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NEPEIMOBA 11

ITEPE/IMOBA

Hudepennianpai piBHAHHA i METOIH JOCHIIKEeHHS IX po3B’sa3-
KiB IMUPOKO BHKOPHCTOBYIOTb Y PI3HOMaHITHHX TaJly3sXx i poszi-
JIax cy4acHol Hayku @ Texaiku. CaMe TOMy HaBYaJIbHa JUCUMILII-
Ha «JIndepennianbHi piBHAHHS» 3aiiMa€ YijIbHe Miclle y miroToBIl
daxiBiiB 3 iHPOPMATHKH, MATEMATUKH, TIPUKIaTHOI MATEMATHKH
TOMIO.

IlponoHoBaHmMit NOCIOHUK OXOILIIOE OCIOBHY YaCTUHY YHIBEp-
CHTETCHKOI TTporpaMu 3 AudepeHIliaJbHAX PiBHAHB AJ1s1 CTYIEHTIB
HAIPsMIB MiJIIOTOBKH «1H(OPMATHKa», «IPUKIAJHA MATEMATHUKAY,
ajie Moxe OYyTH BHKODUCTAHHMIA TAKOX JJIsI CTYACHTIB 1H>KEHCPHO-
TEXHIYHUX BUINUX HABYAJIHLHMX 3aKJIAIB.

MeTo10 ociGHUKA € O3HAROMIEHHA CTYACHTIB 3 OCHOBHUMY T10-
HATTAMH, TBEPJPKEHHSMM, METOJAaMM Ta 3aCTOCYBAHHAMM Teopii
audeperIiiajbHUX PiBHSIHB, CUPUSHHSA TIHOOKOMY 3aCBOEHHIO Te-
OPCTHYIIONO MAaTCpiajly 3a JIOTOMOTOI0 PO3B’SI3aHMX NPHKJIAJIB i
3aJa4 pi3HOro piBHA CKJIaJHOCTi, HIAATOTOBKA iX JO CaMOCTIHHOI
pobOTH 3 HAYKOBOIO JIITEPATYPOIO.

ITocibuuk mae BUMAS Kypey 3 24 JICKIli, SKi yYMOBHO MOXKHa,
IOJINTH Ha 5 po3aiiB: «3BHUaiiHi AndpepeHIiaibHI PIBHAHHS IIep-
LIOrO MOPSAAKY», «3BHUaliHi AncbepeHialibHi PIBHAHHA BHIIUX 110-
PHAKIBY, «CHCTEMH 3BUMANNNX AudepeHiaibliX piBusbLY, «piB-
HSIHHS 3 YACTHHHHUMH NOXIAHUMH 1I€PLIOrO HOPAIKY», «OCHOBY Te-
opil cTilikocTi».

Te, Wwo aBTOpaMM HA3BALO «JICKUIAMH», MOXIA BBAXKATH K-
MH YMOBHO — TlepeoBCiM Yepe3 06CAr, KUl He 3aBXKI4 BIAOBIIaE
JBOM aKaJEeMiYHUM I'OAMHAM, a TaKOXK 4Yepe3 HePiBHOMIpHO pO3Mo-
Ainenuit marepiasn. Hacupasii, TepMin «JleKuisi> — ne pajue 1es-
HHAU TeMaTH4HO 00’eHaHWil MaTepia, SKHil MOXXe 6yTH OCHOBOIO
JIJISL CITPABXKHDBOI JICKIT Ta BLINOBUIOrO NPAKTHIOTO 3aHSITTA.

Bacximsi noHsTTa, TEOPEMH, METOUHU LIIOCTPYIOTLCA IIPUKIIAIA-
mu. KiHellp po3B’si3aHMX NPUKJIAIIB Ta 3aJa4 TO3HAYAETHCH CHM-
posiom M, ayc y Tux punajnkax, jac OyJa MOXKJIHUBICTL «3aryOUTH»
BIIIIOBIAb cepejl TEKCTY, 11 HAIIMCAHO B KiHI IPUKJIaAY 9d 3a1adi.

3Hak P o3HauaE 3aBepUICHHS JOBENEHHS TEOPEMH.
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KoxHa nekiliss cynpoBOIXKYeTbCSI UUTAHHIMH IJI KOHTPOJIIO
Ta CAMOKOHTPOJIIO 3aCBOEHHSI MaTepiajly Ta BIPaBaMH, 9Ki Y HOE-
HaHHI 3 IHMIUMH 30ipPHUKAMH MOXXYTb OyTH OCHOBOIO IS ITPOBEIe-
HHA NPAKTUYHUX 33HATH 3 NeBHOI Temu. IlocibHuk Moxke BUKOpH-
CTOBYBATHCH i 9K JOBLIHHUK, YOMy COPHSIE JAeTAJBHUI MpeaMeTHHI
MIOKaYKYHK.

Y JmozaTkax A0 PO3AUIIB [Jis Maiixke BCiX pO3B’sS3aHMX Y BiAmo-
BiAHMX TeMaX NPHKJIAJIIB HaBOIATHCA 1X PO3B’SA3aHHA 3a JOMOMO-
rOI0 MAKeTa CUMBOJIbHEX oOuuciens Maple. 3 ocHosamu poGotu 3
HHUM YHUTAY MOXKe O3HAMOMHUTHUCH y J0IATKY 6.

Y cmucky niTepaTypu 4YdTad 3Halifle mepenik JiTepaTypHHX
JAXepeJl, y AKX IMTAaHHs, BUCBITIIEHI y [bOMY HOCIOHHMKY, BHKJa~
JIeHi mo-iHmoMy abo OLIBII MOBHO.

CrnoaiBaeMoCh, 1O Ieil MOCIGHMK IOMOMOXKe CTYIAEHTaM B OBO-
JIOMIHHI BazKJIUBHUMH PO3JiJIaMH CYy4acCHOI MAaTeMaTHKH, a TaKOXK
OyJe KOPHUCHHMM [JIsI BUKJIaJAadiB mif 4ac pobOTH 31 CTYJEeHTaMH.

ABTOpH BHCJIOBJIIOIOTh MDY BASIHICTH pPeleH3eHTaM Ipode-
copaMm M. I. Isanuosny, II. I. Kanenwoky, B. M. MoiicummHy 3a ko-
DHCHI KpHTHYHI 3ayBa>KeHHA ¥ MeTOAM4HI MOpaju, siKi 6e3yMOBHO
CIPHSIM NOKPAIUEHHIO SIKOCTI pyKOmMcy. Yci KpUTHYHI 3ayBaXke-
HHs, peKoMeHzanii it nmobakaHHA 3 BAAYHICTIO OYIOYTH CUPHIHSTI
aBTOpaMH Ta BPaXOBaHi IJisl MTOKpallleHHsI 3MiCTY HACTYNHHUX BU-
JaHb nocibHuKa, 3a aIpecoro:

76018, M. IBano-®pankisebk, Byn. llesuenka, 57
TlpukapnaTcekuil HallOHANLHEI YHIBEPCHTET
iMeni Bacuna Credanuka,
¢akyIpTeT MaTeMaTHKM Ta iH(MOPMATHKH,
Kadelipa qudepeHnianbHUX PiBHSHDL i NPUKIIAJAHOL
MaTeMaTHKH '
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Pozgin 1.
3BUIYAHI JVIO®EPEHIIIAJIBHI
PIBHAHHS ITEPIIIOTO TITIOPAIKY

Jlekuisa 1. IlousaTTs npo qudepeHLiadbHI piBHAHHA
Ta gudepeHniaibHi Moaei

ITnan

1. IncdepenuianbHi piBHSIHHS Ta MaTeMAaTHYHEe MOJEJIIOBAHHS.

2. OcHOBHI 03Ha4YeHHs { MMOHATTS.

3. Cknamannsa audepeHUiaJbHUX PIBHAHDL BHKJIIOMCHHSIM J0-
BUIbHHX CTaJIHX.

1. IndepenuianbHi piBHAHHA Ta MaTeMaTH4HE MoJe-
moBaHHA. JlociipKywuy pisHOMaHITHI di3HYHI siBUIIA, TEXHOJIO-
rivyni mpoliecy y 6araThoX rajy3dx HAyKH i TeXHIKM, JesiKi mpoLecH,
AKi BUHHKAIOTb B €KOHOMIIli, eKOJIOTIl Ta iHIMX COMiaJIbHUX Hay-
KaX, He 3aBXKJH BIAETbCA 6e3[10cepeiHbO [IPOCTENUTH 3aJI€2KHICTh
MiXK BeJIMYHHAMH, 1[0 ONHCYIOTh NeBHHUI npolec yu siBume. O HaK
y 6araThoxX BHMAJKaX MOMXKHA BUABHTH DYHKIIONAILILY 3aJEXKHICTD
MK BH3HAYAJIHHUMHU XapaKTEPHUCTHKaMM Iipollecy {dyHKI(isMu),
IIBAJKOCTAMH 1X 3MIiHHM i 4acoM, TOOTO 3HANTHU PIBHSHHS, sIKI Mi-
cTaTh mykani Gyuxuii Ta/abo ix moxigmi. Taki piBnsnus nasm-
BalOTh duepenyionbHuMU, A 3HAXOPKeHHA HeBigoMol GYHKILT
(posB’sa3Ky) — inmezpysannam JudeperiatbHOro piBHIHHS.

Hudepenuianbhe piBHAHHSI, OACPXKAHE y HpoLecl HOCHiRKCI-
HA JeAKOro pealibHOr0 fABHINA abo mpomecy, Ha3nBalOThL dudgbe-
PEHUIAABHOIO MOOEAAIO TILOTO SIBHLLA, Tpoltecy. dudepennianb-
Hi MOZeJIi HA3UBAIOTh LIE QUHAMINHUMU MATMEMATNUYHUMU
Mmodeasamu. Y TaKHX MOJEAX, KPIM IIYKAHUX 3AJIEXKHHUX BeJIH-
YHH, MICTATBCH TAKOXK TOXiMHI NMIYKAHHX 3ajleXKHOCTed, Harpu-
KJIaJl, IIBUAKOCTI, IPACKOPEHHA Ta iH.

Hudepenniaibii Mogesni JomoMaraloThb 3pO3YMITH AOCALIKY-
Ball SABHMINA i TPOIECH, JAIOTh MOXJIHBICTL BCTANOBUTH sIKiCI Ta
KUIbKiCHI XapaKTEPUCTUKH 1X CTaHIB, 3 IX BUKOPDHCTAHHAM MOXKHA
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OIIUCATY MeXaHi3M PO3BUTKY IIPOLECY, 4 TAKOXK IepeabauuTy ioro
MOJAJBIMTUN PO3BUTOK 0e3 HATYPaJbHUX eKCIIepUMEHTIB, mpoBee-
HHSI SIKAX YaCTO € HAJATO JOPOTUM a60 IPOCTO HEMOMKJIUBUM.

Hudepernianesi Mouesi € BasK/INBOIO CKJIZJ0BOK MaTeMaTi-
9YHOTO MOJEJIOBaHHs, fAKe BKIIOYaE B cebe He TiMBKH MOOYHOBY
i mochi»KeHHS MaTeMAaTWIHHX MoJeieif, ajle # CTBOpeHHsA oOuu-
CIIOBaJbHEX AJICOPUTMIB i IIporpaM, IMo peasli3yloTh i Momesi Ha
€JIEKTPOHHO-00UNCTIOBAJILHEX MAIIHHAX.

¥ nponeci nobynosu gudepeHIiaJbHEX MOAeell BaXKIuBe 3Ha-
YeHHsA Ma€ 3HAHHA 3aKOHIB Tiel 06J1acTi HAYKH, 3 AKOIO IIOB’A3aHa
npupoda 3a4a4i, mo BuBYaeThcsd. Hanpukian, y mMexaHini me mo-
ke GyTu apyruit 3akoH HuiorTonal (F = ma, ne m — maca Tina,
a — TIPUCKODPeHHA PyXy, F' — cyMa cmi, mo miloTs Ha Tino); y ee-
KTpoTexHini — 3akon Kipxroda (anrebpuuna cyma cuin cTpymis,
AKI IPOTiKaIOTh Yy IeBHIlt TOYL| eJIeKTPUYHOIO KOJIa, JOPIBHIOE HY-
o); y XiMil ~ 3aKOH PO3YUHEHHS! pevYOBUHYU (IIBHIAKICTH PO3YHHE-
HHsI [IPONOPIIiiiHa HasBHIM KinbKOCTI HEPO3UYHHEHO! PEIOBHHH Ta
pisHHNII KOHIEHTpaliil HACHYeHOro PO3YMHY 1 PO3YMHY y HeBHHMit
MOMEHT 4acy) TOIIO.

ITuTaHHA PO BIANOBINHICTE MaTEMATHYHO! Mojeni i peaJbHO-
ro ABMILA BUBYAETHCA Ha OCHOBI aHAJI3y pe3yJAbTATIB AOCHIAY Ta
IX NOPIBHAHHA 3 NOBEIiHKOIO PO3B’SI3KY OZIEPXKAHOre AudpepeHIn-
AJILHOro piBHﬂHHSI.2)_

PosrnsineMo gmekinbKa NPUKJIaAHUX 3a4ad, sIKI IPUBOIATL 10
3BUYafiHiX HuepeHIiaTbHIX PiBHSIHB.

3anaua 1. 3natimu 3axon spocmanma thgopmauitinur nomo-
Ki6 y Hayyi (3pocmanHna Kiavkocmi Haykoeuxr nybaixausiil), Axuo
6100M0, WO WEUIKICTD 3POCMARHA NPAMO NPONOPYLtiHG docAzHy-
momy PieHIo Kiavkocmi nybaixeayil. Buswawumu, 3a axuid wac
KIABKICMY NYOAIKAYIT N0J60IMbCA NOPIBHANO 3 NOYAMEKOBONW Kiab-
KiCm0, AKUL0 610HOCHA weudkicmb 3pocmanna cxaadae 7%.

DBi6niorpadiuni gaHi 1po BYeHHX, MpPi3BHINA AKHX 3yCTPIvYaloThCH y NoCci-
OHHUKY, MO>KHa, 3HaliTH Ha cTop. 341.

2 Jleranchime npo aucdepenIianbhi MoAeNi Ta METOANKY iX CKIAAHHSA HTH-
MeThCca Ha Jekiii 9.
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Po3ze’szanns. Hexaii y(t) — xinbkicTs nmy0Giikauiit y MOMEHT dacy
t, Yo — MOYATKOBA KimbKicTs mybuikauniit, To6to y(0) = yo. Bua-
KicTh 3pocTaHHs 1HGOPMAIIAHUX HOTOKIB K IMIBHJKICTH 3MiHU
Jyukuil € noxigmoro miel dyukuii. OTxe, 3aK0H 3pocTaHH:A iHPOP-
MALIRHIX OTOKIB MOXKHA, 3allMCATH y BUIVISAL AudepeHniajlbHoro
PIBHAHHSA

y'(t) = ky(t), (1.1)
ae k > 0 — xoedilieHT IPONOpUifHOCTI, M0 XapaKTepU3ye BiATYKHU
Ha myOmikalil y mesHiit raaysi 3HaHb.

Audepenniannue pisusiausa (1.1) pasom 3 ymosoio y(0) = yo
€ MaTeMaTHYHOK MOMEJII 3pOocTaHHs iHGOPMAIiHHMX HOTOKIB.
Posp’sxeMo 1ie piBHSHHSA, BpaxoByloun, mo y'(t) = %’ti:

dy
dt
dilny—kt)=0 = Ihy-kt=C = y=etk

d
ky=0 = ?y—kdt=0 =

ae C] — noBiNbHA cTaja. FKIO Mepemno3HaYUTH et uyepes C, To
y(t) = Cekt. Ockimbxm y(0) = yo, To C = yo, TO6TO MIyKaHWH
3aKOH 3pocTaHHs1 iHGOPMAlifiHUX MOTOKIB y Hayli BU3HAYAETbCH
dopmyioo

y(t) = yoe*". (1.2)

3Haiinemo tenep wac T', 3a SKkuif NOTIK HayKoBol indopmarii y
NOPiBHAHHI 3 NOYATKOBOIO KIMBKICTIO 30UIBIIUTLCH BABiYi. 3a yMo-
BOIO 3aJiadi BifiHOCHa MIBUAKICTb Y’ /y 3pocTanns iHbOpMamiiHIX
noTokiB ckaanae 7%, a romy k = 0,07. Ockinbku y(T') = 2yp, TO

In2

T kT T
Y(T) = yoe™ =2yo = ——0,07

=~ 10 pokis. B

BiizHaunMo, mio yepe3 cTpumyodi GaKTOpH, MMOB’A3aHl 3 pis-
KIMH 3MiHAMHM 30BHIIIHIX YMOB, €KCIIOHEHIIAJIBHUHE XapaKTep 3po-
CTAHHA MOTOKY HayKoBol indopManii 36epiratncs He Moxe. 3po-
CTAHHA piBHA OOMEXYETbCA IIEBHMM MO0 3Ha4YEHHAM i MeXxaHi3m
3pOCTaHHs KUTBKOCTI MyOmikaliit BupaxKaTuMeTbest Augeperiab-
UM pPIBHSAIHAM

y/ = ky(M - y)a
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e k>0, 0 <y < M. Posp’sixxemo 1e piBHsaHHA. Maemo

dy 1 /1 1
— _=kdt = —|-= —kdt =
y(M —y) M<y+M—y)dy hlb=0 =
dlny —In(M —y) —kMt) =0 =
y _ MeMkt+C1
3 M
V=15 ce R

Jie, BDaXOBYIOUH JOBLIBHICTL cTasol C1, mepenosHadero e~ 1 ye-
pe3 C. Hagani y Takiit cuTyamil BUKOPHCTOBYBATHMEMO 3HAK (=
sanpuknag, C = e 1,

Kpusy, Bu3na4eHy OCTaHHIM PiBHIHHAM, HA3UBAIOThL A021CTNU-
YHOMW KPUB010. Y IOYATKOBI MOMEHTH YaCy, KOJIH Y 3HAYHO MeHIIe
M, noricTu4Ha KpHBa IIPAKTUYHO 36iraeThes 3 rpadikom NoKasHu-
xoBoi byRKnil ¥y = MeMEt TIpami y = M iy = 0 € acumMnToTamu
norictuynoi KpuBoi (Ha puc. 1.1 mobymoBaHa JOTiCTHYHA KpHBA
npu M = 4C = 8k).

K

O t
Puc. 1.1

BakoH 3pocTaHHs iHMOPMaUiiHUX MOTOKIB, BU3HadeHU# (op-
myJoo (1.2), € gosoui yHiBepcaasruMm. Hum MoxHa ckopuctaTucs
[Is. OIMCY NPOUECiB PaJioaKTUBHOTO PO3MaLy, XIMIYHMX peakIiiii,
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[LJIs pO3B’sA3yBaHHA 6araThOX 3334 eKoJIoril, 3axa4i npo edeKkTus-
HicTh pexsamu Towio [5, 8, 14, 17]. V GaukiscbKiil cipasl HapaxyBa-
HH#A 3a00proBaHOCTI 3a KpeauTOM abo JOXOAIB 3a BKJIAJAMU TaKOXK
BinOyBaeThCA BIANOBLAHO JO HBOrO 3aKOHY, aJle Y [IUX BHIA[KaX Jac
BipaXoBY€ETBCH HE HEIEPEPBHO, a Yepe3 JUCKPETHI MPOMIXKKI.

Sagaua 2. Yosen cnosiavhioe ceild pyr nid diew onopy eo-
Ju, axutli nponopyiidnul xeadpamy weudkocmi wosna. Ilowamxosa
weudkicms wo6na 3 m/c, a G020 weudkicmv vepe3 4 ¢ cxaadae
1 m/c. Yepes axuli wac weudkicms w06Ha 3menwumses 0o 1 em/c.
Poszg’azannus. 3Fi}1HO 3 apyruM 3akonoMm Hulorona ma = F, ne
m — Maca 4OBHa, a = dt — HOro NPHUCKOpeHHs (II0XigHa LIBHUAKOCTI
v(t) 3a wacom t), F' — cita onopy Boau. 3a yMoBoio 3ana4i F' = kv?.
Orxe, MaeMo Take JudepeHIliaibie PiBHAHHS:

— = kov?. (1.3)

3 (1.3) onepxxyemo:

d
L
v m

3 ymoBu v(0) =3 31-1ax6,u,ﬂM0’- C=-1/3,a TOMy r

o L 717 quu®
N R L L
- 3kt ’
3 (1.4), spaxosyioun, wo v(4) = 1, onepKyemo, mo S0 =1,
T = —6, a oTxe,

3m 3% 3(-6)
= TER T Eom 6%
6
)= —. 1.5
o) = oy (15)

SIkmo tenep B (1.5) miacrasutu t = T (T - mykanuii vac), a
takoxx v = 0,01, To 3Bigcu sHaxoaumo T = 598 c. W
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3anmaua 3. Busnawumu dhopmy daepranra, aKe CnpamMosanuil Ha
HBOZO NOMIK NAPLAEALHUL NPOMEHIB 36UPAE 6 00HY MOKY.
Pose’azanna. 3pobuMo nepepis jzepkaia miomuHow Oxy, mob6
TO4Ka, B AKYy 30upaioThcs npoMeHi (dokyc), Gya I09aTKOM KOOp-
IUHAT, a Bick Or — mapaJjieJbHOI IO IPOMEHIB, AKi HaJaloTh Ha
J3epKayo. Y nepepisi ogepxKyeMo aesky Kpusy y = f(z) (puc. 1.2).

y
y = f(z)
M_~7
&y
e |
A O B T
Puce. 1.2

BukopucracMo 3aK0H reoMeTPUYHOL ONTHKH, 3T1IHO 3 SKAM KYT
naJiHHA IPOMeHs JOPIBHIOE KyTy Horo Biaburrs (ueif KyT mo3Ha-
qeHo gepes o). Hexait M(z,y) — noBiibHa Touka Kpusoi y = f().
[IpoBenemo y niit Touni gorudny M A. Tpukytauk MOA pisHo-
6enpennii. He BTpayaroun 3araabrocTi, BBaXKaTuMeMo, mo y > 0.
Ockinbku y' = tg o (reoMeTpuuHuil 3MicT moXigHOT), TO OmEpPXKYe-

MO
ylztga:MBz y
AB 2 +yl+

260, JOMHOXYIOUH YHCEJIbHUK | 3HAMEHHHUK Jpoby Ha /12 + y2—1,
1
y/=§(\/12+y2—x). (1.6)

Hndepennjanbue piBHanas (1.6) € audepeHUianbHOIO MOUCILIIO
3aza4l. Boro onucye dopmy nepepizy ja3epkaia miommHow OLy.
3 (1.6) ogepxyemo:

! d
Ty o o ———(</x2+y2)=1 =
Va2 +y? dr
Vz2+y2=z+C,
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ge C — poslibHa crajia. OTxKe, MAEMO PIBHSIHHS OCHOBOIO Ilepe-
pisy m3epkasa wiomunoo Ozxy: y? = 2Cz + C2. Onepxann ciM'o
napabon 3 BeprmHaMu y Todkax (—C'/2;0), a ToMy noBepxXHs JA3ep-
KaJla sIK HOBEepXHs 0OepTaHHS OCBOBOrO nepepily HaBKoJIO oci Ox
Mae Burisg y2 + z2 = 2Cx + C?, Tobro mykani ¢hopMu g3epKaia
OIMCYIOThCSA CiM’€10 piBHAHD NMapabosoinie obepTanus. W

2. OcHoBHi o3HayeHHs I MoHATTA. Feuvatinusm duge-
PEHUIAABHUM PIBHAHHAM HAZUBAIOTH CIIBBLAHOLICHHS

F (x,y,y',y”, . ,y(")) -0 (1.7)

MK He3aJIeXHOI0 3MIHHOK T, UIyKaHow dynkuieo y = y(x) wiel
sminnoi 1 moxigammn v, y”, ..., y(™.

ITo3HayeHHs, BUKOPUCTAaH] Y HaBeJeHOMY O3HaMeHHi, He € CYT-
TEBUMI: He3aJleXKHa 3MiHHA MOXKe MO3HAYATHCA 4depe3 f, HIyKaHa
dyukuia — uepes s, f, ¢, F rouwo.

Iopaodxom 3Bn4aiinoro AudepeHIjaIbHOrO PIBHAHHA Ha3UBa-
10Tb NOPAIOK HaHABUIIOL MOXiaHOT HeBIiIOMOI (DYHKILII, TKa BXOAUTH
y piBuanad. Y piBHsuHI n-10 nopsuxy (1.7) BBaxKaeTbes, WO HO-
XifiHa N-ro nopsaKy mykKaHol byHKLI cnpaBal BXOAUTH y Lie PiB-
HSIHHS, TOJl AK HAsIBHICTH PEUITH apryMeHTIB HeoOOB A3KOBA.

Hagsememo npukiam 3suvaitnux nudepeniiajbHUX piBHAHB:

y=zy +y°%, ¢ +y|=0, ¢ +y=-cosz,
yIV . 4ylll + 5y" _ 2y/ ty= zez, y(IO) =

Ilepmi aBa 3 HaBeleHMX PiBHAHb MAKOTH NepLINil MOPSIIOK, Tpe-
T€ PiBHAHHS — JPYTUH MOPSJIOK, YCTBCPTC PIBHSHHA — 1eTBCPTUH
NOPSIIOK, I'ATe — JEeCATHH NOPSII0K.

fAxmo judepennianbie PiBHAHHS MIiCTUTH YACTHHHI NOXigHI
HeBiIOMOT QYHKILT BiJ KUIBKOX HE3aJIC2KHUX 3MIINUX, TO Horo na-
3UBAIOTE PIBHAHHAM 3 HACTMUHHUMU noridnumu. Hasegemo
MPEKJIaAN TAKHX PiBHSHD:



20 Pozuin 1. JUPEPEHIIAJIBHI PIBHAHHSA [IEPIIOIO [IOPAOKY

otz  0x2’ 9z Oy? ' 022

Hapaui, kpim mekui#t 21 i 22, po3riasagaTUMeEMO TIIbKH 3BHYaiiHi
IudepeHnianbHi PIBHAHHES, IPHYOMY 3aBXIH He3aJe2KHY 3MiHHY i
nrykany (PYHKIIO BBaXKaTUMeMO JifiCHIMU.

Pose’askom piBHsiHEs (1.7) Ha JesxkoMy iHTepmani (a,b),
—00 € a < b € 400, HasuBatoTh dyHKIIO ¥ = y(T), AKa Mae Ha
BOMY IHTEpBaJI MOXiAHI 10 MOPAAKY N BKJIIOYHO Ta 33JI0BOJIBLHSE
pieusnHs (1.7). Lle osnauae, mo ans Beix z € (a,b) cupasmkye-
ThCsl TOTOXKHICTD

F (z, y(z), v (z),y" (@),...,y™ (a:)) =0.

= f(x’ya Z)

Hanpuknan, dyHkuisn y = cos 2z € po3B’siskoM JqucepeHIli-
aJbHOrO piBHAHHA Apyroro mopsaaxky y” + 4y = 0 Ha inTepBaii
(—00,400). Po3p’si3kaMu 11bOro piBHSIHHS, fIK JIETKO IE€PEBIPUTH,
€ TakoX y = sin 2z, y = 3 cos 2z, y = cos 2z — sin 2z i, B3araJi, Bci
dyukuii y = Cj cos 2z + Cy sin 2z, ae C1, Ca — ROBiABHI cTadI.

TTizHime 6yne BcTaHOBIIEHO, IO 3BUYaiiHe JudepeHniajibHe piB-
HSIHHSI M-TO MOPS/IKY Y 3arajJbHOMY BHIAJIKY Ma€ CIM'I0 PO3B’sdA3-
KiB, 3aJIe2KHy Bl n 1oBiMbHUX crasux. Hanpukmnanm, yci poss’sas-
ku gudepernianbioro piBEsmEs y(™ = 0 Micrsmees y dbopMyi
y=Cz" 1 4+ Cux" 24+ ... +Cp1x+Ch, ne C1,...,Cp — j0-
BinbHI cTadi.

3 reoMeTpHYHOI TOYKH 30py PO3B’SI3KY JudepPEHIaIbLHOrO PiB-
HSIHHS y NPAMOKYTHIM cucTeMi KOOpJMHAT BIANOBIIaE JesfKa KpH-
Ba, Ky HA3HBAIOTL tHMEzpaavHoro Kpueorw. CyKYNHICTh iH-
TErPAJbHAX KPHBHUX, 3aJ€XHY Bi/l JOBLIBHUX CTAaJUX, HA3WBa-
IOTb CIM €10 THMeEZPaNbHUT Kpusux. Halpukial, poss’sasku
piBuaHHsA y” = 2 yTBODIOIOTE ABOMApAMETPUYHY CiM'I0 Napabon
y = z? + C1z + Co, KOXXHa 3 AKX € IHTErPATBLHOIO KPHBOIO.

TIponec 3HaXOMXKEHHS PO3B’A3KIB Au(pepPeHLIialbHOr0 PIBHAHHSA
HA3WBAIOTh THME2PYSAHHAM LHOrO DIBHAHHA. SKIIO IPH IBOMY
BCl pO3B'A3KU BIAETHCH BUDA3UTH 4Hepes eleMeHTapHl GyHKUil abo
y xe8adpamypax (Kolu PO3B’A3KU BUParKaloTbCA Yepe3 IHTerpasn
Bl eJeMeHTapHUX (yHKIIH), TO KaxyTh, U0 PIBHSHHS 3IHTErpo-
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BaHE Y CKIHUYEHHOMY 6U2.aa0i. Po3risaiaTiMeMo IepeBakHo ca-
Me TaKi pIBHAHHHA, Xo4a 3HA4YHO Oinbine gudepeHIliaNbHUX PiBHAHB
He {HTerpyoThcs y CKiHYeHHOMY BUIVISIAL ¥ JJIS NIPEACTaBJICHHS iX
PO3B’SI3KIB HOBOIUTHCS BHKOPHCTOBYBATH OLIBII CKISIHUN MaTe-
MaTHYHUI anapart.

OcHoBHOIO 3ajiauer0 Teopil iHTerpyBaHHS JAudepeHIialbHUX
PIBHAHB € 3HAXOKEHHs BCiX PO3B’A3KIB 3aJaHOT0 AudepeHIialb-
HOTO DIBHSIHHS Ta JOCJI/KEHHS 1X BJIACTUBOCTEI].

3. Ckinaganusa audepeHUiaJbHIX PiBHSAIHL BUKJIIOYEH-
HAM JOBiNIbHUX cTannx. Hexaii MaeMo piBHsAHHA ciM'l KpHUBHX,
3aJIe2KHOI Bifl ofiHOro JiiicHoro mapametpa C':

&(z,y,C) =0. (1.8)

[obynyemo audepeniannue pisasiins cim’i kpusux (1.8), 106-
TO PIBHAHHA, fKe ONUCY€ BJIACTUBOCTI, MPUTAMAHHI BCIM KPHBHM
miel cim’i. Hust nporo 3mudpepeHiiitoeMo 3a 3MIHHOIO T 0OHIBI Ya-
crunu pisHocti (1.8), BpaxoByrouu, wo y = y(z):

o 00 b, 0o
or Oy dr

Axmo cnieeignomenus (1.9) we micruts C, TO BoHO Oyae BU-
PaKATH TY 3arajibHy BJIACTUBICTh, fKa OPUTAMaHHa YCIM KPMBHM
cim’i (1.8) (nanpukiaa, skmo y = z+C, oy’ = 1). ¥ sarasiviiomy
BUNaAKY piBHicTb (1.9) 3aiexkatume Big napamerpa C. Toai, Bu-
KJIOYAI04HM 1iefl TapaMeTp 13 CHCTeMM, CKIaeHo! 3 piBHaHE (1.8),
(1.9), onepxuMo audepenniaibie PIBHAHHA 11€PLIOLO NOPHAIKY

F(x,y,y')=0. (1.10)

Pipusinust (1.10) HasusaioTh dudepeHuiaavHum pPIEHAHHAM
cim’t xpusux (1.8). BoHO BUpaXkae CHiNbHY BJACTHBICTb KPHBUX
(1.8) nesanexno Big cramoi C.

ITpuknan 1. 3natimu dugepenyiarvre pisHARKA cim’i napa-
60A, AKL NPOTOOAMD “HEPE3 NOMGMOK KOOPOUHAM | MAWOMDB OCL CU-
Mempii, napasesvmi do oci opdunam.
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Poze’sazanna. CiM'1o napabos 3 yMOBH 3334l MOXKHA OINHCATH
3a gonomoroio dopmym y = x? — Cz, e C — nosinbHa crada.
Cknanemo cacremy
y=z%—-Cxz,
{y’ =2z - C

i BUKIIOYMO 3 Hel ctany C. Jas nporo 3Halizemo C' 3 nepmoro
pIBHEHHSA CHCTeMU i migcraBUMO y Apyre:
. . p 2,
-y -y r_ Tty

c=""2 = yY=u-""Y 5 4=
x x X

Bidnosidv: zy' = 2% +y.
AnaJjoriuno, matour cim’to kpusux ®(z,y,C1,Cs, ..., Cp) =0,
3aJI€3KHY Bil 7 JOBITBHUX CTaJUX, MOXKHA IIDH IEeBHUX YMOBax

ojiepxXKaTu udepernianbie piBHAHHS, IJIST SKOTO Il KpUBi 6y1yTh
iHTerpanbaumu. g nporo norpibHo 3mudepeHuiloBaTH CHOiBBiA-

nomennsa ®(z,y,C1,Cs,...,C,) =0 n pasiB 3a 3MiHHOL z i BU-
KJ/IIOYMTH 3 HBOT'O Ta OTPHMAHUX BHACAIZOK AndepeHUiIOBaHHA 7l
piBasiae craai Cq,Cs, ..., Cp. Y pe3yiabraTi ogepXuMo Judepen-

uiasibHe PIBHEHHS ciM'l KpuBHX, fIKe BHpaXXaTHUMe 3arajbHy Bla-
CTHBICTH IIMX KPHBUX.

IIpuxnapn 2. 3natimu dudepenuianvHe PIBHAHHA Cim T KPUBUT
(:L' - 01)2 + Czy2 =1.
Poaza’azanmsn. [Ipiui 3qudepeniioeMo 3a 3MIHHOIO T TOTOXKHICTh
(x-C1)2+Coy? —1=0:

2z —C1)+2Coyy =0, 1+Cy(y?+yy") =0.

Buxuouaroun 3 Tppox piBHocTel crasgi Cp, Ca, micias HeCKIaHuX
HEPETBOPEHDb OLEPKYEMO 2p;mbepeﬂuia,nbﬂe PIBHSIHHS APYroro mo-
paaxy ¥y + (y? +yy") =0 m

Pexomendosarna aimepamypa: (1, c. 15 — 23|, {5, c¢. 3 - 13,
22 - 23], [6,¢. 9~ 19|, [7, c. 4 - 8], [17, c. 6 ~ 15].
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IIntanusa go sgekmnii 1

1. {lke piBHSHHSI HA3MBAIOTH 3BUYAlHUM AudepeHniaTbHIM PIBHSIH-
gaM? Ynum 3pudaiini gudepennianbli piBHAHAS BiAPI3HAIOTbCA BiA PiB-
HSHL 3 YACTHHHUMHM IOXigHUMH?

2. fIx BU3HAYHTH NOPAACK AHdepeHLiaJbHOro PiBHAHH:A?

3. flky dyHKUi0 HABKMBAIOTL PO3B’A3KOM AMbePEHUIAILHOIO PiBHSA-
HHs1? fIK HA3MBAIOTH ONEpaNiio 3HAXOKEHHS PO3B’SA3KiB AUdepeHIiaib-
Horo piBHsIHHA? $IKy KpHMBY Ha3WBAalOTb iHTErPa/IbHOI KPHBOK Aude-
PEHIabHOrO PiBHSIHHS? '

4. Y oMy IOJSITA€ OCHOBHA 3aJava Teopil iHTerpysalins audepen-
IHAJILHNX PiBHSHDL? '

5. Y 4oMy DmOJISITa€ MaTeMATHYHE MOJENIOBAHHA PeaNbHMX TIPOIe-
ciB i #BMIN, sIKa #oro ponb y BUBYeHHI npouecy? lllo Ha3uBalOTHL Au-
dbepenuiansHol Mogemnio? HaBeaits fekinbka IpHKIaAHEX 33024, sSKi
[IPUBOJATH JI0 3BUYAHHUX gudepeHuiaibHUX PiIBHAND.

6. Sknit BUIIS Mae PIBHAHHSA ¢iM'T KPUBHX, 3AJICXKHHX BiJ{ OJIIIOTO
napamerpa (n napamerpis)? Sk snafitu gucdepeHuianbHe piBHAHHS 3a-
JaHol ciM’i ofgHoNapaMeTPUYHUX KPHBHX (n-NapaMeTPHYHUX KPUBUX)?

Brapasu no aekmii 1
1. IlepesipTe, un € dpyHKIIT

a)y=uxz-[3Ldt;  6)5z=Inby; B)y=3zx+Inz+2
0

PO3B’SI3KaMH BiIMOBIAHEX AudepeHIialbHIX PIBHIHB

/] _ ytxsinzx, 1 xy'/y. 2.1 _ '
a) y = L2222, 6)y—ey/-", B) y’Inz = zy' — y.
2. 3ualifiTh KPUBi, y SKUX KOXHHM BLIPI30K JOTHYHOI, MO JIEXKHTD
MiXK KOODAMHATHHUMH OCSIMH, TOYKOIO JOTHUKY JIJINTHCH HABIIJI.
3. Cknagite mucpepentianbie piBHAHHESA CiM'T KPUBHX:

a)z2 -y’ =C; 6)y=sin(z+C); B)y=Ciz?+ Cyre®.

4. Criuanith audepennianpie PiBHAHHA:

a) ycixX KUT, sIKi JOTHKAIOTBCS JI0 Oci abCluc;

6) ycix npsiMEX Ha MJIOIIMHI;

B) napabox, sKi poxoasATsh Yepe3 Touky (1; 2) i MaloTh Bich, napa-
JleJibHY A0 oci abeiuc.

5. 3uaiiaiTh KpUBi, HOPMAJI J0 SIKKX B YCIX TOUKAX HPOXOAATD ePe:s
MOYATOK KOOPJMHAT.
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Jlekuis 2. /IudepeHnianbai piBHAHHS
nepHioro NopsaaKy, Po3B’Ai3aHi BiTHOCHO MOXimHOT
(zaranbHa Teopist)

ILnan

1. OcHOBHi O3Ha9YeHHST i MOHATTA.

2. 3amaya Komri. YMoBH iCHYBaHHS Ta €IMHOCTI PO3B’SI3KY 3a-
madi Kori.

3. Knacudikanisi po3s’s3Kis.

4: TeomeTpuyne Ta MeXaHiuHe TIYyMadeHHS AA(epeHLiaJIbHOIO
PIBHSIHHS TIEPINOTO MOPSIKY Ta HOrc pPo3B’sA3KIB.

1. OcHoBHi o3HaueHHA i noHsATTs. /[ndepenuiaibue pis-
HSTHHS [1€PILNOTO NOPAJKY B 3arajbHOMY BHIAAKY MOXKHA 3allHCaTH
YV BHIJIS

F(wvyay,) =0, (2.1)

Jle T — He3aJIe’KHa 3MiHHa, Y — HeBioma dbyHKUis Big x, F(z,y,y’) -
. . A

3ajana QyHKIA 3MiHENX Z, ¥, ¥ = ZE.

SIkmo piBsiHEs (2.1) MOXKHA PO3B’A3aTH BIAHOCHO MOXiTHOI,

TO HOro 3alMCYBaTHMEMO Y BHTUISA]

y = f(z,y). (2.2)

Taky c¢opMmy 3zanucy audepeHIialbHOTO pPIBHSHHS HA3WBAKOTH
HOPMAABHON.

HaiinpocriluuM 3 gudepeHnjalbHUX PiBHAHb y HOPMAaJBHIH
dopumi € pisasuns y' = f(z). Akmo dymkuia f(z) BusHayeHa i
HelepepBHa Ha JesikoMy iHTepBaJi (a,b), To, sIK BiJloMO 3 MaTeMa-
tiysoro ananisy, y = [ f(z)dx + C, ne C - noBinbHa cTaua.

VY 6araThox BHNAAKaX PiBHAHHA (2.2) 3py4YHO 3alMCYBaTH Y
surnsal dy — f(z,y)dzr = 0, axnii € OKpeMHUM BUNAJIKOM PiBHAHHH

M(z,y)dz + N(z,y)dy =0, (2.3)

ne M(z,y), N(z,y) - sizoMmi pyskuil (xoediyienmu pieHanns).
Pisusinus (2.3) spyyne THM, IO 3MilHI T i ¥ y HbOMY PiBHOTIPaBHI,
TOOTO KOXKHY 3 HUX MOXKHA PO3IVISIAATH K DYHKINO Bif iHLIOL
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Poze’aszxom nudepenujanbaoro piBusiaus (2.2) Ha iHTepBasi
(a,b) HasMBaOTHL HenepepBHO AucbePEHNIHOBHY Ha ILOMY iHTepBa-
ni ¢ynknilo y = y(z), sika meperBopioe piBHAHHA (2.2) y TOTO-
xkHicTh, T06TO Y (2) = f(T, Y(*))-

Posp’s30k piBHsAHHSA (2.2) Moxke OyTH 3a7aHHil He TIIbKH SB-
HO, TO6TO AK y = y(z), ane i y HesBHomy Burasgi ®(z,y) =0
(y Burmsani, He po3B’si3aHOMY BiHOCHO y) ab0 y mapaMeTpHYHiil
dopmi: z = p(t), y = Y(t). Hanpuknazn, dbynkuia y = V1 — 22, ne
x € (—1; 1), € po3s’si3koM piBHAHHA ¥ = —x/y, omHaK Leil caMuil
PO3B’A30K MOXKHaA NOJATH ¥ HesABHOMY BHraam z2 +y2 =1,y > 0,
a TAaKOX y mapaMmeTpudHiii dopmi £ = cost, y =sint, 0 < t < 7.

2. 3agagya Komi. YMoBH icHYBaHHsI Ta €IMHOCTI po3-
B’a3ky 3agadi Komi. Bxe 3asnaganocn, mo audcepenniannii
PiBHSIHHA 3a3BUYail MaloThb Oe3niu po3s’askis. OgHak y 6araTbox
33Ja4aX TEOPETHYHOro i MPUKNAJAHOTO XapaKTepy cepel ycCix pos-
B’A3KiB AudepeHIiaIbLHOrO PiBHsNNA (2.2) MoTpibHo 31aiTr Takuil
po3B’s30K ¥y = y(T), AKMil 3a0BOBLHAE YMOBY

y(zo) = Yo, (2.4)

Je Tg, Yo — 3374aH] Yncaa, TO6TO pO3B’A30K, AKHI IJIS 33JaHOTO 3Ha-
YeHHs He3aJeXKHol 3MIHHOI £ = zg HabyBae 33JJaHOTO 3HAYEHHSI Y.

3ajauy BiAlUIyKaHHst PO3B’s3Ky piBHsHHs (2.2), sxkunil 3au0-
BOJIbHsiE ymoBy (2.4), HasuBawoTh 3adauero Kowi (abo mnowa-
mxo6010 3adaxero). YMoBy (2.4) HA3HBAIOTL TLOXAMKOE010, A
4UCHIa T, Yo — NOYAMKOSUMU darumy 3aa4i (2.2), (2.4).

3 reomeTpu4HOl TOUKM 30py 33ja4a Kowi (2.2), (2.4) noasirae
y BifmyKanui iHTerpalbHOl KPUBOI pisusinns (2.2), ska NpoxXoanTD
4qepe3 3aJaHy TOUKY (Zo,yo) mwrommau Oxy.

Bignosigps Ha NMTaHHA NpO Te, 3a AKHX YMOB 3adadva Kom
(2.2), (2.4) mae pos’sa30K, gae TeopceMa [eano, goseacuns AKoi
MOXKHa, 3HAHTH, HAIPUKIAL, B [3, c. 44 — 46).

Teopema 1 (Ileano). Hxwo Pynxyia f(z,y) nenepepsna 6
deaxtli obaacmi D naowunu Ozy, mo ichye nenepepeHa pazom 3i
c60€10 NOTIoH00 Pynryia y = y(x), axa € po3e’azxom 3adavi Kouwi
¥ = f(z,9), ¥(zo) = yo, de (zo,¥0) € D.
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Opnak Ay 6araTboX 3aJad BaXX/IMBO 3HATH HE TUIBKH (aKT
icHyBaHHST pO3B’I3Ky OUEpPEHIIAJbLHOTO DIBHAHHS, ajle TAKOX 1
Te, UM € Neil po3B’sI30K €auHuM. BiAmoBiAb Ha Te NMUTaHHSA Mae
BUHATKOBE 3HAYEHHS sIK jJIsl caMol Teopil audepeHIiaJbHUX piB-
HSHb, TaK 1 Jja Oararbox i1 3acrocyBaHb. Chnpasfi, sIKIIO 3Ha-
TH, 0 O3B 430K 3a4a4i Komni equuuii, To 3HaHMOBIIN PO3B 30K,
AKMI 3aI0BOJIbHAE 3aJaHI IOYATKOBI YMOBH, JIOCTITHUK MOXKe 6yTH
BIIeBHEHHMM Y BiJACYTHOCTI IHIIUX PO3B’A3KiB, Ki 33JJ0BOJbHSIOTH Ti
caMi IOYaTKOBI YMOBH. ¥ 3aa4aX IPUPOJAO3HABCTBA Lie IPHBOINTD
0 ONEPXKAHHSI €AUHOTO 3aKOHY SBHIIA, SIKUIl BUBHAYAETHCA TiNbKH
AndepeHiabHIM PIBHSIHHIM 1 HOYATKOBUMYE yMoBaMH. LiiocTpa-
Li€10 0 IHOro MOXKYTb OyTH 3amadi 3 jexuii 1.

Busisnsierbest, mo yMoBa, HenepepBHocTi ¢yHKLil f(z,y) 3 Te-
opemu [TeaHo He rapanTye eauHoCTi po3B’s3Ky 3anadi Ko (2.2),
(2.4). PosrusiHemMo, HanpuKiIad, piBHAHEA §' = 2,/Y. HMoro npasa
YaCTHHA BU3HAYEHA 1 HellepepBHA y BepxHiil yacTuHi mwioinuHu Oxy
(y = 0). 3a J0moMOror MiJICTAHOBKY JIEFKO NMEPEKOHATHCD, 110 iH-
TerpaJbHEMH KPUBMMY € Hismapatomu y = (z + C)?, ne z > —C,
a rakox npsiMa y = 0 (Bice Ox). OueBnzgHO, WO y KOXKHIi TO-
ani (20,0) oci Oz emuHicTb PO3B’sAI3Ky MOPYUIYEThCH, 00 epe3
[0 TOYKY NPOXOLATH OBl iHTerpasabHi KpuBi, a came: mapaboia
y = (z — 20)? i npama y = 0 (puc. 2.1).

\ \ \y

y = (z — z0)?

Puc. 2.1

OCHOBHOIO TeOpeMoI0, siKa 3abe3meuye He TUIBKHM iCHYBaHHS,
ane # e;MHicTb po3B’aA3Ky 3a37a4i Komil, € Teopema Komii, sika y
Jello iHmii nocTaHoBIi OyAe JoBeldeHa Ha JeKIii 8.
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Teopema 2 (Komi). Herati gynxuia f(z,y) susnauena y
NPAMOKYMHUKY

G={($,y)l|1§—'l‘0|<a, |y_y0|<b}7 a,b>0,

i 3a0060ADVHAE Y HBOMY TAKE YMOBU:
1) f(z,y) nenepepena, a, omoice, i obmescena, mobmo

If(z,y)| < M, M>0;

2) wacmunna noxiona % ichye ma obmedicena.
Todi 3adana Kowii (2.2), (2.4) mae edunuti po3e’a3ox npunatimmi
na 6idpisxy |x — xo| < h, de h = min (a, b/M).

3a BukoHamnust yMoB TeopeMu Koini Moxknia rapaHTyBaTH, 1o
Jepe3 KOXKHY BHYTPIIHIO To4uKy obnacri G mpoxomuTh €auHa in-
TerpaJjibHa KpUBa.

Teopema Komi Mae Benuke 3naMenHsl B Teopil 3BUdaiumnx audpe-
PeHIliaIbHUX PiBHAHB, 60 JO3BOJIAE 33 BUIVIAAOM NPABOl TaCTHHH
piBHsIHHS (2.2) BiANOBICTH Ha MUTAHHS PO ICHYBaHHs Ta €AUHICTD
PO3B’SI3KY LBOr0 PiBHSHHA NPU 3aJaHUX NOYATKOBUX ymoBax. lle
0CODJIMBO BaKJIMBO y THX BUMAJKAX, KO HEMOXKJIMBO BKa3aTH TO-
qHy ¢opMyILy, IO BU3HAYAE PO3B’SI30K PIBHSIHHHA, a TOMY NOTPiGHO
3aCTOCOBYBATH MeTOJU HabJIKEHOro po3B’A3yBaHHA jmcepeHiii-
aJIHOrO DiBHAHHS.

3. Knacudikanis po3p’s3kis. Jazaavrum pose’azxom
audepenniaibHOro piBHsHHA (2.2) y Jeskii obnacti G maomuHu
Oy Ha3uBaIOTh (PYHKIIIIO

y= y(z, C), (2-5)

sIKa 3aJIe’KUTh BiJ{ O/IHiE]l HOBUIBHOI cTanol C, akio:

1) BoHa € po3B’a3KoM piBHsiHHA (2.2) Aua nosiibHOro dikcoba-
Horo 3HadeHHs crajol C;

2) nna posimeHol mouaTkoBoi ymoBu (2.4), ac (zo,y0) € G,
icnye eamme 3HadveHHs cranoi C =Cy Take, o ¢QyHKIIA
y = y(z, Cyp) 3amoBosbuse ymoBy (2.4).



28 Posgin 1. JU®EPEHIIAJIBHI PIBHAHHA OEPIIIOrO NNOPAIKY

SIKIO He MOXKHA 3HAMTH 3arajibHUil PO3B’A30K y Burisai (2.5),
iforo mykaloThb y HesiHOMY Buriaai F(z,y,C) = 0. Takuit pos-
B’I30K Ha3HBAIOTL 3Q2AAbHUM IHME2PAAOM TG EPEHIIATIBLHOrO
pieranna. YacTo 3aranbumit inTerpan onepxyoTs K ¥ (z,y) = C,
TOOTO y BUIVISIAI, PO3B’A3aHOMY BigHOCHO JoBinbHOI cTajol C.
@yukuito ¥(z,y) y 1boMy BUMAJKY HA3UBAIOTH tHIMEZPAAOM Y-
depenuianpHOro piBHAHHSA. AHAJIOTIYHO BH3HAYAIOTH CIM'IO iIHTe-
rpaibHUX KPUBUX (PO3B’sI3KIB) PIBHSHHS, 3aJieXKHY BiJ JOBLILHOI
crasoi C, y napamerpuuniit dopmi z = ¢(t, C), y = ¥(t,C) Ak 3a-
2aabrull po36’a30x Yy napamempurHiti Gopmi.

Sxuo y Touni (g, yo) HOPyIIyOThCst yMoBH Teopemu Komi, To
Yyepe3 II0 TOYKY IPOXOJMTb JEKiJIbKa iHTerpanbHUX KPUBHX (po3-
B'AI30K He €IuMHMI) abo He HPOXOAUTH KOJHA IHTEerpajbHa KPHBA
(po3B’si30K He icHye). Taki TOUKK Ha3WBAIOTH 0COBAUBUMU TO-
wramu JudepeHnialbHOro piBHIHHS.

IIlykatu ocobauBl To4uku mOTPIGHO cepej TOYUOK, Y SKMX Ma-
oTb pospus byukuisa f(x,y) abo if wactunma noxizna f,(z,y), a
[IOTIM, aHANIZYIOYM 3araJibHuUil pO3B’Sg30K, HEOOXiIHO NepeBipHTH,
4yy 6yayTh 0i TouKy ocobameumu. Taka mepesipka 060B’si3KoBa, 60
Teopema, Komri mae mumre gocratHi yMOBH, a OTXKe, MOXKe iICHYBaTH
€auHU po3B’Asok 3anadi Komi (2.2), (2.4) HaBiTh TOHi, KOIX B
Touni (Zg,Yo) HE BUKOHYEThCS ofHA abo OGHIBI YMOBH TeOpeMH.

PozristHemMo npuKaaamy.

1.y = ycosz + 3%, ®Oynkuia f(z,y) = ycosz + €* Hene-
pepBHa, a IOXiIHa f; = cos T OOMerKeHa B YCIX TOYKAX IJIOLIUHU
Ozy. 3rigHo 3 Teopemoro Koiui yepes KoxkHy Touky mromuan Oxy
MPOXOAMTD OIHA iHTerpajibHa KPHBA.

2. y' = /1 —42. llpaBa 4acTHHa BU3Ha4YeHa i HellepepBHA B
ycix Toukax miommau Ozy, ge —1 < y < 1. Yactunna noxigaa

r _ y p
= cTa€ HeoOMeXKeHOIO AKUIO 4+ 1. Jlerko nepe-
fy Tiw ; y — 1

KOHATHCH, IO KoxkHA 3 GyHKIUH ¥y = sin{z + C) € po3s’sa3koM
piBuanna. OkpiM TOro, MaEMO TaKoK po3B’s3ku y = 1. Takum
YHUHOM, Yepe3 KOXKHY TOYKY NpsAMHUX ¥ = + 1 npoxoadaTh NpuHaiM-
Hi ABi iHTerpaibHi KpHUBi, a TOMY y TOYKaX LMX IPAMHX IOpYIUy-
€ThCA €IUHICTb po3B'si3Ky (pHc. 2.2).
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Y y=1
e
y =sin(z + C)

y=-1
Puc. 2.2

3. ¥ = y=% B ycix Toukax (z¢,0) oci Oz byukuii f(zr,y) =
= y4, f?; = —4y~5 pospuBHi #i HeobMexeHi NpH y — 0,
ajle depe3 KOXKHY TOYKY L€l OCi NMPOXOOUTb €MUHA IHTErpaJib-
Ha KpuBa y = v/5(x — x¢). Pucynok iHTerpasbHux Kpupux aude-
peHniaigbHOro piBnsiimsa y' = y~? nponomyemMo WuTadaM 3pobuTH
CaMOCTIITHO.

Yacmurnum po3e’sa3xom pisusiuns (2.2) B obnacti G nasu-
BaloTh GyHKnjo ¥ = y(x,Cp), YTBOPEHY 3 3arajbHOro PO3B A3KY
(2.5) mpu nesHOMy 3HaveHHi crasoi C = Cj.

Ko KoXKHA TOYKa PO3B’s3Ky JudepedialbHoro piBUAHIA €
0cobIUBOIO, TO TAKU PO3B 130K Ha3UBAIOTh 0CcobAueum. Ocobim-
BAi PO3B’A30K He MOXKHA OTPUMATH 3 (HDOPMYyNH 3arajIbHOrO po3-
B's13Ky (3arajibHoro inrerpaJia) audepeHiiaibHOro PiBHAHHS U
KOAHOMY 3Ha4YeHHI cTaJjiol C.

3 reoMeTpHyHOI TOYKH 30py 3araJbHUM  PO3B’SI3KOM
y=y(z,C) € ciM’a iHTerpanbHux KpHBHX Ha IulowuHi Oy,
dKa 3aJIeXKHTh Bif, OAHIEl HOBLIBHO! ctagol C, a YacTHHHMIA
PO3B’A30K — IIe iHTerpajdbHa KpHBa i€l ¢iM’T, 1o MpoXoauTn ﬁepe:z
3amaHy Touky. ['pacdikom ocobimBOro pos3p’sa3Ky € IHTerpajbHa
KPHBa, K3 y KOXKHill ¢cBOI#l TOYLl Ma€ CHIIbHY HOTHYHY 3 OJHI€IO
3 iHTerpasbHux KpuBHUX. Taky iHTerpajibHy KpHBY 1a3MBAIOTb
066101010 ciM'1 iHTerpanbHux Kpusux. Hanpuknan, aisa pisBHaHES
y' = 2,/y oGBianoM0 € mpsimMa y = 0, To6T0 Bick Ox (puc. 2.1), a 1

piBusnHs y' = /1 — y2 ob6BigHuMuU € npami y = + 1 (puc. 2.2).
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4. TeomeTpruHEe Ta MeXaHiYHe TJIyMadeHHs gudepeHui-
aJIbHOTO DIBHAHHS IIEPIIOro MOPSAKY Ta Horo po3B’a3KiB.
SKINO po3rISAATH X i Y SIK JeKAPTOBI KOOPJAMHATH TOYKH, TO JIU-
epennianbue piBHAHHA (2.2) BCTAHOBIIIOE 3B’A30K MiXK KOODAWHA-
Tamu JoBUIbHOT Touku M (z,y) niaomuH i KyToBUM KoedilieHToM
JOTHUIHOI % JI0 inTerpanbHoi KpuBoil y il Touni (puc. 2.3):

%a=§g=f@w)

dr
Sxwo dyskuia f(z,y) BusnadeHa B obaacti G, TO KOXKHIN TO-
ari M (z,y) uiel obiacTi Biamosinae nesikuit HampsiM, KyTOBHH Koe-
injent sikoro jopisrioe f(z,y). Bkasyioun ueit HapsM BeKTOpOM
(17151 BUBHAYEHOCT] BBAXKATMMEMO HOTO OAMHUYHAM) 3 IOYATKOM Y
Touni M, omepxxumo B 061acTi G nose HanpAmie, BUSHaAUEHe PiB-
asuusiM (2.2) (puc. 2.4).

A A
Y =)

Puc. 2.3

InrerpasnbHa KpuBa, sika NPOXOAUTL Yepes Touky M(z,y) € G,
XapaKTepHa THM, IO Yy KOXKHil 11 Todli HanpsaM JoTHYHOI 30irae-
ThCSL 3 HAIIPAMOM IoJig Yy Lilt Touni. ToMy 3 reoMeTpHUIHOl TOYKH
30py iHTerpyBaHHs AudepeHUianbHOro piBHsAHHA (2.2) HOJasArae y
3HAXOMKEeHH]1 KPUBUX, ZOTUYHI J0 AKHX y KOXKHIiit cBoiil TouLi 36i-
raloThbcd 3 HAIPSMOM IIOJIA.

SIxumro y mesikiit Touni (g, yo) dbyukuis f(z,y) crae HeckiHveH-
HO BEJIMKOIO, TO HalpaAM MoJis Oyue napaJenbuuit 1o oci Oy. ko
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f(z,y) y Touni (zg, yo) nepeTBOpPIOETHCS B HeBUusHaveHicTy 0/0, To
Yepes LIO TOYKY He NPOXOJUTD 2KOLHA iHTerpaJbHa KPHBA.

Jns nobynoBn monst HanpsMiB AuGEpeHNiaJbHOTO piBHSHHS
3PY4YHO BHKODHCTOBYBATH I'€OMETPHYHI MICUA TOYOK, ¥ SAKHX IO-
THYHI JO IHTErpaJbHUX KPUBUX MAIOTh cTauui HampsaMm. Taxi Jji-
Hil HA3UBAOTD i30KAtHaMU. PIBHAHHS 130KIiH TuepeHiaasHoro
piBHsiHHS (2.2) Mae BurIAA

f(z,y) =k, (2.6)

Je k — nosiibHa cTana. 3Mminlooun B (2.6) 3HaveHHs k, oLepKUMO
MHOXKMHY i30KJiH B obsacti G. 3a AomoMoroio i3oKJaiH i BiaomMux
craymix KyTiB @ (k = tga) Haxuily JOTMYHUX JO iHTerpajbHUX
KPMBHX, K] IX II€PETHHAIOTh, MOXKHA CXeMATHYHO IOGYyBaTH iH-
TerpajbHi KpuBi audepenuianbHoro pieHsHua. Takuii Meron, go-
caipKeHHs JudepenIiatbiiuX piBHSHL HA3WBAIOTL MeModom 130-
KATH.

3a AONOMOroK MeToAy i30KJiH MOXKHa BH3HAYHUTH TaKOX TaKi
XapakTepHi JiHil # obmacTi noas iHTErpaJbHUX KPUBHX: obIacTi
spocranns (npu k > 0), cnaganss (k < 0) iHTerpajbHEX KpHBHX
Ta JiHil ix excrpemyMiB (k = 0). fkmo dyukuia f(z,y) y pis-
Hanni (2.2) audepenniiiosna, To 3a JONOMOrol0 APYrol HOXiamol
y' = fr+y  f, = fi+f- f, MoxuHa BusHauMTH 061ACTI OMYKIOCT
Ta JIiHil TOYOK NeperuHy iHTerpajbHUX KPMBHX.

