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§ 9. BpoyHiBchkHii pyx

3acTOCOBYIOWM METONM . TEOpil BHOANKOBMX BEJIMYHH JUIA
mocnimkeHns QIYKTyamiifHUX SBHII B JIEKTPHYHHX KOJIaX, MM JOCi He
nikaBuaHca (Qi3HYHOI NMPHPONO IMX ¢urykTyanii. [onoBHMM YHHOM
MOBa HHUIa TUIBKM Tpo cnocobH omMcy GIyKTyawifHHX CTpyMiB i
HAaIpyr 3a JIONOMOro10 abCTpaKTHHX BHIIAJKOBHX MPOLECIB i MpO 3aKOHK
iX mepeTBOPEHHA NPH NPOXOIDKEHHI uepe3 HAHMPOCTINI pafioTeXHIYHI
Kona. BuHukHeHHs X mmx Quiykryawiii Moxe OyTH 3yMOBIEHe
pizHOMaHITHHMHM ¢i3myHUMH sBHAMH. OIHICH 3 HAKMOIIUPEHIMINX
npHuHH GIYKTyaliii B €JCKTPHIHHX KOJAX € XaOTHYHMH TEMNOBHH pyx
MIKPOCKOMYHMX HOCIiB eJNeKTpuuHOro 3apsny. lLle# TemnoBmii pyx
OpU3BOAMTH O GIIyKTyalid MaKpOCKOMIYHMX IapaMeTpiB — CTPYMIB i
HAnpyr Yy DI3HOMaHITHHX €JICMEHTaX KOJia TaKk CaMo, AK 3iTKHEHHA 3
HEHTpaILHMMH aTOMaMH 1 MOJIEKYJIaMH € NPUYMHOI0 OpoyHiBCHKOro
PYXY Y 3aBHCIHX Yy piiMHi abo rasi MakpockonmiyHMX JacTHHOK. [lami Mu
no6a4uMo: BKa3aHa aHaNOris € HACTUIBKH MIMOOKOK, IMo I ¢i3HdHi
NPOLIECH OMHMCYIOTBCH THMH CaMHMH MAaT€MaTHYHUMH DiBHSAHHAMH.
HocrmimpkenHs x OpoyHiBCBKOTO PyXy 3 TOYKM 30py METOHOJOTii €
3HAYHO MNpPOCTIIIMM, OCKUNBKH IDYHTYEThCA TIUIBKH Ha MPOCTHX
piBHSHHSX MexaHiKM, a He ejgekTpoauHamikd. KpiM mnporo omuc
OpOYHIBCBKOTO pyXy € 3HAaYHO HAOYHINIMM 1 OYCBHJHIIIMM Y
OyKkBanLHOMY PpO3yMiHHI — ueil pyX chpaBii MoHa no6GaudTH 3a
JOMOMOTOI0 HaimpocTiloro Mikpockona. Briepuie neii pyx cnoctepiras
y 1828 p. Pobepr Bpayn, po3risaaiodn y MiKpoCKON 3aBHCIHH y BOJI1
ook pocymH. OkpeMi NHMIMHKYM IEpecyBaluci y Bomi 6e3 jxomHoi
BUIMMO] MPHYMHH, | BUHHKANO BPAOXEHHA, HIGH BOHH XkHBi. Busasunocs,
IIO TaK CaMO MOBOIATHCS YACTMHKH GyKBAIbHO BCIX PEYOBHH, SAKIIO
BOHH JI0CTaTHBO MAJIUX PO3MIpIB.



$ 9. Bpoyniecvxuu pyx

9.1. Oninku WBHAKOCTI pyxXy GpoyHiBCHKOI YaCTHHKH
CnpobyeMO OLIHMTH xapaKkTepHy IIBHAKICT pyxy V, mo
HabyBae OpOyHiBCPKa YacTMHKa 3 Macol M micnd 3iTKHEHHs 3
MiIKPOCKOIIIYHMMH YaCTHHKaMH (MOJIeKylaM1) 3 Macoro m (puc.9.1).

.vo. ‘ V0=0
m
2r
Y 4
- 0 m
2R
Puc. 9.1 I

3anuuiemo 3aKOH 36EpeXEHHS IMIOYALCY IS CHCTEMH. MIKpO- i
MaKpOYaCTHHKH, PO3ITIAAAI0YH IS IPOCTOTH JO6OBE 3iTKHEHHS:

mvg+MVy =mv,+MV,,
ae vy, ¥y i v, V| — 3HaueHHA MBHAKOCTEH MIKpO- i MAKPOJACTHHKH 10
i micinis 3iTKHEHHs BIANOBiAHO. SIKIIO MEepen 3ITKHEHHAM MAKpOYaCTHHKA
M nepebyBana y cmoxoi (¥, =0), TO 1nerka MikpoyacTHHKa
m (m <M ) , IO HaNeTila Ha MaKpOYaCTHHKY 3i IUBHJKICTIO ¥,

BIICKOUMTh Yy NPOTHICKHOMY HanpsAMKY NpPHONH3HO 3 TOIO CaMoIo
IIBHIKICTIO V)~ —Vq, K Bill HECKIHYEHHO Baxkoi crinku. [Ipn mpomy
iMIynbC YaCTMHKH m JOpiBHIOBaTHME MU= —mv, i, OTXe,
OpoyniBceka yacTHHKa M HabyBac B pe3yNbTaTi 3iTKHEHHS IMITYIIBCY

| MV, =2mv,. : 6.1)
Jlna cnpomenHs 3amuciB jgani Gyaemo omyckaTH iHAeKCH IS IUBMA-
KocTel, Wo posraspaTsed, (vo=v, ¥, =V). 3rigso 3 (9.1) B pesyns-
TaTi I0OOBOTO 3ITKHEHHA MaKPOCKONIYHA YaCTHHKA HabyBac LIBHAKOCTI
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$9. Bpoyuiecakuﬁ pyx

V =2v—. 92
¥ o2

XapakrepHa IIBHIKICTE PyXy U MIKpOYAaCTUHOK. (MOJIEKYJ) BH3HA-
yaeTpca Temreparypowo T, mpu skiii BoHH nepebysarots. Benmnuuny v
MOHA OLHHTH 32 CEPENHBOIO KIHETHYHOIO EHEPTIEI0 MOJIEKY I

2
mv_ 3,7,
2 2

mne k=11,38-10""" epr/rpan — crana Boasnmanma. Baxaioun s
oninok m = 10 2 r, T = 300 K, orpumyemo

v= 2L L300%m ¢, 9.3)
‘ m
Jina ouinky BinOwenns Mac mfM 6yZeMO BBAXATH, IIC XapaKTEPHHI
niHiAHKWIA  po3Mip  OpOYHIBCBKOI YAaCTHHKM NPHOIN3HO NOPIBHIOE
R=107 cm, po3Mip monexyn r = 10”7 cm, a cepenns "ryctusa" makpo- i
MIKpOYaCTHHOK MPUOIN3HO OHAKOBA, TAK 110 '

g |
—”Lz(—-':-) ~107'2, (9.4)
M R

Iigcrapnsgroun (9.3) i (9.4) vy (9.2), orpuMyemo ,;Mexauiqny” OIIIHKY:
Viex ~6-10% cmc7!, 9.5)

SIKa BHABJACTBCH HA YOTUPH MOPAOKH MEHIIOIO 33 €KCIEPHMEHTAIBHO
. : ~4 -1 .
(BizyansHo) oTpuMaHy semwunHy V., #6-107 cM-c” . 3posymio,
110 NPHYMHA i€l po30LKHOCTI Y TOMY, LIO MH BPaxXyBasH 3ITKHEHHS TiIbKH

3 ONMICIO MONEKYNOI0, a Hachmpasmi BOHW OesnepepBHO GoMOapayroTh
BEJIMKY YaCTHHKY, BHACJIIOK 4YOr0o BOHa HabyBa€ KiHETHYHOI €Heprii,

. MOPIBHAHOI CepeMHiil TernnoBili eHeprii KOXKHOI MOJICKYTH (MaKpOJaCTHHKY

MOXKHA PO3TVIANATH SK [JY)Ke BEIMKY MONEKyly, Iio mepebysac y
TEPMOJIMHAMIYHi# PiBHOBa31 3 OTOMYIOUHM CEPEAOBHIIEM:

7



§9 Epoyniece)kuﬁ pyx

| § 9. bpoyniscekuil pyx

2 ) 2 )
M 30
2 2 2

3BifcH BUIIMBAE ,,TepM(mnHaMiqﬂa” ONliHKa:

14

Pe3ynsraT 1LBOrO - PO3PaXyHKY ' ‘TaKOX HE 3af0BOJIbHAE -— BIH

Ha (B4 NOPAAKH [CPEBHILYE  CKCIIEPAMEHTANbLHE  3HAYCHHA

Viwon = 6107 cr-c™ (puc. 9. 2).

Mexawixa - mepmodunamixa
{ Vexen '
1 - t > V(]
6107 6107 3107
Puc. 9.2

YV 4omy X mpHuMHAa uMX po3bikHOcTeH? BuuepnHy Biamnosine nae
KiHeTHYHa Teopisi GPOYHIBCEKOIO pyXy, po3pobieHa Ha nodatky XX-ro
cromitts Einmreiinom ta Cmomyxoscekum (1905), i JlamxkeseHom
(1908). Hdesxi muraHHs wui€i- Teopii MH PO3INAHEMO y HACTYNHHX
posainax mporo naparpaga.

9.2. AnaJoris Mix pyxoM GpoyHiBCLKOT YACTHHKH
i payxryanismMn cTpymy B eleKTpHuUHOMY KO

13 BCTaHOBAEHHA aHANOTIi MiXK pyXoM GpOYHIBCHKOT YaCTUHKY i
irykTyalisMH B €1EKTPUYHUX KOJJAX HAM JOCTATHRO PO3TISHYTH TiMBKH
ORHOBHMIpHHMH pyX YacTWHKH, HAUpHKIag, y3noex oci OX. Hexait

x(t)— KOOpIMHATa YaCTHHKM B MOMEHT 4acy ! PyXx uacTHHKH

OIIMCYETHCA APYTHM 3aKoHOM HbloTOHA:

dv
M o S®, 9.7

8

o v,’—%zB-lO'ZCM-c”l. i 9.6)

pe V=dx[dt,a f (t) — BHIIAJKOBA CHJIA, IO Jli€ Ha YaCTHHKY 3 6oKy

BCIX Mosekys. 3po3yMillo, IO CepeiHe 3HaYeHHs i€l CHIM, B3arau
Ké,xcy‘m, BigMinge Bif Hynd. Cnpasji, BiOMO, 110 H2 MaKPOCKOIIYHHH
06’€KT, MmO PyXaeTsCA y CEPeNOBHINI 31 IIBUAKICTIO V, mie perynspHa
cuna Tepis f,.,, Npomopuiiima mo umuakocti Vi cripsmopana

TIPOTHJIEIKHO A0 Hel

fmep = —}/V (9.3)

KoediuieHT OpOmMOpUiHHOCTI Y MiX CHIOK TepTa 1 MIBHAKICTIO

Ha3uMBalOTh KoedimieHTrom B’s3xoro reprs. Hanpmknan, nng teepnoi

chepraHOi 4YAaCTHMHKHM pafliycoM R mnpH JjamiHapHoMy oOTikaHHi ii

pinunoio 3 xoedilieHTOM B’A3K0CTi | Mae Micue popmyna Croxca
¥y =6muR. 9.9)

Tlo3nauumo yepes F (t) GryKTyI0I04y YaCTHHY BHTIAAKOBOI crm f (t) :

F(t)=f(t)= fnep(®), <F(t)>=0. (9.10)
CKprCTaBmucx (9.8), popmyny (9.7) MOKHA nepENUCcaTH Y BUIIIALI
M%—+7V=F(t). ‘ 9.1

3ayBaKMMO Telep, IO TOYHO TAKHM CaMHMM PIiBHAHHAM OMNHCYIOTHCSA

‘¢nykryauii cunu crpymy [ (t) B HANMPOCTIMIOMY €NEKTPHYHOMY KOJI,

306paxeHomy Ha puc. 9.3:

L%+RI = E(1). ©9.12)

Tyr y poni BumaukoBoi cumn F (t) , 1[0 BHKIMKAaE (QIyKTyanii mBHA-

xocti ¥ OpoyHiBCBKOT YaCTHHKH, BHCTynae Bunagxosa EPC - £ (t) ,

Aka 3000B’si3aHa CBOIM BMHMKHEHHSM BHIQJIKOBOMY TEPEMILICHHIO
HOCIiB 3apsny (€IEKTPOHIB, iOHIB Ta iH.).

9



$ 9. bpoyniscvkuii pyx

L

E R
9 10

<

Puc. 9.3

Mopisttotoun jgsa piBHsHHA (9.11) i (9.12), nerxko HoMiTHTH
'B3A€MHO OJTHO3HAUHY BIATIOBIZHICTH MiJK BEJIMMMHAMM, IO HAJIEXATH 10
6pOYHIBCBKOTO PYXy i 10 {iykTyauiii B eJleKIpHIHOMY KOJi (Ha pHC.
9.3). 1o sBianosimHicTs HOAaHO Yy - BUrAsAi Tabmumi (tabnm. 9.1).
Buxozs4H 3i 3HaiizieHoi aHaOrii, 6yab-Ki pe3y1bTaTH, OTPHMaRi NpH
TEOPETHYHOMY aHaxisi OpoyHiBcbkoro pyxy, ™Moxyrs OyTu
nepenecedi B 061acTh TeMIOBHX QIYKTyaliil B eIeKTPHYHHX KOJIaxX
BiINOBIIHOIO 3aMin_om NO3HAYEHb. SKIIO, HAMPUKIAK, MA 3MOKEMO

PO3paxyBaTH QHCHEPCilO WBHAKOCTI O, TO BiApa3sy OTPHMAEMO BHpa3
JU1% UCTIEpCii CIPYMY O} TOLIO. "
: Tabnuysa 9.1

$ 9. Bpoyuiscvkutl pyx

BpoyniBchkuii pyx Enextpuune xoso

Maca yacTHHKH IHAYKTHBHICTD KONIA

M _ L
KoeinieHT Teprs : AxrHBHHI onip
R4 R

HIBuaxicTs YaCTHHKH . Cuna ctpymy

(1) | 1(e)

3MmilleHHA 9acTHHKH 33 4ac ¢

[Tepenecennii 3apan 3a yac ¢

x(t) = J. V(tdt q(t) = I I(thdt'
0 0

Bumnankosa cuina Bunaaxosa EPC

F(r) | ‘ -E(1)

10

9.3. AHani3 piBHAHHA pyXy 6pPOYHIiBCBKOI YACTHHKH

3BepHEMOCs Tenep 40 po3B’A3aHHA piBHAHHA (9.11). Po3minumo
NiBY i npaBy wacTuHE Ha M i BBeZeMo Mo3HaueHHs: T, = M [y~ uac
peaakcanii, a(t) =F (t) /M —~ BHOAJKOBE NPHCKOpPeHHs, ke Haby-

Ba€ MakpOYacTHHKa BHACHiJOK 3ITKHEHHA 3 MikpodacTHHKamH. [licns
uporo piBHAHHA (9.11) HaGyBae BurmANy:

G ©.13)

~ 3rigHO 3 METONOM Bapiamii HOBiINMBHOI cTanmoi CHOYATKY PO3B’A3YEMO

omHopiaue pisrHHA 3 a(t)=0:

| V(t)=Ce ™ .
Micns uporo mpMImyckaeMo, INO CTana iHTErpyBaHHA € QYHKUI€IO 9acy
t:C=C (t) . I, Hapeurri, micis DICTAHOBKH LIYKaHOTO BHIVIAZY PO3B’A3KY

V(t)y=C(t)e™"'™ (9.14)
y (9.13) otpumyemo piBrsEHs s HeBigoMoi dynkuii C (t) :
_’/TM dC _ ‘ :
e —=a(t). 9.15
” ® (9.15)
I3 (9.15) BunnuBae, Wo
. .
C(t)= j a(the''™dt + Const (9.16)
0 , 7
-ae Const — crana interpyBanni. Ilincrasnaroum (9.16) B (9.14) 3

' ypaxyBaHHSAM II0YaTKOBHX YMOB V/ (t)L_ 0= Vy » OTPHMY€EMO OCTATOYHO:

t ‘
V(t)= Voe'” ™4 J‘ exp {-t—-_—t-}a(t')dt'. 9.17)
T

0 M

®opmyna (9.17) po3s’s3sye Tak 3BaHy AMHAMIYHY YacCTHHY

| IOCTABJIEHOI  3a[adi, BCTAHOBJIOIOYH 3B’S30K MIK HIBHAKICTIO

11



§ 9. Bpoyniscokuti pyx

YaCTMHKHM, WO HAC WiKaBHTh, 1| BUNAJKOBOIO CHIOIO, AKa Ha IO
yacTHHKY gi€. DPyHKIIOHANbHMH BMIJIAA INIPHCKOPEHHA a(t) , AKe

© oTpuMy€e OpOyHIBCBKa YaCTHHKAa BHACHJOK 3ITKHEHb 3 MOJIEKYJIaMH,
HaM, 3BHYaiiHO, HeBizomMui. ToMy MH HE MaeMO MOXIHMBOCTI

OGUYHCIHTH B SBHOMY BHTTANI iHTErpan Bif a (t) , 1O BXOIHTb A0
(9.17). Iloxu mo MH MOXKEMO TIIBKH CKa3aTH, IO V(t)', TaK caMo, fK i

a(_t), € BHNAAKOBOIO (PyHKUi€IO Yacy 1 Moke OyTH ODMCaHA TiIBKH

cTaTHCTHYHO. TakHM YHMHOM, MH JOXOAMMO J(0 HEOoOXimHOCTI
PO3B’A3aHHA CTATHCTHYHOI 3a1a4i. :

9.4. BusHaueHHS CTATHCTHYMHMX MOMEHTIB (IyKTYyauid IIBMAKOCTI
Jlna o6uncneHHs MOMEHTIB 1 criekTpa ¢puykTyauiil ¢yHkuii V (t)
HEOOXIMHO MaTH JAeAKy anpiopHy iHQopMaLil0 Npo CTaTHCTHYHI
napaMeTpH NPHCKOPEHHA a(t) = F t) / M (BunaaxoBoi cwiam, Aka mie
Ha YacTHHKY 3 OOMHHIHOIO MAacoI0).
Ilo-nepuwe, ¢ ouepunuuM (i3 BusHaueHHs F' (t) 3a ¢GopMyIoI0

(9.10)), mo cepenne 3HaYEHHA NPHCKOPEHHA a(t) IOpIBHIOE HYMIO,

MOJEKYJH 3 PIBHOIO IMOBIPHICTIO ,,IUTOBXa0Th” GPOYHIBCHKY YaCTHHKY
SIK NBOPYHY, TaK i IpaBopy4:

<a(t)> =0. " (9.183)

ITo-dpyze, sxmio 30BHINIHI MaKpPOCKOMiYHi YMOBHM (THCK,
TEMIEPATypa, TYCTHHA Ta iH.) 3aJIHINAIOTECSA CTAJTHMH, TO BUNAAKOBHIA

npouec a(t) € cranioHapHuMm, i, oTKe, aBTOKopensuiliiHa QyHknis

APUCKOPEHHS 3aIEKUTh TUIBKH Bif pisHuLi Yacis 1" —¢':

<a(tha(t")> =B,(t"-1). (9.18 6)

VYcepennotoun (9.17) 3a chaMGJleM peanizanii Bnnamcoaox
¢ynkuii a(t), orpumyemo:

12

- § 9. Bpoyniscexuii pyx

L p
-t -
S <V(t)> —Ve ou +Iexp{ }<a(t)>dt =Voe /™. (9:19)
™™
0 .
3BiACH BUIUIMBAE, MO NpH OyAb-siKifi MOYATKOBIH WBHAKOCTI YACTHHKH
V, cepenne 3nauenns < V(t) > mpH ¢ —> o0 mpsAMYeE A0 Hys, IPHYOMY

XapakTepHu#l Yac UBOro mpouecy 36iracTbca 3 9acoM pelakcauii 7.

Bigmaswn Big (9.17) (9.19), OTPHMYEMO q)opMyny s QIyKTyawii
meraKocti OV :
t

V@)=V@E)-<V@)> = jexp{t }a(t )dt'. (9.20)
™
0
Himmicum (9.20) o KBazmpaTa ¥ ycepeaHIOOYH, OTPHMYEMO BHpPa3 JUIs
aucnepcii durykryanii mBHAKOCTI:

ot (t)= <[V > =Idt’jdt"exp{t’_t t,—t}Ba(t”—t')- (9.21)
0 0 '

™ 17%

HiBuaxicte 3MiHM excrioHeHmiansHuMX QYHKIIA TA 3HAKOM
interpana (9.21) 3a sminnuMu ¢’ i ¢” BM3HAuAETHCA YacoM penaxcanii
7y - Lle MakpockomiuHuii yac: BiH XapakTepH3ye, sK MH mobaunnu 13

(9.19), iHepuiro BaXKOi YACTHMHKH Yy B’S3KOMYy CEpelOBHLI i € THM
OinbiinM, unM Giibina Maca M OGpoyHIBCHKOI 4acTHMHKH. XapaKTepHHMik

gac, 3a KK 3MIHIOETBCA BUNAJKOBE MPHCKOPEHHS a(t) , BU3HAYa€ThCA
32 4acoM T,, 3ITKHEHb OKPEMHX MONEKy: 3 MakpouacTuHKoo. Lleif gac
3HAYHO MEHIUUH 33 T)f (z’m << TM) i € mo cyti ,,MIKPOCKOIIYHHM".
3BiaCH BMIUIMBA€E, IO Yac KOpeJALil BHIIAAKOBOrO MNpOLECY a(t)
MOXHa BBAXAaTH HEXTOBHO MAlMM IOPIiBHAHO 3 T, i B pe3ynbrarti
ukoro Kopensuiisy dyukuito B, (¢"—¢') nin inrerpanom (9.21) moxua
3aMiHHTH Ha & -QyHKNIIO:
B,(t"—t)=A5(t"~1). (9.22)
13



$ 9. Bpoyriecvkuii pyx

Tyr A — HeBiIOMa MOKH IO KOHCTAHTA. Hiﬁcrannmo (9.22) y-(9:21) i

BHKOHAEMO IHTETPYBaHHS!
t
0_3 (t) o Ae«Zt/rMIeZt/rM‘dtr -
‘ A .

2o (1), 023

I3 (9.19) 1 (9.23) BunMBae, HIO NPH ¢ >> Ty, CEepeHA MBHAKICTH
MaKpOYaCTHHKH V>0,a aucnepcis - PpIyKTyamii MBHAKOCTI 0",2, HE
3aJIEXUTE Bi 9acy i 36iraeTecs i3 cepeHiM KBaApaToM MBHAKOCTI:

| ' Vo2 3 52 51
op=<(V-F) >=r2-v"=p? = Any.
3 inworo Goxy, y craHi 'repmonnHaMiqﬁo'f piBHOBAaru cepenHs KiHeTHYHa
eHeprisi & vactunku nopisrioe k72 (B ofHOBUMipHOMY BHIIAIKY MH
Ma€eMO CIIpaBy 3 IOCTYIIANbHAM PYXOM 3 OOHHM CTENCHEM BUIBHOCTI, Ha
axuit i npunanae enepris k7/2):

_ 2z
& MY _Moy 1. (9.25)
22 2
ITopiBrIOIOuM (9.24) i (?.25), OTPHMYEMO Iyl CTaNoi A BUpa3:
A= _2_’.‘T_ = _?;Eg ‘ (9.26)
Mz, M

3’sacyemMo Tenep, AK 3MIHHTHCA 3 4aCOM. CepeRHA KiHETHYHA
. . 2 2 2 .
eHepris "acTuHKY. Bpaxosyious, mo 3rinmo 3 (9.24) V2 =V*+o0, i,

Kxopucryiouncs popmynamu (9.19) i (9.23), orpumyemo:

8(t)“ (V2+ V) A;[Vz 2ty +Z(l__e—2_z/r,,, )]=

MVE kT Ly, KT -
- 20 _ 2 21/ Mo > __(go-gT)e 2tf7y, +&p. 9.27)

14

(9.24)
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$ 9. BpoyHiecbkuii pyx

TloBepinka e(t) JUIA  JBOX BHIAIKIB, KOJIM IIOYAaTKOBA KiHETHYHA

€HEpris, YaCTHHKH & = MV} /2 Ginpwa aGo MeHWa 3a CEpENHIO

TEIUIOBY EHEPIiI0 &7 = kT[2, HaBe/ICHO Ha puC. 9.4.

BHHHO, U0 4aC BCTaHOBJICHHS Tepmozmnamqﬂox plBHOBal"H MK
GPOYHIBCBKOIO YaCTHHKOIO 1 OTO4YYIOYMM CCPEOOBHIICM 1 € vacom

penakcauii 7,, . Inakmwe kaxy4nm, 3a wac 7, 4acTHHKa a6o Binmae

MONEKYlaM HAWIMUIOK CBOEI [OYATKOBOI €Heprii &, BIAHOCHO

CepenHbOi TEMIOBOI £ - (BepXHA KpuBa Ha puc. 9.4) abo otpumye Biz
HUX eHeprilo, sikoi Opakye Ko TemnoBol (HMKXHA KpuBa Ha puc. 9.4).

g4
£ .
£ >Er
€
g<&r
i
M
0 . t
Puc. 9.4

MoxHa Ime ckasaTH, IO 3a 49aC 7T,, YaCTHHKa ,3a0yBac” mpo CBOIO
II0YaTKOBY HIBMIKICTH 3aBASKH YHCIICHHHM 3iTKHCHHAM 3 MOJIEKYJIaMH.

9.5. CTaTHCTHYHI XapaKTePHUCTHKH 3MillIeHHS YACTHHKH
Masouu po3p’430K auHaMiyHOi 3agavi (9.17) mna wmBHAKOCTI

V(t), NErko OTpEMATH (GOPMYNy i [UId 3MillleHHA x(t). Hexait y
no4aTkoBuii MomenT Hacy ¢ =0 wacrunka nepebysana y Touni x =0 i
mana weHakicts ¥y . Topi 3 usnavenns V = dx/dt sunnusae:

(1) = IV(t’)dt’.} (9.28)
0

15



$ 9. Bpoyniecvxuii pyx

CepeniHe - 3HaYeHHA 3MIlCHHN <x(t)> OTPHMYETHCA 3BificH 32

nonomoroio (9.19):
t t

<x()> = I <V(tY>dt'= Voje“"’ Wit =V (1 — e ) (9.29)

3rigno 3 (9.29) mpu f <<7,, 3ITKHEHHA 3 MOJEKYJAMH IPAKTHYHO HE

BIUIMBAIOTh HAa PyX MAaKpOYacTHHKH. Boha NiepeCyBaeTLCA mm:no i
TIPOXOOUTH Y CEPEAHBOMY LIJIAX

<x(t)> sVt (t<<rt,). ) (9.30)
Ilpu ¢ > 7,, ue perynipne 3Miménm CNOBUIRHIOETBCA (HOZIOHO HO
(9.19) 1 y rpammmi f->00 B3aram NPUOMHAETHCH, TOMy 3a

'HECKIHYEHHHH 4ac YacTHHKA B CEPENHBOMY 3MILIYETBCA HA CKIHUEHHY
BifCTaHb:

<x(t)> =V, (t >> 7T, ) . 9.31)
Ilpore 3aBasxku Gnykryanil mBuMAKOCTI BinOyBaIOTBCA XaOTHUHI
. 3MIiIMEHHA YACTHHKH i3 ,TI0JOXEHHS piBHOBaru”, TaK 3BaHi BHIIAJKOBi

Onykanna. ®nykryauil 3MillleHHS 4YaCTHHKM OX i3 IOJIOXEHHA

piBHOBard < X > BH3Ha49aeMo 3a GHOpMYIOIO, mo BuruiMsac 3 (9.28) 3

YpaxyBaHHsM (9.20):

Sx(t)=x(t)-<x(t)> = ]E[V‘(tx) -V ()]ay =

t t '
:J"JV(tl)dt1 =J.dt,J.exp{t i
‘ T,
0 0

0 M

Interpan 3a df, NeTKO OGYMCIIOETHCSA IHTErPYBAHHAM 110 HACTHHAX:

(9.32)

}a(t’)dt’.

16
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"1 f 1=t

o
ox(t)= Ie""/ ™ dtlje"/ M a(tdt = erMe—"/ T g(tyar|  +
0

‘ 0 0 4,=0
t

: ~1
7y j a(tl)dtl.—.-rMﬂ1 exp{t t} a(t)dr.  (9.33)
0 | |

T
0 M

m;m UBOTO 1% Iucnepcii 3MiltieHs 3 ypaxyBaHuaM (9.22) maemo

=<[8x(t)] >=

o5 (1)
Y _ ,

=r§,”dt'dt" 1-expdE =t 1—expd &2 4 B, (" - 1) =

' ™ )L ™

‘ 00 .
t .

=Ar jl:l exp{ . }:\ dr. 9.34)

0 . M ’

Bpogsun HOBY 3MiHHY IHTErpyBaHHA Z = (t'—t)/ T,,» OTPHMYEMO:

o3 (1) = 4y I [l e ]dz ATM\:M-—-% +2e7H"m -—-Ee 2'/’“] (9.35)

T
~t] Ty M

Jna Mmanux iHTepBaniB 9aCy, KOMH t<<7T;,, MOXHA PO3KJIACTH
ekcnoHeHuiansHi Qyukuii y (9.35) B psan Tefinopa (ax 1o unewis
“TPETHOTO MOPANKY MAJIM3HM 32 napamerpom t/ty <<1). Y pesynsrari |
IBOTO OTPUMYEMO

ol(t)= —;—At’. | (9.36)

VY nporuiexHoMy rpanwmmwy unazxy t>> ™. Y. ¢>opmym (9 35)

L IR IITENS




$ 9. bpoyxiscekuii pyx

o2 (t)=Aryt= AT, 9:37)
/4 S :

Mn éxopncmnc;l Bupasom (9.26) wis A i susHageHHaM T, =M/y.

3 otpumannx GopMyn BHIHO, IO BUNIAJKOBHIl IPOHEC x(t) 3aBiIOMO €

HecTamioHapHUM, OCKUIBKH HOro Jpcnepcis: '0'3 3pOCTAE 3 YaCOM: CMOYATKY

32 KyOIYHHM 33KOHOM ~ £ , @ 3rofioM 3a miHiiimuM ~¢ (puc. 9.5).
2
A o-x (t)

Aert\b

Puc. 9.5

9.6. I'ycruHu po3noainy iimoBipHocTeidi mBHAKOCTI i
3MilleHHSl YACTHHKH :

IudepenmianearM  piBasHHEAM  (9.13) 1 ¢dopmynoo  (9.28)
BH3HAYAlOThCA 18I Bumamkosi ¢ymxuii V(¢) i x(z). Hasemeni
o64MCIIEHHS Danyd 3MOTY HaM BH3HAYMTH TifIbKH MEpIIi JBa MOMEHTH
IMX BHIAIKOBHX (QYHKUiH, TOAI SK IHUTaHHA NPO BHINAX TYCTHH
posnoxiny iMosipHOCTEH W(V,t) i W(x,t) MOKM WO 3ATHIIACTHCA
BIIKPUTHM. 3BepHEMoOcs 1o dopMynH (9.20), 3 Akoi BUOHO, IO B KOXKEH
MOMEHT 4acy ! GiyKkTyanis MBHAKOCTI §V(t) MOX€e NOAaBaTHCA AK
cyMa (B rpaHuIi — iHTerpan) GUIBLION KiIbKOCTI HE3AJIEKHHUX KONAHKIB —
NOIITOBXIiB, AKUX 3aBAAIOTH OPOYHIBCBHKiH YacTHHLI MOJIEKYNH 3a 4ac /.
OCKinBKH 7, — MaKpOCKONIYHMH 9ac, TO KilbKiCTh TAKMX IOLITOBXiB

18

$9. Bpoyuiect;xuﬁ Dyx

ﬁy?xc BENMKA, a CHJIAa KOXHOIO 3 HHX Y CEPEAHBOMY OJHAKOBA: MH
npurycTim, mo npuckoperns a(t) € cramionapuuM mponecom. e
[Aa€ 3MOTYy CKODWCTATACA LEHTPAIGHOI0 TIPAHHYHOK TEOPEMOIO i
cTBepmKyBaty, mo Qymkuis - 5V (¢) PO3IIONiNeHa 32 HOPMATHHHUM
3aKkoHOM, saKuit mpH ! >> Ty (komn <V (1)> =0 i 6V =V) mae
BHTIAR

W=

\/_0' v

SIkuo BpaxyBaTH Tenep, o 3rigHo 3 (9.24) a’,% = Aty / 2=kT/M , 10
MH JOXOXHMO 10 PO3IOALTY

M MV?
wy)= mexp o - (9.38)

AKMii € He IO iHIIE, AK po3moain MakcBe/sia Jyid WBHAKOCTEH
YaCTHHOK Y CHCTEMi IIPH OIHOBHMIPHOMY pycl.

Bunagkosuii  mpouec x(t) NOB’A3aHKH = 3 . HOPMAITBHHM
BHNAJIKOBHM MPOLIECOM V(t) ninifiHuM nepersoperisam (9.28) i ,0mxke,
TaKOXX Ma€ HOpMAJILHHH PO3TIOILT

_ =R
. 2
W(x,t)=———-e 2 . (9.39)
’_0' i
Ilpn t>>17,, 3 (9.37) BuIMBae, moO 0' =Dt, ne D= 2kT [y wmae
amicT Koedinienra nudysii. Cnpasni, nerko BIIEBHHUTHCS, IO (939) €
PO3B’A3K0M onﬂonnmpnoro pmmm}m
ow o'W
——D

—_— 9.40
6t 2 & (0-40)

19
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§ 9. Bpoyniscokuii pyx

AKe- HA3HMBAIOTL ' PIBRAHHAM AHPY3i. 3pHuaiine -BuBeaeHHa .(9.40)
IPYHTYETbCA Ha (EHOMEHONOTIYHMX MIPKYBAaHHAX i 32 CBOEIO CYTTIO €
MAKpOCKONi9HHM. 3acTOCOBaHMH HaMH MIKPOCKONIMHME  IHIXiA,
nobynopanuii  Ha po3B’A3aHHI piBHAHBE pyxy (9.13), crBOpIOE

MOXIHBICTh 10B’a3aTH  KoedimieHr mudysii D 3 diswanuma

napaMeTpaMu CepefOBHILA — i TEMIIEPATYpOIO i B A3KICTIO.

9.7. Eneprernunnii cnexTp (GayKTyauiii mBEAKOCT
6poyniBchbKkoi YacTHHKH
Jlns MOSCHEHHS CIIOCTEPEKYBAHOT BENHUMHH Voxcn, OGUHMCIHMO
€HEPreTHYHHUH CreKTp QuIykTyaniit mwBHaKocTi 6pOyHIBCBKOT YaCTHHKH.

SIx 6yno moxasaHo, MpH !> 7T;, CepelHA IIBHUIKICTH MaKPOYaCTHHKH

IpAMYy€ 10 HyJs (17 - 0) , @ OMCIepCis IepecTae 3aeXaTH Bif vdacy

(O}Zr = Const) . Lle cBiguuTh Npo Te, IO BUMAAKOBHIT poliec V(t) ISt

TAKHUX iHTEPBANiB 4aCy MOXHA BBAaXATH CTaUiOHapHHM (IIpHHAMHI, y
IIMPOKOMY PO3YMiHHI) i 0 HHOIO MOXKHA 3aCTOCYBaTH CINEKTpPaIbHHI
aHam3, posrnaHyTHit y §6. I3 piBHaHHa (9.11) s Dyp’e-KOMHOHEHT
OTPMMAEMO TaKe CIiBBiIHOIIECHHS:

(ioM +y)Cy (@) = Cp(w), (9.41)

3BiAKH

Ho6ynyemo Tenep kopenaTop Pyp’€-KOMIOHEHT

< Cr(a)Cr (") >
(io'M +y)(~io"M +y)

<Cy(a)Cp (") > = (9:42)

‘lIJ'I}I CTalliOHAPHOTO npduecy
< Cr(@)Cr(@") > =Sp(@)d(0' - a"),

20

ne Sg (a)) — eHepreTHUHMHA CHeKTP CHIM. 3 J -KOPEIbOBAHOCTI
npasoi uacTunu (9.42) BMIUIMBa€, MO 1 B JiBiil YaCTHHI TaKOX Mae
croatn & -kopemsrop Burnany <G ()G (@) >=S8, (a)6(af - ).
3BiICH 3MAXOMMO eHepreTHUHMil CHeXTp WBHAKoCTi S (@)

6pOyHiBCBKOI YaCTHHKH:

5, (@)=—oe)

(’M* +9%)

Exeprermunnii cnekrp cumn Sgp (co) 3a JIOTIOMOTO0 (HOPMYIH

(9.43)
Binepa-XiHuiHa BH3Ha4aeThCA depe3 aBTOKOPeNALiiHY QyHKuio
Bp(t)= <F(O)F(t+7)>: -
Sp(w) = ZL I Bg(7)e""dx. (9.44)
v 4

Y cBo10 uepry, 3 ypaxyBaHHAM 3B’f3KY MDK CHIOIO 1 NPUCKOPEHHAM
a(t) = F(t)/M 3rigHo 3 (9.22) MmaeMo

By (7)=M*B, (1) = AM?6(z) = 2kT¥5(z).  (9.45)

Orxe,
kT
Sp(w)=—1, (9.46)
/3
i eHepreTHYHMI crieKTp WBKHAKOCTI (9.43) BH3HAYa€ThCA AK
kT 1
Sy (@) =——=5 (9.47)
Ty 1+ oty

ne Ty =Mfy.

Tenep Mu cpoMOXHI BiATIOBICTH Ha 3alMTaHHA: YOMY NPH OILIHII
IIBUAKOCTI OpOYHIBCBKOI YaCTHHKH, NPOBEJCHIN Ha NoYyaTKy naparpaga
Ha OCHOBi TEPMOAHHAMIYHOrO MiAXONy, 10 mpuBena Ao ¢opmyiu (9.6),
OTPMMaHO 3HAYCHHA, LIO HA JBa TOPAOKH IEPEBMIIYIOTH

21
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§ 9. bpoyniscvkuil pyx ‘

eKCICPHMEHTANbHI  JaHi. Amamis 3Havmeﬂoro HaMH €HEPreTHYHOro
cmeKTpa Sy (a)) CBUTYHTB, INO BiH MPOCTATAETHCA JO AYXKE BEIUKHX

wactor @ =), ~l/1), ~10°c”!. 3 immoro Goky, ax peectpyrounii
NpUCTPIA B E€KCHEPHMEHTI BHCTYNAE JUOACHKE OKO, KOTPE XapaKTre-
PHM3YETBCA  IOCHTh BENMKOM  iHepiiitHicTio. BoHo dikcye Timpkn
NOBUILHI NepeMillicHHs GPOYHIBCBKO! YacTHHKH i He iKCye IIBHIKHX.
Xapaktepuuii yac ¢ikcanii OKOM NEpEMILICHHS MOXHA OLIHHTH . K
Toxa =1/16 ¢ (pw yacTori 16 i Ginbine KanpiB Ha CEKYHAY MH BXKe He
pO3PI3HAEMO - OKpEMHMX KafipiB — pyX HA €KpaHi 3Ma€TbCi HaM
HenepepBHuM). Y 1bOMY PO3yMiHHI Haule OKO SK TIPWNAZ, IO PEECcTpye
3MilIeHHA OpoyHIBCHKOI YacTHHKH, MOXHA YNONIGHMTH RO AeAKOi
MHIHHOI CHCTeMH ((ifAbTpa HIDKHIX YacToT) 3 IepeHaBaJbHOK

¢ysxuicro K (ia)). Jns niHifiHNX cHCTeM eHepreTHYHMH CIIEKTp Ha
BUXOI Sypppem (@) (ciextp dnykryauiit wsuakocti V,,cp = Voppy » WO
CHOCTEPITalOTHCA) TOB’A3aHMi 31 CEKTpOM BXiaHOro curHany Sy ((o)
CIIiBBiIHOMIEHHAM (7.25):

. 2
Svenoem (@) =|K (i)] Sy (). (9.48)
Jlnst npocrom MOKJIAAEMO, 1110

I, npu 0L w<w,,;

|K(z‘co)l= 0, npu w>w

oKa ’

ne @, #1/7,, =10c™'~ BepxHs wactoTa ikcamii okom pyxy.
B pesynbrari ana  mucmepcii  aykTyauii  INBHAKOCTI, 1O
CIHOCTEPITacTHCA, JOXOAMMO TaKOTO BHpa3y:

molta
2kT do
my J 1+ o*tl

. 0 Wyyeg
o‘"lzr:nocm : 2 jSVcnacm (w)dw = 2 j SV(w)dw = (949)
. ‘ 0 0

OckinbkH @, ,Tpy ~ 107* «<1, MiZiHTEeTpaIbHY tbymcuilo y (9.49)
MO>KHa 3aMiHUTH Ha OJUHMLIO, i MH OTPUMAEMO OLIIHKY
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2 2kT . 2 2 ' ]
Venoern = Woxa = ;dVa.)_oxaTM _ (9-50)_
(Mn BpAXYBAIH, IO } = M k1 u 0y = kT/M )

- TakuM YHHOM, XapakTepHi 3HAYEHHA WBHAKOCTE Vo  Onocm »
mo cnocmplramr»ca, BiPI3HAIOTECA Bill TEMIOBOI (TepMonniiaMquoi’)

- OUHKH V g —\/;'z=\/kT/M :'

Vonoim = ,,,e,,,,,/m,,mrM %1072V, 3-10cm/c.  (951)

- Leit pesynsrar md06Gpe ysromxyemca 3 elccnepumel-rrom AK BHIHO
-3puc. 9.2.

Orpmaaﬂy 3 PIiBHAHL MEXaHIKH owuxy (9.5) nmna IBKAKOCTI
Viex ® 6-108cm-c™! taxox moxua TIOTNPABHUTH, AKIIO BPaxyBaTH, IO
B KOXKE€H MOMEHT 3 6p0YHiBCI>KOld YaCTHHKOIO 3iIITOBXY€ETHCA HE OIHA, a
Gararo (N ) MOJIEKYN, TOMY peaym_,rylo';a HIBUAKICTB OyJie

V:Zi/,, 952

ae V; — 3MiHa mBHAKOCTI 6pOYHIBCHKOT YaCTHHKM 33 paXyHOK 3iTKHEHHA

3 OIHICI0 MONEKYNO0, IO BU3HAYAETHCA 3@ dopmynoro (9.2). Ockinbku
3iTKHEHHS MOJIEKY/l MOXXHA BBAXATH HE3ANEKHHMH i CEPEHi 3HAYEHHS

wsuakocTed V;— ngpiBHioBaHMMH Hymo (<V;> =0), To pm

" mucnepcii cymu (9.52) MmaeMo:

oy =Na5,-, oe oy =V, z2v£——z6-10'8 Y (9.53)

ex‘/ﬁ . Kimekicte

Monexyn N, 1o 0HOYACHO 31MTOBXYIOTECA 3 YaCTUHKOIO, MOXKHA rpy6o
OLIHHUTH AK BiJHOLIECHHA iX MJIOL NONEPEYHOro nepepisy:

Omxe, WBHAKICTS, 1O crocTepiraeTsca V.., =
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" § 9. bpoyniscvrui pyx

2 .
Nz(f) ~10° . (9.54)

r
(ans ouinoOK Tax ‘cm{xo,' aK 1y (9.4) mu obupanu 3HaueHHs R = 1073¢em i
r~10"cu). Taxum unnoM, Vomoem ©10°V, . 610" cm/c, mo
TaKoX J106pe y3rOIKYETHCA 3 CKCIIEPHMEHTATLHUMY JAHHMH.

