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B nocobun paceMarpuBaioTes BaxHble LA NPAKTHUECKOTO [IPH-
MEHEeHHSI METOABI YHCAEHHOTO aHa/In3a, B UaCTHOCTH METOAbL pelieHHsA
CHCTeM JIMHeHHBIX YpaBHEHH! M HepaBeHCTB, HenWHelHHX KU TpaHc-
NEHNEHTHBIX YPaBHEHHH, MeTOoAbl YHc/AeHHOro auddepeRuUHpOBaHHA !
1 MHTerpHpoBanusa. Ko BceM oMMCAHHLIM METOAAM RaeTCA IeOMeTpH-
yeCKasi MHTepnperanus. M3aoKeHHe WMIIOCTPUpPYETCH 3HAUHTENb-
HbIM KOJHUYECTBOM 33734 H3 DPAasaHYHBIX 0bJacTel HAYKH H NpOH3-
BOACTBA, NOMYCKAIOHIMX pelieHHe JHLb C TOMOMbIO VHCAEHHIX Me-
TOAOB.

IMpennasuauaercs Aa9  y4HTEJIEH MaTeMaTHKH obueobpasopa-
TeJLHOH LIKOJMBI.

Pyxonuc pellensypann: fomnent kadeppu matematuxkn Kipopo-
rpajchbKoro NeaarorivHoro iHCTHTyTy, Kananaar disuKo-MaTemaruy-
uux wayk I7. JI. Kapnenxo, ROueHT Kapeapu MaTeMaTHki Bepasince-
KOTO TeJarariutloro {HCTHTYTY, KauaHaar (isHxo-MaTeMarpulnx
vayxk M. B. Kopuauncexuil, 3aBigyloudil KabiHeToM MaTreMaruky 3a-
xapnatcekoro obsacioro IVB E. €. Eaex,
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NEPEAMOBA

Oaniero 3 XxapakTepHHX 0COGMHBOCTEH HALIOTO Yacy € WHPOKe
3aCTOCYBAHHA IEKTPOHHO-OOYHC/IIOBAJILHAX MALIHH ¥ HaHpisHo-
MaHITHILIHX Fanys3siX JIOACLKOI AifanbHOCTi. CriJIKyBaHHS 3 HUMH
HeMOKHEE 623 3HaHHA YHCEIbHIIX MeTONIiB MaTeMaTHKH.

LscMy NHTaHHIO IPUCBAYEHO YMMaJO KHHXKOK, PO3PAXOBAHHX
Juie Ha cneliaficris.

A BuiiTe1b MaTeMaTHKH i1 A0Ci He Mae B CBOEMY POS3MOPSAIKEHHI
nociOuuka, sikuli 64 rpyHTOBHO B NOTPIOHHX MeXKaX 03HaHOMIIOBAB
3 YHCelbHHMHM METOAaMH DO3B’SI3yBaHHA PI3HCMAHITHHX npak-
THYHHX 3aiad,

Y npononoBaHiil KHUXKUI i pO3MVIAAATbCA CcaMe Ti NUTAHHA
1LOr0 PO3AiNY APHKJIALHOI MaveMaTlikH, 8kl HafiTicHilue 110B’A3a-
Hi 3 IKIABHUM Ti KypcoM,

Y uepusoMy posaiijii po3TasilaloTbes AAepeda MoXHOOK, cho-
coOn Tx BpaxyBaHHSI NPH OOUHCJAeHHsIX, KAaCHDIKALisA, a TAKOK
NpasHaa OWIHKH NpH HaOAHXKeHuX obuHcieHHsx. Busyaerscs no-
HATTA KOpekTHoCTi 3anadi.

Jpyruil posaiJ npHCBSIYeHO MeTPIUHIM T4 1IOPMOBAHHM 1IPO-
CTOpAaM, BJACTHBOCTI SIKMX [UMPOKO BHKOPHCTOBYIOTBCS A4Ji.

Y rperboMy  PO3JLL PO3TIAZATLCA MCTOAM PO3B’ A3yBaHIIs
cucren JAiHiRHUX anreOpalyHUX DPiBHSAHDL, 4 B UETBEPTOMY — TaK
3RAUNIT CHMIIEKC-METO/I PO3B’ A3YBaHNs crcTeM JiHiliMUX Hepin-
Hocrelt 1 sapavi JiHIHOMO HporpamyBanus.

ITstruit posnisn npucBsMeHo NadTHKEHIA MCTOAaM PO3B'a3y-
BaiMa HeiHIfiNRX PIBHANDL 3 OMUHM HEBIAOMEM,

¥ woctoMy po3nial posTAgAOTLES MHTanug Hab/aHKeHH:
QyuKiiif, soxkpeMa MCTOAH BLULYKAHHA HOJiNOMIB, fKi Halkpa-
e naGamKaloTy Ay (YUKUWilo Ha HeBHIR MHOXHHI TOYOK.
Monaiworbest naitnpocriwi inrepnoaauiiini gopmynn Jlarpanxa ta
Huorona.

Y cboyoMy posAiai HOAAOTLCH JIeAK] uaitupoctiwi MeToau
HAGHKEHOr0 OOUHCeIIst NOXIAHUX Ta BU3HAYEHHX [HTErpaJis,
a taxox vafinpocriwi unceabui METOAH 100YIA0BH HaGJIHKeHOIo
pO3E’ASKY 3pRUAAHHX AHepeniaibiUX PiBHSLD,

Yei reopetuai nOM0KEHIS UHOCTPYIOTHCS 3HAYHOIO KibKicTio
npukaaiie. LUIpoko BHKOPHCTOBYETHCS TAKOA reoMeTprida in-

tepnperauis. Ilicas xoxHoro naparpagda 1pononyOThca BIpasi
JUISL CGMOCTIfIHOTO PO3B’A3yBalus.,
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Pozapgi n [
ENEMEHTM TEOPIT NOXMBOK

§ 1. Po3B'si3yBaHHs 3agavi.
Dxepena i knacugpikauia noxk6ok

[Tpouec poss’sisyBaHHA GyAb-siKOi peanbHOi (isnuHOl 3anaui
MOXHa PO3GHTH Ha Taki erany:

l.Ilo6ynroBa MaTreMaTuuyHol Moxedai (ma-
TeMaTHYHE (POPMY.IIOBAHHA 3ajadui), WO OXOWIE HaHBax/HBiuIi
JU1S1 JaHoi 3afayi CTOPOHH SIBHLIA.

2.Bu6ip meroany poss sssyBanuda JHaa le-
SIKHX HaHmpocTilinX MoZesefl BjaeTbcA AicTaTH aHaliTHYHi pos-
B'A3KM 3ajadi, a AJs CKAAIHiHX 34e6inblIoro He BAEETbCA.
Y nux Bunagkax BHKOPUCTOBYIOTb HabJ/IHKEHI METOAH, 30KpeMma
YHCENIBHI.

3. Aaropurmisanis npouecy. Ilpa sacrocy-
BaHHI YHCEJIbHHX METOAIB MOTPiGHO 3anmMCcaTH aJropHIM pO3B’d-
3yBaHHd 3ajaui. JIKumo sanaua poss’sisyBatuMerncsi Ha EOM, to
Tpe6a TAKOXK CKJAcTH MNporpamy.

4. Bukonauuna obuuncaensb (Ha EOM un Bpyuny).

5, AHani3 pe3ayabTatiB (OCMHCTEHHS MareMaTHY-
HOTO PO3B’sI3KY i 3icTaBaeHHs1 HOro 3 eKcllepHMeHTaAbHHMH JanH-
ma).

BaxauBo BMITH OLIHWTU TOYHICTb PO3B’SA3Ky 3anaui, Ak
3pe6iasmoro My HAicraemo 3 noxubkamu. IloxuGku pesyabraris
3YMOBJIIOIOTbCH TaKHMH NPHYHHAMU:

1) MareMaTHYHa MojeJb JiHlle HaOauxkeHo BifoOpaxkae pe-
anbHi ABHINA.,

2) Bximmi mani, fK npaBwo,— L€ YMCJIA HETOYHI (AaHi Ans
06YHCeHb YacTo AICTaloTh 3 eKCIIePHMEHTy, a KOXHHH eKcrepH-
MEHT MOKe JATH PEe3yJABTar JHlle 3 0OMEXEeHOW TOYHICTIO).

3) Meron po3B’si3yBaHHs 3ajaui 4acro € Habmmxenum, ¥ Oa-
1'aThOX 3ajlayaX TOYHHH pe3yAabTaT MOXHA JicTaTH Juile micss
HECKiHUeHHOI ab0 JOCUTb BeMHKOi KiJbKOCTi apH(MEeTHYHHX one-
pauifi, sxi npakruyno 3xidcuuTy HeMoxkauBo. Tomy 3aMicTb ToY-
HOTO PO3B’ 3Ky 34e0iNbLIOro JOBOAHTLCA BIALIYKYBATH HabIHkKe-
HUH (HanpukKiaj, 3amicTb CyMH psiiy 6epyTb CyMYy CKiHYeHHOI
Kisbrocti fioro uneni, neckinuenHuil itepauifinuit npouec o6pu-
BAIOTb Nicnf CKiHYEHHOro uyMcaa iTepauidf, inTerpaj zaMmiHiOOTh
CKiIHUEHHOIO CyMoi0 1 T. M.).

4) OkpyrieHHs npH oGUHCHEHHSIX. Yci o0uHcaeHHs (BPYUHY i
#a EOM) MoxkHa BUKOHYBATH JiHIe 3 OOMEKEHOO KiJIbKiCTIO 3Ha-
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yymux uudp. Tomy npu BuKOHAHHI apHPMETHYHMX Aill MOTPIGHO
BIaBaTUCS 10 OKPYTJIeHb, AKi 3yMOBJIOIOTh MOXHOKH, L0 Harpo-
MaIKyIOTbCS1 B HpOleci 00YHC/EHbD. _

[loxuOKku, WO MOPOMAKYIOTHCS BUINE3TAJAHHMH HPHYHHAMM,
BiJTOBiZHO Ha3UBAIOTLCH:

1) noxubka MaTeMaTHYHOI MOJeNi;

2) neycyBHa nmoxuOka (BoHa He 3aJIEXKHTb Bifl OOUMCIIOBAYa);

3) noxubka MeToOAy;

4) nmoxuGKa OKpPYIVIEHB.,

llosna noxubka pesyrvmamy OOpiBHIOE CYMI 6CLX nepesineHuy

"noxubox.

3ayBaxuMo, Mo nOXHGOK, NOB'A3aHHX 3 OCOBTHBOCTAMH NMOGY-
JOBY MaTeMaTHYHOI MOZeni, He posrasjaruMeMo, Iloxu6ku mero-
AiB JOCHiAKyBaTHMEMO B KOKHOMY OKPEMOMY BHIIaiKy.

[Ipn BuxoHaHHI ofuuciedHs NOTPIGHO AOTPUMYyBATHCA TAKOTD
npasuaq: y NPoMINHUX pesyabmamax noxubKa OKpysaAeHHS Mae
b6ymu 3HQuRO MeRwow 80 (Hwux noxubox. [lpu OGUHCHEHHS X
BpY4HY L€ IPAaBHJIO 3a0e3MeyyeThes 30eperKeHHsIM 3anacHiX LHG)p.
Ha cygacnnx EOM uucna 3anucyloTbes Takox 3 10CTATHBOIO Kidth-
KICTIO 3HAYyWIHX OHPP, TOMY MOXHOKOIO OKPEMOro OKpyTJeni:
31e0I/IBIIOTO MOXKHa HEXTYBAaTH Ha NpPOTHBAry noxmbui merouy i
HeyCyBHiH noxubiti. ¥ 1mpolneci BHKOHAHHA BeNHKOI KijibKOCTi
onepauifi moxubka okpyraeHb 36ijabmyerbcs. [lo 3Haunoro na-
FpoMaXKeHHs] TaKHX MOXHOOK MOKe IIPH3BECTH BiAHIMaHis Oan3L-
KHX 3a BeJTHYHHOIO YHCEN, 3HaXOMKeHHSA KODEeHiB MHOro41eHis
BHCOKHX CTeNeHiB TOLILO.

§ 2. floxxbum HabnmikeHux umucen

Yacto na npakTHili 3 THX UM IHIIMX TPHYMH JOBOAUTBSA 3a-

MiCTb TOYHOrO YHcaa ¢ Opartu Horo HaGamXKeHe sHadenus a. llpn
LbOMY BHHHKae [10XHOKa

Aad=a—a

Abcoriomuon noxubrowo A HabAUNCCHOZ0 YUCAQ @ HA3HBAIOTh
BeJTHUHITY
A=la—a]
Tpanutrnoio abcoaomnow noxubKoio BBAXKAIOTb YCSAKE UUCIO
A,, 1O 3350B0JbHAE YMOBY
A,

—a << A,

)

A
Lle osnauae, mo —A, <

o 8UA



Hanani ni HepiBHOCTI CKOpOuYeno 3amucyBaTHMEMO Tak:
a=azkxA,

3ayBaxkuMo, 10 HafyacTille TOYHe 3HaYeHHs a OyBae Hesifo-
MUM, a TOMy HeBifoma # moxubka A HaGnuxkenoro uyncia a. Ha-
OpUK/Jal, HEMOXJIHBO TOYHO BH3HAUHTH uyHcaa T, V2, e =
\n )

= lim ./1 + —’I{ ) TOLO, OAHAK JOCHTb JIETKO OOUYHCIUTH  MEXi,

n-roo

y AAIKHX BOHH MicTSTbCA. MOXKHA 3HAfTH HaOMMXKeHi sSHadeHHA IX
Ta rpaHu4Hi aGCOMIOTHI MOXHOKH. 3pO3yMijo, WO UMM MeHia
rpaiuuHa abCoJIOTHA MOXHOKA, THM TOYHille YHMCAO a HabsiiKae

YHCJAO Q.

Ta rpanuyna a6co/loTHa MOXHOGKa He 3aBXKAH JIOCTATHBO Xa-
pakTepH3ye TOYHicTb ofyuc/enb (4M BHMipioBaHb). Tak, npw Bu-
MipioBaHH| BeJTHYHHH, 3HAUEHHs K01 JopiBHioe 5 « 107, rpanuuny
abcomorHy noxudky 0,01 MoxKHa BBaKaTh JOCHTL MaJIOIo, OAHAK

. . o . 5
npu BHMIpIOBaHHI BeJqHUNMHM, 3HAYeHHA AKol JopiBHIoE 5 - 1077,
noxutka 0,01 zasenuka. ToMy 4acTo BHKOPHCTOBYIOTb 6{6uocuy
noxubKy HAGALDKeH020 4UucAQ o, KA O3HayyeTbcsl piBHiCTIO:X
; A
S D= (a %= 0).

lal

Ouepugno, noxu6ky 8, sik i A ta came YMCIO @, HE 3aBXK/H
MOXKHA BH3HauuTH. ToMy HAa TNpakTHUi 371e6iIbUIOro BHKOPHCTO-
BYIOTb TI'DaHHYHY BijHOCHY NOXHOKY O, 110 BH3HAuaeTbCS yMO-
BO:O

86,
Orixe,
A=lal-8<|a] 8, =A,

ke a = 0, To BBaxatuMemo, o wist A, 1§, copaBikyloTscA

ChiBBIAHOLLICHHS
A
8, =2, A, =|als, (2.1)

fal

3anuiemMo JoXATHE YHCIO0 @ Y BUTVIALL CKIHUEHHOIO eCATKOBO-
ro zpody:

a =0, 10" 4+, 10" - g, 10"

2

ato

Q== 0%y ... Cmti, A2 « .. Ay

(e Bci kKoedinientn o; > 0 i Menwi 3a yucso 10).
k-ma yupa HabAUNCEHO20 YUCAQ (@ KAZUSAEMBCA NPABUAbHOI,
AKLGO aGCOMOMHA NOXUBKA A (6020 HUCAG HE NEPCOLHIYE NOA0UH L
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odunuyi k-e0 pospady, modmo Koau
~ 1 —
A=,a-—al<—-2—10m k+l.

y TPOTHJICKHOMY BHOAIAKY [lﬂ(b-py k-ro PO3psLY HasuBalOTh Cy -
Hi6HO.

Mpuwmirtka. IHkorn wadpy k-ro pospsity HasHBaOTL NPaBRJABHOO,
AKuLO a6COMOTHA DOXHOKA HiC/a He epeBHiLye ot uporo pospsiny. [ladpy
82 OCTaHHIM O3HAYCHHSIM HA3HUBAIOTb MPABUALHON [ ULUPOKOMY POSYMIHHL,
a 3a nepwmm — y 6ysoxomy. Hagani M BXHBATHMEMO MOHSTTS NPABHJABHHX
uadp B posyMiHHI nepuioro O3HAYEHHS.

Suauyuumu yupanu HAGAUNEHO20 4UCAQ 4  HA3MBATHMEMO
Bci HOTo npaBuAbHi UHDPY, MOYHHAIOUM 3 mepiloi 3JiBa, IO He
JopiBHIOE HYJMO, 10 Meplloi CyMHIBHOI nudpH BKMouno. Yci
inul UHQPW HAa3HBATUMEMO He3HA4yujuMu. 3aNUCyIOUH OCTAaTOUHI
pesynbraTH HaGAHKeHHX OOYHCIeHb, He3Hauymi nHgpu uncaa
BiakuaaruMemo. [IpH 1bOMY KOXHE YHCNO 3aMHCYBaTHMEMO #K
106YTOK Aesikoro crenedst yucsaa 10 Ha umesno, Bei undpH sikoro
sHayymi. KMo 3 HaGJMKeHHMH YHCJAAMH BHKOHYBAiHMYTbCH
00YIIC/IeH s, TO B HHX, KPiM 3HaWyuUwX, TpeGa sGepiratu uie oany
a6o aBi cymuisni uudpu.

“* Ha npaktuui npu BuKonanui o6uHc/IeNb YacTo BUHHKKAE AOTPe-
fa oxpyr/aioBatH 4YHCaa.

SIKIO OKPYTJIIOEThCSA HAGMUMNKEHE YH TOYHE YHCAO a 1O n
3HaYymMUX UHGP, TO 32 NPABUIOM ZONOBHEHHA YHUCAO @ 3aMiHICIOThH
YHCAIOM @y 3 1t 3HAYYIIHMH LH(ppaMH TakK, Wo6 noxubKa oKpyriei-
Hf He MepeBHIyBaja MOJOBHHU OAMHMUI po3psay, Wo 36epira-
€ThCsl, TOOTO INOD CIIPABKYBaJach yMOBa

g —a] <4 - 10"

Orke, AKIIO NP OKPYIVIEHHI YHCAQ @ MO 1 3HAYYMINX UHGDP
BiAKHAA€ETHCA Melne Hix —;—' - 10" 10 B umeni a, 36epira-
fotbest 6e3 aMinm Bei mepuii /7 P uuena a. A Kosan BiiKu1aeTbes
He Menine AK —; - 10" 10 B uncai a; octanus wudpa GepeThes
Ha OAMHMIUO Oi/bIUCIO, HIXK y YlCAi a.

[Tpnwirka Bracrigok okpyrsenns naGianxsenoro 4ucia ¢ ao n 3ua-
uymEX 1P N0XHOKa okpyTaenna Ag Moxce ocsiri searuunn 0,5 - 107
STkio paxymarh e il HoXROKY Ag Wneaa a, To #-a nudpa OKPYIICROrO YHCHA
Moxxe BxKe Oytd Henpasuabhoo. Ta konn noxubka A, 10ocuTb Maaa nopinls-
HO 3 MAKCHMAALHO MOMKJILBHM 311AY€HHSIM MOXHOKH OKPYTAeHHS Mg (Hanpikia,
Ay == 0,5 - 10™™"), 10 noxubkoo A, MOXHA 3HEXTYBATH i A-y WAGPY THCITA @
DIt OKPYTJICHHA BBAXKATH MPaBH/ALHOIO, HABITH AKIO NOXHOKA OKPYTJEHIIst
JocsTae

05. lOm-—n—{-l
, .
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Otxe, W06 3HAATH Pe3yJILTAT 3 TOUHICTIO 50 0,5 - 107 ~7H] , Tpe6a BUKOH Y-

BaTH OGUMCIEHHS TaK, W06 AicTaTH pe3ynbTaT 3 TOUHICTIO npnuaumm 10 0,5 X
X 10™", 106103 - | npaBuabruME uudpavu. Toxi nicas okpyriaeHHs MOX-
Ha Gyae BRaXKAaTH, IO Pe3yJIbTaT Mae n NpaBHAbHKX wudp. =

JIerko BCTAHOBHTH 3B 30K BigHOCHO! noxnéfm HaéﬂH}KeHOFO

yHcaa @ 3 KiJMbKICTIO HpaBHNBHUX 3HAUYLIMX IHOP.

Slkuio nonatHe HabJHXKEHe YACHO @ Mae N NPABHIbHHX 3Ha-
uymux nugp, To foro BiiHoCcHa noxnéxa ) 3aJl0BO/IbHsE CiBBif-
HOLIEeHHS

1 1 n-—1\
OS =1 (To—) ’
Jie oy — Tepina 3Hauylna uudgpa HaOIMKEHOro yuclIa a.

Cupasni,

A< 1 . 10m—-/1+1,

2
TOMY
/ ! lOm—nH
A 2
b=7< ) T <
allom 4 OLzlom——l e O(.nlom—”'H . _2__ 10/7L—Il+l
~ 1oL 1 1 j”_l
o, 107 Ty ( 10

TakuM unHOM, 33 IPAHHYHY BilHOCHY MOXHOKY MOXKHA B3ATH

1 1 \n—1
O =5 (_10—) :

Akmo wuceao a Mae Giabule HiX ABI npaBUABHI 3HadyIli
wudpH, TO HA NPAKTHIU MOXKHA KOPHCTYBATHCH OLLIHKOO

H 1 n—1
% =g, (10) :

Hasnaku, 3a BignocHolo moxudkoio § MOKHA BH3HAYUTH KiJb-
KicTh HpaBUABHHX HUpP yucaa a. 111 nuporo 3HaxoluMo TPagHIHY
abcomorHy moxHO6Ky A, i3 coiBBifiHomenus (2.1), nicaa uoro
KiJLKICTh [PaBHIbHMX UH(P HHUCAA @ JEerkKo BCTAHOBJICETbCS.

Npuxaanu.
1. SIkoio Gype rpaHH4Ha BifHOCHA noXu0Ka, AKHIO 3aMmicTh
aicaa V2 Bsaru 1,417
1

Maemo: n =3, a; = 1. Otxe §, = — —’6—‘)341 = 0,01.

——

1
2. 3yafitu Habamxkeno } 50 Tak, uio6 sigHOCHA NMOXHOKA He
nepesuigysana 0,001 (a6o 0,1 %).

8

Maewmo: o, = 7. OtKe, NOBHHHO CIpPaBAKYBAaTHCh CIHBBIAHO-

IWeHHs 8, = —;~ (—ll(-)—)n—l <0,001. 3piakn n—1>3 i n>4.

Orxe, wo6 BiaHOocHa moxmGKa He nepesuuyBana 0,001, 1750
Tpeba B3ATH He MeHlle fIK 3 YOTHPMa NPaBHIbHUMHU IHbpamHu.

3. Uucno 7432 mae rpaHwdHy BifHOCHY mOXHOKY O, ==
= 0,01 (1 %). CxiabkH B HHOMY NPaBHJIbHHX IHOP?

3Haiaemo rpaﬂwmy abCcoloTHY MOXHOKY:

A, =)a}d, =7432 . 0,01 <<0,75 - 102

Orke, uncio 7432 Mae Jule OfHY mpaBwibHy uudpy (apyra
uudpa cymuisaa). Horo tpefa sanucaru tak: 0,74 - 10!, aGo
74 - 10%, aGo 7,4 - 10° i 1. n.

Bapasu.

1. 3uaittu rpasuuny a6CoMIOTHY Ta IPaHHUHY Bumocnv NoXHOKH, AKIIO
3aMicTh TOYHOrO Yucaa 4 B3ATO Habamxene HCO a: a) a= e,a= 2,7,0) a ==
= 1g2 a=0230;8) a= V5, a=2236; 1) a= V9, a= 9,95.

2, 3nailTy rpaHnuny BiZHOCHY MOXHOKY uHCaa a:

a) @=273,4+0,1; 6) a= 82900 = 500; 5) @ = 0,00126 -+ 0,00003.

3. 3uaiiti Mexi TouHoTO heaa a SIKIO BigoMa TpaHKYHa BifHoOCHa n0\u(~
Ka 8, uncaa a: a == 1427,394; §, == 0 00005 a= 97,45; 8, = 0,015, a = 389 :
X 105 Ga = 3%,

4. 3anucati 4HCIO:

4) T 3 M'STbMa NPABUABLUNMH 3NATYWHMH TP aMH; \

6) V2 3 tproma OPaBHJABHUMU 3HAYYUIHMH OHdpaMy;
B) 99,995 3 qoTHpMa NPABHILHUMH 3HAYYIIHMH LHPaMH.

5. CKiJbKH MPaBHABHHX WHp Tpe6a B3ATH B HaGMIKCNHi whena «, mob
Bijpiocha noxu6ka He nepesumysana O

~ VB, 6=0,0001; a=y 100, 8=-0,01 %; a=Ilgl27, &==1 0>
- 6. Uneno a mae siggocuy noxu6ky O. CKizbKm B HLOMY (paBHIbHHX
nadp, AKWLO
4) a=97,432, 6=0,05%; G6) a=11,4814, § -=0,01;
B) a==>547,92, § = 0,001?

§ 3. 3aranbHa hopmyna gna oGuUMCNEHHA NOXHMOKM

Hexaiét norpi6Ho ofuscauTd 3HaveHHs ¢yHKUil 1~ = f (},,
x.,, x,,) MPpH 3aJaHHX 3HAYEHHAX He3aJeXKHHX 3MiHHHX. fKwo
npH UbOMY 3aMicTb TOUHHX 3HAYeHb f,, x;, ey x;, AKi Ham He Bi-
JoMi, MigcTaBAsoTECSH 1X HAOMHXKEeHI 3HAYeHnHSs :c], }2, vees ;c,, (npn-

yoMy x; = Xx; -+ Ax;, i = 1, 2, ..., n), To npu obuucAeHHi 3Ha-

yenHA (QYHKII] BUHUKae 110XHOKa

Ay =F(x+ Axy, xg 4 Axyy ooy X FAX) —F (X Xay oov vy X))
9



[punycrusmy, mwo dyukuis f (xy, %, ..., x,) 1udepenuifioBua
(rocTaTHIO KIABKICTh pasiB), Ay MOXHAE NOJATH Y BHIISAAL

o Of (g, Xay oy X)) o Of (X1, Xp0 « .o, Xp)
Ay = 0x, Axy A 0%, X
0 Ve
XAx;+ -+ . x%xn ) Ax, maoc uneHu APYTOTO i
BHIIMX TODSLAKIB BilHOCHO Ax;. : 3.1

Sxmo noxubku Ax; 3a aGCONIOTHOIO BEIHYMHOIO JIOCHTb Mali,
TO WJieHaM# APYTOTo i BHUUX NOPANKiB Y BHpas3i (3.1) MoxkHa 3He-
xtysatH. Todi xas abcosmoTHOT TOXHOKH HAaGIHAKEHOTO 3HAUCHHA Y
MAaTHMEMO!

n )
; | O (g, Ko, o, Xp)
Ay < 3 [Tl oo i) [

i=1
Je uepes Axr; mo3HAYEHi rpaHnHyHi aGCOMIOTHI NOXHOKH apry'vleﬁ"ns
Taxum uuHOM,

4:

Ay.: ¥ af (xy, X2éx; ., Xp) /—\x[- (32)

T

Jlast rpaHnuHol BiZHOCHOI MOXHMOKM 6!, MaEMO;

81 n I (’);
’—-’ d( X - e
Ay i 4 :\‘1; dx; l ,
=TT = Tv] P b
abo
5,= V' d nf (e, % ..., w'\ (3.3)
=1

3 dopwyan (3.2) BuniKBae, WO ZPAHUMHA aDCOAIOMUQ No-
FuBrR CYMu HAGARICENNL YUCeA Ay - Ay + ... —+ Q... Q0pi6II0E
cymi iz epanuwnux abcoaromuux norun6or. [lis pizunui asox
yiices @ = a; — ay Maemo: A, = A,, -+ Ag,. Ilpn ubomy Bianocua
a, +-

fa)
KO0, SKINO YHCAA @ Ta dy MIXK co6olo Mano BiipisHaloTbes i 1x
pizunus GA43bKa A0 Hy/Aa, Y HLOMY BHIAAKY A5 3a0esnederHs
noTpiGHoi ToyHoCTI Tpefa MarH B 3MEHLIYBAHOMY i BiJ'e€MHHKY
JOCTATHIO KiMbKiCTb LU(p, OO TpaHHuHa abcosioTHa noxHuoxa
pisnuui a Gyna MeHwUIow Bif camoi pisunui. Tomy 1o MOKJIUBOCT
CAiA YHHKATH BijHIMaHHS OJH3bKUX HHCEN. :

noxudxa pioHH]_[i (S MO2K€ BUSABHTHCH AOCHTH BeJIH-
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Ina noXubKH Q0GYTKY HOJATHHX UHCET @ = 30y...Q, 3 (3.3}

MaeMo:
A, Ag, .o %
8 = ay + as + + a, ° ‘

10610 Z2panuuHa 6idnocna noxubra dobymry kKitekox HA-
6aumenux dodamuuxr wucer, wo @idpisnwswomoecs 6i0 wyad,
dopienioe cymi zpannunux eidnochux noxubor yuxr unced.

_Jlerko nepekoHaTHCh, WO ' ZpaHuYKA ¢idHOCKA noxubra wa-
cmkn dopienioc cymi zpanuunuxr eidnocnux noxubor dixe-
nozo i diavnura.

Cnpagai, Hexalt a = —Z-;—(al, a,>0). Toni 3 (3.3) Maemo:
A
8, = —

a ag

= 6al + 6a,-

MorkHa mepeKOHATHCA TaKOXK, 1O BiaHOCHA NMOXHOKa k-ro cre-
nenst yucaa a y k pas Ginblua, HiXK BifHOCHA mOXHOGKa 4HcAa 4.
Ananoriyno BigHocHa nmoxiifKa KopeHs k-ro NOpAAKY 3 uMcaIa a
y k pa3 MeH1Ia, HiX BiaHOCHA NoxXHOKa YyHcIIa 4.

Baopasn,

1. 3uaiiTy cymy Habmoxennx uiced Tak, mo6 vei wnbpu pesyavrary Gy.un
snauymumu (yci undpu gomaukis suauyii): a) a, == 28,85; a, == 491.,000285;
a, = 1,18294; a, = 0,18498932; a;, = 9544,2; 6) @, = 25,4; a, == 2900,3241;
ay = 9,7 - 102; a4 = 0,00097; a;, = 469,99999.

2. 3naittn abcomoTHY i Bigiiocny NnoXWGKH KOMTOHCHTIB Nil Bianimanmus,
AKWO nHdpH TAHHX npaBuabHi: a) 127,434 — 48,815; 6) 281,428 — 125,341,
B) 824, 481 — 73,5889.

3. 3uaiita: V' 105 — ¥ {03 3 tpboma npaBmabHuMi 3nauynuMe  Iwdhpamn;
Vigi—Vi24 s YOTHPMA NPaBHJILHHMH 3HAUYIMHMH LH(paMH.

4. 3uaiitn rpannuni aGeomorny i BignocHy NOXHGKH 06y TKY HAGIHMKEHHX
quced, 106y ToK { KiNbKicTh TPABUALHEX UHOP Y HHOMY, AKULO MupH-MHOXKHH-
KiB npasuabhi: 144,8 - 145,12; 19,875 - 99,9996; 21,545 - 49,876; 87,894 X
X 39,878.

5. 3uaittn rpannuni aGeomotny i BianoCHy NOXUOKH YaCTKH, HacTKy i Kian-
KicTh UPABHIABHIX URPP y uacTIi, KMo BC Undpu pizenoro i pipHAKA npa-
Busbii: 25,343 1 34,97; 43,82 : 8442; 39,8412 : 481,7; 32,872 :99,435.

6. 3naittn creninb uncaa, rpaHuuni BigHocHy i aGconotHy noxw6ru i Kisn-
Kicrs npaBHABLHUX nudp, #Axkmo Bci wadpH ocuosu npasuavhi:  (393,4)%;
(48,15243)%; (97,4312)%,

§ 4. MoHATTA NPo HMOBIPHiCHY OLiHKY NOXHEKK.
O6uncnenHs 6e3 TouHOro BpaxysaHHs noxmbox

HaG6nunxene uncio a Moxke BiAXHJSITHCS BiJl TOYHOTO YHCHa @
B 1Ol u¥ iHmKHA Gik Ha neBuy Beauyuny. ToMy nabauxkene 141ca10
MOXHA PO3INIAAATH sIK BHIAAKOBY BEJHYHHY 3 MareMaTHUHUM

cnoaisanuam M lal = a. Cama noxudéka Aa = q — g TaKOXK

i1



€ BHNAJAKOBOKIO BEJHUYHHOIO 3 MaTemaT'MHHM CIIOAIBaHHAM, IO AO-
pisrioe mymo, M A} =

P03mﬂHeMo cymy HaOMIDKEHMX 4dHced q = a; + az 4 ..
cee Q. FpaHuqHa abcoJoTHa nowoxa cymH € A, = A, +
+ A+ -0+ Aa .

BBa}\KaTHMeMO, o Bumaakosi BeauwumHH A, , A,, ..., A“n

MalwTb OAHH i TOH camMuil HOpPMA/bHHI PO3HOAiN iMOBipHOCTEH 3
MareMaTHYHHUM CNOAiBaHHAM, IO AODiIBHIOE HYJIIO, i cepelHIM KBaa-
paTH4HHMM BiaxujaennaM o. Toni, ax Biaomo 3 Kypcy Tteopii imo-
BipHOCTeH, MaTeMaTH4He CIIOAIBAHHS CYMH BHIAJAKOBUX BETHYMH
JopiBHIOE cyMi IX MarematHuHHX cnofiBaub, To6to M [A,] = 0.
Jucnepcia cymMH HesalTexHUX BUNA/IKOBHX BeMMYKH JOpiBHIOE
(_y’VIi aucnepcifi  uux Beawuud, Tto6To D [A] = D [A4] +
+ DA+ ... + D {A, | = no® (narapaemo, mo sa 03HAYeH-
HAM cepefHe KBaupaTuqu Bigxuaenns ¢ [ X| Bunankosol Beauan-
nn X eV DIX), ne DIX)— nucnepcia sunaaxkosoi Besuun-
au X), a Tomy o[A,] =0 Vn.

CyMa HesaleXHUMX BHIAIKOBHX BEJIHUYHH 3 HOPMAIBHHM pO3-
nojiaoM iMoBipHOCTe!l TakoK Mae HOpMaJdbHUH po3nojia imosip-
HocTeli. S1K BiZOMO, BUNAJKOBA BeJHUMHA 3 HOPMAJbHAM PO3IO-
ninom imoBipHOcTe# 3 iMoBipHicTio 0,997 BiaXuasieTbesl B TOH 4M
inmmi 61k BiJg cBOrO MaTreMaTHYHOro CroAiBAHHA He GiJbII SIK Ha
TPH CepejHiX KBaIpaTHuHuX Biaxuienus. OTKe, AKIWO IPaKTHYHO
| Al <80 (P (| As, | <<B80) 0,997 = 1), 10 14,1 <30 V0

Takus upHOM, abCO/IOTHA NOXMGKA CYMH HadJiMKeHUX uHcen
a, + ay + --- -+ a, nponopuifina uucny 1V n, a ue uucay n,
AK de BuUnauBajgo 3 dopMmynu (3.2). Lle noAcHioeTbeA THM, IO
IPAKTHHHO TIOXMOKM pPi3HUX YHCET MOMKYTb UYAcTKOBO «TacHTH»
o/lHa OjHY, B TOH uac ak Gopmyna (3.2) nepeabauae, tax 6H MOBU-
TH, KpaiHill BUNAJOK.

AHanoriyHo NpPHXOAHMO 10 BHCHOBKY, L0 #i BilHOCHA MOXHGKa
JOOYTKY HAGIMMKEHUX YHCed @y, @y, ..., 4, 3pOCTae Nporopuiiiio
wieny )'n, a ne umeny n.

Tounnil niapaxyHox noxubok pesy/bTariB oGUYHCAEHb HalJsiu-
>KeHHX YHCeJl AOCHMTb rpoMisakuil. Tomy 34e6inbluore Ha npakTHiLi
TOYHO HE€ BPAaXOBYIOTh MOXHOGOK, a KOPHCTYIOTbCA R pasu.iamu
niopaxynry yudip s3a B. M. Bpadicom:

1. Ilpu doOasanni i BIOHIMAHHI HaBAUNCEHUX Hucea MOAOO-
el 30epeacenuti po3pad pesysvmamy Mae Oymu  HaUGiAbLUM
ceped po3padie, WO BUPANCAIOMBC OCMAHKIMY 3HA4yIUMI Ludpa-
My BuxiOHux Oanux.

2. [pu mroocenni i direnHi HAOAUNCEHUX HuCea 11 pesyAbma-
mi nompibno 3bepeemu CMiAbKL SHAUYWUX  yugp, CKIAbRY iX
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mac nabauxcene OaHe 3 HAUMPHIIOW KIALKICMIO SHAMYULUX
yugpp.

3. Ilpu nidnecenni do keadpama abo 0o kyba e pesyrbmami
mpeda 3bepeemu CMiabKu SHALYWUX YUdp, CKIAbKU iX MQE 4ucao,
AKe nidHocame 0o cmenens. _ _

4. [ipu dobysanni Kopers 6 peayromami caid Gpamuy cmiibku
BHAYYWUX YUPp, CKirbKy X Y nidkoperesomy cupasi.

5. [1pu obuucrenni npomiscrix pesyromamis nompibro 6pamu
Ha o0Hy — 080 yugpu Oiavue, Hie pexomendyiomo nonepeoui
apasuiq.

6. Ao dani modca Opamu 3 G08iAbHOK MOYHICHI0, MO, WOD
snaidmu pesyavmam 3 k npasusvrumy yugpanu, dani mpeéa 6pa-
mu 3 maKoio Kiabkicmio yugp, aka sabesneuye k -- 1 npasurvry
yuppy ¢ pesyavmami, 8i0nosidno do npasur 1—4.

7. [Tpu obuucaenrsix QOHOUACHHUX 6UPQ3I8 30 CONOMOOID 020
pughmis caid nidpaxyeamu KiabKicmo 3Haqyux yudp y momy Ha-
Gauscenomy OGHOMY, AKE MAE Ix Halimeruie, i 83amu  madAULIO
R02APUPMIB 3 KIABKICMIO 3HAKI8, Ha 00uruyio biasuicio. ¥ Kinyeeo-
MYy pesyaemami ocmanm s yupa gidkudacmocs.

IMMpuwsmitka B ocuoBy uux opasui NOKIAECHO nApunyun akademina
O. M. Kpuaosa — ocnosiiit NPHHIHA 3BHYAHHMX obuncacitk, T06T0 00UNC-
Jenn Oez CTPOroro Bpaxypanis noxubok: HabGauncene wucio caio nucamu mak,

woh y HooMy sel quppu, Kpiv ocmanneol, Oyal APACUALHUAMIL [ AULLE OCINANHSL
Oyaa cysnicuon, npumomy He 6iabul aK na o0ny 00w,

§ 5. ObepHena 3aaua Teopii noxubox

Hocuts yacTo 10BOAUTLCA PO3B’A3YBATH TAKY 3aJauy: BH3HA-
YUTH JOHYCTHMI NOXHOKH apryMmeHTiB Xy, X,, ..., X, Tak, 0O
rpanuyna abcosnotTHa noXHOKa QyHKUIT ¥ He epeBHLULYyBaJla 3a/ia-
HOi Benuuuun A .

Kopucw;otmct: Gopmynoio (3.2), nomivaemo, Wo I 3aja4a He
BH3HAYEHA, OCKIMbKH, NO-pisHoMy BHOpaBli sHaueHHs A,
MO2KHA AiCTaTH OJHE H Te caMe 3Hauelns A,

Orxe, 3ajauyy MOXHA pO3B’A3yBaTH KlJ]bl\OMd crnocobam.

1. Ilofiepemo Ay, TaK, w6 B (3.2) Bei BCJANYMHH IW— Ay,
]

Oysd piBHHUMHM MiX cOGOIO (NpHNIIMI PiBUNX BILIHBIB).
Ay .
i n ! Axi -

-

Toai, ouesuano,

A .
()f
0\;

2. INoknaswn, wo Bci Ay, piBni mixk coGoro, Aicranemo:

Ap = —Bu

i)x,-
€=l

13



3. Beaxarouu Bci BiiHOCHI IOXHOKH aprymeHTiB piBHMME MiX
co60to
-—l}ic—l-—:._A.f?—-:-o.”: Axn "‘6

EN A ‘

Ta nigcrasasioud B (3.2) BUpasm aas Ay, AicTanemo:

n 0
Ay:azt% [ x; ).

i=1

Busnauusmn 8, mas Axi MaTHMEMO:

Ax'=lel6: -—'—.__I_Xf_}éi,__

7 .

T o
L |Xt|I o,
. fom=]

_ Ilpn PO3B’A3yBaHHI 3afaui MOXKYTh GyTH BUKOPUCTaHI i NesKi
imwi BapianTu,

Anasnoriuno MoxHa PO3B’'s3yBaTH i APYTy oGepHeHY sanauy
T€0pii noxuGok, Koau NOTPi6HO MixiGpard rpanuudi aGcomoTHi
Y¥ BiAHOCHI 1NOXHMOKH apryMeHriB Tak, o6 BiHOCHA noXuOka
yHKUiT He nepeBuilyBada Hanmepel 3ajlaHoi BeJHYHHH.

Brpasu.

1. BusHaunty TouRicTh, 3 AKOIO TpeGa BHKOHYBAaTH oGHHCACH s, 1806 3iafi-
TH pesyasTar 3 toudicrio 0,5- 1073
0,0327x -- V' 1t
0,4231x 40,9248

a) y = » %€(0,7; 2,3];

4
6) y =—§-ﬂR3, RE€[1; 5).

2. Kopeni piBusnaa x* — 2x 4 1g3 = 0 tpeba snaiiTu 3 worupma npa-
BHJIhHHMH 3HAYyMIMH LHpamn. 3 sKoi0 TOuRICTIO TpeGa B3aTH Biabinil
4ned piBHAHHA?

§ 6. KopekrHicth 2agay

PosraisineMo Tenep nuraHHA Tak 3BaHO! Kopekrtiiocri, Binb-
WicTh 3anad, AKi AOBOAHTBCS PO3B’ASYBAaTH, MOMKHA 3aNUCaTH y
Burasai y = A (x), ne x — nedxa BiioMa BelMuMHa, y — LIyKa-
Ha BenuuuHa, A (x) — sagana ¢ynxuis (oneparop). SayBaxkumo,
1o TYT y i ¥ MOXKYyTb OyTH YHCAAMH, MacuBaMU YHCeJ, YHKLIiAMH
opniel wM GaraTh0X 3MIHHHX TOLIO.

3adaua y = A (X) HABUBAEMbLCS KOPEKMHO NOCMABACHOIO, AKUO
0248 OyOo-aKux 6xiOHUX OaHuUX X 3 O0eAKO20 KAGCY pO3G’AI0K Y
icHye, eOunull [ cmilikuii 3a exiOnumu darumy,

14

Posrasisemo nouatts criikocti, Cmidra sa sxiOnumu darumn
Ta 3ajJaua, PO3B’ A30K AKOI HerepepBHO 3aJEXKUTh Bill BXiJIHIX Jlit-
HEX, ToOTO &AA Takux 3anad | Ay|— 0, komu | Ax|-— (.
SIKugo s yMOBAa He BUKOHYETHCHA, TO 32jiaya Ha3HBaETbCA HeCMLdl-
koto 3a exiOHumu Oarumu. Y UBOMY BHMAIKy HABITh HE3HAUU:R
noxuOKa y BXIIHHX RAHHX MOXKE BHKJAMKATH SIX 3aBrOJAHO BeNHKI
IIOXHOKH B pO3B’A3KYy, TOGTO yh
po3B’sizok Moxe OyTH 308-
cim crmorBopennit. Ilpukna-
JIOM HeKOpeKTHOI 3ajaui e
3ajavya  jAudepeHUiOBaHHA
(zuB. posain VII).

SAxuio AnA 1MoXxuBOK pos-
B'A3KY 1 BXIIHHX JaHHX ic-
Hye cnisBigHowenHs | Ay | <
< c|Ax|, nme ¢— nocutb
BeJHKa KOHCTAHTa, TO 3ajia-
ya dopmansbHo criiika, age 0
HeycyBHA noxyu6ka B LbOMY
BUMAJAKY Moxe OyTH 3Hau- Mau. 1
toto. Lle BHNaaox Taxk 3Ba-
fiof cnabkoi criikocti (caabkoi obymosacrocmi). Jna 3aj0Bisb-
HOI NpaKTHYHO! CTifiKOCTI KOHCTAHTA ¢, OYEBHM/IHO, NOBUHHA OyTH
He ROCHTb BEJHKOI.

I3 cnabkowo crifikicrio MR sycTpivaemocs, HaNPHKIAA, OpPH
pO3B’SA3yBaHH{ cHCTeM JiHIAHHX anreOpaiunuX piBHsAHb, BH3HAY-
HHK AKHX OGJusbKuil Jo Hyas. 1s TakuX cHcTeM NOXMOKH B Koe-
¢iuienrax cucreMn abo noXuOKW OKPyIJeHHs NMPH PO3paxyHKax
MOKYTb NPU3BECTH IO Pe3yJbTary, JAJeKoro Bij LYKaHOTO po3-
B'A3KYy. ¥ BHUAJKY CUCTeMH ABOX PiBHSIHB 3 ABOMAa HEBijloMHMI
cnabkiil criilkocTi MOXKHA JATH IIPOCTY I'eOMeTPHYHY iIocTpauio.
Cna0kiit crifikocri Takoi cHcTeMW reoMerpHyHO BifnoBijae mapa
MaiKe Tapajie/bHUX APAMHX, IPHYOMY HeBeJHKa 3MiHA HaXHJy
yy 3CyB OAHiel 3 NMPAMUX {CTOTHO 3MiIIOE MOJIOMEHHS TOUKH repe-
tuy (Man. 1). 3ayBaxumo, 10 GIU3bKICTL 10 HYJIS BU3HAUHMKA
CHCTeMH € Jiiuie HeoOXiLHOWO yMOBOIO cja0Koi crifikocti, ane He
JOCTATHBOIO. ‘

Mpuwmirxa. Cuigpospisuaru criilkicts sagaui i emidiicmo areopummy
poss’sasyBanua 3agaul. 3a4aua Moxe 6yTH criilka, & aaropur 11 po3s’sayBanus
HecTiilkuit.

STk npu BUKOHAHHT AIrOPHTMY, HAUPHKAAA, AOBOANTLCS OGUHCIIOBATH
pianHwo GAH3LKUX 3a BENHUMHOIO Muces (MOXce, i He OQHH Pa3), TO e MOMKe
TpU3BeCTH N0 BEAUMKOI MOXHOKH pe3ysbrary.

Has imoctpauii naBegemo JOCHTHL UPOCTHl NPUKAAL HA 3HAXOLKEHHA Ko
penis kBagpatoro pisusunst x* 4- px + ¢g= 0, pe p = — 120,¢9 =1,
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Kopeni mykaruvemo 3a eiomoio Gopmynon % o = — 5 F ]/-— —q,

NIPHUOMY, BCi OCUHCJEHHS BHKOHYBATHMEMO 3 4OTHpMA 3Haqymn\m uudpama.
Toxi
x| o= 60 F 173599 == 60 F 59,99 i x =0,01, x = 120,0.

Y npyroMmy pesysibTaTi NpaBMJLHHMHA 2 9OTHPH 3Hauyml tudpu, a B mep-
momy — Jme oxna, st nopiBHAHHS HABOAHMO 3HAYEHHS MEPLIOTO KOPeHs
3 wotHpMa sHawymumu uudpamu: x¢ = 0,008334. Ilepmmiéi xopinb, Taxum
YHHOM, OGUHC/AMIH 3 BiZHOCHOIO TToxu6kow 20 %, a apyruit — 0,07 %. BTpaTa
TOUHOCTI NpH OGUHCIEHH] nepuxoro KOpeHs crajacd 3a paxYHOK BigHimMauHHA
GJIH3LKHX 4YHCET.

A SKIMO 3HAaueHHS MEPIIOrO KOPEHR OOUMCJAHTH 33 QOPMYyJIoI0 X; =

iL+V7iT

JIMBIIH BUpa3 ~———-— ]/-—-—— — ¢ Ha CHPS{}KE‘HHH TO RiCTaHeMo: X =

1
= S TR% 0,008334.

Tax HecKaagHNMH TEPeTBOPEHHAMH BIANOCH MiABHHIHTH TOUHICTD Pe3y.b-
Tary. OTKe, ApH BiIlUyKYBaHHI KOpeHiB KBaapaTHHX piBHsHb Tpeba nepenba-
YHTH MOXJIHBY BTpPaTy TouHocti i BHOMpaTH mopasy noTpi6Hy dopmyay.

Konn BHKOPHCTOBYIOTbCA CTiMKI aJrOpHTMH, TO 3aBXAH RiCTAIOTh peayJib-
TaT, ROCTATHBLO GAM3bKHI A0 UIyKaHOro.

, Ky ficTaHeMo 3 monepefHboi, NOMHOXHMBIIA i noai-

Bnpasu.

1. 3agaHo cuHcremy:
Bx — 331y = 3,5,
6x — 397y = 5,2.
a) posn’mxin ii;
6) pO3B’SKiTb CHCTeMY, B sIKiit mpaBa yacTHMA Ipyroro piBHSHHS j0pis-
Hioe He 5,2, a 5,1. [opisnaiite pesynvrary;
B) MigcTaBTe B chcTeMy x = 358,173,y = 5,41 3’scyiiTe, AK BOHH 3240BOAb-
HAI0Th cheremy. Toacuito yei ui dakri.

Posgin it
METPUYHI 1 HOPMOBAHI NMPOCTOPH

§ 7. Metpuuni npoctopu. Mpuuun cTHcKylounx BigoGparxeHe

Osnauenunsna 1. Mempuynum npocmopom HA3UEAEMbCA
dogirbra mroocuna X Geskux esemenmisé (ix Hasusarome e mod-
Kamu), 8 AKil 041 6yOb-aKux 06ox eremenmie x, Yy € X osHaueHo
Oidcre wucao p (x, y) — 8i0cmanb misc modkamu x iy, 9Ke 3a-
JosoabrAe maki ymosu (axciomu mempuru):

1) o (x, y) =0, nputomny p (x, y) = 0 modi i mirvxu modi,
Koau X = y;

2) p(x, y) =0 (y, x) (arxcioma cumempii);

3) o, 2)<<px ¥ + oy, 2 0aa dosinvrux x, y, z3 X
(axcioma mpurkymruxa).

O4yeBHAHO, BiAcTaHb MiX eJeMenTaMH OJHiel i Tiel camoi MHo-
JKHHU MOXHa BBOAUTH no-pisomy. Ilpm npoMy aicraBatnMemo
pisni mpoctopu.

Hagenemo Kijnbka mnpukaanis.

1. MHoKuHa AifiCHHX 4Hcen 3 BiACTaHHIO

px Y ={x—yl
€ MeTpHYHHM MPOCTOpOM, AKHH mosHadaerbes R aGo R
2. MHOXHHA BNIOPAAKOBaHHX CYKymHOCTell 3 n AiCHUX YHCes,
TOOTO MHOXHHA N-BHMiIPDHHX BeKTOpIB.

X= (X33 Xg5 o0 5 %)

3 NifiCHUMH KoopauHaramu x; (i == 1, 2, ..., n) i BiAcTanuio

p(x, y) = ‘/ Y (g, — x)? (7.1

=

€ Merpu4HHM npocropoM. Ilefi npoctip HasuBaerbcs n-sumipHum

apupmemusnum esxaidosum npocmopom i nossauaetscsi R".
Ioxaxemo, mo TYT CHPaBLKyeTbest akcioMa 3) (BUKOHAHHR
akciom 1) i 2) ouenunse). Axciomy 3) MOXKHA 3aIHCATH Y BUTIAAL:

. R N E—
]/xm~w<yﬂwwqyl S —ype 12
=l :—1 e

IBIBHI()"IF_”/\‘ ‘
Irane-Tpaininceora
TI@ABTONINKOT S i SIMTYVY

IHE. *: 493902

i




Jns nosenenus uepisnocri (7.2) CKOpHCTaeMOCH Bigomoro Hepis-
gicrio Kowi*

(i@J NEDN

i= =] i=l1

Toaxi 1 :
Y@+bp=Va+2Vah+YHE<Yd+
i=l1 =1 =l i=l1 i=]

+21/La‘21b+2.b_' ‘/Va,—l— /Eb)
' i=l1 i=1 (=1
3Bigcu

‘/i(ai+bz)2< \‘atJr]//)‘b?-

i=l =1 i=1

SIkuwo B ocraHHi#i HepiBHOCTI mokJaacTH a@; = y; — X; b, =
= z; — y;, T0 AicraHeMo norpi6uHy HepiBHicTb (7.2).
3. MHOXHHA n-BUMipHHX BeKTOpiB 3 ‘BiJICTAHHIO
Py (%, y) = max |y; — x| (7.3)
1<i<gn
€ MeTPHUYHHM [1POCTOPOM i no3uayaetbesi Ry.
4. MHO:KHHA N-BEMIPHHX BEeKTOPiB 3 BiJICTAHHIO

02 (%, y) = Lly—- (7.9)

==

€ METPUYHHM MPOCTOPOM i Mo3Hauaethest RY.

Y npuknazgax 2, 314 posriasjanacs oxHa H Ta caMa MHOXKHHA.
BBoasun mno-pisHOMy BiAcTaHb MiX eNeMeHTaMH MHOXKHHH, MU
Jicramu tpu pisui merpuuni npocropu.

5. PosrisiHneMo MHOXKHHY BCiX HenepepBHHX AiACHHX (yHKUIH,
BU3Hauenux Ha Biapisky [a; b]. Bigcranb BBesemo Tak: ‘

pﬁw%=£gJﬂw—an (7.5)

[TokaxkeMo, 1110 aKCIOMH METPHKH cnpaBLKyioTbesi. OueBHiHO,
wo p (f, @ =>01ip(f, g = 0 mwe Toui, koau [ (x) = g (%),
o, & =vplg

* Hepisuicrb Komi BHIJTHBAE 3 TOTOMKHOCTI

\ fn n n o on

Yavi| = ¥a Lbr 7 3 X @i = b

= P S (=] j=I

AKy MOXHa nepesipurtu Geanocepeuubo.
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ITepeBipumo akciomy 3. Has 6yne-sikoro x € [a; bl i 6yie-
AKHX g (%), [ (x), h (x) maemo:
) —FfX)|=lg)—h(x)+hx)—FXI< Ig()»)—-h (] -+
F10 — W< max 1g () —h )|+ max [hix)— [ ()]

3Bigcu BUNMMBae, WO

max | g(x) —f(x)| < max |g(x) —h(x)| + max Jh (x) —F(x}]
x€la;b) x€[a;b} xCla;b]

TOOTO

ple. N<p(g, ) o, ).

Orxe, Muoxuua nenepepBunx ¢yHkuif, 3ajanux Ha Biapis-
Ky la; bl 3 Bincranmio (7.5), yrBOpIioe Merpuynuii npocrip. Horo
nosnagalote C [a; bl. llefi npocrip HasuBalOTh wie npocmopo.t
HenepepsHix (pynkyil 3 4ebULIOBCOKOI0 MEMPUKOI.

6. Posrasinemo, fiK i B npukaani 5, MHOXKHHY BCiX Henepeps-
HHX QYHKLIH, 3aganux Ha Biapisky [a; 0], ane Biacranb Mixk ene-
MEHTaMH Tellep BBeleMO iHaKllle, a caMe:

000 =1/ {0 —gwr i

a

AKcioMH METPHKH CHpaBKYIOTbCH. 30Kpema, CRPABEAIHBICTD.
aKCiOMH TPHKYTHHKA BHIINBAE 3 HepiBnocTi ByHAKOBCLKOTO Las
inTerpanis

b
Sf(x)g S/’ x)dxs' g% (x) dx,

anaJsioriynoi Hepisrocti Kowi s cym.
Lleit merpuunuil npoctip noskauaerbest C, [a; b1 i nasuBaetbes
NPOCMOPON. Henepepsrux (ynkuyit 3 xea@pamutmom MEIMPUKOIO.
Osnavennna 2. Touky x* mempuunozo npocmopy X

nasusatoms epanuyero nocaidosrocmni x, x®, ..., x™ ... mouox

Memputmoeo npocmopy X i sanucyioms x‘ ’ — x* (n - o) abo
Hm %" = x*, akuwpo limp (™, x*) = 0.

n=-»o0 H=~>+00

Bigomo, mo a6imna nocaidogricms movwok mempuunozo
npocmopy mode mamu mitoru 09ry 2paruyio.

HepaxKo posectd, 1o BiAcTraub p (X, y) € HemepepBHOW QYHK-
tieo cBoix aprymentis, 10610 sikmo x> x i ¥ —y npu
nh— oo, TO
n )

' Y )_‘*p(x: y)'
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Osunauenua 3. [ocridosnicmo {x™} mowok mempuuto-
20 npocmopy X HAsuEacmoCa hyroamnenmaronomw, aKuo 0aa 640
aroeo € > 0 lcHye mare Hamypaavue 4ucao- N = N (e), wo
F™, £ <& 0ra scix m> N, n>N.
CueByHO, WO BesiKa 30iXKHA NMOCAiOBHICTE (DyHIAMEHTANbHA.
‘Crpasai, akmo lim W =qgc X, T0o ann Gyab-sikoro & > 0
n—+o0

e & .
MOMKHA 3HaBTH Tage ydeao N, mo o (x("), a)<~§mm n> N. Toni

a8 >N 1 m> N, ckopucrasuinch akCiOMOIO TPHUKYTHHKA,
MaeMo:

p (47, XY < p (1, 0) - p (g, M) < B+ L =

Ofepuene TBePLKEHHS He 3aBK/H NPABUAbHE, OCKIMbKH ICHYI0TH
METPHUYHI MPOCTOPH, B AKUX € ()yHIaMeHTalbHi NOCJiAOBHOCTI,
mo He 36iramorbed. ,

OsnaueHHs 4. Mempuunud npocmip HA3UBAEMbCA 106G
HUM, KO KONCHQ (hyHOQMEHMAALHA ROCALOOBHICI MUE 6 HbOMY
2PAHULSD.

Yei Merpuuni mpocropH, HaBejeH! B npuxna}xax 1—5, € nopuu-
ait. [Tosrora npocropy R BumnnuBae 3 xpurepito Kowi icnysanms
rpagnii yMeaoBoi nocaigoBHOCTI: A TOro HO HOCAiAOBHICTDL
sbiranacs, Heo6XxigHo i jgocTatHbo, WO 118 6yab-akoro & > ()
icnysango rake N, mo aas Beix n > N, m > N cnpasiuxyBajacs
HepisuicTd | X, — X, | < €.

Hosenemo moBHOTY mpocropy R,

Hexait £™ = (x{™, x5, .., xX™)eR" (m=1, 2, ...) — dyn-

JaMenTtaibua nmochigosuicts. Toal mas Gynab-skoro € >0 snail-
Aerbcst N = N (g), Take, uio

p(x(m) (I) _l/ \1 (\’(I) (m)) <e
==

npu scix m >N, [ > N.
3pigcn Ang Beix [ > N, m > N i koxuoro { = 1, 2, ..., n
MAEMO!

{
[ — XM <o (2™, s <.

Ormxe, wnciaosa nocaigosricts {x{™} e ¢yusaMenTanbHOI0, TOO-
T0 36ixnol0. Hexait

lim £ = x].

m-roo

-20

Toai, oyeBHAHO,
lim £ == x*

=00
ae :
* *® * n
= (x5 x2; ... 3 %) €R%
Orxe, noBHOTY npoctopy R” nosenexo.
AxanoriyHo MoxHa HoBecTH mnosHoTy upoctopis RG i RY.
3ayBamumo, 1o B npocropax R”, Ry, RY s6ixuicts nocnizos-
HOCTI eJeMeHTiB
() (my, m), . ") LWt
X == (xl ), X9 )1 eeny xl(l )»X* = (’\’1) xZ) ML ] x") (IIZ—FOO)
piBHOCHJIBHA 36iKHOCTI IO KOOPAMHATAX.
[IpuknazoM HENOBHOTO HPOCTOPY € MHOXKHHA PalioOHaJbHUX
yucea 3 BIACTaHIO
Py =[x—yl.
Tak, nocnifoBHic T [y \
1 \n 1=
xll == (l _I- M)

n
(n=12 ..)

B UBOMY NPOCTOPI € (PpyHaamer-
TaAbHOI, aJe B NIpoctopi pa-
nioHalbHUX 9dces Tpawuii ue -/
Mae, I'pauntero nici noctinos-
HOCTI IpH n — 00, siK BiloMoO,

€ YHCIIO e, siKe He ¢ pauionalib-
HUM.

Henosuum mnpocropom ¢ ta- -1
vox npoctip C, la; bl. Hasepe-
MO HPHKNAL PyHAaMEHTANbHOT Maut. 2
nocaigoBhocri 3 C, la; b1, sika
He Mae B UbOMY npocropl rtpannui. Jlas npocroru sa [a; bl Bisp-
memo Biapisok [—1; 1] i posrasnemo nocnigosuicTh Henepeps-

@, (1)

_____{al_.
Do oo - ——
—t e — m—

HUX (pyHKUIH (Maa. 2):
I{ ,m\'mo—lgtg——_,ll_,
@, ( i, nt, KU — 711— I % ,
! 1, sixuio —]—<t<1.

Mocaigosuicts {, ()} dyunavmenransua o C, [a; b], ane rpa-
HHII B UbOMYy mpoctopi He Mac. Boua 36iracrbcsi A0 PO3PHBHOI
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dyaruii ¢ ()
— 1, axmo f<C0,

Q) = 0, skmo =10,
1, agmo {>0.

PosrasiHeMO Tenep Taxk 3BaHHH IPHHLHN CTHCKYIOUHX BixoGpa-
xkenb, Hexail 3agano aBi nosinbui Mooxusn X i Y. Ko kox-
HOMY eJleMeHTYy x¥ € X MeBHUM YHHOM CTaBHTbCS V BiANOBiAHICTH
OIHH elleMeHT y € Y, TO BBaXalTh, INO 3ajaHO BinoGpaKeHHs
(oneparop) T MuoKHHH X B MHOXKHHY Y (NPH UbOMY NHIIYTh:
y = Tx).

Oswaueuns 5. Bidobpamennsn T mempuunozo npocmopy
X 6 cebe Hazusaemoca cMUCKyioum, AKUO icHYe make dodamue
nucao q << 1, wo oas 6ydoe-axux 06ox mouok x, y € X . ukoryemnocs

Hepisricmb
o (Tx, Ty) < gp (%, Y)- (7.6)

3ayBaxHMO, WO TYT ¢ HE 3aJeXUTh BiX X i y.
O3nauenwnsa 6. Touka x Ha3usacmoca Hepyxomow 0aa
sidobpancerna T, axupo Tx = x.
OueBuaio, Hepyxomi Touku BijoGpaxenHs T € posB’a3kaMit
piBHSIHHSA
Tx =x.

Jlnst CTHCKYIOUHX BiJoGpazkeHb CHPaBIKYETHCH AYIKE BarJH-
Ba TeopeMma, gKa HazHBaeTbea TeopeMolio C. banaxa npo Hepyxomy
TOUKY abo IPHHLMUIIOM CTHCKYIOUHX BiJoOpaykeHb.

Teopema. Cmuckyroue 8ido6paxcenns T noenozo mempuv-
nozo npocmopy X € cebe mae mepyromy mouxy i npumomy
auute oony. Lo Hepyxromy mouky MONCHA BUINANUMIL K
zpanuyso  nocaidosnoemi ™ = T¥V (k=1,2, ...), de
2 — Qogiavnull eaemenm 3 X.

Howenenns Hexait ¥ — nosibunit dixcopanuit ene-
MeHT mpocropy X i

| x(l) — Tx(o), x(2) — Txm, ., (u) Tx(ﬂ—l) .
3 yMOBH TEOpeMH BHILINBAE, IO
XeX (=0,1,2 ...

Hosenemo, mo nocsifoBHICTb {x(’”}——(pyH,zxaMemaJlea.
Cnpasai, Hexafl m >> n. CKOpHCTaBUIHCh aKCiOMOIO TPHKYT-
HHKa, MaeMo:

p ()C(”) (’77)) p (x(ﬂ) x("+1)) + P (x(" H) (VH"'Q)) +
e N £
22

i Bpaxysasuwd, 110
o) (x(l), x(g)) =0 (Tx(o), Tx(l)) <qp ()C(O), x(l)) = qp (X(O), Tx(o)),
(x“’* x<3’) p(Tx“> Tx®) < go (x‘“ HB) < gt (6, Tx),

0 (x(/z) x(n+1)) < q:zp (X(O) TX(O))
3 OCTAHHbLOI HeplBHOCTl ,lLlCTaHeMOZ

p (X, %) < (g7 + g7+ +
1l l—' m—n
(=g (l—q(/ ) 0 (x®, Tx)
Ockinbkn g << 1, 1O

! qm—l) o (X(O), TX(O)) =

0 (x(n) , xm) << (Zj Z 0 (xO, TX(O)). (78)

Omxe, ANA A0CHTH Benukux n i m wucao p (v, x") — sk sas-
roHo mane. [nmumu cnosamu, s 6yab-skoro € > 0 icHye Take
N =N (), wo aaa Bcix n>N, m>Np (7, £) <e,
TOOTO MOCJIIOBHICTD {x("’} (pyH1aMenTaNbHA.

3 nosHoOTH npocTopy X BHIIHBAE, WO TPaHIild HOCI JOBHOCTI

{«"} icuye i manexuts X. Ipunycrumo, mo
lim x(™ = x*

H—>00

Jlosenemo, mo x* ¢ Hepyxomoio Toukow Bisobpamxenns T,

TOOTO L0
Tx* = x*.
Lupasai,
p (%, T <o (% 20) + p (6™, Tx¥) = p (x¥, x™) +
+ o (Txin=b, Tx*)y < p (x*, M) 4 go (x(*—D; x*),
Ane npu 6yab-sikomy & => 0 i JIOCHTb BETHKOMY 1
; € : _ €
o (¥, xm) <7’ p (x*, xn=1) <7

Orxe,
p(x*, Tx*) <e.

QOexinbkyu & > 0 goBiabHe, TO p (x*, Tx*) = 0, o610 Tx* = x*,
ZloBesemo rterep, 1o iCHYE TIBKH OjlHA HEPYXOMa TOYKA.
1‘"'Ipunycmmo uo icuylors ABI Hepyxomi Toukum x*, y* € X,
T00T0 Tx* == ¢* | Ty* == y*.
Toui
p(x*, y*) = p (Tx* Ty*) << qp (%%, y*).
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Sxmo npunycrury, wo p (x*, y*) > 0, To 3 OCTAHHBLOT'O BUIIJIHBAE,
mwo g > 1. A ue cynepeunutb yMoBi TeopeMH. TeopeMy LOBeXeHO.

Baxausictb J0oBeeHO! TeOpEMH PO HEPYXOMY TOUKY HOJATAE
He TiNBKM B TOMY, [NO BOHA BKa3ye€ Ha iCHYBaHHS HEPYXOMOL
TOUKM BifoGpaxKeHHs, a 0 y TOMy, L0 BOHA Jlae Merojh i1 3HaXo-
J:xennst. e Meron noc/iZoBHUX HabsHKeHb., BaXkJIHWBOI0O BJIACTH-
BiCcTIO HOr0 € Te, 11O BiH JAe MOXKJHBICTbL AicTaBaTH 3 JOBIALHOK
TOYHICTIO HaGJUKEHHS HEepyXOMOi TOUYKH.

[Ipuwmirka. SIKUO BHKOHYIOTbCS YMOBH T@OPEMH, TO MOUHHATH Bij-
LIyKYBaHHA [OCAIJOBHHX HalJIHXKeHD £ gki sbiraothes 10 HepyxoMok
TOUKH x*, MOXKHa 3 Gyab-Koro exevienta xO) € X. Bubip mouaTkoBoro HaGmu-

wenns x pnusatuve auwe na KizbxicTs itepanifi npn 3anaxopKeHHi rpannuF
i3 3aganum crynerem tounocti. Koiu nepefitn B dopmy.i (7.8) no rpanuui npn
m -» o0, TO HiCTaHeMO TaKky OLiHKY f-I0 HAOJIHKCHHA:

n
p e, v < Lo (0, 74O, (7.9

3 niel oniHKH BHNJHMBAE, IO METOR NOCAILOBHHMX HAGJHXKeHb THM WBHAuIE 36i-
F2€TbCST, YHM MeHIIE ¢.
BuBegeno e OIHY OLIHKY A/151 TOXHOKH £1-T0 HabaukenHsA. Sxuom > n,

o (x(n), x(m)) <p (x(”), x(/1+1)) 4 (x(u«l—l)’ x(/1+2)) e e
e op (D Xy <o (6, £y g (x, x(ll-{-l)) -
R qu (x(n)’ x(n-H)) e e b qm—r't—«lp (x(n)’ x(n-l—l)) —
=(Iq+4g+ o g p 0, ) =

— M—1r I Nt
_1—q o (&, xintD) <f1(1 7 p (=D 4y,

1—yg 1—gq
T06710

p (¢ (n)’ x(m)) gq (1 1——1:—") o (x<”), x(n—]))'

3Bigku npu m -> oo AicTaHeMo:

o (M, 5% < —T—_ﬂ_—q— p (x, £y, (7.10)

ne x* — nepyxoma touka (lim x{™ = x*),
. R m->o0
Uacro nHa npakTHHi JOBOJHTLCS BiJWIYKyBaTH HePyXoMy Toury x*,
BigoGpaxenus T 3 Touricrio Ko &.

¥ npoMy BHNAAKY 3a HaOJAHKeHHST x™ Tpeba B3fAITH TaKe x("), L0 3a10BO/ b~
HfIE YMOBY

p (M, x*) <e.

Sxmo x* myKaTH MeTOAOM ROCHifOBHHX HaGaHMXeHb (3BudaliHO, NpH YMOBI,
no Bin 36iraetecs), To 3 HepiBHOCTI (7.10) BHNARBae, IO OGuneaenns 3a dop-

Myaami £ = T (n=1, 2, ...) Tpe6a NponOBXKYBaTH LOTH, IIOKH HE HicTa-
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#Hemo HepisHicTs:
q

() ,(n—1)
T e 6 ) <,

460, WO Te came,
l1—9q

o (7, £y « &= g, (7.11)

§ 8. NininHi HopMmoBaHi npocTopu

TToHATTS JiHIAHOTO NPOCTOPY ILHPOKO BIKHBAETHCA HE TIMLKH
B MaTeMaTHUi, a il B IHIUNX HayKax, 3okpemay ¢disuui. ¥ wWxins-
HOMY KYPCi MaTeMaTHKH 3 JiHIHHUMH NpoCTOpaMu 3ycTpivaemocs,
HanpHKI4[, pO3raslaloun MEOXKHHH BeKTopiB Ha npaMil, Ha mio-
wyHi i B npocropi. ’

Osunauenns . Henopomns muoxcuna L eremenmis x,
Y, 2, ... 008iabHOL npupodu Hasusaemecs AiHIliHUM, abo 6exmop-

HIUM, IPOCIOPOM, KO BOHA 3a0080AbHAE maki ymosu (asciomu

AlRH00  npocmopy):

1. [as 6ydv-sakux 060x eaemenmis x, y € L oOnosrauno sada-
embes mpemil eremenm 3 mHoscunu L, axud nasueacmecs  ix
cymoio (nosnadaemecs X - y), nputomy onepayis 0odasanna 3a-
0080AbHAE YMOBU: :

a) x +y =y + x (kKomymamusnicmb);

6) x + (y + 2) = (x + y) + 2 (acoyiamusnicmes);

B) 8 L icnye nyavosut esemenm 0, maxuti, wo x -+ 0= x
oas ecix x € L;

r) 0aa Koxroeo x € L ¢ L icnye marud eaemenm — x (liozo
HABUBRIOMb NPOMUACHCHUM eemenmy X), wpo x + (—x) = 0,

Samicme x + (—y) nuwymo x —y.

2. s 6yoe-sikozo uucara o [ 6yde-akoeo x ¢ L susnauenull
enemerim ox € L, akufd nasusaemocst CoOYMKOM eeMeNma X Ha
q4ucno o, npudomy 006ymox 3adoB0ALHAE YMOBL:

a) o (Px) = (aP) x, de P — Oosinbre wucao (acoyiamusuicme
MHOJNCCHHA);

o) lx = x;

B) (2 + B) x = ax 4+ Px; o (x -+ y) = ax + oy (sakonu du-
CMPUGYMUBHOCL) .

