAYMEHUX KOeMIIi€HTIB BUKOPUCTOBYIOTH M/l BiIIITyKAHHS Ya-
CTUHHOT'O PO3B’sI3Ky JIHINHOINO HEOIHOPIAHOTO mudepeHiiaabHO-
r'o PIBHSAHHSA 7-TO MOPSIKY 31 cTagummu KoedilienraMu

y™ 4+ ary™ D 4 apy + any = f(2), (18.1)

SIKITIO HOro IpaBa dacTuHa f(x) Mae crerjajbHuil BUTIIsIL,.
Ao dbyuknis f(xr) € 700yTKOM MHOTOWIEHA CTEeHs M Ha
EKCIIOHEHITIaJIbHY (PYHKITIO, TOOTO

£(@) = Bn(@)e™ = 3" ma™ e,
k=0

i 9ucyIo (v He € KOpeHeM XapaKTEePUCTUIHOIO PIBHAHHA IS Bijl-
MIOBiTHOTO OJIHOPI/IHOTO PIBHAHHS, TO YaCTUHHUI PO3B’SI30K PiB-
ustnas (18.1) mykarors y BUMISA/I 100YTKY MHOIOWIEHA CTEIeHsI
m 3 HeBimomMuMu KoedimieHTaMu Ha €KCIIOHEHIHAIbHY (PYHKIIIO:

m
Y = Qum(x)e® = Z g™ ke,
k=0

Axmo dyukiisa f(r) € 706yTKOM MHOTOYIEHA CTEIEHsI 1M Ha
€KCIIOHEHI[iaJIbHy (DYHKINIO 1 9MCJI0 (v € KOPpEeHEM KPATHOCTI § Xa-
PaKTEepPUCTUYHOIO PIBHSIHHS JIjIsl BiJIIOBIIHOTO OIHOPIIHOIO PiB-
HSTHHS, TO YACTUHHUI pO3B’130K piBHstHHs (18.1) MIyKaloTh y BH-
DTS T

m
Y — Qm(x)xseax _ Z quersfkeax'
=0
Axmo dyukiis f(x) mae BUDIsL

Flz) = e (R,gg () cos b + R () sin bx), (18.2)
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e Rﬁ,ﬂ (x) i Rg% (x) — MHOrOWIeHHU CTereHiB my i Mg BIANOBII-
HO, & YuCJIO a + bi He € KOpeHeM XapaKTEePUCTUIHOTO DIBHAHHS
JJIsI BiZIIOBITHOTO OHOPIIHOTO PIBHSHHSA, TO YaCTUHHUI PO3B’d-
30K piBHsiHHs (18.1) 1IyKaroTh y BUT/ISI

f(z) =e* (ng) (z) cos bz + QP (x) sin b:):) ,

e Qg,ll) () i le) (x) — MHOrouseHn cremensi m = max{mi, ma}
3 HeBijoMUMEU KoeillieHTaMn.

ko dyukiia f(z) mae Burisy (18.2), a aucsio a+bi € kope-
HEM KPATHOCTI § XapaKTEePUCTUIHOI'O PIBHAHHS JIJIS BiJIIOBITHOTO
OJIHOPIIHOTO PIBHSIHHSI, TO YACTUHHUN PO3B’si30K piBHsiHHs (18.1)
MMYKAIOTh Y BUTJISI

flx) =e*a® (Q%) () cos bz + Q') () sin bx),
zie Q%) (z) i Qg) () — MHOrOUNIEHN cTemeHst M = max{mi,ma}
3 HeBimoMuMu KoedilieHTamu.

Pose’sa3ysarnsa munosuxr enpas i 3aday

IIpuxsan 18.1. BinTerpysaru pipuauns i’ — 3y’ —4y = 4e37.
Posze’azanns. Xapakrepucruune pisusanns k2 — 3k —4 = 0 Mae
Koperi k1 =4, kg = — 1, a ToOMy 3araJJbHUM pPO3B’I3KOM BiIIIO-
BitHOTO OHOPiMHOTO piBHSHHS € GyHKILA Yo = Ce? + Che™®.

OckinbKH 91CJI0 v = 3 HE € KOPEHEM XapaKTEPUCTUIHOTO PiB-
HAHHSI, TO YACTUHHUN PO3B 30K 3aJaHOr0 HEOIHOPIIHOIO PiBHS-
HH$l TIIYKAEMO Y BUTJISI

Y = Ae’®.
[Tincrapnsioun Y y 3amane piBHAHHS, OIEPAKYEMO TOTOXKHICTH

9Ae3* — 9A3T — 443 = 4637,
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37 a 3arajbHIM

3 Kol Bu3Ha4daeMo, mo A = —1. Omxke, ¥ = —e
PO3B’I3KOM €

Yy = Cre®™ + Che™ — 3. |

Ipuxmaan 18.2. Binrerpysaru pipusuns v —2y" = 22 — €?.
Pose’azannsa. Kopensmn XapakTepUCTHIHOTO DIBHAHHS JIJIsS
BiamoBiiHOTO OMHOPiAHOTO piBHSIHHS € uncaa ki = kg = 0, k3 = 2,
a TOMY 3arajibHUM PO3B'A3KOM IBOIO DPIBHAHHA € QYHKIIiA
yo = C1 + Caz + C3e?.

IIpaBy yacTuHy HEOTHOPITHOTO PIBHSAHHS 3AITUIIEMO Y BUTJIA-
A f(x) = fi(z) + fa(2), ne fi(z) =22, fa(a) = —€”.

Ockinbku qnciio o = 0 € KopeHeM XapaKTePUCTUIHOIO PiB-
HSHHS KPATHOCTI 2, a 9ncja0o o« = 1 He € KOpeHeM XapaKTepu-
CTUYHOTO PIBHSHHS, TO YaCTUHHUN PO3B’A30K 3aJIAHOTO PIBHSIHHS
MIYKAEMO Y BUTJIAI

Y = 2%(Az? + Bz + C) + De® = Az + Ba® + Cz? + De”.
[TlincraBnsioun Y y 3ajiaHe piBHAHHSA, OAEPKYEMO TOTOXKHICTH
—24Ax* + (24A — 12B)z + (6B — 4C) — De* = 2% — €”,

3 SKOI, IpUPIiBHIOIOYN KoedirmieHTn Oijisi OJHAKOBUX CTEIEHIB T,
3HAXOIUMO HeBU3HadeHi koedimientu A, B, C, D:

2| —24A =1,
1
x| 24A — 12B =0, 1 1 1
068 -4c =0, T AT Brmple-pl=t
e’ —-D = -1
Orxe, Y = —% - “”f—; - x—; + €7, a 3araJIbHIM PO3B’SI3KOM €
4 3 2
2x T £ £ T
= Cy + Cox + C3e™ — — — — — 4t m
y=C1+ Cox 4+ Cse 51 1o 8+e

IMpukiazn 18.3. 3inrerpysarn pisusnug y” + 4y = cos 2.
SHalTH TAKOXK YaCTUHHUN PO3B’SI30K IHOIO PIBHSIHHSI, SIKUI 3a-
0 )
noBosibHsie nouarkosi ymosn y(0) = 1, 3/(0) = 2.



18. Jliniitai neoppopiani audepennianbui piBHaHEA n-ro nopsaaxy (II) 171

Pozg’azarnsa. Kopensmu XapaKTepUCTHIHOTO PIBHAHHS IIJIst
BIJIIOBITHOIO OMHOPIIHOTO PIBHSHHS € dncia ki = 24, kg = — 21,
a TOMY 3arajJibHUM PO3B’SI3KOM IILOTO pPIBHAHHA € QQYHKIliA
yo = C1 cos 2z + Cy sin 2.

Ockinbku uncyao a + bi = 2 € KopeHeM XapaKTepPUCTUITHOTO
PIBHSIHHST KPATHOCTI 1, TO YacTUHHUI PO3B’A30K 3a]aHOTO PiBHSI-
HHsI TIIYKAEMO Y BUTJISI

Y = Az cos 2x + Bz sin 2x.
[Tincrapnsioun Y y 3amane piBHAHHS, OAEPAKYEMO TOTOXKHICTH

—4Asin2x — 4Ax cos 2x + 4B cos 2z — 4Bx sin 2x +
+ 4 Ax cos 2x + 4Bx sin 2x = cos 2z,

3 SIKOI, IpUPIBHIOIOYH KoedirienTn 611 sin 22 i cos 22, 3HAX0INMO
HeBHU3HauYeHi Koedinientu A, B:

sin2x | —4A =0,

1
cos2r| 4B =1, = AZO’B:Z'

Otxe, Y = ix sin 2z, a 3araJIbHUM PO3B’SI3KOM €
. 1 .
y = Ccos2x + Cysin 2z + Zx sin 2z.
BpaxoBytoun, mo

1 1
y' = —2C sin 2z + 205 cos 2z + 1 sin 2z + 5% cos 2z,
3 TIOYATKOBIX YMOB OTPHMYEMO:
01:1, 202:2 = 02:1.

Om:xe, po3p’s130k 3amadi Ko mae Burrsam

1
y = cos 2z + sin 2z + Zx sin2z. A
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Bnpasu, pexomendosani das aydumoproi pobomu

SinrerpyBary JIiHIHI HeomHOPIAHI AudepeHIia bl PIBHSIHHS
31 crajuMu KoedilieHTaMi MEeTOI0M HEBU3HAYEHNX KOeIIli€HTiB:

Al. y" +y =2z + 10cos 2x.

A2. y" — 4y 4 8y = 4€** + sin 2z.

A3.y" —y' =3z + 1

Ad. ' +y = 4e”.

A5,y — 4y + 4y = ze®.

A6. " — 3y + 2y = 3¢ 4 222,

A7.y" — 3y = 4e* —18.

Jis 3a1aHUX PiBHSIHB 3aIUCATH IXHIM YACTUHHUN PO3B’SI30K 3
HeBU3HAYEHNMHU KoedinienTaMu (YucI0BUX 3HAYCHD KOeDIIieHTiB
MOXKHA HE 3HAXOJUTH):

AS8. " + 6y + 13y = 22e®* — cos 2z.

A9. ¢y — 2y + 2y = zesinw.

A10. i + 6y + 10y = 3ze™3* — 3 sinx.

A11. yV + " = 82 — 3cos z.

A12. " — 8y + 20y = 6xe*® cos 2.

A13. " + 7y + 10y = ze 2" sin 4x.

Al14. y" —y =chuz.

Buaiitu po3B’st30K 3asa4i Kormri:

A15. y" —y =2z; y(0)=0, y'(0) = —4.

Bnpasu, pexomendosari 0as 00MAUWHB020 3a80aGHHA
i camocmitinoi pobomu

3iaTerpysaru JiHiitHi HeogHOPIHI HUdeEpeHITiaIbHI DIBHIHHS
3i cTaauMu KoedilieHTaM MeTOIOM HEBU3HAYEHUX KOeMiIlieHTiB:

Cl. y" — 3y’ + 2y = sin 2.

C2.y" — 2y — 3y = —4e” + 3.

C3. " +2y +y = 16e3.

C4. ' — 4y + 3y = 2%e*.

C5. y" — 5y’ = 3e* + sin bz.
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C6. 3" + 2y + 2y = ze’®
CT.y" + 2y — 3y = 25ze®
C8.y" — 9y =18 — 9.

C9. v +y =4xcosx.

C10. y" — 5y + 4y = cos x.

C1l. ¢’ + 4y — 2y = 18xe”.

C12. y" — 4y — 21y = 25x2e%*.

C13. ¢ —y = 2¢% — 22

Cl4. y" — 3y = e2* — ¢7,

C15. ¢y 4+ 3y — 4y = 5e™ % + ze™ 7,

Jis 3a1aHUX PiBHSIHB 3aIUCATH IXHIM YACTUHHUN PO3B’sI30K 3
HeBU3HAYEHNMHU KoedirienTaMu (YucI0BUX 3HAYCHD KOeDIIieHTiB
MOXKHA HE 3HAXOJUTH):

C16. 3" — 6y + 10y = 2xe3* + 3e 3 sin .

C17. ¢y + 2y +y = 2xe ™ + 3e ¥ sin 2.

C18. " — 2y + 2y = (v — ") cos .

C19. y" +y' = 2sinx +xcosz — 1.

C20. y' — 2y +2y = e* + wsinzx.

C21. y" + 3y + 2y = e *sin’x.

C22. " — 6y + 8y = bxe® + e cosx.

C23.y"+2y +y=x(e™® —sinx).

C24. y" —y" —y +y = 3e* + bxcosuz.

C25. ¢y — 8y + 17y = e** (22 — 4z sinx).

C26. y" — 9y = e 3%(2% + 3sin 91).

C27. y" + 4y = cos x cos 3x.

C28. o' — 4y + 4y = 2> + ** sin 4x.

C29. y" — 2y + 4y’ — 8y = e** cos 2z + 222

C30. y/// _ 4@/’ + 33/ = 2 4 retr

Buaiitu po3B’s3ku 3asa4d Kormi:

C31.y" +4y=¢€*; y(0)=0, y'(0

C32. y" — 2y — 15y = 15; y(0)

C33. ¢y + 3y — 10y = 8e3¥; y(0

) =
Oyy)

=0, (0) =5.
) O,y():1.
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C34. y" + 2y + 2y =2x; y(0) =3, y'(0) =5.
C35.y" +9y=9; y("3) =3, y'(73) =6.
C36. y" — 10y + 2y = 2e°%; y(0) =1, y'(0) =
C37.y" — 6y + 8y =3e*; y(0) =1, ¢y/(0) =—1.
C38. y" —y' =32 y(0) =0, y'(0) =2, y"(0)

C39. y” — 9y + 18y’ = 18; y(0) =0, y/(0) = 2, y"(0) = 9.
C40. i + 8y" + 5y — 14y = 36e**;  y(0) = —1, ¢/'(0) = 1,

y'(0) = —4.

Bionoeiodi

Al. y = O1 + Coe™™ + 22 4 sin2z — 2cos2z. A2. y =
= (1 e%" sin 224 Ce®* cos 2x+e2x+% sin 2&0—1—% cos2zx. A3.y =
= C’lef"’—kC’Q:c—f—Cg—f—%:c?’—HcQ. A4. y = Cicosx+ Cysinx+ 2e®.
A5. y = C1e* + Cowe®™ + 2 + xe®. A6. y = C1e” +
+ Coe® +Le 422 + 3z + L ATy = C1€% + Oy + € +
+62. Al15.y = e —¢e® — 2. Cl.y = Cie® + C2e®* +
+ 2%(:082:0 — %sinlc. C2. y = Cre @ 4 Cee®® + % — 1.
C3.y = Cie™® + Come™ + e3%. C4h. y = C1e” + e’ —
— (2% +2)e*. C5.y = C1€° + Cy — 3e” — =5 sinba + 55 cos bz
C6. y = Cre ®cosz + Coe "sinz + %xe% — %62‘”. C7.y =
= C1e® 4+ Cre " — 6e®® + 5ze?®. C8. y = Cre 3% 4 (Ched® —
—242. C9.y=Cicosz+Cysinz+xcosz+a?sinz. C10.y =
= C1e* + Cre®™™ + 3%1 cos T — 3% sinz. Cll.y = Cie® 4 Coe 2* +
+ 32%e® — 2ze®. Cl12. y = C1e™ + Cre™3* — %62” — x2e?,
Cl13. y = C1e®* + Cre® 4 xe® + 22 +2. Cld. y = C1e3* +
+Cy — %e% + %ex. C15. y = C1e® + Cre™4* — %(6:0 +1)e ™ —
—ze ¥ C31.y = %sian — %COS 2¢ + %e‘”. C32. y =’ — 1.
C33.y =3 —e?*. C34.y = 8e *sinw +4e % cosz — 1 + x.
C35.y =1 —2sin3z — 2cos 3z. C36. y = 7 + 5xed® 4 x2e57,
C37.y =e® — ' £ 2% C38. y = 6e” — 2% — 2% — 62 — 4.
C39. y = %em — %e“ + 2. C40. y = e** — l—g’e‘” — %6*7’”.
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Tema 19. KpaiioBi 3agadi ajist audpepeHIiaIbHuX
PIBHAHBb APYTroro IOpsaKy

Kopomxi meopemuyuni gidomocmi

19.1. OcHoBHIi o3HaYeHHs I MOHATT. /1 piBHSIHHS
po(2)y” + p1(2)y + pa(2)y = f(2), (19.1)

e po(a), pi (), pa(x), f(x) — nemepeppii ma virpisky [a,b] dyn-
KITil, KpalioBl YMOBH 3a/Ial0ThCSI TAKIM YHTHOM:

{aly/(a) + B1y(a) = yo, (19.2)

a2y’ (b) + Bay(b) =y,

ae aq, g, B1, B2, Yo, y1 — AedKi dncia, IpuaoMy aq, 51 1 «a,
(B2 OMHOYACHO He JOPIBHIOTH Hy/II0. ducia a, b MOXyTb OyTH if
HEBJIACHUMH.

Axmo yo = y1 = 0, To Kpaiiosl ymoeu 3amadi (19.2) Hazu-
BalOTh 00HOPIOHUMY, iHAKIIE — HeodHOoPioHUMY. Ko f(x)
TOTOXKHO He JIOPIBHIOE HYJII0, TO KpaiioBy 3amady (19.1), (19.2)
HA3UBAIOTH HeOoOHOPidHOo10, a sikmo f(x) =01y =y =0, —
TO 00HOPIOHO10 KPAT0B8010 3a0aUE0.

KpaiioBi yMOBM MOXYTh MaTH TAaKOXK T'PAHUYHUN BUTJISI,
a dnciaa a 1 b MoxkyTh OyTm HemjacHuMU. Hampukiam, MoxKHa
posrsizati Kpaiiosi ymosu «q lim ¢/(z) + 51 lim y(z) = 0 abo

Tr—a T—a
ag lim ¢/ (x) + B2 lim y(xz) =0.

T—00 T—00

Heonaopinni KpaitoBi yMOBH 3aBXKIU MOXKHA, 3BECTH JO OJTHO-
pigaux KpaiioBux ymoB. Ile pobuThes 3 IHOIOMOroio 3aMiHM IITy-
kanol byl y(z) = z(z) +w(z), ne w(xr) — noBinbHa Bl He-
nepepBHO judepeHIiiioBaa Ha [a,b] dYHKIs, siKa 33/I0BOJILHSIE
HeoHOPiIHI KpaiioBi ymoBu 3azadi (19.1) (uacro — e siniitHa
dbyukuist). Toni nst bynknii z(x) omepkumMo KpaiioBy 3amady 3
OJITHOPITHUMY KpafiOBUMU yMOBAMIU.
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Pose’askom xkpaiiosol 3ajau4i (19.1), (19.2) nasusaors GyH-
Kiiio y(x), sika nBivi HenepepsHO nudepentiiiioBua Ha (a, b), Hemne-
pepBHO judepeHiiiiioBHa Ha [a, b] i 3a0BoibHsIE piBHsHHS (19.1)
Ha (a,b) Ta Kpaitosi ymosu (19.2).

19.2. ®ynuknis I pina kpaiiosoi 3agaui. Pynruiero I pi-
Ha onHOPiAHOI KpaiioBol 3azaui (19.1), (19.2) nHasusarorh byH-
kiio G(z, s), ska BU3HAYCHA U1 JOBUIbHUX X, S € [a,b] i 3am0-
BOJIbHSIE TaKl YMOBH:

1) mas koxknoro dikcosamoro s € [a,b] G(z,s) ax ynkis
3MIHHOI T Ha IPOMIXKKaxX [a, s) 1 (s,b] € po3B’sI3KOM OJTHOPiIHOTO
PiBHSHHS

po(x)GY, (2, 5) + pr() Gy (2, 8) + pa(2)G(x, 5) = 0;

2) G(x, s) 3a 3MIHHOIO & 3a/I0BOJILHSIE OJIHODITHI KpaifoBi yMo-
Bu 3asa4i (19.2);

3) G(z,s) — menepepBHa It BCIX X, S € [a,b], a iT yacTuHHA
noxinaa G! (z,s) npu x = s Ma€ PO3PUB TIEPIIOTrO POy 31 CcTpub-
TOOTO

KOM
po(s)’

G(s+0,s) —G(s—0,s) =0,

G;(S +0, 8) - Gir(s -0, 8) = pol(s)'

(19.3)

dkmo oxmopinHa KpaiioBa 3amada (19.1), (19.2) mae Jmie
TpuBiaJbHUN PO3B’A30K, TO PO3B’I30K HEOMHOPIMHOI KPaiioBol 3a-
madai (19.1), (19.2) icnye, eaummit Ta 3a1a€ThCst HOPMYIIOI0

b
y(:):)—/ G(z,s)f(s)ds, (19.4)

ne G(x,s) — dbyuknis I'pina oxnopinnoi kpaiiosoi 3amaui (19.1),
(19.2).

®yukiio I pina (SIKIO BOHA iCHY€E) MOYKHA IIYKATH Y BUTJISI

_ Ja@s)pi(z), a<z<s
o) = {02(8)#92(90)7 s < <b, (19.5)
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ne ¢1(x) — noBinbHEI HeTpUBiaJbHUIT PO3B’SI30K OJHOPIIHOIO
piBusuns (19.1), skuil 3ag0BoabHsE YyMOBY a1 (a) + Bipi(a) =
0, @2(x) — noBinbHUIT HeTPUBIAIBHUI PO3B 30K TOTO CAMOTO PiB-
HAHHS, sSIKUii 38710BOJIbHSIE KpafioBy yMOBY aaph(b)+ Bapa(b) = 0,
a GyHKIil ¢1(s), ca(s) 1obupatoThes Tak, M6 BUKOHYBAJINUCH YMO-
Bu (19.3).

Y BUNAAKY JIHIITHIX OTHOPIAHIX KPAOBUX YMOB IHIINX THUIIIB
dyHKITII0 fpiHa MIYKaIOTh Y BUTJIS/II

 fals)h@) + eals)@), a<z<s
Glz,5) = {c3<s>w1<x> te(sya(e), s<e<b, (190

ne P1(x), Yo(x) — dyHmamenTasbHa cucremMa po3B’si3KiB JIiHif-
HOro oxHopimnoro pisusnus (19.1), a koedimientn c1(s), ca(s),
c3(s), ca(s) mobuparorbest Tak, mob dyHkIiis G(x,s) 3a710BOJIb-
HsJTa YMOBU 1-3 O3HAYIEHHS.

19.3. KpaiioBi 3agadi Ha BJjiacHi 3HaYeHHS. Y 6ararbox
3ajJladax BUHUKAE HEOOXIMTHICTh 3HAXOMKEHHsI PO3B’s3KiB Kpaio-
BOI 3a/a4l

y' +p)y +q(r)y =y, =€ (a,b),
{oq@/(a) + Bry(a) =0, (19.7)
'(b) + Bay(b) =0,

a2y

e A — piiicanit abo KoMIuteKcHuit mapamerp, a byHKIl p(x) i
q(z) — HenepepsHi Ha BiIPI3KY [a,b].

Bajiady BiIIyKaHHsS 3HAYEHD [apaMeTpa A, JJIsl SKUX Kpaio-
Ba 3azada (19.7) Mae HeTpuBiaibHI PO3B’sI3KH, HA3UBAIOTH KPQ-
108010 3adaxero Ha 8AACHL 3HAYEHHSA. SHAUEHHs IapaMeTpa
A, s skux 3agada (19.7) mae HerpuBiaiabHI PO3B’sI3KH, HA3U-
BaIOTh 8AACHUMU 3HAYEHHAMU, a BIIIOBIIHI TM HETPUBIAIbHI
PO3B’sI3KH — 8aacHuMU GyHKUiamu KpaitoBol 3a1a4i (19.7) na
BJIACHI 3HAYEHHSI.

Pozs’sa3ysarnms munosuxr enpas i 3aday

Ipuknang 19.1. 3naiitn poss’sa3ok pisaanng y”’ + y = 0,
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skmii 3agoBosibHsie ymosu y(0) = 0, y(b) = y1, e b > 0, y1 —
IedKl 9ucIa.
Pozg’azanns. lligcrapnsgioun 3arajbHUl PO3B'SI30K PIBHSHHS
y = C1 cos x+C5 8in x y Iepiiy KpaioBy YMOBY, 3HAXOIIMO CTAJY
C7 = 0. 3 ypaxyBaHHSIM IIBOTO, 3 JIpYyTrOl KpailoBOi YMOBHU OJiep-
Kyemo, 1o Cosinb = y;.

Aximo sinb # 0, To6To b # 7n, n € Z, To Cy = Ay, a oTke, y
A sin 2 3aam0i Kpaiiosoi 3a1axi

IIbOMY BUIIQJIKY PO3B 30K Y =
€ E€JIMHUM.

Axmo b = wn, n € Z, ro Cy-0 = y1 1 Tenep Bce 3aJI€KUTDH Bil
y1: gkmo y1 = 0, To crana Cy MoXKe Oy TH HOBIIBHOIO, 1 PO3B’SI3KOM
€y = osinx; akmio y; # 0, To KpaiioBa 3aja4a pO3B’sI3KiB HE MAE.
Bianosiae: sxmo b # m™, n € Z, To y = sf’nlb sinx; gaKimo b =
mm,n€Z,iyy =0,10Yy =9sinz; akmo b =7n, n € Z,iy; #0,
TO KpaioBa 3al1a4a PO3B’sI3KIB HE Mag.

Ilpukaam 19.2. Ilobynysatu dyHKIio I pira kpaiioBoi 3a-
nadgi

y' =y = f(z), y(0)=0, y(1)—y'(1) =0.

Po36’sa3anHs. 3arajbHIM PO3B'SI3KOM OJHOPIIHOIO PIBHSHHSA €
yo = Cre " 4 Coe”. Po3p’s130K @1 () = 1 — € 3a710BOIbHSIE Kpa-
ffoBy ymoBy y(0) = 0, a po3B’si30K p2(x) = €* — KpaiioBy ymMOBY
y(1) — /(1) = 0. Brigmo 3 (19.5), dynxmio I pina nrykaemo y
BUTJISIITL
Gla,s) = {cl(s)(l —e¥), 0<x<s,
ca(s)e”, s<az <1

Dynkmil ¢1(s), ca2(s) 3naxogumo 3 ymos (19.3):
c1(8)(1 —€®) = ca(s)e®, ca(s)e® +eq(s)e’ = 1.

BBigcu ¢1(s) =1, ca(s) = e * — 1, a Tomy

G(z,s) =

_ ot <
{1 e, 0<xr<s n

efle®*—1), s<xz<l1.
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Ilpukaam 19.3. 3HaiiTu po3B’sI30K KpaitoBol 3a1ati

2?2y +ay —y=f(z), y(1)=2, y(c0)=0.

Pose’azanns. CrodaTky 3BeeMO KpailoBl yMOBHU 10 OJHOPII-
aux. st mporo mykaeMo poss’si3ok y Burisgai y(x) = z(x) + 2.
Toni st byHKIGT 2(2) MaeMo KpaiioBy 3a1ady

22 dad — 2= f(x) -2, 2(1)=0, 2/(c0) =0.

BaraJbHUM DO3B’SI3KOM OJHODPIJIHOTO DiBHsAHHs (BOHO € DiB-
nsanaM Eitepa) € 29 = Cha + Cox™ !, @ymkmis ¢q(z) = 2 — %

3aJ10BOJIbHsIE KpaitoBy yMoBy z(1) = 0, a dyukuis @o(z) = % —

KpaiioBy ymoBy 2'(c0) = 0. Orske, dbynxiiio I pina mykaemo y
BUTJISAI]

Dynknil ¢1(s), ca2(s) 3naxogumo 3 ymos (19.3):

c1(s)(s — s = 62(8)8_1, CQ(S)(—S_2) —ci1(s)(1 4+ 3_2) =1.