3AJAUI
v 1. BuKopHCTOBYIOYH 3aKOHH 30epeXXeHHA IMIyascy # eHepril,
mosectH, mo dhopmyna (9.1) ciipapmxyersca Tinpku npu mfM <<1.
Po3e’nsok. I3 3axoHy 36epexkeHHs iMnymsCy NpH I0YaTKOBIH
WIBMAKOCTI MakpouacTuiku V, = 0 Bunmmsae

mu, =mv, + MV, . M
Tyt v, 1 ¥, — MBHAKOCTI MIKPOCKONIYHOI YaCTHHKHM 1O 1 IICHA yAapy

BianosigHo. I3 (1) BM3HawaeMO KBaJApaT WIBHAKOCTI MaKPOYaCTHHKH
icns ynapy:

'I/lz = (—A’—;—) (’UO -, )2 . : (2)

3anuueMo Tenep 3aK0H 30epekeHHS eHEPril A L€l CHCTEMH:

myt =mv + MV;?. 3
I3 (3) sHaxoxumo
Vf=“A,7(”3‘”12)=XZ(”°+”‘)(”°"”')' @
24

$ 9. Bpoyniscokuii pyx -

popisrioe [ =

[TpupiBHABUIM TIpaBi qacTHEH (2) 1 (4), maemo

(%)2(% 0 = (o) (1)

m LI
— Uy =, = v

0 | 0 1
M

—vo(l—ﬁ—”;-)zv,(n%). )

Tpu m{M <<1 i3 Bupasy (5) orpumyemMoO v, = ~¥,.

2. O6uucnuTh gucuepciio ¢pnykTyaniil MBHIKOCTI YaCTHHKH UK
OIHOBHUMIPHOro 6pOYHIBCHKOTO pyXY, BBXKAIOMH, IO ABTOKOpEsNiAHa
¢ynkuis (AKP) BUnaakoBoro npucKOpEHHs € rayccoBoIo:

- 2
B, (r):a(t")a(t’):of exp(—%) , )

ne 0'3 =q% - AMCIIepCis, 1., — xapaxrepnuii Macirrab cnaganns AK®

BUTIJKOBOTO Npuckopenns a(t),a T =1 "t
Po3e’s3zox. Cxopuctaemocs ¢opmynorw (9.21) nas mucnepceil
¢nyKTyanii LBHAKOCT! OPOYHIBCHKOI YACTUHKH
14 3
[ 2
ol (1)= J-dt’J‘dt"exp -+
0 0 M

n”

U+t

}Ba(t"-t') @
Ty .

i mepeiimemo B Hiit 10 HOBUX CymapHux ¢ =t +1" i pi3HMUEBHX
7 =1"~t' 3minguxX. TIpH 1OMy, AK JIerko NoKasaTH, skobian nepexoxy /
o, [1/2 -1/2 1 . .
m— =~ 3BLACH y HOBHX 3MIiHHHX
o(q,r) [1/2 1/2 ‘

2
BHpa3 (2) 3aImucyeThes Tak:

25



§ 10. Tennosi hnykmyauii ¢ padiomexniutux xonax

 §9. Bpoyniecekuii pyx

T+2t -—r+2!

IB (f)dfj q/T”dQ+§B (r)dr S e’ ™dgh =

~T 0 T

—2t/rM

o7 ()=~

=-2Le 2t/rM_ .“.Ba(z_)[e(HZt)_ltM - ity ]d’l'-!-

t ' .
+IBa(1')[e(—”2')/'" et/ ]dr =
0

N : N 3
=TMé—2t/fM jBa(T)[e(-r+21)/fM __et/.tM :\dT -
0

1

1 . .
=7, IBa(t)e"/'“ dr—e/m I B,(r)e" ™dr}.
ITincraBusum y (3) 3amanu#t BUI AK® (1) BMNAIKOBOTO NPHCKOPEHHH,

OTPUMAEMO | |
t t

2 72 N 272
je—r IT}=clty g _ o2t je I gl 4y
0 0
3a BH3HA4CHHAM T, — xapaxrepuuil ac amian AK® B (1)
" BiH BH3HAYa€THCA qacom 3iTKHEHHA OKpEMHX MoIIekyn 13 OpOyHIBCHKOIO
MaKpouacTHHKO0. Jac e Ty — XapakTepHuii dac penaxcauii -
ITBHAKOCTI MaKpOYACTAHKY. Tomy 3aBXK/H MOXKHA BBAKATH BHKOHAHOIO
yMony Ty >>T,. Ilpn 1bOMY B iHTerpanax (4) MOXHA y NOKa3HMKAX

-2 (T 11/t e’ /T2

pO3rNSfATH  yac

oy (t)= olry,

‘excnonem: SHEXTYBATH JONaHKaMH L7/7, e
Alxmo mo Toro x MH  Oymemo
t>>1, (T, <<7), <«<t), 10 o0umCneHHs  IHTErpams  MOXHa

TIPOBOAKMTH Y HECKIHYCHHHX Mexax. B pesynbrari oTpumMyeMo

2%

w©

Gv(t)~a TMQ ew’”\g P 'T}dp—\J—: 7‘T 'ch\ '7'”’“\ %)

0

Bpaxosylouu pani, mio £ > T, , OCTATOUHO OTPUMAEMO

2 ‘l; ZTT

Oy = n ata*M-

§ 10. Tennoni daykryanii y pajiorexniunux woxax

3a3HaueHa Y TONEPeaubOMY TIAPATPadi AHANOTIR MK TETNOBAMMA

duykTyaiisMu B ENSKTPUTHWX KONAX 1| BUNARNKOBUMY IMIMICHHAMM
OpOYHIBCHKMX 4aCTAHOK (8. Tabmuino 9.1) nac 3Mory cropucTaBmnCH

tbopmynm“ 0'%, =kT|M i 0'7,; = 2thI Y , BIIpasy wanucars dopmynu

Ans aucniepcii dnykryaniii crpymy | Qt\ 1 TICPEHECRHOTO SNEKTPUHHOTO

3apany q (t) ¥ Ko, 300paKeHOMY Ha PHC. 9:.3:

o= | (0.
WT
o ==t (102)

11} T2 HARE/CH1 AN OPMYIW CTOCYIOTHCA IOCTATHEO BENWKWX JHANCHD
yacy ¢, mo wabararo nepesumyioTh Yac penakcauii Tq=L[R (cran

Yacy KOla), KONK BCIMa TePeXiiHUMM TIPONECAMHU MOYKHA JHEXTYRATH
He 0OMEIKYIONH 3aranbROCTI OTPUMARKK peaysma{m, BBAKATH, 1O

T(9)-20. (
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§ 10. Tennosi ghnyxmyayii 6 padiomexniunux xkonax

10.1. ®opmy.ra Haiiksicra
CepenHs TOTYXHICTH TEIUIOBHX (IyKTyauid CTpyMmy, IIO
BHALNAETHECA Ha onopi R, JOPIBHIOE

P=R<I*> =Ro-,2=—1%1—e—.

Ockinpku Bcl peaibHI PafliOTeXHIYHI HPUCTPOI MAIOTh CKiHYEHHY
IIHPUHY CMYTH YacTOT, IO MNPONYCKAaIOTHCA, TO NPHUPORXHO BHHMKAE
3allUTaHHA IPO T€, B SKii CMy3i 4acTOT BHALIAETHCA MOTYXXHICTH P, mio
BH3HauaeThcs 3a ¢opmynoto (10.4). JIna BiamoBiml Ha IOCTaBICHE
IIMTaHHA HEOOXiOHO po3paxyBaTH eHepreTHUHMH cleKTp (uiykTyamiii

CTpyMy

S, (a) =El— I <INI(t+7)>e ™ dr, - (10.5)
V4

depes AKUi MoBHa NOTYXHICTh P BUpaxaeTscs Gopmynoo
_ ) B @ B o (+)
P=Ro} =R[ S,(@)do=R[$(@)dw,  (106)
a0 0

Iie MH BBEJIM CHEPTETHYHMIA CIIEKTP AOAATHHUX YaCTOT:

IMoryxnicTs, MO BHAIIAETECA Y CMy3l 4acToT Bix @ no. w+dw,
. IOpiBHIOE

Sp(w)do = RSt (0)do. - (10.7)
TaxnM 9uHOM, OBHY MOTYXHICTB, IO BHALIAETECA Ha ONOpi R, MOXXHa
BH3HAYHNTH Y BUIIIAAI IHTETpana

P= ISP(w)dw. | (10.8)
0 .

28

‘(10.4)‘

§10.T ennosi prykmyayii 6 padiomexnivHux Konax

JIns BU3HAYCHHS EHEPrETHYHOrO creKTpa S, (a)) (bnyKTyauif/i‘-‘

' CTpyMy y Ko cKopuctaemocs 3akoHoM Kipxroda (mus. (9.12) i puc. 9.3):

L =R, 109
dt |

AKUH 1719 Oyp’ €-KOMIIOHEHT Ma€ BHIIIAN
(iL+R)C/(@)=Cg(w). - (10.10)

Tyr C; (a)) i Cg (w)— BignosinHo Dyp’e-TpaHcHOpPMaHTH CTPyMY
1 (t) i EPC y koni E (t) Beenemo y posrman Komnnekéﬂuiii_onip '

(imnenanc) xona:

Z(iw)=iwL+R. (10.11)

Tomui 3 (10.10) BunmBae:
Cg (w) .
C(w)= . 10.12
(@) Z(iw) ( )

®opmyna (10.12), BunauBaot4u 3 3akony OMa y KOMIJIeKCHil
¢opmi, CcHpaBIKYETLCA He TIIBKH [IA  HaNNPOCTILIOro

ar

eJIeKTPHYHOTrO0 K0JI1a, 300paxeHoro Ha pmuc. 9.3, a i y Haikbiibm
3arajibHOMy BHIAAKY KBa3iCTAUIOHAPHMX eeKTPHWYIHHMX Kix, st

aknx Z (ia)) MOXKe MATH 3HAYHO CKJAaaHimii BurIaa, wixk (10.11).

'.d)opmyua (10.12) 30iractbest 3 BHpazoM (7.22), AKMM OIHUCYIOTHCA

MICPETBOPCHHA CHIHANIB Yy NOBUIBHHMX JIHIHHUX CHCTEMaX, MPUYOMY
pons nepenaBanbHoi GyHKumii K (zw) BIAIrpa€ BiJ[HOIICHHA 1/ VA (lw) .
Cxopucrapmmca (7.25), OTPUMYEMO 3B’30K MDK €HEPreTHYHUM

criekTpoM (uyKTyauii crpymy S ((0) i BumapxoBoio EPC S E (a)) .
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" § 10. Tennoéi pnyxmyayii & padiomexniunux xonax

Spl(@ :
5, (w)=£(2). Se(@) (10.13)
IZ (ta))l ‘
Jns BH3HaueHHS cnercrba Sg (a)) sragaemo, o FE (t) y imnamcy
Gpoyniscrkoro pyxy BiAnOBinana Bumankosa cuma F (t)=Ma(s),
Kopenauiitia GyHKLiL AKOT MaNa BHIIAL (auB. popmymH (9.22) i (9.45)):

<F@YF(E") > =M?* <a(t)a(t") > = AM*5(t"~t') = AM?5(z),
a eHepreTH4HHi cnektp Sy (a)) BH3Ha4aBcA 3a hopmynoro (9.46):

2
AM =£7. (10.14)
2r T

Se(w) = % J <FO)F(t+r>e ™ dr =

BpaxoByroun, mo koedilli€eHTY TepTs y BiANOBiZac aKTHBHHMM
onmip R y HaitnpocrimoMy Komi, 300pakeHoMy Ha PHUCYHKY 9.3, a B
3aranbHOMy BHNAnKy min R cmin posymitn ReZ(iw), 3 (10.14)

d'xpuMyeMo ¢opmyny HaiiksicTa I €HEPreTHYHOTO  CHEKTpa
TernoBux ¢uykryaiii sumagkosnx EPC B enekTpuuHux Konax:

Sg(w) =£”]:-ReZ(ia)). (10.15)

Ilincrasaemm mio dopmyny B (10.13), OTPHMY€EMO

kT ReZ(iw)

) = Zea) P

(10.16)

Jns madinpocTimoro Kona, 306paxenoro Ha puc. 9.3, ui popmymnu
HabyBaloTH BUTAANTY: - :

S, Y (10.17 a)
-
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§ 10. Tennosi ayxkmyayii 6 pabioméxnitmux Konax

kT 1 '
S(w)=——-— 10.17
]( ) 7R 1+(02 2 ( 6)

Tyr 7y =L/R — crana wacy kona. Takum unom, cnektp Si (@)

' BUSBISIETHCA CTA/IMM Ha BCiX yacrotax (i, omke, E (t) € 0inuM mymMom),

a cn_éKTp (_bnylc'ryaui'l' crpymy S, (a)) 30CEpEmMKEHHH Y cmysi 4acToT

| |a)ls 1/7,. Ha puc. 10.1 cxematnuno 306paxennii cnextp S, (co) B

obnacti @ > 0. |
2 Si(@)

kT

) |
L >

0 R/L @

Puc. 10.1

BrjHO, M0 Ha BHCOKHX 9aCTOTax (a)ro >> 1) cnexcrp S, (a))
ROCTATHBO mBHAKO cniafae sk Sy (@) ~ w w2,
Bu3sauuMo Tenep AuCHIEpCio GAyKTyani# cTpyMy; o64MCIHBIHN
IUTOLY Mif CHEKTPAIBHOIO KPHEBOIO S, ((0) :
kT do kT
J’ S, (@)dw = —— (10.18)
7R Sl+o'ty L
Ileit pesynerart, sx i cnix 6yno cnogiBarucs, 36iraerscs 3 (10.1).
dopmyna (10.17 a) mna Sg (a)) NpH YBOXHOMY PO3IIIAI MOXKE
BUKJIMKATH 3[MBYBaHHS: 3 Hei BMILIMBAE, 1O NMPU R —> 00 cnexTpambHa
fycruda Sg ( w) TaKOX NPAMYE Y HECKIHYEHHICTH, TOOTO Y PO3IMKHYTOMY

31



$10. T ennoei @aykmyayii @ padiomexnivnux Konax

xomi (R — 00) MAIOTh BHHMKATH HECKIHUEHHO BexmKi duykryanii EPC.
Jing pos3e’s3Ky 1BOTO MapajoKca CHil ypaxysaTd, mo Oyme-simd onip R
Mac BNacHy imgyktusHiCTh L 1 BnacHy emHicts C, NpHIOMY BIacHa
€MHICTB IUYHTYe AKTUBHHIL ONip, K NOKA3aHo Ha puc. 10.2.

I

Puc. 10.2

IMnesanc TAaKoro Kojia pO3PaxOBYETsCH AK IOBHHH omip IpH
napaiebHOMY 3’ €/IHaHHI CTICMEHTIB: '

—1—=-1-+ian (10.19)
Z R
3BiACH OTPHMYEMO
Z{in)=——,
( ) 1+ioRC
R
ReZliw)=————. (10.20)
_ (i) 1+0’R*C?
Omé, Ui Kona, 300paxeHoro Ha puc. 10.2, maemo
kT R
Se(0) = Trore |
(10.2H
5, (@)=L
! 7R

Taxum umsom, npd R > Sg (co) iS (0)) TIEPETBOPIOIOTBCA Ha

HYIIb, SK 1€ i Ma€ OyTH JUIA PO3IMKHYTOrO KOJa.
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~ § 10. Tennosi gayxmyayii 6 padiomexniynux Konax

-10.2. CnexTpanbuuii anani3 nponecis 3i cranionapaum . -
OpPHPOIUEHHAM ..., :

CraTucTH4HI  XapakTepHCTHKM (nyKTyanid 3apsgy q-(t) , Mo
MEPEHOCUTLCS depe3 RL-kojI0, MOXKHA 3HAHTH, AKIMO BpaxyBaTH, IO
CTpyM 1 3apsax 0B’ 43aHi MiX cOGOI0 TAKMM CHIBBiIHONIEHHAM:

1(t) =d4{75t), q(t)= jl(z, )dt,. (10:22)

J1s mpoCTOTH NpHNYCTHMO, MIO0 B HMOYATKOBHIT MOMEHT (t = 0) 3apsn
q(t)=0. Mu Bxe nokasysanH, IIO B PEXHMi, SKMH BCTRHOBMBCH,
npouec /(f) MoxHa poarmmam K CTaLlIOHApHHUit 3 HYJILOBHM CEPEIHIM
3HAYEHHAM (< 1t)>= 0) . 'V nsoMy pasi 3apang 3 q(t) BH3HAYAETHCH
AK iHTErpaj; Bif CTaﬁiOHapHoro npouecy I(f); npu craTHCTHYHOMY

aHanisi q(t) MOXHa CKOPHCTATHCA Pe3yIbTaTaMH, OTPMMAHHMHM paHile

y §7. Tak, Hacammepea AOCMONMO MpoLEC q(t) mogo fioro

crauioHapHocti. Ycepenmowoun (10.22) 3a ancambneM peanisauiii,
orpumyeMo < g(f) >=0, 10610 mepma yMOBa CTaUiOHAPHOCTI
BHKOHY€ETbCA. JIA mepeBipku ApYroi yMOBH CKOPHCTaEMOCA OTPHMAHHUM
BHPA30M [l €HEPreTHYHOro cnekrpa ¢nykryauiii crpymy. Is (10.17 6)
BHIUIMBAE, 110 HA HYNBOBIH 4acToTI (co = 0) €HEPTETHYHUH CIEKTp Ma€

CKiHY€HE 3Ha4YEHHA, IKE HE NOPIBHIOE HYIO.

S$;(0) =%¢ 0. (10.23)

Ile o3Hagae, WO NMPOLEC HAKONMHYEHHS q(t) € HEeCTaliOHAapHUM i Horo

A¥COepcis MaTHME BHIIAA AHGY3HO 3pOCTaloqoro mpouecy (ams.
(7.42)):

2 Minakos, T. 2
oo 33



§ 10. Tennosi hnyxmyayii 6 padiomexniunux konax

o, 2(t) =278, (0): t—Z;T B 1&10.24)

I],a o6cTaBHHA He NOBHHHA HAC JMBYBaTH, OCKUIBKH aHATIOrOM q(t) B
3ajaui mpo GpPOYHIBCHKHI PyX € HECTAIIOHAPHHMIA MPONEC — 3MIlCHHA
x(f) , ACTIepCist AKOro TAKOXK 3POCTaE 3 yacoM Ak o ~ 2kTt/y .

IJo6 BHKOPHCTaTH PO3TIAAYBAaHHH B NONEPENHIX posil’inax
CHEKTpanbHUil aHAaMli3 CTOCOBHO - HECTALliOHApHOTO NPOLECY q(t) ,

CHOYATKY MOJaMO q(t) Ha JiesKoMy (iKCOBaHOMY JacOBOMY iRTepBami

(t,,t,) y Takomy BHTTA:

AM(t,)=q tl I I(t)dt = I i )( "‘"l—e"”’")da).‘ (10.25)

—0

O0uucIIMO Tenep CTPYKTYPHY QYHKIIIO NPUPOCTY

‘ 2
o0
Cl®) ;
D (tZ’tl <[Aq t2’t1 ] >=< J. liﬁ) )(elmtz la)fl)da) >=
| —0
© : o't o'ty _—io' ~iw"
’ ” ’ p € -¢ € —€
B j dedw <C ()€ (@")> o e

(02

=2I S () {l—cos[w(t2 -t ):,}da)=Dq (7). (10.26)
BusiBunocs, wo crpyxrypHa dyskuis D, (tz,tl) He 3aNeXHUTh Bil

4aciB f,,f, OKPEMO, a 3aEXHTh TLIbKH Bil 1XHBOI planmn T=t~1.

Ilpouecn 3 Takow 3aIEXKHICTIO, SK MH 3HaeMO 3 §5, Ha3MBalOTBCH
~ poNecaMHy 3i CTaliOHAPHUMH MPHPOILICHHAMH.
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$ 10. Tennosi. p{)ﬂyzcmyauiiié padiomexniynux Konax

BpaxoByloun mapricTh eﬂepremfmoro cnektpa S, (a))

no;xéuo‘m 1—cos w7 = 2sin® (a)r/ 2), nepennmeMo (10.26) y Burnsai

D;]'(r)=8J. sm{f’zi)&j’)dw; 02y

TakuM YMHOM, 33 33/|aHOI0 3ANEKHICTIO CHEPTETHIHOTO CIEKTpa
S (@) “sximworo” cramionaproro mpomecy I(t) Mm Moxemo
no6yayBaTH CTPYKTYpHY (YyHKIUI0 D, (r) ,,BHXIZHOTO” HecTa-

IIOHAPHOTrO MpOLECy q(t) .
-~ BcraHOBMMO TEmep 3BOPOTHMH 3B’SA30K - MK CTPYKTYPHOIO
bynkuicio D, (r) i eHepreTMuHuM CriekTpoM S, (co) st usoro

npomdepeHIIoeEMO niBy i mpaBy wactmHH Bupasy (10.26) za 7.

Orpumaemo
dD r:
5() =2 j 51(@) sinwrdw =
dr @

=]

o s :
lJ’ S](a)) m)f e"“”-)d@:%fﬁe‘mrdw (1028)
i 4 @ '

) .

(M BpaxyBanu mapHicTh dyskuii S, (m) 1 BHKOHAIM y ApYroMy
JIONAHKY 3aMiHY 3MIHHHX @ — —® ).

3acrocosytoun Tenep y (10.28) 3BoporHe oGepuenns ®yp’e,
OTPMMA€EMO NOAAHHS CHEPTETHYHOTO CIIeKTpa S, (a)) 4epes MOXiAHY Bif

dD,

cTpykTypHOi QyHKUiT —
o dr

2.
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§ 10. Tennosi pnyxmyayii ¢ padiomexniunux xonax

ESI (w) ‘ _1_ r qu (T) —ian'dr.
i o 2n J dr ‘

TBan(.')B)'}O‘IIfI.,. wo D, (1') € cbynxnia_napndﬁ, oTxe, ii noxiana

dD; (7) v . o
7——' — HENapHa, OTPMMAHHH BHMpa3. MOXHa AOBECTH JO TAKOrO
dr : :
BUIIIARY
o (dD .
S; (@ =—'—I——qsina)rdr. © (1029
I( ) 27 ! dr ¢ )
Sxuo Mu QOpMATLHO BBEAEMO 3a (OPMYNO {HTErPANTLHOTO
| y _S(o)
nepeTBopeHHs (7.44) €HEPreTHUHMH CHEKTp 3apsany Sq (co) =——,
, ‘ ()]
to ¢popmynu (10.27), (10.29) 6ynyTs Takumu:
T | OT
D, (7)= SJ. sin (—5-) S, (co)da),‘
" (10.30)
1 aD, .
S,(0)=7——| —Lsinwrdr.
2nw ' dr
Bussnserscs, mo BBEZIcHA ¢bopmansHO byHKLis

S, (co):S, (a))/ @’ Mae 1inKoM BH3HAueHHH (izHUHMIA 3Micr? BOHa
BH3HAYae EHEPreTMYHMI CHEeKTP MNpOLECY 3 INEpUIMM CTalliOHApHUM
TIPUPOIEHHAM q(t). IIpn mpomy dopmynu (10.30) BH3HauaKOTHL

v

'3’30K  MiXK CTPYKTYpHMMH GYHKLisMH #  eHepreTHYHMMH
CNeKTPaMH NMPONECiB 3 NepIIMMH CTANIOHAPHUMM PHPOLEHHAMH.

Komenmapi
OckinbKM CTalliOHapHi NpolecH — 1€ OKpeMHil BHUNAJOK
IIPOIIECIB 3 MEPIINM CTaLliOHAPHUM MPHUPOLIECHHAM (aJic HE HABIAKH), TO
Popmynn (10.30) nificHi i UM crauioHapHMX MpOuECiB. 3pyvHICTH
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KopHucTyBaHHs 3B 53Ky (10.30) Mix CTPYKTypHOIO dyHKuiero D, (z‘) i
BiNTOBiIHUM €HEPreTHYHHM CTIEKTPOM S P (a)) TOIrace B TOMY, IO

MOXKHa HE IepeHMaTHCA THM, 4YM € BHIAJKOBHH MpoLEC é(t)
CTaniOHapHnM abo mpoiiecoM i3 mepium cTauionépHnM' MPUPOLIEHHAM.
B o6ox Bunmankax QyHkuisz S, (a)) icHye i Mae TOH cammii (bianﬂm?i
3MICT CHEKTpPalbHOI TYCTHMHHM eHeprii. Jlnd cranioHapHHX mnpouecis
IHTErpanu npocTo 009HCMIOI0THCS, i 32 3HalAeHOIO 3anexHicTIo D, (z‘)

JIErKO BH3HA9A€THCA aBTOKOpenxuiﬁHa byHKLig B;f (T) (auB. (5.29)):

1
B,(r)= ‘Z‘[Da ()-D; (T)]
OcobmuBocTi X B €HEPreTHYHHX - CHEKTPAaX MPOLECIB i3 HepIIMMH
CTallioHapHMMH TNPHPOWICHHAMH, THIY S, (a))~ a)'z npy @ —0,
KOMITEHCYIOTBCS OGEpPHEHHAM Ha HyThb MHOXHHHHMKA Sin’ (a)r/ 2)_, i

po36ixHocTi B nepiuomy inrerpaini (10.30) Takox He BinOyBacThCs.

10.3. Anaji3 Ten10BHX QPayKkTyanii
Y KOJIMBRJILHOMY KOHTYpi

ITpoananizyemo 306paxkenuii Ha puc. 10.3 KoIHBaJIbHHI KOHTYD
3a BUKJIAJCHOI0 BHIE cxeMot0. CrnoyaTKy BU3HAYMMO iMOEJaHC Kola:

1
Zliw)=iwlL+——+R 10.31)
( ) iCw (
1 KBaJIpaT f10ro MOIyJIs
2
A 2 2 1
Z(iw)| =R +|oL——| . 10.32
20 = R+ o2 - 1032
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R

L I
c
[}
1

(t)) |

Puc. 10.3

Hincranmroqu mo ¢opmyny B (10.16) 1 BpaxosyiouM, INO
ReZ (ia)) =R, OTpHMYEMO ISl €HEPTETHMHOrO CHEKTpa (yKTyauii

CTpyMY B KOHTYPi HaCTYIHMIi BHpa3:

. 2 C
5, (w)=*L. R AT @ . (1033)
, = .
g (mL—%] R (o -ag) v
[0

Cxemarnunuii rpadik dynxmii S, (a)) 306paxeno Ha puc. 10.4. Buano,
HI0 MaKCHMyM TEIUIOBMX LIyMiB [pPHIIAAa€ Ha BIACHYy pPE3OHAHCHY
YacTOTy KOHTYpy @ = 1/ JLC, smauenns S [ (a)) B MaKCHMyMi
nopismioe kT/7R, a mmpnna kpueoi nobmmsy Makcumymy A =1/7,,
ne 7o = L/ R — crana gacy xoHTYypy.

S (@
kTAl()

R

Qv

Puc. 104.
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Takpum 49HHOM, CHEKTp BHAaCHMX TEIUIOBHX IIYMiB BHABIIETHCSA
30CEPEJDKEHHUM CaMe y Tii 0671aCTi YacTOT @ = @y, A€ Liei KOHTYp i Ma€

HPAIIOBAaTH, HaNpHKIAM, AK cMyrosuil ¢inerp. IHTerpyroun ¢popmyny
(10.33) 3a. BciMa 9YacTOTaMHM @, OTPHMAEMO AMCIEPCiO (IyKTyarii

0',2 =kT, / L . 3Bincu 3HaX0a1MO, L0 CEpEHA €HEPris MArHiTHOrO MO,
AKa 3aNaceHa y KOHTypi (TouHille — B iHAYKTHBHOCTI L), 1OpiBHIOE
L

- L 5, LT kT
W, ==<I*> == =——J.S dow=—. 10.34
L=<l 20'1 5 1 (0)dw > ( )

Ileit pe3synbTaT y3ro/mKyeThes 3 THM, L0 CEPeNHE 3HAYEHHS KiHETHYHOI
€HEPrii y CHCTEMI 3 OHHUM CTENEHEM BUIBHOCTI Y CTaHi TEPMOIMHAMIYHOI

piBHoBaru nopiBmoe kT/2. LllnaxoM amanoriyaMx OGYHCIEHbL MOXHA
TIEPEKOHATHCA B TOMY, L0 CEPEIHA EHEprii enekTpHyHoro nomt W, sxa
3anaceHa y emsocti C, Takox fopismioe KT/2 :
_<q’> kT

W_____._
¢ 2c 2

(10.35)

[Ipu npomy aucnepcis Gaykryamiii 3apany 0'5 =< q2 > Ha BIAMIHY Bix
PO3IIIAHYTOr0 NpUKIaLy LR-KONa BUABIAETLCS CKIHYEHHOIO 33 PAXYHOK

TOro, 0 Ha HHM3BKMX uwactotax S;(w ~a)2, Ta IHTErpan Bif
I

S, (a)) =S, (w)/ w* BXKE HE Ma€ PO3GKHOCTI:
o0
do :
2 _ e _
o, = I S, (w) e kTC. (10.36)
—00
@isuyHa mpuyMHA Ui€] BIAMIHHOCTI y NOPIBHAHHI 3 LR-KOJIOM TaKOX

WiIKOM OYEBHIHA: PO3XOMKEHHa interpana Bin S (w)=S,(w)/ a)2
p D q T

ns 3anexHocti Buy (10.17 6) 6yno nos’a3aHe 3 ocobaMBicTIO CreKTpa
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bmyxTyaniit S, (a)) ‘upn @ = 0, T06T0 3 NPOXOIUKESHHAM MOCTIHHOTO
cTpyMy, a B koHTypi (muB. puc. 10.3) 3a paxyHOK IOCHiZOBHOTO
BKJIOYEHHA B KoNo eMHOCTI C nocTiifHuil CTpyM B3aralli TEKTH HE MOXKE.
Tomy S, (@)~ w? =0 npu @ — 0.

Ockinbky pisHuIA noTeHnianis U Mixk o6kiankamMu KOHAEHCATOpa
JIOpIBHIOE q/ C, 1o mucmepcis 1 ¢ykTyali#t BU3HAYAETHCA NMPOCTOIO
¢popmynoro, mo suruusace 3 (10.36):

10.4. ExBiBajieHTHA IIyMOBA TeMNOeparypa
Orpumani ¢QOpMY.IH U CIIEKTPAa TEILUIOBHX (UIyKTyaliil aaroTsh
3MOry ONUCYBAaTH NOTYXHICTh Oyap-iKoro mxepenaa (He 06OB’A3KOBO
TEINIOBOTO) 32 JONOMOTOK  TOHATTA  EKBiBAlNCHTHOI  IIYMOBOI

TemrepaTypd. BeomuThcad BOHO Tak. Ilo3Haummo uepes Sp (a)) do

NOTYXKHICTb, WO BIJNAETBCS JDKEPENOM Yy CMy3i wacror do
HAaBaHTAXCHHIO 3 omopoM R (puc. 10.5 a). 3aminuMo Temep pkepeno
Y3roIKEHHM 3 HABAHTAXEHHAM onopoM R (puc. 10.5 6), mo nepebysac
npu Ttemneparypi 7, i BMMaratMMeMo, w00 NOTYXHICTh TEMIOBHX
bnyxTyamiii, Mo BiAIAETLCA MM ONOPOM Y HaBaHTAXKEHHA B cMy3i d@,

36iranaca 3 Sp ( a)) d® , 1060 (uB. popmyny (10.7)):
S, (@)= RS (o). O 1037)

(+) ' R
Tpu pospaxyHky S (co) 3a3HAYMMO HACTYNHE: OCKUIBKM JDKEPEIOM

ternosoi EPC y xom ClIy>kuTh TUIKM OfMH onip (B Ha puc. 10.5 6, Toi,
1O 3aMiHUB JDKEPENIO), TO eHEpreTHaHMiA ciektp mykryauiii EPC nopisxroe

Sg(w) = 7R . TloBHuii ‘e omip Konma Z nopipmioe 2R, Tak mo
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‘ ()¢
2] 4R* = 2zR
w,
w( ]
' “— 1y
Puc. 10.5
Migcrasnsoqau (10.38) y (10.37), orpumyemo
kT
Splw)=—. 10.39
(@) . (10.39)

Temneparypy 7T, npu sKkiii BUKOHYETBCA L€ CHiBBIIHOIICHHSA,
Ha3HBAalOTh eKBIBAJEHTHON WIYMOBOIO TeMIEPATYPOI0 JDKEpena Ha
YacToTi @ .

10.5. O6aacTsb 3acrocyBanns ¢popmynn Hajiksictra
Ilepepaxyemo Temep yci yMOBM Ta OOMEKEeHHA, npH skux Oynma
otpumana gopmyna Hariksicra (10.15):

1. EnexkTpuune Ko0JI0 BBaXKaJ0CHA KBalicranioHapHuM,
BUIIPOMiHIOBAaHHS €JIEKTPOMArHiTHUX XBHJIb 3 HBOTO HE BPaxOBYBAIOCH,
T0OTO ROBXMHa XBHI- A BHNPOMIHIOBaHHA Ha BCIX YacTOTax @, WO
PO3IIANAlOTECA, BBaKanacs 3Ha4HO OUIBINOIO 3a JHIMHI PO3MipH
cuctemu a (A >> a). Ilepexonsau 3a ¢popmynoro A =2zc/w sin A no
@, OTpEMYeMO OGMEXEHHS 3TrOpPH Ha YaCTOTH, NpH AKHX HafABHA

27c

KBa3iCTaliOHAPHICTh. @ << ——.
a
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2. Bunaaxosi EPC y koJi BBaXxanuca & -KopeJiboBaHHMH, K i
cHNM, 1O Ai0Th 3 60Ky MOJIEKY Ha MaKPOCKOI'II‘IHy YAacTHHKY y Teopii
O6pOyHIBCHKOTO PyXy.

3. Posrasaanumcs TiNbKH TepMoAMHAMiuHi piBHoBaxHi
¢ayxryauii, To6to nmpumyckanocs, W0 BCi HepexifHi npouecn B
CIEKTPHTHOMY KOJI BXKE 3aKIHYMIHCA.

"4. Tlpu 3naxomkeHHi cnexktpa duykryauifi Tennosoi EPC y xomi

MH [pHITYCKaJTH, 110 HA KOKEH NOCTYNANBHUIA CTENiHb BIILHOCT] Y CTaHi-

TepMOAMHAMIuHOI piBHOBarM mpunanae emepria k7/2 (mus. popmymy
©(9.25)), TOOGTO KOPHCTYBAJHCH Ppe3yJbLTATOM KIACHYHOI CTaTH-
cTuynoi ¢isnku, a He KBaHTOBOI. Lle npunycTuMe TUILKH Tozi, Konu
€Hepris KBaHTa /iy 3HAYHO MEHIIIA 32 TEIUIOBY EHEPTIIO:

ho <<kT . | (10.40)

5. Posraspanucs TiibkH KoJa i3 craaumu napamerpami R, C,
L npu BincyrHocti aucnepcii (To6To mpumyckanocs, mo Hi napamMeTpH
HE 3aJICKATh Bill YaCTOTH @ ).

6. He BpaxoBYBaJiacsi IMCKPETHICTh €JEKTPHYHOIO 3apsiay —15

Ha BiaMiHy Bix sMileHHs OpoyHIBCHKOI YacCTHMHKH X({ )}, €NCKTPHYHHHA
| pOyH ‘

3apsan q(t) He MOXe 3MIHIOBATHCS HETEPEpPBHO, a TiNIbKU NOPHLifAMH,
KpaTHHMH [0 3apAAy €NEKTPOHa.

Y3azanvneuns ompumanux pezynomamie

e CkacyBanHs ymoBHM mn. 4 i HepiBHocti (10.40) MoxHa ierxo
NMPOBECTH, SKIIO BPaxyBaTH, 10 HA KBAHTOBOMY pIiBHI Ha KOXCH
KONMBAJIBHHUMH CTENiHb BUIBHOCTI i3 BIACHOIO YaCTOTOI0 @) NPHIAIAE HE
eHepris kT , K y KJIacH4HiH Teopil, a CepeaHs eHepris OCLUAATOpA!

kT - hTw fte ke h—(‘; O (w,T). (1041)

Sxmo y ¢opmyni Hakixsicra (10.15) (i (10.16), wo summuBae 3 Hei,
Tome), M1 3pobumo 3aminy (10.41), To ii MoxHa 6y11e 3aCTOCOBYBaTH H
y KBaHTOBOMY BHUNaaky hw > kT .
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e YacroTHa aucnepcisa napamerpiB kona (yMOBa I. 5) TaKkoX: JIETKO
BpPaxoBYETHCA, AKILO Y ¢>opmyni HaiikBicta pBaxkatd R=R(w), L =L(a))
C=C(w). Ilpn UBOMy MH HE Ma€cMO BHXOIMTH 33 MeXi yMOBn
KBa3iCTaliOBapHOCTI (@ << 2zc/a).

e Hapemri, nuckpeTHicTh enempuqﬂoro 3apany npnanomm. 110
cnenudivHux GayKTyauiit CIpyMy, He I0B’S3aHHX i3 TEILIOBHM PYXOM.
e Tax 3Bamm apoGoBuii myM, itomy TMPHCBAYICHO HACTYIHHUH

maparpad.

10.6. ®nyxkryaniiino-aucunaniiina reopema (®T)

HacamkiHenp HeoOXiHO 3a3HaYMTH, WO dopMyna Haiiksicra, sk y
KnacHyHoMy Burisini (10.15), TaK i y KBaHTOBOMY (3 ypaxyBaHHSAM 3aMiHH
(10.41)), € OKpeMHM BHNAJKOM OMHI€i IOyXXe BaXJMBOI TEOpEMH i3
HaJ3BHYAHHO BHCOKHM CTENCHEM 3arajlbHOCTI — Tak 3BaHOI QUIyKTya-
uiiHo-mucHnauiiinoi Teopemu (I'.Kamnen, T.Benston, 1951p.). Is camoi
Ha3BH TeopeMH BOadaeMo, IO BOHA MOB’#3ye ¢uyKTyauiiHi sfBHMINA 3
RUCHIIATMBHMMH  BacTHBOCTAMH cucTeMu. ~ [lin amcunaniclo  cria

'PO3YMITH NIepeTBOpPEeHHs Oynb-iKMX HETCIUIOBHX BHJIB €HEprii i pyxy y

TernoBy. IIIBHAKICTE HBOTO EPETBOPCHHA BH3HAYAETHCA AUCHIIATHBHAMH

~ napamerpamu. Hanpuxnan, npu 6poyHIBCEKOMY pycCl .y poll Takoro
TIapaMeTpa BHCTYNae KoedilieHT TepTs ¥ 1 Gpopmyna (10.14) scranoBmoe

3B’A30K MDK EHCPIEeTHYHHM CIEKTpoM Sp (a)) dnyxTyaniit BUIagKoBoi
cuwty F, 100 BHKIMKAE BHIIANKOBI 3MiHM 3MIiIllEHHS x(t) i IIBHIOKOCTI
14 (t) OpOyHIBCHKOI YaCTHHKH, 3 JMCHIIATUBHUM 11apaMETPOM ) :

Sy (a))=—”—y. ‘ (10.42)

Axanoriunmit Burnsan mae i ¢opmyna Haiiksicra (10.15), sxa onmucye
IIepETBOPEHHS - €IIEKTPUYHOI eHepril y TemnoBy. [Iponec aucumanii y

LBOMY BHIAJKy BH3HAYA€THCA AKTHBHHM OTOPOM KOJa 'ReZ(ia)), a
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POJIE CHII, IO BUKINKAIOTH, HANIPHKIaZ, GrykTyawii CTpyMy, BiIirpaoTs
sumamkopi EPC - E(t). TaxuM 49uHOM, 33 CBOEK (isHIHOIO, CYTTIO
Temiosi QuykTyanii i B MexaHiuHifi cucremi (OpoyHiBchKHii pYX) i B
€NIEKTPUYHMX KOJaX BHSBIIOTECA HACTUIBKM  OIIM3BKHMH, INO
OIACYIOTHCA, TIO CYTI, : OMHAKOBHMM (bopmynamn 3posymino, mo LA
obcraBiHa He MoXe 6yTn BHNIAJKOBMM 30iroM, a Ma€ BHIUIMBATH 3
AKOTOCH CINBHOTO (hisHuHOro 3aKoHy. Came Mpo el CHUTbHHI 3aKOH,
IO ,,kepye” QuykTyauismy, i ine MoBa y QIyKTyauiiiHO-AHCHNALIHHIH
teopemi (OJT), cyTh AKOI 3BOOUTHCA HO HACTYIIHOTO.

Po3srissHeMO OBiNBbHY di3uuHy cuHCTeMy, 1O nepeGyBa€ y cTaHi
TepMoauHaMiuHol piBHoBaru. Hexai x(t) — AKHICH MaKpOCKOMIYHHI

¢bi3nmunnit apaMerp, WO OMHCYE CTaH CHCTEMH 1 Bifirpa€ poib
y3arajibHeHOi KOOPAMHATH. Y BuManky OpOYHIBCBKOI YaCTHHKH AK

x(t) MOJKHa Bn6pam KOOpAMHATY ii 3MIIICHHSA x(t) abo Oymp-akui
iHImmif napame’rp, HAmNpHKIal, WBUAKICTE V (t) npﬂcrcopemm a(t)
Tomo. Tak caMo 1 Ul €IEKTPUYHOrO Kojaa fK x(t) MOXHa o0paTtH i
nepeHeceHni Jepe3 KoJo 3apan q(t) , 1 cuny ctpymy y xoni [/ (t) 1,
HaIpUKJIaz, pismmro norennianie U (t) Ha oOKnankax KOHAEHcaTopa

- (amB. puc. 10.3) Towo.
TeopeMa, SIKy MH posrmmaemo Ja€ 3MOry IOB’A3aTH eHepre-
THYHHHA CIIEKTP Sx( ) ¢bayxryauiit yzaraisHeHO1 KOOpIHHATH x(t)
17 |
S, (@0)=— I <x(t)-x(t+7)> e @dr
2z
o0
31 WBMAKICTIO Aucumauii eHeprii y cucreMi (B MexaHiyHi# cucremi — 3
koediLieHTOM TepTH, B ENEKTPUYHIN — 3 TIOTYXKHICTIO [DKOYIIEBHX BTpaT
tomo). Tyr Mu He OyaeMo cTporo ZOBOLMTH IO TEOpEMY, a HaBEJEMO
TinbKM Xix Aymok i ocTarouny (opmyny Kamrena—Benstoma wis
S, (a)) » SKy MOXXHa pO3ITIAAaTH K (GOpMYITIOBaHHA (DI[T.
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OxpiM y3aranbHeHO! xoopmmam x(t) BBEJEMO cnpmery 3 HEIO
y3arajbHeHy cuiy:

F({t)y=——, - 10.43
r)=-2, ~ dosy
ae U — eneprin cncremu. Sxmo x(t) — nificHa KOOpIHMHATa, TO
F(t) — .cim_a y 3BHMAiHOMY 3HAYEHHI LIEOTO CIIOBA. ®opMansHO

po3rnagaTHMEMO  (IyKTyamii x(t) AK pe3ynbTaT Aii Ha CHCTEMY

30BHIMAIX cun F (t) Biaryk cucremun x(t) noB’s3anuii i3 F (t) y

3araJlbHOMY BHIIQJIKY HENMIHIHHMMH PIBHAHHAMH THITY

x(t)=@{F()}, (10.44)

ajle MpH AOCTaTHBO ManuX F wLel 3B’A30K MOXHA BBAXKATH JIIHIHHHM,
npryoMy, He 0OMexyloum 3aranbHocTi, moknactd x =0, skmwo F =0.
3aransHa ¢opma miHIMHOTO 3B’A3Ky 3 YypaxXyBaHHAMH MPHHIUITY
NPUYHHHOCTI # Y NPUOYINEHHI PO CTAlliOHApHICTh CHCTEMH (CHCTEMA
nepebyBac y TenioBiii piBHOBa3i, # yci MOMeHTH 4Yacy € (izuyHO
€KBIBAJICHTHHMH i caM¢ y UBOMY 3HAYEHHI TYT BXHBA€TLCH TEPMIH
,»CTaliOHapHICTh”) ommcyerbes ¢opmynoro (7.7). Lle mpusBoautes A0
toro, wo ®yp’e-xomnonentn C, (a)) i Cp (a)) BHABIAIOTHCS
NpONOPLiHHIMH:

C,(w)=a(w)Cr(w). (10.45)

TopiBusiBm (10.45) 3 (7.22), 6aunmo, wo a(a)) ~ He IO IHIE, AK

nepenasainsia QyHkuis cucremun K (ia)) y pamioTexsini, a y ¢izumi ii

Ha3HBAIOTH Y3araJIbHEHOI0 CIPHHAHATINBICTIO.
3 ypaxyBaHHsM cTauioHapHocTi npouecy 3 (10.45) BumiauBae
3B’A30K MK €HEPreTHYHHMH CTICKTpaMH:
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S8, (co |a (@) S (@). . (1046)
e CxopucraemMocs THM, IO MM BKE BHBEIM tdopmyny Hanxmc:'ra 1
* posrmamemo  3apsn g(f), awit IepeHOCHTBCS, 5K ysaranmeﬂy
‘kooprmary x(¢ ) Toni ysaransreHoto cunowo F (t) 6y1xe ﬁnc*rynam

EPC E (t) eﬂeprmqnnn CIIEKTp (pnyxryaml‘fl AKOi Bmommd
. . T . ' B ' ‘
SE (a))= —Re Z(m)‘). ‘_ (10.47)
/4

3’acyeMo. Tenep, - O Bimirpac ponb y3araJbHEHOI CNPHHHATINBOCTI
a(a)) Y HbOMY KOHKPETHOMY . BHIIAIKY. Ockimbku - [ (t) ,=dq/a't , TO

C,(w)=Cj(w)/iw. 3 inmoro Goky, 3rinHo 3 3axoHoM Kipxroda

maemo C; (a)) Cg (a))/Z(za)) Ome,

. C = : 10.48
TopisHiotoun nek 3B’530K i3 (10.45), BH3HAYAEMO a(w) :
1
a) I ev—————— . B 10-49
(@)= =G> (1049)

Tlepeitnemo Tenep y ¢popmyni Haiixsicra (10.47) Bin Z (ia)) 1o a(d)) ,
BBiBIIM MOMEPENHEO MO3HaYeHHa @' 1 @ 1A NiCHOI i yABHOI 9acTHH
a BimnosinHo: a =a'+ic”. Toni

kT . 1 kT a"(w)

Spg (o ————-R , . (10.50)
(@)= N @) e le@)f
IMiactaBnsroun (10.50) y npany gactuny (10.46), orpuMyemo
S, (@)=- M _(10.51)
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”

Cnig 3assauuts, wo 3Hak ,~" y (10.51) mos’sasammii 3 TM, WO

' 3aITeXKHICTh BllI qacy y ,,IpaMomy”’ nepeTBopeHm ®yp’e Mu posraiaiy

y BHl"Jmlll e " . SIk6u Mu Bnﬁpann e 10y (10.51) 6yno 6 HeobXixHO

IHMCATH 3HAK ,,+”.

