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Po3din V
BII/THB BHIIA,JKOBHX HEOQHOPITHOCTEH
HA ITIOLIIHPEHHA TA PO3CIFOBAHHA XBHJIb

§ 16. ®aykryanii nokasHUKa 3aJJOMJICHHA
B TypOyJienTHii aTMocdepi
3 nouepenﬁix PO3ILIIB- BUIHO, 1O PO3B’43aHHA 3aay IOoA0 po3-
CilOBaHHA XBHIb HA BHMAJKOBHX HEOJHOPINHOCTAX MOKAZHHMKA 3aJIOM-
neHHs cepemosuma abo ¢uykryauiit ix TapameTpiB NIpH MOMIHPEHHI
y BHMIIQJIKOBHX CEpEHOBHLUAX (AK Yy Teopil 30ypeHs, Tak i B HaOMIDKeHHI
reOMETPUYHOI ONTHKH) BHUPAXKAEThcA abo depe3 aBTOKOpENALIAHY
dynkuiro gpnyxryani# nokasnuka sanomnenns B, (/3), a6o uepes ii npo-

—

CTOpOBHii eHEpreTHYHHUii criekTp S, ( ;()‘ BusnaueHHs ABHOTO BUTIANY

nux QyHKIUIH, 3aranoM, BUXOIMTE 3a MEXi TOTO KOJNA NMHUTaHb, AKi po3-
B’A3yIOTHCS CTATHCTHYHOIO paniodiznKoro, a € NpeaAMETOM ROCHiIHKEHHS
CTATUCTHYHOI riipoMexaHikn abo razoaMHaMik# (AKILO MpeThcA TNpo
NOLIMPEHHS XBHJIb Y pituHi 200 rasi, HIO CKIAJACThCA 3 HEHTPaJbHUX
Moriexy). SIKuio x #nersca npo ioHochepHy abo KOCMIYHy IUIa3My, TO
1€ € NPeAMETOM JOCIIDKEHHS CTATUCTHYHOI Teopii pyXy B iOHI30BaHHX
cepemopumax Ta iH. IIpore icHye HIMPOKO PpO3NOBCIOMKCHHH THIN

BHIIAIKOBO-HEOTHOPIIHAX CEPENIOBHIL, y AKkuX pynkuii B, (p)is B @)

MajoTh YHIBEpCANbHHMIl BHIILIN, MO UPAKTHYHO HE 3alCKHTH Bil
KOHKPeTHHX (isSHYHHX MapaMeTpiB CepelOBHINA; a BU3HAYAECTHCS TUILKH

“3arallbHAM XapakTepoM ix pyxy. Maerbca mpo Take HOCHTH YacTe

SBUINE, AK TYpOyJEHTHiCTL — CTaH CYLUUILHOTO cepeloBHma (ra3y,
piMHH, IUIa3MM), IIDH SKOMY JIOKanbHI NapaMeTpH i#oro pyxy
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§ 16. Drykmyayii noxaznuka 3anomrenns y mypbyreHmuit ammocgepi

(WBHAKICTH, THCK, TEMIEPATYpa Ta iH.) € BENMYHHAMH, 1O LIBHIKO i
HEPETYJAPHO 3MIHIOIOTECA y 4aci H mpoctopi. [Ipi 1EOMY BHABISETHCH,
[0 YMM CKIAAHIIIMM 1 XaOTHYHIIINM € [ei pyX, THM aNeKBaTHILIMi
HOTO CTAaTHCTHYHMIA OIHC, AKMIA € YHIBEpCANHHEM VIS CYLINBHHX cepe-
JOBMII 30BCiM pisHOI isuunol mpuponu. TypOyneHTHI TrepeMilleHHs
y IpHpPOAi 3yCTPiYaroThCA JOCHTH HacTo, 1 KOXEH 3 HAac HEOOHOPa30BO
cnoctepiras ix. 3okpeMa, pyX BOMM piukoio y Mipy 36iblieHHs Horo
IIBMJKOCTI 3 IIABHOTO i CIOKIHHOIO Ha PIBHHHHMX JiITHKaX Mepexo-
IUTb y GypX/IMBHIA, XaOTHYHUHA Ha GUCTPHHAX, 3yMOBICHHX 3Gi/lbLIeH-
HAM yxwiy abo 3ByxeHHAM piukd. 36iNbIICHHS IIBHAKOCTI pyXy
NPU3BOAWTH [0 TNOPYLICHHS IUIaBHOTO (JaMiHAPHOTO) PyXy, TOABH
' XapaKTepHHX 3aBHXpeHb pi3HMX MaciuTaGiB BiJl BEJIMKMX BHpIB A0 Ma-
JMX OyNbCaliff, IO TPOSBIAIOTECS y BHIJLAMI HEBEHKUX BHpB Ha
nosepxHi. Pyx noBiTpsHux Mac y 3emHiii armocdepi Taxox cympo-
'BOIDKYEThCA TIOSBOIO MOMIGHUX BUXPOBHX CTPYKTYp. X0 MH i HE MOXe-
MO 6e3n0CepeNIHbO CIIOCTEPIraTH pyX MOBITPAHHX Mac, IPOTE MPHUCYTHI

B HUX Y BHITIAAI , AOMIIIOK™ KOHAEGHCOBaHI BUMApH BOIH, AKi MH 6a4uMO -

Yy BUrAAni XMap abo KnanTis TymMaHy, JAIOTh 3MOTY MipKyBaTH IIpO KyXe
CKJTaiHHAH xapéucrep IBEOTO PYXy (cbopma XMap, iXHA IBHAKA # XaOTHIHA
MIHJIMBICTB, XapakTepHi BUXPOBi CTPYKTYpH — BCE Lie € 03HAKOIO TypOy-
JIEHTHOTO pyXy). Y npoMy naparpaci MH Ha SKicCHOMY piBHi 6e3 cTporux
NOKa3iB MO3HAOMIMOCS 3 OCHOBHHUMH (i3HYHHMH INEAMH, IO JEXKATh
B OCHOBi omMcy TypOyNEeHTHOCTI, SKa i € OCHOBHOIO NPHYHHOI GUIyK-
Tyali#f IOKa3HHKa 3aIOMIEHHA CepeNOBHIIA.

16.1. PiBusinng Has’e—Crokca

Jlns KOHKpETHOCTI po3riisHeMo pyX piauuu (abo rasy), mo mae
06’eMHy minbRicTe p,. Pyx oauumunoro o6’eMy cepenoBmia, maca

AKOTO JIOPIiBHIOE 0, IANOPAAKOBYETLCS ApyroMy 3akony HiroTona:
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§ 16. ®ryxmyayii noxasnuka 3anomnenHs y mypBynenmuii ammocepi

av . - ~\ |
—=F, ' 16.1
Po ” (16.1)

pe V= V(R,t) — LUBHAKICTH pyXy OAMHHYHOTO 00’€My CepelioBUINa Y

-

Touti R B Momehr gacy ¢, a F=F (R,t) — CHna, 1o Ai€ Ha el 00’eM
3 GOKY 0TOYYyI04O1 Pi/MHM: '
' F=-Vp+y AV . (16.2)
Tyr p - fncx, ViA- Binnosiuno, oneparopu rpanienra i Jlannaca, a
}’—' Koe(illieHT AWHAMIYHO] B’S3KOCTA. Iepmmit mogaHok y mpasiit
qactuHi (16.2) — piBHOAINMHA BCiX CHJ THCKY p Ha pO3MIAYBaHHH

eneMeHT 06°eMy, a ApYTHii — CHIM BHYTPIIIHBOTO TEPTH, IO BHHHKAKOTh
32 paxyHOK B’A3KOCTI DIAMHH, KONMH O006’€MHM, IO JXOTHKAIOTHCA,

. PYXaloThCA 3 Ppi3HAMH IIBHAKOCTAMM. Y JiBifi 4YacTHHI BHXiIHOI

¢dopmynu (16.1) croirs MBHIKICTE V= V(R,t) eNIEMEHTapHOTO 06’ eMy
CEpEeNOBHINA, KUl PYXAETHCA y MPOCTOPI 338 TPAEKTOPI€I0, BU3HAYECHOKO
PiBHAHHAM R= k(t) . MIsuaxicts V 3QNEKNT Bij{ 4acy ¢ y noABiHHMA
cnoci6: mo-nepiue, yepes Hecrauionapniéu CepelloBHIIA Y KOXHiH

-

¢ikcopaniii Touui npocropy R IBHIAKICTH MOXE 3aJI€XaTH Bijl Hacy !
SBHHM  4YHMHOM; [O-Apyre, OCKiIBKH  pO3IJIAyBaHMii  00’eM
NIEPECYBAETHCA Y MPOCTOPi 32 TpaekTopielo R = R(t), HIBHAKICTH MOXKE
6yTH pi3HOIO. HAa pi3HHX AUITHKAX TPAEKTOpil HaBITh y BHIAJKY

-

CTalioHapHOi Tedii, KONM fBHA 3anexHicTs V Bin ¢ Biacytns. Tomy
HOBHY TOXiAHY IdV/dt y nmisili yactuxi piBuanug (16.1) Moxna

3amucaTy y BUIJIAAI

av _ov ovox Vay oVoz_oV
dt o oOxot oyot o0zot Ot

(W)I?, (16.3)
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$ 16. Dayxmyayii nokaznuxa 3a10MIeHHA y mypOynenmuit ammocgepi

§ 16. Daykmyayii noxasnuxa 3anomnenna y myp6ynenmui12 ammocgepi

Ie Vzdﬁ/dt. Ilincrasmuoun (16.2) i (16.3) y (16.1), otpumyemo

piBuanns Hap’c-Crokca:

617"_ Vp

_-————(I7§)V+VAI7. : (16.4)

o  po
Ilpn nepexoni Bix (16.1) mo (16.4) MM po3aimmmM 06uABI YacTHHH
piIBHSHHS Ha TYCTMHY DiiMHH 0, 1 BBEIM KiHEMAaTH4Hy B’S3KiCTh
cepenosua v =y/p, . |
' TakuM YHHOM, PyX €lIEMEHTA 06’ €My PIMHH 3 OJMHAYHOIO MACOI0
onucyerbcs piBHaHHsM (16.4). JTlonmaHok (I—’V)V y npéniﬁ 4acTHHI
MOXHA POSMIANATH SK CBOEPINHY CHIY, INO BHHHKAE. 33 PaXyHOK
HEPIBHOMIPHOCTi DyXy, BHKJIHKaHOrO, HANpHKIAL, BHKPHBICHHAM
TPAEKTOPIi, — L€ Tak 3BaHa CHJIA iHepHil, SKa € NPHIMHOIO HECTIHKOCT
PyXy — HEpETBOPEHHs BEIHMKOMAcIITaOHHX PyxiB y ApiGHOMaciTabHi.

IIJo6 nepekoHaTHCA y LBOMY, PO3IISHEMO NEPETBOPEHHS 6Yab-AKOI
npocTopoBoi rapmodiku ®Pyp’e noas wmeumxocrer V ~sin(yx) 3

XapaKTepHHM TIpocTOpoBnM Macmrabom [, =27/ . ‘OueBHAHO, MO
l€7 VI ~ ycos(xx), Tomy cuna imepuii |( I-/V) V' ~ xsin( yx)x
xcos(yx) ~ sin(2xx), wo BuHMKae, Mae BIBiui MEHIIHMH TIPOCTOPOBHE
macmrab ~ [ = 27f2y =1 . / 2. Mg giew | uiei cuam, 3rigHoO 3

piBusHHAM (16.4), BHHHKAIOTP PYXH 3 THM CaMHM (~IZ /2)

npocroposuM Macwrtabom mBHAKOCTI V, ski, y cBow uepry,
NEPETBOPIOIOTECE Y Ie ApiOHimi  (~ lx /4) Ta iH. OCKINBKH
TypOyNeHTHHH pyX Ma€ BHXpOBHMIi XapaKTep, To, HIO CyTi, HAETHCA NpoO

MOALN anopi'B Ha Bce npi6rimi. Ileit npouec tpusac a0TH, MOKH cHiIa

8
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iHepwii (VV)V‘ He JOpiBHIOBaTHME CHAi B’si3Koro Teprs VAV, sxa

TIEPEMKOKAE MOAANBIIOMY NOMLTY BUXOPIB i, TAKMM YMHOM, CTaGimisye
pyx. BinHomeH s NMX JIBOX CHJI HA3UBAETHCA YHcIoM Peiinosbaca:

'I(W)V|

Re =V—|A—I_/.—I". (16.5)

Sxao nnx OLIiHOK NMpHIHATH I(Vﬁ)ﬁ|~ Vz/l,,, a 'Al7|~ V/l,% ’

ne l, — xapaxrepuuii ninifiHui MacurraG 3MiHu WBHAKOCTI V' pyxy
CEpeNoBHINA, TO YUCcIOo PeliHoNbACa MOXKHA 3aMIHCATH Y BUIIIAAI

N v,
' V|AI7'| VV/I,%- v

(16.6) -

Komt Re>> 1, To6T0 cunm iHepuii HabaraTo nepeBUIIYIOTH CHIIH
TepTs, PyX — depe3 BKa3aHi BHIIE NPUYHHH — € HECTIHKHMM, BHHMKAEC
TypOyNeHTHICTE. VY [POTHIEKHOMY TIPAHHYHOMY BHIIAIKy, KOJIH |
Re<<1, cumm B’43K0CTi ‘nepennmyron, cunM iHepuii i He  J210TH
MOXKJIMBOCTI PO3BHHYTHCA HECTIHKOCTSIM, W0 NPH3BOAATH OO noniny
BeNMKOMacITa0HUX pyxiB Ha Oinbm apibHoMacmTabHi, — pyX €
naminapHuM. V peaTbHUX YMOBax TypOYJIEHTHICTh BHHHKAE TiJIBKH IIPH
JOCTaTHHO BEJHMKHX 3HauYeHHAX yucia Peiinombaca Re =100 +1000.

TosHauuMo yepe3 L MakCHManbHMH NiHIAHHA po3Mip CHCTEMM
(niameTp TpyOM a6o rnmbuHa KaHamy, AKHMH Teue pilMHA, TOBIIMHA
arMocdepu abo BHCOTAa TOUKM CIIOCTEPE)KCHHSA HaJl MEXKEIO NOALTY Ta

in.). IIpm 3Hauennax Re= VL/V >>1 BenHkoMacmiTabHi  pyXH

NEPETBOPIOIOTECA HA BMXOPH YHMpa3 MEHIIMX PO3MipiB (BHHHKA€ Tak
3BaHa i€papxis BHXOpiB). Y Mipy 3MeHINEHHs IXHIX JNiHiiHHMX po3mipis

9



- § 16. Pryxmyayii noxasnuxa 3anoMAeHHA y myp6ynenmuiti ammocgpepi

3ﬁeﬂniymc>1_ i uucno Peitnonsaca. Minimansnni posmip Buxopy [,
IO OUiHIOEThCA 3 - yMoBH Re =V, / v ~1, HasuBaioTh BHYTpIlIHIM
Macmrabom Typﬁynémocri, a L - 3oBmimmmiM. 3BmyaiiHO BOHHM
BiZIPI3HAIOTBCA Ha Gararo nOpsAKiB — TOMy NMpPAaKTHYHO 3aBXIH iCHYeE
obmacts posmipis I, , mo Binmosinae ymoBi L >>1, >>1,. Y upomy
~ iHTEpBaNi CHIH iHépuii' OpPEBANIOIOTh HaA CHJIaMH B’il3Kocri, #ioro Tax i
Ha3UBAIOTh — yiHepuilinmii inTepBan”, Ha BiAMIHY BiI ,,B’A3KOro

inrepBany”, xomn [, <lj.

16.2. CTpykTypHa dyHKNist IIBHAKOCTI
3axon O6yxoBa—Koamoroposa

VYV TypbyneHTHOMY MOTONI MIBHAKICTH V(ﬁ,t) € Bﬁnauxonow
GbyHKIIEIO TPHOX NPOCTOPOBUX KOOPOHMHAT R =(x, y,z) i vacy f£.
Moxna npunycTHTH, 0 B iHTepBani Macwtabis [, << L mone
mBm[KOCTéii V(I_é,t) € CTATHCTHYHO OJHOPIAHMM i i30TPONHMM 3a

IIPOCTOPOBMMH 3MIiHHMMH (rimoresa OOyxoBa—Koamoropoea), —
TOMY HOTO CTPYKTypHa (QyHKIIis |

<[P(R)-7(&)] > =Dy (R.Ro) =Dy (|R-&)) 6

€ yHiBepcallbHOIO (QYHKIIEIO TUIBKK BiACTaHI O = |R1 —R2| MiX JBOMa

NPOCTOPOBO BiANANEHHMH Toukamu: Dy = Dy, ( p).

Bussnserscs, mo ABHMA BUTIAA Liel GYHKIIT MOXKHA 3’ ACyBaTH 32
JOTMOMOroi Teopii posMipHocreif. Kpim mnapamerpy Vv, mo Mae

PO3MIpHICTH [v]zcxuz /celc, TypOyneHTHHH pyX XapakTepu3yeThes
TaKOX IIBHAKICTIO MepeAadi KiHETHYHOI €Hepril OAMHHMYHOI MacH

10

§ 16. @ﬂyxmyauii'norcwnum sanomnenna y mypbynenmmuiti ammocgpepi

(w=V? /2) Bl BEIMKUX BHXOPIB — 10 Mamux: 7] = dw/dt . Kinerwana

€Hepris ONUHMYHOI MacH Ma€ PO3MipHICTb [w] =cm? / ¢’ , a WBHAKICTH
i sminm [n7]=[dw/dt] =cm?/c® . 3 mpox mapamerpis v i 7 moxHa
' )1/4

CKIACTH [IBi BEJHYMHH 3 DO3MIDHICTIO mBHmKOCT: Fj =(V7] 1

' ' N : )
mosxunn Iy =v[V, =(V3/7]) . Y Baii6inbly 3arambHOMY BMTTLAM
cmymypuy dynxuito D, (p) MOXHA MMOIATH, Y BUTTIAII

14
Dy (p)=atif| = |=alm) f| L), . 6®)
0

ne a — 6e3po3mipHa crana, a f — GesposmipHa dyHKuUis Ge3po3MipHOro
aprymenty x = pfl, .
B inepuiitnoMy intepsani macmrabis L >> 1, >> ly cnmn inepuii

HabaraTo Ginbill 33 CHIM B’A3KOCTi, AKMMH B3arajli MOXXHa 3HEXTYBATH,
OCKiNTbKM BOHH HE MOXXYTh XOY SIKOCh CYTTEBO 3MIHHTH XapakKTep pyXy.

Ile o3nauae, wo D, (p) He NOBMHHA 3a5eXaTtH BiA V. [lns Toro, mob y
dopmyni -~ (16.8) 3HuMkna 3anexuicTs BiX V, HeoOXiuHO, OO
f (x) ~ x4 (6e3po3mipHy KOHCTAaHTY SIK CHUIBHHH MHOXHHMK MOXHa

BKIIOUHTH JI0 @ ). Y pesynsTarti, 3 (16.8) Bunnusae:

Dy (p)=anPp¥? =Clp*>. (16.9)

Orpumana 3anexnictes D, (p) Ha3MBAETBCA ,,32KOHOM JBOX TPETHH”

abo ,3axkonHom OOGyxoBa—Koamoroposa”. TakuM YHHOM, €IMHUM
napaMerpoM, L0 Omucye TypOyJeHTHICTH B iHepUifiHOMY iHTepBani
macmtaGis (L >>1, >>[;) e Tak 3BaHa CTPYKTypHa cTaia

11



§ 16. @ayxmyayii noxaznuxa 3anomnenns’y mypbyaenmii ammocgepi

§ 16. Onyxmyayii nokaznuxa 3a10MAEHHA Y myp6yjzenmuiﬁ ammocgepi

C; =ar72/ 3, BemmuMHA fKOi 3ANCHKNUT> TUTBKM BiJl WBHIKOCTI 7
Tepefayi eHEprii Biji BENMKMX BUXOPIB 10 MANKX. ‘

Tak 3BaHHH ,,B’A3KAH iHTEPBaN” XapaKTepH3y€EThCA HEBEIMKHMH
npocropoBuMH Macmrrabamu . p <<[l,. Ilpu. p—>0 crpykrypHa
dynkuis D, (p), srinmo 3 Bu3HaueHHam (16.7), mMOBHMHHA mepe-
TBOPIOBaTHCS Ha Hynb, Oyayun mnpu NObOMYy DApHOKW (YHKINEO
Bincrani p. L o3Hawae, mo Posiian dyHKuii f(x) 3a crenenamu x

npu x — 0 Mae nouusatHcs y 3aram>nomy BHIIAOKy 3 WICHIB ~ x?
TOOTO

( )=aV, C,,l“‘/3 2 (p<<h). (16.10)
0

Hapemri, npu  p > L Kopemsulis MiX 3HAYCHHAMH IIBHAKOCTI y

' TOYKax, BiImaleHUX OJHa BiX OAHOI Ha IPaHHYHO BEJMKI BiACTaHi,
MOBHHHA CHafaTH -— ToMy (moxibHo 1o (5.30))

Dy (p)=207, (p>L). (16.11)

CxemaruuHo rpadik dynxuii D, (p) 306paxxeHo Ha puc. 16.1
BinnoBifHo x0 Gopmymn (16.9), (16.10) i (16.11).

Dy(p)y |
; l
: |
2
0 g
ES :
RE I
hoed inepyitinuii :
2
N\~PX  inmepean | P

IR L

. Puc. 16.1

12

16.3. CtpyxTypHa ¢pynxuis i npocTopoBuii eHepreTHUHHI
CHEKTP MOKA3HHKA 3aJIOMJIEHHS

- 3HaYeHHs IOKa3HHKA 3ANOMICHHA N CYLIIBHOTO CepeNoBHINa
BH3HAYAETHCA HOTO TEPMOAMHAMIYHMMH apaMETPaMH:
n= n(p,T,e_l,ez...) ,
ne p — Tuck, T — Temneparypa, €,, — KOHLEHTpAWis AOMIIIOK

pisanx copriB. Hanpuxnan, i MOKa3HHKAa 3aJIOMJICHHA YHCTOrO
MOBITpA Mae Micuie eMnipu4na gopmya:

79 4800
n-1=10%2| p+——e (16.12
2,9 e
Tyt [T ]= K — Temneparypa, [ p]=M6ap — THCK MOBiTpA,

[e]=M6ap — THCK BomiHOI mapu. Bci mapamerpu, mo BxoaaTth no

¢dopmynu (16.12), MoxHa pO3TIANATH AK ,IACUBHI” JOMIIIKH, SKi HE
YHHATH HIAKOrO BIUVIHBY Ha PO3BHTOK TypOyNEHTHOCTI, a TLUNbKH

nepeMilIyloThCs TNOJIEM IBHAKOCTEH V(R) . Ue o3navae, mo

CTPYKTYpHi ¢yHKUii mapaMeTpiB 3 TOYHICTIO JO CTAIMX MHOXHHKIB
noBuHHi 36iraTuca 3a cTpykTypHOIO GyHKIi€O (nykTyanii mBHAKOCTI

D, ( p) . 30kpeMa, CTPYKTypHa QyHKIlA MOKa3HAKA 3aIOMIICHHA n(I_é )

Ma€ OIHCYBATHCA THMH CAMHMH 3aKOHAMH, IO Dy ( p) : |
C,f l 4/3p p‘<<‘lo;

() =<[n(1§+ﬁ)—n(ﬁ):|2 >={C? p2/3? L>>p>>1l,; (16.13)

202, p>L.

13



§ 16. Dryxmyayii noxasnuxa 3anomieHna y myp6ynenmuis ammocghepi

$.16. Daykmyayii noxasHuKa 3aN0MReRHS y mypOyrenmuid ammocdepi

Hdo dopmyn OOpHIBCBKOIO ~HaOMKEHHA QA CEpeAHbol
IHTEHCHBHOCTI Ta iHIWMKATPHUCH PO3CIIOBaHHA XBHMIb Ha (GUIYKTyawisx
TOKa3HHKa 3aNOMICHHS O7 (auB. § 14) BXOOATHL HE caMi CTPYKTYPHi
abo quemuii«iﬂi ¢yHKUii MOKa3sHMKA 3aTOMIEHHS, a iXHi NpOCTOPOBi
eHepreTHyHi cnexTp. JUns Toro mo6 3’scyBatH, SKuH npocroponnﬂ
CIIEKTP Bi/NOBiAA€ CTPYKTYpHii QyHKUil BUIISTY (16 13) npnnycmuo
- CIIOYATKY, IO iCHY€E aBTOKOpENANiiHa QyHKIiA

B,(p)= <5n(R+p)5n(R) Q619

sKii BianoBifae npocroposuii cnektp (aus. (13.27))

S (%)=

IB (p) "Zpdp (16.15)

(Zﬂ)
Y cBoro uepry, BimmoeinHo o dopmymu Binepa—Xinuina, B,,( ﬁ)

MOXHa IIOAATH Y BT

B,(p)= _[ S, (2)ePd. (16.16)

—00

JUii CTaTHCTHYHO OJHOPIAHMX IONIB CTPYKTYpHY OQYHKIiIO
D, ( /3) MOJXHA BHPA3MTH Yepe3 aBTOKOpeIsliiHy B, ( /'5) 1 gucrnepciio

o, =B, (0') (moxni6ro no (5.29)):

D,(5)=2[ 7 ~B4(7)] (16.17)
Hincmnnmoqn cioau (16.16), otpumyemo

14

© ,
D,,r(ﬁ)=2J‘[l—ei’?ﬁ]Sn(;Z’)dy?f. (16.18)
-0 , ‘
Jlna Toro ‘mo6 oTpumary oGepHeHy no Wil popMyity, TO6TO BHpasHTH
Sn( 2) yepes D, (p), neobxinno ssectn ii 10 BHIAIY NEPETBOPEHHS

®yp’e. 3 niero METOI0 npozm(bepenuiroemb piBHicTh (16.18)3a p:

€7,;Dn(,5)=-2i_|‘z'e"f7’s,, (7)d7. (1619

. —o0
Al

TloMHOXHMO oOumBi uacTHH wuiei dopmymn ma 7 e ‘4 i mpo-
inTerpyemo 3a dp:

T (7 95)D.(P)dp=

[v 8] [+ o]
=2 [ (12)5,(%) a7 [ ¥ Pap= 620

—o0 —00

=-il67° 428, (7).

TIpyu uBOMY MH CKOPHCTANKCS BH3HAYEHHAM TPUBHMIPHOI &- QYHKI:

J.’(Z’"Z)Pdp 5(2, Z)

(2,,)

3 (16.20) BunnuBae, mo

15



- § 16. Pnyxmyayii noxasHuxa 3a10MeHHA y mypOynenmmii airmocgbepi

S, (¥ )_ zf i sz)D (p)dp (621

Jns  cratMCTMYHO - OAHOPIZHOTO Ta  i30TPOMHOrO  MOMA

D,(B)=Du(p) i V3 n(p)=dé—;/(;p—)§~ =3d£;£ﬂz Tipn

usoMy inrerpan (16.21) 3pyusime o6uucmioBatH Yy chepUuHMX ,

Koopnnna'fax p= ( Ps Hp,gpp), e Bp BIUTIYYETHCA Bifl MOMAPHOY OCi,

cnpaMonaHoi' y310BK Bektopa 7 (puc. 16.2).

Puc. 16.2

BpaxoByroun, mo B o0OpaHii CHCTEMi KOOpDAMHAT e€NEeMEHTApHHMIH
06’eM 3amucyeTscs Y  BHIVIAAI d,5=p2 sinb,dpdb,dyp,, a
2P = ypcosb, , orpumaemo

.

o o D (p) ' 2r
oy 2 -izpcosh,, a .(16.22
S"(X)—IGh'J,YZ'; - ;’p _:dgje o ,”,cosapsmepdﬁpjdwp ( )

16

§16. daykmyayii noxasHuxa 3a10MAEHHA Y myp6y/1eumuiﬁ ammocghepi -

Iurerpan 3a d(op. IOpiBHIOE 277, a iHTErpyBaHHA 3a d¢9p NETKO

BHKOHYETECS 32 ZIOTIOMOTOI0 3aMiHH 3MiHHMX & =080,

3

—izpcost, - . N
je : cosf, sinf,df,; =
0 .

| (16.23)

_ J' eMPEE dF = 2i XPCos ¥p ~2 SIn 2P
(zp)

-1

MMigcrasasioun (16.23) B (16.22), orpumaemo

S, (%)= _[(smxp xpcosxp) ip )dp=_S,.(z)-(16-24)

2
(20) 2

- TaxuM 9HHOM, Ul CTATHCTHYHO i30TpONHOro mons ¢aykryaniid
IOKA3HAKA 3AJIOMJICHHA CHEPreTHHMI CIIEKTP 3AJICXKHTh TUILKH BiJ

motyna xeunsosoro wucna 7 : S, (7) =5, (x)-

AHANOTIYHAM YHMHOM, BpaxOBYIOYM, HI0 JUIA i30TPOIHHX

buyxryariit S,,.( }Z) =S, ( }() , MOXHa nepenucaty i opmyny (16.18): -

o0

D,,(p)=8ﬂ'J. (—7/)—)3 (¥)xdx. (16.25)
‘ 0

Hoé6ydosea cnexmpa Kapmana
Bukopucraemo Tenep dopmymu (16.24) i (16.25) ans Bu3HAYCHHA
CHEPIETHYHOIO CIIEKTPA | i S -(«x)r*ma“mnum ‘pmmmﬁm[,@u (P) y
surnaai (16.13). j st 1

e JUHDTENA
fiun Rie S 5 41 :)

e TR LT P — I




§ 16. Dnyxmyayii noxaznuxa 3anomnenna y mypoyrenmuin ammocgepi

§16. Payxmyayii noxasnuxa zanomnenns y mypbynenmuii ammocghepi

1. IlpumycTamo cnodarky, mo CTpykTypHa dymkuis D, ( p)

NiZAKOPIOETHCS 3aKOHOBI JBOX TPETHH Ha BChOMY iHTEpBalli 3MiH P :

D,(p)=C% p*3, p>o0.
Iincrasimwioun wo 3anexHicts D, ( p) y (bopmyny (16.24) i nposowmn

3aM1Hy 3MIHHHMX § = ¥p , OTPHMAEMO

(2)

Interpan 3a d¢ € TaGNMYHMM i BHPAXAEThCH 9epe3 raMMa-(pyHKIiIO

c2 © o
d¢ , .

S ( )- 11/3 J.gl/gi; (sing~gcosg). (16.26)

0 ' '

Einepa — I ( z) — TOMY B Pe3yNbTaTi MAEMO

- T(4/3)sin(z/3) _; _ o
S, ()= (/‘)1:;‘(”/ )C,f . 13 627

Bpaxosyro4n, wo F( 4/ 3) ~0,893, ocraréqﬂo orpﬁmaemo
S, (2)=0,033¢2 13, (16.28)

2. Sx Bxe Bin3Havasocs BuUIe, NMpH Mamux L ¢uykryanii
B npibHux MacumrabiB (p <lo) NPHIHIYYIOTECA CHJAMH  B’S3KOCTI i

- CTpYKTypHa ¢yﬂkﬁia Mae OyTH NpONOPLIHHOIO 10 p2 : D, ( p) ~ pz.
Eneprernunmii cnextp S, (z), IO BIANOBIAAE LBOMY iﬂfepnany

IIpOCTOPOBHX 4acToT (x>2xfly), MOXHa OTPHMATH,

,»IIIAKOPHTYBaBIIM~ BiANOBIAHMM uMHOM 3anexHicte (16.28). Tak, 3
(16.25) Bupmo, wo npn  ¥p <<l nix 3HaKOM IHTErpaja MH MOKEMO

OTPHMATH 3AIEKHICT ~ pZ:

18

- sin 2P

(;m)2

IIo6 us 3amexHicts 30epiraiack 1 Ajs BChOTO iHTerpana, HeoOXiIHO
yCyHyTH y cnekTpi (16.27) BHCOKI MPOCTOPOBI 4acTOTH Y . YCYHEHHsA
BHMCOKHMX YaCTOT (x> 27%/l,), mo sinmosinaiors B’s3KOMY iHTEpBATY
(p<lo), MOXHA - 3IHCHMTH ILUIAXOM BBEECHHA €KCTOHEHLiaMBHONO
MHOJKHHKa (,,piKydoro” dakTopa): exp{— 7 / ;(3,} L O X =5,92/1,.

V pesynbTaTi, OTpMMAEMO TAKHIA CKOPHTOBAHHH BHIIIAA CTIEKTpA:
S,(x)=~0,033 C2 4V GXP{-xZ / x,f,}. (16.29)

3. B ofbnacti Bemukux MacwitabiB TypOynenTHoctei (p = L),
OYEBMIHO, BINCYTHIH YHIBEpCANIPHHH 3aKOH MMOBEAIHKM CIIEKTpa.
Heobmexene 3pocranus cnekrpa (16.29) mpm y — 0 nepenbauae
icHyBaHHs BHXOpIB 3 0€3MEXHO BENMKHMH pO3MipamH. 3po3yMmino, mo
IpH UBOMY MM BHXOIMMO 3a 30BHiIIHIH Macwtab TypGynentrocti L, i

2
3POCTAHHS CIIEKTPa Ha MaJIMX MPOCTOPOBHX YaCTOTax ¥ < ¥, = T Mae

MPUITMHKTHCA. 3BHYaHHO I OOMEXEHHS 3pOCTaHHA S, ( ;() npu

x> 0 BHKOPHCTOBYXOTE TakuH l'IpPlPIOM 3aMIiHIOKOTE MHOXHHK Z ”/3

dopmyni (16.29) Ha ( 7+t ) e , i€ ¥, =2n/L. Y pesynsrari,

IPUXOOMMO IO OCTAaTOYHOTO BHITIALY CIIEKTpa:

Sn(Z)z—g—Ozi'CTvzexp{ 2lah), 1630
(Zz+lo) o

AXYit HasuBacTbea cnekTpom Kapmana.
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$ 17. Memoo gpazosozo-expana

Tatm apsoM, cnextp Kapmana 36iractecs 3i cnexcrpbm ObyxoBa— -

Konmoropoea (16.28) B iHepuiHHOMY IHTCpBajI ( Yo << y<< xm),
EKCITOHEHIIANbHO 3racae y B’;izxomy iHTEpBaNi ( x> ;(m) 1 3amH-
LI2€THCS 06Me>1<eHﬁM HA MaluX HPOCTOPOBHX YaCTOTaX (x < xo).
3ualifeHa 3alIeXXHICTh (16.30), BHTIISA SIKOL ToKa3aHo Ha puc. 16.3,

AOCTAaTHEO 106pe OMMCYe NpOCTOPOBHMl CHEKTp TypOYNEeHTHHMX
¢aykTyaniit y 6arateox 3agayax pamxiohizuku. ’

0,033C2
ns ! inepyiitnuil
inmepean

8 'a3kuil
inmepean

0

Puc. 16.3

§ 17. MeTon ¢azoBoro expana

JlocuTh BeNMMKY KUIBKICTH HpoOlieM, NOB’SA3aHHMX i3 nomnpéHHgM
1 pO3CilOBaHHAM XBHM/Ib Y BHIIAJKOBO-HEOAHOPIOHMX CEpPEROBHIIAX,
BJAETHCA 3BECTH A0 PO3B’A3aHHA 33/1ai IPO NPOXOHKEHHA XBHJI depes
HEOMHOPIAHHH IIap CKiHYEHOI TOBIMHY, Ha BUXOAI 3 AKOTO ii aMIUniTyma
i ¢a3a BUABIMIOTBCA BHOAAKOBUMH (yHKUIAMH KoopauHaT. [lpum
NOAANBIIOMY - HOMMPEHHI B OHOpimHOMY mpocTopi (abo Bakyymi)
BUHMKA€ 1HTEpEpeHIlias GIyKTYIOIUNX XBHIb, HI0 NPUXOAATH Y TOUKY
CIOCTEPEKEHHA 3 Pi3HUX Hampsamkis (puc. 17.1).

20

§ 17. Memoo ¢hazosozo expana

LI @)

~S N\ D
XS P
0 A /l\ A\ ;=(x,—y)

A
z ¥ '

Puc. 17.1

Jns cnpolueHHs 3amadi MH 3HOBY PO3IJIIATHMEMO HEPYXOMi
HEOJXHOPIAHOCTI CepeloBHLIA: n(fé,t) = n(]-é ) Y nsoMy BHDAOKY, K
Bxe OyJo Bij3HaUeHO y MONEPEHIX po3AiNax, AJ1 MOHOXPOMAaTHYHOIO
nepsunHoro nons Uy ~ €' sanexHicTh Bif yacy ¢ y HonA Ha BHXOM 3
HeomHopimHoro wmapy 30epiraerscs, IIO JA€ 3MOry 3HOBY HIyKaTH
PO3B’ 30K s U(I_é,t) y BHrISA U(ﬁ,t) = U(R)e'i”’ ‘. Onycxaoun
JaJii 3aIeXXHICTh NOMIB Bij 4acy y BUINAAi ~ €' nosHaunmo yepes

Uy (F) = 4 (F) ) (7.1)

TI0JIe NePBUHHOI XBU, sike Gyno 6 y miommHi z = 0 3a BiacyTHOCTI 1apy i3

_ HEOJHOPITHOCTSMM [IOKA3HHKA 3AIOMIEHHA (F = (x, y) — paniyc-BEKTOp Y

mwomudi z =0). ITicms NpoXomkeHHA XBHII uepe3 LIAp BHHHKAIOTH
CTIOTBOPEHHs He30ypeHuXx aMImTyIH — A, (F ) i pasu — S, (i") , TOMY

Ha HkHii Mexi mapy (z = 0) none U ('r’ ) MOXXHA IIOATH Y BUIIIANI

U(7) = 4o (F)x (?)ei[so(7)+§(7)] _ AO‘(?)a. (F)e,-s(r‘) . (17.2)
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§ 17. Memoo ¢hasosozo expizna’

$17. Memoo ¢azoeozo expana

Tyt S(F) =S, (F)+.§'(F) , S’(F) — nomaTKoBMil HaGir dasn, mo
BHHHKAC TIpU NPOXOKEHHI XBHII 4epes map 3 ‘Hednﬂopinnoa'm\.m;
a(? ) — MHOXHMK, IO BPaxoBYe 3MiHH aMIUNTyau nmoas U (? ) y
nopim:m}mi 3 4, (i’ ) . IInomuna z =0, Ha axii 3a7aHo po3nOoAL Mot
.U (F ) ¢dopmynoro (17.2), Ha3suBaKOTHL amn.uirynno-q)aéonnm-ekpanom.
" 3amaya 3HAXOmKEHHA a(i" ) iS (7 ) MiC/1A NPOXOMKEHHA XBHWIEIO LIApy

3 HEOQHODIAHOCTAMM MOXe GYTH pO3B’s3aHa, HANPHKNAN, y paMmKax
nonepenyso posrmiHyrax MI'O ta MII3. ¥V HAaIlIOMy JX BHIAJKY,
BBAKAIOYH po3noAin noss y mromwHi z = 0 3aganum (17.2), neobxiano

BH3HAYUTH IapaMeTpu XxBuiboBoro noms U (R) y. JOBiNbHii TOUIi

cocrepexers R=R, = (i;,z p) , WO 3HAXOOUTBCA 33 EKPaHOM

(z,> 0) B onnopinHOMy npoctopi a6o Bakyymi (nus. puc. 17.1).

