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Beryn
OCTaHHIM 4aCOM BiI3HATAETHCA GYPXTHBHI PO3BHTOK pamiodizuku

"1 IDHpOKe YIpOBaDKEHHA 1i METOAIB B acTpodisuky, GioisHKy, TEXHIKY

touto. Ilpu po3s’sa3aHHi 6araThbox TEXHIYHMX 3ahad reHepanii, BHIPO-
MiHIOBAHHS, NOMMPEHHA | NPHIOMY PaJiOXBIIb, BUHHKAE HEOOXIAHICTD
CTBOPEHHs JDKepeN eNeKTPOMArHiTHAX KONHMBAHb BEJIMKOI NMOTYXHOCTI
i BHCOKOI CTaGLIBHOCT] Y IIMPOKOMY Miana3soHi JOBXKHH XBHIIb (BiJ 9aCTOK
MIKpOHa [O JECATKIB KUIOMETpiB), aHTEH I3 TIPAHHYHO BY3bKHMH
niarpaMamMH  CpAMOBAHOCTI, BHCOKOYYTIMBHX mpHiiMadiB. CTBOpEHHS
TaKMX NpPUCTPOIB HeMoxuimBe 6e3 mepexonay no TIPHHIMIIOBO HOBHMX
METOMIB TeHepauii, mpuiloMy, peectpamii i o6pobku curmams. IIpore
NOMINUICHH XapaKTEPHCTHK PaliOTEXHIYHHX NMPHCTPOIB HE 3aBXKIM BElie
10 6axaHoro edekTy: Ha IEBHOMY eTaml KiIbKiCHI 3MiHH JOCATaIOTh Ti€i
MeXi, 3a AKOIO BHHHKAIOTH AKICHO HOBI ABHII, 1 TOYHHAIOTH Binirpanam
CBOIO pOITb AKICHO HOBI YHHHHKH 1 3a1<onompnocn — CTaTHCTH4YHI.
3aranpHOI0 BEMOTOKO 10 OyAB-1KOi pamiOTEXHIYHOI CHCTEMH € J0-
CTOBIpHE i CBOEYacHe OTPHMAHHA BENHMKOTO 06’eMy indopmalii 3 BHIIPO-
MiHIOBaHHS i3 0OMeXEHO eHepreTukolo. LlpoMy mpoTuaiors, no-nepuie,
CIIOTBOPEHHs CHTHAJIB NPH 1X HOLIMPEHH] Y PeabHHX CEPENOBMINAX, MO~
JIpyre, BIACHI IIYMH DPaJiOTEXHIYHWX MpUCTPOIB, i, HapellTi, TeXHiYHA
HEJIOCKOHAJIICTh TPHCTPOiB. SIKLIO CMOTBOPEHHs CHMTHATYy 33 PaXyHOK
HEIAOCKOHANOCTI NPHUCTPOI0 MOXKHA 3HU3HTH, TO BIUIMB BHIIAJKOBHX 3aBaj
TIOBHICTIO BMKIIOYHTH HEMOXJIMBO, OCKUIBKH 3aBajifi, 3yMOBJIeHI (i3ny-
HMMH TIPOLIECAaMH, HEMBNAIHI HaM. Y pe3ynbTaTi BUABIETLCA, LIO. Hail-

_ Kpalle BIJHOBJICHHS KOPHCHOI iH(popmaui'l' 33 CHOTBOPCHHM CHTHAJIOM

HEMOXMBE €3 3aCTOCYBaHHA METOIB CTATHCTHYHOI paiiodizHKH.
ToyHilie BH3HAYEHHS KYTOBHX KOOpAMHAT JDKEpea mmpom—

' HIOBaHHs BiAOYBacThCA 33 JOMOMOrOX0 aHTEHH 3 OUIBII  BY3BKOIO

JiarpaMol0  COpAMOBaHOCTI. Sk  mpaBuio, 3BYXEHHA Jlarpamu
NOCAracThCa 30UIbIIEHHAM NiHIAHKUX po3MipiB aHTeHu. I[Ipore ns
3aJICXKHICTh CHPABJUKYETHCA IOTH, JOKH He NOYHHAIOTh BHABJIATHCA
pi3HOMaHITHI BHIAJKOBi YMHHHKH: HETOYHOCTI y BHFOTOBJIEHHI CaMoi
aHTeHH, 1i TeMmmeparypHi Ta BiTpoBi aedopMallii, HPOCTOPOBi
HEOJHOPIZHOCTI IOKA3HHWKA 3AIOMIEHHA OTOYYIOYOTO CEpENOBHINA
i miacTHNadoi moBepxHi. BHacmMaoK LBOro MH 3HOBY NOBEPTAEMOCH
10 CHTYallii, KOJIN NoJanblue 30iIbIEeHHs KYTOBOI PO3/UIBHOI 31aTHOCTI
aHTEHH HEMOXJIHBe 6e3 3aCTOCYBaHHS CTaTHCTHYHOI TEOpii.
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Bemyn

Oco6AuBO HaOYHO BMABIAETHCA BIUIMB BHIAXKOBHX (hakTopis
HA NOUIMPEHHA PajiOXBHIb Y peanbHUX yMoBaX. TYT MH NpPaKTHYHO
HIKOJIM HE CTHKA€EMOCSH 3 THMH MPOCTHMH 3aKOHOMipPHOCTSIMM, SIKi BH-
| IUMBAIOTH i3 CYBOPHX pO3B’A3aHb 3ama4 Iudpakuii MeTonamMu Mare-

MaTHYHOI (i3HKH y TpaaMIiifHMX Kypcax Teopii nonas ab6o xiacHaHoi

eNeKTPORMHAaMIKH (IOMMPEHHA XBHJIb HAJl iMIECJAHCHOIO ILIOMHHOI

a6o ceporo, audpaknis Ha knuHi a60 WANIHIPI, 3ATOMIEHHS Y IUIOCKO-

mIapyBaTHX a0o0 CepHIHOMIApYBATHX CEpeAOBHIIAX Ta iH.). Peannmi
CEpE/IOBHINA, B SKHX NOIMMPIOIOTHCA PAIiOXBIII, HEMOMIPHO CKIIaJ(HimIi;
IIpocroposi it yacosi Bapiauii IXHEOTO MOKa3HKKa 3aNIOMCHHS i GOpMH
MeX MOJTYy MaloTh BHNMAZKOBHMil Xapakrep. Lle npmssomuts a0 TOTO,
{0 BHNAJKOBMM. YHHOM 3MIHIOETECA Y NPOCTOpPi i B Yaci HAmpsiMOK
MOLIMPEHHS i - NONAPU3aUIA PANiOXBH/Ib, BHHHKAIOTH BHNIANKOBI 3MiHH
aMmniTynn i (asu pamiocHrHaniB, IO NPHAMAIOTHCA. AHaNi3 BIUIMBY
Ha KODHCHHMiA CHrHAnm nepeniyeHHX (akTopiB -HEMOXUIMBHI 6e3 3a-
CTOCYBaHHA METOAIB CTATHCTHYHOI pamiodizukm.

ITicnsa 3a3Ha49€HOr0 MOXeE CKJIACTHCA BPAKEHHS, IO 3aCTOCYBaHHA
CTaTUCTHYHUX METORIB y paniodisHii BUNpaBOaHEe JHMIIE B AEAKHX
EKCTPEMANTPHHX, EK30THIHHMX CHTyalisx (HaaCnpsMOBaHi aHTEHM, CHIIb-
HO HEOJHOPIIHI CepeNOBHINA, HANJYTNMBI HpUHAMAYi TOWIO), a B pewlITi
BHIIAJIKiB, HE PHU3HKYIOYM IPHITYCTHTHCSA CEpHO3HOI TIOMHIKH, MOXHa
KOPHCTYBaTHCA ' METOOaMH 1 pe3yiabTaTaMH KimacuuHol paniodisuxu
(wecratucTuyHOi, nNerepMiHoBaHoi). Hacnpasai  ns Mexa AOCHTEH
- po3MHMTa 1 3HAYHOIO MiIpPOI0 YMOBHA: €NEMEHT BHNAIKOBOCTI a6o
CTaTHCTMYHOI HEBH3HAYCHOCTi NPHUCYTHiH y BCIX Ge3 BHHATKY ABMIIAX
i 3akomax ¢isukm B3aram i panioisuxm 3okpema. Iluramus Tineku
B TOMY, 3 SKOrO plBI-DI o HeBH3HAYCHICTH chix 6paTn 1o yBaru. i Bpa-
XOBYBaTH NpH po3B’A3aHHI KOHKPETHUX 3aay.

[Ilupoke komo 3ama4, UIA PO3B’A3aHHA SAKHUX 3aCTOCOBYIOTHCA
METOIM CTATHCTHYHOI pamiodisnky, notpe6yc NpaBWISHOTO yABICHHA
npo ‘camuii xapakrep ix. [To-nepiue, MoBa 3aBxau fine Npo MOBENiHKY
MaKPOCKOMIYHHX CHCTEM, TOOTO CHCTEM i3 BENMKOIO KiIBKICTIO CTYTICHIB
BiIBHOCTI, IO-APYTe, METOI0 NOCHI[KEHHA € HE TOYHE NEpeNbavueHHs
3HAYECHb TNEBHOI MaKPOCKOII4HOI BENMHYMHH (CHWIH CTpyMy B Koni a6o
KyTa HAJXOKEHHA PaNiOXBHIB), 8 PO3PaXyHOK JMIIE THX NApaMETPiB
¢mykTyanid UMX BelNMYMH, SKi € CTiHKHMH (NOBTODIOBaHHMM) IpH
3aJjaHMX 30BHIIIHIX yMOBaX.

- IKOTO 3HaYEHHA 3 IHTEpBANY

PO3QLT I
OCHOBHI IIOHATTS TEOPII AIMOBIPHOCTEN

§ 1. Bunaakosi noaii

06’ €KTOM BHBUEHHSA Teopii fiMoBipHOCTEH € BUNaakoBi noaii. Sk
HalnpOCTINTy MOZIENb BUNAKOBOI MOAIT MOXHA 'po3rnana'm, HaIpHKJIaZ,
BHIIANAHHA ,,0pia” a6o ,pemKky” NpY KUAAHHI MOHETH (BHIIANAaHHA
3a0aHO1 KiILKOCTI OYOK NpH KHAAHHI TpalmbHMX KOCTCH, YTBOPEHHS
NEeBHUX KOMOIHAIIIi rpanbHUX KapT TOWIO).

BuBYCHHS 3aKOHOMIPHOCTEH, TMOB’S3aHMX HaBITH 13 IIMMM HaM-
MPOCTIIMMY MOZEIISIMH, A€ 3MOTY PO3B’A3YBaTH JOCHTDb CKJIA/HI 3a1adi
paniodizuky i pamiOTEXHIKH, Jie IK BHNAKOBI NOMI MOXHA PO3IIIAATH,

HAaNPHKNAX TaKi. MEPEBHINCHHA IIYMOBHM CHMIHAJIOM I(t) 3aJIaHOTO
noporosoro 3HadeHnHs lo; NpoxomxeHHs [ (t) yepe3 Hynb (BHNAAKOBA
TOJis ToNArac y 3MiHi 3HaKa /); BXO/DKEHHs 3HaueHHs [ (t) B 3aJaHMi

inrepBan dI (puc. 1.1) ;

Ha BigMiny Big HEBHNAAKOBOI (NeTepMiHOBaHOI) nmoxii, fAKa B
pe3ynnTaTi MpoBeieHOro nochiy 06oB’s3koBo BinOysaerhca abo
060B’a3k0B0 HE BimOyBaeThcsa, BumagkoBa nopis A (momil nmam
NIO3HAYaTHMEMO _Bemmﬁmn niTepaMH JATHHCHKOro andasiTy) y LIBOMY
Jocnini Moxe BinbyTHucs, a Moxke i He BinbyTuca. Lle o3Hagae, mo Koau
B OJHAKOBMX yMOBaX HPOBOAMTHCA cepif 3 N MOCHifiB, TO KiJBKICTb
mocaime N,, B SKHX nonih A Bigbynacsa, Mmoxke HabyBaTH, 3araiom, 6yab-

OSN,ZN. (1.1)
Jlna nerepminopanoi momii 4 npu Oyap-skiii BemMKil KiTbKOCTI
nocniniB N 060B’A3KOBO peamsyerscs OmHa 3 ABOX MOMUIMBOCTEH: aGo



§1. Bunaokogi nooii

o
v

Puc. 1.1

N,=0 (uemoximBa mnopis), a6o N, =N (mocrosipua mogis).
BinHomenus ‘ i

| N,/N=v, (1.2)
Ha3HBAE€THCA - YACTOTOK MOABM NOMII A, a JOCHigy, 1O HOCHIZOBHO
TIPOBOAATECA; HA3HBAIOTh BHOPOOYBaHHAMHM. i BHNAJKOBHMX IOIiH
YacTOTa V, NpH Benukii Kinbkocti mocmimie (N >> 1) sussnserscsa
CTIHKOI0 BENMYMHOIO: YKM Gilblue JOCTiiB MH MPOBOAHMO (YHM AOBILIA
cepis BUpoGyBaHb), THM WIiNbHIIIE BUMIpAHI SHAYCHHS V 4 TPYTIYIOTECS
HaBKONIO AKOIOCH LiMKOM BH3HaYeHOro 3HAYCHHA, SKE I03HAYAETHCHA
P{A} 1 HasuBaeTecA FimoBipuicTio momii 4. Caix minkpecnurth, o

P{A} — He € TpaHuueo v, mpu N —> 0: amKke Vv, -— eMIpPHYHO

BH3HaUCHA (BHMIpsiHa B IOCHIAl) BEMMYMHA, TOAI AK NOHATTSH ,,IPAHHII"
HAICXHUTh TUIBKM OO 00 €KTiB MaTeMaTHYHOIO aHanisy, To6To 110

aGCcTpakTHMX TOHATS. TOMy BHUMIpIOBAHHA YacTOTH V4 MOXHa
pO3rNANaTH TIMBKA SK EMIPAYHHHA Croci6 BH3HAYCHHA NEAKOL
' 8

§1. Bunaoxosi nooii

a0CTpakTHOI MAaTEMaTH4HO! BEIHYMHH P{ A} . Crilixicte v, 1pH
N > 1 cBiguuTE IpO TE, IO MM JICHO MAaeMO CHpaBy i3 BHIIAAKOBOKO
NOAI€I0 4, YaCTOTa V4 NOABH SKOI BUSHAYAETECA ii HMOBIPHICTIO P{ A}

TMM TO9Hile, YUM JOBLIA cepid BHIpoOyBane N. TyT MoxkHa rOBOPUTH
npo BUIAAKOBI Hofii sK npo nepenbavyBaHi Ha BiAMiHY Bil Hemepen-

-GadyBaHMX MOJiH, 4aCTOTA TMOABM SKHUX NPHU BENMMKUX N HE € CTIAKOO i

UL AKMX, BiZIIOBIAHO, HE MOXXHA BBECTH ITOHATTS HMOBIpPHOCTI.
3BepHeMocs 10 NMPHKIaXy 3 BUMIpPIOBaHHAM CTpyMy B Haipo-

CTIIIOMY KO, IO JAEMOHCTPYE CIpaBe[uMBicTh 3aKkoHy Oma. I'pyOuit

npwiaj jae LinkoM BussaveHi suawenns cipymy I =1 =U/R mnpu

samauux Hanpyrd U Ta omopy R — ’KOAHHX BHNIAAKOBOCTEH HEMAE,
BCi nomii merepMiHoBaHi. Jyxe TO4HMI NpHNag, MO XapaKTepH3YEThCA
BHCOKOIO 9YTIMBICTIO, (iKCy€e BLAXHIICHHA CTPYMY BiJl TOTO CEPENHBOTO
3HAYEHHs, K€ NOKasye rpyOuii mpmman, — Hi BIAXMICHHA MOXHA
posrnanatd Ax Bunaakosi mopil (¢myxryamii). Iloxasn HecnpaBHOro
npunazy (3 NOTaHWM KOHTAKTOM B €JIEKTPHYHOMY KO TajbBAHOMETpPa
a60 3 MeXaHiYHHMM HECIPABHOCTAMM — 3HAYHHM TEPTAM Yy MJBICH,
CTPiNKO10, LIO ,,33iAa€” TOWIO) € HenepeadauyBaHHMH — BOHM JKOMHHM
YMHOM He IOB’f3aHi 31 COpaBXHIME (QUIYKTyallisMM CTpyMy B KOni
(1o MaroTh, K MM [0Ga4MMO, WINKOM MEBHY (i3HYHY HPHpPOAY),
a BU3HAYAIOTHCA TUIHKH HECTIPABHOCTSAMM IIPHIIANY.

I3 dopmynu (1.2) surumsae, mo 0 <v, <1, i, omke, iMOBipHICTL
P{ A} — € HeBiI’eMHOI0 (Mi}CHOIO) BENMYHMHOI), IUO HE MEPEBUILYE
OIIMHHMINIO:

0< P{4}<1. . (13)

IMOBipHiCTP HEMOXJIMBOI MOAiT P{A} =0 (ockimkn N, =0
npu Gyas-skomy N, omke, v, = 0); HMOBIpHICTH JOCTOBipHOI noxii
P{A} =1 (ockimekn N,=N 1 v,=1). 3BopoTHi TBEpIDKEHHS,

3arajgoM, XHOHI: gKIIO P{A} =0, To ue we He o3navae, mo N, =0!

- TobTo monis A, AMOBIpHICT P{ A} SIKO1 TOPIBHIOE HYJIO, MOXE 1HOZI

9



$1. Bunaoxosi nodii' '

§1. Bunaoxosi nooii

BifOyBaTHCA, NPOTE TaK PifKo, MIO npu N >0 v, —>0. Ipo Taki

TOAii TOBOPATE AK MPO NOAIT 3 “HMOBIPHICHOIO MIPOIO HYJIb” Ha BiIMiHY
BiJi MOAIH, AKi COpaB/i HIKONHK HE BiOYBaIOTBCH. .

SIkio B pe3ynbTaTi JOCHIY MOXe BitOyTHCA He O[Ha, a JeKiIbKa
nopiit 4,, 4,,... A, TO TOBOpATH mpO cykymmicTe aGo rpymy
BUNAJIKOBHX NOAill (BMNajapgHA neBHMX KoMGiHaLif ©OYOK IipH
OHOYACHOMY KHIAHHI KiJIbKOX rpanm-xixx KOCTeit; KOMip i CTapIMMHCTBO
rpanbHOi KapTH, HABMAHHS B3ATOi 3 KoNomu Tomo). Y pamiodisuui

TAKOK) CYKYNHICTIO MOAIH MOXXE BHCTYNATH, HaNpHKIAl, NpHHOM

curaany (ikcoBaHOT aMIIiTynH 4, NeBHOi momApU3aLii A, i3 3ajaHOTO
HampaMky A; tomo. le npuxnamam cykynHocti cmiabumx (a6o
CYMiCHMX) ORI — BHACHINOK NOCIAY BOHH MOXYTh BiaOyBaTHCS
OIIHOYACHO HA BilIMiHY Bi/l HeCyMicHMX (B3a€EMHO BHKTIOUEHHX) IOZiH,

AKI ORHOYacHO BinbyBaTHCA HE MOXYTb. IIpHKNagaMdm HECYMICHHMX

oA MOXYTh GyTH BHNAmaHHA ,,0paa” alo ,,pelKH” B ONHOMY KHIKY,
BIy4eHHa abo mnpoMax miJi dYac OIHOro ' IOCTpUly, BHIITAHHSA i
HEBUITITAHHSA €IEKTPOHA 32 MaJIMii IPOMIXKOK Yacy Ta iH.

Busnauennn

1. Cymoro xBox moaii 4, i A, masupalots nogito S = 4, + 4,,
AKa MONATac B TOMY, INO B. PE3YNLTaTi JOCHiXYy BinOyBaerhcs. Xoua 6
ozHa (He3anexHO AKa) 3 Moxikt A, a6o A4, abo 4, i A,. SAxmo noxii 4,
i A, mecymicni, To S = 4, + A, — nozis, Wo nonsrae B nosABi onHiei 3
noxi 4, abo A, (nesanexHo sKoi). 3BilICK BHIUTHBaE, MO HMOBIpHICTH
NOABM ORHIEl 3 ABOX HeCyMiCHMX moaiii A4, i A, nopiBHioE cymi
FiMOBIpHOCTei# 1IMX HOZi: |

P{S}=P{4 abo 4,}=P{4}+P{4,}.

Y3araneHHBIIH 0 GopMyNy Is BUNagky k nonapuo HECYMICHHX
nogin A, (z =1,2.. k) OTPHMAEMO

10

"MOUOBHIOBANBLHMMH (260  NPOTHIEKHUMH)

‘ | ) | |
' P{S}=P{4, abo 4,...a6o Ak}=ZP{Ai}. (14)

Cylcynmcn. Hecymcmlx moniit 4, (i=1+k) yreopioe mosny

rpyny, SO BHACTIZOK ZOCHIAY 060B’A3K0BO BinGyBaeThCs OfiHA 3 HUX,
T06TO AKIIO CyMa S'€ nocrompﬂom HOAIEI0:

P{S}=D P{4}=1. (1.5)
. - i= - ‘
Stk xei moaii A, i A, yTBODIOIOTH NOBHY IpyNy, BOHM Ha3UBAIOTHCA
nomismu.  Iloxis,
AOTIOBHIOBANBHA JI0 4, , no3HauaeThes Ak A, = 4,. Omke, S =4 + 4 —
JIOCTOBipHa nomx, TOOTO

P{s}= P{A,}+P{ =1 (1.6

Posrassemo Temep aBi cymichi momii 4 i B, mexail HaM RaHO

HAMOBIPHOCTI CaMuX  NOAi# P{A} i P'{B}, a TaxoX IMOBIpHICTBb iX

CYMICHOI NOSIBH ~P{AB}. CraBHTBCS THMTAHHA: AK 3HaiTH fMOBIpHICTS
cymu nogiit S = A+ B?

Teopema. VimoBipricTs nosBM xoua 6 OMHiEl 3 HBOX CyMiCHMX
nomii mopiBHIOE cyMi HmoBipHOcTell Lx mnomiii 6e3 iMoBipHOCTI iX
CHiNBHOT NOABH:

P{S}=P{4+B} =P{A}+P{B}—P{AB}‘. (1.7)

Joeeodennn. Tonis A+ B Bigbynerscs, sxmo BinOymeTscs ogHa

i3 HaCTYNHHX TpBOX HeCyMicHMX momii: 4B, AB a6o AB. 3a
npasuwiioM fonaBaHHA HMOBipHOCTe# HecyMicHMX nofid (1.4) MoxHa
3alHCaTH:

P{4+B)= P{4B)+ P{AB}+ P{4B)}. (1.8)

11



§1. Bunaoxosi nodii

3 - inmoro 6oky, momis A- HacTaHe, AKIIO HACTAHE OAHA 3 MBOX

HECyMicHMX moapiii: AB ‘a60 AB. 3a npaswioMm JIOIIaBaHHSI
#fiMoBiproCTeit HecymicHux moaiit (1.4) Maemo:

P{4}=P{4B}+ P{4B)}. (1.9

3BincH 3HAXOOUMO | ‘ , | |

P{4B }= P{4}- P{4B}. | (1.10)
AHaJIOTIYHI MipKyBaHHS JalOTh 3MOTY BHM3HAYMTH TaKOXK . iMOBipHiCTB
0sIBH Noxii B: _ T ‘

P{B}= P{AB}+ P{4B)}, | (1.11)
3BIJIKM OTPHMYEMO | )

p{aB}= P{B}- P{4B). (1L.12)
Iliacrapusmm (1.10) i (1.12) y (1.8), orpumaemo uiyicauy dopmymy (1.7).

2. lloGyrkom moniit 4 i B HasuBatots momito M = AB, sxa
TOJIATAE B TOMY, IO B Pe3y/IBTATi NOCIiAY BiAGYBAIOTHCA AK N0 A, TaK
i mogis B. OueBuano, mo sxkmo A i B € mecymicHumu, T0 M —
HEMOXUIHBA MOAIS. '

Hexait mpu N Bunpo6yBaHHAX HOAiA A Binbymaca N, pasis, noxis
B — N, pasis, ay N, Bumajgxax i3 N Mamu Micue Bimpasy o6masi
nogii 4 i B. Toxi npu N, N,, N, N, —> 00 MOXHA 3alHCaTH BHDa3H
s HMoBipHOCTEi:

v, =%_,p{A},VB =i;’v_8__>p{3} v, = NA;B - P{4B}. (1.13)

Ocrtanniit Bupa3 (1.13) Bu3Havac AMOBIpHICTE CyMicHOI peamsauu noxii
AiB.

Bimsomenns N,,/N, mpu N,N,,N,, N, — © Oyme
TPYIyBaTHCS HABKONO JIEAKOr0 YHCIa, KE TAKOK MOYKHA TPAKTYBATH K

12

§1. Bunaoxogi nodii

iMOBipHiCTB, a CaMe SK YyMOBHY HMOBipHicTE 3ilicHeHHs nogii B 3a
YMOBH, IO MOAis A 060B’A3K0BO Masa MiCLE:

%‘i——)P{BIA} a6o P, {B}. (1.14)

A

AHAaJIOriYHO MO>KHA 3amMcatH i yMOBHY nmompmcrs 31iiicHeHHs momii
A 3a yMoBH, 0 TOxis B 060B’13Kk0BO Mae MicLe:

M-)P{Aw} “abo P, {4}. (1.15)
OcKinbKH

Ny _NugN, Nyh,
N N, N N, N’

TO MiXK YMOBHMMM i 3BHuaiinuMu (ab0 Ge3yMOBHMMH) HMOBIPHOCTAMH
Ma€ MicClie HACTYIHE CITiBBIHOLICHHS: -

P{M}=P{4B}=P{4| B} P{B}=P{B| 4} P{4}. (1.16)

VMoBHy ﬁmosipuicu P{AlB} Ha3UBAIOTH IIE ANOCTePiOpHOIO
(abo: ,,micnamocniaHOK0” HMOBIpHICTIO), a P{A} — anpiopnoro
(,nepennocninnoio™). 3 (1.16) orpumaemo

P{AlB}=%§TA:}—} a6o P{B|A}=€J—{-{%. (1.17)

IlBi momii 4 i B Ha3MBalOTECA He3aJeXHMMHM, KO YMOBHA
iimosipuicts nomii P{4|B} 36iraerscs 3 ,6ezymosHOI0™ P{A}, T06TO
AMOBIPHICTS NOABH 0Aii 4 HE 3aIEXUTH BiJ TOro, Y Binbynacs noxis B
(abo, HaBHaky, AMOBIpPHICTL MOABM MOAIT B He 3aJIEXMTH Bil TOTO, YH
sinbynaca nomis A). IIpn wsomy 3 (1.16) BuiMBae, WO AMOBIPHICTH
no6yTKy He3aleKHHX NOAiH € noOyTKOM iMOBIpHOCTEH LIMX MOAIH

P{M}=P{4B}=P{4}-P{B}. (113

13



$1. Bunaokosi nodii

§2. Bunaokosi eenuduHu

VY 3aranbHOMY BHNAIKY UL JOBLIBHOTO 9HCA HE3AIEKHHX IOIiR
MaeMo HOpMYNy MHOKEHHS ﬁMOBipHOCTeﬁ:

P{M} P{AA,..4}= P{A}P{AZ} PA} HP{A,} (1.19).

3ATAUI
1. IIpoBoauTsCst NpuioM KoZOBHX KOMOiHawLil, 1O CKIANAIOTHCA 3
’aTeox mudp Bix 1 5o 5, mpraomy koxHa 3 uudp y oxpemiit Komﬁmaun
3’ABIIAETHCA ORMH €OMHME pa3, Hanpukian: 1, 2, 3,4, 5 abo 5, 4, 3, 2,
Ta iH. SIxa #iMOBipHiCTE P{A} TOro, 10 y NpuitHATIii KOM6mann umbpn
YTBOPATS ITOCITINOBHICTE 1, 2, 3, 4, 57

Po3e’asok. 13 w’areox enemenris (uudp 1, 2, 3, 4, 5) mwIXoM
NEPECTaHOBOK MOXHA CKnacTH N.= 5! pisuux xom6iHaui#i 3 pisHOIO
mvxompmcno Hac nikaBUTB TinbKH ONHH pesynLTaT n =1: kombiHanis 1,
2, 3, 4, 5. Voro #tMoBipHicTh JOPiBHIOE

1

n
P{A}z—ﬁ=-1_2—a i

2. Jlimiero 3B’43Ky y BHUQAKOBOMY HODALKY 3 piBHOIO
HMOBIPHICTIO nepefailothess 30 3HakiB ykpaiHchkoi aberku. 3Haiith
AMoBipHicTeE P{A} TOro, IO 3’SBHTHCA TMOCIJIOBHICTL OyKB, sKa
YTBODHTE CIIOBO ,,pajtio”.

Poae 3ok, KimbkicTs Beix BHUMNanKiB N (KUIBK]CTB Bubipok i3 30

nitep aGerx 110 5) AOPiBHIOE KiABKOCTi po3Milens i3 30 no 5, To6ro

N =4, =30-29.28-27-26.

I3 nux BEmankis copuSTIMBUM A noaii 4 € TlJIBKM OJIHH Pe3yNbTar,
T00TO N1 = 1. Om(e,

P{A}:%:;lf—zS&.lO“”.
0

3. BusBnenns mOBITPSHOI LI BUKOHYETHCS HE3aJISKHO ABOMa
paioNOKALIHHUMY -CTAHIIAMH. IMOBIPHICTh BMABIEHHS WiNi MEpPHIOD
cranico aopisuioe 0,7. IMOBIpHICTS BHABJICHHS Iijli APYTOIO CTAHIIEIO
nopipaioe 0,8, Busnaummu iimosipuicts P{S} Toro, mo uime Gynme
BHsIBJIEHa X049a 6 O[HI€IO CTAHIIIEIO.

Po3ze’asox. Tonis S, mo monsrac y BUABIEHHI 1, Bin6ynerses,
AKIo Lins Oyne BUABIEHA IepLIMM JIOKaTopoM (mofis A), abo apyrum
(noxis B), aGo ogHOYacHO ABOMa IOKaTOpaMH (rofis 4B). Buano, wo §
€ CyMOIO CyMicHUX nogiit § =4+B i #MOBIpHIiCTS ii NOABK BU3HAYAETHCA
¢dopmynoro (1.7)

P{S} = P{A} + P{B} - P{4B).
Ockinpku mofii 4 i B nezanexi, P{AB} =P {A} P{B} . Orxe,

P{8}=0,7+0,8-0,7-0,8=0,94.

§ 2. Bunaaxosi Be1HYHHH

BunankoBa mMoOxis MOXE PpO3MIANATHCA TiNGKM K SKICHMH
pe3yJbTaT €KCIIEPUMEHTY, IO NPOBOAMTLCS 3a NeBHMX yMoB. Hanpuknan,
AKIIO CTPYM y KOJIi Ma€ BHrAA[ iMITYJIbCIB, O HAYTE OJMH 32 ONHHM 13
BHMTIAJIKOBMMH iHTEpBaJIaMH, TO (akTH HasBHOCTI a60 BiZICYTHOCTI CTpyMY
B LICH MOMEHT € BHIAAKOBAMH NOALAMH. I KUNBKICHOT XapaKTEPHCTHKM
PE3YJIBTATY €KCTIIEPMMEHTY BBOIMTHCS TNOHATTA BHNAAKOBOI BEJIHYHHM.
Jlna BKa3aHOI MOCHIZOBHOCTI IMIYJIECIB TAKOIO XapaKTEPHCTHKOIO MOXE
CITYTYBATH, HANPUKIAZ, KUIBKICTh IMIIYIECIB y IIEBHOMY iHTEpBAJ 4acy
a60 KiNbKICTH NEPeBHIEHb CTPYMOM 3a/laHOTO IIOpOra 3a paxyHOK
nykTyanif, 30KpeMa KiNbKiCTb NCPEXONIB YEpE3 HY/MLOBMI DIBEHB
(xinbkicTh 3MiH 3Haka) Tomo. Lle npuKiIany AHCKPETHHX BHNAAKOBUX
BEJIMYMH ~ BOHHM HaOyBaloTh JIYMIBHOI MHOXKHHH 3Ha4eHb (iX OyksansHO
MOXHA MEPEiYNTH); I MHOKHHA MOXke OYTH 1 HECKIHYEHHOIO. 3 IHUIOrO
GoKy, pe3ynbTaTH BHMipioBaHE (Hi3MUHOI BENWIMHHM MOXYTh HANEXATH
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§2. Bunaodxosi genuyunu

 §2. Bunaoxosi eenuuunu

KOHTHHYYMy 3Ha4e€Hb, TOOTO HEMepPEpBHO 3allOBHIOBATH CKiHYEHHH abo
HECKIHdeHMH iHTepBanmd  mifichoi oci. J[lo Kkmacy HemepepBHMX
BUNAJKOBHX BEIHYMH HaJIeKaTh, HANPHKiajl, TPHBAIICTh IHTEPBAJIIB Yacy
MiXK IMITYNBCaMM, MUTTEBI 3Ha4eHBA (IYKTYIOYHX CTPYMiB i Hampyr y
PajioTEXHITHOMY KO, IIBHAKOCTI €NEKTPOHIB Y IUIa3Mi, WBHAKICTE i
KOOpZMHATH GPOYHIBCHKOI 9aCTHHKH (aHANOTIO 3 MEPECYBAHHAM AKOT MH
BHKOPHCTOBYBATHMEMO JAJli JUTS HAOUHOCTI ) TOLLIO. »

2.1. HenepepBHi BUNAKOBi BeIHNYNHH
Hexaili HemepepBHa BumagkoBa BenmdunHa ¢ Moke HabGyBaTH
3HaueHHA B iHTepBami (a, b]. IMOBipHICTE TOTO, 10 BHIAAKOBA BEIHYHHA

£ He mnepeBumye Oynb-AKOTO 3afaHOro 3a3JAerinp 3HAYEHHA X,
Ha3uBaeThCA PyHKIUiEI0 po3noainy iimMosipHocreii (abo inTerpanpHoI0

“pyHKuiclo posnoainy limosipHocreii) F§ (x) BHIIQJIKOBOI BENMIHHH &

Fe(x)=P{&<x}. @2.1)

3 puc. 2.1 BuaHO, WO F,’: (x) ~— IMOBIpHICTh BHNAAKOBOI IOAii, 10

rnonArae Yy norpannxﬂm BPIMlp}IHOl BEIIHYNHHU f B 3amrpnx03aﬂy‘ ‘

‘ ‘HOJIBlPIHPIM IITPUXOM 001acTh.

a x X, b §

Puc. 2.1

Bmzcmueocm: Fg ( x)

1. Tlomis §<a € HEMOXUIMBOIO moficro, a nomis £<b —
noctoBipHOK. OTxe,

P{;<a}=F;(a)=0, 22)
p{5<b} Ff(b) 1.
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2. Jloaenemo mo B imrepsami a<x<b dymknin Fy(x) e

MOHOTOHHOKO Hecnazmoxo q)ymcme}o Ob6epemo Ha oci & 3HadeHRs
x, > x (muB. puc. 2.1). BunagxoBy nofiito & < X, MOXHa PO3IIISAATH AK
cymy nndx HecyMicuux moxifi €< x (momeiitHux wrpmx) i x < E<Lx,

(onuuapumit mrpux). Lls obcraBuHa fae 3Mory 3acrocysati Gopmyny
IonasaHHA MoBipHOCTeii (1.4):

P{é<x}=P{é<x}+Plx<é<sx}. (23)

Bpaxosyroun BusHaueHHs (2.1) i-Toit ¢akr, mo #imMoBipHicTs P Oyns-
AKO1 10AIT € HEB1' EMHOIO, MAEMO

Fe(x)—Fg(x)=P{x<£<x}20. (2.4)

Taxum quHOM, 3i 36inbmeHnsM x GyHkuis posnoniny Fy (x), y 6ynn-
skoMy pasi He cmamae. 3 (2.2) i (2.4) BummmBae: Fy (x) =0 npu
-w<x<a, F;(x)=1 mpu b<x<o, a B obmacti a<x<bh

MOHOTOHHO 3pOCTa€ Bif Hyns (mpu X =a ) Ko omuuuui (npu x =b).
3. Hexaif X, BiApi3HA€THCA BiX X HA HECKIHYECHHO MATy BENHIMHY

dx (x, = x +dx). Toni 3 (2.4) BunnuBac:
P{x<¢< x%dx} =Fy(x+dx)-F;(x)= W (x)dx, (2.5)

e MU BBEIM TYCTHHY po3noainy HmoBipHocTi W§ (x) BMITAJIKOBOT

BenuuuHn & :

(2.6)

4. 3 Bu3nauenus (2.5) sumno, wo W, (x)dx € HMOBIpHICTB TOTO,

O BHNAAKOBa BenMuuHa ¢ HaOyBac 3HAYeHHs HAa IHTepBa
x<&éLx+ dx Inrerpyroun; 2.6) ), maxmxqum;&ﬁ ) =
[ { {ind

MaeMo




$2. Bunaokogi eeauiunu

Fp(x)= J' We(x)ax'. 2.7)

5. IMoBipHicTh noTpamnsnna &y Kinueswii intepsan x, < £< x,,
3rigHo 3 (2.4) 1 (2.7) nopisHioe :

p{x,;gs,cz}=F§(x2)-F5(x])‘=fW§(x)dx. ey

]

Baacmusocmi % (x)

I3 HaBeneHuX - BIacTHBOCTEH F§ (x) 1 dopmyn (2.6) 1 (2.7)
BHIUIHBAE, 11O
1) W¢ (x) — ¢iniTHa PyHKIiN, IO TOTOXHO NEPETBOPIOETEC Y
HyJIb 11032 iHTepBalioM a < x <b;
'2) mHesi'eMHa (YHKNiA BCEpeaMHi BKa3aHOro iHTepsamy
(We(x)20);

3) nnoia nix Her AOPiBHIOE ONUHMII (YMOBA HOPMYBAHHS ):
| I We(x)dx = Fy(0)=1. (2.9)

‘Ha puc. 2.2 cxemarnuno 306paxceHi MOXUIHBI rpadiku QyHKIIHA
Fy (x) i W, (x) . IMOBipHiCTE TOTO, HIO BMmAAKOBa BeMHYHHA &
HabyBae 3HaueHHA 3 iHTEpBaNy X, < £ < X,, NOPIBHIOE 3alUTPUXOBAHiT
TUTOMIHH] . :

2.2. InckperHi BHNAAKOBI BeTHYHMH

Hexali Tenmep BumagkoBa BenuunHa ¢ Moxe HabyBarn
TUIBKH JHCKPETHMX 3HaYeHb X, <x, £...SXx, 3 iMOBipHOCTAMH

P{§= x,.} =p,. Hexait noaii £ =x, (i =1,2....N) HecymicHi.
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- .. §2. Bunaoxoei enuyunu

Puc. 2.2

Jlns 6ynp-1KOro Hamepes 3aQaHOro 3HAYEHHSA X CKIaqHa MOMiA

&< x nacrae Toai i TimbKH Tomi, konu & HabyBae OHOTO 3i 3HaYeHDb

E=x; (=L2..k), J€ 3HaueHHA Kk BH3HaYaeTHCA i3 HACTYMHON
HEPIBHOCTI:
X SX<Xpyy. (2.10)
CKOpHCTAaBIUMCH NIPAaBHJIOM IACYMOBYBaHHA HMOBipHOCTEH s
HECYMICHMX MOAi#, orpuMyemo mns ¢yHKIi posnoainy HMoBipHOCTEH
HacTymHy popmyny: ' ‘
F,(x)=P{¢ = x, a0 & = x, abo...a6o & = x,} = le,.. 2.11)
. 1=
BBegemo 'y pOSrIsiA OAMHHYHY CXimuacTy ¢yHKuiio (d)yﬂxliim
Xesicaiiga): ‘
1, saxwo x20;

h(x)={ ‘ @

0, axwyo x<O0.

Toxni dopmyiy (2.11) moxna nebennc‘a'm y BUrAmi
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$2. Bunaoxoei ee/zuuuuuv

$2. Bunaoxosi eenuvunu

F.:(x) Zp,h(x —x). ey

i=l
Honanxn 3 1> k Bunagaiors i3 cymu (2.13) y 38°s3Ky 3 ymosamu (2.10)
1(2.12).
BH3HAYMBIIH TyCTMHY pO3NOAiNy iiMoBipHOCTEH W; (x) AK
noxizny sin Fy (x) (nu. (2. 6)), 3 (2. 13), orpumyemo

We(x)= Zp,5(x -x), 2.19)

i=1
Ie BBEJIEHO 5(x - a) — npeabTa-pyHkuia Hipaxa

oy d :
olx—a)=—h(x-a). _ 2.15
G-a=Sie-a)
Ocnosni enacmusocmi & @yﬁkuil‘:

1. BoHa mnopiBHIOE Hymi0 BCIOOM, KpiM TOUKH X=a (ne ii
apryMeHT AOPIBHIOE HY/IO), a Y Toqul X =a HabyBac HCCKIH‘ICHHOI‘O

: 3Haqemm

5(x-a)={0’ AKWYo gc;&a; @.16)

00, AKUO X =a.

2. @yuxujs napua 6 (—x) = 6(x) .

3., JInoma” mig O -pyHKUi€KO CKiHYEeHHa i ndpinmoe 'OJMHHLI:

I S(x~a)dx=1. ' R eAY)
4. Ipapnno iHTErpyBaHHA:

j £(x)8(x—a)dx=f(a). @.18)
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(Dopmyna (2.17) € Bunagkom (2. 18) npu f ( ) =1.
“Hasenemo IEeKiNbKa HAlY)KMBaHIMX FPaHAYHHX NIOAAHb ANd J-
$yHKIIi:
- 3(x—a)=lim l___s____ o 2.192)
o0 T g2 4(x- a) :

(x-a)’

8 = li 2 2.196
(x a) el—>n‘l> 21t$e _ ( )
&(x- a)— lim ism[s(.x—-a)]- (2.198)
E—»0 T e(x—-a)
_a)= L [ ote-a
&(x-a) 27zje do. @197

—00
3 OCTaHHBOTO CIIiBBiHOMICHHA i YMOBH NRPHOCTI JIETKO AOBECTH, LIO

6[b(x a ]-—5 x— a) abo 5(bx- a)——lé'(x—;) (2.20)

Ockinsku nogii £=x; (i=12,..., N ) yrBopioioTs NoBHY rpyny
(B pesynsTati gocniny 060B’3K0BO BiAGYBa€ThCA OfHA i TiIBKH OIHA 3
HUX), TO cyma nofiii (2.11) npu k=N € mocroBipHOIO moxi€ro, i Mae
BHKOHYBaTHCh YMOBAa HOpMyBaHHA

Z pi=1. @.21)

BuxopucToByour HopMyIty i Wg (x) , neperuniemo (2.21) y surasai

.[W;(x)dx Zp,ja(x x;)dx = Zp,_l @22)

i=]

Cxemarnuno rpadixu dynxuiit Wy (x) i F (x) HaBeZleHi Ha pHc. 2.3.
21 -



$2. Bunaokoesi eenuvyumnu.

§2. Bunaoxkosi senuuunu

»

Puc. 2.3

2.3. Momem‘n nnnazuconnx BeJlH‘IllH

OYHKIIA POMOTINY Fg (x) abo rycrana posnoziny nmompﬂocn

: Wg( ) AalOTh TOBHHH CTATHCTHYHMIH ONKC BHIAZKOBOI BENMMYMHH &
3uaroum ix, MOJKHA pospaxyBam 3a ¢opmyaoro (2.8) iMoBipHicTE TOTO,
Y4 TIOTpanuTh (ab0 He NOTPAITHTH) BUMIANKOBA BEMMYKHA &'y Gy ab-aKuii
iHTepBan (x,,xz] Ilpore, iHoni Taka noeHa iHopmanis Gysac aGo
HCIIOTplGHOIO abo HEJOCTYIHOIO, i MH Bnmymeni obMexyBaTHCA
rpy6ilnM omMcoM iMOBIPHICHMX BIIACTHBOCTEH BHIAAKOBOI BENTHYMHH

£, kopucTyounch He QyHKUisMH F; (x) g(x), a JesKolo

CYKYHHIC'I'}O YHUCIIOBHX napame'rpm }IKl Ha3HBAIOTHECA  MOMEHTAMH
BHHa,IlKOBOI BCIIHYVHH.

SAx wadmpocTimui NpHKIAN BHCTyIae cepennc 3Havenusn (abo
MaTeMaTH4YHe CHNOJIBAHHA) BHIIAAKOBOI BENMYMHM &, AKe janmi MH

Oynemo mosxa4atu puckoio &, a6o kocumu xyxKaMu < & >. Skmo B
pe3ynbTari NpoBeneHHX M BunpoGyBaHs AMCKpETHA BeNHYMHa £ Habyna
n, pasiB 3Ha4Y€HHA X, N, pasiB 3HAYEHHA X, i M, pa3iB 3HaueHHA

22

Xy, TO E€MIIpHYHA OLIHKAa CCPEAHBOTO 3HAYEHHA & NPOBOAMTHCA 3a

04eBHAHOIO GOPMYIIOIO (L0 y3aralbHIOE 3BHYaiiHe MOHATTA CEPEXHBOTO
apupMeTHIHOTO):

- xlnl +x2n2 + . +anN -
&= v; Zx V; (2.23) |

. i=]
ne V; =n;/ M — gacrora nossu nogii &= x,. [Tpn nocraTHbO BeMMKiit
KUIBKOCT! BHIPOOYBaHbL (M >> 1) yacrotTh Vv, 'y (2.23) MoxHa
3aMiHHTH Ha AMOBIPHOCTI p,, i MM OTpEMaeMo

N o0
3 =Zx,-p,- = I xW, (x)dx, (2.24)
i=1 bl

Ie W: (x) BH3HA4aeTeCA 3a ¢opMmynoio (2.14). Ilnsa wemepepsHoi

BHIIQJIKOBOI BEIHYMHH & MOXKHA ITPOBECTH AHAJIOTIYHI 00YMCIIEHHS, | MM
npuigemo no ui€i k ¢opmym. IIpoBiBUIM aHANOriI0 3 MEXaHIKOIO,

MOXKHA CKa3aTH, 1o ¢ — KOOpAMHATA ,,ICHTPY Barn” GyHKILT W, (x) .

Crupaspi, SKIIO PO3TNSHYTH CTEPKEHH 3 JIHIHHOI FYCTHHOIO MACH
(Maca Ha OMMHMINO JOBXMHHM), INO 3a/EXHTH Bifi KOOPOMHATH Xx 3a

3akonoM Wy (x), To & — KxoopauBaTa «IEHTPY Mac» LBOTO CTEPHKHA.
o pedi, 3sincu i noxoaurs massa W (x) — rycruma fimosipHocti

(aHanor rycTHHH MacH). 3HaHHA cepeaHbOro 3HaueHHa & nae 3Mory

BKa3aTH BEJIHYHHY, HAaBKOJIO AKOI IPYNYIOTbCA 3HAYEHHA, AKHX HaGyBae
BHIIJIKOBA BENHYHHA &, TIPOTE HIYOro HE TOBOPHTh NPO BiAXWIEHHA &

BiIHOCHO 4‘ 10670, Npo BemMunHy QuyKTYyaniii 6 = &- 6
Binem noeHy iH(poOpManio Npo BHIANKOBY BEIHYUHY & NAlOTh
no4arKosi i menTpansui momenTH. Cepeni 3Ha4eHHs HUIMX CTENCHIB

{,‘k HOCATb Ha3BY IIOYaTKOBHX MOMEHTIB k-T0 IIOPSA/IKY:
@0

mo=<&>= kaW5 (x)dx=2k_. (225)

23



$2. Bunadkosi senuyunu

AHaJOTIYHO, CepeHi 3HAYEHHA UiMMX creneHiB duyktyauii (8)*
HOCSTh Ha3By ICHTPAIBHUX MOMEHTIB k-T0 MOPAIKY:

<(¢-2) >—j(x

HenTpanbsuii  MOMEHT 2—ro nopsanky M, HasuBaerscH
aucnepcielo guryxryanii i 3BMuaiiino MO3HAYAETHCA AK 0'2. Bennuuny

M, = <8 > = Wg(x)dx 55 . (2.26)

(o} 3 '—‘1’0'52 Ha3nBaIOTh LIC CepeIHbOKBAAPATHYHHM BiIXHIEHHSIM

abo crangaprom Benuuunu & .