BBincu ci(s) = —ﬁ, ca(s) = 5 (L —s), a Tomy
1 (1
52z —x 1<z <s
G(z,s) =4 %° (:f ) -
7 (5—8), s<w<o

Posp’st30k 3aati 3anucyemo 3rigmo 3 (19.4):

y(z) = 1 o f QL/OO
1

Posp’s30k KpaitoBol 3amadi icHye Jmmie Ijist Takol QyHKIT
f(x), mo HeBnacuuit inTerpas y po3s’asky € 36ikaum. B
Ipuknang 19.4. [o6yaysarn dyukiio I pina kKpaifosoi 3a-

nadgi
y' +y=f(x), y0)=yr), y'(0)=y'(n).
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Pose’azanns. Ockinpkn dynkiis I pina € po3s’sI3KOM OHOPI-
nuoro pisasuus Yy’ + y = 0, To mykaemo i1 3riguo 3 (19.6) y
BUTJISIITL

ci(s)sinz + ca(s)cosz, 0<x <s,
c3(s)sinx + c4(s)cosz, s<x <.

Gle.s) = {

Tyt c1(s), ca(s) ics(s), ca(s) pizni, 60 3a 03HAUEHHIM QYHKIIT
I'pina noxigma G’ (x, s) Mae po3puB npu T = s.

3 kpaiioBux ymoB st Jyuisi GyHKIil G(x, ) omepKyemo, 1o
Cyg = —C4, C1 = —C3.

3 menepepprocri G(x,s) upu x = s i cTpubKa HOXiIHOT
Gl (x,s) upu & = s MaeMO J(Ba PIBHSAHHSI

€18Ins + c2 cos s = ¢3Sin s + ¢4 CoS s,
C3C0SS — 48NS — c1coss—+ cosins =1,

3BIJIKM, 3 YpaxyBaHHIM IIONEPETHIX CITiBBITHOIIEHHS, 3HAXO/ITMO

1 1 1

cl :—Qcoss, Ccy = isins, c3 = icoss, 04:—§sins.

Briguo 3 dopmyiono (19.6) maemo

L cosssinz + %sinscosx, 0<x<s,

Gla.s) = {2 1

jcosssinx — gsinscosz, O0<z<m

1 .
5sin(s — 0<z<s

G(CC, S) — % ] ( )7 ~X )

gsin(z —s), 0<z<m.

Ilpukmam 19.5. 3HaiiTu BJIacHI 3HAYEHHsT Ta BJIacHI PYHKITT

KpaioBol 3a1a4i

y' =Xy, y(0)=0, y(b) =0.

Poze’szanns. Hexait A > 0 abo A € C. Toxi 3amada He Mae He-
TPUBIAJbHUX PO3B’sI3KiB, 60, i ICTABIAIOYN 3araJIbHNUN PO3B’ 30K
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y=C eV 4 Che=V2® pipnsmms y” — Ay = 0 y kpaiioBi ymoBH,

OJIEPKYEMO:
Chi+Cy =0,
= (C1=0=0 = =0.
{Cleﬁb + Cgefﬁb =0 ! 2 y(m)

Hexait A = 0. IlincraBasgroun Temnep 3arajbHU PO3B’A30K
y = Chz + Co y KpailoBi yMOBH, MAE€MO

Cy =0, L _
{Clb+02—0 = Cl—CQ—O = y(x)_O.

Hexait A < 0. Toxi y = C cos (ac\/—)\) + Oy sin (:1:\/—)\), a3

BpaxyBaHHAM KpallOBUX yMOB, MaEMO

C1 =0,
{Cl cos (b\/—)\) + Cysin (b\/—)\) =0 =

~ (=0, Cysin (b\/—_)\> —0.

AKIo Yy TOTOXKHO He JIOPIBHIOE HYJIIO, TO Sin (b\/—_)\) =01
Cy # 0. 3Bigcu maemo opMyity sl BCIX BJIACHUX 3HAYEHb 3a-
Jadgi:
Ao = — (wk/b)?, k=1,2,....

Im BignoBimaroTh BiracHi GyHKIT

k
yk:cksin¥, k=1,2,...,

Je ¢ — JOBUIBHI cTaJti, Biaminai Bij Hy1d. B
Bnpasu, pexomendosari das aydumopHoi pobomu

1. BuaiiTu po3B’sI30K KpailoBol 3aj1adi.
Al. " —y =2z, y(0)=0, /(1) =-1.
A2.y"+y=1, y(0)=0, y(r)=0.
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A3y —y' =2e7, y(0)=2, y(1) =

A4y +y=0, y(0)= y’(O) y( /2 ) (77/2) =2
A5.y" —y —2y=0, y'(0)=2, y(+ )

A6. 2%y — 6y =0, y(0) — obmerxene, y(l) =2.
AT.y W Ay =0, y(0) =y"(0) =0, y(m) = y"(r) = 0.
2. Ho6y;LyBaTI/I dyHKITIO flea KpaiioBol 3a/1a4i.

A8.y" +y=f(zx), ¥ (0)=0, y(r)=0.

A9. y" —dy = f( ), y'(0) =0, 2y(1) = y'(1).

A10. 2%y +ay —y = f(z), y(1)=0, ¥'(2)=0
All. 2%y —2y = f(z), y(1)=0, 24/(2) +y(2) =0.
Al12. " + 4y + 3y = f(z), y(0) =0, y(z) = O(e>*) upu

T — +00.

A13. y" —y = f(z), y(z) oOmexena npu r — £00.

3. BuaiiTu BiacHi 3HaveHHs Ta BiacHi QyHKINT KpafioBol 3a-
Jadi.

Al4. y" =)y, y(0)=49/'(1) =0.

Al15.y" =Xy, ¢(0)=y'(1) =0.

A16. y" =Xy, y(0)=0, y(z) =O0(1) upu = € +c0

A17. 2%y = Ay, y(1) =0, y(a) = 0(a > )

A18. 2%y —xy +y =y, y(l)= (2) =

A19. ¢y + X2y =0, ¢'(1)=0, y(r) =

A20. JloBecTn, 1m0 KOXKHE JHCHE YHUCIIO )\ € BJIACHUM 3Hade-
HHM KpaiioBoi 3azxadi y” = Ay, y(0) = y(1), ¥'(0) +¢'(1) = 0.

Bnpasu, pexomerndosari 0as 0oMawHb020 3a80aGHHSA
i camocmitinot pobomu

1. BuaiiTun po3B’sA30K KpaioBol 3ajadi.
Cly"+y =2, y(0) =0, y(1)=2.

C2.y —y =0, y(0)=—1, y(1) —y(1) =
C3.y" +y=0, y(0)=y(0), y(r/2)+y'(r / ) =
Ca.y"+y=2x—m y(0)=0, y(m) =0.

C5. " + 7%y = 3n?sin 27z, y(0) =0, y(1) =
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C6.y" —y=1, y(0)=0, y(z) obmexena npu x — +00.

C7. 2%y" —2zy+2y =0, y(z)=o(z) mpux — 0, y(1) = 3.

C8. 2%y + 52y +3y =0, o'(1) =3, y(z) = O(x~2) npn
T — +00.

2. Tlo6yaysaru dyukiio I pina Kpaiiool 3aadi.

9.y —of = f(x), 4(0) =0, y(1) = /(1)

C10. oy —y/ = f(2), y/(1) =0, y(2) = 0.

C11. (22 + 1)y" + 2z’ = f(x), y(0)=0, y'(1) =0.

C12. " +y = f(z), ¥ (0)=0, y(+o0) =0.

C13. 2%y" + 22y — 2y = f(x), y(0) obmesxeno, y(1) = 0.

Cl14. 2%y" — 2y = f(x), y(x) obmexkena mpu x — 0 i mpm
T — +00.

3. BuaiiTu BiacHi 3HaveHHs Ta ByacHi QyHKIHT KpafioBol 3a-
Jadi.

C15.y" =Xy, ¢'(0)=y(1)=0.

C16. y" = Ay, y(0) =y(1), y'(0) =y'(1).

C17. y" =)y, y(x)=0(1) upu z — +o0.

C18. 2%y —zy' +y =Xy, wy(x) = 0mpuz — 0, y(1) =0.

C19. 22" +3zy'+y = Ny, y(1) =0, y(x) — 0 upu x — oo.

C20. [l axkux 3Ha9eHb JIHCHOIO ImapaMeTpa A KpaiioBa 3a-
nmaga v + Ny = 0, y(0) = 0, ¥'(1) = A\y(1) Mae HeTpuBiambHUI
po3B’s130K? BHANIITDH el PO3B A30K.

Bionosi0

Al.y= (sh1)"'shx —2x. A2. Posp’saskis nemae. A3.y =
e?®. A4. y = sinz + cosxz. AB. y = —2% A6.y =

223, AT.y = Csinnz, n = 0,1,...,C — noBigbHa cTaja.
A8. G = sinzcoss 0 < z < s;G = sinscosxs < = < .
A9. G = e*ch2z, 0 < z < 5;G = €**ch2s, s < z < 1.
A10. G = —(10s®)" Yz — 1/2)(s> +4), 1 < = < 8 G =
—(10s*) Yz + 4/2)(s*> + 1), s < < 2. All. G = (1 —
)(Bs%2)™ L 1 <2 < 556G = (1-8)3s%r)7L, s <o <2

Al12. G = 0,5e*(e™% —e™®), 0 < < ;G = 0,5e73

8
—
Q

V)
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e*), s <z <oo. Al13.G = —0,5¢ 1"l A14. \, = —(n +
1/2)%72, yp(x) = Cpsin(n + 1/2),n = 0,1,2,.... Al5. )\, =
—n?r2 y,(r) = Cpcosnmz,n = 0,1,2,.... Al16. A\ — jo0-
BimbHe Bimemme wmcio, y(w,\) = Csinzv-\. Al7. )\, =
—(nm/Ina)? — 1/4, yo(x) = Vrsin(nrlnz/Ina),k = 1,2,....

A18. )\, = —(n7/In2)? y,(z) = zsin(nrlnz/In2),n =
1,2,.... A19. N\, = 2n+1)/2, yp(z) = cos((2n + 1)z/2),n =
0,1,....

Cl.y=2z. C2.y=¢"—1. C3.y = C(cosz +sinzx), 1e
C — nosinbHa crana. C4.y=2x —w+mcosx+ Csinx, ne C —
nosinbHa craja. Cb. y = Csinnwx — sin 27z, me C' — nposiabHa
crama. C6.y=e?—1. C7.y =322 C8.y=—23. C9.G =
l—e®, 0<z<s5G=¢€%e*-1),s<z< 1. Cl10. G =
(2 —4)(2s) L 1 <2 <sG=(22-4)2%)7, s <x <2
Cll. G = —arctgz, 0 < = < 5;G = —arctgs, s < z < 1.
Cl12.G=-1,0<z2<s;G=—¢e"% s<ox <+ Cl13.G=
(2 —1)(3s2)™ L 0< 2 <8 G =s(23-1)3B2H)7, s<r <L

Cl4. G = 2?2331, 0 < 2 < 5,G = —1/3, s < v < oo
C15. \, = —(n+1/2)*7%, y,(z) = sin(n + 1/2)7x,n = 0,1,....
C16. )\, = —4n’n? y,(z) = A,cos2nmx + B,sin2nrr,n =
0,1,.... C17. X — joBinbHe HegomarHe unciao, y(r,\) =
Cicoszyv/—X 4+ Cysinzv/—A\,n = 0,1,.... C18. A\ — moBiib-

He 4ucio 3 iHrepBaiy (—oo,1). fdkmo A € (—o00,0), To y(z,A) =
zsin(vAnz); skmo A = 0, To y(z,\) = zlna; akmo A € (0,1),
To y(x,\) = x(:cﬁ—x‘/__’\) C19. A\ — foBlIbHE YHCIIO 3 iIHTEPBa-
a1y (—00,1). sIkmo A € (—00,0), o y(x,\) = 2~ tsin(v/=Alnz);
akmo A = 0, To y(z,\) = 27 Ina; axmo A € (0,1), 1o y(z,\) =
:L’*l(xﬁ—x\/j‘). C20. \,, = /24 27n, y,(x) = sin \px,n € Z.
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Tema 20. JIiniiiHi cucremn nudepeHIiaTbHUX
PIBHSIHb: METO/, BUKJIIOYEHHS

Kopomxi meopemuyuni gidomocmi

20.1. Metoa BuKJIO4YeHHsI. Po3risgaemMo 3aady mpo 3Be-
JeHHSI HOPMAJIBHOI cucTeMu JudepeHItiaJbHnX PiBHAHD

yi - fl(xvylvy%' .. 7yn)7
yngQ(xuylawanuyn)) (201)

y;’b - fn(xaylay% s 7yn)7

B kit f; — (n — 1) pasiB mudepenmniitoBni dyHKil, y; = %,
7 = 1,2,...,n, 1o oguoro audepeHIiajabuoro pisusannsg. Jlms
[[OTO MOCJTIOBHO 3audepentiioemo (n — 1) pasiB oxHe 3 piBHIHD
cucremu (20.1) (Hampukiaj, mepiie), 3aMiHIOIOYH MICIIsT KOXKHO-
ro qudepeHIioBatts MOXiHI Y], U, - . . , Yl BUpa3aMu JJis HUX i3
cucremu (20.1), 1 BUKJIIOYMMO 3 IIEPIIOrO PIBHSIHHS Ii€l cucre-
Mu i orpuManux (n — 1)-ro piBusHusa OYHKIUT Y2, Y3, . - . , Yn. Llpn
IBOMY JIJIsl 3HAXOJ2KEHHs (DYHKIIT Y1 OIEPXKUMO PIBHSHHS N-TO
HOPSAJKY BUTJISIILY

n n—1
M = f(x,yl,yiv---,% )),

i IKIO BAACTLCA 3HANTH HOro 3arajbHUil PO3B’s30K, TO (DyHKIIIT
Y2, Y3, - - -, Yn SHAWILYTHCH O6€3 KBAIPATYDP.

Merosi po3B’si3yBaHHS HOPMAJILHOI CHCTEMH DPiBHSAHD 3BeJe-
HHSM 11 10 ofgHOTO andepeHIlaIbHOrO PiBHSIHHS, PO3B’SI3aHOTO
BIIHOCHO €TapIIOl MOXiTHOI, HASUBAIOTH MEMOJOM BUKAOUEHHA.

Y nmeskux BUIMAIKAX 3BEJIEHHA HOPMAJBLHOI CUCTEMU JI0 OIHO-
ro pIBHAHHS MOYXKHA 3JIHCHIOBATH 3 BIIXUJIEHHAM BiJl ONMUCAHOL
3araJibHOl CXEMU.

20.2. 3BeageHHs audepeHiaJbHOro PiBHAHHS N-T'0 II0-
PAAKY /10 HOpMaJybHOI cuctemu. /ludepeniiiaibiue piBHIHHS
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N-I0 MOPAIKY

y(”) =f (:1:, TR ,y(”_1)> (20.2)

3aBXKIU MOXKHA 3BECTHU [I0 CUCTEMH N AU(PEPEHIIaIbHIX PiBHSIHb.
Jtst 1Ih0T0 TTO3HAYINMO

y=u, ¥ =u2 ¥ =y .., ¥ =y
Tomi
vi=y =y vh=y"=ys s Yo =9" =y,
y;z - y(n) - f(xvylvy% v 7yn)7
T0OTO BYyHKIIHT Y1, Y2, - - -, Yn 38TOBOJIBHAIOTL HOPMAJILHY CHCTE-
My andepeHIiaJbHIX PiBHAHD
yll = Y2,
yé = Y3,
e (20.3)
y;z—l = Yn,

/

Yn = f(%?/la?/%--- 7?/n)

Pose’sa3ysarHsa munosux enpas i 3aday

Ilpuksam 20.1. 3iHTErpyBaTH CUCTEMY

Y =y+22
2 =6z —2y.

Pose’azarns. 3audepeHIiitoeMo Iepiie pPIBHSHHS CHCTEMH 1
HiZCTaBUMO 3aMicTh 2z’ BIAIOBIAHMIT BUpa3 i3 APYTrOro piBHSIHHS:

y'=y'+27 = =y +2062-2y) = ' =y +122—4y.



20. Jliniitai cucremu nudepeHniabHUX PIBHSAHB: METO/J, BUKJIIOUYEHHS 187

3 mepIrnoro piBHsIHHSI BHPA3UMO Zz depe3 Yy 1 MiJICTaBUMO B
OCTaHHE OTPUMAaHE PiBHAHHSI:

= Y =y+6(/ -y -4y =
= ' =7y +10y =0. (20.4)

Ockinbku xapakrepucriane piBasmus k2 —7k+10 = 0 Mae Kopeni
k1 = 2, ko = 5, 1o 3aragpHuM po3B’si3koM piBHsHHs (20.4) €

y = C1e% + Cye?.

Temep, BpaxoByioun, 1Mo z = %, 3HAXOAUMO (PYHKIHIO 2:
(01621 + 026590)/ — (01621 + 026590) . Cl

5 5 623c + 2026538.

z =

Bigmosine: y = C1e?® + Cyed®, 2z = %62‘” + 2C5e”.

[MorpibHo MaTH Ha yBa3i, MO IpU PO3B’A3yBaHHI cucreM (K
i piBHsHB) BiaHOBimbL MOxke OyTu 3ammcana y pisuiii dopwmi,
IPUYOMY 11 MOXKHA& 3BECTH BiJ[ OJHOTO JIO IHITIOTO BUIJISMY IIe-
peno3HaveHHAM cTaanX. Hanmpukiaajd, BiNOBIL IO OCTAHHBOIO
HPHUKJIAJLy MOXKHA 3ammcard y Burasam: y = 2C1e?® 4 Coed?,
2z = C1e%* 4 2C5e5*.

Ilpuksazm 20.2. 3iHTErpyBATH CUCTEMY
Yy = Y1+ 2y2 + 23,

yh = —y2 — 2y3,
Y5 = y2 + 3.

Pose’azarns. 3audepeHiiiioeMo 1epiie pPIBHSAHHS CHCTEMHU i
HIJICTABUMO 3aMiCThb Y}, Yh, Y4 BLANOBLAHI BUpa3u i3 3aj1aHOl Cu-
creMu:

Yl =1+ 25+ 2y3 = y1 + 2y2 + 2y3 +
+ 2(—y2 — 2y3) + 2(y2 + y3) = y1 + 2yo.
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Hudepentiiorodn oTpuMaHe CIiBBiIHOIICHHS i 3HOBY BUKOPHUCTO-
BYIOYH PIiBHSIHHS CUCTEMU, OJEPKYEMO CITiBBITHOIIEHHSA

"

Y1 =1+ 2yp = y1 + 2y2 + 2y3 + 2(—y2 — 2y3) = Y1 — 2y
Temep i3 cucremun

Y1 = Y1+ 2y2 + 2y3,

Yl = y1+ 2y2,

yi' =vy1 —2y3
BUKJIFOUUMO %5 1 y3. 3 JAPYTrOro i TpeThOro piBHSHB 3HAXOIUIMO
yo = (¥f —v1)/2, y3 = (y1 — y{")/2. Hincrasisitoun obuipa Bu-
pasu y nepiie pPiBHAHHSA CUCTEMHU, OJIEPKYEMO judepeHIiaabue

PiBHSIHHS
7

v =yl +y1—y1 =0,

3araJibHUM PO3B’sizkoM sikoro € i1 = Cre”+C4 cos x+C3 sin x. To-

miys = —Cocosx—C3sinz, y3 = %(Cg(cos:c—sinx)—FCg(cos:c—F
+sinz)).
Bignosigp: y; = Cie” + Cocosz + Cgsinx, yo = — Cocosx —

— Cysinz, y3 = %(Cg(cosx —sinz) + C3(cos z + sinx)).

Ilpuksam 20.3. 3iHTErpyBATH CUCTEMY

Y = 3y + 2z + 4e*,
2 =y+ 2z

Pose’azarns. 3audepeHIiitoeMo Iepiie pPIBHSHHS CHCTEMHU 1
HiZCTaBUMO 3aMicTh 2z’ BIAIOBIAHMII BUpa3 i3 APYTrOro piBHSIHHS:

y' =3y +27 420 = o' =3y +2y+22) 4207 =
Y =3y + 2y + 4z + 20, (20.5)



20. Jliniitai cucremu nudepeHniabHUX PIBHSAHB: METO/J, BUKJIIOUYEHHS 189

3 1epIroro piBHSAHHST BUPA3UMO Z Uepes Y i MACTABUMO B PiB-
manns (20.5):

y' — 3y — 4eP”
2= "

5 (20.6)
Y =3y + 2y +2(y — 3y — 4€°%) +20e* =
y" — 5y + 4y = 127, (20.7)

BaraJIbHUM PO3B’SI3KOM BiJIIIOBIIHOIO OJHOPIAHOTO jucepeH-
mianbHoro pisasguua y” — 5y’ + 4y = 0 € bynkuis

Yo = Chie® + CQ€4$.

Yacrunauit po3s’si3ok  piBHsiHHA (20.7) IIyKaemMo y BHIVISI
Y = Ae’®. IlijfcraBisioun YacTUHHHII PO3B’S30K y PIBHSHHS
(20.7), orpumyemo:

254e°" — 254 + 4Ae™ = 126" = A=3.
Omxe, 3arajgbHUM Po3B’si3koM piBHsiHHs (20.7) € dyHKIisA
y = C1e® + Coe™™ + 3¢,
Tenep, BpaxoBytoun dopmysty (20.6), 3Haxomumo GyHKIIO 2:

(Cle‘” + Che*® + 365‘”)/ -3 (Cle‘” + Che*® + 365‘”) — 45
z = =
2

C
= —Che” + 726490 + &%,

Bignmosine: y = Cre® +2Ce% +3e%%, 2z = —C1e® + Coe® + 57,

Ilpukman 20.4. 3uaittu po3B’s30k 3aga4i Korri

Y = 3y + 2z + 4e7,
2=y + 2z,
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Pose’azarns. 3arajabHuit po3e’si30K cucTeMu OyJI0 3HANRIEHO ¥
[IOIIEPEIHBOMY MIPUKJIAII:

y = Cre® + 2056 + 365, 2 = —C1e” + Coe™™ + 7.
[lincranoBKa #Oro B IMMOYATKOBI YMOBH JIA€:

{01+202+3——1, ~ O =2,

—-Ci1+Cy+1=2
Omxe, po3B’s130k 3agadi Kormi mae Burism:

y=—2e" — 2" £ 3¢5, 2 =2e" — ¥ 17 M

Bnpasu, pexomendosani das aydumoproi pobomu

BinTerpyBaTn CHCTEMH METOOM BHUKJIIOYEHHs (JJIs ITOJIere-
HHsI POOOTH JIJIsl JIesIKUX CHCTEM BKa3aHi KOPEHI XapaKTepPUCTH-
YHOTO PIBHSIHHS):

AL {y:—?)y—za Y=y — Yo,

Z = -0y —z. A5. Sy = 3ys — y1 — 2y,
A2 {y’ = 3y — 2z, Y3 = 3y2 + Y3

: z’:y—i—z. (klzl,k2:3,k3:—4).

A3, {?/:ZQ?JJFZ, YL = Y1 — Y2 — Y3,

2 =4z —y. A6. S Y5 =y1 + 1y,

Yl =1 — Y2 + U3, Y3 = 3y1 + us
AAd. {yé =y + Y2 — Y3, (k‘l = 1, kg,g =1+ 21)

Y3 = 2y1 — Y2 AT {y” =2y — 3z,
(k1 =2, ke =1, kg =—1) =y -2z

"=y + 32+ 737,
= 2y — 4z — 3e37,

2/ =2y — 3z —4sinzx.
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— —
A1l {y =2y —z+ 17z,

2 =5y +62.
Suaiitu pOSB’SBOK zagaqi Kormri:
=2y — 2z, _ _
Al2. { oy + 5z y(0) =2, =z(0)=1.

Bnpasu, pexomendosari 0asi 00MAUWHB020 3a80aGHHA
i camocmitinoi pobomu

BinTerpyBaTi CHCTEMH METOOM BHUKJIIOYEHHs (J1JIs ITOJIere-
HHsI POOOTH JIJIsl JIesIKUX CHCTEM BKa3aHi KOPEHI XapaKTepPUCTH-
YHOTO PIBHSIHHS):

/ /

y =9y + z, y =3y + z,

/ /

y =bdy — 3z, Yy +y—22=0,
C2. {z/ =15y — 7z C8. {z’—l—y—i—?)z = 0.

/ /

y =6y + 4z, y =3y — 2z,
C3. {z/ = -9y — 62 ©9. {z’ =2y+ 7z

/ /

y = 1ly — 62, Yy =2y + 62,
C4. {z’ = 18y — 10z. C10 {z’ =y—3z

/ /

Yy =y+2z, y =3y — 4z,
C5. {z' =3z—y C11. {z' =2y+ 7z

r_ r_
C6. {y/ =4y + 4z, C1o. {y/ = —2y + 3z,

7= —y. 2 =4z — 3y

Yy = 2y1 — yo,
C13. S yh = 2y3 — y1 — 2u2,

ys = 2y2 + 2y3

(k1 =2, ky =3, kg = —3).
Y1 = 41 + 3y2 — 2ys,
Yy = Y1+ Y2 + Y3,

ys =y1 +3y2 + ys3
— 1, ky =3, ky = 4).

y1 = 3y1 — 6y2,
y2 = 2y3 — 6y1 — 3y,

3 = 2y9 + 3y3
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(k1 =3, ko = —7, ks = 7).
y1 = —=3Y1 — Y2 — Y3,
y2 = 6y + 6y2 + 5y3,
Y5 = —y1 — 3y2 — 2y3
1, ko =2, kg = —2).
Y1 =2y1 + 2y2 + y3,
C17. < yh = y1 + 3y2 + y3,
Y5 =y1 +y2 + 3y3
(k1 =1, ke =2, kg =5).

Y = Y1 — Y2,

C18. { y5 = 3ys — y1 — 2y,
Y3 = 3y2 + y3

(ki =1, ko = 3, ks = —4).

Y1 =3y — Y2 — V3,
C19. < yb = 2y2 — 2y1 + 3,

Y3 = y2 — Y1 + 5y3
(ky =1, ks = 3, ks = 6).

y’1 =2y1 — Y2,
C20. yg = 4y, — 3y2 — 2y3,
y = —Y3

(ki =1, ko = —2, ks = —1).
Y1 = 3y1 + 3y2 — v3,
C21. < yh = 2ys — 2y1 — 3ya,
ys = 3y1 +2y2 — y3
(k1 =2, ko = =2, kg = —1).
Y1 = 6y1 + 5y2 + 6ys,
C22. { yy = —3y1 — 2y2 — ¥3,
Y = —y1 — Y2 — 3y3
(k1 =1, ko =2, ks = —2).
y1 = 2y3 — Y1 — 2y2,
y2 = 2y3 — 211 — Y2,
Y5 = 3y3 — 3y1 — 2y
k‘l = 1 kgg = :|:’L
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Yl = 2y2 — 3y1 — v3,
C24. < yh = 8y1 + 4y2 + 4ys,

yh = 6y1 — 6y2 + 2y3
(ky = —1, kyg = 2 & 2i).

N
C25. {z:”—fiytzlz,
Yy — z.
/ T
Yy =3y —3z+e7,
©26. {z’:y—z—Se_‘”.
’r_ 3x
= Y
r T
C2s. {gz//—Sy—Fz 10 sin 2z,
=y +3z.
/
y=y—z+2
29.
©29 {z’:6y+6z.
! b5x
C30. {Z,:3y+2z+4e ’
=y +2z.
— —
C31. {Z/:; dcos x,
=2y+=z
/
y =2y + 3z,
/
Yy =8y — 2z,
C33. {z/y—|—5z—62x
/
Y =3y + 2z,

C34. {z’:4y+z—5
C35. y' =2y + 4z + 5e*,
2 =2y +4z.