17.1. ®opmyaa I'pina

Sx nmepmmii Xpok orpuMaeMo ¢opmyny Ipina, wo mae 3mory

pospaxysatu nose U B Gynb-;lxm Touni R= R JOBiIHOrO 06°eMy V',

SKIIO 3a7aHo 3HadeHHs U Ta foro HopMambHOI moxiauoi OU, /6N Ha
HOBEPXHi X , 1110 0OMexye neit 06’em (puc. 17.2).

@®opmyna abo - Teopema I'pina (1824 p.) GesnocepenHso BHIUIMBAE
3 TeOpeMH npo juBepreniiio (teopemn OcTporpaackkoro—I aycca)

I_divﬁ dv:ch NH dz, (173)

Ka cripaBeyMBa 18 Gyab-saxoro BekTopHoro nons H , Busaagenoro B

06’eMi -V , 06MexxeHOro 3aMKHyTOI0 nosepxaeio L. Tyr N — 30BHILUHS
HOpMaiTs 1o noBepxHi X . Hexaii H=Ygrad¥ =YV¥,ze Y = Y(ﬁ)

ta V=¥ (I—é) — JIOBiNIbHI CKJIAPHI (byﬁxni’i. Toni

divH = div(Ygrad¥)=YAY + gradYgrad¥ = (174 a)

= N(Ygrad¥)=YNgrad¥ = Y%, (17.4 6)

ne O/6N -~ HopManbHa MOXiAHa Ha NOBEpXHi X (33 HANpPAMKOM

30BHIIUHKOI HOpMani ‘a0 o6’emy V). Iligcrasuemm (17.4) B (17.3),
OTpHMaeMo TaK 3BaHy nmepumy ¢opmyay I'pina

j(YA‘P+VYV‘P Jav= c_[) Y———dZ. (17.5 a)
4
Hanmuimemo takuii camMuii BUpa3s, DOMIHSBIUM B HboMy Micuamu Y 1 W,

i BigHiMeMo Horo 3 (17.5 a). IIpn npoMy uneHH 3 no6yTKOM VYVy
CKOPOTATHCA, i MM OTpHMaeMo Apyry dopmyay I'pina:

j(rA\P—\PAY)dchS v s a1se)
_ ON ON
4 T :

Sk quﬂxuixd Y subepemo xeunsose mone U (-‘), AKe B
ONHOpIAHOMY  cepeloBHLII  (BakyyMi) 3afOBOJIbHSE€  pIBHAHHA
I'enpMronsua:
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$§ 17. Memoo ¢hazoeoeo expana

(AR +k2)U'(R)=—47_zQ(ﬁ), | , l(l7.6)

ne k=wfc,a Q(R) — IyCTHHA pO3NoAiny jukepen.. 3 inmoro 60Ky, Ak
¥ BuOepeMO XBWIBOBE I0Ji€, IO CTBOPIOETHCA TOYKOBHM OIMHHIHHM

mkepenoM (pymaxuia I'pina) G(R,ﬁp) 1 3a0BOJIGHAEC TE€ CaMe

piBuanns (17.6), ne Q( ) (I-é I_ép):

(Aﬁ+k2)G(E,Ié) ~47z5(R R) 7.7

[omuoxueum (17.6) Ha G(ﬁ,ié ) a (17 7) - Ha U(ﬁ) i BigHABLIM
MiC/iA BOTO OTPUMAHI BHPA3H, MAaEMO

U(R)AzG(R.R,)- G( R.R,)AU(R)=

_-47:[U( )5(R R,)- G(R,k,,)Q(R)].
Hixcrasmmo ﬁeﬁ BMpa3 y miBy 4dactuHy (17.56) i BuKOHaeMO
iHTerpyBanHsa 3a 00’eMoM dv=dR = dxdydz. Y pesynerari, 3
ypaxyBaHHsIM BiZIOMOi BIaCTUBOCTI & ~QyHKIi:

[u(R)s(r-R,)ar - (R,).

14
OTPHMAEMO |
U(R,)= JG(T{,E,,)Q(R)dE—
14
L. _ (17.8)
Lé o(R) SRRk 2,) 2 R) 1y
An J ON ON

24

. § 17. Memoo ¢pasosozo expana

17.2. Busnauenns nois 3a ¢pazoBuM eKpaHoOM.
Ilpuanun I'oiirenca
3acrocyemo tenep ¢opmyny I'pina (17.8) mis pospaxynky moms
U (I—ép) 3a ¢asoBum expasoM. Jlus ueoro noGyxyeMo miscepy C,
(puc. 17.3) panmiycoM @ 3 UCHTPOM Y 'ro'mi TMOYaTKy KOOpAMHAT

(touka O) i po3rsaEeMO 06’eM ¥, M0 MICTHTECH MDK LTi€IO niBchepoto i
YACTHHOIO MOBEPXHi X IIOWMHK Z = 0.

—_—

' N 2o 3.
z=0 T 0._0\..R :(x,y)

v z
Puc. 17.3

VYV posrnsaysaHiii nocTaHOBII 3amaui BcepeamHi 00’emy V
JDKepena BiICyTHi, TO6TO Q(ié ) =0 . IIpn DoCTaTHBO BENUKOMY pamiyci

nischepn (a—>o0) inrerpan 3a C, 3nukac (uepe3 INpHHLMAN
BHUIPOMIHIOBaHHA ), 1 MU IPUXOIUMO 10 GopMynu:

i V=L (&l v(R)\ (ki k)-6(REVoU(R)] 079

U(Rp)-4”Jdr[U(R)azG(R,Rp) G(R,Rp)azU(R)l=0 (17.9)

. 0

9
ON |y 0z|,..

nosHavenns d¥ = dF = - dxdy . Buaso, o nose yToqm cnocrepex(elmx

1 BBEIH

IIpu otpumanni (17.9) Mu Bpaxysamm,

U (Rp) BH3HAYAETHCA 3HAUCHHAMH Ha expam He TiIbKM CaMOoTO IOJA

U (? ), ane i #oro HopmanbHoi noxiznoi OU/dz .
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$ 17. Memoo ¢hazoeozo expana

Bu6ip dysxuii ['pina G (ﬁ, R p) , 10 3anonpni.uze.pinﬂxnnx (7.7,

€ JOCUTh. JOBiNTBHUM. Hanpuxnan, sx G(ﬁ,kp) MH Moriy 6 BuOpaTH

$ynxuiro Ipina Gy (E, f(’p) JJIS OXHOPITHOTO ﬁeoGMexceHoro npocrop‘y“

(cdepruHy XBITIO, IO PO3XOUTHCH):

‘ L eik|i2'—1?p|‘
GO(R,RP); =T (17.10)
p .

Ane Go(k,ﬁ . )—-— TUIBKK OZHa i3 GaraTeox GyHKUIH, AKi BiZiNOBiNaKOTH
HeonHopinHomy pisnsHmo (17.7). Hacnpapmi, y 3arajJlbHOMY BHIIaJKy
piBusHHa (17.7) 3OBONBHSE. 6ymb-sxa ¢yukuis sumy G (I_é, R p) =
=Gy (R,Rp)+3(ﬁ,§p), e B(ﬁ,ﬁp) € pO3B’A3KOM ognopinﬂoro

piBHAHHS ['enpMronsua:

(Ak+k2)B(I§,R°p)=O. (17.11)

Ocximskn  pyHKuis B(R,Rp) He BHM3HA4YeHa ONHO3HAYHO, 1i MOXKHA

BUOpaTH, HANPUKNIAZ, TaK, o y dopmy (17.9) omuH i3 1BOX nonepknemx
iHTerpaniB NepeTBOPIOETBCA Ha Hyib. L[f0 yMOBY 3am0BONBHAE (YHKIIS y
BUrILAAI Ti€l camoi chepryroi xsri (17.10), ane CTBOPIOBAHOT «(I3EPKAILHON»
BioOHTIM mlcependM (OmMHVYMHMM, TOYKOBHM 1 PO3TAIIOBAHMM Y TOMII

R=R'= (x,y,—z)=(F,~z)):

ik

L JHRR)
B(R’Rp)=§T_T|
P

Ocxinbxu Touka R = R™ 3maxomurscs 11033 PO3TIAAYBaHHUM 06’ €MOM
V' (na puc. 17.3 BoHA 3HAaXOOMTHCA Yy BEPXHLOMY IBIPOCTOPI), TO

26

(17.12)

B (ﬁ,l_é p) He Mae ocobmmBocTe# Beepenuni V- (npu z > 0) i, mo nerko
IEpEBIPHTH, 3310BOJIbHSAC ONHOPiAHE piBHAHHsA ['emsMromsna (17.11).

3 ypaxyBaHHxM (17.12) BBenemo no posrnsny Asi ¢pyHxuii ['pina:

' G,(RR,)=Go(RE,):B(RER,), ~ (713
AKi MAKOTH oqepnzlui BJIaCTHBOCTI:
G,(R.R,) =0=2G0(F,Ep),_ (17.14 a)
G_(R.R,) =0 - (17.14 6)
.
3, (R.R,) -0, (17.15 a)
oz )
oG_(R,R,) P
— =2EG°(R’RP)2=0' (7.156)
z=0

Skmo y dopmyni (17.9) sx G BuGpaty G_, TO 3 ypaxyBaHHIM
BH3HaucHE (17.14 6) i (17.15 6) BoHa HaOyne BUrIAY

U(ﬁp)=%J‘U(F)—§;GO(ﬁ,RP)
Z9

A7 ar16)

z

TlpumycTMo Temep, IMO TOYKA CIIOCTEpeXeHHA R, = (Fp,z p)
3HaXOIMTHCS Ha JOCTaTHLO BENHKIH BIZICTaHi 3a eKpaHOM (y XBHIbOBiH
soHi, komn kz,>>1). YV upomy Bumagky npu obumcaeHHi’
noxianoi 0G,/0z mocTaTHBO OOMEXHTHCH TiMbKM AU(EpEHIiIOBaH-

HaM excrionedTH B (17.10):
27
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2 '_. R lklR— I ;.
.azG o(R.R,)~ ik |R :I:z R- RPI. (17.17)

Bpaxosyroun, mo Iﬁ—ﬁpl =\/(z—zp)2 +(F—Fp)2 , A€

T, = (xp,yp'),»a r= (x,y), OTPHUMYEMO

- z '
R-R =2 =——a—r=—cosf(F), (17.18)
Pl _ - ’
oz =0 |R-R,| _ [F-R,)|

ne 0(?) — KYT MK NPOMEHEM, NPOBCHCHHM 3 TOYKHM CIOCTEPEKEHHA
P (I-é =R p) B TOTOYHY TOYKY iHTETpyBaHHs 7, i MEPNCHIMKYNSpOM,
omyiueHuM 3 P Ha momuny z = 0 (mauB. puc. 17.4). |

0 —o >
A r
A e
A
A o)
z, P

Puc. 17.4

HMincrasmsmoun (17.17) i (17.18) B (17.16), npuxomumo 1o dopmynu, mo
BHpakae npuHuHN I'olirenca;
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tkr—R
R, 2mJ‘U(r |cos9( F)dr.  (17.19)

3rimao 3 (17.19), KoxkHa TouKa ekpaHa ¥ € X, € JuKepenoM chepudHol
. kPR, N
XBHJII € 7R |/lr

snavernam nons U(F) y il touni i Benmummoo xyra O(F) mix

-R PI , IO PO3XOMTHCH, aMILTITY A AKOT BU3HAYAETHCS

HANpAMKOM 3 7 B TOYKY CTIOCTEPEKEHHS R p 1 HOPMAILTIO JIO TUIOLIMHH
expana (occro OZ).

CkopHCTaBIIKCH Tenep noganuam nomst U (F ) Ha €KpaHi y BHITIAL]
(17.2) i oOMeXMBIIHCH TUIBKH BHIIAAKOM 4YHCTO ,,pa30Boro” ekpaHa,

KOJIH aMILIITyIHA Mo,uynsluix BIIICYTHS (a(? ) = 1), OTPHMAaEMO

:k[lr‘—Rp|+¢(F)]
p =5 -[l cosH( )e .(17.20)

Tyr mMu nosHauwm uepes @ (7 ) =8 (? )/k cyMapHHﬁ efKOHaN XBUII,

sxuii, 3rigo 3 (17.2), cknanaersca i3 cymu (po /k —_

He30ypeHoro eifkoHany najgarouol XBHII 1 nojarka (p( / k , wo

BMHMKAE ITicd IIPOXOKECHHA XBUIICIO 11apy 3 HCOlIHOlelHOCTﬂMH.

Ho iHTerpanmsHux 300paxeHs Buay (17.20) 3BomAThCA PO3B’SI3KH
3HayHOi KUIBKOCTI 3amay ¢isuky i, 0co6nHBo, ‘pa.uiocbimm. ToMy nixaso
HpOBECTH HETAIbGHMI aHami3 MOXIHMBOCTEH Merony (a3oBOro expasa.
CnovaTky MH JocmianMo 3anady B Habmoxenni MI'O, Toni npoananizyemo
MOJMUIHBOCTI pO3B’A3aHHA Mu(pakiiiifiHol 3aaadi i, HApELLTI, MOKAKEMO, K
HEeoOX1AHO BpaXxOBYBATH BUIIAAKOBI (aKTopH.
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17.3. Po3p’s3annd 3a5a4i B paMKax MeroIy
reoMeTPUYHOI ONTHKYU

Y 1150My PO3JIiTi MM IOKAKEMO, K 33 3aJaHHMH Y nnommn z=0
posnoninamu  ¢hasu S( )=k¢( )=k[¢o( ) ¢( )] i ammuTyam
A, (? ) XBWI, L0 MpOMUUIA Yepes Wap 3 HEONHOPITHOCTAMH, MOMXHa
OOYHCIINTH TEOMETPOONTHYHE 3HAUEHHA IHTEHCHBHOCTI NOMA. Yy TOYIi
CIIOCTEPEKCHHSA R » » HE 3aCTOCOBYIOYH iHTerpambHOro 3o6paxernd (17.20).

BusnaunMo cnoézm(y PIBHAHHA nonepxhi Z=Z; (? ) , Ha xm‘»iq)aaa

© XBWI S(F, Z) Ha BUXOAI 3 LIapy 3 HEONHOPIAHOCTAMM CTama (IuB.
puc.17.5):

. 4(r) S(r,0) = kg(r)
I~ 7
2, | "
- | S(r,z=1z,) = Const
z,(r)
z ¥ ) :
Puc. 17.5
S(F,z)=8(x,y,z,)=Const . (17.21)

JU1s CHpOILEHHS 3ajaui BBAKATHMEMO, IO IICNA TPOXOIDKEHHH MIApy 3
HEOJHOPIMHOCTAMH ~ HANPAMOK  MOMMPCHHA  XBHI 7 nesmauro
BIPI3HAETECA BIA INEPBHHHOTO i;,, AKHA, Yy CBOIO Yepry, Malo
Bilpi3HAETECA Bin Hanpsmky oci -OZ (tak 3paHe MaNOKyTOBE 260
HaO/IDKEHHA TapaKkcianbHOI ONTHKH). CnpoelcryeMo TIOBEPXHIO nocmmox
dasn, 3axanoi pisaaHuaM (17.21), Hamommny z =0:
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S(7,z2)

z=0.= S(?,O) = Const—kgs (F)

Orpumana BenwumHa S (F,z]z=0 moBMHHa 30iratMcs i3 3ajaHMM
posnoxinioM ¢ask Ha expani — S(F)z k¢7(7 ) V pe3ynsTari OTpUMYyeEMO
TaKy piBHICTB: )

S(7, ‘0) = Const —kz, (F) = kp(F). (17.22)

3BiACH 3HAXOMMMO PIBHSHHA nonepxm cTanoi ¢asu (q)azonoro ¢bpoHTy
XBHI):

z=z,(F)=Const—¢(F). (17.23)
PiBusnHs HOpMam ?(? ) N0 moBepxHi cranoi dasm z =2z (F)

BH3HAYAETHCA 5K DIBHAHHA HOPMali IO MOBEPXHI pIBHA, sKa, 3riHO 3
(17.23), 3anaeTsea y BUDIAAi (I)(x, v, z) =z+ (p(?) = Const :

. Vb é,+7

R G

-

(17.24)

—

e y =€7 (") IMpoexarii BekTopa { Ha OCi KOOPOMHAT HOPIBHIOIOTH

{,=¢ /\/l+y i T =1,8 +1,8 —7/ 1+y? . Hanpamox npome-

HiB, akumu mone U (r) nepeﬂocuncx 3 wiommad z =0 B obnacty
npoctopy z > 0, BU3HaYaeTHCA MOEM HOpMAaJiel 7(? ) Jina Maymx KyTiB

BIIXMIICHHA | 7' =y << 1, i HabMmDKEHO MOKHA BBAXKATH, IO
I,~é it ~7=V9F). (17.25)

3ayBaxxuMo, 10 3Haknenuii ans t-l BHpa3 36iracrbes 3 OTPUMAHOIO paHime

y pamchx MI"O nonpaBkoro 1o Kyra npuxomy f, .
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" § 17. Memoo gazosoco expana

- Orxe, 33 BIIOMUM CYMapHHM €HKOHANOM XBHI q)(i" ) Ha BHXOAI 3
mapy 3 HEOOHOPIXHOCTAMHM (z =0) MOXKHA 3HAHTH 3aKOH BifXHJICHHA
HpOMEHIiB ¥ =V;(o(? ) Jani 3amomneni y mioumHi $Ha3oBoro expasa
OpoMeHi B3AOBX NpPAMHX JIHIA JOCATaioTh IVIOIIMHH CHOCTEPEKEHHS
(z=2,>0). BusnauumMo KOOpAMHATH NPOMEHIB, AKi, 3AIOMHBIUHCE Ha
¢hasoBOMy eKpaHi, MPOHIILTH Yepe3 TOUKY CTOCTEpekeHAs R p =(%y52,).

3rimHo 3 puc. 17.6, B MIOKyTOBOMY HabmiDKeHHI MOXKHA 3allMCaTH TaKy
PIBHICTB: ~ ‘ L

=
| Z 7(7),
3BIIKHM OTPHMYEMO
F,=F+z,7(F). (17.26)

;.:n‘ = 10(;;7 ¥

Puc. 17.6

32

Bekropse pisasaus (17.26) HasHBacThCs abepaniiinum. Boro € crcremoro
ABOX PpIBHAHL (OpOEKWii 7, = '_*p (i’) Ha oci OX,0Y) 3 nBoma
HEeBIHOMHMMH (KOOPAMHATH X, ) ).

[punycramo, wmo 3agaHOMY TIONOXKEHHIO  CrocTepiraua

-
-

R, = (Fp, Zp) Bignoimae N >1 pgilicHux KopeHIB F =T,

m?

(m =1,2,..N ) a6epauiﬁnor6 PiBHAHHA _(17.26). HagBHICTE KUIBKOX

KOPEHIB TOBOPHTH PO Te, W0 y TOYKY CHOCTepexeHHs R, npuxoasts

OJHOYACHO Ki/IbKA MPOMEHIB. PO3IIHEMO OJIMH 13 KOPEHIB, HANPHKNaJ,
F=7 1 IpUNyCTHMO, INO = CHOCTEpiray 3AiHCHIOE HEBENHKI

HepeMilIEHHs NOGNM3Y BUXIOHOI TOYKH F, , 3UIMIIAIOYHCH NIPH LBOMY Y
IUIOUIMHI  CTIOCTEPEXEHHS: F,, —> F, + 67, . Koopamuam kopes rF, B
mnommHi  ¢azoBoro expaHa (z=0) npu UBOMY TaKOXK 3a3HAIOTH
HEBENUKUX 3MIH: F,, —> 7, + OF,,, npwaomy i F,, +6F,, i F, + 00, , 3K i
paHiltre, 3aXOBOBHAIOTH BUXiHe abepauiiiHe piBHAHHA (17.26):
F, +OF, =Fy + 6P, + 27 (7, +OF,,).

3B’S130K MiK MATHMH 3MillCHHSIMM Or, i 8T, MOXHA BU3HAUATH nicas
niHeapH3yBaHHs LLOTO piBHsHEA. s uboro posknagemo ¥ (Fm + 51",,,) y
paz Teitnopa 3a MAIOKO BEIIMYIHHOIO OF,, 1 0OMEKXHMOCA TUIBKH niHiiHEME
nopankamu: (7, + 07, )~ 7 (7,)+ (57;,,‘*7)7(5") .Y pesynerari,
OTPHMYEMO '

(17.27)

BpaxoByious, MO F =F,  3a0OBOJBHAC  BUXIOHC  PIBHAHHA

Fy =Py +2,7(7,), otpumyemo
2 Minakos, . 3 33
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57, = 87y + 2, (57,9)7(7,). ©(1728)

CKOpHCTAEMOCS TeTep OIHHM 3 OCHOBHMX piBHss MI'O — 3aKkoHOM
30€pEXKEHHA IHTEHCHUBHOCTI BCEpEAHHI HECKIHYEHHO TOHKOI MPOMEHEBOI
TpyOKH (muB. (15.14)) nobynosanoi nobmH3y NpoMeHs, WO 3’ €QHYE TOYKH

F =1, (naBxom)i F, (#aBuxomi). [losnaaumo wepes I, (? ) 3Ha4YCHHA

p
IHTEHCHBHOCTI Y TOYI CTIOCTEPEXEHHA, IO BIINIOBLIAE M -MY MPOMEHIO.
BpaxoByroun, 10 iHTEHCHBHICTH XBWIi Yy IUIOMMHI ()a30BOro expaHa y

TOULi F = ;"m I[OpiBHlOC 10 (;:m )= Ag (Fm), 3riiHO 3 pPICl76, ‘MOXKEMO

3alMCaTH TaKy piBHICTE (uB. 15.14): _ _
1,(%,)dz,, =1,(%,)dz,. (17.29)
Tyr dZ, =67,~ nnowa nonepeysoro nepepisy Ha BUXOMi NPOMEHEBOI

Tpy6kH (Y iommsi criocTepexenns), a dX, = ¢ ¥, — Ha Bxoai (y IUTOLKHI

¢azoBoro expana). 3 (17.29) 3Hax0aAMMO BHECOK Y 3HAUCHHS IHTEHCHBHOCTI
B TOULIi CIIOCTEPEIKEHHA BiJl M -1 IPOMEHEBO] TPYOKH:

dz, |
(7)) = 1o (7 o (17.30)

I

m

Binpomenns mwiom dZ, /dY, =67, [6F, NIETKO BUIHAYAETBCH 3
nineapu3oBaHoro piBHAHHA (17.28) uepe3 sxobiaH nepeTBOpeHHS Bin

3MIHHHX X ’yp 0 3MIHHMX X,y

dz, OF, =|6(x,,,,y,,,| |a ,,,y,,l
dz, o7, |0(x,.,)| | o(xy)

r=r.

" (173))

-1

5 2
=[ pa}/xj 1+zp—13'-‘—z2 % .
ox oy Pley )|

=1,

34

Tyr MH CKOPHCTAIIHCS BIIOMHM 3B’A3KOM MDXK ,,ipAMHM” 1, .3BOPOTHHM”

AK06iaHAMH | BpaXyBamy, 10, 3TilHO 3 BU3HAYCHHAM 7 = V,q)(r) piliF

3MIlIAHAX ~ TIOXigHMX NOBUHHA = BHKOHYBATHCA PIBHICT:

a}’x/ay=a}/i’/6x'
Ioeny inTencHBHICTS Y 'I’O'-Il.ll cnocrepexenns (7 ( ) OTPHMAEMO,

NiACYMYBABLIA BHECKH Bifl BCIX IPOMEHEBHX TPYGOK:

fp)=zN:1m(7p =

m=1
o (1732)

-Saefien 2o 2 (2]

m=1 F=F,

17.4. Indpakuiiine po3s’a3anns 3apaui
Kinpiicuit anamis iHTerpamsHoro noxanud (17.20) npu nosim;nﬁx
3AIEKHOCTAX aMILLiTYH A, (F ) i dasm k(p(? ) Yy 3araJbHOMY BHUNAJIKy He
€ mMoxueuM. [IpoTe mns KOPOTKMX JOBXHH XBWIb, KOMH A Habararo

MeHINa 3a XapaKTepHHH Macirrad l¢ 3MiH efikoHATY ¢)(F ) y IUIOUHMHI
expasa (K[, >>1), interpan (17.20) MoxHa OLIHHTH MeTONOM

crauionapHoi ¢asn. Ilpy 1pOMy 3amaua CYTTEBO CHpPOLIYETHCH 1 B
pe3ynbTaTi BAETBCH OTPHMATH NOCTATHBO NMPOCTI ACHMIITOTHYHI OLIHKH
I15 3HAUYCHHS T0JIA Y TOYII CTIOCTEPEKEHHA.

Memoo cmayionapuoi pasu
Y upoMy pO3AiMi MM B 3aralbHMX pPHUCaX IOZAaMO ONMH i3
Haiipe3y/IbTATHBHIIINX MAaTEMaTHYHHX METONIB. ACHMIITOTHYHOI OLIHKH
iZ}.ITerpa.niB Buay (17.20), axuit y isuni Ha3uBAaETHCA KOPOTKOXBIIBOBOKO
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ACHMIITOTHKOIO, @ B MaTeMaTHlli — ACHMITTOTHYHOIO OLIHKOK LIBHIKO
OCIITIOIOYHX iHTETpAB. o
Hexaii HeoOXimH0 004YHCINTH ONMHAPHMIA iIHTErpall BUAY

b : .
J(A)= I q(x)e™* Py, | (17.33)

ae A >>1 (Benukuit mapamerp), a q(x) 1 (D(x) — J¥iCHi TIOBIBHO
3MiHFOBaHI - QyHKuUii (mopiBHAHO 3  mepiogoM  3MiHM  YHKIT
exp{iACD(x)} ). Tloeminka mimiHTeTpansHOrO  BMpasy  Haramgye
PO3ITIHYTHIA paHilre B § 6 aMIUTITyIHO MOZY/IbOBaHMH NPOLIEC: [IPH LBOMY
q(x) rpac poab OOBITHOI, a CD(x) BU3HAYa€ MHUTTEBY 4YacTOTY
3anoBHEHHA 0OBiIHOI.
IMpunyctmo cnovaTky, 10 Ha iHTEpBa (a,b), ne b > a, pynkuii
q’(x) i (D(x) 3MIHIOIOTBCS MOHOTOHHO. Ha puc. 17.7 a nokasano
XapaKTepHUi  BUTJIAN peafmno'f Re(qeim)) abo ysaBHOI Im(qeiA ‘D)
YacTMH mifiHTerpanbHoi ¢yHKuii. Busnauenwii iHTerpan Ha iHTEpBaI
(a,b) 33 BU3HAYCHHSAM IOPIBHIOE CyMi CIIEMCHTApPHUX ,,JUIOLUAIOK , LIO
MICTATBCS BCEpEOUHI KPUBOI Re(qem (D) (abo Im(qeiAq’)). JoBuibHO
obepeMo OOVH 3 mepioliB 3MIHM MiAIHTErpaibHOl (yHKUII, HampHKIaAd,
Re(qewb). BHacninok noBUIBHOrO XapakTepy 3MiH q(x) i d>(x) pu

A>>1 mwiomanky, WO BIANOBINAIOTL HBOM MIBMEPIOAAM, MAIOTH

npubGnIM3HO piBHI aMIUNTYAM, ane pisHi  3HaKH (+,-). YV mpoueci

NIICYMOBYBaHHs BOHH A3IOTh Mi3¢pHO MaJIvi BHECOK Yy 3aralbHHi iHTErpan
(17.33). V pesynbTaTi niiCcyMOBYBaHHs BCiX MiBHOCPIOAIB 13 JOAATHHUMH 1

BiI’EMHHMH 3HAYEHHAMM MM OTPMMacMO HE3HauyHy BemMuuHYy J (A)
MoxHa nokasard, IO 33 PaXyHOK IUBHAKOI OCLMMIALIT €XP {iA(I)(x)}
3HaueHHs iHTerpana J (A) Oyne obepHEHO NponopuiiHMM BeImynHI A :
J(A)~A""
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Re(ge™) Re(ge™®)

4 Im(ge™®) 9% 1 Im(ge™®) 70)
””” )
i+ T+ [+
[ v M >
al \Z b x x

! 1
! ]
-l I
R U
~4

a o .

Puc. 17.7

Curyalis CYTTEBO 3MIHIOETBCH, AKLIO BCCPEIMHI iHTEPBATY (a,b)
¢byuxuis O (x) JOCATAE EKCTpeMyMY. VY 11bOMY BHNIAJKy OCHOBHMI BHECOK
y inrerpan (17.33) nae HeBeNMKHH OKN 3HAYEHH X , IO JIEXKaTh NOOIH3Y
TOYKH CKCTpEMyMy X =X, (puc. 17.7. 6), ne QyHkuisA exp{iA(I) (x)}
nepecrac ocmumoBaTH. OOnacTi iHTerpyBaHHs, BIIJIANIEHl Bil TOUYKH
excrpeMyMmy, i B skux ynxuii g(x) i ®(x) MOHOTOHHO 3MiHIOIOTBCH,
JA10Th 3HaYHO MEHLIMI BHECOK Y BENW4uMHY iHTerpana-J (A) .

ACHMITTOTHYHY OLIHKY IHTCIpana 3a HasiBHOCTI CTAalliOHapPHUX TOYOK
MOXXHA OTPHMATH, BUKOHABILH TaKi CIIPOILCHHA.
1. IIpunyctumo criowyatrky, WO X =X, € €IWHOIO HAa IHTEpBaii
(a, b) TOYKOIO EKCTPEMYMY, 1110 BU3HAYAETHCA 3 YMOBH:
dd (x) :
———==0. (17.34)
dx
B oxoni x = x, posinaxemo (D(x) y pan Teiinopa i 3aMIMMO TIUTEKH

KBa[IpaTHYHHUH JONAHOK:
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1

LLO0) (4, =0 (3 )+ L2 (1) (827 0739

CD(x)z(D(xm)+ 2 de

Tyr Ax =x—x,,. 3 ypaxypaHuaM (17.35) 11OKa3HHK CTENEHIO EKCOOHEHTH

o013y CTalfioHapHOT TOYKH IIOJAETHCA Y BHITLAAL

AD(x)= AD(x, )+ @], (x,)(Ax)*. (17.36)
Poamip obmacti A, =Ax, y mexax sxoi mimiHTerpansHa ¢(yHkuis B
(17.33) Be ocumimoe, i, OTKe, Aa€ OCHOBHMI BHECOK B 1HTErpal (IUB. pucC.

17.76), MOYKHA OLIHHTH 3 YMOBH —g—@; (xm )(Ax)zz T

~ (17.37)

27
Am "“""—'—""“—"_ .
Al@%, (x,, )|

2. AMmnitynsa yHKUIA g (x) MPAKTHYHO HE 3MIHIOETHCH Y MEXKax

obmacti x, —A, <x<x,+A, (BHacmigox ii mosineHoCTi), ToMy il

MOXHa TIpOCTO BHHECTH 3a 3HaK IHTerpaja ‘B TOYll X =X,, TOOTO

m?

noxnacta ¢ (x) = g(x,,).

3. Slkmo o6nacte 3miH aprymentry X, —A, <x<x,+A,
pO3TAllIOBAHA Ha 3HAYHIM BIACTaHI Bil Mex imepsa.ny(a,b), TO TpaHHLi
IHTErpyBaHHA MOXHA POSTATHYTH Bill — 0 J0 + .

IMicns BUKOHAHUX CHPOIIEHD OTPAMAEMO

[+ ]

‘ Jm(A)zq(xm)eiM)(x'n) Iexp{i%(P;x(xm)(Ax)z}d(M):

~© (17.38)

—a(x,) réxﬂ(x—m)l-exp{i[A(D(xm)+§-sgnd);x(xm)il}.»

38

§ 17. Memoo. pazoeozo expana

4. Sxmo piBHAHHA 1 BH3HAYEHHS TOYOK CTALliOHApHOCTI (hasu’
(17.34) mae He ofuH, a KiIbKa JIHCHUX KOPEHIB X = X, , (m =12,..N ), i

‘obnacti A, He NEPEKpHBAIOTHCA Ta PO3TAUIOBaHi [aneko Bijl IPaHHIb

obnacTi iHTEerpyBaHHA (BHITANOK TAK. 3BaHMX I130JbOBaHHX KOpEHIB), TO
acummroruyHa ouinka (17.33) opu A >>1 nopisHioe cymi BHECKIiB Bix

KO>KHOI cTarionapHoi Touku (17.38):

M |
J(A)= ZJ,,, (A), (17.39)
m=]

Meron cramionapsoi a3y MOXXHA y3arafbHHTH 1 JUIA BHNAIKY
KpaTHHUX iHTerpamiB. LlikaBuM 11 HalllUX po3paxyHKIiB € ANTOPHTM OLIHOK
NOABIHOrO IHTErpasa BUILY

J(A)= J'q(f)e'“’(f VdF (17.40)
z

ne 3noy A — Bemmxmii napametp (A >>1), ¢(7) i ©(7) — dymuii,
10 ,,TIOBUIBHO” 3MiHIOIOTBCA, @ £ — 3a/iaHa 06/acTh IHTErpyBaHHA.

1. 3 piBHAHHA
V;d(F)=0 (17.41)

3HAXOMAThCA  Toukd  (HificHI  Kopeni)  cramioHapHocti  dasu:
rF=r, (m=12,..N).

2. B oKOm KOXHOI TOWKH F =7 (yHKuis (D(F ) TNOAETLCA Y

BUIVBAII ABOBHMIPHOTO psAxy TeAnopa 3 TOYHICTIO 10 KBAAPaTHYHHX WIEHIB -
BKJIFOYHO!

(17.42)
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pe Ax=x-X,, Ay=y—y,,a ®}(F,) — qacrunni noximi apyroro

HOPAAKY 3a 3MIHHAMHE X 1 Y .

3. B okoni 7, ,JIOBUTbHO” 3MiHIOBaHY dynxuiro q(F ) BBAXAEMO

npubNH3HO CTANOK i BHHOCHMO 33 3HAK IHTErpama B Todwi F =F,:
q(F)~q(7)-

4. Posmipu obnacteit A, , AKi JalOTh OCHOBHI BHECKH y 3HAYEHHA
iHTerpana  J (A) , OIIHIOIThC 3a jonomoroio (1742) 3 ymoBu
I(I) (F)—(D(i"m )I =~ . Bumio, mo Bu3HaueHi y Takmii croci6 obmacri
A, — He wo iHme, sk nepui 3omu peHens, ONMMCAHI HABKOIO
CTaliOHAPHHX TOYOK F =7, .

5. Slxmo obnmacti A, posrainoBaHi Ha 3HagHiii BiZicTani M coGOI0 i
- BiI Mex obmacti iHTerpyBaHHs (BMNAIOK i301BOBAHMX KOPEHIB), TO NpH
OMIHLI BHECKY KOKHO! CTanioHapHoi Touku J,, (A) rpanuui inrerpysauns
MOXHa PO3TATHYTH BiJ{ -0 10 0.

V pesynbTati, 18 BHECKY M -1 CTALliOHAPHOI TOYKH BHXOIMTDH TaKa
ACHMIITOTHYHA OL[IHKA:

T (A) % q(7, )"0 j jexp{m[ e (7n) (A)" +

<=0 =

+--<1>" () (By) + @0, (7, )AxAy]}d(Ax)d(Ay)— - (17.43)

Azfq_ ) (i 40()-50-2)]}

' 2= . .
Tyr D, =%, (%,)9%,(%,)- @, (7,) — eusnaunmx, yreopenuii i3
npyrux noxigpux - pymkii @; g, =1, axmo 7, — Touka max;
g, =—1,axmo 7, —1ouxa min; &, =0, sxwo 7, — cinnosa TouKa.
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AcCHMITOTMYHY OUiHKY Bchoro imrerpana (17.40) orpuMyiors
IIUIIXOM MiCYMOBYBaHHSA BHECKIB Bifi BCIX CTAlllOHapHHX TOYOK:

J(A)=i1m<A)=_

()~ 2 (1- )]}

CkopucTaeMocs  Tenep HaBeJICHHMH puuie Qopmynamu Ui
OTPHUMAaHHs KOPOTKOXBHJIBOBOI OLIHKM iHTerpansHoro nomauns (17.20). -
JU1s 0pOro AOCTaTHHEO NPOBECTH GOpMaNBHY 3aMiHy NO3HAYCHD:

(17.44)

ZﬂZ\/qu(%“exp{[

Ay (F)cosO(F - S -
A=k, q(r)—)———————( ~) — ( ), <D(r)->|r—Rp|+go(r)-
|r‘— RPI

VY MasioKyTOBOMY HaGJIH)KECHHI (|7| << 1) ocHOBHMIi BHECOK IO TOMIO B
TOYLH CrioCTepexkeHHS R p Jae TUIBKM MaJIMii OKil 7 Ha (asoBOMY €KpaHi,
IO NEKUTH MOGNM3Y 3HAUCHL F =F,, — TOMY BHKOHYETBCA HEPIBHICTb
|F —Fpl <<z,. V upoMy BHNAAKy y IHifiHTerpaibHoMmy Bupast (17.20)
MOXHA TPHGIH3HO OK/IACTH '

cosf(7)= cosO(Fp) =1,

2z,
(17.45)
v A7)
q(7)~ z( ,
P
(F-7)
- P -
O(F)~z,+ %, ~+¢(F)
41
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'Y pe3ynbTaTi BAKOHAHHX CIPOIECHD OTPUMYEMO

1746)

U (R' p) = iz, )! Ay (r)exp {zkd) (F)ldr |
) '
ne ©(F)=z +—2—p—+(o(?). 3ayBaywuMo, WO AIA JOCTATHBO

Zp

KOPOTKHX JIOBXHH XBHIb A <<[,, ne [, — xapaxtepHnii maciuTal sMisu

eHKOHAIY (o( ) (pamiyc KpyBH3HHM TIOBEpXHi NocTifinoi dazu z =z, (r))

Ak Beymkuid mapamerp A B (17.46) daxtvuno Bncrynae Ge3poamipua
emuyumHa kI, (kI, >>1).

3a MeTonOM cramonapﬂo’i ¢asu, 3 yMOBH

- -

- -7, .
Vi0(F)=—L+V;0(F)=0 (17.47)
Zp
OTPHUMYEMO PiBHAHHSA
7, =F+z,7(F), (17.48)
pO3B’M3aHHA AKOro F =1, BU3HAYAE TOUKM (milicHi  KOpeHi)

v F(P(F))'

3 nopisranss 3 (17.26) suaHo, wo (17.48) — mxe BioMe HaM abepaniiine

cTauioHapHocTi Gasu (MM 3HOBY BpaxyBa, IO ?(7)=

piBHsiHHS Y HabmwkenHi MI"O, To6T0 TOWKH CTalioHapHocTi Qs 7 =7, €

caMe KOOpAMHATAMH NpPOMEHIB, W0 NpPHXONATH 3 ©€KpaHA B TOYKY
CIIOCTEPEKEHH.

