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IHEPE/IMOBA

CrpiMKH# pO3BUTOK Cy4acCHOTO CBITY B YCiX HOro mposiBax 3 KOXKHUM POKOM
BUMAra€ BiJ] KOXKHOI JIIOJUHU 30KpEMa, Ta JIFOJICTBA B IIIJIOMY, BCe OLIBITOTO BMiH-
HS TIPUCTOCOBYBATHCS JIO TIBUJIKOIJIMHHUX YMOB HABKOJIMITHLOTO CEPEJIOBHUINA,
BMiHHSI OTPEMYBATH Ta aHAJI3yBaTU BEJUKY KUIbKICTH iH(dopmMariil Tomo. Came
TOMY CBOT'OJIHI HAyKa B3araJii i MaTeMaTrhKa 30KpeMa BU3HAIOTHCS MPIOPUTETAME
JIFOICHKOI TTMBLJIi3aIlil, OCKIJIbKY BiJl HAsBHOCTI HAYKOBO YHOPSIKOBAHOTO CBITO-
IJIsIly Y KOHKPETHOI JIIOJMHA ab0 OKPEMO B3(TOI IPYIH 3aJEXKUTh 1X 0COOHCTHIA
YCIIX y CyCHiJIbHI# camopeaJti3ariii.

BaxkumBicTh MaTeMaTHKM, K (YHIAMEHTAJIBHOI, TaK 1 KOHKPETHO MPHUKJIa-
JHOT HayKH, OOYyMOBJIIOETbCS TIEPII 3a BCE IMBUJIKUM PO3BHTKOM iH(MOpMAI#HAX
TEXHOJIOT1#, BU3HAHHSIM IHHOBAIIIWHOTO IIJIsIXY PO3BUTKY €KOHOMiKY KOXKHOI Kpai-
HU 3allOPYKOI0 YCIINMIHOTO KOHKYPYBaHHsS Ha CBITOBMX DWHKaX. TaKWM YHHOM,
MPYPO/IHO BWHWKAE NOTPeba MOB’si3aHHS abCTPaKTHOI MaTeMaTHUKU 3 11 KOHKpPe-
THUMU [PUKJIAJEHHIME y 0ararb0X HAYKOBUX rayy3sX. BusiBisieTncs, mo abco-
JIFOTHa OUIBIIICTH TMIJISXIB BiJ[ TAK 3BAHOI «YMCTOI» MATEMATHKY JI0 MATEMATHKA
MPUKJIATHOI MPOJISITaE CaMe Yepe3 BeJUYHY TeOpilo audepeHIiaJbHAX PIBHSHb.
Binbm Toro, Mu miJIKoM BH3HAYEHO MOXKEMO I'OBOPHUTH PO IpobireMu Teopil au-
depeHIiabHUX PIBHAHB SK PO I'PYHT, HA sIKOMY BHHUKJIA 0araro IHMAX Ma-
TeMaTHIHWUX Teopii (iHi#Ha anrebpa, Teopis rpyn JIi, GbyHKIiOHATBHIH aHAII3,
KBaHTOBA MEXAHIKa TOIMO), IO /A€ HAM IPABO BU3HAYATH TEOPiio Mud>epeHTiab-
HUX PiBHSIHB, SK OCHOBY IPHPOHUYO-HAYKOBOTO MATEMATHIHOIO CBITOIJISIILY.

Cgol mouaTku audepeHIliaibHi piBHIHHS 6€pyTh Ie 3 yaciB HeoToHa, KoM
MIPUPO/IHI ABUINA MTOYAJM 3aIUCYyBaTH 33 ix gomomMoror. CaMe HebecHa MEXaHIKa,
OyJ1a MepIIoio Tajay33i0 HayKW, B sKil BiAMOBIHI 3aKOHM OIUCYBAJHU JU(EpPEHITi-
anpHUMU piBHsIHHsAMU. [loHsTTS «aequatio differentialisy abo «amdepenmiaanae
PIBHSIHHST> BIIEpIle OyJI0 BBEIEHO BHIATHUM HIMEIbKUM MaTeMaTUKOM Biibresb-
moMm Lordpinom Jleitbuinem y 1676 pomi. CydacHa Teopis nudepeHIiaJbHuX piB-
HSIHb SIBJISIE CODOIO0 BeJIMYe3Hy MHOXKHWHY PI3HEX ifleif Ta MeTOmiB, 6araTo 3 SKUX
BYKe MOYKHA, BU3HAYATH SIK BUKJIOYHO KOPHCHI 3 TOYKHM 30PY MPAKTUIHUX 3aCTO-
CyBaHb i TOMy HaM 3aJIUINAETHCI TIIbKU JAWBYBATHCH Ipo3opiuBocTi HbioTOHA,
KW/ OCHOBHE CBOE€ BIIKPHUTTS BHUIAB y BUIVISAl aHarpamu: «Data aequatione
quotcunque fluentes quantitae involvente fluxiones invenire et vice versas, 1o
MOXKHA ITEPEKJIACTH HA CydJaCHY MaTeMaTWdHy MOBY sik: «KopucHo po3p’s3yBarn
T epeHIialbHi PiBHIHHS .



JiiicHo, JTy?Ke BayKKO ySIBUTHU COO1 JIOCBITIEHOTO CyIaCHOTO 1HKEHEPa, PI3nKa
abo, TuM Oisbime, MaTemMaTnKa 6e3 3HAHHS Teopil JudepeHIaIbHUX PIBHIHB 1
HaBUYOK X po3B’s3yBaHHs. Came jJomoMora B 3/100yTTI HABHYOK PO3B’sI3yBaHHS
N epeHIiaJbHUX PIBHIHD 1 € TOJIOBHOIO METOO JJAHOTO HABYAJbHOI'O IOCIOHMKA.

Kuwra vamucaHa 3 ypaxyBaHHSIM 0araToOpigHOTO JOCBITY Ta TPaIUIii BUKJIa-
maHHS 06a30BOrO Kypcy AudepeHIiaJbHUX DPIBHSHb BUKJI3adamMu Kadeapw iH-
TerpaJibHAX 1 AudepeHIliaJbHIX PIBHIHb MEXaHIKO-MaTEeMAaTUIHOTO (PaKyJIbTETy
KwuiBchkoro HalioHaJIbHOTO yHiBepcuTeTy iMeHi Tapaca IlleBuenka.

HapuagbHnii MOCIOHMK MICTHTH NPHUKIAIN Ta 3aJadi 3 IuepeHIliaJIbHIX
piBHSHB B 0OCs31 mporpamMyd HOPMATHBHOTO KYypCy /i CTYIEHTIB MEXaHiKO-
MaTeMaTHIHuX (DaKyIbTETiB YHIBEPCHTETIB I TEXHIYHWX BHIMUX 3aKJIAJIB OCBi-
TH 3 MOTJIMOJIEHVM BUBYEHHSIM MaTeMaTWKW. BiH € mpakTudHAM 3ab€3medeHHsIM
migpyunukiB: A.M. Camotinenxo, M.O. Ilepecmiox, I.0O. Ilapacrox « Indepemrrtri-
anbHi piBasHAES> [11] Ta A.M. Camotinenxo, C.A. Kpusowesn, M.O. Iepecmiox
«JIudepennianpHi piBHAHHES B 3agad9ax» [10].

TTocibHWK CKIIaIaeThCA 3 Y0TUPHOX TI1aB (BLIMOBIIHO 10 TUIIB 38189 1 METOIIB
X pO3B’sI3yBaHHS) Ta JOJATKIB.

SHauHy yBary IpHUIiJIEHO IHTErPYBaHHIO MudepeHIliaJbHAX PIBHSIHB 33, JIOTO-
MOTOIO CTEIEHEBUX PsAJIiB, MpOobeMaM KOJHUBHOCTI PO3B’SI3KiB Ta JIOCIIIXKEHHIO
IXHBOI CTIKKOCTI B ceHCl JIamyHOBa, pIBHIHHAM 3 YaCTUHHUMU MMOXigHuMu. IIpak-
TUYIHO B KOXKHY TJIaBY BMIITIEHO 3313491 3 MATEMAaTUIHOTO MOIEJTIOBAHHS ITPOIECiB
IpUpPOAHIYIOro XapakTepy (dbismdaroro, XimiuHoro, 6iomorigyaoro Tommo) Ta reoMe-
TPUYHI 33,1841, sIKi MOJIEJTIOIOThCA MU EPEHIIaTFHUMEA piBHIHHEAMEA. B ycix mapa-
rpadax MOJaHO OCHOBHI METOMIM Ta HABEJIEHO PO3B’si3aHHS KiJBKOX THUIIB 331a4.

Koxna camocTiiiia poboTa Mae JecsiTh BapiaHTIB TEMaTHIHO CKOMIIOHOBAHUX
3aBJ[aHb, STKi MOXKHA BUKOPUCTATH Uil IHIWBIyaJIbHUX 3aB/IaHb T4 KOHTPOJIbHIX
pobiT CTymEeHTIB.

o GinmbImocTi 33424 JAHO BiAIOBIII.

ABTOpH BHUCJIOBIIOIOTH MOASKY BHKJ3JadaM, acmipaHTtaMm Kadeapu iHTe-
rpajbHUX 1 JAudepeHIliaJbHNX PiBHAHB, CTyAeHTaM KHIBCHKOrO HAIiOHAJIBLHOI'O
yHuiBepcurery imeni Tapaca [lleBuenka, a Takox Memabanayky O.B. ocobucro 3a
JIOTIOMOTY TIPH IiITOTOBIIl HABYAJIBLHOTO MOCIOHUKA.



I'masa 1

JTNOEPEHITAJIBHI PIBHAHHSA
INIEPHIOIO ITOPAIAKY

§ 1. OCHOBHI IIOHATTA
1. JIudepeniianpHe PiBHAHHS MEPIIOTO HOPSJIKY Ma€ BUTJIST
F(z,y,4) =0, (1.1)

jne F — sajana dyHkiisg 3minaux z,v,y’; y — HeBijoma yHKIis apry-
MeHTy T; Y = g—g, a pIBHsIHHsI, DO3B’si3aHe BIJIHOCHO 1I0XiJ[HOI (KanoniwHa
Popma), -
y = f(z,y) (1.2)
(f — samana yHKIisg 3MIHHUX T,y ).
YacTo 3aCTOCOBYIOTh CUMEMPUYHY HOPMY 3aIUCy PIBHAHHS THILY

M(z,y)dx + N(z,y)dy =0, (1.3)

ne M(x,y), N(x,y) — 3amani GyHKil 3MiHHUX T, Y.

Basnaunmo, mo F, f,M,N B (1.1)—(1.3) € nenepepaumu dyHKIIisI-
MH CBOIX 3MIHHHX. By/b-sika HelepepBHO udepeHIiioBHa Ha iHTepBaJi
I = (a,b) C R dysrmis y = (), dka neperBoproe udepeHIiaibHe
PiBHSTHHSI Ha, TOTOXKHICTH Ha [, HABUBAETHCS D036 A3KOM Ub020 PIBHAHHA.

Cuissinromenuast ¢ (x,y) = 0, sike HESIBHO 33/1a€ PO3B’sI30K DIBHSIHHS,
HA3UBAETHCS inmezpanom pienannus. dxmo P (x,y) = 0 — inTerpan gude-
peHIiaibHOrO piBHsAHHSA (1.2), TO 3rigHO 3 HUM

d®(z,y) = ) (z,y) dz + @) (z,y) dy,
TOOTO
O (2,y) + Py (x,y) - f(a,y) = 0. (1.4)
Oyuknias x = ¢(t), y = ¥(t), t € D C R, 3ajana napaMeTpUdHO, €
po3B’sizkoM JdepenifianbHoro piBHsiHHEs (1.2), sK110
Y'(t)
¢'(t)

= f(p(t),(t))npn t € D.
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Ba/1aua 3HAXO/PKEHHST PO3B’s13Ky y = (1) DIBHSIHHS, SIKUii 33J10BOJIb-
HSIE 3a/IaHy LI0YATKOBY YMOBY y(xo) = Yo, HA3MBAETHCS NOYAMEKOBOIO 3a-
dauero, abo zadauero Kows (puc. 1).

2. PiBusnnsg (1.2) y KoxKHil TOUIH

1 001acTi BU3HAYEHHS IMMOPO/KYE Be-
KTOD, 10 YTBOPIOE 3 JIOJIATHUM Ha-

M) mpamom oci O KyT, TaHT€HC SKO-
1o JIOpiBHIOE 3Ha4YeHHIO f(z,y) y nuiit
TouIi. MHOXHWHA BCIX TAKUX BEKTO-

piB (OJMHUYHOI JIOBXKWHHU) € NOAeM
Puc.1 HANPAMIG.

Kpusa, sika B KOXKHIi# CBOI TOYIl JIOTUKAETHCS JI0 OJHOTO 3 BEKTOPIB,
III0 HAJIE?KATH IIOJTI0 HANPSAMIB, € iHTerpajibHO.

130%A1H010 TUdEpEHITIaIbHOTO PIBHSIHHS HA3WBAETHCS KPUBA, B KOXKHIH
To4I siKOI HaupsiM nouisi opHakosuii. st piBusinas (1.2) ns kpusa 3aja-
erbes cruiBBigHOmenusaMm f(x,y) =k, ne k = const.

Axmo B Touni (xg,yo) dYHKIIsS NEPETBOPIOETHC HA HEBU3HAYEHICTH
BUTLJISLY %, TO i1 a00 JIOBM3HAYAIOTH 3a HEIEPEPBHICTIO, 00 BBAXKAIOTh,
mo B Touri (xg,Yyp) mojie HeBu3Ha4YeHe (y pasi, aKmo f He MOXKHA JIOBU-
sHaunTh). Hanpukiaz, BBaxkarumemo, mo B Touri (0,0) mudepenmiaabae

piBustHHA 3 = S2L HOpo/pKye HaupsiM, Takmii, mo tga = 1, Toii #k Ha-

T+y T
Ty’ € HEBU3HAYCHUM Yy IIIU

IpaM MOJIsA, TOPOJPKEHOTO piBHAHHAM 3 =
TOYII].

HonatkoBy iHdopMaIiio Mpo iHTErpajbHi KPUBI JudepeHIiaIbHOTO
PiBHSHHS MOXKHA& OTPHMATH, JOCIIJKYIOUH JIiHIl €KCTPEMAIIBHUX TOYOK,
TOYOK TEPETHHY, I30KJIHUA HyJis, aCUMIITOTHA IHTErpaJibHUX KPUBHUX 1 T.I.
[10 (1.17, 1.18, 1.19)].

3. ua criuafanHas  audepeHIiajJbHOTO  PIBHAHHS — 33JIaHOT  1i-

mapaMeTpudHOl ciM’I KPUBHUX
é(x,y,ChCQ,...,Cn):O (15)

HeoOxijHo npojudepennioparn (1.5) n pasiB 3a 3MIHHOIO T, BBaXKarO4H,
mo y € yHKiieo aprymenty . JlictameMo cuctemy, sika CKIIaJAEThCA 3
(n+ 1) piBHgHB 1 3 gKol ciif Buayuntn Bei napamerpu Cp,Co, ..., Cy.



§1. OchosHi nowsmmas 9

VYHiBEpCATBHOTO METOY CKJIAJAHHS JuepeHItiaJbHOTO PIBHAHHS, IO
onucye nepedir JIesiKOro €BOJIIOIIIHOTO mporecy, He icHye. ¥ 6ararhox Bu-
MaJKaX 3aJIEKHICTh MiXK JIOCTIKYBAaHUMY BeJIMYMHAMU I'DYHTYETHCA HA
Bimomux disnunnx 3akonax (Herorona, lljonkoBebKoro, 36epexkeHHs eHep-
rii, 36epexkenHsi iMiyubcy 1 T.1.). HacTo 3acTOCOBYIOTH €KCLIEPUMEHTAJIBHI
jani. IIpyn 1poMy BHKOPHCTOBYIOTH I'€OMETPHYHMI 3MiCT HOXigHOT (TaH-
IeHC KyTa HaXmiy JOTU4HOI) Ta i1 disuunumii 3mict (mBuakicTs mepebiry
nporiecy) [10 (Berym)].

IIpu BukOpmcTaHHI TEOMETPUYHOIO 3MICTYy HE JIUIINE TOXiJHOI, a # BuU-
3HAYEHOTo iHTerpaJa (IJIoIa KpUBOJIIHIHOI Tparertii), JicTaneMo iIHTerpo-
gudepeHmiagbHe piBHAHHA. Taki piBHAHHSA OTPUMYIOTbCS TaKOXK IIPHU BU-
KOpHCTaHHI Jiesikux (popMyJl, siki MICTSTh iHTerpasm (JOBXKUHA JIyTr'¥ KPH-
BOI, 1101 1IOBEPXHi, 00’eM Tisa obepranHst, poboTa cuim Toi). Y Haii-
MIPOCTIMNX BUMAJAKAX IHTErpaJibHI Ta IHTerpo-audepeHIliaabHi PiBHIHHSI
3BOJIATHCS JI0 uDEPEHIIaIbHAX PIBHAHD NUISIXOM Ju(epEHIiIOBaHHS.

ITpuknaad 1. Ywue dyHkiis y = tgr po3B’sa3KOM M EPEHIIAILHOTO

piBusrna ' = y2 + 17

1
cos? x
3a/10BOJIbHsIE qudEpPeHIliaJbHe PIBHIHHS TaKOXK 1 Ha KOKHOMY 3 IHTEpBaJIiB

Posé’azanmna.  Ockinbku 1y = =tg?x + 1, 10 3a/a8a byHKIIA

I, = (—g + 7k, 5+ Wk), Ha SKUX Ma€ MiCIle HelepepBHA JudEepEeHIiiioB-

HiCTb 1i€l PYHKIII], & TOMY BOHA € PO3B’sI3KOM JAHOI'O HaM PiBHSHHS.
ITpuxaad 2. losectn, mo dysknis y = (), 3ajaHa mapaMeTpu-

~!. € posB’a3KOM JMMEPEHIiaTbHOIO PiBHAHHS

gyHo: x = tel, y = e
(1+azy)y’ +y* =0.
Pose’asanns. Maemo

dy dy dr et

de — dt ~dt et +tet’
a TicJIsd 1iJICTaBJIsIHHSI OTPUMAHOI'O BUPA3y JiJIs 1OXiJIHOT B PiBHSAHHS Jli-
e’ 9t
(1+t)'<—m>+e =0.

ITpuxaad 8. 3naiitu iHTerpajbHi Kpusi piBHsiHHSA Y =

CTaHEMO:

8 ke
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ph y Poss’azannsa. Buxopucraemo MeTosn

/ y=ex isokmin. [lyig 3amaHoro piBHAHHA 130-

KJIIHYA MAIOTh BUATJIS] % =k, k = const,

* T aboy = kx, me k = tga = L. A,

o
OTKe, IHTerpaJlbHIMU KPUBAMH € CaMe
_ miBupsmi y = Cz (z # 0) (C — nosias-
Puc.2 Ha crajsia) (puc. 2).

=

ITosicnenns. Ockinbku B Touni (0,0) mose me Bu3Haueno, o npami y = Cz He
MOXyTb OyTn iHTerpanbHuMu KpusuMu, ockiibku touka O(0,0) He HanexkuTH 2KOAHIH
3 UX KPpUBUX.

ITpuxaad 4. dna nudepennianbHoro piBHAHHA 1y = —% 3alncaTh 10
OJTHOMY PO3B’SI3KY:

a) B siBHi dopwmi; 6) B HesiBHIN dopmi; B) B napamerpuysiii dopmi.

Poss’azannas.

a) Jlerko nomirurn, mo dbyskuis y = V1 — 22 € po3B’s3KOM 3aJ1aHOTO
piBHsiHHs, skmo = € (—1,1). Maemo

__z _ __ =z
V1—a2 Vi-z2"®
6) Oynkuis y = y(z), 3ajana HesBHO cuiBBijHOmMeHHAM 32 + 22 = 1,

y > 0, TakoXK 33J1a€ po3B’g430K 11b0T0 piBHsAHHSA. ClpaB/ii, B CUJIy pIBHIHHS
noBHMI qudepential 1miel GYHKINI JOPiBHIOE

d(z? +y* — 1) = 2z dx + 2y dy = 2v dx — E'del“:()-
Y

B) IlapamerpuuHo 3ajana QyHKIisg © = cost, y =sint, t € (0,7) Takoxk
3aJ1a€ PO3B’SI30K PIBHAHHS, OCKILIBKH I 1iel DyHKIT MaeMo

dy  cost cost

dr —sint  sint’
BazHaunMo, 1Mo KOXKHA 3 (DYHKIIN a)-B) 3aja€ Yy K HEINEPEPBHO JIHi-
depentifioBHy (QYHKI[O apryMeHTy .
ITpuxaad 5. Cknactn gudepeHIiaJbHe pIBHAHHA ciM’1 mapabodt
y? =Cux.
Pose’sizanmns. dudepennioroun obuapi yactuan pisrocti 32 = Cx 10
3MiHHI#l ¥, JiicTaHEMO
y* = Cu;
2yy’' = C;
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abo y = 2xy’ — mykane judepeHIiajbHe PiBHAHHS.

ITpuxaad 6. Ckinbku poss’siskiB y = ¢(x) audepeHniaabHOro pis-
Hauaa ry’ + y = y? Inz BusHAaYae chiBBigHOmeHHA Y(2 + Inz) =1 — y?

Posé’aszanna. 3amanme gudepeHIiagbHe pPIBHAHHS BH3HAYEHE B
mpaBiit miBILIOMAHI, TOOTO Jmie TTbkM mpu x > 0. Ockigbku pos-
i B'I3KOM JTud€epEHIIaIbHOTO PiBHIHHS
MoXKe OyTu JuIne HemepepBHO Jid-
depenriitoBaa bysKIlisg, TO DYHKIIO
0 X x y = ¢(z), 3ajaHy CHiBBIIHOIIEHHAM
y(r+Inz) = 1—y, posriasHEeMO Ha TIpe-
JIMET HerepepBHOI JindePEHITIHOBHOCTI

v

Puc.3 upu x > 0.

o 1 /_ r+1
Maemo y = otz 4 = z(tatnz)?"

Jlerko nmomituTH, 1o icHye Touka xg > 0, Taka, mo 1+ xg+Inxg = 0.

koxkHOMY 3 iHTepBadis (0,z¢), (xo,+00), i, oTKe, 33/1aHe CLIBBIHOIIEH-
Hsl BU3HAYAE J[Ba PO3B’3KU JU(pEePEHIIAIbHOIO PIBHSHHS, SKIO 3HAHIeHA
dysKIisg dbopMaibHO 33/10BOJIbHSE piBHAHHIO. OCTaHHE TBEPJZKEHHS Mae

Micre
(x4 1)z 1 Inx

z(l+z+mmz)?  1+z4+he (1+z+nz)?

sakmo z € (0,z9), abo = € (zg,+00). 'padiku pos3s’sizkis (iHrerpasbHi
KpuBi) 300pakeHo Ha puc. 3.

ITpuxaad 7. Kopucryiounch MeTOIOM 130KJIiH, OOy 1yBaTH HaOIHXKe-
HO iHTerpaJibHi Kpusi piBHaHHA Ty = 2y.
I Pose’azanns. I3okimiam  gaHOro pis-
Ve IQIHHHSI 33J1aI0ThCS  CIIiBBIJIHOIIIEHHSIMU
2 =k, ab0oy = E ne k = const.

0 x
x Ockinpkn 3aMiHa T Ha —X HE 3MIHIOE

v

PiBHAHHSA, TO, OT?Ke, MOr0o iHTErpaJibHi
KPHUBI CHMETPHUYHI BiTHOCHO 000X ocei
Puc.4 KoopauHAT. JoCimi Ky 00Yd MTOBETiHKY

iHTEerpaJibHUX KPUBUX B MEPIIOMY KBaJIPAHTI, MA OTPUMAEMO MTOBHY Kap-
THUHY MOBEJIHKHN BCiX IHTErpaJibHUX KPUBUX JIAHOTO PiBHAHHS.
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st 106y 10BM iHTErpanbHUX KpUBUX CKJajemo tabsmio (k= tga):

kol
0o o
L3l 3

1 Tak JaJi.

Hagith 0OMexkuBIIMCH KiJIBKOMAa 130KJIIHAMH, MOXKHa 300pa3uTH iHTe-

rpajibHi KpuBi, siki jexkaTh y uepmomy Ksajpanti (puc. 4). 3ayBaxkumo,

o Bick QX TaKOX € IHTErpaJbHOK KPUBOKO.

HoBectn, 1o 3agaHi QYHKIH € po3B’a3KaMH BKa3aHUX PIBHAHD

(c e R):
1l.y= Si%, zy' +y = cosz.
2. y=avV1—2a2 yy =z — 22>
3.y= 6arcsinc:c7 my/ — ytg(lny).
x
4.y = ex/eSst +cet, y = s

®

9.

0
T

sin s , .
LY== ds, xy =y +sinz.

S
0

633 / T
LY==z ;dm%—c , Y —y = ze©.

T = cost, ,
: z+yy =0.
Yy = sint;
x = tet
-, QU +ay)y +y7=0.
y=ce 3
x =tlnt, ,

/
9 ylny—:4m.
y=1t*(2Int+1); 4

10. y = z(z — In|z|), (z —y)dx + xdy = 0.

11. z = ye

cy+1 I Y
Y= Inz—Iny"

12.  =ylny, y'(z +y) = y.
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IlepeBipnTr, 9m € HACTYIIHI CHiBBIJHOINEHHST iHTErpajaMyd BKa3aHUX
piBHsiHb (c = const):
13. eV —cx=1, 2y +1=¢".
4. P =2+ 5 aldy+yPdo =%
15. y2 +2cx =2, yy? + 22y =y + 1.
16. arctgZ —In (c\/:n2 +y2) =0,¢>0, (z+y)de— (z—y)dy =0.

T

17. z = y/sint2 dt, y = zy’ + y?sin 2.

5 o

sint

18. x Tdt =ylny, 2y + xlny = zsinz + ylny.

o\a

MertosioM i30KJIiH OOyyBaTH IHTErPaJbHI KPUBI TAKUX PIBHSHD:

19. y/ = 2% 20,y =2+ 1
Y+

21. y =z +v. 22. ¢y =y —ux.

23. 4 = (y —1)2 24. y' = (y— 1)z

25. y = 2?2 — o> 26. y' = cos(z — y).
—1

27. y':x . 28.y =(1—-y)(1—=x).
Yy

29. i =y — 2% + 2z.

30. JTust jucpepennianbroro pisasinas y' = f(y), ne

= Wi

2y2, y >0,

3HAliTM TPOMIXKKM, Ha sKAX 3ajaHi GyHKIIl OyayTh HOro po3B’s3KaMu:
(r—1)% z>1;

a)y=(r—1)% )y 0. v <0
x3, x < 05
B) y(z) =< 0, 0<z<1,;

(x—1)2%, z>1.
Haxkpecsutn rpadiku, MOSCHATH reOMETPUIHAN 3MICT.
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31.

st judbepennianbroro piBastaas y' = f(y), ae

3y§, y <0
fly)=19 2vy, 0<y<1;
2, y > 1,

3HaliTy MPOMiXKKH, HA AKUX 33/aHi DYHKIH Oy/yTh HOro po3s’si3Kamu:

x3, x <0
a) y = 2% 6) y=1<« 2, O<x<1;
2% —1, x> 1.

HaxkpeciuTn iHTerpa/ibHi KpUBI HACTYITHUX DPIBHAHB:

32, % _ Tty 33.d—y:{1’ AKWO Y = %5
dy |z + vyl dz 0, sKIO Yy # .
34, 42 _ 2ty 35. W _
dy — y+yl dr |zy|

36.
37.
38.
39.
40.
41.
42.

Ckutactu judepeHiiiajibai piBHAHHS CiMell KpuBUX:
y=22+C, C€R.

arcsinx + arcsiny = C', C' € R.

22+ = Ce™ By — cim's Jiorapudmivanx cripajeit, C' € R.
ztg(x +C) =y, C €R.

zch(z+C) =y, C €R.

p? = acos20, a — napamerp.

1.2 y2 . 1
a2—+c =+ b2—+c = 1, ¢ — ImapaMeTp.

43. 3uaiitu nudepeHiagbHe PIBHAHHA BCiX KiJI Ha ITOIIHHI.

44. 3naiitn gudepeHniajgbae PiBHAHHS BCiX mapabos HA IUIOIIUHI.

45. 3uaiitu gudepenmniajibHe PIBHAHHS BCIX KiJI, Kl JIOTMKAIOTHCS JIO OCI
OpJVHAT.

46. 3naiitu qudepennianbie piBasiHHEA ciM’T mmkaoin ¢ = C(t — sint);
y=C(1—cost), C €R.

47. CKinbKy po3B’g3KiB udepenIiaabHOT0 PiBHAHHSA §' = —— BH3HAYa€

22
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CIIiBBI/IHOITIEHHS Y = %—i— C upwu koxxkHOMY dikcoBanomy 3HaueHHi C' € R?
Haxkpecsmutn inTerpasibai Kpusi.

48. CxinpKu po3B’a3KiB udepeHIialbsHoro piBHAHESA ' = — BHU3HA4Ya€
€T3

. . 3 2 . .

cuiBeijiHOmEeHHss §y = V12 + C 1upm KoXKXHOMY (DiKCOBAHOMY 3HAUYECHHI

C' € R? Hakpecsiutu iHTerpasipai kpusi. Yu mMae piBHAHHS iHIN pO3B’si3-
kn? dAxi?

49. JloBectn, mo dyukmis y = @(x) € posp’sskom 3amadi Komi
g—g = f(x,y), y(zro) = yo Toxi i TLIBKU TOMi, KOJHM BOHA € PO3B’SI3KOM

inTerpasbHOro piBHsiHHA Y(T) = Yo + f f(s,y(s))ds.

o
50. IlokazaTu, mo cuiBBijHOmeHHsS y = C'z™ 3a7a€ po3B’sa30K Audepen-
niasbHOrO piBHAHHA 1y — my = 0 gya koxaoro C € R.
51. Ilokasatm, 1m0 BCi pO3B’A3KM AUMEPEHIAIbHOIO PiBHAHHSA
(1 + zy)dr — (2®> + 1)dy = 0 MoXKHa TOJAaTH y BUIVIAM CIIBBiTHO-
IeHHS Y = T + CV1+ 22 , ie C' — noBijbHa JilicHa cTaJIa.
52. Ilokazaru, mo Bci po3B’s3kum gudeEpeHIiaJbHOIO  piBHSH-

Ha Yy 4+ y = y’lnz MoXHA TOJATM Yy BUIVIAJI CHiBBijHOIIEHH:
y(Cx+lnzx+1)—1=0, C €R.

§ 2. PIBHAHHA 3 BITOKPEMJIIOBAHNMUA

SMIHHUMMU
1. PiBustHHS BUTJIs LY
dy
5 = f(@)9(v) (2.1)

Ha3UBAETHCHA PIBHAHHAM 3 6100KDEMAIOBAHUMU 3MIHHUMU.
Owuesnyiro, mo dyskmil y = Cy taki, mo ¢g(Cp) = 0, € po3s’s3ramu
piBasiHHEg (2.1). [Hm poss’s3ku, B30BXK dkux ¢(y) # 0, 33/0BOTBHSIOTH

/%:/f(z)dm—i-c, (2.2)

CIIiBBiJ[HOITIEHHSI
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ne C — noBlabHA CTaJIA.
Posp’siz0k 3asadi Komii 3 mouatkoBoro ymoBow y(p) = Yo MOXKHA

/y g‘f—z) - / 7€) de. (2.3)

Yo

II0JJaTHU AK

2. 3 nudepeHIiaTbHAM PiBHAHHSIM

) (24)

OB’ SI3aHO TIOHATTS 6€KMOPH020 NOAS Ha NPAMiT. BEeKTOPH 1015 3aBIOBXK-
k# | f(y)| marors cBoimM nouarkom Touky O(0,0); Hanpsim ix abo 36iraeTbes
3 poparauM Hanpsamom oci Oy, sikmo f(y) > 0, abo nporuiexxuuit 10 HLO-
ro, akmo f(y) < 0.

Toukn, B SIKUX HAIIPSAM I0JIs HE BU3HAYEHU, HA3MBAIOTHCSA 0COOAUGU-
MU, D0 NON0AHCENHAMU PIBHOBA2U.

3a BEKTOPDHHM II0JIEM HEBAXKKO CXEMAaTHUYHO 300pas3uTH iHTEerpasibHi
KPUBI PiBHSIHHSI.

st mo0y10BY IHTErpaTbHUX KPUBUX PiBHSIHHS

dy
— = f(z) (2.5)
dx
3PYYHO KOPHCTYBATHCS IOJIEM HanpsiMiB. [3okuinm juis (2.5) maroTh BU-
g f(x) = k, ne k — crana. 3Hak ¢yHKIl f(x) BE3HaYae XapakTep
2
MOHOTOHHOCTI PO3B’si3KiB piBHsHHS (2.5). OCKiIbKY ng = f'(x), To 3 piB-
Hocti f'(x) = 0 Jlerko BU3HAYUTH TOYKH NEPErvHY IHTErPAIbHAX KPUBUX.
3uak noxijuol f’(r) BU3HAYaE XapaKTep OIYKJIOCTI OCTAHHIX.
PiBaanusa Burismy

y' = flaz + by + ) (2.6)

3aminoI0 2z = ax + by + ¢, ge z — HOBa (DYHKIliSA apPryMEHTY I, 3BOJSATHCS
Jlo piBHsiHb THLY (2.4).

3. 3a3HauMMO, M0 IpY IHTErPyBaHHI PIBHSHHS

M(z)N(y) dz + P(z)Q(y) dy = 0 (2.7)
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B IpOIeci BIJIOKpEMJIEHHs 3MIiHHMX 1IpH TIE€PEXOJii JO PiBHAHHA

Ag((j)) dx + %EZ% dy = 0 Mox/mMBa BTPaTa IHTEIPAJHPHUX KPHUBUX, SIKi
BU3Ha4alOThes criBBigHOmenHsMu P(z) = 0, N(y) = 0. Cuig 3Baxkarn
TAKOXK Ha Te, IO NP Ieperno3HadeHHI goBimbHOI craimol C' — ¢(C)

ITpuxaad 1. Po3w’sizatu piBHSHHS

- 2—e”
3e’sinydr + ——dy = 0.
cosy
Pose’azannas. ObJtactb BU3HAYEHHSA IIHOTO PIBHSHHS
{(:U, y):xeRy# 5 +7lle Z}. Bimokpemsotoun 3wmiHHi, JiicTane-
MO 23_6; dx + Sm;#sy = (. Ilpm mpoMy MOXKJIMBa BTpaTa iHTErpajibHUX
kpuBux ¢ = In2, y = 7k (k€ Z). PopmanbHe iHTErpyBaHHs JIA€

—3In|2 —e*| + In|tgy| = C1, ne C1 € R. Ilicist noreHniroBaHHst MaTH-
gy

(e%)?

nokaasum C = +e€1, orpumaemo

MeMO = 401, IIpuitasBIIn HOBe TO3HAYEHHS JIOBIJIBHOI CTaJIOl #

8Y _ ¢ (2.8)

CuissisHommenns (2.8) BusHauae Bei 6e3 BUHATKY PO3B’SI3K¥ BHIXIJTHOTO
piBHsiHHS (B ToMy uncsi it © = In2, y = k), skmo C' npobirae MHOXKUHY
BCix gificaux umces, C' € R. 3aznaunmo, 110 po3s’sa30k & = In 2 jicraemo
3 (2.8) rpannunum nepexogom no C' (C — oo).

ITpuxaad 2. Po3p’sa3atu piBHSIHHS \/5 dr = 5 dy.

Poss’azanna. Ob6jacTio  BU3HAYEHHS  PIBHAHHA €  MHOXKWHA

dx

{(z,y) : x € R,y > 0}. Binokpemsoroun 3Mminmi, sHafizemo <F = %,

npu npomy T % 0, y # 0. PopmasibHe IHTErPyBaHHSA A€ \/37 = In|z|+CY,
a micus nepenosnadennd C7 = InC' gicranemo

y = In% Cu. (2.9)

CuissiHomenns (2.9) jae€ MOXKJIUBICTD OTPUMATH IHTErpajIbHy KPUBY
x =0 (y > 0) rpaamaaum nepexogom npu C' — oo. JBi inmi (Brpadeni B
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uporeci ¢popmasibHOrO iHTerpyBaHHsi) iHrerpasbni kpusi y = 0 (z > 0),
y =0 (x < 0) memoxumBo orpumary i3 cuiesijgHomenns (2.9) upu xo-
nHOMy 3HaueHHI C', a, oTKe, iX Tpeba IpUEIHATH JI0 OJHOIAPAMETPUIHOI
cim’i (2.9).

sin x

ITpuxaad 3. Posp’asarn pipaanns 3 =
x

Pose’azanns. llpaBa yacruna piBasiHHs HE Bu3HadeHa npu r = 0. o-
BU3HAYMMO i1 3a HelepepBHicTIO, nokJjajaoun y = 1 npu x = 0.
Po3B’s130k 116010 piBHSIHHSI HE BUPAXKAETHCsl B €JIeMEHTAPHUX (DyHKITI-
X, TOMY 1ojiamo #oro y ¢gpopmi Komri
x
siné

V=) ¢

o

dg + yo. (2.10)

HesBaxkarouu Ha Te, 110 inTerpan y npasiit yacruni (2.10) He Bupaxa-
€Tbcsi uepe3 ejemeHTapHi yHkuii, 3 (2.10) Bce XK TaKM MOXKHA OTPUMATH
JedKy iHdopMaIliio mpo XiJ| IHTerpaJbHAX KPHUBUX JOCJIIKYBAHOTO PiB-
HauHsg. OTxe, KOXKHA iHTerpaana KPHBa MAa€ CBOIO TOPU30HTAJIBHY aCUM-

nrory, ockisieku lim y = § +yo, lim y = —F + yo (ryr BuKOpHCTO-
r——+00 r——00
+oo |
ByeMo 10 dakr, mo [ L dy = T). Tpsami x = n (n € Z) € jinismu

—0o0
€KCTPEMYMIB IHTErpaJibHUX KPWUBUX, & BiCh OPJWHAT — MHOXKWHOIO TOYOK
IX IIEPETUHY.
II pun./zad 4. ILOCJI]I[I/ITI/I XiJ1 iIHTerpajJbHUX KPUBUX AUEPEHITIATLHOTO

piBstHHs ' = g T 5 .

Pose’azanns. 1lpaBa gacruna piBHSH-

o

// Hf BH3HAYeHa I HemepepBHa IIpU
//‘:/

z € (—00;0)U(0; +00) (y € R). I30okui-
HaMUu € psMi & = a, Jie a — JilcHe 4u-

x CJIO, IPU IIbOMY i30KJIiHaMH "Hyng x = (

/
/ //

€ PO3B’43KU PiBHAHHS dy =3 f VY mi-
PHe.3 Biif miBIUIOIMHI iHTErpaJIbHI KPUBI cria-

. dy .o d’y LYY
JIal0Th, OCKUIbKK = < (, y mpasiif — 3poCTaloTh (% > 0). Jliniit exc-

tpemymiB Hemae. Ockinbku 3" < 0, To B 060X MiBIUIONMHAX IHTErpaJbHI
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KpUBI OlyKJi Bropy, To4ok neperuHy Hemae. Ilpu |x| — 400 Hanpsimm
JIOTUIHMX JI0 IHTErPAJbHUX KPUBHAX HAOIMKAIOTHCA JI0 TOPU3OHTAJIBHOTO.

Orpumanol indopmarii JocTaTHBO It HOOYJOBH IHTErpajibHUX
kpuBux (puc. 5), aHATITHYHUNA BUpa3 JJIsl SKUX JIETKO 3HANTH, MPOIHTe-
IPYBAaBIIYU PIBHSHHS Y = 25 +C , C eR.

HocaimuTu Xin iHTerpaJlbHUX KPUBHUX 3a IOJEM HAIpSMiB i, IpOiHTe-
TPYBABIIH PIBHAHHS, HAKPECJUTHU BU/IJIEHY IHTErpajbHY KPHUBY:

1
53. y’:—ﬁ;M(l;l). 54. y = ; M (5;0) .

sin x 2
3HaliT BEPTUKAJbHI, TOPU3OHTAJIBHI TA MOXUJII ACUMIITOTHA IHTETrPaJib-

HUAX KPUBUX, $Ki MPOXOJATD Y€pe3 JIAHY TOYKY; 3pOOUTU PUCYHKH:

1
55. i = —2ze ™% M (0;1). 56. ' = 151 M(0:0).
X
2x T
57.y = ————; M (0;—1). 58. y = ———; M (1;0).
y (x2 _ 1)2’ ( Y ) y m’ ( Y )
59. ¢ = e_z2; M (0;0).
+oo 5
Bxasiexa: CKOpHCTATHACS HEBJIACHUM iHTEIDAJIOM f e Vdr = %
0
60. y = —5—; M(0;0). 61. y' =1+ y? M(0;0).
COS“ T
62. v =y; M(0;1). 63. v = —y% M(0;1).

64. 3y =93 —1; M(0;1).

SHaWIIOBIIN PO3B’A3KK BUIVIAAY Y = b, MOOyyBaTH CXeMaTHIHO iHTe-
rpaJibHi KpUBi PiBHSHB:

65. ¢y =y> —1. 66. 3 =y> — 5y +6.
67. y =19y% — 4. 68. 3/ = siny.
69. v = ylny. 70. y = y%
1
1.y = —. 72. 9y =2 1.
-~ v =2y +
‘In(y?), y#0
3.y =y (1—12). 4.y ={ Y ’ ’
y =y (1-9°) y {07 y=0.
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BupunTy 1osie HaupsiMiB, HOPOJPKEHE DIBHSIHHSIM (METOJOM 130KJIiH),
BKa3aTu 00JIACTi 3pOCTaHHSA i CIIaJlaHHs PO3B’sA3KiB, 3HAWTH JIiHIT eKcTpe-
MYMiB, IIEPETrMHIB Ta HAKPECIUTH CXEMATHIHO IHTerpaJibHi KpuBi. Po3B’s-
3aTH PIBHSHHSA Ta BUBYMATHU ITOBEIIHKY Horo poss’ss3kiB. llopiBHaTH oTpn-
MaHi pe3yJIbTaTH:

75. y' =0. 76. y
77y = —1. 78. y = 2.
_ .2 _3
79. vy = —z°. 80. y = 5\/5.
81. y = —2ze " . 82. ¢y =e .
83 y’:; 84.y = ——
) 1+ a2 ) x
85. 3y = —y. 86. 3 =y
1
87. 9y = ~. 88. vy =2/|y|.
Yy
89. y' =2\/y. 90. y = 3y5.
91. ¢y = ev. 92. 3 = —y? — 2oy — 22,
93. i/ = 2xy. 94. 3/ = ycoszx.
2
95. ¢ = Y 96. ' — vy,
1 —2x2 x
3
97,y = 22 98. y = L.
2y NG
99. x(yQ—l)de‘—i—y(xQ—l)dy:O.

IIpoiaTerpyBaTn piBHsSIHHSI Ta po3B’sizatm 3aja4i Komi. HakpecanTn
IHTErpaJibHI KPUBI:
100. y' = y; M(0;1). 101. ¢/ = —y; M(0;1).
102. ' = —y?; M(0;0); M(1;1). 103. ¢y =y —1; M(1;1).

104. y' = 2y/y; M(—1;1); M(0;0). 105.y = \/4y2 —1; M (0;3).
106. 3’sacyBaTn, B 9OMY IOJISITA€ IIPUHIUIIOBA PI3HUIA MiXK PO3B’s3KaMu

3aaui Ko 3 nouarkoBow ymosow y(0) = 2 mus pisasab y' = 224/y — 2
ta 3y = 4xy — 4z — xy?. Hakpeciuru rpadikm.
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Pozp’sizaTu inTerpasipai piBHsSIHHS, 3BiBIIHT 1X 10 JudepeHIIAIbHAX:

T
107. y:/\/adx.
0

109. y = /eydaz, (x >0).

IIpoiaTerpyBaru piBHsIHHS:
111.

113.
115.
117.
119.
121.
123.
125.
127.
129.
131.
133.

135.
136.

1

y' = sin® .

y =1 — 22

y/ — X
1+z24+v1422"

y = xcosz.

T

r_
Y=tz

Yy = sin x cos 3.
/I __ 1

vy = 2’

y = ev.

Yy =1Iny.

Y =ylny.

¥ =2y/yl.

Y =\y-—uz.

x
108. \/y = /yd:v.
0
x

110.

112.
114.
116.
118.
120.
122.
124.
126.
128.
130.
132.
134.

y:

~ ~ ~

~ ~ ~ ~ ~ ~

SIS S S SN S ~ N SN

~

<
I

y' =
y' =

/ydx—i—l.

cos? y.

1
z4+y—1-°

y' = +/y —x + 1 (HakpecauTu iHTErpaibHi KPUBi).

y = /2?2 —y+ 2.

Bxasiexa: miacraBuTH X

2
137. (y—2)V1+a?-y = (1+y%)3.

Bxasiexa: migcraButu r = tgu, y = tgo.

138. (az — by) dx + (bx + ay) dy = 0 (3pobuTH PUCYHOK).

Bxa3sisexa: mepeiiTu 10 MOMSIPHAX KOOPAWHAT T = P COS Y, Y = pSin .
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BinokpemuTu 3minHi Ta npoinTerpysaru piBusHHs. Po3B’sa3aTn mocTas-
JeHi 3aaqi Ko Tam, J1e 3a1aHa IO9aTKOBA TOYKA:

139. zydx + (z +1)dy = 0.

140. ¢/ ctgz +y =2; y (5) =0.

141. (y* + zy?) y' + 22 — y2® = 0.

142. e (14 2?) dy — 2z (1 + €¥) dz = 0.

143. (:Uy2 + x) dx + (y - :L’Qy) dy = 0.

144. (z + 2)eY dz + yv/x + 1dy = 0.

145. (1+¢?) da — <y 1 +y2) (1+22)% dy =0.

146. (1+y*) (cosz + sinz) dz + yvsin2z dy = 0; M (5;0).
147. y — zy’ = a (1 + 2%y') , a — napamerp.

s 2, W _,
TVI—a2Z 12
149. y/ = Y2,
XT

150. (1 +y?) (e** dz —e¥dy) — (1 —y) dy =0.

SHailTu po3B’SA3KHU, sIKi 3a/0BOJIbHAIOTH BKa3aHI YMOBU:
— 9

151. 2%y’ —cos2y =1, lim y(z) =%
T—+00
152. 3y%y + 162 = 2y, y(r) — obMexkena IpH T — +00.
153. 3uaiitu Kpusi, Jyisi SKUX CyMa BijpiskiB mvopmasi M N i migropmadii
PN (puc. 6) € cTajon BeJUYAHOO, 10 JIOPIBHIOE G.
Bxasiexa. Cropucratucd ¢OpPMYJIO JOBXKHWHH  Bifgpiska HopMaJi

MN = |y/1+ y?

Puc.7
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154. 3HaiiTu KpuBY, JUIS SIKOl CyMa JIOBXWH JOTHYHOI Ta I IOTAIHOL
upouopiiina JIobyTKy KOOpJMHAT TOYKM JIOTUKY (puc. 6).
Bxasiexa. Bukopucratn dhopmysin JOBXKUHA BijpiskiB jgoruanoi 1I'M Ta
migoruanoi TP, a came TM = ‘%\/1 —l—y’Q‘, TP = 5

155. 3HaiiTu KpuBi, JjIs SKAX TAHTE€HC KyTa MiXK JOTAIHOIO Ta JOJATHUM
HanpsMoM oci Ox 06epHEHO IPOIOPIIHHEA aObCIUCci TOYKA JTOTHKY.

156. 3naliTy KpuBy B IOJIAPHIN CHCTEMI KOODIMHAT, $Ka IIE€PETUHAE BCI
PaJliyc-BEKTOPH TiJT KyTOM W, TaKuM, o tgw = 6 (puc. 7).

. r .
Bxasiexa. Ckopucrarucs Hopmysion tgw = r_’; OCKiJIbKM w = o — 0, TO

tga —tgl _ r'sinf 4 rcosd

Y T
tgw = a = =; TomMy tgw = —.

 14tgatgh’ 8% Tcosf —rsing’ ° T T

157. 3uaiitu KpuBi, Juis gkux nigaopmans PN (muB. puc. 6) cKpisb
JIOPiBHIOE p.

Brxasiexa. Bukopucraru dopmyiy josxunu nijaopmani PN = |yy/|.
158. [IIBHUAKICTH OXOJIOPKEHHS Tijla B MOBITPI IPOIOPIiHA PISHUII MiXK
TeMIIepaTyporo HOBiTpst 1 Temueparypo Tina (3akon Heiorona). 3naiitn
3aKOH OXOJIOJI?KEHHS Tijla, SKIO TeMmuepaTypa moBiTps jopisaioe 20°C i
Timo mporarom 20 ze oxosomuiocs Big 100°C mo 60°C. Yepes ckimbku
XBWIMH TeMIieparypa 3uu3uTbes 10 30°C?

159. 3a 30 amiB posnasocs 50% moYaTKOBOI KiJIBKOCTI pajiioaKTHBHOL
pedyoBuHM (KIJIBKICTH DaJlOAKTUBHOI PEYOBMHM, 10 DPO3LAJAETHCS 34
OJIMHUIIIO YacCy, IPONOPIiiiHA KiJIbKOCTI I[i€] PEYOBMHU B JIAHUU MOMEHT
qacy). Yepes ckinbKu JHIB 3aiummTbest 1% mMOYaTKOBOI KiTbKOCTI?

160. YoBeH CHOBUIBHIOE CBiff pyX M /€0 OMOPY BOJH, STKUHA IPOIOP-
MifiHWi MBUJIKOCTI 4YoBHA. lloyaTKoBa IIBHAKICTH 4YOBHaA JIOpiBHIOE 1,5
Mm/c, depe3 4 ¢ ioro mBuiakicTh craHoBmia 1 m/c. Komm mBuakicrs
ameHmmThest 10 0,01 m/c? Sknit nuisix upoiije 4oBeH J0 1OBHOT 3ynuHKN?

161. KiuibKicTh CBiTJIa, IO IOTVIMHAETHCA INApPOM BOJIW, IIPOIOPITiHHA
KIJIBKOCTI CBIiTJIa Ta TOBIIWHI BOASTHOTO Iapy. Tak, map BOAW TOBIIHHOIO
35 cm TIOIVIMHAE TIOJIOBUHY CBITUIA, sIKE HA HBOIO HaJae. fKy dacTuhy
CBITUIa TIOTVIMHAE TIAP BOJYM TOBIIUHOIO 2 M7

162. Maca pakeTu 3 MOBHHM 3allacOM IajuBa JiopiBHIoE M , Ge3 majuBa
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CTAHOBUTH 1M ; MBUJKICTh BUXO/Ly IPOJIYKTIiB N'OPiHHSA 3 PAKETH JIOPIBHIOE
C', a moYaTKOBA IMIBUJIKICTh PAKETH — HYJIO. SHAWTHU IIBUJKICTH PAKETH
MicJIAg 3TOPAHHS BCHOTO TAJIMBA, HEXTYIOUW CHJIOI0 TAXKIHHSA Ta OIIOPOM
noBiTps (dopmyna LjoakoBcbkoro).

Posp’sasaTn 3amaui 163—166 3 Tako yMOBOIO: IIBUJIKICTH BATIKAHHSA
pijuan 3 mocyyman v = kv/2gh, ne g ~ 10 m/c?, h - Bucora pisus
pijMHUM Haj 0TBOpOM, k — KoedinienT B'sizkocti (jyist Bogm k = 0,6).
163. 3a sakwuit yac BUTEYE BCH BOJA 3 MUIIHAPAIHOTO Oaka giamerpom 1,8
Mm, 3aBBuiiku H = 2,45 wm gepe3 Kpymiuit oTBip paJjiyca 3 cm y jai. Bich
6aka BBaXKaTH BEPTUKAJIHHOIO.

164. Posp’sisaTn mOMEpPEIHIO 33124y, BBAXKAlO4W, IO BIiCh IWJIIHIPA
pO3TaIlloBaHa TOPU30HTAJIBHO, a OTBIp 3HAXOJUTHCA B HAMHIKYIH dacTuHI
IUJTiHJIPA.

165. Jliiika Mae BUTIJIsI)] KOHyCa, PaJliyc OCHOBHU SIKOTO JIOPiBHIOE 6 cMm, a
Bucota 10 cm. 3a dkuit yac BUTeYe BCA BOJA 3 HAIIOBHEHOI JIOBEPXY JIKU
yepe3 oTBip Jiamerpom 0,5 cm, 3pobJieHMit y BepIvHi KOHYyCa?

166. CraposiaBHiii BoJsiHUII TOMMHHUK — Tie 4Yama (MOBepXHs 00epTaHHS),
3 sKOI Yepe3 HEBEJWKWH OTBIp y JAHI BUTIKae Boja. Taki TOAWHHUKA
BUKOPHCTOBYBAJIVCSA JIJIsi BUMiPIOBaHHS 4acy IPOMOB &JIBOKATIB Yy JIABHBO-
IPENbKUX CydaX. SHaWMITh (popMy BOJSHOIO TOMUHHUKA, IIPU AKiii piBeHb
Pi/IMHA 3HUXKYEThCsl PIBHOMIPHO.

§ 3. OAHOPI/IHI PIBHAHHA

1. Oynukuisg f(z,y) Ha3HBAEThCA 00HOPIONOI0 BUMIPY M, SIKINO IS
JoBibHOTO t > 0 BUKOHYeThes piBHICTD f(tx,ty) =" f(z,vy).
JudepeHriaabae piBHIHHSI

HA3UBAETHCA 00nopionum, skimo f(x,y) — omHopimHa dyHKIig BUMIpY
HYJTb.
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Pigusinasa B cumerpuuniit popwmi
M(z,y)dx + N(z,y)dy =0 (3.2)

€ omHopianM, skmo M (z,y) ta N(z,y) — omHopigai dyHKIH ogHOTO i
TOTO CaMOT'O BUMIpY.

OuyHopinai piBasiaas (3.1) 1 (3.2) MokHaA TpakTyBaTH sIK Taki Jude-
PeHITiaJabHi PIBHAHHS, IO € IHBaAPIaHTHUMU IIOJAO0 PO3TATY. 3aMiHa

¥, (3.3)

x
Je z = z(x), mepeTBOpIOE OJJHODI/IHE DIBHSIHHS HA PIBHSAHHS 3 BiJIOKpEM-
JIIOBAHUMH 3MiHHUMH.
Ilepexin mo monsgpHUX KOOpPAWMHAT & = pPCOSp, Y = pPSine TaKoX
BIJTOKpeMJTIOE 3MiHHI B OJTHOPi/THOMY pPiBHSIHHI.
Piusinas Burssy

(3.4)

@ B a1x + by + c1
dr " \ a2z + boy + c2

JIETKO 3BOJIUTHCA JIO OTHOPITHOTO:

a) 3a JOMOMOrOI0 3aMiHd T = U + Tg, Y = v + Yo, Ae (To,Yo) — KOOp-
JINHATH TOYKHU MEPeTHHY mpamux a;x + by +¢; =0 (i =1,2);

6) $KIIO I PsiMi HE IEPETUHAIOTHCS, TO Z—; = 2—;, i piBastHHs (3.4) 3BO-
JIATHCS /IO PIBHAHHSA 3 BiJIOKPEMJIIOBAHIMH 3MIHHUMHY, HAITPUKJIAJL, 32

JIONOMOTOIO 3aMiHM 3MIHHUX BUMIANY aoZ+boy+co = z, ne z = z(x).

2. PiBusinus (3.1) HasuBaeTbCst K6a3i00HOPIOHUM 3 BArOI0 KBa310HO-
pisnocti o, sxkmo f (tx,t%y) = t° "L f(x,y), Tobro skmo pisHsHHA (3.1)
iHBapiaHTHe BiJTHOCHO 3aMiHuM  — tx, y — ty; (y 3araapHOMY BHIAJKY
(3.1) imBapianTHe BimHOCHO 3aMinm © — t%z, y — tPy).

Ksazioaopinae piBHsHHS 3aMiHOIO

i (3.5)

xa’

Jie z = z(x), 3BOAUTHCS JI0 PIBHAHHS 3 BiJOKPEMJTIOBAHUMU 3MiHHUMU.
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3amiHa 3MIHHUX

t=a’ (3.6)

IIEPETBOPIOE KBA310/[HOPi/[HE PiBHsIHHSI HA OJIHOPIJIHE.

3. TloJie HaNIpsAIMIB, TTOPO/I?KEHE OHOPIIHUM PiBHSIHHSIM, HE BU3HAUEHE
B Tourni (0,0). Ils Touka € 0cobIMBOO JJIsi OJHOPIHOTO DiBHSIHHSI.

. . . Py .

I3okutiHM ostHOpiHOTO piBHSAHHS Y = @ (E) MOKHA TIOJIATHA y BUTJISIII
y =kx (x #0). [Ipuuomy, sixknio k He 3aj0BosbHsIE ymMOBY k = ¢(k), TO
roxi upsimi y = kx (k # 0) € iHTerpajbHUMU KPUBUMHU.

OcobmmBAMET PO3B’I3KaMU OJHOPITHOTO PIBHAHHA MOXKYTb OyTH IiBOCI
Oy ta uiBupsivi y = z;xz (z # 0), ne z; — KOpeHi piBHsIHHA 2 = ¢(2).

rt i1 omHOpiTHOTO PiBHAHHS g—g =f (%)
\ MOKHA JIETKO 3HANTH TAHT'€HC KyTa, i/l
yv=kx . . .

0 3 SKUM 1HTErpaJjibHI KPHUBI IEPETUHAIOTH

Mxp.y0) npominb y = kz. Hexait M — touka me-

o __’;__. peTruHy A€edKOl 1HTErpaJiIbHOl KPHUBOl 3

0 X

upsimoto y = kx (puc. 8), # — KyT Mix

Puc.8 JOTHUYHOIO, ITPOBEJIEHOIO JIO iHTErPaJib-
HOl KpuBoi B Toumi M, Ta Biccio abcmmc. Tomi KyT MiXK JTOTHYIHOIO J10
iHTerpasbHOI KpuBOi 1 psiMoro y = kx gopiBHioe (5 — ). Tomy

tg 0 —tga
tgp =tg(f—a) = ————2>—.
ge=telf-0) = Fa
Ockisbku Touka My(xg, yo) exurh Ha upsiMiii y = kx, 1o tg S = Z—z uo
=f (i/—g) = f(k). Orxe
f(k) — K
tgp = ————. 3.7
5 T T ki (k) (3.7)

ITpuxaad 1. Po3p’sa3atu piBHSIHHS
dy _y+ a2 —y?
dr x ’

Pose’azanna. OCKiTbKY IpaBa YacTUHA PIBHAHHS € OJHOPIIHOW (yH-
KIII€I0 HYJIbOBOTO BUMIpY, TO JlaHe PiBHAHHS OJIHOPifHE. 3aCTOCOBYIOYH 3a-
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MmiHy y = 2z - x, ge z = z(x) — HOBa yHKIIis, OTPUMYEMO

d
:cz'—}—z:zm\/l—zZ abo xd—zsignx\/l—ZQ.
x x

OueBnaHo, GyHKHmil z = +1 € po3B’sa3KamMu OCTAHHBOTO PIBHSHHSI.
Jlutst 3HAaX0 KEHHS IHIMUX HOT0 PO3B’s13KiB BilokpeMuMo 3MinHi. [HTErpyIo-

49U OTpEMaHe PIBHSIHHI, MacMoO | \/Idsz =/ Sig; L dx, 3BiIKM OTPUMYEMO
arcsinz = signx - In|z| + C'.

[ToBepTaro4mch JI0 NOYATKOBUX 3MIiHHHX, JICTA€MO MHOMXKHHY PO3B’f3-
KiB BUXIiJITHOTO DiBHSIHHS

arcsin £ = signx In|z| + C;
Yy = Ez.

ITpuxaad 2. 3sectu piBasiabs (x +y +2)dx + (x —y+4)dy =0 no
OJTHOPIHOTO 1 3HANTH WOTO PO3B’SI3KU.

Pose’szanns. Ockinbkn Touka (—1,3) € TOYKOIO NEpeTHHY UPSIMUX
z+y—2=0tmazrz—y+4=0, 03amina x = u—1, y = v+ 3 IpuUBOIUTH
Jio piBasinEst (u + v) du + (u — v) dv = 0. 3uificauBimM 3aminy, BJaaCTUBY

. . . _u
JJid OTHOPIJIHUX PIBHAHB: 2 = v

, z = z(v), nicranemo:

(z+1)dz dv

—_— 4+ — =0.
22422—-1 v

IHTerpytoun ocramHe piBHSIHHA Ta MOBEPTAIOYWCH JIO0 3MIHHUX T, Y,

MaeMO PO3B’d3KH BHXijHOro piBHsHHa 22 + 22y — y? — 4o + 8y = C,
C eR.
. d 2z42y—1
ITpuxaad 3. Poss'ssaru piBHsaHHS, 72 + =5 = 0, nonepesbo

3BIiBIIIK #0TO JIO PIBHAHHS 3 BIJIOKPEMJTIOBAHUMY 3MiHHUMU.
Posé’sazanns. Bukonaemo 3amiHy 3miHHMX x +y = 2z, ge z = z(x)
1, TAaKAUM YWUHOM, OTPUMA€EMO PiBHSIHHSA 3 BiJIOKPEMJIIOBAHUMH 3MiHHUMUA

dz 2z—1 __ ) -
7 — 1+ == =0, posp’askamu sKoro € dyHKIi 3 0/JHOIIAPAMETPUYHOI
cimi z — 3ln|z + 1] = C, ne C — josinbHa crana. Orxe, po3B’sizKU
BUXIJTHOTO PIiBHSHHS OIHUCYIOTHCHA OJIHOIAPAMETPUYHOI CiM’er0 (yHKITii

2e+y—3lnjz+y+1=C.
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ITpuxaad 4. Hocmiguru piBHsSIHHS (a:2y2 — 1) dy + 2xy3dr = 0 na
KBa310THOPIHICTH 1 3HANTH BCi HOTO PO3B’SI3KM.

Poss’azannsa. BBaxkarumeMmo, 1110 Bara T B PiBHAHHI JOpiBHIOE 1, a Bara
y nopiBaioe o. Tomi, BiamosigHo, dr matume Bary 0, dy — Bary (o —1).

Hane piBHsgHHSA Oynae KBa3iOJHODIAHWM, SKIIO BCl HOTO JOaHKHU
22y’ dy, 2xy®dr i dy marors oxmaxoBy Bary. Jjs 1poro cmcrema pis-
HeaHb 2+ 20+ 0 —1 =14 30 = 0 — 1 mae 6yru cymicHow. Ocranus
cucTeMa JIACHO € CYMICHOIO 1 Ma€ po3B’s30K 0 = —1, TOMy MU MOXEMO
CTBEP/IPKYyBaTH, 1110 JIAHE PIBHAHHS € KBa310/[HOPI[HUM.