/
y =3y — 3z,
C36. {z/—z—y—i—l?cosx.
/
y =2y + 3z,
c37 {z/—2y+z—34sinx.
!/ __ . L2z
C38- {:Z/_;ly z € 9
=2y+z
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y =3y —
C39. { —y+18te—w.

Yy =2y + 2z,
C40. {z —y+32—34c0sx

SBuaiiTn po3B’si3ku 3a0a4 Kori:

,— —
C41{ _y Zy y(0) =6, 2(0) = 4.

=Y +3y27
=3y1 — 2y2 — ¥3, y1(0) =1, 42(0) =7, y3(0) =3

y1 = 2y1 Y2 — Y3,
Yp = U2, y1(0) =3, 12(0) = —1, y3(0) = 2
yg = 2y2 + Y3,
(k1 =2, ko = —1, k3 =1).
/
Yy =1y + 22+ 29cos 2z,
C45. {Z/ = 62 — 2y — 58sin 2z,

e N /\,—" —N—

w\w\,_A\

I

[

<

)

+

<

&

"' =2y — 3z — 2e3%,
C46. {?Z// _ y?/+ . y(0) =2, 2(0)=5.

3BecTu gudepenIiaabii pIBHAHASA IO HOPMAJIbHAX CUCTEM JIH-
depeHIiaNbHUX PIBHIHD MIEPIITOTO MOPAIKY:

C47. o' + 2%y — 2y = 0.

C48. yW — 2y + 3y — 22y + 4y = €*.

Bionoeiodi

Al. y = Cie™ 2 + Coe*™, 2z = 5Cre 2" — Che®™. A2. y =
= (01 — Cy)e*sinz + (Cp + Cg)e*Tcosx, z = Cre*Tsinz +
+ Coe?® cosx. A3.y = (C1 — Cy + Cax)e3®, z = (C1 + Cax)e®®.
Ad. y; = C1e% + Coe® — C3e™®, yg = Cae® + 3C3e™7, y3 =
= 01621 + Coe® + 5C3e™*. AB. Y1 = 3C1e* — 02631 + 036741,
yo = 20C9e3® + 5C5e~ 4, yzs = C1e® + 3Cee3® — 3C5e~ 42,
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AB. y; = 2C5€” sin 2x + 2C5€” cos 2z, yo = Cre” — Coe® cos 2x +
+C5e” sin 2z, y3 = —C1e® —3C%€e” cos 2z +3C3e% sin2x. AT7.y =
= 3Che* 4+ 3Coe ™ 4+ C3cosx + Cysinx, z = Cre® + Coe™™ +
+ Cscosx + Cysinz. A8.y = —Cre 2% + 3Coe ™ 4 2e37, 2 =
= C1e 2 =207 — 3. A9.y = C1e® — Coe ™+ (1 + 21)e” —
—2—2% 2 = C1e® + Coe™® + (2r — 1)e® — 22. A10. y =
= (01 — Cy)e*sinz + (Cp + Cg)e*Tcosx, z = Cre*Tsinz +
+ e cosz. All. y = C1e*® 4+ (e, 2z = —T7C1e** +
+ e A12. y = 2e%, z = €. Cl. y = C1e*® + Cpe!'?,
2z = =TC1e*® 4+ 09!, C2. y = Cre *sin3z + Coe % cos 3z,
z = (Cy+2C))e *sindz + (2C; — Cr)e P cos3z. C3. y =
= 4C1x + 2Cy, z = C1 — 3Cy — 6C1x. CA4. Yy = Cie™® +
+ 209€%*, 2z = 201e™® 4 3Ce**. C5. y = 2C1e**sinx +
+ 20%€**cosz, z = (C; — Cy)e*sinz + (C + Co)e** cosz.
C6. y = —e%*(20] + Cy +2C22), z = e**(C1 + Cox). CT.y =
= 017 4 (9e?®, z = 201> — Cye®®. C8. y =2C e *sinx +
+20%e 2 cosw, z = —(C1 + Co)e 22 sinx + (C1 — Cz)e 2T cos z.
C9. y = (201 + 2Ce1)e™®, 2z = —(2C, + Co + 2Cox)e™.
C10. y = —Cre ™ 4 6C%e%, z = Cre ™ + Cye®*. C11. Yy =
= —(Cy + Co)e> sin 22 + (C1 — C2)ed cos 2z, z = C1€5 sin 2z +
+ Cye’®cos2z. Cl12. y = (3C; — Cy + 3Cew)e®, z =
= (3C1 + 3Caz)e”. C13. y; = 201e%® — C2e3® + C3e73%, yg =
= 026390 + 50367390, Y3 = 01621 + 202631 — 20367390. Cl4. y; =
= Cie ™™ + 0263:v + 3036438, yg = —Cre ™™ + 302631E + 2036438,
Y3 = Cie ™ + 502631 + 3036490. C15. Y1 = 016390 + 3026771 —
—3036738, Yo = 5026_73c —|-20367x, Y3 = 36&633c — 6'2(2_7:E —|—Cg€7x.
C16. y; = —02621 — 3036721, yo = Ce® + 1902621 + 036721,
Y3 = —Che* — 1402621 + 20367290. C17. = -3C1e* — 026290 +
+Cg€5x, yo = Chre” —6'2623c —|—Cg€5x, Y3 = Clex—l-QCQGZU —|—Cg€5x.
C18. Y1 = 3C1e% — 02631 + C3674x, Yoy = 2026390 + 5036741,
Y3 = Clex+302€3$—3036_4$. C19.y; = 3016384-0263384-036638,
yo = 7C1e* — 026390 — C366x, ys = —Cre® + 0263:10 — 203661.
C20.y; = Clex+026_2$—03€_$, Yo = Clex+402€_2x—3036_x,
Y3 = Cse™*. C21. Yy = 01621 — 50267290 — 203671, Yo =
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= 80267290 + 3C3e™ 7%, Y3 = Cie® — 0267290 + Cze™®. C22. Y1 =
= —Che® — 196’2623j + 036_2$, yo = Cre” + 146’2623c + 2036_2x,
yz = Cee®® — 3C3e™2*. C23. y; = 2Cycosx + 2C3sinz, yp =
= (C1e® +2Cycosx + 2Cssinzx, y3 = Cre® + (302 + Cg) cos T +
+ (3C3 — Cy)sinx. C24. 3y = —Cre™® + Cye**cos2x +
+ C3e** sin 2z, yo = (C3+ Cs)e** cos2z + (C3 — C)e?® sin 2z,
y3 = 2C e~ —3C2€e*" cos 22 —3C3e%* sin 2z. C25.y = —2e*(C1+
—I—Cg—l-CQ.’/U) —26790(03—04—1—0432), z = €x(Cl —|—ng)+6*‘”(03—|—
+Cyz). C26.y=3C1e*+Cy+3e %, 2= 01 +Cy+ %e_‘”.
C27. y = 3C1e* 4+ 0¢85 — 4637 2 = C1e!® + Cheb” — 3%,
C28. y = Cie* — Cre?® + %sin2x + Ecos 2z, z = Cie*® +
+ Che®r — %sin 2x — %COS 2¢. C29.y = —Ce’* — Che** — 1,
2 =2C1e3% +3Ce*™ +1. C30.y=—C1e” + 202 +3e7* 2 =
= C1e*+Che* 4P C31. y = Cre "+Cqe** —cosx—2sinz, z =
= —C1e " 4+20%e** +sinz+3cosz. C32.y = Cre *+3Cye** -3,
2= —Cie % 4+ 205¢** + 2. C33. y = C1e% + 205¢™ + 1—1062‘”,
2 = 157 4+ Che™ + 1%62‘”. C34. y = C1e5 + Chre™™ + 2,
2 = (17 — 20%e ™ — 3. C35. y = C1e% — 20, + 3¢,
2= (1% +Cy —2e*. C36.y = 3C1e* +Cy+12sinz + 3 cos x,
2= —C1e* 4+ Cy+13sinz —cosz. C37.y = Cre ® 4 3Ce™® —
—9cosx + 15sinx, 2 = —Chre™® 4+ 2C%e* + 11cosz — Tsinz.
C38. y = 01e?* + 093" + (1 + 2)e%*, z = 201> + (Cye3” +2xe?*.
C39. y = C1e® + 202e*® — (5+6x)e™%, 2 = C1e® + Cre*® —
— (T4 127)e®. C40. y = 2C1e® + Coe™™® — 6cosz + 10sin x,
2= —C1e® 4+ Cye*® + 11cosz — Tsinz. CA4l. y = 4e™% + 237,
2z = 8% — 4e3*. C42. y = 4sinbr — 2cosbx, z = sinbxr —
— 3coshr. C43. y; = €* + 3e3* — 3e™4 yy = 23 + Fe 42,
ys = 3 — €3 4 e Ca4. y; = ¥ + 2%, yp = —e 7,
y3 = e +e%. C45. y = 16e** — 2e7* — 15cos 22 + 65sin 2z,
2 = 8e?® — 45" 4 12sin 22 —cos 2x. C46. y = 10e3* —8e5* —3xe3”,
z = 8¢5 — 3e3T 4 we3®. CAT. Y| = y2, ¥h = 2y1 — 23y9.
C48. y| =y, Yy = Y3, Y3 = Ya, ¥y = —4y1+2%yo —3ys+ays+e”.
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Tema 21. Meton Eitsiepa po3B’si3yBaHHsI JIIHITHIX
OJHOPIJITHUX CHCTEM 3i cTajmMm KoedillieHTaMmu

Kopomxi meopemuyuni gidomocmi

21.1. Bunamok mpocTuxX OiiCHUX XapaKTEePUCTUYIHUX
qyuceJi. JlixiitHa omHOpiTHA crcTeMa

dypy
— _lzlaklyl, k=1,2,....n, (21.1)

ne ai,l,k = 1,2,...,n, — nmificui craji, mae pyHIaMEHTAILHY
CHCTEMY PO3B’SI3KiB, KA CKJIAIAETHCS 3 eJIeMEHTAPHUX (DYHKITIHA.

OpauM 3 MeToIiB HoOYyI0BU i€l (byHIaMeHTaIbHOI CUCTEMUI
po3B’si3kiB € Mero Eitepa. Poss’si30k cucremu (21.1) mpu ripomy
IIIyKAETbCSI Y BUTJISJIL

A A A
Y1 =me", y2 =7, o, Yn = e, (21.2)
JIE Y1572y« -+ s Yn 1 A — JedKi crasi (aificHi abo KOMILJIEKCHI), TIpu-
YOMY Y1, V25 - - + Y OQHOYACHO HE JOPIBHIOIOTH HYJIIO.

[Migcrasasioun poss’sizok (21.2) B (21.1) i cropouyoun Ha
e OlIepKYEMO CHCTEMY

(@11 — A7 +aizy2 + ... + a1y =0,
a1y + (aze — N)y2 + ... + agpyn =0,

(21.3)
aniM + an2y2 + - -+ (anpn — M)y =0,
HeTPUBIAJbLHUN PO3B’A30K AKOI iCHY€ JIMIe TOM1, KOJIU
ailr — A a2 ... A1n
as ags — A ... aon o (21.4)

an1 ana et Qpp — A
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PiBusinng (21.4) HA3UBAIOTH TAPAKMEPUCTNUNHUM DIGHAHHAM
cucremu (21.1), a #ioro KOpeHi — TapaxmMepuCMUHUMU YUCAGMU.

Hexait yci xapaxTepucTuvHi 9uciaa i, Ag,..., A, CHCTeMH
(21.1) miiicui Ta npocri. Toxi, mincrasiasiodn B cucremy (21.1) A =
=Aj, 7 =1,2,...,n, o1ep:KIUMO CUCTEMy 3 HEHYJIbOBUM DO3B’f3-
KOM 71 = 751,72 = Y425+ Tn = YVjn (paHr OTpI/IMaHOI CUCTEMU
JiopiBHIOBaTHME 1 — 1, & TOMY YUCTA Y1, Y2, - - - , Y BUSHAUATUMY-
ThCS 3 TOUHICTIO JIO CTAJIOIO MHOXKHHKA).

[Mlipcrapnasioun 3HAYEHHA 7Y1,72,...,Yn 1 A = A; y dopmy-

ay (21.2), omepumo po3s’si30K oxHOPiAHOI cucremu (21.1), sikuii
BiANOBiIaTUME XapaKTePUCTHIHOMY YHCILY Aj:

yi1 =117, yjo = 7j2€27, .., Yjn = Yine™. (21.5)

[IobymyBaBmm po3B’si3KM, sIKi BiAIIOBIAAIOTH XapaKTEPUCTH-
YHUM 9HUCTAAM A1, A9, ..., A, OTPUMAEMO (DYHIAMEHTAJILHY CH-
CTEeMY PO3B’A3KiB

A A A

y11 = y11e™t’, yi2 = y12e™, L., Yip = Yine Y,
_ A _ A _ A

Y21 = Y21€7°2%, Yoo = Y22e 2, .., Yop = Yope 2%,
_ A _ A _ A

Ynl = Yn1€ nac’ Yn2 = Tn2€ n:v’ ooy Ynn = Tnn€ nt

(21.6)
3ri/iHO 3 OCHOBHOIO TeopeMoro (J1eKIiis *) 3arajbHUM PO3B’si3-
koM cucremu (21.1) Gyme

n
ye = Civee™®, k=1,2,...,n. (21.7)
j=1

21.2. BunaJiok npocTux KOMIIJIEKCHUX XapaKTepUCTU-
gyHUX 4ucesa. [Ipumnyctumo, 1mo Bci XapaKTepUCTUYIH] TUC/Ia CH-
cremu (21.1) pisHi, ane cepe HuX € KoMItekcHi. Hexait a 4 ib —
r1apa KOMIIJIEKCHO-CIIPSI?KEHNX XapaKTEPUCTUYHUX YUCEJ CUCTEMU
(21.1). o6yayBasim po3s’si30k Burisiay (21.2), skuii Bignosigae
qucity @ + tb, i BiTOKpeMUBIIN B HbOMY JificHI Ta ysBHI YaCTUHU,
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OIEPKUMO JIBa MIifiCHI JiHINHO He3aeKHI TaCTUHHI PO3B’SI3KHU CH-
cremu (21.1). Po3’sa3ku, sKi BiIOBIIAIOTH XapaKTEPUCTUIHOMY
qucsty a — b, OyayTh JHITHO 3a/Ie2KHIMU 3 PO3B’I3KaMU, SKi Bif-
MIOBIIAIOTDH 9HCIy a + 3b.

21.3. Bunagok KpaTHUX XapaKTE€PUCTUIHUX UYUCEJI.
Hexait cepen xapakTepucTuIHUX 4Uucesa € KpaTHi. Tomi auciay A;
KPaTHOCTI S BiITOBiae PO3B’SI30K BUIJIALY

Y1 = Pl(x)eAlxv Y2 = PQ(x)€A1x7 ceey Yn = Pn(x)eklxa (218)

ne Pi(x), Py(x), ..., Py(x) — MHOrOWIeHH CTelleHsI HE BUIIOTO,
HiK $—1 (BOHE MOXKYTb BUPO/KYBATHUCD Y CTAJI YHUCJIA), TIPUIOMY
cepe KoediIieHTiB IMX MHOTOUJIEHIB § KoeillieHTiB € JTOBiIbHU-
MU, & iHII BUPaXKaloThCS Yepe3 HUX.

3 IPAKTUYHOI TOYKH 30Dy JIJIsi 3HAXOJZKEHHSI PO3B’S3KY, 110
BiZIIIOBi/Ia€ XapaKTEPUCTUIHOMY UHUCIAY A1, HOTPIOHO IIIyKaTu
posB’s30K y Buraami (21.8), sBaxaroun Pi(x), Pa(z), ..., Py(z)
mMuorowreHamu (§—1)-ro crerenst 3 HeBu3HadeHNMHU KoedirienTa-
M, 1 migcrasisoan 1x B (21.1), Bupasuru yci koedirientn epes
§ 3 HUX, Kl 3aJIUIMIAI0THCA JTOBIJILHUMH.

Hexaii xapakrepuctinannmu qncaamu cucremn (21.1) € a £ bi
KpaTHocTi § KoxkHe. Tomi, mobyayBaBIn § JIHIHHO HE3aJIE€KHIX
KOMILJIEKCHUX PO3B’SI3KiB, sIKi BiAIOBimaroTh duciay a + bi i Bia-
JUIMBINY B HUX JUMCHI Ta YsIBHI YaCTUHU, OJIEPXKUMO 25 JIHCHUX
JIIHITHO He3aJIeXKHUX JaCTUHHHUX PO3B’s3KiB. Po3B’a3km, siki Bif-
MTOBIIAIOTH YUCay a — bi, OyAyTh JIHIHHO 3a/I€KHUMH 3 PO3B’sI3-
KaMmu, 10 BiANOBiIa0Th Yuciay a + bi.

Pose’sa3ysarna munosux enpas i 3aday

NKJIA .1. 3HaliTu 3arajgpbHuil PO3B SI30K CHUCTEMU
IIp o 21.1. 3 pO3B’

y' =5y + 4z,
2 =4y +5z.

Pozg’azarns. 1lobynyemo xapakTepuUCTUIHE DIBHSHHS 1 3Ha-
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1eMO XapaKTEePUCTUYHI YncCIa:

5-A 4 | _,
4 5-X|
M —10A+9=0 = M =1, \=0.

CkiasieMo cucreMy JjIsl 3HAXOPKEHHST IUCes Y1 1 Yo, SKi Bij-
noBigaoTs Aj. 3rigHo 3 (21.3),

4v1 +4v9 =0
] i a0 Y1 =72
4y1 + 479, =0
Opnre 3 gucen <1, o MOXKHa BHOparu j0BiibHO. Hexait v = 1,
Tomi 9 = —1. TakuM YuHOM, XapaKTEPUCTHIHOMY UHCTy A1 = 1
BiZmoBiztae po3B’sI30K cuctemu y; = €, 23 = —e”.

AHajioriuybo, po3B’sI3yI0Un CHCTEMY, K& BIJOBiIae XapakTe-
PUCTUYIHOMY YUCTY Ao = 9:

{ _471 + 472 = 07

= = 79,
dy1 — 4y =0, =

3HAXOJUMO, IO Y1 = 1, 2 = 1, a Tomy "uciay A = 9 Binmnosinae
JACTUHHII PO3B’SI30K Uy = €77, 29 = €97,

Brigno 3 (??7) 3anmucyemMo 3arajbHUN PO3B’sI30K
y=Ce® + e, z2=—C1e"+Ce"". N
Ilpukman 21.2. 3uaiitu po3B’I30K CHCTEMU

y =2y -z
2=y + 2z,

SIKHi 33/10BoIbHs€ ogaTkosi ymosu y(0) = 0, z(0) = 1.
Pose’sazarms. XapakTepuCcTUIHe PiBHSHHSI

2—-X -1
1 2—-A

‘_0 = AN —4\+5
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Ma€ KOMILIEKCHO-CIIPsIzKeHI KopeHi A1 o = 2 & 4. Po3B’A30K, aKuii
(2+i)x (2+14)x

BIAIOBITa€ IUCTYy A1, M€ BULTISI Y = Y1€ , 2= o€ , IIe
Y1, Y2 3HAXOIUMO 3 CHCTEMU
—im—72=0, 11 —ire=0.
Tloxknanarounm y; = 1, 3HAXOIUMO Yo = —%, & TOMY KOMILIIE-
KCHIM pO3B’si3KoM € y = e2T9% » = —j ()2 Bjnoxpemmooun

ificHl Ta y4BHI 4aCcTUHU, OAEPKYEMO ABa JiMcHI pO3B’A3KU:
pis y , OLIEPXKY ABa I p

2

y1 = e“Fcosx, 21 = e?

2

Tsinz;  yo = eXsinz, 2 = —e?

T cosx.

11i poss’si3ku € siniiino Hezastekunmu (iXHiit BpoCKiaH BiaMiH-
HUH BiJl HyJIs1), & TOMY 3arajbHUM PO3B I3KOM €

Y= 62“"(01 cosz + Cysinx), z= e2$(01 sinz — Cy cos z).
BpaxoByioun nmouarkosi ymoBu, osiepxkyemo 3uadenus Cp = 0,
Cy = —1. TakumMm guHOM, PO3B’sI3KOM 3ajaHol 3a1a4i Ko €
y=—esinz, z=e*cosz. A

Ilpuknazn 21.3. Suaiitu 3arajbHmil PO3B’I30K CHCTEMU

Yy = Y2 + Y3,
yh = y1 + 3,
yh = y1 + Yo

Po3se’azarns. 3HaAXOIUMO XapaKTEPUCTUYIHI TUCTIA:

-2 1 1
I =X 1 [=0 = NM-31-2=0= M\ =2 A3=—1
11 =

Kopento A\; = 2 Bianosijae cucrema JBOX piBH#AHB (Tpere €
HACJILJIKOM JIBOX TIEPIINX ):

271+ 72+13=0, n—27%+3=0.
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Opun 3 11 posp’a3kiB: y1 = 1, 79 = 1, v3 = 1. Tomy

1 _ 22 (1) _ 20 (1) _ 2%
Yy =€ Y =€, Ys' =¢
€ PO3B’SI3KOM CHCTEM.
XapaKTepUCTUIHUM 4ucjiaaM A2 3 = —1 Bijnosizae ogme pis-

HstHHA (Apyre i Tpere 36iraloTbest 3 HUM) Y1 + Y2 + 3 = 0. Bu-
Oepemo Ba JIHINHO He3a/IeXKHI PO3B’SI3KU IILOTO PIBHSHHS, Ha-
npuknag, y1 = Ly = 0,73 = -117m = 0,2 = —1,793 = 1.
Koxmomy 3 HUX BiAIOBiae OguH PO3B’SI30K:

g =er, g =0, g = —e
3 3 —z 3 —z
y§):07yé):_€ 7:'-/:(3)26

BiamosizHo. OCKIIBKY, SIK JIETKO [TOKA3aTH, BPOHCKIAH 3HANIEHNX
PO3B’s3KiB BiAMIHHUI BiZl HYJISA, TO

TO BOHHU yTBOPIOIOTH (DyHIaMEHTAIbHY CUCTEMY PO3B’SI3KiB, & TO-
My 3arajbHUM PO3B’SI3KOM CHUCTEMU €

Y1 = C’162Qc + Che™, g9 = 016238 — (C3e™ 7,
Y3 = C’162Qc — Che ™ 4+ Cze™ ",

Ilpukaazm 21.4. 3uaiitn GyHIaMEHTATIBHY CUCTEMY PO3B’si3-
KiB 1 moOy1yBaTH iHTErpajibiHy MaTPHINO CUCTEMH JuepeHIiaib-

dy —
HUX DIBHSAHBb (MATPUIHOIO PIBHSHHS) e AY, ne
x

4 -1 -1 Y1
A=[1 2 —=1|, Y= 1w
1 -1 2 3

Po38’sa3arHsa. XapaKTepUCTUIHUMUI YUCTAMHU, SIK JIETKO TIePEBi-
puUTH, € A1 = 2, Ay 3 = 3.
JL1st IpocTOro KopeHsi A = 2 MaeMO YaCTHHHHUN PO3B’SI30K
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Ilincrapsioun y BuUXigHe MaTpUYHE PIBHAHHS, OIEPAKYEMO
CUCTEMY PiBHAHD

2a1 :4a1—a2—a3, 2a1—a2—a3:0,
2a9 = a1 + 2a9 — as, = ap —ag =0,
2a3 = a1 — as + 2a3 a1 —ag =0

OueBuano, 1m0 a1 = as = a3. Hexait a1 = as = ag = 1. Toxni

Jli1s1 IBOKPATHOTO KOPEHs Ag 3 = 3 MaeMo:

_ o + P
YQ:,(.CU) = a9 + ﬁQ% 63x =
az + B3z
d?zg(x) b1+ 3a1 + 3612

= | Bo+3as+3Bx |
B3 + 3az + 3[3x

i s Bimmykannsa craaux (1, B2, B3, 1, 2, (3 OIEPKYEMO CH-
creMy

dx

B1 + 3a1 + 31> = 4oy + 4517 — g — Box — a3 — B3z,
B2 + 3ag + 3f2x = a1 + Bz + 200 + 222 — a3 — Bax, =
B3 + 3az + 3831 = a1 + Bix — ag — fox + 203 + 2P3x

B1— B2 — B3 =0,
ap —ag —ag— 1 =0,
B1— B2 —p3 =0, N B1=P2=P3=0,
al—ag—ag—ﬁgzo, al—ag—agzo.
B1— B2 — B3 =0,

(| a1 —ag — a3 — B3 =0,
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Bubepemo onmun paz a3 = as = 1,a3 = 0, a napyruit pa3z —
a1 =ag =1,ay = 0. Tomi

1 1
Yo(x)=| 1 | ¥, Yi@)=| 0 |
0 1

st mepesipku Toro, 1o Bektopu Y 1(x), Ya(x), Ya(x) € mi-
HINHO HE3AJICKHUMU, OOIUCIUMO IX BPOCKiaH:

e2x 63x 631

111
W(x)=1]e>® & 0 |[=11 1 0|#0.
e 0 e 1 01

Takum gunoMm, Bekropu Y1(z), Ya(x), Ys(z) yrBopromorh
dyHIaMEHTAJIbHY CHCTEMY PO3B’sI3KIB 3a1aHOI CUCTEMH, &

6236 63;16 e3:v

Y(z)=| €2 & 0

— IIyKaHa iHTerpajbHa maTpurgd. W
Bnpasu, pexomendosani das aydumoproi pobomu

Buaiitu MeTomoMm Eitepa 3arajibHUI PO3B’SI30K CUCTEMU IPY-
T'OTO TIOPSIJIKY.

I

Al { Z’ ; Zz —zl’ly.
r_

A { TR
r_

A3. { Z’ ; éiy4g—/|_—524’z
I,

R el

M
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/
Y =z—2y,
AG. { 2 =2z —4y.

Buaiitu Merosnom Eitsiepa 3araibHuii pO3B’S30K CUCTEMH TPe-
THOrO MOPAAKY (A1, A2, A3 — XapaKTePUCTUIHI TUCIIA).
Yy = 3y1 + 12y2 — 4ys,
A7. yézyg—yl—Syg, )\1:1,)\2:2,)\3:3.
Y3 = 6ys — y1 — 12y,
Y1 = 2y1 — Y2 — Y3,
AS8. yé == 12y1 - 4y2 - 12y3, )\1 == O,)\Q == 1,)\3 = 2.
Yy = —4y1 + y2 + 5ys,
Y1 = 3y1 — Y2 + Y3,
A9. < vh=uy1 +y2+ys, A =1, =2XA3=5.
ys = 4y1 — y2 + 4ys,
Y1 = 2y1 — Y2 + 23,
yé = + 2y3, )\1 = 1, )\273 = +1.
Y3 = y2 — 21 — Y3,
Y1 =Y1— Y2 — Y3,

Alo.

All. yé = Y1 + y2, AL = 1,)\2,3 =14 2s.
ys = 3y1 — ¥3,
Y1 = 2y1 + Yo,

A12. yé =1y + 3y2 — Y3, )\1 = 2, )\273 =3+
Y5 = 2y2 — Y1 + 3y3,

Yl =y1+ Y2 — ys,

Yy =—y1+2y2 — Y3, Ai2=2,A3=3.

yh = 2y1 — y2 + 4ys,

Yi =2y1 — y2 — Y3,

yh =3y1 —2y2 — 3y3, A1 =0,M3=1.
yh = 2y3 — y1 + Yo,

Y1 = —3y1 — 3,

yp = —4y1 — 2y2 — 3y3, A2 =—1,A3=0.
ys = 4y1 + 2y + 3ys,

A13.