Hmuo pisranns (17.48) Mae Aexinbka AICHUX 130/IbOBAHMX KOPEHiB
(r=r,m=12,.N), fxi nexatb y pamkax oOnmacTi iHTerpyBamms
2 (rm € 20) i Janeko Bif ii MEXi, TO ACHMITOTHYHA OL{HKA iHTerpana

(17.46), 3rigno 3 (17.44), nopisHioe
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N
U(R,) =2U n(R,). (17.49)

m=\

e U, \R p) - BHECOK Bifi, M -{ CTAOHAPHOL TOUKH, UI0 BUBHAACTHCA AK

U (Rp)~ A"g"g exp&\k@(rm\——(\ em)\\ (17.50)

P ) =K "0, (@, X
Sty

Omxe, 32 HAABHOCTI KUTHKOX MWCHWX KOpEHIB ‘r =rm Y TOUYKY

crioctepexests R

Tyr

p ONHOYACHO TIPHXOMSTH KUIbKA TIPOMECHIB (XBWIL),

TIPUMOMY KOXHA 3 XBWIb UM&R p\ , 1O MPUIAINK, MAE CBOIO AMUIITYRY

4y (’r’m) / Z I\D (Fm)\ i sy k®(F,) —-% Q ~£,). Cymape norie

U(R p) - YTBOPIOETHCA B PE3YNLTATI KOTEPEHTHOTO JONABAHHS BCIX

cnanosux U, (R P) . |
dopmynore  (17.49),

CropucTaBmmes BUSHAUMMO  TRTD
IHTCHCHBHICTD NONA ¥ TOYI) CHOCTEPRIKECHHS:
1(R,,)=U(R",)U‘(RP3=2‘\U,"\RP)\2 TEBWIR) s
z ) TSN e ot0-006)+ v
43
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§ 17. Memoo gpazosoco-expana

Tyr

" (17.53)

5 2
=IO(F,,,)(1+ZI, aa};‘)(l.-l-zp—b};—y)—zz(%) _

~'m

IHTEHCHBHICTb XBWII, IO NPHUILIIIA Y TOYKY CIIOCTEPEXEHHA B3AOBX M -TO
TIPOMEHSI.

[opiBxioloun ¢opmymu s 1 (ﬁ p), OTpHMaHiI y BalmKeHHAX

MI'O (17.32) i qdpakuifiHoMy KOPOTKOXBIIHOBOMY HaOmmkeHH1 (17.52),
0aunMo, IO HEKOTEpeHTHa CKIaxoBa Yy AN(PpaKUiiHOMY HAGMDKEHHI

Zlm (Rp) TOYHO 30iraeThcs i3 TreOMETPOONTHYHOIO BEIIMYHHOIO.

BpaxyBanna mudpakuii mix 9ac po3risgy TiMBKH i307150BaHMX KOPEHIB
abepalliffHOro piBHAHHSA 3BONMTBECS NMUIE O BpaXyBaHHs iHTepdepeHuil

XBHJIb MiXK cO6OIO (ROaHOK ~ Z Z y dopmymi (17.52)).

Komenmapi
3a IONOMOTOI0 METOMy CTaHiOHapHOI (hasH Y HaOmWKeHHI METOLY
(a3oBoro expaHa MOXHa aHAMI3YBAaTH 1 OLIbLI CKIAIHI NMOBEAIHKH NOJIB.
M#u po3risHyIH TUIBKH BHTIAZIOK CKIHYEHOT KiIBKOCTI i30JIbOBAHMX KOPEHIB

7, , AKMH BiANIOBIZa€ ONHOYACHOMY TIPHXOAY y TOYKY CHOCTEPEKCHHS

m
KUTbKOX OpoMeHiB. IIpote 32 HAfBHOCTI Y IUIOWIMHI CIOCTEPEXKEHHS
¢doxamsHEX yTBOpeHb ((hoKycH i1 kayctuku) B abepauiiiHoMy piBHSAHHI
(17.48), 3anekHO Bin NONOXEHHS CIIOCTepiraya, Aeski 3 KOPeHIB MOXYTb
HabmwKaTHCcst OAMH [0 ORHOTO 1 HABITh 3IMBATHCA B OMHMH — KpaTHHIA. s

KODEHIB, 110 3/IMBAIOThCH, D(Fm )—-) 0, a inrencusHocti /, HecKiH4YEHHO
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3poctatots (1, (Rp) — ). ¥ meomy Bunaaky MI'O npocro npuruase
nmisrra. Tlpore y HaGmwkeHHi MeToy Ga3oBOro expaHa.i y UpOMy BHMAAKY
MOJKHA OTPMMATH CKiFucHHI (Mubpakuiiidi) 3HaueHss nonis. st mporo y
posKinaii eikoHamy CD(F ) y psin Teiinopa (17.42) Beo6ximHO BpaxyBaTH
JONAHKH OB BMCOKOro mopaaky mo Ax i Ay, HDK KBaApaTHuHI.

Hanpuwian, npy nepeGyBaHHi cnioctepiraya noGnu3y riazikoi KayCTHKH B
abepauiiiHoMy piBHsHHI Oyne MPHCYTHIH KOPiHb KPaTHOCTI 2, i y po3kiazi
efikonany HeoOXiZHO BpaxoByBaTH WIEHH TPETHOIO MOPSAKY MANOCTI 1o
Ax i Ay . Brecok y pe3yibTylode I0i€ Bill OJBIHHOIO KOPEHs y UbOMY

BHIIAJKY BHp@KAaTUMeTbca uepe3 chendynkuilo — ¢yHkuito Efipi.
ToBeainka MOMIB 3a HASBHOCTI KOPCHIB LIE BHMUIOI KPAaTHOCTI CKJAgae€
TpeaMeT aHali3y Teopii XBUWIBOBHX KaTacTpod.

1

17.5. n¢paxiia GIyKkTyl0l0unx XBHIb

3rigno 3 (17.2), cymapHumii Habir ¢da3m xBuai Ha eKpaHi

S (F) = k(p(? ) BKJIIOYac B cebe CKIagoBy (a3 BUXIAHOI Nagarouol
xBwii — S (F) =k, (F) i momaTok S’(F) = k(/")(?) , TIOB’s13aHuii 3
HabiroM y mapi 3 HEOQHOPIAHOCTAMHU. BuaimiMo y noBHi# ¢asi k(o(F )
perynsapHy ¥ BUIIaJKOBY CKIIaIOBY: :
S(F)=kp(F)=k <p(F)>+kdp(F)= <S(F)> +55(F), (17.54)
I€, 3a BH3HAYEHHAM, <OS (F ) > =0. Perynspua cwinanosa dasu —
<8(F)> =k <@(F)> y 3aransHomy BUNamKy MOXE MICTHTH HE TUIBKH
¢aszy namatouoi xBun — k¢, (F ), a M perynspHuii JONAHOK 3a PaxyHOK

HEOTHOPIAHOCTEH cepenoBrIa —k < @ (? ) >, AIKLIO BiH He nopiBHIOE 0

k<@(F)>=key(F)+k <@(F)>=8,(F)+<S(¥)>. (1755

- 45
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SIK  OpHKNan CcepeloBMLI, Y xknx, KpIM  BHMIAIKOBHX »ApibHO-
MaciiraGHHX” HEONHOpLAHOCTEH, HasBHI Ie H “Benukomaciutabri”
perynspHi yTBODECHHs, MOXHA 3a3HaYMTHM TaKi, AK ioHocdepa 3emni,
kopoHa COHILS, TaKk 3BaHi BeNTMKOMacwITabHi ,JHIM” 'y KOCMOCI,
-atmMocdepi 3emini, MOpCEKIH BOII Ta iH. J[nd mepemiueHHuX cepemoBHIN
BEJIMKOMacIITabHi 1 MOBrOTPHBAJll YTBOPEHHS 3pydHilie BiIHOCHTH 110
PEryILIpHOI CKJIaZOBOI, BBAXKAIOUH, 110 QYKTYIOI0YA YaCTHHA HOB’A3aHA
3 Api6brOMacIITAGHMMH 1 LIBHAKO 3MIHIOBAHHMH HEONHOPITHOCTAMH.

HasBHicth perymapHoi ¥ BMNAmKOBOI CKIAZOBHX y (hasi XBHI
MPU3BOAXTE JIO TOrO, IO KYT BUXOMY IPOMEHIB 3 eKpaHa }"'(F ) = \Y ;(o(i" )
faxo;x BKIIOYaTNME B cefe 5K perynspHy < 7(?) > = 6; < (o(i")>, TaK i
quy 57(7)=V.6p(F) KOMIIOHEHTH: ;(;) =< ;(;) > +6}7(;) .
3 ypaxysaHHam nporo abepauifite pisHauns (17.26) Moxaa nonaTH sk

7, = < f(F)>+5f(F), (17.56)

ae <f(?)>=7+zp < 7(F)>— perynspnua, a J_f(F)zzpé‘}";(F) -

BUMajIkOBa CKIajioni. Yepes HasBHICTH BHmamKoBoro nomanka & f (7)
nificHi kopei 7, piBHaHHA (17.56) MalOTh BHNAJKOBHI XapakTep.
Mepepisu npomenesux Tpy6ok dZ, GymyTs mpu npomy QIyKTYIOBaTH

(Bin peanisamii go peanisanii) i, K PE3yNbTAaT, IHTEHCHBHICTh XBUII Y
ToYLi criocTepexeHHA (17.32) € BUITAAKOBOIO BEJIMYHHOK).

3 inoro 60Ky, y AndpaxuiiHii dopmyni (17.52) Bunus BUNAAKOBOT
ckmanosoi dasu kS@(F) nposmnsie cebe mosxo. Ilo-nepime, HasBHicTS
5¢(F ) TIPM3BOJMTE 10 (IYKTyamifi KyTa MpHXOIy 7(? ), IO TPH3BOAMTH
IO BUNAAKOBHX 3MiH ‘y TNONOKEHHAX TOYOK CTauioHapHOi ¢asu 7,
piBrsuns (17.48). Tlo-npyre, y dopmymy (17.52) B sBHOMY BHITIANI BXODATH

46

BHIAIKOBI Pi3HHLI (a3 XBUIIb, IO TPHXOIATH 3 PISHMX IUIAHOK (a30BOro

eKpaHa.
VYpaxyBaHHs BHMIIQAKOBHMX (akTopiB MoxkHa Oyno 6 3aificHioBaTH,
KOPHCTYIOUHCH B¢ oTpuMaHuMH y pamkax MI'O i mudpakuiiisoro ananizy

dopmyITam, 3a/1a104M CTATHCTHKY BHTIATKOBHX (yKTyawi# dasu k5¢(? ), ‘
KyTIB [pUXOAy Jf(? ) i BU3HAYAIOYM BIAMOBIIHAM YMHOM CTaTHCTHKY
KopeHiB abepatifinoro pisasHHs (17.48). Ilpote 3pyutime 1ie 3pobuTH Ha
OCHOBI BHXITHOTO iHTerpaibHOro 300pakenHs (17.20), sixe, 3 ypaxyBaHHAM
(17.54), naOyBae BUrIARY

K
27

kPR, |
R )= = =\ € ikp(F) _ikSo(F) ;=

U(Rp)— J.A()(?')Cose(")|’_:—_'E-—l e e dr .(17.57)

%o p

17.6. CraTHCTHYHI MOMEHTH NoJs.

Hpununn wiirenca s iNTeHCHBHOCTI

OGuHCIUMO cepedne none y TOULl cnocrépe;xem <U (I-é p) >,

Ilpu ycepemnenni (17.57) 3a ancambiiem peanisaLiif BHNAnKOBOI (py'm;im'
ikdp(F)

5(;7(? ) i IHTErpaJoM BHHHKA€ MHOXHHK < e >. Ilpu #oro

OGYMCIEHHI NpHUIYCTMMO, IO  BHMIankoBi  QuykTyanii  ¢asm
o5 (F ) = ké'(p(? ) CTAaTHCTHYHO OIHOPIAHI H PO3MNO/LNEH] 33 HOPMANEHAM

3aKOHOM:
< o2 :
1 (6S)
W(6S)=- exps — , (17.58)
( ) V2roy 20'§ ‘
Ie O'§ = <(5S )2 > =Const — pucnepcis (aykryauiin ¢asum Ha

expai. s HOpMAIBHO PO3IOAINEHO] BEMUIHMHA 0.5 MaeMo

<555 - I oS (65)d(55)= e32. (17.59)

47



§17. Memoo ¢pazosozo expana

- 3 ypaxyBaHHAM IBOTO MPHXOAMMO A0 TAaKOTO BU3HAYEHHS CEPEOHBOTO
mons: - ‘ : '

‘<U(1§p)> =e“’§/2 Us(Ry). - (17.60)

Tyt Ud(I—ép)=U(Ep)| — 1€ noJie U( ) 17. 57) fIKe 6yJ106y

TOYLI CHOCTEPEKEHHA R , AKOH Ha cKpaHi He 6yno 'BHIIAZIKOBHX

dbnykryaniii . $pazu (&S’ =0). Mpr mwomy €® =1 i (17.57) ¢
NpeACTaBACHHAM AMU(ParoBaHOro Mo 3a EKPaHOM.

Taknum unHOM, cepeHe (KOrepeHTHE) noe 3a (a3oBUM eKPAHOM
- 13 TIPOCTOPOBO-ORHOPINHMMH GiykTyauismu dasu OS5 sinpisnseTncs

2
. = . -0 /2
Big Hesbypesoro U, (Rp) TUIBKH CTAJHM MHOXHHKOM € o/ .

IToseninka Uy ( R ) Moxe OyTH HmocaijpkeHa, HANPUKIaA, METOLOM

crauioHapHoi ¢asu.

Cepedmo mmencuemcmb AK 1 pal-mne OTOTOXKHIOBATHMO 3
APYTrUM CTAaTMCTHYHMM MOMEHTOM:

<1(R > = <0(%, )u*(ﬁ,,)> _

Id’"Id"" 4 (7 p“, E )lcosa( )cos‘H(F")‘x

0

(17.61)
xexp{ik[ ,F’_prl—IF'f—Rp|+-¢(F’)—5(;")]} x
X < exp {i[JS(F")——JS(F")]} >

SAxuwo & (? ) OIHMCYETHCS HOPMATHHHM PO3NOALIOM, TO ji pisHnus a3
'(F ')-— (SS’(F”) TAKOXK HOPMANBHO PO3NOMNCHA. Y pe3ynbTati, Ans

CTATUCTHYHO OXHOPIZHHUX (YKTYaLliit MaeMO
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ncpexony J =

<exp{i[5S(F’)—5S(F”)]} > =exp{——_;—DS (F’—F")}, (17.62)

ae Dy (?’—F") =< [55 (F’)—c?S(F")]L > — CTpYKTYpHa (QyHKLis
bayxryaui#t dasm.

[epex THM, $K aHami3yBaTH OTpHMaHy dopMyny (17 61),
BHKOHAEMO A€AKi CIPOLICHHS.

1. Cxopucraemocs crpouierssamu (17.45), sAxki MOXHA BHKOHATH Y
ManokyrtooMy HaOmwkerHi. Ilpu msomy (17.61) npuBoauTECa 0 Takoro
BUTTIAAY: h

D k2 . ’ " 3 —» 1 = =
<1(Rp)> =2—7r—2-z—}2"2jd7{|‘d7440(7)140(l )exp{-—EDs(r -r )}X

P

(?_Fp) (F"—”p) +3(7)-5(7)

xexp { ik - (17.63)
1 2z, 2z,
2. Beenemo go po3rmmy cymapm il pi3HMLEB]I KOOPAMHATH:
F=-—\F'+F
4 ) (17.64)
p=F-F"

[Ipu 1npoMy, sK JIErKO NEPEBIPHTH, CTapi 3MiHHI BHPAXKAlOTHCH 4Yepes3
HOBi y BHrAai F =7+ /3/2, F"=F-p/2, a Momymp sKobiana

37 7")

—————=1. [licna 3aminn popmyna (17.63) nomaerbes
oF,p)

y BHIJIAAL

. N P - [
<I{R,)> =—5— |dF |dp4y(F + p[2) 4 (F - p/2)exp{ —=Dg(p)} x
(% 4”2212»1 J,. { 2 } (17.65)

xexp{lk{( ;P).:+(o(r+p/2) B(F~ p/”)}}
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ne X, , — HOBi 061acTi iHTErpyBaHHs U 3MiHHKX 7 1 5.

3. PosrmanaTuMeMo CTaTHCTMYHO OZXHOpinHi #  i3oTponHi

qmyxfrya‘ui'i Q)a3n i Bupazumo. Dy ( ,5) = Dg ( p) yepes a‘BToKopenxuiﬁHy

dynkuito Gaykryanii dasu By (p) =< 5S( )§S(r + p)

D (p)=2[ o3 - Bs ( p)J =203[1-K; p)] (17.66)
ne O‘S —BS (0) — JMCTIEpCis tbnylcryamﬂ ¢>a3n a Ks /0‘2 —
" koediienT Kopemun

4. KoednmeHT Kopenxuu K (,0) 3a BH3HA4YEHHAM AOpiBHIOE 1
npu p =0 i weuako cnagae 10 0 s PO3HECEHHS MK TOYKAMH, IIQ
nepeBMulye XapakTepHui MacmTtab crnamanna g (K S(p)—)O npy
P> ls‘). Tpu cubaux ¢mykryamisx dasm Ha €KpaHi, .KOJH 0‘§ >>1,
OCHOBHMHM BHecok B iHTerpan (17.65) nmae nmine - HEBEJIHMKHH OKLIE
3HaYeHb L, mWo nexars nobmusy p =0, tam, ne dynkuis Dy (p) €
- 1OCTaTHRO Manolo (maramaemo, mo Dy (‘p)~>0 opu o —0). dna

MamuX o Koedimient kopenmauil K (p) MOXXHa pO3KJacTH B PAA

Teitnopa i 0OMEKHUTHCS TIEPLUIMMH HE3HUKAIOUHMH 4JIEHAMH:

| 1 d* 2 P2+ p?
Ko(p)oKo(0)+—2— K (0)p?2 =1L =20 1767
s(p)=Ks(0) 24, s(0)p 20 2 - )
d2

Tyt depe3s CmHiBBiAHOLIEHHSA 152 = —:I—ZK s ( 0) BBeaeHo pamiyc

xopensuii dnykryauiit dasu /g, 1o 36iracThcsa 32 NOPAAKOM BENHYHHH
i3 XapakTepHUM JIIHIHHMM pO3MipoM HeomHopixHocTell (asu Ha eKpaHi.
VY pesynbraTi, . pmylmii” dbaktop y dopmyni (17.65) nabmmxeHo

HabyBae BUTIALY
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, ,
exp{-——;—DS (p)} ~ exp {—lg—p } (17.68)

2 ls
XapaxrepHuit posmip obnacri p = Pef » AKMA 1a€ OCHOBHMH Bﬁecm( B
iHTerpan 3a dp, MOXHa OLIHHTH 3 YMOBH 0'§pezf/ 213 ~1, 3BinKH
OTpUMYEMO L = I [os . |
5. Slxmo 3HaveHHA L, € ﬂa6araTo MEHIIHM 32’ xapam‘cpm

Macmrabu L 3MIH  peryis HOl CKJIAOBO1 eiKOHAN o\r , IO
X,y

BH3HAYAIOThCA B3IOBX OCedl KOOPAMHAT X 1 Y 3i CNiBBIAHOLICHB

Z5(7)

1o _ | 1

———(F)| =
(7)o ( ?(F) oy
TO perynapHy pi3HHIIO a3 y PO3HECEHHX TOYKAX MOXKHA PO3KIACTH B
pag Teinopa B Toyni P =0 1 OOMEXKHMTHCA NEPIIMMM HEIHHKAIOUHUMH

b 2

> (17.69
L, (17.69)

YJICHaAMH.
a(? +§-)—¢(7—£) =V,5(F)p= <7(F)>p. (17.70)

6. “TloBinbHO” 3MiHIOBaHMH amliTyaHuii ¢akrop B (17.65)
A0(7+/3/2)A0(7-ﬁ/2) 3 TMX CAMHMX OPHYHH, WO H y T.5, MOXHa

HabJIDKEHO B3ATH Y CyMilleHHX Toukax, 0610 nipn p =0:

A,(F + p/2)4,(F - p/2)= 43(F)= 1, (7). (17.71)

7. 3 ypaxyBaHHSM TOro, WO NPH CHIBHHMX (uykTyauisx ¢asm

Per =1 [o, <<, interpyBanus 3a dp y (17.65) MoxHa NpoBOAUTH y

HECKIHYEHHHX MeXaX, a obnacTe IiHTerpyBaHHs 3a CyMapHOIO
KOOpIMHATOK F MPAaKTHYHO 30iracThcs 3i CTaporo X (Z . Zo).

V pesynbraTi BHKOHAHHX CIIPOIIEHE OTPHMYEMO
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2
<I(Ry)> = 2 J'IO dF Idpexp{ %
’ (17.72)
F—F
xexp{ik{ p+<7(F)>:,,5}.
z
P
O64HCNEHHA 1HTerpana Buy
J(a, B) = J dp exp{—ozp2 +i,3/3} (17.73)

3pyuHille MPOBOAUTH Y NOMSPHUX KOOPIAMHATAX [5:( PP p) i
B:( ﬂ,go/,). Ilpn usomy inrterpysanns 3a d¢, NpPHBOAMTL 1O

(byﬂkuii Beccens Iepuioro pody HylaboBOro mopsaaky — Jg (x), a

inTerpan 3a d o, wo 3anmmMBCs, — TabnuuHMil iHTErpan:

0

2z
J (a,ﬂ)=jpexp{—ap2}dp j dp, explifipcos(p,~p)} =
0 .

ﬂz
_271'J.pe o’ J (ﬁp)dp——exp{ 4a} (17.74)

V HaloMy BUNAIKY O = a§/21§ , B =kl:r —r, +< }-,-(;,.) >:|, i
Zp
interpysanns (17.72) 3a pi3HHMUEBOI 3MiHHOW d ) NPUBOIUTH RO
TaKoro BHpasy:

<I(R,)> —E—J‘lo 7) exp{ E’-‘-zf_[ -< f(¥) ]}d;. (17.75)
z

2 2
27:2 205

52

§$17. Memoo ¢azoeozo expana -

3rifHO 3  BH3HAYEHHAM, BHUMaAKoBi  ¢aykryamii  dasu
0S i kyra O nos’sa3aHi MK Co6OH0  CNiBBiIHOIICHHSM

'5}7(?)=§;5¢(?)=%§;5S(?). Y §7, npucesdexoMy niHifHEM

MEPETBOPEHHAM BHIIAJKOBHX MpOUECiB, HamH Oyl0 MOKa3aHO, ILO
apToKOpemsiiiiHa ¢ynxuis B, (z') =< x(t)x(t + 1') > CTalliOHApHOTO
npouecy x(¢) i asroxopensuiiina dymias B,(7)= <y(t)y(t+7)>
(1)
dt

fioro moximmoi y(t) = T0B’53aHi MK COGOIO CIIBBiTHOMICHHIM

B (z‘) = B (z‘) (. (7.29)). Ananorivemii 3B’430K MOXKHA

3anucarTy i 1A CTAaTUCTUYHO OD,HOpIJ],HHX 11(03)1):] 5¢(r ) i 5]7 (r ) .

3 ypaxyBaHHSM TOrO, 11O BEKTOp 6;7(?') € CyMOI0 JBOX
OpPTOrOHAJILHUX CKIAIOBUX

57(F)=o7, (r)e +67,(FE,,

ne 8y (F)= 63 So(F) i oy y (F)= 56— 5¢(F), mucnepcis BumamcoBoro
x y
BEKTOPHOTO MOV BIIXHJIEHD POMEHIB O) Mae BHITIAL
oﬁ: <5}72> = <57§>+<57§>. (17.76)

Jlna BM3HA4YeHHs 3B’A3Ky MK aucnepcisMu ¢iyKTyawid KyTiB BHXO@Y 3
expaHa < 573 >, < @/ﬁ > i aucnepcielo QuykTyamiii ¢asu Ha €kpaHi 0';

noOyay€EMO CIIOYATKY TaKi aBTOKOPEsUiiHI pyHKuii:

BL(7\7)= <ér,(F) 7. (F) > =

* N o (o o L
=6xraxn <5¢(r )Jq)(r )'> =WB¢(I',I' )’

(17.77 a)
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By (F,7")= <5yy'(F')5yy(F")>‘ =
g | (17.776)
ayla Il<5¢(r) ( )> = Iay ¢(r’r )' ‘

Homﬁm $OpMYITH MOXHA 3amMcaTH i W1 3MIIAHHX KODEJATOPIB y

posHecenmx Toukax: B7, i B] . Jl1s CTaTHCTHMHO OHOPITHOTO oA

: B, (F’, ;_.,) =B, ( 7 ;,-n) =B, ( ’5) i popmynn (17.77) ananoriumo (7.29)

 MOXHa [IEPEITHCaTH Y BUIIIAI

. 2 '
B (p)= —(—5—3 (7). (17.782)
R 62 R ‘
B, (p)= -—é—;yi-B¢(p). (17.78 6)

Bpaxosyroun - Temep, mo < 5}/;‘: > =Bl (0), < 5}/§ > = B;',y (0), a

TAKOX 3B’S30K MK aBTOKOPESUIHHMME (GYHKUiAMH efikoHany i (asu:

S IR R :
B,(p) :FBS (p)= %Ks (p), BPEILTI-PELIT OTPHMAEMO

2 Ks ()| - (17.79)
p=0

2

Toxiani K (O) BH3HAYAIOTh XapakTepHi Macurrabu Kopernsuii

X,y
(posmipu HeomHOpiHOCTeH) y3noBX oceit koopamumat [, i Iy, Ins

130TponHuX ¢nykryauili ni 3HaveHHs 36iraroteea: [, =lsy =, K, (ﬁ)

nofaerses 'y Bunmiai (17.67), 1, srigHo 3 (17.79), My OTpMMaEeMO Take
CHIBBIJHOILICHHS:
2
=295 ' (17.80)
kZIS
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cnocrepexenHs R

3 ypaxyBaHHAM 3HAWOEHOTO. 3B’A3KY MiX - AHCHEPCIIMH

-niepenumemMo (17.75) B ocTaTOMHOMY BHIJIAAI:

I(Ep)> 2ol _[[0 7) efcp - ;15[ ‘<f(?’)>:|2 dr . (17.81)

OTpPIMaHa (bopMyna Binirpae\ TOYHO TaKy X pOib i cepenHpol

inTeHcuBHOCTI < [ (R )> mo # audpakuiiHuil NPUHLKAI anreﬂca

s moms U (Rp): cepeHs . IHTEHCHBHICTP Yy MHOBUIBHIN TOYI

—»

p TONAETBCA Y BHIJIAAL CYMH IHTCHCHBHOCTEH BIR

KOXKHOTO €JleMeHTa MOBepxHi dr ()a30BOro €KkpaHa 3 ypaxyBaHHAM
aiarpaMH CNpSMOBAHOCTI PO3CIAHOrO BHIIPOMIHIOBAaHHA (mmmanncn
po3ciloBaHHs), AKa BU3HAYAETHCS SK

N 1 '

F(7)=——expi-— ——|FH-</(F)> > asy
) O' zZ O,
P Py

Takum 9MHOM, nOpH a§ >>1 y Touui cmocrepexeHHs

-

R, XBUNbOBI 10N, 1O NPUXOAATH Bill Pi3HHX TO4OK $a3oBoro exkpana

(z =0), ckinanaoTees ,,3a INTEHCHBHICTIO”, TOOTO Hexorepel-imo.
IlpoBeneMo Tenep noOpiBHAHHA OTpmMManoro Bupasy (17.81) 3

. pesynsTaramMu AudpakuiiiHOro i reoMeTpoonTHYHOro aHamizy. Bupas

s <1 (R p) > MOJAETLCA y BHUIMIANI iHTErpasna JIaIaciBChKOTO THITY.

Sikmo 2,0, << L, ,, TO OCHOBHHMII BHECOK B iHTErpall JAKOTh HEBENHKI

obnacti 7 (azoBoro ekpaHa, posramoBaHi MOGNM3Y TOYOK, AE
NEPETBOPIOETHCA Ha () MOKA3HHUK CTEMEHIO EKCIIOHEHTH:

= < f(F)> =F+z,<7(F)>. (17.83)
Mr 3HOBY oTpuMann noOpe BinoMe Ham abepauiiiHe piBHAHHA, ale

TUIBKH JIA PETYIspHOi ciilagosoi ¢asu xsuii. HMoro poss’saskamu €
: 55
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- -

PEryisipH1 3HAYCHHS JNIMCHUX KOPEHIB. r = < Vo >

, m=12_N.

ACHMITOTHYHY OLIHKY IHTErpajia MOXKHa OTPUMAaTH, BHKOHABIIM JESAKi
' COpOINEHHS aHANOTIYHO RO TOro, AK MM He pobumm B Metoai
cTanioHapHoi ¢asu. Jlng 10BUIBHO 06PaHOro KOpPEHs, HANPUKIIAL, /M -TO,

ananorisao o (17.27), nimeapmsyemo < f (? )> B- OKOJi . TOMKH

r= <r > . [loknaBuu 7 = <F. >+5r LI HEBEJIMKHX 3MilleHb or
MOJXKHA INOKNACTH!

<f(F)> = <f(<F, > +67)> =
- (17.84)
= < f(<T, >)> +(6rV )<f(<r >)>.

3 ypaxyBannam Toro, mo 7, = < f(<7, >)>, y nokassuxy crenenio

exciionedtd 8 (17.81) nobmmsy Bin kopeHs ¥ = <7, > MOXHA

HaOIMXeHO 3aIuCcaTH:
Fp—<f(?’)>z(6i’§;)<f(<?m >)>. (17.85)

XapakTephi posmipu obnacti A, =|5F|, 1O Ja€ TONOBHMA BHECOK B

iHTerpan (17.81), MOXXHa OLIHMTH, IPHPIBHABIIM NOKA3HUK CTENCHIO
€KCTIOHEHTH JI0 OJVHHKLI, TOOTO MOKIABILN

|(5?€7;)<f(< F>) >‘z z2,0,.

Slkmo Bci obnacti- A, € KOCTATHBO MaJMMH, HE NEPeKPMBAIOTHCA i

JeXaTh JaTeKo Bifl Mexi obnacti iHTerpyBaHHs (1301b0BaHi KOpeHi), To
TIpY OLIHIOBaHHI BHECKY KO)KHOI'O KOPEHA MOJXKHA, TIO-TiepIlie, MHOXHHK

I,(F) B oxomi Toukm F=<F,> BBAKATH CTAIAM i TAKHM, IO
* mopisHioe I (< T >), no-apyre, Mexi IHTErpyBaHHa 3a dr

POTATHYTU Bif —0 [0 ©. Y pe3ynsTati, JUIA BHECKY M -TO KOPEHA
OTPHMYEMO TaKy aCHMIITOTHYHY OLIHKY:
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. U S
<I \R,}> = =Ig(<r, >) | d(6F )x

(%) w0 )j ) (17.36)
. 1. I(<7,>)
xexp —IEZ;O'}% [( )< f(< m >) ] ‘[(;(<r >)\

ne D(<F, >) — susnaunuk, nobynosanuii 3 Nepmmx MOXimMX Bin

PEryNApHOi CKIafoBOI < ]'(F )> =F+z,<7(F)> i obuncnenmit y

Touni F = <F, >:

o<f.>0<f,> (o<f.>\(o<f,> _
Dl )[ ox Oy ( "’Y)( ox ﬂ;“w- (17.87)

0 0 >
= (l+z —“—a<y”>) oz, 2| 2| 0272 0% Yy
Poox Py P\ oy Ox B,

Fa<hp>

IToBHa cepenusi IHTEHCHBHICTD Yy TOUNI  CHIOCTEPEKCHHSA

. BU3HAYMTHCS SK CyMa BHECKIB BiJl yCiX peryispHUX KOPEHiB:

N

<I(R,)> .Z<1 (R,)>= (17.88)

m=1

o<y, > o<y, >
ZIO <r > a<7" )1+zp Ty - 6<yx>_ 7y
X Oy P oy ox

m= r=<g>

_ Komenmapi
1. Tha w4ac posrmamy wmerogy ¢a3soBOro e€kpaHa MM
BMKODHCTOBYBANIH TIIbKM CHOPOLICHHA, TMOB’SI3aHE 3 MAaloOKYTOBHM
TIOIMPCHHAM 1 HEe HAKJIafaNKd YMOB JANbHBOI 30HH, KOJMHM Y PO3KNAI
¢a3n xBumi Ha expani (17.46) moxna Oyno 0 3HCXTyBaTH AONAHKOM

kr? / 2z, < kI* / 2z, <§ 1 (tytrl= ,/20 —-  XapaKTepHUH po3mMip
obnacti interpypanns). e o3savae, mo orpumami dopmymm
crpaBeUMBI i y OnvokHii 3041, konu k12 / 2z, >1.
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$17. Memoo cj)a306020. expana

2. 3 nopiBHsHHA Qopmyn, oTpumanux y HaGmwxenni MIO,
BpaxyBaHHA AHGpakLUii 1 BUMAAKOBHX (PAKTOPIB BHIHO, HIO BHOAJKOBI
¢nyxryanii ¢a3su Ha ekpaHi NPU3BOAATH MO 3IHHLICHHA KOTEPEHTHOCTI

XBHIJIb, ‘SIKi NIPHXOMATH Y TOYKY CIOCTEPEXEHHS BiX DPI3HMX IUISHOK

expaHa (xorepeHTHa ckiagoBa B (17.52) npu cumsHHX QNyKTyamiax
dasu neperBopioeThes Ha 0). Sk pesynbTaT, cepenHs IHTEHCHBHICTD Y
TOWIIi CTIOCTEPEKEHHS BU3HAYAETHCA TAK CaMO, K i B Habmmwxerni MIO,
ajie TUIBKM 3 YpaxyBaHHAM He NOBHOI ¢asy, a ii perynapnm CKNa10BOi
(perynspHoro Kyra BiIXHJICHHS). '

3. BiACYTHICTh y KiHIEBOMY peaym;ran (17.88) xapaKTepHoro
KyTa pO3CIIOBaHHS O, MOB’si3aHa i3 PO3IIAIOM BUTIANKY i30IbOBAHHX

KOpEHIB. SIKII0 B MIOMKHI CIIOCTEPEXEHHS MICIA POXOHKEHHS XBHIIEIO
mapy 3 HEOJHOPIAHOCTAMH IIOKa3HHKa 3aJOMIICHHA — n(R)

BHHHUKAIOTL PEryispHi ¢okanbHi yrBopeHHSA ((PoKycH, KayCTHKH), TO
cepen KopeHiB abeparlifiHoro piBHAHHS TakK caMo, AK 1 B pa3i AHdpakuii,
3’aBnA0TbCs 30DKHI (KpaThi). Y upoMy BHnaaky ia 36ixkHOi mapu

(xopinp xpar_ndcri 2) D(<#,>)—>0. i srecox <I, (RP)> > .

Ile osnawae, mo y posknani (17.84) Bxke HENOCTaTHBO JIHIAHHX
JONaHKIB, a HEOOXiHO BPaXOBYBaTH WICHH OUIBII BHCOKOrO HOPSIKY.
VY pesynbrati, y KiHIEBI BUpa3d A8 BHECKIB yBIHAE KYT pO3CIOBaHHA

(o)

y» @ caMe 3Hadenns </, (R p) > 10JaBaTHMETBhCA Yepe3 BIAMOBIAHI

cneudynkuii. Hanpuknan, y pasi nepebyanHs crnoctepiraga nobmusy
rnagkoi KayCTHKM CepeiHs iHTCHCHBHICTE <[, (Rp) > BHpaxa-

THMEThCA Yepe3 QyHKLio napadoaiunoro uuiainapa.

Sk HaMnpocTiiMii  mpuxnad  pO3TIAHEMO  3ajady  IIpo
MPOXOMHKEHHS IIOCKO] XBHUIII

Uo( ) Ae™, Ay = Const (17.89)
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depe3 HECKIHYEHHMI y MONEPeYHOMY HampsAMKY (3a 7 ) i CKiH4€HOi
TOBUIMHH Y NMO3A0BXHEOMY HaNpiAMKy (32 Z ) BHNAAKOBO-HEOOHOPIAHHH
wap. [IpunyckaeTses, MI0 XBWIS NAJac Ha IIap OPTOTOHANLHO, IIAp 3
HEOJHOPIJHOCTAMH CTATHCTHYHO ONHOpiAHHMH i i3oTponmwmii. - [lpu
OpPTOTOHATLHOMY MAaiHHi IJIOCKOI XBHIi peryjispHa pedpakuis
npoMeHiB y mapi Biacytha. Opke, <y (7)> =0, <f(?)> =F, i

¢dopmyna (17.81) HabGyBae Takoro BUIIIAAY:

7[220'2

<I(R,)>= ’fy‘ exp! - 12;3(* -7) _dF'=A§=Io.(17.QO)

BusBuiocsa, 1O cepexHs IHTEHCHBHICTH Yy IOBUIBHIH TO4MI
CIIOCTEPEIKECHHA 3a HeoOMexeHHmM (a3oBMM eKpaHoOM 30iraerscs 3
inTeHcHBHICTIO mamaiowoi xswm ). Lleil Hecmonisauuii pesynbTar

JIETKO MOSICHIOETHCS 13 3aKOHY 30epexeHHs eHeprii.

3AJAYI
1. Ha Hgoﬁmencenni«i ¢azosmii expaH (z = O) OPTOTOHAJILHO

i(l?fz-a)t)

manae wiocka xsuma U, (‘R,t)= Aye , ne k=ké, k=wc.

CxopucraBmuncs npuHUMnoM [lofirenca, po3paxyBaTH CepefHe Noie i
CEpENIHIO IHTEHCUBHICTD 33 €KPAaHOM JUIsi OBHICTIO KOFEPEHTHOrO IOJI

(Gs =0 )-

Po3e’azox. 3rigHo 3 BU3HaYeHHAM, (pa3a BHXIZHOI XBHII Yy
nnowmHi $aszoBoro expana (z = 0) nopisrioe Hymo (S, =0). Kpim
1bOTO, BUNANKOBI (rykTyauii ¢asu y ,HECKiHYEHHO TOHKOMY” €KpaHi
sincyrni (6 S =0). Orxke, none Ha Buxoni 3 ekpana (z=0) mae
BUTJIAL

Ul =Up(F,1) = Up(x, ,1) = doe™" W
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OCKibKM HANPAMOK TOIIMPEHHs BHXIAHOI MUIOCKOI XBHIH 30iraeTscd 3

HanpsMkoM oci OZ (k = ké’z), PO3B’3aHHs 3a/[a4i MOKHA POBOIHTH

y MajokyToBoMy HabmwkeHHi. Y mpomy Bumaaxy y dopmymi (17.57),
mo Bupaxae mOpuHumMn [roiirenHca, Moxsa noknactu cos@=1.