I3 BusHavens m; (2.25) i M, (2.26),‘ a TaKoXX YMOBH HOpMY- |

BaHHA (2.9) BUILIHBAE, IO
: s 2 2
my=M,=1, m=¢, M;=0, M,=0;=m,—m;. (2.27)
IloBeprarounce A0 aHamorii 3 HEOMHOPIZHUM CTEpXKHEM i3
posnoxinom rycrumu mac W, (x), MOXHa IIOKa3aTH, L0 AMCHepCis
=\? o .
0'2 =< (5 —-f) > — € MOMEHTOM iHepIil CTepXKHA BIIHOCHO LEHTPY
- Mac. 3 iHworo GoKy, BEIM4IMHA O, MOXe CIYTyBaTH s rpy6oi ouinku
IMMPHHY PYHKLIT W§ (x), “HeHTp Barym” #AKOI 30CEpEeIKEHO HaBKOJIO
x=¢& (puc. 2. 4).

Momentn = 6inbIl  BHCOKHMX NOPAAKIB MICTHTH JETANBHILIY

indopmanito npo dopmy Pynxuii Wy (x) —_ ‘crynim, il acuMmerpii,

rOCTPOTY MaKCHMYMY Ta 1H.

PosrnsHemo Temep AeTEpPMiHOBaHy GyHKHiIO 77 =¢(§) IHc-
KPETHOI BHNaAKoBOi Bemuuuuu ¢ . SIKmO BHACHiZOK mpoBeaeHux M
BUNPoOYBaHE NMCKPETHA BeNMYMHA £ Habyna n, pasiB 3HAUCHHA X, , M,

pa3iB 3HaueHHs X, i n, pasiB 3Ha4YEHHi X, , TO aHamorivuHo (2.23) -

24

§2. Bunaokosi éenuyunu.

A

EMIIpPHYHA OLHKAa CEPEAHBOrO 3HAYEHHA 7] = ¢(§ ) NPOBOAMTLCA'

K
<n>=<p(&)> = (o(x‘)”l"'(/’("Z)M - +9(xy)ny
N (2.28)
=Z¢’(’%)Vu
i=l
Tyr v,=n /M — wuacrora mnossu nogii £=x;. Tlpu mocraTtHwo

BEJIMKIH KiTbKOCTI BUIIPOOYBaHb (M >> l) 4acToTH V; y (2.28) moxHa

aamnnm Ha HMOBlpHOCTl D;» 1 MH OTpHUMAEMO Hacrymnm BHpa3:

fi

N [~ <]
(€)> =) o(x)pi = j o(x)W,(x)dx, (229
i=1 o
Je TYCTHHa HMOBIpHOCTI W{f(x) BH3HAYAECTHCA 32 popmynoio (2.14).
Hecknanno mnokasatd, IO cepefHE 3HAYEHHA JETepMiHOBaHOI QyHKUIi
n =¢(af) HENEepEepBHOI BHNAJKOBOI BEAMYMHM & BH3HAYACTHCH TaK

camo, 1K 1 B (2.29):

20

<p(&)> = j @(x) W, (x)dx. (2.30)

—~0

25



§2. Bunaokoegi senuvunu

2.4. XapakrepucTuuna GpyHkuis
XapakTepHCTHYHOW (yHKILicHo f (v) BUNaAKoBOi Benmuunuu &
HA3HBAETHCA CepenHe Bix GyHKUiT ¢(§) = exp(ivf) , de v = JOBUIHHUIA

lnHCHHPI napame'rp
0

f(v)=<e” >= .[ €Wy (x)dx. D

—0 ! B
Buzino, mo f (v) — He wIo iHIle, AK nepersopenns Pyp’e BiXl rycTnHm
| posnoainy ﬁMOBipHOCTeﬁ Wy (x) . 'V cBOIO uepry MOXKHA 3amucarH i

3BOPOTHE NICPECTBOPEHHA:

1T | |
W, (x =——Ie‘”’" v)dv. (2.32)
7o) = [ 1 ()
s .
TakuM 9HHOM, XapakrepucTHuHa GyHKWA f (v) i rycruHa posmoniny
- ¥imoBipHocTel W, (x) € 1Iapolo nepeTBopeHs Dyp’e.

I3 BusHawenna (2.31) BMIIMBAIOTH HACTYNHI BJACTHBOCTI
xapakTepucTnysoi pynkuii. [To-nepme,

lr ()= Ieivag (x)dx< I AG e
= ]3 v W, (x)dx= j W, (x)dx =1, (2.33)

3BIAKM BHIUIMBAE, IO XapaKTepHCTHIHA (QYHKILiA Moke GyTH BU3HauUEHa
IJ1s1 KO>KHOT BHITaKoBoi BesmunHy. [To-mpyre, :

= j We(x)dx=1. (2.34)

26
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OKle TOrO, JUI1 CUMETPHYHMX (MapHuX) - QyHKuiH W§ (x) Xapax-

Tepncmqna bysxuis f ( )mncna

OnnuM i3 KOPHCHHX 32CTOCYBaHb XapaKTepUCTHYHOI (yHKuil
€ cnpomeﬂé ofuMclIeHH: MOMEHTIB m, BunaakoBoi Beauuunu &.
Sxo icuye k - nif mo4aTKOBHI MOMEHT m, BUIIagKOBO] BemuyuHu &,
10 ii XapaxTepucTiuna GpyHKIis Mae noxiany k -ro NOPAAKY, IPHIOMY

k o .
f_‘;f_gl) = J‘ ka§ (x)e™dx. | (2.35)
1% ‘

3(2.35) sunnuBae, mo

dk ‘ «® .
——;{—lfl) = i* j' Wy (x)dx=i*my . (236)
v=0 —00

OTxe, mOYATKOBI MOMCHTM M  BMNAAKOBOI BenuuuHd &
BIIDI3HAIOTHCA BiJl 3HaYEHHA MOXiZHOI XapaKTepUCTHYHOI QYHKLIT npu
v=0 TiNnbK# MHOXHHKOM i :

2.37)

_ 3AJIAYI
1. BunagkoBa BenmunHa & Moxe HaGyBaTH TUNBKM JIBa 3HAYCHHA
x . 'x;= A 3 iMoBipHicTIO p=3/4 i x; = — A4 3 iMOBipHicTIO p‘é = 1/4.
3ualin Wg(x), E i 0',’3.
Po3s’a3ok. BunankoBa senuumHa & IUCKpETHa, TOMY TYCTHHA
posnozaimy nmompuocreu uta Hel BU3HavaeThes 32 hopmMyitoro (2. 14)

Wf(x) ZP: (x=x)=pd(x—x)+p&(x~x,) =

i=l

= po(x— A)+ p,&(x+ A4).

277



§2. Bur_mdxoei GenuYUHY

CKOpHCTaBIIIHCL UMM DONAHHAM, 3rimHo 3 ¢opmynamu (2.25) i (2.26)
3HAXOJHMMO MAaTEMAaTHYHE OUYiKyBaHHA § i JHCTIEPCiIo 0'5 BHITAJIKOBOL

" penuuuHH £ .

z_ 3,1, 4
‘f=J‘xVV§(x)dx=x_|P|+x2Pz=ZA—ZA=E.,

]

o'é =(§—2)2 = I(x—f)z Wg (x)dx =(x, —E)z 2 ‘."(JCZ —5)2 Py =

-0

—(A——)Zp. +- A——) =t

2. OyHKuis po3noniny BUIAAKOBOI BENHYMHU & Ma€e BUIIIA

X
F(x)=c+b-arctg—,-0<x<o,
a

Heobxiono: d

-a) BU3HAUUTH Koedilientn b i c;

6) 3uaiitn Bupas ms W, (x);

B) BH3HAYMTH HMOBIpRiCTh P'{a <éLp } NOTPAIUIAHHA BeJNH-
unrn ¢ B inrepsan (@, f].

Pos3e’a30k. a) Cxopucraemocs BracTHBOCTAMH (yHkuil F, £ (x):
, /4
F':(—Oo)=0, C+b(—EJ =0;

Fy(0) =1, c+b-’2£=1.

1 1
3Bincu 3HaxoauMo KoedinieaTH bic: b=— , c=— .
\ T

2
6) 3i se’ssky mix W(x) i F;(x) orpumaemo mactymme
CITiBBiAHOIIEHHS:

28
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ab . a
a+x* ma+x*)’

dF, 4 x 11
W:@%zfv;(“”m‘g;}b 7 a
’ 2

a

1+

B) 3a BiIOMOI0 TYCTHHOIO pO3NOALTY HMOBIPHOCTI Wé (x)

3HalAeMO HMOBIPHICTh HOTPAIUIAHHA BUNAJKOBOI BEIMYMHH B 3aJIaHHi

IHTEpBaN.
P{a<§<ﬂ} Fy(B)-Fy(a)= J.W,;(x)dx J. —_—dx =
m(a® +x )
Vij
d(x/ 1 2 1 ; 1 |
I (x/a) =—Il dyz =—arctg y|* =—(arctg£~arctgﬁ).
/4 4 e a a
l+(x/a) 21ty 2 . |
a
3. Bumagkosa BemmuuHa & po3no- We(x)
AiNAETHCA 33 3aKOHOM, NOJAHHM Ha puc. 2.5. 2
Heobxinno 3anucatn Bupas ans  Fj (x) ¢
BH3HAYNTH HMOBIPHICTh NOTPAIUIAHHS BHNAJ-
koBoi BenMuMHM B iHTepBan (a/2, a]. O >
—_ X
OGuncnuty 3HaveHns & i 0';2. Pc.25

Pose’azox. 13 puc. 2.5 BuaHo, wo Wy (x) — L€ NpsAMa IiHis,
PiBHAHHA AKOi Ma€ BHIILAN
We(x)=—k(x- a)'= k(a-x).
3uaueHns koedilieHta & 3HaXoAMMO 3 YMOBH, W0 IIpH
x=0 W,(x)=2/a=ka .Omxe, k= 2/a* . Taxum unHOM, MaeMo

E(l—-ic-\], O<x<a;
We(x)=1 a a

0, x<0; x>a.

29.



$2. Bunaokoei eenuuunu

Hainrepsami 0 <x <a supasnns 0<x <a mae BUINAA (OB, (2.8)):

| Fg(x)=IW§(x’)dx'=I~2—(1—3‘—')dx'=3x—5;=f(2—-’i).
.0

bal a a a* a a
Orxe, .. ‘ '
0,x<0;
Fy(x)= -’5(2-3‘-},0<xsa;
a a
1, x>a.

ImopipHicts nmoTpannsnmns BemmumEM ¢ B invepBan  (a/2,a]
‘3HAXOJHUTHCA AK

a a 3 1
Pi—<¢&<ay=F,(@-F|=|=1-==~.
{2 d a} £ (@ 5(2) =171

——

Cepenne 3nauenHs £ i cepenniil Ksanpar 4’2 BHIIAJKOBOI Benmuynuu &
piBHI

__2'_00 (o _2j'2 j‘x3 2(d8 a*) 2 & &
=& = [ 2w =2| [xde—[ X |=2] 22 =222,
m=s .f f()dx="1 | x'd 3 4a) a 12 6

3a oTpMMaHHMM NEPIIUM i APYTMM NOYaTKOBMMHM MOMEHTAMM 32
¢bopmynoro (2.27) 3Haiinemo qucrnepciio
22 B2

2 2 a a
cr=M,=m, —mf =———=—
¢TI T T 9 T 18

30
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§ 3. 3akoun po3nofiny BUNAIKOBUX BeJIMYHH

Byne-ixa ¢ymxuis W, (x), O 33J0BONBHAE CHOPMyIbOBaHi

y §2 yMoBH, MOX€ BHCTYIIaTH B POJIi TYCTHHH pO3TNoAiny #MOBipHOCTEN
AKOi-HEOYAb BUNAAKOBOI BenuuuHu. [IpoTe y ¢izuyHMX 3amayax MM, SK

TpPaBUIIO, CTHKAEMOCS 3 JOCUTH obMexeHnM HaGopoM yrkuii W, (x) .

PosrnasemMo neski 3 Hux.

3.1. PisHomipHuii po3noaii
Jna HenepepsHoi BMMaaKOBOI BENMYMHH & O 3MIHIOETHCA B
iHTepBai (a,b] , HAPOCTIILMM PO3NOKIIOM € piBHOMIpHMii:

‘ W( )_ 0, x<a; x>b; P
Sl Wy, a<x<b. '

3uavenns cranoi W, = Const BU3HAYAETHCA 3 yMOBH HOPMYBaHHS:

) b
IW;(x)dx:WOJ.dx=Wo(b—a):l, (32)

t06T0 W), = l/(b— a) . ImoBipHicTh P TOTO, 10 BHNAAKOBA BEMHYHHA &

noTpanuTs B iHTepBan 3Hadens (x,x+/], ne a<x<x+I1<b, He
3aJIeXUTH BiJl X, 8 BUSHAYAETHCA TUILKH JIOBXKHHOIO iHTepBany /:

x+l
P={x<55x+l}_=IWé(x')dx’=Wol=bL. (3.3)

I'padix ryctiHu iMOBipHOCTEH W5 (x)i $ynxuii posnoniny Fy (x) .
1o i#t BiAnoOBiae, HaBEAEHO Ha puc. 3.1,
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$3. 3axonu ponodiny sunaokosux eeruyut

W, (9
Wy fommmes T
v,
%
% .
0 al x| | xe b x
! | | !
Fg x) : : : :
P b AN N
Lo !
Fe (0t} oo P Lol i
F, (x) pomemmgmm—= : :
! 1 N
0 a X x+l b x

Jns 1uckperHoi BMIAnkoBoi BenHuMHM, mo Halyeae 3
onmHaxkosolo #MoBipuictio p, = p=Const omHe 3 N MOXIMBHX
smavens X, (i=1,2,...,N), Binnopimsmii posnofin Ha3MBAETHCA
piBHoliMoBipHuM. [{n4 1p0ro po3nonity, 3riaHo 3 (2.14), Maemo

o
We(x)=p) 8(x-x). 64
3 YMOBH HOPMYBAHHS BHILINBAE:

o«

IW( )dx = pZJa(x x;)dx = pN =1, mo6mo p—N 3.5)

-0 i=1 —20

Hanpuxnad, npy KHiaHHi rpanbkHoOi KOCTi BUNaqaHHs Oyap-AKoro ¥ucia
owok Big x, =1 g0 x;=6 BinGyBacThCa 3 piBHOIO HMOBIPHICTIO

-1/6.
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3.2. binomnuuii po3noain.
Cxema Bepnyani (1713 p.)

Cepen 6araThox MOMUIMBHX 3aKOHIB pO3NONINY HMOBipHOCTEH
0coOMMBY ponb BIZIrpalOTh PO3MOMIIM, INO BHHHMKAIOTH B PE3yNbTaTi
pO3B’A3aHHA Haﬁnpocrimux IMOBIPHICHMX 33/1a4, 1 BHACHIZOK ULOIO €
ZOCTAaTHBO 3arajIbHUMH 1 MAlOTh JOCUTH IMMPOKY 00IACTD 3aCTOCYBaHHA.
HaiisaxmBimuM i3 HUX € GinoMuuM po3mozin, IO BMHAKKAE B 32/1a4aX,
AK1 3BOJAATHCA HO CXEMH HE3AIEKHHX NOCIIOBHAX mmpoﬁynam,

- Hexait nposomnTecs N HE3aICKHHX BUIPOOYBaHB, Y KOXKHOMY 3
AKHX Ionigs A MoXe BHHMKHYTH 300 He BHHMKHYTH. JloMOBHMOCA
BBAXATH, IO HMOBIpHICTL MOABH MOAIT 4 y KOXKHOMY BHNpoGyBaHHI €
OJ{HAKOBOIO, a camMe — AopiBHIOE p . Omke, HMOBIPHICT HE BHHHK-
HEHHA TOMii 4 (monoBioBanbHa nomis A4 ) Takox crama i JOPIBHIOE
g=1-p. Takum umnom, nomisx A Mmae Jimosiphicts ¢ =1- D.
ITocraBumo nepen coGoro 3ana4y 064HCIUTH HMOBIPHICTH TOTO, IO TIPH
N BunpoBysasmsx noxis A 3ailicHuTECA piBHO n pasiB. Pesymwrar
cepii 3 N Bunpo6yBaHs MOXHa 3aNHCATH, HANPUKIAN, Y BUTAAL]

AAAA4A.. A4 . (3.6)

-5
Lle#i 3anic o3HaYae, WO y NEpIIOMY 1 ApyroMy gociinax A siabynacs, B
TpeTOMY — He BinOynacs, y YeTBEpTOMY — BiaOynacs, y 1’ aToMy — Hi i
T.1H. Hac nikaBu1e nonia M, sxa nmondrae B TOMY, 10 A B JIAHLIOXKKY
(3.6) Binbynersca piBHO n pasiB. Ilogito M MOXHa po3rAATH AK
CKIAJHY HOAILI0, PiBHY JOOYTKY HE3aNneKHMX YKa3aHHMX €JEMEHTapHHX
nogii 4i 4. Y L{OMY BHMAJKy mvxompmcrb noxii M ¢ pobGyrkoMm
IMOBipHOCTEH mnoABH momii A i A Bignosigmo (muB. dopmymy
MHOXKCHHS FimMosipHocreit (1.19)):

N

proommmrrees P e
P{M}= ppgpqq..pg=p"q"™". (.79)

2 MiHakos, 7. 1
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$3. 3axonu po3nodiny eunaoxkoeux enutun

Tlonis M, ska nac mxaapm,, BiOyBa€ThCA WIOpasy, KOIM B TAHIIOXKKY
Ty (3. 6) A TIOBTOPIOETBCA 71 PasiB HE3AIEXKHO BiJi OCIIOBHOCTI 4 i A:

P{M} = ppgpqq...pg=p"q" ",

P{M} = pagpaq.-qp = p"4"",

Cy- (3.76)

P{M} = qppgpp..q9 =p"q" "

IIpn npomy cknammi noxii Tumy (3.7 0), WO BiAPI3HAIOTECA TiIBKH
nepecranoskamu A i A, HecyMicHi, ToMy HMOBIpHICTH IXHBOI CyMH €
CYMOI0 MOBIpHOCTEN KOXHOI 3 HUX. BuaHo, 1o 1i noxii MaioTh piBHY
HMOBIpHICTB, a iX KUIBKICTB JOpIBHIOE KiNbKOCTi crocobiB BHOOpY 7
enementiB 3 N, To6T0 Kinbkocti noemHans Cy . Omxe, cyma

fimoBipHocTeit (3.7 6) Bcix noaii Tuny (3.6), y fxux noais 4 BinGynacs
n pasiB, JOPiBHIOE

P{S} - PN(TL) = z pn N-n Cn n N- n (38)
oxpemm
sunadkamu M
: N
ne Cy =———— — Ginomianbhi koebinieHTn (KUIBKICTb NOEAHAHD).
n!(N —n)!

®opmynoro (3.8) Bupaxaerbca OiHOMHMIE 3akoH po3noxiny
iimoBipnocreii. 3rigHo 3 (2.14) ang rycTUHM po3noziny HMOBipHOCTEH

W, (x) muckpeTHOi Bemuuuru &, mo Habysac 3HadeHb & =n
OTPHMAEMO HACTYIIHHI Bupa3:

Wy (x)=ZPN (n)5(x—n).

IlepenipuMo, 4y 3a710BONBHAE LiCK pO3NOAin ymMOBi HOpMyBaHHs. [ToBHa
Tpyna HoAi#l mosArae, O4eBHAHO, B TOMY, II0 # MOXKe HaOyBaTH BCiX

3gaueHs Bix n=0 no n=N. Orxe, Mac BUKOHYBAaTHCA HACTYIIHA
PIBHICTB:
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IW§ x)dx IdePN(n)6x n)= ZPN(n) 1. (3.9

—o  n=0 ’ n=0

[TlincraBumo ' y (3.9) 3Hamxennn posnonin (3.8) i ckopHcTaemocs
dopmyinorw Ginoma Herotona (3BificH i Ha3Ba Po3NOAiNYy):

ZCZ,p q" "(p+q) (3.10)

n=0

Mu BpaxyBanm, WO HMOBIPHICTh AOMOBHIOBaNbHOI NOAII A HOpiBHIOE
g=1-p. | '

Momenmu Ginomruozo po3nodiny
Jlerko moxa3saTH, WO NOYaTKOBHIA MOMEHT K - IO NOPAAKY:

© N )
m,=<nt> = jkaf (_x)dx=Zn"PN (n) (3.11)
A _ L |

3pY4HO OOUHCITIOBATH, KOPUCTYIOUHCE (HOPMYTIOI0

k

: k
<n*> =(p0%) (p+q)" ,. (3.12)
- ptq=

3oxpema, nepuli J1Ba MOMEHTH JIOPiBHIOIOTh:

<n> =(p§;)(p+q)”

=Np(p+q)N"| =Np, (.13
p+g=1

p+g=1

Jlucrepcis BANAAKOBOI BENHYMHH NPH LbOMY Ma€ HACTYIHHIA BUIMIAN:

'd,f: <_n2>—<n>2=Npq., (3.15)
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- Ipuxnadu

HaseneMo psaa KOHKPETHHX NPHINIAMIB, Y AKMX 33/a4a 3BOTUTECS
6e3nocepe,nubo 1o cxemH Bepuymmi.

1. anona sapaya. B ypHi nexare OGim i WopHi Kymi.
HMOBlpHICTB TOro, IO B3iATa HaBMaHHA Kyns Oyne Ginoio (mozis A)
nopisaioe p. Slxa #iMOBipHiCTE TOro, WO 3 y3aTHMX N Kyms Oinumu
BUSBIATLCA 1 (A7 TOTO, 06 3a0e3MeYNTH HE3aNEKHICTh BUIIPOOyBaHb,
y3aTy Kymo mnoTpi6HO 06OB’S3KOBO ~ KNACTH Hasal [0 YPHH i
nepeMillyBaTH ii BMicT)?

2. KupanHsa MoHeru. flka #MOBipHiCTE TOro, mo mnpn N
KMAQHHAX 71 pas3is Bumage “open”, SKINO IPH OJHOMY KHIaHHI

=1/22 ’

3. ®aykryanii rycrunn. B o6’emi V' Mictutecs N monexkyn
ra3y. IMOBipHIiCTE NOTpaIUIAHHA MONEKYNH IO BHAiNeHoro i3 V' 06’emy
v (moxis A) nopiBHioe p. SIka HMOBIPHICTB TOTO, O Y ¥ MicCTHTBCA 1
AKUX-HeOYyap Monekyn?

4, Bunagxosi 6aykanHs (6poyn13c1>1<01 YaCTUHKH, JTIOAUHM H
T.iH.). Slka HMoBipHicTs TOTO, 10 33 N ,KPOKiB” YaCTHHKa (JIIOJMHA)
Bigiline Ha nkpoxis BuiBo (aGo BHpaBo), AKWIO FMOBIPHICTH KpOKY
BIiBO IOPiBHIOE p?

5. TeneoHHi BUKIHKH. Tene(bomcma Yyeprye npomrom yacy T.

- IMOBIpHICTB TOTO, IO 3a AyXe Mauii inTepBan 7 BiAGYHEThCA BUKIHK,
AKkuil JopiBHIOE p. SIka HMOBIpHICTB TOro, WO 3a 4Yac 4YepryBaHHs
BiaGyneTbCcs # BHKIMKIB?

Po3rnsiHeMo JeTanbHile IBi 3a5avi.

6. 3aga4a npo HaRilHiCTh CKJIANHOI CHCTEMH, 110 CKIAAaEThCA
3 BeNMKOi KinbkocTi N OJHAKOBHX €JIEMEHTIiB (OIOpiB, pene Ta iH.).
Hexait iMoBipricTs BuXOny 3 nagy a6o BiagMoBH (momia 4) KOXHOTO 3
HUX [IPOTATOM 3aJaHOTO iHTepBay yacy T NOPIBHIOE D .

Ska # nmompmcrb TOTO, 1110 32 4ac 7 CHCTEMa BIAMOBHTR? -

* CxiazHa nofis, #MoBipHicTh P sKOi Hac 1iKaBHTS, BlI.IGYBaCTBC}l

AKILO BIIMOBIIAE OOMH €IIEMEHT, ABA CIEMEHTH a6o Bci N enemeHTiB. ]_Il.

nozii HecyMicHi M, OTxe, HIMOBIPHICTE P iXHBOI CyMH JOpPiBHIOE CyMi
HMOBIpHOCTEH:
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v
P=> P,(n). - @316

n=]

Homamo i Bigsimemo B (3.16) PN(O) 1 cxopHcraeMocs Wonoro
HopMyBaHHs (3.9):

P=Y" By (n)+ By (0)- By (0)=

e (3.17)
N #
=D By (n)-Fy (0)=1-Chp%" =1-(1-p)"
n=0

Heit pe3ynsTaTt, 38BM4aiiHO, MOXkHa Oy/I0 6 OTpUMATH 3HAYHO MPOCTIIHM

cnocoGoM, pO3IVIAHYBIUH AMOBIpHICTS P RONOBHIOBANBHOI TOAIL, fKa
NoNnAra€ B TOMY, IO XXOAEH €JeMEHT He BHiine 3 namy (Tob6to A He

. BiabyzmeTncs XOXHOTO pasy, a A —BciN paziB): -

P=P,(0)=¢". (3.18)

3BincH, 3i cnieBigHowenns P+ P =1 punnusae ¢opmyna (3.17).

7. Ille onun NpUKIAK, AKHI KOPACHO pO3TNAHYTH, — NpoGoBuii
IIYM y €IeKTpOBaKYYMHHX NpHIanax. Po3rianemMo cTpyM, IO NpOTiKae
gyepe3 ABOXENEKTpoOHy namily. Hexait 3a.gyac T 3 karoma BHNETINO n

-~

€NEKTPOHIB, AKi NEPEHECTN 3apa) ¢, = ne i, OTKe, YTBOPHIH y KOMi
CTpyM:

I=q;[T=neT. (3.19)
KinpKicTh 7 €NEKTPOHIB, L0 BWIETUIH, 3BHYaHO, € BHIAAKOBOIO

pesmmunHol0. ToMy i crpyMm I — BHnajakoBa BenuuHHa, WO (PIYKTYE
HaBKOJIO SIKOTOCh CEPEAHBOTO 3HAYCHHA:

I =7efT =ne, (320

ne n, =7fT — cepenus KiMBKICTS €NIEKTPOHIB, IO BWITAIOTH 3 KATOAA

3a oauHAImo Jacy. I3 (3.19) i (3.20) suaHo, Mo posnoain iMoBipHOCTEiH

s bnyxryauii crpymy 01 =1 —1 (ui bnykryanii ctpymy, BHKJIHKaHi
37 '
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[WCKDETHUM XapaKkTepoM [EPEHECEHHA 3apsfy, | HOCATh HasBy
Ipo0oBOro LIyMy) BH3HAYAEThCA PO3MONIAOM uHcia n. Jndg Toro, uob
- 3acTocyBaTH GiHOMIanBHMH PO3NOALN, MM MaEMO 3BECTH IO 3aady A0
cxeMH DepHymii — MOCHIMOBHOCTI HE3ANEKHHUX Bnnpoﬁynam, Hdna
UBOTO po3i6’eMo Becs intepsan I’ Ha N iHTepBaliB TPHBANICTIO
7=T/N . BbaxaTuMeMo, IO BHTITAHHA KOXHOTO €JEKTPOHA 3 KaToza
npotaroM npoMikky uacy 0<f<T € piBHOHMOBIPHOK MOMIEH.
Y 1oMy BHNaJKy HMOBIPHICTS p BHIITAHHS OZHOTO €NEKTPOHA 3a 4ac

T mpomopuiiHa P ~ z'/T (muB. ¢opmyny (3.3)). BunitaHHS OKpeMHX

ENEKTPOHIB MOXHA BBAXATH HE3ATEKHOIO MOMIEI0 (KILO, 3BHYAHHO, HE
BPAaxXOBYBAaTH NMPOCTOPOBHH 3apsan). ToMy HMOBIpHICTS BHIITaHHS JBOX

eneKTponiB 3a To# e yac ~ ( r/T) . «k» eneKTpoHiB ~ ( r/T )
ITpunycTumo, 1m0 T/ T- HACTiNIbKH Mane (To6T0 N — HACTIIBKH BEJHKE),

1m0 WMOBIPHICTIO BHNITaHHA 3a 4ac 7 Oiabine, HDX OJHOrO €IEKTPOHA
MOXHA 3HEXTYBaTH. TakMM YHHOM, 32.YaC 7 MOXe BiOyTHCA TUIBKH
IBi Homil: BUIITAHHA OJHOro enekTpoHa (nmogis A 3 IMOBIPHICTIO p) i
BiZICYTHICTh BHIiTaHHA (NOZiA A 3 imoBiprictio ¢ =1~ p). 3anauy
3BEJICHO IO CXEMH BepHynni #, oTKe, pOSIOALT 71 — GIHOMHHMIA: |

P, (n)=Cyp"g"™". : (3.21)

3.3. Posnoxinn Ilyaccona i Jlansaca

3uaiinennii  posmopin  (3.21) He MoOXe TOBHICTIO Hac
3alI0BOJILHHTH: 110 HBOTO BXOAMTH HEBiIOMa FHMOBIpHICTS p i
~ HEBH3HaueHe YHUCNo N, 1po AKe NPHIYCKAETHCS, 0 BOHO IYXKE BENHKE.
Jina Bu3HAUEHHA p, 3 OAHOro 60Ky, CKOPHCTA€EMOCHA BH3HAYEHHAM
71 = Np , 3BiIXH BHILINBAE

. : . p=TW/N. (3.22)

3 immoro 60Ky, 3 BU3Ha4YeHHs cepeaHsoro ctpymy [ 3a dopmynoro
(3.20) 3Haxonumo

a=1T/e. (3.23)
38 |
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Bpaxosyroun, wo a1 ¢ikcopanoro mpomixxy 4acy 7 BemHym)
BH3HAYa€TbCA  TUIBKH KOHCTDYKTHBHUMH  OCOGIMBOCTAMH /13
TEMIIEPATYPOIO KATOHA, PI3HHUEN MOTEHUIANB MiX KaTozoM | aHo
TOUIO, MOXHa BBAXaTH I =Const. 3izcu otpumyemo, I
7 = Const ue 3aneXHTS Bifi KiTsKOCTi po36usans NV .

Tenep 30inpuIyBATHMEMO KiNBKICTE po36muBans (/N — o0).
3pocTaHHAM N cepeaHs KUIBKICTb €lEKTPOHIB, IO BHIETUIH 3 KaTOA
3a  ixcoaunii uyac. T'me 3mimioetsca (77 =Const), orxe
p=n/N—>0. Takum 9uHOM, HaM NOTPIGHO BINIIYKATH TPaHHUIO

posnominy (3.21) 3a ymosu, mo N - i p=n/N —>0. Jna uporo
mincrasamo p=nfN i g=1-p=1-n/N y (3.21), sanumemo y
saBHOMy BHriAni BHpas wia Cy i nepeilaemo xo rpanuni /N — 0:

e = e Ul

N—w Now ”I(N—”)'

AN A
= lim —(1——-] (1—— =—e " =P(n).

Noo nl N

N‘ n!

Ilpu ubOMy MH CKOPHCTATTHCSH (POPMYIION0

AN
Iim(l———) =e
N—>oo N

P(n) =§'—e“'7 (.29)

Posnonin

HasuBaetbCa posnoginom Iyaccona. Ilepesipumo Tenep, 1o

W, (x)= P(n)3(x-n)

n=0

3aJ0BOJIBHAE€ YMOBH HODMYBAaHHA!

fW;(x)dx ZP(n)— "’Z-———=e "=, (3.25)

n=0 n=0
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$3. 3axonu posnodiny sunadkosux eenuyuH

[lepexonaemoca, mo nepmuil NOYaTKOBMA MOMEHT m, 30iracrsca 3
CepeaHiM 3HAYCHHAM N '

m = I xW; (x)dx=.ZnP(n) = Z%ﬁ"e_i =
- n=0 n=0 ‘ (3.26)
-7 n S n — -7 n —
=€ < =he — = ne ——=7.
';(n--l)! ;(nq)! k!

Hpyruii  moyarkoBuit MOMEHT ‘m, 3HalzeMo 3a JONOMOrOIO
aHAJIOTIYHMX O6UMCIEHD: o

L w © 2
my = Ix W, (x)Mx= <n®> =Zn2P(n)—e'"Zn A=
0 n=0 n=0 (3‘27)
- = n —n - - " < " -2 -
—-e =e + =n"4+n
o (n—-l)' ;@-—2)' nzzl(n——l)'
Ortxe,
ol=<(n-a)>=<nt>-nl=n. (3.28)

Inumii rpasnaamii BUNagok OiHoMHoro 3akomy mpu N —> o0
3’SBIAETHCA, KONM P HE NPAMYE O HyJA, @ Ma€ IEBHEC 3HAYEHHS,

BiAMiHHe Bin Hyns # omuauni. TakuM unHOM, 31 3poctanHaM N 3pocrae
TakoxX 1 7. 3 ‘dopmymau (3.28) Bummo, mo npu 7# >>1
Cepe/IHEOKBAAPATHYHE BIIXWICHHS O, =+/71 3HaYHO MEHIIE 32 CEPEHE

3HayeHHa 1 : O, [A ~ 1/ J7 «<1 , ToGTO po3nonin P(n) BHABNAETECA

30CEPE/KCHMM TONOBHHM YHHOM HABKONO 3HadeHp n=n >>1.
VYpaxoeyrouu 1m0 0OCTaBUHY, BBEXEMO IO posrnaay on=n-n i B
¢dopmyni (3.24) y obnacri 3navens 77 >>1 u |5 n| / 7 <<1, nposenemMo
HACTYTIHI CIIPOINCHHS;

1. Jna senuxkux 3HaueHb n (n >>1) MoXHa CKOpHCTaTHCA
¢dopmynoro Cripninra ans n!:

40

n_-—n
n'=n'e «/27m,

1 MM NpUHAIEMO IO PO3NONTY BUIIIARY:

| 1 (aY . 1 (7Y s
P(n)=~ e | e e""z--—-——-—(—)e".
( ) \/27[7‘1(’1) N27zn \ n

*2. VBiBmm nozuauchus F (n) =(7i/ n)n , 3 TOYHICTIO IO KBaj-

PATHYHMX NOAAHKIB 32 MAOK BEIMYHHOIO |5n|/ﬁ <<1 obuncnumo

nabmmkene 3uavenns In F(n):

n
" 2 2
(oo 22 L0
n n n

Orxe, _
16n®
F z —6 — —————— .
(n) exp{ n—- ﬁ}

3 ypaxyBaHHAM yCiXx BHKOHaHHX CNpomIeHh, po3noain (3.24)
MOJXHA TIOJIaTH Y HACTYTTHOMY BHIJIAAL:

o, e
P(n)= e M == 20 (3.29)
( ) 2zn \/27!0',, '

Ile#i Bupa3s HasuBacThca posnoaiiom Jlanjgaca aGo HopMmaabHMM
3aKOHOM PO3NOALTY.

TakuM 4HHOM, 3 GIHOMHOrO pO3NOAINY MH OTPHMANM IUE IBa
BaJ)KINBI 3aKoHM posnoainy Iyaccona i1 Jlannaca:

_(n-n)?

~ A 1 d
chp'd’ " _n—e SN —=e 1 (3.30)
_ A; sw, N! assl N27TH
nf{N—0
M
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3AJAYI

1. BunagkoBa BelMUMHA ¢ PO3NONINAETHCA 32 HOPMANLHHM
3aKOHOM i3 cepesHiM 3HauenHsM @ = 0 i gucmepciero 0';. 3HaiTn
cepenHe 3HAYCHHS {HIWOI BUIanKoBoi Bennunen & =¢e 7.

Po3eé’s3zok. Ilpu HynbOBOMY CepemHBOMY HOpMaJIbHHH 3aKOH
(3.29) mae Burnsig

¢2

W@)= e T
2z o,

Jna pu3sHaveHHA E cxdpncraemocx dopmynoro (2.30):

. 2
-] 0 _9_
-_— ; . 2
= [ (opo = [ e 2o
—a0 ? o
\’20'2 | 0'2 < 2 0'2
- @ 4 ~y = ?
= —=—eXp| ——— e’ dy=exp| —— |.
J2zs, 7|2 .[ 7y =8P T

-0

2. Ha pagiomask-BiANOBiAaY HAAXORUTH Y CEPEIHEOMY 15 3ammTiB
3a roquHy. BBaxkaloun KiJIbKICTh 3alIMTIB BHIAAKOBOKO BEIHYHHOIO, 10
posnoainsersca 3a 3akoHoM Ilyaccona, BH3Ha4HTH HMOBIPHICTH TOTO,
mo 3a 7'=4 xsB:

a) HajiHne piBHO 3 3aMTH;

6) He Hamiiie XKOXHOTO 3alHUTY;

B) Hafiiine xoya 6 OIMH 3amNHT.

Pézc’x_zox. VY posnoainm Ilyaccona (3.24), mo onmcye HMoBip-
HiCTs noABM mIyKaHOi MoAii 4 Ha iHTepBal dYacy (O,t], BXOJMTD

BEJIMYMHA 71, KA € CEPeNHBOIO KiNBKICTIO MoAB momii A Ha npomy
intepsani. 3rigHo 3. (3.20) BenMYMHAa # JIEKO BH3HAYAETBCH, AKINO
BiIOMa cepenHs KUIBKICTh NOAiH 3a ONMHHUINIO 4acy 7, 1 TPHBAaliCTh
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iHTepBamy t: n=mt. Y Hamomy Bunanky =T =4 xe, a cepemus |

=1/4xg™

KUIBKICTh 3aNMTiB 32 OJMHHLIO 4acy JOPIBHIOE 7, = 5
‘ . x8

. — 1 . - ‘
3BiacH 3HaxomUMO 1 =n, =-Z -4 =1. 3Hatoyn 7, 32 JOIOMOrOIO

posnoainy I[Tyaccona (3.24) BU3Ha9NMO WIyKaHi #iIMOBipHOCTI:
3

‘ 1 1
a) P(3) =% e’ =% " 0,061 ;

0

6) P(O)=1—e'

It

1

-=0,37;

e

B) P((n21)=1-P0)=1-1/e=0,63.

3. Binmosa y poGori npunany BinbyBaeTbcs B cepeHboMy 1 pa3

3a 200 roauH. BusHauuTH HMOBIpHICTD TOrO, 1O 32 iHTepBan 1 = 10 rox
He Bin6yneTeCa KOLHOT BiAMOBH.

Po3e’asox. Crioyarky 3HaHIEMO CEpPENHIO KibKICTh BiJIMOB 3a

1 . . N .
ONMHHIIIO Yacy n, =%eod '. 3pincu cepemms kimbkicTs BimMOB 3a

T =10 200 nopisnioe 7 =n,T =—= . 3a BiIOMUM 3HAYCHHAM 7,

_ 20 °
3rigso 3 hopmynoro (3.24), BU3HAYHMO IyKaHY HMOBIPHICTH
_0 _ )
P(O)— e =e‘”2°z1——l—zo,95.
! _ 20

4. 3HaiiTH ryCTHHY po3noainy iiMoBipHOCTI mis yacy Ge3Bin-

' MOBHO1 po6oTH nNpHNazxy, 3rafaHoOTo y IoNepeAHii 3anayi.

Po3é¢’a3zox. Po3riaHeMO [Ba iHTEPBANH CNOCTEPEKEHHS (0, t,] i
(O, t2] i o6uncnumo iiMoBipHOCTI 6e3BiAMOBHOI POGOTH UIA KOXHOIO 3
HHX:
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.‘ - _0 o _

Cepenni 3sHaueHHA 7, , WO BXONATH CIOAY, NPOTIOPUIHHI 110 CEPENHBOT
KiTBKOCT] 10SIB MOJi# 7, i 10 BiANOBiAHMX TPUBANOCTER iHTEPBATIB f, 5
My =mt . Hexail tenep f; =1, a t, =t+Af, ne At — Heenukui

npupict gacy. - 3riggo 3 ¢opmynolo (1) sanuMmemo pisHMLIO
#fiMoBipHOCTE# U1 ABOX GIM3BKUX MOMEHTIB qacy

P(4)-P(ty)=e"" —‘e—"'(HA') e™ (l e A')=

=" (1-1+mAr-..) = mAte™

)

3 iHwmoro 601<y, pi3HHLs #iMOBipHOCTEH MDK ABOMa OIHM3BKHMH
MOMEHTAMH 4acy 3a BU3HAUeHHsAM JopiBHIoE W (t) At . TIpupiBeaBIIN

P(4)-P(t) =nmAte™ =W (1)At, ?3)
3HaXO0AUMO
| W (t)=ne",

‘ 1 -
ne m =——200"",

§ 4. CyxynHicTb BHNAJKOBHX BeJIHYHH
i pyHkuii BAIaAKOBHX apryMeHTIB

Posrn;meMO IBi BUNAAKOBi BEJIMYMAH & 1 77, SIKi MOXKYTH HaOyBaTH
Ai¥icHi 3HaueHHsd x i y BixnosiaHo. [IOBHMI CTATHCTHYHMIA OMUC KOXKHOT
3 HHX, AK MM 3Ha€EMO 3 § 2, 3ajacThCA 3aKOHOM PO3NOJiny AMOBIpHOCTEH
F a6o ryctunoro posmopiny W. Ui dynkuii mg £ 1 7, B3arani Kaxyum,
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BifMiHHI, 1 AaM TOro, mo6 X' BIAPI3HATH, CHiA OHCAaTH BHHU3Y
BIANOBIHHI 1HACKC: :

Fe(x)=P{& < ; Wg(x)=——~—-——debfx); @.1)
Fr,(y)=P{'}$y}; W,,(y)=i%€-y-l- “2)

CTaTUCTHYHO MOBHUIA OIMMC CYKYITHOCTI JBOX BMIIAJKOBHMX BENHYHH, 3a
ananoriero 3 (2.1), 3ajacThCA CyMICHUM 3aKOHOM  pO3NOALTY
fiMoBipHOCTe# (iHTerpajabHOI0 PpyHKmicio po3noaiay)

Fp(x,y)=P{{<x,n<y}. (4.3)

I'ycTHHa cymicHoro po3noginy iimosipHocTeii £ 1 7 BU3HAYAEThCS 32

dopmynoro
2

74
Wfﬂ(x y)— Gx0y F:fn(x ¥)- ’ 4.4)

Oyukuito W, (x, Ha3UBaOTh II¢ JBOBHMIPHOW TIYCTHHOIO
yH e\ Xy p M
po3noainy iiMoBipHOcTeldi Ha BiAMIHY BiJl OTHOBMMIPHHX %(x) i
W ; U TEPMIHOJIOTIS 3aCTOCOBYETHCA 1 AJI IHTErPAIbHUX KILi#
2\ p y Tp yH

posnoainy: Fg,,(x, y) -— JBOBMMipHa, a Fé(x) i F,,(y) —

OAHOBUMIpHI QyHKIII.

4.1. BiacTuBocTi inTerpaiabnoi gpyHkii i rycTunn
po3noiny iimoBipHocTel
I3 Bu3naueHns (4.3) BUIUIABAIOTh QYHAAMCHTANBHI BIIaCTHBOCTI

dynkuii Fy, (x,):
1. Ockinbku HMOBIpHICTH P{} 3a BH3HAYEHHAM € HeBix’-

€EMHOI0 bemmunoxo, 110 HE MNCPEeBHIYE ONUHULIO, TO
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0L Fp, (x,y) <1 | 4.5)
' 2, BaactuBictb cumerpii F i (x, y) BHILIMBAE 3 TOrO (bam'y, 1o

HMOBlleCTb P cymn nmBox noaii (4,‘5 X 1 mp<y) HE 3aleXHTH BiX
HOPANKY, Y SKOMY BOHH IEPEIidyIOThCH:

Fy(ny)=P{ESxn<y) =Py <x}=Fy(p3). @6)

3. ¥YmoBa y3roxxeHocTi Ffﬂ (x y) 3 OJHOBMMIPHMMH (yHK-

nisva Fy (x) i F,(y) sunmsae 3 Toro, mo nogii £< o0 a6o 7<w €
JIOCTORIpHMMH: :

an(way)=P{6s°o,nSy}=P{n5y}=F,,(y), .7

Fy(x,0)=P{<x,n<oo} =P{E<x}=F;(x). (48)

4. Ockinexy nogii £ < —00 i 7)< —00. € HEMOXJIMBHMH, TO

Fyy(=0,y) = P{&<~0,n <y} =0, 4.9)
Fyy (x,~0)=P{£<x,n<—o0} =0, (4.10)
5. Tak camo, sk i B §2 (mmB. (2.4)), MOXHa IOBECTH, IO
Fy(x,y) — mnecmagma dynknin xoxHoro aprymenty (npu
¢ikcoBaHOMY 3HA4YEHHI iHILOTO):
7 17
—F, (x,y)20, —F,, (x,y)20. 4.11

TlpuyoMy, AKX BHIUIMBAE 3 BJACTHBOCTEH 4 i 5, BOHa 3pOCTa€ Bill Hyd
npu & =00 abo 7] = —c0 0 OXMHMLI pH & = 7] = 0.

I3 BusHauenns (4.4) i nepenivenux BiacTHBOCTEH QyHKuii
Fén (qc, y) BHIUIMBAIOTh HACTYIHI BJAACTHBOCTI Wg,, (x, y) :

1. We, (X, y) — HeBix’emHa dyHKuia Ha Beil nnowmHi X,y :
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Wy, (%,9)20. (4.12)

2. BnacTuBicTh cHMeTpii:
2

17 &°
W;'] (x y) B ay F§r7 (x y) a a Ff’] (y’x) W{'I (y’x) (4'13)

3. 38’30k 3 F, (x, y). InterpyBants (4.4) 3 ypaxyBaHHAM
ymoB (4.9) 1 (4.10) nae

x y '
F(5.9)= | & [ &y Wy, (x.). 4.14)

4.3 (4.4), (4.7) i (4.8) BUILIMBAE YMOBA Y3rO/KeHOCTi:

I r ’ a r Im r !’ ' d
[ oo y) =2 [ iy (,97) =S Fy (x) =W () (419)
ox dx
Amnajnoriuno, ans inTerpany no dx’: |
IWéq (x',y)dx' =W, (»). (4.16)

5. Toxmaum y (4.14) Xx,y=00, OTPHMYEMO YMOBY

HOPMYBaHHS:
o ®©

I I W, (x,y)dxdy = Fy, (0,0)=1. @4.17)

-0 =00

Sxmo £ i 7 po3rMANATM AK JAEKApTOBI NMPOEKUii BUNANKOBOTO

-

sektopa ¢, 1o F(x, y)= P{é<x,n<y} e fimonipricTio

' NOTParUIAHHA BEKTOPA Y 3aIITPHXOBAHY AUIAHKY Ha pHC. 4.1 a.

dynkuiio Wg,, (x, y), y CBOIO 4epry, MOXKHA TMOAATH Yy BHIJIAAI
gesxoi mosepxni. Tomi HMOBIpHICTS TOro, WO KiHems BHIIAJKOBOrO
BEKTOpa f (touxa A4) Oyne Bcepenmmi AeAKol minsHkM S (A € S),
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JopiBHIOE 06°€My BCEpeMMHI IWIHAPHYHOI NOBEPXHi, HIO CIHPAETHCA HA
pinaEky S i ofmexeHomy 3sepxy nosepxueio W, (x, y) (puc. 4.1 6):

| P{AeS}:J.J‘Wé,’(x;y)dxdy. @)
S ' :

7. J1i BunankoBi BenuuuHM & i 7) HA3MBAIOTHCS HE3ANCKHUMH,
ko HesanexHi nmomii £<x i 7<y. Y usoMy BUNAAKY JABOBHMIpHI

¢ynkuii F i W posnamaiorscs Ha QOGYTOK OQHOBHMIPHMX, OCKLIBKH,
3risHo 3 GOPMYII0I0 MHOXEHHS HMOBIpPHOCTE#H, MaEMO:!