3ayBakKuMo, IO Bary KBasioJHOPIIHOCTI o MoxHa Oysio 6 3HaiiTu, BU-
Maratodu 6e3rocepeHbO Bl PiBHAHHS iHBapiaHTHOCTI BiJTHOCHO IIE€PETBO-
pennsi x — tx, y — t°y. BukopucroByroun Takwil mijgxizg 0 npobsemu,
aicranemo piusinns (27T la?y? — 1971 dy + 263 ey da = 0. Ocranne
piBHsIHHS 306irae€Thes 3 BUXIJTHAM, KO TiabKu 30 + 1 = 0 — 1, TobTO 11pm
o=—1.

Terrep Mm 0OOr'pyHTOBAHO MOXKEMO 3BECTH JIAHE HAM pPIBHsSIHHSA a00

JO OJHOPIHOTO, abo M0 PiBHSAHHSA 3 BiJOKPEMJIIOBAHUMHU 3MiHHUMH. B
1

[EepIIOMy BHIAJKy 3aMiHa y = u © IPUBOJUTH HAC JIO OJHOPIHOTO
piBasnEs (v 2 — 22u™*)du + 22u3dx = 0. A B apyromy BumajKy,
zacrocosyioun saminy tumy (3.5): z = Zy, ge 2z = z(r), orpumaemo

piBHAHHS 3 BislokpemmoBaruvu 3MirEIME (22 — 1)z dz + (2 + 23) dz = 0.

IaTerpyroun ocTaHHE pIBHSIHHS Ta IHOBEPTAIOYHCH JIO 3MIHHUX T, ¥,

3HAXOJIUMO PO3B’s3KM Buxijuoro pismsimms: 1 + 22y? = Cy, C € R.

3ayBaxKuMO O BTpadeHuit B mporeci (OPMaJbHOIO IHTEIDyBaHHHA
9

po3B’s30K y = 0, MoxKe OyTH OTPEMAHHM 3 OCTAHHBOT'O CIIiBBIIHONICHHS

rpaangHIM nepexogoM mo C (C' — 400).

Ckiactu qudepeHItiajabHl piBHAHHA CiMeil KpUBUX:

2 _cC
167. y = Cz~. 168. y = -
169. C = \/y — /. 170. 22 +y? — Cy =
171y — /2?2 +y2 =C. 172. z = Cex.

HocaimuTr MeToIoM i30KJIIH 10Jie HAIPAMIB, SKi ITOPOKYIOThCH JTU-
depeHItiabHIM PiBHAHHAM, HAKPECJUTH iHTErpaJjbHi KPUBI Ta JTOCIIIATH
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IX MOBEJIIHKY:

173. y' = &. 174,y = — &£
175,y = £. 176. y = — £

177. y = L2 178.

179. ¢ = —ﬂyﬁ—;;. 180.

|
8
|

AN

[\3[\)
8
<
[ V)
v e v
Dl
< T
ISENSS

Posp’azaTn piBHAHHS:
181. z(z +2y)dz + (22 —y?)dy = 0. 182. (2% — y?)dw + 22y dy = 0.

183. (x —2y)dy + (y — ) dz = 0. 184. xdy = (ax + by) dz.

185. ¢y = J_. 186. zdy — ydx = y dy.
r+y

187. (y — z)dx = (x + y) dy. 188. xdx — ydy = 0.

189. (y? — 4xy) dz = (222 — 22y + 2y?) dy.

190. 2y —y = (:U—Fy)ln%. 191. zy’ = ycosln Z.

192. <y+\/azy) dx = x dy.
193. 2z — 4y +6)dr + (v +y — 3)dy = 0.
194. 2z +y+1)de — (4o + 2y — 3)dy = 0.

9 \2
195, =2 4= ) 196. (y + ) Z1Y TV
r+y—1 z+3 x+3
197. 2z dy + (2?y* + 1)y dz = 0. 198. 23(y — x) = 3%
199. ydx + x(2zy + 1) dy = 0. 200. 2y’ + 2 = 4\/y.
201. 22y +y = y>\/z — 22y2. 202. %J:yy’ = /26—yt + 42

203. He po3p’sa3yioun piBHSIHHS, HAKPECJAUTH WOT0 iHTErpaJjbHi KpUBI, BU-
KOPHUCTOBYIOUH CIiBBiHOIIEHHS (3.7):

Y2y — 29 —x
a) Z//:<72)- 6) y =——.
x xy

2y3 — 2%y Y3
B)y,:m' r) ay =y Y2+

204. 3uaiiTu KpuBY, JUId KOl TPUKYTHUK, yTBOpeHuit Biccto Oy, J0TH-
YHOIO Ta PaJiyc-BEKTOPOM TOYKHU JOTHKY, € PIBHOOEIPEHUM (DO3IJISTHYTH



30 Zlugpeperyianvti pi6HAHHA NEPULO20 NOPAIKY

BCl MOXKJIUBI BUIIQJIKN).

205. 3uaiitn KpuBy, migmorudHa 1'M skol € cepegHiM apudMeTHIHAM
KOOD/IMHAT TOYKM JOTHKY (JuB. puc. 6).

206. 3HaiiTH KpHUBY, /U SKOI BiTHOINEHHS BiJpi3Ka, iKWl BiATHHAETHCHA

JoTtu4aHO Ha oci Oy, 10 Bijpi3Ka, KWl BiITHHAETHCS HOPMAJIIIO Ha OCI

Ox, € CTAJIOI BEJIMYUHOIO, PIBHOIO k.

207. Ilpu sskux m i n piBHsHHSA % = ax™ + by"™ e xkBasiogHOPiAHUM?
. d . .

Posp’sizaTu piBHAHHS d—z = 2™ 4 2y? 3a yMOBH, III0 BOHO € KBa3i0JHODI-

JTHUM.

208. /losecru, mo piBasHHSA (ax + by + ¢1)dx + (ay — bz + c2)dy = 0 mae

CBOIMHM IHTEIpAJIbHIMHU KPHUBUMH JIOTaprMIidHI CITipaJIi.

§ 4. JIIHITHI PIBHAHHS
1. /Iudepenrianbae piBHIHHS

Y
— +a(z)y = b(z), (4.1)
dx
e a(x), b(r) — moBuibHI HemepepBHi (DYHKII, HA3WBAETHCI AIHITHUM,
SIKITO HOTrO PO3IVISIATH, SIK PIBHSHHS BiJHOCHO MYHKIHT y = y(x).

3ayBarXuMo, 1110, BI/ITIOBIIHO /10 3araJIbHONIPUIHATOI Kitacudikarii, pis-
HsiHHs (4.1) 3a3BHuail HA3MBAIOTH AIHITHUM HEOOHOPIOHUM PIBHANHAM,
sKI1o b(z) He JOPIBHIOE TOTOXKHO HyJIIO HA obsiacTi Bu3HadeHHs. [Topsit 3
piBHsiHHAM (4.1) TaK0XK PO3IJISIAIOTH PIBHSHHS

d
= +ala)y =0, (4.2)

sIK€ HA3UBAIOTh AIHITHUM 00HODIOHUM PIEHAHHAM, BiJIIIOBIIHUM PIBHAHHIO
(4.1).

3araJbHAIMH METOJAMU PO3B’sI3yBaHHs JIHIMHUX PiBHAHB € MeToau Jla-
rpanxa (abo mero| Bapiarii goBlibHOI cTasol), Beprymii ta Eitepa.
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Memod Jlaepanotca. Ockinbku piBusinast (4.2) € piBHsiHHSIM 3 Bij-
OKPEMJTIOBAaHUMHY 3MIiHHWMH, TO BOHO MOXKe OyTH JIETKO DPO3B’si3aHe y 3a-

7= Cexp <—/a(a;)d:c> , (4.3)

ne C — moBlIbHa JificHa cTaja.

TraJIbHOMY BI/II'.TIH,D;i:

3riJIHO 3 METOJIOM, KUl 3aIIPOIIOHYBaB BUIATHUN (DpaHITy3bKUil MaTe-
maruk Jlarpanx, po3s’si3ok piBHsiHs (4.1) mykaemo y dopwmi (4.3), asne
posrisigatoun C' He siK CTaJly, a K JIesiKy HEBiJIoMy (DyHKINIO Bij x, TO6TO

C=C(x):
y = C(x)exp <—/a(3:)dx> . (4.4)
[MigcraBumo (4.4) y (4.1) i JicTaHeMo, TaKUM 1MHOM, JudepeHiiaibhe
piBHsIHHs st 3Haxo/pKeHHs GyHKuil C'(x):
e
% = b(x)e] @), (4.5)

3BiJIKM BUILINBAE

C(z) = /b(a:)ef a@)dz gy 4 (4.6)

Iincrasnsoun supas (4.6) gus C(x) y (4.4), orpumaemo sarambmuii
PO3B’s130K piBHsiHHs (4.1)

y = e Jol@)de </ b(x)el “@ g 4 C> . (4.7)

Posp’s130k 3ay1a4i Kol 3 mouaTkoBoto yMoBow Y(Z) = Yo Ma€ BUTIST

~Jaede  F [a@a
y=e —|—/b(§)e5 dg. (4.8)

zo

Memod Bepnyanai. 3rigao 3 MeToioM BepHyuti po3s’ 3K piBHSIHHS
4.1) myKaeMo y BUIVISAII
y y

y(x) = u(@)v(z), (4.9)
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ge u(x), v(xr) BU3HAYAIOTHCS PIBHAHHIMMU:
Juist u(x)
v + a(z)u =0, (4.10)

Jst v(x) .
Ve o@dr — (). (4.11)

Piusinns (4.10), (4.11) mokna Jierko Jjicrary micist popMasbHOro miji-
craisaag (4.9) B (4.1).
Posp’sisyroun pisasinas (4.10), (4.11), orpumaemo:

u=e S o, v=C+ /b(m)ef a(@)dz gy (4.12)

ITiycranoskoto (4.12) y (4.9) Mu B 3arajbHOMY BHIAJIKY OTPHMAEMO
BUpa3, aHasoriunmit (4.7).

Memod Efdinepa (memod inmezpysasvrozo mmoscrura). lo-
MHOXKyI04H piBHsHHEA (4.1) Ha dyskuio m(z) = e/ “@4 _ 1ax spannit
1THME2PYB8aNdvHUT MHONCHUK, MU OJIEPIKUMO PiBHSIHHS

(a(x)y — b(z))e) D qy 4 e o@)dr gy —
sIK€ MOXKHA, [IEPEIIUCATH y BUTJIsI/II

a(w)yef a(z)dz g, 4 el a(z)dmdy _ b(:r)ef a(z)da:dx’

d (yef “(x)dx) = b(a:)ef a(z)dr o

InTerpyBaHHs OCTAHHLOI'O PIBHAHHS JIA€
yef a(z)dz /b(w)ef a(@)dz g, 4 O,

mo ekBiBasieHTHO (4.7).
PiBusinns (4.7) HasuBaoTh Gopmy.a010 3a2a.4b1020 Po36’°a3ky JiHIHHOTO
Heo/tHOpitHOTO piBHsiHHs (4.1).
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ITpuxaad 1. Poss'sizar pisasnns y + 2oy = 2z %

Poss’azannsa. 3amaHe pIBHAHHS € JHHIAHUM BigHOCHO QyHKITT
y = y(x). IlpogeMoHCTpYyeEMO Ha TPHUKJIAJl IBOTO DIBHAHHS KOXHUI i3
3alPOIIOHOBAHUX METOJIIB.

Meros Jlarpan»ka jiae Takuil JIAHIIOXKOK II€PETBOPEHD:
dy = a2 (=
d—+2xy: = y=~Ce (CER);

x

2 /

y=Clz)e™, o = 5/(33)67‘7:2 — 21‘67‘7:25(33);

=2z, C(z)=a? R).
T z, Cz)=2"+C (CeR)

OT}KG 3araJibHUi O3B’H3OK BUX], Oro piBHAHHS Ma€ BUIJIA
7
.2
y=e" (ac2+C), C eR.

Meron Beprysai mpuBOAUTE 10 IHIMUX TEPETBOPEHD:

2

y(z) = u(z)v(z); v'v+uv + 2zuv = 2z
Jloist BusHaYeHHs U MaeMo piBHsaHHSA ' +2xu = 0, oHUM i3 PO3B’A3KiB

2 2
* T =2ze™" =

AKOTO € U = e %" ; Tojl v BU3HAYAEMO 3 PiBHAHHSA v'e”
v=a?+C, CeR.
I s _—x2 (.2 C
, OCTaTOYHO, OTPUMYEMO PO3B’HA30K Y = € (x + )
Metoy, iHTErpyBaJbHOIO MHOXKHHKA BHMAara€ BUKOHAHHA TaKWX Ile-
2
— ¢ J2zdz _ e’

perBopenb: 3Haxogumo m(x) [IOMHOXKMBIIY DiBHSIHHS

Ha 3Haliyleny yHKIiO, jictanemMo d (yeIZ) = 2xdx, 3BiJIKM BUILINBAE
ye””2 =224+ C, CeR.

2. Jlo JiniftHUX 3BOAATHCS PIBHSIHHS BUTJISIILY

7)Y+ Fwalz) = bla) (113)

3aCTOCYBaHHSIM 3aMiHu z = f(y), Jie z — HOBa (DYHKIlsl apryMeHTy .
3okpema, pienarHsa Bepuyai
dy

T a(z)y = b(x)y", n#0,1, (4.14)
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AKe MOYXKHA [I€PENUCATH Y BUIJIAI

d
T ala)y T =ba), YA,

3BOJIUTHCA JIO JIiHIfIHOrO piBHAHHS 3aMinol0 2z = y! =",

IIpote, posB’sszyBaTn piBHAHHS BepHysun, sK mpaBuiio, 3pydHire 6e3
mepexojy JIo JiHiiiHOro piBHsHHsA. Ha mpakTuri 6ibmn parioHaJbHAM BU-
SIBJISIETHCsL Ge3nocepe/iHe 3acTocyBants 10 (4.14) merony Bepnysuii, To6T0
BijyKaHHsi po3B’si3kiB y Burisiai (4.9).

Pienanna Pixkams

dy

7 Ha@y + @)y’ = c(2) (4.15)

y 3arajJlbHOMY BUIAJKy He IHTerpyeThcs B KBajpaTypax. 1Ko Bijgomwuii
JIesiKMi JaCTUHHUN PO3B’s130K piBHsHHS (4.15), Hanpukman yi (), To 3a-
MiHOIO Y = Y1 + 2 (Je z — HoBa (yHKIis aprymenTy ) piBHsiHHs Pikkari
3BOJMTHCA 110 piBHsAHHA Bepnysui. 3amina y = yp + % (ne z = z(x)) 3BO-
JuTh piBHsHHA PikKaTi Bigpasy mo JiHIHHOrO piBHSHHS BiTHOCHO DYHKITI
z(x).

3. PiBusausa Pikkati Buruisity
B C
v =AY+ —y+ =, (4.16)
x x

ne A, B, C — nesiki giiicHi cradi, Taxi, mo (B + 1)2 > 4AC, mae 9acTUH-
HUil PO3B’A30K Y1 = , CTajla a B AKOMY BU3HAYAEThCSA 6E3MOCEPETHBO IIPHU
nigcranosni y1 B (4.16). OpuouacHo (4.16) € KBa3ioHOPIHUM DIBHSIHHSIM
(0 = —1). PiBusinus Pikkari

2

r oyt 1y
oL 42Y 417
Yy ax+2$+c, ( )

. 1 . .
HiJICTAHOBKOIO § = 222, e z = z(x), 3BOJNTHCS JI0 PIBHSAHHS 3 BiJIOKpEM-

JIIOBQHUMH 3MiHHUMH.
Cneuiaavre pienanns Pixkami

v + Ay? = Bz™, (4.18)
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ae A, B — piiicui cragi, a m = 0 abo m = —2, JIErKO IHTErpyeThCs
B ejqeMeHTapHUX (yHKIiAX. JIs IHIUX 3HAYEHb M, SKINO TIJIBKW BOHU
3aJTOBOJIBHSIOTH PIBHICTH

m

— =k keZ 4.1
2m + 4 ’ < (4.19)

MOXKHA BUKOPUCTATH LIepexiJ| JI0 HOBUX 3MiHHUX ¢, z(t) 3a dopmysamu:

Yy = E, ™2 = ¢, (4.20)
x

B pesyabrari micranemMo piBHSHHS

k
t2' + az + 822 = t, (az—),

sIKe 3BOJIUTHCS JI0 piBHsAHHS Ty (4.17) BHACIIIOK MOCIIIZOBHOTO 3aCTOCY-
BaHHS 11iJICTAHOBOK

z = ! (a:1+a> abo z:a—l—l <a:—%),(4.21)

a+u ¥ U

{KI BiAIOBITHO 30L/IBIIYIOTh 200 3MEHINYIOTh K PIBHO Ha OJWHMIIIO.

Pisnsinns (4.15) Moxxna 3BecTH J10 piBHstHHs Burasy y' = +y? + R(7)
kombinaniero nijgcranosok y = o)z, y = z + B(z), ne z = z(x).

Ileprnoro 3 miCTAHOBOK MOXKHA JOCAITH TOTO, o6 KoedirieHT mpu 4>
JopiBHIOBaB +1.

Jlpyra mijicTaHOBKA TIEPETBOPIOE HA HYJIb KOeIIiEHT IpHU ¥, HE 3MIHIO-
roun ipu poMy Koedinient npu y2. dkmo x R(x) = Bx™, 10 orpumaemo
B pe3yJIbTaTi crernjagbHe piBHsHHA Pikkati (4.18).

ITpuxaad 2. Posp’ssatu piBusuus Pikkari v/ = —y? + 22 + 1.

Pose’azamnns. OgeBuiHO, M0 Yy = T € PO3B’I3KOM I[bOTO piBHsiHHSMA. 110-

KIaJaloun y = T + 2, OTPEMaeMo piBHSHHA Bepmywm 2/ + 2zz = 22,

1
PR
Ha 2z — 2xz = 1, 3Bigkm OyjemMo MaTH 2z = v’ <f e dx + C), a Tomy

A= (JedntC), CeR.

Yy—x

Axmo X 3acToCyBaTH 3aMiHy y = T + =, TO OTPHMAEMO JIiHifiHe piBHSIH-
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) : /1,2 1
ITpuxaad 3. Posp’sizatu pisHsHHA Y = 5Y° + 53
Pose’szanns. lane piusinns € piBHsiHHsM Tuiy (4.16). 3Haiigemo iio-
o 3 _a
TO YaCTHHHHH PO3B'A30K Y1 = 5. /A BUSHAYEHHA 0 MaeMO KBaJpaTHe

piBrsHEA o + 2a + 1 = 0, 3Binku BuumBae a = —1. Iokmamaoun y =
= —%—i—% , /e z —HOBa, DYHKIIis APTYMEHTY X, JICTAHEMO JIiHIfTHE PiBHAHHS

r_ 1, _1 ;
z' — 2z = —3, 5IKe JIEIKO IHTEerpyeThCsl. \

ITpuxaad 4. Poss’ssaru cuenianpae piBHsHHA Pikkati 3y = y? +274.
Pose’azanns. Maemo m = —4, nns sikoro ymona (4.19) BUKOHYeThCH,

ockinbku k = =1 — misre yncs0. 3aCTOCYEMO CIIOYATKY I1i/ICTAHOB-

_ -4

—42+4
Ky (4.20), Tob6TO mOKMaTAEMO Yy = =, 72 =+t, je z = z(t). Jicraremo

: r1 1.2 _ 1 _ 1 : _
piBEAHHA 12 + 52 + 52° = —5t, (Tyr o = 5). Ockinekm k = +1, TO
MM LOBHMHHI OJIHOKDATHO 3aCTOCYBaTH Jpyry 3 mijcranosok (4.21), To6ro
nokJjactu z = —1 + %, je u = u(t). Takum 9MHOM, MAEMO DIBHSIHHSI THILY
. r_ 1 1,2 _ 1 : . . o

(4.17): tu' — u— 5u® = 5t. 3aMiHUBIIN B OCTAaHHBEOMY DiBHAHHI U = v\/t,

2 7. N
tv' = 1‘2” . Bimokpemittoroun 3miHHI Ta iHTErpyl0Yn OCTAHHE

JICTaHEMO

PiBHSIHHS, MaTUMEMO ¥ = tg <\/% + C’) . IloBepratouuch 10 BUXigHUX

3MIHHUX, OTPUMAEMO PO3B’SI3K! CHEIiaJbHOTO PiBHAHHA PiKKaTi y BUTIsIIL
_ 1 1 1 . .

y = 7z ctg (5 + C) — 2, e C' — joBibHA JilicHa cTama.

4. Jlo miHitHUX 3BOAUTHCS TAaKOXK piBHsiHHSA MiHgiara-/lapOy
M(z,y)dx + N(z,y)dy + R(z,y)(zdy —ydx) =0, (4.22)

e M(z,y), N(z,y) — onropinni dyskiil Bumipy m; R(z,y) — ogHOpiiHA
dyHKIIis Aesskoro inmoro Bumipy [. 3amiHa % = u, 1e u = u(r), 3BOJUTH

piBusinHs (4.22) si0 piBusins BepHysuil BisHOCHO dyHKIGT = = x(u).

Posp’asaTn piBHaHHS:

209. y + ytgx = secx. 210. (22 + 1)y = 4z + 2y.
211. 2%y +ay+1=0. 212. y = z(y' — xcos ).
L Ly / Y
213. 2y — = = . 214. ' = ——.
4 y ax2-1 Y =32 Yy
215. ¢ = y*cosz + ytg . 216. y'2%siny = xy’ — 2y.

217. 2y’ — 22%\/y = 4y. 218. (22%yIny — )y =v.
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Mero/10M i30KJIiH BUBYUTH TI0JI€ HAIIPSIMiB, IOPO/RKEHE udepeHIfiaiib-
HUM DIBHAHHSM, Ta 300pa3uTH CXEMATUYIHO IHTErPAJIbHI KPHUBI:

219. ¢/ + 2zy = 0. 220. ¢/ — xy = 1. 221. ¢ — L — 2.
x
3BecTu piBHSHHS 10 JiHiWHWX Ta po3B a3aru ix. Po3ws’sa3aTm 3ama4dy
Komi taMm, ¢ BKa3aHO NOYATKOBY yMOBY:
1 dy 2z _a?
222, - —+2—z)lhy=z(e*—e 2 ).
y dr
d d
223. sec’y & +ztgy = . 224. ¢ _ om0y,
dx dx
1 d 2y/1
& Ty _ 2(z +5).
V14 y dx x
1 d
— Y P r1=a+1.
“ /y2 + 1 d.TC
227,/ + —2_ — 2/ 228. 3dy + (1 +€*+%) du = 0.

1— a2
229. sinzx dy — cosx dr = e Ysinx dx.

225.

226.

230. 3y — ysinx + 3y*sinz = 0.
sinx

231. y +sinz-tgy =
d
232. cosz d_y —ysinz = y*. 233. zy' +y = 2y’ Inz.
x
234. y' + Y= yt (1-2%); M(1,1).
x

235. iy —ytgx = —y?cos.

cosy

236.%+xy:y2(sinx+x008$); M(0,1).

237. (x3—y—3x2y+y3) dx + 223 dy = 0.

238. (22 +y% + 22 — 2y) dz +2(y — 1) dy = 0.

239. ydz + v dy + y*(xdy — ydx) = 0.

240. (w2+y2+y)dx—xdy:0.

241. (y* + 2zy?) dy — 2y° da + (z + y) (z dy — y dz) = 0.
242, (mQy + 3 — xy) dr + 2% dy = 0.
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243. (2a:y —x%y — y3) dz — (acz +y?+ a3 — :UyQ) dy = 0.
244. (3:1:4y2 + y5) dx — (:1:y4 + 2x5y) dy = 0.
245. y(x) = /y(t) dt +x + 1.

0
T T

246. / (z — t)y(t) dt = 22+ / y(#) dt.
0 0
247. 3HaiiTu KpHBi, JUig AKHX IUIONA TPUKYTHHMKA, yTBOPEHOIO BiCCIO

Oz, TOTHYHOIO Ta PaJIiyC-BEKTOPOM TOYKH JIOTUKY, € CTAJIOI0 BEJIMIHHOIO
i nopisHIoE a2.

: ’ : de __ _
248. Jlosectn, mo Bci poss’sskm piBuanna G = ax + f(t), ge a =
= const < 0, f(t) — HenepepBHa upu t € [t,00), obmMexeHi upu t — 0.
249. Jlosecrn, mo Jjinifine pisasaus y = ky + f(z), ne k — crama
(k # 0), f(z) = f(r +w), w > 0, mae opuH yacTUHHMII PO3B’A30K
y = @(x), Takmii, mo p(r + w) = @(x). HalTH Meil po3B’A30K.
250. 3uailTu 3arajbHuUil PO3B’HA30K JIHIHOTO HEOIHOPITHOTO PIBHSIHHS,
AKINO BiIOMI JIBa IOT0 YaCTHUHHI PO3B’SI3KU Y1, Y2 .
251. 3Bamumcarw JiHiliHe OJHOpPi/HE PIBHSHHS, YACTHUHHUM PO3B’SI3KOM
AKOTO € (PYHKIUA ¥ .

252. TTokasaTu, 1110 0JjHUM 3 PO3B’s13KiB piBHsiHHEA Y +ky = kq(z), x > 0,

o0
k = const, € dyukmig y = k f q(z — t)e_ktdt,
0

253. 3naifiTn 3aranbHuil po3s’s30k piHsHHA Y + p(r)y = 0, 3BiBUIM
oro 10 piBHAHHA 3i cTajuMu KoedilieHTaMu 3a JOIOMOIOK Bi OB THOT
3aMiHM HE3aJIeXKHOI 3MiHHOI t = Y(z).

254. 3HaiiTu 3arajbHuUil po3B’s30K piBHsHHA Yy + p(z)y = ¢(x), 3BiBIM
WOro JI0 pIBHSIHHSI, $IK€ HE MICTHUTh JIOJIAHKA 3 IIYKAHOK (QyHKIHE,
HNuIIXOM 3aMiHm 3miHHMX Yy = o)z, jge «(r) — Jjesika HelnepepBHO
gudepeniiioBHa QyHKITIS.

255. 3BarajgpHuil po3B’d30K  JIHIHOrO  pIiBHAHHA Ma€  BUIVIS
y = a(x)C + b(x). Hosecru obepHeHe: gudepeHIiagbHe pPIBHIHHSI
KOXKHOI CiM’T KpHBHX TAKOI'O BUIVIAJY € JIHIAHAM.
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256. IlokazaTu, 1110 €MHUM PO3B’A3KOM piBHsAHHA ' — 1y = —%, (x > 0),

(e.)
z—t
TakuMm, mo y — 0 upu T — 00, € po3B’a30K y = [e ¢ di.
xX

257. Jloectu, mo piBusinag Yy + a(z)y = b(x) samumaerbes JiHiHAM
npu Oy/b-siKiii 3aMiHi He3ajexkHOI 3MiHHOI * = ¢(t) 1 mpwm JOBiIBbHIN
samini byskuil y = a(r)z + f(x), ge ¢, a, [ — 10BiIbHI HENEPEPBHO
nudepeHItiioBHI QYHKITIT.

258. 3naliTu KpuBi, JJisi SKUX BiJAPI30K, siIKW BiITHHAETHCS JOTUIHOIO HA
oci Oy, MOpIBHIOE KBaJIpATy OPJMHATUA TOYKU JIOTUKY.

Pozp’sizaTu piBasinas Pikkari:
259. xy’ =y — 22+ Dy + 22 +22. 260. 9 +1> = —-L;

42
261. %y = 2%y® + 2y + 1. 262. 2%y + (zy — 2)2 = 0.
263. y' = y? + 4. 264. 3y —y? — 2%y + 22 = 0.
265. y' = y> +273. 266. y = —y2 + 175,
267. y = —y® + 24, 268. y = y? + 175.

269. Posp’sizaty piBHSHHS, 3BiBIM KoedimieHT pu Y2 /10 OJUHMAII:

a) vy’ = 2%y — 2z + Dy + 1; 6) 2y = 2% —y+ 1.

270. Po3p’sizaTu piBHSHHS, 3HUIIUBIIN TOIEPEIHBO JTOMAHKHU, sIKi MICTSTH
Y, y*:

a) y =4y — 42’y + 2t + o+ 4 6) v =y? —22%y + 2t + 22 + 4.
271. JloBecTn, 1110 Oy/1b-51K1 YOTHPH PO3B’ A3KM PiBHAHHA PikkaTi moB’s3aHi
Ya— Y2 Y3 — Y2
Ya—Yy1 Ys— 4
272. IlpoiarerpyBaru piBusinas JlapOy:

a) de —dy + z(zdy — ydz) = 0;

0) (3:2 + 2y2) dx — zydx — (xdy — ydx) = 0;

B) (ac3 — y) dx + (ny + x) dy = 0.

QHTaPMOHIYHMM CIIiBBi/IHOIIIEHHAM = const.

273. JoBectn, mo gudepeHIiaJbHAM PIBHAHHAM CiM'T  KpuBHUX
_ Coi(x) + pa(x)
Co3(x) + pa(x)

€ piBasiaHsa Pikkari.
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274. Cxuacru pisnsins Pikkari surasyty y' = y? +p(x)y +q(r) 3a gsoma
HOro HenepepBHUMM PO3B’I3KAMHU Y1 Ta Ya.

2r —sinz.

275. 3HaiiTu nepiojuunuii po3s’a30K piBHsAHHA Y = 2y COS
276. Y nocyauny, mo mictuth 100 4 10 %-r0 po3duHy couii, MOXBUJIMHA
BimBaeThesa 30 4 Bogm 1 BuTiKae 20 4 po3umHy. dKa KiJBKICTH COJI 3aJIM-
mmThcd B nocyuHi depe3 10 xe, AKIO BBaXKaTH, IO CYMIilll HEIIEPEPBHO
IIEPEMIIITYETHCS !
277. Pakery TMyIIeHO BEPTHKAJHHO Bropy 3 ITOYATKOBOIO IIBUIKICTIO
100 wm/c. Onip moBiTpst CHOBUIBHIOE Ti PyX, HAJAYH PAaKeTi BiJ €MHOTO
IPUCKOPEeHHsI, TIPONOPIIHHOro KBajpaTy ii msmmkocti (—kv?). Yepes
SKUI 9ac pakeTa JOCSTHE HAWOIIbIIOl BUCOTH !
278. Touka Macow m pyxaeTbcd mnpamodiHifino. Ha mel jie cuia,
upouopiiina uacy (koedinjent nponopuifinocri «). Kpim toro, Touka
3a3Ha€ OLODPY CepPeJIOBUINA, IPOLOPLiiHOro mmBuaKocTi (koedinieHT
mpomopriiiiHocti (3):

a) 3anmcarTy 3aKOoH 3MiHKM mBUAKOCTI v(t) y Burisil JudepenniaabHo-
ro piBHSIHHS;

6) 3Haiitu v(t) y Bursil aHamiTHYHOT HOPMYJIH;

B) npuiycrumo, mo « = 0, § = const iy dikcoBani momenTu vacy t;
(1 =1,2,...) maca 3menmiyerscs B 0, 1 pasu BiJIHOCHO CBOI'O LIOIIEPE/IHBOTO
sHadeHHs, To6T0 m(t;+0) = 0,1-m(t;). Kepyounch 3akoHOM 30€peKeHHS
immysnsey v(t; + 0)m(t; + 0) = v(t;)m(t;), 3naditm ananituany dbopmysry
qist v(t).
279. Touka macoo m pyxaerbcsd upsmosiniiitno. Ha wei jie cmia, mpo-
nopiiifiaa KyOoBi Jacy, sKuil CINIMHYB 3 MOMEHTY, KOJIU IBUIKICTH JOPiB-
HIoBaJsia Hymo (KoedinienT nponopriiiHocti «). Kpim Toro, Touka 3a3nae
OIIOPY CEPEJIOBUINA, MPOMOPIHHHOro J00yTKY 4Yacy Ta MBHIKOCTI (Koedi-
nienT nponopuiitnocri 3):

a) 3ammcaTh 3aKOH 3MiHU MBUAKOCTI v(t) y BUMIsAL audepeHIiaibHo-
o piBHSHHS,

6) 3HaiiTu v(t) y BUIIsIl aHATITHYHOI (HDOPMYIIH;

B) npunycrumo, mo « = 0, f = const i y dikcoBani MomenTH ua-
cy t; (i =1,2,...) TouKa 3a3HAE BILUIUBY IMILYJIbCHOI CHJIH, SIKA CIIPUIH-
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H$IE MUTTEBY 3MiHY mBHJKOCTI 3rijHo i3 3akoHoM v(t; + 0) = yu(t;), ae
~ = const > 0. 3uaiitu anasiTuanwnii Bupa3 jyis v(t) y npomy pasi. Bea-
JKAKOYH, MO 4] —t; = T JJisd JJOBUIBHOTO i BU3HAYWUTH 7y, IIpU gKoMY v(t)
Oyse T-mepioaudHO (DYHKITEIO.
280. HagijitricTio npunaay p(t) HasuBaOTh WMOBIPHICTH #oro 6e3BiMOB-
HOI poboTu 0 MOoMeHTY 4acy t. Bimomo, 1o mBuAKiCTh 3MiHE Ha IIHOCTI
LIEBHOI'O LpuJIa Ly nponopuifina (3 koedinienrom «) HajiitHOCTI B saHuMit
MOMEHT 4acy. BBarkatouu, 10 B IOYaTKOBUH MOMEHT 4acy Ha{HHICTH J10-
PIiBHIOE OJIMHUII, BUSHAYATH:

a) 3aKOH 3MiHU HaJIHHOCTI y BUIVIsL JudepeHIiiaaIbHOr0 PIBHIHHS

6) 3akOH 3MiHM HaJiiHOCTI y BUIVIsil aHAJITHYHOT (DYHKIIT;

B) Ha/{IHICTh HANPWKIHII JPYTOro POKY eKCIIyaTallii, SKIIo BiJIOMO,
IO MIPOTATOM POKY €KCILTyaTallil HaifHiCTh MPUIay 3MEHITUIACS BJIBiUi;

r') 3 METOIO I/IBUINEHHs HA [HHOCTI 1puriajy y ¢dikcoBani MOMEHTH Ya-
cy t; (t=1,2...) 3uificHOI0TH peMOHTHI pOGOTH, BHAC/IJIOK YO0 Haiifi-
HICTB 3MIHIOETBCs BLAMOBITHO 10 3aKkoHy p(t;+0) = Bp(t;), f = const > 1.
BuaiiTu aHagiTuaHy dopmyiny Juis p(t). Beaxkatoun, mo Vi : ti—t; =T,
BU3HAYMTH 3HaUeHHs (3 Tak, mob p(t) Oyna 7-nepiognunoo dyHKIHEO.
281. B ymoBax 60poThbu 3a iCHyBaHHS IIBUIAKICTH 301/IbIECHHS KiJTbKOCTI
ocobuH nonysisinii nponopuifina (3 koediljeHToM ) KlJILKOCTI 0COOGUH y
JIaHWH MOMEHT 4acy, a MIBHJKICTH X 3MeHINEeHHs Mpomnopiiiiina (3 koedi-
mieHTOM (3) KBaJpaTy KiJIbKOCTI OCOOHH:

a) sanucaTy 3aKOH 3MiHM KiabkocTi ocobun x(t) y Burusiyi judepes-
[1aJIBHOT'O PiBHAHHS;

0) 3HaiiTh aHajiTHYHUI BUpas Juisa x(t);

B) $IKOIO MOBUHHA OYyTH KUIBKICTH OCOOWH, 106 3 ILUIMHOM 4Yacy BOHA!
30i/IblIyBaJIacd? 3MEHILyBaJjacs? He 3MiHIOBaJIaC ! ;

r) Hexail B ymoBax 3aja4i o = const, § = 0 1y dikcoBani MoOMeHTH Ya-
Cy KUIBKICTh 0COOUH 3MIHIOETHCS BiAMOBLHO j10 3akoHy Z(t; +0) = vy (t;),
v = const > 0, {t;};2,. Buaiitn ananituany bopmyiy s x(t). Beaxato-
um, o Vi : t;41—1t; = T, BABHAYMTHU Y TaK, 11100 =(t) Oysa T-1epiojnIHOI0
(obmerkenO0) DYHKIEW Facy.
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§ 5. PIBHAHHA B IOBHUX IO EPEHIIIAJIAX.
IHTETPYBAJIbHUI MHOKHUK

1. dxo juia audepeHItiaabHOrO PiBHAHHS
M(x,y)dx + N(z,y)dy =0 (5.1)
BUKOHYETbCS YMOBa IOBHOTHU

OM(z,y) ON(z,y)
dy Ox
10 (5.1) Ha3WBaeThCs PisHAHHAM 6 noswur Judepenyiarar (PIIT).

Bci poss’sizku PI1J] 3aq0BonbHsI0TE YMOBY u(x,y) = C, e u — GyHK-
i BiJT JIBOX 3MIiHHWX, TOBHUHM AudpepeHIfiaa sIkoi JOPIBHIOE JIiBiit dacTuHi

=0, (5.2)

piBasiHHS (5.1), TO6TO

ou
Ox

Hust 3HaxoKrerHss QyHKIiT u(z,y) JOCUTh BUKOHATH OJUH 3 HACTY-

ITHUX JIAHIIOTiB NEPETBOPEHb:

a) %:M(:c,y) = u:/M(:c,y)da:—i—cp(y) =

= (/Macyd:v)—l—g—:]\f(:vy)

,HI/I(l)epeHIJ;IaJII)He PIBHSIHHS JIUIsT 3HAXO/RKEHHS @ = ©(Y);

— M(z.p). G = Niew)

du
oy

- %</N(w,y)dy>+g—sz(%y)

JudepeHIiaibHe PIBHAHHS JIJIsS 3HAXOKEHHS 1) = ().

6) Ny > u= /N<x,y>dy+w<x> N

Posp’sizok 3agaui Komi jyis PIIJT (5.1) 3 1o4aTkoBOiO yMOBOIO
y(x0) = yo 3PyHUHO LIyKaTH y BUIVIs

x Yy
[mienag+ [ Nomn=o (5.3)
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abo

T Yy
[Mewd+ [N man=o (5.3)
xo Yo

Axmo (5.1) we € PIIJ] (ymoBa moBrotH (5.2) He BUKOHYETHCH), TO HE
BUKJIFOYAEThCs MOXKJMBICTH 3BejienHst (5.1) jo PIIJT nuisixom JloMHOXKeHHSs
1IbOI'O PIBHSIHHs HA JiesiKy DYHKIII0 m(x,y), Ky HA3UBAIOTh 1HME2ZPYEALb-
HUM MHOodHCHUKOM DiBHsHHS (5.1).

Judepenniasbae piBHSIHHS JIjIsd 3HAXO/KEHHSI 1IHTEIPYBAaJbHOIO MHO-
JKHUKA — II¢ yMOBa TIOBHOTH JIJIsi TI€PETBOPEHOrO piBHsIHHA. Jlist
m=m(w), 1e w=w(z,y), BOHO Mae BULJISA;

m/ oM  ON ow ow dm
S o (== ) =L N = 4
m <8y 8:5) < 8y+ 8:1:)’ T dw (54)
Axmo m = m(zx), ro (5.4) HabyBae BuruIsiLy:
m'  (OM ON\ 1 , dm
E‘C@_E)N’m_w’ (5:5)
akmo m = m(y), To
m’ oM  ON 1 , dm
E‘(@‘%)“M’m_@' (5:6)

IHTErpyBabHUIT MHOXKHUK PiBHSIHHSA 3 BiJIOKPEMJIIOBAHUMU 3MiHHUMUA
A(z)B(y)dx + C(z)F(y)dy =0

JIOPiBHIOE

m = mia,y) =

Bly)C(a) 5.7)

Jnst niniiinoro pisusinns y' + a(z)y = b(x):
m = m(x) = exp <—/a(x) d:c) : (5.8)
Juist otHOPIAHOTO pPIBHAHHS:

m = m(z,y)

(5.9)
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Teopema (upo 3aranbHuil BUIJIS] IHTErpyBaJbHOIO MHOXHUKA).
Sxwo my(z,y) — inmeepysasvnul muoscnur pishannus (5.1), uy — 6i0-
noeioHut 1Hmezpas Yvozo pienanns, mobmo du; = miM dx + miN dy,
modi kootcna Pynryia euzasdy mi(x,y)p(ur), de ¢ — nenepepsno du-
depenyitiosna Gynruis 610 U1, MAKOINHC € THMELPYBAADHUM MHOHCHUKOM
pienanmns (5.1).

ITpuxaad 1. Po3p’sizatn piBHSIHHS (ac3 + :UyQ) dxr+ (y3 + ya:Q) dy=0.
Pose’sazanns. IlepeBipumo BukoHaHHsi ymoBu nosaoru (5.2):
oM ON 9 5 0
— — — =22y — 22y =0.
oy oz 4 4
OT2xe, J1aHe PiBHSHHS € PIBHsIHHSAM B NOBHUX Jjmdepenmiaiax. s #oro
PO3B’sI3aHHSI CKOPHCTAEMOCS, HAIIPHUKJIAJL, JIAHITIOXKKOM a):

LY IR A SR
—=x+z u=—+—
Ox Y 4 2 vy
du 2 de 3 2 y'
— = — = = ==
gy TVt g Y W wly) =7
MHOXWHY BCiX PO3B’SI3KiB JIOCJIIIXKYBAHOTO PIiBHSHHS MOXHA, TIOJIATH Y
BUTJISII:
4 2,2 4
z 7y Y
— 4+ —+==C, C eR.
4 * 2 * 4 <

3ayBaXXuMo, 10 IPY PO3B’si3aHHI PIBHAHHS 3MiHHA U BiAIrpa€ JOMOMIXKHY
Poith — 10 GOPMAJIBHOTO 3aIMCy MHOXXWHW PO3B’sI3KiB BOHA HE BXOIUTh.

ITpuxaad 2. 3uaiiTu iHTErpyBaJIbHUI MHOXHUK PIBHSIHHS
(2% + 2y® —y)do + (v* + 2*y + ) dy = 0.

Pose’azanns. Pozib’emo j1iBy YacTrHy piBHSIHHS HA IPYIH, JJIS KO2KHOL
3 AKUX IHTErpyBaJbHUN MHOXKHUK 3HAXOIUTHCS MTPOCTO:

[3: (fc2+y2) dx—l—y(a:2+y2) dy] + [xdy —ydx] = 0.
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Pozryistnemo jBa judepenmiagbanx piBHAHHS
x(m2+y2)d:z:—|—y(x2—|—y2)dy:0 Ta xdy —ydr =0.

IHTErpyBaTbHIM MHOXKHWKOM IIEPIIIOTO PIBHIHHS € M) = ioro iHTe-

1
$2+y2 I
rpaJi jopiBaioe U] = 2 4y?. [uTerpyBasbHIi MHOXHUK J[PYTIOrO PiBHSIHHS

. _ 1 . _y
JOPIBHIOE My = -, a IHTerpajoM € uy = .

BukopucToBytoun TeopeMy PO 3arajbHUN BUIJIS iHTErPYBaJIHHOTO
MHOXKHUKA, II0JIAMO IHTErPyBAJbHUNA MHOXKHUK TEPIIOTO PIBHAHHS Y
Burssii myp(uy), a apyroro maotp(ug). Iligbepemo HenepepsHO Judde-
pentifioBHi ¢yHkIii ¢ i ¥ Tak, mob mip (wQ +y2) = mat) (%), TOOTO

2\ . .
noknasemo ¢ (22 +y?) =1, a ¢ (¥) = £ (1 + (%) ), i, B pe3yJibTari,

JiCTaHEMO:

m{a,y) = m plur) = ma d{ue) = .

HocignTn piBHAHHS 00 YMOBY MOBHOTHU. IKIO yMOBa TIOBHOTH BU-
KOHYETHCH, PO3B'I3aTU PIBHIHHS:
282. (222 + ye™) dx + (4wy + ze™ + 2y) dy = 0.
283. (y+e*)dr+xdy =0.
284. (4:1:y + 2x2y) dx + (2:1:2 + 3y2) dy = 0.
z Y
285. d dy = 0.
22+ o2 x+x2+y2 Yy
286. (L +y) dx+ (3y*> +z) dy = 0.
287. yr¥ldr +2YInzdy = 0.
2
288. > dv — - dy = 0.
Y Y
289. (3:1:2 — Yy Cos x) dxr —sinz dy = 0.
290. 2zye®” di + (2 - er) dy = 0.

291. 2x (1 + /2?2 — y) dz — /22 —ydy = 0.

292. (2% — 4wy — 2y?) do + (y* — 4oy — 22%) dy = 0.
293. 322 (1 +Iny)dz = <2y — %) dy.

294. (ésin%—%cos%%—l) dm—l—(%cos%—%sin%+y%) dy = 0.
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2
295. (& +2) do + S5 ay — o,

296. (2zcosy — ysin2z) dz + (cos® z — 2% siny) dy = 0.

297, rdr+ydy ydx—:vdyzo‘
g/ﬁ 21y
298. 1+e§> dz + ev <1— %) dy = 0.
299. e Vdr — 2y +ze Y)dy = 0.
300. (230 + 92 sin x) dx — (y2 — 2y cos x) dy = 0.
PosB’st3aTu piBHSHHS METOJIOM IHTErPYBAJIBLHOIO MHOXKHUKa M = m(x)
ato m = m(y):
301. (xQ + 92 + 23:) dx + 2y dy = 0.
302. y*(z — 3y) dz + (1 — 3zy?) dy = 0.
303. (2zy + ax)dr + dy = 0.
304. y + ay = e™*.
305. ydx = (y3 — :c) dy.
306. (1 + f’;if) dz = 2 dy.
307. (Qxy + y2) dx + (2:02 + 3zy + 4y2) dy = 0.
308. dx + (a: + efny) dy = 0.
309. (2zy* —y) dz+ (y* +z+y)dy = 0.
310. y(1 — ysinx) cos? y dx — (y2 + x cos? y) dy = 0.

Merto/10M iHTErpyBaJbHOIO MHOXKHHUKA PO3B’SI3aTU OTHOPiTHI JudpepeH-
I[iaJIbHI PIBHAHHS:

311. zdy — (x + y)dz = 0.
312. (py — qz) dz — (px — qy) dy = 0.

313. 4/ =2, /3 + 2.

3uaiiTyu iHTerpasyu piBHsHb 6€3 KBaJpPaTYp (BUKOPUCTATH TEOPEMY 1IPO
3arajJbHUN BUIVIST iHTErPYBaJIbHOIO MHOXKHUKA):

314. (wQ + %+ 1) dr — 2zydy = 0.
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315.

_ _ — .2 — 2
>+ M—O, m—:v\/l y2+yvV1l—z
316. (:U+y)d + (x—y)dy =0.
Posp’si3aTy pIBHAHHSA METOJIOM iHTErpyBaJIbHOTO MHOXKHUKA BHIJISLY

m =m(x+y) abo m = m(zx —y):

317. (22 + 3:21/ + 2zy — y? — y3)dw + (y? + 2y? + 22y — 2% — 23)dy = 0.

318. (y -4+ :1:) dx+ady =0, (a— napamerp).

319. (1023 + y* + 92%y) dx + (Ty? + 6zy + 2%) dy = 0.

320. dz + z ctg(x + y)(dx + dy) = 0.

321. (z+3y)dx +2ydy + a(z +y)(xdy —ydr) =0, (a — mapamerp).

Posp’siaTm  pIBHSHHA ~ METOJOM  IHTEIDYBAJbHOI'O  MHOMKHHKA,
m = mw), te w = 22 + 9%, abo w = 22 — y%. Un MoxHa 3acTO-
CyBaTH IHIIUI METOJ PO3B A3yBaHHA?

322. (ycosa + zsina)dr + (xcosa + ysina) dy = 0.
323. (z+ 22+ 9%y —y=0.
324. (wQ +y2+ y) dr —zdy = 0.
dy 1 1
325, ———5=|——F5—5— — | dz.
y(z* +y?) <96(~”C2 +v?) ﬂfy)

326. (m2y3 + y) dx + (x3y2 — x) dy = 0.

Y

327. (a: —  ©os (m)) dx + cos (i) dy = 0.

=]

328. 2y3y + 2y? — 23 = 0.

Pozp’sizatn piBHsiHHSI, 3aCTOCOBYIOYM METOJ| IHTErPYBAaJIBHOTO MHO-
KHUKA 200 3/IIUCHIOIYY 3aMiHy 3MiHHUX:

329. xdx + (zy — y*) dy = 0.
330. 2y (1 + %) dz + x dy = 0.

2
331. <3x2y + 6y + %) dz + (32% +y) dy = 0.

332. (61‘ — 2y — 2y2) dx + (5x2 — 8xy — x) dy = 0.
333. (2y* — 9zy) dz + 3wy — 62%)dy =0, m(z,y) = %yl
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334.

335.
336.
337.

338.

339.
340.
341.
342.
343.
344.
345.
346.
347. y
348.
349.
350.

351.

p(@)y’

ydy = (zdy +ydz)\/1+ y%
(y—x)de+ydy =xd 7.
(22 + 31Iny)ydz :xdy,<x>(m =alnx 4+ blny).
(x —|—2:L’—|—y)d:z:—(x—3m y)

Y 1
2z +y) Adx(z+1)
yrdx + (e —y)dy = 0.
1 (2%y? —day — 1) da — %(1 + 4zy) dy = 0.
x2y(y dr + x dy) = 2ydz + x dy.

y? — 1y de + (42%y> — 1) dy = 0.

Y+ =0.

(22
(a: — sin y) dx 4+ xsin 2y dy = 0.
(ny +x )dy—y(3y —x)d:z::O.
(2:1:y )da:+(2:1:2+y3—x)dy:0.
(22 —y)dz +z(y+1)dy = 0.
2(ydx — 2z dy) = 23 (x dy — 2y dx).
(6zy 4+ 2y + 8) dx + xdy = 0.
(22%y + 2) ¥ — 2%y + 22y* +y = 0.
(23: — 2y — 2%+ 2xy) dx + (2302 —dxy — 2x) dy =0, m = e®eb,
JoBecTtn, 10 iHTErpyBaJIbHHII MHOXKHUK PpiBHAHHA bBepHyIun
+ q(x)y = r(x)y™ mae BurISAT

m(z,y) = " —— exp [(1 _m) / a(z) dx] |

p(x) p(z)

3acTocoByloun pe3ysabraT 3aja4di 351, po3B’a3aTu METOJIOM IHTErpy-

BaJIbHOT'O MHOXKHUKa PiBHAHHA BepHysumi:

352.
354.
356.

Y +y =yt 353. zy + 2y = xy°.
y2d:v+(2y3:—x4)dy:0. 355. 22y + xy = y2.

[M][e0)

23y + 222y =y~ 3. 357. 2%y — 3zy = —Zy%
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§ 6. ICHYBAHHA TA €EAUHICTD
PO3B’A3RY 3AZTAYI KOIII

1. Touka (x, yo) HABUBAETHCH MOUKOI0 €OUNOCTVE P36 A3KY 3adawi Ko-
W
dy

% :f(l"y)’ M($07y0)7 (61)

AKIIO 4Yepe3 Hel MPOXOJUTh JIMINE TLIHbKKA OJ[HA iHTerpajibHa KpHBa PiB-
HsiHHs (6.1). SIKiIo >k Yepe3 HOYATKOBY TOYKY IIPOXOAMTH Oijbline ojHi€el
IHTErpaJIbHOI KPUBOI, TO BOHA HA3UBAETHCA MO4K010 Heedurnocmi. MHOXu-
Hy BCIX TOYOK HEEIWHOCTI HA3UBAIOTH 0COOAUB0I0 MHOCUHOI0. ZIKIIO Tis
MHOXKWHA MICTUTh IHTEIPaJIbHI KPHBi, TO OCTAHHI HA3UBAIOTHCA 0COOAUBU-
MU THME2PANOHUMY KPUBUMU, 8 BIATOBIAHI X PO3B’SA3KU — 0COOAUBUMU
P036°A3KaMU PIBHIHHSI.

Teopema Ilearo (mocraTHi ymoBu icHyBaHHs po3B’si3Ky 3aaa4i Ko-
wi). Hexati gpynxuisn f(x,y) nenepepena 6ionocno 060r 3minnur y nps-
MOKYMHUKY

H:{(x7y): ]x—:c0|§a, |y_y0|§b}7 (62)

Jae a, b>0.
To0i 3adaua (6.1) na npomiorcky Ilearo

I= (.730 — h,xo + h), (63)
de ;
h = min { M} ;M= max ()] (6.4)

MAE NPUHATIMHI 00UH PO3B A30K.

Teopema Ilixapa (moctaTHi yMOBM icHyBaHHS TAa € JUHOCTI PO3B’aA3-
Ky 3agaui Komi). Hexatli gynxuia f(x,y):

1) nenepepena 6 npamoxymuury (6.2) 6i0noco 060x 3MINHUT;

2) pisnomipHo 610HOCHO T 3a00604vNHAE YMmo8Y Jlinwuya no 3minnit vy,
mobmo dasn 6yov-axux Y1, y2, |Yyo—yi| <b (i =1,2) icnye L = const > 0:

\f(z,y1) — f(z,y2)] < Lly1 — yal. (6.5)
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To0i 3adana Kowsi (6.1) na npomiorcky (6.3) mae edunuti po3s’a3oxk.

2. Po3B’g30K, iCHyBaHHS Ta €JIMHICTh SKOTO TapaHTYEThCH TEOPEMOIO
Ilikapa, MoxkHa 3HAlTH K T'PAHUIIO PIBHOMIPHO 30iKHOI OCJIiIOBHOCTI

IMikapa {yn(x)}22, ne
() = o + / F(E gt (6)) . (6.6)

Pizaumg mMixk TouHEM po3B’a3koM 3aaadi Komni Ta n-m Habamxkenaam i
Kapa 3aJI0BOJIbHSIE OIHKY

MLn—l
< -

lyn(2) —y(2)] < h'. (6.7)

n!
Teopemun Ilikapa i IleaHo mgarTh 3MOTYy BCTAHOBUTH ICHYBaHHSA
po3B’sa3Ky 3ajadi Ko Ha qocuTh MajioMy Bijpisky [ . s 3acTocyBaHHS
X TEOopeM mapameTpu a, b upsmokyTHuka Il ciij BubupaTn Takmmu,
100 1ieil TPAMOKYTHUK BMIIyBaBCs B 00JIaCTh BU3HAYCHHS PiBHSHHS.

3. IlobymoBannii 3rigno Teopemamu Ilikapa i Ileano po3B’s30K MOXKHA
upozoBxkuTH (JiBOpyd, npaBopyd um B o6uysa 6oku). Tak, sikmo obsactsb
Bu3HAUCHHS [) JIOCI/I/KYBAHOIO PiBHSIHHS € 0OMEXKEHOI0 MHOKHUHOIO B RZ,
f(z,y) € C(D), To po3B’sizok y = (), BusHavYeHMii Ha [, MOXKHA TIPO-
JIOBXKUTHU JI0 BUXOJy Ha Mexy obsiacti D.

Posp’sizok 3ajaui Komi (6.1) MoxXHa HPOJOBXKyBaTH Ha iHTEpBaJl
(o, ), sikmo dysuig f(z,y) y emy3i a < z < 3, —00 < y < +00
(a > —oo, B < +00) € HENepepBHOI 1 3aJ[OBOJILHSIE HEPIBHICTH
|f(z,9)| < a(z)|y| + b(x), ne a(x), b(x) — HenepepsHi jpopaTHi byHKII.

Po3B’s130k HasuBaeTbest nenpodosoicysarum (abo nosrum), KO Oy ib-
dKe MOro IpOJIOBXKEHHs 30iraerhcd 3 HUM camMuM. OOJIACTIO BU3HAYEHHS
HEIPOIOBXKYBAHOT'0 PO3B’si3Ky € MAKCHMAaJIbHUI iHTEpBaJ iCHyBaHHS.

2 .
= 3y3 ocobnuBi po3B’sA3-

uii
ITpuxaad 1. 3’acyBaTu, YU Ma€ PiBHSIHHS %

K¥ 1 3HaWTH 1X y BUNAJKY iCHYBaHHS.
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Pose’azanns. Ilepesipumo Bukonanusi ymoB Teopemu [likapa. @yukirist
f(z,y) = 3y% € HenepepBHOIO B R?, ajsie He 33/0BOJIbHSIE YMOBY JIimimuia
B370BXK mpsamoi y = 0.

Crpasi, HpI/IHyCTI/IBIJ_II/I BiJI CyIpOTMBHOrO, IO icHy€ craJia Jlinmmga

L, raka, mo ‘3/1 - yQ\ < Lly1 — ya|, upu y1 # 0, y2 = 0, zmicranemo
2

ly?| < Lly1| abo L|y13] > 1. OcTaHHSI HEPIBHICTH He BUKOHYETbCS JIJIsI
JIOCTATHBO MaJyuX |yi].

Ockinbku y = 0 € po3B’sI3KOM pPIiBHsIHHSI, TO caMe BiH Moxe O6yTH 0co-
O6suBMM. 3HaliIeMO IHIIN PO3B’SI3KM IBOT'O PIBHSIHHSA:

y_édy:3d:v:> y_gdy:/3d33:>

1

= 3ysi=3z+3C= y=(z+0)>%

Takum unHOM, JIs JJOBUIBHOTO T) Yepe3 TouKy (xg,0) mpoxoasTs npu-
Hafimui JBi inTerpasbhi kpusi: ¥y = 01 y = (z — 20)3. Tomy y(z) = 0
€ 0CODJIMBUM PO3B’S3KOM JIOCHIPKYBAHOTO pIBHAHHSA. [HINX 0COOIUBUX
PO3B’3KIB HEMA€, OCKIJIbKYM BEPXHsI 1 HUXKHS IJIONUHU € O0JIACTAMHY €/1d-
HOCTi PO3B’sI3KiB.

ITpuxaad 2. Merogom mociigoBaux Habsrmkenb [likapa 3HaliTn Tpere
HaOJIVM>KEHHST JI0 PO3B’sa3Ky 3a1a49i Korri

dy 2 :
T = E Y , (0) = 0 B kBagpari K = {(z,y) : |z| <1, |y| < 1}.
Ha gxomy mpowmixkky Teopema llikapa rapaHTye 3012KHICTH IIOCJIIJOBHUX
HabmmKkenb? OmHEUTA HOXUOKY MiK TOYHHM PO3B’a3KOM 3ajadi Ko i
Tperim Habmxkenuam [likapa.

Poss’ssanna. Oyuknia f(r,y) = = — y? HemepepBHa O CYKyITHOCTI
cBoix 3minEnX B R?. Ockinpku fé = —2y, 1o f(x,y) 3a/J0BOJIbHSIE YMOBY
Jlimmina 8 ksayipari K si cranoro L = max f)(z,y) = 2.

(z,y)eK
M = (g}‘;té{KU(x,y)\ = 2, tomy h = min {a,%} = min{l,%} = %

Omrxe, Habmmkenas [likapa go po3s’s3ky mocrtaBieHol 3amaqi Ko 36i-

raloThCs MPUHANMHI Ha TPOMIXKKY [—%, %} .
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Habumxenns: obunciroemo 3a dopmyiiomo (6.6):

x

Yuit = /(& C (), n=0,1,2,....

52 55 2 22 2P 28 211
- = - = df=— — — + — — .
(5 ( 2 20 ] 2 20 + 160 4400

PizHung mixk TouHNM po3B’s3KOM ¥() 1 TpeTiM HAOJINMKEHHSIM OIIiHIO-
erbesi 3a dopmydoro (6.7):
ML? 222

11
3— @ _— = =
3! = 6 23 6

ly(z) —ys(z)| <

s 3aBnaas 358 — 362:
1. IlepeBipuTn BukoHaHHS yMOB Teopemu llikapa Juts ocTaBiIeHUX 33184
Kormmi.
2. Tlobyysarn nabmmenns ikapa {y;};_, 3a cxemoro (6.6).
3. 3HaiiTu po3B’aA30K 3amadi Komni B aHamiTH4HIN (opmi, 3aCTOCOBYIOUN
BiJTOMi METOJIM IHTErpyBaHHS, Ta IMMOPIBHATHA PE3yJIbTaTh II. 2 i 3.

2
358. 4/ =z —2y; y(1) =3. 359. 4 = L 42 %; y(1) = 6.

x
1
360. ¢y — —y = 223 y(l) =1. 361. y/ —4y = e**;  y(0) = —4.
x
362. y =sinz —4y; y(r)=-3.

Jiis HacTymHuX 3ama41 Kol MmeToioM mocitiioBaux HabmkeHb [likapa
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nmoOyIyBaTH T’SITh TTOCJIITIOBHUX HabJmxkeHb [likapa:
363. y =4—y; y(0)=0. 364. y = xy; y(0)=1.
365. v =2—x; y(2)=-2. 366. y =y+ax; y(l)=4.
367. y =ysinz; y(§) =1

BukopucroBytoun gocTtaTHi yMOBHM €IMHOCTI, BHJIJIATH Taki ob6JacTi
IUIOIIMHY, B IKAX 9€pe3 KOXKHY TOYKY IIPOXOJUTH €/INHA IHTErPAJIbHA KPU-

Ba:
1
368. ' = xy + y°. 369. y =1+ (2y — 32)3.
370. (x — 1)y = y% —x. 371. vy =2+ ctgy.
1
372. (y—xz)y =ylnzx. 373. zy' =y + (y* —2%)2.

BkazaTu Bifpi3ok, Ha AKOMYy mmocTaBjeHa 3aga49a Korri Mmae po3s’s30k:
374. y =e¥ +x; y(1)=0.
375. y' = 2y + 3weYsin(zy);  y(2) = 4.
376. y =z +y3 y(0)=0.
377. y = (vy)3 —siny;  y(2) =2.
378. y =2y> —z; y(1)=1.
379. v = (2v + 3y)? — €%  y(l) =1.
380. y =1+y% y(0)=0.
381. 3 = y?> —wcos(zy); y(1)=2.

382. BuginuTu Ti 06/1aCTi IJIOMWHHA, B AKMX BUKOHYIOTHCA YMOBHU TEOPEMH
Ilikapa Jyis piBHsiHHS Y = % Yu mae 11e piBHSHHS OCOOJIMBI PO3B’SI3KU !
Bigmosigi obrpyaTyBaTh.