V pesynsrati, 3 ypaxyBaHusM (1) y NOBiNbHIH TOYI CIIOCTEPEKEHHA 32
€KpaHOM TI0JI€ BU3HAYAETHCS TaK:

kU, Oe“i“,"
27

SR .
J. 7 dxdy , ne R=lr—Rp|. )
Z

U(R,)=

Yepes Te, 1O y po3risayBauiii 3agayi Bunaxkosi ¢paykryanii dpasu

BifcyTHi, cratMcTHuHO cepeaHe mone U(R,) 36iraerbca 3

madpakuiiiaum  sHavensaM (2): U (Rp) =U (R',; ). Y nabmmxenni

¢peneneBcekol audpakuii (B ManokyToBOMy HaONMKEHHI) HOAAMO

BigcTans R = IF -R Pl BiJ MOBiNBHOI TOYKH eKkpaHa R = (O,F ) 1O TOYKH

criocTepexenns R » =(2,,%,,7,) (zus. puc.17.8) y Burmsani

5= 3+, =YY’
P 2z

P

R=[22+(x, -3+, -1 ]" ©)

Bukonasum nani y Bupasi (2) 3aminy sMiHHux X' =x—x,, y'=y-y,,

OTpPHMAEMO
- ko, ilky-a) T A x
U(Rp)= —— Aye Ijexp ik| —— + - dy' . (4)
27z, A 2z, 2z,

Y 3HaMEHHHKY IijliHTerpamsHoro Bupasy mns U (R,) mu naGmwkeHo

nokinanu R = z,
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feunpwuiumm-« l l T 1

0000% 2R3

monxutl wap 3
HEeoOHOpIOHOCMAMU

. (gaszosuii expan)

npuumay
A

[

Puc. 17.8

127z »
. Taknm

Kosxxen 3 iHTerpaiiB B OCTaHHBOMY BHpa3i JAOPIBHIOE
i
4YHHOM, OCTAaTOYHO MOXKHA 3aNUCaTH

T(R,)= 4™, O(R, )| = 4. ®)

Ténep HECKIAJHO BH3HAYMTH KOTCPCHTHY CKIIAIOBY CEpeIHbOI

intencuHocti [, = |(7 (RP)Iz. Ockinexku U (Rp) =U (Rp) , TO
|U(1§,, )| = |L7(R,,)| i

Too=Aa=1,. (6)

OTprMaHi pe3yasTaTH IAKOM mpupoaHi. Ockinbku (uykryauii
¢da3u 1 MOrNMHAHHA XBWII Ha CKpaHi BIACYTHI, TO NPH HECKIHUYCHHOMY
¢$a3oBoMy ekpani (HCCKIHUCHHOMY (QPOHTI XBWIIi) XBHIIA 33 €KPAHOM i
Jlani 3aTMIIAETHCA TIOCKOIO 31 CTAJIMMM aMILUTITYAOK i IHTEHCHBHICTIO.
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2. Ha ,,ronxmit” -map, OGe3MexHHUH y IoNepedHOMY HanpsMKY i
CKIHYEHOI TOBIIMHH Y MNO3MOBXHBOMY, 31 CTRTHCTHYHO OXHOPIXHHMH
HEOIHOPIAHOCTAMH  TOKa3HHKA 3aJIOMJICHHA OPTOTOHANBHO HaJa€
nnocka xsunsd. Ha Buxoni 3 mapy (z=0) 3HaxomuThCA HEMpO30pa KpyTia
3aclmiHK2 pailycoM ‘a. Bsaxaioun, mo perymipHa pedpakuis B
HEOJHOPINHOMY IIapi BiACYTHS, BH3HAYMTH CepPEIHIO iHTEHCHUBHICTB

nons I(z,) Ha oci 3acninku, KopucTyrouncs npuHuunom [loiirenca

VIS IOBHICTIO HEKOTEPEHTHOTO MONA (O'S2 >>1).
Po3¢’azox. Sk BuximHuii - BukopuctoByemo Bupas (17.90),
OTPHMMaHuH [ BHNAIKY CHIBHMX (rykryanid d¢asu (0'52. >>1).

PosrauryBaBimm mo4aTok JeKapTOBOI CHCTEMH KOOPAHMHAT Y LEHTP
3aCJIiHKHM, Y JOBINbHIHM TOULI CIOCTEPEKEHHS 32 EKPAHOM OTPHMAEMO

~ ) O
<1(R,)> —”2003 e 0 b )
Zo

Tyr Z, — obnmactb iHTerpyBaHHs, HIO ABJAi€ COGOIO ‘HECKIHUCHHY

wiomny 2z = (0, 3a BUpaxyBaHHAM Kpyra pafiycoMm a. 3rijHo 3 yMOBOIO
3a/1adi, TOUKa CIOCTEPEKEHHA 3HAXOMMTHCA Ha OCi 3aCIiHKH, OTXKE, MH

nosuuHi noknacty 7, =0. Iaterpan y (1) npocrime o6wicmosaru y

NONSAPHUX KOOPAMHATAX O = \/xz +y* i p=arctg(x/y),y sxux sin

. HaOysae Burnany
2

o P
—_ 2 2
I =—F— J-pe 4 ’dpjd¢—-
7rz 0'
a
w __t _ a4
2.2 2.2
= ,_f"z J' e Pdt=1Ie *7. ()
2,0, 9
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§ 17. Memoo paszosozo expana

l'Ipoauam3yeM0 orpnmamm pe3ynbTarT. I[ncnepcm (bnyKTyaum
KyTiB pO3CIIOBaHHA 0' NoB’s3aHa 3 Aucrepcieio $puykryaniit ¢pasu 0'5 :

2 <

chiBBigHoweHHAM (17.80): 0'3 =2 kzlz . OTxe,
2,272 : 2 272
- a‘kl 2rca’l
I =Ijexp{——3t =], exp{-———3 3)
0 20'§z2 0P 0'522/12

3 OTPHMAHOTO BMpasy BHAHO, WO mpu O. —>o0 I — 1.
3 iaworo 6oky, mpH BenMKiH, ame ¢ikcopaHiii aucnepcii Quykryauii

¢a3n Ha expaHi (0'§ >> l) IpaHH4YHE 3HaueHHa | = 1, 6yne JOCATHYTE

THM IOBHAILE, YUM OiNbIa NOBXHHA XBHNI A 1 BIICTaHb 0 eKpaHa Z,,
a TaKOX YMM MEHIUHH pafiyc 3aCliHKH a i MaciiTab HEOOHOPIAHOCTET
dasn ;. O®isuyHO Le o3Hayae, WO XBUAA 3 AOCTATHBO BEMKOIO

(nMopiBHAHO 3 pajlycOM 3acHiHKH d4) IOBXHHOW A ,He nomivac”
3acmiHkH. [IpH HECKIHYEHHO BEJIMKOMY pafiyci 3aCiiHKH (@ —> o), 5K 1

crin O6yno crmopiBarucs, / — 0 (3acniHka nepekpuBae BCE Maja0vde
BHIIPOMIHIOBaHHA).

, :
Bunagok o5 —> 0 oTpuMaHHM BMpa3’OM He OMHCYEThCH,
OCKINbKH, BIINOBIIHO 10 YMOBH 3a/adi, SK BUXiHHUii Oyno B3ATO BHpa3

mna 1, ciipaBeyIMBRIT TiNbLKY 1S Gf. >>1.

3. Ha noerodokycHy TOHKy HiH3y 3 ApiGHOMacmTaGHUMU
HEOMHOPIHOCTAMH MOKa3HNKA 3aJIOMJICHHS BCEPCAMHI OPTOrOHAJIBLHO

najae IUIOCKa XBHIISA UO(R)= A,e™ (pmc. 17.9). VY nabmwkcHni
CHJIBHHX, CTaTHCTHYHO OJHOPIOHMX i i3oTpomHux duykryauiii ¢asu
(a§ >> l) y Kkpyrnomy poskpuBi niH3sm (0<r<a)’i 3anauii

Kopenauifinii gyrkuwi By (p) BH3HAYHTH PO3NOAUIH CEPEHBOrO Nons 1
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§ 17. Memoo ¢pazoeczo expana — ' - $17 Memoo dazosozo expaua

Cepe/HbOl IHTCHCHBHOCTI Y (hoKabHi nnomusi ninsu (z, = F, e F - Jlis  posrogokycHMX JiH3 TIOBMHHA BHKOHYBATHCA HEpIBHICTH

hokanbha AOBKMHA NiH3u). Baxari, 1O BiAGYBACTHCA BHIAIKOBE r{F < afF << . Ilpu usoMy, BpaxoByiouH, 110, 3TiJHO 3 BA3HAYCHHAM,

PO3CiXOBAHHS IPOMEHIB Ha MAJI KYTH. _ BIAOYBa€ETHCA BHIIAJIKOBE PO3CIIOBAHHS NPOMEHIB Ha MAJIi KYTH NOG/IH3y
perynspsoro BigxuiaeHHs (3), poss a3amm 3aaui TIPOBOJITHMEMO Y
PaMKax MaJIOKyTOBOT'O HabJIMKEHHS. -

Cepenne none y J0BUIBHIH TOYI CHOCTEPEXKEHHSA, PO3TALIOBAHIH
3a ¢asosuM expaHoM (WMH3010), 3amaeTbea BHpasoM (17.60), me

U, (R p) — nudpakuiiine 3Ha9EHHA 110114, IO BH3HAYAETHCA (POPMYJION0

(17.57) 3a sincyrHOCTI BHIAIKOBHX ¢nykryauiii azu ('5 S= 0).

CropucTaBIIMCA BH3HAUEHHAM cepenHboi ¢asu (2) 1 cnpowendsm (3) y
nepuuii 3anay4i, 1A GOKATBHOI IVIOWMHH TIH3H (zp =F ) aupaxutiine

none U, (Rp) MH BU3HA4a€EMO TaK:

a
. F+ 2F
Ud (F’rp) z%e rp/ J‘rdrf exp{zk7609(¢ ¢p)}d¢ (4)

Puc. 179

_ ‘ Mn 3anucany inTerpan 3a noBepxHero ()azoBoro ekpana Z, y nONAPHHUX
Po3e’a3ok. ToHKY NiH3y, yepe3 AKY MPOXOAMTh INIOCKA XBWS,

MOXHAa PO3INANATH AK TOHKME (a3oBmit xopextop ((asoBuit expan). koopmmatax 7 =(r,p) i 7 P (r p>Pp ) . IHTCTpYBaHHA 32 KyTOM
[Ticnst mpoXonKeHHS Ha BUXOAI NiH3M Najaloue 1one Habysae BUIALy NPUBOANTH RO TaKOTO BUPA3y:
U(R)= 4, explilS(7)+ s5(F)]), ) , kdy alewipe)t (L7
_ U,\F,r, z——.F—e frJo k—}:_—r dr . %)
Ae perynspHuit Habir dasu w1 1neanbHOT NH3M JOPIBHIOE ! 0
e 2 Tlpn o6uncienHi 3aNMIKOBOrO iHTErpana 3a dr BBENEMO HOBY 3MiHHY
5(’” )’ ‘k“z“P?- @) x=kr6, i nosuavenns t=kab,, ne 8, =r, /F — KYTOBE 3MilllCHHS

. R . - crnocTepiraya BIAHOCHO NEHTpa NiH3M (auB. puc. 17.9). ¥ pesynsrari, (5
- Perynsapuuit xyT SanomiicHHs < y(r)> OPOMCHIB Ha BHXOAl JOBro- P Tp ( P - pesy ©

HabyBae BUFJIARY
doxycHOI MiH3¥M BU3HAYAETHCA, 3riaHO 3 hopmynoto (17.70), gk i / 5 ( )
‘ a II.F 1462 /2 J. (¢
- _ 7 U,\F,r, |~ — f xJo(x)dx =Up I 6
<}7(?)> =—1-V;<S(F)> =—-r—.‘ (3) d( . /’) iF 0( ) [ ] 6)
’ k F
3 Minakos, 7. 3
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§ 17. Memoo gazoéozo ekpana

ka® 4, eik‘f(naj /2)
2iF ’

TaONMYHUM 3HAYCHHIM HCBK3H3'-ICHOI‘O m'rcrpana

ae Up = IIpp obGuncnenni MM CKOpHCTANHCA

o () =27, (x),

ne J; ( x) — ¢yHxtig Beccens nepﬁmro POXNY NEPLIOro HOPAAKY.

TakuM 4MHOM, IS CepeAHsOro noms y GOoKambHiM nnommHi
OTPHUMYEMO TaKHi BHpa3: .

Jlna BimmoBini Ha Apyre MUTAHHS CKOPHCTAaEMOCH BHPa3oM s

cepenupoi iHTeHcuBHOCTi (17.81), sxmit s Hawoi 3agaui HaGysae
BHIIIARY

- 2 ~ = 2|
<I(F.7,)> =;—_;:i°qz exp ——20—3[r,,—<f(r)>] .d’- ®,

0

3rigHo 3 popmymnoto (17.56), Bu3Hauumo < f(?) > =F+z,< 7(?) >.
Z,

Bpaxosytoun  (3),  ama  BincTami =F OTpHMaEMO
<f (7 ) >=r-F —;; = 0.V pesynprari, obuncnenns (8) nae:
‘ 2 42
— -6;/o} _a4
<](F’rp)>_1maxe » AC Imax__}}T._yz_'

Jna ocraroynoi BignoBigl HaM HeoOXiHO BHPa3sHTH AMCHIEPCIIO
KYyTiB PO3CiIOBaHHS BHIIPOMiHIOBaHHS 0'72 gepe3 3aaHy KopensuidHy

dynkmiio  dasu By (p) Ckopucrasmucs 38’a3koM (17.80) mix

N . 2 . 2 2 _ A, 2/22p2
AucnepciaMM &, i O (07,_ =202 [k ), a TaKkoX BH3HAYECHHAM
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§17. Memoo gpasogozo ekpana

(12 == B2(0)/2), orprmaemo

(17.67)  xapakrepHoro posmipy [ Heo,m_mpinuocreﬁ basn

4. Inocka xsum U (ﬁ) = Aoef’?ﬁ_? ne k =ké,, k=w/c namae

OPTOTOHANBHO HAa HEOAHOPIMHMH AP CKIHYEHO! TOBIUMHH Y -
[O3JOBKHBOMY HampsMKky. [IOKa3HMK 3aNOMIEHHA CepelOBHINA
BcepeauHi wapy n=const. ToemmHa wapy A 3MiHIOEThCS

BUITaZAKOBHM YHHOM BiJi TOYKH JO TOUKH (h = h(x, y)) Bunankose none
TOBIWMH h = h(x, y) CTaTHCTHYHO OZHOpinHE if i3oTpomHe: <h >=hy,

o} =const, B, (F-7%)=B, (]7'; —-le) Bupasuti cepenHe 3HaYeHHA

mons # iHTEHCHBHOCTI IUTOCKOI XBHII MiCIs MPOXOIKEHHA WIapy K

byHkuii h, n, B, , posrasnatoun map sk $a3oBHil expaH.

Po36’a3z0x. BBaxxaTHMEMO, 110 11032 LIAPOM XBHIIA MOLIMPIOETECS
y Bakyymi (n=1). 306pasuMo 3amaHuii map y cucTeMi KOOpAMHAT

X,Y,Zz (mas. puc. 17.10) i BU3HAYHMO CepenHe 3HaeHHs hasyn S (F ) i

| aucnepcio  GuyKTyauii 0'§ Ha BHXOAI 3 wiapy. Y MalOKyTOBOMY

HabmokeHHi mopmarkoea ¢a3oBa MOIYNAIlg, IO BHHHKAE BHACHiZOK
BigMIHHOCTI 7 Bix | i pi3HOI TOBLIMHK HIapy, JOPIBHIOE

S(x,y)=kh(x,y)(n-1) . O

Ockimbkn n = Const i h =Const, cepenniit Habir dasu S (F ) na
eKpafii TaKoX € CTaJIOI0 BETHYHHOIO:
S =k(n-1)k =Const . )
3*
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§ 17. Memoo ¢pazoeozo expana

Puc.17.10

dnykryanii ¢pasu 5S(x,y) Ha expaHi, 3yMOB/IEHI BHINAIKOBHM

TMoJieM TOBILMH h(‘F ), 3riaHo 3 (1)1 (2), MoxHa 3ammcatH y BAraAMi

58(x,y)=8-8 =k(n-1)6h(x,y). 3)
. 3BIACH 3HAXOMMMO 3B’A30K MK KopemsuifiHumu ¢yuxuismMu ¢asu
By(p) i Topuym B, (p):

By(p)=k*(n~17B,(p). @
[Toknasmn p =0, 3HaXOAUMO TAKOX 3B’S30K MiXK nncnépciamn
qmyl{_'l_"yauiﬁ ¢asu na eK'pani. o’ i ToBImuEHN mWapy 0',? .

o5 =k’(n-1c;. SENG)
BpaxoByioun,. 1o, 3rifHO 3 YMOBOIO 3ajadi, - 0',% = Const , [OXOANMO

' BHCHOBKY, 1O 0'5% = Const .

. Jna o6GumcneHHs CEPEMHBOrO MONA CKOPHCTAEMOCH dopmynoro
an. 60)
U(R . —ok2 5

| <U(R,)> =e Uy(R,), (6
me Uy(R,)- mudpaKuifie 3HAYEHHA MONA B TOYLI. CIIOCTEPEKEHHS,

siKe, 3riguHo 3 (17.57), nopisHioe
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$§17. Memod ¢pazosozo expana

zllr—R I

Q)

U, (I_ép) =-§—/i_£l’;ei§(;)jd?:cos€(r)l

~R l
3naiinenuit BUpa3 € OCTaTOYHOIO BIANOBIAIIO Ha nepme MUTaHHA
3ajadi. ’I[Jm xoukpernzauii U, (R p) HeoOxinHo. 3amatn 06nacts

inTerpysans X, . Hanpuxiran, skmo %, — He HECKIHUCHHA TUIOMIMHA,

TO, K Oymo moka3ano B 3axadi 1, y mpoueci IHTETpyBaHHA MH

OTPHMYEMO DE3YNIBTAT:

e’ " dF= Aoéi(§+lap)' (8)

Tenep, BpaxoByloud 3HaiiieHi 3HaueHHA cepemHpoi dasu S Ta i
aucnepcii dg, cepenne moxe (6) y NOBUIBHIA TFOYLi 33 €KpaHOM

BH3HAYAECTHCA TAK:
_ i ) _ k2 n _l 2 0_2
0(P)=U, exp{tk [z, +@n—Dk] —-L-Z-)——} Lo

Ilepen TUM, SK NEPEXOAMTH OO APYroro IHMTaHHA 3ajadi,
PO3TIAHEMO  JEAKI  CIiBBiHOUICHHS MiK CTaTUCTUYHHMH

XapakTepucTukamu (a3u XBUIIi i TOBILHH HEOJHOPIAHOrO mMAapy. 3riaHO

3 (4), oGuncimumo npyry noxiany Bin Bg(p) BTouni p=0:
B{(0) = k*(n—1)" B;(0). - (10)

3a gpyrumu - noximmnmu  Bg(0) i B, (0) BBEIEMO [0 pO3TISLY

XapakTepHi po3mipu duykryauiit dasu /; i TommH /, :

EETT T EE T ()



§17. Memoo ¢azosozo expana

§.17. Memoo dhazosozo expana

IIpn usomy dopmyny (10) Moxua nepenucaT y TAaKOMY BHITIS/:

2 2
s k(-1 2 (12)
T .

3 octaiiﬁboi PIBHOCTI 3 ypaxyBaHHAM CHiBBIZHOLICHHA IUIA
nucnepciit . (5) BHILIHBAE, LIO I; =1,, Tob6r0 xapakrepHi MacurTabu
daykTyanii ToBIMHM Wapy 1 pa3y Ha BUXOi 3 eKpaHa 36iraroTscs.

Ilepeiinemo Tenep 10 BU3HAYEHHA CEPENHBOI IHTEHCHBHOCTI O,
sAKa BU3HAYA€ThCs BupasoM (17.90):

T(kp)=-—!9—— e % gF, (13)

1106 BusHaunts | 3a wieio Gopmyinolo, y il 3azadi Heo6XiaHO 3HaTH
JHCIIEPCiIO KYTiB PO3KHAY NPOMEHIB Grz Ha BHXOJi 3 mapy (expaHa). Lls
mucnepcis Moxe GYTH BHpaxeHa depes nncne'pcilo bnyxryauiii ¢asn
(ams: popmyy (17.80)):
N o’
Kz

o
o =2

‘ o 2 : . .

Orxe, mns Toro, mob 3HaliTH O, , NOTPiGHO 3HATH RHCIEPCiIO asz 1

‘paniyc xopemanii /g Bumazxosoi ¢asu. BpaxoByloun CHiBBiZHOIIEHHS
(12), orpumaemo

o, =2-—7Ff—*=. ‘ (14)

3 igmoro Goky, ckopucrasmuch BusHaueHHam [, (11), mepenmmemo

el BUpa3 y BUTIALI:

2 2 ‘ '
ol = 2@_‘_.121.%_ =2(n-1)|B;(0). (15)

h
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TakuM YMHOM, HIYKaHA CEpeHs iHTEHCHBHICTB (13) Bu3HaYacThCA MK

‘ ‘ - = =2
7(% L foxpl -2 lar. a9

g 2 (-’ [BO) 2z(n~17°|B,"(0)

- Leit BHpa3 € 0CTaTOYHOIO BiANOBLNIO Ha ApYyre MHTAaHHA 3a/aui;
OCKUIbKH iHTerpyBaHHA y (16) MOXKHA BHKOHATH TUTBKM. NpH 3aNaHiH

dopwmi expaHa X, .

5. ¥V ckinbky pasiB Tponocgepoio 3emii ocnabmoeTCs cepeaHe
moJie CHTHaly, 1o mnepemaerscs i3 3emni Ha Micans? Bpaxatn, wo
TOBLIHMHA Tponocepu h(i") pO3MOMiNCHa 32 HOPMAIBLHHM 3aKOHOM i3

cepenHiM - 3HaueHHsM h =10xM i  cepelHbOKBaOpaTHYHHM
. 27 -
Binxunennsm o, =107 h ., a koedilieHT 3anomnesHa Tponocdepu n

nopismzoe 1,0001. Pospaxynkn npoectu 1A =10cn .

Po3é’a3ok. Tommna Tpornocdepu Habararo MeHIIa 3a BiACTAHB
Mmik 3emnero i Micanem. Tomy Tponocdepy MokHAa po3rasaaTH sk
¢da3oBuit ekpaH 1 CKopHCTaTHCA chiBBigHomieHHAM (17.60) s
CEPEAHBOrO MONA

TR,)=e “PULR,).

ne O'S2 — mucnepcia ¢pnykryauii ¢pa3u XBHII Ha BUXOI1 3 Tponocdepw, a
U, (R ,)— Tonie y TOuLi CMIOCTEPEXEHHS 3a BifICYTHOCTi BHIAJKOBHX
36ypeHb.
Omxe, ocnableHHs cepeIHBOro Mo
]-é 2 '
N=—Z_d(..—”)=e"3/2. (1)
U(R,)

7



$18. Hiazpama cnpamosanocmi dsepranvroi anmenu

3.8UNAOKOBUMU CHOMBOPEHHAMY (hazu Ha anepmypi

3rigHo 3 hopmynoio (5) HonepeRHsoi 3a1adi, MAEMO ‘ ‘
2 4 2 y o ‘ ‘:
o5 =k'(n=10) =—5(n-D'o;. @

3rizno 3 ymooro 3agati, 0, =107k =100m, ovke, o7 =10%2?

Kpim Toro, n—1=10"". BpaxoByioun ni ouiHkH, 3rizmo 3 (2), MaeMo
2 . . . ‘
o / 2=0,2 i, BiamoBimHo mo (1), oTpuMyeMO Take 3HAYECHHA

ocnabnenns: N = 1,2,

§ 18. [liarpama cnpsiMOBaHOCTi (3ePKATLHOL aHTEHN
3 BUNAJKOBHMM CIIOTBOpeHHAMY (pa3H Ha anepTypi

Sk npHKNaA BHKOPHCTaHHA OTPHMAHMX Y IIONEPEXHLOMY
naparpadi ¢opMyn posrafHeMO BIUIHB BHNAAKOBHX (uykTyauiii ¢asm
Ha JiarpaMy CHPSMOBAaHOCTL J3€pPKAJbHOI AHTCHH 3 napa6onitmim
BigGusaueMm M (puc.18.1 a). '

A 4

Puc. 18.1
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§ 18. Hiazpama cnpamoeanocmi 0zepxansnoi anmetu
3 BURAOKOBUMU CROMBOPEHHAMY (Pa3U Ha anepmypi

JkepesioM ~ BUNPOMIHIOBaHHA €  ,, TOYKOBHH”  ONpPOMIHEIOBaY,
postamoBanuii y ¢okyci (r=0, z=F) mnapaGonoiza oGepraHmus.
Coepuyna xBiid, WO Majgae i3 Kepena, BiaOMBAIOYKHCh 33 3aKOHAMH
TeOMETPHYIHOI ONTHKH BiX napadosmiuHoro asepkana M, crae IJIOCKOIO
xsunelo, dasa KO HA aneprypi z=0 ¢ cranoro Bemmumnow. Lla
BJIACTHBICT: NapaGonivHOro J3¢pKana € HAcliAKOM BHU3HAYCHHA
napabonoina - obeprannis. Ha puc. 18.16 300paxeHo mepepis
napaGonoiga obGeprauns y mmommui XOZ (NOmMHA PHCYHKA).
PiBusuns mapabonu M y mnmommni XOZ  Bu3HavaeTheA  AK
reoMeTpyyYHe Miclle TOYOK, IS AKHX CyMa BifcTaHeii I, (Bin doxyca
F 1o noinbroi Touky kpusoi M) i [, (Bintouxn M 1o npamoi z =0)
€ cranolo Benmuunoto: [ +1, =/ =Const. MoxHa OTpHMaTH BCIO

ciM’10 npoMeHiB, oGepraiouH IUIONIMHY PHCYHKa HaBkono oci OZ .
Yacruna miomuHd z =0, posramosana BcepeauHi mnapaGonoina
o0epraHHsA, HAUBAETHCA PO3KPHBOM, abo ameprypoio autenn. Jlns
po3risAyBaHOi aHTEHH aneprypa sBise co0GoI0 Kpyr . pajiycoM

r=,/x2+ y* =a. TakuM 4YMHOM, JOBKMHM BCIX NpPOMEHIB, IO
BUIHLUIM 3 ONpOMIHIOBAYa i BiAOWIMCA BiX I3epKana, BHSABIAIOTHCH
CTAIMMH Y BCIX TOYKaxX pO3KpHMBY, TOOTO y mioumHi poskpuBy ¢asa
S =kl ¢ cranowo senuuuHOi0. CPOPMOBAHA TAKMM HHHOM MIOCKA
XBHJIA i3 OOMEXKEHMM XBHIBLOBUM (POHTOM, IOHIMPIOIOYMCH Y
nienpocTip z >0, audparye Ha aneprypi r <a, B pe3yasTaTi 4oro i
dopMyeThca  aiarpama CHPAMOBAHOCTI Yy  AadbHiA  30Hi.
Y peambHHX ymoBax ¢asa S y IUIOMWMHI anepTypH HE € CTaloio
BEJIMYUHOIO, a 3a3Hac uykryauii 65 (F ) Ipuaun umx ¢uykryauii
moxe Oyrm nekineka. [lo-mepuie, HETOYHOCTI Yy BHIOTOBICHHI
napabonoina NpH3BOAATE JO BUIXHIEHH . 52(7 ) floro moBepxHi Bix
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$ 18: [liazpama cnpsimosanocmi O3epranshoi anmenu

3 6URAOKOBUMU CHOMEOPEHHAMY a3u Ha anepmypi

po3paxyHkoBOi (auB. puc. 18.2), y pesynerari dYoro xsuns HabyBae
monatkoBoro Habiry ¢asum 85 (?) =2k5z(’-?). IMo-npyre, HaBiTH Npu
ifeanbHO TOYHO BHTOTOBJIEHOMY A3€PKali HIKONM HE MOXHA MOBHICTIO

YCYHYTH qmyx'ryauu MOKa3HHUKA 3alOMIICHHA cepenonmna §n(R) MIDX

OI'IpOMlHlOBa‘lCM i )13epx<an0M K1 TaKO)K l'lpPBBO}I}lTB J0 AOAaTKOBHX

HabiriB ¢asu. Y pesynsrari, mone U (r) y - IIOIIMHI - anepTypU

(z=0, r<a) sigpisnierscs Bix pospaxynxosoro U, = A€ &% = Const

Puc. 18.2

. ioS(F ) :
3MIHHUM MHOXHHKOM € ( ) TaKPIM YHHOM, Y PO3KpHBI AaHTCHH B

peaﬂB.HHX yYMOBaX HasgBHE I10JIE
U(F)=Upe®™), Uy= e’ (18.1)

Jna pospaxynky moms U y Toumi CHIOCTEPEKEHHS 3 paniyc-
BEKTOPOM R =(Fy,2z,) (puc.18.2) CKOPHCTAEMOCA NPHHLMIIOM
IMoiirenca (17.20):
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$ 18. Qiazpama cnpsamosanocmi 03epranvhoi anmenu
3 6UNAOKOBUMU COMBOPERHAMY (ha3u. Ha anepmypi

5 \_ kU i5S(F) I |
U R OI cos@(rF)dr. . (182)
P 2”1 | . . ( ) (

18.1. OGumcIeHHA CepeaHBOro NOJIs

Shauo ¢nyxryaunii ¢asu Ha aneprypi OS (? ) CTATHCTHYHO
ONHODiMHI # PpO3NMOMiNEHi 32 HOPMANLHHM 3aKOHOM, TO 'cep'em{e-
(xorepente) mnome <U (RP)> Y XBWIbOBiH 30Hi (kRp >>1)

BH3Ha9aeThCa Popmynoio (17.60)
<U(R,)> =" U, (R,), - (183)

ne U, (I_é p) — He3bypere (audpaxuiiine) none, CTBOPIOBAHE ifEANLHOKI

aHTEHOIO:
i7-Ry|

Uy (R,)= ’;Z‘l’j cosO(F)dr . (18.4)

_.__R'pl

Zy

-

Hexait Touka cmocrepexenns R, =(7,,z,) nocrarnbo

BinaneHa Bif aHTCHH 1 3HAXOOMThCA NOOAM3Yy ii oCi (MaJjioKyToBe
Habmuxenns). Y  UbOMy BHIAAKY ~ BHKOHYIOTECH  HEPiBHOCTI

r/zp < a/Zp <1, rp/zp <<1, i y suximmiii ¢popmyni (18.4) moxua
BHKOHATH JIEAKi CTIPOLUEHHA:
‘ o, ‘ e
tgﬁpzepz—f—<<l, : (18.5a).

%p
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- §18. Jliazpama cnpamosanocmi d3epransHoi anmenu
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tg@(f)_z&(?)z l;:—?pl S max( - )<< 1 cOse(F)zl; (18 .5 6)
| zp z, |
| F-nf
I?QR‘p|= .zf,+(7—7p)2 ~z, +—:2—r’-’———. (18.5B)
, ) z,

[licns BHKOHaHMX CHpOIUEHH Yy MHONSAPHHX KOOPAMHATAX

2o ( r,¢), Py = ( Tps (op) dopmyna (18.4) nonaerscs y BUMIISAI

. . a 2z
= k 2,7+, 22 i r2 z ‘
U, (Rp,) E;E— ( 2 )I krf2 ”rer‘ exp{—zk——cos((p (pp)}d(o =
» o s Zp

L ! a - '
kU, ik(z,+r2 2z ikrt)2 ¥, 18.6
=—0¢ 7o/ ”)Jel g Jo| kL1 \rdr. (18.6)
[ 74 p 0 Z P

 Ilpn obumcnenni iHTerpana 3a dr obmexumocs & obnacTio
JanbHe0i 30HM (30HH DpayHrodepa) BITHOCHO aHTEHH, KOJH Mij 3HaKOM

.. ‘ ikr2/2z
IHTCTpaja. MOXXHA IIOKJIacTH . €

BHKOHY€ETHCS HEPIiBHICTH

P =1. le npunycrumo, sKIIO

2 2 :
LY. upsy (18.7)

2zp 2zp

Hepisnicts (18.7) MoXxHa 3anMcaTy TaKOX Y BUrAAI

0,<<6,, (18.8)

me 6, =afzy — KxyT, Oin AKHM aHTEHHMH POSKPUMB BHIAHO 3 TOUKH
crioctepexenns, a 6, =1f/ka~Afa — xyr mudpaxuii ra aneprypi

anTeHd. BpaxysaBmm HepiBHiCTh (18.7) i BUKOHaBIIM 3aMiHy 3MIHHHX

’
x= krep =kr-L£, OTPHUMAEMO
z
P
76

ka0,
- kU 1 H(1+6;/2) faan
Ud(Rp)z;pg'(—k—H:')? " j xJO(x)dx. (189)

 Hemusnauenwmii iHTerpan 3a dx BHPaXaeThCA  uepe3. QYHKLIO
Beccens nepmoro poay nepuoro nopsaaky — J, (x):

ijo(x)dxew, (x). - (18.10)

IMepeniuumo neski OCHOBHI BIacTHBOCTI yHKUIT J, (x): J| (x) dynKuis

HenapHa, oOMeXeHa 3a MOAyIeM (IJ | (x)|‘< 1), NpH MaluX 3HAYEHHAX

© apryMeHTy (x <<1) nomaerscs y Burnami J (x) ~ x[2, Mae acuMOTO-

THYHC 306pa>1<emm IIPH BEIUKHUX 3HAYECHHAX X .

Ji(x)= ——cos(x—:%—), x>>1. @18.11)

KpiM Toro, mpu nilichomy x ¢ynkuia J, (x) Ma€ HECKIHYEHHY
KiAbKiCTh AiHcHUX HymiB: J| (x)=0 y TOYKaXx X =X, (m =1,2,...).
HaBenémo  HaGmmkeHi  3HAYEHHA  KUIBKOX  MEPIIMX . HYJB:
% =0; x,~3,83; x3=7,02; x4=10,17.

Bpaxosyroun (18.10), o6uncnenna (18.9) npuBoaMTE K0 Takoro
pe3ynbTary:

Ud(Rp)zUP-[EJ—'t(—t—)}, ©(18.12)

ze napamerp f = kaep ,a
ka® ik, (1+63/2)

Uo_e

18.13
2z, .(18.13)
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§ 18. [Jiazpama cnpamosanocmi 03€epKanbHOi aHmeHu

T'padix 3anexsOCTi, HOPMOBaHOI Ha IU p| ammmityzun lU d‘l “Bin
Ge3po3MipHOTo mapametpa ¢, ‘306pakeno Ha puc.18.3 CYLiTBHOIO Nitiieio.
3o0paxeHa (YHKUiA HAa3MBAETECA AiarpaMolo cnpamonanocn ao
aHTeHH ''3a moseM" abo "3a ammiaiTynoro".

3rizmo 3 ¢opmynoro  (18.3),  HanpyxeHiCTh = CepemHBOro
(xorepentHoro) mons <U (R )> Bmplsﬂxmcx Bin U, (R ) TUILKH

CTANMM MHOXHHKOM < €0 >, sxuil mm Hopmanmoro posnoniny

¢ayxryanii basu 55 mopisHioe e ~o3/2 . I'padik 3anexxHOCT! aMILTITYAH
CEPEAHBOro Mo “< U(I-ép) >| Bin mapamerpa ! = ka6, so6paxeHo Ha

ToMy XK pHc. 18.3 mrpuxoBoro mimiero. Bumno, mo JC aHTeHu 3a
CepenHiM IoNeM Tak €aMo, sK i mns ifeansHoi anTenu (O =0), mae

9

,nemocncosmx xapaxktep. MakcuMyM - ,,TONOBHOr0”  MENIOCTKa

LA

3 BUNAOKOBUMU CHOMBOPEHHAMU a3u.Ha anepmypz

CTIPAMOBAHO B3ZIOBXK OCi aHTeHH, a HOro KyToBa mMpHHa AG, moxe

6y'm BH3HAYeHAa 3a nepmuM HyneM ¢ynkoii - J (t) Hoxnalmm

A= kaAf, ~4, orpumaemo AG, z—k;, mo 36iraeTes 3 KyTQM

madpakuii 6, ~ /‘L/a': AHP ~0;.

18 2, Buanaqemm cepeaHbol mrencnnnoc'n

Jns i ineansHoi aHTeRN 'y DanbHiii 30Hi pO3NOALN iHTEHCHBHOCTI 32
KyTamH, 3riqHo 3 (18.12), mae Takwuit Bm'mm

2 -
1,;(R,)= Ud( L Ui {R, )zldmax —2~{‘t—(t—) ., (18.14)

ne
2
2
’ ' 2 ka 2
Iy max =|Up| =| — — (18.15)
_ 22p
MAaKCHMaJIbHE 3HAYEHHS IHTEHCHBHOCTI, IO JOCATAcTbCA MpH -
t=0 (Hp =0). Binsomenns 1, / 1, susHauae JIC imeanbHOI

aHTEHM 32 IHTEHCHBHICTIO.

TMomamo Temep mosne y To4ni cnocrepexenus U (R p) y BHUOIA4

perymapsaoi <U ( )> i payxryrowuoi SU ( ) CKITafiOBHX:
U(R,)= <U(R,,)>+5U(Rp), (18.16)

e, 3a BH3HaueHHAM, <OU (R;,)> =0. 3a gonomoroo (18.16)

106y yeMO BHpA3 JUIs CEPEAHBOT IHTEHCHBHOCTI:
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§ 18: Jiazpama cnpamosanocmi-03epkanvnoi anmenu
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<I(R)> = <U(R)UN(R,)> =
<R =S (18.17)

=|< U(Rp

2 . . o
Homanox ]< U >| ABiIse  co60I0 iHTEHCHBHICTH KOrepEHTHOI

. 2 . : .
cknanooi — [, = l< U >|, . 3 HaBeziennx Buie opmyn (18.3)1(18.12)
BUIIMBAE, Mo 3anexwnicts [, Bill Kyra 6,BusHauaersca JIC 3a

iHTeHCHBHICTIO ifeansHOT anTeny (18.14);
| .
. S - 2J, (1)
- ol 1
(IW(R )_|§U(Rp)>f =], (R ) vae mox| =5 | 18.18)
Tyt ‘
N2
o2 | ka?

‘ ‘ . o
Tioe wax =1a max® ° =| 7 ‘Age % (18.19)

22p

MAaKCHMaNbHE 3HAYECHHA KOTEPEHTHOI CKJIaJoBOi iHTEHCHBHOCTI, - LIO
AOCATAETLCS M1 KyTa criocrepexenns 0, =0 (t = 0) .

-

3rumo 3 (18. 18), oz (R'p)‘ BiApi3HA€TBCS Bin [, (Rp) TiNBKH

2
CTAlMM MHOXHMKOM € 3. 3MEHILUCHHS IHTCHCHBHOCTi KOr€pEeHTHOI
CK/1a/10B01 (CEpeaHBbOTO 0/IA) JIETKO IOACHIOETECS THM, IO 332 PaXyHOK
(bnykryaui'i dazn §S Y PO3KPHBI aHTEHH XBHIi, IO NPUXOIATH Y TOUYKY

—

cnocrepemenm R, Takox maioTh BHTIAIKOBY ba3y, ycepenHeHHns 3a

p°
AKOKO i NPH3BOIMTE O 3MEHIICHHS iHTephEpEHIIHMIX MaKCHMYMIB
2
| ~0 . o 4
nons y e ¢ pasis. 3asHauMmo BaxuiMBui dakt: [, ~a , WO €

HACIIZIKOM  KOTepeHTHOro  nonaBaHHA noniB.  Cnpasmi, mnpm
KOTEPEHTHOMY JOIaBaHHI = MONIB Yy TOYLI CHOCTEpEXEHHS Wif-
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3 6UNAOKOBUMYU CNOMBOPEHHAMU: (hazu na anepmypi

CYMOBYIOTBCH XBHII, IO TIPUXOAATE BiX YCIX €JIE€MEHTApPHHMX IUIONIANOK

- aneptypH (a6o Bix pi3HMX 4acTHH J3epkaia). PesynbTyroue mone npu

LbOMY BHMABNAETHCA HPONOPIHHHEM O MO BCI€l anepTypH aHTEHH,

10610 <U > ~U, ~a’,a Iy, =|<U>[* ~a*.