Fo(5,7) = P{E Sx,n <y} = P{E<x}-P{n < y} = Fy (x)F, (), (4.19)

&2 dF,(x) dF
o) = o ) = S (1, ) 020

4.2. Ymosni dpynkuii poanoginy
Sxmo unanxosi BemuuuHu &£ 1 77 3anexui, TO iCHyE yMOBHa
(anocrepiopna) #MOBipHiCTH TOro, mO OOHA 3 LMX BHIAAKOBHMX
BETMYHH pO3TAIIOBYETBCA HIDKYE IEBHOTO piBHA V, AKIIO 1HUIA

MicTHThca y Mexax x <& < x;. Lla #imosipuicTs P{ ns< y|x <¢é< x,}
3HAaXOOHMTHCA 3a NpasrnoM MHOeHHA (mue. dopmynn (1.16) 1 (1.17))
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P{x<£<x, nsy}

P{x<&<x} @2

P{nSyix<.fo,}=

- Ilpn 3amaniii JBOBMMIpHiM TycTHHI HMOBIPHOCTI Wér, (x, y)
3riano 3 (4.14) i (4.15), Bupas (4.21) MOKHA NMEPCIACATH Y HACTYIIHOMY
BUTTISAN;:

e ¢
<

I We, (x',y")dx'dy’
P{nSyjx<&<sx)=21=2 . (4.22)

Xy o0

[ W (x5 )ty

X -0

3nifichuBiuM Tenep y (4.22) rpaHMuHMI mepexin X; —> X, OTPUMAEMO

pyBKuilo, fKa HA3MBAECTHCA YMOBHOIO iHTerpanbHol QyHKUICH
PO3MONLIY BUNA/IKOROI BeIMUUHA 7] 32 yMoBH, 110 & =X :

Fyy (y]%) = !irr;P{nSy|x<§sx‘}=
x>

y
I We, (x, )y )
- ~%) = 1 j- u/gr’ (x, y') dy’. (4.23) .
t N ()
I We, (x.y )dy :
Axwmo Fy, ( y| x) Ma€ YacTKOBY HOXiIHY 32 )
OF: ( y| x)
Ui -
—-r—a;——-— =W, (%), 4.24)

TO BOHA HA3UBAECTRCH YMOBHOIO (aNOCTepiopHOIO)  FYCTHHOIO

Wmogipuocri aGo ymoBHOw QYHKUIEH po3noaTY BWNAIKOBOI

 BeJHYHMRM 7] 32 YMOBM, o & =X .
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Hudepenuiroroun (4.23) 32y, orpuMaemo

N W (ny) '
W, (y]x)=—L . . (425
| 577( I ) W.f (x) ‘ ( a)
abo
Wey (%, ) =We (x)-Wg, (3]x). (4.25 6)

B ymoBHHX anmocTepiopHHX (YHKUiSX PpO3NOALTY HasBHI yci
BIACTUBOCTI, SKi MaioTh O€3yMOBHi OXHOBHMMIpHI (yHKLil. 3okpema,
npointerpyasmn (4.25 0) 3a BCiMa MOXUIMBAMM 3HAYEHHAMH ) 3

ypaxyBaHHAM YMOBHM Y3rojkeHocti (4.15), orpmumaemo ,ymoBy”
HOPMYBaHHS: ‘ ‘

| f We, (¥]x)dy =1. (4.26)

3 1Hmoro 6oky, micna iHTerpyBaHus (4.25 6) 3a BciMa MOMJIMBHMH
3HaYCHHAMM X, OTPHMAEMO 3B’A30K MiX YMOBHHUMH i Oe3yMOBHHMHM
po3noginaMu:

W, ()= [ W (x)5, (5] . @27

AHA/IOriYHHM YHHOM MOKHA OTPHMATH BHpA3H i JUIN YMOBHHX
bynkni  posmogminy  Fj, (xl y), We, (xl y). Hanpuknan, ana
We, (x' y) CIIPaBIOKY€ETHCA BUpA3 ‘

Per (2) =5 0y (4.28)

3 SKOTO BHIUIMBAIOTH BINNOBigHI ,,yMOBa” HOpMYyBaHHA (4.26) i 3B’a30K
MiXX yMOBHHMM i 6€3yMOBHHMH po3noainamu (4.27).
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4.3. IlouaTKoBi i HEHTPAILHI MOMEHTH CYKYNHOCTI
BHNATKOBHX BEJIMYHH

Cepenni Bim noGyTKy UiIMX AONATHMX CTENEHIB BHIAIKOBHX
BEMMYMH & i 77 HA3MBAIOTECA MOYATKOBHMH 3MilllaHMMP MOMEHTaMH i
TIO3HAYAI0THCA K

my = <§iryk > = .[ j ng,I x y)dxdy, (4.29)

IpHIOMY CyMa i + k Ha3HBA€THCA MOPALKOM Momem"y.
3a ananorico 3 (2.26) MOXKHa BBECTH UeHTPaabHi 3Mimani

MOMEHTH:

My =<(¢-) (n-7)" >=
j I EY (y-7) Wey (x, Y)dxdy

IleHTpaneumii 3MillaHA# MOMEHT APYToro nopsanaxy M), Ha3HBacThCA

(4.30)

KoBapianicio BUNagkoBUX BEMHIMH & U 77
My = <(£-8)(n-7)> = <én>-<&><n>. (431)

TyT Mu BpaxyBanu, o nosHauensd <& > i & expiBanenTHi.
SIXiO BUMNAAKOBI BETHYMHHM HE3AJICKHI, 3MilIaHi MOMEHTH M,

BUPQXAIOTBCA 4uepe3 HOOYTOK INOYATKOBMX MOMEHTIB KOXHOI i3
BHUIAZIKOBUX BEIHYMH:

my = Ij xiy"Wg,, (x,y)dxdy =
Zo | (432)

= J.x"Wg (x)dx I YW, (y)dy = <& >< 7*>.

—0

~ 3okpema, cepeaHe Big no6yTKy &7 36iraeTbcs 3 1OGYTKOM CEepenHix:
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m,=<&n>=<&E><n>. ' (4.33)

I3 Bu3nauenHs (4.31) Bummo, mo Kopapianis M|, IBox Hesa-
NEXHMX BENMYHH JOpiBHIOE Hymo. Omxke, Benuuumma M|, Moxe

CITYTYBaTH MipOIO 3aJIEXKHOCTI MiX ABOMa BHIAAKOBUMH BEIHYHHAMH.
Sk Taky Mipy 3BHYaiiHO MNpHIMAIOTE KOBapialild0 HOPMOBaHHX Ha

cranpapr gaykryauiit @ = 8&/o, i f=6n/o, :
) s n

<(§‘5)(’7—77)>=<¢’n>——<5><17>

00y Os0y

K=<af> = , (4.34)

AKy HasmBaioTh KoedimicHTomM kopeasmii (abo 3B’a3Ky) aBOX
BUNAankoBUX BeiMH4MH. Skmo K=0, To Bumagkosi BemmuuHu & i 77
Ha3HBaIOTECA HEKOpenboBaHUMH. 3 (4.33) i (4.34) BuaHo, WO HE3ANEXHi
BUMAAKOBI BEIMYHHH € Hexopenbonaﬂumn. 3BOpOTHE TBEpIKCHHA,
B3araji Kaxyud, XuOHe: HEKOpEeNbOBaHi BEJIMYMHHM MOXYTH 1 He OyTH
He3aJle)XHHMH, OCKUIBKH 3 piBHOCTI iHTerpams (aus. (4.32))

<&n> = I j‘xyW.f,, (x,y)dxdy =

~o o (4.35)
='j'xwg(x)dxfyw,,(y)dy'= <E><n>

HE ' BUIUIMBa€ DIBHiCTb mimiHTerpambhux oynkui Wy, (x, y) =
=W (x)W,(»), axa e ymonoro Hesanexuocri.

Orxe, xoedinicHT xopeasnii K HezajieXKHUX BeJHYMH R0piB-
HIOE HYJI0. A sKa BeJMYHHa HOro MaKCHMalNbHOTO 3HAYECHHA?
HoseaeMo, 110 3aBXAM BUKOHYETLCS HEPIBHICTD ‘

|K|<1. (4.36)
Po3IIAHEMO IPYTHIA MOMEHT BHITAIIKOBHX BEHYHH ¢ + 3
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<(aiﬂ)2 >=<a’+p +2a8 > =2(1£K)20. (437

Ilpy HpOMy MH BpaxyBaiu BH3HaueHHA (4.34) i piBHiCTH omMHHII
AHMCTIEpCiii BUMAJKOBUX BEMMYMH ari f: - '
‘ 5 2 )
‘ o
<a’>=< —é- >=—£=1; <p*>=1. (4.38)
2
9¢ O¢
Ane y nisiit yactuti (4.37) cToirh CepemHe Bin HEBiJ’€MHO] BEJMYHHM
2 . . .
(aiﬂ) , omxe, 1+ K20, 3pigkn i BumnuBac HepiBHicTh (4.36).
Bewunn & i 7, pasn axkux K =1, Ha3suBaOTh MNOBHICTIO
KOpelbOBaHMMH, a Y BHAaAKy K = —1 — aHTHKOpeIbOBaHHMH.
IpomixkHi 3Hauenns K mix Hylem i onunuuelo (MiHyc oaMHHUuEI0)
BiANMOBiZa0TH Y2CTKOBO KOpPEIHLOBAHMM BeJM4YHMHaM. IHom mpocto
rOBOPSTH NPO T€, WO BeNMUMHU & i 7) KOpemoIoTh, akmo K # 0.

4.4. ®yunknionaabHi nepersopenns
BRIAAKOBHX BeJIHYHH
OxpemuM, ane OyXe BOXKIMBEM NPUKIANOM JBOX BHIAAKOBHX
BEIMYHMH € CHTyallif, KOIM OAHA 3 HMX € JIETEPMIHOBAaHOK
(HeBMNamKOBOIO) PyHKUi€K0 iHmoi. OTke, HeXait HaM JAHO CTATHCTHYHO
TOBHMH ONMC BHNANKOBOI BENMYMHHM & HANpUKIAN, HaMm Bigoma ii
TyCTHHa PpO3NOAiMy #MOBipHOCTEH W<§(x) PoarnaseMo  iHmy
BHUNAJKOBY BEJIHUHHY 7], KA OTPUMYEThCA 3 £ BiIOMHM TIEPETBOPEHHSM
Q. nN= ¢(§). SIx oTpuMaTH NOBHHH CTAaTHCTHYHMi omuc 77?7 IHMMHU

CIIOBaMH, K 3HANTH TYCTHHY pO3nofiny iiMoBipHOCTE!H W,,( y) ?

Po3srnasemMo cnoyarky HadnpocTimmii BHNAamoK, KoaM (yHKUis
¢(§) € MOHOTOHHOI i, oDke, oOepuena ¢ynkuis &= f ( q)e
OHO3HAYHOIO (AMB. pHC.. 4.2).
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n=p(&)

g ¢

1
I
_ I
0 x x4+ dx

Puc. 4.2

IMOBIpHICTH TOrO, HIO BHIIAAKOBA BENHYMHA & MOTPANHTH B IHTEpBAI
MK x 1 X + dx , arigHo 3 (2.5), ZopisHioe

dP = W€(x)dx. (4.39)
Ilps uboMy, K BMAHO 3 pHC. 4.2, BHIANKOBa BenuyuHa 7) Habymae
SKOroCh 3HAYEHHs 3 jHTepBany Mix y i y+dy, i, oTKe, AMOBIpHIiCTD

i€l noaii, 3 orHoro 6oky, 36iracrecs 3 (4.39), a 3 APYroro — AOPiBHIOE
3a pussavennam W, (y)dy , To6to

W, (y)dy =W (x)dx. (4.40)

SIxmo y mpasiii yacTMHi uiei opMynH BHPasHTH X dUepe3s y 3a

monomoro obepueHoi  QyHkuii x = f1 ( y), TO MM IIpHiigeMo 10

¢dopmynu, mo Bupaxae W,,( y) uepes 3ajiaHy TIyCTHHY HMOBipHOCTI

7(x):

df (y)
dy

Heo6ximmicTs nucaTd MOAY/Ib Bif df/dy nos ’q3aHa 3 THM, LIO A

W, (y)=W:[x=r(»)]

MOHOTOHHO CHAJAI0Y0i bynknii ¢(x) JoaaTHHNM dx BilNOBina10TH

Bl eMHi dy, i, oTxe, y nigi#i yactuai popmyns (4. 41) y uboMy BHnamky
NOTPi6HO [OCTABMTH 3HAK MiHYC.
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(4.41) |

Slxkmo ¢yHKuis ¢)(x) HE € MOHOTOHHOIO (pHuc. 4.3) TO, moxil
y < < y+dy Bianosigae oaxa 3 noxii
X <ESx +dxy,..x <ESx, +dxy,
Ie Xx,,... X, — KOpeHi piBHAHHA @ (Z) = ¥y : obepHeHa QyHKIiA X = f(y)

y LBOMY BHIAaKy € 6araTo3Ha4yHOwO | 3HAYEHHs . X, HANCKATh PI3HMM il
rinkam x, = f(y) (puc. 4.3).

AT

' =9 ($)
WY e T T S e e —
I AN TR . 1
Y I '} I— I [ ]
1 1 b i {
1 | o | |
| | o 1 0
| 1 [ 1 '

S N

-~ Lol é
0 % x+dx x+de % % %+
Puc. 4.3

Ockinexu nogii (x, < & < x, +dx,,k =1,2...) € HecyMicHAMH (BHNAAKOBa
BEIMYHHA ¢ HE MOXe OJHOYacHO HaOyBaTH KilbKa 3HaYeHb), TO
#imosipricts W, ( y)dy nopiBHIOE CyMi HMOBIpHOCTEH Wg(x,“ )dx,, 3a
¢opmynoro nonaeanns iimosipHocteit (1.4): ‘

X 442
W,,(y)dy=ZW;(xk)dxk (4.42)
k
I3 popmynu (4.42) Bunnueae, mo
", () ZW; (4 ()

A€ TiCyMOBYBAHHA MPOBOAMTRCA MO BCiX Tinkax f, obeprenol

4|

4.43
a0 (4.43)

 dymxuii f(y).
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SIx mpuKnaja pO3rNSHEMO BHNAAKOBY BENMYHMHY &, 110 PIBHOMIPHO
posnoningeTsca B iHTepBani 0< <7 3 rycruHoro posnoaimy

W, (x)‘= x. 3ualinemo rycrumy posnopiny W,(y) sunazxosoi
Benwaumn 77 =sing. O6epuena oymkuiz x = f(y)=arcsiny e
ABo3HavHOIO B ofnacti 0 < x < 77, mpUYOMy AN KOXKHOI 3 ABOX rinok
maemo df / dy = 1/ \/1— ¥, Tomy, KopucTyiounck dopMmynoro (4.43),
OTPHUMYEMO: ‘

1

W"(y)=%\/—i_—:—_;;

Po3rnsHeMo Temep NEPETBOPEHHA CYKYNHOCTI ABOX BHNAAKOBHX
BemmuMH & i &, y mBi iHmi Beimdmmm 7, i 7],. Hexat Mix

- (4.44)

BeMMUMHAMH 7], i &, 3aaH0 QyHKUIOHANLHUNA 3B’ A30K:

=@ (4:1:‘52‘)" M =9 (51,52)- (4.45)

JU1sa cnpoIneHHs NpHUITyCTHMO, WO iCHYe 0BepHeHe MepeTBOPeHH , i 110
BOHO OZHO3HAYHE:

& =filmm), &= f(mm). (4.46)

Toni cymicHa rycrtuHa posnonily ¥#MoBipHOCTE#H W,,( Yis yz) napm
BUNaJKOBMX BENMYMH 7], i 7], MOke GyTH BHpaxeHa 4epes cymicHy
TYCTHHY pPO3NOIiNy %(x,,xz) BeMMYMH £ £, 3a pmomomoroio
MIpKyBaHb, aHaJIOFi9HUX IO BXK€ HaBeAEHMX. TYT 1 Aami IJisa CIpoLIEeHHS
3anuciB 'y 6araToBUMipHOMY BHNIagKy 3aMicCTh W ,» We e MR
nucatumMeMo mpocto W, Wy, BBaxamuM, IO HWKHI iHOEKCH

HabyBaloTh yci MOXJMBI 3HauemHs n=mn,7,; £=£&,£ Tomo.
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Poarnxna'mmemo BUNIAAKOBi  BETHIMHM & 1 & sx  nexaprosi
Koopmmam TOYKH 4 Ha TTOmMHi &0¢&, (puc. 4.4 a). ImoBipHICTS TOTO,

IO UA TOYKA MOTPAMMTh Y 3annpnxonarmn IPAMOKYTHHK 3i cTOpOHaMH
dx, i dx,, nopmmoe

dP=P{x <& <x +dx,x, <& Sx, +dx, }=

(4.47)
=Wy (x,,x,)dx,dx,.
4 ¢, - M2y
x+dx, ———:7 yrtdy,
be _’é . ’ ﬁ
X2 ' 1 Y2 { —:
oo by
Ny A )
T > oo R
0 xi xtdx & o N1 yitdn 7,

Puc.4.4

. Ilpu 1pOMy BHIIAAKOBI BEJIMYHHH 7], 1 7}, , IO TAKOX POITAANAIOTECH SK

JICKapToBi KOOpAMHATH TOYKM A Ha mromuHi 7,07], NOTPAIKIOTH Y
3alITPHXOBaHHH NpPAMOKYTHHK (puc. 4.4 6) 31 cropoHamu dy,1 dy,.

ImoBipHicTh wiei monii 3 ogHoro 6oky 36iraereca 3 (4.47), a 3 iHworo
JOPIBHIOE

dP=P{y <n <y +dy;y, <m <y, +dy,} =
=W, (71 y2)dvidyy, (4.48)

ae y = ¢,(x,,x2),
(4.48), otpumyemo

dx;dx
W, (vis2) =W [xl = ()5 % =f§()’1a)’2)]‘iﬁi;i"- (4.49)

Y2 =¢2(x1,x2)- Dpupisusasun Bupasu (4.47) i
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Jpyru#i CHiBMHOXHMK y MpaBiii 4acTHHI ui€i ¢popmynn € saxoGiaHoM
Tnepexoy Bill 3MIHHMX X,, X, IO 3MIHHHX Y, J,:
oh oh|
dxydx, _ n  In _ a(x,x,)
dvdy, |9fi Sf| 9(»n.»)
|5Y2 oy, '
dopmyra (4.50) Ma€ POCTHIA TeOMETPHIHHIA 3MiCT — MoZy”nb sixoGiana
MEPETBOPEHHA JOPIBHIOE BIJHOLICHHIO MIOMI NPAMOKYTHHMKa 31
cropoHamMH dy, i dy,( puc. 44 6) no mnomi NpPAMOKYTHHKA 3i
cropoHamu dx, i dx, (puc. 4.4 a).
Kopucryiouncs popmynoro (4.49), 3Hai1eMO rycTHHY poanoni.ny
iimoBipHocTeli cymu (pisunui) &, + £, nBOX BHNAAKOBUX BeJHYHH.

(4.50)

 BBenemo ABi HOBi BETHYHHH:

m :¢1(§1,§2)=§1 &, m=0, (51,52)‘—-52 . (4.51)

Iz (4.51) nerxo Moxua 3HaiiTH 06epHeH: QyHKHIT:

&= fi(m.m)=mFm, §2=f2(ﬂlaﬂz);ﬂz- (4.52)

ITicns yoro, o0YKMCIHBLIN AK00iaH nepexonay, OTpHMAEMO:

O, x)|_| 1 Ol =1 (4.53)
o, y.) L 1 :
B pesynbraTti popmyna (4.49) nae:
Wn()’l,h):W:(xl =WFYpX =) (4.54)

Jlns Toro, wo6 i3 JBOBMMIPHOI I'YCTHHH pO3NORITY HMOBipHOCTEH
W,,( Yi» yz) OTpHMaTH TYCTHHY pO3IOAiNy HMOBipHOCTEH cymu, To6TO

BUIIaZKOBOI BENMYHHH 7),, fKa HaC 1 WIKaBHTh, OOCTAaTHRO IHpO-
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iHTerpyBatH ii 3a BCiMa 3HAYEHHAMH Y, JDYroi 3MiHHOi -7},, fK

BHIUIMBAE i3 yMOB y3rozp|ceﬂocn “4.15)i (4 16):

W, (J’l I W, (yl,yz)dh = I W (n +)’2,}’2)d)’2 (4.55)

Awnanoriydo no (4.55) MoxHa oTpHMaTH (POPMYNH AJA TYCTHHH
posnoginy HMoBipHOCTEH ho6yTKy &8 1 vackm & /&, mBox
punankoBux Benuums &,&,. Be3 NOBencHHA HaBENEMO TiMLKHM
OCTaTOYHY BiZTIOBiAb.

Ho6yToxk ABOX BUNAAKOBHX BEJWYMH. YBIBIIM NO3HAYCHHA

h= 5. 'fz, 7, =§2, OTpHMaEMO

d
W,(n)= IW (Y1’Y2)d}’z-jW¢[y1 ,)’2] 32) (4.56)

2|

Yacrka ABOX BHNAAKOBMX BEJIHYHH. yBlBﬂlH NO3HAYCHHA
=& /&, n, = §,, orpumaemo

0 [+ o]
w,(n)= IWq(yl,Y2)dY2= I We(3- v,y )|paldv,. (@57

PO3r/IAHEMO Terep 3aTaIbHIlIMi BUNANOK, KOMM HaM 3axaHo N -
BHMipHY IyCTHHY po3noziny iimosiprocti Wy (X;,Xp,.-Xy ) cyxymnocti

BHMajAKOBHX Benmuns &,$,,..5y 1 HeoOXimHo 3HaliTH cepeaHe

3HayeHHs  BiA  JerepMiHOBaHO!  QyHKuii r]=(p(.§l,§2,‘...§N‘)

BHIIAJIKOBHX aPTyMEHTIB &, . Ananoriuno g0 (2.30) maemo

m(n)=<n>= J.I @ (X102 YW (%, Xy ) dxy.dxy . (4.58)

—gp -0
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B oxpeMoMy BUNAJKy, SKHH pO3IIANaTHMETHCA nani, (Gopmyna
(4.58) ™Moxe OyTH BHKOPHCTaHAa [UIS - 3HAXOKCHHA YHCIOBMX
XapaKTEPUCTHK CYMH i JOOYTKY BHIIAAKOBHX BEITHYHH.

4.5. IlenTpajibHa rPaHHYHA TeopeMa Teopii iiMOBIpHOCTeiH
Po3rnsHEMO TENep CTATUCTHYHI XapakTEPUCTHKH CyMM 77
JOCTAaTHBO BENMKO] KUTBKOCT] N BUIIAAKOBHX BENHYHH &, :

‘ N
=4 (4.59)
i=1

CTaTHCTHYHO TNOBHMH ONMC CYKYNHOCTI BHIIQJKOBHX BENMYMH &
3a4acThc  N-BHMIPDHOIO  TIYCTHHOIO  pO3MOALTy  HMOBipHOCTEH
We (xl » X2, ...xN) . 3rizmno 3 (4.58) 06uMCIMMO CepenHe 3HAYEHHS CyMH:

N

<> = <Z§i> =

i=l

i= (4.60)

TTpu 3HAXOMKEHH] < 7)> MH CKOPHCTANIMCH BIACTHUBICTIO Y3roJUKEHOCTI
(4.15), (4.16) nns W, .
 TlpumycTHMoO Terep, LIO BCi BEMMYMHM &; B3aeMHO HesanexHi. e

o3Hauae, o N-BuMipHa TyCTHHa pO3NOJiNy HMOBIpHOCTEH po3ma-
JaeThCA Ha JOOYTOK OMHOBHMIDHHMX: ‘

N
W, (x,...xN):HWf (x)- 4.61)
=]
3 ypaxyBauuaM (4.61) 3HaiiAeMO AUCTIEPCIIO CYMHU:
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oi= <o > = <|$a-B)] > -3l -

=l ik=1

N

(6B D <(e-BNa-E) G

i=l ik

~ (Harajaemo, o pHCKa Bropi i KyToBi Iy>XXKH 03Ha4aloTh ORHE i Te caMe

craTucTvdHe ycepeamenus: <¢&; > =E,.). TNoxgiitna cyma B (4.62) 3a

. pi3HMMH iHAekcaMH i # k nepeTBOpIOETBCA Ha HyJb, OCKIIbKH KOXEH
JIOHAHOK Y Hiil € KOBapiaui€lo ABOX HE3ANECKHHUX BEINYHH:

<(&-E)&-&)> = <&&>-<&><g> =

. (4.63)
=<&><E >-<E><8, > =0.

CymMa, mo 3anummnnacs y (4.62) 3a 36ikHUMH iHAEKCaAMH Ma€ BUTTIAN

N
o} = Za,? , (4.64)
i=l :

2 =\2 : .
ne o = <(§i —é‘l) > -—— QuClepcis BHIAAKOBOT BenmHumHH ;.

Takum YHMHOM, MH OTPUMAJIH BAXJIUBHH DE3Y/NbTAT: JUCIEPCIA CyMH

' HE3WIEXKHHUX BENMYHMH JAOPIBHIOE CyMi JHUCIEPCIH KOXHOro NOJaHKa

(3ayBaxkumo, wo mpH BuBeleHHi (4.64) mocratHeo Gyno 6 BuMaraTH
TiNIbKM B32EMHOI HEKOPENbOBAaHOCTI JOAAHKIB, AKi INpPH. LLOMY HE
060B’3K0BO MAIOTh OyTH HE3ANEIKHHMH). ‘

BusBiaserbcs, mo mnpu N —> 00 rycTHHa po3moaindy
liMosipHocTell cymH 7 Bunhnxonux peauuun £ npamye 1o
Aesikoro  yHiBepcajbHOro  posmoginy  (AKHi HA3UBACTLCA
HopmasibnuM abo posnoainom I'aycca) HesaseXkHo Bil KOHKpeTHOro
BHIIsAly TYCTHHH po3moaiay iimosipHocreii xoxHoro aoxanka &,
AKIIO TiTbKH BAKOHYIOThCSI HACTYTIHI YMOBM:
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2

lim 02 0, lim ——-—z |§,, fkl >

C N N-o
On % 4 n>2
Y usomy ¢akTi — 3MIiCT LEHTPaNbHOI TPaHHYHOI TEOpeMH Teopil

fiMoBipHOCTeit. MU He AaBaTMMEMO-TYT ii CTPOTOro JNOBEACHHA, & TUIBKH
TOKaXEMO, fIK Y OKPEMOMY BHIIA/IKy OTHAKOBO PO3MONLICHUX i B3a€EMHO
HE3aJEXHUX BHNAnKoBHX BenmunH & ix cyma n mpu N —> 0 crae
* HOPMAJIbHO PO3NOLIEHOI. Iosnagxmo 4yepe3 g cepefHE 3HAYCHHA, a
uepes 0 — JUCIEPCilo KOXKHOTO noAanka & y cymi (4.59):

<& > =a; <'(§—¢,?,.)2>=az.  (4.66)

Toni 3riguo 3 (4.60) i (4.64), Maemo:

0'

<n> =Na,
(4.67)
OT; = No>.
Posrisnemo HopMoBaHi duykTyawii ¢; KoxHoro nofauka &, :
¢ —a
Gi=2rs
“ oJN
1 Bciel cymn
Na
S B Zc, (4.68)

I3 HesaneKHOCTI BHNANKOBMX BEJHYMH f,- BHILIMBAE i HE3ANCHKHICTH
HOpMOBaHMX BemuMH ;. Orxe, GaraToBuMipHa ryCTMHA PO3NOILTY

fimosiprocti W (31,,...yy ) ananoriuno o (4.61) posnanacres Ha

No6yToK OfHOBHMipHHX. BpaxoByioun ue, 3HalIeMO XapaKTEPHCTHYHY
~ GyHKIIi0 BHNAJKOBOI BENTHYMHH Z:.

N
f.(v)= <e > = <exp iné’,-
i=1
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~0. (465

[} o0 N
= II exp{iny,}W; (75-yn )y dyy =

i=l

p NN o (4.69)
= I exp szy }H_W; (yk )dy,dyz...dyN = 2 .
o k=1 '

k=1

N o0
A0
k=1 2
e f;(v) — XapaKTepHCTHYHa (YHKIA OKpeMOro NOJaHKa §;

(oanakoBa s BCiX &)):
- fr(v)=< e > = j VW, (y)dy . (4.70)

—00

TMonaBiuy eKCIIOHEHTY I 3HAKOM iHTErpaja y BUTIAMI

z("') ,

k=0
nicina inTerpysanns (4.70) orpumaemo

2@ e <@-a)>_ v -3 @n
=y L ~_+o|N 2| @T])
S W)= 2o <s™> E’, kN 2N
Ipu N >>1 y niii GpopMyni ZOCTATHBO 3AIHUIATH TiILKA epuii nsa
BiZIMiHHI BiJl HyNsl AOJAHKH:

vZ

V)&l -, 4.72)
) ~1-2
Mincrasumo (4.72) y (4.69) i nepeiinemo no rpanuii N —» oo:

2 \W ¥ -
f.(v)= (1———] —>e ?. 4.73)

N—x
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3Hal0ul XApPAKTEPHUCTHHHY QYHKUIO fz(v) , MOXHa 3HAITH
TYCTHHY pO3NOXUTY HMOBIpHOCTEH W(z) BHIIAJIKOBO] BEHMYMHU  Z,

3aCTOCYBaBINH 3BOPOTHE HEPETBOPEHHEA (I)yp’e o fz(v) :

W(Z)=~21;Ie'""'”fz(V)dv I - ZJV_T;_;e 7. (474)

Iepeiimosmn Bix z 3a dopmynoro (4.68) 4o BHXiHOI BENMIHHH 77 i
KOPHMCTYIOYHCh OTPMMaHHM HpaBunoM (4.41) neperBopeHHs TIYCTHR
pO3MoLiNy HMOBIPHOCTEH, OTPHMAEMO OCTATOYHO:
==\2
i)

] 207

W(n)»»-—--i‘;;! T (4.75)

Ilc # € posnonin aycca abo HopmanbHAi posionin. CxeMaTHYHHHA
rpadik W(I]) HaBEACHO Ha pHc. 4.5. 3 HBOTO BHILIMBAE, WO LE H €

OAHOMOJANBHKI PO3NOALN 3 CHMETPHYHAM MAKCHMYyMOM NIpH 7] =7j ,

MiBLIIMPYHA SKOTO Ha PIBHi 1/ Je AOpiBHIOE CTaHAAPTY T, .

YS40)]

1
W e
™ Jiro,

1
7
Je

v

Puc. 4.5
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4.6. Hopmannuwii po3nonia

HopmansHuii po3nofin Biiirpac Haf3BHYAHHO BENUKY POJb Y BCii
craTHCTHYHIHA ¢i3mni i, 30KpeMa, y CTaTHCTHYHIH pagxiodisuiti, OCKUILKH
dnykryanii o7 =7 —7 BenMuMH, 33 AKHMH NPOBOAMTHECA CIIOCTE-
peXeHHd, K n_pammo, € pe3yNLTaTOM fii BENMKOl KiIBKOCTI
pizHoMaHiTHIX (axTOpiB ( £ ), SKi 9aCTO MOXHA BBAKATH HE3AICKHAMH
# aguTuBHEMM (TOOTO TaKHMH, IO MiACYMOBYIOTECA). CHifl 3a3HAYMTH
OJ[HY BRXNIHBY BJIACTHBICTE HOPMANBHOIO po3noainy: Syab-axi jginifini
NepPEeTBOPEHHA HOPMAJLHOI BHHAIKOBOI BEIHUYMHM NPUBOIATL
3HOBY A0 HOPMAJILHOTIO PO3NIOILYY.

ToBepuemocs 1o 3aga4i Mpo PO3NOALT ABOX BUNAAKOBUX BEIMYMH
€ i n.Posrmsigarnmemo &£ i 77 Ax AeKapToBi KOOPAHHATH ,,BUNAXKOBOI
TOYKH” (KIHIM BHIAAKOBOIO BEKTOpPA é_: ) Ha monni &,77 (aus.
puc.4.6). OxpiM HeKapTOBHX KOODAMHAT IIOJIOKCHHA TOYKH MOXKHa
omycyBaTh ¥ y MOMApHii cucTeMi — 3a/1a109H BiACTaHb ¢ Bij NOYATKY

KOODAMHAT i Kyra v, abo, iHIUHMH cnosamu, Momynsi & i dasu v

BHIIAJKOBOIO BEKTOpa & , LIO JIOXKUTH Yy MNommHi &,7]:

¢ =\E2+n?, v= arctg%. (4.76)

Axwo ax £ i 7 BHCTYMAIOTE IBiI KBaJpaTypHi KOMIIOHEHTH AKOro-
neGyib KOMMBATLHOTO BHIAZAKOBOrO MPOLECY, TO 4‘ — ammityaa

KonnBaHHg, a v —— itoro (ba3a. 3 BHNAAKOBHMH npolecaMl  MH
NO3HaHOMHMOCS IeLI0 l'li3HillIC, a 3apa3 3HAMIEMO BHIAL I'YCTHHH

posnoaity #mMosipHocteit W, ( p,qo) Monyiis i. asM BHNIAIKOBOTO
BEKTOpA, AKIIO BiloMa CyMiCHa TyCTHHA PO3MOALTY HMOBIpHOCTEH #Oro
KBa[paTypHHX CKnanoBux W, (x, y). Hanmuwemo ¢opmynn oGep-

Henoro 10 (4.76) nepeTBOpeHHA:

3 MiHaxos, T. 1 65



§ 4. Cyxynnicmo eunaoxoeux éenuyun i gynryii unadKkosux apzymeufnis

A7
........ 5 |
‘77 ¢ ; §=5—F
7 ¥
v ! r )
Y7 ' >
0 & Z &
Pnc. 4.6
E=(cosv; 77=(,’sin? 4.77)

1 CKopucTaeMocs 3aranbHolo ¢opmynorw (4.49) neperBopenns W npu
TIIEPEXOA| BiJl OJHIEI CyKYMHOCTi 3MiHHHX (5,77) A0 iHmOl — (4’ ,v).

SkoGian nepexony Bix (x,‘ y) J0 ( Yo (p) OOGYHCIIIOETHCS JIETKO:

cos@ —psing
sing  pcosQ|

I(x,y) _

= =p. 4.78
() p 4.78)

Orxe, 3rigHo 3 (4.49) MaeMo: '

W, (0:0) = pPWe, (x = pcosp,y = psing).  (4.79)

Hexaii £ i 77 — HOpMaJbHO PO3NOALIEH] 1 HE3aJIEXKH] BUIIAJKOB!

BEJIHYMHH i3 3aJaHUMM CepelHiMM 3HaueHHsMH &,77 1 ONHAKOBMMH

: 2 22 L2,
IMCTIEpCIAMU Oy =0, = 0!

Wg,,(x,y)=W§(x)W,,(y)‘= 12exp{— 12[(x—5)2+(y—r7)2j|}- (4.80)

2no
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3rigHo 3 BUSHAYEHHAM

Z =rcosy,

77 =rsiny,
BBEACMO Yy po3rnmiag Moayns r i ¢a3ly ¥ TOCTIHHOro BeKTopa
CEepEeNHBOro 3MillleHHd 7 = < 5 >. SIx BUOHO 3 phc. 4.6, BHNaIKOBHIA
BEKTOD f =(§,17) y UbOMY BHIIAAKYy € CYMOIO MNOCTIHHOTO BeKTOpa
r =(¢T 7 ) 1 HOPMAIbHO DO3NOIAUIEHOr0 BHNAJKOBOrO BEKTOpA
R = C-F =(§ ~E,n-7 ), Cepe/HE 3HAYEHHH, KOMIIOHEHT HKOTO

nopisHioe Hymo. Ckopucrasumcs hopmynow (4.79), orpumaeMo

p 1~ .2
e

P 1 19
= exp{— 53 [p +r? _zércos(¢—-y)]}. (4.81)

[pointerpysaBimy (4.81) 3a BciMa MOXUIMBMMH 3HaYEHHAMH KyTa
® (0 Sp< 27[) , OTPUMAEMO TaK 3BaHHMH Yy3araJdbHeHHiH po3moain

Pesien ans Mmonyns § :

27 prar
P Pr) = 25
W (p)= j‘ng (0 0)dp="51, (——Z-)e 20° | (4.82)
o o
0
TyT 1, (z)— ¢ynxuis Beccens nepioro poxy HynbOBOTO MOPAAKY BN
YABHOI'O apIyMEHTY:
1 2z
I,(z =—J-ez°°s”’d .
o( ) 7 4
0
¥ '_ 67
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3a BiACYTHOCTI CTAnoOro 3MilCHHSA (r = O) ¢ynkuis bBeccens
nopisuoe 1 (10 (0) = 1), i ysaranbHeHuii posmoain Penes. (4.82)

HEpEeXOAMTH Y MpocTOo po3noxia Penes:
: 2

- L :
W (p)="t5e 2. @83)

‘ SIkuio x Mu npoiHTerpyeMo (4.81) 3a BciMa MOMUIMBIMH 3Haqeﬂm
P, TO OTPHMAEMO 3aKOH posnofiry dasu W, ((o) 3okpeMa, 32 BUICYTHOCTi
CTAJIOrO 3MILIEHHA (r = O) OTPHUMYEMO PIBHOMIPHHIA PO3MOJIN:

’ © l
W, ()= IW;V (pro)dp=—-, (0sps27). @84
0

Cyxynuicts rpadikis W, ( p) aK (GyHKUii aprymeHTy p/O' 3a pi3HHX
3HAYEHb IIapaMeTpa r/ O HaBeJeHO Ha puc. 4.7.
V rpaHd4YHOMY BHIANKY © >> O, KOMM BinOyBalOThCA TUIBKH

Api6ui GnykTyauii Bekropa £ HaBKOJO NOCTIHHOrO BEKTOPa F , 3aMiCTh

dynxuii /, B (4.82) MoxHa cKOpHUCTaTHCA 1l ACHMIITOTHYHHM TONAHAM:

ez
Iy(z) = Nk

VHaCmiIOK LBOrO JUIA HE HAATO MamuX ¢ , KOJNM BHKOHYETBCA

z>>1. (4.85)

HEpiBHiCTH § >> o’ / r, 3 (4.82) BHniIMBac HOpManbHHI PO3NOALI:

W, (p)= e (o=r) | (4.86)
= ———eXpy— ——¢- .
P 2ro P 20° '

Ipy LBOMY MH TIPHIYCTIIIM, WO BiAXMIEHHS § Bill 7 HE HANTO BENHKI:

|C —r|<<r. Y saramhimoMy BHMaIKy TIyCTMHa HOPMAIbHOTO
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Puc. 4.7

po3noainy WMOBIPHOCTEH CYKyTHOCTI JBOX BenudnH & © 7] 3 pisHUMH
. = =\ . . 2 2 .. .
cepenHiMA (5,77) i aucnepciamu (0, O,), a TAKOX BIAMIHHAM BiJ

Hyns koediuientoM kopemsuil (K') Mae Burnan

Wg“'l (x, y) = 1 X
27r0'50',,\/1 ~-K?

N [ M E ) T |

xexp 2_(1—K2) a.g 0.0, o7

I'Iépexin y LBOMY BHpa3si BiJl JCKapTOBHMX KOODAMHAT IO MOMAPHMX i
nojanbile iHTErpyBaHHs 3a ¢ a6o QO [ac 3MOTy OTpMMATH iHmmi
ysaranbHenus Gopmyn (4.82), (4.84), aki MM TYT HE HABOAMTHMEMO.
JleTansHi AOCHIJDKEHHsS OTPUMYBaHHX NPH LboMy (yHKuii posnoximy
dasm i Momyms MoxHa 3HaiiTH y MoHorpadisx 3i craTMcTHaHOI
panioTexHiKH. |
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§ 4. Cyxynnicms sunaokosux eerudun i GyHKYil 6UNAOKOBUX apzymMeHmis

3AlIA‘lI
1L BunankoBa BenM4MHA 7] € NiHIHHOIO QYHKUICIO BUNAIKOBOL

semamnn & 77 =@(&)=al+b, ne a i b — crani Bemuumny, 3naita
rycruHy #mosipHocti W, (y)Benwuumn 7 npu  Binomii fycmﬂi
itmosiprocti W, (x) Bumankosoi Bermuannn & .

Po3e’nzox. CnouaTky  BH3HAYHMO  OGEpHEHY  (yHKLUilO

x=f(y) =Z:—b-. Ockinbku x = f ( ») — ommosHauHa (yHKUid, TO
a _

Znsi 3HAXO/KEHHA TycTRHH #mosipHocti W, (y) = cxopucracMocs
dopmymnoro (4.41). Otpumaemo

W,(») =W, [r(»)]

df (y)| _1 y-b
— = ———Wé —.
dy | a
Sxino semuuuna &, HaNpUKNan, Mae pIBHOMIpHY TI'yCTHHY
posnoniny WMoBipHocTi B inTepsani ( X, , X, ], To Benuuuna 77 Gyne
~ posnofineHa piBHoMipHo B inTepsan ( ax, + b, ax, +b].
2. Buntankosa senuunsa ¢ 3 piBHOMIPHOIO I'YCTHHOIO #MOBipHOCTI

0, x<-—a;
W.(x) =1 ,—a<x<b,a<b, 1
ol ) (b+a) M
0, x>b
MiAAArac KBapaTHYHOMY nepeTBopéHmo n=¢&*

.Busna-mmu
A — pynkuio po:monmy F,(x) sunankosoi BEIYMHH &;

B - ¢yskuino poznomnyF,, () i rycruny iimosipnocti W, ()

BHIIAKOBOI BEITHYUHH 7] .
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Po3e’a3ox.
A. 3 ypaxyBaHHAM BH3Ha4YCHHA W§ (x) 3a ¢opmynoo (2.7)

snaxommMo Fy (x)

0, 2<—a,
Ny | _x+a )}
F P W, dx' = = , —a<x<b;,
2= J ;) b+ bra b+a @
1, x>b.

B. Ilpu xBaapaTHYHOMY HEPETBOPEHHI Y = x’ $yHKIIA y HiKONH
He HabyBae BiJi’€eMHUX 3HaYeHb. ToMy

F(»)=P{n<y}=0npuy<0. 3)
Jns 3uayen» xe€(—a,a] (sinnoBigHuii IHTEpBAN 3HAYCHB
y: ye€ (O,a2 ] ), obepuena d¢ynkuia x = f(y) € ABO3HAIHOIW:

z, = f(y) = +J¥, x, = £,(y) = —y.- Y upomy Bunamxy neobxiauo

KOPHCTYBaTHCSI  TPaBHJIOM TEPETBOPEHHA T[YCTHHH  PO3MNOALILY
#iMoBipHOCTi (4.43) g 6araTo3Haunmx pyHkii. OTpHMyeMO

W,,(y)=W¢[x=f.(y)]%fyl‘wg[nfz(y)]\’f{; ;7;(—;5. @)

3BincH

2y

5
b+a ©)

F,0)= [W,00dy =
0
Ha intepBani xe€(a,b] (BimnoBimHMii iHTEpBan 3HaYeHb
y: ye (az,bz]) obepHena  QyHKIis Ma€ TIIBKM OOHY TUIKY
x, = f,(y)= \/—; , OTake, BOHa ofiHO3HauHa. Tomy
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w,(»)= Wg [xz()’)]

2f (b+a)’ | ©)

a \/-;+a' (7)
2(b+) \/—’ b+a b+a

F,,(y)=F,,(a2)+ j W, (y)dy' =

Taxum umpOM, mincymoryiouun (3), (5) i (7), a Takox @) i (6),
OCTaTOYHO QTPUMYEMO '

0, y<0;
(lf y)’ O<y$a2;
+a

F,(y)= N ®)

y+a’ at<y<b?
b+a .
1, y>b?
(0, y<0;
! R 0<y_<.a2,
Vyb+a) .

W, (»)=1 . ©9)
e, a? < y < b
2\/3;(b+a)

0, y> b

3. CymicHa ryctuna WMOBIPHOCTI JBOBUMIPHOI BHUNAaKOBOY
semmunnu (€ ,7 ) Mae BUIIsA

4 e”‘z"z, >0, y>0,
W, (5, 0)={ 7 x>0 )
0, x<0, y<0

Busnauumu: MareMaTHuHi 0diKyBaHHA f s 1 mucnepciio

duykryamiit 0',’r , 0',, BHIIAJKOBMX BenuunH & 1 7).
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Po3ze’asox. 3rimHo 3 yMmoBoio ysromkeHoeti (4.15) i (4.16) Bu-

3HAYMMO CIIOYaTKy OXHOBMMIPHI I'YCTHHH #iMoBipHOCTei BenuuuH & 1 77:

We(x) = IW§q (x, v)dy = 4xe™™ I ye zdy =2xe" , x>0; o
0 o @

W,(y)= _[W:n(x,y)dx=2ye'y2, y>0..
0

3a 3HalieHNMH W; (x) i, ( y) 3HAXOIMMO Cepe/iHi 3HAYEHHA 1 [icnepci:

Z= J-ng(x)dx 2J' 2“*dx=r(-§-) =»‘/2—’—£ . 6)

2e“'yzaly=—‘/5;—, )

=3
i
[\

© Sy, 8
<

o =j(x—z)2W¢(x)dx=Iszf(x)dx—Ez _
0 0

© r(g—ﬂ) -\2
=2 Ix3e""x2dx—22=2 22 -(‘/;} =1-Z . )
0 ‘

, 2 T ‘
O':=O'§--l"‘z. . (6)

Ilpu obumcnenHi c¢opmyn (3+6) MM BHMKOpDHCTANM HACTYIIHE
BH3HaYECHHA:

11 a>0, n>-1.
2a————
2

Tyt F(z) — ramma-dynxuis Eiinepa.

w I,(n+l] '
Feooota L2
0
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Po3oin Il
EJIEMEH TH TEOPII BHIIAIKOBHX (DYHK[IIH

§ 5. Bunagxosi ¢pynknii

Bunaaxosi Benu4HHM, 3 AKUMH MH CTHKaeMocs y paaiodisuui, ak
npaBuno, abo 3MIHIOIOTECH y Yaci, abo HaOyBalOTh pi3HMX 3HaYEHb y
PI3HHX TOYKax IpPOCTOPY, 4YacTo 3MIHIOIOTBCA AK y 4Yaci, Tak i B
IpocTopi, TOOTO € BHMNAaAKOBHMH (YHKUIAMH Hacy i NIPOCTOPOBHX
KoopauHatT. Bumankosa ¢yHkuin dgacy (To6To d9acoBa pO3TOpTKa
BUNAJKOBOi BEIUYMHH) HA3MBAETHCA BHNAAKOBHM HPOLECOM.
OueBHaHO, O HE BAapTO TOBOPUTH MpPO fAKe-HeOyAL MNOBHICTIO
BU3HAYCHE 3HAYCHHA BMIAAKOBOI (YHKIIT Y MEBHHI MOMEHT d4acy:
3HAYEHHs, IKMX HaOyBa€ BHIIAAKOBHH NpoIEC Y KOXKEH MOMCHT Yacy —
BHMAAKOB1 BenMuuHH. Ocummorpama (4acoBa pO3roprka) CIpyMy Yy

HalIpoCTIIIOMY eNeKTPHYHOMY Koii, HaBeaeHa Ha puc. 1.1, € ommiero
3 MONUTMBHMX peami3amiii, Ky MOXe MaTH 3aIeXKHICTs CTPYMy Bil 9acy.
SIxmio My 36epeMo 6araTo NOBHICTIO iAEHTHUHHMX Kill, TO OCLMJIOTpaMH
CTPYMY 'y Komnbmy 3 HHX, 3arajioM, OyJayTh niKoM pisHuMH (pHcC. 5.1):
y KOXHOMY koni (3 HomepoM k) 3anexuicts crpyMy Bin uyacy [/ k(t)

6yne BUragnMBo (IKTYIOBATH HAaBKONO CEPENHBOTO 3HadeHus I,
AK€ € MAKPOCKOIIYHHM CEPEIHIM 3HAYCHHAM CTpyMy (HaupHKiNan THM,

axe nepenbayaerscs 3akoHoM Oma). Koxxa taka ocumnorpama [ k(t_)
i € k-0 peanizcamicio Bmmagxosoi ¢ymkuii, a iX CyKynHicTb
HasHUBacThCcA aHcambiaem peanizanii. Takum uunoMm, OGyap-aka
BUnanxoBa QyHkuis (y ToMy 9HMCHi i BHIAAKOBMI HPOLIEC) MOAAETHCA
CBOIM aHcambneM peamizauiif. 3 puc. 5.1 BUAHO, IO y KOXKEH NEBHHIA
MOMEHT 4acy f 3HaYeHHs cTpymy [, (t) y pi3HHX peami3anisx BiAMIHHI,
TO6TO MOXKHA FOBOPHTH TiJIbKM TIPO MMOBIPHICTH THX 4 IHIIMX 3HAYEHD
CTPyMY B MOMEHT ¢ i onepyBatu 3 (t) SK 13 BUTIAZIKOBOIO BEIHYHHOIO &.