383. Yu mae piBHsHHS g—; = % PO3B’si3KM, BU3HAYEHI HA BCii TJIONIUHI?
OcobJiuBi pO3B’I3KH !

384. Ckinbkn poss’s3kis Mae 3aa4a Komi y' = 22 + 42%; y(0) = 07

385. 3uaiiTu BCi pose’asku 3amaui Komi ¢ = sin(xy); y(0) = 0.

386. Ynu MoxyTh rpadiki ABOX PO3B’a3KiB piBHAHHS Y = x + y°:
a) mepeTUHATHCS B JIesKil TOYUI MIIOIuHA?
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6) jsorukarucs B Jesikiil Touni nromman?
Bigmosige obrpysTyBaru.

387. fk nosojsTh cebe Ha npomixkky [0, 2] nocuijosni Habimxennst [Tika-
pa (yus. (6.6)) s ;udepennianbaux pinsns: a) y' = y2; 6) v = —y?;
B) ¥ =y, axmo y(0) =17
388. Bukopucrosyioun teopemy llikapa, 3naiitu Ti po3B’sizku jmdepen-
IIIaJIbHUX PIBHAHB, B KOXKHi#fl TOYIIl AKUX MOPYIILYETHCS YMOBa €JIMHOCTI
(ocobumuBi posp’si3ku). Hakpecsmtu iHTerpasbHi Kpusi:
1

a) ' =1 ©)y =2yl m)y =ty

XT3

389. Ilpu sskux HeBiJI eMHUX 3HAYECHHAX 3MIHHOI 777 OPYIIYEThCA €INHICTD

, . . . dy | 1m
po3B’si3Ky 3aJiaui Ko jyist piBusinus 2 = ly|™ Ta B skux TOUKax?

390. Ckinbku poss’sskis pisasuus y' = f(z,y), ge f i fg’/ — HeIlepepBHi B
R? dyukuii, npoxosurh uepes Touky (79,%0) € R? B 3a1aH0My HaIPAMKY,
KUt yTBOpIOE 3 Biccio Ox KyT «?

391. JlosecTn, mo po3s’sa3kn JudEPEHIiaJbHOTO PIBHAHHS % =g(y), ne

y € (a,b), g(y) > 0, Busnaueni Ha BCiit oci (upojgosxkyBani Ha R) Toxi

[0
i Timeku TOA, KoM Jis Beix «, (: (o, 3) C (a,b) inTerpanm f% Ta
a

gd—Z) po36ixkui. HaBecTn mpukiiamu.

D=

§ 7. TMOEPEHIIIAJIBHI PIBHAHHSA,
HE PO3B’A3AHI BITHOCHO ITIOXI/THOI

1. {k i piBHsiHHS, PO3B’sI3aHE BIJITHOCHO MOXiHOI, PIBHSAHHS BUTJISIILY
F(z,y,y") =0 (7.1)

B 00/1acTi BU3HAYEHHsI IOPOKYE ToJie HampamiB. Ha BiaMiHy Bix KaHOHI-
YHOI'O PiBHsiHHS, 3a PiBHsiHHsIM (7.1) MOXKHA BU3HAUUTH HE OJMH, a KijIbKa
HAIIPsIMiB 110JIsI B OJHIM TOYII.

Baaua Kol 3 mogaTkoBo0 yMOBOWO ¥ (o) = Yo Ma€ €IUHAN PO3B -
30K, FAKINO KUTBKICTh iHTErpajlbHUX KPHUBUX, AKi MPOXOAATH Uepe3 TOUKY
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(20, Yo) , 30ira€TbCst 3 KUIBKICTIO HAIIPSIMIB 110J151, TIOPO/IZKEHUX DIBHSIHHSIM
(7.1) y niit Tounj.

Posp’si30k piBHsiHHs (7.1), ¥y KOXKHIi TOYI SIKOTO MOPYIILYETHCS YMOBA
€JIMHOCT1, HA3UBAETHCH 0CODAUBUM.

Teopema (mocraTHi ymoBM icHyBaHHSA Ta €IMHOCTI pPO3B’A3KY 3a-
pagi Komi). Sxwo dynruia F(x,y,y’) nenepepena no sminnit x, ne-
nepepeno Juepenuyitiosna no aminnur Yy, Yy 6 O0eaxomy 0KOAT MOYKY
(%0, Y0, Y(), Oe Yy — odun 3 kopenis pienannua F(zo,yo,y,) = 0, 1 maxa,
ULO Fé, (z,y,9y") # 0, mo 6 documv masomy oxoai mouru (xg,yo) icrye
edunuti pose’asox 3adawi Kowi y(xo) = yo.

2. Jluist po3B’sisyBanHs piBHsIHHSA (7.1) 3aCTOCOBYIOTH JBa IiIXO/IH.

A. fxmio (7.1) MoxkHA PO3B’SI3aTH BiJIHOCHO 110X1/{HOI, TOOTO JicTaTn OjiHe
abo kisbka piBHsHD Burasaay y = f(x,y), To, npoiHTErpyBaBIM KOXHE 3
OJIEPXKAHUX PIBHSIHb, MATUMEMO MHO2KHUHY PO3B’A3KiB BUXIJIHOTO PiBHSIHHSI.
IIpu npomy ocobamBumu po3B’s3kaMu piBHsHHS (7.1) OyayTh Jwmmre Taxi,
fKi € 0cobJimBrUME X049a O It OJTHOTO 3 OTPUMAHUX PiBHSHb.

B. dxuio (7.1) MoxxHa nojaTu y BUIIIsiji

z=g(y,y) (7.2)

abo
y=h(z,y), (7.3)

TO 3aCTOCOBYIOTH Memod esedenns napamempa (MBIT).
BacrocyBanuss MBII jo piBastab (7.2), (7.3) NIpuBOAUTE JO TaKuX me-
PETBODEHB:

st (7.2) qst (7.3)
z=9(y) y = h(z,y).

Toknazsemo y = p, Toui

y=9(y,p); y = h(z,p); (7.4)
yzy; Tr = XT.

3acTocoByemo sndepeHItiajbHe CITiBBiHOIIECHHS

dy = pdz; (7.5)
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roai 3 (7.4) maemo
dx = gy dy + g, dp, dy = h!,dz + !, dp. (7.6)
Hincrapnsaus (7.6) y (7.5) nae

(1-pg,)dy =pg,dp, (h} — p)dz + hy,dp = 0. (7.7)

((7.7) — nudepenifjanbHe piBHSIHHS JJist 3HAXO/PKEeHHst GYHKIIH y = y(p)
ta = x(p)). Inrerpyroun (7.7), micranemo

y = B(p,C), x = M(p,C). (7.8)

IMiycrasusmm (7.8) B (7.4), 3HAXO/MMO MHOXKHHE PO3B’SI3KiB DIBHSIHb
(7.2), (7.3) BignosizgHo:

{ z = g(B(p,C),p) = Alp, C); { z = M(p,C);
y = B(p,C); y = h(M(p,C),p) = N(p,C).
(7.9)

MetomoM BBeIeHHS TTapamMeTpa iHTerpyoThes pishannsa Jlazparotca

y=zp(y) + () (7.10)

Ta pienanta Kaepo
y=ay +9y). (7.11)

Ho pisasuaasa Kiepo 3BoASTHCs 331841 3HAXOMKEHHSA KPUBOI 3a BJIACTHBO-
cTAM7 i1 JOTWIHOI, SKIO OCTaHHI HE 3aJIeXXKaTh Bij TOUYku HO0THKY. Dop-
MaJIbHO MHOXKVHY PO3B’si3KiB piBHsiHHs (7.11) jicTatoTh 3aMiHOIO B HBOMY
y ma C.

OcobmBuii po3s’si30K piBHsiHHs (7.11) nykarors sik 00BiJHY 3HaliIeHOT
OJTHOTIAPAMETPHUIHOI CiM'T IPAMUX.

3. Bijomi BUMma iKW, KOJIM >KOJEH i3 3aIIPOIIOHOBAHUX IIiJIXO/IIB HE MO-
ke OyTH 3acTOCOBaAHUM Oe3110cepe/iHbo J10 BuxijHoro pisusinns (7.1). 11106
po3B’si3aTy Take piBHsiHHs (y pasi, KoM BOHO € IHTEIDOBHUM), BAPTO BU-
KOPHUCTOBYBaTH IeBHI crernu@ivdHi BJACTUBOCTI caMOro piBHAHHS. Po3sriis-
HEMO HACTYIIHI BUIAIKH.



§7. dudeperyianvi pienanms, He po3e’a3ari 610H0CHO NOTiOHOT 57

3.1. PiBusinns (7.1) e ysaraubHeHO OJHOpPijHMM (KBa3i0/[HODiHUM),
SIKIIIO BOHO iHBapiaHTHE BIJIHOCHO 3aMiHu T — Ax, y — A%y, jie 0 — Jiesike
Jiiicae yucyio, A > 0. 3pobuBiim B HbOMY 3aMiHy

x = el
{ ) — ot (7.12)

Je z — HOoBa (YHKId apryMeHTy ¢, dKe MOXXHa PO3B’'S3yBaTH BiJIHOCHO
ojHi€l i3 3MiHHEX ¢, z abo Z’.
3.2. PiBastuus

P(z,y") + Q(z,y) =0, (7.13)

ae P(z,y) 1 Q(z,y’) — onmopinai dysknii 3minanx = ta 3 BianosigHO
BumipiB k Tta m (k > m), Jerko iHTerpyBaTH B mapameTpuuHiii dopwmi,
MIJIAXOM BBEJEHHA HapaMeTpa t 3rijiHO 31 CIiBBi/IHONIEHHAM

/

Yy
2 — ¢, 7.14
. (7.14)

B pesynbraTi 3acTocyBaHHS TAKOTO BUIVIALY MTapaMeTpU3allil OTPUMAEMO

(7.15)

Bukopucrosyioun judepeniiiajibte crippignomenns dy = y'dx, 3naiijgemo
MHOXMHY DO3B’si3KiB piBHsiHHs (7.13) y napamerpuuniit dpopmi.
3.3. MHOXWHY pO3B’si3KiB pIBHSHHSA

F(y')=0 (7.16)

MOXKHa TOJIATH Y BUTJIST

F(y_0> =0, (7.17)

T

ge C' — joBijibHA JiificHa crajia. MipkyBaHHS y IIbOMY pa3i Taki: SIKIIO
qncsio A € kopeneMm piBusinas F'(z) = 0, To 3 piBaocti ¢y = A jicranemo
y= Az + C, sBinkn A = 4=C

x
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BayBaxkumo, 110 piBHsiHHs Burusiy (7.13), ab6o piBHsiHHs Glibin 3a-
TaJIBHOTO BUIJISIILY

P(x,y") =0 a6o Q(y,y) =0, (7.18)
MOXYTh MaTH 0COOJIMBI PO3B’s3KH
x =a abo y = b, (7.19)
Je a 1 b BU3HAYAIThCs 3 PiBHOCTEH BiIIOBIIHO

lim P(a,y’) =0 Ta Q(b,0) = 0. (7.20)
y'—to0
4. ]Iy BU3HaUeHHsT OCOOJIMBUX PO3B’si3KiB piBHstHHS (7.1) BUKOpHCTO-
BYIOTHCS JIBA 3arajbHUX METOJIH.
Memod p—duckpuminanwmmnoi xpueoi. dxmo dbynkuis F(x,y,y’)
HellepepBHa 10 3MiHHIi 7 1 HemepepBHO gudepeHmniiioBHa mo y i 3y, To
ocobyuBuii PO3B’s30K (SKINO BiH iCHY€E) 3a/I0BOJIbHSIE CUCTEMY DIBHSIHB

F(x,y,p) = 0;

(7.21)
Fy(z,y,p) = 0.

jae p =4y . Buinyunsmm 3 cucremn (7.21) napamerp p, 3HaiiieMo piBHSIH-
HS p—AuCKpuMiHaHTHOI KpmBoi. Jljis KOXKHOT BiTKM pP—IMCKPUMIHAHTHOT
KpuBOI HEOOX1JHO MEPEBIPpUTH, 9N € BOHA IHTEIPAJHLHOI KPHBOIO 1 9M TO-
PYIIYEThCS B KOXKHi#l 11 TOYIl yMOBa €IUHOCTI.

Memod c—duckpuminarmmol kpueoi. SIKio Bijoma ojHOIApaMe-
tpuuHa cim’s P(x,y, C') = 0 po3p’s3kiB piBasHHs (7.1) 1 1pu nboMy QyHK-
mist ®(x,y,C) HenepepBHO audepennifioBra mo C', TO, BUIYYUBIIN Hapa-
merp C' i3 cucremu

(I)(xa Y, C) =0;

7.22
¢b(x7 y’ C) = 07 ( )

OTPUMAEMO PIBHAHHSA C—/IMCKPUMIHAHTHOI KPHUBOI.

OO6BiHA cUCcTeMU KPUBUX — I1€ KPUBA, sIKa B KOXKHii CBOIH TOUIN JOTH-
Ka€eThes J0 ofHi€el 3 KpuBux cim'i. O6BiHA (IKIO BOHA iCHY€E) 060B’I3KOBO
BXOJIATH JO CKJIaJTy C—JITUCKPUMIHAHTHOI KPHBOI.
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Birka y = ¢(z) ¢—auckpumiHAHTHOT KPUBOI € OOBIJHO0, SKINO TiIBKU
/ /
(I)$(£U, Y, C) ‘yzw(x) 7& 0 abo q)y(.l‘, Y, C) |y:<p(w) 7é 0.

ITpuxaad 1. IlpoiarerpyBaru piBHsIHHS

y? — (2 +ay+y?) Yy +ay (2P +ay+ 7)Yy — 2Py =0. (7.23)

Pose’szanns. 3acrocysasnm neprmii migxig ((7.2)—(7.11)), noxamo
PIBHSIHHSA Yy BUIVIS/I

(v —2y) (v —2°) (v —9*) = 0.

IIpupiBHIOIOYM KOXKEH 3 CIIIBMHOXKHUKIB JI0 HyJIsl Ta IHTEIPpYHOUYHd KOXKHE 3
OTPUMAaHUX PiBHSHB, JiCTAHEMO:

x2 x3 1
y exP(z)’ y=gte vt

MHoxkuHy po3B’s3KiB piBHsAHH (7.23) MOXKHA 3allUCATH TAKOXK HACTYITHAM

YHUHOM:

z? 3 1
(y—C-exp<7>> (y—;—C’) (y+H—C> =0, CekR

ITpuxaad 2. IlpoinTerpyBaTu piBHSHHS
Iny' +siny’ —x = 0. (7.24)

Posé’azanna. lle piBHAHHSA He MOXKHA PO3B’sI3aTH BIJJHOCHO ITOXIJTHOI,
Tomy 3actocyemo MBII. Jictanemo

d
y =p, x=Inp+sinp, dr= ' +cospdp;
p

a ockimbKHu dy = pdx, TO

1
dy:p<—+cosp>dp abo dy = (1+ pcosp)dp,
p
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3BijiIKM y = p + cosp + psinp + C.
Orxe, MAEMO MHOXKKMHY PO3B’si3KiB piBHsiHHs (7.24) y napamerpudHiit

dopwmi

x = Inp+ sinp;
y=p—+cosp+psinp+C, CeR.

ITpuxaad 3. IlpoinTerpyBaTu piBHSHHS

(zy' —y)In (y’ - %) =y. (7.25)

Posée’azanna. OcKinbKu 3ajjaHe PIBHAHHSA HE MOXKHa PO3B’s3aTH Bi-
HOCHO >KOJIHOI 31 3MiHHMX T, ¥y abo %, TO cupobyeMO CKOpUCTATHUCS IIijI-
xo010M, 3anponoxosanum y (7.12)—(7.20).

Hocaimumo (7.25) nHa kBasiogaopimmicTs. IlimcranoBrka x — Az,
y — Ay nae

N (zy —y)In ()\‘771 (y’ — %)) = \y.
Omrxe, (7.25) iHBapiaHTHE BIJIHOCHO 3aIIPOIIOHOBAHOI 3aMiHM, SIKIIO TiJIbKY
o = 1; zamina tany (7.12) x = e!, y = 2(t)e! npuBoUTH 0 PiBHAHHA

ZInz' =z, (7.26)

dKe BXKe€ PO3B’sI3aHe BiJHOCHO 3MIHHOI Z.
3ayBaxXuMo, IO MPOTEAypa 3alMPOBaXKEHHS BKA3aHOI 3MIHHOI BHMa-

ra€ peTeJIbHOCTi, OCKIJIbKA MU 3aMiHIOEMO He€ OJIHY 3MiHHY, a OJIpa3y

JBi: (%) — () i opm npomy % = % : ‘fl—f. Pigusinus (7.26) Bxke

MOXKHa IlapaMeTpusyBarTu, IokJjasmm 2’ = p. Jlicranemo z = plnp;
dz=(Inp+1)dp =pdt = lnpT—Hdp: dt, (p >0).
Cucrema (Inp)?
Inp

r=plhp, CeR

3a/1a€ O/JHOLIAPAMETPHUYHY CiM’I0 pO3B’si3KiB piBHsiHHs (7.26) y napamerpu-
qHiit ¢popwmi. [loBepratounch A0 BUXIJTHMX 3MIHHHX, JIICTAHEMO PO3B’SI3KH
piBasiHHS (7.25).
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ITpuxnaad 4. Posp’si3atu piBHAHHS
e +y =1 (7.28)

Posé’azanna. 3rigao 3 (7.16)—(7.20) MHOXKUHY PO3B’sI3KiB I[HOTO DiB-
HSIHHSI MOXKHA OIIMCATH OJIPa3y

. - C
eym —|—y

=1, CeR
X

OcobimBux po3s’si3kiB piBHsinHst (7.28) He Ma€, OCKIIBKH CHCTEMA
(7.21) muist BOTO PIBHSIHHST MA€ BULJISI

eL+p=1;
el +1=0,
IO € CBiTYEHHAM BiJICYTHOCTI JIJUCKDHUMIHAHTHUX KPHBHX, a, OTXKe, i 0co-

O6/IMBUX PO3B’sI3KiB.
ITpuxnaad 5. Posp’si3aTu piBHsIHHS

/

_Yy_

Pose’azamnns. s iporo piBHsiHHST MOXKHA OyJsio 6 3/ 1iliCHUTH JIQHIIO-

€r =

KOK TieperBopenb (7.4)—(7.9), nokuamatoun 3y’ = p. Ilpore nponeaypa in-
TerpyBaHHS 3HAYHO CIIPOIIYEThCS, AKINO MApaMETP BBOJUThLCS BiJIIOBIIHO
jo crieigpomenns y' = tg(p). Hicranemo

t
T = __8P = +sinp,

V1+tg?p

dx = tcospdp, dy =y dx = tgpdx = tgp(£ cosp) = L sinpdp. 3Binku
MU OTPUMYEMO PO3B’#i3KM B mapamMeTpudHiit ¢popmi

y=Fcosp+C;
x = Esinp.

Bwtyunsim mapamerp p, 3HaleM0 OJIHONIAPAMETPAYHY CiM'I0 PO3B’si3KiB

4+ (y-C)? =1, CecR.
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I~ N

Puc.9 Puc.10

Kpim nux, icHyiors me # ocob/mBi po3B’si3Km, siKi MOXKHA 3HaliTm abo
METOJIOM C—/IACKPUMIHAHTHOI KpUBOI, abo rpaHnvHuM mepexojom (7.20),
MMOKJIa Tal04u y BUXIJTHOMY piBHAHHI = = a. [licranemo x = +1.

ITpuxaad 6. 3uaiitn KpuBy, BiAPI30K JOTUYHOI JIO SIKOI, 110 MICTHThCS
Mi2K OCSIMU KOOD/IMHAT, MA€ CTAJly JOBKHUHY G .

Posé’azanna. Hexait X, Y — pyxomi koopaunaru, y = y(z) — piBHsH-
HsI IIIKaHOI KPUBOI, (Z,y) — JOBUIbHA TOYKA KPUBOI. 3 PIBHSHHS JOTHIHOL
Jio kpuBoi y Touri (z,y): Y —y =y’ (X — x) snaxomumo Bigpisku OA i
OB, siki joTMYHA BijiTHHAE HA KOODAMHATHUX OCsiX (puc. 9):

/

0A| =z — yﬂ; OB =y —zy.

3a ymoBolo 3ajaui AB = a, Tomy

2 /

) n2 2 / ay
r— =] +(y—=x =qa“aboy=1ay £+ ———. 7.29
< y,) (y—zy) y=ayE s (7.29)

Koxne 3 piBasiab (7.29) e piBasaasm Kiepo. Tomy dbopmaibHo Mu Moxke-
MO BUIIHCATH OJHOIApaMeTPUYHI ciM'1 X po3B’s3KiB:

aC
V1i+C?

st 3HAXOMKEHHS OCOOJIMBUX PO3B’SI3KIB  3aCTOCYEMO METOJI C—

y=zC =+ (7.30)

JUCKPUMIiHAHTHOI KpuBoi. /Iy mporo 3 cuctemMn

_ aC .

y=zC =+ A eT
2

i a(1+2C%) 0

(1+C2)3
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Busryyaemo napamerp C'; orpuMaemo

wiN

2 2
x3 +y3 =a3. (7.31)

BHaiiiena acTpoia € 00BigHOI0 MOOyAoBaHUX ciMeil KpuBux (puc. 10),
a orke, (7.31) 3a7ae 0coOIUBHI PO3B’S30K BUXiTHOTO DiBHSIHHS.
ITpuxaad 7. 3uaiitu ocoONMBUT PO3B 30K PIBHSHHS

y=x+vy —Iny. (7.32)

Posé’szanns. ndepenmnioouan obusi yactunu (7.32) mo vy, gicrane-
MO !
0=1-—. (7.33)
Y
Buurywaroun 3 cucremn (7.32), (7.33) ¢/, maTumemo

y=x+1, (7.34)

sIKe € PO3B’SI3KOM piBHsIHHS (7.32), OCKIJIBKY MicJis MiJICTABISHHS HOTO Y
PiBHSIHHS JIicTaHEMO TOTOXHicTh T + 1 =2+ 1.

Husi nepesipku Toro, mo (7.34) siBiasie coboro ocobuimBuii po3B’si30K,
3HANIEMO MHOXKWHY PO3B’si3KiB piBHsHH# (7.32) MBIIL. Maemo:

1
y=xz+p—Inp (p:y’),dy:dx—i—(1—]—?>dp:pd:ﬁ:>

(=)ot (1= ) dop=o.

3 ocTaHHBOTO BUIIHBaE, Mo abo * = lnp + C, y = p + C — MHOXKU-
Ha PO3B’si3KiB y mapamerpuuHiit dopmi, abo p =1 = y = z + 1, mo
36iraerbes 3 (7.34).

SHailJileHy OJHOIIAPAMETPUYHY CiM'I0 PO3B’fA3KIiB MOXKHA TOJATH Y BU-
TSI,

y=e"Y4C. (7.35)

Bisbmemo JioBluibHY TOUKY (X0, yo) Ha npsimiit (7.34). ITokaxkemo, 1o
4epes II0 TOYKY MPOXOJMTh OjiHa 3 KpuBuX ciM’T (7.35) 3 TMM camMuM Ha-
IpAMOM TOJIsA. [HIMMuU ciioBaMu, HEOOXiIHO IEPEKOHATHCS, IO B KOXKHIM
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rouni nupsimol (7.34) j10 Hel goTukaeThest ojiHa 3 Kpusux cim’1 (7.35). Ocran-
He o3Hauae, mo (7.34) 3ajae ocobuuBuil po3B’s30K piBHsiHHs (7.32).

YMOBH JIOTUKY JBOX KpUBHX Y = y1(x) Ta y = yo(x) 3anmmemo st
Toukm (0, Yo):

y1(zo) = y2(w0),  ¥i(wo) = ya(zo)- (7.36)
Hust (7.34), (7.35) ymosu (7.36) HabyBaroTh BUTJISTY
0 ChrC=xo+1, 0 ¢=1.

3 apyroi piBHocTi 3HaxoguMo C' = xg; MiJICTABISAIOYA WOTO Yy TEPITy
PiBHICTB, JicTaHeMo g+ 1 = xg + 1. lla piBHICTh clipaBeyinBa, JIJId BCiX
zo. OTxKe, yMOBH JIOTHKY BUKOHYIOThCst 1 (7.34) — ocobsimBuil po3B’si30K
piBusinns (7.32).

IIpoiaTerpyBaTn piBHSIHHSI Ta PO3B’sI3aTH MOCTaBjeHI 3agaqi Korri:
392. yy' = (xy+ 1)y + 2 =0; M(1,1).

1
393. 2 = 4|y|. 394. y? = —.
Az
395. zy? — 2y —y =0.
396. i — xy? —dyy +4xy =0; M(0,1), M(1,0), M(0,0).

397. vy = /1 +y2. 398. z2y% + 3xyy’ + 2% = 0.
3naliTu 0cobJinBl PO3B’SI3KM PIBHSIHB, AKIIO BiJIOMi O/HOTIApAMETPUYHI
ciM’1 po3B’A3KiB:
399. 2 (1+y?) =a* (z40)*+y* =d

200. y2 4y =0; (Vy-2-C)(Vy+z-C)=0.

Meroom p-ucKpuMiHAHTHOT KPUBOI 3HAWTH 0COO/IMBI PO3B’si3KM PiB-
HSHbB:
401. y? — 4y = 0. 402. y? 4 22y’ + 22% = .

403. y? —4yy' — o' +4y = 0. 404. y"? — 4y = 0.
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3uaiiTu 00BiHI OJHOTAPAMETPUIHUX CiMel KpUBUX i 300pa3uTu ix rpa-

diuno:
405. y = Cz% — C2. 406. y = C(x — O)2.
407. Cy = (z — C)%. 408. zy = Cy — C2.

Pozp’sizatn jmdepennianbai piBHsSIHHS:
/2 /2
409. y = - + L.
410. 62%y — 6y + (1222 — 32%)y’ — 62* + 23 = 0.

411. ¢/(z — Iny') = 1. 412, "t — 2 =42
xy’
413. iy = exp <—> ) 414. y(y — 2zy')% = 2.
Y
13 ! 12 2
Yy Ty Yy €z
415, y=-L WV T
y=- ety et

y y/2
416. x = = Iny — —.

Yy Y
417. o3 4+ y? = ayy'. 418. z =9y'\/1 + 2.
419. z(y? - 1) =2y 420. 22y’ —y =y Inyy’.
421. o =2y + 4% 422. 2yy’ = x2(y”? +4).
423. y = zy — o 424. y = xy + /1 — 92
425. y=2(1+y) + > 426. 2y(y' +2) = zy%.
427, y +ay = 4\/y. 428. "3 = 3(zy’ —v).

y 1 4
429. v = S+ 430. y"* —1=0.

Brasisxa. Y piBasinasx 430—-433 sukopucraru (7.16)—(7.20).

431. ¢/ —siny = 0. 432. y? -3y +1=0.
433. / — |y'| = 0. 434, ™V T2 4 g3y 4 922y = ().

Bxasiera. Bukopucraru (7.12).
435. o1 4+ Tyt — 242%y = 0.

Brxasisxa. Y piBasinasx 435—437 sukopucrarn (7.13)—(7.15).
436. 52> +y® — 21xy’ = 0. 437. 4y + 2t = 20zy/.
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438. Yu mMaioTh piBHSHHS:

a) y?— (2yy)? = 0; 6) y = Vv;

B)y =y+1
0co0JinBl po3B’si3ku?! YU BUKOHYEThCS MPU IIHOMY JIOCTATHS yMOBa OOBi-
JIHOL?
439. MeTosi0M p—/IMCKPUMIHAHTHOI KPUBOI JIOBECTH, IO PIBHSHHSI:

a) y—2xy —y?=0;

6) = +yy = ay”? (a — pilicHo3HAYHMIT TapaMeTp)
HE MaloTh OCOOJIMBUX PO3B’SI3KiB.
440. B sixux TOYKAX IUIOIMIMHU TOPYIIYyETbCs €JIMHICTh PO3B’SI3KY 33,1249l
Komi jy1s1 piBHSAHB:

a) y? — (* + o)y +ay® = 0;

6) y? — (@ + )y + 2%y’ = 0;

B) y? — (22 +y)y + 22y = 07
Hammcaru mo Tpu pisHmx po3B’S3KM KOXKHOI'O 3 WX PIBHSIHB, sIKi ITPOXO-
Ja1b gepes Touky (0,0).

§ 8. BAJTAUI ITPO TPAEKTOPII
1. 130201aAbHO0M10 MPAEKMOPIEI CIM T KPUBUL
®(z,y,C) =0, (8.1)

ne C' — mapamerp ciM’i, Ha3uBae-
Thest kpuBa Ly (pme. 11), sika me-
perwHae Bci KpuBi L i€l cim’1 mix

OJTHUM 1 THM cCaM#UM KyTOM . ZIKIIo

s
27
opmozonasviolo. I3oronasnbui (op-

o = TO TpaGKTOpiH Ha3HUBa€TbHCA

Sy

Puc.11

TOrOHAJIbHI) TPAEKTOPil 3a/10BOJIb-
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HSIOTH JIesiKe PiBHsAHHA. {19 3HAXOPKEHHsT HOro HeoOXiIHO:
1) criactu gudepennianbie piBHsHHS ciM'T (8.1);
/
. . PR y' —k s
2) samiEuTH B OTpuMaHOMY piBHsiHHI Y Ha TRy #KIWO o # 3
s

1
(k =tga), abo Ha — 7, AKIO = 3.

HKHIO CiM’H KPpHUBUX 3a1a€ThCA IIOJIAPDHUMHA KOOpP/JIWHAaTaMNU
(I)(Tv 2 C) =0, (82)

TO JIUIsI 3HAXO/KEHHS i ePEeHIiaabHOT0 PIBHAHHS ciM’T i3oroHaabHuUX (Op-
TOIOHAJILHUX) TPAEKTOPIH 10TPiGHO:

1) cknacru nudepennianbae piBHAHHS ciMT (8.2);

2) 3aMiHUTH B HBOMY j—; =7 Ha %, AKINO (v # 5, 1 Ha —é, SAKIIIO
a=7% (k=tga).

ITpuxaad 1. 3uaiitu OPTOrOHAJBHI TPAEKTOPIT CiM'T Kijl 3 IEHTPOM B
MOYATKY KOODJMHAT

22+ = R% (8.3)

Posé’azanna. Criagemo gudepeHniadbhi piBHgHHS ciM’T  (8.3):
x+yy = 0. B orpumanomy piBHsHHI 3amiEEMO Y Ha —i, JICTaHEMO JTH-
depentiasbae piBHSIHHS CiM'T OPTOrOHAJIBHUX TPAEKTOPIR T — % =0 abo
y = % IaTerpytoun 11e piBHAHHS, 3HAXOIUMO IIIyKaHi TpaeckTopii y = Cx

(x#0), =0 (y#0).

ITpuxaad 2. 3uaiiTu OPTOrOHAJIBHI TPAEKTOPIl CimM’T
r = 2asin p. (8.4)
Pose’szanns. 3naiigemo judepennianbae piBHsias cim’T (8.4)

r = 2asin @;
7 = 2a cos .

- . . . 2
Buiyuaemo 3 1iei cucremm a: r = rctge. 3aminumo 7 Ha —I-,
7
2
2 . "
orpuMaemo —'— = tgp. Iurerpyoun ne piBHsiHH#A, 3HalJIEMO IIyKaHy

cim’to TpaekTopiit r = 2C cosp, C € R.
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3HaliTu OpPTOTrOHAJIBHI TPACKTOPIl cimeil JiiHiii:
441. Tinepbosn zy = a.
442. Tlapaboa 3> = 2p(x — a).
443. Tinepbon z2 — 3% = a.
444. Kin (z —a)® + (y — b)? = r2.
445, Esincis ’;—2 + %1—2 =1
446. r?2 = In(tg o) + C.
447. Jlemnickar (22 + y?)? = a?(2? — ).
Bxasiexa. IlepeiiTu 0 TOMSIPHUX KOOP/IAHAT.
448. Hucoin (2a — z)y? = 3.
449. Cuisdokycuux napabon y* =2p (z + §).
450. Kapaioig p = a(1 + cos ).

451. 3naiiTu KpuBi, siKi IepeTUHAIOTH yCi KpuBi cim’1 siorapudmiaaux Crii-
0

™

pajeit r = ae” Wi KyTOM 7 .

452. 3naiiTn Kpusi, sKi NEPETUHAIOTH KPUBI CiM'T Ty = a mijg KyTom 7.

2

453. 3naiitu Kpusi, siki neperunaoTs kpusi cim’i 22 4+ 4% = a® nig KyTom

Q.
454. 3naiiTn i3oronanbai TpaekTopil (KyT neperuny « = ) cim’l npsmmx
Yy =ax.

455. 3nailtu i3oronasbHi TpaekTopil (KyT mepermHy «) cimM’i Kia
p=acosf.

456. 3ualiTu i30roHaAJBHI TPAEKTOPIl ciMeil KpUBUX, 33/IAHUX TTOJISIPHAUMEI

KoopmHATAMu p, 0:

a)p=C0H; 6)p=C0*% B)p=Clno; r)p=C(1—-cosb).
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§ 9. PISHI PIBHAHH ITEPHIOIO IIOPAARY

st piBastab 457—484 3uaiiTn:
1) obsiacTh BU3HAYEHHS PIBHSIHHS;
2) obmacTh icHyBaHHsI po3B’s3Ky 3a1aui Komi y(zo) = yo;
3) obsacTh iCHyBaHHs # €MHOCTI;
4) ocobsmBi TOYKM Ta 0COBIMBI KPUBI;
5) BUBYHUTH TI0JIe HAIIPSIMIB, IOPOJIZKeHE JudepeHIiaaTbHIM PIBHIHHSM (110-
Oy/yBaTH KijbKa i30KJIiH, BASHAYNTHU HAIIPSIMH TIOJIS B TOUKAX, fAKi JIEXKATH
Ha OCsiX KOOD/MHAT);
6) BkasaTu 06s1acTi 3POCTAHHs Ta CLAJ/IAHHS PO3B’S3KIB;
7) 3HaiiTH JIiHIT €EKCTPEMYMIB Ta IIE€PErHHiB;
8) cxeMaTH9IHO 300pa3UTH iHTErpAJIbHI KPHBI;
9) npoiHTerpyBaTH PIBHSIHHS Ta BUBUYUTH IIOBEJIHKY IHTEIDAIBHUX KPUBHUX
B OKOJIaX OCOOJIMBUX TOYOK Ta OCOOJMBUX KPUBHX, & TAKOXK Ha MeXXi 00Jia-
CTi BU3HaYeHHsI Ta Ha HECKIHYEHHOCTI BIIOBIIHO M0 aHAMITHIHOI pOpMHU

PO3B’43KiB;
10) 306pasuTu 3HaiijeH] iHTerpanbui Kpusi Ta 3icraBurn ix 3 8):
457. y = |z|. 458. 3 = ﬁ
_ 1 — =
459. y = . 460. y = 2.
461. y' = 2/x. 462. ' = 2./|x|.
463. 3y = ay. 464. ' = ay®.
vl r_ 1
465. y = : 466. y' = y;
467. y = 3ys 468. y = y2.
469. yy = —x3. 470. ¢y = yln|y|
471. 3y = 2. 472,y = 2L,
473. y =24 474. y = - L.
475. y = L. 476. o/ —%.
/ T / 1
477. y 21 478. Yy 1—x2
479. y = 2t 480. ¢/ IETZQ.
481. y + 2zy = 482. y' = —ycosx
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1 0; —z 0;
483. 4/ = Y 84y =) v V7D
0, y<Oo. 0, y=0.
BusnaunTy TH KOXKHOI'O PIBHSIHHS Ta BKa3aTU METOJM WOI0 iHTErpy-
BaHHA:
485. ¢ = y? — 2% + 2. 486. i = 2_302_2'

487, ydr + (:c —9 —g) dy=0. 488. (22 +y% + 1)dy + vy dz = 0.

489. ydr + (22 — y?)dy = 0. 490. (y —1)dz +2(z+1)dy = 0.

491. (y+ 2®) dy + (32° + 32%y) dz = 0.

492. (x4+y—1)de — (x —y—1)dy = 0.

493. 3z +3y—1)dx+ (x+y—1)dy =0.

494. (z+2y+1)dzx — (x —3)dy = 0.

495. 2(y — 2zy — x*/y) + x*y = 0.

496. (v +2%)y — (1 +27)y = 1+ 22.

IIpoiaTerpyBaru piBHsiHHS i Tam, Jie BKa3aHO, BUJJINTU 1HTErPAJIbHY

KDUBY, sIKa IIPOXOJIUTh depe3 3ajany Touky M (xo,yo), JOCIHIKYOUH T10-

IepeIHBO MMUTAHHS PO iCHYBaHHS Ta €IMHICTH PO3B’A3KYy 3agadi Kori:

497. || + y = 1. 306pasuru iHTErpabHi KPUBI.
498. y/'|y'| = —2y. 306pasuTn iHTErpasbLHI KPHBI.
499. |v'| = |y| +1; M(0,0).
500. y' = |y| + |z|; M(0,0).

BusiBuTn, siki moyaTkoBi 3HaUEHHST MOXKHA 33/1aBaTH, 11100 3a1a41a Korri
MaJia €IMHANA PO3B’SI30K:

501. 2%y +ay = 1. 502. ¢ +yv1+z=0.
503. y + ey = 0. 504. y' +ylnz = 0.

505. [Ipu AKUX ™ KOXKHHUII PO3B’A30K PIBHAHHSA € IPOJIOBXKYBAHHM Ha
BCIO Bich —00 < & < 4007

a) jyis piBasaEs Yy = |y|™, axmo m € [0,1];

6) g pisrgrEa i = (y? + €)™, axmo m < 0, 5.
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Pozp’sizaTu piBHsiHHS, BKa3aBIym IXHi THAH:

506

507.
509.
511.

512.
513.
514.

516.

517.

519.
520.
521.

522.
524.
526.

528.
529.

530.
532.
534.
536.

537.
538.

539

22y —y)de+ (P +x+y)dy =0.

y? = (2yy +1)Inz.

y =3z 4y — 2%

xy = x?e7Y +2.

(yy')? = 27x(y* — 222).
(22 —In(y + 1)) dz — T4 dy = 0.
_ (4y)?
Y = oy 518

($2—1)y'+y2—2a:y+1:0.

2y = x\/y — 22+ 2y.

. (22%y — 2¢?) ¢ = 62 — 22y + 1.

rdy — 2ydx + xy*(2x dy + ydz) = 0.
(w3 — 2:63/2) dr + 3z?y dy = v dy — ydx.

515. y — 8z /y = L.

(a:\/yz +1+ 1) (y2 + 1) dx = xydx.
zyy — 2?2 +1=(z+1)(y* +1).

dr —dy + x(xdy —ydx) =0. 523.
Yy +y? =1+ 525.
(v+ ¥ do+ (1+ L) dy=0. 527.

(sinz +y)dy + (ycosx — m2) dr = 0.
(¥ + 2zy) dx + (e¥ + z)x dy = 0.

yly —ay') = Vet + 531.
(zcosy + sin2y)y’ = 1. 533.
Y% —yy +e* =0. 535.
2y =x+Iny'.

—

(1+y)?

Y= Sy

508. vy =2y + /1 +y2.

510. 32 = 4y(zy — 2y)>.

2?(dy — dx) = (z + y)y dz.
i+ 1)y —1) =y.

y/

(cosz — zsinx)ydx + (x cosz — 2y) dy = 0.

562“ +y.
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540. yy' = 4x + 3y — 2. 541. vy + 2%sin®x = y3 ctgx.
542, xdy —ydx = x\/mdx.

543. (2%y? + Dy + (zy — 1)%xy’ = 0.

544. y? + 22y = zy(y? +9?).

545. y' = {20 —y + 2. 546. (v — z/y)(z* — 1) = zy.
547. (z —ycos ) dz + zcos L dy = 0.

548. o3 + (v? — 2y = 3y — .

549. y/ tgy + 423 cosy = 2. 550. x(y"? 4 e?Y) = -2y,

Posp’sa3aTn piBHAHHS, 0 3BOAATHCS J0 PIBHSHD 3 BiJIOKPEMITIOBAHUMMA
3MIHHMMH 3a JOIIOMOrOI0 3aMind mrykanol ¢yskuii (f, ¢ — HemepepBHi
dbynkui):

551. (zy' —y)f(z) = y* — 2*.
552. y(1+ zy)dx + (1 — zy) dy = 0.

553. (22 —yt)y —zy = 0. 554. y' =L+ 27 f (4).
555. y' =y f(zy). 556. y' = p(z) f(zy) — L.
; . dy . z, z>0;
557. Posp’asaru piBaanna 3@ +y = f(sinz—y), ge f(z) = 0 <0
, 2 <0.

SHaiiTi po3B’s30K, KWl MpoxoauTh depe3 Touky M (0,1).

558. Jlosectn, mo po3B’s30k 3aaa4i Kom y(xo) = yo s qudepeHiann-

HOTO DiBHAHHS z—g = f(x), ne f — HenepepBHa 1pu x € [a,+00), xg > a,

Yo — Oyjpb-sike JAIfCHE YMCJI0, MAE TOPU3OHTAJIBHY acCUMUTOTY Y = Yo + b
oo

(ryr b= [ f(z)dz).
o

559. BukopucToByioun pe3ysibTaT HONEePeHbOT 3a/1ati, BUSBUATH, IIPU TKUX
3HAYEHHAX A IHTErpa/ibHA KPHWBA PiBHIHHS % = 2, KA IPOXOJUTH de-
pe3 TouKy (Zo,Yo), /i€ o HAJEKUTh 0OJacTi BU3HAYECHHS IIPABOI YaCTHHU
PiBHSHHA, Yy — JOBLJIbHE, Ma€ TOPU30HTAILHY ACUMIITOTY.

560. PosrigreMo piBHAHHS Z—Z = f(x), ne f(x) — HemepepBHaA B ycCiX TO-

gkax iHrepBasy (a,b), kpim Touku &, & € (a,b), f(x) — 400 mpu = — &.



8 9. PisHi pIBHAHHA NEPUWO20 NOPAIKY 73

. . ) . dy . 1 .
Toni © = £ € PO3B’A3KOM DiBHSIHHA o= = @ - HosecTu, 10 Ko iHTE-

rpamu [ f(z)dz i [ f(z)dz 36ixmHi, T0 2 = £ € 0cOGIMBAM DO3B’A3KOM,

AKIIO 2K TMi iHTerpayim po30ikHi, TO £ = { — YJaCTUHHUN PO3B’sI30K. 3pobu-
TH pUCYHKH Jyist Buna ikis 1) f(x) — +oo npu z — ££0; 2) f(z) — —o0
upu x — & — 0, f(x) — 400 upu z — £ + 0:

) : dy _ 1 :dy _ 1 .
a) posB’A3aTH PiBHAHHA 42 = 73 1 42 = o (3pobutH pucyHKH);

1
z~ 3 1npumax <0

2

3pobUTH pU-
x~ upu x > 0 (5P P

. —
) mpoiHTerpyBaTH DiBHSIHHS Ir =

CYHOK).
. . Q I\
561. IIpn sikux 3HauenHsx A judepeHIfianbHe PIBHAHHA 2 = T " Mae€

posp’a30k x = 07 Ilpu gkux A 1eit po3s’sa30K Oyae ocobsmBum?

. . dy o
562. BrasaTu, npu siknx 3Ha4eHHsAX A judepeniianbie PiBHAHAA g2 = Y
mae po3B’a3ok y = 0. Ilpu gxkux A meit po3s’sa30k Oyze ocobsmBum? Bu-
BYNUTHU Ta MOPIBHATH MOBEJIHKY IHTErpaJIbHUX KPUBUX PiBHAHD dy — / ly|

dxr —
i dy = ¢/y. 3pobuTn pUCYHKH.

563. Iokazaru, sik cdme piBusinas a(x dy — ydz) + (b + biz + bay) dy+
+(c+ c1z + coy) dx = 0 3BOAUTBCS 10 OJHOPIJHOIO PIBHSIHHs abo0 J10 PiB-
HAHHS 3 BiJJOKPEMJIIOBAHIMU 3MiHHUMU.

564. I1iji6pasiy yacTuHHUI PO3B 430K PiBHsAHHA Y +1 COS T = oS T Sin T,
3HaliTH WOro 3arajbHHM PO3B’SI30K.

565. I1iniGpasimy yacTurHu po3B’si30K pissiHus Y +yp(z) = p(x)¢'(x),
3HaliTH WOro 3arajbHUM PO3B’SI30K.

566. 3pectu pisusuna y™ 'y + a(z)y™ = b(x) o ainiitHOr0 3a JOMOMO-

TOI0 3aMiHM NTyKaHOI PYHKITI.
567. 3sectn pisngunsa Y + (y? — ¢*(2))f(x) — ¢'(z) = 0 5o piBuanHsA
Beprynai 3a qomomororo 3aMinu mykaHol ¢GyHKIII.

BusiButn, un 6yne y = 0 ocobsmmBuM po3B’s3KOM JrdbePEHITIaIbHOTO
piBHSIHHS:

s 1 . [oraipn L .
568. y/:{ ysmg, y#07 569. y/:{ ySHlya y%ov

0, y=0. 0, y=0.
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570. Jano piBusHHSA g—gyc = f(x,y), ne f — nHenepepsra B R? i Taka, mo
f(z,y) >0 upu zy < 0; f(z,y) <0 npu zy > 0. Josectn, mo po3s’s30K
saytaui Komi y(x) rakwmit, mo y(0) = 0, icaye. Yu rapanTyerbes #oro
€JJUHICTD?

571. 3a J0IOMOroI0 3aMiHN HE3AJIEXKHOI 3MIHHOI 3BECTH PiBHSIHHS
a(z) y
= +
1=y (3

572. TlokazaTm, mo po3B’s#A30K 3ajadi Komr 3 IM0YaTKOBOI YMOBOIO

o piBasgaus Kuitepo.

y(z0) = yo mvia piBEsanb a) ¥ = 23 — y>; 6) 3y = wy + e Y BusHAUe-
HEil Ipu T € |70, +00), TOOTO HECKIHYEHHO TIPOJIOBXKYBaHUil BIIPABO.

. : - d
573. Hexait y pisnsnni %7 — a(t)z = f(t), a(t) > 0, f(t) — 0 upm
t — +00. oBecTn, 1o KOKHUI PO3B’I30K IIHOTO PIBHSAHHS IPSAMYE JIO HY-
ag opua t — +00.

Bxasisexa. llogaTn 3arajbanii pO3B’I30K PIBHsSIHHS y BUIVISJI iHTErpaJja 3

HECKIHYEHHOIO I'PaHUIICTO.

574. 3BHaiitu i3oronasnbui Tpaekropii cimeit kpusux (C — aificHo3HAYHMI
mapameTrp, « — KyT HepeTuHy, 7, § — HOJIsIpHI KOOP/IUHATH):

a) 22 —y? = C?, a = 45°; 6) y+Cxr=1, a =30°%
B) Cy—z =1, a=060% r) y = Ce", a =45
) %xQ—i—y?:C,a:QOO; e) 2 —Cy=1, a=90°%

€) r=Ce % a=90° x)) r=C0% a=90°.
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I'nasa 2

JTNOEPEHIIAJIBHI PIBHAHHSA
BUIIUX ITOPAKIB

§ 10. PIBHAHHA, IO JOIIYCKRAIOTD
SHUKEHHA ITOPAKY.
IHTET'POBHI TUIIN PIBHAHD

1. Iudepeniiianpae piBHIHHST N-T0O TOPSJIKY

r (a:, v,y ", ,y(n)> =0 (10.1)

JIOIYCKA€ 3HWXKEHHS TOPSIJIKY B HACTYITHUX BUTIAIKAX.
1.1. PiBHsHHA Mae€ BUTJIA

F <ZC, y(k)7 y(k—i-l)’ L 7y(n)) =0. (102)

Bamina y*) = 2z, ne z = z(z), smmKye nopsiok pisasnHs (10.2) Ha k
OJTMHUITD.

1.2. dxmo piBHSAHHS HE MICTATH SIBHO HE3AJIEXKHOI 3MIiHHOI, TOOTO €
ABTOHOMHUM:

F <y7 y/7 3/”7 o 7Z/(n)) == O; (103)

To Tozii 3amina Yy = p, ne p = p(y) — HOBa (DYHKIIiS ApPryMeHTY Y, SHUKYE
nopsioK piasinas (10.3) Ha oxHy oguHuigo. Ilpu npoMy BpaxoByemo, mio
y// — pp/’ y/l/ — p/lp + p12 i T.JI.

1.3. dkmo piBagaasg (10.1) ofHOpijHE BiHOCHO 3MIHHHX Y,

/

v, ...,y to6ro
F (a:,tyiyﬂty”,---,ty(")) =t"F (x,y,y’,y”,---,y(”)>, t>0,

i Tomy iHBapiaHTHe BijfHOCHO po3TsariB (z,y) — (z,ty), TO HOro MOpsIOK
MOX>KHA 3HA3WATHU HA OJMHUITIO 3aMiHOIO

= =u, u=u(x). (10.4)
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1.4. Kpasioguopisne piBusinnsi (10.1) (imBapianTHE 1010 PO3TSIiB
(z,y) — (tz,t*y)) cupomyerncs 3aminoro

x=ce", y=ze", (10.5)

Jge z = z(t), a Bara KBa3i0JHOPI/IHOCT] BU3HAYAETHCS 3 YMOBH iHBapiaH-
THOCTI

F <t1:, thy, th=1y/ . ,tk_”y(")) =t"F (x, TR TN ,y(”)) =0. (10.6)

ITpu 3amini (10.5) noxijHi 1€peTBOPIOIOTHCs 38 GOpMyJIaMu

dy dy dt _dy _, (k—1)t
,:—:—~—:—- = / k . N
VST a de ar ¢ R e

du’ (10.7)
17 — d—:’i . eft — [Z// 4 (Qk o 1) Z/ + k(k o 1) Z] . €(k72)t
1T
1.5. PiBasinag y dopmi noBHOI 110XiHOT
F (2.9 oy = diG (2990 =0
T

JIOITYCKa€ OYEBUJIHE 3HUXKEHHSI TOPSJIKY Ha OJMHUINO. B pe3ysbTaTi iHTe-
IPYBaHHA JTICTAHEMO:

G (x? Y, y/’ ylla s 7?J(n_1)) = Cl; (108)

qe C = const. Cuissigaomenns (10.8) HA3WBAIOTH NEPUWUM THMEZPAAOM
PLBHAHHA.

ko piBasiaas (10.1) He mae dopmu nepiol MOXi/IHOT, TO B JESKUX
BUIIQ/IKAX BOHO MO2Ke HaOyTm 6akaHoi (hopMuU IIPU MHOXKEHHI #OT0 HA Jie-
AKY (QYHKIHIO M (x, Uy, ... ,y(")) — inTerpyBajbHAi MHOXKHEK. CJtijt Ma-
TH Ha, yBa3i, 110 UPYU IbOMY MOXKYTb 3’ siBUTUCS 3aiiBi po3B’si3ku (PO3B’sI3KN
piBasiHHs m = (), a TAKOXK MOXKJ/IMBA BTpaTa Jiesikux po3s’s3kiB (y pasi
pospuBHocTi m). Tak, piBagnus y” = f(y), gKmo JOMHOXKUTH HOrO Ha
m = 2y, nabyBae BUIJISLY

d d
2y =2/ 1) 6o 7= (2 [ ).
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a OTKe, PO3B’A3KHU HOro 3a1al0ThCs CITiBBIIHOTIIEHHSM

dy
/\/ff(y)derC&

Jliniftue piBusiang gpyroro nopsiaxy 4" + p(x)y' +q(z)y = f(x), axmo
q(x) = p/(x), e piBusHEAM y dopmi noBHOT moxiaHOI. Voro MoxkHa mogaTu
y BHIUIsIJI %(y/ + p(x)y) = % (f f(z) dx) 1 3HU3UTHU TOPSJIOK HA OJ[MHU-
mo. Jicramemo JiiHiliHe pIBHSAHHSA IIEPIIOTO MOPSIKY, SKe JIETKO PO3B’I3aTH

= xx + (5.

Bimomumu Metomamu (Jlarpamxka, Beprysut Tormo).

2. PiBusinns (10.1) moxHa po3B’sizaTy, TOOTO 3HaWTH HOro pO3B’sI3KH
y BUIJIsA[l KOMOiHAI# ejlemenTapHux OYHKIN 9u KBaAPaTyp y HACTYITHUX
BUIIA/TKAX.

2.1. dkmo (10.1) mae Burusiy

F (w,y(n)) —0, (10.9)

TO:
a) Pisusinns (10.9) moxna poss’szaru signocHo 3™

y" = f(x), (10.10)

e f — memepepBHa Ha | = (a,b) dyHKIisS; TOJI MHOXWHY PO3B’sI3KiB
MOZKHA TIOJ[ATh K

y_// /f ---dx+01x"_1+ng”_2+...+0n. (10.11)

(n paana

Poss’si30k 3a4a4i Ko juist piBasinas (10.10) 3 nouaTKOBIME yMOBaMU

y(xo) = yo, Y'(wo) = y(()l)a sy () = y(()n_l) (10.12)

MOXKHA 3anucaTtu 'y dopmi

y—// /f )de...de+ B,(:c 7o) 9 0) + 0.

mo )

(n pasis)

(10.13)
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BacrocoBytoun cuissijgaomenns (10.11), (10.13), 3py4H0 KOpHUCTYBaTH-
cst GOPMYJIOIO

// /f dr = ﬁ/f@)(:ﬂ—t)"‘ldt. (10.14)

(n pas3iB)

6) dxmo (10.9) monyckae mapamerpmsaniio = = ¢(t), y™ = (1),
npudomy  — audepeniifioBaa OyHKITisA, TOMl /I 3HAXO/2KEHHS PO3B’ 13-
KiB I[bOT0O PiBHAHHA y HapaMeTPUYHIA (OpMi CJIiJ] 3aCTOCOBYBATU TAKHUil
JIQHITIO?KOK TIEPETBOPEHB:

dy(”‘l) = y(")dfv' dy ™= = () d(p(t)) = (1) ' (t) di;
= [Y(t) ¢/ (t)dt + C1 = Y1 (L, C1);
dy(”‘Q) = y(”‘l)d:t; dy" =) =y (t,C1) ¢/ (t) dt;
2 = [1(t,C1) ¢ (t) dt + Cy = ta(t,C1, Co) i T
2.2. dxmo (10.1) mae Bursi

F <y<”—1>, y(">> =0 (10.15)

(10 15) MOKHA PO3B’A3aTH BiTHOCHO y(”), TOOTO y =f (y(” 1)), TO,
BBIBIIIM HOBY HeBijlomy byHKIHO u(x) = y(" 1)
seigxn x4+ Cp = [ f(Z) .

[Tpumycrumo, mo 3 orpumanoi piBHOCTI Jsierko gictatu u = (x, Cq).

, micranemo v = f(u),

Toni wmarumemo judepennianpie piBHSHHA (N — 1)-ro  mOpsiaKy
y("=D = oz, C}) Burmsay (10.10). Axmo x (10.15) Moxkua mapamerpu-

3yBaTH:
y" = (), Y™ =), (10.16)

npudoMy ¢ € audepeHniioBHo GYHKIE0, TO, 3aCTOCOBYI0UN JiUudepeH-
masbee cnissijpomenns dy™ Y = y(Mdx, nicranemo ¢/ (t)dt = 1)(t) dx,
3BiJIKA

/

P'(t
u (4(1) ).

P(t)
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Jami  dy"=2) = y(n=D gz = go(t)% dt

_ t)o! (t
y(n 2) _ fw(d?z)()dt—’_c%

dy = y'dz, y = §(t,Ch, ..., Cp).

Orxe, y mnapamerpuusiii ¢opmi MaeEMO nN-IapaMEeTPUYHY CiMm'I0

po3B’si3kiB piBHsHHA (10.15)
/
¢'(t)
x = dt+Cv, y=¢&(>t,Ch,...,Cp).
/ w(t) !
2.3. dxkmo piBasguug (10.1) Mae Buriis

F (y(”’”,y(”)> —0 (10.17)

i (10.17) moxua poss’szatu Bigsocso Y™, To, 3poGmBIM 3amimy
y"=2 = y(z), gicranemo y™ = f (y("=2)) = f(u) abo u” = f(u). 3a-
CTOCOBYIOYH JI0 OTPMMAHOTO PIBHSAHHSA IIiJIXiJI, 3aIllpONOHOBaHMi y 1I. 1.5,
3HAXO/IUMO

/ du =2+ Ch. (10.18)
/2 [ F(u) du+ Cy

IloBepTarounch 10 BUXiTHUX 3MIHHHAX, TOOTO IiICTABIAIOYN 3HAMTEHI
3 (10.17) 3mauenns u B crissigpomenns y™2) = u, gicranemo piBHsHHS
(n —2)-ro nopsiiky Burusiay (10.10). Ao xx (10.17) moxxua napamerpu-
3yBaTU, OTPUMAEMO

y =2 = p(t); Y™ =p(b);

(n-1)
Ay = Wz, dy=2) = y(—D gy — 1) d?fT
Yy

abo

y(n)dy(n_Q) = y(n_l)dy(n_l), ¢(t) gpl(t) dt = y(n_l)dy(n_l)_

Tnterpytoun, gicranemo y" V) = +./2¢(t) ¢/ (t) dt + 1.
[TojrasbIne nepeTBopeHHs 400y TOro judepeHIialbHOr0 PiBHSAHHS PO~
Bo/MO aHastoriuno 3 (10.16).
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ITpuxaad 1. Poss’sizatn 3agauy Komi y” = ze®, y(0) =1, ¢/(0) = 0.

Pose’azanns. Jlane piBasguHs € piBHsHHAM Tuny (10.10). Jdnsa Bimmry-
KaHHsi MHOXKMHM HOro posp’si3kiB MoxkHa 3acrocyBaru dopmysn (10.11)
6esmocepeubo. Jlicranemo

Yy = /tet(m—t)dt—l—Clx+Cg.

Aute, ockinbKH JUTs po3B’a3aHHs 3a4a4i Kol HeoOXiHo 3HAXOIUTH IIe
it y/, To 3pyudHillle BUKOHATH IOCJIIOBHE iIHTEIrpyBaHHS 3aJJAHOTO PiBHSH-
Hs. Maemo

Yy =(@—-1e"+0C1; y=(z—2)" +Cix+ Cs.

BpaxoByloun 10YaTKOBI yMOBM, OTPHMYEMO CHCTEMY PIBHSHb
—1+C1 =0, =2+ (Cy = 1. 3BifIKN BUILUIKBAE, 10 NIyKAHUN PO3B’sI30K
sajadi Komr mae Bursag y = (v — 2) e¥ + x + 3.

ITpuxaad 2. Poss’satu pisasmas y = —e .

Posé’azannsa. OcKiibKy IHTErpaJI Bij IpaBol YaCTHHNA HE BHPAXKAEThCS
Jepes eJIeMeHTapHI (pyHKINT, TO 3pyIHO KOPUCTYBATHUCS O/Ipa3y popMyia-
mn (10.11), (10.14). [Ticranemo y = [ e~ (x — t) dt + Craz + Cs.

ITpuxaad 3. Posp’sizatu pisnsnns x — eV + "2 = 0.

Pose’ssannsa. Tepemnmemo nane pisHsiHHs y Burasgi z = eV — 2.
IMoknasemo y” = p Ta 3acrocyemo judepeHiliajbHe CHiBBiJIHONICHHS
dy' =v" dz. Jicramemo x = eP —p?, dx = (eP—2p) dp, dy’ = p(e? —2p) dp.
BBigku y' = eP(p—1) — %p3 + C1. Ockinbku dy = vy’ dx, To Maemo

P 4
dy = {ezp(p —1) - <§p3 +2p* —2p — 01> eP + §p4 —2Cp| dp.

A orxe, CHiBBiJIHOIIIEHHS

p 3 2 2 4 4 5 2
=|===]-e“=|[=p" =2 2—-C1)-eL+—p°=-C Cay:
) <2 4) € <3p P+ 1 (& +15P 1p+ 29
90:6”—292,

ge C1,Cy € R, 33/1a10Th MHOXKWHY PO3B’3KIiB BUXIJIHOT'O PiBHSIHHS.
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ITpuxaad 4. Posp’szan pisasiana y' = xy” + 4.

Posé’azanna. OcKiJbKA 3aaHe PIBHAHHS HE MICTUTH IIyKaHOI DYyHK-
11, TO HOro MOPAJOK MOXKHA 3HU3UTH, 3aCTOCY BABIIY IIiJICTAHOBKY ¥ = Z,
ne z = z(z). Orpumaemo pisnsinaa Kiepo z = x2’ 422, ke jierko poss’s-
3yerbesi. OpHOmMapameTpuyHa ciM’s pPo3B’s3KiB piBHsHHS Kiepo mae Bu-
ran z = 2C + C? (C — joBimbHA cTama, mapamerp cim’i). Kpim Toro,
icHye 11e ¥ 0cobausull po36’a30k, AKUH MOXKHA 3HAUTH K OOBIIHY OIHO-

2z =aC + C?

[apaMeTPUYHOI CiM’l, BUJIyYUBIIN 3 CHCTEMHU rapamMeTrp
O=x+2

z?

T

IloBeprarounck J0 BUXIJHUX 3MiHHHX , MAEMO Y = %C’%xQ + Clzx + Co

C'. Hicranemo z = —

— 3araJibHUi#l PO3B’A30K, Y = —% + C1 — ciM’ss 0cobMBHX PO3B’si3KiB
(C1,C2 € R).

ITpuxaad 5. Posp’sizaru pisusuns xyy’ — xy'? —yy' = 0.

Posé’azannsa. Jlame  piBHaAHHS  iHBapiaHTHe IIOJAO  PO3TSTiB
(x,y) — (x,ty). Bono He 3MiHIOE€TBCs Bij mijcraBusiuHsg Yy —  ty,
y — ty', vy — ty”. 3amina % = u, ne u = u(x), 3HMKYE NOPAIOK
PIBHSIHHSI Ha OJIMHHUIIIO.

Cupasyi, maemo y' = yu, y" = y'u +yu', a orxe, x(u? +u') — zu’—
—u =0 abo zu' = u.

Iarerpytoun 3HaiijieHe pIBHSHHS Ta TOBEPTAIOYUCH JIO BUXIJIHUX
3MIHHUX, JICTAHEMO MHOXWHY PO3B’#3KIiB JOCJI/KYBAHOTO DPiBHIAHHS:
y = Crexp [ngQ] .

ITpuxaad 6. Poss’sizaru pisnsmns xiy” + (xy —y)® = 0.