®opmyna (10.51) i €, mo cyri, dopmynroBanHsAM ¢ulyKTyauiiHoO-
JNMCHNALIHHOI TEOPEMH, IO CTBEPIUKYE, WO . CMEKTP (ayKTyanuii
S, (w) [OBLILHOI y3araabLHeHol KOOpHHATH x(t) (a He TIIBKH

3apsay q(t) B €JIEKTPHYHOMY KOJIi) MOB’AA3aHMu}i 3 YHBHOI0 YaCTHHOK

a” ysaranbHeHoi CHpUiiHATAHBOCTI i Temmeparypolo cucremn T.
I3 (10.45) BuaHO, O HAABHICTE y & YSBHOI YaCTMHM — " sKpa3 i

‘O03Ha4ya€ NPHUCYTHICTH AUCHNaUii B cCHUCTeMi. Y BHOAAKY KBaHTOBHX
-payKTyali, K 3a3Havanocs, HOCTATHLO 3aminutH kT — @(w,T ) 3a

¢dopmynoro (10.41).
[Iponemonctpyemo  3acrocyBamns ¢opmynu  (10.51) no
¢bnykTyaliii KOOpAMHATH x(t) 3MilIeHHS OpOYHIBCHKOI 9JaCTHHKH.

Pons piBaanus (10.44) y 1boMy BHNAJAKY BiNirpae piBHAHHA pyXy

d’x  dx :
—+y—=F(). 10.52
eI il ) (10.52)
Ilepeiiwopn 10 ®yp’€-KOMIOHEHT, MaEMO:
(-Ma)2 +iw 7)Cx(w) = Cp(). (1053)
3BiacH 3HAXOAMMO y3aralbHEHY CIIPHIAHATIMBICTE:
' 1
aw)=—————+ (10.54)
iy —M w*
i1l yaBHy (BiANOBiANEHY 32 JUCHNALIIO) YACTHHY:
| 1 M
A= —— 1, =—. (10.55)

=
wy (l + a)zrf, ) /4
Kopucryroancs (10.51), orpumyemo
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§10. Tennoei ¢payxmyayii ¢ padiomexniunux xonax

kT 1
myet 1+a)2

S (w) = 5
| CneKTp qmylc’ryauud meuaKocTi ¥ (t) MOXHA BH3HAYHTH 3a
nouomoroto (10.56), sikuro Bpaxysaru, mo Cj (a)) =jwC, (a)) i, oTXe,
kT 1
Sy () = S, (0) = — —————2-. (10.57)
ny l+o°t :

Lleit pesynbTat 36ira€Thes 3 OTPUMAHOK paHile (bopmynoxo (947).

Yaaraasnennss ¢opmyn Kanrena—BeabTona A1 BHIAIKY

KITbKOX  (QUIYKTYIOIOUMX BENIHYHH X, (t) (m=12..) nomxrae y

BCTaHOBIIeHHl 3B 5[3Ky B3a€MHOTI'0 CTrI€KTpa (bnyKTyaum

Sy mk(w)=2_];z_' I <xm(t)-xk(t+z')>e""" Tdr _ (10.58)

3 aHTHEPMITOBOI0 YAaCTHHOKIO MATpHIll y3arajJbHEHO! COPHHHATIHBOCTI
Ot » KA BBOAMTELCS HACTYTIHMM YHHOM.

CriodaTKy BH3HA4Ya10Th y3arajlbHEHi CUIH

F,(t)=- gf , (10.59)

a mcng nporo y JimgiiiHOMy HabGnwkeHHi nOB’s3y10Th | @yp’e-
komnosentn C,, (@) i Cry(@):

Com(@ = np(@)Cr(@). (10.60)
- ‘ ‘ ‘
B pesynrrati BUABISETHCS, IO MA€ Miclie HACTYIHA 3aranbHa hopMyna:
‘ ) lkT ) * ‘
Sy mi (@) —E;C-o-[amk(w)—akm(w)], | (10.61)

iKa, K JIETKO [EPEKOHATHCA, B OXHOBHMIDHOMY  BHIIAAKY
(m=k=1, a,; =ad,,;)nepexonuts B (10.51).
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§-10.-Tennosi hnyxmyayii 6 padiomexniynux xonax

- (1056)

3AJIAYUI

1 Buszavyutu cnem'panam TYCTHHH EPC i cmylvxy Ju1s KoJ1a, 1o
CKIANaEThCA 3 ONOpy R 3 He3aMKHYTHMH BuBeeHHAMH (prc. 10.6).

R

T

Prc.10.6

Po38°a30K. Kopscryrouucs (bopmynamn Haiixsicra (10.15) i
(10.16), orpumyemo

S (co)——TReZ( =L g

KT ReZ(w) kT R

( )=
! | Z(“’)I /4 (R+oo)
Sglo) i - .
Tpn obumcnenni S;(w) = 3a Z(w) cnin Gparn nosnmii
|Z(@)° -

KOMIUIEKCHHI omip Ko/la, B AKOMY Teye iyMOBHA CTPyM. Y nnomy
BHIIAAKY |Z(a))| = R+ oo. ®izmuna pisnicts S, (w) =0 BusHauaerses

BICYTHICTIO Y KOJIi CTPYMY, OCKINTKH KOJIO PO3IMKHYTE.

2. Bumshauutu cnextpansHi rycruem EPC 1 crpymy mm

KOpOTKO3aMKHyTOro onopy R (puc. 10.7).

R
E] ] !
Puc. 10.7
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§ 10. Tennosi ¢prykmyayii 6 padiomexniunux konax

Po3é’a3ox. Kopucryrouncs (10.1.5) i (10.16), sHaxomuMO
kT o, . kT R kT 1
S(a))————R S,(co)=7——2-=—f-~.

3. Bussaunty criekTpastbHi rycrunu EPC i CTpyMy JU1s KOHTYPY, L0
CKJIa/a€ThCA 13 IapanensHo noeHanux onopy R i emuocti C (pc. 10.8).

Puc. 10.8

Pos3s’a3zox. Hocnmonmcrs PO3B’A3Ky Wi€] 3a1a4i Taka caMma, K i B
NIONEPEHBO].

Z=R+-—1-—~ ;
ioC

Re Z(w)=R;

, 1 ,1+(a)CR)2 )
|Z(w)|= R+ a)C2= a)ZCI. ’

1+ (w CR)®

@’C*.
Tenep 3rigso 3 Gopmynamu Haiixsicra Maemo
| L2

| 2@)]" =

S, (@)=

kT Ro:C?
S, (@) =" 2
x l+(coCR)
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§11. fpovosui s 7

§11. ipoGoBuii mrym

Onni€lo 3 HAMBAXIMBIMX NPUYHH QIYKTyallil B eIEKTPHYHHX
Konax € apobopuit nrym — dmymyaui'i CIpYMY Y KO, IO BHIJTHKIOTECSA
AUCKPETHICTIO. 3apAAY, AKWA MEPEHOCHTHCA. Y 3BHYANHHMX €NeKTpo-
naxyymmx NpAIAZaX 4ac HPOJLOTY ONHOTO ENEKTPOHA Ma€ TOpPANOK

Top = 10%¢c. e e TPHBAJIICTh €EMEHTAPHOTO IMITYNIECY CTpyMY, IO
NEPEHOCHTE 3apsf, AKHI NOPIBHIOE 3apady e ONHOro enexrpona. Ilpu
cepenHboMy ctpymi 1 ~5mA 3a omHy ceKyHIy MpONiTac BenH4esHa
KUIBKICTB enekTponiB N = 3.10'%, a 3a wac Tpusamocti ommoro
iMnynsey 7,, — N7, = 3.10’ ‘eneKTpoHiB. TakuM YHHOM, iMIyIIECH

CTpyMy, BHKJIMKaHi IPOJIOTOM KOXHOrO €neKTpOHa, TyCTO
nepexpubaiotecs. Ha puc. 11.1 ToBcTOIO siHi€I0 300paxceHO. IMITYNIBC

cTpyMy i, (¢) 3a PaxXyHOK HPONLOTY OJHOrO €NEKTPOHA, IO BHJIETIB 3
xaroaa (Axmo MoBa Hue Hpo | ENEKTPOHHY JamIty) y MOMEHT [,.

IMNynBCH CTPyMY 33 PaxyHOK €NEKTPOHiB, MO BHIITAIOTh Y HACTYTHi
MOMEHTH Bill ¢, 10 ¢, + T,, , 300pakeH] TOHKHMH JIHIAMH.

i(?)

4 F¢-1) Nz, =10

np?

Puc. 11.1

Yepes Te, WO IMIYABCH CTPYMY Iye CHIBHO NEPEKPHBAIOTHCH,
cyMmapuuii ctpyM Oyae cnabko QIIYKTyIOBaTH HaBKOJIO CEpEIHBOrO
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$:11. Ilpobosutl wiym:

snavenns T (pnc’. 11.2): 11 dnyxryauii CTPYMy Ha3HMBAIOTH APOGOBHM
wymoMm 260 Ipo6oBHM CTPYMOM.

AL |

. to-l
<I> lxrx=7—

0 T !

Puc. 11.2

IMosnaguMo, K i B § 3, yepe3 n YUCNO €NEKTPOHIB, 10 BUIITAIOTH
3 Kkarozia 3a 49ac 7. Ilepenecennit numu 3apan € ¢, = ne, a 3HAYCHHA
CTpYyMy 3a 1ieii 4ac JOPiBHIOE

r _re . (11.1)
r. T

Sk My 3’scyBa/M y § 3, BUNIaKOBa BENMUYHHA 1 PO3NOALICHA 33 3aKOHOM

ITyaccona:

I, =

n" ' L
Pn)y=—¢e™, . (11.2)
n!
ne n=nT,a n, —cepeaHe YUCIO ENEKTPOHIB, IO BUIITAIOTH 3 KaTOAA
3a OIMHHULIIO Yacy — BEJIMYHHA, W0 BU3HAYAE CEpeiHiH CTpYM y KoJi:

e_
<],>=}—n=n,e. _ (11.3)

" Ina  obumcnenna aucnepcii  daykryauidi  mpo6osoro - cTpymy
I QD = I T < I T > - ‘

2
ol =<(Ip-<Ip>) > = <1} > =;—2<(n—ﬁ)2 >, (11.4)
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$ 11. [Jpobosuii wym.

CKOPHCT2€MOCH dopmymnoro (3.28), 10 BH3HAYAE aucnepciro ¢uykryanii
BHIIAAKOBOI = BENMYHHH n: O, 2= <(n—‘n) >=n. "B peésynsTaii

OTPHUMYEMO
_ e '
o = A=o<I > (11.5)

Takum umHOM, AMcmepcis duykryaniit gpoGosoro cTpymy
BHABJSAECThCA NPONOPUiliHOIO 1o cepeaHboi cniau cTpymy <Ip > i
obGepHeHo nponopuiiiHoe 1o uacy ycepeanenns 7. Jlani innexc T mia
BEJINYMHM CTPpyMY [ onycxammemo(] =1 T) .

3BepHEMOCS Tenep 10 OOuMCIIeHHs aBTOKOpexAmiiHOol GyHKuil i
cnekrpa (Quykryauiii apo6osoro myMmy. MurreBe 3Ha4eHHA MOBHOTO
cTpyMmy I y MOMEHT Hacy !, IO CTBODIOETBCS BCiMa €JIEKTPOHAMH, AKi

BHAETIM 3a 9ac 7T y MOMECHTH t,t5,...t, , OYEBHOHO, € CYMOIO BCiX
€IEMEHTapHHX CTPYMiB: -

1) = Z i, (1) = ez F(t-1,). (11.6)
v=l v=I

Tyr e — 3apaa enexIpona, a F(t-tv)=iv (t)/e —  ¢opma
€/IEMEHTApHOTO iMNyNbCYy CTpyMy i,(f), fAka ONHCYEThCA HeTepMi-
HOBaHOIO (HeBHNankoBow) (ynkuielo. Bpaxosyloun, mo 3a Bech uac
TIPOXOJDKEHHA iMNynsCy i, () NepeHOCHTBCS eNeMEHTapHHii 3apan e,

OTpHMAEMO
0

I i,(t)dt=e, )

-0

3BiOKu BUDuMBae, wo F(f —¢,) HopMoBaHa yMOBOIO:

IF(t—tv)dt=1. | (11.8)

53



7 § 11 ﬂpo6o’M wym

®opmynoro (11.6) Bu3HavaeThCA Neska BUNaaKkosa dynkuis [ (t) .
BUNaqKOBMMH BENMYMHAMH € $K' MOMEHTH BWILOTY [, KOXHOTO
€IEKTPOHA, TAK 1 OBHA KiNBKICTh n €NEKTPOHIB, IO BIIETiMH 3a gac T.
Ockinbku © BCi : ‘MOMEHTH qacy B iureppani  0<t<T Pisuuno

eKBlBaJ'IeHTHI KOXXHa 3 BPIIIa,[IKOBI/IX BCIHYHUH t p03r10mnena plBHO— :

MipHO '3 TYCTHHOK HMOBIpHOCTEIH: ‘
W (t,)==, 0<t,<T. (11.9)
I3 He3aNMeXHOCTI aKTiB BUIITaHHSA OKPEMHX ENIEKTPOHIB BUILIHMBAE,

w10 i BUTAZAKOBi BENMYMHH f, HesanexHi, To0TO iX CHifmbHa rycruna

posnoniay nmompnocren posna,uamcx Ha 100yTOK

,W,,(tl,tz,... ty)= HW‘ . (11.10)

N

chmmm BHIIa/IKOBA Bemxtmﬂa n posriofliZieHa 3a 3aKOHOM
Iyaccona, ¢yuxuito /(¢ ( ) HA3WBAKOTh NMYACCOHIBCHKHM BMMA/IKOBHM
NpouecoM, a CYKYHOHICTh HE3QIEKHHX BHIAJKOBMX TNOAiH, 1o
IOJIATAIOT ¥ BWIBOTI OKPEMHX CNEKTPOHIB y MOMEHTH dacyl,,

nycaccomncbxnm MOTOKOM IIOaii.

11.1. BU3HAYEHHN CTATHCTHYHHX XaPAKTEPUCTHK
CHIH CTPYMY
IIpy BH3HAYEHHI CTAaTMCTHYHHMX XapaKTEPUCTHK BHIAJKOBOIO
npouecy (11.6) ycepenHeHHs 3py4HO TpPOBOJAMTH [BOMAa €TaNaMH:
CIIOYATKY TPOBECTH ycepellHCHHS 3a BciMa f, (TO3Ha4MMO HOro

<..>,) a micid usoro — 3a BUNAAKOBHM NIapaMETPOM n. Talch

YHHOM, HANPHKIAL, oﬁqncnemm nepuioro MOMCHTy <I (t) >,

3BOJIH’I?BCSI 10 obunCnenHs: CCpEAHBOIO Bl CYMH:
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§ 11. Jlpo6osuti wym

<I(t)>, = <eZF(t t )>,

v-—]

-eZ<F(t t)> =e .[dtVWl )F(t. t)

v=]. v=l ¢
N

Slxmo 4ac cmocrepexeHHs T 3HAYHO TEPEBMIIYE TPHBANICTH
€/IEMEHTAPHOTO mmynbcy crpymy TO inTerpan 3a dt, B (11.11)

(11._1'_1)» |

np ’
MOXHa 3aMiHHTH HA iHTerpan y HECKIHMCHHAX MeKax. BpaxoByroun

- naii popmyny (11 8), o*xplmaemo

<I(t)> _[F(z t ) dt— : (11.12)

v—l -0

TakuM 49MHOM, MM [OpHXOAMMO [0 (bopmynn (11.1), ocratoune
ycepeaHeHHs sKoi 32 1 i3 posnoninom Buxy (11.2), nae Bupas (11. 3)
Jns Bu3HAaYCHHA aa'roxopenaumnox byHKuii

B (t,f)= <I(0)I(t')>=-<I(t)>*  (1113)

HeoOXiiHO 00YHCIHTH ApPYTHii ABOTOYKOBHMHi MOMeHT </ (t)I (t')>.

1A 1BOrO NMPOBENEMO CHOYATKY YCEPEAHEHHS 32 MOMEHTAMH BHJIBOTY
eJIEKTPOHIB tv npH X cramiij 3aram>niﬁ KilbKOCTI 71 :

<I(t)1(t)>, =e <ZF(t t)ZF(t —t )

u=l

=e ZZ<F(t b)F (¢ =t,)>,

v,u=l

(11.14)

Buginamo B (11.14) nomanku 3 v = 4 i BpaxyeMo He3anexsicts I, i t,,
npH V# U:
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§ 11. [Ipobosuii wiym

h
<I(N)I(1)>, =Y <F(t=1,)F(¢'~t,)>, +

v=l

n
+ ezzz <F(t-t,)> <F(t'-1,)> =
vEp

n T
o | )
=e Ft ~t, I' t—t dt +
. sz VF(£'~t,)d
1.15
re Z}: J‘dt Ft- t)jdtﬂF(t' ). (113)
vEu

BBaxarouw, sK i paniwe, wo 7 >> Typ » TPAHHLI inrerpyBanns B (11.15)
MOJXHA PO3TATHYTH 0 HecKiHueHHocTi. BpaxoByloun manmi, o noaginHa
cyma B (11.15) cwiamaersca 3 n (n - 1) OJHAKOBHX [IOARHKIB, i

NpOBOAAYH OCTATOYHE ycepenuenﬂn 3a n, OTPHUMYEMO:

2— % , 2
<I(D)I()> =%’ijF(t—tl)F(t'—tl)dtl+%(n2—ﬁ). (11.16)

IIpOTe‘ 3 (3.28) sumimBae, WO n? -2 =7, 1obTO ,upyrm”l
nonanok (11.16) meperBoproeThCs JO BUITALY € 252 / T? = <[ >?
[Migcrasmsatoun (11.16) y (11.13), micna 3amiHM 3MiHHOI IHTErpyBaHHA
t—t, =6 npuxomuMmo a0 GopMynu:

B, (t,t)=e<I> I FOF(t'-t+6)do. (11.17)
3BigcH Bnimo, mo B, 3anexuThb TUIBKK Bill pi3HULI f - t', Tobro npouéc
1 (t) € CTALIOHAPHHM Y LIMPOKOMY po3yMiHHi. 30KpeMa, AKINO BBAXATH

TPHMBANICTh T,

np CNEMEHTAPHMX IMIYJIBCIB HEXTOBHO MANOI0, TOOTO

56

§ 11. Jpobosuii myzh

noknacte  F(t)=6(f), 1o imrerpan (11.17) obumcmoerscss i

npouec / (t) BHSBIIETHCH J-KOPENbOBaHUM, TOOTO GIlIHM 1IyMOM:

B (t,f')=e<I>5(t-1). - (1118)

11.2. Enepreruunuii cnekrp ApoGoBoro mymy
Iepersopenns ®yp’e Bin ¢opmymn (11.17) 3a pisHHUEBOIO
3MiHHOI0 7 =¢'—{ ©[pUBOAWTE [0 HACTYNHOTO BHpa3sy JUIA
€HEPreTUYHOro CIEKTpa ApoOOBOTo LIyMy: :

S,(w)=e<1 - j dre ™ I F(O)F(z+0)d0. (11.19)

3mimnMo B (11.19) mopsamok iHTerpyBaHHs i BBEAEMO ammirymmii
cextp Cr (a)) iMnynscy crpymy F (t):

CF((0)=51; I F@t)e™'dt . (11.20)

Toni S, (a)) IIEPETROPIOETLCS TAK:

8, ()= e<1 > j F(0)do J' F(e+0)c ™ dr =
(11.21)
_e<I>

J F(e)e"""da I F(0)e ™ d¢ = 2ze <1 5| Co(@) [}

o0

[Ipn oGuncnenH] BHYTpIlIHLOTO IHTErpajia MH CKOPHCTaJIMCA 3aMiHOKO
3aMminnOl ' =7+6.
s rpaHUYHO HU3BKHX YacTOT, KOJIH oT,, << 1, muoxaMK

B (11.20) MoxHa 3aMiHMTH Ha oamuHwio. B pesynbrati OTpHMyEMO
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§ 11. lpobosuii wym

(11.22)

: 1
Crlow)=—,
Cr(@)=5- | |
IlincraBnsiouy mo OLiHKY B (1 1.21), TPHXOJHMO 10 dopmyau ll_lo_x"r_lcn

RAC, )—e<1>.' | | (11.23)_

‘TakuM 49MHOM, CHEKTP HH3LKOYACTOTHHX  Quykryauil
(o1, <<1) ApoGoBoro IYMy BH3HAYAETHCH TIILKH BEIHIHHOIO

cepennboro cTpymy < > i He 3aeKnTH Bill YACTOTH.

Hpuxnaad
[loBeninka criektpa S, (aJ) Ha GBI BHCOKHMX 4aCTOTaX 3TiHO 3
. (11.21) NOBHICTIO BHM3HAYa€ThCA (OPMOIO €IEMEHTAPHOTO IMIYNECY
crpymy F (t), XapaKTePHOTO 1A €IeKTPOBAKYYMHOTO NpHIAKy, IO
posrnanaeThes. Sk HadnpocTimmii npukian Bu3HaumMo BHraan F (t)
Nin 4Yac pyXy eNeKTpoHa Bifi KaToja JI0 aHOJa B IUIOCKOMY JioAi
(puc.11.3).

AZ  anoo
polfldpssisil g =U

‘| 1,

@//// 777777 (0 0
0 Kamoo

Puc. 11.3

Iosnauumo yepe3 d BincTaHs, a uepe3 U — Pi3HHMINO IIOTEHUiaNiB MiX
KaTonoM i aHonoM. JInA BH3HAYEHHS CHAM, WO M€ HA ENEKTPOH Y
npocTopi MiX KarogoM i aHONOM HeoOXimHO chowaTky o6uMCIMTH
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§ 11. lpobosuti wym . -

HanpyxkeHicTs e.nek'rpoc'ramqnoro nos E ——V(a, i @ -
eJIEKTPOCTATHYNMIL IIOTeHRiaN ycepemani konnencatopa. Posnonin ¢

3HAXOIMTECA 13 PO3B’ 53Ky piBHAHHA [TyaccoHa i3 3a7IaHAMH YMOBAMH Ha
rpanuuix (06KIamKaX KOHACHCATOpa):

Ap=0, ..
$0=0, .~ (11.24)
¢z—d =U." o .

3a yMOBn mo nimifmi pozmpn "L ‘mnockoro’ Komleucaropa Habararo

NEPeBULIYIOTH ~“BiICTaHb Mixk ~Horo obxmamkamu  (L.>>d’),- Moxta

BBAXATH, IO NOTEHIIAN @ 3aJEXHTh TUIBKH BiX z-1 koopaunatu. [Ipu
) .

dz*

1BOMY A_¢= i poss’ﬂaék bim&xmm [Iyaccona (11.24) wmae

NPOCTHH  BUITAN (o(z) =7d—-z. Y pesynsTaTi V1A HanpyXeHoCTi

€NeKTPOCTATHYHOTO NONsA i CHM, WO Aaic Ha enektpon (F.=-eF),
OTPHMYEMO HACTYTIHI BUpa3u:

E=-Fe,, E=—; F=F¢,, F=eE=e—. (11.25)
d d
3 (11.25) BuaHo, mo cwia, sAKa [i€ HAa. €JIEKTPOH, BCIOMM
CNIPSIMOBAHA B3IOBX JOAATHOTO HanpAMKY OCi:z, cTana i gopisHioe ek .
EnextpoH, nepecyBaiouuck y3noBx oci z, Ha iHTepBani muaxy dz
orpumye eHeprilo dW = Fdz = eFEdz i notyxHicts

P(Q:%K_ E(Zj)—eEV(i), (_11.26)

d .
ne V (t) = ;zt_ — HIBHAKICTBb PYXY €JIEKTPOHA.

3 iHmoro 60Ky, mix yac pyxy ENeKTPOH HABOIWTH ‘Ha OOKNaiKax
KOHAEHcaTopa (miona) iHAYKOBaHMA 3apany ¢ ; 3MIHHM AKOrO- Y 4aci

TIPU3BOIATE IO TIOABU B ENEKTPHYHOMY KO IMIy/IBCY CTpyMy i (1).
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§ 11. ipoboetit wym

Hpn. 1pOMy DOTYXHICTh B CNCKTPUTHOMY KOJI -JIOPiBHIOE: HOOYTKY
crpymy i (t) Ha pizaumo noreanjanis U :

P(t)=i(t)U. (11.27)
3 nopisrauns (11.26) i (11.27) orpumaemo, wo . '
i(f) =-Z—V(t). (11.28)

HIBHAKICTS - €NEKTpOHA V(t) MOXHA 3HANTH 3 OJHOBHMIPHOTO
. _av: o
piBHSHHA pyxy: m——=F =eE. 3 npunymeHHs, 1O y MOMEHT

BHJIBOTY €JI€KTPOH MaB HyJIBOBY MIBUAKICTE (V(t)L=0 = 0) , OTPHMY€EMO
eE

V{it)=—t. (11.29)
(=2
Bunno, o 3anexHicTs i(t) BMSBJIAETHCH JMIHIHHOO:
2
e'FE
i(t)y=——t. ‘ 11.30
(1)=— (11.30)

'3 0YEBHIHOTO CHiBBiAHOMIEHHS
Tnp
jV(t) , (11.31)
0
BM3HAYMMO 4ac NPOJIBOTY 7,, €NEKTPOHA Bii Karoia A0 AHOMA.
Ilincrasnsioun y (11.31) snafineny sanexmicts (11.29) Ta interpyioun

3a !, 3§3aX0QUMO

a=£ 72, (11.32)
2m
3aminuBum d B (11.30) Ha Bupa3 (11.32) it ysiswm ¢yHKuilo Gopmu

F(t) = i(t)/e , IPHXOMMO JI0 TAKOI'O:

F(t)=2—2t, (0<t<7 (11.33)
Tnp
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§ 11: [Jpobosuii iym

 Busnauumo tenep Cp (a)) 3a opmynoio: (11.20), BanOBYIO‘IH
mo F (t) 0 nosa inTepBanoM [O, np]

T,,p

j "”"dt- ! e (1+i0) =1 (11.34)
7Z'Z'np ! | 76*

CF (‘") =

Tyr Cp(®w) nomaHo y Burmami ¢yHKUii Kyra mpoanorty 0=wr,,

B pe3yneTati [ CHEPIeTHYHOIO CIIEKTpa .S | (a)) ¢nyxryauiii crpymy

.(11.21) orpumyemo

Sy (@ )—2e<1>{2 6% - 2cos0 —20sin8}.  (11.35)

Jlerko nepekoHaTHCH, 110 MPH MaMX KYTaxX MPOILOTY (H << 1) (Hm3BKi

gactoTH) 3 (11.35) My npuxoaumo a0 popmynn [Horrku (11.23).

11.3. ExBiBaseHTHHIH mymonﬁii onip

JApobopuii wiym B anogHoMy kxoai (puc. 11.4) iHomi 3py4Ho
po3rNAaTH 4K pe3ynbTaT TemnoBHX ¢nykryauiit EPC y kom' CITKH,
KOTpi BHHHKAKOTh B €KBiBaJICHTHOMY myMosoMmy omopi R, mo

nepebyBae npu Temmeparypi 1. ®nykryauii E (t) y CiTKOBOMY KOJI

BUKJIMKAIOTH B aHOJHOMY Ko (uIyKTyaii crpymy / (t) =SE (t) , Ae S—
KPYTH3Ha aHOAHOI XapaKTEPHCTHKU JIAMIIH.

N7

Puc. 11.4
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§11. fipobosuti wym

Ockinsku 3rigso 3 gopmynoro Haiiksicra cnextp ¢umykryauii EPC y.
kom citkm jopiBHioe Sp=-—R,, T0 cmextp ¢aykryani#t cTpymy
‘ T

S; (a)) B aHOIHOMY ‘KOJIi Mag: BPII‘II}IJI‘_

kT

S,() SZSE"_ RS2 BRGED)

Hpnpmnmmqu 0. BETMMHHY /IO ‘BUpasy ' [iA S (a)) BH3HAYEHOTO
(popmynoxo [oTTku (11 23), OTPUMYEMO S
_e<I>

2%TS?
CDopmyna (11 37) i anuaqae Bemdquﬂy eKBlBaJIeHTHOFO myMOBoro onopy

(11.37)

C

. 3AJAUI

1. 3pmaiitu KopemauidiHy  GyHKUilO 1  £poaHamizyBaTH
eHepreTUYHHH creKTp ApoGoBoro cTpyMy IpH 3axaHii ¢ymkuii popmu
HOOJHHOKOTO IMITYNIBCY: .

o 22t , 0.<.t$r,,p. ‘
F(t)={%m ()
t<0, tt>7

np°
Po36’a30k 3a ymosoto 3afadi F(f) mae surnan, 306paxenuii Ha
puc. 11.5. '

...............

———>
e T m
Puc. 11.5
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§ 11. Jipobosisi wiym

3mmo 3 (11.17) xopensauifina Q)ymcum CprMy B, (r) 3anmcana y‘
3MiHEEX @ i 7, nonaeTses s ~

B/(r)=el T F(O)F(6 +1)do, )

e I — cepenHe 3HaweHHs CTpymy. ['panumi iHTerpyBaHus y (2)
BHOMpAlOTLCA, BHXOZAYM i3 3amaHoro Burmaay (1) dymkuii F(2).

IToToyHa TouKa BH3HAYAETHCA KOOPHMHATOW O , T — 4YacoBHMil 3CyB
AnA BU3HAYeHHs Kopensawii (aus. puc. 11.5). Lleii 3cyB mMoxe 6ytn sk

. IOAaTHHM, TaK i1 Bix’€eMHHM.

Posrisnemo CHIOHaTKy BHIANOK 7 > 0. 3a ymosoro 3a,uatn
F(t)=0 npu t<0 i t>7,,. Ovxe, B,(7)6yne sinminnoio Bin Hyns

33 YMOBH BUKOHaHHA HaCTYNIHHX HepiBHoOCTeH (1uB. (2)):

0<0<7, i 0<(0+7)<7,,.

IlepetBopuMO Wi HepiBHOCTI 10 urmany: 0<f<z, i

-7 <6<, —7. 306pasumMo KpaiiHi TOYKM IUX HepiBHOCTell Ha OCi
(puc. 11. 6).

A
- N
3 0 T-T T (]
N . »
Y
Puc. 11.6

Bumno, mo o6nzBi HepiBHOCTI OHOYACHO BUKOHYBaTHMYTHCH TUILKH 33
yMoBH nepebyBanHs & B inTeppani 0<6 < 7,, —7 (3amTpuxoBaHa

ninsHka). TakuM YHHOM, MM TIPHXOAMMO JIO HACTYITHOI'O BU3HAYCHHA:

729 26+1) . 2T
B@=d [ 5 ( D 49= S e, —DN(+2r,), ()

0 np np np
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§ 11. fpobosuii wym

AKE CIPAB/PKYETHCH 1% 07 T Aﬂanormmm YMHOM OTPUMYETHCH
i BHpa3 Ui B (T) npu B’ €EMHHX 3Haqeﬂmxt -7,, ST<0.Y wpomy
BUIJKy, TIPOTE, 3py4Hille NPOAOBXKHIH napHuM criocobom (3) B
o6nacTs BiX'€MHHX T (z‘ < 0). VY pesynsTari OTPHMYEMO ‘HaCTYIBHI
OCTaTOYHHIT BHPa3: : SR
2el :
B/(7)= ——( Top —|z‘|) (|r|+ Zrnp) : )
r,,p
T'padik sanexnocti B, (7) nonano na puc. 11.7.

el B, (7)

f‘_
3z

A A

— z-”p 0 Tnp

Puc.11.7

Bunno, wo B,(7) mae makcumanbie 3uaueHHs npu 7 =0, a npu

T =17,, Habysae MiHiMaiLHMX 3HaYEHD, NOPIBHIOBAHHX HYIIIO.
Enepretuunmit cnexkrp S,(® ) maa F (t) ¢yHKuUii, Mo posrns-

JAETHCS, BU3HAYAETECA 3!‘iIIHO 3(11.35): ‘

ae 0= @7,, — 6e3po3MipHHIT KYT IIPONBOTY. IIpoananizyemo uei -Brpas

Ipu pi3HUX 3HaueHHAX 6 (vacrotH @). Ilpu 0 <<1 (um3pki yacToTH)
93 . 2 4

nopasum sin @ ~ @ —— i cos @ &1 —~—+— orpuMaemo

6 : 2 24

e

S, (9):-2‘5{7;. | (6
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o (2+02——2cos0 29s1n6) 5) -

§ 11. Jpo6osuti wym

Ipn Benukux € >> 1 (Bucoki uactotn) y dopmyni (5) MoxHa
. 2 .
3aNMILHMTH B TY)KKaX TUIBKH JOXAHOK &, B pe3yNbTaTi YOro 3HaX0qHMO

S, (0); 2el ; | | @

- 3BIICH BHILTMBA€, WO HA BHCOKHX 9acToTax S (co) ~ l/ o’ . I'padix

S, (@) moxaszawo Ha puc. 11.8.
ely 4
2

Puc. 11.8

2. 3naiiTH KopemAUidHy QyHKIiIO ¥ eHepreTMYHMH CHeKTp Apo-
60BOro crpymy iMIynasCHOrO MyacCOHIBCHKOTO BHIIAJIKOBOTO IPOLECY

I(ty=e) F, (1)

ne F,(t)=6(t-t,), ¢,

CepeHs KUIBKICTh IMITYNIBCIB 32 OMUHMLIIO Yacy AopiBHIoe M.

—— I1yacCOHIBCHKHMI NOTIK MOIIi, npudoMy

Po3ze’aszox. IlpoBonsyn OGUHMCIEHHs, aHANOTIYHI JO TaKMX Y

nonepezmm 3ajaui | BHKOPHMCTOBYIOYM BNAaCTMBiCTh O-pyHKuii,
OTPHUMYEMO :

e1J' (6)F(6+7)d6 = elj 5(0+7)d0=el5(7),

el
S{ow)=—,
'( ) 27
pi(+ 7=€n1 .
3 Minakom, T. 2 65



§ 12. @dnyxmyayii 6 agmMoKONUBANLHUX CUCIEMAX

§ 12, ®aykryanii B aBTOKOINBAJIBHAX CHCTEMAX

Posrmanyri y mnouepenmix maparpadax TtemioBi i apo6osi
_ ¢pnykTyanii € MPUYUHOKIO NOABH MIYMIB i B CKIAMHIIINX PaTiOTEXHIYHHX
cXeMax, 30KpeMa B FeHEepaTopax KOJMBaHb. PO3pi3HSAIOTH reHepaTopH i3
caMo30yKeHHAM 1 3 30BHINIHIM 36ymkeHHsaM. ['eneparopu 3 caMo-
36y/DKEHHAM HA3MBAalOTh TaKOX aBTOreHeparopaMu. Jlna 30ymkeHHs
KOJNMBAHb Y HHX BHKOPHCTOBYETHCA IO3UTHBHHI 3BOPOTHHIA 3B’ 130K 260
aKTHBHHMH TpHIaN, MO Ma€ JUIAHKY XapaKTEPUCTHKA 3 Bil’ €MHHM
gaxunoM. XapakTepHi CXeMH aBTOIEHEpaTopiB 3 IHAYKTHBHHM
3BOPOTHHM 3B’S3KOM, Y SKHX BHMKODHCTOBYIOTHCA Pi3Hi aKTHBHI
e7IEMEHTH, TI0Ka3aHo Ha puc. 12.1 (¢ — Ha GimomspHOMY TpaH3HCTOpI,
6 — Ha NONBOBOMY TPaH3UCTOPi, 8 — HA ENEKTPOHHiH nammi). [ns
JOCHI/UKEHHS  CTAaTHUCTHYHHX  XapakTepuctuk  ¢uiykryauidt B
aBTOKONIMBAJILHUX CHCTEMAxX MH PO3INISHEMO BXKe KIACHYHHMH HHHI
NPHKIAL HAHMPOCTIINOro reHeparopa Ha TPHENEKTPOAHii CIEKTPOHHIH
NaMITi 3 IHAYKTHBHYM 3BOPOTHHM 3B’S3KOM i KONHBAJIBHHM KOHTYPOM Y
aHoaHoMy komi (puc.12.1 6).

M U,
T
- : T
R,
1|
_.'r+
a
Puc. 12.1

12.1. Tlo6ynoBa 3aMKHYTOr0 PiBHAHHA 1JISl CHIK CTPYMY
Hexaii y KonuBansHOMY KOHTYPi B aHOAHOMY Ko (puc.12.1 6) 3
AKOICh TMPHUYMHM BHHWKIM KoJvBaHHA. TOIi BOHH MaTHMYTh Micue y

BCiX KOJIaX reHepatopa, mo posrisaaerbes. [losnaunmo uepes I, i I,

BIMOBIHO CTpyMM dYepe3 IHAYKTMBHMH 1 €MHICHMH JIQHIIOXKKH

66

§ 12. Daykmyayii 6 aemoxoIUSANbHUX CUCMEMAX

KOnypy. BpaxoBytouu, 1o akTuBHUH omip R y koHTypi e'zm(épenom
TemnoBoi ¢ykryauii EPC E (t) 3a 3akoHOM, Kipxroda, MaeMo
dl, 1 ‘
—=+RI —-—-II t')dt' =E(t). 12.1
Lt -Lfre(@)ar=E@). a2
3.inmoro 60Ky yMOBa piBHOCTI éfpyMiB y By31i ga€
L+l =1,. | (122

I'I'i‘c‘n‘x nmpe‘peﬂui}osaﬂﬂa (12.1) 3a ¢ 3 ypaxysaunam (12.2), OTPHMAEMO

d IL +Rﬂ+i1L ——1-1,, =M'

L‘Z
it dt Cctoc

(12.3)

o Bpaxyemo Tenep, mo adogHuit crpym [, mianarae duyktyauism
3a paxyHox npoGosoro mymy. Iloswaunmo wepes J, ckmanoBy

aHonHoro Ccrpymy 0e3 ypaxyBaHHA npoboBux ¢mykryanii. Toni
CyMapHHi aHOIHHH cTpyM [, mopmaeTses ax

I=J,+1,, (12.4)

Cxnanosa J,, 3aleKHTh Bit Pi3HHII NOTEHIAIIB MDK CITKOKO 1 KaToZIOM
U, , a takox Mix aHonoM i katomom U, . 3 Teopii enextpoBaKyyMuux

HPUCTPOIB BioMo, 10 J, € QYHKIUA TaK 38aHOT KepyI0uoi HANPYTH:
U,=U,+DU,, (12.5)

ne D (D < 1) — IapameTp, KM Ha3HBalOTh NMPOHHMKHICTIO. BennunHa

D 3zanexwute Bifl €KpaHyOuoi Aii CiTKM i BHM3HAYAETHCA IONOBHHM
YHHOM 1i I'YCTHHOIO: YMM TYCTillia CiTKa, THM GiNIblIY KUTBKICTh CHIOBHX
NiHIA 00N aHOAR BOHA MEPEXOMHTH, i THM MEHIUOIO € MPOHHKHICTb

J;gmnu. 3anexHicrs J, (U y) 3BHYaHHO HEMiHilHA | Ma€ XxapaKTepHwuil
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§ 12. Qaykmyayii 6 a8MoKoAUEANbHUX CUCEMAX.

BUI/IAN, TOKasaEMi Ha puc. 12.2. Bimnosimaum ninbopom - cramoro
smimenns U, =U, BubGupaeMo motpiGumii pexkum poGoTH nammu.

Touka P Ha XapakTEPUCTHLI JaMIM, IO BilNOBiZaE pPEXHUMOBI
BIICYTHOCTI KOJTMBaHb, HA3HBAETHCH , TOYKOIO COKOI0”,

A

i

>
UV Uy UtV U,

Puc. 12.2

Hexait Touka CHOKOI0 CyMilleHa 3 TOYKOIO NEPErMHAaHHA KpUBOL
)
a\~y 2
dU y

=0]|. V usoMy BuUmanky I . HE3HAYHHX

sinxunens AU, =U,, —Uj xepyrouoro curnany U, sin suavenns Uy,

3MiHM aHOHOTO CTpyMY J,, (U y) MOJKHA MPUOIM3HO BU3HAYHMTH, AKILIO

NPEACTAaBUTH XapaKTCPHCTHKY JIaMIIH TIOJIHOMOM TPETBOI'0 CTCICHA.

3
- (ayy)

J,(U,) = J 0+ S| AU, - —2|. (12.6)

‘ vV
| Tyr J0=J, (Uo) — TOCTifHMi aHONHMI CTPYM, 10 BiAnosinae po6o-
it Touni; S =dJ, (U 0 ) / dU , — KpyTH3Ha XapaKTepUCTHKH y To4Li P; a

]

d*J,(U,)/dU,
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§12. @nyxmyayii 6 asmoxonusanvhux cucmemax

TIapaMeTp, U0 Mae PO3MIPHICTH HANPYFH 1 XapakTepH3ye HEMiHiHHICTH
KPHBOI y TOULl CrIOKOI0. 3aMiHa icTunHOi kKpHBOi J. a\( U y) (if moka3zauo
CYUinBHOK0 JiHiero Ha puc. 12.2) Ha npubmusmy 3anexsicts (12.6)
(wTpuxoBa nimis) 3 omHoro 6OKY OOCTATHLO J06pe OMNHCYeE
MEPETBOPEHHS HEBENHKHX KONMBAHb Yy JIaMii, a 3 (HIIOTO — A€ 3MOTY
BpPaxoOBYBAaTH HEJIHIiHI MPOIIECH.