Ilpuknan 1. 3a donomozor isoxain Habaudsiceno 306pasumu
inmezpanvri xpuel pisnanna y' = x(y — 1).
Pose’aszanma. 3rigHo 3 (2.6) piBHsIHHA 130KJiH Mae BUINISL
z(y —1) =k, k € R. Sxwo k = 0, To i3okninamu € npsmi z = 0 i
y = 1. Bagosxk nux ¢ = tga = 0. SIkmo k # 0, To izokninamu €
rinepboaun y = § + 1. Axmo, Hanpukaag, k = 1, To tga = £ 1,
a, oTke, @ = £45°. Hkmwo k = +£0,5, To o = L arctg0,5 ~ £27°
i T g lone nanpsimis audepenuiainbuoro piBusinus y' = z(y — 1)
306paxxeHe Ha puc. 2.5.
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e
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Axmo nose HanpaMmiB audepeHIiaJbHOro PIBHAHHA H0OYIOBA-
HE, TO AJs TOro, OO HAKPECJUTH IHTErpaJibHy KpPUBY DiBHSAHHHA,
HOTPiIOHO, AK BXKe 3a3HAYAIIOCH, B3SITH Ha IIONTUHI OyIb-5IKy TOIKY
1 IpoBecTH 4Yepe3 Hel KPUBY TaK, o6 BOHA y KOXKHiil cBolit To4Ii
36irajach 3 HAIPSMOM I10JIsI, TOOTO JOTUYHA 1O KPHUBOI Y KOXKHIM
TOYIi MOBUHHA MAaTW HANPSM BeKTOpa y Iii Toumi. [HTerpaabHi
KPHUBI 3aJaHOI0 PiBHAHHA CXeMaTHU4IHO 306pakeHi Ha puc. 2.6. B

PosrisineMo 3ajiady 1npo pyx MarepiajbHOl TOYKH P B3J10BXK
oci Oz. [Tozrauumo mwBnaKicTs Touku P uepes v(t, z) — dyHKmio,
3aJIeXKHY BII 4acy ¢ 1 HOJIOXKEHHST X, AKe 3aiMa€ TOYKA y MOMEHT
qacy t. JudepennianbHuM pIBHIHHAM LbOI0 PyXy Oyie

dzx

i v(t, x). (2.7)

Bynb-sikuit po3s’sizok = = x(t) piBusanns (2.7) BA3HAYAE MEB-
HUI 3aKOH Pyxy (MOro Ha3MBATMMEMO TPOCTO PYTLOM). Jamada
Kouni aist piBHsiHEs (2.7) MOJSIrac y 3HAXOAMKEHHI TAKOTO PYyXy
z = z(t), AKWil BU3HAYAETLCS piBHARHAM (2.7) 1 33/10BOJBLHSAE T10-
9aTKOBY YMOBY Z(tg) = xo.

Pyxy z = z(t) Bigmosimac na mnommsui (t,z) xpua MyM;
(puc. 2.7), sika 300paxye 3ajexHicrb z Bix t. 1lilo KpuBy Hasu-
BalOTh 2paghivom pyxry (He Tpeba maytaTu rpadik pyxy 3 Tpae-
KTOpi€I0 pyxy Touku P — Biapizkom PyP| Ha puc. 2.7).

XA XA
P M
1 y X=X,
x=x(1) o

P M
. Mn
[rl X

XO
() ’n / ’v| rt () ’n t Il ”

Pue. 2.7 Puc. 2.8



34 Posuin 1. JUOEPEHIIAJILHI PIBHSIHHS I[TEPIIIOIO MOPSIKY

Axmo y pisuanni (2.7) dyskuisa v(t,z) He 3ajexuTh Bif t,
T0OTO

dx
i v(x), (2.8)

TO Take DIBHAHHS HA3HBalOTh CMAUIOHAPHUM 360 aA8MOHOM-
Hum. Y piBusHHI (2.8) WIBUIAKICTE 3aI€KUTH TiINBKH BiJ MOIOXKe-
HHSI TOYKH.

fAxmo npasa 4acTuHa piBHAHHSA (2.7) 11ePETBOPIOETHCH B HYJIb
NpU T = Zg AJs BCiX 3Ha4UEeHH ¢, IO PO3IVIIIAIOTHCA, TOOTO IIBHI-
KicTb PyXy y Touli g B OyAb-aKU# MOMEHT Hacy JOPiBHIOE HYJIO,
To piBHsAHHA (2.7) Mae po3B’si30K T = xg (puc. 2.8). LlpoMmy pyxy
BiZmoBinae cmar cnoxor. TpaeKTopieo ILOTO PyXy € TOdYKa Zo,
AKY HaSHUBAIOTb MOYKOW0 cnokolo abo mowKkoro pisHosazu.

Pexomendosara aimepamypa: |1, c. 24 — 37, 42 — 48], [3,
c.9-11, 36 — 59], [5, c. 14 — 22, 25 — 27, 97 — 104], [7, c. 8 — 25,
76 - 83), [16, ¢. 7 — 14].

IInranusa oo geknii 2

1. SIxnii 3araJbHUiA BAIIAL Ma€ 3BU4aiine audepeHuiabHe PiBHAHHS
nepuroro nopaaky? Aky yHKio HA3WBAIOTL PO3B’SIBKOM [BOTO DiBHS-
HHs Ha inTepBai (a,b)?

2. fAky dopmy 3Bu4aitHOro AudepeHIliaJbHOrO PIBHAHHA NEPIIOTro
HOpAIKY HA3HBAIOTh HopMaJswsHoo? Ik 3Bectm piBHsnus M (z,y)dz +
+ N(z,y)dy = 0 xo nHopmanbrol dopmu?

3. fx dopmymoerbest 3agada Kol ans qudepeRialbHOrO PiBHAH-
Hs1 nepmoro mopsaky? Skwmit 11 reomeTpuyHul i MexaniuHu# 3micT?

4. Cdopmymwitre Teopemy IleaHo npo icHyBaHHsA po3B’A3KYy 3aJadvi
Komni ana pisusinas y' = f(z,y). 94 MoXKyTb iHTerpaibui KpuBi piBus-
unst ' = f(z,y) 3 HemepepBHOIO NPABOIO YACTHHOIO NepeTHHATHCA abo
JOTUKATHUCS OJIHA OJHOL?

5. Yu rapanTye HermepepsHicTb byHKuil f(z,y) icHyBaHHS e€mauHO-
ro posp’ssky 3agaqi Komi ans pisusiuusa ¢ = f(z,y)? Chopmymoiite
Teopemy Komi. Yu Moxe icuyBaTH €IMHMH pO3B’A30K Liel 3aJa4i npu
HeBMKOHaHHi 6yab-sakol ymosu Teopemu Komi?

6. JlaiiTe 03HaYeHHs 3aTAJLHOCO PO3B’SI3KY AMQeEpeHuiaIbLHOroO piB-
msHEA y' = f(z,y) y Aesxiii o6nacTi icHyBaHHA Ta €IMHOCTI PO3B’A3KY
3aga49i Kowi. SIkuil po3B’si30K Ha3MBAIOTh 3arajlbHUM iHTerpajioM, 3a-
rajlbHMM PO3B’A3KOM y napameTpudHiit dpopmi?
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7. Illo Taxe 9acTuHHM po3B’A30K pisHanus ¥y = f(z,y)? Akuit pos-
B’AI30K HA3WBAOTH ocobmuBuM? JlaiiTe reoMerpuyHe TIyMadeHHs LHX
PO3B’HI3KiIB.

8. fkuii reoMeTprunmii 3MicT MalOTh piBHsiEHEs Y = f(z,y) Ta Horo
po3p’si3kn? SIk Bu3HAYMTH HAXWI IHTErpaJIbHOL KPHBOI ¥ 3aJaHiil Toumi
32 BHIVISLAOM NpaBol YacTuHM piBHsiHHsA? fIK nobGyayBaTH noje Hampsi-
MiB, BU3HadeHe pisHsHEIM ¥’ = f(x,y)? Y YoMy nonsirae reoMeTpHIHHA
3MiCT iHTEerpyBaHHSA UBOr'O PIBHSHHAT

9. [IIo Take izokuina? fIkuM € piBHsIHHS 130KMIiH Jyis AU epeHIiaTIb-
Horo pieasuHs Y = f(z,y)? fk 3naliTh diHi excTpeMyMiB i JTiHIT ToUoK
[EePerMHy IHTerpaJIbHUX KPUBUX HBOro PiBHsIHHA? Y 4YOMY HOJISIIAE Me-
To/ 130KJIiH HAGMHIKEHOTO PO3B I3y BaHHS JU(EPEHIIaIbHOrO PIBHSHHST

10. Hdxuit MmexaHiyHMI 3MiCT MaioTb AudepeHUiaibHe DiBHSHHS
y' = f(x,y) Ta foro poss’szku? Sk noB’szanuii Mix cobow rpadik py-
Xy (posB’s3Ky), BU3HAYEHHH MM DIBHAHHAM, | Tpackropist uporo pyxy?
SIku#t pyX HA3MBAIOTHL CTAHOM CIOKOIO, AKUMH € rpadik i TpaeKTopis
1BOro pyxy?

Bnpasu no agekuii 2

1. Posp’sixxite 3amaui Komri:

a)y +a2®=1,9(0)=5 6)y =ctgx, y(3) =3;
B) ¥ =Inz, yle) = 1.

2. Kopuctyiouuck Teopemoro Komii, BuainiTe obnacti, y AKHX KOXKHE
3 AuQepeHialIbHUX PIBHAHD Ma€ €IUHUN PO3B’A30K:

a)y =cosy—2z; 6)y =422 —y+1% B)y =2y/H+e"

3. 3a monomoroo MeTony i30KiiH HOOyaAyiiTe noJsie HanpsiMiB auce-
peHIianLEoro piBHAEAR ¥’ = z2 4 y? — 4 Ta HabMIXeHO 306pa3iThH me-
KiNbKa iHTerpajlbHUX KPHBHX.

4. HanmiuiTh piBHSIHHS, SIKOMY 33J0BOJILHSIOTLD:

a) yci TOYKM eKCTpeMyMy IHTErpajbHHX KPHBHX DIBHSIHHS
Y =2ty

6) yci TOYkm nNeperuHy IHTErpaJbLHMX KpPHBHUX  DPIBHSHHS
yl — y3 3z __ 9.
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Jlekuin 3. HaltnpocTimi naudepennianbhi piBHAHHS
nepuoro NOpPsAAKY, IHTErPOBHI y KBaJIpaTypax

Ilnan

1. PiBHAHHS 3 BIJOKPEMIIIOBAHHMH 3MIHHHMH T, 3BLAHI JO HAX.
2. OpfHOpiaHI pIBHAHHA.
3. PiBHAHHA, 3BijHI JO0 OAHOPIOHHIX.

1. PiBHAHHA 3 BiJOKpPEMJIIOBAHUMM 3MiHHUMM Ta 3BiHi
jo uux. Posrnsanemo andepetiiianbie piBHAHHS MepHIOro NOPsi-
Ky

My (z)N1(y)dz + Ma(z)N2(y)dy = 0, (3.1)

Je KoXeH 3 KoedinieHTiB 6ina AudepeHitianiB € 106yTKOM IBOX
GbyHKIIH, oHA 3 AKHX 3aJ€3KHUTb TIIBKHM BiJ Z, a iHIIA — TiIbKH
Bix y. PiBHAHHs (3.]1) Ha3UBaIOTH PIBHAHMAM 3 6100KpEMAIO-
B8AHUMU 3MIHHUMU.

Hns inTerpysanns pisusanHd (3.1) noTpi6HO ZOMOrTHCA TOrO,
mob koediieHT 6inga dr 3ajexkaB TIMBKM Bij T, a KoedinieHT 6ins
dy — Tinbkn Big y. le mocaraerbest AineHHsiM 060X YaCTUH piBHSA-
HHA Ha 106yTok Ma(z)Ni(y), npudomy BBaXkaemo, 3BMYaiiHO, WO
My(z) # 01 Ni(y) # 0. [Ticna mporo oxepKyeMo

Mya), | Nalw),
Mo(2) ™ T M) ™ =

0. (3.2)

Pieusnns (3.2) MoxkHa po3risigaTi sik piBHICTH jpucepeHmia-
JiB, TOMY iHTerpaau Bij audepeHIialiB BIADI3HAIOTHCA Ha CTAMY,
Tob6TO

My(z)

Ms(x) v J Ni(y)

=, (3.3)
zo

ne C — noBiIbHA CTaJMa, 0, Yo — A€AKi YHCaa 3 006s1acTi HellepepBHO-
cti koedinjentiB piBHanHEs (3.2). CnisBinomennst (3.3) € saranb-
HUM iHTerpajioM pisHsaHHA (3.1). HMoro MoxHa 3a1caTi TaKOXK y
BUIIAI1

M, (z) Nz(y)
M>(x) dot Nl(y)

=C,
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60 BU3HaY€eHi iIHTErpaJn 3i 3MiHHOT BEPXHBOIO MEKEIO i1 HeBU3HaYe-
Hi iHTEerpaiy € NepBICHUMY JUIS THX CaMUX HMiAIHTerpajbHux QyH-
KIIiif, & TOMY BiAPi3HAIOTHCS JIUIIIE CTATUMH, IKI MOXKHA BKJIIOYHUTH
BC.

Axmo a — KopiHb piBHAHHA My(z) = 0, To T = a € Po3B’sI3KOM
piBustans (3.1), 60 dz = 0, a Ma(a) = 0. Tak camo, sikio b — Kopinb
piBustaasa Nj(y) = 0, To y = b — po3p’a3o0k piBasHHSA (3.1).

Hudepennianbre piBasHAs (3.2) MOXKHA 3aIHCATH y GBI 3a-
rajbHOMY BUIVISLAIL:

M(z)dx + N(y)dy = 0. (3.4)

PiBusinas (3.4) Ha3sWBaOTH PIBHAHMAM 3 6LJ0OKPEMAECHUMU
aminnumu, a nepexiz sizn (3.1) no pisusinag Burisay (3.4) — 6i0-
OKPEMAECHHAM 3MIHHUL.

3aranbHuM inTerpajom pisasnns (3.4) e

/M(x)dx 4 ./‘N(y)dy ~C

PiBHsAHHA 3 BifOKpeMIIOBaHMMH 3MIHHAMHM MOXKHA 3aIIUCATH
TAKOXK Y BHIJIANA1

y = filz)f2(y)- (3.5)

- Has inTerpyBanns piBHsinns (3.5) norpibHo moainuru obuasi itoro

qactunu ua fao(y) (axuo fo(y) # 0) i momuoxkurn na dr (Bpaxy-
BaBmu, mo dy = y'dz). O1xe,

N
Fa(y)

a Ticjas iHTerpyBaHHS ONEPXKYEMO 3araibHMil IHTErpaJl PiBHAHHSA

(3.5):

dy = fi(z)dz,

f( = /fl(x)dz+C

Ty, sk i aas pisusnnsg (3.1), axumo fa(a) =0, To y = a € po3p’sis-
KoM piBHaHHA (3.5).
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Ilpuxknan 1. 3inwmezpysamu pieHAHHA
(y — z°y)dy = (= — zy°)da.
Poze’azanns. PiBHAHHSA MOXKHA 3alIUCATH Y BUVIAAL
y(1 - 2%)dy = 2(1 — y*)dz.

st BiqokpemIieHHST 3MIHHUX HOAIMMMO OOUIBI YaCTUHY PIBHSIHHS
a (1 —22)(1 —y?). Toui

Yy x
l—yzdyzl—ﬁdx (x#£+£1, y#£+£l) =

_1/d(1—y2) B l/d(l—ﬁ)

2) 1-y2 2/ 1-22
Inil-4)=hjl-2}+C =

1-y?l=el-2% = 1-4"=C(1-4a?),

ae C := £ ¢eC, BpaxoByioun aoBinbHicTs BuGOpy cramoi C.
Otke, 3arajIbHEM iHTErpajoM 3aJaHOTO PIBHSHHSA €

y2 =1+0C(z® - 1). (3.6)

3’icyeMO MOXKJIUBICTb HOSIBH OCODJUBHUX PO3B’A3KIB 3aJaHOr0O
piBHARHSA. Jlerko nepesipuTtH, mo ¢yukniiz = -1,z =1,y = —1,
y = 1 € po3B’sI3KaMHU DIiBHSHHSA, OJIHAK y 3aTaJLHOMY IHTerpaJi Mi-
CTATbCA JIUIe JBa OCTaHHIX (IX MOXKHa oTpuMatH 3 dopmynu (3.6),
sximo C = 0). @ysknil £ = —1i z = 1 € 0cOBIUBIMH PO3B’I3KAMH.
Bidnogidv: y2 =1+ C(z2 - 1),z = -1,z = 1.

Jlo pIBHSIHHS 3 BiIOKPEMJIIOBAHUMH 3MIiHHUMH 3BOASTLCH PiB-
HSHHS BUIVIALY

= f(ax + by), (3.7)

Je a, b— neski crani. Cnpasai, IKI0 BAKOHATH 3aMiHy 2 = ax +by,

TO
_z—ar - '—1z’ a
YT VTR Y

i pns 3Haxomxenns GYHKII 2 0JepXKyeMO DIBHSHHS 3 BiIOKpeM-
JIIOBaHMMH 3Mminnumu 2’ = bf(2) + a.
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Ilpuknan 2. 3inmezpysamu pienanna y' = (4z +y + 5)2.
Poazs’azanns. Hexait z = 4z + y. Toxi

d=d4+y = y=2-4 = -4=(:z+5? =
=(z245)*+4.

Bsigcu, sxmo (2 + 5)2 +4 # 0, To

dz d(z+5)
— %% i = 22T a0 =
z+o2+4 7 /(z+5)2+4 T
4 5
%arctgz+5=x+0 = arctg-——af—i—ay—j——=2m+20 =

dr+y+5=2tg(2z+C) (C:=20C).

Otxe, 3araJbHUM PO3B’A3KoM € y = 2tg(2x + C) — 4z — 5
Ockinbkn (24 5)% +4 # 0 B MHOXKWHI JIHCHEX “THCEIT, TO IHIMIX

PO3B’A3KIB HEMAE.

Bidnogidv: y = 2tg(2z + C) — 4z — 5.

2. Oauopiani pisuauaa. Pyukuio f(z,y) HazuBaloTL 00HO-
pionoro Pynryiero sumipy m, SKmo A Oyap-siKux x, y, t
CIPABIKYETHCH TOTOXKHICTD

fltz, ty) =t f(z,y).
Hanpuknaa, fi(z,y) = /2% + 43, fo(z,y) = dICSln;gﬁg € OflHO-

pinaamu dyHxknisMu BuMipis 1 1 0 BianosigHo, 60

fitz,ty) = V2(t)® + (ty)® = t- /223 + ¥ = ¢'- fu(, v),
(tz)? - (ty)* N
————= = arcsin——-—5 =1t"- .
(tI)2 + (ty)g 2 T y2 f2($a y)

Hudepennianbie piBHAHHA

fo(tz, ty) = arcsin

y' = fz,y) (3.8)

Ha3UBAIOTb OOHOPIOHUM, KO f(z,y) € ogHOpPiAHOW dyHKIiEn
BuMipy 0.
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ITokaxkeMo, MO OAHOpPiZHe DIBHAHHSI MOXXHA 3BECTH [0 PiB-
HSHHA 3 BiJOKpPEM/IIOBAHHMM 3MIHHMMHU. $IKMIO mpaBa 4YacTHHA
piBHsiHHsA (3.8) — oxHopiaHa dyHKIisn BaMipy 0, To 3a o3HadeH-
aam f(tz,ty) = f(z,y). dximo niacrasutu t = 1/z, 10 f(z,y) =
= f(1, y/x), a Tomy piBusiHHs (3.8) MOXHa 3aIHCATH Yy BUIVISAL
v = f(1, y/x), 3Biaxu BUAHO, MO B ofHOpixHOMY piBHsAHHI (3.8)
IpaBa YacTHHa (bAKTHIHO 3aJI€XKATh TINBKH Bif vacTku y/z. 3
OrasiIy Ha Ile BUKOHAEMO 3aMiny u = y/x, To6TO

Yy = uz,

ne u = u(r) - HoBa mykana ¢byrknia. Toxi

d
Y=dvzr+u = vr+u=f(lu) = a:ﬁ:f(l,u)—u.

Ogep:kanu piBHAHHSA 3 BiZOKpeMIIIOBaHUMYM 3MiHHUMHA. 3iHTe-
TpyeMo Horo:

du _dr
fLu)—u =z

Axmo nosnauntu F(u) = | Tldf)—_u’ TO 3araJibHUM iHTerpaJ ofHO-

(flu)#u, 2#0) =

pigsoro pipusuus (3.8) MoxeMo 3anucaTH y BUNNIAAL
F(y/z) =In|z|+ C.

Po3p’askamu ogHopigHoro piBHsAHHSA (3.8) MOXYTb OyTH TaKoXK
byukuii y = az (x # 0), ge f(l,a) = a, Ta x =0 (y #0), axi
Mornu OyTu BTpadeHi npu Bigokpemienti 3minaux. i po3s’asku
MOXYTb BUABUTUCH OCODJIHBUMU.

Ilpuknan 3. 3inmeepysamu pienarns ydz + 2,/Tydy = xdy.
Po36’azanma. 3anMCaBIIy DIBHAHES Y BALJIAI]

x
ylo + 2y~ )y =0 = o = @#0,y#3),

y
T —2,/Ty
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1epeKOHYEMOCh, IO BOHO € OJHOpigHuM, 60 dyHruia f(z,y) =
= 1—_2% € onHopizHowo ¢yukiicio BuMipy 0. BukonaeMo 3aminy
y = ux. Tomi ¥y’ = v’z + u, i niacTaBnsmoun i Bupasu LA Yy iy y
PiBHAHHSA, 0TEPXKYEMO

Wrtu=—— o o Wrtu=— o
T — 2Vuzr? C1-2Vu
du  2u/u (1-2yu)du dx
& i T 2w Tz w0 =

l/u—3/2du_/d_“= dz
2 U T

1 T
~——=-Injul=h|z| +C = —+Inly|+C=0.
Vu Vy

Akmo v = 0, To y = 0 — ocobausmit po3p’sazok. Ocobaubnm
po3p’sizkoM € TakoxK £ = (. PyHKNiA y = x/4 He € PO3B’AIKOM
PIBHSIHHA.

Bionoaidw: \/% +Injy|+C=0,y=0,z=0.

Axmo mudepennianbie pIBHSHHS IEPUIOro MOPSJIKY 3alUcCaHe
Y BUIIIAI1

M(z,y)dz + N(z,y)dy = 0, (3.9

TO BOHO Gyze oxnopimunM, skuwo M(z,y), N(z,y) € oaHopigHuMu
dyHkuisaMu onHakosoro BuMipy. Ilpononyemo ynradam caMmocTiiiHo
IIepEKOHATUCD, 10 Audepenniiaibii piBHANHIIA

(x+y)dz + (z —y)dy =0, 3zydr+ (z2 +4%)dy =0

€ OHOPIAHAMH.
3ayBaxkuMo, 1m0 audeperniajibHe piBHIHHSA

, Vri+yl-=z
= RS (3.10)

ofieprkaHe Ha Jekuii 1 y 3amaui 3 npo ¢dbopMy a3epkaia, sxe 30upac
napaJiejlbHl DPOMeHI B OJHY TOYKY, € OJHOpiAHUM. Posp’saxkemo
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fioro 3a gomnomoroo 3aMinn y = ux. Toxi

Vz? +u?z? —z du \/1+u7—1_u

wr +u= = r— = =
Uz dx Uu
u du —/Eif+c N
VIi+u?—1-u2 x
1 d(1 + u?)
ud =1Inlz|+C.
2) V1+u2-1—-u2 o]
Ockinpkn
d(1 + u? 2pd
Urv) iy =p? = [0
V1+u?—1-—42 p—p

=2 -12- =—2lnlp—1] =—2ln’\/1+u2—1‘,
-p
TO

—ln’\/1+u2—1’=ln|z|+0 =

Vituw?-1=C/z = u®=(C/x)*+2C/z =
(g)2=C2+2Cz

> y? =20z + C%

x
OTzke, 3araJbEEM iHTerpajsoM pisHanus (3.10) € y2 = 2Cz + C?
(nopiBHsTE 3 Pe3yJBTATOM, ONCPXKAHUM Ha, JeKIil 1).

3. PiBHsaHHsA, 3Bigni g0 ogHopimuux. Posriasuemo aude-
peHIiaJbHE PIBHSAHHA BUIVIALY

,  ar+by+a

_ , 3.11
y a2z + bay + c2 ( )

e ay, az, by, by, ¢1, c2 — mesaKi cram. fAKio ¢ 1 ¢z 0AHOYACHO He
JIOPIBHIOIOTL HYJIIO, TO MpaBa YacTHHa piBHAHHA (3.11) He € oaHo-
pinHoro ¢yuxmieo BuMipy 0, a TOMY 11e piBHSAHHS He € OLHODIAHUM.
OnHak gKIIO

-7é 0 = a1b2 75 ang, (312)
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To piBHsAHHS (3.11) MOXKHa 3BeCTH [0 OJHOPIZHOrO 3a JOIOMOTrOI0
3aMiH
z=E&+z0, Y=+, (3.13)

JAe FHCJa g 1 Yo HoTpibHO BUOpaTH Tak, 11100

{01750+b1y0= —C1, (3 14)

aszy + boyo = — .

3rigno 3 (3.12) A # 0, a romy aiHiliHa HeoaHOpiAHA cucTeMa (3.14)
Ma€ €INHUI PO3B’sI30K, KU MOXKHA 3HAWTH, HaAIpUKIaJ, 3a dop-
myaamu Kpamepa. Tligcrasnsizoun y (3.11) samicts z i y sianosiami
Bupasu 3 (3.13), oxepkyemo piBHAHHS

dn _ m+bhin+mzg+biyo+a
df ax€ + bg’l] + asxqg + bgyo + (,‘2’

abo, BpaxoByloun (3.14),

dn _ a§+bin
d¢  af + by

Hudepennianbue pipusiaas (3.15) €, oueBUIHO, OOHOPIAHHM.

(3.15)

IIpukian 4. 3inmezpysamu pieHanna
(x—-2y+3)y' =1-y— 2z
Posg’sazanms. 3anumeMo piBHAHHA y BAINIAL]

I,__2z+y—1

1
P (y # 5(= +3)).

Ockinpku A # 0, To BuKOHaeMO 3aMitm © = € + g, y = 1) + Yo, /¢
qucia g 1 Yo 3HaX0OUMO 3 CHCTEMH
229 + yp =1, 1 7
= g = —=—, = —.
{:L'Q - 2y0 = —3, 0 5 Yo 5
TaxkuMm unnoM, micns samin z = € — 1/5, y = 1+ 7/5 oncpxyemo
OJHOpi/He pIBHAHHSA
dp 2+
dg §€—2n
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Hexait n = u€. Toai

e+ _2+u - d_ug_—2u2+2u+2
e T 1 " T (2u-1)
2u — 1)du

IaTerpyoun ocTaHHE PiBHSHHHA, 3HAXOIUMO:

nju—u—-1=C-2hnjf| = P-u—-1=¢ =
w_n_,_C
£ ¢ £

b)) (e -

v -2 —ay+z—3y+57/25=C

(C:=%e) = P-nt-€E=C =

2

OTKe, 3araIbHAM IHTETPAJIOM 33JAHOTO PIBHSAHES € y? — T2 — 2y +
+z-3y=C (C:=C—57/25).
dxmo w2 —u—1=0, Tou = H:2‘/3, 3BigKu 1 = &2‘/55, TOOTO

y = %@x + % + 31% iy = 1—“2353: + % — %51. Besnocepeaunoio
MiJCTAHOBKOIO TEePEKOHYEMOCH y TOMY, 10 OBI ocTaHHi (dyHKuil
€ PO3B’A3KAMHM 3aJaHOro audepeHniaibHoro pisasnua. Hapemri,
akmo £ = 0, o x = —1/5, ane ug GyHKIisg He € PO3B'SA3KOM
PiBHSIHHSL.

Bidnoeiov: y? — 22 —zy+r-3y=C,y = 1ifm+ + ‘/_

SAxmo Ansa koedinieHTi pisuanEsA (3.11) He BUKOHYETBCH YMO-
a (3.12), Tobro
arby = agby, (3.16)

TO a; = Aag, by = Aby, a Tomy 3 piBHAHHA (3.11) BuIMBaE, 11O

/\((1217 + bzy) + ¢
! — = asx + b ,
y asx + by + co flaz 2y)

TOOTO oZepasu piBHsAHHA Bursany (3.7), sike 3BoZUTBCA JO PiB-
HAHHA 3 BLIOKPEMJIIOBAHHMH 3MiHHHUMM 33 JOMOMOrOI0 3aMillH
z = aqx + boy.
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3ayBaxXuMo, 110 33 BUKOHAHHA yMoBH (3.16) a5 3BejieHHs piB-
HsHHs (3.11) mo piBHAHHES 3 BIIOKpeMJIIOBAHUME 3MIHHHMH MOXHA
3aCTOCOBYBATH TaKOXK 3aMiHM z = a1 + by, 2 = a1x + iy + &4
abo z = asx + boy + ca.

Ilpnxknan 5. 3inmezpysamu pieHAHHA

, T —2y+3
24y -1
Posze ’usamuz chim:xu A = 0, To BUKOHAaEMO 3aMiny z = T —2y.

Toniy = 5%,y =
plBHﬂHHH 3 BlJ.IOKpOMJIIOBaHHMM 3M1HHPIMI/I.

1-2 243 - z,_1_2z+6 I -7
2 22-1 - 2z — 1 T 221

(22 — 1)dz = —Tdz.

3inTerpyeMo ioro:

22— z2=-Tr+C.

BaminuBmM 2 HA T — 2y, 3HAXOAMMO 3araJbHUM iHTerpaJ

(z—2y)?—(z-2y) = ~Tz4+C = 2’—day+dy’+62+2y=C. W

Anastoriugo IHTerpyroThest piBHAHESA GLILIU 3AIAILHOIO BUIVIs-

’ (a1x+b1y+c1>

= 3.17
y=1 asx + boy + ¢ ( )

Je f(u) — HenepepBHa byHKIis CBOrO apryMeHTY.

3ayBaKUMO, L0 AesKi PIBHAHHS MOXKHA 3BECTH J0 OQHOPIAHHX
3a J0mOMOroro 3aMiEl y = 2™, jne z = z(x) — HOBa yHKHiA, a
m ~ Jesike aucao. Taki piBHSHIA Ha3HBAOTH yaaza./zbneuo og-
HOPIOHUMU. HdllpﬂK!Id}L, y piBHsnHL ¥ = T+ 1;; 3poGHMO 3aMiny
y=2" (romi y' = mz""1y 2’} i BubepeMo m TakuM, o6 oxepraHe
PIBHSIHHSI

2mn m+1
m—1, z ' T z
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6yno ogHopiaHuM. i uporo norpibno, nob mpapa YacTHHA PiB-
HsHHS Oyna ogHopigHow dbynKUieo BuMipy 0, Tob6To IHCIO M HO-
BHHHE 33JI0BOJILHATH piBHsHHI m — 1 = 1im + 1 = 3, 3Bigknm
m = 2. OTxKe, 3a JOIOMOIOIO MiICTAHOBKH Y = 22 3aJaHe PiBHSH-
Hs1 BJAJIOCS 3BECTH JO ONHOPIAHOTO

xr 23

22’3—+—3,
VA T

3iHTerpyBaTH sfKe NPONOHYEMO YUTAa43M CaMOCTIiiiHO.

Pexomendosana aimepamypa: 2, c. 11 — 39}, [5, c. 28 — 33,
56 - 61], [7, c. 27 — 37], [16, c. 23 — 27], [17, c. 16 — 177].

Iuranua go nekmii 3

1. fxe judepeHniagbie PiBHAHHA HA3UBAIOTH PIBHSIHHSIM 3 Bil-
oxpemJieHnMU 3MiHHUMEU? $IK 3HANTH 3arajibHUM iHTerpasl Takoro pis-
HSIHHAT

2. flke mudepeHmiaibHe pPIBHSIHHS HA3HBAIOTH PIBHAHHSIM 3 Bii-
oxpemmoBanuMA 3Minanmu? Sk iHTErpyerbes Take piBaanHA? AKi byn-
KUl MOXKYTb BUSIBATUCS OCOOGIUBUMHE PO3B si3KaMu?

3. Ba momomororo skux 3aMid piBHsHEs ¥ = f(az + by + ¢) MoxKHa
3BECTH A0 PiBHSIHHS 3 BIIOKDPEMJIIOBAHNUMH 3MIHHAMU?

4. Komu oyukuis f(z,y) Oyze omaopizHowo Bumipy m? Hasenirs
OpHKJaIU ofHopizuux ¢yHkni#t sumipy 0, 1, 2, 3, a TaxoK IpHKJIAIU
HeOTHOpIAHUX (DYHKITiH.

5. fAxe mudepennianpHe pPIBHAHHA IEPIIOTO NOPSAKY HA3WBAIOTh
omgopizaum? 3a JonoMoroo Kol 3aMiHM Take PIBHSHHS 3BOJUTHCS JIO
piBHSHHS 3 BiIOKpeMIIOBAaHUMM 3MIHHUME?

6. fIkoto Mae 6yTu npasa 4acTuHa pisHsnnsa ¥ = f(z,y), mWob BoHO
6yn0 ogHOPiKHUM?

7. Slxmo dysruii M(z,y), N(z,y) ofHOpiAHI, TO UM AOCUTH LBOIO
718 Toro, mob pieusaas M (x,y)dz + N(z, y)dy = 0 6yno oguopinaum?

8. Axumu noBuHHI OyTH 4YHCIA C1, C2, OO AudepeHUiaNbHe PiBHS-
uns (3.17) 6yao oaHopigaum?

9. Axumu noBuHHI 6yTH YHCaa a1, Az, by, b, o6 piBHsHHES (3.17)
MOKHa, 6yJ10 3BecT: Ao omHOopigHoro pirHgHus? Kosau ue piBHAHHSA Mo-
»KHA 3BECTH BiAPa3y A0 pIBHAHHA 3 BIAOKPEMIIIOBAHUMHE 3MIHHUMM?

10. ki piBHAHES Ha3uBaKOTH y3arajbHeHo-oaHopigauMmu? fxa 3ami-
Ha, BUKOPUCTOBYETHLCS JINisl IHTErPYBAHHS TAKUX PIBHAHL?
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Bnpasu oo nekuii 3

1. 3imrerpyiite mmdepeHUiadbHi PIBHAHHA 3 BiAOKPeMIIOBAHHMH
3MIHHUMH:

a) Yy = eX*Y; 6) z\/1+ 92 +yy'vV1+ 22 =0;
B) (zy? — %)y = yx? + 2.

2. 3HaiiaiTe po3s’a3ku 3aga4 Komi:
a) (1+eyy =€, y(0)=1; 6)y'tgr=y+3, y(3)=1

3. Biurerpyiite mudepeniianbyi piBHsHHSA, 3BiAHI A0 PIBHAHB 3 Bi-
OKPEMJIIOBAHHMH 3MiHHAMH:

a)y =2r+3y+10; 6) 2z+y)y =1; B Y = I—*M
4y—2x+6

4. O6rpyHTyiiTe, O PIBHAHHSA € ONHOPITHUMU, Ta 3iHTerpyire ix:

a) xdy=(y+ \/12+y2)dx; 6)y =L +evr B)y = Tty
T 2z +y

5. 3inTerpyiiTe piBHSHHA, 3B1AHI K0 OXHODPIAHUX PIBHSHD:

a) (z+ 1)y +3x+2y+5=0
6) (7Tz — 3y + 2)dz + (4y — 3z — 5)dy = 0; B) (422 + y*)dy = 2zydz.
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Jleknis 4. Jlinilini gndepenuianpai piBHAHESA
Ta 3BigHI JO HMX

IInan

1. JliniitHe piBHAHHS Ta METOAH HOTO PO3B’SI3yBaHHA.
2. BnacTuBocTi po3B’sI3KiB JIiHIMHEX PIBHAHB.

3. PiBuanus . Bepryuni.

4. PiBasanusa Pikkari.

1. Jliniiine piBHSIHHA Ta MeToAM HOro PO3B’sA3yBaHHA.

Jlinidinum nudepeHIiaJbHUM DIBHSHHSAM 1I€PLIOTO NOPAAKY Ha-"

3HBAIOTh DIBHSHHS BUIVISAY

A(@)y' + B(z)y + Cla) = (41)
ne A(z), B(z), C(x) — uenepepsri ¢yHkuii. B obnacri, xe
A(z) # 0, (4.1) piBHOCHUIIbHE DIBHSIHHIO

Y +p(z)y = q(z), (4.2)

y sxomy nosuadero p(z) = B(z)/A(z), q(z) = —=C(z)/A(x).

Sk x A(zg) = 0, To po3B’st3koM piBHsiHHs (4.1), 3anucaHoro
y audepenmianphiit dopmi A(z)dy + B(z)ydx + C(z)dx = 0, €
T = Zg, Y YOMY JIeTKO MEPEKOHATHCS 33 JOHOMOIOIO IIiICTAHOBKH.
Hanpuknaj, poss’siskamu piBusinis z(r — w)y’ +sinz-y = tgz €
z=0iz=m.

SAxmo bynkuii p(z) Ta ¢(x) y piBasiaai (4.2) HemepepBHI Ha
aesikoMy inTepsadi (a,b), To 3rigno 3 Teopemorno Kowmi vepes ko-
JKHY TOYKY cMyrd a < a3 £ x < b <b, =00 < y < 400 npoxo-
JWTH €IWHA iHTerpaibHa Kpupa. Cnpasfi, aKkimo piBHsaHHA (4.2)
samucatn y Burasaai y' = q(z) — p(x)y, To ioro mpaBa 4YacTHHA
f(z,y) = q(z) — p(x)y €, oueBnano, HenepepBHOW (YHKIIE, a
YacTUHHA, ToXigna f,(z,y) = — p(z) obmexena y miit obnacti. Y
1bOMY BHIAAKY piBHsaHHA (4.2) 0coGJIMBHX PO3B’A3KIB HE Ma€.

Axmo bynkuisg ¢(x) TOTOXKHO AOPIBHIOE HY/O, TO PIBHAHHS
(4.2) Ha3MBAIOTL ATHIUHUM O00HOPIJHUM, A SIKIIO TOTOXKHO He
IOPIBHIOE HYJIIO, TO ATHIUHUM HEOOHOPIOHUM.

Jlexuis 4. Jliniiini piBHsIHHA Ta 3BigHI 40 HUX 49

ITokakeMo, 110 JiHiflHe HEOAHOpiJ{He PIBHAHHA NEPIUOrC MHO-
PAOKY 3aBXAW iHTErPYETbCst Yy KBajaparypax. Posrasinemo apa
croco6u iHTerpyBaHHSI TAKUX PiBHSHB.

Meton Bapiawii mosinbHOY cranoi (Meron Jlarpamxka).
3inTerpyeMo croyaTKy JiHilHe OJHOpiAHe PIBHAHHS

/
y +plx)y =0, (4.3)
sIKe € BOJHOYAC PIBHAHHAM 3 BIIOKPEMJIIOBAHUMH 3MiHHUMU:

ay
dz

——pey > T=-pl)dz 40 =

Inly| = —/p(a:)dm +C =
y= Ce-—fp(:l:)(l:::‘ (4.4)
Dopwmyita (4.4) onncye Bei po3s’s3ky piBHsHHSA (4.3), 60 po3s’s-
30K y = 0, akuit Mir 6yTH BTpadeHHM IPH BiJOKpeMJIEHH] 3MIHHUX,
MicTHTBesT Y (POpMYJTi 3aralibHOTO po3B’si3ky (skmo C = 0).
Posp’s30k niniitHoro HeonHopigHoro piBHsHHA (4.2) WyKaeMo

y Burasazi (4.4), saminuBmy aoBlabHy crany C aesikoro pyHKIIE0
C(z), To6ro

y = C(x)e~/p@)dx, (4.5)
[Mincrasnsoun (4.5) y piBHsiHEA (4.2), ofepKyeMo
Cl(x)e-fp(:z)dz _ C(x)p(x)e—fp(;l:)da: +
+ p(z)C(z)e—fp(:l;)da: — q(:z:) =
C'(z) = q(z)e/P@E o C(z) = /q(a:)efp(x)dzdx +C,
zxe C - poBinbHa crana. IligcTaBasiioun Tenep 3Haiigeny byHKHiO

C(x) y (4.5), onepxyemo Gopmyily ji 3ara/ibHOTO PO3B’A3KY Ji-
HifiHOrO piBHsHHA (4.2):

y = e Pz, (/q(m)ef”(’”)dzdm + C). (4.6)
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Meron miacranosku (Metox M. Beprysuti). Poss’ssok Ji-
HiIfHOTO HEOZHOPiTHOro piBHAHHA (4.2) ImyKaTHMeMO Y BUIMIAI] 10~
6yTKy ABOX Andepenuiitoprnx dyHkmit u = u(z) iv = v(x), TobTO

y = uv. (4.7)
IMincraBasioun (4.7) B (4.2), ogepryeMo
v +w' +plz)uw = ¢(z) =

v +u (v + p(z)v) = g(x). (4.8)

Kopucrytounce gosinbaicTio $yHKuil v, BubepeMo ii Taxoro,
mob BoHa 6ys1a po3s’a3koM piBHaHHaA v + p(z)v = 0, 3Biaku

v = Ce~ JPW@)dz,
Buaitgeny dpynxnio v npu C = 1 nigcrasumo B (4.8). Toui
W e~ Jr@)dr — g(z) = u= /q(m) NALOLY o)

TincTaBasioun 3uaiigeni Gysxuii u i v y (4.7), 3HOBY omepKy-
emo dopmyay (4.6).
Ilpuknax 1. 3inmezpysamu pisHARHA
y + 2y = 2z .
Pose’azanna. Memoo eapiayii doginvroi cmanoi. Poss’skemo
BIATIOBijiHEe JiHii{He OJHOPiAHE PIBHAHHS!
1 dy
Yy+2ry=0 = 7:— 2zdz+C =
2
Inly|=-22+C = y=Ce*.

Po3B’s130Kk 3aaH0r0 JIHIEHOrO HEOAHOPIAHOTO PDIBHAHHS IIYyKAEMO
y BUMIAN y = C(x)e‘zz. IigcraBiadiouyu y piBHSHHSA, OIEPKYEMO:
C'(ac)e““52 - 2xC(m)e"2 + 23:C(:E)e"an =2ze™® =
C'z)y=2z = Cl)=2+C = y=(*+ C)e’xz.
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Memod Bepryani. Hexalt y = uv. Tonl

.2
v+ uv’ + 2zuv = 2ze %"

st 3naxomkennst GyHKILM 4 1 v OepKYEMO CHCTEMY

{v’ + 2zv =0,

2
uwv = 2xe %",

. 2
3 neproro piBusHHS cucTemu 3Haxogumo v = Ce™*". Ilokna-
memo C' =11 mincrasumo dyHkiio v y apyre piBaxHEA. Toai

W=2 = u=2*+C = y:($2+C)e_“”2. [ |

Hageneni meTomy po3s’si3yBaHHs JiHIHNX DIBHAHb MOXKHA 3a-
CTOCOBYBaTH Takox 10 pisuaub suraazy (p(y)z +4q()) v =1,
SIKIO Y UPUHNSATH 32 HE3aJeXXHY 3MilHy, a © — 3a byHKUio ujel
aminHoi. Hampuknan, pisasuusa 2yy’ (e‘y2 - x) = 1 € HeJiHIHHUM
BizHoCcHO dyHKIIT y = y(x). OAHak, KO 3amucaTH HOro y BULJIs-
i

, 1 1 1

Ve wev-2) T 7 m(Eev-2)

]
z' +2zy = 2ye™ V',
TO Ma€MO JliHiitHe BigHocHO GyHKNIl T = (y) PIBHAHHA 3 IPUKJIA-
oy 1.

2. BaactuBocTi po3B’a3kis jiHiliHNX piBHaHbL. Haseaemo
JiesIKi BJACTHBOCTI PO3B’A3KIB JiMiHNX piBHAHD, AKI MOXYTL OyTH
KOPHCHUMH 115l NPAKTUYHOIO PO3B S3yBaHHsl PiBHSHD.

Baacrusicts 1. Sxwo sidomuti deaxuti vacmunnuti po3s’asox
y1(x) anitinozo odnopionozo pienanna (4.3), mo dGozo sazarvrull
P036°A30K 3naxodumucs 6e3 xeadpamyp.

Lum 3aranpany poss’sskoM € y = Cy1(T), adrke BiH 3a10B0O/b-
Hsle piBHstHHS (4.2) 1 MiCTUTB JOBiNBHY cTaJy.

Baacrusicts 2. 3azaavnutll po3e’a3ox ainilinoz0 HEOOHODI-
Onozo pisnanma (4.2) € cymorw 11020 HACMUKRKO20 PO3BG’A3KY 1 3a-
20A5H020 P36 A3KY 610N06101H020 00HOPIOHO020 PienanHa (4.3).
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Cnpasai, BigkpuBatoun Ayxku y dopmyni (4.6), maemo apa
nopauxku: Ce™ Jp@)dr _ 3aranpnuit PO3B’SI30K BiJAMOBIIHOTO OAHO-
pinoro pimsmust (4.3) i e~ JP@4 [q(z) e/P@)drdy — posr’azok
HeonHOpigHOrO piBHAHHA (4.2) (fioro ogepxyeMmo 3 ¢opmyan 3a-
raiabHOro posp’s3ky, axmo C = 0). Omxke, KO BiZOMHUA OFHH
JaCTMHHUE po3B’A30K y; = Yy)(z) niHiiiHOro HeomHOpiIHOTO PpiB-
HSAHHSA, TO HOro 3arajbHHI PO3B’A30K 3HaXOAMTHCHA 3a JOMIOMOTOI0
onuiel KBaJgpaTypu:

y =y + Ce ™ JPEE,

Baactusictk 3. Axuwo sidomi dea Henponopyitini wacmurmi
pose’asxu y1 = y1(z) i y2 = yo(x) pisnanna (4.2), mo tozo 3a-
20AvHUl Po3e’a3ox odepacyemo be3 xkeadpamyp 3a GoPpMYyAoo

y=1+Cly—y1) (4.9)
Cnpasai, ockineku yi + p(z)y1 = q(z) i y5 + p(x)y2 = ¢(z), T0
(1 ~92) +p(@)(y1 — 92) =0,

3BIJIKM BUILIMBAE, 1IO Y] — Y2 € YACTHHHHM PO3B’S3KOM JiHiltHO-
ro oAHopigHoro piBusiHHsA (4.3). 3arajbHUM PO3B’sI3KOM DiBHAHHS
(4.3) sriguo 3 Biacrusictio 1 6yze C(y1 — y2), a dopmyny (4.9)
OCTATOYHO OAEPKYEMO Ha TiACTaBi BIACTUBOCTI 2.

3. Pipusanua . Bepuynii. Pipusuus Burnany

Y + p(x)y = q(z)y™, (4.10)

e m — gesKe YHC/I0, Ha3UBAITh PieHAnKAM Bepryaal Axmo y
(4.10) m = 0, To osepxkyeMo JiHiliHe HeoxHOpiAHE piBHAHHS (4.2),
a dKIo m = 1, To piBHAHHA 3 BIAOKpEMJIIOBAHUMM 3MIHHUMU, TOMY
Haasi BBakKaTUMeMo, mo m # 0, m # 1.

s posB’sisyBaHHs piBHsAHHS DepHymni, Tak caMo, sIK JiHil-
HOrO pIBHAHHS, BHUKOPHUCTAEMO MeTOX Bapiauii ZOBIMBbHOI cTasnol.
3inrerpyemo cnouaTky pisuanns y' + p(x)y = 0. Voro 3aranpuuit
PO3B’A30K nojaeTbes dopmynow (4.4): y = Ce~[r@)dz,
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Poss’a30k pipHAnEa BepHysui wykaemo y Buraami
y = C(z)e JP@)% (4.11)

ne C(x) — nearka ¢ynkmia. Iligcrasnsioun (4.11) y piBHsRHS
(4.10), omepxkyemo
C'(z)e IP@E _ C(2)p(z)e P@ e 1 p(2)C(z)e~ P —
= ¢(z)C™(z)e ™/P@E =
C'(x) = g(@)C™ (@)=t

dc
/ Cm((”i)) - / g(2)et-mIP @ gy L 0 =

l-m¢,,
™) _ / o()emmIP@ds g 4 oy

1-m
Takum 4yuHOM,

1

C(z) = ((1 - m). / q(z)ed—mI P 4o 4 c) o )

a IMiACTaBJIsIIOYH IO PyHKII y (4.11), 0nep:KyeMo 3arajbHuil po3-
B’A30K piBHAHHA Beprysuri:

1

, , T—m
y = e [P@d ((1 —m) /Q(ﬂf)e(l‘m)“"”d’ dr + C) .
IMpu ubomy Mir OyTu Brpaqennit poss’ssok y = 0, skmo m > 0.
Haa m < 0 dysknig y = 0 He € po3s’sizkoM piBHAHHS Bepnyuii.
Ilpuknapn 2. 3inmezpysamu pienanns Beprnyani
Y + 2zy = 2a:e“’2y2.

Poss’aszanna. 3aransuuit po3s’s3ok pisusinns y' + 2zy = 0 Oys
“ o . 2

3HalJeHni 1ijg Jac po3p’a3yBaHHa npukaany 1: y = Ce™*", a romy

. . 2

PO3B’A30K 3aJ]aHOTO PiBHSHHSA IIyKaeMmo y BUIMsigl y = C(z)e ™ .
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ITincraBasizoun y piBHAHHA, OJePKYEMO:

C"(z)e‘“‘”2 - 2xC’(9:)e_3722 + 29UC’(m)e"”2 = 29:6””202(:1:)6_2”2 =

C'(z) = 20C%z) = Cégég =2zdz (C(z)#0) =
_ﬁzxz-ﬁ-c = 0(1)2_22_1*_—0 =
v="mio

Axwo C(z) =0, ro y = 0. Lla dyukuisa € ocobmmpum po3p’si3-
KOM 33JaHOT0 piBHﬂHHS;.
Bidnoeidw: y = —e~* (22 4+ C)71, y=0.

3ayBaxkuMo, IO HABEJEHUH METOZ MOXH4 3aCTOCOBYBATH Ta-
koK Ao piBuamp suriaay (p(y)z +q(y)z™) -y = 1, akmo y
OpHIHATH 3a He3aJeXkKHy 3MiHHY, a £ — 38 QYHKLIO Li€l 3MiH-
Hoi. Hanpuxnaz, akuo piBHAHHS 2avy(a:e”’2 — 1)y’ =1 zanucaru y
BHLJISLI0
L1 1

e = ———————— = $I+2m=2€y212
V=7 2zy(zey® — 1) v v

TO MaEMO PiBHSHHS BepHy/i 3 npukiaLy 2 (SKIIO BBaXKaTH, IO
z =z(y))-

3agaua 1. 3natimu xpusi, y AKuz dosdcuHa 6idpiaKy, AKUL
gidmutnac domuvna na oci Oy, dopienroe xkeadpamy opduramu mo-
YKU 0OTMUKY.
Poze’azannsa. Hexait M(z,y) — ZOBiIBbHS TOYKA IIYKAaHO! KPUBOI
y = f(z). Y Touni M npopenemo ZOTHYHY OO KpuBol y = f(z) i
Hexait A — Touka nepeTHHy wLi€l JoTU4HOIL 3 Biccio Oy, B — npoekliia
touku M Ha Bice Oz (puc. 4.1).
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y

Puc. 4.1

3a ymoBoto 3aga4i OA = BM?, npudomy BM = y. Bigpizok
OA 3naiinemo 3 piBasiHEsS gotuynol Y —y = f'(z) - (X —z), y ske
migcraBumo X = 0. Toni OA =Y =y —y'x.

TaKuM YHHOM, OJIePXKaJIi PiBHAHHEA ¥ — 'z = y2, sike € piBHAH-
HAM Beprynii, y yoMy Jierko mepekoHaTUCs, SIKILO 3allAcaTH foro

Y BUrIAI1
1 1,
¥ - —Z/ = ——y
3iHTerpyeMo cnoyaTky piBusHus y' —y/r =0
d dz
Zy=? = hlyl=hlz|+C = y=Cz

Posp’asok piBHsHHA Beprynni mykaemo y suriaai y = C(x) z.
ITizcraBnsiodn y PiBHSIHHS, OEPKYEMO:

C'(z)z + C(z) — C(z) = — C? =

(z)z
C'(x) = - C*(x) =>/ —/ =
=

=-2+C = C(z)= ad

z—C’ v=r—c

1
C(z)

Hlyxarumu KpuBuMHE € rinepbomn y = 1+ C/(z — C). B
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3. PiBuanna Pikkari. /lo piBHsHH:A BepHymai 3a meBHHX
VMOB 3BOIUThLCS pienanna Pikxami. Tak HazuBalOTh pPiBHSIHHSA
BHIVISILY

v =p(@)y® + q()y + r(z), (4.12)

ne ¢yukuii p(z), q(z), r(z) nemepepsHi Ha mesikoMy iHTepBadi
a < x < b. PiBuanas (4.12) micturs sIK oKpeMi BUNAJKM BUBYeHI
panime piBHAHHSA: JiHilHe piBHAHHS, skmo p(z) = 0, i piBHAHHSA
Bepuysai, sikmo r{z) = 0.

PosrisHemo geski BUMAIKH iHTErPOBHOCTI B KBaJApaTypax pis-
HaHHS PikkaTi:

1. Axwo p, ¢ i r — craui, To (4.12) — piBHAHHA 3 BIIOKpEMIIOBa-
HUMH 3MiHHUMHU, & HOro 3arajibHUi {HTerpaJ BUPaXKaE€ThCsl depes
eJleMeHTapHI (pyHKILI.

2.y = p(z)-(ay? + by +c), ne a, bic—cramia?+b%#0, -
PIBHSIHHS 3 BLIOKPEeMIIIOBAHUMH 3MiHHUMH.

3.y = a%; + b€ +¢, ne a? +b% # 0, - omHOpixHe piBHAHHS.

4.y = ay® + bL + =7 — Y3arajbHeHO OJHOpijJHe DiBHSHHA
(m = —1). Ilicns 3aminum y = 227! ofepkyemo piBHAHHA 3 Bia-

oKpeMmoBaHUME 3MinEEMU T2’ = az? + (b + 1)z + c.

VY zarajpbHOMY BUINaJAKy piBHsaHHS Pikkarti (4.12) He inrerpye-
ThCA KBaJIpaTypax, Xo4a 3rigHo 3 TeopeMoio Komi BoHO Ma€ €au-
HUI PO3B’SI30K JJIs JOBUIBHOI MOYaTKOBOI yMoBH Y(Zo) = yo, A€
TOYKa T = Zo HAJEXKUTDH iHTepBajy HelepepsHocTi (yHKUil p(x),
a(a), (z).

Ao Bigomuii jJesxuii po3B’sI30K piBHAHHA Pikkarti, To 1e
PpIBHSAHHA MOXKHa 3BecTH A0 piBHAHHA Bepuysni. Cnpapal, nexait
y1 = y1(x) — po3B’si30K piBHsiHHA (4.12), TobTO

vy = p(@)yi + a(@)p +7(2). (413)
3pobumo 3aMiHy nrykaHoi ¢yHKUII
| y=un-+z2,
ne z = 2(z) — HoBa ¢yHukuis. Toai i3 BpaxyBanHaM (4.13) maeMo

¥ +2 = p(@)yf + 2p(@)y1z + p(2)2” + q(@)y1 + q(x)z +7(z) =
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2’ — (2p(z)y1 + q(z)) 2 = p(x)2>.

Octanne piBHsHHS ¢ piBHAHHSM BepHynni siznocro ¢yHKUil 2,
sIKe 3aBXKAM IHTerpyeThcs Y KBaJpaTypax. OcobiuBUM PO3B’sI3KOM
piBHsiHHS PikkaTi Moxe Oyt dyHKLifA y = y1(z).

IIpukaan 3. 3inmeepysamu pisHanna Pixkami

Pose’azanns. CnodaTky 3HaiineMo neskuii po3s’ssok y(z) 3a-
naHoro piBuanusa. [Ipunyctumo, mwo y1(z) = a/z, e a — Aesxa
craga. [lixcraBnstioun y 3aaHe pIBHSHHSL, OJIEpXKYEMO, 110

a OTKe, 33JlaHe PIBHSIHHS MOKHA 3IHTErpyBaTH y KBaJpaTypax 3a
JIOTIOMOT010, HALIPUKJI, 3aMinn y = z + 2/x. Toxi
;2 o 4z 4 =z 2 4 , 3z 9

- =+ =- - - = D=3
x x 2 x z2 z? z

[Tpomonyemo 4uTayaM CaMOCTIHO MEPEKOHATHCA ¥ TOMY, WO 3a-
FajIbHUM PO3B’SI3KOM OUePXKaHOI0 piBHsIHHs Bepuysi € z = ﬁ%
Tomy

—473 2 20— 214

+C T T ¥s z(zt + C)’

Po3p’s130k y1 () = 2/ He MOXKHa OlepPIKATH 3 3aralbHOrO PO3B’s3-
Ky IPV 2KOJHOMY 3HAY€HHI CTaJIOl, a TOMY BiH € OCOGIUBHM.
20 -2z 2
2@ +c) YT T

Pexomendosana aimepamypa: [2, c. 39 - 52, 67 - 73|, [5,
c. 69 — 86], [6, c. 31 — 36, 40 — 42, [7, c. 37 — 46}, [16, c. 28 - 33).

y:

Bidnosidv: y =
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IIntauusa go nexii 4

1. dxuil 3aranpHUil BUIJIsL], Ma€ JiHiliHe AqudepeHnjaibie PiBHAHHS
neproro nopsiaxky? fAxa pisannuga Mix ninitaEM HeogHODPLTHMM i oaHODI-
JHUM DiBHSHHSMU?

2. Yu Mae JiHiliHe HeoMHOPiNHe pIBHSHHA 3 HENEPEPBHUMH Koediri-
eHTaMu 0cobiuBi po3s’asku? Bianosiap o6r'pyHTYiiTe 3 BUKOPHCTAHHSIM
Teopemu Kommri.

3. YV yoMmy mossifae MeTOH Bapianjil AoBimBHOI cTaJiol iHTerpyBaHHHA
JiHIHOrO HeoAHOPiAHOrO piBHAHHA? 3a JOMOMOIOK CKIJIBKOX KBaIpaTyp
y 3araJIbHOMY BHUIJAKY IHTErpyeTbes Iie piBHAHHAT

4. Y oMy HoJIsra€ MeTO/, MiICTAHOBKM iHTerpyBaHHs JinifiHoro He-
OHOPIAHOrO piBHSAHHSA?

5. SIkmit 3aragpHult BUrsL pisHauus Bepuynni? Y yoMy nossarae me-
Toz, Bapiail noBiabHO! cTas0l iHTerpyBaHHs Uporo piBHAHEA! In Moxe
pisasEna Bepuymwn mMaTu ocobimusi poss’s3xku? Bix voro ue 3amexurs?

6. fxnit BuriAx mae piBHAHHS PikkaTi? 3a sikol ymoBH Lie piBHsIHHSI
igTerpyerbcs y kBajapaTtypax! o sSKoro piBHAHHS y IbOMY BHISJKY
3BOAUThCA piBHAHHST PikkaTi?

Bnopasu go nekuii 4

1. Cepen HaBeieHHX PiBHSHB BiAUIyKaiiTe JNififtHe DIBHSHHS Ta 31HTe-
rpy#iTe itoro MeTonoM Bapiamii JoBIIBHOI cTaIOl i METOIOM NI ACTAHOBKMU:

a)y =(z-y)% 6) ey’ +2y—2y’=0; »)y =4y+e*

2. Josenity, mo pisuanus f'(y)y' + p(z) f(y) = g(z) 3BoauTHCs fO
yinifinoro piBHAHHS 3a JOMOMOromw 3aMiHn 2 = f(y). 3iurerpyiite Takum
CII0CO6OM DiBHAHHSA COSY Y + %sin y = 2.

3. Hosenith, mo pisusuus y' + p(z) = ¢(z)e™ spoaursbes go Ji-
HiffHOrO PiBHAHHS 33 JOMOMOrOK 3aMiHd z = e~ Y. 3iHTerpyiiTe TakuMm
crocobom piBHsiHHEA €Ty — e = Y.