Pose’azannsa. [lokaxkemo, 1o piBHAHHSA 1HBapiaHTHE BiHOCHO PO3TSTiB
(z,y) — (tx,t*y). Cupasui, BrAacHi 0K HijcTaBNsSHES T — tx, Yy — tFy,
tkily/, y// N tk72

Yy — y” nmicranemo

2ty g3k 308 gy3k 2002, 4 gy8, 02 43k 3 ().
orxke, ipu k + 2 = 3k, Tob6To npu k = 1, piBHsiHHS HE 3MiHIOETHCsI. 1O-

My HeoOXiTHO 3poOUTH 3aMiHy, IPUTAMAaHHY KBa3i0IHODITHUM PiBHAHHSIM,
Tobro ¥ = €', y = ze', ne z = z(t) — HoBa dyHKuig aprymenty t. [Ipu
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IhOMY HEeOOXiJHO MaTHh Ha yBa3i, 1o

dy _dy dv _dy

de —dt dt  dt C

Py d (d d (d 2 d
y_ (_3/)__(_1/ e_t>€_t Y g2 _ W

de? " dr \dz) " at \dt’ T ar -
TOOTO ) )
d d d d d
_y:_z_i_Z’ 29 _ —Z-i-—z el.
dr dt dax? dt2 = dt
Hicranemo
dz2+dz+ dz 3_0
de2  dt at)
Bamina z' = p, me p = p(z), upuBeje JIO0 PIBHSAHHS NEPIIOrO IIO-
PAIKY g—g p+p+p> = 0, posB'S3KH SKOTO MOXKHA IOJATH y BHUIVISI
p=tg(Cr—2) 4
0 JIACHIOIOYM 11€PETBOPEHHS. B 3BOPOTHOMY IIOPSJIKY,
b=V
JIICTaHEMO

Chx sin (01 — Q) =1.

X

ITpuxaad 7. Posp’ssatu piBuarasa yy' = y'>.
Posé’azanna. llomuOXKUBIINM PiBHAHHSA Ha (QPYHKIHIO M = ﬁ, JicTa-
11 /
HEMO Z/—/ = % — piBHgHHS y (OpMiI NOBHHX MOXiJIHUX. JHMAKYIOUU HOTO
Ciz

nopsiok, matumemo y' = Chy, 3Bigku y = Coe
3naliTu po3B’sa3ky udepeHIiajJbHuX PIBHIHD, IKi 33/I0BOJIBHIIOTH 110~
9aTKOBI 800 I'PAHUYHI YMOBH:

575. y" =e " y(0)=0, '(0)=0, y"(0)=0.
T

e
576. y" = —; y(1)=0, ¥ (1)=0, y'(1)=0.
577.y" =1; y(1)=0
578. y" =2; y(-1)=0, y(1)=0. 3poburym puUCyHOK.

<

—
[\

S~—
I
—_

3pobuTH pUCYHOK.
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SHU3UTH MOPSJI0K PIBHSAHB 0 IIEPIIOTO:

I\ 2
579. yy" = y* + 2xy>. 580. y"? —yy" = (y—> :
Xz
2 2 2 _
581. y" + 2y +y° =0. 582. y"* + 2zyy” = 0.
583. iy + (y — 2)y' = 0. 584. y"'y? = 1.
585. T (yQy/// /3) _ 2y2 ! 3xyy'2 = 0.

586. y (y/y/// 2y//2) yy/Zy// _ 29/4-

587. yy'y" + 2y"%y" = 3yy'"?. 588. z2yy" + 1= (1—y)zy'.
589. v’ +2yy? = 2z + 1)y 590. y(2zy" +y') = zy? + 1.
PosB’sa3aTn piBHsIHHS, CKOPUCTABIIUCH 1X KBa3i0IHOPIIHICTIO:
/
591. 22y’ = (y — ay')2. 592. yy' —y? = —L—.
yy" = (y —xy’) yy" =y i
593. 2*(yy" — %) + ayy’ = y/a?y? + y.
594. yy' + xyy” — xy? = 2. 595. yy" = y'? + 15y% /.
596. (2% +1)(y” — yy") = zyy’. 597. y(zy” +y') = 2y*(1 — ).
2 2 /
598. z%(y"? — 2yy") = y*. 599. y—2 +y? = 3xy" + =Ll
x T
600. z%(yy" — y%) + zyy = (2xy' — 3y)Va>.
601. 24 (y? — 2yy") = 423yy’ + 1.
602. 22y" — 3zy' + 4y + 22 =0.
603. zyy” +yy — 2%y = 0.
Posp’sa3aTn piBHsHHS, BUIIIABINN HOBHI OXIiTHI:
604. v = 2yy'. 605. vy — 'y’ = 0.
606. yy' =y’ 607. v’ = y"y.
608. yy" =y (v +1). 609. vy +y? = 1.
610. zy" = 2yy — /. 611. v =xy +y + 1.

612. v/ —y = CE'ny/. 613. 5y "2 — 3y"y" = 0.
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Pozp’sizaTn piBHsiHHS:

614. zy® =1. 615. zy’ = sinz.
616. y"" = 2xy". 617. 3" = sin(z?).
618. y” = sz, 619. y' = ¢* + 3073,
620. x = c V' +y. 621. y"2 = 1.
1 1
622. 1 = \/%7 623. ¢ = CEN S
624. 22y =y 625. v/'(1+y?) = ay”.
626. y'zInz =y 627. vy’ =4'In (%’) .
628. yy" =y 629. 1+ ¢y =2yy".
630. yy"? = 1. 631. 2yy” + 4> +y"* = 0.
632. y"? —2y/y" +1=0. 633. "y = y".
634. 2yy" = y? + o2 635. v +ay" =2y,
636. 2y/(y" +2) = zy"%. 637. y* — 3y = 1.
638. (v +2y)y" =y 639. vy’ = y* — .
640. y" + cosxy’ — sinxy = 0. 641. y' — L1y 4 %Qy =1.
642. 3naiiTu inTerpanpHi Kpusi piBrsHES yy'y” = 2 + '3, aki mpoxo-

aatb gepe3 Touky (0,0) i gorukamoTbes B 1il Touni g0 npsamoi  +y = 0.
CKiJIbKM TaKWX KPUBUX iCHY€E 1 yomy?

643. 3nailitu dopmy kpusoi, 1o i1 HabyBae rHydYKa OJHOPIIHA HEPO3TS-
2KHA HUTKA 3 3aKPIIUIEHUMU KiHISIMU, SIKIIIO HA HUTKY JII€ HABAHTAXKEHHSI,
TOPU30HTAJIbHA TTPOEKITisi SKOT0 OJHAKOBA Ha KOXKHY OJIMHUINIO JIOBXKHWHMU.
Macoto HUTKH 3HEXTYBATH.

644. 3uaiitu dopMy KpuBoIl, 1m0 i1 HAOyBa€ THyYKa HEPO3TSKHA HUTKA 3
3aKpINJIEHUMHA KiHIIAMY IIiJT €0 BJIACHOI MacH.
645. JlosecTn, Mo piBHAHHA PyXy MasgTHUKa Yy +siny = 0 Mae po3B’s30K
y(x) rakuit, mo y(r) — +00 npu x — +00.
646. 3HaiiTu KpuBy, paJiyc KpUBU3HU sIKOI JIOpiBHIOE 1.

(1+y?)°

Bxasiexa. R =
y//



§11. Bazaavhi 64aCTMUB0CTNT ATHITHUT PIGHAHD 85

647. 3uaiitu KpuBy, pajilyCc KPUBA3HM SKOI TPONOPIiiHuil KyOoBI HOpMa-

Ji.
1 12\3
% — pajiyc kpususan, MN = ‘ym

JIOBXKWHA Bijipiska HOpMaJti (auB. puc. 6, §2).

Bxasiexa. R =

648. Basika 3aBJIOBXKKY [ JIEKUTH KIHIIEME Ha JIBOX omopax. o cepeunu
Oayiku ImijBimeHuit BaHTaxX P. 3HaiiTh piBHAHHA HpY2KHOI JiHII Ta 11
HalOLIbIIKI IPOTHH.

Bxasiexa. kim0 modaTrok KOODIMHAT IOMICTUTA B HEPYXOMY TOUYKY
6anku, Bicb Ox cupsaMyBaTu B3/I0BXK Oajku, a Oy — BEPTUKAJIHHO BHU3,
d?y
da?>
moyab FOura; I — MOMeHT iHepINl MUIOINIi TOMEepevHOro nepepisy Oajakn

TO 3ruHaJbHUI MoMeHT y Toumi (x,y): M = P(l—x) = EI ne E —

BIJIHOCHO HEUTPAJIBHOI JIiHil.

649. O6uncanTn MBUAKICTH, 3 SIKOIO Bliajie Ha 3emuto (11ij] €0 3eMHOIO
TSKIHHS) TUIO, 10 B MOYATKOBHHA MOMEHT mepebyBae Ha opbiti Micsis
(IpECKOpEeHHST 3eMHOTO TsiXKiHHSI OOEPHEHO MPOMOPIiiiHe KBaJpaTy BiJl-
crani Tina Big 3emu).

650. BukopucToByoun J1aHi HOMEPEIHBOI 33,189, OOYUCINTH Yac T TiHHS
TijIa 3 Micsa9HOT OpOiTH HAa 3EeMJIIO.

§ 11. 3ATAJIBHI BJIACTUBOCTI JIHITHUX PIBHSIHDb
1. Jlinifine neosHopijue piBasius (JIHP) n-ro nopsiaky mae Buruisi
Lly] = f(), (11.1)
e Lyl = y™ + a1(2)y™ Y + ... + an(2)y, ai(z), f(z) — menepepssi
byukuii; x € I = (a,b) (i=1,n).
Bignosiznae fiomy ogaopinue piusinus (JIOP)
L[y] = 0. (11.2)
3amiHa He3aJ€KHOI 3MIHHOT

x = (1), (11.3)
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je & — menepepsro judepentiitosna n-pasis Gynknis taka, mo ®’(t) £ 0
Juist Beix ¢ € (o, 3), pst sikux © = P(t) € (a,b), He nopyniye ginifiHocTi
PiBHSHHS.

Samina HeBigoMol QYHKITT

y = a(x)z + [(x), (11.4)

ne afz), f(x) — HenepepBHO gudepeHIiioBHI n-pas3iB GyHKIH] a(z) # 0
upu x € [, z = z(x), TakoXK He HOpYIIye JiHilHOCTI piBHsAHHsA. OHOPITHA
samina (B(x) = 0), Bignosigna (11.4), sacrocosana o JIOP, ne nopyniye
¥oro JiiHiHOCTI ¥ OJIHOPiJIHOCTI.

Kowm6inamnii 3amin (11.3), (11.4) BUKOPUCTOBYIOTH JJisi CIPOIIECHHS BIH-
xigaoro JIHP gum JIOP. oBegeno |10, 3apmanus 2.23|, mo skmo JIOP
(11.2) 3Bopmrbest o JIOP 3i crasmmun koedinienramu 3aminoro (11.3), To
OCTaHHSA 0DOOB’SI3KOBO Ma€ BUTJISII

t= C/ Van(z)de. (11.5)

2. Sdkmo y; — HerpusianbHuMil yacTuHHM po3s’szok JIOP (11.2), To
iJICTAHOBKA

Y =1 /z(x) dz, (11.6)

jge z = z(x) — nosa HeBisoma byskuis, 3Bogurs JIOP (11.2) no JIOP
(n — 1)-ro mopsiKy.

3. dkmo Biomo k HerpuBiampaux poss’s3kis JIOP (11.2), To, 3acro-
coBytouu mijicranoBky tuity (11.6) nocsiizioBHO, HOPsiJIOK PIBHSIHHSI MOXKHA
3HU3UTHU HA k OJWHUIG i IpHM MOMY JicTaTru 3HOB-Taku JIOP.

ITimcTanoBka

Y = yu (11.7)

e u = u(x) — HoBa (YHKIs, TAKOXK Ja€ 3MOry 3HM3UTH NOpsiyiok JIOP
(11.2) Ha opmHMINO, ajie IPH IHOMY DIBHSIHHS BTpadvae JiHiiHicTh. OTpH-
MaHe PiBHAHHA HaJIEXKUTH Jio Tuny Eitnepa-Pikkati. Akmo u; — #ioro ga-
CTUHHUN PO3B’HA30K, TO

Y1 = exp [/ uy(x) d:z} (11.8)
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Oyse wacTurHuM po3s’sizkom JIOP (11.2).
SIKIO PIBHSIHHSI Ma€ BHIVIsL

y™ 4+ ay ()Y + L+ an iy = f(2), (11.9)

je k € [1,n) C N, iforo nopsiiok MO>KHa 3HU3UTH HA Kk OJIMHUILb, 3aCTOCO-
BYIOYH I1iJICTAHOBKY
y*) = 2, (11.10)

e z = z(x).
PiBusinns (11.1), sik siniiine, MoXke 0/jHOYAaCHO OyTH PIBHSIHHAM y dOpP-
Mi TOYHHMX NoXigHUX. TakuMm, HAIPHUKIA/, € PiBHIHHSA

y" +p)y +p'(2)y = f(z),
OCK1JIbKM HOT'0 MOXKHA TOJIATA Y BUIJIs/I

L+ pla)) = 1)

1 B pe3yJIbTaTi iHTeTpyBaHHA JTICTATH

d+mwy=/fwwx+a.

Barasbauit po3s’sizok JIHP (11.1) nopaersest sk cyma

y=7+17, (11.11)

Je y — sarasbHuii poss’szox JIOP (11.2); y — mosinbHmit wacTuHHMI
po3B’s30K BijgnosigHoro omy JIHP (11.1). Ilpu npomy st 3HaX0/KEHHS
Y 3aCTOCOBYIOTH HaiidacTimme Meros Jlarpammxka abo MeTO]T HEBU3HAUYEHUX
koedirienTis (qus. §13).

Pozp’sizaTum siiniitHl piBHSAHHS, 10 JOIYyCKAIOTh 3HUKEHHS TIOPSIJIKY:
651. v + 24/ = 0. 652. xy" + " = 322

xT

653. 22y + xy” —y = 322, 654. xy"Inx + 3 = 0.
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Pozp’sizaTu siniitai piBHsAHHES K PIBHSAHHS B TOYHUX TOXiTHUX ab0 Bij-

HIyKaTu TOIEPE/IHbO iHTerpyBaJbHUA MHOKHUK:
655. y" +p(z)y’ +p'(z) = 0.
656. 3" +2(tgx)y + =25y = 0.
657. v — %y’ + %y =0.
658. ' + 2xy + 2y = 2x.
659. 22y — zy’ +y = 22
660. v’ — 2xy’ — 2y = 0.

661. 3" sin? z + 3/ sin 2z = 2y.

662. 3uaittu Burisix JIOP apyroro mnopsijiky, sike 3BOJUTHCH 3aMiHOIO
(11.8) mo cnerianbHoro piBHsIHHS PikkaTi

2+ az? =bz™.
663. 3HaiiTn YacTHHHUI PO3B’SI30K PIBHSIHHSA
y' +xy — (2932 +1)y =0,

3BiBIK #0OT0 10 piBHsiHHS Pikkari.
Ilo36yTHrcs MoJaHKIB 3 MEPIINOO IOXITHOIO 33 JOIMOMOIOK 3aMiHM HEBi-

JoMOl pYHKITII:
664. 2%y" + zy' + (2% — i) y=0.
665. 1y + 2y — xy = €*.
666. v’ + 2y —a?y = 2.
Tlo36yTHucs 101aHKIB 3 IEPIIIO0 TOXITHOK, BUKOHABIIN 3aMiHy BUTJISLY
(11.4):
667. x4y + 223y + n’y = 0. 668. 229" + vy — 2y = 0.

669. (1+22)2%y" +2z(1 +22)y +y=0.
670. i —y + €2y = 0. 671. y" +a(x)y + b(x)y = 0.

Kombinyroun 3aminn (11.3), (11.4), 3pobutu crasum KoedimieHT npu
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mnykaHit QyHKIi i mo30yTrcs JI0/IaHKIB 3 IIEPIITOI0 TOXiTHOIO:
672. zty" + k*y = 0. 673. 2ty — k*y =0.

674. v + 22y + (L + 2>+ 1)y =0.
675. v — 2xy’ — (x% +x?—1)y=0.

Bukonartu 3aminy (11.5) Tak, mo6 KoedillieHTH OTPHMAHOTO PiBHSAHHS
OyJii CTaJIMMU:
676. 3y — 322" + 5ay’ — 2y = 0.
z 1
677. y' — ! =0.
YooY iz 22Y

678. vy’ +a(x)y + b(x)y = 0.

679. Jlano piBasHHS

Lyl = y"" + ha(2)y" + ha(2)y' + ha(z)y = f().

Bukonaru 3aminy Heijomoi dbyskiii (11.4) Tak, mob:

a) ueperBopeHe PiBHsIHHs OyJI0 JIHIHMM OIHODI/IHUM 1 He MICTHIIO J10/1aH-
KiB 3 (n — 1)-10 moxijgHoIW;

6) 3’scyBaTu, KO0 Moxe OyTu GyHKIisa «(x), mob mepeTBOpeHe PiBHIH-
Hsl JIOIYCKAJIO 3HUMXKEHHSI TIOPSIJKY HA OJIMHHUIIIO.

680. 3HaiiTn 3araJbHMI PO3B’SI30K PiIBHSIHHS
(22 — 2z 4+ 2)y" — 2*y" + 22y — 2y = 0,

{AKIIO BiJOMO, IO BOHO Ma€ JBa JIHINHO He3aJeKHUX PO3B’SI3KHU, AKi €
MHOTOYJIEHAMH.
Bxasiexa. Hexait y1, yo — 3Halijeni jainifino nesanexui po3s’sizku. [lin-

cranoBka y = yi [ zdx 3Bese piBHsHHEA 10 JIOP xpyroro mopsjky, sxe
MaTUM€ YaCTUHHMH PO3B’A30K 2] = (Z—?)/
3BecTu 10 JiHiliHUX piBHsiHHA Pikkari:
681. y =2+ L+ 1. 682. xy — 5y —y? — 22 = 0.

4

683. y =y? — 27 5.
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§ 12. JIIHIMHI OHOPITHI PIBHAHHS

JIOP n-ro nopsifiky B KaHOHI4YHIN dhopmi Mae BUTJIsT
Lly) = 4™ + hi(@)y" D + ho(2)y" P + . 4 ho(z)y =0, (12.1)

ne hi(x) — menepepsni na I = (a,b) dbyuknii, i = 1,n.
OcuosHi BnacruBocti po3s’si3kis (12.1) BUIIMBAIOTH 3 BIACTHBOCTEH
JIiHIHOTO MudepEeHIiabHOTO OIepaTopa:

m

2. Lly)=0= L [Z Cl-yl} =0, C;=const,i=1,m;
i=1

3. Lu+iv]=0= L[u]=0, L[v] =0.

Qynknii @1(z), P2(x),. .., P (z) HABUBAIOTBCH ATHITHO 3ANEHCHUMU
m
. . L . . 2
Ha MHOXKUHI [, KO icHyI0Tb o = const, ¢ = 1,m, Taki, mo o >0,
i=1

=1

dxmo x Toroxuicts (12.2) mae wmicne smme npu «o; = 0 (Vi = 1,m),
1o byHrul $q(z), Pa(z),. .., Py () HABMBAIOTHCS AIHITHO HE3ANEHCHUMY
Ha MHOXKWHI 1.

1. lns Toro mo6 dyskuii ®q(x), Po(z),. .., Py () Gyau giniiHO He-
3asiexKHUMK Ha [a, b], HeoOxiqHo # JjocrarHbo, W06 6usnaunuk I'pama

I'(®yq,...,9,,) 6GyB He TOTOXKHUM HYJIO Ha [a,b]:
(@17(1)1) (q)la(PQ) Tt ((b17(1)m)

(@2, @1) (P2, P2) - (P2, i)

['(®y,...,9,) = det #0;

((I)m;q)l) ((I)m-;q)Q) (‘I)m;q)m)
(12.3)
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e (;,D;) f@ x)dx, i=1,m,j=1,m, x € [a,b)].

2. dxmo ®;(z) maroTh HenepepsHi noxigni g0 (M — 1)-ro MOPSAKY
BKJIIOYHO, TO JiId JiiHi#HOT HesaseskHOCT] cucremu Gy {P®;(z)}™, Ha
inrepBani I jocrarHbo, o6 susnaunur Bponcvkozo (eponckian) Oys He
TOTOXXHUM HYJIIO X04a 0 B oJHill Touri iHTepBasy I, Tobro dr € I:

P, P, .. ®,,
P D
W (z) = W[y, s, ..., ] = det , , _ A )
<I>§m_1) (I)gm—n gl

3. dxmo {®;(x)}", — miniiiHo 3anexkna Ha I cucrema bynkunii i O;(x)
— HenepepsHO jmdepennitiosni (m — 1) pas wa I, To

W(z) = W[y, Po,...,P,] =0, xz€l.

4. dxmo yi(x), y2(x), ..., ym(z) — po3s’s3ku jgeskoro JIOP na inrep-
BaJii I, To BifMiHHICTH BpPOHCKiaHa BiJi Hyasd Ha | € HeoOXimHOIO i J0CTa-
THBOIO YMOBOIO JIiHIHOI He3aJIe2KHOCTI X DYHKINH, TOOTO

{®(z)}2y —nm3. <<= W(x)#0,Vrel. (12.4)

YmoBa (12.4) snerko nepesipsierbesi, sikmo Jyisi (12.1) BukopucraTn
dopmyay Ocrtporpaicbkoro-JliyBiis

x

W () = W(zo) exp | - / h(e) de| (12.5)
o
3 (12.5) BuiumBae, mo W(z) =0 na I abo W(zx) #0, xz € I.

Byns-sika cucrema n JiHitHO He3ajexxHUX po3B’sizkiB JIOP n-ro mo-
PSJIKY HA3WBA€EThCHA PyHndamenmanvroro cucmemoro poss’askie (DPCP)
IIFOT'O PiBHSHHA.

Axmo {y1(z),y2(x),...,yn(x)} — ®CP piBusinns (12.1), To 3aranbHuii
PO3B’sI30K HOTO Ma€ BUTJIST

=Y Cigi(a), (12.6)
=1
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ne C; — noBLIBHI CTaII.
DOCP {®;(x)}" | € HOpPMOBAHOIO B TOHUI X(, AKIO MaTPUIst BPOHCHKO-
ro, mobymaoBaHa MO Il cucreMi (YHKINM, JOPIBHIOE OMWMHUYHIA MaTPHIN.
. n : : )
Axmo {®;(x)}! , HopmoBana B Touni xo PCP piBaanua (12.1), To po3s’s-
30k 3asa4i Konii 3 mouarkoBuMu ymosamu

(1) (n—1)

y(z0) = o, ¥ (x0) = vy 5 -, ¥ V(o) = yg (12.7)
MOXKHa TOJIATH Y BUTJISAT
1 —1
y=you1(z) + (@) + .+ oy (). (12.8)

ITpn mo6ynosi ®CP st JIOP gpyroro mopsigky 3py9YHO KOPUCTYBaTH-
csi popmyaoro Abeas

e~ J hi(z)dz
y=Ciy1 / — dx + Coyy, (12.9)
yi(2)
ska € HacyiakoMm dopmymu (12.5). Ilpu Cp = 1, Co = 0 3 (12.9) nerko
Jictatu po3s’s30k JIOP, siHiHO He3ajeXKHMM 3 HETPUBIAJBHUM PO3B’ 13-
KOM ¥ IpOro piBHsiHHs. AKio x) TpakryBatu C, Cy sik JOBUIBHI cTad,
10 (12.9) MOXKHA PO3IVIsATH $IK 3arajbHUI PO3B’S30K PIBHSIHHS JIPYIOro
TIOPSAJIKY 334 YMOBH, IO Y] — BiJIOMUI HETPUBIaJIbHUN HOT0 PO3B’A30K.
ITpuxaad 1. loectn, 1o HeOOXiHOIO i JTOCTATHBOI YMOBOIO JIiHIiH-
HOT He3asiexkHoCTi JBox dyHkuin ®1(x) Ta Po(x) ma I € BigminnicTh Bij
TOTOXKHOT KOHCTAHTY BiJHOIIEHHS IUX (DYHKITIMH:

(131(33)
(132(33)

# const, x € I.

Poss’azanns. Ilpumyctumo Bif CyNpOTHBHOTO, IO ié—g; Z# const npu

x € I, ase dynkuii ®1(z) ra Po(x) sniniiino 3anexni na I, ro6ro 3C1, Cy:
C? 403 >0, C10(x)+Coy®Py(2)=0 mpm z€l.

Hexait, nanpuknazg, C # 0; BpaxoBywoun, mo Po(z) # 0 ma I, micra-
HEMO

=1 const,
(132(33) CQ
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0 CYNEPEYUTh PUILYIEHHIO.
ITpuraad 2. BUukopucroByoun pesy/brar HPpUKJIaLy 1, JocaianTu Ha
JTHIHY 3aJ1e2KHICTh (QYHKITII:
a) y1 =tgx, Yy =ctgxr, x€ [0, %],
6) y1 =sin2z, ys =sinzcosz, =z € R.
Poss’azanns.
a) Ockisbku (fthmx = tg?x, To 3ajani yHKHII MiHIKHO He3aMeKHI HA
0.5].
6) Bignomenns

sin 2x

SIMTCOSE 2, oTXKe, d)yHKIJ;ll Y1 Ta Yo JIIHIMHO 3aJie-

2KHI.
ITpuxaad 3. locaigurn Ha JiiHiiHY 3a/€XKHICT (YHKIIT

[E—

PR S S

]
= N N

Posé’azanna. PosrisiHemo JiHiHY KOMOiHAIIO 1y +aoys = 0. fdximo
T € [O, %], TO micTaHeMO aoys = 0, a Tomy ao = 0. Ha Bimpizky (%,1]
maemo a1y = 0, 3Bigku a; = 0. Orxe, y1 (), y2(2) — ninilino HezasexHi
Ha [0, 1], xoua Bponckian Wy, y2] =0 na [0,1].

ITpuxaad 4. Iepesipuru, mo byHKl yi = 22, ys = 2° yTBOPIOIOTH
OCP pesikoro JIOP apyroro mopsiaky. Posp’sa3aru i nboro piBHAHHS
3ajauy Komi 3 mowarkosumm ymosamm y(1) =1, /(1) = —2.

Posé’szanns. 3amani GyHKIIT € HETEPEPBHO JudEPEHIIHOBHIMA JIBii.
Busnauank BpoHcbKOro

2 5
N 1:4 =325 £ 0.

Wiy, 92 = 2¢x 5z

Omxe, GyHKIT 41, y2 MOXKyTh yrBopioBatu @PCP meskoro JIOP mgpyroro
MOPSiJIKY, KOeIIIEHTH SIKOrO € HenepepBHuME (yHKIisiMu ripu & 7 0.
Hemae norpebu ckJiaiaTi piBHSHHS, JIOCUTH 3alIUCATH HOr0 3arajJbHUit
posp’sok y = C1x? + Cox®, ne C1, Cy — noBinbHi cram. 11106 3a10B0b-
muTr nmodaTkoBi ymoBu Ch 4+ Co = 1 Ta 2C7 4+ 5Cy = —2 HeobXxigHO TO-
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[SN]

kiactu C; = %, Cy = —=%. Orxe, po3B’sa3KoM 110cTaBjIeHO! 3aa4i Kol

€ bynkIig y = %x2 — %x5.

ITpuxaad 5. dosectn, mo byHKI y1 = =, yo = €%, y3 = x> yTBO-
potors @CP neskoro JIOP TpeThoro mopsiaxy.

Poszs’azanna. 3agani dysknii Tpudi HenepepsHo qudepeniiiopni. Bu-
3Ha9HUK BpoHCHKOrO

x er 2
W[y17y27y3] =11 ¥ 2z :ex [($_1)2+1:| 750, JJER
0 e* 2

Orxe, {y1,y2,y3} € @CP juis JIOP, sike MmoxkHa noj@TH y BUIIIs

r e x2 y
1 e* 2 !
det 0 em ; y// =0,
€ Yy
O ex O y///

abo, mic/Is PO3KJIaJaHHs 3a OCTAHHIM CTOBIIIEM i CKOPOYEHHS Ha e,
n ! /
(22 — 22+ 2)y" — 2%y" + 22/ — 2y = 0.
ITpuxaad 6. SHaliTn 3arajbHAN PO3B’SI30K PIBHAHHS

x2y" — 32y + 62y’ — 6y =0,
SIKINO BiJIOMi JiBa OT0 4aCTUHHI PO3B’sI3KU ] = z2, Y2 = 3.
z2 28 4
==z 0O mpu z # 0
op 347 # 0 mpu z # 0,

TO PO3B’si3KU Y1, Y2 JIiHINHO He3ajexHi HA R.

Pose’asanna. Ockinekun Wy, y2] =

IIo6yyemo Tpetiit po3B’s30K Y3 — JIHINHO HE3aJIE2KHUI 3 PO3B’A3Ka-
MU Y1, Y2. i1g IbOTO 3HU3WMO MOPANOK PIBHAHHS 3a JIOIOMOTOIO 3aMiHU

Yy =1 f udx, ne v = u(z) — HOBa (yHKIisg aprymenty z. lictamemo

3

piBuanua u” + %u’ = 0. OckuIbKH Y3 = x° € PO3B’I3KOM BUXIJIHOTO PiB-

HSIHHS, TO U = (x%)/ = 1 — PO3B’SI30K IEPETBOPEHOT0 PIBHAHHSA. 3DPYyYHO
3acrocyBaTu (opmyiry Abesis
C
u = eif%dmda:—i—C’g:—l—i—Cg.
212
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A, orxke, 3arajbHANM PO3B’A30K 33J1aHOI0 PIBHAHHS MA€ BUIJISAJ
_ 2 3
y = Chia + Cox” + C3x”.

HocnignTn Ha JiHiAHY 3adexHicTh QyHKIII B 001acTi IX BU3HAYEHHS:

684. y; =z, yp = 2z, y3 = 2.

685. y1 = 22, yo = - |7|.
686. y; =sinzx, Y2 = coszx, Y3 = COs 2.

2, y3 = sin’ x.

687. y1 =5, Y3 = cos
688. y; = cosz, y2 = cos(z + 1), y3 = cos(z — 2).
689. y; =z, Yo = al%8”,

690. y; =1, yo = arcsinz, y3 = arccos x.

691. y; = 2, yo = arctg 5, y3 = arcctg 5.

az? az? a§2
692. yy =€ 2 ,yy=¢ 2 -/e2d§.

1
3
e
693. y1:$,y2:$/§—2d5,$0>0.
o

Kopucrywouncs BuzHauHukoM ['pama, joBecTw, M0 3aJiaHi CHUCTEMHU
GyHKITIN JTiHITHO 3a/IeXKHi:
694. vy, =z, yo =22, x € R.
695. y; = 1, yo = sin2x, y3 = (sinx — cosz), x € (—m, 7).
696. y; = 3, yp = sin? 2z, y3 = cos® 2x.
3HaiiTn Bu3HAUHMK BpOHCHKOrO (BpOHCKiaH) JUIsi BKA3aHUX CHCTEM
dyHKIIi:
697. y1 =, Yo = % 698. y1 = e, yg = xe " .
699. y; = arccos 7, y2 = arcsin 7. 700. y; = x, yo = Inx.

IMokazaru, mo 3asani GyHkuil yi(x) Ta yo(z) ainiiiHo He3asexkHi, a IX
BU3HAYHUK BPOHCHKOTO JOPIBHIOE HYJIIO:
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o1 (z) x®, gaxmo z € [—1,0],
. x) =
n 0, sixkmo z € (0,1];
(z) = 0, sxmo z € [—1,0],
Yy = 22, axmo z € (0,1]
702 (2) = 0, sixmpo z € [0,2],
©nE= (r —2)2, axmo x € (2,4];
(2) (x —2)2, axmo x € [0,2],
€Tr) =
b2 0, sikmo z € (2,4]
703 (2) = 23, axmo x € [-2,0],
© = 0, saxmo z € (0,1];
(z) = 0, sikmo z € [—2,0],
v = 22, axmo x € (0,1].

704. Bimomo, mo musa by v (z), y2(z), ..., yn(r) BpoHCKiaH m0piB-
HIOE HYJIIO B TOYIN Xg 1 BiAMiHHWI Bij HyJs B TOYI Xp. UM MOXKHA Cy-
JIATH 11PO JIiHINHY 3aieXHicTh (He3aexKHICTh) 1mX OYHKIIH Ha BiAPI3Ky
[0, x1]?

705. Busnaunuk Bporcbkoro jyuisi dyHkuiit yi(x), ya(z), . .., yn(z) popis-
HIOE HYJIO Jutd Beix & € 1. Yu mMoxyTs ni dyHKil 6yTu JiHifiHO He3aste-
xkuanvu?! JliHiftHO 3aiexxaumu? HaBecTu npukiiaiy.

706. I11o MoxkHa cKa3aTu Ipo BpoHCKiaH GyHKIN y1(x), y2(x),. .., yn(x),
SIKIIIO B1JIOMO, II10:

a) dyskuil jiniitno 3aexHi?

6) dynkuii siHiliHO He3amexKHi?

707. @yuknii y; = x, y2 = 2°, y3 = |2°| 33/10BOJIBHAIOTH PiBHAHHS
22y" 52y’ +5y = 0. Un e ui dbyHKii iniiHO 3amexamym pu x € (—1,1)7?
BijgnoBiip apryMeHTOBaHO MOSCHUTH.

708. /lano woTtupu po3s a3Kku piBHAHHS Y

+ zy = 0. Bigomo, mo rpadi-
KM [X PO3B’A3KIB JOTUKAIOTHCA OJUH JO OJHOrO B OjHIM Todurmi. CKigbKu

JIIHIAHO HE3AJIEXKHUX MOXKE OyTH cepeJ] X PO3B’sI3KiB?

709. Josectn, mo sKIno JBa po3s’sa3ku piBHsgHHd ¥ + p(2)y’ + q(x)y =0
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3 HemepepBHUMH KoedillieHTaMyu MalOTh MAKCUMyM IIPU OJHOMY # TOMY
CaMOMYy 3HA4YE€HHI X, TO BOHU JIIHINHO 3aJI€XKHi.

710. HAxkoro mopsiniky JIOP moxke matm 9oTmpu po3B’sS3KM HA 1HTEPBAJI
(—1,1):
y1::c2—2:c+2; y2:($—2)2; y3:x2+x—1; yg=1—2?

3HaliTu 3araJibHi PO3B’A3KM PiBHSIHb, 3aCTOCOBYIOUM (dopmyity Abesis
abo 11 ysaranprenns [10, 3ajanns 2.63]:

711. y//_|_ 2y/+y_0 Y = smx‘

712. v (cosx + sinz) — 2cosxy’ + (cosz —sinx)y = 0, y; = cosz.

713. y" + 1(4296:13 31)y (Qm 1)3/ + (290 nY = 0,1 =2, y2= 5

Pigusinasa 714, 715 maioTh pO3B’s3KM y BUIVISI MHOTOWIEHA. JHANTH
®OCP s 1uX piBHSHB:

714. (z - 1)y" — (z + 1)y’ + 2y = 0.

715. 22(2Inz — 1)y” — 2(2Inz + 1)y’ + 4y = 0.
Cknactu JIOP skoMora HMXKYOTO TOPSJIKY, sIKE Ma€ TaKi pO3B’s3Ku:

716. y1 =1, y2 = cos x.

T17. y1 = x, yo = €.

T18. y1 =3z, o = — 2, y3 =€ + 1.

7T19. y1 =z, yo = 23, y3 = |23|.

720. y1 = 2% — 32, yo = 22% + 9, y3 = 22 + 3.

§ 13. JIHIMHI PIBHAHHS n-10 IOPAKY
31 CTAJINMU KOE®DIIIEHTAMU

1. JIna posp’ss3annaa JIOP 3i cramuvmu KoedimierTamun

aoy™ + a1y Y 4+ 4 a1y + any = 0, (13.1)
e a; € R (i =0,n), y = gZ—%, HEOOXIJHO CKJIACTH XapaKTEPUCTHYHE

PiBHAHHHA
AN+ N+ 4 an i f+a, =0 (13.2)
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i 3HaliTH N Woro kopewiB Ha  nojiem C.

Crpykrypa @CP pisnsinus (13.1), a orxke, i ioro 3arasibHuil po3s’si30Kk
3aJIeXKaTh BiJ| TUIy KOpeHiB piBHsHHs (13.2):

1.1. Vci kopeni piBusiHHs (13.2) mificHi Ta pisHi (KpaTHI KOpeHi Bijcy-
rHi). Toui ®CP piBusiaus (13.1) €:

A1

y1 = M, yp = €M7, Ly, = MY (13.3)

a Horo 3arajibHuil PO3B’SI30K Ma€ BUIVISL:
_ Az Aoz An
y = Cre™M* + Cae™* + ... + Cpe™”. (13.4)

1.2. VYci xopeni piBasinas (13.2) pisui, aje cepeJi HUX € KOMIIJIEKCHI.
Tak, mHexait A\; = a + b — KOMIJIEKCHUI KOPiHb XapaKTEPUCTUIHOTO PiB-
HSIHHS, TOJI Ao = a — 1b TakoXk Oy/ile KOpEHEeM IIbOTO PIBHSIHHSI, OCKIJIbKHU
ioro koedirieHTH MiACHI.

Ilum jBOM KOMIUIEKCHUM KOPEHSIM BiJIMOBITalOTh JIBa KOMILJIEKCHI
miHifiHO HesamexkHi wacTuHHI posw’s3ku pismsmma (13.1) 3yt = eMT,
y@2C — ez

yIlR{ = e cosbr, yIQR = ¢™sinbx, AKI OTPUMYIOTHCS 3 y({:, yéc 3a J0TOo-

, abo gBa JIHIWHO He3ajeXHI MHCHI YACTHHHI PO3B’SI3KU

moroto ¢dopmyn Eirepa.

Burnucasmm sini#fiHO He3aJ1€KHI 9aCTUHHI PO3B’I3KH, IO BiIMMOBIIal0ThH
IHIITUM CIIPSI?)KEHUM TIapaM KOMIIJIEKCHUX KOPEHIB XapaKTEPUCTUIHOIO PiB-
usaHsA, orpuMaeMo OCP piBusuusa (13.1).

Jliniiitna kombGinauiss Gynkuii 3 ®CP 3 jilichumu koedinjienramu Cj
(i = 1,n) jae saraubuuii po3s’si3ok piBusiHHs (13.1). IIpu npomy, Ko-
peHIo Ao = a + ib y dbopmMyni 3araapbHOrO PO3B’A3KY BIANOBIATIMYTH
Jomasky Bursay e® (Ch cosbx + Cosinbr), a mapi cyTo ysIBHHX KOpPEHIB
A1,2 = £ib piBasrEs (13.2) — cyma Cf cosbx + Casinbx.

1.3. Cepen KOpeHIB XapaKTEpPUCTUYHOIO piBHsHHs € KparHi. He-
xait \; — jiiicHmii Kopinb piBHsHH:(13.2) KparHOCTI kK. Momy Bismo-

Bigalore k JIiHIAHO HE3AJEXKHMX YACTHHHAX pO3B'#3KiB ¥y = eM?

Yo = xeMT .y, = aFTleMT

MyJi 3arajbHOr0 po3B’sizKy piBHsHHs (13.1) KopeHto A1 BiamoBigaTmme

3

, ski yBittayTs 10 @®CP, a orxke, y dop-

0JI0K
eAlaj (Cl +Cox+ ...+ Ckwk_1> .
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Akmo xx A\ = a + b — KOMIUIEKCHUY KOPiHb, KPATHICTH SKOTO JIOPIB-
HIOE k, TO KOpeHeM Ti€l >k KparHocri juist piBHsiHHs (13.2) Oyne Takox
Ay = a — ib.

ITapi A1 2 = a % ib BimnoBigarors 2k JilicHO3HAYHHUX JiHIfIHO He3ae-
JKHUX YaCTUHHUX PO3B’si3KiB piBHsiHHsA (13.1) Burvsigy

xkfleax

e’ cosbr, xze*cosbz,..., cos bx;

e sinbr, we™sinbz,...,x" e sinbx.

Y dopmyuii 3aranbHOro poss’siaky pisHsiHas (13.1) niit napi Bijguosijgae
610K

e (01 +Cox+ ...+ Ckxk_1> cos br+
+ e (Ck—H + Criox+ ...+ Cgkxkfl) sin bx.

OT2Ke, BUNKUCABINN JIHIAHO He3aJI€XKHI YaCTUHHI PO3B’A3KH, 0 BiIITO-
BIJJAIOTH MPOCTHM 1 KpATHUM KODEHSIM (fK JIACHUM, TaK i KOMIJIEKCHIM )
XapaKTepUCTUIHOrO piHsiHHs, orpuMaemo PCP pisusuns (13.1) 1 ioro
3arajbHU PO3B’A30K.

2. /s 3Haxo/KeHHs 3arajibHoro poss’ssky JIHP mocurs, xpim 3a-

o o

raJibHOTO PO3B’a3Ky Bijmosigaoro JIOP, 3uaiitu #t yacTrunHwMit po3B’A30K
JIHP (nums. §11).

Haituacrime s 3HaX0/M2KeHHSA 9acTHHHOrO po3B 3Ky JIHP

Lly] = f(z) (13.5)

3aCTOCOBYIOTh TaKi METOJIN.

2.1. Memod sapiayii dosiavruzr cmaauz (memod Jlagpanoica) BUKOpy-
CTOBY€TbCS JUUIsL JIOBLIBHOI HemepepBHOI byHKIH f(x) 1 mossirae B Tomy,
mo yacTuHHAR po3s’szok JIHP (13.5) mykators y dopmi

y=Cr1(x)y1 + Co(z)y2 + . .. + Cp(x)yn, (13.6)

e {y1(z),y2(2), ..., yn(x)} — ®CP Bipnosigaoro JiHIHHOrO OAHOPIAHOIO
piBasiaag (13.1); Cj(z) — HeBimomi dyHKII, fKi MOXKHa 3HAUTH, PO3B’s-
3aBIIU CUCTEMY
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[ Clyr + Chys + ...+ Cliyn = 0;
Clyl + Chyhy+ ...+ Clyl, = 0;

............................. (13.7)
Ol + O+ O =0,
-1 -1 -1 -
| Y oY Ol = ag ()
BijHocwo CY,CY, ..., C! 1 mpoinTerpyBaBum orpuMmani JudepeHIiaabHi

PIBHSIHHSL BUIJIsILY ddcx" =(x), i =1,n.

2.2. Memod nesusnavenux xoepiuienmie (MHK) BukopucroByerbcs
qiie Toai, komu f(x) € KBa3siMHOro4JIeHOM, TOOTO

f(z) = €7 P (x),

jne o € C, P, (z) — mHOrowien m-ro crenenst. Pisusinus (13.5) po3s’ssy-
0Th 33 (POPMYIIO0

y=2°Qm(x)e’”, (13.8)
e Qp(r) — MHOrOWwIEH TOro camoro HopsiiiKy, 1o # Py, (x), Tiapku 3
HeBU3HAYEHUMU KoedirienTamm; uncio s = 0, KO 0 He € KOPEHEM Xa-
paKTepucTu4HOro piHsiHHs (13.2); sikio o — Kopiupb piBHsiHHA (13.2), TO
$ JIOPIBHIOE MOI'0 KPATHOCTI.

[IIo6 3HaiiTn KoedimienTn MHOrOWIeHA () (T), TOTPIOGHO PO3B’S30K
(13.8) migcraButn y piBasiHHg (13.5) i npupiBHATH KoedimieHTH NpH 10T~
OHUX JOJAaHKAX JIBOI 1 TpaBOl JacTHH.

ko npasa yacruna piensinas (13.5) € dyHKui€ cnenjiajgbHOro Bu-
STy, TOOTO

f(x) = e (P () sin Sz + Ki(x) cos f) ,

e Pp(z), Kj(xr) — MHOrOwIeHn m-ro i [-ro cTemeHo BUIOBIHO, TO Ya-
CTHHHUH PO3B’130K piBHsiHH:A (13.5) mIykaemo y BUIIsI

y = 2% (Ry(z) sin Bz + Qk(x) cos fz) , (13.9)

Jie S JIOPIBHIOE KPATHOCTI KOMIIJIEKCHOTO 9uCia & + 13, 9K KOPEHS Xapak-
TEPUCTHYHOTO DIBHSHHS (SKINO Ie YHCIO He € KopeHeM piBHsiHHsA (13.2),
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T0 s =0), k = max{m,l}, Rr(x) 1 Qr(r) — MHOrOWIEHN k-10 HOPSiIKY 3
HEBU3HAYEHNMU KoedilieHTamu.
2.3. Memodom Kowi 3uaxonaTh dacTuHHEN po3s’s3ok JIHP (13.5) 3

HyJII)OBI/IMI/I IIO4YaTKOBHUMMA yMOBa.MI/I
y(zo) =y (x0) = ... = y(n_l)(%) =0, z9€l

dAkmo B (13.5) ap = 1, f(x) — noBlibHa HenmepepBHa Ha [ GyHKIA,
10 po3B’s30k JIHP (13.5) MoKHa 1IyKaTH y BUIJIST

T

@z/Kw@ﬂQ&, (13.10)

zo

ne xg € I, K(z,€) — gpynruyia Kowi. [Tpu koxxaOMY (hiKCOBaHOMY 3HAUEHH]
napamerpa & € I Bona e poss’sizkom JIOP L[y] = 0 i 3aj0B0s1bHSIE yMOBI

n—2
K(#,8)lpmg = Ky (@, lpmg = = K& (@) =0,
: =t (13.11)
Ky V@e)| =1
=
Axmo {y1,y2,...,yn} € PCP JIOP (13.1), to K(z,&) moxHa 3HaiiTH
Y BHUIJIS/IL

K(z,6) =Y Ci(&)yilx), (13.12)
=1

ae Ci(§), i = 1,n, nigbupatorbes Tak, o6 3aj0BojbHnTH ymMoBy (13.11).
2.3. IIpunuyun cynepno3uyii po3e’a3Kie MOILATaE B TOMY, 110 YaCTHHHII

m
pose’szok JIHP L[y] = > fi; € cymor 4acTHHHUX pO3B’$I3KiB DiBHSHB
i=1
Llyi], i =1,m. Tobro y = y1 + y2 + ... + ym, e Llyi] = fi.
ITpuraad 1. Posp’szaru pisasimas y®) 4+ 2y = 0.
Pose’azanmna. Kopeni xapakrepuctuanoro pisasgHHa \° + 2 = 0 3Ha-

Wigemo 3a gopmyaoto Myasepa, T06TO

2% 2%
)\k:\5/§<cos7r+ Tt ”), k=0,1,... 4.

) 5
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Maemo

A= \/_(cos st+ig )
Ao = V2 (cos3E +i3X)
A3 =—V2
)\4: \5/5((3083; - 3_71')
Ay = \/_(cosg —z5)
Hiicrosraury ®CP yTBopiooTs dyHKIIT
Y1 = 67%;
o= P Ein (2asin®); s = Y7 cos (VErsin B);
Yy = \/_a:cos 3 sin (\/ﬁxSIH 3”)’ ys = e\/ﬁcos 5 COS (\/ExSID 3”)

Tomy 3arajibHUM PO3B’3KOM BHXIJJHOI'O PDiBHAHHS €

— — — — —
> =
Il
AW N — O

y=Ciy1 +Coya + ...+ Csys, C; €R.

ITpuxaad 2. Pos’sizaru piBHSIHHS

"o 6y” + 9y’ — xeBx.

Poss’azanns. Xapakrepuctudasae piBHsEHA \° — 602 + 9\ = 0 Mmae
KopeHi A\; =0, Ay = A3 = 3.

OTKe, 3arajibHAN PO3B’SI30K BiIITOBITHOTO OMHOPITHOTO PiBHSIHHS

Yy = CleO-a: + (Czl‘ + 03)63”6 =C1+ (ng + 03)63:1:7 C;eR (Z =1, 2,3).

OckisibKu TIpaBa YaCTWHA PIBHAHHSA € KBa3IMHOTOYIEHOM, a 0 = 3
€ KOpDEHEM XapaKTEPUCTUYHOIO PIBHAHHS KpATHOCTI kK = 2, TO YaCTUH-
HUIt PO3B’sI30K Y] HEOJHOPIJHOIO piBHsiHHS 3HalAemMo y Burusi (13.8), ge
s=2,m=1, 0 =3, 10610 3 = 2*(Ax + B)e?*

IligcTaBuBINM 7 0 BUXIJHOIO PiBHSAHHS 1 MOPIBHIOIOYM BiJIIOBiIHI KO-
edimieHTn, aicTAHEMO:
0|y= (Ax3 + Bazz) e3”
+9 | ¥ = (342° + (3A + 3B) 2? + 2Bx) €**

—6 | ' = (9A2% 4+ (1844 9B) 2? + (6A + 12B) x + 2B) €3*




§18. Jliniting pieHAHHA N-20 NOPAIKY 31 CTNAAUMY KOEPIUIEHTMAMU 103

1| "= (27423 + (81A + 27B) 2? + (54A + 54B) a+
+(6A + 18B)) &3%;

| 0= 0;

2| 0= 0;

2| 184=1=> A=

2 | 6A+6B=0= A=-B,

L
18
YaCTUHHUI PO3B 30K BUXIJIHOI'O PDIBHAHHSA, & Y = Y + § — Horo 3arajbHui

_ 1 _ ~_ 1,2 3z
Taxmm anHOM, MaeMo A = 15, B = —15. Omxe, y = 1527 (v —1)e
PO3B’SI30K.
ITpuxaad 3. Posp’si3aryu piBHSIHHS, JIIBa YaCTHHA AKOI'O 30ira€rbcsd 3
JIIBOIO YACTHHOIO PiBHSIHHS IPUKJALY 2, a8 IpaBa YaCTUHA € CYMOIO

y" —6y" + 9y = 23 + 3 cos 2.

Pose’azanns. Jlane piBHSIHHS JIETKO IHTEIPYETHCS, SIKIO CKOPHUCTA-
THCH IPUHIMIOM Cyleplosuiii poss’sskis. Maemo f; = ze3®, orxe
y1 = 52?(z — 1)e3* (uub. npuknag 2). st BUSHaUeHHS YaCTHHHOTO

3z

po3B’si3Ky st fo = e°® cos 2z Bukopucraemo dopmyiy (13.9). Ockinb-

K1 0 = 3 + 2i HE € KOPEHEM XaPaKTEPUCTUYHOrO PiBHsiHHS, ToMy B (13.9)
s=0,a=3, =2, k=0.

OTrke, 9aCTUHHMI PO3B’SI30K HEOJIHOPIJHOTO PIBHSHHSA 3 NPABOIO Ya-
cruHo fo(x) BianosigHO 10 (13.9) mykaemo y Burssii

ys = €37 (C cos 2z + Dsin 2z) .

[Migcrapusnm y = yo y piBHanusa y"” — 6y” 4+ 9y’ = €37 cos 2z, 3naiije-
Mo Cy = —35, = —5. TakuM 4MHOM, Ma€MO IIyKaHWii aCTHHHH
PO3B’I30K:

3 1
Yo = €3 <—5—2 cos2x — %sin 29;) .

Barasbanii po3B’s30K BigmosigHoro JIOP mam Bigomwmii (mpukian 2):
7 = O1 + (Cax + C3)e3®, oTke, 0CTATOUHO MAEMO 3arajbHUl PO3B’A30K
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BUXIJTHOTO DiBHSAHHA Y = Y + Y1 + ¥Y2.

Poss’azatu JIOP:
721. 3" — 2y = 0.

723. ¢y —y — 2y =0.
725,y — 59" + 4y = 0.

727. ¥ + 4y = 0.

729. " —y = 0.

731. " —2y" + 9y — 18y = 0.
733. vy + 8y = 0.

735. yH) —y = 0.

737. y©®) — 10y + 9y = 0.

722. y" — 6y’ + 8y = 0.
724. 4" —y = 0.

726. y") +y =0.

728. y(4) —y=0.

730. y") + 64y = 0.

732. " = 0.

734. ) — 6y + 9y = 0.
736. 4y + 4y +y = 0.
738,y — 2y 44 =0.

Brxasiexa. Y pasi HeobximHOCTI KopucTyBaTncs ¢popmysorw Myaspa

ne p=argz, p=|z|, k=0,1,...

+ 27k =+ 27k
Yz = W(cosu+isinu>
n n

9

,n—1.

Posp’si3aTu piBHSIHHSI MeTOJIOM Bapiarii JOBUIbHUX cTajux (MeTo0M

Jlarpanxa):
739. ¢y +y = tgu.
741,y —y = 1.
743. ' 4 4y = 1

cos2x

3

745. y// _ y/ _ 2=z er.

3

740. y" + 3y + 2y = .
742. " +y = 2sec3 .
744. ' — 2y +y = %

746. v+ + 2y = =+

sinx*

Posp’sa3aTn piBHsHHS, HIyKarodn JacTuHHI po3B’s3kun MHK:

747. ' — oy — 2y = 2e® — 2.
749. y" — 3y + 2y =sinx.
751. 3" — 3y + 2y = xcos .
753. o' + 2y — 3y = 2%e”.

748. v +y = 3.

750. vy’ —y = 4de”.

752. " — 3y = 3% — 18x.
754. y" —y" =1 — 3.
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755. v + 1y — 2y = 3we”. 756. vy’ + 5y + 6y = 3.
757. vy’ +y = 4sinz. 758. y' + y = 4e”.
759. 1) — y = 4e”.

Bxasiexa. Cxkopucrarucst ¢popmysiow Jleibwina s n-1 moxigaol Bifg m10-
OyTKy:

(u-v)™ = 0™y + CLu=Dy 4 G20~y . (™,

760. vy’ +y = cosx + cos 2. 761. " + y = 6sin 2.
762. y' + 4y = sin 2. 763. v +y = sinx - cos 3x.

Hanucarn Burusi)j 4aCTHHHOIO PO3B’sI3KY DIBHSIHHS, KOPHCTYIOYHCH
MHK (unciioBux 3HaueHb KOedillieHTIB HE IIyKaTH):

764. ' —y = ze®sinzx.

765. " +y = wcosw.

766. v +y =e T+ 22— 1.

767. y" + Ty + 10y = ze~ 2% cos 5.

768. """ + 1y =sinx + x cos x.

769. vy — 2y + 5y = 2we” + ¥ sin 2.

770. 3" — 6y + 8y = bxe® + 2e** sin .

771. " — o = e sinzx + 222

772. y" + 4y = cosz - cos 3.

773. 3" — 6y + 13y = 223 — 3 cos 2x.

774. " — 2y + 2y = (v + €”) sinx.

775. y) + 5y" 4+ 4y = sinx - cos 2z.

776. 3 + 4y = 2% sin’ x.

777,y — 4y + 8y — 8y + 4y = e*(sinz + z cos x).
778. " — 2y" 4+ 4y’ — 8y = €** sin 2x + 222,
779. 3" — 8y + 20y = 5xe’® sin 2.

780. vy’ — 2y + y = 2ze® + €% sin 2.
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781. v +y + ky = x.
782. ' + ky = .

3HaliTu pPO3B’si3KM PiBHSIHB, SKi 3aJI0BOJIBHSIOTH BKA3aHI MOYATKOBI

YMOBH:
783. vy — 5y + 4y =0, y(0) =1, y'(0) = 1.
784. v +y =0, y(-%)=1,y(-%) =0.
785. 3" — 2y = 2¢”, y(1) =1, ¢y'(1) = 0.
786. y' + 2y =0, y(3) =0,y (3) =0.
787. y" + 4y = sin 2z, y(0) =0, ¥'(0) = 0.
788. 3y — 3y — 2y =9¢%*, y(0) = -2, ¥/ (0) =1, y"(0) = 3"(0) = 0.

789. Ilpu sikux a, b yci poss’ssku pisasnug iy’ + ay’ + by = 0 upsamyors
JIO HyJId TIpA T — 4007

790. Ilpu skux a, b pisuguua y”’ + ay’ + by = 0 mae xoua 6 ojuH
posB’s30K y(x) # 0, axuit upsmye J10 Hysis opa & — +00 7

791. Ilpu sikux a, b KoxeH po3s’si30K piBHaHHA Y’ + ay’ + by = 0, kpim
posB’asky y(x) = 0, MOHOTOHHO 3pOCTa€ 3a AOCOIOTHUM 3HAYECHHSIM,
[OYMHAIOYA 3 JIEAKOTO T 7

792. Ilpu axux a, b KoxeH po3B’si3oK piBHaHHa 3" + ay’ + by = 0
[IEPETBOPIOETHCA B HyJIb HA HECKIHYEHHIM MHOXMHI TOYOK T 7

793. Ilpu axwx k i w piBHamna y” + k?y = sinwt Mae xoua 6 omuH
MePioINIHUN PO3B’A30K !

794. 3HaiiTu nepioguunuil pos3s’a30K piBHAHHA Y + ay’ + by = sinwt.
795. YacTuHKa PYyXa€ThCsd B CHJIOBOMY TIOJI TPSMOJIHIRHO B30BXK OCI
Oz, BimmToBXy04uuch Biji Toukn & = 0 3 cwio 3mrg i IPUTATYIOYUCH
g0 Touku xr = 1 3 cuwmoo 4mry, ge To Ta r1 — BIACTaHI JO IIMX TOYOK.
OmnrcaTn 3aKOH 3MiHM KOODAWHATH Ii€] TOYKU B 9aci, AKIMO B MOYATKOBUH
moment z(0) =2, 2/(0) = 0.

796. IlochinoBuo 3’¢puani imgykrwsHicTs L, omip R 1 kKoHjeHCATOD
emuocti C', 3apsj IKOro B moYaTKoBUil MoMeHT dacy ¢t = 0 JjopiBHIOE

ey

q. Jlanmior 3amukaerbes npu ¢ = 0. 3HaWTU cwily CTpyMy # dacToTy
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KOJIMBaHb y NPUILYIIEHH], IO PO3P4A/], MAa€ KOJIMBHUAM XapaKTep.

797. Ounip R Ta xoHjgeHcaTop emuicTio C 3’¢muani mocsinoBro. Ilpm
t = 0 3apsi KOHJIEHCATOPa JAOPiBHIOE ¢. 3HaMTH cuiy cTpyMmy mpu t > 0,
SIKITO JIAHIIOT 3aMKHYJm 1ipu ¢ = 0.

798. JIxxepeso cTpymy, HaAmpyra SIKOTO 3MIHIOETHCS 3TiTHO i3 3aKOHOM
F =Vsinwt, a onip R Ta iggykrusHicts L 3’¢nnani nocsioBao. 3uaiitu
CUJIy CTPYMY IPH YCTAJIEHOMY PEXKUMI.

B zaBmannsix 799—-800 BBa)karw, 10 HPU BiJIXWJIEHHI BAHTAXYy BiJI
MIOJIOXKEHHsI PIBHOBArW HA, BiJICTaHb I HA HBOTO JIi€ NMPYKUHA 3 CHJIOK kX,
III0 CIIPSIMOBaHA JIO MOJIOYKEHHS PiBHOBArW.

799. 3naliTu 11epio); BUIbHUX KOJIMBAHL MACH 171, MIBIIIEHOI HA TIPY2KHUHI,
SKINO PYX BiJOYBa€THCH 338 YMOBU BiJICyTHOCTI OIIODY.

800. OuH KiHelnb NPYKUHU 3aKPIlJIEHUN HEPYXOMO, & JIO JIPYTOro KiHIIs
npuKpinyieHnit BanTaxk macoo m. 1li; gac pyxy BaHTaxy 3i MIBHIKICTIO
v cmiia onopy jopiBaioe hv. B mouarkoBuit MomenT dacy t = (0 BaHTaX,
o nepeOyBaB y IOJIOXKEHHI PiBHOBaru B CTaHi CIIOKOIO, INTOBXAKOTH 3i
mBuKicTIo vg. Jociamru pyx BanTaxy npu h? < 4km i h? > 4km.

§ 14. IJMOEPEHIIAJIbHI PIBHAHHA, 3BI/THI /10
JIHIMHUX 31 CTAJIMMU KOE®IIIIEHTAMU

3rigHo 3 TBepmKeHHAM § 11 jyIa JesdKux JIHIAHUX pIBHSHDB, SKi He
MAalOTh CTAJIUX KOe@iIli€eHTIB, MOXKJIMBA 3aMiHa HE3aJIEXKHOI 3MIHHOT THUITY
(11.5), sika 3BOJWTH I{ piBHsIHHS JO JiiHIAHKMX 31 cTayuMu KoedinieHTa-
mu. [lfo mporeaypy MOXKHa 3aCTOCyBaTH J0 0araThoxX JIHIAHAX PIBHAHD 3i
3MiHHEMHE KoedillieHTaMu, [OYacTh i JI0 PiBHAHb HACTYIHUX THUIIIB:

1. Pisnannsa Fiaepa

aox™y"™ + a2y 4 iy + any = f(2), (14.1)

Jie ap,ai,as,...,a, = const. 3amina tumy (11.5) musa piBasHHa Eiepa
nabyBae BUIJIsI LY

:c:et,t akmo r > 0; (14.2)

r=—e', gakmo r < 0.
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Hemae norpebu sacrocoByBaru (14.2) Gesnocepesnbo. Jlocurb Buxo-
JUTHA 3 TOrO, IO po3B’si3ku piBHgHHA Eitjepa moxna mykartu y dopmi
y = ), Jle 3HAYEHHS IApaMeTpa \ IIYKAIOTh SIK PO3B’SI30K XapaKTepPHC-

TUYHOTO DiBHSIHHS (BUIUCY€ThCs 3a piBHsHHAM (14.1)):

aoA (A= 1A —2)...(A—n+1)+

7 CHIBMHOXKHUKIB

(14.3)
+a A A=A =2)...A=n+2)+...+a, =0.
(n—-1) cuiBMHOXKHEKIB
Bauncapmu pisasinas (14.3) y dopwmi
boA™ + by N4+ b, =0, (14.3%)

JIETKO MOXXHAQ OTPHMATH Te€ JiiHifiHe piBHsAHHS 31 cTajmMu KoedimieHTa-

MU, JI0 SIKOTO 3BeJIeThes piBHsHHS (14.1) BHACIIIOK 3aCTOCYBaHHS 3aMiHA
(14.2):

) dny d(n—l)y

0 g TP g

I1. Pisnsanns Jlescarndpa

+ .o+ by = fleh). (14.4)

po(aa:—l-b)"y(") —l—pﬂax—l—b)"fly(n*l)-i-. A pn_1(az+b)y +ppy = 0 (14.5)

3aMiHOIO
ax+b=c" (abo ar +b= —e') (14.6)
3BOJIUTHCH [0 JIHIWHOTO piBHsIHHS 31 cTajmMu KoedimieHTaMu.
II1. Pisnanna Yebuwosa

(1—a2?)y" — 2y +n’y =0, (14.7)

Jile n = const, 3amiHo0 x = cost npu |x| < 1 3BOAUTHCS 10 PIBHSAHHS

d2y

2
— +n°y =0.
az Y
ITpuxaad 1. Po3w’sizatu piBHSHHS
m 3 6 6

y"' =~y + 5y - —5 =V
Xz xr xr
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Pose’azanns. Pisusinas Busnadene npu x > 0. JlomaOKUBIIK #0T0 HA
x3, micranemo piBusinns Eiinepa

3y — 322y + 6xy — 6y = =/,
JJIsl IKOT'O JIETKO BUIIMCYETHCH BiJIIIOBIIHE XapPAKTEPUCTUYHE PIBHAHHS
AMA=1)(A=2)=3AXA—=1)4+6A—-6=0 a6o (A—1)(A2=5X+6)=0.