Al4.

A1l5.

———————/
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YL =21 — Y2 — U3,

A16. { vy =2y1 —y2 —2y3, Ai23=1.
ys = 2y3 +y2 — Y1,
Y1 = 2y1 — Y3,

A17. vh = y1 — Yo, A3 =0.
Y3 = 3y1 — y2 — ¥,

SuaiiT po3B’si30K 3aga4i Korri.

/
Yy =y+z, _ o
A18. { =z — 9y y(0) =0, z2(0) = —1.
/
Yy =3y —z _ _
A19. { = 10y — 4z y(0) =1, 2(0) = 5.
/
Yy =2y—z _ _
A20. { Vg9 VO =12(0)=1
/
v1 = 8y, 0) = —4, 15(0) = 0
A21. y, _ _2y3’ yl( ) 73/2( ) )
, (0)=1
Y3 = 2y1 + 8ya — 2y3; Yail) = =
A —
1= 251 = Y2t s, y1(0) =0, y2(0) = 0,

A22. yh = Y1 + Y3,

Y5 = Y2 — 2y3 — 3y1; ys(0) = 1.
IlobynyBaTu imTerpajbHy MATPUIIO CUCTEMHU Ccll—); = AY, ne
Y = (y1,v42,93)", a A — 3anana marpuns.

1 -2 -1
A23. A= -1 1 1

1 0 -1

2 -1 -1
A24. A= 2 -1 -2

-1 1 2

2 1 -1
A25. A= -1 0 1

1 1 0

Bnpasu, pexomerndosari 0as 0oMawHb020 3a80aGHHSA
i camocmitinot pobomu
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BiaTerpyBaru cucreMy mMeTonoMm Eitiepa.

2 =6y +T7z.
y =10y — 62
C2. {z—l8y—llz
v =y+z
C3. {z —10y — 2
y =2y -3z,
C4{z-3y+22
/
y=y—2=z
C5.
{z/—y—l—Sz
/
y =6y +z,
6. {Z——16y—2z
vi =1ty — s,
C7. ?/2—?/1 Y2 + 3,
Ys = Y1 — 3y2 + 3ys.
Y1 = 2y1 — y2 + ys3,
Cs. y2:y1+2yz—y3,
Y3 = Y1 — Y2 + 2y3.
yl_yl Y2 + Y3,
C9. ¥y =v1+y2—ys,
Y3 = 2y1 — Yo.

Yy = —3y1 + 4y — 2y3,
C1o0. Yo = y1 + y3,

y3 = 6y1 — 6y2 + 5ys.

Yy = y1 + 4y2 + 4y,
C11. v =y1 + 3y2 — y3,

y3 = —3y1 + 4y2 + 8ys.

Yy = 21y1 — 8y2 — 193,
C12. { yy = 18y1 — Ty2 — 15y,

y3 = 16y1 — 6y2 — 15y3.
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Yi = y3 — 3y1,

013. yé = 2y3 — 3y2,
ys = 3y1 — 2y2 — 3ys3.
Yy = —Y2 — Y3,

Cl4. { yy =y1 + 2,

y3 = dy1 +y2 + 2y3.
Yy =4y — Tyo — ys,
Yo = 2y1 — 3y2 — Y3,
Yy = —2y1 + 2y + 3ys.
Yi = 2y1 — y2 — Y3,
yh = 3y1 — 2y2 — 3y3,
ys = —y1 + Y2 + 2u3.
Y1 = 3y1 + 2y2 — 3ys,
yh = Ay1 + 10y, — 12ys,
Y3 = 3y1 + 6ya — Tys.
YL =y1+ Y2 — s,
Yo = 3y3 — 3y1 — 3y2,
Y3 = 2y3 — 2y1 — 24a.
Y= —2y1 + Y2 — 3,
C19. { vy =2y1 — 2y2 — y3,

Y3 = 3y1 + 2y2 — 5ys.
SuaiiT po3B’st30K 3aga4i Korri.

/
Yy =2y+z, _ o
C20. Y=yt 2e y(0) =1, 2(0) = —1.

=2y — 2,
Ve, VO =-1,20)=3

C15.

C1e6.

C17.

C18.

—l—

C21.

Y =2y+2
2=y — 3z

— + z,
vty w0 =120 = 1.

/
Y1 =y1 — Y2 + s, _ _
y1(0) =3, y2(0) = 0,
C24. yh =y2 — Y1 + ys,
ys = 3ys — Y1 — y2;

C22.

C23.

— — =~
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/
Y1 = Y1 — Y3, _ _
y1(0) =1, 2(0) = 1,
C25. { vho=1y2+ys, 0) = -1
Yh = —vy1 — Y2 — ys; Y3ty = —+
/
Y1 = y1 — 2ye, _ _
y1(0) =0, y2(0) = —1,
C26. ¢ vo=—y1 —y2— 23, 0) =1
Y5 = Y2 + ys; Yait) = &

/
Y1 = Y1 — Y2 — —
y1(0) =0, y2(0) = 1,
C27. yé =1y + ys3,

Y3 = Y1+ Ys; ys(0) = 1.
B IlobynyBaTu imTerpajbHy MATPUIIO CUCTEMHU % = AY, ne
Y = (y1,y2,y3)7, a A — 3amana marpus.
2 -1 1
Cc28.A=(1 2 -1
1 -1 2
4 -1 0
C29. A= 3 1 -1
1 0 1
0 1 1
C30.A=(1 0 1
2 21
2 0 -1
C31.A=(1 -1 0

3 -1 —1
C32. 3uaiitn BCi HECKIHYEHHO MaJii PO3B’SI3KU 1IPU T — +00
PO3B’SI3KH CHCTEMU

Yy = 3y1 + y2 — 3ys,
Yy = 9y3 — Ty1 — 2y2,
ys = 4dys — 2y1 — yo.
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Tema 22. Jliniiini HeogHOPiAHI cucTeMu
audepeHIiaIbHUX PiBHAHb

Kopomxki meopemuyuni gidomocmi
22.1. Meton, Bapiatii goBitbHUX cranaux. /lisa inrerpy-
BaHHS JIHIAHOI HEOHOPITHOI CUCTEMU

/

y1 = pui(@)yr + pi2(@)y2 + ...+ pin(@)yn + fi(2),
Yy = pa1(x)y1 + pa2(x)y2 + . .. + pan(z)yn + fo(z), (22.1)

Y, = Pn1(2)y1 + pr2(2)y2 + ... + Ppn(@)yn + fr(z)

yV BUIAJKY, KOJU BJAE€THCSA 3IHTErPYyBaTH BIIIIOBIIHY OJHOPIITHY
CHUCTEMY, MOXKH& BWKODPHCTOBYBATH METOJ, Bapiallil JOBLILHUX
crammx (Mmertorn Jlarpanxka).

PosB’s130k iHiitHOT HeoqHOPIIHOT cucremu (22.1) mykaemo y
BUTJISAI]

n
vk =Y Ci(x)zjn, k=12,....n, (22.2)
j=1

ne zj, = zjk(x), j,k =1,2,...,n, — nedka pyHIaMeHTaIbHA CH-
cTeMa PO3B’sI3KiB OJHOPIIHOI cucTeMu

n

de
= > pri(@)z,  k=1,2,....n, (22.3)
j=1
a Cj(x), j=1,2,...,n, — nmesaxi memepepsHo nudepeniiioBHi
dyHKIII.
Oyukuil Cj(x), j =1,2,...,n, 3HAXOIAT 3 CHCTEMH
n
D Ci(@)zip = frl(z), k=1,2,...,n. (22.4)
j=1

22.2. Meron HeBu3HaveHuUx kKoedilieHTIB. Ko ¢pyH-
kil fi(z) y cucremi miniitnux audepeHniaabHuX piBHSAHB 31 cTa-
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JUMHU KoedilieHTaMu
dy -
k
— :Zlakjyj+fk(x), k=1,2,...,n. (22.5)
]:

CKJIAJIAIOTHCA 3 CyM 1 100y TKiB Gararounenis P, (z) = po+p1x+
+ ... 4 pma™ Ta dyskIii e, cos fx, sin fx, To 11 YACTHHHMIA
PO3B’SI30K MOKHa, IIYKATH METOAOM HEBU3HATYEHUX KOEIIiE€HTIB.
3okpema, SIKIIO

Fil@) = Py (),

ae Pp, (z) — GaratowieH creneHs my, TO YaCTHHHUN PO3B’sI30K
cucremu (22.5) TOTPIGHO TIyKATH Y BUIJISAI

(i) -
Vi = Quuys(w)e®™, i=1,2,...,n, (22.6)
e QSLLS(w),i = 1,2,...,n, — GaraTowICHN CTEICHA M + S 3
HeBigoMuMu Koedinientamu, m = max(mi, ma, ..., mg); s = 0,

SAKITO (v HE € XapPaKTEPUCTUIHUM YHUCJIOM, 1 S JIOPIBHIOE KPATHOCTI
[[BOTO IHCJIA, SIKIIO (r € XAPAKTEPUCTUIHAM TUCJIOM (SKIIO TOIHi-
1I1e, IUCI0 M+ S Ha M OIUHUIL OLIBINE Bil HARBUIIIOTO 31 CTEIIEeHIB
OaraTowJIeHiB, Ha sIKi MHOXKATHCS €KCIOHEHTH e’ y 3arajJbHOMY
PO3B’sI3Ky BIJIIIOBIIHOT OJIHOPIHOI cuCTEMHU).

Hesinomi koedimientn 6ararotienis QSLLS (r) BH3HAYAIOTH
NIpUPiBHIOBAHHAM KOeDIIieHTiB Ois BiAIOBIAHUX MOMAHKIB ITiC/Isd
nijcrasiasanns (22.6) y cucremy (22.5).

AHaJIOriYHO BUBHAYAIOTHCS CTElleH] HaraTowIeHIB y BUIAIKAX,
Koy yHKIil fi(z) y cucremi (22.5) mictars GyHKIil e** cos S
i e* sin Bz, a anciao a + Bi € abo He € XapaKTEePUCTUTHIM.

BarasbpHuii po3s’si30K HeonHOPIAHOI cuctemu (22.1) nopiBHIOE
cyMi 3araJbHOTO PO3B’SI3KY BiAMOBIAHOI OIHOPIAHOI CHCTEMH 1 J10-
BIJIBHOIO YaCTHHHOIO PO3B’sI3KY HEOJIHOpinHOI cucremu (22.1).
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Pose’sa3ysarHsa munosuxr enpas i 3aday

Ilpuksam 22.1. 3iHTErpyBATH CUCTEMY

/ e’
Yy = -3y — 4z + =,
{z’ = by + 6z. o (22.7)

Pozs’sazarnsa. 3HalineMo po3B’si30K BiAOBIIHOI OIHOPIAHOI cH-

cremMnmn ,
y = -3y —4z,

meronom Eitnepa. XapakTepucTUdHe PIBHAHHS

-3-X -4
) 6— A

Mae KopeHi A1 = 1, Ao = 2. XapaKTepucTUIHOMY YUCIy A1 = 1
BiJIIIOBiIa€ cucTeMa PIBHIHD

—4y — 4y =0,
571 + 972 =0,

3BIIKN MaeMO, HAIIPUKIAMI, 1Mo 1 = 1, 79 = —1. XapakTepucru-
YHOMY YHCIY Ao = 2 BiIIIOBimae cucreMa PiBHIHBb

=571 — 42 =0,
571 + 4’72 =0,

JKY 3aJ0BOJIbHAIOTh, HAPUKIAMI, duciaa 1 = 4, v9 = —5. Tomy
PO3B’s130K OfHOPiHOT crcTemu (22.8) MOMAETHCS Y BUTJISA

Yo = Cie® + 402€2x, 20 = —Cre” — 502621.

Posp’st30k HeomuOpiaHOl cucremu (22.7) GyaeMo IIyKaTu Me-
TOJIOM Bapiallil JIOBIIbHUX CTAJNX Y BUIVIS/I

y = C1(x)e® +4Cy(x)e*®, 2z = —Ci(x)e” — 5Cy(x)e*®.
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Oynxnii C1(z) 1 Co(z) 3naitnemo 3 cucremu (22.4):

O (2)e” + ACh(z)e*™ = £~
—C}(x)e* — 5Ch(x)e*® = 0.

Ockiabkn

€
Chla) = —=—

TO

d —*d
Cl(x)—5/ ° —5/16+ei = —5In(e™* 4+ 1) + C1,

e Tdx e 2 dy e *d(e™")
C2(x)__/ew+1 __/1+e—x _/ e r+1
=e *—In(e®+1)+Co.

Otxe, po3B’si30K cucremu (22.7) 10A€THCST y BUIVISL:
y=(-5In(e™ +1)+Ci)e” +4(e™™ —In(e™™ + 1) + Cg)e%,
z=—(=5ln(e™® +1)+Cy)e* —5(e " —In(e™™ + 1) + Cg)e%.

[Ticast po3KpUTTS TyKOK OYIEMO MATH:
y = —5e"In(e® 4+ 1) + C1e® + 4e® — 4e*" In(e™™ + 1) 4 4Coe?,
z=5e"In(e™ +1) — C1e” — 5e® + 5> In(e™ 4 1) — 5Coe**. W

Ilpukman 22.2. 3iaTerpyBaru cucTeMy

/:2 4 x
{y y + 4z + 57, (22.9)

2 =2y + 4z + 3.

Pozs’sazannsa. 3HalineMo po3B’si30K BiAOBIIHOI OJHOPIAHOI cr-
cTeMn

/
{y =2y +dz, (22.10)

2 =2y +4z
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METOJIOM BUKJIIOYEHHSI. 3AU(EPEHIIIOEMO IePIIe PIBHAHHS CUCTE-
mu (22.10) i migcraBumo 3amicTs 2’ Bignosianuii BUpas i3 Apyroro
PiBHSIHHSI:

y' =2y +42 = ' =2y +8y+162.

3 mepIrnoro piBHsIHHSI BHPA3UMO Zz depe3 Yy 1 MiJICTaBUMO B
OCTaHHE OTPUMAaHE PiBHAHHSI:

oy =2y
z =

1 = ' =2/+8y+4y -8 =

= " -6y =0. (22.11)

Ockinbkn xapaxrepucruune pisusuus k> — 6k = 0 Mae Kopesi
k1 =0, ko = 6, T0 3arajbHIM pO3B’st3kOM piBHAHHS (22.11) €

y = Cy + Coe®®.

!
) .
Tenep, Bpaxoytoum, mo z = £~ snaxomumo dynxmio 2:
Cy
2
Ilicns nepenosnadennst crajol Cp poO3B’sI30K OXHOPIAHOL CH-
cremu (22.10) 3anmcyemMo y BHIVISII:

z = + Cyeb”.

yo = 2C + 2%, 2y = —C + Coe®®.

YacTuHHUI PO3B’sI30K HEOMHOPiIHOI cucTemu (22.9) 3Haiiie-
MO METOJIOM HeBM3HadeHuX KoedimienTis. BpaxoByoum BuIIsi
byukuiit f1(z) = 5e® i fo(r) = 3, yacTuHHUN PO3B'A30K Y1, 21
HEOJHOPITHOI CHCTEMH Yepe3 HeBH3HAaYeHI KOeillieHTH 3alulie-
MO Y BUIVISI

y1=Ae* + Bx+C, 2z =De*+ FEx+ F. (22.12)
[Migcrasnsoun (22.12) y 3a7aHy cuCTEMY, OJEPKYEMO:

Ae® + B = 2Ae" +2Bx + 2C + 4De” + 4Ex + 4F + 5¢e7,
De® + FE =2Ae" +2Bx + 2C + 4De” + 4Ex + 4F + 3.
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0

IIpupiBaioroun koedirmientu 6ing e*, x 1 ° B 060X YacTHHAX

IITX TOTOXKHOCTEH, OJIEPKYEMO BiJITIOBITHO:
e* ' A=2A+4D +5, €*|D=2A+4D,

z|0=2B +4F, x|0=2B +4F,
2°| B = 2C + 4F, 2°| E = 2C 4 4F + 3.

OTpuMmaHa cucTeMa Ma€ JIUIe II'siTh JIHINHO HEe3aJEeXKHUX PiB-
HeaHb. Po3B’a3ytoun i1, oTpuMyeMo:

A=3, B=-2 C+2F=-1, D=-2, E=1.

[Tokagemo, nanpukiaad, F' = 0, toni C' = —1, a ToMy 9acTUHHAM
PO3B’SI3KOM HEOHOPIIHOI CUCTEMU €

yp=3e" —2x—1, 2z =—-2e"+u,
a 3arajJbHUM PO3B’SI3KOM —

y=2014C2e% +3e" — 22 —1, 2=—-C1+C2% -2 +2. W

Ilpukman 22.3. Sanucarn YacTUHHUI PO3B’SI30K 3 HEBU3HA~
yeHUME KoedilieHTaMu (He IIyKAKUu iX) CHCTEMH

(22.13)

y' =4y — 2+ xe3® + e sinwx,
2 =y + 2z + ze3® cos .

Pose’sazanns. 3HaiiieMo XapaKTEPUCTUYHI YMC/Ia BiAIOBIIHOT
OJTHOPITHOI CHCTEeMU:

‘ 4—k -1

— 2 _ — — —
) Q_k‘_o = K —6k+9=0 = ki =k =3

63;16 3x

V cucremi (22.13) aaa dbymxmiit xe®®, 3% sinx, ze
cia « + (i BiAIOBIIHO MOPIBHIOIOTH 3, 3 + ¢, 3 + ¢. Tomy okpemo
3HANIEMO JACTUHHI PO3B’SI3KHM CUCTEM

!/ - 3z
{y—4y z + ze’®, (22.14)

COS T 49U~

2 =y+2z
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/I - 3T o
{y—4y z+e’*sinz, (22.15)

2 =y +2z+ xe cos .

Host cucremn (22.14) a+ i = ky = ke =3, s =2, m = L.
BrigHo 3 (22.6) 11 yacTUHHUN PO3B’A30K MOTPIOHO IIYyKATH y BH-
DTS T

y1 = (az® + bx? + cx + d)e’?,
21 = (f2* + go* + ha + p)e®”.

st cucremn (22.15) a+ fi=3+i# k12, s=0,m=1,a
ToMy 11 9aCTUHHUI PO3B’SI30K Mae BUTJISIT

y2 = (Az + B)e3* sinz + (Cz + D)e*” cos z,
2o = (Bx + F)e? sinz + (Gx + H)e cos z.

Tozi wacTunHIit po3B 530K cucremn (22.13) 3aIUIeTbCs y BATIA-
Ii:
y=y1+y2 z=z1+2z B

Bnpasu, pexomendosani das aydumoproi pobomu

3iHTerpyBaTu CUCTEMU METOJIOM Bapiallil JOBIILHUX CTAIUX:
’ . 3
Al. {y - Sy 62 + cos 3z

2 =3y — 3z.
[ —
A9 {y/ =3y 222,

2 =8y — 4z + 15\/x.
/
= 1
Ad. {y, =EtL
. Z=-y+ sing o .
BinTerpyBaTn cuCTEMHU METOJIOM HEBU3HAYEHUX KOehillieHTIB:
! 3z
Yy =2y + 3z + 4e°%,
A5.
5 {z/ =y +4z — e?®,

[ i
o
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AS. -5y + 5z,
2! —y—z+37c0sx

AT, {y,—2y—32—26
z =1y +6z.

I
AS. {y =Ty + 2z,

2 =2z — 2y + 36x.
SuaiiTun po3B’si3ku 3aa4 Kori:

A9. {Z _22328”1 Doy0) =1, 2(0)=2.

y =z-Ty, _ _
A10. { _ —3y 35+ 80ekT y(0) = -1, z(0) =5.

Bnpasu, pexomendogari 0as 0oMawrHb020 3a80aGHHSA
i camocmitinot pobomu

3iHTerpyBaru CHCTEMH METOJIOM Bapiallil JOBLIbHUX CTAJIMX:

= —y — 22z,
C]_. y/ y 631

Yy =
C2.
{Z :16y+sm4a}
Yy =z—2y+zxlnz,
C3. {z :2z—4y—|—2:):1nx
2 —4z—4y—|—ez+1
C5 y _2y+2z+ex+17
2= —y— 2z
— 2y —
C6. {y y3e_f
Z=y+ =
o, y—2,z—y-|—15e:”\/_
2 =3z —2y.
CS8. y 5y 6Z+c053:t’
2 =3y — 2.
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=z+tglr—1,
=—yttgzr.

&

co. Y
z
! — 3y + 22,

:—2y—z+2ﬁ.
/
Y =2y+z—Inz,
C11. 2= —4y—2z+2Inzx.
C12. {y =7+ g

=Y.
3iHTerpyBaTu CUCTEMHU METOJOM HEBU3HAYMEHUX KOeMIIieHTIB:

/ Tx
y:5y—z+126 ,

Y —y+22+290082x

C20.
C21.
C22.

C23.

C14. {z = 6z — 2y — 58sin 2x.
Yy =2y+4z+4e7 7,
C15. {z =z — 12ze".
/ T
y =3y — 2+ 4e”,
C16. {z'——5y—z—e$.
/
y =3y + 5z,
c17. {z’:2y—8281n4:c
[ —
C18. {y/—5y+5z 6,
Z=y+z.
C19. y =4y + 3z + 5z,
2 =y+22+4.
{z/—2z—2y,
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/
Yy =2y+z,
C24. {z’ =4z —y + 237,

Buaiitu po3B’s3ku 3asa4d Kormi:
25 {y' =z + 15vx + 2e7 %,

2= —y—2z

; 6395
c26. Y =T 1)=0, z(1)=0.
{22 % w=0 s
!/ 3 xT
cz7.{y,_'z+28vx+1€’ 0)=1, 2(0)=3
2= —y+2z,
/ x
Yy =y + 224 4e”, _ _
C28. {Z,:GZ_Q% 0)=3, 2(0)=2
/ 4x
Yy =z — Ty — 10e™”,
C29. {Z——3y—32—1064x y(0) =4, 2(0)=2
/
y =3y — 2z, - _
C30. {Z/_Qywwegx’ y(0) =5, =(0)= 6

Bionoeiodi

Al. y = Ci(cos 3z —sin 3x) + Cy(cos 3z +sin 3z) 4 3z cos 3z +
+3z sin 3z +I1n | cos 3z|-(cos 3x—sin 3x), z = Cj cos 3x+C4 sin 3x+
+ 3z sin 3z + In | cos 3z| - cos 3x. A2.y = 2C1e* + (Cy — 2)e* +
+(4€® —4e2®) - In |1 —e~%|+2, z = C1€2* + Coe® + 3+ (4e® —2e27) x
xIn|l—e%|. A3.y=2012+Co—822\/x, z = 4C12+2Co—C1 +
+10z/z—1622\/x. Ad.y = Ccosz+Cysinz+In|sinz|-sinz—
—xcosz, z=—Cysinx+Cycosx+In|sinz|-cosx +xsinz — 1.
A5,y = C1e5 — 309" + 3% + 2%, 2 = (C1e°® 4 Cye® — €37,
A6. y = —5C1e7 % 4 Cy +30sinz — 5cosz, z = Cre % + Oy +
+ 3lsina + cosx. AT7.y = —3C1e3 — 097 + (1 — 32)e’?,
2= (163 + Cred® + ze3%. A8. y = —2C1e5 — Cre®® 4 4 + 2,
2z = (15 4+ 2093 — 142 — 5. A9. y = —2cosx + 2sinx +
4+ 3cos3x + 12xsinz, z = 2cosx — 10sinx — sin 3z + 12z cos x.
A10. y = e — 2e7% 7 = 11e*® — 6e™4*. Cl. y = 2C1e*® +
+ Cae® — 2e** arctge® + €% In(e?* 4 1), z = —301e** — Coe® +
+ 3e%® arctg e® — % In(e?® 4+ 1). C2. y = C cosdx + Cosindx —
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— In|sindx| - sindx 4 4z cosdx, z = 4C) sindx — 4Cy cos 4o +
+41n|sin4z|-cosdx+ 16zsindz. C3.y = Ciz+Co+ 12’ lnz—
- ixQ, z=2C1x + Cy+2Cy — %xQ +2%lnz. C4.y = C1e** +
+ Oy —In(e™® 4+ 1), z = 2C1e** + Oy —In(e ™ +1). C5.y =
= —2C1e" —Cy —2e"In(e ™+ 1) —In(e* +1) + 1, z = Cre” +
+Co+e"In(e™ +1) +1In(e* +1) = 1. C6.y=e*(Crz+Cy+
+3z—3zn|z|), z=e¢*(—-Cio—C1 —Co—3z+3(z + 1) In|z).
C7.y= ex(QClx +Cy — C1 4+ 102/ — 8:1:2\/5), z=¢e" (2Clx +
+ Co — 82%\/z). C8.y = e (Cy(cos 3z — sin3z) + Ca(cos 3z +
+ sin3z) + 3z(sin3z + cos3z) + In|cos 3z| - (cos 3z — sin 3z)),
z = €**(Cy cos3z + Cysin3z + 3z sin3z + In|cos3z| - cos 3z).
C9. y = Cisine — Cycosx +tgx, z = Crcosx + Cysinx + 2.
C10.y =¢” (2C1:c—|—C2—|—4:c\/§), z= e”(—201x+01—02+3f—
— 4:1:\/5) Cll.y=Ciz+Cy —zlnzx +z, z = —2C12 + C1 —
— 205+ 2xInx — 2x. C12.y =Cysinz — Cycosx + In|sinz| X
xcosx+xsinz, z = Cjcosx+ Cosinz —In|sin x| sinx + x cos z.
Cl13. y = Cre*™ + Cyed® + 5e™ . 2z = Cre*™ + 205e3% + 27,
Cl4. y = 2C1€*® 4 02 — 15cos 2z + 6sin2z, z = C1e?® +
+ 2C2e%® — cos2x + 12sin2z. C15. y = —4C e® + Che®* —
—8(x+1)e ™ 2z = C1e*+(62+3)e™®. C16.y = C1e**+Coe™ 2% —
—e%, 2= —C1e* 4+ 50272 +2¢%. C1T. y = Cre 2% 4 5Ce> —
—6cosdr+13sindz, z = —Cre 2 +2C5e5 + 14 cos 4 — 3 sin 4x.
C18. y =501 +Cy —x, 2 = C1e5 —Cy+ 2+ 1. C19.y =
= (1€ +3Ce +1 -2z, 2 = —C1e* 4+ Coe® — 241z, C20.y =
= —Cle % 4+ Cy+2sin 2z — cos 2z, z = Cre % + Cy + 3sin 2 +
+cos2z. C21.y = —3C e +Chre P +4sin x+cosx, z = 204+
+Ce *+3sinz+5cosz. C22.y = 3Coe3*+9zxe3*, z = C1e5%+
+2C9€3 + (62 4 2)e3®. C23. y = Cre™® + Coe® + % — 27,
2 =2C1e7% —20%e%" —3e® +-4e?*. C24.y =3 (C’lx+C2—|—:c2),
z= e3x(C1x +C1 4+ Cy + 2x + xQ). C25. y = e‘“”(lO(w + 2)% +
+4(z42)2 —36V/2—2—202V/2), 2 = e *(202v/2+ 1612 + 2 —
—4(:6—1—2)%). C26.y = €3 (In |z|+3z—3-3zIn|z|), 2 = 9e3* (z—
—1—zlnjz|). C27.y=e(232 —11421(z 4+ 1)3 —9(z +1)3),
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z= e‘”(23x—|—12—9(m—|—1)%). C28. y = 8e¥* —5e®, 2z = 42T —2¢7.
C29.y =6 —e™4 e = 667 374 ¢4 C30.y =
= 6e7 — 3% 2z = —6e57.
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Tema 23. Cucremu JiHiiiHux audepeHIiaabHUX
PIBHSIHb 3 KyCKOBO-CTAJIMMU KoedilieHTaMu

Kopomxi meopemuyuni gidomocmi

Jliniitny omHopinny cucreMy mudepeHIialbHUX PIBHSAHD IIep-
IIIOT'O TIOPSIIIKY 3 MIOYATKOBUMY YMOBAME MOYKHA IOJATH Y BEKTOP-
HOMY BUTJISAJI:

-

A(2)Y, 23.1
= Aw) (2.)
Y(a) =Yy, (23.2)
- - 0) (0 0
e Y = (3/173/27---73/n)T7 YO = (ZA )7yé )7 7y§l))T7 T € [a7b)7
A(z) — KBaJgpaTHA MATPUIIS OPSIIKY 7.
Hexait 3amano Touku z; € [a,b], i = 1,2,...,m + 1, raki, 1o
a=21 <To<x3<...<Ty < Tyl = b1 HA KOKHOMY 3 IIPO-
MIXKKIB [Tk, Tk11), K = 1,2,...,m, marpuns A(z) nabysae crajo-

ro 3nadennst Ay (z; — TOUKHM po3puBy mepuioro poiy). [losnadu-
MO 4epe3 O zapaxmepucmuuny GyHKYi0 TPOMIKKY [Tk, Tkt+1):

®k _ {17 T e [xkuxk‘-i-l)u
07 x ¢ [xkvkarl)'

Toxni marpumio A(z) MOXKHA [OJATH TaK:

A(w) = A1O1+ AgOs + ...+ 4O =Y A0y (233)
k=1

ITix posp’siskom cucremu (23.1) po3yMiTHMEMO HelepepBHY
BekTop-byHKIio Y (), MO 3aJ0BOJILHSE 0 CHCTEMY CKpi3b Ha,
[a,b), KpiM, MOXKJIBO, TOYOK T2, X3, ..., Tp-

Posriisimemo  cucremy (23.1) Ha KOXKHOMY 3 NPOMIZKKIB
[Tk, Tht1): B

%:Ak?, k=1,2,...,m. (23.4)
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[To6ymyemo mst cucrem (23.4) wmampuuyi Kowsi By(x, t), k=
=1,2,...,m, 9Ki BUSHAYAIOTHCsT (POPMYJIAMIU:

By(x,t) = Yi(2)Y, (1),

ne Yy (x) — imrerpaspui marpuni cucrem (23.4).
[Mosuauumo vepe3 By (x,a) Marpuili, ki BUBHAYAIOTHCS TaK:

Bi(z,a) = Bi(x,a), € [a,x2), (23.5)
By(z,a) = Bk(x,xk)Bk_l(:ck,a), x € [Tk, Thy1), K =2,3,...,m.
(23.6)

Marpuist By (z,a) € HenepepBHUM IIPOJOBKEHHSIIM MaTPH-
i By_1(x,a) Ha TPOMIKOK [Tk, Tpt1), & peKypeHTHI (hopmyin
(23.5), (23.6) 3abe3neUyIOTh «CKJCOBAHHS» DPO3B’SI3KIB CHCTEM
(23.4) y TouKax xy.