74

& 5. Bunadxosi ¢rynxyii

2 L) ' 1-wapepnisayia

L ‘: 2-za pepnizayia

Ancambnb peanisayiti

5.1. Interpanbna GyHKnis i rycTHHA
posnoiny HMoBipHocTe#H
prmycumo, WO HaM 3ajaHO aHcam6me 3 N peamisauiii
BHNaaKoBoi QyHKIi f(t). Tosnaunmo uepe3 &, (t) k-T1y peanizaiio 3
usoro ancambmo. OOpaBuM ROBINBHY BENHYHHY X, U 3aJaHOro
3HaueHHs vuacy ! CHifl miapaxyBaTH KiIbKiCTh peamisauwid n, 3
aHcaMOIIo, A4 AKMX BHIIAAKOBA BEIHYHHA .f(t) B MOMEHT uacy !
3a710BOJIbHSAE YMOBI ¢ (t)< x . Ilo6ynyemo BiIHOWIEHHS V, =N / N, sxe

BH3HAYa€ 9YacTOTy MOABH NOAii, Mo posrnamacrecs. [na JIOCTATHEO
Benmukux N (N —)oo) BENMYMHA V, TPYNYBaTHUMETECH MOONHM3Y

- ACAKOTO YHCHa, SAKE 30iraeTecs 3 lMOBlleCTl'O posapu moaii P , 10

PO3TIARAETHCA, 1 TIO3HAYAETHCA TAK:
F(x,0)= P{&1)<x) . 5.1)

Dynkuia F, (x,t) HA3MBAECTLECH OXHOTOYKOBOKW (abo 0HOBHMIpPHOIO)
inTerpaabHol0 pyHkuicio posnoniny imosipHoCTEN.
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§ 5. Bunaoxosi ¢hynxyii

§5. Bunadxosi Qynxyii

Onuc BunaaxoBol GyHKi {(t) 3a onomoroio (5.1) € nanexo He
MOBHHM: BiH Ja€ 3MOTy OGUHCIMTH BCi CTATHCTHUHI CepeaHi f(t) y
KOXXEH MOMEHT 4acy f, ane HiJ0ro He TOBOPHTH IPO XapaKTep 3MiHH 3
4acoM Ppi3HHX peani3aliiit é’k(t). 3nauyHo Oaratma iHpopMauis
MICTHTBCA Y ABOTOYKOBiit (abo nBoBuUMIipHiii) dyakuii posmoainy
fimosipsocreii F, (x1 o4 ;xz,tz);;my MOXHA BH3HAYHTH aHAJIOri4HO JIO
Fl(x,t). Jns oOpaHux MOMEHTIB 4acy f; i f, i Hamepen 3afaHHX
3HAaYEHB. X, i X, NiAPaXyeMmo KilbKICTB peanizaniii n, B ancam6bimi N,
U1 KHX OZHOYACHO BHKOHYIOTHCA [Bi YMOBH f(tl )S x i f(tz)s x,.
Hna  nocrariso  Benukux N (N — ©) vacrora mnossu  mnoaii
v, =n,/N rpynysaruMethcs no6MM3y NEBHOTO 3HAYEHHS, fKE
36iraeTsCs 3 iMOBipHICTIO P i O3HAYAETHCA TaK:

Fy(xtxg.t) = PlEt) < x8t) <%}t (62

SIxmo IPOMIXKOK 4acy Mi’K MOMEHTaMH #, i {, AOCTaTHBO MaJIHi,

TO 3HaYEHHA (tz) HE MOXYTb CHJIBHO BiJpi3HATHCA Bil §(t,) , To61O0

IBi BUIIAAKOBI BEIHYHHHA .f(t,) i §(t2) OynyTh 3aNeXHUMH H y rpaHuui
t, —> t, 36iraTumyTHCS:

im F, (x,45%5,8 )= F(x,,4); %, =min{x,,x,). (5.3)
1,

TyT uepes x,, =min(x;,x,) N03HaYEHO MiHIMATBHE 3HAYEHHT 3 ABOX
BEHYHH Xj 1 X, .

Sxmo x |t2 —-t,l—)oo, TO CTaTMCTHYHHH 3B’430K MiX .f(t,) i
f(tz) Ma€, AK NPaBHIO, MocnabmoBaTHCA, i Ii BENMYMHH CTaHYTh

He3aIEKHHMH, TOOTO

llm F‘Z(xl,tl;xz,'t2)=Fi(xl,il)E(XZ,tz). (5.4)

lto=t)| >
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AHAJIOTIYHO BBOXUTLCH N-TOYKOBA (a6o n-nmvnpna) ynxuis
po3mnoaiay iimoBiprocreii -

F(x,t55%,,8,) = P{/,‘( RESARNY: 3 )<x} (5.-5):

TloBruii craTucTHYHMIA onKc BHNAAKoBoi GyHKuii MicTaTECa Y F,
OpH N —> 00, T00TO KO/NM HAABHHI CTATHCTHYHHIA ONKC BCi€l CyKynHOCTI
BHIIAIKOBHX BENHYHH §(tk) Yy BCi MOMEHTH vacy f, .

OxpiM (5.5) 3pydYHO BBECTH M-TOMKOBY TYCTHHY po3nojiry
HMoBipnocreii:
ﬁn

M(x,,t,;...;x",t”)zm
| n

F,(x,t5..5%,,t,). (5.6)

Bnactusocti ¢ynkuii W, nerko 3’ACyBaTH OUCBHIHHM y3araib-

HEHHAM (opMyN, HAaBEACHMX Y MNEPUIOMY pO3Iimi i NONEPEAHBOMY
paparpadi, I CYyKYNHOCTI TUIHKM JJBOX BHUIIAKOBHX BEJIHYMHH:

1. lonaTHa BH3HAYERICTD:
W, (31,85 X35 123 -5 X5 1, ) 2 0. 5.7

2. Cumerpin siaHocno nepecianonox' Oynb-AKMX mnap
apryMenTiB X,,f, ix,,t, :

Wy (Xt 3% i3 s X s oo X B ) = 68
=W, (X5 b5 3 X b5 ee s Xinlis oo Xty ).

3.3»’sm3ox mik W, i F,.

x x, :
Foy (X850 5%058,) = j dx; ... J. de, W, (x1,t5...5%0,t,) . (5.9)

n



$ 5.‘B‘unaydkaei Qyuryii

j

4. YM0B3 y3roa:XeHocTi:

o IW,,(xl,tl;...;xk,tk;...;xn,t,,)dxk= ‘ (5.10)

—o0

=Wy CT IS MRS AR NG A B

InterpyBauns W, 3a Gynb-AKMM apryMeHTOM, HAmlpHKIam, 3a X,
OpU3BOAHTH 1O 3HIWKEHHA PO3MIPHOCTI TYCTHMHM MMOBipHOCTi Ha
. ORMHHMIIO (W,, - W,,_‘l)‘. Hitoun Tak i maui (iHTErpylOYH 3a iHIIHX

3MIHHHX X;) MH, 3pEIITOIO, MPHXOAHMO IO YMOBH HOPMYBAaHHA.

5. YMoBa HOpMYBaHHS:

J-dxl...J.donn(xl,t,;...;xn,tn)=1. (5.11)

5.2. MoMeHTH BUDAJAKOBOI0 npouecy

3a JI0TIOMOTOI0 71 -TOYKOBOI I'YCTHHHM po3noainy imosipuocti W,
- MH MO>KEMO BH3HAYMTH Pi3HI CTATUCTHYHI XAapPaKTEPUCTHKH (MOMEHTH)
BUIIaJIKOBOT'O npouecy & (t) Y nonepenusomy maparpadi Oymo
HOKa3aHO, IO MOYATKOBI 1 LEHTpaabHi MOMEHTH CYKYITHOCTI
BHNIAJIKOBHX BEIMYMH -— Ue Habip umcnoBux mnapametpis. s
BHIIaZKOBHX TPOLECIB 3 YpaXyBaHHAM PO3TNSHYTHX BIAacTHBOCTEH W,
MOXHA Bif[pasy 3ayBMKMTH, II0 MOMEHTH y 3aralbHOMY BHIAZKy €
dynkuismu yacy. Cepell YCiX MOXIMBHX MOMEHTIB MH OGMEXHMOCA

pO3FHﬂI[QM TUILKH OJHOTOYKOBHX i JABOTOYKOBHX.

1. OaAHOTOYKORB] NOYATKOBI MOMEHTH K-ro NOPA/IKY:
@0

me (£)= <& (;)> = [ W (x. ). (5.12)

-—00
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2. JimoTouxosi mouarTkosi (a6o 3mimani MO9ATKOBi) MOMEHTH
i+k-ro mopsaky:

mik (tl’t2)= <§'([l)§k (t2)> = I J.x{x§ Wz(xl,tl;xz,tz)dxldx2~ (5.13)

—ap —00
Mowment my; (t,,tz) Ma€ BIAacHE MO3HAYEHHA Rg (t,,tz)i Ha3HBAETHCA

xoBapianiiinoio pyukuicro:

my, (tl,t2)=R§(t1,t2)= I lexz %(xl,tl;XZ,tz)dxl(hz. (5.14)

Q0 Q0

3. OgHoToYx0Bi HEHTPaALHI MOMEHTH K-TO NOPAAKY:
M, (1)= <[£()-E(O] > = [[x-FO] W(x0)dr. 519

OIHOTOYKOBHA LEHTPANBHUI MOMEHT IpPYTOro HOPAIKY (k = 2)

Ha3MBa€THCA uucnepcicm BHITAAKOBOIO Mnpouccy

M,0=02(0)= <[£0-FOT > = [[x-E 0] W(nas- 610

4. IBoTouKoBi HeHTpaibHi MOMeHTH i +k mnopsaky. Hagani
Hac LiKaBUTHME TOJIOBHUM YHMHOM NBOTOYKOBMH NEHTPANbHHii MOMEHT
JOPYTOro HOpAJKY, KW HAa3HBAacThCH PyHKUiC0 Kopensinii (TouHilIc,
¢pyHkuicio aBroxopeasnii):

My (8t) = B (t.2) = <[£(0)~-Z (1) ][£(82)-E (12)]> =
B j I[x'"f(")][xz‘f_(‘z)] Wy (1.4, 1, ) dxydx,.

—00 —00

(5.17 a)

I3 nopim—mufm niei ¢opmynu 3 (5.14) orpuMaeMo 3B’A30K MiX
dynkuismu B, (t‘,tz) i R, (t,,tz):

B§ (tl,t2)=R§(tl,t2)—ml (tl)ml (tz). (517 6)
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$ 3. Bunaokoei ¢ynxyii

5. Imoni mna Kopeﬁﬂuiﬁﬂoro aHam3y 3py4HIlle MaTH COpaBy HE 3
dymruiavn R, (4,,1,) a6o Bg(#,t,), a 3 Tax 3BanHO0  CTPYKTYpHOIO

q)ymcmclo Dy (t] .t ), AKa BU3HAYAETLCA TAK:

Dy (tt) = <[£(02)=£(0)]" > =my(ty)+my (1)~ 2R, (11,85) - (5.18)
Buano, 1mo Dg (t, ,12) —- CHMETPHYHA HEBi eMHa QyHKIIA:
Df (tl’t2) = Dg (tz,t] ) 2 0 )

IpHYIOMY BOHA OPIBHIOE HYMIO Y 301%Hi MOMEHTH 9acy: D; (tl 4 ) =0.

5.3. Crauionapsi BHnaaxoBi npouecu

Bunanxosuit nponec Ha3MBa€ThCA CTALIOHAPHMM, AKWIO BCi HOro

CTaTHCTHYHI XapaKTEPYICTHKH HE 3aleXaTh Bif NMOYaTKy BiTIKY uacy,
10610 Km0 Gynkuis W, He 3MIHIOETHCA NPH 3CYBi BCIX APryMEHTIB

f);-..,t, Ha IOBLIBHY BenuuuHy Af (€ onHOpiaHOK GyHKUIEIO Yacy):

W, (x5 %, 08, ) = W, (3,8, + AL X, 58, + AL). (5.19)

n’n

Onnopinnicte W, BigHOCHO 3cyBy Beix ii apryMeHTiB Ha MOBUIBHY

BENHYMHY Al BHMKIMKA€E TaKi BAXINBI HACHIKH.

1. OnHoroukoBa rycruna posnoainy itMosiprocti W, (x,t) s

CTal10HAPHOrO BHIIAAKOBOIO MpOLECY B3arajli HE 3aJieXHTHL Bif 4dacy.
Cupasni, npunyckaroun y (5.19) n=1 i At =—t, orpumaemo:

W, (x,t) = W, (x,t —£) = W; (x,0) = ; (x).. (5.20)

I3 (5.20) BMTIMBAE, WO BCi OAHOTOUKOBI MOMEHTH ny, (t) i M, (t)

CTaIllOHAPHOTO NIPOLECY HE 3aNleXaTh Bill Yacy:
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m; ()= <&k (1)> = I x*W, (x)dx = Const,
~o (5.21)

®©

M (t)= <|:.§(t)—g(t)]kl> [x- ] W, (x)dx = Const.

(A
—a0

3oxpema, cepeiHE  3HAYEHHA M (t) =<¢& (t)> 1 mMcnepcis

M,(t)= 0'52 =< [5 (1)-¢ (t.):l2 > CTAliOHapHOTO IIPOLIECY He IMIHIO-

10Thea B yaci. Tyr, Ak i panime, koci gyxkm < > a6o pHcka Bropi ...
03HAaYalOTH TMOBHE CTATHCTMYHE YCEPEAHCHHsA, TOOTO ycepemHEeHHs 3a
ancam6neM peasnizauiii BunagkoBoi GpyHkuil.

2. iporouxona ¢yHkuis W, — OyHKUiA TiNRKH pisHHIN It2 —tll.

Cupasni, opunyckaoun y (5.19) n=2 i At=—t, (abo At=-t,)),
niaeMo BUCHOBKY, IO :
Wo(x,4:x,,t =W x.,0:x,,t, =1 )=
2 (3 t530,) =W, (3,0,20,1, =) (5.22)

=W, (1, ~t3;%,,0) = Wz(xl’x2§|t2 ~t).

* 3a3sHaymMmo, 1O 3aJle>1(chL BIA MOAYNA pi3HMUI |t2 -tll € HacliKoM

BJIACTHBOCTI cume'rpn (5.8). Iz (5.22) sunnueac, mwo s cTalioHapHHX
BHIIAJKOBUX TPOLECIB yCi JBOTOYKOBI MOMCHTH € (YHKUIAMM DPi3HMIL

!t2 - t,| . 3oxpema, kopapianifina gpynknin aopisHIOE

my(h,6)=<E(4)E(L)> =
© o ' ‘ (5.23)
- j Ix,xz Wy (3100, — 1) ey = R (s ~1])-

—00 —00

Ananorigno 4o (5.23) Juif LEeHTPanbHOro 3MiMIAHOTO MOMEHTY
Ipyroro nopanky (asroxopensniinoi gymuxnii) Macmo

My (4.8,)= By (hoty)= R, (hot2)—m (6)my (2} =

=Re(jt, ~1])-<£>%.
81

(5.24)



$ 3. Bunaoxosi hynxyii

§ 3. Bunaokosi grynxyii -

Bnacmusocmi xopensnyiiinux pynxyisi cmayionaprnozo npoyecy

1. SIx sunnnBac 3 (5.24), aBroxkopemauiiina pyHkuis B§ (tl,tz)

€ QyHkuiero TiNbKH pisHuMui T =1, —¢,. Copasni, BBiBmH y (5.24)

HO3Ha4YeHHA f; =, I, ={+ 7T, oTpuMaeMo
B:(t,t,)= <&E()E(t+7)>—<E>? =
s (002) = <§(1)g(t+7)>-<¢ 525
=R, (7)-< &> = B, (7).

2. Oyukuis B; (2') € MApHOIO BHACHIAOK (5.22):

B:(r)=B:(-7). (5.26)

3. Ilpy 7 —> o0 CTATHCTUYHHMI 3B’S30K MiXK 3HAYECHHSM BMMIAl-
KOBOTO IIPOLIECY, $K IPaBHIO, 3HMKA€E, BHMNANKOBI BEIMYHHH f(t)i

§(t + z') CTAIOTh HE3ATIEKHHMH, H, OTKE:

lim By (7) = lim [ < £(£) (¢ +7) > < £ >2 ] =

‘ (5.27)
=<&(t)><E(t+7)>-<E>=0.
4.Tlpu 7 =0 3navennsa B, (1) 36iraeThes 3 qUCHEpCi€Eo:
. iy | _ 2]
1%35(1)—151})[<§(t)5(t+r)> <&> :l- 529

=<§2>—<§>2=a§.

5. OyHKLiR Bé (2') Mae 6yTH HenepepBHOIO QYHKLUEIO 7, MOLYJIb
AKOT |B¢ (z‘)l nocsrac abcomorHoro Maxkcumymy npu 7 >0

(noBemenHs mux BaxuiMBHX (aKTIB MOXHA 3HAHTH, HaNpHKIad, Y
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MOHorpaQ)mx 31 CTaTHCTHIHOL pamo‘rexmxcn) Cxemamqnnn BHTIAN
3anexHocri B (z') ‘TIOAAHO Ha pHc. 5.2.

A Bg (r)

2

O

2z,
1 |
]
!
J[\ i ! /\\— >,
N—_ 7, 0 TO\/
Puc. 5.2

6. 3riZHO 3 BH3HAYECHHAM (5.18) mna cranionapHoro mnpouecy

JIETKO. IPOCTEXYETHCS 3B’A30K Mi)l( CTPYKTYPHOIO 7 amoxopemmiiiﬂom

$YHKHIAMH:
Dy(nr)= <[&(r+7)-¢ t)] > = <[£(e+0)-Z-£(0)+E] > =
= <[§ t+r)—§] >+<[.f t)—é] >—
~2<[g(e+7)-E][4(1)-F]> =2[oF - B, (r)]=Ds (7).

3 ypaxyBaHHAM Y€ 3a3HaYCHHX BIACTHBOCTEH Bg (1') MOJKHa

(5.29)

OTPHMATH 1 BJIACTHBOCTI CTPYKTYpHOI (PyHKIII CTALIOHAPHOTO MpOLECY.
3okpema,

Dg(0)=0, lim Dy (r)=20%. (5.30)

- Cxemaruannii Burnan Dy (2') HaBEJIEHO Ha pHc. 5.3.

7. IlpoMikok 9acy 7, IPOTATOM SKOTO KOPENALiH MDK 3HAYEHHAMH
BHUITAKOBOrO TPONECY CYTTE€BO Nocnabmoerscs (Hanpuxnan, ¢yHk-
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Pnc. 5.3

1Sl aBTOKOPEIALIii B§ (z‘) crajiac B/iBivi, SIK MOKa3aHO Ha pHuc. 5.2, abo B e

pasiB — i€ NHTaHHA JOMOBJIEHOCTI), HA3UBAETHCA HACOM Kopeasmii
abo inTepBaIoM Kopensuii: '

1 o} ‘
abo
| 1 o}
B;(ro)=ZB§(0)=—;—. (5.316)

Oxpim B, (2') iHOAl 3pY4YHO PpO3IIIAaTH HOPMOBAHY Ha o'é

¢yukuito aBTokopenauii (a6o koedinienT kopeasnii):

B :
K (0)= f;(gr)’ K@)t K ©=1 63

3a ponomorow K & (z‘) 4ac Kopeslii 7, MokHa (GOpMaBHO BBECTH L€

# Tak:
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ro=jK§(r)di=—12-jB§(r)dr - "(5.334).
| 0 O¢ 0 _ :
. abo
d 1
—= Kg(,.)t=o === (5.336)

3aranom, yBeeni pi3HEMH CnNoco6aMu acH KOPEIAMii MOKYTE
BiapisastHca MK coboio. TomMy, KOPHCTYIOUHCH HOHATTAM ,,%ac
KOpeasiuii”, KoxkeH pa3 noTpidHo BKa3yBaTH, PO siKe 3 BH3HAYEHDL:

- (5.31 a, 6) un (5.33 a, 6) iine MmoBa.

Buznauenna
Bunanxosi mpouecH, kopemauidHi QyHKuii Axkux € QyHKOiAMH
TUIBKH Pi3HHII |t2 —tll , a aucnepcii crz i cepenHi 3Havenns <& > —

' He 3aiexaTh Bil Yacy, Ha3HBAIOTHCA CTALIOHAPHHMH Y HIMPOKOMY

po3yminHi, Ha BiMiHY BiX npocTo cranionapaux (a6o crauionapumnx y
BY3bKOMY PO3yMiHHi), 1115 IKMX BUKOHYEThCA yMoBa (5.19). Panime Mu
NOKa3yBaly, WO 31 CTAlliOHAPHOCTI y BY3bKOMY PO3yMiHHI BMIUIMBAE
CTaliOHApHICTh Y ITHPOKOMY pO3yMiHHi. 3BOPOTHE TBEPMKEHHA, B3araii
Kaxyau, xubHe: (5.17) moxe OyrH QyHKLUI€IO TIIBKM Pi3HHLI lt2 '"tll Y
TOM Yac AK yMOBa ofHOpigHOCTi (5.19) He BUKOHY€ETBCH.

5.4. IlpouecH 3i cranioHapHHMH NPHPOINEHHAMM
IcHye mOCHTBH BenMKMH Kjac HeCTalllOHapHHX IIPOLECIB, fKi SK
OKpEeMMil BMIA[OK BKIIOYalOTh y cebe 1 cramioHapri npouec. Lli
NpouecH, 10 iX Iue HAa3MBAIOTh IpOLECAMM 31 CTalliOHapHUMH
NpHUpOILEHHAMH, Bhepiie Oymu posrmaHyti A.M. Konmoroposum y
1940 p.
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Po3rnsHeMo HecTaliOHApHME BHIIAAKOBHI Ipowec f(t) i
noOyayeMO NPHPOLIEHHS Ha IHTEpBajl 4acy (t,l+T ) JOBLABHO, ane
¢ixcosaroi tpusanocti 7 :

nr(t)= g(t;T)—g(t). : (5.’34)

OueBHAHO, IO MOBINBHI 3MIHH f(t) Majl0 BIUTHBAIOTh Ha 3HAYCHHA
nr (t) (3MiHH TMM MeHUIi, YMM 6inblii 3HaYEHHA XapaKTEPHOrO yYacy
3MIHH é"(t)).‘ VHacnifok wporo y nr ( t) JiKBiIOBYBaTHMYTHCA

KOMIIOHEHTH 3 BETIMKHMH IIEPiofaMH, | MOXKIIMBHIA BapiaHT, KOJIH IpoLec

nr (t) Gyze crauionapruM (3a ¢, ane He 3a 1), Y LbOMY BHIAIKY f(t)
HA3WBACTBCA BHNAIKOBHM NPOLECOM 3i CTANIOHADHMM NEPIIHM
npupomenHaM. IIpunymcHasa npo cranioHapHicTs 7y (t) nepenbavae
BHUKOHAaHHA YMOBH

<nr(t)> = ‘<‘§(t+T)>—<§(t)> =Const.  (5.35)

3BiACH BHIIIMBAE, IO CEpPEeAHE 3HAYCHHA f(t) Moxe OyTH TinbKu
nixiftHOO QyHKIEW £ '

<&(t)> =at+b, (5.36) |

ze a i b — peaxi perynsapHi xoncrantu. HeBaxko 3po3yMiTu, o Ajs
BHTMAZKOBOTO NpPOLECY 31 CTaniOHApPHHM JPYTHMM NPHPOIICHHAM Ma€
6yTH CTanioHapHOI Pi3HUIM 7)p (t+7} )—r]T (t) , 4 CepelHE 3HAYEHHA

£ (t) Oyze nONiHOMOM He BHILE, HDK APYTOTO CTENEHs:
<&(t)> =at +bt+c. ' (5.37)

~ Jani MH oOMeKMMOCH TiIbKM TIPOLECAMH 3i CTAaUiOHAPHHUMH
gepmiumH npupomeHHAMH. CepenHe 3HadyeHHA Buriaay (5.36) mae,
HAMPHKAAJ, IpoUec

E()=ar+< (1), | (5.38)

86

$ 5. Bunaokosi d)ynkuii'

A€ ¢ ~— BUNAOKOBMH ,KoeDimieHT” i3 cepelHiM 3HAYEHHsM, 10 HE
aopisuioe Hymo (a=a#0), a é’(t) — CTalliOHapHU# BHIIAAKOBHIH

npouec (< é’(t)> =b,‘ <§(t+r){(t)> éR; (T)). Buano, 1o

npouec /,‘(t) — HecTalioHapHuii, xoua 6 ToMy, w0 Horo mnepumi
MOMEHT JIiHifiHO 3MIHIOETBCS 3 YacoM 3a 3akOHOM (5.36). [Tpote nepiue

NPHUPOLUEHHS ] (t) ’ ‘ |
nr(t)=&(+T)-&(t)=aT+<{ (t+T)-< (1) (5.39)

€ CTalnioHapHMM IpomecoM (3a f, aine He 3a 1'). Cmpasmi, 3 (5.39)

BHIHO, WO cepenHe 3uauenns <77p(¢)> =a&T =aT = Const . OkpiM

TOTO, HEBAXKO TOKA3aTH, IO KoBapianifina ymkuiz R, (tl,tz)

3aICKUTH TUIBKM Bill pisHMII dYacy 7 =1, —f . Jlng IoBedcHHA
OCTaHHBOTO TBEPIUKEHHA 3poOHMO 3aMiHy ¢ =f+7 i f, =, micis 4oro’
OTPHUMAEMO

R, (t,t)= <nr(4)nr(8)> = <np(t+7)np (1) > =
= <[aT+¢(t+T+r)=¢ (t+7)[[aT +L (14 T)- ¢ (1)]> =
272,
=<a >T"+2R;(r)~R, (T +7)~R;(T-7)=R, (7). (540)
[lpn BuBenenni ¢opmymn (5.40) MM mnpunyckand, IO BHUNAAKOBi
BeMUMHM & i § cTaTHcTHUHO HesalexHi (<al > = <a ><{ >).

s BHDAAKoBOro mnpouecy 3i CTANiOHADHHM MEPIUMM TpH-
POILECHHAM BHrany (5.38) obuncnumo tenep cTpykrTypHy QpyHKLiIO

Dt 1) =<[£(1) - £(0)] >=<[a(t-4)+¢ (1) - ¢ (1)) >=

=< >(f, —t,)2+<[§(t2)~§(t,)]2 >=<&? > +D,(r)=Dy(0). (541)
Tyr Dg (r) — cTpykrypHa dyHKuis crauioHapHoro mnpouecy < (t)
(mB. (5.29)). Bumso, mo CTpYKTYpHa  (yHKuis Dé (tl,tz)
HecTalioHapHoro mnpouecy & (t)ralcoxc SANEKHTH TilbKH Bil Pi3HHLU
vyacy T =1, —I i TpH |2'| —» 00 HEOOMEKEHO 3pOCTaE.

87



' § 3. Bunaokosi ¢pynxyii

BBemeMo y po3riga me OAHy KOpelAumiiHy ¢yHKUi0, fka
HA3UBAEThCA B3ACMHOI0 KOpeNfniiiHoi0 PyHKUi€I0 TBOX BUMANKOBHX
TIpolIeCiB f(t) 1 4(1‘) 1 BU3HAYaEcThCA 33 GOPMYIIOI0 ‘

By (’!*t2)1=_<[5(’1)_"4?(t1)][g(tz)‘f(tz)]>-

Sdxmo us ¢ysknis € Qynxuiero TUBKM pisHMNI T =17, —f,, TO TakKi

(5.42)

IPOECH HA3HUBAIOTHCA CTaIIiOHapHO 110B’ A3aHHMH.

5.5. Epronwini npouecu

V Bcix HaBencHMX Buule (GOpMylax NpHIycKajlocs, LIO CTa-
THCTHUHE YCCPENHEHHA MNpPOBOAMTBCA 3a aHcamOneM peamizamii
BUMankoBoi (QyHkUii, TOOTO UUIAXOM iHTErpyBaHHA BHpa3iB, AKi
yCEpEIHIOIOTHES, 3 TYCTHHOIO po3nonury
W, (%1345 %s51, ) - TIpOTE, AK NPABUNO, y HAWIOMY POHOPSIDKEHH]
HeMae JOCTAaTHRO MOBHOTO HaGopy peamizarii, momaHMX Ha pHc. S.1.

fiMoBipHOCTE#

CupaBai, B €KCIIEPUMEHTATOPIB 3BMYAHHO € ofiHa 1aboparopis i Kinbka
/ICHTHYHAX TIpUIAaiB, a YacTO — TUIBKH OIMH, TOMY IOBOIHTBHCA
pPOGUTH CTATHCTHYHI OLiHKM i BHCHOBKH PO HMOBIPHICHI BIAaCTHBOCTI
BHITA{KOBOTO NPONECY TIIBKH 3a OHIEI0, TPOTE JOCTATHLO TPHBAIOK
peanizanieto & (t) Ilpn npoMy sK XapakTepHI NapaMeTpH Mpouecy
BHKOPHCTOBYIOTE CEpefiHi 3a yacoM BennyuHM. HaltuacTime BU3HavaloTh
TaKi MOMEHTH:

1. Cepease yacose peaJizanii
‘ 1 .
m =E(t)=lim = | &(t)at 5.43
m =)= tim = [£() 64
0

L[ro BenMuMHy MOYKHA TPAaKTYBaTH AK CTaXy CKJIAIOBY peaiallii.
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2. Cepenniii y uaci xBaapar

_ T
my=82(1) = Jim = [ £ ().

(5.44)

Shxuo ¢ (t) onucye QayKTyanii cTpyMy abo Hanpyrs y xcbni, TO MOMCHT -

52 (t) NPOIOPLIHHKI KO CEPEHBO] HOTYKHOCTI.

3. YacoBa nucnepcisi
M, = 05 [f(t)-—ml] = hm —J. f(t) ml] dt . (5.45)

h MOXXHa TPAKTYBaTH AK CEPCHHIO NOTYKHICTH rpnyxryaum
4. Hapemri, BkaxkeMo Ha 4acoBy Kopeasiniiiny pyHKuio

my = Re (1) =E()E(1+7) = lim 3‘: [e@ra)a cao
0

i yacoBy anToKopeJinuiiilly Pynxuio
' T

— 1 ~ -2 UL

My =B, ()= lim — [£()-m [ £(t+7)- m,]dt =Ry (z)-my - (547)
0

TYT 1 Hanam yCCpClIHCHl 32 4aCOM XapaKTEPUCTHKH MH noauaqammmo

XBHJIICTOIO PHCKOIO Bropi.

Crniz 3a3Ha4MTH, WO HE Ang Gyab-iKOTO BHIIAAKOBOIO MPOLECY
HaBeJICHI YacoBi cepelHi icHyIoTs. [IpoTe, HaBITL, AKIO BOHU ICHYIOTS,

'TO WA PI3HMX peanizauifi BoHH MOXyTh Oyt pizsnmu. Bunpkae

TIHTaHHA — JNIA AKX TPOLECiB BBEACHI XapaKTEPHCTHKI MAKOTH 3MICT, i
AKMH 3B’A30K ICHYE MK CepeIHIMH 3a 4acoM 1 3a aHcambneMm
peamisanii? 3oxpema JUIsl AKMX BHMIIAJIKOBHX IMPOLIECIB YCEPEAHCHHA 3a
ancambnieM peanizawiii MOXHA 3aMiHUTH Ha yCepeIHEHHS 32 4acoM?
Bussnsersca, mo icHye Hinyit knac BUNAAKOBHX MPOLECIB, Y AKUX
4acoOBi XAapaKTCPUCTHKH 3 #K 3aBrofHO OJHM3BKOW [0 OJMHHMI
AMOBIpHICTIO  30iratoTeCA 3  BIANOBIOHMMHM  XapaKTEPHCTHKAMH,
OTPUMaHHMMH INSAXOM YCEPEIHEHHs 3a aHcamOneM peaizauiii
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§'5. Bunaoxosi ¢pynxyii

(ml =my, my=my, My =M,, my=m My;=M, 1a iH-)' Taxi niporiecn

HA3UBAIOTHECA EPTOXMTHUMM. BIlacTHBICTE €pProJMYHOCTI BHABJIAETHCA
Ay’Xe KOPHCHOIO, OCKIIBKH 32 OKPEMOIO Ppealizaliclo WniIxoM il
yCepeaHeHHs 32 9aCOM MOXXHA 3HAXOMHTH CTaTHCTHYHI XapaKTEPHCTHKH
npouecy, He 3aCTOCOBYIOUH YCEPEIHEHHA 3a aHcaMOneM.

Heo6xiaHo0 YMOBOI0O eproJu4HOCTi BHIAAKOBOIO NMpouecy €
fioro cramiomapmicrn. Ila -ymoBa serko moscHioeThesa. Jlna
CTalllOHAPHHX IPOIECIB YCi OMHOTOYKOBI MOMEHTH € CTalHMH
BEJIMYHHAMH, a ABOTOYKOBI — (PYHKIIAMH pi3HALI Yacy 7 . TO4HO Taka
camMa 3aJeKHICTh OylJe 1 mHpM 4YacOBOMY  YCEPEAHEHHI 3rigHO 3
(bopMynaMM (5.43 +5.46). 3 inmoro 60Ky, yIBUMO TaKHH €KCIIEpHMEHT.

JIOCTATHEO JOBI'Y PEalizallilo CTALiOHAPHOTO IPOLECY f(t) po3i6’emo

Ha OKpeMi ,,uMatku” & (t) (i = 1,2...) npHOIH3HO PiBHOI TpHBANOCTI

T.~T. Sxmo iutepan po3buBamHa 1 Habarato mnepeBuIIye
XapakTepHUH pamiyc Kopemauii 7, aBTOKopenAuidHoi ¢yHKuii
B, (z‘) (T >> z‘o), TO KOXEH 3 BIApI3KIB HecTUME Yy cobi MOBHY

inpopmanito 1npo Bechb mpouec y mimomy. IIpm upoMmy 4acosi
XapakTepucTHkH (5.43 +5.46), obuncieHi s KOKHOro Bifpiska & (t)

3a KIHIEBHM IHTEPBAIOM (O,T ) , 6yayTs Mayo Binpi3HSTHCA BiJ CBOIX
rpaHHYHMX 3HAa4YeHb IJIA BChOro rmnpouecy. Posramyemo Ttenep yci
Binpisku & (t) Tak, K Lle [OKa3aHo Ha puc. 5.1, i MH OTpHMaeMO

MR

BiJLIIOBIZHKHA ,,aHCaMOIIb pea.msaum 3 TMMH CaMHUMH HMOBIpHICHUMH
XapaKTePUCTHKAMH.

I'Iorpi6H6,. IpoTe, 3a3HAYMTH, L0 CTALiOHApHICTH Mpouecy €
HEOOXiNHOW, ale He AOCTATHLOK YMOBOI0  eproau4HOCTI.
BusaBnseTscs, 1O HE B YCiX YaCOBMX XapaKTCPHCTHKAaX CTalllOHaApHHH
npouec € eprogMysuM. JIns OXZHMX XapaKTEpHCTHK BJIaCTHBICTHL
eproAHYHOCTI MOXKE BHKOHYBaTHCA, a JUIS IHIIUX — Hi. Y 3B 3Ky 3 LM
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YBOZATH TIOHATTS €PrOAMYHOCTI BiJIHOCHO KOHKPETHHX XapaKTEPHCTHK -
npouecy. Hanpuknaz, cranioHapHui npouec §(t) Gyne eproguuHuii
BiAHOCHO MaTEMaTHYHOIO CIIOAIBaHHA, TOOTO '

T .
1 | '
= lim — = )
ml l"l—r)l;:lo TJ‘cf(t)dt- my, (549
AKINO i Tinbm AKIIO BMKOHymcx yMOBa
| T, _
. T -
lim —{}1-—|B, =0. 49)
Jim ( T) g(r)qr 0 (549

3 iHuoro 60Ky, rayCCiBChKMi CTauioHapHHid npouec €proANYHHH
BiIHOCHO aucnepcii GpuykTyanii, To6To

~_ .1 e _
of = Jim — [¢(e)-m | de=0, (5.50)
‘ 0

SKIZO 1 TITBKY AKIIO BUKOHYETBCH YMOBA

1 ° |
. T 2
lim —}|{1-=1{B dr=0. 5.51
T T.[( T) ¢ ()dr (5:5D)
0

JeranbHe NOCHDKEHHS IIMTaHHA 1NPO  JOCTAaTHI  yMOBH
€proJIM4HOCTi iHUIMX XapaKTePHCTHUK CTALIOHAPHOrO MPOLECY MOXKHA,
HanpuKiag, 3HaHTH y MOHOrpadisx 31 CTaTHCTHYHOI paiOTEXHIKH.

3A1AUI
1. Bmﬂaqu'm qu Ma€ QyHKuis

B,(2)=ote M| ch(w,7) + g-sh(a)(') I} |, a>0,0,>0 (1)

0

BJIACTHBOCTI aBTOKOpeNAliiHoi dyHkuii.
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Po3e’a3ok. Jna BIANOBiAI Ha TOCTABIECHE NMHTAHHS HEOOXiAHO
NEpeBipUTH BUKOHAHHSA HaCTYIIHUX YMOB.

1. AstokopemsniitHa ¢yukumis upn =0 30iraereca. 3
AuCIepCicio 0'52 , OT)Ke, Mae GyTH IONATHOIO BENHYMHOW0: B :(0)>0.

2. ABToKkopensniHa GyHKUiA NOBMHHA OyTH QYHKUI€I0 MAPHOIO:
B,(7)=B,(-7). ‘ ,

3. Moayns aprokopenauiitnoi ¢yHkmii IB; (r)l Ma€ IOCATaTH
abcomoTHoro Makcumymy mupu 7 —>0: |B;(T)ISB§(0). 3 iHmoro
Goxy, mpu 7->00 B, (‘r) NOBUHHA neperBoploBatHca Ha O:
B, (0)=0. ” :

3 awanisy Bupasy (1) anaB,(r) sumso, mo ymoBu 1 i 2
BHKOHYIOTECA. Jlns mepeipku ymosu 3 306pasumo dymkuiro B, (r)

JJ1 NONATHUX 3HAYCHb T Y BPII‘IIS[Ili

2 .
B.; (T) = E_ﬁ__ |:e-(a-am)r (l+ l) - e—(a+%)f [i-l)jl , T2 0. (2)
2 @, @,

Ockimekn B, (0) = 0'; , TO Ui BUKOHaHHS yMOBH 3 HeoOximHo, o6
BHpA3 y KBaJPaTHUX JIy’KKaX 33 MOXYJIEM HE EPEBHILYBAB 2:

—(a- a - a
(@ )T (__ _,_1) —e (atam)r (_._1]
Dy @y
HeBaxko mnoOKa3aTd, IO I HEPIBHICTh BHKOHYETHCA TUIBKH MpH
a >w,. Conpasgi, mpu a <@, 1 T —>©  O¢yHKuis

<2. 3)

exp[—(a—a)o)r] HeoOMeXeHo 3poctae. 3 iHmioro 6oky, BHMAmoK
a =, mae OyTH BUKMIOUEHHMI 3 PO3INIAMY TOMY, WO 3riaHo 3 (3) He
BHKOHYETHCA yMOBa B, (00) =0. Ilo Takoro caMoro BHCHOBKY Belic H

aHanis supasy B, (1’) npu 7 <O0.
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IMincymoByioun Bce: ckasaHe, MIHAEMO BHCHOBKY, IO (yHKIs
B, (T) 3aJ10BOJIBHSAE BCi BIACTHBOCTI aBTOKOPE/ALIHHOT QYHKINT TUIBKH

npu & > o,.

2. BunanxoBuit npouec &(f) = f (t,¢) =Asin(apt+9) €
CHHYCOIZOIO 3 BHMIIafKOBOIO (a3010 @, sKa PIBHOMIPHO pO3MOAiNEHa B
inTepBam [—ﬂ, 72‘] . [lepeBipuTH HEH npolec Ha eProauYHICTE.

Po3e’azok. JIns mepeBipkH Ha epProgMYHICTh 3aJaHOTO HPOLECY
£ (t) COin OGUMCTMTH CcepelHe 3HAYeHHA ¢ , JUCIEPCiIo 0'93 i
aBTOKOpenalifiny ¢ynkuiio B, (¢,f,) xBoma cmocobamu (uLiAXOM

ycepenHeHb 3a aHcamOiem peanisamiifi i 3a 4acoM), a Mmicis 1LIBOro
TIOPiBHATH OTPUMaHi pe3yJIbTaTH.

A. Ycepennenus 3a ancambiiem.

E(to)= If(t,qo)W((p)dqp:Z—l” jf(t,(o)drp=2—lﬂ-‘[Acos(a)t+¢)d(o=0. ¢}

-

}=5-F == [ f (o)W (p)do=o= [ 1*(1.0)do=

42T, 421 A2 :
== Is_m (abt+¢)d¢=§; .[5 [1—cos2(w0t+¢)] == )
- -z
3 ypaxyBaHHAM TOro, WIO E =0, ofunciumo aBTOKOpENALiHHY

dynxuito B, (4,1,)= < f(4,9)f(t;,9)>. Toxkmasmm ¢, =t+7,

t, =t, oTpuMaEMo

B, (t,r)= j FGOEC+T,0W(p)dp =
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=—2—1—-IAsin(a)ot+(p)~Asin(ajot+(o+a)oz')-d¢7 =
‘ T )

(3)
£ T s -
=:‘—7; I{coswor —cos[2(a)ot+¢)+wor ]} do =—5—coswor = B,(7).
I3 dpopmy (1 +3) Buaro, wo nponec £(t) crauionaprmii.
B. YcepenHenHs 3a 9aCOM.
1] A
§=lim— jf(t,qp)altﬂiﬂ7 jsin(wot+¢)dt=o. @)
(3 ]
o (I o p T
oi=g =}£r£°—fjf2(t,¢)dz n}i.x’rlm?jsinz(%t+¢)dt -
0 0
T T
41 A A _42 (5)
_Tlm_T_.z_ .!:[1—0052((00t+¢)]dt == }mﬁs#nz(woug)) 0 ==

P:A(?)=}i_’,1;‘}!f'(t,¢)f(t+r,¢)dt=

2 T

4 | £
=}1_133°§-f ‘{coswor—cos[Z(a)ot+¢)+coor]}dt=——2—cosa)or. ()]
0

I3 nopisusiuua ¢opmyn (1+3) i (4+6) BuAHO, WO 3HANAEHI 3HAYCHHA
£, 0'52 i B,(r) ne 3anexars BiA cnocoby ycepennemna. Orxe,
aHani30BaHMi{ NPOLIEC MOXKHA BBAXKATH EProAHYHHM. '

§ 6. CnexTpajbHnii aHaJli3 BHNIAAKOBHX Npouecis

Ilpy BHBYEHHI JETEPMIHOBAHMX TIPOLECIB YacTO 3aCTOCOBYETHCA
rapMoHitHKil ananis. Ilepiofyysi mpolecH NOJAIOTLCA y BHILN PAMNIB
®yp’e, a anepionuuni — idrerpanis ®yp’e. [Ipn upoMy po3s’s30k Gararsox
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¢izyaHKNX 33129, WO 3BONATHCA O MHIAHNX PiBHAHB, 3HAYHO CIIPOLIYETHCS.
Ile nos’s3aH0 3 THM, 11O JHHIHHI NepeTBOPEHH (HANPHIUIAZ, IHTETPYBaHH i
MMEpeRIiIOBANHSA) He 3MIHIOIOT: BHNSNY QyHKmi €', BrKIMKaoun
TUTBKA MHOX€EHHs a00 TifieHss 1i Ha HeanexHi Bi { MHOXHUKH. XoTiioca 6
MaT¥ HacTUIBKM X TIPOCTHH i e)eKTMBHMIA MaTeMaTHuHHMii amapar i IpH
aHaJ1i31 BUIMAKOBUX IPOHECIB. '

6.1. EnepreTuyHuii crieKTp cTanioHAPHOTO nponecy.
®opmyna Binepa-Xinuina
3apumemo ¢opMansHO nepeTBopeHHA Pyp’e Ans BUIIAAKOBOTO
cranionapsoro mpouecy & (t) :

E(t)= j Cs(w)e'dw. (6.1)
OGepHeHe MICPETBOPCHHS Ma€ BUIIAL
17 : '
C =— I t)e*'dr . 6.2
(@)= ¢(1)e | (6.2)

—0

Bennunna C¢ (a)) HasuBaersest TpaHcdopmanroio dyp’e. Jna
CTpOWICHHA MOJANbIIOr0 aHali3y BBa)KATHMEMO, ILIO BHMAAKOBA
byuxuis £ (t) onucye (aykryauii AKOiChb BEIMYMHHM HaBKONO il
CEpelHBOro 3Ha4yeHHsA, TaK LIO <¢'(t) > =0. VpaxyBaHHS CepeHbOI
BEJIMYHHA (< & (t)> ¢0) 3BOAUTECA A0 NPOCTOi 3aMinu & (t)—)é'{f'.
INepersopenna (6.1) i (6.2) mu Ha3Banu (GOpPManbHHM TOMY,. IO
craunioHapHHil Bumajxosuii mpouec & (t) y 3aranbHOMY BHIQJKy He

' 33IOBOJIbHS€ BHMOTY CHAaJlaHHA HAa HECKiHYEHHOCTI #, OTKe,

TpaHcpopmanTa Dyp’e C: (a)) AK Taka He icHye. Harapaemo, mo
neperpopenns Pyp’e MoxuMBE TiNbKH U1 abCOMIOTHO iHTErPOBaHMX
¢$yHKUiH, KoMK

95



§ 6. Cnexmpanvhuii ananiz 6unadKosuUx npoyecis

0

I |E(e)|de<m,

—0

ne M — peaxa crana Benuuuna. J{is Toro, mo6 HaaTH CIEKTPANBHAM

PO3KJIaIlaM  BHNAAKOBMX YIONIB KOPEKTHMH MareMaTHYHMH 3MicT,
NPHIYCKAIOTE, IO MNpouec f(t) crauioHapHuii BCepeMHI SKOroCh

BEJIMKOro, ane cKindennoro inrepsany —I <¢ <T i mBUAKO cnajgae a0
HyIA 3a HOTO MEXaMH:

£(t), -T<t<T;
ti= .
; r( ) 0, |>T.