Mpumirka. ko npn ULOMY BHKOPHCTOBYETHCS MHOMXKHIA pificuinx
uuces, To Jinifauil npocrip HasnpaeTheA NIHCHUM, d KOJH BHKOPHCTOBYETLCH
M.ll“O)K!lll«"l KOMNMAEKCHHX YHCe)l, TO — KOMIUVIEKCHHM. Mu posriusaarnMeMo aue
JAIHCHT  TIPOCTOPH.

3ayBamuMo, 10 TPaBHIa BAKOHAHHA ONepalliil Han reoMeTpHy-
IIHMH BEKTOpaMHU NiAMOpsAKOBaHi 3araibHuUM aKciomaM JiHifinoro
pocIopy.
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Npuxaagy aiHiHUX OPOCTOPIB.

1. Ilpocrip nificaux uncen R i3 3BuwafinumMu onepauisvu
JOJaBaHHs 1 MHOMKEHHS.

2. MHOXHHa Bcix aare6paiyHuX MHOIOUW/IEHIB CTeNeHs, AKHH
He nepesmuye n.

3. MuoxXuHa n-BuMipHHX BEeKTOPiB ¥ = (Xy; X,; ...; X,), AOKLa-
BaHHA AKHMX | MHOKEHHS Ha YHCNO BHM3HAUYaeTbCs (opMyJaMu
(3 %g5 + o5 X))+ (a3 Yas - o5 Ya) =
=X+ Y5 Kot Yo -5 Kt Ya),

o (X3 Koy ooy Xy) = {0Xg; Xy .. OUX).

4. MHoxuHa HenmepepBHHX OyuKuiil, 3amanux Ha [a; bl
3BHYaHHUMH ONlepalifiMH J0JaBaHHA ABOX (YHKHIA i MHOKeHHSt
¢byHKIi# Ha YUCHO.

5. Hexail maemo MHOKHHY Bcix GyHKUIH, 3aganux xa Bigpis-
ky la; b]. ABi ¢yuxuii f (x) i’ g (x) BRAKATHMEMO TOTORHHUMH, K-
mo f(x) =g (x) (x, (( =0, 1, 2, ..., n}) — nesKi TOUKH 3 Bij-
piska [a; b]). dBi Toroxui GyHKUil He po3pisHAIOTLCA MiXK COGOIO
i BBAXKAOTHCS OJHUM I THM CaMHM eJleMeHTOM npoctopy. Takum
YHHOM, e/IEMEHTAMH IIPOCTOPY Ty’I‘(,[IiJIi Knacn QyHRUif. Hyavo-
UM eACMEHMOM Y LILOMY NpocTOpi € Krac GyHKuUiM, sKi B TOuKax
Xy, X1, ..., X, HOPiBHIOOTH HyMoO. KoxkHa KOHKpeTHa (yHKLid,
Lo 3ajaHa B Toukax x; (i = 0, 1, ..., n) na Biapisky la; bl, na-
J€XHTb, OYEBUIHO, OAHOMY 3 KJaciB ekBiBaeHTHUX (YHKUIN i €
Horo npeacraBHukoM. Cymoio KBOX eNeMeHTIB (ABOX xJaciB) npo-
CTOPY HA3HBATHMEMO KJIaC, SIKOMY Ha/eXKHThb CyMa MPeLCTABHHKIB
KJ1aciB A00aHKiB. /[obymkom ejeMenTa (KJaacy) Ha YUCJI0 HA3UBE-
THMEMO KJac, sIKOMy HaJleXHuTh JoOYTOK NpeicTaBHUKA KJacy Ha
e yncao. CyMy npeAcTaBHUKIB 1 oOyTOK NpeACTaBHUKA Ha YHCI0
BBOAHMO 3BHUAMHHM CHOCOGOM,

HeBaxxo fioBecTH, 10 pe3y/abTaTH BBELEHHX B MPOCTOpi ore-
pauiff He sajexatb Bijx BHOOPY 3rajlaHuX HPEJCTABHUKIB.

OveBnano, M0 TaKa MHOXKHHA YTBODIOE JiHifAHMI npocrip.

(Y manomy BHOAnKy ingopmanis npo dyukuiio sanaerbea i
3HAYEHHSIMHM Ha CKiHUEHHIH MHOMMHI TOYOK X,, Xy, ..., X, 3 Bil-
piska [a; bl; Taky curyauio maemo, Komu GpyHKuii 3agaorbea Tab-
JIHYHO),

Y niniiHoMy npocTOpi INPHPOZHO  pO3IASLATH BHpasH
n
V' apXy (o — umcna, ., — eNeMeHTH UBOTo JiuifiHOro npocTo-
=
py), Tak 3Baui Jinifini komGimanil eneMentiB X, X, ..., Xp.

Osuauvenns 2. Eaemenmu xq, Xy, ..., Xo AHILIHOZO NPO-

cmopy L nasusaromocs AIHIUHO 304edcHuMU, AKWO (CHYIOMb MAKi
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YUCAA Gy, Cy, ..., Oy (Ceped Hux He 8ci OOpIeHIOIMb HYAKW); WO

l
Y ax, = 0.
k==
SKwo ocmanna pignicms cnpasoNcyemecs Aulle Npu oy =
=y = ... =0, = 0, M0 Yl ereMenmu Ha3UBUOMbCA AiHLUHO

HBSa/lé’OiE HUMLU.

Slkwo B nmpocropi L icaye n.> 0 ninifiHo HezaseXHUX elle-
MeHTiB, a OyAb-aKi # -+ | esleMeHTH LBOTC NPOCTOpY JiHifHO 3a-
JIEKHI, TO KaXKyTh, WO npocrip L Mae posmipunicme n.

Axino x y npocropi L MoxHA BUOpATH CHCTEMY 3 JOBiIBHOIO
yucaa JiHiHO He3aseKHUX eJleMeHTiB, TO HPOCTip Ha3HBAEThCA
HECKIHUCHHOBUMIPHUM. Poamipricts npocropy L mnosnayaerbcs
yepe3 dim L.

Hepaxko BcramoButu, mo dimR = 1; dim R" = n,
dim C la; b] = oo. Hanpuxnag, te, wo npocrip C {a; b] Heckin-
YeHHOBHMipHHH BUITHBAE BKe 3 TOTO, 110 GYHKLIT 3 (bOro 1npocro-

py 1, x, &%, ..., X" npu 6yub HKOMy n ¢ JNiniHHO He3aNIeKHUMH.
Crpasi, oyl + oyx 4 apx® 4 . - o, %" = 0 e ToAi, KOAM
a;=0(@{=0,1,2, .. n.

ko ainifinuii npocrip € MeTPpHUHUM, TO BiH HA3HUBAETLCA Ai-
HILR UM mempuunum npocmopom. BakauBuM KaacoMm JiHilinnx
METPHYHHX M[POCTOPIB € KJAaC HOPMOBAHUX TPOCTOPIB.

Osunavennsa 3. Jinidnud npocmip L. nHasugacmocs Hop-
MOBAHUM, AKWO Koxcromy esemenmy x € L nocmasaeno y eidno-
gionicme OidcHe wucao | x|, Ake Hasueaemocs tiozo HOPMOIWO i
3a00604bHAE MAKL ymoeu (aKciomu Hopmu):

1. |x| =0, npuwony | x| = 0 modi i mirvku moodi, Koru
x =0 (dodamna eusHauericmo);

2 x4ty >l )yl x, y €L (nepisnicino mpurym-
AUKA);

S.jax|= |al-|x], o—uucro (00nopionicms).

Komuuit Jliuii"muii nopmonazmﬁ npoc"rip MO HA 5p06m‘u MeT-

Tom Hopma 6y}1b KOO enememd Aoplsmommm BijcTaHi
floro Big HYJBOBOTO eJeMeHTa.

Hesaxko nepesipurn, 110 BCi aKCIOMH METPHKH IIPH LLOMY
Bukonylorbe, Orxe, Bei nonsTTa, BBeAeH] IS METPHUHMX NTPOC:
TOpiB, nepeHocATbCA Ha HOpMoBali npocTopd. 36ixuicTs y HbOMy
BHNAAKY HA3UBAIOTH 30iXHICTIO 3a HOPMOIO.

ko ninifinuit HopMoBauuil npoctip € nOBHUM, TO BiH Hasu-
BaeTben Ganaxosum, abo B-npocmopon.

[lpuknagn HOpMOBaNHX NPOCTOPIB.

1. Muoxuna aificaux yucesn R 6yse HOPMOBAHUM NPOCTOPOM,.
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AKIIO ISt BCAKOro wucna x € R Hopwmy Beectn Tak: x| = | x|
2. Ilpocrip n-Bumiprux BekTOpiB x = (xg; ...; X,) R" crae
HOPMOBAHHM, SIKIIO MOKJACTH:

=1/ % 2 -
=
HeBaxxgo nepepipurtH, mo Bci akcioM# HOpM#H BUKOHYIOTbCS.
s HopMa mnopomkye METpHUKY

. _ n
Py =lx—yl=1/ ¥ (5 —y)-

i=1
Takum uuHoM, R" € B-mpoctopoM, npuyomy nopom:kesa Hop-
MOI0 MeTpHKa 36iraeTbcsl 3 yBeIeHOIO paninre. 3ayBaXHMo, L0 B

IIbOMY TNPOCTOPi HOPMY MOXKHA BBECTH H iHaKIle:
x|, = max |x,{ a6o
Igign

Ixl =

n
lxl =¥ |x1.
i=l1
11i HopMH NOPOMKYIOTL METPHKH, AKI PO3MIfAANNCS B IpHKAanaX
314§7.
3. ¥ npocropi Cla; b] wmernepepBuux (yHKUHMH, 3aianMX Ha
Biapisky [a; b], nopmy BBeiemo Ttak: |f|| = max |f(x)|. OueBna-
x€lair

Ho, Bci akcioMn HOpMH BHKOHyIoTbesl. 1lg Hopma jaae Bincraub,
sKa BxkKe Hamu Oysaa posrisHyrta (upukiaan b, § 7).

Jlerko moBectH, 1O BCi pO3TJIAHYTI OPOCTOPH € NMOBHUMH, TOG-
TO GaHaXOBHMHU.

3ayBaxuMo, 10 He BCi AIHIAHI HOPMOBaHI IPOCTOPU € HOBHH-
mu. HenmoBuyMH €, Hampuxaal, NpocTip BCiX panioHadbHHX dHCeR
3 HopMmoio | x{ = |x | mpocrip ycix n%nepepsnnx GyHRLI T,

/
sananux Ha [a; bl, 3 Hopmoto || f |= l/ SP (%) dx.

PosrnsimeMo Temep taxk 3BaHi eBKJinoBI npocropu. Bizowmo,
1KY BaXJHBY POJb Y 3BHUAHHOMY BEKTOPHOMY MpocTopi (Ha njo-
umHi, y npocropi) Binirpae ckanspuuit podyrox. llousTrs cka-
JsIpHOTO JOOYTKY MOXHA y3arajbHHUTH Ha JOBiAbHI ainifini
npocropu. [lpocrepH, B AKUX BBeAEHO CKaaspHUA 100yTOK, 3aiimMa-
I0Th 0co0JuBe miclie cepen ycix npocropis. BusiBasierbes, o HOp-
MY B TaKHX IIPOCTOpax MOXHa BBOJHTH Yepe3 CKaJasipHUH A00YTOK.

OsnauenHsa 4. Craraprum Oobymrom 080x 008iabHUX
esemenmie x [y 3 Oitichoeo ainitinozo npocmopy L Haszusaemovcs
Oiticke Huca0, sIKe NOSHAYAEMbCs Yepes (%, y) [ 8a0080AbHAE MAKE
ymosu (akciomu):
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1. (x, x) == 0, npuvomy (x, x) = 0 modi i misrvku modi, Korw
x =0,

2. (x, ) = (v, %).

. x+y, 2= 2+ (y, 2, x,y,2€C L.

4. (@ x, y) = a (x, y), & — dogiavre diticte 4ucio.

OueBunHo, ckanapHiil KoOyTOK BeKTOpiB (Ha mJomuHi, y
npocropi), AKHA BiZOMHHA 3 WIKITbHOrO KypCy MaTeMaTHKH, 3a-
I0BOJIbHAE akciomu [-—4.

Jlinifinuf npocrip 3 GikCOBaHUM B HBOMY CKAJIsPHUM HO0YTKOM
Ha3HBalOTb egxaidogum * (HOro vacTo MO3HayalwTh uepes F).

3 akcioM 1—4 MOXKHA BHBECTH PsiJi BJACTHBOCTE(l CKaJlsfipHOro:
RoGyTKy. 30Kpema, 3 akciom 2-—4 BUNIHBAE:

(6 Ay) =r(x, 9) 1 (5, ¥+ 2)=(xy)+(x 2).
B eBKJIi J0BOMY NPOCTOPi CNIPaBAKYETECA BaXkJINUBa HePiBHICTb:

|G ISV (6 0 Vg, ) - - 8D
PiBHicTh BHKOHYETBCA TOAI i TiABKH TOAi, KOomM x 1 y JAinifino
3aJlexHi.
Ilna noBeneHHa HepiBHOCTI posrisineMo BHpas ¢ (o) = (ax +
+ y, ax + y) = 0, ne a — noBijbHe Ailiche yucao. Po3kpusimm
CKaJIpHHA ROOYTOK, MaTHMEMO:

¢ (@) = Na®+2(x, y)a + (g, y).

Orxe, ¢ (a) — KBaapaTHHH TPHYJIEH Bif AilicHOrO apryMmenry
o. Ockinbku ¢ (%) > 0, TO IMCKPHMiHAHT IIOTO TPHUJIEHA HEA0-
JaTHHH:
(x5 ¥ —(x, %) (y, y) < 0.
3BijcH 1 BHIIMBAE IyKaHa HepiBHICTD.
B esxaigoBomy npoctopi HOPMY MOXKHA BBECTH 3a (GOPMYJIOW

lxf =V (x, %) . (8.2)

Y ubOMY BHIAAKy KazKyTh, WO HOPMA NOPOONCYEMOCL CKAAAP-
Hum 006ymKoM.

Slk 6auumo, A4 3BHYANHOIO BEKTOPHOTO NMpocTopy (Ha mps-
MiH, Ha nuIoUIMHi, B TPUBUMIPHOMY TpocTOpi) HOpMa BekTopa Gyue
He WO iHlie, sIK J0BKUHA BEKTOpPA.

Hopma enemenra, BBenena ¢opmyioio (8.2), 3a0Boabusie Bei
akciomn nopmu. Axciovn 1 1 3, oueBmino, cnpasixyloThes, a

* Tagomau uedt npoctip nasnBaloTh nepedeiabbepmosism, A eBKIAIIOBAM Ha-
" )

supalote Tlankn npocrip R® ia cxansipuny yqobyrkom (¥, y) == }_] Xilfge
i=1
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axcioma 2 (akcioma TPHKyTHUKA) BUWJIHBae 3 HepiBHocti (8.1):
lx+yP=C+p s+ =069+2x%y+ @1 y<
<N +2V @)V ) + @ 9) = 0| +1y )~

Kopucryouuch osHaueHHAM HopMH, HepiBHicTh (8.1) MoxkHa

3anucaTH Tak:
| ) | <<Ux ]yl (8.3)

Hepisnicte (8.3), sk i mepiBuicts (8.1), HasuBaetbes Hepis-
nicmio Kouti — Byrakoscvkoeo .

B eBkaioBoMy npoctopi cripaBakyloTbea H iHINI BJaCTHBOCTI,
BijOMi ]I 3BMYAHHOTO BEKTOPHOIO NpPOCTOPY. 30KpeMa, Jerko
HePeKOHATUCA, WO, 415 OyAb-9KHX eNeMeHTIB x 1 y eBKJigoBOro
NpocTopy BHKOHYETbCA piBHICTB

I+ 9P +lx—ylF=20xF+]1yP)
sIKa HA3HBAETbCA pigricmio napareroepama. Ias BexTopis Ha
IIOWHKH] OCTaHHA piBHiCT Mae TaKuil reoMeTpUYHHB 3wmict:
cyMa KBaApaTiB AiaroHaJjell mapanemorpaMa LOpiBHIOE cyMi KBaj-
paris Horo cropi.
OckiJabKH KOXHHA eBKJAIAIB mpocTip MOXKHA 3pOGUTH METpHY-
HHMM, BBIBHIH BijcTaHb 3a (OPMYJIOI0

ot y) =lx—yl=VE—y x—y,
TO BCI MOHATTA [ TBEPAXKENHS, JOBENeN] Vsl METPHYHHUX mPOCTOpiB,
MOXKHa NEPEeHeCTH Ha eBK/IIL0BI 1PoCTOpH.

B esk/ain0BHX npocropax 3a aHanoriew 1o 3BHUAfHIX BeKTOp-
HUX NPOCTOPIB MOMKHA BBECTH MNOHATTS OPTOTOHANBHOCTI efie-
MeHTIB.

Hsa eementn x i y 3 npocropy £ Ha3UBAIOTBCS 0pMOOHANL-
Humu, sxwo (x, y) = 0. Cucrema HeHY/bOBHX BeKTOPiB {X;}
Ha3HBAEThCH opmoeoua/zbuom AKWO (x;, x;) =0 npu {=~j.
Ao, kpim Toro, (x;, x;)= 1, To cHCTeMa HA3HBAETLCS OPMOHO)-
MOBAHOIO.

BusiBasierbest, uio 6y ib- ﬂxy CKiHYEHHY YU 3UHCJIEHHY MHOXKHITY
JHIAHO He3aeXHHX eNeMCeHTIB {x;} MOXHa OPTOHOPMYBATH, TOG-
TO CKJIACTH 3 JIHIAHUX KoMOiHaiiii elemMeuTis X; HOBY:CHCTEMY
eJleMenTiB, sika Gyne OPTOHOPMOBANIOM.

3a aHasorielo 0 3BHYAHHUX BEKTOPHHX MPOCTOPIB y JNOBiJb-
HOMY €BKJILJOBOMY IIPOCTOPi MOXHA BBECTH NOHATTH 6asucy.

OpToHOpMOBaHy CHCTEMY H&a3HBaiOTh MOGHOI0, SIKWO B HPOCTO-
pi He icHye somHOro ejeMenta (BiAMIHHOTO BiJX HYJBOBOIO),
OpPTOrOHAABHOTO O BCiX eJleMeHTIB cHcTeMH, TOOTO HOBHOTA CHC-
TEMH O3Hayae€, IO 11 He MOXKHA POSWUPUTH NPHEAHAHHIAM HOBHX
€JEMEHTIB npocropy.
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[1osna opmoHOpMOBaHA CUCMEMA eACMEHMI8 €8KAi008020 npo-
CIMOPY HA3UBAEMBCA OPIMOHOPMOBAHUM Oa3UCOM eBKAL008020 Npo-
cmopy.

[ToBHi eBK/iXOBi IPOCTOPH HA3HBAIOTD 2iAbbepmosumu npocmo-
pamu.

[Ipukaanu.

1. [lpocrip n-Bumipuux BekTopiB R" € rinbGeproBuM mpocro-
poM, SIKWIO CKalapHUH AOGYyTOK BBECTH 3a (GopMyJIoio:

K y) =Y XYy, e x=(X5; X5 + -5 XY = (Y1 Yo - -3 Yn)-
=1
OueBiiHO, CHCTEMa BEKTOPiB
e, =(1,0;0; ...;0), e&=(0;1;0; ...;0), ...
cer e, =1(0,0;0; ...; 1)

Gyne TyT opToHopmoBannM Gasncom. Koxuuii Bektop X € R" MOK-
n

Ha O/IHO3HAYHO MOAATH y BHMIANI X = V| we;
i==|
2. B npocropi C, la; b, mo cknagaeTben 3 HenlepepBHUX (PyHK-
1iil, ckaJsgapHuil ROOYTOK MOXKHA BBECTH TaK:

(. &) = { e

HeBaxKko 10BecTH, 110 B oMY pa3si BCi akcioMH cKanasipHoro ao-
OyTKY BHKOHYIOThCS. Hosenemo, nanpuknan, axciomy 1. Jlns
6ynb-axoi ¢oyHkuii f € Cy [a; bl (F, f) = 0. fAxwo | = 0, robro
f (x) =0, To oueBHaHo, (f, f) =0. Hexau renep (f, f) = 0, To6ro0

S f2(x) dx = 0. (8.4)

Hosenemo, mo Ttomi f (x) = 0.

[Npunyctimo, mo f(x)=0 ua [a; b]. Toni B cuay nemepeps-
HocTi QyHRuii [*(x) suaiineTecs Binpisox [a’; b.’]cla; b|, na
sikomy f2(x) >0, i ocKinbku nHenepepBHA GYHKILisi JIOCATAE Ha

BiJpi3Ky CBOro MiHIMyMY, TO M = mir} 2 (x)>0. 3sixcu
x€la’; b7y

b b’ b
S f2 (%) dx > S f2 (%) dx > S mdx =m@® —a')>0.

Orxe, Micraau nporupivus 3 (8.4). Tomy [ (x) =
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Axcioma 1, TakuM uuHOM, BHKOHyerbes. [lepeBipky akciom
3 1 4 nerxo sAifiCHUTH, BUKOPUCTOBYIOUM BiloMi JiHiHHI BJacTH-
BOCTi BU3HAYEHOTO iHTerpaja, a BUKOHaHHA akciomu 2 oueBHzHE.
[pocrip C, [a; b] e eBkAinOBHM, ate riabOepToBHM BiH He
6yae. OprtoroxnansHoo cucremoo B C, [a; bl e cucrema dyuxuif

2nx . 2nx
‘I, COSkT:-a—, Slnk—b—__‘-; (k’:-l, 2, .‘.).

'3. PosrasineMo npoctip ¢yukuif, WO sanani Ha ckiHueHHill
(1McKpeTHil) MHOXKHHI TOYOK X, X, ..., X, (AMB. AiMiini npocro-
pH, uprkaan 5). Ckanapruii 100yTOK BBEIEMO Tak:

n
(F, &) = Y, [(xdg(x).
==
Bynb-aky ¢yHKUiio f 3 LLOrO MPOCTOPY MOXHA BBaXarH
n + l-umipnum BektopoM f = (fo, fy, ..., [}, Ze fi = f (x).
Beenenuii ckansipuuii 106yTOK, 1O CyTi, HiuMM He BiApisHATHME-
Thesl Bi cKaasipHOTo 206YTKY B (7 - 1)-BUMipHOMY eBKJIiA0BOMY
BEKTOPHOMY IIpocTOpi R*™. Tosi ans mopmu enementa [ Marti-
MeMo:

| —T n
IF=V{# b= % }j‘l F2 (%) -
Orke, mpocTip Takux OYHKIUIN € Tiab6epTOBUM IPOCTOPOM
poamipHocri n 4 1.
4. TIpocrip C la; b] wenepepsuux Ha Bigpisky {a; bl dynkuis
3 Hopmowo |f| = max {[(x)| e HOopmoBaHmM, aje He eB-

asLagtd

KT AOBHM.

Poszain i

METOAM PO3B'A3YBAHHA CUCTEM
JNIHIKHUX ATTEBPATYHMX PIBHSAHD

Meronn posB’sa3yBanHs cucrTeM JiHIHHMX PIBHSIHB MOXHA IO-
NHTH HA JABa TUIH: npami, abo mouni, Ta imepayidni. [pami
MeTofH NaloTb MOMUJIMBICTD RicTatH poO3B’S30K, BHKOHABUIM CKiH-
YeHHe uucao Aid. ko Bel mpomixkHI OGUMCIEHHSI BUKOHYBATH
TOYHO (6e3 OKpyrJeHb), TO NicTaHeMO TOUHHA Po3B’A30K. ITepa-
Uifini MeTonM JalOTh HECKiHYEHHY MOCAIHOBHICTD HAGIHMKEHHX
po3B’A3KiB, rpaHuus sKOI € po3B’A3KOM CHCTEMH,

§ 9. ¥oppaaHosi BHKNIOUEGHHS

PozrssiemMo piBHOCTI:

6l. (»x‘lv KXoy vy xn) = (31X ‘{' QyaXs '*‘ e ‘%“ QinXy + bb
62 ("Cb Koy o vey xn) = 21X _1" g Xy + e - QonX, '{" b‘zv (9 1)
6:1 (xl» Koy ooy Xp) = ¥y 4 dnpXy - <o - OpeX, + bn'

o . o . 0 ,.

Hexait norpi6uo 3naiith 3navennsa aminuux x; (j =1, 2, ...
..., 1), OpH AKUX aMmiuHi O; (x{, Xy, ..., X,) HaOyBalOTb Harnepen
3alaHKX 3HaAuYeHb 6? (t=1,2, ..., n). TeomerpuyHo KOKHa piB-
HicTh anxy & dinky 1+ . R amx, F b, =0 (=1, 2, ..., n)
(abo, mo Te came, 8, (x4, X4, ..., x,) = 0 (i = 1, 2, ..., n) (Bu3Ha-
yae jJesiKy einepnaowjuty (Y TPUBHMIPHOMY MpocTopi — OUIOMIHAY,

B JIBOBUMipHOMY — npaMy). Slkuwio B piBHAHHA Jefkol rimepmio-
LHHH
anXy -F aipxa + -+ ainx, + b, =

NiJCTABHTH KOOPUHHATH JOBIMBHOT TOUKH M (Xy; Xai ...’ X,),
TO JiCTaHeMO TaK 3BaHe GiOXuaeHHA 8; (x,, X,, ..., X,) mouxu
M (x;; X5 .. Xx,) 6i0 einepnaowunu  apx, -+ apx, -+ ... +
- X, + b, = 0. JKwo npu UbOMY BHSIBUTbCS, 1O BiAXH/IEHHA
8, (%1, Xy ..., X,) JopiBHIOE Hys10, TOBTO KOOPAMHATH TOYKH M
32/I0BOJIBHSIIOTE DIBHSAHHA  Qp Xy -+ Qioky + ... - ¥, + b, =
= 0, TO TOBOpATb, WO mouka M Hasexumob einepniowiuni

a”x.l -F at.2x2 + e ’}"‘ a[(zxu “f" b" = 0’
a6o, (HIIUMH CJAOBAMHM, IinepriaouiHHi
61 (xlr er Y x,l) == O

2. 3. 33



3ayBaxKuMo, O caMi 3MiHHI X;, X;, ..., X, € BiAXHJEHHAMM
TOYKH ‘M Bif KOOpAMHATHUX rinmepnyiomud x, = 0, x, =0, ...
.ees X, = 0 (piBHAHHSA x; = 0, K BiAOMO, € PiBHSHHAM J€SKOT Ti-
nepnomuny). Taki rinepmomuan x; =0, x, =0, ..., x, = 0,
K IPaBHJIO, BUGHPAIOTECH B32EMHO OPTOTOHAJBHUMH,

Opnak KOOpAMHATHI rimepnJoliHHA He OGOB’A3KOBO NOBHHHi
6yTH B3aEMHO OPTOrOHaJbHi. SIKINO 3ajaTH BiAXHJIEHHS TOUKH
Bix rinepmsiomuH 6, = 0, §; = 0, ..., 8, = 0, AKi MalTb epuHy
CNiJIbHY TOYKY, TO MOJIOKEH-
Hfl TAKOI TOYKH B npocTopi
BH3Ha4aeTbCsl ONHO3HAYHO.
Ha man. 3 MHoXHHaA TOUOK
npaMoi M’'N’ e MHOXHHOIO
TOYOK, piBHOBiIXHIEeHHX Bil
npsMoi §; = 0 Ha onuy # Ty
caMy BeJNHYHHY 8 M'N" —
MHOXKHHA TOYOK, piBHOBiA-
XujeHux Bia mpamoi 8, = 0
Ha OfHy U Ty caMy BeJH4H-
Hy 89. Touka M HalexUTh
ofoM 1¥M MHOXKHHaM. AHa-
Joriuno P'Q’ € MHOXKHHOIO
TOYOK, PiBHOBiAXHJIEHUX BiJ
npamoi x, = 0 Ha ofmy H Ty
caMy BeaWuHHY x), P"Q" —
MHOXKHHA TOUOK, PiBHOBiIXH/IeHuX Bif mpamoi x, = 0 Ha onHy #
Ty caMy BeJuuHHY X3, IJonoxeHust ToukM M iIKOM BH3HAYaETh-
cst napowo uncen (87, 89). Omke, napy uucen (69, 89) MoxHa pos-
rJISiAaTd SIK KOOPAWHATH TOYKH M, AKINO 3a KOOPAMHATHI npaMmi
B3t §, = 0, §, = 0, ananoriuHO TOMY, K Napy uucen (), x9)
BBaXKal0Th KOOpAWHATAMH TOYKH M, AKIO 3a KOOPAHHATHI mps-
Mi B3ATH Xx; = 0, X, = 0. OueBugHO, BiANOBiAHI mIApH yHCeN
(), x9) Ta (6?, %) BH3HAYAIOTb ONHY il TY caMy TOuKy M.

Y n-BumipuoMy BUNaiKy BiaxuieHHs §; (x;, X, ..., X,;) MOX-
Ha TVIYMayHTH AK KOOPAMHATH TOYKH M, SIKIIO 3a KOOpAHHATHi
B3ATO MJIOHIMHH 8; (X3, Xp, ..., X,) = @ (Aki, 3a npunyweHHsM,
MalOTh €IHHY CIIABHY TOYKY).

OueBupHo (MaJj. 3), y ABOBUMipHOMY NpoCTOpi 33 KOOpAHHATHI
MOXHA B3SITH OyAb-siKi ABi NpsAMi, 10 MAIOTb OAHY CHiNbHY TOY-
Ky, Hanpugaag npsami 8, = 0rtax, = 0,8, =0rax; =0, §, =
=0Tax, = 0,0, = 0Tax, = 0ir. & S0 327aTH BiAXHJIeHns
IesIKOi TOUKH Bifi OYAb-IEOI Napi TaKHX NPSAMHX, TO NOJOXKEHHS
TOYKH B TNIpocTOpi (ABOBHMipHOMY) NOCBHICTIO BH3HaYyaeTbes.
AHaJoriuo MipKyioTb 1OAO AH-BHMIPHOTO IPOCTOPY.
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Man, 3

Hapani 3amictb cioBa «rinepmioliyHay BXHBAaTHMEMO [IPOCTO
«IJIOUMHA» (B ABOBHMIpHOMY BHNAaAKy, MaeMO Ha yBa3i npsmy),
ITpo wo came iTumerbest, sanexkaTuMe Bif TOro, AKOI po3MipHoCTi
[IPOCTip PO3NIANAaTHMEThCH.

TToBepHemoch Tenep 1o Hamoi 3azxayi. [I[o6 po3s’a3aru 3ajauy,
nisitimMemo Tak. OnHY 3a ofiHi€l0 BHIIyUaTHMEMO 3MiHHI X, X3, ...
.esy X, 3 He3aJeXKHNX 3MiHHHX, BBOJAAYH LIOPa3y A0 He3aJMeHKHHX
oiuy i3 aminuux 6, §,, ..., 6,.

Hexait, nanpuknan, a,; =0, Toni 3 nepmoi piBHOCTI cHCTeMH
(9.1) mMatumemo:

1 A5 %1n by
P R S L . VI W[+ %
! ay ! ay *? a; " a1y 9-2)
[TincTaBuBIM BHpa3 Wi X, y Bupasu wis O, 6, ..., §,, ni-

craneMo piBHOCTI, B AKMX J0 He3aJeXHHX 3MiHHHX BKe He BXOJH-
tume sMminHa x;. Hesamexuumu sminuumu tenep Gynyts Oy, x,,
Xg, ...y X, & 3MiHHI X, 8y, 83, ..., 8, BHpaxkaTHMyTbCA yepe3 §;,
Xz, ..., X, | OyLyTb, TAKHM UMHOM, 3aJ€XKHHMMH.

daa d,, Hanpuxnal, MaeMo:

8y = gxy + Ggote + -+ + Qonxy + by =

1 12 %n b, )
= (—-— 6 ——— Ny —— e —— —_—
gy 1 ap * ay " ayny +
a9y Gt
- GgeXy - -+ - QonXy - by = ™ 6, + (‘122 a1 —a:) X

a, \ by
X b o (g 2, o (b — a2 =

11

a Q3001 — Gg1Q Qynly, — GgQ
— 2161_[_(:211 2112)x2+.“+(mu 211n)xn+

an 577 ayy

+ byay, ;‘ anby . 9.3)
11

AmnanoriuHo Aicranemo Bupasu njs 8, ..., §,.

[Ipn ubomy Bia6yBaeThcs mepexin Ao cHcTeMu KoopjuHat (O,
Xy, ..., X,;), B fiIKifl MONIOXKEHHS TOYKH B IPOCTOPi BH3HAUAETHCH
BifAXHJIeHHAMH BiA niowunn &, = 0, x, = 0, ..., x, = 0.

Ananoriuso 3 GyAb-fiKOro BHpa3y, HaNpHKJax 3 BUpPaA3y AIs
8., Busnaunmo 3MiHRHY X, i nigcTaBUMO pe3yJsibTaTy Bei iHuI BUpa-
3u 1)1 xy, 84, 64, ..., O,,.

Takum YHHOM, MH BHK/IOYHMO 3MiHHY X, 3 HE3aJeKHHX, BBiB-
I 3aMiCTh Hei N0 He3aJeXHHUX 3MiHHY O,.

KoxHnuft Taknii KPOK BHIIydeHHS AKOICh 3MiHHOT 3 HesaNeKHHX
3miRHNX 1 BBeleHHA 3aMicTe Hel 10 He3aJeXHHX HOBOI 3MiHHOT
HA3HBAIOTh KPOKOM HOPOAHOB020 BUKNIOHEHHA.

2% 35



 OGYHC/IeHHsl TIpH LbOMY 3PYYHO NOAATH y BHIVISAI nocaifoB-
Hocri Tabuub. Buxiznoto e Tabanus:

Ta6auusa 1
X Xg e Xp }
& ay Qs e ay, 1
b, Qs Az .. Qo 2
6,1 a, Q.o PN Qpn bll

Ie B cKopodeHilt gopmi sanucano pisnocri (9.1).
TosHauusmu uepes ai) KoedilieHTH NpH HE3ANEKHHX 3MiH-
HUX, 3HANJEH TiCaA MeplIOro KPOKy KOpJaHOBOTO BHK/IOUEHHS,

MaTuMeMo TabJIHIo:

Ta6anua?2
L Xg e Xn 1
1 1
O R R T
1 1 (1 1
8y ) A b.(z)
1 [S) I (1 [H
6" at(ll) a”; s H'Vll)l bl'l )

HasBemo psimok tabauui, Mo BiAnoBigae sminHifl, ska BBOAM-
Thed 10 YHCIA He3aNEKHUX, OCHOSH um psaokom. Y Tabauui 1 ocHOB-
HUM € TepuiMil pAnok (Bixmoizae amiuuii §,).

CToBNUMK, IO BijnoBifac 3MiHHIH, iKa BUBOAUTHLCS 3 He3aM€mK-
HUX, HA3BEMO OCHOBHUM CIMOBNYUKOM. Y PO3TISHYTOMY BHIIALKY
OCHOBHHM € IepluMii cToBMYMK (BimnoBinae aMiHHIH x,).

EneMenr, mo HaJeXHuTb OCHOBHOMY paAAKOBI i ocHoBHOMY
CTOBIYHMKOBI, HA3BEMO OCHOBHUM eremermom. VY Tabmuni 1 Takum
€J1eMEeHTOM € Qy;.

AR BuuHO 3 piBnocTelt (9.2), (9.3), KPOK KOPLAHOBOTO BUKJIO-
yenHs (mepexin Big tabnuui 1 o tabuuui 2) rpeba BHKOHYBaTH 3a
npasusamii:

1) Ocrosnutl esemenm a;; 3aMiniOEMO HA —alT;

‘1

2) Yei inwi enemenmu ocHo8HOZ0 padKa Oiaumo HAQ OcHOGH U
CNCMEHIM, SMIHUBLUY SHAKU HA NPOMUACHHI,

3) Vi inwi enemenmu 0CHO8H020 CMOBNHUKA OTAUMO HQ OCHOG-
Huil eaemenm;
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4) Yci inwi enemermu HoBOL mabauLyl OOHUCIIOEMO 30 OPMYA0H0

’

QpsQij — Aislpj
ks alj 4
Oe a;j — OCHOBHWIE eremenm, k=i, s 5~ |, @ij, Qks, Qis, Qrj —
eaeMenmu  BuUxXiOHOL mabauyi, ars — eAeMenm HO80i mabauyi.
Cxemaruyno npasuio 4 nogano Ha Mamonky 4. HobyTok, y
AAKHI BXOANTb OCHOBHHI €/IeMEHT, 3aBXKIH GepyThb i3 3HAKOM «—F»,
a J00yTOK IBOX IHIIUX €N1eMEHTIB — i3 3HaKOM <—b».

.-_....‘.—'-‘-.._./'ﬂ._..S'l)., D e e e e = o= e a e =
cmobnyux  cmobnyux

k-
padox

i-a
padox

Mlpumirtxka, Tlpu npakrtnudHux OOUNCAEHHHAX TOJOBHHM KPHTepien
BHOOPY OCHOBHOrO ejeMenta € tounicth i 3pyunicTn obunciaenb. 3ayBamumo,
o He 06OB'A3KOBO BH3HAUATH X, 3 Nepuoi piBHocTi, X3 — 3 apyrol pievocti
i 7. . 3posymino TakoX, IO, BH/IYUMBIIA B DOSIISAYBalifi 3agaui pesky
3MiHHY X; 3 He3aJeXHUX, NOBEPTATH 110 3MiFNY 3NOBY RO 11€3aJEKHNX HEMae
norpeu. OTKe, NpH poss’A3yBaHAI PO3rIAAYBAHOI 3a)aUi KOXHNI PAJOK i KOX-
HHIT croBnunK GepyThCA 3a OCHOBHI Juie ogHH pa3. CTOBITYMK BijJBHHX YAeHIB
octioBHAM He Gepernest HiKoan. OUeBHIHO, CTEMCHTH aps OOYHCINOIOTLCS naiinpoc-
Tillte, KOJH a; = 1. Ane Taknit BUGip OCHOBHOTO eNeMeHTa He 3aBKAH MOMK-
JIHBHH.

Hexaii nic/1s r KpOKiB KOPAAHOBHX BHKJIOUEHb AiCTaHEMO Tal-
JUHILIO.

Tabauna3

(SI B 6; xf-f--l o Xn I
r (r (r (
X, oL app) ttl,)l_; . aly 0
D T ) £/ A/ S
9 r r .
Sy [ &y e @, 0 o000 B
8, ai(ll) s aﬁxr 0 S 0 l‘z(x)

Y ubomy BHOAAKY BUAYYHTH 3MiHHI Xryp, ..., X, 3 HE3&JEHKHUX
i BBECTH 3aMiCTb LHX He3aneKHHX eMiHHi 8,4y, ..., O, He BiaeTbcs.
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Ile o3nayae, 10 BU3HAYHTH MONOXKEHHS TOUKH B NPOCTOpi Bigxw-
JenHsaMH Jaume Bix mrouwuyn 8, = 0, §, = 0, ..., §, = 0 Hemox-
auBo (Ha MaJs1., B s Beix Towok nmpamoi MN Binxuaenus 8%, 89,
82 pin muowumu BigmosisHo 8, = 0, 8, = 0, 8 = 0 onui # Ti ca-
wi, a ToMy Tpiiika iucen (8}, 83, 83) He BusHauae AKych neBHy
TOUKY).

HaﬂaMo avinumm 8y, O,, ..., 8, Hanepen sajnaHHX 3HaueHDb 83,

8, ..., 80, OBUMCINMO 3HAUEHHS, SIKHX HaOYBAIOTh IPH LbOMY 3MiH-
Hi 6r41, ..., 8,. K10 BOHYU 36i-

° raloreCa 3 Hamnepel 3aKaHUMH
3HAueHHAMH Oiiy, ..., 05, TO,

OYEBHJHO, MOXKHA BH3HAUHTH
TaKi 3HaUYEHHA 3MIHHUX X, X, ...
ey Xp, OpH SIKUX 3MiHHI 8,
8, ..., 65 Ha6yBaioThb Hamepesx
3ajaHiX 3HaueHb O, 89, ..., On
(3HaueHHS SMiHHUX Xrii, ..., X,
MOXXHa BHOMpaTH JOBIJIBHO).
A 3ajaua BHABJAETLCH, TaKuM
YUHOM, HEBH3HaueHOl i Mae
’Xx/ feaiy posB'A3KiB.
Mas. 5 Axwo nicas mnigcTaHOBKH
samicTb 3minHux 8,, §,, ..., §,1x
nanepen sajaHux sHauenb Of, 83, ..., 8 aminmi 8.4, o 8, He
1aByBaloTh CBOIX Hanepej 3ajaHHX 3HaueHb 841, ..., 83, T0 poa-
rJslyBaHa 3ajada BUABJSIETBCA CyNepey/iMBOIO (MaJl. 5).
Hapewri, sikmo r = n, T06T0 KOMH BIA€TbCA BUIYYHTH Bei
sminni x;, (j = 1, 2, ..., n) 3 HesaNeKHHX, SaMIHHBmH X 3MiHHH-
M Oy, (1 =1, 2, ..., n), T0 3ajaya Ma€e €IHHUH PO3B’A30K.
VY uboMmy eMmaaxy TaGmaHusi MaTHMe BHIJISA:

Ta6auusa 4
& 5, . Sn 1

6 | P e L a® e

| dP & .. oY b

I R &

T00TO
{ At
X = aYll)‘Sl - a{g)&‘] 4 o ap ”) _}__ b‘(l)’
"
Xg = aé’f)al -+ aég)(sz N a2zlz)6,1 + b2n) i T L
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[TigcraBusiuu samicTb 3MiHHHX Oy, 0,, ..., 8, 1X 3ajani 3Hauek-
H§l, JicTaHeMO INyKaHi 3HAUEHHS 3MiHHHX Xy, Xg, vuey X,
INpukaan.

3a J1onoMOoroio KOpAaHOBHX BHK/IIOYEHb 3HANTH 3HAUECHHS 3MiH-
HHUX Xj, Xy, X3, OPU SKHX 3MiHHI
8y =3x; +xy— x5+ 1,
Oy == 2x; — X + 2%y — 2,
O = —x, — x4 4x;—5
HaGyBaloTh BianoBiiHo 3HaveHs 2, —I, O.

PosMictusiun BXigni naHi y BHIJIAAI TaﬁJIPI[Il Ta BHKOHAaB-

1M KPOKH *KODAAHOBHX BHKJIIOUEHb (OCHOBHI eJleMeHTH OOBELEHO),
MaTHMeMO:

1) X Xy PO 2) xy 6, Xy 1
s 8 Jr] —1i nl—3 11 -1
8| 2 —1 2 i_@ & 5 —1 Jr]i—1
8| —1 —1 4 i—5 & 2 —1 3 i—4

y | | n & & i1 9 8 & & | 1
x| —8 2 ! 0 x| ha hs _"/w% *1a
Xa | —5 1 1 1 Xl ¥ 3y =i, 2—1’-‘/13
8y FE 2 3 -1 5 =Y s % g“l/w

IMigcrasusiy 3amicts 6,, 6,, 6, Bignosiamo 2, —1, 0, marh-
MeMo:;

Xy = g O g 8y By — e =
N T E - nyuy J Sy}
o = 3o+ 3 &y — g by -y =
:%.o+—}g—.2—-};—-(—1)-;-%=3,
x3=—]%—63+T33-61—— 8 + o =
=3 042, ‘T-s*“”‘?zz
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Bapasn.

1. 3ualiTH 3HAYEHHS Xy, Xy, NPU AKX 3MiHHI
O =x - x+1, 8=—x—x-+5
HabyBaioTb BiAnosigHo sHauenb: a) 3 1 2; 6) 1 i 4. (Buxonarn mamonxu.) Un

moxHa npsiui 8, = 0 i 8, = 0-'BaaTH 32 KOOpAMHATHI?
2. 3naliTy 3HAYEHHS Xq, X3, NN SAKUX 3MiHHI
8y =x x4 2, d=x—20—1
nalyBaoTs 3Hauern: a) 5i4;6) —31i1;8) 012;r)0i0. BukoHatn MalOHKH.
Yy momxua npami 6; = 0, 8, = 0 BasTH 3a KoopIunarni? Skmo Moxua, TO Ro-
AaT# KOOPIMHATH X, X, uepes Koopaunaty §; 1 O, i nasnakn. Yu Gynyts B3a-
€MHO OpTOTOHANLHMMH 1oBI KoopauHatHi nuomuun 8 = 0, 8, = 0?
3. 3daliTil 3HAYEHHSA X1, Xy, X3, [PH AKHX 3MIHHI
=1+ 1oy 1-xy4- 1,
8y =0-x - 1-x--1¢x5+3,
=211 x+4-0-x3—1
nabyBaroTh BianosigHo smavens 1, 1, 1. Yu moxua muoutiny §,=0,6=0,
6, = 0 B3aATH 3a KOOPAHHATHI? SIKILO MOXHA, TO BH3HAYHTH, SIK BHDAXKAIOTLCH
KOODAMHATH Xy, X9, X3 Oyab-aKOl TOuKH M (Xq; Xy, x3) 4epes Binxuaeuns O,
8,, 8y Bix nuownn 6; = 0,8, = 0, 8, = 0. Yn 6yayTs B3aSMHO OPTOTOHATLHHMH
HOBI KOOpAMHATHI IVIOWHHM?

§ 10. [Jesiki 3acTOCYBaHHA KOPAAHOBMX BUKNIOUEHD
B NiHiAHIA anrebpi

[Mosraunmo uepes 8, x, b, a, BiANCBIAHO BEKTOPH 3 KOOpAU-
watamMn (85 8r ... 6,), (x5 X ...5 X)), (b by ...y by),
(@i1; @iy .. .5 Qin). Matpuuio Koebiuientis cucremn (9.1) wo-
sHauuMo gepes A.

Toni pieuocri (9.1) MoxHA MOAATH Y BHIVIALL:

8;=(a, ) +b, (i=1,2,...,n), (10.1)

Je uepes (q;, X) NO3HAYEHO CKaJsAPHHI N06YTOK BeKTOpiB a; Ta x.
YV BekropHO-MaTpuunifi ¢opmi cucremy (9.1) moxua nopath y

BHIIANL:
8 = Ax - b, (10.2)

Hapani xopucrysatumemoch Tieio ¢opmoio sanucy (10.1) rta
(10.2) cucremu (9.1), ska O6yne 3pyunimorw.

1. BBaxkaemo, o B cucremi (10.1) 6, =0 (i =1, 2, ..., n)
(vel xoopauHari Bekropa b — Hyii), TOOTO PO3IVIANAEMO CHCTEMY
piBHSHB BHJIY:

&= Ax. (10.3)

Hexail uepes n KpOKiB X0OpDAaHOBUX BUKIIOYeHb JicTanu Tab-
auuo 4. Oyesuano, B yeiX Tabauusax micjsi OepeTBOpeHb BijJbHi
ugedy jopiBHioBarHMyTb Hy/o. Toal MoMHA 3anucarH:

x = A™S.
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Ane srigao (10.3)
x= A8,

ne A™' — marprus, obepnena marpuui A. Takum unnoM, 4™ e
He 1o iHme, sk A~ (izoMo, KomH oGepHeHa MaTpuus icHye,
TO BoHa ejuHa). OTiKe, 3a AONOMOFOI0 XKOPAAHOBUX BHKJ/IIOYEHb
3a 1 KPOKIB MOXKHA 3HAWTH MaTpHLio, o0epHeny MaTpuui A, Ko
obepHeHa matpuus icuye (Matpuus A HeocoGJHBa). ‘
2. BpaxaTtumenmo, 110 b = O (i 110 BUK/MOYATH BCi 3MIHHI X,
Xg, ..., X, 3 HE3AJIEXKHHX He BlaeThcs). Hexail uepes r KpoxkiB xop-
JaHOBHX BUKJIOYeHb Aicranu rtabaumio 3. Toni, Bpaxysas-
m, wo Bei b; = 0, 3anuiemo:
841 =aln), 6, +a? 8+ -+ +all 8 (10.4)

r-p-11 r4-12 r-Hircr

B = a8, - a3y + - +ald,
[TincraBumo tenep samicts 8, 8,, ..., 8, B piBnocrax (10.4)

ix Bupasu (10.1), Bpaxysasmu, mwo b; = 0,
Marnvemo 1151 Oy Ab-SIKHX X!

(Ary1, X) = aﬁ:,)_” ([11, x) + ai_?_[z (@, x)+ --- + a,(-ff).l, (a,, x),
(ana .X') = ai{l) (al’ X) + afg (021 X) ‘}‘ Tt ‘l" a,(,rr) ((l,, )C),
TOOTO

a1 =al)a +af) 0+ - oo ai)a,
an = oy + 0y - -+ .

Octanni piBHOCTI 03HaYaloOTh, U0 PAAKM Gr 4.y, . . ., , MATPHLI A
€ NinifiHdMH KOMGiHALIAME NepWHx r psAAKiB a,, ..., @, Martpi-

i A 3 koedinientamu AiHifHOT 3aneKHOCTI a.ﬁ’_l)_“, ...,a}fg],,

a(’) a(r)
coal o, el
Otike, 33 JOIIOMOrOI0 )KOPAAHOBHX BUKJIOYEHb MOXKIA BUSHAYH-
TH paHr matpHui A 4H cHcteMHd BeKTtopiB @; (i = 1, 2, ..., n), a

TAaKOXK CHCTEMY r JiHifHO He3a/IeXHUX PAAKIB MaTpuui A un Bex-
TOpiB @;, BUpa3uTH Bci iHmi JiHIfHO 3anexui paxku Matpuii A
{44 BeKTOpH a;) uepe3 JiHiHO He3aNexHi I BU3HAYHTH Koediui-
€HTH JiHiHHOI 3a/exHocTi. 3ayBaXXHMO, IO HIPH IIbOMY KiAbKICTh
paAKiB i croBmyuKis Marpuii A He 0GOB’SI3KOBO MakoTh GYTH piB-
HEMH Mik cobolo (KiJbKicTb BeKTOpiB a; He 060OB’SI3KOBO HopiB-
HIOE pO3MipHOCTI LHUX BEKTOPiB).

3. MokHa joBecTH, IO JXOGYTOK BCiX OCHOBHHX e/1eMeHTIB
NP BUKOHAHHI KPOKiB JKOPAAHOBHX BHKJIOUEHb 0P iBHICE BH3HAY-
HHKOBI Heoco0sHBOI KBajpartnoi marpumi A.
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Orxe, 3a I0IIOMOTOIO XOPAAHOBUX BHKJIIOUEHb MOXKHA OGYHC-
JAUTY BU3HAUHUK Martpuii A. SIKWO npu uboMy BUABHTHCSH, WO
paHr r MaTpuii A MeHIIHHA HiX n, TO BU3HAYHUMK TaKoi MaTpuui.
K BLIOMO, NODiBHIOE HYJIIO.

Otxe, A

- A" = E (E — onunnyHa Matpuus).

2. Yu szanexsi BektopH a; = (1; 0; —I1); a, = (2; 1; O);

a; = (0, —1;

—9)?

SIKIO 3anexxHi, TO BUSHAYHTH PaHT Wi€i CUCTEMH BEKTOPIB i

xoedinieHTH NiHiAHOI 3a/€XHOCTI.

Hpuxaaawu.
1. 3uaiitn ofepHeHy MaTpHIO i BH3HAYHHK MaTpuui
1 0 1
A={11 1]},
01 1
O6uucienHs posMiutyemo B Tabauui:
X1 Xg X3 b Xg Xy
& ||1] o 1 o | | 0 -1
8, | 1 1 8, S I
8 | o 1 1 8y 0 I 1
6 6s X3 6, 8, 8,
X 1 0 —1 x 0 1 -1
Xy —1 1 0 Xy -1 1 0
8, | —1 Lo | Xy 1 —1 1

J1o6yTox ocHOBHHX esleMeHTiB (BOHH o0BeleHi) nopienioe 1 - 1 X
X 1 = 1. Orxe, BU3HAYHHUK Liel MaTpHLi KopisHioe 1. B ocrannii

tabauui Aictanu MaTpHIO A", obepueny A. Cnpasni,
A ma A7

=

0-041-

IOpiBHIOE

A A7 =

0

1
1

1-04-0- (—l)—]—l
1-041.

(—1)+1

(—l)—l—l
1 (—D+0-041-
1o (=) +1-041-
0-(—1)+1-041-

0
—-1

1.
1.

1
l

141
0-1—|—l

—1

0

1

A06yTOK

1+o 141 (=1)
11—1

(=1

1-(=1

Maewmo:

X Xy Xy 6 Xy Xy
& {[1] o —1 w1 o 1
8 | 2 1 0 & | 2 1] 2
& [ 0 —1 =2 & | 0 —1 =2

5, 8, X

Xy 1 0 1

x, | —2 1 —2

s, | 2 —1 o

Sk 6auuMO, X3 BWIYUHTH 3 He3aJMeXHHX 3MiHHMX He BAAETHCA.
Omxe, paHr marpuui nopisHioe 2. §; = 28, — 6,, T06T0 BekTOp
a; BHpaXKaeTbCs uepes a, i a, 3 Koedinientamu BixnoBigno 21 —1.
Takum yuHOM, a3 = 2a, — a,.

3. BusHauMTH paHr cHCTeMH BeKTOpiB Ta KoedimlieHTH AiHiil-
HOI 3aJIeXHOCTI:

a=(—1 —1), a=(—11), ay=(4; 5).

Bekrtopu a,, a,, a; 3aaHi CBOIMH pO3KJafaMH 3a Ga3HCHHUMH
Bektopamu ¢, = (1; 0), e, = (0; 1). 3anucaBim wi poskaagu B
TabAuWo i BHKOHABIUH KPOKH XOPJAHOBHUX BHKJIIOYEHb (OCHOBHI
eJeMeHTH O00BeJIeHO), MaTHMEMO:

ey [ ay €y | ay ay I
a, ‘—l I e [—1 —1 ey | =Yy —
a, | —1 1 Qs 1 |2| ey | =Yy Va
a, 4 5 a, | —4 | a —9, 1Y,

OrKe, AaHa CHCTeMa BEKTODiB Mae paHr 2, BEKTOPH a; TA @,
Mix cofoto JiHiHHO He3asdexkHi, 1X MOXKHa B3fiTU 3a 6a3ucHi, a
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DO3KJaJl BEKTOPA @; 33 BEKTOPAMH j T4 @y MATHME BUIJISL:
—9 i
a3 = Tal + Tag.
. 1
3ayBakumo, IO — — a4 ——
—1 1 . .
a —a+ ~5 0y Jla€ BEKTOP (0; 1). LLi BexTopu i Gynu crioyaTKy

a, nae Bektop (1, 0),

B3ATi AK Oa3HCHi, a BEKTOPHU
a;, ay, a; 6ynM 3anaHi Bifno-
BifiHO po3KJiajamu 3a 6a3UCHH-
MU BEKTOPAMH &, e, (Mana. 6).
TaknM umuHOM, KODAGHOBI
BUKJIIOYEHHS JAiOTh 3MOTY Me-
pexoauTH Bij oanoro Oasucy 3
n NiHiAHO He3aNeXXHUX BeKTO-
piB no iHioOro, sKWO 3ajaHo
PO3KJaA BEKTOPA, WO BBOAHTH-
MeTbCsi N0 HOBOro 6a3ucy 3a
6asucHUM# BeKTOpaMH BHXiA-
Horo 6asucy. ¥ uoitHo po3ras-
HYTOMY [OpHKJafl BHXiAHHH
6asuc y neputiit Tabauui yTBO-
peHUii BEKTOPaMH ey, &;, Y APY-
‘ rifi BeKTOpaMM a;, €, y Tpe-
Man. 6 Tif — ay, @,. Y KOXKHOMY PSIAKY
tabsunk 3anucaio KoedilieHTH
pO3KIaAiB He0a3ucHUX BEKTOpiB (NiBUi croBHYMK Tabaului) ye-
pe3 GasucHi (Bepxnifi pafok Tabauii). 3amina KoxHOro 6azucHo-
ro BEeKTOPa BUKOHYETLCA 3a JONOMOTO OJAHOTO KPOKY KOPJ4HO-
BOI'0 BHKJ/IOUEHHS,

Bapas#u.
1. 3nafirn ofepHeny marpumio i BusHaunuk marpuni A:
2 01 1 3 —5
a)A:(; ?) 6) A=|1 1 0}]; sy A=|2 1 3L
0 2 2 5 b 1
1 5 3 1 2 4 3 2
0 1 2 — 000 1
DA=to _1 0 o) A2 21 -
2 4 1 0 1 10 2

2. BusHaunTH paHr cucTemn BekTopis Ta Koedimientn niHifiHHX sasex-
mocref, Y ABOBHMipHOMY npocTopi BHKOHATH BiANOBIAHI MalOHKH:

a) a;=(1; 0), ap=(1; 1);
44

68) a;=(1; 0; 5 ay=(I; I; —2); a3 =(0; —1; —1);

By g ={(l; —1); ay=(—1 1); a3=(2; 3);

) a=(%5 13 a=(—11,40; a=(0; 5 —1; —1)
a, = (0; 0; 3; 5);

Noa =0 1) a=0;1; 1); a3=1(2; 1; 0); a,=1(2; 4, —5).

2

§ 11. Po3s'asysaHus cucTeM RiHiIMHMX anre6paiuHux piBHAHB
merogom Hoppana—rFaycca

Hexait y (9.1) sanani snauenHs 8 (i = 1,2, ..., n) fopiBHI0O0Th
HY/MO, T06TO MOTPi6GHO 3HAHTH PO3B’HA30K CHCTEMH pPiBHSHB
Ax 4+ b=0. (11.1)

Lo cucremy piBHAHb MOMXHA pO3B’A3aTH 3a JONOMOTOIO XKOP-
JaHoBux BHk/oueHb, Hexait michs r KpokiB XKoplJaHOBHX BHKJIO-
yeHb gictanau Tabnuuwio 3. AKuWo B pAgKax, AKi BiANOBijal0Th 3MiH-

HHM 8,4y, ..., 8, yci BitbHI wnenn b}y, ..., by’ nopiBHIOIOTH HY-
JeBi, T0, oweBHAHO, Mokaasumy 6, = 0, 6, =0, ..., §, = 0 i na-
JaBUIN 3MIHHHM Xry, ..., X, OVAb-AKHX 3Hayelb, MaTHMEMO:

841 =0, ..., §,=0, o610 (r 4 1)-€, (r +2)-¢, ..., n-2
PIBHSIHHA BUILIMBAIOTbL 3 NEPIUUX 7 PiBHSIHD i FIKIEO 3aJ0BOJIbHS-
I0TbCA Nepuli r PiBHSHb, TO 3aQOBOJBHAETbCA ¥ pewra (n —r)
piBusiub (qus. pistocti (10.4)). Orxe, cucrema (11.1) y upomy Bu-
UaKy Mae Ges/1in po3s’sa3kiB. PoamipHicTs nianpocTopy poss’ss-
KiB, oueBHZHO, NOpiBHIOE (7 — r), OCKiJIbKH MOXHa BKa3aTH
(n —r) ninifino He3aneuuX HaGOpiB VA JOBIIbHUX 3MIHHHX
Xegby Xr42) .o, X, (AUB. TOIHIIO 5).
Tabauunsa 5

Xrdl  Xepg Tt Xper Xn
| 0 e 0 0
0 1 e 0 0
0 0 - 0
0 0 0 1
Byap-akuit inwwi Habip 3MIHHHX Xrp(, Xriy, ..., X, MOMHA 1O~

gatu sik Jinifiny Kombinalilo HaGopie 3 tabauui 5.
3ayBaXuMO, IO B PO3LVIAHYTOMY BHIAAKy PAHCH OCHOBHOI i
poswypeHoi mMatpuub 36iraoTbes,
ko cepen BinbHHX umenis by, ..., 6 e Taki, wo BifpisHa-
I0TbCA BiX Hy/A, TO cHCcTeMa piBHAHD (11.1) BusBasieTbest HecyMic-
HOIO ~— He MOXHA 3ajaTH TakHit Habip smavens X, X, ..., X,
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mo6 yci aminni 84, O, ..., 8, HaGyJaH HYJAbOBHX 3HaY€Hb. ¥ ObOMY
BHNALKy PaHI OCHOBHOI MaTpHuIi MEHWIMHA Bil PaHTy PO3IIHPEHOI
MaTpHui.

Mpumirxa Haragyemo, 1o 0cHO8HOW HaswBaeTbesd MaTpuus A. Pos-
tupenor HA3MBASTLCA MATPHIM, TKY KicTaeMo mpuesnaHuaM o Matpui A
e ONHOI'O CTOBNYHKZ b BiMbHHX WwieHIB. Ik 6aunMo, KOpAAHOBI BUKMIOUEHHS
Ja10Th MOXKJ/HBICT BUSHAYMTH OXHOYACHO DAHIW OCHOBHOI i poswmpenoi mar-
PHIb.

SIkmo Matpuus A mae obepHeny (nuB. Tabi. 4), TO, OYEBHIHO,
cucrema (11.1) mae enuuufl posB’a30K. A came: noknaslud B Tab-

Juui 4
; 61:0, 6220, c ey 6n=0,
adicranemo:
X =b", x, =0y, ..., x, =b".

[Tpu npakTuyHOMY pO3B’s13yBaHHi cucTeMu piBHAHb BuAy (11.1)
nic/isl BBejieHHs A0 YHC/Ia HesaleXXHUX LesiKoi 3MiHHOI §; cTORnuHK
koedinientis, WO CTOATH HpOTH Hiei 3MiHHOI B Tabauui, oOuuc-
JioBaT i 36epirati norpe6M Hemae, OCKiJbKH 3MiHHa §; Mae Ha-
6yTH HYJIbOBOT'O 3HaYeHHS, i 106YTOK 1T 3 6ylb-AKHM KoedilieHTOM
nopiBuioe Hymo. ToMy mic/isi BHKJIOUEHHS KOXHOI 3MiHHOI X;
CTOBMYHUKH Mip aMinHuMH §; 710 po3paxyHKoBOi TabaHui He BHO-
cAThCA. 3aMUIIAITbCA JIHILE CTOBIYHMKM 1iJ lle He BUKJIOUCHHMH
3MIHHHMH X;. ,

Mpumirka 3agauy pos3B’s3yBaHHA CHCTEMH DiBHAHL
Qurky + QuaXp + ore XXy = by,

Qyy Xy = BgaXg -F o0 A Ay k= by, (11.9)

a6+ a0+ oo A aanXn = by

MOXHO TAYMAUHTH AK 33134y BinwWyKkaHHsa Koehilicutis ¥y, x5, ..., Xp po3KIany
BEKTOpa-CTOBIYAKA, CKI4AHOr0 3 BiIILHUX wWieHiB by, by, ..., b, cHCTeMH
(11.2) 3a Bekropamu-croBnunMKamu wMarpuni xoediuienriB cucremn (11.2),
TOGTO 32 BEKTODAMH @y = (G131 Qa1; ---5 Gpy)y Q3 = (G125 Ggg} -5 Quo), -0y Oy =
= (,; Qo ---3 ) (MOpiBHARTE 3 MpHKIagoM 3 momepesHboro naparpadal.
$lx MM BXKe NepeKOHAMHCh, sl 3ajaua MOBHICTIO PO3B’ABYETHLCH 32 JONOMOIOIO
3KOPAAHOBHX BHKJIOUEHD.

Kounrposs o6yucieHb HOpH DPO3B’A3YyBaHHI CHCTEMH piBHAHB
aaificHioeTbes Tak. Hagamo aMiHHHM X4, Xg, ..., X, AOBIJIbHHUX, 110
. . . * » LA .
BifipisHsitOTECA BiA HYyJ/S1, 3HAYEHDb X1, X, ..., Xy i oOUHCAHMO Bin-

*» * L]
xunenus 8;, 8,, ..., 8, 3a noyarxosoio tabauneio 1. Sk mu 6ayu-
au (ouB. § 9 Ta Mas. 3), IOJMOKEHHS TOUKH B NPOCTOPi He 3MiHIO-
€ThCsl BHACTIIOK Nepexody Bix onnoro Gasucy 1o inuoro. Tomy

N * * * * » » .
BiIXUTEHHA X;, X2, .ivy Xn; O1, 82, ..., 8, Bim maomwmuu x, = 0,
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%=0,..,%,=0,6,=0, 6 =0, ..., §, =0 nopuuni 3aauwa-
THCh HE3MiHHHMH, IKAMH 6 He OyJau GasucHi nnomunu, Hagasmy,
Hanpukian, B Tabmuui 3 sminnum §,, ..., §,, x4, ..., Xx,, WO CTO-

ATb V BEPXHBOMY PAIKY TabJaHUi, 3HaYeHb Oy, ..., 87, Xrif, ...
<«v, Xn, MH TIOBUHHI AicTaTH X, = x;, veey Xp = X7, Oy = 6;+;,
.., 8, = 8,. Slkmo ocramui PiBHOCTI He CIPABIKYIOTHCS, TO Le
o3Hayae, WO B OGYHCNEHHAX NPHOYCTHJAHCA NOMHJIOK.

flpukaan,

Bimrykatu poss’s30k a6o BCTAHOBHTH HeCyMiCHICTb CHCTEMH:

Xg— Xa4 x3— x4 2=0,

Xp— X3 — 3=0,

26+ X+ 2x3+ x4,— 5=0,

4x, — 2%, - 263 — 4x, + 12 = 0.
Buxiguowo 6yze ta6nuusi 1). 3a OCHOBHHH e/leMEHT Bi3bMeMO
a;; = 1. Tlic/st XpoKy KOpAaHOBOrO BUKJIIOYEHHs! AicTaHeMo Ta6-

Jautio 2). TIpofoBKYIOYH BHK/IOUEHHA 3MIHHHX X; 3 He3aJeXHHX
(ocHoBHI elleMeHTH B3ATO B paMKy), AicraHemo Tabiuui 3), 4).

b X X, Xq X, 1
& |]1] —! 1 —1 2
8 | 0 1 —1 0 —3
8 | 2 1 2 1 —5
& | 4 —2 2 —4 12
2
) 8, Xy Xq X, 1
X | 1 — 1 1 —2
& | o |t —1 0o —3
84 2 3 0 3 —9
84 4 2 —2 0 4
3
) 6, 6, X3 X4 1
x l | 0 1 1
x| o 1 1 0 3
& | 2 3 |3] 3 o
| ¢ 2 o 0 10
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4
A & 8 8 x 1
X, 1 1 0 1 |
2 i
Xy —_ —3- 0 T —1 3
Xy | — —% —1 -—:13— —1 0
8 | 4 2 0 0 10

Lla cucreMa piBHAHbL HecyMmiCcHa, OCKIJIbKH OCTaHHIH pANOK
BUXigHOT MaTpuui € JiHifiHO KoMGiHalielo meplIUX ABOX PAAKIB
a, = 4a; + 2a,. Ilpore MiK BiIbHUMH YJleHaMH TaKoi caMoi JiHil-
HOT 3aseXHOCTI He icHye, 60, K BHAHO 3 OCTaHHbOI Tabauui, b, =
= 4b, 4+ 2b, -+ 10.

§ 12. BekropHui metop

Inero nporo mMerogy posriIsiHeMO Ha MPHKJAAl CHCTEMH TPbOX
piBHSIHb 3 TpbOMa 3MiHHHMH:

61 (X) = (alv x) -+ bl == O’
8; (x) = (a3, x) + b, =0, (12.1
8, (x) = (as, x) + by =0,

A€ ay, @y, 3, X — BEKTOPH TPHBHU-

MipHoro npoctopy R?, (a;, x) —

CKansapHUH#  NOOGYTOK  BEKTO-

piB @; Ta x, TO6TO B KOOPAHHAT-

Hilt opmi

(@i, %) = Xy + QioXy + QusXy
(i=1,2,3).

3ayBaXuMoO, 10 KOKHIH TOY-

x(2.2) x(12) ni x BiImOB.i}lae paniyc-BeKTop

Man. 7 uiei TOuKH i HaBnakW, a oTe,

MHOXHHH BCiX TOYOK TpUBHMIp-

HOTO mpocTopy 1 paziycis-BeXTOpiB LHMX TOYOK CKBiBaJEHTHI Mix

cobowo. Tomy oaun i ToH camuil ejieMeHT X MH B OJHHX BHNal-
KaX Ha3UB4THMEMO MOYKOW, a B IHIIMX — 6EKMOpPOM.

Koxue 3 pipusup (12.1) y npocropi R3, sx Bigomo, Bu3Ha-
uae Jeaxy mnomuHy, Hexalt (mMan. 7) Ha nepillomy Xpoui Ha
njomuni 8, = 0 B3aro Tpu Touku x4V, x@D xGY mo He ge-
Kath HA ONHIH mpsmiit (mepumifl iHJeKC y [AyXKaX O3Hayae HO-
Me]p TOYKH, APYTHH — HOMEp KPOKY).

5,?0

X3
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Bisbmemo 6yab-aKi 1Bi TouxkH, Hanpukgax x‘bD i aGD i py-
xatumeMock 3 Toukd xU'1) y manpami Bekrtopa (xG:) — x(U1) noru,
NOKH He mnoTpanumo B Touky xU?, mo JeXHTh Ha MJOLIEEE
8, (x) == 0, lna BusHadeHHs Toykd x!!?) 3amuIiemMo NapameTpHyHe:
PIBHSIHHA NPfAMOI, W0 NPOXOAUTh Yepe3 ToukH x{bD i xB.1,

Maewmo:

x = x4 £ (xBD — x(LD), (12.2)

Ie x— noBiabHa TOYKa npsiMoi, MO BiAnoBifae napametpy 1.
{06 BH3HAYMTU 3HaYeHHs napameTpa f, MpU SIKOMY X HaJeXKHTh
naounai §, (x) = 0, niAcTaBumMo BHpa3 AJs X Y PIBHSHHS NJOUIH-~
Hu 8, (x) = 0. Maemo:™
(ag, xD)y £ (xBH — x0D) L p, = ().
3eiaca

(@, ¥+ b,
— (@y, ¥y - @y, 2B

{=

(@ XD b,
—(ay, x"D) — by 4 (ay, ¥3V) + b,
6, (x(l"))

= 2 3)
8, (V) — 8, (D) (12.3)

dx Gaunmo 3 (12.3), Toukp x(tD i xG.1) He NOBMHHI JexaTH
Ha npamiil, mapaneibHifl naowwmHi 6, (x) = 0, TOOTO He WOBHHHI
MaTH ojHakopi BimxuaeHust O, (x3D) i & (xLD)y Big naonuau
§;(x) =0, 60 inakme npsma (12.2) He neperHHaTHME TNJOIMHH
85 (%) == 0. Ockinbky Bei Tpu Toukn x(LD, 2D, xG.1 He nexarb
Ha oxHifi npswmifl, To mpuuaitMui ABi 3 HuX MaoTb pi3Hi Bigxm-
JeHHst Bif nnomyHu §, (x) = 0. Hexait §, (x(D) 5= 8, (V). Toxzi,
BusHauuBi ¢ 3 (12.3) i niacraBupumiy Horo 3wauenns B (12.2),
nictanemo Touky x('), sika, OUGBMAHO, HAJeXKUTHb IJOHLIHHAM
8;(0) =01 6,(x) =0.

Ananoriuno 3a Toukamu x@D { x@D pyzHauuMo TOuRy ¥,
[0 TAaKOXK HajekaTuMe gk miIoiHi &, (x) = 0, tax 1 maomnni
8, (x) = 0.

[Torim 3amuiieMo piBHsiHHS IPAMOT, 110 MPOXOAHTb Yepe3 Tou-
ku x(12 § x22. QOuepuano, BCi TOYKH Takol npaMoi Hajexarb
roidiam 8, (x) = 0 ta §,(x) = 0. Pyxaiounce no Takift npsmii
Bij Touxu x(I.Y B manpsmi BekTOopa (X2 — x(12), 3uaiinemMo TOU-
Ky, 1[0 HalexHuTh njouwuni 8 (x) == 0, To6TOo 3HaiizeMO TOU-
Ky, 110 HAJEXHTb OJHOYACHO TPboM IJoWMHAN: &, (x) == D),
8, (x) =0, 83(x) =10, a omke, i posB’sizok cucremn (12.1).

Hexaii Tenep, nanpuknan, 0, (x& D) =8, (WD), ane §, (x21) =
= 8§, (xG) 50 (man. 8). Toani snafinemo Touxky x(2), za Touka-
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smu x(LD | x@U, [Ilo6 sHafiTH e ONHY TOUYKY, IIO HAAeHKUThH
snomunam 6, (x) =0 ta §,(x) == 0, JdocuTb A0 BEKTOpa (TOYKH)
X1 gonaru Bekrop (x@D — x2D). Omxe, y BHmagky 6, (x2) =
= §, (x(3.V) 5~ 0 3anaua Jjiuuie cnpo-
myertbes (xou Bupas (12.3) i Brpa-
4ae 3MiCT).

SIk6u Bigpasy susiBHOCH, Ha-
npukag, 8, (x2V) = §, (x@.D) =0,
TO a1 APYroro Kpoky Habip 3
IBOX TOUOK, WIO HAJIeXKaTb MJIO-
iwHaM 6, (x) = 0 i 6, (x) = 0, Bxke
roToBuii 1 JOJATKOBI OGUHC/IEHHA
He notpibui. Tomy wiopasy BkJmo-
yaeMo B HOBHH HaGip Hacammepen
Ti TOYKH, AIKi BXKE Ha/M€XKaTb pO3-
IVIAAYBaHifl DIOLHHI,

OuesupiHo, 8KOH BHABHJIOCH,
mo §g (k1Y) = §;(x2?) =0, TO
cucreMa (12.1) mana 6 HeCKiHUEHHY OJHOBHMIDHY MHOXHHY pO3-
B'3KiB (Mal1. 9, a). ¥ sumanky &g (x(1?) = 8 (x(32) 550 cucrema
©Oyaa 6 HecyMicHoo (Mana. 9, 6).