Marpumo Komi B(x,a) na BcboMy HPOMIXKKY [a,b) MoxHa
HOJIATH €IMHAM AHAJITUIHUM BUPA3OM:

B(z,a) = Bi(z,a)01 + Ba(z,a)02 + ... + By, (x,a)0,, =

= Z By(z,a)0y.
k=1

Cuain BimguaunTu, mo mMarpuig-Qyukis B(z, a) € Henepeps-
HOIO Y TOUYKAX Xf.
Posp’si30k 3aqaqi Komi (23.1), (23.2) nogaerses dopmyiioo

m
Y =) By(z,0)Y 0. (23.7)
k=1
Baraspauii po3s’st30k cucremn (23.1) BU3HAYAETHCs POPMY-

JIOIO

Y = By(z,a)C6, (23.8)
k=1
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ne sextop C = (C1,Co,...,C,)T cknanaernes 3 goBinbHEX CTa-
gux Cy, Cy, ..., C,.

Poss’sa3ysanms munosux enpas i 3aday

Ilpukaam 23.1. 3uaiitu po3s’s30K 3agadi Kol
dy —
— = A(x)Y 23.9
AW, (23.9)
— 1
Y (0) = <1 >, (23.10)

e

. Al, T € [O,?T),
Alw) = {Ag, x € [mr,00),

100610 A(1) = A101+A205 (©1 1 ©9 — xapakrepucTudni QyHKIIT
npoMmizkkis [0, 7) 1 [7, 00) BignOBigHO), IpHTOMY

-2 3 9 -5
Al_(—G 4)’ A2_<10 —5)'

Pose’azanmns. Posrisinemo ciovarky juist © € [0, 7) cucremy

’
11
{?/é = —06y1 + 4yo. ( )

SHaiigemo 11 po3B’sI30K METOMOM BUKJIIOUeHHs. [l mporo 3mu-
depeHIioeMo Tepiie piBHAHHSI CUCTEMH 1 IiICTaBUMO 3aMiCTh yé
BIJITOBITHU# BUpPAa3 i3 APyroro piBHAHHS:

yl = =2y1 +3yh =y =2y — 18y1 + 12ys.
Bpaxosyroun, 1110 3 IEPIIOro piBHAHHA CHCTEMHI

2:yi+2y1

23.12
L2 (23.12)
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OTPUMYEMO PiBHIHHS
! =2y +10y; =0
Y1 —2y1 + 0y =0,
3araJbHUM PO3B’SI3KOM AKOTO € (DYHKITist
y1 = C1e” cos 3x + Cye” sin 3.

Tenep, BukopucroByioun (23.12), 3HAX0IUMO

yo = C1e” cos 3z + Cye” sin 3z — Cre” sin 3z + Cae” cos 3.

Otxe, inrerpanbna marpuns Y (z) cucremn (23.11) mae Bu-

TS

e* cos 3x e® sin 3x

V(z) = ( e®(cos 3z —sin3zx) e*(cos 3z + sin 3:1:))’ z € [0,m).

Ockinmbkn det Y (x) = €2, To

e'(cos 3t +sin3t) —e'sin3t

N _
Yot =e (et(sin3t—0083t) e! cos 3t >_

([ e ¥(cos3t +sin3t) —e 'sin3t
e ¥(sin3t —cos3t) e tcos3t

Tomi
Bua,t) = V(@)Y (1) =
B e® cos 3x e® sin 3z
~ \ €*(cos3z —sin3z) e¥(cos 3z + sin 3x)
e '(cos 3t +sindt) —e'sin3t \
e t(sin3t —cos3t) e tcos3t )
¢ [ cos(3t — 3x) + sin(3t — 3z) sin(3z — 3t)
—° 2sin(3t — 3x) cos(3t — 3x) — sin(3t — 3x) )

Anajioriugo A1l cucTeMu

v = 9y1 — bya,
Y = 10y1 — 5y»

(23.13)
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Ha IPOMIXKKY [T, 00) 3HAXOANMO 3arajbHUl PO3B’sI30K
y1 = 5C1e** cos x + 5Cre*T sin

Yo = 6’162‘”(7008 x +sinx) + Coe®*(Tsinx — cos ).

Toxi inrerpanbua marpuns Y (z) cucremu (23.13) Mae BUrysa

Y(2) 5% cos x 5e2? sin
x) = . .

e?*(Tcosx +sinx) e?*(Tsinxz — cosz) )’
a obepHeHa 110 Hel MOTAEThCsT (DOPMYJIIOI0

e 2(cost — Tsint) e 2tsint
e 2(Tcost +sint) —e Hcost )

QU= U=

Yl(t) = (

By(z,t) =Y (2)Y H(t) =
_ e%_%( cos(t — ) — Tsin(t — ) Bsin(t — ) )
10sin(z — t) 7sin(t —x) +cos(t —x) )’

Ha ocnosi dopmya (23.5), (23.6) orpumyemo:

_ = _ ( €°(cos 3z — sin 3x) e” sin 3z
Bi(@,0) = Bi(w,0) = ( —2¢e"sin3x  e*(cos 3z + sin 3z) >’

BQ(%,O) = Bg(x,ﬂ)Bl(W,o) =

9y _on [ cos(m —x) — Tsin(m — x) 5sin(m — x) o
- ° 10sin(z — ) 7sin(m — x) + cos(m — x)

« —e™ 0 -
0 —e™ )
or—nf COST+Tsinx  —bsinzx
10sinzx cosr — 7sinz /'’
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Ha ocHosi dopmysu (23.7) orpumyemo poss’si30k 3aaadai Kol
(23.9), (23.10):

Y = By(2,0)Y (0)01 + B(z,0)Y (0)0y =
(e“”(cos 3z — sin 3x) e’ sin 3z ) (1>@ n
= 1

—2¢% sin 3z e*(cos3z +sin3z) ) \ 1

+621ﬂ(cosx+7sinx —5sinz ><1>@2:

10sin x cosx — 7sinx 1

_ ( e” cos 3 >@1 N (Ezz_zgcos:c + 2sin x)>@2'

e”(cos 3z — sin 3z) 3sinz + cos x)
Biamosiab: y1 = O1e% cos 3z + 02e** T (cosx + 2sinx), y2 =
= 01€%(cos 3z — sin 3x) + O2e?* ™ (3sinx + cos ).

Ilpukman 23.2. 3uaiity 3arajbHAll PO3B’sI30K jIrdepeHtri-
aJbHOIO PIBHAHHS

Y +b(x)y =0, (23.14)

ne b(z) = 401 + 509, a ©1 i Oy — xapakrepucTudHi QyHKIT
npomizkkis [0, 7) 1 [r, 00) BignoBigHO.

Poss’azamnns. 3segevo qudepentianbie pisasgaas (23.14) 10
cucreMu udepeHIiajlbHIX PIBHSHD MEPIIOro MOPSIIKY:

(3’)/_ (—b(zx) é)(fj) (23.15)

Ha npowmixky [0,7) cucrema (23.15) i Biamosinte piBHsHHS

MalOTh BUIJVIA
/
y\ (01 y
<y’> _(—4 0><y> (2:16)

y" +4y = 0.

OCKIJIbKY 3arajbHUM PO3B’SI3KOM OCTAHHBOIO DIBHAHHS € (DyH-
kst y = C1 cos 2x + Cs sin 2, TO iHTErpajgbHa MATPHUILS CACTEMU
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(23.16) mae BUIVISI

cos 2z sin 2z
Yie) = ( —2sin2z 2 cos 2z )

a Marpuns Komi By (z,t) nogaerses hopmysowo

Bi(a,t) = Y(2)Y () =
- cos 2x sin 2x cos 2t —% sin2t \
“\ —2sin2z 2cos2z sin 2t % cos 2t -
([ cos(2z—2t)  Ssin(2z —2t)
~\ —2sin(2x — 2t)  cos(2x —2t) )’

Amnanoriuno (nepesipre!) Ha npomixKy [, 00) Marpuig Kormi

By (z,t) momaerbest hopmyston

N Q. T R
By(z,t) = < —V/5sinV5(z — t) \/gosx/g(x —t) )
Orxe,

Bi(2,0) = Bi(x,0) = ( —2sin2z  cos2x
Bs(z,0) = By(x, ) By (7,0) =
< cos V5(z — ) %sin\/g(x—w) >
—VBsiny/5(z — 1)  cosv/5(xz — ) '
Ha ocuosi dopmysn (23.8) orpumyemMo 3araibHUl PO3B’I30K
cucremn (23.15):

cos 2x % sin 2x )
b

Y
cos 2x Lsin 2z C1
_ 2
( —2sin2x  cos2z )( Cy )®1+

cos /5(z — ) \% sin v/5(z — ) Cq
* < —/5sinv/5(x — 7) (?os\/g(x—ﬂ) >< Cs )62'

< y, > = Bl (CC, 0)6@1 + BQ($,O)€@2 =
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Orike, BarajbHMUl PO3B’SI30K JAU(EPEHINAILHOIO PIBHSIHHS
(23.14) 3anucyerncs y BHIVISI

C:
y = 01(C1 cos 2z + 72 sin 2z) +

+ ©(Cy cos V5(x — ) + % sinVh(z — ). W

Ha nepmnit norsisi, ajis m > 2 BiniyKaHHS PO3B’SI3KY € HAJI-
TO T'POMIBJIKAM, MPOTE OCHOBHI OOYMC/ICHHSI 3BONATLCS JI0 apu-
dMeTHIHIX Omepariii s MaTpuilb i TOMYy HOOYIOBY PO3B’SI3-
Ky MOXKHA 3alIpOrpaMyBaTH B MaTeMaTudHoMy makeTi Maple abo
Mathematica. 3 immoro 60Ky, audepeHIiajabHi PIBHSIHHS 1 CH-
cTeMu 31 3MIHHUMU KoeillieHTaM MOYKHa, allpOKCUMYBaTH 3 J10-
IIOMOTOI0 TrpepeHIiaIbHUX PIBHSIHD i CUCTEM 3 KYCKOBO-CTAJIIMU
KoedilienTaMu, TOMy PO3IVITHYTAN METO, MOYKHA TPAKTYBaTU K
CI10Ci0 HAOJ/IMKEHOTr0 iHTerpyBaHHs AudepeHIiaJIbHIX PIBHIHD 1
cucTeM 31 3MIHHUMN KoedillieHTaMm.

Bnpasu, pexomendosari das aydumoproir pobomu

A1l. Bnaiitu po3s’si30k 3asa4i Korri

(y) 4@ (V). w0 =1, 0 =1

e A(x) = A101 + A0, ©1 1 Oy — xapakrepucTuyi QyHKIIT
npomizkkis [0,1) 1 [1,00) Bigmosigmo,

5 —1 2 -1
A1_<2 2>’ A2_<2 5>'

A2. 3HaiiTy 3arajbHuil po3B’g30K CUCTEMU
p

(1) - (1),
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e A(x) = A101 + A0, ©1 1 Oy — xapakrepucTuyi QyHKIIT
npomizkkis [0,1) i [1,00) Bigmosisgmo,

—2 -3 5 —3
Al:(1 —6)’ A2:<1 1)'

A3. 3uaiitu po3s’sa30K 3ama4i Komri

(y> 4@ (1) w0 =1 20 =1,

e A(x) = A101 + A20,, ©1 1 Oy — xapakrepuctuyni yHKIIT
npomixkkis [0, ) i [§,00) Bianosinuo,

-7 1 3 -2
we(h) e (0)
A4. Buaiitu po3s’si30k 3aaui Korri
y'+b(@)y =0, y(0)=2, y(0)=2,

qe b(x) = 401 — Oy, O1 1 Oy — xapakrepuctudti GYHKIHT IPO-
MmizkiB [0,7) 1 [, 00) Bigmosigmo.

AB5. 3uaiiTu 3arajbHUI PO3B’SI30K PIBHSIHHSI
y" +a(z)y +b(x)y =0,

ne a(x) = =301 — 1009, b(x) = 201 4+ 2502, O1 1 O3 — xapakre-
puctraai byl mpomixkkis [0, 1) i [1, 00) BiamosigmHo.

Bnpasu, pexomerndosari 0as 0oMawHb020 3a80aGHHSA
1 camocmitinot pobomu

C1. 3uaiitn po3s’si30K 3aa4i Ko

(y> 4@ (1) w0 =1 w0 =1,
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e A(x) = A101 + A0, ©1 1 Oy — xapakrepucTuyi QyHKIIT
npomizkkis [0,2) 1 [2,00) Bigmosigmo,

2 -1 2 1
v () e (25)

C2. 3naiitu po3s’si30k 3ama4i Korri

<y> 4@ (1) w0 =1 w0 =1,

e A(x) = A101 + A20,, ©1 1 Oy — xapakrepuctuyi yHKIIT
npomizkkis [0,1) i [1,00) BignosiHo,

6 —2 1 2
we(s ) ee(505)

C3. 3uaiitu po3s’si30K 3aa4i Ko

<y> 4@ (1) vo-1 w0)-2,

e A(x) = A101 + A20,, ©1 1 Oy — xapakrepuctuyi yHKIIT
npomizkkis [0,1) i [1,00) BignosiHo,

1 3 6 —1
A1_<—2 6>’ A2_<6 1>'

C4. 3naiitu po3s’si3ok 3ama4i Ko

(2) =2 (). o= co=s

e A(x) = A101 + A0, ©1 1 Oy — xapakrepucTuyi QyHKIIT
npomizkkis [0,2) 1 [2,00) Bigmosigmo,

2 -1 41
Al_(—1 2)’ A2_<1 4)‘
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C5. 3uaiitu po3s’s30K 3aa4i Ko

(V) =aw (V) so=1. =0=-1

e A(x) = A101 + A20,, ©1 1 Oy — xapakrepuctuyni yHKIT
npomizkkis [0,1) i [1,00) BignosiHo,

8 3 6 —1
Al_(—14)’ A2_(3 2)'

C6. 3naiitu po3s’si3ok 3ama4i Korri

e A(x) = A101 + A20,, ©1 1 Oy — xapakrepuctuyni yHKIIT
npomizkkis [0,1) i [1,00) Bigmosigmo,

3 -1 2 1
A1_<3 7>’ A2_<—1 4>'

C7. 3uaiitu po3s’s130K 3aa4i Ko

(y) 4@ (V). w0 =1, 0 =1

e A(x) = A101 + A0, ©1 1 Oy — xapakrepucTuyi QyHKIIT
npomizkkis [0, 7) 1 [r, 00) BignosigHoO,

3 -2 1 2
Al:(—l 2)’ AQ:(—1 3)'

C8. 3naiitu po3s’si3ok 3ama4i Korri

(£) (). wo=s =5
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e A(x) = A101 + A0, ©1 1 Oy — xapakrepucTuyi QyHKIIT
npomizkkis [0, 7) 1 [r, 00) BignosigHo,

4 4 2 5
we(Go) 2% 0)

SuaiiTu 3arajibHi pO3B’I3KH CUCTEM
/
(Z) :A(x) (Z), A({L‘) = A1071 + A0,

zie:
C9. O i ©9 — xapakrepuctuyni dyHKIIT mpomixkkis [0, 1) i
[1,00) BimmosinHO,

2 1 13
A1_<—3 6>’ A2_<—1 5>'

C10. O, i ©y — xapakrepucrudni GyHKIil TpoMixKKiB [0, 7)
i [mr,00) BimmosinHo,

1 -1 ~1 2
we(L) (0 h)

C11. ©; i ©y — xapakrepucruusi GyHKuil npoMixkkis [0, )
i [mr, 00) BimmosigHo,

-1 2 1 =5
we(3h) e-(0Y)
C12. 3uaiitu po3s’si30K 3aga4i Kol

(£) s (). wo=o =5,

e A(r) = A101+ A209+ A303, ©1, O9 i O3 — xapakTepucTHYHI
dbyuxmii mpomixkkis [0, 1), [1,2) 1 [2,00) Bignosigmo,

2 1 6 —2 12
we(Ga) as(a ) (L 0)
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C13. 3uaiiTu po3s’si30K 3aa4i Kol
y' +b(x)y =0, y(0)=4, y'(0)=4,

e b(x) = —©1 — 409, O1 i Oy — xapakrepucTuuHi QyHKIIT
npomizkkis [0,1) 1 [1,00) Bigmosigmo.
C14. 3naiitu po3s’s30k 3amaqdi Ko

y' +b(x)y =0, y0)=1, ¥'(0)=12,

e b(x) = 901 + 1602, ©1 i Oy — xapakrepucTudHi yHKIIT
npomizkkis [0, 7) 1 [r, 00) BignoBiIHO.
C15. 3naiitTu po3s’s3ok 3ama4i Ko

Y +a(x)y +b(x)y =0, y(0) =6, y'(0)=06,

Je a(x) = @1 — 2@2, b(x) = —2@1 — 3@2, @1 1 @2 — XapaKTepu-
cruani Gynkil npomizkkis [0,1) i [1,00) BigmosigHo.
C16. 3uaiitu po3s’si30K 3aga4i Kol

y' =4y +b(z)y =0, y(0)=1, ' (0)=1,

ze b(x) = 501 + 404, O1 1 ©9 — xapakrepucTudHi HYHKIIT IPO-
MmizkiB [0,7) 1 [, 00) Bigmosigmo.
C17. 3naiitu po3s’s30k 3amaqdi Ko

Y +a(x)y +b(x)y =0, y(0)=5, y'(0)=>5,

ne a(z) = 01 — 204, b(z) = —601 + O9, ©1 i Oy — xapakTepu-
cruani GynKil npomizkkis [0,1) i [1,00) BigmosigHo.
C18. 3BnaiitTu po3s’s3ok 3ama4i Ko

y' +a(x)y +bx)y =0, y0)=1, y'(0)=1,

ne a(x) = =207 + 1404, b(x) = 201 + 4902, ©1 1 ©9 — xapakTe-
puctryni dbyHKii npoMixkkis [0,7) i [7,00) BiamosigHO.
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C19. 3uaiiTn 3arajbHUl PO3B’I30K PIBHSHHS
y" +a(z)y +b(x)y =0,

ne a(z) = =201, b(x) = 501 + 402, 01 1 Oy — xapakTepuCTHYHI
byl mpomixkkis [0,7) 1 [7, 00) BimmoBiamo.

C20. 3uaiiTn 3arajbHUl PO3B’SI30K PIBHSHHS
y" +a(z)y +b(z)y =0,

ne a(z) = =201 + O9, b(x) = 100 — 209, ©1 1 Oy — xapakTe-
puctryHi dbyHKIii npoMixkkis [0,7) i [7, 00) BiamosigHO.
C21. 3naiitTu po3s’s3ok 3ama4i Ko

y' +a(x)y +b(x)y =0, y0)=7, y'(0)=7,

e a(ac) = —071+20, 4403, b(x) = —1201 — 305 — 503, ©1, Oy
i ©3 — xapakrepucrununi ¢yHKIl npomixkis [0,1), [1,2) i [2,00)
BIJIITOBITHO.

C22. 3uaiiTn 3arajbHuil PO3B A30K PIBHIHHS

(a(x)y") +b(x)y =0, (23.17)

ne a(z) = 401+04, b(z) = 01+40,, O 1 O3 — xapakTepuCTHYIHI
dbyukuii npomixkkis [0,7) 1 [7, 00) BiamosigHO.
Brxasiexa. lpu 3Benenni piBusinus (23.17) mo cucremu mep-
> — — _
moro nopsaky Y = AY Bekrop Y Tpeba Oparu y BUIJIAIL
Y = (y,y!")7T, me ylV = a(x)y — xpaszinoximma.
C23. 3uaiiTn 3arajbHuil Po3B A30K PIBHIHHS

(a(z)y") 4+ b(x)y = 0,

ne a(x) = 2071 + 309, b(x) = —1801 — 1209, ©1 1 ©9 — xapakTe-

pucrryni dbyskii npomixkis [0,1) i [1,00) BignosigHo.
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Bionoeiodi

Al. y = O™ + Oy(3e3* ! — 2e47), 2z = O1e% + Oy(4e?® —
— 363x+1). A2, y = @1(3(01 — 02)6_3x + (302 — 01)6_538) +
+@2(3(01—CQ)€4$_7+(302—01)6238_7), z = @1((01—02)6_3384-
+ (302 — 01)67590) + @2((01 — 02)64177 + (302 — 01)62177).
A3. y = 01 % 4 O *(cosz + sinz), z = O +
+ 022 sing. A4, y = O1(2cos 2z + sin2x) + 209",
A5. y= @1((201 — Cg)ex + (CQ — Cl)€2$) + @2((301:6 —4C +
—1—402—3022?)651734-(1001—801.’/6—502 —1—40296)659074). C1. Yy =
= 0173+ 093737 —2e271%) 2 = O3 4Oy (4e? 7 —3e737),
C2. y = 01* + 0y(5e73% — 4e8747) | 2 = O + Oy(6e5 4 —
— 5e™73%). C3. y = O1(4e’® — 3e3%) + Oy(8et® — Tetz—1 —
— 4637 1 4e37) ) 2 = O1(4e™® — 2e77) + Oy(16e? — 14771 —
— 12632+ 1 1263%). C4. y = 01(2e% — 3%) + 0y(2e7778 — &37),
z = 01(e3 +2e%) +02(2e52 78 +e37). Ch. y = 017" +04(25 —
—3H2) 2 = —01e7 + 05(2e7" — 3e3712). C6. y = O1(2e* —
— €5%) + Oy((4x — 5)e3*H3 + (6 — 4w)e3*H)) 2 = O1(3e5 —
—2e*) + Og((4x — 1)e3*+3 4 (2 — 4x)e3* ). CT7. y = O1e” —
— ©2e?* ™ (sinx + cosz), 2 = O1¥ — O2e?* T cosx. C8.y =
= O1(187 + 3)e?* + ©e3*~7((217 — 4) sin 3x — (3 + 187) cos 3),
z = 01(3 — 97)e*® + 023 (157 + 1) sin 3z + (97 — 3) cos 3z).
Co9. Yy = @1((02—Cl)e5x+(301—CQ)€SI)+®2((4CQ—401)64x+1+
+ (301 — 02)6438_1 + (301 — 302)6238—’—3), z = @1((302 — :’)6'1)653c +
+ (301 — 02)6390) + @2((402 — 401)€4x+1 + (301 — 02)64171 +
+(Cy — Cq)e?*+3). C10. y = O1((C1 — C2)e3* + (C1 + Ca)e ™) +
+ 02((3C, — 3CL)e ™ 2 sinx + (Cy — C1)e®™ 2 cosz — (5Cy +
+ 5Ch)e™ *sing — (C) + Co)e™ *cosz), z = O1((2Cy —
— 207)e’ + (207 + 2C)e™®) + O9((Cy — C1)ed™ Hsing
+ (2C) — 202)e”™ * cosx + (3C1 + 3Ch)e™ P sinx — (2C4
+ 2C9)e™ 2 cosz). Cll. y = O1e 2%((C; + 20y)sinz
+ Cicosx) + @26290*4“((%6’1 + %CQ)SHIQZE — Crcos2z), z
= 0172 (Cycosz — (C1 + Co)sinz) — G224 ((2Cy
—1—%02) sin 22+Cy cos 2x). C12.y = O1(3e5 +3e%) 40 (6e>* 4

D+ o+ + +
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_ 2€5x 4 5€2$+3 _ 362171) + @3(5e5x73 _ 365177 _ 2€2$+6 4
+ 6e2712) 2z = ©1(9e7 — 3e%) + O9(3e771 — 7T 4 10273 —
_ 662171) 4 @3(1065173 _ 665177 _ €2$+6 + 362x+2). C13. y =
= 401" + 05(3e2* 71 +372%). C14. y = O;(cos 3z +4sin 3z) —
— Oy(cosdxr + 3sindx). C15. y = 601e% + O9(3e3*72 +
+ 3e27%). C16. y = O1e*®(cosz — sinx) + O (x — 7 —
—1). C17.y = O1(4e™ + e73%) + Oy((5 — 4x)e® 4 + dze®TL).
Cl18. y = O1e”cosz + O (87 — 1 — 8x). C19. y =
= 01e"(2C1cos2x + (Cy — Cq)sin2z) + O2e™(2C] cos 2z +
+ Cysin2x). C20. y = 01e%(3C cos 3z + (Co — C1)sin3x) +
+ @2((02 — Cl)(i?ﬂr_&E — (201 + Cg)ex). C21. y = @1(4641E +
+ 3e73%) 4 O9(7e™3 — 37737 4 3e73%) 4 O3(Te" T3 — oL 4
+ 778 — 2eM 75T 4 2¢4757) - C22. y = ©1(Crcos § + Cosin ) +
+ 05(Cycos2z — Cysin2x). C23. y = O1((6C; + Co)e3® +
+ (601 — 02)6—3:v) + @2((601 + 02)6238—’—1 + (601 — 02)6_238_1).
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Tema 24. CriiikicTs JiHIHHUX cucTeM
Kopomxki meopemuyuni aidomocmi

24.1. OcHosui o3HavenHsi. Posp’asox y; = ¢;(t), j =
=1,2,...,n, cucreMn

dy, .

d—;:fj(tuylay%”wyn)? J=12...,n, (241)

Ha3UBaIOTh CMIUKUM, FAKIIO g Oyab-sakux € >0 1 tg =T
iciye wncino § = §(e) > 0 Taxe, O AOBLIbHMIT IHIIHI PO3B’A30K
y; = y;(t), j=1,2,...,n, niel XK cucTeMH, IOYATKOBI 3HAYCHHS
y;j(to) fIKOro 3a70BOJIBHAIOTH HEPIBHOCTI

’yj(to) — (pj(to)‘ < (5, j=12,... n, (24.2)
BU3HAYEHU JJTs BCIX t 2 fg 1 cIpaBKyIOThCA HEPIBHOCTI

ly;(t) — ()] <& j=12,....n, t=>t.