4. Cepen HaBeJeHUX PiBHSAHD BigmykaiiTe piBEsHHEA BepHynni ta 3iu-
TerpyitTe ftoro:

a) Yy +zy=1y’sinx; 6)y +2y=21x% B)Y =(z+y)
Y

5. IloseaiTs, wo pisuarHa Bepuynni y' + p(z)y = ¢(z)y™ moxHa
3BecTH 0 JiHIAHOrO PiBHSHHA 3a JONOMOroK 3aMiHM z = yl~™. Binre-
rpyiite uM crnocobom piBrsHEA 1y = y + x2y 2.

6. 3inTerpy#re piBnsinua Pikkati 1y’ — (22+1)y+y? = —z2, 3naio4n,
III0 BOHO Ma€ PO3B’A30K BHIIAAY ¥ (z) = ax + b.
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Jleknisa 5. PiBHaAHHA y noBHux audepenmiagax
Ta 3BigHI 40 HuX

ITnan

1. PiBHsiHHA Yy NOBHUX jaudepeHuiaiax.

2. IHTerpyBaJbHII MHOXKHHUK Ta JedAKi crrocobu Horo sHaxo/Ke-
HHSL.

3. Teopemn mpo icHyBaHHS, He€JUHICTb Ta 3arajbHU# BHIVIS]L
iHTerpyBaJbHONO MHOYKHHUKA.

1. PiBasinna y moBHnx gudepenuianax. Judepenuiaibie
PIBHSHHS MEPIOIOTr0 HOPSIAKY

M(z,y)dx + N(z,y)dy =0 (5.1)

HA3UBAIOTb PIBHAHHAM Y NOSHUL dudeperyianax, AKIIO HOTO
JiBa HacTuHa € noBHuM Judepenujanom geskol ¢dyukuil Uz, y),
TOOTO AKIIO

M(z,y)dx + N(z,y)dy = dU(z,y). (5.2)

3 (5.1), (5.2) BumnuBae, mo piBusiuusa (5.1) MoXKIa 3alucaTH
y Burnsiai dU = 0, a ToMy 3arajibHAM IHTErpajioM pIBHSIHHS Yy
noBuux audepenuianax € U(z,y) = C.

V 3arajbHOMY BHI&JIKY CKJaJHO Ge3locepenbo 3’CyBaTH, "1
€ 3aJaHe piBHAHHS PIBHAHHSM Yy NOBHUX audepeHniasax. Bkaxe-
MO O3HAKY, $IKA JO3BOJUTL BIAMOBICTY Ha I¢ THMTANIIST, & TAKOXK
HaBeleMO O/uH i3 crocobiB 3Haxomkenus Gyukuii U(z,y).

[Mpunycrumo, wo byukuii M(z,y) i N(z,y) y piBususi (5.1)
HelepepBHi y JeAKoMy NPAMOKYTHHKY 3 IIEHTPOM y Toumi (Zo, ¥o),
i He mepeTBOPIVIOTHCA OOHOYACHO B Hyab y wiff Toumi. OkpiM To-
0, BBAXXaTHMEMO, L0 y 3raJaHOMy NPAMOKYTHUKY ICHYIOTH Helle-
PEPBHI YacTUHH] I0XiAH] % i %.

[TpumycTuMo, WO COpaBRKYEThCA YMOBa (5.2), To6TO niBa 4ya-
cruHa piBHsHHA (5.1) € noBHuM mudepernianoM. 3rigHo 3 o3HaYe-
HHAM audepenniagia dyHkuil 1Box sMiHHENX

ou oU

dU(z,y) = Ed:c + %dy,
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a ToMy

ouU U
P M(z,y), —8—17 = N(z,vy). (5.3)

Judepeniiroroun nepuly 3 piBHOCTell 3a 3MIHHOIO ¥, a ApyTy — 3a
3MIHHOIO I, OEePXKY€EMO, IO

90U oM 89U _ ON

dydr ~ By’ dxdy Oz’

3 Teopemu mpo piBHICTH MilTaHMX MOXIZHUX BUILIUBAE HeoOXioHa
yMoBa Toro, mo (5.1) € piBHAHHAM y MOBHHX JudepeHnianax:

oM ON

TTokazkemo, mo yMoBa (5.4) € TaKoXX JOCTaTHBOIO, TOGTO 3a BH-
KOHAHHS 1li€l YMOBH JiBa yacTuHa piBHsiHEA (5.1) € moBHAM nude-
pennianom aeskol ¢yukuii U(z,y). 3rigso 3 (5.3) myxana dys-
ki U(z,y) noBUHHA 3aJ0BOJILHATH yMOBY %—g = M(z,y). Yci
Taki GYHKIII MOXKHA OIIHCATH (POPMYJIO0

Uuwwiﬂwme+cwx (5.5)

ne C(y) — noBinbHa HenmepepsHO AudepeHLiioBHa GYHKIA Big y.
Ockinpku $ysxnis U(z,y) DOBUHHA TaKOXK 33J0BOJBHATH APYTY
ymoBy 3 (5.3), To

a% / M(z,y)dz + C'(y) = N(z,y). (5.6)

Jlns BuKoHaHHA yMoBH (5.5) moTpibHo BiamoBigEMM YMHOM mijmi-
6patn dynkuio C(y), mpuaoMy Taknit BUGIp 32 BUKOHAHHSA yMOBU
(5.4) 3amxau moxmusuit. Cripasai, 3 (5.5) Maemo

dw:wa-%/M@mm

JliBa yacTmna miel piBHOCTI € yHKIeO TiNBKYM Bifg Yy, a OTXKe,
IpaBa YacCTHHA He 3aJIEXXUTb Big x, TobTO moxiaHa 3a 3MIHHOW T
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BiJ npaBol 4aCTUHY IIOBMHHA JOpPiBHIOBaTU Hy/10. [lepekoHaeMocs
y LBOMYy, BpaxoByIoun ymoBy (5.4):

- (N(w,y) - a% /M(:c,y)dm) - ey

a (0 ON(z,y) OM(z,y)
= —— — j\l et ? — ) = ().
dy (8.7: / (z9) dm) oz dy 0

Hapegene moBeneHHs gocTaTHOCTI ymoB (5.4) nae BomHouac i
croci6 Bigmykanus &yskuil U(z,y). Otke, cnodaTky HOTpiOHO
sHaiitn dyuxuio U(z,y) 3a dopmymnoo (5.5) (posrisigaioan y siK
crany), a motiM 3 pisrocTi (5.6) 3Haiitn C'(y), iHTerpyroun sike,
orpumaemo C(y). Ilincrapasiioun 3uahneny gyukitio C(y) y ¢dop-
myay (5.5), matumemo dyukuio U(z,y). dis onepkanssa 3araiib-
HOTO iHTerpajy piBHsIHHHA Y NOBHUX qudepenmianax (5.1), ax 6ymno
JoBeaeno paninte, dynkiio U(z,y) norpi6no npupisusaT 10 1o-
BlabHOI cramol C.

IIpukaan 1. 3inmezpyeamu piéHAHNA
(x +y% + sinx) dr + (2ry + cosy) dy = 0.

Pose’szanns. Ockinvkn M(z,y) =z + y% + sinz, N(z,y) =

= 2zy -+ cosy, TO %\J” = %1} = 2y, 10610 yMOBa (5.4) cnpaBlIrKye-

thest. s sHaxoipkenHs ¢yHkuil U(z,y) MaeMo cucremy

ou 9 . ou
—_—= +sinz, — = 2zy + cosy.
£ r+y Ay Y Y

3HaiijeMo BUpa3 JyuIa LIyKaHO! (PYHKUIl 3 11epLIoro PiBHSHHS CH-
CTEMH i migcTaBEMO fforo y ApYyTe PiBHAHH:
Ulzr,y) = /('r +y+sinz)dr +Cy) =

a2 oU ,
Uz,y) = 5 + 2y —cosz+C(y) = %zzxy+c(y) -

22y + C'(y) = 2zy +cosy = C'(y)=cosy =
C(y) =siny +C.
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Ockinpku gocuTh 3Ha#iTH oany dynkuiio U(z,y), To B ocraHHilt
¢opmyi HOBINBHY cTaMy iHTErpyBaHHS MOXKHA NPUMHATH PIBHOIO
HYJTIO.

Orxe, U(z,y) = x° / 2+ ry? — cosr +siny, a 3araJbHUM iHTe-
IPAJIOM € x2/2 +zy? —cosz +siny=C. B

2. InrerpyBasibHUiI MHOXXHUK Ta JesiKi criocobu iforo
3HAXOJXKeHHs. Y 6araThox Bumajkax DiBHsuHs (5.1), fke He
€ piBHaAHHAM y HoBHEHX audepeHuiajax (He BUKOHYETbCS YMOBA
(5.4)), MoKHa 32 JOIIOMOI'OIO MHOXKEHHS Ha JedKy dyHKuio u(z, y)
3BECTH JI0 piBHsIHHA y NoBHEX audepennianax. Oyukuio u(z,y)
y UBOMY BUINAaJKy Ha3HBAIOTH {HIMEZPYBAALHUM MHOHCHUKOM
pisasiHHEg (5.1).

Hexait nis xoediuieHTiB piBusinHs (5.1) He CIPaBIXKYETHCS
ymoBa (5.4) i npunyctumo, 1o p(z,y) — iIHTerpyBaJbHIE MHOXKHAK
1poro piBHsHHSA. Toal nnsa KoedilieHTIB PIBHAHHS

wz, y)M(z,y)dz + p(z,y)N(z,y)dy =0

IIOBAHHA CIIPDABIXKYBAaTHCh YMOBa

A(uM) _ B(uN) op  OM Oy ON
- o Ma T =N TR T
OM AN\ _ \ Ou _, du

TakuM 4HHOM, IHTErpyBaJbHHM MHOXKHHK ((Z,y) € PO3B’S3KOM
PIBHSIHHA 3 YaCTHMHHUME noxigaumu (5.7), pos3p’ssaru ske y 3a-
rajJbHOMY BHIANKY 3HAYHO CKJIaJHIINe, HDX 3BHYaliHe gudepeHLi-
aabHe piBHsanHa (5.1). IIpoTe y okpeMux BUNaAxKax 3HAHWTH iHTe-
rpyBaJIbHUI MHOXKHUK BAAETBCA NOBOJIL Jjierko. PosrisineMo Jiesiki
3 IUX BHUMIAIKIB.

Bunazok 1. Hexaii piuanus (5.1) Mae inTerpyBaJIbHHI MHO-
XKHHK, SIKHl 3aJIeXKUTh TiNbKH BiX z, To6To 1 = u(x). Toxi, Bpa-
XOBYIOYH, IO %’5 =0, %& = %, 3 (5.7) maemo

(8M aN) Nl dw_ 1 (8M 8N)dx

By oz 3y oz

dr p N
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Axmo $yHKUia B npaBilt 4acTHHI OCTAHHBOIO PIBHAHHSA 3aJI€2KNTh
TifBKH Bix 2, TOOTO

LM Ny _
N dy Oz = e

TO, 3IHTErPYBABILH Lie PIBHSHHS, OJEPXKYEMO
u(z) = el #@), (56.8)

Bunagok 2. Hexait piBusinas (5.1) Ma€ iHTerpyBajibHHN MHO-
JKHUK, SKHH 3aJIEXKUTH TiBLKHU Bif y, To6To & = p(y). Toai %’f =0,
% = % i3 (5.7) 3maxogumo

("_M_d_N> oM o A _ 1 (M ON)
Oy Or dy p —-M \(dy Ox Y-

Axmo byHKLiA B NpaBiil YaCTHHI OCTAHHLOrO PIBHAHHSA 33JIE2KUTDH
TITBKY BiJ Y, TOOTO

1 (M BN W),
-M By I =¥l
TO IHTErpyBaJBbHUM MHOXKHHUKOM €
u(y) = el¥W, (5.9)

Bunagok 3. Ilpunycrumo, mo iHTerpyBabHUE MHOXKHHMK
piBHsiHHst (5.1) 3anexuTb BiA 3azaHol ¢ynxuii w(z,y), TobTO
= p(w(z,y)). Toai 3 (5.7) onepxryemo:

du Ow dp 0w (OM ON
oM oN
du(w) By 9z dw
= dw M 0
ww) N3 MG Nz # )
ko no3HaYuTH
Y(w) = W (5.10)
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pw) = J PO = f(0) = f (w(z,y)). (5.11)

OueBnHO, MO iHTerpyBabHi MHOXKHUKHA () Ta (1(y), BU3HA-
qeni dopmynamu (5.8), (5.9), € oKpeMUMH BHIAJKAMH CTOCOBHO
BHITQIKY 3.

IMpuknang 2. 3ualdmu iHmezpysarvHull MHONCHUK PIBHAHHA
(2292 — y) dz + (v* + = + y) dy = 0 ma 3inmezpysamu Gozo.
Poses’azanms. Ouesnnno, mo ‘%}y”— #* %—. Ockinbku

1 (6M 8N)_4:cy—1—1_

2
v\ Em) T Ty mmr Ty YW

TO iHTerpyBaJbHUI MHOMKHHUK 3HaxoauMo 3a ¢dopmyioo (5.9):

9 (9 - ] —
wly) = e 2T = em2inll =2,
KO NOMHOXKHTH OOMJBI YacTUHU 33JaHOIO PIBHAHHHA Ha
u(y) = y~2, To omepxxyeMo piBHAHHA Yy TOBHUX AudepeHIianax
(2z - 1/y)dz+ (1 +z/y* +1/y) dy = 0.
Cupasgai,

1 1 ’
<2m——> d.7:+(1+%+—>dy=d(m2—z+y+ln|yi>,
) Y Yy Y

a OT2Ke€, 3araJlbHUM iHTeraJIOM €
e’ —z/y+y+injy=C. n

Tpuknan 3. 3natimu inmeepysarvruti mnoorcnuk p(zy) pis-
nanna (2z3y%—y) dz + (22%y® — 2)dy = 0.
Posze’azanns. Ockinbku w = zy, To 3riguo 3 (5.10)

T
(22293 — x)y — (223y% — y)x

dry(z® —y®) 2

T 2222y —2?)  xy
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Togi Ha migcrasi (5.11) maemo

—2dw 1 1

u(zy) = p(w) = >

IIpomonyemo yuTavdaM nepeKoOHATHCD, IO iIHTerpyBaJbHUH MHO-
JKHUK 3HaiileH0 MpaBHJILHO, i 3a WOro JOIOMOroio 3iHTErpyBaTH
3agaHe piBHaHH:. B

3aMicTh TOro, 1oeb KOPUCTYBATUCH CKIAJHAMY IS 3alaM’ ATO0-
ByBaHHst opmynamu (5.8) — (5.11), MokHa mykaTH iHTErpyBalib-
HU# MHOXXHUK, TOBTOPIOIOYH MIpDKYBaHHS, HABEJEHI [JIsI BUIAIKIB
1-3.

3Haw04n IHTErpyBabHUH MHOXKHHK, MOXKHA 3HAWTH He TUILKU
3araJibHu#t iHTerpan audepeHiagbHOrO PiBHAHHS, aje # yci #oro
ocob6iiuBi po3s’a3ku. Cupasui, Hexait p = p(z,y) — iHTerpyBaibLHU
MHOXXHEK piBHsHHA (5.1), T06T0 dU = 1t (M dz + N dy). Toai

ldU=Mdau—+—Ndy=0 = dU =0 abo l=0.
H u
Ilepiie 3 oepxKaHux pPIBHSIHb BH3HAYAE 3araJIbHUN iHTerpaJ pis-
usiEs (5.1) U = C, a apyre — Mo)ke NPUBECTH A0 OCODIMBOTO
PO3B’SI3KY, SIKIIO B3/J0B¥XK HBOTO IHTEerpyBajibHUIl MHOXHUK Iepe-
TBOPIOETbCA B GE3MEKHICTD.
3Bigcu oAepKYEMO MPABUAO IHATOIHCEHHA O0CODAUBUT
po3e’aaxie: _
— 3HAMTH JiHil, B3HOBXK AKUX (DYHKLIA |4 [IepeTBOPIOETHCA B 0O;
— NepeBIPUTH, YU € 3HafiZleH] JiHil iHTerpaJJbHUMU KPHBHUMHY;
— NEPCRIPUTH, YU MICTATLCS 3HAMJCI pPO3B’sA3KK y dopmyni
3araJIbHOTO PO3B’SI3KY.
Ti i3 3HaiieHUX PO3B’SI3KIB, AKI He MICTATHCS B 3arajJbHOMY
pPO3B’a3KY, OyAyTL 0CODIMBUMMU.

3. Teopemn npo icHyBaHHsi, HEEOUHICTHh Ta 3arajibHU
BHIJIAA iIHTErpy BAJILHOT'O MHOXKHMKA. 3’ICYEMO JIesiKi BJIACTH-
BOCTI IHTErpyBaJIbHOIO MHOKHHKA 1 HaBeJeMO OAHMH 3arajbHuil Me-
TOJ 3HAXO/KCITHS INTErpyBaJILHOTO MHOXKHHKA, AKUH I'PYHTYETLCA
HA BUKOPDUCTaHHI [(MX BJIACTHBOCTEN.



66 Posgin 1. JUGEPEHIIAJIbHI PIBHAHHS MEPUIOTO ITOPSAKY

Ockinpxu dynkuil M(z,y), N(z,y) HenepepsHi pazom 3i cBoi-
MU IepIINMH YaCTHHHUMH IOXITHUMU y IesKiit obmacti G iy xko-
JHi# To41 niel 06I1acTi He MEPETBOPICIOTHCS B HYJIb, & IHTETPYBAJIb-
HHUA MHOXHUK (1(Z,y) He [1ePeTBOPIOETHCA B HYJIb 1 Ma€ HellepepBHi
YaCTUHHI TOXiJHI TepINoro MopsAKy, TO y KOXHIM Tounmi obiacri
G MaeMo enuHicTh po3B’si3ky 3aga4i Komi. KpiM Toro, imTerparn
U(z,y), akuil BiAnosizae iHTerpyBajbHOMYy MHOXHUKY u(Z,y),
Ma€ HemepepBHi YacTHHHI MoXigHi gpyroro nopsiaky. lle Teepaxen-
H# BUIIABAE 3 TOro, o sxmo dU = u-(M(z,y) dz + N(z,y) dy),
TO
a_U = uM, gj— = uN,
or dy
i OCKiNIbKYE IIpaBi YacTHHM MalOTh HellepepBHI YacCTHHHI MOXigHI 3a
3MiHHUMHY Z 1 y, TO HOXiAHI BiA JMBMUX YacTHH TAKOXK iCHYIOTH i
HelepepsHi.
JoBenemo, o 38 JesIKUX YMOB, IKi FaPaHTYIOTh iCHYBaHHS 3a-
raJbHoro iHrerpaty pisusiHas (5.1), icHye TakoX 1HTerpyBajbLHUI
MHOXXHUK IILOI'O PiBHAKHS.

Teopema 1. SJxwo pienanua (5.1) mae 3azasvhutt twmeepan
Ul(z,y) =C, (5.12)

de gpynxuin U(xz,y) — deiui nenepepsro dupepenyitiosna, mo ue
DIBHAHHA MAE MAKOHC THIMEZPYBAADHUT MHONCHUK.
Hoeedennsn. Ockinbku dU = 0, TobTo %%— dr + %% dy =0, ne dy
BH3HAYaeThesl piBHAndAM (5.1), To dx i dy 3aA0BONBLHAIOTE CHCTE-
My DiBHAHB
{%g dz + &2 dy =0,
Mdz+ Ndy=0.

Ockinbku gudepeniiai He3ajexkKHOI 3MiHHOI dr € IOBIILHEMM,
TO iCHy€e HeHYJILOBUIl PO3B’A30K OTPUMAHOI JilifiHOI ogHOpifHOT cH-
cremu. Tomy

U JUu

U au 1 68U 106U

or Jy | — — = —— = ulx,y). 1
M N 0 = M Oz N oy (z.9) (5:13)
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3Biacu % =uM, %% = i N, a oTXKe,
oU U
p(de-i—Ndy):ude+,uNdy=%dx+%—dy= du,
Y

TO6TO Iic/as MHOXKeHHsT Ha dyHKIio 4 3 dopmyn (5.13) aisa ga-
cruHa piBHsIHHA (5.1) € moBHMM andepenuianom dynkuil U. e i
03Ha4ag, IO 4 € iHTerpyBaJIbHIM MHOXKHUKOM piBHanHA (5.1). »

3 o3HadeHHs IHTErpyBaJIbHOrO MHOXKHUKA [t PiBHsHNSA (5.1) BR-
wnBae, mo ¢yHKUisa Cu a1 AoBiIbHOTO C TaKOX € IHTerpyBalib-
HUM MHOXXHUKOM IBOT'0 PiBHAHHS. 3 HACTYIIHOI TEOpeMH BUILIMBAE,
IO ICHYIOTb iHTerpyBaJibHi MHOXKHUKH piBHsiHHS (5.1) Glibw 3a-
raJbpHOrO BUIMIALY, Hixk Cu.

Teopema 2. Sdxwo U(z,y) = C — 3azanvnull inmezpas piena-
nua (5.1), a po(z,y) — tozo thmeepysarvruti MHONCHUK, TO iCHYE
6e34i THMELPYBAADHUTL MHONCHUKIE Ub020 PIGHANHA, AKI GUDA-
HCOOMHCA HOPMYA0I0

w(z,y) = po(z, ¥)e(U(z,)), (5.14)

de ¢ ~ dosinvha PYNKYLA, AKE He JOPIBIIOE TOMONCHO HYAO T MAC
HENEPePeHY NOTIoHY.

Aosedennsn. TTomuoxumo By JacTuHy pisusiausa (5.1) Ha dyn-
kuiro (5.14). Toai

pop(U) - (Mdx + Ndy) = p(U) - (po(Mdx + Ndy)) =
-o)av =d( [ewyav),

TOOTO JliBa wacTuna piBHsiHns (5.1) € noBuuM jmdepennianom
byuknil [o(U)dU. Orxe, koxua DyHKIis [, BU3HaYeHa BopMy-
no10 (5.14), € iHTerpyBaJbHEM MHOXHHKOM piBHsHHE:A (5.1). B

®opmyna (5.14) micTuTh y cobi 6e3iiu iHTerpyBaJbHUX MHO-
JKHMKIB, TIOPOIKEHUX Lo | BianmosiguuM itomy iHTerpamom. Bunu-
Ka€ [MUTAHHA: YU BCl IHTErpyBajbil MHOXKIUMKKA MICTATHCH Y Uil
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dbopmyni? Bignosigs Ha ne nuTaHHA Ja€ Taka TeopeMa, Ky HaBe-
gemo 6e3. noBelenHa (i1 JoBeJIeHHS MOXKHA, 3HANTH, HAIPUKIAI, ¥
[4, c. 110 - 111)).

Teopema 3. [sa dosiavhi intmezpysarvhi muodcrury py(z,y)
1 po(z,y) piernanna (5.1) noe’asani cniesionowenram

p2(z,y) = p(x,y) o(U(z,y)). (5.15)

Teopemy 3 MoxKHa BUKOPUCTATH A1 IPAKTHIHOTO BiALIYKaHHS
inTerpyBanbHOoro MHOXKHEKa pisHsHHA (5.1). [Ipunycrumo, mwo e
PIBHAHHS MOXHA 3aMHUCATH Y BULISAN]

(Mydz + N1dy) + (Madx + Nady) =0,

OPUYOMY [JIsI KOXKHOI IPYITM MOYKHE 3HANTH iHTerpyBajibHUi MHO-
Kuuk. Hexait p; 1 Uy = Ujy(z,y) iHTerpyBasibHuil MHOXKHUK 1 3a-
rajbHEiR iHTerpas piBHAHHSE

My dx + Ny dy = 0,

a po i Up = Ux(z,y) — iHTerpyBasIbHUH MHOXKHHUK 1 3arajbHUR
igTerpan piBHAHHSA

Msdx + Naody = 0.

Tozi 3rigso 3 (5.15) Bcl iHTerpyBasbHl MHOMXHHMKY IepIO] DI
MictaTeea y dopmymi p = p1¢(U1), a BCl iHTerpyBasibHi MHOXKHY-
KU Jqpyroi rpynu — y dopmyni g = ppp(Us). SIkmo Bractees Bu-
6paTu GhyHkii ¢ i ¢ Tak, mob

[l.lgo(Ul) = /1,2’(/)(U2), (5.16)

o dynkuia g = p19(U1) = poyp(Usz) 6yle inrerpyBalpHAM MHO-
JKHHKOM yCBOro piBHsiHH# (5.1).

YacTo BaeTbcsa pO3OUTH PIBHSIHHA Ha JBI TPYNH, y KOXKHIN 3
SIKMX € PIBHSIHHSA 3 BLIOKpeMJIIOBaHMMH 3MIHHUMMU. [{1s piBHANHS
3 BiIOKPEMITIOBAHNMH 3MIHHUMMU

M, (z)N1(y) dx + Ma(x)Na(y) dy = 0
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iHTerpyBajbHUM MHOXKHHKOM, 30KpeMa, € QpyHKIUis I\IQ(IINI e

Ilpuxsan 4. 3natimu tHMe2pYBasvHuUti MHONCHUK PIGHARNA

3
(2+3:1:2)dz+(1+x—)dy=0.
z Y

Posze’azannsn. Po3ib’eMo JiBy yacTHHY piBHAHHSA Ha JBi Tpynu:
3
x
(gdw+ dy) + (3z2d:c+ —dy) =0
T Yy
i 3HaliIeMo An1s1 piBHSHD
3
T
Ydr+dy=0, 322dz+Zdy=0
x Yy
iHTerpyBaJibHi MHOXKHUKHU Ta BiANoBiaHi inrerpaju:

pm=z, i =zy; pup=y, U=z

3 (5.16) maemo, mo = p(zy) = y¥i(z3y). Bisbmemo p(U) = U?,
Y(U) = U, roni z(zy)? = y(z3y) = 23y2. Omxe, u(z,y) = 25y W

Pexomendosana aimepamypa: [4, c. 96 - 112], [5, c. 86 - 96],
[6, c. 89 — 101], [7, c. 46 — 57], [16, c. 33 — 41].

ITuranus oo nekuii 5

1. SIkumu noeunni 6yTe dyuknil M(x,y) i N(z,y), mob pisusims
M(z,y)dz + N(z,y)dy = 0 6yso piBHAHHAM y MOBHUX audepeHiianax?
Ak dopmymroeThes HeobXiAHA | JocTaTHS 03HAKA TOTO, o6 1e PIBHAHHS
6yno y nopHux audepenuianax?

2. Sk siHTerpysaTu piBHsilins y HoBHUX audepennianax? Hxui su-
IJIsi/l Ma€ 3araJpHuil inTerpan Takoro pisusims?

3. o Ha3MBaIOTD iHTErpyBajbHUM MHOXHHKOM? Hapeaits dopmy-
JM U151 3HAXOZKEHHs {HTerpyBaJIbHUX MHOXKHUKIB Buriany p(z), u(y),
p(w(z,y))-

4. Sk 3HadTH 0COBAMBI PO3B’HI3KYM PIBUSLNSA, 451 SKOIO € BilOMHM
#oro inTerpyBaJbHHI MHOXHHUK?

5. Yu koxHe nudepeHiiannne pisuauua M (z,y)dr + N(z,y)dy =0
Ma€ IHTerpyBaJIbHUI MHOXKHHUK?

6. dxuM criBBiAHOLIEHHSM OB ’A3aHI JBa IHTEUPYBAIbH] MHOKHHKHK
g1 i po pisnsang Mz, y)dz + N(z,y)dy = 07
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Bnpaeu go meknii 5

1. Cepey HaBeJeHVX PIBHAHD BiAIIyKaiiTe PiBHsIHHS Y IOBHUX Jude-
peHItiajiax Ta 3iHTerpyiTe #Oro:

a) (ye® — e¥)dx = (ze¥ — e)dy; 6) 3x%evdx + (z3e¥ — x)dy = 0;
B) (ysin2z + x)dz + (y? — cos2z)dy = 0.
2. 3HaiijiTe iHTerpyBaJIbHMA MHOXKHHK JIiHifiHOTO HeOJHOPiJHOro
pieasinng ¥’ + p(z)y = ¢q(z) Ta po3B’sXKITH He PiBHAHHA 32 JONOMOrOI0

uporo MHOXKHUKA (Meron, Eitnepa).
3. 3irTerpyiiTe piBHHHS 3a AOMOMOTOI0 IHTErPYBAILHOTO MHOXKHUKA,

p(w):
y? 2 2y
a) (4zy——2+3>da:+ (J: ———)dy:O, w=um;
T z

x® — 2243
6) (3z% — 1)dz + 2I—--l——t—ydy =0

y W=,
B) (3y — 22%y?)dx = (z3y — 2)dy, w=xy.

4. 3ualtaiTe inTErpyBanbHUY MHOXXHUK PiBHAHHSA, BUKODHCTOBYHOYHU
MeToZ, po36uTTA Ha Bl yacTun (0. 3):

a) y(z +y?)dz +2%(y — 1)dy=0; 6) (22 —y)dz+z(y +1)dy =0.
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Jleknia 6. HesaBHi nudepeHnianbHi piBHAHHS
MEPUIOTO MOPSAOKY

IInan

1. OcHOBHI O3Ha4eHHd i MOHATTH.
2. 3agaga Komi. Knacudikanisa po3s’si3kis.
3. PiBuauna crenens n.

1. OcHoBHIi o3HauYeHH#A i nousrria. Hesasnum dugdepen-
UIAABHUM PIBHAHHAM NEPW020 Nopadxy (Judepernyiarvrum
PIBHAHNAM NEPULO20 NOPATKY, HE PO36 AZAHUM B8I0HOCHO 10TId0T)
Ha3UBAIOTH CIIBBIIHOIIECHHS BUIJIALY

F(z,y,9') =0, (6.1)

ne dbyskuia F(z,y, z) nenepeppna B jedxiit obnacti D C R3.

Oyuxnito y = y(x), sKa Bu3HaYeHa | HenepepBHO an(epeH-
uifioBHa Ha inTepBaii (a,b), HA3WBAIOTL PO36’AIKOM PIBUSIIIA
(6.1), KMo Ha LBOMY IHTEpBaJi BOHA NIEPETBOPIOE HOTO y TOTO-
2KHICTb.

Sxmo piBusanus (6.1) MOXKHa PO3B’SI3aTH Yepe3 cjeMenTapui
dbyuxuil BimHocHo ¥, To omepxHMMo onne abo AeKiIbKa PiBHAHb,
PO3B’sI3aHUX BIJHOCHO MOX1THOI:

y = fulz,y), k=12, ..., (6.2)

ne fr(z,y) — aiiichi dyHkuji, To6TO iHTerpyBaHHs piBHAHHA (6.1)
3BOINTHCS O IHTErpyBaHHs KOXKIIOTO 3 piBHaHb (6.2), oclioRii TH-
N1 AKUX PO3IVIAJAJIUCH Ha JleKuiax 2 — 5.

Tpukaan 1. 3inmezpysamu pienanna y2 — 93yt = 0.
Poszs’azanns. 3amaHe piBHAHHSA PO3NATAETHCA HA JABA PIBHAHHS
3 BilokpemmoBanuMu 3Mminauamu: iy = 33/y2 iy = — 3/y2.

BaraabuuMu posB’s3kaMu Lux piBuAub € y = (z + C)3 i
y = —(z+C)3 Bianosigno. 3 reoMeTpu4HOT TOUKYU 30pY Lie O3HAYAE,
mo koxHa 3 muit y = (z + C)3 Ta y = —(z + C)* ¢ inTerpanbuomno

kpuBow. OKpiM Toro, po3s’s3koM piBHsAHHA € ¥ = 0 (puc. 6.1).
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Y

‘7/:(2‘-/-0)3

Puc. 6.1

3ajaHe PIBHAHHA Mae TakoxK 0e3sid po3p’sa3KiB, K1 MOXHA
«CKaeITH» 3 YaCTHH HaBeJeHMX BHlle Po3B’si3kiB. Hanpuknanm, Ta-
KUMM PO3B’sA3KaMu OyayTh (pyHKUIT

L akmo z < 1,

Y= W@ - 1), sxmo z > 1,

—(z+1)3, akmo z < 1,
akmo —1 <z <1,

y= 0,
(x—1)%, sakmo z > 1,

- rpadiky sikux 306pakeni Ha puc. 6.2 1 6.3 BignosinHo. OxHak Ha-
JaJii Taki PO3B'SA3KM MU He PO3IVIIATHMEMO.
Bidnosidv: y = (2 + C)3, y = —(z + C)3, y = 0.

HesiBHe nudepennianbHe piBHsHEA (6.1), Tak camo, AK i pis-
HFHHHA, PO3B’'A3aHEe BiAHOCHO IOXiAHOI, BU3Ha4Yae Ha miowmuHi Oxy
JesKe TI0Jie HampsiMiB. AJie Tenep, siIK NpPaBMIo, ¥y 3afaHiil Todii
(x0, yo) MATHMEMO He OIMH, & JeKiJIbKa HAIIPAMIB 110714, 60, po3B’s-
3ytoun pieHsAHHA F(T0,Y0,y’) = 0 BiasocHo y’, 3a3BH4ail onepxy-
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BaTHMEMO JEKIJIbKA MiCHUX po3B’a3kiB. Hampuknal, piBHSIHHS 3
upukia)y 1 BusHavae y KOXKHiN Toumi (Zg, Yo), A€ Yo > 0, ABa Ha-
npsvm nost: y' = 3Y/y2 iy = ~33/43. Y xoxiit Touni (g, 0) oci
Oz ne piBHAHHA BU3HAYAE TIIbKH OJMH HAIPSAM M0Js: Y’ |(zo,0) =0.

Y / \\ Y
1 T -1 0

0
Puc. 6.2 puc. 6.3

1 x

2. 3agauya Kowmii. Knacudikauis poss’sizkis. 3adaua
Kowi juist piBasiHEs (6.1) POPMyTIoeTbCst TAK caMo, sIK 1 JiJ1sl PiB-
HSIHHSL, PO3B’SI3aHOTO BiJHOCHO MOXigHOI: NOTPIOHO 3HAKTH PO3B’s-
30K y = y(x) piBustaus (6.1), sIKuil 330BOJIbHSIE I0YATKOBY YMOBY

y(Z0) = Yo (6.3)

IIpu upoMy, SIKIIO PO3B’SI3KIB, K1 3310BOJIbHSIOTH 1I0YATKOBY yMO-
By (6.3), He Guiblle, HiXK KiJIbKICTH HANPSMIB MOJs, BU3HAYEHOTO
piBHsHHAM (6.1) y 1iif Touni, TO6TO He Ginbure KIIBKOCTI po3B s3KiB
yo piBuaHHA F(20,Y0,y’) = 0, TO KaxyTsb, mo 3ana4a Kowi (6.1),
(6.3) Mae eauumit po3s’a30K. B iHAKIIOMY BUNAQJKY BBAXKAIOTD, 110
€IUHICTh PO3B’A3KY Ili€l 3a/1ai MOPYITYEThCS.

Hexait yj — omun 3 ajiicHUX KopeHis piBusianst (6.1). 3’sicyemo
YMOBH, 33 IKMX ICHY€ €JMHA IHTerpajibHa KPUBA 1bOTO PiBHAHHSA,
IO HPOXOOUTH 4Yepes3 TOUKy (Zg,Yp), TPHUOMY JOTHYHA JO HEl y
miti rodnl yTeOpIOE 3 momarHuMm HanpsamoM O KyT ag, TAHI'€HC
SIKOrO JOPIBHIOE Yj).

Teopema 1. Hezat aisa wacmuna pisnanns (6.1) 3adoeosvrae
maxi ymosu:
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1) dynxuia F(z,y,y’) eusnavena i nenepepena pasom 3 “a-

CTMUHHUMY TOTIOHUMY ‘g—i, gg 6 JeAKOMY 3AMKHEHOMY OKOE MO-

KU ($07 yan6)7

2) F(z0,90,%0) = 0;

oF

3) z”E’—,|(wo,yo,y€)) 70
To0di pisnanna (6.1) mae cdunull poss’asor y = y(z), susnaverud
1 Henepepeno dudepenyitiosnull y 0eAXOMY 0KOAL MOYKY T = T,
axuti 300080avHAE NOYAMKOSY YMmo8Y Y(Zo) = Yo, § marul, wo
y'(zo) = yo-
Joeedenna. Ymosu, HakaaneHi Ha dyukuio F(z,y,y’), rapan-
TYIOTb iCHyBaHHs HesiBHOI (yHKHil 1BoX 3MiHHEX. ToMy piBHSHHSA
(6.1) y mesikomy 3aMKHeHOMY OKOJi D TOUKH (Tg, Yo, Yp) BH3HAUAE
y' AK omHO3Ha4HY bYHKIIO

y/ = f(m‘,y), (64)

npusoMy GyHKIUS f(z,y) — HemepepBHA pa3oM i3 CBOIMH 4aCTHH-
HUMH TOXiJHHMH HEPLIOrO MOPSIKY i

f(x()’y()) = y6

Orxe, f(z,y) - HenepeppHa dbynkuis B D i B Uift 3aMKHenil
obnacTi Mae 0OMeXKeHy TOXiaHy 3a 3Minuow y. Tonl mpapa yacTuHA
piBHsiHHS (6.4) 33/0BOJIbHsIE YMOBH TeopeMn Ko npo icHyBanns
Ta €IUHICTh PO3B’sa3Ky. ToMy Ha nesdKoMy IHTepBaJi iCHYe €XUHMMA
posB’s3ok y = y(x) piBasimus (6.4), a orke, i piBHsaHms (6.1),
Takuil, mo

y(zo) = Yo

IMokaxkemo Tenep, wo y'(zo) = yj- Aximo B piBHOCTI (6.4) MO-

KJIACTH T = g, TO OAEPKHUMO

¥ (z0) = f(xo,y(x0)) = f(zo,%0) = %o- »

[MpumnycTumo, wo piBHsiHAs (6.1) B OKOM TOYKH (Zg, Yo) MOXKE
O6yTu po3B’sI3aHe BiJHOCHO HOXiAHOI, TOOTO PO3MaJacThed HA CYKYy-
nHicTh piBHAHD (6.2). Hexail koxkHe 3 UX pIBHSIHD Ma€ 3arajbHUI
PO3B’SI30K

y=r(x,C), k=1,2,..., (6.5)
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abo 3araJbHMM iHTErpas
Or(z,y)=C, k=12,..., (6.6)

ne C — noBlibHa crasa. Toni CyKynHICTH 3arajbHHX PO3B’SI3KIB
(6.5) (abo cyxkynHicTb 3aranbHux iHTerpasis (6.6)) HasuBawTH 3a-
2aAbHUM tHMe2pasom piBHsHHEA (6.1).

YacmurHrum po3e’sa3rom piBusauHs (6.1) HasuBaOTL (hyH-
KIIi0, YTBOPEHY 3 SIKOI'OCH 3arajbHOrO po3s’si3ky (6.5) mpH mesHo-
My 3HadenHi crasol C.

Ocobausum pO36°A3KOM HABHBAIOTH PO3B’S30K, Y KOXKHIM
TOUI $IKOrO IOPYUIYETbCs yMoBa ioro emunocti. Ocobausuit
pO3B’A30K HE MOXKHA OTPUMATH 3 (DOPMYJIH 3arajIbHOIO PO3B’A3KY
(3arasipHOrO iHTErpasa) JudepeHIiaibHOrO PIBHSIHHS IPH KOLHO-
My 3Hadensi cranol C.

3 Teopemut 1 BUILIHBAE, 110 OCOBJIHMBI PO3B 3K MOXYTh iCHY-
BaTH JIMNIE y THX TOYKAX, A€ NOPYIIYIOTHCS YMOBH L(€] TEOpEeMH.
Tob6ro sixio F(z,y,y’) HemepepBHa i Mae HenlepepBHi YaCTUHHI T10-
xigHl mepuioro mopsiaKy, To ocobuINBI PO3B’A3KHA NOTPIOHO IyKATH
cepel, THX TOYOK, KOOPAMHATH SIKMX 33J0BOJILHSAIOTH CHCTEMY

F(z,y,p) =0, ,
_ pP=y.
{FII)('T,:Ihp) - Oa

Akuo nst cucrema cymicHa, TO, BHKIIIOHYAIOMM [apaMerp p,
OTPUMAEMO JeAKY MHOXKHMHY TOYOK @(z,y) = 0, sika moxe Oy-
TR 0cObMBUM po3B’si3KoM piBHsAHHEA (6.1). Oxnak nmorpibho me
NePEBIPUTH, 1M reoMeTpuiHe Micue To10K ¢(z,y) = 0 € poss’ss-
KOM 3aJaHOro piBHSIHHSI, i UM y KOXHIi# #0oro To4ni nopyuryerbcst
BJIACTHBICTb €JMHOCTI PO3B’A3KY (TOGTO m 3HaiijieHnii PO3B’I30K
cripaBai € ocobiuBUM).

Kpim HaBeneHoro cnocoby 3uaxo1KeHHs 0COOJIMBOTO PO3B A3KY
nudepennianbHoro pisastaas (6.1) icHye inmmuit cnocib, mo rpyHry-
€ThCs Ha nousaTTi 06Bianol. Haramgaemo, mo 066101010 Ha3UBAIOTL
iHTerpajlbHy KpMBY, IKa Y KOXKHiii TOYLi Ma€ CNUIBHY MOTHYHY 3
OAHIEIO 3 IHTerpaJibHUX KPUBHUX, ajle Ha XXOAHIN AinsHul He 36ira-
€TbCsl 3 XKOJHOIO 3 IHTErpaJIbHUX KPHBHX.
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Busenemo neobxinxi ymobu icHysamns o0signoi. Hexail
&(z,y,C) =0 (6.7)

€ 3araJIbHUM iHTerpasioM audeperuiaibroro piHsuns (6.1) i ciM’a
KpuBux (6.7) Mae 0OBiAHY, PIBHAHHSA SKOI 3aIMILIEMO y HAPAMETPH-
gHiit dpopmi

z=zxz(t), y=y(), (6.8)

e x(t), y(t) — madepenuitosni dyHKHiT Ha JEAKOMY HTPOMIXKKY
(e, B). Ockinbku 00BiHA Ans pisHUX ¢ JOTHKAETHCH OO PI3HHX
KkpuBEX i3 ciM'T (6.7), To Bemuuny C MOXKHA POSINIANATH K QYH-
Kiiro 3Mmingol ¢, 70610 C = C(t). punycrumo, mo C'(t) # 0,
t € (a,8), ockinpky iHakme obBigHA y KOXHIM cBoili Touni Gy-
Jle IOTHKATHCA A0 OIHiel i Tiel caMol iHTerpaiabHOi KpUBOI 3 ciM'l
(6.7), a ToMy 36iraTEMeTBCS 3 i€ KPHUBOIO.

IincraBumo (6.8) y (6.7) Ta 3xudepenniioeMo OTPIMAHY TOTO-
xmicrs ®(z(t), y(t), C(t)) = 0 3a 3Minmoro ¢:

&2 (t) + Oy (t) + D C'(t) = 0. (6.9)

KyTosuit xoedinienr k morutHol g0 kpusoi i3 cim’i (6.7) Bu-
3HAYAETHCH (HOPMYIIOI0

.
o v

a KyToBull KoedimieHT ki JOoTHYHO! [0 00BiAHOI sIK

(1)
= ok

Ockinbkn k = ky, T0
o' (t) + Dy (t) = 0.
Toui 3 (6.9) Maemo

c(x(t),y(6),C(t)) =0,
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6o C'(t) # 0. Orke, Ko ciM’st KpuBEX (6.7) Mae 06BimHY i B KO-
XKHift Touli Kpusux 3 1€l cim’T /. (x, y, C) # 0 abo @, (z,y,C) # 0,

TO YMOBH
{@(z(txy(t),ca)) —0,
O (2(t), y(t),C(t)) = 0

€ HeoOXimHUMH a1 Toro, mO6 KpuBa (6.8) Gyna 06BinHOIO A CiM'T
kpuBux (6.7).

IMoxaxkemo, mwo ymoBu (6.10) y BUIAIKY, KON y KOXHil TOUIi
xpusoi (6.8) @/ i @} OOHOYACHO He JOPIBHIOIOTH HYJIIO, € TAKOXK
JOCTaTHIMH jyist TOro, 06 I Kpuba Oyna 06BimHOK Mg ciM’i
kpunx (6.7). Hexait, nanpuxnan, @, (z(t),y(t),C(t)) # 0. Toxi,
JdepenIiioyn 11eplly TOTOXKHicTh cucreMu (6.10) 3a 3MiHHOIO
¢, marumemo (6.9). 3BigcH, 3rigHO 3 APYTUM DIBHSAHHAM CHCTEMH

(6.10),

(6.10)

2’ (t) + O,y (t) = 0.
Orxe,
y) _ %%
z'(t) o’

3BiAKY 1 BUIITHBa€ MOTpibHE TBepMXKeHHs1. TakuM IHMHOM, olepyka-
JIM TaKe NPasuao ei0wyranna o66i0not:
1) CKJIaCTH CHCTEMY DIBHSHD

®(z,y,C) =0,
6.11
{(D'C(z, y,C) =0, ( )

ne ¢(z,y,C) = 0 - 3aranpHuil iHTErpas AMpepesiaIbHOro PiBHsI-
Hus (6.1);

2) i3 cucremu (6.11) 3a nonomororo Buk/o4eHHs! napamerpa C
3naittu KpuBy ¢(z,y) = 0;

3) 3 kpuBoi @(z,y) = 0 BuyunTn Toukm, ae P, i ¥;, oaHoua-
cHO jropiBHOIOTL HymO. Pelirra kpuBoi ¢(x, y) = 0 i 6y1e 06BLIHOO
3aJ1aHOl CiM'1 IHTerpaJIbHUX KpPUBHX.
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3. PiBugHus cremeHs n. PosrisiHeMO Jesiki THNN HeSIBHUX
nudepeHIialbHuX PiBHSHD BUIIIAMY (6.1), JId sSIKHX ICHYIOTE 3a-
rajgpHl MeToaM po3B’a3aHHs. /ludepeHniaabHe PIBHAHHST BUTISITY

W)+ a1z ) @)+ A an-1(z, Y)Y+ an(z,y) =0 (6.12)

HA3UBAIOTL DIGHAHHAM TMEPULO20 TIOPAIKY cmenena n. Ak
Bimomo 3 asreGpu, pisusubsa (6.12) BH3HAa4Ya€e N 3HAYEHb I
/. SKIIo He BpPaxXOBYBAaTH KOMILIEKCHI KODEHi, TO MaTumemo m
(m £ n) gudepeHnianbEUX PIBHSHD HEPIIOTO MOPSIKY, PO3B’s3a-
HUX BLIHOCHO ITOXiZHOI:

¥ = filz,y), ¥ = faolz,y), ..., ¥ = fmlz, ). (6.13)

CykymicTb 3aranbHux po3B’siskiB y = @i (z,C) abo 3aranb-
uux interpanis P (z,y,C) =0, k =1,2,...,m, piBusup (6.13) €
3araJibHEM iHTerpajoM piBHsHHs (6.12). Moro moxna 3amucarn
TAKOXK Yy BUIVIAM]L

(y—1(2,C)) - (y — 02(2,C)) - ... (y — (2, C)) =0

abo
O(z,y,C) - ©2(z,y,C) - ... Pp(z,y,C) = 0.

dxmo xoua 6 omne 3 piBHAHL (6.13) Mae ocobiuBi po3B’s3KH,
TO BOHE GyIyTh TAKOXK OCOBJIHUBAME pO3B’si3KaMH PiBHsiHHs (6.12).

IIpuxknazn 2. Jinmezpysamu pieHAHHA
22y + 2zyy + 9 — 4z = 0.

Pose’asanns. Maemo kBajgpaTHe piBHsHHS BigHocHo y'. Moro
auckpuminant D/4 = 2%y — 22(y? — 4x) = 423, Posp’szyroun
KBaJIpaTHE PIBHSAHHS, OJIEPKYEMO JBa JiHiiHI nudepennianbhi pis-
HsiHHs (J1eKnist 4):

y=-S+4+-"F72 i y=-2-—"—1

r r T
BinTerpyemo nepmie 3 Hux MerozoM Jlarpanxka. 3arannbHuUM
PO3B’SI3KOM  BiATIOBIIHOTO OHOPIAHOrO piBHAHHEA Y + }é =0 €
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C e . .
y = Z. OTxKe, po3B’s30K JIiHIMHOIO HEOMHOPINHOTO PIBHAHHS ITy-

=
KaeMO Y BUIVISII iy = Q% Hincrapusiy 130 yHKUio ¥ pIBHAHHESE,
OLIEPXKYEMO:
C'z) Clx) _ Cl) 2 ’
r 2 2 T T = =

4
Cla)=30VE+C = y= g\/mg

AnajoriqyHo MOKHa [IOKa3aTH, IO 3arajbHAM PO3B’A3KOM piB-
Hapnsg y' = —¥ — % €y= —%\/E+ %, ne C' — noBinbHa craja.

Bidnoside: y = +3/z+ <.

JIerko IHTErpyeThCsl PIBHAHKA, AKE MICTNUIND TNIABKU NO-
Tidny, TOOTO piBHSIHHS BUIJISILY

F(y') =0. (6.14)

Ile piBHsAHHA MOXe, 30KpeMa, 6YTH OKPEMHM BUIAAKOM PiBHSHHSI
(6.12). Hexaii piBusinas (6.14) mae siesiky (ckinuenny abo Heckin-
YeHHy) KiJIbKicTb Ajlicaux poss’sskis y' = kj, j = 1,2,..., ne k;j -
craui. Jlami, ockiibku

y~C
v=k = y=kz+C = k=222
T

TO OJIEPAKYEMO 3aTalIbHHII IHTErPAJI NHOT0 PIBHIHHS

F(y_c) _o. (6.15)

T

IIpuknan 3. Jinmezpysamu pisnanns y'> — 5y% + 7 = 0.
Poze’azanna. 3aranpumii iHTerpan 3uaxoauMo 3a hbopMyJion
(6.15): '

3 2
(1=0) (=) s1-0 =

(y—C)P —50(y—CY2 +72*=0. m

Pexomendosana aimepamypa: [1, c. 71 - 78], |3, c. 59 — 67],

[6, c. 125 — 126, 131 — 150], [7, c. 58 - 86}, [16, c. 42 - 49).
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IluTanna no nekiii 6

1. Akwuit 3aranbHuii BUMIAL Ma€ HesBHe audepeHujiaibpHe DIBHSHHS
nepmoro mopsaky? fxky OyHKIi0 HASUBAIOTH PO3B’A3KOM TAKOT'O PiBH:A-
HHa?

2. Ik mobymyBaTH MOJIE HANPSAMIB, 33JaHe HEABHUM Ju(epeHIialin-
HUM PIBHSIHHSAM [EPIIOro HOPsiaKy?

3. dx dpopMmymoerhes 3anada Komi g1 HessBHOro audepeHnianbHo-
ro piBHsHHsA nepuroro nopsaaky? Koam poss’a3ok wmiel 3ajaqi equamii?

4. Sk GHOPMYMIOETBCH TeopeMa mpO ICHYBAHHSI €IUHOTO PO3B’SA3KY
sagaqi Komi ais mHeaBHOTO AudepeniiaIbHOro PIBHSIHHSI NEPIIOTO 110~
panky?

5. ke HesBHe mudepenmianbie PiBHSHHA HA3WBAIOTHL DIBHAHHAM
IEepIIOro MOPAAKY crerneHs n? fK BoHO iHTerpyeTnhes?

6. SIkuit Buran Mae 3araipHuit inTerpaJ pisnsmusa F(y') = 07

Bopasu go neknii 6

1. BimTerpyiiTe piBHAHHS Ta BUIUIITH iHTErpajibHi KPHBI, SIK1 IPOXO-
IATH Yepe3 3aJ]aHy TOYKY:

a) y? =4y, M(1,0); 6)yy?—(zy+ 1)y +2=0, M(1,1).

2. 3maitniTh 3a BUIVIAAOM DIiBHSHb KDUBI, Higo3piui Ha 0cobHBi
pO3B’A3KH, 1 mepesipTe, 4u OyayTh BOHM 0COOIUBAME PO3B’A3KAMU:

a)y?=v% 6)y? -2y +2° =0
3. inTerpyiiTe piBHsHHSI, PO3B’'S3aBLIM IX CIIOYATKY BLIHOCHO MOXi-
m{q’l’:
a) ¥ — (2 +y)y +2xy=0; 6)y" —yet*=0.

4. 3inTerpyiite piBHSHHA:

a)e¥ +29' =1; 6)y°+ 2%~y +3=0.

Jlexuis 7. Hesipui qucpepenuianbui piBHAHHS nepmoro mopaaky (npomosxenns) &1

Jlekuis 7. HeaBHi audepenuiaabHi piBHsHESA
[epIIoro NopafKy (NpoAOB>KEHH )

Ilnan

1. MeTon BBeOAEHHS MapaMeTpa.
2. PiBusinua Jlarpanxka ta piBasindsa Knepo.
3. 3aga4ya Hpo i30roHaJIbHI TPAEKTOPIl.

1. Meron BBenenns napamerpa. Hexaii nessHe nudepen-
[iaJIbHE PiBHSHHSA

F(z,y,4") =0 (7.1)
MOXKHA PO3B’S3aTH BIJAHOCHO ¥, TOOTO

y = f(z,v). (7.2)

Toni MoXHA BHKODHCTATH MeEMOd 68e€0eHHA NaApamempa.
SIkmo nosnauuty ¥ = p(x), To 3 (7.2) MaeMo criBBiHONICHHN

JU(EepeHIlonYa AKe, OJEPKYEMO:
of af (. Of of
dy = 6xd +adp = ydz—ada:+adp =
of 3f
—d .
pdr = % T+ = (9;0 (7.4)

IpunycTuMo, IO BJAJIOCH 3HAWTH 3arajibHUil O3B SI30K
z = ¢(p,C) pisusuus (7.4). Toui, mixcrasnsouu ioro y (7.3),
OZIEP’Ky€EMO 3arajibHuil PO3B’s130K piBHsinns (7.2) y mapaMeTpHuHii
dopmi
z=¢({p,C), y=f(ep,C)p)
Sxmo BHAcTbCa 3HAWTH 3arajibHMil PO3B’SI30K piBHsHHA (7.4)
y sumisai p = h(z,C), To, miacrapusmu ¥oro y (7.3), orpm-

Ma€MO 3arajibHUN po3B’s30K piBusianst (7.2 SIBHOMY BUIJISLOI
Yy b1t
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Slkmo pisnsiuas (7.4) Mae ocobnupuil po3B’s30k p = Y(z), TO
dbyukuiz y = f (z,¥(z)) moxe ByTn ocobinBEM pO3B’A3KOM piB-
HsiHHA (7.2).

Ipuknaz 1. 3inmeepysamu pienanna y =y 2 3xy’ + 3x2.
Pose’azanna. Hexait y = p. Toni

y = p® — 3zp + 32>, (7.5)
3andepennioemo (7.5), BpaxoByoun, wo dy = y'dz = pdx:

dy = 2pdp — 3zdp — 3pdz + 6xdx =
pdr = (2p — 3z)dp — (3p — 6z)dz =
(2p — 3z)dp — 2(2p — 3x)dz =0 =
(2p — 3z)(dp —2dz) =0 = dp=2dx abo 2p -3z =0.

OTxe, onep:kaju OBa DIBHSIHHS. 3 MEPIIOr0 3 HHUX 3HAXOAUMO
p = 2z + C. IligcraBnsioun 3Haltnene 3nadenss p y (7.5), onep-
JKYEMO 3arajIbHUil PO3B’A30K

y=02c+C?-32(2c+C)+32> = y=22+Cz+C2%

3 piBusans 2p — 3z = 0 3HaxomuMo p = 3z/2, a Tomy y = 3z2/4.
Heit poss’s30k ocobyiuBHi.
Bidnoside: y = 22 + Cz + C?, y = 32% /4.

Hexait piBasuns (7.1) moXkHA pO3B’sI3aTH BiJHOCHO I, TOBTO
BOHO MA€ BUIVIAM,

z=f(y,y) (7.6)

Lle piBHAHHA TaKOX MOKHA PO3B'S3YBATH MemModom 66eden-
na napamempa. [losnaaumo y' = p(y). Toxi, BpaxoBywo4n, 1o
dxr = %?, MaeMO

_ _of of
z=f(y,p) = dz= _Bydy+ ——apdp =
dy Of of
o 6ydy+ —apdp. (7.7)
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[IpunycraMo, mo 3HaiaeHo 3araibHuil po3s’ssok y = ¢(p, C)
pisusunsa (7.7). Iliacrasasroqn ioro y « = f(y, p), omepxyemo 3a-
raJbHAR po3B’s30K piBHAHHS (7.6) y napamerpuysiit popmi

z = f(e®C),p), v=epC).

SIKIWo BHACTHCS 3HANTH 3arajbHHil PO3B’a30K piBHAHHA (7.7) y
Bursai p = h(y,C), To MATIMEMO 3arajbHuil pO3B’A30K PIBHSHHS
(7.6) y ssromy surasani « = f(y, h(y, C)).

Slkmo piBnanua (7.7) Mae ocobymBuii po3s’s30k p = Y(Y), TO
dbyukuia r = f (y,¥(y)) Moxke 6yTu 0cOGIMBIM PO3B’A3KOM piB-
HAHHA (7.6).

Ipuknazg 2. 3inmezpycamu pisnanna x =yt + 2.
Poae’azanns. Hexait y = p. Toni x = p* + 2p. Jani maemo:
3 dy 3
de =4p’dp+2dp = —=4p°dp+2dp =
p
4p°®
5

Bidnosidv: x =p* +2p, y = 41)5/5 +p*+C.

dy=4p*+2p)dp = y=-—+p*+C.

2. Pipnanusa Jlarpamxka ra piBuanHa Kaepo. Oxpemum
BUIAAKOM piBHsAHHA (7.2) € PiBHsSIHHS BUIJIsLY

y =zo¥) +¥(). (7.8)

SIkmo dynkuin @(y’) ToroxkHO He 36iracThes 3 Y, To (7.8) HasuBa-
0T pienannam Jlazparoca. Sk 6aanmo, pisraans Jlarpanxka
JiHIfAHE BIIHOCHO X 1 .

Hexait ¢ = p. Toni

y = zp(p) + 9(p)- (7.9)
3mudepenigioemo (7.9), 6epyun a0 ysaru, mo dy = pdx:
dy = (p)dz + z¢' (p)dp + ' (p)dp =
(p— @)z = (' (p) +¢'(P))dp (p # o(p)) =

dr _ z¢/(p) _ _Y¥'(p)
dp p—o p—o)
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OcTanne piBHAHHA € JiHifiHUM BigHocHo ¢yHkuil z(p). Inrerpyio-
4n iioro 3a dopmysoo (4.6) 3 nexnii 4, onepxkumo = = w(p,C),
o pa3oM 3 (7.9) Bu3HAYATHME 3arabHUi pO3B’sI30K piBHsAHAS Jla-
rpaHXxa y nmapaMeTputsiit dopmi.

dxmo piBHsHHES p = @(p) Mae zificHi KopeHi p = p;, TO, miA-
craBnswoun ix y pipuanaa (7.8), omepxyemo y = z(pi) + ¥(pi)-
I1i poss’sizku piBHsinHA JlarpamxKa (3 reOMeTpHYHOI TOYKH 30pYy —
npsMi) MOXKyTb 6yTH OCODIHBUMA.

Ilpukian 3. 3inmeapysamu pisnanna y = 2zy’ — Iny'.
Pose’szannsa. Hexatt y' = p. Tozi

1
y=2zp—Inp = dy=2wdp+2pda:—1—)dp =
1 1
pdxr = (2z — E)dp +2pdx = pdr+ (2z— E)dp =0 =

1
i e (p # 0).

Po3B’s3yroun ofepXKaHe JiHiliHe piBHsSHES (JeKiis 4), 3HaX0AUMO,
wo z = (p + C)/p?. llixcrapastouu ueil Bupa3 z y piBHiCT ¥ =
= 2zp — Inp, sraxogumo y = 2(p + C)/p — Inp. OTxe, 3arajbHuM
PO3B’A3KOM y 1apameTpu4Hiil dpopmi €
2=PC 209 4,
p P
slkmo p = 0, To, NijcTaBAsAIYH Horo y y = 2zp — Inp, nepeko-
HYeMOCh, 10 1 PpyHKILis He € po3B’sa3koM, 60 In 0 He ichye.
Bidnoseidv: z = (p + C)/p?, y = 2xp — Inp.
PosriisimeMo OKpeMuii BHOAJOK piBHsHHs Jlarpamka, KOJIH
() =y"
y=zy +9(). (7.10)
Piusanna (7.10) HasuBaOTh pienannam Kaepo. Inrerpyioun io-
r'0 3a Ti€I0 CAMOIO CXEMOIO, IIO | PiBHAHHS Jlarpamka, MaEMo:

y=p = y=zp+9() =
pdz = zdp + pdz +¢/(p)dp =
dp-(z+¢'(p)=0 = dp=0 abo z+7'(p)=0.
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3 nepmoro piststaHst 3Haxomumo p = C i, mifcrapasaioun y pop-
Myay y = zp + ¥(p), OBepKYEMO 3araJIbHUN PO3B’S30K PIBHAHHS
Knepo:

y = zC + ¢(C). (7.11)

Jlerko 6a4uTH, MO 3 FreOMETPUYUHOI TOYKH 30PY 3araJibHUI po3-
B'a30K piBHsHHs Kilepo € ogHOnapaMeTpuYHOIO CiM’€10 MpAMHX, a
IIsl HOro ofiepXKaHHs NOTPiOHO y piBHsHHI (7.10) 3aMiHUTH MOXi-
ady vy’ Ha cramy C.