SIx110 OMiYHMM OMOPOM KOHTYPY MOJKHA 3HEXTYBATH, TO KEpyloua
Hanpyra y po6ouiit Touni Uy nos’ssana 3 EPC y xonax cirkn E, i

aHoOa Ea HaCTYITHUM CHiBBiI[HOIHeHHﬂM:

3rigno 3 puc. 12.1¢ avonna nanpyra U, nopiBHioe EPC B anogHOoMy

koni E,, 6e3 criafna Hanpyru Ha iHAYKTHBHOMY KOJIi KOHTYDY:
dl
Ua=E,,—( —j+RILJ. (12.8)

Hanpyra na citui U, B cBolo 4epry 3a paXyHOK 3BOPOTHOTO 3B’S3KY
M Busnavaersca EPC y xoni citku E, i wBnakicTio 3Minu crpymy I L B
KOHTYpI: :
fz'ﬁ_

o (12.9)

U =E+M
[lincraBnsroun (12.8, 12.9) B popmyny mis kepyrouoi HanpyrH (12.5),
OTPHMAEMO

a

U,=U.+DU, =E,+DE, +(M -DL) ~

~DRI, =

dy

=Uo +(M - DL)—L - DRI,.
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§ 12. @ayxmyayii 6 a6MOKONUBANLHUX CUCTEMAX

3gizcu, 3rigHo 3. BusHaueHHam AU y = U v —U, 3naxomumo 3MiHHY
CKJIQOBY KEPYIOYOi HAIPyIH: _. : Do
di :
AU, (M DL)- dtL DRIL _ (12.10)
SIKIO 3HEXTYBATH peaxuiexo aHOJHOTO HaBAaHTAXEHHS, TOOTO NoKIacTH
D =0, to ocTanHiii Bupa3s crpoinyeTses | HabyBae BUrILIY
di
AU, =M—%. \ 12.11
=M (12.11)

Jnd copouieHHs MNONANBLIOrO aHamisy Mu OyleMO KOPHCTYBaTHCA
Habmuwkenowo ¢popmynoio (12.11). 3aysaxumo TiNBKY, 1O BPaxyBaHH:A

peakuil aHOAHOTO HABAHTAXXEHHA 3BOJHTBECS B OCHOBHOMY 1O -

dopmaneroi 3amiau M wa M'=M — DL.

Beegmemo Teriep y po3risia 3MiHHY ckianoBy ctpymy ] =1, —J
1 mepenmmieMo BuxigHe piBHAHHA (12.3) 3 ypaxyBaHHAM BH3HAYCHb
(12.4), (12.6), a Taxox 38’s3ky Mk AU, 1 I} (12.11):

g2 12 _dE(t
LRy LS SMﬂ 1__{‘4_2("1] (1), b, (12.12)
d* . C dt] 3r-°\dt da C

Posninumo o6uasi wactuuu piBHauHA (12.12) Ha L i BBEIEMO BlacHy
9acTOTy KOHIYpy @ = 1/ JLC . Tlicna uworo, mepeHicuu. y npasy

9aCTHHY HENiHiMHI 3a ] MonaHKy, T0sBa SKAX 110B’A3aHa 3 HENIHIHAHICTIO
aHOJHOI XapaKkTepucTHk# JamnH (12.6), i HEKOHCEPBATHBHUA JOAAHOK

I : .
R—'—', 3aBOAKH SIKOMY BpaxoOBYHOTBCHA TCIIOB! BTPATH Yy CHCTEMI,

dt

MPHXOANMO IO TaKOTO PiBHAHHA:

2 a2 . |
AT, f1=atsmL --’E—%(ﬂJ w12 21, (12.13)
ar? dt SM  3y-\dt L dt
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- § 12. Prykmyayii ¢ asmoxonrusansHux cucmemax

Bsenemo y posrman 6e3posmipamii gac £ "= @yt , depenuiroBanns 3a

AxuM 6yIemMo no3HaYaTH KPaIKolo Bropi:

a_dad_.r (12.14)
dt dt dt _
3 ypaxynamﬁm (12.14) piBaauns ( 12.13) HabyBa€ BUIIIAdY
2
. . 4 I 1 .
I+I=ul| p———|+—E+]1I, , 12.15

A€ BUKOpHCTAHO HaCTYHHi NMO3HAYCHHA:

H=w,SM ; p= I—R—C-; I, = 2y .
SM wyM

(12.16)

Hapemrri posaimimo o6uasi wactunu pisusanns (12.15) va I, i BBesemo

6espoamipuuit crpym x = I/1, :

2 ‘ . _
x+x=,ux{p—:;—x J+,uF(t'). (12.17)

Yepes pF(t') mu nosHaummM ,,30BHIlUHI CHAN”, IO BHUKIMKAIOTH

dnyxryamii y nift KoMMBaNbHii cucTeMi — TemJ10Bi i Apo6osi mymu:

0

r 1 1 ;. ! !
ﬂF(I)=T{i—w;E(t)+]op(t )} (12.18)

12.2. Yxopoueni piBusinns Ban-gep-Ioas
Ipu =0 pisuanns (12.17) nepexoauts y PIBHSHHSA = Ui
ieansHOro rapMOHiHHOro OCLHIATOpA

x+x=0, (12.19)
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§ 12. @nyxmyayii @ aBMOKOIUGANLHUX CUCMEMAX

$ 12. Dayxmiyayii 6 a6mMoKoIUBANLHUX CUCMEMAX

fAKE ONMCYe HE3ATyXakodi rapMOHilfHI KONMBAaHHA CIPYMy B KOHTYDi 3
HECKIHYE€HHO BHCOKOIO JOOPOTHICTIO: - ‘

‘x(t’)' =rcos(t'+p). | (12.20 a)

Crani iHTerpyBaHHA 7 1 @ MalOTh 3MICT aMILNiTya# i ¢a3s¥ KOMMBaHb
piznosiago. Sxino 3oBHimmHi cumm uF(t'), venimidini i mMcunaTuBHI
NONAHKH € M[OCTAaTHRO Mamumu (4 <<1), TO KOMHMBaHHA, IO

omucyloThes piBHAHHAM (12.17), 6yayTs Mano Bispi3HATHCA Bin
rapMoHiffHuX koimBaHb (12.20 a). Y upoMy BHIAAKY pO3B 30K
piBHsHHA (12.17) MOXHA LIyKaTH Y BUTJIAAL

x(¢')=r(@)cos[t' +p(0)], (12.20 6)

ne amrutityna v i haza @ € GyHKUiAMH LHoBlILHOTO Yacy” 0= ut'.

Tlepex THM, fAK NPOBOAMTH aHANI3 PO3B’A3KYy, 3poOHMMO AeAKi
3ayBakCHHA CTOCOBHO BMXigHoro piBusHHa (12.17), sAke wmu
nepenuIIeMo y 3aranbHinn# gopmi: g

X+x=uf(x,x)+uF (), (12.21)

ne u<<l,a f(x,x) — nesika nerepMiHOBaHa HeniHiiHA GyHKLIA X i X,
IO BU3HAYAETHCA THMIIOM aBTOKOJNMBAIBLHOI cucteMu. Jlnsa Haimpocti-
IIOrO FeHepaTopa, SKHil po3rIAAacThCA, '

N

f(x,;'c) —x p—f;-)'c . (12.22)

o Burnany (12.21) 3BomsaThCA PpIBHAHHA, IO ONHCYIOTh
KOJIMBaHHA Yy INHPOKOMY KJaci  aBTOKOINMBANBHUX  ,,Maibke
rapMOHiHHHMX” TIPHCTPOIB (J1aMIIOBI TEREpaTOpH, TIeHEpPaTOpH Ha
HAIIBIPOBIHAKOBHX CJEMEHTAaX, KBAHTOBI H ONTHYHI TEHEPATOpPH

Too). CHCTeMH, B SKHX Ml JI€I0 MATHX HEMHIMHAX 1 JUCHIIATHBHHUX

aneHiB  (u<<1) BigOyBaloThcs Maiike - TapMOHIiHI  KONHMBaHHS,
HAa3HBAIOTHCA TOMCOHIBCHKHMH. P03B 130K [udepeHIianbHIX PIBHAHD,
72

SKMMH BOHH OIHMCYIOTBCH, MOXKHA IPOBOJHTH Y MeXaX HaOIVDKEHOro
(acummrornanoro) merony Bam-npep-Iloasi, abo, Ak Horo iHaxuie
Ha3MBaIOTh, METOAY NMOBLIBLHUX 30ypeHD.

HAns BuGpanoro sumy po3s’ssky (12.206) ofuucimmo apyry

THOXiAHY X i3 TOUHICTIO JO NiHiHHMX 32 L << | wreHis:

. . dr do .
=—rsin(t’ + @)+ u—-cos(t' + @) - ur ——sin(t'+ ), (12.23
X =-rsin(t' + @) deCOS(‘ ®) Ly (t'+9), (12.23)

X% —r cos(t' +¢@)— Zu%sin(t’ + @) - 2,ur%§cos(t +@). (12.24)

Iincrasumo (12.24) y pisasana (12.21). Homanku HyJbOBOTO MOPAAKY
3a 4, 8K 1 cmig Oymno O4iKyBaTH, CKOPOYYIOTHCHA, a JIHIHHI 4WIEHH
HNPHBOJATH IO PIBHAHHA

- _‘{f_ 1 4 _d_¢ ! = : r
2|:d0sm(t +¢)+rd9cos(t +¢)] fe,x)+F(@"), (12.25)

NpUYOMY Y mpaBiii yactuHi uiei GpopMynn B aprymenTax Qyskuii £ cain
YPaxoBYBaTH TiIbKM TOJIOBHI 32 MAJIMM NIApaMETPOM A TOAAHKH:

x=rcos(t'+¢); X=-r sin(t’+¢). . (12.26)

®yuknis  f(x,X) € nepiommuHow OYHKUIEH Bix 3MiHHOI

®=t+¢ 3 uepiomoM 27, OCKINBKM i1 apryMeHTH X i X €

TpuroHoMeTpuuHuMu pynxuiamu (12.26) sig © . Tomy f(x, X'.') MOXKHA
posknactu y pag Dyp’e Ha inreppani 0< O <27 :

f(xﬂ.‘?) = f(rcos®,-rsin®@) =

=%°—+Z[an (r)cosn®+b,(r)sinn®} 227

n=l
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§ 12. Onyxmyayii 8 a6MOKONUBANLHUX CUCMEMAX

Tyr a,(r) i b, (r) — xoediuienrn posxna,ﬁaumf |

a, (
b (

Jins cucTeM i3 JOCTaTHHO BHMCOKOK JOGPOTHICTIO - KONMMBAHHA
BiIOYBAIOTECA TUIBKH -y HEBenMKid 00nacTi  HaBKOJO Pe30HaHCHOI

9acTOTH @ = @,. MilicHo, ammnityaa » i ¢asa @ KOIHMBaHb €

cosn®

smn

¢yukuismMu nosineHoro ' wacy 6= t'. OcraHHe . O3Ha4dae, IO
pPE30HAHCHA KpHMBa KOJIMBAJILHOIO KOHTYPY, IO PO3TNSATAETHCA, MA€
umpury cMyrn A, =|w/a)0|z2y <<l (mus. puc. 12.3). U
obcraBHHa Ja€ 3MOTYy HaM 3[iHCHHUTH e Kinbka cnpoweHs. [lo-nepiue,

y mpaBiif wactumi piBHAHHA (12.25) [OCTaTHBO BpaxyBaTH TiILKH -

pesoHaHCHi nomankum ¢ynkuil f(x, x) — unenn 3 n=1 y dbopmyni
(12.27). To-mpyre, 3i BCHOrO INMPOKOTO EHEPreTMYHOrO CIEKTpa
Sy (@) Bunanxosoi 30BHimKEoi cuan F(t') y pismammi (12.25) MoxHa
SANMIIMTY TiTBKH AUIHKY CIIEKTpa, IO IPHJIATAE O YAaCTOTH BIACHUX
* KONIMBaHb CHCTEMH @ = @), (1uB. puc.12.3). ‘

4 50) A So
4
2l EL 5w
¥ 3
\!
NRL_A ., =24
A=2¢ N P
c —>N\\
o NN S, (v)
Y

>
l-¢ 1 l+¢ v=0/,
Puc. 12.3
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N o1t : R
) _;Jf(rcos(@,—rsm@){_ ®}d®. (12.28)

3rigno 3 Busnavennam (12.18), sunajkosa cuna F(t'), Gymyan
CYNEepHO3HLIEI0 TEIIOBUX i Apo6oBux ¢Gmykryaniit, 6nusska no 6imoro
wymy. Bupixemo 3 i eHeprermunoro cnextpa- Sg (a)) IEAKy CMyTy

YACTOT MMpHHOIO A = |a)/ aJOI = 2¢&, 1O 3aJ0BONBHAE YMOBI:
| p<<e<<l. L (1229)

3 ypaxyBaHHAM Majoro 3HaueHHi £ iCTMHHMI BHIANKOBHI Ipomec
F(t) MoxHna 3aMiEMTH Ha By3bKOCMYTOBHH — g(t'), sxuii, sK Ham

" BigoMO 3 §6, MOxe OyTH TOHAHMi y. BHITIAAI JBOX KBaApaTypHHX

KOMIOHEHT: - . _
g(t") = F(@)cos(t' + @)+ F  (O)sin(t' +¢) . (12.30)

l'Iincmisﬁmoqn :(12.30) B (12.25) i npnpiaﬁxoroqn KoedinieHTH
Opx KOXHIA 3 [ABOX IHiHiiHO Hesanexnux Oynxuiii cos(t'+¢) i
sin(?' +¢), mpuxoguMo- 1o cHcremn piBusns Ban-gep-lloas s
BM3HAYEHHA NOBiINBHHX 3MIiH amrmi’ryﬁ r(6) i pasn p(6):

_dr

-—2%=b,(r)+Fl(9), (12.31 a)
dr .

.—2rﬁ=al(r)+F|'|(9). \ (12.31 6)

PiBuannga (12.31) me Ha3uBalOTh YKOPOYEHHMM PIiBHAHHAMH —~ BOHH
CrpaBAi mpocrilli i ,,kopoTiii” 3a BuXinHe piBasanng (12.21).
IToBepHeMoOCsi - A0 HAWIOro KOHKPETHOTO  TpPHKIagxy —

HaMMpPOCTILIOI ABTOKONMBAIBHOI CHCTEMH, A skoi f (x,Xx) Mae Burnsa
° _ . -4 2 .2
S(x,x)=—rsin® p—gr sin” @ |. (12.32)

I3 uporo Bupasy BHIUmBae€, o f — HemapHa ¢yHkuis Bix ©, ToMy
interpan (12.28) ansa a,(r) mepeTBOPIOETHCA HA HyJb, & mna by(r)
Ma€EMO:
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b(r)=—— I sin @( :r sin ®)d® (12.33)

3Haxozx>xe}mx b (r) 3BOJMTHCS 110 OGMHC/IEHHA NABOX iHTErPAliB:
\ 3
‘—— sin’ (~)d®—l 1— sin ®d®~z
-7 - ‘
B PE3YIbTaTi YOTO OTPHMYEMO:

b(r)=-r(p-r*). | (12.34)

3 ypaxysanmam (12.34) pisasnns Ban-nep-Ilons (12 31) nabysaroTs
BHTIIAIY

dr ‘
R TACT (2329
dp 1
Ry F,(9). (1235 6)

TakuM uMHOM, HocnifkeHHs (Quykryauii B aBTOKOIHMBanbHil
CHCTEMI 3BENOCS IO PO3B’A3KY CHCTEMH ABOX AUQEPCHIIAIBHUX PIBHAHB
IUIA aMILTiTYaH 1 ¢asu KONMBaHb, SIKi MOXKHA PO3TNIANATH SAK PIBHAHHA
pPYyXy OMHaMiYHOI CHCTEMH, L0 ONMCYEThCs ABOMA NapaMeTpamMu ¥ 1 @,

MiJ Ai€l0 BHIAAKOBUX 30BHIINHIX cun FII i F,. Jlerko 6auutn nocuth

Gnu3BKYy aHAIOTI0 MDK DPiBHAHHAMH (12 35) 1 piBHAHHAM pYXY
6poyniBcbkol yacTrHkH (9.11).

12.3. AnaJi3 po3B’a3aHHA YKOPOYeHHX
piBHAHb Ban-aep-Iloas
3Bepnemocx CIo9aTKy 10 aHamsy pO3B’sA3aHB PIBHAHB (12 35) y

Bnnanxy BiAcyTHOCTi 30BHImHIX cun F| = F" =0, Tobro nocmmuMo

XapakTep KONMBaHb B aBTOHOMHIi CHCTEMI (ane K 1 paHilie, HeMiHiiHiH
i HCKOHcepBaTPIBHlH)
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dr , .
=l(p- 36
= =), . (12362)

a0 =0. : (12.36 6)
: do
I3 (1236 +6) BummBac, WO @ =@, =COnst, a CTOCOBHO
PO3B’A3Ky HeniHiiHoro pisHaHHA (12.36 a), To MH AaMoO Horo TUIBKH Ha
AKiCHOMY piBHI. J[If HAOYHOCTi CTaH PO3IJIAHYTOI AMHAMIYHOI CHCTEMH
OyneMo 300pakaTH TOYKOIO Ha IUIOWIMHI 3 MOJAPHAMH KOOPAHHATAMHU
r (BiAcTaHp 110 MOYATKy KOOPAMHAT) i ¢ (a3sMMyTanbHMH KyT) —
niaomunn Ban-gep-Tlons. 3 (12.36 6) BumnmBae, MO KyT ¢ 3a-
NUIIAETECA CTANMM, TOMY TOYKA, IO 306paxkye CTaH CHCTEMH, MOXE
epecyBaTHCA TiNBKM 33 HPOMEHEM () = @,. Xapaktep eBOmMONii
CHCTEMH CYTTEBO 3alCKHTh BiJ 3HaKa MnapaMmerpa p, fAKhil Oyno
BBe;xeﬁo y (12.16):

p=1 M _ (12.37)
Bennunda SM € RoOyrkoM KpyTH3HH XapakTepHUCTHKHM jaMmu S i
koediunieHTa 3BOpPOTHOro 38°a3ky M. Ywnm 6inbma SM , M nermue
caMo30ymxyerscs cucrema. Ilapamerp RC BpaxoBye mUCHIIaTHBHI

BTpaTH y CHCTEMi (aHanor MEXaHI9HOro TepTH).
Ipn p <0 (mucunauis nepeBakac Hajx 3BOPOTHHM 3B A3KOM)
npaBa yacTuHa (12.36 a) — Bin’eMHa npH OyAb-IKMX 7, OCKUIBKH
saxm 7 > 0. Orxke, y nsomy Bunaaky dr/d@ <0, 10610 TouKa Ha

mwiommHi Ban-nep-Tlons mnepecyBa€Tecs 3a mpoMeHeM @ =@, H0
HOYaTKy KOODAMHAT, JOKH HE CATHE craHy piBHoBarn r =0, ne
dr/d@ = 0 (aus. puc.12.4). [lnx nepexony Bin nnommen Ban-nep-Ilons
o (a3oBOi MIOIMHM, Ha SAKifi CTaH CHCTEMH 3aJa€ThCs 3HAYECHHAM

".,,KOOpOMHATH” X 1 ,JuBHAKocTi” X 3rigHo 3 ¢opmynamn (12.26),

HeoOxinHo mwiommHy Ban-mep-Tlons o6epratn HaBKONO mOYaTKy
KOOPAMHAT 3 OAHHHUYHOIO KYTOBOKO LIBHAKICTIO TIPOTH TOXHHHHMKOBOI
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crpinku. - IIpu usomy ¢asosa Touka Oyne mnepecysatucs 3a
TOOMHHMKOBOIO CTPUIKOK  CHIpankHO JO IIOYarKy ~KOODAMHAT

(puc.12.5) — amnniTyza KonuBaHb y cucTeMi Gyae 3MEHIIYBaTHCA JOTH,

JIOKH KOJIMBAaHHA He 3racHyTh noBHicTio (7 = 0).

V. mpoTHnexXHOMY rpaHMuHOMy Bunanky p >0 ‘(3Bopomni‘1
38’ 130K [epeBaXae Haj nncunaxiieto) sHak moximmoi dr/d@,
suminBae 3 (12.36 a), 3aMeXHTh Bid aMIULTYAH KONMBAaHB F: TpPH
r> 1, =4 p npaea vactuna (12.36 a) 6yne Ak i panime Bix’emHOIO
(dr/d@ < 0) i Touka 4 na nnowuni Ban-nep-Tlons Gyae nepecysarucs
32 IIPOMEHEM @ = @, IO NoYaTKy KOOpAMHAT (auB. puc 12.6); mpu
r <r,, nasnaxu, dr/d@ >0 i Touxa B Ha puc. 12.6 nepecypaersca 3a
paziycoM Bin nodarky xoopauHar. Ouesmano, mo npu p >0 € nsa
nonoxens piuosaru: dr/d6 =0 npu r =0 i r =7, . HainpocTime
j::ocnimxenﬂu Ha CTIAKICTH HOKa3ye, WO TUIBKH F = I, BillHOBiIlaC

CTIAKIH piBHOBaSi Ha dasosiif mrommHi Ipaexropu 0 OMHCYIOTH
TOuku A4 1 B, MaloTh BHIMSI cmpanen, fKi HabmkaloTECa 0 Kona

¥ = I, , KOTpE Ha3UBAIOTh IPAHMYHAM INKJIOM (IuB. puc. 12.7).

TakuM umHOM, npu p > 0 cuctema 3 Gyap-KOro Mo4YaTKoOBOIO

CTaHy BHXOAWTh HAa CTaLiOHapHMI PEKUM TapMOHIHHHX KONHMBaHb 3i
CTAIMMH aMILLTYI0I0 7, i pa30r0 ¢, : ‘

X (") =rycos(t' +¢p).

r ! p<0

Puc. 12.4 Puc. 12.5
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Puc. 12.6 Pnc. 12.7

12.4. Ypaxypannsi BUNaAKOBHX PpakTopip

3BepHEMOCs Terep A0 TOJNOBHOTO IHTAHHSA, SIK€ HAC LIKABHTH: AK
3MIHIOIOTECA KONMBAHHA Y CHCTEMi TpPH HASBHOCTI TEIUIOBOro 1
napo6oBoro mwymy? Jins BIANOBIAI Ha i€ NATaHHA MOTPIOHO po3B’s3aTH

pisHanna (12.35) 3a HasBHOCTI 30BHIWHIX BHnaakosux cun F (0) i

F,(6). Hajiuikapiumm npu usoMy € aBTOKONUBaIbHHI pexuM p >0,

‘X0 BCTAHOBHBCA, KOJIH CHCTEMa BXE BHHALIIA Ha rpaxmqmlifl LHUKJI

r=r,. 3 akicBOi TOYKH 30py pOJb 30BHiHEOI cwm F, B (12.35)
3BOMUTLCA N0 ,,31IITOBXYBaHHS” (a30BOI TOYKM LWHKNY 3 T'PaHHYHOrO
uukiay (puc. 12. 8), Tobto xo 36inbmeHHa a00 3MEHIIEHHS aMILIITY Il ¥
KONMBaHb — cuna F, gie HI6HM ,TIepreHanKyIApHO” 10 ($asoBOi
TPAEKTOPil CUCTEMH (MM HE [apeMHO BBEIH 3Ha40oK L, WO o3Hauae
NepIeHANKYAAPHiCTs). Jlpyra x YacTuHa ,,npoexuii” cunu ~ F(6) nie
No JOTHYHIM [0 TpaekTOpii, CNOBUILHIOYH ab0 NPHCKOPIOIOYH
obeprans (asoBoi TOYKM HABKONO MOYATKY KOOPAMHAT, TAK IIO 3a
piBHI mpoMixku Yacy ¢’ ¢a3zoBa TOUKa onMCye He piBHI KyTH (Ha pHC,

12.8 paniycu 3 mo4aTKy KOOpIHHAT NpoBeAcHi 10 (a30BOi TOUKH uepe3
PIBHI IIPOMIXKKH 4acy).
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TaxuM 49MHOM, HAABHICTH BHNAJKOBHX CHJI Mac NPH3BOAUTH IO
dayxTyaniii Sk aMIiTYyQH KONHBaHe 7, Tak i 1X ¢a3sH @ i, OTKe,

" yacrorn d@/d€. BeaxatuMeMmo, WO BHACIAOK Mii ,,CMAGKMX” cHA
(|F"(0)| <<], |F l(9)| <<1) B aBTOKONMMBAIBHI/ CHCTEMI BHHHKAIOTH

Mani gnykryanii. le o3Hayae, o aMIIiTyy KONMBaHb MOXKHA IIYKATH
sa dopmynolo () =r, + p(6), npusomy |p|<<r,. Tlincrasupmu
Takuii poss’ssok y (1235 a) i, BpaxoBylouM TINBKM miHidHi 3a
| p| / rp<<li |F N (9)| << 1" nonaHku, oTpUMaEMo

o | |
——-—--~—pp—5f1(9). (12.38)

VY nmnpasiii uyactuai piBHaHHA (12.35 6), BpaxoBywuHM Mane

3HAYEHHA 30BHILIHIX CHI (’F”(B)I <<1), MoxHa r 3aMiHMTH Ha #,. SIK

PE3YNBTAT, y NiHIHHOMY HaGIKEHHI IPHXORMMO J0 PiBHAHB:

dp

sy ———F 6 12.39
25 TPP=73 @, ( a)
do | G
L =——F(6). 12396
26" 2 1(0) ( )
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. SIx mo4aTKOBi. yMOBH 110 L€l CHCTEMHM piBimHL 3pydHo BHOpaTH
HactymHi: a) p =0 mpu & = —oo (aniabarnane BKJIIOYEHHS 30ypeHb y
HECKIHYEHHO [aNieKOMy MHUHYIOMY); 6) =0 npu 6=0 (pasy
KOJIMBaHb MOXKHA BIJULYYBATH Bill JOBIJIBHOTO 3HAYEHHA 1, 30KpeMa, Bil
ii swayenns npu @ = 0). I3 pisusunsm (12.39 a) Mu Bxke CTHKANUCA Y

Teopii GPOYHIBCEKOTO PyXy (IHB. q)opmyny (9.13)), Tak mo MH MOXEMO
CKOPHCTaTHCA TOTOBUM po3B’sa3kom (9.17):

) _
p(0) = —% I "4 OF (6)d6,. (12.40 )

~00

Pisasns (12.39 6) Takox eneMeHTapHO iHTErpyeThes:
. 1 , .
2O)=-=~ [ F(6)d6,. (1240 6)
2ry d

Otpumani ¢opmyan (12.40) 1210Tb 3MOTY PO3B’A3aTH AMHAMIYHY
YaCTHHY MOCTABJICHOTO 3ABJAHHA — BHPAXKAIOTh QUIYKTyallii aMIIiTyaIu

r i dasu @, ski Hac uikaBATH, Yepe3 BMMakoBi cwm F | i F.

OueBunHo, MO As pO3B’A3aHHA CTATHCTHYHOI 3a/a4i HOTPiOHO 3ana-
THCSA CTaTMCTHYHMMH MapaMeTpaMM LMX BWII4OKOBHX CHJ. 30Kpema,

BBAXAKOH, WO < F) >=<F;>=0, otpumyemo < p>=<9p>=0.

Jng BuzHaveHus qucnepciil pnyxryauid aMonityau i gasu:

g 0
<> =1 [ [ O < 0)F, 6> do,, 0241 )

-0 =0

‘ 00
<o (6)> =Z:7”<1§,(0,)ai(92)>d9,d92 (1241 6)
) 0 00 }
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HaM 3HAZOGNATBCH aBTOKOpewAUiiHi bymkuii < F i BHF (6,)> i
<F/(&)F, (02’) >. Jina ix  SHAXOMDKCHHS TONEpEHE0  MOGYRyEMO
aBTOKOpesiUifiHy GyHKuilo cumm F(¢'), BBeneny dopmynoro (12.18).
Baaxarouu, o (rykryauii TermoBoi EPC E(t') i mpoGoBoro crpymy

1y,(#") mix coGoI0 HE KOPEIIOKTS, 3rifHO 3 (12.18) oTpuMaemo

1

2L2<E(t)E(t2)>+< M (ATA (t)>} (12.42)

1
<F(t )F(tz) >—W{

SIKIno OBMeXHTHCA He Ha,zn'o BEJIUKHMH YaCTOTaMU (pnyxryanm
414 AKMX chpaBmkyersca ¢opmyna Ilortkm (11.23), To s
~ aBTOKOpeMALiiiHOi PyHKIiT APO6OBOrO CTPYMY MaeMo:

<Lyt (8) > = J' S;(@)e” " dw el 5(t,~1). (12.43)

TyT MM BpaxyBaind, IO CepeqHe 3Hau4eHHA </ > , IO BXOAMTH Y
dopmyny Wlorrkw, 3rigHo 3 Bu3HaueHHaM (12.4) nopisHioe J,.

Iepexonsuu Temep go 6e3posmiproro gacy ¢’ = @, i BpaxoByrouH, o

1
S(wgt) = — o(t) , orpumyemo:
0

<Ip, (1, (5)> =eJ ,05(t; ~1]). (12.49)

Jns kopensaTopa ndxinﬂnx Bin durykryaui#t Teruosoi EPC E(¢t'),
KopucTytouncs ¢popmynoro Hailiksicta, Maemo
IR 1 dE(t) dE(t
<E(M)E(ty)>=—5 <———-(——‘l——(2—) >=
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"1d2“
- - 2dsz()j Sp(@)e

zw(t

)d(oz

g J' Sp(@)e™ ™V dw= < E@)E(t)> =
=2kTRS(t, — 1) = 2kTRax S (t, — 4;). (12.45)

Mn Bpaxysany, WO 4epe3s BUCOKY NOOPOTHICTh KONMBANBHOI CHCTEMH,
IO PO3MIANAETLCA, MiJl 3HAKOM iHTerpana B (12.45) MoxxHa HaGImKEHO

noknacti w/wy =1 (zauB. puc.12.3).

IMincrapnmoun (12.44) i (12.45) B (12.42), 10XOOUMO BMCHOBKY,
w0 BHIaakoBa cuna F(t') HabnmxeHo aenbTa-KopensoBaHa, TOOTO €
61nnM LIyMOM:

<F)F(t)> =.C§(t§ -1), (12.46)

re C =C,, +C,,,, , npuiomy

c, N C = 2kTR

= s : = e 12.47
/4 ,Uzlg menn ,uzlga)oLZ ( )

3 (12.46) summmBae, mo enepreTMunmii cmextp S.(V) cwm
F(t') € cramim na Beix yacroTax (—o0 < v <00):

T ’ [ ~ive' C
Se) = [<F(¢)F(£+7)>e de'=—=. (1249
lo o /4
Tyt v= /@, — 6e3po3mipHa 4acToTa, mo Binosigae 6e3po3mMipHOMy
4acoBi t' = @yt . | ‘

[TocraBumo y 'BimnoBimnicts mo F (t') aHANITHYHHH CHIHAJ

F (t') . Ploro enepretuunmii criexrp S (V) arinHo 3 (6.51) nopisxioe
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45,() =25, v20;

Sp(v)= V4 (12.49)
10, v<O0. |

3 immoro GOKS', BY3BKOCMYTOBHIi BHnankoBuii mpouec g(t')

(12.30) TakoX MOXHA PO3IIANATH AK JIHCHY 4aCTMHY g =Reg

AHATITHYIHOTO CUTHATTY Q‘(t') :
g =[F@)-iF, ()], (12.50)

eHEPreTHYHUI CIIEKTP SKOro Sg (v) BigMiHHMI Bix HYNA TiNBKH y

BY3bKill cMy3i qactoT 1—¢ <v<1+¢&, me BiH 30iraeThcs 3i cnekTpom
Si(v) (ams. puc. 12.3). Hessaxawouu Ha Te, mo WupuHa 2&

EHepreTHIHOTo cnekTpa S;(V) NpPHIYCKAEThCA JOCTATHRO MAJIOKO

(& <<1) mus roro, mo6 Z(¢') moxHa 6yn0 BBaXKaTH By3bKOCMYTOBHM
IIPOLIECOM, THM HE MEHIlIE, BOHa Mae€ GyTu Bn6paua CYTTEBO OLIBILOIO 32
LIHPHHY €HEPreTHYHOro CIieKTpa (uykryanii ctpymy B koutypi x(t'),
AKa npuONMH3HO NopiBHIOE 24 (AMB. HepiBHicTh (12.29) i puc. 12.3).
Tomy mpu & >> 4 BunajkoBuit npoumec g(t") nie Ha cipym y
KOJIMBAJILHOMY KOHTYpI TaK camo, fK i Gimuit mym 31 CIIEKTPATBHOIO
rycrunoio Sg(v) = 2C/x.

| 3a Bigomum crekTpoM Sz (V) MOXHA BHIHAUMTH KOPEALiMHY
¢byHKIi0

I+¢&

<&(6)8 (1)> = [ Sp () Dy,

I-¢
BpaxoByioun 3HOBy HepiBHICTB (12.29), rpaHuui inTerpysaHHs MOXHa
POSTATHYTH BiJi —00 IO +00,.IICJIs YOTO OTPHMAEMO

<g(ME" (1) > =4Cs(ty 1)), (12.51a)
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T06TO aHAMTHYHUA CRrHan £(t) Ttak camo, ak i F(¢') Ha6mwkeHo

HenbTa-KopeboBaHui (11op. 3 (12.46)). Is Teopii aHANITHYHOTO CHTHATY
Mag MICLIE TaKOX PiBHICTH (MB. (6.52) i (6.53))

<£(1)gt)> =0. (12.516)

CTOCOBHO KBapaTYpHHX CKIAJOBHX F i F | , To ixHi aBTOKOpEIALIiHI

¢ynxuii 3paxomareca 3 (12.51) 3 YPaxyBaHHAM MOAAHRA £ y Burgi
(12.50): -

R@IF(6)> = <F,(0)F,(8,)> =

| 12.52
=208t ~1,)=2Cud(6,-6,), (1239

ne G =ptl i 6,=put,. Buxopucraemo temep (12.52) mix
obuncnenns aucnepciit ¢myxryaniit amnnityau i ¢asu 3a popmynamu
(12.41):

<p'0)> -—5— ~2p0 I _[ PO 56, - oz)doldaz_gg‘ (12.53 a)

96 .
215 %% ‘

| Bucnoexu
1. Crnix 3BepHyTH yBary Ha ToH (akT, mio mucnepcis ¢paykryanii
aMIUTITYOM BHSBHJIAcCH HE3aJEeXHOW Bif 4acy. SIkOM kpim < p2 > MM
TaKMM CaMMM YHMHOM po3paxyBalu 0 aBTOKOpensuiiiHy ¢GyHKUiO
< p(6))p(8,) >, T0 nepexoHamucs 6, WO BOHA 3aNECKHTb TUILKH Bil

pishuumi wacis 6 —6,, T06100(f) € CTaLiOHAPHMM BMIANKOBHM

npouecoM (MpUHaiMHI, y IAPOKOMY 3HAYEHHi).

2. Bunanxosuit npouec @(f) — He € CTaUiOHAaPHMM, OCKINBKH
BenuunHa < @°(#) > 3pocrae niHiiiHo npy 36inswenni vacy 8. Ile, ax
MH Gauyunu npu AOCHIKEHHI OPOYHIBCBKOIO PYXY, € XapaKTepHO
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03HAKOK BMMAIKOBMX mpoueciB audysifinoro iy (mus. §9), npudoMy

poan koediuienta qudysii D Bigirpae BiIHOIUCHH:

<0(0)>_Ci'o,
(mMu BpaxyBanu, wo 8=y t' = pwy t ).

.D=

(12.54)

3. Is (12.53) BHAHO TakOX, IO QJJiyiéTyéui'i aMIUTiTYI4 i ¢as3m
3pOCTalOTh NpH 3memuenm napameTpa p , T06T0 npu HaOIMXKeHH] 10
lcpn'm'moro 3Haqemm p=0, SKE BllU:(lJIﬂC aBTOKOIIIdBaJIbHHK PexXIM
(p>0 — pexum renepaun) BiI penaxcammioro ( p<0, pexcuM
sracafounx KonusaHs). [lo6nuzy p = 0 cras cucremu € HECTIHKMM, i 3
wiel OpHYMHA- qmym*yaui'l' MOXYTh BHABHTHCA HACTiEKH BEMMKHUMM, 1O
dopmynn (12.53) oTpumani 3a ymosH | p| <r J; , BXE HE 3M0>Ky1‘5
3aCTOCOBYBATHC. -

4. Hapewri 3a3HaunmMo, Mo TennoBl ¢yHKUII 1 npoﬁomm ym

Na0Th aINTHBHYH BKJIAN Yy Benuuay Qryxryanii amiTynu i gasu. ix
BiTHOCHA POITb BU3HAYAETHCA CIIIBBIJHOWLECHHSAM: -

C u L
* -2y, | (12.55)
Corn  2kT e

ae Uc - aMHmTyna KO/UBaHb Pi3HHLI norcmnamB Ha o6xnam<ax
xoHgeHcaropa C y KONUBANLHOMY KOHTYDI:

J,L
Up =~ 12.56,
Vo= 1256)

ITpu 7 =300K 3(12.55) BuniuBac:
~17U¢, [UC]=B. S a2

nenxn

TakuM YMHOM, AKILO UC >l/l7B T0 nepesa)xae npoGomm myM
a y IPOTHIEKHOMY BUIIA/KY —~ TeIuioBi qurykTyaiti.’ ‘
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| Posoin IV
OCHOBH CTATHCTHYHOI TEOPII
IHOLUHUPEHHA XBHTb  *

§ 13. Bunaaxosi noas i xeri

Y nonepenmix naparpa(bax MM MalM COpaBy 3 OJHO-
MapaMETPHIHIMH BHIANIKOBHMH (byuxm;mn & (a) Aie AK napaMeTp &,
AK NpaBWIO, BHCTynaB dac f. 3amexsocti & (a) Ha3HBAIOTHCA
BMIIAAKOBAMH npouecamu. Ko x ixeTscs Npo BUNaakoBy yHKILi0
Gt Hk ommoro mapamerpa &(a,f,..), To ii Hasupalots

BHNAIKOBHM NoJjeM (y mpocTopi mapamerpis a,f3,...). YV 3agauax
NOLIMPEHHSA XBWIb, K IPABIIO, JOCTATHEO POITIIAHYTH TUIBKHM YOTHPH
mapaMeTpH: Yac ! 1 TPH NPOCTOPOBI KOODAHHATH, ~HANpPHKMAL,

ﬁ:(x, y,z). Tone f(t,ﬁ) MOXHA pONANATH AK moONe Y

JOTHPHBUMIDHOMY IIpOCTOpi, aj€ B HEPENATHBICTCHKMX 3alayax
NEPEBAKHO TOBOPATE MNpo 3MiHHe (3anexHe Bix ¢) mone y

TPMBHMIPHOMY NPOCTOPI (x, ¥, z).

BHnazxoBe TI01Ie MOXE ONMUCYBATHCA He OlHiew, a N byHKWAMH
/,‘(m) (I,E), m=1,2..N .V usomy Bunauxy cf(m) (t,ﬁ) HA3UBAETHCA

N-pumipnuM  BHNaaKoBMM Nojem Yy mpocropi (4OTHPLOX)

" napametpiB f,R. Hanpuknax, TpH KOMIOHEHTH HANpPYXEHOCT

enexfpnqnoro noJs E{Ex (t,ﬁ),Ey (t,ﬁ),Ez (t,ﬁ)} YTBOPIOKOTH

TPHBHMIipHE BUIlafKoBe none. 3 iHIOro GOKY, 3 YHCTO MATEMAaTHYHOrO

NOTJIARY KOMIOHEHTH & (t,R) MOXYTb GyTH UMM 3aBTOHO i HaBiTh

HE NOBMHHI MaTH OJHAKOBi PO3MipHOCTI.
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- § 13. Bunaoxosi noas i xeuni

13 1. CraTicTHIHHi ONAC BHNAJKOBHX HOJIB
Jina ckopoueHns uepes () =(t,R) r|o3HaqammeM0 TOYKY y
YOTHpHBHMIpHOMY npocropi. IloBHE 3ajaHHA  -OJHOBHMIPHOrO
BUnankosoro mnoas & (Q) O3Ha4a€, IO BiOMi BCi HOTo 7 -BHMIpHI

(abo, sk wacto roBopaTh, n-touxkoBi (n=1,2..)) rycTHHH

fiMoBipHOCTEH, TOGTO AN GyAB-AKOrO 4YHMCNA 7 JOBILHO OOpaHux

Toyok 0, BizoMi dynkuii

W, {51,040 %> O, ) iy, = P{xv <&(Q,)<x,+dx, (v= 1,2...:1)}, 131

ac P{xv <§(Qv)sxv+dxv}

semramna £(Q) y Touni Q =0, HabyBae 3HaueHHs, WIO JEXHTH B

— HMOBIpHICTE TOro, IO BHIIAAKOBa

inepBani (x,,x, +dx,].
AmnajoriuHo, MOBHE CTaTHCTHYHE 3afgaHHA (omMc) N-BHMipHOro
(m) . . ..
nona & (Q) [a€ThCA CYKYIHICTIO nN-BHMipHHMX TIyCTHH HMOBip-
HOCTEMH

{xl ’Ql’ n ’ ns ()Ql n ’Qn’ N)’Ql;"xr(rN)’Qn}dxl(l)dxl(Z)""dxr(nN)=
=P{x£”')_<§('")(g)<x('")4dx"') (v=1,2...n, m=1,2...N)}. (132
AHAJOriYHO AC PpO3IIAHYTHX paHillle BHIIAAKOBHUX IIPOLIECIB,

MOXHA TIOKa3aTH, W0 I'YCTMHH HMOBIPHOCTEH MOBHMHHI IJIKOPATHCA
yMOBaM HeBii’€MHOCTI, CHMETPIi, y3ro/xkeHocTi il HOpMyBaHHA.

13.2. MoMeHTH BHIIRIKOBOI0 MOJIA :
3natouM  GaraToBuMipHi TyCTHHH  #MOBipHOCTEH, MOXHa
OOUHCIMTH MOMEHTH BHOAAKOBOro moias ¢ GyIb-SKOro MOpAIKY.
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§ 13. Bunaoxogi nons i xeuni

Y saranbHOMy BHMNagKy Ui MOMEHTH OyiayTh (QYHKHiAMM KOOpPAMHAT:
0O, = (tv,Rv). v 6ara'r1>ox BUMaIKaX HaAGLIBI L(iKABMME € HaifHWKYI

MOMEHTH (IIEpILOrO 1 APYTOro MOPSNKY), AKHMH onepye KOpensIiiHa
TeOopis BUNANKOBHX ITOJIB.