TMepeiinemo Tenep [0 3arajbHOTO 7-BHMiPHOTO BHMAAKY.

Hexali 3ajaH0 HeonHOpinHYy cucTeMmy JiHiAHuX aJireOpaiuHux
PpiBHAHb

8, (x)==(a,, x) +b,=aux, +awx,+ -+ +awx,+b=0
(=12, .., n). (12.4)

[MpunycTHMo cCHOYaTKy, WO cucTeMa cymicHa 1 mae enuuuit
Po3B’s130K. Bispmemo Ha6ip 3 n JiHIAHO He3aNeKHHX BEKTODPIB
TaK, W06 Li BEKTOPU 3aJ0BOJbHSIM OqHe 3 piBHAHL cucTemu (12.4).
Hexait, nanpuxsan, by 50 i Bci KoepiuienTn nepioro piBHAHHA
;%0 (=12, .., n).
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Toai nepumii Habip BektopiB x(®1) Moxke GyTH TaKHM:
b
xu,l):(_ L 05 0),

11

x‘2'1’=(0; ——5’3‘—; 0; ...; 0), vy XU =
12
=(0; 0, ...; 0, — by )
Ain

3ayBaxuMo, WO KOHM fKHACh 3 KoebiuiedTiB a;j =0, TO
pianoBiaHi koopauHarh B ycix BekTopiB x(AD MmoxKHa BHOpaTH
ROBIJIBbHO, 30KpeMa Tak, W06 BeKTOpH x*.!) 3afOBOJBbHAMH HpH-
HafiMHI lie oJHe piBHSAHHA, KPiM IepLIOTO, i TaKMM YHHOM CIpo-
CTHTH 3HaXOJKEHHs PO3B’A3KY. v

3uaiinemo Tenep HoBuit Habip (n— 1) naiHifiHO HelaneXHUX
BEKTOpiB TaK, Wl00 BOHH 33/I0BOJIbHAJH Nepiii ABa piBHSHHS CHC-
remu. Jlasg 1boro oGYHCIMMO CHOYaTKy Bei BigxuieHHs 8, (x(hD)
k=1, 2, ..., n).

Ockinpky 33 npunyIneHHsIM CHCTEMa Mae €QMHMH pO3B’s30K,
TO cepen uHces §, (x%D) spalinyThes NpuHaiiMHI ABa Pi3HHX YMC-
Ja, 60 iHakme mromuHA §; (x) = 0 i 8, (x) == 0 OGyam 6 napajeJib-
HUMH, a cucrema (12.4) a6o necymicuolo (sRwo 8, (x*.D)=£0),
a6o mMana 6 GeaJliu po3B’sA3KiB.

o Ha6opy x*?) Bkjit0uaeMo Hacamnepex Ti BeKTopu HaGopy x*1),
ans sgux 8, (xFY) =0. Hexait § (x*D)=0 mnua k=1, 2, ...
wees Fo(rg <n—1). Togi nokaagemo x*2 = &b ymk =1, 2, ...
.o . KO ry =n— 1, To HoBU Habip x*-2) Bxe MOGYLOBaHO.

Hexait ro<<n— 1. Toaui, Kpim y:xe 3HalileHHX BEKTOpIB
&) (k=1, 2, ..., r), pewry (n—1—r,) BeKkTOpiB 3Haxo-
JuMo TaK. Slkmo uucgaa 8, (x*D) (B =ry-- 1, ..., n) He Bci pip-
Hi MK co6oio, Hanpukaan 6, (x) = (xtetlh) £ §, (xlret2h) |
weey Og (U FLD) 5£ 6, (x(D), TO BeKTOpH

5, (x(ro-l—l.l))
5, Iy g ety %

X (@D — b)) (j=1, 2, ..., n—1~—r,) (12.5)
3aJI0BOJIb HAIOTh Meplli ABa piBHAHHA cucTeMH (12.4).

Axmo r, = 0, To TaKHX BeKTOpiB € n — 1 (nopiBusiite (12.5)
3 (12.3)).

Hexa#t Tenep wucna 8, (x*V) (k=ro+ 1, ..., n) Bci pisni
MiXK coGolo (ue MoxauBo, AKWO 7,5=0). Toai Bektopu
xtretbd o x1—1D moxHa picTaTH Tak:

X1 = qlro?) 4 (xCoHIHLD — x et (j = 1, 2,..., n— 1 —r,).
(12.6)

BoHH OYeBHIHO TaKOXK 3af0BOJNBHANTL OSMABA Iepuii pib-

HAHHA cucreMH (12.1). Jlerko mepekoHaTHch, WO n0GyAoBaHi

x(fn+i-2) = x(f.,—{—l,?) _
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TakdM 4HHOM Bektopd x%? (£ = 1,2, ..., n — 1) mix coboto Ji-
HifHO He3aJeXHi.

Mpuwmirxka. fxmo #e Bei uncaa O, (x(k'”) (k=ry+ 1, .., n)pisui
Mix coB0I0, TO MOXKHA BHKOpUCTATH AK dopmyan (12.5), tax i dopuysn (12.6).

Qpuak npu UBbOMY Mae BHKOHYBATHCH BHMOTA: BEKTODH %9 nopunnui 6y TH
Mix coboio JiHIAHO HesanexHuMU. L[ BUMoOra 3aBKau BHKOHYETHCH, AKILO R0-

_KEpIKyBATH TAKOro MpasuJa: Kou 3a sextopavn D) j ¢ ricrany sexrtop
xTv¥ 4 sa ekropamu xv!) i x¥sD) gegrop x#? 10 pas BHSHAuemHS

2

2D (rad) | lr2) 6ynyTh aAinifiHO 3a7exHUMH MIX CoGoio,

Hicraswy apyruil va6ip i3 (n — 1) Bekropis x*?, aki sano-
BOJBHAIOTH JBa MepIIHX PiBHAHHSA, 32 KOXHUMH JBOMa BEKTOpaMu
:3 wadopy x*2 (& =1, 2, ..., n — 1) Bu3HauaeMo Bexropyu x(*3),
s1Ki'3a10BOIBHATUMYTh 11epuli TpH piBHAHHA. OueBHAHO, BUOUpalO-
yy Oyap-akuil  Hanpam (x(*0d — xk22) MH  3aBKAH 3 TOUOK

xR (k= 1,2, ..., n— 1) pyxaTumemoch y maomunax &; (¥) =
=0, 8§, (x) =0.
Awuanoriudo 6ynyemo tperilt na6ip x*3 (k=1,2, ...,n —2)

3 (n — 2) ninifino Hesanexxuux Bektopis. [IpoaoBxyloun ueit npo-
{ec, 3a CKiHUeHHY KIJIBKiCTb KPOKIB JicTaneMo BEKTOD, W10 3a10-
BOJIbHAE BCi DIBHSHHS CHCTEMH.

Ko cucrema Hecymicua a6o mae Gesniy po3B’A3kiB, ToO sa
QKiHYeHHY KilbKicTh KPOKiB onucanoro npouecy Wi il BaacTHBoCTi
SyayTh 3’ACOBaHi.

O6uuc/IeHHs 3a OMUCAHOI0 CXEMO 3PYYHO PO3MICTHTH Y BH-
raani tabmuni,

& (%) = ap¥y + aggxg - o0 A anxn b by
8n (¥) = angx; +- Qug¥y -+ - QupXn + ba
LD @) L =l ()
X, X(ll‘l) XP‘” o x(]/z—l.n) x}n.l)
Xn xfll.l) xf;l,l) . X’(lll——l,l) xl(ln,l)
8, (&) 1 8} A
x| A1 . Kr—t2
| 0D L e
k. 3 —
e
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#2) we crig subupatu napy sekropis xF#1) { ¥+ 6o imakwe sexropu

T Y

- 2
6'1 (x(k.n l)) 6111 6/1

% x}l,n)

X Kt

TIpuxnaam.

1. PosB’sixxeMo cucTeMy pPiBHSHB!
6]_(2) =x1—x2+ x‘3—2 =O,
8y (%) = X + X — %3 — 2 =0,
63(x) =JC1——-)C2-—)C3-—-0 =0

3a HaBejeHo cxemolio, [Tepruii HaGip TPLOX BEKTOPiB Mae BUIVIAK
{rabauus 1)):

b G en @] 2 () (22
5 | 2 0o 0 x| o2 2
nw | 0 —2 0 ol oo 2
5 | 0 0o 2 Pl I 2
5,00 0 —4 4 s 2 —2
3 p
) L0
Xy 2
Xy |
Xy 1

O6uucanpum 8, (x(\D), 8, (x1), &, (xB-D), uicranemo Biano-
BigHO 6, (x(1N) =0, §, (x2N) = — 4, §, (x®V) = — 4, OckiJbKu
6, (x'0) = 0, To x('') Bigpasy BKJIOYaEMO B HOBHiI Habip, T06TO
noknagaemo x4 = x(.0 = (2; 0; 0). Ockisbku 8, (x2N) ==
=z 8, (x-D), To Apyruit BekTop x> 3a (hopmysaamu (12.6) nopis-
1oBaTume (AHB. Tabd. 2):

@2 = x4 (2B — xD) = (2; 0; 0) 4-
4 1(0; 0; 2)—(0; —2; 0)] =(2; 2; 2).

O6uucnuBiuy  Biaxunennsa touok x(09,  x@D  gig oW HHK
8, (x) =0, matumemo §;(xt1?) =2, &8; (x*2) = —~2. Ockiabku
O (x12) 2= 84 (x122), TO 32 dopmysamu (12.5) sHaiigemo (1HB.
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Tabn. 3):
x3) = x(1.2) __ 5 (x(32)5x1~2 — (x2D — x12)) =
2 , (22 2 ([0 2\
JACY A VY A O A VY A W

Orxke, x; =2, x, =1, x3 = 1.
2. Hexaft pano cucreMy piBHSHb:

lxy + Lx; 4 0x3 4+ 0x, —2 =0,
— lx; -+ lxp 4 1xy - 0x, — 1 =0,
Oxy 4 lxg — Yy -+ lx, — 1 =0,
0%y 4 0xy + 1y -+ 1y, — 2 = 0.

Ockinbky KoedilieHTH NPH X, i ¥, B nepiioMy piBHAHHI 10piB-
HIOIOTb HYJIO, TO KOOPAHHATH Xz Ta X, #0XKHA BHOPATH JA0BiNbHO.
Kpim Toro, koediuieHT npH X, B Apyromy piBHSIHHI TaKOX AOpiB-
Hioe Hy0. OriKe, MOXKHA 3a0BOJIBHHTH APYTe PiBHAHHS 32 paxy-
HOK BiANOBixHOro A060OPY KOOpAHHATH X3 NPH BHOGPAHHX KOOP-
IUHATAX Xy, X, | 3aJUIIHTH X, NOBiNbHUM, OCKiNbKH X, 3alulua-
€ThCA JOBiJIbHUM, MOXHA NOPH BHGDAaHHX KOOPIMHATAX Xy, X,
X3 332 PaXyHOK BiANOBiAHOro 1060pY KOOPAHHATH X, 33J0BOJBHHUTH
Tpere piBHAHHA. OrTKe, OApasy MOXHA BKa3aTH [IBa BEKTOPH,
fAIKi 3a0BOLHAIOTL TPU Neplui piBHsiHHSA, a caMe:

D = (2 0; 3; 4), 200 =(0; % —1; —2).

Maemo: 64 (x(1D) =5, 8, (x®Y) = —5. 3a popmyaamn (12.5)
AiCTAHEMO PO3B’SI30K PO3rAsAYBaHOI CHCTEMH:

L1
= x(Lh m(}(@f?);)(f(— (S:)(x(l'l)) (2D — xLD) =
2 0—2 2
0 5 2 —0 0
=13 S5 —1—3]"|3]|T
4 —2 —4 4

—2 1

1 2 1
Tl —4= 1 )

—6 1

leoMeTpin BEKTOPHOTO MeTONy TaKa caMa, fIK i reomerpis
metony JKopaaHa — Iaycca. A came cnoyaTKy NOTparnasieMo Ha OHY

54

3 muoutud, wanpukaan 6, = 0. IloriM, pyxaiouucs y uifi miomu-
Hi, MOTPAMAsEMO e HA OAHY IJIOUHHY, HanpukJax O, = 0. Iicas
11bOTO, PYXAlOYHCh TaK, 106 BifxuieHHs 8, i O, sajqmuamucey pis-
HUMH HYJIO, HOCATaEMO TPeThoi IVIOWHHH (AKUIO Ile MOXKJIMBEO),
sanpuxaan 8, =0, i 1. x. OnHaK y BekTOpHOMY MeTOAI Koediui-
€HTU BUXiNHO! CHCTEMH 3aJHUIAIOThCS 6e3 3MiH, BOHH He miajas-
raloTh HifIKHM nepeTBOpeHHsAM, LIO iHOAI GyBa€ 3py4HO IpH 06-
UYHCICHHAX.

Bapasu.
Merogom )Kopaana — laycca i BEKTODHHM METOZOM PO3B'A3aTH CHCTEMU
piBHAHL a60 BCTAHOBMTH iX CymepeunHBiCTb.
‘ 1. 3x; — 2x, - Bxy — 2%, - Ly = 23,
0x, - 4x, — 6x; |- 5xy — 6x; = — 36,
3xy -+ 6xy — Tx3 — 9x, + 4xy = 24,
— 2%, — 3x, 4 lxg — 4x, -+ 6x5 = 16,
Ly, — 4x, + 6x5 < Oxy — 3x5 = 4.

2. 1,5x; -+ 2,5x, — 4x, | 2x, — 6x5 = 10,

— lxy — 1,6%, 4 2,505 — Xy - 265 = 8,
Ox, — 2x5 - 4x3 — 6x4 | 4,5%, = 6,
3x; - Oxy — 3y — 24 4 lx; = 1,
3%, - dxy — Ty — 4, — 3x, = — 8.

3. (0,5% + 3x, — 4x; - 5x, + Oxy = 2,5,
1,5x; 4 2x, -} Oxy — lxg - 6x5 =4,
2%, 4- Ix, — lx3 -} Oxy — 0,505, = 6,
lx; — 2,5x, + 2x3 — 3x, -|- x, = 8,5,
Oxy — lx, — lx, -+ 1y, 4 2,545, = 4,5.

4. (0,5% —2x, — lx; — 3x, + 2,5x, = 4,5,
2x, — 2,5x, + 0,5x5 + 3,5x, + 0,5x;, = 0,5,
0x; - Ox; + Ox3 -} 3x4 J- 6x; =8,
Xy — X3+ 2,505 — lx, 4 4,5x;, = 12,
2,5%, + 1,5x, — 1,505 — 3x4 -|- Sxy = 36.

§ 13. Po3s'a3ysaHHA CHCTEM RiHikHWX anre6Gpaiunmux piBHAHB
MmeTofoM NPOCTOi iTepauii i meTogom 3esigenn

Y nonepeanix naparpagax MM posrJISHYJH TOYHI METOJAH 3HA-
XOJJKeHHA PO3B’ A3KIB cHCTeM JiHifiHuX piBHAHBL. Jpyry rpyny
MeTOAIB PO3B’A3yBAaHHA CHCTeM JiHIHHHX pPiBHSIHb CTaHOBJATH
Ha6mkeni meroan. CyTh iX monsirae B TOMY, 110, MOYHHAIOYH 3
NeAKOTrO M0YAaTKOBOrO HAGJIHKEHHS, Ha KOXHOMY KPOLUi 0GYHC/Io-
BaJIbHOTO Mpouecy Le HaGMHXKEHHS A0 PO3B’A3Ky MOJiMUIyIOTh,
RicraiouH mpu upoMy HoBe HaGmuxemns. Llefi mpouec nochixos-
HHX Ha6JMMKeHb NMPOXOBXKYIOTh JOTH, NOKH po3B’A30K Oyle 3Haf-
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ZeHo 3 morpibHoio ToynicTio. Jlo HafmpocTilNX HaGJIMKEHNX Me-
TORIB HaJICXKHTb Memod npocmoi imepayii.
Hexa#t naHo cucremy n JgiHifiHHX piBHSIHb 3 n 3MiHHAMH

]}:‘1 ap;=b, (i=1,2 ..., n), (13.1)

a6o y BeKTOpHO-MaTpHuHifl ¢opmi
Ax =b. (13.2)

Tlopamo uio cucremy y Buraani eksiBanentHol i cucremn:

n :
l .
X; = _Ll aixi+8, =12, ..., n). (13.3)
]=
IlosnaunBmu
X1 p
allalz . o a]” 1
Xo B2
= CQylay -.. %n |, x= .|, =} "1},
OL,,1OCnQ . an_n : . -
X B
3anuIIEMO OCTaHHIO CHCTEMY Y BeKTOpHO-MarpuuHiil copmi
x=ox+p. (13.4)

Cucremy (13.4) posB’s3yBatuMeMO METOAOM MOCTINOBHHX Haban-

JKeHb. 3a MOYaTKOBe HaOJHKeHHS po3B’ 3Ky cucTeMH (13.4) Bi3b-
()
X1

memo BekTop 5@ = : ], ne AP, x¥, ..., xP — noBinbHi
xQ

gucJa.
Toxi nocaizoBno 3Haxomumo mepile HaGJIHXKeHHs

1
x( ) == ax(o) + ﬁ,

(2)

P —ax™ B i on

Ko BKe NOGYROBAHO k-Te HAGMMKEHHS, TO HACTYIHE (k -
-+ 1)-e HaGnmxeHns1 GyRyeMo 3a (OPMYJIO0

KD gy l® +B, (13.5).
a6o B PO3rOpPHYTOMY BHIJAAI
D = §‘la X (=1,2 ...,n. (13.6)
= \
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. o k .
SIkio KOKHA 3 MOCJAIROBHOCTEH {x§ =12 ..., n
*
MA€E TPAHHUIIO x,-, T09TO
k .
=limsP (=1,2 ..., n), (13.7)
k-roo
TO CYKYHHICTb xf, X3, ..., Xn € po3B’aA3koM chcTemu (13.3), a orxe,
i cucremn (13.1).
Cnpasai, nepeiimoBiuy 10 rpanuui B piBHocTax (13.6), maru-
MeMO:

“m x(k+|) llm (L a” (k) _{__ﬁ)_ hm L a” (k) +

k—~oo k~roo 00 j==1

-+ limp, = L o lim 1P - B,

kroo

a6o

xl~2,a,,x,+ﬁ, =12, ..., n.
=
TBepiKeHHA [OBe/IEHO.

Metop nocninoeuux HaGaHXKeHb, SKUH BU3HaYaeThes popMyaa-
mu (13.5) aGo (13.6), HasuBaeTbcA memodom npocmoi imepayii.
Heit mMeTon spyunuil aast oGunciens Ha EOM,

3Buuaiino, METOAOM NPoCTol iTepallii MOXKHA BH3HAYHTH PO3-
B'A30K CHCTEMH JIiHiilHUX piBHAHb JMIUE Yy BUIANKY, KOJIM Uel
MeTo]l ¢ 36ixuuM. YMoBH 36ikHOCTI MeToAy ppoctol irepauii
MOXHa AICTaTH 3 NPHHOHANY CTHCKYIOUYHX BijoOpaxeHb.

Posrasnemo Bifo6parkenns y = Tx n-BUMipHOrO HPoCcTOpy B
ceGe, 3azatodu KOOleI/IHaTH Y, BeKTOpa y PopMyJieMH

L aixi B (=12 ..., n.

Po3p’szkamu cuctemn (13.4) € nepyxomi TOYKH BifoOpakert-
na T.

Beranosumo ymMoBH, Ipu sikux Bigobpaxenus T 6yjie CTHCKYIO-
yyum. LIi ymoBH 3anexxatb Bij BUGOPY METPHKM B IPOCTOPI.

Posrasiuemo tpu Bunangu (nuB. § 7):

) o (x, y) = |/ Y (y,— x,)? (mpocrip R”).

Toul
o, y) =p(Tx, Tx") = '|/ ¥ (\‘ o () — xn) S
=1 \j=
a n n n n
< l/ Yy OH/L (’Cl—xl)2 - l/ Y Y o X

Pl fe=| j= =i ,~_
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Mu tyT ckopucranuca HepiBuicrio Ko,
Otxe, BifoOpaxkenus T Oyhe CTHCKYIOUMM BifOOparKEHHHM

npH yMoBi, mo
¢ = 2 L 0511 <L

i=1 ]—‘

2) p1(x, y) = max |y, — x;| (apocrip RQ).
1<i<n
n
_Z:l oy (x;— 1)) [<<
n , ., n ! , )
<miﬂxi§l|°°tillxi—xil<miaxlél loﬂiflméjlxllxi—xfl =
n
= (miax ]21 [ai I)Pl ', x7).

3Biacu nicranemMo yMoBy, npu fkiit BigoGpaxenHa T e cTHc-
KYIOUHM:

oy, y)=p,Tx,Tx") = max

go = max L |euj | < 1.

Iign j=1

3) s 9) = X 1y, — x| (mpocrip RY).

n n n
@,y =X lu—yil =% | X o

—x)| <

n n
a . " "y S .
<X X oy || — 47| < max L |°‘ii|>a [ — x| =
i=1 j=1 i =1 =1
n
= (max .21 [ | ) Py (¥, X").
ii=
Takum unHoOM, Biﬂ06pa)Ke}lHﬂ T cruckyiwoue, AKIO
g, = max L fouj| << 1.
1g<j<n i=sl
Teopema. Trwo mampuys o mara, wo 3ad060ALHAC LW
odny 3 ymoe

n
a) go=max ¥ |oy|<I;

1<ign ]=

6) g, = max L ol << h; (13.8)

I<jgn =1

fff)(/ \‘}4‘1u<1

i=1 ]._
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Mmo cucmema pisHAHD
n
xtzixlafij‘{‘r’i (=12 ..., n

* * [ ]
MA6 60uni po3e’a3ok: (x* = xy; Xy ...; xn). el poss’'nsor
6 epanuyero nocaidoenocmi, suaidenoi memodom npocmoi
imepayii, euxodawu 3 O6ydv-AK020 NOYAMKOE020 HADALICEH-
“'ﬂ’) m(O) == (m(O): xg))! sery xLO))

Ha npaxTuni gyacro 3a mouarkoBe Hab/HXKeHHS GepyTh CTOBA-
yuK BinpHEX uneniB x(® = P.

[3 saranbHUX OWIHOK LIS NMOXHOKH n-ro HaGMHKeHHA (MeToj
MoC/Ti JOBHUX Habiauxkenb, § 7), AicraneMo aHasloOriuHi OnMiHKA AR
HaOJUXKeHb, OTPUMAHHUX MeTofoM mpocroi itepauii. Ina mworo
IOCTAaTHBO JIHINE [ICTABHTH BUPA3H RIS BiACTaHi B KOHKPETHUX
npocropax. Hanpuxnan, 3 dopmyan (7.9) aas mpocropy Rp
AicTaeMo OLiHKY

qk
max | &9 — x7 | << 1 0 max|x” — x|,
1gign — 4% 1<gi<n
ae g, Bupaxaerbes dopmynow (13.8, a).
3 (7.11) gicraemo, WO fAK TiJAbKH

k h—1 1 — R
| 2 — )|<——%—‘7"—x‘;=a1 i=12, ..., n),

TO
|lxi —P|1<e ((=1,2 ..., n).

3 dopmyJu (7. 10) s noxubku Haﬁ.aneHHﬂ xk) BHIUIHBAIOTD
1 raKi oliHKH

(k ! -1
L| X — x| < ‘T‘:;]'l—\‘l A —
=1 i=l1

=

(% k r—1
(x — ))2 L. (L ))2’

{ (] )2 H(

A% KOHCTAHTH ¢, i ¢ OGUYHCIIOITH Bumoaumo 3a dQopMysTaMH
i13.8, 6) i (13.8, 6). Ilpouec itepauiii 3aKiHYYIOTb, KO BKasaHi
OlLiHKH cBiAYaTb NpPO JOCATHEHHS 3aJaHOI TOYHOCTI.
[Tpuxnan.
Po3B’s3atn cucremy piBHAHL 3 TouHicTio Mo & = 0,0001.
{2,1734x, — 0,3567x, + 1,0767x; = 1,2452,
0,4528x; — 3,9862x, - 0,9875x, = 3,5166,

0,4267x, - 0,7698x, - 4,4567x, = 1,2727.

i

59



Po3sp’sxkeMo nepiie piBHSIHHA BiZHOCHO Xy, APyre — BiHOCHO
X, Tpere — BilHOCHO X,. Jlicranemo cuHcremy:

X, = 0,16412x, — 0,49540x, - 0,57297,
x, = 0,11359x, + 0,24773x, — 0,88219,
¥, = — 0,09574x, — 0,17973x, -+ 0,28557.

Ilepesipumo onHy 3 pocratHix ymoB (13.8), a came ymoBy
(13.8, a).

n n n
¥ o] =0,65952; Y |ow;| =0,36137; Y |as;| = 0,26847.
j=1 i=1 j=1
Orxe,
n
go = max Y, |ai;| =0,65952 << 1.
i=1,2,3 j=I
Merop, irtepauii 36iI‘aTHMETbCH 3a nouatkoBe HaGJMMEHHA
po3B’s3Ky BisbMeMo x = 0,573; x5 = —0,882; 1" — 0,286;

_ = , __ 1—065952
81 = T BT 7065952

Ilpouec itepanii 3akiHYyBaTHMEMO, SIKIIO
k k—1
max | £ — x*") < 0,00005.

i=1,2,3
PesyaeTatH o6uHcleHb [OfaHO B TaGauui.

0,0001 = 0,00005.

k x(,k) 0 el max lx Xf‘k—l) |
2 3 =123

0 0,573 —0,882 0,286

1 0,286 —0,746 0,383 0,287

2 0,261 —0,775 0,387 0,029

3 0,257 —0,757 0,391 0,018

4 0,255 —0,756 0,392 0,002

5 0,25470 —0,75611 0,39174 0,00030

6 0,256481 ~—0,75621 0,39179 0,00010

7 0,25477 —0,75619 0,39179 0,00004

PosB’a30K chcreMu: x; = 0,2548; x, &~ —0,7562; x; ~ 0,3918.
Kontponb o6unciens y Meroni itepauii He Mae Takoro npHH-
HMNOBOTO 3HaYeHHsA, AK B TOUHUX MeToiaX. Cnpasai, Meron ite-

palm 36iKHHH Ana 6yl{b SIKOro Mo4aTKOBOrO 3HAYE€HHA )C(O) JC(QO), .

()

HOMMJIKa, IonyuieHa nij yac ob6uncaens 3a dopmyamu (13.6),
He BIUIMBae Ha KiHNeBHH pesyJibrar, 60 3HaiileHe 3HaYeHHS MOXK-~

“ey
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Ha PO3IIAJATH K HOBE MOYaTKoBe Hal/uKeHHst. TyT Mu MaeMo
cnpaBy 3 BaKNHBOIO BJACTHBICTIO CAMOKOpecysanus itepaili AHOTO:
npolecy.

3ayBaxuMo, NIO CHCTEMY piBasHb (13.1) 3aBXKAH MOXKHa noja-
™ y Burasani (13.3), npuuoMy Tax, o6 BHKOHYBAJMCh YMOBH
(13.8). Hanpuxkaajn, KO MOAYJb J.(ial‘OHaJIbHOFO eJleMeHTa Mar-
PHILI cHcTeMH GiJbIINIT Bid CYMH MOAYJIB iHINHMX eJleMeHTiB PAJKa,
T06TO

n
|a¢j|>21|a,~,-| i=12 ..., n), (13.11y
]=
ki
TO, PO3B’s3aBIIK NeplIe PiBHAHHSA BiHOCHO X;, Apyre — BiJHOCHO-
X, i T. 4., ,IliCTaHeMO CHCTEMY:

Lallx_{"ﬁl (l—l 2 )7
j=1

ae an=0, p=—n (=12 ..., n)

ii
YmoBa (13.8, a) BHKOHYyeETbCS.
Axmo cuereMa (13.1) taka, wio ymosa (13.11) He BuRonyeTbea,
TO 33 JONOMOTOIO CNeLliaIbHUX MePEeTBOPEHb MOMKHA JOMOrTHUCS 1T
BHKOHAHHA.
Hanpukaan, Hexail MaeMo cucTemy:

5%, + Xy — 2x, -1 x, =0,
2x; + X, — X5 -f- 6%, = — 6,
-+ Xy — 3%y - x, = — 6,

Xy 2%y 4 xy -+ x, = 2.
ToGynyemo HOBY cucTeMy, B fiKill meplie i 4eTRepTe piBHAHHSA
€ BiAnoOBijHO nDeplMM i ApyruMm piBHAHHAMH cHcremH (13.12),
Koepinientn siknx 3anoBosabusiiorb ymosu (13.11). Honaewwu 1o
spyroro piBusiuusa cueremu (13.12), tpere, noMHOoXxele na (—1),
i uerBepTe, nOMHOXeHe Ha (—3), npicraneMo: -—2x; — 6x, —
— Xy - 2%, = —6, Je Koefbuuen TH  3a3J0BOJbHSAIOTL VYMOBH

(13.11). 1llo6 BusnauuTii Tpere PiBHSHHA HOBOI CHCTEMH, Bij TPe-
thoro piBuauns (13.12) Bixnimaemo yerBepre. MaTumemo cucremy:

Bxy |- Xy — 2X5 - X4 = 0,

(13.12)

— 2%, — bxy — X3 -]~ 2x, = — 6,
— X —4x, == — 8,
2%, 4 Xy — Xy 65, = — 6,

KoedillieHTR $X0i 33Jl0BONbLHAITE YMOBH (13.11).
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Memod 3eiideas BifpisHsAeTbcs Bil MeToxy npoctol itepamii
TIIbKH THM, 110 NPH OOGMHCIEHH] X; Ha k-MY KpPOLI BPaxOBYIOThCA
3HAYEHHA Xy, Xy, ..., Xi—1, OOUHCJEHI HA LLOMY CaMOMY KpOIIi.
DopMmysnu 118 3HAXONXKEHHS I[IOC/AiA0BHUX HaG/HKeHb MaloTh
BUIVIAL:

n
(k1 3 (r
x1+)=Ll“1x1)+ﬁ1,
,=

]—l

....................

fIkimo BukoHyoThcsi YyMOBH (13.8), To npouec 3eitnens 36ira-
€ThCH.

Ipuxkaan.

"™ PosB’si3aTu cucTeMy piBHSIHb, SKIIO BCi KoedilieHTH npu HeBi-
Jomux i BiNBbHI WieHH CHCTEMH — TOYHI uMcaa:

7,0561x, 4 0,8237x, — 1,6238x, = — 2,2387,

0,9384x, — 6,9408x, -I- 2,0465x, == 12,8984,

1,8472x; + 0,2709x, — 5,6707x; = — 4,7832.

Poss’sxxemo neplue piBHAHHA BiAHOCHO X, Apyre -—— BiAHOCHO
X, Tpere — BiZHOCHO X,. JlicraHeMo cucTemy:

Xy = —0,11674x, + 0,23013x, — 0,31727,
X%y = 0,13520x, -+ 0,29485x, — 1,85834,
Lxy = 0,32576x, |- 0,04777x, + 0,84354.

Jlerko 6GauuTH, WO

g, = max }_, |aij | = 0,43005 << 1.

1<ig3 j=I

3a mouatkoBe HabmuKeHHs BisbMeMO ) =0; 1) = —I;

x§ =1 i noknagemo & = (0,00001.
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Pesyabratn o6uHc/ieHb nojano B TaGJHLi.

% £ Rl Ny
0 0 —1 1

1 0,030 —1,559 0,780

2 0,044 —1,622 0,780

3 0,052 —1,621 0,783

4 0,052 —1,620 0,783

5 0,0504 —1,62044 0,78308
6 0,05211 —1,62040 0,78311

7 0,05211 —1,62039 0,78311

Takum umHOM, x, &~ 0,0521; x, ~ —1,6204; x; = 0,7831.

Bnpasu.

Poss’ssath crcremn pisHsinn Metonamu npoctol itepanii i 3efifens, axmo
Bei KoedinieHTH npu HesinoMux i Biabui unenu — Touni wncaa (€ = 0,0001):
a) (4,072x, — 0,781x, 4 0,389x, = — 3,855,
‘0,482::1 - 5,083x, - 0,326x, = 0,087,
0,830x, — 0,321x, — 9,458x, = — 7,501;

G) (7,939x, -1 0,042x, — 0,010x, == 1,626,
’ 0,237x, — 4,246x, - 0,703x, — — 2,687,
0,156x, -} 0,346x, —- 5,61 1x, = 5,824.



Poapginliv
CUCTEMMU NIHIMHUX ANTEGPATYHUX HEPIBHOCTEMN.
3AAAYA JNIIHIAHOTO NMPOTPAMYBAHHA.
CUMIIEKC-METO4

§ 14. 3aranbHa 3ajjaua MaTeMaTHYHOTO NPOrpamyBaHHs

SazarvKa 300040 MAMEMAMULHO20 NPOSPAMYSAHHA (HOPMYIIIO-
£TbCA TaK. Y NesKOMY MpPOCTOpi 3a/1aHO THM UM IHIIHM CHOCOGOM
muouHy G i QyHkuiio [ eneMentisB MHOXKUHH G, fKa KOXHOMY
eementy G cTaBUTh Yy BiAnoBigHicts geske Aificae qucno. [lotpi6-
HO 3HalTH HaliMeHWe (41 HalbGiNbLIe) 3HaYeHHA QYHKUIT f, 3ananol
Ha MHOKHMHI G, a TAKOXK e/leMeHTH 3 (G, Ha AKHX Take 3HAYEHHS 10~
CHArAETHCH .

Posrasaunemo aifichuil n-umipuuit npocrip R, Hexall x =
="(Xy; 43} ...; X,) € elleMeHTOM (TOuK0I0) 3 R". Muoxuny G Moxua
BU3HAYATH, HAMPUKJIAJ, 1K MHOXKHHY eleMeHTiB 3 R", Takux, wo
3aJ0BONBHAIOTL YMOBH:

(Pt(x)<0 (L=l’ 21 '-'v’n)’

xe @, (¥) — nesiki dyHkuii enementis 3 R”, wo MawTs 3HaueHHA
8 R'.

Axkuo npu upbomy GYHKIIT ¢; (¥) i f (x) onykai, To 3anaua
Ha3MBAETbes 3adauelo onykroeo npoepamysanns. Haramaemo, mo
{yHKUiA g (X) HasHBaETbCA 0nYKA0I0, AKIO AN OyAb-1KHX ABOX
TouoK t' Ta x? CIpaBIKYETbCH HepiBHICTB:

glad + (1 — ) ) <ag (™) + (1 —a) g (), O<a ).
3 reoMeTpuuHOro Monaafy Ue osHauae, wo rpadik yukiii

g (x) Hax npsMoo, o 3'eAnye roukn x| x?, fexuTh HUNKUe Bif
XOpAH, Wo cnoaydae Toukd (x5 g(xV) i (x5 g (x2)) (man. 10).
HOas onykaux QyHKUilt @,(x) xoxna HepiBuictb ¢; (x) < 0 Bus-
Hayae NesiKy OIyKJAy MHOXKHHY G,;. Haragaemo, mo MHOMuH«
HASUBAEMBCR ONYKAOI0, SKWO pasom 3 6ydb-saxumu GeoMa MOLKAMU
X0 {i nasescams maxoxe yci mouru sidpiska xXD - o
¥ (20 — xM), 0 < o << 1, axudd cnoayywae mouru x1N §{ x4 (man. 11).
[Tepepizom onykaux MHOKHH G; € onykaa mHOXUHA G, G ==
n

== G,. OTKe, 3a0a4a ONYKA020 NPOZPAMYBAHHA NOASEAE 8 MOMY,
Ti=1

1400 sralmu HalMer e SHAYeRRA onyKaol ynkyii f (x) Ha onyk-

Aitl muoxguni G (van. 12), JIk Gauumo na maqa. 13, TOUKH, B SIKHX

4, (¥) = 0, BH3HAYAIOTL MeXKY MHOXKHHH G, (J1iHiT HYAbBOrO pig-
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H% QYHKUIT @, (x)), a y BHyTpimHiX Toukax Gy

ZTbCA HepiB-

HicTh ¢, (x) << 0. Anajioridyno B TOYKaX MHO———— CHPaBIXKY-

€TbCst HepiBHICTD @, (x) <{0, npHIOMY Ha Me
Boro pi

g @ (%)
€GN

o6uaBi £
i @, ()

1iHIT HYJbO~
Kuii @, (x))

TOYKax x &
l  KOHYIOThCA
0.781i ¢y (x) < 0

8:;81-121 man. 12

0,78

0,78
0,78

0,78
0
X
J
X onykAa 160nyxAa -
xt HHOKUHT . 7 § 3HHONUNE
Man. 10 i uncaa |
X

Man. 12

NoKazano Touky x*, y sKifi pocaraetbest |
¢yuxuil f (x) Ha MHOKHHI G.

3ajaya onykJOro nporpaMyBaHHA Ma€ Ta:
BicTb: Oyab-sIKHH JOKaJdbHUN MimiMyMm om
Ha ONyKJIifi MHOXHHI € BoJHOYAC i 2400a4bHi

3ayBaxumo, WO 3ajaya Ha 3HAXOIKEHH
yenna onykiaoi yHkuil f (x) Ha onykaifi MHO!
onyKJoro nporpaMysanus. Bona He mae 3a

-

3. a0, 65

1€ 3Ha4YeHHAn

HBY 0CO0JIH-
yHRUii f (x)
WYMOM.

ABILOTO 3Ha-
He € 3ajlauel0
i BHlle BJoa.



1

ctuBocti. Hanpuknan, byHkuis f (x,, x,) = (& + x3) 2 (van. 14)
y Toduli x® MHOXUHH G KOCATAE JIOKANbHOTO MAKCHMYMY, OIHAK L1&
3HayeHHA [ (x) He € HalGispmmM y MHOoXuHi G. OuepypHo,
f () > f (x®), ITynkTHpoMm Ha Maja. 14 mokasaHo Jjiwii piBHa
¢dyHKUiT f (x), T06T0 TaKi MHOXHHH, ¥ KOXKHIH TOUN SKUX PyHK-
nia f (x) Habysae oJHOro i TOro camMoro sHaueHus (Maia. 12, 14).
fx, x) = (x? + x%)'/’, OUEBHIHO BiACTaHb TOYKH X = (¥X;;
X;) Bill HOYaTKy KoopAWHar, i TomMy 4HM 6inbmmi paaiyc Koaa na
Masa. 14, tam Giabinoro 3HauenHs HaGyBae ¢ymruia [ (x,, x.)
y TOYKax Takoro koja. (Bigcyrictb
3a3HayeHoi  BJACTHBOCTI  3HAYHO
YCKIAJIHIOE 3a/la4yy BiAlIyKaHHS Hafi-
6inbmoro sHavyeHHs QyHkuii f (x) Ha
MHOXKHUHI G).

(X

Man. 13 Maa. 14

Sxuto dyukuii f (x), @; (¥) KkBagpatHyHi, TO 3a1aYy Ha3HBAOTHL
3a0a4e10  KBAOPAMUUH020 NPOSPAMYBAHHA.

Mroxuna G B 3araJbHOMYy BHIAJKy MOKe GyTH JHCKPETHOIO.
Toxi sajauy HasHMBaWOTh 3a0a4e0 OUCKPEMHOZ0 NPOSPAMYBAHH L,

Byab-siky Toury X € G HazuBawTh donycmumoro moukoo. Tou-
Ky x* € G, B sIKi#i focsiraeTbes HaiiMeHLue (Hal6ibile) sHAYEH HsT
byuxuii f (x) Ha MHOXKHUHI G, Ha3HBAIOTb ONMUMAALHOIO ITOYKVI0,
a [ (x*) — onmumarerum sHanennan pyaxyll f (x) na muoxuni G.
Camy ¢yHKUiO [ (¥) 4aCTO HA3HMBAIOTb 4iAbOBOIO (PYHKLLEN.

Axmo ¢ynkuii f (%), @; (x) giuiiini, To610 Bupasd a1a | (x),
¢; (x) MaoTb BUNSR f (x) = (a, x) - b, @, (x) = (a;, %) -+ b,
rea, q (6 = 1,2, ..., n) — craxi sextopus R", b, b; — crani 4uc-
Jla, TO 3ajJayy Ha3HBAIOTb 3a0a4el0 AIRILH020 APOZPAMYBAHF.
3afava JiHiHOrO MporpamMyBaHHSl € OKPEMHM BHIAJKOM 33/1dyi
ONYKJOTO INporpaMyBaHHS.

OnHuM i3 saraJbHUX METOAIB PO3B’A3yBaHHs 3ajaui Ainifinoro
nporpaMyBaHusa € TaK 3BaHHH cumnaexc-memod. OBGUHCIIOBAILIA
cXema. I(bOr0 MeTOAY TPYHTYETbCS Ha PO3NIAHYTHX paHilie »op-
AaHOBHX BHKJIOUEHHSAX,
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PosrasiHeMo npakTHYHHHA TPHKIaA, MO HiABOAUTL A0 3aaayi
JiHiHOrO MporpaMyBaHHsA.

Jlns BUTOTOBJMEHHA NpoAyKUii ABOX BHAIB NOTpPiGHO 4YOTHpPH
BUAH cApoBHHH. KiJbKicTb HasgBHOI CUPOBHHH oOMexeHa i cTa-
HOBHTL BianoBiguo by, b,, by, b, ymoBHUX ofMHHOL. Hexal aas
BHIOTOBJICHHS] OAHiel OAMHHII BPOAYKLUIT mepiuoro BUAy norpi6Ho
@;; OIMHHLL CUPOBHHH NEPIIOTO BHAY, @y OAMHHIbL CHPOBHHH
APYTOro BUAY, O3, OAHHHIb CHPOBHHH TPETbOrO BHAY i a,; ONHHHIDL
CHPOBHHH YeTBEPTOTO BHAY, a JUISl BUTOTOBJIEHHS OAHiei ogHHHIL
NpOAyKIii Apyroro BUAY HOTPi6GHO BiANOBiAHO 4y, ONMHHIL CHPO-
BHHM NEPUIOrO BUAY, Oy, OJHHHIL CHPOBHHH JPYFOTO BHAY, Qg
OMHHMIb CHPOBHHHU TPETHOTO BHAY i @4, ONHHKIB CHPOBHHH YeTBep-
TOro BUAy (MpH LUbOMY He 060B’A3KO0BO, 00 yCi yHeaa a; Biapis-
HAJAHCh Bill HyJs, TOGTO IUIS BHTOTOBJIEHHSI AeAKOi MPOAYKIil
MOXKYTb BHKOPHCTOBYBATHCh He BCi BHJIH CHPOBHHH).

Hexaii npu6ytok Bia oqHHHLI MPORYKIIT mepuIoro BHRY CTa-
HOBUTb p; ORMHHUb, a Bil OAMHHULI NPOAYKNii Apyroro BHAY —
P2 ONHHHIL. Tpeba BHrOTOBHTH MO CTIILKH OAMHHLB MPOAYKUil
nepworo i Apyroro BHAiB, wo6 3a JaHHX yMOB NPHOYTOK Bil ix
peanisanii 6yB sikHafGijabluuM. [HIIMMu cloBamH, nporpama Bu-
fIYCKY NpoAyKuii MOBHHHA 6YTH ONTHMAJIbHOIO.

[Ipunycrumo, MO 3an/1aHOBAHO BUMYCTHTH X; ONMHHIb NMPOLYK-
nii nepworo BULy i X, onMHHUbL NpoAyKuii Apyroro suay. as
UbOTO NOTPiGHO BHTPATUTH ay1X; -+ @y5X, ONMHHIIL CUDOBHHH Ii€p-
oro BHAY | BiIMNOBILHO y,%, - GgaXs, QpX; ~I- GgaXy, Qg% +
-+ 49X, ONHHHUB CHPOBHHM JPYTOro, TPETbOI'x i UETBEPTOro BH-
ais. fIpy uboMy, OUEBHAHO, MAOTh BHKOHYBATHCS OOMEXEHHSN:

QX - QX <K by,

Uy Xy - AyaXy b,

(14.1)
Xy -|- Agay < by,
Uy Xy - QeXy By,

TOBTO KiNbKiCTh CHPOBHHU OYAb-KOTO BHIY, BHKOPHCTaHO! AJs
BHTOTOBJIEHHs Tiel 4H 1HIOT NPOAYKLii, HEe NOBHHHA MePeBHILYBATH
naasHoi Kiabkocri niei cuposuny. Ilpun Takomy nnaHi BUMyCKy
nponyKuii 6yde oepKaHO NPHOYTOK Z (X3, Xp) = pyXy +-paky.
(OueBHJHO, BEIHUYHUHU X; i X, MAIOTb 33JOBOJILHATH YMOBH ¥, = 0,
X, »= 0, IO BUMJIUBAIOTE i3 3MICTy BeJHYHH X, i X,. OcTaHHi 06-
Me/KeHHs caif npueaHaTtH o obmexeHb (14.1).

OrKe, OCTAaTOUHO 3ajauy MOxHa cQopMyJIOBaTH Tak: ceped
YOiX BCAUHUH Xy, Xy, WO 3000801bHKAIOMb 303HA4EHI OOMEXCEHH S,
mpebua 3nadmu maxi, wob Qynkyia Z (xy, x,) = piXy + pax, do-
20 MAKCUMAAbHO20 3HavenHs. (13 3MmicTy 3anaul 3po3yMidao, 1o
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Taki 3HaueHHs ICHYIOTh, aje AJA 3aralbHOl 3ajaui Jinilimoro
porpaMyBaHHs Ile He 06GOB’I3KOBO).

3BUYaiHO, AKIO 36iIJBIINTH KiNbKiCTh BHAIB Npoayxuil un

CHPOBHHH, TO 3aZa¥a YCKJIAJHHThCS.

3azarvna 3adaua AiHiliHO20 npozpamyeéanns (HOPMYJIOETHCA
TaK. _

ko cucreMa JiHiAiHMX HepiBHOCTEH

Xy - QX -+ o+ - awmx, -+ 56,>0,
29Xy “]" QgoXy + -+ -} QunkX, + by =0,

P Y

Qu1Xy + QmaXa ~+ «++ -F AunkXy, + bm = 0

Mae posB’fI3KH, TO cepel po3B’sI3KiB wiei cucremy Tpefa 3HAATH
TakHH, NpH sAKoMy JiHifiHa ¢yHKuia

Z (xlv Xoy «oos Xp) = PyX¥1+ PaXa+ oo ~F PuXy
HabyBae HaHOiAbIIOrO (HAAMEHIIOr0) 3HaYEHHS.

ITpumirtka OckinbKH KoxHe piBHAHHA BHAY

apx QX+ oo ey xn+6,=0
MOKHA 3aMiHuTH eKBiBaJleHTHHMH KoMy ABOMA HepiBHOCTAMH
Qp¥y t Qg+ v ke -0 220,
— QX — Gy — .. — Xy — b 20,

MU He BH,L[!JIﬂ’lHMeMO OKpeMO BHIIAJKY, KOJH Cepen obMexeHb, K])Wl HCplBIIO-
crelf, € TaKoXK plBHﬂHHﬂ.

BnpaBu.
1. Uu cymicui nepiBHOCTI (x — @) - 42 — 4 <0, 2 4+ (y — b)* — 4 <0,
. 1 1 1
ﬂKmanO»b—‘S\a—l b—l a—--z— b= 2 ,a—T'bzo?

3poburu Bizmom,um MaMIoHKH. 3HalTH (3a MaJLIOHKOM) HaHMeHIte aHade i
dyHRUT Z = x? - y* na KOXKHIA 3 HEMOPOKHIX POSTUIAHYTHX MHOAHIL.

2. 3uafitu (rpadiuno) Hafibiabwe sHaveHds Pynkuii Z == x- -i- 4% na MIt0-
xkudi G, mwo BH3HAuaeTbes HepiBHocTAMH: X L I} —x L 15 y l; —y L 1.

3. 311a1m1 nafimentue i nanémbme 3HaUeHUs npym(uu Xy Ha \mommn rmp
(x; y), AKWoO x € {— 1 ; 05 5 1} y€1—1;0;1 ;2}.

4, 3anacu cnponmm, wo Hd}IXO}lHTb Bij ZBOX NOCTAYANbHHKIB, CTAHOBJISTL
40 i 80 oguymuub, asa i1 cnoxuBayi norpe6yloTs Bignopigno 60 i 60 ogununy.
JocraBka onHiel oguHuIi CHPOBHHH Bif MepLIOro NoCTaYaJbHHKA 10 fieplioro
croxuBaya Kowrrye 5, a g0 Apyroro cnoxusaya — 10 oauHHUbL BaprocTi; Bij-
TOBIZHO Bifl APYTOFO NoCTavyasbHHKA JI0 MepLlioro croxusava — 3 oAuuuui, a jo
Zpyroro 8 opununb Baprocti. CKibKH ORMHULDL CHPOBMHH NOBHHEH JOCTABHTH
KOXIHUE MOCTaYaIbHUK KOXKHOMY CIIOXKHBayeBi, 100 3aranbia BapTicTs gocras-
KH cupoBuHu Gyna HaiiMeHILOo?
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5. Ilig nociBu ABOX CiJIbCHKOrOCHOJAPCHKHX KYJLTYD BijBefeHO UOTHP:
3eMefibHI NiNAHKH, NJoma SKAX Bignosigno 2, 2, 4 ta | ra, npuuomy cepexsa
BpOXKaAHiCTh Mepilol KyJbTYPH Ha KOXHill 3 NiNSHOK fopiBHI0E Bignosiguo 15,
18, 12,20 1 3 | ra, a gpyroi — 40, 50, 45, 60 1 3 1 ra. Baprticts oxHoro neur-
Hepa nepiuoi Kyabtypu 40 kp6., a apyroi 25 kp6. SIKy naonly Ha KoxHiH giasti-
ii notpiGHo BigBeCTH Wijy KOMHY KyJbTypy, mo6 BapTicTh 3i6paHOro BpOXKAIO
Gyna Haf6iAbLIo0, KO NOTPIGHO nepwol KyJAbTypH 3i6pari He MeHII AK 50,
a jpyroi — He MeHllI gk 150 u?

§ 15. Cucremu nikikHMuX HepiBHOCTEH

3ajgaya Ha 3HAXOMKEHHS PO3B’SI3KY CHCTEMHU JiHiAHUX HepiB-
HOCTell Bifirpae BaXKIUBY poJib YV PO3B’si3yBaHHI HararthboX 3agad
MaTeMaTHYHOI'o IPOrpaMyBaHHs, a He jue Jiniinoro. Lla 3azava
Mae i caMocTifiHHE iHTepec.

Posrasinemo crnovatky Takuil npukiaan. Hexaii nano cucremy
HepiBHOCTeH:

8; (x), )= — Ly — 1y, - 11 =0,

8y (xy, Xy) = — lx; — 2%, - 16 >0,

85 (xy, Xg) = — 3x, - Ox, + 24 =0,

6; ((x], .y = ()xll — 2%, - 14220, (15.1)
G5 (%), X,)= lx, - Ox, =0,

8 (X1, )= Ox; | L, =0.

Teomerpuulio KoxkHy HepiBiicth cucremu (15.1) moxkna Tayma-
YUTH SIK AeSKY [iBIIOWHHY, 00MexeHy NPAMOI, PiBHAHLA AKOI
MOXKHA JICTATH 3 BijlOBiHOI HepiBHOCTI, 3aMiHMBILY 3HaK HEpPiB-
nocri snakom piBuocri. Hepes §; (v, x,) ({ = 1, 2, ..., 6) no3ua-
YeHO BiIXWJIeHHS ROBIJIbHOI TOYKH 3 KOOPAHHATAMH Xq, X, BiX
BianoBiAnoi npAmoi. Tak, BiAXMaeHHA TOYKH 3 KOOpAMHATaMH
x, =3, x, = 8 Bin npamoi &, (x;, x3) = —lx;, — Ix, - 1l =
= 0 cranositb 6, (3, 8 = —1-3—1.84 11 == 0, T06TO
Touka (3; 8) Jexurb Ha Uil npamill; BiAXHJEHHS TOUKU ( ; 8)
Big npamoi &, (x4, ,rz)=—]x,— 2x, -+ 16 = 0 cranosurs , (3;
8) = —1.3 —9.8--16 == —3; Bin npsimoi O, (x;, X)) =
= —3x1 + Ox, 4+ 24 == 0 BigxuneHHs craHoBHTL &, (3, 8) ==
=—3-3+0-8424=151ir A

y Toqul 3 KOOPAMHATaMA (xy; X,) HepiBHicTb, nanpukaan 8, (x;,

%) = —lx; — lx, -I- 11 = 0, BHKOHYyeTbCH, SKILO BiAXHIeHHA
TAKOI TOYKH BiJ npsimol 6 (xl, Xy) = -~1x1 — lxy - 11 == 0 ue-
Big emHe.

Ha man. 15 soGpaxeno MHOKHHY TOTOK Q (i1 3anTpHXOBAHO),
y KoxHif Toyui AKoT BUKOHYIOTbCA BCi HepiBHOCTI cucremn (15.1).
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Orzke, MHOKHHA £ € MHOXKHHOIO PO3B'SI3KiB CHCTEMU HepiBHOCTEH
{15.1). KO TOYKA X HAJIEKUTH MHOXKHHI §2 pO3B’A3KiB CHCTEMH
HepizHoctelt (15.1), To Bigxunenns uiei Touku BiA ycix mpamux,
AKI OGMEXYIOTh MHOXHUHY €, OyiyTh HeBii'€MHUMH. A SIKIIO TOYKA
He HaJIeXHUTh &, TO IPHHAAMHI O[HA 3 HEPIBHOCTEH He CIPaBAKY-
BaTHMeTbCA i KOODAMHATH Uiel TOYKH He 33aJ0BOJNLHATHMYTb CHC-
TeMy HepiBHOcTel, fki BH3HaualOTh MHOXHHY . OueBupno, Q
€ ONYKJIHM MHOTOKYTHUKOM.
OtiKe, AKIO BCi BIAXHJEHHS AEAKOi TOUKH BiJ npsAMHX, IO
06MEXRYIOTh MHOXHAY €2, HeBif’emnui, To Habip xoopauuar Taxol
. _ TOYKH € OJHHM 3 pO3B’A3KiB
2 , , AAaHOI CHCTeMu HepiBHOCTeH.

20 Taxuit po3B’s130K HasuBaTH- -

Memo donycmumum. Touky,
1O Bi/110Bijae JOMYCTUMOMY
PO3B’A3KY,  HA3HBATHMEMO
donyemumon.

Sk Gauumo, y ABOBHMIp-
HOMY HPOCTOPI 3ajJauy MOXK-
Ha poss’sg3atu  rpadiunuM
criocotom, ooy LyBaBIiH
MHOXHUHY DO3B’SI3KIB 1A
KOXHOI HepiBHOCTI 1 B3sIB-
Y repepi3 TakKHX MHOKHH.
SIkwo num mnepepisom e no-
pOXKIIA MHOMXMHA, TO CHCTe-
Ma HepiBHocTeli HecyMicHa.

JayBaxHuMO, WO B n-BHMlpHOMy (HaBiTb B TPHBHMipHOMY)
npoctopi rpagiyHo po3B’A3aTH JOBIAbHY CHCTEMY HepiBHOCTEH Bxe
HeMOXKJIHBO. [Ipore 3a 10MOMOrot0 *OPAAHOBHX BHKJIIOUEHDL AOCHTD
JIeCKO PO3B’sI3aTH TAKy 3ajayy.

Hexaii 3anaHo cucremy Jainiiinux nepisrocreit

S, (x)=(a;, x)+6,>

0 (=12, ..., m), (15.2)

ae x = (x5 Xy ...; X)ER", a; =
AificHi uHcaa.

Pose’ asxom cucmemu nepisrocmeri (15.2) nHazuBaerncs Gyjib-
sika Touka x € R", axa sanosobuse Bci Hepisuocti (15.2). Y reo-
METPHUHOMY TJIyMadeHHi po3p’si3KoMm cucreMH (15.2) e Gyap-aka
touka x € R", mo mae ueBin’emui Biaxusenus Bia ycix niomun
8, () =0, 8()=0, ..., B (=0~

[IpunycTumo crio4atky, o paHr MarpHUi KoedilieHTiB cuc-
temn (15.2) nopisHioe n.

(@n; @i ...; aim)€ER", b, —
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3anumemMo cHcreMy

(15.2) y Burasai rabauui

Ta6nuuga 6
%y Xy v X i
8, ay, ag, a, by
8, Qg Qgy T yy by
Om Y Lo o A bm

OuesnjHo, o xoau Bei b; 2= 0, Tox == (0; 0; ...; 0) € po3B’si3-
KOM cHcTeMH HepiBHocted. Ilpunycrumo, mwo cepen uucen b; e
Bix'emHi. Hexait, nanpuknan, b, << 0. 3a nonomoroic Kpoxy
#KOPAHOBOTO BHKJIIOYEHHs 3aMiCTb SIKOICh i3 3MiHHMX x; BBEACMO
70 yMca HesanexHuX aMiHgy O,. Hexa#t nicis kpoky mopﬂauo-

BOI0 BHKJ/IOUEHHS1 JiicTaHeMO TabJHuio

Tabaunsa 7

6, Xy Xn 1
() ( (t (1

Xy aj ayy aj;) by
. « @ ( (1)

8, a21) "22) ' aty) by
Q (1) () - (1)} (1)
S Al Qe Yin b

SIkwo cepen uucen by, I

(1)
== b‘l ’

m -

(1)
n=b

Touxka x = (b{"; 0;

)

..., by, wWemae Bil’emHux, to,
. 1
noknaaswy 6, =0, x, =0, ..., x, =0, nicranemo: x, = b, 6, =

; 0), oueBHaHO, Oy-

Je poss’sskoM cueremi (15.2), 6o B nmilt rouni 8, =0, 8>

>0, .

1 1 . .
o 0, ==0. Hexail cepen umcen b() ey b e Bin'emui,

nanpumaﬂ bfz) < 0. Toxui 3amicTb sIKOICh 3 PEIITH He3aJdeKHHX
3MIHHHX X; BBOAHMO 3MiHBY O,. flkuio TAKNM YHHOM BJAETHCS BH-
KJIOYHTH BCi 3MiHII X}, TO Uepe3 n KPOKiB KOPAAHOBHX BHKJIOYCHD
nicranemMo TabaHILO.

Tabanusn 8

L 8, 8, 1
X ll(llll) u("'.? .- ”(171) b‘I”)
I
6n-}—l al(;'{ 11 af;l; 12 c a1(1"|).|n b}ﬁ;_l
S I RS o
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o, " vy ey 0, =0, nicramemo: x, = bi";
vz Xy W B == b L. 8, = bI* . Fxmio cepex,
aricen b4, ..., bP memae Bix eMHMX, TO TouKa X = (b5 b,

b

.3 bU7) e posR’askom cuctemu Hepismocreit (15. 2). la mouxa
HAJIEXRUTh omuHam §, (x) = 0, 8,(x) =0, ..., §,(x) = 0, ockinb-
KU Ma€ HyJAbOosBi BiaxujeHHSA Bill HUX mroxmm. Bijg njaouinu
Sni1 (%) =0, ..., 8,(x) =0 mouka x = (b{”; b¥"; by mae
Bianopiano "HeBi eMui Biﬂ.xuneHHﬂ bfﬁf.l =0, ... (u) () Hexaii

rn /
cepelli BLJbHHX 4ieHIB b,ﬂ_‘, - bm e Bin emui, HanpuKJIaIL b,,+g<
< O*. Cepen koediuienris &-paaka 3 Bia’eMHHM BiJdbHAM wje-
nom 3HafinemMo poaatuuii. SIKMO AoaaTHHX KoediniedTis B §-panky
3 Bia’eMHUM BiJIbHUM WIEHOM HeMae, TO cucreMa HepiBHocreh (15.2)
Hecymlcra. Cnpasai, mexa#i, Hanpukaan,
A <0, ..., afn <0, B <0,

. ) arl—l tn \ ’ -t
TOO1 .

Brotr () == A1y (X)) A <+ A A1, () + DY) <

npH 6y Ab-AKOMY X, iJa Akoro 8, (x) == 0,6, (x) =0, ...,8, (x) =

= 0. Otxke, bf&’_i — galibinbuie 3HaueHHsu dyuxuii O, (x) Ha

MHOXKHHI pOo3B’f3KiB cHcreMH HepiBnocreit 6, (x) > 0, §, (x) ==
=0, ..., 5, (x) == 0 i B MEOXKHUHI pO3B’a3KiB i€l cucremn 306iab-
HIMTH 1 3po0UTH HeBin eMHuM 8, ., (x) HeMOKAUBO. TakHUM YHHOM,
repisuocrti 8, (x) = 0, 8, (x) =0, ..., 8, (x) =0i 6,1 (¥) =0
iecyMicHi, a Tomy i Bes cucrema (15.2) He mae po3B’asky.

Ha maJs. 16 nokaszano cyMicHi cHCTeMH HepPiBHOCTeH Ias ABO-
suMipHoro (maJsi. 16, 8) Ta TpuBuMipHOro (man. 16, &) Bunaikin
i HecyMicHi cucreMu a5 ABoBUMIipHoOro (man. 16, a) Ta rpuBumMip-
HOro BHNAnKy (maJga. 16, 6).

Hexa#i cepen koepiuienrtis S-psijka 3 Bix’eMHHM
GJICHOM € JOJATHI, HalpHKAa® byii << 0, avli >0. Tomi, 36iab-
mwywoust  Biaxuaexas 8, (x), TOOTO BIAAANAIOUNCH BiJ IO UMM
S, (x) = 0 B panpami sGiabueHus §; (x), 30iALIIYBATHMEMO | BilL’-
eMHe BiJIXHJICHHS Op.p (X) 32 YMOBH, 10 [IPH 1bOMY Billﬁ_YB':l THMETbCH
pyvx 1o pebpy O,(x) =0, ..., 6,(x) =0 y waupsami 36iabuIens
S, (x¥) 1 8ppa (x). ITo pebpy 6 (x) =0, ..., §,(x) =0 pyxatum-
RMOCHL Y BKasaHOMY HaNpaAMi SO Hainepruoi 3 maowui 8,4 (x) =
w2 ), Sppe(x) =0, ..., 8, (x) =0. SIkmo 8;(x) =0, ..., §,(¥) =

== (), ToOUKa x pocsrie MmIoWUHH O, (x) =0 33 ym034, O

BIJIBHIHM

* Bupasu I SMIHHHX X HAajgaai 3 po3paxyHnkoBUX Tabldllb MOXHA BU-
avauty. BusHauusmy norpioHi anauenus avidaux 0y, 6;. ..., 8,, moxna serko
gualiTit Biqnosijti SHAUECHHS IMIHHHAX X, Xa, ..., Xg 34 rabnuuero 8.
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Snga (%) = an+n 8 (x) 4+ bﬁ{'}r‘ =0, tobro woa & (x)
)

Uaby po
3HAYCHHH — (',‘ﬂ‘ , OueBMIHO, ROAaTROTO. Tlnowwmu § ()
n+11

TOUK2 X, pyXamouuch 1o pebpy 8, (x) » () =0, poeqr.
He TIPH YMOBi O, (X) == af;'ﬁﬁl (%) + by -—0 T06T0 mpu 8, (x) -

Max. 16
h(”) b(r1)
i3 .
= — = 3ayBaKHMO, W0 KOJM BiJIHOLIEHHS] ;n) >0 s
a4 ail
aesikoro i€ {n- 1, ..., m}, 10 nuowunn §;(x) =0 i336inLuen-

HaM 8, (x) ZocarTd Hemoxumso. Cupapai, skumo b >0 i aff) >0,
1o i3 36iabmennsm 8, (v) sHauenns 8, (x) = a{P'd, (x) -+ b7 >

= b("’ 36iabwyeTbed, To6TO i3 36iabiueHHsm 6, (x) Biguoc-
BijjHa TOYKA X He HabmKaTHMmeTbes A0 NJowuHn 6; (x) =0,

a, NaBNAaKM,  BifJaaaTHMETbCA. A Koawu b(")<0 i aff <0,
1c i3 a6inbimennsM 8, (x) sHavemns 6, (x) = a6, (x) -
M <L B™  uite sMeHIyeTLCs (Bi'eMHe # 3GimbiyeThes 3a

MOJLyJIeM), BiANOBiJIHA TOYKA X 3HOBY BiJJANATHMETHCS Bifl IVIOLUUHH
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8,(x)=0. OTixe, pyxaiouucb 10 pebpy §,(x)=0, ..
8,(x¥) = 0 B nanpsami 36iaplieHns 6, (¥), Touka x MoOxe Jjo-
csrtH Jmie X womud §;(x)=0 (=n-+1, ..., m), Lan
(n)
STKUX ——:,3—<0. ITpu ubomy 6, (x) HaGyBaTume 3HaueHb BiANOBiA-
a:
il b(")
HO §, (X) = — (n) ———>0. [Ilepworo cepen muomun &, (x) =

=0, ..., Op (x)_O, ouepuHo, OyAe NOCATHYTO Ty IJIOWMHY,
pi

s SAKoT BiAHOMEHHS '_:W 32 MoAyJeMm Habimeninie. Hexalt Ttake
a:
1

HaiiMeKlile BiJHOeHHs KocstirHeThea Npu { = n -+ 1. Toxi nicra-

(’1)
n--

(n)

. In-p11 .
HesaJiexKHHX, BBIBLUM 3aMiCTb Hel 3MiHHY 8,41. ITicn Kpoky xopna-
HOBOTO BHMKJ/IOUEHHS] MaTUMeMO TabJIMIlio:

HeMO 8p41(X) =0, 6, (X) = — . Buksouumo 3minny 6, i3

8pi 8, .- 8 !
X a(lrlt-i—l) at{}_ﬁl) ... a({;—i-l) b(}mi—l)
X, a(n+1) a(’3,+” ‘e af{;‘ 4 bg;r-l--l)
{ 1 [N ( 1 1
8 Ay oy alh) By
{ 1 PN 41 -1
‘Sn-+-‘~’ (nﬁlj gi}tz) a ;({Al{jen) b(,ﬁiz )
B afyit!) afi ¥ " G byt
Toura x = (b"TY; b*t"; bPtY) temep yxe Hanexurh M-
U1HHaM
Onp1(x) =0, 8,(x) =0, 835(x) =0, ..., 8§,(x) =0.
Touky x € R", fiKa HaNEXKHUTb JesKHUM £ MJIOUIMHAM
8, (x) =0, ..., & (=0, i;e{l, 2, ..., m},

nasuBaTUMeMo gepuiuroo. Tlnomunau §; (x) = 0, AKUM HaMeXKHUTH
BepILNHA, "HasuBaTHMeMO 6a3osumu. Bepuinny, gKa € po3s’A3KOM
cucremu (15.2), HasuBaTHMMeMO Jonycmumor.

Tepexonaun 3a 10MOMOroI0 KOPHAHOBHX BHKJ/IOYEHD Bux on-
wiel BepHIMHHU A0 iHIOI, 32 CKIHUEHHY KiJMILKICTh KPOKIB 3Haiijemo
10IyCTUMY BepuilHy a6o 3’Acyenmo, wo cuctema (15.2) pecymicna.
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Orxe, MOKHA CPOPMYNIOBATH RPausd 3HAX0VHERHS Do-
nycmumoi eepwunu cucmemu wnepienocmeii (15.2):

1. Bukaowaemo éci sminni x; (j =1, 2, 1) 3 HE3ANEIHCHULX.

2. Hxwpo eci giavni yaenu 5- -pAOKie neeza’emm mo mouka x.
wo Hasexcums 6asogum naowiuHam 8; (x) =0, donycmuma.

3. Axwo ceped siavtux usenie 8-padxie ¢ 8id’emui i€ §-padox
3 8i0°eMHUM GiAbHUM uAeHOM, Oe 6ci xoepiyicumu HedoOamui,
mo cucmema Hepigrocmeti (15.2) necymicra.

4. Skuwpo 8 Koxcnomy O-padKy 3 6i0°eMHUM BIABHUM UAEHOM €
npuratimui o0un Godamuutl koepiyienm, mo, eubpasuiy - 6ydb-
AIKULL 3 MaKux KoepiyieHmis, 8i3oMeMO COBNHUK, 6 AKOMY  MiC-
mumoeca yetl Koeghiyicenm, 3a ocHOSHUIL.

5. 3natidemo 8I0’6MHI 8i0HOWEHHSA GiabHUX 4aenie O-padkie
do eidnosionux Koegiyienmie ocrosHozo cmoenuuxka. Padox, wHa
akud npunadae Haumerwe 3a molyaem BIOHOUWIEHHA, BL3bMEMO 34
OCHOBHUU.

6. 3 usHaueHUM MAKUM YLUHOM OCHOBHUM CACMEHMOM BUKOHA-
EMO KPOK 9OpOan08020 euKMouenns. [licmasuiu Hogy mabauuto,
3HO8Y nosepHemoch 00 npasusa 2.

CaijJf 3a3HAYNTH, L0 KOJIH € CTOBMYMK, BCi eleMeHTH §-pstikie y
SIKOMY JIOAATHi, BiANOBiAHY He3aJTexHy 3MiHHY 8 MOXKHA HeoOMeKe-
HO 36iMbIIyBaTH, B pPe3ynbTaTi YOro 3peiiTow Bei 3anexui sminni
d cranyTb nomaTHUMH. MHOXMHA PO3B’A3KIB y LBOMY BMIAIKY
BUSABJSIETCA HEOOMeXEHOI0.

I1p uwmirk a Koan nafimenie Bigoweinns, Buanavere B 0. 5, gopisimoe
HYJIO, TO MH He BUXOJHMO 3 HONEPENAHbOI TOUKM:X, OCKiJIbKM KPOK B3J0BXK
Bignosignoro pebpa Gyze nysabosuM. Ilpn nbomy 3mivoeTbes Jmme nabip Ga-
30BHX IJIOUHH, Y TaKOMy pa3i MOXKJMBE TaK 3Bae 3aUUKAIOBQHHIA, KOJH uepes
[1eBHY KiJbKiCTh KPOKIB MOBTOPIOBATHMYTECS Ti cami Tabiuni. € cnenianbui 3a-
cobu, 100 MOJOAATH 3AIHKAIOBAKNS, HA SKUX MY TYT He 3y NHHSIEMOCS.

Y HaBejeHUX IIOHHO MipKyBaHHAX M IPHNYCKaTH, IIO paHr

matpuui a; (( = 1,2, .., m; j= 1,2 )nopmmoe n. ko
panr uiei marpuii MeHILHi 32 1, T0 BUKTIOUHTH Beix; (j==1, 2, ..
.., M) 3 HesaleXHHX He BLAETHCS.

Hexaii paur marpuui (@) (i = I, m; j==1, n) nopieuioe

s (s << n), Toxi Yepe3 s KPOKiB x&opnauonux BHKJIOUCHD AiCTaHEMO
TabJIHIO.

8, e R X,

x afd al® al® e al® b(ls)

Is a5 -1 in .

(s) s)
asn bg

N ’ e ‘s“éll«t
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ITpodosacernn
61 e 65 xS—-[—l v e E 1
t
(s
o1y | al® all i, 0 0 b,
(s) ‘
6];1 aﬂil v af(?sZ)S . O L 8] b;;“

3minaaM x; (f = s -+ 1, ..., n), 010 3aAUINAaTECS Cepel He3a-
JIXKHHX, MOXKHA HaJAaBaTH JAOBiMbHHX 3HaueHb. SIKILO NPH HBOMY

HesaqaexHi 3MiHHI O; ({ = 1, s) noksacTH piBHUMH HYJIO, TO BCi

sajiexHi 3MinHi 8; ({ = s -}~ 1, ..., m) He 3MIHIOBATHMYTECS MPH
.., n). 3MIiHIOBaTH-

aMiHI He3aJeXHHX 3MIHHUX Xx; (j = s - 1, .
MYTbCsI JIMUI€ 3aJe>XHI 3MiuHi Xx,, ..., X;. IIpn usomy BinGyBaTH-
MeThCA PYX M0 (rn — S)-BUMiIpHOMY «pebpy», TOOTO NO MHOMHHI

HaJeXaTb OAHOYacHO mJouinHam 6, (x) = 0,

TOYOK, IUO
.er 8,, (x) = 0 BHuABAH-

ey 6. (x) = O. I'lmouuuu 654 (x) = O,

IOTBCST MapayeIbHUMH TaKoMy <«pebpy».
Ilpasnna poss’siayBanns cuHctemu (15.2) npn npomy sanuiua-

IOTbCS He3MiHHuMH. | eoMeTpHYHe TJIyMadeHHs TaKe caMe 3 Tielo
JIHILe BIAMIHHICTIO, 1O Ternep 3py4HO [IepeHTH A S-BUMIPHOTO i~
npocropy R", ockinbku B ycix nepepizax, OpPTOrOHANLHHX J0
3rafa”oro s-BHMIipHOro nignpocTopy, KapTHHA 3aJHHIZETLCS OJHA-
KoBOw. OrKe, (haKTHUHO 3ajaya JiHIIe CIPOILLYETHCH.