3 pienannsa z + ¢'(p) = 0 sHaxomumo z = —1'(p). Iigcras-
nsoun neit Bupas y ¢opMyiy y = zp + ¥(p), onepxkyemo, mo
y = ¢/ (p)p + ¥(p). TaxuM YHHOM, MAEMO PO3B'A30K

I = _¢/(p)a
{y = '(p)p + ¥(p). (7.12)

Posp’siz0k (7.12) 3a3Bu4ail € 0COOJMBHEM 1y BOMY BUIIAAKY 3 I'€O-
MeTpHYHOI TOYKH 30pYy Maemo obsiguy cim’i (7.11). Cupaspi, Bia-
HIYKYIOUH KPUBY, Nijo3piiy Ha obBigHy cimM’i (7.11), 3a npasuiom,
BKA3aHNM HAIPUKIHI] APYIoro MyHKTY JleKnil 6, MaeMo cucremy

{y =zC + ¢(C),
0=z+¢'(C),

JApyTe PIBHSHHA KOl OfepKaHe 3 nepuoro JadepeliiloBalHIM 34,
napamerpom C. 3BiJCH NErKO 3HAXONUMO

{Z = _,(7/),(0)»
y=—¢(C)C+¢(C),

TO6TO cucTeMy, KA BiAPi3HSETHCS Bij (7.12) TLILKH MO3HANEHHSIM
napaMeTpa.
Ipuxaag 4. Jinmezpyeamu piehanns y = xy — 3.
Posze’azanns. Hexaii y = p. Toni
y=zp—p° = dy=zdp+pdc—3p’dp =
(x—3pY)dp=0 = dp=0 abo z - 3p°=0.
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3 pieasmng dp = 0 smaxommmo, mo p = C. IlizcraBnsoun
p=C y piBHICTb Y = Zp — P°, ONEPKYEMO 3araibHHH PO3B’A30K
3ajaioro pipasauns y = Cx — C3.

dxmo z = 3p?, To y = 3p — p3 = 2p®. Taxum umrOM, OCO-
GIHBEM PO3B’SI3KOM € & = 3p%, y = 2p°. Bukmnouusmu 3Bijacu
napaMeTp p, oJIepXKyeMO OCOONUBHIT PO3B’A30K y ABHOMY BUIVISLI]

T

y = :1:2\/5 abo B HesBHiM dopmi 27y? = 4z3.
Bidnosidv: y = Cz — C3, 27Ty? = 42°.

3. 3agaua npo i3oroHasbpHI TpaekTopii. Ak 11e OgUH IpU-
KJIaJ OJHOro 3 6araThbOX PeOMETPUYHHX 3aCTOCYBaHb JudeEpeHI-
AJIbHUX PIBHSHB MEPIIOro IOPSAAKY PO3IVISHEMO 3324y IIPO i30r0-
HaJIbHI TPaEKTOPIi.

Axuro xpusa Ly nepetunae yci kpuri L 3aganol ciM’l nig onpa-
KOBHMM KYTOM (v, TO 11 HA3UBAIOTh 13020HAABHON0 MPAEKIMOPIEIO
iel ciM"l'l)(pI/Ic. 7.1). fko, 30Kkpema, & = %, TO i30TOHAJIbHY TpPa-
€KTOpil0 HA3WBAIOTH OPIMO20HAALHON.

Y

ol / N °

Puc. 7.1

3HaiiaeMo CiM’10 i30roHAILHUX TPAEKTOPI 3aJaHOT OJHONAPA-
METPUYHOI CiM’1 KpHBHX

®(z,y,C) =0, (7.13)

DKyToM Mix ABOMa KPMBHMH Y TOWIli IX NEpETHHY HAZHBAIOTH KYT MiX
JOTHYHHAMH JIO HEX y Wil TO4Lj.
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je C — mapametp. [Lst [IbOTO COYATKY CKIIaaeMo judepeHiaibae
piBusHHEA ciMT (7.13) (. 3 sekuii 1), Bukiroyusiun napamerp C i3
CHCTEMH

(P(.Z‘, Y, C) = O’
aq:(gf,@ n 8@(3;/70) -y =0.

Y pesynbrati omep:kuMo audepeHIiaabHe piBHsHHA cim’l (7.13)
BUIVIATY
F(z,9,5/) = 0. (7.14)

Tenep BU3HAYKMMO CIiBBiIHOIIEHHST MiXK KYyTOBHMHU KOeiIli€H-
TaMU JOTHYHHX 4O KpUBOI CiM'T (7.14) i 10 i30roHAJIBLHOI TPAEKTOPIT
B TouI ix neperuny. Hexait M (1, y1) — AoBinpHA TOYKa i30roHab-
HOI TpaeKTopil, ¥ i ¢i — KyTH, AKI yTBOPIOIOTH 3 Biccio Ox goTa4Hi
10 jesikoi kpuBoi cim’i (7.14) B Touni M i g0 i30roHaNbHOI Tpae-
KTOpii B IMili camiit Touni Bignosiano (puc. 7.1). Tomi

p1=¢+a,

IpHIOMY
dy, dy
t =—-—, = .
g1 dz,’ 8P = 1
IIpunycTumo croyaTky, mo « # 5, i mosHa1MMo tga gepes k.
Maemo ¢ = ¢1 — @, a TOMY

tgypr —tga
tgp =tg(p; —a) = ————=—
gy = tglp1 — o) T+ tgatzp)
abo
g

W oy (7.15)
dr 1+ kG
PiBHicTs (7.15) BCTAHOBNIOE MIYKAHMI 3B SI30K MiX HAOPSIMOM
IOTHYHOI B Oymp-aKiil Toumi M rpaekropil L; i HanpsiMom j0oTn-
4HOI 40 KpuBoi L cimM’i (7.14), W0 NpoxoguTh Yepes Li0 TOUKY.
Toni andepeHiiaabHe PiBHAHHSA CiM'T i30rOHAJIbHUX TPAEKTO-
piit Mae BUTIISL,
Wk
F{z,u, dxl—d
1+ k3
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ab0, NePENo3HAYNBINYT T | 41 BiAmoBiaHO depes z i y,

y -k

3inrerpysaBmu piBHsHHA (7.16), 3HaiizemMo mykany ciM’io i3oro-
HaJIbHUX TPaeKTopiit.
Axmo o = §, 1o
ST W S E—
= —— = — —_— - = —C = ——
gy =181 ¥1 B g 5 ¥ g¥1 tg o1’

a oTxe, 3amicTb (7.15) MaeMo criBBigHONIEHHS

dy __ 1
de ~ du’
dx1

. i 1 . .
Baminubimm B (7.14) ¢’ Ha — a7 » OTPUMY€EMO AudepeHIiaibhe piB-
dz
HSHHS CIM'T OPTOrOHAJIBHUX TPAEKTOPIi

F T1,Y1, — =0

dy
dxy

ab0, Nepeno3HadMBING ) 1 Y depe3 T i vy,

1
F(w,y, —?) =0. (7.17)

3inTerpysapmu pisustuus (7.17), 3HaligeMo MykaHy ciM’i0 OpTOro-
HaJIbLHUX TPAE€KTOpil.

Mpukanazg 5. Cxaacmu duepenyianvre PIBHARHA 13020HAAD-
HUT Mpackmopiti cim’i xia 22 + 4% = C, wo nepemunaroms iz nid
Kymom o= 5.

Pose’azanna. Ckianemo nudepeHuiaibHe pIBHAHHSA 3a0aHOI
cim’i kis1. Tlosnauumo ®(x,y,C) = 2% + % — C, Toni @, + Sy =
= 2z + 2yy’. Bukmowaioun mapamerp C 3 cucTeMu

2z + 2yy’ = 0,
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OIEPXKY€EMO JiMepenIianbie piBHsSHHA T + yy' = 0.
3 dopmynu (7.16) Bunnusae, mo UryKaHuM audepeHIiaTbHAM
PIBHSIHHSIM 130TOHAJILHHX TPAEKTOpilt €

!/
y -1
Ty =0 T rtwitw-y=0 =

x+y

z—y+(z+yy =0 M

IIpukaan 6. Craacmu Jdugeperuyiaavhe pieHAHHA 0PMO20-
HAAOHUT MPpaexmopit cim’i xia x2 + y% = C.
Poss’sasanna. Judepenrianpue pisusiaus z + yy' = 0 3amanol
ciM’T kin OyJso ofep:kaHe y MOMEPEJHBOMY NPUKJIaMi. 3 dpopMysin
(7.17) BumIMBaE, WO WYKAHAM AUGMEPEHIIAIBHAM PIBHSIHHSM 130-
FOHAJILHUX TPAEKTOPIi €

1
a:+y(—17>=0 = zy=y &

Pexomendosana aimepamypa: [2, c. 73 — 81, 106 - 112], [4,
c. 125 — 147), [5, ¢. 112 — 131], [7, c. 66 — 76, 86 — 89, [16, c. 42 -
49].

TIuTanus go jgeknil 7

1. 5lka 3aMiHa BHUKOPHCTOBYETHCH JIsl IHTErDYBAHHS! PIBHSIHHS
y = f(z,y')? Yu Moxe ue PiBHAHHA MaTH O0COOIUBI PO3B’A3KN?

2. 4ka 3aMiHa BUKOPHCTOBYETLCA JUIS IHTEIDYBAHHS PIBHAHHS
= f(y,y)?

3. Akwuit Burssia mae piBasauust Jlarpamxa? Sy 3aMiny BUKOPHCTO-
BYIOTB JUIsl IHTErpyBains HHoro piBHsaHuA? JKi KpHBI MOXKYTH 6yTH #HOr0O
ocobiuBuMH po3B’sI3KaMu?

4. fkuit Burasa mae pisusinaa Kiepo? Sk sualiTu saraibuuii i oco-
OJIMBUI PO3B’SI3KM LIBOTO PIBHAHHSAT

5. Olo Take i3oronasibHa TPAEKTOPisn 3ajamoi ciM'T KpUBHX Ha ILIO-
muHi? Ak nmobynysatn nudpepenuianbie piBHsSHHA CiM’T i30ronagbHIX
TpaeKTOpii?

6. [1lo Take oproronHaibHa TPAEKTOPIs 3aTaHOI ciM’l KPUBUX Ha ILIO-
muHi? Hk nobyaysaru nudepeHuiaabHe piBHSIHHA CIM'T OPTOTOHATBHUX
TpaeKTopiit?
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Bupasu mo seknii 7
1. SinrerpyiiTe piBHSHHA:
a)y=(y —1ev; 6)z(y’—1)=2y.

2. Cepen HaBemenux piBHSHB BifmyKajiTe piBHsAHHA Jlarpamxa Ta
3inTerpyiite ftoro:

a)y' =2zy—3y% 6)y=2zy' -3y B)y=zy -3
3. Cepep HaBeJieHux piBHAHD Bimmykalite piBHaHHA Kiepo ra 3inTe-
rpyiire #oro:

a)y =2zy+ 3% 6)y=zy +32v% By—ay —V1—y2=0.

4. 3uaitniTs i3oronanabHi TpaekTopil ciM’T npamux y = Cx, ki mepe-
THHAIOTH I IpaAMi mig KyToM 60°.
5. 3HaftiTh OPTOroHaJbLHI TpaekTopii ciM’1 npamux y = Cx.

Jlexuisi 8. OcHOBHi BJIaCTHBOCTI pO3B’A3KiB
audepeHiaIbHIX PiBHAHBb II€PLIOTrO NOPSAKY

Ilnan

1. Ilpunnun cruckaovux BigoOparkeHs.

2. Teopema icHyBaHHS Ta €IMHOCTI PO3B’A3KY 3a1a4i Ko
3. Ilponosxkennsi po3s’s3Ky 3amadi Kouri.

4. Kopexkrnicts 3ama4i Kori.

1. Mpunnun cruckalovux Bigobpakenb. Mempuurum
npocmopom HazusaTh MEHOXKHHEY W = {z} enemenTis z noBib-
HOI PUpOIH, AKWIO Isi Oydb-sKOi mapu ejgemeHTis z,y € W 3a
HEBHUM NTPABUJIOM BBEJIEHO Mempury (8tdcmans), TOGTO 1uCiIo-
By dynkiio p(x,y), AKa 3340BONIBHSE TaKi BjacTUBOCTI (akciomn):

1) p(z,y) > 0, npudomy p(x,y) = 0 Toxi i TiNbKM TOHI, KOIH
T =y;

2) p(z,y) = ply, z);

3) p(z,y) < p(x,2) + p(2,y) (217 Gymp-sxux x,y,z € W).
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EjileMeHTH METPHYHOrO MPOCTOPY HA3MBATAMEMO TAKOXK 1MO-
YKAMU THOTO IIPOCTOPY.

Hasesemo aBa BaXXKBi OPUKJIaIH METPUIHEX MMPOCTOPIB.

1. Cyxymmicts  AmifiCHUIX N-BHMIPHHX BEKTOpIB & =
= (21,Z2,...,Tn) 3 METPHKOIO

plz,y) =

€ METPUYHEM IpocTopoM. Moro Ha3sHBAIOTL N-BUMIPHUM €6KAi-
dosum npocmopom i nozHavyaots R™.

2. Cykynnicrb JifCHAX HellepepBHHX Ha BiAPI3Ky [a,b] dyn-
Kui# y(t) 3 MeTpuKoI

p(z(t),y(t)) = max |z(t) — y(t)|
t€la,b|
TAKOXK € MeTpuaHUM npoctopom. Lleii npocrip nosuauators Cla, b).

J1s1 060X IPOCTOPIB BJAACTHBOCTI 3 O3HAYEHHS METPHUKH JIErKO
[IEPEBiPSIIOTHCS.

TlocaimoBnicTh 21, T3, X3, ... €JEeMEHTIB METPHYHOTO TIPOCTOPY
W HasuBawoTh GYyHIGMEHMAALHOMW, SKLIO 11151;0 pP(Tn, Tnyp) =0
IJIsl JOBUILHOTO LIJIOIO P.

Merpuusnnit npoctip W Ha3uBaloTh MOSHUM, SIKIIO Yy HBOMY
Oyap-sika yHIaMeHTabHa IOCHiNoBHICTD X1, T2, T3, ... 30irae-
ThCs J0 JESKOr0 eJIEMEHTa IBOrO K IPOCTOpy. BakiauBumu mpu-
KJlaJlJaMH TIOBHUX npoctopis € mpoctopu R™ (n > 1) i Cla, b].

Hexait y nosHoMy MmerpuuHOMy npoctopi W 3ajannit onepa-
mop (Bimobpakenssi, byHKIis1) A, SKUHA KOXKHOMY €JTE€MEHTY IPo-
ctopy W craBuTh y BIAIOBIIAHICTb €JIEMEHT LLOIO K [IPOCTOPY:

y= Az, x,y€eW.

Toxni xaxyThb, o oneparop A Bijobpaskae npocrip W y cebe.
OrnepaTop A Ha3MBAIOTb CMUCKAIOUWUM, SKIIO iICHYE Take du-
cno o, 0 € a < 1, mo ans 6yab-akux eneMedTis z,y € W

p(Az, Ay) < ap(z,y). (81)
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Yueno o mpu bOMY HA3UBAOTH KOEPIUIEHTIOM CTMUCHEHHA.

Enement ¢ € W Ha3uBalOTh HEPYTOMON TMOYWKOMN OIepa-
Topa A, akmo Ay = . [Hakmie kaxyun, Hepyxomi TOYKH — Ie
pO3B’si3KM piBHsHHA Az = T.

Bigsnaunmo, 1m0 6araro nuTaHb, MOB’A3aHUX 3 ICHYBAHHAM Ta,
€JIMHICTIO PO3B’sI3KIB PiBHAHDL PI3HUX THINB, MOXKHA 3BECTH MO IIH-
TAHHS PO ICHYBAHHS HEPYXOMOI TOYKH JesIKOro Binobpaskennst A
METpHYHOro npocropy y cebe. OaHiero 3 HalBaXKJMBILIMX YMOB
iCHyBaHHS HEPYXOMOI TOUYKH € NPUHUUN CMUCKAIOYNUL 6i0-
obpasicens, Brepiie chopmynboBanuii C. Banmaxom. Ileit mpun-
LU € TEOPETHTHOI OCHOBOIO MEMOJY NocAido8HUL HADbAU-
Jicens (mMemody imepayiti), SIKU NIMPOKO BUKOPUCTOBYETHCS
IJIsT HabJIMXKEHOro pO3B’si3yBaHHS JU(DEPEHINaIbHUX, IHTerpaJsib-
HUX Ta aJrebpuyHmX piBHIHS.

Teopema 1 (IpUHLMI CTHCKAIOYKUX BifoGpakeHn). Sdxuo
cmuckarowuti onepamop A eidobparcae noswul mempusnut npo-
cmip Wy cebe, mo ichye €duna HEPYTOMa oK @ 4b020 Onepa-
mopa. Ii moorena snatimu sa popmyaoro

p=lim z, (z,=Ar,—, n=1,2,...),
n—o00

npuvoOMYy eaemenm Lo Yy npocmopi W moocna eubpamu dosiavho.
Ldosedernns. Bisbmemo noBinbHuil eiement g € W i nobymyemo
MOCJIIOBHICTD €JIeMeHTiB

To, T = Azo, T3 = Azy = A(Azg) = Ax0, ..., (8.2)
Tp = Azp_1 = A"z, ’

ITokaxkeMo, IO 1A MOC/LIOBHICTE (pyHAaMeHTabHaA. Ins uporo,
BHKOPUCTOBYIO4H (8.1), OUiHMMO crioYaTKy BiACTaHI MiXK cycianiMm
eJleMeHTaMH npocTopy W:

p(x2, 1) = p(Azxy, Azo) < ap(z1,Z0),
p(x3,22) = p(Ax2, Az1) < ep(z2,71) < &2p(21,%0),
(8.3)
P(Tn+1,Tn) = p(ATn, ATp_1) <
< ap(tn,Tn-1) < ... < a"p(x1,x0), - ..
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BukopucroBywoun oninku (8.3), a Takoxk p — 1 pasiB BIacCTHBICTH
3 3 o3HAMEHHA METPUKH, OJIEPKYEMO

P(xmxnﬂw) <
< p(Tn, Tnt1) + P(Tnt1, Tnt2) + ..o + P Tnip-1,Tnip) <
< (am+ o™+ L+ o™ ) pay, @) =

a™ — an-{-p a™

= —T;a—P(thﬂUO) S 1o aP(%’lw’CO)
A7 IOCTATHBO Besukoro n. Orxe,
n
p($",$n+p) < 1— ap(xl’z())‘ (84)

Ockinbkn 0 < a < 1, To 3 (8.4) BumunBae, WO IJIsT JIOCUTH Be-
AKX N BeIuuuBa P(Tn,Tnip) € SIK 3ABLOJHO MaJ00, TOOTO
p(Tn, Tnyp) < €, a OTXKE, T1, T2, T3, --- — dyHAAMEHTAILHA NO-
cainoBHicTh. Ockinbkr W — noBHUil pocTip, 10 s HOCMAAOBHICTD

Ma€ FPaHuIo, sIKy Mo3Ha4uMo ¢ = lim x,.
n—oo

I3 coiseigHoOmIeHL

P(Ap, ) < p(Ap, ) + p(Tn, ) = p(Ap, ATn—1) + p(Tn, @) <
< ap(p, Tn-1) + p(Tn,p) 2 O

pummBae, mo p(Ap, p) = 0, a otxe, Ap = @, TobTO Y € nHepyxo-
MOIO TOYKOIO BisoOpaykeHHsi A.

Jisi noBeAEHHS €IUHOCTI HEPYXOMOI TOYKH IIPUIYCTHMO, IO
icHye 1e oIHa HepyxoMa TOUKa 1 Biaobpaxenus A, robro Ay = .
Toni

p(p, ) = p(Ap, AY) < ap(e,¥) =
Pl )1 —a) <0 = p(p,9) =0.
3 piBHocTi p(p,®) = 0, BPAXOBYIOUH MeEpIly BIACTUBICTb METPH-

KH, ONEPXKYEMO, L0 1 = (, TOOTO ¢ - €INHA HepyXoMa TOYKa
BimoOpaxkeHHsa A. »

EneMeHTH T0, T1, T2, --- ¥ (8.2) HaszuBalTh Nocaidosrumu
HabAUNCEHHAMU HEPYXOMOI TOUKH .
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Haronomyemo, mo Bubip noyarkosoro Habjmkenus rg € W e
JOBUILHUM i BIUIMBAE JIALIE HA, MIBHIKICTh 3012KHOCTI HOCIIIOBHOCTL
I1, T2, T3, ... OO CBOEI I'PaHULI (.

2. TeopeMma icHyBaHHSA Ta €IMHOCTI pPO3B’A3KYy 3agadi
Komri. BukopucToByoun npuHIMI CTHCKAIOYUX Bi0OpaXKeHb, K0~
BeJIEMO TeopeMy IIpo iCHYBaHHS Ta €AMHICTH PO3B’A3KY 3ajad4i Ko-
oI yis audepeHniaibHOTO PIBHAHHSA HEPIIOro MOPSAKY, PO3B’a3a-
HOTO BITHOCHO noxi,u,Ho'il):

Y = f(z,9), (8.5)
y(zo) = o (8.6)

Teopema 2 (Komwi). Hexati gynruia f(r,y) eusnavena y
NPAMOKYMHUKY

D={(z,y): zo—a<z<z0+a, Yyo—b<y<y+b},

de a,b > 0, { 36$0060AbHAE Y HHOMY MAKL YMOBU:
1) f(z,y) nenepepena, a omorce, i obmencena (|f(z,y)]

2) wacmunna noxiona %5 ichye ma 0bmeHcena (‘%ﬁ

Todi 3adawa Kowsi (8.5), (8.6) mae edunut poss’asox y = y(x) npu-
natmni wa 6idpisky G = {x:x9— h <z < 2o+ h}, de

h < mi b 1
min | a, —, = |.
M’ L
Losedennas. [lokaxemo cnogarky, mwo 3anaua Komi (8.5), (8.6)
PIBHOCHJIBHA IHTErpaIbHOMY piBHﬂHHIO2)

y(@) = o + / f(t,y(t)) dt. (87)

I)Llﬂ Teopema 6e3 yoBenenHs HaBexeHa y . 2 jekuii 2.
2)Iﬂ'rerpa.nbﬂe PiBHsIHHS — Ue DIBHSIHHS, B IKOMY HeBigoMa (pYHKUis 3Ha-
XOJMTbCA MiJi 3HAKOM iHTerpaja.

Jlexnis 8. OcHOBHI BJACTHBOCTI PO3B’A3KiB JudepeHiaIbHNX PIBHAHD 95

Cnpaszi, axmo semepepsHa (YHKIUsT y(T) € po3B’s3koM iHTe-
rpajbHOro pimsiaas (8.7), 1o, mudepenuiouu (8.7), omepxkye-
mo, mo ¥ = f(x,y(x)) i, oueBuano, y(xo) = yo. TakuM UMHOM,
dyrxuist y(z) € po3s’askoM 3amadi Komi (8.5), (8.6).

Hapuaku, mexait y(z) — po3p’s3ok 3azadi (8.5), (8.6), Tobro
y'(z) = f(z,y(z)) 1 y(xo) = yo. Toni iHTErpyr04d 110 TOTOXKHICTH
Y MeXKaX BiJl Tg IO T, OAEPXKYEMO

T

/ o (t)dt = / fey@)d = y(@)—yo= / £t (D) dt,

Zo

10010 Y(Z) € PO3B’A3KOM iHTerpasbHOro piBHAHHA (8.7).

Hanani nocnipkysarumemo pisusinast (8.7).

Mosnaummo depes W wmuoxuHy HenepepBHMX —yHKLIH
y = y(z), ski 3amani Ha BiApisky G i 33J0BOJILHAIOTL HA HBOMY
HepiBHicTb |y(z) — yo| < b. Ha mHOXKMHI W BBegemo Merpuky

ply, z) = glggly(x) —2z(z)|, y,zeW.

TakuM gunoM, W — merpuunuit npocrip. Leit npocrip € moBauM.
Cropasfj, Ak nocyigoBHicTb GYHKIIR Yn = Yn(X), yn € W, €
$YHIAMEHTAJIBHOIO, TO BOHA, K BIAOMO 3 MATEMaTUYHOrO aHa-
JIi3y, piBHOMIpHO 30iraeThbes Ha BiAPI3KY G 10 JESIKOI HellepepBHOL
Ha upoMy Bijpisky dyskuil y = y(z). Jna bywkuwiii y, € W Ba-
KOHYIOTbCS1 HEPIBHOCTI

lya(z) — 90| <b, z€G, n=12,...,

micjisg mepexoiy JO TpPaHMill IpU N — 00 Y SIKHX OTPUMYEMO
ly(x) —yo| < b. Ane roni y € W, 3Binku BunamBae, o W — nosnuii
MpPOCTIp.

IMpaBy wacTudy iHTerpajbHOrO piBHsIHHs (8.7) MPHPOAHO PO3-
[JIIIATA K JiesiKe iHTerpajbHe IepeTBOpPEHHs HellepepBHOI (yH-
kuii y(z). PiBnicts

z(z) = yo +/f(t, y(t))dt (8.8)
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CTABUTD y BianosigHicTh koxuiii ¢yukuil y € W neaxy byskiio
z € W. Copasni, axmo y € W, to y(z) HenepepBHa (QyHKIis, rpa-
bix Kol HAJIEKUTH IPAMOKYTHUKY

Dy={(z,y): o—h<z<z0+h, yo-b<y<yo+b},

ToMy Ha migcrasi HenmepepsHocTi dymkuil f(z,y) B D; npasa ua-
cTuHa piBHsAHHA (8.8) € HenepepBHOO hYHKIIE0 Bl 2, T06TO 2(T) —
HenepepBHa QYHKIisA Ha Binpizky G. Jlasmi, BHKOPUCTOBYIOYH Bizo-
My 3 MATEMaTHYHOI'O aHAJI3y HEpIBHICTb

/a 'o(a)de / 'lo(a)| d

< , (8.9)

OJIEPXKYEMO, III0

x T
@) -l < | f(t,y(t))dt’ <|/ If(t,y(t))ldt‘ <
xo Zo
b
< — < < - —_—
<Mz - 20| < Mh < M- o= =b,

3BiKM BuILIMBaE, 110 z € W.

Orxe, koxHiii HemepepsHid yHknil y(x) dopmyna (8.8) cra-
BUTH y BiNOBIOHICTH HemepepsHy dyrKnio 2(z). Pesyasrar Buko-
HaHHA OBOTO NEPETBOPEHHS MO3HAYMMO 4Yepes Ay:

Ay=yo+ / F(t,y(t))de.

TaxuM YHHOM, MOXKEMO BBayKaTH, IO PiBHICTD (8.8) BU3Hava€ one-
patop
z=Ay (y,ze W),

AKHi nepeBodUTh NOBHHUMA npocTip W y cebe (Takmit onepaTop Ha-
3UBAIOTb tHMeE2PaAbHUM onepamopom Ppedzoavma). [loka-
JKEMO, IO Lel onepaTop € cruckaiounM. Cnpasni, sxio 2; = Ay,
29 = Ays (y1,y2 € W), 10, BUKOpHCTOBYIOUH (8.8), (8.9), y™mMOBY Te-
OpeEMH PO 0OMEXKEHICTh YaCTUHHOI HOXITHOT By & TAKOX TeopeMy
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Jlarpam»a Ipo ckiHYeHHI TPUPOCTH, OAEPAKYEMO

|21 — 22| =

o [ Fm @)~ vo- [ xf(t,yz(t))dt‘ <

< <

b)) syt o] ] < | [ plonmipar <

< p(y1,y2)L |z — x| < Lhp(y1,y2) = ap(y1,¥2), (8.10)

Jew € [y1,ys], a uncno o = Lh 3am0Bosbase HepiBHicTh 0 < a < 1
(3a ymoBoo h < 1/L).
3 (8.10) BumsmBae, mo

p(21,22) = max |21(x) — z2(x)| < ap(y1,y2),

a OTKE, 3TIHO 3 OPHUHLMIOM CTHCKAIOYHX BigobGpaxens (Teope-
Ma 1) y upocropi W ichye emmna dysxiis (HepyxoMma TOYKA)
y € W, ns axoi y = Ay, inakine kaxy4qu, GyHKIis, KA € po3B’a3-
koM piBHsiHHs (8.7), a orxe, i po3s’sskoM 3amaui Kowi (8.5),
(8.6). »

3aysakeHHss 1. 3aCTOCOBYIOUYM MeTOJ| HOCTIIOBHHX HaOIHA-
2K€Hb, MOXHa OTPHMAaTH HabMKeHH# po3B’sizoK 3ajadi Kol

(8.5), (8.6):
Yn(@) = Ayn—1(z) = yo + / Ftyma@®)dt, n=12,...,

ne yo € W.

3ayBakeHHs 2. YMOBY TeopeMH 2 Ipo 0OMeXXeHICTh TaCTHH-
HOI TOXiJHO1 %5 MOKHa 3aMiHUTH ymoeoro Jlinwiua:

|f(5'37y1) - f(m7y2)| < Llyl - y2|7

ne (z,y1), (z,y2) € D, L - crana Jlimmina. IlokaxxeMo, mo 3 obme-
KEHOCT1 YaCTUHHOI MOXiJIHO) % B obsacti D BMILIMBa€ BUKOHaHHS
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ymoBn Jlimuina. Cupasai, Hexait ‘%l < L. Togi, BUKOpHCTOBYIOYH
dopmyny Jlarparxka npo CKiHYeHHI IPUPOCTH, OIEPKYEMO

|f(-T,y1) - f(xayfl)l = lf;(wvw(x))l . lyl - y2| <L Iyl - y?la

e w € [yhy?]'

SIKII0 BUKOHYIOTECS YMOBH T€OpeMH 2 i B AeSIKOMY OKOJIi TOYKH
(z0, yo) dyskuis f(z,y) Mae HemepepBHi MOXiAHI A0 k-To NOPAIKY
BKJIIOUHO, TO po3B’st30K y(z) 3ana4i Komi (8.5), (8.6) nemepeps-
HO mudepenniitosnnit (k + 1) pasis. Cnpabai, ockinbku dyHKIis
f(z,y(x)) nenepepBHO mudepenwiioBHa, To 3 (8.5) BHILIHBaE, MO
Yy = %ﬁ + %% = gﬁ + %f = fi(z,y). 3a ymosoro % i %5 Hele-
pepBHO nudepeniiitoBHi, Tomy 3" = % + ‘%‘ f = fa(z,y) Takox
HenepepBHO audepenniiosHa dyukuis. [losTopiooun anajorivxi
MipkyBaHHs k pasis, onepxumo, mo y*k+1) = fr(z,y) — Hemepeps-
Ha DyHKIIs.

3. IIponoB:keHHs po3B’a3Ky 3anaui Komi. Hexait (0 — ne-
ska obnacts y R? i dbynkuia f(z,y) HemepepsHa y miit o6aacri.
Hnst nosinbHOI Toukm (Zg,yo) npsiMoKyTHuKa I Teopema Ileano
(mexuist 2) BcTaHOBMIOE icHyBaHHs PO3B’si3Ky 3amaqi Komd (8.5),
(8.6) Ha JesIKOMY, MOXKJIMBO JIOCHTH MAJIOMy, BiJIpi3Ky 3 IEHTPOM
y Toumi xg. [HaKIe Kaxkyuu, Teopema [leano — 1e 1oKajIbHA TEOPE-
Ma iCHyBaHHsI Po3B’s13Ky audepenniansaoro pisusiuag (8.5). Jns it
3aCTOCYBaHHSI napaMeTpH a i b mpsiMokyTHuka D (BOHH MOXYTb 3a-
JIEXKATU BiJ KOOPJMHAT NEHTPA Lo, Yo) MOTPIOHO BHOpATH TAKNMH,
mob6 D C Q. Ilicas nporo MoxxHa BU3HauuTH 1ncio h = h(zg, yg)
i BiznoBianmit BiApizok G, Ha sikoMy icHye po3B’si30K 3aja4i (8.5),
(8.6).

Kinuesi touku rpadika pos3s’ssky sanadi (8.5), (8.6), icuysa-
HHsl SIKOTO rapaHTye Teopema Ileano, nanexarthb obnacti ). Pos-
IVIsIIAI0YH 1X SIK HOBI HMOYATKOBI JlaHl, MOXHA 3HOBY 3aCTOCYBAaTH
Teopemy Ileano i po3mupuTn 06aCTE iICHYBAHHS LIBOTO PO3B’SI3KY.
Lle BUIUIMBaE 3 HACTYIHOIO TBEPXKEHHS.

Teopema 3. Hexat gynxyia f(z,y) nenepepera 6 obaacmi Q,
a Ppynruii y1 () © ya(x) — nenepepeni poss’sasxu pisnanna (8.5) na
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610pizxazx [To, 1] 1 [x1, 2] 6idnosiono, npusomy y1(x1) = ya(z1).
Todi pyrryin

_ fu(=x), axwo x € [zg,z1],
y(x) =
y2(z), akmo z € (z1,22)

€ po3e’asxom pienanna (8.5) na eidpisxy [xo, 2]

Hoeederna. Ouesnano, Mo Tak Bu3HadeHa QyHKUis y(zr) 3a10-
BOJIbHSE PiBHAHHA (8.5) 5K Ha MPOMIXKY [Tg, Z1), Tak i Ha (z1, 2]
JliBocToporHA 1 npaBocTOpoHHSA moxiaai ¢GyHKuil y(z) y TodLi Z;
icnytoTh i HabyBawoTh 3HaYeHb f (:cl,yl ()i f (a:l,yz(xl)) BiHo-
BinHO. AJle 3 yMOBH T€OpEMH BHUILIMBAE, INO Ii 3HadeHHs 36iraio-
tbea 3 f(r1,y(x1)), a Tomy y(z) - po3B'si30k piBHsHHs (8.5) Ha
BCHOMY BIApI3KY [Zo, T2]. P

Moske TpanuTHCh, IO IHTErpaJibHy KPUBY HE MOXKHA 6yae npo-
JOBXKHMTH Uepe3 HADIUXKEHHS JI0 TOUKM, y §IKiif MopylleHl yMOBH
teopemu Komi (icHyBanns Ta equnocti po3s’a3Ky), abo inrerpaJb-
Ha KpPHUBa HAGJU3HTHCS JIO ACAMIITOTH, Ska TapajelibHa Jo oci Oy.
I1i Bunagxu DpoiIIOCTPYEMO MPHUKIIAIAMH:

1) zdz + ydy = 0, y(0) = 3. InTerpytoun piBHsIHHA | BUKOPH-

CTOBYIO4YH NOYATKOBY YMOBY, OI€P>KYEMO:

2
+¥ =0, y0=3 = y=VC-2 C=3 =

y=1V9—z2

Po3B’s130K He MOXKHA MPOJOBXKHUTH 3a MexXi iHTepBany —3 < x < 3
(puc. 8.1). Y mexoBux Toukax (— 3,0) i (3,0) npasa 1acTuHa pis-

22
2

HsaHHA Y = —% pospuBHa. YmoBu Teopemu Ileano (icmyBammsi
PO3B’sI3KY ) MOpYILEH].
Yy yw
3
0,5
_hal
-3 0] 3 (0] 1 3| =z
Puc. 8.1 Puc. 8.2
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2) ¥ = y?, y(1) = 1/2. InTerpytoun piBHAHHS Ta BHKODHCTO-
BYIO9H NOYATKOBY YMOBY, ONEPKY€EMO:
1 1

dy _ _ _

IrTerpanbHy KPMBY MOXKHA TPOJOBXKHTH JHOIE JIO ACHMITOTH
x =3 (—o0 <z < 3) (puc. 8.2).

4. KopekTtHicTh 3agayi Komi. Y npukinaganx 3agadax, mo
MOJIEJIOIOTHCH i PO3B’SI3YIOTHCH 33 JIOMOMOrOK0 JudepeHIjianpbHIX
piBHSHL BUIVIALY (8.5), MOYATKOBI YMOBH, & TAKOXK NpaBa YacTH-
Ha — (yHKUig f, 9K UPAaBWJIO, BIIOMi 3 JesIKUM HaDJIMKEHHSIM.
Oxkpim Toro, dyHKIis f MoxKe 3ajeXKATH Bij OJHOTO abo KibKOX
napaMeTpiB (MacH, TEMIEPATyPH, 3aPsALy TOMO), AKi XapaKTepHU3y-
0Th IPUPOAY 38841 i 3aBK U BUMIPIOIOTHCA 3 AESIKOIO IIOXHOKOIO,
TOOTO Hab/IMKeHO. TOMY BaXKJIHBUMM € IIMTAHHS IIPO iICHYBAaHHS Ta
€IuHICTh po3B’s3Ky 3a1a4i Ko, a TaKoXK PO Te, SIK 3MiHIOETHCS
Heil posB’sI30K Ha CKIHYEHHOMY IPOMIKKY 3a MaJsux 3MmiH (30y-
peHb) MOYaTKOBUX 3HAYEHb, napaMeTpis i camol ¢pyHkuil f. Bumo-
IV iCHyBaHHS Ta €IHHOCTI pO3B’sI3KY, HOr0 HEIIEPEPBHOI 3aJIEXKHO-
cTi BiJ MOYATKOBHMX YMOB, mapaMerpiB i ¢yuknii f Ha cKiHYeHHO-
My IIPOMIXKKY CTaHOBJISITh 3MICT MOHATTH KOPEKMMHOCTNG 3a0a™i
Kowi.

BukopucroByoun TeopeMy 2 IIpo iCHYBaHHS Ta €AUHICTH
po3p’si3ky 3ana4i Ko, posrisiHeMo Teopemu, MO ONUCYIOTh AKi-
CHY TIOBEJiHKY PO3B’{I3KIB,

Teopema 4 (Ipo HemepepBHY 3aJIeXKHICTb PO3B’A3KIB
Bin mapamerpy). Adxwo npasa wacmuna dupepenyianvrozo pis-
HAHHA

v = fl@ym) (8.11)

HENepepeHa 3a 3MIHHOI0 1, [ € (U1, fa], © das KootcHozo ixcosa-

1020 |1 340060APHAE YMOBU MEOPEMU 2 3 UMU CAMUMU CTNAAUMY
a, b, L, M, mo poss’asox y = y(z,u) pisnanna (8.11), axud 3a-
dosoavrae novamxosy ymosy Y(ro) = Yo, HENEPEPEHO 3aNLHCUMD
610 (4. o
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Jloeederna. OcKibKH YleHH TMOCIAOBHOCTI

T

yn(x, /*") =Y + / f(tayn—l(t7 M)) dt, n=12,...,

To

€ HepepepBHEMHE (PYHKIISIMHE 3MIHHEX X iy, a crajia o = Lh < 1
HE 3aJIEKUTH BiJ 4, TO HOCTiOBHICTD Y1 (X, 1), Y2(x, i), ... 36ira-
erbea 10 y(x, ) piBHOMipHO no p. Sk BiZOMO 3 MaTeMaTHYHOro
aHAJI3y, PIBHOMIPHO 301>KHA. [TOC/IIOBHICTH HenepepBHUX (pyHKIIH
36iraeThes 0 HenepepBHOI (yHKIT, ToOTO ¥ = Y(x, 1) — byHKUis,
HerepepBHa 33 APryMEHTOM [i. P

Teopema 5 (Ipo HenepepBHY 3aJI€2KHICTb BiJ Mo4aTKo-

Bux ymoB). Hezati euxonani ymosu meopemu 2. Todi pose’asox
3adani Kowsi (8.5), (8.6) y = y(x,xo,Yo) Henepepeno 3anrescumo
610 NOYAMKOBUT YMOG.
Moeederna. fxkmo 3poburn 3aMinn z = y(x,xo,y0) — Yo i t =
=1 — Zg, TO BiaHocHO GyHKUii z(t) odepxkuMo audepeHujanbHe
piBasianA 2’ = f(t+ g, 2 + Yo) 3 HYIOBUMH 1HOYATKOBUMH YMOBa-
MU. 3rigHO 3 TeOpPeMOI 4 MacMO HENEPEePBHY 3aJeXKHICTh PO3B A3~
KiB BiJ Xg, Yo 5K BiJ mapaMerpis. »

Pexomendosana aimepamypa: [1, c. 27 — 45, [3, ¢. 36 - 57|,
[6, c. 63 - 78], [10, ¢. 15 — 18, 29 — 36], [16, c. 71 - 90].

IIutauna oo nekuil 8

1. Illo nasuBalOTL MeTPUYHHM mpocTopom? fki BrnacTuBOCTI 3a30-
BOJIbHsIE MeTpuKa Takoro mpoctopy? HaBegirs npukiaim merpunnx
IIPOCTOPIB.

2. Slky mOCHIZOBHICTL €IEMEHTIB METPUYHOIO IPOCTOPY HA3HBAIOTH
dyngamenTaabyown? SIKuit MeTpHYHMIA IPOCTIP HABUBAIOTH NOBHAM?

3. Ilo Taxe omepaTop, 3aAaHUll ¥ MOBHOMY METPMMHOMY HPOCTOPi?
Kounu onepatop sinobparkae Merpudanuii npoctip y cebe? Akuit onepatop
Ha3MBalOTh cTUcKatouuM? 110 Ha3MBAIOTH HEPYXOMOIO TOUKOI ONEPATO-
pa?

4. Ik GOpMyTIOETHCS IPHHITHIT CTHCKaIoUKX Biaobpaxenn? fke fioro
[IpakTH4YHE 3HAYEHHSH?

5. Ak dopmysoerbes Teopema Komi mpo icHyBanHs Ta €QMHICTH
posB’sa3ky 3agaui Komi mst audepeHuUianbioro piBHSHHS [CPIIOro IO~
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PAJIKY, pO3B’sizaHOro BigHOCHO 10XigHo1? HaBeaiTh ocHOBHI izl noBeje-
HHS €] TEOPEMH.

6. K, BUKOPHCTOBYIOYM METOH IOC/ILIOBHUX HaOJHKEHb, MOJKHA
3HaiiTH HabkeHuil po3B’si3ok 3agaui Komi mia gudepeHmiansHoro
PIBHSHHSA [EPUIOro MOPSJIKY, PO3B’A3aHOTO BIHOCHO MMOXiZHOI?

7. YUn MOXKHa IPOJIOBKUTH PO3B 130K 3a1a4i Komi 3a Mexi Bifpi3Ky,
susHadeHoro teopeMoio Komi? Haseaites npuxnamm.

8. Illo cTanoBUTHL 3MiCT NOHATTA KOopekTHocT 3a1a4i Komi? Hase-
JiTb TEOpPEeMH PO HellepepBHY 3aJ€KHICTh PO3B’A3KIB Bij 1apaMeTpy Ta
PO HENEePEPBHY 3aJIEXKHICTH Bij HOYATKOBHX YMOB. ¥ 4YOMY IPaKTHYHA
BasKJIMBICTH UUX TeopeM?

Bnpasu oo sekuii 8

1. ITobyxyiiTe mocminoBHi HAOIMXKEHHS Yg, Y1, Y2 A0 PO3B’A3KY 3aka-
wi Komi ¢/ = 23 — 2y3, y(0) =0.

2. BraxiTh sikuit-HeOyab BIAPI3OK, HA SKOMY iCHy€e PO3B’SI30K 3a4a4i
Komi y' = 3z + y*, y(0) =0.

3. KopHcTyIo9HCh sIK0I0-HEGY b JOCTATHBOIO YMOBOIO €JUHOCTI, BU}-
JiTe Ha wiommui OTyY Ti TOYKH, Yepe3 K1 MPOXOAUTL €INHUI PO3B’A30K
pisuanna y =5+ {2y + .

4. Yu MoxxyTh rpadiki ABOX PO3B’A3KiB piBHsnHEA y' = z + ¥ nepe-
THHATHCA (JOTUKATHCA) B JlesKilt To4ni?

5. CxispKY TOXIZHUX MalOTh PO3B’SI3KH PDIBHAHD:

a)y =22 +9%3; 6)y = 2zlz| -y
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Jlexkuis 9. [Andepennianbai moaei
IInan

1. Ilo6ynoBa gudepenniaibaux Momeneil NPUPOIHUYNX HAYK.

2. Po3p’a3yBaHHA TeoOMeTpHYHMX 3aJa4 3a JONOMOroK aude-
PEHIIIAJIbHUX PiBHSHbD.

3. Po3B’a3yBanHg 3a7a4 3a JOMOMOrOI0 iHTErPAJBHMX PiBHAHD.

1. Ilo6ynoBa nudepeHuianbHuX MOAeaeH NIPUPOAHAINX
Hayk. Ha sekuii 1 3asnadaiioch, mio jgudepennianbai piBHAHHS
€ oHEM 3 HaiibijbIl eeKTUBHUX 3acO0IB MaTEMATHYHOTO MOJIE-
MOBaHHs 6araThox npukaagaux 3a1ad. Ocob/MBO IMHPOKO BOHH
BHKOPHCTOBYIOTBbCSL Y TeOpeTHYHill Mexawniuji, ¢isuui, iHMX npu-
POLHAYHX HAyKaX.

Po3sp’a3yroun npuknaaHi 3aa4i 3a JOMOMOro0 JudpepeHIiaib-
HUX PIBHAHb, BUIVIAIOTh TaKi TPH €Tallu:

a) mobyoBa JudepeHIliaNbHOrO PiBHAHHS;

6) inTerpyBaHHs DIBHSIHHS;

B) JOCJII?KEHHS] OTPUMAHOTO PO3B’S3KY.

Ilpu 11bOMY PEKOMEHAYEMO HOTPHMYBATHCH TAKOI MOCIIZOBHO-
CTi miii:

1) BCTAHOBUTH BETWYMHM, 5IKi 3MIHIOIOTLCS Y 33/[AHOMY SIBHII
qu mporieci, 1 BusiBuTH 3akoHu (popMymm) BianoBigHO! HayKH, sIKi
Ui BEJIMYMHHU IIOB’SI3yIOTH;

2) BUOpaTH He3aJeKHy 3MiHHY i (DYHKIHIO Ii€l 3MIHHOI, SIKy
noTpibHo 3HANTH;

3) BUXOUSYH 3 YMOB 3aJadi, BH3HAUMTU 1104arkoBl abo inwi
YMOBH, sIKi HAKJIAJAIOThCS HA LIyKaHy HYyHKHIO;

4) BUpa3sUTH yCi BEeJIMYMHM 3 yMOBHU 3aJa4vi depe3 He3aJIeXKHY
a3MiHHY, IiyKany dbyHKIio Ta i1 noxinsi;

5) BUXOJSYM 3 YMOBH 3aJad4l Ta 3aKOHY, siKM{ OIMCy€e 3ajaHe
SIBHIIE, CKJACTH nudepeHIiajibHe PiBHAHHS;

6) sinTerpyBarn onep>kaHe mudepeHiliaibHe PiBHAHHS,

7) sIKIIO 3aJaHi I0YaTKOBI 4M iHmIi yMOBW, 3HAHTH JacTUHHUM
pPO3B’AI30K;

8) mpoBeCTH JOCHIIMKEHHST OIEePXKAHOTO PO3B A3KY.
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V baraTpox BUIaIKaX H0OyH0Ba audepeHIiaIbHOTO piBHAHHS
MEPIIOro MOPSIKY I'PYHTYETHCA HA TakK 3BaHIN «IiHiftHOcTi mpo-
1ecy y MajioMys, TO0TO HA jJudepeHIifoBHOCTI BYHKIIN, sIKi BH-
paXkaloTh 3aJIE2KHICTh BeJWYHH. K MpaBH/IO, MOXKH& paxXyBaTH,
o BCi BeMYMHY, sKi 6€pyTh y4YacTh y MEBHOMY MpOINECi IpOTsi-
roM MaJjIoro HPOMIXKKY 4acCy, 3MIHIOIOTBCS 31 CTAJIO0 UIBHIKICTIO.
Ile mosBossie 3acTOCyBaTH BiOMI 3aKOHH, SKi ONHCYIOTH SIBUIIA,
IO TPOTIKAIOTH PIBHOMIPHO, 471 yTBOPEHHSI CIIiBBIIHOIIEHHS MiXK
suadeHHaMu t, ¢t + At, TobTo BenuunHAMH, K OepyTh ydacTb y
IPOIeCi, Ta X IPHPOCTAMHU. ¥ PE3YJbTaTi OEPKUMO DIiBHICTD, KA
Mae Jnine HabJIMXKeHuH XapakTep, 60 HABITh 38 KOPOTKHH IpOMi-
JKOK 4YacCy BEJUYMHH 3MIiHIOITHCSA MepeBakao HeJiuiino. OnHak
AKINO MOALIATH 00KMAB] YacTUHU ofep-xanol piBHOCTI Ha At i mepe-
irn go rpanui npu At — 0, TO OTpEMaeMO TOYHY piBHICTH. Llst
piBaicTh MicTUTHME Hac ¢, 3a/I€KHi Bif 4acy BeJUYMHHU Ta iX MOXi-
a1, To6TO ByIe udpepenIliabEIM PIBHIHHAM, SIK€ OITUCYE 3a/IaHe
sipuie. Te caMe piBHsHHS Y AudepeHnianbHit popMi MoKHa OTPH-
MaTH, AKIIO 3aMinuTH npupict At Ha audepenniai dt, a IpUpOCTH
dyuKIH - BiamoBigHEMY jrdepeHIianaMu.

TakuM auHOM, CKIaawdu audepeniaibHe PiBHSHHS, MH PO-
6umo HIOM «MHUTTEBHI Kaaps Opolecy y 33JaHHil MOMEHT 4acy,
a MOTiM, PO3B’SA3yI0UM PiBHAHHA, BiIHOBIIOEMO mepebir mpornecy.
Otxe, y npoueci po3B’a3yBaHHS OPUKJIALHUX 3339 HABEHEHUM
MeTOIOM JIEXKWTh 3arajibHa ifed Aineapusdayii — 3aminu Qynkiii
Ha MAJIHUX IPOMIXKKaX 3MiHH apryMeHTa JiHiiiHumu dysxknismu. 1
X04a 3yCTPiYalOThes MPOLECH, JJIs1 SIKHUX JliHeapu3allisi HeMOXKJIBa
(manpuxsan, 6poyHiBCbKuMiA pyX, KOJIM He MOXKHA BU3HAYUTH ITBH/I-
KOCTi 3MIiHM NIeBHUMX BEJIMYUH Y 3aJaHUii MOMEHT 4acy), y nepesa-
Hil 6inbimocti eumaakiB mobyaysatu audepeHUiaSbHY MOIEJb
SIBHILA, YIA TIPONECY y Takmil crocib BHAEThCs.

Bagaga 1. V oni sepmuxasvrol yuaindpuwnol nocydunu eu-
comu H i padiyca ocnosu R, 3anoenenoi 60doro, ymeopuscsa Heee-
auxuti omeip naoug S (puc. 9.1). Uepes axuii wac wepe3 omeip
sumeye yca 600a, AKULO Mpemuna 600y eumikae vepe3 t1 C.

Jlexuis 9. Indepenniansui Momeni 105

Pose’asannn. Aximo 6 BUTIKaHHS
BOAM BiaOyBajioch PiBHOMIPHO, TO
BCs BOJA BHATEKJa O 3 MOCYJUHH 3a
3t1 c. OHAaK JOCi Ay NOKa3yI0Th, M0
31 3MeHIIeHHAM piBHA BOIH Yy IO-
CyJ¥H] IIBHUIKICTh BUTIKaHHSI BOIHA
3MeHIyeTsesi. ToMy morpibHO Bpa-
XyBaTH 3aJIEXKHICTb MiXK INBHJIKICTIO
BHUTiKaHHs ¥ 1 BUCOTOIO h CcTOBNA BO-
JM HaJi OTBOPOM. 3rifiHO 13 3aKOHOM
Toppivenni

v = k+/2gh,

Jie g — TIDUCKOPEHHsI BINBHOrO ma- Puc. 9.1

Ainns, k — KoediuieHT, sikuil 3ase-

XKHTb Bij B'SI3KOCTI pifuHu Ta ¢op-

MH OTBOpY ([ BOAM Y BUIAJKy Kpyrioro otsopy k = 0,6).
PosrisneMo jiociiizKyBanmii ipouec Ha Biapisky [t; t+At]. He-

Xali y MOMEHT 4acy { BHCOTa BOJIM Ha OTBOPOM CKJiajana h, a 4epes

At ¢ Bona 3menmmaach i crana h + Ah, ne Ah — npupict Bucotu

(oueBnmHo, Ah < 0). Toni 06’eM BoAHM, 5IKMil BHTIK 3 MOCYJHHH,

JnopiBHIOE 00’eMy BiANOBLAHOTO MUIiHAPA, TOOTO

AV = —nR?Ah.

IIpunycrumo, w0 BoAa 3 HOCYAMHN BUJINBAETHLCA Y BUIVISLI LiM-
JIHIPUYHOrO CTPYMEHSsI, IUION3 OCHOBH AKOTO S, a BUCOTa JOPiB-
HIOE NMISAXY, sIKuii npoiilia Bojia 3a NPOMiXKOK 4acy [t;t + At).
Ha mowaTkKy i Hanpukidimi oboro BiIpi3Ky MIBHIKICTb BUTIKaH-
HA BOAM 3riAHo i3 3akonom Toppivenni popismiosana kv/2gh i
k+/2g(h + Ah) Bignosigso. fxmo At nocuts Mase, To Ah(t) Ta-
KOXK MaJle 1 OTpMMaHi BUpa3u sl LIBHJIKOCTI Maii>ke OIHAKOBI.
Tomy 1LIAX, MPOAEHHH BOAOIO 3a HPOMIXKOK dacy [t;t + At], Bu-
paxaersest dopmynoro (kv/2gh + a(At)) At, ne AlitI—I}oa(At) = 0.

OT1ke, 06’eM piIMHH, SIKa BUJLIETHCA 34 MPOMIXKOK Yacy [t;t + At
) ’ Y s
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MOkHa 3HaHTH 32 dopMyIoi0
AV = (ky/2gh + a(At))SAt.

IlpupiBnioo4un aBa Bupa3n Iy 00’eMy piouHM, sIKa BHJIKJIACH
3 MOCYIMHHM 3a NIPOMIXKOK Hacy [t;t + At], onep:KyemMo piBHSHHs

_ TR*AR = (k\/2g—h n a(At))SAt. (9.1)

[Moginmumo obuasi yacturn (9.1) Ha At i nepefigemMo 10 rpaHuIy
npu At — 0. Ockinbkn lim a(At) =0, a lim Az(tt) = Rh/(t), To
AE50 AES0

ozepXXyeMo AudepeHIlianbHe PIBHAHHS MEPUIOrO MOPSAAKY

— TR2h (t) = k+/2gh S. (9.2)

OtrpumaTu piBHarHA (9.2) MoxkHa it iHakme. Jlocmimxyodu
IIPOLIEC IIPOTSATOM HECKIHYEHHO MAJIOr'0 NPOMIXKKY dacy dt, Opuy-
CTHMO, 1110 33, TIEM MPOMIXKOK IMBHAKICTh BUTIKAHHS BOJH € HE3MIiH-
Horo. Tomy 3amicTs HabnnxkeHoro piBusinas (9.1) Bixpa3sy omepxy-
€MO piBHAHHSA

— nR2dh = k+/2gh Sdt, (9.3)

AK€, O9EBUIHO, € IIPOCTO 1HIIOK (GOpMOIO 3ammcy piBHsaHH: (9.2).
Pipusinas (9.3) — piBHSHHS 3 BIOKDEMJIIOBAHUMH 3MiHHUMH.
3inTerpyemo fioro: :

~wR? dh —V27R?
di=——— = t=—""Vht+C =
V2GS h V/gkS
t=C— AVh, (9.4)
ne crana A = {?g;g 3aJIEXKUTL Bif po3Mipis i ¢dopMmu OTBOpY,

B'SI3KOCTI piauHu Ta JesKuX iHImx (isHYHHX mapaMeTpiB, a CTajia
C € noBinbHOW0 (N cTala inTerpyBanus). 3HaiaeMo 1i cTadi.

3a ymoBoro 3aja4i h(0) = H (Ha noyaTky BimjliKy BUCOTA CTOB-
na Boxu jopisuioBana H). HI,H,CTa.BJISIIO‘{I/I y(94)t=0ih=
snaxommmo crany C = AVH.

’
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Crany A 3Haiijemo 3 yMoBH 3a1a4i h(t;) = %H . 3Bincn

th=AVH - A 2H = A=(3+\/5)%.

Ilincrapnsitoun 3Haiigeni snadenns cragux A i C 'y dopmymy
(9.4), oeprkyeMO 3aKOH 3MiHM Yacy BHTIKaHHS BiJ| BUCOTH CTOBIIA

BOIH:
=(3+ \/6)%:‘4

3 (9.5) saerko snaxoauMo 4ac T IOBHOrO BHTIiKaHHS PiAMHHU 3
TIOCYINHH:

(9.5)

RMT)=0 = T=@3+V6t.

SayBarkumo, 110 3Haiinene 3HaveHus T nupubnusuo y 1,82 pasu
Olnbine 3HaveHHs 3t1, siKe OJEPXKaJd y MPHIIYUICHH], [0 pijauHa 3
HnocyauHy BUTikae piBaoMipHO. W

3BUYaiHO, 110 PO3B’si30K 3aJadi 1, He € TOYHUM, aJykKe MU 3He-
XTYBaJIM, HAIIPUKJIAJ, SIBUIIEM KaNlIsAPHOCTI (& BOHO € CyTTEBUM,
SIKIO J{iaMeTp OTBOPY MaJiuii), 3aBHXPEHHSIMA PIAMHH Ta JesTKUMU
HIUMY PAKTOPAMH.

Y 6araThox 3aJa49aX CKJIAJAHHA OAupepeHmiaIbHUX Moaeei
HOJIErIYETHCH THM, L0 BLAMOBIAHHIA 3aKOH HAyKH TOB’'SI3ye MiXK
c00010 3HAYCHHS JEAKOl BEJIWYHHM 1 mBHIKOCTI il 3Minm abo mo-
B’fI3y€ 3HAYCHHS BEJIMYMHM, MBUAKOCTI 11 3MiHM 4M OPUCKOpPEHHSI.
HaseneMo pexijibka TAKHX 3aKOHIB:

~ apyruii 3axon Hbotona (F = ma, ne m ~ maca Ttina, a —
npuckopenHs pyxy, F' — cyMa cui, mo AioTh Ha Tino) i noxinmi
BiJl HLOTO 3aKOHH 30epe’keHHs eHeprii, KUILKOCTI pyXy, iMIIyJibCy
TOMIO;

— 3aKOH BCECBITHBOTO TsXKinug (F' = k™32, ne my, mg — MacH
JBOX Til, 7 — BiACTaHb MiXX HUMH, k — KoedillieHT nponopuidHocTi);

— 3aKOH PO3YHHEHHsS PeYOBHHM (LIBHIKICTH PO3YMHEHHS LPO-
MOPIiifiHa HAABHIM KUIbKOCTI HEPO3YHMHEHOI PEYOBHHH Ta Pi3HHIL
KOHIIEHTPaIliii HACMYEeHOr0 PO3YUHY i PO3UMHY Yy MEBHMII MOMEHT
tacy);
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— 3akoH Kipxroda (anrebpuuna cyma cwt cTpyMmiB, siki OpoOTi-
KalOTh y MEBHil TO4Ill €JIEKTPUYHOTO KOJIa, JOPIBHIOE HYJIIO);

- 3aKkoH @yp’e (¢ = —/\(T)%, Je q — TATOMHKH TOTIK TeIIOTH,
MT) - koedilieHT TEIUIONPOBIJHOCTI CEpeNOBUINA, % — mBHA-
KicTb 3MiHM Temnepatypu 1) i ananoriunmii 3akon Hepucra mpo
Imdy3iio pedoBHHH;

— 3ak0H HbIoTOHA MPO OXOJIOMKEHHs Tifa (IIBAAKICTb OXOJO-
JIKEHHS Tijla PSIMO MPOMOpLiiiHA Pi3HMIN TeMIlepaTyp Tija Ta 0TO-
YYI04Oro CepelOBHIIA);

- 3akoH ['yka (cmia npy:KHOCTI npyzKuHH nponopiuifiHa ii Bu-
JIOBXKEHHIO) TOILO.