Cepedne 3nayenna BUNAKOBOTO MO /,‘(Q) (MOMEHT mepIoro
NOPANKY) OOYHCIIOETHCS 33 JOMOMOTOI0 OJHOBHMIPHOT T'yCTHHHM
iimosiprocreii W, (x,0):

o0

<&(Q)> = Ixm(x,Q)dx. - (13.3)

—o0

Dayxmyayiiiny sacmuny BHIAIKOBOIO MoNA £ MO3HAYaTHMEMO SK

SE=b—<E> =E-F, (13.4)

3mimanuii momenm 0pyz020 nopaoxy Rg OOYHCHIOETECA 32
JOTIOMOTOI0 JIBOBHMIpHOI I'yCTHBHM fiMOBipHOCTEii W, ( x,05 %,0, ):

(Qth) =< g(Ql)g Q, )> = J- J‘ xx, W (.01 5,0, )dxdx, - (13 5)
®ynkyia Kopenrayii (TOYHIMIE, PynKyia asmoxopennyii) ' Bf

BHpA@XaeThCs yepes Ry :

B (0,0,)= <8E(Q)%(0,)> =
-] [-x1—<f(Ql)>][xz-<¢(Qz)>]~W2(xl,Q.;xz,Qz)dx,dx2= ‘*

—00 —00

=R (0,0,)-<£(Q)><(2:)> o (13.6)

Il BMDAZKOBMX nofiB 3 HYNBOBHM CEpENHIM 3HaYCHHAM QyHKuil
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§ 13. Bunaokosi nons i xeuni

By (QI’QZ) iR, (Ql,Qz) 36i;‘amscx:

R:(Qth)=B¢'(Qsz)- S (13.7)'

Mucnepcia Bunanxosoro mnons, TOOTO cepemHiit KBampar
dmyxryaniit, nopisxioe -

o} (0)= <&*(0) > = <[£(9)-<¢(Q) >:|2 > =B;(0.,0)-(13.9)
BaratoBuMipHe mone §(m)(Q) xapaicrepnsyeuca CYKYIIHICTIO

cepenHix 3HaYeHb <§(m)(Q) > 1 mampuyero queumie opyzozo

' NOpAOKY 3 eNEMEHTAMH

Rik (0,0)= <5(i) (Ql)ﬁ(k)(Q2)>. (13.9)

3 marpuueio Ry nos’ssaHa i kopenauiiina mampuys By, , enementu

AKOi OPiBHIOIOTE

By (Q1,0;)= <55(i)(Q1)5§(k)(Q2)> =
= ik(Ql,Qz)"<f(i)(Q1)> <5(k)(Q2)>-

(13.10)

13.3. CraTucTHYHO OXHOPIAHI NoJsn
AHANOTIYHO JI0 BHMINANKOBMX HpPOLECiB, HA BHUMAJKOBI MO
NOIIMPIOETECA 1 TMOHATTA CTATHCTHYHOI onHOpimHOCTI. OxHOBHMipHE
punagkose mnoje ¢ HA3MBAETLCA OXHOPIAHHM (Y BY3BKOMY
po3yminni), To6To cTanionapHuM 3a ¢ i ofHOPIAHAM 33 R » AKINO BCi
n-puMipni rycramm imosipHocreii W, imBapiamTni BizHocHo

nepersopenns Tpancasmii O, — Q, +5Q0:
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P{xv <&(Q,+6Q)<x, +dx,, v =l,2...n} =

- | o (13.11)
=P{x <£(0,)<x, +dx,,

AHaJIOI‘I‘IHe HOHSITI‘X CTaTIdCTPI‘lHOI OIIHOpl,HHOC l‘l MO)KHd BBeCTl/I l

amns N -BuMIpHOTO BUIIaKOBOTO TOJIS.
I[lonarrs mpocTopoBOi ONHOPIAHOCTI VI BMIANKOBHMX MOJIB

v=1,2...n}.

(iuBapianTHICTE rycTHH W,  BiIHOCHO NpPOCTOPOBOTIO  3CYBY
R —> R+6R) € npupomsuyM y3aranbHeHHAM NOHATTA CTANIOHAPHOCTI
And  BUNAAKoBUX (yHKUIA vacy. Ame 6araToBHMIpHICTb TPOCTOPY
napametpie (Hanpuknan, f,R) BiAKpuBac HOBI MOXJIHMBOCTI, a caMe;
BHMAJIKOBE M107Ie MOXe GYTH ONHOPIAHMM 3a ONHHMHM ITapaMETPaMH, a 3a

IHmmMMH — HeoaxopiaxuM. Hanpuknan, none cranionapue 3a yacom, 'ane

HEOIHOPiAHE 32 NIPOCTOpPOM, abo MoJie OTHOPIHE 33 NOBEPXHEIO chepw,

aje HCOJIHOplIlHe 3a pamycom T4 iH.

TToHATTS CTATHCTHYNOI OQHOPIAHOCTI Yy IMMpPOKOMY po3yMinni
nepenGauaec BAKOHAHHS YMOBH TPAHCIIALIT TIBKH [l OAHOTOYKOBOI W]

~ Ta 1BoTO4KO0BOi /¥, rycTHH HIMOBIpHOCTEIA.

Hacnioxu
PosrnsneMo cnowatky nojs, INO 3anexarh TiIBKH  Bil

IPOCTOPOBHX KOOPAMHAT, TOOTO HE 3alexaTs Big yacy : (= (ié) . Dos

‘CTATHCTHYHO ' OAHOPIAHOro (y IUHPOKOMY -pO3YMiHHi) nons £ (R )

1HBApIaHTHICTh BIAHOCHO 3cyBY R — R+ &R nosunHa BUKOHYyBaTHCS
TUILKY JUIS CEPEIHBOr0 3HAYCHHA 1 U1 MOMEHTIB JIPYTOro NOPANKY:

<§(ﬁ)>=<§(k+6ﬁ)> o (13.12)
35(1?,,1?2)=B§‘(E,+5R',R2+51?). L 13.13)
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' §:13. Bunaoxoei nons i xeuni

Vmosa (13.12) osmauae, mo <& > =Const, T06TO cepenHe
3HAYEHHS € CTAJ0I0 BEIHUYHHOIO. CnpaBﬁi,‘ 06paBum‘ 51? =-R .
OTPHMAEMO <§(ﬁ)> = <£(0)> =Const. | |

Moxmapum y (13.13) 6R = —-I-éz (abo SR = —R.l ), 3HaXOANUMO, IO

B, (Ri,R,)=B; (R -R,,0)=B,(0,R, - R )= -
=B (R -R,)=B:(R,-R). '

3 (13.14) Bunameae, 1O nast cTaTncm"mo OXHOpiZHMX noJjiB
aBTOKOpesiliina (yHKnis - Bé: 3aJeXHTh TiNbKH Big piznnni
p =R —R, (ane ne Bin R, i R, oxpemo), npuuomy B:(p) =Bg(-p)-
KpiM nporo, mis gucnepeii BUIIagKOBOrO IO MAEMO

o} (R)=B,(R,R)=B,(0) =0} (0)=Const . (13.15)

CratucTiano onHopinmi nons, y sxux B(p) sanexuts Tinbku

Bi Momysist (aje He Bi HanmpAMKY) BEKTOpa P = I_él —I_éz, O 3’€AHYE

TOUKH R 1 Ry,

5 (5)=B;(p), 1316

e p=|R1—R2|, Ha3MBalOTECA  CTATHCTHYHO  i30TPONHHMH.

~

MMpuknanom xopensiiiuoi dyHkuii ogHOpimHoro # isorpomHoro mons
MOX€e CIOyryBaTH KopemsuifiHa ¢yHKUiZ y BMIMIALI  rayccoBoi
3aJIEKHOCTI:

_ 2/ap2
B, (p)=cle??, (13.17)

ze ! — paniyc kopeasuii moas.
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.Y CTaTHCTHYHO OOHOPIiOHHUX, aje AHI30TPOMHHX NoaiB GyHKLI]
B§ (P) sanexars He TINBKM Big MORYIIS, ajle i BIX HAIpPsMKY. BEKTOPa

p= iél - Rz . Ipuknan:

2 2 2)
Bg(ﬁ'):ofgexp{— Pe Py P } (13.18)

24> 2p* 2¢?
Bemmuunn a,b,c xapaxktepusyloTh MacIuTaby mpOCTOPOBOI KOpEmsiuii y
HampsAMKax X,y i z. Skumo a=b=c =1, T0 aHi30TPONHMIA po3mOiNn
(13.18) nepexonuts B isorponnwuii (13.17).

13.4. CnexrpaJibHi 300pakeHHs
AJISl OXHOPiAHHX BHNAJKOBHX NOJIiB

3annmemo ¢opManbHHil po3kiIan GnyKTyauifHOlT KOMIOHEHTH
o0& (R) OJHOPINHOTO BHNAAKOBOTO MNONSA Y TPHUKPaTHHI iHTerpain

dyp’e:
S£(R) = I C:(z)e . (13.19)

Tyr C¢ ( ,‘E) — NpPOCTOPOBa CNEKTPAJIbHA aMIUIiTYAa moasn o0& (k)

3anueMo i o6epHene nepersopennsn dyp’e:
: @
Ce (%)=

U T sy o |
Ié’f(R)e TRIR. 0 (13.20)
Tak camo, Ak 1 y §6, meperBopenna (13.19) Mu HasBamu

(27’ -

GopMaNBHMM TOMY, WO OJHOpiOHE BumMagkoBe mnole OF (R) y

3arajJpHOMY BMNAAKY HE  BIANOBiAa€ BHMO3l CHafaHHA Ha
HECKIHYEHHOCTI i, 0TXKe, TpaHchopMantu Dyp’e Ce ( j") He icuye. s
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§ 13. Bunaokoei noas i xeuni

Toro, WOG HajaTM CHEKTPATbHAM PO3KIAfiaM BHMANKOBHMX TOMIB
KOPEKTHOTO -MATEMATHYHOTO CMHCHY, HeobximHo 6yno 6 choyarky

AIPUIYCTUTH, 10 mone O (ié ) OJTHOPiAHE BCEPEAHHI AKOTOCH BEIHKOTO,
ane ckiHueHoro 06’emMy V' i mBHAKO cNamae A0 Hy/A 3a HOro MeXaMmu:
. |62(R), ReV;

0, ReV.
Toni, MoGyAyBaBIIH KBaJPATHYHI KOPEIITOPH < Oy (fé, )54‘,, (ﬁz) > i
<Cye (1 YCp : (Z,)>, cnin mepexomuty z0 HECKiHUeHHWX PosMipis

obmacti V1 BCTaHOBIMIOBATH 3B’A30K M)XK  KOpEIATOpaMH depe3
neperBopenHs Pyp’e. Mu, ogHak, HE BHKOPHCTOBYBATHMEMO TaKuX
npuiioMis, a BBaxaTtumeMo, o inrerpamu (13.19) i (13.20) icayrots y
po3yMiHHI HMMOBipHiCHOI 30DKHOCTI, a caMe — Yy OCEpelHBOMY
KBaApaTHIHOMY.

Bnracmueocmi cnekmpanbHux nepemeaopens 00HOPiOHUX nonie

3rino 3 (13.19), nobynyemo mnepersopenss Dyp’e Binx
KOMIUIEKCHO CHIPS’KCHOT BETHIHHH:

o (R)= j Ci(z)e™dz = j C; (?,{')éi‘:’ﬁdj. (13.21)

BpaxoByroun, mo ‘i AificHoro mons OF =6, a TakokK TNpHPiBHIO-
fount (13.21) i (13.19), oTpuMaeMO Tak 3BaHy BJIACTHBICTb epMIiTOBOCTI:

Cz(-7)=C¢ (%),

) L o ..(13.2;2)
Ce(-2)=Ce(%)- '
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Gyukiisn aﬁioxopen)mii’ BUIAZKOBOTO TONSA 5§(ﬁ) Moxe OyTH

IIoJaHa Tak:

o o (13.23)
- [az [z <cy(2); ()5 7R,

Bukonaemo gesxi meperBopenHs y (13.23). [o-nepuure,
TIpOBEAEMO -~ 3aMiHy 3MiHHHX ¥  =—%", i, [NO-Ipyre, BBENEMO

I03HAa4YeHHA Rl =R+ P I_éz =R. 3 ypaxyBaHHAM BJIaCTHBOCTI
‘epMmitoBocTi (13.22), y pesynbrati oTpuMaeMo
B,(R,p)= <8¢(R+p)6s(R)> =

o © s o (13.24)
- faz [z <c @) () L5

Jns ONHOPINHOTO BHNAAKOBOTO MNOMA (QYHKUIA KOpensuii Bé: Mae€

3aJIEXATH TiIBKH BiJ Pi3HULEBOI 3MIHHOI 0 i HE MOBHHHA 3aJIE)XaTH BiJ|

‘CymMapHoi R. Lle moxmeo, skmo kopenstop < C, 5 (z')¢ ; (2)>

BIIMOBIZa€ TaKiil yMOBi:

<Ce(Z)VCe (27)> =S: ()8 (7'-7")- (13.25)

Oynkuia S ( jf) Ha3HBAETLCA  MPOCTOPOBOI0  CHEKTPAILHOIO

rycTuHoM0 (ao, KopoTiie, — HPOCTOPOBHM CNEKTPOM) BHIALKOBOTO
OJHOpIJHOrO MOMs 5§(ﬁ ) 3 TOYHICTIO MO HOpMyBaHHA S ( j)

- . - 3 - 2
36iraeTsea i3 cepenHiM kBagpatoM ammuitymu Pyp’e — <|C§ ( ;()' >
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HpOf‘TOPOBOI I’apMOHlKH 3 ,,XBHIBOBHM BCKTOpOM Z y po3x<na11anm

o& ( ) 33 MUI0CKHMH XBHIISMH.

3 ypaxypannam (13.25), ocratoano OTPHMAEMO .

Bg(f)):jS;(,f)ei’?ﬁdf o (13.26)

Hamuiemo Bizpasy i 380poTHRI 38’530k MiX S ( j{') i B, ( ﬁ) :

[+ ]

(27) 2,

Qopmynmu (13.26) 1 (13.27) € ysaraanHennsam Teopems Binepa-
Xinuina Ha BANAJAKOBi NOJA.
¥V 6inbul 3aralbHOMY BHNAIKY, KOJH (nyKTyauil HoMiB 3a1exars

B (p)e ¥d. (13.27)

S;(i;)=

HE TibKH BiZ HpPOCTOpOBMX XoopauHar R, anme it Bim wacy f:
o = o6& (R, t) , BUKOPUCTAHHA YOTUPHBUMIPHHX (IIPOCTOPOBO-4aCOBHX)

TapMOHIYHMX PO3KNALiB 341HCHIOETECS LUIAXOM y3araJiibHeHHsA dopmyi,
10  BUKOPUCTOBYIOTHCS TIPH PO3IMAAI BHIAJKOBUX TIPONECIB 1 BMMAA-
koBux noniB. Tak, un1g Gnykryauifi OXHOBHMIPHOTO BHOAAKOSOro NOJSA

6 =6¢ (jé ,t)- YOTHPHBUMIpHE CTIEKTpaIbHE PO3KIANAHHS MA€ BHITIAN

SE(R.1)= jdxjdw Ce(7.0 w)e (2w}, (13.28)

—00 —00 .
ne Cg(Z,w) — cuexrpansHa aMmmritysa noia 5§=§§(R z) Ha
BiIMiHy BiJ PO3MLIIB, npucnaqeﬂux CTaTHCTHYHIH pamorcxmul ae

3QJIEKHICTh Bil 9acy ONMCYBAIACH MHOXKHHKOM ~ €'y zamauax
NOIMPEHHs XBWJIb, 3aJeKHICTL Bia 4acy obHpaeThes y Burisai
~etor, Lle nos’sa3ano 3 THM, IO MiJl Yac pPO3MIANY XBHIBOBUX SABHIL
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. . ) s e 7y _..—.R'
spyuHime onepysaTn MHOXHukoM €%, a me e 4% Tlpu mpomy
¢opmyna (13.28) € posxnagaHHsM BHIIAAKOBOTO HONA 38 IUTOCKHMH -

MOHOXPOMATHYHHMH GDKYIAMM XBHIAMH ~ exp{ ( xR cot)}

3BOPOTHHI 3B’ 430K MiX Cé: ( Z a)) iof (R,t) Ma€ BHIIA]

C: (7 , )e"(’-?ﬁ"””) . (13.29)

Jinn cramioHapHOTo y uaci H OZHOPIIHOrO y HpOCTOpI NONS, KOJIH
Be(R.Ry; t,t)=Bs(por), me p=R-R, i c=4-t,

aHanorigro g0 (13.26) i (13.27), MoKHa 3aNMCAaTH TaKi CITIBBiNHOLICHHA:

B, (p,7)= I 8¢ (7,0) P Vd} do, (13.30)

_ U T a o\ —ilgp-00) s~
Sy (7, 0)= 2 J. B:(p,7)e iz "”)dp dr.(13.31)
(27 : _
—a0
Tyr S ( f,co) ~ TNPOCTOPOBO-4aCOBMil eHepreTHYHHii CneKTp
BHNAAKOBHX (uykryamiii, nponopuifiHMi 10 CepeHBOro KBajaparty
MoJtya crieKTpansHoi komnonentn Ceg ( Va d)) :

<Ce(7.0)Ci (7 0") > =Sg(F,0)8(F - 7")6 (' - @"). (13.32)

TakuM YHHOM, [U1sl CTAIiOHAPHOTO Yy YACi ¥ OMHOPIAHOrO 3a MPOCTOPOM
BHNIAJIKOBOIO ' MONA  CNEKTPAIbHI  KOMIOHCHTH Ce ( 7 co) €

O -KOpEeNbOBaHUMH.
JUIs CTaTMCTHYHO OJHODIAHMX IIOMiB TAak caMo, K i g
CTaUiOHapHMX y Yaci Mpolecis (AMB. §6), MiX XapaKTepHHUMH IHPHHAMH

Ap i At asroxopensmiiiuoi ¢yskuii By (p,r) i sinnosimmmmu

. 4 Minakos, 1. 2
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umpuHaMu Ay i A@ eHeprerMuHOrO crextpa Sp ( Z,(o) icHye

3B 2301( AKHI Ha3UBAETHCA ,,CIllBBlLlHOIlIeHHHM Henusﬂaqenocreﬁ”.

[IpogeMOHCTpyeMO 1€ CIBBiTHOIIEHHS Ha MpPHKIANl NPOCTOPOBO
OMHOPIMHMX TOJNIB 3 TaycCOBHMH aBTOKOpenduifiHumu QyHKuiamMu
(13.17) i (13.18). [ns i30TPOMHOro CTAaTHCTHYHO OJHOPINHOro IIOMSA
(13.17), suxonasmy, 3riaso 3 (13.27), neperBopenns Pyp’e, oTpumaemo
TAKHI BUpA3 [ IPOCTOPOBOTO EHEPIeTHYHOTO CIIEKTPa:

3 12 2
l - —2‘-1 X
o
Ouwinroroun xapaxtepui wmpuHn Ap 1 Ay 3a pisHeM 1/ Je Bilf
MaKCUMAIBHHUX 3HA4€Hb BiATIOBITHMX pozno,uinis (13.17) 1 (13.33),
otpumaemo Ap =1, Ay =1/I1i
Ap-Ay =1. (13.34)

[posisiy ananoriyHi 0GYHUCIEHHS A aHI30TPOIIHOrO poanomny
(13.18), 3HaiinemMo NpoCTOPOBHIA €EHEPTETUYHHI CIIEKTP
o; Zabc

Se(Z)= (—‘)T/z‘

3 (13.18) i (13.35) BuOHO, MO XapaKTepHi LUIMPHHH aBTOKOPENALIHHOL
¢yHKmii # BIAMOBIAHOTO i NMPOCTOPOBO-CHEPTETHYHOTO CIEKTPA, y 3a-

Se(7)=S:(x)= (13.33)

. ‘
xp{—a(qz;(f +b2,};§ +cy? )} (13.35)

rajlbHOMY BHINAJKY BIAPI3HAIOTHCS 32 PI3HMMH HanpsAMKaMH. Y pe3ynb-

TaTi, A aHI30TPONHOTO IONA CIHIBBiJHOIICHHS HEBH3HAYCHOCTEH
po3nafaeTseA Bipasy Ha TpH, 1, 3aMmicTh (13.34), orpumyeMo

Ap, Ay, =1, Ap,-Ay, =1, Ap,-Ay, =1. (13.36)

He3paskalouu Ha Te, 1O CTpOTi PIBHOCTI ONMHHLI CIiBBiAHOMIEHH
HEBU3HAYEHOCTEH CHpaBelIMBi TiBKM U TayCCOBHX  aBTO-
KOpensauiiHux (yHKIiH, MM BHKOPHUCTOBYBATHUMEMO iX Hajgam s
HaOMDKEHUX OLIHOK LIMPHH BUINMOBIIHHX PO3NOALNIB E€HECPreTHYHHX
CIIEKTPIB.
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13.5. Banaakosi XBH/Ib0Bi H0JIst
Cepen pi3HOMaHITHMX BHIIANKOBHX IONIB, 3 SKHMH Ma€ CIpaBy
CTAaTUCTHYHA pajiodi3Hka, XBHJILOBI MOMS NOCIAAIOTH  LEHTpAIbHE

Micue. ¥ 3aransHOMY BUIIAJKy XBHIICIO HA3UBAEThCs 30ypenns U ( R, t) ,

AK€ MOIIMPIOETHCA 31 CKIHYEHOIO IUBMAKICTIO ¥ y TPOCTOpi 1 Hece i3

coboro emeprito. Hampuknan, mnpoctimum BHAOM 30ypeHHH, sKe
3a70BOJIbHAE 1€ BH3HAYEHHA, € IUIOCKA XBWIA, y SKOI 3QJIEKHICTh Bil

IIPOCTOPOBUX KOOPAHHAT R iqaéy ! Ma€ BUTIISL;
U(Fé,t):U(ﬁE—w). | (13.37)
Hidicro, 3 (13.37) Bugso, mo U ornucye XBUmo, AKa pyXaerses 3i

IIBUAKICTIO Uy HaNpsSIMKY OJHHHYHOIO BEKTOpa 1 .

as

Hapani posrnspgatumMeMo JHie JTiHIfHI ¥ HeKkBaHTOBI 3anadi.

3 MaTEeMaTU4HOro MOTMANY, MOIIMPEHHA XBHIb Ti€l yM iHIIOL (i3HUHOL
npupoau  (ENEKTPOMArHiTHHX, MPYXHHWX, IOBEPXHEBHX  TOILO)
A ~

onucyeThes JinifiHMM npocTopoBo-uacosnm omepatopom L. Sk L
3BHYAfHO BHCTYNalOTh AMdepeHuianbHi, 3piika — iHTerpoaudepen-

uiansHi oneparopy. XsuasoBe fione U (R,t) NpH LBOMY 3a[I0BOJNBHAE

HEOIHOPIIHE PIBHAHHA

LU(R,t)=q(R.t), (13.38)
ae q(R,t) ONMHCYe JKepena XBWIb, 3afaHi BCepeuHi neﬁﬂoro
obmexenoro 06’emy V. Iona U1 ¢ MoxyTe 6yTy i 6araToKOMIoOHeHT-

'HUMM (HanpuKian, BeKTopHuMH). Y mboMmy pasi sk oneparop L
BHCTYIIA€ OTNIEPaTOPHA MATPHLA.

Jna ninifivoro piBaaHHA (13.38) € cnpaBemmMBHM OpHHIHD
cynepnosuuii. ToMy mpu aHamizi MoXXHa OOMEXYBAaTHCA pPO3rfAOM

JMOIe TapMOHIAHOI 3MIHM Yy 4aci mons JpKepen q(R t) =q(R)e"'i“".

ﬂxmo K napamerpn AKi BXOJATH y 3aAady (HieNeKTpH4Ha i MarHiTHa
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IPOHHUKHOCTI CepenoBMINa, ¢opma pO3CiIOI0YO0I IIOBEPXHi Ta iH.) HE
3MIHIOIOTBCS B 9aci, TO IIyKaHE moje TAKOX 3MiHIOBAaTUMETHCS Yy daci 3a

aHaNOTiYHMM 3aKoHOM U (-Ié,t) =U (E)e"iw'. IIpr 1pOMy nOYaTKOBE
pisagHHA (13.38) nma npocTopoBrx KOMIIOHEHTIB HabyBae BUTTIARY

iU(§)=q(§). C(1339)

VYV OaraTtboX 3agauax mpocropoBa oOnacte, y MeXax . AKOi

posrisinactecs none U (R) , OOMEXEHa SIKOIOCH IoBepXHe0 X (BOHa

Moxe Oyru siMxHyTa # posiMkuyta). Ha wiif nosepxmi meo6xiaHo
3a/jaBaTH IPaHAYHI YMOBH:

Ul = £i(R): g%ﬁd = £(R), (13.40)

e N — HopManb fi0 TIOBEpXHi, a f; (R) — 3anadi QyHKUii KOOPAHHAT.
Yacro 3amicts (13.40) BHKOPHCTOBYIOTH OQHOPiJHI I'paHH4YHI YMOBH

THILY

aU+ﬂ6N =0. (13.41)
Rez
Tyt « i f — nesHi nocriiii yncna abo 3amaHi GpyHKUIT KOOPAKHAT.
Slxmo B 3ajayi HEOOXiJHO BPaxOBYBaTH BHIPOMIHIOBAHHSA 3
obnacti V' y 30BHimHiNi npocTip (BakyyM abo OQHOpIAHE CEpEeOBHILE),
TO Ha HecKiHdeHHocTi (R — 00) MalOTh BUKOHYBATHCA Hacrynﬂi YMOBH.

[Mo-nepme, mone U  Mae crmajatd Tak, mob BenuuMHa RU (—I-é)
Januanacs CKiHueHowo npu R — o |

Lim RU(E);eoo. (13.42)
R-H»

Ils ymoBa Ha3MBacTbCA YMOBOK peryjsipHocTi 1011 Ha
HecKinuenHocTi. [To-ppyre, oxpim (13 42), Ma€ TaKoXX BUKOHYBATHCH
YMOBa BHITPOMiHIOBaHHS
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Lim R g—q—ikU)=0, (13.43)

R—x

ne k=2n/A, A — noBxuHA XBHI, IO MOLIKPIOETHCS (Y BaKyyMmi

abo omHopiaHOMY cepenosui). YMoBa (13.43) o3Hauae, 110 Ha BETHKHX
BIICTaHAX BiJ BHIPOMiHIOI04Yoro of’eMy- mone yssisie coOoro 61>1<yqy
XBHITIO, IO PO3XOAHTHCA.

CraTucTHuHi XBHJIBOBi 3aJaui CTABJAATHCA THMH CaMHMM
piBHAMHAMH il yMOBaMH, WO W AuHamigHi, age Tenep ue Oyayrs
CTOXACTUYHI PiBHAHHSA, CTOXACTHYHI NOYATKOBI H rpaHu4ni YMOBH
(piBHAHHA H YMOBM JUI OKpeMHX peaitizauiii Bumagkosoro momsa U).
Mapamertpn, ¢yHkuii # onmepatopw, mo GirypyloTs y 3anauax, Temep
BUMaAKOBI (BCi a60 ix yactuHa). [ po3B’sa3aHHA CTaTHCTHYHOI 3amaui
BHNaaKoBi Qaktopy Marore OyTH 3amaHi CBOIMH  PO3MOALIAMH
iiMoBipHOCTel. BunaakoBuMu MOXyYTh GyTH:

1) mxepcna nomis (HEOOXiAHO 3aaTH ,,CTATHCTHKY JKEpEN”);
2) BnactuBOCTI cepenoBuila (HEOOXIAHO 3a4aTH ,,CTATHCTHKY

cepenoBHILa”, a OTXKE, oreparopa L );

3) dopma i posrauryBaHHs MeX moainy X (HeoOXiHO 3amaTH
,»~CTATHCTHKY MEX");

4) ymoBH mnpuiiomy i peectparil xBuib (HeoOXiZHO 3amaTh
,,CTaTHCTHKY NipuiiMaya, 3aBan’). ‘

IcHye OBa OCHOBHMX CmOCOGH pPO3B’SAI3aHHS CTaTHMCTHYHHX
3anau.

. Cnoyarky 3HaxXOmATh PO3B’S30K (K INPABHIIO, HAOIVKEHMIT)
AMHAMIYHOI 3aj1ayi, a NiCAs UBOr0 BH3HAYAIOTH MOMEHTH UIyKaHOTO
TIOJ1s (CEPEIHE IONE, CePENHS IHTEHCUBHICTE Ta iH.).

2. 3i CTOXaCTHYHMX pIBHSAHL OYAYIOTHCS JETEPMIHOBaHI PIBHAHHS
VI MOMEHTiB 1 TpaHHYHMX YMOB, a IIicIs LBOrO pPO3B’A3YIOTH
»YCEpeIHeHy” 3aiaqy.

Y HaCTYMHMX PO3AiIaX MM 3YNHHHMOCS, TOJOBHMM 9MHOM, HA
PO3B’A3aHHI CTATUCTHYHHX 3324 ¥ PaMKax MePIIOT CXEMH.
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3ATAYT :
TMoka3aTy, 10 UIS CTATHCTHYHO OXHOpiZHOro # i30TpomHOro

mons O & (R) NPOCTOPOBO-CHEKTPAIbHA TYCTHHA Sée ( jf) 3QIEKHTH
TUIBKH BiJi MOAYNSl XBUILOBOTO Bektopa ¥ . OTpHMATH 3B’S30K MDX

B, (p) i S¢(z)-

Po36’a3ok. 3a BU3HAYESHHAM, KOpEIALiHHA QyHKIliA OXHOPITHOrO

Ta 130TPONHOrO [ONA 3aT€XHTh TUIBKY Bii MOAYNIA P = | ﬁl PI3HHUIICBOTO

Bekropa O .3 ypaxyBéHHxM 1BOro 3anumemo popmyny (13.27):

[ ]

. 1 7B =
(-5 [ B:(p)e7ap. 0

Le#t inrerpan 3pyuno oO4MCIIOBaTH Yy COEPHYHHMX KOOPAHMHATAX

-

p= ( p,0p,(ap) , ie 6, BinnidyeTbes BiX MONAPHOI OCi, CHPAMOBAKHO

y3/0BX BekTopa ¥ (puc. 13.1).
BpaxoByroouy, mo B 0OpaHi#t cHcTeMi KOOPAMHAT eNeMeHTapHuMH

06’eM 3anucyeTscs Yy BUDMAI dp= p2 sind,d pdb,dg,, a
7 p=yx p cos8,, otpumaemo

® 4 2z
- 1 - g, .
Se (7) =§§IB§ (p)pzdpje ‘P05 sin 8,46, j dg,. (2)
0 0 0
Interpan 3a dg,, nopisHioe 27, a iHTEIpyBaHHA 32 d6p NerKo

NPOBOAMTECA 33 JOIIOMOTOIO 3aMiHH 3MiHHHX & = COs 6 X

V4 1
j ¢ 2P0 i 6,40, = je_ixpt dt = |
0 -l 3)
1 o 2 '
=———e ¥ =—"_sin(y p).
ixp |, xp
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Mixcrasnstoun (3) y (2), otpumaeMo

1
27[2;(

Se(D)=——5— | Be(p)sin(x p)p dp=s, (1) @

OTXe, OA% CTaTHCTMYHO OJHOpIAHOTrO i 130TPONHOro monus

0 é‘(R) ‘TIPOCTOPOBHUH €HEPreTHYHUH CIEKTp 3aJIeKUTH TINBKH Bif

MOy XBHJIBOBOTO BEKTOpa 7 : Sf ( ,17) =S¢ ( z) )
B ananoriunmii croci6, Banonyrqu, 110 OJI9 130TPOIHOTO ITOJA
$uykryauiit Sg ( ;?) =S¢ ( Z) , MOXKHa niepermcaty it popmyay (13.26):
© | 0 . " 2z
B (5)= [ :(1)ePd = [ 15, (1) " sin6,d6, [ do, -
-0 0 0 0 . (5)
4z

=-/_)_TS5 (z)sin(x p) xdz = B¢ (p).

. Tyr iHTerpyBaHHA BHKOHYBaJIOCA Y CQEpHYHHX KOOpAMHATAX

x= ( X 01,(01), ne 6, sipnivyerscs BiX MOMAPHOI OCi, CIIPAMOBaHOT

y3moBx Bektopa p (pHc. 13.2).

Puc. 13.1 : - Puc. 13.2
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§ 14. MeToa MaIHX 30ypenb .

®nyxryauii napaMeTpiB CHTHANIB, 3 SAKHMH JOBOJMTLCA MAaTH
CIpaBy B pajlOTEXHIYHHX CHCTEMAX, MOXYTh GYTH BHKIHKaHI HE TiIIBKH
TenMOBUMH ¥ OpOOOBHMH IIymMaMH, Npo siki Hmwiocs sume. Yacro
OCHOBHOIO NPUYMHOIO GiyKTyanill € CHOTBOpCHHA CHTHANIB y KaHanax
3B’93Ky 1, 30Kpema, pO3CiloBaHHA pamioxXBuinb Ha GuyKTyauisx
MOKAasHWKA 3AIOM/IEHHA CEepelOBMING, Yy SAKOMYy BixOyBaeTbcsa ix
nomupenns. Il 9ac NOMMpEHHS pPaliOXBWIb y 3€MHHX YMOBaxX
OCHOBHY pONIb BMITPalOTh (IyKTyallii NOKa3HHMKa 3aJIOMJICHHA
tpomocepn Ta ioHochepH. Y KOCMiYHMX JiHiAX 3B'A3Ky H Y
panioacTpoHOMii CHiJl BpaXOBYBaTH pO3CIOBAHHA pPaJiOXBHMNIb Ha
GayKTyalisx WineHOCTI KOCMivHOi TiasMu. Haite npu nepemavi cur-
HAJIB 4epe3 XBHICBOIHM ([UIA CHIHAJIB ONTHYHOTO Niaflas’oHy XBHIb —
uepe3  CBITIOBOAM)  JOBOAMTECA  BPaxoByBaTH  HECOQHOPIXHOCTI
CEPEIOBHILA, SKE 3aITOBHIOE XBUICBI (CBITIOBI).
‘ HeoguopinuocTti cepenoBHIna NOLIMPEHHS 1 BHMKIHMKaHE HHMH
PO3CiIOBaHHA PAliOXBHIbL HE 3aBXKIOM € IUKLUIMBUMA (AKTOpaMH, IO
BHKJIMKAK)Th CHOTBOPCHHA CHTHAJIY 1 BHOCATH 3aBald, 3 SAKHMH
HeoOxiaHo GopoTHcs. Y psaai BUNAAKIB ABHIIE PO3CIIOBAHHS PaJlOXBUIb
MOXE NPUHOCHTH I KopucTs. Hampuknaj, 3aBAskH PO3CIIOBAHHIO
YABTPAKOPOTKHUX PAMiOXBHIG Ha TypOYNCHTHHX MyNbCallisX NMOKa3HMKa
3ATOMACHHS aTMOC(epH BHABIAETECS MOMNJIMBMM 1X NPOHMKHEHHSA
JAJIEKO 33 TOPH3OHT y AINAHKY reoMerpuynoi TiHi. 3 iHworo Goky,
PO3CisfiHi Ha HEOIHOPIIHOCTAX TIA3MHU KOPOTKi pamioXBHIII MOXYTDL GyTH
3aXOIUICHI ¥ MDKIIApOBHHl XBHJIEBIHHMHA KaHaN, Y SKOMY BOHH MOXYTh
' MOIUMPEOBATHCA HA BEJHKI BIACTaHI 3 MaJuM 3racaHrAM Ta iH. OCKUIbKH
poscisumil curman Hece imdopmalio npo $nykTyaunii napamerpis
cepenosnma (1iTHICTh, THCK, CTeNiHb i0HI3aii Ta iH.), TO, B npnﬁuimi,
- MOXKHa CTaBHTH i PO3B’s#3yBaTH "oOepHeHy" 3amady: 3a QUyKTyaniiMH

PO3CISIHOTO CHUTHATY BM3HayaTH MapaMeTpH CEPEIOBHING PO3CIOBAHHA.
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L1 MOXIHBICTh MIHPOKO BUKOPHUCTOBYETHCS B CHCTEMAX MMCTAHIHHOrO
30HIYBAHHS OTOYYIOYOI'0 CEPEIOBHILA. ' '
3agaua Opo HOLIMPEHHS XBUIb B CEPEAOBHILI 31 3MIHHHM Y yaci i

TIPOCTOPi NMOKA3HHKOM 3aJIOMJICHHS n( R,t) Y JeSKUX BHIAZKAX MOXKE

6yTH 3BeieHa IO PO3B’A3aHHSA CKANAPHOTO XBHILOBOTO PiBHAHHS

n* (Rt 5% -
AR———(cz )—37 U(R,t)=0, 44

+2panuyni ymoeu

A
+—+

ox* oy o7t

UIBHAKICTD MOLIUMPEHHA  eNEeKTPOMArHITHMX XBWIIb MpH  n =1,

me A — oneparop Jlanaaca («wianaaciaw»), c—

(WBHIOKICTL CBiTNa y Bakyymi), a U (R,t) — XBHABOBE mHONE,

Hanpuxnaz, 3sykosuii tHCK. Ilig U (R,t) MH MOXEMO MaTH Ha yBa3i

TakoX Oyab-Ky KOMIOHCHTY HANPYXEHOCTi ENEKTPHYHOro abo
marHiTHoro nons. Ilpy meomy piBHsHHA (14.1) BUILINBa€ 3 piBHAHB
Makcsena 3a feAKuX JOAARTKOBHX YMOB, BUKOHAHHA sAKuX 3abesneuye
BIICYTHICTh TICPETBOPCHHS XBHIb OIHIEI MONApHM3AUii y XBHII iHINOL
HoMApU3auUii B NPoOLECi MOWHPEHHS iX Y HEOZHOPIAHOMY CEPEIOBHILL.
OcCKinbKH TOYHI aHAMTHYHI MeTOAM po3n’a3anus piBuAHNs (14.1) npu

IOBITBHOMY  BHIIAAI  QyHKUiY n(R,i) BUACYTHI, JNOBOAMTRCA

3aCTOCOBYBATH HabmmKeHi Metonu. Y nboMy naparpadi MH BHBYHMO
OOMH 3 HUX — MeTOA MAJIMX 30ypens (MM3).

14.1. To6yaoBa po3B’si3ky. BopHiBchke HAGIHKeHHSA
PosrnamatimeMo n’(R,f) sk wunagkoBy (YHKIIIO HOTHPBOX

3MIHHMX — TpPBOX- POCTOPOBHUX KoopaMHaT R =(x, y,z) , a TaKoX
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yacy f.  BBemeMo Jie/leKTPpMYHY NPOHHKHICTL cepefoBMINA

g(ﬁ,t) = n? (R,t) 1 nqnémo ii y Burmsni cywm peryngpno’i < e(l—é,t) > o

(TyT, K i panime, Koci gyKkH <...> abo pHCKa Bropi ... O3HAYalTh
CTaTHCTHYHE yCEepeNHEHHs 3a aHcambieM peamisanii) i daykTyro0doi

g (E,t) CKJIaOBHX: . |
n(R.t)=£(R,t)= <&(R,t)>+5(R.1), <& (R1)> =0.(142)

3 ypaxyBaHHxM (14.2) nepenuiemo XBuiaboBe piBHAHHA (14.1) y
TakOMY BUTJIAMII:

A — f_@iﬁi U(R”t):_gi___u R

F JERPY) a5V (RY) (145

| +epanuuni ymosu

TakuM 4uHOM, BUXifHEe omHOpiAHE xBHIbOBEe piBHAHHA (14.1)
noamo Y BHIUISAI HEOAHOPIAHOrO, 3allMCaHOTO JUIS PEryispHOro
CepefoBHMILA, y NpaBiii YacTHHI SKOrO CTOATh BHNAAKOBI ,JpKepena”,
HOB’A3aHi 3 (PIYKTYIOIOYOK CKNIAZOBOIO NiENIEKTPHYHOI MPOHHKHOCTI
cepenosuIua & . Binomo, mo po3s’s30K HEONHOPIXHOTO PIBHAHHA

Ag - 1'(;{.):5_; U(k,t):f(ﬁ,t) (14.4)

MOJKHA [IOJATH Y BUTIIAMI CyMH U(I‘I;_t) .= U, (I-é,t) +U,c (R.',t) s

ne U, (k,t) — PO3B’s13aHHA OMHOPIAHOTO PiBHAHHA:
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AE-——“(IZJF"’—Z Uy(Rt)=0
c _ ot s (14.5)

| tepanuuni ymosu
a Ug (R, t) — ‘iacmmmifl boﬁn’xe.ox HEOJHOPITHOrO (14.4).'pim-vm1m.
Ilone U, (ﬁ,t) € IoJieM NepBHHHOI (Naga4oi) XBHII. Horo

BHM3HAYCHHA JUIS 3aJIaHAX < g(R, t) >, rPaHMYHMX 1 OYaTKOBHX YMOB €
3aBIAHHAM MaTeMmaTH9HOI ¢isnkn. [ns 3HAXOIKEHHS YacTHHHOTO

o3p’a3ky U I-é,t HeonopinHoro piuanHs (14.4) BBemeMo 10
pO3E sc P

posrasay gynxuiro I'pina G ( R,Rt, t') :

A -ff(R—’t)ii G(R R;1,t')=5(R-R)a(

R t-r) (14.6)

+epanuuni ymosu

-

AKa Mae Take po3yMiHHA. Lle xBuiboBe nojie y Touni R y MOMEHT 4Yacy

f, 1O CTBOPIOETHCA TOMKOBHM IDKEPENOM, PO3TAMOBaHMM Y Touni R,
SIKEC BUNIPOMIHIOE O -MOAIGHME ONMHMYHMI IMIYIEC Y MOMEHT yacy f'.

Samii Burnsg QyHkuii I'pina G(R,' R';t,t') 3ANEKUTh AK BiJl BHIY

($yHKILIOHANBHOT 3aNIEKHOCTI < S(R,t) >, TaK 1 Bill TPAHUYHHX YMOB,

AKi Ha Heil HaKIajaloThCa. SIKINO pO3rISfaTH NMOIIMPEHHA XBHIbL Y
6€3MEKHOMY CTaTHCTHYHO OJHOPIAHOMY Yy IPOCTOPI il CTAaLliOHAPHOMY Y

Jaci cepegoBHuli (< s(R,t) >=Const), TO %K TIpaHA4YHi YMOBH
DPUPOAHO BHMAaraTH BHKOHAHHA YMOBH BHNPOMiHIOBaHHA IMpH

|R—R'| —> 00, sKa 3 JBOX JiHIfIHO HE3aNEKHHUX PO3B’A3KIB PiBHAHHA
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(14.6) Bubupae TIIBKM TOH, SKHH OIHCYE C(bepmmy XBUIIIO, IO

PO3XOAUTHCA (3 TOUKH R’ ):

R-FR
G(ﬁ,ﬁ';t,t’)'=———_}—_,—5 t—-t'—l————l (14.7)
| az|R-R| | v,
Tyt v£=c/\/: =Const — MBHIKICTH NOWIMPEHHS XBWJIi B

ofHOpigHOMY cepexoBHIi. Y CBOIO 4epry, Oyap-fKHil IPOCTOPOBO-
wacoBuit posnogin f (ﬁ,t) MOXXKHa [OJATH Yy BHINIALI CYKYITHOCTi

TOYKOBHX IMITYJILCHHX JKEpEI:

j I dt' f(R',)5(R—- R)s(t-1). (14.8)

—0

IigcraBumo meit  po3knag y mpasy vactuHy (14.4) i
CKOPHCTAEMOCS TIPHHUMIIOM CYNepno3uuii, 1o € CrpaBeAIuBUM I
6yIb-SKHMX JiHIMHMX DiBHAHB i, 30Kpema, A8 XBWIBOBOTO DiBHAHHA
(14.4). Cytp nporo NpHHIMIY IONATAE Y TOMY, IO XBHJIBLOBE II0JIE

Uge (R,t), IO CTBOPIOETHCH ,,cymor” (ao ,.Cynepnosuiicro”) o -

mkepen (14.8) € cynepmnosumielo  momis G’(ié,ié';t,t'), o

CTBOPIOIOTHCH KOXKHMM 13 LIMX JDKEPEN OKPEMO:
o0 o8]
Use(R.t)= I dR'J. dt'GR,R;t,6) f(R,1'). (14.9)
— —00
3 ypaxyBaHHAM TOro, WO Y PO3INIAAyBaHii 3agayi
g\R.t) 5 -
() -2 2 ()
po3B’a3aHHs piBHAHHA (14.3), BpeluTi-peIuT, MOXHA NOJATH Y BUTIIAMI
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b’-’ _ ) -1 N "rw [ D D! r‘ 1 82 APAR 14.10
U(R)=Up(R)+ [ar J‘dtG(R,‘R,t,t)sl(R,t)WU(R,{) (14.10)
VYV  pe3ynmbraTi BHKOHAHMX nepe’rnope_m, MH  OTPHMAIH
iHTerpasbHe piBHAHHA, jKE IOBHICTIO EKBIBAJICHTHE BHXiIHOMY
JmbepenuiansHoMy piBrsaaHIO (14.3). Ilepesaroto (14.10) nepen (14.3) €
Te, mo (14.10) Bxe BpaxoBye BCi IpaHUYH] YMOBH.