Bnpasu.
Poss’azarn cucremy niuifiHux HepisHocTed. Y aBoBuMipHOMY npoctopi

HoRaryd BianioBixHi mMa/llOHKH.
\-
!. — Xl““"'x2+l§90, 2-

Xy x40,

lxl "f“ OX2 b ]Xs ']" 4 > 0,
Oxy — lxg -+ 22, — 520,

le ~— 2%y — 5,\’3 - 8§ >0,

2y — x, -4 0.

3. 2%, — xy— 4 =0, 4, (2% — X3+ x3-—52>=0,
xl “}'—' x2-5;/>0, xl‘-‘2xa —**1}(),
x, - 24y — 820, { Xy — xﬁ.f-;;,»g),
2y - 24y — 620 | e K620,
{ X 4 Xz OX3 4 0220.
5. Xy 'f" Xy ”[’ Xg‘[‘ Xg — 82();
— 4y - 10 > 0.

)
by - 2y — 2%
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§ 16. Po3p’a3yBaHHs 3agaui ninikHoro nporpamyBaHHsa

Hexait norpi6ro 3nafitH MakcHMyM (yHKUIT
Z(xl, 4\'2) == 3)61 + 2,5X2

Ha MHOXKHHI Q, WO onuCcyeThCs CHCTEMOIO HepiBHocTed (15.1), sika
poaraasaetbes B § 15 (auB. Takox § 14). 3nauenHs ¢QyHKIT
Z (%y, X3} = 3x; 4 u2,5x213 ReAKili TOUNI 3 KOODAUHATAMH X;, X
TaKOX MOKHA CHPHHMATH AK BiAXHUJeHHs uiel TOYKH BiX npaMOi

Man. 17 Man. 18

Z {xy, xy) = 3%, 4 2,5x, = 0. Tomy unm 6isblle TOUKa BiAXHAS-
€TbCs Big npamoi Z (xy, x,) = 0, TuM Gisiblie 3HaYeHHS Mae B Ll

Toulli pyHkuis Z (x;, x,). Kpim toro, Toyku 6yap-skoi npsmoi,

mapaneabHoi npsamiit Z (x,, X,) =0, ORHAKOBO BilXujeHi BiJ
apamoi Z (x;, x,) = 0. Omxe, Touka, B AKif Pyuxuis Z (x,, x,)

JOCArae HanOiNAbIOro 3HaueHHs, MOBHHHA OYTH TOYKOWO 00Jacti

2, AKa nexaTHMe Ha npAMii, 1o Mae 3 Q cniabai Toukw i Bigxuse-
Ha BiJ npamoi Z (x;, Xy} = 0 Hail6inbiwe. TakuM YHHOM, LIYKaHA
TOYKa MOJKe JIeXXaTH Jiuule Ha Mexi obiacti Q, To6To HanexaTH
JIeTKUM NPAMHM, 10 06MexyioTh ob1acts Q (man, 17, 18). Binxu-
JICHHS TAaKOi TOUKH BiJl KOXKHO1 3 MEXKOBHX NPAMHX, SKHM BOHA Ha-
JIENCHTD, OYEBHAHO, AOPIBHIOE HYJIO.

Jlonycrumuit po3B’si30K, B ikoMy QyHkiis Z nocsrae Hai6iin-
LUOr0 3HAYEHHA, HA3HBATHMEMO ORMUMANLHUM po3a a3K0M. TOUKY,
110 BIANOBilae ONTHMAJbLHOMY PO3B’A3KY, HA3UBATHMEMO onmu-
MAALHOIO 1104K010. S1KINO ONTUManbHAa TOYKa icHye i eawna (Ha
maJa. 17 — touka M,), T0 Ue — JesiKa BepILHHA MHOTOKYTHHKa £2.
A SKIWO oNTHMANBHHX TOYOK Gesniu (Mas, 18), TO 10 1X MHOXHHH
Basexars | AeaKi BepIInHH MHOrOKYTHHKa & (HaMaJa. 18 — ToukH
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M1 i Ms). Tomy /151 3HAXOJUKEHHSI ONTHMAIBHOT TOUKH HOCTATHBO
pO3MVISIAATH JiMiUe BEPUIMHH MHOTOKYTHHKA .

Otke, 3 T€OMETPHYHOrO MOIVISAY Hally 3alauy MOXHA chopMy-
JIIOBATH TaK: Cepejl BepUIMH MHOTOKYTHHKA & 3HAlTH TaKy, B AKiil
6u dyukuia Z (x;, x,) Aocaraa HafGiJblmIOro 3HavdeHHs.

CuMnIekc-MeTol siKkpa3 | Jae MOXKJ/IMBICTb 3HAHTH CIIOYATKY
SIKyCh BEPLIMHY MHOTOKYTHHKa €2, a noTiM Bin el nepedTy jo Tied,
B AKifl sHayeHHs (QyHKUil Z He MeHIUe, HiXK y ToNepenHii.

[lepefinemo Tenep 1o saraneHoro Bunaiaky. Hexa#l norpi6no
3HaUTH MaKCHMyM dyHRUil

x) = (p7 X) P1¥ + p2x2 + RS PrXn (161)

(abo, mio Te caue, MiHIMyM QYHKUIT Z; (¥) = —Z (X)) Ha MHOXKH-
Hi , M0 BH3HAYAETbCS CHCTEMOIO JiHIKHUX HepiBHOCTel
8; (%) = (ay %) 4+ b; = auxy + apty + -+ + amky + 0,20
(i=12 ..., m. (16.2)
3anuumwemo aaui Hamoi sajaui y Burasai tabaviui.
Ta6auusa 9
Xy Xy X, 1
§n ayy ayy Ay by
“2 a1 Qg3 T Qan by
Grn Ay Ay s Amn bin
Z Py Pa te P 0

He nopyuwryioun saralbHOCTi MipKyBaHb, NPUILYCTHMO, IO
paur matpuui (a;) (( = 1, m; j = 1, n) nopisnioe n. 3Haﬁ,LeMO
CIOYATKY $KYCh JOMYCTHMY BepmMHy MHOXKHHH PO3B’ A3KiB £2.
Hexa#i depes n KpOKiB KOPZAHOBHX BHK/IOYEHb MaTHMeMO Tab-

JTHIIO:
Tadauua 10

8, 8, 8, 1
X a(”) a(lﬂz) .. aﬁ'},) /)(r{z)
o D S S S
{
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{1 podosacerna
8, 8, 8n 1
By afl i a1y e e, b
b | A e am g
z p(l") p(,") . pi 7
Hexait pepmumnna 8, = 0, 8, =0, ..., §, = 0 pomycruma, To6TO

By =0, ..., b > 0. dxmo npu uboMy Bci KoedillieHTH B

Z-psnky Hefogarhi, To610 pi” < 0, pi”? <0, ..., P <0, ToB
BepmnHi b, = 0,6, =0, ...,6, = OnocxraeTbCH MaKcUMYM Yy HK-
uii Z (x).

CnpaBni, B Takomy pasi Z(x) = p{8, (x) + psV8, (x) -+
cee o p8, (x) 4 2™ <Z("’ s OyAb-IKOTO X, JUifl AKOTO
8, (1) >0, 8,(x)>>0, ..., 8,(x)=>0.

Hexaii Temep cepen uucen pi”, pt?, ..., p e nomarni, na-

npuxnan pi® > 0. Toni, 36iabutyioun Binxunennsa 8, (x) i sanu-
watoun 8, (x), ..., 8, (x) piBHUMH HyJIO, TOGTO PyXalOUHCh MO
«pebpy» 6 x) = 0 , 8, (x) = 0 B Hanpsami 36iabwenns 6, (x),
36inpLy BdTHMeMO i quHKuuo Z (x) Ilpu upomy, BuiiloBuin 3 Bep-
wHEK 8, = 0, 8, = 0, ..., 6, = 0, pyxaTHMeMOCh 1o 3rafaHomy
pe6py IOTH, NOKU Brieplie SiTKHeMOCb 3 SIKOICh 3 «IVIOLLUHY,
1o 06MexXyoThb MHOXKHEY . Y pesyabTari UbOro notpanuMo B
HOBY BepIUHHY MHOxkuHH Q. MipKyiouH tak camo, fiki npu 3Ha-
XOJIKEHHI JOMYCTHMOT BepLiHHH, MU IIPHXOAHMO IO TAKHX N Pa6uA:

1. 3a ocHOo8H UL 6UbUPAEMO AKILI-HEOYOb 13 CALOBNUUKLE, WO MiC-
mame dodamni eremenmu Z-padka. (AKwo maxux eremenmis 6
Z-padKy HemMae, mo4Ka, WO Harexcume 6az08um NAOWUHAM, €
ONALUMAABHOR) .

2. ¥ 8-padkax sHaxodumo 6i0'eMHi eremeHmit 8 OCHOBHOMY
cmoenduky. (Akwpo maxux eaemenrmis Hemae, mo MHOMuHa €2
neoGmencena, pyrnryia Z (X) Ha yit MHOXCURT Heobmedxcena i onmu-
MQALHOL MOUKU H  ICHYE).

3. 3Haxofumo Haiimerie 30 aBCOMIOMHKOI0 GEAUHUROIO 8i0°EMHE
8IOHOWEHRA Binbtux Yaenie 8-padkic 0o 8({0n0sIOKUX eremermis oc-
HOBHO20 cmosnuuka. Padok, axuil 6i0nosidae maxkomy 6iOHOUEHHIO,
Oepemo 30 OCHOBHUL.

4. 3 subparum maxum 4UHOM OCHOBHUM EACMEHITIOM BUKOHYEMO
KpoK oopdarnosoeo surawosenus. Hicmaswu Hogy mabauyto (Ho8y
donycmumy Gepuiuny), 3H08Y nosepmaemoce 00 npasuia 1.
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Uepes ckiHueHHY KiJbKiCTh KpOKIB 3HallleMo onTuManbHy
TOYKYy ab0 BCTaHOBHMO, WO TaKoi He icHye. MoxJuBe sallHKJfO-
BaHHS NMPH LILOMY J0J1a€MO TaK CaMo, fAK i pu pO3B’sA3yBaHHi cHC-
TeMu HepiBHOCTE.

Ulo#no onucanuit MeTos po3B’#3yBaHHA 3ajaui qiHiHHOTO npo-
rpaMmyBaHEA (i cucTeMH JMiHIHHUX HepiBHOCTEH) HA3MBAETBCH CLUMN-
AEKC-MemodoM.

IloBepHemoch Tenep 10 NPHKAALY, PO3IJISIHYTOIO Ha NOYATKY
uporo naparpada. Jani sapawi sanmuuiemo y BHRIARi Tabuwii:

Ta6anusall

x1 (85) x, (8¢) . 1

8, —1 —1 11

8, —1 —2 16

8 —3 0 24

8, 0 —2 14

(Xl E) 8 1 0 0
(xy=) 6, 0 1 0
z [ 3 2,5 0

Ockinbku §; == x;, §; = x,, IOG BUKIIOUHTH ¥; TA X,, JOCTar-
HBO 3aMicTb x; 3BepXy rtabauui nanucard O, samicte x, — &,
a aniBa B Tabauui 3amicte Oy Ta Oy Hanucatu BianoBinHO X 1 X,.
SIKIO, BHKOHYIOUH KPOKH JKOPLAHOBHX BHKJIOUEHb, MIHATHMEMO
MicusAMH X, 3 §; 1 X, 3 8, TO Bce 071HO AicTaHeMO Taky camy TabJH-
wo. Ilicns takoi aMinn B TaGauui Bei BIMbHI 41eHH HapOTH 3MiH-
‘HUX §8;, §,, 85, 8, Gyayrth nogatHumu. OTXKe, TOUKA, 110 JEXKHTh Ha
npamux §; = 0, §; = 0, ¢ BepLIKHO0 MHCTOrpaHnyKa (na Maja. 17
ne touka M,, koopAunartu fkoi, 3a tabauuneo, x, = 0, x, = 0).
[lpore y Z-psazky o0ujBa eneMeHTH ROHATHi (BINbHHHA UTeH He
BpaxoByetbcsi). Tomy dyuKIia Z (v, X) y sHafiieHilt Todni mae
He Haii6inblle 3HAUEHHS.

Bu6epemo crosnunk nporu 8; ocHoBHuM. Hafimenure (3a aGceo-

JIIOTHOIO BeIMUYHHOIO) Cepejll BiJHOIEHb BiIbHHX YleHiB 10 BiAno-
11 16 24

BiAHHX KOediuieHTiB OCHOBHOIO CTOBNYHKA —, - =3
O5-psinky. OTKe, O3-psALOK TpeGa B3ATU OCHOBHHM, iHaKIIe AKMHACH
BIJILbHHH 4JIeH cTaHe Big’eMHHM i MH BHAeMO 3a Mexi obGnacri €2.
Hanpukaan, norpanuMo B Touky M* (man. 17), sika Hanexwurb
npamuM §; = 0 i 6, = 0, AKWO OCHOBHHM BizpMeMO He O3-pAJOK,
a 8,-psiIOK, a OCHOBHUM CTOBIYHMKOM Oyne TOH CaMHil CTOBOYHMK
Hanpoty §;.

CTOITh Y
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Ilicast KPOKy KODLAHOBOTO BHKJIIOUEHHS (OCHOBHHI enemeir
o0BejeHo) . LicTaHeMO TabJIHLIo:

Ta6anua {2
63 60 1
1 —
N
X 5 1 3
3 i 2
8 3 - 8
— 1
85 3 0 8
8, 0 —2 14
1
X1 3 0 . 8
Xy 0 LN 0
Z —1 2,5 24

Maemo Bepluuny, AKa HaNexuTb npsamum §; = 0, §; = 0 i mae
KOODJAMHATH X, == 8, x; = 0 (#a man. 17 — touka M,). Ockinnkn
B Z-paiKy HailpoTH 8; KoepinienT 3H0BY fonaTHHH, TO 6epeMo To-
1ep OCHOBHHM CTOBMUHK HanmpotH Og. OCHOBHHM PSIIKOM Tpebit
B3sTH O,-pALIOK, OCKiJIbKH HalMeHIle 3a MOAYJeM cepel Bij em-
HUX BijHOWEHb BiJILHMX uJMeHiB jo BignoBigHux koediuicnrin
OCHOBHOTO CTOBNYHKa Npunaiae came Ha ueit panox. [Ticra xpoxy
JKOPJAHOBOTO BUKJIOUEHHA MaTHMeMo Tabmauiio:

Ta6bauwnsa 13

8, 8, 1
8 .é_ —1 3
5, :_ 2 2
8, —— 0 8
8, —Z 2 8
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I poduencerin

6‘! 61 1
i
1 % - 0 8
: I
Xy =y —1 3
) 1 0 |
VA —_— —— o —
3 5 2 >

Mu picTany BepIIHHY, siKa HANEXKHTb npsaMuM 6; = 0, §; = 0
i KOOpJAMHATH AKOI y BHXiAHi/ cHCTeMi KOOPAHHAT X, = 8, X, = 3
(na man. 17 — touka M,). Ockinbku Temep B Z-pajky OOGHMABa
goedinientu Bix’emui, TO Touka, AiKa HaJeXHTb MpAMHM O3 == 0,
8, = 0, € onTuMa/bHOW. ¥ wifl Touni PyHKUia Z (%, x,) = 3%, -+

- 2,6x, nocarae HaiGimpumioro 3xaueHus Z (8, 3) = 31 %

Taba. 13)
( OTtxe, 05 MaTH Hai6inbmui npuOyTOK B yMOBax 3ajaui § 14
{c. 67 ), noTpi6HO BHrOTOBHTH 8 OAMHHLbL NPOAYKIii nepworo BH-
Ay i 3 oaunuui npoaykuii apyroro suRy.IIpu ubomy martumemo
MaKCHMaabHO MOXKJIHBHE 34 RaHUX YMOB npu6yTtoK: 31,5 oguHuui.
3ayBaxuMoO, 110 NPaKTHYH{ 3ajaui, K NpaBUIO, MAlOTh 3HAY-
HO 6inbumuf ofcar, HiXK PO3TISHYTa 3ajaua. Y 3araJbHOMY BH-
najKy Npo BUKOPUCTAHHA MaJIOHKIB i reoMeTpuyHHX nobyjos He
Mozke 6yTH # MoBH. [IpoTe cHMNJIEKC-METONIOM TaKi 3ayayi po3B’s-
3yBaTH NOPIBHAHO JIErKO.

Bnpasn.
1. 3uaiitn HaiiGinbure 3naueHHs GyHKruii
Z=@2—t)x 2
Ha MHOXHHI 2, (0 BUIHAYAETHCA HepiBHOCTAMH:
' — 2%, —x, +8>0;

Xt x—120;
3, — 2%, +3>=0;
— x5+ %+ 4>0; x50, x>0,

Igsist 3Havenb £ == 0; 1; 3; 5, 7; 9.
2. 3HaiiTy HailGiabule 31aueHHst GyHKIIT:

Z=0xy— 2, — (4 — 1) x3
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114 MHOXKHHI, IO BU3HAYaeThCs HepiBHOCTAMM:
O x;+1-%-+2-x—8=0;
—lex,+1ex,+0x,—22>0;
LexyF1ox,—2%,—7>0;
—lex;4-0-x3-F1-x3F+5=0
naa snawenb £= 0; 1; 2; 3; 4; 5.
3. 3uaiitu ;neaé( Z = —1xy |- 2x,, ne Q BusHaua€Tbcd BHMOTaMH
0+ 26+ 220,
2%, -+ x,—4 >0,
y—r5+2>= 0,
X, —4x, 413 >0,
4x; +xp + 20 0.

§ 17. DsoicTiit cumnnec-meton

IloBepHemoch 3HOBY Jo 3amau (16.1), (16.2). Ak mu Gaunnu,
B ONTHMalbHil TOUWi BeKTOp p — rpajieHT NiAbOBOI QYHKILT
Z (x) = (p, x) BUpPaXKAETbCH Yepe3 rpanieHTH (HOPMaJbHi BEKTOPH)
a; 06azoBHX miomMH 8, (x) = 0 3 HesopatHuMu KoedinieHtamu.
Skmo, nanprwaay, y tabanni 10 Touka x*, o HaJeXHUTb HAOLUIH-

Ham 8, (x) = 0, 6, (x) == 0, ..., §, (x) = 0, owrnmanbha, 106TO
ancna piM, p&, ..., p% wenomarni, To
(¢
p=npa,+ pa,+ - +pVa, (171

Taka piBHiCTh € ZOCTATHLOIO YMOBOIO TOI'O, IO TOYKA ¥*, siKa
HAJIEKHTh OaowHHaM 8§, (x) == 0, &, (x) == 0, ..., §,(x) =0,
ONTHMaAJIbHa Ha MHOXHH1 TOYOK, fAK1 3a)0OBOJBHANTL I~IC‘l)iBHOC'li’
8 () =0,8, (x>0, ..., 8, (x) >0.

Copasii, s Oyab-KOro X, L0 3aJlOBOJIbHSIE HepiBHOCTI
8, () >=0,8,(x)>=0, ..., 8, (x) >0, akwo p" << 0, Maemo:

ZW) = (p, D<UP, 0 — p"8) () — ps”6, (1) -~ -+ -
— P8, (0) = (p, %) — p{” [(@y, X) + byl —
— P [z %) 4 byl — -+ — P [(a X) + b, =
=(p—p"ay—pPay— - —pPa,, x}—
— (P + pi"0, + o plby) =
83



= (p—p"a, — pPay,— - —pPa,, 1) —
(b, PPy e P = (5, ¥ —
— (P [y, #) 4 by) 4 pE (@ X%) = byl + -+

(@ %) D) = (p, X% — P8, (6% —

— P08 (x¥) — 0 — P78, () = (p, ) =Z(x*). (17.2)
X
2 S N I
n a‘z {,
S L\
™~ v Ly NS£%5,50
=N X0
X(Z‘) al
S0

Maua. 19

‘TyT My BHKOpHCTAAH YMOBH p — (pi a, + p¥ay + - - + plla,) =

== 0, a Takox ymcBd 8, (x*) = (a, ¥ +b;,=0 (=12, ..., n),

BES 0, vevy .6_,, (X) = 0.

TouKy x, AKa HaJeKHTb JeIKHM § (s << a) nuowmunam §;, (x) -
=0, ..., 6,-s (¥) = 0, HazusarumeMo dgoicmo-donycmumowo, AKUIO
BeKTOp-rpafieHt p uinwopoi ¢OyHkuii Z (x) = (p, x) BHUpaxa-
€TbCs Yepes BeKTOpH-rpatientu @, (k =1, 2, ..., s} naomuu
8:;, () = (@, x)+ by, == 0 3 HeLONATHUMH KoeiieHTaMu.
Ik Bugko 3 (17.2), axio ABOICTO-AONYCTHMA TOYKA X € BOJHOYAC
PO3B’A3KOM CHCTeMH HepiBHocTefi, TOOTO JIOMYCTHMOIO TOYKOIO, TO
BOHA onTHMAaJbHA (Maa. 19).
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MoxHa mokaszatH, o ymoBa (17.1) € Takox Heo6XiJHOIO,
w6 zonycTaMa Touka £ € Q GyJa ontHMatbHOO. Hanpuknan,
Ha van. 19 toukn x@, £V, £?, % psoicro-momycrumi, ame
JOTIYCTHMOIO Cepell HHX € JIAme Touka x'*), SKmo 3HATH, HANpUK-

Jaan, obmexenua &, (x) >0, 8 (x) >0, To Touka @ craue
JIOTYCTHMOIO, a OTXKe, i onTuMalbHOK0. Ha BiamiHy Bia npsmoro
CHMIITEKC-MeTOAY B JBOICTOMY CHMILIEKC-METOAL Hacammepen
3HAXOAATh ABOICTO-NOMYCTHMY TOYKY.

O6uyCceH s B JBOICTOMY CHMILIEKC-METOAI PO3MIlYIOTh TakK
camo B Tabauui, K i B npsaMoMy cumijiekc-merofli. Buxinunoio €
TaGanus 9.

[lepexin Bin ogmiei Ta6-
Jiai J10 1HIIOT BHKOHYETbCA
METOIOM KODAAHOBHX BH-
K/IIO4eHb 3a THMH CaMHMH
TIipaBUJaMH, 1o i B OpAMO- \
My CHMITJIEKC-MeTOMN. '

Tlepen THM AK BiAWYKYy-
BaTH  ABOICTO-IONMYyCTHMY Y
TOUKY, BHXJIOYHMO 3 He3a- \
JIEKHNUX 3MIHHL X, Xy, ..., X,
(MH npUITyCcKaeMo, wio panr

marpuui (a;,;) (6 =1, m; j == 0
= 1, n) nopisuioe n). He-
XaH 4epes n KpPOKiB Xop-

X2

NaHOBHX BHKJIOUEHb JlicTa- Man. 20

Hemo Tabauwio 10. Slkimo

npu uboMmy Bei pi” Hemonmarmi, TO Todka X, = bV, ..., x, =
s i) : s — —
=: Dy, fIKA HaJexuTb mIowHHaMm O, (x) =0, ..., §,(x) =0
(i1 nosi koopauHaty &; = 0, 8, =10, ..., 6, == 0), € aBoicro-

nonyerumoto Toukolo. Hexait, ne ei pi® < 0, nanpuknang pi» >

> 0. Toni B §-psinkax y CTOBNUMKY, IO MiCTHTDb /7(1") > 0, Bijg-
IyKaeMO BiJ'eMHRil eneMeHT. SIKIO Takoro Hemae, 10 ABOICTO-
onycrumoi 1oukd He icuye. Ilpu npomy Binxmnaenus 8, moxkua
3pOOGHTH SIK 3aBrojAHO BEJNWKHM, i npH JAOCHTb Benukomy O, BCi

Bigxunenuss 8,1, ..., 8, cranyTs wueBi'eMHHMH (SKWO BCi
o >0, oy >0, ..., djy>0). e osnavae, wo o6sactb

Q neobmeena i ¢yHkuis Z (x) B uiit obsacri He KocsArae Haw-
fHAbIIOrO 3HaYeHHH (BOHO HEeCKiHYeHHO Besnke). OnTHManbHOL

TOUKH B TAKOMY BHNaJKy He icHye (Maju. 20).

Hexaii y crosnunky, akuit micthrs p{™ > 0, e Bi'eMunil efe-

MEHT, HANPHKAAN a,‘,'ff_“ < 0. Ton! panox, WO MicTHTD Uel Bin'eM-
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HHP eJleMeHT, BishMeMO OCHOBHHM i 3HaliseMo Bci Bip'emui BigHo- i

IIEHHS eleMeHTiB Z-psajika A0 BilNOBiAHUX €NEMEHTIB OCHOBHOIC PHKJAR.
psaaka (BiJ'IbHi YJIeHu JI0 YBaru He 6epyTbcs;) Haiimeniue 3a Mony-
JIeM BiJ'eMHe BiJHOLIEHHs BH3HAYa€ OCHOBHHMH cTOBNUMK. 13 3naii-
JIeHUM TaKUM UYHHOM OCHOBHUM €J1eMEHTOM, L0 Ha/leXHTh OCHOB-
HOMY DSAKY i OCHOBHOMY CTOBNUHKY, BUKOHYEMO OJLIHH KPOK KOp- Zx)=1-4+1-x%
NaHOBOrO BHKJ/OUeHHsA. SIKIO Bei 3asHaueHi HalMeHm BinemHi IpY  OOMEKEHHSIX

BiJHOUIEHHS BiIPi3HSIOTbCA Bifl HyJIsl, TO Yepes CKiHUEHHY KiJb- )
KlCTb KpOKiB aélz) Oyjie 3HaliNeHo ABOiCTO- AOMYCTHMY TOUKY, abo 6, () =—1.-%+0.x+4>0,

3’scyetbes, mo i He icHYye. ) ) S(x)=0-x,—1-x,+4+4>0
Hexa#t renep y tabauni 10 yci enementd Z-psika HeRonaTHi,

JIBoicTHM CHMMJIGKC-METONOM DO3B’A3aTH 3ajauy JiHIAHOTO
fiporpaMyBaHHsA: 3HAHTH MAKCUMYM JIiHiAHOT QYyHKIL1

TOGTO MM MaEMO JBOIiCTO-IONYCTHMY TOUKY. SIKmMO PR Uk0MY BCi S50 =—1-%—1.-x%+62=0,
. . PR . (n)
BlJIbH(ln;IJIeHI/I B §-psakax HeBin emHi, TOOTO b1 =0, bn+1/ .. 8,(0) =0-x,4+1-%+0>0,
by’ >0, To TOUKa TAKOX JOMyCTHMA, TOGTO ONTHMAJbHA.
: : (n) (n (1) 65 (X) = 1. Xy 4 lxz— 1 20,
~ Tlpunycrumo, mo cepex BiMbHUX UNEHIB bpily, bnle, ..., bm
¢ Bin’emni. Toal My NOBHHHI 3 1aHOI ABOICTO-LONYCTHMOI TOUKH Os(0)=1-x%,4+0-x4+0=>0.
nepelTH A0 iHMOT OBOICTO-AONYCTHMOI TakK, W06, 10 MOXKJIHBOCTI,
no36yTHCs Bil €eMHHX BiJIbHUX wieHiB y O-pszkax. Orke, sIKUOIO B Buxiauoto e tadauua 1).

npsIMOMY CHMILJIEKC-MeTOMI nepexoAsath Bil onniel nonycrumoi Bep-

IMIHHYA [0 iHIO1 Tax, o6 GyHKuia Z (x) npy uboMy 36inbmyBanacs, 1 X X | 9 5
i pyXawTbes 110 JONMYyCTHMHX BEPHIMHAX JLOTH, NOKH JOCATHYTH J0- h ‘ ? ¢ B !
NyCTHMOI BepUIMHH, #Ka BojgHouac Oyje i ABOICTO-10MYCTHMOIO, TO R
B JBOICTOMY CHMILIEKC-METO/i pyXarThest MO ABOICTO-A0MYCTHMHX 8, —1 0 1 5, l_l | 0 4
BepLIMHAX, HabJMMKaOyuch N0 oOJacTi XOTH, NMOKH He AiCTaHyTh —
ABOICTO-JONYCTHMO] BEPIIHMHH, fKa Oyle BOAHOUAC i JOMYCTHMOIO. 22 —(l) :: é 2‘ (: —I1 4
IIpn nepexoai Bin oxriel ABOiCTO-ZOMYCTUMOT BEpPIIMHH A0 iHIIOL _ (5: 0 1 0 ;j 0 “": 8
3HadenHs QyHKUii Z (x) sMeHmyeTbesa (y BesKoMy pasi He 36inb- S | 1 —1 S 1 1 —1
myerbes). Omxe, sxio Q = & (MHOXuHA 2 He TOPOXKHSA), TO | 8 1 0 0 X 1 0 0
max Z (x) = min Z (x), e Q* (== &) MHOKMHA Bcix ABo- I
*€Q 1CQ* z 1 ] 0 z 1 1 0
icro-ponyctTumux Touok. Lle e Tak spaHui npunHnun AsoicTocti.

Hlo6 nepefitu Bix onniel ABOTCTO-NOMYCTHMOI BEpPIUMHH HO iH-
101, y O-psiiky 3 Biji'€MHUM BiJBHMM WIEHOM Bimimykyemo mopar-
Hi eleMeHTH. SIKIIO TaKMX HeMae, TO CHCTeMa HepiBHOCTeH Hecy- 3) 0, 8 4) 8, 8, 1
micHa, MHOXkHHA § MOPOXKHA i ONTHMaNBHOI TOYKH He icHye (6o
He icHye ponycrumux Touok). Hexall taki enementu e. Toai neit
8-pajsok GepeMo OCHOBHHM i 3HOBY BilIyKYeMO HaiiMeHIlE 3a MO- B —! o 4 06 —1 0 4
AyJieM Bij’emHe BiJHOLIEHHA eNeMeHTiB Z-pfAika A0 BiANMOBifHMX 5. 0 I—:\ 4 8 0 =1 4
eJIeMEHTIB OCHOBHOIO PAAKa. Take BiJAHONIEHHS BU3HAYa€E OCHOE- ! * — S, |T| 1 —29
HUA eneMeHT. 3 BU3HAYEHHM TAKHM UYHHOM OCHOBHUM €JIEMEHTOM 0; 1 -1 2 —
BHKOHYEMO KPOK KOPJ2HOBOrO BUKJIOUeHHS. Ko Bci 3asHaveni ’éz __? } (z g 0 1 4
Ha#MeHIi BiAHOMIEHHS He NOPIBHIOIOTL HYJIEBi, TO Uepes CKiHuYeH- ; X"" 1 0 4 o, :} ‘(l) Z
HY KiabKicTh KpOKiB a00 AicTaHeMO IONYCTHMY, a OTKe, i ONTh- - !
MaJbHy, BeplIHHy afo 3’sAcyemo, mo cucrema (16.2) HecymicHa. VA —1 1 14 z -1 -1 8

86

87



Ockinbku 6, = x,, ;== x,,

5) 8, 8, ! TO, BUKJIOUHBILH X; T4 X, 3 He-
1 2

3a/71@KHUX 3MIiHHHX (ZOCTATHBLO

8 —1 1 2 .

by 0 —1 4 8,3 xz), AicTaHemMo TabauiLo 2).
S, I 2 Ha maa. 21 uwift tabauui Big-
Xq 0 I 4 noeigae Touka M,. 9k 6auumo,
8 —I o 5 tabanui 2) Ttouka O; = 0
% —1 o2 Y s = U,

8, = 0 He e gBOicTO-ROMyCTH-
7 -1 0 6 moi0, 60 B Z-psiAKYy € JAOUaTHi
eJeMEeHTH. 3HaXOAUMO HallPOTH
OMHOTO 3 HHX, HampHKJIan Ha-
NPOTH NepLioro, BiA’eMHuil koedilieAT. Y NeplioMy CTOBIYHKY
TAaKHX KoediuientiB aBa: y O,-psaky i B 8;-paaxy. Bepemo jo-
BIJIBHHH 3 HHX, Hanpukaan 8,-psnoK, ocHOBHUM. Haiimenme 3a
MOZLyJIeM Biji’€MHe BijHolleHHs eneMeHTIB Z-panka Jo Biano-
BIOHHX eJieMeHTiB OCHOBHOTO pPfJKa NPHIajae Ha nepuruil cTosn-

yuK. Orxe, BUGHpaeMo Horo 3a X

OCHOBHHH. 3 BU3HaUE€HUM TAKHM N

YHHOM OCHOBHHUM eJieMeHTOM (Y 6

tabauui 2) #oro o6BeneHo) BH- 15 -
KOHYEMO KPOK JKOPIaHOBOTO BH- &5 M, S|M, o0
karouernsi. [licraemo Tabnu- 7

mo 3). Ha man. 21 wuiit raGiumni 3

Bianosinae touka M,. 3ualite- o :

Ha TOYKa He € ABOICTO-JOMY- @ 7] (1% Ms
CTHMOIO, OCKINIbKH B Z-pALXY € 7

ute nopatHi koediuienry. DBe- 1 %,

pemo Tenep OCHOBHMH enement Y420 i ;
y 8,-psinky i B 8,-CTOBNYMKY. My ’Y 34 5 B\t
Jicraemo Tabaumo 4). Ha <

mant. 21 tabnuui 4) Bianosizae .
touka M,. s rtouka e pBoi- Man. 21
cro-fonycrumoro  (y Z-pajaky

Bci KoedinieHTH HENONATHI), OJHAK TOYKA HE € JONYCTHMOIO,
60 He 3a10BOJIbHSAE HepiBHicTb 83 = O (y Tabuuui 4 B O4-psaaky
€ Bix’emuuil BisbHMH uneH). OckigbkH B 8,-psaaky e noxatsi
KoediuientH, To GepeMo O4-pAnoK ocHOBHUM. OCHOBHHM MOXHA
B3fiTH O;-cTOBNYHK 4H §,-croBnymnKk, 60 B 060X BHUNaLKax BimHo-
WweHHs KoedinieHTiB Z-psaaka 1o KoedilieHTis 8g-psgka ogHako-

—1 — 1) . o ;

Be | /- BisbmeMo 3a ocuoBHu# §,-crosnumk. ITicas kpo-

KY JKODJaHOBOTO BHK/IOUEHHA JicraHeMo rabiumio 5). .
Ha man. 21 Ta6nnui 5) Bignosinae Touka M,. Ockinbku Tene

y 8-psinkax yci BisibHI WIeHH HeBij eMHi, TO HastBHA ABOiCTO-HOMYyC-
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MOMIHATH MicusiMu x; 3 8 Ta

THMa TOYKA € BOAHOYAC i JOMYCTHMOW0, a OTKe, ONTHMAJbHOIO,
Ik Gagumo (AuB. Tabx., Man. 21), 3agaua Mae 6e3iu po3B’A3KiB —
6ynb-sxa Touka Biapiska [M; Myl ontumanbHa.

Bnpasu.

JIBoicTHM CHMMIEKC-METOJOM PO3B’A3aTH 3ajauy HA 3HAXONMEHHS MAEKCH-
MyMy JiHifHOT PyHxuil Z (X) 1pH 3apaHuX OOMEXEeHHAX.

L Z(x;, x) = p¥ + /12’/52

P 1 1 ) 1 1 2 —1 0 —1 0 1
Ipa| 1 2’-1 —2 1|1 1 0 | —1] o0
O6MexeHHst:
Oy (y, Xy) =2y = 05 8, (xy, xp) = %, 0;
By Xy, Xy) =— % +10=0; 8 (xg, Xy) = — 3 10>0;
Oy (xy, ) == —4x; | x5 4- 6 2 0; 85 (g, ap) = — X — 4x,-}- 400,
O (X, Xp) == — Bxy -} 2x, -} 40 > 0; bg (xy, X3) =X, — x,1-6>0;

Oy (xy, X)) =x,4-6,—4>0.

2. Z (x), Xy, X3) == Py |- PyXs -] PyXa

In ] 1 | i lolo ol v ] =

p |1 0 | i 0 | 0 | -1

s | | 0 1 1 0 0 —-1

OOMEXKCHHSL:

— 2 <4 —4<, < — 2y, LY
— Iy r<h — 1<y — -y <L
~I< <L — Iy +o—xngLh



Po3ainyV
HABJIMMKEHE PO3B'93YBAHHS PIBHRHDL

§ 18. Docnimuenns pisuauna,. Bigokpemnenns Kopenie

Hexaii sanano HenepepBHy ¢yskuiio f (x) i norpibHo 3uaiitn
zesiki abo Bci KopeHi piBHAHHA

f(x)=0. (18.1)

3aebinbiioro, sk BigoMo, Kopeni piBHaHEA (18.1) MoxHAa 3Haii-
TH Juuie HaGnukeHo. [/ sHaxomkeHHs HaGIHKEHHX 3Ha4YeHb
KOpEHiB aHOro PiBHSAHHSA 3 NOTPiGHOIO TOYHICTIO AOBOJHTLCSH PO3-
B’sA3yBaTH Taki 3anadi: 1) JocaifkyBaTH KilbKicTh KOpeHiB Ta ix
posmillieHHs; 2) 3HaXOAHTH HabGnuKeHi 3HaYeHHS KOp:=HiB; 3) 0O-
YHCMIOBATH MOTpPiGHi KopeHi 3 HeoOXiAHOIO TOYHICTIO.

Tlepwi mBi 3agaui po3B’A3YI0Th aHAKITHIHUMH i rpa(piqnnmu
merofamu. Hanpuriaz, ckaafaiore TaGaumio QyHKuii f (x),
SIKIIO B ABOX CYCiAHiX Bysnax TaGnnui dyHKIia Mae pisui 3ua1<u
TO MI>XX HUMH JIEXKUTB NpHHANMHI OAHH KOpiHb. s BifoKpeMaens:s
KOpeHiB IHKOJMIW BJAETbCH BUKOPHCTATH BJIACTHBOCTI (PyHKILT
F (x), 11 rpadik Tomo.

Posrasinemo rpadiunuit merox. Ins nabaHKeHOro po3B’a3aH-
s piBHsinHA f (¥) = 0 OGyayroTe rpadik QyHRUil y = [ (x).
A6ecmycy Touok nepetnny unoro rpadika 3 iccio abenuc i € Kope-
M piBusinHg f (x) = 0.

Ockinbku npakraudo rpadik ¢yskOil y = f (x) Touno noty-
JyBATH HEMOXKJIHBO, TO LM METOAOM MOXXHA BM3HAUHTH JIHie na-
GarKeHi 3HaueHHA KopeHiB piBHAHHA [ (X) = 0

Mpukaag.
3ualitd rpadiyBUM METOAOM [OZATHHH KOPiHb PIBHAHHA

*® - 2% — 2 —4 = 0.

Cxknanaemo Tabnaumio sHauenb ¢yuruii y = [ (x) = x® 4 2x* —
— 2x — 4:

[

‘ X l 0 0,5 1 I,

‘ g l —4 | 4375 -3 0,875 8
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© Man. 23

I'padik pynkuii so6paxeHo
na man. 22. SIk 6auynmo, nabuan-
Keile 3HaueHHs Kopeusn 1,4

Max. 22 (toune sHauenua x = }2 =
= 1,4142..)).

Y neaxux Bunajgkax pisusHus f (x) = 0 spyuno noparu y Bu-
rasal f, (£) = fi (x), a notiM noBynyBatH rpadiky 1BoX hyHKuUifi:
y=fi 0 i y=fo @

Kopenamu piBHsHHS [ (x) == 0 € aGCUHCH TOYOK NEPETUHY IPa-
dixie GyHkuifi y = f, (x) i y = [, (x).

Npuxaan.

I'padiunum MerosoM poss’sisatd piBHAHHA X + 2 — 2% ==
[Monamo e pisusinus y Burasai x -+ 2 = 2. Tlokaasiuu

fiiv=x42, [, (x) = 2", noSyayemo tabmuni 3suaveus oHox
PynKiii:
X —3 —2 | =1 ‘ 0 ! 2 3
Fo (%) —1 0 | ' ) 3 4 5
i (%) 0,125 (0,95 | 0,5 I 2 4 8




I'padika pyHrUis y = x + 21y = 2% 306paxkeno Ha man. 23.
3a rpagikom x, = —1,7; x, = 2 (upu uboMy x, = 2 — TOUHe
BHAUEHHS KOpEHS).

I'padiunuii MeTOX He Jlae MOXKJIHBOCT] 3HAATH KOPiHb PiBHAHHS
3 Hamepef 3a/1aHOI0 TOYHICTIO, i TOMY Haliuacrilue HOro BUKOPHUCTO-
BYIOTb /11 3HAXOIMKEHHS I0YaTKOBOro, HaGNHIKEHOTO PO3B’ A3KY
Ta JJIsl BUSHAUEHHA MeX, B SIKUX MICTHTbCS PO3B’SI30K.

Habnuxeni 3sHaueHHS KOpeHs YTOYHIOWOTH Pi3HHMHU iteparifi-
HUMH Mertojiamd. PosrisHeMo IedKi 3 HHX.

0

§ 19. MeTop nopiny NnpoMmidKy nononam I
Hexaii na npomixky [a; b] yuxuis f (x) Henepepsua i HaGyBae
Ha KiHIAX NpOMiKKY 3HaueHb Pi3HUX 3HAKIB, T06TO f (a) - f (b) <<
<< 0. e o3nauae, mo Ha [a; b] pisusuusa (18.1) mae npunaitmui
o1uH Kopiub. Llefl Kopinb MOXKHA BU3HAUMTH 3 Hanepel 3alaHOIO
TOYHICTIO memodom nodiny NPOMINCKY NONOAAM.
CyTb MeTOfy MNOJIATae B TOMY, IO TIPOMIXKOK, Ha SKOMY
MICTHTbCS. KOPiHb, HOCTYNOBO 3BYXKYyIOTb, 3MEHWYIOYH HOro mio-
y pasy BIBOE, NOKH He J0CAT-
HyTb NOTPiOHOI TOYHOCTI BH-
3HaueHHs KOpeHs.
. [Tosnauumo niBHi  KiHeub
IPOMiKKY, Ha SIKOMY MIiCTUTB-
Cf KOpiHb, OYKBOIO 1, NpagHil —
6YyKBOIO v i 3HaiilemMo cepeilnHy
. u-to
(bOTO  MPOMiIKKY: X = ——.

=y 2

Ockinbku (3a ymoBow) f (u) X
X [() <0, To f(x) f{a) >0,
abo f(x) f (@) << O (man. 24),
Ma. 24 360 f ()C) 0 ﬂKIU,O ]‘(,‘L) = 0
TO KOpiHb x* = x.
3posymino, wo y Bunaaky f (x) f (@) > 0 xopinb MicTHTBCA Ha
npomixkky [x; ol.

Y Bunaaky f (x) f (@) << 0 xopiHb MIiCTHTLCA Ha NPOMIXKKY
lu; x]. SIkmo poBxuHA DPOMIXKKY, HAa SKOMY MiCTHTbCH KOpPiHb,
He NepeRHUILye 33/1aH0T BEJHUNHH €, TO [1e 03HaYae, 10 x* 3HalJeHo
3 TouHicTIO 10 €, 60 | x — x*| <L ¥ — u. Sk sananoi TouHocri
Hie He JIOCSIFHYTO, TO, HO3HAYMBIIM X 4epe3 4 Yy BHOAZKY
f (x) f (@) > 0 a6o 4epes Uy BHNIALKY f (x) [ (@) << 0, 3nHoBY 3Ha-
X0/MMO cepeanHy npomixky lu; v] i noBropioemo ofuncaenits.

[Mepexkonarucst B ToMy, o norpi6Ha TouHicTb NpH o0uMcIeHH]
KOpeHsi x* yxe JOCATHYTA, MOXKHA H iHINKHM ciocoboM. HKWo Ha

92

neaxomy npomixky [u; vl dyukuis f (x) andepenuifosna i 0 <
<m<|f (x)| (v uboMy BHNAAKy Ha {u; v] MictuTbes ejunuB
KopiHb piBusiHES [ (x) = 0) i fKWE

1 ()]
G (19.1y
UKIKY

TO MOXHA BBa)aTH, WO x — HabJuxKeHe 3HAYEHHR KopeHsa x* 3
TOYHiCTIO X0 &. CnpaBAi, 3a TEOPEMOIO NP0 CepPeNHE MAeMO:

o) —Fi == @] (r<E<x¥ abo x* <E<A).
Bpaxosyioun, mo f (x*) =0, g\

JicTaHemo:
k] ] 1f91
| x x|‘|f'(;)| <~ m o
ae m<< min | (x)].
'S4

YmoBy (19.1) MOkHA BHKO-

pHCTATH JJIsi NepeBipKu GAH3b- y:‘fA(;xv)/
KOCTi X J10 x*, AKIO x 3Hafge- __ O] H -
HO OyIb-IKHM cnoco6oM, a He x* X X
TiIBKH METOJIOM IiJICHHS TpO-

MiXKKY M0noJaam. Maa. 25

3ayBaxkumo, 110 6JM3bKicTb
1o Hyas f (x) He o3Hauae GAH3BKICTb x A0 x* (aus. mMad. 25, no-
piBHsiiTe 3 Maa. 1).

[MocninoBuictb HabaMXKeHb, 3HAHAEHHX METOAOM TIOAINY Lipo-
MiXKKY nonosnam, 36iraeTbesi B0 KopeHns x* piBusanusa f (x) = 0,
NPHYIOMY LWOPA3y MaeMo JAJia x* OLiHKH 3HU3Y 1 3BepXy: u < x* <
< 0.

[lpn obuucnenni 3navens f (x) RocraTHLO MaTH OAHY-ABI Npa-
BHJbHI 3HaYymli UHM(QPH, OCKINILKH H4C WiKABHTh JHUIE 3HAK
f (¥) npu naHOMYy x.

Mpukanan.

MerojioM noziny npomiKKy nonosam sHaiiTH 3 TOUHICTIO a0
0,005  kopinb piBusiHHa  x* + 1,76439 x* -}- 2,21584x —
— 3,31344 = 0, wo nexutb na npomixky [0; 11

Jlerko 3’sacypatn, nio B JaHOMY BHIAJKY

m= min | (x)| = min |3x*> 2 1,76439x -|- 2,21584 | =
ts 0<

sagl <x<1

= 2,21584,
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Pesyabratu obumcienn nofaHo B TabJuLi.

s | f(x) | 3uak

i 4 X X =l X _-Tn— f(x) i f(a)
0,000 1,000 0,500 0,500 —1,639 0,74 -+
0,500 1,000 0,750 0,250 —0,237 0,1t —+-

0,750 1,000 0,855 0,125 --0,646 0,29
0,750 0,875 0,812 0,062 +0,184 0,08
0,750 0,812 0,781 0,031 —0,030 0,014
0,7810 0,8120 0,7965 0,0155 | 0,076 0,034
0,7810 0,7965 0,7888 0,0078 | 4-0,023 0,0104
0,7810 0,7888 0,7849 0,0039 | —0,003 0,0014 -

[+

|

S1k suaHO 3 Tabauui, x* = 0,785 (3 Tounictio Ao 0,005).

§ 20. Metop xopa

Metoznom xopj (Horo ime Ha3WBAaIOThb METOAOM JiHiAHOTO iHTED-
T10JI0BaHHA) HOBe 3HaueHHS X 3HAXOIATb K abCLUCy TOUKM Nepe-
THHY XOPAM, WO OPOXOAUTH deped Toukd (u; f (w)), (v; f (@), 3
Biccro Ox (man. 26). Ilpn ubomy f (1) f (v) << 0.

m PiBHsiHHst 3rajaHol XOpAH
Marume BUFASA
4 — [ ) =
// y— )
/7 _ f(l’)—,(u) (x__u)
’7 - v—u e

3BijicH 3HaX0AUMO abCIHCY TOY-
KH NepeTHHY XOpaH 3 Biccio Ox
= v . s

tod U Ups = (piBHsIHHS AKOI y == 0):

ol v 7x Xy X - _
R
(20.1)

Maa. 26 _ Axkmo ] ) [ (4)> 0, 0 Ko-

piHb MiCTHTBCA HA OPOMIXKKY

{x; vl, Tomy moiino 3HafixeHuil x GepeMo 3a HOBe 3HAYEHHS JIi BOFO
KiniA NPOMiKKY, Ha TKOMY MiCTHTBLCA KOpilb. dkmof (x) f (u) <
<< 0, To Kopinb MicTUTbCsl Ha npomikKy [u; x], Tomy x Gepemo 3a
HOBE 3HAUEHHS MPABOTO KiHIA MPOMiXKKY, Ha SKOMY MiCTHTbCS KO-

piub. Sxmo f (x) = 0 a6o 3amOBOJBLHAECTHECA YMOBA Lr(,-?—l— < e

(zuB. (19.1)), TO MOXXHA BBa’kaTH, WO X — HAGAHIKEHHs1 KOPEHs
x* 3 TCUHICTIO 10 €, iHAKILE JI/i8 BU3HAYEHHS] HOBHX U i U OBTOPIO-
€M0 CGUHCJICHHS.

~
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OckigbKu

x———u=(v~—u)(/7—ﬁ_[_—%)—) = (v—u) 0,

- 0—wi _ —f@
v—x=(v—ut T |=e—u (5ot )=

={v—u)(l—90), (20.2)
Je 0 = ng—(;‘)(ﬁ, 0<<O <1, 10 npolec NOCJIJOBHUX Ha-

GHXeHb, SHaHJICHHX METOJOM XOPH, 36iracThesi IO PO3B'A3KY x*
piBusiHHA f (x) = 0. CnipaBzi, Hexal AedKki wieHu MocaigoBHOCTI
uncesn O, 3HaAeHUX Ha KOXHOMY KPOLi OGYHC/IOBATBHOTO Mpolie-
cy, npsamyloth no Hyqas. HenepepBua Ha 3aMKHEHOMY NpOMiXKKY
[u; v] byukuis, ax Bigomo, oomexena. OckinbKH O = —]T}j:%@m
(3Kwo © = 0, f (1) = 0), T0 Wi WieHH MOKYTb NPAMYBATH A0 HYJIsk
TiIbKM  TORi, KoM [ (u) — 0.

Orxe, BianoBiAHI wieHH nocjaifgoBHocTi JiBMX KiHLiB & 36i-
raloThCq /10 po3B’A3KY x* piBHAHHSA f (x) = 0. A 9KWO AeAKi wienn
mocsi JoBHOCTI  yncenn © mpamyioTh Ao 1, To mas  Bignmosiannx
v f (v) > 0. Y ubomy pasi BiInoBigHi YieHH NOCJiJOBHOCTI NPaBlix
RinLiB 30iraiorbes 10 x*. SIKMO K 0J5 BCiX WAEHIB MOCJi 10BHOCT
ycen O BHKOHYIOTBCA HepiBHOCTi 0 <<a<C{O<CP<I, 10
[ () — 0 i [ () > 0 ogxouaciio, 6o, IK BHAHO 3 Gopmya (20.2},
Ha KOMHOMY KpOLli OGHHCIIOBANLHOTO TMPOHECY 3BYXKYIOTBCH |
npomikok lu; xl, i npomixok [x; vl. Ockisbkn 0 < a <L O
<< P << I, 70 nOCNiOBHICTL MOBXHH TAaKHX TIPOMiKKIB NpsM\ €
IO HYJsA, a caMi BPOMiKKH CTATYIOTBCS! B TOUKY. TakHM YHHOM,
B YCiX BHMajkax 3a CKiHUEHHY KiNbKiCTb KpOKiB Gyje 3HaiieHo:
mykKaHe x* 3 Toudictio Jo £ > 0.

SIKWo ApHNycTHTH, 1O na aeakomy npomixkky [u; vl BHKoOny-
erbest ymosa 0 < m < |f (x) | << M << -Foo, npuyomy ppyra
noxinia He 3MiHIOE 3HAKa, TO MOXHa NOKA3aTH, IO CNPaBIKY-
€TbCsl HepiBUiCTD

M—

mn
|x* — x| <—— [x— ¥},

e x i ¥’ — aBa noCAifoBHI HaGIHXKEHHs] PO3B’A3KY x*, aualijeHi
METOJIOM XOPJ.
Taxkum unHOM, MH AicTanu uie OXHY OMiHKY GJMH3BKOCTI X A0
pO3B’5I3Ky x*:
. ’ m .
| X" — x| <<e, ko |x — ¥ |<pr—re=¢, ne ¥ i x— 18a

nocifioBdi 3naveHHst sminnol x, sHaligeui meroaom xopa. 3posy-
MiJI0, 110 KoM U-—u <&, TO X BiApisHsTuMeTbest BiJl x* merme
HiXK Ha &,
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Tpuxnan.
MerooM XOpJA 3HaHTH KOPiHb PiBHAHHA
x® 4+ 1,76439x% 4- 2,21584x — 3,31344 = 0

3 tounicnio 10 0,00005 Ha mpomixkky [0; 11.
Pesynbraty ofuuc/IeHb posmimyemMo B Tabanmi.

3Hax
j ()i (x)

!
,7,!’ (x)l

u v ) f(v) _f_(;j)(:) x f(x)

40,00 11,00 1—331 | 1,67 | 4,98 | 0,66 —0,80 0,36 -+
0,66 11,00 [|—0,80 | 1,67 | 247 | 0,75 —0,24 0,11 -~
0,75 11,00 |—0,24 | 1,67 | 1,91 | 0,770 —0,11 0,05 -+

10,770 11,000 [—O,11 | 1,67 | 1,78 | 0,784 —0,01 0,0045 +

10,784 1,000 |-—0,01 | 1,67 | 1,68 | 0,7853 | —0,001 | 0,00045 -
10,7853 11,0000 ]—0,001} 1,667 1,668 | 0,78543 [ —0,00007 | 0,00003 4=

3 Tabauui BHAHO, IO mYyKaHe 3HauedHsa x* = (,78543.

) 7,

Hexait dyukuis f (v) nsiui menepepBHO audepenuifioBHa Ha
npomixkky la; bl, npuyomy noxiaui f* (x) i f” (x) ue nopiBHIOOTL
HyneBi i 30epiraloTb 3HaK Ha UbOMY npoMixky, a f (@) f (b) <0
(man. 27).

3a merogoM JOTHUHHX (MeToxoM Helorona) nabnuxeHe 3Ha-
YeHHA KOPEHH X 3HAXOASATh K aGCHUCY TOUKH MepeTHHY AOTHYHOI
Jo KpuBoi y == f (x) B oauiit 3 Touok (u; f (1)) un (v; f(v)) 3 Biccio
QOx (man. 27). [Ipu npomy 3MiHHA X HaGAMKAETBCA 10 KODEHS JHIe
3 oanoro 60ky. Ouinky 6.1usbKocti X 10 KopeHa x*, Ak i paniwe,
MOXKHA sHaiiTH 3a dopmysow (19.1).

[Tepmy noruuny TpebGa mpoBoAuMTH B Till Touli (4; f (1)) abo
(v; (), LaA STKOT BUKOHYETBCA YMOBA:

F " (w)y>0 uu f(0)f (v)>0.
Mamonox 27 imoctpye Taki BHOAAKU:

§ 21. MeTtoa ROTHUHMX

ay f" () >0, (1) >0, f(uy) <0 (4 << ¥ <K
6y ["()=>0, [ (x) <O, f(uo) >0 (up<<x <<y
&) [7 ()<<, F(x)<<O, flug) >0 (up<<xuy)

&) ') <0, (=0, [(uy) <O (g < x < 0y)-

[ITpuxoBoto JiHi€0 306paxeHo JOTHYHY, siKa BiANOBIAAE TOMY
BHNIAJKY, KOJM MOYAaTKOBY TOYKY BHGparo HeBAaJo. Touka nepe-
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Man. 27

THHY Takol JNOTHYHOI 3 Biccio Ox He HaleXHTb NPOMiXKKY [uy;
vol. Hexat notiuna npoBoautses B Touwi (4; f (). Toxi piBHsuHA
JOTHYHOI B Wil Touni MaTuMe BHIVISIA:

y—F)=F () (x—u).
3BiacH 3HaxXonuMO abCLUCy TOYKH MEPETHHY AOTHYHOI 3 BicClo
Ox:
f ()

)

SIK1I0 3HAYeHHSs U BBAXKATH 3a IOYATKOBE (HYJIbOBE, NO3HAUYMMO
fioro uepes x,) HaOJMKEHHA 0 KOPeHs x*, TO 3HAYeHHs X, 3Hafije-
He 34 OCTaHHBOW (POPMYJIOK, BBAXKATHMEMO HOBHM HaGJIKEHHAM
(nepmnM, no3HauMMO HOro ;). 3HAYEHHA X; MOXKHA YTOUHHTH,
a came: HacTynHe HaOJIMXKEHHA 0 KOPeHs x* 3HOBY BU3HAUHTH AK
TOYKY IePeTHHY JOTHYHOI A0 KPHBOi ¥y = f (x), npoBeaeHOi B TOYIL
(%13 [ (x1)), 3 Biccio a6eiuc. Orske, 3a MeTogoM HeloToHA KoXKHe Ha-
CTynHe Hal/HXKeHHs 10 KopeHA x* 3HaXO0AATh 3a (HOPMYJIOK

xk+l = xk _ f{ ;ﬁi; (k = 0, 1, 2, v .)-

X=u—
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Tlokaxemo, MO NpH BHKOHaHHI 3TaJaHHX BHIIE YMOB MOCJi-
MOBHICTb 3HaueHb X, 3HaHJEHUX METONOM JOTHYHHX, 30iracThca
10 po3B’a3ky x* pieasuus f (x) = 0.

Posrassemo Bunanok f”(x) >0, f(@)>0 (man. 27, 6). Touxi
Uy =Xy = uo——;,(—%> Uy, OCKIJBbKU f(ug) >0, [ (uy) <<O.

0.

Kpim Toro, x, << x*. Cnpaeai, mo6 noTpanuTti B TOUKY (x*;
0), tpeba 3 TOuKH (Uy; [ (ie)) pyxaruch B Hanpsimi (x*; 0) B3LOBXK
XOpIH, SIKa NPOXOAUTh uepe3 Hi ABi ToukH. PiBHsAHHA Takol xop-

IW - Ma€ BHIIAL
y—[f(ug) = f(uuo') :_iix_) (x —uy).
0

3a TeopeMoio Npo cepefHE 3HANIEThCA TaKa Touka &, uy<< & <<
< x*, WO JOTHYHA 10 KPMBOI B WLiH Tounmi napasenbHa Xopai,
siKa CroJy4ae TOUKH (ug; f (4o)) 1 (x*; 0). Orxe, piBHAHHSA 1ie]
XOpAH MOXHAa NOJAaTH Yy BHIIAM

y—F(uo) = F (§) (x — uo).

Ockinbku [ (x) > 0 Ha [uy; vel, To f' (x) — MoHOTOHHO 3pocTatoua
GyHKLIs Ha LbOMY NPOMIKKY, i ToMY Ha [u,; x] icHye envHa Touka
E, IS SIKOT COPABIKYETHCA OCTAHHA PiBHICTB.

Tloknabmm B piBHAHHEI Xopau y = 0, nicranemo:

f (o)
™=y —
)
- Haragaemo, mo 3a MeTOROM IOTHUHHX:

f (ug)
Xy = Uy ~— =7 .
1 0 " (o)
KpimM Toro, Bpaxymapui, 1o f’ (x) — 3pocraioya ¢yHKUis Ha
(ug; vgl, Maemo: f' (8) > [ (u,) (AKwoO & > u,). 3Bigcu
| {uy) { (uy) *
Xy = Uy — —r — e =
! O (uy) <o M)

OrKe, KOMXHMI UYJieH M[OCJaiR0BHOCTI HabJAWXKeHHX 3HayeHb
KopeHa Ginblupil 3a nonepeirié, 1 Bci BOHM obGMexeHi 3Bepxy
sHayeHHsiM x* (60 1/ HUX BHKOHYIOTHCH Ti caMi yMOBH, 1o B Ans
). Ane, sk Bizomo, MOHOTOHHA OOMexeHa NocJiZOoBHiCTL Mae
rpauuio. TlosHauumo i1 gepes 8, tob6ro & = lim u, Toxi 3

X n-+oc
piBHOCTi
f (ug)
Upy) = Up — S
ket k 7' (ug)
nicraHemo:

S A ()
=8 oy TKIWo k— o0,
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Mau. 28

3sincu f(6) =0 (6o f'(8)<<O i f'(x) ua [a; b] o6Memena sIK
HenepepBHa (yHKuis). OckinbkH Ha npomiXKy [a; b] piBHAHHS
f(x) =0 wmae eaunuii kopiub, TO 6= x*, TOOTO lim X, ==

k=00

= limy, = x*.

k— oo

AHaJoTi4HO JOCJi KYIOTBCA iHII BHNALKH.

MokHa 1OBecCTH, IO NI METOAY NOTHYHHX CIPABAKYETHCH
oniHka .

|5 — e | < [ — st (L = Jmax [ (x)]),
L1 =Y

fKa [I0Ka3ye, IO MOC]AiJOBHI HAGIMXKeHHS 3a 'METONOM LOTHUHHX
IOCHTb WBHAKO 36iraloTbCs 10 PO3B’A3KY pPiBHSIHHSA, 60 NoXHOKa
KO>KHOTO HAacTYIHOTO Hab/AHKeHHs nponopiifHa KBajparty moXH6-
KH NOMNepeiHboro HabauKeHHsi (Y TAKOMY BHMAJKy TOBOPSTH, IO
MeToa 306iraeThcs 3 KBaApaTHYHOW wWBHAKiCTIO). Lo ouinky mu
TYT He OGIDYHTOBYEMO.

3ayBaXKHMO, UI0 YMOBH, 33 SIKHUX HOCTiAXKYyBajacs 36iXHicTb
METOLY NOTHUHHX, IOCTATHI, ane He HeoOXxinHi. Hanpuknag, na siz-
pisky lu,; vel (Man. 28) xkonHa 3 ymoB a) — r) He BHKOHYETbCH,
Ta DPOBIBIIH JYule OLHY NOTHYHY, HicTaHEMO NPOMiKOK [ug;
vl, Ha sKoMy jnocratHi yMoBM 36iXHOCTI BUKOHYIOTbCA. OTXe,
Mmeroa sbiratumerbcs i B UbOMY BHIIAAKY.

Npukaagu.

1. Hamucatn pexkypeHTHI cniBBigHOUEHHS IAS MOCHi JOBHHX
HabIHxeHb 10 KOpeHsA piBHAHHA [ (x) = x* —a = 0 meroloM
NOTHYHHX.
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Maemo: [’ (x) = 2x,

f(xk) x%——a _Qxi—xi—}-a
X, = Xy —— ———— = —_— = ==
s A T R 2 2%y

_——_%(xk-{——;;—).

Mu sanucanu npolec MOCAiZOBHHX HaAGJHXKeHb A1 PO3B’A-
3aHHA piBHAHHA x? — a = 0, TOGTO mpoLec 3HAXOMKEHHs x* =
= }/ a. Ockinbkn B HaumoMmy nprkiaan [* (x) = 2 > 0 npu Gyap-
akomy x, [ (x) = 2x > 0, skmo x > 0, TO nNpouec NocJiJOBHHX
BabaHxeHb 36iraeTbcsi N0 pPO3B’SI3Ky PiBHAHHA X% —a = 0,
NOYMHAIOUH 3 Oyib-SIKOr0 TOYAaTKOBOTO HaOMMXKeHHa x, > 0.

- »
(Ixkmo B3STH X, << 0, TO mpouec 36iratuMerbes 10 x; = —} a.)

2. MeromoM NOTHYHHX 3HAHTH KOPiHb PiBHAHHA

x% -+ 1,76439x% 4 2,21584x — 3,31344 =0

3 Toynictio g0 0,00005 Ha npomixky [0; 1.
3 BupasiB s ' (x) i [ (x)

' (x) == 3x* + 3,52878x - 2,21584;
[’ (x) = 6x - 3,62878
sHaxomumo, mo f (x) >0 i f"(¥)>0 npu nosiabuux x € [0; 1],
m = min |f" (x)| = 2,21584.

I<<r<l
O6uuciedns nojaHo B TaGmauui

k x : " () i

I3 f(xp) k - | F(xp) |
0 1,00 1,67 8,74 0,75
1 0,81 0,17 7,04 0,08
2 0,790 0,03 6,88 0,01
3 0,78560 0,0011 6,8396 0,0005
4 0,78544 0,00000 0,00000

3 rabauwi 3HaXonMmo, o x* = 0,78544 3 Tounictio no 0,00005.

I[Ipumirka VY panomy sunagky Bei smauenns ynxuii f (x) aas seix
Xy, 3HaHJEHHX 3a METOLOM JOTHYHMX, MOBHHHi MaTH OgHaKOBi 3sHakH. §Ikuwio
NPH REAKOMY X4 BHACHIROK NoXHOKH o6YHC/leHDb JiCTaHEMO NPOTHIEXHHHA 3HAK,
noTpi6Ho GiMBIIKTE TOUHICTL OGUHC/EHD.
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Bnpasn.

Hanncaru pexypentni cniBBigHOWeEHHS AIa8 MOCAIZOBHHX HaGIHXeHb
10 KODEeHsl 332 METOAOM JROTHYHHX:

1
a f)=a——=0;

1
6) flx)=a— pe =0;
B)1(x)=x*—a=0.

[ L/ § 22. Mervop itepanyin
Hexa# sapano piBHsiHHA f (x) = 0, ne f (x) -~ HenepepBHa
¢ynxuis. [lorpi6Ho oGuucanTH AificHi KOpeHi WLbLOro piBHAHHA.
3amiguMo piBHAHESA [ () = 0 ekBiBaJeHTHHM HOMY piBHAHHSIM
X = @(x). (22.1)
Bubepemo JesiKe nouaTKoBe HaGJIHXKEHHSI KOPEHS X, i 3acTocy-
€Mo 10 piBHAHHA (1) MeTon nocnifoBHUX HaGJAHXKeHb (METOX
itepaunifi): : :
Xepr =@ (x) (B=0,1,2, ...). (22.2)
Slkwo nocJifgosHicTs {x;) Mae rpannwo x*, to6to lim x, =
koo

= x*, TO Lst rpaHHUsA € KOpeHeM piBHsiHHS (22.1).
Cnpasgi, nepefimoBwy 10 rpanuui B piBHocti (22.2) i npu-
NYCTHBLUH, WO QYHKUIA ¢ (¥) HenepepBHa, 3HAAeMO:
lim X1 = @ (lim xk),
keroo R=+o00
abo
= @ (x*)

Hocratni ymoBu 36ikHocTi Merony itepanid micranemo Ha oc-
HOBi TPHHLUHIY CTHCKYIOYHX BifOGpaxeHb. ‘

Hexaft dynkuis ¢ (r) BusHayeHa Ha Binpisky [a; bl i BinoGpa-
xae Bigpisok la; bl B ceGe. Muoxuna Touok simpiska l[a; bl 3
BilcTaHHIO p (X, Y) = | Yy — X | € MOBHUM METPHYHUM NMPOCTOPOM.

Hexaii ¢pyukuin ¢ (x) va la; bl sanpososbusic ymory Jlimwuus

| § (x2) — @ (%) | < K | %3 — xq |
3 KoHcTanTo K << 1. Tlpy uux yMoBax maeMo:
P(P(xa), @ (xy) =0 (x) — @ (%) | K| 2y — 21| = Kp (%5, %),
i Tomy BigoOpaKeHHA ¢ € CTHCKYIOUMM. 3 MPHHLHIY CTUCKYIOUHX

BiloOpaX<eHb BUNUBa€, 10 Ha Biapiaky |a; bl icHye Juwe opHa
TOuKa x*, TakKa, IO

@ (x*) = x*,
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i nocifoBRICTD X, =@ (Xs—1) (k=1, 2, ...), Ae X, — RoBiNBHA
Touka Bijpiska [a; b], 30iraeTbcsi A0 €IMHOrO KOpeHS x* piBHSAH-
HST x = ¢ (x).

YwmoBa Jlimmuns s GyHruii @ (x), AK BiZOMO, 3a40BOJIbHS-
THMeTbest, sikimo Ha [a; bl icnye @ (x), npudomy

l¢' ()| <K.

Ore, CHPABIKYETbC TaKe TBEpJUKeHHS:

Hexaii ynkyis @ (x) eusnatena i dugepenyibosra na 8idpisKy
la; bl, nputomy eci sraenns ¢ (x) € la; bl. Axwo icnye npasure-
Hutl 0pi6q, maxud, wo | @' (x) | << g <<10drae6cix x € la; bl, mo

1) npoyec imepayid

Xp=Qe) (k=12 ..)

80icaersla 04a 6y0b-aK020 NOYAMKOB0R0 HABAUNCHHA X4 € [a; b
2) epaHuuHe SHaueHHA Xx* = limx, € edurum xopenem pis-

k-voo
HAHHA X = @ (x) Ha 6idpisky la; b].
OueBHJHO, TBEPIKEHHSI B3aJHDINTLCS CNDABEIJIHBUM, SIKILO
Biapisok la; b] saminuth Ha | — oo; +ool !,
Ouinkyu 19 HaGJIMXKeHb, OTPHMAHI MeTOMOM itepaiiii, MOXHa
HicTaTH 3 OUIHOK MJIA METOAy MOCJiNOBHHX HabnikeHb (auB. § 7).
3okpema, .

ke
P — 2 < 2 Lo (o) = x| (22.3)
|2 — 2| < 2 1o — e . (22.4)
Orxe, KO
l—q (22.5)

ka'_xk.—[l<8 q ’

TO | x, — x*| < e,
Takum unHOM, mnpouec itepauiit c1if NPOROBKYBATH NOTH, IOKH
7151 IBOX TOCJiJOBHUX HabOJIHMKEHb Xp i Xp—; He CNpaBlKYyBaTH-
MeTbcsl HepiBHicTh (22.5), ne € — rpaHuyHa abcogOTHa NOXHOKa
HaOMVKEHHS1 1711 KOpeHs x*, ‘

Ha man. 29 a, 6, 6, 2 nokasano BHNAJKH;

2 0<¢ (<L 8 1<¢ (x)

6) —1<o,(x)<<0; 2 ¢ ()<< —1.

"3 man. 29-¢, @ BUAHO, IO KOJH He BHUKOHYIOTHCA YMOBH
| 9" (x) | <1, nocninoBHi HaGMHEHHA BiAans0TbCA Bl Po3B’As-
Ry x*.

Piguanns f (x) = 0 saBxiau mMoXHa nojatu y eurasani (22.1),
HaOpHKJaA TaK:

x=x—Mf (x) = ¢ (x), (22.6)

102

Ly M g4
Y A
)
. i
_____ e }
) I: [} |_'
' I 1
g
~= 1 t H Ly
_ ! [ 1 1ind (|
[ : t (] \ 1IEy [N
] ' " 1
0 L1 4 Lo 0 1 :::: | .
¢ fhox nbox X’sz;z nbd x
a )
4 I 4 )
NS [ PA
S Y )
It ¥ /] e - —
> |
1 I
' ' !
i =7 1
- | | : )
r " g ) ]
VAR 1 AN |
.Y ! SR 1
! Lo : R '
s/ /14 N
| R X X x* X X Xg X* X I~ X
8 2

Maa. 29

e M — crana. fkmwo M =0, pisusmns f(x) =0 i (22.6)
€KBiBaJIeHTH].
Crany M no6upaiotb Tak, mo6 B-okoni la; b] Kopens x*

| )| =x =M@y |=]1 =M (0)|<g<],
TOO6TO mO6 BHKOHYBAJNHCh YMOBH:
— 1<l —=Mf (x)<< 1

0<<Mf (x)<<2.
Orxe, crana M noBuuHa matd TOH camuil smak, mo # f’ (x),
i 3an0BOJIbHATH YMOBY M << (3Bigcu BunMMBae 1ue

abo

max | [ (x)}"
AEXS
OoHa BuMora: f’'(x) He MOBMHHA 3MIHIOBATH 3HaK).

S BUAHO 3 nONepeHi X MipKyBaHb, npolec iTepauii s6iraetbes
TUM WBHAIIE, yuM Oauxue ¢ 1o Hyas. Orxe, M caig moGuparu
TaK, o6 ao6yTok Mf’ (x) 6y no moxausocti G6nuxuuit go 1 ana
seix x € la; bl
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Inoai 3amicts ctanoi M y ¢opmyai (22.6) GepyTb nesiky ¢yHK-
uito ¥ (x), Toni pipusAHHA (22.6) MaTHMe BHIAIAL:

=x—Px)f(x) =19
(p (x) =0 i nenepepBHa, axiwo x€[a; b]). Ilpn ubomy P (x) no-
GupaloTb Tak, o6 Ha [a; b] BHKOHYBajach ymoBa |¢ (x)|<<1,
abo 0<<A (%) f(x) -+ F (x)p(x)<<2. Hanpukmap, 3a merogom

HeloTona Bsaro ¢ (x) = T-I(-)T’ a 3a METOJOM XOpI (3 HepyXo-

Ww—x
F@—Ff@x) °

3ayBaxumo, mo iTepaniiHufl npouec aBTOMaTHYHO BHIIPABJSAE
He3HaYHi MOMMJIKM, JONyIleHi B mponeci oGYMC/IeHb (KO BOHH
He BHBOJSITH 3a 00JaCcTh, B AKifi BHKOHYIOTbCS YMOBM, HOCTaTHi
aa 36ixunocti mpouecy). ToMy HeMmae nmoTpe6u Bech Yac BHKOHY-
BATH OGUHC/IEHHA 3 BEJIHKOIO KiJbKicTio 3Hagymux uudp. Tournicts
Tpe6a nocrynopo 36iNbuyBaTH 3 HAOMMXKeHHAM RO x*.