Posp’sizok y; = ¢;(t), j = 1,2,...,n, Ha3UBAIOTH aCUM-
nmomuyno cmitkum, sKimo: 1) BiH criiikmii; 2) yci po3s’s3ku
y; = yi(t), j = 1,2,...,n, cucremn (24.1) 3 mocTarHbO G/IM3B-

KUMH [TOYaTKOBUMU YMOBaMU IIpH { — + 00 HEOOMEKeHO HabJIH-
KaroTbesa 10 @;(t), 7 = 1,2,...,n, T06T0 3 HepiBHOCTEl (24.2)
BUILTUBAE, 110

i [y,(6) — o (0] =0, j=1.2....n (243)
Posp’siz0k y; = ¢;(t), j =1,2,...,n, cucremu (24.1) HasuBa-

I0Thb HecmitikuMm, AKIIO BiH HE € CTIMKIM.

Jocmimkenass Ha CTifiKiCTh MOBIIBHOIO PO3B’SA3KY CHCTEMU
(24.1) saminoro x;(t) = y;(t) — ¢(t), j =1,2,...,n, MoxKHa 3Be-
CTH JI0 JOCJIi/I?KEHHS Ha CTIWKICTb HYJBOBOTO PO3B’SI3KY CUCTEMU

dz;

o =filt,z1 + @1, 20+ on) — fit, 01, 0n),  (24.4)
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e j = 1,2,...,n. Pos’sasok y;(t) cucremn (24.1) i HyaboBmii
po3B’s130K cucremu (24.4) € OMHOYACHO CTIIKUME, aCHMITOTHIHO
crifikuvu abo Hecrifikumu. HysnboBuii poss’sizok cucremu (24.4)
HA3UBAIOTb MPUBLAALHUM P36 A3KoMm cucTeMu (24.4), 1T moukoro
CNOoK010 abo NOAOAHCEHHAM DIBHOBA2U.

24.2. CriilikicTb JiHiliHOT cucreMu 3i crajgumm koedi-
mieHTamMu. SKImo BCl XapaKTEPUCTUYHI TIHCIa CUCTEMHI

% =aj1y1 + ajoy2 + ... + ajnyn, J=12,...,n, (24.5)
MaroTh Bix'emHi jiiicHi wactunu (To6TO ab0 BOHM jificHi Bix'eMHi
qrcsa, ab0 KOMIUIEKCHI IrcIIa, MifiCHl 9aCTHHU SKUX BiI€MHI), TO
HYyJIOBHUII pO3B’s130K cucreMu (25.3) aCHMITOTHYHO CTIfKHIA.

fkimo xoua 6 OnHe XapaKTEPUCTHIHE IHCIO cucreMn (25.3)
Mae JIofaTHy JiificHy 4actuHy (TOOTO abo I1e YHMCesIo JIofIaTHE,
ab0 KOMILJIEKCHE 3 JIOJATHOIO JIHCHOK YACTHHOIO), TO HYJIbOBHUIA
po3B’s130K cucremn (25.3) HeCTIHKMIL.

SIKIo cepeJi XapaKTepUCTHIHUX ducest cucreMu (25.3) Hemae
quces 3 JOJATHUMY JICHUME YaCTUHAMU, aJie € IPOCTI Ynucia 3
HYJIBOBOIO IifICHOIO YaCTUHOIO, TO HYJILOBHUII PO3B’SI30K CHCTEMU
(25.3) € criiikuM, aje He € ACHMITOTHIHO CTIHKIM.

SIKIo cepeJi XapaKTepUCTHIHUX ducest cucreMu (25.3) Hemae
quces 3 JIOJIATHUMU JIIHCHUMU YaCTHHAMU, ajle € KPaTHI ducia 3
HYJIbOBUMH JIIWCHUMH YaCTUHAMHU, TO MOXKJUBI dK CTifKi, Tak i
HEeCTiiiKi HyJIbOBI pO3B’A3KM.

24.3. Kpurepii Payca—TI'ypBina, JI’enapa—ITIunapa. He-
00XiTHOIO0 YMOBOIO TOTO, IO BCI MiiCHI YACTUHN KOPEHIB PiBHIHHS

aok™ + alk”_l +...+ap_1k+a, =0 (ao > 0) (24.6)

Bijg'emHi, € nepisnocri a; > 0, j = 0,1,...,n. JocraTraboio ymo-
BOIO JIOAATHOCTI MAificHOI JacTWHH X0d4a O OJHOIO KOPEHs PiBHSI-
HHs1 (24.6) € BuKOHaHHSI Xoda O oxmiel 3 mHepiBHOcTel a; < 0,
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7 =1,...,n. llo3aauumo
a; ap 0
ay ap
A120117 AQZ ) A3: as az ar |, ...,
asz ag
as a4 ag
aj ag 0 0 e 0
as a9 aj a ce 0
A, = )
a2p—1 A2n—-2 A2n—-3 0G2p—4 ... OQp

ne aj =0, axkmo j > n.

Kpurepiii Payca—I'ypsima. /lilicui gyacTuHun KOpeHIB piB-
Hanad  (24.6) sig'emni Tomi i Timbkm Tomi, komm Aj >0,
i=12...,n.

BayBaxkenns. [liiicui vactunn kopeniB piBustaus (24.6) He-
JgonaTHi Toxi i TimbKy Todl, Ko A; >0, j =1,2,...,n.

Kpurepiii JI’enapa—IlIunapa. /lificni yacTuHum KopeHiB
piBasinHs (24.6) Big'emui ToAl 1 TLIBKU TOI, KON

aj>07j:0717"'7n; Ap1>0, Ap3>0, Ap5>0,

Pozs’sa3ysarnms munosux enpas i 3aday

Ilpukaan 24.1. BukopucToByioun o3HadYeHHs CTIHKOCTI, J10-
caiguTu Ha cTifikicrs po3s’asku 3amaqi Komi ' = ky, y(to) = yo.
Pose’asanms. BaraabHuM pos3s’askoM pisnamms € y(t) = Ce,
a PO3B’s3KOM 3aJ1aHol 3aJadi —

y(t) = yoert=t). (24.7)

Bagamo innry nmouarkoBy ymMoBy (tg) = fo. Tomi po3B’sizkom
i€l 3a1a4i (36ypeHuM po3B’sI3KOM) €

j(t) = goettto), (24.8)
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Ouinumo pisHuIo po3s’si3kis (24.7) 1 (24.8):

ly(t) — 4(t)] = |yoe70) — goehlito) | = ekt=t0) 1y — .
(24.9)
dAxmo k <0, To eklt=to) <1 st BCix t 2= tg. OTke, gKIITO
0 — Jo| < & =€, To 3 (24.9) maemo, 110
o — %ol , ( :

ly(t) = 9(@) < lyo — Gol <,

TOOTO PO3B’SI30K CTIfiKUil. ¥ MBOMY BHIIAJIKY PO3B 30K TAKOXK
ACUMITOTUYIHO CTIHKW, OCKITbKU
lim |y(t) = §(t)] = lim |yo - Gole" =" = 0.
t——+00 t—+00
Axmo k > 0, To po3s’sizok (24.7) Hecriiikuit, 60 sikum 6u He
6yso uucio to, mst t = to, Yo # Yo, pisHULS PO3B’si3KiB (24.7)
i (24.8) mpm 3pocramni ¢ cTa€ HECKIHUIEHHO BEIHKOIO, OCKLIBKH

Ii _ fnlekt=to) — )
N

Axmo k = 0, To po3B’sI30K Yy = yg CTiliKWii, ajie He acCUM-
OTOTUYHO CTIHKWiA, 60 BUpas |yo — Yo| He mpsiMye 10 HyJIs, KOJIN
t — + 0.

BinnoBigb: po3s’szok crilikuii, gxkmo k < 0, y Tomy umcii
ACUMIITOTHYHO CTifiknit, sikmo k < 0, i Hectifikmit, aximo k > 0.

Ilpuknan 24.2. BukopucToByioun o3HadYeHHs CTIHKOCTI, 10-
CTIINTU Ha CTIfKICTh TpUBIAJIBHUI PO3B’I30K CHCTEMHU

/
= -
{ , b (24.10)
y ==z
Pozs’szarns. Posp’sa3yioun cucreMmy i BpaxOBYIOUH ITOYATKOBI
ymoBu z(0) = zg, y(0) = yo, 3HAXOAUMO T = T Cost — yosint,

Yy = xgsint + yg cos t, 3BiAKNM

2?4 y? =23+ (24.11)
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st 6ynb-sikoro 3ajanoro € > 0 gocuTh y3atu 0 < €, ajpKe K
Timbkn 2 + y¢ < 6%, o 2% + y? < &® mua Beix ¢t > 0. Orxe,
posB’si30K x = y = 0 € crifikum. 3 (24.11) BujHO, 10 iHTErpaIbHI
kpusi cucremu (24.10) yTBOPIOIOTH CIM'I0 KOHIEHTPUIHUX KL 3
IIEHTPOM y ToYaTKy KoopaumHatT. Ilpu ¢ — oo 1i Kosa He 6yIyTh
30JIMKATUCH, BOHI BECh YaC 3aJUIIATUMYThCA Ha OIHIHN BimcTami.
Tomy HyILOBUIT PO3B’A30K HE € ACUMITOTHIHO CTIAKIM.
BinnoBiab: po3p’a3ok © = y = 0 € cTiliKuM, aJjie HE € aCUMIITO-
TUYHO CTIHKUM.

IIpukaan 24.3. BukopucToByioun o3HadeHHs CTIHKOCTI, 10-

CIAUTH Ha CTifiKicTh TOUKy cmokoro cucremn x' = 3y — b,
y =4y — 6.
Posze’azanns. Po3s’ssyioun cucremy, sgaxonnmo x = Cre 2! +
+ Coet, y=Cre 2 +2C¢!. BpaxoByiounm mOYATKOBI yMOBH
2(0) = o, y(0) = yo, omepxyemo, mo C1 = 2x9—yo, Co = yo—o,
a TOMY

x = (2x9—yo)e X +(yo—mo)e’, y = (2v0—yo)e” *+2(yo—z0)e".

[Tokmagemo yg = 2x¢. Tomi, axum 6u MaauM He OYJIO YUCIO T,
dbyukuii |z| Ta |y| HeoOMeKeHO 3pocTATUMYTH TIpH t — 400, a
TOMy po3B’sa30K © = y = 0 € Hecrifikum.

Ilpukaan 24.4. JocnaignTu Ha CTIfiKiCTh TpUBIAJBHUNE PO3-
B’SI30K CHUCTEMU

' =2z + 3y,
Yy =4dx —y.
Poses’azarns. 3HaileMO XapaKTEePUCTUIH] YUCTIA Ti€] CUCTEMU:
2—k 3 9
4 —1—k‘_0 = k-k-14=0 =

1 1+£+/57
12=—F"
2
OCKIJ’[bKI/I O/lHE 3 XapaKTCPUCTUYIHUX YHCEJI € JOJaTHUM, TO
TpuBiaJbHUI PO3B’sI30K 3a7aHOl cucTeMu € Hecrifikum. W
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Ilpukman 24.5. JlocainuTy HaA CTIHKICTL TOYKY CIIOKOIO PiB-
usmns YY) + 4y 4+ Ty + 6y + 2y = 0.
Pose’azanns. Cropucraemocsi Kpurepiem Payca—I'ypsina.
CxJajieMo XapaxkTepuctiyne pipuanus: k*+4k3+7k%2+6k+2 = 0.
OcKinbKH

4 1
A1 =4>0, AQ—‘G 7‘—22>0,
As3=1|6 7 4|=100>0, Ay= =2-A3 >0,
02 6 0267
000 2

TO TOYKA CIIOKOIO — aCUMIITOTUYHO cTilika. l

Ilpukaan 24.6. ocaiguTy Ha CTIHKICTD TOYKY CIIOKOIO PiB-
usnas y®) + 4y + 6y + 8y” + 5y + 3y = 0.
Pose’azarns. OckijibKu BCl KOeDIIiEHTH XapaKTEePUCTUIHOTO
piBasmus k° + 4k* + 6k3 4+ 8k + 5k + 3 = 0 moxarni it

Agz'g é‘:16>0, Ay = — 63 >0,

S W 0o
S ot oy =
W o =~ O
ooy = O

7o 3riziHo 3 kpurepieMm JI'enapa—Illunapa Tovuka CIOKOIO 3a/1aHOTO
PiBHAHHS — aCUMITOTHYHO cTifika. H

Ilpukman 24.7. JlocainuTy HaA CTIHKICTL TOYKY CIIOKOIO PiB-
psmnst yO) + 4y + 3y — o + Ty + 9y = 0.
Pose’azarns. Ockinbku KoedIIeHTH XapaKTePUCTHIHOIO PiB-
wsansa kO 4 4k* +3k3 — k% 4+ Tk +9 = 0 MaroTh pisHumit 3HaK, TOYKa
CIIOKOIO € HecTifikoro. M

Ilpukmaan 24.8. ocaiguTy Ha CTIHKICTD TOYKY CIIOKOIO PiB-
msaas y®) + 3y + 2y + ¢ + 2y + Ty = 0.
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Posze’azanns. CkiageMo XapakTepuUCTHUHe piBHsHHS: k° +
+3k* + 2k3 4+ k% + 2k + 7 = 0. Ockinbku

3100

3 1 1 2 3 1
Ag_'l 2‘_5>0, Ay = 7 9 1 9 = —61 <0,

00 7 2

TO 3rifHO i3 3ayBaxkenuaM ;0 Kputepito Payca—I'ypsina touka
CITOKOIO 33/IaHOTO PiBHSAHHSA — HecTifika. M

Bnpasu, pexomendosani das aydumoproi pobomu

BukopucroByioun o3nadeHHs CTIHKOCTi, JOCTIIUTH Ha CTiii-
KicTb po3B’sizkm 3ama4 Korri:

Al. y +2 =0, y(0) =2.

A2,y =2z(y+1), y(0) =0.

A3. BukopucroByooun O3HAYEHHsI CTIKOCTi, JOCHIiIUTH HA

I — —
CTIKICTD TOYKY CIIOKOIO CHCTEMNI {z, B N ff , 9y,
HocnimnTn Ha CTIRKICTh TOYKY CIIOKOIO CHCTEM:
A4 ' =2z + 3y, = -2z —vy,
"y =5z — 6y. A7. 8y =2 — 2y,
A5 {x/—y—élx, 2 =x+43y— =z
" Y =2z -3y ' =3z +2y+ 2,
A6 ' =2z + by, A8. Yy = —2x + by,
. r_ B r_
y = —bx — 2y. 2 =3x+y+4z.

JocmignTn Ha CTIWKICTD TPUBiaJbHUN PO3B’SI30K PiBHAHD:

A9,y 3y + 59" + T/ + 5y = 0.

A10. y©® 4+ 2y 4 4y + 7y + 5y + 6y = 0.

A11. y©® 4+ 7y™) 4 204" + 30y" + 24y + 8y = 0.

A12. yO) 45y £ 9y — 8" + 10y + 4y = 0.

A13. BuznauuTu, npu SKux 3HaYEHHSX apaMeTpa a HyJIbo-
Buit poss’sizok pismsaEs ¥ + 2y + ay’ + 4y + 4y = 0 € acun-
OTOTUYIHO CTiAKWM.
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Bnpasu, pexomendosari 0as 00MAUWHB020 3a80aGHHA
i camocmitinoi pobomu

BukopucroByroun o3HaveHHS CTIAKOCTi, JIOCTITUTH Ha CTili-
KicTb po3B’sizkm 3a1a4 Korri:

Cl.y = —zy, y(0) = 1.

C2. ¢y =y+uz, y0) =1

C3.zy =y, y(l) =0.

C4. ey =z, y(0) = 3.

BukopucroByroun o3naveHHS CTIAKOCTi, JIOCTITUTH Ha CTili-
KIiCTh TOYKY CIIOKOIO CHCTEM:

A
Cs. {x = + by,

— —

Yy =x — 3y. y = 6x — 3y.
I I —
S R
' =6y — Tz, ' =2y — 3,
cr. {y e c1o. {y BN
HocnimnTn Ha CTIRKICTH TOYKY CIIOKOIO CHCTEM:
¥ =2x—y ' =3z — by
C11. ’ C17. ’
{y’:3x+5y. {y’:4x+y
"'=3
@ =3y, C18. {x, Y
Ci12. {y, — 2 — 4y y/ = —bux.
r = 2x — 6y,
C13. {x: A, 19 {y' =z +8y.
y =-x-=Ty Iy
C20. {*”f =2,
C14 ' = 3z + by, y =8z —Ty
. y/:2y. x/——x+y—|—5z,
C21. ¢y =—-2x+z2
! _ 9
c1s. | =2~ 0y, S =32
y =z — 3y. ,
r=xz+y-—=z,
' = 2x, C22. 0y =a2—y+ =z,
C16. {3/—93‘1'21/- {z/xSy—l—Sz
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C23.
2 = 6x — 6y + 5z.
' =3z + 2y — 3z,
Yy =4x + 10y — 122,
2 =3x + 6y — Tz.
x/:y_za

Yy =z-y,
Z=x— 2z

C24.

C25.

' =2z 4 6y — z,
y =4z + 3y + 2z,
2 =x+3y+ 7z
x' = —6x + 2y + 6z,
Yy = —4dx + 2y + 3z,
2= —x+3y—2z.

C26.

Cc27.

—— —— ——

C28. ¢y =2z + 2y — 3z,
d=w+y—4z
' =z + by,

C29. ¢y = -3z —y— 3z,
2= —2x — 2y — 3z.

' = -6z + 2y + z,
C30. <y = —4dx +y+ 2,
2 =x+ 3y — 4z.
JocnignTu Ha CTIWKICTL TpUBiaJbHUN PO3B’ 30K PiBHAHD:

C31. y@W + 7" + 17y + 17y + 6y = 0.

C32. 4™ + 6y +9y" + 5y +2y = 0.
C33. yW + 4y + 8y +y + 3y = 0.
C34. y™ + 3y" + 6" — 5y’ + 6y = 0.

C36. yW + 2y + 3y" + 4y’ + 5y = 0.
C37. yW 4+ 20" + 2 + 2y + 2y = 0.
y

(
(
(
C35. y@ + 5" + 10y + 10y + 4y = 0.
(
(
C38. y™ + 6y" + 13y” + 14y’ + 6y = 0.
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C39. @ + ¢y 4 59 4 10y" + 25y’ — 10y = 0.
C40. y©® 4+ 2y 4+ 29" + 3y + 2 + 2y = 0.
C41. y® + 6y + 159" + 20y + 14y + 4y = 0.
C42. y©® 4+ 7y 4 209" + 30y” + 40y’ + 20y = 0.
C43. y® 4+ 4y 4+ 8y +12y" + 10y +y = 0.

( (

( (

A SIS

C44. y©® 42y 4 50" +10y" + 7/ + 9y = 0.

C45. y®) + 5y@W + 3y + 7y + 2y + 8y = 0.

BusnauuTu, npu gakux 3HaYEHHSX HapaMeTpiB @ i b HyaboBuUit
PO3B’SI30K PIBHAHDb € aCUMIITOTUIHO CTIHKIM:

C46. v + ay’ + by + 3y = 0.

Ca7. yW + 2y + 3y + 4y + ay = 0.

C48. y W + 2y + 3y + ay’ + 2y = 0.

C49. y™ + 2" + ay’ + 2y + by = 0.

C50. yW + ay” + 3y" + 2y + by = 0.

Bionosi0

A1. Criiikuii, aje He € acuMnTOTUIHO cTiikuM. A2. Hecriii-
kuii. A3. Acumnrorumuno criiika. Ad4. Hecriiika. Ab5. Acum-
nroruaHo criiika. A6. Crifika, ajle He aCHMIOTOTHYIHO CTifKa.
A7. Acumnrornuno criiika. A8. Hecrilika. A9. Acumnrorn-
uno crifikmit. A10. Hecrifikuit. All. AcuMnToTudHo CTiHKuMii.
A12. Hecrifiknii. A13. a > 4.

C1. Acumnorornuno criiikuit. C2. Hecrifikuit. C3. Hecriii-
kmit. C4. Criiikuit, ayre He € acumnrorndno crifikum. C5. He-
criiika. C6. Hecriiika. C7. Acumnrorndso criiika. C8. Criiika,
asie He acumrrornano criiika. C9. Hecriiika. C10. Acumnrorn-
ugno crifika. C11. Hecrilika. C12. Hecriitka. C13. Acumuroru-
qno crifika. C14. Hecriiika. C15. Criiika, aje He aCHMITOTH-
yno criiika. C16. Hecriiitka. C17. Hecriiika. C18. Criiika,
aje He acuMmnrornyHo criiika. C19. Hecriiika. C20. Acuwm-
nrornano crifika. C21. Acumnrormuno crifika. C22. He-
criiika. C23. Hecriiika. C24. Hecriiika. C25. Criiika, aJjie
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He acuMmnroruyno criiika. C26. Hecrilika. C27. Acumiro-
Tuyno crifika. C28. Hecriiika. C29. AcuMnroTrudno criiika.
C30. Acumnroruuno crifika. C31. AcuMOTOTHYHO CTIAKUIA.
C32. Acumnrornuno crifikuit. C33. Hecriitknii. C34. Hecriii-
kuit. C35. Acumnrornuno crivikuii. C36. Hecrifikuit. C37. He-
crifikuiti. C38. Acumnroruuno cridikuii. C39. Hecrifiknii.
C40. Hecriiikuii. C41. Acumnroruuno crifikmii. C42. Acum-
nrornyno crifikuit. C43. Acumnroruuno cridikuii. C44. He-
critikuit. C45. Hecriiiknit. C46. a > 0, b > 0, ab > 3.
C47. 0 < a < 2. C48.2 <a <4 C49.b > 0,a > b+ 1.
C50.a>0,b >0, 6a — a®b > 4.
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Tema 25. CrilikicTb HeJIHIMHUX cucTEeM
Kopomxi meopemuyuni gidomocmi

25.1. Criiikictp 3a mepmmM HaOJm>keHHsM. Hexait

yj(t)=0,j=1,2,...,n, — TOUKA CIOKOIO CHCTEMI
dy; .
d—;:fj(t,yl,yg,...,yn), i=12,...,n. (25.1)

st Toro o6 mocsinuTu i1 Ha CTifikicTh, Tpeba BUILINTU 3 DyH-
KIiil f; nminifiny 9acTumy mobamsy TOUKH Y1 = Y2 = ... = Y, = 0,
kopucryiounch dhopmysioio Teitopa. Cucremy piBHIHD

dy,; .
% = ajl(t)yl +a32(t)y2+ . +ajn(t)yn7 J = 17 27 N2 (252)
ne ajk(t) — g_?ﬁ “o... 0), Ha3UBAIOTH CUCMEMON NEPULO20 HADAU-

orcenmna 1yt cucreM (25.1), a 3a/ady Ha CTIHKICTD TOUKH CIIOKOIO
1iel cucreMu — 3aJ1a9er0 Ha CTifKICTh PO3B’sA3KYy B IEPIIOMY Ha-
OJTMKEHHI.

Posrisanemo okpemuii Bumaok cucremu (25.2), Ko i1 Koe-
dimienTamu € craJi:

% =aj1y1 +ajpy2+ ...+ ajpyn, J=12,...,n. (25.3)

SKImo xapakTepucTHIHI drcIa cucTeMu (25.3) MaOTh Bl e€M-
Hi JificHI YacTUHM, TO TpHUBiaJbHUI PO3B’a30K cucremu (25.1)
ACUMIITOTHYHO CTIMKUIT; SKIO X04a O OfHe XapaKTEPUCTUYIHE K-
CJIO Ma€ JIONATHY JiMCHY YACTUHY, TO TPUBIAJbHUI PO3B’'SI30K CH-
cremu (25.1) mecTifikmuit.

dAxmo gilicH YacTHHU BCIiX XapaKTEPUCTHUIHUX YUCEJ HEIO0-
JaTHI, TpudIoMy AificHa JacTUHA X04a O OIHOrO 3 HUX JIOPIBHIOE
HYJIIO, TO JOC/IIIKEHHS Ha CTIMKICTD 3a MEePITuM HaOJINKEHHSIM,
y3araji KayKydu, HEMOKJIIBE.
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25.2. ®yuknii JIanyHoBa.

Teopema JlamynoBa. dkino icuye ¢ynxuyia Jlanynosa —
mudepenriiiopaa Gy V = V(y1,...,Yn), gKa 330BOJIbHSIE
YMOBH:

1) V=01V =0 riibku Tomi, KO Y1 = ... = Yy, = 0;

2) moBHa noxigHa dynknii V' B310BkK bHa3zoBoi TpaeKTOpil
(TobTO B3MOBXK PO3B’E3KY Y;(t), j = 1,2,...,n, cucremu (25.1))
HeIoIaTHA, TOOTO

S g ya) <O, 3 o,

W OV dyy ROV
dt - 8yj dt = 8yj

Jj=1

TO TpUBilaJbHUN PO3B’s130K cucremu (25.1) crifikmii.
SAkio 3amicTb YMOBU 2) BUKOHYETHCS HEPIBHICTH

<<

st >t >ti0 <6 <y4...+y2 < S, me dy, 02, B —
craji, To TpuBlaJbHUN PO3B’s130K cucremu (25.1) acHMITOTHYIHO
CTifiKmil.

Teopema YeraeBa. Axino B meskiit obaacti D npocTopy y1,
Y2, -, Yn, TaKii, MO TOYKA Y| = ... = Y, = 0 HAJEKUATH MeXKi
obmacri D, icuye nudepenniiiosna dbyukiis V = V(y1,...,yn),
AKa, 33JI0BOJIbHAE YMOBH:

1) V201V =0 na mexi obsacri D;

2) B obmacri D nosHa noxigaa ¢yskii V' B310BK dazosol
TpaekTopii (TobTO B310BK PO3B’A3KY Y;(t), j = 1,2,...,n, cucre-
mu (25.1)) HE € MEHIIO BiJl CTAJIONO J0JATHOIO YHUCIa [3, TOOTO

av

— =05>0

T
st =t >t10 <6 <yi+... 4 yh < b, me 01, 0, B —
craJji, To TpuBiaJbHUI Po3B’s130K cucremu (25.1) HecTiKuMii.
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BarajpHOrO criocoby mobymnoBu QyHKIT JIsnyHoBa Hemae. [T
n
PEKOMEHJIyeThCsl IIyKaTu y Burismi V = > a;jy;y; Tak, mob
i,j=1

KBaJparudia dpopma V Oyjia JoJaTHO BU3SHAYEHOO. SIKUM IMHOM
BubpaT KoedinienTn a;;, mob dopma V' Oyia j10JaTHO BU3HA-
JEHOI, BKa3yeThes y kpumepti Cuaveecmpa, BiIOMOMY 3 KypCy
ajrebpu: moTpibHo, 106

ail ... Qin
>0, ..., | ... ... ... |>0.

anl ... Qpn

a1 a2

ail > 0,
az1 a2

Y npocrimux Bunajgkax GyHKIio JIgmyHoBa MyKaoTh y BU-
ram V(z,y) = az? + by?, V(x,y) = az* + byt, V(z,y) =
= az* + by?, ne a > 0, b > 0, Tomo.