Pozp’siskamu xapakTepuctuaHoro piBHsiHHS € A1 = 1, Ao = 2, A3 = 3.

t 3anane piBHsiHHES 3BOMUTHCs J0 JIHP 3i crasumn

Omrxke, 3aMiHOI0 * = €
KoedirieHTaMM

y" — 6y + 11y — 6y = 6%.

YacTuaHU po3B’s30K 1mporo piBHgHHA 3Hakemo 32 MHK. KonTposs-

HE 4YHUCJI0 0 = % HE € KODEHEM XapAaKTEPUCTUYHOI'O PiBHAHHSA, TOMY
s . . .
y = Ae2t. Ilicist mijcTaBiIsiHHES IbOTO BUPa3y J0 PiBHsIHHS, OTPUMAEMO
- 38
A=E.

3a KOPEHAMMU XapaKTEPUCTUYIHOI'O piBHHHHH Ta 9aCTUHHHUM pO3B’H3KOM

MOXKHA, 3aIIUCATH 3araJIbHUI PO3B’I30K MEPETBOPEHOrO PiBHAHHS
t 2t 3t 8 1
y = Cre’ + Cre” + Cse —G—Be%.

3 oruisy Ha Te, mo x = €', JicTaHeMo 3arajbHUM PO3B’A30K BUXiIHOTO
PpiBHsIHHS

7
2 .

8
y:C’lx—i-CQacQ—l-ngg—i-Ew

801. 3uaiitu BCi piBHsiEHa Burasy v’ + q(z)y = 0, ski MoxHA 3BECTH
g0 JIOP 3i cramumu KoedimieHTaMu 3a JOIOMOTOI0 3aMiHM HE3aJIeXKHOI
3MiHHOI.

802. 3uaiitu Bci piBusHEs Burisiay ¥’ + p(z)y’ + q(x)y = 0, gki moxkua
3pectu 10 JIOP 3i crammmum koedirienTamMu 3a JOMOMOTOI0 3aMiHU HE3a-
JnexxHol 3miaHoI. /loBecTw, 10 3HalIeHa YMOBA BUKOHYETHCS JIJI PIBHSHD
Eitnepa Ta Yeburmona.
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Pozp’sizaTu piBHsHHS, 3BiBIIHM 1X 10 JHIAHUX PIBHSAHB 31 CTAJMMEU KOE-

dimienTamu:
803. 2%y" — xy’ — 3y = 0. 804. z2y" + 2y’ — 6y = 0.
805. z%y" + xy —y = 0. 806. xy” +1y = 0.
807. 2*y" + xy' —y = 0. 808. z%y" — 2y = 0.
809. z3y" — 3z%y" + 62y’ — 6y = 0.
810. 2(2x + 1)%y" — (2z + 1)y’ + 2y = 0.
811. (22 +1)%y" +3(x+ 1)y +y =0.
812. (22 +1)%y" —3(z + 1)%y" + 4(z + 1)y — 4y = 0.
813. (z +2)%y" — 4(x + 2)y' + 6y = 0.
St/ 22 4 0
815. 23y — x%y" + 2xy’ — 2y = a3 + 3.
816. (z + 1)%y" 4+ 9(z + 1)%y" + 18(z + 1)y + 6y = In(1 + z).
817. ztyW — 623y" — 52y — xy +y = 2.
818. z%y" + 3zy’ + 2y = 3.
819. z%y" — xy’ — 3y = 5zt
820. (2 + 1)%y" — 4(2z + 1)y’ + 8y = —8x — 4.
821. 2%y —xy' +y =6xlnz.
822. 2%y —xy' = —x + 2.
823. z%y" + xy’ +y = 2sin(Inx).
824. z%y" — xy +y = 8a3.
825. x2y" + xy' + 4y = 10z.
826. r3y" — 2ry = 61Inw.
827. z%y" — 6xy = ba3 + 8z2.
828. (v —2)%y" — 3(x — 2)y’ + 4y = .
829. (2z + 3)3y" + 3(2z + 3)y’ — 6y = 0.
830. z2y" — 2y = 5;%21 831. 2%y’ —zy +y="124 L.
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I'maBa 3

JIHIHI TN O®EPEHIIIAJIBHI PIBHAHHA
APYTOIO IIOPAARY

§ 15. CIIEIIAJIbHI ®OPMU TA
BJIACTUBOCTI PO3B’AA3KIB

1. Kanoniuaowo ¢popMo0 piBHSIHHS
y' +p@)y +a(z)y=0 (15.1)
€ nudepeHIliaJbHe PiBHIHHSI
2"+ 1(z)z=0. (15.2)

Iepexin Bix (15.1) mo (15.2) mMoxkHa 3AiCHUTH ABOMA CIIOCODAMIU:
I. Baminoro mykanoi Gyl y = o(x)z, nigbupatoun «(x) Tak, mob
SHUINUTU JIOJAHKHU 3 1IePIIOIO 110Xi/[HOI0, TOOTO LOKJ/IaBLII

Yy =2zexp <—/@ d:zc) : (15.3)

Toni ineapianwm piBusaas (15.1) € dbynkmieto [(x) i Mmae BurIsL

(x 2(x
I(z) = —p(2 ) _ pi ) 4 q(@). (15.4)

dxmo I(x) = const abo I = C(z —a)?, ne C, a = const, To mepeTBopeHe
PIBHSIHHS IHTEIDY€ThCS B KBaJpaTypax.
11. 3aminoro HezasexKHOI 3MiHHOI

t= /e—f'i’<$>d$dx. (15.5)

2. Camocmpsizkernoro ¢popmoio JIOP mgpyroro nopsinky € andepeHtiags-
HE PIBHAHHA

p(x)y" +p'(x)y + q(z) = 0. (15.6)

Bynp-sike piBHAHHSA 3arajlbHOTO BUIVISTY
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po(x)y" + p1(x)y + p2(2)y =0

miciist MHOXKEHHsI #oro Ha dyHKIo m(x)

- DI

HaOyBae Buruisyry (15.6).

Baysaxkumo, 1o unepexiy Big (15.1) go (15.2) 3amiHOIO HE3aIeKHOI
3MIHHOI MOXKe BijOyBaTucsi y jBa upuitomm: cuodarky (15.1) 3Bojurbest
JI0 caMocTpsizKeHol (opmu, a BxKe TOTIM 3iiicHIoeTbes 3amina (15.5), ska
CTa€ TPH IHOMY OYEBHTHOIO.

3. Ilopsyiok JIOP (15.1) MOXKHa 3HU3UTH J0 HEPIIOTO 3aMiHOK0

Y = 2y, (15.8)

Je z = z(x) — HOBa (DYHKINs; ajie B IIbOMY BHIIAJIKY BTPAYAEThCS JIHIA-
HicTb. B pe3ysnbraTi gicranemo piBHgHHsS Eitstepa-Pikkati

Y = a(@)y? + bla)y + o(a). (15.9)

4. Tlepexin Big piBusinas (15.9) go JIOP apyroro nopsijky 3aiiicHioe-
ThCA 3aMiHOIO

(15.10)

Je u=u(z).

ko Bizomuit yacTuaHM Po3B’s30K Y1 piBHsiHHA (15.1), TO 3aranb-
HUIi PO3B’SI30K MOXKHA 3HaiiTH 3a jomnomoroio dopmysu Abens (12.9).

ITpuxaad 1. Posp’sizaru pisusnns y’ — 2y + w2y = 0, 38iBIM Horo
JIO KaHOHIYHOI popMH.

Pose’azanna. lloknamemo y = zexp ( i 27”” dac) = zexp (%2) , TOJi
I(x) =1.

Hicranemo z” + 2z = 0. Orxe, z = Cycosx + Cosinz € 3arajgbHEM
PO3B’I3KOM OTPHUMAHOTO PIiBHSHHS, a Y = €XP <§) [C1cosx + Cysinz| —

3araJIbHUM pO3B’$[3KOM 3a/JaHOT'0 piBHHHHH.
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ITpuxaad 2. Poss’ssarn pisasnns zy” + 3y —y =0 (2 > 0), 3sibmm
#oro J1o caMmocupsizkeHoi popmu.
Posé’asanna. JloMHOXKUMO 3ajjaHe piBHaHHA Ha yHKnito (15.7)
1 d 1 . ! 1
m(z) = L exp (f ﬁ) = 7 Jicrarnemo (\/xy’) -5y = 0. 3HuIIMO
JIOJIAHOK 3 IIEPIIOI0 1IOXi/IHO0, 3acTocyBaBiy 3aminy (15.5):

_ doe __ .
t= [0 =2V
Yir —y = 0.
Posp’sxkemo orpumade pipEamHS: y = COjet + Cye™t. Otxe,

y = C1e2VT 4 Che 2VT — 3araibHuil po3B’sI30K 33/1aHOTO PiBHSHHSL.
ITpuxaad 3. BHaliTn 3arajibHAN PO3B’SI30K PIBHAHHS

1

2 (lnz—1)y" — a2y +y =0,

AKINO Y] = T — WOIr'o YaCTUHHUN PO3B’A30K.
Pose’azanna. 3acrocoByroun dopmyny Abess, aicTaHEMO

€xXp (f :v(lndag:cfl)>
y=Chx 2 dr +Coxr = CiInz + Cax.

ITpuxaad 4. Posp’sizatu pisasnns 3" — %y’ + :3_23/ —9.
Pose’azamnns. Ckopucraemocs TuM, 0 33/[aHe PiBHAHHS Mae (popmy
TMOBHUX TIOX1THUX:

2\ 2 o2
—— | =—3, aoTxe, y——y| =2.
T T T

Tomy 3y’ — %y = 2z + (. Iarerpytoun orpumane piBHsIHHSI, 3HANKIEMO
y = x?Inz? + C1x + Coz? — 3arambHUil PO3B'A30K PIBHSHHA BUXIiJ[HOTO
PiBHSHHS.

3BecTn pIBHSIHHS JI0 CAMOCIIPSIZKEHOTO BUTJISIJLY:
832. 2y — 2z + 1)y +2y = 0.
833. 22y + 222y + (2® — 2)y = 0.
834. 2%y + xy' + (22 —n?)y =0  (pienanna Becceas).
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835. x(2? +6)y" — 4(2® 4+ 3)y’ + 62y = 0.

836. (1 —22)y" —xy' +n?y=0 (pienannsa Yebuwosa).
837. zy + (1 —2)y +ny=0  (pienanns Jlazeppa).

838. v —2zy' +2ny =0  (pisnanns Jebuwosa—Epmima).
839. z(z — 1)y + (—v+ (1 +a+p)z)y +afy=0

(pisnanns Iaycca).

3BecTu piBHsSIHHS JI0 KAHOHIYHOTO BUIJIsLy. SHaiTH IX inBapianTtu. Yum
MOXKHA& TPOIHTErPYyBaTH 3a/aHe PIiBHSIHHS B KBaJIpaTypax’
840. (22 + 1)y + bzy + 4y = 0.
841. (42% — x)y" +2(2x — 1)y’ — 4y = 0.
842. y' + 2y +y = 0.
843. z(z — 1)y + (1 + )y —y =0.
844. r2%y" — 2zy’ + (2? + 2)y = 0.
845. (1 —22)y" — 22y +n(n+ 1)y = 0.
SHailTu 3arajbHUNl PO3B'SA30K pPIBHAHHS, KOPUCTYIOUNCh YaCTUHHUAM
PO3B’A3KOM:

846. y' + 2y +y=0; y ==L
847. (sinz —cosz)y” —2sinz y' + (cosz +sinz)y =0; y; = e€”.
848. (cosz +sinx)y” —2cosx y + (cosx —sinz)y = 0;  y; = cosz.
849. (1 —2%)y" — ay/ + i =0; y1=+1+zx
850. vy’ +2xy’ — 2y =0  (vacTuHHEI PO3B’A30K mii6paTn).
BHailTy YacTUHHEI PO3B’A30K y BUIVISJ[ MHOTOYJIEHA Ta PO3B’A3aTH
PiBHSHHS:

851. (z —1)y" —(z+ 1)y +2y =0.

852. (22— 32)y” + (6 — 2%y’ + (32 — 6)y = 0.
853. (z2 —1)y" = 6y.

854. x%y" + 4y’ + 2y = 0.
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855. 3uaiiTu 3arajbuuii po3s’s30k pisasaus Yy’ + (1 —xz)y' +y = 1, skmo
BijoMi JiBa #oro yacTuHHI po3B’dA3KM Y1 = 1; Yy = x.

§ 16. IHTETPYBAHH{ TUOEPEHIIAJIbHUX PIBHAHD
3A 10IIOMOTOIO CTEIIEHEBUX PA/IIB.
PIBHAHHSA BECCEJISI TATAYCCA
(T'TITEPTEOMETPUNYHE)

1. dxmo koedirieHTH PiBHAHHS

y" +p(x)y 4+ qlz)y =0 (16.1)

€ aHamTnaHnME QyHKIisMu Ha intepBasmi I = {x : |z — 29| < a}, To6TO
PO3KJIa/Ial0ThCsl B CTEIIEHEB] Psijiu

p@) =Y pe(z—x0)*, qlz) = qe(e — x0)",
k=0 k=0

36ikHil Ha [, To piBHsiHHA (16.1) Mae eauHMi po3B’s30k y = y(z), MO
3a/I0BOJIBHSIE TIOYATKOBI yMOBH

y(zo) = yo, ¥ (z0) = ¥ (16.2)

Ileit po3B’I30K MOXKHA, TIOJIATU Y BUIJISAI CTEIIEHEBOTO PsILy
y(x) = Crla —x0)~. (16.3)

Psiy (16.3) € 36ikuum Ha 1.

dkmo yo, y§ 3amani, To koedinientn pajy (16.3) BU3HAUAIOTHCSH OJTHO-
3HavHO mifcraBiasHHsAM (16.3) B (16.1) (memod nesusnauenux koediyicr-
mie).

Husi 106yioBu 3aranbHOro po3s’sisky piBHsiHHs (16.1) naitvyacrime
6ynytore ®CP {y;,y2}, HOpMOBaHy B TOuUmi xo, TOOTO Y1(T0) = 1,
y1(wo) =0, y2(z0) = 0, yh(xo) = 1.
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ko po3B’si30K Y1 BuparkeHuil yepe3 ejeMenTapHi QyHKIT, Bijgomuii,
TO JIPYI'Uii PO3B’SI30K MOXKHA 3HAUWTHU 3a J0IOMOro (gopmysn Abesis

exp |— T)dr
y2=y1/ l fy%p() ]da:. (16.4)

2. dkmo B piBusHHI (16.1) byl p(x) Ta ¢(z) panionanabhi, TO6TO

. p1(x) B q1(x)
PO = o 1 o

ze po(z), pi(z), qo(z), q1(x) — MEOrOUwIeHH, TO TOUKY, B siKUX po(z) = 0
abo qo(x) = 0, HABUBAIOTHCH 0COOAUSUMU MOYKAMU JJid PiBHAHHESA (16.1).

B okosi 0co6uBol TOYKH PO3B’SI3KY Y BHUIVISI CTENIEHEBOTO DSy MO-
ke He icHyBaru. Y 1poMy pasi po3s’si3ok piBHsinHst (16.1) 3HAXOMMMO Y
BUIVISI/Il y3araJibHEHOTO CTEIEHEBOTO DSILy

o

y=(x—20*) Crlx—wz0)" (Co#0), (16.5)

k=0

361>kHOrO Ha iHTEepBadll |x — x| < R, e R — jesike jiojarHe uuncio. ko
koedirientn piBHsHHSA (16.1) B 0KOJIi 0COBIMBOI TOUKHU X() MOXKHA IIOJIATH
AK

p(z) = : Zpk(x—xo)k, q(x) = %qu(x—xo)k, (16.6)
k=0 (:U $0) k=0

T — X0

e p% + q(Q) + q% # 0 i paam B umcenbHUKaX 36iraroThcs Ha iHTepBaJi
|x — 9| < R, 1o piBHsiHHs (16.1) Mae npuHAKMHI OJTUH PO3B’ 30K BHUIJISIILY
(16.5), sikuii € 306>KHMM Ha BKa3aHOMY iHTEpBaJil.

Touka o 3 BKa3aHOIO OCOOJIMBICTIO HA3UBAETHCH PE2YAAPHOIO 0COOAU-
6010 mowkoto. Tak, 1Njisi pIBHAHHS

Y+ —mg(f)y’ + —”g)y —0, (16.7)

qe m(z) 1 n(r) — anamituyni Gysknil npu |z| < a, a Touka zo = 0 €
PEryJIsipHOI0 OCOBJIMBOIO TOUKOIO, SIKINO X04a 6 oJiH 3 KoedinieHTis mo(z)
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an ng(x) poskiaganns nux QYHKIIA y psiji 38 CTENEHIMM T HE TOTOXKHIH
HYJIIO.

Jnsa BimmykanHs nokasHuka A 1 koedimientiB Cf cHiBBijHOIIEHHS
(16.5) caiyt migcrasuty B pisasnns (16.1), ckoporntn Ha (T — 70)” i IPH-
piBHsITH KoedilieHTH IPK 0/IHAKOBUX cTeneHsiX (r—xg). Ilpu npomy uncio
A 3HAXOJATH 3 TaK 3BAHOTO BU3HAYAABHOZ0 PIBHAMHA

AN = 1) +poA +qo =0, (16.8)
ze
po = lim (z = z0)p(x), g0 = lim (z = z9)°(x). (16.9)

VY pasi, koo A1, A2 (kopeni BusHavasibHOro piBHsiHHs (16.8)) pisHi,
1o piBHsHH: (16.1) 3aBXK/U Mae po3B’a30K BUMIsAAY (16.5), 1e A\ — KOpiHb,
dAKUi Mae Olnbimy JilicHy dacTuHy. Tak, sKIO A| — Takwii KOpiHb, TO
PO3B’SI30K Ma€ BUTJISIT

MN Ol —z0)F (CF #0). (16.10)

WE

y1 = (v — x0)

B
Il

0

Aximo pizuunsg Ay — Ao He € UM JIOJATHUM YHUCJIOM, TO iICHY€E TaKOXK
Jipyruii po3e’si3ok piBHsiHHs (16.1), 1110 33/18€THCs y3arajJbHEHUM CTEIICHE-
BUM PSIJIOM

2N OR(r —w0)F (CE#£0). (16.11)

M8

Y2 = (z — z)

il

0

Aximo K A — Ay — IiJe o/IaTHE YUCI0, TO YACTUHHUM PO3B I30K Mae
Buris abo (16.11), abo € cyMoI0 y3araJlbHEHOTO CTEHNEHEBOTO Psijy i J0-
OyTKY JIesSIKOTO y3arajbHEHOTO CTENEHEBOro Psijly Ha In(x — zg):

[e.o]
y2 = (z — x0) /\QZC x — 20)* + Ay, In(z — x0), (16.12)
k=0

Je A — umucio, 1o MoXKe JOPiBHIOBATH HYJIIO.
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Haperri, skmo Ay = Ao, TO iCHye JinIlle OJWH PO3B’A30K y BUIJISIII
y3arajbHEHOro crereHeBoro psiy (16.10), a apyruit po3s’s30k 060B’sI3KOBO
mictuth In(z — xp). Voro ciuig mykaTu y BUrIsi

o
y2 = (z — o )‘120 z — 20)* + Byy In(x — x0), (16.13)
k=0

ne B #0.

Bukopucranusi dopmya (16.12) i (16.13) mus piBasuas (16.1) He 3aB-
XK 3py9He. ToMmy y pasi, akimo A — g — 1mijie guciio abo 0, MoXkHa 3HAWTH
OJIVH PO3B’SI30K y BUIVISJI y3arajJbHEHOTo cTeneHeBoro psry (16.10); min-
CyMyBaBIIH psiji, BUKoprcratu dhopmyiny Abens (16.4), amxke y; BuUpaka-
erbest uepe3 esiemenTapsi dyskuii. dkmo cymy psiay (16.10) ve Biaerses
3HafiTH B esieMeHTapHUX (YHKIIsX, 3acTOCOBYIOTH dopmynn (16.12) un
(16.13).

ITpuxnaad 1. ns pisasana y” + zy’ + y = 0 snaiirn @CP {y1, y2},
HOPMOBaHYy B TouIlli zog = 0, y BUIVIS/ Il PdAJIiB 33 CTEECHAMH I .

Pose’azanns. Koebinieatn p(r) = = 1a q(r) = 1 € aHamiTuaHAME
dyHKIisiMEA JIjI BCIX T, OT2Ke, PO3B’SI3KM IIhOT'0 PIBHSIHHS MOXKHA 3HA-

o

TU y BUIVIs/Il CTEIIEHEBHUX DSJiB Yy = . Cra®. Orpumani psian OyayTh
=0
30ikHUMY it BCix x. Jas orpumanus @CP, mHopmoBaHoi B HyJi, s

OJTHOTO pO3B’A3Ky Oysiemo Bumararu, 1mob Co = 1, C1 = 0, a jyis apyroro
naBnaku, Cy =0, C7 = 1. MaTtumemo

D Crk(k—1)2F % 42> Cpka* '+ Crat =
k=2 k=1 k=0

abo
y:CO+C'1x+ng2+...+Ckxk+...;

v =01 420+ ...+ kCpa 1+ ...
”:202+...+k(/€—1)ck$k_2—|—....

O1xe, KO KoeillieHTH P MOCIIOBHUX CTENEHSX T MPUPIBHATH JI0
HYyJIs, JTiICTAaHEMO
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xo | Co +2C% =0,
x! | 2C1 +6C5 = 0,

xk (k+1)(k+2)Cr + (k+1)Cp = 0.

Jnst pose’sizky y; maemo Cy = 1, C1 = 0, Coy, = 506 (Zm) (m =
=1,2,...). Koedinienrn Coy,y1 = 0. Tomy
) $2 N 1,4 $6 N N (_1)mx2m $2
=1-—=4+-— - =exp |——| .
& 2 2.4 2.4-6 2.4-6-...-(2m) V|77

Juist posB’sisky yo2 maemo Cyp =0, C1 =1, Cop, =0 (m=1,2,...);
(=H™

C —
T35 2m+ 1)
TOMY
S (_1)mx2m+1
y2_n§1-3~5-....(2m+1)'

OcranHiit psiyi yepe3 ejieMeHTapHI (DYHKINT HE BAPAKAETHCH. 3araJibHUM
po3B’sa3koM BuximHoro piBaaHHS Oyme y = Ciy; + Coys, me Cp, Co —
JledKl JOBIJIBHI CcTaJIi.

ITpuxaad 2. 3uaiitu nopmosBany B tounmi xg PCP s piBHsiHHS
(1 —22)y"” — 2y —y =0 y BuryIsi psijiiB 3a CTENEHAME T .

Posé’sazanna. Ilepin 3a Bce epeKoHAEMOCs, 0 PIBHAHHS Ma€ PO3B’sI3-
KH Y BUIVISJI CTEIEHEBUX YK y3arajbHEHUX CTEIEeHEBUX PsIiB:

! €z / 1

Y- 1-p2Y% 7 1C

=0.
27

Toukn x = £1 € ocobnuBuMu Jyist 1BOTO piBHsHHS. Aute inTepBan (—1,1)
He MicTuTh OuIbINe 0coOmBUX TOYOK. Ha HpOMY KoedirienTn

T 1
p r=-—-——-- q r=-——-
(0= Ly ala)=
€ aHajiTnayHuMu QyHKIisiMu. TOMy BUXijiHE PIBHSIHHS MAa€ PO3B SI3KU, SKi

3a/[al0TbCA CTEIEHEBUMU psigamMu. KpiMm Toro, mi psagu € 30IKHUMA IIPU
|z < 1.
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(o]
Buaiijiemo y; = > Cpy”. Tijcrasisioun ne#t psji y piBHsHHS, OTPH-
k=0
Ma€EMO

= 3 kCrab = C1 + 2Cox 4+ 3C322 + ...+ kCpaF~1 ..
k=1
Yl = k(k —1)Crrb=2 =205+ 6C3z + ... + k(k — 1)Crpa* 2 4 ... .
k=2

IIpupiBHIOEMO 70 HyJsI KOeIMi€EHTH IPH MOCTIJOBHAX CTEIIEHAX T:

20| —14205 =0, Cy =3,
al | 3205 =0, Cs =0,
e s
Chy2 = Gty O k22 C5=Cr == Comy1 =0,
Cp= 12, gy = W20

TakuMm 9rHOM,

1422) (1442)...(1+(2m—2)2
y1:1+%x2+%x4+...+(+ )(+(gm)(!+(m )):1:2m+....

Ockinmpru g yi1: C; = 0, Cp = 1, To misg Y3 BUMaraTUMEMO,
mobo Cy = 1, Cyp = 0, T06T0 OyjIeMO IIyKaTu %o Bijpady y BUIJISI
yo = x + Cyx?® + C3x> + .. .. IligcTaBnsioun y; y piBHAHHS, aHAJOTIYHO

snaxogumo Cf. icranemo

2 2 m—1)2
(+3)x5+...+2(1+3 )('éﬁjl(i 1))x2m+1+....

3/2—3?4-3133 +

BHaiieni psiym e 36ixaUME (pajiyc 36ixkHOCTI T < 1), a dyHKIH ¥y i
y2 yrBopoiorh ®CP BuxinHnoro piBHsHHS i, OCKIJIBKHT

To 3naitiena O®CP € HopMoBaHOIO B HysIl. 3arajibHul PO3B’sI30K BUXiTHOTO
piBHsIHES MO2KHA TiofaTH y Burysyii y = Cry1 +Caya, ne Cp, Co — noBiibHI
cTaji.
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3. Pisnannsa Becceas — 11e pIBHAHHS BUTJISIILY

22y" + zy + (ch — n2) y =0. (16.14)

Touka x9p = 0 € peryisipHOr0 0COOJIMBOIO TOYKOK piBHaHHs (16.14), a
BU3HAYaJIbHE DIBHAHHSA Ma€ BUTJIST

plp—1)+p—n?>=0 abo p?—n?=0,

PO3B’A3KaMH AKOTO € p12 = £Nn, PI3HUIA AKHUX JIOPIBHIOE p1 — p2 = 2n.
Orxe:

1) sikmo 2n He Ijye JlojaTHE 4Yucso, TO piBHsiHHA (16.14) mae jaBa
PpO3B’sA3KH, SKi 33/aI0ThCsl y3araJJbHEHUMU CTEINEHEBUMU PSIAMU BUTJISITY
(16.10), (16.11);

2) gKIo X 2n — e JoJaTHE YHCIO, TO MOXKHA TapaHTyBaTH iCHY-
BaHHS JIAIIIE OJHOTO YACTUHHOTO PO3B’S3KYy PiBHsHHs Deccejisi, skuii 3a-
JIAEThCS y3araJbHEHUM CTeneHeBUM psAioM. Lleit po3B’a30K mopoKyeThes
OLIBIIINM 3 KOPEHIB BUBHAYAJILHOTO PIBHAHHS. [cCHYBaHHS JIpyroro 4acTuH-
HOI'O PO3B’si3Ky y BUIVIS/ y3araJbHEHOI'O CTEIIEHEBOTO Psijly BUMATAE J10/1a~
TKOBOT'O JIOCJI/PKEHHsI. Y [[bOMY Pa3i IyKalTh po3s’si30K y dopmi (16.12).
Axkmo B (16.12) A mopiBHIOBaTHME HYJIIO, TO JPYTHUil PO3B’SI30K Y BUTJISI
y3araJbHEHOTO CTEIEHEBOTO Psijly TAPAHTOBAHO iCHYE, a Ko A He JOopiB-
HIOE HYJIIO, TO JAPYyTuil PO3B’a30K 000B’si3KOBO MicTuTh In z;

3) axmo n = 0, To icHye Jmie OJUH PO3B’SI30K, IO BUPAXKAETHCS
y3araJbHEHUM CTEIIEHEBUM PsIJIOM.

Takum unHOM, piBHSHHA Beccesist 3aBXK 1 Mae pUHANMHI OJIMH PO3B’si-
30K, sIKWI BAPAaXKAEThC y3arajbHEHUM creneHeBuM psijiom. KoedimienTn
pany Jierko 3Haiitu, kopuctytounchk MHK. Jlicranemo

o0

G
y=a" kzo(_l)kz%k!(n g ey e (16.15)

Psiy (16.15) € 3612KHIM TIpU BCiX 3HAYEHHSX T, a OTKe, 33/1a€ PO3B’ 30K
piBHsiHHs Becceist 1pu jioBliibHOMY Bubopi Koedinienra Cy. Tomy 3pydHo
Bubuparu Cp Takum unHOM, mob koedinienTu psity (16.15) HabyBasm siko-
Mora IpOCTImoro BUIIATY. [1horo MOXKHA JIOCATTH, SKIO HOKJIACTH

1

= ST (16.16)

Co
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oo
ne D(a) = [z le @ dx — eamma-pynryia (o > 0).
0

BukopucroBytoun BijjoMy BiiacTHBICTh TaMMa-dyHKIT
MNa+1) =al(w), (16.17)

JIETKO TIOpaxyBaTu peKypeHTHO Koedinientn Cy, kK =1,2,... . Hicranemo
repiuii po3B’sa30K piBHaAHHSA Becces:

> —1)k T\ Ntk
y1 = Jn(z) = ;m <§> . (16.18)

Dynkuis J,(x) nasusaemovcsa Ppynrkyicio Becceas nepwozo pody n-20
nopadky. Tak, mepimuii po3s’si30K piBHAHHS mpuKIaay 3: y; = Jy(x) mi-
cragemo 3 (16.18) mpu n = 0, ockimpku I'(k+1) = k!. dxmo n He € mimmm
9HCJIOM, TO iCHy€ i Jpyruii YacTUHHUN PO3B 30K piBHsiHHA Beccesis, 1m0
€ CYMOIO y3araJIbHEHOI'O CTEIIEHEBOI'O PsiJLy

° -1 k T\ —n+tk
o = J_p(z) = kzo kr(—(n +)k -y (§> . (16.19)

Takum umHOM, 3arajbHU PO3B’SI30K PiBHsiHHS Beccesisi y Bunajky n € Z
MOXKHA, TIOJATH Y BUTJISI

y = C1Jn(x) + Cod_p(x). (16.20)

Axkmo x n — wine jgoxarne yuciio, 1o (16.19) € po3s’si3KOM piBHsSIHHS
(16.14), ase cuiBigaomennus (16.20) Bxke He Oy/ie 3arajJbHAM PO3B’SI3KOM
I[BOTO PiBHSIHHSA, OCKimbKY GYyHKIHT J, () Ta J_, () B 1[pOMy BUIAJKY Jii-
HiitHo 3asiexui: J_, () = (—1)"Jp(z). Orxe, Apyruit po3s’si30K, JiHiiHO
HE3aJIeXKHUA 3 HnepnM, 060B’s3k0B0 MicTuTuMe In x. Voro ciij mykaru
y Burism (16.13), Tobro

yp=a " Z Cr(z — 20)* + BJp(2) Inx. (16.21)
k=0

3pyuno noknactu B = 2.
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Baznauumo, mo dyukuii Beccenst J,, (), ge n 1OPIBHIOE NOJIOBUHI He-
IMAPHOTO YMCJIa, MOXKHA BUPA3UTH YEPE3 e€jieMeHTapHI (DyHKIIT, 3HARITOB-
1w Koeilli€HTH BiIITOBITHIX CTEIEHEBUX PSJIiB Ta IIiICyMyBaBIIH OCTAHHI.
IIpu 11bOMy KOPHCTYIOThCA TAKAMH BJIACTHBOCTAME TaMMa-(dyHKIII:

1
r (§> =vm T(a+1)=al(w);
3BiJIKA BUILJIMBAE
C(n) =ir() = 6
1-3:5-7-...-(2k—1)

I'(3+k)= o7 /T
1-3:5-7- ... (2k+1)
3 _
L (53+k)= TS /T
ITpuxaad 3. Po3’sizaru piBHSIHHS
! 1
Y+ y; + (1 - @> y=0. (16.22)

Posée’azanna. lane piBHsiHHA € piBHsHHAM bBeccensa. Crpasmi, #oro
MOXKHA TIOJATU y BUTJISI:

2

22y oy +(2® = 5)y =0 n’=g= mp=4g

Rellog

Ockinbku n ¢ 7, 1o piBHsHHa (16.22) Mae JBa JIHIHHO HE3AJIEXKHUX
PO3B’SI3KH, siKi BUDAXKAIOTHCs y3arajJbHEHUMU CTEIICHEBUMU Psijiamu J1 (1)
3

ta J_1(x). 3arajpHuM PO3B’SA3KOM DIBHsHHS Oy/ie
3

ITpux.naad 4. Posp’sasaru pisagrra vy’ + 1y + xy = 0.

Pose’azanns. 3aiane piBHIHHS Ma€ PO3B'SI30K y BUIVIS y3arajbHe-
HOI'O CTEIIEHEBOIO Psijly, OCKiJIbKM BOHO € piBHsHHsM Beccesisi. [lificuo, j10-
MHOXKWBIIHU HA T, JIICTAHEMO

J:Qy" + acy' + ny =0.
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st nasoro piBasiHHs Beccenst n = 0, ToMy Mu 0/ipa3y MOXKEMO CKa-
3aTH, MO ICHY€ JIUIE TUIBKYW OJWH PO3B’SI30K y BUIVISI y3araJbHEHOTO
crenereBoro paay. OcTaHHIN, KpIM TOro, EPETBOPIOETHCA HA 3BUYANHIIA
CTEIlCHEeBUN DAL

y=> Ciy" (Co#0).
k=0

Kopucryrounch MeTo1oM HeBU3HavYeHHX KoedimnieHris, 3uaiigemo Cy (mo-
kaagemo Cy = 1). [Hicranemo

CZk_1+Z k"2 22k’ 02k+1:07k21'

Takum dumHOM, BUXigHE PIBHSIHHS MAa€ PO3B’SI30K

y=1+ 30 () = )
k=1

ne Jo(x) — pynruyia Becceas nepwozo pody nysvo6020 nopaoky.

Jpyruit yacTuHHM PO3B’A30K 000B’sI3KOBO MicTuTh Inx i #ioro curs
mrykatu y Buriisiai (16.13), Tobto

y2 =Y Cra*+ BJy(x)lnz, B#0.
k=0

Bukopucrosyroun MHK, nokmasmu npu mipomy B = 1 (ays BU3HaueHO-
cri), AicTaHeMo

o= Ko(2) = Jo(a)me+ 5 — Fp (1+3) + pom (1+3+3) -

Orpumana byukiis Ko(x) HasuBaeTbes gynkuyicto Becceas dpyzozo pody
HYABOBO2O MOPAIKY.
OcCTaToYHO MAEMO 3aTaJIbHUN PO3B’SI30K BUXITHOTO DiBHSTHHS:

Yy = Cljo(x) + CQK[)(CL'), C1,Cy € R.
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4. linepzeomempusnum pisnannsam (pishannsm Iaycea) Ha3mBaeThest
PiBHsIHHS

iz -1y +(—y+ (1 +a+8)x)y +aBy =0, (16.23)

Jge «, 3,y — jificHl cTaJi.
Ile piBusHHa Mae JBi ocobnusi Toukm 0 i 1. Ilpore, skimo ﬁ =
o0
= — > 2% upn |x| < 1, pisusinus (16.23) B oxosii Toukn xo = 0 MOXKHA

k=0
MOJIATH Y BUTJISIL

n . —y++a+B)z B =
Yy + z(z—1) Yy - ﬂﬁ(g—l) y=0
abo o oo
(v—(1+a+pB)z) 3 o* af 3 akt!
y// + - k=0 y/ _ k:x% Yy = O (1624)

PiBusinus (16.24) 36iraerbes 3 (16.7), sKIo HokjacTu

m(z) =(y— (1 +a+p)x) Zxk, n(z) = —a,@Zka.
k k=0

0

Tomy BusHauasbHe piBHsHHs i (16.24) HabyBae BUTIIs LY
AA=1)+~9A =0, (16.25)

Koperi sikoro A\; = 0, Ao = 1 — v, a ix pisaung A\; — A2 = v — 1 (abo
A2 — A1 = 1 — 7). Orxe, SKIIO 7y HE € IUIMM JOJATHAM YUCJIOM abo
HYJIEM, TO B OKOJIi 0c00MBOT TOUYKU x(y = (0 MOXKHa OOy /IyBaTH JABa, JIiHIHHO
He3aJIeXKHUX PO3B’SI3KW y BUIJISJI y3araJlbHEHUX CTEIIEHEBUX PSIiB

o o
Y1 = Z Clak, yo=al™7 Z C2zk, (16.26)
k=0 k=0
Buznauatoun koedimienTn C,i, k=0,1,2,3,... 3a MHK, 3naxoumo

y1=F(a,B,v;z) =
_ 14 3 aletD(add).do (b DIBEFE). S+ (k1)) ok (16.27)
k=0

Ely(y+1)(v+2)...[y+(k—1)]



126 Llupeperuyianoni pisHsarns dpy2020 nopadky

VY (16.27) psin, po3ramoBaHuii 10y, HABUBAECTHCS 2INEP2EOMEMPUNHUM,
OCKUIBKY Tipu @ = 1, [ = -y BiH NEPETBOPIOETHCS HA CyMy TI'€OMETPUIHOL
mporpecii

o
F(LA.Bia) =14 1+a+a’+. . +ab+. = (16.28)
k=0

I3 36ixknocTi psyyy (16.28) npu |z| < 1 Bummsae 36ixkHicTs psiy (16.27)
Ha TOMY CaMOMY iHTE€pPBaJIi.

Jpyruii vactuaauit po3s’a30k (16.26) 3HAXOAATH, 3/ifCHIOIOYN B PiB-
nsinni Taycca (16.23) 3aminy nrykasol dyHkuii

y =7z, (16.29)

je z = z(x). Hicranemo piBusinas Taycca, B sikomy posib napamerpis «,
B, v Bigirpators Bimmosigao o +1—7v, B+1—~, 2 —7:

2@ —1)"+[-2-N+(1+a+1—y+F+1-9)]+

Ha+1-7)(B+1—7)z=0. (16:30)

[To6GyyBaBmmm 2z, — 9acTuHHUN PO3B’s130K piBHsAHHS (16.30), saKuii Bij-
IIOBi/Ta€ HYJIBOBOMY KODEHIO BU3HAYAJIBHOI'O PIBHAHHSA, T4 MiJICTABUBIIN HO-
ro B (16.29), orpumaemo

yo=2" TF(a+1-7,06+1-72—7x). (16.31)

Buaiineni dynkmil (16.27), (16.31) yrBoprotors ®CP rinepreomerpu-
9HOI'O PiBHAHHS y Pa3i, KOJIM Y HE € I[UIUM YUCJIOM YU HyJIeM. SKIo K ¥
— 1uie 9mcsio abo HyJIb, TO HEpIMil YacTuHHMI po3B’s30kK (16.27) mae ceHc,
a JIpyruil Moxke MicTuTH Inz i foro Tpeba miykartu y Burisii (16.12).

PiBuganna 'aycca ta Beccens mo6pe BuBYeHI, i ToMy 9acToO piBHAHHSA
IHIIMX TUIIB 3BOAATH J0 Hux. Hanpukia, piensanns Jlescandpa

(1—a22)y" —2zy +n(n+1)y =0, (16.32)
dAKe Ma€ JBi perysasipHi ocobauBi Touku xg = 1, x9p = —1, 3amiHOIO
x = 1 — 2t 3BoguThCA M0 piBHsAHHA laycca, mpu 1bOMy 0COOJIHMBI TO-

akn {1,—1} mepexossaTh B ocobnmBi Touku piBHsHHsa laycca {0,1}, a
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a =n+1, 8 = —n, v = 1. Orxke, BU3HAYAJIBHUM € PIBHSIHHS
A(A=1)+X = 0 3 kopersimu A\; = A2 = 0 i nepuIMM 4aCTUHHUM PO3B’SI3KOM
piBasiHHS (16.32) B oKOTi TOUKH o = 1 (OCKIIBKH caMe BOHA MEPEXOJIUTH
B TouKy 0)
1—2

yp=F <n+1,—n,1;T> . (16.33)
Ao x& n — 1ise jgogaTHe uncio, To psjg (16.33) obpuBaeThes Ha N-My
nomasky. Tomy poss’si3ok (16.33) € MHOTOUJIEHOM 1-TO HOPSIJIKY

1—
pn(x) = F (n +1,-n,1; Tx> , (16.34)

Jge n — nuie jgoparsHe uucio. [losinom (16.34) Ha3sMBAETHCH NOATHOMOM
Jleotcardpa m-20 nopsoxy.

Mozkna inTerpyBatu piBHsiHHs (16.32) GesmocepenHbo i He 3BOAMTH
#oro j0 rimepreoMerpudHOro. Hampwkias, s peryiaspHol ocobamBOL
ToukM Ty = | BU3HAUAJULHMM piBHsIHHsAM € piBHsiHHA A\ — 1) + X\ = 0,
toro kopeni A\; = A2 = 0. Tomy onua po3B’s30K B OKOJi 1ii€l Touku Oy/ie
3BHYAHUM CTEIICHEBUM DsIJIOM 3a CcTerneHsMu pisuuii (x — 1), a apyruit
PO3B’s130K 0060B’s13K0BO MicTuTh In(x — 1). AHasioriusi pe3ysibraTu MaoTh
micre Jiuist 0cobmBOl TOYKT g = —1.

Suaiitu PCP y Burigam psiB 3a CTENEHAMH X, HOPMOBAaHY B TOYII
xz=0:
856. v = xy. 857. v +ay — (222 + 1)y = 0.

858. y" + 2%y = 0. 859. v’ + Ly =0.

SuaiiTu JiBa JIHIRHO HE3AJIEXKHUX YACTUHHUX PO3B SI3KH PIBHAHBb B OKO-
Ji 0cobsmmBol Touku xg = 0 y BUIVIS/l y3araJIbHEHUX CTEIIEHEBUX PsiJIiB,
abo PsIIiB IO MICTSATH JOJATKOBO Inx:

860. z(z — 1)y + 3z —2)y' +y = 0.

861. z(x — 1)y + 2z —2)y’ — 2y = 0.

862. z(z — 1)y + (z+ 1)y —y =0.
(o= 1)y +

863. z(x v +Bx—-1)y +y=0.
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864. r%y" — (3z + 2?)y' + 4y = 0.
865. x(x — 1)%y" + x(x — 1)y —y = 0.
2 _
866. v + 2y +y = 0.
867. 2%y +zy' + (22 — Ly =0.
3HaliTu y BUIJIAl PsiJly 38 CTEIEHSIMU T OJMH YaCTUHHUN PO3B’A30K,

KU 33JI0BOJIBHSIE MTOCTABJICHI MMOYATKOBI yMOBU. SHAWTU CyMmy psiy Ta
noOyyBaTu JPYTUil 9acCTUHHUN Po3B’s30K 3a dopmysioro Abess:

868. v —2xy' +2y=0; y1(0) =0, y1(0) =2.

869. (1 —2%)y” — 22y +2y=10; y1(0) =0, y1(0) = 1.
870. (1 —z)y" +ay' —y;  31(0) =1, y1(0) = L.
871. (1—2¥)y" —xy' +y=0; 1 (0)=0, y;(0) =1.
872. (1—2H)y" —xy’ =0; 1(0) =1, y{(0) = 0.
3naliTu 3arajbHI PO3B’si3KM PiBHsIHb Beccesisi:
873. vy + 3y +y=0. 874. y" + 3y +4y = 0.
875. zy” + 3y + 1y = 0. 876. 2%y" — 2zy/ +4(z* — 1)y = 0.
1 _ 1 1, _
877. y" + Ly +4y = 0. 878. v + 1y + 5y =0.

879. 2%y +ay' + (22 — )y =0. 880. 2%y + zy + (42 — %) y=0.

3ualiTu po3B’sI3KU, AKi BUPAKAIOTHCS CTEIEHEBUMU ab0 y3arajbHEHU-
MU CTEICHEBUMU PSIIaMU:

881. 2y +y —ay =0.

882. xy" —xy —y =0.

883. 22y + 2zy’ — (22 + 22+ 2)y = 0.
884. 22y" — x%y' + (x — 2)y = 0.

885. 9z2y" — (22 — 2)y = 0.

886. 2x%y" + (3z — 222)y' — (z + 1)y = 0.
887. zy" + 2y + a2y = 0.

3HalTH y BUIVIAJ] CTEIIEHEBUX PsIAiB po3B’ a3Ku 3a1a4 Ko, O6uncin-
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i KoedinieHTH PsiyiiB (/10 TPETHOI'O BKJIIOUHO):
888.y' =y’ —z; y(0)=1  889.y =z+1; y(0)=1
890. y =y +ze¥; y(0)=0. 891.y =2z +cosy; y(0)=0.
892. v =22 +43; y(1)=1.
893. y" =ay —y*% y
894. v =y +ay; y

895. 3uaiiTn yacTuHHMI Po3B’a30K Y1 piBmsHEs 2y + (1+ )y +y =0,
sIKmif 33/10BOJIBHSIE€ 1IOYATKOBY yMOBY 41 — 1, yj — 1 upn z — 0. IToGy-
JIyBaTHU 3arajibHUil pO3B’SI30K I[bOTO PIBHSHHS.

896. ITokaszaru, mo pipasaaasa Yebumona (1 — 22)y” — 29/ + n?y = 0 mig-
cTaBJASHHAM T = 1 — 2t 3BoJIUThCA JI0 TinepreoMerpudHoro. JloBecTn, mo
IIPH IHJIOMY JOJATHOMY 70 OJWH 3 YACTUHHUX PO3B’#A3KIB piBHAHHS 1ebu-
1moBa OyJie MHOTOYJIEHOM 7-I'0 HOPS/JIKY.

897. BigmoBimHOI 3aMiHOIO HE3aJEXKHOI 3MIHHOI 3BECTHU PIBHSHHS

22y + 2y’ + (k*2%2 —n?)y =0 (k # 0) 5o pisasuna Beccess.

2 .
898. 3pecrn y” — 1y + ( - %) y = 0 jo piBasHEA Beccens 3a gomomo-
rOI0 BiJIIIOBIAHOT OJHOPITHOL JIiHIMHOI 3aMiHM ITyKaHOI (QyHKIIII.
899. 3uaiiTu 3araabHmii po3s’s30K piBasiHEs Ty + 1y + 1y = 0.

900. 3HaliTM 9YaCTHHHMI pPO3B'A30K y; piBHaHHEA (22 — 2w + 2)y"—

—22y" + 2xy’ — y = 0, akuit 3a0B0oaBHsAE OYaTKOBI y™mMoBH Y1(0) = 1,
»(0) =1, »/(0) =1.

901. O6uuncuTH BPOHCKIAH JIjIs JIBOX JIHIWHO HE3AJIE2KHUX PO3B I3KiB piB-
usand Laycea z(x — 1)y + (—y+ (e + 8+ D)y + afy =0.

902. O6uncanTy BpOHCKIaH JIJIsl JBOX JIHINHO HE3AJIEXKHUX PO3B’SI3KiB PiB-
asaas Jlexanmpa (1 — 22)y” — 22y’ +n(n + 1)y = 0.

903. O6uncsnrn BpoHCKiaH Jyis jBox dyukuiit Becceass J,(x) 1 J_,(x),
ve&Z.
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§ 17. KPAIIOBI 3AJIAYUI

1. KpaiioBa 3aja4a
a(z)y” +b(x)y +c(x)y = f(z), @ € [a,b]; (17.1)

ay(a) + By'(a) =0, y(b) +dy'(b) =0, (17.2)
ne a(x) # 0, x € [a,b], B yMOBax, KOJIX BiJJHOCHO JIETKO 3HANTH 3arajibHUH
po3B’s30K piBHsHHs (17.1), Moxke 6yTH po3B’si3aHa UPSIMAM IIiJICTABIISH-
HsIM 3arajibHOIO PO3B’si3Ky B Kpaiiosi ymosu (17.2). Auie He 3aBx/1 3312498
(17.1), (17.2) mae po3B’si3ku, a y pa3i ix HASIBHOCTI HE rAPAHTYETHCS €11~
HICTb.

2. ko koedinientn piBasins (17.1) abo kpaiioBux ymos (17.2) 3a-
JIEXKATH BiJ| J€AKOro ImapamMerpa A, TO Ti 3HAYEHHsA A, JUIS SKHAX 3a/1a49a
(17.1), (17.2) mae HeTpuBianbHUil po3B’s30K (y(x) # 0), HABUBAIOTHCS 6.0~
CHUMUY 3HaveHHAMY. BianoBiaHi BJacHAM 3HAYEHHSM PO3B SI3KH HA3WBa-
10Th Gaachumu Pynryismu. Hanpukia, s kpaiiosoi 3aaadi vy’ + Ay = 0,
y(0) = y(m) = 0, ancna 1%, 22, 33,... i bynknii sinx, sin2z,... € Big-
[OBI/THO BJIACHUMY 3HAYEHHSIMU Ta BJIACHUMHU (DYHKIISMU.

BaxxauBum Bumaskom 3a1adi Ha BJIacHI 3HaUeHHH € 3adaya [LImypma-
Jliyeians:

% (p(2)y") — a(@)y + Ap(z)y = 0; (17.3)
ay(a) + By'(a) =0, ~y(b) + 6y'(b) =0, (17.4)

ne bynkmii p(r), p'(z), q(z), ¢'(r) — nenepepsi, axmo z € [a,b],
p(z) >0, p(x) >0; a®2+ 32 >0, 42+ §2 > 0.

3. Tpamnsiorscs BunaKu, KOau KoedilieHTr PiBHIHHS, 110 33/1a€ThCs
B KpaiioBiil 3aa4i, B CKIHUEHHNX TOYKaX OCHOBHOI 00J1aCTi MaloTh 0cobIn-
Bocti. Hanpukian, koedinient p(x) piBasaus (17.3) obepTaeThesi Ha HYIIh
B JesiKil cKinueHHi# Toumi c. Jlyis Takmx 3aja9, B 3aJI€2KHOCTI BiJ| Xapak-
TEPY 0COOMBOCTENW, BUHUKAIOTH YMOBH, $iKi BIIIrpaiOTh POJib KpaloBuX.
Takumu ymoBaMu MOXKYTh OyTH HellepepBHICTh ab0 0OMEXKEHICTh PO3B’ a3~
Ky, abo NpsAMyBaHHs PO3B 3Ky JI0 HECKiHYeHHOCTI 1 T.71. Hampukman, as
piBusinas Beccens

(zy") — nQ% + Azy =0, (17.5)
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sike 3anmcane y dopwmi (17.3), xoediuienr p(r) = x. Tomy, skmo (17.5)
posrusijiaerbes Ha Biapisky 0 < z < 1, 1o p(0) = 0. Orxe, Bumora
obMexxkeHoCTl po3B’s3Ky piBHsHHs (17.5) mpu  — 0 MOXKe PO3IJISIATHCT
SIK OJ[HA 3 KpailoBux yMmoB. /Ipyra ymoBa e TunoBorw, Hanpukiag y(1) = 0.
3100y Ty KpaiioBy 3amady MOKHA CHOPMYJIIOBATA TAKUM UWHOM: 3HANTH
po3B’si30K piBusinag (17.5), sikuii 3ajmmaerbest oomexxenum upu & — 0 i
JOpPiBHIOE HYJIIO IpA & = 1.

IcHytoTh TakOX KpaioBi 3ajadi 3 HECKIHYEHHOIO OCHOBHOIO 00JIACTIO.
Hanpukiiaji, 3aa4a 3HaX0/[?KEHHsI PO3B 3Ky piBHaHHA 3" + \y = 0, akuii
3a/IUIIAETHCT OOMEXEHUM Tpu & — 00, € KpaitoBoio. OdeBuHO, IO
KOXKHe HEBIJI €MHE UHCJIO \ — € BJIACHAM 3HAYEHHAM IIi€l 3aad4i, a QyHKITI
sin vV Az, cos vz — ii Bmachi dyHKIII.

4. Qymxuyiero I'pina xpaitosoi 3agaui (17.1), (17.2) nHasuBaerbcs
dbynkuis gBox 3minnux G(x,s), Bu3HadeHa upu z € [a,b], s € (a,b), ska
Ma€ TaKi BJIACTUBOCTI:

1) G(z,s) 3a/10BOJIbHSIE BI/IOBI/IHE OJIHODI/IHE DIBHSIHHS
a(z)y” +b(z)y + c(z)y =0 (17.6)

pu T # §;

2) aG(a,s) + PG (a,s) = 0; yG(b, s) + 6GL(b, s) = 0;

3) upu x = s dynknis G(z,s) HenepeppHa 110 T, a il noxigna G', mae
PO3PHUB IIEPIIOTO POy 31 CTpUOKOM ﬁ, TO6TO

G(s—0,s) =G(s+0,s); (17.7)

Gl (s+0,8) =Gl (s—0,8) = ﬁ (17.8)

Hust nobyon dynkuii I'pina 3azaqi (17.1), (17.2) 3Haxousars po3s’si-
30K y1(x) # 0 piBusuug (17.6), sKuil 3a/10BOIBHSE JHIIe Hepiy (z = a)
KpailoBy yMOBY, Ta PO3B'sI30K Y2 # 0, fKuii 3a/10BobHSAE APyry (x = b)

KpaiioBy ymoBy. @yHkiito I'piHa mykKaoTh y BUATJIsSAI

Gla,s) = { (s (@). € as] 179)
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Jobupatoun dyskuil ¢(s), ¥(s) rak, mob BukoHysasmcst ymosu (17.7),
(17.8).

Buaroun dynkiio I'pina kpaiioBoi 3a1a4i (17.1), (17.2), po3s’sa30K i€l
3a/a4i MOXKHa IIOJaTH B iHTEerpaJjbHiil ¢popmi

b
y = /G(w, s)f(s)ds, (17.10)

OpUYOMY Tieil PO3B’si30K Oyjie €umHEAM, dKImo Bimmosimma (17.1), (17.2)
onHopigHa 3ajada (f(z) = 0) mae smme TpuBilagbHU PO3B’S30K.

5. Ilpu posB’s3yBaHHI JIHIMHIX KpaloOBUX 3324 HAOJIMKEHAIMHU METO-
JIaMY 3PYYHO TIYKAHUN PO3B’SI30K MOJATH y BUIJISAJI CyMU

y(x) = yo(x) + pu(x) + vv(x), (17.11)

sie dyskil yo(x), u(z), v(x) e poss’askamu Tprox 3agad Komi:

a(x)yg +b(@)yy + c(@)yo = f(2),  yo(a) = yo(a);
a(x)u” + b(x)u' + c(x)u =0, wu(a)=1,4(a) = 0;
a(z)v” +b(x)v" + c(x)v =0, wv(a)=0,v'(a) =1,

a (L, V BU3HAYAIOThCs 3 KpaiioBux ymos (17.2).

904. {ka 3 KpalioBUX 3aJad Ma€ PO3B’ A3KH:

a) y'—y =0, y(0)=0,y(27)=1;

6) y"+y=0, y(0)=0y@2r) =17
3naliTu BJIaCHI 3HAYEHHS 1 BJIacHI DYyHKIII:

905. v = X\y;  y(0) =0, y(b) =0.

906. vy’ = \y; ¢'(0) =4/ (b) =0.

907. y' = Xy;  y(0) =4/(b) =0.

908. v =)Xy; y(1) =0, y(a) =0, a > 0.

Posp’sasaTn kpaitosi 3amadi:
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909. " +y=1; y(0)=0,9(3) =1
910. ' — 2y -3y =0; y(0)=1, li_>m y(z) = 0.
911. ¢y’ — 2y -3y =0; y(0)=1, zanio y(z) = 2.
912. 2%y — 22y +2y =0; y(x) :xOCEOJ:) npu z — 0, y(1) = 2.
913. y' +y=1; y(1)=1,%(0)=0.
914. y' —y=0; y(0)=-1,y(1)—y(1)=2.
915. " +y=1; y(0)=0, ¢y (7)=0.
916. v —y' — 2y =0; y(—o0) =0,y (0) = 2.
917. ' —y=1; y(0) =0, y(z) oOmexkeHa pu x — +00.
918. 2%y — 6y =0; y(0) obmexena, y(1) = 2.
919. 22y" +5xy + 3y =0; (1) =3, y(z) = O () upn & — +oo.

920. Ilpu sxux a kpaiosa 3agaua y” +ay = 1; y(0) = 0, y(1) = 0 ne
Ma€ PO3B’SI3KiB?

Ilo6ynyBaru dyukmito I'pina jyist kpaiioBux 3aja4:
921. y" +y = f(z); y(m)=0,4'(0)=0.
922. y' +y' = f(z); (0) =0, y(l) =0.
923. y" = f(a); (1) =
924. z%y" + 22y = f(ac)7 y(1 )—0 y'(3) = 0.
925. zy" —y' = f(z); y(2)=0,4'(1) =0.
926. vy’ = f(z); y(0) =0, y(z) obmexkena upu x — ~+00.
927. " —y = f(z); ¥ (0)=0,y(2)+y(2)=0.
928. y" +y' = f(x); y(+o0) =0, y'(0) =0.
929. 3/ +4y' + 3y = f(z); y(0) =0, y(x) = O(e~2*) mpu x — +oo.
930. z%y" + 22y — 2y = f(x); y(0) obmesxena, y(1) = 0.

<
—
=)
~—
| |

Sammcaru B iHTErpasibHiil popmi po3B’sizku KpaitoBux 3a/1a4:
931. " = f(z); yla) =y(b) =0.
932. 2y +y' =2x; y(1) =y (1), y(xr) =0 upu z — 0.
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§ 18. KOJIUBHICTb PO3B’A3KIB JITHIITHUX
OJAHOPIIHUX PIBHAHDb

1. ko HeHysLOBUil PO3B’SI30K PiBHAHHS

y" +p(x)y + q(z)y =0, (18.1)

ne p(x), q(z) — Bu3HadeHi Ta HemepepBHi pu = € (a,b), MEPETBOPIOETHCS
Ha HyJIb He MEeHIIe, HiXK B JIBOX TOYKax iHTepBaiy (a,b), To BiH Ha3uBae-
ThCs Koausnum Ha (a,b).

PiBusinuas (18.1) mijcTaHOBKOIO

1
Y=z exp {—5 /p(x) dx} , (18.2)
Jie z = z(x), 3BOIUTHCs JI0 PIBHsIHHS B KaHOHIuHIN dopmi
2+ 1(x)z =0, (18.3)

/ 2
je I(z) = —&;) — pT(m) + q(x) — ineapianm (18.1).
Posp’si3ku piBasiap (18.1) i (18.3) MaroTh OJIHAKOBHI XapaKTep KOJIHB-
HOCTI.

Akmo B piBasaH] (18.3) koedinienT [(x) Takwii, mo
I(z) <0 z€(a,b), (18.4)

TO BCi po3B’si3ku piBusinns (18.3) (a, orxe, it (18.1)) € HEKONIMBHUMUL.

2. Posp’sasku JIOP apyroro nopsiniky 3 HemepepBHEMEU KoedillieHTaMu
Ha iHTepBaJi | MAalOTh OJHAKOBHII XapaKTep KOJMBHOCTI: KOJWBHI ab0 He-
KOJIMBHI 0fHO49acHO. 1Ipm 1iboMy HyJIi IBOX JIIHIHO HE3aJI€2KHAX PO3B’sI3KiB
BIJJOKPEMJTIOIOTH OJIMH OJTHOTO, TOOTO MiXK JIBOMa TIOCJIJOBHUMU HYJISMU
OJTHOTO PO3B’SI3KY 00OB’SI3KOBO € OJIUH HYJIb JPYTOro po3B’si3Ky (meopema
Imypma).

Ao koedinientn piBusiHb THIY (18.3)

y' +qi(z)y =0, i=1,2 (18.5)
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HenepepsHi Ha (a,b) Ta NOB’sI3aHI HEPIBHICTIO
@(x) > q(z), =z € (a,b), (18.6)

TO po3B’'si3Ku jpyroro piBHsHHs (18.5) (i = 2) 6lnpm KoawBHI, HiXK
PO3B’SI3KH TIEPIIOro PiBHAHHS (KOJUBAIOTHCS YacTile).

Butacue, Mix J1BOMAa TIOC/Ii IOBHUMY HYJISIMHU Oy 1h-SIKOTO PO3B’SI3Ky TIEp-
IIOT0 PIBHSIHHY € NPWHAWMHI OJIMH HyJIb Oy/b-SIKOTO PO3B’S3KYy JIPyroro
PIBHSIHHS, SIKIIO TIIBKHA B IHTEpBaJi MiXK UMM HYJdMH € Xoda O o/Ha
TOUKa, B AKil ¢2(x) > q1(x) (meopema nopienanns).

Bigcrans p mixk jBOMa MOCJIIIOBHUMU HYJISIMU JIOBUIBHOTO HETPHUBI-
asbHOrO po3p’sizky JIOP (18.3) 3a/10B0ubHSIE OLiHKY

\/—M <p< ﬁ’ (18.7)

e M, m — Haiiblibine Ta HaliMene 3HadeHHs yHkii [(x) Ha [o, 5] C
C (a,b).

ITpuxaad 1. Hociiguru xapakTep KOJMBHOCTI PO3B’si3KiB DPIBHSHHS
Eitnepa 22y” + a’?y = 0 npu Mmamux a (a #0), x € (0, +00).

a?

Pose’azanna. Ockimpku q(r) = 93 > 0, To 0O3HaKa HEKOJMBHOCTI
(18.4) He moxke OyTn BUKOpUCTaHA. XapaKTEPUCTUUHE DIBHSIHHS MA€ BU-

! 3ajaHe DIBHSAHHA MOXKHA,

g A(A — 1) + a? = 0. Orxke, 3amino y = e
spectn 710 JIOP 3i cramumu koedinienramu Burasay 4" — y' + a’y = 0.

BacTocoBytoun 3aminy (18.2), npwuiisemo 0 KaHOHIYHOT hopMu

1
z”—}—(aQ—Z)z:O.

Takum ymaOM, npH a? < i BCl PO3B’A3KHU 3aJIaHOTO PIBHAHHS Oy/IyTh
HekosmBHUMU. [Ipukias 1 nokasye, mo ymosa (18.4) He € HeobxijHOIO, a
JIWIITE JTOCTATHBOIO YMOBOIO HEKOJIMBHOCTI PO3B’S3KiB.