MHM KiHllem ®) ¢ (x) =

Npukaan.

Meronom itepaniii 3HaiiTh Ha BiApi3Ky [0; 1] kopinb piBHAHHA
3 TouHictio po & = 0,00005.

%% 4 1,76439x2 4 2,21584x — 3,31344 = 0.

[Tonamo e piBHAHHA B TAKOMY BUTJAAL:
x3 - 1,76439x2% - 2,21584x — 3,31344
10 .

Toai @' (x) = | — 5 (352 + 3,52878x 4- 2,21584),

0<o’ (x)<<0,8, sxuwo x€[0; 1].
Otxe, g =0,8.

q 1—08

R
Toni T £~ 08 0,00005 = 0,0000125.

Orxe, iTepauii TpeGa NPONOBKYBATH KOTH, IIOKU BHKOHAETH-
et | x, — xx—1|<<0,0000125.

3a nouatkosBe HabJMHXKeHHs x, Bizbmemo 0.

O6uucsieHHs] 3arMmicyemMo B TaGJHIO

X = X—

k Xy W Xg) = Xy J o — Xy |
0 0 0,331 0,331
1 0,331 0.566 0,235
2 0,566 0,696 0,130
3 0,696 0,754 0,058
4 0,754 0,775 0,021
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ITpodoscenns

k Xp P(XR) = Xy | X6 — %pyp '
5 0,775 0,782 0,007
6 0,782 0,7841 0,0024
7 0,7844 0,78511 0,00071
8 0,78511 0,78534 0,00023
9 0,78534 0,78541 0,00007
10 0,78541 0,78543 0,00002
11 0,78543 0,78544 0,00001

3 miei vabauui BunuMBae, mo x* = 0,78544 3 TOUHICTIO 1O
0,00005.

Bupasu.

1. Po3p’stsath rpadiyHiM MeTOROM piBHARHA:

a) 3 — 1,3x2 - 2x — 2,6 =<O0;

6) 2sinx+ 1,5x—3=0;

B) x* —cos x = 0;

r) x4 ¥ —1=0.

2. 3naiitu Kopinb piBHAHHR (3 Tounictio no 0,0005) na npomixky [a; bl
METOJIOM MOAi1y NPOMIXKKY TNOMOoJIaM, MeTOBaMH XOpJ, AOTHUHHX T2 METOROM
irepanii:

a) x*--0,673x2 —0,921x — 5,732 == 0; a==0,5; b=2,5;

6) x* - 2,212x? 4 3,400x — 0,901 =0; a=0,0; b=2,0

B) ¥4+ x—3,12=0; a==05 b=1,5

l‘) 2"-—8x+2=0; a=0;, b=,



Pospin Vi
ANPOKCUMALLIS DYHKLUMA

§ 23. MocraHoska 3agaui HAGMoKeHHA PYHKILIH

BBaxaroTtb, 10 Ha MHOMHHI AificHHX wuces X BH3HAYEHO je-
SIKy AiMcHY OYHKIiI0 y = [ (X), KO KOXHOMY YHCJIY X 3 wi€l
MHOXKHHH NOCTaBJEHO Y BIIANOBiAHICTb OmHe HificHe YHCJIO Y 3
MHOkHHM Y. Ha npakTiui. 4acto TpanisiioTbcs BHNAJKH, KOJIH
3HalTH 3HAUeHHA y J/A BiANOBiTHUX X NOCHTb Baxko. Kpim roro,
yacTo aHaliTHYHHH BHpa3 ¢yHKUIi y = f (x) B3arani HeBimoMuf,
a Bigomi siumre ii 3HaYeHHA B CKiHYeHHiH KifbKocTi Touok. 11i 3Ha-
ueHHA MOXYTb OyTH 3HafjleHi B pe3yJbTaTi CHOCTepekeHb YH
BHMIipDIOBaHb B sIKOMY-He6YJb ekcrmepHMeHTi, a6o B pesyJbrati
ofuucienb. Tomy BHHHKae norpefa BHXiZHY QyHKLilO y = f (x)
Ha6JIHKEHO 3aMiHUTH (AN POKCHMY BaTH) JASRAKOIO iHILOKO
¢yHKUier ¢ (v), B NeBHOMY PO3yMiHHi Gau3bKo g0 f (x) i Takoiw,
IO TpocTime ofuHCTIOEThCS 4YH focnijkyetbed. Toali npu Beix
3HAYEHHAX apryMeHTy 3 MHOXHMHH X nokJaagaiots | (x) &~ ¢ (x).
DYHKUIIO ¢ (x) HASUBAIOTb ANPOKCUMYIOHOI0. DIH3bKiCTb GbyHRUik
f (x) i @ (x) MOxHa, 30KpeMa, OLiHIOBATH B METPHYHHX MPOCTOPaXx
3a JONOMOTOI) BilICTaHi e (f (x), @ (x)). Tlo-pisHoMy BBOASUM BiJ-
CTaHb, AiCTAOTh Pi3Hi KOHKpeTHI BHNAAKH 3ajadi- anpoKcuMarii.

UYacro anpokcumyiouy pyHkKuio @ (x) 6epyTb y BUIIAL AiHil-
HOi KoMGiHamii ¢yHKIIH AesKOro Kjaacy, siki yTBOPIOIOTh CKiHUYeH-
HY Y4 3YHCJEHHY MHOXHHY (¢, (x)}, npHuoMy Oylb-siKa CKiHYeH-
Ha CHCTEMa ejieMeHTiB ¢; (¥) JiHidHO He3auexua. Tobro ¢ (x)
6epyTb y BHUIJIAAI

Q (%) = ay@p (X) + @@y (x) + -+ + a,9,(x),  (23.1)

ze a; (i =0, I, ..., n) — crani Koediuienrn.

dyHkuiro ¢ (x) B UbOMY BHMAJKy HA3HBAIOTH Y3A2AAbHEHUM
mrocounenom. Hagani posrasinatuMeMo HaGaHKeHHA QyHKLiH
y3araJbHeHHMY MHOTOWJIeHaMH. ¥ LbOMY BUDAAKY 3ajauy amnpo-
KcuMmanil MoxHa copMy/IioBaTH Tak.

3anano pyuxuio f (x). [lorpi6Ho sHaliTi Takuit y3arajbHeHHH
MHOrousIeH ¢ (x) (mizi6paru fioro Koediuient a; (i =0, 1, ..., n)),
o6 BiixuMeHHs (B AeAKoMy poayminai) oyrkuii f (x) Bix @ (x)
Ha 3anaHi#i MHoxuHi X GyJo HalMeHIUUM.

Hexait y Toukax xo, Xy, ..., X, (¥; 7= x;, AKUWo i 5= j) 3 BA-
piska la; bl Bigomi suaueHHs q)yl-n(uu y =1 x):

Yo = f(xo)’ Y= f'(xl)’ cees Yn =f(xn)'
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PosrnsHeMo onuH 3 BUMAjKiB ampoKcHMalii, 110 Ha3HBAETbCA
IRmepnonoannam, abo inmepnosayiero. Cytb Horo moJsrae B
TOMY, WO Koediuientd a; (i = 0, 1, ..., n) mHorouseHa (23.1) no-
6upaloTh Tak, wob y Toukax x; (i = 0, 1, ..., n) 3HaueHH QyHKUiH
¢ (x) i f (x) s6iranues, To6T0

n

F) = a@y(s) (=01, ..., m). (23.9)

Touxn x; (i = 0, 1, ..., n) Ha3UBAIOTLCS GY3AAMU [HMEPNOAOBAH-
HA, a MHOTOYNEH @ (X) — i[HmepnoasyitiHum muozodsenosm. Dop-
MyJy y = @ (x), 3HafineHy njsi OOGUMCJEHHS 3HadeHb (YHKIilii
y = f (x), Ha3HBAOTb (HMEPNOAAYILHOIW.

3anaua iHTEPNOMOBAHHA MaTHMe €JHHUI PO3B’A30K, AKINO NpPH
Oy b-1KOMY PO3MilleHHi BY3JIiB (cepel IKHX HEMae€ TakHX, 1o 36i-
ralothcsa) BASHaYHHK cUcTeMH (23.2) He fopiBHIOBATHME HYJIIO, TOOTO

Qo (%0) @1 (Xg) ... @y (xp)
Po(¥1) @1 (%1) ... @n (1) [s£0.

Po (%) @1(X) .. @(xy)

Cucremn GyHKUIf, AKi 3a00BOJNBHSIOTh TaKy YMOBY, Ha3HBa-
10Tb cucmemamu Yebuwosa. OueBHAHO, BUMOra JiHiHHOI He3aMexXK-
HOCTi cucteMH {¢; (x)] € He- ¥
obxigHow a8 Toro, mob ug -
cucrema (yHkRuiin 6ysaa cu- y=f(x)
cremoto Uebumona. Ilpn in-
TEPUoJIOBAaHHI  y3arajbHe- -
Huil MHOTOUJIEH 6yAYIOThb 3a
JlesiK00 4eOMILOBCbKOIO CH-
creMoro OyHKuUil.

3 reoMeTpHYHOrO MOrs- 4| 4| 4
Jly 3a1a4a iHTEPMOJIIOBAHHS
NoJisirae B 3HAXOJXKeHHi Ji-
HiT ¥y = ¢ (x), WO NpoxoauTh
yepe3d TOYKH IVIOWIHHH 3
KOOpAMHATaMH (Xo; Y,), (%1 Maa. 30
!/1): Ty (xn; yn) (Ma‘"’ 30)

Ha nmpaxtuui cucremy {¢q, (x)} yacro 6epyrb y Burisai nocni-
JAOBHOCTI WIJIHX HEBil'€MHUX CTENeHiB 3MiHHOT X, TOOTO

gp(x)=x (=012, ...).

Tyt ysaranbHeHi MHOrOUJIEHH € 3BHYAHHWMH anareGpaidHuMu
MHOTOUYJIEHAMH:

=)

X X X 5 x

¢ (x) =P,(x) = X, aixi.

=0
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Intepmo/moBaHHA B LBOMY BHNAAKY HAa3WBAETbCA HOAIHOMIAAb-
Hum, abo napaboriunum.

s inTepnonoBanHa nepioAWYHUX (GYHKUiH NPUPORHO BHKO-
pucraTi He anre6paiyHi, a TPHTOHOMETPUYHI MHOTOWIEHH. 30Kpe-
Ma, AKio nepion GyHKuii f (x) zopisHioe 2m, To inTepmONAL fiHNA
MHOTOY/IEH WYKaloTh Y BHIVIAL

T,(x)=a,-}+ ,Zi, (a; cos ix + b, sin ix).
Koedinientn T, (¥) BH3HA4alOTh 3 YMOB!
T,(x)=f(x) (=0,1, ..., 2n).
§ 24. IntepnonsuiiHwii mHorounex flarpama
Hexaii y toukax x; ({ = 0, 1, ..., n) (x; = x;, AKWo i = j)

3 Biapiska la; b) sapano snavenns ¢ywruii y = f (x): y; = f (x).
Tpeba noGyaysatn Takuil noainom L, (x) = ay + ax + ... +

+ a,x" (crenensi, He BHIIOTO 3a n), AKUA Y BY3/1aX Xg, X, ..., X,
HaOyBae THX caMHX 3HaueHb, WO H ¢yHKuUis y = f (x), TOGTO
Lo(x)=1f(x) (=0,1, ..., n). (24.1)

3 ymoBu (24.1) as1s 3HaxoKeHHs! Koediuientisa, (i = 0, 1,...
<., N) [HiCTaHEMO CHCTEMY piBHSIHb:

ay + alxo + agxg + e + aux(')' = f(xo)’
ao + alxl + alez + et + a”x;l = f(xl.)) (24.2)
ay + ax, + gxn -+ oo+ axn = f(x,).

Busnauynukom 1iei cHcremMu € TaK 3BaHHA BH3HAUHMK Bau aep
Monna:

2
1 % xp ... x0
2
A= 1 X x,...xi’ ’
‘ 2
1 X, Xn -.. Xn

SKAi, K BiIOMO, NOPiBHIOE
A= rl (x,' — x,) # 0.

o<j<ign

Le osnauae, mo ¢yukuii 1, x, +% ..., x" yrBopooth crctemy Ye-
ouwoBa. Omxe, cucrema (24.2) Mae exunuil po3p’'a30K tpu Gynp-
AKHX 3HAYEeHHSAX

: Fx) (=01, ..., n.

TakuM YHHOM, KOJM Cepel BY3JiB HeMae TakuX, mio 36ira-
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10TbCS, TO anreGpaiyHuil iHTEpNOAALIAHWUA MHOrouw/eH icHye i
€IMHHUH (3 TouHicTIO O hopMH 3anucy). Hesiki Gopmu iHTepnons-
HiHHUX MHOTOWJEHIB PO3IVITHEMO B LIbOMY PO3JiJi.

Hlo6 micraru iHTepnoAsuiAHUE MHOTOWIEH y sIBHOMY BHIISIA,
He pO3B’ A3yBaTHMEMO cucTeMy (24.2), a noGyxyeMo GearnocepelHbo
muorouseH L, (x), sku#l 3ajoBosbHAE yMoBY (24.1).

Muorounen L, (¥) wykatumeMo y BHMIALl JMiHIHHOI KOMGiHa-
uil e KUX MHOTOUY/IEHIB CTeNeHst n, MpHYoMy Koediuienramu niei
AiHifiHol koMGiHauii 6yxyTb 3ajaHi 3HauenHs QYHKLUiiy = f (x)
y - BysJax, To6To

L) =Y il 3, @13

ge L x) (i=0,1, ..., n) — NOKH MmO HEBifOMi MHOIOWIEHH
crenens n. 3 ymoBn (24.1) BumimBae, mo Muorownenn L{” (x)
MaloTh 3aJI0BOJILHATH YMOBY

1, saxmo =i,
L(in) ()C,-) = { 0 !

AKUo [5&i,
TO6TO
L) = =x) (r—x) o X Y =X)L =)
¢ - i —xg) (i —xy) ... (g —x; ) (xi—x,'_H) e (g—xn) T
_ ﬂ (x — %))
P (e —xp)
i=0

i

IliacTaBuBIOM BHpa3H L™ (x) y dopmyay (24.3), mictanemo BUpa3
inTepnoasinifivoro MHorowre€a L, (x):

Lu (x) =
B Sy (e—x) (r—x) L (x—xy) F—x ) ... (£~ xp)
- Pr (e — xp) (x;—xp) .. (% —x;_y) (g — xi-}-l) cee (X —xp) Yi-

(24.4)

lurepnonsiniiinuit MHOTOWNEH, sanucanuil y Burnsni (24.4), Ha-
SHBAETbCH [HMEPROAAYyitinum muoeourenom Jlaeparnoca. MHoroune-
nu L (x) wasusatothes oepiyicnmamu Jlazpanoka.

JocnTh nowypenyMy BHNAAKaMU iHTEPIOMIOBAHHA € AlHilHe i
Keadpamuune inmepnososanss. Popmynu mikifinoro i kBagpaTHy-
HOI'O iHTEPTOMOBAHHA HicTaHeMOo i3 3araJbhOl (QOPMYJH, KO
ne=1 i n=2

Tak, fKIO # = 1, MAEMO MHOFOUYJEH NepLIOTO CTeneHs, AKHH
& piBHAHHSIM NPAMOI, WO NPOXOIUTH 4Yepe3 ABI TOUKH (Xg; o)
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i (5 go):

X —X X — X, .
Y=L =5=3Y+ (24.5)
s dopmyna € dopmynoio JinifHoi iHTepmoOaANLII.
[Noknaeum y dopmyai Jlarpawxa n = 2, picranemo:
(= Xo) (x —x3)

Yo + (¥ ~— x9) (1 — Xy)

y=Lo(n = =) i+

KXo — X1} (Yo — xg)

+ ((x - xO) (x — xl) (24.6)

Xy — Xo) (xg — Xy) Y

Je y == L, (x) — piBHAHHA nmapaGony, WO NPOXOIHTb 4epe3 TPH
3alaHi TOUKH: (Xg; Yo), (X15 Y1), (Xg; ¥2). OTKe, CyTh KBagpaTH4yHOro
iHTepITO/TIOBaHHA [l0AATae B TOMY, Mo QyHKUiO ¥y = f (x) Ha Biz-
pisky la; bl 3amiBIO©0Ts MHOrOYJIEHOM APYTOro cTeneHs (napa6o-
JIOKI), 3HAYEHHS SKOro B TPhOX TOMKAX (BY3JaX) IOpiBHIOIOTh 3Ha-
uyeHHsM QyHKUIT. Popmyna (24.6) e dopmyJsol0 KBaApaTUUHOTG
iHTePIIOMIOBAHHA.

NMpukaany.

1. dna ¢yHKUii, 3Ha4eHHs SIKOI B YOTHPBOX TOYKaxX 3ajaHo
Tabauien

x01‘2,4

[(x)‘l!S 2 4

no6yaysaty iHteprnosanifiHufi MHorouten Jlarpanika.
B nanoMy Bunagky n = 3. Toni 3a Qopmynoo (24.4) 3naxo-
JHMO:
=D Ex—2)x—9 F=0(x—2x—9
Lw=1T=no—90=9 3 T=oa=2u=9

(=0 (x—1)(x—14) =0 (x—1)(x—2
+2 C=0@—D@E—9 +4 G0 @d—1@E=9

Po3KkaaBIIM HEH MHOrow/IeH 3a CTENEHSMH X, MaTHMEMO:
13 75

55
Ls(x)zﬁ-xs-——ﬁ-x"’—k—lyxﬁ— 1.

Heaxko no6aunrn, mo ¢opmy.ai Jlarpanka MoxxHa HajgatH i
TAKOro BHIVIALY:

Ln (x) = l'-[n-i—l ()C) Z

n
e (r—= xp) H,;.;.l (x¢)

4 (24.7)

L

pe Ty ()= (x—x,) (x—x) ... (®—x), a ot (x) —sHa-
yeHHs noXianol Bix ¢yuxkuii 1L,y (%) y Todui x = x,.
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3ayBaxumo, o ¢opma koediuieHTiB Jlarpanxka i HBapi-
aHTHa BiIROCHO JiHiAHOT NigcTaHOBKH x = af + b, leai b —
crani, npudoMy a 5= 0. Inakwe Kaxyuu, d¢opma KoedillieHTiB
L® (x) ({ = 0, 1, ..., n) picas nigcraHoBKu x = af +- b 3anulua-
€ThCSl TAKOIO CaMoI0, TiJIbKH X 3aMiHIOETbCS Ha £, a x; Ha ¢;. Cnpas-
Ai, 3amucaBmi Gopmyay aTs koediuientis Jlarpamxka

L}")(x) - (x—xg) (x—%g) ... (x—x;_) E—x; ) ... (x;- x,)
(g — %) (xp—x) o0 (g —x;_ ) (¢ — xi+1) N )

i noknapwu BHiAix =at +bix,=af, +b (=01, ..., n),
3HaffeMo: :
L™ (f) =
alt—t)alt—1t) ... altl—1t;, ) alt—t;) ... alt —1p)
-
alti—t)ali—t) . alli—f_alti—t ) .. a(li—1tn)
CKOpOTHBIUM YHCEJBPHMK | 3HAMEHHHMK Ha g™, MaTHMeMO:

L0ty = E—t)U—t) ... C—t_ ) E—t ) ... E—1n)
(ti —ty) (tl'_tl) e (ti—ti_.l) (47 *ti_|_1) ... (ti _tn) !
ulo # tpeba 6yJIO JOBECTH.
Ilio BnactuBicte koedinientiB Jlarpanxa 4acto BHKODHCTO-
BYIOTb IJISi CHOPOLIEHHS OGUHC/IEHbD.
2. BuxkopuctoByioun 3HayeHHa cos x aas x = 0°, 30°, 45°
60°, 90°, 120°, 135°, o6uucautH cos 63°.

x| o \30c |45° [60° | 90 | 120° | 135°

y==cos x| 1,00000 | 0,86603 0,70711'0,50000 0,00000 | —0,50000 |— 0,70711

Has  pavoro mpukaany x,=0° x, =30° x,=145° x;,=
= 60°, x4 =90° x;=120° x,=135° a x =63°.

o6 cupoctuTd obumcaeHus, nokaanemo x = 1bt. Togi sma-
YeHHs! HOBOT 3MiHHOT £, siKi BiAMOBiJal0Th BY3/1aM {HTEpPNOJIOBAHHSA,
fopisHioBatiMyTh: = 0, {, = 2, {, =3, ty =4, {, =6, 1 =
= 8, fy = 9. 3navenHo x = 63° BixnoBinae 3xaueHHd ! = 4,2.
Jna ofuMciieHHsi WYKaHoro 3Hadenus cos 63° migcraBuMo Jami
B popmyy (24.7), B Akiil Tpeba auile 3aMiHuTH X i X; BiIHOBIiAHO
Ha ¢ i ¢. Topi Il; (4,2) = 4,2 —0) 4,2 — 1) 4,2 — 3) 4,2 —
—4) 4,2 — 6) 4,2 - 8) (4,2 —9) = 72,80824.

% skimo = 4,2, 1 3Halzemo
13

(y npoMiKHHX pe3yqabTarax OGepemo ABi 3anacui uudpH nopiBHAHO
3 TaGMHYHHMH 3HAYEHHAMH 4;, B OCTATOYHOMY pe3y.bTaTi 3anacHi

O6uucaumo S = 2 -/ S
=) 10 (
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HQPH OKPYIJISIEMO):
S=6235437-107° i L,(4,2) = II,(4,2) - S = 0,45399.

3Bigcn cos 63° = 0,45399.

Y pesysbrari, sHaiileHOMy 3a JONOMOTOK iHTEPHOJIOBAHHSA,
Bci LUGPH NpaBHIbHI.

SIkmo BysaHM piBHOBiIJANEHI (X3 — Xo == Xp — Xy = ... =
= X, — Xn—1 = h), JOoUiNbHO 3poOMTH JiHilHY nigCTaHOBKY
BULY X = X, -+ ht. '

§ 25. OuiHka noxubkM inTepnonsuifiHoro mHorouneHa
Narpanma

To6ynoBanuit aasa $yukuii y = f (x) iHTepnonauiiinui Maoro-
yneH Jlarpanxa n-ro crenens L, (x) y By3nax iHTEPHOMIOBAHHS
Xy, X1, ..., X, 36iraeroca 3 ¢yukuiero y = f (x). B inmmx toukax
Biapiska [a; b] Bin Bigpisuserbes Big GyHKUIT Yy = f (x).

BennunHa
R, (x) =[f(x) — L, (x),

fika XapakTepHaye OJM3bKicTb mosiHoMa L, (x) mo ¢yHkuii f (x)
y neskift rtouni x Bigpiska [a; bl, HasuBaeTbes saauwkosum
uaeHOM [Hmepnoasyiinotl gopmysu L, (x). 3Haligemo Bupas mjsi
3a/IMIIKOBOTO 4JMeHa R, (x) mis dyHKui# f (x), sAxi Ha Bigpisky
[a; b], wo MicTuTL By3/M iHTEPNOMIOBAHHS, MalOTh HelepepBHi
noxiaHi mo (n -+ 1)-ro Nopsaky BKJIIOYHO.

Ockineky BijjoMo, 110 3aMMINKOBHH UIeH Y By3Jax iHTepnoJio-
BaHHA JNOPiBHIOE HYJIO, TO MOXHAa 3anHcaTH:

F () — Ly (4) = Wt (1) & (), (25.1)
agi (6) = (x— X} (x — X)) (x — %) ... (x—X,), a k(x)—
HeBijoMa ¢yHkuisA. [ns 3HaXoIkeHH k (x) PO3TJAHEMO AOMO-
MiXkHY ¢YHKILi10
u(®) =) — Ly (&) — Iaps (B) £ (),

Ie x Bijirpac poab mapamerpa. TyT 32 X Bi3bMeMO TOUKY, B AKifi
noTpi6GHO OOYHUCAUTH 3ATHLIIKOBHI WieH iHTepno/isiliHHOrO MHOTO-
4jIeHa.

3a pisnictio (25.1) pyHKIia u (f) nopiBHIOE HYJIO, AKIO ¢ == |

= Xgy Xyy -, X, 1 AKIHO ¢ = x, TO6TO Mae Ha BiApisKy [a; b) upu-
HaliMHi n -+ 2 Bydi. Otxe, Ha KiHUAX KOXHOTO 3 BijIpi3KiB

[xos 211, I3 %), - -0y {xs &, [ xigal, ooy [Xams X))

dyHKuia ¢ (f) HabyBae 3HaYeHb, IO AOPiBHIOIOTL HYJI0. 3a Teope-
Mmoo Posia BeepelMHi KOXHOTO 3 IHX BiAPi3KiB 3HaljerTbca
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npuHafiMHi OXHA TouKa, sKa Gyle HysaeM noxiasoi u’ (f). Orxe,
noxixHa u’ (f) mae Ha Biapisky la; bl npunafiMui n 4 1 HyJb.
Mipkyloun aHaJIoriyHO, BCTaHOBMOEMO, o u” (f) Ha la; bl Mmae
npusaiivei n vyais. Hapewrri, 4™ (f) mae na la; b] npunaiivai
omna myms E 4"V () = 0.

Ockinbkn LYV () =0, DY () = (n+ 1)1, 10 aas w0 ()
MaeMO:

w0ty = Y () — (4 D R (),

Omxe, npu ¢ = § nicraemo:
0=F"@—(n+ D k.

fintD ()

T T

[TincrasuBmm B piBHicTb (25.1) sHaueHHs k (x), gicraHemo Bupa3
IUIsi 3aMMIUKOBOrO 4jleHa iHrtepnoJsuifiHOro MHorouwneHa L, (x):

(n-+1)
R, (x) = f 3]

T 1)

ze E€la; b], a=min(xy, xq,..., Xp, X); b= max (X, Xppe.cr X, X)-
3 cdopmyan (25.2) MOXxHa 3anHcaTH TaKy OWIHKY s R, (x):

3sijacH
k(x) =

Hoy (x), (25.2)

M
[Ra @)1= 1] () — L@ | Sy 1 Taa (9], (25.3)

{(n+1
ae Mpy = max |f ’(x)|.
*€la.b] . .
SIKuo By3nu piBHOBifAaNeHi, T06TO X, — x; 1 =h, i =1, 2, ...
eees N, TO OLIHKA JJIS 3aJHMILKOBOrO ujleHa HaGHpae BUIJIALY:

IRn(x)I<V”ij-_-+—l'),~h"+'|t(t— D(E—2) ... (t—n)], (25.4)

. X — Xy
L= h

Takum unHOM, 171 BHNAAKY PiBHOBifNanenux Byanis | R, (x)| =
=0 ")

3 ouinkn (25.3) BHAHO, WO BeIHUYHHA HOXUGKH MHOTOYNEHA
Jlarpanxa sanexutb Bin Toro, sK BUGPAHO BY3JM iHTEPHOJIO-
BaHH# (BOHM BH3HA4aloTh (yHKuio I,y (x)). Ouinktn Iy ()
NpH JOBIILHOMY PpO3MIlEHHI BY3JiB iHTePNOJIOBAHHA IOCHTDb

* Haragaemo, wo g8i Heckinuenno mani o (x) i P (x) nasupaoTecs se-
AunuRant 008020 NOPAOKY TPH x - x, (3anucyioTh: & (x) = O (B (x)), AKmoO
a ()

CKiHyeHHa Ipannua iX BigHowenus lim
X=X, [

icnye | He JopiBHIOE HYJO.
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ckaagso. Konu Bysnu piBHOBignaneHi, To 1H06/AU3y HEHTPANbHOIO

Byasta inrepnonanii ekcrpemymu ¢yHKuii Il,41 (x) HeBesmki, no-

6/113y KpaitHix ByaniB jemmo 6inblui, a AKIINO X BUXOAUTD 3a Kpailui

8yanu, 10 .41 (x) wBHaKO 3pocrae. Hanpuraan, rpadik 1, (x)
nojano Ha Maa. 31. '

3HaxXoMKeHHA 3HaueHb y = [ (¥), AKUIO 3HAUEHHS apTYMEHTY

X Jexath MiX KpaliHIMH BysJlaMH, HasHBAlOTb [HMEPNOAIOBAH-

Ham, a AKIIO X JIEKUTh 11032 KpalHiMH BY3JIaMH,— TO eKCmpanoar-

gk BAHHAM. 3 NONEPEHBOrO BU-

50 MUIHBAE, WO NPH EKCTPanos-

nii zanexo 3a KpaiHi BY3JH

NoxH6xKa Moxe OyTH JOCHTb

BesMuKow.  Ekcrpanonsniio

JO1iTbHO 3aCTOCOBYBATH TO-

/'\ ai, xoau yskuif f (x) Ginsa

T *  KipniB Tabauui 3MiHOETHCA

al Tro "% x5—ry XN\_J¥% & aoa loeTh

~ ONaBHO i BiacTaHb Bij KiH-
uiB Tabauui, Ha AKi# ekcTpa-
NOMIOI0Th, HEBEIMKa (MeHIua
Big Kpoky h).

Mpumirka. 3suuaiiuo,
AKN10 aHaliTHyHuiA BHpa3 (QyHK-
uii f (x) Hesigomu#t, ToO oUiHKaMH
(25.3) i (25.4) KOpHCTyBATHCA He

moxua. Ta # Topi, KoM ananmiTHUHHE Bupas gas f (x) Bigomu#t, uumu owin-
KaM# KODHCTYBATHCSHL Ba’XKO uepes CKIafHiCTh 3Haxonxenus M, ,. Ha npax-

il noxiani samiHiOOTh CKiHUeHHUMH pissnUsAMH,. PosraAnyTa BHLlle NOXHOKa €
MOXH6KOI0 METOAY .

Maux. 31

Ocki/ibKH 3HA4€HHS Y, 4acTo [arThcs HaOMMKeHO, TO HaBiTh
i Tomi, KoM BCi MPOMiIXKHI OOYMC/IEHHS] BHKOHYIOTbCA TOWHO, pe-
aynbTaT AicraeMo 3 moxHOKow. lle HeycyBHa moxu6ka. Hxuio
¢dopmyay JlarpaHxa B3aTH y BUMIAAL (24.7), TO, CKOPHUCTABLIUCH
pesysbTaTamy [ posziny, BCTaHOBUMO, 10 HeYCYBHa NoXHOKa ¢op-
My JlarpaH:ka He NepeBUIYBaTUME BEeJHYHHH

AL = A s ()] 3 L , 95.5

L= Ay +1()|i>=_‘0 T Ty ] (25.5)

e Af — MAaKcUMaJibHe 3HaueHHs abCoJIIOTHHX HOXHGOK BEJIHYHH
yi:':f(xi) (i=011121---1 n)'

3aysaxuMo, 110 OCTaHHS NOXHOKAa TpU X € {xg, X, (BiﬂnOBiAHO

X — X, . . . .
t =——¢l0; n]) NopiBHAHO Mana i Ay:Ke MOBiJbHO 3pocTae
is sbisbileHHAM A.
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¥ nponeci oGuxcieHb BHHHK3E TAKOXK NOXHOKA NMPH OKpyr-
JIeHHAX NpoMixHHX pesyabTatiB. [IpakTHuno w0 NOXHOKY MOXKHa
3pO6GHTH 3HAYHO MEHILOIO MOPiBHAHO 3 HEYCYBHOIO, AKILO IPOMiXK-
Hi OGYHC/NEeHHS BHKOHYBAaTH 3 OiJbLIOI0 KiJMbKicTIO HUp, HikK ne
BHMAaraeTbcs sl TaGJIMYHHX 3HAUEHb [ (x), TOGTO KOJH OGUHCTEH-
HSl BHKOHYBATH i3 3anacHMMH uudpamu. B ocratouHoMy pesyJib-
TaTi 3anacHi nHppH OKpyrmoioTk. [IpH oninni moxu6ku pesyJbra-
TY CJiA BpaXxoByBaTH i MOXHOKY OCTaTo4yHOro okpyriaenHs. Ilos-

Ha noxubka iHTepnOMOBAaHHS NOPiBHIOE CyMi BCiX mepesiueHux
BHINE MOXHOOK.

Npuknan.

Kopucryrouuce iHTepnoasnifinnM MHOrowieHom Jlarpauka,
obuucautu sin 0,86, sxkwo Bigomi 3Hauenus sin x npu x = 0,5;
0,7, 0,9; 1,1; 1,3’ 3 n’ATbMa NPABHJIBHMMH 3HAYYIIHMH [HDpaMH.
OuinuTy NoXuOKY pe3y/ibTary.

IOas cnpolleHHs ofuucjeHb po6uUMO 3aMminy x = ht -+ x,,

ro61r0 x = 0,2¢{ 4~ 0,5. Tomi sHauennio x = 0,86 Bianosinae
f 08605 o

0,2

Y npomixuHux pesy/bratax 3GepiraeMo ABi 3anmacHux nugpu

NOpiBHAHO 3 TaGAMYHHMH [JaHHMH Y;, B OCTATOUHOMY pe3yabTaTi
OKpYIIOEMO 1X.

Bukonaswm ofuucneHHs 3a ¢opmyJoio (24.7), picranemo:

Lo(18) = 18- 0,8(—02)(—12) (—2.2) (275> -+ 2HEL

+ T+ 27+ gy ) = — 076032 (— 0.9967471) =

= 0,7578468.

Orxke,
sin 0,86 ~ 0,75785.
BusnayyumMo Toumicth intepmossuii ms sin 0,86.
3anumKoBHii wieH oliHHMO 3a dopmysolo (25.4). Ockinbku
f® (x) = cos x, To
Mz = max |cosx|=0,87758 < |,
0.5<x<1.3

|R, (0,86)] < L2 1.8(1,8 1) (1,8—2)(1,8— 3) (18— 4)| =

_ (o2 _ -5
=82 076032 =0,2- 107"

HeycypHy noxu6ky dopmynu Jlarpanxa oGunciumo 3a ¢op-
myJqo0 (25.5). Ockinbku TaGanyHi 3HaYeHHs QYHKUIl y = sin x
3ajiaBi 3 n’ATbMa NpaBWIbHHMH 3HAYYWHMH UHDpamu, To A; =
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= 0,5 - 10™°. IligcTaBMBLUH 3HAYeHHS HEOOXIIHMX BENHYHH Yy
dopmyay (25.5), micranemo:

AL =0,5-10"".0,76032 (—4§','2‘ —l"m"{"ﬁ_i_ﬁ—l— 52,8)=

=0,62. 107",

Orsxe, sHaveHHs y = (,7578468 (pesysbraT 10 OKpYIVIEHHS)
mae abcomoTHy noxu6Ky, He Gisaby K 0,2 . 107° + 0,62 X

107° = 0,82 - 107°.

OCKIJ‘IbKH TIPOMiKHi OOYHC/IEHHs] BUKOHYBAJIHCh i3 3aMacHHMH
3HAKAMH, TO MOXHUOKOIO OKPYTJIeHHsl NPOMiXKHHX pe3yJIbTaTiB MH
pHextyeMo. [loxu6ka OKpYTVIEHHS OCTaTOYHOrO  pe3yJbTary
0,32 - 107

Omxke, nmoxu6ka smavenHa 0,75785, smafifieHoro iHTEpIOJIIO-
BIHHSM, He nepesuutye 0,82 - 107°+0,32-107° =1,14 - 107°,
TOOTO B pe3yabTaTi Oyje npHHafMHi YOTHPH NMPaBHJIbHI 3HATYLL
uudpH.

q)ﬁnﬂ HOPiBHAIHHA HaBeleMo 3HavyeHHs sin 0,86 3 n’aTbMa npa-
BUJILHUMHM 3HauymumH mudpamu: sin 0,86 = 0,75784.

Bnpasn.

1. Oaa tabauuso sapanol ¢pyHxnii noGyayBaTH iHTepnoisiiiHHil MHOTO-
ajed Jlarpadxa:

x 5 6’8!0

y 1,66 1,43 ‘ 111 0,91

2. - Buxopucrosyioun intepnoasuifinuit noainom Jlarpanma, oGUHCIHTH
sHaueRHA QYHKUI B JaHMX ToukaX i ouinnTy noxuOky pesyaprary. Pynkuii
3aaH0 TaOMHMUSAMH 3HAYEHb!

)

% 0,30 \ 0.40 | 0,50 | 0,60 0,70
y=1x + c ¢ ‘
o [osess | 078942 | 097943 | 1,16464 | 134422
2 X 15° 30° 45° | 55° | 60°

g =cosx| 0,96593 | 0,86603 | 0,70711 |0,57358 0,50000

3. Jano tabanwo GyHKUii y = €* na apouixxky [0; 1) 3 xpoxom b = 0,01.
dxa Hafbiabia noxuGka niuiiHol intepnonsuii? fka wafbinmbma noxuGka
KBajparuynol iHTepnonAnii?

4. Ouinuti, 3 KOW TOUHICTIO MOXHA oOuHCINTH 32 QopMyoio JlarpaH:xa
lg 2,5, koau Bigomi snauvenns Ig 1; 1g2; 1g3; Ig 4; 1g 5.

116

§ 26. CxivueHHi pizHMLi. 3B'A30K CKIHUEHHMX Pi3HMLb
3 noxigHMMK

Hexa# Yo, Y1, Ya, -..— 3HAUEHHA Jesikoi QyHKuil y = [ (¥),
IO BiANOBiZAIOTL PiBHOBiAJANEHHM 3HAUEHHSAM apryMeHTy X,
Xy, Xgeoo (Kipy — %, =h>0,i=0, 1,2, ...). Besquuuna y;4; —
— Y, Ha3UBAETbCA CKIHUEHHOIO DIBHULEI0 nepuio2o nopaoky Qylk-
uii f (x) B Touwi x; (3 Kpokom h) i nosHavaetbcss Ay, abo Af (x;),
T00T0 Ay, = Y41 ——yi CkindeHHa pisHHUSA APYroro HOPAIKY
B TOYL[i X; BH3HAYAETBCS PiBHOCTAMH

A%y, = A(Ay,) = AYip1 — DAY = Yire — Yit1) — Yin — Yi) =
= Yits — 2Yip1 + Yo

Baarani, ckiHueHHa pisHHISA n-ro NOPSAKY GyHKUiT ¥y = f (x)
B TOuli X; BH3HAYAaETbCA 3a TaKOIO PEKYPEHTHOK (POPMYJIO:

Ay, =AQ""y) = A"""yir — A"y,
e
n>=1, A, =y, Ay, =Ay,.

CKiHYeHHI Pi3HHLI 3PYYHO DPO3MilllyBaTH y BHIJIsI TaGJaHLL.

x y Ay Ay Ay
X
x: =X +h zi Aoy Azy, :
Xy =1, + 2 A I I
X3 =Xy + 3k Ys AZ2 A%y, 4
xg=xy+ 4h Y4 3

Taka TabauusA Ha3MBaeTbCA GIA20HAALHOI MABAUYEID PI3HUYD.
Bei pisuuui sanucyBaTHMeMO IiJIHMH YHCAAMH B OJMHHUAX MOJIOJI-
woro po3psiy 3HaueHb (yHKuii y By3Jdax i{HTepnosiOBaHHS.

CKOpHCTaBIIHCh METOIOM MaTeMaTHYHO! iHAYKIi, JIeTKO noBe-

ctd  opmyay
Ay, = kgo(_ 1) Chtuti—t, (26.1)

ne Ch — Ginomui xoedinientd. OcTanna GopMyNna BHpaxae CKiH-
4eHHi Pi3HUII yepe3 3HaueHHs (YHKILT y BY3JIOBHX TOYKaX.

BkaxkemMo Tenep Ha 3B’f130K MiXK pisHHusMM 1 TNOXiAHUMM.
HArxwo pyusyia f(x) mae na 6idpiaxy |x;; Xiyr] Henepepeuy no-
xiony ¥ (x), mo icuye maxa moura EE1x; Xipil, wo

Ay, = i ®) h". (26.2)
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®opmyaa (26.2) npu n = 1 € popmy.oio Jlarpanka aas ckin-
YJeHHUX HPHPOCTIB

=fir)—fx)=F @ Xipn—x)=F @k

ne x;<<E<<xip1. Hosememo i1 mpu n =2. Hexall ¢(x)=
=[@x+h)—F(x). Toni A’y;=q(x;+h) —o(x) i 3a popmy-
Joto Jlarpanxka Maemo:

Ay, = he' (&),

ze & €)x; x+hl—mesxa rtouka, @' (E) =F' (& + 1) —/ (§).
3acTocosyloun e pa3 dopmyay Jlarpanxa no dysxuii f’, aicra-

HEMO:
Ay, =h(f' (& +h)— [ &) = h" @),

ze ECIE; B+ Al )x; Xigol. s n>2 teepaxenns Aa0Bo-
IMTBCS aHaloridHo.

3BincH BUMJIMBAE TAKHH HACHiJNOK.

CkindenHa pisHuys n-20 nopaoky aazeGpaidnozo MHO20-
YAEHQ N-20 cmMenens nocmitina, mobmo He 3aresncums 6i0 i, a CKin-
deHHi pisnuyi euwiux nopsadkis OopieHioomMe Hyaesi.

3ayBaxuMo, WO 3BiJCH He BUINVIHBAE: SIKWO NPH Jesikomy h
cKiHueHHI pisHHWi n-ro nopAxky, ¢yHkuii f (x) crani, o [ (x)
Oy le MHOTOYJIEHOM 7-T0 cTeneHs. ¥ LbOMY pasi cnpaBenuBe Take
TBEPIKEHHSA. SKu0 pisnuyi n-20 nopaoky yukyii f (x) cmani
021 6y0b-aK020 Kpoky h, mo Ya (PYHKYIA € MHO2CUACHOM N-20 cMme-
nens.

3ayBaXHMO, 10 CHOPMY/ILOBAHI BIACTHBOCTI CKiHYEHHHX Pis-
HHMIb CTOCYIOTBC TOYHMX pisHuLbL ¢yHKHii. [lpore 3Hauenus
¢yukuii, Ak npaBuao, B TAOMMUI HOAAIOTBCA HAOJHMEHO 3 Hes-
KOO TOYHICTIO i NpH o6GuucieHHi pi3HHLbL noxubka 3pocrae. Y
TabAMUAX 3HaYeHHA OGYHKUII B yciXx ToYKax oGYHCIIOIOTH 3 Ofl-
HAKOBOIO aGCOMIIOTHOIO MOXHOKOW i MNOJAIOTL JIMile [PaBUJIbHI
uudpH 3HayeHb QYHKIIT, TOOTO MOXHOKA KOXKHOTO 3HAYeHHA He
nepepnmye 0,5 OAMHHLI OCTAaHHLOTO 30epexenHoro pospsixy Tab-
JUYHHX 3HaveHb PyHkuii. Toai noxu6ka nepwHx pi3HHUB AODiB-
HI0e oauHuni moaoaworo pospsany (0,5 4+ 0,5 = 1), noxubka
JIPYTHX Pi3HHIb -— IBOM OAHHHISAM MoaoJworo po3pany (14- 1 =
= 2), Tperix — uotupboM oguHHLAM (2 + 2 = 4) i T. 4. OTrxke,
nox#6Ka k-THX pisHUIb fopiBHIOE 2F~' OMHHMUL OCTAHHLOTO PO3-
paLy.

Takum uuHHOM, MOXKHa CpOPMYJIOBATH O3HAUYEHHS:

Piznuyi k-eo nopadky na desriil Oiaanyi mabauyl Ha3UeQIOMbCR
NPaKmMUYHo cmaaumu, AKWO 6ci 60HU 6iBpisnarwmeca mixe cobow
e Ginvus sx Ha 2 00uKuLb OCMAHKL020 PO3PAdY MAbAULKHUX
3HaeHd yHKyii.
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SIkito - pi3HULi R-rO MOPAAKY OPAKTHYHO CcTagdi, TO Pi3HHLI
k -+ 1)-ro nopsaaky oGuuC/IIOBaTH HeMae NoTpe6H, 60 BOHM CKJa-
JaTHMYThCS JIHLIe 3 HempasUJbHUX uudp, i B Mexax naHoi Tou-
HOCTi MOXKHA BBaXKaTH, INO BOHH JOPiBHIOTH HYJIO.

Slkmo Ha medkidl ninsnui Tabnuuni i3 craJuM KpokoMm pisHHII
NOPSIAKY R NMPaKTHYHO CTaJi, TO MOXKHa BBaXaTH, O (QYHKLiA B
MeXaX RaHOi TOYHOCTI IMOBOIMTBHCS SIK MHOTOWJIEH R-TO CTeneHs.
Tomy, Komu 3HAXOAATL NPOMiXKHI 3HaYeHHA (YHKLI{ Ha uiit ginsau-
i, 0OMexKyTbCA OGYHCIEHHAM {HTEPNOJAUIAHUX MHOTOYJIEHIB
k-ro crenens.

3 dopmynu (26.2) BUNJIHBAE, WO KOJIH noxiaxa k-ro NOpAAKY
(hyHKIi1 3MiHIOETBCA MaJlo, TO 3MEHIIEHHA KPOKY B 7 Da3 NpH3Bese
110 3MeHIeHH S PisHuLi k-ro NOpAAKY B r* pas, a oTxKe npu 3ajaHii
TOYHOCTI Ta6/MLi KPOK MOXXHA BHOpAaTH TaKHM, 106 CKiHYeHHI
pisHuLi MOpAZKY k 6y NpakTHYHO CTaJi.

§ 27. IHrepnonsuiiHi mHorouneHu HoloToHa

Hexait ana dyrkuii y = f (x) 3agano 1i sHauenHs y; = f (x;)
1IN 3HayeHb apryMeHTY, siKi yTBOPIOIOTh apudmeTHUHY mporpe-
clio x; = x4+ ih (i =0, 1, ..., n), ne h— xpok tabauui. Tpe-
6a no6ynyBatu MHorowaeH P, (x), creniHp sikoro 6yB 64U He Ginb-
1IMM 32 1, 2 3HaYeHHA HOro y By3Jjax iHTepnosmoBaHHH 36iranucs 6
is 3HauenHAM OyHKUii y = [ (x), TO6TO

P.(x)=y, (¢6=0,1,2, ..., n). (27.1)
MuorouneH P, (x) BH3HAYAaTUMEMO Y BUIJISAA]
P (x) = a,+ a; (x — xp) + a3 (x — %) (x — %) +-
+ as (x — xg) (¥ — x) (x — x5) +
o da,(x—x) (x—xy) - (x— xn—i). (27.2)
Koedinientu ay, a4, ..., a, BH3HaUUMO TaK, 106 BUKOHYBAaJIHCSH
ymoBH (27.1). JIna uboro miactaBuMo B (27.2) 3amicTh x 3HaYeHHS
Xoy X1y Xgy oeny Xy
Toknanemo x = x,. Toui P, (X)) = y, = @y, a60 ay = Y.
. Py (xy) = 4y = a, + a; (%, — Xo) = Yo + ash,
3BijcH

a, = ..’/l;yo — A:o )

Ananoriudo 3Hafjemo:
Yo = Py (x) = ay 4+ a, (X3 — 1) + aa (%3 — Xp) (g — %) =

=y, + L= yo Qh f-ay- 2k - .
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Toni -
Qo = Yo — 201 + 4o
2T o2 ’
CkopHcrasiunch dopmynoio (26.1), ska BHpaxkae pisaHLi aepes
3HayeHHA (YHKLI1, AicTaHeMo:

A%y
Qg = "‘§h_20" .

[TpozoBKywuu nponec, 3HaHAEMO:

A8y, _ Ady, a. — A"y,

3=3rps » Q= Zps > ---> W=

[lincraBupmiy 3paveHHA a,, 4a;, ..., 4, y dopmyny (27.2),
MaTHMEMO:

Palt) = go + T (v —x0) + 5ok (v — x0) (x— %) +
+ ﬁ,i‘,‘, (X—X)(x—x) (X — %) ... (x—xay). (27.3)

QopmyJa (27.3) Ha3UBAETLCA NEPUIOO (HMEPNOARYILHOW (op-
myaoro Hotomona. ¥ § 23 My poBenn, wo iCHYye ndiue OfMH inTep-
noJAuiHHKA MHOTOWIEH n-ro cTeleHsi, 3HaYeHHA AKOro y BY3JaX
inTepnonauii x,, x;, ..., X, JOPiBHIOIOTb 3HAYeHHAM (QYHKUIT y,,
Y1y -oos Yn-

Tomy inrepnonauifiunit noainom Heiotona (27.3) 36iraru-
"MeTbCS 3 iHTepno/siiiHAM MHorousnexHom Jlarpanxka, no6yno-
BaHHUM J/1s mboro sunaaky. Lli MHoroumenu TiNbKM 3anucani B
pisHux ¢opmax.
~ $lx 6auynmo, y nepwiii iHTepnoaauifiniii cdopmyai Heiortona
BUKOPHCTOBYIOTb CKiHYEHHi Pi3HHLi, po3MilleHi B jAiarOHalbHil
Tabnvli pisHUUL NO JiaroHali 3BepXy BHHS3.

IMpukaanu.

1. [lo6ynyBatu 1-ii intepnonsuifinuii muorouwted HrbtoroHa
32 TAKHMH NaHMMH:

CxnaneMo Tabauuio pisuuup QyHKuii

x y Ay Azy A3y
0 1
2
2 2 —3 - =2
3 —1

Y ubomy mpukaagi h =1 i n=3. 3a dopmyaoio (27.3)
MaeMo:

Py() = | 4 i (x — 0) — o (x— ) (x— 1) +

1
+ 3119 (x—O)(x—— 1)()6-—2)
3anvcaBlUH MHOTOWJIEH 38 CTelleHSIMH X, AicTaHeMo;
’ 1 23
Pa()C)= —6“)C3—2x2 + —-()——x—i- 1.

Ko 338 UHMH RAaHUMH [OGYRYBaTH iHTepnoafiifnuli MHOro-
yien JlarpaHxa, TO, 3aNHCaBLIX HOTO 3a CTENEHSAMH X, IEePEeKOHa-
€MOchb, U0 BiH TOTOMHO 36iraeThcss 3 MHorouwieHom HbioToHa.

Y Bunagky pisHOBiAnasieHUX By3niB Muorouwjged Hrlotona
3pyuHimmii A ofuncieHnb, Hixk MHorownen Jlarpamxka. Ha Bin-
MiHy Bill iHTepmoasifiHOro MmHorowsesa Jlarpamxa, ze HOBHH
BY30.1 NoTpe6ye MOBHOTO NepeoGYMCIEHHN MHOroufleHa, B iHTep-
noasiifinomy Muorowledi HbloToHa i3 36iJblueHHAM KiJAbKOCTI
BY3JIiB 3POCTaE JIMIlE KiJbKiCTb HOBHX NONAHKIB, a BCi o64uCaeH-
Hfl, BHKOHaHi paHiule, saqumaiothea 6e3 3MiH. Kpim toro, ¢op-
myJsa HbloToHA fae SMOTY JOCHTb NMPOCTO OLiHIOBATH TOYHICTb pe-
3yJibTaty, A06YTOro iHTEPNOMOBAHHAM.

Monamo gopmyny Helotona (27.3) B 3pyuHitioMmy A1 KOPHCTY-
BaHHA BUNIAK. Jlnsi 1bOro BBEefEMO HOBY Ge3po3MipHy 3MiHHY f

xX— X

3a popmyJioro ¢ = ——=, abo x = ht + x,. Toni dopmyana (27.3)
HaOupae BHIVIARKY

= — 1
Polt) = Py (x, + ht) = yo + 1Ay, + D azy, -

t¢g—Nne—2
PITETES A

N t(—D(¢—=2 ... ¢—n-+1) A"y, (27.4)

nl
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Ile ocrarounuii Burasx nepwoi iHTeprnossuifiHol dopmysn
Heiotona. ®@opwmy.ty (27.4) HasguBaioTh e opmyror0 Horomona 0an
Inmepnoasarts eneped. Taky HasBy BoHa RicTasa Tomy, WO B Hilt
BHKODUCTOBYIOTbCA 3HaueHHs (yHKIUII, nani y Byanax, sxi mic-
TATbCA BNPABO Bil X, (BMepeX, BHH3 MO CTOBMYHKY).

QopwmyJoio (27.4) MoxKHA KOPHCTYBaTHCS AJTS iHTEPIOJIIOBaH-
H B Tabauui y = f (x), Axwo x € lxy; x,l; 0 << << n. Ipore
IOLiTbHO KOpHCTyBaTHCH nieto popmy.owo Toai, komn 0 << f << 1,
60 KOJIM f (x) He € MHOTOU/IEHOM CTeneHs, He BHLIOTO 3a 1, TO Ha-
6mixeHa piBHicTb P, (x) &~ [ (x) 6yae THM TOUHIIIOW0, YHM MeHLIi
h i t. OcKisbKHY 3a x, MOXKHA B3ATH GyIb-siKe 3HAUEHHS apryMeHTy
X, TO OpH X € Ix,; xepyl 32 x, 6epyTh X3, @ 38 X; — Xpq). Toni
0<t< .

SIKIO SHAXONHTH BHIVISIA inTepriossiniHHOrO MHOrouJeHa Io-
Tpe6y HeMmae, a NOTPiGHO TibKM OGUUCIHTH HOTO 3HAYeHHS B
IesKill Toyui ¢ = x—hx” , To 064HCJeHHs 3pYYHO BHKOHYBATH 32
cxeMoro0, nofi6uoto 1o cxemd [opuepa. Hanpukaan, 11 MHoro-
yneHa HblotoHa 5-ro creneHs MaTHMeMo:

Py(t) = 9o+t (Ayo + ‘—;—‘ (Azy = (A%, +
I (At A
3BiJcH, MOCJAiAOBHO OGUHCTIOYH
Sy =A%, S,=3S8, t—4 Yoo
Sy =S, 2 1Ay,

S,=35; i:“l—‘i‘A!/o, Ss =S¢+ Yo

3naiizeMo: S; = P, (f).
2. 3a jaHHMMHM 3HaYeHHSMH sinx y Toukax x = 10°, 12°,
16°, 18° suaittu snauenns sin 10° 20" i sin 12° 20’.

i x l 10° | 12° 14° 16° 18°

’ sinx 0,17365 0,20791 0,24192 0,27564 0,309C2 I

B ofuyic/IeHHsX BHKOPHCTOBYEMO mepiluit iHTepHoJIA LI HHIA
mHorouned Heiotona. Cnowatky ckaajgemo TabaHIIO pisHHLb
dyukuil.
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Ta6auus 14

, :
x y Ay A%y A3y
10° 0,17365 3426
12° 0,20791 3401 —25 —4
14° 0,24192 375 =2 —b
162 0,27564 3338 —34 e
18 0,30902

Tperi pisnuui npakTH4HO cTani, TOMY iHTepMOJIOBATHMEMO
MHOTOUJIEHOM TpeTboro crenens. Ina o6uuciaenns sin 10° 20° 3a
10°20" — 10° 1 N

%, Gepemo 10°. Kpok b = 2°, t = ——— = — - [lpomixi
SH4YEHHsl 3HaUZeMO 3 OJlHi€W 3aMacHOK UHOpOIO, ﬂxy B OCTa-

TOYHOMY De3yJbTaTi OKDYTJIHMO:

1 /1
—_ 1
6
P5(10°20') = 0,17365 + — - 0,03426 + __(6_)(— 0,00025) -

+ T( ) ( ) (— 0,00004) = 0,179374.

Omxe, sin10° 20’ ~ 0,17937.

3navenns sin 10° 20" 3 n’sTbMa MpPaBUILHHMH 3HAYYLHMH
undpamn nopissioe 0,17937. Otike, B pe3ynbraTi Bei UHpH nipa-
BHJIbHI.

Tenep o6yncaumo sin 12° 20",

OckisbKH x JeuTh y mpoMixky ]12°; 14°[, To nokJaagemo
xy = 12°. Toni y, = 0,20791, Ay, = 0,03401, A%, = — 0,00029,
A%y, = —0,00005, ¢=Z2 =1 L 0166667 (pisumui
8 TabJHLi AiAKpec/seHO XBHAACTOO Jliﬂielo)

P, (12° 20') = 0,20791 + - 0,03401 +
(L.— 1) (— 0,00029) +

6 6
T (L . _é_ (_GL - 1) ((‘)_ — 2) (— 0,00005) = 0,213598.

Orxe, sin 12° 20’ ~ 0,21360.

I uboro pasy sci sHaiineni uHdpH NpaBHJIbHI.

OckinbrY y mepuiifl inteprnoasuiiuiit gopmyni HeoroHa su-
KODHCTOBYIOTbCSl CKiHUeHH] pi3Huni, Aki AAYTb o Aiaroxani BHu3,
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TO 1€ HOPMYJIOI0  KOPHCTYIOThCSI NEpeBaxKHO st 3HAYEHb X,
6/1H3bKHX 10 MOYAaTKOBOI TOUKH Tabnauui. Jast sHaueHb x, 61M3b-
KHX [0 KiHIeBOI TOukH Tabauui, ¢opMy/a HempupaTHa, 60 Tam
He BHCTayas HOTp16H01 KiJIBKOCTi PiSHALD. Hanpnxna,a, y Taba. 14
AN Xy = 14° e TisbKY mepiua i Apyra pisnuni, a a1a x, = 16° —
TiTBKH neplua.

SIx yaxe 3a3Hayasocs, BaX/IHBHMH BHMAJKaMH iHTEPIIOJIOBAH-
Hil € JiHilHe i KBaJIpaTH4He iHTeproioBanHs. PopMyH ainifHo-
ro i KBaJpaTHYHOTO iHTEPIIOJIOBAHHS MOXKHA BHUBECTH K OKpeMi
BUTIAJKM NepuIoi inTepnosauniinol gopmyau Hetotona. IToknasmu
y gopmyani (27.4) n = 1, nicranemo ¢opMmyny JiHiAHOrO iHTEpLO-
JIIOBAHHS:

Py(t) = Py(xy+ ) = y, -+ tAy,,
X — xo
S

Skwo n = 2, npicranemo Qopmyay napaboniunoi (kBanparuy-
HOT) iHTepnoasLii:

Pyt) = Py(ty + ht) = yo + thy, + LD Ary - (27.5)

ne ! =

I3 ckasaHoro BHMI/HBae, WO KBajpaTHYHE iHTEPHOIOBAHHSA
CJ1JL 3aCTOCOBYBATH TOXI, KOJH APYri pisHHHI (QYHKLUIT npakTHUHO
crani.

Hnsa iHTepnoaoBanHs B KiHUi Ta6iuUi KOPHCTYIOTHCS iHIIOO
dopmyaow. Busememo mo dopmyay.

3anumemMo WYKAaHUHA [{HTepNoJAALiAHHA MHOrouJeH y BUIJIAL]

Pn (X) = a, + a; ()C"—x”) + a, ()C - xn) (X - xﬂ—l) +
Ta,(x—Xx) (X —Xp1) ... (Xx—x). (27.6)
Sk i paniwe, koediuientu a,, a;, a,, ..., @, BU3HAYUMO TaK, WOG
P(x)=y, (=0,1,2, ..., n).

IliacraBuBum nocaigosuo y dopmyay (27.6) saMictb x 3HaueHHS
Xiy Xn—l, ..., Xg, 3Haigemo:

Ayn._l A%y —0 _ A"y,
G =Yp G =", G=-—gr— .- W= .

Orxe, popmyna (27.6) Habupae BUIIALY:
Ay *Yn_
Py (%) = Yo+ —1— (*— %) + 2,h22(x—xn)(x—xn_l>+

S r’:":,g E—X) (X —%n1) ooo (K—x). Q1.7
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s dopMyna Ha3UBAETbCS OpYyeoio IHMEPROAAYILHOW opmy-
1010 Hoomona, a6o gopmynoio Heromona 0as inmepnoarosanus
Ha3a0.

3anumemo octanHio GOpMyTy Y 3pyYHOMY IJ KODHCTYBAHHS
BHIVISIA, aHaJIOFiYHO nepulifi intepnoasauiiHii popMyai Herorona.

X = X

IToknaBum ¢ = T JIicTaHeMo:
Boit) = Pp(ty+ t) = g -+ thgas + LG A2, 5+
+t(t—|-l)(t+2) Yns 4 -

n LEED)(E+D) ... (E+n—1) Ay, (27.8)

n!

Lle i e 3BMyaliHuil BHIVISIL APYToOi iHTepHOJAUiHHOI POpMyJIH
HebloTona 145 iHTepnoJ/ilOBaHHA Hasad. ¥ Hilt BUKOPHCTOBYIOThCSH
cKinuenni pisuMni, poamilleHi B niaroHanbHi# TabaMLi PisHHUB
no jpiaroHanai 3HH3Y BLOpY.

3. [lo6yayBatH Apyry inTepnousuifiny dopmyay Helotona 3a
JIAHHMH npukjaany 1.

YV upoMy BHNAAKY Yy = — 1, Ay, = — 3, A%y, = —2,
A3y, = 1. Omxe,

Pty = — 1+t (—3) + LD (g4 LOEDLEED

_—_—1—3t——t(t—l—1)+?t(t+1)(t+2)’ xT?’_

= x—3.

Ockinbku intepnoasuifini dopmyau Jlarpanka i Hbiotona —
pisni ¢opMH 3anHcy iHTepHOASUiAHOTO MHOrod/JeHa, TO OLiHKH
3aJHIIKOBUX wieHiB dopmys Hbrorona 6yayTb TakKUMH, SIK i AJS
tdopmyan Jlarpamika, nmo6yloBaHOI 32 TaKHMH CaMHMH JaHMMH.

Ha npakruui inTepnonsinifini muorouiend HbloTona oGpu-
BAIOTLCH Ha wieHaX, AKi MiCTATb NPAKTHYHO cTali pisHuli, a Tou-
Ka X, 4 X, Jo6upaeThes Tak, wob | ¢ | << 1. Ilpu nbomy pesyiab-
TaT iHTepMOJIIOBaHHS, K TPABHJIO, Ma€ CTiNIbKH NPaBUIbHHX LHp,
cKiZbKH iX B TabnuyHuX 3HauyeHHAX (yHKuii. Tomy B Takux BH-
najkax Hemae NOTPeGH OGUYHC/IIOBAaTH 3a/MLIKOBI YJeHH iHTep-
nonsuifitinx popMya. OLiHKY 3a/HIIKOBOTO YJeHa 3HaXOAATh Ti/lb-
KM TOAi, KOJIH Pi3HHUI He CTAIOTb NMPAKTHYHO CTAJIMMH abo KoaH
HE3PyYHO KOPHCTYBAaTHCA Pi3HHLSAMH BHIIE JEAKOIO NOPAAKY.

Ak 1 y Bunmaaky iHrepnoasuiiiHoi ¢opMyau Jlarpasixa,
y NMOBHY NMOXHOKY pe3yJ bTaTy, 3HalaeHoro 3a gopmyJsamu Helo-
TOHA, KpiM NOXHOGKH MeTOAY, BXOAHTHMe HeyCyBHA noxubka, a Ta-
KOX NOXHOKa OKPYIJIeHHS.
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IloBHy moxu6Ky MOXHA 3HAHTH Tak, sk BOHa BH3HAaya/lach y
§ 25. : :

dopmyay HeiotTora, Ak i dopmyay JlarpaHxka, MoXHA BHKO
PHCTATH i IS eKCTPAnoIoBaHAsA, TOOTO 15 o6UHC/IeHHA 3HaueHHs
¢yHRUIT B TOyKaxX, sKi JeXaTb 3a MexkaMd Tabauii.

SIKIo x << x5 i x OMU3BKE HO Xy, TO AOIIJIBHO 3aCTOCOBYBATH
neply intepnonsaniiiny ¢opmyay HbioToHa, sKIO x 6au3bKe AO
X, 1 X > Xx,, TO 3py4YHO CKOpPHCTaTHCH APYrowo iHTepno/asauifiHO0
dopmysoro HporoHa. '

Orxe, nepiia iHTepnoaguiitna ¢opmyaa HerworoHna 3acTocoBy-
€TbCs 418 inTepnoJioBaHus Brepen (£ > 0) i ekcTpano/ioBaHHA
Hasaj (t << 0), a apyra — A/1a iHTepnoJIOBaHHST Hasaj (f << 0)
Ta eKcTpanoJaioBaHHsA Bnepex (¢ > 0).

4. 3a jpanumy 3HaueHHAMH sin x y Toukax x = 10°, 12°, 14°,
16°, 18° snaittu snavenns sin 9° 30 i sin 18° 30’.

Cknagemo Ta6auiio pisHuub (ta6n. 14). Tperi pisuuui npak-
THYHO CTaJjli, TOMY eKCTDaroJiloBaTHMeMO 3a NOMOMOrOi0 MHOro-
4/leHa TPeThOro CTeMNeHs. ‘ _

O6Guucaumo sin 9° 30’ 3a nepuioto. inteprossuifinow ¢opmy-

Jioto HeloToHa, nokJaaBun x, = 10°, x = 9°30", { = —?3—0202-& =

= —0,2.
P, (9°30') = 0,17365 -+ (— 0,25) - 0,03426 +

4 (=029 081D (0,00025) +

0,25) (— 0,25 — 1) (—0,25 — 2)
6 =

+ = 0,00004) = 0,16505.
Orxe, sin 9° 30" =~ 0,16505. Bci uudpu pesyabrary npa-
BHJIbHI.
[llo6 snaittu sin 18° 30, noknanemo x, = 18° i x = 18°30'.
.3BiacH ’
BN o5
. OBuncieHHs BUKOHAEMO 3a JPYTrolo iHTepHOJIsILifHOW (GopMy-
Jior0 Helorona:

Py (18° 30') = 0,30902 + 0,25 - 0,03338 +-
+ 22 OB D 0,00034) +

0,25 (0,25 + 1) (0,25 - 2
+ ( +6)( +2 (—

3a wectH3sHayHAMH TabanuaMu sin 18° 30" = 0,317305.

0,00005) = 0,31731.
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§ 28. 3acTtocyBaHHA iIHTEPMONIOBAHHA.
InTepnonosanns nig 4ac po6oti 3 Tabnysmm.
O6epHene iHTEPNONIOBAHHS

Tabauui GyRKUil — oAHH 3 HalNoWHpeHiMUX | HaBBaMJIHBI-
IMX JONMOMIXKHHX 3aco6iB oOuMcJeHb, IKi 3HAYHO MOJErmyloTh
po6oTy o6uHcaIOBadd | WMPOKO BHKOPHCTOBYIOTHCS HA NPAKTHII.
Tabauuj MoxHa ckaagatd 118 QyHKuUii oaHoro, ABOX i GiJblie ap-
rymenTiB. ToMy BoHH GyBalOTh 3 OZXHHM, ABOMa | 6iJ/blle BXOZAMH.
Mu posrsisgatiMemo Tabnauili QyHKUiH, MO 3aqexarb Bij OJHOTG
aprymesTy, To6T0 Tab/HIi 3 OJHHM BXOJOM.

Y tabauni Aesxoi PpyHkuii y = f (x) noxawTh 3HaueHHA uiel
byuxuiil A5 3HaueHHS aprymMeHTy X;, fKi, SIK IIpPaBMJO, NOB’A3a-
Hi MiX 06010 CNiBBiIHOWIEHHAM Xy = X; -+ A.

[pw cxaapauni TabiMIi NOAEPXKYIOTh TAKHX npaBua: 1) aHa-
yeHHA QyHKLii y = f(x) y TabiuyHHUX TOuYKaX OOGUHC/IIOIOTE 3
OXHAKOBOK aBCOJIOTHOIO MOXHOKOI; 2) y TabaMuAX AalThes JH-
ute npasBuabHI nudpyu 3HaveHb QYHKUIT, TOOTO NOXUOKA KOXHOTO
3Ha4ueHHs He nepesHmye 0,5 OAMHHMLI MOJOALIOTO pO3psily Tab-
JUYHUX 3HaueHb QyHKII.

OnuuM i3 3acTocyBaHb 3ara/ibHOl Teopii iHTepnosiOBaHHS
(byHKIi#i € BUKOpPHCTAaHHA [HTePNOJANIAHUX GOPMYJa Yy mpoueci
poBoTH 3 TabAHUAMU. 3HaueHHS QYHKLUIT I/151 3HAYeHb apryMeHTy,
He HaBeJleHUX y Tab. Hili, BH3HAYAIOThCH iHTEPNOMIOBAHAAM. 3BH-
yaHO, HeMae NOTpe6M OyAyBaTH OJUH iHTepPHOJNALIAHHH MHOTrO-
yned Aas Beiei tabauni. [das koxHoi AiNAHKH B pa3i nortpebu
O6ynyloThb cBifi iHTEpNOJANiAHHA MHOTOWIeH SKOMOra HHXKYOTo
creneHs. CTeniHb iHTEpNOASANi HAHOrO MHOTOUJIeHa JOOHPAIOThH Tak,
mo6 noxmbka iHteprnossinii Ha JaHii AiagHuoi Gyna MeHmolo,
Hik noxubka tabjuLi, TOGTO MEHIUOIO BiA TOJOBHHH OJMHHU]
MOJIOALLOrO PO3PAAY TaG/NHYHHX 3HAauYeHb PyHKUil. SIK yxke 3a3Ha-
YaJIocs, CTeNiHb iHTepnonsiuifiHOro MHOrowieHa Mae GYTH He BH-
IIUM BiJl MOPSIAKY MPAKTHYHO CTaJHX Pi3HHUIb.

BBaxatotb, wo mabauya (Ha Oeaxiii Oiaanyi) Oonyckae iH-
mepnoaosanns nopadky k (ainidne, weadpamuune i m. 0.},
AKWO noxubka yb020 IHMEPNOAIOBAHHA He Nepesuwiye noxubku
mabauyi.

Orxe, fIKWO TabGJHUA JONYCKAaE iHTEPNOJIOBAaHHA AESKOTO
NOPsAJKY, TO 3a fiOTO JIONOMOrol0 MOXHA OGUHCAHTH B HeTabJauy-
HMX TOYKaX 3HauyeHHs! (PYHKIlii 3 Ti€lo caMoto TouHicTio, Wo # Tab-
JuyHi sHaueHHs. [TopaNoKk iHTepmojioBaHHs, fiKe Aonyckae Tad-
JHLA, 3a7€KHTh BiR 1i npH3HaueHHs. SIKuIo Tab6.aHLs BHKOPHCTO-
BYETbCA TIPH PY4YHHX PO3paxyHKax, TO BOHA MOBHHHA JOMYyCKaTH
Ha#inpocTiui cmocabu iHTepnoaoBaHHA (MiHifiHe a60 KBaApaTHYHE).
[Mpu pospaxynkax Ha EOM 3pyunumu € Tabauiti 3 BeJIHKHM KPOKOM,
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Xouya BOHM H MoTpebyIOTb CKJIAaJHHX CMOcoGiB iHTepNOJIOBAaHHA
(inTepnonAniAHNX MHOTOWIEHIB BHIMX nopsakiB). TaGauui 3
RpiOGHAM KpokoM 3afiMaTHMyTh Gararo Micus B nam’siti EOM, Ha
NOWyK NOTPiGHOro 3HAYeHHs B TaGJHLI BHTpadaTHMeTbes Gifbile
Yacy, HiK Ha O6UHC/JEeHHS UbOrO 3HAYeHHS.

BpaxoByroun, wo npu po6oti 3 TaGiunsAMH Hafgacrime 3acTo-
COBYIOTb JIiHIAHY 1 KBaZpaTUYHY IHTEpNOJANil0, PO3rJISHEMO He
IMTaHHSA JOKJajHille.

Busenemo topmysny ana noxubkd miHifiHOT iHTepmOAAnii,
BBAXKaloyH, Lo BY3/H B TabJuli piBHOBiAxaseHi, a came:

xi"‘l—xi;h (i:O) 1’ 2! "').'

3 oniugu (25.4), akuo n = 1, xicraHemo:

hzM
IR, <M 16— 1)),
(28.1)
ze M, = max |f"(x), t=—x—;—-x°—
x€[x6:%4)

3 (28.1) BunuBae, wWo aGeosmoTHa NoxHG6Ka A MeToay JiHiiHOrO
iHTepnoMIOBaHHS A1 GYAb-IKOTO X € [x4; x;] 3amoBosbHAE HepiB-

HicTh
max [¢(t—1)] =22

\\l

A<

h2M,
2

OueBuaHo, Js Gyib-sikoro 3 BiApiskiB [x;; x;41] ouinka mno-
XHuOKH aHajoriuHa.
3pincu p06HM0 BHCHOBOK:

Hrujo

b = max (x(,, . X)) He nepesuuyye noA08uUKU OOUHUYL MOA00-
woeo po3pady mabauukux 3Haqenb GyHKYLl, mo Ainilna inmepno-
asyis donyemuma.
Sxwo apyra noxigua f’ (x) sMimioeTbcss Magno Ha [x;; Xipol,
TO 3a dopMyso0 (26.2) HaGAMKEHO MOXKHA BBAXKATH
| A%y, = M.