Jlns no6ynocsaHoi TAKMM YHHOM BMNIAAKOBOI (byﬁxui’i & (t) dyp’e-

CHEKTp iCHYE i Ma€e BATJIAL
T r
Crlo =——-I e ®dr .
r (@) 2 1~§T(')

Mani ma obpanomy imwreppani ~T <t<T OGymylorsca cepeHbo-
xpagparnani xopemstopr < &p(4)&p(8)>, <Cp (0,)Cr (@) >
i BCTAaHOBIIOETBCA MiX HUMH 3B’ 130K uepes nepersopenna Qyp’e. [licns
LLOTO MEPEXOAATH KO IpaHuui I — w0, B pe3yNbTaTi YOTO OTPHMYIOTH
MareMaTHYHO KOpeKTHW# pesynbTaT. MH, upoTe, HE BHKOpH-
CTOBYBaTHMEMO TaKOTO POAY NPHHOMIB, & BBAXKAaTHMEMO, uio‘ iHrerpanm
(6.1) i (6.2) icuyiots y po3yMiHHI HMOBIpHiICHOI 36DKHOCTI, a came y
CepelHbOMY KBaJIpaTHYHOMY. _

3acTOCYBaBIIM ONEPANi0 KOMIUIEKCHOTO cmpskeHHA no (6.1),
OTPHMYEMO -

£ (t) = I C; (0)e™dw= I C; (~w)e'd. 6.3)
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[lpasy wactuny  (6.3) oTpuMaHO BHACHIAOK _3aMim«i 3MiHHOT
inTerpyBanns @ —> —@. Jlna pificnoi  pymkui f(t)=§*(t) i
ﬂiniu*rerpanpﬂuﬁ Bupa3 y (6.3) mae 36iratucs 3 ananoriunum y (6.1).
3pincH BMILIMBAE BAXIMBA BIACTHBICTH ,epMirToBocTi”  dyHKui
Ce(@): | : -
Ci(-0)=C;(@), Cx(-0)=Ci(@). (69

-3 ypaxyBaHHAM TOro, mo ¢& (t) € BHMMaAKoBOK (yHKUicw 3
HyNBOBUM cepenHiM 3HaueHHam (<& > =0), 3 (6.2) Bunnmupae, mo
C, (a)) TakoX € BUIIAZKOBOIO dynkuiero, mpudomy < C, (co) > =0.

BupazuMo Ttemep aBToKOpenamiiiHy ¢YHKOiIO CTauioHapHOro
npouecy & (t) yepes xopensrop ®yp’e-komnonentu Cy ((o):

B, (r)= <&@ +0)E@) > =

T e 65a
= J- J. < C{ (a))Cé: (a)r) > et(w-HU )Ierdwdwf.‘ ( )

—00 =00

BukonaBw  mig 3HakoM iHTerpany 3aMiHy 3MmiHHOI @'— -@' 3

' 'ypaxyBaHHAM BJIaCTHBOCTI epmitoBocti (6.4), bopmyny (6.5 a) MoxHa

Iepenucary uie i Tak:

B.(r)= <&(t+1)é@)> =

= I I < (:5 (a))cg (wl) > ei(w—a)’)Hiwrdwdw'. (6.5 6)
Ja Toro, mo6 inTerpanu y (6.5 a, 6) He 3anexanu Bix ¢ (a TiINLKM BiX
7 — 3a yMOBOIO CTallioHapHOCTi), HeoOximHo, wo6 miniHTerpanbHi

¢$yHKUii TIepeTBOPIOBAMNCA HAa HyJb Ha Beilf IUIOMIMHI (a), a)'), OKpIM

ninid: @'+ @ =0 mw Bupazy (6.5 a)i @'~ @ =0 ana supasy (6.5 6), ne
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3aleXHi Bil ! EKCIIOHEHTH exp{i (a)ia)')t} TOTOKHO IOPiBHIOIOTH

omvammi. Jns nporo HeoOXimHO, MO0 NEpeTBOPIOBANHCA Ha HYNb
KOpeJIATOpH KOMIIOHEHT ®yp’e:

<'C§((o)C§((o')> =0, mpuw+w' %0, | (6.6 a)
<Cs(@)C;(@')> =0, mprw-ao'#0. (6.6 6)

I'Ipﬁ nsoMy inTerpamu (6.5) MaloTh 3BOAMTHCA, B3arami Kaxcyqﬁ, JIo
BigminHOi Bin Hyms Qynkuii By (r) . Ile MOXUINBO TIIBKH Yy TOMY
pumazky, axmo kopenstopn < C;(@)C; (@')>, <C,(@)C; (") >
MaloTh 0COONMUBOCTI THIY J-YHKIIII:

< Cy (@) C; () > =5(‘a)+a)’)S§ (), 6.7
<Cs(0)C; (@) > =6 (0-0")S; (@). (6.8)

Veeneny ¢dopmynamu (6.7) i (6.8) dbynkuiro Sg (a)) Ha3WBalOThH
eHEPreTHYHUM CHEKTPOM IMOTYXKHOCTi CTAlliOHAPHOrO BHIIAJKOBOIO
npouecy &£(¢).

Tlixcrasmsoun (6.7), (6.8) y (6.5 a, 6) Ta inrerpyiouu 3a do' 3a
JONOMOToK O - PyHKHIi, oTpuMyeMo popmyay Binepa-Xinyina:

By (r)= j S (w)e“ da. (6.9)

Obeprene CDyp’e-nepeTBopeHHa nae:

Se (@)= —21; I B, (z)e ™ dr. (6.10) -

I3 dopmyn (6.9) i (6.10) MO>kHa OTPHMATH HACTYIIHi KOPHCHI HaM Jami
CUiBBIAHOIECHHA.
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3oxpema, npu 7 =0 3 (6.9) BuruInBac:
[+ 2]
2 ‘
B:(0)=0% = I S (w)dow. (6.11 a)
. —w N
3 inmoro 6oky, noxnasum y (6.10) @ =0, opumaemo:

1 ]
S§(0)=—2—7; I By (r)dz. (6.116)

HeoOXiTHO  KOPOTKO  TOACHHTH  TOXOIKEHHS Ha3BH
,»CHEPreTHYHHI CrexTp” Ha NpHKIali 3 pagioTexHiku. SIkmo §(t)
onucye paykTyanii cTpyMy y KoJii abo Hampyrd Ha SKOMYCh ONopi, TO
aucnepeis 0'52 = < &% 5 3 TOUHICTIO O CTANOTO MHOXHHKA Ma€ 3MiCT

Cepe/IHbOi MOTYXKHOCTI MNpOLECYy — €HEeprii, 10 BHAINAETBCA 32
oauuHuuio vacy. 3 ¢opmynn (6.11 a) BuruMBae, WO uA CHePrisx
NPENCTABNACTECA Y BHIVIAI CYMH ,,CHEpriif” OKpCMHX CHEKTPaJbHAX

KOMIIOHEHT — S (a)) d® , siKi MOXHA OTOTOXKHHTH 3 CHEPTIEIO MPOLIECY
B iHTepBali 4YacTOT Bl @ n0 @ +dw. IHakie kaxydd, QyHKUIA
Sg (a)) ONHCY€ TYCTHHY PO3IOALITY €HEpril npollecy 3a 4acToTaMH @,

TOOTO 32 CHEKTPOM (TOMY iHOAI €HEPTETHYHHIA CNEKTP HA3MBAIOTH LUE
CIEKTPAILHOIO I'YCTHHOIO).

Bnacmueocmi S s (co)

1. I3 Bu3Havyenns (6.8) Buano, MO Sg ((0) — noaaTHa pyHkuis.
Cnpasni, nepexonsau y (6.8) mo rpaunui @' —> @, OTPUMYEMO, 11O

Sg ((o) 3 TOYHICTIO A0 HOPMYBAIBHOTO MHOXKHHMKAa 30iraerscs 3

< |C5 (a))l > — cepelHiM KBaJpaTOM aMIUTITYAH OXHI€] CHIEKTPAILHO]

KOMIIOHEHTH, TOOTO CEPEAHBOIO IOTYXKHICTIO ~ BEIHIHHOIO B KOXHOMY
pa3i HEeBiJI’ EMHOIO.
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§ 6. Cnexmpanvruil ananiz unaoxo6ux npoyecie

2. I3 (6.10) 3 ypaxyBanuam, Toro, wo B, (z‘) nificHa i mapHa,
BUIUIMBAE, 10 S £ (a)) — pificHa i napna gyHknis:

* 1 h ior . 1 T —iwr
sé(w)=a.jgg(r)e d‘r:gJ‘B":(—r)e dr =S, (), (6.12)

-0

sf(—w)_—- I B, (r)e® dr =S} (@) =S; (). (6.13)

JIerxko NepekOHATUCA B TOMY, LIO MApHICTh i HificHiCTh QyHKuiH Bg (r) _

idS ‘ (a)), nae 3mory y ¢opmynax (6.9) i (6.10) noBiisHO 3MiHIOBaTH

3HAKH I€pEN YABHOKO ONHHHUUECHO [ B IMOKa3HMKaX €KCIIOHEHT.

3. XapaktepHa WMpWHa A@ EHEPIeTHYHOro CrekTpa Sg (a))

NOB’A3aHa 3 XapaxkTEpHUM 4acoM A7 3MiHH aBTOKopeasuiHol ¢yHKmii

B§ (‘r) IessKUM CHIBBINHOLUEHHAM, fAKC 4YaCTO HA3WBAIOTh ,,CHiB-

BiIHOLIEHHAM HEBM3HAYEHOCTEH .
Aw At =Const . (6.14)

Is miei QopMynH 30kpeMa  BMINMBAE, INO YHM ,JNMpmMI” CHEKTp
Se (a)), THM ,,BY)X4a” aBTOKOpessUifina QyHkuis B, (z‘) , 1 HaBIaKH.

Take TBEPIKEHHA JIETKO IOACHIOETBCA 3a JONOMOrow puc. 6.1 i
HaCTYIIHUX MPOCTHX MipKyBaHb. AHanoridHo no ¢opmynn (5.33 a)

BH3HAYHMMO XapaKTEPHY WKPHHY -B.f (1‘) K

_75;(0)

B, (0)

(6.15 )
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Puc. 6.1

IoniOHuM YHHOM MOXKHA BBECTH 1 NMOHATTA XapakKTEpPHOI WHPHHH A®@

EHEPTEeTHYHOTO CIEKTpa S¢ ((o) :

B, (0)
Aw = 5 o (wO)IS'f (w)dow= 25, :m( 5 (6.15 6)

Yepes S max (a)o) TYT [O3HAYEHO MAaKCHManbHE 3HAYEHHs
CHEPTeTHYHOrO chektpa Se (a)), IO NOCATAETBCA HA NesiKiH 4acToTi
@y (muB. puc. 6.1). Ilpn Hanucanni Qopmyn (6.15) mMm BpaxyBanmu
cniBBiHOmEeHHS (6.11).

IMomuoxusim tenep (6.15 a) 1 (6.15 6), orpumaemo

S, (0

Aw At = 7 S0 _ cons, (6.16)
2 S; max (0)0) ‘

Bennunna Const y (6.16) 3énex<mb BiJl BHAY CHEKTpa Sf (w) 1 BiQ

cnoco0y BH3HAYEHHs XapakTepHoi mupuru A7 i A® . Hanpukman, nns
HM3bKOYaCTOTHHX CHEKTPIB Sy oy ((00) = Sy (O) i Const=nm[2=1.

3 inmoro Ooky, sk A7 MOXHAa BBaXaTH paHillle BBENEHHMH Yac
KOpensLii npouecy 7, TOILO.
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ITincyMOByI0OYH BHKIAJ€HE, 3a3Ha4uMO, IO -,,CHIBBiIHOIIEHHSA
HEBH3HAYEHOCTEH” € HACKIIKOM 3aranbHoi Teopii nepeTBOpeHHs
®yp’c, a He AKMXOCL cnenMdiYHnMX BiIACTHBOCTEl aBTOKOpe-
asuiiinol  pyHkmii Bg (z‘) abo eHepreTMYHOTO = CIEKTpa Sé (a))
BHIIAAKOBOr0 mpouecy.

SIx npuxnao po3riHEMO CHiBBIJHOLICHHA HEBM3HAYEHOCTEH It
rayccoBoi asTokopenamiiuoi gyukuii B, (7) :

2 2
B:(7)= crée" /25
3a ponomoro q)opmymi Binepa-Xinuina (6.10) 3muaiinemo, mo
€HEPreTHYHMH crieKTp S : (w) TaKOX € FayCCOBOIO KPHBOIO:

2
- = - iwr 0-3,10 _oq

2 o]
S,;(a) "'-2—5-‘[ 2ch dr = ‘e 2

2]

Hns nux 3anexuocreit B ( ) i8S, (a)) srigso 3 dopmynamu (6.15)

OTPUMAEMO AT=\/£-TO, Ao= % L i Aw-Ar=x[2=~1.
2 2 1

3 inmoro Goky, 3a AT Mu Moxcemo‘nu6pam 3HayeHHA T 3a piBHEM

B¢ (0) / \/—e: Y uLoMy BHIIAZIKY, K JIeTKO robGaunTH, A7 =7,. Takum

caMMM croco6oM, OLIHMBIIM XapaKTepHy IUMPHHY EHEPreTHYHOro

cnektpa Aw 3a pisuem S (0) / Je, orpumaemo Aw=1/z,.

Y pesynbrari CHIiBBIIHOIIEHHA HEBM3HAadYeHOCTEHl Ma€ BMIJIAA
Aw-Ar=1. ‘ ‘
Hespaxaioun Ha Te, mo crpora pisnicts A7-Aw=r/2
CHpPaBIXYEThCA TiMIbKY [ TayCCOBHX CIIEKTPiB, CHiBBiIHOLIEHHAM
A7-A® =1 4acTo KOPHCTYIOTBCA ANA OLIHKH IIMPHHHM CMYTH TIPOLIECY
(mpuHM j#ioro eHepreTMYHOro CHekTpa A@) 3a BiIOMMM HYacoM
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Kopenauii, BBaxawun 7, ~A7. Hapnaku, 3HAIOYH IIMPHHY CMYTH
BHIIQAKOBOro mpouecy Aw@, xopucryiouuck (6.16), MOXHa - OLIHHTH
HOro yac kopensnii 7.

3anucasmn napy Oyp’e-neperBopens y suraami (6.1), (6.2), mu
HESIBHO NPHITYCTHNH, 110 CHEKTpP MpOLECY — HENEepepBHU. Y BHNanKy

- AMCKPETHOro CHEeKTPa 3aMicTh iHTerpana (6.1) cuin nmacatu cymy:

. 0
()= z C,e", | (6.17)
- n=—00
Ie @, — 3M49€HHa MHOKHHA 9acTOT (MOXIINBO, 1 HECKIHYEHHA). SKiio

npouec nepioguyHuii (3 nepioxom T), T0 @, =nw,, ne @, =2x/T,
TOOTO CNEKTp CKNAAa€TBCA 3 CKBIAMCTAHTHHX (PIBHOBIANANCHHX OJHA
Bill ONHOI) IMCKPETHHMX 49acTOT. Y 3aranbHOMy > BHIIAJKy, KOJH

®, # n@,, poskaan (6.17) € nonanuaM Maike NEpiOAUIHOrO NpOLECY,

- ins aBTOKOpenANifiHoi QyHKIIT sxoro 3amicTs (6.5) Mae Micue dopmyna

0

Be(1,7)= <&(t+7)&(t)> = z <C,C," > oo (518

nm =—o0

~ 3BiIKM BMILUIMBA€, WO JUIA CTAaLiOHAPHOCTI Tpolecy HeoOXimHo, mo6

BHKOHYBaJIacsl yMOBa, aHayorivna 10 (6.8):

<CC'm>=6 S (6.19)

nm
m=0npu n#m, 6,,=1 npn
n=m). TakuM YHHOM, aBTOKOpenAuiiiHa (QyHKLIA Bs,(z') Maiixe

NEPiOAMYHOr0 BUNAJKOBOTO MPOLECY MOAAETHCA Y BUTIAAL

< Z W (6.20)

N===00
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SIKUIO BBECTH €HEPreTHIHUH CHEKTP S ¢ (a)) CHiBBITHOMICHHAM

S (@)=Y 8(0-a,)S,, 621)

10 (6.20) MOXHa PO3TIAATH AK OKPEMHIH Bnha,uox dopmyin (6.9).

V dopmyni (6.9) € cyrresa xuba — B iHTerpan 3a. d@ BXOIHTH.

JUIHKA BiJl’EMHHX 4acTOT, KA HE J0JA€ )KOXHOI HOBOI iHdopmanil mpo
NMponec y NOPiBHAHHI 3 JOJATHUMH 4aCTOTaMH, OCKINBKH Sg (a)) —
napua QyHknis 3a ymoporo (6.13). Jlna toro, mob y (6.9) nozbyrucs
Bil’€MHHX 4acTOT, po3i6’eMo obnactb imTerpyBanHa 3a d@ Ha IBi
niBoci, 3pobumo B imTerpami 3a Bix’emHol0 miBoccio (@ <0) 3aminy

3MiHHOT iHTErpyBaHHA (@ — —@ i CKOPHCTAEMOCS TIAPHICTIO S ) (a)) :

0 ) ©
B; (r)= j S (a)) ei""dw+J.S¢ (w) édw = IS¢ (w)[ei”” +e_i“”]dw =
—o0 0 ' 0

= ZJ‘ Sy (w)coswrdw = IS?) (w)cos wrdo. (6.22)
0 0

~ . + .
Eneprernunmii cnekTp moTyKHOCTi .S(= )(a)), 110 HAJISKUTh TiNBKU O

)
JONATHUX YaCTOT, MA€ BIATIOBIAHO, BUIVISL:

S¢) (@) =28, (@), @20. (6.23)

Amnanoriydi nepersopeHHs ¢opmynu (6.10) 3 ypaxyBaHHAM
napHocti. B; (z‘) BEIyTh IO BUpasy s S?)(w) 4yepe3 3HAYCHHA
B (r) TIBKH NPH TONATHHX T :

[ee]

S§+) (o) =—72;IB§ (r)cos wrdr. (6.24)
0
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Komenmapi
Sk yxe 3a3Hauanoca ‘Ha NOYaTKy [BOTO  Iaparpada,
nepersopents Oyp’e MOXIMBE TUIBKH A aGCOMIOTHO iHTETPOBaHHX -
¢ynkuiit. e o3nauae, mo ¢opmymn Binepa-Xingina (6.9) i (6.10)
COPABIKYIOTHCH, AKLIO '

a0

B:.(7)idt <N, S .a) do<P,
:(7) : (@)

—m

.ae P i N — pesxi koucrantd. [l1 yMmoBa Haxnmagae cyrreBi obMme-

JKEHHA Ha oGnacts 3actocyBaHHA Pyp’e-aHani3y CTOCOBHO BHNIAAKOBHX
npouecis. @opMynn CHPAaBIXYIOTLCH TIILKH [UISl CTANIOHAPHHX

* mpoueciB, CepeHE 3HAYCHHA SIKMX AOPiBHIOE HYJIIO, il Y AKHX HeMac

TAKO0XK KBa3ifeTepMiHOBAHNX CKJIAOBHX.

6.2. AnaniTnynani cMruan
IMix 9ac npocmimkeHHs CIi3HYHMX CHCTEM, DI0 ONMCYIOTHCH
NiHIAHAMA  PIBHAHHAMH, OCOONMBY poOJNb BIIrpalOTH TapMOHIMHHI
KONMBAHHA BUAY

&(t)=Acos(w t+ @), (6.25)

ne A — ammityna xonuBanHs, 2 @ — joro ¢aza. 3nauHe cnpoieHHS
MaTeMaTHYHHX OOYHMCIEHb NpH pO3B’S3yBaHHI JIHIMHUX iHTETpo-
IudepeHUIANBHEX PiBHAHB NOCATAEThCA, AK BiOMO, LILIAXOM NEPEXOAY
Bin mificHol PpyHkuii (6.25) no koMmnekcHoi

(1) = 4@ (6.26)

3 NPUYMH, SKI BXKe OOroBOPIOBanMCs Ha MOYAaTKy Uboro naparpada.
A mo poOMTH y 3araibHOMY BHINAAKY IOBINBHOIO, B3arali KaKy4H,

HerapMmoHiiinoro mpouecy & (t)? 3po3yMmino, w0 icHye HesniyeHHa

MHOXHHA KOMIUIEKCHHX byukuiit £ (t)=§ (t)+i77(t), TakHX, IO
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Red (1)=¢ (¢), ane ax noGyaysatn Taxy cxemy nepexoxy Bix & (t) i

4 (t) , 06 MOXHa GYII0 OIHO3HAYHO CTABUTH KOXXHOMY mpouecy & (t) '

y BimnoBinHicTs KoMmaexkcHy QyHxuin & (t), peanbHa YacTHHA AKOI
3biraeTbes 3 & (t)? Ilykaunii Meron noGymosu ¢ (t), Ho-nepiue, He
Mae noTpebyBaTH JOAATKOBOI MOPIBHAHO 3 YXKE BLIOMOIO f(t)
inbopMmanii, a mo-mpyre, y BHIAAKy rapMoHi#iHuX mnpoueciB (6.25)
nouse npusonuty & (1) 10 (6.26).

Haiinpuponnimmii cnoci6 yseaeHHs & (t) 3a 3afgaHoto . & (t)

IPYHTYETBCA Ha ii cnekTpansHoMy nogansi (6.1):

¢(t)=2 I Cs (@) dw, (6.27)
! | |

ae Cg (a)) — mepetpoperna Pyp’e (6.2) pymxuii & (t) VBeneHy
‘TaKMM YMHOM KOMILIEKCHY QYHKUilO (t) Ha3HBAIOTh AHAJITHYHUM
CHTHAJIOM, 1O BiAnoBigae aificHoMy npouecosi & (t) Bepyun no yBaru
BIACTHBICTh  epMiToBOCTI  (6.4) Dyp’e-KOMNOHEHTH C; (a)),

IIepeKoHyeMocs Y Tomy, o Red (t) crpaepi 36iraersea 3 & (t) .

Reé’(t):—é—[{(t)+4"(t):|= J‘[C‘f(w)ei‘"'+Cg(a))e"i‘”’:lda)= |

© 0 o0
= j C; (o)™ dor+ j C: (w)e®do= j Ce(0) e dw=£(z). (6.28)

0 ‘ -0 ~00
Jna yasHol dacturn Im{ (t) = 7](1‘), SKy Ha3HBAlOTh KBAaAPaTypPHOIO
KOMIIOHEHTOI0 a00 cnpsKeHuM NPOoIecoM, MAEMO HACTYIHHIA PO3KJIaz

dyp’e: ‘
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|-

i

Im{(t)=-il7[{(t)—{' ()] =3 [[ce(@)e™ -3 (@)™ Jao=
=% ‘[Cg(a))e"‘”’dm-% IC§ (w)é“‘”dw= J.(j'; (w)e®'dw=n(t), (6.29)

OpHIOMY CHIEKTP C~'§ (a)) nos’a3anuii i3 C, £ (a)) ¢dbopmynoio

é; (@) =—isgn(o)C, (@), (6.30)
ae
, >0
sgn(w)=4 0, @=0; (6.31)
-1, w<0.

Jlerko mepeBipuTH, WO 3 YpaxyBaHHAM Bu3Ha4eHb (6.28), (6.29) Mm
OTpHMY€EMO BUXiIHY dopmyny (6.27):

§()=£(0)+in(e)= [[C;(0)+iCy (@)]e*!dw=

= ]3 C; (@)[1+sgn(w)]e™ = 2]2C¢ (0)e”'da.

Mix é‘(t) i n(t) MOKHa BCTaHOBHTH i Oe3nocepenHiii 3B’130K,

HE 3aCTOCOBYIOYM po3knaxy Pyp’e, a BHUKOPHUCTOBYIOUH TiJIbKH
BJIACTHBICTh aHATMITHYHOCTI GyHKUIi

¢(z)=2 j Cs (w)e”*dw, (6.32)
0

y Bepxuiit niBmronmni (o >0) kxoMnmekcHoi 3MiHHOI Z=!+ix.

Crnpasni, npu a >0 interpan (6.32) 30iraeTbcs 3a paxyHOK
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EKCIIOHEHIIATBHOTO MHOXKHMKA € mpH Gyab-IKuMX !, SKUIO BHXigHA
bynknis & (t) He Mae ocobnuBocteil. fkOM 3anexHicTh BiJ dacy y

(6.27) Mu obpanu y BUrIAmi e, 1o ¢ (t) Oyna 6 aHANITHYHOIO Y
HWDKHIH MiBIUIOIKHI (a < 0). Orounmo To4Ky z = ¢ + ia Ha puc. 6.2

Imé6 4

o r r

|
. »
>

0 ot Red
Puc. 6.2

NOBIILHMM 3aMKHYTHM KOHTypoMm [, INO HinKOM JIEXHMTb y BEPXHiH
miBIUIoIHKHI, 1 cKopHcTaemocs dopmynoro Koui

¢(9)
z)= do. (6.33)
¢(2)= 2m 0-z
r
Ockinbku § (9) HE Ma€ 0COONMBOCTEN Y BEPXHiil NMiBIUIOLIMHI, KOHTYD

I’ MoxHa pO3STATHYTH Tak, mo6 BiH cKIajaBcs 3 miiicHoi oci i
HECKIHYEHHO BiJIAJICHOTro MIBKOJA, IHTErpal 3a SKMM AOPIBHIOE HYJO

Yepe3 WBMAKE CNIAiaHuA (t +ia) npy Im & — +o0 . TakuMm yuHOM, Y
(6.33) xoutyp I' MoxHa TpaHcGopMyBaTH y IiliCHY BiCh:

CrpsMOBYBATHMEMO Tellep TOUKY Z = !+ i jo AilicHoi oci t(a - 0) :
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. : 1 O—-t+ia
~ lim =lm ————=lm ————=
a0 B-z a0 O—-t-iax a0 (§- t) +a?

(6.35)

= lim @

2+zl1m
a0 (- t) +a

a0 (0-1)° +a’

3rigHo 3 ¢opmynowo (2.19 a), apyruit momanok y (6.35) npu o = 0
HEePEXONHUTh B i7r5(9—t) a iHTerpan BiJ IEpIIOTO — € IHTETPAIOM Y
pO3yMiHHI TomOBHOrO 3HaueHHsa. [lincrasmsaioun (6.35) B (6.34) i
nepexonsau no rpanuni @ —> 0, orpuMyeMo:

i _1, [&®de 17 _ 6.36)
(0)=lim ¢Z)=—Vp. J' = +2Jg(0)5(9 £)do. (6.36)

3sincu summuBace gpopmyna CoxoubKoro
$0) 4.
f-t

Tyt yBeneno Take mosnaueHHs: V.p. — Oepiii ditepy Bix cniB “Valeur
principale”, mo no-¢ppaniy3sks 03Ha4ae “rojioBHe 3HaYeHHA” .

a~

Bigninsiouu Tenmep B OCTaHHBOMY BHpasi HificHy i ysaBHY
YaCTHHH, OTPHMYEMO, 10 Reé’(t) = f(t) i Img_(t) =77(t) ToB’s13aHi

C@O)=Lv
Tl

Mik o600 IepeTBOPCHHAMH l“insﬁep'ra'

)=V p. f 70) 7 49, (6.37 a)
T 6?—
n@)=- I < (0) 222d6. (6.37 6)

Lli nepeTBOpEHHA MOXHA 3aUCATH | iHaKILE:
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_ 1 fn+6)-n(t-6)
£0 = j _ 46,

(6.37 8)

__1[E@+0)-£(-6)
() = ,,! ; de.

Taxum 4uHOM, 1A NOGYNOBH AHANITHYHOrO CHIHANLY & (t) 3a
3a/]laHMM AIACHHM IIPOLIECOM f(t) HE MOTPi6HO COYAaTKy 3HAXOAWTH
nepersoperns ®yp’e C; (a)) Bin & (t), a micna uporo Oymysaru
CIIPAKEHMI TIpouec ﬂ(t) 3a ¢opmynoro (6.29) — byHkuis ﬂ(t) MOJXKE
6yt mobynoBana GesnocepenHbo 3a f(t) neperBopeHHAM [innbepra
(6.37 6); n(t) Ha3uBaIOTH 1e cnpsbkeHUM 3a [nsGepToM npouecom

BiTHOCHO éj(t) Jlerko mepexoHaTHCs B TOMY, IO JUId TapMOHIYHOTO
nporecy (6.25) Gesnocepenne obGumcincHHs iHTerpama (6.37 6) nae
77(t) = Asin(a)t + (D) i, OTXKe, aHATITHYHMI CHTHAJ y LbOMY BHIIAAKY
nificHo Mae BUrILA (6.26).

- 6.3. Kopensuiiini gynkuii Ta eHeprernuni cnekrpu
AHAJITHYHOIO CHIHAIY

3BepHEMOCA 3HOBY IO BHMAjAKy, KOJIH éf(t) — CTaliOHapHHUi
BHMNAJKOBHIl Ipowec 3 HyiaboBMM cepensiM (<& (t)> =0), Tak mwo

#oro asToKOpeNAiAHY Qynkuilo B, (r) MOXXHAa TOJATH Y BUTIAII
CHEKTpaJIbHOrO po3kiany (6.9) abo (6.22):

B, (7) = I S; (0)e“"dw = 2J. S¢(w)cos wrd . (6.38)
o0 : 0 ,
3HaliieMO ~aBTOKOpENAIAHY - QYHKUiI0 Ta eHEPreTM4HUid CIeKTp

cnpsreHoro 3a [ins6eprom nporecy n(t)‘, CKOPHCTABIUNCH PO3KIIAJIOM
77(1‘) B iHTerpan ®@yp’e (6.29):
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<aOnt+T)> = .[ I dodo’ < Cy(@)Cy (@) > @1 (6.39)

-=00 ~=00

Ane 3rimo 3 (6.30) i (6.7) Maemo

<C; (w)f‘i (@) >= —sgn(w)sgn(@) < Cx(@)Cy (') >=
= —sgn(co) sgn(@)0(@ + @) S (@) =

= —sgn(w) sgn(~w)3(@+ @')S; (0) = 5(w + )S, (@). (6.40)
[Mincraensroun (6.40) B (6.39), orprMyeMo

< n(t):n(t +7)> =B, (1) = I Sg () dow = Be(7).  (6.41)

Takum uyuMHOM, CHpsixkeHHH mnpouec q(t) TaKk camo, fK i
nepBMHHMI .5(!), BHABJACTLCA CTAHIOHADHHM, NPHIOMY iX
apToKopenaniiini ¢ymxuii Ta eHeprermuHi cnekTpm mnoBHiCTIO
30iraloTbca. , ‘

O6uncnanmo Tenep B3a€MHy KOpeJALHHY QYHKIIIO CTaliOHapHUX

TpoueciB éf(t) i T](t):

<EORt+1)> = I I dode’ < Cp(0)Cs(w') > @197 (6.42)

—00 —00

Kopensrop < C; (w)é': (a)') > 006uMCmoEMO Tak caMo, K i (6.40), 3a
nonomoroto dpopmy (6.30) 1 (6.7):

<C; (w)@ (@) > =—isgn(@) < Cp(0)Cy (@) > =

=isgn(w)S; (w)é(w + ). (6.43)
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§ 6. Cnexmpanvnuii ananiz 6unaokosux npoyecie

MincraBumo . (6.43) B (6.42) i BuKOHaeMO iHTerpysanHs 3a do'3
JONOMOT 010 AeNbTa-PyHKILT & (co +@'):

2]

<E@ON(t+7)> =By () =i I sgn(@)S; (@) do =

i J' Sy@)[e ™ - |dwr=2 I Sy(@)sinordo.  (644)
0 0 :

Takum unnom, sBunaaxoBuii npouec £ () i cnpsoxennii 3 Hum

7(t) BusaBamOTHCH cTanionapHo mnoB’szamuMH, iX QyHKuin
B3a€MHOI Kopeasuii Béﬂ (1) € HenapHoo, i B MOMEHTH “acy, IO

3biralorbes (7 = 0), ui ABa NpouecH HeKoOpeILOBAH:

<E@)(t)> = By, (0) =0. (6.45)

Ilpn obGuucnenni xopensaropa <7 (t)f (t + r) > = B,’¢ (z‘) cmna
CKODHCTAaTHCA MOI0 HE3aNEKHICTIO BiX [ 1 BBECTM HOBY 3MiHHY
t' =t + 7 (To6TO 3MICTUTH NIOYATOK BiUIIKY Yacy Ha —7 ):

3,,5 (r)=<n(t)é(t+1)>=<&(t)n(t' - 7)>=B;, (-7)=~By, (7). (6.46)

®opmyny (6.45) moxHa posriasgaté Kk (pakT OpPTOrOHAIBHOCTI
npoiecis §(t) i ﬂ(t) , BKJIaJlalo4M y I€ MOHATTA TOH CaMHii 3MicCT,
IO i B OPTOroHaNBHICTh (PyHKLIH Acos(a)t+(I)) i Asin(a)t+€D)
(BimMinHicTe ¢a3 nux npoueciB Ha 7/2). TakuM 9uHOM,
nepetsopenna linsbepra (6.37 6), mo cyri, € cnocoGom nobynosu
npouecy: . n(t), OPTOrOHAILHOTO 1O f(t) 3BigcH, mo pedi, i
noxomut Hassa cykymnocti £(t) i 7(t) — xsanparypsi cknanosi
(ab0 KOMIIOHEHTH) aHANITHYHOrO CHrHAaNy: TaK CaMo, sK
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Acos (a)t + (D) i Asin (a)t + CD) € KBaJPATYPHUMH KOMIIOHEHTaMM

KoMrutexcHol GyHKuii Aexp {i (a)t +d )} . .
IMo6ynyemo Tenep  aBTOKOpensimiiiny ¢yHkmilo camoro
anagiTHuHOro curnany ¢ =& +in:

B,(@)= <{"O+)>. 6.47)
Jlns  CKOpOYCHHA  3aIMCiB onycxammemo apliymcm ot
(§(t)§§,17(t)§77) i BBEJEMO TO3HAYCHHS §(t+z')54‘f i
n(t+7)=17,. Toni
<¢O¢@+n)> = <[g-m][¢, +in.]> =
= <(8& +nm, —ing, +ing)> =2 B() +iBy(D)].  (6:48)
CKOpHCTaBILNCH TEnep CHCKTPANEHMMH PO3KIajaMu (6.38) 1 (6.44),

OTPUMAEMO

B ()= 4I Se(w) [cos @t +isin (01‘] do= 4I Se (w)e“ dw. (6:49)
0 0

3 inmoro Ooxy, 3a BHM3HAYMCHHAM CHEPreTHYHHH CIEKTp
AQHAMITUYHOrO CHTHANY Sg (a)) MOB’A3aHMA 3 Bg (r) 3arajibHIM
crisBigHoMEHHAM (6.9): ‘

B, (1) = _[ S (@)™ do. (6.50)

I3 nopiBaAnnA (6.49) i (6.50) BunIMBac, 1Mo0:

4S§, w0
Sé' =

(6.51)
0, w<O0.

Oxpim (6.47) wMoxkna O6yno 6 pO3rIsHYTHM 1€ OAHY
ABTOKOpPEJIALUHHY dYHK1Li0
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B ()= <) (t+1)>, (6.52)

npoTe NpOCTi O6YHCIEHHS CBINYATh, 110 BOHA TOTOKHO HAOPIBHIOE HYIIO

npu Oyne-aKuxX 7 :

By () =< (& +in) (&, +in,) >=

=<(&& —nm, +ién, +iné, ) >=0. (6.53)
IIpu upoMy Mu cxopuctanucs Gopmynamu (6.41) i (6.46).

6.4. IIpuxyaan cnexTpajbHuX po3nojinis
Onna Bax<THBa BJIACTHBICTD Sé (a)) Moxe OyTn oTpuMana Ge3

KOHKpeTH3auii BHIrIAmy B§ (r) -— MoBa iHIe Imnpo xapakrep 3MiHHM

Sf (a)) Ha JOCTAaTHBO HM3BKHX YacToTax @ . 3BCpHeMOCﬂ 3HOBY IO

dopmynn (6.10). XapaxtepHi posmipu o6nacTi iHTerpyBaHHA 3a T
BH3HAYAIOTBCS 4aCOM KOPENAIil [ponecy 7, OCKIIBKM NPH BETUKOMY

vaci B, (T) UIBHIKO CIIAfa€ 10 HyJA:

(2
Sg(w)zgl; I By(r)e™™ dr. (6.54)

-,
Posrnanemo y S (a)) o051acTh TPaHMYHO HH3BKHX YacTOT, KOJIH

wty <<l. Tlpn upomy excrnionenry y (6.54) MOXHA 3aMiHMTH Ha
OXHHHIIIO: o

2
OfTy

1 B, (0)
T,

Sa)z———IB dr ~ 63770 _

(@)= | By <=

~Ty

ﬂ = Const. (6.55)
v 4 2 :

TakuM YHHOM, Ha HH3LKHX YaCTOTaX CIIEKTPATbHa rycTHHA S (a)) —
BenmanHa crana (S (a))z N /2 1 HesajexHa Big @ ). CxematMuno
rpadik S & (a)) MOKa3aHo Ha puc. 6.3.
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Si(@)

! PN

-z, 0 1/g,

Puc. 6.3

Binuii wiym
3 puc. 6.3 BHAHO, IO NpH 3MEHIUCHHI 7, obmacTe yacrtoT, ;e

S 5‘(0)) ~ N/2, BeobMeKeHO pPO3IMIMPIOEThCA. ['paHITHOMY BUNANKY
7, — 0 BignoBinae cranni Ha BCiit OCi YaCTOT @ €HEPreTHYHMIA CrieKTp
Se (a)) = N/2. Bunankoeuii Tpomec 3i CTaNOK CHEKTPAILHOIO

TYCTHHOKO S, ¢ (a)) Ha3HBAETLCA GIIMM UIYMOM 32 aHaJOrier 10 Ginoro

KONbOPY, SKHIl YTBOPIOETHCA BHACHJOK 3MilIyBaHHs €E€KTPOMArHITHHX
XBUNb 13 NPHONHM3HO OAHAKOBOIO CHEPri€l0 Yy LIMPOKOMY iHTEpBaii
gacror. Ha BiaMiny Bix Oinoro mymy y‘,,3a65pnneuux" IIyMIB BCA
CHEprif 30CCpe/DKCHa B OAHIN a00 KIMBKOX CIEKTPaNbHHUX CKIAJO0BHX
(minigx, cMyrax, BiKHax Ta iH.). 3 Bu3HaucHH (6.9) BunumBae Bupas Juis

aBTOKOpensuiiinoi gyuxkuii B - (z’) 6inoro nrymy:
o0

B:(7)= I —]—;,—ei‘”fda) =7 NO(7). - (6.56)

—00

Takum uynHOM, GiMMii IMYM — NeJLTA-KOPEILOBAMMIE NpOLEC:
3HavYeHHA, AKMX Habyeac ueil BuNagkoBuii mpouec y Oymb-ski OIM3bBKI
MOMEHTH, PO3AiIeH] MpoMixXKoM 7 # (), HC KOpEemooTh MiX c000i0.
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3Buuaiino, Ginuit iyM He Ginblile, Hix 3pyyHa abcTpaknis, xoua 6
TOMy, WI0 Horo mucnepcis (To6TO CepenHA NOTYXHICTh IpOLECY)

JIOPIBHIOE HECKIHYCHHOCTI ( o2 =B,(0)~5(0 —> ). Oxpim TOTO,
&5

3pO3yMino, IM0 HEMOXJIMBE ICHYBaHHA 4YaCOBHX IpOLECIB i3
HECKidYEHHO LIMPOKOIO CMYTOI0 YacToT y OyIp-KMX peaJbHMX
¢ismuHNX cHCTeMaX i, 30KpeMa, palioTeXHiYHHX Konax. dopMansHo

MO’KHa BBECTH i KoediuieHT kopemauii K ¢ (r) 6inoro mMyMY:

K )_Bf'(r)_ 1, r=0;
: "B, |0, =0

6.57)
Byzvxocmyzoeuii eunadxosuii npoyec
IHnuM rpaHMYHMM BHOAIKOM, NMPOTHICKHHUM Ao 6inoro mymy, €

BY3bKOCMYTOBMiT Bunaakosuii npouec. Horo eHepretwuHmii crektp
BiIMiHHMH Binl HyJds y BY3bKiH CMy3i 4acTOT HaBKONIO LIEHTPAIBHOI

(cepennpoi abo Hecydoi) 9acTOTH @, i BHacHiJOK cumerpii Sg (a))

HaBKOJIO — @ , IPUYOMY BHKOHYETHCH HEPIBHICTh IAa)I << @, (puc.6.4).

A Sg (w)
Aw Aw
I 1
| _ l >
—@, 0 @, @
Puc. 6.4

Jna oGuncnenns aBroxopeniamiiHoi ¢ynxuii Bf (r) 3pY4HO BUXOIMTH

3 dopmymn (6.22). IlepeiineMo Big 4acTOTH @ HO YacTOTH V, 1UO

116

§ 6. Cnexmpanvhuil aHaniz 6unaokosux npoyecie

BiJlJ'li“lye'I‘LC}l BIJl HECYUOI Wy V=@ — Wy . cDopMyna (6.22) npu npomy
HabyBa€ BUIIISAY: :

B:(r)= j Sif)(coo +v)cos[(ay +v)r]dv. (6.58)

—a,
Bpaxos}qoqn, IO 3@ BU3HAYEHHAM By3bKOCMYTOBOTO mpouecy QyHKIsA
Sé”(co0 + V) BiaMiHHA Bl HyJIs TUIBKH TIPH |V| = |Aa)| << @Wg, BHKHIO

TPaBHULII0 —@q B iHTerpani (6.58) MokHa 3aMiHHTH Ha —o0

B:(r)= I S?) (@ +Vv)[cos wyT cosvr —sin @y sinvrldv . (6.59)

BBefieMO CHEKTp HH3bKHX YacTOT, TaK 3BaHMil ,NOBLIbHMI cnekTp”

S(v):

Sev)=5(ay +v) (6.60)

i aMIiTYIM CHHYC-KOCHHYCOBHX CKIIAJOBHX
a.(7)= I S(v)cosvrdv, (6.61 a)
a,(r)= I S()sinvrdy. _ (6.61 6)

3 ypaxyBaHHsM 3pobnennx BusHauens B (7) Habysae Burnsny

B, (1) =a,(r)cos a7 —a,(r)sinayr = Ag(z) cos[ayz + Dp(r)], (6.62)

Ag(7) = \/acz (o) + as2 (r) — ' (6.63 a)

o6BigHa kopenauiiHoi Gynkuii, a

Tie

117



§ 6. Cnexmpanenuii ananiz 6unadxosux npoyecie

Q)= arctg[ ET; } (6.63 6)

noBinsHa ¢dasa aBToxopenxuiﬁHo'l' byHKuii.
Xapaktepunit vac 7, 3uinn ammiitymu Ag(7) i gasu @ 2(7)

BH3HAYACTECA WIMPHHOI A nOBiNBHOTO cHekTpa (7, & 1/ IAa)])

BlI[HOBl).‘IHO A0 CHiBBIJHOMICHHA HeBu3HayeHocTi (6.16) 1 Dyp’e-
neperBopens (6.61), a mBuaki ocumnsuii  xocmHyca y (6.62)
" BinOyBaloThCs 32 3Ha4HO Koporwi Bixpisku wacy I =27/w, <<7,.
Takum 4uHOM, aBTOKOpessuiiiia ynxuin By (7) Bysskocmyrosoro

BHN2JKOBOr0 Nnpouecy Ma€ BHIJSI MOXY.JILOBAHOrO 3a aMILIITYA010
i $a30l0 BHCOKOYACTOTHOIO KOJHBAHHA THIY 300paXeHOro Ha
puc.6.5 (cxemaTuynuit rpadik nomanuii tineku Mg wacy 720, mporo

JIOCTATHBO, OCKiNnbkH By (7) — mapHa dpynkuis).

Bunno, wo sk xapakTepHHUit yac Kopensanii 7, BHCTYIIa€ 4ac CYTTEBOTO
3MEHIICHHA aMIUNTYnH Ag (T) Bennunna 7, obepHeHO mponopuiitHa
IO WHMPHHH CMYTM A@, a He RO HeCydoi 9YaCTOTH @), Ha dYacax
T =27/w, BixfyBaroThCA TIMBKM OCLMILILL By (T) 6e3 momiTHOrO
CriaflaHHs aMILLITYOy KonuBaHb Ay (z‘) .
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Amnnimyoa i paza eunadxoeozo npoyecy
Jlna  aHanisy By3bKOCMYTOBHX BHIIANKOBHX IPpOLECIB ayxKe
3PYYHHMH € HOHATTA aMIULTyAH i gasu mpolecy rf(t). VY 3aranbHOMY
BUNanky (He 0o6OB’A3KOBO JUIf BY3bKOCMYTOBHX IIPOIECIB) aMIUIITYAa
A(t) i dasa ¢(t) AOBLUILHOTO MifiCHOTO HpOLECY §(t) MOXyTh 6yTH
BBE/IcHi AK MOAYNb i apryMEeHT aHANTHYHOrO CHrHamy & (t), o
Bianosinae J,‘(t):

£(t) = @) +in() = A()e”®. (6.64)

[lepekoHaemMocs B TOMy, WO BBEJCHI NMONIOHMM YHHOM aMIULITYAH 1
¢$a3u y3romKylOTECA 3 THMH CAMHMH YSBICHHAMM, fKi BKIAJAlOTHCHA B
HHX y Kypci Teopii KojHBaHb a0 TEOPETHYHHMX OCHOB PaliOTEXHiKH.
3BHuaitHO M BY3LKOCMYTOBHM mpouecoM (He 00GOB’S3KOBO BHMAJ-
KOBHM) PO3YMIIOTh QYHKIiIO BURY:

£(t) = A(t) cos @(t), ‘go(t) = @t + D(2), (6.65)

e A(t) i d)(t)e MOBUIBHILIMMH QYHKUIAMH 9acy, HDK OCHMIALi
KOCHHYCa 3 IepioJioM T=2n‘/ @y . YBIiBIIA N0 PO3rMsANy XapaKTepHi
YacH T,q 3MIH aMIUNTYIH A(t) 1 ¢asmn d)(t), yMOBY iXHBOI
TIOBINBHOCTI MOXHa cHOpMYIIIOBATH AK

1ad 1
A dt

T4
Bennuuny (D(t) Ha3HBaIOTh ,,MOBiNbHOI (a3010” Ha BIIMIHY BiJ

1 do

o dt

w666
Ty .

Wy,

mBHaKoi abo mpocTo dazu ;o(t) .