ITpuxaad 2. CkiabKu pas3iB JOBLIbHUN HETPUBIAJIBLHAN PO3B SI30K PiB-
nsinns Eipi ¢’ — zy = 0 moxe neperunaru nisgich (0, +00)?

Posé’azanmna. Pisusgaua KEiipi 3anmcanme B KaHOHIUHIN dopwi,
qg(z) = —x < 0, akmo = € (0,+00). Tomy, sa Bracrusicrio (18.4),
BCi PO3B’SI3KH THOI'O PIBHAHHSA HEKOJWBHI; HETPHUBIAJbHUI PpO3B’A30K
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Mmoxke nepernHary 1iBsich (0, 00) He Glible HiXK OuH pas3.

933. Hexait x1, 2, ... — nocainosui vyl piBasaus y” + ¢(x)y = 0, posmi-
ImeHi B MOpsifKy 3pocranHs. OyHKIisS ¢(r) HemepepBHA, MOHOTOHHO 3PO-
cratoua npu 1 < = < 400, (gq(x) > 0). losecrn, mo Bigcrans mix
CyCiJIHIMM HYJISIMM CHQJIAE 1IPU & — +00, TOOTO Tpy] — Ty < Ty — Tp—1 -
934. VY nonepeHilt 33/1a49i MO3HAYNMO Y€pe3 ¢ CKIHYEHHY YU HECKIHYEHHY
rpanuio dyskuii ¢(x) npu x — oo. dosecrn, mo
. 7r

lim (zp41 — zp) = —=.

n— oo \/E
935. 3uaiiTu BifcTaHb MiXK JBOMA TOCJIOBHAMHA HYJISIMHU JIOBIJIHBHOTO HE-
TpUBiaJIbHOrO PO3B’si3Ky piBHsHHA Yy’ + my = 0, e m = const > 0.
CkisnbKY HyJiB MiCTUTBCS Ha BIJPi3Ky [a, b]?

936. JlosecTu, mo Bci HeTpuBianbHi po3B’asku pisEaHHA ¥’ — 22y = 0 €
HEKOJIMBHUIMH Ha JOBUIbHOMY iHTepBasi (a,b).

937. JloBecTn, 110 Bi/ICTaHb MiXK JIBOMA ITOC/TIJOBHUME HYJISIMH OY/1b-IKOT'O
po3B’a3Ky piBHaAHHA Beccena 22y’ + xy’ + (22 —n?)y =0 (n # :I:%) npsi-
My€ JI0 T Tpu T — —+00. KO0 € I BijicTaHh TIpH N = :I:%?
938. OmiauTy BijicTaHb MiXK JBOMA IOCJIIJOBHUMH HYJIIMH JOBLJIBHOTO He-
TPUBIAJBHOTO PO3B’A3KYy PIBHIHHS HA 33/[AHOMY BiJIPi3KY:

a) y’ — 2xzy =0, [20,45]; 6) zy" +y =0, [25,100];

B) v — 22y + (x +1)%y =0, [4,19]; 1)y’ — 2"y + ¥y =0, [2,6].

939. BupunTy XapakTep KOJUBHOCTI pO3B A3KiB piBHaHHA Eiipi 3/ —zy = 0
Ha iHTepBasi (—o0,0).

940. /loBecTHu, mo npu & — F00 TOCIJIOBHI HYJi JIOBIILHOIO HETPHBI-
aJIbHOrO po3B’siKy piBHsiuna °y” + xy' + (2% — %) y=0, x € (0,400)
HEOOMEKEHO 30JIMKYIOThCH.

941. OminuTy BijgcTaHh MIiXK IOC/IJOBHUME HYJISIMHA HETPHUBIAJbHUX
2 s 37r)

x = 0 Ha iHTepBaJ (Z? 1)

PO3B’s3KiB piBHsAHHA Yy + ¥ sin
942. JloBecTn, O KOXKEH HEHYJILOBUIT pO3B’s130K pisusins ¥ +q(x)y = 0,

z € (0,4+00), g(x) >0, inf ¢(x) > 0 mae HeckiHueHHO GaraTo HyJiB.
ze(0,
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Yu marTuMe JIOBIIbHWIA HETPUWBIAJBHUN PO3B’SA30K IHOTO PIiBHSHHS HeE-
ckiHueHHy Kinbkicrb HyniB Ha (0, +00), sikmo g(x) > 01 ¢(x) — 0 upn
xr — +oo?

943. BukopucToByOUYN pPEe3yJIbTATH TOMEPEIHBOI 3aJadi, JOCTIIATH TIH-
TaHHHA IIPO KinbKicTh Hynis pisasamus Eiinepa y” + %y = 0 Ha inrepsasi
(1,400).

944. Jlosectu, mo Bci poss’sisku pisasuuga Yy’ + ¢(z)y = 0 3 qomarHuME
nouarkoBumu ymoBamu y(zg) > 0, y'(z9) > 0 3amumaroTbes JI0AaTHIMEA
pu BCiX T > Zg.

945. Jlosectn, mo poss’askoM 3ajgadi Komi y” — 2%y = 0, y(0) = 1,
y'(0) = 0 € napna jonarna GyHKIis.

JocniuTn aCHMIOITOTAYHY HOBEIIHKY P & — 00 PO3B’SI3KiB JaHUX
PiBHsIHB, 3acTOCOBYI0YM neperBopeHHs Jliysis [10, 3aiaqa 2.28] jyuisi 110-
Oy/I0BM aCUMIITOTUIHUX PO3BUHEHB:

946. 3" + 2%y = 0. 947. " + 2%y = 0.
948. ¢ — 2%y = 0. 949. " + %'y = 0.
950. v — zy = 0. 951. xy” + 2zy' +y = 0.

952. " —2(z — 1)y’ + 2%y = 0.

OTpumaTu 6ibII TOYHE ACUMOTOTUYHE PO3BUHEHHS JIJI PO3B’d3KiB
JIAHUX PIBHSHB, 3aCTOCOBYIOYHN Ie€peTBOpeHHs JIiyBiis aBidi:
953*. ¢ — 4a%y = 0. 954. zy" +y = 0.

955 *. JloBectn, mo kpaitosa 3anada ¥y’ +q(x)y =0, y(x1) = a, y(xe) = b
Jqast 6ynb-gkux a, b, r1 # w2 1 q(x) < 0 mae emuumii posp’sizok. o
MO>KHA CKa3aTH IIPO LEeH PO3B’s30K, SAKIINO BijoMo, mo b =07
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I'nasa 4

CUCTEMU JNOEPEHIIAJIbHUX PIBHAHD

§ 19. SATAJIBHI IIMTAHHA.
METO/IU PO3B’AA3YBAHHA

1. Haiibisbin 3araJbHAME € TakKi (POPMH 3aIlCy CHCTEM JIuEpeH -
aJbHUX PiBHSHB:

HOPMAADHA

dy; .
% = fi(x73/17 B 73/n)a 1= 17”7 (191)

cumempuyna (Bignosigaa (19.1))

dy1  dyo dy, dx
M __ 2822 19.2
fi f2 fn 1 (19:2)

KAHOHIUYHA

dmi Yi
dx™i

1
:fz (x,ylayia'-'aygml )a'-'aynay;m"'?yr(zmn 1)) (193)

ge (19.1), (19.2) — cucremu n-ro mopsiky, a (19.3) — cucrema
(m1+ma + ...+ my)-ro NOPsAJKy.

Cucrema (19.3) 3Bopurbes g0 Burvisyty (19.1), sikio BBecTn HOBI 3MiH-
Hi, ITOKJIQ/IaI0YM iX PIBHUMHU BCIM TIOXIJIHUM, 1[0 MICTSIThCH y HpaBiil 4da-
cruHi piBHOCTI (19.3).

Oyuxuis Y(x,y1,y2, - ..,yn) # const € inmezpanrom cucremu (19.1)

('M o oy o >
d = —l— —fo+...+—fn) dr=0. 19.4
Pl19.1) <3 o -—h f2 0. (19.4)
Cuissignomenus (z, Y1, Y2, ..., Yn) = C, ge 1 — inrerpan cucremu, C —

JIOBLIIbHA CTAJIa, HA3UBAIOTH NEPUUM THMEZPAAOM CUCTNEMU.
IaTerpamm 1,9, ..., Y OYHKIIOHAJIHPHO HE3aJI€XKHI, AKIMNO BiJIOBII-
Ha IM Mampuysa Hxobi HeBUPOKEeHA, TOOTO



139

o1 o o
or oy1 ' Oyn
0o OY oY
rang (9_12 8_1112 Wj :ra’ng<D(¢l?¢25"'awk)>:k'
: O D(z, 1, yn)
Ny 0P Oy
dx  Oy1 "' Oyn

CykymnHIiCTh N He3aJIeXKHUX IepriuX iHTerpaii cuctemu (19.1) nasubae-
ThCH 11 332AADHUM THNEZPAAOM.

2. Posrsinemo ocHOBHI MeTosu inTerpyBanHs cucteM (19.1)—(19.3).

2.1. Cytb Mmemody sukaOuerns TOIATAE Y 3BEJCHHI CUCTEMU MLIIs-
xoM JuepeHIifoBaHHs OJTHOTO 3 PIBHAHB Ta BIIOBIHIX MEPETBOPEHD JI0
OJTHOTO JM(DEPEHITIATBHOTO PiBHSIHHS.

2.2. Memod itnmezposnux Kombinayit 10JIArae y 3HAXOIPKEHH] TaKUX
mudepeHIiaJbHNX PIBHAHB, SKI € HAC/IKAMW PiBHAHb CHCTEMHU 1 JIETKO

IHTErpyoThCA.
ITpu ckuasansi iHTerpoBHUx KoMmbiHanii juisi cucrem y dopmi (19.2)
YacTO BHKOPUCTOBYIOTBCS BIIACTHBOCT] piBHEX Jpob6iB: skmo ¢k = 32 =

=...=§2, T0 Jyia JOBUTbHUX k;, (i = 1,n) cupasesymBa piBHiCTH

n

ap _ az an  kiar + ...+ kpay

b by by kibi 4 ...+ knby

2.3. Memod nocaido6nozo inmezpysants, 3a JOMOMOIOI SKOTO BIAE-
ThCs PO3B’SI3aTH CHCTEMH B HOpMaJIbHiil ¢dopmi

dy

dr = ful®, yn).

dyr dysa
dr = fl(xayl)’ dx = fQ(xa y2)7 sy
st bOro JTOCUTh PO3B’sA3aTH KOXKHE PIBHAHHA ITi€l cuctemu. MeTtos

BUKOPHUCTOBYETHCSA TAKOXK JIJISI CUCTEM TPUKYTHOTO BUTJIATY

dy1 dy2 dyn

dx = fl(xu yl)a dx = f2($7y17y2)7 T = fn(xa Yty .- - 7yn)
IHTerpyBaHHS BUKOHYETHCS IIOCJIIIOBHO, 3HAUICHUI PO3B’A30K IIiICTABIIS-
€ThCsl y HACTYITHE PiBHSHHL 1 T.JI.
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2.4. Cneyiarvhi aHAATMUYHT MEMOoJU, sIKi 3aCTOCOBYIOThCH JI0 JIIHIHA-
Hux cucreM (jguB. §20-22) Ta cucreMm 3i crenudiYHUME BIACTUBOCTSMH.
Hamnpuknan, cucremy apyroro nopgaiaxy

dr dy

o =), L=y (19.5)

MpaBi YaCTUHU KOl HEMIEPEPBHO JUGEPEHITIROBHI Ta 33JI0BOJIBHAIOTH YMO-

eu Kowi-Pimanra
ou B ov ou B ov

ox 0y’ Oy o«

JIEKO IHTErpyBaTH, SIKIIO JOMHOXUTH JApyre piBHsiHHs (19.5) Ha ysiBHY

(19.6)

omurummo i (i = —1) Ta ckiactu orpuMani piBHsHHS. JlicTanemo
d(x + zy)
—— =u(z,y) +iv(z,y).
dt
Hoknayatoun z = x + iy i spaxosyioun (19.6), maemo % = f(2).

OcranHe pIiBHAHHS IHTEIPYEMO, a IIOTIM, BiIOKPEMJTIOIOYN JHHCHY Ta
VSBHY YaCTUHU, OTPUMAEMO 3araJibHUN PO3B’S30K.

ITpuxnaad 1. Posw’a3atu cucremy d Y4+2=0, 4 = +y=0.
Poss’azanns. CKOPUCTAEMOCS METOIOM BI/IKJIIO‘{eHHSI ZLJI;{ IHOTO, JTH-

depenIiito0Yn nepiie piBHAHAS CUCTEMU, 3HAXO MO d$3 + =0, japyre —
g—; = —y. Orxke, cucreMi BiJIOBia€ JiiHiliHE PIBHAHHSA TpeTboro TOPAJIKY
Ay

— ’ 2 .
75 — Y =0, pO3B’A3KM SAKOTO JIETKO 3HAHTH:

y:e% C’lcos?x—i—Cgsin?x + Cse”.

Hpyry 3miaHy z = z(z) 3HAXOAMMO WHiCJs MiJCTABISHHS 3HAIEHOrO
BUpa3y JUId Yy y Jpyre PIBHAHHHA CUCTEMHU 3 HACTYIHUM iHTErpyBaHHSIM.
Hicranemo

C1f V3 L« [(Cy V3 . V3 .

z
z=e€ 2 —l——C’g COS7$+6 2 | —= — —C | sin —xz — Cs¢e”.



§19. 3azaavri numarnns. Memodu poss’asysarns 141

’ @ _ z dz __ Y
ITpuxaad 2. Posp’szsatn cucremy 2 = o2 A = g
Poss’azanns. CKOPUCTAEMOCS METOJOM IHTErpOBHUX KoMmOiHarii. Jlis
3HAXO/PKEHHS IHTErPOBHUX KOMOIHAINH 1IO/I/IMMO TIepIiie PiBHAHHS HA JIPY-

re. /licranemo % = % — mepma igTerpoBHa KoM6inamis, y2 — 22 = C) —

nepmwnii iHTerpas cucremu. BigHABIM Bij n€PIOro piBHSHHS JIpyre, Ma-
. . . d(y—=z

TUMEMO JIPYTy IHTErPOBHY KOMOIHAIIIIO % = zly, a OTKe, U I1Ie OJIMH

mepmmii imTerpan cucremu (y — z)? + 2z = Co. JIerKo mepeKOHATHCS, IO

inTerpam 1 = y% — 22 Ta 1Py = (y — 2)? + 2 Hesanexni. Crpasi,

0 2 -2
rang (_22 23 0y —z2x) = 2, ockinpkm y # 0, z # 0.

TakuM YMHOM, MH OTPUMAJIU 3arajlbHuil IHTErpas CUCTeMI
2 _ 2 2
y —22=C1, (y—2)°"+2z=_=Cs.

ITpuxaad 3. Ilepesipuru, un € GyHKIT ¥ = tx, ¥y = ty + 22 iHTe-

d 222t .
rpajiaMu CUCTEMU ‘fl—f =—%, % = . Un nezanexui i inrerpasm?

Pose’azanna. na dysknii ¢ = tr maemo:

awldtﬁ—(%}ld +3¢1 dy =

ot ox oy
x
=xdt+tder=xzdt+1 (—;) dt =xdt —xdt = 0.

dipr =

st 1o = ty + z2:

_ Ot 3¢2 - Ohe

d —=dt dy =ydt+2xder+tdy =
g = 2 + = o 3y y=ydt+2xdr+tdy
22 — ty 2z2 222
=ydt+2 (——) dt +t ————=dt = -+ — = dt = 0.
=ydi+2z(— + 2 <y el y)

Tomy koxna 3 dyHKIINl Y] Ta W € inTerpasom cucremu. CKJagemMo

_D(wl,wQ)_ X t 0
T Dty \y 20 t)

MaTpuio fAkobi



142 Cucmemu dupeperuiasvHuT pieHAHD

Ii rang = 2, ockinbku t # 0. 3BijgKYU BUIJIUBAE, IO 1, P2 — HE3AJIEKHI,
tomy tr = Cy, ty + 22 = Cy (C1, Cy — joBinmbHi cTasi) € sarajgbHuM
iHTerpajoM CHCTEMH.

3BecTH 1MO/aHI PIBHAHHS UM CUCTEMH JI0 CHCTEM y HOPMaJibHi#l dopmi:

956. y’” —y=0. 957. y) + 22y = 0.
958. 4 dtQ + K%z =0. 959. 3" —2=0, 2" +y=0.
960. v — 2 =0, 232’ — 2y = 0. 961. 2y + 3y +xy = 0.

IlepeBipuTn, 4u € 33MaH1 QYHKIN iHTErpajlaMi CUCTEM:

dr _ z°—1
962. g; v 01 = 12 4+ 2xy; o = 22 — ty.
dt ;

de _ Ty 2
dt ’ — 2,. — Y
963. ¢ 0y 9. p1=xlny —z%y; o2 =27 —2Inz.
de _ dy _ dz _ _ du. — yy —
964.y— T = =5 p=yz—ux.
. .. r+y
965. IlepesipuTu, un € He3aJeXKHUMM LEPIi iHTErpau - — = C1 Ta
22y de _ dy _ dz
oy = (3 cucremn ¢ = =5
SHallTn HE3aJIEXKHI IHTErpau CUCTEM:
dv _ _dy _ dz d_x _dy _ dz
966. <~ = v = 967. —y—$+y.
de _ dy _ dz _dy dz
968. z  y ~ 0° 969. cosy cosx ~ coszcosy’
dz . dy _ dz
970. % = ) 0

Posp’asatn cucremu qudepeHIialbHIX PIBHIHD:

_ 2/:2_21
971{*” v 972.{;2‘” y -2tk

— Z _ 2
z—x Y.

1 y? " — 92
973. { Y= 974. { v =
Z

Z=y+1.
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! LTy
975. { y=¢ =

Z/ — _ 2z

2x—22"

!/
976. { v =Y+

T z2
/! _ z+eY /
Y = Fe Yy ==z,
977. { A, o78.4 "3
= Y’
de _ dy _ dz de _ dy _ dz
979'a:_y_z' 980'x_0_z
de _ dy _ 2dz de _ dy _ dz
981'\/5_@_1 982 Yy =0 =
983, Lo — _dy _ dz_ 984, I =l — __d
mz—ny nr—Ilz ly—max Tz yz xyVz2+1
dx . dy _ dz
985 i T T T )
de  _ _dy _ _dz
986. z(z—y)  yly—=z)  y -azz
dv _ _ dy _ dz dv  _ dy _ _dz
987. T Ty T 2 988. pea il

Poss’azaru 3anaqi Kommri:

de _ 2 2
989.{ g7V 0)=0, y(0)=1.

a = —2xy;
dx —x
= =e " Ccosy,
990. { %: e Tsiny: z(0) =1, y(0)=0.

Posp’a3aTu cucremu, nepeKOHABIIUCH, MO BUKOHYIOThC yMoBu Korri-
Pimana:
dz — o+ ax? + 202y — oy?
991. at Y Yy Yy,
Y = —x — Ba* + 20y + Py*.

?1_? = _%('%3 - ‘ryQ)v

992, & oo :

a = —a(3r%y —y7).

993. Hexait y = u(z) + iv(r) — KOMIIEKCHUII pO3B’'s130K piBHAHHA Pik-
Kati i = y? + q(r). Hamcaru cucreMy mudepeHTia bHAX PIBHAHD, AKa
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BusHavae GyHknil u(x) ta v(x).
994. JloBectu, 110 B 06J1aCTi, SIKa MICTUTb OCOBJIMBY TOUKY THILY <BY30JI»
abo «POKyC», IJIsT CUCTEMU

dx dy

> _p A

o = Play), — =0y

He MOXKe iCHyBaTu nepnioro inrerpana surisgy ¢(z,y) = C 3 Henepeps-
HOIO (DYHKIE ©, 0 # const.

§ 20. JJTHIMHI OAHOPITHI CUCTEMHA

1. MHoxxuHa po3B’si3KiB JiiHiliHOT ojHOPiHOT cucremu (JIOC)

‘;—f — A(t)a, (20.1)
e x € R", t € I, A(t) — KBagpaTHa MATPHIE N-TO HOPSJKY 3 Hele-
pepBHUME Ha | KOMIIOHEHTaMM, YTBOPIOE JiHiiHMM mpocTtip. Posas 6a3ucy
B HboMy Bukonye OCP.

Marpumgo X (t), croBunsivu sikoi € po3s’sizku, 1o yreopoiors PCP,
Ha3UBaIOTh PYHOIAMEHMAADHON MATNPUYEI0. 3aTAJTLHAN PO3B’SI30K CHUCTe-
mu (20.1) MoXKHA 3amucaTH y BUIVISAI

2(t) = X(4)C, (20.2)

qe C' = (C1,Cy,...,C,) — BEKTOpP, KOMIIOHEHTAMH SIKOTO € JIOBIJIBHI CTaJ.

Axmo X (¢,t9) — dynmamenTanbaa marpuns cuctemu (20.1), HopMoBa-
Ha B Touni to: X (to,to) = F, ne E — opuanvHa MaTpuns, (Taky MaTpPUILO
Ha3MBAIOTH MaTpunanToM cucremu (20.1)), To Toil po3s’si30k 3asaui Ko
3 MOYATKOBOIO YMOBOIW Z(tg) = x(y Ma€ BUIJIs

m(t) = X(t, to)l‘o. (20.3)

Axmo X (t) — dbynaamenranbaa marpuns, To X (t)C, ne C' — HeBUpOKe-
Ha MaTPUIH, TAKOXK € (PyHIAMEHTAIbHOK MATPHIECIO CUCTEMHU.
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2. Posp’sizku 1(t), wa(t),...,, ¢n(t) cucremn (20.1) yrBOpIOIOTH
@®CP roui i Tinbku Toxi, Ko ix Bu3HauHMK Bponcbkoro W (t) Bipmin-
HU Bix Hyss npu t € I, To6TO

e11(t) w12(t) ... na(?)
W(t) = det pi2(t) en(l) ... enall) £0. (20.4)
o1nlt) oamlt) . ounlt)

Juisi BusHaunwka Bponcekoro cmopasejgmBa dopmyiia  JliyBimis—
OctporpaicbKoro—Axkobi

t
W (t) = W(to) exp / tr A(r)dr | | (20.5)
to
Jie tr A(T) — cJiijy MaTpHI CHCTEMHL.
3. Byap-ski (n + 1) poss’sizkiB cucremu (20.1) miniitHo 3anexHi. 3a-

nada nobygosu JIOC (20.1) i3 saganoto PCP {p1(t), p2(t),...,on(t)}
PO3B’SI3y€e€ThCS 3a JOMMOMOTOIO CITIBBIIHOIIIEHD

dry  de  dpgg dpn
dt dt a7 dt
L1 ¥11 ¥21 s ¥nl
det ) ¥12 ©22 . ©n1 = 0; k= 1, n. (20.6)
In P1in Yon ..o Pnn

ITpuxaad 1. IloGynysaru QyHJAMEHTAJbHY MATPHUIIO CHCTEMU
fli—f =y, % = t%x 3ualiTi TakoXK HOpMOBaHy B Touli tg = 1 dyHa-

MEHTAJIbHY MaTPHIIO.

Poss’azanns. 3agany cuCTEMY JIETKO PO3B’sSI3aTH, 3BIBINM i1 0 JIiHIH-
HOT'O PiBHSIHHS JIPyroro nopsiyiky. Jljist mporo gudepeHiioeMo nepiie pis-
HAHHS CACTEMH Ta IJCTABIIEMO 3HAYEHHHA ‘fl—? 3 gpyroro piBHsaHHA. [i-

cranemo piBHanHeA Eitnepa t2z” — 2z = 0, aKe Jerko poss’asatu. Maemo
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AA—=1) =2 =0, sBinkn A\ = —1, A» = 2. A omxe, 7 = C1t2 + &2,
y:ft%(Clﬁ—l—%) dtZQClt—%.
Bammmemo jany cucremy y Burism (20.1)

d [x 0 1 x
#0)-(0)0)
Jlerko 6aunTH, MO MHOXKWHY PO3B’SI3KIiB Ii€] CHCTEMU MOYKHA, 3alMCATH Y
dbopmi
()62 )
y] \2t —t% Cy )’

C1 , 2 1
Je o] BEKTOP JI0BlIbHUX cTasmX. [Ipu mpomy of 1 | — HEBHPO-
X _1

JKEHA MaTPUIld, TOOTO
1
det o L] =-3#0 (teR).
T2

CroBuri 1i€l maTpuri € po3s’a3kamu cucremu. Crpasi,

o) ()0 ) ()
) (o) () -a ()

FroT—

2 1
Orxe, X(t) = <2t t1> € dyHIaMEHTAIBHOI MATPHUIEIO 33J1aHO0I CH-
2

CTEMU.

Juist 3HAXOKEHHST HOPMOBaHOI B To4mi tg = 1 dyHmaMmeHTaIpHOI Ma-
TPHI CHCTEMH CKopucTaeMocs TuM, mo Xi(t) = X (¢)C, ne C' — crana
HEBUPO/PKEHA MAaTPHIA, TAKOXK (DyHIaMeHTaIbHa MaTpHIls cucreMu. Ma-

X (1) = t2 % a b) at2+§ th—{—%
BT e L) e ) T \2at- 5 2w &)
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at+c b+d
20 —c 2b—d

Bumaratoun, mo6 X (1) = (

anpu t =1

1), JicTaHEMO CHCTEMY a + ¢ = 1,

0
b+d=0,2a—c=0,2b—d=1, 3 gxoi a—%, b=
Omxe,

,d=—

wlw
wl»—l

o.m—t

HOpPMOBaHa B Toumi tg = 1 dpyHIaMeHTaJbHa MATPHUII.
ITpuxaad 2. Ilobyuysaru JIOC, pyHpamenTaabHa CUCTEMA, PO3B’SI3KIB

AKOL
(1 + x) (2)
Y1 = P2 = .
x x
1 2
Pose’sazanns. Bpouckian Wp1, @o] = det e =z+2?-27 =
r

= x(x — 1). Orxke, mykana JIOC Burisay (20.1) icHye Jsinine y BADAJKY,
ko [ He mictuTh TOUOK g = 0, xg = 1. Ilobynyemo, nampukaas, JIOC
i3 3ayianor0 PCP na [ = (0, 1). yist poro BUKOPUCTAEMO CIIIBBI/IHOIIICHHS
(20.6). ITosnauwmBmM 3MiHHI, gKi yBiiigyTh 0 cucTeMu, BignosigHo y(x) i
z(x), JJIst IepIIoro piBHSAHHS CHCTEMH JIICTAHEMO

dy
det | 2 L 0 a0 W __1 2
e = abo — = — z
y l+z 2 dz  z—17 z(x—1)"
z T T
a I APYTroro
dz
— 1 1
dzx dz 1
det y 14z 2 =0 abo %:Ez.

z X x
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Takum 9MHOM, NIyKaHA CUCTEMA MA€E BUIJIS]L

de 17 z(x—1)"" dr =z

995. 3naiitu @CP, HopMmoBaHy B Touti tg = 0, /uist cucreMu

dx

t dy +
— =pxr — — =qx .
di b qt, q by

dt

ITo6ymysatu ®CP, nHopmosani B Touti zg = 0, /iy cucreM:

d d d
996, { &t =Y~ 997. | dr =2 ggg | @ =%
3—5222—2@ g—fc:Zz. dz _

999. Binomo, mo x1(t) = —sint — <L, yy(¢) = < — posp’szok cucremn

Z =
dyHIAMEHTAIIbHY MATPHUIIO CUCTEMHU.

PIBHSIHB (‘}f/ t " 3HaiiTh BCi pOo3B’I3KH Ii€l CHCTEMH. 3alucaTi

[Mo6ynysarn JIOC, sika mae 3agany @CP {1, p2}:
1000. ¢1 = (€3%;0), g = (0;€2%).
1001. ¢; = (e37;0), (ze3e;
1002. o1 = (1;—x), 2= (z;1).
1003. o1 = (€3%;0), = (0;€37).
1004. ¢; = (cos2x; —sin 23:) 2 = (sin 2z; cos 2x).
= (

1005. o1 = (1;2), g = (x;1).
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§ 21. JIIHIVHI OTHOPITHI CUCTEMU PIBHSHbD
31 CTAJINMU KOE®IIIEHTAMU

3arajpbHEMH MeTOAaMu po3B’sa3annga JIOC

% = Ax (21.1)
3i crasioro MaTpurielo A € MeTou BUKJITIOUeHHs, Eilslepa Ta MaTpUIHMIA.
Memod eukaouenns nonsirae y 3sepenni JIOC (21.1) mgo JIOP n-ro
LOPSIJIKY 1JIAXOM JinepeHIiIoBaHHs OJIHOIO 3 PiBHsiHb cucremu (21.1) 3
HACTYIIHUM BUJIYYE€HHAM YCiX 3MiHHUX T;, KpiM OJTHI€l.
3a memodom FEiaepa poss’sizku JIOC (21.1) 6ymyemo y Bursii

-

x = eMh, (21.2)

Jie A\ — BiacHe 4ncio MaTpurli A, To6TO € Po3B’SI3KOM XapaKTEPUCTUIHOTO
PiBHAHHHA
det(A — \E) = 0; (21.3)

-

h — BiIacHW# BEKTOP, IO BiJIOBIA€ BIACHOMY UHCIY A.
Po3pi3HsAOTh TPU BUIIAJIKHU:
a) Bci pos’sisku A1, Ag, ..., A\, piBHaaHA (21.3) mificHi i pisHi (\; # A

L\n
upu i # j). Toxni cucrema dbynkuiit {e)"'thi}. . yrBopioe PCP s JIOC
1=
(21.1). 3arasbunit po3s’ssok JIOC (21.1) mae Burusy

r=Y Cie*'h, (21.4)
=1

je C; — nosinbHi cragi, i = 1,n.

6) Posp’sizku pisusinns (21.3) pisHi, ase cepes Hux € komiuiekcHi. He-
xalt A2 = a+ib. Toxi no ®CP ysiitnyTs milicnosHauni poss’askn JIOC
(21.1)

1 = Re <e(“+ib)tﬁl) , To=1Im <e(“+ib)tﬁl) (21.5)

e hi — BIlacHMIi BEeKTOp MaTpuIi A, o Biamosimae i1 BJIacHOMY 4HCITYy
)\1 =a +1b.
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B) CepeJ; po3s’si3kiB piBasinHs (21.3) € kparhi. fkio A — kopiub piB-
HsinHs (21.3) kpaTHOCTI K, TO CJIiJ| BUBHAYNTH KUIBKICTH JIHIAHO He3ase-
JKHUX BJIACHUX BEKTOPIB MaTpuii A, 1o BiAIOBIJAIOTH BJIACHOMY YHCITY
\. Ix KinbKicTh BU3HAUAETHCS CIIBBLHOIEHHIM

l=n-—r, (21.6)

Jie n — nopsyiok cucremu (21.1), r = rang(A — \E).

dAxmo [ =k, To dyHKIl {e’\tl_z;i}rf yBiiiayTs 10 @CP.

Axkmo [ < k, To B 3arajapbHOMY pozszBl’ﬂsKy JIOC kopento A Biamosimae
6u10K (sikmit cam Takox Jae po3s’sizok JIOC (21.1)):

z1=(a+bt+ ...+ gth7l) M
.............................. (21.7)

Koediujenrn a,b,...,q,p,q,...,S 3Haxoa:Th nijcrapiasinasam (21.7) B
(21.1) 3 HaCTYTHIM TPUPIBHIOBAHHAM KOeDINieHTIB NOMIGHUX JOIAHKIB JIi-
Bol i mpaBol dactuau. llpm mboMy micTaemMo cucTeMmy JIHIAHEUX ajredpai-
9HUAX PIBHSIHBb BIHOCHO @, b, . .., S, Kl 3aJie2kaTh Biji k JOBIJIBHUX CTAJIHUX,
Je k — KkpaTHiCTh KOpeHsT A.

Mampuunuti memod inrerpyBanus JIOC (21.1) rpynTyeThes Ha Ges-
ocepeTHOMY 3Haxo/KeHHI dyHamenTaapHol Matpui X (¢) JIOC (21.1)
MATPUYHUME METOJ[AMU.

Marpumgo X (¢) mykators y BUriIsijii

X(y) = e, (21.8)

Je
M B LA+ EA L lA (21.9)

HpI/I IIbOMY KOPHUCTYIOTHCA BJIaCTUBOCTAMHU ManI/I‘IHO'I' CKCIIOHCHTU:
1. dkmo AB = BA, 10 eAtB = ¢AeB = B4,
2. Axkmo A=T"1JT, r0o e =T 1e/T.

At

MaTpuyHy €eKCIIOHEHTYy e’ 3pyYHO NIYKaTH, BiAITOBXYIOUNCH BiJ

JKOP/IaHOBOI HOpMaJIbHOI (popMu MaTpuri A:

AJ = dla’g{‘]kl()\l)a Jk:g ()‘2)5 ceey Jk’s ()\s)} )
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je Ji,(A\i) — xuiruna 2Koppana k;-ro nopsiiky, 1o Biinosijae BiacHOMY

n
ancay A; marpumi A, Y ki =n.
i=1

OTxke,
At — diag {e%(mf, e Ot oIk (W} , (21.10)
Je eVt = AE+DE e’\te“; F — oguHWYHA MATPUIT;
010 ...0
001 ...0 ,
I = 1 — HWUJIBIIOTECHTHA ManHHH.
000 ...0
Tomy
eM e L. %e”
At tv At
e | 0w | (21.11)
0o 0 ... eM

Posrusinemo nocsiigioricts Aiit upu poss’sizanni JIOC (21.11) marpu-
YHAM CIIOCOOOM:

1) posp’sisyemo piBusiHHs (21.3) Hay monem C;

2) zanucyemo A 3risHo 3 TuM, mo rang(A — AE) =rang(A; — AE);

3) 3HaX0 MO MaTpHIO 1epexosy 1’ 3rijHO 31 CuiBBijHOIEHHSM

TA = AT; (21.12)

~1.
4) snaxomumo T

Ayt

5) sHaxomumo e“/', BukopucToBytoun juis 6JokiB (kiaituH 2Kop/iana)

dbopmymy (21.11);

6) snaxoammo e

fK JIOOYTOK TPHOX MaTPUILH
el = Tl (21.13)

Maroun dynmamentanbay marpumo JIOC (21.1) y Burnsazni (21.8), 3a-
raJbHUI PO3B’SA30K Ii€l CHCTEMU MOXKHA TOJATH y BULJISA

x=eC, (21.14)
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ge C = (Cy,Cs,...,C)) — BEKTOP JOBLIBHAX CTAJIUX.
Posp’siz0k 3ajaui Komi 3 nowarkosoio ymosowo z(0) = z( HabyBae
BUTJISTY
x = el (21.15)

Jlanmgoxkok neperBopenb 1)—6) MOXKHA JI€II0 CKOPDOTUTH, B3sIBIIH JIO
yBaru Toii (bakKT, IO TPAHCIOHOBaHA ;0 MaTpuii X Marpunsg X! e
PO3B’3KOM MATPHYHOI'O PiBHSHHS

dx”
—— =XTAT, 21.16

7 (21.16)
dAxmo npu nbomy AL - xoppanosa HopmasnbHa dopma Marpuni A Taka,
10 A§ = SATS™!, ne S — HeBHPOKEHA MATPUIS IIEPEXOJY, TO, 3Jili-
cauBm B (21.16) nijcraBisiHas

XT =178, (21.17)

JICTaHEMO
dz
o= Z(SATS™1) = zAT, (21.18)
3Bigcu cmoci6 poss’szanns JIOC (21.1) (mobymoBu X (t)) Mae BULIs;:
1) 3anucyemo marpuuse piBasinas (21.16);
2) 3HAXOAMMO A?; i MmaTpuIIo mepexoxy S;
3) 3HAXOAMMO MATPUIO Z Y BHUIJIsII

7 = el (21.19)

4) nizcrapisiemo marpuni Z ta Sy cuissijHomenus (21.17);

5) Tpancdopmyemo 3;100yTy MaTpuio X (t).

Posp’szyBanns JIOC meronom Eiiniepa nasejeno B po6ori [10, upukia-
Jwm 4.32-4.35|, marpuunnm merogom — tam ke [10, upukiasaun 4.39, 4.40].

PosryiigHeMO OCTaHHIA 13 3aIPOINOHOBAHMX MAaTPUYIHHI METOJ PO3B’s-
sanas JIOC.

ITpuxaad 1. Posw’szatu cucremy

T =6x — vy,
Y =3z 4+ 2y.
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Pose’szanns. 3anuniemo marpudse piHsinas (21.16) BijguosigHo J10
3a/]aHOI CUCTEMHM:

dXT:XT 6 3 AT _ 6 3
dt -1 2 ) -1 2 )

Maemo xapakTepuctiyne piBHAEHE A2 — 8\ + 15 = 0, KOpEeHAMHE HKOTO €
3 0

A1 =3, )\2:5.T0MyAT:<O .

) . 3 piBrOCTI AgS = SA”T 3maxoaumo

MaTpHUIo S':

3 ED-CI0 Y- =0

3t 0

Ockinbkn  Z(t), srimmo 3 (21.19), mae purnan Z(T) = 60 5t |7
e
3t 3t 3t 5t

T B B e 3e B e e .

TO X (t) = Z(t)s == €5t €5t . OT}Ke’ X(t) - <3e3t e5t> 1

z = Cre’ 4+ Coedt, y = 3e3C + %Oy — 3aranpHmii po3B’a30K 33aHOT

JIOC.

Posp’sizaTu cucreMu MeTOIOM BUKJIIOUEHHS (4 O3HAYAE % iTm):
5 — . y = 0'
1006. { © 7Y 1007.{ Y7
1008. { Y% 1009. { T T Y
z=1. y=2x+2y.
T =5x — 6y + 2; T =2x+y;
1010. { g=a—» 1011. { § =2y + 2

z = —6z. z=2z.
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Posp’sizatn cucremn meromom Eitmepa:

1012. ¢ Y=Y~ 1013.0 V=W EE
=4z — 4y. z = —6y — 3z.
1014, 9 V=2 3% 1015, 0 V=Y
z =3y + 2z. z =06y — Hz.

T =3z + 12y — 4z;
Yy=—-x—3y+z 1017.
z=—x — 12y + 6=z.

T=2r—y—2;
y=12x — 4y — 122
z=—-4x+y+ 5z2.

T =21z — 8y — 19z; T=x— 2
1018. y = 18x — 7y — 15z; 1019. Y =2y — 6+ 62;

1016.

z = 16z — 6y — 152. z=4x —y—4z,

(M =X=0, A3 =-1).
T = —3x + 4y — 2z;
Y=+ 2z 1021.
z = 6x — 6y + 52, z=2z—x+y,
()\1 =1, Ao =2, )\3:—1). ()\1 =0, )\2:)\3:1)‘

T=2r—y—2;

1020. Yy =3x — 2y — z;

T=y—2z—ux;

1022. < ¢y =4z + y;
z=2x4+y—z,
A =1, A=X3=-1).

Ilo6ynyBatn @CP, HopMOBaHi B TOUI HYJIb:

Y= Q- P .
1023. ! Y 7Y 1024, YTYTH

z=2z. z= -5y — 3z.
1025. 0 V7Y & 1026. 4 VT2

z=2z—Y. z=19y4+2z.

BHalTH MATPUYHY €KCIOHEHTY e‘f:

1027.A:(O 1). 1028.A:<0 1).
1 0 -1 0
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1029. A = 50 . 1030. A = 5 0 .
0 3 0 -2

1031. A = 21 . 1032. A = -2 4
0 2 12

1033. A = 1034. A =

o O O
o O =
N OO
S O W
S N =
N = O

Pose’s3aru cucremu & = Ax MATPUYHUM METOJIOM:

1035. A = =2 ) 1036. A = 3 2 )
2 -3 4 -1

1037 4= (1 1), 1038. 4= (2 7).
2 0 0 3
1039. A= (2 O ). 1040. A= (2 %)
0 —1 0 2
2 -1 -1 -1 -2 2
1041. A=|1 0 -1]. 1042. A= | -2 -1 2
3 -1 -2 -3 -2 3
3 -3 1 11
1043. A = 3 =2 2. 1044. A = 1 1 0
-1 2 0 -1 0 1
-2 1 2 01 —1
1045. A= | -1 0 2. 1046. A= |1 0 -1
—2 0 3 2 2 =3
4 2 =2 2 0 -1
1047. A= |1 3 —1]. 1048. A=|1 -1 0
33 -1 3 -1 -1
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Buaiitu det e, e oGuncioUn Marpumio e
2 3 5 1 4 2
1049. A=1|1 —4 3]|. 1050. A=|5 1 -3
5 9 3 7 0 -2
8 5 —4 9 0 3
1051. A=1|1 -3 9 |. 1052. A=10 -6 8
3 2 —4 1 5 =2

Posp’sazaTn cucremm, 3BiBIIM iX 0 cHCTeM 3i cTaJuMu KoedilieHTa-
7
MU 3aMiHOI0 He3asexkHol 3minnol ¢ = [ ¢(z)dx, ne ¢(x) — raka dyHk-
nig, 1mo koedimienTn a;; (r) cucremMm 3aJJ0BOJIBHSIIOTH CIIBBI/IHOIICHHS
a;j(z) = bjjp(x), bjj — cramni:

dy _ o, . 2y — _y 9y
1053. § “@ —F Y 1054, { Cdw YT E
Yo, =~y — 3z o =3y +4z.

2/l =2y — 2;
1055, § Vi@ =25

Pozp’sizatu cucremu Buriisiy

alom(”) + anx(”*l) + ...+ apx + bloy(”) + buy(nfl) 4+ ...+ blny = 0;
agox(n) + azlx(”_l) + ...+ a9 + bgoy(n) + bzly(n_l) 4+ ...+ by =0,

3aIMCABIIN XaPAKTEPUCTUIHE PiBHAHHS y dHopmi

aioA\"™ + an)\n—l +...+a1n, bioA" + b11/\n_1 + ...+ bin .
agg A" + agl)\”_l 4+ ... 4+ ao, by + b21)\n—1 + ...+ by

i po3B’sazaBmm #oro. 3acrocyBatu Meto Eitnepa:

i — 22 — 3y i = 32+ dy:
1056.{‘” T 1057.{95 T+ 4y

y=z—2y. Yy=-—x—-Y.

.y s o
1058.{96 Ys 1059.{x+x+y y="un

ij = —2z. i—g4+az=0.
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1060. :1:— 2y"+y.+x—3y:0; 1061. ac‘— 2g{+2x=0;
49— 2% —x — 2z + by = 0. 3z+y—8y=0.

Poss’azaru 3anaqi Kommri:

1062, { &= 209y w(0)=
y=x4+8y; y(0)=1.

1063. &= Sr -y 20 =1
y=z-y;  y0)=1

1064. 3?23x+8y; x(0) = 6;
y=-z-3y; y(0)=-2.
t=y+z z(0)=-1;

)
1065. ¢ y=xz+z2; y(0)=
' )

§ 22. JIHIMATHI HEOTHOPIJTHI CUCTEMU PIBHSIHb
31 CTAJINMU KOE®DIIIEHTAMU

1. BaranpHuil po3B’s30K JiHiitHOI HeomHOpiAHOI cuctemu (JIHC) 3i cra-
JmMu KoedirieHramu

d
&~ Az + (1) (22.1)
dt
MOXKHA TIOJIaTH Y BUIJISAJ CyMU
T =7+17, (22.2)

Je T — 3araJbHUi PO3B’SI30K BiAIMOBIIHOT OMHOPITHOT cuCTEMH, T — JAOBILIHb-
HUil YaCTUHHUA PO3B’s130K HeojHOpPiHOI cucremu (22.1).

Jluisi 3HAXOJKEHHSI YACTUHHOTO PO3B’SI3Ky & HEOJHOPIIHOI CuCTeMu
upu Oyap-sikiit HemepepsHiit dynknil f(f) MOXKHa KOPHCTYBATHCS METO-
JioM Bapiamii fgoButbHUX cTajux. CyTh HOro mojisira€ B TOMY, IO YaCTHH-
HUI PO3B’A30K I HEOIHOPIIHOI CHCTEMH IIIyKaloTh y dopmi, iHBapiaHTHIi
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JIO 3araJibHOTO PO3B’SI3Ky I BiJMMOBITHOT OJHOPIIHOT CHCTEMY, 3aMiHIOIOYHN
JOBiIBbHI cTaji Ha HeBimoMi (OYHKINI, SKi 3HAXOAATH IJICTABIAHHIM T ¥
HEOJTHODITHY CUCTEMY.

2. dxmo dyskuis f(t) € BeKTOpHUM KBa3iMHOIOWICHOM, TO YaCTHH-
HH PO3B’SI30K T HEOJHOPITHOI CHCTEMHU MOXKHA 3HAUTH METOJIOM HEBU3HA-
qeHnxX KoediIieHTiB.

Hexait
F@) = (f1(t), f2(t), .., fu(t)),  fi(t) = Py (t)eT,
jge P, (t) — wHOrounen mopsaxy m;. Tomi dacTUHHEHN pPO3B’S30K
T = (&1,%2,...,Tn) MOXKHA MOJATH Y BULJISAI]

z; = an+s(t)€7t’ t=1mn, (223)

Je m = max{m;}, s — KpaTHICTb 7 sIK KOPEHSI XapaKTEPUCTUIHOTO PiB-
HSAHHS. e

AmnasioriuHo BU3HAYAIOTHCS CTEIIEHI MHOTOYWIEHIB y pasi, komu f;(t) mi-
crare e cos Bt, e sinft, a unciao v = a + i3 € KOpeHeM XapaKTepHC-
TUYHOT'O PIBHAHHS.

ITpuxaad 1. Posw’szatu cucremy

‘fi—f =y — 5cost,

d
L =2x+y.

Poss’azanmns. 3HAXOAUMO 3arajbHUA PO3B’SI30K BiIOBITHOT OIHOPI -
HOI cucTeMu
T = Cleft + 02€2t,
Yy = —Cleft + CQGQt.
YacTuHHAN pO3B’I30K HEOTHOPIIHOI CHCTEMHE 3HANIEMO METOIOM HEBU3HA-
qeHnX KoeillieHTiB.

Maemo f1(t) = —5cost, v He € KOpDEHEM XapaKTEPUCTHIHOTO PIBHSIHHS
A2 — X\ — 2 =0. Orxe, yacTuHHMH PO3B’I30K ITyKAEMO y BUIJIsL

Z = Asint+ Bcost, ¢ =Csint+ D cost.
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IlifgcraBisitoun 1 3Ha4YEHHS y BUXIJHY cucremy, 3Hadijemo A = —2,
B=-1,C=1, D=3. Takum 9uHOM, MU MOXKEMO 3aIMCATH 3araJIbHUIMA

PO3B’30K HEOIHOPITHOI CHCTEME

r=7+%=Cret 4+ Cre® —2sint — cost;
y=y+7=—Cre ! +2Ce?* +sint + 3cost.

ITpuxaad 2. Posp’sa3atu cucremy

do — gy — 2y +2e7?,
Y =3r+4y+e .

Poss’azanns. IlpoinTerpyemo 3agaHy CHCTEMY METOJOM Bapiarii o-
BiTbHEX cTajux. MaeMo 3arajbHUI PO3B’SI30K BiIOBIIHOI OMHOPITHOL CH-
CcTEMU

T = Crel +20ye%;
Yy = —C’let - 30262t.

YacTuHHAN PO3B’A30K HEOTHOPIAHOI CHCTEMU 3HANIEMO Y BUIVIA

=] (t)et + 202(t)€2t;
= —Cl (t)et — 302(t)€2t.

<y &

Oyuknii C(t) i Ca(t) 3HAXOAUMO 3 cuCTEMH

Ci(t)et + 205 (t)e*t = 2e7;
—C(t)et — 3ChH(t)e?t = et
Jicranemo Cf(t) = 8e™2t, Ch(t) = —3e~3!. 3pisxu maemo, manpukiIa,

Ci(t) = —de 2t Oy(t) = e 3. Tomy mykanuit yacTuHHU PO3B’A30K BU-
XiJIHOT CHCTeMU MOXKHA TOJIATU Y BUIJISIL

= —2e7
—t

i

e

<
Il

Takum 9MHOM, MU OTPUMAJIA 3aTAJIbHUN PO3B’I30K BUXIJTHOTO PIBHSHHS:

r = —2e"t+ Cret + 205e%;
y=e"t - Crel —3Cye?.
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3a3HaunMo, IO YaCTUHHUIN PO3B’si30K Ii€l cucremu MOXKHA OyJiio 6
3HAUTH TAKOXK 1 METOJIOM HEBU3HAYEHWX KOeiIlieHTIB.

Posp’asaTn cucremu Meroom Bapiariil JOBIIBHUX CTaJIHX:

R 1 . R 2 .
1066. { “ =T YT st 1067, { LTy L

y=2x—1y. y=—x+tgt.

P = —4r — 2 _2 . P _9 _ 2t
1068.  © T T T AT 1069. { © T rTYTen

y=6x+3y— o= Y = =3z + 2y + 6e“".

Posp’azatn JIHC MmeTonom HeBU3HaUEHNX KOeiIli€HTIB:

1070, § LT 1o71. § LT TA S
Yy =x— 2y + 2sint. y = 3z + 6y.

A — 9
1072. T T — 3y + sint; 1073. T T —y;

Yy =2x —y — 2cost. =2y — x — belsint.

=2z +y+e E=t24+6t+1—y;

1074. . 1075. . 9
Y= —2x + 2t. y=x—3t*+3t+ 1.
i=—z—y+t%
Y=-—y—z+ 2t
z=—z+t.
T =2x—1y; & = 5x — 3y + 2%,

1078. 1079.

y=1y— 2z + 18t. y=x+y+5e L.

=1y + 2e;
=z + 2.

=2z + 1y + 2

1080. ) 4t
Yy =2a+2y— 3e™.

1081.
T =1y —z

J=z+y+t;

i=x+z+1.

1082.

T=2r4+y—2z—-1t+2;
1076. ¢ y=1—ux; 1077.
t=x+y—z—t+1.
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Posp’sszaTn HOCTaBJIeHi 3amagi Kormi:

dx
+ =e —y'
1083. { i ’ 0)= -2, y(0) =1.
{ 2df ((iilt/ _Slnt—2y, .%'( ) 7y( )

dx
= t;
1084. { a =TTy 2(0) = —I, y(0) = 2.

flﬁ—a:—2y+2t

W — 9y — 2t —1,

1085 { 2L — 61—y — 61—t + 3;
dt —

§ 23. ®A30BUI1 IPOCTIP ABTOHOMHOI1
CUCTEMU APYTOIO NOPIAAKY

1. Bexmoprum nosem B obaacti D C R? HasmBaeThcs BimosigHicTs,
AKa KOXHifi Touni z = (x,7y) € D sicrapnsge Bektop f(z) C R?, mpukia-
jennit 1o mei. dxmo f(z) #0, z € D, To BeKTOpHE T10J1€

f(2) = f(z,y) = (P(z,y),Q(x,y)) (23.1)

OJIHOYACHO BHU3HAYAE NOAE HAMPAMIS, SKE MOXKHA 33J]aTH JudepeHIiaib-
HUM PiBHAHHSM

Q(z,y)dx — P(x,y)dy = 0. (23.2)
Ile BekTOpHE 10JI€ 3PYHO IHTEPIPETYBATH $IK [10JI€ MUTTEBUX IIBHKOCTEH
pyxomoi (dazosoi) Tourn z(t) = (x(t),y(t)). 3aKoH PyXy TOUKH OLHCYE-
ThCS ABTOHOMHOIO CHCTEMOIO Jn(EPEHITIAIbHAX PIBHSIHD

i = f(2), <z - %) : (23.3)

st aBroHomuol cucremu (23.3), (23.4) obsiacTs D Ha3WBAETHCT MHOMHCU-

{ = P(,y); (23.4)

noto cmanis (pas) gasosoi mouku abo gaszosum npocmopom. LKio

z=mn(t, zp) — (23.5)
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po3B’s30K 3aza4i Komi jyuis (23.3) 3 nowarkosoto ymosow 7(0,z0) = 2o,
TO OpPIEHTOBAHA BI/IIOBIJHO JI0 BEKTOPHOIO 10Jist f KpuBa, 3ajana (23.5),
HA3UBAETHC Pas06010 mpaeckmopicto cuctemu (23.3).

st menepepsHoro B D BekTopHOro nonst f(z), Takoro, mo f(z) # 0,
z € D, 6yap-sika ¢aszosa Tpackropis cucremu (23.3), (23.4) € inrerpasib-
HOIO KpuBOIO piBHsiHH: (23.2). KoxkHa inTerpanbHa Kpusa piBHsiHHs (23.2),
OpieHTOBaHa Bi/IIOBIIHO JI0 BeKTOpHOTO mods f(z), € Ha30BOIO TPAEKTO-
pieto cucremu (23.4). Touka z, st sikoi f(z) = 0, Ha3sUBaAETHCA 0COOAUBOI0
MOYKO010 6€KMOPHO020 NOAKL (BOHA 2K € 0COBIIMBOIO TOYKOIO JuepeHIiaib-
HOro piBHsHHA (23.2)).

Hust cucremu (23.3), (23.4) Taka TOYKA € TNOAOACEHHAM PIBHOBAZU
(emayionapra mowka, nepyroma mowka), ockinbku 1(t,z) =z, t € R.

VYei nosioxenust pisuoBaru cucremu (23.4) 3HAXOJHATHCS K PO3B’SA3KU
asrebpaiunol cucremu P(z,y) =0, Q(z,y) = 0.

OcHoBHa 3ajla9a IKICHOTO JOCTi KeHHs crctemu (23.4) mossirae y 1mo-
OymoBi (hbazoBUX TpaekTOpiit 1iel cucTemu.

IMoseinka dazoux Tpackropiit (Pasosut nopmpem) cucremnu (23.4) B
OKOJTi 6y/Ib-IKOT TOUKH, IO He € MOJIOKEHHSAM PIBHOBaru, abCoOIFOTHO TIPO-
I'HO30BaHa, OCKibKY jmdepeHniaibae piBHsiHHs (23.3), BijnosijHe cucre-
Mmi (23.4) B okouii Takol TOUKM, He Ma€ HisiKux ocobsmsocreii [1, Teopema
2.10).

Hutst ocmimpkernnst ¢pa3oBux TpaekTopiit cucremu (23.4) B oKoJax mo-
JIOXKEHb PiBHOBAI'M 3aCTOCOBYIOTH METOJI JiHEAPU3aIIil.

Jlineapuzosana Jyist (23.4) cucrema (cucrema nepuioro HabJIMXKEHHs!)
B OKOJI TOUKH 20 = (X0, Yo) Ma€e BUIIIS,

& = Py(wo,y0)(z — 20) + Py(z0,0) (¥ — y0);
¥ = Q%(20,y0)(x — x0) + Q4 (0, Y0) (¥ — yo)-

4= [ Prlwosyo)  Py(wo,yo) ) _ [a b
Q% (z0,90) @y (wo,v0) c d)’

BasexkHO BijT XxapakTepy po3s’si3kiB (Has mosiem C) piBHSHHS

det(A — AE) = A\ = AMA 4 det A = 0, (23.7)

(23.6)

Hexait
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<03 A,<0; Y AiAa<0
[Aal<hal :

Puc.12 Puc.13

Re A=>0

3
il
S

Z =

Puc.14 Puc.15

EN\Y

PO3PI3HSAIOTH TaKi TUIH MOJIOXKEeHb piBHOBaru (¢a3oBi moprpern):

1) A, A2 €R, A1+ Ay > 0 — 6y3oa (puc. 12);

2) A, A2 €R, A - Ay <0 — cidao (puc. 13);

3) ig=atx i, a#0, f#0 — goryc (puc. 14);

4) N2 =i, f#0 — yenwmp (puc. 15);

5) A2 € R, onHe 3 BiacHuUX 4mCest JIOPIBHIOE HYJIIO, HANPUKIAL, Ap=0 —
NPAMA NOA0ICEND pienosazy (puc. 16).

6) \ = X2 =X €R, \#0, npuuomy A € JlarOHAIBHOI MATPHIEIO —
durpumuunud eyson (puc. 17).

7) A1 = A2 = A\, A # 0, xopjanoBa HopMaubHa dopma marpuni A mae

Al
Buran Ay = 0o A supodcenuti 6yson (puc. 18);
0 .
8) Mi=X=0, Ay = 0 0) npama nososdicend pisnosazu (puc. 19).

IIpu no6ynoBi dhazoBux TpaekTOpiii /yist By3Ja, Cijiia Ta BUPORKEHOTO
By3J1a MOTPIOHO 3HANTH cIOYaTKY Ti (pa30Bl TPAEKTOPII, SKi € MBIPIMUMA,
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l]bo V » $ 1.|=A.2:?\.>“ v
=0 ! def (A-AE)=2 !
—
_/
] i
> ¥ X
L
Puc.16 Puc.17
l|=l:=l<0 l|=2.:='] A
def (A-AE)=1 def A=1 ’ %
. %
Puc.18 Puc.19

[0 CIPSMOBaHI B3JI0BXK BJIACHUX BEKTOPIB MaTpuii A. Y BHIAAKY By3Jia
$as30Bi KPUBI JJOTUKAIOTHCS [0 TPSMOI, STKa CIPSIMOBAHA B3/I0BXK BJIACHOTO
BEKTOPA, IO BiJIIIOBIJIa€ MEHIIIOMY 33 MOJLYJIEM BJIACHOMY YHCJIY.

Akmo Re # 0, 1o nosioxkennst pisHoBaru HesiinifiHo cucremu (23.4)
Oysle TOTOXKHHUM TIOJIOKEHHIO PIBHOBAru JiiHeapu3oBaHoi cucteMu (23.6).

Y Bunmajky neHtpa s (23.6) MaTiMeMo TakoX ImeHTp s (23.4),
SKINO TIMBKY Jisd (pa3oBux KpuBux (23.4) Bich cMMeTpii IPOXOAUTH Yepe3
JIOCJIIJPKYBaHy CTaljoHapHy TOuKy. Tak, sikiio pisasinas (23.1) inBapian-
THe BisHOCHO 3aminm z — —z (abo y — —y), TO Taka BiCh cumerpii,
OY€BUJTHO, iCHYE.

Jlng BU3HAUEHHHA HANpPsMy PyXy B370B2K (ha30BOI TPAEKTOPIl JOCUTH
i/ICTABUTH JOBUIbHY TOUKY (,y) € D jo npaBoi yactuau cucremu (23.4),
THM camuM Oyje BusHaueHnit U = (Vz,vy) = (£,7) — BEKTOp MBUAKOCTI y
dikcoBaHniii Todrri.

Y Bumagky ByziiiB Ta dokycis mpu Re\; > 0 dazoa Touka Bimia-
JIIETHCS BiJI MMOJIOXKEHHs piBHOBaru, a npu Re); < 0 — cmpsamoBaHa Ji0
[OJIOXKeHHsI piBHOBaru (npu t — +00).



§23. Dasosull npocmip a8MOHOMHOT cucmemu 0pyz020 NOPAOKY 165
2. s qudepennianpaoro pisasaas HeioTona
d’x
— = f(x), 23.8
L ) (23.5)
jne feC(I), I CR, dasouii noprper BiOBIHOI cucreMn
T =y;
. (23.9)
{ y=f(z)

o0y yBaTh HEBayKKO, OCKIJIbKH moBHa eHepris E(x,y) = I(x) + K(y) e
iHTErpajioM cucTemu, Jie

I(z) = — / f(&) d¢ — moTenmiambHa eHepris;

o
2

K(y) = Con KiHETUYHA €Hepris.
®az0Bi TpaekTODIi JeXKaTh Ha JiHigx piBHsgHHA F(x,y) = C |10, § 5.5].

HaxkpecimTn iHTerpasibai KPprUBi B OKOJIaX OCOOJMBUX TOYOK:

d 2 d 4 d —4
1086. W= ZPTY 087, W T qggg W T
de 3z +4y de 2x+ 3y de 2y —3x
d -2 d -2 d -2
1089, L Y= q090. L= 2T qp91, o P
dx Y de 3z —4y r 2y—3z
d 2x — d 4y — 2 d
1092. 4 =227V q093, LTV qp9q, Y Y
dx T —y dx T de
d 4x — d d
1095, L = 278 qp96+, L= L qo97e, Lo TV
dr  3x—2y dv  z+vy dr y—x2
Hakpecantn ¢dazoBi mopTperu JHIKHIX CHCTEM:
1008. { = 3% 1099. { LTI
y=2r+y. y = —6x — 5y.
P — 9y — . S _ .
1100. { =5y, 1101, { 73072
y =2z +2y. Y = 4y — 6.
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1102. { T=2r -y 1103. { e
Y=z Yy =2 —y.
1104, { T3y 1105, LY
y=y—uz. y =2y —4x.
3naliTu Ta Joc/iuTH 0COOJIMBI TOYKY PIBHSHB 1 TIOJIO2KEHHST PIBHOBAru
CHCTEM:
dy 2z +y dy 2y
1106. — = —. 1107. = = ——.
dr  x—2y—5 dr 22 —9y?2 -1
/ 2 2 _ 2
1108. d_y = w 1109. @ — M
dx r+y+1 der  2zy —4y —8
d 2. ,2_9 402
1110. —y _rry -2 11110 LAy
T —y Y =2zxy —4dx — 8.
1112. x——2ta:—y2); 1113 & =1In(1—-y+y?);
y—2+:n— y—3—\/a:2+8y
_ . 2 —92:
1114. JBr+y =5 1415, VI y) T3-3
y = 22 +y — 5. y—ey —e.
_ 2 (2z — —2);
1116, § ¥ y’ , 1117. 7= y)(z = 2);
y=a>—(y—2)% y—ary—2
1118. Vi =y 2= 1119, { & ==y
y—arctga: + zy). y=e" —eY.
_ 2_ .
1120.{ ©7 $+y -h 1121. (22 %
y=vy>—x+1. Y= m—2y -9.

1122, { i =az%+y? — 6z — 8y;

y=x(2y —x+5).

Ilo6GynyBaTm niHil piBHA eHepril Ta ¢asoBi Kpusi cucrem HpioToHa:
dx

de _ de _
1123.{ ar = ¥ 1124.{ dr = Y;

dy _ . 2 dy _
=Tz dt—stx.
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'

ne)! ()

4 Do i i

el

1 A

Puc. 20 Puc.21

I(x)

v

=

\ N
T
I
I

C

Puc.22

3o6pasutu rpadivHo (Has30Bi KpUBI KOHCEPBATUBHUX CHCTEM i3 3aja-

HOIO TIOTEHIIAJILHOIO €HEPTIEIo:

2
1125. T(z) = iH—ZQ. 1126. II(z) = +xsinz.

1127. Hakpecsmru JiiHil piBHs eHepril Ta ¢pazosoi TpackTopii cucrem Hrro-
TOHA, IIOTEHITIAIN IKUX 300pakeHo Ha puc. 20—22.