Toai a1 MakcuManbHO! NOXUGKH JiHiHOI iHTepnoasuii ni-
CTAHEMO TaKy HaGMHXKeHY OLiHKY:

2.
A1l

2 (0e My = n€1[ax 7 (%)), @ =min{x, X,..., X,),

Tomy nana nonycrumocri JiHifiHOT iHTepnoaswii norpi6Ho,
A2y, l
mo6 Sy,l He nepeBHIlYBa/la —- OAUHHLI MOJIOAILOrO PO3psLY
TaGINYHHX 3HaYeHb (PyHKILif.
Otxe, akwp modyai Opyeux pisnuyd GyHKyii Ha 3a0aHOMY
BI0pisKy He nepesuLiyomd Homupovox o0uHuys M0400wo2o0 po3pady
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MabAudHux 3Hauetb (QYHKYIl, mo HA ybomy 8i0pisky mabauyi
AlHilHa iHmepnosayis donycmuma.

Busenemo Tenep npocty $hopmysy A8 MaKCUMAJIbHOI TOXHOKH,
SIKY JicTaHeMo NpH KBaPaTHYHOMY iHTepNoJIOBaHHI 3a Tabruus-
MHM i3 craauM KpokoM. Haranaemo, mo KBaapaTHuHe iHTepHoJio-
BaHH# noJsirae y HabauxkeHifi samini ¢yekuii y = f (x) Ha ne-
SIKOMy Binpisky [x,; x,] MHorounenom Ipyroro creneHs, sSKHH
y BysJaax xo, X1, X, HaGyBae 3HayeHb, O JOPiBHIOIOTh 3HAUCHHAM

dyuruii y = f (x).
3 oum}m (25.4), sixuwo A = 2, nictaHemo:
|Ry ()| < S 14t — D¢ —2, (28.2)
Ae '
My = max |f”(x)], t=———x';x" .

xClxq:xs]
AGcomoraa noxubka A Merolly KBaZpaTHUHOTO IHTEPIOJIO-

BaHus 145 6ylb-KOro x 3 Biapiska [x,; x.l 3a (28.2) 3anoBonbuse
HepiBHiCTb

A<EMs max (1t —1)(E—2)|
3 oo

BukonaBmu -obuncaeHHs, 3HalfgeMo:

2V3
max [{Et—1)(—2)|= V .
02
Otxe, dopmyna Jisi MakCHMadbHOI MOXHOKM KBalpaTHYHOI
inTepnoasinii wmaTiMe BHUIJAL

A HMy 2V3 sy X3

3! 9 3927 ¢
. 3 .
Ockibku lg——;- <—ll5— , TO KOPHCTYBAaTHMEMOCS OUiHKOIO

A<——M h3,

3BiacH poGHMO BHCHOBOK:

, 1 sy a: . .

Hruwo 1_5M3h3 Ha 3a0anid diasanyi mabauyi He nepesuuyye
ROA08UHI 00UHUYE MOAOOULO20 PO3PAOY MABAULHO20 SHAUCHHS (DYHK-
yit, mo Ha yid Oiaanyi KeadpamuHne iHMePNoAIOBARAs donycmume.

SIkimo cropucTaTHcsl HaGnukKeHowo piBHiCTIO Mghd = | A%y,|

(xomun f”(x) Ha [x,; xgl 3miHwceTncs mano i A mase), TO A
JOMYCTUMOCTi KBaApATHUHOrO iHTeprnoJioBaHHst Tpeba, mwob be-

1 ; .
JNUUHHA TIA"y“ HE [EPEBHLLYBAd [OJOBHHH OJAMHHLI MOJOA-

5.  80. 129



1IOTO - po3psiny TabiuuHMX 3HaueHb ¢yHKii, To6TO mO6 |Aly,!
He TEpEeBMIIYBa/la CeMH OAHHHIb MOJIOAIIOTO PO3PANY TabIUYHHX
3HaueHb (QYHKILI.

Otxe, K40 #00yYAi mpemix mabAUMHUX PIBHULL S3HAUERb (DYHK-
yii He nepesuwyytoms cemil OOURUYL MOA00WI020 po3pAdY mabauy-
HUX 3Ha4eHb PYHKYIT, mo KBaAdpamu4Ha imepnossyia donycmuma.

Hpukaan.
Hano tabauumio ¢yHRuii:

X 3,60 ' 3,65 | 3,70 3,75 ‘ 3,80 3,85 1,90 3,95 4,00

44,701 | 46,993 | 49,472 | 51,935 | 54,598

y=e* 36,698 | 38,475 ) 40,447 | 42,521

Uy gnomyckae uA TabJuuA KBagpaTH4He jHTepHOMIOBAaHHS?
[lo6 sBignoBicty Ha sandTaHHfA, OOGUMCIMMO  BEJHYHHY

"1'5‘M3h3' Tyr h=0,05, ana koxHOI HiNAHKM wuiei TaGauui
[x; Xi42] BenmumEa My = max |e*|
XAy

54,598. ToMy mnok./iaaemo:
.1
M3 = 54,598 TO}II T5
OckinbKku noxu6Ka KBaJPaTHYHOTO IHTEPNOMIOBAHHS A <
< 0,00046 meHma Bix noxu6ku Tabmuuynux 3uavensb (0,5 - 10‘3),
TO HaBelleHa TaOJHIUf AONYCKaE KBajpaTHYHE [HTepPIOMIOBAHHI.
JliniliHoro iHTepmosioBaHHs TaG/HUs He NONMYCKae, OCKiJbKU

P~ BBBOOE _ 0,0171>0,5- 107

HE€ [epeBHILyBaTHME

Mgh? = ﬂf’_@m(ﬂ&_ < 0,00046.

CknageMo Tabnuuwio pisuuub niei dyHkuii.

x 7 Ay A%y A%y
3,60 36,598 ‘
365 38475 }g% 95 .
3.70 40,447 Sora 102 !
375 42521 o 106 H
3.80 44701 FEs 112 °
3.85 46,993 pane 17 2
3.90 49,402 e 124 ]
3.95 51,935 2038 130
4,00 54,508
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Jlpyri cyciani Ta6auuni pisuuui BizpisHsroTbes Mixk c060I0
He GibII SIK Ha 7 OZHHULb MOJIOJLLOTO PO3PAAY, TOMY i 33 APYTHM
OpaBHJIOM TaGaHLs AONYCKae KBajpaTHUYHE iHTEPNOJIOBaHHA.

Ockinpky Tperi pisHMIi MpakTHYHO cTaJi, TO, 3BHYAHHO, AJA
iHTEepTOJMIOBAHHA MOXHa 6yJo 6 KOPHCTYBATHCS MHOTOYJIEHOM
TPeThoro creneHs. [Ipore MHOrow/eH APYIOTro CTeleHs TAaKOX
3a6esneuye HeoOXiZHY TOUHICTb.

3a (opMy.JI010 KBaADATHYHOrO iHTEpPIIO/IOBAHHS BH3HAYHMO,
manpuxaan, e, TloknageMo x, = 3,70; x, = 3,75; x, = 3,80.
Togi ¢ = 0,6. [ligcraBuBLK faHi B HOPMYTy KBaApaTHUYHOI iHTep-
noasuii (27.5), micraHeMo:

P,(3,73) = 40,447 0,6 - 2,074 +

— 41,6787 ~ 41,679.
3,

Omke, €"° ~ 41,679. Y sHafifieHOMy pe3yJbTaTi Bci UHpH
[paBHJbHI.
Posrasnemo npHknaja Ha ckJafaHHA Tabauui QyHKHOII.
Ck/acTd TabaHIio 3HaveHb QYHKIIT

e P a1
vy= Vo -2 ™

Ha Biapisky [0,2; 1,01 38 Tounictio no 0,5 - 10™°, npuuomy TakK,
mo6 TabaHIA JoflycKaja JiHifiHy iHTeproJsuiio.

0,6+ (0,6 —1) _
28:08=1 9,106 =

Ta6auua 15
. p— ﬁxk’. —xt
x 2 3 —x? e "+ 3 3,
x V nx ¢ FRE Ay y Ay | A% | A%
0,2 | 0,04 }0,07090] 0,96079 | 1,03169 | 2,16079 | 2,094 032
0,3 | 0,09]0,15952]0,91393| 1,07345] 2,21293 | 2,062 —079 —047] | 408
0,4 | 0,16]0,28359|0,85214 ]| 1,13574 | 2,25214 ] 1,983 —118 —039 +012
0,5 | 0,2510,44311[0,77880 | 1,22191 | 2,27880 | 1,865 —'145 —027 +013
0,6 | 0,3610,63808} 0,69768 | 1,33576| 2,29768 | 1,720 —159 —014 :;:013
0,7 ] 0,49/0,868500,61263] 1,48113]2,31263 | 1,561 _160 —001 4007
0,8 | 0,64 (0,13437 | 0,52729 | 1,66166 | 2,32729 | 1,401 “154 -4-006 4007
0,9 | 0,81 1,43569 | 0,44486 | 1,88055 | 2,34486 | 1,247 | — %1 4-013
1,0 | 1,001 1,77245( 0,36788 | 2,14033] 2,36788 } 1,106 | —

Kpok Ttabauui Ham HeBifoMHH, BH3HAYUTH HOro 3 YMOBH!
h2M, s
8

< 0,5 - 10~ Baxkko, OCKIJbKM BaxKO SHaiiTH
max | f (x) |. Tomy MH cnouaTky cksaazemMo Tabauiio 3Ha4yeHb Aa-
Hoi yHKi1 3 TouHicTio 20 0,5 - 107 3 kpokoM A = 0,1 (raba. 15).
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ko noGynoBaHa TabaHNsA He JONYyCKaTHMe JiHiliHOI iHTEpHIOJs-
wii (Moay.s1i Apyrux pisumme Giabui 3a 4 - 107°), To BiamoBixaIM
YHHOM 3MEeHLIMMO KpPOK TaK, mo6 TabiMiUs AOoNycKaaa JiHiHHy
inTepmondiiio.

[lepen THM sIK ofuMCaIOBaTH, BU3HAYHMO, 3 SIKOIO TOUHICTIO
Tpeba 6paTd X, x*%, V', e, mo6 matu Y i3 3a[aHOIO TOYHICTIO.
TakuMm unHOM, Tpe6a po3p’s3atH oOepHEHy 3aljauy Teopil MOXH-
60k. [Tosmaunsum r = ¢ = -+ x4+ 1, s=Vax* ¢, picra-

r

HEMO: Y = —.

Toni, sk Bigomo,

|
A, ISI + A .

HeBakko BCTaHOBHTH, 110 c])ymmu r i s a [0,2; 1,0] monOTOH-
HO 3poctaoTh (ix noxiaui gomardi). Tomy Ha 3anaHOMY BiApi3Ky
cnpaBelsiuBi OMiHKH 1 < r << 3, 1 <s.

‘Tagum uHHOM, COpaBEXKYEThCS HEPIBHICTDH

A= 1o +aE<a 3.4,

HloG rapanryBatd B Ta6quHHx 3HaueHHsX (QyHKuii micas
okpyrJienns tounicts 0,5 - 107°, moxu6ku A, i A, norpi6so Bu-
6parn TaK, mo6 A, << 0,5 - 10~* (auB. npumiTky § 2).

JJs uboro llOCTaTHbO mo6 A, < 0,00002; A, <C 0,00001.

OTke, SKIO NOXHOKH 3HAauUeHb € © i )/ 7 He MepeBUILyBaTH-
mytb 0,000005, To npu TouHHx 3sHaweHHsx x i x* A << 0,00001;
A, < 0,000005. Y rta6auni 3 kpokom A = 0,1 MH MaeMo 3MOry
6patu TouHi 3HAayeHHs Xx 1 X2,

Akmo sHavenHs x 1 x® HabauXKeHi, TO

A=A, A,

Ananoriuno Ay =17+ Ap + £*Ay5 -+ A —ua.

BpaxyBaBiuin 3HaueHHs!, AKHX MOXKYTb HaOyBaTH BEJIHUHHH X,
e ™, V' m, 3uaiineMo, MG B UBOMY BUNAiKy Tpeba 6pat: A, <
<{ 0,0000005, A,—,» << 0,0000005, A va S 0,0000005. Toni A, <
< 0,000001, A, << 0,000002 i noxu6xu 3HaveHb GyHKUil He nepe-
BUlLYBaTUMYyTE 0,5 - 107", ockiaBKH A, < 2- 107°, A< X
X 1075,

OT1Ke, B OPOMiKHMX OGUHUCJIEHHSX Yy JAHOMY BHIAAKY Tpeba
6paTu TpH 3anacHi UNGPH, AKIMO 3HAYEHHA X i X% HabmiKeHi, | 1Bi
3anacHi uMopH, AKIO 3HaueHHs ¥ i x® TouHi.

st obuuc/ieHHs 3HaYeHb e 3 MOTPiOHOI0 TOYHICTIO CKOPHC-

TaeMOCsi JleCATH3HAUHHUMH Tabauusmu € i e .
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Bpaxygasmm, mo V' n & 1,772454, cknagaemo Ta6ARIIO 3Ha-
ueHb (YHKIT 3 KpoKoM b = 0, l PesnybTaTH ofuHcIeHb po3MilLy-
€MO 3a cxeMmow Tabauui 15.

Ilo6 nsa rtabauna Aonyckana JiHifiHy iHTepnoasmiio, TpeGa
Ha npomixkky [0,20; 0,60] sMeHwHTH KpoK y 4 pasH, a Ha npo-
mixgy [0,60; 1 OO] — papiui. IIpu ubomy Ha npomixky [0,20;
0,60] apyri pisHuLi 3MeHaTbess NpUGIH3HO B 16 pas, a Ha npo-
mixkky [0,60; 1,00] —y 4 pasn Ilicns uboro Apyri pisHuni He
nepeBHULYBAaTHMYTh 4 - lO , i Tabauns 3HaueHs GyHKUIT, B3STHX
3 Tounictio 1o 0,5 - 10™°, nonyckarname ainifiny iHTEprOAAiIO.

Slkimo 3HauyeHHs! X? B3ATH HaGJHMKeHO, TO MPOMikHI OGUHC-
JeHHs1 Tpe6a BHKOHYBATH 3 TOYHICTIO NO 0 0000005. Ckranaemo
TabJIHIIIO.

Ta6annsn 16
. — | —w vnxz+ —_— ,

x I Vi va—X % f’_ P y Ay | A%y
0,200 | 0,040000 | 0.070898 | 0,960739 | 103169 2,16079 | 2,094 | __gp3
0,225 | 0,050625 0,089730 0,950635 1,04037 2,17564 [ 2:091 | “gge | —V03
0,250 [ 0,062500 | 0,110783 | 0,939413 [ 1,05019 2,18941 | 2,085 | —qyg | —U04
0,275 | 0,075625 | 0,134042 | 0,927164 | 1,06121 2,20216 | 2,075 [ (s [ —003
0,300 { 0000000 | ©.159521 0,913931 1.07345 2,21393 | 2,062 | 5 | —002
0,326 0,1u5625 | 0,187215 | 0,899762 1,08698 2,20476 | 2,047 | —pq | 004
0.350 | 0,122500 | 0,217126 0,884706 1,10183 2,93471 | 2,628 | “goy | —002
0,375 | 0,140625 | 0,249251 0,868815 1,11807 2,24382 | 2,007 | Zgoy | P03
0.400 | 0,160000 | 0,283593 | 0852144 | 1,13574 2,25214 | 1083 | T | 002
0.425 | 0,180625 | 0,320149 | 0,834748 1,15490 225975 | 1957 | T gog | —003
0,450 | 0,202500 | 0,358992 | 0,816686 1,17561 226669 | 1,628 [ Toq) | 002
0,475 | 0225625 | 0,399910 | 0,7980i7 | 1.19793 227302 | 1497 | gue {001
0,500 | 0250000 | ©,443113 | 0,778801 | 1,22191 2.27880 | 1.865 | _gyq [ 002
0,525 | 0,275625 1 0,488533 | 0,759097 | 1.24763 2,28410 | 1:831 | o35 | 002
0.550 | 0,302500 | 0,536167 | 0,738968 | 1,27514 228897 | 1795 | Ty | —001
0.575 | 0330625 | 0586018 | 0,718475 | 130449 299348 | 1,758 | _pag | —01
0,670 | 0,360000 | 0,638083 | 0,607676 | 1,33576 2,29768 | 1,720 | 78
0,650 [ 0422500 | 0,748862 | 0,655406 | 140427 2,30541 | 1642 1 Togp | 003
0,700 | 0,490000 | 0,868502 | 0,612626 | 1,48113 281263 | 1,661 | Zpeq [ 1001
0,750 [ 0,562500 | 0,997005 | 0,569783 | 1,56679 2,31978 | 1,481 | _ngo | +000
0,800 | 0,640000 | 1,134870 [ 0,327292 | 1,66166 2,32720 | 1,401 | gz | -0
0,850 [ 0,722500 | 1,280598 | 0,485537 | 1,76614 2,3355¢ | 1.332 | _g7s [ 004
0,900 [ 0.810000 | 1,43568% | 0,444858 | 1,88055 2,34486 | 1,247 { T | 003
0,950 | 0,902500 | 1,599640 [ 0.405555 | 2,00520 2,35656 | 1,175 | Zogy | -0
1,000 | 1.000000 | 1772454 | 0.%6787) | 214033 2,86788 | 1,106

Ockinbky Terep APyri pisHHII 3a MOAYyJ/eM lle llepeBHLLYIOTb
YOTHPHOX OJHHHIIb OCTAHHBOTO PO3PHANY, TO TalaHlLa 3HAYEHb
yHKUiT, B3ATHX 3 TOUHICTIO O 0,5 - 1072, Jonyckae JaiHIHIY
iHTepnosIilo.

3ayBaKuMO, W10, BIABWLK B TaSmuui 16 snaverns 12, VI3,
e~*" 3 ToumicTio ZO 0,000005, micraneMo Taxi cami ocTaTO4YHI
pesyJbTaTH (X04 3HauenHs )/ mx® - e ie™ +x 41 6yayTh
Jemo immmmy). Lle cBinuurh npo Te, o HajTo Gararo 3amacrix
NpaBUJIbHUX 3HAKIB y NPOMiXKHHUX OGUMC/IeHHSIX GpaTu He Tpeda.
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Amxe oUiHKH MOXHGOK pe3y/nbTaTiB, siK MPaBHAO, NepebiablueHi,
TOMY MOXK€ TPalHUTHCh, IO NOXHOGKa 3HaAfNEeHOro pe3yJbTaty Ha-
6arato MeHla, HiX Ta, KOl MOXHa 6y/0 crofliBaTHcs, i WO B
TaKOMY pe3y./bTaTi Moxe OYTH ILie Ki/ibKa NPaBHIbHHX UHp nicas
nuQpH, NPABUILHICTD SKOI rapaHTOBHA.

OGepHene inTepnomoBanHs. Uacto Ha mpakTHi BUHMKAE TaKa
3ajava: 3HaHTH 3HA4YEHHH apryMeHTy, fiKe BiAnoBifae 3anaHoMy
3HaueHHIO QyHKUil, OO0 MiCTHTbCA MiX ABoMa TaGJHYHHMM 3Ha-
yeHHaAMH. Taka 3agaya HasHBaeTbCA 3ada4ero 06epHeN020 [Hmep-
NOAOBAMHHA.

ko 3anana ¢yuxuis y = f (x) MOHOTOHHA, TO npH obepHe-
HOMY iHTepno/iiOBaHHi JOCTaTHLO 3HaueHHA Yy, = f (x;) BBaxaTy
3HAUEHHSMH He3aJieXXHOI 3MiHHOI, a 3HayeHHA X; — 3HAUEHHSIMHU
dynkuii x; = f~(y,) i Toni inrepnomosary, Ak i panime. SKmo
¢yHKuis f (x) HemepepBHA i MOHOTOHHA, TO 33 TEOPEMOIO PO iCHY-
BaHHs oGepHeHO! yHKIii icHye ofepHena x = [~ '(y), AKa Gyie
TAKOX HenepepBHOIO i MOHOTOHHOIO. OCKiTbKH 3HAaYeHHs1 HOBOTO
apryMesTy y He piBHOBiqnaJeHi, 119 o6epHEHOro {HTePIOMOBaAHHSA
BHKODHCTOBYETbCA iHTepnoJsAuifiHu#t mHorousneH Jlarpadxa. 3a-
YBaXKUMO, 10 /151 JOCATHEHHs 3alaHoi TOYHOCTi mpsiMe Ta o6ep-
HeHe {HTePMOJIOBaHHS MOTPeOyiOTh, B3araii KaXyud, Ppi3HOi
KiJbKOCTi By3aiB.

fAxuio f (x) He MOHOTOHHA, TO AJA Hel 3anHCYIOTh [HTEpPHOJSA-
uifinui MHorounen P, (x), i poss’asyiorb piBHAHHA P, (x) =
= y BIJHOCHO X NpPH 3aJaHOMY Y.

Tpuxknagn.

1. dyukuisa y = ¢ 3anana tabauieo:
‘ = | o | 1,2 1,3 | e
! y | 2,7183 |3,oo42 3,3201 | 3,6693 | 4,0552 | 4,4817

3uaiity Take x, npH sKomy &° = 3,5, To6T0 3HaiiTH In 3,5.
Sk BHAHO 3 TaGaHIi, WIyKaHe 3HAUEHHS apryMEHTY MiCTHTbCH
mixk 1,2 1 1,3. lllo6 3HaliTH oro, BHKOPHCTaEMO 3HayeHHs DYHK-
uii suwe B Toukax 1,1; 1,2; 1,3, To6TO0 cKaIaneMo inTepnossiliii-
HUii MHOrouied Jlarpanxka apyroro crenens. in 3,5 snaiigemo 3a
aJropHTMOM OGUHC/IeHHA 3HaYyeHHS MHorodneHa JlarpaHxka, e
Tpeba JaHie NOMiHATH MicuaMU X i . Y faHOMY npHKaani x, = 1,1;
xo= 1,2; x,=1,3; y, = 3,0042; y, = 3,3201; y, = 3,6693;
y = 3,5.
_ _ (3,5—3,3201) (3,5 — 3,6693)
x =L, (3,5) = 5553 —3 3201 G004z —3,6003 'l T
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(3,5 — 3,0042) (3,5 — 3,6693) 19
(3.3501 — 3,0042) (3.3201 —3.6603) 1'% +

(3,5 — 3,0042) (3,5 — 3,3201) _
+ (3,6693 — 3,0042) (3,6693 — 3,3201) 1,3 =1,2527.

3a n’ATH3HayHUMH Tabauusivu In 3,5 = 1,2528.

PoarnsineMo BHNafoK, KoaH Tabnuus GyHruil y = f (x) gonyc-
Kae JiinifiHe iHTepnomoBaHus. [IpH o6epHeHOMY iHTepmO/MIOBaHHI,
TOOTO IiX Yac 3HAXOIXKEHHS 3HaueHb o6epHeHol QyHKuil, MOKHA
TaKoX BBaXKatH, II0 B iHTepBasi MixK cycianiMu TaGIHYHHMH 3Ha-
YEHHSIMH TNpPHPIiCT X 3MiHIOETbCA NPONOPUifiHO JO TPHPOCTY Y.

SIKIO 3anaHe 3HAYeHHS Y JNEKHTb MiXK TaGJIHYHUMH 3HAUYEHHS -
MH y, i Y1, TOXI Maemo:

x=x+ Ll (28.3)
Yo

Dopmyay (28.3) nicranemo 3 ¢opmyaH aiHifiHO iHTepnonsuii,
NOMiHSIBINM MiCUAMH X i Y.

Otxe, w06 BH3HAUMTH X, TpeGa 10 TaGIHYHOrO 3HAYEHHS X,

BHECTH IONpPABKY yA';"/" h.

0
2. 3HaiiTy sHaueHHs arcsin 0,3295, KopucTyouHCh TabJaHLE0
Ans ynkuaii sin x:

-+

| x 0,3 | 031 0,32 \ 0,33 | 0,34 | 0,35

| sin x ‘ 0.2955 | 0,3051 | 0,3146 } 0,3240 , 0,3335 l 0,3429

3uavenusa sin x = 0,3295 Jexurs Mix JBOMa TaGAHMYHHMH
0,3240 i 0,3335. Tomy nok.aameMo y, = 0,3240; y, = 0,3335;
xo = 0,33; h = 0,01. 3a ¢opmyJioio (28.3) 3nafizeMo:

x=0,33 + 220030 01 0,33 + 0,0058 = 0,3358.

Orxe, arcsin 0,3295 & 0,3358.

Y Tabnuufax, sK npaBHJIo, NOAAOTbC TAaOAHUHi pisnMmi i e
Ta6IM4YKa NPOTOPIiAHAX YacTHH, TOMY TaKi OOUMCJIEHHA BHHKOHY-
BaTH JOCHTb JIETKO.

Bnpasn.

1. [MoSynysath mepumit i gpyruit iHTepnonsuiitni mMeorousenn HeioroHa
g GyHKUiT, mo 3ajaHa TaGaHLE0 3HAUeHb:

leo 1|2 3

|y|l —1 | o 2




2. TloSyaysaru inTepnousiuiiinmit mnonivom Helotona mia  dyHrUii
f(x) = lgx 3 Bysnamu x = 2, 3, 4, 5'i 3a iforo gonomorowo o6ancnuty Ig 2,5.
Ouinurd nOXUOKY pe3yJbTaTy.

3nauennn ¢yuxuil y = Ig x y By3aax iHrepmoasuii Taki:

x| 2 | 3 | 4 | 5

Ig x ' 0,3010 | 0.4771 [ 0,6021 ‘ 0,6990

3. Un nonycxae Ha BigpiaKy [0' %] YOTHPH3HAYHA TAONULA 3HAUeHb PyHK-

uii y = sin x, kpoxk akoi h= 0,1 pax., KBajpaTHYHE i minidine mTepnomoaaHHn?
4. Ina (pyﬂmul 3afaHol Ta6mmelo 3HaitTn i1 3HayeHHA B Toukax x’. Pe-
3YJIBTATH OGUHCAHTH 3 MaKCHMAJILHO MOXJIHBOIO TOUH{CTIO.

x 0.3 ’ 0.4 0.5 l 0.6 0.7 ' 0.8 ' 0.9 ‘ 1,0

0.1 l 0.2

f(x)% 0,10017 ’ 0,18099 0,2(530‘.?‘0.3469‘2 0,43344 | 0,52360 | 0,61873 | 0,72082 | 0,83307 10.96141

x'

0,036‘ 0,117 0.161 ) 0.242 I 0,251 ’ 0.862| 0,831 0,920 | 0,982 l 1,025

5. 3a tabivielo BupaBn 2 3HAKTH X, akuo lg x = 0,5,

6. 3a tabauuero npukaany 3 (c.135) swaiitn arcsin 0,3001; arcsin 0,3205;
arcsin 0,3392.

7. Cxaactu Tabanigo 3Havenb QyHKLiT na Bigpisky [a; b] 3 Tounictio jo

0,5 - 107 rak, mo6 TabauLA fonycKaa JiHilHy inrepnonsuio. Ilepwy Tabuu- .

o crJIacTu 3 Todictio 40 0,5 - 1033 KporoM
% - 2x
Vo 4™’
9) o Q0L
2,480x I 0,253x2

) y= a=02; b=10; h=201;

a=1,2; b=2,6 h=0,1.

§ 29. PiBHOMIpHI | cepeaHbokBagpaTHuHi HabnMKeHHs

1. 3adaua naiirpawozo nabanicenns. 3 Marepiany notepes-
HiX naparpacdis MM 3HA€MO, LI0 alPOKCUMYBATH (YHKILT MOXKHA H-
TepnosiLi fiHMMH MHOrouenaMu. Takuit crnoci6 anpokcumarii mm-
pOKO 3actocoByetbes. IIpoTe B psai BunaakiB iHTepro/IOBaNNS He
eexTHBHE, 60 BHACAIAOK ILbOTO HACTO YTBODPIOIOTHCS MHOTOUJIEHH
BUCOKOTO CTelNeHs!, 3 IKHMH NpaIoBaTH ue3pyyHo. [Ipasaa, nsomy
MoxKHa 3an06irTH, s 1boro BiJpi3ok, Ha AKOMY NOTPiOHO anpok-
CHMYBAaTH 3aJ1aBy (’pyHKuuo f (x), po3GHBAIOTH HA YACTHHH HEBE/H-
KOT NOBMKHHHU i /151 KOKHOT TaKoi yacTHHH GyAyIOTh CBift iHTepIIO-
JAILiHBUA MHOrOWIeH HeBHCOKOro cremeHsi. [Ipore mefi merTox
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Mae€ TaKOX HeJOJiKH, OCKiJbKH -B 0arath0X BHMNAgKaX 6a:kiano
MaTH €JHY HaGJmKeny ¢opmyay, Ky 6 MOXkHa 6yJi0 3actocony-
BaTH JJIsl BCbOTO Biipi3ka.

Ilpn IHTepIIOJIIOBaHHI 9K BiZoMo, iHTepno.rmuiﬁHHﬁ MHOT'0-
ujeH OyAVIOTh NIPH YMOBi, IO Y BY3Jax HOro 3sHaueHHs J0piBHIO-
10Th 3HaueHHsM QYHKWIT f(x). A skmo sHauenHs pynkuii f (x)
y ByaJlaX 3HalifileHi HeTOUHO (HanpHKJaX, BH3HA4YeHi B rpoueci
JIeSIKOTO eKCIEPHMEHTY), TO, OYEeBHAHO, TOYHO NpHpPiBHIOBATH 3Ha-
YeHHs MHOTowleHa i QyHKIil y By3Jax HeAoUinbHO. KopHucHO B
IbOMY BHIAAKy Nifibpata st anpoxcxmaun Taky OYHKLUIO,
fIka Xoda i He jopiBmIOE 3ajaniii PyHKII y sajaunx Bys.ax,
npore HaflKpalle HaOauKae mio (yHKIiIO HA BCbOMY BiApi3Ky.

[lepen THM sIK PO3IJIAAAaTH KOHKPeTHI BHOAAKM Teopii anpo-
KcHMallil, HaBeleMO JesKi 3arajJbHi MipKyBaHHA.

Hexait M — nesika MHO2KMHa B npoctopi R. 30kpeMa, ue Moxe
Oyt Bixpisok [@; bl abo ckiHueHHA CYKYMHICTB TOYOK Xy, X, -..
.., X, 3 Binpiska [a; b). 1 mexali Ha M 3amaHO AesIKHI NPOCTIip
(MHOXMHY) ¢yHKUill (HaOpHKAAK, NDPOCTIp HenepepBHHUX (YHK-
uid, mpocTip GyHKLUiH, CYMOBHHX 3 KBaJIpATOM TOLIO), AKHI TIO3HA-
uuMo vepe3 I (M). Hexaii ueit npocrip ninifinuii i HopMoBaHHiL.
Bizememo B H (M) m - 1 niniiino Hesa/ieXXHHX eJIEMEHTIB @, (),
@1 (X), ..., P, (x) 1 posrisiHeMO Bci MoxAuBI NiHifHI KOMGiHALT

m

ww=§ﬂm@y ' (29.1)

MHoxuna Taknx dyHkuii @ (x) YTBOPHTh, OYEBMJHO, (i + I)-
BUMipHHH JiHifHHE HOPMOBaHMA 1pOCTip, SKUIA NO3ZHAYHMO
yepes W1

Sk Binomo (auB. § 8), HopmoBauHit npoctip K (M) Moxua 3po-
GuTH MeTquxinM ;mmo BBECTH BiAcTaHp 8a topmyJowo p (f, g) =
=i—gl, e/, g€ H (M).

Hexan f( ) QanosaHamyHKuiﬂ 3 H (M) i raka, mo [ (x) &

+1. UncaoBa MuoxuHa p (f, ¢) o6MekeHa 3HH3Y (HOPMH —

HeBix'eMHi uncna). Tomy icnye TouHa HHRHA MesKa sHaveHb p (f, ©).

Osnavenns.

Yucao

po=inl p(f, @)
PEW

Hasugaecmoca sidcmanniio 6i0 f 0o kaacy W1, @ eremenm cp ma-
Kud, o

pm@=w

HOBUBAEMLCA eACMERIMOM HALKPALL0e0 HABAUNCCHAR (HARGTHARKIAM

€JIeMEHTOM).
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Posrasigatoun pisni npocTopH i BBOAAYH INO-PI3HOMY HODMY B
HHX, JiCTaBaTHMeMO pi3Hi KOHKpeTHi BHNAaIKH Teopil ampoKcH-
Mauii.

TIlpupoano BMHWKaE MHTaHHA NPO iCHYBAaHHA i eNUHICTL eJe-
MeHTa HalKpamoro HaG/IHKEHHS. Jnsi DoBiNbHHX HOPMOBAaHHX
NPOCTOPiB MH IbOrO INHTAHHA He PO3IJANAATHMEMO. 3ayBaXKHMO
Juile, IO npH anpokcumanii dyukuiamd Buay (29.1) nafikpa-
IHHA esIeMEHT 3aBX]U icaye ajle He 3aBXIU €JUHHUH,

2. Haiixpaye pienomipne nabausmenns Pynryii. Hexal
maemo npocrip C [a; bl. Beenemo Hopmy | f| = rr[lazlf]lf(x)l a

€[a;

HopwMa B npoctopi C [a; b] Bu3Hauae MeTpUKY
o8 =If—gl= xrg[gllf(x)—g(x)l-

O1xke, moGya0Ba efeMeHTa HafKpaloro HaG/aHXKeHHA B LBOMY
npocTopi 3BORHTLCA JO BimuyKyBaHHﬂ Takux KoeQilieHTiB a,,

ayy ..., Ay JiHIEHOT KOMGiHANIT E a,qz, (%), ne {@; (¥)}) — nmesxki
=0

alHifiHo Hesanexui ¢ynxuii i3 C la; bl, mo
m

max |f(x) — Y a;9; (%)
x€fa:b) j=0
Ha6yBae HafHMEHIIOTO 3HAYEHHS.
3anava anpokcumarnii B IbOMy BHNAAKYy Ha3HBAETbCA 3a0a4elo
HAUKpAUEeo PIBHOMIPHO20 ab0 4ebULLOBCLKO20 HADAUNCEHHA HQ
npominky la; bl.
Yacro 3a cucremy {@; (x)} 6epyTtb crenenesi gynkuii I, x, x2,...
.., X", TOGTO BHKOHYIOTb HaWKpame piBHOMipHE HAGJIHIKEHHS
anreGpaiyHUMH MHOTOWIEHAMH.
3ayBaxnMo, o Koam ¢yHxuisi f(x) sajaHa Juile B CKiHYeH-
‘Hifl kiapKocTi TOYOK Q = {x;, X,, ..., X,} (AMCKpeTHHH BHNaLOK),
10 HopMa | f| = maé(lf(x)l i 3HaXOMIKeHHS eJleMeHTa Hadkparuo-
x€ )

ro HaOJUKEHHS B [IbOMY BHMNAAKY 3BOJMTbCA [0 BiAIYKYBaHHSA
TaKoi pyHKuUii g (x), 17 7KOI [ f(x) — g (x)[ = max [f(x) — g (x|
X

HalyBsae HaiiMeHwmoro 3HaueHHsi. lle s3apava auckperHoro yeGH-
LIOBCHKOr0 HAGJIHIKEHHA.

UeOnioBchKi HaGHKeHHS BillirpaioTh BaXJINBY pPosib y NMpak-
THYHHX NHTaHHAX, 30KpeMa KoJH 3anaioTbesi QyHkuii B8 EOM.
Beoguti Ta6iHipo 3Hadenb ¢yHruii B mam’site EOM me BurigHo,
OCKINIbKH 1A 1boro NOTPi6HO Gararo Micus B mam’ati i GaraTo
yacy aJss BiImyKyBaHHs notpi6Horo sHaveHHs dyHkuii. Jx npa-
BWIO, naHy ¢yHkiio f (x) saminsiorh Jeskow {HWoOW g (x), fKa
OGUYHCIIIOETBCS TIPOCTiiLe; NPH nboMY PYHKUIO g (X) yacTo BH3Ha-
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yaloTh TakK, W00 BOHAa Ha 3aJaHii MHOXHHI BiAXHJAJaca Bif
¢yHKuUii f (x) He Ginbll SIK Ha 3ajaHy BEJHYHHY €.

Npukaan.

Ilo6ynyBatu Haltkpaie piBHOMipHe HaGJIH:KeHHSA BUAY & (x) =

= q, + a;x AI8 nIBiui HEenepepBHO audepenuifosnoi gynknii
f(x) Ha [a; bl, ans sxof f' (x) >0

3 reoMEeTPHUYHMX MipPKyBaHb JIETKO BCTAHOBHTH, LIO B AaHoMy
BHINAJKy MHOTOUWIEH g (X) = qy + a;X Haﬁxpamoro piBHOMipHOTO
HabJMKeHHs € NPsMOIo, [0 gl
piBHOBiLJa/seHa BiJ XOpIH, 4
fIKa NPOXOJHTb Yepe3 TOUKH /

(@ f () i(b;[(b), i moruu-
HOT 10 KpHBOI § = [ (x), mo o
napaJjenbHa xopAi (mMaJa. 32).

Ha6auxeno samauy ue- (>

GHINOBCHKOrO  HaGJIHXKEHHs '
bysKIii f(x) y3arajbHEeHUM ¥

HoJiHOMOM 2 a;; (x) na Bin-

L)
~
o
> |

pisky lg; ol Moxma po3B’s-
3arH Tak. Bubepemo ua la; bl Man. 32

JOCHTb TYCTy CiTKy TOYOK

G = {x, X3, ..., X,} 1 posr1sanaTHMeMO 3ajady BiAWIYKyBaHHs

TaKMX dg, Gy, ..., Ay, TPH SKUX BeIHYHHA
m
p* = max |f(x) — 2 a;; (x;) (29.2)
I<ign j=0

Jocsirana 6 HaliMeHworo sHaueddsi. $igmo citka G pocuth rycra,
TO BesIMYMHa p* 6au3bKa 10 p (f, ¢) B C [a; bl, a noninom ¢* (x),
AKHA Halikpawe Habamxkae QyHkuioo f (x) Ha MHOxkuHI G, ROCHTH
61M3bKHH 0 LWIYKAHOTO noJiHoMa @ (x), AKHH Hafikpame HaG/au-
xae [ (x) Ha Bcbomy Bifpisky la; bl.

PoarJsinemo Tenep 3a1avy BiAMYKaHHA Ha@MEHLIOTO 3HAYEHHS
BeJHYHHH 1) IPH OOMeXKeHHSX

m

f(x,-)~23 e () |[<n (=1,2, ..., n),

a6o, Wo Te came, 3a11aqy MiHiMi3auii v npu o6MexeHHAX

—f(x) + igﬁ a;@; (%) +n=0

+ 1) =X a;(x) +1>0. (29.3)
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Tyr f(x), @;(x) ((=1,2, ..., n) —pigomi umcsia, npuIoMy

3HaYeHHsA @; (x;) € Koedilienramu npm neBigomMHx aq;. Orxe,
obmexenHst (29.3) e cucremoro 2n-NTiHIHHHX HepiBHOCTEH INOJO
3MIHHHX @4, Qy, ..., 0y, 1. PYHKLIA Z ==.1, MiHIMyM siKOi TIOTPi6-
HO 3HaHTH, TAKOXK JiHi#Ha BiZTHOCHO 3MiHHUX a,, Gy, ..., g, 1. Ta-
KHM YHHOM, MH NpHALNIH A0 3ajadi JiHIAHOTO IpOTpaMyBaHHS,
IKy MOXKHA DO3B’$13aTH CHMIIJIEKC-METOIOM.
- OueBuapo, mo KoMH HafKpalle YeGHINOBCbKEe HAOJIMKEHHSA
dyHKUil f(x) Binmykaetbes He Ha Binpisky la; b, a Ha muckperHii
MuokMHI G (Hanmp¥kaaz, AKWo QyHKUiA f (x) 3agaHa TaGIHYHO),
TO TaKy 3aayy PO3MVITHYTHM CNOCOGOM MOXKHA PO3B’13aTH TOYHO
(3 TOUHICTIO N0 TOXHGOK OGUHC/EHB).

3. (,epeanboneaapamu'mz HAGARINHEHRA. Ilel.uo npocrie pos-
B’AI3yeThCs 3ajlaua HAaKpamoro HabJHKeHHs B eBKJIIIOBHX IIPO-
cropax (auB. § 8).

Hexait f (x) — neaka qpymmm 3 eBKJigororo rnpocropy E.
Bynemo HaGauxatn i1 ysarajbHEHHM MHOTOYJIEHOM

mn
900 =X a;(x),
=0
Ie @ (x), ¢, (%) ,..., 9, (x¥) — aiHiliHO HesanexHi PyHKLUIT 3 mpo-
cropy E. 3anaua Halikpawioro HabHKeHHS QOPMYJIIOEThCS TaK:
nipi6pary xkoedinientd @, a, ..., 4, y3arajJbHEHOrO MHOrouJje-
Ha @ (x¥) Tak, mO6 BeJUYHHA ‘

m

P — X ap;(x)

2 (f, @) =1f (¥) — @ ()P =

OyJa HaliMeHIa (TyT A5 3DYYHOCTi MiHiMI3yeMo He BifcraHb, a ii
kBagpat). Muorounes ¢ (x), sxuft minimisye p? (f, ¢), Hasuba-
CTBCH MHO04AEHOM HALKPAU020 cepeOHbOKBAdpamMuUYH020 HAbAU-
ocenna QyHRuii f (x), a2 pOSTASHYTHH TYT METOR IJs BiAIIyKaHHs
TaKOT0 MHOTOWIeHA — memodom Hatimenwiux Keadpamis. Benwun-

Ha, iKa MiHiMisyeTbesl, € QpyHKUie0 Koedilie€HTIB a4, @y, ..., Ap;
nozgauumo Ii uepes S (a, @, ..., 4,). OTxe (HEIXue 175
3pYYHOCTI 3amHCciB apryMeHT X ONYCKAEMO), :
m 2
S(aO!alv "‘9am)=:'f EH(P/
fanr

(f — ﬁ a;;, f— gn a,-cpi> =

= N=2% & o)+ X X o @ 0
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Jlas 3HaXomkeHHs HeBigoMHX KoedilieHTiB a,, @i, ..., G,
ipH AKUX BHpas S (ay, 4y, ..., @) AOCATAE MiHIMyMY, 3HAHAEMO
noxiaui Biz S no koedinientax a; i npupiBHAEMO iX A0 HYyJs.
TakuM 4HHOM AicTaHEMO CHCTEMY: '

m
a8 3\ .
o =—2-(h q),.)+2_),0a,.(cp,., 9)=0 (i=0,1, ..., m),
= :
TOOTO JJisi BU3HaueHHs KoedilieHTiB ay, 4y, ..., @, WYKAHOTO

MHOTOWIEHA MaeMO CHCTeMY JIiHIAHHX anreGpaiyHUX PiBHSIHb (K&
HA3HBAETBCS HOPMAALHOIO CUCMEMON)):
m
Yoo, e)=F ) G=01,...,m,  (294)
=
ae

b b
(00 0) = 0 )@ (@ dr, (@) = | F (1) 0 (x) dx. (29.5)

Busnaunuk cucremu (29.4)

(Pos Po) (Do P1) -+ (Pos )
((Pl» (Po) (@1’ (Pl) - (91, Pm)

(fpm, cpo) (tpm, (91) ((Pm» <Pm)

€ TaK 3Bauuil gusnawnux I pama (pymmm ¢, (x). Ak BizoMo, neit
BU3HAYHUK He JOpPiBHIOE HyJeBi (BiH 3aBXKAH JOAATHHI), SKUO
chereMa @, (1), @y (%), .., ¢, (x) JiHifiHO He3anewna. OTxe, cuc-
TeMa (29.4) mae exuunit pos3p’sisok. Ockijbku ¢GyHKUIA S (g,
a, ..., a,) MiHiMyMy JlocSiTa€, TO €(HHA 1] CTAal(iOHapHa TOYKa MOXKe
GYyTH JHLIe TOYKOIO MiHIMyMy.

TakuM YHHOM, 3HAXOMKEHHs MHOrowleHa ¢ (x), AKUH JRae
Hafikpallle cepeiHbOKBaJpaTHuHe HaGamxenHsa ¢yuknii f (x),
3BOAHTLCSA JI0 PO3B’A3yBaHHs JiHIAHOI aJjreGpaivdHoi CcHCTeMH
(29.4).

B K0XKHOMY KOHKPETHOMY €BKJiJOBOMY NpOCTOpi iHILHIA BH-
IS MaTHMYTb JiMUle CKaJAPHI ROOYTKH.

Hexaii, nanpukaan, maemo npoctip C, [a; b, wo ckaanaerbes
3 neiepepsuux Ha la; 6] ¢yHxuiit (qus. § 8) *. CkanapHufi

* Uurau, osnaifiomnenuft 8 interpanom JleGera, moxe samicTb mpocropy

C, [a; b] posrasparu npocrip Ly [a; b). Baarani nas cepeanboKeagparuiHux

HaGJHXeH ), BUMOra Henepepmmcri 3aiiea. Tyt norpiGHo HakJIagaTH Juile G
b

¢1a6Ky BUMOrY icHyBaHHA inTerpana ( f2 (%) dx.

1
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H06yTOK BBeleMo 3a GopMyJIo
b

&) = § F g .
Ipu nvomy ’

b
IF=VED=) §rwa yot. o) =If-gl=
/b
=V [vw—gmpa

Toxi BimnoBizni ckanapHi no6GyTkM B HopMaJjbHil cuctemi (29.4)
MaTHMYTb BHIIAL:

b

(%, (p,)—Scmx Yoy (e (, -)—S F (%) @ (%) dx.

Yacro 3a CHCTEMY @q (x), ¢1 (X), ...y P (x) GepyTb ¢ynkuii 1,
X, X2, ..., X™, AKi Ha/JeXxaTb NPOCTOPY Cz la; b1 i ninifino Hesanex-
Hi Ha [a, b] npu 6yab-sikomy m. ¥ UbOMy BHIAIKY ¢ (x) Oyze
ssuualiHuM anreGpaiyuum MHorowieHoM P, (x) = ay + a;x +
+ax?+ ...+ a0

EnementoM Hal‘iKpamoro HabxkeHHst pas1 GyHruii [ (x) €
€ C, la; b] 6yne Takuit Muorowien P, (x), aas skoro |f(x) —
— P, (0) | HadyBae HaHMeHUIOI‘O 3HAYeHHS.

Tyr (@ 9) = Sxfxfdx = sz+;dx . 0 = Si(x) xidx.

a a
b

Ilpr ofumcnenni inTerpaJtip Sf(x) X'dx MOXYTb BHHHKHYTH
a
Jesiki TPYAHOLLi, OCKiJIbKH 3HAHTH NEpPBiCHY depes ejeMeHTapHi
byHKUiT yacTo He BRacThcd. B TakoMmy pasi iHTerpa/ oGUHC/IIO-
10Tb HalJWKeHo, BMKODHCTOBYIOUH YHCeNbHI MeToIH, Npo fKi
ftumerbest B posaini VIIL

Mpukan.a

3naiity HafiKpallly cepeiHbOKBaPATHUHY alpOKCHMAIilo QyHK- -

eos . . . I "
uilr y = sinx Ha BIAPI3K 0; 5 aJlFe6p31‘IHHM MHOI04/1ICHOM

Apyroro crenenss P, (x) = ap + a1x + ax®. Tyt @, (x) = 1:
@ (X) = X, @, (x) = x?, 3uaiiaeMo nmpiﬁni ckanapni Lo6yTKH,

T T
(@0, $o) = Sl dx=—’2‘—, (cpo,q>1=§1 =
0

1!

3

-
(90 P2) = | 1+ #%de = —, (‘Pl,‘Pl)—S«V xdy = —— 24 )

CL’ww‘:

-‘ll

1A
((Pp @) = S X xhdx = 'GT'

L X

2 2

b5 .

(@2 @) = | 22 xfdx =T, (fo) = § sinx. 1dx=1;
0 0

xsinxdx =1, (f, @) = | x*sinxdx =n—2.

A ) =

c%w‘g
Sy w,a

Cucrema (29.4) Mae BHIVISIL;
1,571a, + 2,234a; + 1,292a, = 1,
2,234a, + 1,292q, + 1,522a, =1,
1,292a, + 1,5224, +- 1,913a, = 1,142,
3Bixcu a, = 0,0656, a, = 0,152, a; = 0,432.
Omxe, MHOTOU/IeH HaKPaWOro HaGHIKeHHS 3alHCY€ETbCA TaK:
P, (x) = 0,432x% + 0,152x | 0,0656.
Oco61MB0 MPOCTO PO3B’SA3Y€ThCsl 3ajjaya HAHKPAIOro HaGIH-

JKeHHs, KO CHCTeMa PyHKUi# @q, @1, ..., P, € OPTOTOHAJIBHOIO
{auB. § 8), To6TO KOJIH

((piv (pl) = Ov { 7’:] ((Pb (pl) > 0:

e 0, j<Km.

3ayBaxumo, L0 OPTOroHajbHa cHcTeMa QyHKUi# € aimifino
Hesasiexxna. Crnpasii, MPUNYCTHMO, L0 CHCTEMA @y, @y, ..., Pm
OpTOroHa/bHA i /A Hei BUKOHYETbCH PiBHICTDb

%Py + ouP + - -+ I P, = 6.

IToMHOXKHBIIM OCTAHHIO plBHlCTb CKaJIApHO Ha (p,, JicTaHeMo

a; (¢, (p/) = 0. 3 OCTaHHbOrO BHIIHBae, IO &) = ( NpH CyAb-
ﬁKOMy j- Ormxe, cHcteMa @g, @1, ..., Pp JiHIAHO HesasexKHA,
Y BHMagKy OpTOTOHA/MBHOCT] cheTemH o @1y --+» P, MATPHLA

HOpMaabHOi cucTeMH (29.4) crae AiaroHanbHOW0 i Tomy Koedini-
€HTH y3ara/jbHeHOr0 MHOrou/lena HaHKDaWloro cepeiHbOKBajpa-
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THYHOTO HaOJaHXeHHA OyHRUIL [ (x) odquc.moforbcx 3a ¢gopMy-
JaMH

) :
Q; ORTR Gj=01, ..., m.

Bouu HasuBaworbest Koegiyienmamu dyp’e dynxuii f (x) sa
OPTOTOHAJILHOIO CHCTEMOKO P, Py, .voy Ppye

Npuxnan.

3uafiTH HaHKpaily cepeHbOKBAIPATHUHY ampoKCHMaUilo yHK-
uii y == MT"—)‘ Ha BiJpisKy [—m; m] TPHrOHOMETPUYHHM
MHOFOUJIEHOM

Tp(x) =ay + L (ay cos kx -+ b, sin kx).

Ik yxe sasnayajnocs (§ 8), cHucTeMa
1, coskx, sinkx (k=12,3, ..)

€ OpTOTOHAJBbHOIO Ha [—m; @), i ToMy KoediuieHTH ay, ay by

(k=1,2,..,n) Maore 6ytu koedinientamn Pyp’'e GyuKwil
¥ ¥ .

Yy =——35— 32 W€ CnucTeMor.

Orxe, ana xoediniedTiB MHorounexa T, (x) maeMo:

A X —X
S e

PRI (/) B 2 1 & —e*
LA (W @ R 2 .
S 1- ldx
-7t
PUIE
=T wm
b (]
X —X
S‘ %—coskxdx n
o _(er) _ —m 1 [ F e
“= e T 7 =7 ) Tz coskdx=
: § cos? kxdx —n

= (— l)k et — e

n(l 44k °
¢ e e *
S — 5 sin kxdx ) 7
X —X
bt{ — (g’ q’(’;’);) . —x ~ — —I-E_ e__[—_2_£_ Sinkxdx:()_
k S sin® kxdx —x
—
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Ilix ocranHim iHTEerpajoM cTOITh HenapHa GyHKIidA, i iHTerpan
JIopiBHIOE HYJIEBi.
TakuM uuHOM, HIYKaHMil MHOrOuleH Ma€ TakMH BUIVIAA:

& kx\
T, = ———% +;g D3 )=
~735216( +2 ’*—f-:s_—i’;—>

IMpumirxka. Sxwo cucrema {@; (x)} He opToromaisHa, To i3 3pocraH-
HAM /M (m — UODSANOK MHOTOWIEHa) BH3HAUHMK I'pama, AK npaBmio, WBHAKO
NpsIMy€e O HYJd, 4 DO3B’A3YIOTbCA TaKi CHCTEMH 3 BEIHKOIO HETOUHIiCTIO
(zuB. § 6). Tomy 6patu m GinbwuM 5 HepouinbHo. OPTOTOHATBHUX CHCTEM lie He
CTOCYEThCA.

4. Habaunmenna Pynryiii, sadanuzxr mabauwno memodom
naimenwux véadpamie. Hexail dyuxuis f () 3anana coimu sHa-
YeHHAMH B CKiHYeHHOMY YHCJIi TOUOK X, X, ..., X, 3 BiApiska [a; bl.
Sk 1 pamiwe, Gyzemo Wykarn Hafikpaule HaGJMXeHHA GYHKUIT

m

f (x) ySaI‘aJIbHeHHMH MHOTOUJIeHAMH ¢ (¥) = )_;l a,¢; (x), ne
j=

@, (x) (= 1, ..., m) — ainifino He3anexHi ¢pyukuii, m < n.
Yy I.LbOMy BHHalIKy MHOTOU/IeH HallKpaloro HablMKeH A L1yKa-
€Mo B mpoctopi GYHKIMH, 10 3372aHi HA AHCKPeTHIfl MHOXKUHI TO-

Yok Q = {Xg, %1, ..., X,}, 8 CKaJSIpHUM JOOYTKOM
(o)=Y [ (x) g (x). (29.6)

Tlo3naunmo nefi eBKAiAiB npocrip yepe3 £,4. Hopma enemen-
Ta i BiAcTaHb MiXX ABOMa ejleMeHTAMH BH3HAYalOThCsl BiJIIOBiAHO
¢dopmyaamu (auB. § 8, eBKJimOBI MpocTopH, npHKaay 3):

=V D= i’}';]OfZ(x,.); p(f, @ =" go(f(xi)-——g(x,-))2.

Omxe, xoepinientn a;(j =0, 1, ..., m) Muorouwrena Haikpa-
woro HabJMXKeHHs sHaidJeMo 3 HOpMaJlb]lOl cucremu (29.4), ne

(Pi ®) = qu ©; (x2) 9; (X8); (o @) = k)_.n [ (%8) @; (xp)-
—0 =0

Ilpy m = n MHOrounen Hafkpauoro HabiHxeuws, noGyno-
BaHHIl MeTolOM HalMeHNHX KBaapariB, 36iracTbest 3 iHTEpUOJS-
uifinuM MHorouseHoM. CnpaBii, AJsi OCTAHHLOTO MaeMmo: S (d,,

n

ay, ... == P (f (P) = gﬂ (f (xl) — P (xi))2 = 0! a mJjist pz(f‘,(p)
3Ha4YeHusd 0 € HaﬁMeHlUHM 3 y(‘i)ﬁ MO2KJ/THBHX,

145



PosrasineMo HaGav>KeHHA GYHKLIA aare6paldHHMH MHOrod4Je-
HaMH. .

Hexatt @, (x) =x* (i =0, 1, ..., m). Toxi ¢(x) e anredSpaiu-
HHM MHOTOWIEHOM cremeHs m: @(x) = P, (x) = a, + a;x 4
+apx® 4+ - +axm

Oyukuii 1, x, ..., ™ (m < n) aAinifigo HesanexHi B E,q1.
Copaspi, ainifina koMGinanis @y 4+ a;x + ... + a,,x™, Ie He Bci
@; NOPIiBHIOIOTb HyJeBi, He MOXe HalyBaTH HYJbOBHX 3HAYeHb
IJis1 BCiX X € Q = {xy, Xy, ..., X,) (MHOTOUWIEH CTENEHS M HE MOXKeE
MatH Ginbwe HiX m HyaiB). OTXke, BH3HAYHHK cHcTeMH (29.4),
sik BH3HaYHHK ['paMa JjiiHifiHO He3aseXXHHMX GYHKIIH, He NOPiBHIOE
HYJIEeBi.

Slkmo m>n -1, 10 cucrema ¢yHkuit {x/} (j =0, 1, ..., m)
JinifiHo 3aiexHa B E,y,. lle BHIANBae 3 TOro, MO MHOrOWIEH
(x—x)(x—x) ... (x—x,) =24 ax*4 --- 4 a, Ha MHO-
*kuHi Q HaGyBae HYJIbOBHX 3HaueHb.

MNpukaan.

[Mo6yaysaTH 3a MeTOOM HafMEeHIIMX KBajpaTiB MHOTOWIEH.

Ipyroro creneHs, sKwo ¢yHKuis y = f (x) 3agana Tabauuelo:

X 0,37 0,74 1,02 2,34

y l — 1,60 —0,59 0,05 0,95

BpaxoByioud BHpa3H ANs CKaNSPHHX NOOYTKiB

n ) n n
(@0 @) = X xick =X 5", (Fo) =X [ (x5

Ta TIPOBOJSAYM OGUHCJIEHHS 3 TPbOMa 3HAKaMM MiC/aAA KOMH, s
pH3HaueHHA KoedillieHTiB ay, a4, @ AICTAHEMO CHCTEMY:

4a, + 4,47a, 4- 7,201a, = — 1,19,

4,47a, + 7,201a; + 14,330a, = 1,245,

7,201a, -+ 14,330¢a, - 31,383, = 4,712.
Posp’sizaBiuu ii, MaTuMeMo: aq, = —2,877; a; = 3,793; a; =

= —0,9217.
TaxkuM yuHOM, MIYKaHHH [OJiHOM

P, (x) = — 2,877 + 3,793x — 0,9217x2.
3
Mpr upoMy xXBajpatHune BiAxiJeHHs AopisHioe Y, (y, —
i=0
—Py(x) =31 107"
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Oco6HBO MPOCTO BIAWIYKYETHCA MHOTOYNEH HaHKpauoro Ha-
6arxkeHHsA, AKIO QYHKUIT @4 (X), @ (%), ..., ¢, (¥) yTBOpIOWTH
opTOroHaNbHY a60 OPTOHOPMAJBbHY CHCTEMY Ha MHOXHHI Q =
= {Xy, X1, ..., X}, TOOTO y BUMAAKY, KoaH ¢yHKUIT {¢, (x)}
33JIOBOJIBHSAIOTE  YMOBY:

0, k4],

g__o Pre (xi) (Pi (xi) = {C > 0’ k — j

Slkwo @, (x), (j = 0, I, ..., m) € MHOrOWIeHamMH, IO 33/0BOJIb-
HAIOTb OCTaHHIO YMOBY, BOHH Ha3HBAlOTBCS OpPMOSOHAAbHUML
MHO204ACHAMU OUCKDemH020 apeymenmy, a KoedilieHTH MHOTOYTE-
Ha Ha#Kpamoro Ha6auxkeHHs € Koediuientamu ®yp’e byHKIT
f (x) 3a uielo cucremoio.

B npocropi E,;1 opTOroHa/ibHa cHCTeMa MOXKe MiCTHTH He GiJlb-
me HiX (n - 1)-my dyukuio. fkmo m = n, T0 OpTOroHaJbHZ
cucreMa yTBOpIO€ B E,y oproronanpuuit 6ashc. I, orTxke, 6yab-
aky dyHKUio f (x) € Eqp1 MOXHA MOJaTH y BULsAI

: n
f(x) =9 (x) = ]Zoa,(p, (%), x€Q ={xp Xy, ..., x,}.
Toxi p (f, ¢) = 0. OueBuaHo, mMHorowieH @ (x) 36iraTHMeTbCs 3
MHOTOYJIEHOM HaHKpaIIoro CepeHbOKBAaAPAaTHYHOTO HaG/IHKeHHS
byukuii f(x) € E,qq npy m = n.

5. Bacmocyeanna memody naiimenmux readpamie das no-
6ydoen emnipuwnux popmya. Tlig yac npoBeleHHS HAYKOBHX
eKClepHMEeHTIB, @ TAaKOX y BHPOOGHHYIHl NpPaKTHIi NOCHTb YacTo
JOBOJUTBLCS BCTAHOBJIIOBATH (yHKLIOHANBHY 3aJ1€XHICTb MiX Jesi-
KumH BernunkamH. Hexall, Hanpuk/aa, BHBYalouH GyHKUIOHAAbHY
3a/eXHiCTb MiXK BeJHUHHAMH ¥ i X, MH NIPOBEJH PsiJi BUMipiOBaHb,
B pe3yJbTaTi SAIKMX JicTaiy Tab/HII0 3HAYEHb BEJMHYHHH y TIpH
X = Xy, X3, ..., ¥, €la; bl. Ha ocHOBi uux gaHHX noTpi6HO moO-
OynyBaTd aHaniTHUHHE BUpa3 (bopmyay) y (x), AKHH 6 HaG/H-
kKaB ¢yHKUilo y (X¥) Ha BcboMy npoMixkky [a; b). opmyau, siki
HicTaHeMO Ha OCHOBi aHaJi3y JOCAIJHHUX KaHUX, HA3BeMO emni-
PULHUMU.

Emnipuuny ¢opmyny mnoaamo y BHIAL

y(x)=f(x, a,a, ..., ay),
1€ ay, Gy, ..., 4, (M << n) — Jesaki mapameTpH.

Buraag ¢ynknii f i kinbkicrs napamerpiB B OAHMX BHNAIKax
Bigomi 3 AeSIKHX DOJATKOBHX MipKyBaHb, B iHIUHX X BlaeTbcsd BH-
3HAuuTH 3 rpadika, sKMii MOOYLOBaHMi 32 €KClepHMeHTalbHHMH
3HaueHHAMH y;. SIkmo rpadik noGyroBaHO, TO BHIMAX GyHKLio-
HaJbHOI 3aJ1eHOCTI BAAEThCst NPUBAU3HO NepeaGauuTH, OpiBHsB-
M paHu# rpadik 3 rpadikamy BiIOMHX KPHBHX (OKpemi Hempe-
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BHJIBHOCTI IIPU I(bOMY He BPaXoBYIOThbest). KisbkicTh mapamerpin
nigGupatoTh TaK, Wo6 emnipHuHa Gopmy.a Hafikpalle Bifjo6paxa-
Jla pesyJbTaTH CIOCTepeXkeHb i OyJa ZOCHTbL npoctoio. Sk yxe
3a3HAuaIoCh, JIs 3ajad TAKOTO THUNY iHTEpIOJIOBAaHHA HeNnpu-
natue. 3 maj. 33 BUIHO, IO iHOAI 3HAYHO Kpallle B3ATH eMIipuy-
Hy ¢opmyay y Buraail ainifiHOTO BHpa3y, Hix iHTepnONANIHHOTO
MHOTO4WIeHa, rpadik fKOro
4 I0Ka3aHO NYHKTHPHOIO Ji-
"ieto. Ha manoHKy 300pa-
JKeHO eKcllepuMeHTa/ bHi 3Ha-
yeHHs, 3HalizeHi HaOJaHXKe-
HO, Ta MeXi, B TKUX MOXYTh
3HAXOAUTUCA IX TOYHi 3Ha-
YeHHA.

[o6ynosa  emnipuyHol
thopMyaH npOBOJAMTELCA JBO-
Ma eTanaMH:

0 x 1) 3’sicyBaHHs 3arajbho-
Mau. 33 ro Buy GopMysIH,
2) BU3HaueHHA I mnapa-
MeTpiB.

[TapameTpH YacTo BU3HAUAIOTb METOOM HaAMEHIIHX KBaApaTiB,
TOGTO 3 YMOBM MiHimi3alil BeJUYHHH

n

S (ah Qgay ooy am) = l):jl (yi _f(xiv ay, gy - -+ am))z'

Buxopucrapiwd Heo6xigHi yMOBH ekcTpeMyMmy s (QyHKUi#

faraTboX 3MiHHHX, HiCTaHEMO CHCTeMY:
Bl deeabnl 0 (=12 ..., m. (297)

. 3HafwWoBIIM BCi PO3B’A3KH CHCTEMH, SIKi HajexaTb 00JacTi
aMming napameTpiB 4y, @, ..., G, | BHOPABIIH TOH, AJIsl SIKOTO Be-
avguua S (@, @, ..., Q,) Mae abCOMIOTHHI MiHIMyM, MaTHMeMO
IIyKali 3HayeHHs] NapaMeTpiB.

Cucrema (29.7) 3HauHO cnpouLyeTbes, AKIO dyHKHiA f(x,
a4, a,, ..., Q) JiHiflHa BiJHOCHO NapaMeTpiB.

3ayBaxumo, 1o 3afauy HabIHKeHHS (yHKIil, 3agaHux Tal-
JIM4HO, 32 JONOMOTOI0 y3araJbHEHHX 4i alre6palyHUX MHOTOYJe-
HiB cTerneHs m MeToJOM HaMMEHIUHX KBajpaTiB MOXHA iHTeplpe-
TYBaTH K 3a7a4yy HO6YJ0BH eMIipHUHHX (OPMYJ ¥ BUTJALI MHO-
ToujeHa CTeleHs m.

HNpukaan.
3uaiiTn 06’eM Tina o6epTaHHsA, KOO JJIA OCBOBOIO nepepisy
TiJla eKCnepUMeHTaJbHO AicTank Taki jgani (Mana. 34):

148

g l 0 l 1 ’ 3 I 5 l 7 ] 9
z ’ 7,875 ] 7,875 ] 7,695 | 7,250 ‘ 6,500 l 5,500
y , 1 , 13 l 15 7 ( l

2 | 4,750 1 4,000 ' 2,500 | 1,500 ‘ 1,000 | 0,000

O6’eMm rina obepraHHs JerKO BH3HAYUTH, AKIO BiXOMHH aHa-
JITHYHMH BHpa3 KpuBoi, Bix ofepTaHHA AKOI YTBOPIOETHCS NaHe
TijIo, TOGTO AOCHTh MATH aHANITHYHHE BHpas Aas QyHKUiil, o 3a-
Jjana TabJuHIlel0 3HaueHb.

Criouatky 3’sicyeMo 3araJbHHA BHIVISL eMIipHYHOT (QOpMYJIH.
IloGynyBaBun 3a TaGIMYBHMH JaHUMH rpadik, NepeKoHaeMocsd,
o nofibHul rpadik Mae TakoX (QyHKIisg

Z =ay*+ by +c.

Man. 34 J

a

Tomy mykany ¢yHKuio BizbMeMo y Takomy x BUrJsisi. Koedini-
€HTH a, b i ¢ BU3HAUHMO METOJOM HAHUMEHUINX KBaApaTiB, TOOTO
TaK, o0 BelHUHHA

12
\ 4 2
S = '2‘1 (Zi —ay; — by, —C)2
[==
nabyBasa HalMEHIIOro 3HayeHHs. ToAi AJs1 BU3HAYEHHS IIYKaHHX
xoedimienTip AicTaHeMo cucremy:
2

1
a).:‘ y,—l—b)_. Jt-l-C yt—/v ¢!/t’

]2
d)_,yz‘l"bx,yt ‘I‘C yt-—>‘ ty"
==l {e==]
12

ﬂ,\ yt+bz gi+120=Y z.
=1
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[MincraBuBImMH 3HAYeHHA BeNWUMH y, i 2;, mojaHi B Tabauui, i
PO3B’ASABILM CHCTeMy, SHaizemo: a = —0,646 - 1074 b =
= 0,428 - 107" ¢ = 1,14. Orxe,

Z = —0,646 - 10*y% 4 0,0428y% + 1,14.

3Haroyy Tenep aHaMiTHYHUH BHIVISJ KPHBOI, JIETKO MOXHAE BH-
3HAYUTH 06’eM Tijia (0GYMCIITD CcaMOCTiHHO).

Bnpasu.
1. Cepen MHOrouneHiB HyJbOBOrO cTeneHsl (KOHCTAHT) 3HANTH MHOrOUYIeR
Hafikpauoro piBHOMipHOro HaGamXKerHA A1s QYHKHIT f (x) = TF= Ha BiJpi3Ky

[o; 11.
2. Ha naomuni sagano Tpu Touku P; (x;; y;) (i = 1, 2, 3). Iposectu npsimy
g (x) = ay -+ a;x Tak, mo6 BeauuuHa max [y; — g (x;)] 6yna minimaabHoIO.
1<i<3

=Y
3. 3agano Toukd Py (—4; 1) i Py (5; 4). 3uality ana HuX Hafikpame 4eGH-
1oBchKe HaGuMKeHHS BHAY £ (¥) = a;x.
4. 3HaiiTi Halikpamy cepeAHLOKBAAPATHUHY aNpoKCHMauUil0 anreGpaiuHHM
MHOrOYZI€HOM JAPYroro creneHs QyHKLIi:

a) f (x) = cos x Ha Bigpisky [I; 2I;

6) f (¥) = ¢* ua sigpisky [0; 2.

5. Cepex TpuroHoMerpuuyHHX MHorowieniB Ty (x) = a, 1+ a; cos 2nx +-
-+ by sin 2nx -+ a, cos 471x + by sin 471y BU3HAYHTH MHOTOWIeH, fKMA Ha Bill-
pisky [0; 1] gae mailkpame cepenuboKBazparTHuHe HAGMHKeHHS AaA GYHKHIT
fF)=x3—2x24 x4+ 1

6. 3HaliTH MeroaoM HalMeHLIMX KBajpaTiB HabiauMxKeHe NMOXaHHA DyHKLIT

I

0= 195
ro i gpyroro cremneHs. .

7. [To6ynysaru MeTonoM HaliMeHIIHX KBaAPaTiB MHOTOWIEH APYTOro CTencHs
st QYHKUIL, Mo 3apaHa TabuaMileo:

3a ii snauenusmu B Toukax x = 0, 1, 2, 3, 4 MHOrouNeHOM neplUO-

% 04 | o0a | i1 j 15 Jvl.S) l

F I 0,27 | 0,39 | 0,77 | 1,17 ’ 1.53 I

- doX
8. Beranosutd emnipuudy opmyay BBAY Y = @1€ 7, AKILO pesyJ/ibTATH
€KCIIeDUMEHTY MOojaHo TaGJIHILEIo:

‘ x 0 ‘ | ' 2 3

| y 2,01 ] 121 ] 0,74 0,45
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Pozgin VIl
YUCENLHE AMDEPEHLIIOBAHHS M IHTETPYBAHHA

§ 30. YUncenbHe gupepeHUilOBAHHA

3ajaua gHcesibHOro AM(epeHIiloBaHHSA NOAATaE B 3HAXO[KEHH]
3HaveHb noXiguux Bij ¢yHkuii 3a ii AaHHMH 3HadeHHamu. [o
yHceabHOro AudepeHIilOBAHHS 3BepPTAlOThCA TOAi, KOJH (YyHKIidA
y = [ (x), W1s sKOi Tpeba 3HANTH NOXiAHY, 3ajaHa TaGJAHYHO (Ha-
NpPUKIAA, NPH 3HAXOMKEHH] IIBHAKOCTI i MPHCKOPEHHA, AKIIO 3a-
KOH PYXy 3afaHHi eKCIepHMeHTaNbHO) af0 Mae CKJIajHHiH aHaJi-
THYHHH BHpa3. Y INepHIOMY BHNAAKy MeTOJH AHepeHuiaJbHOro
YUCNEHHs] TMPOCTO He3acTOCOBHi, a B APYroMy iX BHKODHCTaHHSA
CKJIafiHe.

INoxigua Bin ¢yHKuii y = f (x) BiAHOCHO x y TouNi X, BH3HA-
yaeTbcsA, AK BiZOMO, piBHicTIO

( dﬂ ) = lim (%o + Ax) — [ (x)
dx X=X, Ax~+0 Ax
i Xapakrepu3ye HaXuJ AOTHYHOI, IO NMpoBejeHa 10 KPHBOI Y =
= f(x) y Touni x,. OTxe, sKImO 3HaueHHs [(x) MpH X = X,ix =
= X, Bijjomi, TO 3a HaGJM)KeHe 3HaueHHsl NOXiXHOT MOMKHA B3SITH
X1) — X, o . -
ﬁ—‘—z—%(——“)— . Ane ueft cnoci6 He ayxKe 3pyuHHil: He
17 %0
3aBXKIOH MOXHA B3SITH X; JIOCHTb GaH3bKe N0 X, (HanpHKaax,
axuwo GyHKUisg 3aiaHa TabJAM4HO) i OGYHCAHTH 1pi6 3 noTpibHOW
TouHicTio. ToMy ¢yHKUi0 f(x) Ha pO3rAsiLyBAHOMY MPOMIiXKKY
la; b] samimowTh iuTepmonsiuiiinuM MHorouneHoM P, (x) i BBa-
KaI0Th, IO

BEJIMYHHY

P (%) =Pn(x), x€Ela; b]. (30.1)
AHasoriydo 3HaXOAATb MOXiAHI BHIIMX NOPALKIB.
K k
)= PP ), x€la bl
SIKuwo mis iHTEPNONALIAHOrO MHOTOUJIeHAa BiJOMUI 3aMHIHKO-
BUH uJleH
Rn (JC) = f(x) —Pn (X),
TO MOXHA 3HalTH 3aNUWKOBHH uwieH r, (X¥) m0OoXigHOI Jo (x):
K K k
ra(@) = ? @) — P (0 = R ().

3 Toro, o 3aNMHIUKOBHE uneH R, (x) iutepmossiuiitHoro moui-
HOMAa MaJiui, 30BCiM He BHIIJIMBA€, L0 3aJHILKOBHH WieH HOXiA-
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HOI 7, (x¥) Takox Manuii, 6o moximHi BiA Masoi cbyHKuu MOXKYTb
6ytH pocath BequknMH. Hanpuknan, Hexail ma Bigpisky la; bl
3ajaHo J1Bi HenepepBHO AudepenuiiioBani ¢ysruii f(x) 1 g (x),
TakKi, IO

Fx) = g () S22

Oas nux . dyukniit o
1709 —g (0| < max | 2% L
x€[a;b] n.