3acrocoByioun nepersopeHns [inpbepra (6.37 B), sicraBHMO
(6.65) cripsoxenuii 3 HUM npouec 7(f). 3 ypaxyBaHHAM HepiBHOCTEH (6.66)
obuncnenns inrerpana (6.37 B) IpHBOAMTE O TAKOTO PE3YNBTATY:

n(t) = A@)sin(@,t + ©(@)). (667)
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Buano, o mis By3sKOCMYroBoro mpouecy neperBopeHHs Iins6Gepra
exBiBaJicHTHE 0 audepeHuioBanus (6.65) 3a I, HaCTYNHOro AlNEHHA

. OTPUMAHOrO Pe3yNbTaTy HAa —@) i BIAKANAHHA JOJAHKIB, MATUX y Mipy
BHKOHAHHA HepiBHOCTEH (6.66).
AHamTHyuNi CUrHAn g(t) , BIIMOBIAHO, MA€ BUTIS

SO =E@+in(t)= A0 (6.68)

TakuM YHHOM, ! _
40 ENEORTIGE - (6:69)
p(1) =t + () =arg{ (¢) = arctg ( ) (6.70)

40}

Skwo &(t) munazkosmii mpouec, To ouesummmo, mo A(f) i
(D(t) TaKOX € BUIIAZIKOBMMH (yHKUIAMH yacy. B peallbHUX yMOBaX, fiK
NpaBHUIIO, JOBOAMTHECA MAaTH ClipaBy He 3 dyHkuiamu & (t) , K IIBHAKO
OCLUMJIIOIOTh, @ 3 MOBUIBHUMH — aMILIITYXOO A(t) i ¢asoro d)(t).
Bunukae npuponse sanuraHHA: AK [OB’A3aHI CTaTMCTHYHI Xapak-
TEPHCTHKH LUBHAKOI'O MPOLIECY & (t) 3 nmapameTpamu gaykryaniit A (t)
j CI)(t) ? Slxmo amnpiopi Binomo, mwo & (t) — HOPMAJIbHUI BHIAAKOBHI
IIPOLIEC, TO CHPSDKCHHH 3 HHM n(t) , Oynyun nos’ssanmii i3 & (t)

JIHIAHMM nepeTBOpeHHAM (6.37 B), TAKOXK € HOPMAIBHHM, [IPHYOMY M -

TNPOILIECH MaIOTh OTHAKOBI aBTOKOpenAuiiini ¢yHkuii (6.41) 1 y 36ixni

MOMEHTH Yacy He KopemorThb (6.45). Sk summsae 3 (6.69), A(t) _

JOBXHMHA BEKTOpa, IO Mae€ JHEKapToBi KOMIOHEHTH & (t) i ﬂ(t)
BiANOBiNHO. 3afauy npo Bu3HadeHHs ¢GyHkuil posnoainy iMosipHocTi
JIOBXXHHH BHIIAJIKOBOTO BEKTOPa 3 HOPMAIBHUMM HEKOPEIbOBAHUMH
KOMIIOHEHTaMH Gy110 po3s’a3aHo y § 4: Axuo & = 71=0, 10 W(A) €
posnonin Penest (nuB. (4.82)), a ¢asa (I)(t) po3noAisieHa PiBHOMIPHO
(aus. (4.84)). ‘
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6.5. Komniexcna 00BigHa aHAJITHIHOTO CHTHAY
Ammnityny A (t) 9acTo HA3HBAIOTH 06BinHOIO mponecy g(t)
ITin komMnIeKcHOIO o6BixHo0 PO3YMilOTH QYRKIIIO

E(@t) = A(t)e™?. S (6.71)
AHaNITHYHKI cHraan (6.68) nmpu EOMY 3aHMCYETHCA Y BHIIAL1
(@)= E(t)e™. (6.72)
Jlna Bu3HAuCHHs XapakTepy 4acoBux duykryauiit A (t) , CD(t) i
E (t) HEOOXiNHO, MPHHAWMHI, BUPAa3HTH iX aBTOKOpeNAUiHHI GyHKIii

4yepe3 aBToKopenAuifHy QyHKuio (a6o eHepreTH4YHHi CNEKTp) nporecy
Zj(t) 3anumiemMo nporec §(t) , 3afanuii popmynow (6.65), y Burasm

CYMH [(BOX KBaJpaTypHHX KOMIIOHEHT:

E() = 4. (D)cosmyt — A, (H)sinayt, 6.73)

" A, (1)=A(t)cos®(1)=ReE(t),

A ()= A(1)sin® () =Im E(¢).

AHaNOriyHe IOJAHHA Mae MiCIe i I8 CApPAKEHOTO (Jd linsbeprom)
rpolecy

(6.74)

n(t) = A.(t)sin wyt + 4,(t) cos wyt. (6.75)

Bupasumo cnouyarky aBTOKOpeNsAwiiiHI (yHKIIT KBaapaTypHHX

KOMIIOHEHT 4epes aB'rOKopcﬁxuiﬁHy ¢byHkuio Bg (r) BHXiAHOrO

npouecy & (t‘)i B3a€EMHY KOpensmiiiny ¢>yHKuixd By, (z‘) Po3B’skemo
pissaus (6.73) i (6.75) BigHocHo A. i A;:

A (1) = E(#)cos ayt +n(t)sin wot

(6.76)
A, (1) =—&(0)sin wyt + (1) cos ayt,

3BIAKHA BHIUIHBAC
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<A)A(t+7)> = <A DA +7T)>
= B, (r)cos @y7 + By, (7)sin w7,

(6.77)

CCAWNAG+T)> =—< A (DA +T)>

- =B, (r)sinwyt — By, (r) cos myr. (6.78)

Keanparypui komnomentn  A,(¢) i A(t) nopmanshoro
.BHNIaAKoBOrO mnpouecy & (t) TAaKOX PO3MOALIEHI 33 HOPMAaIbHHM

3aKOHOM, .OCKiTBKH TMOB’s3aHi 3 t i t). NiHIHHAMHK
‘ n

criBBiiHOMEHHAMH (6.76). 3 iHmIOro 6OKy, TYCTHHa HOPMAIBHOIO
pO3NOAiNy TOBHICTIO BH3HAYAETHCHA TINBKH INECPIIMMH JBOMA MOMEH-
TaMH, H, OTXKe, Yy UboMy BHnanky Gopmyin (6.77), (6.78) mictars y cobi

BCIO iH(OpMANLiIO TPO CTATHCTHKY CYKYNHOCTI IBOX GyHKuii A, (t) i
A4, (¢). Tepexin xe sin 4.(t) i A4(t) no obsinuoi A() i pasu

npouecy @ (t) 301HCHIOETECA 32 AOTIOMOTOI0 OYEBUAHUX POPMYIT:

A =,/A3 +47; ®= arctg-:-:}s-. (6.79)

c

BukopucroByloun 3aransHi (OPMYNH = nNeEpeTBOpeHHA Ui
TIepeXoy Bill TYCTHH po3nomimie A, (t) i A (t) 1o A(t) 1 d)(t)
(nuB. § 4), MoskHa 06UYHCIHTH OyNb-5Ki KOPENATOPH aMNNiTyAH i pa3u y
po3HeceHi MoMeHTH dYacy. lle mocuts rpomismki obumcnenms, i ix
MOXHA, HANpHKIAZA, 3HAHTH Yy MoHorpadisx 3i cramncTHIHOL
PamiOTEXHIKH. ' '

3HAaYHO NpPOCTIIAM BHSBISAETHCA  BU3HAYEHHSN €HEPreTHYHOrO

cnexkTpa ¢uykryauifi KoMiuiekcHoi oOBimHOI E (t) dns uporo,

KOPHCTYIOUHCH NONaHHAM (6.72), 3aIHIIEMO aBTOKOpENALIHY (QyHKILiIO
aHAITHYHOTO CUTHAITY:
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B (t)= < (¢ (t+7)> = <E(DE(t+7)> €™ = Bx(r)e™" . (6.80)

Kopucryiouncs énempam,num posknagoM (6.50) i Bupazom s
€HEPTreTUYHOr0 CHEKTpa. aHamiTH9Horo cHrHamy (6.51), 3 (6.80)
OTPHUMYEMO:

Be(r)= <E (DE(t+7)> =B (r)e™™" =
w B ° ~ (6.81)
- I S (@)@ do =14 I S (@)™ do,
—00 . 0 I '
3pobumo y (6.81) 3amiHy 3MIHHHUX V =@ —@, i BBEJIEMO NOBLILHMH

CIEKTp S (v) (6.60):

[> 2] 0
Bg(r)=4 I Se(p + v)e" dv = ZI Sw)e""dv.  (6.82a)
Tyt nin yac 3aMiHM HIKHBOI IPaH¥Il —@; Ha —00 MH CKOPHCTanMcs

BY3bKOCMYTOBiCTIO Tipouecy (moni6Ho mo nepexomy Bix (6.58) zno
(6.59)). 3 inmoro 60xy, 3rimHo 3 (6.9) C

B(r)= I Sp(v)eidv. (6.82 6)

I3 nopiBuaHHA (6.82 6) 1 (6.82 a) oTpMyeMO, 10 EHEPTETUYHHH CIIEKTD
Sg (V) ¢bnyxTyaniii xkoMniekcHoi 06BigHOI 36iraerbcsa 31 CHEKTPOM
aHANITHYHOrO CHTHANYy, 3CYHYTHM B 00JIacTh HHM3BKHX YacTOT Ha
BENIMYHHY @ i IPOCTO BUPAXKAETLCA HEPE3 MOBUILHHUH CIEKTP:

Sg(v) =Sy (@ +v) =4Ss(wy +v) =25(v). (6.83)
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- 3ATAYI
1. Cramionapuuii BHNAZKOBHI TpoUEC &(t) mae PiBHOMIpHY
| Q0
cnekTpaibHy ryctuny S,(@)=S, B iHTepBani yacrot [-—23‘3-] i

4 Q : .
S;(@) =0 npu Ia)] > > Q) > 0. 3naiiTi aBTOKOpENALIHY QYHKLIIIO

B.(r), 3a pomomorow  sxoi  mepeBipUTH  CHiBBiZHOWIEHHS

HCBU3HAYCHOCTEH.
Po3é¢’azox. Kopucryiounce ¢opmynoro Binepa-Xinuina (6.9),
3HAXOMUMO ‘

a Q
© 2 2=
B; (r)= ij (a))ei“”dw= ISoei‘”’da)z%eim ZQ =
-0 Q 2
2
iQ iQr .
=—5—1(-)- e%—e-!_z_ _—_SO M
it ‘ (Qr/Z) |

3rifHO 3 BHM3HAYEHHSAM, XapakTcpHa IMpHHA A@ EHEPreTUYHOro
criextpa JopisHioe A@ =€). XapakrepHy x wmpnay A7 asro-
KopensuiifHol ¢yHKUil BU3HAYMMO 32 NEPUIMM HYJIEM sin(Qr/Z):

Az = 272'/ Q). 3sigcu CHiBBiNHOLIEHHs HeBH3HaueHocTell  (6.14)
3aIMCy€EThCA TAKMM YHHOM:

AT Aw=Qz—” =2r>1,.
Q

2. 3nadiTn aBTOKOpenANifHY (QYHKLIiIO CTalliOHApHOTO BHIIAJ-
KoBoro mpouecy & (?) 3 HynbOBMM MAaTeMaTHYHUM CIIONIBAHHAM i
CIIEKTPAIIBHOIO I'YCTHHOIO ‘

N/2, -y sws-a (0<0);
Se(@)=yN/2, oy sosa, (0>0); 1)
0, npu ecix inwuux 3navennsx .
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Jna oxpemoro BHmanky @, =0 BH3HAUMTH BENTMYMHY  iHTepBay
At=t,,, —t,, npu sxomy 3HAauYEHHA & = E ) i &, =8@)

" HEKOpENbOBaHi.

Po3é’asox. 3a ¢>opmyndlo Binepa-Xinuina (6.9), 3Haxonumo

© ay ‘
B (1) = I Se (@) dw = NJ‘ coswdw = E(sin o, T-sinwyr) =
T

o »
Gin (0, —ay)r |
=N(“’2 - ) @ _02)1)1 cosw';wz r=a§lpl(r‘)cos%r. @
2
sin Awr
Tyr 0'52’ = NAw; p,(z')=—AZ)—21-_——; Aw =0, -0 ; v, =—al‘—'-§—a-{2—-,
2

Ins oxpemoro Bumaaky ; =0 asrokopemauiiina ¢ynkuis (2)

HabyBae Burnsany

N . sinw, T
Bg(t)=?sma)zz'=Na)2 =0} py(7), (3)
\ _
5 sinw,t
o: =Nw,; T)=
ne Of, 2y P (7) e

Inrepsan At =t,,, —t,, npu skomy 3HaueHa &, = &£ (1) i
& =E(t,,) OynyTs HEKOpeNbOBaHMMM, MOXHA BH3HAYMTH,
npupiBHABIIM Yy (3) [0 Hyns 3HAYEHHd HOPMOBAHOI KOpENALiHHOL
dyskuii p, (At): |
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@ ,
2 o
Tyr f, = 5, — BEPXEA IDAHHGHA YACTOTA CHEKTPANLHO! FyCTHHM

S; (®). 3a 3naiinenowo penmUARO Af KiNBKICTH HEKOPENhOBAHMX

Bimikie N Ha iHTepBanmi TpMBamicrio I BH3HAYAETbCA  AK
N=T/At=2f,T. '

§ 7. Jliniiini nepeTrBopenHs BHNAAKOBHX NpoleciB

BunankoBi TmipoliecH, IO OMHUCYIOTh (IyKTyamii peasbHHX
CHTHaIB, MUIATAlOTh PI3HHM NEPETBOPCHHAM K IJ 4ac MOUIMPEHH:
 Ka”anaMM 3B’A3Ky, Tak 1 Oe3nmocepesHs0 Yy  pamiOTEXHIYHHX
Nepe/iaBabHIX | IPHAMATBHHX NPHCTPOAX. YHACHINOK NEPEeTBOPEHHsS
KOXKHa peani3allid x(t)‘ BHNafKoBoro mpouecy & (t) TIOPOIUKYE
peanizanixo y(t) pouecy 77(:). [TIpn nsOMy BIACTHROCTI y(t)
MOXYTb JOKOPIHHMM YHHOM BiIPI3HATUCS BiJ BIACTMBOCTEH BHXIIHOTO
npouecy x(t). '

I3 maremaTuyHOi TOYKH 30py OyAb-SKYy paliOTEXHIYHY CHCTEMY
MOJKHA TI0/IaTH GOPMATIZ0BAHHM CTIiBBiTHOUICHHAM

y(t)=L[x(2)]. | (7.1)

ge L — jesxuii oneparop, O NEpeTBOPIOE 3a 3afaHUM 3aKOHOM
CHFHAJI Ha BXOJl CHCTEMH x(t) y CHIHAI Ha BUXOAI y(t). Bxinuuii i
BUXIJHMH IpollecH MOXYTh 3ajexaTH He TUIbKM Bl vacy ¢, a il BiX
iHIMX napaMeTpis (IPOCTOPOBI KOOPJMHATH, TeMIepaTypa, I'yCTHHa
rasy Ta id.).

3a BHIIAZOM 3ICXKHOCTI BUXIAHOTO Npoilecy BiX BXiZHOIO
PO3DPI3HAIOTH HACTyNHI BHAM cucTeM: OesiHepuiiisi Ta iHepuiiini,
‘q)iswmo peanizoBani Ta HepeanizoBaHi, JiHiliHi Ta weniniiini,
cragioHapHi Ta HeCTalioHAPHI.
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Besinepuiiinoro HasuBacThCs CHCTEMA, B AKifl 3HAYEHHA CHTHANY
Ha BHXOII y(t) y Oynp-sixnii 'MOMEHT yacy ! 3aJIeKHTh TUIBKH Bil
3HA4Y€HHS BXIIHOrO CHrHAIY x(t) y Toit camuii MoMmeHT. B inepniiinii
CHCTEMi 3HAYCHHS CHTHATYy Ha BUXOAI y(t) Y MOMEHT ¢ MOXeE 3aJIeXaTH

BiJl 3HAYECHHA BXiJIHOTO CHTHAITY x(t) B TIONEpe/Hii nepion acy ¢t <t.
®isuuHO peanizoBaHa CHCTEMAa —— CHCTEMA, IO NEPETBOPIOE
TiNILKH NONEPENH] 1 HOTOYHI 3HAYECHHS BXiIHOTO CUTHATY.

7.1. MaremarnaHmii onuc JiHiHAX cHCTEM
Byp-iKy paliOTEXHiuHy CHCTEMy MOXHA IOaTH y BHIJAZ]
CykynHocTi Jimilinmx i wmenimilimmx npucrpoiB i nadok. JliHiHBI

CHCTEMH ONMCYIOTHCS NiHIAHMMH oneparopamu L., SKAMH MOXYTb
BHCTYNATH JiHifHI iHTerpo-mudepennianbyi piBHAHHSA, anreOpaiuni

Tomo. PopmansHo oneparop L HasmBaerncs NMiHIHHHM, KO VIS

HBOrO CIPABLKYETHCA NPHHIMI Cynepno3suuii. 3MiCT bOro NPHHIMITY
HacTynHuii. SIKIIO Ha BXiJ CHCTEMHM OIHOYAaCHO HAIXOINATh KUIbKa

CHTHANB  X; (t) (k=1,2..N), To Ha KOXEH CHIHal CHCTEMa

Biﬂ,ryxyeﬂ:n(:ﬂ Hesalne)XHo. MareMaTHyHo nei»i IIPUHITAI 3aIIHCYE€THCA TaK:
N N . ‘N ’
y(O)=L| Y ax ()= allx()]=Dean()- (02
k=1 k=} k=1 .

Tyt y (t) = L[xk (t):] — BIATYK CHCTEMH HA BXIXHMH CHIHAl X (t) ,
a ¢, — JOBLIBHI, HE3aNIEKHI Bill Yacy KoedinieHTH.

Cuctemu, O SKMX IPHHLMI CYNEPHO3ULIT HE BUKOHYETHCS,
Ha3MBAKOTECs HeNdinilinumu. Jlo wiel rpynu MoxHa 3apaxyBaTH Taki
€NEMEHTH 1 TpHCTpOi, AK OOMEXyBadi, BHOPAMILAYI, 3MIiIIyBaul,
NIEpEeTBOPIOBaYi YaCTOTH, MOAYJIATOPH, AETEKTOPH TOILO.

© Jlam. MM po3rngHEMO HaWNpOCTIME 1 pa3oM 3 THM BaXKIMBHIA

BHMANOK JiHiiHMX iHepuifinmx cmcrem. Hexait wa BXin nimiiinoi

CHCTEMHM B MOMEHT 4acy ! =7 HaAXONUThb JICIBTANONIOHUA IMITyNBC
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x(t)=8(t—7). Tpu mpomy srimso 3 (7.1) Ha BUXOM CHCTEMH ‘

cnomepiramme’r bCs BIII]'YK .

y(t,r)=h(;,r);'i[5(t—r)], (13)

AKHH Ha3MBacThCA  iMOyiancHo nepexianoro ¢ynkmiclo. 3a
JonoMoror BH3HaueHb (7.1) 1 (7.3) mna miHIAHHX CHCTEM MOXKHA
3a[MCaTH HACTYNHY (QYHAAMEHTAIbHY GOpPMYIy:

y(t)=£[x(t)]=f Tx(.r)é(t—r)dr =

—0

- [x()i[6(-0))r = | x()h(erpdr. ()

—00 -0
IIpu HanucasHi LBOTO BHPa3y MM CKOPHCTAJINCA BiIOMOIO BIACTHBICTIO
& - pymKkuii:

x(t)= I x(z)6(r—7)dr

o0
i moMiHamM nopsmok Ail XBOX NiHIHHMX omeparopiB L i J. dr.
—0

3ayBaKMMO, L0 fKINO NiHIHHA CHCTEMa ONHCYETHCA 32 JOMOMOTOK
BiANMOBIAHMX JIHIMHHMX aubepeHLianbHUX piBHAHB, TO h(t,r) €

¢yukuiero I'pina, a ¢opmyna (7.4) — po3B’A3KOM JHesikoi KpaiHoBOi
3amayi.

TaxuM yunoM, QyHKUiO y(t) MOXHa pO3rNAJaTH fAK BiATyK
NiHIHHOI CHUCTEMH, IO XapaKTEpU3YEThcH QYHKLIEIO h(t,r), Ha

30BHIIIHIH BILTHB x(r) (mus. puc. 7.1). :
SIx yxe 3a3Havanocd, y ¢izuuno peanizoBaniii cucremi curnan

Ha BHXOZXI y(t)- MOJKE 3aJIe)KaTH BiJi 3Ha4YeHb BX1QHOrO CHrHaIy x(r)
TUIBKH Y NIONIEPEHI MOMEHTH 4acy 7 < ¢, a IOBEAIHKA x(‘r) npu r>¢
| 128 | '
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x(z) ()

—> h(t, T) —>

' Puc. 7.1

He MOXe BIUIMHYTH Ha BHXiIHHH CHTHan y(t) y MomeHT ¢. Ile €
HACJIAKOM 3arajibHOro (Qi3HYHOI0 NPHHUMNY NPRYHHMOCTI, TOMY

A0po h(t, z') inTerpansHoro mepersopeHHs (7.4) Mae BOJORITH

HACTYTIHOIO BIACTHBICTIO:
h(t,r)= O npu r >t, ' (7.5)
1, OTKe, 3aBKAH JiHifHE NEPETBOPEHHS Ma€ BUTIIA

() = I h(t, D)x()dx. (7.6)

Cepen ycix MONIMBHX MiHIHHX cucTeM ocobnnBe Micue
3aiiMalOTh CHCTEMH 3i CTAJHMH NAapaMeTPaMH, BIATYK AKHX h(t,r)
3aJIEXHUTH TUIBKH BiJ MPOMDKKY 4Yacy MK MOMEHTaMH BIUIMBY T Ta

CTIIOCTEPE)KEHHS [ 1 HE 3aJIEeXKHUTH BiJl TOTO, Y AKHA MOMEHT Yacy 7 Iei
BILUIMB BiaOyBcs. TakuM YMHOM, MU CHCTEM 3i CTAIMMH NapaMETpamMH

h (t, r) =h (t - r) , a (7.6) HaOyBae Burmsny:

t
y(t)= j h(t-7)x(7)dr.
—0
Tlicis 3aminy 3MIHHOT iHTerpyBanHs t' = — 7 Maemo

2O = I h(e)x(t 1)t 1.7)
0 .

Jo cucreM 3 He3MIHHMMM B 4aci NapaMeTpaMH HANeXKaTb, HANPHKIAL,
OIMHApHI 1 3B’A3aHi KOHTYpH, OaraTronaskoBi QuisTpH, bararokackaani
nigcwmoBawi, JiHii 3aTpUMKH, AudepeHNiloYl Ta IHTErpylodi NaH-
ITIOXKKH Ta iH. .

5 Minaxos, T. 1 ' 129
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V TuX BHmagkax, KOJH BHBYAIOTHCSA MNEPEXiJHI IIPOLECH Y
NHIMHMX CHCTeMaX, HeoOXiJHO BpaXOBYBATM MOMEHT BKIIOYECHHS
nponecy Ha BxoAi, To6To HeobXxixHO BBAXATH x(t)—;= 0 mpu t<0.
Toni Bupas (7.6) HabyBac BUTIARY

t
y(t) = Ih(t, )x(r)dr. (7.8)
Jlns cucreM 3i cTanumu napameTpaMu aHanoriyHo Jo (7.7) orpumyemo

() = J' h(t)x(t =t)dr @.9)
0

7.2. 38’30k MiXk MOMeHTaMH Y JiHIAHHX cHcTeMaX

3a OOMOMOrol BiKe HaBeAECHMX QopMyn NErko BCTAHOBUTH
3B’A30K MK NepIIMMM MOMEHTaAMH HAa BXOAlI 1 BHMXOAl JIHIAHO}
cuctem. Tak, 3rigxo 3 (7.6) oOYNCIHMO cepeHE 3HAYCHHA CHTHANIy Ha
BHXOAI:
!

t
<y(t)> =< I h(t,7)x(r)dr> = Ih(t,r)<x(r)>dr. (7.10)
. —0 —0
Ilpu ycepemuenni y (7.10) Mu Bpaxysanu, WO JiHiHHI onepaini
- iHTerpyBaHHs ¥ ycepenHeHHs 3a aHcambiem peamsaniii  MOXHa
NOMIHATH MicusMH. BumHo, mo y 3aranbHOMY BHIQJKy, KOIHM
napaMeTpH JiHIHOi CHCTEMM 3MIHIOIOTBCA Yy 4aci, Ha BHXOII
CIIOCTEPiraTHMETHCS HECTaLliOHaPHUI NPOLEC HABITh Y TOMY pasi, KONH

Ha BXil nomaerecs  crauioHapuuii  mpouec. Chpasmi, npu

<x(z‘) > = Const orpuMyeMo
t
<y(t)> =)?J-h(t,r)dz'=f-f(t), (7.11)

ne f (t) — Jesika JETepMiHOBaHA QYHKMIs Yacy.
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SKuio x napameTpy NiHi#HOI CHCTEMM HE 3MIHIOKOTBCA Y Yaci, TO
3rigso 3 (7.7) MaTeMaTHYHI CIONIBAHHA Ha BXOZi i Ha BUXOJi MOB’A3aHi
MiX c0600 HACTYIHUM CIIBBITHOIICHHAM:

<(0)> = [h(e) <x(e=r)> dl =% [(¢)dr = Const-  (7.12)
0 0

He3MiHHICTB CepeHBOTO BIITYKy Ha BHXOMAI CHCTEMM y BHNAAKY, WIO
PO3IIANAETLCA, € ONHIEI0 3 O3HAK crauionapﬂocri npotiecy y(t).
3 iumoro Goky, sxkmo y (7.12) MM BpaxyeMO MOMEHT YBIMKHCHHS
CHrHANY Ha BXOMi, TO 3TiTHO 3 (7.9) OTPUMAEMO 3AIEKHICTD

t t
<y(1)> =J.h(t')<x(t-—t')>dt'=f‘|.h(t')dt'¢Const, (1.13)
0 0

fKa TaK caMo, K i (7.11), CBIIUTS PO HECTALIIOHAPHICTS IPOLIECY y(t) .

I3 dopMynu 3aransHoro BHrAny (7.6) GesnocepesHbO BUILIUBAE
3B’S30K MiXK APYTHMH MOMEHTAMHM Ha BXOZi 1 BUXOM JiHIHHOT cCHCTEMH.
. 1, I3
R, (4,t,)=<y(t)y(t) >= I h(t,,r')d‘r'j h(ty,7") <x(7')x(z") >dz" =
00 -0 '
4 )
- I h(t],r_')dr'j h(t,, )R, (¢',2")d7". (7.14)

—~00 —00

Ins cranionapHoro (y WIMPOKOMY pO3yMiHHi) Npouecy Ha BXOZi

< x(7')x(z")> =R, (z'-7") i dopmyna (7.14) naGysae purnany

4 )
R, (tty) = j h(t;,r')dr'j_h(tz,f)zex(z'-a)dr". (7.15)

—o0

3HOBY BHAHO, L0 Yy JIHIHHMX CHCTEMax 3i 3MiHHMMH Yy 4aci
napameTpaMH Ha BHXOJi CIOCTEPIraTHMEThCS HECTaLliOHapHMIl mpolec

5'
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HaBiTh y TOMY BHIIAJ(Ky, KOJIM Ha BXiJ IIOJAa€TbCA CTALIOHAPHU# IIPOLIEC.
3 inworo GOKy, IPH HE3MIHHMX NapaMeTpax cHcTeMH 3rinHo 3 (7.7)
JIETKO HOKA3aTH, 11O NPH HAJXO/PKEHHI Ha BXil CTaLIOHapPHOIO NpoLecy

JpYTHi MOMEHT Ha BUXOA] 3aeaTHMe TilbKH BiJl pi3HHLI Yacy § — 1, :

R; (t,t,) = jh(t')dt'J‘h(t") < J\c(tl =1)x(ty~t")>dt" =
0 0

= det'dt”h (WM()R, (h—t,—t'+t") =R, (h—1;). (7.16)
00

TakuM 4YHHOM, CTaJICTh CEPEOHBOTO 3HAYCHHA (?(t)=Const) i

3aNeXHICTE OPYroro MOMEHTY TiINBKM Bil pisHMII 4acy 4 —b,
(Ry (tl,t2)=Ry (tl —tz)) CBIIYMTH PO Te, IO NMpH nojadi Ha BXin
minifinoi cucremm 3i cTadMMH TnapaMeTpaMM CTalioHapHOro
mpouecy Ha BHXOAi cmocTepiraTmMeThCsl CTranioHapumii mpouec.
3a3HaunMo, IO e TBEPPKEHHA CNpaBJUKYEThCA TiIbKH 0€3 ypaxyBaHHsA
Yy cHCTeMi nepexinnux mpouecis. Cnpaei, Ha OCHOBI Bupa3sy (7.9) nerko
NOKa3aTH, 10 BPaxyBaHHS MOMEHTY BKJIIOYEHHS CHTHally Ha BXO.I
CHCTEMH NMPH3BOAMTE IO HOro HecTalioHapHocTi Ha Buxoai. IIpote, sk
Oyne nokazaHo y §9, HecTamiOHapHICTb y(t), AK IIPaBUIIO, CIIO-
CTEpiraeTscs TUIBKH y MEXaX 4acy, 10 HE NEPEBHIIYE XapaKTEPHOTO
yacy 7, penakcami CHCTEMH (0St<ro). [Ipu ¢>>7, MOMEHT
YBIMKHEHHS CHTHaly Ha BXOHi CHCTEMOIO ,,3a0yBaeTbCsA”, 1 BUXIIHHIM
CHI'HaN y(t) EPETBOPIOETHCA HA CTALliOHAPHU. ‘

7.3. Cnexrpanbsunii aHaJIi3 JiHIEHUX cHCTeM
3 nocTiiilHUMH NapaMeTpaMH
Jani MM He 3YyNMHATHMEMOCH OKPEMO Ha BMBYEHHI IEpeXiaHMX
NIPOLECIB, @ PO3IVIANATUMEMO TUTHKH (i3HYHO peaNi3oBaHi CHCTEMH 3i
CTAIMMH [apaMeTpaMH, A SKMX 3B’A30K MIXK BHXOAOM i BXOJIOM
BU3HAYacThea 3a Qopmynoro (7.7). Ilpocrora omucy i mocmimkeHHA
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CHCTEM 3i CTATMMH MapaMeTpaMM 3yMOBJIEHA THM, WIO0 BOHM HXYXKeE
HPOCTO pearyloTh Ha FapMOHiiH] 30BHIIIHI BIUIMBH. Tak, NOK/IABLIM Yy

1.7) x(t) =" Maemo

9(0) = J' (Y™ dt = K (iw)e®!, (7.17)
0 ‘

fie BBEZIEHO TepeaBanbhy dynknio K (iw):
K(io) = _[ WE)e @ dr, h(t)=0 nput <0.  (1.18)

TakuM YMHOM, T@IpH  MPOXOKEHHI TapMOHIAHOTO CHrHANY
x(t) =e'®! qyepe3 HiHiﬁHy‘ CHCTEMY 31 CTaJIMMHM NapaMeTpaMH Ha
i  BHMXOAI  CIOCTEpITa€TbCA  TAaKOXK  TapMOHIHHE  KOJUBaHHA
y (t) =K (ia)) &t , amIunTyna i ¢asa AKOro BU3HAYAIOTHCA 3HAYECHHAM
Monaynd i  apryMeHTy  nepefaBaibHOi  (QYHKIII — CHCTEMH
K(iw): K(iw)= |K (iw)| exp{iarg K (iw)}. |K (ia))| HA3MBAIOTH
aMILIITYAHO-9AaCTOTHOK XapakTepucrukow (AYX) cucremn, a

arg K (1(0) — hazouacToTHOI0 XapakTepucTHKOI0 (DUX).

Tepeiinemo Tenep Bin CHTHaNIB x(t) i y(t) [0 iX nepeTBOPEHb
dyp’e:

x(t) = j C.(w)e”'dw, (7.19)

0= [ ¢ @ do, (7.20)

IMincraBnsroun (7.19) y (7.7), otpumyemo:
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y(t) = J‘h(tr)dtlj. Cx (a)) eia)(t—t')dw -

-]

- j c,(w)e"“”dwj'h(t')e"'“'"dt"= '[ ' C (@)K (im)do. (7121)

Topisatoroun (7.21) 3 (7.20), orpumaemo bopmyny
Cy(@)=K(ia)C (@), L 02)

3 sKxoi BHIUIMBAaE, WO MepeaaBanbha ¢ynxnia K (ico) miniinoil

CHCTeMH 31 CTaJIHMHM napaMeTpaMH Moxe OyTH BH3HaYeHA AK
BirHomenna Pyp’c-nepersopeHsL CHrHajJy Ha BuXoAi i ma mxoni
CHCTEMH:

C,(w)

Cy(@)

Hexait Ha BXix CHCTEMH HAJXOINWTH CTAUiOHADHHI BHMAXKOBMH
mpouec x(t) 3 BiJOMHMM €HEPreTHYHHUM CIEKTpoM S, (co) . CraButncsa
NHTaHHA: KK TNIPOLEC CHOCTEpIraTHMEThCS Ha BHXOAI CHCTEMH?

Kopucrytounce (7.22), ofuncnmumo kopenstop Qyp’€-KOMNOHEHT
BUX1ZHOTO CUTHAITY:

< C,(@)C} (@) >=K(io)K" (ie") < C, (@) C; (") >%

K(iw)= (7.23)

=K (i0)K" (i0)6(0 - 0')S, (0) = 5(w - '), (@). (7.24)

Hensra-xopensuia Oyp’e-KOMIOHEHT BHXIHOTO INpoLECY O (a) - w’)
CBiTUMTH Mpo Horo CTamioHapHicT, a koedinient mpr &(@w-@') y
(7.24) — #ioro enepretuunmii criextp (oni6Ho a0 (6.8)):

S, (@) =|K (@) S, (). (1.25)
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TakuM 4yuHOM, WpH Ail cTalioOHAPHOTO BHIAZKOBOTO NMpomecy
Ha JiiniliHy cHcTeMy 3i cTajHMH NapaMeTpaMH eHEPreTHYHMH
CHieKTP BHXIIHOr0 CHIHAJNY ONEPKYEThCH 3i CmeKTpa BXiyHOro

. CHTHAJYy NUIAXOM iioro MHOXEHHS HAa KBaApaT aMILIITYIHO-

YacTOTHOI Xapakrepucruku. Cnia ime pa3s HarajgaT, 10O L€
TBEPIXKEHHS CIPABIUKYETHCA TUBKH U1 (Bi3HYHO peai3oBaHHX CHCTEM
NP1 HEXTYBAHHI NEPeXiTHAMH NPOIECAMH.

7.4. Mpuknaan HaiinpocTimmx MiHifiHUX NeperBopensn
Ak HalnpocTinn NiHIAHI NEPETBOPEHHS NOKIANHO POICIAHEMO
nudepeHniloBaHHs Ta iHTErpyBaHHA BHIIAJKOBOTO MPOLIECY.
Hudpepenyirosanns sunaoxosozo npouyecy. Hexai y(t) -
pe3yNbTaT MPOXOIKEHHS BHIANKOBOTO MPOLECY x(t) yepe3s mude-
PEHLIIOKYHIH NPUCTPiIii:

y(@)= m ' (7.26)
ITpoBiBin ycepenHenHs 060X 4aCTHH pmuocri (7.26), orpumyemo:
d(t) _d
< (¢ >=<—~—>- <x(t)>. 7.27
y(®) 2 2 ® (7.27)

Jlnsa cranionapHux npouecie < x(t) > =Const , Tak mo < y(z) > =0
Busnauumo aBToKopenauiiiny ynkuino B, (tl ,t2) BHXIZHOTO TIpOLECY,

NPHITYCKAO4H JJI1 NPOCTOTH, IO < x(t) > =0:

dx(t,) dx(t
By(’h‘z)E<y(tn)y(tz)>=<7(?['l d(tzz)>=
d d 62 :
== e e & X R t = B t,t ﬂ 75
dt; dt, x(t)x(t) > = 2100, ‘(1 2)- (7.28)

BpaxoByrouu, Wo 11a crauioHapHoro npouecy B, (f),t) =B, (t, -1,),

micns  BBEACHHA HOBOi 3MiHHOI — 7=} —I,, OTpPHUMYEMO
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_8_ = _cz__a_r_ = -i- s _?__ = ia_r = —i . YHacmiiok Lporo (7.28)
oy, droy dr o, drat dr
HaOyBa€ BUTIISALY '
& | d*
B,(4,t))= v B.(4-t,)= —;T—Z-Bx(r) =B, (7). (129

3HalineMO B3aEMHY Kopemauifiny ¢QyHKUil0 CTauioHapHOro
npotiecy i #oro noximHoi:

By (tut2) = <x(0)y(1)> == <3(1)x(1)> =
2

0 d ‘ .
=5, B> =-—B,()=B, (7). (7.30)

V §6 nokasaso, mo gyskuis B, (r) -— mapHa, i Moxe OyTH mogaHa y

BHITIAI iIHTErpaja 3a J0AaTHUMH 4acToTaMu (aus. (6.22)):
o0
B, (7)= ZJSx (w)coswrdw .
0

[IponudepenniroBaBimn neil BHpa3 3a T, OTPHMYEMO CHEKTpalbHE
MOMAHHA B3a€MHOI Kopenauiiuoi Gpynkuii:

B, (7) :‘ZJ‘wSX (b)sinwrdco. (7.31)
5 -

3BiACH BUIUIMBAE, 1110, TO-NIepiue, B, (T) € HENapHow GYHKUICEI, i, MO~

apyre, npu t, =t, =t ('r = 0) B3a€MHA KopeiiuifiHa GyHKIA 3aBKAN
nopieaioe 0, TOGTO y 36ixkHI MOMEHTH gacy x(t) i y(t) HE KOPCNIOKTH
Mix coboto:

d

< Qc(t) y()> =B,, (0) = e B (7)) =0. (7.32)
, r=0
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incrasnsroun y (7.26) s x(t) TrapMOHiiHE KOJMBaHHA x(t)=eiwt,
nerko BM3HaumTH 32 (7.23) nmnepemasansHy ¢ymkuio K (ia))
IrepeHNioIY0ro pUCTPOIO: :

K(io) =iw. (7.33)

Orxe, eneprernqni CIIEKTPH Iporiecy .S, (w) i #oro moxigHol

S y (co) TI0B’A3aHi MPOCTUM CHiBBITHOWIEHHAM (IuB. (7.25)):

S,(w)= a)sz (w). (7.34) |

Iio ¢opmyny Moxsa orpumat i Oesnocepensbo 3 (7.29), saximo
nepeiTH Bix xopemanifHuX QYyHKIIH 00 iX €HEpreTHYHHMX CHEKTpPIB 3a
¢dopmynoio Binepa-Xinudina (6.9). 3 oaHoro 60Ky, 3riaHo 3 ¢popmynoro
(7.29) maemo:

o] ]
d? : :
B (r)= e j S, ()" do = I *S, (w)e do .
3 inmoro x 6oky, GeanocepenHe nofauus B, (1‘) nae
— iot
B,(0)= [ ,(@)" do
IlopiBHIOIOWH MiK cO6010 TpaBi acTHHH mMx GopMyJi, MPHXOAUMO

3HOBY 10 (7.34).

Inmezpysanna eunadxoeozo npoyecy. Y NpHKIAICHHAX NOCHTH
4acTO JOBOAMTHCA BHBYATH CTATMCTHYHI XapaKTEPHCTHKH IHTErpana Bif
crauioHapHOro npouecy X ():

y(1)= IX(f’)dt’. a39)
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Buaso, wo 3arajioM BHITaJKOBHH MpPOLEC ) (f) HecTaliOHapHMIA.

HificHo, ~ oGuMCIMBIIM ~ MaTeMaTHYHE . CHONIBAHHA HAa  BHXOAi

- IHTErpy1040ro oneparopa, OTpHMAEMO
t

<y(t)>= I <x(f)>dt' =xt. (7.36)

0 .
~ Tlpore B mesxux BHmManKax mpouec HarpomamkenHs y(f) Moxua
po3rIAaTH AKX craujonaprmit. CopMymoeMo HactymHy 3amady. SIKi
YMOBM Ma€ 3a]0BONIBHATH CTanioHapuuii nponec  x(f) Ha Bxoni
iHTErpy1040r0 NPHCTPOI, 106 BuXigHMil npouec y(t) moxHa 6ymo

BBXXATH CTalliOHApHHM (y KpaliHBOMY pa3i, Y LIMPOKOMY pO3yMiHHi)?
Hacamnepen, 3rigxo 3 (7.36) My NOBHMHHI BHMaraTH BHUKOHAHHSA

YMOBH <x(t) >=0. 3 immoro 6oxy, BHKODHCTABIIM CIIEKTpAJIbHE
NofaHHA BXiAHOTO CcHTHamy (6.1), mepenumemo dopmyny (7.35)

y TaKkOMy BMTIIAA}
»(t)= j dr j C, (@)e™

= J.C‘ ((o)dwj- edt =
—0 0 -0

(71.37)

3a ponomoroto (7.37) o6umcnumo Temep cepelHi# KBampar
BHXiJJHOTO CHT'HaJIa:

2
iot

< Y1) >=< J‘cxm)e .
1172

§ Sy 8

J‘<Cx(a)')C;(a>)>e. , —
; i —ia).

S (a)) (7.38)

—o0

138

JUIs OTpHMaHHA LBOTO BHpa3y MM BHKOpHCTalu Qopmyny (6.8) mma
xopemstopa. < C,(@')C, (@") > ®yp’e-xomnonenT cTauionapsoro
npouecy. .

I3 posrngHyTHX y nonepensEsoMy naparpagi BIacCTHBOCTEH
CHEPreTHYHOrO CNEKTpa CTAliOHApHOTO - NPOLECY BHIUIMBAE, IO -
S, (w)—aniiicaa, momatHa 1 mapHa ¢yHkuia. ODke, AKIIO MH
nonasatumeMo S, (@) y ﬁm‘mi pana Teiinopa B okoJi TOUKH w=0
TO B pacKNaieHHi GymyTs HaABHI TiIbKH YIEHH 3 napﬁmn CTETICHAMH
@™ (m = 0,1,2...):

2

S, (@) =S (0) + S;'(o')f’z— +..=5,(0)+ @8, (@. (139

- Tyt yBeneno nesxy HOBY, CKiHUEHHY B HyJ1i, mapHy ¢QyHKLio S« (w).

[liacraBnsioun Tenep ue noganHs y popmyny (7.38), sHaxonumo:

<y (1) >=25_(0) j‘mdw + 2I S (w)(1 - cosewt) do (7.40)

nepwmii inrerpan y (7.40) merko o6uHCHIOETECA, | HOPIBHIOE

» sin (“")
28, (0).[]L 1cosot =8, (O)I——dw 278, (0)1.

[5)

Jpyruit iHTErpan € CyMO IBOX CKIaJOBHX, OJHA 3 SKHX JODIBHIOE
OesKkif KOHCTaHTI

QI S, (@)dw = Const,

a . mpu  oOuMCNEHHI  ApYroi,  CKODHCTABIIMCH  NOJAHHAM
| QP i . . . . - .
cos wt =-2—(e"‘" +e7) i samimoioun B inrerpani 3 e ' aminmy

@ —» —@, OTPUMAEMO
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it

—2-[ S (@)coswtdw = —2.[ S. (d))e

[uTerpan y mboMy BHpa3i MOXHA PO3TTIAaTH AK HaCTHHY I(OHTypHOI‘O
iHTerpasia Bix KOMIUIEKCHOT QyHKIIT

fz=S8 (e
O OBYMCIIOETBCA Ha KOMIUIEKCHIN IIOmMHI 2z = @ +if y3moBx
3aMKHEHOro KOHTYpy C, fKuii NOBHICTIO JEXHTb Yy BepxHifi mis-
mrommei i cknamaetscs 3 imTepsany (—R,R)  miiicHoi oci

(Re z=w) i myru xona Cy paniyca | z |= R
R
@f(g)dz = If(a))dco+ If(z)dz.
C S Cp

[MotiM, 3rigHo 3 nemoro JKoppana, cCIpsMOBYeEMO paziyc Konma o
Heckingenocti (R — ). TIIpn ubomy interpan 3a Cg 06epTacTbes Ha
HOJIB, @ IHTEerpaJl, IO 3AIMIIMBCA 3a AilicHOI0 Biccio (Re z=w), nopiBHIOE
CyMi JMIIKiB, KOTPi € y BEPXHiif HamiBIUIOWHMHI. YHACHJOK LLOTO MH
JIOXOAMMO BHMCHOBKY, WO ckianoBa (7.41) NpHBOAMTHECA [0 BHIJIARY
EKCTIIOHEHUIABHO 3aTYXalouMX Yy 4Yaci ! BenWyuH. TakuM YHHOM,
cepenHii KBaapaT BUXiJHOTO MPOLIECY MOXKE NOZABATHCS TaK:

< y*(t) >=27xS, (0)t + Const + (7.42)
+ excnonenyianbHo 3amyxaroyi YaeHu.

3po3yMiio, IO IpPYrold YMOBOK CTalliOHapHOCTi BHXITHOTO
nporecy Mae 6yTu BuMora (nus. 6.11 6):

S.(0)= % I B, (0)dr =0. (7.43)

HiiicHo, npy BHKOHaHHI piBHOCTI (7.43) 1A NOCHTH BEINHMKHMX 4YaciB
CTOCTEPITaHHA, KOJNH 3aKiHYyIOTBCA BCi NMEpeXifiHl NPOLECH y MiHiHHIH
140 '
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do. (7.41).

cucTemi < y2 (t) >= Const, 1 mpouec iurerpysanus y(f) MOXKHa
BB@KATH CTallioHapHUM (Y Kpaﬁﬂbbmy BUIAAKY, B IIHPOKOMY
posyminni). ¥V npotuiexHoMy Bunazxy, xonn S_(0) # 0, na Buxomi
IHTErpy14oro nmepmo CIIOCTEPIraTHMETHCS  TIpOLEC, siKMii- Oyne
mudysHo spoctaty < Y2 () >~ t

PosrnsHemMo Temep HMTaHHA NIpPO BH3HAYEHHA EHEPreTHYHOTO
CIICKTpa HAa BHMXOMi IHTErpyrodoro mpucrpoto. lIpumyctHmo, mo Bci
YMOBH cCTallioHapHocTi mpoumecy )y (f) BHkoHaHi. Y mBOMYy pa3si
nepenaro4Hy (QYHKUiI0 PpO3IIAAYBaHOI JiHIHHOI CHCTEMH JIeTKO
BH3HAYATH i3 TakuX GOPMANBHHX po3aymiB. Ockinbku dy /dx = x(t),
TO HAMAIOUH Y HaBeACHUX I AudepeHianbHOro oneparopa gpopmynax
NEPENO3HAYCHHS } ¢> X OTPHMAEMO:

5 (a’) (7.44)

. 1
K(iw)=—; §,(0)=—""5~
io
3a3HaunMO, 1O IPH IHTETPYBaHHI CHEPreTHIHMH CrieKTp S, ((o)
36iHI0€TLCH y 06MACTI BUCOKUX YacTOT Y MOPIBHAHHI 3 S (a)) , TOMI AK
npu OudepeHUIIOBaHH] HABIAKH, YCYBAIOTHCA HM3bKOYACTOTHI CKJIAIOBI
y CHEKTpi 3a paXyHOK MHO>KHHKA w’ B (7.34).

dopmansHo (popmynu (7.44) MoKHA BHKOPHUCTOBYBATH 1 IJIA
3HAXO/KEHHS CHEPreTHYHHMX CIEKTPIB HECTALIOHADHHX —BHXIIHHX
mpouecis, w1 akux S (0)=0. 3 npeskumu  ocobnuBoCTAMH
CHEKTPaNbHOTO aHAIi3y TaKMX MpOHeEciB MM O3HaHOMHMOCs jani

~ (muB. §10).