Koz

Ilpynrm AONAHOK y q)opmym (18.17) saBnse coboio iIBTEHCHBHICTH
Helc_orepeﬂmm ‘xomnonentd — I ,,ek( b )= <|5U » | >. Hpn

aHami3l LBOTO JOAAHKA PO3TIIAHEMO HAHIIKABIIMH BHNANOK, KOIM
dayxryanii gasu OS5 y po3KpHBiI aHTEHH € BEIMKHMM (0'§ >>1). Ipn
cunmbHuX  (AykTyawiaX ¢asm B PO3KpHMBI KOTEPEHTHa CKJIAZIOBa

iHTeHCHBHOCTI, 3rigHo 3 (18.18), mana (I, , — 0) i Helo MOKHa B3arai

K02
3HexTyBaTH, To6TO y dopmym (18.17) nabGmmkeHo BBaxaTH, IO
HEKOTEPCHTHA CKNafoBa NpAKTHYHO 30iracTecs 13  CEpeNHBOIO
IHTEHCHBHICTIO:

L. (R,)= <|5U(1§,,)|2 >~ <I(R,)> (1820

Ipu obuncnenni </ (Rp) > mu Moriy 0O Bipa3y CKOpUCTATHCA
npunnunom [ofireaca ana  iHTeHcHBHocTi  y Burmam  (17.81),
nepenncapuy Gopmyay U AanbHBOI 30HU (kr2 / 2z pS ka? / 2z p << l)
i migcyrHocti perynspuoi pedpakuii (< }7(?)> = O). Hecknammo
TnoxasaTd, IO ue# nepexin nerko 3iHCHUTH, AKLIO B iHIUKAaTPHCI
posciroBanus (17.82) npocro noknactu < f ( ) > =0, nicas 4oro BoHA

HabyBa€ BUTIARY

( - . 6%
F(F)=—s—y exp{~— | i~ < F(7)>] }»—3—5expi——£ 1 (1821)
7z,0, Z,0, 7z,0, o, ‘



§ 18. diazpama cnpamosarocmi 03epKansHoi armeny
3 BUNAOKOBUMYU CROMBOPEHHAMU. A3 Ha anepmypi

‘Orpumaemo ' TOH' CaMiiil ‘pesynbrar, | O6umcTMBIN < ] (I_ép) >
Zlemo  iHAKIIe, - HiX 'y TonepexHsoMy maparpadi. 3 ypaxypamHsM

cipoens (18.5) i nepisnocrti (18.7) mepenmmemo q)opmyny (18.2) ana
uamam.m 30HH B ManoxyTosomy Haﬁnnxcenm

rp/ZZ J' I ( )e,,;s

Mu po3TArHy.IH TpaHuui mTerpyBaHux Bia, oo JO 0, NIPOTE BBEMH TAK
3BaHy Q)ymcuuo 3innui - M (r) fKa, 32 BPISHa'-IeHHﬂM nopmmoe

M)

Jna Ipyroro CTaTHCTHYHOTO MOMEHTY (CepeHbOI IHTCHCHBHOCT1)
MaeEMoO .

rr
_,k_

_U(kp) 2mzp | % dF . (18.22)

| skyo rsa; : (18.23)

0, axwyo r>a.
<1(R )> =_<U‘(I'§ )U'(R )‘> ~

—tk-Fﬁ-(F'—‘F') et g
J'd"' I NG B < OSSN,
27:2 | o

Aﬂanormno o nonepe,um,oro naparpa(by, BHKOHAEMO nesKi
CHIPOLLEHHS. -

(18.24)

1. Jns craTHCTHYHO OFHOpIAHOTO #  i30TpONHOro mNoOaA
(bnyx"ryaniﬁ as (F ) npu. 0'2 >>1, arigno 3 (17.68), MoHa 3anMcaTH:
| i[é’S(F’)—&S(F';)] - Lpy(r-7) O a2
<e >=e 2 ~ exp ———Z—(r-—r) , (18.25)
o ‘ » 215
ae O’s =const ,al ¢ — xapaKTepHnn po3mip HCOIlHOpllIHOCTCK ¢asu B
PO3KpHBI aHTEHM.
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2.3 ypaxyBammM (18.25) nepenxmemo (18.24) y cymapm«xx —

Fv=}2-( +r ) i pisaunesux — P =7 —F" KoopauHaTax:
- \ ‘ ’ 2 w o ‘
<I(R,)> z( K, ] J'drj'dpM r+p/2)M( ~p[2)x
3 2z, R
0 R . . | |
xexp{-——z-é—p —z;‘)-r p} ‘ (18.26)

3. Xapaktepuuil posMip o6macti 0 = p,, SAKui# Jac OCHOBHHH
- BT . 2 2
BHECOK B iHTerpai 3a d 0, MOXHA OLIHHTH 3 YMOBH Oy pff / 2 =1,

3BIIKH OTPHMYEMO Pef = ls/o's . Sxmo P <<a (ls << O'Sa) , TOY

bynkuiax simmui M (F * /3/2) MOXKHa 3HEXTYBAaTH 3aJIEXHICTIO Bil
~ 3MiHHOI p: -

MF+p/2MEF - pJ2)~ M>*(F)=M(F). (1827

Y pesynbraTi BUKOHAHMX CRPOWIEHE MH NIPHXOLMMO 10 TaKoro

' BHpa3sy s CEpEeARBOI IHTEHCHBHOCTI:

2
<I(Rp)>-z( J IM(r)d‘J'dpexp{ 2;; pz_,-zifp;,}.(ls.zs)
. s p

BugHo, mo 4YOTMpHKpATHHI iHTErpa; po3naBci Ha JA00yTOK [BOX
MOXBIHHMX, TPHYOMY mrerpan 3a dr [OpiBHIOE NAOWN anepTypH

aHTEHH — 20 =na’,a oﬁqucnenmx inTerpana 3a dp Gyno nposeneHe

y TONEpeiHBOMY naparpa(pl (mus. (17.73)). Y pesynerati, micna
06qncnem. mpmwyemo

. £d KB K
<I{R,|> =—— —2exps— —=-6. ;. (18.29)
( p) zf, 20’§ 20‘§ P
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. $ 18. Hiazpama cnpamosanocmi d3epkanvHoi anmenu

3 6UNAOKOBUMU CNOMEOPEHHAMU a3u Ha anepmypi

3ayBaxuMO, HIO Takuii camuil Bupa3 MH 0 oTpumaiM, -Ak6H
ckopuctanucs ¢opmynoro (17.81) 3 IHIHKATPHCOIO PO3CIIOBAHHA Y
masbHii 30H1 y Burasai (18.21). ' |

3 ypaxyBaHHAM 3B ﬂaxy MiK AucmepcisMu (IyKTyamii (baau

2

(5}/) >: 0' *'2——- (JIPIB
| k? IS |
(17.80)) HekorepeHTHy CKIafOBY iHTEHCHBHOCTI MOJXKHZ IOHATH B
TaKOMY OCTaTOYHOMY BHIJISAI:

0'§ = <‘5S2 > i kyTiB mpuxony 0'}%

— _92 2
Lyex (RP) ® Lyox max€ ,,/0', s (18.30)
ae ‘
a :
]uex max ='—"2_Ai'02" - ) (18.31)
0,z,

MaKCHMaJIbHE 3HAYECHHS HEKOTE€PEHTHOI CKJIa/IoBOi IHTEHCHBHOCTI, 1110

AOCATA€ETHCS MPH KYTi cnocTepesxerns 6, =0.

Bucnoexu

I3 mopiBHAHHS Pe3yNBTaTiB PO3PaxyHKy AudpakuifHuX i cepenHix
[OMiB, a TaKOX CEpeAHIX IHTCHCHBHOCTEH Y (oKanbHiit nuowmHI
ineansHoi miH3A 3 HEONHOPIAHOCTAMH (IMB. 3ajady 3 nNoONepeaHbOro
naparpady) 1 B AanbHiii 30H1 Hec(OKYCOBaHOI aHTEHH 3 BHIAAKOBHMH
¢myxryauismu Gasn y po3kpHBi BUAHO, MO GOPMYNH 3 TOYHICTIO 1O
HOPMyBaNbHHX KoedilieHTiB nosHicTIO 36iraoTscs. Leit dakT yacto
BMKOPHCTOBYIOTb JU/Isi EKCIEPHMEHTANbHOTO BH3HaueHHs J[C aHTeHH.
3a BH3HAYCHHAM, JC (3a nmonem ab0 3a IHTEHCHBHICTIO) GOPMYETBCA
B JaJbHIA 30HI aHTCHH, IMO YCKIAJHIOE BUMIPIOBaHHS 4Yepe3 BeNHKi
Biacrani.  Ilporte, sximo MH chokycyemo aHTEHy Ha TEBHY
(npuitHATHY) BiICTaHB (IS A3€pPKATBHMX aHTEH Il€ MOKHA 3pOOGHTH,
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HAaNpHKIaJ, LUUISXOM HEBEIMKOTO 3MIIEHHA ONMPOMiHIOBa4Ya B3IOBK
oci OZ 3 Toukn Qoxycy A3epkana) i nomipxemo po3nonin moiis ta
IHTEHCHBHOCTI y doxaneniii momMHI, TO, UMM CaMUM, BH3HAYMMO
OC anTenun y HanbHiit 30Hi. _

3rigno 3 (18.30), JIC anTeAM 3a iHTEHCHMBHICTIO NpPH HEXTyBaHHI
KOT€PEHTHOI KOMIIOHEHTOIO IO € rayccoijiol0, KyToBa HIMPHHA AKOT

AHP He 3aJIeKHTH BiJt pO3MIpY aHTEHH a 1 30iraeTbes 3 AUCIEPCIElo

KYTiB BUXO/Y [POMEHIB 3 lIEPTYPH O, AHP =0,.
Cnin 3BepHyrm ypary Ha Te, WO [/, ... ° BUABJIAETHCS

NponopuiiiHOI0 N0 Iiony aneprypu anreHu (/[ ~a*), a ne 1o

HEK max
KBaJpaTa IUIOLLI, fK HE MalNo MiCHe JUii KOrEPeHTHOI KOMITOHCHTH

4 .
d ~a"). 3BiACH BHIUIMBAE, IUO AKUMH 6 BenukuMH He Oynn

K02 max
2 . . )
dayxryanii pasu o 1, 0TKe, HACKUILKH MaJolo 6 He Oyna KorepeHTHa

KOMIIOHEHTA mond [

xoz » IPH NOCTATHBO BEJIMKHX PO3Mipax aHTCHH 4

> IHCK

Koz

(a >a ) BCE OHO BUKOHYBATHMETHCS HEPIBHICTD [

Kp
=1

3 piBHOCTI [, ek max >

KoZ2 max

3rigHo .3 Qopmynamu (18.19) 1
(18.31), BU3HAYHMO BENHUHHY a., ‘
/ 2 /2
a,, =2 =5 g3l (18.32)
g .
s
Takum ynHOM, NIpH a < d,,, KOTEPEHTHA KOMITOHEHTA IHTEHCHB-

Hocti [ (R p) MeHLUA 32 HeKOTepeHTHY, | wnpuHa AG, JIC antenu 3a

Ko2
IHTEHCHBHICTIO BH3HQYacTbCA TIIBKH - AHMCIEPCIEI0  KYTIB  BHXOLY

NpOMEHIB 0'}% 1 HE 3aJIeKHTh BiA pO3Mipy aHTeHHM a (i JOBXKHMHH
85 '



$18. ,[lzazpwua CNpAMO8AHOCMI O3ePKATbHOI AHMEHU
3 BUNAOKOBUMU COmEopeHHmu pazu na anepmypi

xBuii A, AKIO d)nyx"ryauu dazu 55 TOB’s3aHi TINBKK 3 Hepmnocmmn
5z [3epKana aHTEHH, OCKINBKH Yy LBOMY BHIIAAIXY a' 2 / I$).

IIInana JAC aHTeHM AOCHUTH BENMKHX JiHIAHMX PO3MIipiB, IId SAKHX

' BUKOHYEThCS 3BOPOTHA HEPIBHICTH @ > 4, , BUSHAYAETHCA KOTEPEHTHOIO

Kp ?
KOMIIOHEHTOIO0  IHTEHCHBHOCTI ‘i 36iraetecs 3 KyTOM nnd)paxuii
A, =6, ~Afa. | |

SAxicny SAIEKHICTH AHP Bin a nmpu o) >>1 HaseneHo Ha
puc. 18.4, ne BuzineHo Tpu obnacri: |

1. Papiyc aHTeHM a@ MeHIHMH, HIX xaﬁaxrepﬂuﬁ po3mip
HCOIIHOpiIIHOCTeﬁ lg y poskpusi (a<ls). Cnomopemm dasu &S (F)
Ha anepTypi npaxmqno He BIUIMBalOTH Ha JIC aHTEHH, OCKINIbKH po3Mip
aHTEeHH 3HAYHO MCHIUMH 3a pajiyc Kopeasmil dayxTyanii cba3u, iB

MexKax anep'rypn ¢aza nons Moxe BBaxatucs cranoro. lllmpuna JIC
aHTEHM y UBOMy BHIIAAKY HaGmmkeHO 36iracThcs 3 Kyrom mubpaxuii

(AH ~ 0, ~ l/a).
2. Pamyc aHTEHH — y Mexax lg<a< ay, .y nbomy niana3soHi

npu 0'5 >>]1 KorepeHTHa KOMNOHEHT2 Majna MOPIBHAHO 3

HEKOTePEeHTHOIO, i tumpyHa JIC aHTEHM He 3aJIEKUThH Bill pO3Mipy aHTEHH
a (AOP' ~ 0'7,»).
3. Hagppemnxi po;mipn aHTCHH (a > akp) . Korepentna

KOMIIOHEHTa iHTEHCHBHOCTI CTac GiNblIOI, HiX HEKOTEpEHTHA.
JC posnounHae 3BY)KyBaTHCA 31 36LABIIEHHAM @, i 1i WIMPHHA NpAMY€E

10 KyTa audpakuii (AHP =0~ )»/a).
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Puc. 184

3AZIAYI

1. TlapaGoniuna anTena npawioe Ha xBum 3 A =10cm. Ska
JOIyCTHMA NOXHOKa y BHTOTOBJIEHHI Mapa6osioina, AKWO AONyCKaETHCA
3MEHIIIEHHS 1074 B e pa3iB. BpaxaTH, 10 BUNanKoBi BiAXWIeHHA GpopMu
pednexropa Bix napabonoifa po3noaiNeHi 3a HOPMaNbLHHM 3aKOHOM.

Poszs’azox. Ockimpxyn ¢rykryanii ¢asu y IiommHi aneprypu
aHTCHH BHKJIHKaHI NOXMOKaMH BHMIOTOBJICHHA TNOBEpPXHI BigOuBaua
aHTeHH O Z, TO, 3 YpaXyBaHHAM NOABIAHOrO WUIAXYy XBWII Bij

BHNPOMIiHIOBaYa 10 BiiOMBaya i Ha3az 0 anepTypH, MAEMO
38 =2kSz, ol =4k*c}. ()

3 niniifHocTi 38’a3ky Mix 8S i 8z Bumimsae, wo daykryanii Gazn OS

TaK caMo, sk i GayxTyauii Bixunens GopMH NOBEpXHi 42, po3noAineHi

3a HOPMAlbHMM 3aKOHOM. JI1 HOPMANBHO pPO3NOAUICHHX (yKTyauii
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§ 18. Hiacpama cnpamosanocmi d3epkanvhoi anmenu
3 8UNAOKOBUMU CNOMEOPEHHAMU Gasu Ha anepmypi

dasn y poskpusi cepeime [I0JIE Y XBIJIHOBIH 30HI BU3HAYa€TbCA BUPA3OM

(18.3) a : | | ‘

| <U(R,)> =y (). @
p]” d\%p )

3simcu BupHO, o cepepne mnone <U > Biapi3HAE€THCA  BiA

mubpakuifiHoro U, TiTbkH MHOXKHHKOM exp(—o§ / 2). Tomy

ocabnenHs Mo JAOPiBHIOE

2

U, R) £ -
N= Yk) _ 5 €))
U(R,)
3MEHIIIEHHA NoNA y e pa3iB MOXIMBE NPH O = 2. OTxe, s 3a71aHHUX

YMOB 3a[1a4i MOXXHa 3amHcaTH

2k*c?t =1, a,=—-—l——.
z z ﬁk

' ﬂ' . .
Bpaxosyioun, wmo k= - MiACTaBNAIOYM 3a7aHe 3HAYCHHA
A=10cm, 3HaX0AMMO MOIyCTHMY CEPEIHBOKBAJPATHYHY TMOXHOKY

BUI'OTOBJICHHS BiOMBa4a O, = ~J_2_— =11 cm.
7

2. Bunaakosi BigxuicHHA GOPMH MOBEPXHI, 110 BUHHKAIOTh MIPH
BHTOTOBJICHHI ' BimOuBaua mapaGoniuHoi aHTEHH, pO3NOAINEHI 3a
HOPMAJIBHUM  3aKOHOM i3 CEPEAHBOKBAJIPATHYHNM  BiOXHICHHAM

o, =lmm. Ha axifi nosxusi XBHII aMIUNTyJa CEPENHBOrO HOAA y
HaNpAMKY MaKCHMYMY BHIIPOMiHIOBaHHS 3MEHIUHThLCA Y e pa3in?

Bionosiob: A-=89mm .
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§ 19. Poscitogantn xeuns Ha ciabKouWOpCHIKitl ROBEPXHE

§ 19. PosciloBannst XBu/b Ha cJabkowmopcerkiii mosepxHi

Tlpy mOWMpEHH]I pamioXBHIbF Yy NPHPORHHX yMbisax YyacTo
HeoOX1HO BPaXOBYBATH HE TiJIHKM 1X pO3CiIOBaHHA Ha HEOJHOPIXHOCTAX
TIOKa3HHKA 3aJIOMJICHHS, a i IEPETBOPEHHA X Ha MeXax MOAUTy pisHHMX
cepenopyil. Hanmpuknan, BinbuBaHHsA pagioOXBHIIb Bill 3€MHOI HOBEPXHi
NPU3BOMHUTE IO 6araToNpoMEHEBOTO XapakTepy HOHIMPCHHA, Xom y
TOYKY 'CIOCTEPEKEHHA NPUXOJUTH HE TUIBKH LIIpAMa” XBWiA, a #
po3cCifHi Ha NOBEPXHi ,,BTOpHHHI" XBUIL. Y pe3ynbrati iHTepdepenmii
HIPAMHUX” 1 ,,BTOPHHHUX’ XBHIb CIOCTEpiraloThes ¢myxryauii mapa-
METPiB PaJiOCHTHANIB, IO, SK NPaBWIO, MOTIPLIYE XaPAKTEPUCTHKH
pamioTeXHIYHHX CHcTeM. Y ToM camuil 4ac mocCnigoBHiI BinOGuBaHHA
pamioxXBuIb Bifl 36MHOI IIOBEPXHI Ta Bill i0HOChEpH POGIATE MONKIMBHM
NOLIMPEHHA PaaiOXBH/Ib HABKONO 3eMili HA THUCAYI Ta JECATKH THCAY
KiloMeTpiB, TOOTO BiArpaloTh y MEBHOMY PO3YMiHHI HO3UTHUBHY pOSb.
CraTHCTHYHI NapaMeTpH TaKoro KaHairy 3B 3Ky TaKOX 0araro B 4oMy
BH3HAYAIOTBCA © XapaKTepoM BiAOMBaHHA 1 pO3CIIOBaHHA * XBHIH Ha
NOBepXxHi Cymi Ta aksaropil. Y panionoxanii npu  OWiHIOBaHHI
BiIOMBANBHAX BIACTUBOCTEN peanbHuX Ilijeii HOBOANUTHCA BPaXOBYBaTH
NPHPOJHY IHOPCTKICTH iXHiX NMOBEPXOHb. Y PafioOaCTPOHOMII HIOPCT-
KiCTh MoBepxHi HeOECHMX Tifl €, N0 CYTi, €AVHAM YHHHWKOM, IO JAE
3Mory nocnimxyﬁam TIOBEPXHEBI XapaKTEPHCTHKH paxioNoKalliiftHUMK
Metomamu. JlocnimkeHHs 3eMHOI NOBEPXHI 3 COpPTY JTANIBHHX, Y TOMY
qyuchai # KOCMIYHMX amapaTiB METOJaMHM AHCTAHLIHHONO pamio3onmy-
BaHHJ TAKOX IPYHTYEThCS Ha BiZIMIHHOCTSX Y 3aTHOCTi A0 BinOWBaHHA
1 PO3CiOBaHHA AiIIHOK 3€MHOI NMOBEPXHI, IO BiAPI3HAIOTHCA AK Xapak-
TEpPOM ILOPCTKOCTI, TAK 1 ENEKTPOAMHAMIYHHMH MapameTpamu (mienek-
TPUYHOIO TIPOHUKHICTIO, NPOBiAHICTIO Ta iH.). Taki cami 3aBjanHsA
BMHHKAIOTh 1 B ONTHYHOMY, I HaBiThb y PEHTIE€HIBCBKOMY Aiana3soHax
JIOBXHH XBHIIb, OCKINIBKH peanbHI MEXI [OAUTY CEpeNOBUIL 3aBXIM
MAIOTh ,,IPUPOAHY” WOPCTKICTb 3 WIMPOKHM CEKTPOM MacIuTaGiB (Bil
aTOMHMX MIKPOCKOMIYHHMX PO3MIpIB.JI0 BEJHKHX HEPiBHOCTEH, Harpu-
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$ 19. Posciiosantsi xeuwiv na cnabrowopemiti nosepxHi

$19. PoscitoeanHs xeunb Ha CIabKOWIOPCMKIL nogepxHi

KI1az, peabedy 3eMHOI IOBEpXHi 260 XBHIb HA TIOBEPXH] OKkeaHy). 3 aHa-
NOTIYHHMH NPOGNEMaMH JIOBOJHTHCS 'c'mlcamcx y 3aja4ax aKycTHKH,
HAaNpPHKIaJ, PO3CIIOBAHHS 3BYKY Ha TOBEpXHi NOALTY Pi3HHX cepenonmn
NOpPH3BOOHUTH 1O SBHIIA peBepGepauu V' rizpoakycTHiii CyTTEBHMH €
epeKTH Bmﬁnnamm 3ByKY Bill BOJHOY - nonepxm i “mHa OKeaHy,
[IABAIOYOro NHOLY Ta iH: ' S
lono matemaryky Bei nepemiyeni ane (bmmm 3a/a4i 3BOIATECS
JIO PO3B’A3aHHS PiBHAHD MaKCBeJIa a60 TPOCTIIOrO XBHILOBOrO PiBHAHHA
(HanpuKnan, JUid 3a1a4 aKyCTHKH) 3 TPaHMYHMMH YMOBaMH, SKI MAloTh
3a[I0BOJIGHATH - XBHJILOBi TOJNSi Ha -TOBEPXHI TOAUTYy JBOX PDi3HHX
EICKTPOJHHAMIYHHX  CCPEIOBHILL. Ila.m MH  OGMEXHMOCS  PO3I/AAOM
3a71a4i TIpO PO3CIIOBAHHA CKANAPHOI XBHI Ha Hepmnocmx Y cepeiHBOMY
FIIOCKOi TOBEPXHi, AKY 3aBAM MOXHA CYMICTMTH 3 KOODIAHHATHOIO
wioumHo Z = 0. BigxuneHHd peanbHOI NOBEPXHI BiJ L€l IUIOUIMHH
(puc. 19.1) 6ymeMo onucyBaTH piBHAHHAM Z =§(?), ne r =(x, y), a
5(?) — BHNAZKOBa OYHKWIA MABOX 3MiHHMX (BHNIAZkOBE MONE

MiBULIEHS), B CEPEAHBOMY JNOPIBHIOE HYMIO: < & (F ) > =0.

N - |
/“\//\‘\'C‘r'fl ; ()
0 |, lé ,|

Puc. 19.1

Tlpn po3s’s3aHHi WHMPOKOro Kiacy 3ajad (HalpHKia, po3CilOBaHHS

panioxsuwie a60 3ByKy Ha MOpCHKii mosepxmi) dymkuis & Moxe

3a7I€KATH TAKOX i Bil vacy t: &= é‘(?,t) .
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19.1. Fp:innqni yMoBH
I3 Kypcy elleKTpOOMHAMIKH BiIOMO, IO Ha MEXi. nomny IBOX
cepenonmu z= f(r t) TIpH BiACYTHOCTI nonepxnennx crpymn Malon.'
OyTH HenepepBHHMH TaHTCHIIANbHI (nomqm IO IOBEPXHi) KOMIIOHEHTH

-

HaIpY>XeHOCTeH ENEKTPHIHAX E, i marnitHux H ¢ TIOMB, a TaKOX
HOpMaJbHi Komnoneum lH}.'l)’KIIlH Dy = (DN ) iBy= (BN ) ne N—

OAMHMYHHUH BEKTOp Hopmam 0 Mexi 'l'IOJllIIy. He OﬁMC)KYlO'-IPI CYTTEBO

3aranpHOCTI, BEpXHi# miBmpoctip z > & (F,t)-, Jie pO3TalIOBaHi JpKepena

' XBHIIEOBOFO MO/, MOXHA BBAXATH BaKyyMOM _ (6 1) a meﬂm'

z <§ (r t)—- OJ.IHOpllIHPIM CEpeAOBHIIEM 13 JOBUIBHHM 3Ha‘lCHHHM

KOMIIIEKCHOI Ji€NEKTPHYHOI NPOHMKHOCTI £ = £’ +i£", mo 3aneXuTs,
3arajoM, BiJl 9aCTOTH BHIIPOMiHIOBaHHEA @ . Sxuio ¢opma Mexi nomiay:

He 3aIEXHTh BiJl qécy: & (F,t)=§ ('r'), TO BHXOIMYH 3 TPHHLMILY

. CYNEpro3uuii AOCTAaTHBO DPO3IJIANATH TiNGKA MOHOXPOMATHYHI IIOMISA

E, H~e %", ONyCKAalYM 3aleXHHM BiX ¢ eKCIOHEHIANEHHIA
MHOXHMK. EnexTpomarditHa XBHNg, WO Najgac 3 BakyyMy Ha Mexy
nominy z = f(? ) YaCTKOBO BiIOMBAETBHCH, a YACTKOBO, 3a/IOMIIIOIOYKCH,
NPOHHKAE BCCPEAHHY cepenoBHINa. [Ipy IBOMY, AKIIO CEpeNOBHINE Ma€
BEIMKY NpOBIJHICTH (BeNHMKa ySBHA CKIAafoBa £ ), XBWIA BCEPEOHHi
cepenoBHIia IIBMAKO 3racac. XapakTepHHH MacluTab 3racaHHs
BH3HAYAEThCA CKiH-luapoM & ~/1/ ,/|£|. Jna cepemoBuuy 3 Ial >>1

MOXHa HaGaMKEHO BBaXKaTH, LIO IOJIE BCEpEAMHI CepeNOBMILA B3araii
BiZICYTHE, i 3aMiCTh ,,JBOCTOPOHHIX” IPAHHYHHMX yMOB, LIO NOB’A3yIOTH

‘mois no obuaea OokM Bim Mexi mNoALly, MOXHa CKOpHCTaTHCS
iMnezancHol rpann4Ho0 ymosow (M.O. Jleonrosnu, 1948 p.), o

TnoB’s3ye Mix co6oxo E ta H Ha TPaHHUL TiNbEKK 3 60Ky BakyyMmy:
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§ 19. Poscitosains xelwb Ha crabKowopCmKiti nogepxii

E,=r;[]\7ﬁ,‘]. | ey

BBeeHa TYT BENMUMHA 7] =./4/£ Ha3MBAaETECA TOBEPXHEBHM

iMnexancom. Jani Mu OyneMo posrismaTv TINBKH CEpElOBHIIA, B AKHX
MarHitHa npOHnKHiCTL M BBaXa€ETHCA JOPIBHSAHOIO IO OAMHHLI H, OTXKeE,

1/ \/; Ha6nn>xem rpalmqm ymoBH JleonroBuya (19. 1) MOXYTh
3aCTOCOBYBATHCA JUIfl CEPENOBHIL, Y AKHX |77| <<1 i mae Micue CHIBHHIA

ckiH-eDeKT, KONMM TOBIIMHA CKiH-mapy & € Maioio TOPIBHAHO 3
XapaKTEPHHMH PO3MipaMy TMOBEpXHi B YCiX HampaMkax. IX 3py4HicTb
HOJISrac B TOMY, IO NpPH PO3B’s3aHHI 3ajadi PO3CIOBaHHA XBHII, IO

Iafjlae Ha TaKy IOBEPXHIO 3ropH, noj€ Yy HIDKHROMY CCpCllOBHI.ui'

z<§(?) MOMHAQ B3arali He pO3INIANATH, a PO3B’SI3YBaTH XBHJIbOBI
PIBHSHHS TUIBKM Yy BakyyMi z>§(?) 3 rpaHuyHOI0 yMoBOK0 (19.1).
3okpema, i3 (19.1) BumnuBae, WO y l"p'aHI/I‘{HOMy BHNAAKY .ineanbno
NMpOBiIHOI NOBEPXHI, KOJIH |g| — o0 i, OTKE, |77| — 0, TanreHuianeHa

-

KOMIIOHEHTa €ICKTPHYHOro nois £E, Ha NOBEpXHI IEPETBOPIOETHCA

Ha HYJb:

=0. | (19.2)

19.2. Ilo6ynoBa Hab/MMKEHOTO PO3B’A3KY
SIk i pasiwe, AN IPOCTOTH MU PO3MISNATHMEMO. AUGbPaKIio He

BCKTOPHHX CIICKTpOMaI'HiTHl/IX XBHJIb (E , FI ) , @ CKAQJIIpHOIO XBUIIBOBOT'O
noms U (R), IO MpH Z > 5(7 ) 3a]0BOJIbHAE piBHAHHA ['enbMronsua:
(az+K*)U(R)=0 (19.3)
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$ 19. Poscitoganis xewne Ha crabrowopcmiivi nogepxHi

i ‘HAMNPOCTILY rPAHHYHY YMOBY Ha TIOBEPXHi MOy Z = f(? ):

'U(k) =U[F,z=¢&(F)] 0. (194

2=¢{(F)

B akyctuui B pomi U (R) 3BMYAHHO BUCTYmNae MOTEHLial IIBHIAKOCTI
(3BYKOBHH THCK), a TIOBEpXHA, Ha sAKill BUKOHY€ThCA I'PaHHYHAa yYMOBa
(19.4), mHasuBaerbcs ,,a6COMIOTHO M’AKOI0” Ha BiOMiHy BiX

»a0COTIOTHO KOPCTKOI”, Ha AKIA Ma€ MICIE FPaHHYHA YMOBa

oU (R) |
— =0. (19.5)
2=¢(7) |

B enekrpoMarHiTHiit 3amayi rpanmvHAM ymoBam (194) 1 (19.5)

BIANIOBIZA€E ileajibHO NpoOBiIHA mNoOBepXH#A (E‘, =O) 1 NOBepXHs

ineanbHOrO Marnermka ( H, = O) .

3arailbHAX aHATITHYHHX METONIB po3B’a3anHA piBHAHHA (19.3) 3
rpaHMYHMMM YMOBaMH, 3aflaHUIMH Ha HOBEPXHI AOBUIBHOI (OPMH
(HaBiTh Y HAHOPOCTIIINX BHTIAKaX a6COMOTHO M’ Kol 260 A6CONMIOTHO
JKOPCTKOI TIOBEPXHi) He icHye. ToMy IOBOIOMTBCA 3aCTOCOBYBAaTH abo
yncenbHi, 260 pi3Hi HaGMIKEHI MeToNM. Y UBOMY PO3ZNI K MPHKIAN
PO3LISIHEMO O3CiIOBaHHSA CKamspHOro xBunsoBoro moms U (ﬁ) Ha
HIOPCTKil aGCOMOTHO M’AKiH TOBEPXHi 3 MATMMM HEPiBHOCTAMH, KOJM
MOXKHA CKOPHCTaTHCS METOXOM 30ypeHb.

Axwo BenHyuHA é’(F) JOCTATHBO Mana (COpPaBKHIN 3MicT

6€3p03MIPHOr0 MaJIOro mnapaMmerpa’ MH BCTAHOBHMO TI3HIILC), TO JIBY
YacTHHY TpaHn4HOi. yMoBH (19.4) mMoxkHa po3knacTtd B pan Teiinopa 3a

CTENEHAMU 5(? ) i 0OBMeXHTHCS KiNbKOMA MEPUIMMH WICHAMH PALY:
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$ 19. Poscirosanmsa xeuns Ha cna6kowopcmkiﬁ nosepxvi

_BU(F,z)|
v [F,z:ﬁ(F)]=U-(F,0)+§(F)-——-——g 2)
7 lz=0
1, 2U , -
+5§ (r)"_"gg_ﬂz:o*-...:(). (196)

VsBuMo cobi Tenep XBUIbOBE none U (R) y BHIIsAi CYMH

_Bmomoro (3a,11anoro) Nanaiodoro Ha nosepxuio nons U,,, (R) i

IIyKaHOTO BiIGHUTOro (poacmnoro) nonx Usios (R)

U(R)=Ups(R)+ U5 (R), a9
ske 6ynemo myxam y Burh;mi pfmy Teopii 36ype1—u\:‘:‘

Usos =Ug +U +...+U,, +..., '(19.8)

me U, ~&". Mincrapusmoun U(R) U,,ao( )+U6w6(k) B (19.6) i

xopucTytouncs mist Uy ps (Ié) nopxansaM (19.8), mpmwae'mo:".mnn‘i BHL

TPaHHYHOI yMOBu Iv1st abCOMOTHO M’AKOI ITOBEPXHL:

Uy +U, 2

0
U ’-—U
(U, ao+Uo+ 1+ )I r)az(

+E§2.(?)-5;-2-(U,m(, +Ug +Up +..)| _, +-=0. (19.9)

36epeMO pa3oM WIEHH ONHOTO TOPAAKY Manocti 3a ¢ Ta
Bnmarammemo; wob ymosa (19.9) 3a/0BONBHANACA .y KOXKHOMY
nopAAKy, HE3anexHO Bif iHmmx. Y pesynsrarti 3 (19.9) orpumyemo
CHCTEMY I10B’13aHHX Mk C06O0I0 (PEKYPEHTHHX) IDAHHYHHX YMOB JJiA
nonis U,;, 3amaHux, mporte, BXe HE Ha HepiBHIiH nonepkni, a Ha
mowmpHi z=0: v |
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$ 19. Poscitoeanns xeuwts Ha crabKOMOPCmKiti nOBepxHi’ :

(&) [U,,km,(kk)fvo(ﬁ)]_of—-o, 9109

€) [0 2o (@un(B)] -0 w100

- - —- 2 — — s
(&) |30+ £6) 20 (7)1 () el (R (@) -0. (19109)
Uo, Ul Ta. iH.
3aJI0BOIBHAE  PiBHSHHS FenLMronLua (19. 3) B cuny nppmupmy
cyneprosuuii TOBHE nole U(R) Umw(R)+U0(R)+U,(R)

IIpunyctumo Temep, WO KOXHE 3 nonis U, nao>

TaKOX 33J0BOJILHATHME Lie piBHAHHA. B pesynsrari noma Uy, U, 1a in.

MOXHa 3HaXOAMTH, MOCHJOBHO PO3B’si3y10uH piBHAHHA ['enbMronsua 3
BIZNIOBITHUMH I'paHHYHUMHU yMoBaMH (19.10).

Habnusicenns uynv068020 nopaoxy
y HYJBOBOMY TOPSZKY 3a §, BMXONAYM i3 BHKNANCHOTO, MH
MAEMO PO3B’S3aTH HACTYIHY 3ajauy.

(Az+#7)Uo(R) =0,
Uy (F,0)=-U,, (F,0).

Bumno, mo 3anava 3HaxomkenHsa monms U, 3Bemaca no 3amaui npo

(19.11)

Bin6usanns mnamatowoi xsumi U,,, Bin mnouwmmm z=0, Ha sKiid
snadenns U, supaxaetbes yepes Bijome (3amane) none U, 4, (19.10 a).
Sk mnanatoge mone BHOEPEMO . IUIOCKY MOHOXPOMAaTHYHY XBHWIIO 3
ammmiTymoo A4,:

Unas (R) = Aoe”‘°“ gt o), (19.12)
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§ 19. Poscirosanns xewib Ha CAOKOWOPCMKit NOBEPXHI

TyT yBezicHi TanTenuiansha Ky, i HopMmanbHa ky, = koz‘é, KOMIIOHCHTH
XBHIHOBOTO BEKTOPA K, Ma/ialouol Xsiti (ko =y, +Ky z)

(,npzmyemo BicE OX JIEKapTOBOi CUCTEMH I(OQplIHHaT XYZ

Y3NOBXK TaHreHula.anm cknanoBoi Ky, XBHIIBOBOTO  BEKTOPA ky

(pMC 19. 2) VY upomy Bpmamcy ko Gyne nexaru B mioumni XOZ (i

Ha3¥BalOTh MOIIMHOI NagiHH#A), a ¥oro mpoexuii Ha oci BubGpanoi -

CHCTEMH KOOPAHMHAT OyayTh fopisHioBaT ky; =k, Léx , koo =ky,€,, ne

koy =ksin6y, ky, =-~kcos6y, 6 — xyr nanisns.

k 0 ¥4 k 8i06

Puc. 19.2

3rigHo 3 3aKOHOM BifOMBAaHHA XBHII Bif 1ockoi mexi mone U,

Gyne HOTABATHCS TAKOK MIOCKOK XBHIEHO 3 XBHILOBHM BEKTOPOM k 4i06 >

IO JIEKUTD Yy TiKt camilt rmoumﬁi, mo M Eo (wrouwmHi naiHHs Xoz ).

I[Ipy “LbOMY TaHreHWANbHA KOMIIOHEHTA I};m 3biraereca 3 I?o 1> @
.

HOpPMA/IbHA TPOTIJICKHA 33 3HAKOM - EOZ (I?,,-M =E0 l—EOZ). Taxum

upHOM nione U, monaeTes B TaKOMY BHILAAL:

Up(R) = Ayase™ " = e hoz) g g3y

§ 19. Posciiogars Xeuib Ha CRAGKOWOPCIKIZ NOGEPXHI

‘Ty'r uepes AE,M NIO3HaYeHa aMH.mTyna Bl}lﬁHTOl xxmm Hw.c*rannmoqu

(19 12) 1 (19.13) y rparnuny ymoBy (19.10 a); orpumaemo

Am-()se’k"i’ == dye’” | ‘ (19.14)

 3BIIKM BHIUTMBAE, MO A5 = —4; .