O1:ke, NpHU BeJUKOMY A HA PisHHUs MOXe GYyTH SIK 32BTOLHO
MaJIoH.

Isis nepmmx noxigHux Bif mux QyHkmifi maemo: | f (x) —
— g ()| = n|cos n®x|. Taxkum uuHOM, pi3HHUS MiX MOXij-
HUMH JJIs1 OesKUX X MOXe GYTH SIK 3aBIOJHO BEJTHKOIO [IPH BeJIH-
Kux n. OTKe, He iCHYe HelepepBHOI 3aJIEKHOCTI 3HAUeHb NoXifgHOT
BiJ 3HaueHb GyHKU{T, ToOTO 3aKaua [udepeHIilOBaHHS HEKOPEKTHA
(zuB. § 6). Came MM 3anaya JHepeHilOBaHHA iCTOTHO BiApi3HA-
€TbCsl BiJ 3ajaui iHTeprmonoBaHHA. UHceslbHe AudepeHIioBaHHS,
B3araji KaxKyud, € oIepalierd MeHI TOYHOIO, HiX iHTepno.io-
BaHHA. Oco6/HBO 3HayHi [OXUOKM NpPH ydceNbHOMY AHdepeHuilo-

BaHHi 3'ABJAIOTLCS TOAI, KOJH OBGYHC/IIOIOTHCA NOXiAHI BHIIUX MMO-

PAAKIB.

3anexHo Bil opmu 1HTepn0JmumHoro nojinoma P, (x) Aas
dyuxuii f (x), noxigny Bif kol TpeGa 3HalTH, IicTaemMo p13Hi dop-
MYJIH YHCeIbHOTO AHQepeHIil0BaHHS Bilmosizmo J0 HabaMxeHO!
piBrocti (30.1). Tak, Hexa# dyHKuUiA y = f (x) 3agaHa B TOYKax

x (=0, 1, ..., n) 3 npomixky la; bl sHavennsmu y, = f (x;).
PosrasiHeMo BUMAJOK, KO/l BY3/H piBHOBiAJaneHi, TO6TO
xi_l_l—xi:h (l———O, 1, ey I‘l—l)

BugezneMo ¢GopmysH yHcenbHOTO IndepeHLilOBAHHA, BHKODH-
cTaBuM iHTepnosauifini nogiHoMu Helotona. 3aMinumo, Hanpu-
Kaan, dyHkuio y = f (r) nepmuM iHTeprnoasniiHUM MHOTOUIEHOM

Helotona, no6yayBaBiun Horo 3a By3JaMH  X,, Xi, ..., X,. Llefi
MHOTOWIeH, SIK BiJlOMO, Ma€ TaKHil BUIVIAL:
. 1
P(t) = Pulxo -+ i) = g, -+ £ - Ag, -+ I Az, 4

gt—n(¢—2
PRI Ry CH

T ) (Gt RN G e ) Ay, (30.2)

X —x,

BBaxkarumeMo, wo noximxa BiA ¢yskuii f(x) y Oyab-sxii

Touli X Hab/JHXKeHO NOPiBHIOE MOXiJHifl Bil IbOrO MHOroOYIeHa.

"ilo6 3HaiiTH MOXiAHy Bix MHOrouwiaeHa P, (x), moxamo Horo B iH-
iuoMy BHIVIAAI, & came: 3allHIIeMO 3a CTeNleHAMH [ KOXHHi lona-

Hok Gopmyau (30.2).

Binomo, mo
HE—=D(—2) ... t—k) =TSP +
L8P — (=) S (30.9)

xe 8P — cyMa BCiX MOK/HMBHX AOOYTKIB HaTypalbHHX HHCEN Bil

| n0 k no { MuoxuukiB. Hanpukaag, a1s n = 3 MaTHMeMoO:
tt—=D(t—2)(t—3) =t*—(1 + 23y 4
+(1-24+1.34-2.3)2—1.2-3t=1"—6+ 11£2—6L.
Ha ocrosi (30.3) MHorousen P, (f) sanuimemo Tax:
P () = yo + (A, -+ gt Aty 4 LI sy
4 M —8h =t sﬁflltn;j_ . Sf{l:]l) A"y

O6uncauMo Tenep noxiany no x sif P, (). Bpaxysasiuu, mo —[% X

_ ] d —
X Py(f) = 2= Po () 2 = =2 P, (¢), mamumeno:

. 4 1 20— 1 32 —6f -2
[ x)=Pp(x) = (Ayo + A%y, + ~—§!—+—A3y0+ e
ntn—l —(a—1 S(I)_ =2 A eee - (—1 )n—-l qun—l) "
-+ i = A"y,

(30.4)

Pignicrtb (30.4) — urykaHa ¢opmysia gncesbHOTO Axdepeniito-
nanun. BoHa 3HaYHO CHPOULYEThCS AN 3HAXO/PKEHHS MOXiRHOT
B TaGnnuHMX Toukax x;. Hanpukaan, sxkmon = 2, ¢ =0, { == 1,
- == 2, picranemo, Taki (GopMyJsH BiANOBIHO:

4 , 1 1 5
Yo = f (xo) =~ T (Ayo _ _2_' AH.%)) H

Azl/u) )

/

yi=F (x)=~ ,11— (Ayo +

2
, , 3 ‘) \
Yo = [ (x,) == T (Ayu g 2 Lo) ’
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a6o, BpaxyBaBIlH BHpa3H I/ CKiHUeHHHX Pi3HHLb, HOxaHi uepes
3HayeHH ¢yHKUii, MaTHMeMO:

, 1 ) 1
Yo = 2h( 3Yy + 441 — ¥s), yl=—gﬁ'(y2—yo)»

’

Yo = g (Yo — 401 + 34). (30.5)

dopMy.a ans moxigHol ¥y mpocTila, HiK ANA y(') i y;; BOHA 4acTo
3aCTOCOBYETbCA M/ OGUMC/IEHHA NOXiTHUX.

Axuo B Tabauni dyHKUIT 3aKaH0 i1 3HAYEHHS B JOCTATHIM Kiflb-
KocTi BYaniB, TO, OUeBHIAHO, KOXHe TaGJHUHe 3HAYEHHS MOXHa
BBa’KaTH 3a MO4aTKoBe. SIKWo x = x,, opmyna (30.4) Habepe BU-
Tasany:

P () = P (rg) = - (Ao — % Ay, +
o Ay — e (= 1)L yo) (30.6)

A Konu pns BUBeJeHHA (QOPMYJH 4YHCeNBHOro AHdepeHuio-
BaHHA BHKODMCTATH APYTHH iHTeprnoasuifinuéi MHorouieH Hbio-
TOHa, TO XIicTaHeMo:

()= P () = 5 (Bgam + 25 Aty
0 ,
+ 3_f+_3fl‘>’_i__ Ay 4+ -
ntn—l + (ﬂ - l) Sffll.)_ tn—? + e +Sﬁ1n:l) n
e - — = A"y, (30.7)
ze t= S0

Toni nas obuucieHHs MoxiAHol B TaGJHYHHX TOYKaX (KOXKHY
Tab/IHYHYy TOUKY MOXKHA B3ATH 3a X,) MaTHMEMO:

,

() = Pr () = o (Agnos + o Ao +

T A"yo) : (30.8)

INpuwmirka 3aysaxumo, wo ¢opmyas 3 pisHuuAME RoGHpAIOTL Tak
caMo, K i g iHrepnomosaHHsA. Hanpuknaj, sikiwo Tpe6a 3naiiTh moxizHy
B To4yli, 6au3bKil 0 mouaTky psipy TabAHYHHX 3HAYeHb, TO KODUCTYIOTHCS
dopMysnaMH, B OCHOBI AKMX JIeXXHTb NepuHil iHTepmoJsNifHHA MHorouwieH
Helotona, To6to ¢opmysramu (30.4) i (30.6). A Koau norpi6Ho sHakTH NMOXigHy
B Touli, 6/u3bKil 1o KK TaGmuLi, TO 3aCTOCOBYOTH GOPMYJIH, B OCHOBI sTKHX
JIeXUTb ApYTHI inTeproauifinuil MHorowlen HeloToHa, To6rto dopmyau (30.7),

(30.8).
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3anHIIKOBHi wieH (GOPMYJ UHCEJbHOTo AH(pEPEHIiI0BaHHS, siK
yXKe 3a3HAYasocs, MOXKHA OGUMCJIHTH, B3sBIUH MOXiAHY BiX 3a-

JIMIIKOBOTO 4leHa BiANOBiAHOrO iHTEpnoAAniAHOrO MHOrouJeHa.

Tak, nna iHTepnoasAnifiHoro MHorouieHa HbloTOHa 3aMHIIKOBHI

YJjleH Ma€ BHIIAL: +l +
hn
Ru(9) = Ry =L OX T 1, 0,

Je
Do () =t(E—1) ... (t—n),

ECmin {X, Xy Xy, ..., X}; mMax {x, X,, ..., X,}].
Orxe, akuo ¢yHKuis f (¥) Mae Ha 3agaHoMy BiApi3Ky Heme-

pepBHY (n + 2)-ry noxiaHy, To A8 3aJHLIKOBOIO 4IeHa QOPMYJIH
uiicenbHoro audepenuiroBanHf (30.4) nicranemo:

! dR, (¢ dt
rn(x)an()C)=—————dt() = =
= + 1)! (f(n+1) (§) I'In+1 (&) + Mo () 4 - f(n-H) (§))

3Biacu A1 MOXHOGKH y BY3JIOBHX TOYKAX X; 3aMHILEMO:

=0 S

3okpeMa, y TOYLi X = X, MaeMo:
a (%) = (— OB £ @,

Ie & — mpoMixkHe 3HAUEHHS MiX Xg, Xy, ..., X,
Orxe, y Byanax x, 1/ 3a/1HUOIKOBOFO 4JIeHA 7, (X) MAaEMO TaKy

OLiHKY:

— A . .
I7a ()| < —%Tt)l)Tl My h" =0 (h"), (30.9)
ae
Muyy = max |["F (x)].
x,,stxn

3puyaiibo, AKILO aHaliTHYHHA BHpa3 GYHKUIT f (x) Hesigomuit
yH CcKJajHH#, To ouiHkow (30.9) KopucTyBaTHCA BaxKKo aGo i
30BCiM HeMOXK/IHBO. A KOJH BiOMO, 110 dyHKUiA f (x) Mae Ha 3a-
:1aHOMy Bizpisky Hemepepeuy moximny fTV (x), To mas M,
i ~ L8 )
MOKHa B3ATH HabuuxkeHy piBHicTb M,y &~ _|IT|WOI(}J‘HB'§26)'
Poarisnyra noxu6ka € noxu6koto Merony. 3 (30.9) suaHo, uio
noxubka MeTony npsiMye Jo Hy.Js, Ko A — 0. KpiM moxubku
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MeTONy, Y TMOXUOKY pes3y/bTaTy BXOIUTb HeyCyBHA NOXHOKa (3y-
MOBJ/IEHA HeTOYHicTIO TabJIMUHHX 3HayeHb (QYHKIIT), a Takoxk Io-
XUOKH OKDYIVIeHb [POMIXKHUX Pe3YJbTaTiB.

Skmo npunycTHTH, Mo a6CoMoTHI HOXUOKH TabJUuHAX 3Ha-
ueHb GYHKII HE [epeBHILYIOTh BeNHUMHU A,c i, BpaxyBaBwH, 1O
aBCOMOTHI MOXHGKM cKiHueHHUX pisHHIB A Y, He IepeBHIIYBaTH-
MyTb 28A; (auB. § 26), TO A1 HEYCYBHOT NOXMGKH LiCTAHEMO OLiH-
KY: :

A ) S (284 g 4y b B+ e o 2=

I
vl
E

Z % (30.10)

1
Orxe, HeycyBHa noxuGKa Mae nopsitox O (T) , T06T0 OGepHeHO

nponopuiiina kpoxy A. Hanpukian, nga dopmyin g =-% X

. ’ A
X (yp— Y,) HiCTaHEMO HeyCyBHY NOXHOKY Ayj = Tf

TaxkuMm yuHOM, i3 3MEHUIEHHAM KpOKY A MOXHO6Ka MeroAy uH-

CeIbHOTO AH(epeHUilOBaHHs 3MEHILYETLCS, 4 HEYCYBHA NOXHOKA
4 30i1bIYETHC S,
] .

IToxubkox:  OKpyrJieHb

IIPOMIXKHHX De3yJ/bTaTiB He-

g\\\\ XTYBaTUMEMO,  BBaXKalouH,
IO IPOMiKHi OOUHCIEHHS

‘}\}\\/ IPOBOJSATLCH 13 3anacHHMH
1 aHakami. [loBHa mnoxuGKa

I pe3yabTaTy HOPiBHIOE Cywmi
1 ‘ NoxHBOK MeTony | Heycyn-

24 HOI.
i = qa
I 7 KUIO KPOK 3MeHINYETh-
I csl, ase 3aJIMIAEThCS Lle Be-
0 boom )  JHKHM, TO MOBHa NOXHGKA
' pes3yJbTaTy  3MEeHIIyeThesi,
Mau. 35 60 HeycyBHA IOXHOKA MaJna

NOPiBHSHO 3 NOXHOKOIO Me-

TOZY. SIKLIO KPOK 3MeHIUYBaTH i Jaji, HeycyBHA NOXHOKA CTaHe
noMiTHoto. Hapemuri, npH nocHTh MasnoMy KpoLi HeycyBHA Mo-
XHOKa Oyle 3HAaYHO GiJBINOW 38 HOXUOGKY METOAY.
I3 aMenmeHHAM KPOKY pe3ysbTaT ofuHC/eHb CTae jefati MeHId
JOCTOBipHHM (MIO3HAYAETHCH BIHB Hexopemuom 3ajaui).

Ilpuponno BUHHKae 3aBJAHHA: BUGPATH TaKUH KPOK JUdepeH-
LiloBaHHA, NpH AKOMYy NOXHOKa Oyle MiHiManbHOO.
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Hexait dopmyna uwucesanHOro AH(epeHmilOBAHHS Mae BHIVIAL:
(%) = Ag" = ! (xl);f (Xo) (popmysa (30.6), sxkuo n = 1),

Huaa noxubku merony uiel ¢opMysu fgicranemo ouinky (dop-
myna (30.9)): |ry (%) | <=+ My h; HeycyBHa noxuKa He TepeBH-

2A "
IYBATHME BeJHUHHH _h_L TakuM uyuHOM, MOBHA TOXWOKa He

Ginbwa 3a g (h) = “ h+—— QA’ . T'padix ¢ynruii g (h) soGpa-

>KeHu# na man. 35. M1H1M13y1-oq14 g (h), 3HaimeMO onTHMaJbHUH
Kpoxk nudepeHuioBanHa. 3 yMmoBH g (1) = 0 nicranemo!

hon-r ==

Tlpu mpomy mnopHa moxuGKa He nepeBHurye Bednunbd g (Aom) =
= 2V M,A;.

Ilpuxaan.

Y toukax x = 0,3; x = 0,45; x = 1,05 oGuncauT neputy ro-
xinny Bix ¢yHruii, samanoi TabiHuerO:

x l y | Ay A%y I Aty l Aty
0,30 0,2955 o
045 0AMo7 | 1535 | _g1s | 0
0.60 0.56464 — 1267 g 25
. oot 11 700 ! — 264 :
0,75 0,68164 1169 | — 1531 T 509 35
0,90 0,78333 8 403 — 1760
1,05 0.86742 ‘

OckisnbKH werBepTi pisHHII IPAKTHUHO CTali, TO MHOKJAAXEMO
n = 4. Touka x = 0,3 po3uimena na rmoyarky tabsanii, Tomy Io-
Xiany obuucanMo 3a dopmynoio (30.6). Marumemo: x, == 0,30;

Ay, = 0,13945; A%y, — —0,00978; A3y, = —0,00289; Ay, —
= 0,00025.
Bukonapuu oﬁtmcnemm 3HaWueMo:
f(0,30) = 475 1r (o 13945 — 7( 0,00978) -
4 = ( 0,00289) —— - 0 00025) = 0,9554.

3HaueHHsl noxXimHoi B Touli x = O4o obuuciauMo 3a Ti€mw
camoro opMyJIolo, ajle HOoK/IajaeMo x, == 0,45 i Ay, = 0,12967;
A?y, = —0,01267, A3y, = —0,00264; A o = 0,00035.
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Buxonapmm 06‘IPICJ!eHHﬂ MaTHMEMO:

F (0.48) =~ 15 1 (o 12967 — - (— 0,01267) +

+ 5 (— 0,00264) — - 0,00035) = 0,9002.

Tloxizny B 'roqn,i x = 1,05 o6uncaumo 3a dopmy.oio (30.8),
nokJaswH x, = 1,05 (n = 4) Ay, = 0,08409; A%y, = —0,01760;
Ay, = —0, 00229 A‘yo = 0,00035. Tom

F(1,05) =~ - S (o 08409 -+ - — (0,01760) -+

+ - (—0,00229) + - 0,00035) = 0,4974.

OGuHC/IHMO, HanpHKJ/Iak, NMOXHOKY pesy.bTaTy AJs NOXigHOl
f (0,30). Y posrasinyToMy npHkaaii rtabauuero 3afaHa QyHKLf
y = sin x. 3 gopmyan (30.9) (n = 4, { = 0) 119 DOXUGKH MeTO Ly

MaeMo OLIHKY | 74 (%) | << —é— ht. Tyt M; = max |sin® (x)| < 1.
3 ¢opmyau (30.10) mcwaHeMO L0 HEYCYBHa MOXHOKa He ne-

Ay 2
PEBHIYE BEJHYHHH Z . Tomy noxu6ka pesy/braty He

Giablua 3a
4 2k
ht + Ay
h Z k
k=1

— LI, 08 115? - 2 — 0,00010+0,00036 = 0,00046.

Takum yuHOM, y 3HaifeHomy pesyJbtari ' (0,30) Moxkua ra-
PaHTyBaTH TPH INpPaBH/AbHI 3Hauymi uHpH.

st nopiBHSAHHA HaBeZeMO 3HaYeHHs IWIyKaHol mOXiAHoi (TyT
[’ (x) = cos x) 3 n’ATbMa NpPaBMJIbHAMH 3HAYYWUMH UHPpaMu:

7 (0,30) = 0,95534; f (0,45) = 0,90045; f (1,05) — 0,49757.

Otxe, Bci 3HaYeHHs, 3HalEHi METOJOM 4HceJbHOrO AHdepeH-
1il0BaHHA, cnpaBAi MaloTk MO TPH NPABUJIbHI 3Hauymi uHbpH.
Jna 36inbmenda ToyHoeti TpeGa O6paTh TabAHYHI 3HaueHHA DyHK-
il 3 6i7bLIOIO KiJBKICTIO NPaBH/IBHUX 3HAuywMx uudp, a y dop-
mynax (30.6) i (30.8) — 6Ginbiie useHiB.

Has imocrpauii BniuBYy udcia B3ATHX WiIEHIB y (opmy.ax
JudepenlioBaHHA Ha TOYHICTL pe3y/bTaTy HaBeleMo, HanpHK.aj,
3uauennst [’ (0,30), oBuncneni 3a dopmynow (30.6), axwo Bix-
noBigno n =1, 2, 3; f (0,30) =~ 0,9297; f' (0,30) =~ 0,9623;
I’ (0,30) ~ 0,9558.
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3navenns f(0,45) obuuciuMo me 3a GopMyJoio Yy o= —2'7;
X (42— Yo):
f (0,45) =

X

0I5 0 75 (0,56464 — 0,29552) = 0,8971.

Bono mae aume 1Bi npasu/bHi 3Hauywli oHUPH.

Bnpasn.

1. O6uucautu f' (c), I’ (d), f (s) axmo ¢yHKuia f (x) sagana raGauieio
8HayeHb (TaGMHUIUO B3STH 3 BIPABH .

a)c=0,1; d=0,9; s= 0,15; )c-—02 d—~1,0;s=0,95.

2. 3a ¢opmynamu (30.5) aHalTH F @, (dif (s) ra ouinurn noxu6rm
pesyabraris, akwo ¢yukuisg f (x) sagara Tabauneo:

| x 1,00 1,05 1,10 1,15 ¢ = 1,00;

‘ fx) = €L 1,00000 | 0,95238 | 0,90909 | 0,86957 |d = 1,15; s == 1,10.
T :

3. Bcranosutu onTHManbHi Kpoku audepenuiloBanns aias dopmya (30.5).

4. Bugectn dopmysn unceNbHOTO AHGEPEHIIIOBAHHA IJA OCUHCIEHHS NO-
XiZHHX Apyroro mnopsaky.

5. Busectu ¢opMyJIH 151 3HaXOMKEHHSA y BY3JIOBHX TOUKAX NMOXigHHX nep-
DIOTO i APYroro NopsAAkiB, B IKUX BHKOPHCTOBYIOThCS TaG/HuHi 3HaueHHS QyHK-
uii, a He 1x pisHuni. PO3rAsSIHYTH YOTHPHWIEHH] (BY3JIH Xy, Xy, Xp, Xg) i N ATH-
WIeHHi (BY3aH X,, Xy, X, X3, X4) GopMmysau. OWIHHTH TOPANOK TOYHOCTI LHX
dopmya.

§ 31. YUncenbHe iHTerpysanHs

SIkmo AAA BU3HaueHoi i wenepepBHOi Ha npomixky [a; b1
¢yuknii f (x) Bimoma nepeicHa F (x), To BU3HAueHHil iHTerpa
b

S f (¥) dx mMoxna oGuncautn 3a dopmynoo Heiorona — Jle#6-
;{iua:
b .
(fyde=F@®) —F (@), @31 1)

e F' (x) = [ ().

Ilpote B 6araThoX BHIIAZKaX OGUHCAMTH BH3HAYeHHil iHTerpan
3a i€ GopMyJI0l0 HEMOK/INBO, OCKiJIbKY 3HaiTH nepsicHy F (x)
yepes eneMeHTapHi ¢yHkuil, AK npasujio, He BAaeTbesi. HasiTh
TOJi, KOIH 11 MOXKHA BUSHAUHTH, BOHA 4aCTO Ma€ JOCUTb CKJIaTHH i
He3pyuHHUH g o6uuciaeHb BHUTAAA. KpiM Toro, Ha npakrtHoi mig-
iHTerpajgbHa QYHKLISA 4acTO 3aAa€TbCR TabJHYHO | B TaKOMY pasi
aHaMITHYHI MeTOOM MpPOCTO HE3acTOCOBHI. ¥ LMX BHNAfKax AAs
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OGYHCHAeHHs] BU3HAUEHHX iHTErpaiB KOPHUCTYIOTBCA YHCEJIbHUMH |

MeTOJaMH,

Hucenrvre iHmespysanHHA — e OOHUCACHHA BHAHEHHS GU3HAYe-
HO20 IHmezparq Hepe3 pad 3Hauenb nidinmezpasbHol gynkyii ma ii
noxionux. OcKiNMbKH 3HAaXOJKEHHS YHCJOBOrO 3HAYEHHSI BHU3HA-

yenoro iHterpana \ f (x) dx (sxmo f (x) = 0) 3 reomMeTpuuHOrO

Ry

7 HOTASY MOXKHA TJIYMayMTH 51K 06-
y=f()( ylMCJeHHA Mol KPUBOJiHiHHOL
tpaneunii (i1 kBaxgparypu), oGMe-

)eHol Biccio Ox, OPSIMHMU X = q,
x = b i nigieio y = f (x) (man. 36),
TO OPMYJNH L5 HAGIUKEHOro 06-
% ylCcJeHHs BH3HAUEHOr'o {HTEerpaja

Ha3HUBAIOTLCA KBAOPAMYPHUMLU.
- Hafimmpme  3acrocoByloThbes
2 KBaApaTypHi (opmyJn, sKi 4a0Th
Mar. 36 MOKJ/IMBiCTb HaG/IMKEHO BIAMIYKY-
BaTH 3HaYeHHA iHTerpaja y BHU-
raaal qinifigol kom6inamii KigbKOX 3SHayeHb niginrerpasnbHoi
Gynrnii

. |

b n
frear= ?:JU Aef (%), (31.9)

Jne A, — Koegiyienmu opmyau (niiicui uucna), x, — eysau Pop-
myau.

SIxio sajaHO AesKMH KJac ¢GyHKOiH i Ana HbOro Gynyemo
KBaApatypuy Gopmyay tHny (31.2), To koediuieHTH i By3NH
dopMynH He MOBHHHI 3amexarH Bim BuOopy ¢dyHkuii f (x) 3 aa-
HOI'O Kaacy (yHKIi.

Bennuuna

b n
R() =1 dx— T Adf (= (313

HA3WBAETBCA 3AMUULKOBUM YACHOM K8adpamypHoi hopmyau (mOXub-
Koo dopmyan).

Moxknusi pisHi miaxoan 1o no6ynoBH KBaApaTypHHX (opmya
TaKOro THMY.

1. Ksaapatypdi (opMyJH HaiiBHILOro anre6paidyHOro creneHs
tounocTi. Byanu x, i koediuientu A, ¢opmynu (31.2) Bubupa-
THMEMO TaK, tod ¢opmysa 6yJa TOUHOW (ToBTO OO 3aMHUIKOBH
i7eH JOPIBHIOBAB HYJIIO) AJs ajarebpaiuHHX MHOTOUJEHIB MaKCH-
MaJbHO BHCOKOro crenedst. Taxi ¢opmyJsin HasHBatOTbCsl Keadpa-
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myprumyu Gopmyrany Halsuw 020 ar2e6paitHo20 CHIEHEHS Mou-
HOCHLL .

BBakariors, 1m0 opmyasa (31.2) mae areebpaturud cmenits mow-
HOCML S, AKW0 B0HQ MO4Ha 048 pyrKkyil x* (i = 0, 1, ..., s) i ne
mouna 08 xs+t!. KpagparypHa dopmyna, anare6paiunuii cre-
NiHb TOYHOCTI AKOI 8, OyAe TOYHOIO ANsi BCiX asre6paidHux
MHOTOUJIeH{B CTenenst << S, a He Ti/bKY [J/s1 MHOTOUJIEHIB BUIY X'

3ayBaKHMO, W0 He 3aBXKAH NpH NobynoBi KBaapaTypHHX Gop-
MyJ BY3JU x,, i koedinientu A, MoxkHa BHGHpaTH AOBijabHO. Yac-
TO BOHH NOBHHH{ 3a70BOJIBHSITY JlesKi o6Mexxenns. Hanpuknan, npu
iHTerpyBaHHi Ta6anuHO 3ajaHuX QYHKILIK 3a X, MOXHA OGpaTH JH-
e Ta6JHYHi 3HAaUeHHA apryMeHTy. ¥ LbOMY BHIIaJKY BY3JH Halle-
pex Bijoumi i Aast no6ynoBy GopmyaH Tpeba niniGpaTtH BiANOBITHAM
YHHOM JHIIe Koedinientn A,.

2. Ksagpatypui ¢opmyau 3 HaliMeHIIO0 OLIHKOIO 1Js 3aJHII-
KoBoro uAena. Hexa#l ua Biapisky la; bl 3amaHo nesikmit KJac
dyHKUi#t A (HanpukJay, HenmepepBHUX (PYHKILiH, HermepepBHO RH-
depeHuifiOBHHX PYHKUIH, PyHKIIH, 1o MalOTh Ha Biapisky [a; bl
HerepepBHY APYry moXiguy i T. in.). Byaan x, i koediuientn A,
dopmyanu (31.2) (3 obMexxeHHsIMH Ha HHX aGo Ge3 oOMexeHb) TpeHa
BUOpaTH TaK, 106 NPH 33JJaHOMY /1 BeJIHYHHA

b n
sup| R(N)| = sup | § F(x)dx — ¥ Auf ()
feH feH | g k=0

Oyna Haiivenwowo. Taxki kBagparypui ¢opMyaH Ha3HBaOTHCH
dopmyaamu 3 Halmenwow abo HAUKPAWOI0 OYIHKOW 3AAULIK08020
unena. Ipetbes mpo takuit BHGIp ByadiB x, i koedinieHtis A,
KBaJipaTypHoi GopMyJIH, NPH AKOMY HaGJHIKEHHA, 110 Ka€ KBaj-
parypHa gopMyJa IJsi Bcboro Kiaacy ¢yuxuinn f, 6yso 6 naukpa-
IHM cepejl YCiX MOXKJIHBUX HabJMKeHb. 3BHUANHO, AJs KOXKHOI
okpemoi pyukuii f € H sanvmgkoByil uwied KBaapaTypHoi GopMyaH
(31.2) mae KOHKpeTHE UHC/IOBE 3HAYEHH, sike BHpa)kaerbcs Qop-
myJsoio (31.3).

§ 32. 3anuuwKosMi YNeH KBaApaTypHOi hopmynu.
OuiHKa NoXuBKM YMCENbHOTO iHTErpyBaHHs

Onuieio 3 xapaKTepHUCTHK KBaApaTypHOi GopMyJH € ouinka ii
3aJIMIIKOBOrO WieHa. 3a Helo MOXKHA BHU3HAYHTH, KA 3 IBOX KBal-
patypHUX dopMya TouHimla A AaHOro khaacy ¢yHkuiit. Touni-
1010, AK BifoMo, 410 (PYHKLii fesikoro knacy H € ta KBaapaTypHa
dopMyJa, s RKO1 BeJHYHHA sug | R (f) | venwa. Cnia nam’s-

fe

TaTH, WO /151 OXHOrO Kaacy GyHKUill MOXe BHABHTHCA TOYHiLIOIO
onua gopmyJsa, a A1 Apyroro — idwa. [las 3naxoMKeHHA TaKHX
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OLIHOK MOXKHA BHKODHCTATH XapaKTepHe A5 AaHOFO KJacy MnojaH-
Ha yuruif. [lokaxkeMo, Ak MOXKHa AicTaTH BHPA3H 3a/MHilIKOBOTO
uJeHa KBaApaTypHoi GopMyJsiH AAf KJaciB QyHKuUi# pisHoro mo-
psAAKy AudepeHIiHOBHOCTI.

Poaransinemo ¢ysruii f (x), axi BusHaveni na migpisky [a;
bl i MaioTh Ha HBOMY HenepepBHi NOXiAHi A0 7-ro NOPSAAKY BKJIOU-
HO, TOOTO poar/isinatumemo yrxuii kaacy C [a; bl.

Jlns dyskuii kaacy C* [a; b] cnpasmxyetsess dopMyaa Teti-
Jlopa i3 3a/IMIIKOBHM 9JIeHOM B iHTerpaJbHiil dopwmi:

Lf”’ L RN Sf"’()( — 1y~ dt. (32.1)
®opmyny (32.1) nerko nicraTd, NOC/IiI0BHO 3aCTOCYBABIUH 1O
inrerpana (r—_l-m— g O (x— £)"~" dt meron inTerpyBaHHs HacTH-
HaMH: ’

| 1 d r r— — 1) -
o POy S e
1 ¢ r— r—2 —_— ! I
g 1 0= dt-——‘i‘(—,“—f‘ (@) +

— 2 * s .
+-———(’:,_t)2), f 1’(l‘)l + \ 2y — ) dt = ...

(r —

By

(x r—‘—a)l)' f(f—l) ( ) X —_ a) f(r_. 2) (a)

.o —

X —

A —~f (@) + f(X)-

dopmyay (32.1) nepenuiieMo Tak:

r—1 ¢ b r—1
Fo=3 @5+ (O 0EE—n. E=4

e

£ j I, axmo x>=0,
(x) = | 0, sxmo x<<O.

Bupas (32.2) eHKOpHCTAEMO MJIst TOrO, MO0 AicTaTH Xapaxtep-
He NOJAHHA AAA 3aJMIIKOBOIO uYjeHA KBaAparypHol Qopmyiin
3L.2). - :
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TlosnaunBiuy yepes R(CP) 3aJMIIKOBHE WIeH KBaapaTypHol dop-
Myau ana dymknii ¢ i miAcraBuBuM B dopmyay (31.3) Bupas
(32.2), nicranemo:

r—1

R(D =3~ L2@ Rx—ay)+

b
r _— f r—1
R(Sf”(t)E(x-t)—‘i(r—_—)l)—!—dt).
3nafizemo BHpas aaa Apyroro fonahka B R (f) (ams. (31.3)):

(3 FO W E (x—t) —(—i):- dz‘)

a

b b -
~ ([ 0EE— 2= a4 —

b
» __plr=D
— ): Ak,s f(’) (l) E (xk . t) (xp —1) dt.

=0 r—Dl

SMIIHBUK NOPSROK iWTerpyBaHHsi B NOABIHHOMY interpa.i, Ma-
THMEMO!

b
R((f"’(t)E(x—t)—‘"L’-’l-)T—dz):

Qe

"!,\.

f"’ 0 S Ex—ye=0" ' dxdt —

C -3 ?~——t'_|
——&Sf()(t)l.):: A,,E(x,,—t) EL(T—_)I)I_dt‘:

b
= (r—ll)y .gf"’()(ﬁ (x— ) x— 0" dx—

a a

n
— ¥ AE (x,— ) (x, — t)”’) dt.
v:'.‘=('l
BpaxysaBum, 1o

3E(x—t)(x—t)'*‘dx_g(x oy~ ax = L=

a
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aicTaHeMo:
b

(g , o
Z L0 R ((w— )+t (170K 0t 329)
e
b—8 1 r—t
K (0 =L =3 AE =0 (s — 0 (2.0

®opmyna (32.3) mae BUpas aasa saanwkoBoro wieHa R (f) 6yian-
sikoi KBajpaTypHoi ¢opmyau B kJaaci ¢yHkuifl, axi Maworb Ha
la; b] uenepepsui MOXIAHI X0 MOPSIAKY 7.

Akmo kBagparypHa ¢opmynaa (31.2) TouHa A MHOTOYJ/IEHIB
crenena <{r — 1, o aaa Hux R (x —a)) =0(@ =0, 1, ...
.., r— 1) i 3anumkoBul unen HaGHpae BUNIALY:

b
R() == | 17 OK @ dt (32.5)

3BiAcH AicTaeMO Taky OUIHKY A 3a/HUIKOBOTO YJIEHA:
b

IR <25 S K, (8) | dt, (32.6)

ne M, = max [f(x)].

x€la;h
[puyomy 115 OliHKA € TOYHOW BEPXHBOIO rpaﬁmo B kaaci C© [a; b):
sup |R(D] =2 SIK,(tndt.
fec\a;n) b
3BHuaitHo, fkwWo ¢yukuin K, (f) Ha Bimpisky la; b He sminwe

3HaKa, TO, CKOPHCTABIUHCh TEOPEMOIO NPO CepejiHe, A1 3aJHIUKO-
Boro wieHa 3 (32.5) aicraHeMo TakHii BHpas3:

R() = ——55r 1" @ SK () dt, E€la; bl.
Orixe, 3 080x KBAOpaMYpHUX POPMYA, MOYHUX DAL MHOZ04AC-

Hig cmenena, e suwoezo 3a r — 1, y Kaaci C\7 la; bl mouniwor

6yde ma gopmyaa, 04 AKOL GeAUMUHA ( | K, ()| dt € menwoso.
a

Takum unHOM, cmoci6 noOya0BH Ksaapatypuux ¢opmyn 3
HafiMEHWO ONiHKOK0 3aJMINKOBOTO ujeHa B Kiaci C {a; b)
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noJisrae B TOMY, O BYSJIH X, i Koe(piuiempr A, (k= 0,1, ..,nf

BUGHPAIOTH TaK, W06 BeJHYHHA S | K, (f) | dt 6yna HafimeHmojO.

Posrasiremo Tenep nuTaHHs npo NOXHOKY YHCEJBHOTO iHTerpy-
BaHHA, Kpim noxu6kH, 1O BUHUKAE BHACHIOK BIIKHIAHHA 3a-
JIMHIKOBOTO 4JeHa (noxuﬁxn MeTOZy), BUHHKaE NOXUOKa, 3yMOBJe-
Ha BUKOHAHHAM Aifl 3 HaGJMXKeHHMHU uHcaIaMH (y mpoueci ofuHc-
JieHb Maf2Ke 3aBXKAH AOBOJHTbCA MaTH CIIPaBy 3 HaGMHXKeHHMH
3HAYEHHAMH [ (x,), B SIKMX NPaBHJAbHI TIMBKM KiJbKa 3HAUYLIHX
uudp). Hexail, nanpuxaan, Bcl suavenus f(v,) obuucieni Ha-
GJTHKeHO, MPHYOMY abCOMIOTHI HOXHOKH X He NMepeBHILYIOTh YHCAA
A;. OO6uncaMBIIK 33 JMONOMOTo0 HaGaMKeHWX 3HaueHb [ (Xy)

n
KBaapaTypHy cyMy 3, A,f (¥,), IpH TounHX 3HauenHax A,, Aicra-
k=0

HEMO MNOXHOKY
As = A 2 | A, (32.7)

Lle weycyBHa moxnbka KBanpaTypuol thopmyan.

Orxe, aKwo cyma L, ¥ |A | BeiKa, To HaBiTh He3HAYHi NOXHG-

KH B 3HaueHHAX f(x,() MOXYTb NPH3BECTH JIO BeJIHKOI NOXHOKH

B Hab/MKeHOMYy 3HaueHHi iHTerpasa. ToMy NpakTHUHY LiBHICTBb
n

. . Yy
MalOTh JTHILE TaKi KBanparypHi Gopmyau, ans akux cyma Y, | A, |

HeBesqHKa. SIKmo KsajparypHa dopMyna TouHa mm f(x)=1,
TO HEBAXKKO BCTAHOBHTH YMOBY, 3a SIKOi cyMa L | A, | Habyrae

HafiMeHIIMX 3HauYeHb. CnpaBm copmy.s1a ToyHa Ium f (x) = 1 Toui

i TiIBKH TOAi, KOJH \ l-di=b—a= 2 A,. 3 ocTaHHBOrO
; k=0
a

n

\ Y - H
BUNANBaE, o Y, | A,| MaThMe HafiMeHme 3HaueHHA, KOMU Bei

k=0

A, 6ynyts nonatni. ToMmy kBagparypHi dopMyau 3 RoRaTHAMM
KoediLieHTaMH BHKOPHCTOBYIOTbCS HaiiuacTilue.

Ilpn sHaxoakeHHi KBaApPaTYPHOI CYMH, sIK i paHille, BUKORHY-
BaTHMeMO OGUMC/EHHS i3 3amacHUMH UH$paMu, TOMy NOXHOGKaMH
OKPYTJ/IEHHA NPOMiKHHX pe3yJ/IbTaTiB HexTyBaTHMeMo. [loxu6xoio
OKpYTJleHb MPOMiKHHX pe3yJbTaTiB MOXHA TAKOXK HEXTYBATH Nij
4ac BUKOHaHHN ob6uuciaenb Ha EOM, ockibKH B HHX uHcAa 3anil-
CYiOTbCSl 3 AOCTAaTHLOWO KiJbKICTIO 3HAKiB, i TOMy NOXHOKA OKpe-
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MOT'0 OKPYIVIEHHS!, 1K NPaBMJI0, 3HAUHO.MeHI1a B NOXHOGKU MeTO-
ny i HeycyBHOI HOXMOKH. OTXKe, nosHa Nnoxudka Huceabrozo in-
MeepYsanHa Oopisnioe cymi Mmpbox noxuboK: noxubxu memooy,
neycysrol noxubku Ay ma 3aKka04HOL NOXUGKU OKpyenentis pesyab-
mamy A,.

Hapani niginrerpanbuy QyHkIio y Byanax x, obudcaoBaTHMe-
MO (fIKLIO 1ie MOXKJIHMBO) 3 TAKOI0 TOUHICTIO, 06 NOoXHOKa KBaapa-
TYpHOI cymMd Ay 6yJa 3HaYHO MEHIIOKW BiJL NOXHGKH METOLY, TOOTO,
11106 06U C/IHTH 3HAUeHHA iHTerpaJa 3 Harepes 3ajaHoi0 TOYHICTIO
g > 0, ofunc/ioBatiMeMo f (x,) Tak, mwob noxubka (32.7) Gyaa
3HAYHO MeHILOoW Bif & (MeHLa 34 € npuraitMHi B 10 pas).

§ 33. Iurepnonsuiiini kBagpaTypHi hopmynu

Has no6ynoBn KBamgpaTypHHX (OpMyJ, Tak camo fIK | A4s
dopmyda uHcenbHOro AHGepeHUIIOBAHHH, MOXKHA BHKOPHCTATH {i-
TePNONALIAHAA MHOrowles, a came: NigiHTerpasbHy OYHKLiO
f (x) Ha BiAPi3KY iHTerpyBaHHs 3aMiHUTH {HTEPHONSAUIAHIM MHOTO-
ustedoM P, (x) i BBaxkaTH, IO iHTerpan Bij iuTepnoasiiiinoro
MHOrou/IeHa HabJHxKeHO AOPiBHIOE iHTerpany Bil 3afanol GyHKuii

b b
{0 des [ P, (x)dx. (33.1)
a a

SAkmo p1a igreprosiauiiiHoro MHOrouleHa BiIOMMIl 3aJHUIKO-

BUI 4jeH
Rn ()C) = f(X) - Pn (.X'),
TO MOXKHA A{CTaTH BHPa3 J/IS 3aJHIIKOBOTO WieHA KBaJparypHoi
chopmyan
b

b b
R(f) = S f(x) de — S P, () dx — S R, (x) dx,

T06TO 3a/UUIKOBHIT W/eH KBaJpaTypHOI opmyant nopiBHioe inrer-
pany Bii 3aJHWKOBOrO Y/eHa IHTepHOJAIiIHOrO MHOroY/eHa.

Bubepemo Ha Biapisky inrerpysanus [a; 0] Touku x5, X, ...
ey Xy (X 5= X, AxmoO @ 5~ j). TloGyayemo inrepnoasuiiinuii
MHOrOY/IeH, 3HAaueHHs §AKOro B 33aaHHX TOYKaxX HOPiBHIOKTH
sHaYenuaM MNifiHterpajbioi QyHkuit f (x). Iarepnossiiifiit
MHOrouJeH sanuweMo y cdopmi Jlarpamka:

L; X u X \ f(xk) ’
1( ) T ( )k~-—0 (x — xp) Hu»l—l (x2)

Mo () = (v —x) (x—xp) ... (x—x).
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[TiacrapuBmu B (33.1) BUpas Juia MHoroysena Jlarpamxka,
JicTaneMo TaKy KBaJpaTypHy (opmyJy:

b n
(Fwde~ I A (50, (33.2)
ne
b I (
A, = S 1 ® g (33.3)
(x — xg) l]n.|.1 (xr)

Ksanparypui dopmyan (33.2), koedinieHTH AKHX BUPAKAIOTh-
ca  dopmynamu  (33.3), Ha3HBAOTLCA [HMEPROAAYIIHUMU.

SIkmo dyukuis f (x) Ha Biapidky la; b] mae wenepepBuy mno-
Xiguy (n -+ 1)-ro nopsmky, to6to f(x) € C"*Y [a; b], 10, cKo-
pUCTaBWHCH BHpa3oM (25.2) j1s 3aJHIIKOBOrO 4ieHa iHTeproJsi-
nifiHoro mMHorousena Jlarpanxa, 3anuuieMo BHpas A/ 3aJHUIKO-
BOrO uJjeHa iHTeprnoasAuifnoi KBajparypHoi dopmyau (33.2),
(33.3):

b

RO =+ + NCESE Sf(nJrl) (&) Mt (%) dix. (33.4)

3piacH A0 NOXHOKH KBaApaTypHOI (OPMYJH JICTAHEMO TaKy
OILIHKY:

b
M’l
RN T S Wit ()| s,

ne My = max |[f"F (%))
x€la;0)

3ayBauMo, WO S OUIHKA HE € TOUHOW JYIst PyNKIii Knacy
C"*Y [g; b. PiBuicTs HOCSTACTBCA JHILE 3a ymoBu, wo I,1 (x)
na la; bl ne amixioe 3naka. B iHimx BUnagkax oiiuka Moxe 6yTH
Janexow Bi ontuManbHol. TouHy ouiHKy Aas Gyab-stKOi KBagpa-
TYpHOT (tOpMYJIH, B TOMY YHCAI | inTeprossutiiinoi, MoOXHa jicra-
TH 3a dopmy.oo (32.6).

3 dopwynan (33.4) BunanBae, mo anreOpaiynHil CcTeNiHb TOY-
nocri iwrepriossiifitiol  kBajgpatypsot ¢opmysan (33.2), (33.3)
ne uHxunit 3a n. Ilpu Branomy BHGOpI By3niB cTenmiHb TOYHOCTI
Moxke HyTH i GisbuiHM 3a n.

Tax, skmwo 3a By3/H B3sITH KOpeHi OPTOroHanbHHX MHOTOYJIE-
HiB, TO MoxKna moburHcs, wo dopmysu (33.2), (33.3) mMaTumyTh
ajareSpaiunuii creninb touttocti 2n -+ 1. Bouu € ¢opmynamu Hai-
BHLIOrO ajre0paiyHOro crerneHst TOYHOCTI i HA3UBAIOTLCA Ksadpa-
mypuumu dopmyaanu Iayceea.
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§ 34. Ksagparypui ¢popmynu HelotoHa—KoTeca

PosrasinemMo intepnoasniiini kpagpaTypHi QopmyJsH, B SKHX
BY3TH X € [a; b] piBHOBinRaneni. Taki Qopmynn HasHBaIOThCS
gopmyramu Hewomorna — Komeca. 1x snepme posrasnys Hbio-
TOH, a koetinientn nas X npu n << 9 sHammor Kotec. Hoc.i-
KeHHS TakuX dopMyn mokasanu, mo Koau n > 10, To cepen xoe-

n
dimientis A4, e izemmi i lim )| A,|= co. Omke, npnu
n-+oo k=0
BEJTHKHX 7 MOXH6Ka Az KBaapaTypHOI cyMH OyJIe BEJIHKOIO HaBiTh
IIpH MasuX NOXHOKax B 3HaueHHAX ¢yHKuil f(x,). Tomy Ha
npakTHui KBagpatypHi ¢opmyau Heworona — Koreca aas Beau-
KHX n He BHKOPHCTOBYIOThCS. Po3rigHeMO YacTHHHI BHNaiKH
topmyn Hbrorona — Koreca.

BeaxkarumeMo, o A1s gopmya Helorona — Koteca, siki Mic.
TATb He MEHII fK IBa NOJAHKH (n 2= 1), By3jaH x, pO3MillleHO TaK,
WO Xg =@ X,=0b, xXpp1=x+h(k=0 1 .. n—1)
Kpok h B jnaHOMy BHNajKy JopiBHIOE kA = b—a y BUNANKY
n = 0 3a €nUHHHI BY30J X, MOXHa B3ATH 6yIb-AKy TOUKY Ha Bii-
pisky la; b).

1. KBaapatypui dopmysu npsiMOKYTHHKIB.

Hexaii n = 0, Toni ¢opmyna (33.2), (33.3) nabupae BHIJISLY:

b
(1 de~ (0 —a)f (%) (34.1)

List dopmysia HasuBaeTbes gopmyaoro npamokymrurie. Iloxaasum
Xo = @, a60 x, = b, a60 x, =

-+ b .
5 AicTaHeMmo TpH opmy.iu

(1iBMX, MpaBHX i cepelHiX) MPAMOKYTHHKIB.

@opmyny HpAMOKYTHHKIB MOXHA JIeFKO BHBECTH Ha OCHOBi
TeOMETPUYHHX MipKyBaHb.

SIximo st foxpaTHO! HenepepBHoi Ha [a; b) dyHKkuiT naomy Kpi-
BoOJIiHifiHOI Tpanedii, U0 AOPiBHIOE TOYHOMY 3HAYeHH!O ilTerpana,
HaOJMMKEeHO 3aMiHKTY MJIOLLeI0 PAMOKYTHHKA, BHcOTa siKorO f (X)),
T0 AicTanemMo gopmyay (34.1). LLi dopMyi MaloTh aMict A5t OyAb-
siKoi Henepe[:BHoOI Ha [a; b] dynkuii, He 060B’A3KOBO  10,1aTHO].
May. 36 € reoMeTpHYHOIO iJIIOCTpaLi€lo GOPMYJIH cepenHix NpsMo-
KYTHHKIB. 3a/JHIIKOBI yjeHH (hopMyJl NPAMOKYTHUKIB jAiCTalleMO 3
dopmyan (33.4), axwo n = 0, TobTO

b
= {1 @ (x— ) dx.
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s dopmyar qiBHX (x, = @) | NpaBuX (¥, = b) NpAMOKYTHH-
kiB Qyukiia Iy (x) = x — x, Ha [g; b] e aMinwoe snaka. Hkuo
f’ (x) HenepepBHa, TO, CKODHCT&BLINChL TEOPEMOIO NPO CEpeIHE,
BiJNOBIAHO MaTHMEMO:

b—a)?
R(f) = —(—2“—)/‘ (), nela o, (34.2)
R() =—-L52 (), mi€las bl (34.3)
st dopmysn cepeanix HpHMOKyTHHKiB dyuxuia 11, (x) =
=X — a—; ® ha [a; b] aMinioe aHaK | TOMY CKOpHCTATHCS TEOPEMOID

Mpo CepejiHe He BAAETbCH. @opMysn NPSIMOKYTHHKIB AaBaTHMYTb
TOuHHH peayabrar, skwo ¢yHkuis f(x) Ha la; bl Koucranra.

[Ipote HaBiThb 3 reoMerpHdHHX MipKyBaHb (Mas1. 36) BHAHO,
1o GopMyna cepefHiX NPSAMOKYTHHKIB JaBaTHMe TOUHHH pe3yJb-
TaT He TINbKM Toai, Koau f (x) Oyle KOHCTaHTOW0, a i TORi, KOJH
dynkuia y = [ (x) na Biapisky [a; b] 6yzne noBinbHoW NiHifiHOI
¢dyukuielo Ax - B. Kpim Toro, dopmysa cepeiisixX npsMOKYTHH-
KiB Jlae TOYHHH pe3yJibTaT i AJ1s1 BCiX leilapHHX BiAHOCHO CEPeNUHH
Biapiska la; bl dyskuiit f(x).

s gyHkuii f (x), sixi Maiorh Ha Biapisky la; O] nenepepBHy
JApyry moxigHy (kaac C? la; bl) BuBenemo yrounenuil BEpas Aas
3a/IHIIKOBOrO wieHa. OckijgbkH opmydaa cepeatix NPAMOKYT-
HYKIB TOUYHA JJisi MHOrOWIEIiB Nepiioro crenens, To yKaHHil BH-
pa3 /i 3aJHINKOBOrO Wiela MOX1a AicTaTH 3a popmyaoro (32.5),
Ie cain nokJaactd r = 2. 3a ¢opmy.iow (32.4) snaitiemo QyHKLiO

K, (8):

b
Kyt =50 (b—a)E( il )("2’ ——t),
. (1, x=0,
e E@=10, xr<o,
T06TO
Ky (1) =
b—1)? a--b a--b
—Q——(b——a)( 5 —t), ARIWO  a KT —5—,
("’_“232_, K10 a’g'b < 1<b.
Jlerko BcranoBuTH, 1o GyHKUis K, (f) ciMeTpHulia BiJHOCHO
npamoi x = g_;gl—_b i ma Bigpisky la; bl ne aminioe snaxa. I'padix

11 noxasauuit Ha Man. 37.
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Takum - unHoM, Maemo (¢dopmyna (32.5)):

b !
R() = Sf”(t)Kz(f)df =f”(§)j1<2(z)dt=

=" ® S LS a4 tea o

a+(7

Mn cropucTajHca TeopeMol0 Npo cepeiHe, ockiabkH K, (f)
He 3MiHIOe 3Haka Ha [a; b]. OGuMcaUBIIM ocTaHHif inTerpas, ocTa-

A TOYHO 3HAXOAUMO:
b— ) "

(8-0)? R() =721 @,
’ , ela o,  (344)
| 1.1. 3Bazaavni gPopmyaun
1 npamorymnukie, {Kuio Bil-
ol a ) 6 x Disok iurterpysauus [a; b] Be-
2 JUKHMH, TO noxubka dopmysn
Man. 37 (34.1) moxe GyTu JoCHTh 3HAu-

soto. Hlo6 nwomy samofirTs,

pO306HBAIOTh BiPi30K Ha wacTu-

HH i 3acTocoBy0Tb (OpMYyJH 10 KOXKHOI 3 HUX. Posainumo, Ha-

npukaaj, BiIpisok imterpysanus [a; bl Ha m piBHNX uwacTHH:
b—a

Ixo; x4, Dxy; %1, [%m—1; x,,] 3aBHOBXKH A = —— A& X =4,

X, = b. 3a B1acruBicTiO iHTErpa/a MaeMo:

! Xi—1
s By . .
TTosnaunpion Yy,_1 == f Xp— 5 (¢=1, 2, ..., m) i oBusuc-
2
¥y
JIUBIIN KOXKHHE 3 igTerpasis S f(xyde (i=1, 2, ..., m), Ha-

*i—1
npHKaaz 3a QopMyJon CepelHiX MPsMOKYTHHKIB, MaTHMEMO!

be=x,,

{ JWdemhy 4yt o o, 1) =
2

a==x,

_hL f(a+ 2! (b—a)) (34.5)
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Dopmyny (34.5) HA3UBAOTH Y302AAbHEHOIO (DOPMYAOIO cepe(?m\
NPAMOKYMHUKIE. '

AnasioriyHO HicTaHEMO y3azasbHewi opmyru ALBUX i npasUx
npAMOKYMHUKIS.

3 reoMerpHuHoro norasiny, skwo f (x) > 0, x € la; b], npasa
yactuHa QopMmyan (34.5) BHpaxkae nJOILY anypﬂ O CKJaja-
€TbCA 13 3alUTPHXOBAHHX IPAMOKYTHHKIB (Man. 38).

OGuncinMo Tenep 3anHWKO- - y)
Bi YJeHH y3arajbHeHHX GopMy.
11 pAMOKYTHUKIB. OueBUAHO, 3a- y=fx)
JIMUKOBHH yneH dopmyn (34.5)
JOPiBHIOBAaTHME CYMi 3aJHLIKO- /1 Z
BHX uJlelliB BiANOBIAHUX GopMy.I Z Z
NPAMOKYTHUKIB, AKI M 3aCTO- //
CyBaau HKHOT rpa-
cy x,ﬂOKO oro 3 iHTerpa %/44//
aip ([ de@=1,2, ., m). O*R%uryr

x| Man. 38
Tak, BpaxysaBmH dQopmyay
(34.4), 119 3aAMINKOBOrO YJeHa ysaraJbHeHol QopMyJiH cepellix
NPAMOKYTHHKIB MATHMEMO:

N
DRRNNRINNNNLY

&

NN
N\
AN

N
NN

;.
i
kS
Ey
>

m

R() = Xge I (1) =g 17 (1) =

i—1

b— h? 1 ‘
Lok a) ,—>_, 7" (),

N € 1Xi—; X, b—a=mh.
OpKlJXbKHf (x) ua sinpisky la; 6] menepepsma, 10 3HaliTETH-

¢y Taka Touka &€ la; bl, o -L (F ) +F (g ... +

+ (nm)) [' (€). Takum udiiom, mm 3a/IMIIKOBOIO 4JleHa y3a-
rajibHeHo! KBaApaTypHOI POPMYJIH cepeiiX NPsIMOKYTHUKIB JicTa-
HeMO TaKH{ BHpa3:

R(H=L=2K 1, eecta b, b= (34.6)
3siacH uicmnemo OLIHKY
IR() <2525 m, (34.7)
ne M, = max |f" (x)].

xCla;b]
Lis dopMysa gae ominKy 3a/ULIKOBOTO 4JeHa KBajpaTypHol
dopMy.H cepeAHix npaMOKyTHHKIB A yHKuii f (x) € CP [a; b].
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Jast dyuxuii f (x) € CV [a; b] ananoriuny OLiHKY MOXKHA Ji-
cratH 3a gopmyaomwo (32.6), nokaasum r = 1, 3 (32.4) 'ras_cdopmy-
au (34.5), sHaiineMo BHpa3s pyHkuii K; (f):

Kl(t)=b-—t—§, AE (%, — 1) =
k=1

b—a % — 1
—=b——f— m” kzzlE(aJr—Qm——(b—-a)—t).

Ipadik niei (bymmi'l' nojaHo Ha Maa. 39, ne

w=at2Llo—a, 4,=L2% k=12 .., m

Man. 39

Inrerpan SIKI ()] dt, oueBnanO, JAOPiBHIOE IJIOLLI 3aIITPHXOBAHNX

a
Ha Mas. 39 TPUKYTHHKIB. ¥Yci 2m TPHKYTHHKH NPAMOKYTHI H piBHi
MiZ co60l0, a KaTeTH iX [AOPIBHIOIOThL
b

5'|K1(f)|dt=2m._;_( b_a)ﬂ___ (b —ap

—a
T Tomy

2m im

OtKe, /15 3aMHIIKOBOrO wieHa (OPMYJIH CepeHiX MpAMOKYT-
nukiB B xaaci CV [a; bl Maemo Taxy omimky:
b — a)? Mi(b—a)h
R(| <M L~ M=k (34.8)

Jlergko JHoBecTH, 1O B KJIaCI ct [a; b] zmﬂ 6yAb-aKol iHmol

KBajpaTypuol dopmyad BHIY Sf(x) deL Aif (%), Aas sKOT

Y A, =b—a ouinka | R(f)| 6yae Ginbioio, T06TO KBaaparypna
k=1

(bopMy.1a cepennix npamoryTHUKiB B knaci C [a; b] cepen dop-
MyJI TAKOTO THITY € HAHKPAIIOH (3 HANMEHMIO OILiHKOK 3a/NHIIKO-
BOTO . WieHa),
Ockineky B Ksanparypﬂnx hopMy.1ax NPSMOKYTHHKIB Koedi-
[ieHTH DONATHI i cyMa ix /sl KOXKHOI 3 opmya fopiBHioe mh =
= b — @, To Noxu6Ka, 3yMOBJIeHa HEeTOYHICTIO 3HayeHb ijiHTer-
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paabHoi Oy HKIUIT y Bysaax (HeycypAaa NOXHOKa), 3a (32.7) He mepe-
BHIYBAaTHME BEJTHIHHH
As = A;j(b— a). (34.9)

Orike, rpaHHyHa a6coO/IOTHA NMOXHOKA pe3ysnbTaTy 3a KBajpa-
TypHOIO DOPMYJIOK cepefHiX NpPSIMOKYTHHKIB AOPiBHIOE
A= L=0R M, A 0—a) + 4, (34.10)

Je M, — MakcumyM APYroi moximsoi, A, — 3akjgioyHa MoxH6ka
OKPYTJeHHA pe3y.abTary.

Npuxaan.
i
O6uucanty inrerpan [ = S l—d,x-;; h=0,1. OuiHuTH TOXHOKY
0
Pe3yJabTaTIB.
, 1—0
Y jpaHomy Bunaixy m = T 10.

O6uHcauMo inTerpan 3a GOPMYJIOI0 cepelHiX NPAMOKYTHHKIB,

Bignosiani 3Hauenus Q)yHKU,u % ronano B TabJuili.
I ~0,1(0,95238 - 0,86957 -}- 0,80000 + --- -} 0,51282) =
= 0,692836 ~ 0,69284.
1
k X x 441 x 41
k4 T k+—2— k+T
0 0,05 1,05 0,95238
1 0,15 1,15 0,86957
2 0,26 1,25 0,80000
3 0,35 1,35 0,74074
4 0,45 1,45 0,68966
5 0,55 1,55 0,64516
6 0,65 1,65 0,60606
7 0,75 1,75 0,57143
8 0,85 1,85 0,54054
9 0,95 1,95 0,51282

Ouinumo Tenep noxuOKy peayabrary. I'paHHuYHy aGCOMOTHY
foXAGKY pesyabraty BU3HAYMMO 3a dopmy.ioio (34.10).
Y pavomMy BHIAAKY

(%) = M, = max |f"(x)| = max =2,

2
(4% 0<xl o<l (14 x)8
3HaueHHs niginrerpadbHol QyHKUII y By3jaax o0uHCAIOBANHCH
. —b}
3 TtounicTio 20 0,5 - 107°. Tomy rpanuyna aGcooTHa noxubka
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3HaueHb -f (x,) nopiBmoe Ay = 0,5 - 107°, TToxudKa OKpyraenns
Ay mopteuioe 4 - 107°.

[ligcrapuBim norpi6ui nawi y Qopmyay (34.10), 3HAXO/IHMO:

A= 92 105. 107 144+ 107° = 0,00084.

Orxe, y sHailleHoMy pesy/bTaTi MOXeMO rapaHTyBaTH npa-
BHJIBHICTD ABOX 3Hauymux uudp. Tomy no0GyTHi pesyabTar 1no-
TPi6HO 3amucaTd Tak (3a]MLIAEMO NPAaBH/AbHI LHPPH 1 OAHY CyMm-
HiBHy): 0,693,

[ans nopiBHANHA HaBeJeMO 3HaYeHHs! IIYKAHOro iHTerpana 3
BiCbMOMa NPaBHJILHUMH SHAYYLIUMH LHPpamMu:

1

[ 2 —m2— 06014718
¢

2. Keadpamypra gopmyaa mpaneyiii. Posrnsanemo Bunanox
kBaapatypHoi ¢opmysn Heiorona — Koteca, sika mae aBa By3.n
Xo=a i x=»>b{n=1).

Koepinientn A, (& = 1, 2) 3suaxomumo 3 q)opmme (33.3)

(x— x,) (x — x) _ b—a

b
A = (5 C—x) oy —x) T T
h

Al:S ((x—x(,)(x—-xl) dy = 2—a

x— x1) (X — %) 2
vk Toni ¢opmyna (33.2) nabupae Bu-
rIsiay:
b
\ () dx = (F (@) + (b))

(34.11)

Mu picranu keaapatypuy ¢op-
Myay, 3aMiHMBIIHM QyHKLi0O [ (X)
iHTepnoIANIAHIM  MHOrOYJIEHOM

Mau. 40 nepworo cremensi (ninifina inrep-
noJasiuis), sKUi B TOYKax x = a i
x = b HaGyBae BianoBizHo 3HaueHb [ (a) i f (b) (maa. 40).
®opuyna (34.11) HasuBaeTbea keadpamyprolo Gopmyow mpa-
neyid.

KBagpatyprny ¢opMmyay Ttpanemifi serko aicraté Takox Ha

OCHOBI reoMeTPHYHHX MipKyBaub. Tak, y BUNaiKy JORATHO! PyHK-

kv
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b
nii inTerpan Sf () dx HaGIMKEHO 3aMiHIOETLCA YHC/AOM, sSKe AO-

a
piBHioe nomi Tpanenii ABCD (man. 40). 3Biacu i moXoIUTb Ha3Ba
dopmyau. Popmyna (34.11) 3acrocoBHa no 6yap-sKoi Henepeps-
Hol ¢yHKUiI (He 06GOB’sI3KOBO NOAATHOY).
SIkuto f (x) na Binpisky la; bl mae nenepepsuy apyry noximuy,
10670 f (x) € C® [a; bl, T0 3 popmy.u (33.4) micranemo BHpa3 A5
3a7HMIIKOBOTO wieHa (opMyaH Tpaneniii:

b
R =5 [ " ® (x—x) (x—x) d.

Ocxinbku pyukHis (x — x,) (x — x;) He 3MiHIOE 3HaKa Ha BiApi3Ky
la; bl, To 1O ocTaHHbOrO iHTErpana MOXKHA 3aCTOCYBaTH Teopemy
Npo CepejHE:

R() = f“”SM~mM»—%Mx— L), wela o,

(34.12)

®dopmyna Tpaneriil TouHa VIS MHOTOY/IEH{B NePiloro crenens,
a aaa ¢yHkuil f (x) = x® BoHAa BXe He TOyHa. TakuUM YHHOW,
anreGpaiunHii cTeniHb TOYHOCTI (JOPMYJIH Tpanenidl, Ak i hopmyan
cepelHiX MNPsSMOKYTHHKIB, AopiBHIOE 1.

fAuwo ¢yukuin f(x) Mae e nepurty HenepepBHY NOXimuy
(f (x)EC“’ [a; b]), TO OWIBKY [Js 3aJMUIKOBOrO WJIeHA MOXKHa
licratu 3 dopmyan (32.6). Pyukuilo K, (f) suaiizemo 3a opmylioo

(32.4), sxmo r=1, n=1, A, = A, ~—b——2—a, Xp=a, X =0b.

Ki)=b—t—LZ 8 Ea—t)— LS8 Ep—1) =
b—a b--a

=b—— 5 = g — — 1.
Or:xe,
b b
: ’ b
IROI<M, (1K@ 1at=m, (|-t L2 |ar
s
2’. b
=M, 5 (”'2'“ -—t)dt-l— f(z—”' )dt -
a u,-'[-l)
2
=m L (34.13)
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Jas dopmynn Tpaneuiit y kraci CV [a; b] mu gicranu TaKy
camy OUIHKY, AK [ 1A QopMyan cepeﬂmx NpAMOKYTHHKIB
(nuB. popmyay (34.8)).

2.1. Y3azaavnena nsa@pamypua dopmyaa mpaneyii.
Slkmo Binpisor [a; bl senuxuit, To #i noxubka dopmyan (34.11)
MOXKe OYTH BEJNUKOIO. HJ;06 3MeHIUHTH 1i, MOAIJIHMO Bl].lplSOK iH-
TerpyBauus [a; b] Ha m piBHHX YacTHH: [xo, xid, Lo %l ool s

b—a
%) 3aBROBXKKU h = ~———, npuuOMy Xo = @, X,, = b. To,zu

gf(x)dv~‘? Sf(x)dx
*i—1

*i

Jlo xoxuoro 3 m iHTerpais 3 fx)dx (=1, 2, ..., m) sa-
Xi—1
crocyemo gopmyay (34.11). Hicranemo:
b nm
Al

Sf(x) dx%—;— ; (Yi1 +y) =

a i=1

= h (gt o b ), @41

re Y= [ (x;)-

Dopmyna (34.14) HA3UBAETLCH (3A2AAOHENOI0 POPMY.010 MPA-
neyid.

3anHWKOBHA 4aed ii, O4eBHAHO, HOPiBHIOE

R()=3 R0

ne R;(f) — sanmukoBuii ujgen KpagpaTypHoi ¢opmyan Ha i-my
3

Bifpisky. BpaxysaBum (34.12), maemo: R;(f) = ——{3— [" (m2),

;€ Ixi—; x,[. fxmo f(x)€C? [a; b], To pat R (f) nictanemo:

R =—to ¥ ro) = =2 LS oy =
=*f2mf ® =285 @, tclm bl (34.15)
Tosnauusim M, = Ié’l[a?i]]f” (x)l, AicTanemot
IR()| <L M, (34.16)
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7. 3.

Ak i B KBaZpaTypHHUX bopMy.1aX MPSIMOKYTHHKIB, KoedinieHTH
Qopmyay Tpaneuif HoaaTHi i cyma ix AOpiBHIOE mh = b — a.
Tomy npu ob6uHc/eHHAX 33 1iew POPMYJIOI0 HEYCYBHa MOXHOKA He
NepepHIyBaTHMe BeJHUHHH Az == A; (b —a), ne Ay — makcn-
Ma/bHa abcoJlIoTHA NOXWOKa 3HayeHb HiJiHTErpanbHOT q)yHKuu y
By3.1aX.

Or:xe, 211 rpaHHYHO! abCOJIOTHOI HOXMOKH Pe3yJIbTaTy, 3Hal-
JEHOro 3a y3saraibHeHOK KBaJpaTtypHowo (GopMyJiolo Tpamneuid,
MaTHMeMO:

A = 2 R, 4 A (b — a) 4 A, (34.17)
Ae A, — noxu6ka OKPYIVIEHHSI OCTATOYHOTO pe3y./bTaTy.
Mpukaan.
1
OGunconty In 2 = S l—jx—x 3a (opmyJolo Tpanemiil 3 KpoKom

1]
h = 0,1 i owiHUTH NOXHOKY pesyabTary.

[ss naworo punagky m = 10 (1pomixokK iHTerpyBanss Mofi-
gexo Ha 10 piBHHX uYacTHH). 3uHaueHHs rigiHTerpanbuoi QyHKuii
y BY3JOBHX TOUKAX OGUHCIIOBATHMEMO 3 I'STbMa MPaBH/AbHHUMH
uHdppamMH nicas KoMH:

i

| E A AR B
0

Yo | _.
T+ ~+y9+——§'-’-)—

=0, l( - 0,90909 - 0,83333 + 0,76923 - 0,71429 4+

-+ 0,66667 - 0,62500 + 0,58824 4 0,55556 -+ 0,52632 -}- -2—) =
= 0,693773 = 0,69377.
O6uncanMo 3a dopmytoio (34.17) noxubky pesyabtaty. OCKiJb-

" 1 ”
K”Hx):l——{—x—’ To f (x)=_(l_-'{~_xF_'

3BiacH M 2
= MmaxX | ————m| =
2 saey] (TH0?

3uauenHa niginterpanbHoi ¢yHKuii y Byssax oGuncaeni 3
Tounictio 1o 0,5 - 1077, tomy A; = 0,5 - 107" [Toxu6ka okpyr-

Jgedda A, = 0,3 . 10™°. TlizcTaBUBILH 3HAUEHHS! MOTPiGHHX BeJIH-
il y dopmyay (34.17), ricranemo:

A= (0172405107 1403 107 =
== (,001675 < 0,002.
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Tomy pesyabrar foninbao nojartn tak: I = 0,694. 3poaymiao,
mo 3HafileHa OLiHKAa MOXHOKHM 3aBHileHa. Cnpasni, a6conioTHa
noxubka  pesyapraty In 2= |0,693147 ... — 0,69377 | <
< 0,000623.

3. Keadpamypua popmysa Cimncona. Posriasnemo e O1HH
npHKaaj Keajgparypuoi ¢opmyar Heiorona — Koreca, ska wu-
POKO BHKODHCTOBYETBCS HA NPAKTHUI i Ha3wBaeTbcsa ksadpamyp-
Ko gropmyacio napaboa, ado gopuyacro Cimncona. Lo dopMyay
JicraneMo 3 (33.2), (33.3), Axwo n = 2. Bysnamu 1yT ¢ TOUKH

KXo = a, X = ald , X, == b. 3nailnemMo xoedinientu Gopmyau,
2 g P
b .
AO — g‘ (x —xy) O;”—X\) (x — X») dy — b—;—a ;
(x — xy) - - {a-—b)(a—b) -
b
A = g. (xr —xg) (x — x3) (¥ — x,) dx 2 b—a) |,
7)) G—x)- 05 (b—a)- 0,5 (‘f —b 3 5
b ( \’( )
0 = x) (r—x) (v —xy  b—a
A‘Z - S ) (x — xz) (b — a) - 0.5 (b— ”) dx = 6

Tagum YHHOM, KBajpaTypHa (I’)Opmy.na Cimucona mae BUTI
b

[Fdem 255 (f@ + 4 (25 4 o). @)

Y BHNAAKY ROAATHOT (yitK-
uii f(x) dopmyna (34.18), uk
6aviMMO, 3BONHTHLCA HO TOTO, B0

b

Y4

inrerpan S F(x) dx nabannaeno

a
3aMiH0ETLCsl noneio hirypi;
siKa obMexxena Biccio Ox, nps-
MHMH x == q i x == b i napabo-
) z a-b b x 010 Apyroro crenens (3 pepri-
2 KaZibHOIO BiCCHO), 140 IPOXVMTD
a+b b

a+b

f(a) f()  {f(b)

Maa. 41 yepe3 Touku (a; f (a)), (

f(%—b)\' (b; F(b)). (Ha man. 41 napa6ona 3o6paxena wipHxo-
BOIO JiiHi€10).
Ockinbku dopmyna (34.18) inTepnionauiiua, To i anreGpaivs

HU cTeninb TOYHOCTI He HIzKuMil 32 2 (auB. § 33). Busipasernes,

178

mo ¢opmyaa CiMncoHa TouHa TaKOXK I BCiX MHOTOUJMEHiB Tpe-
teOTO crenens. [Ho6 nepekouarucsa B boMy, JOCTATHBO 3’ SICYBATH,
mo dopmyna touna aas ¢yukuii f (x) = x%, inrerpan Bix fAKoi
’ bt —a
P 4

TaKHA caMHil pesyJasbTat

b—~a { & a',_b\)34_ s)
e e () o) =

JopiBHIOE S‘x3dx = 3a ¢opmysoo  (34.18) aicrasemo

bt —at
!
3HalineMo BUpa3 AJd 3aMUIUKOBOrO ujeHa popmysu CiMmmcona
. . 4 .
pas dyaxuii f(x) € C" [a; bl. Ockinbku dopmyna tousa ans
BCiX MHOT'OYJIEHIB cTenens <3, TO AJs 3aJUIIKOBOTO UJIeHa crpas-
aKyerbes Gopmy.aa (32.5), ne r = 4. 3a popmynoio (32.4) 3Haite-

Pl (@7 - abt 4 b =

Mo dyHruito K, (x). Bpaxysasum, wo A, = ;a; Ay =
—A—(b—-a) Agzb'c‘a, Xy = a, x-l::a;rb, Xy = b,
MATHMEMO: .
Ko () = L0 N AE (1, — 1) (e — 07,
TOGTO
E L0t ——ni—(b——a)( etl —t):'__
,(t);'l COSIKIe @< ajb .
1 “’:04 — b;a (b—1p, axwmo ‘H;b <t <bh.
Hepamxko repesiputd, 110 K4( —1— )——— K4( “i b —-oc)

a-l-b .
AL KOBIILHOTO ocq P ] Orxe, rpadik ¢ynkuwii K, (¢)

CHMETPUYHUI BIZHOCHO MPsSIMOT

3 kA
Xx= a_jz-b Tomy npocratHbO
AOCJIATH KPHBY JMILE HA Bif- asb ae28
iaky [ 5H2 0| 2 3 -
PR |73 e 0l a VB
(Tpapix  pyurudi Ky (f) 20 1y i
Opaxennit na ma. 42), 7 2 nladaetne
Ocxkinpkru pyuxuis K, () Ha
sigpisky [a; bl 30epirac snax, Maur. 42
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TO 110 iHTerpana B popmyani (32.5) MokHa 3acToCyBaTH TeOPEMY TPO
cepesiHe. TakuMm uYWHOM,

b
R()=— 1@ [ Kiat, Eeja; bl.
) :
— 4 —
OGuucnusuid iHTerpa j‘f\’,; (Hdt =2 j‘ ( ® n b = 2 —
a a+b
2
3| (b —a) ,
—1) )dt = —-—gy —» 3HaXOIUMO OCTATOYHHH BUpa3 A/If 3AHIL-
KoBoro yjena ¢opmyan Cimncona:
b —
R()==5L (" ®, €la ol (34.19)

3.1. ¥ sazaavnena neaapamy pra gopmyaa Cimncona. SIkuio
Biapisok [a; bl Benukuit, 1o fioro minATb Ha mapry KijbKicth
2m pmuux vactun: [x; xll [xy; Xol, <oy [Xom—1; X2m] 3aBROBAKKH

h = 2m

BiZpi3KiB 3aBROBXKM 2h 3actocoByworh .QopMyay CiMncona
(34.18). Toni

(TYT X9 == @, Xon = b) 1 IO KOXHHMX ABOX CYCillHiX

b m Xo; m
QO
g f(x L g fxyds = >_, —;— X
b i=1 Xoj_p {==1
X (f (x2img) 4 4f (xaimr) + [ (x20)),
abo
b=x Yom
fx)de ~ — (yo 4+ 4Yy; 4 24 + 4ys -+ o0 240mee -

+ 4Yom—1 -+ Yom), (34.20)
b—a
pe y;=[(x), h=——
Dopmy.a (34.20) Ha3UBAETHCS . Y3A2ANLHEHOIO KBAPAMYPHOW
gopmyaoo Cimnacona, abo gopmyrorw napaboa.
CkopHcraBmmch gopmyaoio (34.19), ans 3aHUIKOBOIO 4JaeHa
y3araabHenoi ¢opmyan CiMIICOHa MaTHMEMO:

m
N (2h)8

R == Y e I &) =

hb

=790 Efm €)s & € lxai—a, xal.