7.5. IlepeTBopeHAs BUNAAKOBHX NpoueciB
Y pafioTeXHiuHMX KOJaX
[MeperBopeHHA BHMALKOBMX MNpPONECIB Yy €IEKTPHYHHMX Kojax
ONMCYETHCA, AK TPaBWIO, IHIHHMMH I1HTErpo-AuepeHLiaNbHIMH

141



§ 7. Jlinitini nepemsoperns unadKosux npoyecie

§ 7. JTinitini nepemeopennn 6unaokosux npoyecie

PIBHSAHHAMH, INO OYEBHIOHUM CIOCOOOM Yy3arajasHIOOTH 3akoH OMa s
nocriiiuux crpymis. [lng aHanisy craumioHapHuX a6o ‘HecTalliOHapHMX
pexuMiB  pobOTH  JIHIHHMX  pagiOTEXHIYHMX  CHCTEM = 4acTo
BHUKOPHCTOBYIOTH amapaT mudepeBuianbHUX piBHAHB. Tak, Jng
. HemepepBHOI (aHANOroBOI) CHCTEMM JOCTaTHBO 3araJibHAM € JiHiiHe
IudepeHuianbHe PiBHIHEA n-TO HOPSIKY:

)Ly (0t () (0 () 5(0)=

=b,,,(t)jt_mx(t)+...+bl(t)%x(z)wo(t)x(z), (745

ae a; (t) (k=0,1,...n) i b,-(lj) (i=0,l,...m) — BiziOMi, HEéNepepBHi

Ha JesAKOMY 4acoBOMY iHTepBaii, QyHkii. [ 1p0ro piBHAHHA MAlOTh
BKa3yBaTHCA NOYAaTKOBi YMOBH

¥(0), dy(0)/dt, . dy"“(o)/dt

n-1

 VeiBmm omepatop mudepenuioBanns p=d/dt i nomimomu-

onepaTopu
! n

4,(p.t )=Zaa () P,
(7.46)
b (

B(p, =

m

i=0
crenedsn i m BianosiaHo, BUXigHe piBHAHHSA (7.45) MOXHA 3anHCaTH y
HACTYyIHIH KOMIaKTHI# onepaTopHii popmi:

4,(p.1)y(6)= B, (p1)x(t). @47

I3 (7 47) dhopmanbHO BUIIIMBAE PiBHICTH, IO BH3HAYAE CUrHAN Ha BHXORI
CHCTEMH y ABHOMY BUTIIAMI :
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y(1)=Lmi2) (p’)x(t) ix(r). (.49)

4,(p.1)

VBenena TYT BCIHYHHA

z= Bm(p,t)

A,(p.t)

Ha3UBAETHCA NHIAHUM audepeHmiaEHUM oepaTopoM cucreMH. Jiis
JOBEJICHHS 00 JIHIAHOCTI pO3riAHEMO BHKOHAHHA YMOBH (7.2).

(7.49)

Hexaii Ha BXiZ CHCTEMHM, ONHCAaHOi PiBHAHHAM (7.47), HaEXOAATH
CHrHANM  X; (t) abo x, (t) ITosnaunMo 4yepes 1y, (t) BiNIOBI/{H1
BIIT'YKHM CHCTEMH Ha KOXKEH 13 CUTHaJIIB OKPEMO:

4, (p’t)yl (t) =B, (p,t)xl (t)’
(P (0)= B ()5, 1),

TMokaxxeMo Temep, IO BIATYK CHMCTEMHM Ha BXIHMI CHTHaJI, AKHH Mae
BHIIIAJ

(7.50)

x(t)=cx (1) + %, (1), (7.51)
Re C), — AOBLIbHI KOHCTaHTH, HOPIBHIOE

y(t)=en (t)+e, (t)- (152

JiiicHo, 3 ogHoro GoKy, M BXigHoro cHrHany (7.51) npasa 4acTHHa
piBHsHHA (7.47) nomaeTbca y BUIIAAI CYMH QBOX CKIIaROBHX:

B, (p.t)x(t)=¢B, (p,t)x (t)+c,B, (p,t)x,(t). (7.53)

3 inworo 6oky, md(bepeuuitoroqu k pasis pisaicts (7.52) i
MOMHOXYIO4H NpaBi 1 JIiBi YaCTHHHM Ha KOEMILIEHTH @y (t) , OTPHMY€EMO
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Cdbe(r) d*y (t d*y f)
a (:)%l = (:)%‘anak (t)-ﬁ(). (7.59)

Ilincymysaemm (7.54) 3a BciMa 3Hagentamu k =0,1,2,...n , npuxoaumo
JIO HACTYITHOTO CHiBBiTHOMWICHHS:

4, () () =ty (PR (1) sy (P12 (1). O59)

BpaxoByrouu Tenep su3Hauenns (7.50) i (7.51), orpumyemo
4, (:1)y(1) =68, (P,) 51 (1) + 2B (Pot) 32 (1) = B, (1) x(1) - (7:56)

TaxuM 4YMHOM AN CHCTEMH, INO ONMCYEThCA piBHAHHAM (7.47),
BHKOHYETBCA MPHHLHI CYNEPHO3HLIT

4, (1) ey (£)+ 2 (1) ]| = B (p.1) % () + 2%, (1) ]

i, 0OTKe, cucTeMa i BinoBiguuMit iudepeHNiiinmit onepaTop i JiHikHI.

Sxmo onepatop 2 nobynoBaHMii, TO MaTeMaTHYHi CHOLIBAHHA 1
Kopesiuifini QyHKUil Ha BXOAi i Ha BHXOALI MOB’A3aHI MK C0Go0
TAKAMH CHiBBIIHOLIECHHAMH:

m, (£)=<y(t)>=L(p.t)<x(t)>=L(p.t)m(t).
B, (t,1) =< » (1) y(t) >=L( 2.1, L(psts) < x(8) (8, ) >=

=L(p.t)L(p,t2) B, (h,1,). (7.57)

Sk npuxnad posriasHEMO NEPETBOPEHHS BMIIAAKOBOI HAaNMpyru
x(t) y nesxux Haifnpocrilmx panioTexHiqHMX KONax.

1. Ilpoananizyemo cnoyaTky poGoTy mmezpyiouozo Kona, cxema
AKOro HaBeJieHa Ha puc. 7.2.

Iosnaunmo uepes 7 (t) CTpyM, WO Tede Yy Kom mify Hi€lo
Bunazxosoi EPC x(t). ‘
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L

R
1(:)-/ .

Puc. 7.2

x(8) y(6)

Jlerko 6a4mTH, HIO. IpoLiEC y(t) , SKMM HAC MiKaBUTL, Ha BUXOHI

CHCTEMM MpONOPIIAHMHA [0 ‘c_prMy: y(t) =RI (t) , V1A BH3HAYCHHSA
sKoro Maemo 3akoH Kipxroda '

L-Zi+RI x(t) (7.58)

IepeitmoBmu y (7.58) zo @Dyp’€-KOMIIOHEHT 1 BBIBIIM IIO3HAYCHHSA
7o = L/ R, otpumyemo

ioLC;(®)+RC)(®) = (ioty +1)C, (@) = C (@), (7.59)
3BiﬁKPl BHIUINBAE:
C (w)~ L lC (). (7.60)
0

Taknm YMHOM, nepeaabajibHa (bYHKIIlﬂ KO/1a, O po3rianacrecd, Maec
BATNIAN

K(iw) =

; 7.61
iot, +1 (7.61)

i, OTXKE, eHEpPreTHYHi CIEKTPH BXIAHOrO i BUXIHOTO NpoleciB nos’s3aui
MiX o000 BiHOIIEHHAM

S, (@)= ] —5 5 (@). (7.62)
1+ o’ ro

Ha nocraTHpO BHMCOKMX 4YacrOTaX, KOJMH 0 >> 1/ 7o, 3 (7.62)
OTPUMYEMO

1 ‘
xS (D).
S, (@) i (@) (1.63)

0
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IopiBrioioun (7.63) 3 (7.44), 6aunmo, .mo nificio, mpu @ >> 1/ Ty

NEePEeTBOPEHAS CHIHAJIY Y KOJl, 300pakeHOMy Ha pHc. 7.2, BiabyBaeTncsa
TaK caMo, fK i IpH HOro iHTerpyBaHHi.

SAxmo Ax x(t) BHCTyNae Oinuii 1ryM — BMNAOKOBMIA mpouec 3i
CTAJIOI0 CHEKTPAIBHOIO I'YCTHHOIO

S(@=7, —w<o<x,

10 3rigHo 3 (7.62) Ha BMXOZi KOna, IO posrnxnaemcn, €HEpreTHYHHH
CIIEKTP HOPIBHIOE

N
S (0)=————-. 7.64
/(@) 2(1+a)zr§) (7.64
CxeMaTH4YHO NOBEIiHKY Sy (a)) IOKa3aHo Ha puc. 7.3.
A Sy (w)
N g —
5 -
'S (@) 1
@
0 "o

Puc. 7.3

BujHo, mo npH HpOXOJUKEHHI OUIOro uryMy 4epes IHTErpylodye Koo
CIIEKTP CHrHaJly O0pi3a€ThCA Ha YacTOTax l(ol > 1/ 7o - IHmmMH caoBaMy,
BinOyBacThCA (iNbTpalliss BUCOKHX 9acTOT, @ HA3bKi YaCTOTH Ia)l <z,
AK BUIHO 3 (7.64) 1 puc. 7.3, npoxomaTh 4epes KoJo 6e3 CrioTBOPEHb:
S (@)= N S 1/
y(a))~?_ (@) npu o] << 1/ 7.
VY §6 mu Gaumum, wo 6inui wym — O-KOpEILOBaHHH npoueé 3
ABTOKOPEALIHHOIO (DYHKLIEIO BUITIALY ‘
B ()= N#d(7). ‘ (7.65)
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§ 7. JTinitini nepemeopenns 6unadxosux npoyecie .

Cxopucrasumics ¢opmynoto Binepa-Xindina (6.9), 3nalinemo 3a
(7.64) BuriIA [ aBTOKOPENHAMIMHOT QyHKIIT BUXIAHOTO TIpOLECY Y (t) :

Nt 1
B (r =-—j—————-e"‘"dw.
y() 2 1+w2r§,

Otpumanmii iHTErpan Tak caMo, SK i B HONEPEOHBOMY HYHKTI I1OTO
naparpacga, MOKHa POSTIALATH AK qacmﬂy KOHTYPHOTO IHTETpajia Bif

KOMILIEKCHOT (pyHKuii f (z) e'" / (1 +70z ) Mo OGYHCIIOETHCA Ha
KOMILIEKCHIH mnommHi z = @+ i B3n0oBXx. 3aMkHyToro koHTypy C,
KOTpHH CKIIafaeThcs 3 IHTEpBaLY (—R,R) niiicHoi oci i gyru Cp xona
lzl = R y BepxHiii niBrutonmHi, sxmo 7 > 0, a6o B HIKHIMH, axmo 7 < 0.

Hani, srigao 3 nmemoro JKoppana, cnpaMmyemo pamiyc Koma y
HECKiH4Y€HHICTb (R - 00) . Interpan 3a Cp npy upoMy obepraeThes Ha

‘HyNb, a iHTerpan 0o AifcHiN ocl, Mo 3aNUIMBCA, AOPIBHIOE JIMIWIKY B

Touui z=1fir, mia v>0 abo z=-1fir, ma v <0.V pesynvrari
OTpHMaEMO

B,(7) _N I ¢ dp=""e 0 (766)
2J1+0° 1'0 21'0

Bunmo, mo Ginnit urym x(t) nicnst MPOXOKEHHA iHTErpyruoro
KOJIa TIEPETBOPIOETHCA HA BHNAJKOBHH MpOIEC 31 CKIHYEHHHM YacoM
xopensiuii 7, ~ L/R, sxwii s6iracrscs 3i cranolo wacy koma. Llei
pe3yisTat MoXxHa Oyino 6 nependauuTi 3a3ancerinb, BAXOUAYH 3 TOTO, 10
Biznosinso zo puc. 7.3 crektp S, (a)) mae umpuny Ao =~ 1/7, =R/L,
a B CHUTy CITiBBiAHOLICHHA HEBH3HaueHOCTeH AT, ~ 1.

Hucnepcia  npouecy x(t) HA BHMXOLl KONa BHUABIACTHCH

CKIHYEHHOIO BEJIMYHHOIO.
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$ 7. Jinitini nepemeopenns 6unadkosux npoyecis

ol =B (0)_ﬂ | (7.67)

27,
y TOH 9ac, KON BUXiJHHI Mpolec x( t) AK GLIMit IyM Ma€e HeCKiHUEHHY
IUCTEPCito,

PosrmnsHeMo Tellep NMTaHHA TIPO TICPETBOPEHHA CHTHAIB
HaHMpPOCTIIIMM €JIEKTPUYHHM KOJIOM, 300pakeHUM Ha puc. 7.2 B iHmii
TIOCTaHOBL, 10 BiANOBIOac po3B’si3ky obepHeHol 3agayi. Hexait Ham
Biomi mapamerpu koma (Ri L) i aBTokopensuiiina Gpynkuis B, (r)
ponecy y(t) Ha BHXOZI KONa, a BXiJHHI mpouec x(t) € HEBiZIOMHM.
Sl 3madith Horo apTokopensauiiiHy o¢yHkuiio — B, (r)? MoxHua,
3BHYAHHO, ckopHcTaTtHCa ¢opmynoro (7.62) i BHpa3suTH HeBiAOMHIA
cniektp S, () gepes S, (w):

S (@) = (1 +w2r§)sy(w), | (7.68)

a Micng HBOro NepedTH Bin enepremqﬂnx CNIEKTPIB 0 KOpEMALiiHuX
bynkuiii:

B.(r)= I S (@)™ do = j (1+0%3)S, (@) dor =

d2
=B, (t)-14 ~=B,®. (7.69)

[Ipore ne#i camuii pe3ynbTaT MOKHa OTPUMATH i NIPOCTIIIMM MUIAXOM —
6esmocepennbo 3 piBHAHHA (7.58), sixe 3 ypaxyBaHHAM TOrO, LIO

I(t) = y(t)/R i 7g = LR, Mu nepenminemo y Barmaxi
y(t)
dt

Cxnanemo aBToKOpensniiiny dynkuio B, (z‘) :

0 4 () = x(). | (7.70)
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Bx(;)=<x(t)x(t+r)>=<[ y(t)+y(t)][ dy(’”)+y(t+r)]>=

2 BO D)

=t dt dt y() (t+T)>+To<y(t)i (t+7)>+

2
+<y(t)y(t+r)>=—r§-‘%—2—3y(z‘)+3y(t). N

[lpu ycepemHeHHI MH cxopﬁc*rannca dopmynamu (7.29) i (7.30) Ta

_BpaxyBany, mo < y'y, > =—<yy; >

2. Posrnanemo mie OAMH MpOCTHH NpPHKIA, NOB’A3aHMI 3 mpo-
XO/DKCHHAM CHTHALY x(t) gyepe3 mokazaHe Ha puc. 7.4 nndepen-

niooue RC-kono,

C
11
I

x(t) (R y(t)

1(2)

Puc. 74

11s sixoro 3akoH Kipxroga mae Burian

RI(t)+ % j I(t)dt' = x(t). (7.72)

VBiBUIM TO3HAYCHHS y(t)= RI (t) i 7,=RC (crana yacy Koma),

nepenumeMo (7.72) y TakoMy BHTIIANI:

y()+ L j y(")dt' = x(t). (1.73)
( 7o
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ITicna mepexoxy mo Dyp’€-KOMIIOHEHT MaEMO

1 L
‘ [l + - )Cy (w)=C,(®), (7.74)
3 i, . ,
3BiJKH 3HAXOIHMO nepenaéanmy bynkuio
-1 . :
K(iw) = (1 — J =2% (1.75)
o, l+iwr,

BuHo, mo Ha 9acToTtax, KoM @7, << 1, nmepepasansHa QyHKuis
3 TOYHICTIO N0 CTanoro MHOXHHKA 306iracrTeci 3. IepenaBaabHOI0
¢bynkniero audepenuiorouoro mpucrpor: K (ia))xia)ro. 3rigHo 3

dopmynoro (7.25) eHepreTHYHMH CIEKTP HA BUXOAI CHCTEMH PiBHMI
(021'2
S, (w) = —2=S ( ). (1.76)
1+ co

SIKIO Ha BXiJ NOJAETHCS 6inm?’1 HyM (Sx (a)) =N/ 2), TO Ha BHXOAI
RC xona orpumyemo
‘ N w2 2
S,@) =Y 2%

7.77
2 1+t ( )

Cxematnynnit rpagix Sy (a)) NOKa3aHo Ha puc. 7.5.

§ 7. JTinitini nepemeopents sunaokosux npoyecie

Buano, mo RC-kono € ¢inbTpoM HH3BKUX 4acTOT IpH |a)| < 1/ Ty, @
BHIIi 4aCTOTH |a)| >> 1/, npoxonsTs depes koo 6e3 CIIOTBOPEHD.

Amnanoriuno no (7.66), ckopucrasmmcs ¢opmynowo Binepa-
Xinuina (6.9) 3a (7.77), 3HaiigeMo aBTOKOpensuUiiHYy GYHKLiO

BHXiZHOrO mnpotrecy y (t) :

: e 2.2 R 2.2 .1
By(T)=_1Y-J. = 20 2 o dp="- [ 200 Zl-z Lo d =
2J 1+t 2_00 1+ o'ty
_Hd
=Nrs(r)-ZN e n. (7.78)
21,

Ilin wac BHMBencHHA i€l dJOpM)’JlPI MM CKOPHCTAJIUCHl BH3HAYCHHAM o
¢$yHKuil i OTpHMaHKuM paHilie pe3yiabTaToM (7.66).

3. HacamxiHeus  po3rjisHEMO OJMHApHHil KOJMBAJIBHUI KOHTYP,
YTBOpEHHH TOCNIAOBHHM 3’€IHAHHAM IHAYKTHBHOCTI L, omopy R i
emuocTi C (puc. 7.6).

R :y(t)

Puc. 7.6

Jns BM3HaueHHA mpouecy y(t) RI (t) Ha BHXONi CHCTEMH 3Hony
3anHiemo 3akoH Kipxroda '

t

dl 1

L—+R1+—IIdt= t). 7.79
dt C x() 7.79)
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$ 7. Jliniiini nepemeopenmn eunadxosux npoyecie

Iepexonaun 10 Dyp’€-KOMIOHEHT, OTPHMAEMO

, 1
ioLC; (w)+ RC, (o) +}—w—é-C, (w) =

N (7.80)
=14 iC()TO {1 —%) Cy (co) = Cx(a))

Tyr yseneso Hactynsi mossauenus: C, (a)) =RC,; (a)), 7o=L/R -

cralma wYacy KOja, IO DO3TIANAETHCA, ) :1/ VLC - pesonancua

yacrota KOHTYpY. 3 (7.80) Bunnusac:
1
1+ia)r0(1-—wg/coz) ’

. 2
|k (iw) = po (“; - (7.82)

K(iw)= (7.81)

Orxe, cHepreThyHi criekTpy Ha BXoAi i BuMxogi konma LRC, mo
> N
PO3IJIAAETHCA, IIOB’ A3aH1 MiXK COOOIO CIiBBi(HOILICHHAM

0)2

S, (w)= S, (w). (7.83)
a)z +Z'g(0)2 —0)&)2

Skio Ha BXifl cucTeMH nomaeTses Ginuil mym (Sx (a)) =N/ 2) , TO Ha

BHXOZi MacMo
5

N [0)
Sy(a))=-2— S S (7.84)
a)“+ro(a) —a)o)

. . . N2 .
Ha pucynkax 7.7 i 7.8 nogaHo rpadiku 3anekHOCTi IK (la))l 1

S, (co) JUIA 3HaYeHb MapameTpiB WyZo >>1. Bumwo, mo xpusa
. 2 S - .
IK (la))| Ma€ DI3KMH MaKCMMyM Ha PE30HAHCHIH 4acTOTi KOHTYpYy

@ = @)y 1 XapaKTepHy LIHPHHY Aa)f , AKY HabGIH)KEHO MOXKHA OLIHUTH
3k Aw, =17y << @y (puc.7.7).
152

CxiHYEHHICTh IIHPUHHU CIEKTPA KOIHBAIBHOIO KOHTYPY NPH3BOIMTE JIO
TOrO, L0 3 YChOTO HEINEPEPBHOro creKkrpa OuLIoro umyMmMy Ha BHXOAI
32JIHLIAETBCA TUTBKM By3bKA CMYTa YacTOT, MO BH3HAYAETHCS CMYTOIO
nponyckanss ¢insrpa (puc. 7.8). :

t IKGw)l
l ..

e

w, [}

Puc. 7.8

3riaro 3 popmynow Binepa-Xinuina (6.9), 3a 3a5aHHM CrICKTPOM
(7.84) obumcnmumo Temep aBTOKOPENAUIAHY QYHKINIO BHXIZHOrO

npouecy y(¢):

B (r)=ﬂ _[ @ ¢ do=N | o' coswr do" (7.85)
Y 2 2. 2( 2 2)? J 2, 22 Iy
S "'To(“’ (Uo) 0@ +ro(w —a)o)

Hpu @7y >>1 xapaxtepna mupnna Aw, kpupoi na puc. 7.7 Habarato
MEHILA 33 PE30HAHCHY YacToTy @y : A®, << @y .Y nboMy BHNajKy MH
Ma€EMO CHpaBy 3 BY3bKOCMYTOBHM MPOLIECOM, UIS AKOTO OGYMCIEHHA
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$ 7. Jlinitini nepemeopenns sunaokosux npoyecis

(7.85) MoxHa BMKOHATH, MPOBIBIUK JEAKi COpOIIEHHA. Tak, 3rigHO 3
BH3HAYCHHAM @ = @)y +V mepeliieMo N0 iHTErpyBaHHA 33 MOBUILHOIO
qactoroio V . Ilpn npoMy cpocTHMO MiAIHTErpalbHUi BUpa3

a)z_ (og -1
2 2

N2 2
a)zﬂg(wz_wg)” R+ 4tV 1+ 4zl

(7.86)

1 BHKOHA€EMO IHTETPYBAaHHA 32 V y HECKIHYEHHHX Mexax. Y pe3ynbrarti
OTPHMAEMO '

-]

cos| 7(my +v
B (r)zNJ'——[—(—a—)g—-—--—)-1 v =Ncosamyr Iﬂ%dv:
1+4z2 = 1+45v
. « eiVT ”N —ITl/ZT
= Ncos TJ' dv = cosayT e o, . (7.87)
‘ “ R 1+47v? 27, ‘a)o

IMin yac o6UMCIEHHS IHTErPATy MH CKOPHCTAIHCS OTPUMAaHHM paHiie
pesynsraTtoM (7.66).

3ATAYI
1. Ha BXij iieabHOro audepeHniioouoro Koia aie CTalioHapHuii
raycciBChbKHii -BUNaqKoBHii mpouec x(f) 3 HYNBOBMM MaTEMATHYHHM
criofiBanHaM m, =0 i kopenauiitHoro pyHKuicio

B,(7)= ole 1+ ald).

Busnauntu kopemauifiny ¢ynkuiio npouecy y(f) = Ha BUXOZ.

dx(t)
dt

Po3e’azox. 3rinHo 3 (7.29) mis BHnNaAKy, IO pO3MISAAECTHCA,

3HaxoauMo

B‘y(z')=—diz_2-Bx(z').
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Asrokopensuiiini ¢ynkuii B (r) i B,(r) napmi, Tomy HocTatHBO

PO3TISHYTH TiNbKA 3HaveHHs 7 20, a nicAas UpOro y mapHuil croci6
NPOAOBKUTH OCTATOYHMH pe3ynsratr y AUIiHKY 7 < 0. Taxk, ang 720
Ma€eMO '

B (7)= afe“" (1+ar),

de (T) - —a.zazz'e""
dr ¥
~ dB,(7) 2 28 [ _ae\_
B, (t) d‘r{ dr ] * 0 dr (re )‘

C=a’cle ™ (1-ar).
[Iponoskyioun Temep orpumanmii Bupas mun . B, (1') B obnacts

Bil’€MHHX 3HaUeHb 7 , OCTATOYHO OTPHMAEMO

B (1)=a’cleM(1-ald]).

2. AsrokopensuiiiHa ‘ pyHKUis cTanioHapHoro mpouecy x(f) 3

‘ . 22 -
HYJILOBHM cepenHiM Mae Burnax B (7) =e™® " . 3naittn aBTOKOpENS-

uitiny ¢ynkuito npouecy y(f) Ha Buxoni CMCTCMH, II0 NEPETBOPIOE
CHTHaN 3a 3aKOHOM

(t) x(t)+ ( ) 6))

Po3e’asok. OnuH i3 MOXUIMBHX IIUIAXIB PO3B’A3KY 33[a4 TAKOTO
THIy 3BOJMTECA RO amroputmy B, (7) = S, (@) — S, (@) —> B, (7).

Peanizanis Hporo misAxy poss’a3Ky 3BOAMTHECA JO HACTYIHOTO. 3TifHO 3
(6.10) cniowarKy 3HaXOXHMO CHEPTeTHYHMI{ CIIEKTP BXiZIHOTO CHIHAY
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@0

S (w)= 51; B.(D)e ™ dr= -2-1;[- _[ e T =

e
=—-e e\ dr= . 2
2 J 2a7
Haii, nepexonsyn y piBHAHHA (1) 10 Oyp’€-KOMNOHEHT
C,(w)=C(0)1+iw), 3)
3HaXOJHUMO nepenaBanbHy byukuiro niHiiHOT CHCTCMH!

K(iow)=1+iw . 3sixcu, srizHo 3 (7.25) eHepreTHYHHMil CIieKTp Ha
BHXOJli CHCTEMH BH3HAYAETHCH K

: ‘ ) (1 +w
Sy(@) =[K (i) S,(@) =" —=e . @

3a BinomuM cnekTpom S, (a)) 3a pgonoMorolo (opmynu Binepa-
XiH4iHa 3HAXOAMMO BHXIiHY aBTOKOPENALIAHY GYHKLIIO:

wz

T
I 1+(o e da” o' gy =

aJ_
.0 2 © 2

[ @™ dor [are @ do| = L (141). ©

2a\/;r_

B,(n)= I Sy (w)eiw’dé) =

1
2ar
IMepumit inTerpan 3BoAuTHCA 10 iHTerpana [Tyaccona .

I, =2are®”

Ilix uwac oOYMCIEHHA NpYroro iHTerpasa HeoOXimHO mnepeiiTu A0
JIu¢epeHIIIFOBaHHS 32 IapaMeTPOM T :

~00
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o 2 2
) ——@-2-+iwr PL % —w—2+ia)r _ d?
I, = Ico e % do=-—s|e 4 do=-—7=1 =
‘ dr dr?
—0 —0

2 .
=2al7 —d——z— e = N 4 [(—20:22') PaGAd ] =
dr dr ‘
=4a’Jr [e'“zfz. +o(=2a*0)e " J =43 me @ (1-2a%2).

TakuM unHOM,

B,(1)= [Zax/—e @ | 4o’ Jme T (1= 2a212)]

aJ—
=" [1+2a (1-2a%%)]. (6)

MosxmBuii 1 iHmWMHA, npocTiMi MUIAX po3B’A3KY. Bxiauwmit i
BUXiIHHH CHTHaNM Yy JiHIHHIA CHCTeMi NOB’s3aHi 3a JOMOMOrOIO

JHIHHOrO oneparopa L.
O =Lxy, Ul

e srigno 3 (1) L =1+9/ot. Hna 3a]1aHOTO omeparopa 3B’A30K MDX

MATEMaTHYHHUMH CHOJIBaHHAMH 1 aBTOKOpEIALIAHKMH (yHKIIAMM Ha
BXO/Ii 1 BHXOZi CHCTEMH BH3HA4a€TheA 3rifHo 3 popmynamu (7.57):

m,(t)=Lm,(t), (®)

B, (4.1,)=LL,B.(1,8,) . ©)

Tyt LA,'2 =1+0/ 3t,‘2 .  BpaxoBywun, moO I CTaUiOHapHOTO

BXiZIHOTO TNpONECYy, IO PO3FNATAETLCA, M, (t) =Const=0 i
B (t),t;)=B,(t,—1,), orpamyemo m,, (¢)=0 i

B,(t,-4)= (Hait] (1+§}Bx(t2—tl). (10)

1 2
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[epexopsau y mbOMy BHpa3i OO HOBOI 3MIHHOI T =1, —1I, ,
0B, dB, 0r _ dB_ 0B, dB, _6_}'_ _dB,
o, dr &, dr’ o, dr o, dr
3yabrari (10) HabyBae HACTYIIHOTO BUTTIY:

| NN
By(r)=(1—;)(1+ dr}B,(r) (1 drz)p,(r). ()

3HAXOAMMO . Y pe-

Migcrasismoun 8 (11) 3ananuii Burivin B, (7) , npuxoxuMo 10 Bupasy

2.2

By(r)=e"’” —g; [e"”zrz(—dz)-Zz-] =

=" —e " (—a?)21(~a?) 2r—e " (~a?) 2=

—2p2
=% [l+2a2(l——2a212)] ,
sKuit 36iracThes 31 3HaNEHUM paniwe (6) IHUIMM cOCOGOM.

3. Ha Bxin andepennioouoro koma (puc. 7.9) aie BHmamxosa
Hanpyra x(f), 0 € OOMEXEHHM 3a YacTOTOI0 OUIMM IIyMOM,

CIICKTpaJIbHa I'YCTHHA JKOI0

R N,0<w<a,
Sﬁ.)(w)z{o a):)a)l.wl M

- . 2 : .
3naiitn AUCHIEPCIO O y CHUI'Hany Ha BUXOA1 KoJja.

Pose’azok. [ind BU3HAUYCHHA = KOMIUIEKCHOI INepeNaBalbHOL
¢byHKuii Kona, MO po3risaacThes, 3anuieMo 3akoH Kipxroda

1+ iwCR
iwC

Cx(w)=c,<w>[R+.1 ] C (). 2)
ioC
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C

x() R »(@®

Puc. 7.9

VBiBum y (2) nosauenns C (@)= RC 1 (@), oTpuMaemo

C,(®)  iwCR [k (i) = »’C*R?

Ktiw)= C,(®) 1+ioCR’ - -9

Tenep 3 ypaxysBanuaM (7.25) IIf ClieKTpanbHOI I'YCTHHH Ha BHMXOXi
CHCTEMH Ma€EMO BHpa3

2,2 p2
9 NiC_R_ 0<w<
58 (o) =|K (io)) s (@)= " Tra?c?R?” T 0T @
: 0, D> .
CxopucraBimcs (6.22), OTpPHMY€EMO IUCHEPCIK CHTHANY Ha BUXOT).
2 Y22 p2
2 _f o _ w°C°R _
03=5,(0)= [ 8 (@)dw=N [ 2o~
0 0
@, (241 da) l ,
=N J‘da)—J.—-——-——' =N(w ———arctgw RC).
N B FEPCT s 1"Re B

4. CranioHapuuii BMnazkosuii mpouec x(Z) 3 KopensuiHHOKO

. _ 2 -alf] . . . .
byuxuiero B (1) =0 e " nic Ha QiNBTP HIKHIX YaCTOT, AMIUTITYIHO-
YaCTOTHA XapaKTePHCTHKa SKOro  HaBeleHa Ha puc. 7.10. 3uaiithm
JHCTIEPCiI0 O'y2 BHXigHOT HanpyrH y (2).
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§ 7. Jinitini nepemeopenns unadkosux npoyecie

$ 7. JIinigni nepemeoperts eunaokosux npoyecis

1 IKdw)|

w o
Puc. 7.10

Po3s’s30K. CneKTpansHy rycTHHY Ha BXOAi (inbTpa 3rizHO 3
(6.10) 3ammmemo K ,

S, (0)=— J' Je T dr=—% J.e'alrl"mdr=
27 27
—o0 ~0
2 [+ o] o0 2 o0
O' - i i o' - i
=___X_ je arT la)Td‘z._ Ieaf lﬂ)TdT — _L ‘[e AT la)TdT+
2T 27
0 0 0
9 o2 % 2
o o a
+ j e T g | = LJ‘e T cos wrdr = 2% e
5 /2 a +60
—00

Ocranmif inTerpanm oOYMCICHO 3 BHKOPHCTaHHAM IIEPETBOPEHHS
Jlannaca. ¥V BHmanky, mo posrismactees, opuriHany f(7) = cos@rt

Bianosigae 306paxenns F (a) =al(a’ +a’) .

3a 3ajaHOI0 TepenaBaabHOIO ¢yHKUielo cucreMu (puc. 7.10) i
3HaHJICHNM CHEPreTHYHHM CIIEKTpPOM BXigHoro curuany (1) srigso 3
dopmymoro  (7.25) BuH3HaYaeMoO (‘HCKTdeIBHy TYCTHHY Buxumoro

CHTHaIy:

ol «

S(+)(w)=|K(ia))l2SJ(‘+)=‘ 2 - m,o.{a)gwo’

0, > w,.

@

b4
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Jucnepcia Hanpyry Ha BUX0Ai QinkTpa 3riaHo 3 (6.22) nopisHioe

ol @y

o} '[S+) w)dw= ZI —— _20%

ﬁa+a) /

AHanoriyHo po3B’I3yHOTBCS BCI 3amaul, NOB’s3ami 3 Ji€l0 Ha .
MIHIAHI CHCTEMH CTAaLllOHAPHHX IPOLECIB i, 30KpeMa, 6inoro. wmrymy
(auB., HATIpHKNAaJ, HACTYNHY, CKIAJHIIIY 3aa4y).

5. Ha Bxig xoma, 306paxesoro Ha puc. 7.11, nie Bunaaxosa
Hampyra x(¢), mo € O6iTMM IIyMOM, 3i CHEKTPAJIRHOKI TI'yCTHHOK
S(w)=N/2, —0o<®w<o  3HaiiTh  CrneKTpansHy TYCTHHY,
KOpensLiitHy GyHKIiIo 1 Aucnepcito BHXiAHOI Hanpyru y(¢).

R, L

x(f) R, y(t)

Puc. 7.11

Po3ze’nzox. 13 3akonmy Kipxroga, 3anmcanoro mma ®dyp’e-
KOMITOHEHT KOJIa, 10 pO3rIANAEThCA, MAEMO

C, (@)= (R+ial)C;(w),
Ilicns BBenenns nosmavenna C, (w) = RC,(w) mBu3naunmo xomn-

JISKCHY NepeaaBalbHy (QyHKLIO JIIHIAHOI CHCTEMH

K(za))— 2.

R+iw L
I3 (7.25) i usoro BMpa3ly BHIUIMBAE CITiBBiJHOIUEHHS JUls myKaHm

CﬂeKTpaJIbHOI FYCTHUHH HA BHXO}II CHCTCMH
6 Minakos, 7. 1 161



§ 7. Jlinitini nepemeopennn sunaokosux npoyecie

R’N

AR+ Loty 250 O

=K (i)', (@) =

3rigHo 3 dopmynoro Binepa-Xinuina (6.10) 3naxomuMo KopensuiiiHy
GYHKIIIO BXIHOTO CUTHATY

R? + P o?

B,()= j S, (@) dw=R2N j LA @)

Interpan y (4) BissMemo 3a gomomororo nuukis. Ilepeiinemo y
KOMIUIEKCHY IUIOIMHHY Z=@®+if 1 po3riiHeMO IOMOMIXHMIA
KOHTYPHHI1 iHTErpan

RZN izt R
B, ()= leCﬁ =T I(a7).

22+a

R +R
Tyr a =—’—L——_—2- >0al (a,z‘) — IHTerpaj no 3aMKHYTOMY KOHTYpPY

C, axuii nma 7> 0 pos3TalIOBaHMH MOBHICTIO Y BEPXHIM MiBIIOLIMHI.
OcobnuBi ToukM mimiHTerpaneHoi ¢yHKWIl: z,, =*ia — npocti

NOJIOCH, Z; = 0O — CYTTEBO 0co0nuBa TOUKa.

CP
*Z
-p 0 - )
Puc. 7.12
izt

Ockinsxu migiHTerpaibHa QyHKuis = npu 7 >0 € aHaniTHYHOW
y BepxHifi MiBIUIOUIMHI, TO KOHTYp iHTerpyBaHHs C MOXHa JOBilIbHO
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$ 7. Jiniuni nepemsopennsn eunadxkosux npoyecie

nedpopmyBatn. OGepeMo ioro Tak, sk NMOKa3aHO Ha puc. 7.12: yacTHHa
KOHTYpPY — LIe BiZIpi30K AiHCHOI oci (;—p‘< @< p) , @ PelTa —TMiBKOJIO
C, papiycom p . Ilicns LBOTO CrpsiMyemMo 0 — o . TTpH 1BOMY 3rimHo

3 nemoto JKoppana iumrerpan 3a C » TieperBopioeTsest Ha 0. (uepes

eKCIIOHEHNiaNbHe ChafaHHd nifinTerpansHol ¢yHkumii ~ e ), a
iHTEerpasn 3a KiCHOIO BiCCIO, IO 3AIHIUMBCH, AOPIBHIOE CYMi JIHIIKIB, 1O
MOTpaNKIN BCepeauHy 3aMKHYTOro KoHTypy C:

2 2 2 2

it izr izt
e . e e
IT——:,—da)=2m res|{ ——= |+res| ——|1]. ©)
W +a z=ia\ z° +q z=w| z° 4+
—0

JINox y Toumi Z =ia Jerko oGYHCIIOETHCA AK

iz i12) —7a
e . € .e 2
27 res =2 =2m——==—e . (7)
z=ai (z—2)(z~2;) Z—2, ~2ia a
1.
. A IMIIOK Y TOYLi Z —> 0 JOPIBHIOE HYMIO, OCKUIbKH lim ——— = 0.
= 2% +a?
Orxe,
2 em)r T
I—T-—Z-dx=—e'”r. (8)
" +a a :
o

3 ypaxysaHHsM (8) mic/s NPOXOBKEHHS OTPHMMAHOTO NMApHUM crIoco6oM
pesyabrary B o6macte 7 < 0 Bupa3 (5) MOXKHA 3aIIHCaTH B OCTATOYHOMY
BHIIISAL

RNz -2
—_l " el 9
B0 = oL ©)

Bupas qa aucnepcii orpumaeMo 3 (9), noknasmm 7 =0:

2 R‘ZNI'[
o, =————.
¥R+ R)L
163
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§ 7. Jliniini nepemeopenns sunaokosux npoyecie

6. Ha sBxinm nponopuifiHo-iHTerpyroyoro ¢insrpa (puc. 7.13)
HaJAXOIUTh CTallioHapHa BUIankoBa Hampyra Xx(f) 3 HyJIEOBUM
cepeliHiM 3HAYCHHAM i Kopensuifinoto pynkuicio B, (7) = o el

R
' _ R,
x(?) y(@®
1 .

Puc. 7.13
BusnauutH cuextpansHy ryctuny S, (@), xopemniiiny dyHkuiio

B (7) i nucnepciro ayz Hanpyrd y(t) va Buxoni ¢imstpa.

Posé’azok. llepenaBanbna QyHKINA 3HAXONMTECA 3 3aKOHY
Kipxroda nns ®@yp’e-KOMIOHEHT HANPYTH i CTPyMy

C.(w)= (R+ R +7—1—-—)C, (w),
: ioC
AKHiA fae 3mory BusHaunTH 38’30k Mik C (@) i C.(®). VBiBum

nosnayenns C, (@) = [Rl + Lj C;(w), orpumaemo
ionC

C,(@) =—2_c (). )

Takxum unHOM, 3 (1) MaemMo
K(ico)=1+lw71 ’
| 1+iwT
ne T=C(R+R);T, =RC.
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§:7. JTinitini nepemeopenns 6unaokogux npoyecie

@

Enepreruunmii criektp S, (@) BXiAHOTO CHTHaly BU3HAYAETHCA 32

3a/aHOI0 aBTOKOpelALiiHOWO dyHKUiclo B, (T) 3a JOIOMOTIOH
dopmymnu Binepa-Xinuina (6.10):.

2 ® 2 1= 0
Sx ((0) =0'_,‘r I evairl—ia)tdz_ =9—L je—ar—imrdr+ I 2707 g | =
2z 2
—o 0 —0
-m 0 .
2
=_U_; J‘e—(a+iw)rdz'_+Ie—(a—iw)tdr =
2z
L 0 0
Lo 1 1 | o 3
27 |atio a-iw| ma’+wo?)

Interpamm y (3) nerko o64HCIIOTECA 3 BUKOPHCTaHHAM NEPETBOPEHHA
Jlannaca, sx ue Gyno mokasaHo y 3anadi 4. Takum 9MHOM, 3Ha10MH
nepenaBanbHy QyHKUiIO NiHIAHOI cHcTeMH (2) i eHEPreTHYHMHA CIIEKTp
(3) Ha Bxoxi, Ha BUXOAI CUCTEMH 3riHO 3 (7.25), oTpnMaEeMo

. \2 1+ 0’T? O'fa
Sy(a’)=|K(’w)| Sx(“’)=l+w2732 .n'(a2+a)2) .

Kopensuiiiny ¢yukuito ¢aykryauiii Hanpyrs Ha BHXOAI Kojga 3
ypaxyBaussM (6.9) 1 (4) MOXHa 3aITHCaTH y TAKOMY BHIJIAAL

@

-

o? 1 1+@’T;? o’

-edo= a—= jF w)do. ()

a’+w? 1+a’T? n (@)

1 1+e’T]

Tyr F (a))= 7, 2 =

a +o° 1+oT

JONIOMOrol0 JMINKIB, sk i B 3amadi 5. [lepeiiieMO y KOMILIEKCHY

mwomwuHy z=o+if0 1 obepeMo monomixHMIt iHTErpan Bl

F(z) ! L+ T, [0 3aMKHYT C, postamo-
= . oMy koHtypy C, posrtaio-

a’+z? 1+2'T? .

BaHOMY Y BEPXHii misBrommHi, sikmo 7 >0 (abo y HMXHINA — AKIIO

B, (r)=a =

§ Sy 8

Interpan y (5) Bi3bMEMO 3a
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'§ 7. Jlinitini nepemsopenns sunadkoeux npoyecie

7 <0). IiginTerpansna ¢GyHKUis y LBOMy iHTerpali Ma€ HACTYIHi

ocobmusi Toukw: z,, =%ia, z;,=xi/T~ npocri nomocH npH
a# YT i Z5 = o0 — CYTTEBO 0co6MuBa To9Ka. [Ipy HBLOMY ANs BUNTAAKY
7 > 0 obuncinenns (5) nPUBOAMTE A0 HACTYIIHOTO PE3YALTATY:

B, (r) = aff—-zni[ res F(z)-+'res'F(z)]=

z=ifT z=ia

) T
‘=2‘a0'2i 1 1+T12 (i/T)z . e’ 1+712.(ia)2 .e‘af

x ; +
" 20T)  (YT)+a® 1+T*(ia)’ 2ia

r
- a0 1-T2/T*  eT N 1-a 72 .
. T a’-1/1? a(l—aZTz)

—QaT

I]z/TZ _% l_a27-;2
DV 75 L e By e
a’T*-1"  ar(1-a’r?)

VY3araneHio0ud (6) A0 BUNAAKY BCIX MOBIMBHMX 3HAYECHB, OCTATOYHO
OTPHUMYEMO

=ao’T|1- e |, ©)

_m2yr2 i 272
L_Tiﬂ_er+ 1-a’7; et )

B (r)=ao'T
g a’l? -1 aT(-a’T?)

Bupa3s nna nucnepcii a'y2 orpuMaeMo 3 (7), noknapum 7 =0
1-12/1? P L 2

a’T*-1 aT(-a’T?)|

2

ac? T, /TZ—Z'+ l—aZZ;z‘ - azl—a2ﬂ2~aT+aT]2/T=

1-a’T*  a(-a’T?) ¥ a(l-a'T?)
o T-a*T'T -al? +aT}? o T+al? | 8)
o T(-a’T% S T(Q+al)’

= 2
o, —ao‘,Tl:
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§ 8. Cymicna Oia cuznany i wymy na HHIUHY cucmemy

§ 8. CymicHa pgin curnany i mymy Ha Jiniliny cucremy

VYV upomy po3zim, KOPUCTYIOWMCH YK€ PO3IIIHYTHM aIlapaToM
[EPETBOPEHHs CHrHANIB y JHIHHMX cHcTeMax, Mu po3bepemo neski
OMTaHHA, TIOB’A3aHi 3 OPUIHOMOM i 0OpOOKOI0 CHTHANIB Y TIPHCYTHOCTi

- myMy. B eKCiepuMeHTax 4acTo JIOBOAMTHCS MATH CMIPaBy 3 CHTYALN€IO,

KONHM TIOTY)KHIiCTb KODMCHOTO CHTHANly BHABIAETHCS NOAibHOIO a6o
HaBiTh MEHIIOIO 3a NOTYXKHICTH IYMY (KaXXy4H Npo LIyM, MH MaEMO Ha
yBa3i HE TINEKHA LIYM, IO NPHXONUTH Pa3’0M 3 CHTHAIOM, a i BIacHMH
mym mnpuiimansHoi cucremn). IlpufiManns Ta - o6poOka curHamy y
BHNAJKY, IO PO3IJBNACTBCA, CTA€, 10 CYyTi, TIILKH CTaTHCTHYHOIO
3afauer0. Y CTaTHCTHYHii Teopil MpHiiMaHHA CHTHaIB Ha QOHI IIyMiB,
X TNpaBHJIO, BHAUIAIOTH ABi oOcHOBHI rpynm 3agad. Jlo nepuoi
HaJIeXKAaTh 3a7a4i BHABJIEHHS CHIHAJIB Ha doui mymis, a xo Apyroi —
3anavl BHALIEHHS CHrHaXIB i3 myMmis.

SIKIIO CrEKTpaibHI KPUBi CHTHAILY i IIyMY BiAPISHAIOTHCS, TO ANA
PO3B’A3aHHA MOCTABICHUX 3a/1ad BHKOPHCTOBYIOTH INiHiHHI BHOipKOBI
cucreMn (nimiiiHi QineTpH). Y npOMy BHOAAKY 3aiada ONTHMIsALli
GopMymIOETECA TaKMM 4MHOM: HeoOXxiamo mipaidpaTH 4acroTHy
xapaxTepucTuky ¢iasTpa Tak, mo6 Binm ycyBaB CHeKTpPaibHi
KOMIMOMEHTH WYMY ¥ y Toil Jke 4ac ,,MiAKPecaI0BaB” CNEKTPabHi
KOMMOHEHTH KOPHCHOTO CHrHaay. B mificyMKy mocTa€ nMTaHHs: sIK
ubpary ontuManbHuit QUIBTP, 1 SK pO3paxyBaTH HOro YacTOTHY

xapakrepucTuky K (iw)? '

Jlna Binmnosiji Ha OCTABIICH] NUTAHHA HaM JIOBEHETECA CIIOYATKY
NpOBECTH JEAKi y3araJbHEHHd TapMOHIMHOrO aHamisy Ha BHNALOK
AETepPMiHOBAHHX MPOLIECIB.