TaKI/IM YYMHOM, PpO3B > A30K 3a11aq1 y HaGJIPDKeHHI HYJIBOBOFO
IIOPAIKY Ma€ BHITIAL ‘

Upao (R)+ U (R) = Aoe’k°1’(e’k°’“—e”ik°‘z). (19.15)

Habauncenns nepuiozo nopsoky

JAns 3raxoukeHHs BigGuTOro noms mepmoro mopaaky U, (R ) MH

MaEeMO pPO3B’A3aTH DiBHSAHHA [enpMromsia 3 TpaHHYHHMHM YMOBaMH
(19.106): '

(a7 +K*)U,(R)=0,

U, (?,0)=—§(7)-6%[UM(E)+UO(1?)]2=O.

Koputryiounce sHafineHum po3s’s3koM (19.15), BU3HAYMMO 3HAYEHHSA NONSA

(19.16)

U, samnommni z=0:

U (7’0) = “5(") [ nad (ﬁ)+U° (R)]Fo =
| = -Zikaé(F)AoeiEMF' .

I3 (19.16) i (19.17) Bumso, mo 3amava 3naxomkenss U, (I—é) 3Benacs 1o

(19.17)

BusHavenns nons Uy y sositbHiil Tomi crocrepexenns R =R, , mo

niepeOyBa€e y BepXHBOMY MiBIIpocTopi (MB. puc. 19.3), npn 3anaH0My Horo

po3snoxini Ha wiouwHi z = 0.
4 Minakos, T. 3
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 § 19: Poscirosanns xewrs Ha crabKOWOPCMKIll NOBEPXHI

Puc. 19.3

Ana posp’ssanHs uiei 3amaui  ckopucTaeMocs  (HOpMyIorw
TIofirenca (17.19):

i ik|F-R,|

- ‘ - e - —-
U|(Rp)=zmi[U,(r,O)mcosﬁ(r)dr, (19.18)
0

1€ IHTErpyBaHHA MPOBOAMTLCA 3a TIEK YaCTHHOW L, ruiommuu z =0,

sika BKpHTa HEPiBHOCTAMH, 6?(‘? ) — KYT MiX HOpPMAUIKO A0 IUIOUIMHU
z=0 i HaNPSMKOM Yy TOYKY criocTepexxeHus P (R =R p) 3 JIOBIUTBHOL
TOuKH ¥ obnacti iHterpyBanHa X (pHc.19.3). Ilincrasmmoun tenep y

(19.18) smaitmene 3mavemms nons U, (F,0) (19.17), ocrarouno

OTPHMAEMO
2 (e LB # =
U, (ﬁp)=—A"k cosé, Ié:(;)el(k|r—kp|+k.ur) ci).se_(.r)d?. (19.19)
| | T -R,|
0
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$ 19. Pocitosarts x6ums Ha.CnabKowopCmKitt ROBEPXHI

®opmyna (19.19) € po3p’s3xkoM ,,AMHAMIYHOI” YaCTHHH 3azadi,
BCTaHOBJIOIOYY 3B 430K MDK poscisHuM nonem U, (Rp) (y. nepuiomy
nopanky Teopii 36ypeHs) 1 ¢opmoro Z = g‘(i’) KOXHOI - peayizanii
BMNAAKOBOI moBepxHi. BuaHo, mo 38’130k Mk U; i & € niniliEAM.
SAkmo B obmacti IHTErpyBaHHA 2, € 06araTo HEKOPEILOBaHMUX
HepiBHOCTEH, TOOTO AKIO BHKOHYEThCA HepiBHiCTE L >> lf, ne
L~ ,/Eo — ninilHMA po3Mip PO3CiIO0YOI MOBEPXHI, a lg —- pazmiyc
Kopensnii BUNanakoBoi (QyHKIii f(i’) (xapakTepHuii TOpH3OHTAILHHHN

po3Mip a6o "momxuHa" HepiBHocTeit B wiommHi z = 0), TO BignoOBiAHO
JO LEHTpalbHOI [paHWYHOI TeopeMH Teopii HMOBipHOCTell mnome

U, (ﬁp) O6yme posmoaineHe 3a 3akoHOM laycca HaBiTh - IIpH
HEraycCoBOMY PO3TIOAIiMi f(F). Ie Bunnueac 3 Toro, mo (19.19) skasye
Ha aJMTHBHMH BHECOK KOXHOI HEPIBHOCTI y CyMapHE pO3CiAHE fole
Y TOYLi COCTEPEKECHHS ﬁp. BpaxoByroun Bﬂxnai[éﬂe, IpH aHam3i
MOXHa OOMEXHUTHCA JOCTIIDKEHHAM TUIBKH NEPIIMX ABOX CTATHCTHYHUX
MomenTiB noma U, (ﬁp), OCKIIBKM- It HOPMAIBHO PO3MOAINIEHUX

BEJIMYHH B HHUX 1 MICTHTBCA BCA CTATHCTHYHA iH(pOpMaNis.

19.3. Cepenne none i cepennn iHTeHCHBHICTD
Besnocepenne ycepeanenus ¢opmynu (19.19) 3 ypaxyBaHHsiM
TOro, IO < & (r) > =, npU3BOAUTS JIO TAKOrO PE3YNIBTATY:

<U,(ﬁp)> =0.

TakuM YHHOM, Y MepIIOMY MOPAAKY 3a f(?) ‘po3cisne none U, (Rp)

g-uexorepemn_m.
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§ 19. Poscirosanns xeuns Ha crabkouiopemiii nOBEpPXHi

Cepemm IHTEHCHMBHICTH posci;moro nomt < I (R ,,) >=

2"

=<|U, R p) > 3rigHo 3 (19 19) BUPXKAECTHCA Yepe3 APYrHid MOMEHT

BHNAaIKOBOT PYHKIII f(r) :

4. 2 ' _ _ _
<‘I,(I§p)> =&kc(;—s00.J' J-<§(F')§(F’)>exp’{ik(l?’—- A —Rp|)+
' . e ZpZo '

+iko, (7= 7)) (F,sf(r)cosa(r I) drr, (1920)
ae I, =|A0|2 — IHTCHCHMBHICTh rla,z[axoqo'i. nnqcxo'i' xpami. Jlna

CTaTHCTHYHO MPOCTOPOBO OJHOPIAHHUX HEPIBHOCTEH (,,CTAlIOHAPHUX™ 33
IIPOCTOPOBHMH 3MIHHHMH) Ma€MO

- < f(?’)é’(i"”) > =B, (F’ —F") ,
e Bge — ﬁpocmpona aBTOKOpesLiiiHa QyHKIIA HepiBHOCTEH. 3aMiCTh

FF" BBEZIEMO B (19.20) HoBi cymapsi r—-—-(F'+F") i pisHuuesi

3MiHHi iHTerpyBaHns. IIpn mboMy CTapi 3MiHHI BUPaXalOTBCA YEPE3 HOBI

Ak F'=F+p[2, 7' =F~p/2. Bpaxosyioun, mo B; (P) siaminna
A . ‘ ' '

Bil Hyns TiNBKW. ANA HeBenuKuX” 3HaucHb O ~le, mpu L>>I y

dopmyni (19.20) moxHa memo cripoctutH. [lo-niepiue, iHTErpyBaHHsA 32
dp MOXHAa [pOBOOMTH y HECKIHYEHHMX ~MexaXx, a obmacts

~ iHTerpyBaHHs 3a CyMapHOIO KOOPJAMHATOIO 7 INPAKTHYHO 30iraeTsca 3i
crapoo X,. Ilo-npyre, pisHuwio |F' -R p| —|F" -R PI y MOKa3HHMKax
CTENEHA CKCTIOHECHTH MOXHa po3kiacTy B pan Teiinopa y Touui o = 0 no

Nepmoro HEHyJIbOBOIO NOOaHKA:
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—

=
¥ RPl

.= 5
=[F-R, +Z
)

i —.’ ’ ‘-.‘.'
I’ RPI‘

Ilo Tpere, CITBMHOXHUKY 3 HANPAMHUME KOCHHYCaMH, IO nonmm-lo
3MIHIOIOTBCS, MOXHA HAaBIHKEHO B3ATH y TOull P = 0:

cos[a(r+p/2)]co's[¢9(r /2)] cos® 4( ?)
7—Rp+§ Rp g (f_Rp

[Tic/is BUKOHAHMX CIPOLIEHD OTPUMAEMO

- 4 2 o —i (73 .
< (Rp)>z Ik ;(2)8 6 J'Cos (r fjd i, ( )pB¢ (p)-(19-21)
Eo

TyT Mu BBenH moTOUHHIA BekTop poscitopamns G(7)=k(F)—ky, ne

k(r) =k |R_P — — BEKIOp, CHpAMOBaHMH i3 IOTOYHOI TOYKH
—-r :

IoBepXxHi 7 y TOYKY CIIOCTEPEKEHHS R (JmB puc. 19.3). IIpn npomy
MH BpaxyBalH, IIO Yy CKaJApHOMY HOGYTKY q(r) P MOXHa ¢
3aMiHHTH Ha ¢, = (qx,qy) (mpoexuiro g Ha nnomnny‘z =0).

3a ananoricro no (14.32) BBemeMo B po3MNIAN. NMPOCTOPOBO-
EHEPreTHYHHI CIEKTp HepiBHOCTEH S¢ ( ;?), B3ATHIT Ui hikCcoBaHOT

XBIUTHOBOT” rapmorikn 7 =g, (F):

Se[a.(F)]=5:(7)],., e ¥ B,(p) (19.22)

7=4.(F)

‘l
é'——uS
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§ 19. Posciroeanis xeuns Ha cRabKOWOPCIMKit nosepxHi

3 ypaxysaunsaum (19:22) popmyna (19.21) nabysae Bﬁrnany

- N €OS 0 7
<1,(Rp) ~410k4co Zeoj——)s,;[ql(r)]d‘ (19 23)
. _ | ! :
3rimio 3 (19.23) KOXEH eleMeHT ToBepXHi dF i3 nentpom y

TO4MNi 7 POGHTHL BHECOK Y CyMapHy IHTEHCHBHICTD < [} (R p) >

o o Ty dF
dT (R, )=4k* cos® 8 cos® 6(7) 5, [ 4, (?)]—F"—Ef—z. (19.24)
-,

Bemuumaa
o4, (F)]= 4k cos? Gy cos” 0(F)S: [, (F)]. (19.25)

N . = \2 :
to6tro KoediuieHt npu I d¥ / (r —-Rp) y dopmyni (19.24) mac Ha3By
nepepisy po3ciloBaHHA ONMHMYHOI IUIOMEANKK aGCOMOTHO M’AKOI
F)/|Rp—7i. Bpaxosyioun (19.25),

¢dopmyna (19.23) HabyBa€ 0CTAaTOYHOTO i NPOCTOrO BUTIIARY
o F
> = I _[ [ql( )] (19.26)
r - p)

[IpunycTEMo Tenep, WO cnocrepiray nepeGysac y manpHii 30Hi

NOBEPXHi y HANpPAMKY (k »

BiI[HOCHO nosepxHi Z, (B 30oHi ®paynrodepa). YMoBa nanbHbOI 30HH,

AK yxe 6yno moxasaHo pamme (bopmymoerbcx y BHOLAl Takux
'HepiBHOCTE: ‘
2

Tl B (19.27)

14 RP P
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e Rp =|I_épl . Hpuponuo, mu n_pnnycxéémo, INO MOYATOK JACKAPTOBOI
cucremu koopausat XYZ ymimenuH y LEHTp pO3CilOIOH0i MIomanKu
2. SAxmo ﬁnxonyro'n,ca gepisnocti (19.27), y dopmyni (19.23) MOXHa
HaO/IHKEHO BBAXKATH, 1IQ BEKTOP k _(F ) , HanpAMHHI KocuHyc €OS 6 (F )

2
B MokKax ofnacri  IHTErpyBaHHA IIPaKTHYHO HE  3MIHIOIOTLCA,

i ix Moxma subparu mpu F=0: E(F)zE(O)=kR’p/Rp

1 BUICTaHb Bif FIOTOYHOI TOUKH NOBEPXHI AO TOYKH CIIOCTEPEXKECHHA |? -R

cosf(7) = cosf(0)=cos b, i |F—§p|sz. BpaxoBytoun wi cnpo-

LICHHA, M 3HaKOM iHTerpana B (19.23) MoxHa nokiacTu

- - R -
G(F)=k(F)-ky = G(0) =k =Lk,
RP
cos(F) N cos(0) _cosé,
PRl R R

1 B JanbHiH 30H1 AJIA CEpeHbO] IHTEHCHBHOCTI OTPUMYEMO TaKHH BHPa3:
- I o(G,)
. 0 1
<I(R,)> »5225,. (19.28)

Tyt X, — cyMapHa roma posciio4oi [oBepxHi, a
o (g, )=4k"cos’ @, cos’ 8, S;(7,) — (19.29)

¢ikcoBaHe 3HAYECHHA Nepepi3y pO3CilOBaHHS.
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§ 19. Po3ciiosanns xewts Ha CAAOKOULOPCIKIL NOGEPXHI

Bucnoexu

1. ®opmymu (19.26) 1 (19.28) BimirpatoTe y Teopii posciloBaHHS
XBHIb HAa CTaTHCTHYHO IIOPCTKIH MOBEpXHI Ty CaMy poib, o #
dopmyna (14.31) y Teopii 06’emHOTO p03Ci}OBaHH5I\ Ha GIyKTyaLisx
‘MOKa3HMKa 3amomaeHHA. @isuyHMit 3MicT uuMx GOpMYN  TakKOX
NPaKTHYHO 30ira€Tbcd, i HaOMMXKEHHsS, B SKOMY OTpHMaHo  (Gopmyny
(19.26) Ta (19.28)-, mo BummmBae 3 (19.26), TakoX HA3HBAETHCH
»0OpHIBCbKEM”, ‘ |

2.V dopmym (19.26) 3 ypaxyBéHHaM BH3HaueHHA (19.25) min
3HAKOM iHTCrpaTa CTOITh MHOKHHK  COS> 6, COS° 6(7), sxuii
TIEPETBOPIOETHCSH Ha HYy/b IIPH KOB3HUX KyTax NaiHHA 1 BIXOUTTA, TOOTO
npH HO,B(F ) — /2. Came Tomy inrerpan (19.26) 36iracThcs HaBiTh
IpH iHTEIPYBaHHA 110 BCIH HecKiHYeHHii mnonuni z = 0.

3. 3anexnicte </} > ~ l/ Rﬁ y ¢opmyni (19.28) rosoputs npo
Te, IO y AankHiH 30Hi mone U, , poscisse Ha Maniii mopénciﬁ IUTOLLAMLI,
Mae éurn:m c¢>épuquo‘1" XBHJI, 1O PO3XOAHTLCA (Cepe/Hs IHTEHCHBHICTb
crajae 3i 3poCTaHHAM Bifctami R, TiNBKH 3a paxyHOK cepuuHOi
po36ixHOCTI).

4. 3i 36imbineHHAM posmipiiz IIOLll MOBEPXHI X, CepemHd
inTencuBricTe < I, > 3pocrae nponopuifHo mo X, MO € O3HaKOK0

HEeKOrepeHTHOr0 10aBaHHA MOJB, PO3CISHUX HA OKPEMHX HEPIBHOCTAX
noBepxHi. CripaBai, cepenHio Kinbkicte N OKpeMHX HepiBHOCTEH MOXHa

ouinumt sk N ~X,/%,, e Z; ~ lg — IUIOIA, LIO NPHUMaNae Ha ONHY
HEpIiBHICTB, i, 0Txke, <[} > ~Zy~ N, To6r0 </, > 3pocrae mponop-
NifiHO KINBKOCTi €NeMEHTIB po3ciloBaHHA, a HE NpomopuifHO iX

KBazpaTa, fK LIe Ma€ MicLie IPH KOTEPEHTHOMY JIOJABaHHI OJIB.
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5. Tak caMo, K 1 B Teopil po3citoBaHHsS Ha cHabkux GIyKTyamisx
TNOKa3HYKA 3aNIOMJICHHA, po3CiloBaHHA Ha c1abo MOPCTKil NMOBEpXHI €

PE30HAHCHHM: 3 YCHOrO CIIEKTPa HEPIBHOCTEH 'S, - ( ;?) OpH pO3CiIOBaHHI

3 HanijKy iéo y HampsaMoK k Gepe y4aCTh TIBKM OIHA €IMHA
MPOCTOPOBA répmonixa ®yp’e 3, XBUILOBUM” BEKTOPOM ¥ =¢ | .

6. Hapemri, B (19.26) i (19.28) npucytHiit Toil camuii, mwo # y
(14.31), ,peneiBcbKui” MHOXKHHMK K , 3aBAMKH AKOMY IHTEHCHBHICTb
posciioBarHs Ha mpiGrux HepiBHOcTAX - (kl; <<1) BuABNAETLCA
MPOMOPIIHHOI0 YETBEPTOMY CTENEHIO yacToTH. CripaBaii, Yyepes3 WBHAKE
CIaJIaHHA 0 HyJis aBToKopenauiinoi ¢yHkuii Bé ( /'5) st IPOCTOPOBHX
9acTor, KOMH IZj l[o'ls2kl§ <<1, eKClOHeHLiaMbHIi MHOXHMK e'7L”
MOXHa HabYDKeHO 3aMiHuTH Ha oauunwo. [Ipu upomy cnextp S;(q, )

BHABNAETHCA HE3ANCKHHUM Bill YJacCTOTH!

B} U T o s o
S-f(‘h):—zj.dpe N By (p)=
(27) J
«© 272
1 . ol
~S.(0 =___IB p)dp~22E (19.30)

i, omxke, <1|(1-ép)> ~k*. Tyr 0',? =B‘f(0)= <> — Jmcnepcix.

BiIXWJIEHb HEPIBHOI MOBEPXHi Z = 5(7 ) BiJ cepeansoi wionmun z = 0.

19.4. InauxaTpuca posciroBanus

AHami3 3aneXHOCTI CepeiHBOl IHTEHCHBHOCTI BIN HAanpAMKY
posciroBaHHS nipoBeneMO Ha ocHOBI  Qopmyms  (19.28), - mo
CHpAaBIDKYEThCA I AanbHBO! 30HU. IIpH 1IBOMY MOJIOKEHHS TOYKH
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$ 19. Poscirosanms xewrs na cnabkowopcmkiii nosepxii

CTIOCTEpEKEHHs  3a]aBaTUMEMO Yy  CEPHUHMX  KOODHAMHATAX
' I-ép =(Rp,0P,‘(op), me 6, — nonapumil KyT, WO BiAPaXOBYETLCA Bil
oci OZ ,a (0), — a3UMyTallbHU# KYT, WO BifpaxoByeTsea Bin oci OX B
mwioumui XOY (puc. 19.4).

Puc. 19._4

Posnonin 3a xyramu 6, i @, cepeansoi iHTEHCHBHOCTI 3py4HO
'ONMCYBaTH IHAMKATPHUCOIO PO3CilOBaHHsA, AKy 3a aHamoriero 3 §14 mu
BM3HAYHMO K BifHOMIEHHA < [, (Gp »9,) > 1O CepenHBoi iIHTEHCHBHOCTI,

PO3CIAHOI Y I3ePKAILHOMY HANPAMKY (g, =0-> Bp =6,, 0, =0):

Fe@, )¥<Il(0p’¢p)>_S.f(ql)coszep
»Pp - <1)(65,0)>  5;(0)cos’ Gy

(19.31)

JUia momamsmioro amamizy OOLUIBHO HABECTH B ABHOMY BHITIAMI
NEKapTOBI ~ KOMIIOHEHTH BEKTOpa ¢, 3amucaHi y  cdepuyHux
KOOPAMHATAX:

q, = k(sin 0,, cos @, —sin 00),
g =19, =ksinf,sing,, (19.32)
| qz=k(cos0p+cos6’o). ‘
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Jlocmigumo  3aranbHRiM BPII“JI}UI‘ | iannxafpncn pbécilonaﬂm
F (Hp,%‘) y OBOX TPaHHYHMX ‘Bnnamcax —Q-‘,upi6nnx (kl§‘<<‘1) i
senmkux - (Kl >>1) . HepiBHOCTEH (TYT \Be‘nnmmn BB2)XAIOTHCS
HEpIBHOCTI 3 BENMKHM TOPHU3OHTAIBHMM JIHIHHMM POSMipOM e,
T00TO ,,00Br1”, a BUCOTH 1X & i Aaii BBaXAIOTHCA SOCTATHHO MATMMHU
Ans 'rbro, w06 MoxHa 6ys10 3acTocoByBaTH MeTOJ 30YpEHB).

1. Jina opibrux nepisenocmeii, xomu ki s <<1 (l; << A), MoxHa
cxopuctates dopmynoro (19.30), Tobro BBaNAaTH Sp ('q' l) = Sg (O) ,
micist yoro 3 (19.31) ﬁurmuaae
cos? 9,

F@6,,9,)= (19.33)

cos? 6,
Ha Bigminy Big 06’€MHOro po3ciloBaHHA, AK€ y NLOMY BHIAAKY

6yno 130TPOITHHUM: (F (Bp,¢p) zl), IHANKaTpHCa PO3CIIOBaHHA Bix

IHOPCTKO! MOBEPXHI BHUABJAETHCA 3aJIEKHOIO BiX TMOJNAPHOrO KyTa _0p.

TlpoTe, BPaXoBYIO4H, WIO L. 3ANEKHICTH AyXKe. [LIABHA (~ cos? 0,),
HaOMIKEHO MOXKHA 1 i BBaXKaTH po3ci163aﬂﬂx AuPy3HUM, OCKINIBKH
KyTOBa IIHPHHA AOI', 1HMKATPHCH PO3CilIOBaHHA Ma€ MOPANOK OJMHHIL,
a IONOXKEHHA i MAKCUMYyMY HE 3aJIeKHTh Bl HaNPAMKY ONPOMiHEHHS

6, (BoHO BiENOBiKAa€E PO3CIIOBAHHIO Y HOPMaNBLHOMY JO IUIOIWMHHA Z = 0

Hanpamky 6, =0, nus. puc. 19.5 a).

2.y nparunexdiqmy TPaHUYHOMY BHIANKYy, KOJM kl; >>1
(l§ >> A, doezi nonozi nepienocmi), KyToBa IIHPHHA IHANKATPUCH

po3citoBanns F (ﬂp,(pp) BH3HAYA€ThCA NMOBEMIHKOIO CIIEKTpa 'Sg (Ej J_) ,
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§ 19: Posciroeanns xeunb Ha crabKowopCmKitt noBepxHi

$ 19. Posciiosanma xeuns Ha CRabKOWOpCMKiY nosepxi

F(6%).

A Z

1‘/cos29o

0 x 0 x
ki, <<1  kp>>1
a 6
Puc. 19.5

AKMI BHMABIAETHCA WIBHIKO 3MIHHOK (QYHKU€O KyTiB Hp i@,

Illupuny CreKTpa MOXHA OLIHMTH 3i CIiBBIJHOIIEHHA HEBH3HAYEHOCTI
(aue. §13). Hanpuxnan, nns i30TpONHHX HepiBHOCTEH 3rimHO 3 (13.34)

e CHiBBiIHOWeHHA Mae BArAA ¢l =1, ne ¢, = |Zjl| = ,/qi +q§ .

* Tlincrasusmm cionn B3ari 3 (19.32) 3HaueHHs mnpoexui#f BexTOpa

PO3CIIOBaHHA, OTPHMYEMO

klg\/(sin6pcosqpp—sin00)2+(sin0psingop)2 ~1. (19.34) |

V mionwsi nanimps XOZ ((pp =0) KyTOBa LIMPHHA A6,

IHOUKaTpuCH poscitoBanHs 3rigHo 3 (19.34) Bu3HavaeThCA 3 TAKOrO
CITiBBITHOLICHHS: s

7 Isin g, —sin 90| ~1. (19.35)
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Ockinbku "kl g >> 1, na piBHICTP MOXe BHKOHYBATHCA TUIbKH 0G1H3Y

HaMpsAMKY =~ J3epKalbHOIO Bin06paxcenﬂx _ (l9p =6). [oxnapum
0, = «96 + A;S?p , pdaxnanemo sind, =sin (490 + Aﬁp) y mﬁenennﬁ pan

3a MaJlUM JofaHKoM A Bp :
sind, = s1n(00 + Aﬁp) ~sinf, + A0, cos 6, ——Z—(Aﬁp) sin g, . (19.36)

SIkio y npaBif YacTHHI OOMEXHTHCA TUIBKH JIHIAHIM 32 Al9p HONAHKOM,

TO mici nificraHoBky (19.36) y (19.35) orpHMaeMo OWIHKY [UIS KyTOBOI

LIMPHEA AHP {HIMKATPHICH PO3CitOBAHHA Y BEPTHKANLHIl TIOLIHHI

A6 ! ~i<<1. (1937

PET o
kizcos& I
3a3HauHMMO, 110 3HA/ICHA BEJIMIHHA ABP TIPaBIHBA [IPH HE HANTO KOB3HHX

KyTax DajiHHA, KOMH Y posknam (19.36) moxna 3HEXTyBaTH TpeTiM
JOAAHKOM Y TIpaBiif 4acTHMHI MOpiBHAHO 3 ApyruM. Lle MoxnuBo, sAKIMO

BUKOHYETBCS HEPIBHICTE!

cosGyctgb, << L . (19.38)
ki,

IIpu klé >>1 ymoBa (19.38) Moxe mopyuyBaTHCs TUILKH IIpH AYXe

7
ManHx KyTax kos3anusi ‘¥ = 7 6, (omsB. puc. 19.4):

L
¥a<—<<1. (19.39)
Kl .

109



§'19, Posciiosans xaiutb Ha CIAODKOUOPCMIKIU NOGepXHi

~TakuM - YMHOM, ~ [IPH JOCTATHBO KPYTHX - KYTaX  OHMDOMiHEHHS

(Y>> 1/ A /kl;\) nmpnga inmKaTpucH poacioBants A6, BU3HAYAETBCA
“KyToM Jitppaxuii Ha TOPHIOHTATLHOMY JikiiiHOMY PO3Mipi HepiBHOCTeH /g :

Af, m—~—<<] o (1940)

R R o

(Gesposmiphuii MHOKHHK 277, sk 3aBXW, TPH AKICHAX OUIHKAX MOXKHA

omycttd). Chift, IPOTe, 3a3HAYHTH, MO, CTPOTO KAKYH, 3rizmHo 3 (19.37)

KT Aubpakitii BUSHAYAETECA HE CAMMM FOPH30HTATEHIM PO3MipoM lé, a
fioro mpoexkuieio lf cos f; Ha IIoLIKMHY, IEPIIEHAUKYIAPHY 1O HANPAMKY
' OIIPOMIHEHHA, IO NTAJIA€ HA OBEPXHIO.

AHAIOriqHO 3i CIIBBIHOWEHHS HEBU3HAYEHOCTI OIIHIOETHCA i
LIMpUHA iHEUKaTpUCH A, y TOPM3OHTANbHIN muowwsi. Iloknasum y

(19.34) 8, = 6, , orpumaemo

Kl sin HOJ(cos @, -1)2 +sin® @, =1.
Mpu kl; >>1 i noxwromy naminni xpuni (sin 6 #0) ua ymosa Moxe
6ytn peamizoBaHa TiNBKM B o0macti ManmMx KyTiB' @, (qop << 1) .
Posknasmm cosg, i sin @, y pan Tednopa, 3 TOYHICTIO 110 ni”iAHMX

JOZIAHKIB 32 (), , OTPHMYEMO TaKy OLIHKY:

1 4
Ap, =@, x —————~—<<1. 19.41
%= " sing, 1, (1541

Takum unHoM, npu Kl ¢ >>1  IHgMKaTpHca pO3CiIOBaHHS
F (Hp,(pp) Mac TOCTpHH MaKCMMyM Y HampfMKy  A3ePKaJbHOro
BiIGHTTS, IIMPHHA AKOTO Ma€ MOPAAOK KyTa audpakuii 6, ~ /1/ le <<1

(. puc. 19.5 6).
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. 19.5. O6aacTe 3acTocyBanus ,,60pHIBCHKOr0” HAGAMKEHHT
Harpukingi © usoro ' maparpaa . BCTAHOBUMO MeXi  3aCTOCYBaHHA
Ha/DDKEHHA  mepuwioro  mnopsjky  Teopii  36ypess  (,.GopmiBCBKOro”
Habmokenns). Lie moxHa 3pofutn Ha ocHOBi dopmysm (19.28), BuxomTus 3
JOCTaTHLO MPHPONHOL, 3 (i3UIHOI TOYKH 30pY, BUMOI'H MalOCTI MOTOKY
poscisHoi y BepxHiii ninpoctip exeprii F}, AKkuii BIAHOCHTECS Bill NIOBEPXHI
nonem U} , NOPIiBHAHO 3 TOBHEM MOTOKOM eHeprii Fj , 0 NPHHOCHTECA Ha

TIOBEPXHIO X nonem nanawodol Xsuwm U,y
B << K. (19.42)

OcCkiUIbKH TrycTHHa NIOTOKY €Heprii NpomopiifiHa cepenuii
IHTEHCHBHOCTI T10JI1, TO NIOBHHH MOTIK PO3CIAHOI €HEprii MOXKHA 3aITHCaTH Y
TakoMy BUILi (nopiBHa#Te 3 (14.42)):

P =aI <I(R,)>az, (19.43)
Cr
Ae inrerpyBaHHA BeleTecsi 38 Cp — MOBEPXHEIO BEPXHBOI MiBChEpH

Benukoro paniyca R=R,, i3 uentpoM y noyarky koopausat O (aus.

puc. 19.6), @ — HeRaXUTHBHH [ NOJAILILOIO aHAI3Y CTANHA MHOXHMK

Cr

Puc. 19.6
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§ 19. Poscirogarms xeuns Ha CrabKoOWOpCmKii nosepxHi

(piBawmiA, Hanpuknan, ¢/47 , axmo U, — KOM_nonéma enexrpuyaHoro abo
: T
MATHITHOTO TIONIS, MPH LLOMY BEAMTHHA i < |U1| > Qyne 30irarucs 3

TYCTHHOI) IIOTOKY - €Heprii — MonyneM BekTopa YMmoBa-llofTiHra
| poscvmoro TOJIA).
Tlorix eneprii F , mo Najae Ha MOBEPXHIO Zo , O4EBHITHO, IOPIiBHIOE
(mopiBusiite 3 (14.43)) -

Py =alj 2 cos 6. (19.44)

Tlepexonsun y (19.43) no cepuunux KoopauHat (quB. pHc. 19.4),
B SKHX €leMEHT NOBepXHi dX = Rlz, sin6,d6,dy,, i xopuctyiouncs

¢dopmynoro (19.28), orpumyemo

72 27
R = 4alyk*, cos? BOJ cos? 6, sin8,d6, J' Se(3.)do,. (1945)
: o ‘
3 ypaxysauuam (19.44) i (19.45) nepisnicte (19. 42) Mome 6ytH
3anucaHa y ¢opmi
72
4k cosHo.[ cos 0 sind,dd J.Sé’ d, d(op <<1. (19.46)
0
Interpan y nisift yacTHHI Li€] HEPIBHOCTI OLIHMMO Yy IBOX TPaHHYHHX
Bunagkax — napibunx (kl; <<1) i semmmx momorux (kly >>1)
HepiBHOCTEH. - |
1. Tipn kly <<1 mmn Sg (g, )moxaua ckopucrammca OUIHKOIO
(19.30), mica woro imTerpald 3a Kyramu Bp 1 @, nerko oGuucmo-
IO0ThCH, 1 HepiBHICTH (19.46) HabyBae Bﬁmxny
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§ 19: Posciiosania xeunb Ha ClabKowopemKitk nosepxHi

2 2, \2 ' ‘
E;(ko;;) (klsz) cosf, <<1. (19.47)
2.V hpomnem{dmy IPaHHYHOMY BHIAAKy, KOTH Kl >>1,

dyHKLis 'Sf (c’i l) , SIK 6ynq TIOKa3aHO, Ma€ roe:'rpzﬁ MaKCHMYM Y HAITPIMKY
J3EPKAIBHOIO gi.uoﬁpax‘ceam ( 9p =6,, @, = 0) . Lle mae 3Mory quiﬂuin

interpan (19.46), suniciuu mininTerpansHy GyHKUilO 3a 3HaK iHTerpana

mpn 6,=6, i ¢,=0, a inrerpan 3a d@,dgp,, mo sammmumBcs,
3aMIiHHTH Ha 206YTOK AHP‘A(/JP :
7/2 ‘
4k*z, cos b, J. cos® 8, sin6,d0), J. S:(4.)do, =
0
~4k*E; cos’ ysin, S, (0)A8,Ap,. (19.48)

Sxmo Mu Tenep BpaxyeMo OTpuMaHi panime ouinku (19.37) i (19.41),
TO YMOBY 3aCTOCOBHOCTiI GopHiBcbkoro HabmwxcHHs (19.42) Moxemo
3a0MCATH y BUTTIANI

1 2
;2-(1;% cos 00) <<l. (19.49)

Touniurn o6umcnenns inrerpana 8 (19.46) npusonsTs o HepiBHOCTI
2
(2kogcosy) <<1. (19.50)

N . ‘ 2 . .
Bigminnicts (19.49) Bix (19.50) HA MHOXHUEK ( 27_[) y JBiH YacTHHI
IOB’si3aHa 3 JKICHHM XapaKTepoM OUIHOK iHTerpana (19.48), a taxox
KyToBHX posumipis A, i A, IBAMKATPUCH PO3CIIOBAHHA, BUXOMAYH 3i

CHiBBIHOIIEHHs HeBM3HaYeHocTi (13.34),
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$§ 19. Posciroeanns xeuns: na ciabkowopcmiiv nogepxi

Bemnuuna P =2ko, cosl, wnasmBacthca mapamerpom Penes, i
BHMOTra . fioro ‘MajocTi, Ak BHAHO 3 (19:50), € yMOBOIW 3dCTOCOBHOCTI
GopHiBCHKOTO  HaGJIM)KEHHA B ‘3a/iavi PO3CIIOBAHHS XBHIb Ha IIOPCTKiH
nosepxui 3 monorumu . (kly; >>1) wmepisHoctamu. Ipn ki, <<1
3aCTOCYBaHHA OGOPHIBCBKOTO. HaGMkeHHs OOGMEeXYyeThCs HEpIBHICTIO
(19.47).

Bucnoexu
3 orpuMaHHX HepiBHOCTEH BMIUIMBAE, IO Teopit 30ypeHb npu He-

BEJIMKHX KyTaX naminns (Coséy =1) moxe 3aCTOCOBYBATHCS TilNbiH 1A

HEBHUCOKHMX HEPIBHOCTEH f(? ) NOpIBHAHO 3 JOBXKHHOKO XBHmM A.

. . 7w
3 igmoro 60Ky, 4uM MeHmMii KyT koplaHma ¥ =—2—-¢90, THM JI0

BUIIMX HEPIBHOCTEH MOXHA 3aCTOCOBYBAaTH Teopilo . 30ypeHs (auB.

(19.50)). Ilpore npu 6, — /2 (‘l’o —)0) HaBeNEHI BHILIE OLIHKH

BYABIAIOTECA Hanro TpyOumm (mepiBHocti (19.47) i (19.50) npm
0, — /2 BuxoHYIOTHCA M1A GY/B-SKHX BUCOKHX HEpiBHOCTeH). Bunanok
KOB3HOTO TIOIMPEHHA XBWIb Y3NOBX MIOPCTKOI nonepxni norpebye
OKPEMOI0, CYBOPILIOrO posrisdy, o NOB’A3aHO 3 HEOGXiIHiCTIO
Bpaxyﬁanm efbexc_ria 3aTiHeHHA # nepeBinGuBanus Xswib. Kono mmx
TIMTAHL BUXOIHMTB 33 MeXi LBOTO Kypéy. |
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§.19. Posciroearns xeuns Ha cabKoulopemxit ROGEpXHI

3AJAYI
1. Pospaxypats MeTooOM Manux 36ypeHs PO3IOALI- cepeaHbOl
IHTEHCHBHOCTI y- JanbHil 30Hi, BBOKAOYM, WO XapaKTCPHHH. PO3MIP

po3ciordol mopepxHi © L ~ ,/20 - pabaraTo mnepeBHIye MaciuTad

HEOAHOPITHOCTEH l; BHITaKOBOi IOBEPXHI

z(x,y):f(x,y)sip(ax+v) . ).
Tyt f(x, y) - Hopmansﬁo po3nozineHe CTATHCTHYHO onnopim{e Ta
i3orponHe [OA€ BHUIAIKOBUX aMIULTYR [ IBUILEHD (i3 HyNIBOBUM
CepenHiM 3HaYECHHAM E =0 1 aucnepcieto 0'6% ), a — ,ué’l‘CpMiHOBaHa
BEJIHYHHA, 00EPHEHO nponopuiifma nepioxy ,,rpatkn” L, (a = 27{/ Lp):
a VvV -— BHOAQIKOBa BEJIMYHMHA, PIBHOMIPHO PO3MOALICHAa Y- iHTEpBaNi

[— T, ] Beaxaioun & (x, y) 1 V CTaTHCTHYHO HE3aJeKHHMH,

noGyaysaTu cxemaTHuHMii rpadix Z ( Bp P ) .

Po3e’azox. 11106 3naditi posnonin I, (Hp,(op) , HEOOX1IHO 3HATH

NPOCTOPOBHIA CIIEKTP IIOPCTKOCTEH S,(4,) (mas. dopmymn (19.28) i
(19.29)), axuit moxe Oyrn orpuMaHMii uuIXoM ®yp’e-mepeTBOpPEHH:
Kopensuiiinoi ¢ynkuii wopcrxocredt B,( 7,7 ). Ilosnauenns, wo
BHKOPHCTOBYIOTECA y PO3B’si3aHHI, HaBe/leHi Ha pyc. 19.7. ‘

[lpn obuucneHHi CTATHCTHYHHMX XapaKTePHUCTHK BHITALKOBOL
TIOBEPXHI  CKODHCTAaEMOCS  BJACTHBICTIO  [YCTMHM  pO3MNOLINY
fimoBipHOCTEH 114 HE3AICKHHX BENHUHH'

w(Ev)=w(EW(v).
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$19. Po3cboewm X6WIb HA CIAOKOUIOPCIIKIU NOBEPXHI

Puc. 19.7

INo3nauaTumemo <>y i <...>, BianoBigHo ycepenHeHHs 3a £ i 3a

v. BignosigHo mo Bu3HayeHHs (1) cepenHe BiOXHIICHHA <z(x,y)>

JOPIiBHIOE:
<z(x,y)> = <&(x,y)>,<sin(ax+v)>,=0

Hoﬁynyemo TENEp aBTOKOPENAUiAHY (QYyHKIiIO WIOPCTKOCTEH
MOBEPXHi

" B(F,F)= <z(F)z(F) > = < E(F)EF) >, %
x <sin(ax'+v)sin{ax"+v)>,.
3rinHo 3 yMOBOIO 3ajaui

77y . _. @)

<EFIEF) >= o exp| ——
i 4

) Ycepem{emm 32 BUIIAAKOBOIO BCIIMYMHOIO V fJa€e
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§ 19. Poscirosanns xswi ha crabrowopemiiti nosepHi

<sin(ax'+v)sin(ax+v)> , =

= —;- < {cos [a(x’ - x)] - cos[a(x' - x)+ 2v]} >, =
=—;—cosa (x'—x)—%_< COS[O_'(X'+J/C)+2V] >, .‘ 3)

Hesaxkko TOKa3aTH, IO JpYrHid NONaHOK y (3) nopisHIOE Hymo
Cnpasni, : ‘

<cos[a(x' +x)+2v]>, = J- cos [au(‘x’ +x)+2v| W (v)dv =

—o0

1T o
=— | cos [a(x'+Xx)+2v]|dv=0.
27:.[ [ ( ) v]

Takum 4uHOM, KopeJmmnHa byHKuisn Ana 3a]jaHOi BHIIAJKOBOI
TOBEPXHI Ma€ BHTIIAN

Wl

-y O 12
Bz(P):fz'ie' ¢ cosap,, @

ne p=rF-r= ( P> Py ) 3a gomomoroio ¢opmymu Binepa-XiHuina

3HaXOAHMO CIEKTPalbHY I'YCTHHY PO3CIAHOTO BHIIDOMIHIOBaHHS

(

- l K - —id .‘ —-
8. = [ B.(p)e M d =
2rr) 2

2 2 (5)
o o L ig:Px ¢ —& iq."p." ’
=t ek cosap,d e’ d
. 871'2 px px . py'

—00 —o0

117



§ 19. Poscitosanms xeuns Ha crabKOWOPCMKili nosepi

IlpencrasuBum  COS AP, =~2—(e'“p’ +e” % ") micis - iHTerpyBamHs,

OTPHMaEMO

‘ 2 ) ' 2

| o2 |7 -Friwewa 2 i,

Sz(ql)= ;2 J‘e : dpx+Ie : dpx X
] léx M

o s | et e | gt
xle ® dp,=—2%|e 4 +e 4 le 4.
e Py =Ter ‘ o

-0 .