Iuranns npo BianoBiAHicThL AudpepeHIiaIbHOI Monei i peasb-
HOFO SIBUIIQ BUBYAETHCA Ha OCHOBI aHAJII3Y pe3ysibTaTiB JOC/IILY Ta
IX NOpIBHSAHHS 3 MOBEIIHKOIO PO3B’SI3KY OAEpXKaHOro aucdepeHii-
aJIbHOTO PIBHSHHS.

3agaua 2. Tino, axe 8 novamxoeull MOMEHM YACY MAE MeM-
nepamypy Ty, nomicmuau 8 cepedosuiye, 8 AKOMY NIOMPUMYEMBCA
memnepamypa 11 . Busnavwumu 3axon 3minu memnepamypu miad.
Pose’azanna. Hexaii T(t) — remneparypa Tijila B MOMEHT 4dacy
t. 3a 3akoHoMm Hbrorona npo oxonomxenns tina dyukuis T'(t) mo-
BHUHHA 33JI0BOJIbHATH PiBHAHHSI

‘Z—T — _K(T() - T), (9.6)
t
e k > 0 — xoediuient npomnopuiiiHocTi (3HaK «MiHyc» y mpasift
gacTuHi piBHsiHHA (9.6) BiANOBigAa€ eKCIEPUMEHTANIBHUM JaHUM:
skmo T'(t) > Ty, To TeMuepaTypa Tija 3MEHILYETCS | MIBUAKICTD
i1 3MiHM Bij'€MHA, i HABIAKH).

Ockinbku (9.6) — piBrannsa purnsiny y' = f(az + by + ¢), sike
BUBYAJIOCH Ha Jiekuii 3, To Bukonaemo 3aminy u(t) = k(Ty — T'(t)):

!
T=k(h-T) = —%:u = %—:—kdt =

Inful=-kt+C = u=Ce™
T(t) =T, — Ce™*, (9.7)
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ge C — poBlIbHA CTAJA.

Bpaxysasmu novarkoBy ymoBy T(0) = Tp, 3 (9.7) 3Haxomumo
C =T; — T, a 0TKe, OCTATOIHO BUBOJMO 3aKOH 3MiHH TeMIIEpa-
TYpH Tia 3aJI€eXKHO BiJI Jacy:

Tt)=Ti+(To-T))e ™. m

2. Po3p’a3yBaHHs TeOMEeTPHYHHX 33[a4 33 JOMOMOIOI0
audepennialbHUX piBHAHb. Y 0araTbox 3aJa4ax reoMeTpu-
9HOI onTuKM, Kaprorpadii Ta iHmmMX obnacrefi HAYKM BHHHKAE
HeoOXiHiCTs ¥y 3HAXOIPKEHHI KPHBUX 33 II€BHHMH BJIACTHBOCTS-
MH OpoBeAeHuX 40 HuxX gorudanx. OCKiIbKH KyToBHil KoedilieHT
JOTHYHO! A0 rpadika ¢pyHKIIl JOPIBHIOE 3HAYEHHIO MOXIJHOI L€l
GYHKII] Y To4li JOTHKY, TO TaKi 3aJa4i 3pYyHHO PO3B’S3yBATH 33
aonomoro audepeHiaIbHUX PIBHSIHbD.

Po3p’sa3yroun reomerpuuHi 3a4avi 3a HOTOMOrow ayudeperii-
ANbHUX PiBHSHb, PEKOMEHIYEMO JOTPHMYBATHCH TAKOT'O aJrOpHu-
T™Y:

1) 3po6uTH PUCYHOK i BBECTH MO3HAYEHHST,

2) BiIOKPEMHTH YMOBH, AKi CHPAB/RKYIOThCsI B JOBUIbHIN TOYII
MIYKaHOI JIiHil, BiJl yMOB, SIKi CNIPABJKYIOTHCS JIMILE Y OKPEMHX
TOYKAX, TOOTO Bij MOYaTKOBHX yMOB;

3) BupaswTH BCl BEIMYAHE 33141 Y€PE3 KOOPJAMHATH JOBUIHLHOT
TOYKHM | 3Ha4YEHHS MOXiAHOL y Wil TOYLll, BPaXOBYIOYH reOMeTpU-
YHHUI 3MICT MOXiJHOI;

4) 3a yMOBOIO 3aJ1a4i CKJIACTH Aupepeniiainbie PiBHAHHSA, SIKO-
MYy 3a/IOBOJIbHSIE LIyKaHa KPUBA,

5) 3HalTH 3araJIbHUiA PO3B’SI30K OO PIBHSAHHS | OTPUMATH 3
HBOIO NMEBHUI YACTUHHUI PO3B’SI30K, SIKHUI 33/10BOJILHSIE IOMATKOBI
YMOBH.

Banaua 3. 3natimu xpusy, y axoi eidcmans 6id dosiavhoi do-
MUMHOT do novamxy Koopdunam JopieHIoe abcyuct MoKy Jomuxy.



110 Poanin 1. JM®EPEHITIAJIBHI PIBHSHHS IEPIIOTO MMOPAIKY

YA
y = f(z)
M(z,y)
¢ Yy
(87 m -
“A ol =z B T

Puce. 9.2

Pose’asanns. Hexait M(x,y) — noBinbHa Touka Kpusol y = f(z).
[TpoBenemo y wikt Touni moruuny M A, y' = tga (reomMerpuynmit
amict noxinHoi) (puc. 9.2). Tpukyranku OCM i OBM pisHi (3a
ymosoto OC = OB, a rinoreny3a OM crinbra), a Tomy ZMOB =
= £MOC. Ockimbkn ZAOC = § —a, o LZMOB = % (% + a) =
=% + 5. Tenep 3 TpuxyTanka OBM maemo

Yy a y—x
==t = ¢t

2 Ytz

T oay  l+tgg
(Z 5) T l-tgg
Hapemri, BukopructoByioun gopmyny tga = i—ttggz%—% i coiBBigHO-
mienEd tga = iy, omepxkyemo audepeHiiaibHe PiBHIHHS

2 2
;) Yy -

v= 2y

Ockinbky Ie piBHSIHHSA OfHOpinHe (Jekuisi 3), TO BUKOHAEMO 3aMi-
HY y = uI:

dx 2udu

z w41

P4yt =4Cz = (@+C)+y =C%

=0 = In|z|+In(?®+1)=mh2C =

Orxe, HABEIEHOIO B YMOBI 33,0a4i BJIACTHUBICTIO BOJIO/IE KOXKHE
koJio pagiyca C 3 nenrpoM y Toumi (+C;0). B
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3. Po3p’sizyBaHHsa 3a4a4 3a JOMOMOIOK0 iHTErpajJibHMX
PiBHAHBL. Y esdKUX BHNAAKAX PO3B’A3yBaHHs 337a4 IPHUBOAUTD
J0 piBHSAHB, SKi MICTATh NIyKaHy (PYHKIIIO Iij 3HAKOM IHTerpa-
J1a, TOOTO tHMeEZPaAvHUL PieHAaHb. IHTerpaibii pIBHAHHS BH-
HUKAIOTb, 30KPEMa, KOJIH BUKOPUCTOBYETbCA IeOMETPHUHUI 3MicT
BH3HAYEHOTO IHTErpaJia K IUIOI KPUBOJIHIWHOI Tpaltellil Ta iHm
inTerpaibHi popMynau (ZOBXKHMHHM Jiyru, IJIONI TOBEPXHi, 00’eMy
Tijia TOWO). Y HPOCTIIMX BUIAAKAX Micys JUdepeHIiioBaHHs H-
TerpajbHi DiBHSIHHSI BJAETHCA 3BECTH N0 JMU(pepeHITiaTbHUX.

3agaua 4. 3natimu xpuey, das koscroi mowku M axoi ab-
CUUCE YEHMPA 62U KPUBOAMHIUHOT mpaneyii, obmedicenot ocamu
Koopdunam, dyz2010 yiel Kpueoi 1 eidpiaxom, wo 3’cdnye mouxy M
3 i npoexuyiero na sicy abcyuc, dopienioe mpemuni abcyucu yiei
MOYKY.
Poas’asanna. Bigomo, mo abenuca nen-
Tpa Barum YTBOPEHOI KPHUBOJIIHIAHOI Tpame-

uii (puc. 9.3) Bupaxkaerbes HOPMyYIOIO Y4
xr
Jty(t)dt
0
To=—7
Jy(t)dt y =y(z)
0
o _ M(z,y)
Jie t — 3MiHHa iHTerpyBaHHs, a y = y(t) —
PIBHSIHHSA IMYKaHOI KPHUBOI. —
: z O| zo T
3a ymoBomw 3a/a4i Tg = §, T0OTO
Puc. 9.3
T x
T
/ ty(t)de = / y(t)dt.
0 0

3naudepeHuioeMo OOMABI YACTHHH ONEPIKAHOTO IHTEI'PAJIBHOTO
PIBHSIHHS 33 3MIHHOIO I:

T

zy(z) = %(w) + %/y(t)dt = 2zy(x) = /y(t)dt.
0 0
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JudepeHIiiio0yy me OAUH Pa3, odep)KyeMo AudepeHIiaibHe
PiBHSIHHS
2zy +y=0.

Ile piBusiHHS 3 BiOOKpEMJIIIOBAaHMMH 3MiHHHMH, HOro 3arajibHUM
pPO3B’SI3KOM € Y = % [ ]

Pexomendosana aimepamypa: (5, c. 37 — 56], [8, c. 9 — 26],
[14, c. 8 — 44], [15, c. 71 — 88], [17, c. 5 — 226).

IIntanus oo nexnii 9

1. SlkvMu € OCHOBHI eTanu po3s’A3yBaHHs 38424 NPUPOJHIINX HAYK
33 JIOTIOMOTO0 AudepeHNiaIbHUX PiBHSAHD !

2. HaBeniTh mpuKIaIH 3aKOHIB (i3UKH, AKi BUKOPUCTOBYIOTHCS IIPH
no0y#oBl gudepeHIiaIbHIX MoJeteit.

3. dx 3a gomomorox mudepeHIiabLHIX PiBHAHD PO3B’sI3yBaTH Ieo-
MeTpuyHi 3a1a4i?

Bnpasu go nekuii 9

1. KinbkicTs ¢BiTJia, 100 NOrJIMHAE AP BOAY MAaJIOl TOBIIUHM, IIPO-
HopIiiina 10 KIIBKOCTI CBiTIIA, II0 MaJa€ Ha HBOTO, i TopmuHi mapy. ITap
BOJY TOBIIMHOIO 35 CM MOTJIMHAE MOJIOBHHY CBiTJa, IO IIaJa€ Ha HBOTO.
Ay yacTuHy CBIT/IA IOTVIMHAE IIAP TOBIIUHU 2 M7

2. Kyna, pyxawounch 31 meuakicTio vg = 350 M/c, npobusae criny
roBmuHow h = 0,25 M i Bumitae 3 mei 3i mBuakictio v; = 90 M/c.
Bpaxatouu, o0 CUJa ONOPY CTiHM NPONOpIifiHA KBaJPATY MIBUAKOCTI
KyJTi, 3HAfiTH TpUBAJiCTh PyXy KyJi y CTiHi.

3. Busnauare KpUBY, BCI JOTHYHI A0 AKOI NPOXOJATh Yepe3 IIOYATOK
KOODTHHAT.

4. BusHauTe KpUBY, KOXKHA JOTHYHA JO AKOI yTBOPIOE 3 OCAMH KO-
OpAMHAT TPUKYTHHUK ruiomi 2a2.

5. Busnaure Kpusy, aKa npoxoauthb yepe3 Touku (0;0) 1 (1;1) i obme-
»Kye KpHBOJiHiliHY Tpaneniio 3 ocwosowo [0; z] i miomelo, sika nponop-
uiitra 2.
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Honatok 1.

3acrocyBaHHS MaTeMaTH4YHOro nakera Maple
IJis iHTEerpyBaHHA 3BHYAMHUX AudepeHiaIbHUX
PiBHSIHb NIEPUIOTO MOPAIAKY

CbOrofiHi MAEMO IMMAJIO CHEIHAILHAX MATEeMATHUHHX ITAKETIB
KOMIT' IOTEPHUX IPOTrpaM, sKi JO3BOJSIIOTH PO3B’AA3YBATH Pi3HOMA~
HiTHI MaTeMaTnuHi 3amadi. Maremaruanuii maker MathCad opi-
€HTOBaHUil, MepIN 33 BCe, HA 3/IACHEHHS YHCJIOBUX PO3PAXyHKIB.
ITakeru MATLAB, Scilab, Octave i FreeMat cTBopeni mepenoscim
IJIs1 pobOTH 3 YHCJIOBMMH MATPHUISIMU 1 BEKTOpPAMH 1 MaloTh OyTH
3pyYHUMH I IH>KeHePHO-TEXHIYHUX OpaniBHUKiB. MaremaTuvHi
nakeru Maple, Mathematica, Maxima i MuPAD pospaxosani Ha
3MIMCHEHHS CHMBOJILHUX (TOOTO aHAJITHYHAX) OOUHCIIEHD.

IlpakTuyHO BCi 1l MAKETH JAO3BOJISIIOTH PO3B’A3yBaTu aude-
peHI{ia/bHi pIBHSHHS YHCAOBUMH (HAaOJIM>keHAMH) MeTOAaMH. AJte
OCTaHHS IDYIla MATEMATUYHUX TAKETIB JI03BOJISE TAKOXK 3HAWTH
TOYHU (QHATITUYHANR) PO3B’A30K y THX BHIAJKaX, KOJU PIBHIH-
HsT IHTETPYIOTbCS Y CKIHUEHHOMY BHTJIAMI.

OnauM 3 HaHOLIBIN MOMYJIAPHUX 1 MOTYXKHUX € NaKeT aHaJi-
TraHUX ODYKCiIeHb 1 YMeaoBEX po3paxyHKis Maple. Posrnsinemo
3aCTOCYBaHHSI caMe HOoro A0 pO3B’SI3yBAaHHA 3a1ad Teopil aude-
PEHIIAJIGHUX PIBHSAHL. 3 OCHOBAMH POOOTH 3 UMM IIAKETOM MOXKHA
03HAROMHTHCH y joaaTky 6 (crop. 333).

st po3B’sizyBaHHs 3BHYalHNX JudepeHIialbHUX PiBUSHDL Y
nakeri Maple BukopucToBytOTH KOMAHIY

dsolve(piBHsIHHSI, HEBIIOMa, ONII]I)

ITapamerp «HeBijjoMa» Bu3Hava€e HeBioMy CyHKIi0O (pPo3B’si-
30K) JudepeHIiaTbHOro PiBHSHHS, a HeoDOB'A3KOBUil HapaMeTp
<omuii» — ¢opMy nomaHHs po3B’SIBKY 1 METOJ HOro BiIIyKAHHS.
Jnst 3amannst noxigHol y audpepeHiabHOMY PIBHSHHI MOXKH3,
BUKOpHCTOBYBaTH KoManiy diff abo omepatop D, npuuomy camy
dynxuio Tpeba 3anMucyBaTH 3 SBHHM BKA3YBAHHAM HE3AJIEXKHOT
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aminnol, HapukJan, y(z). Oneparop D Mae HaCTyTHUH CHHTAKCHUC!
(Deen) (pynxuis) (3minna)

VY mpomy 3anmci n — Dopsyiok noxigaoi. Akmio n = 1, To 3aMicTh
HepIoro BHpa3y y Ay>KKax MOxHa mucatH mpocro D. Komanna
dsolve, fIK NpaBWJIO, 3HAXONUTH JIAIIE 3araJbHUIl PO3B’H30K i He
3aBXKJ1 HAaBOAUTHL ocobmmsi. 3reneposani Bemuman _C1,  C21i
T. J. IO3HAYal0Th AOBLIBHI CTaJII.

Axmo noTpibHo po3s’s3aTH 331ady Ko, To nepmuM mapame-
TpoM KoMaHay dsolve MOBHHHA OYTH MHOXKHHA, SIKA CKJIaa€ThCsA
3 piBHAHHA i MOYATKOBMX YMOB (4epe3 KoMy y (birypHHUX Jy»KKax).

TpoageMoHCTpYeEMO BHKOpUCTaHHA Maple nnsi poss’sisyBaHHs
HOpUKJISAIB 3 LBOro posiiry. ¥ Jgeskmx sumaaxkax Maple nae
PO3B’s3KH, sIKi 3BOIATHCH [0 OTPHMAHMX BHINE BiANOBiZe# MIs-
XOM IepETBOPEHbD.

Ipukiaanx 1. 3Haiity 3arajJbHUit pPO3B’'A30K DIBHAHHA 3
Bifokpemmosarumu 3minanmu (y — z2y)dy = (z — 2y*)dz (npu-
knax 1 sexuii 3, cTop. 38):
> dsolve((y(x)-x~2%y(x))*D(y) (x)=x-x*y(x)~2,y(x));

yz)=+1-_Cl+_Ct2?, y(z)=-y1-_Ci+ _Clz2

Hpuxaay 2. SinterpypaTy pisusuns y' = (4z +y+5)? (npu-
Kiagn 2 nekuii 3, crop. 39):
> dsolve(D(y) (x)=(4*x+y(x)+6)~2,y(x));

y(r) = =5 —4z —2tan(—-2z +2 _C1).

Ipukaan 3. 3HaliTy 3araJbHAR PO3B’'A30K OJHOPIAHOTO piB-
Hstas ydr + 2/Tydy = zdy (npuxnan 3 nexuii 3, crop. 40):
> dsolve(y(x)+2*sqrt (x+y(x))*D(y) (x)=x*D(y) (x),y(x));

In(y(z)) + ———x —~ _C1 =0.

Vey(r) T

Ipuknan 4. Po3p’sizaTu onHOpiHE PiBHAHHSA

. y .
?+y?+z
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3 nexnii 3 (crop. 41), ue pieHsAHHES 60 oTpAMaHe HpH pO3B’A3y-
BaHHi 3a;a4i 1po gopmy 3epkasia (3agada 3 gexmii 1, crop. 18):
> dsolve(D(y) (x)=y(x)/(sqrt(x~2+(y(x))~2)+x),y(x));

2rW@F 5 T cr=o.
(y(z))?

Po3p’sokeMo OCTaHHE PiBHSHHS BiJJHOCHO ¥():
> isolate(%,y(x));

1+ _Cizx

Ipunkaag 5. 3inrerpysaty pisastans (z—2y+3)y’ = 1-y—2z
(npuknan 4 neknii 3, crop. 43):
> dsolve((x-2%y(x)+3)*D(y) (x)=1-y(x)-2*x,y(x));

(5z+1)_C1 |, /5(5z+1)>_CI1*+4
— -+ 5

o) =1 - —— SN

I[lepexonaeMoch, 1o oTpuMaHa GYHKIIsA 3a/I0BOJIbHSE 3araJbHHUI

inTerpan uporo piBHAHHA y? — 22 — zy + = — 3y = C, 3uaiinennit

Ha crop. 44. JIjis1 nporo miictaBuMO i1y Horo JiiBy acTUHY, CKO-

PHCTABIINCL KOMaHI010 simplify:

> y:=T/5-1/5%(-1/2%(5*x+1)*_C1+1/2% (5% (5*x+1)~2%_C172+
4)~(1/2))/_Cl: simplify(y~2-x"2-x*y+x-3%y);

55_C1* -1
25 C12

OTpumannit Bupa3 cnpasii € cTayio. OcKiIbKH 3arajlbHUM iHTe-
rpaj € MHOTOWIEHOM JADPYTOro CTereHsl BIJHOCHO Y, TO IOBHHEH
6yTH LIe OOMH PO3B’S30K, AKAM BinpisHaTEMeTbCs BiJ (1) 3HAKOM
nepen, KpajpaTHuM kopeneM. Lleit po3s’a30k, sk i JBa 0cOBIUBAX
PO3B’s13KH piBHsIHHS (Y = 57‘/—5.'1: +34 ng’ y= —1:—23@.7; + 32— %),
Maple Bigmykaru He 3Mir.

Hpuxsaan 6. 3ualiTy 3arajbpHUA pO3B’A30K piBHsHHS Y =

= 2—’;}2% (npuknan 5 nexuii 3, crop. 45):
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> dsolve(D(y) (x)=(x-2*y(x)+3)/(2*x-4*y(x)-1) ,y(x));

1 ¢z JI-28z+28_C1I
y(m)~—1+§— n )
1 =z /1T-282+28_C1
y@) =-;+5+ 1 :

3po3ymiso, mo orpuMani GyHKIil — PO3B’SI3KH BiIHOCHO 3MiHHOT Y
KBaPATHOTO PiBHsHHS 22 — 4zy + 4y° + 62 + 2y = C, aKe € 3Ha-
ftoeHMM Ha CTOp. 45 3arajbHUM IHTErpajioM 3aJaHOro audepeH-
IIiaJIbHOTO piBHAHHS. Y IBOMY JIEMKO IEPEKOHATHCH, PO3B’SI3aBILN
3araJbHui 1HTErpaJl BIAHOCHO 3MIiHHOI ¥ 38 JONOMOrO0 KOMaHIN
solve:

> solve (x~2-4*xxy+4xy~2+6*x+2%y=C,y) ;

1+x V1 =28z +4C (z) = 1+§+\/1—28$+4C
1732 4 » V=TT 4 '

IIpukman 7. 3inrerpyBsaru JiniliHe pIBHAHHSA y’-l—2a:y=2:z:e‘”52

(npuksan 1 sekuil 4, crop. 50):
> dsolve(D(y) (x)+2*xxy (x)=2*x*exp(-x~2),y(x));

y(x) = (z® + _CI1 )e_z2.

IIpuxknazn 8. SHaliTu 3aranbHUil po3B’s130K PiBHAHHA Beprys-
my +2zy = 2‘:ve”f2y2 (npukian 2 nekuii 4, crop. 53):
> dsolve(D(y) (x)+2*x*y (x)=2*x*exp(x~2) *y (x)~2,y(x));

e~

ve)= = or

Ilpuknan 9. 3uaiiTn piBHAHHA KpUBKX 3 3aja4l 1 jekuii 4.
Ha crop. 55 6y/10 oTpuMano nudepeHniaabHe PIBHAHHS LIyKa-
HOT cim'l kpuBHX Y — y/z = —y*/z. BinTerpyemo #oro:
> dsolve(D(y) (x)-y(x)/x=-y(x)~2/x,y(x));

y(z) =

_r
z+ _CI1"
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Ipukiazx 10. 3xaiiTy 3araipHmil po3s’si30K PiBHSHAA Pikkari
Y =y?—%— :—;—12' (npukinan 3 sekuii 4, crop. 57):
> dsolve(D(y) (x)=y(x)~2-y(x)/x-4/x"2,y(x));

MNpuknazx 11. 3iaTerpyBaTn piBHsIHHS y NOBHUX IudepeHiii-
anax (z + y? +sinz) dz + (2zy + cos y) dy = 0 (npukaaz 1 jexmii
5, cTop. 61):
> dsolve (x+y(x)~2+sin(x)+(2*x*y(x)+cos(y(x)))*D(y) (x)=

0,y(x));

2
% + y(z)%z — cos(z) + sin(y(z)) + _C1 = 0.
IIpuknax 12. 3walith 3araibHuil  pO3B’SI30K  piBHSIHHIA
(2zy? —y) dx + (y* + x +y) dy = 0 (npuknan 2 nexnji 5, crop. 64):
> dsolve (2xx*xy (x) ~2-y(x)+(y(x) ~2+x+y(x) ) *D(y) (x) ,y(x),
implicit);
2T

y(z)

Honarkopa onnia implicit no3BoJIsi€ 3HAXOOUTH PO3B’SI30K y He-
siBHIA ¢opmi. BiscyThicTs Monynst B apryMeHTy Jiorapudma He €
HoMHJIKOIO, 60 BCl obunciennst y Maple 3a 3aMoBUyBaHHSIM 3.ifi-
CHIOKOTBCS Y TIOJIi KOMILJIEKCHUX 1ucesl, 3HAHIeHNN PO3B’A30K Tex
Mozke OyTH KOMILIeKcHO3HadHuM. [linibpasiny BignosigguM ynaOoM
JOBLIbHY CTaJly, sika MOXKe OyTH KOMILIEKCHOK), JIEI'KO BUILJIMTH
OIACHO3HAYHME PO3B’A30K. 3HANIEMO TAKOXK IHTErpyBaJbHHII MHO-
KHUK IBOrO PiBHSHHSI, CKOPHACTABIIMChL KOMaHnow intfactor 3
nakera DEtools:

> DEtools[intfactor] (2*x*y(x)~2-y(x)+(y(x) ~2+x+y(x))*

D(y) (x));

T + In(y(z)) + y(z) + _C1 =0.

1
y(z)?
Hpuxmnan 13. 3iarerpysarn pisusnua (2z3y? — y)dz +
+ (22%y3 — z) dy = 0 (mpuknan 3 nexuii 5, crop. 64):
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> dsolve(2+x~3%y (x) ~2-y (x)+(2xx~2*y (x) ~3-x)*D(y) (x)=0,
y(x),implicit);

1
Cl+2°+ —— +y(z)? =0.
- y(x)z i)

3HaiiileM0O TaKOXK iHTETPYBaIbHUX MHOXKHMK I[bOTO PIBHSIHHS:
> DEtools[intfactor] (2xx~3xy(x) ~2-y(x)+(2%x"2*y(x)"~3-
x)*D(y) (x)=0) ;
1 1
y(@)?z?" =z (1 +zy(z)® + 23y(z)) y(z)
IIporpama 3maifmia ABa IHTErpyBaJbHUX MHOXKHHKM.

Ilpuksaan 14. 3HaliTH iHTErpyBa/bHUI MHOXHHMK PiBHSHHS
(y/z + 32z?)dz + (1 + 23/y)dy = 0 (npukmaz 4 nexuii 5, crop. 69):
> DEtools[intfactor] (y(x)/x+3*x~2+(1+x"3/y(x))*D(y) (x)=

0);

1
2y(x) + 323"

Y npoMy BHIaJKy IporpaMa Hapesa IHTErpyBaJIbHHI MHOXHMK,
AKUR BiApI3HAETHCA Bif IHTErPYBAJIBHOrO MHOXKHHUKA, 3HARIEHOrO
y npuknaazi 4 jekuil 5. Ajye ne i He AuBHO, 60 iHTerpyBaJbLHMIL
MHOXKHUK HE € €AuHUM (TeopeMa 2 sekuii 5).

Ilpuknan 15. 3inTerpysatn HesisHe piBHAHHS Y2 — QW =0
(mpukias 1 snekuii 6, cTop. 71):
> dsolve(D(y) (x)~2-9*y(x)~(4/3)=0,y(x));

y(a:)(%) -~z — _CI=0, y(x)(%) +zr—- _C1=0.

3uaituioBmin 3 ocTaHHIX piBHOCTEH Y(X), OTPUMAEMO 3araJibHMI
po3B’s130K npukiaany 1 sexiti 6. OcobmuBuit po3s’sizok y = 0 mpo-
rpaMa He 3HaMIILIA.

IIpuxknan 16. 3iuTerpyBaT HesiBHE PiBHAHHS xzy’2 +2zyy’ +
+ 9% — 4z = 0 (mpuknaaz 2 nexuii 6, crop. 78):
> dsolve(x~2*D(y) (x)~2+2*x*y (x)*D(y) (x)+y (x) ~2-4*x=0,

y(x));

4\/_

C1
y(@) = ———+ =~ )= —+T
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[IponoHyemMo 4nTa4aM CAMOCTIHfHO 3IHTErpYBaTH piBHSIHHS
3 _5y2 4+ 7 = 0 3 npuknagy 3 geknii 6 (crop. 79) 3a gonomoromno
nakera Maple i mepecBif9uTHCh, MO NPOrPaMa ITYKA€ PO3B’A30K Y
SIBHOMY BUIVISiZIi HaBiTh IpH BHKODHCTaHHI onmil implicit.
IIpuxknan 17. inrerpysatu pisusuus y = y’2 — 3zy’ + 322
(npuknaz 1 mekuii 7, crop. 82):
> dsolve(y(x)=D(y) (x)~2-3*x*D(y) (x)+3*x~2,y(x));

322 _C1%222 + Ci(z_C1 +2)a:+2
y(@) = — yl@) =

2 C1?
(z) = _C1%*+ _Cl(x_C1 —2)z+2
v = 2_C1? ’
22 (-z-2_CIl)x o
_— = 1
y(z) = 3 5 + _CI1?,
2 -
y(z) = x——————( ‘”+22—CI)””+_C12.

Ha mepmmit norisif TyT € I'sITh Pi3HUX PO3B’A3KiB, aJie HACHpAB/i
BCl, KpiM mepImoro, po3s’I3KH MITXOM HECKJIAIHHX IIePETBOPEHbD i
riepeno3HadeHHs CTAMX MOYKHA 3BECTH OOMH IO OOHOrO. ¥ 1BOMY
JIETKO TI€PEKOHATHUCH 33 JOIOMOrol0 KOMaHIu simplify:

> simplify({%});

2

{y(w) —22—z Cl+ _C1% y(x)= %,

2z? — 1+1
wo) = =L @ = re_cr o,

_C1*22+x_C1+1
y(z) = :

_c1?

Hpuxaan 18. Sinrerpysaru pipuauns z = y' + 2y’ (upn-
kaaz 2 sexuii 7, crop. 83).
CkopHcraemocs onmisiMu implicit i parametric:
> dsolve(x=D(y) (x)~4+2*D(y) (x) ,y(x),implicit,
parametric);

o T)= T*+2_T, y(_T)=-_T°+_T?+ _CI.

U‘].Jk
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Besmmunna _ T nosnavae napamerp (po3B’A30K 3HANZEHO y mapa-
MeTpuuHiil popmi).
Ipuxknan 19. 3HaiiTn 3araJbHUN PO3B’30K piBHAHHA Jla-
rpanxa y = 2zy’ — Iny’ (mpuxnan 3 nekuii 7, cTop. 84).
Cxkopucraemocs ormujero implicit:
> dsolve(y(x)=2*x*D(y) (x)-1n(D(y) (x)),y(x) ,implicit);

T+ _Cl T+ _C1
=g WL =2=—F—

z(_T)= —In(_T).
Ipuxnan 20. 3inrerpysarn pipusinas Kiepo y = xzy — 33

(npuknan 4 mekuil 7, crop. 85):

> dsolve(y(x)=x*D(y) (x)-(D(y) (x))~3,y(x));

2 2
y(z) = —5\/597%, y(z) = 5\/§ac%, y(x)=z_C1 - _CI13

ITpuknan 21. Posp’asaTé sagady npo 3pocTaHHs KIIBKOCTi
HayKoBHX myOmikani# (3amaga 1 jeknii 1).

Ha crop. 15 oTpumain gudeperniaibue piBHAHHS, SKe OIHCYE
3pOCTaHHS KUIBKOCTI HayKOBUX MyOmiKamiii:

() =ky(t).

3inTerpyeMo I pIBHSIHHS, BPaXOBYIOYH IIOYATKOBY YMOBY
y(0) = yo:
> dsolve({D(y) (t)=kxy(t),y(0)=y0},y(t));

y(t) = yo e

3HaiiieMo Tenep 3a JOMOMOIO KOMaHiu solve Hesigomuii gac T
3 nomarkosoi ymoBH Y(T') = 2yo, saxmo KoedinienT k = 0,07:
> solve(yO*exp(0.07*T)=2%y0,T);

9.902102579.

Ilpuxnaz 22. 3iHTerpyBaTH piBHsIHAS v = ky(M — y) (upu-
kaaj nicas 334l 1 qekmii 1, crop. 15):
> dsolve(D(y) (£)=kxy(£)*(M-y(£)),y(t));

M

)=
y(t) e ey
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IIpukian 23. Posp’sisatn 3agady npo pyx 4oBHa (3amada 2
Jiekgi 1).

Ha crop. 17 6yno orpuMano audbepeHniannLHe PIBHAHHS, fKe
OIUCYE PYX HYOBHA! P

v 2
ma = kv°.

3inTerpyemo ioro, BpaxyBaBIIA 04aTKOBY ymoBy v(0) = 3:
> dsolve({m*D(v) (t)=k*v(t)~2,v(0)=3},v(t));

Im
v =35

3HaiiieM0 Terep HeBiJoMe CIiBBiHOIIEHHs MiX m 1 k 3 noma-
TKOBOI yMoBH v(4) = 1:
> solve(-3*m/(3*xk*4-m)=1,m);

—6k.

Tozi nesiiomuit wac T' 3 ymosn v(T') = 0,01 BU3HAYATH JIETKO:
> m:=-6%k:solve(-3*m/ (3*k*T-m)=0.01,T);

598.

Ipuxnan 24. Habonkerno nobyaysaTu inTerpaibii Kpusi pis-
uanHa ¥y = x(y — 1) (npuknan 1 3 nekuii 2, crop. 31).
[ToBynyeMo 1one nHanpsiMiB, BU3HAYEHE [IUM DIBHSIHHAM, T4,
ciM iHTerpasbHHX KPHBHUX, SIKl 3aJOBOJIbHSIOTH NMOYATKOBI yMOBH
y(0) = -1, y(0) = 0, y(0) = 0,5, y(0) = 1, y(0) = 1,5, y(0) = 2,
y(0) = 3. Oast nporo norpibHo ckopuctaTes KoMangoio DEplot 3
nakera DEtools (KoMania onucana y 1oaatky 6 ma crop. 338):
> DEtools[DEplot] (D(y) (x)=x*(y(x)-1),y(x),x=-3..3,
[[y(0)=-11,[y(0)=01, [y(0)=0.5], [y(0)=1], [y(0)=1.5],
[y(0)=2],[y(0)=3]11,y=-2.5..3.5,scaling=constrained,
stepsize=0.1,linecolor=black);
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Pue. 1

[Hmmi OpHKJAIM 3aCTOCYBAHHS MaTeMATHIHOTO HakeTa Maple
Uit IHTerpyBaHHs 3BHUAHHUX AudepeHIiiagbiiX piBHSAHD IIepIIo-
ro nopsaky Moxsa 3maiitu B |9, 12, 18]. IIpononyeMo uuTayam
CaMOCTIMHO 3a monoMorow mnakera Maple sinrerpyBatu immi nu-
depenIiaabtl piBasiHus 3 po3iiay 1, siki ve BBiHIIM O UBOrO
JOOATKY.
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Pozain 2.
3BUYANHI JUPEPEHITIAJIHBHI
PIBHAHHSY BUIIINX [TOPAIKIB

Jleknis 10. JudepenuianbHi piBHAHHS
BUIINX MOPAIKiIB

Ilnau

1. OcuoBui noHATTd i O3HavYeHHd. 3aja4a Komri.

2. Kimacudikarist po3s’sa3KiB.

3. PiBHsIHHS, siKe MICTHTb TUIBKH HE3AJIEXKHY 3MIHHY 1 TIOXiAHY
MOPSIAKY M.

1. OcHoBHI nmoHATTA ¥ o3HadenHs. 3agadya Komi. Pos-
[JISIHEMO 3BuYaliHe qudpepeHniabHe PIBHIHHS 11-r0 NOPAAKY

F(m,1,y',...,y(")) = 0. (10.1)

ko piBusiaast (10.1) MOXKHA PO3B’SI3aTH BIOCHO CTAPINON
MOX1THOT, TO MOrQ 3alACYyBATUMEMO Y BHIISI)

y(”) =f (;1:,1 T ,y(""l)). (10.2)

Dynkuio y = y(x), sika BU3HaYena i nenepepplo audepesy-
fioBHa n pasiB Ha iHTepBasi (a,b), HaszuBalOT, PO36°A3IKOM pPib-
usHEs (10.2) Ha UBOMY iHTepBAJH, sIKIO BoHA JuIst BCiX = € (a,b)
MEePETBOPIOE 1€ PIBHAHHS Y TOTOXKHICTE.

Hast piBusinast (10.2) 3adawa Kowsi dpopmynoerhes Tak:
cepel, ycix poO3B’A3KIB [LOIO PIBHSIHHS BHANTH TAKHHA PO3B’SI30K
y = y(z), AKAl 3a0BOJIBLHSIE YMOBH

- -1
y(zo) = vo, (ko) = ---» u" V) =Y, (10.3)
€ To, Yo, Yor - - y(()"_') 3aJAHL 9HCAA. KD NA3HBAIOTL NOYA-

mrosumu darnumu po3e’sa3xky y = y(r). lucio ry HaszuBaoThL
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HOYATKOBUM 3HAYCHHAM HE3aJICXKHOI 3MIHHOI T, CYKYIHICTH 4H-
-1 .

celt Zo, Yo, Yo - - - » y(()" ) nowamKo8uUMY JaHUMY PIBHAHHA

(10.2), a ymosu (10.3) — nowamxosumu ymosamu.

3okpeMa, IJIs PIBHAHHSA APYTOTO IOPSIIAKY

v = f(=z,4,9) (10.4)

3anada Komi nonsrae y 3Haxo/keHHI po3B’si3ky y = y(x), sKuit
34/10BOJIbHAE IIOYATKOBI yMOBU

y(zo) = yo, ¥ (o) = yp- (10.5)

3 reomerpuuHoi Touku 3zopy 3anada Komi (10.4), (10.5) mo-
JIATaE y 3HAXOMKEHHI TaKol iHTerpasbHOl KPHBOL, SIKa IMPOXOOUTD
yepe3 TouKy (Zo,Yyo) I Mae y il Tod4Ii 33/ aHNi HANPAM IOTHYHOI
g, TO6TO tg = Yp

3ayBarKHMO, 10 €IUHICTH PO3B’I3Ky 3ada4i Komri piist piBHAH-
Hs1 n-ro nopaaxky (10.2) He o3madae, WO Yepe3 TOUKY (Zg, Yo) IPO-
XOAWTh TUIbKM OJHA IHTerpajibHa KpuBa, sIK Ie Oyno aas piBHAH-
HsI IEPIIOro HOPAAKY, PO3B’A3aHOTO BIIHOCHO NOXiAHOI (Jiekiis 2).
Hanpuxknaz, equnicts poss’ssky 3aaadi Komi (10.4), (10.5) o3Ha-
"ae, o Yepe3 KOXKHY TOUKY (g, Yo) IPOXOAUTD €A1HA IHTErPaJibHA
kpuBa piBHsaBHA (10.4), HoTHuYHA JO SIKOI y Hiil TO4Li YTBOPIOE 3
nomaTHEM HampsiMoM oci O KyT ap, sl IKOro tg ag = Y. Bommo-
yac, KpiM Ii€l IHTerpaibHOl KpUBOI uepe3 Touky (g, Yo) MOXKYTbH
[pOXOAMTA i IHIN iHTerpaibHl KPUBI, ajle 3 IHIIMM HaXUJIOM JO-
THYHOI Yy Ii# TOYIY.

Ilpuxnaz 1. 3uatimu pose’asox sadawi Kows y" +y = 0,
y(0) =1, y'(0) =0.

Po3sé’sasanna. MoxHA JOBECTH, 1110 BCl PO3B’A3KA PIBHAHHA Mi-
cTaATbea B hopMmyuti

y=Cicosx + Cysinx,
ne C, i Cy — noBinbHi crai. 3siacu ' = —Cj sinz + Cy cos . Bu-
y

6epemo C) i Cs, m06 3300BobHUTH 1104ATKOBI yMoBH. O4eBUAHO,
mo C; = 1, C = 0. Orxke, IYKAHUM PO3B’A3KOM € Yy = COSZ.
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leit poss’st3ok emunmit. Oxuak 4depes Touky (0,1), okpiM KpuBOI
Y = COS I, IPOXOIUTD Ge3itiy iHmuX iHTerpaJbHUX KPUBUX, IKi MO-
)Ha onucatu dopmyioro y = cosz + Cysinz, ne Cy — noBlIbHA
cTasa, BiIMiHHa BiJ Hyss, ajle »KOAHA 3 JOTHUYHHX 0 HUX y TOUi
(0,1) e 36iracTbCst 3 JOTUYHOIO JO KPHUBOI ¢ = €OS T y Lift Toumi. M

PozryisitHeMO nnTaHHS PO MeXaHivHe TPAKTyBaHHS IUdepeH-
[IaJIbHOTO PIBHAHHS JIPYIOro MOpsiAKy, Horo po3B’s3kiB Ta 3a1adi
Komi. Hexaif MaTepianbHa TOYKa MacH m PyXa€ThCd IO TIPSIMiif,
sIKy npuiiMemo 3a Bice Oz, mig giero cunu F (t,m, ‘fi—f), 3aJI€5KHOL
Bij 4acy f, [IOJIOXKEHHsI X i IBUIKOCTI ‘fi—f y MOMEHT 4acy t. 3rigno

3 apyruM 3akoHOM HeioToHA

d%z dr
mm = F(t,.’l?, E[),

2
e ‘fi—tf— — IDPUCKOPEHHS TOYKK B MOMEHT vacy t, abo

d*zx dx

ne f=F/m.

Koxnomy poss’sisky « = z(t) pisusnas (10.6) Bianosinae nes-
HHA 3GKOH PYTY, ToMy 1acTo po3s’sizok ¢ = z(t) Ha3UBAKTDL
pyxTom, sxuil Busnadenuii pirusauam (10.6). 3apaga inrerpysar-
Ha pieasuds (10.6) nonarae y 3Haxoiskenui Beix pyxis, BU3HAMC-
HHUX OMM PIBHAHHSM, Ta y BUBUEHHI 1X BJaCTHBOCTEH.

3 mexaniyHol ToukM 30py sasaqa Komi nast pisasiaust (10.6)
HOJSATAE Y 3HAXOAXKeHHT Takoro pyxy « = x(t), sSIKMil 3870BOJIbLIIE
MOYATKOBI yMOBH

r{ty) = xy, .'I,"(f,()) = IL'/O,

TOOTO B MOTATKOBHI MOMenT “acy ¢ = tg TOYKA NOBHHHA 3afMATH
3aJiaHe MOJIOKCHHS! I | MATH 3aJaHy NIBH/IKICTb T

JocraTas yMoBa icHyBalins po3s’sisky sagati Konri as mnde-
PEHINAILHOTO PIBHSIHUS HEPUIOIO HOPsLIKY NMONIUPIOETHCsE 1 HA BU-
NMAJIOK PIBHSIHHS 11-1'0 HOPsLIKY: d4d icHysanni (Henepepenozo pa-
30M 3 noTidmu Jo nopadky N exa0UI0) pose’asky 3adawt Kous



126 Posnin 2. JIMGEPEHLIAJIBHI PIBHAHHSA BULIUX MOPSIKIB

(10.2), (10.3) docums npunycmumu, wob npase 4YaCMuHa PIEHAHHA
(10.2) 6y.aa wenepepenoto 6 okoAi nouamrosux danur (Mmeopema
Ieano).

Bianosims Ha nwWTaHHs MPO iCHYBAHHSA €/IMHOIO PO3B'A3KY 3a-
nagi Komi (10.2), (10.3) nae raxa teopema [7, c. 93 — 99].

Teopema (Kowri). Sxwo gyneyin f(z,y,y,. .. ,y("_l)) 3
pienanna (10.2) y deaxomy oxoai mowku (:vo, Yo, Yos - - - » y(()"_l))
HENEPEPSHA 30 6CIMA APEZYMEHMAMY | MAE 0OMEINCEHT YACTUHHI
noxiowi sa aminnumu y, i, ..., y™*D, mo icnye edunuil pose’s-
30% sadavi Kowi (10.2), (10.3), axut susnaverutl i nenepepsnull
Pa3om 3 NOTIOHUMU 00 NOPAOKY T EKAIOUHO HA OEAKOMY 610PI3K,

lw—ﬂjoléh. .

2. Knacudikauis poss’sizkie. 3az2aabHum po3s’a3xom
piBustaas (10.2) HasuBaOTHL ciM’I0 PO3B’SI3KIB LBOTO PiBHAHHSA, 3a-
JIEXKHY BIZ 1 JOBIIBHUX CTAJIAX:

y= (10(-75701»C2>---,Cn)-

3 reoMeTpUYHOI TOYKM 30pYy Ha IUioLMHI (Z,y) Maemo ciM’Io
iHTerpabHUX KPUBUX, 3asexkHy Big n napamerpis Cq,Cy, ..., Cy,
OpPUYOMY PIBHHHHA I(i€i ciM’T pO3B’si3aHe BIJHOCHO .

Baranpumit poss’si3ok piBHsiHHA (10.2) y HesiBHOMY BHIIA-
ai ®(x,y,C1,...,C,) = 0 HA3HBAIOTH 3A2AABHUM THINEZDANOM
ObOrO PiBHAHHS..

V meskux BuNIajxax, iHTerpyloun piBasnus (10.1), myxawoTb
ciM'I0 IHTErpaJIbHUX KPHBHX, KA 3aN€XUTh BiJ 1 OBIJIBHUX CTa-
mx Cq, Co, ..., Cn, y NApAMETPUUHOMY BHIJISI

{I - ‘,O(P, Cl-.CQa .o an)7
y - 'l'.b(p‘. ClsC27 AR ’C’n)'

Taky ciM’10 iHTErpajibHUX KPUBUX HA3UBAIOTb 3G2AAbHUM PO3-
8’a3xom Yy napamempuniti Gopmi.

[TouaTTs YacTUHHUX Ta 0COBAMBUX PO3B’S3KIB Jid qudepeHili-
AJILHUX PIBHSHDB BUHINX NOPA/IKIB BBOAATLCH aHAJIOTIYHO, 5K i 4751
PiBHAHHA NEPIIOrO HOPSIKY.
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Poap’az0k y = y(z) piBaanug (10.2) HA3UBAIOTE YACTNUHHUM,
SIKINO y KOXKHiif #oro Touni s6epiraerbes AMHICTD po3B 3Ky 3a/1a-
gi Ko, T06T0 uepes KoxHy TOUKY (Zg, y(Zo)) IHTErpanbHol Kpu-
BOI y = y(Z) He mPOXOAUTH iHIIMHA PO3B’sI30K Y = y1(z), AKuil 6u
38/I0BOJIbHSIB [I09ATKOBI yMOBH

y1(20) = y(x0), ¥4 (20) = ¥'(z0), -, ¥ (z0) = D (a0).

Koxnuuit po3s’sizok, kUil MO>KHA ofepKaTd 3 hOPMYJIH 3araibHo-
ro PO3B’A3KY /ISl NEBHUX JONMYCTUMHUX YHCJIOBUX 3HAYEHDb CTAJIUX
C1,Cy,...,Ch, Byae, O4€BUIHO, YACTHHHUM.

Po3B’si30k, y KOXKHIf TOYLi $IKOTO HOPYIIYETHCS €AUHICTH
po3B’sizky 3asadi Komri, HasuBatorh ocobaueum. Taxuil poss’si-
30K HE MOXKHA OofiepKaTe 3 (HhopMy/n 3arajibHOTO pO3B’SA3KY JJIsT
komHuX 3HadeHn cranux Cp,Co, ..., Cy.

BayBaxkumo, o audepeHiaibue PIBHIHHS N-1'0 TIOPSIJIKY MO-
K€ MaTH CIM'I0 OCOOJIMBHX PO3B’S3KIB, 3aJI€2KHY Bij JOBIILHUX
cTanux, KinbKicTh sikux Moxe 0ytu n — 1. Ilpoimocrpyemo ne Ha
MPUKJIaI].

IMpuknag 2. Jinmezpysamu pienanna y" = 2,/y’.
Po3ze’sazanna. 3pobumo 3aminy y' = z, ne z = z(x) — uona ny-
kana ¢dpynkuist. Toni

dz
=2 = / —— = [d
z vz NG r (z#0) =
Ve=z2+Cy = z=@+C)? = o=@+~
[HTCrpyIoUH, 3HAXOUMMO 3araJbHUN PO3B A30K

1 .
y=3(z+C1)*+Co
OcobsmpoMy pose’asky z = 0 piBHsiHHA 2/ = 2/Z Bl:uIoBi e
ciM’'st y = C 0cobJNBIX PO3B’A3KIB 3aJaHOTO PiBHAHHS.
Bidnosidv: y = (v + C)*/3+ Cy, y =C.
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3. PiBHsHH#, Ke MICTUTH TiJIBKM HE3aJIeXKHY 3MiHHY i
NOXiZHY MOPSAKY 1. ¥ IBOMY IYHKTI JIEKITiI, 8 TAKOXK Ha HACTY-
mHift JTeKnii BUBYATUMEMO JesKi KIach 3BUYaiiHuX audpepeHialb-
HHUX DiBHSHBb N-TO HOPSIKY, 3araJibHUl PO3B’SI30K (3arayibHuil iB-
TerpaJ) SKMX MOXKHA 3HAATH 3a JOIOMOTO KBaJPATyp. 3BeJleHHs
JI0 KBaJIPATYD BHKOHYEThLCSI ab0 3a JOIMOMOTOIO CIeljaJIbHUX NpH-
fioMiB, abo IIISXOM IONEPENHBOrO 3HMXKEHHS NOPSAKY PIBHAHHA
(Ko OTpHMaHe NpH MBOMY PiBHSHHSA iHTErpyeTbCs y KBAJAPATYy-
pax).

PosriisiHeMo crio9aTKy piBHSHHSI, SIKe MICTUTH TUILKH He3aJle-
JKHY 3MIHHY 1 HOXiAHY IOPSOKY 7, TOOTO PIBHSHHS BHITISIY

F(x,y(")> = 0. (10.7)

PosrnsigeMo gBa MOXKJIMBI BUIIAQJIKH.

Bunanox 1. Pisnanna (10.7) wmooicha poss’azamu 6idnocHo
y™ . Toai

1 y™ = f(z). (10.8)

Jna piBusinnsa (10.8) 3 venepepsrowo dbyHkuieo f(z) 3aBx)am Mo-
JKHA 3HAUTH 3arajbHUM pO3B’SI30K y KBaJApaTypax, MOCiZOBHO
SMEHINYIOYM TOpsIOK piBHsiHHA Ha ommuuiio. Copasai, iHTerpy-
F09d O0UABI YACTHHY IBOTO PIBHAHHS, MAEMO

y = /f(a:)d:v + C1.

AHAJIONIYHO OJepKYEMO

-3 = ///f(ar)d:rdxdz+%x2+02m+03,

q—// /f ydzdz ... dx (n€11)l " 4

n pasis

02 n-—2

b2 o y
RTEIN + Cn1z + Cn, (10.9)
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ne C1,Cs,...,Cy, — nosinbai crami. Popmyna (10.9) Busnavae 3a-
TaJIbHAN po3B’s30k pisHanHs (10.8).

HNpuxnan 3. 3inmezpyeamu pienanna y" = sin? z.

Po3e’azanns. Ilpapa yacTHHA pPIBHSHHS HeNepepBHA JJA BCIX
3Ha4eHb x. JBidi NoCAiNOBHO IHTErpyIlovH OOHABI YacTHHU PiBHA-
HHsI, OIEPAKYEMO

1 —-cos2x xr sin2z
[/ .2 _ — — _
Y —/sm :::d:z:—/———2 dx > 1 + Ch,

' T sin2z z?  cos2x
= _—— d = — M -
Yy /(2 1 +C'1> =+ + Cyx + Cy

InTerpyroun e oauH pa3, 3HAXOAUMO 3arajibiNil PO3B A30K:

3 :
r?  sin2x 9
y—ﬁ+ 16 + Ciz* + Cox + Cy,
ae Cy, Co, Cg — ,D,OBiJ'lei crani, Cy := Cy/2.
. . sin 2x 9
Bidnosidv: y = ﬁ + 16 + Ciz° + Cox + Cs.

Inrerpyroun mocmigosHo pisHstaast (10.8), Moxkna 3aMicTh He-
BU3HAYEHHX IHTerpajiiB BUKOPHCTOBYBATH BU3HAYCH] IHTErpain 3i
3MIHHOK) BEPXHBOIO MeXKelo, O6epyvn B SIKOCTI HHMAKHLOT Mexi JI0-
BiJIbHE YHMCIIO Tp 3 IHTEPBALY HENEPEPBHOCTI NPABOT IACTUHU I[LOIO
piBasinHs. Tozi saranbauit po3s’a30K piskanus (10.8) sanumernbes

y BUIJISII
y—// /f Ydrdx...dx +

:m:ro T
n pasus
Cy C
. ~1 2 _« .
+ T e 2440, 0t O,
(n—1)! (n —2)!

ae C'y,Cy,...,Cp ~ noBuibHi crami. [lepumit notanok v i dop-
MyJli MiCTHTL 7 KBaapatyp (iHrerpanis), aje ix Mo 3aMitnu
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ojHie0 KBaIparyporo 3rimHo 3 gopmyaocro Kowsi ([4, c. 164 -

165))
/I/Z.../If(:v)da:dx...dx: Gi—l)!]f(t)(x_t)nth

ZToxo x
N—— —’

n pa3sis

Tomy 3aranbHuii po3s’s30K piBustHHA (10.8) MOXeMo 3aIHCaTH y
BUDJISIII

T
1
V= Ty /f(t)(;c — )"t + C1z" ... + Cprz + Chy
zo

(10.10)
ae C1,Ca,...,Cp — noBinbHI (nepenosHaveHi) cTadi.

.2 .
= axud

Ipuxknang 4. 3natimu pose’asox pisnanna y"' = e
300080ADHAE HYADOBL NOYAMKOET YMOGU.
Posea’azanna. Ilpasa dacTuHa piBHsIHHS HelepepBHa JJIA BCIX
z € R. Buxopucrosyrouu dpopmyay (10.10), y siiit 6epemo zg = 0,

3HAXOAMMO 3araJIbHUH PO3B’SI30K 3aJAHOrO PIBHSHHSA:
T
1
y:i/f@—ﬁﬁ+af+@mM%
0

ne Cq, Cy, C3 — H0BiIbHI cTau.
3 roro, mo y(0) = y/(0) = y”(0) = 0, 3naxoaumo crani C| =
= (9 = C3 = 0, a TOMy HIyKAHUM PO3B’SI3KOM €

x

1
Yy = §/€t2(.’1f‘t)2dt. u

0

Bunanok 2. Pisuanna (10.7) He MOXMHCHA po36 Asamil uepes
eACMENTMAPHT GYHKUTT 810HOCHO vy ao eupas das y") ¢ nadmo
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ckaaonum. Takl pIBHAHHS MOXKHA PO3B’I3yBATH MEMOJOM 66e-
denns napamempa. IlpunycrumMo, nio y 1bOMy BUOAJIKY iCHYIOTH
Taki dyHKIl

z= o), y™ =4y(t), (10.11)

ne t — nestkmit mapamerp, mwo F(p(t),¥(t)) = 0.
Bupasumo y depe3 napamerp t. Ockinbku

dy™ V) = yMdz = () (t)dt,

TO

y D = /d;(t)(p’(t)dt + C1 = {8, Ch).
Hauni, BpaxoByioun, mo
dy? = Ve = (8, C1) (t) dt,

3HAX0AUMO

v = [t COF WL+ Co = 4a(t, €1, G,
MipKyloun aHaJ0riYHO, BPEIIT-PeINT 3MOKEMO 3HAHTH
Y= "pn(t,cl yCay e(’yn)-

OTxe, 3aranbHUM PO3B'A3KOM Y napamerpuasiil popMi piBHs-
aust (10.7) €

xr = W(t)7 y = 1/)7l(f* ("l -.(-/'27 - 1C'Il)'

BixzHaunmo, 1m0 0cobamBo Jierko suaiiru pyuxuil o(t) i ¥(t) 3
(10.11) y Tomy Bunajky, Koau pisusiiis (10.7) Moxkna po3s’sizaTu
BifiHOCHO Hezasex<HOl 3MINNOI, TOOTO sIKINY

x=(y").
Y upoMy BHIIAAKY 3aMicTb y(") MOMKHA I8351TH AOBUILHY HenepepBHY
dbyuxuiro P(t) i Toai x = (¥(1)). Bokpema, skmo P(t) = ¢, To
z = op(t), y™ =t



132 Posnin 2. JMGEPEHIIIAJIbHI PIBHAHHSA BUIIUX IIOPAIKIB

Mpukiazn 5. inmezpysamu pisnanns t/1+y"2 =y
Pose’aszanns. loknanemo y" = tgt. Tomi

_ tgt __ sint|cost|
- /1+tg2t  cost

opuUYoMy 3HaK noc Gepemo Toni, koim cost > 0, a 3HaK MiHyC —
konu cost < 0.
Bupasumo y 4epes napametp . Hexait cost > 0. Toni

= +sint,

dy' =y"dz = tgtd(sint) =sintdt = y' = —cost+Cy;
dy =y dr = (—cost + Cy)costdt =

Yy = —/cosztdt+01/c0stdt =

t sin2t

Yy=-—35—

5 1 + Cysint + Cs.

Orxe, akuwo cost > 0, T0 3araJbHEM PO3B’A3KOM (y mapame-
Tpu4Hill opmi) 3aaaHOrO PIBHAHHA €

t sin2t

z =sint, y=-5""4 + Cysint + Cs.

ABaJioriyHo MOXKHa, II0Ka3aTH, U0 aKimo cost < 0, To 3arajib-
HUM pO3B’SI3KOM €
t sin2t

T = —sint, y=-3-"4

— Cysint + Cs.

Bidnogidv: x = sint,y = —% - %ﬁ + C;sint + Cy, sikio
cost > 0;z = —sint, y = —%—5%2—"—(]1 sint+Cjy, sikmo cost < 0.

VY aumamini MaTepianbHOT TOUKM piBHsAHHS BUrIsy '/ = f(t),
ae t - 4ac, £ = z(t), 3yCTPIMAETLCS IPH BUBYEHH] IIPSIMOTIHIRHOIO
pPyXy, SIKIIO CUJa, IO JIi€ Ha TOMKY, 3AJIEe>KHUTb TIAbKHA BlJ 4acy.

Sanaua 1. 3natimu saxon pyry (t) mamepiaibroi mowky ma-
Cu M, AKG PYTAEMOCA N0 NPAMIT nid i€ cuil, Wo 3MIHIBEMBCA
3a gopmyacto F = ke Pt de p > 0, A0 NONAGIMKOGE NOAOHCEHHA
Ma WeUdKICMms PYry JopieHINNIL HIAI.
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Pose’azanns. 3rigao 3 aqpyrum 3axkoHoM Heroroma

_ k _
mz’ =ke ™ = gl'="eP
m

7

T06TO Maemo piBHsHHA Bursay ¢’ = f(t). dBiui nocaigoBHO iH-
TErPYIOYH, OJIEPIKYEMO:

k k
LE,:———C_pt-I—C] = 113=—26_pt+01t+02.
mp mp

Ockinbku 3a ymosoo 3amadi z(0) = 0, v(0) = 2/(0) =0, To

C] = ‘"lip, CQ = — _gm’; , & TOMY
k k k k
T=—e Py —t——— = g(t)=—: (P +pt-1)
mp? mp mp? (t) 1np2( P )

3ayBaykMMO, IO OCKLILKU , lil_:l e¢™Pt =0, To JyIst BCJIMKUX 3HA-
—400

4yeHb t 3HalJIEHUI pyX HAOIUIKAETHCA JI0 PIBHOMIPHOI'O pyXy

() = k . k
n = mp mp?’

Bidnosidw: z(t) = (e +pt—1).

mp?
Pexomendosana aimepamypa: |4, c. 148 - 168, |5, ¢. 136
151], |7, ¢. 91 - 108}, [13, c. 65 - 72], [16, ¢. 15 — 17, 50 - 53|.

[Muranus go aexkuii 10

L. flknit saraashuil Buram Mae audepeHiiaibue piBHsung n-1o 1no-
PAKY, posi’asane sijguocio erapmol noxipol? Hlo nasusators posssts-
KOM 1LLOT'O piBHAHNS Ha JeAKOMY iHTepBai?

2. fk dopmymoernes sagada Komi s gudepeniiannnoro pisst-
Hlist n-ro nopsiaky? flka gocraTHs ymMoBa ICHYBAHHSE POBE'SIIKY TAKOT
saa4i? Hasegaitn Teopemy Komri 1po icHyBanust Ta €MHICTL poiin’sizKy
sajad Ko,

3. slknit reomerpuannit 1 Mexanivnuit sMmict audepenuiainiioro pis-
HANIA APVIONO HOPSLAKY, HOro po3B’si3kiB Ta BLANOBLKX 3aja4 Komi?
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4. Mo HA3WBAIOTH 3aTAJLHUM DO3B’3KOM (3araJlbHUM IHTErPAJIOM)
JAN@EPEHIIAIBHOrO PIBHAHHS N-T0 HOPsaKy! fkuit po3s’sizox Ha3UBa-
I0Tb 4aCTHHHHUM, ocobauBuMm? Yu Moxe nudepeHiaibHe piBHIHHS N-T0
HOpsiAKY MaTh 6e371id 0cobIMBUX PO3B’A3KiB?