Pozs’s3ysarnms munosux enpas i 3aday

Ilpukaan 25.1. Jocainutu Ha cTifikicTh TpuBiaJbHUN PO3-
B'SI30K CUCTEMH

~

x = "3 — cos 2z,
Yy =4+ 8x — 2eY.

Pose’azarnsa. Od6uncinMo KoedillieHTH CUCTEMHU TEPINOro Ha-

~

OJIMZKCHHS:

= ("™ +2sin2z)| =1,
0 =0
0 y=0

0
ay = %(exwy — cos 2)

T
Y

3}
aja = a—y(e‘”rgy — cos 2x) = 36x+3y‘x:0 =3,

= y=0
0 (VIT8s - 2¢%) A 2
a9 = — T — 2e = =2,
27 ox =0 4+ 8z |z=0
y=0 y=0
0
a1 = —(\/4 + 8r — 26y) = _2€y| = 2.
o =
= -
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SHalieMo XapaKTepUCTUYHI YMCJIa BiIIIOBIIHOI CHCTEMH I1ep-
IITOTO HAOJIMZKEHHST

' =z + 3y,
y = 2x — 2y.
Maewmo:
1—-k 3 _ 9 _
9 _2_k‘_o = k°+k-8=0 =

OCKIJ’[bKI/I OJJHE 3 XapaKTECPpUCTUYIHUX YuCeJI J0JaTHEe, TO TPpU-
BlaJIbHUN PO3B’sI30K 3aaHol cucremMu HecTiikmit. M

Ilpukaan 25.2. JocaignTu Ha CTIfiKiCTh TpUBIaJBHUNE PO3-

= —22° — vy,
{y, L (25.4)

Poze’sazanns. Cucrema 1epiioro HabJIMKEHHST Ma€ BULJISLI:

x/ =Y,
y =z

SHaii1leMo XapaKTepUCTUIHI Jucia;

-k -1
1 —k

B’ 9I30K CHUCTEMU

‘:0 = K+1=0 = ki==i

OckiyibKY fificHa YacTHHA OOUIBOX XapPaKTEPUCTUIHUX THCET JI0-

PIBHIOE HYJIIO, 3pOOUTH BUCHOBOK IIPO CTiHKicTh cucremu (25.4) 3
JIOIIOMOT'OK0 CUCTEMU TIEPIIOTO HADJIMIKEHHST HEMOXKJTHBO.

Posrnsmemo dyuknio V(z,y) = 22 + y?. Bona 3am0BobHsE

00uBl yMOBH, SIKi BUMararoTbcest Jjist pyHKIl JIsoyrosa. Cupas-

ai, V 2 01V = 0 rineku Tosi, Koau x = y = 0; B3JI0OBXK PO3B’ 3Ky

Z, Y CHCTEMHU

av._ oVdx 0OVdy

A drdt aydt

= —(42% + 291 <0.

20(—22° —y) + 2y(z — y°) =
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OT:ke, TpUBIAJILHUN PO3B’SIB30K CUCTEMHU CTilKWii. A OCKLILKU
mo3a OKOJIOM MOYaTKy Koopammar (z2 + 32 > 6 > 0) maemo
Cﬁl_‘t/ < —B<0, ge B — minimym dynxuii (425 4 2y?) noza xomom
22 +y? =0, 10 po3B’s130K = = y = 0 acuMITOTHIHO CTiiiKuii. M

Ilpukman 25.3. Hocainutu Ha cTifikicTh TpuBiaJbHUN PO3-
B'SI30K CHCTEMHU

7 = 2y3 o .’E5,
{y/ - o _y3 _y5'

Pozs’sazanns. llpononyeMo ynradaM caMOCTITHO ePEeKOHATUCS
Yy TOMY, IIIO JJaTU OJTHO3HAYHY BiJITOBiIb HA MUTAHHS PO CTIAKICTH
TPUBIAJBLHOTO PO3B’A3KY INi€] CUCTEMU 3a MEePIINM HAOIUKCHHIM

nemoksimBo. [Ilykaemo dyuxiiito Jlsmynosa y surmsiai V(x,y) =
= Vi(z) + Va(y). Toxi

awv oV

ov
& or fi(z,y) + y falw,y) =

=V(@)(2y’ —2”) + Vs () (—2 —y* — ) =
= —2’V{(@) = (" + ") Va(y) + 2" Vi(2) — 2 V3 (y).
Hexait, manpuktasn, 2y3V{ (z) — 2VJ(y) = 0. Toxui

Vitz) _ Va(y) Vi(x) Vs(y)

paS 2 = = H 20 =p (u=const) =
= Vl(x):ng, Vg(y):gz/‘-

Hexait p=2. Tom V(x,y)=22+y* V(zr,y)>0, sxmo
22 4+ y?#£01i V(0,0) = 0. Oxpim ToroO,

av v ov

— = () + = folz,y) = — (225 +4yP+4y®) < —B < 0,
il G 8yfz(:vy) (227 +4y°+4y°) < -8
ne 8 — mimimym dymkmil f(x,y) = 22° + 4y + 4y® nosa xomom
3 EHTPOM y modaTKy KoopiauHar. OTxKe, MAaEMO aCUMITOTHIHY
CTIMKICTDL TpUBiaJIBLHOTO po3B’sa3Ky cucremu. M
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Ilpuknan 25.4. HocaiauTu HA CTIKICTb BCi TOYKH CIIOKOIO
CUCTEMU

~

a = a? -y,

y =In(32%2 — 1) — In2.
Pose’azanns. 3HaliieMo CoJaTKy caMi TOUKHU CIIOKOKO CHCTe-
mu. 1t 1boro HeoOXiAHO 3HANTH PO3B’A3KHM CHCTEMU PIBHSHD

xQ _y:()v
In(3z2 —1) —In2 = 0.

Otrpumyemo aBi Touku crokoio: (—1,1) 1 (1,1).
Hocnigmvo na criiikicts Touky cnokoo (—1,1). s mporo
BUKOHAEMO 3aMminn r1 = x + 1, y; = y — 1. OTpumaemo:

o = at— 21—y,
yi =In(3(z1 —1)? — 1) —In2.

Cucrema 1epiroro HabOJIMYKEHHsST Ma€ BULJISLI:

{xll - —2.’E]_ — Y1,
y) = —3x;.

SHalIeMO XapaKTepUCTHIHI TUCIIa;

—-2—-k -1
-3 —k

‘:0 = k>4+2%-3=0 = k =-3, ko=1.

Omxe, Touka crokoio (—1,1) e mecriiikoro.
Hocainumo Ha crifikicrs Touky crokoro (1,1). st nporo Bu-
KOHaEMO 3aMinu o = x — 1, yo = y — 1. OTpumaemo:

xh = x5 + 2r9 — Yo,
Yy =1In (3(z2 +1)>—1) —In2.

Cucrema 1meproro HaOIMXKEHHsST Ma€ BUTJISI:

50/2 - 2:62 — Y2,
yh = 3xa.
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SHalIeMO XapaKTepPUCTHIHI THCIIa;

2—k -1
3 —k

ki =1—+2i, ky =1+ 2.

':0 = k*-2k+3=0 =

Omxe, Touka crokoo (1,1) e mecriiikoro.
1

1
Bignosiae: (—1,1) i (1,1) — Hecrifiki TOYKH CIOKOIO.

Bnpasu, pexomendosani das aydumoproi pobomu

JocnianTu HA CTIHKICTD 3a IEPITUM HAOJIUKEHHIM TPHUBiajIb-
HU# PO3B’A30K CHUCTEM:
Al {x/—y—3x—|—6x2—|—4xy—y3,
"y = —dx - 2y +zy — 28
A2 {x/ = In(2y + e=5%),
) y’:3y—1+\3/1—7x.
co

s 5x — efvte,
= sin(3z — by),
Ad. {y = 2COS(4$ + 5y) — 2e¥737,
' =tg(z —y) — 2z,
A5. y V9 + 12z — 3eY,
2= —2y.
}31/13Ha“II/ITI/I7 Ipn dKUX 3HaYCHHAX IIapaMeTpa a HyﬂbOBI/Iﬁ
PO3B’SI30K CHCTEM € ACUMITOTHYHO CTIHKUM:
A6. {x:—ax—?)y—l—xQ, AT, {:);’/’—11.(1(1+a:1:+y),
Yy =2z +y+ 3zy. y =sinz + ay.
JocaiguTtn Ha CTIHKICTDL HYJIBOBUil PO3B’SI30K CHCTEM, KOPH-
crytounch dysknigavu JIanyrosa i reopemamu JIganynosa abo He-
TaeBa:

= 2y — 223 —
As.{x, v Alo{ —r -y
Yy =x—y°. Y = zy — 22°%y.

I a2
o, 1750
Yy =xy+y°.

<
I
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HocainnTn Ha CTIKICTh BCl TOYKU CIIOKOIO CHCTEM:

I o 2 r_ 2
A1l x/—x 3290 +y, A13. :c/ In(y” — 3z),
Yy =y—a° — 3. y=x+y—1

/ f— J— p—
Al2. {x, =3z —y— 3,
y' = arctg(zy).

Bnpasu, pexomendosari 0as 0oMawHb020 3a80aGHHSA
i camocmitinot pobomu

JocnianTu HA CTIHKICTD 3a HIEPITUM HADJIUKEHHIM TPHUBiajIb-
HU# PO3B’A30K CHUCTEM:

c1. {x: =4x — 2y + 6:):y2,4

y=x+y—Try+y".

x' = 623 — 4oy + 62 + 10y,
y' = 2x° — 5y? + 3y — .
x' = 42? + 123 — 3xy + 62 + y,
y =223 — 4yt +5y% —o® + 32 —y.
x' = e3Y — cos(x + y),

Yy =+vr+1—1+siny.
"= Y8 — 12y — 2cos bz,

C2.
C3.
C4.
C5.

Cé6.

7' =1n(3e™3Y — 2cos 4x),
Y =16 — 2z — 4e" T4V,
¥’ =5v/1—3x — 5 — 4y,
y = 2% +10/4 —y —x — 20 — 6y.
C10. {“"/ = e =T+,

/—’Hr—’Hf—Mf—Hg’?/—’Hr—’Hf—H

I

—

=

[
S
8
|

\]

s

Yy =1In(3y + 1 — sin 3x).

=4+ 2x — e —eY,
y' = In(3z — 5y + cos Tx).
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C12. ' =4cosx —+/9+3y+z—1,
y' = In(e 1% + 6y).

T = 3z + sin 2y,
C13. {y =2y —z +tg3z.
x' = tg(z — 3y),
Cl4. {y ~ In(eer o 3y)
x’ =sin(2x — Ty),
C1s. {y = 3775 4 cos(dx + 1) — 2.
o = VA+ 2z + 2 — 2V
C16. y In(e®t¥ — 3z — 6y + 22),
2/ =sin(x + 2y + 2).
T = 3x_|_63y %2 37;’
C17. y = Tr + 4y — bz,
2 =In(e* % 4+ 4sin(x + y)).
T = —6y — 2z,
C18. {y = sin (ﬂc—8y—z)
2 =e"F — Ve
' =e" —e %,
C19. y = 5z — 3sin(x + y),
2/ =In(1+ 3z —z).

7' = cos 2z + sin 3y — **
C20. ¢ ¢/ = In(e"T¥% — 2y),
2=z
BusnaunTti, mpm sgKuX 3HAYEHHAX TapamMeTpa « HYyJIbOBH
POBB’SI30K CHUCTEM € ACUMIITOTHYHO CTiHKNM:

= ax + 2y — y? 7' = ax — 5y + xy?
21. ’ 23. ’
C {g/—Qx—i—ay—xQ C23 Yy = e — Y.
2’ = sin(x + ay), ' =3y —sinz,
C22. C24.
Yy = 4x — 6y — 2xy. {y’:?):c—l-ay.
' =2e"" — /A + ay,

v
25. {y (o4 ay)
¥

Q

2’ =In(e — az) — €%,

C26.
Yy =bx +tgy.
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' = cos(ax —y) — vy,
y = ettay _ 1,

v
C28. {x = ax — v,
=i

Cc27.

y' = tg(z + ay).
r=1— 2x+ay

V1+ar—1.
=In(e™tY —x +
cs0. % = Inle v),
Yy =6z + ay.
JocmiguTtr Ha CTIHKICTD HYJIBOBUIl PO3B’SI30K CHCTEM, KOPH-
cryiounch dyuaknigvu JIsnyrosa i reopemamu Jlsanynosa abo Ye-
TaeBa:

I 3 _ r_ 3
c31. 4 =40 0, C35. {4 = AT
y =z+y. Yy =y —z.
=y — 223 =y — 223
C32. ' C36. ’
{y' = —2z — 5y3 y = —x — 3y
= —xy?, r = —y + 323,
C33. {y, o a2y 87, o
z = —zy? x = —4x?y — 323
4. ; . ’
Cs3 {y, Y SEE
cs9. {7 ZY— Ty
W =r-y—2t -y
/ [ _ 2
cao. {7 0 ALY
y=r—95—-=%
C41. {x/ - T
y'=—z—y
HocainnTn Ha CTIKICTh BCl TOYKU CIIOKOIO CHCTEM:
2’ = b5x — 2y + 3, ' =In(z+y+2),
Caz. {1, — T AT Cas. {7~ TS
Yy =2r—y+x°. y =z +y + 1
x —5:5—:1: -, ' =e"Y — eV T,
C43. {y 5y C46. {y’ _ Byt2ty _ 1

' =x(x+y—3), (z—2)(y—1),
C44. {g/—y(x—i—l). CA47. {y oy d.
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x = e 4 2% — 5, ¥ =x— 1>
C48. {y’ = arctg . ©50. y =2 —2y% - 8.

x =33 g, ' =3x — 5y +2,
C49. {y, — s C5L \y Zjan
C52 v = 2% —y? + 5z + 4,

" Y =32y
P~ (2 _ 82
C53. {Zj’_mﬁ y+3) =8y,
11—z

v =2ty +y?,
Co4 {y' = In(2® 4+ y) — 4y.
C55 {x/— Y1+20+ 22 —y—5y—1,

¥ =y

o' =y,
C56. {y’ =In(1 -2z + 22 —y) — 2y.

Bidnosiodi

A1l. Acumnrornuno crifikmii.  A2. Hecriiikmii. A3. He-
CTIAKMIA. A4. Hecrifiknii. A5. AcuMmnrormyHo CTifKwHii.
A6. 6 < a< —1. A7.a < —1. A8. AcuMOTOTHYHO CTiii-
kuit. A9. Hecriiiknii. A10. Criiiknii. All. (0,0) — necriiika,
(2,10) — mecriiika. A12. (0,—3) — mecriiika, (1,0) — necriii-
ka. Al3. (5,—4) — acmMmuorormuno criiika, (0,1) — necriiika.
C1. Hecriiikuii. C2. Hecridikuii. C3. Hecrifikuii. C4. Hecriii-
kuit. C5. Acumnrornyano crifikuii. C6. Hecrifikuit. C7. Hecriii-
kuit. C8. Hecrifiknit. C9. Acumnrornuno crifikuii. C10. He-
crifikuit.  C11. Acumnroruuno crifikmit. C12. Acumuroru-
ungo crifikuii. C13. Hecrifiknii. C1l4. AcuMOToTn4HO CTIAKMIA.
C15. Acumnrornuno crifikuii. C16. Hecriitkuii. C17. Hecriii-
kuii. C18. Acumnrornuno crivikuii. C19. Hecrifiknit. C20. He-
crifixnit. C21. a < —2. C22.a < —3. C23.0 < a < 1.
C24.a < —9. C25.a<0. C26. e <a<10e. C27.a < 0.
C28.a < 0. C29.a #0. C30. a < —3. C31. Hecriiiknit.
C32. Acumnrornuno crifiknii. C33. Criiiknit. C34. Crifikuii.
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C35. Hecriiiknit. C36. Acumnroruuno crifiknit. C37. Hecriit-
kuit. C38. Criiiknit. C39. Acumvmnroruano criiikuit. C40. Acum-
nrorudso crifikuii. C41. Acumnrornuso crifikuit. C42. (0,0) —
Hectiiika, (1,3) — mecriiika, (—1, —3) — mecriitka. C43. (0,0) —
Hectiiika, (4,4) — necriiika. C44. (0,0) — necriiika, (3,0) — He-
criiika, (—1,4) — acumnrornyro criiika. C45. (—1,0) — HecTiii-
ka, (0, —1) — mecriiixka. C46. (0,0) — mecriiika, (—1,—1) — mHe-
crifika. C47. (2,2) — necriiika, (4, 1) — mecriiika. C48. (2,0) —
Hecriiika, (—2,0) — acumnrornuno crifika. C49. (—1,1) — me-
crifika. C50. (4,2) — acuMmuroTH4HO CTiiika, (4, —2) — HecTiii-
ka. C51. (1,1) — mecrifika. C52. (0,2) — mecriiika, (0,—2) —
Hectiiika, (—4,0) — acumnrorndHo criiika, (—1,0) — Hecriiika.
C53. (—3,—3) — Hecriiika, (—3%,3) — acuMITOTHYHO cTifiKa.
C54. (1,0) — necriiika. C55. (0,0) — necriiika, (—2,0) — He-
crifika. C56. (0,0) — acumurorndno crifika, (2,0) — Hecriiika.
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Tema 26. OcobyuBi Touku Ha ¢$a30Biil MIOHIMHI
Kopomxi meopemuyuni gidomocmi

26.1. Jliniiina aBTOHOMHAa cucTeMa 3i ctraaumMu Koedi-
mieHTaMu Ha miomiuHi. Ias mocmimskeHHST 0COOJIMBOI TOUKHI
x(t) =0, y(t) = 0 cucremn

- =a11T + a2y,
g; - 11 12Y (26.1)
G = 4217 + ay
abo piBHSIHHS
d
ay _ a21T + azy (26.2)

dx N a1 + a2y

31 crajuMmu gificHuMu KoedilieHTaMu a1, G12, G21, G22 MTOTPIOHO
suaiitu Koperi k1 i ko XapaKTepUCTUYIHOIO PiBHIHHS

ann —k  ap

=0. 26.3
a1 ax —k (26:3)

Skio KopeHi XapakTepucTHIHOro piBHsAHHs (26.3) € mificHu-
MU, PI3HUMH 1 Bijr' eMHUMHE, TO 0COOJIUBA TOUKA € CTIHKUM BY3JIOM,
TpaeKTopil B OKOJI i€l ToUuKN 306parkeni Ha puc. 26.1 (BekTopH
« 1 € BJIaCHUMHU BEKTOPAMHU MATPHUIl 3 IPaBOl YACTUHU CHUCTE-
Mmu 26.1, mo Bignosimaoorh umciaam kp i ko). Zkimo kopeni pis-
ustaag (26.3) e gificHuMM, pPI3HUMH 1 JOJATHUMH, TO OCOOJIMBA
TOYKa € HecTifikuM BysioM (puc. 26.2). fKiio KopeHi piBHSHHSI
(26.3) € mificanmm 1 MaIOTH Pi3HMIT 3HAK, TO OCOGIMBA TOUKA €
ciggiom (Ha puc. 26.3 HaBeeHO BUNIAIOK, Ko ki < 0, ko > 0, Ha
puc. 26.4 — Bunagok, koau ki1 > 0, ko < 0, BeKTOp « BiAmoBizae
qucity ki, Bekrop [ — uuciy kg). fkmo kopeni pisasiazst (26.3)
€ KOMIUIEKCHUMH 3 BiJI €MHOIO MIifiCHOIO YaCTHUHOIO, TO OCODJINBA,
Touka € criiikuM dokycom (puc. 26.5). Ko KopeHi piBHsSIHHSI
(26.3) € KOMILJIEKCHUMU 3 JOJIATHOIO JIfICHOI0 YaCTHHOIO, TO OCO-
6imBa TouKa € HecTiikuM dokycom (puc. 26.6). ko kopeni
piBsiHHS (26.3) € 9UCTO ySABHUMHU, TO OCOOIMBA TOUKA € IEHTPOM
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(puc. 26.7). dxmmo k1 = ko < 0, To 0cOG/IMBA TOUKA € CTIHKUM BH-
pozKeHNM By3s10M (puc. 26.9) ab0 CTIHKUM IUKPUTHIHAM BY3JI0M
(puc. 26.11). ko k1 = ko > 0, To 0cobiMBa TOUKA € HECTIHKUM
BUPO/ZKEeHNM By3J0M (puc. 26.10) abo HeCTIIKUM IUKPUTHIHUM
By3s10M (puc. 26.12). JIukpurudnuii By30/1 Ma€ MicIie JIUIle y BU-

MKy CUCTEMU Cé—‘f = ax, Z—? = ay. Adxmo k1 = 0, ko # 0, To Bci
TOYKH HPSMOL Y = —a11Z/a12 € 0COOIMBUMHE, & TPAEKTOPII € ma-

pajieIbHUMU IBIPAMUMEI, 30KpeMa npu ky < 0 0cobuBi TOUKY €
crifiknvu (puc. 26.13), a upu kg > 0 — mecrifikumu (puc. 26.14).
dxmo k1 = ko = 0, To TakoX icHye 03719 0COOIUBUX TOUOK,
sKi 260 PO3MIIILYIOThCS HA OpsMiit Yy = —a112/a12, & TpacKTOpil
€ napaJsiesbHuMu npsivumu (puc. 26.8), abo BCi TOUKM ILIOIIH-
o € ocobnuBuMmu. OcTaHHIM BUIAIOK MOXKJIUBHI JIMIIE, SIKIIO
aj; = aig = az = azg = 0.

Y Yy
15 15
[0) T [0 x

Puc. 26.1 Puc. 26.2

Puc. 26.3 Puc. 26.4
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Puc. 26.7 Puc. 26.8

=4

Puc. 26.9 Puc. 26.10



264 26. OcobsuBi Touku Ha dHaz30Biil mIOIMHI

y y
x %x

Puc. 26.11 Puc. 26.12

Y

5

(0}

Y
%
«
: x %ﬂz

Puc. 26.13 Puc. 26.14

Jlst Toro 1mo6 mobyayBaTH TPAEKTOPIl y BUNAAKY By3Ja, Cil-
JIa, 97 Mapajie/IbHAX IPAMUX, MOTPIOHO CIOYATKY 3HAWTHU BJIACHI
BeKTOpU Marpuil cucremu (26.1). V Bumajxy By3Jia KpUBI J0TH-
KaloThCs JIO IPSMO1, HAIIPIMJIEHOT B3/IOBK BJIACHOTO BEKTOPA, BiJI-
ITOBITHOTO MEHIIIOMY 3a abCOJIIOTHOIO BeJNIUHOI uuciy k. s
dokyca HEOOXiTHO BU3HAUUTHU HAIPSIM 3aKPYyIyBaHHS TPACKTO-
piit. Tust boro ocraTHbo 1100y LyBaTH B sIKiii-HeOy b TouI (2, )
BEKTOP IIBUIKOCTI (Cfi—f, %)7 AKAM BUBHAYAETHCA 33 (POPMYIaMU
(26.1).

26.2. ABroHOoMHAa cuctreMma Ha miomiuHi. OcobanBoio To-
YKOIO CHUCTEMU

a = P(@,y), (26.4)
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abo piBHSIHHS

dy _ Q(z,y)

- = =" (26.5)

dr  P(z,y)
ne dyuknii P(x,y) i Q(x,y) € nBiui HenmepepBHO IudEpEHIHHOB-
HIMU, Ha3WBa€ThCsl TaKa TOUKa, B sikiit P(z,y) = 0, Q(z,y) = 0.
Jltst mocCJTiIKEeHHs OCOOIMBOI TOYKH Ifi€l cucTeMu abo PiBHAHHS
MOTPiOHO TIEPEHECTH TOYATOK KOOPIUHAT Yy HOCJIJKYBAHY OCO-
0By TOYKY 1 posksactu GYHKIHT P i () B OKOJII 1€l TOYKHU 3a
dopmyitoro Teitsopa, 0OMEKUBIINCH YJ€HAMHU IEPIIOTO MOPSIIKY.

Toxi cucrema (26.4) Haby/e BUTJISLY

% = anu+ apv + ¢(u,v),

(26.6)
% = a21u + av + P (u,v),

Jie u, v — HOBI KoopanHATH (IiC/Is TIEPEHECeHHST ),

b = 9P(,y) 0o — 9P y)
1 ox a=0" 12 8y =0’
y=0 y=0
wr — 9Q(,y) 0 C)
21 ox =0 22 8y 2=0
y=0 y=0

IIpunycTumo, 1m1o JIificHi 9acTUHA BCIiX KOPEHIB XapaKTEPUCTH-
qHOrO piBHsIHHA (26.3) He popiBHIOIOTH HYI0. Toi ocobimBa TO-
uka 4 = 0, v = 0 cucremu (26.6) Oyae MaTH TOi caMuii THII, IO
it 0cob/MBa TOUKA JIIHEAPU30BAHOI CHCTEMU

o = aiu+appv
dt ’ (26.7)
T = 421U + av,

orpumanol 3 cucremnu (26.6) Binkumanasam byHKIHi ¢ 1 . Kpim
TOro, KyTOBI KoedillieHT! HAIPAMIB, 0 IKUM iHTErpaIbHi KpUBi
BXOJATH B 0COOIMBY TOUKY, Jist cucreM (26.7) 1 (26.6) Ti cawmi,
HAIPAM 3aKPydyBaHHs IHTErPaJbHUX KPUBUX y BUNAIKY (POKY-
ca Texx € TakuM camuM. OJIHAK, FKIIO 0COOIMBA TOYKA CUCTEMU
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(26.7) € menrpom, To st cucremn (26.6) Boma Moxke OyTH $IK
IIEHTPOM, Tak i pokycom. st HasgBHOCTI dpoKyca HeoOXiaHo i 10-
CTaTHBO, 106 HYJILOBHUI PO3B’s130K cucremu (26.6) 6yB acuMIITo-
TUYHO CTiKUM 1pu t — 400 abo upu t — —oo. st HagBHOCTI
IEHTPa J0CTaTHBO (asie He HeoOXimHO), mob iHTerpaabHi KpuBi
cucremu (26.6) manm Bich cumeTpii, 10 IPOXOJUTH HYepe3 JI0CIIi-
JPKYBaHy TOYKY. Bick cumeTpil icHye, 30KpeMa, TOJIi, KOJIH PiB-
HaHHst (26.5) He 3MiHIOETBCS pH 3aMini © Ha —z (abo y Ha —Y).
V medkumx BUIMIAJIKAX I HOCIIIIKEHHS HasgBHOCTI dokyca OyBae
3PYYHO MEpeiTh 10 MOJISIPHOI cucteMu KoopauHat. [Ipsmum mrst
cucremn (26.7) MOXKyTh BimnoBinarn kpusi jis cucremu (26.6).

Pozs’s3ysarnms munosux enpas i 3aday

Ilpukaan 26.1. Hocaiautu ocoOMUBY TOUKY CHCTEMU

fl—f:Qx—FSy,
%:x—l-ély.