1128. JloecTn, M0 KOXKHA i3 33/[aHUX CUCTEM
P=y+a (1 - \/W) :
y:—m+y<1—\/$QTy2).

&= m sin /22 + g7

= m in/z? + y?

Mae rpanndHi mukan. CKiTbKA X7
Brxasisxa. Tus. [10, § 5.5].

a)

6)
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Hakpecsmry va dazosiit nsommai TpaekTopii cucrem, 3aJlaHUX B I10-
JISPHUX KOOD/IMHATAX:

dp _ 1 — p2): dp _ -1 — 9).
dt — dt —
dp _ (1 _ 2. dp _
1132, 0 @ =1 =P 1133. { dt = WP
dp _ 1 de _q
dt . dt .
dp _ 1.
1134. { gr — PR

1135. Jloectn, mo sKmo ocobawBa TodKa piBHsHHA (ax + by)dz+
+(mz +ny)dy =0 (an # bm) € ueHTPOM, TO 1ie PIBHSIHHS € DIBHSIHHAM
y noBHEX judepeniiaiax. Yu BipHe obepHEHE TBEP/KEHHS !

1136. JlosecTu, IO SKIMO PIiBHSITHHS TIONEPEIHBOI 331891 HE € PIBHAHHIM
y MOBHUX JiudepeHIiiaiax, ajle Ma€ HEEPEePBHUN B OKOJIL 0COOJIUBOT TOYKHU
iHTerpyBaJIbHU#l MHOXKHUK, TO OCOOJIMBA TOYKA — CiIJIO.

§ 24. CTIMKICTDb PO3B’I3KIB

1. Po3p’si30k @ = (1) cucremn pudepeHIfialbHIX PIBHAHD

dx
% = f(t7$)7 (241)
ae f=(fi,---,fn), 2(t) = (z1(t),...,2n(t)), fi — HenepepsHO subepen-
niffoni no z; (i =1,n), t > to, HasuBaerbcs cmitikum 6 cenci Jlanynosa,
akio Ve >0 39 =0d(e) :  Va(t) — po3s’sisky cucremu (24.1) rakoro, 1mo
lz(to) — @ (to)|| <0 = [|z(t) — ()] <€, t = to.

Po3B’s130K HazsumBaeThCA acuMnmMoOmMu4Ho cmitikum, SIKIO BiH CTIAKMIA

y cenci JlamynoBa i, KpiM Toro, juisg BCiX po3B’s3kiB x(f) Takux, IO
l|z(to) —p(to)]] < = tli)rgo ||z(t) —@(t)]| = 0. dxmo x) 6 = +00, TO TOAL
PO3B’I30K HA3UBAIOTh CMATUKUM 6CI00U.

2. PosrnsiHemo Teopemy JlsmyHoBa IIpo CTifiKicTh 3a mepmuM HaOIH-
2KEHHSM.
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Teopema JIanynosa (npo cmildxicms 3a nepwum HaAbAUHCEH-
Ham). Hdrwo aineapusosana dasn (24.1) 6 okoai docaidocysarnozo po3e’s3-
cmitii), mo docaidorcysanuli po3e’aA30K BUTIOHOT CUCTNEMU ACUMNIMOMU-
yno cmitikud.

SayBaXkuMO, 10 NUUTAHHS CTIAKOCTI HETPHWBIAJILHOIO PO3B’HA3KY
x = @(t) cucremn (24.1) 3aminoro z(t) — p(t) = y(t) 3aBxKIU MOXKHA
3BECTH JI0 aHAJIOTIYHOTO NHUTAHHS, ajie BXKe JJI TPUBIAJIBHOTO PO3B’A3KY
y = 0 oTpuMaHOI cUCTEMHU.

3. Iz JIOC 3i cTasmono MaTpHIEo

d_:v = Ax (24.2)
dt

JIOCJIIJIZKEHHSA CTIMKOCTI TPHUBIAJIbHOTO PO3B’A3KY 3aJIEXKHUTh BiJ| XapaKTepy
BiacHux unces marpuili A. Tax, akimo Bci BiacHi unciaa MmaTpuii A MaoTh
B emni pificai wactuau (Re)\; < 0, i = 1,n), To BCi poss’st3ku cucremn
(24.2) € acumurorryHo crifikumu. fkio kK € xoua 6 OjHe BJACHE YHUCIIO
As Take, mo ReAg > 0, 1o Bci po3B’s3ku (24.2) € HecTiRKUMIU.

Axmo Re\; > 0 i, kpiMm TOro, KO2KHOMY BJIACHOMY YHCIIy 3 HYJIBOBOIO
JificCHOI0 YaCTWHOIO BifamoBizae omgHoBmMipHa KiitwHa 2Kopmana, TO Bei
po3B’si3ku cucremu (24.2) crifiki B cenci JIsinyHoBa.

4. Jlns suBuenHss Re )\; He 000B’SI3KOBO 3HAXOJMTHU BCi \; 3 XapakKTe-
PUCTHYHOTO PiBHAHHHA

det(A — AE) = ag\" + a NP+ +an A+ a, =0. (24.3)

MoxKHa CKOPHUCTATHUCA OJHIEI0 3 HACTYIIHUX YMOB.

Ymosa Payca—I'ypeiua: nis toro, mobd yci po3B'si3KH pPiBHAHHS
(24.3) maumn Bij'emHi AjiicHi yacTuHM, HEOOXiHO 1 jocTaTHBO, M6 rOJIOBHI
MiHopu Marpuii ['ypsina

al; agp 0 0 0 ... 0

a3z az ai ao 0 ... 0
e (24.4)
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ar a .
Oymu pomaTHuMu: A = a1 > 0, Ay = ( ! O) > 01T
asz ag

Ymoesa JIvenapa—Illunapa: nist Toro mob gificHi 9acTUHA BIIACHUX
ypcesr Marpuii A OyJim Bijg'emHMMU, HEOOXI/IHO 1 JocTaTHbo, 106 yci a; > 0
(i :1,—1”&) iA,1>0,A,3>0,A, 5>0irm

5. Memod ¢ynwyit JIanynosa [10, § 5.4] nossirac y BusHaueHHI Xapak-
Tepy crifikocti po3s’si3ky cucremu (24.1) 3a BiacTHBOCTSIMU JIESIKOT CKa-
asipHol byHKIGT (Ppynryii Janynosa) V (t,x) Ta 11 moxijgHOl BiIHOBIIHO 10
cucremu (24.1)

dav ov. oV ov ov

= (gradV, f) 1f1+8—ng2+”'+8—a:n

= ot o, In

dt {241

Teopema JIanynosa. Sdxu,o 0as a6mMOHOMHOT cucmemu Cé—f = f(x),
f(0) =0, icnye gynryia Janynosa V() maka, wo:

a) V(0)=0, V(z) >0 npu ||z|| < h;

6) 97 = (grad V, f) <0 npu [[z]| < h,
mo mpuelasvhuli Po3e’a3ok uiei cucmemu 6yde cmitikum. SHxwo o
% < —W(z) <0 6 cuay cucmemu (W(x) — nenepepena ckarapma dyms-
wif), Mo MPuGlasbHull Po36°A30K € ACUMNMOMUYHO CTNITKUM.

€ uaoro MeTo 1y o0y toBu dyHkIil JIamyHoBa e icaye. Hacro i1 Oyry-
I0Th Y BUATJIA] KBaJIpaTUIHOI (hopMu ab0o 3aCTOCOBYIOTH METOJT BiJIOKPEM-
JICHHX 3MIHHUX, TOOTO IIyKatoTh QYHKIO JISIyHOBa y BATISII

V(z) =Vi(z) + Va(z) + ...+ Vi(x).

Teopema Yemaesa. Axwo das cucmemu v = f(t,x) (f(¢,0) = 0)
6 deskiti obaacmi D npocmopy (x1,x2,...,2y), (0 € OD) icnye dynruyisn
Janynosa V (r1,z2,...,Ty,) maka, wo:

a) V=0,VzedD;

6) V>0,V eD; &= (gradV, f) > W(z) >0, W(z) — nenepeps-
na GYHKYIA, Mo HYALOSUTE P036 A30K 6Yde HeCmitiKuM.
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1137. locuijutn CTifiKiCTh HYJIBOBOIO PO3B’SI3KY PiBHSIHHS
y'+py +qy=0; pgeR.

1138. JocaiguTu cTifiKicTh HYJIOBOIO PO3B’SI3KY CHCTEMH, SKIO BigoMuit
ii 3arajbHU PO3B’A30K:
a) r=C cos’t — Cae™t, y= Citte ™t 4+ 2C5;

6) z = —011;6;2t’ Y= (C1t3 + Cg)e_t.
Kopucrytoancs o3Ha9eHHSAM CTIHKOCTI, JOCIIIUTH CTIHKICTh PO3B’A3KiB
3a1a4 Kommi:
1139. & =t(z—1): a) z(1) =2, 6) z(1)
1140. % = (2—t3)z: a) z(0) =0, 6) z(0)

1141. %2 =2(22 - 1) : a) x(0) =0, 6) z(0) = —1.

0.
1.

Hocnintn Ha CTIWKICTD HYJILOBUU PO3B’30K CHUCTEMMU:

P = Q- A — 7).
1142. { T =45 1143. { @ =tg(y —x);

y=x — by. 3'/:2?’—2008(%—:6).

o _ o T2y .
1144, { LT 7200 1145. 0 * 7€ c0S 32;
y=2x+2y Y =v4+8x — 2eY.
W . s Y _ .
1146. 0 © 5z + y; 1147. ) # In(3e¥ — 2cos x);
y=x—"Ty Y= 2e" — Y8+ 12y.
P304 b 2 2 9
1148, J T304 1149. L *7° 2+y v
y=x—4y. Yy =3z —x+ 3y.
o 2 1— . =9 _ .
1150. { © 7 O TITOSY qgg 0 T x3+ Yi
y=sin“x+1—eY. Uy =bx*+y° + 2z — 3y.

HocaimuTu CTifKICTh MTOJIOXKeHb PIBHOBATM CUCTEM:
1152 {i:y; 1153 {fb:l_m_yﬂcy;

J .
P= — —1; = \/ﬁ;
a‘: r+y—1 1155.{:0 2y ++/1—-3y —sinzx
Y

Yy =2xy — 2.

Yy = —sinax.
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1 — si N r —eY — et
n(l+y—sinz); 1157, { T =eY—e;

1156.
{ 2+ v/3sinx — 8 Y =+/3r+y>—2.

=

Y=

T =1 t=y—a®—ux;
1158. 1159. . 9

y = sin(z + y). y=3r—1z°—y.

1160. { - T ,
y=2x++/1—-3x—siny.

HocniguTu, npu SIKUX 3HAYEHHAX TapaMeTPiB HYJIbOBH pO3B’a30K Oy/ie
ACHMITOTUYHO CTiKWM:

s 2. —
1161.{x_m+y+x’ 1162. {x az — 2y + 2%

y=x+ay+y>. y=x+y+azy.
1163. 5:U=y+sinx; 1164. & =x+ay+y>;
Y = ax + by. y = br — 3y — 2%

:1 — — eY: .:27‘T— 4 3
1165.{3} n(e —az) —eY; 1166.{:6 e V4 + ay;

Yy =bxr+tgy. g =In(14 9z + ay).

1167. Jlocniguru, 4u € CTIfiKUM pO3B’30K & = —t2, y =t cHCTeMH

i =y% -2ty — 2y — x;
§ =2+ 2t2 4+ 2,

1168. locuijurn, 9m € CTiiKuM PO3B’I30K T = cost, y = 2sint cucremn

i =In(z+2sin’L) — ¥;
g = (4 — 2?) cost — 2z sin®t — cos®¢.

Tlo6ynyBatun ¢dyskmii JIsmyroBa Ta gocaiguTh CTIWKICTh HYJIHOBHX
po3B’s3KiB, 3acTocyBaBIu Teopemu JIsmyHoBa abo Yeraena:

© . L3
1169. { 7Y x+x§/’ , 1170. T Y

y=x—y—x° —y°. y=x+y°.

T =y — x3—|—y3' :U—2y 5
1171. 9 ’ 1172.

y=uw —Z/ y——x—y +y

B . 3.
1173, E= Wk 1174, § TTY T3S
Yy=x—2y. y = 6x — 2y.
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. _ _ 2. S .
1175.{x_x y=ys 1176.{x Ty

g =2z —y—y y=y>—a’

Samucatu Marpuiio ['ypsina Ta 3actocyBatn Kputepiih Payca-1'ypsima
JUTSL JTOCJIJIPKEHHS aCUMITOTAYHOI CTIKOCTI HYJIOBOTO PO3B’A3KY:

1177. y©® + 4y™ 4+ 1693 + 25" + 13y’ + 9y = 0.
1178. y©® + 3y + 10y + 22y 4 23y + 12y = 0.
1179. y©® + 5y + 15¢yB) 48y 4 44y’ + T4y = 0.
1180. y® + 2™ 4 1493 + 364" + 23y’ 4 68y = 0.
1181. 3® + 4y® + 9y + 16y + 19y + 13y = 0.
1182. y©® + 3y + 6y + 7y + 4/ + 4y = 0.

HocniguTu, npu SKUX 3HAYEHHAX TapaMeTPiB HYJIbOBHH pO3B’a30K Oy/ie

ACUMIITOTUYHO CTIHKHUM:
1183. y®) +ay” + by + 2y = 0.

1184. y©®) + 3y" +ay + by = 0.

1185. y + 2y — 3y” +2¢/ + ay = 0.
1186. y +ay® + ¢ + 2y +y = 0.
1187. ay™® + ¢y 4" + ¢/ + by = 0.
1188. ¢y + ¢y 4 ay” + o/ + by = 0.
1189. ¥y + ay® + 49" + 2y + by = 0.
1190. y® + 2y 4 ay” + by +y = 0.

1191. Tlpu skux 3Ha4YEHHSAX apaMeTpiB a i b cucrema

T = —x+ ay;
y=0bxr —y+az;
z=0by — z.

€ aCUMIITOTUYHO CTifKOI0?

1192. Ilo6ymyBaBIIu MATPHIFO MOHOIPOMII ¥ o6umCIUBINT 11 BJIACHI IHCIA
(MyIBTHIITIKATOPH CHCTEMH), JOCILUTA CTIHKICTH HYJIBOBOIO DO3B’S3KY
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PiBHsIHHS

a?, sxmo 0 <t <

" +pt)r =0, pt)= { p(t + 2m) = p(t),

b2, axmo 7w < t < 2m,

Ta PO3TJISHYTHU TaKi BapiaHTH:
a) a=0,5;b=0;6) a=0,5;b=1;8) a=0,5; b=1,5;r) a=0,75;
b=0;m) a=1;b=0;e) a=1; b=1,5.

1193. [ocuiguru, npu sikmx a i b Oyue crilikum HyJIBOBHI PO3B’SI30K

) .. d (z x
CHCTEMH 3 TIepPiOMIHIMHA KoedillieHTaMu: yr = A(t) , AKITO
) Yy

0 0 0
Al = |, “), upn o€ (0,1); A(t) = ) 0>, mpu t € (1,2);
A(t+2) = A(t).
1194. /[loBecTtn, moO BCi PO3B’SI3KH CHCTEMH ‘Zl—f = Az, qe z =
= (r1,22,...,Ty), A(t) — kBagpaTHa MaTpuuHa DYHKILS 3 HEIEPEPBHUMY

KOMIIOHEHTAMHU, € CTIHKUMU, HECTIMKUMU, aCUMIITOTUIHO CTIHKUMU 00HO-

HaCHO.

1195. Tosecrn, mo Jyisi crifikocTi HyIbOBOrO po3B’si3ky (a, orke, # ycix
PO3B’sI3KiB) cucreMu Cé—f = A(t)x He0oOXimHO # JTOCTATHBO, 106 IHTErpash-
Ha MATPWUIA i€l cucTeMu Oyiia 0OMeXKEHOI0, st ACHMIITOTAIHOI CTifiKOCTI
— HOPMA, 11i€l MaTpUIll UpsiMyBaJia J0 HyJisd 1pu t — 400, a Jijisd HEeCTINKO-
CTi — iHTerpajbHa MaTPHI CHCTEMH OyJia HEOOMEXKEHOIO.

1196. /loecTn, 110 SKIMO KOXKEH PO3B’SI30K JIHINHOI OJHOPIIHOI cuCTEMHA

3aJIAIMAECTHCH OOMEXKEHUM TIpU ¢ — 00, TO HYJIbOBUN PO3B’SI30K CTifKuUii.

1197. JoBecTm, 10 sIKINO JiiHIfiHA OJHOPIgHA CUCTEMa Ma€ xoda O OauH
HeoOMeXKeHm Ipu ¢ — 00 PO3B’SI30K, TO HYJIBOBUI PO3B’SI30K HECTIAKMIA.

1198. Yu criliknii HYJILOBUH PO3B’A30K CUCTEMU
y P

& =a(t)x + b(t)y;
g =m(t)z +n(t)y,

AKITO Bifomo, mo a(t) +n(t) — A > 0 opu t — +oo?
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1199. Jloectm, 1m0 /yisi CTIHKOCTI HYJbOBOTO PO3B’#I3KYy PiBHSIHHS

dx

St = a(t)x 3 HenepepsHoo dyHKIiEO a(t) HEOOXiAHO Ta JIOCTATHEO, M100

¢
Tim [ a(§) d¢ < +oc.

t—o00

0
1200. /Ina cucremu

T = ax + by;
Y = cx + dy,

nobyayBatu yHKi0 JIsSmyHOoBa y BV KBaJpaTUIHOI opMu Bimmo-
BijHO 110 ymoBu V = —2(a+d)(bc—ad)z?. Bacrocosyroun kpurepiit Payca-
I'ypeina 3anmcaTn ymoBH JIOAATHOI cTajaoCTi 1iel pyHKIIT Ta Bix eMHOT BU-

1201 *. BUKOpPUCTOBYIOYM PE3y/IbTaTH 1IOIEPEHLOI 3a/a4i Ta 3aCTOCOBY-
x

2

I0YM PiBHICTH az” = / a& d€, 3naitn dyukuito JIsuyHoBa Jyis cucremMu

0

&= f(x) + by;
Yy = cx +dy.

Sammcaru ymoBr 3HakoBu3Ha4deHOCTI pyHKIl JIgnyHoBa Ta 11 moxigHoi B
CIJIy CUCTEMU.
1202. MeTo10M BifokpemJieHHs1 3MiHHUX 1100y 1yBaTn QyHKIIiO JIanyHOBa

JJ1sl PIBHAHHS

2 + (@) + g(a') f(z) = 0.

1203. /i piasinas Heortona z”/ = f(x) nobyaysatu dbyukuito JIsmy-
HOBA, sIK TIOBHY €HEPTiI0 BiJIIOBIJIHOI JIMHAMIYHOI CUCTEMMU.
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3ABJAHHA /17151 CAMOCTIIMHOI POBOTHU

3asaanusa Nel.

JocniuTy moJie HapsiMiB, HOPO/KeHe TudepeHIliaTbHIM PIBHIHHAM,

BKa3aTH OCOOJIMBI TOYKH, JIiHII eKCTpeMyMYy, 00J1aCTi €IMHOCTI Ta MOHOTOH-

HOCTI.

1106 BaTH iHTEerpaJibHi Kpusi. llonarn Ix anagiTn4ano, pO3B’a3aBmn
NAN P p /1 ,» P

piBHsIHHS. BUBYNTHU MOBEIHKY 1HTEIPAJIbHUX KPUBUX B OKOJIAX OCOOJTUBUX

TOYOK, 0cOoOJMBHUX JIiHIA, Ha MexXi 00jacTi BU3HAYEHHs Ta Ha HECKiHYEH-

HOCTI:

1.y = |z; 2. y’z%—i—%.
3.y = %; 4.y =24/|z|.
5.y =24 6.y =yln|y|
7.4y =~ 8.y +2xy=1.
2
9.y = —ycosu; 10. i = ¥

3asaanusa Ne2.

JloBectn, BukopucroBytoun teopemy llikapa, iCHyBaHHSI Ta €JIMHICTDH

PpO3B’sa3Ky mocTtasJieHol 3aqa4i Kormi. OmianTy iHTepBaJ iCHyBaHHS €IMHO-

ro po3B’d3Ky Ta modyjyBaTu Jpyre HabmmkeHHs llikapa:

1.

AN S S

/

Y =2 +y% Jz[ <1, |y <1; 9y =0 npu z = 0.

/

y =22 —y% 2| <1, |y <1y =0 npu x = 0.
y' =sin(zy), [z[ <1, |y| < ooy =1 1pu 2 =0.
y’:ﬁy;yzlnpn$20.

Y =lyly=1nmpnz=0.

[Ipu sikux nouarkoBux ganux (To,yo) 3amada Komi y(zg) = yo mae

eauunii po3s’sa30k? OuinuTy 06/1aCTh HOro iCHYyBaHHS:
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6. 2%y +axy=1. 7.y +ylny =0.
8.y +e*y=0. 9.y +yv/1+z=0.

10. ¢ =1+ 2xy.
3asaanusa Ne3.

BusnauuTy THII KOXKHOT'O 3 PIBHAHb TA BKa3aTH METO/M HOro iHTErpy-
BaHHHA!
1. (a:—i—a;) (14+2z)y =1+ 2z.

. (y+x)dy+(3:c — 32%y) dx = 0.

2

3.ydx+<x—2\/7> dy =0

4. 9 —y —x—g

5.ydx+(2x— )dyzO.

6. (r+2y+1)de — (z —3)dy = 0.
7. ayy -y = L)

8.2 (y —2zy — 2 /y) + 2%y = 0.
9.y =y?>— 2% +1.

10. 3z +3y—1)de+ (z+y+1)dy=0.

3aBgaHusa Ne4,

IIpoiarerpyBaru piBHsHHA. Po3B’a3aru 3amaqi Ko, goctigusmun mo-
IIePEJIHRO TMMTAHHS PO ICHYBaHHS TA €IMHICTb PO3B’SI3KiB:

l.ay —y=—y% 20=0,y0=1.

2.y’:i—g—x\/§; 20=0, yo = 1.
3.y = ycosuz; 20 =0, yo = 0.
4.y =2v/]yl; zo=1,y0=0.
5.9 =1—y% 20 =20, yo = 0.
6.y':§; zo =2, yo = 2.
7.y = 3V z0=1,y0 = 1.



178 3asdarns das camocmitinoi pobomu,

8. y = 3z x9 =0, 50 =0.
9-.7/:\/3/7; zo=1,y=1
10. ¢ =shu; x0=0,y0 =1

3asaanmusa Ne5.

SnaliTn ocobymBi PO3B’si3KM PpiBHsIHB ab0O JIOBECTH, IO IX HEMAe
(a € R):

1.0 = (y—1)3 2. 4 =
Ly =(y—1)s. <Y =y +a.

3.y =ax+ /22 —y. 4.y =y—z+a.
5.9y =y —x+axzx. 6.y = /L
7.y = 2% +yt 8.y =41
9. (2 —azy+y°) do+ (y* —2?) dy=0. 10. y =z + /2 +y>.
3aBgaHHa Ne6.
BusHaunTy Tunm piBHAHB Ta BKAa3aTU MOXKJIMBI METOJIM 1X iHTErpyBaH-
Hst:
1. y =y —siny'. 2. x=¢e¥ —2y.
3. xy? — 2yy’ + 42 = 0. 4. y? —2zy = 0.
5.y = 2xy + ¢ 6. 3 — dyy' = 0.
7.y =1y +siny +cosy'. 8. y=uxy?+y>
9. 23 +y? — 3xy = 0. 10. y = —x + 4% + 42,

3asaanmusa Ne7.

IIpoiaTerpyBaTu piBHAHHA. TaMm, Jle BKa3aHO MMOYATKOBY TOYKY, 3HANTH
IHTerpaJibHI KPHUBI, IO TPOXOJIATh Yepe3 Hel:
l.y:—xy’—i-y’%. 2. 22(1 — o) =92
3.¢v —y? =1z 4. y3 —y? +cosy —1=0.
5.y =uwxy —2y?, M(2;0). 6.y?+4y=0, M(0;—1).
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7. y2+ 4z =0, M(0;0). 8. y%— (z+y+4)y +y+L =0,
M (0;0).
9. y=—zy —y”>. 10. y =942 —¢y? + 1.

3aBgaHHsa Ne8.

MeTooM p—aUCKpUMIHAHTHOT KPUBOI 3HAHTH 0CcOOIUBI PO3B’A3KMU:

Lz—y=3y?—Ly3 2.y — dxyy’ + 8y = 0.

3. (w—y)?—-1)y?* -2y +(xz—y)*—1=0.

4. y? —y3=0.

5. 9% —4dyy’ = 0. 6. y2 —2yy' +222 —y=0.
7. y? —dxy' + 322 —y* = 0. 8. y=ay +4y”.

9. zy? — 2yy’ + 4z = 0. 10. y?2 +42 —1=0.

3asaanmusa Ne9.

Meroom c—pucKpuMiHaHTHOI KpUBOI 3HAHTH 0COOJIMBI PO3B’A3KU:

. y:am, yzash(%).

. y:y/Z—xy’—|—§, Yy = %C’x—l—Cz.

CAx?y? —dayy +y? — 423 =0, y? =zx(x—C)>

Ly —dayy +8y2 =0, y=Cxz—C)>%

Ly =y =0, y:ﬁ.

Lay? =2y +4x =0, C?2?>-20y+4=0.

Lyt =1-9% y=sin(z+0).

(- -1 y? =2+ (z—y)?-1=0,(x-C)P?+(y—-C)P*=1
cy=ay +/14+y2, y=Czx+V1+C2

10. 2 (1 +y?) —ayy —az =0, (zc)?+y%—aC =0.

© 00 N & Ok N
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3asdannsa das camocmitinot pobomu

I. BacrocoBytoun merosn mocioBanx Habamkensb [likapa, 3HalTH TO-
% = a(z)y + b(x); y(a) = B. L x 3azaq

3asganusa Nel0.

qHM PO3B’a30K 3aa4i Korri

po3B’sa3aTu MetojioM Jlarpamka abo Beprysum. IlopiBHsTH OoTpmMaHi pe-

3yapTaTd (/s BCix BapiaHTiB o = 0).

II. ¥V mpsimokyTtauky II = {(z,y) :
dy

v f(x’y)a y(f)i’o) = Yo:
a) uepesiputyu BukoHauHst ymoB [likapa. 3naiitu crany Jlinmmua ta Bijpi-

Ha 3ajgad4a Kol

30K [, Ha sikomy moCJIi10BHI Hab/MmkeHHs [likapa 36irafoThCs J10 TOYHOTO

) .
PO3B’43KY;

Bapianm | a(zx) b(x) I¢]
1 1 [2zx—22| 1
2 1 z—1 1
3 —x 3 -1
4 2z 273 0
5 -1 2e” 2

6) ormiauty max |y(z)—ys(x)|.
x<I

st sikoro n Gyjie crpaBeINBa HEPIBHICTH

|z —z0| < a, |y —yo| < b} sama-

Bapiawm | f(z,y) | xo | Yo | a | b
6 2?4+ 00|21
7 22—y2 1 00 ]1]2
8 22—y 20|11
9 2?4+ 31031
10 22—y? 42122

3asganusa Nell.

I. B obnacti K C R? zamano 3aaay Komi

a) mepeBipuTH BUKOHaHHS yMoB Teopemu lleano. Ha sikomy inTepBasi s

dy _
dr

9(),

y(wo0) = Yo :

TeopeMa TapaHTye iCHyYBaHHS PO3B’s3KYy?!
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6) UM BUKOHYIOTHCs Juisi 1€l 3aja4i ymoBu Teopemu ITikapa?
B) 3HailiTh yci po3p’sisku nocrasieHol 3ajaui Komi ta Hakpecaits 1x
rpadikm:

Bapianwm | g(y) K ={(z,y) eR*} | z0 |y
3y5 2?2 +y? <1 010
2 —3y3 lz| + |yl < 1 010
3 Aly—1)1 |22 +y2—2y—3<0] 0 | 1
4 29 Ly <1 010
5 V=Y 2 +y? <4 110
dy _

I1. Bazano judepennianbue piBanns of = f(y):
a) UM Ma€ BOHO PO3B’si3K¥, BU3HAYEHI Ha BCiit oci?
6) HaKpeCJIUTH iHTErpaJibHi KPUBI;
B) mexail y(t,y0), t € Iy, — nOBHMII (HEIPOIOBXKYyBaHMiT) PO3B'A30K pPiB-
HAHHS, TaKUH, 1110 y(O,yO) = yo; 3HaliTu ABHUH BuriA) Iy, 3a1€KHO Bij

Yo
r) npu dikcopanomy t > 0 posrisHeMo Bijobpaxkenns ¢' : H — R,

yo — y(t,y0), H C R. Un Busnauene ne Bijobparkenns Ha Bciit oci? 3naii-
i MEoxkuay H C R rtaky, mo ¢’ icmye mus Beix ¢ > 0. Yu icayroTs Taxi
Toukn yo: ¢'(yo) = yo, Vt > 07
6. f(y) =y*+3y+2 7. fy) =y -y
8. fly) =3y —y>—2. 9. f y>+y — 6.
10. f(y) =y* +y — 2.

3aBganas Nel2.

I. 3uaiiTu i3oronasnbHi TpaekTopil cimeit kpuBux (C' — mapamerp cim'i,
Q — KyT IIEPETUHY ):
1. 22 + 9% = C?, a = 60°. 2. y=2x+4+C, a =45°
3. 22+ (y—C)? =1, a = 30°. 4. 22 +y?> = Cy, a = 60°.
5. 22 = Cy, a = 60°.
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3asdannsa das camocmitinot pobomu

I1. 3uaiitn oproronasnbui Tpaekropii cimeii kpusux (C — napamerp

cim’1):
6. 222 -3y =C.

7. y=e""
_ 14C
8.y =16,

9. r=Cy (r, ¢ — NONSPHI KOOPJWHATH).

10. r = C(1 — cos ) (r, ¢ — nOJIsIPHI KOOPAMHATH).

3asgannsa Nel3.

BusnaunTy TH piBHSHHS Ta 3HU3UTH HOTO MOPSIIOK JO HEPITOTO:

cyy oy’ —xy? =
. y/y/// _ y//2 + y/2 //

Ly +1y—Ly=2
3.y +y"? =ay"
5.9y = ﬁ.

7

9

2. y" = 2.

4. ¢¥ +y' —xz=0.
6. zy’ —y = xsinx.
8. 5y — 3y"y® = 0.

10. yy" = y”? + 2292,

3aBganns Nel4.

[IpoiaTerpyBaT MeTO0M Bapiarii JoBiibHuX craiux (Jlarpamixka):

1. v’ + 4y = cos 2z + sin 2z tg 2x.
" / sin x

3.y +ty = 1—sin? z
" _ 1

5.y +y= cos 2zv/cos 2z

Ty 43y + 2y = .

9. y” + 4y = sin12z'

2'y 2y+y a:+2a:+2
4.y —y =P

6. y”+y—sm

8. ¢ —y:x—2.

10. 3" +y = 2sec® .

3asganusa Nel5.

Hanmcarn gacTuHHUN po3B’si30K PiBHAHHS 3 HEBU3HAUECHUMH Koedirli-
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€HTaMM (YMCJIOBUX 3HAUYeHb KOedIlIEHTIB HE IIyKaTH):
1. 3" — 4y + 3y = 2 4 xe?® 4 €” cos 3.

sy =9y = e 3 (22 + sin 3z + cos 3z) .

.y — 6y + 8y = 5xe®® + 3e” cos .

.y +y =sinx + xcosx + e’ sinz.

cy =8y + 17y = €' (2% — 3z cosx) .

Ly — 2y + By = 222%e” + €” cos 2.

Ly 4y = Te — 3sinx + e” cos 2.

Ly =2y +y = xe® + xcos3x.

© W N O O wWwN

Ly — 2y" = 2% + cos 3x.
10. y" + 7y’ + 10y = ze ™2 sin 5z + * cos bx.

3asgannsa Nel6.

Tlo6ymyBaTn JiHiitHI OogHODIAHI gudepeHTIialbHI PIBHIHHS 31 CTAJUMA
KoedirieaTamMu (KOMOTa HHXKYOTO TIOPSJIKY ), fKI MAlOTh TakKi YacTHHHI

PO3B’A3KH:
1. y1 = z3e®. 2. y; = ze® cos 3.
3. y1 =cosz, y2 = T. 4. y; = e** cos 3.
5. y1 =e %, yo = xe”. 6. y; = rsin2zx.
7. y1 = xe® sin 2x. 8. y1 = ¥ sinz.
9. y1 =1, ys = coszx. 10. y; = €%, yp = e 2%,

11%. y1 =z, yo = 27, y3 = 2>

3asganusa Nel7.

Tlo6yayBaru JIOP, ski mators 3agani OCP:
1. y1 =cos2z, Y2 =sin2z.

2.y =e Fcos2w, 1y =e Tsin2x.
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Ly =zet,  yo =e* (1 —ux).

CYL=x, Yo :xQ, y3:3:1c3.

Ly = xe?®, gy = 22e”.

3

4

5

6. y; =sinz?, yp = cosz?.
7

8

9

2
Y1 =x, y2=€XP<%)-
. Y1 = exp (J,‘Q) , Y2 = exp (—x2) .
.y1 =shx, yo=chux.

10. y; = €%, yp = %,

3asgannsa NelS8.

IIpoanasizyBaTu 1moBeIiHKY PO3B’si3KiB JIiHIMHNX PIBHAHB:
1. IIpu saxux a i b Bci po3B’a3ku pisagnHg Y +ay’ + by = 0 3ajmmaoTbcs
obMexKeHUMU Ipu & — +00 7

2. Ilpu akux a i b Bci po3p’asku pisagrna y' + ay’ + by = 0 npaMmyioTs
JIO HyJIid TIpA T — 4007
3. Ilpu axux a i b Bci poss’asku piBEanag y” + ay’ + by = 0 MoHOTOHHO

3POCTal0Thb 3a MOJYJIEM, IIOYNHAKOYIN 3 JICAKOI'O z?

4. Ilpu gkux a i b koxHumii poss’a30k piBHaHHEA ¥’ + ay + by = 0
HEePeTBOPIOEThCA Ha HyJIb Ha HECKiHUeHHi#l MHOXKHHI TOUOK 7

5. [lpn sxkux k i w piepasna y” + k*y = sinwt mae xoua 6 omum
MIepiOUYIHANA PO3B’A30K 7

6. 3uaiiTu nepioguuni po3s’asku pisaaHHEA Yy + 3 + 4y = sinwt.

7. Ilpu sikux 3HaueHHsX m PpiBHsHHA 1y’ + my = 0 Mae HeTpuBiaibHi
PO3B’SI3KM, sIKi MPSIMYIOTh JI0 HyJisl TIpA & — +00 7

8. Ilpu sikux p i ¢ Bci poss’sasku piBuauusa Yy’ + py’ + qy = 0 € nepioau-
9HIMA GYHKIISIMA?!

9. Ilpu skux 3HadYeHHAX napamerpa A pisHsHHdA 1y’ + Ay = 0 mae

HEHYJIbOBI PO3B’S3KH, $Ki 3aJIOBOJIBHAIOTH KpaioBi ymoBu y = 0 upm
=0, y=0 npu x = 77 3HaliTH 11i PO3B’A3KW.
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10. Ilpu sakux w 3arajbHuil po3p’si30K piBHsiHHA Y + y = coswt He
MICTUTh CEKYJISIPHUX JIOJIAHKIB (T0OTO s100yTKiB nepiojuunol dyHKuil Ta
CTeleHs] He3aJIesKHOT 3MiHHOT)?

3aBganus Nel19.

3BecTH JI0 pIBHAHHA 3i cTajauMu KoedillieHTaMu 3a JOIMOMOIO0 3aMiHA

HE3aJIE2KHOT 3MIHHOI Ta MPOIHTErPyBaTH OTPUMAaHE PIBHAHHS:

1. x2y” :Ey/ +y=0. 2. :62 1" Q:Ey/ + 2y =0.
3. (1-2?)y" —ay +4y=0. 4. 2%y" — 3y’ + 13y = 0.

1 2

5. 9" — 2y + 7(1422)2 = 0. 6. 22yy" +xy +y=0.
7. (1-2%)y" —ay +y=0.
8. 2z +1)%y" —2(2x + 1)y +4y = 0.
9. (v +2)%" +3(x+2)y — 3y =0.
10. 2%y" = 2y/.

11*. " — 2y + y = ze®sin? ix.

3asganusa Ne20.

I. Bnailitn yacTuHHUI PO3B’sI30K PIBHSIHHS y BUIVISI Psijly 3a CTEle-
aavmu x. Cymy psijly BUpasuTu 4depe3 ejeMeHTapHi dyHKIII.

SuaifTu Jipyruil YaCTHMHHMI PO3B’SI30K, BUKOPHUCTOBYIOUH (HOPMYIY
JliyBimng-OcTporpajchbKoro. 3anncaT 3arajbHUN PO3B’SI30K pPiBHIHHSI:

1.y — 2zy + 2y =0, y1(0) =0, v1(0) =2.
2. (1-2?)y" =22y’ +2y =0, 31(0)=0, y(0)=1
3. 1—a)y +ay —y=0, y1(0) = y1(0) = 1.
4. (1-2%)y" —ay' +y=0,  3(0)=y1(0)=1.
5. (1—2?)y" —ay =0, y1(0) =1, %1(0)=0

I1. 3naiiTu 3arajbHi po3B’a3KHU piBHAHb beccesis:



186

3asdannsa das camocmitinot pobomu

6. xy” + 0,5y + 0,25y = 0.

7.y 4+ 3y +4y =0.
8.y + 1y +5y=0.

9. 2%y + ay + (2* - %) y = 0.
10. 2%y + zy’ + (42? — %) y=0.

3aBganus Ne21.

Juist 3a1aHUX CECTEM 3alMCaTH BiJMOBIIHI MaTPUYHI PIBHSTHHS Ta Me-

Tojom Eiisiepa 3ualiTy X iHTErpajbHI MATPHII:

1. E=2m

Y =3y.
3. ] T=2m

Uy = 2y.
. { i =3y;

Yy = 2x.
7.0 P W

Yy =2x+y.
0. { i =3y;

Yy = 5.

O6YnCINTH MATPHITIO
1 2 0 0
-2 1
1. 00
0 0 1 2
0 0 -2 1
3 -5 1 0
3. 5 3 0 1
0 0 3 -5
0 0 5 3

9.0 E=0;
J=—y.

o iz2by
Y = 2y.

6. x:::z—i—Qy;
y=1y.
o .

8. CU T+ Y;
Yy=1y-.

10, { L=
Y =5y +=x.

3aBganus Ne22.

eAt, SAKIINO MaTpulsd A Mae BULJIST;
2 3 1 0
9. -3 2 0 1
0o 0 2 3
0 0 -3 2
-1 1 0 0
-1 -1
4. 0 0
0 0 -1 -1

o 0 -1 -1
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-2
5 1 0 s 00
4 -3 0 0
5. 10 5 1 6
00 5 0 0 3 1
0 0 -11
0500 0 -1 00
7. 5 0 0 0 . 8 -1 0 00
0 0 31 0 0 20
00 0 3 0 0 1 2
0 200 3 1 00
—9 —
9. 0 00 ' 10. 1 3 00
0 0 0 5 0 0 21
0 05 0 0 0 0 2

3aBganus Ne23.

IIpoiaTerpyBary MaTpHYIHHM CIIOCOOOM JIHIWHY OJHOPIAHY CHCTEMY

dx A.

4t — Az. Bnaiitu det(e?), He obumcmolun €

1.A:<0 1). 2.A:<O _1>.
-1 2 4 =5
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3asaannsa Ne24.

3uaiiTu po3B’sA3KU, sIKi 33I0BOJIBHAIOTH MMOCTABJIEHI MOYATKOBI YMOBH:

0z 0z
l.y— —z— = 0; = = 0.
yax xay Y < y7x
0 0
2-568—;—%—;:96—% x=a,2=y"+ad
0 0
3.ya—;—xa—;:y2—x2; y=a, z=x>—a’.
0 0
4.y—z—m—zza}2+y2; r=a,z=1+2y+ 3y%
Ox oy
0z 0z
5. y— —x— =0; =92, 2=0
ya$ xay Y < y7$
0z :
6. r— =2, z=siny,z=1
ox
0 0
7.y8—;—xa—;:(), z:(RQ—yz)%,xzo
0z 0z x?
8.y——z—=0; —+22=1y=0
ya$ xay Y 4+Z 7y
0 0
9 xa—i—f—(xz—i—y)a—Z:z, r+y=2z zy=1.
0 0
10 yQ—Z—i—yz—z—}—zQ: i r—y=0,z—yz=1.
Oz oy
11" 82+ 0z 5 9
T — =2z =x,2=2
8%‘ yay yﬂ y Y
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HOIJATRUA
odamox 1

JAUOEPEHIIAJDbHI PIBHAHHA ITEPIIIOTO
IOPAARY 3 YACTUHHUMMUA INIOXI/THUMN

1. Jlinitinum 00HopioHum pieHAHHAM TEPUL020 TLOPAOKY 3 YACTNUHHUMY
NOTIONUMY HABUBAETHCS PIBHSIHHS

ou ou
a1(x1, e, ..., xn)=—— + a2(x1,22, ..., Tn)— + ...
3331 3332
(1)
ou
oot an(zy, 20, .. ) =— =0,
oxy,
ne a;(x1,22,...,T,) — 3amani QyHKHIl B 7 3MIHHMX, BU3HAYEHI Ta He-
nepepBHi B jesikiit obuacri D C R™; U = U(zy,x2,...,T,) — IIyKaHa
dyHKITIS.
Cucrema 3Buvaiinnx judepeHIiajlbHIX PIBHAHD
d.%’i .
dt :ai(xlaan"-al‘n), 1=1,n, (2)
abo B cumerpuyuHiit popmi
dzry dzo dx, (2%)
ai(z1, o, ..., xy)  az(x1,x2,...,2) an(r1, 22, ..., Ty)
HA3UBAETHCS cucmemoro rapaxmepucmur st (1).
Oyuknia U = U(xy,x2,...,Ty) € po3B’a3koM piBaaHHSA (1) Toai i Tinb-

KU TOJ, KOJIM BOHA € iHTerpasioM (XapaKTepHCTHKOW0) cucreMu (2) abo

(27).
Bamaua Komi st piBasimas (1) mosisirae y 3HAXOXKEHHI TAaKOTO
po3B’siaky U = U(x) 1poro piBHSIHHS, KU 3a/I0BOJIbHSIE YMOBY

U(@)lpey = ¢(@), 3)

Jle 7y — JlesiKa 3aJlaHa rineprnoBepxts B D (nowamkosa ginepnoseprua); ¢
— 3aJlaHa Ha 7 TIaJKa OYHKINA (nowamkosa gynkyia).
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Sxmo D € R?, to 3ajaua Komi jyist pisasans (1) — 1e 3a/1a4a 3HaX0/1-
JKEHHsI TAKOl 1HTerpasbHOI HoBepxHi z = z(x,y), siKa lIEpETUHAE 3aJIaHy
TJIOTITAHY B3JI0BXK 33/IaHOI KPHUBOI.

Touka Ty € 7 HABUBAETHCHA HELAPAKMEPUCTNUNHOT0, SAKITO XapaKTePUC-
THKA, KA [IPOXOJNTH Y€Pe3 1[0 TOUKY, He JIOTUYHA (TpacBepCaibHa) J10 7.

Ao x(p — HEXapaKTEePUCTUIHA TOYKA, TO iICHY€E Takwmii 11 OKiji, B sikoMy
saytada Komi (3) mus piBasaas (1) Mae €quHU pO3B’I30K.

Hexait {V;(z1,zo,.. .,xn)}?z_ll — He3aJIeXKHI IHTerpajii CHCTEMH Xa-
pakTepucTuk (3ayBaxkmmo, 1o (2*) — cucrema (n — 1)—r0 nopsiiKy), Toji
CIIiBBITHOIIIEHHSA

U=y, y,..., 0, 1), (4)

ge ® — noBinbHA audepeHIiitoBHa GYHKIIsS, 33/1a€ MHOXKUHY BCIX PO3B’d3-
KiB piBHsHHS (1).

[T06 poss’sizaTu 3azady Komi jyist piBasinas (1) 3 H0YaTKOBOIO yMO-
0

BOIO (3), Jie rineproBepxHsi 7y 3a/|aHa, HAIIPUKJIAJl, DIBHSIHHAM T, = I,

JOCHUTH BHKOHATH TaKWuh JIQHITIOT" II€PETBOPEHDb!

" -1 .
a) sHaiinemo {V;(z1,22,...,2y)}; | — He3aJeXKHi IHTEIPAIN CHCTEMH Xa-
PaKTEPUCTHK;
6) nokJIaIeMo
0 =, . - EE——
Ui(x1, 22, ..., 2n,x) =V i=1,n—1; (5)

B) poss’a3asiu cucremy (5) BijHOCHO 7, i = 1,1 — 1, MaTUMEMO
i =w; (U1,..., Y1), i=1n—1; (6)
r) uijgcrasumo (6) y nogarkoBy ymoBy (3)
U(xl,xg,...,xn)\xn:x% = (W1, ,Wn-1); (7)
(

A) samiausmm B (7) U, Ha U, , micTaHEMO PO3B’SI30K IOCTaBJIEHOI 3ajaqi
Koui.

2. JIinitinum HeodHoPIoHUM PIGHAHMHA NEPULO20 NOPAIKY 3 HaACTUHHU-
MU TOTIOHUMY HABUBAETHCS PIBHAHHS

ou

— 4 ...
0xa 8)
oU

P =b(x1,x2,...,2n).

a1($17$27‘ .. ul'n)— +a2($17$27‘ .. ul'n)

0x1

cooFap(x, e, .. 2y)
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Bagaqa Komii jyist piBHsiHHEs (8) cTaBUThCs Tak caMo, siK 1 Jyisi OJ[HO-
pigHOrO piBHSHHS. Y JOCHATH MAJIOMY OKOJI KOXKHOI HEXaPAKTEPUCTUIHOL
TOYKH IIOYATKOBOI TIOBEPXHI BOHA MA€ €IMHUN PO3B’A30K, AKHI MOXKHA IO~
JATU y BUTJISAII

Ug(e,1) = p(z) + / b(g(z, 7)) dr, (9)
0

e g(x,t) — 3HaueHHS PO3B’SI3KYy CUCTEMM DIBHSIHb XaPAKTEPUCTHK 3 110-
9aTKOBOIO yMOBOIO ¢(x,0) = x y MOMeHT 4acy t.

@opMaJsibHa TPOIE/ypa PO3B’si3yBaHHs DIBHAHHA (8) mosigrae B 3Ha-
XOJIPKEHHI HE3aJIeXKHUX IHTErpaJiiB (XapaKTEPUCTUK) CHCTEMHE

dxq o dzo .
ay(xy, e, ..., xpn) - az(xy, e, ..., xyn) - (10)
B dz, B dU
an(wy, e, .., 1n)  blay,mo,. .., 2y)

Axmo Vq(z1,xe,...,2,,U), ..., Vy(x1,29,...,2,,U) — xapakrepu-
cruku cucremu (10), To cuiBBijHOIIEHH ST

O(y,...,0,) =0, (11)

ge ® — noBinbHa qudepentiiioBHa GYHKINS, 3a/1a€ BCi pO3B’I3KW PIBHSIHHS
(8).

3. K6a3iatHitiHuM PIBHANHAM NEPUL020 NOPAOKY 3 YACTNUHHUMY TLOTI0-
HUMU HA3UBAETHCH PIBHAHHS

oU
al(ﬂfl,l‘Q, s 7xn7U)— +a/2(x17x27 s 7$n7U)— + .
ox1 O0xa
oU (12)
oot an(xr, 2o, 2, U) =b(z1,29,...,2,,U).

Az

CyTTeBoOO € 3aJIeXKHICTh KOedIImieHTiB a;, ¢ = 1,n Ta b He juie Bix
x1,%2,...,%n, ase i Big U. Cucrema piBHsHBb XapakTepucTuk s (12)
anastoriuna (10).
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IT06 3Haiitn pose’sizok U = U(xy1,2,...,2,) piBasHEs (12), sxwii
38/10BOJIbHSIE 1I0YATKOBY yMOBY (3), Jie IillepIIOBEpXHsI Y 3aJlaHa, HalpW-
KJaJ, piBHgHHEAM f(T1,Z2,...,T,) = 0, Tpeba 3 cucreMn

f(«leny---al‘n) :07
\I]i(ZEl,CUQ,...,l’n,U) — Cla (13)
U= Q0($1,.1‘2, s 7xn)

BUJIYIUTH T1,T2,...,Tn, U, TICTABIIN TUM CAMUM CIIiBBiJHOIIIEHHS BUTJIS-
Ay

F(Cy,Cy,...,Cp) =0. (14)
[Migcragupnmm B (14) samicts C;, ¢ = 1,n 3HaYeHHsS XapaKTe-
pUCTHK (7 He3aJIeXKHUX IHTErpajiiB CHCTEMU DIBHSIHb XapaKTEPUCTVK )
U (x1,22,...,&p), 1 = 1,7, AicTaHEMO pO3B’dA30K HOCTaBJIeHOI 3a7a4i Ko-
1.

ITpuxnaad 1. Posp’si3aTu piBHsIHHS

(1+x2) 02 02 =0

+ Ty—
ox oy
Ta BUJIJIMTH iHTEIpaJIbHY HOBEPXHIO, SKa IPOXOJUTH Yepe3 KPUBY 2 = >
Ha momuHl = 0.

Pose’azannsa. CritajgeMo cucreMy piBHSIHb XapaKTEPUCTUK

der  dy

1+22  ay

. y? 2
OyukIiga Y| = —— € XapaKTEPHUCTHKOI, a OoTXke, 2 = P (1 _HCQ), e ¢

1+
— JoBiJIbHA JudepeHIiioBHa (DYHKINS, 3a/a€ MHOXKHHY BCIX DPO3B’SI3KiB
3aJIaHOr0 PIBHSIHHSL.

11106 poss’s3aTn HOCTa.BJIeHy 3amauy Korri, HOKJI&I[GMO r=x9=0y

criBgijomenni ¥y = | nicranemo Uy = 4?2, 3Binku y = /¥;. Tomy

1+

2 . .

z=19y% = (\/\Ifl) = 1+7 i € mykaHuM po3B’si3KOoM 3a/1a4i Korri.
ITpuxnaad 2. 3HailTi MHOXKHWHY PO3B’3KIB PiBHSIHHS

0z

+3
axy

3y = 2y
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Ta BUJILJIATY TaKi PO3B’ 3K, 10 33,[0BOJIBHSIOTH YMOBY 2 = X2 IIpU Yy=1x.
Posé’azanma. CkiagaeMo cucreMy piBHSIHb XapaKTEPUCTUK

da:_@_ dz

r oy 2wy

Ta 3HAXOJUMO i1 JiBa HesaslexKHUX iHTerpanu (Xapakrepucruku) ¥y = ¥,
Uy = xy — z. OTKE, MHOXKUHY BCiX PO3B’si3KiB PiBHSIHHSI MOXKHA II0JIATH

Y BHUIJIS/IL
@(%,xy—z) =0. (15)

Baysaxkumo, 1o (15) MoKHaA PO3B’si3aTH BIJIHOCHO Z, JIiCTAHEMO:
_ Y *
——— ) (15°)

ae [ — noBijbHa HelepepBHO judepeHiiiioBHa (yHKILs.
TlocraBnena 3amaga Komi pos3s’sisyerbcs nHeopHo3nauno. Crpasi,

cucTeMa PiBHAHb { El N 1’2 He MoXKe OyTH OJTHO3HAYHO PO3B’A3aHa
Uy =2 — 2

BigHOCHO 7, 2. Ilpore, BuMararoum, mo6 B (15*) 2z = z? npm y = =,

marumemo f(1) = 0. Orxe, 3amaua Komi mae Gessiv po3s’si3kiB, ski

3asat0Thest popmynoro (15%), me f — jnoslibHa HenepepBHO JpdepeHi-

ioBHa dyHKIig Taka, mo f(1) = 0.

Pozp’sizaTn piBHsiHHS:

1204. y% — mg—z =0.

1205. (z — z)% +(y — z)g—Z + 22% =0.
1206. (z + 2y)% — yg—z =0

1207. y% + xg—z =T —y.

1208. (2% + y?) % + Qxyg—; +22=0.

0
1209. (a? + %) 7= — 4 = 22 = 0.
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1210. z— + y— = 2zyva? — 22
ox oy

1211. (2% +y? — 2?) % - Qxyg—; + 22z =
1212 @ + @ =au

“ox oy

ou ou
1213. —a)— —
3. (@ a)8x+(y b)ay:u—c

0z 0z
1214. —bz)— — — =bx — ay.
(cy — b2) 9 + (az ca:)ay r — ay
ou ou ou
1215. 22— + 1y’ — + 22— =u.
A T PR
0z 0z
1216. (23 + 329?) — + 2y3 — = 2422
($+xy)ax+yay Yz
0z 0z
1217. 2y— — y?— = 22
Yor Y oy “
0 0 0
1218. (y—l—z—i—u)a—z+(a:+z+u)a—Z+(a:+y+u)a—Z:m+y+z.
ou ou
1219. e — + y?— = ye”.
¢ 8x+y oy ve
Posp’szatn 3amaui Korri:
0 0
1220. y2—z —i—:cy—z =z, x=0,z=y>
Ox oy
0 0
1221. x—z—i—y—zzz—xy, r=2z=y>+1
Ox oy
0 0
1222, tgw—z —|—y—Z =2, y=uz, z2=2a°.
Ox oy
0 0
1223. yQ—Z —|—xy—z =z, x=0,2=1>
Ox dy
0z 0z
1224. 2\/z— —y— =y, z=1
Vi UG i=i
ou Ou ou
1225, —+ —+4+2— =0 = =1.
81:+8y+ B , U=YZ, T

1226. 2— +y— +ay— =0, u=2a2+y> 2=0.
T Yy z
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0 0
1227. 222 —2y—z =22+9% y=1,z=22
ox y
0 0
1228. tgw—z —|—y—Z =2, y=uz, z2=2a°.
Ox y
0z 0z 9 9
1229. s — 4+ y—=z—2°, y=-2,z=a—2a".
ox oy
0 0
1230. 225 —oy2s =212, x4y=2, 2y =1.
oz oy
0 0
1231. za—;+(22—x2)8—;+x: . y=1x2 z =21
0 0
1232. (y—z)a—i—i-(z—x)a—?j:x—y, y=—x =2z
0 0
1233. yz—z—i—yz—z—i—zQ:O, y=x,r—yz=1.
Ox oy
ou Ou ou
1234. — 4+ —+2— =0 1 =zxz.
8x+8y+ 5, ,ou(w,1,2) =2z
0 0
1235. l'ya—z =+ %28—?; =1, ’LL(J,',O) = 3]'2.
ou Ou
1236. —2eY)— —— =0 0) ==x.
(@=2) 52 =50 =0, u@0)=a
0 0
1237. xa—z —ya—Z =z—vy, u(l,y)=y+ev
0 0
1238. xza—z - xya—Z =22 w(r,z)=y+ g

1239. 3HaiiTi MOBEPXHIO, sIKa IIPOXOJHUTH depe3 MpsaMy T = y, z = 1 i
OPTOrOHAJIBHA JI0 HOBEepXoHb =2 + y2 4 22 = Cy.

1240. 3naiiTu oproroHajbHi TpaekTopii ciMm’l onuH y = Cx.

1241. 3uaiitu noBepxHi, opToronassHi cim’i nosepxons 22 = Cxy.

1242. CriiacTu pPiBHSIHHS 3 YaCTUHHUMHY TIOXI1JTHAMUY, SKi 33/I0BOJIbHAIOTH
yCl KOHIuHI HOBepxXHI 3 BepHIMHOIO y jaHiit Touni (xo, Yo, 20) 1 po3s’sizaTn
#ioro.

1243. CriiacTu piBHSIHHS 3 YaCTUHHUMHY TIOXI1JTHAMUY, SKi 33/I0BOJIbHAIOTH

IVUTIH/IPUYH] TOBEPXHi, TBIpHI SIKMX HapaJiesibhi BeKTopy (a,b, c). Po3p’s-
3aTH 1i¢ PiBHSIHHAL.
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1244. BukopucTOByIOYN PE3yJIbTAT MIONEPEIHBOI 3a/0a4i, 3HAUTH PIBHSIHHS
1MUiHAPUYHOT 1OBepXHI 3 TBIpHUMHM, napasiesbHuMu BekTopy (1,—1,1),
Ta HanmpaMmHOWL T + ¥y + 2z =0, 22 + 2y +y> = 1.

1245. 3uaiitu noBepxHi, Oy/b-9Ka JOTUYHA IJIOIMIWHA, JIO IKAX [IEPETUHAE
Bick Oz y Touni 3 abCIuco0, BJABOE MEHIIOK BiJi aOCIUCHA TOYKHU JOTHKY.

Poss’a3zatu cucremu:

% oz
oxr
1246. P B 95
( Jy vy
0z
=Y
ox
1247. Py
— =zxz.
dy
0
8_2 = 2yz — 2%
T
1248. P
— =zxz.
dy

3HaiiTi moBepxHi, AKi 3a/10BosbHSAIOTH piBHsAHHSA [Idadda [10, mona-
Tok 1]:
1249. 3yzdzr + 2zzdy + xydz = 0.
1250. (z + zy)dz — (2 + y*) dy + ydz = 0.
1251. (2yz + 3z)dx + xzdy + xydz = 0.
1252. dz = 2de + Z dy.

1253. dz = (2yz — z2) dz + zz dy.

3HaiiTu noBHI iHTerpanu piBHgHb |10, mo7aTOK 1]
1254 0z n 0z n 0z 0z
T — —— | ==z
Ox y(‘?y 7\ oz oy

1 /02\* 10z
1255. — (— ] — == =0.
o y2<3x) woy

3HaiiTu noBHi iHTerpasm piBHsAHb MeToI0M Jlarpanxka—I1lapmi [10, mo-
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JraTok 1J:

5]
1256. 22+ 22 + 22 .
or 0Oy

0z Oz
1257. 224+ 14+ — + = =0.
z2+ 1+ Ey + oy

0= 02,
“or oy

1 /0z 1 0z
1259, —/ == — 2= =
59 yV oxr 220y 0

1258.
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Jlodamox 2
OCHOBHI ITEPBICHI
(a, b, n —cram)!
" xn—f—l
1. /x dx:n+1 (neZ,n#-1).
2. /d—wdx:ln|x|.
x
3. /amdx:m (a>0,a#1).
4. /exdx:ex.
5. /sinxd:c: —CoSZ.
6. /cosxda::sinx.
d
7./ ;U dr = —ctgz
sin” x
dx
8./ 5~ = tgx.
cos?
9. /tgwda:: —In|cosz|.

10. [ ctgxdx = In|sinz|.

11.

=

N
— e —
a

dx T
- zln‘tg—‘.
sinx 2

=

=Injtg{=+—-)].
Ccos X 2 4
. sinax  xcosax
zsinax dx = 5 — .
a a
cosaxr xsinax
+ .

12.

13.

14.

T cosardr = 5
a a

!Crana iHTerpyBaHHSI B HPaBUX 4YacTHHAX (POPMYyJ BUIYLIEHA 33paJ CKOPOYEHHS;
Hanpuknaj, samicts [ sinzdr = —cosz 4+ C numemo [ sinzdz = —cosz
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15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

28

— + —

/

8
qy)
Q
8
U
)
I
&)
8
|
—_

e ax

8
)
&
QU
8
Il
Q|
&
3
o

axr
e sinbx dr =

).

n —
_/xn leaxd:ﬁ_
a

a? 4 b?
axr
e™ cosbxr dx = -
a’+b
ar 43 n—1
; e sin™ gz
e gin™ ¢ dr = —
a“+n
nin —1 o
% e sin" 2 x dx.
a“+n
axr n—1
e cos
e cos" rdx = . ,
a‘+n

n(n—1) / o2

a? + n?
xe

re™ sinbr dr = —
a

2152

ax

(asinbx — bcosbzx).

acosbxr + bsinbx).
5(

(asinz —ncosz)+

(acosx +nsinz)+

asinbx — bcosbx)—

clw ((a2 - b2) sin bx — 2ab cos b:n) .

ze
ze® cosbx dx =

a?
ar

2152

ax

acosbr + bsin br)—

+...

Y N ‘
(a2 + b2)2 ((a b ) cos bx + 2abs1nbx) .
sin™ az de — _sin’“1 arcosar n—1
na n
cos" axdr = — cos" ! ax sin ax
na
a6 dy = —gme™® — = /m”—leaaz dz.
a a
ea$ ar (ax)z (CL$)3
2 nx+1.1!+2‘2! 53
dx 1 ea
e n .
1+ e a 1+ eax
mzdr=chz-z (z>0).

/ sin" 2 ax dz.

—1
+ & /008”2 az dr.
n

(x >0).
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29. /arcsin L dz = zarcsin = + va? — 22.
a a
30. /arccos T dz = zarccos = — Va2 — z2.
a a
1
31. /tg(aaj) dx = ——In | cos(ax)|.
a
1
32. /ctg(aa:) dx = —In|sin(ax)|.
a
1
33. /sh(aw) dx = o ch(azx).
1
34. /ch(ax) dx = o sh(ax).
35/ h(az) dz = ~z ch(az) — — sh(az)
- [ wsh(az) de = —a ch(az) — — sh(az).
1 1
36. /xch(aac) dx = P sh(ax) — e ch(azx).

1
37. /\/@2 —z2dx = 3 (a: a? —xQ—l—aQarcsinE) )
a
1
38. /x\/ a? — x?dx = —g\/ (a2 — 22)>.

. /\/:1:2+a2dx:1(x\/x2+a2+a21n‘:1:+\/az—i-xz‘).

2

40. /\/acQ—an:c: % (a:\/xQ—aQ—a21n‘x+\/x2—a2‘>.

3

©

.
— arcsin —.
a

:arcshlen‘x—kx/ﬂ%—az‘.
a
:ln‘x+\/x2—a2‘.

41

/ dzx

) Ve—=
/ dzx

' V2 4 a?
/ dzx

) Ve—a

42

43
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Zlodamox 3

OCHOBHI PSI/TU TA CHEIIAJIbHI ®YHKIIIT

L (142)P =14 Y, Ketllothl) o

k=1
[|z] <1mpup <0, |z| <1uapup>D0.
o0
2. e7 =S 2 [z € R].
k=0
X Lk
3ln(1—1‘:—k¥0% 1<z <1]
X okt
4. I3 = kao o Lzl <1
k
5.1n(z+Va? +1) =+ E e e el < 1.

o0

6. In (ﬂ:+\/x2 — 1) =In2z — kz_%%% [z > 1].

. . o0
7.sinz = €= = & l)k' kL [z € R).