5. dxuit Buran Mae 3aranpuuii po3s’asok pibuamns ¥ = f(z) 3
HeNepepBHOI NpaBol vacTuHow?! Aka dopmyna no3Bossic neit po3s’s-
30K 3aIIHCATH Yepe3 OIHY KBaIpaTypy?

6. fx MoxkHa 3iHTErpyBATH PIBHSHHS, siKe MICTHTB JIMIE HE3AJC-
2KHy 3MIHHY Ta n-Ty HoxigHy mykaHo! ¢dyHknii, sKmo poss’s3aTn ioro
BigHOCHO moximHO! nrykanol dyHKIHI HEeMOXKIIBO?

Bapasu ao nexuii 10
1. SiurerpyiiTe piBHAHHSA:
1 .
a)y" =2% 6)y” =~-; B)y!"Y =sinz?
x
2. 3HaiimiTh YACTUHHHE PO3B’A30K piBHAHHA Yy’ = cosz, AKuil 3a310-

BosibHstE o4aTKOBI yMoBH y{(0) = —5, y'(0) = 1, ¥"(0) = 4.
3. 3iuTerpytiTe METOIOM BBEIEHHS TTapaMeTpa PIBHAHHA:

a) ey” _ y//2 =7, 6) T = Siny" + 23}"-
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Jleknisa 11. AudepennianbHi piBHIHHS BUIIUX
MOpAAKiB, fIKi JONMYyCKAIOTh 3HUXKEHHS IMOPSAKY

IInan

1. PiBHsAHRAs, dKe He MICTUTD IIyKaHol (pYHKII Ta KUJIBKOX IO-
CJILHOBHHUX IIOXiTHHX.

2. PiBuannusa, sike He MiCTHTh HE3aJI€XKHOI 3MIHHOIL.

3. PiBustnust, onnopiane BiqHOCHO mykaHo! dyHKIii Ta 1T roxi-
JIHHX.

4. PiBHSIHHS 3 TOYHUMM MHOXiJIHAMH.

1. PiBHAHHS, AKe He MIiCTUTh HIyKaHol (pyHKIIil Ta Kijb-
KOX nociigopuux noxiguux. Posrisinemo audepentiaiibae pis-
HSAHHS T-TO TOPSIAKY

F(;z:,y(’“),y("’“),...,'y(")) =0, (11.1)

ae 1 < k < n. Beejiemo noBy Hesigomy ¢pyHkiio z = 2(x) 3a dop-
MYJIOIO
y®) = 2. (11.2)

3 (11.1), (11.2) puniusae, mo GyiKils z € po3s’si3KOM PiBHAHHS
F(:I:, 22, ,z(n_k)) =0. (11.3)

3BuuaiiHO, He rapaHToBaHo, 1110 piBHsiHnst (11.3) MoxHa sinTerpy-
BaTH y CKiHYEHHOMY BHIVISLI, ajie Horo nopsiiok na k menmmwui
Bin mopsyiky pisusinig (11.1). TakuM avHOM, 32 JOIIOMOIOK 3a-
minm (11.2) Bianocs 3ausuTH HOpsyloK pisasidust (11.1) Ha k oau-
b, Skmo z = w(r,C,Cy, ..., Cy ) — 3araJbHuil po3B’sSI30K
abo ®(xz,2,Cy,Cy, ..., C i) =0 - 3aranbHuil iHTErpA PIBHSIHHH
(11.3), 10 aist suaxoaAcHis hyHkiil y onepxyemo Judepeniiain-
Hi pIBHAHH k-10 HOPsLIKY

abo
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aKi BuBYasuch Ha siekuii 10 (e okpeMi BUNIAOKH PIBHAHD BULJISLY
y™ = f(z) i ®(2,y™) = 0 Bignosizmo).

Mpuknag 1. 3inmezpysamu pienanna oy =y — xy”.
Pose’asanns. 3pobumo saminy ¢y’ = z. Tomi nna 3HaXOmKEHHS
dbyskuii z = 2(x) MaeMO pIBHSHHS 3 BIIOKPEMJIIOBAHMMU 3MiHHMU-
MH

zz' = z(1 - 7).

3inTerpyeMo ne piBHSIHHA:

d 1-

72 = zxd:v (z#0,z#0) = Injz|=hlz|-z+C1 =
z=Cize™® (Cy:= eC‘) = o' =Cize™”.

Onepkanu audpepenniaibee piBHsiHES BUmAny y” = f(x). Hpivi

IHTETpyIOYN YaCTUHAMU, 3HAXOAUMO
Y = Cl/xe“$dx +Cy=—Ci(ze ™ +e %) +C; =

y= ~Cl/xe”“‘daﬂ +Ce "+ Cux+C; =

y=Ci(z +2)e ™ + Cor + Cs.

Axmo z = 0, To ¥ = 0, To610 y = Ciz + Co. Koxna 3 mux
dbyHkuii (IpAMEX) € YACTHHHUM PO3B’SI3KOM 3aJIaHOTO PiBHSHHS.
Oyukiiist £ = () He € PO3B SA3KOM PIBHSHHS.

Bidnosidv: y = Ci(z +2)e " + Coz + Cs.

3amada 1. Touka macu m pyraemoves no npamil nid diew
CUNY, AKG 3MIHIOEMDBCA 36 dopmyaoto F1 = Asinwt. Beaoicarowu,
wo onip cepedosuwsa NPONOPUItHUL WEUdKocmi mowku, mobmo
Fy = —kv, susecmu 3axon pyry x(t) mouku, axwo it novamxo-
81 NOAOAHCEHHA M WEUIKICTLYL JOPIGHINOMY HYA.
Posa’azanns. 3a ymosowo sanati F = Fy + Fy. Srigo 3 gpyrum
3akoHOM HbloToHa

ma = Asinwt — kv,
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a ockibKE v = 7', a = z”, To omepxyemo audepeHniagbHe PiBHA-
HHe BArsy (11.1):

ma” + kx' = Asinwt.

[louaTkoBumu ymoBamu € x(0) = 0, 2/(0) = 0 (3a ymoBo
3373491 MOYATKOBI IMOJIOXKEHHSI Ta IIBHAKICTH TOYKH JOPIBHIOIOTH
HYJIIO) .

Beomumo HoBy dynkuiio ' = u (tomi z” = u’) i onepkyemo
JIiHi#iHe PIBHAHHSA NEPLIOro MOPAIKY

! k .
u + —u = —sinwt
m m
3 nouaTkoBoio ymoBow u(0) = 0. Po3B’130K upOro piBHSHHA MO-
skHa 3uaiiTH 3a popmyoio (4.6) 3 nexuii 4. [Tponoryemo unTayam
CaMOCTIMHO NEPEeKOHATHCS B TOMY, IO

C —mt + ~—Am k sinwt — w cos wt
u = e m — SInwt — Swi ).
! k2 + wim?2

m
— P —_ __Anw
3 ymosu u(0) = 0 snaxommo C) = {75, a ToMy
Am _k, k.
u=5—F 5 (we m + —sinwl —wcoswt ).
k* + w m m

Ockinbky v = ', To dynknist x(t) € po3s’si3KOM DIiBHSTHHS

) Am _ky ko
T = gy (we + —sinwt — wcoswt |,
k‘ +w*m m
IHTErpy1oun sike, 3HaXOAUMO
Am mw _ & k ) i
z(t) = 55— | ———¢ mt — — coswt — sinwt | + Ca.
k% + w'm k mw

Ockinbku z(0) = 0, T0

Cy — Am W | k . = A
2T R 02m? \ Uk mw 2T kw
Taxum yuHOM,
A Am me _ &, k )
:I,‘(t) = E — m (T( me ;’7:; coswl + blIl(JJt). [ |
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2. PiBusanH«, AKe He MIiCTHTDL He3aJieKHOI 3MiHHOI. Po3-
IASTHEMO PiBHSIHHSI

z?(y,yﬁy”,“.,y00> = 0. (11.4)

IMokaxxeMo, IO MOPANOK IBOIO PIBHIHHS MOXKHA 3HU3UTH HA
onuauo. Jis 1poro BBeIeMO HOBY (DYHKINIO 2z 33 HOPMYJIOK

Yy =z
BBAXKAIOYM Y HOBOIO HE3AJIEXKHOK 3MiHHOIO, T06TO 2z = 2(y). Bu-
pazimo moxizmi ¢, ¥, ..., y™ gepes dynxuio z Ta ii noxigi 3a
3MiHHOIO Y:

A e dy_
dr dx dy dz ’

dy” d (dz d (dz dy
no_ PR e T it 2 (M 2
L (dy Z) dy (dy z) dx (272 +2%)z,

Y = w(z, P ,z("*l))

Orxe, auist 3HaX0MKeHHs PYHKUIT 2 oJep>Kain JudepeHmiaib-
He piBHsHHA (n — 1)-ro mopsiaky

F(y,z, Zz,..., w(z,z',...,z("‘l)» = 0. (11.5)

Axmo BAACTHCS 3HANTH 3arajibHUil PO3B'sI30K piBHsiHHA (11.5):

z2=p(y,C1,Co,...,Ch_y),

TO 3araJibHui inrerpan piBusuust (11.4) 3Moxkemo 3maiiTh, 3iHTe-
IPyBaBI¥ PIBHSHHS 3 BIIOKPEMJIIOBAHUMU 3MIHHUMU

Y =0y, C1.Co...,Cpy),

a caMe:

dy
- =x+C,.
/‘P(?h Clv CQ: s ~(-'II,---1)

Jlexuist 11. Pipusnasa BUINUX TOPAZKIB, AKi AONYCKAOTH 3HHXKEHHA NOPAIKY 139

BayBaxKuMO, 10 IPUMMAOYX Y 38 HE3AJICXKHY 3MiHHY, MOXKHA,
BTpATUTH po3B’si3ku piBHaHHs (11.4) Bursay y = C. Besmocepe-
JHBOIO HiJCTAHOBKO y piBHsaHHs (11.4) jerko 3'sicyBaTu, 41 Mae
BOHO TaKi PO3B’SI3KH.

IMpukiag 2. 3inmezpysamu pienannus yy' = y'? — 3.

Poze’azarna. OCKiJIbKY PIBHSHHA sBHO HE MICTUTH T, TO 3pobu-
Mo zaminy y' = z(y). Tomi y" = 2’z i, nincraBnsioun B piBHSIHHI,
MaEMO:

d d
yz—zzzz—z3 = z(ya—?—~z+22)=0 =
Y

z=0 abo y%=z—22.
dy

3 nepumoro pieasHas BUmuBae, wio ¥ = 0, a omxke, y = C, a 3
Apyroro:

d
g‘zzz_f :>/ ? :/dgy (z—zzaéo,y#()) =

1
1-z =2 Y

<

Injz| -Inf1—z[=hly+C; = ——=Cy =
__Cwy
1+C1y
Ockinbku 2z = 1, TO
C d )
oG L by Cw
14+ Cyy dx 14+ Chy
1+C
Wy Gz (y£0) =

()
1 . )
/ <; + Cl)dy =Ciz+Ce = Inly|+Cy= Cu+Cy.

Axuo z — 22 = 0, To 2=0 abo z = 1. Bunayiok z = 0 Bxke
POBIIAHYTO, a AKIo z = 1, To ¢y =1, y = x + (', Vi ni upsimi €
OCOBJUBUMH DO3B’SI3KAMU.
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Bionogidv: nly| + C1(y —z)=C2, y=z2+C, y=C.

3. PiBusinns, oqHopigHe BiAHOCHO nIykaHol dbyHKLIT Ta
11 moximanx. dudepeHiiiansue piBHAHUA

F(a:,y,y',...,y(")) =0 (11.6)

HA3UBAIOTb 00HOPIOHUM BIIHOCHO MmyKaHol YHKIHI Ta 1T moxi-
JIHHX, SIKOI0 #0ro JiBa YacTuHa IJis JOBUIBHOTO ¢ # () cipaBmXKye
YMOBY

F(.’L‘, ty,ty, ... ,ty(")) =m. F(m, vy, .. ,y(")), (11.7)

Je 4Hcyio m — BEMip omHopigHocti yHkuil F. [Tokaxkemo, uio 3a
JOIOMOrO0 i ACTAHOBKH

/

P % = y=elx@dz (11.8)

Je z = z(z) — HOBa HeBijoMa QyHKUis, MOPAIOK piBHAHH:A (11.6)
MOXKHA 3HM3UTH Ha oquuupo. Cupasdi, ocKinbKu

v =yz, Y =yztyd =y +7),
y" =y (2" 4322+ 2, ..., W=y w(z, 2. z("’1)>,
TO, MiAcTaBJIAI0YH Ii Bupasu B (11.6), Mmaemo cnissignolenHs
F(a:,y,yz',y (247, w(z,z’, . .,z(”_l))) =0,
sike, Bpaxoyroun (11.7), Mo>keMO 3ammcaTH y BUIVISI
y™- F(x, 1,z,224+2,... ,z/;(z, Z,.. .,z(""l)» = 0.

[licns ckopouennst Ha y™ (y # 0) omepxyemo andepeniianbe
piBHsiHHSL (. — 1)-r0 nOpsiaKy:

F(a:, 1L,z,22+2,... ,w(z, 2., z("_l))> = (. (11.9)
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dxmo z = @(x,Cy,C2,...,Cp_1) — 3aranbHuil po3B’sI30K piBHS-
s (11.9), to, Gepyuu no ysarm (11.8), 3HaXOAMMO 3aranbHMiA
PO3B’A30K ofHOpiAHOrO piBnsinHs (11.6):

C1,C2,...Cn—1)dz
y=C, - e/ #@C1C Vds

ne Cy, Cs, ..., C, — NOBUIbHI cTa.

Inrerpyioun piBusiHus (11.6), Mmu nmpumyckany, wo y # 0. yn-
kst ¥y = 0 TexXK € po3B’sI3KOM I[LOTrO PiBHAHHS, aJjie 11 MOXKHa OTPH-
MaTH 3 GOPMYJIH 3arajibHOro po3e’s3ky npu C, = 0.

Ipuknan 3. Jinmezpysamu pienanns yy" —y? —30/zy* = 0.
Pose’sasannsn. JIerko nepekoHaTHCs, WO JIiBa YaCTHHA PiBHSTHHST
€ ogHOpiAHOK MyHKUiEKw (BUMIpY 2), a TOMY PiBHSIHHSI € OIHODI-
nunm. Hexait ¥ = yz. Tomi ¢ = (2' + 2%)y i, migcrasnsiouu y
PIBHSIHHS1, OJ€PXKYEMO:

v+ 2 =222+ 30vVTy? = 2 =30vz (y£0) =
/

2=20zv/T+C; = %:20:6\/5+Cl =
Inly| =8*V/z+Ciz+Cy = y= Cgegzzﬁ*'c".
QOyukiist y = 0 € YACTHHHUM PO3B’I3KOM.
Bidnosidv: y = Cyeb® VE+Ciz,

4. PiBusaHHA 3 TOYHAMHU NOXimHEMHU. Tak HA3MBAIOTHL Pib-
HSTHHST BUIVIALY
F(a:,y,y',...,y(")> =0, (11.10)

JIBa YACTHHA SIKOTO € TOUHOKO (IIOBHOIO) HOXIIHOI JedaKol (hyHKILT,
TOOTO

d

F(rygs g™ = E&-@(x,y,y’,---,y("”)) -

[Ipu tuboMy 0JIep>XKYEMO PIBHSAHHSA
Y P

CD(:I:,y,y',...,y("_l)):Cl, (11.11)
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ze Cy — nosinbHa cTana, To6To nopsiiok pisHsHH: (11.10) Bramocs
SHUSUTH HA OJWHULIO.

Pienicts (11.11) Ha3MBAIOTH NEPWIUM THMEZPALOM DIBHIHHS
(11.10).

Hpuknan 4. Sinmezpysamu pieHAHHA

Ty’ — y/

!
- = 0.
. yy

Pose’azanna. JliBy 4acTHHY pIiBHSHHS MOXKEMO 3aIIMCATH SIK

Y oLaY
(5-2) =

3BiZKHM 3HAXONUMO NEPIIN iHTerpas piBHAHHSA:

y 1

2y2 = (. (11.12)

Cuisiguoutenns (11.12) — ue piBHsiHHS 3 BIIOKPEMITIOBAHMMH
3MIHHUMH, TOMY

dy T dy z2
— — =_dr (C;:=2C = /——:_+C’
v+ Cy 2 (€ 1) y2 4+ C 4 z
[pu9IoMy iHTerpas 3ajiexuTh Bix cramoi C, ska Moxke HabyBaTH
3HAUYEHHs PI3HMX 3HAKIB.
Axmo Cp = 0, To onep:yeMo 0cobJINBI pO3B’A3KH

1 2 4
o = C = = — —————— C:=4C .
y a7 y=—7y¢ ( 2)
SAxio C; > 0, To
1 2
arctg Y :3':__;_02 =

VCi VG 4
-y:4C] tg(C|x2+Cg) C] = \/01/4,' Cz = Cg\/Cl).
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Axmo Cy < 0, To

Y ren 2
! In | ] :x—+C’2
2vicil jy+ViIGl| 4

2 y—Ci| _ o — ./ o
Cy ln!y+cl =z 4+ (s <Cl = |O1, Cy .—402).

=

Bidnoeidw: y = 4C, tg(C1a® + Cy), & In ‘y—“@- =22 + Cs,

y+C1
_ 4
Y= —z250

Axmo (11.10) He € piBHAHHAM 3 TOYHHUMH MHOXiZHHMH, TO Y
faraThOX BUIIAIKAX BAAECTHCHA 3HANTH TaKy (PYHKIIO

p=p (xyy’ . ,y("_l)),

mcnsi MHOXEHHST Ha $AKy JIiBAa 4YacTHHA UbOrO PiBHsIHHsT Oyne
TOUHOW moxiaHow. PYHKIUI (i HASMBAIOTL {HINEZPYCAABHUM
muoorcrurom pisasinast (11.10). ITorpibHo nam’siraT, 1o BUKO-
HYIOYH MHOXEHHsI Ha IHTEerpyBaIbHUI MHOXKHHK, MOXKHA OTPHMa-
TH 3aiiBi po3B’si3ku (po3B’si3KK piBHAHHSA 1 = (), a TAKOXK BTPa-
TUTH JIEAK] PO3B’s13KU (PO3B’A3KHM, B3JIOBXK sIKUX (yHKuist p nepe-
TBOPIOETHCSL Y HECKIHYEHHICTD).

Mu He po3rIAgATAMEMO TUTAHHA PO 3HAXO/KCUUs iHTerpy-
BAJILHOrO MHOXKHHMKA y 3arajibHoMy BHIaJKY (1€ Haa3BU4YAAHO
CKJIaJIHO ), & 0OMEXKMMOCST PO3IVISIAOM [TPHKIaLY.

Ipuknan 5. 3inmezpysamu pisranna yy' —y'* =y’
Pose’azarra. IHrerpyBaJbHAM MHOMKHHAKOM IBOI'O PIBHSIHHA €
dyukiis y~2. Cnpasai, moniiuBIIM OGHIBI YACTHHH PIBISHNS HA

2 .
y* (y # 0), onepxxyemo:

"2 ! ! 1 !
vy y__y_:() = (y——|—~> =0 =
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OrpuMay piBHAHHS 3 BiJIOKpeMJIEHUMHM 3MiHHEMH. fIKnio
C1 # 0, To MAEMO 3araJIbHUil pPO3B’A30K:

1
= Cpe"® 4 —.
Yy 2 Cs
Axmo C; = 0, To onepxkyeMo ocobausi po3s’siskn y = —x + C.

Kpim Toro, ocobiusuM poss’sskoM € ¢pyuxnisa y = 0.
Bidnosidv: y = Coelr® —Cl—l, y=-x+C, y=0.

3a IOMOMOroW IHTErpyBaJIbHOIO MHOXKHUKA JIETKO 31HTErpyBa-
TH PIBHAHHSA

¥ = f(y), (11.13)

siKe e okpemuM BunaaxoM (11.4). Cupasai, SKINO HOMHOXUTH 00u-
1Bl vactunn piBasags (11.13) va p = 2y, 1o

2y =2f(y)yy = a%(y’z)=d%<2 / f(y)dy) =

y*? = 2/f(y)dy+01-

Orxe, saranbumit po3s’ssok pisHanuas (11.13) moxemo 3anm-
caTH y BHIVIAI]

= :tiE-l—CQ.

dy
/\/2ff(y)dy +C

Pexomendosara aimepamypa: 2, c. 114 - 135], {4, ¢. 168 -
179), [5, c. 143 — 146, 151 - 161}, [7, c. 107 - 113], {17, ¢. 227 287].

ITuranna go sgexmif 11

1. 3a a01IOMOro AKOI 3aMiHM MOXKHA 3HUIUTU NMOPsAOK Audepern-
1iaJbHOrO PIBHSHHA N-TO MOPSJKY, IO HE MICTUTL MykKanol yukuii,
i piBMAHHS, OO0 HE MICTHTh MIYKAHOI (PYHKIIT Ta NOCALIOBHUX HEPIHHX
NoXiaHux? 3alumIiTh 3arajdbHAA BATIAL TAKHX PIBHAND.

2. fAkwuit 3aranbHuit BUrIAL Ma€ IudepCHIIANBLHC DIBHANNS 12-1'0 TO-
PAAKY. fiKe He MICTHTh HE3AJIeAHOI 3MIHHOT? 3a J0N0OMOTOI0 HKOT 3aMiln
MO HA, 3IU3UTH TOPAJOK NLOTO PIBHIHHAT
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3. fxy yMoBY Ma€ cnpaBAxKyBaTH JIiBa YacTHHA JU(EpPEHIiaIbHOro
piBusiaas F (:1:, TR T y(")) = 0, o6 BoHO Gy/I0 OJHOPIAHUM BiIHOCHO
mykasol dysknil Ta i1 noxigaux? fka 3aMiHa BHKOHYETBCA y TAKOMY
piBHsiHHI?

4. Ik MOXKHA 3HM3UTH NOPAJIOK DiBHSIHHSI F(z‘,y,y’, .. .,y(")) = 0,
AKITO HOro JiBa 4aCTUHA € TOYHOIO MOXiAHOI gesakol ¢pyrkmii? [Ilo nasu-
BarOTh HepuiuM iHTerpagom? Aky GyHKIIO HAZUBAIOTH IHTErPYBAJIBLHIM
MHOXKHHUKOM TAKOTO DIBHAHHSI?

Bnpaeu go gekuii 11

1. Buznaure Tun piBusiub Ta 3iHTErpyiite ix:
a) oy’ +ay” +y =0 6)y +y” =ays w) 4y = 1.

2. 3HaliTL PO3B 30K PIBHSAHD, SIKi 38/J0BOJILHSIOTH 33/iali ITOYaTKO-
Bi YMOBH, JOCTIMBIIM TONIEPEAHLO MUTAHHS I1PO iICHYBAIIHS T3 €IUHICTD
IIYKAHOIO PO3B sI3KY:

a) y" = (L+y?)*?, y(0)=1, y'(0)=0;
6) 4y’ +y"* = 4zy”, y(0)=0, ¢y'(0) = —1.
3. Bimmmykaitre pisuauns, ojuopigne siaqgocno mykanoi dbynkuii ta
11 moxiaumx, Ta sinrerpyire ioro:

a) 22yt -y +yy? =0; 6) ayy” +yy =y’ +yh
B) zyy” +xy? — Syy’ = 0.

4. BuaiiuiTe igrerpaasay Kpusy pisnsims yy” + 1y = 1, sika npoxo-
AuThb 9epes Touky (0, 1) i joTukaeTrbes y uiit rouni Ao npsamol y = 1 — .
O6rpyHTYyitTe €auBicTs TAKOT IHTErpaibiol KPUBOI.

5. 3inrrerpyiite piBHAHBA 3 TOYHUMM NOXiIHAME:

a)yy' +y° =1; 6)y" —ay =y+1.
6. Jdowsejits, mo pisusuua y” + p(x)y’ + q(z)y = f(x) Oyae pis-

HANHSM 3 ‘TOMNHMM NOXLiuMH, Tomi i Tinbky Tomi, kom ¢(c) = p'(x).
Binrerpyiite pisuauns y” + cosx -y’ —sinz -y = 0.
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Jlekuis 12. Jliuifiui oguopiaHi gudepeHniagabHi
PIBHSHHA TM-I0 NOPSAIKY

Ilnan

1. OcuoBHi 03HaYEHHS § TOHSTTS.

2. Bnactupocrti po3B’a3KiB JMiHIHHOrO OTHOPIIHOrO PiBHSAHHS.
3. Jlimifino samexxkui Ta JiHINHO He3aekHI YyHKII.

4. OcHOBHa TeopeMa.

5. ®opmyaa Ocrporpajcekoro — JIiysimns.

1. OcuoBHi o3Ha4YeHHA M moHgTrsa. Y 0ararbox NpPHUKJIa-
OHEX 33789aX PYHKIIT, 10 BUBYAIOTHCH, Ta IX MOXigHI HAOyBalOTh
HACTIIBKKM MAJIMX 3HAYEHb, 10 1X KBaapaTamu, KybaMu i BUIIHMH
CTETIeHAMH MOXKHa 3HexTyBaTHu. lle IO3BOJIsIE 3aMIiHUTH AOBIMBHI
3aJIEXKHOCT] MiXK BEJIMYMHAMM 3aJIXKHOCTSIME JiHIfiHUME (JMB. Ta-
KOX Jiek1iito 9, 1. 1). 3acTocoByioun onepaniio giHeapusanuii 10 1u-
depeniianbHUX piBHSIHD, IO ONMUCYIOTH MIEBHMI IPOLIEC YH SABHUIILE,
ONEPXKYIOTH mudpepeHIianbHi pIBHAHHS, B AKi myKaHa GYHKIIS Ta
1 noximui BXoAATh JiHiMHO. Taki piBHAHHA HA3UBAIOTH JIHIAHIMU.

Jdinitinum dudeperutasbHum PiBHAHHAM T-20 NOPAOKY
HA3UBAIOTH PIBHAHHS BUIVISLY

v 4+ p1@)y "D e (@)Y +pala)y = fl2). (12.1)

Axumo f(z) = 0 Ha inrepsadi (a,b), To piBHanus (12.1) Hazw-
BAIOTb AIHITIHUM 00HOPIdHUM. BOHO Mae BUIIs

v @y 4 P (@)Y +pal@ly =0, (12.2)

Axumo dyukuis f{x) TorokHO BigMiHHa Big Hyns Ha imTepBasi

(a,b), To piBusinas (12.1) HABUBAIOTH ATHIUHUM HEOOHOPIOHUM.
PosrnsiueMo nuTaHHs MpPO ICHYBaHHS PO3B'S3KY DPiBHSIHHS

(12.1). Po3p’sizaBiy HOro BiJHOCHO CTApIIOl MOXIIHOI, MAgMO:

Y™ = f(z) - pr@)y™ ) — = pa1 (@)Y —pala)y.  (12.3)

fxuto Gyuxuii p1(z), p2(z), ..., po(x) (Koegiuienmu piBHsHH:)
i f(z) nenepepsHi Ha mestkoMy iHTepBadi (a,b), To npaBa YacTuHa
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piBasiHHs (12.3) € HemepepBHOIO dyHKUjeo Ha iHTepBami (a,b) i
Ma€ HemepepBHi, a oTxke, I obMexkeHi Ha BiApisKy [ay, bi] C (a,b)
4aCTHHHI MOX1AHI 3a 3MIHHEMH ¥, ¥/, ..., y(”_l) (uumu € dbynxnii
—pn(z), =pn-1(z), ..., —p1(x) Bizmosinno). O1xe, 3 Teopemn Ko-
mi (mexnist 10) BummBae, mwo s GyIb-SIKUX II0Y4TKOBEX YMOB

y(zo) = 0, ¥'(@0) =% ..oy Y D(zo) =357,

ne xg € (a,b), piBusanna (12.1) mae eaunuil po3p’s3ok y = y(x).
Lle#t po3B’si30k n pasie gudepenuiiiopuuii Ha inTepsai (a, b). Oco-
6sMBAX po3B’s3KiB piBasHHs (12.1) He Mae.

7151 CKOPOY€eHHSs 3alMCIB HO3HAIUMO JIIBY YACTHHY PiBHSIIHS
(12.1) g9epes L{y|:

Liy)=y™ 4+ p1@)y™ D + .+ pai(@)y +pulz)y.  (12.4)

Takum uunoM, L{y| - ne pesyabrar BukoHaHHs Haj (DyBKUi€0 y
onepalliff, BKa3aHux y npasiit dactuni dpopmynn (12.4), a came:
BHAXOJPKEHHsT noXiauux GhYHKIN ¥ A0 HOPSAKY 72 BKJIKOYHO, MHO-

wennd ¥, v, ", ..., y™ Ha koediujenTH piBHSHHS i JJ0AABAHHST
oTpuMaHuX 100y TKiB. CyKYIHICTE IHX OMepaliii No3Ha9uMO Yepes

L:
dn m—1

L= ot m(@) e+ Pua(a) o+ pala)
i HazUBATHMEMO AIHITUHUM JudeperyiaibHUuM ONEPAINOPOM
n-20 NOpadKy.
Bigznatumo ocroBHI BjlacTHBOCTI ornieparopa L.
Baacrusicts 1. Cmaautl MHOHCHUK MOHCHA SBUNCCTIU. 30 3UAK
AHItiH020 dudepenyiaabrozo onepamopa, mobmo

L[Cy]=CL[y].
Baacrusicte 2. Jinitinudl dupepenyiosvnuts onepamop 6id

cymu Gynruitd Jopienioe cymi MnIiHuT JudeperuianvHur onepa-
mopis 6id dodankie, mobmo

Liy1 +y2] = L{y1] + L{yz].
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BukopucTtoByloun oneparop L, niniiiHe HeoqHOpPinHEe piBHSIHHA
(12.1) i nimifine omzopinue pisHsHHaA (12.2) MOXKHa 3anKCYBATH
Bignosizuo sk Ly| = f(z) i L[y] = 0.

OueBnHO, KOXKHE JiHiliHe onHOpinHe pisusHus (12.2) Mae Hy-
JiboBHH PO3B’A30K Y = (), AKuil HABUBAIOTH MPUEIAALHUM.

2. BaacTusocTi po3B’a3kiB JiHiilHOro ogJHOPIAHOrO piB-
HaHHg. [lisnime Oyne mokasaHo, 110 3HAHHS YACTHHHUX PO3B’SA3-
KiB JIHIHHOrO OTHOPIAHOTO pIBHAHHS CHOPOLILyE Oporec n0OyZoBU
3araJIbHOrO PO3B’A3KY, a IHOAI JI03BOJISIE ITOBHICTIO PO3B’SI3aTH 3a-
Jady IHTerpyBaHHs IILOr0 piBHsHHSA. 1le € MOXIIMBUM 3aBOSAKHU TO-
My, IO YACTUHHI PO3B’SI3KY JIHIHHOIO OJHOPIAHOTO piBHAHHS Ma-
I0Th HU3KY IIKaBHX BJIACTUBOCTEH, siki cHOPMYITIOEMO Y BUIVIAAL
TEopeM.

Teopema 1. Sxwo y; — wacmunnuli po3e’a30k Ainilino20 00Ho-
pidnozo pienanna (12.2), mo y = Cyi, de C — dosiavha cmaana,
MAKX0C € PO3E AZKOM Ub020 DIBHAHHA.

Hosedenns. Ockineku Ly | =0, a < z < b, T0 3riano 3 Bnactu-
BicTio 1 oneparopa L (m.1) L[Cy, ] = CL[{y1]) =0, a otxe, Cyy €
posB’si3koM piBHsiHH#A (12.2). »

Tak¥M 9HMHOM, 3HAIOYH OOUH YACTHHHHH PO3B'A30K DIBHAHHS
(12.2), moxkeMo 6e3 KBaAPATYp OBEPAKATH BiJpa3y ciM’i0 PO3B’aA3-
KiB [[bOrO PIBHAHHSA, 3aJIEXKHY BiJ ofHoro napamerpa (cramnoi C).

Teopema 2. Sxwo y1 & Yo — 080 “ACMUHHI PO36 ASKY AIHIU-
1020 00HOpIdH020 pienanta (12.2), mo ix cyma Y1 + Y2 maxosc €
PO3G AZKOM Ub020 PIBHAHHA.

ZHosedennn. Ockinbku L[y} = 0, L{yz2] = 0, 1o 3a Bnactusi-
ctio 2 oneparopa L maemo: L{y; +y2] = L{y1] + L{y2] =0. »

3 teopem 1, 2 BHIUINBAE TaKe TBEPAXKEHHS.

Teopema 3. Sxwo Y1, Y2, -- ., Yo — HACTMUHHL PO36 AKU Al-
HEtiHO20 00HOpIdHo20 pienanna (12.2), mo

y=Ciy1 +Coyz + ... + Coln,

de Cy, Co, ..., Cp - 006iabHI CMAAL, MAKONC € PO3G AIKOM U020
PILEHAHNA.
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Posrnanemo, nanpukial, piBusaas y” +y = 0. Bowo, sik jierko
[IEPEKOHATUCH, MA€ PO3B’SA3KH Y] = COS T, Y2 = Sinx, a TOMy 3Tri-
JIHO 3 TEOpeMolo 3 HOro po3B’sI3KOM € TaKoxk KOXKHa GyHKIA ciM’'T
y = Cicosz + Cysinz, ge C1, Cy ~ H0BLIBHI CTaJI.

IIpupoIHO BMHHUKAE MUTAHHS: SIKUMHU MMOBUHHI OyTH 1 HaCTHH-
HMX PO3B SI3KIiB Y1, Y2, --., Yn piBHsHHA (12.2), mob ix xiniitna
koMmbinanisg y = Cyyy + Coy2 + ... + Cr¥n, sIKa MicTUTE 1 JOBUIL-
HUX CTaJuX, Oyja 3arajbHUM PO3B’A3KOM Lporo piBHAHHA? [lns
BIAMOBIZI Ha Ie BasKJHMBE [IMTAHHS BBEJEMO [OHATTSA JiHIHHOI 3a-
JIEXKHOCTI (MiHiftHOT He3a/IeXKHOCT) byHKIil.

3. Jliniiino sanexui Ta niniiiHO He3anexxHi GyHKIHI.
Qynxuii y; = y1(x), y2 = ¥2(x), ..., Yn = Yn(r), BUSHAYEH] HA
inTepBani (a,b), HA3UBAIOTD AIHITUHO HE3AAEHCHUMU HA IHOMY
IHTepBai, SIKIIO CIiBBIAHONIEHHS

oy +oay2 + ..+ apy, =0, (12.5)

Ie o, Oia, . .., Oy — CTAJI, BUKOHYEThCs Juid Beix = € (a,b) Tinbkn
TOAl, KOMH BCl o) = @2 = ... = o = 0. Zkmo y ciiBBigHOIeHH)
(12.5) xoua 6 onna i3 CTATAX Q1, Q32, --., O BiAMiINNA B Hy”S,
10 GYHKLIT Y1, Y2, - - -, Yn HASUBAIOTH AIMITHO 3AAEHCHUMU HA
inrepsani (a, b).

PosrnistneMo npHKJIa .

1. ®yukuii yy = 1, y2 =, ..., Yo = "7 JHIAHO He3AJICHKH]
Ha iHTepBaJi (—oo,+oo). Copasui, pisuicth o1 + gz + ... +
+ apz™! = 0, B fAKill He BCi @ JOPIBHIOIOTHL HYMIO, HE MOXE BH-
KOHYBATHCL TOTOXHO, 60 € anredOpm4nuM piBusiHHaM (n — 1)-ro
cTeneHs, sike He MoXke MaTH Oinbiue m — | pi3sHUX KOpeHiB.

2. ®yukuji y; = COST, Y2 = SinT JAinilino Hezasexni Ha 6y/1h-
AKOMYy inTepBaJii, 60 CHIBBIJHOUIEHHs (x| cosT + agsinx = 0, ne
Q1 i ap OJHOYACHO HE AOPIBHIOIOTHL HYJIO, HE MOXE BUKOHYBATHCD

1

TOTOYKHO HA >KOJHOMY iHTepBaJIi.

3. ®ynkuji y; = sin®x, yo = cos® x, y3 = 3 niniiino 3aexHi Ha
inTeppani (—o0,+00), 60 3 - sin?z +3-cos? i+ (—1) -3 =0.

JInst BCTaHOBJIGHHS O3HAK JIHIAHOL 3aJ1¢KHOCTI Ta JIHIAHOT He-
3a/1eKHOCT] PYHKIH Y1, Y2, - - - » Yn POSIVISIHCMO BUSHAYHUK, CKJIA-
Jennii 3 uux yHKUi# Ta IX TOXIAHUX J0 nopstaky 7 — 1 BKJIOYHO:
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n Y2 Tt Yn
/ ! .. /
ww=| 1% (12:6)
-1 -1 -1
?An ) ygn ) ygn )
Busnaunvk (12.6) HasuBalOTh 6usnaunuxom Bpomncvrozo abo
eponckiarom GYHKIHR Y1, Y2, - .., Yn-

Teopema 4 (HeoOximHa ymoBa JIiHiHOI 3aJIe2KHOCTI N
dyskuiit). dxwo dynxuii y1, Yo, ..., Yn AHIGHO 30$AEHCHT HA
desaxomy twmepeani (a,b), mo iz eponcrian momosicro dopierroe
HYAN0 HA YBOMY IHMEPEAAL.

Jloeedenns. 3rigHo 3 yYMOBOO TeopeMmu Juid a < £ < b MaeMo

ay1 + @y + ...+ onyn =0, (12.7)

Jie He BCi 94uCIa @, O3, - - - , Op JOPiBHIOWOTH HyImo. Judepennioo-
4u cmieignomenns (12.7) n — 1 pasis, onepxyemo JiHIlHY OJHO-
pimHy cucTeMy BiIHOCHO Q, @2, ..., Qn!

ay1 + ooy + ...+ apyp =0,

oy +aoyh + ..+ any;, =0, (12.8)

(n—1) (n—1) (n—1) _
a1y + azys +...+opyn =0.

Ockinpku xo4a 6 oiHe 9HCIIO (v BiAMiHHE BiJ HyJIsl, TO CUCTEMA
(12.8) mae HeHyIbOBHIL po3B’A30K. OTxe, BUSHAYHUK IIi€] cuCTeMH,
AKHAR € BpoHCKiaHOM GVHKUIR Y1, Y2, ..., Yn, JOPIBHIOE HYNIO B
KOXHifl Touni inTepBany (a,b). »

3 TeopeMy 4 BUILTMBAE BaXK/IUBE TBepkeHHs: axuwo W(x) # 0
xoua 6 6 00wt mowyt inmepeaay (a,b), mo y1, ya, . .., Yn — AIHIGNRO
HE3AACHCHT HA UBOMY tHmepeani PyHKULL.

Harosnomyemo, 1o Toroxuicrs W (z) = 0 € Tibku HeobxizHoo
YMOBOIO JiHiMHOT 3aexknocTi dyHKUiR Y1, Y2, - .., Yn, TOOTO 3 TO-
ro, mo W(z) = 0, B3araji kaxky4H, He BUIAMBAE, WO Ui PyHKl
MiHiitHO 3asexkHi (nuB. BupaBy 7 10 Jekuii). Onsak, skuio dyHKii

Jlexuia 12. Jlinitiui onopiani madepeHuiaNbHi PIBHAHAA 1-TO MOPAAKY 151

Y1, Y2, - - -, Yn € YACTUHHUMH PO3B’SI3KAMH JIHIHHOTO OAHOPIAHOTO
pisasanBs (12.2), TO CHPAB/RKYETHCHA TAKE TBEPIKCHH.

Teopema 5 (HeobxigHa ymoBa JiHiiHOI He3aJIEXKHOCTI
n po3B’A3KiB JiHIHHOro OJHOPIHOro PiBHAHHA N-ro IO-
paAKy). SKwo po3e’asKu Y1, Y2, .-, Yn AHIEHO20 odnopidnozo
pienanna (12.2) ainitino nesanesicni na inmepsaai (a,b), mo ix
epoHcKian 6IOMINHUY 610 HYAR 6 YCIT TMOUKAT Yb020 IHMEPEAAY.
Josedenns. punycrumo, mo W (xg) = 0, ge o — Jesika TOUKa
inreppany (a,b). CkiajneMo cucTeMy piBHSHb BiIHOCHO HEBiZOMHX
017 CZ) (RN C‘n:
Chy1(xo) + Cay2(0) + - - . + Cryn(zo) = 0,
Ciy (x0) + Corh (o) + - - - + Cnyl(x) = 0,
191 (zo) 292(T0) 'nYn(Z0) (12.9)
_ -1 _
Cry{" Do) + Co" ™ (o) + ... + Catll"™ (o) = 0.

BusnaunnkoM cucremu (12.9) € W(xzg), a ockinbku 3a npumyue-
HHsiM W (zp) = 0, To 151 cucrema Mae Henynbopuii po3s’sizok. Ilo-

3HauMMO 1iefi poss’s30k depe3 C] = C’l, Co=0Ch, ..., Cr=0Cy i
CKJIaZIeMO JIHIHHY KOMOIHALio PO3B’A3KIB ¥y, ¥2, - - -, Yn!
y=Ciy +Coya+ ... + Cryn. (12.10)

3riguo 3 Teopemoio 3 ¢yHKils (12.10) € po3B’SIZKOM PiBHSHHS
(12.2), a 3 cucremn (12.9) BuUNIMBaE, U0 y TOYLI T = To PO3B’H-
30K (12.10) mepeTBOPIOETBLCSI B HyJib PA30M 3 yciMa NOXIIAHUMH JI0
nopaaky n — 1 BKIoWHO. AJie 1j caMi yMOBH 3aJIOBOJThHAE TAKOXK
TpuBianbHuil po3B’a30K ¥y = 0 piBusuns (12.2), a orxe, 3rigHo 3
Teopemoto Koiui (IIpo €MHICTh po3B’si3Ky) obuapa po3s’sizku 36i-
ratoThCsl, TOOTO

é]yl + C'Qyz + ...+ ényn = 07

OpUYOMY He BCl 1ucsa C; AopisHiolorh Hymo. e o3nagae, uo ¢yn-
Kl Y1, Y2, - - -, Yn JIHIAHO 3a01ekHi Ha inTepsadi (a,b), mwo cymne-
peanTh ymoBi Teopemu. OTxke, Hallle npuuyllendss xubue, a TOMy
W(zg) # 0, xo € (a,b). »
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3 TeopeM 4, 5 BUIUIMBAE O3HAKA JIiHIiTHOT HE3aJEXKHOCTI N da-
CTMHHEX pO3B’sI3KiB piBHsAHHSA (12.2): das mozo, wob n po3s’asxise
AHIIHO020 001OPIOH020 pienanna (12.2) 6yau AiHItHO He3aAEMHCHU-
Mu na mmepeaai (a,b), Heobxidno i docmammnvo, wob ix epon-
CKiaH He Nepemeoplosascst 6 HYyab Y 2codnili Movyl Yybo2o iHMep-
8any.

4. OcHoBHa TeopeMa. Byap-sIKy CyKymHiCTb 12 PO3B’sI3KiB JIi-
HiifHOro ofHOpiHOro piBHaHHs (12.2), BU3HA4YeHMX 1 JiHIMHO He-
3aJIeXKHUX Ha inTepsaii (a,b), Ha3uBaOTL HYHIAMEHIMAALHOIO
cucmemoro po3e’a3xie Nporo piBHAHHA Ha iHTepBani (a,b).

Hanpuknana, Gyukiii y; = coST, yo = Sin & yTBOPIOIOTH (byH-
JIAMEHTATLHY CHCTEMY pO3B’a3KiB piBHaHHA Yy’ + y = 0 Ha iHTEp-
BaJt (—00, +00), 60 BOHA € PO3B’'A3KAMH [IHOTO PIBHAHHS i AiHiftHO
HesasexxHi Ha (—00,+00). Ase ne piBHsHHA Mae i inmi dbynna-
MEHTAJIbHI CUCTEMM PO3B’A3KIB, HAIIPUKJIIA, KOXKHA Napa QyHKIiH
y1 = kcosz, yo = ksinz, je k — HoBinbHa cTaja, BigMiHHA Bif
HyJIs1, TaKOXK 6yne dbyHIaMEHTaIbHOK CUCTEMON PO3B’A3KiB.

MozkHa 10BECTH (IHB., HAIpUKIIaL, |7, ¢. 118 — 119]), mo xoxHe
JiHifHe omHopiaHe nudepeHIiaabhe piBHAHEA Mae DYy IAMEHTAIb-
Hy CHCTEeMY pO3B’SI3KiB, a IK BUJHO 3 HaBeJEeHOr0 IPUKJANY, TaKe
pIBHSHHSA MOxKe MaTh 6e3/1id PYHAAMEHTAILHUX CHCTEM PO3B’I3-
KiB.

Suanns ¢$HyHIAMEHTAIBLHOI CHCTEMH PO3B'A3KIB J8€ MOXKJIH-
BicTb nobynyBaTn poss’a30k piBHaHHA (12.2), akuil MiCTUTB 1 IO-
BUIBHMX CTAJIMX, IPUYOMY LEi po3B’s30K Gyie 3arajbHHM.

Teopema 6 (OcHoBHa Teopema). AKwo Y1, Y2, -+ Yn —
PyndamenmanvHa Cucmemas po3e a3xis Atnitino20 00HoOPIOH020 pis-
nanna (12.2), mo 3azanvhull po3e’A30k Ybo2o PIEHAHHA 6USHANA-
EMbCA HOPMYA0I0

y:C1y1+ng2+...+Cnyn, (12.11)
ae Cy, Cs, ..., Cp - dogiavni wucaq.
Loesedenna. Tloxaxemo, mo crani Cp,Co,...,Cy 3aBXKIAU MOXKHA,

subparn Tak, o6 dopmyna (12.11) Bu3Hadana po3B’s30K piBHAH-
g (12.2), sxuit 3a00B0JbHsIE Oy/ib-siKi HAllepe/ 3a1aH] OYaTKOBI
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YMOBH:
1

y(zo) = yo, ¥'(%0) =Y -- Ly 1)(330) (” ), (12.12)

Jns pussavenss Cy, Cy, ..., Cy 0fiepXKyeMo HEONHOPIIHY CH-

cTeMy JIHIHHX ajreOpuYHAX PIBHSAHD

Cry1(z0) + Cay2(x0) + - - - + Cryn(zo) = Yo,
C1y;(zo) + Czyé(wo) + -+ Cryp(x0) = g,

Cly(n 1)(330) + Czy )(zo) Fot O 1)(1; )= (n_l)
(12.13)
BU3HAYHHKOM siKoi s1koi € W (zg). 3riguo 3 Teopemoto 5 W(xo) # 0,
a omke, cucrema (12.13) Mae enuHuil po3B’S30K C:’l, C’g, er, Gy
®yuknis (12.11) € po3s’si3koM piBusiaas (12.2) 3rizHo 3 TEopeMolo
3. Bupaz (12.11), B sxomy C; = i, 1 = 1,2,...,n, oueBuIHO,
33,/10BOJIbHSIE N0YATKOBI ymoBH (12.12). »

[Moeeprimoce 10 piBHsiHHS y” +y = 0. Pasniwe 6yno nokasaHo,
mo QyHKIUT ¥y = COSE, Y2 = Sinx YTBOPIIOTh (PYyHAAMEHTAIb-
Hy CHCTeMY PO3B’$I3KiB Ha iHTepBasi (—00,+00), a TOMY 3riJHO 3
teopemoto 6 y = Ci cos ¢ + Ca sin z € 3araJIbHIM PO3B’A3KOM Hape-
JIEHOTO PiBHAHHA.

5. dopmyna Ocrporpaacebkoro — Jliyeinusa. Hexait mae-
MO 7 JIHIAHO HE34JeKHHUX TaCTUHHUX PO3B SBKIB Y1, ¥2, --., YUn
ninifiHOrO OnHopianoro piBusinns (12.2). Toxl e piBHSIHHS MOXKHA
3alUCATH Y BUIVISLI

v U2 T Un Yy
Yi ¥y o Y Y
T (.,;_.1) =0 (12:14)
Yy Ys Y Y
g™y

60 piBHsnHs (12.14) Mae Ti caMi JHHIAHO He3a/leXKHI PO3B’A3KH, IO
i (12.2). Cnpasai, sikuo nincrasuru B (12.14) 3amicts y oany 3
dysKUIN Y1, Y2, ..., Yn, TO ONEPKUMO BUHAYHMK, SIKMH MA€E JBa
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OIHAKOBl CTOBMII i TOMYy TOTOXKHO PiBHWMH Hy/I0. 3BiICH BHILIH-
Bag, 10 3arajbHi po3s’s3ku pisHsHb (12.2) i (12.14) ommaxosi, a
caMi pIBHSHHS BiIpI3HSIIOTHLCS JIMIIE MHOXHHKOM. Pozkianmaroun
BusHauHEK 3 (12.14) 32 ejemMeHTaMH OCTAHHBLOTO CTOBIIIH, 3aIld-
memo piBusHHS (12.14) y Buraai

Ao(@)y™ — A (@)y ™ + Ag(z)y P — ..
o (FDFAL @Y™ 4 ()M An(x)y =0, (12.15)

ne A;(z) — BU3HAYHMK, YTBOPEHHN BHKPECTIOBAHHAM OCTAHHLOTO
croemus i (n + 1 — i)-ro paaxa y BusHausuky 3 (12.14).

Ockinbku piBusiaag (12.15) 36iractbes 3 piBHstHEAM (12.2), TO
npupiBHIOOYK KoedilieHTH 6ins 0 HAKOBHX MOXiJHHUX i BPAXOBY-
toun, wo Ag(z) = W(z), onepxyemo

pe) =~ me) = P el = 1
(12.16)

3audepennioemo Tenep BpoHckian (12.6), BHKOpHCTOBYIOYH
Take MPAaBWIO AudpepeHIIOBaHHs: MOXiAHA Bij, BUSHAYHUKA N-TO
NOPSIIKY JOPIBHIOE CyMi 7@ BU3HAYHUKIB, SIKi OHEPKYEMO 3 HBO-
ro TO4YeproBOIO0 3aMiHOIO ejIeMeHTIB Iepnioro, ApPyroro, ..., n-ro
psaika X HoxigHuMu. Yci 1l BUBHAYHUKH, KPIM OCTAHHLOI'O, IOPiB-
HIOIOTb HY/IO (BOHH MAlOTh [Ba OJHAKOBI PSIKH), & TOMY

n Y2 T Yn

| g% o th

w' _ ... - ... ee
(.”E) yin—?) ygn—2) . y1(1,n—2)

ygn) yg") . ysl")

Jlerxo 6auuru, mo W'(z) = Aj(z), a sKIIO BpaxyBaTH nepiiy
dopmyay 3 (12.16), To

Wi'(z) _
W(z) = —pi(x),
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3BiJKH, IHTErPyIOUH, 3HAXOAMMO

- fpl(w)dw

W(z) =W(xp) - e 0 ) (12.17)

Jie T = Ty — JOBUIbHA TOUKa 3 iHTepBaly (a,b). Popmyny (12.17)
HA3UBAIOTL Popmyaorw Ocmpoezpadcvrozo — Jliyeisasa. Boua
JIO3BOJISIE 3HAHTH BPOHCKiaH (hyHIaMEHTANBHOI CHCTEMHU DPO3B’si3-
KiB piBHsHHs (12.2), He MaOYM CaMOl CHCTEMH.

3 dopmysnn Ocrporpaacbkoro — JIyBiuis BHMIMBAIOTE Taki
84ACTNMUBOCMNI 8POHCKIAHA PO3BS3KIB JIHIMHONO OZHOPIAHOTO
PIBHSIHHSL:

1. Axwo sponckian n po3s’askie Yi, Yo, - - - , Yn PleHanna (12.2)
dopisHroe Hyaro 8 deaxiti mowyi To € (a,b), mo ein dopienioe nymo
8 YCIT MOYKAT Yb020 THMEPSARY.

2. dxwo eponckian n po3e’askie pienanna (12.2) eidminnuil
610 Hyan xo4 6 00nitd mowuyi o € (a,b), mo 6in Gidminnul 6i0
HYAA 8 YCIT MOYKAT UDO20 THMEPEANY.

®opmyny (12.14) MOKHA BHKOPUCTOBYBATH JUIst NOOYI0BH 1H-~
depeHIianbHOro piBHSHHS, SIKILO BiIOMOIO € HOTO (pyHIaMEHTAIb-
HA CHCTEMa PO3B’3KiB.

Hpuxnag 1. Io6ydyeamu dudeperyianbre PLeHAHMNA, AKE MAEC
Pyndamenmanviy cucmemy po3e’asxie y(x) = x2, yo(x) = = — 1.
Posea’szanns. Cxopucraemoch dopmynoro (12.14):

2

¢ z—-1 vy
2r 1 ¢ =0
2 0 v

PosknageMo BU3HAYHHK 32 €1€MEHTAMU TPEThOI'0 CTOBIILA:
2?2 -1

2 0

2¢ 1
2 0

2 zr—1
2x 1

y -y +9" =0 =

(2 = 22)y" +2(1 —2)y' + 2y =0. W

Pexomendosara aimepamypa: [4, c. 363 - 389], |5, ¢. 174
197}, |7, ¢. 113 - 121], [16, c. 91 — 102].
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Iutanasa mo gekiii 12

1. dxwuit Burnsy mae JiHilHe gudepeHIiaibHe PIBHAHHA N-TO II0-
paaky? YuM giniitHe omHOpi/HE PIBHAHHS BlAPI3HSETHCA Bij JHHIHHOrO
HEOAHOPiAHOro?

2. 1o HasuBaOTH JiHIHUM TudepeHIiaTbHIM ONMepPaTOPOM N-T'O TOo-
paaKy 1 sKi Horo ocHOBHI BjacTHBOCTI? SIK MOXXHa 3ammcaTy JTHIHHI
OIHOpiHe i HeomHOpigHe DIBHAHHS 3 BUKOPHCTAHHAM JiHifiHOTO jude-
PeHIjaNIbHOro omeparopa’

3. Yu € niniiina komGinamis 31 cragumu KoedillieHTAMH JaCTHHHUX
PO3B’A3KIB JIHIRHOTO OAHODIAHOrO PIBHSIHHS PO3B’I3KOM LBOTO 2K DiBHSI-
HHs?

4. fxi dbynkuil HA3HBAIOTD JIIHIHO He3aJIE2KHUMH Ta JiHINHO 3ane-
>KHUMH Ha, inTepBai? Haseaits npuknann takux dyHKuii.

5. Illo rasmBaTh BpOHCKiaHOM GYHKINHN Y1, Y2, - -+, Yn?
6. ddx dopmysroerbest HeoOxinna yMmoBa JiHilHOT 3anexnocTi dyH-
KIi# y1, Y2, ---, Yn! SIK popMymioeThCS HEOOXiAHa i AOCTATHA yMOBa

JIHIAHOI HE3AJIEXKHOCTI 7 YACTMHHAX PO3B’s3KiB JiHiNHOTO omHOpIAHOTO
piBHAHHAT

7. Ilo Take pyHIaMEHTAIbHA CUCTEMA PO3B’A3KIB JiHIMHOrO 0THODI-
JIHOTO piBHsIHHS? K noOYAyBATH 3araIbHUM PO3B SI30K JIHIHOIO OIHO-
piaHOro piBHAHHSA, 3HAIOYM HOro (DyHIAMEHTAILHY CHCTEMY PO3B’S3KiB?

8. Skuit Burnan mae popmyna Ocrporpagcekoro — Jiysimisn? Hase-
JiTh BIACTUBOCTI BpOHCKiaHa pO3B’A3KIB JiHIHOrO OJHOPIIHOIO PIBHA-
HHs, 9Ki BUILTHBAIOTH 3 i€l dbopmysm.

Bapasu go gexkuii 12

1. Buaitnits L[e*], L[e?*], L[2?], axmo L - minifinuit xudepeni-
2
anbHUI omepaTop, 3ananuil popmymow L = EdE’ - 5% +6.

2. 3'sacyiiTe, pO3B’I3KOM AKOTO piBHAHEA € DYHKIiA § = 12

(,ZE.

a‘) y/// _ 2y// — xe.’ﬂ; 6) y’// _ 3y// + 3y/ _ y — 0’
B) ¥’ — 3y + 2y = z2e”.

3. 3HaiiaiTs BpoHCKiaH QYyHKUi#:
a) y1 = €%, yp = 5e%; 6) y; = cos’z, yp = cos2x, y3 = 1.

Yu MoKHA, 3HAI0YM BPOHCKiaH (hyHKIUIH, 3pobuTH BICHOBOK NPO 1X JIi-
HiliHY 3aJEXKHICTD 4y JIiHIAHY He3aJIeKHICTh?
4. HocaiaiTe Ha NiHiAHY 3ayieXKHiCTh DYyHKIII:
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a)y; =e¥ yo=12% 6)y1=3x+7 y2 =9z +21;
B) = 21, Y2 = 31’ Yz = 4%,

5. Hosenirn, mo sakmo cepexn byHKUIHR Y1, Y2, - ., Yo XO4 OJHA TO-
TOXHO JOPIBHIOE HYJIIO, TO BOHM JIIHIHO 3aJIeXKHi.

6. 3amumiTs giHifiHe oanopiaHe AudepeHniaNbHe PIBHAHHA JPYTOro
TIOPSLAKY, sIKe Ma€ byHIAMEHTAJIbHY CACTEMY PO3B SI3KiB:

a) y1 = cosz, Y2 =sin2z; 6) y1 =€, yp = €.

7. HoBexiTe, 1o BpoHCKiaH yHKIHK

[0, skmpo z € [-1,0], _ [?, axmo z € [~1,0],
n(@) = {12, akwo z € [0,1], y2(z) = {0, akmo z € [0,1]

TOTOXKHO JIOPIBHIOE HYJIIO, aJi¢ BOHH JIHHIMNO HE3AJICXKHI Ha BipI3Ky
[-1,1).

Jlekuis 13. JIiHiiiHi ogHOpiAHI gudepeHLiaNbHI
PIBHAHHA n-ro NopsaKy 3i craauMmu KoedinieHraMu

IInan

1. OcHOBHI O3HaYeHHS ¥ NOHSATTSI,

2. Meton, Eiinepa. Bunajjok mpocTux XapakKTepuCTHYHUX 4H-
cell.

3. Meron Eitnepa. Bunailok KpaTHHX XapaKTePUCTHUYHHX YH-
cest.

4. Indepenuiaibmi piBHSAHHS, 3Bi/IHI /10 PIBHSHb 31 CTAIUMHI
koedimienramu.

1. OcHoBHi o3HauyeHHs i moHaATTA. Baxnueuii Kiac 3u-
qaiiaux audepeniiaibHIX PIBHSIHD CKIAJAIOTS JiHIAHI PIBHIHHSA 3
crasiamu Koedinienramu. Taki piBHsinus € gudrepeHIiaJbHIMHA MO-
JeNsAMM 0aratbox NpUKIaAHUX 33/1a4 (HANpUKJIa, 3 TE€OPeTHYHOl
MEXaHIKH 1 eJIEKTPUKH), & IX PO3B'SI3KU BHPAXKalOTbCS y KBaJpa-
Typax abo HaBiTb uepes ejeMeHTapHi dyHKILI.

Posrasinemo niniitne audepenitianbie piBHsAHHS N-TO NOPSAKY

2)

Lyl =v™ + aiy™ ™V + a0y + .. 4 an 1y +any = f(z),
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ae xoediujenrt ai, ag, ..., ap — OificHl umcna, a mpasa YacTU-
Ha f(z) HenepepBHa Ha iHTepBasi (a,b) dynkuis (30KpeMa, BoHA
Moxke 6yTH # CTaoi Ha [BOMY iHTEpBAJI).

BuBunMO cro4aTKy NUTaHHSA NPO MOOYI0BY 3arajbHOTO PO3-
B’sI3Ky BiAMOBIZHOTO OZHOPiZHOTO PiBHAHHS, TOOTO PIBHAHHSA

Liy]=0. (13.1)

JInsi 3HAXO/PKEHHS 3araJIbHOrO pO3B’si3Ky piBHsaHHA (13.1) morpi-
6HO 3HATH X04a O OHHY (PYHIAMEHTAJIbHY CHCTEMY PO3B SI3KiB
y1(x), y2(z), ..., yn(z) uboro piBusuus. Toxi 3rigHo 3 OcHOBHOO
TeopeMoro (TeopeMma 6 3 Jekuii 12) 3araJibHEM PO3B’SI3KOM LIHOTO
PIBHSIHHS €

y=Cipn(z) + Coya(z) + ... + Cryn(x),

ae Cq, Ca, ..., Cp — JOBUIBbHI CcTAJIL.