Po36’a3o0x inmezpanbHozo pieHAHHA
Po3p’s30k inTErpansHoro piBHAHHA (14.10) MoxHa 3HaiiThH y
BUIIAAI pany Teopii 36ypens, skuil Oyayersca nuisxom itepaumiii. Ilpu
nobynoBi mepmioi iTepanii, 3riguo 3 (14.10), sanmmemo none U s

TOuKH 3 KoopanHatamu R = R’ i B MomenT uacy ¢ =1':
U( ) UO(R' ' +—J-dR'J-dt"G R'R"t t)gl(R"t) U(R”t) (1411)

HigcraBumo tenep (14.11) mix 3Hak iHTerpana BHXiHOrO PiBHAHHA
(14.10). V pesynbTari, OTpUMaEMoO

o0)e, (Ror') Ly (R 1)+

U(Rot)=Uy(Rot)+ IdR' Idt’G -

. w (14.12)
v L Id 'Id’G (R Rst,0)e, (R, 1)
IdR" Idt ——G R Rt )e,(ﬁ",t”)—a?f—z—U(ﬁ",t”)}.

Jdpyra irepanis Gyayerbcs 3a aHalOTiYHOIO cxeMolo. 3rigHo 3
piBasusam (14.10), 3amucyerscs mone U B Touui 3 KoopaMHaTaMu

f_Aﬁ

R=R" y MOMEHT Yacy ¢ =1" i miACTaBIAETbCA MiA 3HAK iHTErpana ams
nepwoi irepauii (14.12). Ilpomoexyroum npouec iTepyBaHHs, Mu
OTPUMYEMO DsJL:
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USC=U"‘U0=U1+U2 ++Un+, (14.13)

ne U, ~ & . Taxuii paa'y MaTeMaTHLli Ha3uBacThCs psitoM Heiimana, a

y Gizuui — GopHiBCLKHM PO3KIaAaHHAM (Ha yecTh (isuxa M. Bopna
BiIOMOTO CBOIMM ITpalsiMH y Taly3i KBAHTOBOI MEXAHIKH).

SIk BxKe BiO3HAuaNOCA PaHille, 3HAXOMKEHHS 11014 UO(R,I) €

3aBJaHHAM MAaTEMATH4HOI Oi3uKW 1 3BOOMTBECA [0 PO3B’S3aHHS
CTaHAApPTHUMM MeTOZiaMi XBHILOBOTO piBHARHA (14.5) 3 MOYATKOBHMH i
rpaHMYHMMH YMOBaMH. BBaxaTHMeMO LEH < PO3B’A30K BilIOMHM.
Tepmmmii wieH GOPHIBCBKOIO Py

2

U, (R,t)=-clz- j dﬁ'j dt'G(ﬁ,ﬁ';t,t’)e,(ﬁ’,t')gﬁUo(ﬁ’,t') (14.14)

ONKCYE OQHOpA30BE pO3CIIOBaHHA 1 HA3HBAETBCA ,,00pHIBCHKUM
Habnmxenuam”. Unen pany U, onmcye n-KpaTHe po3CilOBaHHS.

3 nobynoeu GopHIBCHKOrO pAny BHAHO, W0 cepeani moma <U, >, a
TAaKOX MOMEHTH APYIOro NOPSAKY MiCTHTHMYTh KOPEIATODH BHITIAIY
<& (R')...sl (R(")) >, 3HaXOIUKCHHA SKHX MpPH JNOBUIBHIA CTaTHCTHII
BUIIQIKOBOI BEIMYMHH £, — NOCHTB CKIajHa 3aaada. [Ipore ans Mammx

bnykryaniii & MoxHAa OOMEKHTHCS TUIBKM IEPHIUM  YWICHOM
po3KiafaHHA — GOpHIBCHKHM HAOIMKECHHAM.

SIk npuxnad posriAHEMO 3ajady TNpPO PO3CIIOBaHHA IUIOCKOL
MOHOXPOMAaTHYHOI XBHNI Ha (AyKTyamisx MOKa3HHKA 3aJIOMICHHSA

n(R,t) , TIPHIYCKAIO9H, WO CEPENOBHILE y CEPEAHbOMY CTaTHCTHYHO
omHopizHe y GesMexxHOMy TIpocTopi i cTamioHapHe B vaci

(< s(l-é,t)> =Const), a ¢uykryauii » BinOyBarOTbCA TUIBKH
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BCcepeluHi oOMexeHoro o6’eMy V. BsiBmm J0 poO3risARy BiTHOCHI
¢nykTyauii TieneKTpUIHOI TPOHMKHOCTI:

al(ﬁ,t) _nz(l—é,t)‘——<n2(ﬁ,t)> L
u(Rit)=i<e(Rt)> <’ (Re)> *7 qas)
0, ReV,

3 ypaxyBaHHAM BH3HaueHHA ¢yHnkuil ['pina (14.7) i 3rigHo 3 dhopmynoro

(14.14), OTPHMaEMO

U,(R,t)=41 Tdt'a ,ét'_li_ﬂ #(1'@, )—U( ).(14.16)

©
2 ‘[ D _ D 2
Ve —-aolR—Rl-oo Ve or

[Tone mepBHHHOI (Nazao4uoi) XBHITI UO( R,t) BH3HAYA€THCA, AK
BXXe 0yJ10 3a3HaYCHO BHLLIE, 3 OAHOPIAHOrO XBUIHOBOTO piBHsaHHA (14.5),
siKe 19 Ge3MEKHOro cepelloBuia 3 < g( R,t) > = Const mae Binomuii
PO3B’A30K Y BUTIAAI IJIOCKOT MOHOXpOMATHYHOI XBuii. s cnpoluenys
3a/1a41 MU PO3IIIAAATEMEMO IUIOCKY XBHIIIO OIMHHYHOI aMILTITY iU
- i(k,R~wyt ‘
UO(R,t)=e(‘ ), (14.17 a)
A€ @, — KpYroba 4acTOTa BHX|/IHOrO0 BHIIPOMIHIOBaHHS 1 MOZYJb
XBHJIbOBOTO BEKTOPa Kk, IOB’$3aHi CNIiBBiXHOILEHHAM

=2 F=2 (14.17 6)
C

Ve

=k,
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§ 14. Memoo manux 30ypeHs

3 iHworo 60Ky, MOAYAb XBHJIBOBOTO BEKTOpPAa MOXHA ILEC BHPA3HTH i
uepes JOBXKHHY XBHI A, y CTATHCTHYHO OJHOPIHOMY CEPENOBHILI
2z
| k, =—. (14.17 B)
()
Bpaxyemo Tenmep, mo ¢iaykTyanii nNOKa3sHHKA © 3AIOMIICHHA

,u( R, 1) 30cepe/pkeHi y ckingeHomy oG’emi V, i posrmsparumemo

HAMIIKaBIIAE  BUNAROK poécixoBaHHﬂ »KOPOTKHX” XBWIb, KOJIH
. Y3 . e em .

A <<L, me L ~( Vv )/' — XapaKTepHHH JiHIHHMA po3Mip 00’emy

posciroBanna. Ilincrasumo (14.17 a) B (14.16) i BHKOHaeMo 3a
JonoMOroio & -(yHKLIi iHTerpyBaHBs 3a dt’', 3po6uBIIM nONEPENHbO

f-&|

Ve

3aMiny 3MiHHOT 1" =1~

s\ K [dR |
(/,(R,Z‘)=4—;-V.’.lm/l R t- . X

Iﬁ"ﬁ1 - (14.18)

Ve

xexplji kR -ay|t-

Posrawryemo noyatox aekaptoBoi cucreMu koopamHat XYZ y
nentpi 06’emy posciroBanHi V¥ a Bice 0Z crnpamyemo B3JOBX

XBH/ILOBOIO BCKTOpa Tiaziarodol xsumi Kz (nus. puc. 14.1)

BaaxatnmeMo, 110 To4ka croctepexeHHs P 3 paniyc-BexkTopoM R, je
PO3TALIOBaHO IpHIMAY PO3CIZHOTO MOMNA, 3HAXOZMTHCH JOCTATHBO
natexko Big  o0’emy poscirosanHs V. Y uboMy  BHOagKy

BIACTaHB /R —R’/ ( R'eV ) MOXXHA PO3KJIACTH Y CTENEHEBHH psl 3a

manum mapametpos R'/RS LIR <<1:
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Puc. 14.1

- . - e = ’ nR 2 .
IR--R' = (R-R')2 =y R*>-2RR' +R" zzz\l-%w(%“ (14.19)

Ipctapumo posknan (14.19) y (14.18) i oOmexumocs Tinbku
muiigaMe 38 R'/R<<1 fofaukamMy y TOKA3HHKY CTENEHIO

~ CKCIIOHCHTH!

—-R" r D! 12
eXp s iy t--—-—-—‘-“--uexp i\ k, R—-R—& —yt +0 keR -(14.20)
vy Jj | R ) R

Bns toro, wob y (14.20) moxna Oyno 3HEXTYBATH KBAafpATVMHMMYU
12
JOJAHKAMH ~ ———- | HeoOX11HO BAMAI'ATH BUKOHAHHS HEPIBHOCT)

kR? kL
R S SO (14.21)
R R |
4Ka BH3HAYAE TaK 3Bayy ,,AaAbHI0 308Y” (alo 2omy ®payurodepa)
BigHOCHO 00’emy poacitosanns V' (mo mae muiinnit posmip L). s
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TOIOK CHOCTCPEIKCHH,

IO 3HAXOMATHCS Yy ,,XBHJLOBiH 30mi”

R>> 2, (k R>> 1) ymoBa JaneBboi 3oHM (14.21) BusBnAETHCH

Oimbil JKOPCTKOIO, HDK BBEACHA paHilme yMOBa L << R OCKINbKU
HepiBHICTD (14.21) MOXHA IIepenucaTy y BUrIAai
| kL L LY
=(k,L)==k,R| =] <<1. (1422 a)
R R R

VMmosi (14.2]1) MOXHa HazaTH TpOCTMH (Gi3MYHME CMKCH, AKIIO
BBECTH TOHSATTA XapaKTEPHOTo KyTa Audpakuii £; Ha reOMETPUIHOMY

Tini 3 nisidimam posmipom L: 6, =~ A, /L~1/k,L<<1, a Takoxk

- xapaktepHoro kxyra 6, =L/R<<l, nig axumM BuaHO 06’eM
PO3CiIOBaHHS 3 TOUKH CTIOCTEpexCeHHs (puc. 14. 1):
r L ¢

k,—=kL-= ~

<<1. 14226
R ° R 6, (14226)

Buano, 1o yMoBa 3HaXOKEHHA TOYKH CHOCTEPEKEHHH Y JanbHii 3081
BiTHOCHO 06’eMy V' o3Havae, 110 ,,FeOMETPHUHUI" KyTOBHi1 po3mip &
00’emy Mae byTn 3HAUHO MEHIILIHM, HIX KyT nudpakuii G,

Y xypcax Teopii mudbpakuii

i NOWMPEHHS pPafiOXBUIb
3aralbHONPUAHATEM € iHIIE (TaKOXK, B3araii-To, AOCTAaTHLO (i3MdHE)

TpakTyBanHsa HepiBHOCTI (14.21). Bupa3s y nisiii wactuni (14.21) MoxHa

3aIHCATH $K BIAHOLIEHHS IUIOM NOMNEPEYHOro Iepepisy of emy
: 2 : . ‘
PO3CIIOBaHHS (~L) no maomi nepwoi 3oxn Ppenens ( a%;, Ie

ap =JAR ~,/R/k£ — nivifinui posmip nepwoi 3oun ®penens nHa
Bizcrani R):

r
ks—R;*"':l?<<l. : (14.22B)
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30H1,

TakuM 4uHOM, ANA cnoctepirada P, axuil nepebysac. y manbuii

miHlAeui  po3Mip - dp 30HM DpeHens BHABIAETLCA  3HAYHO

GimpmMM, HiK reoMeTpHuHmit posmip L 00’eMy posciioBanma V.

Bepyuu 10 yBary, 1o 30Ha DpeHens BU3HAUAETHCE K OONACTL

1POCTOPY, KOXHa TOYKa fKOi Jae cUH(A3HUE 3 MMM BHECOK RO
TIOBHOTO TOJis Y TOYIIi CHOCTEPeXeHH (pizavug $a3 XBUM MiK TOYKAMH
y Mexax nepuioi 308u Dpenens He nepesuinye 71'/ 2), noJie y naabii
30Hi 3 JocraTHiM HaGAMXKeRHAM MOXKHA BBAXKATH Cdepnunow
XBHJIEI0, 10 po3xoautThed. Kpusuina d¢azosoro ¢ponry xmmai
BH3HAYACTLCH TiIbKK BiACTaHHIO R BiA NMOYATKY KOOPAMHAT,
PO3TALIOBAHOrO Beepeauni 06’ emy poaciioBannst V , i He 3anexuTh
Bia iforo yiniinoro posmipy L.

V nmancHiM 30Hi 3 ypaxyeaumnsam copoumens (14.19) i (14.20)

nigieTerpanbil  Qynkmi  y  suxipmii (bopmyni' (14.18) moxyTh
palnwxeHo OyTv onaHi Tak:

.. R-R i(kR-ant) (= oz
\_R?'i—ﬁ"e)(p i\ kR -y t_\__ve_\ & R“’o ~e‘(k k‘)R,

M ~ [ R't—£+% .

- R )
Tyr mu BBe;m k = ks}- — XBHJLOBMH BEKTOp PO3cifiHOro noas.

IO BBeAECHMH BekTOp K
cnocTepexenns (auB. puc. 14.1),

3ayBaxKuMo, CIIPAMOBaH¥H Yy TOYKY

a #oro Moaynb 30iraerbcs 3
k. (k k,). Micis 3pofnenux CrpoIeHs y NEPIMIOMY MOPAAKY TEOpii

30ypennb s poscisnoro nons U, oTpuMyeMo Takui Bupas:
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Sk R—%’)IdR' Rro- R IR R (1403

) 2

47rR

SAxmo ¢mykTyauii TOKA3HHKA 3aJOMIEHHA HE 3aMEXaTh Bilt

Yacy, a € TUIbkH (YHKHI€I0 MPOCTOPOBHX KOOPAMHAT, TOOTO -

,tl(ﬁ',t)‘:‘ ,u(R"), 10 Qopmyny (14.23) moxza nepemucaté y 6inbm

NPOCTOMY BHIJIAM}

D 2 k i t .
U (R.t)= ”R C,(g)e' "1, (14.24)

ks, a C/‘(q) -

®yp’e-KOMIOHEHTAa BUHAIKOBOTO MO (IyKTyarliit ,u(R) , B3ATa JUIA

Iic BBEICHO TaK 3BaHHil BeKTOp po3cioBanusn ¢ =k —

OJIHi€1 €IMHOT IIPOCTOPOBOI FAPMOHIKH ¥ =@ :

Jy(ﬁ')e’izk'dﬁ' . (14.25)

v 2=

Cy ()= Cy (Z)L?:q = (2”)3

Ockineku y(l-é') =0 npu R'eV, 10 inTerpysanns y (14.25) sa dR’

MO>KHA [IOLMPHUTH Ha BECh TPUBHUMIPHUH MPOCTIp:

Cﬂ( 3 I,u R' -iZR dR' . (14.26)
27:) o
- x=q
Bucnoexu

1. 3 dopmymn (14.24) unnusae, 110 Npy po3CiIOBaHHI XBHII, AKa
najga€ Ha HEPYXOMi HEOAHOPIOHOCTI, YACTOTA XBHJIHLOBOIO NOJN He
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. . C - . - - . —~int
3MIHIOETBCSE (3AIEKHICTL Bifl Yacy Mae TOM caMuii BUTAn ~e 0,
mo # y napatoqii xsuni U ).

2. Benvupna (Hanpyxenicts) U, poscisHoro nons 3 HaOpsAMKY

k., y HanpaMok Kk = BM3HAYa€ThCA TUIBKH OJHI€I0 NPOCTOPOBOIO

£

rapmosikoio @yp’e (14.25) 3 ,XBHIIHOBHM” BEKTOPOM 7 , IO JIOPIBHIOE

BEKTOpOBi po3citoBaHHA ¢§ =k —k,. Take po3cilOBaHHS HAa3MBAIOTH

»PE3OHAHCHEM”.

14.2. Cepenne noJie i cepens iHTEHCHBHICTL
V. depmioMy HabmwxeHHi- MeToy Mamux 30ypeHs (OopHiBchke

Habmwkenns) none U, (I—é,t) y HanbHIH 30HI, po3cisHe Ha QIYKTYIO-
IOYHX MPOCTOPOBMX HEOLHOPIMHOCTAX y(R,t) MOKa3HMKa 3aJIOMJICHHA,
Bu3HavaeTecsa (opmynoro (14.23), 3 Akoi BHUIUIMBAE, WO 3B’SM30K MIX
Ul(ﬁ,t) i ,u(fé,t) € MHIAHMM. SIKOIO pO3FNAAaTH 4 SK OAHY 3
MOXIIMBHX peanizauii BUNaaKoBoi QyHKIiT ,u(fé,t) , 70 U, Takox 6yne

BHIAJKOBOKO pealli3alli€lo po3ciaHoro XeuabroBoro noms U, (R,t) , 1 ans

iioro onucy norpiGHO 3acTOCYBATH METOIM TeOPii BUNAAKOBUX (YHKIIiMH,
1, 30KpeMa, METOZ, MOMEHTIB. ‘

Ycepenuumo (14.23) 3a ancambriem peamizauii ,u(l_é,t). 3a
paxyHok niHiftHocTi 3B’s3Ky MbK U, 1 4 onepanii iHTerpyBaHHs 3a
dR'i ycepeaHeHHs 3a aHcaMbneM peanmizauiifi < > MOXHa NOMIHATH
MicusamH. Y pe3ylibTaTi, 3 ypaxXyBaHHAM TOTO, 1O < ,u(ié,t) > =0, nna

cepeduwzo noJia OTpUMaEMO
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<, (ﬁ,t) > ~ jdié’ < ,u(k',t) >e R 0. (1427)
‘ Sy . ' .

daxT mepeTBOPEHHS Ha HyNb MEpIoro CraTHCTUYHOrO Mbmem'y
nonst U, (R,t) na€ ‘3Mc.>ry TOBODHTH IO Bincymicrs y woni U,
KOrepeHTHOI CKIajoBOi, a came posciionamm y usoMy HaGIHOKEHHI

BB@XaTH HEKOTrePeHTHHUM.
Beimunna mnoryksocti  poscisHoro mnoma Wy Toumi

CUOCTEPEIKEHHs, a4 TAKOX T'yCTHHA NMOTOKY eHeprii S € BEMYUHAMH,

kBagpatyuHuMd 32 nonem U - wanpukman, sxmo senuwunbna U €
HANPYKEHICTh enekTpuuHoro (abo Mard€iTHOro) monsi y posciaHii

e e . . . 2
€JIeKTPOMArHITHIN XBUJIi, TO MUILHICTS eHeprii W = lU I / 41 , a BeKTOp

i = k .
Vwmosa-Tlo#urinra S = —]:cW , 1€ C — NMIBHIKICTH HOIIHPEHHS €AEeKTpoO-

MATHITHOI XBUAI TpH 71 =1 (IBMIKICTH CBiTNa y BaKkyyMi). Jlng npocroTu
 mani posmana’mmemo BEIHYHHY |U | SKy  Ha3BeMO

»IHTeHCHBHICTIO?, 32 BH3HaY€HHAM, Ui BENHYMHA 3 TOYHICTIO O
CTAIMX MHOKHHKIR 306ira€ThCs 3i WINBHICTIO TIOTOKY €HEprii Y poscianii
XBUNI 1 MOpONOpHiHHA MOTYXHOCTI, IO peeCTpyeTbes Oymp-AKuM
NpHiiMaueM Y TOUL CHOCTEPEKEHHA,

Cepedns inmencuenicmv no/iia, PpPO3CISHOTO Ha HEPYXOMHX
HEO/JHOPIHOCTAX (,u(R, t) = ,u(R) )., ¥ GopHIBCbKOMY HaGIMXEHH,
AK Burumsae 3 (14.23), nopisuroe

4

<1,( >= <|U1 |2, =(—4-:‘;;-)7< J}lﬁ'y(ﬁ')eﬂ"i’? >. (‘14.‘28‘)
) 14
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Tonaroun KkBaapat MORyIIs iHTerpaJIa 3a dR' y surnani nobytxy
IBOX iHTerpaJ'IiB i  3MIHIOIOYH nopaz(ox ycepenﬂenua < > Ta
IHTErpyBaHHsA, OTPUMYEMO

<I;(R)>= _[ dR’J.dR"< u R' o(R" >e""7(k'-"""") ."(14.29) )
: Jnsa 1mpocTopoBO -OJHOPIAHOTO IONA -BHNANAKOBHX (iyKTyanii
NOKa3HHKa 3an61vm_euux KOpENATOp < ,u(R") ,u_(ﬁ") > € QyHknieo

TinbKH pisHuLi aprymenTiB = R' - R":

<u(R)u(R")> =B,(R-R")=B,(3). (1430

IIpocTopoBa OMHOPIAHICTE BHHAAKOBMX IOMIB IIOBHICTIO aHANOri4Ha
BJIACTHBOCTi CTAIliOHAPHOCTi ~ BHNAJKOBAX IIponeciB (y IIMPOKOMY

pO3yMiHHI), 1O Jia€ 3MOTY BBECTH TIOHSTTS NOBNHHH xopenswii [, ax

BiZICTaHi, Ha AKiH aBToKOpensuiiina QyHKIis - B ( p) cyrreno cnajae.

ITin cnoBamu ,,cyTTEBO Crajgae” MOXKHA PO3YMITH TO# caMHii CMHCI, 1110
A Tpu BBEJEHHI NOHATTA ,4ac Kopemsuii” (muB. ¢opmymu (5.31),
(5.33)). [Hosxuna kopenauii / 4 MOXE BIII3HATHCA y pi3HuX
HanpsAMKax, ToOTo 3anexary BiJl HanpAMKYy BekTopa O (aus. § 13), y

IOBOMY BMIIQZKy MM Ma€MO CIlpaBy 3 ,,aHi30TPONHHM” TMOJEM

bnykTyauif mokasHMKa 3aJIOMJEHHS ,u(R)} Sxkwo X JOBXKHHA
xopenauii [, He samexuts Bin Hampamky O, To mome QuykTyanii

ﬂ(R ) € CTATHCTHYHO i30TPONHHUM, 3 IOBXHMHY Kopensauii /, HasuBawoTs

y UbOMY BHNAAKy paiycoM Kopensiii. 3a NOpAIKOM BENHYHMHH ‘ly
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36iraloThCd 3 XapakTEepHHM JIIHIHHMM pPO3MipOM HEOAHOPIIHOCTEH
NOKA3HHKA 3aJIOMJICHHA. ‘

3amicts R',R" mepeitnemo y (14.29) no HoBux (CymapHuX i
PI3HMLEBNX) 3MIHHUX IHTEIPYBaHHS:

Rl R), pe-F

Sxkmo mikiitei posmipu L 06’eMy poscitoBauHHs V' 10CTaTHBO
senuki: L > ‘l/, (tobro posciioBanHs  BigOyBacThcsi Ha . BENHKiM

kitekocti N ~ L3/ 1/3, > 1 wmeogHopimHocteit), To Ha rpaHuIX obaacTi

IHTErpyBaHHA 33 3MIHHOK O 3HAYCHHA Bﬂ( p) Oylle HacTinmbKu

MaluM, 1o i"Terpan 3a dp MoXHA MOWMPHTH Ha BeCh MPOCTIp (Bin

-

—00 [0 ), a o0nacTh iHTerpyBaHHs 3a CYMapHOK 3MiHHOK0O KR,
NPakTHYHO HE BiApi3HATAMETbCs BiA crapoi V. V  pesymbrati
OTpHMaEMO

k4

<1 (R)> = j df j 478, (B)e™ =725V S, (d), (143D

(47z'R

Iie BBEJCHA BENMUMHA S, (q ) Ma€ CMHCI MPOCTOPOBO-EHEPreTHYHOTO
criekTpa S, ( ;’Z) , B3SITOTO JUIS OJIHI€I-€MHOT POCTOPOBOI TAPMOHIKH 3

~,,XBUJILOBHM BEKTOPOM” ¥ = : -

S,(3)=$ (7?)| %———-—— _[de ()| . (1432)

e R
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Bucnosku
3i 3naiinenoro supasy (14.31) sumumsae, mo

1. Cepenns inTeHcHBHicTh < /| ( R) > cnajae 3 BUICTaHHIO R 3a
-2 . ‘ au .
3aKOHOM ~R™°, sk me i Mac Gy y cepuuniii xsuai, mo
PO3XOANThLCH. ‘

2. ®akt, wo <I[;> ~ V, cBiguuTH MPO HEKOrepeHTHHIi
xapakTtep poscitoBanns. JlificHo, BpaxOBYIOYH, IO CEPENHIO KUIbKICTH

- HEOJIHOPIZHOCTeH B 06’eMi V' MOXHa OLIHUTH 32 TIOPAAKOM BETHIHHA

3
ak N ~ V/ / 1 (lz — mpornopuiiHe 10 00’eMy, IO NPUNANAE HA OAHY
HEOJHOPIAHICTE 3 XapaKTCPHUM JIHIHHUM PO3MipoM lﬂ), JOXOAHMO

BHUCHOBKY, o </, > ~ V ~ N . 3ayBaXuMOo, WO NPH KOTePEHTHOMY
JONaBaHHI MOJIB, PO3CIAHMX Ha N HEONHOPIAHOCTAX, aMIUNTYIa
cymaproro nonsa 6yma 6 U, ~ N, a fioro inTeHCHBHICTb, nponopitiina
KBaJpaTy aMIUTITYH, Mae 6ytn ~ N 2.y?, Ilpu HexorepeHTHOMY X
NofaBaHHi NOJIB 10JAIOTLCA He iX aMINITYAH, a iHTencHBHOCTI
(xBagpaTn amniirya), ToMy cymapHa iHTeHcHBHicTb [; BuABIS-

€Thest nponopuiiinoro N ~V .
3. PoscitoBanns Mae BHGipKkoBHil (pe3omaHcHMii) xapakTep y

TOMY PO3YMiHHi, WO NPH PO3CIOBAHHI 3 HANPAMKY k y HanpsiMoK k

6cpe Y4acCTh TINLKH ONHA-€INHA NMPOCTOpPOBA l‘apMOHlKa 3 XBHJIBOBHM

—

BexTopoM ¥ =4 =k —k,.
. . 4
4. Cepepnsi intencusricts <1, > ~k2. Muoxnuk k. xapax-
" . .. . 4\ .
TEPHMH A ,,pesle€BCbKOI” YaCTOTHOI 3JICKHOCTI (~ a)_o) 1HTCHCHRB-

HOCTIi TIOJI, PO3CiAHOro Ha ,JIpiGHMX” HeoaHopigHocTsax (/, mabarato
: "

MEHIUA 32 OBXHHY XBUJI BUIIpOMiHIOBaHHA A, ). JlificHo, Akmo paniyc
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kopemsuwii /[, HacTinpKM MamMii, II0 BHKOHYETBCA HEPIBHICTb

u

L

-

B3arani He 3agexHuM Bin § (i, oTke, Bix xBHIBOBOrO BekTOpa K, i

HOBXHMHM XBUJIi BUOIPOMiHIOBaHHA A, ):

‘ 1 R
S.(9)= ) e = dpB,(p) €
e 21)’ psjt (14.33)
B REA
~—4—RB (0)=———.
(2”) jde P)=8,0= 5B 0=

Ipy oTpuManHi Hi€l OLIHKA MM BpaXyBaIH, 110 0' =B,(0)= < ,u > —
Jmcnepcix ¢mykTyauii KBaaparty TOKa3HMKa 3aOMIICHHS n? (R) (nuB.
BU3HaueHHA A 3a dopmynomw (14.15)), a lz — XapaKTepHUii 00’ €M,

3afiHATHH ONHIEI0 HEOMHOPiAHICTIO 3 MiHiAHMM posMipom [,, mo

nopisHioE - paniycosi kopensuii. 3 ypaxysanusm (14.33), srimHo 3
BuxinHowo ¢opmynow (14.31), orpumyemo, mo s |, JApiGHMX”
HeoxnopinHocte#l /,q <<1 cepenHs iHTEHCHBHICTh PO3CiAHOrO mONA y

. ‘o 4
TOUYIN CIIOCTEPEIKEHHSA IIPONOPIIINHA @y .

14.3. InIMKATpHCA PO3CilOBaHNS
3 dopmymu (14 3 1) BunnuBae, o cepeaHd IHTCHCHBHICTS Yy TOULI

CTIOCTEPEXEHHS 3aNeXHUTH Bif BifcTani R = IRI 10 06’eMy po3CitoBaHHA
i Bektopa posciroBamns g=k—k,: <I;>=<I(R,§)>. Jnx

BHU3HAYEHHA KOHKPETHOI 3alexHOCTi </} > Bifl HanpsAMKy BeKTOpa
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qgs ZkSlﬂ <<1, 10 §, ('q') , Ik BumnuBac 3 (14.32), BusBAAETHCH
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-

k=k — posnumemo #oro npoexuii B [eKapTOBii CHCTEMi KOOPAUHAT
R

XYZ 3 nouyarkom O B ueHTpl 06’emy p03Cl}OBaHHﬂ 1 BICCIO OZ

cnp;monanoxo B3/IOBK XBIJTEOBOTO BEKTOpa Majaloquoi xnum k. (zmn.
puc. 14.1114.2).

Prc. 14.2

Opienranis oci OX B oprorosaneHiii 10 sextopa k, wiowmui XOY y

3aranpHOMy BHMAAKy AoBinbHa. IIpoekuii BekTopa k 3anmaBatumeMo y

chepuunux KoOpAHHATAX Kk = (k5,0,¢) ne @ — nomsipuuii KyT (Kyr

‘Mix BekTopamu k, i k), a @ - asumyrambuuii KyrT (KyT MiX

NPOEKILIEI0 BEKTOpa k na mwomuny XOY isiccio OX).

Beenemo mnouaTrs iHAMKATPHCH po3ciloBanHA F'(b’,(p), AKY
BH3HAYMMO AK BIAHOLICHHA CEPeABbOl InTeHCHBHOCTI < /| >, poscisHoi
Y HarnpsMKy @, @, 1o cepeaHbOi IHTEHCHBHOCTI, PO3CIAHOI y HATIPAMKY
[IOIIMPECHHA aJAK040i XBui (/'c‘ = /:8 ). IIpn k= l-c; XBHJIBOBHIT BEKTOp
pO3CiIOBaHHS § = k ~—I?€ =0. JInd uporo HanpsAMKy MHONAPHMI KyT©
@ =0, a BenMyMHA A3UMYTANLHOrO KyTa ¢ J0BiMbHA (U1 BHIHAYEHOCTI
Hexall BOHAa JOpIBHIOE Hymo). 3 ypaXyBaHHSM BHILCBHKIAAEHOLO,
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3TifHO. 31 3HAlNEeHO paHime GOPMYNOIO AN CepeaHbOl IHTEHCHBHOCTI
(14.31), orprMaemo

_<L(R§)>_<Ii(RE,0)>_S,(3)

= . (1434
F(6.9) <IL(R,0)> <I;(R,0,0)> S,(0) (1439

ITpy 1BOMY, SIK I€TKO IEPEKOHATHCH, BCI MHOXHWKM TEped S, ¥

dopmymni (14.31) mnsa < I, > cxopoqyroiscx, TOMY B HANPAMKY k = o»
IO 3a[a€ThC XBUIBOBHM BEKTOPOM Mamaodol xBum F (0,0)=1‘
Sanexnicte F (0, ¢) npuiiaaro 300paxati y cdepuuHiii cHcTeMi
KOODIWHAT, BifIKNajalouH 3HaueHHs F 33 HANpAMKOM NPOMEHZ,

3a[aHOr0 KyraMu @,¢, IO BiJUiYyIOTBCA Bif HAaNpsAMKY BekTopa Kk,

(muB. puc. 14.3).

Puc. 14.3

SIx npuxnad po3rNAHEMO CTAaTHCTHYHO ONHOpIAHE H i30TpONHE
none HeoAHopiaHOCTEH, ko B, ( ,b) =B, ( p). VY usoMy BMIAJKY,

sk Gymo mokasano y 3amaui §13, eseprermusmii cnextp S r ( Z)
3ANEXUTP TUTbKH BiJl MOy/IA XBHIIbOBOTO BekTopa 7 . Omxe, i S, (§)
TAKOX 3aNeXaTHME TiBKH Bil g = |Ej| . Tlpruomy 38’530K MiXk S, (q) i

B, ( p) BH3HAYA€ThCA AK
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(27)’
_ (14.35)
1 . ‘
=—2—;§- B, (p)sin(gp)dp=5,(q).
0 ‘
3 puc. 14.2 (3 ypaxyBaHHAM TOrO, IO k =k, ) BUILIMBAE
a=\(F-£)" =\I* 2 2, =
(14.36)

=k, \2(1-cos8) =2k, sing.

Takum 4MHOM, A7 i30TPONHHX HEOMHOPIAHOCTEH IHAMKATpHCa
PO3CiIOBaHHS BHABIAETHCA QYHKIIEIO TUTHKH MONAPHOro KyTa & :

S, (2k€ sin g)
54(0)

KyroBy mmpuny A@ ingukarpucu posciiopanusa F (0) (aus.

F(8)= (14.37)

puc. 14.3) MoXHA ONIHHTH 3a 3aJaHUM XapaKTEPHUM JLiHIAHHM
MacmtaboM HeonmHopimuocteit /[ . (paniycoM kopensuii), cxopH-

CTaBIUKCA CIIBBIJHOMIEHHAM HeBU3HayeHocTel (auB. (13.34)). lurepran
Ay XBUIBOBHX YMCEN Y, i€ CHEKTp S P ( z) BiIMIHHMIH BiX Hy’A,
noB’s3anui 3 [, cniBBiAHOWEHHAM

Ayl ~1. C o (14.38)

3 (14.37) i (14.38) BummBae, 1o KyToBa wHpuHa A6 imamkaTpucn
posciloBanns F (9) BU3HAYAETBCA  ,lMpuHO” 32 6@  dynkuii
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' - ' o A
Sy ('.Zkg sin g) . 3 ypaxysamHam Toro, wo Ay =Aq =2k, sn—-,
cniepinHoneHHa (14.38) nabyBae BUrIARY :

A 1
s —— = .
2 2k,

(14.39)

PO3IAsHEMO ABA rpaHHYHI BUNATKH, |

I. Slxmo posmip HeomHopinHocred [ ,, Habararo nepeBHIuye
NOBXKHHY XBWIi BHIPOMiHIOBaHHA A, (Bexnki nebnnopijmocﬁ,
k.l,>>1) i Buxomyerscs HepiBRICTH l/kglu <<1, TO .ifmmcarpnca
" poscitoBanns F (9) BHABNACTHCA BIOMIHHOIO BiA HyNs TINBKH Yy

By3bkoMy inTepBami kyTiB A@ <<1 (no6nu3y nanpsamky € =0), axuit
BH3HAYAETHLCA 31 CIIBBIQHOWEHHS HeBH3HaueHOCTEH (14.39) 51K

sin20 A0 1 (14.40)
2. 2 2kl u
3BiJicH BUIIIKMBAE OLIHKA MIHPHHU
Ab = ~£<<1. (14.41)
k.l u ly S

2. V npoTHNEKHOMY TpaHWYHOMY BHNAnKy, KOJNM pO3MipH
HeoaHopiguocreit [ 4, HabaraTo MeHuli 3a JIOBXHHY xsumi A, (api6ni

HeogHopinnocti, k./, <<l), npu Oymp-sKux 3HaYEHHAX KyTa
6(0<#< ) semuumna ql, =2k, sin% <<1, i, arigso 3 (14.33),

MOXHA CKOPHUCTaTHCH HabmmKeHHAM: S, (q)zS P (0) Y  usomy

BMIIAJKY iHmuKaTpuca posciroBanns (14.34) He 3anexuts i 6 i Bciomu
JOpIBHIOE ONMHMLI: po3ciloBaHHA € i3oTponnuM, < I > He 3aneXKHUTH
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Bil HanpaMky. lle Tax 3Bammii BHIAI0OK PeJIeEBCHKOro po3ciloBaHHSA
Ha APiOHHX ReoxHOpPiAHOCTAX, KOMM < [} > ~ (03 ~ /1;4 .

14.4. Mexi 3ac1*ocynén1m 00pHIBCLKOro HAGIMKEHHA
Ockimskn Qopmyma (14.31). mms <1, > € HabGnmkenoro - (BoHa

OTpuMaHa y ,,60pHiBcbKoMY” HaONIDKEHH]), I TOTO, 106 HEIO MOXKHA
Oyno cxopucTaTHCs, HEOOXiHO 3a3HAYHTH MeXi ii 3acTOCYBaHHS.
OCHOBHOIO HEPIBHICTIO, BAKOHAHHS SKOI NPHIYCKANOCSA NPH BUBEICHHI
dopmymn (14.31), BuCTYnama BHMOra MaJOTO 3HAYEHHsS PO3CIAHOTO

nons Uy nopiBHAHO 3 nepBuHHAM noneM Uy, :
U\ <<|Uy| aBo <1 > =|Uf << U =1.

Tlpote, y 3B’43Ky 3 THM, IO <I}> s3anexurs BiA HANPAMKY
PO3CIIOBAHHSA, 3a3HauyeHi HEPIBHOCTI MOXYyTb N00pe BHKOHYBaTHCH,
HaNpMKNaJ, TpH posciloBalHi Ha Bemuki Kyt 8 >> A, /l 41 (33 paxyHOK
manoro 3HayeHHs <[} >, poscigHoro y X HanpsiMKax), anec He
BHKOHYBaTHCA TNPH DO3CIIOBAHHI Ha Mami KyTH. Tomy HapiTh mpu
BENMUKHUX (UyKTyauisx 4 sK Kpurepiit 3actocysamns (14.31) cmin
BUMaratd MaJOro 3Hau€HHA pO3CIAHOTO TONA B ,HTErpalbHOMY”
po3yMiHHi: HeoOxixHo, mo6 nosuuii notik emeprii P, poicismoro

o6’emom V' moas U, 6y 3nauHo MeRnmmuM, Hix norik eneprii P,

sunpominoBanna U, mo nagae va 06’em V' :
B << F,.

Orourmo 06’em poscitopants V' cdeporo Cp i3 uentpom B Tod11i O

1 IOCTAaTHBO BEMUMKMM pajiycoM R — TakuM, 06 TOYKM Ha MOBEPXHi
chepu 3HaxonMIHCa Y AaNbHil 30H1 BigHocHO V' (puc. 14.4).
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Puc. 14.4

7
VY meomy BuManky < {;> JUIf BCIX TOYOK NOBEPXHI BH3HAMAETHCS
dopmynoto  (14.31).  Cepenniii  morik  posciasoi  emeprii
IU,I > = <[I; > uepes c@epy Cr MOXHA 3amHcaTM y BULISM

m'rerpana 3a NOBCPXHCIO!

R =a¢<ll >dZ, (14.42)

Cr
A€ @ — HECYTTEBHUI 1S NOAAIBLIONO PO3IIISAY CTAMA MHOXKHUK (SKui,
HamnpvKiIag, ROPIBHIOE Vg / 4, aximo #Hperbcs PO  PO3CIIOBaHHA
eNeKTPOMAarHiTHUX XBW/b, NpHUOMy Yy uboMy Bumauky Uj e

HAIPYXEHICTIO PO3CIAHOr0 ENCKTPUYHOIO a60 MArHiTHOrO MONA, Ve —
‘ : _ : : v, 2
WIBHJIKICTS XBHII B OJHOPITHOMY CEpelOBHINi, TaK 1O I < iU ,l > -
‘ T

cepenqHe 3HavdeHds MOXyns Bexropa Ymosa-[lodrtinra). Ilortik emeprii
Fy y maparogomy moni Uy MOXHa 3amucaTH y BUIVISAAL

R=alu,| 5y, (14.43)

Ze X, — Tiom@a MmomepeyHoro mepepisy o6’emy V' mnoumHoro,
HEPIEHIMKYNAPHOKO 0 XBHIBOBOro BekTopa k. . Ilincrasumo y (14.42)
128
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Bapas mma <I;> (14.31) i nepefineMo Bin iHTerpyBanHs 3a

ds =R%*dQ no iu:rerpynauux 3a TUIECHUM KyToM dQQ

R =a%k§VcﬁdQS# (3) za% KV S,(0)AQ. (14.44)

TyT Mm cxopucTanucs OMIHKOIO iHTerpana, 3aMiHMBIIM #Oro K0GYTKOM

niiaTerpansHoi Gpynkuii npu ¢ =0 Ha Benuuuny TinecHoro kyra AQ,

y AKOMY BiIOyBa€THCA PO3CiIOBaHHA OCHOBHOI YaCTHHM €HEPTii.
Hepisnicte B << F,, BuxoHaHHs iK0l HeoOximme s 3acro-

cyBaHHs Teopii 30ypens, 3a nonomoroto popmyn (14.43) i (14.44) tenep
MOXHA 3aNHCaTH Y BHIIARI

%k;‘ L S,(0)AQ<<I. (14.45)

Ilpy oTpuMaHHi Li€l HEPIBHOCTI MH BpaxXyBajH, IO |U0|=1 (nus.
(14.17)), i ckopHCTANHCA OLIHKAMH X, ~ L}, v~D.

Po3ringnemMo 3HOBY ABa rpaHM4HI BHITAIKH.
1. Posciloeanna kxopomkux xeunv Ha eanukwuacmma6uux

Heoonopionocmax (k.l,>>1, A, <<l,). 3 ypaxysamnam ouuum

KYTOBOi INHPMHHM iHOMKaTpucH poscitoBanus A6 (14.41) orpumaemo
XapaKTepHy BEJIMYKHY TLIECHOrO KyTa

2r AG

A6 2
AQ = Id¢jsm0d0 27r( ) __;_r_z_ iz-«l (14.46)
2 ki, 1,

[MincTaBumo Tenep 3HalaeHy BenuunbHy AQ y (14.45) i, Bpabeyloqn

' owinky (14.33) ans S 11 (0), orpumyenmo

5 Minakos, T. 2
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-
Eaﬂ(kgL)(kgl/{)<<l. | (14.47)

2. Poscilsannn na Opibnux wneodnopionocmax (kgl, <<1,.

Ag >>1 1) € fK 3a3HAYEHO BHINC, IHQY3HHM — EHEPTif piBHOMipHO

PO3CIIOETBCS y BCiX HampsMKax, To6To AQ =4, i (14.45) npu3BoauTs
JI0 HEPiBHOCTI

1
- on kL) (K, 3 (14.48)

fKa, SK JIerKo MEPEeKOHAaTHCA, Haknajmae cnabmi oOMEXEHHA Ha

BEIMYHHY o? , Hix (14.47).

TakuM 4HHOM, MepIIMM HaGJIMKeHHAM Teopil 36ypeHL MOKHA

KOPUCTYBaTHcsA, AKMWO JiHiliHi po3mipu HeoxnopixHocTel lﬂ He

HaaTo BeaHki, a aucnepcia paykryauii a'f, i posamippu L 06’emy

po3ciloBanHs AocTaTHbo Mai. Kpim nporo, naranaemo, mio mia yac
puBeneHns  ¢Qopmynu (14.31) npanmyckamocs, 1O BHKOHYETHCSH

HepiBnicte L >>1[,, ska 3abe3neuye HaABHICTH BENMKOI KiNBKOCTI

HEOJHOPIAHOCTEH y 00’ emi po3citoBanns V.