8.1. Yaaraabnenuil rapmonii’muﬁ anagis
' ' AeTepMiHOBAHHX MpoLeciB
V monepefHix po3Ainax MH pPOIJIAHYNM OCHOBHI NpaBHma 1
NpUifOMH FapMOHIHHOrO aHaMidy BHNAJKOBHX MPOLECIB, a TaKOX iX
nepeTBopeHHs y MiHiiHMX cHcremaxX. Ilpm uboMy MM BH3HAYHIIH
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§ 8. Cymicna Oia cuenany i wiymy na niniiiHy cucmemy

$ 8. Cymicna 0ist cuznany i wiyMy Ha niHiiiHy cucmemy

aBTOKOpenAniitHy GyHKuio B‘f (r) , CHEPreTHYHHH CIEKTp Sg (a))
CTalliOHAPHOTO ' BHIIAAKOBOTO MPOLIECY f(t) i 3HAWILIM 3B’A30K MDK
Bg (r) iS ¢ (a)) Ha BXOJi i Ha BUXOJI NiHi#HO] cncTemu. Bussnserscs,
IO 3HANOrIYH] MOHATTA i NMPHHOMH MOXHA 3 YCHiXOM: 32CTOCOBYBaTH i
NpH JOCMDKEHH] IETEPMIHOBAHUX HPOLECIB, SKMMH € KOPHCHI CHTHAJIH.

PosrnsneMo nmerepminoBanmii AificHmii npouec (curxam) S(t).

AHAIIOrYHO 110 TOTO, AK MH Ile POGH/IH U1 EProfMYHHX Hpouecis (Ims. §5),
BBEZIEMO TIOHATTSA CEPENHBOTO 3HaUCHHA < § > :

. /2 :
§S>=lim—
<§>=lim— I S(t)dr, 8.1)
-T/2
CepEeaHbO] OTY)KHOCTI:
| | /2
P, = <8%(t)> = lim — I 2
4 (t)> Th_r)r;T S*(t)dt, (82
-T2
9acoBOI KOopeIsLiitnol QyHKmii:
| T/2
BS(1)=<S(t)S(t+r)>==Tli_r)r:°F J' S(t)S(t+7)dr . (83)
-1/2
1 EHEPreTHYHOTO CIeKTpa:
5,(@)=5- J' B,(z) ¢ dr. (8.4)

OGepeHcm 70 (8.4) riepeTBOpPEHHA Ma€ BUIAL

r)= j S, () € do. 8.5)

168

Tak camo, fK i /g BHMNAgKOBMX INPOLECIB, Hanami po3-
TIAAaTHMEMO TUIBKM MPOLMECH 3 HYJILOBHM CEPEAHIM 3HAYCHHAM
(< S>= 0) i 3i CKIHUEHHOIO MOTYXHICTIO (Ps #:oo). I3 popmyn (8.2),
(8.3) i (8.5) BumMBac Bie BiAOMMIi HaM i3 TEOPiT BUIIANKOBHX MPOLECIB
3B’A30K MDK - CEPEHHBOIO MOTYXHICTIO, KOpensiuiiiHoio ¢QyHKOiCo Ta
CHECPreTUIHAM Cl'lCl(TpOM '

P=<S*(t)> =B,(0)= jS(w (8.6)

OxpiM mepeniyeHHX ,CTATHCTHYHMX  aHANoOriB, ANA JieTep-
MIHOBAaHHUX TPOLECIB NPHPOIHO KOPHUCTYBATHCA H 3BHYAHHAM IOHATTAM

“ammuiitygHoro @yp’e-cnexrpa curnany C, (a)) :

C (@) =—2-!-7; I S(t) e™'dt, S(t)= I C, (@) €”'dw. | @®.7)

3a pomomororo (8.7) Nerko BU3HAYMTH 3B’SA30K MK MOBHOIO €HEPTi€Io

E; CHrHany i ioro ammnityauuM criektpoM C; (w) :

I S2(¢)de = Idt J' Ida)’da)"C( N, (o) @) =

—0  --00 —00

= I J.dw’dw"Cs ()C, (") J.dte"’(‘”"‘”') =
= 27zJ. J‘ do'da'C, (&')C," (") 6 (o' - 0") = 27rj IC.'»' (w)lzdw. (8.8)
Crporo kaxyuu, popmynu (8.4) i (8.5) norpebyrots, 11106 4acosa

KopensuiiHa ¢ynkuis B (T) | BIONOBIXHMH EHEPreTHYHHH CIICKTP

S

s (a)) 6ynu abCoMOTHO iHTerpoBaHUMH (yHKuUiAMU (OIMB. KOMEHTapi
no §6). Ilpore, BUKOPHCTOBYIOUH IOHATTS AeibTa-QyHKUIl, y ACAKHX
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§ 8. Cymicna 0in cuenany i wymy na ninisiny cucmemy

§ 8. Cymicna 0in cuenany i wiymy Ha niHitgHy 'cucmmy

BHIIAaZKaX MOXHAa POSLIMPHTH 00JIaCTh 3aCTOCYBaHHS JAHHX Q)opmy.rl Sx

npuKiaan poarmmemo CHTHall y BHINIAAI [TOOJMHOKOTO T apMOHlPlHOI‘O
KOJIMBAHHA

S(t)=4,cos(at+,), 8.9)

me A;— ammmityma, @ — 4acToTa M ), — NOYaTKoBa (asa
HeTepMiHOBaHoro mpouecy. 3rigmo 3 dopmynamu  (8.1)+(8.4)
OTPMMAEMO HACTYNHI BUpasH A CEPEOHBOTO 3HAYEHHS, CEPENHBOL
NOTY>XHOCTI, KopensniiHoi GyHkuii # eHepreTHyHOro crexTpa:

LT
<S>=lim—+ J- cos(w.t+o, )dt=0,
Jim = (o +o;)
-T/2
2 72 2
= lim —=- j cos? (@t +¢ )dt=A—‘
Towo T s 0 5 ’
-1/2
£ /2 42
B, (r)=1im == | cos(wt+g,)cos(wyt +m,r + @, )dt = -cosw,r,
T i 2 (8. 10)

A2 “ . Asz
=—‘; J. oswsz'e"‘"dr=—Z—[5(a)+a)s)+6(a)—ws)].

8.2. IlpoxomkenHs rapMoRiiiHOro curuany i wymy
yepes JIiHiiiny cucTemy 3i cTaAHMH NapamMeTpaMu

- Posrnanemo Taky 3anady. Hexait Ha BXin nimiiinoi cucremu (puc.
8.1) 3 HeaminmuMM y waci nmapamerpamu (CTaniomapruii dinetp) nie
cyma x(t) KOPHMCHOTO CHTHAITY S(t) i mymy f(t):

x(t)=5(r)+&(¢). 8.11)

170

=)
S(t’)+§(t’)

— 0
) S e

Puc. 8.1

Tyr i gam npUNycKaeThes, WO CHrHAM i 3aBaja € CTalliOHApDHHMH,

MaloTh. HYJNBOBI cepenHi (< S(t)> =0, <&(1)> =0) i 3agaroThCA

cBOIMM  Kopensuiiuumu  QyHkuiamn B (1') =<8 (t)S (t + z') >,
B, (Z‘) =<é& (t)d_,‘ (t + z‘) > a0o BinMOBIAHUMH eHepreTHIHHMH Dyp’e-
cnexrpamu S (@), Sg(@). Ocxinbxn GimBTp 3a yMOBOIO € MiHilHOI0
CHCTEMOIO, TO Ha BHXOJi MU TaKOX MaTHMEMO CYMY KOJIIMBaHb:

0)= [ eete-rae= BT (e £le-0 ) =

= S (1) + € (1) (812

AKa CKJIAAETHCA 3 IEPETBOPCHUX KOPHCHOTO CHUIHANY:

Soue (1) = Ih(t')S(t —t')dt’ (8.13)
i mymy |
E (1) = I h(t)E(e—r)dr' . (8.14)
4 _
CraBHTBCS HACTyIIHA 3ajJaua: AKi YMOBH MAKThL 33J0BOJLHATH

xapaxTepucTHKH (inpTpa, mo6 Ha BuXoAi cucTeMH 3abe3nmeynTH
MaKCHMAaJIbHE BiZHOLIeHHs curHan/mym?
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§$ 8. Cymicna dia cuznany i wymy na niniiny cucmemy

PosrisHeMO . CHOYATKY BHIIANOK, KONM BXiZHMUH CHTHam €
HOONMHOKMM . TapMOHIdHMM = KonupaHHsM - (8.9). . VaBuBmHM

(0rv9) 4 g0

cos{ait+@, )= —1— e , 3TiAHO 3 ¢>opmy:1610 (8.13)
S s 2

OTPHMAEMO HACTYIHE 3HaU€HHs KOPHCHOTO CHIHATY Ha BUXOZI:
Souc (1) = jh(t')S(t—-t')dt’ =i452— J‘h(t’){e'[“’"”")*"‘] +e_'{m’('_")+¢’]}dt' -
0 [}

— As
2
=As

{ei(w"+¢’ )k (iw, )+ e (oo g (iw, )} =

K (iw, )

cos [w,t +o, +arg K (io; )] - (8.15)
Ilin gac BuBepennsa (8.15) Mu kopucTyBammcsa BH3HAYeHHAM (7.18)
KOMIUIEKCHOI  nepenaBanbHoi  Gymkmii K (ia)) 1 1 mnomaHHAM
K (iw)= |K (ia))l exp {i arg K (i)} . Buxmo, wo nicns mpoxomkents
yepes NiHIHHY CHCTEMY BUTIAJ TapMOHIHHOIO CHTHAIY He 3MIiHIOETHCA.

pasiB, i 3’ ABIAETECS

Bin0OyBaeTbca TiNBKYM 3MiHA aMILTITYaH Y IK (icos)

nonatkope Habiranns ¢asu arg K (ia)s ) .
Bu3nauuMo Temep cepedHi MOTY)KHOCTI CHTHaNiB Ha BXOZi i
BUXoAi IHiHiliHOI cHcTemu. [lns perepMiHOBaHMX mpoueciB S (t) i

Seux (t) arizHo 3 (8.10) 1 (8.15) oTpuMaemo

A? A2
Pu=25, gm=_25—|1<(,ws)|2 (8.16)

Jns sunankosux npouecis &(t) i &, (¢) cepemui motyxnocri

BH3HAYMMO 4epe3 BilNOBiHi eHepreTHdHi crekTpu Sy (a)) — Ha BXogi

i Seau (a)) — Ha BHXOZi miHiiHOi cuctemu. IIpH HBOMY Sy (co)
arigHo 3 (7.25) nopiBHioe |
St (@) = |K (i) Sy (@). (8.17)
172

§ 8. Cymicna Ois cuznany i wiyMy Ha niHiuHy cucmemy

Beaxkaroun nami, IO CepeAHA MNOTYXXHICTh IOYMy BH3HAYacThCA
JWCHEPCICI0  BMIIALKOBOTO Mpouecy 3rimHo 3 dopmynowno (6.11),

OTPHMAEMO
2]

P¢“=IS¢(w)dw, - | (8.18a)'

—0

| Prow = j Ss o (@)d00= j |K (i)’ S; (0)de.  (8.186)

Iliz sBiznOmeEHHAM cumau/mylﬁ PO3YyMilOTh BiZHOLIEHHSH
BianmoBigHnx cepeanix moryxkHnocreil. Kopucryroumcs ¢opmymamu
(8.16) i (8.18), 3anui1eMO HACTYIIHI CIIiBBIIHOIICHHA: '

2
(1_%_] -4 (8.19)
Pg [- o
‘”‘ ZISg(w)dw
2 . N2
(&J __ A[K(i) , (820
F;

) J"|K(ico)|2 Sy (w)dw

| ‘ IK(iws )|2 I Sg (w)dw
s —__ =3 . 8.21)
(PS/Pg )sx I IK.(ia))|2 Sg(w)dw

Bnpaa (8.20) moka3sye, fKi BHMOTH Ma€ 3aJOBOJBHATH JiHilHa
cucreMa (¢ineTp), wWO6 BHKOHyBahaca yMOBa (ﬂ /P £ )m >>1. Io-
mepiie, 4acToTa CHrHaity Mac GyTH G/IM3bKOIO I0 PE30HAHCHOI YaCTOTH
¢ineTpa ) (a)s ~ coo) Y upoMy BHHAAKY IK (ia)s )l2 J0CATaE
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§ 8. Cymicna Oin cuenany i wiymy Ha Ainitiny cucmemy

MaKCHMalIbHUX 3HauYeHs (muB. puc. 7.7). [lo-apyre, yacroTHa xapaxre-

2
PHCTHKa lK (zaJ)I Mae OyTH 3HAaYHO BYXKHYOIO 33 XapaKTEpPHY IUMPUHY
Aw§ CIEKTpa LIyMy S; (a)) 4uM 3 GiIbIAM 3amacoM BHKOHYBATH-
METBCA HEPIBHICTH

Aw,‘ << Acbg, : (8.22)

TuM MeHWHM Oyze 3Hamennuk. Yepes Aw, MU NO3HAYWIM XapaKTEPHY

LIMPHHY - PE30HAHCHOI KpuBoi dinbrpa. Ile TBepmKeHHA ' nerko
MOACHIOETHCA 34 JIOIIOMOTOI0 pHc. 7.7.
ITpu BukoHaHHI yMOBH (8.22) MOXHa BBaXKaTH, 1O CHEKTpaJbHA

TyCTHHA WyMY .S (w) y mexax pesomancHoi KpuBoi € HaGmibKeHo
CTaNox0 (S; (o) = Ss (a)o)). Y 1poMy BHIIAIKY

o8]

Pr g = J' lK(ia))l2 Sy (w)dew= Sg () I IK(ia))lzda). (8.23)

—o0

3ayBakMMO, IO NPH HAAXOMKEHHI Ha BXiR cHcTeMH Oinoro wmymy
Sg(a)o)=S§(a))=N/2=Const i y ¢opmym (8.23) neobGximHO

IHMCaTH CTPOTY PiBHICTH
P o =_]2! J' I (i) dw. (8.24)

3 ypaxyBaHHAM BHKJIAJEHOrO MH OTPUMYEMO HACTYNHE 3HAYCHHA
BiAHOLICHHA curHaJ/uym (8.20) Ha BUXOMi CHCTEMH:!

2 . 2 - .
(_ﬂ.‘J' o |Ii(’w°)l . (8.25)
Rf aux ‘ . y\|2
28, (ay) j IK(zco)| dow
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BU3HAUMMO XapaKTepHy LIMPHHY Aw, cnextpansHoi kpusoi inbTpa

IK (ia))lz' K

© » S
2Ny = I |k (io)'do. (8.26)
lK (1w0)| b '
Oxpim wworo, srigao 3 (8.18) i 3 ypaxyBaHHAM HepiBHOCTI (8.22),
00YHCINMO NOTYKHICTH WIYMY, WIO MPMIAJAEe Ha iHTEpBaJl YacTOT
Wy~ AW, SOS @) +Aw,:

wo+Awy,
AP, . = '[ St ox(@0)d@ =28y o () A0y (8.27)
wy-Aw,

3 nmoromoroto BBencHUX BH3HaueHb Aw, i AF;, ¢dopmyna
(8.25) nabyBae TaKoro BUIIANY:

2
(ﬁ] A2 ©29)
), Afra

Takum yuHOM, MEepepaxyHOK BiAHOLIEHHA CHIHAN/WIYM 3i BXoAy Ha
BHXi JiHiliHOI cHcTEeMM 3BOAMTLCH NMPOCTO [0 3aMiHM NMOBHOL

noryxnocri Fy ., Ha notyxHicts APz, .

AnanoriyHo 1o (8.26) mia myMy 31 CKIHYEHHOIO CMYIOIO TaKOX
MOXXHA BBECTH XapakTepHY WWHPHHY Aa)g CIIEKTPANLHOI  KPHBOI

2A@; = ——— I Sz (w)dw . (8.29)
< ¢
Se ()
3 ypaxysanHam Bu3HaueHb (8.26) i (8.29) ¢opmyna (8.21) naSyBae

OCTaTOYHOTO 1 [IPOCTOTO BHITIALY
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(sp) KCF [s:()d0 K@) s (o)da

(R/P;), i

% . (8.30)
@

[l ;@M 5;(@) [jk(offdo

--00

OTrpumaHa oOLiHKa Ja€ 3MOTy ONTHMaibHHAM YHHOM BHOHpATH
cMyTy GinbTpa A@, 3a BEIMIMHOI (PS /P 5) , 110 BUMAaraerhcd, 3a
eux
YMOBH, IO HaM BiJOMi 3Ha4€HHSA (Rg /P g) i cMyTa yacToT BXimHOrO
8x .
wyMy Aay .

8.3. OnramaneHuii xiniiinuii GinbTp a8 curnanis
cKiHyeHHoI TpHBasOCTi
Posmxnemo Tenep OinmbIn peam:mm BHNIOK, KONM Ha BXijg

miHifHO! cucTeMM pasoM 3 wmymom & (t) NOJAETHCSL CHUIHAN S(t)

CKiHueHOi TpMBAnOCTI i 3 3agaHNM aMnmiTyaHuM @yp’e-cnekTpom

C

p (w) Y mpoueci IPOXOMKEHHS KOPHCHOTO CHPHANY 4epe3 MiHiiiHy

CHCTEMY HOI'O CIICKTD IEPETBOPIOETHCA 32 3aKOHOM (muB. (7.22)):

C; o (0)=C, (@)K (iw). (8.31)

Yy qaconpmy TIOJJAHH1 CHTHAN HA BUXOJII Ma€ BHUTIIAN
o0 o0
o (1)= j C, v (@) dor = j C, (w)K (in)e®'dw, (832)
s : :
a #0ro MHTTEBA IIOTYXKHICTh JOPIBHIOE

P o (t)=S2.(t)= TCs(w)K(ia))ei“"da) . (833)
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3 immoro 6oky, cepeIHBOKBAJpaTHYHE 3HAYECHHA NOTYXKHOCTI
UIyMY Ha BUXOJli CHCTEMH Hani BE3HaYa€ThCs popmynoro (8.18). 3Biucu
MH. 3HAXOJAMMO BifHOINCHHS MHTTEBOI 'IHOTYXHOCTI CHMTHamy JO
CepEeNHBbOT MOTYKHOCTI WyMY Ha BUXOJ1 CHCTEMH:

j C,( za))e""’do
r(,); . (8.34)‘
Pé e e ‘
ng ) lK m))l dw

YV cyTto MareMaTHYHOMY IIMaHi IIOCTaBjICHa HaMM 3ajaya
3BOOUTBCA JIO BiMUYKYBAaHHS TAaKOro BHAY mnepefaBanbHOi GyHKLUI1

K (i(o) , IIpH SKOMY r(t) Jocarae Haiibinsinoro 3HadcHus. Lo 3aauy

6yno snepiue po3s’szano Hoprom y 1943 p. Meromamu BapiauifiHOro
uncnenns. [Tisniwe, y 1946 p. Bau-®nex i JI. Mijurron He3anexHo oMH
Bl OJHOTO pPO3B’A3aJM IO CaMmy 3a/ady 3a JOMOMOrOK HEPIBHOCTI
Komi-Bynakoscekoro. Koporka cxema no6ynoBd — po3B’aA3aHHs
3BOJMTLCA 10 HACTYIHOTO. '
Hexaii t =, -— nesknit $pikcoBaHMHA MOMEHT 4Yacy, KOJIM CHrHAN
Ha BUXOAi JHIMHOI CHCTEMH Ma€ BiANOBINHI 3HAYCHHA AMILITYIH

Seux (1) 1 MuTTEBOT MOTYNKHOCTI F, )0 (t0):

S (f0) = ICs(w)K(iw)eiw'°dw, - (835)

P, o (to)= jC(a))K(za))em"“da) : (8.36)

Ha ocHosi HepiBHOCT1 Komx-Bnyxoncbxoro MHTTEBY iHTEHCHBHICTH Ha

BHXO)Ii MOXHa OIIjHPITH Tak:
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2

P (%) =/7€} (w)K(z’q))eiw’°dw} <

S/f/(,} (m)/zda)//f/K(iw)lzda)}. | (8.37)

00

Ilpy nsomy

fjeteffjone
r(p)s ——= %

® : (8.38)

j S ( a))/l( ( i(o)lzda)

PiBricts y (8.37), robto Aocarkenns P, ( 1‘0) I, OTXe, r(to) MAaKCH-

MAaJIbHHX 3HAYEHb € MOXJTHBHM TIZTBKH Y TOMYy BHIIAAKY, AKILO
- K(iw)=aC (w)e, (839)
ze & — JOBIIbHHH CTAMHI KoeillicHT, a
G (w)=C,(-w) (8.40)
IMILIEKCHO crpaxeHni Qyp’e-CIIEKTp BXIZHOIO CHIHANY.

CKOpHCTABLIHCh  OTpHMaHOW  padime ouigkoo (8.23) ana
HBOI IOTYXHOCTI LIyMy Ha BUXOZI CHCTEMH, 3alHIIEMO BHpa3 Aid

MATBHOTO BIJHOIICHHA CHTHAI/IIYM y MOMCHT 4acy =1
/max (f0)=—“*!"~]0/€. (a))/za’a). (8.41)
S (@) 2"

1 JJall BH3HAYCHHA TOBHOI eHeprii £, KopHCHOTO CHrHany

[ CHCTEMH, OTPHMAEMO
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E, B
278, (@) |

3rigao 3 (8.42) Benmwuuna rm(to) HE 3aleXKUTL BN 1, KO

Fonax (to) = 8.42)

nepenasanbHa Gyukois K (i a)) dinbTpa BUOMPAETHCA NS KOXKHOTO
HOBOTO 3Ha4eHHs [, BiANOBiAHO A0 dopmynu (8.39). Immumu cnosamw,

- MH MOKEMO 326e3TeYnTH OTPIMAHHA MAKCAMAILHOTO BIAHONICHAR

CHrHAN/IIyM, W0 BH3HA4MAETLCR Qopmynoio (8.42) y Oymn-nkni
3a3JaJeriib 3aaHuii MOMeHT uacy fy, AKmo ofepemo nepenananbny
tbymciﬂm $innrpa y mBurmami (8.39). Bummo, mo uwactorma
xapaktepuctuka (8.39) Gausbka NO cEKTpa BXIZHOTO CurHamy (romy
ONTHMANBHAN GUIBTP HAKBAIOTH TAKOK YITOMKEHMM  (inbTpoMm).
Cnin, npoTe, 3ayBaxuT, W0 A0 (8.39) BXonuTh HE Cama CNEKTPalbha

aMIUITYa BXiJHOTO CUTHANY, a Ti KOMIIIEKCHO CIIPAKEHE THAYCHHS.
3rigo 3 (8.32) curHanm Ha BUXOM ONTMMANbHOrO dinvipa y
JOBITbHUI MOMEHT yacy ! AOpPiBHIOE

Spu (1) = j C, ((D)K (iw)e”'do=a \CS (w)\l e @Ay
IIpu t = £, cUrnAN S (1) lﬁa6yBae MAKCHMAaNbHOTO 3HAUCHHS

S ux max (o) = aS \Cs (co)\ldw:% O R44)

—w

(MM CKOPHCTAMMCA BM3HAYEHHAM TOBHOI eHeprii (3.3) BXIMO
CHTHany).

3 iHmoro Ooky, 3 (8.43) BumHO, WO CUTHAN HA BW
ONTHMANbHOrO QUTBTPA MAE BWTNAN CUMETPUYHOTO BINHOCHO ¢
IMOYALCY, X04 (OpMAa IMOYNBCY BXINHOTO CWUTHANY MOWE
JOBUIbHOK. TakuM UMHOM, Wi 4aC MPOXOIMEHHN CUTHANY
y3romkennii 3 M Giabrp fioro Gopma IMIRIOCTCS.
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8.4. BuaisleHHst cHTHANY 3 IIyMy.
Pisnsinng Binepa—Xonda
Y knacHuHiM MOCTaHOBNI 3aa4a BHIIICHHS CHTHAIY '3 LIYMY,
Briepure  chopmynsoBana H. Binmepom me y 1941 p., nondrac y
HacTynHoMy. Hexaii Ha BXix niHifiHOI chcTeMM 3 He3MiHHMMM y daci

napaMeTpaMH HanxomuTh cyMa (8.11) curmany S (t) i mymy & (t) (muB.
puc. 8.1). Uacro npouéc S (t), o Hece iHpopmamio, €

IIPOMOAYNBOBaHMM JIIOACEKOI0O MOBOIO pajiocursanoM. Takuii mpouec
HaOIMKEHO MOXHA pO3IMAJATH AK CTaliOHAPHMH WIyM 3 HY/ILOBHM

cepeliHiM 3Ha4YeHHAM (< S(t) > =_O)‘. 3 inmworo 6oky, Ak i padille,

TPHITyCKaTHMEMO, 10 3aBazia é’(t), SKa CIIOTBOPIOE CHIHAJ, TaKOX €
CTallioHapHMM  DIYMOM 3  HYNbOBHM  CEPENHIM  3HAYEHHAM
(< §(t)> =0). TakuM YMHOM, Ha BXiJ JiHIMHOI CHCTEMH TIOLAETHCA

JlBa BUMAAKOBUX CTalliOHapHHUX MPOLIECH:

x(t)=S(t)+&(2), . (8.45)
npudoMy nepumit S (t) MH BB2XA€EMO CHTHAIOM, a IpyTui f(t)—

3apanor. IIpunyckaemo, mo Ham Bimomi Bignosimni Dyp’e-nonaHHs
C, ((0) iC ¢ (co)-' npoueciB (auB. (6.2) 1 (8.7)), 3anaHi iXHi KopenALiiHi

bymuii B, (7)= <S(t)S(t+7)>, Be(r)= <&(t)E(t+7)>, a
TaKOX BiJMOBiNHI EHEPTETHYHI CHEKTpH S (w) i S;(a)). Sxwo

mponecn  S(t) i &(¢t) wmix coboo kopemoroTts, TO mpH-
OyCKaeThCd, IO BijloMa iXHA B3a€MHa KopensauiiiHa QyHKuis
By ("r)= <S(t)§(t+2')> i eHepreTHdHMiA CHeKTp S,y (a)), mo i
BiZmoBizac. ' ‘ .

3amaucro miHiHHOro GineTpa KpiM OYMINEHHS CHTHANY BiX 3aBaj
.MOXe OyTH Takok sKech #Horo JiHifiHe meperBopeHHs (MiACHICHHA,
IudepeHniloBaHHs, iHTErpyBaHHA TolIO). TOMy y 3araibHOMY BHNAIKy
Ha BHXOAi (iNkTpa 3a BIACYTHOCTI 3aBaj NOTPIOHO OTPUMATH AEAKY
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dyukuiro vacy F (t) , TIOB’SI3aHy 3 CUTHAIOM S (t), 3aJIaHUM JHIAHUM

TIEPETBOPEHHAM:
F(t)=L{s(s)}, (8.46)
| ne [ — neswit MiHiAHMH oneparop. Hanpuknan;: )
ds(t) , .
= , AKIIO NOTpi6He AudepeHuiloBaHHS;

F(t)=
t .
F(t)= IS (¢")dt’, sxumo notpiGHe interpyBanms;

F (t) =S (t - At)‘, AKIIO MOTPi0eH 3CyB y 4aci Ha Bennuuny Af ;
F (t) =4-S (t) , IKIIIO OTpiOHe mifacuieHHs B A pasis;

F (t) =S (t) , AKINO MOTPiOHE MPOCTO BiITBOPEHHA CUTHANY.
Konusanns y(t) Ha BHXOAI .. MHIAHOI CHCTEMH @OB’s3aHE 3

KOJIMBAaHHAM HAa BXOAl BKe BIIOMHM Ham cmiBBigpOmenHsM (8.12).
Tlotpi6ne x xonmBanns Ha Buxoai GinbTpa — F (t) . 3amMIeMo pi3HHINO

e(t)=y(t)-F(1), (8.47)
AKa Ma€ 3MIiCT MHUITEBOi MOXHOKM BixrBOpeHHa F (t) Cepenniit

KBaJpar 1€l moXuOKH NopiBHIOE
2

<& (t)> = <[y(t)—F(t)]2 > =< Idt’h(t')x(t—t') >—

-2<F (I)Tdt'h (£)x(t-1)>+<F*()>. (8.48)

IleperBoproloun KBaApaT IHeEpIIOro AOAAHKAa CIpaBa Yy MOIBIAHHMMA
iHTerpan, BHOCAYM Aali Y APYroMy JONAHKY MHOXHHMK F' (t) AK He-
3ajIe)KHMHA BiJl 3MiHHO] iHTErpYBaHHA Nif 3HaK iHTErpana, OTPUMaEMO
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§ 8. Cymicna dis cuznany i wymy na ninitiny cucmemy

< g (t)> =TTdt.'dt”h(t')h(t”)<x(t-t')x(t-—t")?-
—z.Tdt'h(t')<F(g)x(t—t')>+<F2(t)>. (849

BpaxoByi04d CTAIiOHAPHICTH YCiX MPOLECIB, MO POIMAZAIOTHCS,
BBEJEMO 0 PO3TISAY HACTYIIHI KOpeAiiHi GyHKIi:
B (1,t,)= <x(1)x(2) > =B, (1 -1,),
B (t,6,)=<F(4)x(t;)>=Bg,(, ~1,), (8.50)
B (t1,t,)=<F(4))F(t,)>=Bp(t,-t,).

CKOpHCTaBIUMCE Aalli 3B A3KOM MiXK CEPENHBOIO NOTYKHICTIO IIPOLIECY
F (t) 1 #oro xopensuiiinowo ¢ynxuiero Bp (tl,tz) npu ) =t, =t:
<F*(t)> =B, (0) , nepenmmenmo (8.49) Tax:

a0 0

<e¥(t)> = j Idt’dt”h‘(t')h(t")Bx (r~1")-

-2 I dth(¢)B .. (¢') + By (0). (8.51)
0

OnTuMajJLHUM  BBaXKACThCA Takuit QinbTp, MiA  sKOro
BeIMYMHA < &2 (t)> € minimansuorw. Orxe, MaTeMaTH4HA 3azaya
3BOJMTBCA JO BIJIIYKYBaHHA TaKOro BHIY iMHyJ;Lcuoi' nepexigHol
byHKLIT h(t), IpH AKii BeIHYHHA <& (t)> € MiHiManpHOW. L
3anada Oyna po3s’a3aHa Binepom MeTOHaMH BapialiifHoro aHamisy. Bin
II0Ka3aB, IO LIYKaHA XapaKTePHUCTHKA h(t) BH3HAYAETHCA 3 PO3B’A3KY
HaCTYNHOTO IHTErPAIBHOIO PiBHAHHA:

182

J. B (t-t')h(¢')dt' =B (t), 85
0 " ‘

sAKe Ni3Hille OTpUMano Ha3y piBusiHHA Binepa-Xonda.
Hosenennst (8.52) mpoBegeMo HUIAXOM HACTYIHMX MPOCTHX
MipkyBanb. Hexali onrumansHuil GinsTp 3 iMIOYIBCHOIO EpeIABANBHOI0

bynkuieio h(t) 3abe3neuye MiHIMYM CeperHbOKBaAPaTHYHOI MOXHOKH

£ =% . Posrmanemo Tenep HOBHii (QINBTP 3 IMIYIBCHOIO Tepe-
JaBanbHOO QyHKIi€O Y BUEIALI

h(t)=h(t)+rg(t), (8.53)
e h(t) ~— K 1 paHille iMOYTbCHa TmiepeaBajbHa GyHKUiA
ONTHMAJIBHOTO (PAILTPA, g(t) — IMOyNbCHa NepejiaBaibHa (QyHKUIsA

JEAKOro JOBiIbHOrO (i3HuHO 3AilicHenHOro QinkTpa, a ¥ — NOBiMBHHIN

AifcHui mapaMerp. 3aminioloun y ¢opmynax (8.48)+(8.51) h(t) Ha

~ ~ 2

h(t), sanmmeMo cepenHbOKBaApaTHYHY MOXHOKY & =< & > Bia-
p P y Ky

TBOpeHHs curnany F (¢) Ha BUXOZi HOBOI NiHiitHOT cucTeMu:

0

E=<&(1)>= det’dt"ﬁ(t’)ft(t")Bx (¢ ") -

L 00 (8.54)
-2 j AR (') By (1) + By (0).
0

IlizcraBuBmM Temep cioan Bupas (8.53), orpumaemo

&= [JavarTn(e)+re(e)] M) e () e (r - 1) -

—ZTdt'[h(t')+ yg(t')]BxF (¢')+ B (0). 8.55)
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PO3KpHMBIOM AyXKH IIiJ{ 3HAKOM {HTErpajia i BPaxXOBYIOYH BH3HAYCHHS
CEpEeaHBOKBAAPATHYHOT MOXuOku & ONTHMANBHOTO q:mmpa 8. 51),
fIPHXOAMMO 1{0 HACTYITHOT'O BUpa3Yy:

E-g=2 I I drde'g (£)h(¢") B, (F ~1") - J di'g (1B, (1)} +
.00 o .

+y? I I di'dt"g (') g (¢") B, (t'=1"). (8.56)
00

[lin yac BuBemenns (8.56) Mu BpaxyBalH, IO JNs CTALIOHAPHOTO
Tporecy x(t‘) xopemiuiiina pynkuis B, napna, omxe,
! Ly,
B.(r~1")=B.(r"-).
3a BH3HAUEHHAM, .ONTHMANBHAN QIABTp MiHIMIZye noxubky Ha

Bﬂxoni. A ockineku ¢ineTp 3 h (t) HE € ONTHMANBHUM, TO Pi3HHLA
E-& y (8.56) mae Gytn HeBin’eMHOIO (5 -& .>_0) s Gy as-aKux

¢isnuHO peanizoBaHMX g(t) i 3HayeHHAX napamerpa ¥ . Hesaxkko

JIOBECTH, 10 APYTHit foaaHok y (8.56) € NOAATHOIO BENHYHHOO:
2

YZJ.[dt'dt”g(t')g(p)Bx (tfﬁtn):},z < Idtg(t)x(t) > >0.(8.57)
00 0

Hepisnicts (8.57) npnnom/m,' A0 TOro, IO A Bmgmlauim YMOBH

E-& 20 Heobximpo BmMarath, mo6G BHpa3s, sKMl MICTHTBCA Y
dirypuux nyxxax (8.56), nopisHioBaB HyJIO:

Jararg(eyn(e)B.(¢-r) jdtg(t JBe (£)=0. (8:58)
0

Cnpasai, K10 Bapa3 (8.58) He HOPIBHIOE HYIIO, TO TIPH BiINOBIAHOMY

BUOOpi BENHMYMHH HOBINBHOTO MapaMeTpa ¥ (HOAATHHMX aGo Big €MHMX
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3HAYCHb) MOXKHA NOCATTH TOTO, HIO Pi3HHLA NOXHGOK y (8 56) crane -

BiI'€MHOIO BE/IHYHHOIO (8 -& <0) a 3a yMOBOI 3ajaui ue He-

MOXITHBO.
[Mepennmuemo (8.58) y HactynHOMY BuIrjIsai:

J.g J-B —1") h(t")dt" =B (')} dt' =0.  (8.59)
0 .

Pinicts (8.59) MOXe BUKOHYBATHCS NpPH BCiX MOMUIMBHX g(t) TiIBKH

¥ BHIAJIKY, SKLIO
j B(f~") h(!")dt" - By ()=0. . (860)

TakuM YHHOM, MU IIPHXOAMMO JIO piBHAHHA Binepa—Xondga (8.52), mo
# notpi6Ho Gyno xoBecT.

Sk npuxnad posrnAneMO BHUNAJOK, KONH BXiAHMMA cHrHan S (t) i
3aBajia f(t) € CTaTHCTHYHO HE3AICKHUMH, a F(t) =8 (t) (upocre
BIITBOPEHHA BXifiHOTO curHaiy). 3riano 3 (8.50) snaxoaumo BigmoBinHi
KopensniiHi GpyHKiii:

B, (h-t) = <[S(8)+E()][S(t)+£(1)]> = B, (1~ 1) + By (4 ~1),
B (4-t,)= <S(t,)[S(t2)+.f(t2):|> =B, (14 ‘fz')’_
Be(t—t,)= <S(1)S(1y)> =B, (1, -1,).

3 ypaxyBaHHAM LHMX nozaHb piBHAHHA Bincpa-Xondga (8.52)
HaOyBa€ BUIIIALY
0

I [B,(¢=t)+Be(t~r)] h(¢')dr' = B,(t). (8.61)

0 .
Bukonyroun ®yp’e-nepeTBOpeHHs LBOro BMpa3sy 3a 3MIHHOWO f, 3
ypaxyBaHHAM BU3HAYEHHA nepenapanbHoi (yHKUIl mHiHHOrO ¢insrpa
(7.18), orpumaemo
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§ 8. Cymicna Oin cuznany i wiymy Ha ninitiny cucmemy

[S:(@)+5;(0)]K (i0)=5,(@). @62
3Bincu 3HaxonnM0‘n'epenaBam>‘Hy dyukuio onrumansHoro dinsTpa
‘ Se(@) |
Kliw)= z . (8.63)
U S a) 55 @) |

O6uncnuMo Tenep CepenHBOKBAJpaTHUHY HOXHOKY < &2 (t) >

BIATBOpEHHA CcHrHany. JIns mporo BuKOHaeMo @yp’e-NepeTBOPEHHA
BHpasy (8.47). YHacniZok UpOro 3 ypaxyBaHHAM 3B’f13Ky aMIUTITYZAHHX
COEKTpiB CHIrHaly i mIyMy Ha BXOmi 1 BHXoAi NiHiliHOI cHCTEMH
OTPUMAEMO amnnirynnm‘fx CIIEKTP MMTTEBOI MOXUOKM BiXTBOPEHHS.

[C @) +Cy (a)):lK(m)) C,(w)=
=[K iw)-1]C, (@) + K (i) C; (). (8:64)
3rimmo 3 (8.64) kopenauifina dpynkuis < E(a)) & (w’) > aMIuIiTyJHOro
CIEKTpa AOPIBHIOE
<&(w)&'(0)> = <{[K i0)-1]C, (0)+K (i0) C; (@)} x
| <{[K(i0)-1] € (@)+ K" (i0)C5 (@)} > ®65)

Jns crauionapuux mpouecis S (t) i & (t) 3 ypaxyBaHHAM iXHBOI

HEKOPEJIbOBAHOCTI €HEPreTHYHI W aMITYHHI CIIEKTPM HAa BXOXI Ji-
HIHOI CHCTEMH OB’ A3aHi HACTYNIHUMH CHIiBBIHOIEHHAMH (IMB. §6):

<C,(@)C; (@)> =8, (0)6(w-a'),
<C(@)C; () > = Se (0)6(0-a'), (8.66)
<C(@)C; (@) > = <5 (@)Cg (@) > =0.

3 (8.66) BumHo, WO y npasiii wactuHi (8.65) B Hac croire O -
- xopenpoBaHuii npouec. OTxe, Takuii camuii mpouec Mae GyTH i B miBiii
9gacTHHi piBHOCTi (auB. §6). VBiBIIM 32 AONOMOTrOI0 CNiBBUIHOLICHHA
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<&(w)& (@')> =8, (w)6(w—-w') enepretnunmit cnextp S, (w)
noxnﬁxn 3 (8.65) oTpuMaeMo 1 HHOTO TaKuii BUpas:

S. (@)=|K (i0) -1, ( +[K(za>| Se (o (8.67)

3a 3HalileHMM EHEPreTHYHMM CIEKTpOM S, (a)) CepenHbOo-

KBAJIPATHYHA TOXHOKA BUMIpIOBaHE < &? (t) > BU3HA4Ya€ThCA TaK:

<e’(t)> = T S, (w)dw =

= T {|K(ia)) -1's, (@) +|K (i)’ S, (co)} do.  (3.68)

IlincTasmoun CIOOM 3HalineHy nepenaBaneHy ¢yHknilo (8.63)
OITHMANBHOTO GIJILTPa, OCTATOYHO OTPUMYEMO

<eX(t)> = i S‘j‘((wa;{r Séé(fz)d“" (8.69)

8.5. Onrumanbhi GinbTpH i KOpeanaTopu

PosrasHyTi MeTonu BMSBIEHHS i BUAVIEHHS CHTHAMIB 0COG/IHBO
e(exTHBHI, KONMM CNEKTPH CHTHANYy i HIYMy CYTTEBO BiIpi3HAIOTBHCS.
VY wroMy BHmagky ontuManbHi ¢ineTpn 3abes3meuyoTh MiHIManbHi
IOXHOKY BUAB/ICHHA | BULNCHHS CHIHAIB. TIpore, Ak yxe 3a3Havanocs,
4yepe3 Te, IO €HEPreTHYHI CIEKTPH 1 KopemsliitHi ¢yHKuii mos’sa3aHi
MDK coboto epes Dyp’e-mepeTBOpPEHHs, CYTTEBI BiAMIHHOCTI y
CTIEKTpax CHUTHANY 1 IyMy, HPUPOIXHO, NMpPH3BEAYTh A0 BiAMIHHOCTEH Y
ixHiX kopenauifinux pynkuiax. Tomy B 3amavax BHSBIEHHS | BUIICHAA
CHIHAJNIB OKpIM PpO3TNIAHYTHX YXE METONiB BHKOPHCTOBYIOTHCA i
~CupsxeHi 3a Pyp’e” MeTonH, AKi IPYHTYIOThCS HAa BHMipDIOBAaHHI
aBTOKOpENAUIHHNX 1 B3aeMHO-KOpenAuidHuX ¢yHKuii. L noscHenHs
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BUILIECKA3aHOTO = POSMJIAHEMO  3HOBY  3ajady  OPO  BHABNCHHA
NOOAMHOKOr0 rapMoHiiiHOro curxany (8.9) na cl)om cramonapﬂoro

mymy &(1):

x(1)=S(6)+£(1) = A cos(@f+0,)+E()).  B70)

IMpunyckaemo, mo curHag i 3asaga HesanexHi. Hexait Ttenep
CYMapHHii CHTHaJ x(t) NOJAETHCS Ha KOpEJATOp, MOKA3aHHH Ha pHC.

8.2. Ha Buxoni kopensitopa MaEMo

B (7)= <x(t)x(t+7)> = <[S(e)+E(1) ][ S(t+7)+&(e+7)]> =

=<S()S(t+r)>+<S(t)é(t+r)>+<S(t+7)E(e)>+
+<&(t)E(t+7)>. (8.71)
Bepyun 0 yBard e, L0 ANs HE3AIEKHUX [IPOLIECIB

<SE>=<8><¢> =0 (<S> =<¢>=0),

OTPUMAEMO
2

B, (r)=B,(r)+B; (r)zﬁzs—cosa)sr+B§ (r). (872

X

Ilpu obumucnenni B; (r) MH CKOPHCTAIMCS OTPMMaHUM paHillie

pesynsraToM (8.10).

(9 H(Ox(t+7) B.(7)
> r — X I "
4 i r
—[x()x(t +)dr
T s
Xt+7)
Puc. 8.2
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Sk yxe 3a3Hauanoca B §5, KopendmiiiHa (QyHKUiA BENAaIKOBOrO
nporecy B, (Z') BiZIMIHHAa BiJ HyJIs TIIBKH IUIA 4¥acy 7, W0 HE
NCPEBHLIYE XapAKTEPHOro 4acy 7 =7, cnajaHHsa Oymkoii B, (r)
(xapaxrepnnit 4ac kopensauii). Ilpu 7 >> 7, kopemiuiiina ¢yHKuis
B, (z') € 3HHKAlotE MANOK (Bg zO) 1 Ha BHXOJI mpHIagy, IO
BHMipIOE KopeliniiHy ¢ynkuilo B, (1’) CYMapHOTO. CHTHaJly, MH
OTPHMYEMO

AZ
B.(7)= 7’003 .t (8.73)

He3aJIe)XHO BiJ| BITHOLICHHA CHTHA/IyM Ha BXoi. Lle o3navae, 1o npu
BEJMKOMY 4aci CIOCTepeXeHHA 3 ABAACTHCH  MOKIHMBICTE
BUABJICHHS OyIb-IKOr0 MaJoro rapMmoHiiiHoro curnany ua d¢omni
wymy (puc. 8.3).

3AAYI
1. BusHauuTy 38’30k Mix ammnityaaum C; (a)) i EGHEpreTHYHUM
S, (a)) CNEKTpaMM NETEpMiHOBAHOTO CHrHany S (t) 3a/laHOrO Y
BUrAni GiniTHOI QyHKUIl, 3HAYEHHA AKOI BiAMIHHI BiZl HYNs TIMBEKH Ha
CKiHYEeHOMY iHTepBai yacy:

S(t)=0, —-T,/2<t<T,[2;
8(t)=0, [{>1,/2.
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§ 8. Cymicna Ois cuenany i wiymy na ninitiny cucmemy

Po3é’asox. 3rigHo 3 dopmynowo (8.7) 3HaiineMo aMIUNTYAHHH
®yp’e-cnextp C, (co) cursany S (t):

0 T./2
1 ., | ;
C,(w)= S(t) e dt=— | S(t) edt. 2
=00 -Lj2 '
3a ponomoroto (8.3) 6ynyeMo naimi KopendniHHy QyHKUiIO IMITyNECHOTO

HpoLeCy: .
T/2 7,/2

.17 1 '
8,()= lim T J/ ZS(t)S(T+r)dt=-T-,:u Tj/ Z:S(t)S(T+r)dt- &)

Bukonarmm tenep y (3) ®yp’e-meperBopeHHS 3a 7T, MPUXOOMMO MO
HACTYIHOTO BHpa3y, KHUii OB s3y€ Mix COBOIO eHepreTHuHmii S, (a)) i

amnnitynnuit C; (a)) CHEKTPH iIMITyNbCHOTO CHTHAIY:
27y, : -
s, (@) =22, (@) @
-8
2. Ha Bxin ysromkeHoro ¢imrsTpa nOKAEThCS NPAMOKYTHHI
iMIynec

So,|t|
St)=¢ (1)
0, | sh

Busuaunty pOpMy CHrHATY Ha BHXO .

Po3e’a3ok. 3rimHo 3 ¢dopMynoro (8.7) BM3HAYMMO CIOYATKY
ammnityaHuii @yp’e-CHeKTp Ui 3aJaHOTO BXiHOTO HPSIMOKYTHOTO
imnynscy (1)

© 7o/ 3 .
Cs(@) =5‘_ [ styea :551 | eergy = Son0 @7 /2) )
P ‘

2 wry/2
L of
CKOpHCTaBIIHCH cHiBBiOHOWEHHAM (8.43), Bu3HauuMO ¢opMy
CHTHaJly Ha BUXOXAI onTHMansHoro ¢inkrpa. Iliacrasusmm (2) y (8.43),
OTPHMYEMO
190

secl)= 32 fsm 010/ oo -
(070/2)°

\ (€))
2 %7 .. 2 el
=a-‘-gl I [wcosw t'—iil—l-l—(w—ro/zlsinw t’}a).

7 ’ . w’
VY uiii gopmyni BBEIeHO No3HadeHHs ¢ = — L.

Hpyruii iuterpan y (3) nopieHIoe Hymo, OCKiIBKH NiAiHTErpanbHa
¢ynxuis HemapHa, a TrpaHMII iHTErpyBaHHA CcHMETpUYHi. ToMy
cniBBigHOmIEHHs (3) MoXHa nepemucatH y BHUNLAI TabGnHdHOrO
iHTErpana [jIs KOCHHyc-nieperBopeHHs Dyp’e

cosw t'dw, 4)

S (1) = 2aS0 J‘sinz ((uzr0 /2)

AKHI JOpIBHIOE

' —sg [ lt—t()lJ’ |t—t0|<T'o, '
Sau (1) = %o 5)

0, |t —to| > 7.

3 OTpMMaHOro BHpa3’y -BHAHO, L0 ONTHMAILHHA QiABTP
NEPETBOPIOE BXixuuil npsmokyTHuil curHan S(f) y nmeaxuii HOBHH

S

- (t) 1 poOMTH HE TaKHM YMHOM, LIO HOBWH curHan HabyBae mpu
t =1, 3HaYeHHs, HaHOINBIIOTO 3 YCiX MOXIHMBHX, | MM y HalKpalIpii

crioci6 BUAiNseTsCa Ha GoHi mymy (puc. 8.4).

Se(2) F
S,
. {
“/2 0 t,/2  H~T f, o +1, t
Puc. 8.4
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