2i = BRI
eirge—iz X (—1)F op
8. cosx = —EH— =3 ((2k)! x [z € R].
e 2::0
9. =1 +2kz 2 (2,{). 2% |Boy| 221 [|z| < 7].2
00 E_l
10 oz = 2 Ghia™ el <3l

11. t — — 2% (2 ) B 2k—1 s
tgr = 35 0o By e (la] < 3]

X 52k -~
12. ctgz =1 — kE (3k)! |Bog| 221 [|2] < 7).
=1

@_ -z X 2kt
13. shz = &=— = ];0 ékﬂ)! [z € R].
14. chx:%—z [z € R].
15. the = £ = 3 72% D Byt (o] < 1]
: x erte— T 2k)! 2kT x 21

2Tyr i B nonasnbmomy: B,, — uucaa Bepuysui, E,, — uucaa Eiiepa
b)
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S X 92k _
16. cthe = S+ = ;;1 G Bare™ 1 [lz] < 7).
. = 2k)! 2k+1
17. arcsinz = 2 Z W (%) [|lz| <1].
18. arccosz = § — 2 Z k')22§3;+1 (%)%Jrl [lz] <1].

e}
19. I'(z) = /s‘v_le_s ds — ramma-dyskiis (z > 0);
0

L(n) = (n = 1)! (n € N); D(e + 1) = T (@); De) - DL~ 2) = 50
D(2)0 (2 + 1) = 212 . /7 T (20).

20. ®ynxiiis Beccenst 1-ro po,zLy HOPSJIKY N
_(=nk n+k
In(x) = Z kL(n+k+1) (%) :

21. ®yukmii Eiipi:
3k

. 3 6

Ai(z) =1+ g_ff + 2-;.756 +F 2-3-5-6-.;3k1(3k71) RIRERE
. +

Bi(z) =2+ 33 + 3-167 +eF 3.4-6~7f.~3k(3k+1) e

1 s1nt .

22. S(x) = E \/_ — cunyc-iaTerpai Ppenens;
x
1 cost
C(x) = \/_ \/, dt — Kocunyc-inTerpan ®penes.
smt
23. si(z - dt — iHTerpaJbHUil CUHYC;
OO

cost
—— dt — iHTerpaJibHUl KOCHHYC.
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BIIIOBI/AI

1
53. y = —+C. 54 y = ln‘tg%‘. 55. y = 0. 56. y = 4. 57. y = +1;

y = %_1 (Jz| < 1). 58. y = a3y = V2 — 1. 59. y = :tg. 60. = = ig. 61.

T

x:ig. 62. y =0.63. z = —1; y=0. 65. y = +1. 107. y = 2%, = > 0;

y=0. 108. y =0. 109. y = lnz. 110. y = e*. 111. y = —cosx + %cos3x+C.
112, y = €° (x2—2x+2) + C. 113. y = %xm—f— %arcsinx—&— C. 114.
y=2(yz—In(yz+1)+C. 115. y =In (Va2 + 1+ 1)+C. 116. y = In (2? + 1) +C.
117. y = zsinz + cosz + C. 118. y = (x—!—%sian) +C. 119. y:fﬁdx—&—c.

120. y = f%dw—f—C. 121. y = —%cos4x+icost+C. 122. y = fli—a;—i—C
123, y=In|2vV2? + 2+ 22+ 1|+ C. 124. y=zInz+C. 125. ¢ ¥ = —z + C. 126.
y=ce®—1. 127. [li_yy =z+C. 128. y = arctgy+xz+C. 130. y—In|y+1| =z +C.
131. y = (2 +C)% 2> —C upu y > 0; ¢ < —C mpu y > 0; y = 0. 132,
tgy =+ C. 183. Vy—zc+In|yy—z—1| = %x—&—C. 134. Injz +y| —y = C.

2 M2
135. y:erM, z>—-C, y=ux.136. y:fo%, < C; y=zx°
/1 2 /1 2 —
137. arctgy + C = e Ty Y :v' 138. @:—ép, p = Cexp —égo ,
142y dy a a
\/az2—|—y2 = Cexp(—garctg%). 139. y = C(z + 1)e”® = = -—1. 140.
1
y=2+Ccosz. 140. (z+y)(r—y—2)+2In ltz = (. 142. 1+ey:C(1+ag2).
143. 14+ ¢y = C(1-2%). 144. 2\/(z+13 + 6V +1 -3 Y(y + 1) = C.
2
145. —X _ 1y (1+y2) = C. 146. 2arcsin(sinz — cosz) + arctgy® = C;

2 +1
arctg y® +2arcsin(sinz —cos ) = 7. 147. y = a+

I . 148. arcsinx+arcsiny = e.
axr + 1
149. fy— Ve =C, >0, £ >0, y=0 (x >0), =0 (y > 0). 150.
2
2¢¥ — e?® 4 2arctgy + In (1 +y2) = C. 151. y = arctg (1 — 5) + 2m. 152, y = 2.

dy a — y2 2 2 _z / 2kx dp 8
153. — = ; = Ce™a. 154. = ———. 156. —; = Cea.
dz 2ay ' Y @+ Ce Y k222 —1 a9’ €
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T
157. j—z = I—y); y* = 2p(zc). 158. Ccii_t = k(T —-20); T = 20 + 80 -2720; 60 ae.
+ 60 2\
159. z(t) = z(0) - 220; z(t) = 0,01 2(0) upm ¢t = g2 ~ 200 on. 160. v(t) = (5)
2 6
Mm/c; v(t) = 0,01 npu ¢ = 4<—1g1 5 —|—1) ~ 50 ¢, max s = 15 15 m. 161.

40

y(z) = y(0) DREEE y(200) = y(0)-277 ~0,02-y(0); nornuxaerscs 98%. 162. Hi(]}\.}}ﬂ
v(M—m)=Cln—.
m

3rOpsiHHsI Macu T najusa meuakicrs pakeru v(z) = C'ln 7

2
163. h(t) — Bucora pisua somu; VH — vVh = 0,3\/2g%t; h(t) = 0 upm

2
H

= 0,};«2 55~ 1050¢~ 175 z0. 164. (2R—h(t)? = 0, 45mr2 /_Qg%; h(t) = 0 pm

2RH R > 5 3d2H2 AR2
t=——t0 /165, H2 — (H(t))? = 22 "\/2g; h(t) =0 npn t = S .
0,457r2 \ g (H(t)z = ; h(t) npu 342 g
166. r = Crt. 167. y = 2_y 168. ,E. 169. /Q. 170. o — 22xy2. 171,

X xT T x2 —y

zdr + (yf\/xQerQ) dy = 0. 172, ¢ = TYY 181, 4 + 32y — 3 = C.
x

y=Clz|®+ 2 (z #0) npub#1;

y=Cz+az-In|z|, (x#0) upub=1.

185. =z = y(C + Inly|), vy # 0. 18. =z = y(C — Inly|), y # 0. 187.

Va2 +y? = Cexp (— arctg %) 188. 22 —¢® = C. 189. 2y® — 329 + 62%y = C.

183. z? — 2zy + 2> = C. 184. [

190. In <ﬂ> = Cz. 191. InCzx = ctg (%ln g); y = ze®™* k€ Z. 192.
x x
zlnCzx =2/zy; y=0;, 2 =0. 193. (y—22)* =Cly—z—1)% y=2x+1. 194.

2
2r4+y—1=Ce? % 195. y+2 = Cexp | —2arctg %) 196. In rty =1+ ¢

+3 T4y
197. 2%y*InCz®> = 1; y =0, = = 0. 198. 2* = (foy) InCz; y = x2. 199.
er_ﬁ =C; y =0, z = 0. 200. (Qﬁ—x) ln(C’(2\/§—x)) =z, 2y =

x.
1
201. 2,/— -1 = —InCz, zy> = 1; y = 0. 202. arcsin =— v = InCz?. 204.
z2y? |z|®

2 2

y’:%, z? +y* — Cz = 0; y’:f%y:C:v (C#0); oy =y+ a2 +y2
_ Cx 1 ) ;o 5 2P C
y = 50 (C >0); a2y =y x+y,y—20+2(0>0).205.
5236—;—3/7 (z —y)* — Cy = 0. 206. Zy/y’ =k; Jx2+y? —C’exp(——arctg )
1 1
abo r = Cexp _0 . 207. — — — = 1. 209. y = sinz + Ccosz. 210.
k m n

y = (2z+1)(C+Inj2z+1]|) +1. 211. zy = C — In|z|. 212. y = z(C + sinz).
1
213. y° = 2® — 14 C|2®—1]>. 214. 2°(C — cosy) = y; y = 0. 215.
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y 3 = Ccos®z — 3sinzcos® z. 216. z?(C — cosy) y; y=0. 217. y = 2*In® Cx;

2
y = 0. 218. zy (C—any) = 1. 222. Iny = {C—l— ( %) —%eﬂ”z}.

2z(z+5Inz) 4+ Cx.
1
-3 (1—=%). 228.

1:2
223. tgy = Ce™ 7. 224. 2¢ 7V = Ce—x — €*. 225. 2(1 +y)2
1
226. (2 +1)% = Ce ™ +a? — 2z + 3. 227. y% = C (1 —2?)

sl

Y~ = ze® 4+ Ce®. 229. ¥ = sinx <C’+lntg g) . 230. 33 (Ce®™” +3) = 1. 231.
siny = Ce®®+1. 232. y~3 = Ccos® z+2sin® z —3sinz. 233. zy (C’ + In? .CE) +2=0.

234. y3* = 2*(9lnz + C) + gx; C = f%. 235. y(z + C) = secz. 236.

22
1 = Ce "7 +cosx, y =secx. 237. Cy?e®—x® = y2. 238. 22 +y*—2y = Ce™". 239.
2 2
Y2+ Cry = 1. 240. z+arctg ~+C. 241, y = Ce’s — x: 3 942 224y = e
Yy

243. 2y = (P — o) InCETY 244, 2t — 2 = Cu?y 245. y = * — 1. 248.
T —vy

dr =z 2a? a? ekr  wtw
= —2". 247. — - = = —-—/; 7 = —. 249. e Ftdt.
y e W g T = Ot e B RRAC)
/
d
250. y = y1 + C(y1 — yo). 251. ¢ — ﬂy = 0. 253. t = f (z) da; E +y =0
y = Cexp [ [p(x)dz]. 254. az) = exp[ [ p(z)dz]; = q(z)exp [[ p(x) dzx] ;
_ o jpz)dz o 2. _ L
y = exp [— [ p(z) d:rl] (CJrfq(x)e dx) 1258 y—axy =y’ 1 x+01. 259.
=z y= 260. —_— . 26l. y=——+ ———m——.
V=B Y=Y T o TR (o Y N (e Y P\
1 3z2 2 2xy + 1
262. = — ———. 263. ——arct =1 . 264. = x
Yy x+x3+C \/garcg \/3 n|x|+Cf Y1 x;
2 2 U 2 t 1
y(C’em—l) = az(C’em—&—l). 265. y = s 3 =t u = —; v = wt?;
v 3
w = tg(C-3t¥). 266 y= % ot =y S
v 3 w
1+ Cexp 6t2)
1 x4+ C —
w = zt%; z = 269. a) y = 6) zy tg(z + C),
1—Cexp (6t%) z(z + C)
™ T x? 5
z € <_§+C —|—C) 270. a) y = tg(uz + C) + —; 6) y = 2tg(2z + C) + z°. 272.

a) C(y—x)2+x —1=0;6) (22—y)* = C (a? +y ?); B) 2® +ay® + 2y = C. 275.
()= [ e e Tsinscos(@429) gin (1 4 ) ds. 276. 2,5 xe. 282. 2xy? + e +32 = C. 283.
0

zy + €® = C. 284. He mae dopmu nosuunx audepenuianis. 286. y + zy + In|z| =
287. yln|z| = C. 288. 2> = Cy?. 289. x> —ysin® z = C. 290. He mMae dopmu moBHEX

2 3
audepenuianis. 291. z° + 3 (2 —y)? =C. 292. (z+vy) (2* — 4y +y®) = C. 293.

1
22+ 23 lny —y? = C. 294. sin%—cos%—ﬁ—x—gza 295. 2% 4+ 1 =2(C — 2x)siny.
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296. z°cosy + ycos’xz = C. 297. \/952—|—y2—|—1—aurctgg = C. 298. ;r—|—ye% =C.

299. ze ¥ —y® = C. 301. " (z*+y°) = C. 302. —~ — — — 3y = C. 303.

mx

m—+a
307. z%y% + zy® +y* = C. 308. 3ze¥ +9° = C. 309. z? — % +y+Iny =C. 310.

y+ g = Ce ", 304. y=Ce %" + . 305. y!* =4dzy + C. 306. 2> + 9% = Cz>.

1 1
z + ycosz — ytgy = Cy. 311. m = —; Yz = C. 312. m = —_—;
z x2 + 92
~5 | 9 — L2 arctg ¥ -1 g
Vaz+y? = Cea =, 313. m = (xy)”2; = —Inlzg)] = C, y = 0
x
1 1
0). 314. = —; = —— . 315. 1—192 1-22 = C.
(0 # 0 314 m = Sm = o 315 /T VT

316. 2> + 2y —y*> = C. 317. zy+z +y = Cz + y)(z +y + 2). 318.
z + aln (xxﬂ) = C. 319. (2*+y*)Yz+y = C. 320. wsin(z +y) = C.
In (x2 +y2)

— Zarctgg = C.
ctg T

321. z 4+ 2y + ax(z +3y) = Cz + y). 322.
y x Cy’
323. y = arctg; + C. 324. z = arctgg + C. 326. zy = In poat C > 0. 327.

z = C—sin % 328. 2 —32%y* —2y° = C. 329. (x +y?) /22— y° = C. 331. m = ¢*;
2
(3w2y + y?) e’ =C. 332. (m — y2)2 2z —y) = C. 333. m = xy; z%y® —3z%y? = C.

334. \/1+y2—xy+C 335. ev (y2fx+y) = Cy. 336. 2> +Iny = Cz® = =0.
vrtltl _ o 339

337. z+ 2In|x| + =C; £=0. 338. dyv/r+1+1In
2] y 4 Viti-1
In|y| —ye™® = C, y—O. 340. dzy + 2z%y% Inz + 1 = Cz®y®. 341, 2?yInCay = —1.

1
342. 2zy + oo =C, =0, y=0. 343. sin’y = Cz — 2%, =z = 0. 344.
3y + zlnzy = Cz. 345. xy (C—x2—y2) =1 =z =0, y = 0. 346. = = 0,

p) p)
m\/1+z—2+ln<%+\/1+y—2> = C. 347, 23 —4y®> = Cyzy, © =0, y = 0.

348. m = 2¢e°7, 7;,661 + ;(6x —1) = C. 349. @ + xiy +2Inz = C. 350.
m=e %e?Y; (w2 — Zyx) e "2 = C. 352. m =y te 732, —%673 + %6731 = (. 353.
m =z %y 3, % — 2;1 5 + C. 354. Bepuysu Bigaocuo z = z(y); m = =z 4y~ 8,
%—ﬁzaiﬁ&m: Y3, §x§y5+§x520.356.y$—%}20.
357. —%xzy% 22 =C. 358. y = e dz. 359. _ym 67"” 360. y = 2% + 3
361. y = —%eh — ge“. 362. y = —?364“ do 4 %smx — %cosx 363.
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2 2 3 2 3 4
X X X X X

=4 — A - = — 4 —- 4 — 4| =
Y1 T Y2 T 2)7,@3 T +4 ; Ya (I 2+6 o1 )’
2 3 4 5 2 2 4

X X X X X X xr
=4dle—"F+"——-—+-—|. 364 =1+ =; =1+ =4+ =
v (x > %6 217120 u BTG Tty
{E2 4 6 1’2 584 6 8 .’L'2 4 1’6 ZES ZEIO

=1 — 1 1 —
I P TIR . Tt e g Tae ¥ +2+8+48+384+3840
1

365. yi — —4—}—21’—% — ys = ys = Y4 = ys. 366. y, — _§+4x+%;
_ou s’ o _ % e 2 o
2= g 2 2 6 T 6 2 6 24’
149 253; 172*  b5z'  a° _ 149 149 49 2+£x3+x4+x5+x_6
Ya= 120 12 24 12() 120 120 48 36 48 1 120
366. y1—1—cosx, yg—l—COSCE+§COS T; y3—1—cosx+—cos xr— ——cosga:7
=1-—cos —|—lcos.2 —1cos —|—1cos 1—cosx + = cos?z — = cos® z+
Ya = T3 =5 T 57 T Ys = T+ 5 T3 T

+§ costz — 1—;0cos5 x. 368. Ycu miomuna. 369. y # 517 370. z #1, y > 0.
371. y # 7k, k € Z. 372. x > 0, y # z. 373. = # 0, |yl > |z|. 374.
0,8 1,2]. 376. [-0,5;0,5. 378. [0,87;1,13]. 380. (,g; g) 382. = > 0,
r < 0, y = Cz. 383. Hi, po3’ss3ku Bu3Ha4eHI y BepxHiil Ta HIEXKHIA miBHUIO-
muaax. 384. Mae 1. 385. y = 0. 386. Hi, ui. 388. a) z = 0; 6) y = 0; B)

ocobsmBux po3B’askiB Hemae. 389. m € (0,1), y 0. 390. >KomHoro mupwm

2 >
tga # f(zo,y0), omun npu tga = f(zo,y0). 392. (y— % —C) . (% —z— C> =0;

y = %+% 2’2—2 - x—%. 393. <\/W—x—c) : <\/m+x+0> =0,
y = 0. 394. (yf\/mfc>-<y+\/mfc>:0npnx7é0,x:0. 396.
(y——+c) (Viel =2 =) (Vs +2—C) =0.897. y =In (z+va? = 1) +C

l'IpI/I13>1;y:—ln(l‘+\/x2—1)+CHle‘<1.398. (y—%) ( ) 0.
399. 2) y = +a. 400. 2) y = 0. 404. y = 0. 405. 4y = z*. 406. y = 0
2Ty = 4x3. 407. y =0, y = —4z. 408. y = 4x. 409. y = %x +C% y = TG'
3 2 4 3
410, y= T 4 O L o T LT g1 s —p+ Ly = plap+C. 412,
3 2 16 3 D
f:i:(2\/p271+arcsinﬁ) +C; y=+4p/p?>—1; y=0. 413. Cx =InCy. 414.
p
1 3 2 3 2
V= 203040 2122y — 1. 415. © = —sp*+Cp, y= B 1P L2 PP
2 32 2 4 2
3.4 P 1 2 lny 3 2 3
= 2t L 416, 2 = —lny — = - . 417. =
Y= 1P 3 6. z = slny-C" = 35 7. pry =y~ +p,

2+ C) =p*, y=0. 418. z = p\/p2+1, 3y = (2p° — 1) VP2 + 14+ C. 419.
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2 2
r= P [ Y=g [p? — 1|4+C. 420. 4> = 202—CInC, 2z = 1+21n|y|. 421.

1
r==4+/p>+1-In («/p2—|—1:t1)+0, y=—-pEtp/p?*+1; y=0. 422. y:C:B2+6,
2
y =42z, 423. y = Cz — C?, y:%. 424. y=Czx—/1-C? > -2 =1 (y > 0).

425. = Ce ? —2p+2, y =z(1+p) +p° 426. y = é(xfC)Q, C#0, y=0,
y=—dx. 427. 2/p=lnp+C, y=,p(Ad—Inp—C); y=0. 428. C° =3(Cz —y);
9y? = 4x3. 429. . = Cy+C? z = —y4—2. 441. 2% —y? = C. 443. zy = C. 445.
22+ 9% = 8lny + C. 446. 2y° — 1 = C(2x2+1). 447. (x2+y2)2 = Czy. 448.
Yy +22° = C (2° +y2)2. 449. y> = C(C'—2x). 450. p = C(1—cosyp). 451. p = Ce’.
452, y? +2zy — 2? = C. 453.2p = Ce ™, k =tga. 454. /22 +y? = Ce8 %,

C
488. p= cos(f — )

Y1 = < 487 Opuopinne, © = z(y). 488. Bepuysni, z = z(y), 3amina x

. 456. 6 i = —2In|p|+ C. 485. Pikkari, y1 = x. 486. Pikkari,
D) p

? = 2(y).

489. JmiiHiﬁHe. 490. 3signe g0 omuopimHoro. 491. VY moBHux audepenmiaiax. 492.
3BigHe 70 ogHOpigHOTO; T =t + 1, ¥y = u, ge u = u(t). 493. 3BigHe 10 OMHOPiMHOTO;
z+y =2 z=z(). 494. 3Bigae o0 omHopimHoro; x = t+ 3, y = z — 2, z = z(1).
495. Bepnymwti; z = /Yy, z = z(z). 496. Jlinifine. 506. (2° +y+1InCy)y = z,

y = 0. 507. y = Clnz? 4+ 2lnz? 508. z = p(ln(l—l—\/p?—l)—lnCp);

2y = xp — \/p*+1, 2y = —1. 509. <y—23v\/y—:c2> . <2\/y—m2+$> = C.

510. y = C?*(x — C)% 16y = z*. 511. ¢Y = 2°InCz. 512. zy*> = Inz? — InCy;

r = 0; y = 0. 513. m(y2+x2)3 = §y5 + §w2y3 + 22ty 4+ Cz°%, =z = 0.
2

514. (u — 1) - InCx%u — 1)°(u + 2)* = 3, ne v* = y_2 - 2; y* = 322 515.
x

V= (2>=1)-(2In]|2®> = 1|+ C); y=0. 516. 2> — (z — 1)In(y + 1) —y = C. 517.

2*=Ce? —y—2.518. y+1=zInC(y+1); y=—-1. 519. (C—2°)/y2 +1=2a.

520. /2 +1 = z(Ce” —1). 521. (yfx)ln(0m11> = 2 y = x 528,
T
2P
ysinxg + T = C. 529. z(eY +xy) = C. 530. z(p — 1)°2 = InCp — p. 531.

y = ztglnCx; = = 0. 532. Ce™¥ — 2(1 + siny). 533. (z + 1)y = 22 + 2InChx.
534. Cy = C%® +1; y = +2exp (%) . 535. 3% = (x2 + C) z%*. 536. = 2p — Inp,

y=p>—p+C. 537. zycosz —y? = C. 538. 2/y — 22 = zInCx; = = y. 539.
2z° — 2y’ +yP +a = C. 540. (y—4z+2)*(2z+2y—1) = C. 541. y°* = (C — 2°) sin® .

2
542. |z| = In (3+,/1+y—2> +C; C=0. 543, 22> — 1 = aylnCy* y = 0. 544.
X X

(y—1)> =2C(x+1)—C% y3 —23 =C; y=0. 545. 27(y — 22)> = (C — 22)%;
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siny

= 2z. 546. 3,/y = z? -1 +C{4/|x2—1|; y = 0. 547. = —InCx. 548.

T

:I%p_g, y:C(§—1> g; y=z+2 y=0. 549. (0612+2w2+2>cosy:1.

550. eY (02322 + 1) =2C, 2> = e . 551. y = xz, f(x)z = 2* — 1. 552. a2y = 2.

553. y? =22 554. y=1xz, 2 =2 "' f(2). B55. xy =2, 2 = z (1+=xf(z)). 556.
x

~

2 1
2x s _ = :
oy =z, 2 = wp(@)f(). BET. y = { Ce*" + g sine — zcosxz, mpuy <SINT, gl

Ce™ 7, npu y > sinz.

y1 =sinz — 1, y =sinz — 1 + Ce "% 565. y1 = o(z), y = p(z) — 1 + Ce ¥,

566. y" = 2z, 2/ + maz = mb. 567. y = ¢(z) + 2. 568. Hi. 569. Hi. 574. a)
1-— 1

; 6) ﬁarcthy - §1n (z®+ @y -1)?%) +C; b)

1 2
ln|x\+C’:arctgg——ln 1+ L
x 2 x?

\/garctgwy?—%ln((x—i—lf—i—yz) =C;r1) —y+2In|y+ 1] =2+ C; n) y = Cz?;
02

2
e) y? = ln\w|% +C; €) r=Ce’; x) 5= —2In|r|+C. 591. Chzexp (—%) . 592,
Inly| = C1 (z* +2v1+22+1n(zv/1+22)) + Co. 593. y = Caexp (f + ﬁ) .
1
594. 201Coy = C3lz**% 4 |2)>~1. 595. InCoy = 42? + Cha; y = 0. 596.
z+ Ch

1
Cg(:c—&—\/aﬂ—&—l). 597. y = (O,
Y

x [f}
y = C’zm(ln(C1w))2; y = Cz. 599. P Cy — 3ln

.y = C, y = Cer. 598.

Y

1
5—01 , y = Czx. 600.

y = —o? InCz, Ciy = z2 (C’roc1 + 2) , Y= Cz3. 601. 202y = (Coz — 01)2 —1;
1
zy = +1. 602. y = z° (01 Inx — an2x+02) . 603. ylny+Inx+ Ciy+ Cy = 0.

1
604. y = \/C1tg(\/cll‘—|—02). 605. = = (O3 = —Cln’y+ /[y + Cs
Vv 1
2

=z +Co 607. [e ¥ dy = Cix + Co. 608.

abo

y = ae®® + be . 606. Ik

In( C Y)
Ciy —1 = Coye“lz. 609. y = Ciz + Co + 22, 610. y = Cytg(C11InCox).
2 2
611. y = ¢°° (lee*“ derCz) - 1. 612. y = 4Citg(Ciz®+Cs),
21n‘zy/;gl = Ci1a” + Cy; y(C—2%) = 4. 613. y = +/Ciz+ Cz + Csz + Cy;
1
y = Ciz? + Coz + Cs5. 614. 6y = 2°In|z| = Ci1z® + Cox® + Csz + C4. 615.
:1)2
Yy = fﬂdt—kcosx—kclx—kC’g 616. y = C <xfet2dt— %) + Cox + C5. 617T.
0 0
H 2 1 7 sint 2 2
f —t)sint” dt+ Chax+ Co. 618. y—af ; (z—t)* dt+ Cra* + Cox+ Cs3. 619.
0 0
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1 T = sint;

= € 4+ — + Ciz + Cs. 622. t in 2t AKIIO
Yy 1:% 1 2 y:___sm 4 Cysint+ Cs, T

2 4

r = —sint;

cost > 0 in 2 . o cost < 0. 623.

y:_z_sm t—C’lslnt+CQ, S

2 4
1

= 27 + Ciz + Co. 624. Ciz — C?y = In|Ciz + 1| + Co; 2y = 2 4+ C;

= C. 625. y = Zarcsin (Cle§> + Cy. 626. y = Ci(zxlnz —2z) + Cy. 627.
1 1

y = =9t (g — ). 628. ylnly| +z+Ciy+C2 = 0, y = C. 629.
Ci Ch

2C1y = (£C13+ C)* + 1. 630, (24,5 +C1)? — 30, (245 + C1) % = £120 + Cs.
631. (Ciy—1)7 = :tﬁw 4 Cy. 632. 12(Chy — ) = C(z + C2)® + Cs. 633.

z = In|p|+2C1p—Cs, yfp—i—C’lp +Cs5; y=Crx+Cs. 634. y—Cl (1ich($—|—C’2))
12

y = Ce*=. 635.x:01p+3p,y:€p+ Clp +C + Cy;

y = C. 636. 3Ciy = (z —C1)}  +Co; y = C; y = C’—21: 637.
ln‘y2+C’1:|:\/y4+201y2+1‘ — 24+ Co, y = +1. 638. 2 = u— In|l + u| + Ca,
pe u = £/1+4Cy; y = C; y = Ce™ . 639, y+ Cilnlyl = z+ Cy; y — C.

640. y = e "7 (C2+Cy1[e™¥da). 641. y = z(Co+z+Cilnja]). 642.
y=1—¢€" y=—-14+€" 643. y = %x + Ciz + C2, p — HaBaHTAXKEHHS
Ha OJMHUINO JIOBXKWHU TOPHU3OHTAJBHOI Npoekiii, 7 — TOpH3OHTaJbHA CKJIaJIOBa
cwm Harsary HUTKH. 644. ay = ch(azx + C1) + C2; a = %, g — Bara OJWHH-
i JIOBXKWHH HHUTKW, 1 — TODW3OHTaJIbHA CKJIQJOBa CHWJIM HATATY HUTKH. 646.

(4 C1)?+ (y+ C2)? = 1. 647. ¢y’ = kCiy® = Ci(z + C2)* + k. 648.

1
ky3’

" l x H | tS 3a moyaro OOpAUHA 34T0 Cepes
- — : = = . 9 K K HHAT B34T HHY
y 2EI ’ y 1_% 48FET

1 2
Gamii. 649. v~ 11,08 mat/c; v = — %. 650. ~ 117 200. 651. y = % +Cs.
2 3
652. y = C1 (zlnlz| —z) + E + Chx + Cs. 653, y = Cra? + Coln|z| + % + Cs.
654. y = leli—i + Co. 655, y = e Jr@de <02+01 fefp(x)dxdm).
656. y = Cisin2z + Cycos’z. 657. y = Ciz + Chz® + 227 In|z|. 658.
y = e (02 + [ (C1+2?) e d:r). 659. y = Cizln|z| + Coz + z°. 660.
2

y=ée" (Cz +C1 fefzz dw) . 661. y = Cysin2z + Cycos’z. 662. y’ — bz™y = 0.

12
663. y1 = e=z. 679. a) L(z) = Ce—3 [ Mm@ de, (C # 0); L[ﬁ )] f(z); 6)
Lia(z)] = 0. 680. y = Ciz + Cox® + Cse®. 681. z?u” — au’ +u = 0. 682.
" —6u +au = 0. 683. u’ = z 5u = 0. 684. Jlinilimo sanexni. 685. Jli-
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HiliHO He3asiexkHi. 686. JlimiiiHo Hesasiexxni. 687. JliniiiHo 3anexni. 688. JlinmiitHo

3asiexxkni. 689. Jlimiiino sanexni. 690. Jliniiino 3ame)KHi‘2 691. Jlimiitno 3ajiexHi.

692. Jliniiino sasexwni. 693. Jlinilino sanexui. 697. —= (x # 0). 698. ¢ >~
T

T
699. — (|| < w). 700. 1 —Inxz (x > 0). 704. JliniliHO He3aJIeXKHi.
s (el < ™) (@ > 0)

705. MoxyTh OyTu K JIHIIHO He3aJleXKHUMH, TaK 1 JIiHIWHO 3ajexHumu. 706.
a) W = 0; 6) nivoro He MoxHa ckasatu. 707. JliniiiHo Hesanexni. 708. [lBa.

710. (n > 2). T11. y = 1oL 4+ R %BL 712, 4y = Chcosa + Cae®. T14.

y1 = 22, yo = Inz. 715. y1 = 22, y» = Ilnz. 716. y’ — ¢ ctgz = 0. 717.
(x— 1Dy’ —ay +y = 0. 7T18. ¢ — 4" = 0. 719. 2%y’ — 3zy’ + 3y = 0. 720.
(22° + 6z —9)y” — (4o + 6)y' + 4y = 0. 789. a > 0, b > 0. 790. b < 0 abo
b>0a>0 791. b > 0, a < —2Vb. 792. a® < 4b. 793. w # =+k. 794.

(b - w2) sinwt — aw cos wt q .
y = = o)+ a%a? . 795. x = 4 — 2cost. 796. I = uJCLsmu.)t;
VACL — R2C? .
CR? < 4L, w = CTCRC 797. I = ﬂ%efﬁ. 798. I = Asin(wt — ¢), zme
L — L
A= v ;o = arctng“’C, max A = % npu w? = % 799.
\/R2 wL——)2
m 2 _ Yo ([ (—aty)t (—a—y)t
T 27”/E' 800. a) dAkmo h* > 4km, 10 T = %(e —e ),
N
a = %7 vy o= %; 6) dxkmo h* < 4km, 10 = = %Oe_atsinﬁt,
V/ )
o= g VAR eag o+ ©2 04y = a2+ 2 s0s.
2m o 2m x x3
y = Ciax + ?2 806. y = C; + Calnx. 807. y = x(Cl+Cglnx+Cgln2m).
808. y = Cp + Colnz + Csz®. 809. y = Ciz + Cox® + Csz®. 810.
1 1
y = G2 + 1) + CGYIFL 811, y = -Gy ClEHD g
r+1 r+1

1) (C14 Coln(z +1) 4+ Cs(z 4+ 1)%) . 813. y = Ci(z+2)* + Ca(z +2)°. 814.
3

Bamina r = tgt; tv/1+ 22 = C1+Coz. 815. y = C12> +Cox+Cazxlnz+ r_ gxlnx.

4
C1 Co Cs In(z+1) 11 Cs
816. y = —. 817. y = == 1
Y T+ +(x+1)2+(m+1)3+ 6 +36 Y Clir +CszInz+

2
Calvw | 2" 818, y = ¢, n) + 819, y = Q + Caz®+

9 R 17
+zt. 820. y = (2z + 1)1n|23: + 1 + Ci(2z + 1) + CQ(QLB + 1)%
821. y = zln®z + z(Ci + Colnz). 822. y = =z + C; + Caz®. 823.

y = —Inzcos(lnz) 4 Ci cos(Inz) + Cosin(lnx). 824. y = 223 + Cr1z + CoxIn|z|. 825.

sin(lnz)

y = Cicos(2In|z|) + Cosin(21n |z|) 4 22. 826. y = Ciz? + 1 (CQ — %lnm —1n? :v)
x
827. y = Ciz® +Coz™?+ 2% In |z| —22°. 828. y = (z—2)*(C1+C2ln|z—2|)+x—1,5.
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3 l
829.y:C1( )+02x+3‘ +ng+3| 830. y—.rlncjrxl—g—l—l—
1+1
——11133(02 z + 1)). 831. y = z(C1 + (C2 + In|lnz|)Inz) + —anx 832.
—2z dy 721 d 9 dy eQz 5

= 0. 833. — r—= — -2 = 0. 834.

< x dw)Jr 0 dx(e dx)erQ (= )y 0

d d y 6y

— = 0. 835. — = 0.

L) (- ) i (7579) * 7o
836. (V1 —:rQy') + %y = 0. 83T7. (xe_zy/)/ + ne "y = 0. 838.

—x
<x6712y') + 2n6712y =0. 839. (27 (z — 1)°‘+B+177y’), +afBz Hx — 1)y = 0.
2 2
+6 122
840. ' + S R 0. 841. 2/ — —— 72 = 0. 842. 2/ + 2 = 0. 843.
i 4 (22 +1) ? ? (422 — x)? c ? ?

2 +1)(1—2?)+1

N G e N A f> z =0
1 ) (1—a2)

846. y = Clsmx + C2cosx. 847. y = Ch1e” + Cysinz. 848. y = Cjcosx + Coe”.

_1‘2

849. y = OC1/1+zxz + Cav/1—z. 850. y = x(Cl—Fsze?dx). 851.

o= 22 +1; y = O (1:2+1) + Coe®. 852. y1 = x°; y = Cia® + Cae®.

853. y1 = mS—x; y = Cl(x3—x)+Cg(6w2—4—3(m2—m)lnx+1). 854.

1 1

YacTUHHOrO pO3B’S3Ky y BHIVIIZl MHOTOYJIEHA HE ICHye. y = Cl; + pol 855.
(z=1)?
—@-) O+ da
y=(x 1 2 @—1)2
3 6 3k
x x z
856. = Ai 14—+ —+...
u @ =1+o3+33 56t 3356 . @D
~ Bi() — o4 4 T 4o o + o
Y2 = - 3.4 73467 T 3467 ... 3k@Bk+1) |
. . . . z? 3zt
Ai(z), Bi(z) - dynknyii Eiipi. 857. y1 = 1 + o + a + ...
12 4 z? z8 g2 .
= — .... 858. =1-— —
yr=wh et v 5473478 3478112
25 29 L a56
oS P T 45 T 1589 a5.89- 213 '
_ z? x> z? 2 5 ) B x> 2 4
e T i T LI Tl el S L
1 1 1-2
860. y1 = —In(l —=x); yo = —. 861l. y1 = 1 —x; y» = L. 8e2.
2 7 1 Yy 1 v
z
= ; = ——. 863. = ; = 1 . 865. = ;
Y1 11— 1—=2 Y1 1 1—=x n |z| Y1 11—



Bidnoesidi 213

Yo = 1imln|:r|. 866. y1 = 51230; Y2 = co;x. 867. y1 = Si;l;; Y2 = C\O/S;.
2

868. y1 = 27 y» — xf%dm. 869. yi — = y» — 1+ 2T —L s,
x . 2 r+1

y1 = €% yo = x. 871, y1 = 1; ya = (1—x2)§. 872. y; = 1; y2 = arcsinz.

Jp(z) cospr — J_p(x) B

1
Yp(x) = sinpr . 874. y1(:c) = E(CﬁJg(Q:c) + 02Y2(2$)) 875.

Y1 = zi <01J% (V=) “I‘CQJ_% (\/E)) 876. y = ] <C1J% (332) —|—C2J_% (3:2))

877. C1Jo(2z) + CoYo(2z). 878, y = cljo(g + Cng(%). 879.
Y = C1J%(a:) + C2J_%(3,’). 880. C1J% 2z) + C2J_%(2$). 881.
2 4 6
B x z x .,z x .
y171+2—2+2242+224262+882. Yy = +§+§+..71’€883-
_i,l+l+x_2+m_3+ﬁ+ . _m+x_2+:r_3+x_4+ 884
R T S TR TR 2 ©5 Tag T 5
1 x s X T x et T
=—4+14+—; = — 4+ — ...=6——-1—=. 885.
n@ =g +1+ 35 @) =+ gt (m 2)
S T S - PO S
o= 5.6 6-6-11.12 )T 6.7 6-7-12-13 |
1 z  2? e’ 1 2¢  (2x)2 (2z)®
886. =—414+ =4+ = = = 3 |14+ 22
yi= gt s |m|{+5+5.7+57'9+
2 4 : 3
T T sinx 1 T T cos T
887. y1 = 1- =+ 2 = VR A _ .
o 23!+53! \ 0 T 2'+4!Jg R
T 2z Tx x T
.1 — —_— —_— . =1 —_— - — ..
888 +:E+22 +33 +44+ 889. y + x % %-f—
z x x 9 x x
890. = — — — .... 891. = z4+ x5 - = - — =
Y > T Tt o Y x*gf 6 4
892. y = 1+2(z—1)+4(m—1)2+?(x—1)3+1(x—1)4+m. 893.
2 3 4
1
y:1+2$—x——x——x—.... 894. y:4—2x+2x2—2x3—|——9x4+.... 895.
2 3 w4 6
y1 = e % oy = e_’:f%d:u 897. t = ka; t*y +ty + (£ —n’)y = 0. 898.
oo k
y =az; 2% +ar + 22— (m*+1)]z =0 899. y1 = 1—a+ E(—l)k(;)zg
k=2 !
1 o 1+ Z+...+
yo = =plnz + = + 2 DT 0k 900. y = €. 901
95
W = Cla||1 — aP=°=5-1. 902. W = —C_ € # 0. 908. W — _2SmyT
1—a2 T

2 2 2_2
905. )\, = —klj; Y = sinﬂ-TIkA 906. )\, = —klj; Y = COSWTM. 907.
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1\° =2 . 1\ mx mk\° 1

Yk = /T sin 1 . 909. 1 —sinz —cosz. 910. y = e 3*. 911. Hema po3s’ssKib.
na

1
912. y =222 913. y =z +e ° — =. 914. y = ¢® — 2. 915. Hema posp’sizkis. 916.
e

sins-cosz, x€]0,s];

y=—2e"% 917. y=e° —1. 918. y = 22°. 921. G = )
coss-sinz, « € [s,n].

5 ( —x ) B .
922, G — € 6r 1) ) S [07 SL 923. G — (8 1).1'7 T € [075]7

1—e°, x € [s,1] s(z—1), =z¢€ls1].

1 2 _
p zellsl 4 se,s)

924. G=¢ "7 925. G={ 2°

8—17 x€[5,3] 282 ’ 1'6[872]
926. G = -z, zTE [O’ S}; 927. G = —e? chz, z¢€ [O, S}

wH TS —e "chs, w€ls2.

15/ 3 _

_ . —e (6 17651;)7 l’G[O,S};
928. G_{ Lo u’vi[O,sL 929. G 1 2

—e , X~ S. 56731 (es o €3S> z 2 s

3_

x(s 2 )7 x € [0,5],
930. G = 3s

s(m 71)

—a2 0 %€ [s,1].

1 z b
931.y:—aib((b—x)f(s—a (S)d5+ x—afb_s S).
1+1Ins, z€(0,s); +1 - -
932. G = = 935. —, |(b—a)YX | +1
{ 1+lnx, T € [5’1)7 Y 2 \/ﬁ7 |:( a) p :| +

938. a) 0,33 < p < 0,5 6) 15,7 < p < 32; B) 0,49 < p < 1; 1)
1 b 1 1. 2® 1
0,15 < p < 1,2. 946. y1 = — COS — + o0 py ;Y2 = p sin— 4+ o — ).

2 3 it
1 1 2
947. y1 = %0087 + o(w ) = —xsin% + o(x_%) 948.
T2 xT
Y1,2 = %ei Pl (1 +o (m 2)) 949. Y1 = e 2cose® 4+ o (ef % ) ;
_z . . _ 3¢ 1 1 3
Y2 = e 2 sine ( 2 ) Y1,2 = gx 1 exp [:I:Q:w} . 951.
B o= 4cos2\/_ + o(:v*%); Y2 = 7%s1n2\/5 + o(:v 4) 952

=t 1) [ fad 2) +o<x1>} |
o (0= 03) (20 B 1o (o7)
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1 x> 3 105
953. = — +=—) - (14 —6)). 954.
e Voz O ( 2 ) ( 3207 + 302501 700 ))

(1 + 64%) cos (2\/_+ 16\/_) (m_%) . 955. Po3B’130K € MOHOTOHHOIO

dbynkuieo. 956. y1 =y, Yo =Ys, Ys =4, Yo =Ty, e Y1 =Y, Y2 =y, y3 =y,

.

y=

" X1 T2 2 T , ,
=9". 958. —= = = =k =z, o= —. 959. y| = = ys,
ij Yy / 7 =t g x1 /Ile T1 =T, T2 dat ;yl Y2, y/z Y3
Y3 = Y4, Y14 = Y1, A Y1 =Y, Y2 =Y, Ys = 2, Ya = 2. 960. y1 = y2, Y2 = ys,
r 2 _ o _ r_ ’ Y2 _
Ys = YL Ae Y1 =Y, Y2 =y, Ys = 2 961 1 = w2, Y2 = — 0~y Je y1 = 0,

y2 =y'. 962. @1 — inTerpay, p2 7Hi.2963. (2 — iHTerpan, ¢ — Hi. 964. ¢ — iHTerpas.
965. Banexni. 966. U1 = zy, o = . 967. vy = L, thp =2z —y. 968. P = L,
T T z

P2 = z. 969. Y1 = sinx —siny, Y2 =sinzx — z. 970. Y1 = z, P2 = (2122?4 971.
2 1
y= Céec’lzz’ z = C%lave*ClgE'L’7 =0. 972. y = e —g%(:c-yCQ) 041 (x4 C2)?,
z 1( + Ca)? +i. 973. y = 2", z=ax+ =9 y =0, z2=a+C.
4 4 C,
1 1
974. y:—m, z =z (C2—In|z|). 975. e¥ —e” = (Y, 123(02_52)_

976. y = Ciz + Cox®, z = Ci1(1 —2) + Ca (22 —2°). 977. ze * +y = (i,
ze ¥V +x = Cy 978. y = Cgeclz, 2 = 0102e°1*. 979. = C4, Z Cs. 980.
x

y=Ci, %:(12. 981. \/j — i =Ci, z— T =Cs. 982. y=Ci, zev = Cy. 983.

224+ > +22=CE lxa+my+nz=Cs 984. z = Cry, azy;Q\/zz—&—l = (2. 985.
224y +22=C1, yz=Cox. 986. v+ 2z —y = C1, ln\m|+§:C’2. 987. y = Ciz,

1
z—1y? — 22 =Caz 988. P+ 22 =C1, v —yz=C,. 989. ¢ = Ty e y = e

Cycost — Cysint — 3 (CF + C3) .
(cost — aCy — BC2)* + (sint — aCs + BC1)?’

SRS

990. z = In(t+e¢), y =0. 991. = =

—Cosint — Cycost + a (C?2 + C2 1
= 2 — (G +C3) 5. 992, x = —, y = 0. 993.
(cost — aCy — BC2)° + (sint — aCs 4+ BCh) Vi
w=u?—v? —qx), v =2uw. 996. y1 =2 —e", 5 =2—-2e"", y2 = —1+e7 7,
zo = —1+2e % 997. y1 = 6217 z1 =0, y2 =0, 22 = €. 998. Y1 = COSZ,
. . int t
z1 = —sinz, y2 =sinx, 22 = cosxz. 999. r = C4 (cost — Sl? ) — (s (smt+ &) ;
sint cost
1 ) cost — - nt— & ,
y = g(Cl sint + Cy cost); X(t) = Gint cost . 1000. y; = 3y,
t t 1
L = 2y, 1001. y, = 3 . yh = 3ys. 1002. ¢} = —2 ,
Y2 y21 Y1 Y1+ Y2, Yo Y2 (2 T2 + T3 222
5 €T ;o 5 ; r
e et B LR 1003. y1 = 3y1, y2 = 3y2. 1004. y1 =2y, y> = —2y1.
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, 1 , 1 T
1005. y1 = ¥ — 5 ¥ ¥ 2t e
y = Che?t; a: @
1006 o 1007. { “TO6  qgps, | YT 1+ e
x—ée%—i—c y = Cae z = Che” — Cae
0 x = Cae®t 4 C3e®;
x = e**(C1cost + Casint); o/ Cs Cs
1009. ’ 1010. _ Y1 -6t Y2 2t U3 3t
{ y = e*(Cysint — Co cost). =% ¢ toet 3¢
2= Che
z= Clth;
1011. { ¥=¢"(Ca+ Ort); 1012. { y=Ci+ Cae™
= C) — 4C5e™.
z = e (03 + Ot + %ﬂ) . 2= 01— dlke
y = C1 + Cae™™7; y = e**(C1 cos(3z) + Casin(3z));
1013. 1014.
{ 2z = —2C1 — 3Cse™". z = €*'(Cy sin(3z) — C3 cos(3z)).
1015 Yy =2e" " (Cl cos (\/3%’) + Cs sin (\/ﬁ%)) ;
z=e %® ((301 — \/gx) cos (\/ga:) + (\/§01 + \/ng) sin (\/ga:)) .
x = —2C1et — 8C1e?t — 3C3€3t; xz=2C1 + Caet + C363t;
1016. y = Cre' + 2Ce?" + C3e®; 1017. y = 3C1 — 2C2e?";
z = 201 €' + 7Ce?t + 3C3e3. 2z = C1 + Cae' + 2C3e%.
T = C1e_t + (702 + 1103) cost + (703 — 1102) sint;
1018. y=—2C1e"" 4+ (15Cq + 9C5) cost 4 (15C5 — 9C5) sin t;
2 =20t + (8C3 — 2C2) cost + (—8C2 — 2C) sint.
x=C1+ Co(t +1) + Cze™; x = Cre' + Cze™t;
1019. { y =3C, —2C3e; 1020. { y = Cie' + Cae?;
z = Cl =+ CQt -+ 2Cg€7t. z = 20262t — 20367t.
x = C1 + Cael; x = (O3 + Cst)e’;
1021. y = 3C1 + Cze'; 1022. y = 2C1e" — (2C2 + C3 + 2C3t)e™
z=—-C1+ (CQ — C3)€t. z = Clet — (CQ +Cs3 + Cgt)eit.
1023, Yy =€, 2z = 0;93 1024. = e:z(?osx + 2sin_:cx), z1=-5 s.ina:;
y2 =0, 20 = e°*. y2 = e “sinz, 20 = e “(cosz — 2sinz).
1 1
yi=501+e), 2 =5(1—e) — 2 2
1025. 2 2 026, ¢ T P T
y2:—(1—621), 22:—(1-’-621). Y2 =1 Z2 =€
2 2
1027

. . ; 3t
cht sht) 5008, cost sinf) 099, (€0 %) 1030
sht cht —sint cost 0 e

11 0
2 2 1 —4

). 1081, (¢ €). 1032. 01033. |1 1 0

e 0 e 1 3 5

0 0 e



Biodnoeidi 217

2
62 62 e_
1034 o 2| 1085 et (M) wcnet [ P,
0 62 1 2t —1
0 0 e

1036. = — (e ( cos 2t > el sin 2t

1
. 1037, = = Cie*
cos 2t + sin 2t (sin 2t — cos 2t> * 1€ (1) *

+Coe™" 1) 1038, 2= Cre* <1> +Coe® <O> .1039. z = C; 1> +Cae™! (0) )
-2 0 1 0 1
1 1 1
1040. z = C; = *! <1> +Coe® (0) L1041, z=Chet |0 | +Co | 1| +Cse7 | 1
t ! 1 1 2
2cost 2sint
1042. T = Ciet | 1 + O 2cost + Cs 2sint
3cost —sint 3sint + cost
cost —sint cost +sint
1043. Cie t| 1 + Cyet cost + Csét sint . 1044.
-1 sint —cost
1 0 1 2
x=C1 | -1 +Coe"| 1 | +Coe’ |t+1].1045. 2 =Cie " [0 ]| +Coe’ | 1| +
1 -1 —t 1 1
2t 1 0 t+1
+Cze’ | 2t |. 1046. z = Cie' [ 1| + Coe ™ | 1| + C3e™*| ¢t |. 1047.
2t+1 0 1 2t
1 2t + 1
z=Cre? | =1 | + Cre* 0 + Cse?t
0
2
1048. =z = Ci |1 Cy| t— 1 + Cs |t —2t+2|. 1049. e. 1050.
2 2t+1 2t — 2t
—(C1 + Co(Inz + 1));
1. 1051. e. 1052. e. 1053. 1 . 1054.
z = —F(Cl + Cs lnx).
lecle_% +20he 5 y = e2V7 (O} cos(v/x) 4+ Casin(\/T)) ;
- (C’le_% + 026_%> ) 1055. z = e2V® (Cy sin(yz) — Ca cos(\/T)) .

x = 3C1e' +3Cse™t + C3cost + Cysint;
y = Cre’ + Cre ™'+ Cscost + Cysint.
= —2e"(Cy + Ca + Cat) — 2e7H(C5 — Cy + Cyt);
1057. , b
=e'(C1 4+ Cat) + e *(Cs + Cat).

1056.
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T = et(Cl cost+ Casint) + e (Cgt cost + C4sint) ;
1058. e 3, )
y=¢€"(Cyisint — Cacost) +e (04 cost — C3 smt) .
= Chre’ +4Coe 2 +3C3e7; x=3Ce™
1059. 1060.
{ y =2Che" +2C e 2 =(Cet.
1061 x = 2C1€*" + 2C2e7 2" + C5 cos(2t) + 2C sin(2t);
] y=3C1e* —3C2e7?" — 203 5sin(2t) + Cy cos(2t).
= (2 — 15t)e""; = Ce ?'(1—2t);
1062. { T 10T gg ] o= Ce (1 —2);
y=(5t+1)e y=e (14 2t).
— _ ot
= det + 27 rme
1064. { T=AC T2 5 1065 | oy =t
y=—e —e "
z=0.
1066. x = Crcost+ Cysint + t(cost + sint) + (cost — sint) In| cos t; 1067,

y = (C1 —C3)cost+ (C1 + Cs)sint + 2costin|cost| + 2tsint.

x = Crcost+ Cosint + tgt; 1068 ZL‘:Cl+20267t+267t1n{6t—1|;
y=—Cysint 4+ Cacost + 2. ) y:720173Cge_t73e_tln|et71’.

_ 2x T —x, _ t —t . .
1069. y= 2621 + Cie :r Cae 5 1070. x =3C1e +sz + 3sint; .
z=9e*" + 3C1e” + Cae™". y=Cit+ Cee™" —cost + 2sint.

:2 81,_2 _ 1 — t 2t _2 . .
1071. T Clegt Cy — 6t + 1; 1072. T Clet—l—SC'ge%—&—cost sm‘t,
y = 3C1e®" + Co + 3t. y = Cie’ 4+ 2C2e”" + 2cost — 2sint.
1073 z = Cre’ + C2e3 + e'(2cost — sint);
) y = Cre’ — Coe® + e**(3cost + sint).
1074 x = Chrel cost + Caelsint + et +t+ 1;
) y = Cre'(—cost — sint) + Cae’(cost — sint) — 2e* — 2t — 1.
_ : 2 _ 4 _ 1.
1075. x—Clc.ost—i—Cgsmt—i—SQt t—1;
y=Cisint — Cycost +t~ + 2.
x = Cre’ + Cysint + Czsint;
1076. y:t—Clet—l—Cgcost—Cgsint;
z=1+Cysint + Cscost.
z=¢e"(C1t’ 4+ Cat + C3) + > — 3t + 3;
1077. y=e H(=2C1t — Co) + t;
z2=2C1e t +¢t—1.
_ 3t 2,9 .
1078, x = Che 3—t|—3t —2|— t+ Co;
y=—Che’" +6t° — 2t +2Cy — 2.
1079 z = Che?t +3C0e* — et — 463t;
T y=Cie? + Coett —2e7t — 263,
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1080 z = Cre’ + Coe™ " +te! —t* — 2;

) Yy = Clet — Cgeit + (t — l)et — 2t.
1os1, | T =Cre" +Cac® +te — e

) Yy = *Clet + Cze3t — (t + 1)et — 264t.

33:01€t+02; ) »
= —(2 _ .
1082. y=(Cit+Cs)et —t —1—Cy; 1083. z (t+Sl?tt+COSt e’ ");
t y =cost —2e "+ 2.
Z:y—Cle.
T 4t ’ 2t 3 2
T3 Ty = b2 4
1084. 25 1oss. rEe AL 1086, Ciwo. 1087.
y=t— 2. y=2e" +1+1.

Byszos. 1088. Byzous. 1089. ®okyc. 1090. Cigyno. 1091. Bupoxkenuii Byzoa. 1092.
IlenTp. 1093. Byson. 1094. JIukputuanuii By3oa. 1095. ®@okyc. 1096. Axmo y > 0
— anaJior cimia, y < 0 — Bysna. Bkasieka: mobyayBaTh KijJbKa 130KJIiH Ta JOCIIIATH,
dK caMe IHTerpaJibHi KpHUBI MOBOASATH cebe B OKoji ocobsmBoi Touku. 1097. JIsi
iHTerpaJibHi KPHMBI IPOXOAATH Yepe3 0COOJIUBY TOUYKY, TOPKAKOYUCH OJIHA OJIHOT; PEITa —
rinep6oJin. 1098. By3zos. 1099. ®@okyc. 1100. Ilenrp. 1101. IIpsima ocobiuBux TO4YOK.
1102. Buposkenunit By3os. 1103. Cingio. 1104. Bupopkenuit By3os. 1105. Ilpsma
ocobsmBux To49ok. 1106. (1, —2) — dokyc. 1107. (1,0) — qukpuruanumit By3ou, (—1,0)
— ciggo. 1108. (0,—1) — Bupomxkenwmii By3ous, (2,—3) — cigmo. 1109. (4,2) — By3ou,
(=2,—-1) — dokyc. 1110. (1,1) — dokyc, (—1,—1) — cimmo. 1111. (2,4) — By30u,
(=1,—2) - dokyc. 1112. (2,2) — By3soa, (—2,0) — cigno, (—1,—1) — dokyc. 1113.
(3,0) — doxkyc, (1,1) — By3om, (—1,1) i (=3,0) — cigma. 1114. (1,2) — By304, (2,—1)
— dokyc, (2,1) i (—2,1) — cigma. 1115. (0,1) i (0,—1) — cigna, (—1,0) — dokyc,
(3,2) — By3on. 1116. (—2,4) — By3ou, (1,1) — dokyc, (2,4) i (—1,1) — cigma. 1117.
(2,1) — Byson, (1,2) — cimno, (—1,—2) — dokyc. 1118. (1,—1) — dokyc, (0,—2) —
cimio, (—2,2) — By3soa. 1119. (1,1) — doxkyc, (—1,—1) — cigmo. 1120. (0,1) i 0,—1)
— cigma, (1,0) — dokye, (—3,2) — Bysosm. 1121. (1,-1) i (—1,1) — cigma, (3,3) i
(=3, —3) — Bysum. 1122. (0,0) — doxkyc, (7,1) —By3om, (0,8) i (3,—1) — cigna. 1139.
a) Hecriiiki; 6) Hecriiiki. 1140. a) AcumnToTu4HO CTifiki; 6) ACUMOTOTHYHO CTIiKI.
1141. a) Acumnroruuso criiiki; 6) Hecriiiki. 1142. Hecriiiknii. 1143. Crifikuit. 1144.
Critikuit. 1145. Hecriiikmit. 1146. Acumnroruyno critikmit. 1147. Hecriiikuii. 1148.
Hecriikuit. 1149. Hecridikuit. 1150. Acumnroruyuno crifikuit. 1151. Criiikumii. 1152.
(27k,0) — criiiki, ((2k 4+ 1)7,0) — necrifixi. 1153. (1,2) i (2,1) — nHecriiiki. 1154.
(2,3) — mecriiikuii, (—1,0) — crifikuit. 1155. (27k,—1) — criiknii, ((2k 4+ 1)m, —1)
— Hecrifikuit. 1156. (27k,0) — necrifikuii, ((2k + 1)7,0) — cridikmit. 1157. (1,1) —
Hecridikuii, (—4,—4) — cridikuit. 1158. (27k,0) — crifikuii, (27k 4+ 7,0) — crifikuii.
1159. (0,0) — necriikuii, (1,2) — crifikuit. 1160. (—1,27k) — criiikuii, (—1, (2k+1)7)
— Hectifikmii. 1161. a < —1. 1162. -2 < a < —1. 1163. a < b < —1. 1164. ab < —3.
1165. —be < a < —e. 1166. 0 < a < 2. 1167. Criiikuii. 1168. Hecriiiknii. 1169.
Cridikuit. 1170. Hecriikuit. 1171. Hecridikuit. 1172. Crifikwmit. 1173. Criiiknit. 1174.
Criviknit. 1175. Criiikmit. 1176. Hecridikmit. 1177. Crifikuit. 1178. Hecriiiknii.
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1179. Criiikmit. 1180. Hecriiikuit. 1181. Hecriiikuit. 1182. Hecriiiknit. 1183.
a>0,b>0, ab> 2. 1184. 3a > b > 0. 1185. 0 < a < 2. 1186. Hecriiikuit
upu Beix a. 1187. ¢ > 0, b > 0, a+b < 1. 1188. b > 0, a > b+ 1. 1189.
a>0 b>0, 8 —a%b>4. 1190. a > 2, b >0, 2ab—b> > 4. 1191. 2ab < 1.
1192. a) Hecrifiknit; 6) Criiiknii; B) Hecriiikmit; r) Hecriiiknit; n) Hecriiikmii; e)
Critikuit. 1193. a = b = 0, 74 < ab < 0. 1198. Hi. 1200. a +d < 0, ad —bc > 0.

1201. u = (dz — by)? —|—2dff Ydr — bex® = (dx — by)? —|—2f (df () — bex) dx;
d:—Z(M—i—d) (bc—@d)ﬁ; dM—bc>O upu z # 0; M—|—d<011p1/1
z z z x

p

x # 0. 1202. uosz( derf )dy,i) () 1203. v = u(z) — ()Jr—2

Y= )
9(y)” 2
2
ge & =p, p=—u'(z). 1204. z = f (2* +y°). 1205. u = f ( p; (x+yz+ 2)’

1206. =z = f(zy+y®). 1207. F(2*—y’z—y+z) = 0. 1208.
1 1 1 1
F( + -, + —) = 0. 1209. zy = (zz+y°)F(y) + zy. 1210.
r+y zZ rx—y z
z = asin (merF 2)) 1211. 2% = yF (2) — 2% — 2 1212, u = e F(z — y).
x €T

y—2>b

1213. & %,u — 0. 1214. az + by + cz = F(2° +4°+2%). 1215.

1 1 1 3 2 F

we et (Pl Y o1 o= yr (L 4y 1217, 2 = &4 FEY)
y x'z x x? 3y xy

1218. P ((z—y) Yz F+y+tzFtu,(y—uw)Jr+yF+zt+u,(z—uw)Jdr+y+z+u) =0.

1 —1
1219. F(e—’f——,z+x71”{ = 0. 1220. 42 — 22 —In\/y2—22 = z — Iny.

e~ — 2
Y Yy

1221. (z + 2y)® = 2z(z + zy)z — xy. 1222. %sinx = sin \/g 1223.
Y Y

2z =ye —e®® +1. 1224. z = y??V* 2. 1225. u = (1 — 2 +y)(2 — 2z + 2). 1226.

u=(zy—2z) (f+2). 1227 22%(y+1) = y* + 4z — 1. 1228. [ = sinz =sin, /.
y =@ y y

1229. o — 2y = z+2% + 4% 1230 ((1P2-2)°—a%+2)y% = 1 1231

22 4a? = 5(xz—y). 1232. 3(x+y+2)? = 2?2 +y°+22. 1233. (1+y2)® = 3yz(1+yz—2x).
2

1234. u = (1 4+ 2 — y)(2 — 2y + 2). 1235. 2% — ¢* — %m( - y—2) . 1236.

x

2

u = ze¥ — e + 1. 1287. v = z+y — 1+ . 1238. u = 1+§—. 1239.
x

222 + 2% = z(x2 +y2—|—22). 1240. Koua, fKi jeXxaThb B IUIOIMUHAX, NapaJielib-
HHX H.nomHHi z = 0, 3 nearpom Ha Oz. 1241. f(;r2 —y2,2x2+z2) = 0. 1242.

+(y yO)E) =zl =20 =f (y_—i(;) . 1243. F(bz—ay, cx—az) = 0.

(x—0) 5~

Ox

dy T — Xo T —
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2
x z

1244. 2% + 3y + 2% + 3zy + xz + 3yz = 1. 1245. F(?7§) =0. 1246. z = Cxy’.

1247. Posg’sizkis Hemae. 1248. z = 0. 1249. z3y°z = C. 1250. z = 3°> — zy. 1251.
2?yz+2° =C, x=0. 1252. z = Cxy®. 1253. 2 = 0. 1254. 2 = azx + by + ¢(a,b).
a 1 ar + vy ar + vy
1255. z = 2\/za — — +b. 1256, —— = ———= +b. 1257. tgz = ————= + b.
z xa y+ 2 a—|—1+ arctg z a+1+
2

1
1258. —(az+1)*> = ax +y + b. 1259. z:—a——i—alny—i—b.
2a 32
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