14.5, CnexTp po3cifiHOT0 CHrHALY
3BepHeMoca Termep 10 OiNpIl 3arajbHOrO BHNAAKY PYXOMHX
(3MiHHUX Yy daci) HeoxHOpiZHOCTeHl nOKa3HHMKAa 3aJOMJICHHA, KOJH

u= ,u(ié,t), a poscisHe y mnepuioMy HaGmmkeHHi Teopii 36ypeHs

xBuboBe nIone Uy (R, t) BH3HavaeThes 3a popmynomwo (14.23):
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- 2 oirean o= (= R KR —ifi-i)k
UI(R,t)z-—g—e'(kfR %t)IdR’,u B, - R ERR
47 R A v, @y ) |
[MpunycTumo, MO WIBHAKICTE 3MIiHH BiJHOCHHX - (QIyKTyauii
MOKa3HHKA 3aJOMJICHHA M = ,u(l_é,t) y DiJIHTETpaIbHOMY BHpasi
JOCTaTHBO Mana. Y LBOMY BUIIAAKY Y YacOBOMY apTyMEHTi (yHKuil

H= y( R, t) MO>KHA 3HEXTYBATH NIOJJaHKAMH, 3aJIC)KHHMH Bif R’ :

y(ﬁ’, t—£+ﬂ]zy(k", t—£). (14.49)
Ve @ Ve

st o6rpyHTyBaHHS MOXUIMBOCTI NPOBENCHHS TAaKOrO CIPOIIEHHS

BBEJIEMO JI0 PO3TTIALY XapaKTEpHHUi 4ac 7, 3MiHH ,u(R,t) :

H
1oy 1
uot| z,

- R kR
i posknanemo y pan Teitnopa u| R',t —— +—— |3a manoro no6asxoro
Ve @

At' = ER"/(OO :

#(ﬁ', f—£+£&]zﬂ(§', t—£)+-‘2y[ﬁ', z--&J.-’f_RL.(M.SO)
vl.‘ a)() vg ' a)o

Hpyrum ponanxoMm y (14.50) MoxHa 3HEXTYBaTH, AKIIO BiH Malui
NopiBHAHO 3 nepmuM. [ nporo HeobGXinHo, 06 BUKOHYBanacs Taka
HEpiBHICTb:

’yﬂ_ﬂ
Wy

u ot

<kl . (14.51)
s DT, _
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Axwo 3mina ,u(R,t) y 4aci noB’A3aHa TUIBKH 3 NEPEHECCHHAM

nons ,u(R) AK LTOro 3i WBHAKICTIO V (TaK 3BaHE NEPEHECEHHS

»3aMOPOXKEHNX” HEONHOPiRHOCTEH), TO 7T, ) p /v, i HepiBHICTBH
(14.51) uabysae Burnsmy

Ly . (14.52)
1, v

OcranHi 1BI HEpiBHOCTI O3HA4alOTh, W0 MM HepeHmAH [0
kBasicTaTucTHumoro Habmwkenws: wac Af'~Lfv,  Bimsocmoro
3ami3HEeHHA XBUIb, IO IPUXOAATH Y TOUKY CIIOCTEPEKCHHS 3 Pi3HMX
TO490K 06’€My po3citoaHns, Ma€ 6yTH 3HAYHO MEHIUMM, HiX Yac T,»33
SIKHIf CYTTEBO 3MIHIOIOTHCS HEORHOPIAHOCTI.

3a paxyHOK 3MiH U Y gaci none U | BXKE HE € MOHOXPOMBTHYHHM
3 9acTOTOI0 )y, 3 HOCUTh BMIAJKOBHH 9acOBMi XapaxTep, TOOTO €
BUMAZIKOBUM  mpouecoM.  3Haiiiemo  eHepreTm4yHHii  cmexTp
BHIIAKOBOTO Ipouecy U,(R,t), BBAXAIOYH BHIIAAKOBE IIONE

bnyxryanii ,u(R.,t) CTATHCTHYHO OIHOPIAHUM 33 MPOCTOPOBHUMH

sMminauMd R 1 cranionapHuM 3a wacoM f. ABTOKOpesauiiiHa QyHKuis
B,, y upomy BHnanKy Mac BHIIA

<u(R, ¢)u(R.r")> = B,(R-R, £-").  (1453)
Enepreruynuit crekrTp SU, (R.,a)) Bunagkosoro npouecy U (ﬁ,t)

(paniyc-sekTop R TOYKH CIOCTEpPEXEHHA Biflirpae  TyT PpoOib
dixcosanoro napamerpa) BH3HauuMmo 3a ¢opmynown Binepa-XiHuina,

MalouH Ha yBasi, mo U, (R,t) € QaHATiITHYHNM CHUTHAJIOM:
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SU, R [ =-i-7;J-<UI R, t U1 (R t+r)>e"'”dz' (14.54)

[Mincrapmwmoun croqu U ( R, t) y suriaai (14.23) 3 ypaxyBanHam
(14.49), orpumaemo '

o () [ anstrtee),
U 304382
14 Vv

x<,u(R", t+r—v£]u(ﬁ”, t—;l-e—J>
& &

3rigHo 3 ( 14.53), KopenAuiiiHa (pyHKLIA 1iX 3HAKOM iHTerpana JOpiBHIOE

<,u(R", t+r—£—)p(ﬁ", t-—£)> = Bﬂ(ﬁ, 1'),
_ Ve Ve

nep=R'—R". Tepeiimobuu nami y (14.55) o HoBuX 3MiHHEX

(14.55)

inrerpysanns R, ;(§'+R”)/2, p=R'-R" nna sunanxy senukoi
KUTLKOCTi HeoHOpiiHOCTe! BcepenuHi 06’eMy poscitosanns (1, << L),

NPUXOIMMO 10 TaKOI GOPMYIH: -

(14.56)
4
nk, Vo,
=E ;2 Sy(q’ Q)’—a)o)
Tyt BBEAeHO npo‘cn.)‘pox‘;o-qaconnﬁ eHepreTHIHMii ciiexTp S, ( 2,1/)

BHIIAKOBOTO TOIA ,u(k,t), o ysaraibHOE ¢opMyry Binepa-
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XiH4iHa Ha BUIANOK 3alIeXXHOCTI aBTOKOpensuiinoi ¢yHKil B# Bi{

9acy i npocTopoBMX KoopauHaT (aus. § 13) i B3aTuit qns Qikcosannx

3HaYEeHb POCTOPOBOI 1 YaCOBOI HacToT: ¥ =4, V=0 — ) :

S, (G0-0)=S,(ZV)|p=s, =

v=a—ay

(14.57)

. 1 o —.w . —il ¥H—
= y Idp IdTB#(p,r)e {(Zp-ve)

(27) 2 = I
V=0—ay

V peansHMX yMOBax (UyKTyallii MOKa3HMKA 3aNOMICHHA n(R,t)

BH3HAYAIOTHCA [POCTOPOBO-YACOBUMH 3MiHAMM (i3HYHHMX NapaMeTpiB,

IO OMMCYIOTh CTAH CEPENOBHINA, B AKOMY BiNGyBa€ThCA MOIMPEHHSA
XBHJIb. TEMIIEPaTYpOIO, THCKOM, KOHLEHTpPALli€l0 NOMIIIOK (30KpeMa,
bii) ¢ aTMOCQ)epn — BOAAHOI . mapd, TOOTO BOJIOTOCTi), TI'yCTHHOIO
3aPAIDKEHMX HYACTHHOK (€eKTpOHIB Ta 1OHIB — B ioHocdepHiit i
xocMmiuHii maami) ta id. I{i ¢isuuni nmapamerpu, y CBOIO uepry,
ONHKCYIOTHCA PIBHAHHAMH, AKi TOB’A3YIOTH MiX C060I0 iX MPOCTOpOBI 1

4yacoBi 3MiHH. SIKIO piBHAHHA, IO ONHKCYIOTH CTaH CEpElOBHHIA,

niHiiiHi, TO aMIIITYAa KOXHOI NPocTOpoBoi rapmoniku C u ( 2,t) y

poskianansi Pyp’e ,u(k,t) 3a IUIOCKAMH XBHIISIMH
p(ﬁ,t): I C,( t)etraz (14.58)

MOXE MIHATHCA 3 4acOM TUIRKM Y NEBHMI cnoci6, 3a rapMOHIHHM

3aKOHOM 3 (ikcOoBaHOW yacroToo (2= Q( ;'f') D

Cu (7o) =C) (7)™ 1. ) (7) DY (14.59)
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IIpocTropoBo-yacoBi ¢ayxryanii ,u(l_é‘,t) (14.58) mpu ubOMY ‘MOXYTH

6yTH nofani y BUrIAAi iHTerpana ®yp’e 3a MIOCKUMHI XBHIAMHE:

u(Re)= {Cff) (7)eF 2B ) (D)l a7 aas0)

—a0

PiBusmns Q=Q( )Z) BH3HAYa€ TaK 3BaHMIl 3aKOM AMcnepcii

BiMOBiAHMX XBHIb (THCKY, TEMIEPATypH, TYCTHHHM EIEKTPUYHOIO
3apsy Ta iH). Jlna KoXHOI MPOCTOPOBOT TapMOHIKH ¥ [1Ba OMAHKH ITiJ
3HakoM iHterpana y (14.60) BimnosigaroTe XBMAAM, mo OiKare Y
B33€MHO IIPOTHIIEXHHX HANpPAMKAX i MalOTh ONHAKOBY KPYTOBY YacTOTY

Q( i") i mosxuny xsum A =27/y. Lle nerxko mokasaTd, SKIIO

OPOCHIAKYBAaTH 3a WIBMAKICTIO IIEPEHECEHHS (IKCOBAHOTO 3HAYEHHS

¢asu xsumi. CnpaBpi, DpUIYCTHBIIM o) = ZRT Q(z)t=Const,

IIBHAKICTL Vg, mepeMillenna cranoi ¢asu (¢azoBoi mBHAKOCTI),

. +
BH3HAUYNMO LUIAXOM JH(EpCHIiIOBaHHA (D( ) 3a 4acoM:

6(1)(33)
ot

= 7V FQ(7)=0.

Tyr Vg =d1-i;/dt . 3BiACH BHAHO, IO BBENEHI HaMM 3HaKH =+
BIONOBIOAIOTh XBWSIM, I SKHX 3B’A30K MDX 4YacTOTOK Q( jj) i
(ha3oBOIO IIBHIKICTIO Vg Mae BHDILA Q( ;?) =% ﬁ(p, IO XapaKTepHO
I XBUIIB, 1O G1XaTh y MPOTHIIEKHMX HANpAMKaX BITHOCHO BEKTOpa ¥ .

CKOpHCTaBIIHCA TPEICTABICHHAM ,u(ﬁ,t) y BMIIAAi (14;60),
nobynyemo Ténep NIPOCTOPOBO-9acOBY ~aBTOKOpEMANIRHY Q)yﬂkui}o

B, (p.7):
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B, (p,r)= <u(R+p, t+D)p(R,1)> =

T i of s e, (146D
= I e [SS') (jf)e_'n(l)r +S§:) (;'[)e'Q(Z) ]dz,

ie 3 ypaxyBaHHAM TPOCTOpOBOi ORHOpigHOCTI monst (GAYKTyanin
D . + -
,u(R,t) BBCAEHO IIPOCTOPOBi E€HEPTeTHYHI CIIEKTPH ‘S,S, )( ;()

S/(l—)( 7) XBuNb, IO MONMPIOIOTECS Y B3AEMHO NIPOTHIEKHAX

HanpAMKax:

<c® () (7)> =s(2)5(2-2);

(14.62)
<D (R (7)> = <D (@ (7)> =0

I'Ipocropono-qacosun eHepreTHuHHil criektp S ( 2 v) nicas 1bOro
MOHA OTpHMaTH, oGarcTuBIH inTerpan (14.57) 3 B, (7, 7) y Burmani
(14.61):
S,z =53 (2)s[v-0(z )]+ (2)5[v+(2)]- 14.63)
IMicng BHKOHAHMX oﬁqncnenb CHEPTeTUUHMIA CIIEKTP PO3CIAHOTO
BHIMPOMIHIOBaHHA SU| (ﬁ,w) , 3rimno 3 dopmynomwo (14.56), monaernes

TaK:

50 ()= 2EL 557 @) -7 0(a))- 140

t
BugHO, 10 €HEPreTHYHMA CHEKTp Su, (R’w) CKNIANAETBCA 3

1BOX iHii Ha gactorax @ =@ +Q(F), iHrencusHOCTI AKHX
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. )/ .., .
BHU3HAYAIOTHCA CHEPIrisiMH S( ) (q ), IIPONIOPHIMHAMI N0 KBaxpatTiB

aMIUTITY IPOCTOpOBHX rapMonik nons U(R,t), npuuomy 3Hax "mmoc”
BIZIOBI/Ia€ XBHJIAM, 110 NOUIMPIOIOTHCA B3/IOBX HANPIMKY BEKTOPA § , 2
3HaK "MiHYC" — B IIDOTHIIC)KHOMY HANPSMKY.

Komenmapi
EdekT 3MiHM 9acTOTM CHrHany npH Po3CiloBaHHI Ha ¢uIyKTylO-

I0YMX HEOJHOPLIHOCTAX MOKAa3HHKA 3aJIOMIICHHS Ha BENHYHHY iQ( q ),
IO BIATIOBIJA€ 9AaCTOTI BIACHHUX XBHIb Y c'ependnnmi 3 XBHJIBOBHM
BEKTOPOM § , OTpUMaB Ha3By KomGinauiliHoro poscitoBanus (yacrora
PO3CIAHOrO CHTHATy OTPHMYETBHCHA 3 YaCTOTH IIAJal0uoro CHTHaly @
LUIAXOM npoctoi KoMOinamii 36inbinmenHs (abo 3MeHmenna) ii na
BETHYMHY Q(Ej ) ).

| BuMipIOBaHHS CIIEKTPa PO3CIAHOIO CHIHANY € YyTAUBUM METOIOM
JAUCTAHLIHOTO 30HAYBAHHS — BH3HAUCHHA NapaMeTpiB CEpe/0BHIIA 3a
pO3TAallyBaHHAM Ta {HTEHCHBHICTIO CHEKTPAJIBHHUX JIHIH y BiaOHTOMY

curnani. Ilpy uboMy Ans pi3HHX CEpEAOBHIL MOXYTh CHOCTEPIraTHCS
Pi3Hi cHTyauii. :

Ilpuknaou
1. OnHoMy ¥ TOMy caMOMY 3HA4YEHHIO BEKTOpa PO3CiIOBaHHSA §
MOXYTh BiJIIOBLIaTH KiNbKA TUIOK KONMBAaHL 3 PI3HHUMH YacTOTaMH
Q, (Zj) (m=1,2..). YV nusomy Bumaaky y cmexTpi poscisHOro

curHany Oyme criocTepiraTics Cepis CHEKTpalbHUX JIHIH Ha 4actorax
@ =y iQm(q).

2. [Ipu posciloBaHH] PafiOXBHIIb HA HEONHOPIAHOCTAX HEHTpaIb-
Hoi arMocdepH wacToTa Q(Zj ) BU3HAYAETHCH MIBHAKICTIO 3BYKY V.,

{Q(ij)=qv38}, AKa, Y CBOIO uepry, 3AICKHTH Bl TEMOEPaTypH Ta
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iHIMMX TepMOMHAMIYHMX mMapameTpiB armocdepu. Lleil haxT nexuTh B
OCHOBi METOAIB PafioaKyCTHYHOTO 30HAyBaHHs HIDKHBOT aTMOC(HEPH.

3. Panmioxsmii, BixOMTI Bix ioHOCdepH 32 paxyHOK PO3CiFOBaHHA
Ha MIa3MOBHMX HEOAHOPIZHOCTAX, MAIOTh Y CBOEMY CIIEKTPI MaKCHMYMH,

12

) 2

. . . : 47N e

WO BiINOBiNAlOTH MIA3MOBiH wactotTi ) =| ———— (e —
me

3apsu, m, —Maca enekTpoHa, N, — IpOCTOpOBA IyCTHHA

€NIEKTPOHIB), . 0 [Ja€ 3MOry BM3HAYMTH, HaNpHKIad, npodins
€NeKTPOHHOI KOHUEHTpauil, 3anexHictb NN, BiX BHCOTH UISHKH

PO3CIIOBaHHS. |
‘ 4. PyxoBi HeoaHopimHoCTeH sAK minoro 3i WBUAKICTIO V
(«3aMoposKeHe» mepeHeceHHs) GOpMaNBHO BiANOBiJa€ 3aKOH aucnepcii

Q(Ej ) =gV, 3MIIIEHHA YaCTOTH PO3CISHOrO CHTrHally B LIbOMY BHIAAKY

suKiukane epexroM Jomnepa: @ =y +4gv (y dopmymni (14.64) npu

L(bOMY HASBHWH TUIHKH OJMH JOJAHOK — S)Ef) (3)).

Ypaxyeanna oucunayii enepaii
MexanismMu aucunanii eHeprii, 060B’A3K0BO HasBH1 y Oynb-siKii
¢bisuuniit cucTeMi, NPU3BOAATH N0 3racaHHs ii BIACHUX KONMBaHb, TOMY
(14.59) cnix 3anucysaTu y BUIISai '

C, (1) =[ P (z)e™™ P +cD) (7)™ e, 120;(14.65)
ne F( Z) — JXeKPEMEHT 3racanns. BianoBiqHUM YMHOM 3MIHIOCTBCA i

apToKopessiiina ¢pyHkuis (14.61): 3aMicTh rapMOHI#HOI 3aJIEXKHOCTI Bl
yacy y Hiii 3’ABNAIOTECA EKCMOHEHILANIBHO 3racalodi MHOXKHHKH

exp{—I'(;?)lrl} :

B,(p.7)= I 2P T(EN [SL“) (j)e_'ﬂ(’?)f + SSI_) (2)’eig(2)r]d2 , (14.66)

—o0
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a IIPOCTOPOBO-4ACOBHH €HEPTETUIHHMA CIICKTP S ( 7 v) “PO3MHUBAETHCA”
3a dacroToo V. Koxniit mpocToposiii rapMoHilli 3 XBHILOBUM BEKTOPOM

7 BIANOBINAIOTH BXKE HE JBI 4acTOTH iQ( f) (muB. (14.63)), a nBi

cMyru "actot 3 mupuro ~I'(7):

MR | r(z) | &
L e

dopMaiBHO LIl BUpa3 MOXHa otpumari 3 (14.64), skuo o -QysKuii, o
BXOIATh CIOAHM, 3aMIHHTH ,,JIEpEArPaHHMUYHKMMH” 3HAYECHHAMH - (OMB.
(2.19 a)): ‘ o

S(v+Q)=lim i r (14.68)

2
r0| 7 (v3Q)" +I7?
Y pe3ymbTari, CIIEKTp po3cixnor0 CHUTHaNy

S, (é, o-— a)o) =S, ( 7z V)I -4, 3 Auckpersoro (14.64) (sinminHOTO
v=0-o,

BiJ Hy/A TUILKM Ha IBOX 9acTOTax @ = @y + Q(Zj ) ) crae HenepepBHUM,

3 JBOMa MaKCHMYMaMH, IIMpPHHA SKHX TIIPONOPIIAHA JeKpeMEHTy
3racaHHs ,,BlIaCHHX” XBWIb y cepenoBuuli (puc. 14.5). Takum unHOM, 3a
BHJIOM CIIEKTPa PO3CISHOTO CHIHAY MOXXHA BM3HAYMTH HE TUIbKH BIAcHi
YacTOTH KOJIMBaHb Y cepeloBuuyi (Ui TUIa3MH, HANPHKIAZ, LE A€ 3MOTY
3’CYBaTH TYCTMHY 3aps/DKEHHX YACTHHOK B 00’eMi poscitoBaHH#), a i
OLHNTH JICKPEMEHT jracaHEs 1MX KOJAMBaHh (W14 IUIa3MM  BiH
BH3HAYa€THCA YaCTOTOIO 3ITKHEHD E/IEKTPOHIB 3 HEHTPAIbHHMH aTOMaMH H
MOJICKYIaMH).
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“SUl(ﬁ,a)),

I'(q)
i i

L '

0 "0-9 @ o+

1 )
' —
' )
|
|
|

v

Puc. 14.5

3AIAUI
‘1. YV pesynbrari po3ciloBaHHA ILUIOCKOI XBHJII Ha BHNAJKOBHMX
HEOHOPIAHOCTAX cepeoBMIIa BUHHKJIO BHIIPOMIHIOBAaHHS,

iHTEHCHBHICTh 'AKOrO CHafla€ 3a 3aKOHOM ~ €Xp (—02 /03 ) 3i

3pOCTAaHHAM KyTa posciopaHHs € . BH3HauMTH 33 UMM - JaHAMH
KOoeillieHT KOpelAlil NOKa3sHMKA 3AIOMJIECHHA, BBAKAOUM Kyr 6
mamM (6, << 1).

Po3zg’asox. PosrmsgaeMo - po3ciioBaHHA y  OOpHIBCBKOMY
HabnukeHHi (0XHOPa30Be pO3CiIOBaHHA). 3riHO 3 YMOBOIO,

1, e
Ocximsku 1, ~ S .(G), 10
- %102 \
S, (@ ~e?'%. (1

[lepeiineMo Bix €@ 10 ¢ 3 BHUKOPHCTAaHHAM CHiBBiXHOUIEHHSA
q =2k, sin@/2 (nus. puc. 14.6).
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ke g o
q
(7]
k
Puc. 14.6

BpaxyeMmo Takox, 1m0, 3ritHo 3 yM0BOIO, KyT &, Mammii. Binnosigso no
(1), eneprernanmii cnextp S, (§) Binminumii Bix Hyns TIMBKH AIA KyTiB
0<6)<<1. Tomy MOXHa OBMEXHTHCS PO3INALOM TiINBKH MAJNHX
3HaueHp 6 (y AKHMX 30CEpEeKEHa OCHOBHA €HEPris PO3CITHOro

BHIIpOMiHIOBaHHA). Y npoMy Bumanky g =k.6. Orxe, (1) MoxHa
TIOJIaTH TAKAM YHHOM:

2/n2,2
- -q° [0k,
Su(@)~e foit: @
Tenep 3 popmyn Binepa-XiHyiHa BUNIHMBae
o0
J e ke "”’dq =
—00
_aitqy+gl
et 0P, 44:0:)
J‘ J. I g dqdq,dg, =
3)
2 2 o, (
‘ 9 4 . 4
T LG I - R e
- e dqx ' € dq y* e dqz
-—00 -0 —0
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KoseH 3 TpOX OJJHAKOBHX 3a BHUIVISAOM iHTErpaniB y (3) 3BOAMTECA IO
inrerpaa Iyaccona. PosrianeMo ofuH i3 X iHTErpanis:

2 292;2 _ 22,2
T egxkz"'iqxpx K —-l/lz-px 00k£ —pxioks .

J- e 0% dq, = 6,k, I e 4 dy =0k Nre . @
00 —o0 '

Tyr
v = 'qx _ ipxgoké
Ook, 2
3(3)i@anna B, ( £) MOXHa OCTaTOYHO 3aNHCaTH
2k2 : 02k2
0% 2 2 2 0% 2
~ ———(p+Py+p;) 3 - p
B,(p)~nm(Ook. ) e * =rm Ok, Ve *
Otxe, koediuieHT KOpenaLii MOKa3HHKA 3aIOMIICHHA Ma€ BUIIIAN
2972,2 2
P Ogk: .
B - 7
K,(p)= () —e 4 =e ",
B,(0)

ne I, =2/64k,.

2. XBuIs MOWIMPIOETHCS Yy CTAaTHMCTHYHO OJHOPITHOMY Ta
i3oTponHOMY  cepepoBHMiIi 3 rayccoBoo (QyHKUi€l0  Kopemauii

B (‘)—_ze_p /% Bussawnrs GopHiBCHKOMY — HaOGmMKeHHI
] p =H . y ‘ p

iHIMKATPHCY PO3CiIOBaHHA i MOBHY NMOTYXHICTh, po3cigHy 06’emoM V
3a BCiMa HaPsIMKaMH.
Bionoegios:

F@) = exp(—lf,kf sin’ -g) ,
T\ oe = —‘/Z_Ekj Vi, u?[1-exp(—k22)].
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§ 15. Meroau reomerpa4Hoi ONTAKH i INIABHHX 30ypeHi

Hepisnocti (1447) 1 (1448), mo obmexyiors obnacts
3aCTOCYBaHHZ METOY MaJHX 30ypeHb, YHEMOXKIMBIIOIOTh BUKOPHCTAHHSA
Horo 4 po3paxyHKy MOJiB, pO3CIAHHX Ha Jyxke BETUKHX
HEOJIHOPIAHOCTAX, Y pa3i BENHKHX po3MipiB 06’eMy poscitoBanns L a6o
MU JKyXe KOPOTKHX IOBXHMH XBWib, koma k.l, >>1 i k.L>>1.

ANBTEpPHATHBOIO METOY MamMX 30ypeHbh Y MEBHOMY CEHCI € MeToan
reomerpuiHol ontuxd (MI'O) i nnasuux 36ypens (MII3), sxi i3 camoro

N0YaTKy NpPHITYCKa¥OTh; IO JIiHIHHI Ppo3MipH HeomHOpiaHocTei [ i BeHKi
nopisHAHO 3 noBxamHOI0 xBuni Ag (ki >>1), To6r0 HeonmopinmocTi €

IOCTAaTHBO ,JUIABHMME”. Sk MM GauwiM, iHIMKAaTpHCA PO3CIIOBAHHA Ha
TaKHMX HEOJHOPIHOCTAX CHIBHO BHMTATHYTA ,Breped” (Y HaUpAMKy
NOLUMPEHHs TNEPBUHHOIO MONA), WO Ja€ 3MOTY Mif Yac PO3PaxyHKiB
3HEXTYBATH XBIWISAMH, PO3CLIHHMH Ha3aj.

Jna  coporuieHHs OOMEXKHMMOCS  BHTIAZKOM HEPYXOMHX
HEOMHOpiAHOCTEH, KOMHM (IyKTyamii NOKa3HMKA 3aJOMICHHA N HE

3a/IeXaTh Bif 4acy n(R,t) = n(R) 1 XBHIIOBE piBHSAHHA Mg noas U

Mae Bursn (nuB. (14.1))

Aﬂ_"z(ﬁ)_ai

R 5 U(R,t)=0. (15.1)

IIpn npomy, sk Oyno moxas3aHo y monepeaHpoMy maparpadi, mr
MOHOXpOMaTHyHOTO nepaunHoro noms Uy ~ e’ sanexuicts Bin vacy
t po3cisiHoro mouns 306epira€Tscs, 10 AA€ 3MOTY LIYKaTH PO3B’A30K st
U(R,t) y BHIJIAAL U(R,t)=U(R)e"m” (Tyr 1 mam MM omycka-
THMeMO iHfekc “0” y gacToTH @ ). Ilicns miacraBneHHs 1BOTO BUXY
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po:m 'a3ky 'y xBumbose piBHAHHA (15.1) BOHO nepexoun'rr, y
piBHanua I'elpMroasua:

[ag+#(R)|u(R)=0, (152)
ne k=wfc=2r/A — xsumose uncno, A — ROBKHHA XBWII Y
pakyymi (n=1), a 8(§)=n2(ﬁ) — QieJIeKTPHYHA NPOHHKHICTh

CepexoBHINA.

15.1. MeTox reoMeTpH4HOL ONITHKH
SIx6u cepenosmiue Gymo oXHOPiAHHM {8 (R) = Const} , TO piB-
nsnus CenpMronsia (15.2) mano 6 po3s’A30K y BUIIIAAL NNIOCKOT XBHIL:
U(R)=Aexp{ikv/z T R}, - 53)

ne [ — OJOMHMYHMIA BEKTOp Yy HANpAMKY TOUIMPEHHS XBHI.

3ayBaxuMo, WO y nonepeaHix nosHaueHHAX (mus. (14.17)) mu Mamn 6

k, =k i ke T =k =k, lnx £= e(ié) BBEZEMO Y PO3IIIAL
XapakTepHuit MacuTab /, 3MiHK AieNeKTPUYHOT IPOHUKHOCTI:

1
le
SIKIIO CepeaIoBHMINE TUIABHO HEORHOPiNHe, To6T0 A <</, , TO po3B’a30K

BUXiHOro piBHaAHHA (15.2) MOXHA IIyKaTH y BUINAL KBasilUIOCKHX
XBHIIb: ‘ ‘

Ve
g

U (fe) = A(R)eis(k), (15.4)
Zie aMIUIITYZa A( ) idasa S ( ) ~— roBUILHO 3MiHHI (y MacmiTabi 4)

dyHKUIT KoopauHaT. CKOPHCTABIIMCH MAJOKO WUBHAKICTIO 3MiHK A (R) i

S (I_é ) , HECKJIAZHO OTpUMATH piBHAHHA 1A A i § a6o [ BenMInHH
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q)(R): /k, aka € ¢asoBuM NUIAXOM XBHJI 1 Ha3MBaeTLCA

eiikoHaIoM,
3anpon0HOBaHHn s nporo debaem cnoc16 BHBEJCHHS DIBHAHDb

nojArae y HacTynmHoMy. PosKiajemo aMImiTymy A(R) y psa 3a

00epHEHHMH CTENeHAMH XBHIBOBOTO Yncna K :

=\ 4 A & |
U(R)_ A0+;](%+G;§2-+... &*? (15.5)

daxkTHYHO, pO3KIan A(ﬁ) Yy PAX n0poBOOMThCA 32 Ge3po3MipHHM

MaJlUM IIapaMeTpoOM 1/ ki, <<1. Koe(binieﬂm A4, y posknagansi (15.5)

Y 3aralibHOMY BMIIQJKY KOMIUIEKCHi i TOMY pOGNATL BHECOK ii y (1)a3y
Pe3yJbTYIOUOTO HOJA.

IMigcraBusmn  paa  (15.5) y piBHAHHA I“enbmronbua i
NpUPIBHABIIM 10 HyNs KOc)IIIEHTH NpPH OIHAKOBMX CTENEHAX K,

OTPUMY€EMO CHCTEMY PEKYPEHTHHX PIBHAHD 1 @, Ay, 4;,...:

(¥) (Fe) =e
(k') 2(Vp V4 )+ 4pAp =0,
() 2(Ve V4)+ 400 =04y, (15.6)

(k") 2(Vo V4,) + 4,00 =14, ,
ITepme piBHsRHA y cucremi (15.6) HasuBaeThCA PiBHAHHAM
elikoHaJry, a HacTynHi piBHaHHA i1 A, (m=0,1,2...) nasusawots
PiBHSIHHAMH nepenocy s aﬁnniryn, BIITIOBIAHO, HYJIBLOBOIO,

nepmoro i m-ro Habmixens. 3puuaitno y MI'O obMexyroTscs
HYJBOBHM HaOMKEHHAM, 3ajMuIaloud y posknamanHi (15.5) rtineku

unen Ay. Hactynni unenu y (15.5) Bizumnaxon,ca HE TiNBKH 4epes

CKJIaNHICTh iX OOUMCIICHHA, a, FOJIOBHHM YHMHOM, ToMY, 10 psax (15.5)
6 Minakos, T. 2 : 145
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.€ ACHMOTOTHYHHM, a JJIsi aCHMITTOTHYHUX PAAIB, K B1IOMO, 30iIbIIEHHS
KINBKOCTI 4NEHiB, IO BpPAXOBYIOTHCH, HE 3aBXKIM IPU3BOAHTH IO
HOKpAILECHHS alpOKCHMaLl.

Hobydoesa po3e’askie pienans elikonany
i nepenocy sunpominiosanus

PiBHsHHA eliKOHANY

~ 2 - :

(V(o) =£(R)—— - (15.7)

ue pisasHas THny Taminbrona-fiko6i. HMomy  Binnoeinarors
- XapakTepucTuky (mpomeni), Ha sakux (yHKUiOHan j\/:‘ds

excTpeMaibauil (npunuun ®epma). Po3p’s130K (PIBHSAHHSA NPOMEHIB)
MOXHa 3a0McaTH y pisHMX ¢(opmax. [ns mammx wineii 3pyyHo ioro
nojaTH y BHITIAAI 3anexsocti R =R(s),‘ g€ § -— TreoMeTpHYHA

IOBXMHA, W0 OOYMCIIOETHCA B3JOBXK IpPOMEHA Bix AKOi-HEOydb
N10YaTKOBOI TOYKH (IMB. puc. 15.1).

3a BIZOMOIO 3aNeXHICTIO R(s) JIerk0 BH3HAYMTH i PIBHAHHA
JOTHYHOI JI0 IPOMEHS y KOXKHi# Touni ¢ (s) :

f(s)=d1-é(s)/ds. (15.8)

npominb

\ S=const

R(s)

Puc. 15.1
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Tyr ds - eneMeHT NOBXMHM Ha IpoMeHi. 3 iHmoro 60Ky, BEKTOp
f(s) ommowacho € i HopManmmo 1o  (asoBoro  ¢ponty

S=kp=Const: f= €7S/ WSI‘ = €7\(o/ |€7¢l . Ockinekn, 3rigpo 3
piBHAHHAM efixonany (15.7), IV ¢| =/ , 3pincu BrunimBae, mo

i(s)=Vo/Ne. (15.9)
SIKIo y TOM M iHImMi CTIOCIG PO3B’A3aHHS ﬁ(s) i, omxe, (s)

NPOMCHEBUX = pIBHAHb 3HaWAEHe, TO pIBHAHHA eiikoHany (15.7) i
IIEPEHECEHHSA HYIBOBOTO HaOIIKEHHA :

2(Ve Va4 )+ 400 =0 (15.10)
MOXYThb OYyTH NpOIHTETpOBaHI B3HOBX NPOMEHEBHX TPAEKTOPIil.
HificHo, noMHOXMBuIM 00KMABI YacTHHU piBHOCTI (15.9) ckamspHO Ha fi
BpaxoByioum, mo ff =1,a f Vo= dop/ds (noxinma B3moRx 3anaHOro
Hanpamky ), otpumaemo d@/ds= Je. 3nincn eiikonan @ Ha
BincTani s Bin ofpaHoro nouarky simnky (s=0) sHaxomuTsca

IUIIXOM iHTErPYBaHHS B3XOBXK KPHBONIHIHOIO NpOMEHA:

¢(s)=jﬁds'=j,/g[ﬁ(s')]ds'. N (15.11)

3 iHmoro 6oky, BBaxkatoun, mo Ay # 0, piBHAHHA nepeHeceHHs

(15.10) MoxHa nepenucaTy y TakOMy BUFIIALL:
div( Vo) =di(iVesd)=div(ir)=0, (15.12)

Jic BBelieHa BeauynHa [ = \/EAg nponopnifHa inTeHcMBHOCTI. 3rigHo
3 BIIOMOIO TEOMETPI€I0 IPOMEHIB ié(s), Tenep nobGyayemo
6* '
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,,Hecxiﬁqenno,mmcy” npoMeHeBy TpYOKY i npoinrerpyemo (15.12) 3a
06’eMoM, BMIimIEHMM MDK JBOMa mepepizamu: dX, — “Ha BXomi” i

dY — “maBuxoni” 3 TpyOKu (auB. puc.15.2).

N

Puc. 15.2

CxopucraBmuck npd LbeoMy Teopemoro Ocrtporpaacekoro-I'aycca,
OTPHMAEMO ‘

Idiv(lt‘)dv:(ﬁ IiNd3.. (15.13)
Tyr N — 30BHimHA HOpMaJb [0 IOBEPXHI NPOMEHEBOI TPYOKH.

—

Bpaxosyioun, 1m0 Ha Giumiii nosepxmi TpyOku Bektropu [ i N

OPTOrOHANBHI, 32 HA TOPLAX HAaNpAMKHM [ i N abo s6irarotscs, abo
npoTrnexHi (aus. puc. 15.2), 3 (15.13) orpumyemo 3aKon 30epexenns
iHTeHCHBHOCTI BcepeanHi npomMeHneBol TpyGxu:

Tyt I i I —BianoBigHO iHTEHCHBHOCTI Ha BXOA # BUXOAI TPYOKH.
3Bi/icH 3HAXOIMMO LIyKaHy IHTEHCHBHICTD [ :
dx,

I=1,—2.

(15.14 6)
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15.2. HaGunxenns Majux 30ypeHb y MeToAi
reoMeTpMYHOI ONTHKH

Tenep ~ pOSIVIAHEMO BUIIAAKOBO-HEOJHOPIAHE  CEPENOBHLIE.
Otpumatn aHaNMITHYHMA pPO3B’A30K ' PIBHAHHA = e€HKOHany (piBHAHHA
IPOMEHIB) NIPH JOBUIBHIA 3ANEXHOCTI £ BiJl KOOPAHHAT HEMOXKIHBO.
Tomy mig vac pos3p’s3aHHA CTaTHCTHYHMX 3alad 3aCTOCOBYIOTH pi3Hi
HabnuxeHi METOM i, B IiepIry 4epry, — MeToJ 36ypeHb. ‘

Dnykmyayii edkonany ‘
Tak camo, six i B MM3, nogamo IieneKkTpHYHY NPOHHKHICTH

8(R) y BUIJISA1 CYMH PETYIIPHOI 1 BUNAAKOBOI CKIIaJ0BHX:

g(R): <e(1§)>+gl(1'é). (15.15)
[punycTusuy, MO GIyKTyaniiiHa KOMIOHEHTa £ € MAJIOIO IIOPiBHAHO |

3 PEryjspHOI0 £ : O, = \/< 812 > << &, NonamMo €HKOHAN y BHIIAMi-
pany

¢=¢0 +¢1 +¢2 +.... (15.16)
BBaxkaemo, o ¢, Bianosinae ,,He30ypeHOMY” PIBHAHHIO CHKOHAITY
— 2 - '
(V¢0) =E(R), (15.17)
a IV ¢)m| ~ oy . Tlincraeumo (15.16) y piBHsnHs eiikonany (15.7)

[§(¢0+¢, +@, +...):|2 =Z+¢

1 BHMAaraTMMeMmo, wWo6 OTpHMaHE piBHAHHA 3aJOBONBHANOCA IVIA

KOXHOTO JOAAHKA 32 MAJOl0 BENMYMHOK O, HE3ANEKHO BiJ| iHIMX
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§ 15. Memoou 2zeomempuunoi onmuxu i nnaérux 36ypens

nonankis. Toni, 3 ypaxysanHsM (15.17), oTpUMY€EMO IUIst TIONIPABOK @,
'raKy'cncmmy PEKYPEHTHHX NiHiiiHHX piBHAHB:

, Z(qu(ﬁ(o,) =g,

. 2 '

2(VoV0,)=-(Va)', (15.18)
Po3sp’ S30K  CHCTEMH pisuans  (15. 18) MOXXHA BHPa3HTH Y
KBaJIpaTypax, AKIIO BizioMi He30ypeHi XapaKTepHCTHKH Ro(s) i to (s)
perynspuoro piBHamHs efixonamny (15.17). MificHo, mpumyctumo, o
pose’ssamns Ry(s) i %(s) sinomi. Toni, srimso 3 (15.17), Maemo
€7¢0 = ﬂ)\/}: . 3 ypaXxyBaHHAM LOTO PiBHAHHA IJIA MONPABKH NEpLIOro

TIOPAAKY @, 3rinHo 3 (15.18), Habypae Buraany

2(VosV o) =2Vz (V¢ )= 2@%‘?—::5, . (15.19)

3Biacu BUNIMBaE, LIO IONpaBKa @ Xo He3bypeHoro efikoHaly ¢, Ha
BiAPI3KY NPOMEHS JOBXHHOIO S JOPIBHIOE

ls E .
=—|—=ds. 15.20
o (s) 2_([\5 S ( )

InTerpyBaHHs TYT BeeThCA B3NOBX He3GypeHoro npomens R (s)

Dnykmyayii Kymis npuxooy

Kymn npuxofy XBHIi BH3HAYAIOTBCA HAMPIMKOM HOpMani' 1o
dazoBoro ¢pouTy, AkMi B i30TpONMHOMY cepenoBHi 36iracrhcs 3

HanpAMKOM  OAHHHYHOIO  BEKTOpa t—Vq)/ \/— . Bwusnauumo
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BiIXHMIICHHS [EOTO BEKTOpa Bif HesGypeHoro snadenna fy =V, / Jz7.
3rinso 3 ¢opmynamu (15.15) i (15.16), 3 TouHiCTIO A0 JNiHIHHMX 3a
&/ <<1 monaukis, orpamaemo

- Vq) V((00+(Dl+ ) V(oo l[vﬁ"ﬁj—%
£

f=
Ve Jrre v 7
o "6%:2;)‘/5:'. i

= 2\/;:: (Z,Vq)l) (mmB. (15:19)), orpumyemMo

+} (15.215
Bpaxosyioud  nani, & = 2(§¢O_V¢I ) =
[ ?;, +\—[l___—_»[§¢,.—i;, (i}ﬁ(p, )] :

3BiACH 3HAXOAUMO BHpa3 A nonpamcu THEpLIOro NopaaAKy 1o Hanp;mxy
He36ypeHoro npoMeHs 7, :

<

—

R T, zf[% -o(WVa)]=—E, 522

o

ae V| — BekTop-omepatop monepeyHoro (BiAHOCHO He36ypeHoro
npoMeHs) qudepeHiIoBaHHS. '

Dnyxmyayii picna

BgenemMo moHATTA piBHS aMIiTYyaAM a0 npocTo piBHA, AKHM
Ha3UBaIOTh BEJIMYHAY

N _
In=2 15.23
r=m= (15.23)

Ine A — neBHa crana BeJIMYMHA Ti€i CaMOI PO3MIPHOCTI, WO i aMmIiTyAa
Ay. 3 ypaxysanuaM Bu3Ha4YeHHA (15.23), piBHAHHA WEpeHECEHHA
HYJIH0BOro HabmmkeHHs (15.10) MOXKHa nepenncaTH y TAKOMY BHITIAML:
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§ 15. Memoou zeomempuunoi onmuxu i nrasnux 36ypens

2(V4V o)+ 4yAp = 4, 2(—;;-6/10%}/3(;;
—AO[( 111A°V(p)+A(p] 429V p+Ap]=0.

Baaxarouu, mo A, # 0, ocrarouno orpumMaemo

2V Vo+Ap=0. (15.24)

Po3B’s3aHHA LHOT0O PiBHAHHS 3HOBY LIYKATHMEMO Y BHTJISAI PO3KJIaiB Y
psanu Teopii 36ypeHs:

X=Xttt
P=@y+to +o, +
fe @,~0p 1 Xu~0g. llincrasusmm (15.25) y (15.24) ra

(15.25)

TIPUPIBHABLIMA TONAHKH OXHOTO [OPALKY MAIOCTI 32 MaJIOI0 BEJTHYHHOIO
O, OTPUMAEMO CHCTCMY PEKYPEHTHHX PiBHAHB: '

2V 20V o + Ay =0,

2VVy+Ap +2V 2,V =0, (15.26)
3HaucHHA eiikoHaNy ¢ i piBHS J, 3HaXOAATHCA 3 He30ypeHoi 3aaaui 13
33JaHOI0 PErYJIApHOIO JICNEKTPHYHOIO TNPOHHKHICTIO < S(R) >. 3a
3HalilecHuMH @, 1 ), 3 nApyroro piBHAHHA (15.26) 3naxoauThCA
BelMuuHA QIyKTyauiil piBHA y epiIoMy HaGminkeHHi ) Ta iH.

SIK 'HaHnpocTIMA npuxnad pPO3TNAHEMO 3adady MNOINMPEHHA
MIOCKOi XBWII Yy CTaTHCTHYHO ~OJHOPIXHOMY CEpENOBMILi, KOIH

< £(R) >= Const . 3 perynapHOl YaCTHHH 3a[a4i BUIUIHBAE, LIO NPH
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NOLIMPEHHI B ONHOPIAHOMY CEpPENOBUINI BHXifHa IUIOCKa XBHNA He
3MiHIO€ThCA. Lie 03Hauae, 1o ciM’a He30ypeHux (perynspHux) IpOMEHiB

€ CHCTEMOIO TINIOCKO-TIapalieNbHUX MiHiH, ToOTO i;) = Const . 3 piBHsHHA
eHKOHANY HYJNBOBOIO0 HaOKCHHNA 6% =\/Z'; f, oTpuMaemo, IO
@y = \/?:: -§, e s BUIIIYYETHCA Biji 00PaHOTo NoYaTKy BIIUIIKY (s = 0)
B3ZIOBK MpPAMOIIHIHHOTO NpPOMEHA, 3aJaHOr0 HAMPIMKOM i;). Hns
3pytn-1bcn' MONAHHA MM MOXEMO, HANPUKIAf, CTPIMYBAaTH B3NOBK I,
Bice OZ nekaprosoi cuCTeMH koopauHar XYZ . YV upomy BHNIagky

=z, 1y=2,, Vo,=Z &, @=NE z i Apy=0. 3 immoro

. 60Ky, s ciM’i IUIOCKO-NapajieIbHUX TMPOMEHIB IEpEpi3H He30ypeHux

TIPOMEHEBHX TPYOOK HE 3MIHIOKTHCA 34 QHCTAHIIEIO, 1, 3TIAHO i3
3aKOHOM 30epe)keHHs iHTEHCHBHOCTI BCEPEAHHI TIPOMEHEBOI TpyOKH,

otpumyemo, mo ¥, =Const. Otxe, v Yo =0. 3 ypaxysaHHAM
BMINEBHKJIANCHOTO, nepme  piBHaHHA  y  cucremi  (15.26)
3a/I0BOJIGHAETECS aBTOMATHYHO, a Jpyre (I }|) NPUBOAUTLCA JIO
TaKoTO BUIIALY:

2€7¢0§Z,+A¢,=2\/§%+A¢,=0. (527
Z

3HaiineHe piBHAHHA JIETKO iHTErpYeEThCA, 1 MH orpumyemo BHpa3 s
¢bayKTyaniiHOro JOAATKY AO PiBHA:

2(xy,z)=- (15.28)

InterpyBanHs TYT BeEICTRCA B3AOBXK NPAMONIRIAHOTO IPOMCHS,
napanesnsHoro 1o oci OZ , a ¢, 3riaHo 3 (15.20), Bu3HAYAECTBCA K

@ (x.9,2 J—Iéx(x y,z)dz'. (15.29)
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15.3. Meroa naasHuX 36ypens (Meron Purosa)

Y upoMy po3fiini MM PpO3INAHEMO € OJHMH NIMPOKO
3aCTOCOBYBaHMii  HaOmnkeHMH  MeTod  PO3B’A3aHHA  PIBHAHD

€NEKTPOAHHAMIKH — TaK 3BaHMH MeTol IIaBHMX 30ypens (MII3).