[llykaHa iHTEHCHUBHICTE PO3CiZHOrO 11014, 3rinHo 3 (19.28), nponopuiina

S, (ql) :.

T =~ 2 2
1 (9p,¢p)~Sz(qL)cos G, cos°8,. ¥))
IpoananizyeMo Tenep 3HanacHY 3ANEKHICTH 1_1 (Op,gpp) BiX
KyTiB cnocTtepexeHHs. ma uporo ckopucraeMocs tdopmynoro (19.32)
IS IPOEKLiH BEKTOPa PO3CiIOBaHHA:
qx =ksind, cosp, —ksinf,=k(sind, cosp, —sinb,),
, =ksin@, singp, —ksin0=ksing, sing,.
| I3 (6) i (7) Buano, Lub byHKLIA 7; (Hp,(op) Mae MaKCMMYMH TIpH
KYTaX CIOCTCPEECHHS, L0 3aJOBONBHAIOT YMOBH ¢, =Fa i q,=0.

3Bincu, npaxonymtin (8), orpumyemMo

g, =ksin@, cosp, - ksind,=%Fa, _
. 3 : ®
q,=ksin6,sing, =0.
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© §.19. Poscirosarnns xeiuzb HA CIAOKOWOPCIMKILE NOBEPXHI.

Ilicna mimeHHs Apyroro pisHAHHA Ha mepwe npu ksind, Fa#0
OTpHMYyeMO criBBiaHowWeRH g, =0, T0610 @, =0, 7 . Ile o3nauae,
0 MaKCHMYMHM pO3CIfSHOTO BHIPOMIHIOBAHHA JNEXaTh Y IUIOMIMHI
naziuns. [lepme pisnsuns y (9) npu upomy HabyBae BUITIATY

ksin@, = [ ksind), .T.a] , (10).
Iie 3HaK ,,+”’ nepea KBaAPaTHHMH AY)KKaMH BIANOBIAAE a3UMYTaNbHOMY
KyTy @, = 0, a 3Hak ,,~” BiOHmOBigHO Pp=7. IMig yac 3HaxOIPKEHHS
IiACHHMX KopeHiB piBHAHHA (10) MM HOBHMHHI BpaxoBYBaTH, o 06JacTi
sminn kyrie 0, i 6, nexars y mexax 0<8,,<7/2. Sxuo mu
MPUNYCTUMO, MO MNOJVIPHMHA KYT l9p Moxe HaOyBaTH 1 Bim €eMHHMX
snaucus —7/2<6,<7f2, 10 ananisysarn (10) mMoxHa 3 ONHHM
3HaKOM ,,+” mepel KBaZpaTHUMH JAyKKaMH, BBaXAIOUH, IO Bifl’€MHHM
KyTam ¢9p BIANOBigac asUMyTaNbHHH KYT @, = 7 . Bpaxosyioun, mo
L,=2nla ik= 27/ A , ocTatounO oTpUMaEMO

N6 =sind. T A , 1
sinf, =sin6p ¥, (11)
‘ P

ne 0< 6, < 7/2 . Po3p’ 130K UBOTO PiBHAHHSA

60, =0, , =arcsin| sing, xi : (12)
Lp ‘

NErKO NPOLMIOCTPYBATH 3a jornomorolo puc. 19.8. Buano, mo kopeni
piBHsHHA (11) BH3HAYaOTECA AK TOYKM MEPETHHY  KPHMBOI

y(Op) =sind, i ABOX MpAMEX V) , (Op) = sin 6, ?—L/l . s 3apanoro
P .
KyTa MaJiHHA 6, 3aNeXHO Bil BETMYHHH BiJHOIICHHA i/Lp MOXYTb
cnocrepirariuca a6o JjBa nificHHX KopeHi, abo oxmmH, a6o B3arani
KOIHOTO.
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§19. Posciiosarns xeiwib HQ CAAOKOUODCKIT NOBEPXHI

»(6,)=sing+4/L, 1

y!(op) =siné, —A/Lp sin % '-'7/

.\

YR

sin Hp

N

Puc. 19.8

Biacyrnicte OifCHMX KOpeHiB (L€ MOXIMBO NpPH A/Lp >1)
CBIYMTH NPO Te, IO BOHM CTAIOTH YABHMMH. BiAnoBigHa MM yMOBaM
poscisisa xeuns Gyae HeoaHOpinHOIO (HE MOIIMPIOBAHOIO BiJl IOBEPXHI:
YABHICTH BEeNMUMHM Kk, 111 Hei 03Hayae EKCTNOHEHUIAHE 3racaHHs
iHTEHCHMBHOCTI y HampsamKy BiX moBepxHi). Y Ipyromy rpaHMYHOMY
Bﬂnanxy, Konu )./LP <<J, pO3CisiHa XBHJIA MOIUMPIOETHCA Y ,,Maibie

I3epKamsHEX”  Hampamkax  ( 0,=0,,~6)). Kym, nin sxumu
pO3CilOIOTbCA XBHJII Yy BHMOAAKY, IO PO3ITARAETBCSA, BH3HAYHMO,
noxnaswu y (11) 8, =6,, =6, +A91;, ne A, << 6, . Ilpu usomy y
niHilHOMY 33 MaJMM [apaMeTpoM /1/ L, <<1 nabmmkensi poss’s3ox
~ (12) Mae BHrAsA '

A
L,cosf,

TakuM YHMHOM, HANPAMKH MAaKCHMANbHOI IHTEHCHBHOCTI Yy

mrompni mamiHBs 36iralotecs 3 manpamxamu @, =0,750,=6,,.
CxeMaTH4HO IHAMKATPHUCY PO3CiloBaHHA 300paxkeHo Ha puc. 19.9.
120 '

§ 19. Poscirosanms xetnb Ha cabKowiopcmiti noéepxHi

Puc. 199

3riziHo 3 (6) WHPHHA EMOCTOK A6, ua pieni 1/e ouimoetncs 3

TAKUX CIHBBiZHOIUCHD:

(g, ia)2 lg =4,
gl =4.

HAns nepwoi nemocrkn (6,=6)), noxtapum y (8) ¢,=0,

6, =6, +Ad,, orpumyemo
2 {k[sin(6,+A6,)~sing, +a) =4 . (14)
[Mpunycrusmu IA 0),' << 6,, cnipoctumo (14):
12{k[sin6 +A8, cos, sing, | +a} ~
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§ 19. Poscirosants xeults Ha CAAOKOWOPCMKiti ROGEPXHI

1 {k[M—-%+A0P cosé, —;infﬂ(,’]+a} =
=k’I;(AG,) cos’ 6, =~ 4. (15)
3BiacH OTPUMY€EMO

2

0 ~—<<1.. 16
" ki, cosé, s

Amnanoriuny OLHKY MOXHa orpnmam i mma pmpyroi nemocTku
(6,=6,):
A v—2 <l an
ki, cosé,
Sxwo a/k << 1, 1o, sx Gyno noxasaxo, 6, ~ 6,, i Mu npuxonMMO N0

TAKOT OLIIHKH:

2
Af =~ ————. 18
" ki, cos6, (18)

Jns npakTHYHOrO BUKOPHCTAHHA MM(PAKIiHHMX IPATOK LIIKaBUM

€ Timbku Bunanox A6, << 6, ~0,. Y pamxax NpHIHATHX AOUYIIEHD,
arimno 3 (13) Maemo @, — 0, ~2a/k cos 6, . 3sincu 3 ypaxysannam (18)
OTPHMYEMO l/lf «<a = 27[/ L, . Omxe, nns nepionwaHoi CTPYKTYpH,

IO PO3rMIANAETHCS, Ha l,: HaKJI1a1acThCa oOMexeHHs / ¢ >>L, / 27.

Po3rnsHyTHH BHIAJOK HAOYHO HEMOHCTIPYE PE3OHAHCHMIA

XapaKTep PO3CIIOBaHHA: KOXKHIH rapMOHIiLI HEOXHOPIXHOCTEH BiANORiKa€E
cBo€ poscisHe mnone. Ockinbkd y Wi 3amadi 30ypeHHA rpaHumi
ONMCYETHCA OXHIEI0 FAPMOHIKOIO, TO Y PO3CIAHOMY NOJI ICHYE TillbKM ABi

XBHII 3 BEKTOPaMH PO3CIIOBAHHA §, , = (ia,0,0) .
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- § 19, Posciroeans xewws Ha crabKowopemiis nogepxHi

Ans ispanoi intepnperauii otpumanux GopMyn posrAHEMO
BHIIAZIOK HOPMAJIbHOTO- naninng xeuni (6, =0) Ha mosepxmio, 3anany

supaaom (1). Ha puc. 19.10 nokaszano MpoLEC BIXOUTTA MIOCKOT XBHII
Bifl if€aNbHOI CuHycOiNaneHOi mudpakmifiHOl TpaTkh 3 HCplOIIOM
L, =2n/a inoyatkosoio pasomw v.

Eo¢ ];O‘La. A ‘ '\\ * Eo |
. - \
Y ¥k 0N k

<
HW

Puc. 19.10

KoxHa TouKa noBepxHi € mxepenioM chepHyHOoi XBIIL, IO PO3XOIHTHC.
XBunmi, po3CisHI pi3HMMM  AUIAHKaMH  [I0BEPXHi,  KOI'E€pEHTHO

CKIIafaloThCA. Buano, mo B onHOMY i ToMy x Hampamxy 6, xsur,
PO3CisHI AUISHKaMH MOBEPXHi, 3CYHYTHMH OfHA BiZl ONHOI Ha mepioj
LP,ZLP,...an, GynyTs MaTH omtwusi pisamui xomy A,2A,..nA, ne
A=L,sin 9p>. PoscisHe Bix BCIX OiNSHOK MOBEpPXHi BHIIPOMIHIOBAHHS
6yne cuHdasHHM, AKUIO A=+mi (m =0,1,2, 3) V pesynetati mi
npuxonuMo 0 ymosu L, sing, =tmA . Iipy m =0 xyr cundasioro
Bin6urrs 36iracreca iz Najal04uM KyTOM Hp =6, =0. 3uauenno
m=1 signoBigae nepma BinfWTa rapMoHika 3 KyTaMH Bibutra
0,=6, =:Farcsin(/1/L ) Ta IH.
-V Mipy 3pocranHs m inTencusrOCTi PO3CisTHHX rapmomx LIBHA-
ko crapators. Haiibinew inTeHcHBHUMH € rapmonikn 3 m=0 i m=1.

~Y pabmmkeHHI CNabKOLIOPCTKHX HEONHOPIAHOCTEH, KOJIM kaé <<1

(/1 >> 0'5), Y pO3CifHOMY MOJi BPaXOBYIOTHCA TLNBKM TapMOHIKM 3
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$ 19. Pasciroéanta xeuns Ha CIabKOWOPCMKIL nogepxHi

m=0im=1. I'Ipﬁ oMY _kymposci}onaﬂnx IUIA TIEpIuoi rapMOHIKH
6,=6,= iarcsih(/?./ Lp') 1 3a/1eXKaTh Bil JOBXKHHY XBHIIi [1aAI0UOTO

BunpoMiHioBanHs. OTpuMaHe CITiBBIAHOIIEHHS (i3UTHO O3HAYa€ TLIBKH
Te, 10 HE3BAKAIOYM HA TE, IO PO3CIAHE BHIPOMIHIOBAHHSA QOPMyEThCS
BCi€l0 MoBepxHelo, cuH(a3HO pO3CIIOITh TUIBKHA Ti TOYKH TOBEPXHI,

NPOCTOPOBE PO3HECEHH AKX 3a10BONbHsAE yMoBy L,sinf, =+A.

2. [Ipu THX caMMX DpHNYIIEHHAX, WO 1 B 3aja4i 1, po3paxyBaTh
MeTooM 36ypeHb  pO3NOALT IHTEHCHBHOCTI. pO3CIAHOI XBHWII IS
BHIIAJIKOBOi NTOBEPXHI BUIY

z(x,y)=§(x,y)-sin(ax+1))sin (By+v). 1)
Tyr a,f — crani penvunHy, IO BH3HAYAIOTH nepioaH rpatku L.,
L, yioBX HanpaMkiB X i Y (a =2zfL,,, f= 271'/Lp}-,) .

Bunamxosi BenwaumM &, V i ¥ HesanmexHi, npudoMy V i ¥

pPIBHOMIpDHO po3HOmineHi B iHTepBai [—-72‘,72‘ ], a ¢ (F ) —
CTaTUCTUYHO OMHOPiIAHE i 130TPOMHE HOPMAIBHO pO3NOMiNEHe Tone
amnuniTyx nigsuwens. [ToOynysaru cxeMatnynmii rpadik /) (0,, ‘,‘(op).

Po36°a30K. BUKOPHUCTAEMO ITOPHTM i pe3yNbTaTH OOYMCIIEHB,
HapeZieHi y 3agaui 1:

z(x,y) > B,(¥,F) > 5.(3,) > 1,(6,9).
3rigHo 3 Li€ CXEMOI Ui 3afaHOi MOBEPXHi z(x, y) nobynyeMo
cniouaTky aBTokopenauiiay gynkuito B, (7, F):
B,(7,P)=<&(F)E(F) >¢ <sinfax’ +v)sin(ax+v) >, x
; e

| | :
x<sin(By' +y)sin(By+¥) >, =—4ie % cosiap,)cos(Bp,). @

-
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$§ 19. Poscitosanns xeunb Ha crabrowopemKiti nosepxHi

3a sHaliieHMM . BMIIAZOM B, (,5) i. popmynoo Binepa-Xindina
BusHasaemo S,(§,): - | |

I
Sé (q.L) = 2
(27)
Pt | -
g, [ .[ e Ig _i(qxpx.“"qy’)y

J- Bz (ﬁ)e_"hﬁdﬁ =

cosap, cos fp,e 'd pdp, =

—00
o 2 L e hy .

o-g . —Bg'_iqxpx : —I_i_’qyp.v

o cos(apx)e x dp, I cos fipe dp,. G)

—0 . —o0

KoxeHn 3 iHTerpaniB OGYHCIIOETHCS aHANOTIYHO 0 TOro, sk ue 6yno
3pobneno y 3agadi 1. B pesynsrari M NpHXOAMMO O TAKOroO BHPasy:

o§lz Gl (g @t @R
_ 9% . .

Z(Zjl)—?z—;e 4 4o 4 e 4 i{-e 4 . (4

3rigHo 3 (19.28) 3HaueHHs 7, (6’,(0) JIOPiBHIOE

7 (0 ) / k40'§l¢2 2, c0s” @, cos? 6,
,¢_’ =1y X
et 8R?
(gt ()l (@B 4,-PE
x| e 4 4 4 e 4 te 4 . &)

3i 3HaiigeHOr0 BHpa3y BHMAHO, L0 MAKCHMYMH BHMIIPOMiHIOBaHHS
CHOCTEPIralOTLCs I KyTamH, s SKHX BUKOHYIOTBCH Taki PIBHOCTI:

9, =Fa, ¢, =Ff, TobT0
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§ 19. Posciioganns xeuns Ha crabKOWOPCMKIT nOBEPXHE

. P/
sinf, cos¢p = sm0o F-,

ko, ©
B

sind, sing, = +—

Amnani3 i€l cHcTeMH piBHAHD '3acamqye, IO IS PO3TIAHYTO] TIOBEPXHi
XapaKTEpHi 9OTHPH ,,BUKUAN” PO3CIAHOTO BHMPOMIHIOBAHHA MiZl KYTaMH

6, =82 9,=04,0€

2 B 2 ‘ 2
6 =mcsinJ(s1n0 —;) iz , |6, =arcsin\[(sin90+%j + %’
= tarctg| —2—— |; = +arctg| ——b |,
P =HEE g(ksmao +a Paa ‘ e ksing, -

TakuM  YMHOM, A  pO3TIAHYTOI  MOBEpXHI  po3CisHe
unpomimiosars  1,(6,) mae  cimammy  Gararomemoctkosy
CTPYKTYPY, Ky CXEMaTHIHO 306paxero ua puc. 19.11.

© =0 6,= arcsin_\’sin2 6+ B[k
14 . .

M

3 P
= —arct,
_ e £ ksin g,
Pnc. 19.11
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§19. Posciiogants xeuitb HA CIGOKOUWOPCIKIN NOGEPXHI

3. Ha noBepxHio
z=¢(xy)=¢,
Ie BHNAJKOBA BEIMUMHA ¢ DIiBHOMIPHO pPO3MOJiNEHA B iHTepBAai-

(—fo,fo], nin KyroM &) THaga€ nnocka MOHOXPOMATHYHA ~XBHIIA.

PospaxyBaTH Ta HABECTH = CXCMATMYHME  pO3NOAIN  CepeHbOi
iHTEHCHBHOCTi PO3CIIHOTO BHHPOMIHIOBAHHS 33 HAPAMKaMH. ‘

Bionogios:

<11(0p,¢p)>"‘5(‘Ix)"§(qJ’)’
Hae .
g, =k(sing, cosp, —sin ),
g, =ksing sinqpp.

anexuicrs CEpenHbOl IHTEHCHBHOCTI - PO3CIAHOIO Bnnpommoaauﬂx
3a HanpsAMKaMH [T0Ka3aHo Ha puc. 19.12,

4
4 |6,=4
k
0 X
y
_ 6.=4
K F
— . .
Puc. 19.12
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§ 19. Poscitogans xeuns Ha CAabKOWOPCTXGTE nogepxHi

4. PospaxyBatn Ta HaBeCTH CXEMaTH4HMii  po3momia
IHAMKATPHCH PpO3CIIOBAHHS BHIIPOMIHIOBAHHA. JVIA - CIaOKOIIOPCTKOL
BHNAjKOBO! MOBCPXHi 3 KOPENAIHHOIO PyHKIIEIO HEPIBHOCTEH BUTIAKY

: 2 2
=\ 2 Px _ Py
Bg(P)=ogexpi——=5 -5
) a
Beaxaroun migeumenHs nosepxui ¢(7) mamamu, 3HaliTH xapakrepi

po3mipu iBAMKaTpUCH po3ciioBanHs Af, Ta A@p 3a piBHEM ¢! TIpH

yMoBi |6, - 6| <<1.
Bionogios:

- ‘
F(gp’¢p) = exp{— %l:az (sin 6y cospp ~ Sin00)2 +b%sin? o, sin? ¢p]} i

2 2

e, ~ — , A RS e ‘

P kacos 6 op kbsin &

CxeMaTHuHe 300paKEHHA IHIMKAaTPUCH DPO3CIIOBAHHA  HABEACHO
Ha puc. 19.13 a, 6 (y sunanky npibrux uepismocteii: klz <<1) Ta

puc. 19.14 a, 6 (y BumagKy JOBTHX NOJOTHX HEPIBHOCTEH: klg >>1).

3
Y
\
\
\
A
ax|
y

6) ‘ )

Puc. 19.13 . Puc. 19.14
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§ 20. Posciroganna na noeepxui

3 6enukumu nepienocmamu (memoo Kipxzogha)

§ 20. Po3ciloBanHst Ha noBepxHi
3 BeJINKMMH HepisHocTaMu (Metoa Kipxrodga)

HaBeneni manmpukinmi TonmepeAHsOro maparpada HepiBHOCTI
(19.47) i (19.50) obmexyrots 06nacTs 3aCTOCYBAHHA OTPHMAHHX 3a
JOTIOMOroK Teopii 30ypeHsb ‘peéynf,TaTiB ab0 MamMMH HepiBHOCTAME,
abo oCTaTHBO JOBIMMH XBHISMH. Y LBOMY 5K PO3Zini MU pO3IIISIHEMO
POTHIICKHHIL IPaHHYHHH BUIANOK, KOJU PO3MIPH HEPIBHOCTEH MOXYTb
OyTH HacKiNbKM 3aBrOJHO BEIMKHMH IIOPIBHSHO 3 NOBXKHOI XBHII
BHMIIPOMiHIOBaHHS, IO Majac Ha MOBEPXHIO. DAKTHYHO MOBA HTHUMETHCS |
npo HaGmwxerus (GisuyHOi ONTHKM y 3amaui BiAbUTTA (pO3CilOBaHHS)
XBHIIb Bi HEILIOCKOI (KPHUBOTIHIAHOL) rpaHKili OIiNy ABOX CEPCIOBHILL.

20.1. I'pannyHi yMoBH . ‘
Tax camo, gk i B §19, GynemMo po3s’s3yBatu 3agady po3CitoBaHHs

cxanspsoro nond U Ha HEpiBHOCTAX B CepelHbOMY TLIOCKOI MOBEPXHi
E(R) , 3 AKOI0 MM cymicTuMo mionHy z =0 aekaproBoi cHcremu

xoopaunatr XYZ (puc. 20.1). Jins BH3HAauCHHA BUINAHY IPAHHYHHX
YMOB NpOBEZIEMO CIIOYAaTKy [EAKi MONMOMDKHI IicperBopeHHA. Tak, y

NOBUTBHIH Tounmi R =(x, y,z) NIOBEPXHI Z(k) NPOBEAEMO NOTHYHY

wiomuHy X' i posramyemo y Touui motuky O' mod9aTok HOBOI
IITPHXOBAHOI JIeKapToBOi chcTeMu koopmuHatr X'Y'Z'. Bice O'Z'

CTpAMYEMO B30BXK BekTopa HopMani N 1o noBepxHi Z(ﬁ) (muB. puc.

20.1). Y noOynoBaHiil Takum 4YHHOM cucTeMi koopmumat X'Y'Z'
piBHAHHA noTMyHOi miowmHM X' Bu3Havaerhea Ak z' =0, a paniyc-

-

BekTOp Mae komnomentH R'=(x',)',z'). lllykaue mone U (R’) y

HeBenukoMy okoni Toukn O, 5K i'B nonepenHLOMy maparpadi, Hoxamo

Mi ,T.3
5 MiHakuB, T. 129



§ 20: Posciiosanna na nosepxui
3 genukumu Hepisnocmamu (memoo Kipxzogha)

z 4 V-4 .
_ <
T WA
5 e’ 9 . —koz z'
0z 1 01— _"
oL
=70 =
3 Z(R)
C A ‘ .
/ \(_)/ , A\ 7
‘ Puc. 20.1

y Burnsai cymu 3apasoro mamatouoro U, 5(R')} i sin6uroro U, (R’
nao 8i06

_monis: U(I-é') =U,.5 (1?)+ U,ios (1?) Ilpu  usoMy, npuponHo,

NIPHUIYCKAEThCA, U0, mno-mepiue, Touka O' He 3aTiHeHa iHLIAMH
JiNsSHKaMHM HOBEPXHI CTOCOBHO INAaJalouoro BHIPOMIHIOBaHHA, a IIO-

apyre, mo no Hel, kpiM U, 5, He HANXOAATH XKOAHI iHII XBHI, AKi BXKE

BigOvaKca BiA IHIMMX [UISHOK NOBEPXHi. IHIIMMM ClIOBaMH, MH
OPUIIYCKATUMEMO, 1110 3aTIHEHHA MOBEpXHI 1 baraTopa3osi BinOMTTS Bil
Hei He BifirpaloTh CYTTEBOI PO, 1| HAMH MOXKHa 3HeXTyBaTH. OueBHIHO,
IO BHKOHAHHS LMX BUMOI MONUIMBE TiIbKH [UIA JOCTATHLO MOJOIMX

HepisHocreit (0 /l; <<1) i Npu He HAITO KOB3HOMY ONPOMiHEHHi
Py >> 0'5/16).
Ipunycrumo nami, mo J0OBXHAA XBUAI A BHIPOMIHIOBAHHA, IO

Majac Ha MOBEPXHIO E(R) , JOCTaTHbO Maja, i po3MipH Nepuoi 30HH
Openens nobmusy Z(R) HabaraTo MeHIIi 3a XapakTepHi macurTabn
3MiHH Z(R) y Bcix HanpsaMkax (TakdMH - MOXYTh, HampHKiIaj,
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§ 20. Poscioeanns na nosepxui
2 genuKumu nepienocmamu (Memoo Kipxeogha)

BHCTYTIATH PajliyCH KPHBH3HH NOBEPXHi). Y 150My-pasi y MaoMy oxoni
Touku O’ MoxHa HaGIIKEHO BBRXATH, IO, NO-HEpIIE, TONE Nafalo4oi

xsuwni U, (R') € II0CKOI0 (KBA3IMIIOCKOI0) XBHIEIO:

Unas (R') = A(R')eiEO'R' .‘—.'"A(R")e"(lz"’*m‘"”z'), 0.1y

n
ne A(R') — NOBiNMBHO ‘3MiHHA (NOPIBHAHO 3 EKCIOHEHILiHHHM

MHOXHMKOM) aMIUliTyZa [ajaiodyoro  BHOPOMIHIOBaHHA, Kk, —
XBHIBOBHH  BeKTOp Majarodoi XBWI, WO Ma€  BiINOBIAHO

TaHIeHLiANbHY — (k{, l) i. HopMambHY (k{,z = k{,zé’;) CKJIaf{OBi:

ko =k, +ky, (sanexuwii Bim wacy MHOXHMK e ', sk 3amwIM,

omyckaerscs). Ilo-mpyre, mpouec BinGutTa Uy, (ﬁ') Bifl iCTHHHOI
xpnnoniixiﬁno‘f MOBEPXHI E(R) MOXHa PO3TTIANATH AK BiAGWTTA BiX
INOTHYHOL nnéumrm I ('=0). _le:l'r_I.IBOMy BiﬂGth Bil nnonmnﬁ
z'=0 3a 3aKOHAMH reOMeTpHYHOI OIrThKH XBHIBOBE none U4 (R')

TAKOX € IUIOCKOK (KBa3iIUIOCKOI0) XBMJICIO, aMIUNITYAa  SKOi

BiApi3HAETECA BIA A(R') Ha, MHOXHMK /R, mo HasuBaeTbcs

xoedinicHToM BIIGHTTS, 2 XBWIBOBHIA BEKTOP K5 = (k'uiom ’ 8,.06) ,

. Ma€ TaKi KOMIIOHEHTH: TaHTeHUianbHa (ROTHYHA [0 NOBEpXHi X', T06TO

Taka, WO NeXuTs y mnommHi z' =0) xomnoHenrta 36epiracThcs, a
HopManeHa (crpsiMoBaHa B3foBK oci O'Z') 3miHloe 3Hak Ha

npotunexanit (K, i = —ko; ) : |
Usios (R)= RA(ﬁ')e"’a@ﬁR" = RA (k')ei('z"’ly'k""zl). (20.2)

. 131
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$20. Posciiosanna Ha noGepxui
3 genuxumu nepisnocmamu (memoo Kipxzoga)

- BHKOHAHI' CIIPOLUEHHS TAK0Th 3MOTY. BHPA3HTH 3HAYCHHA OBHOTO
moma U ( ) U ,,a,,( )+U (R') Ha JNOTHYHil TuiowmHi Z' =0
qepe:; 3aiaHe moJe UM (R') , IO Majac Ha noBepxuio. Tak, i3 popmyn

(20.1) i (20.2) oTpMaEMO Taki CIIBBITHOLLICHHS:
v (E')z,_zo = [Unad (R')+Usios (ﬁ')]z,=0 =1+ R)Upao (k')L. e (203 2)
" AHAJIOTTYHO 0OYHCIIIOEMO 1 3HAYCHHS HOPMAJIFHOT TOXIAHON:

(20.3 6)
ON ‘

= 2 U (R)+Uuts(R)], , =(1- RY 2, ()

'
s 2'=0
7'=

(npy BuBeeHHI i€l GopMynan amnniTymy - A(R') MOXH2 HaONMMKEHO -

BBXaTH CTAJIOK BEJMYHHOI Y MalioMy okoii Toukn O’ i 3sHeXTyBaTH
noxXizHoro Bin Hel 3a 0z').

[MoBepTalounch Temep A0 CTapoi (HEINTPHMXOBAHOI) CHUCTEMH
xoopauHat XYZ , MH MOXXEMO 3aHCaTH

U (1’!@‘)|2 =[Unao (R)+Usios (R )] = (1+ Ry (R . )| (204 2)
a(;(VR) =§ﬁ[um (R)+ Ui (R)). = (1-1@)%11,,“ (R) (2049

Cnig 3a3Ha4WTH, IO 3HAMJEHWH 3B’A30K MK nomaMH 1 iX
HOPMAIIBHHMH TIOXiTHHMYM € TOMHMM JUIfl IUIOCKOI XBWJH, IO Najac Ha
IUIOCKY MEXY NONUTy, 1 HaGNMKEHO CHpaBIHKYEThCA A JIOKAJIBHO
mnockoi xsum (20.1), mo nazae Ha JOKANBHO IIOCKY nonepxmo z,
TOGTO HA ITOBEPXHIO 3 IUIABHHMH HEOJHOPIAHOCTAMH.
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§ 20. Posciosanns na nogepxni
3 BeUKUMU HepigHocmamu (Memoo Kipxzoga)

20.2. IloOynoBa Hab/1MKEHOT 0 AMHAMIYHOI O PO3B’A3KY

®opmynu (20.4) Bu3HaualOTh 3HaueHHA mons U i Horo "HOpManBHOI

noximoi OU/AN 'y koxcmiii Toumi. R mosepxi Z(ié) , 1 s

3HaxokeHHa oot U B HOBiNbHINA ToUli crocTepexenHs R p

ckopucratics ¢opmynoro I'pisa (17.8). [ina wuboro monoBHHMO

MOXHa

PO3CIIOI0YY HEpPiBHY IIOBEPXHIO- Z(I_é) JI0 3aMKHYTO{ nonepri (nuB.

puc. 20.2) 3a gonomoroio miecdhepn C, (mocraTHHO BenMKOro paaiyca
a 1 3 HEHTpPOM Yy Toumi mno4atky koopmuHaT Q) | mIOCKUMH
ninsHkamu X, (Big Mexi X B muommHi z =0 1o xona pamycom a).
Toai 3rinso 3 (17.8) Maemo:

1 _0G(R.R,) . _ \oU(R)

= (j) U(R)—="-G(R.R,) v 2 (20.5)
Z+Z,,+C,

Tyt mHopmans N CTIpsAMOBAaHa BCEPENMHY 3aMKHYTOI NOBEPXHi, 3 UM i

NOB’s3aHa BIAMIHHICTH 3HaKiB Nepex OpyrHM inrterpamom y (20.5) i

(17.8). Y nepmoMy foNaHKy iHTEIpyBaHHS NPOBOIUTHECS 3a 06’eMoM V),

obmexenum nosepxuero +X,, +C, .

AZ

=l >

z
e
) LO b

<
na < P

Puc. 20.2
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§°20. Poscitoganus na nogepxui
3 genuxumu. Hepisnocmamu (memod Kipxeoga)

 Sxmo -AK - dyHKHio G(ﬁ,ﬁp) 3aTH  dynkuito [pina
HeoGMexeHOro (BUIBHOrO) IpOCTopy
tklR—R l
G(R,R, ) . (20.6)

IR‘RPI

T0 06’ eMHMi iHTETpan y (20.5) onucye none éanannx IoKepen Q(R) y

BiILHOMY ‘[IpOCTOpi (3a BiACYTHOCTI BinGuBao4oi moBepxHi X ), T06TO

JIa€ ToJie Magaryoi XBUII:
Unao (R, )= J'f,—-;Q(R)dR , 20.7)

a HOBCpXHCBHH lHTel’paJI OHHCYC pozcuonamm 1IBOro Mo Ha ﬂOBCpXHl

Axmo 'y nonepxnesomy iHTerpam B (20. 5) 3aMiCTh IIOBHOIrO MO
U niacraBHTH TilLKH 110j1€ Nagaloyol XBHII U,,ao, TO lie# inTerpan

TOTOXHO IIEPETBOPHTHCA Y HYIIb:

elk‘R -R | eik|ﬁ-—p| aUnad (R) J

1 (ﬁ U d(jé) MR
4”_z+z,"+ca " I IR-R” I _

5 =0-(20.8)

By|

Jns moBeneHHs LBOTO Tnepmkeﬁnﬁ po3sriasHeMo Ge3mexHuit npocTip i3

3aJaHHM PO3MOJINOM JDKepel Q(I—é) i npoBeneMO y HbOMY YABHY

nosepmb, wo 36iracrbCs 3 3aMKHYTOIO TOBEPXHEIO Z+Z,, + C,.

®opmyna I'pina (20.5) 6yne cnpaspkyBaTHca i y LbOMY BHNaaky. Jins

¢dyskuii 'pina G(ﬁ, R p), IO BianmoBinae 6e3MEXHOMY MpPOCTOPOBI,
134 ‘

§ 20. Posciioéanus na nosepxui
3 genurumy Hepienocmamu (memoo Kipxzogpa)

06’eMuuil iHTerpan Bu3Ha4ae mone magarouoi xeum U, ,,. IosHe x
nore U, mo croire y miBil wactuHi piBHocTi (20.5), ‘Takox Ma€
36iratuca 3 U, (U = U,,a,,) (tammax monis, oxpim U, , y npocropi

nemae). B pesynerari popmyna 'pina (20.5) HabyBae Burnany
Unad (Rp)=Unas (Rp ) +
_ _ ik]l?—l? | ik|k—ﬁ | oU. (R .
NS (j) Upao (R} 2o = S o (B) |

4”z+z,',,,+ca N IR_ R”l |k_ﬁp| N _

Ll piBHICTH MOXE 3aXOBONBHATHCA TiNBKH TMpH BUKOHAHHI YMOBH
(20.8)." TakuM uyHHOM, 3aMiHa moBHOro mojisd U Ha mone nanawouoi
xpumi - Up,y y koxuiit Touni moeepxui X+ZX,,+C, o3Hayae
BIACYTHICTE Oynp-siKoi peanpHOi (Di3WYHOI NOBepxHi B3arami, 60 Ha
peansHilf 1MOoBepXHi OGOB’S3KOBO BHHMKAIOTb BifGHTI XBHII, i IOBHE
none U Binpisuserscs Big nons U, BinsHOro npocropy.

BinnimMemo tenep Bix mpaeoi yactunu (20.5) Bupas (20.8). Jlisa
yactuHa ¢opmynu (20.5) npu 1bOMy He NOBHHHA 3MIHMTHCS, OCKIJIBKH
BEJIMYMHA, [0 BiIHIMAETHLCA, JOPIBHIOE HYIIIO:

D § a{U(R)-Vue(R]Z6(RR,)-

~G(RRy) 2 U (R)-Usao (R)]} 209)

!

U(Rp)=unad(

Tak camo, sk 1 y Meromi ¢asoBoro expasa (ams. (17.9)),

copsMyeMo paaiyc miBchepH aq Y HecxineHHicn,(a —)oo). Ilpu
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§ 20. Poscitoeanns na nogepxui
3 senuxumu Hepignocmamu (memoo Kipxzogpa)

npoMy interpan 3a C, 3HHKae (B CHIy NPHHLMITY BHIIPOMiHIOBAHHA).
Kpim nporo, Ha ya_BHiﬁ ndBepxni 2., TIOBHe none U 3aMinuMo moneM
nanarouoi xsunii U,,,, HEXTYIOUM PO3CISHHMH Ha pealbHiH NOBEPXHi
X xsuuamu. lleit mpuiiom 6yB 3actocoBammuit me Kipxrodom mnpu
pO3B’sA3yBaHHI 3aja4 JuQpakiil Ha IUIOCKHX €KpaHaxX: IIPHITyCKaJIoCH,
IO T0JI€ HA MOBEPXHi, KOTPa JONOBHIOE €KpaH /0 MOBHOI IUIOMIMHH, €
TAKMM CaMHM, SKHM BOHO Oymo 6 1 3a BigcyrHOCTi e€KkpaHa, ToOTO
36iracrses 13 nosnem napatodoi xeuni U, ;5 . 3BiAcH HOXONMTE Lie QHA
¥acTo BXHMBAaHa Ha3Ba METOAy DPO3PaXyHKy pOSCiSHOrO Ha HepiBHiH
nosepxHi nons — meron Kipxroda. ITicas saminn U na U,,,; Ha E‘m
iHTeTpan 3a OBEPXHEIO NIEPETBOPIOETHCA HA HYJIb (32 PAXYHOK TOTO, IO
migiHTerpanbHUi BHpa3 IOPIBHIOE Hynlb)‘. Ha peanpHiii mioBepxni Z
ckopucTaemocs opMynam (20.4), o nos’saytotees U i OU/AN 3
noMeM Manaouoi Xewmi. B pesynbrati hopmymra (20.9) HabyBa€ Takoro
BHIJIAAY: ‘

o AP | E o\ = s o
U(Rp)=Unao (Rp)f;r- J' {Ra_N[Z_]"“" (R)G(R,_Rp)]}dz. (20.10)
2 .

®opmyna  (20.10)  po3p’szye  (3BuuaiiHO,  HabGnwxeHo)
,,JITHaMI4HY" YaCTMHY 3ajadi, IOIal0YM PO3CisHE HA HEPiBHIA MOBEPXHI
XBWIBOBE TONIE Y BHIVIAAI iHTerpana Bix BimoMux ¢yHkmid. Sxmo

-

noBepxHid X € Bumaxkosoio, mone U (Rp) TAaKOXX BHABIAETHCA

BHNAJKOBHM, i Ju1g Horo onucy neobxigHuii crarucruanvii maxin. Jlami
MH OOMEXHMOCs OOYHCIEeHHAM nepmux ABoX MomeHTiB momi U -
KorepenTHoOi cknagosoi <U > (cepenHboro mnoad) Ta CepeAHBOL

. . 2
iHTeHCcHBHOCTI <[> = <|U l >. Ilepen THM, sk oO4YHCHIOBATH
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§ 20. Poscioeanni na-nogepxni
3 eenuKumu HepigHocmamu.-(memoo Kipxzogpa)

BKa3aHi CTaTHCTM4Hi MOMeHTH nons U, mpuiiMeMO HHU3KY IPHIyHICHB
A1 CTIPOILEHAA.