Jlerko nepekoHaTucs, IO JiHilHE ONHOPiAHE PIBHAHHS II€PIIO-
ro nopsaky Yy + ay = 0, me a — xificHa craja, Ma€ JaCTUHHMI
posB’sizok ¥y, = e **. Copobyemo #t Ans jiHIHOrO OJHOPITHOTO
PIBHSIHHS 11-10 NOPAAKY (13.1) 4acTHHHUN PO3B’A30K BIAUIyKaTH Y
BUIJISA]

y = e**, (13.2)

Ie k — Jesike, OKHM IO HeBH3HAYeHe, 4UCo (aificHe abo koMIte-
kche). ITincrasnstoqu (13.2) B niBy yacTuny pisasanus (13.1), onep-
KYEMO:

L(e"®) = (k" + a1k™ ™' + ask™ > + ...+ a1k +ay) - €. (13.3)

3 (13.3) sunuBae, mwo dbynkiis (13.2) Gyae pos3s’askom jyude-
peruiansHOro pisHsHHA (13.1) Toal i TiALKM TOAl, KO YHCHO Kk €
KOPEHEM aJreOpUIHOrO PiBHSHHS

Pk)=k"4+ a1k ' +axk" 2+ ... 4an 1k+a,=0. (134)

Muorounen P(k) Ha3uBaOTH TAPAKMEPUCTNULHUM MHO20-
waenom, pisasinast (13.4) — cxapaxmepucmuuHum PIEHAHHAM,

Jlekuis 13. Jliniiini oxsopiani pisasHus 31 cTanumu koedinienTamu 159

sike BignoBinae pisHsiHHIO (13.1), a kopeni pisusHns (13.4) — xa-
PAKMEPUCTNUNHUMY “ucaamu piBagaHs (13.1). Jlerko 6aunTy,
110 CKJIa/IAI0H XAPaKTePUCTHYHE piBHsHHsA, noTpibHo B (13.1) mo-
XifHi pi3HUX NOPAIKIB 3aMiHNTH BiAMOBITHMME CTEleHAMU K.

2. Meropn Eiinepa. Bunagok npocrux XapaKTepHCTH-
qHIX yunces. Ctpykrypa GyHIAMEHTAIBHOI CHCTEMH PO3B’A3KiB,
a OTXKe, i 3araJIbHOr0 PO3B’A3Ky piBHsHHs (13.1) 3a7€XHTb Bifg
XapaKTepuCTUIHUX Hucell. IIpunycTumMo, mo BCi xapaKTepHCTHYHI
uucna ki, ks, ..., ky aiticai Ta mpocri (pisni). Toai ariguo 3 (13.2)
dyHKOiT

yp =€y =Ty, =T (13.9)

€ 9ACTHHHMMH pO3B’si3kamu piBustnust (13.1). Ilepexonaemocs, 1o
BOHH € JIHI{HO He3aJIeXKHUMU Ha inrepsani (—oo, +00). st uporo
obuncanmo pporckiad dyuknii (13.5):

eklx ek'zzt . eknz
W(x) = kyekr= koek2® ... k,ebnT _
k'it—lekl:c k;l-—lckg:r, . k:;’:‘—lckﬂm
1 1 - 1
- e(k1+k2+“'+ku)z i ky ko T kn
n—1 n-1 n—1
K [N

Busnaynuk y npasiit 9actudi ocTaHHBOI PIBHOCTI € BE3HAMUAKOM
BanyepMonga i, sik BIIOMO 3 Kypcy aireOpu, Jopisuioe n06yTKy
BCIX MHOXKHHKIB Burasaay k; — k;, ne 1 < @ < j < n. 3a npu-
nyuienssim k; # ki (j # i), a romy W(r) # 0. Takum unsom,
dyuxuii (13.5) yTBOPIOIOTL (hyHAAMEHTAJILIY CHCTEMY DO3B’A3KIB
piBrsHEs (13.1), a ToMy 3rijao 3 OcHOBHOIO TeopeMolo dhyHKILisA

y = CreM1% + Cpe®?™ 4 .+ C, ek, (13.6)

ne Cp, Ca, ..., Cyp — IOBUIbHI CTAJI, € 3araJlbHUM PO3B A3KOM piB-
usHus (13.1).
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Hpuxnan 1. 3inmespysamu pisnanns y” — 4y’ + 3y = 0.
Pose’asanns. XapakrepucTnaenM pisuauuam € k2 — 4k 43 = 0,
a itoro kopeHamu — amcna k1 = 11 ke = 3. 3rigno 3 dopmysoo
(13.6) saranpEEM poss’sskoM piBHsHHA € y = C1e® + Cpe®®, ne
C1, Cy — nosinbHi craai. M

Tpukaan 2. 3inmezpysamu pishanna y" — by’ — 6y = 0.
Pose’asanns. XapakrepucTudre piBusunsa k% — 5k% — 6k = 0
Mae npocTi kopeti ky = 0, kg = —1, k3 = 6. OTxe, 3aragpHuM
po3p’szkoM € y = C1 + Coe™® + C3e%, ne C1, O3, C3 — nopinbui
crani. B

PoarnsanemMo BHNaIOK, KOJH BCl XapaKTEPUCTHYIHI YHcIa Pi3Hi,
ajle cepel HUX € KOMILIEKCHI. ¥ HBOMY BHIAIKY JJIsT Biguyka-
HHS JificHux po3p’s3kis (13.1) 3py4HO 3HATH HOro KOMILJIEKCHI
PO3B'SI3KMU.

Kommexcry byukmio y(z) = u(z) +iv(z), ne i = v/—1, xiit-
cHOI 3MiHHOI T HA3MBAIOTb KOMTAEKCHUM PO36’ A3KOM DIBHSIH-
us (13.1) na intepsadi (a,b), sxio i1 nigcTaBOBKA NIEPETROPIOE TIE
piBHAHHA y ToToxHicTb L|y] = 0 aua Beix z € (a, b).

Hexait a + bi — xapakrepuctadne 4ucio pisasuus (13.1). Bi-
JOMO, IO KOJIHU ajreOpuvne PiBHAHHA 3 aificHnME koedilieHTamMu
Ma€ KOMIUIEKCHUN KOpPiHb, TO BOHO Ma€ TAKOXK 1 CHPSIPKCHHI 3 HUM
kopitb. OTske, XapakTepucTwane piBusHHsA (13.4) v BUNAJKY, KU
PO3IVISIAEMO, MAE TAKOXK KOMIUIEKCHO-CIPsIXKeHUil KOPiHb a — bi.

3aranbHuil po3p’a30k piBHAHHA (13.1) MoxHa 3HaliTH 32 dop-
myJoio (13.6), ane dynxuis y(x) 6yle KOMIUIEKCHO3HAYHO. 3 Ha-
CTYIIHOI TeOpeMU BHILIMBAE, IO SKIIO KOMIUIEKCHa (dyHKIst y(x)
€ posB’si3koM piBHsiHHs (13.1), To i jificHa Ta ysiBHA YaCTHMHH €
JIHCHUMH PO3B’I3KAMH [bOr0 K PiBHSIHHSL.

Teopema 1. dxwo Pynxuia y(x) = u(x)+iv(x) € po3s’asxom

pienanna (13.1), mo xosrcna 3 Pynxyit u(z) Ta v(r) maxoor €
PO36 AZKOM U020 PIBHANNA.
Hoeedennsn. Ockinbku 3a ymoBo1o Teopemu L|y| = 0, 1o BuKO-
PHUCTOBYIOYH BjiacTHBOCTI omepatopa L (yekuist 12), onepxyemo:
Lly] = L{u+iv] = L{u]+iL{v] = 0,a0rxe, L{u] =0, L[v] =0,
mo i morpibno 6yn0 goBECTH. P
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Ilokaxxkemo Temep, 5K, MAIO4YM KOMILIEKCHO3HAYHMI PpO3B’s-
30K pipHsinHst (13.1), 3HaiiTr Horo ABa JiHIHO He3auexkHi AificHi
PO3B’A3KMH.

3rigro 3 (13.2) XapakTepuCTUYHUM 4HuCaAaM a + bi, a — bi Bij-
HOBLJAIOTE KOMILJIEKCHI PO3B SI3KH Y] = elatbi)z § Yo = ela—t)z pig
usHHd (13.1). Bukopucrosytoun dopmyny Einepa, ni pos3s’ssku
3aIUIIEMO Y BUTISLT

Y1 = e*(cosbx + isinbz), yo = e**(cosbx — isinbx).

XapakTepucTuiHe 4uciao a + bi Ha migcraBi Teopemu 1 1mo-
pOIKye IBa AiiicHl po3s’s3ku piBHsaHHA (13.1): nificmy Ta ysiBHY
qacTHHA GyHKIIT ¥, Tobro dyHkuil e* cosbx, €™ sinbx € pos-
B’a3kamu piBasiaad (13.1), MprdYoMy BOHM € JIIHIHHO He3aJIEXKHI Ha
(—00,400) (IPOLOHYEMO CAMOCTIHHO MEPEKOHATHCH, 1O iX BPOH-
cKiaH BiJMIiHHMI Bij Hysst).

OueBuHO, 1O XapaKTEPUCTUYHE YUCHO @ — bi noux JiHifno
He3aJIeXKHUX YACTHHHUX PO3B’A3KiB piBHAHHA (13.1) He nae.

TakaM 4uHOM, SKINO BCI XapakTepHCTH4HI 4Mc/a pi3Hi, aje
cepell HUX € KOMIUIEKCHI, TO KOXKHOMY JIiiCHOMY KOpeHIo k BiJiio-
BiZiae po3B’A30K €%, a KOXKHiil Hapi KOMIUIEKCHO-CIIPSIXKEHHX KOpPe-
HiB ¢ T bi BiAmOBimAlOTHL JABa AiiicH] JIHIHHO HE3aJIeXKHI YACTHHHI
po3B’a3kH €** cos bx 1 €* sin bx. Beboro marmMemo n pliicHHX ua-
CTHHHUX PO3B’SI3KIB BULJISILY

ek, e cosbr, €*sinbz, (13.7)

sIKl YTBOPIOWOTb PYHIAMEHTAJILHY CHCTEMY PO3B’A3KIB. 3rijiHO 3
OcHoBHOIO Teopemolo (J1ekiis 12) 3arajbHUA PO3B’A30K PiBHSHHS
(13.1) onepxkuMo y BHISA] JIHIAHOI KOMOIHALI yCIX “IACTHHHIX
posB’a3kiB (13.7) 3 poBinbauMu cramumu Cy, Co, ..., C,.

IMpuknan 3. 3inmezpysamu pisnanns y'¥ — 6y + 12y" +
+6y — 13y =0.
Poze’azanmna. Po3p’si3kaMi  XapaKTEPUCTHMHOIO — PIBHSIIHS
k* —6k% + 12k + 6k — 13 =0 ¢ gBa ajficHi i aBa KOMILIEKCHO-
cnpsixkeni KopeHi: k) = —1, ko =1, k3 =3+ 2¢, kg = 3 — 2¢, a To-
My 3arajbHUii PO3B’SI30K 3aJaHOTO PIBHSIHHSI MOXKEMO 3allUCATH Yy
surnagi y = Cre™% 4+ Cye® + C3e3 cos 2z + Cre’ sin 2. A
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3. Meropn, Eiinepa. Bunagok KpaTHmX xapakTepHCTH-
YHUX 4UCeJI. Y IbOMY BUTIAIKY YHCJIO PI3HUX XapaKTePUCTUIHUX
ypces GyIe MeHIIe 7, 8 TOMy JACTUHHUX DPO3B’S3KiB BUIIaAy €*i®
piBHsiaHs (13.1) 6yae Takox MmeHIue n. [okaxemo, K MOXKHA 3Ha-
HWTH pelTy YaCTHHHHX PO3B’SI3KiB,

Hexait k; — aificHe abo KOMILIEKCHE XapakTepUCTHIHE YHCIIO
kparnocTi s. Toai, sk Bizomo 3 anrebpw,

P(ky) =P (k) =...= P U(k) =0, PO(k))#0, (13.8)

ne P(k) — xapakTepucTHHAA MHOrOY/IeH, BU3HaYeHu# HopMynon
(13.4).

Jl1st 3HAXOJPKEHHs! PO3B’SI3KiB, sIKi BiJANOBLIAIOTH XapaKTepH-
cTHYHOMY 4Huciy kp, 3anuieMo ToToxHicTb (13.3) y Burmami

L(ek®) = P(k)-e*

i saudepentioemo i1 m pasie 3a 3MiHHOKO K, BUKOPUCTOBYIOYH
dbopmyny Jeitbrina aas m-i noxigmoi Big JoOyTKY ABoX dyHKUiH:

m
(uv)(™ = chn MOMC
=0

J = M Kinbki 3 ™ eJIeMeHTiB 1o j.
e Cm = Treg)jT ~ KUIBKICTD Crostysienb 7
Bynemo matn:

L(z™ek) = Y Cd, PO (k) 2™ 7 ™.
_ e

3Biacu, Bpaxosyioun (13.8),

Lz™ef®) =0, m=0,1,...,s—1,
a Ue o3Hatuae, Mo PYHKII
-1 _kiz ¢
eku:’ .Iieklz, x2€klx, e, P e (13'9)

€ poss’siskamu piBHsHHA (13.1). Bonu, sk JIEFKO IOKA3ATH, € JII-
HIfiHO He3AIeKHUMU Ha iHTepBai (—00, +00). fAKIIO Npu usoMy
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qucio ky e gificamM, To dyHkuil (13.9) Takoxk OyayTh JiHCHUMH.
Takum YMHOM, KOXKHOMY IifICHOMY XapaKTEepHUCTUYHOMY 4HCIY Kk
KP&THOCTI $ Bi/ilIOBifae 8 AiCHUX JIiHIHO HE3AIEXKHIX PO3B’A3KIB
sursiay (13.9).

fxmo MaeMO KOMIJIEKCHE XapaKTepUCTHUHE YUCIO0 a + bi Kpa-
THOCTi §, TO XapaKTePUCTUYHUM YHCJIOM Tiel X KpaTHOCTi Oyme
TaKOXK crpsokeHe 4ucio a — bi. Srinpo 3 (13.9) wucay a + bi Bin-
TIOBiAa€ S KOMIUIEKCHHX PO3B'A3KiB:

e(a—}-ib)z, xe(a+ib)x, wQe(a+ib):c’ ey ws—le(a+ib)z'

Buainsioun y Hux OificHi Ta ySIBHI YACTUHH, OJI€ 2KyeEMO 2s gificaux
)
[)03Byﬂ3KiBC

{eax cosbx, ze®®cosbz, ..., 5 1% cog bz, (13 10)

e sinbxr, re®®sinbz, ..., 5 e sinbz.

Hecknagno moBecT, mo 1 pO3B’SI3KH JIHINHO He3aJeXHI Ha
(—00, +00).

Tak caMo, sIK 1 JyIsf BUIIQJIKY IIPOCTOTO KOMILIEKCHOIO XapaKTe-
PHCTUYHOIO 9MCJla, KPATHE XapaKTePUCTUYIHE YUCIIO a—bi He Iopo-
JPKy€e HOBHX AIACHUX JIIHIHHO He3aJIeXXHHUX ACTUHHUX PO3B’A3KiB.
TakuM YHHOM, KOXKHIH Iapi KOMIJIEKCHO-CIIPSIXKEHUX XapaKTepu-
CTHYHUX 4Hces @ £ bi KpaTHOCTI 8 BiAMOBiAaI0ThL 25 HificHUX MiHiii-
HO He3aJIeXKHUX po3B’s13kiB Bursigy (13.10).

Ipukaan 4. Sinmeepysamu pienanna y"' —by" +3y' +9y = 0.
Pose’szanna. XapakrepucTuune piBasuns k3 — 5k +3k+9 = 0
Ma€ OJIMH NpPOCTHH KOpiHb k1 = — 1 1 onue KpaTHu#l KOpiHbL kg =
= ks = 3. Llum KopeHsiM Bi/IIOBIgaIOTh po3B’si3KH e~ % 3% xed? 4
y = Cre* + 023 + Cyze® e 3aranpunM poss’siskom. W

Ipukaan 5. 3inmeepysamu pienarna y'" + 3y" + 3y’ +y = 0.
Pose’szanna. Xapakrepucruune pisusnns k3 +3k2+3k+1 =0
Mae KpaTHuil mificuuil kopinb k1 = k9 = k3 = —1. Orxe, 3amaHe
PiBHsIHHSI Ma€ TPH JiHIHO He3a/exxHi poss’a3ku e ™%, re~ % r?e™7,

a foro saraabuuM po3s’szkoM € Yy=Cre +Coze T+ Cyzle . @

Ipuxaan 6. Jinmezpysamu pienanna y¥ —y'v + 8y — 8y" +
+ 16y — 16y = 0.
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Po3e’azanms. BianopinHe XapakTepucTH4He PIBHAHHS Ma€ OJUH
npocTrit Kopinb k; = 11 JBa KpaTHI KOMIJIEKCHO-CIIPSKEH] KOpeHi
ko = ks =2i, kg = ks = —2i. Orxe, 3araJbHAM PO3B’A3KOM €
y = C1€® + Cycos 2z + Cax cos 2z + Cysin 2z + Cszsin2z. W

4. IndepenniannHi piBHsHHS, 3BiAHI 10 PiBHAHD 3i cTa-
gumu koedinienramu. PosrisHeMo nesiki Jiniiai qudepeHi-
aJbHI piBHsAHHA 31 3MIHHEMH Koedil[l€HTaMH, SKi 3a JOIOMOrO0
3aMiHN He3aJiexKHOI 3MIHHOI abo 1ykaHol (hbyHKIII MOXKHA 3BECTH
IO piBHAHD 31 cTanuMu KoedIiliEHTaMH.

Pignarnam Eliaepa sasusanoTs audepeHniajibHe piBHAHHS
BUIVIALY

a:"y(") + a1:r"_1y(n_1) +.-tanazy +any =0, (13.11)

ne ay, as, ..., ap — crajgi gifcHi uncna. Ilobymyemo 3arambauit
po3B’s130K piBHAHHA Eiinepa miast ¢ > 0 (akmo z < 0, To B ycix
HACTYIIHHX BHUKJIaJKaX IOTPibHO 3aMinuTh T Ha —). 3pobuMo 3a-
MiHy HezajexxHoi 3MiHHOI 33 (OpPMYIO0

z=¢€".
Tomi
1 _
Yo=Yt =y =ye

Ty

o= 0ot 7)™ = (ol =),

o= (Y - 3yl +2yh)e”¥, L.,
yW = (o o+ ()T - Dt )™
[Migcrapasoun & = e’ i 3HalNeH] BUPasH JUIA Yy, Yra, - - -, y,(;)

y (13.11), onep:xumo JiiHifiHe OXHOPiIHE PIBHAHHSA N-TO NOPAJKY 3i
CcTaJIuMH Koedinienramu. 3HARIIOBIIY 3arabHUNA PO3B’A30K IIHOI0O
piBHsiHHS | migcraBuBmiKM y HBOrO t = Ilnx, MaTHMMeMO 3arajbHui
po3B’s130K piBHAHHS Eiliepa.

Ipuknan 7. 3inmezpysamu pienanna x2y" — 3zy’ + 3y = 0.
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Posza’azarms. 3pobEMO 3aMiHy HE3aJIEKHOI 3MIHHOI 3a (POpMYy-
ao10 z = €' (t = Inx). Tomi v, = yie™*, ¥l = (y)o — yj)e 2. Min-
CTABJIAIOYH I BHPA3H y BUXiHe PIBHAHHA, 118 3HAXOMKEeHHs QYH-
Kuil y = y(t) onepXKyeMO DiBHSHHSA:
(Y —y)e® -3eyet +3y=0 = y' -4y +3y=0.
3BiAcH, BPAXOBYIOYH Pe3yJbTATH MPUKJIaAY 1, 3HAXOIUMO

y(t) = Cret + Coe¥t = y(z) = C1e™® + G =
y=Ciz+ Cox3. W
V3araabHeHHsiM piBHAHHA Eitnepa € piBHsHAS
(az 4+ b)"y™ + (az + b)" pyy» ™V ...
..+ (ax + b)pp—1y + py = 0, (13.12)

ae a, b, p1, p2, --.,Pn — cTANL. ZKUIO BUKOPUCTATH I1iACTAHOBKY
ar + b = q i nosHaunTu q = €', abo Bigpa3y 3podbUTU 3aMiny He-
3aJIe’KHOI 3MiHHOT 3a dopMmyowo ax + b = e, To pisasnusa (13.12)
3BEJIETHCA JO NiHilHOrO piBHSHES 31 cTanuMu KoedinjieaTtamu. Pis-
HaHHA (13.12) HasuBaOTL pienannam Jlazpanoica.

Jlo piBHsAHHS 3i cTamuMu KoedinieHTaMu 3BOIUTLCA TAKOXK Pi6-
Hanna debuwosa, To6TO PiBHAHHSI

(1 —2%)y" — xzy’ +n2y=0. (13.13)

Toukn r = 1 € ocobaupuMH TOYKaMu 1BOro piBasHEA. Ha
KOXKHOMY 3 inTepBaJiis (—00, —1), (—1,1), (1,+00) BUKOHYIOTbCSI
ymoBu Teopemu Ko, [Tobyayemo saranbunii po3B’si30K PIBHSIH-
ust Yebumosa Ha iHrepBasi (—1,1). 3pobumo 3aMiBy He3aJIe2KHOT
3MiHHOI 3a dhopMyJ10i0

t =arccosz (x = cost).

Toni

” | , Cos t 1 w1 s cost
= — " — 1 ; I =Y T o5, I
Yz2 Y Gt T Yty sint Vo2t Yandt
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ITligcrapnsioun 3HaiineHi BApasH IJIf ¥, 1 ¥, & TaKox

x = cost, y pisuauns (13.13), nisa sHaxomKeHHs GyHKUil y = y(t)
MaeMo gudepeHIianbHe piBHSIHHS APYIOro NOPAIKY 31 CTaJIMMH
KoediieHTaMu:

y" +ny =0. (13.14)

BaranbEMM poss’askoM piBasiHEg (13.14) € y = Cicosnt +
+ Cysinnt, a miciaa MoOBEpHEHHS 0 3MIHHOI T OJEPXKYEMO

y = C cos(n arccos z) + Cy sin(n arccos ).

MoxkHa mokazatu [7, c. 158 — 159], mo JiniitHe ogHOpiTHE piB-
HSIHHS

v ™ 4 p1(@)y™ D + o+ pa_1(2)y + palz)y =0

3BOAUTHLCH IIEPETBOPEHHSM He3aJIeXKHOT 3MiHHOI 10 JIiHiltHOrO piB-
HAHHA 31 cTaJuMu KoedilieHTaMu TiJbKK 33 JOTOMOTOI0 IiJICTa-

HOBKHI
t= a/\"/pn(x)dx,

Jle o — JesKa cTana. 3 i€l (popMysin Jerko ORepKaTH 3aCTOCOBaHi
BHIIIE MiJCTAHOBKY [JIsi piBHAHL Eiinepa, Jlarpamxka ta Yedumosa.

MaTtemaTnuHO MOAE/UII0 GaraThOX NPOLECIB MATEMATHUYIHOL
disuku € pienannsa Becceas, T06To piBHAHAS

2y +ay + (2® —v)y =0,

Je v — JoBiabHe cTajie uucio. [lokaxkeMo, Mo npu v = % PiBHSIH-
Hs Beccens 3BoauThbes 10 PIBHAHHA 31 CTAJIMME KoedilliEHTaMH Ta,
IHTEerpyeThes y KBaaparypax. st uporo y piBHIHHI

: 1
22y +xy + (m2 ~ Z) y =0, (13.15)

BHKOHAEMO 3aMiHy IykaHol dbyHkuil

Z

(13.16)
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Toxi
, 21 2 w2 Z 3 z
VA~ T v v R o7
[lincrasnsroun Bupasu ais y, y' 1 y” y piBHsaHa (13.15), mi-
CJIST HECKJIAMHUX [IePETBOPEHb MAEMO PiBHsIHHS 3i cTanuMmy Koedi-
mieatamu 2" 4+ z = 0. 3araJbHEM pPO3B’SI3KOM 1ILOTO DIBHSHHS €
z = Cq cos £+ Cy sin x, a Bpaxosyoun (13.16), ocTaTo4HO OfIEPKY-
€MO 3arajibHMH pO3B’sI30K piBHsiHHA Beccessa (13.15):

cosS T sin

Yy = Cl—ﬁ +02_\/E .

Pexomendosara aimepamypa: |4, c. 398 — 408, 423 - 430],
[5, c. 220 — 243], [6, c. 180 - 192], [7, c. 131 — 138, 158 — 162], [16,
c. 129 - 137].

ITuranys oo adekoii 13

1. fxuit Burss mae ninidine gudepeHiianple piBiIsINs n-ro NOpPAI-
Ky 31 cranmumu koedirienramu?

2. IITo Ha3MBAIOTH XAPAKTEPUCTUUIHUM PIBHIHHSIM, 5IKY HA3BY MaIOTh
KOpPEH1 XapaKTePUCTAIHOrO PIBHAHHSIT

3. Axwmit Burisiy mae dopmysta 3arajibHOro po3s’ssky JiiHliiHOro
OJHODIHOTO PIBHSAHHS 7-TO HOPAAKY Y BHIIAAKY [POCTUX AIACHHX Xa-
PAKTEPUCTHYHUX YUCEIN?

4. fIki aBa giitcui AiHIHO HE3AJICXKHI HACTUIN PO3B’IBKH JIHITHOI'O
OJHOPITHOrO PIBHSHHA BIANOBIAAIOTH NMAPi KOMIJICKCIINX XapaKTCPUCTH-
YyHUX qucen a + bi?

5. ki gificHi miniiino ne3ancxKini poss’sisku JiHiHIOre oAHOPIAHOro
PIBHSIHHA BiITOBLIAIOTH AIICHOMY XapPaKTCPUCTHYIIOMY "TUCIY kK KpaTHO-
cTi 7

6. fAxwuit Burnsg mae pisusimig Eincpa? 3a 1010Moroio sikol 3aminu
He3aJIe2KHOI 3MIHHOI HOro MOXKHA 3BCCTH JI0 PIBUAHIS 31 CTAJIMMH KOe-
diujenramu?

7. fxuit Burnag mae pisusinns Jlarpanxka? 3a jonoMorolo sikoi 3a-
MiHH HOr0 MOXKHA 3BECTH A0 PiBHsIHHA 31 cTaanmn Kocdiienramn?

8. fAxuit Burnsiy mae piBusnns Uebuiona? 3a J10110MOroio sKoi 3a-
MiHH HOT0 MOXKHA 3BECTH A0 piBlisiHNs 31 cranummn koediifientamu?
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9. Sxwuit 3aransuuil BUrass mae pisasaas Beccens? Konu ne pisHs-
HHS MOXHa 3BECTH IO PIBHSHEHS 31 crasmmu koediniearamu? 3a mormo-
MOTOI0 SIKOI 3aMiHH Lie MOXKHA 3poduTH?

Buapasn z0 sekmii 13
1. 3inTerpyiire MHiitHI OTHOPIHI PIBHAHHS JIPYTOrO MOPAAKY:
a)y’ —8y +15y=0; 6)y”"+2y +2y=0; B)y’' -2y’ =0
2. 3imrerpyitre JiHiiH ogHOpiAHI PiBHSIHHS:
a)y"” -2y =0; 6)y" -6y’ +12y -8y=0; n)y"V -y=0.
3. BuaitaiTs poss’sasku 3amayu Komi:

a)y" -2 +y=0, y(2)=1, ¥(2)=-3;
6) ¥y -y =0, y(0)=2, y(0)=1, y"(0)=—1.

4. Biurerpytire piBusinna Ettiepa ta Jlarpamxa:

a) 22y" + 22y — 20y = 0; 6) 2x%y" —xy' — 2y =0;
B) (32 4+ 2)%y" + (6z + 4)y’ — 4y = 0.

5. 1 axkux 3Ha4eHb p i g yci po3s’ssku pisusanna ¥’ +py' +qy =0
GyayTs obmexeni Ha miBoci z > 07

6. CkaaaiTs giHiitHe OMHODIAHE PIBHAHHEA 31 CTAMMMH KOS(IIIEHTAMH
SKOMOI'a MEHIIOTO TOPAIKY, K€ MaE 3aJaHi YACTHHHI PO3B’S3KH:

a) y1 = ze’®; 6) y1 =zx%e%; B)y1 =2, Yo = cos.
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Jlekniia 14. JliniitHi HeogHOpiaHI AudepeHIiaabHI
PiBHAHHHA N-TrO NMOPAAKY

Ilnan

1. CTpyKTypa 3arajibHOTO PO3B’'SI3KY JIIHIHOrO HEOAHOPIIHOrO
PIBHSIHHSA.

2. Meron Bapiatiii JOBITBHHX CTAJIHX.

3. Meron, Kori.

4. Meroj1 HeBu3HaYeHUX KoeilienTis.

1. CrpyKTypa 3arajJibHOro po3B’a3Ky JiHifiHOro HeogHO-
pinporo piBasuHsa. Po3risnemo niHiline HeogHopiaie nudepen-
aJibHe PIBHSIHHSI

Lly] = y™ 4+ p (x)y("_l) +p2(x)y("_2) + ...
i+ Pr1(@)Y + polx)y = f(2) (14.1)

1 BiJIIOBLAHE OJIHOpiiHE PIBHAHHHA
Lly]=o. (14.2)

BusiBiisiernes, 1110 3arajibHUA PO3BsI30K JIHIAHOIO HEeOUHOPI-
JAHOrO piBHsiHHs (14.1) 3aBXKOu MOXKHA 3HARTH, AKINO BiOMI 3a-
rajbHUil po3B’s30K piBHsiEAA (14.2) i 6yAL-sKHi “ACTHHHHA PO3-
B’s130K piBHsiHs (14.1). e BummBae 3 Takoro TBEpIRKEeHHs!.

Teopema 1. 3azaavnuil po3c’s30% Atilinozo rweodnopiorozo
pienanna (14.1) dopisnioe cymi 6ydv-ax020 1020 “ACNUNHO20 PO3-
6 A3KY M 3a2aA0H020 PO3E aA3KY 00HOPIOH020 piensnns (14.2).
Aosederna. Hexait Y = Y(z) -~ Bigomuil yacTuHApil po3B’s30K
pieusnns (14.1), robro LY | = f(x). Bukonaemo 3aminy y = 2+Y,
ne z = 2(x) - Hosa mykana dyuxuis. Iligcrasnsoun 17 y (14.1)
Ta BpaxXoBYIOUH Jinifinicrb oneparopa L, onepxyemo, mo L{y] =
=L{z+Y]=L[z| + LY |=f(x). Ockineku L[Y'] = f(z), To

Liz]=0, (14.3)

TOBTO 2 - PO3B’A30K NinifiHOro ojinopijiHoro pisusinus (14.2). Toni
3rigHo 3 OcHoBHOW TeopeMoo (Jieknis 12) 3araJlbHAM PO3B’I3KOM
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pisaauns (14.3) € z = Ciy1 + Coya + ... + Cryn, me Y1, Y2, - - -,
Yn ~ JeAKa byHIAMEHTAIbHA CHCTeMa PO3B’SI3KIB LLOTO PIBHSHHS,
a Cy,Cs,...,Cy, — noBinbHi crami. TakuM 4rHOM,

y=Ciy1 +Coya + ... + Cryn + Y. (14.4)

[Tokaskemo, mo ¢opMyna (14.4) BusHadae 3arajbHUI PO3B’30K
pisasanna (14.1). 3rigHo 3 03HaYeHHSM 3arajbHOIO PO3B’A3KY IH-
(beperIianbHOro PiBHAHHS N-TO NOPSIKY JJld IHOTO NOTPIGHO I10-
Kazary, mo 3 (14.4) npu sanexuomy sudopi cramux Cr,Cy,...,Cp
MOZKHAS, OIEPKATH PO3B’I30K, AKHH 3a/I0BOJILHSE JOBINBbHI I04Ya-
TKOBI yMOBH

- -1
y(@o) = vo, ¥'(20) = Yhs ---» Yy D(wg) = g5 V.
Mocaigosno audepentiooun (14.4), 3HAXOIHMO

y=Cin+Cuyz+... +Cryn +Y,
Yy =Ciyy +Coyp + ... + Cryy, + Y7,

y(n-1) = Clle_l) + ngén_l) 4+ ...+ Cnysln_l) +y (-1,

ITigcTaBAsA0YM B IO CHCTEMY X = I, MATHMEMO HEOJHODIOHY CH-
cremy n JiHifitaux pisHsiHb 3 N weigomumu Cy, Co, ..., Cy, BU-
3Ha4HUKOM sikoi € W (xg). OckisibkY ¥1, Y2, - .., Yn — PyHIaAMEH-
TanbHa CHCTeMa. po3B’sizkiB, T0 W(xg) # 0. Takum uunoM, craJi
Cy, Cy, ..., Cp 3 OTPUMAHOI CHCTEMH BH3HAYAIOTHCA ONHO3HAYHO,
a ToMy posB’si30K (14.4) cupaBii € 3arajJbHEM. B

Teopema 2. Hezad npesa wacmuna Ainiinozo neodnopionozo
pienanna (14.1) € cymor deox dodarixie, mobmo

Lly] = fi(z) + fa(z). (14.5)
Sxuio ¥ — wacmunnul poss’asox pienanna L{y| = fi(x), a yo -
wacmunnuti pose’azox pienanna L{y] = fa(x), mo y1 + yo € wa-

CTURHUM D036 A3KoMm pienanna (14.5).
Jlosedenms TeopeMr BUILIUBAE 3 TOTO, IO

Liyi +y2l =Lin ] + L{y2] = fi(z) + falz). »
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2. Meron Bapianii goBinpHMX cranux. PosrisHemo 3a-
rajbHUR MEeTON 3HAXOMKEHHS YACTHMHHHX PO3B'SIBKIB HEOIHOPIJ-
Horo pieusHHA (14.1) — Memod seapiauii dosirvHUT cMAAUT
(memod Jlazpanoica).

Hexaii MaeMo 3arajbHRE PO3B’S30K JIHIAHOTO OJHOPIAHOTO PiB-
usuas (14.2):

z2=Ciy1 + Coya + ... + Coyn, (14.6)

1e Y1, Y2, ---» Yn — JdedKa (PyHIAAMEHTAIbHA CUCTEMa PO3B’sI3KIB
nporo pisuauns, a Cp, Cy, ..., Cp — AOBUIBHI CTaJI.

Yacruuanii po3p’s3ok pieusais (14.1) urykaemo y BHIVISL
(14.6), BBaxatowm Cy, Ca, . . ., Cy, He CTAIAMH, 2 HEBIAOMUMU (yH-
KIisiMH 3MiHHOT I, TOOTO

y = C1(z)yr + Ca(z)y2 + - - + CrlT)Yn- (14.7)
Bubepemo tenep Ppyukuii Ci(z), Calx), ..., Cu(z) Tax, mwod
dynkuis (14.7) 6ysa poss’askoM pisasuna (14.1). Hudepenuioio-
an (14.7), ojepxyemMo
y' = C1y, + Cotly + ... + Cutfy + Clyn + Cayp + ... + Cry.
Haxknaaemo ymony, mo Ciyr + Cayya + ... + Clyn = 0. Toni
y = Ciy| + Cagy + .- + Cllp-
Hudepenutitoodu e oIl pa3, 0epKyeMo:
" = C1yl + Coyflt + ... + Cay + Cio + Cop + ..+ Cryy,.
Hexait Clyf} + Chyy + ... + Chyy, = 0, Tori
y" = Ciy + Cayfy + -+ Catp-

IIposopxytoun audepeHuiopaTa 1 pabupaioun dyekuii Cy,

. ; (n—2) 7 (n—2) +C (n—2} __ 0

Csy, ..., Cy rax, mobd Cyy, + Coys ) + ... n(ynl) \
— -1 n--

onepxyemo yt1) = Clygn Dy ngén + ...+ Chyn .
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1, napermri,

y™ = Ciyt™ + Cayd” + ..+ Coy™ +
+ OV ¢ o 1)+...+(J;, (n=1),

[TizcrasuMo Tenep y pisHsuHs (14.1) Bupasu Juis y Ta 11 HOXiTHHUX:

Cr (1" + o1 @y + -+ Paa (@h + Pal@hyn) +
+Cs (yén) + @)Y 4 e (@) + pn(w)yz) +..
o+ Cay + pra)y )+ +pn_1<w>y;+pn<x>yn) +
+ "V + O L+ Ol = (@),
MHOKHUKM B Jy»KKaxX TOTOXKHO ,n,opiBHIOIOTb HyJo, 60 GyHKOHT

Y1, Y2 - - - Yn € JACTUHHHAME PO3B’siskamu piBHsHHs (14.2). OTxe,
OCTAHHE PIBHAHHS 3aIUIIETHCS TAK:

Y 4 oY L Y = Fa).

Takum umnom, dyukiii C(z), Ca(z),...,Ch(z) 3am0BONbLHSA-
I0Tb CHUCTEMy

Ciy1 +Coya + ...+ Clyn = 0,
Ciyi + Czyz + ..+ Gy =0,

Oyl 2)+03y(" Dot =0,
C, (n 1)+C§y§n ])+. C, (n—1) _ f(.’]:)

MaeMo HeoqHOpIAHY CHCTEeMy N NiHIHMX ajJreOPHYHHX PIBHSIHbL 3
n nepinomumu Ci(z), Cy(z), ..., Cr(z). OcKinmbKu BUSHATHUKOM
i€l cMcTeMU € BiAMIHHWMIA BiX HyJs BpoHcKian dhyHKIGH Y1, Y2, - - - »
Yn, TO BOHA Ma€ eAuHuil po3s’szok Cf(z), C4(z), - .., Cp(x). Ture-
rpyioun, 3naitaemo yskuii Cy(z), Ca(x), ..., Cp(x), micas uoro
3AJMIUTLCS NiIcTaBUTH 1X y opmyay (14.7).

Mpuknay 1. Jimmezpyeamu pienanna y' +y = .
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Po3e’aszanns. 3aransHuM po3B’s3koM Yy = yo(z) BiamosigHoro
ONHOPITHOrO piBHAHHA € Yy = C1 cosx + Cosinx.
Hexait renep C; = Ci(z), Co = Ca(z). 3 cucremn

Ci(z)cosz + Cy(x)sinz = 0,
—Ci(x)sinz + Cy(z)cosz =z

snaxonumo Ci(z) = —zsinz, Ch(z) = xcosz, a orxe, Ci(z) =
=zcosz —sinz + Cq, Ca(x) = zsinx + cosz + Cy,

y = (xcosz —sinz + C1)cosz + (zsinz + cosx + Co)sinx =

y=Cicosz+Cosinz+z. B

3. Metoa Kori. Posrisitnemo ie ol cnocié 3HaXomnKeHHA
JACTHHHOIO PO3B’A3KY JiHiiiHOro HeoqHOpiAHOTO piBHsiHHs (14.1) y
BHI13/IKY, KOJIM BifioMa ¢dbyBAaMeHTA/IbHA CUCTEMA PO3B’SI3KIB Bijl-
NOBIAHOrO OJIHOPIIHOTO PIBHSIHHSI.

Hexait y1, ¥2, ..., Yn — dyHmaMenranLHa cucreMa po3B sI3KiB
ainiiiHoro oaHopianoro piBHanHs (14.2). Bukopucrosywouu ¢op-
Myny (14.6), nobyayeMo po3s’a3ok pisuanua (14.2), skwuii 3aa0-
BOJIGHSIE NOYATKOBI YMOBH

2(s) =0, 2Z(s)=0, ..., 2" V() =1, (14.8)

e £ = s — JIOBiibHA TOUKa 3 iHTepwany (a,b). Lleit poss’si30k 1o-
3HaYMMO 4epe3 z = p(x,s) (BiH 3an€XUTh Bij $ sIK Bij| 11apame-
tpa). Ockinbku z = p(x,8) AK PYHKUIs 3MIHHOT X € PO3B’I3KOM
onxopigaoro pisusHus (14.2) gns koxuoro s € (a,b), 1o

Lip]=0, a<z<b a<s<hb.

Kpim Toro, 3 (14.8) Bumiusae, wo dyskuis ¢(r, s) sk dynkuis
3MIHHOT T 3a/I0BOJIbHAE TaKl YMOBH:

2(5.8) =0, ¢(s,5) =0, ..., o™ D(s,5) =0, " V(s,s) =1,
(14.9)
. Oyukuio (i, s), ska

r=s

; i
ae uepes V) (s, s) nosHaveno %

Ma€ BKa3aHl BJACTUBOCTI, Ha3uBalOTL hynruiero Kowi



174 Pozain 2. JUGEPEHIIAJIBHI PIBHAHHSA BUIITUX ITOPSIOKIB

Posrasinemo Tenep byHKILi0O

Y(z) = / o, )£ (s)ds (14.10)

0
Ie xg € (a,b) — HOBiIbHA TOYKA, | HOKAXKEMO, 0 BOHA € YaCTHHHUM
po3B’sizkoM piBHsaHHA (14.1), AKuit 3300BOIBbHSIE HYJIBOBI TOYATKO-
Bl YMOBH

Y(zo) =0, Y'(z) =0, ..., YO V(z5) =0. (14.11)

Jlnist mhoro coYaTKy 3Haiaemo moxigai Y, Y, ..., Y™ pukopu-
cToBYI04H popMyy AucepeHIiIoBaHHs BUSHAUCHOrO iHTerpaa 3a
napamerpom?:

(;im (/I:f(m,s) ds) = /I:f;(x,s)ds+f(x’x)_

Bpaxosyioun, mo ¢(z, ) 3a1080bHs€ yMoBH (14.9), moctios-
HO 3HAXOIUMO

x

Y'(z) = / "ol (2, )f(s)ds + (e, 2) f(z) = | @,

0 Zo
T

Y"(z) = / " (2,9) f(s)ds + ¢ (, 2) f () = / (2, 5) f(8)ds,

0 ]

YON() = [ a5 f(s)ds,

(0]
z
Y o) = [ @a,9)f()ds + f(o).
z0
Tenep ouesuzso, mo dyHxmia Y (z) 3anoBoabusie ymosn (14.11).
[ligcrasasitoun 3HaigeHi Bupasw maa Y, Y/, ..., y () y (14.1),
OJEPKYEMO DIBHSHHA

LiY]= /gjﬂcp]f(s)ds + f(x).

(o}

wx)

Y(x) .
U Bukopucroyemo  opmy.1y %( J f(x,s)ds> = ﬂ%ds +

e(z) ol
+ f (@, 9(@) % — f(x, p(z)) .
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3siacu, ockinmeku L{p] = 0, o L[Y ] = f(z), a < < b, 10610
dbynkuis Y(z) 3 (14.10) € yacTHHHUM PO3B’I3KOM HEOJHOPIIHOrO
piBusanHs (14.1).

®opmyny (14.10) nasusators gopmyaoro Kowsi. 3 i1 poro-
MOT'OI0 3arajIbHUi pO3B’SI30K JIHIHHOTO HEOMHOPITHOTO DIBHAHHS
(14.1) MoXKHa 3aITCATH Y BHLJISL

i

Y =150+ / (e, 5)f(s)ds,
o

Jie Yo — 3araJIbHHil po3B 130K BIJTOBIHOIO OJIHOPIIHOTO PIBHAHHS.

Hpukiaax 2. 3inmezpysamu pienanna y" + 1y — 2y = = me-
modom Kowi.
Po3ze’azanns. 3araJbHUM PO3B’ST3KOM BiJIIOBI[HOTO OIHOPIIHOTO
piBusnaa € yo = Cre™2" + Coe®. Tomy dyukuio Komi ¢(z, s)
IIYKAEMO y BUTJISI)

o(x,5) = C1(s)e™™ + Ca(s)e”,
Je dynknii Cy(s), Ca(s) 3rizuo 3 (14.11) 3a0BONLHSIIOTE CUCTEMY

{01(8)6_23 + Cy(s)e® =0,
—2C1(8)e™ + Cy(s)e® = 1.

3siacn serko snaxomamo Ci(s) = ~1 e, Cy(s) = L 7%, a orxe,

1 o [
p(x,8) = —= s--x) 2T,

Toni 3a dopmynoro (14.10) 3HaXOZUMO MACTHHHUI PO3R’SI30K 3a-
AaHoro piBHAHHA (6epyun To = 0)
1 (% 1 1 1 1
Y(z) = —/ (—62(3_””) +e$‘s>s Is = =0 — =~ — —e 2 4 ¢
()30 WESETITRE Y3
a 3araJIbHUM PO3B’SI3KOM ¥ = Yo+ Y icast nepeno3sHavYeHHs1 CTajnx
(Cy:=C1 =1/12, Cy := Ca + 1/3)

Yy = 019_21 + Coc* - 117 - -l— a
2 4
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4. Meron HeBusHadeHux KoediniedrtiB. PosrnsHemo -
HiflHe HEOTHOPIAHE PIBHSHHSA 7-r0 HOPAIKY 31 cTajanMu Koedinien-
TaMu:

Liyl=y™ +ay™ PV + .. +apay +ay = flz), (14.12)

e a1,az, - . . ,ay — AificHl gucaa, GyHKnis f(x) HenepepBHA Ha Je-
sKOMy iHTepBaii (a,b).

Sk npasa gacruHa pisHsHHs (14.12) Mae cnenjajbHUi Bu-
VIS, TO JJIsT BIAIIYKAHHA YaCTHHHOTO PO3B’SI3KY IILOTO PiBHSIHHS
MOXKHA BUKODHCTOBYBATH MeMMOJ HEBUIHAMEHUT KoediuicH-
mie.

Pozrnsimemo okpemi BUnaJgku, OB’ s13aHi 3 BUNIISLIOM IIPABOl 9a-
cTuHY piBHsEHs (14.12).

Bunanoxk 1. Hexait byukiis f(z) € 1obyTKOM MHOrOUJieHa Ha
€KCHOHeHjanbHy byHKIIi, TO6TO

Liy] = Ri(z) e, (14.13)

e R,(z) = roz™ + riz™ 1 + ... + rp_1z + rpy — MHOTOUJIEH
3 miticnumu koedinienramu (3o0kpema, me moxke 6yTH crana), o —
niticne abo KOMILJIEKCHE YHCJIIO.

Hexait a HE € XapaKTepuCTUYHUM uuc/IOM piBHsiuust Lly| = 0,
to6r0 P(a) # 0 (P(a) — xapakTepucTUuHME MHOTOWIEH, JUB. Jie-
kiiro 13). Toni wacTunnmii po3s’asok Y = Y (z) piBasunsa (14.13)
AOTPIOHO IIYKATH Y BUIJIAL

Y = Qmn(z)e®”, (14.14)

ae Qm(r) = gz™ + q1z™ ' + ...+ gm-1Z + g, -~ MHOTOUIICH M-TO
cTeneHsl 3 HeBUSHAYEHUMH KoedilieHTaMu.

Koedinientn muorounesa (), () mMoxkHa 3HAWTH, MiACTaBIIS-
roun (14.14) y pisasinns (14.13) i npupieHioo4n koediuienTis 6i-
JIsT OOJHAKOBHX CTENEHIB T y 060X 4aCTHHAX OTPHMAHOI PIBHOCTI.
[lepekonaeMoch, MO KOeMIEHTH §o, q1 - .. ,Gm Y TbOMY BUIIAIKY
3HalinyThea ogHO3Ha4HO. CHopaBi, BPaXOBYIOUH BJIACTHBOCTI Ome-
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paropa L, onepxyemo:
L[Y] =L [(Q():Bm + qlm"‘_l + ...+ gma1T+ qm)-eaz] =
=qoL[z™e™" | + 1 L[z™ '] + ... + g1 L[z ] +
+gmL[e®] = (rox™ +rz™ 4 . 4 Pz + Tm) €*".

Buxopucraemo Tenep Buseneni y m. 3 sexnii 13 dopmymn
S : . .
L[e**] = P(a)e*® i L[z°e*®] = Y CIPY(a)z*Ie**. Cxopo-
7=0

9yI09d Ha e*T, MaeMo

m m—1
qoZCfﬁP(j)(a)xm_j +q ZC,];L_IP(j)(a)xm_lnj +...
3=0 §=0

1
B Z C{P(j)(a)xl_j + g P(a) =
§=0

, -1
=rox™ + 1™+ . T T + Ton.

IIpupiBnsiemo KoediieHTH 6l OJHAKOBAX CTETIEHIB T

mTll

goP(a) = 7o,

™ gomP'(a) + i P(a) =1y,
(14.15)
2% |gP™ () + P V() + ... + gm 1 P'(a) +

+ QmP(a) = Tm-

Ockinbkn P(a) # 0, 10 3 (14.15) MOXKHA OAHOZHAUHO 3HANTH
BCi koedinjentn Muorownena Q,,(r), manpuxnan g = ro/P(a),
@1 = (r1 — gomP'(a))/P(a) i T. 1.

Hexalt o € XapaKTepUCTUUHUM 4MCIOM KpaTHocTi k, TOOTO
P(a) = P'(a) = ... = P%D(a) = 0, ane P®)(a) #£ 0. Y npomy
BUNAAKY YACTHHHMI PO3B’s1i30K Y y Burisii (14.14) we modyaysa-
T, 60 P(cr) = 0. Teuep mykarumemo Horo y BUDIsa

Y = 2*Qu(z)e™, (14.16)



178 Poszin 2. IMPEPEHUIAJIBHI PIBHAHHS BUILIUX IIOPAJIKIB

Ie Qm(T) — MHOTOWIEH ™T-TO CTemens: 3 HeBH3HAYEHMMH Koedilli-
erramu. [lincrapnmoun (14.16) y (14.13), omep:kyeMo, mio

L[Y] — L[kam(x)eax] — iqu[xk+m—jeaz] —

m k+m"j m
— Z g Z le:+m—jP(s) (a)xk+m—]~seaz — § :zjm—jeaa:
3=0 s=k j=0

abo Tiicas CKOPOYeHHs] Ha e2%:
m m—j
. k+s (k+s ™ j—s
ZqJZCk+m ]P )( E :7"3
7=0 s=0 i

IIpupiBErO09n KoediuieHTH 6ifg OIHAKOBUX CTEIIEHIB I, OIep-
JKYEMO CHCTEMY:

:le qoclf+mp(k)(a) - TOv

Lol

qo(k +m)P*+m=1(q) 4 g (k +m — 1)PE+m2 () +
A gmo1(k+ D)PW () =g,

2% @oP*+™) () + ¢ PR+ () 4.+ g PR () +

+ QmP(k)(a) = Tm,

o

3 sixoi, ockimbkn P*)(a) # 0, MokHA OZHOSHAYHO BH3HAYHTH BCi
KoedinienTH qo, q1, - . -, Gm.

Bunagoxk 2. Hexaii npasa uacruna pisnanna (14.12) mae Bu-
TS

flx) =e* ( RV (x)cos bz + RZ)(z)sin bx), (14.17)

1 2 . .
e an)(z) Ta, Rsn)(:r) - MHOTOY/IeHM CTeIleHIB HE BHINMX BiI m,
opudoMy Xo9a 6 ouH 3 HUX Mae cTeniHb m (BOHE MOXYTb OyTu i
CTAIIMMHE YHCIAMHE, OJMH 3 HUX MOKe OyTH TOTOXKHO PIBHIM HYJTIO).
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. eibz+e~ibz . eibm_e—ibz
Ockinbkn cosbr = “—5—, sinbr = “—ZF—, 10 (14.17)
MOXKEMO 3AMUCATH y BHIVISLT
bx —ibx ibx —ibx
e te e —e
f(@) = RY (@) e + RP@) et — =

= R (z) elet®)z RO (g) ela—ib)z,

ne R (z), RO () — MHOTOUJIEHH crenenst m, TO6TO f(X) € cymor0
JIBOX JIONAHKIB, SIKi PO3MVISIAIMCH Y BUNAJAKY 1.

Hexait a 4+ bi He € XapaKTEpUCTHYHHM YHCJIOM DPiBHSHHSA
Lly] = 0. Toxi 3rizHo 3 TeOpeMO 2 YACTHHHMIA PO3B’SI30K piB-
msinns (14.12) moxna 3HaiiTh y Barsi Y (z) = éﬁ,i) (z) elatd)s 4
+ 62'53,) (z)ela=) ne ng,ll) (z) i QY () — MHOrOUNEHH CcTenens T 3
HeBU3HauYeHHMU koedimiertamu. Ilepeiimonmm 10 AiiicHO3HAYHNX
GyHKIIHA, OEPKYEMO OCTATOYHE MPABHIIO 3HAXOIPKEHHS! YACTHH-
HOro po3B’si3Ky piBHsiHHs (14.12) 3 MpaBOIO YACTHHOK BHMLJIsILY
(14.17): axwo a + bi He € TAPAKMEPUCTNUNHUM “UCAOM, TO G-
CMUHHUY PO36°A30K nompibno wyxamu Yy euzandi

Y(z) = e** (Qﬁ,ll) (2) cos bz + QP (z) sin bx),

1 (2
de Qﬁn) (z) 1 an)(:c) = MHOZOYACHY CTNENEHA M 3 HEBUSHANEHUMY
Koediyienmamu.
Ipunycrumo, wio a + bt € k-KpaTHUM XapaKTEPUCTUIHUM YU~
ciiom. Toyi yacTunrui po3B’si30k piBHsiHHS (14.12) noTpibHO 1my-
KaTu y BULVIAII

Y (2) = 2 (QW) (@)el = 4 Q) (z)ele 1))

abo
Y(z) = zfe ( QW (z) cos bz + Q) (x) sin bm)

B 060x Bullaaxax KoelUiEeHT! MHOTOYJIEHIB QS}L) (z) i ng) (x) Bu

3HAUAKOTHLCs [icst HjcTanoBkY Y (x) y piBHsHHEsS (14.12).
3ayBaKuMo, 110 CXeMa 3HAXOJPKEHHS YACTHHHOTO DO3B'SI3KY

Y (x) pisusiiisg (14.12) He 3MiHUTBCH, SIKIIO Rg)(:::) = 0 abo
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R,(g)(x) = 0y dopmyai (14.17). A axmpo f(z) = fi(x)+fo(z)+. ..+
+ fr(z), ne fi(z), fo(z), ..., fe(z) marors Buraam (14.17) abo
1paBoi yacTHHY piBHsiHES (14.13) 3 pisuumu «, a + bi, To 3rixHo 3
teopemoto 2 Y = Y1 + Yo + ... + Yy, me Y; = Y;(x) — gacTunHul
poss’sisok piBusivns Ly | = f;(z), 1 =1,2,...,k.

Hpuknaz 3. 3inmezpysamu pienanna y" — 2" = 2 — €.
Pose’aszarns. XapakTepUCTUYHAMHA 9HCJIAMH BiAIOBIAHOTO O-
HopigHoro piBHgHHA € k] = ko = 0, k3 = 2, a ToMy 3arajbHAM
PO3B’SI3KOM IBOTO PiBHAHHES € Yo = C1 + Cox + C3e*®.

IIpaBy YacTuHy HeOAHOPIAHOrO PIBHSIHHS 3aIMIIEMO Y BHIVISAIL
1(2) = f1(@) + fo(@), 2o fi() = a2, folz) = —e*.

Ockinbku o = 0 € XapakTepucTATHHM YHCJIOM KPaTHOCTI 2, a
a = 1 He € XapaKTEPUCTUIHAM YUCJIOM, TO YACTHHHUN PO3B 30K
3a/1aHOr0 PIBHSIHHS UIyKaEMO y BUIVISA

Y = 2%(Az? + Bz + C) + De® = Az* + Bx® + Cz? + De".
Iincrapasaoun Y y 3aaHe PiBHAHHS, ONEPXKYEMO TOTOXKHICTD
—~24Az? + (24A — 12B)z + (6B — 4C) — De® = z* — €7,

3 gKoi, npupisHOYN KoediieHTH 6insg OIHAKOBHX CTeNeHIB Z,
3HAXOOUMO HepusHadeni koedinientn A, B, C, D:

2| —24A = 1,

21244 - 12B =0 1 1 1
' =—— B=—-—,C=—=

SleB_ac=0, — A= 12 8

e*|l—D = -1

_ 2 2T T L om
y=C) + Cox + Cse 4 12" 38 +e

Pexomendosana aimepamypa: [3, c. 153 — 165, 174 ~ 180],

(4, c. 389 - 397, 408 - 417), [5, c. 243 — 261], [7, c. 125 - 130, 138 -

144], |16, c. 103 — 108, 138 - 148].
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IInrannsa po gekmii 14

1. dxy crpykTypy Mae 3araipHUil PO3B’S30K JiHIAHONO HEOTHOPI-
JHOTO PiBHAHHA T-T'O NOPSAKY?

2. Axwit BUIISAL Ma€ JACTHHHEHE PO3B’A30K JIHINHOTO HEOAHOPIIHOTO
PiBHAHHS, SIKINO #Or0 TPaBa YACTHHA, € CYyMOIO JIEKUIHLKOX JONAHKIBT

3. ¥V 4yoMy mossira€ MeToJ Bapiallil JOBUILHHX CTAJIMX IHTErpyBaHHs
JIHIHOTO HEOZHOPLIHOTO PIBHSHHS 71-TO MOPSAKY?

4.Y gomy nonsirae Meton Kourl BijmykanHsi YaCTHHHMX PO3B A3KiB
JNiAITHOTO HEOJHOPIHOrO piBHSHHS 7-r0 NOPAAKy? dAkuit Burnan mae
dopmyna Komi?

5. Y yoMy monsAra€ MeTo)y HEBU3HAYEHUX KOEMIICHTIB 3HAXOMKCHH S
YACTHHHUX PO3B’S3KiB JIHITHOrO HEOMHOPIAHOTO PIBHAHIIS 11-T'0 TOPSIKY
31 cranumu koedinjiertamu? SIkoro Burnsay mMae OyTH MpaBa YacTHHA
piBHsIHHS, W00 MOXKHa OYJIO BUKOPHCTATH LEeit Meron?

Bnpasu go aekunii 14

1. 3iurerpyitre niniiini HeoMHOPLAHI PIBHSIHUA MCTOAOM Bapiamil Jo-
BUILHHX CTAJINX:

tg2x+1
6) " Ay — B TTL

. " 3/ 2 —_—
a)y" +3y +2y et +1° 2tgx

2. BimTerpyiite ninifiHi HeOAHOPIAIT PIBHAHIA MCTOAOM 1ICBA3HAMC-
Hux KoedinienTin:

a)y" —y=a*+mr; 6)y’+y =sinz+ 3rcosz.

3. BuaiigiTh poss’s3kM 3ana4 Komi:
a) Y’ +y=e" y(0)=1, y(0)= -2
6) vy’ — 2y — 3y =xe™®, y(0) =0, y'(0) =0.
4. Binrerpyiite piBHsiuns merogom Komi:

1
Ay ty= o Oy -u=a

5. JLms KOXKHOrO PIBHAHHA 3alUIiTL YACTHIIUE PO3B’A30K 3 HEBU-
3HAMEHMMH KoedlllEHTaMH, He [LyKaloun |X:

a) y' — 2y + 2y =4z%e® + 3cosz; 6) y' + 7y + 10y = e~ sinbx.
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Jlekuia 15. JliHiiini ogHopiaHi piBHAHHS ApPYroro
MOPAAKY

ITnan

1. Kanoniyna dpopMa JIiHIHHOrO OJHOPIAHOTO PIBHAHHS JAPYTro-
ro HOPSIKY.

2. IToBynoBa 3arajibHOro Po3B’SI3KY y BHNAIKY, SIKIIO BiAOMMIL
OIMH YACTHHHUHN PO3B’SI30K.

3. IuTerpyBaHHs JIiHIHHHX PIBHAHDL 34 JOMOMOIOIO CTENEHEBHUX

psiaiB.

1. Kanoniuna dopwma giniiinoro ogHopignoro piBHAH-
H¥ OPYroro mopaaky. Jlimifiui andepenniaabii piBHAHHES Apy-
FOTO MOPSIKY YaCTO BHKOPUCTOBYIOTH sIK JidpepeHIianbrl Moaesi
pi3HOMaHITHHX NMPHKIAJAHUX 33134 MexaHiku, dizuku, 6iosorii ra
IHIITUX HayK.