Vnepiue ueii meron 6yao eukopuctado y 1937 poui C. M. Purosum s
pO3B’s3aHHS  JICTEPMiHOBaHOI 3ajadi mpo mudpakuilo CBiTIa Ha
yAbTPa3BYKOBiH XBuwii 1 misHilme Gymo 3acTOCOBAaHO IJIA BHPILICHHA
crarucTuaHux 3ag1a4 O. M. O6yxoBum. ‘

s mpocTtoTH 3HOBY OOMEXHMOCS BHNAIKOM HEPYXOMHMX
HEOHOpiAHOCTEH, KOMM GAyKTyawii [i€NeKTPHYHOI MPOHMKHOCTI He

3aJiekarh Bif 4acy: g(]'é,t) =£(ﬁ). Ha sigminy Bix MM3 y MI'O i
MII3 o6’em poscitoBaHHs V, BCepenuHi AKOrO 3HAXOMATHCS BHIANKOBI
HEOIHOPIZHOCTI &) , HOCTATHBO BEHKHH, i CIIOCTEPiray Moxe nepebysatu

HaBiTh BcepeauHi V' (mpuHaiiMHI, HEORHOPIAHOCTI £ 3aiiMarOTh AKIIO H
HE BCIO, TO 3HaYHY YaCTHHY TPaCH NOIKPEHHS XBHIIB).

~ IIpumycTuMmo, 10 HaM Heo6XiHO BU3HAYUTH PO3CIAHE NONE Y TOYL
crioctepexxenns P, mo 3Haxomutbes Ge3nocepelHBO BCEPEAMHI 00’eMy
po3citoBarHs V. Y nocraBieHid 3aavi LiKaBMM € He CTUIBKH PO3CifHe
| mone, IO BMHMKAE B HEONHOPIAHOMY CEpElOBMILI MiA Hi€l0 mons

nepsuHHOi xBum U, (E), ckineky 3MiHa napamerpiB U (I-é ) Sk Taki
MapamMeTpy 3BUYANHO PO3CIANAIOTL AMIUTITYRY A(I-é) i ¢asy S (ié)

xpwi. Tak camo, sk i B MI'O, nomamo wykane mone U (I_é) y

KOMIUIEKCHI# dopMi:

U(R)= A(ié)e"s(ﬁ) - 4 A(R) SR 2 4B (1530

§ 15. Memoou zeomempuunoi onmuxu i nnasHux 36ypens

Zie BBEACHO HOBY (PYHKIIIO

W(R)-is(R)rn

=iS(R)+ g(ﬁ), (15.31)

TaK 3BaHy ,KOMIUIeKCHY ¢a3y” mons U (ﬁ) VsBHA YacTHMHA 'l/l

36iracTecs i3, Bnacke, }asomo S (Iny =S), a nificha wacmna

Y. | . L _ . . .
= ln: =Rey ¢ pisnem amniitynm a6o npocro piBnem. DisHunmii
cmucn y nopansi (15.30) mac Timeku RelU, ToMy koMIuiexche mone
U (I-é) MOXHA PpO3NARATH AK yaaraimieum MOHATTS "aHANITHIHHIH
curHan" Ha QyHKLII He Yacy ¢, a MPOCTOPOBMX 3MiHHHX R.

TligcraBuBiy wykaHuit Burisg poss’ssky (15.30) y piBHAHHA
Ienemronbua (15.2), nepefineMo K0 HOBOro PiBHAHHA A KOMIUICKCHOT

¢asu V/(jé) . Hpn UbOMY CKOPHCTAEMOCS BIAOMHMH IpaBHJIAMH
I epeHIiaNbHO-BEKTOPHOIO aHAMNI3Y:

gradU =VU = AVe¥ = 4e¥Vy =UVy,

AU =div(gradU)=V(VU)=V UVy, = (1532)

- . = \2

=VUVy +UAy =U(Vy) +UAy.
Ille pa3 HaragmaeMO BH3HA9ECHHA ONEPATOpIB \% (nabna) i A ‘(narumacian):
- _ 0 d . 0 ? 9 &

V=6 —18,—+8,— ,A=——32 4 é.8..8 —o
* ox yay 2 oz ox? 6y2 o2’ VY e

' AexaproBoi cuctemn koopmuar. Ilincramnsmoum temep AU y (15.2) i
~ cxopouyroud Ha ¢ymxuio U , fika npumycxaerscsa BIMIHHOIO Bill HyJA,

NPHXOIMMO A0 PiBHAHHA UM KOMIUIEKCHO] (asu | :
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§ 15. Memoodu zeomempuunoi onmuku i nnaenux 36ypens

(V ;1/)2 +Ay {kz [E(R’)+ & (R)] =0. . (1533)

Ha sigminy sBin (15.2), Mu oTpumamu piBHAHHA 3i CTalUMH
KoedillicHTaMH, i B IIOMY PO3yMiHHI BOHO € , kpamuM” 32 (15.2), ne nepen

Hepijomoto  ¢ymkumiero U (R) CTOiTh  3MIHHMH  MHOXKHHK

k2 ( ) kz[ ( )+51 (R)] Ane 3a 1€ CTIPOIICHHA JIOBOMHTLCA

HIUIAaTHTH” THM, IO piBHsHEASA (15.33) HeniniiiHe BITHOCHO v V.

15.4. Ha6éamxenHa Majux 30ypens y meroai PuroBa

Tak camo, sx i B MI'O, posrsiHeMO BUNanoK, KOau ¢uIyKTy10104a
KOMIOHEHTa & Mala TOpIBHAHO 3  PETyJApHOI0O  CKJIAJOBOIO

£: o0, —\/< al > << & . Po3p’a3ex pmmmm (15.33) wykatumemo y
BHITIAAI pAAy Teopii 30ypeHs:

W=yttt (15.34)

32 CTEMEHSMM Maloro mnapametpa U =&/ (0'# =0 / £ << 1), ‘

BBAXAIOUH, WO ¥/, ~0'Z’. Ockinexku y piBagHal (15.33) € Tinbku

noximHi Bim ¢yHKuii ¥/, a cama ¢QyHKIS |/ HE BXOAWTH Y PiBHAHHA,
NPUPOJHO NMPHIYCTHTH, WO (aKTHYHUM NapameTpoM posknany (15.33) €
He caMa BelMYHHA U, a i moximni Vu ~ ufl o B€ [ u ——‘).;apaxrepﬂuﬁ

niHIHAA pO3Mip HeomHOpiOHOCTEH ,u(R). 3BiICH BHIUIMBAE, IO YHM

6inpmnii posmip HeomHopimHocTelt [,, TOGTO uMM BOHM Ginkm

»TJIaBHI”, THM Kpaitle Ma€ cxoguTica pan (15.34) nua l//

Hmcrannmo pan (15.34) y (15.33):
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[V(l/loﬂ//]+...)]2+A(1//0+a//1+...)=—k2[5(ﬁ)+8|( )] (15.35)

BpaxarumeMo, O ¥, 3a0BONLHAE ,He36ypene” piBnaHHsA (15.33) 3

& =0, a s pemTH NORAHKIB BHMAraTHMEMO, mo6 pienicts (15.35)

BHKOHYBANIACH Y KOXKHOMY MOPAAKY 32 & . Y pesyibTaTi, OTPHMaEMoO

TaKy CHCTEMY PCKYPCHTHHX PiBHSHD:
() (Fvo) +avg=—+ <>
(s}) 2V + Ay = -k2s ( ) (15.36)

| (812) 2Vy Vs +Ay, —-(val) )

Po3p’sa30k {/ mepmoro pisHAHHs (15.36) BH3HaYa€ MPOCTOPOBY
3AJIEXKHICTD Hé36ypenoro xsunposoro noma Uy = e¥?  axa mana 6 micue,
k6K QuyKTyauil NOKa3HMKa 3IOMIEHHA &) (E) 6ymn  BiaCyTHIMH
(5=0) ‘LIefai PO3B’A30K MM BB@XAEMO BigoMuM. [lpyre piBHAHHSA Y
(15.36) Binﬂocno W) € NiHifHUM i3 3a7aHOI0 NpPABOK HYACTHHOIO i
BiZoMuM KkoedilieHTOM 6!//0 nepen HIOXiZIHOIO €71//1. Hacrymni
DIBHAHHA VI ¥/, Y3 TOWIO YTBOPIOIOTh JAHIKOXKOK ,,324ETLIEHHX” OHE
3a OJHE PIiBHAHB: 3HAIOWH V/,, , MOXKHA BUSHAYUTH xoe(biuiem 6(//,,, i

npaBi YaCTHHH PiBHAHB WA /), -

SIx intocmpayio Meromy IUIaBHMX 30YpeHB 3aCTOCYEMO HOro Wit
po3B’a3aHHA Hadinpoctimoi 3amadi. HexaH HeckiNyeHHe CTarMCTM4YHO

OZIHOpiZHE  CepeJIoBMILE (< £(§)> =Const) nofineHe Ha A

niBrpocropu ( Z > 0 i z <0 napuc. 15.3).
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§ 15. Memoou zeomempuunoi onmuxu i naaenux 36ypens

A X
A :
SRSt
81(R) —
R(x,y,2) .
o L 'z
— T Q o©
%
— T\ [
€ €=const

€=const

Puc. 15.3

Ha miBopocrip z>0, y sAKOMy 3HAXODATHECA  BHIIAJKOBI
HEOTHOPIMHOCTI &) (ﬁ) , 3 BOTO MiBIPOCTOPY (z < 0) , e Heonnopimiocri

siacymni (& =0), manae HopManbHO Jo rpanmui nominy (Z = 0) mnocka
MOHOXPOMATHYHA XBHIIA OJMHUYIHOI aMIULITYIH

Uy (R,t)= (k=0 1) (15.37)

ae k.= WNE — MOAY/b XBHJIBOBOrO BEKTOPa B CTaTHCTHYHO
oxmopigHoMy cepemosuuli (muB. (14.17)). Bumaraersca y noBinbHi#

touui P 3 xoopaunaramu R =(z, y,z), IIO 3HAXOAMTHCA BCEPEAMHi

HeoxHopigHoro cepenosuma (z > 0), 3HaliTH MONpaBKH A0 AMIUNTYIM i
¢asu XBuNi, INO0 BHHUKAIOTH 33 paXyHOK HeOAHOpigHocTell

JieIEKTPHYROI IPOHMKHOCTI &) (ﬁ) .
| 3rimo 3 (15.37), xomiuiekcHa (haza He30ypeHOro Nons JOPIBHIOE
Wo=IiSo+%p, B Sy=kz i y,=Const. OGuncmBuM
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§V’o =ik,é,, Ay,=0, nepexoHyeMOC y TOMy, IO MepuIc PiBHAHHA

s W y cuctemi (15.36) nepetsoproersca y Totoxaicrs: —k2 = —kZ .
PiBusmna nna nonpaeku ¥, (apyre pisaanma y (15.36)) nHabysae

. BHTTIANY

2sz_ +Ay/| =—k’¢, (R) 15398

Monasum y, y Burmsni Y, =iS;+ X 1 BHMaralo9d BHKOHAHHA
pisusaHHA (15.38) mna pidicHol # ysBHOT YaCTHH OKPEMO, MPHXOAHMO [0
CHCTEMH JIBOX PiBHAHB JUIA IBOX HEBIXOMHX QyHKii S i %,:

—2kvf_———~+Aq3 -k,

2hfﬂﬁ+ag_

Tenep mnepefinemo Bin ¢asu S, 10 BimnosiaHoro il eiikonany

(15:39)

@ =8,/k. PosninuBmy micna IEOTO Mepile DIiBHAHHA y CHCTEMi

(15.39) Ha k2 ,aapyreHa k, mppmaeiwo
ZJ———_AZI 51(
2J§Jﬁ+Ag=o.

. oz ,

Jins HocTaTtHBO KOPOTKMX J[OBXHH XBHNB (kK —» o) npyrum
JONaHKOM Y miBifi wacTuHi mepmoro piBHAHHA B (15.40) MoxHa
3HEXTYBATH, IiC/IA 4Oro NPUXOAUMO 110 piBHﬂHb

2F B (R).

2J§JQ+A@=Q
oz ‘
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]

)

(15.40)

(15.41)



§ 15. Memodu zeomempuunoi onmuxu i nnagnux 36ypens:

AKi TOYHO 36iraloThCs 3 OTPUMAHHMY paHime y Habmmkerni MI'O (qus.
(15.19) i (15.27)). | |

‘ I'pannuni ymMoBH mnd piBHAHB (15.41) MoxHa 3aJ]aTH Ha NNOLIMHI

z =0, SKIo 3HEXTYBaTH XBHJIAMH, BIZOWTHMH Bl FPAaHHIII HOAUTY JBOX

CepeNoBHI 1 PO3CIAHUMH HeonHopumocmmn ¥ 3BOPOTHOMY HIOPAIKY,

T06TO BBAXKATH, IO

U(R)

_=U (R) (15.42)

3Bigcu BummBae, mo S =Sy, ¥ = ¥ npu z=0 abo Sl'-O n=0

z=0 ’

npu z =0. Inrerpytioun nepwe piBHsuHg y (15.41), 32 yMoBH, WO
¢1(x y,O) 0, orpumyeMo

r4 r~ ¥4
1 ! ! 3 .I ’
%(x’y,z)=5\/‘—§j€1 (x,y,2')dz =—§—j,u(x,y,z )dz', (15.43)
0 |

0

3BiJIKM NIOTPaBKa NEpLIOro MopAaAKy Manocti S o dasu S, nopisHroe

k Zz
S (x,,z) =key =—2‘—Iy(x,y,z’)dz'. (15.44)
: 0
2 62 62
Beisum nosnavenns A=—=+A,, xe A; =—+—5 — nonepeysxa
‘ Oz ox” oy

CKJIafioBa Jancaciafa, 3TiAHO 3 NPaBUIOM IHQEpeHIiIOBaHHA iHTerpana
© 33 BEPXHBLOIO IPaHHIIEIo (33 2 ), 3Haxomqumo Agy:

_JE| o [, N
Ap =— —,u(x,y,z)+J‘Ai,u(x,y,z )dz
2 |0z
-0
ITpn upoMy npyre piBHAHEA 113 ¥ ( 15;41), AKIO ¥ (x, ¥, 0) =0, mae
PO3B’A30K:
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‘x(xy,

ﬂl

z .
it
0

| | (15.45)
= ;.%y(x:y,z)—i— j'dz' IAlu(x,y,z”)dz”.
_ 2
Tosnaunmo yepes dV (z')=dz' i U(2') = I Ay p(x,y,2" 2",

0
nicns yoro o6uncinmo inrerpai y (15.45) 3a yacTuHamu:

IdV(z) U(Z)=r(z)-U(z jdu(z) v(z

Hicns nsoro (15.45) HabyBae 0CTaTOYHOTO BHIVIAMY:
1 1
n(xy.z)= —Zﬂ(X,y,Z)—ZI(z ~2')Ayu(x,y,2')dz’ . (15.46)

dopmynu (15.43) i (15.46) ans @, i ¥, , BianosiaHo, He 3ancKaTh
BiJl HOBXHHA XBHJIi BUMPOMIHIOBAHHA, OCKIJIBKM OTPHMAaHi 3 pO3B’A3KY
cucremu pisHaHp (15.41) mpu Kk —>o0, To6T0 y HabmwxesHi
reoMerpHuHOi onTHKU. Sk 6yNo NMoKa3aHO y NONEPENHKOMY PO3ALT, B
pamkax MI'O ¢dasa xsuwr S = 4@ sM3Haganach HUIAXOM IHTCIPYBAHHA

NOKA3HMKA 3QJIOMIICHHS 7 B3J0OBX KPHBOMIHIHHOIO DpOMeEHS R(s)
(15.11):

=kj,/8(s') ds':kj‘n(s')ds' (15.47)
0 0

(nns 3Haxomkenus ¢azn S y 3ajmamiii Tounmi cmocrepexenus P o3
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KOOpAHHATAMH R =(x, y,z) iHTerpyBaHHA HEOOXiIHO NPOBOAMTH 3a

NpoMeHeM, IO TIPOXOIMTH Yepe3 L0 TOuKy). [Togamo n (S) y BHIIIAAI

n(s)=1/&(s) =JZ"(S)+£1 (s)= VE1+u(s).

JAna BigHocHO cnabkux ¢uykTyauii, xomm I p| <<1, n(s) MOXHa

PO3KJIACTH Y PsiJ 3a CTENEHAMM 4 1 OOMEXHTHCS TIMBKM NIHIHHAM 32 4
JOA3HKOM. Y Mexkax Ii€l TOYHOCTI iHTerpyBaHH: 3a AiHCHUM NPOMEHEM

R(s)‘ y (15.47) MoxHa 3aMiHHMTH Ha iHTErpyBaHHA 3a ,,CIPSMIEHHM”
TpoMeHeM (Binpi3koM npsMoi), mapanensHuM Ao oci OZ , wo npoxo-

JMTH Yepe3 TOUKY CIIOCTEpEKeHH R = ( x,y, z) :

§ (x,y,Z)zkﬁj[“%u(x,y,z’)]df =
0 (15.48)
=k.z +%j,u(x, y,2')dz'.
0

Bunno, mo nepluMi AOAAHOK y npasii yacTuHi (15.48) 36iraerscs 3 So s

a ipyruit — 3 BupasoM (15.44) s S, . '

15.5. Bu3nayeHHs CTAaTHCTMYHHX XapaKTEPHCTHK
@opmynu (15.44) i (15.46) BupimyloTh TaK 3BaHY AMHAMIYHY
YaCTHHY 3ajiadi, BOHM JalOTh 3MOT'y OOUMCIIMTH NIONPaBKH 0 (a3u, piBHA i

KyTa IPHXOXY, AKIUO BIJOMHMH SBHHH BHrIax (QyHKIii /.t(I_é) . Sxmo x

,u(R) € TUIBKH peai3aui€io BUIMAAKOBOTO IOIA, TO S; 1 %) y KOXKHii

—

Toumi R TaKkoX € BHIIANKOBMMH BeHuMHamu. Ycepemioroun (15.44) i
(15.46) 3a ancambnem peanisairii ,u( ﬁ) , OTPUMY€EMO
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<§>=<x>=0, _ (15.49)

i, OTXKe, cepenHe 3HaueHHA da3n S, y LboMy HabmmwkeHHi 36iracTecs 3
ii He3OypennM 3HaueHHsM S, a ¢uykryauii ¢asu HaGmIDKEHO

36iraloTeCs 3 ONPaBKOIO 5, ©

6S=8-<5>=85-8=8. (15.50)

3uaiineHi poss’ssku - (15.44) (15.46) TakOXX HAKOTh 3MOTy
06YMCIITH | MOMEHTH APYTOro MOPAAKY jUmA GaykTyauii ¢asm, piBHA i
KyTiB npuxony. Jlns npuKiagy MH pPO3MIIHEMO TUIBKH IMCIIEPCIIO

¢ayxryauniii ¢asn 0'§ , AKy MOXXHa OOUHCIIMTH, YCEPEAHIOIOUH KBaapaT

iHTerpana (15.44):

z z
K2 ¢ .
os= <S> =T‘Idz'jdz"<,u(x,y,z'),u(x,y,z )> =
' o 0 (15.51)
k2 z z .
=-2€—Idz'-‘.dz”Bﬂ (z'-z").
0 -0
Ipn mpoMy, AK i paHille, MM NPHIYCTHIH, U0 MOJie ,u(R)
CTATHCTHYHO OIHOpIAHE, i BBENH AaBTOKOpENALiHHY QyHKuiIO

dmyxryaniit ,u(l—é) Ha NPOMEH]:

(15.52)

Jlns posrasayBaHoi 3anaui fé'=(x,y,z'), a ﬁ"z(x,y,z”) — TOMY

. ” D D ' ' "
pisnmesHit BekTop Mae Komnonenty R'—R"=(0,0,z'-2z )
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§ 15. Memoou eeomempuunoi onmuku i naagnux 36ypens

Beegemo 'y tbopmyni - (15.51) szamicte . z" HOBy 3MiHHY
interpyBanns £ =z"—2z', a o interpana 3a dz’' 3acrocyemo ormepatiio
IHTErpyBanHs 3a yactuHamu (aus. (15.46)):

, k2 z ;—z' ‘ k 4 z-z' 7=z
aS=T£Idz’J. a8, (£)="= z’J‘ deB, (&) -
° - #=0 (15.53)
| ”z ‘ k2 z
—J‘dz'z'[—By (z-2)'+B, (—z'):' =7£I(Z—§)By(§)d§-
0 0 |
Ipu upomy mu Bpaxysami, mo B, (&) - napua dymxuis. ¥

¢dopmyni (15.53) BuHeceMO z 3-min 3HAaKa iHTerpana i BBEIEMO 3aMiCTh
.. 2
B, (.f) koediient kopemnii K, (f) =B, (4‘)/0'y :

o3 =%k§ o} zj[l—g)K# (£)dE. - (15.54)

Mininterpansua dynknis K, (f ) mpu & =0 nopismioe 1
(K’U(O)=l) i menzKo cramae 1o 0 npu & 21, ne 1, — xapaxrepHuit
Maciurab criafasus K;, (4‘ ) 3 ypaxyBaHHAM ILOI'O OLIHHAMO iHTErpail

(15.54) y ABOX rpaHUYHMX BUIIAKAX,
1. Kopomxi mpacu abo eenuxi neodmopionocmi (z<<lI u ).

Ockinskn 3MinHa & 3MIHIOETBCA Y Mexax Bifi 0 N0 Z, BUKOHYETHCA
Hepisnicte & <z <</ > 1 ML 3HakoMm inrterpana (15.54) Moxua

noknacty K, (é‘ ) ~K, (O) =1. TIlicma wuporo iHTerpan Jierko

o6umcmoeTses i AopiBHIoE z/2:
i _
o: =Zk‘2 ol 2% (15.55)
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2. Joezi mpacu abo Opioni neoonopionocmi (z >>1,,, ane, aK i

paHille, HEOAHOPIAHOCTI BEJHMKI NOPIBHAHO 3 MJOBXKHHOK XBHII —

k. l u >>1). 3 ypaxysaunam toro, mo K, (5 ) TIEPETBOPIOETHCA Ha

Hynb npu & >/, , eexrrBHa obnacte interpysanns y (15.54) nexurs y
mexax 0< &</, <<z. Ilpn upomy iHTerpan Bif Apyroro wuieHa y

IY)XKax Manuii — BiONOBiAHO 10 Manoro napamerpa & / zg1, / z<<l,a

JUIs NEepUIoro AOAAaHKa, IO 3aJHIIMBCS, O6acTh IHTErpYBaHHA MOXKHA
PO3IHPHTH 10 o0 . BBiBIIY, 32 BU3HAYEHHAM,

o0 .
J‘K#(f) dé=1, (15.56)
paniyc kopensuii HeogHopinHocreit /,,, orpuMaemo
21,2 > |
og =5k8 o,l,z. (15.57)

CxeMaTH9HO 3aNEKHICTD AMCHepeil ¢nykryauiit ¢aszu 0'§ BINY

IOBXHHH HUIAXYy Z, SAKHH XBWIA MPOXOAHTH Yy HEOJHOPIAHOMY
CEPENIOBHIIN, HaBEIEHO Ha puc. 15.4.

2
,95(2)
~Z
~2
0 -z
I.U
Prc. 15.4-
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HAxicui oyinxu

Hanpukinmi nsoro posJily OTPHMaEMO NefKi 3i 3HAWACHHX BHINE
¢opMyI 3a JOTIOMOTOI0 IPOCTHX MiPKyBaHb SKiCHOTO XapaKTepy.

3 HabGmwKEHHs TEOMETPUYHOI ONTHKK BHILIMBAE, 10 (a3a XBHI,
fKa OpUHLUIA y TOYKY CIOCTEpEXEHHA, NODPiBHIOE NOOYTKy MOmyns
XBHJILOBOTO BEKTOpa Kk Ha ONTH4YHY IOBXHHY INpOMEHA (eHKoHanm)
@: S=ke, ne ¢ Bu3HAYaeTHCA IWIAXOM IHTEIPYBaHHA MNOKa3HMKa

3anoMiIeHHs 1 B3foBx mpomens R(s), mo mpoxomuTs wepes TouKy

* crocrepexcenns R =(x,y,z). Jiia Mamax Qaykryauif noxasHuxa

3AIOMJIEHHA IHTETPYBaHHA MOXXHAa HAOIIKEHO IPOBOAMTH B3JOBXK
- copamieHoro upomeHs (muB.. gopmymy (15.48) Ta puc. 15.5).
[lpunyctiMo, o HOBXHHA Z CHPAMICHOrO IpOoMeHA HabaraTto

IIEpEBHINYE XapaKkTepHi posmipu HeomHopimHocreit [, (m=1,2...N).

[le o3Hagae, MO HA MPOMEHI BKJIAZAECTHCA NOCTATHHO BEJIMKA KUIBKICTh
HeonHopiqHocTei (N ~ z/ L, >> 1).

N=zfl, >>1

Puc. 15.5

- ITicns npoxopkeHHs m-1 HEOXHOPIAHOCTI BixOyBaeThcA Habiranns dasn
XBHII, L0 NOPIBHIOE

S ~kJel, zk\/—(1+ "") =k, +28y,,,1,,,, ne k,=kJ%,
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a p, =&,/ — panankoBe 3HaveHHs BimHocHOi (aykryanii. [Tosna

¢daza xswii S micns npoxomkeuua BCi€l TPacH AOBXKHMHOIO Z € cymo:o
BClX TIOKANLHHX CKIALOBHX:

N N L '
Z 2 k
S= Sm = (kel_m +—2€-/lm Im] (15.58)

m=1 m=l

3 omuoro Goky, cyma Zkelm =k£ZIm ~k NI, ~k,z — He mo

iHIIe, AK perynapHe HaGiranna ¢a3u xsumi S B3H0BXK BCiel Tpacw, a 3
IHILOTO — JORXAHKH

38, =-152£- w1 (15.59)

€ BunachBnmx HabiraHHAMH cl)aa Ha OKpEMHX HEOJHOPITHOCTAX
cepenoBHiia. Bemnuuny S = ZJS,,, MOXHA PO3IIANATH SK CyMy (B
IPaHNYHOMY BMNAIKy — iHTerpan) BeTMKoi Kimskocti N = zfl, >>1
HEKOpeNTboBaHHX AomaHkiB JS,,. Tenep BBakaeMo, IO BCi HEOAHO-
pimsOCTI .npuﬁnusno OZIHAKOBI: B = 1 i L, =2, (tyr 1,, sx i
pmime, — XapakrepHuii MacluTab cnaganHA aBTOKOpENALiiHOT (by'mcni'i

B, '(.z)) i, omke, Beruauny S, MOXHA OLIHHTH AK
k, :
S8, z—é—,umlm mkpl,. : (15.60)

3 ypaxyBauHaM Toro, mo < i > =0, cepeane nabiranns ¢asu Ha oaHiN
HeomHopiaHocTi <JS,, > =0. [lucnepcis ¢uykryaniii pasn na opHiii
HEOAHOPI AHOCTI. IPHGIM3HO AOPIBHIOE

167
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oﬁm = <(55m)2 >~ki< i > =k} o lf, " (15.61)

Mix coboro Bumazxosi HabiraHHs (a3 He KOPEII0IOTh, TOMY CyMapHa
aucnepcis dasu xBuil MicHs NPOXOUKEHHS BCiel Tpack JOPIBHIOE CyMi
JHCHCPCiit HAa OKPEMPX HEONHOPIAHOCTSX:

k2
Zas ~ KoLl N=~Fall,z. (562

m=1

V (15.62) mu Bpaxysamu, mo N = z/l,, =z[2I - BAAHO, WO BHACHINOK

'AKICHMX MIpKyBaHb 1 OLIHOK MM OTPHMAQIH DE€3yNLTaT, IO TOYHO
36iraeTeea 3i crporum pospaxyrkoM (15.57). Ha nixcrasi nenTpambuoi

IPaHHYHOI TeopeMM MOXKHA CTBEPIXKYBAaTH, W0 S| = E 0S,, Mae

HOPMaJIbHHI PO3IOIIN.

lle omHy AKiCHY OLIHKY 1poBefeMO IUig aucnepcii Gpuykryanii
KYTiB NIPHUXOAY NPOMEHIB y pesynbrari 6araTopa3oBHX 3aJIOMJICHb Ha
HEOJHOPIAHOCTAX. Y MAaIOKyTOBOMY HaOIMKEHHI BEKTOp HOpMai

f—-—?S/ |§S|=§¢/ |§(p| no (a3oBoro ¢GpoHTY XBHII HabIIDKEHO
nopismioe [ ~ Iy +1, ne ib=§§/‘€7§ | — PpErymspHMii BEKTOp, a
f=V,8 [k, — sunamcoBwii ManMii IONAHOK, OPTOTOHATHHMH 7O
HesOypeHoro mampsivky npomens f, (muB. (15.22)). 3 ypaxyBaHHM
nojaHHa S, =Z§Sm , ae 68, BH3Hauaersca ¢opmynoro (15.59),

BUTIAZIKOBE PC3YNBTYIONE BiIXWICHHS NMPOMEHS #; TAKOX MOXHA NOJATH Y
BT CYMH:

N
=) 6%, | (15.63)
m=1

168

$ 15. Memoodu 2eomempuynoi onmuxu i naaenux 36ypens

~ V. (8S,) 1

ne Ot, = —Z—V L =1, V,u — Xapaktepna BennamHa

£
BHNAIKOBOrO KyTa BIAXHIEHHS Ha M -i Heonnopinﬂocri. 3 ypaxy-
BaHHAM TOro, Mo <u> =0, ompumyemo <Of, > =0 i, orxe,
<t > =0. Oxpemi aKkTH 3a7T0MIICHHS HEKOPENbLOBaHI, 3Bi/CH CyMapHa
AMCTEpCis  KyTa BilIXHIEHHA IPOMEHs a,z =< fl?‘ > Big #oro

TOYAaTKOBOTO HANPAMKY [, JOpiBHIOE cymi jmcnepciit cr,2
. m

2 _ 20 2 a7

o; = E O = O, N, e

, |
2 -2 / — 2 s - 2
op, = <O0h% > z—;—"—<(Vlym) > =0 <(V,ou) > (1564)

CKOpHCTAaBIUMChH  OLIHKOIO, LIO € CHPaBEAJMBOIO TiNBKH IS
130TpOMHOTO noNg QIyKTyaLii, ~—

- 2 . -
<(VL,u) > m<p? >/ll2, =03,/I/2, i Bpaxosylown, mo N =z/21,,
OCTaTOYHO OTPHMAEMO |
2
2 0/: ) o
o x——2z, 15.65
t 21, ( )

15.6. O61acTh 3acTOCYBAaHHA METOAY
reoOMeTpHYHOL ONTHKH

1. Onna 3 ymoB 3actocyBanns MI'O nonsirac y BHMO3i NJ1aBHOT0
XapakTepy 3MiHH NapameTpiB cepefoBHINA:

l,>>2. | (15.66)

2. ®opmyan MI'O He BpaxoBYyWTh Audpaxuiiinux edexris.
MoXIUBICTS TaKOro HEXTYBaHHS MOKa)XEMO Ha NPUKNAAi HACTYITHOTO
AKICHOrO MIpKyBaHHA. SIKIO HEONHOPIAHICTH CepenoBMIIA 4 3
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XapaKTepHuM posmipom [ 1 OCBITIIIOETBCSA IIOCKOIO XBHJICIO, TO po3mip it
TeOMETPHYHOI TiHi He 3aIeXKHTH BiNl BiACTaHi i nopiBHioe [ (8. pHC.
15.6.). '

? X
_ } 0d~7“~ ' : .
| z 2
Puc. 15.6

Hudpaxuis x XBuili NPH3BOMMTH OO ,,pOIUIMBAHHA" PI3KHX MEXK TIHi.
Posmip Ax,; mnepeximuoi oOnacti cBiTIO-TiHB Ha Binmam 2z Bia

HEOTHOpITHOCTI MOXHa HaGmwkeHo ouwinutTH sk Axy; =6z, ne
6, ~ ﬂ/ l, — xyr mudpaxuiji xsuni. HexTyBaHHA ANQPAKLI€I0 MOXIHBE
TUIBKM SKIO posMmip audpakuiiinoi obmacti Ax; 3Ha4YHO MEHIIHMH
IOPiBHAHO 3 po3Mipom obnacti reomerpuanoi Tiwi [,. Y pesynsrari,

~ oTpuMaeMo yMoBy Ax, <</, , ika UPHBOIHTHCA HO BUIIARY JAz <<l e

TakuM YHHOM, po3mip mepmioi 3o0nn ®penenas (\/Az) Mae 6ym.

pabaraTo MeHIIAM 33 XapaKTepHHil po3mip Heognopianocri / ut

Jaz «<l,. (15.67)

3. 3acTocoBylouM MeToH 36ypeHb AN po3paxyHKy GuyKTyanii
dasm # aMnumiTyAM XBHImi, MM CKOPHUCTanMcs THM, IO
dmyxTyanii moxasHMKa 3aNOMNCHHS CepEeNOBMIIA Manli: O, <<F,

(o'# << 1) i OGMEXXUNKCa TINBKH NIHIAHMM HaONMKEHHAM, BIAKHAAIOUH
JIONAHKM ‘IPYroro HOPAAKY ManoCTi BiIHOCHO O ;. YMOBH, 3a AKHX
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MOXKHA 3HEXTYBATH WICHAMH JPYTOTO NOPAAKY MAJIOCTi, 3BOASTHCA 1O

BUMOTH Majiocti Aucnepcii piug amnairyan y =In (A/ 2) :

o2 =<(x-7) > <1, (15.68)

Mo eKBiBAIEHTHO (32 Mamux c,) ymoBi 0,4<<A. Towmirni

¢nyxryanii piBHA ) HAcTalOTh BOYEBHIb TaM, JE NPOMEHI IOMHHAIOTH

IIePETHHATHCS H YTBOPIOIOTHCA BHNAKOBI (POKYCH Ta kaycTHKH. Takum
oM, MI'O He npanioe no6an3y GoKaJILHUX YTBOPEHD.

4. HacTynna ymoBa HOB’53aHa 3 BHMOIOI0 OJHONPOMEHEBOCTI
(MM, Mo CyTi, 3HEXTYBAIH BHKDMBJIEHHSM I[IPOMEHIB i MOXIMBICTIO
NOpUXOAY B TOYKY CIOCTEPEKEHHA HE OIHOTO, a KillbKOX IPOMEHIB).
KpiM = mporo, B pesynbrati OaratopasoBux 3alOMi€Hb Ha
HEONHOPIHOCTAX MOMXJIMBI BiIXWICHHS NPOMEHS HA BENHKI KyTH t
Bi/IHOCHO NOYATKOBOTO HANpPAMKY Z, i HABiTh TOSABA NPOMEHIB, O
MOWMPIOIOTECA Y  NPOTHIEKHOMY HAmpAMKy. Bumory mamocri
XapaKTepHUX KyTiB PpO3CilOBaHHS (JO AKOi. 3BONMTBCA H yMOBa
OIIHONMPOMEHEBOCTI, 1 MOXIMBICTL - HEXTYBAaHHS 3BOPOTHHM PpO3-
ciloBaHHSM) 3 ypaxyBaHHSM OTpHMaHOi panime ouinku (15.65) Moxua

3aNKCaTH Y BHITIAAL HEPIBHOCTI
ol mol <<l (15.69)

u°

Ilin wac po3s’sa3aHHA KOHKpETHOi 3amadi y HaGmmwkenHax MI'O
a60 MIIB HeoOXimHO CifKyBaTH 3a THM, 00 MH HE BUXOIHMIIN 3a MEXi

obnacri 3acTocyBaHHs LHMX METOMIB. 3ameXHO Bi BHXY s(ﬁ) i

reoMeTpii 3amadi, NMPEBANIOIOYOIO Cepeli JOTHPHOX 3a3HAYEHHUX BHINE
BUMor Moxe OyTH Ta uu iHma. Hanpuxnan, B onTH4HOMY Hiana3soHi

(/1 ~5-107 CM) mns atmochep: 3eMii HANGINBII KPHTHIHOK €

BuMora 2. YMmoBa Az << I# BHKOHYETHCA TUIBKHM JJIA JHUCTAHLiH

z<200 m.
171
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Komenmapi
JliHifiHa 3aIeXKHICTBL 0'§ Bili Z Y PpO3IIAAYBAHOMY BHIAKy
z>>1, € pezynsTaToM NI0ABaHHA BEMMKOi KITBKOCTI HEKOPEIbOBAHHX
MDK c0Gol0 HabiraHb dasu 4S5, Ha KoKl HEOHOpiAHOCTI. KO
(GOpPMAITBHO pO3TIAAATH Z He AK MPOCTOPOBY KOOPIMHATY, a AK 4ac {, TO
| XapaKTep 3aIeKHOCTI 0'§ ~ t, Ak M# OaunH y ronepesiHix naparpadgax,

" € 03HaKo0 Audy3iiHKUX npoueciB. 3rifHO i3 IMM KE 3aKOHOM, BiJl yacy
3aJIe)XHTh AUChepcia Ppnykryaili koopauHaTn X O6pOyHIBChKOI YaCTHHKH

0':‘: ~ t (937), a Takox IHucmepcia 0'3, baykryamisi ¢aszu B

aproreHeparopi sk ¢yHKuia ,,noBinpHoro” yacy & (12.53 6). Xoua ni
MPOLIECH MAIOTh 30BCIM Pi3HY (i3HYHY NPHpPOAY, BCl BOHH ONMCYIOTHCA
Iy’Ke CXOXUMHU IUHAMIYHUMH PiBHAHHAMU.

3AJTAYI

1. KoedinienT xopenanii ¢puykryauii nokasHuka 3aJIOMICHHA Ma€e
rayccoBy Gopmy

K, (p)=e"T", M
ne p =E'fﬁ” — TPHUBHMIpHMI1 pisuuneBui BekTop. Pospaxysatn
mucniepcitio gnykryanifi ¢asu o Sz 1 moka3aTH, II0 Ha MaNMX Tpacax
0'3 ~zz,'auasenm<nx— O'S2 ~z.

Pose 30k Cxopucraemocs dopmynoro (15.54) mma mucnepcii
pnykryauiti dasm, y sii K,(&)=K,(p, =0,p,=0,p,=¢&)=

=K, (0, O,f) — Koe(iuieHT Kopensnii (HOpMOBaHAa Kopensuiiina

dynKuis), mo posrusmactscs y cymimenux toukax (x'=x", y'=)") y
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[ONEPEYHOMY OO0  IIPOMEHA . HampsAMKY 1 B PO3HECEHHX
(f =P, =z'—z") — Y TO3MOBXHBOMY (B3OBX NpPOMEHs).: 3riHO 3
BU3HaYeHHIM (1), Maemo ‘ |
‘ §2 ‘
K, ({)éexp —-1—2 . Q)
7]

3 ypaxyBanuaM (2), popmyna (15.54) Habysae Bm*mmy
k’zo? | _ep
o3 (z)="4 I(“é)e “Phag -
2 ! z '

2 2 z 4
_kezou Ie—ﬁ/zzdg_jée—:vzzdg _
: 2 oZ

0

€))

Iepmmii interpan y (3) micna 3aminu sMinnkx x =&/, npusoauTscsa

JI0 CTaH/IJapTHOTO BUIIIAAY IHTErpajia IMOBipHOCTEIi:

z/l,

( =&} ~x2
J'e hdg =1, I Fd=1,0(z/1). @
0 0

JApyruii iHTerpan jierko 06uHCmoeTbes
2,72
zll, , 2l

- ! ! 2o,
%Ife'fz”’z‘d‘f=—:""‘ xe™® dx=-t I e"dt:—z’—’-(l—e 2/1’2‘).(5)
0 N

2z z
'O'mce,
k2 1z ! i
2 & 251y
Oy (Z)ZTI#[(D(Z/IF)_E”Z—(I-e ) . 6)
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$ 15. Memoou 2eomempuunoi: onmuku i nraenux 36ypen

§ 15. Memoou zeomempuunoi onmuxu i nnasnux 36ypens

Tpoananisyemo Ueii BHpa3 Uit ABOX TPAHUYHHX BHIIAZIKIB.

L. Kopomxi mpacu (z/1, <<1).-

3riguo 3 (4), M Manux 3Ha4YEeHbL apryMeHTy iHTErpajl HMoBipHOCTEH

MOXHA HaOJIKEHO 3aIHCaTH SK

7

l

u

)

u

211, 3 ‘
(D(z/l )= j(l x )dx———%(—} ~z/l,. )

Jpyruit moaaHok (5) TakoX MOXHA CIPOCTHTH | IPUBECTH A0 BUIJIAIY

Lo ey o |
Eﬂz—(l—e )z2—2(1—1+z /ly)=z/2lﬂ. (8)

3 ypaxysauuam (7) i (8), s KOPOTKHX Tpac OTPHMAEMO TaKe 3HAYCHHA
aucnepcii:

kXzo> Ko’
o3 (s) ~ 122 22 Eee ®

10610 O ~ 2°

1. Joezi mpacu (z >>1,).
Mpu z>>1, interpan iimosipHOCTeR <I>(z/ [,) B (6) moxna 3aminnTH

AOro rpaHWYHHAM 3HAYEHHAM, KOJH z/l , —> . Ilpn mwomy @(z/1))
nepexonuts B inrerpan Ilyaccoua, sxuil nopiBHIOE J7 /2. 3 imworo
60ky, B (6) MOXHa 3HEXTYBaTH €KCITOHEHTOIO : ( /i = 0) y
pe3ynbTari, Bupa3s (6) ms Jmcnepéi'i ¢durykTyaniii ¢pasu HabyBae BUrnagy
2_2 2_2
k2o, (J’ lﬂ] Nrkiail,

o5 (2) =5 2 |2 22 4
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2. Bu3HauwTH 3aN€XHICTs BiJl JOBXHHH TpacH Zz = AMcrepcii
obnyxtyamii dasu o Sz(z) IUIOCKOT XBWJI, IO TIOLUMPIOETHCS B

HEOJIHOPIIHOMY CTATHCTHYHO i30TPOMHOMY CEPENOBHINI 3 KoedilnieHTOM

Kopensuii Gaykryauii nokasHHKa 3aJIOMICHHS BHIIIALY
=1
2
=\ _ P
K,(P)=|1+5
]
JloCHiaUTH rpaHiYHI BHNAAKH IIpH
a) z <</, (xoporxi Tpacu);

6) z>>1, (nosri Tpacn).

Bionosgion:
k:cil z| l, 22
2 £ up
cé(z)=————| arct ————ln 1+——
S( ) 2 g p 2z I2
2
a) o1 (z)~ £2%, z<<l,,

kzazl
6) af(z)~—-——%4——’—‘i , z>>1,.
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