Haxkpecsuu inrerpasnbhi Kpusi #a daszosiit wiomnmui x0y.
Pose’azarns. OCKIIbKA KOPEHSIMA XapaKTEePUCTUIHOIO PiB-
HSIHHS

=0

2—k 3
1 4—k

euqucna k) = 1, ko = 5, T0o ocobimBa TouKa * = y = 0 € HecTifikum
BY3JIOM.

Yucay k1 = 1 Bignosinae Biracuuii Bekrop o = (—3, 1), a uu-
ciy ko =5 — Bekrop 5 = (1,1). Tpaekropii Mmoxkua o0y LyBaTH,
HAIIPUKJIaJI, 9K Ha puc. 26.15. A
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Y

Puc. 26.15

Ilpukman 26.2. Hocaimuru ocobgUBY TOUKY PiBHSHHS

dy _ —6xz -5y

= 26.
dx x+ 3y (26:8)

Haxkpecsintu inrerpasnbhi Kpusi #a daszosiit wiomnmui x0y.
Pose’sazanns. Pipusanuio (26.8) Bigmnosigae cucrema

dzx
=+ 3y,
a Y (26.9)
5t = —6x — 5y.
OCKIJIBKE KOPEHSIMUA XapaKTePUCTUIHOTO PIBHSTHHSI
1—-k 3
‘ -6 —5—-k ‘ =0
€ uncia k; = —2+ 31, ko = —2— 314, T0o ocobyiuBa Touka r =y = 0

€ CTIHKIM (POKYCOM.
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[To6yayemo B Toumi (1,0) BeKTOp MIBHIKOCTI (Cé—‘f, %). Bua-

cainok (26.10) Bin mopismioe (x + 3y, —6x — by). ¥ Touni z = 1,
y = 0 orpumyemo BekTop (1, —6) (puc. 26.16). Orxke, 3pocTan-
HIO ¢ BIJIIOBi/Ia€ PyX 3a NOJUHHUKOBOIO CTPIIKOIO, & TPAEKTOPil
MO2KHA, TIOOY/yBaTH, HAIPUKJIaI, sk Ha puc. 26.17. B

\ Y
Yy
(1,0)
@) T 0 &)\ T
Puc. 26.16 Puc. 26.17

Ilpukaan 26.3. Hocaiautu ocobauBY TOUKY CUCTEMU

fl—f:Sx—Qy,
Y = 4y — 6u.

Haxkpecinu iaTerpaibhai Kpusi Ha (aszosiit mwiommuai 0y .
Pose’azarnsa. OCKIIbKE KOPEHSIMU XapPaKTEPUCTUIHOTO PiB-
uganansg € aucaa k; = 0, ko = 7, To BCi TOYKU TpsIMOT Yy = %x € He-
CTIIKUMU, & TPAEKTOPIl MAIOTh BUIJISA, MIBOPSIMUX, MapaIeTLHIX
BiacHoMy BekTopy (3 = (1, —2), BiAnoOBiiHOMY BJIACHOMY 3HAYEH-
uio ko = 7. Tpaekropil MoxkHa 1MOOYyIyBaTH, HAIPUKIIAJ, AK Ha
puc. 26.18. B
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Puc. 26.18

Ilpukaan 26.4. Hocaiautu ocoOauBI TOYKU CUCTEMU

{fl—f:x+y+1,

%=y+v1+2x2.

Hakpeciintu inrerpa/bai KpuBi Ha ¢as30Biil IIOIIUHI.
Poze’sazarns. OcobiuBl TOYKM 3HAXOIUMO 3 CUCTEMU

r+y+1=0,

[Tepenocumo cucremy koopjuuar y Touky (0; —1) 3aminoro
x =u, y=v— 1. OrpumyemMo cucremy:

du __
{E—u—l—v,

2=y — 141+ 22

3HAX0INMO:

0 3}
a1 = —(u+v) =1, a12:%(u+v) 0:1,
0

ou

u= u=
v= v=

0
0
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2u
u=0 V1 +2u2
’U:

a9y = g(’1}—1—1—\/1—1—21},2>

ov

i

as = E(’1}—1—1—\/1—i—2u2)

ou

u=0
v=0

=1.

u=0
v=0

Binmosinne xapakTepucTuyne piBHIHHS

1-k 1 9
=0 = (1-k)"=0
‘ 0 1—k ‘ ( )
mae eauanii kopinb k£ = 1. Tomy ocobsmsa Touka (0;—1) € mHe-
cTifiKkuM BUpOMKeHUM ByaJjoM. ducay k = 1 Bianosizae BiracHmit
BekTop o = (1,0). Tpaekropil MoxKHA TOOYIyBATH Y ILIONIMHI
uOv, HAIPUKJIAI, K Ha puc. 26.19.

vy

/
Puc. 26.19
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[Tepenecemo Tenep cucTeMy KOODAMHAT Y TOUKY (2; —3) 3aMmi-
HOO T = u + 2, y = v — 3. OTPUMYEMO CUCTEMY:

du _
{%—u—i-v,

D=y —3+/1+2(u+2)2

3HAX0INMO:
4
a1 =1, ajp2=1, ao = 30 2= 1.

BinmoinHe XapakKTepuCcTUYIHE PiBHAHHA

21—k

‘1—1@ 1
3

‘:o = 3k*—6k—1=0

Mae KopeHi k1 = 1 — QT\/E <0iky=1+ % > (0. Tomy ocobyimBa
Touka (2; —3) e cimmom. Yueay k1 =1 — % BiIIOBiAa€ BJIACHNUI
BekTOp @ = (V/3,—2), a umcary kg = 1+ QT‘/g — BJIACHWIT BEKTOP
B = (v/3,2). Tpaekropii MozkHa MOGYILyBaTH, HAIPUKIAI, SK HA
puc. 26.20. B

Puc. 26.20
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Ilpukmam 26.5. Hocainuru ocob/iuBi TOUKN PiBHSIHHS
g’ + 2’ =In(l -3z + 2% — ).

Hakpecintu inTerpanbHi KpuBi BiAnoBiaHOI crucTreMu Ha (a30Biit
ILJTOIIIHI.

Pose’szannsa. PiBHAHHA 3BOAUTLCS O CUCTEMHU JIBOX PIBHAHD
IIEePILIOrO HOPAIKY:

%:ya
F=In(1-3z+a*—y) —y.

OcobnBl TOYKN 3HAXOINMO 3 CHCTEMU

y=0, - B B B
{1D(1—3$—|—x2—y)_y = 21=0, 91 =0, x2=3, y2=0.

Hocnigumo crniouarky touky (0,0). Snaxomumo koedinienTn
JIIHEAPU30BAHOI CUCTEMH:

a1 =0, ap2=1, a=-3, axn=-2

BinmoinHe XapakTepucTUYIHE PiBHAHHA

—k 1 9
p— 2 pu—
‘_3 —2—k‘ 0 = Kk +26+3=0
Ma€ KOMIIJIeKCHI Kopeni ko = —1 & V/'2i. Tomy ocobutBa TOUKa
(0;0) € criitkum pokycom.
. - (dx d
[To6yayemo B Toumni (1,0) BeKTOp MIBHIKOCTI (d—f, d—%) Bua-

CJILTOK

&y,

dy

- = —3r — 2y

y Touri z = 1, y = 0 Bin mopisuioe (0, —3). OTke, 3pocTanuio t
BIJIITOBi/Ia€ pyX 38 FOAMHHUKOBOIO CTPIJIKOIO, & TPAEKTOPII MOYXKHA,
o0y 1yBaTH, HAIIPUKJIAM, K Ha puc. 26.21.
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Y

O\Jw

Puc. 26.21

[Tepenecemo Tenep cucremy KoopauHat y Touky (3;0) 3ami-
HOWO T = u + 3, y = v. OTpuMyeMO cucTeMy:

du _
a — U
2 = In(u?+3u—v+1)—v.
3HaX0IUMO:
a1 =0, ap2=1, an =3, axp=-2

BinmoinHe XapakKTepuCcTUYIHE PiBHAHHSA

—k 1 B 9 B
‘ s 9 ‘_0 = K +2k-3=0
mae kopeni k1 = —3 1 ko = 1. Tomy ocobiusa Touka (3;0) €
cigmom. Yueny kp = —3 Bianosigae Biacuuit Bekrop o = (1, —3),

a unciy ko = 1 — Biacuuii Bekrop = (1,1). Tpaekropil MmokHa
o0y 1yBaTH, HAIIPUKJIAM, K Ha puc. 26.22. B
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u

Puc. 26.22

Ilpukaan 26.6. Hocaiautu ocobauBi TOYKU CUCTEMU

dr — 2y +x\/22 + 2, (26.10)
W — 2x + y\/22 + 2.

Pose’azannsn. Cucrema Mae €auHy ocobymBy Touky & = y = 0.
XapaKTepUCTUIHE PIBHAHHSA JIJIA BiJITIOBIIHOI JIHEAPU30BAHOI CH-

de _
d_f__2y7
d—y:2:):

cTreMu

dt
mae Koperi k = =+2i. Tomy ajs1 JiiHeapu30BaHOI CHCTEMH TO-
uka (0,0) e mearpom. s BusHaUeHHsI THUILY OCOOJUBOI TOUKH
x =1y =0 aa cucremn (26.10) mepeiieMo /10 MOJISIPHOT CUCTEMI
KOOpJWHAT:

x=rcosp, y=rsing, r=r(t), ¢=q¢).
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OTpuUMyeMO CHCTEMY BUTJISIILY

' cos ¢ — ¢’ sin = —2rsin ¢ + r? cos ¢,
r'sin @ + r¢’ cos p = 2r cos ¢ + r?sin @,

3BIJIKU 3HAXOINMO

3 mepmioro piBHSHHS CHCTeMH BUILIBa€, mo 1’ > 0, a, oTxe,
r(t) — 3pocraioua byHKINA. AHAJIOrIYHO, 3 JAPYroro piBHSIHHS
cucreMu BHJIHO, 110 () Takoxk € 3pocrarodoro dyHKIieo. Tomy
TPAEKTOPIl PO3KPYIYIOTHCA HABKOJIO ITOYATKY KOOPIWHAT IIPOTH
FOJIMHHUKOBOI CTPLIKH, & Touka & = y = 0 s cucremu (26.10)
Hacupasi € HecTiikuM dokycom. B

Bnpasu, pexomendosani das aydumoproi pobomu

Jocaigutu 0cobJIMBI TOYKHU CUCTEM i HAKPECUTH IHTEIPAIbHI
KpuBi Ha (Ha30Biil MIOMINAHI:

dx dzx
@ = 4r — @ =2
Al. {gg/ v A3. {g;; g
7 =4y —4x. 7 =T+ 2y.
dx dz
&L =2z — 3y L =9z — 3y
d ’ d ’
A2.{d_§_7 _3 A4.{ﬁ_ _3
dt €T Y. dt Yy Zz.

Jocnigutu 0cobJIMBI TOYKU PiBHAHD i HAKPECJUTHU iHTErPaIb-
Hi KpuBi Ha (a30Biil MIOMINAHI:

dy _ 10y—Tx dy _ 3y—4x
A5. der — 14y—1lz- AT. de = 6y—Tz°
dy _ —5x—2y
A6. der — 2x+by

Jocaigutu 0cobuBI TOYKM PIBHAHHS 1 HAKPECIUTH iHTE-
rpajbHi KpUBi BIAMOBIIHOI cucTeMu Ha (a30Biil ILIOIIMHI:

A8. 2" + 22 + 3z = 0.

Jocmigutr 0cobJIMBI TOYKHU CUCTEM 1 HAKPECIUTH IHTErPAJIbHI
KpuBi Ha (Ha30Biil MIOMNHI:
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dx dx 2 2
dz _ dv | _ 2
Ag.{; 5z +6, A11.{t SR

A10. {gl—g:Qx—i—y—S,
5 = arctg(xy).
JocmiguTtr 0coOIUBI TOYKW PIBHSIHHS 1 HAKPECIUTH iHTe-
rpaJibHI KPHUBi BiAIOBIMHOI cucTeMu Ha (a30Biil IIOIINHI:
Al12. 2" + 22"+ — 222 +1=0.

A13. Hocaiguru xapakTep 0COOJIMBOI TOYKH CHCTEMU

/ J—

' =axr+vy,
Yy =—x+ay
3aJIe?KHO BiJT 3HAYEHHA MapaMeTpa d.

Bnpasu, pexomendosari 0as 0oMawHb020 3a80aGHHSA
i camocmitinot pobomu

Jocaigutu 0cobJIMBI TOYKHU CUCTEM 1 HAKPECUTH IHTEIPAJIbHI
KpuBi Ha (Ha30Biil MIOMINAHI:

c1 {é—fz3y—5x, C9 {ﬁ—fz—Sx—Sy,
"9 = 4y - 6. % = 6z + 6y.

dz _

Co. T = 2z + 4y, C10 9 — — 4z + 2y,
Y — _7p 4 %=z
(fllt Y. = —T—3y.
& =2r—y dr _ 6y — 8

C3'{$ ’ ci1. J g — VT on
@ =4 —2y. %—%—@
dzx
= =ux — 16y de _

C4. {gt ’ C12 a 5y—£12‘,

Ca{ﬁ_$y_w’ & — 2z + 9y,

C6 {fl—f_Qx—Sy, dz _ 5y — Tx

%= 42— 2. Cl4. < g 7

gt v 4 %—8y—10x
9% = —2m, g

O % =z cis. L =2
e Tl =t 8y
T =T —y,
it — = TY
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Jocaigutu 0cobIMBI TOUKU PiBHAHD i HAKPECJUTHU iHTErPaIb-
Hi KpuBi Ha (a30Biil MIOMINAHI:

C16. & = ;g:;y. Cc21. & = %;jy
C17. & = :’;”_—25. Cc22. & = %
C18. % =L, C23. ¥ = 2Tu.
C19. ¢ = 520, C24. 3 = £
C20. & = 2@*_%3 . C25. & = Eiﬁ%;y .

Jocaigutu 0cobIMBI TOUKU PiBHAHD i HAKPECJUTHU iHTErPaIb-
Hi KpWBI BiAIOBIIHUX cucTeM Ha (a30Biil ITOIIIHI:

C26. 2/ — b2’ +42z = 0. C29. 2" + 16z = 0.
C27.z" — 9z = 0.
C28. 2" + 42" + 42z = 0. C30. 2" — 22’ + 62 = 0.

JocmiguTr 0cobJIMBI TOYKHU CUCTEM 1 HAKPECIUTH IHTErPAJIbHI
KpuBi Ha (Ha30Biil MIOMNHI:

dx
dr _ 9.
C31.{g; Y

= y + 1
gl_gie2x+2y+x’ 3 s
5 = arccos(z — 2°) — 3.
4t — In(5 — 2z — 2y),
%:e‘”y—l.

{
{
{dx
C3s5. {E =In(z + y),
{
{
{

C32.
C33.

C34.

%:x?’—l—y?’—l.

Ccll_f:x_y27
%::);2—1-3/2—2.
fl—f:SxQ—xy—FQ,

dy _ .2 .
G =2 T — 2.

C36.
C37.

dx
dz _ 3
c3s. J g~ Y

dt

W— emlmy _ g
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& = 2% —y,

2 =In(3z* — 1) — In2.
g =T Y,

G = arctg(l — y?).

{
{dac
. {_;5 = bz — 8y + 3,
{
{
{

C39.

C40.

= =InZ.
dt Y

dr — 4 — 4z — 2y,
& = 8 + 4y — 2y,
E:x2—4y2.

C42.

C43.
St = arctg(z —y — 1),
% = /322 +3y—2—1.

dx x2—y 2z
= =e —e
C45. ¢ 4 5
=T =2y -y
Jocaigutu 0cobIMBI TOYKU PiBHAHD i HAKPECJUTHU iHTErPaIb-

C44.

Hi KpWBI BiAIOBIIHUX cucTeM Ha (a30Biil ITOIIIHI:
4z’

C46. 2"+ 23 =e = .

C47. 2" — e — g3 =,

C48. 2" — 42’ + 222 — 2 —3 = 0.

C49. 2" + 32’ — 4z + 222 = 0.

C50. 2" = 3arcsinz’ — 21n zl,:—i

Hocainntn xapakTep OCODIUBUX TOUOK CHCTEM 3aJIEXKHO Bif
3HAYEHDb [apaMeTpa d:

I I — —
C51. x,—2x+ay, C54. :c/— 2x — 4y,
y=z+y. Yy =ar+y.
r_ r— _
cs2. (%, =Y, cs5. %, T T
Yy =x+ ay. Yy =3z —y.

r_
C53. {x, =3ty
y = ar+ 3y.
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Bionoeiodi

VY BifmoBiAgxX, KpiM KOOPAWHAT i THILY OCOOJIUBOI TOYKHU, BKa-
3aHa JIOJATKOBa iHdopMallisa, HeoOXiaHa st MOOYI0BH TPAEKTO-
piit. st rouok (0,0) KoOpAMHATH TOYKH HE BKA3YIOTHCS.

A1. Hecriiikuit By3ou, k1 = 2, ko = 6, = (1,2), 8 = (1, —2).
A2. Criiiknit dokyc, mporu ronuaaukoBoi crpiaku. A3. Hecriii-
Kuii Bupojzkenuit Bysoir, k = 2, v = (0,1). A4. Criiiki ocobusi
TOYKHU 3allOBHIOIOTH IPAMY JIHIIO, TPAEKTOPil — MapaJsesbHi MmiB-
upsimi, k1 = 0, ke = 10, o = (1,3), f = (—3,1). A5. Cimio,
ki = —4, ks =3, a=(2,1), § = (1,1). A6. Lenrp, 3a roaun-
HUKOBOIO cTpiikoro. AT7. Crifikuii By3zous, k1 = =3, ky = —1,
a=(3,2), f=(1,1). A8. Criiikuit poKyc, 38 MOIUHHIKOBOIO
crpinkoro. A9. (—2,—1) — Hecriiikuit By3omn, k1 = 2, ko = 3,
a=(0,1), 8 =(-1,1). A10. (0,3) — cimno, k1 = —1, ky = 3,
a = (1,-3), g = (1,1); (%,O) — HecTilikuii By30s, ki = %,
ky =2, a = (2,-1), p = (1,0). A11. (0,1) — wenrp, upo-

T roauHHUKOBOI crpinkm; (0, —1) — cimno, ky = =2, ko = 2,
a = (1,-1), 8 = (1,1). Al2. (—3,0) — criiikuit dokyc, 3a
POIIMHHUKOBOIO CTpiikoio; (1,0) — cimno, ky = =3, ko = 1,
a = (1,-3), g = (1,1). A13. dxmo a = 0, To Touka (0,0)
€ TmeHTpoM, gkmo a < 0, — crifikum dokycom, gkio a > 0, —

Hectiiikum dorycom. C1l. Cimo, k1 = —2, ko = 1, a = (1, 1),
B = (1,2). C2. Hecriiikuii dhokyc, IpoTu rOANHHAKOBOI CTPiJI-
k. C3. Hecriiiki 0cobuBI TOUKM 3allOBHIOIOTH IIPSIMY JIHIO,
TpaekTopil — mapasesbui npsmi, k = 0, o = (1,2). C4. Criii-
KUil BUpOzKeHmii By3oa, k = —3, a = (4,1). CB5. Hecriiiknii
Bysoi, k1 = 1, ks = 5, a = (2,1), 8 = (1,1). C6. ILlenrp,
nporu roguHHUKOBOI crpimku. C7. Crifikuit quKpuTUIHUN By-
sos1.  C8. Hecriiikuit Bupomzkennii Bysou, k = 3, a = (1,2).
C9. Hecriiiki 0cobuBI TOYKN 3aIIOBHIOIOTH IIPAMY JIHIIO, TPae-
KTOpil — mnapasesnbHi msnpsmi, k1 = 0, ky = 3, a = (1,-1),
B = (1,-2). C10. Criiikuit dokyc, 3a TOAMHHUKOBOIO CTPiJI-
koto. C11. Crifikuit By3omn, ki = —4, ke = =2, a = (3,2),
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8 = (1,1). C12. Hecriiikuii dhoxyc, 3a MOIMHHUKOBOIO CTPiJI-
koo. C13. Criiiknit Bupomkenuit By3oa, k = —1, o = (=3, 1).
C14. Cigo, k1 = =2, ke = 3, a = (1,1), p = (1,2). C15. He-
cTifikuit BUpo/Kenuit By3on, k = 5, a = (—3,1). C16. Hecriii-
Kuit By3ou, k1 = 2, ko =6, « = (1,1), 8 = (—3,1). C17. Lenrp,
nporu roauHHuKoBOI crpiku. C18. Hecrifikuit {ukpuTUIHAN
By3os1. C19. Crifiki 0cob/iMBi TOYKM 3AIIOBHIOIOTH HPSAMY JIHIIO,
TpaeKTOpil — mapaJsesbhi niBnpsami, ky = —1, ke = 0, a = (1, 3),
B =(1,2). C20.Cimno, k1 = -2, ko =3, a=(-2,1), B =(1,2).
C21. Hecriiiki 0cob/mBi TOYKN 3aIOBHIOIOTH IIPSIMY JIHIIO, TPa-
ekTopil — mapasnenabni npsmi, k = 0, « = (1,—-3). C22. Criii-
KUl BUpO/RKeHuit By3on, k = —3, a = (1,2). C23. Criiiknii
By3oi, k1 = =5, ko = —4, a = (2,3), 8 = (1,1). C24. He-
criiikmit pokyc, mporu roguHHUKOBOI cTpiiku. C25. Crilikuit
dokyc, 3a rommHHUKOBOIO crTpinkoo. (C26. Hecriiikuit By30.1,
ki =1, ke =4, a=(1,1), 8 = (1,4). C27. Cimo, k1 = —3,
ky = 3, a = (1,-3), p = (1,3). C28. Criiikuii BuUpoIKE-
it By3on, k = —2, a = (1,—2). C29. Ieurp, 3a romun-
HuKOBOI cTpinikoro. C30. Hecriitkuit (okyc, 3a roJuHHUKOBOIO
crpinkoro. C31. (4,8) — Hecriiikuii Bupomkenuit By3omn, k = 1,
a = (1,1). C32. (0,—1) — necriiikuii Gokyc, HPOTU TOAUHHU-
koBol crpiiku; (0,1) — cimmo, k1 = —4, ks = 4, a = (1,-3),
B=(1,1). C33.(—1,1) — cimno, ky = —1, ko = 4, a = (—1,2),
B =(2,1). C34. (0,2) — crifixuit GoKyc, IPOTH I'OJUHHAKOBOI
crpinky; (2,0) — cimno, ky = —2, ko =2, a = (1,0), 5 = (1, -2).
C35. (0,1) — mecrifiknit By3on, k1 = 1, ke = 3, a = (1,0),
B = (1,2); (1,0) — cimo, ki = (1 — V/13), ko = 1(1 + V13),
a=(-1,1++13), 8 = (2,V13 —1). C36. (1,1) — necriitkuit
dbokye, nporu roguaEEKOBOI cTpinku; (1, —1) — cimro, kj = —3,
ko =2, a=(1,-2),=(2,1). C37.(—1,—5) — criiikuit dpokyc,
3a TOAMHHUKOBOIO CTPLIKOM0; (2,7) — Hecrifikuil By3omd, k1 = 2,
ke =3, a =(2,3), B =(1,1). C38. (1,0) — criiiknii By3o0uI,
by =—1,k =3, a=(-3,1), 8=(1,—1). C39.(1,1) — ne-

crifikuit doKyc, mpoTu roguHHUKOBOI cTpiaku; (—1,1) — cigo,
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ki =-3,ks=1,a=(1,1), 8 =(1,—1). C40. (1,—1) — mecrii-
kuit By3os1, k1 = 1, ke =2, a = (1,0), 8= (2,1); (1,1) — cimro,
ki =-2 k=1 a=(23), 8=(1,0). C41. (1,1) — necriiikuii
Bysoi, k1 = 1, ko = 3, a = (2,1), § = (4,1). C42. (0,2) —
criiikuii BupopKennii Byson, k = —2, a = (1,—-1); (1,0) — cimio,
ki = —4, ks = 1, & = (1,0), B = (2,—5). C43. (-2,—1) —
HecTiiikuit GoKyc, 3a TOAMHHUKOBOIO CTPLIKOIO; (4,2) — crifikuit
By3oq, k1 = =8, ke = —12, a = (1,1), f = (1,2). C44. (1,0) —
HeCTifiKuit (bOKyc, IpOTH MOAUHHUKOBOI cTpiiku; (—2, —3) — ciz-
JIO, kl = —1, k‘Q = 3, o = (1,2), ﬁ = (1,—2). C45. (0,0) —
criikuit By3oa, k1 = —1, ks = =3, a = (1,-1), = (1,1);
(1,-1) — cimio, k1 = —e, ko = e, a = (e,1), f = (e,—1).
C46. (1,0) — criiikmit By3ou1, k1 = —1, ks = =3, a = (1,-1),
8 = (1,-3). C47. (—1,0) — mecriiikuii dhokyc, 3a TOIUHHUKO-
Boio crpinikoo. C48. (%, 0) — HecTiiikuit HOKyC, 3a TOMUHHIKO-
BOIO crplikoro; (—1,0) — cigo, k1 = —1, ko = 5, a = (1,—1),
B =(1,5). C49.(0,0) — cimio, ky = —4, ko = 1, a = (1, —4),
B =(1,1); (2,0) — criiikuit $poKyc, 3a FOAUHHUKOBOIO CTPLIKOIO.
C50. (1,0) — mecriiikuit By3oua, k1 = 1, ks = 2, a = (1,1),
B = (1,2). C51. dxmo a < —3, 10 Touka (0,0) € mecriiikim

1
dokycoM, dKIO a = —%, — HECTIUKUM BUPOJZKEHUM BY3JIOM,
AKIIO —i < a < 2, — HeCTIlKMM BYy3JIOM, SKIIO @ > 2, — Ci-

JJIOM, SIKITIO @ = 2, TO icHye 0e3/1i4 HecTiiKuX 0COOJIUBUX TOUOK.
C52. dkmo a < —1, To Touka (0,0) € cTifikuM By3J0M, SKIIO
—1 <a <1, — cigymoMm, g9K110 @ > 1, — HECTIMKUM BY3JIOM, FKITO
a = —1, 1o icHye 6e3/iY CTINKIX OCOOIUBUX TOYOK, AKINO G = 1,
TO icHye Ge3iv HecTifikux ocobanBux Todok. C53. dAximo a < 0,
To Touka (0,0) € Hectifikum pokycom, ko a = 0, — HecTifiKuM
BUPO/IZKEHUM By3JI0M, dKmo 0 < a < 9, — HeCTIIKIM BY3J0M,
SJKIO a > 9, — cimymoM, sKmo a = 9, To icHye 6e3/id HecTIMKuX
ocobmBux Touok. C54. SIkmo a > =%, o rouka (0,0) € criiikum
OoKyCcOM, SIKIIO a = %, — CTIiKUM BUPOJKEHUM BY3JIOM, SIKIIIO
% <a< 1%, — CTIfiIKUM BYy3JIOM, SIKINO @ < %, — CIJIJTOM, AKIIO

a = %, TO icHye 6e3/iy crifikux ocobiauBux TouoK. C55. ko
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a < 0, ro Touka (0,0) € crifikum dokycom, sKio a = 0, — cTiii-
KUM BHUPOZKEHUM BY3JI0M, AKIo 0 < a < %, — CTIfiKUM BY3JI0M,
AKINO @ > %, — CiJJIOM, SIKIIO @ = %, TO icHye 0e3yid CTifiKmX
0COOJIMBHUX TOYOK.
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