Ockinbkn [ (x) na Biapisky [a; b] HenepepsHa, To icHye Taka
m
1 .
Touka E€la; b, mo [P (F) = —X f9&). Toai s sammko-
=1

Boro uneHa ¢opmyau CimncoHa aictaHemMo Bupas:

R()= 521" @ = — LI 0 g =
= LoD f9m, tela bl (34.21)

3BilcH 3HAXOAMMO ONIHKY AJIA 3a7HUIKOBOTO W/EHA:

IROI<LZIM p,, My = max /()] (34.22)

XE[ ;)

Koedinienrn kBaaparypnoi gopmyan napabos poaathi i cyma
iX nopisHioe 2mh = b — a. Orixe, 3a popmyaoio (32.7) 3HaX0ANMO,
wo noxubka aifl, zymoanena HeTOUuHiCTIO 3Hadeub y; ([ = 0,
i, Qm) nopiBtioe Az = A; (b — @) (9K i A7 q~opr1 nps-
MOK}’THHI\]B Ta Tpaneuih).

Takum gnnoM, rpannuna abcomioTHa MoxubGKa 3HaueHHs inrve-
rpana, ofuHcaeHoro 3a keaapartypuoio dGopmyaowo Cimicoia,
LOPiBHIOE

Ay = LG M A —a) + A, (34.23)

e A, — noxufka OCTaTOYHOTO OKPYIVIEHHS pe3yJbTary.

Mpuxnaa.

O6uncautn 33 dopmyaoi Cimncona (3 xpokom h = 0,1)

inrerpan [ = S 1—_{— = (,693147... i ouisuTu noXHOKY pesy.ab-

0
TaTy.

Ockinbky b = 0,1, 10 2m = == ]0. TlorpiGni 3HayenHs

1
- s ()'l
niainTerpansioi Qynknii y BY3JOBHX TOUKAX OBYHCAHMO 8 Tou-
"ictio 20 0,5 - 1077, 3a dopmyaoio (34.20) micranemo:

1

L%~ 8L (1 4-0,90909 -+ 2 - 0,83333 -+ 4 - 0,76923 -+

J 1+x
0

+2.0,71429 4 4 - 0,66667 - 2 - 0,62500 - 4 - 0,58824 -
-+ 2 - 0,55556 + 4 - 0,52632 - 0,5) = 0,693152 = 0,69315.
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[Noxubky pesyabtaty obuucanmo 3a gopmyaoio (34.23). Ockib-

1 .
KU f(‘C) = m— , TO f(4) ()C) = ma— . 3B1/1CH
IM4 == 01;221 '—‘——__(1 T X)5 = 24,

3Havenns nigiHrerpampuol ¢yHkUWI! y Bysaax obuic/ieHi 8
tounictio go 0,5 - 1077, ToGro Ay = 0,5 - 107°, a A, = 0,2 %
X 107°

Otxke, i rpaHudHOi aGCOMOTHO! NOXUGKH Pe3y/bTaTy MaTH-
MeMO:

1.(0,1)* - 5 s ~

A =100 04 105,107 1402107 =02 107"

3Bijficu BHILIMBAE, O B 3HAAAEHOMY pe3yJbTaTi He MEHI SK
q4oTHPH 3Hauywi uudpu npasuibHi. [lopiBHaBIM Uell pesynabTar 3
TOUHHM SHAYEHHSM [HTerpasa, nepeKOHaeMOChb, U0 B HBOMY Npa-
BHJIbHI BCi I'Th 3HAYYIIMX OHOP. 3ayBaxumo, o 3a GopMyJoo
Tpaneuiil 3 THM caMHM KpogoM i = 0,1 jicTaHemMo 3Ha4eHHS [bOTO
iHTerpasa, B AKOMY NpaBHJ/bili JHWe ABi 3Hauymi nudpu, a 3a
(GopMYJIOI0 CepeiHiX MNPAMOKYTHHKIB — TpH.

Dopmysi cepefHiX NPAMOKYTHHKIB i Tpameuili pasoM maioTh
OAHY HiHHY BaacTuBicTb. A came, skmo f”(x) uwa [a; b] He 3miHioe

4 :

3HA@KA, TO BOHM JAOTh Ang iHTerpana [ = (; f{x) dx nBocTOpOHHI
a

l:[!i()v"ll/l}Ke‘HHH, OCKIJIbKH 1X 3a7MHMIIKOBI 4JjeHU MAamTh HpOTI/lJIe)KHi
1

dx
-} x

suakit (qus. (34.6) 1 (34.19)). 3oxpema, Ans inrerpasa

0
ﬂsz%W>Qxﬂmm1myw<uyﬁnew

i I}’ — swavenus interpasa, oGuucaeHi 3 KPokoM A BiANOBIAHO

aa QopmyJIoI0 cepelHiX mpAMOKYTHMKIB | Tpanmeuii. B Aanomy
19 4 1P
fr h

5 = [*, 3Bijgcu Aicraemo

BUMAAKY AOLIBHO NoKjacTa | ~
OLINKY A/ NOXMOKM 3uadeHsst 7%
[Tp . [np
% __IL h_
| — < .
b
Sxmo f(x)€CY [e; b i (f” {x) dx =0, To MOMKHA TiOKa3aTH, 11O
a . . i v
1PH JOCHTH MasoMy Kpoui A GopMmy/ad 0pAMOKYTHHKIB i Tparnewiil
JAIOTh DBOCTOPOHHI HaG/IMXKEHHS iHTerpana, HaBiTh AKIWO f" (x)
ne s0epirae suaka ua [a; bl.
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§ 35. NpakTHuki ouikkM TOUHOCTI KBagpaTyprux hopmyn.
BuGip xpoKy iHTerpysaHus

VY nonepeiHix naparpadax 3HaHIeHO OMIHKH /A 3aJNIIKOBHX
YJleHiB KBaJApaTypHUX GopmyJs NPSMOKYTHHKIB, Tparmeuii, napa-
60s. Ase NpaKTHYHO ONIHMTH 3aJMIUKOBHHA 4/eH KBAaAPAaTypHOI
tdopmyan 3a nuMH dopmystami iHoai BaxKKo abo ¥ 30BCiM HEMOK-
auBo. [TosicHIOETbCA Le CKJAAJAHICTIO 3HAXOMKEHHS MaKCHMYyMin
MOAYJIiB BiATIOBIAHUX TOXiAHHX, [0 BXOAATbH A0 OIIHOK. ¥ TaKuX
BHNAAKAX NOBOJAUTBCS KOPHCTYBATHCS I1HIIMMH KpuTepiamu. Oxun
3 HHX, fKHil TONArae B OJHOYACHOMY 3acTOCyBaHHi (opmysan
NPSIMOKYTHUKIB i Tpaneiiit, pcarasinyto Buwe. Yacto BAaOTBCS
10 TOABiHHOro mepepaxyHKy 3 Kpokamit h i 2h.

Po3arasinemo 3pyunuii cnoci6 Bu3Havennst NOXHOKY KBaaparyp-
HUX dopmya npu noaeiitHoMy nepepaxyuky. Lleft cnocid 3actoco-
BYIOTb TOJi, KOJH BiIOMHIl MOPSIIOK 3aJHILIKOBOTO UJEeHA KBaApa-
TypHOT QOpMyJau BiAHOCHO KPOKY /. 3ayBaXHMO, O TOUHiCThH
KBaJpatypHO1 (POPMYJH XapaKTepH3YEThCS B OCHOBHOMY HOPALKOM
3anuwKoBoro wieda R (f) Bianocho crenedis h. JKuo s3aiuinko-
BHii usen BijHocHO i Mae mopsok s, 10610 R (f) = O (%) (s —
HaTypaJbHE UHCJI0), TO KBaAparypHa (OpMyJia BBAXKAETHCS THM
TOUHILIOW, 4iM GiJblie YHCIO §.

3 OWLIHOK /1A 3aMHIUKOBIX YIEHIB BHALO, O GOPMYAH AiBAX i
NPaBUX NPAMOKYTHHKIB BiZAHOCHO KPOKY A MalOTh NepLIHH HOps-
Aok TounocTi (R (f) = O (h)), dopmyaa cepesHiX npAMOKYTHHKIB i
tpaneniii — apyruit (R (f) = O (h?)), a Qopmyaa Civncona —
gerBepTlt (R () = O (hY)).

3Biuaigo, AKicTe GOPMYJH BUABAAETHCS NPU JOCHTEH  Majo-
My h.

[Ipore B neAKNX KOHKPETHHX BHIAAKAX MEHLI TOUHA BOpMY.Ia
(npu  TOMy camMoMy KpOLi) MOXKe JAaTH TOYHIIIMi pesyaurar,
Hix TouHiwA Qopmyna.

Hexall saqumkoBuil wies KBaapaTypHOT QOpMYJIH Mae nons-
JOK $ BiIHOCHO KpoKYy i, To6t0 R, () == O (R°) (s = 1), ne h ==
= ?—-;——9 (imnexce /i y Bupasi R, (f}, mu Beesau 41s Toro, mod noxa-

3aTH, 3 AKHM KDOKOM OOMMC/IECHO iHTerpan).
SIkuo noxijgHa BiA oigigrerpanbiol Gpyurmii f (x), mo Bxomtn
4O BUpA3y AJIA BailUIKOBOIO WieHa, Ha BiApPisKy iirerpyBanms
la; b] sMimoeTbesl Mano, To HAGJIMKENO MOKHA MOKAACTH
Ry () = MI?, (35.1)

ne M — pesika, TMOKH U0 HEBiJOMAa BEJMUMHA, SIKY L5 QyHKIIT

T (x) BBawkarnmemo na la; 6l cranoo.
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IlpunycTumo, Mo iHTErpan oGUHCAEHO. 32 JAHOW KBaApaTyp-
. . b—a
HOIO GOPMYJIOI 3 KPOKOM A | JesIKUM iHIIHM KPOKOM k£ = =
1IPHUOMY 7 5= m. 3HaueHHs iHTerpaJ_Ia I, o6Guucneui 3a KBaapa-
TYPHOIO (POpMYIOIO 3 hpoxaw h i k, nosHaunMo BiNOBi AHO Yepes
i,il, Toni I = I, 4 MR, I = Ik + MFE’. BinusiBun nousex-
HO Bijl mepuol plBHOCTi Apyry, 3nafileMo HeBifioMy BesiHuHHYy M:
M = In —1i
B —ht

[Tincrasusmn 3HaueHuss M y dopmyay (35.1), Anst 3anumko-
BOI'O WIEHa KBaApaTypHOi (OPMYJH, MaTHUMEMO:

Ry () = 2=t /f:_“_( j;)—s’k . (35.2)
— —1
h

Tagum 4nHOM, MH HabJHKEHO MOAANH 3aJMHIIKOBHI U/leH Yepes
[BAa 3HAueHHs {HTerpasna, obuucieni 3a KBajpaTypHol GOpMYJI0i0
3 kpokaMmu h i k. Taxa olliHKka NOXHOKKW YKCENBLHOTO {HTErpyBaHHA
HA3HBAETBCSH npasusom Pynee. 31e6i/b1I10ro KPoK £ BHGHPAIOTL TaK:
k = 2h, pe h — nowaTkoBHH KpoK. Lle 1NosICHIOETBCS TUM, 11O
NpH TAKOMY Kpoui Ans obuucaeHHs I, 3a KpajparypHotoo ¢opmy-
JIOI0 MOXHA BHKOpHCTaTH BXe 3nalgeni TabiuuHi 3HaYeHHs
$yHKIIT, BUOHMpAOUM 3HAYEHHS] 4Yepe3 ojHe. Y BHIAAKY, KOJH
k = 2h, ¢opmyna (35.2) HaGMpae BHI‘JIﬂlly:

— 1
2h .
Ry(f) = _l . (35.3)
SIkimo BHpa3s 3aJUINKOBOIO uieHa AJas iHrerpaia / Bigomui,
MOXKHA BinIyKaTH YTOUHEHE 3HAUYEHHS [, o1

nn = Iy A (e — L) (35.4)

OGuHCAeH s YTOYHEHOro 3HaueHHs - [0, 3a dopmyqow  (35.4)
HA3HBAETBCH eKCMPanoawsannam 3a Piwapdconom. Hxuwo [, 5=
== [o;, TO 3HAUEHHN 40 3aBXKAH JleXatb 103a Biapiskom |/,;
I). Tomy obunciennst [o0 | HANBAIOTL EKCMPANOMOCAHHAM.
3 gopmya (35.3) i (35.4) Mu picraHemo BiunosiaHi GopMyan mas
KBaApPATYPHHX GOpPMYJa NPSIMOKYTHHKIB, Tpamneuiit, ¢opmyJsu
Cimncosa. Tak ans dopmyau cepentix npaMOKYTHHKIB i Gopmy-
Jau Tpanenif (s = 2) maTHmemo:

Iy — 1.
Ry (f) = —"5-,
_1
Ipon =1, + ‘—E{L ’ (35.5)
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a pas ¢dopmysau Cimncona (s = 4):
Ih—IQh R 1
Rh(f):Tv 1h,2h:1h—|——15~‘(1h—[~2h). (356)

TMpukaan.
i

OGuucauTn 3HAYEHHS iHTErpaja Sf (x) dx iouinutn NoxXubKy

8
peayabTary, sKio GyHKUIS f (X) 3anana Tabanuero:

|
le 0.0 ] 0,1 ‘ 0,2 ’ 0.3 ’ 0,4 ' 0.5
i
H
‘ Foy | 1,000000 ‘0,990099‘ 0,961538 ( 0,917431 ‘ 0,862069 , 0,800000
x‘ 0,6 0,7 | 0.8 ' 0,9 ‘ 1,0
Fix) | 0,735294 | 0671101 ' 0,609756 .| 0,552486 | 0,500000

Inrerpas obuuesMo 3a (opmyJo Tpanertiii 3 KpoKom i = 0,1.
1

{200 2 0,1 (5 - 1,000000 + 0,990099 |- 0,961538 4-
0 A

- 0,917431 + 0,862069 -1- 0,800000 -|- 0735294 - 0,671101
+0,609756 -|- 0,552486 -}- - 0,500000 - 0,784981.

o6 oninnty sHARLCHHI Pe3YJIBTAT, BIKOHAEMO KOHTPOJIbHIY
nepepaxyuox 3 KpoKom, yasiui Ginbumm, h == 0,2

S f(x)dx =~ 0,2 k 1, 00()()0()

-4- 0,961538 -1 0,862069 -}- 0,735294 -

+ 0,609756 + -0, oO()OOO) == (),78373).

Y uwammx nospavenustx [, == 0,784981, a [, = 0,783731.
3a dopmyJioto (35.5) Aas 30JIIIKOBOTO Wiena snadenns [, picra-
nemo: R, (f) = -%— (0,784981 — 0,783731) == 0,000417. Tloxubka
pii Ay Ay (b—a) =05 - 1071 =05-107" a A, =

=04 - 107
Omxe, rpaundna aGeomoTna neXuGra pesyavbrary Ay =

= 0,000417 + 0,5 - 107%+ 0.4 . 107° = 0,0004179. Ockinbkn
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A,,ﬂ << 0,0005, To B pesyaprari [, = 0,784981 npunaiiMui Tpu
sHauylyi UMdpH NpaBuAbHI. 3HAYEHHSM [IYKAHOIO iHTerpana Jo-
ULTLHO BBaXKaTH YyTOYHEHe 3HAUYeHHS, siKe AicTaau eKCTpanosio-
paHHAM 3a Piuapnaconom (dopmynaa (35.5)):

Lpon = 0,784981 + 0,000417 = 0,785398.

Y npomy npukgani tabauyHo Oysa 3amaHa QyHkuis [ (x) =
l

=T = Jl1a  [opiBHSIHHA HaBejeMO 3HaYeHHsa iHTerpaJa,

obqucaeroro 3a gopmy.roiwo Heorona — JlefdGuina:
1

dx n
[ — g' T2 —arctg | = - = 0,78539816. ..
0

Orxe, 3HaueHHA [, Mae clpaBii TPH NPaBWiIbHI sHauywi nugpw,
a micist eKeTpanoJsIIoBaHHS OPaBHJIbHUMH OYyAYTb yCi 1uicThb 3Ha-
gymux uudgp.

Ha npaxrtuui 4acro AOBOAHTBCH OOUHC/IOBATH {HTEIpAaNH 3
JeAKOI0 Hamepesl 3aJaHO0 TOUHicTo & > 0, npudoMy Kpox h e
sajanni, a fioro Tpe6a sHalTH, ange Tak, Wob abcomoTHa NoXHOKa
pe3yJibTary, OOYUCJAEHOro 3a BiANOBiJAHOKO KBdIlpaIypHO}O dop-
MYJIOI0 3 KPOKOM A, He [lepeBHILyBaNa &.

BetunHy KPOKY A B LbOMY Pasi MOKHA BU3HAUMTH, BHXOIAUI
5 OWIHKY 3a/WIIKOBOCO Wiena BiAmOBiAHOT KBaApaTypHOT (opMy-
au. [lpu UboMmy afcoMiOTHA BeJIMUHHA S&THIIKOBOTO dJeHa He
IOBHHHA TlepeBuniyBaTu €. JlaA GopMyJH cepeiHix IpsSIMOKYTHN-
ki maemo (aus. (34.7)):

bAa

-hEM, <<

Ore,
6/ 2 ar
< |V -—— 35.7
h< ' b—uyM, " ( )
AnanoriuHo, BpaxyBasiuM ouiHKH (34.16) i (34.22), jusn dopmyn
tpaneliit i CiMICOHa BiIMOBIAHO [iCTAHEMO:

v/ 12¢ .
h< l’/ b—a AL, * (35.8)
7 180 :
h< V T (35.9)

IIpusmirka Kpok h nopanen ue TijbKH 3a80BOALHATH nepiBHocn
(35. /) — (30 9), a it 6yra Taknw, wWod BiAPisoK inTerpysanis Gys no;u Jenui
Ha piBdi Mixk cobolo wacTuuu, a axs dopsiymu CiMicoda — ua napny KiAbKicrs
piBHHX HaCTHH.

180

AkOGn sHauenns nigidrerpanbsol QYHKUITy ByajaxXx Bupaxa-
JINCA TOUHHMH UHcAaMi | Bei npoMixHi ofuncieHHs BUKOHYBaJIU-
¢ TOYHO, TO, BH3HAUMBILIM iHTErpaJs 3a BiAMOBiZHOIO (OPMYJIO0
3 KPOKOM /1, MOxHa GyJi0 G rapaHTyBatH, 1o a6CcomoTHa noXHGKa
3HaleHOTO pe3yJ/ibTary He nepepuilye &. OCKiJbKN 3HAUEHHA T1i -
inTerpa/abHol QyHKIIT, 9K NPaBHJIO, BUPAXKAOTHCS HAOMKEeHHMH
YHCJIAMH, TO A8 OCUHCJAEHHS iHTerpaja 3a KBaApaTypHOIO dop-
MYJIOIO 3 KPOKOM A 3HaueHHsi | (x,) Tpe6a B3SATH 3 TAKOIO TOUHICTIO,
1106 HeyCyBHOI NOXKOKOW MOxHA 6yno 3HexTyBaru. Takum uy-
HoM, f (x,) oBUUCIIOBATUMEMO (AKILO 11€ MOXKHA) 3 TAKOIO TOYHI-
€TI0, OO HeycyBHA NoXHOKa Ay = (b — a) A; 6yJ1a 3HAYHO MeHIIa
34 € (TOMHICTL XapaKTepH3yeTbcA BeJHUHHOIO Aj).

BusnauuBiy Kpok i BeraHOBHBLUM OTPIOHY TOUHiCTL NpPH 06-
yucneHHi f (x,), 2a BIANOBIIHOIO KBajApaTypHOIO (OPMYJIOI Bu-
3HAYHMO iHTErpadn.

Hpuknan.
3a xsagparyproio gopmyaow Cimrncoda oGUUCTNTH

:.l::l

sin xdx 3 Toumicrio o £ = 0,5 - 107"

Beanuuny kpoky h ans gopmyan CiMncoHa BH3H2UHMO 34
(opmydoio (35.9).
Tyt M, = max |} ()| = max |sinx|=:1. Tomi h<C
’ 44

€0 | <o)

F19
5 !

. . . p n -
BIAPI3OK [HTErPYBAHHs [0, 7] IMOALJIHMO  TIOITOJ1aM.

4 —2
<V 180-95: 19" 0,87, Biswmeno h = - < 0,87, T06t0

BcTanoBHMO TOUHICTD, 3 SIKOIO HOTPIOIO OOUHCIOBATH 3HAYEHHS
. - ki 8
fixe). WMot noxutsa Az ==(b—a)A; == - Ap Oyna asauno

menwoio Big e = 0,5 - 10‘““, NOCTATHBO OGUHCAHTH mlaqeuusl i -
inrerpanbrol Gynkuii y sysnax 3 rounicrio go 0,5 - 1077, Toui
Ay = 0,0005 i As = 0,00079.
Busnaunsum inrerpana 3a ¢opwmyaoio Cimmcona, aicranemo:
n
e
b, n . R | P 1
S sin x dx = =% (sin0 -- 4 sin == -} sin -~} =
P 12 4 2

'"_7' (040,707 -}- 1) == 1,002.
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3ayBaXnMo, 110 B PE3yJbTaTi MH CnemlajbHO 36eperan cyM-
HiBHY uudpy. 3BuYaiiHO, TYT if MOKHa 6yJ10 6 OKpYT/IUTH | AicTa-
1 pesyabtar 1,00. Ane nicis okpyraeHHs cymHiBHOI uudpH
OCTaHHA 30epexkeHa uugpa moxe 6yTH menpaBuiabHow. Copasai,
rpaHHyHa abcooTHa noxHO6Ka 6yib-gKOTO udcla nicas OKpyr-
JIeHHS! CYMHiBHOI LH(PH MOXKe JOpiBHIOBATH OAMHHIL OCTAHHBOTO
sbepexenns poapaly (0,5 ofMHHLI Po3pALY OCTaHHBOI MPaBUJIb-
Hol Hudpu ta 0,5 oauHHui- OBOrO caMoro pPoO3psily Micjas OKpPYT-
JeHHs).

ToMmy, KOJH JOBONMTbCS BH3HAYATH IHTErPajd 3 JAESKOW
KiIBKICTIO /71 MPaBHABHHX 3HAUYLIMX WHGD | PE3YJbTAT 3alucy-
Baty Oe3 cymHiBHOI undpH, Tpeba oOYHCTIOBATH Tak, wob y pe-
3yabTari MoxHa OYyJo rapaHtyBaTd npagibHicts m + 1 3ua-
yymHux uudp, i TIIbKH Dicas UbOTO OKPYIVINTH IO /11 3HAUYIHX
uugp.

Bubuparu KpoK iHTErpyBaHHs pOSNISHYTHM cHocofiom Jo-
11171bHO, OYeBHIHO, TOMi, KOJH JIETKO SHAXOLUTH NOTPiGHI Makch-
MYMH TOXiZHHX, IO BXOAATL 10 opmyd (35.7) — (35.9). Tlpore
YacTo Taki MaKCHMYMH 3HAXOHUTH He TLIbKH CKJAaJHO, a # B3a-
rajl HeMOMJIHBO. Y TAaKOMY pasi o6uucauTH 3alanuil inrerpan 3
noTpiGHOI TOUHICTIO MOXHAa METOAOM NOABI[IHOTO NepepaxyHKy,
a came: OBYHCTIOIOTH 3aJaHMil iHTErpan 'm BiAOBIAHOIO KBaJpa-

TYPHOIO (POPMYJIOIO 3 AesiKUM KPOKOM A i . Toai 3a unmu janumu

3HaXOASTh HabJ/IMXKeHY BEJHYHHY 3‘clJIHLl1K()BOF() ujena (aUB. Gop-
Myay (35.3)). HAKIWO 3aiumKOBHE WIEH 3a MmojyJeM He Giabiunit

; . ., R _ ‘
BiJ €, To interpan, ofuncaenuit 3 KpOKOM 4, € BiANoBiLLo. Y 1po-
THIIEKHOMY BHIALKY 3MEHIIYEMO KPOK BABIYI 1 ofUHCII0EMO 3HA-
4eHH§ iMTerpana 3 KpOKOM —. 3a JBOMA 3HAYCHHAMH iHTerpaja,

~ . h . h .
1o O0UHCIICHL 8 KpoKamu 5 1 71_-‘, BUILIYKYEMO 3HaYeHHA 3aJadlu-

KOBOTO Wjena, MOAYJbL SIKOTO 3HOBY HOPiBHIOEMO 3 &, SKIno lLﬂ
BeJIMUMHA He [EPeBHILYE &, TO iHTerpaj, O0UUCACHHH 3 KPOKOM 4 \
€ INyKaHuM. SKuo 3aMHWKOBUN wieH 3a MoLyJaeM OilbilUi Bij
€, TO 3HOBY KPOK {HTEerpyBaHHsl 3MeHILVEMO BABIUi | Tak nponoe-
KYEMO NPOINEC AOTH, MOKY BiAMOBIAHHI 3aMHIIKOBUH ujleH 332 MO-
LyJem He Oyjze meHIuM Bix & abo He popisHioBarume e. Ocranue
ofuuciere sgayends iHTerpada i € wykanum. OcKisibKKH BesM4HHA
3aJTUIIKOBOTO WieHa OCTAHHBOIO HaOJHKeHHs Bxe o0uHc/aeHa, To
3a opmysioro (35.4) (xus. takox Gopmyad (35.5) i (35.6)) moxua
3HAUTH YTOUHEHE eKCTPANOMIOBAHHAM 3HAYCHHA IHTErpata, To4-
HICTB 9KOro, K Iparuao, 6yje 6iMbLICIO HiXK &.

Jlna po3B’dsaHHsl 8ajadi MOMHA BHKODHCTOBYBATH TakoX B
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, ’ - i [13° — I37)
napi gopmysy npaMOKYTHHMKIB i Tpaneuiit. I sguo 3

[;}P 4~ 1;;0

<€, TO 3HauyeHH] )

i byne myxanum.

Npuxaan.

O6uncmTn 3a (GOpMYJIOIG cepelHix MPSIMOKYTHHKIB iHTerpas
16 .

& e~*dx 3 towmictio Mo & ==0,0005. [ToTpiOHi ans obGuuciaeHb
0

3HAYEHHA WifiHTerpanbHoi (PYyHKHiT, 3HaflgeHi 3 TOUHiCTIO JO
0,5 - 10™*, nogatio B TaGa1i.

x X7 x o %7
0,1 0,9900 09 0.4449
0,2 04,9608 1.0 0,3679
0,3 0.9139 1,1 0.2982
0,4 0,8521 1,2 0,2369
0,5 0,7788 1,3 0,1845
0.6 0,6977 {4 0,1409
0,7 0.6126 1.5 0.1054
0.8 05273

Heycysua noxubka npu 6yab-aKomy Kpoil i ne mepepiiiyysa-
tume penndanun 1,6 - 0,5 - 107" = 0,8 . 107"
Cnouarky Biapizox interpysanus [0; 1,6] noginumo nagsoe,

1
TOGTO Bi3LMEMO NOYaTKOBHH KpoK A = —— == (),8.

O6uucaBn nuerpem 34 (popmmoro cepeitix NPAMOKYTHH-
KiB, 3 i\poxow h==108 111crauemo

Ios=08Y v [( A—1 6> — 0,8 (0,8521 -I- 0,2369) = 0,8712.

z»!

Has kpoxy ho= 0,4 MaTHMeMO:

Ios = 0,4 Y f(ﬁ-——‘ ! 6) =0,4 (0,9608 - 0,6977 - 0,3679 -1-

+0,1409) = 0,8669.

Tenep suaiigemo 3a dopmynoio . (35.5) HabamxkenHe 3Hauenns 3a-
JUIIKOBOrO wiena s : [g4: .

R (f) = 2 — _—_—-;-(0,8669—0,8712)=—0,0014.__
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OckinbKi 3a7aHa TOYHICTbL e He zocsirnyta, 60 | Roq ([} |'=
= | —0,0014 | > 0,0005, 3HOBY OOYHCIMMO iHTErpan sa dopmy-
J010 cepezunx NPAMOKYTHHKIB 3 KpokoM A = 0,2:

Ins = 0,2 2 f( 2 —1 1,6) = 0,2(0,9900 - 0,9139 -~ 0,7788 -+

+0,6126 + 0,4449 40,2982 - 0,1845 - 0,1064) == 0,8657
O6uyucaumo Tenep

loo—1
Rog(f) = —22- %% — _L (0,8657 — 0,8660) = — 0,0004.

| Ro2 (f) ] = | — 0,0004 | << 0,0005.

Tomy anaiinene sHaueHHA [oo € IYKAHUM 3HAYEHHAM iHTErpana.
Otxke, HabGamkene sHaueHHs iHrerpana / = (,8657, ofuuciene
3a (OpMYJIOI0 cepelHiX MPSIMOKYTHHKIB 3 KpokoM i = 0,2, Bin-
pi3HseThCS BiJ| TOUHOTO 3HayeHHs He Oinbw K Ha € = 0,0005.
SIKIO BUKOHATH 1Ig EKCTPanomoBaHHA 3a PiuapiacoHowm, 1o

sHafJeMO yTOYHeHe 3HayeHHS  Jgg04 = 0,8657 — 0,0004 =
= 0,8653. asa nopiBHsnHA HaBeleMO 3HaUeHHA LIYKAHOTO iHTe-
rpajga 3 YoTHpMa TPABUJIBHMMH 3HAUYUUMH Lubpamu:

1, 6

s e ¥*dx == (,8653.

0

Bnpasu.

1. Burectn KBagpatrypuy ¢opmyay
b

v

[@acmb—a) (5 F @+ 1 (257 + 5 1{(557) + 51 0)

a

i sHailTu 11 3a/AnMHLIKOBUI uieH.

B x a2iBxa. Tyr sanucana ¢opmyna Heiorona — Korteca gaa sunaaxy
n == 3. Boua Ha3snBaeTbCsA (POPMYJIOI0 TPLOX BOCHMHX.
2. 3HaitTH OWIHKA JAJg 3aJMIIKOBOTO UJeHAa Ksajpartyphoi ¢opmy.n

Civncona ann dymkuin  xaacis €V [a; 0], CPa; b} i C¥a; &)
3. Busectn xBagpatypry ¢dopmyay
b
¢ a —[— b 2
3 f()de~ (b (2a —b) f (—a) - (a -+ 5)2[(0) -+ a(20—a)f (b)),
-0
ne a, b>0,
AKXy MOKHAa BHKODHCTATH A BHNALXy HepiBHUX inTepBanis TabymoBanuiis.
B k a3iBKka. 3aminuty Qyukuio f (x) intepnonauiiiuM MHOTOUIEHOM
APYroro cTeneHs.

4. 3a nonomoroio GopMyan CiMicora BUBECTH NPOCTE NPABUIO st OGUKC-
JIeHHS 06’eMy Gouku,
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B xasiska O6em Gouku (iK i 6yab-fKoro risa) moxHa supasury -
b

Terp aI0M g [ (%) dx, pe dyHguia f (x) — raoma JopimsHoro nepepisy Gouku
a
NACMEMHOW, siKa Gephespukyaapda go oci Ox (Bice Ox sfiraerses 3 Biccwo
Bouru).
10

5. Ofuucanty iHTErpan Se""a'x: 0,999955 sa xBagpaTypuuMu dopMy-

0
AaMp GpAMOKYTHHKIB, Tpameui#f, CimocoHa 3 Kpokom A = 1. ITopiaara pe-
3YNABLTATH ODUHCIEHD,
6. O6uncsnry 3a QopmyJamu npsamokyTHukis, Tpaneuift i Cimncona iurer-
14

1

2
pami:  a) S V1--xde, =10,1; 6 j sinxdx, b == ~f—0— Ouivnty NOXus-
T0 0

KH peayabTaris.
0,8
7. OGuucnutu 3a popwyiaami tpaneuit i Cimicona inrerpan X f(x) dx,
i
ko gyuxuia f(x) sagana radanano,

x ’ 0.0 0.1 ‘ 0,2 ‘ 03 0.1 0.5
fix) I 09808 0,9851 i (9704 l 0,9464 0.9139 08737

x Xt 07 ' 08 0.4 1.9

F) 0.8269 0.7749 l 07189 0.6003 0,6005

Ouitiyren OXHGKY peJym,mrm

8. 3a opaysaMi cepenix npaMoKy unkis, rpanenift i Cimucona obunciu-
Ty 3 ToqaHicTio €= 0,005 iHTerpasiu:
9 1

v
a) \ de 6) S cos X dX.
[ b
1 0
9. OBumeanTn 3a Gopmyaan cepepitix npavokythuxis, rpanendit i Civneo-
1A 3 BRABAHUMH SHaqeiisivt it taki iurerpamt

I
7 ‘ 2 dx
ay \ cos xdx {\h - mj% , h= —54) ; 6) 'S vy ~ (h == 0,5; 11 == 0,25).

e
0
Pesyu LTATH  HPOEKCTpanoiopati.
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10. OGyucauTH 3a QopmMyaamH cepenHix HPSIMOKYTHUKIB I Tpanenid 3 tou-
wicmoe = 0,5 - 1072, a aa dbopmynoio Cimncona 8 rounictio 0,5 - 10™3 inrer-
1,6

s

0,8 1 .
——— dx _
pamu: a) 5 VT %2 dx; 6) S m? B) S_L%Li%ﬂdx;

1,6

"

r) \ e~ *dx,

1S KOHTPOMIO TOYHOCTI KOPHCTYBATHCH NOABIHHHM TepepaxyHKoMm,

11. [ins nepeBefenHs HaTypadbHUX JorapadMiB y AecATKOBI BUKOPHCTOBY-
eTncst popmysa M In x == lg x aasi Bcix x > 0, xe M — Koucranra. [ligcrasus-
wy x = 10, a1 M gicraHemo:

1g 10 1
M= Inlo — Inlo
3BiaKM
10
1 P odx
= lni0= ) =

1
o 1 H
3nafity BaGMKEMO 3T 3 TouHicTIO & == 0,0005, kopucTyiounch KBaapa-

Typuoo ¢opmyao Cimmncona.

§ 36. 3apaua Kowi gns 3BMuanHMX gucpepeHLiansHuX PiBHAHD,
Knacupikauis metogis Vi po3r’'sayraHHs

3anaua Kowi cTaButhes Tak — HeoOXiauo sHaiity Ha Biapisky
[xg; %, -+ 1] poaB’a30K y (x) AudpepenIlialbHOro pPiBHAHHS

y =[f y), (36.1)
SIKHH 3410BOJIbHAE TIOYAaTKOBY YMOBY
4 (%) = Yo. (36.2)

Mae wmicne Taka TeopeMa (npo icHyBaHHR ieauHicTb PO3B’A3KY).
Arwyo gynwyis [ (x, y) nenepepena 6 npamorymuury A ==
= >, y) gy <l <@y S+ L [y —y,| < b} i 3adosoabnac
6 A ymosy Jdinwuys 3a aminwow y:
[F (e, y)— [0 9) | <K | yy —yals

de K — cmaaa, mo na 6idpiany (x, x, + h), de
. b 1) ‘
h<m (l, —F , ', M= max
0<h< L iy B ('*:y_)EAlf(x, y)[,‘
icnye edunuil nenepepenui pose’asow 3adaui (36.1)—(36.2),
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JoBenenHnsd. 3agaua 3HAXOMLKEHHA PO3B’A3KY 3ajaw
(36.1) — (36.2) piBHOCH/IbHA 3afayi 3HAXOJKEHHA HENEPEPBHOIG
pO3B’A3KY iHTErpaibHOTO PiBHAHHSA

g =90+ [ [t gVl x€lx %41, (36.3)

Y (x) — HeBigoMa QyHKUis.

Jlns poBefeHHA TEOpPeMHU N0CTATHLO AOBECTH iCHYBAHHS € IUHOTO
posB’A3Ky piBHAHHA (36.3). 3acTOCYEMO /151 JOBEICHHA NPHHIHI
CTHCKYIOUHX Bigo6paxkenb (§ 7).

PosrasHemo oneparop (BixoOpaxeHH:)

x

Ty=yo+ | F(t y(t) at, (36.4)
Yo

BH3HaueHHH Ha MHOMKHHI BCiX THX GYHKUWIH y = y (x) 3 C [x,;
Xy 4 hl, AR SAKMX BHKOHYIOTbCS HepiBHOCTI |y — y, | <b.
OueBnaHo, 3a71aHa MHOXHMHA € NMOBHHM METPHUHHM NPOCTOPOM,
siknil nosHaunmo yepes C [D]. [Tokaxemo, 1o onepatop Ty Bijo-
6paxae npocrip C ID] B camoro ce6e i 1o e onepatop cTHCKYIO-
upii. Cnpaspni, gynxnia Ty, Busnavena popmynowo (36.4), Hene-
pepsHa na [x,; x, - Al, 0610 nanexuts C lxy; x, |- 1l. Kpim
TOTO, .

X

\ Ity @) dt

Xo

Orxe, Ty € C|D).
[loxaxemo, mo Bigobpaxenus Ty cTuckywoue. [likicno, pas

AOBIIBHUX Y, 1 Yy, sKi nansexars C [D], maemo

X

VUEmey—re ppal<

Xo

SMjx— x| SMh <M = 0.

p(Tyy, Ty,) == max

XCLxg;x0-4-h 1

X

< max N[00~ g )|d<

CElxgixe Hh] &,

X

< max [ K|y, () =g, |dt<

x€lxoixo+h] i,
x

<K max H—y, ()] - ) _
<K max 160 —5m@] xelﬂiiﬁrhﬂ dx < Kho (41, 42)

= qp(yl) yz),

Xo
je g= Kh < 1.
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Orske, BifoOpaxenHs Ty Mae e€iHHY HEPYXOMY TOUKY Y €
€CID], y =Ty, sKa ¢ eAMHWM HenepepBHHUM PO3B A3KOM pPiB-
usaH#s (36.3) Ha Bigpisky [xo; xo + hl. Ledt po3s’sizok moxHa Aic-
TATH METOJOM MOCJiN0BHUX HalJaHXKeHb:

U = Yo ST gnos () A, g () ==y m=1, 2,
’ (36.5)

Ocrauni ¢opMysd BH3HavalTh iTepauidnuii metoy [likapa.
Merop [likapa 36iraeTbes | BU3HAUa€ €AUHHN PO3B’ 30K piBHAHHSA
{36.3) ado (36.1) — (36.2).

It DM iTK a. [Mepunm l{e}'l.OJIlKOM ROBCACHOIO pesyabrTary € te, mo pos-
B'930K y (¥) safaui (36.1) — (36.2) Bu3HaueHO He Ha BcboMy Bifpi3ky [xg;

Xy 4 i, a amue Ba [xo, xo+ hl, 1e h Bu3nauaeTuea ymoBamu Teopemu. lpore,
B3UBIIH TO4KY (Xg - By 4y (xo + h)) 34 MO4aTKOBY i MOBTOPHBIUM MIDKyBaHHs
1e=)pe1\m MOKHA H])OILOB)KHTH po3B '430K ute ua Bl}.lpl3OK HOBXHHH h]_, KO,
3BH'I3HHO B OKOJ'H Lll€1 TOYKH BHKOHyIOTbCﬂ YMOBH TeopeMH IIpo lCHYBdHHH
i SIIHlLl‘o poss’ SIBKY. l'Ipo}.lomeloqu ueil npollec, 4ACTo BAAETHLCH MPOAOBIKHTH
PO3B’A30K Ha Bech Binpisok [xy: xo -~ I] { nasits ua [xy; ool.

Haganl esaxkarumemo, wo ¢yHkuia f (x, y) B poarasnysastii
cbaacti Mae JOCTATHIO KiJIBKiCTb NOXiJHHMX 3a 0o60Ma 3MiHHHUMH X
i y. 3oxkpema, Kouu [ (x, y) Mae HenepepBHi NOXiAHI IO NOPAARY m
BKJIIOYHO, TO PO3B’SI30K Y (X) Mae m -+ | HenepepeHY HOXijAHY 3a
aMiHHOO X.

Buailty TouHHE po3B’ 30K 3agaui (36.1) — (36.2), Tobro BHpasu-
T fioro uepes eneMeHTaphi 4M cneuwjanbHi GyHKHiT, abo nomats
yepes KBAJpPaTYpu BiJ eNeMCHTAPHHX UM ChelliaNbBuX QyHKiili
BIAETHCS JHIUE B He6AraThoX NPaKTHYHHUX 3ajadaX. [Hkosu, axuo
HaBiThb | Braerbcs sHAWTH TOUHHN PO3B’A30K, BiH Mae HOCHTDL
CKAAJEAIT BUDIAL | KOPUCTYBATHCS HUM MPAKTHUHO HEMOXKJIHBO.
Tomy st posB’d3yBamHSI 3afaui AOBOAUTBCA 32CTQCOBYBATH Ha-
Banxeni Meroau. Habnikeni meroan Moxua NMOAIMUTH A ABA TH-
Ty anaditagdi (AKi RaoTh HaOIHMKEeHHH PO3B’A30K jaudepesui-
AXBHOO PIBHAHHA Y BUNMIAJ aHANITHYHOTO BHpasy) i 4HcesbHi
(axi naioTh HAGMMKEHHH PO3B’H30K Y BUIMIAAL TabJHIL 3HAYEHD).

Jo anagiTUYHHX HAOMHMKeHHX METOLIB BiAHOCHTBCH {repalyid-
nuil memod Iixapa (36.5). Obmexyounch cmnqem.uM YHCJIOM 111,
BH3HAUAOTH HAGMUKEHHIT BUpa3 Jns pos3B's3ky y {(x). Merox Tli-
Kapa 3pYYHO 34CTOCOBYBATH, SIKIO iHTerpasu B (36.5) BiaerhcH
ofuHeoBaTH Yepe3 eneMeHTapHi dyskuil. SAkwo x upasavacru-
Ha pisusgHa (36.1) Ginbw cxiaaHa, TO Ui iMTErpai TOBOAUTBCH
SHAXOAMTH YUCeNbHUME MeToamH, i Metop [Tikapa we nocuts 3pyu-
HHH.

THtuumM aHafiTHYRHM METONOM HaGAHMMKEHOIo pPO2R’ 3y BaHis
sagayi (36.1) — (36.2) e mercn. AKMH TPYHTYETbCA Ha pPO3KJa-
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AanHi posw’asky 3anadi Komi B pax Tefaopa. 3a uuM mMeroaom
HaO/IKeHn# PO3B’A30K 3a/laui WYKAlOTh Y BUIVIAAL

SN ,
Ym (X) = 2 _—ﬁ)— (X )l’ )CE [x(]; Xo + l] (366)5

I it
i=0

(ro6ro y (x) saminiooTb Biapiskom pany Tedsopa, moxnbka na-
6mpkenHs Mae nopanok O ((x — xg)™Y), ne

YO (xe) =y (%) = g YV (%) = [ (X0, o),

a ocTaHi y(i) (x0) (i = 2, 3, ..., m) 3HAXomaATh 3a opMyJaaMH,
SIKi AiCTalOTh NOCJiIOBHHM JH(epeHniloBaHHAM piBHAHHA (36.1).
Tocainosuo mudepenuiioioun (36.1), sHaxomumo:

YO @) =y () =T (5, ) +Fo(x 9) -y (),
YO () = fax (%, ) + 2 (%, 1) - 5" (0) + o (5, B) - (¥ (1))2 -
+fo(x b)) -y ().

IMigcraBupwn x = x, i y = Yo, 3nafigemo notpibni Koegpinienti
Y (xo), Y7 (xo), ... Y dopmyai (36.6).

Hkwo x Hamexurb ob6jacti 30iKHOCTI \‘ 0 )
J pany 2, - (x —
l-()

— X,)f, TO IPH JOCHTb BEJHKHX 11 MOXHOKA HaBGIMKenoi piBHOCTI
y (x) = y,, (x) mana. Jkuo x — x, Gisbwe 3a pagive 36ixpocTi
PRy, TO KOpHCTYBaTHCS HaGaHKeHHAM Y, (x), sike obGuHc/eHe
3a topmyaolo (36.6), He MOKHA.

Meron poskiananus po3p’s3ky B paa Teitnopa spyunuii toni,
KOJIH BA3ETbCS SBHO 3HANTH KoedillieHTH psiay.

Bigomi #i iWwi aHaJiTHUHI MeTOAH pPO3B A3yBaWHs 3aaavi
{(36.1) — (36.2), ane MH He PO3IASJAATHMEMO iX.

, [Ana posp’sasysanus 3apaui Komti MHPOKO 3aCTOCOBVIOTHCs
yucenbhi MetToan. Bouu 1aloTh MOXKIUBICTD 3HAXOANTH HaOAHKeEHT
3HAYEHHH (a iHKOMU i1 TOYNI) IWYKAHOTO PO3R’A3RY ¢ (X) B AEAKUX
(hiKCOBaHUX TOUKAX (BY3JaX) X, < X, < Xp < ... <CXn = Xy -+ L

Cnip nam’sitaTd, 11O UMCE/IbHI METOJM MOXXHA 3aCTOCOBYBATH
JHie A1 KOPeKTHO rnocraBieHnx 3ajgad. [Ipudomy nis yenimmoro
34CTOCYBaHHSI YHCENBIMX METOLIB 3ajaya Mmae GyTH He TiJbKH
tdopmasbHO cTifikolo, a ¥ Robpe o6ymosaeHowo (MUB. § 6). ITnaxme
He3HauHi NoXMOKH B 110YaTKOBHUX YMOBAX UM B NPOMiXKHHX oGuMc-
JEHHAX MOKYTL TPH3BECTH JI0 BEJAMKOI NOXHOKH Pesy. ibrary.
3BHYaiiHO 1A5 po3B’A3yBaHHA 3ajaui TpeGa Gparu crifiki uncenw
Hi Meroau (anropurtmu). Hanpuknan, posrasaHemo Taky sagauv
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Kowi:
g =2y — 2 —2x +1, 0Lx<I0, (36.7)

y(0) = 1. (36 .8)

Hepaxko nepexkoHartHesi, 1[0 3aradbHHA PO3B'SI30K piBHAHHA
{36.7) ¢ y (x) = ce* 4 x -+ 1, me ¢ — AoBibHA KOHCTaHTA.

BpaxyBaBiuu nouatkoBy yMoBY (36.8), suafinemo, wo ¢ = 0,
T00TO PO3B’ASCK 3ajaui Takuf; y (x) = x + 1.

3BiJcH 3HAHAEMO 3HAYeHHS pO3B’A3KY, HANpHUKAAl, Y ToULi
x=10:y (10) = 11 )

dkuio saMicThr 0UaTKCBOT yMCBH (36.8) B3ATH, HanpHkJaf,
Taky y(0) = 141077 (nocuth HesHauma 3mila - NMOYATKOBOI
ymoBi), To ¢ = 107" i y(10) = 10 et 4 | = 2,7 - 10%, 10610
PO3B’SI30K AyiKe 3MIHHTBCS.

§ 37. Metopgm tvny Einepa

[lobyayemo dopmynu, siki JalOTb MOXJIUBiCTH 3HAHTH HaGM-
JKeHe 3HAUeHHsl LIYKaHOTO po3B’AsKy y (x) 3apaui Kowi B Touui
Xi41, SKUO 3HAUCHHA 1ILOTO PO3B’SI3KY BiJoMe B nonepemHii Touni
x, (i =0, 1, 2, ...). Ockiabku pO3B’SI30K B Mo4atKOBI# TowUL
BIJIOMHH 3 NOYATKOBHX YMOB 3aJaui, TO 3a UUMH (OpPMYJIaMH 1o~
CAiIOBHO MOKHA OOUHCAWTH 3HAYEHHS pPO3B’HI3KY B TOUKaX X,
Xy, X, .

[Ipoiuterpyemo piBHaHHA (36.1) Bin v; 10 Xrp1, Ae X; == x, -|-
-+~ ih:
.

-1

Y (o) = 1 (x}) - y' () dt, (37.1)

4

;i
o

y'(x) =T (x, y(x).
Jlost HabaizkeHoro ob4ucaenHA inrterpasa B (37.1) moxua BH-
KopucTaty KBaapaTypHi dopmymi. BukopucraBum Ty 4d iHly
KBa/iparypHy ¢opMyJy, MOXKHa AicTaTH pisHi (OpMyaH dHCe/b-
HOTO inTerpyBaHHs sajaui Koui.
Slkwo, HanpHkaag, inrerpan B (37.1) obuucanrn 3a GopMy.a0io

JiBHX NPSIMOKYTHHKIiB, TOGTO

xi41
§ y@dt=hy () + 2=y (), n€lx, Xl
“TO MAaTuMeMo

Yl =y ) +hf (. g () +0 . (379
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e

JOTHUHOL CTHHY 1psi-
A0 IO nepetnHy 3 nj vl ¥

Biakunysu uien nopsaaky O (h?), 3 ocTanHbol piBHOCTI Aicra-
HeMo:

Yir1=1Y: —+ hf ()C,', y[)r (373)

Je yepes. Yy, N03HAUYeHO Hab/MKeHe 3HAYeHHs PO3B'SBKY Y (X))

Dopmyaa (37.3) nasusacmoces gopmyroro Ediaepa. [Tounnatouu 3
X, 3a hopMyot0 (37.3) MOMKHA 3HANTH NOCAiIIOBHO B TOUKAX X =
== Xy + h, X, = x; -+ h... HaOJAXKeHi 3HAYEHHS PO3B'A3KY ¥ (X)
sanadi (36.1) — (36.2). [loxu6ka merony Eiiiepa Ha KoxHOMY
Kpoui mae nopsagok O (k).

Mau. 43 e imocrpauieto pos- y
B8’s13auHst 3apadi Kowi wero-
aom Eitnepa. 3 dopmyan (37.3)
BUIHO, U0 U9 3HAXOIKEHHS
PO3B’A3KY ;41 34 BilOMHM 3Ha-
HeHHAM Yy, Tpeba CHoUYaTKY 00-
YHUCJIHTH TaHTEHC KyTa HaXWay
NOTHYHOI 80 KPHBOIL ¥ (X) B TOY-
i (x;; ;) 1 pyxarucs B HanpaMi =

MOIO X == Xjq(; TOYKA EepeTHHY N
BU3HAYHTD ¢ ;. T4aKNM 4HIOM, xg x40
LIyKAHY iHTerpasblly Kpugsy
y (x) HabMzKEHO 3aMiHIOEMO J1a-
MaHo JiHiew (namauoo Eiae-
pa).

Meroj Liiiiepa He 3aCTOCOBYETHCS [LIUPOKO B OOYHC/IOBAILINI il
IIPAKTHIL, OCKIJILKH Ma€ HeBeJHKY TOYHICTb, 1, KpiM TOTO, JOCHTH

>y

Maa. 43

MACTO BUABJISETHCH HECTIHKUM (IPHBBOJAHTL JIO CHCTEMATHUHOLO

HarpoMaekerus noxubox). Ha man. 43 Buuio, sik B JesIKHX BUNaj-
Kax Jamana Liiiepa moxe icrorno BiAXHIHTHCS Bij WyKauol
fHrerpanbioi KPHBOI. :

3ayBaxnmo, wo gopmyay (37.3) moxHa 6yJo 6 aicraty 3 pop-
mMyan (36.6), akimo m == 11 x == x, + h, To0OTO PO3B’SI30K 3aaUi
(36.1) — (36.2) na koxiomy 3 Biapiskis [x;; x;41] nogaersest aso-
Ma uwireHaMmu psjy Tefsopa.

Axuio aist ofumcaenus inrerpana B (37.1) Bukopuerary ¢op-
MyJTY CepeaHiX NpsIMOKYTHHKIB, TO JUIA YHCENbHOTO {HTErPYBAHHSA
sanaqi Kowi moxua noGynysatd QOpMyJH, NOXHOKA SIKMX HA
KOXIIOMY Kpouti Marume nopsiaok O (h%). ‘

3a (popMysnOI0 CcepeiHiX NPAMOKYTHHKIB

*i4-1 . :
§ ydi=hy e 1) + 597 ), n€lw xel.,

*y
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Toni 3 (37.1) nicranemo:
b ser) = Y () + (3 5 y (54 )| + O (9.

3a octauHbOIO (GOPMYJIOIO lle He MOXKHAa 3amucaTH (opMyJIw
yHCceNbHOrO iHTerpyBaHHs 3ajadi Komi, ockijbku B mpaBifi ua-

CTHHI MiCTHTbCSI HEBiAOMEe 3HAYeHHA ¥ (xi + %) (3HaueHHR pO3-~
B’sI3KYy Bijomi B Touni x; i B monepeiHix By3nax).
BpaxyBasuiy, 1mo
g (5t g) =y ) - 5 5 () + 0 )
(puB. (37.2)), MaruMemo:
yee) = g () (x5 5 ) g ey ()

A

+ O (W) + 0 (%) = y (e -+ (x4 5=, ¥ (=) +

h
g ey () - O ),
3pigcu gicranemo taki dopmyan:
h
Yy, 1 =Y+ < [ x5 42, (37.43

_[_ 5
h an
Yivi=Y; + h/c ()C[ ++ 9 yi--l— _L) . (3” 5)
2

Gopmyau (37.4), (37.5) BusHauatloTh yoockonarcnul memod Ediae-
pa. 3a 1UM MeTojoM, siIK 6auMMo, 3HaueHHs PO3B’A3KY B TOYL
X;i1 3HAXOUATH JBOMa KPOKaMM: cnouatky Meronom Einepa z
h : .
KPOKOM 5 OGUHMCJIOITE MPOMiXKHE 3HaueHHsA Y, 1, a notimyxe
‘ Fl
3HAXOJATb 3HAYEHHS Wi, BpaAXo-
BYIOUH [pH IBOMY Hanp#AM iHTe-
rpajgbHOI KPUBOI B cepenuiil touilk

1)

(xl- -+ % yl+%). Ha man. 44 na-
HO TeOMETPHUHY 1JIIOCTpanilo yao-
CKOHaJeHoro  Metoxy Elnepa.
INpama [, € JOTHYHOIO 10 KPHBOE
Yy (x) B TOULi (x;; y;), TO6TO Tan-
TeHC KyTa Haxway Iiel npsmor
10 oci Ox popisnice f (x;, y;). Ha
NepWoMY Kpolli YJOCKOHAJIEHOro
merony Ennepa (popmyna (37.4)p
Ma. 44 3HAXOJHMO TOYKY OEPeTHHY I€l
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. 3
TPAMOT 3 NPAMOK0 X = X; - 5 Lo Touxky Ha mand. 44 nosHayeHo
h .
wepes M, mpuuomy Y L =Y + 5 b)) [Ticast iboro obuuc-
Ty

JIHOEMO TAHTEHC KYyTa HAXMJIY ZOTHYHO! A0 KpUBOI y (x) B Touwi M:
f (JcH 1, y~+ 1 ). Us notnuna nosHaueHa uepes [,. SIKIo Tenep ue-
AL I
] ¥

pe3 TouKy (x;; y,) npoeecTH mpAMy [, napajenbHO mpaMiil 1,
TO BHACAIJIOK NEPeTHHY 3 NPAMOI0 X = X;ii AiCTAaHEMO LIYKAaHY
TOUKY (Xep1; Yia1). 3ayBaxkumo, WO npH [ =0 Touka (x;; y;)
He OGOB’S3KOBO JIEXHTb HA iHTErpaNbHil KpPHBi#, OCKiJbKY
1; € HabMMKeHHM 3HAYEHHSIM pO3B’A3KY.

Agmo ana obuucsienHs iHrerpana B (37.1) Buxopucrat ¢op-
MYJY Tpaneliii, TO MOXHa AiCTATH L€ OJMH MeTOoN AJIs UHCEJb-
HOro po3s’A3yBanHA 3amaui Komi, noxubka fKOro Ha KoxkoOMYy
Kponi mae Takox topamok O (h3).

Ockinpkn
it

, h , , R,
yhdt = — (4" () 4§ (i) — 5§ (), M€l xil,

RO, T

12

TO
Y (xip) ==y () -+ %(f (i Y D) -1 [ i, y (i) -+ O (B7).
(37.6)

Y npasift wacruui gopmysu (37.6) MicTuTbCH HeBijove 3Ha-
YeHHA Y (¥}, o6 picraru notpibui s obuucyaeHus Gopmyian,
K | opu BusexesHi GopmysH ylockoHaneHoro merony Eiinepa,
3AMIUKHMO ¢ (vi 1) Y npaBint wacruni (37.6) 3a gopmynoo (37.2).
Toxi

Y (Kig) == g (%) +»’2’—(f (v g () 4 T (i, y () +
L BF (g 00N b O (1) + O (%) = 5 (x) - = ([ (i 4 (5)) +
T e, g () + R (g, g (x))) -1 O (h9).
3sigcn JlicraHemMo 1apy Takux (GopMmyJr:
Yot = Yi b Bl (s ), (37.7)
Yire = Yi -+ —'} (¢ (%o 9) (i g, (37.8)

11i (hopmynn BH3HAYAIOTH METON, SIKHH HA3HBAETLCH yIOCKOHAAE-
Huy memodom Ednaepa — Koutl.
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[eometpruny  imocTpaniic
METOLY [aHO Ha MaJl. 45, 1e ue-
pe3 [, mosHaueHO NOTHUHY - AC-
KpHeoi Yy = y (x), y rtoumk
(x5 y), a uepes ly — mpsmy,
TAHTEHC KyTa HaXuJay siKol 1o
oci Ox Takuil camui, 9K i 10-
THYHOI JI0 Y (x) B Toumi x =
= Xi11. [lyrany Toury (%:.y;;
Yi1) JLiCTAHEMO B pe3yabraTi
nepeTHHy npsiMoi /[, aKa mpo-
XOIHTL uepes TOUKY (¥, ¥;),
3 OpAMOI0 X = Xg4. [Ipuuomy
npsiMa [ napanenbha npsamifly,

Man. 45 TAHI'EHC KYyTa Haxuay sKoi Ao
i Ox nopisHIOE CcepeaHbOMY:
apudgmeTHYHOMY KYTOBHX Koediuienrti npamux Iy i I,.

lipuknan.

MeTonamu EI'/’I.nepa 3 KpokoMm h = 0,1 3naliTn yncenbuuii pos-
B'a30k 3afaui Kowi ¥ = x -+ ¢, y, = 1 na sigpiscy [0; 0,5].
Pesyabrati ofuMcienb noaano B TaGauii.

Meroan
% Eftzena u; Y pockonanennii | Eitnepa — Kowi TO”!”‘,H !)03'
i pa y; Eilnepa ; 0 xn 30K
20" — x-— 1
0 1 1 l 1
0,1 1,1 .11 1,t1 1,1103
0,2 1,22 1,2421 1,2421 1,2428
.03 1,362 ,3980 1.3985 1,3997
04 1,5282 1,6819 1.5819 15836
0,5 1,7210 1,7950 1,7950 1,7974

S1k 6aunmo, 3a yIOCKOHaJeHHM Mertojom Efisiepa i ylnockoHa-
JgeHuM MmeropoM EBnepa— Kowi aicrasu ognakosi pesyabTati.

3 dopmyau (37.6) a1 BH3HAUEHHS [IYKAHOT'O 3HAUEHHS PO3-
B'A3KY B TOYLI X;4{ MOXHa aicratH dopmyay

h .
Yirr = Yi -+ =5 (Pl 4) -+ [ (Kiry Yir))s (37.9)
nexufka fkoi Mae nopanok O (h%).
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Mu Maemo, TakuM 9HHOM, LIe OJHH METOJ YUCETHHOTO PO3B’s1-
syBaHHA 3ajadi Kowi. Bin npuHuunoso Bixpi3usieThcs Bin pami-
11le pO3MIAHYTHX METOLIB, fIKi BIAHOCSTH O TaK 3BAHHUX ABHUX
Mmemodie: y HUX S3HAYEHHS gy, BUBHAYAETHCA Yepe3 3HaueHus
PO3B’A3KY B ponepeiHiii Touli sABHUMU ¢opmysaamu.- Merogs,
mo BH3HAYaeTbCA Qopmysoio (37.9), HaJeXHTb N0 HEABHUX Me-
modia: o6 3HANTH 3HAYEHHS Yf; 1|, KOPUCTYIOTbCS aiarebpaiuHum
piHAHHAM (37. 9). Tomy BHHHKAE OHTAHHA (PO poss’ﬂsyBaHHﬂ
uboro piBHsiHHA. PiBuanus (37. Q) MOXH2A posa A3aTH, Hanpu-
¥J1al, METOAOM [OCJiIOBHHX HalJHXKeHb:

(*)

G = g (G 90+ [, 657, k=1, 2, .
(37.10)

3a nouarkose HAGJNIKEHHS y'); Bi3bMeMO 3HAUCHHS, 06UiHC/Ie-
He merogom Eiisepa, To6to

gt =y, + bf (%, y)- (37.11)

ko itepauifiuuii npouec (37.10) 36iraerbcs, TO MOXKHA
gHafiTh myKaue 3HaYeHHA ;4. Itepanii npunuHAKTL, KOJIW

Ly — ¥V <e, (37.12)

Jie & — JlesiK4d 3ajlaHa ToYHicTb. ko ymoBa (37.12) BUKOHY€ThCS,
TO NOKNANATL Yoy = 4\, Bu3HAYMMO YMOBH, MpH AKHX iTe-
pauifiuuit npouec (37.10) sGiraerbca. BimguAsmmw Bia pisHoCTI
{37.9) pisnicte (37.10), martumemo:
(k h (k—1) p
lgir —gits | = S 1F e, gign) — F G, gen ) |- (37.13)

ko dyuruin [ (x, y) 3a aminnow y 3anoBonbHsAe yMoBy Jlin-

wHis, To6TOo
(k—1) I

(h—1
If (i, Gor) — f (e, 9 ) I <K |y —y &30,
Jde K; — koucraura, to 3 (37.13) nicranemo:
(k) h (k—1)
|giv1 — gt | < 5 Ko | gon — i |-
3sigcH BMMAMBAE, IO

(k)

it — yida | << ( K,) | Yea1 — gt |-
h o,
Omxe, axmo — K, <1, 10 Y~ yip1 pH & — oo, TTepa-
uiitrnit npoutec 36irze Tbea THM LWBMJLIE, YUM MEHIIA BeJMIHHA - K‘.
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hoy : - . .
— K; posrasmaersess Tyt sK  koediuient  sGixmocti.

h .
Ovuesuxo, 1py —;—K,v<1 Bifo6parkeHHsl, IO 334AEThCH MPABOIY

uactaHol (37.9), ctuckyiode (nus. § 7).

PosriaHyTHH METOJ HAasHBAETbCS YOOCKOMQACHUM Memodon
Eidaepa 3 imepayidnow 06pobror.

Takum uMnoM, 3aBKAH MOXKHA HiZiOpaTH TaKHil Maauii Kpok
h, wot ocragnin meron Ehnepa 36irasca. Iliz sac ofunc-
JeHb KOPHCTYIOTBCS NPAaBHJIOM: SKIIO MicAst TPLOX-YCTHPHOX
itepauiii vMosa (37.12) He cnpaBiKyeTbesi, TO NOTPiGHO 3MeH-
WHTE KpPOK A.

Tomy

pukaaz.

Me'mﬂom Eifinepa 3 itepauiiinoro o6po0xol0 3 TouHicTIO RO

0 5 0" suaiitu na siapizky [0; 0,5] poss’asox sapaui Komi
—}— y, y (0) = 1. Bisbmemo rpox h = 0,1.

1)
Cnoqan(y 3a opmyJsoio (37.11) smaiizeMo naGmuxenus i)

W = o+ 1 (Ko o) = 1H0,1(0 4 1) = 1,1,

Tozni 3a ¢opmynoio (37.10) 3Haxonumo nocaijosHi HaGaHmeH s
it G T

o =1 G101 L) = L10;

y{lz) _ 1 W%_ _92._]_ (1 ‘*_ 0,1 __}._ 1’11) == l 110)7

7 = 1425 (14 0,1 1 1,1105) = 1,1105.

Ockiapxkn 4y i 4y sGiraorbes 10 YOTHPLOX  JECHTKOBHX
3HaKiB, TO moxmagemo y, == 1,1105.

Ananoriuno 3a sHavennsvu ¥; = 0,1 1a y, = 1,1105 sznaii-
"NEMO 3HAYEHHS Y,:

¥ = 1,1105 - 0,1 (0,1 -~ 1,1105) = 1,2316;

¥ = 1,1105 + (0,1/2) (0,1 -+ 1,1105 -+ 0,2 -|- 1,2316) = 1,2426;

g = 1,1105 - (0,1/2) (1,2105 + 0,2 - 1,2426) = 1,2452;

g9 = 1,1105 + (0,1/2) (1,2105 -- 0,2 +- 1,2432) == 1,2432.
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Omxe,. y, = 1,2432.  Anajioriaso oOUHC/IOIOTE PpeIUTY 3HA-
qeHt. Pesynbraty of4uc/ieHb NOJAHO B TabMHUI.

% ‘ 0 0,1 0,2 0,3 ' 0.4 ’ 0.6 l
|
u 1 1,1105 1,2432 1,4004 1,5847 ‘ 1.7989
Bnpasu.
1. 3a goromoroo poskaaay B pan Tefuropa suaiity poss’asox 3agaui Kowi
y=x+y,
y(0) =1

aan x = 0,1 i x == 0,2. BanTn nepii n’sATh unenis psapy.

2. Tino 3 nogarkoBolo Macoro 200 Kr pyxaerbes nif Ai€io noctiliol cuau,
mo crasoButrs 2000 H, npuuomy BeqduMHA CHJIHM ONOPY NOBITPS jgopisHIOE
noxsifinoMy 3nayesno WBHAKOCTI. Maca Tia 3MEHIIYETLCA 3a KOXKHY CEKY{AY
na | kr. [orpiGiio snaiitn weiakicTs Tina yepes 50 cek, SKMO B MOYATKOBRI
MomeHT £ == 0 rijo nmepefyBaso B CIOKOI.

Axuo uepes v NO3naYNMO WBHMAKICTb TiMa, AKa € QyHKUieo Big £, To g1a
EUBIIKOCTI maemo Take audeperilianbie piBUsSHAS:

dv 2000 — 2v ©
—— = e [IPHYOM v(0) =
@l 200 —¢ > Mpuomy 0 (0)

Poas'sgaru sajauy uMceILHO 3 KpokoM h == 10: a) merogom Eiitepa;
&) yrockonaznenum merogom Eiepa; ®) ymockonaneuum merogov Eiiepa —
Ko

PesyanraTi  rnopiBusity i3 snavenuam v (50), AKe AICTAUCMO 3 TOULOTO

posy wsky pistsuing v {f) = 100 — 0 !
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KHH)XKOBA TMOJIHIIS

¥ punapunnTBi «Pajasncbka wWKoja» BHAILIN i BHlAVTE ¥
cBiT y 1984 poni taki MeroanyHi nociGHUKH AJs BUNTEIIB Ma-
TEMATHKH!

Aspamenko M. 1. Vpoxu asnee6pu i nouwarxis axarizy 6
10 gaaci: K.: Pan. mwx., 1984.— 10 apk.— MoBa yxp.— 45 =.

¥ nociGHUKY T:0RaHO po2pobku ypoxiB aarebpy f MouaTkis
agawisy s ycix nporpamuux Tem 10 knacy. Yirko BH3BaueHo
CTPYKTYPHI eJeMEHTH §I JAHAAKTHUHY MeTy KOXKHOIO YPOKY.
3Haudy yBary npupinenc CriTorsaiHuM npobsiemaM, opraniza-
uii camoctifinoi TBOpuoi AisnbHOCTI yUHIB, IPOBEAEHHIC YPO-
Kip-ceMinapiB, TeXHIUHOMY OCHALEHHIC YPOKIB.

bypnra M. L. Buguenns ceomerpii 6 7 kaaci.— K. : Pan. uik.,
1984.— 8 apx.— Mona ykp.— 25 k.

Y nocibnuky posrasiaaerncs METOANKA BHBYCHHS TeomeTpil
B 7 kiaci 3a mixpyudnxkom O. B. [Toropenosa.

Tlopatothes mopaju 1100 HOTOJHAHCTO IIJIAaHYBAHES, BH-
KJaj1y TeOPeTHUHOro matepiany i posr’asyranus szajad. Haso-
JUITBCA PO3pOOKH Ypokis sa BciMa nporpamiuumn temamn. o
KOMHOTO YPOKY TIPONOHYETHCH CHCTEMa JOJAAaTKOBHX BIpas.
3nayna yBara npuiiiserhcs 3paskam 3aniciB po3B’aianb, Mip-
LKYBaHHAM YUHiB.

Bosngx I'. M., Mananok K. Il. [/puraradna cnpancsuricre
wikiaskozo xypcy maremaruxu.— K.: Pap. mx, 1984 —
8 apx.— Moga ykp.— 30 k.

¥ 1noci6HHKY TOAAI0ThCT METOAHYHI PeKOMEHA AT Moo A0~
Gopy i cnoco6iB po3p’'dayBaHHA eKCTPEMAJBIAX 32048y HPHKIAN-
1noro xapaxrepy B 4-—8 kaacax. OcolunEa yB4ra npuriaseTLCS
TOMY, IK HABUMTH YUYHIB CKIAJaTH MaTeMaTHulll MOAEH] pealib-
WHX CUTYalifl, BUCYBATH, NepeBipsTH rinoresn, poOHTH BHCHOBKR
it yzaraanuennst. llasegeno nouaj, 200 a. 1106{)(311*111;\ i reomer-
PUIHHX 33124 3 JIOKJ&/AHHMHI PO3R’I32HHAMIL

Cepena B. ¥0. Maremnaruuna rozika 6 wikiAbHOMY KYpei Ma-
remaruxu.— K. Pax. wk., 1984.— 8 apr.— Mosa yxp.— 25 x.

Y nepmift vactaui nocibnuka B a0BiaKkoBik Gopmi noaaoTh-
cs TeopeTHuHi BilomocTi 3 matemaTuunoi Joriku B obessi, 1o-
CTaTHLOMY AU XapakKTepHCTHKH JOriuHHX OCHOB MIKiJNbHOTO
Kypcy MarteMarTHki. ¥ ApyTifi HacTHi pO3KPHBAIOTLCS 3B S3KH
nafBaX/JAUBiLIMX DOHATHL TpaaHUiHOl JOrikM 3 BiADOBiZHHMH
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