1. Sk Q(R) PO3IJIAHEMO TOYKOBE OIMHHYHE JDKEDEO,

posTaimoBane y Toumi R :

O(R)=s(R-R,), (20.11)

sixe opomkye U,y y BUTTIAI cheprHaHOi XBHI, IO POIXOTUTECS:
ik|R-R
R

Upao (R) =—IE-_———RS~. | (20.12)

s ¢opmyna surumsae 3 (20.7) micns nigcraHosku y Hei (20.11) i
BMKOHAHH#A IHTErpyBaHHS 3a 00°€MOM 32 J0NOMOToI0 & ~hyHKIT.

2. Koediuient Biaburts K HabnMxkeHO BBaXATHMEMO CTAJOKO
BEJIHYHMHOIO B YCiX TOYKaX NOBEPXHI X , IO JA€ 3MOTY BHHECTH HOToO 3a
3HaK iHTerpana y ¢opmym (20.10). IligcraBnsioun (20.6) i (20.12) y

(20.10), pms poscissoro mnoms Uy, (R p) =U (ﬁ » ) U, (k p)
OTPHMYEMO
ik(|1§,,—1§|+

=~ Rf0Oe ES_Rl)
Upos(Rp)i;E oN &, Rl -R

(20.13)

- -

3. Slxwo mwkepeno noms Rg i Touxka crocrepexeHns R,

3HAXOJATHCA JOCTAaTHBO IaNeKO BiJl PO3CiiO040i MOBepXHi X (B 30HI
®paysrodepa), i. BHKOHYIOTECS HEPIBHOCTI

L k2 L kI?
—_ — <y —,
R,” R

p s s

<<1, (20.14)
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§ 20. Posciroganta na nogepxmi
3 BenuKumu Hepisnocmamu (memod Kipxeodha)

(TyT, 7% i B nomepeaHroMy maparpadi, yepes L HO3HAYCHO JTiHIMHMi
po3Mip po3citouoi moeepxHi y miowmdi z =0 (mus. puc. 20.2)), TO

BiACTaHi |I_é » —E' i Il_és —-I_él MOXYTh OyTH po3kiazesi B pan Teinopa
3a Maumu semuanami, R/ R, RR, <<1: |

-

|§p—k|sz—§I§, 7, 7=, -EE

£}

Ipu usomy popmyna (20.13) cyrreBo cnpomyerscs:

= R ik(R +R)J"6 _igR
U, (R, ) » ——— P Tl —eTNdE . 20.15
pos(Rp) anR R, J o 2019

Tyr ¢ = k ‘Eo — BEKTOP PO3CiFOBaHHI (k = kR b /R — XBUJILOBHiA

p
BEKTOP PO3CISHOrO MoMs y Touwi croctepexeHHs, Ky =—kR /Rs —
XBHJILOBHI BEKTOP Naaloyoi XBui No6IH3y noBepxHi X ).

-

4. Paniyc-sekTop R TOUOK, 10 Haie)KaTh NOBEPXHI X, MOXHA
3aIHCaTH y BUITISA1 CyMH IBOX OPTOrOHaNBLHHX BekTopiB (puc. 20.3):

R=F+¢&(F)e;, (20.16)

ne 7=(x,y) — npoexuia R wa mommmy z=0, a &(F) —

BHIIAAKOBa GYHKIs, IO ONMHCYE BiIXHICHHS NOBEPXHI X BiJ| CEPEAHBOL
. mnomnud. Iloximma 3a wopmamwmo N y ¢opmyni (20.15) nerxo
OOYHCIIIOETECA 32 BIIOMHM HpPAaBHIOM 0GYHCNIeH s MOXiHOT y300BXK
3alaHOTO HANpPAMKY:

%e_i‘ﬁ =(NV R-)e""ﬁ =—i( ‘q)e“‘?k. (20.17)
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~ § 20. Poscitosannsn.na nosepxui
3 genuxumy Hepisnocmamu (memod Kipxzogha)

Onuuuanmii Bexrop HopMani N 10 nosepxai X y 3MiHHi#H Touni Mae
Komnonertn N =(NJ_,NZ) , e

—

- 7 . F; :
N =- —, N=—Zz_, (20.18)
J1+72 J1+72
ay=y (F ) =V (F ) — BEKTOPHE I10JI€ IPAi€HTIB ninnnmenb 4 (F )
BHITIAKOBOI IIOBEPXHi X .

5. Hapemrri, y dopmyni (20.15) nepeiinemo Bin iHTerpysanHs 3a
KpPHBOJIiHi/iHOIO MOBEPXHEI0 X N0 iHTErpyBaHHs 3a ii mpoekuieo Xy Ha

miouwny 2z =0 (zus. puc. 20.4):

ds, dF ~
an=2%0 _9 (20.19)
NZ Z . L
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§°20. Poscitosanns na nogepxni
3 genurumy nepignocmamu (memod Kipxzoga)

-ﬁ',?z ' 2z

dz,

Puc. 204

ITicns mpopo6NeHuX CIPOIEHs IS PO3CISHOTO Mons y AaNbHii
30HI OTPUMAEMO

‘..‘ R k(R +R, | ~ =\~ 4,7 +q,4(F) )
0

ae g = (qx,qy) — npoexuis BeKTopa § Ha momuny z = 0.

6. Ilpu po3cCilOBaHHI KOPOTKMX XBHJIb Ha BHCOKHX HEPIBHOCTAX
crnocrepiralotbes BenMki Gumykryamii dasu y. noxdsamcy €KCTIOHEHTH,
IO Y CBOKO Y€pPry NMPH3BOAMTH IO LIBUAKUX OCLMUIALIA MiAIHTErpatbHOL
dyukuii y (20.20). Y unpomy BHMaiKy OpH OLUHLI iHTErpaja MOXHA
CKOpHCTAaTHCS METOAOM craumioHapHoi ¢asu (auB. §19). Poms
BunaaxoBoi ¢asu y (20.20) Bigirpac BenMYMHA S(F ) =q,7 +qz§(? ),

IO OMHCYe NONATKOBuiA Habir ¢asu y KOKHi#M Touui (expaHa) F 3a

paxyHOK BigXHW/ieHHA TOBEpXHi 2 Bix mnommsu z =0 Ha BemHYHHY
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8 20. Posciosanns na nosepxnui
3 genuxumu Hepierocmamu, (memod Kipxzogha)

& (F ) VYV  KOpPOTKOXBHILOBOMY HaONM)KEHHI OCHOBHMH BHECOK Y

inTerpan (20.20) naroTh TOukH, A¢ QyHKIIA S (F ) JOCATaE EKCTPEMYMY:
6;5(?)=q¢ +q,7(F)=0. (20.21)

[punyctuMo, WO BEKTOpHE piBHsHHA (abepariitne) Mae AilicHi KopeHi

T =l m= L,2,... 3rimHo 3 (20.21) y ToYkax cramioHapHocTi ¢asu

-

HaXWJIH MNOBEPXHI }/(r) MalOTh OJIHE 1 Te caMme He3aJe)XHEe Big m

JHAYCHHSA:

F(F=Fy)=-1L. | (20.22)

[}

3BiAicH BHIUIMBAE, 10 | BeKTOp HopMasi N , npoBeneHuii o NOBEpXHi y
TOUKax ¥ = Fm , TAaKOX He 3anexuthb Bix m . [lilicno, 3rimso 3 (20.18)

MaeEMo:

, —7(r )+8, _§.+4.3,

Ui \/1+7 Pon) \/:]J_“"Qz

Buano, mo Hopmam N (Fm) CrpsAMOBaHi B3IOBX (HikCOBaHOTO BEKTOpa

z-9 (20.23)
q '

posciroBauHs g =k —kj Ana Bcix Ge3 BUHATKY CTAlliOHapHMX TOYOK.
Y cBoto 4Yepry BeKTop § CTpsMOBaHHit 3a GiCEKTPHCOIO KyTa Mix Ky i

-

k . 3sincu BumaMBae, wo HopMays N y TOYKaxX cTauioHapHoi ¢a3u

F =7, , 1K BUAHO 3 pHC. 20.5, yTBOpIOE piBHi KytH @' 3 XBUNBOBHMH
BekTopamu kg i k .
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§ 20 Po3citoaanna Ha noeepxui
3 genuxumu Hepisnocmamu (memod Kipxzogha)

Puc. 20.5

-

TakuM 9MHOM, HopMmais N Yy CTALIOHAPHHX TOYKAaX CNpPAMOBAHA Tax,

Mo mnajaroya XBUnd (3 XBHIBOBMM BEKTOPOM Kg) J3€pKanbHO

'BinGuBaeTheA Bix gorHunoi maomunn (2’ = 0) y nanpamky k , To610 ¥y
TOUKy - crocrepexenHs. Orke, TOYKH cranioHapHoi ¢a3n
nijinTerpansHoro supasy (20.20) € A3epKaNbLHUMHM TOYKAMH, AKi i
UHHATE TONOBHMH BmB Ha mone Up,,, poscisne 'y 3amaHOMY

[ 4

HANpAMKY k. .
3rizHo 3 Metomom C‘ramonapnox dazm, nepenexcuonenmﬁuﬂﬁ_

MHOXHHK Y (20.20) BUBOJIMTHCA 3a 3HAK iHTerpana y Toukax 7 =

2 2
[qz - ‘-j_L? (F)];=; =4, +'g'4_" = 9 ’ (20.29)
" q: 4:

micna yoro ¢popmyna (20.20) nomaerses y maani

2 P
U pos (Rp)z-——-.R 4~ MR j aF L0780 (29.25)
: 4miR Ry g, ; ‘
0
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§ 20. Posciroeanns na noeepxui
3 seauxumu nepignocmamu (memoo Kipxzogpa)

3aynmmmo 1O IIpH omnmanm (20.25) MH BHKOPHCTa/IH MeTon
cTalioHapHOT (basn TiIBKH 4aCTKOBO, BHHICIIM MepENEKCHOHEHIiHMIT

MHOXHHK ¢, —q 7 (r) y TO4YKax (;Tauionapl-lo'x’ da3n 3a 3HAK
iHTerpana, ane He posknajanoum dazy S (F ) =q,F+q,¢ (F ) y pan

Teiiniopa y Toukax €KCTpeMyMy i He MiACYMOBYIOYM BHECKH Bif yCixX

TOYOK 7 = F,

20.3. Cepenne po3cisine noJie
V. dopmyny (20.25) y sBHOMY BHTJIAMNI BXOAMTH TiJIbKH BHUIIATKOBE
none . MiABHLIEHb & (F) . BpaxoByiounm ue, sanmmemo Bupas s
CEPEHBOTO PO3CISIHOTO MOJA Y TOYLI CIIOCTEPEKEHHS:
‘ 2

p) 47nR R, e
0 5

Jnsi cripoieHHs 3amadi BBOXKATHMEMO, LIO .f(? )e HOPMAJILHUM

(rayccoBHM) IIPOCTOPOBO OXHOPIAHMM (,,CTALlIOHAPHUM” 32 HPOCTOPOBH-
MH 3MiHHUMH) BUIIAKOBMM MoJ1eM. Y LbOMY BHNAJIKy MAEMO

s - L2
e—tqu(r) —e 2 z¥4

. -

ne 0"? = <§2 > =Const iBpaxoBauo, mo <&> =0

VY pesyabrati Bupas (20.26) npuBoanTLECA 10 ann;iny
<Upos (Ry)>= Ryl (R,). 1 (20.27)
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$-20. Po3ciroeanns Ha ROBEPXHI
3 genuxumu Hepignocmamu (Memoo Kipxeoda)

Uy(R,)== L -g—e’k(R”+R’)IdFe_i‘7lf —  (20.28)
4 4miRR, g -
[\]

none y TOUILi CIIOCTEPEKEHHS, IO BUHUKAE y NATBHIMH 30Hi | ipu Blnﬁn'm
BIX uICaJIbHO BlJIGHBa!O‘-IOI (R 1) 110CKO! IOBEPXHi Zy,a

12 2
—"'qza., '
elIJ =Re 2 — (20.29)
epeKTUBHHI Koe(plmem BiIOMTTA cepem-xboro Mo,

Sxmo nimiliEi posmipu BinOuBarouoi mMOBepxHI X Y BCIX
Hanpamkax (y mnoumni z=(0) AocTarHRO BeNMKi MOPIBHAHO 3
JOBKMHOIO XBHIII, TO iHTErpan (20 28) BigMiHHMI Bil HYNS TiNBKM Y
HaNpAMKY A3epkanbHoro Bigburts (g; =0 ) Bin cepennpol miommHM

z=0. Crnpasgi,

0
lim | die " = J dre 07 = (27)2 5(3.).  (20.30)
k'3 -0

}20 -0
TaxuMm anHOM, i cepcnﬂe poscisre none <U poz > BUSBIIAETHCSA

BiAMIHHMM Bif HyJa TINBKH y HAaOPAMKY JA3EPKajJbHOTO BiAOMTTA Bin
cepennpoi mwromunn z =0, mnpudoMy KoedimieHT BiAOHTTA Reqb
Bifipi3HAETHCA BiNl KoediieHTa BixOUTTA BiA miockol nosepxui & tim

CaMHM EKCIIOHEHINAJIbHHM MHOXHHKOM, fIKMil BUHMKae mpu audpaxuii
Ha XaoTH4HOMY (pazoBoMy ekpaHi (17.60)).

BpaxoByloun, 110 y HaNpAMKY A3epKanbHoro Binburra g, =0, a
q, =2k'cosfy, dopmyny (20.29) MoXHA DNeEpemMCaTH y TaKOMy
BHIIIAL: :

' 2
R,p=Re " /2, (20.31)
ge P= 2k0'§ cos §; — BBenenuit panime napamerp Pernes.
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- ofumcnenni  cepennpoi  iHTEHCHBHOCTI  <[pp >=< IU

§ 20. Poscimeanns na nosepxi
3 senuxumy Hepisnocmamu (Memod Kipxzogpa)

20.4. Cepennsn inTeHCHBHICTH
Tak camo, K | Wi 9Yac pO3MIARY CEPEAHLOTO TONA, MpPH
| 2
po3| >
o6MexuMOcs TUIBKH BHNAAKOM BENMKMX 3HadeHb mapamerpa Penes
(P >> 1), Malo4d HAa yBa3i, IO NPOTHIEKHHH T'PAHWYHMI BHIAIOK
(P<<l) 6y moknanHo BHBYEHHH y NOHEPEAHBOMY maparpadi
MeronoM Mamux 306ypens. Bemukum 3padeHHAM mnapamerpa Penes
BiANOBiNAE€ pO3CIIOBaHHA KOPOTKHX XBHJIb Ha BHCOKMX HEPIBHOCTAX.
3rigno 3 (20.25) oOYMCNEHHA HAPYroro MOMEHTY MONA 3BOAMUTHLCA JIO
yCepelHeHHs. TOABIHHOro iHTerpana 3a InoBepXHEl® X, (To6TO

'-lompnxpa'moro im'erpana):
Lo B)> 2= I“PI"” A7) 840, o)
4 &.Rp z ,

Axmo BHnmankose Ionie BiIXHMIEHb MOBEPXHI é‘(? ) CTAaTHCTHYHO

OHOPIAHE | HOPMANBHO POSMOJLIECHE, TO YCEPEAHCHHA IiJ 3HAKOM
iHTerpana NPU3BOZMTD 110 TAKOTO PE3yNLTaTy (sz (17.62)):

1 =
. P V—E(F" —_— zD F—F" ‘
e o8N], R (20.33 a)

ne Dy (7, ?’)—<[§ (7)-£( ] >=20F ~2B; (7 ~7") = 205[1—-1&5 (7 -7 )]
CIPYKTYpHa (YHKINS HEpIiBHOCTEH, INO JIEIKO BHPAXAETBCH Yepe3

aBTOKOpensuiiiny ¢dynkuiro B, (F—7") abo xoedimient Kopensmii
K (F'-7")=B; (F'-—F")/ ag. Jlns izoTporHoro mnoms ¢mykTyarii

nigsnmens D, (F—7")= D, (li" - F"D =D,(p) i y xopoTkoxsumso-
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§:20. Poscirosanna Ha nogepxui
3 geukumy Hepienocmamu (memoo Kipxzoga)

BOMY - HaOIMXKEHHI (qz o >> l) aHaNoTiuHO ' [0 (17.68)  Mmoxia

CKOPHUCTATUCs CNIPOIICHHAM

(1. | 202 :
exp{— -‘-qzzDg'( p)}z exps - —-’T‘f prh. (20336)
2 - 2l
Tyrp=7r -7, a lg= —(/—)2 —. XapakTepHuii. MacIuTab
: 4 o

cnafadHs . (TOpPM3OHTANBHUI po3Mip HeomHOpigHOCTEH) KoedilieHTa
KOpEJALi.

Hepeiinemo Temep y (20.32) Bi11 iHTerpyBaHﬁﬂ sa dr,dr’ 1o

 HoBHX CYMapHIX r —(r +r / 21 pl3HPII.ICBPIX p-—r ~7" 3MiHHHX.
ﬂxmo xapamepmm Po3Mip HeoxHOpiAHOCTEdH 15 3HaYHO MEHINH 3a
ninifini posmipu L (L >>1s) mciel - poscitolouoi mosepxui ‘X
(L~ \/EE ), TO iHTETpyBaHHs 32 O MOXHa NPOBECTH y HCCKiH‘lCHHﬂx

Mexax; a obnacts iHTerpysanHs 3a dr Gyae mpakTH4HO 36iraTcs 3i

crapoio — Xg. 3 ypaxyBaHHSM Bnmesnmanenbro ¢dopmyna (20.32)

HaOyBac BHITLIRY
2 2
_ | R’|2 4 it —g;—?/? —ig,p
<lpos(Ry)om e L a7 [dpe % . (034
(4nRR,)" %5 =,

Mu 3HOBY. IIpUAILIM O pe3yJbTATy, _ijm YOTHPHUKpATHHI iHTErpan
posnascs Ha AOGYTOK [HBOX . ABOKpAaTHHMX, NMpHYOMY iHTerpam 3a dr
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- §20. Posciiosaina na nosepxni
3 senukumu nepisrocmamu (memoo Kipxzoga)

ROPiBHIOE PO3CIIOKOYIH IOl Xy, a obuncneHHs inTerpama 3a dp.

IIPOBOAUNOCH YHaparpa(pi 17 (ame. (17.73):

< pos

L
sp z Y

Tyt 32 ananorieto 3 (17.80) BpaxoBaHo 3B’430K MiX IMCIIEPCI€I0 BHCOT

crg BHIAJKOBOTO 110Jist MiABHILEHE 4’(? ) 1 aucnepciero yxunis — 0'}%

BHITafKOBOTO nons rpanientia 7 = V& (F):

2 .
= f
a}, 2—= : - (20.36)
7
PosummpuMo Tenep MOXKIMBOCTI OLIHKM BUXIOHOTO IHTErpanbHOro
NOAHHA, HE HAKIAJAI04M 3a3JAETixh YMOB HOPMAJIBHOCTI PO3NOALTY

Bucot £ (F ) . [Ina uporo nepenumemo (20.32) y cyMapHuX i pi3HHILEBHX

KOOpAMHATAX:
. 2 4
<Ip03(ﬁp >z———'lﬂ—— d“J.dpe 9P

(47rRst) qzz 5

P
< o aLEF+pI2)-5(F-p/2)] (20.37)
Tyr %, , — pignosimmi obnacti interpysanns 3a dr i dp. Is

TIONEpeHbOro PO3TAAAY HOPMANbHOro posnoniny & (7) summmsano, mo

Y KOpOTKOXBHIBOBOMY HaGmM)KEHHI OCHOBHMiII BHECOK B iHTerpan 3a
dp paoTh TIMLKKM HEBENMKi MIAHKH TOBEPXHi, IO JieXaTh NOGIH3Y
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§ 20. Poscitoeanns na-nosepxui
3 genukumu Hepisnocmamu (memoo Kipxeogpa)

touok, ne p =0. Cxopucraemocs HHM i PpO3KIAAEMO DI3HHLIO
§(7+ﬁ/2)——§(?—ﬁ/2) y p‘;m‘ Teimopa y Toumi p=0.

VY pesyapTarti 3 TOYHICTIO X0 MiHIMHUX YieHIB oTpuMaeMo (auB. (17.70)):
E(F+p2)-E(F-pB[2)=ViE(F)p=F(F)p. (2038)

OkpiMm TOTO, Tpanulli iHTerpyBaHHs 3a d 0 MOXHA IOUIMPHTH HA BCIO
HECKiHYEHHY IUIOLMHY, a Xz IpPAKTH4YHO 306iracTbcs 3 BHUXIiOHOIO

NIOBEPXHEIO X . B pesynsTati oTpuMaeMo

2 4
z

YcepenaHCHHsS HIOAO BHMAJKOBMX HAXHMIIB 7 MOXHA BMKOHATH
3BUYAaHHMM ~ CHOCOOOM,  KOPHCTYIOYHCH  TYCTHHOIO  DO3MOMiLY

jimoBipHOCTE#H w, (;7) Skmwo f (}7) € JCTEPMIHOBaHOK (YHKUIEIO
BHMAAKOBOrO apryMeHTa 7, TO CEpedHE 3HaueHHA < [ (}'7) >

o6unCIIoETHCA 3a opMynoro
| 0
<f(7)>= j F(7)W, (7)d7 . (20.40)
V. pesynbrati. ycepeaHena ¢opmyna (20.39) waGyBae Takoro

OCTAaTOYHOI'O BHUIIIAY:
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$ 20. Posciiosanns na noeepxui
3 senurkumu: nepienocmamu (memod Kipxzogha)

. ) Rz 4 .
‘<1p03( p)>z(“é|;'li_)z"z-2‘ dr Id75[§l+q27(7)] w,(7)=
s8p 2%, -
2 4 - o
_R["% U W,(- il-J. (20.41)
(2R,R,) 4 9z

[Ipu oGumcneHHi iHTerpana mo dy MM CKOpUCTANHCH BiZOMOIO
BIIACTHBICTIO & -hyHKIi:

Iof(x)é'(a+bx)dx =|;1|f(—£).

b

Jlerko nepesipHTH, IO /1A HOPMAJILHOTO 3aKOHY PO3NOALTY HaXUIIiB

- 1 R 2
W, (7)=—se 7 o3 (20.42)
: 70y
¢opmyna (20.41) TouHO nepexomuTh Yy panilue 3HaineHy (20.35).

_ 20.5. InguxaTpuca posciloBaHHs
3rigno 3 (19.31) ingmkarpuca poscioBauns F (HP,(pp) Oyna

BH3HauY€Ha fK BiJHOWICHHA CEPEAHBOI IHTEHCHBHOCTI, PO3CIAHOI Y

-

AOBINLHOMY HanpAMKY K, 0O CepefHBOi iHTEHCHBHOCTI, pO3CifHOi y

AzepkanbHOMY Hanpamky (§, =0):

-<Ip(9p’¢’p)>_q4 W,(-3./4.)
F(9 , P )_ =4 _ ¥\ 70
PP <1, (60,0)>  gf W, (0)

. (20.43)

Jns  KUIbKICHUX OLIHOK DO3IVIAHEMO HOPMAaBHHIM  3aKOH
posnoxiny (20.42), nua sxoro ¢opmyna (20.43) HaGyBae KOHKPETHOTO

BHIIALY
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§ 20. Posciiosanns Ha nogepxHi
3 genuxumu nepignocmamu (memod Kipxzoga)

2
: _ 9 . o
F(6p,pp)==g-e “7. . (2044)
q:

' 'CKophcfaBuincx 3HAYEHIAM MpOCKILiH BeKTOpa qg= (qx,q'),., qz) ,
3anMCaHnx y ccbepn'mnx xoopruHaTax (xus.(19:32)), orpuMaEMo

2
(1 +cosd, cos G, ~sin g, sin b cos @, )

F(6,,0,)= . x
o (cos 8, +cos b, )4
xexp _Sin” 6, +sin’ §—2sing,sinfycosg, | (50 45
. 2 ) hd
- o-,z, (cos 6, +cos 90)

) ) ‘ . . 2
Jiis  monorux  HEOJHODIAHOCTEH, KoM O, <<1, m™MoxHa

3HEXTYBaTH ~ IOBiIBHOIO 3MIHHOIO 33 ~ KyTaMH 0,, i @p

TepeseKCIOHEHNIHHOro MHOXHMKa y (20.45) i BBaXATH, MO LUMPHHA
iHIUKATPUCH pO3CiIOBaHHSA ABH3HAYAETLCSA B OCHOBHOMY INOKA3HHKOM

CTEHeHA EKCHOHEHTH, TOOTO Ticlo AiNAHKOKW KyriB (6O s Pp ), ¥ fAKi#

MOKA3HUK CTEHEHA EKCIIOHEHTH y (20 45) HE MepeBHLIye oaMHuLi (3a°

HOPAAKOM BEAHYHHH):

sin 9 +sin? Gy — —2sinf, sin 6, cos@, _

<1. (20.46)
(cos 6, +cosb, )

- Tak camo, sK i B nonepenqusoMy naparpadi, OmiHMMO CIIOYaTKy
IMpHHY IHAMKATPUCH y IUIOIWMHI namiHHA. Bpakaroun y (20.46)
Pp = 0, orpumyemo

. . 2
(sm 6, —sin 90)

2
Oy

<1.

(cos 8, +cosb, )2
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$ 20. Poscirosaina na nosepxui
3 senuxumy nepigHocmsamu (memoo Kipxzopa)

2
Ilpu o,

<< 1 na HepiBHiCTH MOXE BUKOHYBATHCS TiIbKM 1A KyTiB 0, ,
Mo BiAPI3HAIOTECA BiX €y Ha Many BeNHYHHY A9p . ToxnaBum
0, =6y +A8),, 3 Tounicrio o similiHkX nomaHkiB 3a A6, Maemo
sin), —sin Gy =sin (00 +Ad, ) —sinfp = A, cosby, cosf, +
+cosfy =2cosfy. Ilpu wubOMY mOKA3HMK CTeneHs HAGIHMKEHO
MOMAETHCA Y BUIIIAI

' . . 2 2

(sm 6, —sin 90) N (AH_I,)
2 2" 2
o, (cos 0, +cosf, ) 40,

[NepenckcnioneHmiitHMA  MHOXHMK y (20.45) MoXHa HabmKEHO
BH3HAYMTH IS (QIKCOBaHHX 3HA4YeHbL KyTiB Bp =6y, Pp =0, mo

(20.47)

BiZITIOBIZIAIOTh MAKCHMAaJIbHOMY 3HA4€HHIO EKCITOHCHTH:

( 1+cos 8, cos G, —sin b, sin g, cos g, )2

=1. (2048)
0[!:90

4
(cos 8, +cos 00)
P
Y pesyinsrati U1 IHIUKATPHCH PO3CiIOBaHHA y IUIOIMHI MaMiHHS
OTPHMYEMO TaKe HabIMKEHE MOIaHHA:

F(6,.0)xe *7 . (20.49)

BuiHo, Wwo MakcMMyM IHAMKAaTpUCH NDHUIANac Ha HANpAMOK
A3epkanbHOro BiROMTTA Bij cepennboi miouwmnn (A6, =0, ¢, =0),a

3anexHicTs F (Gp,O) B OKOIi 6 Mmae BHrIAn rayccoao’x"xpma'o'l' 3
XapaKTEPHOIO LIMPHUHOIO
A6, =20,. ©(20.50)
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§ 20. Poscirosanns na nogepxui
3 eenukumy HepisHocmamu (Memood Kipxzoga)

Jns ‘ouinkn mmpunn F (Hp,gop) 32 kytoM @, (Y IUIOLMHI,
NepHeHAMKYIApHIA A0 MIOmmHM nafiEes — XOZ) NOKIaieMo y
[OKa3HHUKY CTemeHs CKCnoHeHTH Yy (20.45) Bp =6y, a COSQ,
NpeACTaBMMO y BHTIAN COSQ), zl—(olz, / 2. Ilpu uwoMmy ¢opmyna

(20.45) B oxomni HaﬁpaMKy naepxansﬁoro BigduTTa (Gp =6, Pp << 1)
HabyBa€ BUTIIAILY :
2

% | (20.51)

F\6y,p,)=exp—
(0 -p) 40}%ctg290

3BiACM BMAHO, IO XapakTepHa IUMPHHA  IHAMKATPHUCH
po3ciloBaHHA 32 KyTaMH ?p IOpiBHIOE

Ap, =20,ctgb). (20.52)

Bucnoexu

I3 dopmyn (20.49) i (20.51) summMBae, MmO iHAMKATpHCa

pO3CilOBaHHA TpH 0'5 <<1 M™aec pi3kmii MakCUMyM Y HanpaMKy

A3EPKANIbHOTO BiNOHTTA (Bp =6, Pp = 0) Bix cepenHsoi IUTOMIMHH.
,3a11e>.1mim. F (Gp,q)p) B OKOJNI MaKCHMyMy Ma€ BHIVIR rayccoBoi
kpuBoi. XapaktepHi ,,poamipu” F (Qp,(op) 3a KyTamu Hp i @p,
nopisurorots  Af, =20, Ag,=20,0tgfy i BusHAuAIOTHCA

. . . . 2
AHUCIIEPCIEIO KYTIB HAXHUITY HEPIBHOCTEH NOBEPXHL — T -

®opmynu (20.50) i (20.52) maroTe 3MoOry HifiTH BaknuBOroO Y.
TIPAKTHYHOMY BilHOIIEHHI BHCHOBKY NpO Te, W0 MNPH KOB3HOMY
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§ 20. Poscireanns na nosepxui
3 seauxumu nepisnocmamu (memoo Kipxzoga)

nownpensi (6 — 7/2) mmpuHa iHmMKATPUCH PO3CIIOBAHHA Y ropH-

30HTANILHIH IUTONMHI (32 a3HMYTOM) Moxe Gy y Garato pasis MEHIIOK.
3a INMPHHY y BEpTHKaIBHIH roumni. JlikcHo, 3rigmo 3 (20.50) i (20.52)
MaeMo: |
A—(op-:ctgﬂb, (20.53)
AGP '-
TOGTO TIpH KOB3HOMY ONpoMiHeHHi nosepxui Gy — /2, ctgfy =0, i
po3ciioaamm BHIPOMIHIOBaHHS BiIOyBacTbCS TOJOBHHM YHHOM Y
BEPTHKAJIbHIH IUIOMMHI, a HE B ropmomanmiﬁ.. Cnin, npore, Haragarty,
IO HaBeJEHi pPe3yNbTaTH HE BPAaXOBYIOTh 3aTiHEHb 1 GaraTopazoBHX
BiIOMBaHb, ‘TOMY 3aBXAM NpPUIYCKAETHCS BHUKOHAHHS HEPIBHOCTI

ctgby >> o, .

3AJJAYI
1. V nabmmxenni Kipxroda pospaxyBaTn iHaHKaTpucy posciio-
BaHHA U1 BHIAAKOBOI IIOBEPXHI

¢ (xy)=ax+py, )
a¢ «a i [ - HesamexHi BUNANKOBI BENWYMHM, DO3NOAUIEHI 3a
HOpDMaNbHMM 3aKOHOM i3 HYIBOBHMH cepeaHiMH (& = ,-5 =0) i
mucnepciamu O, =a, i o, =f;. Tobynysatn cxemaTHuHmit
rpadik IHAMKATPHCH PO3CIIOBaHHA. |

Po3eé’s3ok. 3anaHa TOBEpXHA pPO3CIIOBAHHA € BHIIaAKOBO
Opi€HTOBaHOIO y MpocTopi. miommHow. [Ipy usoMy xoediuienTn @ i

[ € Tanrencamu KyTiB HaXHAiB IUIOIIMHH BIIHOCHO OCEH KOOPIMHAT X
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§ 20. Posciioeanna na nosepxmi
3 genukumu nepignocmamu (memoo Kipxzogha)

o Ry

Ta y Bignosiguo (@ =—=y,, f=—2= 7y) VHACI/IOK He3anex-

Ox - oy

'HOCTi BeM4MH ¥ . 1 ¥, JUIf TYCTHHH HmoBipHOCTi Haxunis W, (77)
BRKOHYyeThCs cnisBimHOWerns W, (¥,,7,) =W, (y,)W,(y,). Orxe, 3

ypaxyBaHHAM HOPMAIBHOCTI PO3IOJLTy HAXHIIB ¥, i 7y OTPHMYEMO

) 1 }/2 72 o
W, (7)=——-—exp e S @)
T By | 200 28 |
Jins BU3HAYEHHS IHOMKATPHCH: PO3CIIOBAHHA MH MAa€MO, 3TIIHO 3 (20.43)

BHUKOHaTH y (2) 3aMiHy ¥ —> —¢, / q: , Y pe3ynerari qoro-(2) Habysae
BHIVIARY

- 1 q q
w, = —————exp{ — —2= y -
’ (y)li= e 2m aop, p{ 2a"oz‘]z 2,4: }
[ gpiegad)
= Py~ 2 _2p2 (-
27 Py 292, B,

O6uncmumo W, ()7) ¥ HAamPAMKY A3€PKANBHOTO BigouTTa, komn g, = 0:

1
W, (0)=——». ‘ @)
Y( ) 27a By
Hincrasnﬂloqn Tenep oTpumani 3nadenHA (3) i (4) y dopmyny (20.43),
3HaXOAMMO BHpa3 IUIs IHAUKATPHCH PO3CIIOBAHHS:

4 222, 2.2 |
q ‘Ixﬂo +qya0
F\8,,p,)="Fexpy———5——¢. 5)

3

z

154

§ 20. Poscitosanns na nosepxmi
3 senuKuMu HepisHocmamu. (memao Kipxeoga)

Ypaxonyxo'm 3B’a30k  (19. 32) MIXK npoelcnmml BEKTOpa
poscnonanux q9.,-9, 1 ¢q, i KyTamu CTIOCTEpEXEHHS Bp 1 @,

OCTaTOYHO OTPUMAEMO |

F(Op,(ép) 4(1+cos¢9 cos00—5m9 smaocosqyp)
‘ (cosb, +cos€0)

: sm0 cos —sin@,)? + a sin 6’ sin?
x exp — ﬂo( ¢p 0) 0 1 ¢p (6)
Zaoﬂo (cosB +cos€0)

IMo6ymyeMo - cxematnyne 3006paxenua F (Hp,(pp) y IBox

mwiowmnax: XOZ - F(_OP,O) i XOY—F(GO,(ap) . i oxpemi
BHIIAIKH JIETKO OTPHMYIOTHCA 3 BHpa3y (6):

.. . 2 o ) :
F(gp’0)=4[1+cos(0p+00)] exp{- (sin@, —sin6,)° }’ )

(cos8, +cosb, )* 2a2(cos 6, +cos b, )2

(1+cos 0y —sin Gocosq)p)

6>
( 0 %) 4cos* 6,
45202
X exp-< — tgze°2.[ﬂ(,z(l—cos¢p)2+a§sin2 ¢7p] . )
8ay By

3rimHo 3 (7) i (8) npw al <<1li B} <<1 y posnoninax F(gp,q)[‘,)

' crocTepiraTUMyThesa roctpi Makcumymu (puc. 20.6) mig Kyramm

6, =6y —ana F(BP,O) i @,=0—n F(Ho,(op).
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. §20. Po3sciioeanna na nosepxi
3 genuxumu Hepienocmamu (memoo Kipxzogha)

Puc. 20.6

XapakTepHy NINPHHY IHIMKATPUCH PO3CilOBaHHS 3a piBHEM e’ nerxo
OLIHHTH 3a JONOMOrOI0 NMPOCTHX OIMHOK. Tak, ypaxoBYIOYH, WIO TPH
a;, Py <<1 nepenexcronenuifini muoxmaku y (7) i (8) mosinbHO
3MIHIOIOTBCS MOPiBHAHO 3 EKCTIOHEHTAaMH, HaGNMMKEHO Bi3bMEMO iX A

dixcosanmx kytis 0, =6y i ¢, =0:

4[1 +cos(6, + 90)]2 |

(cos@, +cos 6y)*

=1 wm FB,,0, O

0p=00

- 2
(1 +cos” @, —sin” 6, cos @p )

4cos* 6,

=1 waF(6p,¥p)- (10)

©p=0
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§ 20. Posciosanns Ha nogepxii

3 geauKumu nepisHocmamu (memoo Kipxeoga)

Y nokasuuky crenens (7) mokimagemo 0p =6, + AHP 1, BBaJKaIO4H, 1110

A8, << 6, , nposenemo cripoiieHHs

(siné), —sin 6’0)2 _ [sin(&o +AG,)-sing, ]'2 N (Aé)p)2

204 (c0s 6, +cos )’ 2a} [cos(ﬁo +A6,)+cos b, —IZ 8ag

(1)

Amnanoriyso i ais (8) 3 TOYHICTIO 10 KBAJAPaTHYHHX HONAHKIB 32

a;, P ,9° <<1 3HaxonuMo CUpOIICHE NOAAHHS

[,302(1 —cosp,)’ +ap s_inzﬂ-cpp]sin2 6, o’
8ag S¢ cos? 6y 8,802ctg2 6o '

(12)

Y pesynbrari OTpUMYeMO Taki HaGNM)KEHI PO3NOMINM iHAMKATPHCH

PO3CiIOBaHHS B OKOJIi MAaKCHMYMIB:

(A8,
F(6,,0) ~expd ——L—1 13
(6,,0) = exp 522 (13)
F(6y,p,)~expq ————F—— (14)
( 0 ¢p) P Sﬂ(,zctgzﬁo

3BiAcH XapakTepHi MaciuTabW 3MiHM {HIMKAaTPHCH pO3CIIOBaHHS 3a

Kyramu 6, i @, ROPiBHIOKOTS:

AG, = 2\/5(10,
Ap, ~ 2J5ﬁ0ctg90.
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§ 20. Poscinoganna Ha noeepxHi
3 genukumu Hepienocmamu (memoo Kipxzogha)

2. 3nificHuTH mepexin y PO3TILIHYTOMY Y uonepennm 3anatu
aHi30TPONMHOMY PO3IIOINi HAXKIIB 0 xaomormoro BHITAAKY.
Po3e’azox. Ins i30TPOMHOTO PpO3NOAINY HAXHMIB y TYCTHRI

- . . . : 2 2
iimoBipHocTi (2) 3ajadi- 1 MH MaeMo HOKIACTH O, =0, = o,
3 inmoro 60Ky, 3 ypaxyBaHHAM TOrO, L0
V=78 +7,E =ae +fe,
V1A AUCHepeiit Mooy i npoeKuiit OTPUMY€EMO TAKHH 3B’30K:
=0, +0, =20".

Bpaxosyroun Buknagene, popMyn (2) i (6) nonepenHsoi 3anaui
3BOAATHECA A0 Burmany (mus. (20.42) u (20.45))

1 Vi +7s 1 7 '
% 2ot P {_ 20° : } ~7o? SXp {—?. =W
. Y

14

2
4(1 +cos 8, cos &, —sin 8, sin §, cos ¢p) N

F\0,,0,)=
( P ¢p) (cos, +cos 8y)*

sin 8, +sin® 6, — 2sin @, sin &, cos @,
Xexp4 — .
dﬁ (cos@, +cos 6,)>
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