Posrisitnemo siHifiHe OTHOPiHE PIBHAHHSA APYTOro NOPAAKY

a(@)y” +b(z)y + c(z)y =0, (15.1)
ne a(x), b(z), c(z) — menepepsni PyHkuil Ha meskoMy iHTepBaJi
(a,b).

Axmo a(x) # 0 Ha inTepsadi (a,b), To pisusauus (15.1) MoxkHa
3aIUCATH y BUIVIAI

¥+ p(x)y + q(z)y =0, (15.2)

ae p(z) = b(x)/a(x), g(z) = c(z)/a(z). Nokaxemo, mo piBHAHHS
(15.2) MOXKHA 3BeCTH [0 DIBHSIHHSA, sIK€ HE MICTUTb Nepiuoi noxi-
Aol JIJist 1boro 3ampoBaiiMo 3aMIHy

y = afz) 2, (15.3)

ne z = z(z) — HoBa mykaHa pyHKUisA, a(T) — HOKM WO HEBIAOMA
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dyukuis. Iigcrapasnoun (15.3) B (15.2), onepxkyemo:

o'(z)2 +2d/ (2)2' + a(z)” +
+p(z) (o ()2 + a(z)) + ¢(x)a(z)2 =0 =

0 () 4+ (55 2 s )=
(15.4)

Bubepemo tenep ¢ynkuio a(x) tak, mob koedinient 6ina 2’

IEPETBOPUBCS Y HYJIb, TOOTO ZZ‘ES) +p(x) = 0. 3Biacu, inTerpyoyu,

3HaXoUMO byHKIIIO aT):
a(z) = e~ /p@)dz, (15.5)
Bpaxosywoun, mo

O’( ) ])(113) ~1fp(.1:)dx
v (L P@ @) i ey
a(””)?(‘T*T)e e,

HasaMo piBHsiHHIO (15.4) BUCNAny

’ 2
2"+ (—@ _2 ix) +q($))z =0

Takum 4unoM, 3 (15.3) i (15.5) BuMBae, 10 3aMila MyKanol
PpyHknil 3a HopMyJIO0

y = e_%fp(z)dz A
3B0JMTH piBHsiHHs (15.2) N0 piBHAHHS
2+ I(x)z =0, (15.6)

Jie Nno3aa'ieHo
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Pisnsinnsg (15.6) Ha3HBAIOTD KAHOHINHOMO HOPMOIO PIBHAHHS
(15.2), a dynxmio I(x) - ineapiarnmom piBrsiaas (15.2). Ouenn-
JIHO, MO Kostm piBHsAHHSA (15.6) iHTEerpyeThCs Y KBaApaTypax, To iH-
TErpyeThcs y KBaJpaTypax Takox pissinHs (15.2). 3okpema, Tak
6yne, sxwo I(z) =C, I(z) = % abo I(z) = (—a;i—bjg V¥ nepmomy
BuIaaKy piBHsHH# (15.6) Oyze nimiiinuM piBHAHHAM 3i cTaaEMH
xoedinienraMi, y apyromy — piBHsHHsSM Efinepa, y Tpervomy —
piBustHHsM Jlarpamka (aue. nekujio 13).

BayBaxkuMO, IO ISl JIHIAHOrO PIBHSHHS APYTOro IOPSLIKY
31 cranumu koedillieHTaMu iHBapiaHTOM € B3ATUil 3 IpoTHiIe-
JKHUM 3HAKOM JIMCKPHUMIHAHT BLANOBIZHOTO XapaKTe€pPHCTUYHOIO
PIBHSIHHSI.

Ilpuknan 1. Jinmezpysamu pi8HAHHA
zy’ + 2y +xy=0.

Poze’sazamns. IcuyBatHsd Ta €IMHICTh PO3B'A3KY rapaHTOBaHI HA
inTeppanax (—00,0) i (0,00); £ = 0 — ocobamBa TOUKA 33IaHOrO
piBustanst. Ockinbkm p(z) = 2/x, q(z) = 1, To iHBapianTOM pis-
HsIHHH, SIK JIEKO mepesiputh, € ¢ydkuia [(z) = 1. Bpaxosyroun
tenep (15.6), a1 Bimuykanus dyHKIIl 2 = z() MaeMO PiBHSIHHS
2" + 2z = 0, 3aranbHAM PO3B’A3KOM SAKOTO €

z=C1sinz + Cycosz.

. _lf2dz .
Ockinbku y = €72/ "= z = %, TO OCTATOYHO OIEPKYEMO:

2. Tlo6ynoBa 3arajJbHOTO PO3B’A3KY y BHOAAKY, SIKILO
BiJiloMU#l oauH dacTHHHUI po3B’sizok. Hexait BigomMuii o/14H
HETPUBlAJIbHUN “aCTHHHUYE PO3B’s130K Y = y1 () piBHsAHHs (15.2).
[TokaskeMo, 1110 3apPOBAIUBIIY 3aMiHy

y= yl/udm, (15.7)
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Je u = u(x) - HoBa HeBinoma dynkuis, piBusHEa (15.2) MoxHa
3BECTU PIBHAHHA 3 BIJOKpeMmioBaHUMH 3MiHHuMH. Cnpapsi, min-
crasisiroan (15.7) y (15.2), onepxyemo:

yi’/u dz + 2y u + yru'+
+p(z) (yi/u dz + yw) + q(:c)yl/u dzr=0 =
(w1 +p(@)yy +a(@)y1) /u dz + (29} + p(z)y) u + 1o = 0.
Ockinbku y; — po3e’a30k piBasinua (15.7), 10
Yyl +p(@)yi +g(@)y = 0,

a ToMy

!
n + (2 +p@p)u=0 = o+ (23—1 +:v(-’v))u =0.
0N

3arajibHuM PO3B’SI3KOM OTPHMAHOI'O PIBHSIHHS, sIK JIETKO Tepe-
—9 _ . .
xouarucs, € u = Cryy 2e~IP@%  [Tigcrapnsioun renep dbynxnio
uy (15.7), ojlep>KyeMo 3araipHuil PO3B’I30K piBHsHHs (15.2)

e—fp(a:)dw
1

Dopmyay (15.8) nasusaiorh gopmyaoto Abeas.

Ipuknan 2. 3inmezpysamu pieHanns

(2 + 1)y" — 2zy’ + 2y = 0.

Poae’saszanns. Jlerko nepesipuru, mo y;(z) = T € 4acruunum
po3B’sa3koM saaadoro piBHarHs. Ockinbku p(z) = —P%, T0, BH-
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KOpUCTOBy104H (popMyny Abeiis, 0j1ep:KyeMo:
2zdx
P iy
y=zx Cl/'_de.’L"*’CQ =

eln(x2+1)
y==x Cl/——2——dm+Cg =
x

2 +1 9
y=x<C’1/ 2 d.’l?-‘rCQ) = y=0C(z°—1)+Coz. B

dkmo Bimomult HeTpuBiaJbHUN YACTHHHME PO3B’sI30K Y1(T)
piBHsHHsA (15.2), TO e PIBHAHHS MOJKHA 3IHTErPYBaTH TaKOXK, BU-
kopucToByioun (popmyiy Ocrporpaacskoro — Jliysinast (popmyiia
(12.17)).

3rizgo 3 teopemoro 6 (Jekmist 12) mas Toro, mob 3Ha-
#TH 3aragbHEE po3B’A30K piBHaHHA (15.2), mnorpibHO MaTn
dyHIaMeHTaIBHY cHCTeMy pPO3B'S3KiB Iboro piBusinHsa. Hexait
yo(x) — Taxwmit poss’szok piBHsHHS (15.2), mwo yi1(x), y2(x) yTBO-
proloTh (hbyHIaMEHTaNbHY CHCTeMy pO3B’s3kiB. Bukopucroryo-
an dopmyay Ocrporpaicekoro — Jliysimas (12.17) y sursai
W (z) = C; - e~ P9 oneprxyemo:

I R RN
Y1 Yo
)
nvh — Yiyo = Cre~[p@ds o NRZN 2y1y2 = gzl‘e_fp(z)dz
, Y1 Y1
! —[plx)ds
(22') = Clopnas o =y C1/E——g~—d$+02
n W n

Taxum 4MHOM, 3HOBY OLepXKaJn POpPMyITy AGens (15.8).

3. InterpyBannsa niHiliHMX PIBHAHB 32 JONOMOTIOIO CTe-
nmeHeBUX paAiB. Poss’askn niniiiHOro audepeHianbHOrO piBHsA-
HHSA APYrOro Nopaaky 3i 3MiHHUME KoedillieHTaMu He 3aBXK/AU BH-
ParkaloTbesl vepe3 eseMeHTApH) (PYHKIN), a iHTerpyBaHHsI TaKHX
PIBHSIHD PIAKO 3BOJMTHCH A0 KBaJIpaTyp.
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Ille ommH MeTon, iHTErpyBaHHS 3a3HAYEHUX PIBHAHB IOJIATAE
y 300parkeHH] ITYKAHOTO PO3B’SI3KY Yy BHUIVISZ] CTENEHEROTO PsIIY.
Haranaemo jesixi noHATTS i (akTH, 10 CTOCYIOTbCS CTENEHEBUX
psiaiB.

®yukuio f(x), ska BusHavena Ha intepsaii (a,b), Ha3UBaOTH
aHAATMUNHO0 B TOYll Zo € (a,b), Ko 1T MOXKHA PO3BHHYTH
B CTeneHeBMil psifl, 301>KHUI y JEAKOMY OKOJi TOUKH Xg. KaxyTb,
o ¢yexiis f(z) anasimuvna Ha inTepsaii (a,b), AKIO BOHA B
KOXKHill Touni zg € (a,b) moxke OyTH po3BUHEHA B CTENEHEBUH s,
0 36iraeTncs B AESIKOMY OKOJI TOYKH Tg. 30KpemMa, IKIHO Psil

f@) =" cule - o)t

k=0

Mae pagaiyc 36ixunocti 7 > 0, To dbyukuist f(z) aganiruyda Ha iB-
repBasii (xg — T, To + T).

Posruaaemo audepenuianbie pisasinna (15.2), B sikomy ¢ys-
kuil p(z) i ¢(z) ananiTu4ni Ha inTepBasti (xg — a, Tp + a), TOO6TO iX
MOXKH& PO3BHHYTU Yy CTEIlleHeBl Psiiy

p(x) =Y pr-(—m0)*, q(z)=> - (x—=z0)¥,
k=0 k=0

AKi 36iraloTeea Ha iHTepBadi (g — a,xo + a).

Teopema 1. Jxuo y pienanni (15.2) dynxuii p(x) i ¢(x) ana-
MMusHi Ha twmepeaat (Ty — a,To + a), mo 6ydv-axull po3e’a30K
Yb020 PIBHANKA € anaimuunor gynruieto npu x € (ro—a, zo+a),
mobmo mosce bymu possunenut y 36wcrut na (T — a, o + a)
cmenernesuti pad

y(r) = Z cx(z — x0)k. (15.9)

k=0

JoBesennst 1€l TeopeMu MOXKHa 3HAWTH, Hampukian, B [6,
c. 284 — 286|.

Touky & = xy HABMBAIOTL MONKOIO AHAATIMUYHOCTNE PiB-
HsHEs (15.2). B okosi ToYkM aHAJITHYHOCTI pO3B’A30K piBHSIHHSA
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(15.2) mykatore y sumsai psgy (15.9), ge uucaa cg, ¢, Co, - ..
OiIIATa0Th BU3HAYEHHIO.

Hpuxaag 3. 3a donomozor cmenenesur padie 3inme2pysamu
pienanna y' + xy = 0.
Pose’asarna. Biazaadnmo, 110 3a1aHe piBHAHHSI He iHTeTpyeThCs
y KBajpatrypax. Moro po3s’si3ok IIYKaE€MO Y BHIVIALl DALy

o
=Y ca®, (15.10)
k=0
BBaxKaroun ¢, k = 0,1, ... HeBusHaueHuMH Koedinientamu. Ilo-

KaKeMO, 110 I KoeillieHTH MOXKHA ONHO3HAYHO BU3HAMUTH i IpH
upoMy psz (15.10) s6iraTumersest B IeIKOMY OKOJL TOYKY x = 0.

Hgpiui aandepenmioemo paa (15.10) i nincraBumo #ioro pazom
3 pagoM s Yy’ y 3agate piBHAHHS. OJ€pPXKYyeMO TOTOXKHICTb

[o0] 0
Z k(k — Degzh2 + chxk“ =0 =

k=2 k=0
o o
(k +2)(k + 1)ciqozt = — ch_lx’“.

TIpupiBHioroun xoediuienTu 6is OOHAKOBUX CTEreHIB I, 3Ha-
XOAYMO, IO

1

= B —— k>1.

C2 9) Ck+2 (k+])(k+2)ck 1
OTxe,
(_1)771(:0
C3m = s
M= 3mBm — )(3m —3)3m —4)-...-3-2
_1 WLC
C3m+1 = (1) 13 €3m+2 = 0,

(3m + 1)3m(3m — 2)(3m - 3) -

aem = 1,2,..., a koediuienTy ¢y i €] 3aJUIIAIOTBCH HEBU3HAME-
HUMH (JOBUILHEMH).
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Hoknanatoun ¢ = 1, ¢; = 0, WO piBHOCHABHO MOYATKOBHAM
ymoBam y(0) = 1, ¢/(0) = 0, 3uaxogmmo psi

0 _1\Ym ,.3m
_ Z ()72 . (15.11)
= m(3m —1)(3m —3)(3m —4) -...-3-2
Hoxnagaw4u ¢g = 0, ¢; = 1, 0 piBHOCHABHO MOYATKOBHM YMO-
Bam y(0) =0, ¥'(0) = 1, onepxxyemo psan,

B (_l)m 3m+1
ya(a) QH_Z (3m +1)3m(B3m —2)(3m —3)-...-4-3’

(15.12)

Buxopucrosyioun o3Haky [ AnamGepa, JIErKO MoKa3aTH, 110
pamu (15.11), (15.12) 3biratorsest uist Beix z € (—00, -+00), & TOMY
ix MoxkHa AudpepenuioBaTh Ha (—o00, +00). [Tigcrapnsioun (15.11),
(15.12) y piBmsiaas (15.2), mepekonyemock, mo yi(z), yax) —
po3B’si3ku piBHsAHHEA (15.2). Binbi Toro, ni poss’sisku JiHifiHO He-
sasiexkni Ha (—00,+00), 60 iX BpoHCKiaH BigMiHAHMI Bif Hyns y
Toumi x = (:

W (0) =

y1(0) 2(0) ’ 1 Olzl
y1(0) %(0) | |0 1 '

OTxe, 3arajbHAM PO3B’I3KOM 33JaH0r0 PIBHIHHA €

y = Ciy1(x) + Coya(x),

ze y1(z), y2(z) BusHaqeni popmynamu (15.11), (15.12), a Cy, Cy -
JoBUILHI cTas. M

3a3HAMUMO, IO METOJL CTENEHEBUX PHAJIiB MOXKHA BUKOPHUCTOBY-
BATH TAKOX JJIsI poaa’ﬂsyBaHHﬂ JUBIAHNX HEOAHOPIAHNUX PIBHSIHDL
apyroro nopsnky y” + p(x)y’ +q(x)y = f(x), axumo p(z), q(x) i
f(z) — anasituual QyHKUil B JesiKOMy OKOJIi TOYKH T = Tg.

Posrnsanemo Temep unasuok, koau p(x) i q(z) - koediujenrn
piBHsiaHs (15.2) — He € ananiTHIHUMHU B OKOJI TOMKA T = Tg. Touky
T = Xp, A AKOL xlirrzlnp(x) =00 abo lim ¢g(x) = 00, HA3BUBAIOTH

qJ =iy
0cobau8010 TOUKOW piBHsIHHS (15.2).
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Hexait Koedinienru pipHanusa (15.2) MoxHa mozaté ¢opmy-

namu p(z) = 2—1_%, q(z) = (gi(jo))z, ne p1(z), q1(z) — aHamiTH4H

dynkuii na inTepsani (zg — a,Zg + a), To6TO

@) =Y pux—20)*, q(z) =) qu(z —z0)*.
k=0

k=0
Toni pisastaHsA (15.2) 3py4HO 3anucaTH y BUIVIAAL

(z — 20)%y" + (x — zo)pr(2)y + q1(z)y =0, =z # =o.

Axmo T = T - ocobnmpa To4Ka piBHsHHs (15.2) (ue Oyne, sIKIIO
xo4a 6 ofHe 3 Wmcen Pig, q10, ¢11 BiAMIHHE BiJ HyJs1), TO 1i Ha3W-
BAlOTh PE2YAAPHON 0c06Au6010 mouxoro. B okoni perymsprol
0coBIMBOI TOYKM T = T PO3B’si3KM piBHsAHHsA (15.2) He 3aBXKIu
MOXHa 300pa3uTH y Bumai crenenesoro psyyy (15.9). Hanpu-
ka1, obuxsa poss’szky y; = /2 i yo = 22 pinnanna Eitnepa
20%y" + 5xy’ — 2y = 0 He MOXKHA DO3BHHYTH y CTelleHEBi psii
purnany (15.9), T06T0 y paIM 32 LIJIMMM J0IATHEMH CTENEHSMH
z.

Y upoMy BUMAIKY PO3B’SI30K PIBHSIHHSL HOTPIOHO IIYKATH Yy BHU-
IS/ Y3A2aAbHEHO20 CTNENEHEBO20 PAJY

o0
: y((L‘) = (:L‘ - ‘TO)T ZCk(CE - -'If'O)k,

k=0
Iie 9Aciia T, Cy, Cp, - .. HiJJATal0Th BUSHAYCHHIO.

Posp’sxkeMo Teriep METOIOM CTeNeHEeBUX PSIIB PIBHAHHA 3 IPU-
kitaay 1.

Ilpukaang 4. 3natimu 3ez2aabHull Po36°A30%K PIGHANNA
zy +2y +xy =0. (15.13)

Poazs’azarna. Toaka xy = 0 € ocobansoio, 60 p(xr) = % — 00 IpHU
z — 0. ToMy PO3B’SI30K HIYKAEMO Y BUIVISAI Y3araJbHEHOTO CTere-
HEBOTO psi/ly '

oo
y(z) =" chx‘ﬂ
k=0
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Toni
o)
(@) =Y (k+r)eeat
k=0
oo
y'(z) = Z (k+r)k+r-— ezt tr2,
k=0

[incrapnsmoun 3naiigeni supasu 1151 y, v, y” y (15.13), onepxky-
€Mo, Mo

o0
Z (k+7)(k+7 — Vet 4
k=0
o0 o]
+2 Z(k + )zt 4 Z Tl =0
k=0 k=0

abo nicys CKOpO4eHHs Ha T':

[o.0] o0 [o o]
Z (k+7)(k+7r—1)cpz* 142 Z (k4 7)cpzh ! +Z cxFtt = 0.
k=0 k=0 k=0

Ockinbku 36iKHI cTeneHesi pamay € abcoMmoTHO 301KHi Beepe-
JuHi iHTepBay 30613KHOCTI, TO HoNepeaHii PIBHOCTI MOXKHA HAlATH
TAKOTO BUNNIsIJLY:

(7‘2 +1)cor '+ (12 4+ 3r + 2)¢ 0+ (Co + ('r2 + 5r 4 (S)cg) T+
+ (1 + (r* 4+ Tr + 12)c3) z? + (c2+ (r?4+9r+20)cs)2* +...=0

3BiJicK BUILIMBAE, 1110 yci KoediltieHTH y3araJbHEeHOro crenene-
Boro psiny (15.14) nopiBHIOIOTH HYJIO, TOOTO

(r® + 7)o =0,

(r? +3r +2)a =0,

co + (r? + 57 + 6)cp = 0,
c+ (1”2 + 7r + 12)cs = 0,
c2 + (2 4 9r + 20)cq = 0,

.
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Hexalt ¢y # 0, Toai 3 nepmoro pipHaHusA cucremu (15.15) onep-
XKyemo, mo r = 0 abo r = —1. fxmo r = 0 i, HanpukIag, ¢ = 1,
to 3 (15.15) 3HaxoaMMO

1 1
C1=0, Cy = —= C3=0, Cq4 = T3y »o ey

3
_ _ (=pF
Cok—1=0, cop = G+l

Takum guroM, GyHKUIsS

2t _ 1 AR _sinm
yl(x)=1—§-+ﬁ~...—5 x_§+§f—"‘ =

€ po3B’s3KOM piBHsHHSA (15.13).
Hexait Tenep r = —1. Toai, BBaxkaloum, mo ¢g = 1, ¢; = 0, 3
(15.15) 3HaxoaMMO

oo Pl
62—_5’ c3 =0, 04_5, very C2p—1 =Y, Cop = (2]{')'7 ce
a orke, PYHKILA
1 :v+ac3 1 ] :132+£174 _ cosT
y2($)—5—§ T, oa T )T

TaKoXK € po3p’askoM piHanHA (15.13). Ockinbkn 3Haigeni dbyn-
Kiil 41 () 1 yo(z) JiHifiHO He3aNEXKHI (IPOTNIOHYEMO Y LBOMY MEPEeKo-
HATHUCS CAMOCTifiHO), TO 3riaH0 3 OCHOBHOK TeopeMot (siekuis 12)
3araJbHAM PO3B S3KOM piBHsHHA (15.13) €

sinx COST
+ Cy

. a
T T

y=0C

Pexomendosana aimepamypa: [3, c. 297 - 316], [6, c. 269

273, 283 — 294], [7, ¢. 120 - 122, 150 — 158], [16, ¢. 202 - 219], {17,

c. 363 — 404, 412 - 435].
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IInrauusa go nekuii 15

1. 3a pomomorow sIKOi MiACTAHOBKY JiiHifiHE OZHOpPiJHE DIBHAHHSI
JPYToro NOpSiKy MOXKHA 3BECTH JO PIBHSHHS, sIKe HE MICTHTH EpIIol
noxijaol? Ik nasusaloTh Taky dopmy pirHsaHHST

2. [lo nasuBaroTh iHBapiaHTOM JIiHIHHOTO ONHOPIXHOrO pPIBHSIHHS
apyroro nopsaaky? fxoro Burnsany mae 6yt insapianTt, mob Bignosigme
JiHilHE OXHOpPiAHE PIBHAHHA OPYTOro MOPSIKY MOXHA OyJ0 3iHTerpyBa-
TH y KBaJIpaTypax?

3. Ak, Mawo4M OWH YACTHHHHMI DO3B’SI30K JIHIHHOTO OZHODPIAHOIO
PIBHSIHHSI IPYrOro MOPSIKY, 3IHTErPYBATH 1ie PIBHSIHHA y KBaIpaTypax’
Axuit Burnag mae dopmysna Abens?

4. Ak moxua Buxkopucratu dpopmyiry Ocrporpajckkoro - Jliysimrs
AN IHTerpyBaHHs JIHIAHOTO OJHOPIAHOTO PIBHSHHSL JAPYIOro MOpsaaKy?

5. 9k 3HadiTH 3arajibHUI PO3B’ 30K JIHIHHOTO OMHOPIAHOVO PIBHSIHHSL
JAPYTOro MOpAJAKY 3a JIOIIOMOTOIO CTENEHEBHX PsiAiB? Y SKOMY BHUIAJAKY
PO3B 30K UBLOrO PiBHSAHHEA NOTPIOGHO IMyKATH y BHIJISIAl Y3araJibHCHOIO
CTemeHeBoro psiay?

ITuranna go aekmii 15
1. 3peaiTh piBHAHH 10 KAHOHIYHOI dopMH Ta 3lnTerpyiire Ix:
a)y’' + 2y +y=0; 6) %y +25% + (a® — 2)y = 0.
2. Binrerpyitre piBHAHHsI, 3HAI0MN X HacTHIH po3B’siskyu Yy (x):

a) 2z + 1)y" + 4oy’ —dy =0, yi(x) = e
6) w(z - 1)y —zy' +y =0, yi(z) =z

3. Binrerpyiite piBHAHIS METOIOM CTCIIEHEBUX PSIB:
a)y'+zy' +y=0; 6)y" =ye"
4. 3inTerpyitTe PiBHSIHHA MCTONOM Y3arajbHCITHX CTEHCHCBUX PHAIB:

a)zy' —(x+ 1)y +y=0;, 6)92%" — (2% -2)y =0.
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Jlekuig 16. dundepenuianbHi Moaeiti KOJMBaJIbLHUX
IIPOILIECiB

Ilnau

1. 3acTrocyBaHHS JIHIMHUX OJHOPIAHUX AudepeHIabHUX PiB-
HSHB APYTOro HOPSIJIKY JIC KOJHBAJILHUX PYXIB.

2. 3acTocyBaHHst JIHIMHAX HEOOHOPITHMX AudepeHIiaTbHUX
PiBHSIHB APyroro HNOPsi/IKy JO KOJUBAJIBHUX PYyXIB.

3. dudepenniaibaa MoOelb MATEMATHIHONO MAsITHHKA.

1. BacTtocyBaHud JiHITHUX ogHOPiAHNX OudepeHIianb-

HUX PIBHAHDL APYroro MNOpsaiaKy OO KOJMBaJbHHUX PYXiB.
[Ipunycrtumo, IO MaTepialbHa TOYKa MACH M OPAMOJIHIMHO py-

Xa€Thes B310BXK oci Oz miz, BIIMBOM TPBOX CHJI:

1) cum F), mo OpHTArYe TOYKY JO IOYATKY KOODAMHAT; IO
CHJIy BBAXKATUMEMO IIPONOPUIRHOIO BifJasi £ TOYKM Bij MoyaTKy
KoopauHar, T06T0 F1 = —az, ge a > 0;

2) cunm Fy onopy cepefoBHINA, sIKY IPHUITYCKATHIMEMO IPOTIOp-
IIMHO© MIBUIKOCTI pyXy ToukH (1ie NpUIYHIeHHs OIu3bKe J0 Hifi-
CHOCTI JJIs HE3HAYHMX MIBHAKOCTEH), To6TO Fh = —bz', ne b > 0;

3) 36yproBasibHOI (30BHIMIHBOI) CHJIM, IO CHPSIMOBAHA, B3JIOBXK
oci Oz i nopisuioe F3(t) y MoMeHT 4acy t.

Togi arigno 3 apyrom 3axonoMm HbroToma

F = ma,

ne F = Fy+ Fo+ F3, a = 2 (t), maemo audepeHjiaibae PiBHSIHHS
pPyXy MaTepiaJbHOl TOYKH:

mz” = —ax — bx' + Fi(t)

abo
" + 2 + ¢’z = f(t), (16.1)

b _fa _F3(t)
p= >0, —\/%>o, £t =

m .

e
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Yucno p Ha3HBAIOTH Koediuienmom onopy, a umcio q — xoegdi-
UIEHMOM BIOTUNEHHA.

Hudepennianbue pipuanus (16.1) — siniiite HeopHoOpiaHe piB-
HSIHHA JPYTOro HOpsAKYy 3i cranuMu Koedinienramu. 3iHTerpyBaB-
u #oro, 3HaiieMo 3aKO0H pyXy MaTepialbHOI TOYKH.

OcKiJIbKH HaWOLNbIIMI iHTEepeC CTAHOBJISATL BHIAJKH, KOJIH
PyX, AKkuit BusHaveHmii piBHAHHAM (16.1), € KOJIMBAHHAM TOYKH
6inst nosoxkensst ¢ = 0, To piBHAHHA (16.]1) HA3UBAIOTH PIEHAN-
HAM KoAUueans. Ilpu npoMy, KO 30ypIOBAIbHA CHJIA BiICYTHS,
T06TO f(t) = 0, TO LIE PiBHAHHSA HA3UBAIOTH PIGHAHHAM GLALHUL
K0AUBAHD, BOHO MA€ BHIJIA],

" +2p2’ + ¢’z =0. (16.2)

Hudepenuianbue pipasinas (16.1), y sikoMy npaBa 4acTUHA TOTO-
JKHO BigMiHHa Bif HYN#A, HA3UBAIOTH PIBHAHHAM GUMYUEHUT
KOAUBAND.

Posrisinemo pisagHus (16.2) i 3’sicyemo, sik koedimienTn p, q
BIUIMBAIOThH HA XapakTep pyXy marepiajibHol Touku. [Ipoananizy-
€MO OKpeMi Bunajiky pipnsinnst (16.2).

Bunagnok 1. Pyx eidbysaemvca y cepedosuuyi 6es onopy
{(p =0). Toni piBaAnHA pyXy Mae BULVIA,

" +¢?x = 0. (16.3)

PiBusinns (16.3) onucye BepTukayibii pyXu Tila, NiABILICHOIO HA
IPY>KHHI, IiJ{ BILIABOM CHJIK IPYXHOCTL IPYXUHU 1 CWIH Bard,
MaJli KOJHBAHHSI MAsITHHKA, KOJIHBAHHA NOBITPS B aKyCTHUNOMY
pe3oHaTopi Ta iHni SBHINA KOJUBHOI pupoau. Le pisnsinns nasn-
BAIOTb UIE PIBHAHHAM 2GPMONINHO20 OCUUAAMOPA.

PiBusanna (16.3) — JiHIHE OAHOPLMHC PIBHMHHY 31 CTAJIMMA
koediuienramu. Horo xapaxrepucruune pismsims k2 + ¢° = 0,
XapaKTEPUCTHYHI UHCJI — KOMIUICKCHO-CIIpsSIZKCHA hapa k) = qi,
ky = — @i, a TOMy 3araJIbHUM PO3B’S3KOM I1bOr0 PIBHSTHHS €

z = Cjcosqt + Cysin gt.
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s 3’sicy BaHHES (DISUYHOTO 3MICTY OTPUMAHOIO PO3B’I3KY 3pY-
YHO 3BECTH HOro Ao inmoi popmMu, BBIiBUIK 3aMICTh JOBUIBHUX CTa-
max C1, Co nosi crami A1 ¢ (A > 0) 3a dopmynamu C; = Asin g,
Cs = Acos . Toni

C
A=4/C?+C3, sa=arctg5; (Cp #0),

z = Asinpcosqt + Acosypsingt =
z(t) = Asin(qt + @). (16.4)

Pyx, sikmii onucyetbest dopmynoro (16.4), HasuBaloTh 2apMmo-
HIYNUM KOAUGAHHAM. Bid € mepiomuyaum pyxoMm 3 nepiodom
T = 2r/q i wacmomoro q. Uncino A Ha3MBaIOTh AMNAIMYOIO10
roausanns (16.4) (ue MaxcuMajbHe BiJXMJIEHHs TOYKH BiJ, cTa-
Hy pisHOBaru). Benuuuny ¢t + ¢ Hasusaioth a3 xoausanHa.
Suavennsa ¢asu KoupanHs npu ¢ = 0, TOOTO KyT ¢ HA3WBAIOTH
nowamxoe010 Pa3oro komusanusa (16.4).

3 dopmyau (16.4) BumuBae, IO BCl pyXH, BU3HAYEH] PiBHA-
ausamM (16.3), obmexeni, 60 mpu t — +oo |z(t)| < A. I'padik
KOKHOIO KOHKPETHOTO PYXY MOXKHA OIEPKATH 38, JOIIOMOTOI) eJle-
MEHTAPHIX IepeTBOpeHb rpadika dbyuxuii = sint (puc. 16.1).
!

A

rz=A

ANANY

%) t
\/ \//=Asin(qt+<,0)

—-A

Puc. 16.1
Byab-akuM 1OYaTKOBEM yMOBaM
z(0) = xo, #'(0) = xq

3riJIHO 3 TEOPEeMOIO PO iCHYBAaHHS Ta €JMHICTL PO3B’A3KY 3ajadi
Kouri ajis1 sinifiHoro piBHsHHSA n-r0 Nopsiaky (nekuis 10) sinunosi-
Aa€ equpmii pyx 3 dopmyan (16.4). 3uaiigemo eit pyx. Ockinbku
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z' = Agcos(qt + ¢), To Bignosinui 3HavenHs aMmiutityam A i moga-
TKOBOI a3y ¢ OIepXKYEMO 3 CHCTEMH

Asin g = o, 1\/_577 _ gz
{choscp:x6 = A—a q Ty + xy, so—arctg?-,

/
0
Bunanok 2. Pyz sidbysacmucs y cepedosuuyi 3 onopom p > 0.

Xapakrepuctuanum pisuaaHaM aia (16.2) € k2 +2pk +¢%2 =0, a
XapaKTePUCTHIHUMH YUCITAMHA —

ki=-p+VPP—¢® i ka=-p—p*—g¢*

Akmo p? — ¢% < 0, 10, mossauusmu p? — ¢? = —h?, 3aranpumi
po3B’sa30k piBEAHHAsA (16.2) MOXKeMO 3anUCaTH SIK

z = e PY(C) cos ht + Cy sin ht),

ae h = \/q? — p?, abo, BpaxoBy1OuM NO3HAYECHHsI, IKi BAKOPUCTO-
BYBaJIMCh 1Ipu BuBedeHHi dopmysn (16.4), y Bursai

z(t) = Ae Plsin(ht 4 ¢). (16.5)

Pyx moukm, akwmii onmcyerhest dopmyson (16.5), HA3MBAIOTDH
320CAI0NUM 20PMOHINHUM KOAUBAHHAM 3 nepiojiom T = 27“,
qacToTomo h, amMmiTyaow Ae~Pt, nouarkosoto dasoro ¢ (puc. 16.2).
Ha Bigminy Bip rapmomniunoro kommsannst (16.4) reuep amriryaa
€ BEJIMUMHOIO 3MiHHOI0. AJste BoHa obmexena, 60 Ae P! < A, i npa-
My€e [0 HyJs npd t — +00. Hueso A HazuBaloTh nO4aAMK08010
amnaimydoro, a p - xoediuienmom 3zacanns. Muoxnuk e Pt
XapaKTEPU3Y€e IBUIKICTb 3racaHHsl KOJUBAHHS.

x

Q|

Puc. 16.2
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dxmo p? — ¢2 > 0, To, mo3HauMBIIHA p° — ¢° = h?, saranbuuit
pO3B’s130K piBHsiHHS (16.2) 3anmieMo y BUIISI

a(t) = C1eP Pt 4 Coe= (P, (16.6)

Ockineku h < p, 10 z(t) —» 0 mpu t — +oo. HapemrTi, sxmo
p2 - (12 =0, T0o k1 = kg = — p, & 3araJIbHEM PO3B’A3KOM €

z(t) = e P(C1 + Cat), (16.7)

npuiomy 3HOBY x(t) — 0 npm t — +o0.

Pyxu, siKi onucyoTbes dhopmynamu (16.6) i (16.7), nasuBaioTs
anepioduuHUMU 32ACA0HUMY PYTAMU. I3 3pocTaHHIM § Bii-
xunenHs r(t) acCMMITOTHYHO HaOIMXKAEThCHA A0 HYJIA 1 KOJUBaHb
HaBKOJIO ToJioxkenHst £ = 0 Hemae. Yci pOSIVISIHYTI pyXu Ha3uBa-
I0Tb 6IALHUMU 800 8AACHUMU KOAUBAHHAMU.

TakyM 4MHOM, HasBHICTH OnOpY cepenopuila (p > 0) BUIO3MI-
HIOE XapPaKTep KOJMBAHDL, IPUYOMY, SIKIIO OIip p MOPIBHSIHO HEBe-
Jauknit (p < ¢), TO PYXH 3aJIHUIMAITHC NEPIOINYHAMH, 3racalovn
npu ¢t — 400, a IIp¥ BEIUKOMY onopi cepejosuma (p = ¢) pyxu
CTaIOTh alepioIUIHUMMU.

2. BacrocyBaHHa JiHIHNX HeooHOPiAHMX AudepeHli-
aJIbHUX PiBHSHDb APYroro NopsiKy A0 KOJWBAJIBbHUX PyXiB.
Posriisinemo  mudepennianbHe piBHSIHHS BUMYIIEHHX KOJIMBAHB
(16.1) (f(t) # 0). 3rigHo 3 TeopeMOIO MPO CTPYKTYPY 3araJibHO-
ro po3B’A3KY JIHIHHOrO HeonHOpiAHOro piBHsiHHs (Jekuig 14) yci
PYXH, siKl BU3HAYAIOTbCA piBHsAHHAM (16.1), MOXKHA yTBOPHTH 3
CYKYIIHOCTI y¢iX pyXiB, BU3HAYEHUX BLAMOBLAHUM OJIHOPIIHMM piB-
HAHHAM (DIBHSHHSM GMALHUT KOAUBAHL MOwKU), | Oyab-sIKOro
OIIHOTO PYXY, BU3HAYEHOrO HEOAHOPIAHUM piBHsiHHsAM (16.1).

PosriisiHeMO BHIAJIOK, SIKHI JOCHTH 4aCcTO TPAIUIAETHCA Y 3a-
cTocyBaHHAX: 30ypoBanbHa cuna f(t) nepioguina 1 Mae CUHYCOI-
JaJIbHUHA XapaKTep.

Bunamok 1. Pyx eidbysacmouea y cepedosuwi 6e3 onopy
(p = 0). Toni piBHAHHA PyXy Mae BUsIL

2" + ¢*x = M sinwt. (16.8)
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Brnacui kosmuBanHsi zo(t), $IKi BU3HAYAIOTHCH BiAIOBITHIM
onHOpimEuM piBusinusam z” + g2z = 0, € rapmoniunuME (1UB. hop-
mysty (16.4)):

zo(t) = Asin(gt + ). (16.9)

3anumaerscsd 3HAMTH YaCTHHHHN PO3B’A30K piBHaAHHA (16.8).
Burijisin nboro po3s’sisKy 3alIe2KUTh BiJ TOTO, 4Y € YHC0 a+1b = iw
KOpeHeM XapaKTepHCTHYHOro piBHsHHA k2 + ¢2 = 0. Ockinpku
k12 = +iq, To Bce BUBHAYAETBCA THM, YH 30iracThesl yacroTa 30y-
PIOBAJIbHOI CHJIM 3 YacTOTOIO BJIACHHX KOJIUBaHb (pe3onamncHuil
eunadox), yu MaeMo Hesbir nux wactor {HepesonaHcHUli u-
nadox).

PosrisineMo ciowaTKy HEepe3OHAHCHHMiIl BHNANO0K, TOOTO KOJHM
w # q. Hacrunuuil poss’s3ok piBaang (16.8) X (t) mykaemo y
BUIVISIO]

X(t) = Aj coswt + By sinwt,
ae Ay i By - pesiki crani, ki BusHaaumo 3rogom. Toxi
X'(t) = —Awsinwt + Byjw coswt,
X"(t) = —Ajw? coswt — Biw? sinwt
i, macrasiasiioau B (16.8), oNepKyEMO piBHSIHHS
—Ajw? coswt — Byw? sinwt + ¢*(Ay coswt + By sinwt) = M sinwt.

3 HBOTO, IIpAPiBHIOIOUN KoediuienTH OlIst cos wt, sin wi BLIIOBIHO,
MaEMO:

—Awr+ At =0, M

. = A =0, By= .
—Biw?+ B¢ =M ! YT 2

- w

Taxum 4unomMm,

X(t) =

——= Sinwt
@ — w? ’

a 3arajbHUN po3B’si3oK piBusHHs (16.8) Mae Burasiy

M
z(t) = pr— sinwt + Asin(qt + ).
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BuMmymeHi konmBaHHs, BUSHATEH] UM 3arajlbHUM DO3B 3KOM, Ha-
3UBAIOTh HAKAGIEHUMU 2GPMOHINHUMU KOAUSAHHAMU.
Posrisiremo piBHsiHA BAMYTIEHUX KOJUBaHb

z" + ¢*x = M singt, (16.10)

sIKe € OKpeMHM BuNajxoM piBHsHHs (16.8), ko/m w = g, TO6TO
KOJIH YaCTOTA 36yPIOBANBHOI CUJIH 30Ira€ThCA 3 YACTOTOIO BIACHUX
KoNuBanb (pe3owanc). Y upoMy BHNAAKY YAaCTHHHUH PO3B’SI30K
MAa€ BUIJIST

X (t) = t(A; cos gt + By singt),

60 1g € IpPOCTUM XapaKTepHcTuunuM 4duciom. Tomi

X'(t) = A; cos gt + By singt + tg(— A, sin gt + Bj cos gt),
X"(t) = —2A1qsin gt + 2B;qcos gt — tq>(A; cos gt + By sin qt)

i, migcrasastoun B (16.10), oxepKyeMo piBHSHHS

—2A,¢sin gt + 2Byqcos gt — ¢*t( A1 cos gt + By sinqt) +
+ q2t(A1 cosqt + Bisingt) = Msingt =
—2A,qsingt + 2B qcos qt = M sin gt.

3sigcu, npupiBHIOIOYN KoedilieHTn 6i1a cos gt, sin gt BiANoOBiAHO,

3HAXOIuUMO, 1o A; = —%, By = 0. Takum drHOM,
M
X(t) = AE(;tcos qt. (16.11)

YacTunanit poss’sizok (16.11) € BUMyIIeHEM KOJIMBAHHAM 1 Mae
HeoOMeXKeHy aMIuniTy Ay npu t — +00. I'padik 1poro KoiupaHHsA
pO3TAMIOBaHUI MIXK NPAMUMH T = -g%t iz = —2—"’;15 (puc. 16.3).

Y peanbHnx (HisUYHUX CHCTEMaX KOJTHBAHHS HIKOIHM HE MOXYTh
3pocTaTi HeobMexkeHO, 60 KoJMBaHHsS! 3 HeODMEXKEeHO aMILTITY-
1010 ab0 CTPUMYIOTBCS OnopoM, abo [PU3BOAATL A0 pyHHYBaHH:
CHCTEMH.
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T

Puc. 16.3

3aranbHUM po3B’si3koM piBHsiHHs (16.10) €
) M
z(t) = Asin(qt + @) — E&t cos gt.

Bumymeni ko/MBaHHs, BU3HAYEH] 1M PO3B’SIBKOM, YTBOPIOIOTHLCS
HAK/I3/IaHHSIM rapMoHiitEnX Konueaub (16.9) i kosmBaxb 3 HEOOMC-
JKeHO amiutitynow (16.11).

Bunanok 2. Pyx eidbysacmbea 6 cepedosuusi 3 mMarsum ono-
pom (p < ¢q). llpunycrumo, wo 36yproBaIbHA CHIIA, MAE CHHYCOI-
JanbAnfl xapakrep. Toai piBHAHHSAM pyXy €

2" +2p2’ + ¢*z = M sinwt. (16.12)

3rigno 3 (16.5) Bnacui kosmBanus Zo(t) MalOTh BUrIAA

xo(t) = Ae Ptsin (\/q2 —p?t+ go).

Yacrunnuii poss’sizok X (t) pisusinnst (16.12) nrykaemo y pu-
sl
X(t) = Aj coswt + By sinwt, (16.13)
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ne cram A;, B, 3Haiinemo, nincrasastoan (16.13) B (16.12):

—Ajw? coswt — Byw?sinwt + 2p(— Ayw sinwt + Biw coswt) +

+ q2(A1 coswt + Bysinwt) = Msinwt =

(—A1w? + 2pBiw + A1¢°) coswt +
+ (—Blw2 — 2pAyw + qQBl) sinwt = M sinwt =
A1(q? — w?) +2pwB; =0,
{—2pA1w + (@ -w)B =M
A = —2pwM ' B, = M(g? — w?) .
(w2 — )2 + 4p2w?’ (W? — q2)2 + 4p2w?

Orxe,

—2pwM M(q? — w?) .
= sinwt,

X(t) (@? — q2)2 1 4p2u? coswt + (@? — q2)2 1 4p2u? !

(16.14)
a 3araJbHUI pO3B s30K piBHsHHs (16.12) Mae BUDIAT
_ M 2 _ .2 .

z(t) = 2pwld coswt + g" = w’) sinwt +

(W? — ¢)? + 4p2w? (W2 — ¢2)% + 4p2w?
+ Ae P'sin (\/q2 -p?t+ <p).
Ockinbky nipu £ — +00 OCTaHHIH JONAHOK NPAMYE JIO HYJIs1, TO
JJIsT IOCTATHBO BEJIUKNX { MOXKHa BBAaKATH, IO

—2pwM M(q? — w?)
(W2~ ¢2)? + 4p?w? (W2 — %) + 4p2w?

z(t) = coswt + sinwt,

TO6TO BiAacHUMY (3racalouMMA) KOTMBAHHAMYI MOXKHA 3HEXTYBATH.
Amnnityna A suMylneHoro kojmsaHHs (16.14) BupaKaeTbCst

dopmynoo
_ M

T V(W= @)+ 4pP?’

a AKIIO oHip p iy»ke mayuil, To A = l—wTAi]—zl. 3BicH BHILIMBAE, L0

Opu HabJMzKeHH] w 10 ¢ aMILTiTyaa A € JOBOJI 3HAYHOK HaBiTh
Aas Magoro M.
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3. dudepenniayibaa Mogenbh MaTeMAaTHYHOrO MafTHH-
Ka. Mamemamuurusm MEATMHUKOM HASHBAIOTH MATEPIAJIBHY
TOouKy M Macy m, fiKa nifl Fi€I0 CIUIH TSKIHHS PyXa€ThCH N0 KOJLY
L pagiyca r, po3TanioBaHoMy y BepTHKa/bHii mronuni. Bennunny
7 Ha3HBAIOTH JOB2KUHOK MAaATHHKA.

Ipunycrumo, WO KOMHBAHHA MAsSITHHKA BiOYBAacTHCA y cepe-
nosuiti 6e3 onopy. Ha ko L BBegeMO KyTOBY KOODMHATY, B3sIB-
1Y 33 [I0YATOK KOOPIUHAT HaliHux4y Touky O xona L (puc. 16.4).
3MinHy KoopauHaTy Touku M nosmaunmo uepes ¥ = 9(t). Ha to-
yky M nie cuia TsDKiHHA P = mg, ne g — IpucKopesHs BIJIBHOTO
MaalHHS.

Toni MadaTHUK KONMMBAETHCS MiA, Aj-
eto e F , fIKa, Jii€ y OIK 3MeHIUeHHs
KyTa 9,

F = —mgsiny.

SIko 3a yac t jpoBinbna rouka M
OpOMIILTa B3A0OBXK AYrHM Koja L nuisx
S, o § = ri. 3Bijgcn mBHIKICTE v
PYyXy TOYKH, SIKa CIPSIMOBAHA B3JI0BX
JOTHYHOI JIO Iy T'Y KOJIA, BU3HAMAEThLCSA
3a ¢opmyIioio

ds di
V= — = r—. 16.1
v= =T (16.15)
Tomy piBHSIHUSIM PYXY MAsTHHKA €
d
m-ﬁ = —mgsiny
abo, 3 ypaxysanusim (16.15),
d? .
r% + gsiny = 0. (16.16)

Pigusnus (16.16) nestiniiine, oHaK SIKIIO BEJHYMHA KY'T4 Y J10-
CUTb MaJa, TO 8in ¥ &2 1), 1 3aMiCTb HEJIIHIHHOIO MOXKHA, PO3IIIsIATH
JiHiAHEe OJIHOpi/IHE PIBHSHHSA

P+ =0,
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ne ¢ = £, 10610 Maemo pisnsianst Burnsiay (16.3).

TakaM unHOM, MATEMATHYHHI MAasTHHK NpH MaJOMY BiJIXH-
JICHHI Bij IOJIOXKEHHSI PIBHOBArW 3/IiMCHIOBATHME TapMOHIYHI KO-
JINBaHHS 33 3aKOHOM

P(t) = Asin(gt + ¢),

q:\/ga Tzzﬂ\/fa
T g

2
— 2, o7 _ Zo (9
A= 1L'0+—g-", @ = arctg .’E_6 ; .

Jae

Pexomendosana aimepamypa: [7, c. 144 — 150}, {15, c. 88 -
96], [16, c. 387 — 391], [17, c. 288 — 362], [18, c. 268 — 281].

ITuranns no nekuii 16

1. 4dx imTerpyerncs piBHSHHA BUIBHHX KOJIMBaHb Yy cepefoBuil Ge3
ornopy? Slkuit BUIVIs Ma€ 3aTajbHUA po3B’sI30K 1poro pisusuua? Ilo
HA3MBAIOTL FAPMOHIYHUM KOJUBAHHSM, HOTO aMILTITYI00, IepiooM, Ja-
cToToo 1 noyarkosoo dazow? Ak 3aiexars aMIUITYIa | HO4aTKOBA
daza B DOYATKOBMX 3HAYEHDb MIYKaHO! GyHKUI Ta 11 moximuoi?

2. 9k inTerpyerncsi piBHAHHA BUTHbHUX KOJIMBaHb y CEPeIOBUIN 3
onopom? Illo HazWBAIOTH 3racarYuM IapMOHIYHHM KOJIHMBAHHAM, fforo
nepioZoM, YaCcTOTOI0, aMIULTY0I0 1 nodarkoBow daszow? Hka mosenin-
Ka aMILITyau npu t — +00? SIK BILIMBa€ HasBHICTH OIOPY CEPEJOBUINA
HA XapaKTep KOJIUBAHL?

3. SIkuit BUrA8 Ma€ PIBHAHHS BUMYIIEHUX KOJHBAHD y CEPeIOBHIIi

6e3 onopy y BUIAJKy HepioanyHoi 36ypIoBaIbHOI CUIIM CHHYCOLTAIbHOTO!

xapakTepy? fx inTerpyernscst ue piBHsHEA? FKuil BUTIAL Mae 3aralbHuil
PO3B’A30K y HEPE3OHAHCHOMY 1 PE3OHAHCHOMY BHIIAIKAX?

4. fx inTerpyerbcs piBHSHHS BHMYIIEHUX KOJUBaHL Y CEPCAOBUII
3 MaJjiMM ONOPOM y BUMAJAKY MepioAu<IHO] 30yPIOBAJIBHOI CUIM CHHYCOI-
ganbHoro xapakrepy? SIkuit purisng Mae rpadik 4acTHHHOrO pO3B’A3KY
ULOIO PiBHsAHHsT

5. [llo HA3UBAIOTE MATEMATUYHMM MasTHHUKOM? AKuii Bursisia mae
audepeniianbia Mogenb foro pyxy? SkuMmu € nepios, 4acrora, amiLii-
Tyla T NOYATKOBA (Pa3a KOJIMBAHHS MATEMaTHYHOIO MasTHHKA?
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Jleknia 17. KpaiioBi 3aga4i gna audepeHmiaibHux
PIBHSIHb OPYroro nopsgkKy

IInan

1. OcHoBHi 03HAMeHHS i OHATTS.

2. IcHyBaHHA TA €QUHICTH PO3B’SI3KY KPailoBOI 3aJ1a4i.
3. ®ynkuin I pisa kpaiioBoi 3amasi.

4. Kpaiiosi 3aaa4i Ha BAaCHI 3HAYEHHS.

1. OcHoBHi 03HaveHHs i ToHsTTA. Y 33a8a4i Komi (qus. je-
Kuil 2, 6, 10) yMoBH, 33 JONOMOIOI0 SKHX MOXKHA BUALIMTH MEBHU
YACTHHHUN PO3B’S30K JUdepeHniaJbHOro piBHIHHS, 3aJal0ThCH B
oni#i (mouarkosiit) Toyui. [Ipore y GaraThox NpuKJIaJHUX 3a]a-
4aX YMOBH Ha HEBIOMY PYHKMiO Ta 11 NOXiHI 3803I0ThCA Y JBOX
TOYKaX, HAITPHKAAJ, HA KiHIFIX BLApPI3Ka, e IMMYKAETHCSI PO3B 130K
3aja4i. Taki yMOBH Ha3HBaIOTh Kpatiosumuy. 3anady BiJlUIyKAHHS
PO3B’A3KY JH(pEpEeHIiaTbHOrO PIBHSHHSA, IO 33,/ I0BOJILHSIE KPaioBi
YMOBH, HA3UBAIOTb KPatioeo1o.

KpaiioBi 3agayi BuHHKalOTL sik AudepeHilialibii Moaeni 6ara-
TBOX TPHUKJIATHUX 33184 (KOJMBAHHA CTPYHH, KOJIMBAHHS BaJliB,
MOUIMpEeRHs Tena y npoBiauuky romo). Hanpuknan, y 3aga4i npo
pyx MarepianabHOI TOYKM MacH m Iij jielo 3ajaHol cun F y Ga-
raThOX BHMOQJKaX [OTPIOHO 3HAWTH 3akoH pyxy s(t), AKUIO y mo-
JaTKOBUM MOMEHT vacy t = fy BoHA 3HaxoquiIach y Touni Mp, a B
MOMEHT 9acy t = {; OBHHHA IIOTPAIUTH ¥ TOUKY Ms. Bukopucro-
Byrous 3akoH Hplorona I' = ma, 1e a = % ~ [PUCKOPEHHsI, s
33,1298, 3BOSUTLCH JO0 BLILIYKAHHSI PO3B’SI3KY JudepeHIiainbliono
PIBHSIHHSA APYTOro MopsiiKy

ms" = F(t,s,s"),

SIKMil 33710BOJIbHsIE Kpaitosi ymosu s(tg) = sg, s(t1) = s1.
Hagamni obMexxuMoch posrisijioM KpaloBUX 381a4 TIJIbKH [JIs
audpepeHIialbHUX PIBHSHL PYroro nopsiaky. st piBHsIHHS

y' + o)y +a(z)y = f(2), (17.1)
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ne p(z), q(z), f(z) — wenmepepsni Ha BiApisKy [a,b] dyHKIil, Kpa-
#OBi yMOBM O3HAYMMO HACTYIIHUM THHOM:

ary'(a) + Bry(a) = yo,
{aw’(b) + Bay(b) = w1, (17.2)

Je oy, az, B1, Be, Yo, Y1 — 3amani Yuca, npuiomy ai, B, a TAKOXK
2, B2 OIHOYACHO He AOPIBHIOITH HyJO. AKINo yo = y; = 0, T06TO

a1y (a) + Pry(a) =0,
{0123/(17) + Boy(b) = 0, (17.3)

TO Taxi KpafloBl yMOBH Ha3UBAIOTH 00HOPIOHUMU.

slkmo f(z) ToToxkHO He AOpiBHIOE HyJIO, TO 3ajgady (17.1),
(17.2) HasMBaIOTL HEOOHOPIOHOI0 KPaAliooro 3adavero, a SKIIO
f(x) =01y =y =0, - 00nopidroto xpaiiosoro 3adavero.

Poaes’asxom kpaitosoi 3anaqi (17.1), (17.2) HasuBaoTs dyH-
ki y(r), ska aBivi HenepepsHO audepenuiosHa Ha (a, b), Heme-
pepBHO JudbepennitioBHa Ha |a,b] 1 3aJ0BosbHsE piBHARHs (17.1)
Ha (a,b) Ta Kpaiiosi ymoBu (17.2).

2. IcuyBanHg Ta €OUHICTH PO3B’s3KYy KpaiioBol 3amadi.
PosBp’sizok 3ama4i Komi gast piBusiang (17.1) 3 mogaTkoBuMu ymMo-
BAMH

y(zo) = vo, ¥ (zo) = w1, %o € [a,b],
ne p(z), qg(x) — nHenepepBHi Ha [a, b], 3rigHo 3 Teopemoro Ko (Jte-
kuist 10) icHye Ta enuHuit Ha BChOMY BiIpPi3Ky [a,b]. JInsa kpaitosoi
sagadi (17.1), (17.2) we 30BciM He 060B’5I3KOBO, TOOGTO 1T PO3B’sI30K
Moke He icHysaTu abo He OyTH equnum. st geranbHINIOrO Pos-
ISy hOIO MUTAHHS MO3HAYNMO 4epe3 ¢ (z), wa(z) dbynnames-
TaJbHY CUCTEMY PO3B’S3KIB BIJAIOBIIHOrNO ONHOPIAHOTO DiBHSHHS

y" +p(x)y +q(z)y =0, (17.4)

a 4epe3 Y (x) — wacTHHHUR pO3B'si30K piBHsHHs (17.1). 3riguo 3
TEOPEMOIO TIPO CTPYKTYPY 3arajbHOro PO3B’SA3KY JIIHIAHOIO Heo-
JIHOPimHOrO piBHsIHHSA (eKiis 14, . 1) 3araabHuM PO3B'SI3KOM piB-
usiHas (17.1) €

y = Cip1(z) + Copa(z) + Y (), (17.5)
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ze C1, Cz — noispHi crami. Jijist orpuMaHHs po3B’a3Ky KpaiioBol
samadi (17.1), (17.2) crani Cy, Cy HeOOXiAHO BH3HAYHTH 3 Kpaiio-
Bux ymoB (17.2). Iliacrasnsioun (17.5) B (17.2), omepxyemo cu-
cTeMy JIHIUHUX ajreOpuaHUX PIBHSIHD:

(c1¢i(a) + Brpi(a))Cr + (arh(a) + Brp2(a))Cy =
= ~oqY'(a) — A1Y (a) + vo,

(a2 (b) 4 Ba1 (b)) C1 + (2 (b) + Bagpa (b)) Ca =
= ~aY'(b) — BY (b) + y-

MosnaunMo yepes U i U marpuimo Ta posiMpeHy MaTpPUIFO
niel cucreMu, a vepes A — Buznadank marpuili U. Buxopucrosy-
109H BIIOMY 3 Kypcy ajrebpu teopemy Kponekepa - Kamenmi npo
PO3B’SISHICTD JIHITHOI cHCTEMH areOpUYHUX PIBHSIHB, OIEPXKYEMO
BaXKJIMBHI Pe3yJIbTAT.

Teopema 1. Posg’sasox xpaiiosoi sadaws (17.1), (17.2):

— {cHye ma edunud, axuo A #0;

— ne tcnye, axuwo A = 0 i panz mampuui U ne dopiswoe panay
POZWUPEHOT MATMPUUL U ;

— fcHye, are ne edunut, axuo A = 0 i pare mampuyi U dopie-
HI0E PAH2Y MAMPUYL U.

Panr marpuni U nasusatore parzom xpatiosoi aadavi (17.1),
(17.2). Oznopigna kpaiioBa 3ajada (17.4), (17.3) mae anue Tpusi-
aJbHAN PO3B’SI30K, AKIIO Panr MaTpuui U nopisHioe 1BoMm, 1 6Gessiy
POSB’SI3KIB, BUBHAYMEHHX 3 TOUHICTIO JIO CTAJIOIO MHOMKHHUKA, SIKILO
paHT MaTpunii U NOpIBHIOE OIMHUIL.

Hpuxknan 1. Jocaidumu wa poss’sanicms kpatiogy 3adawy
y'+y =0, y(0) =0, y(a) = yo, a # 0.
Posze’azanma. 3arajbHuM poss’siskom pisusitist € y = C1 cos T+
+Cysin z. 3 kpaiioBoi ymosu y(0) = 0 snaxomumo C) = (), a3 ymo-
Bu y(a) = yo omepxkyemo pisusinnst Casina = yg. ko sina # 0,
10610 @ # km, k € Z, 0o Cy = ;% | MAEMO €JIMHHI PO3B’SI30K
sagadi y = . sinz.

dAxmo sina = 0, r0bro a = kw, k € Z, 10 MOXKJIMBI JIBA BUTIA/I-
Ku. ko yg # 0, To piBusinns Cosina = yg, a 3HAATH, | 33aHa
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kpalioBa 33/349a po3B’A3KiB Hemae. fxkmo yg = 0, To piBHSHHS
Cysina = yo MepeTBOPIOEThCA ¥ TOTOXKHICTP 1 3a7aHa KpalioBa 3a-
nada Mag 6e3mid poss’saskis Burnsay y = Ca sin z, ne Cy — moBinbHa,
ctaja. W

3ayBaxKuMo, 1m0 KpaifioBi yMOBU MOXKYTb MATH TaKOX I'DaHH-
YHME BUINIAL, a unciaa ¢ abo b MoxkyTb 6yTH HeBnacHIME. MoxHa,
HAIPUKJIAL, PO3IALIATH TakKi Kpa#osi yMoBH:

. , . —
a lim ¢/(z) + B lim y(z) = 0,

Jen . _
ap lim y'(z) + B, lim y(z) =0.

Ipuknaan 2. 3natimu pose’asox piswsanns Etiaepa z2y" +
+3zy’ —8y = 0, axuti 3adososvhae ymosu y(1) = 1, 1520 y'(z) = 0.

Poae’aszanns. 3pobumo saminy = = et. Toui y}, = yie™, yl, =
= (yg’2 - y{)e‘Qt (nexris 13). IlincTaBasitoun 1i BUpa3u y piBHSH-
Hs, JJIs 3HAXO/RKeHH:A GyHKNiT ¥ = y(t) omepKyeMo JiHiltHe onHO-
pifme piBHsAHHA 31 cTamumu KoedinienTamu y” + 2y’ — 8y = 0, 3a-

TaJIbHUM PO3B’3KOM SIKOT'O €
y= Cle-—4t + C2€2t = y = Cle—lﬂnm + 02621nz =
y=-—+ Cyz?.
x

Bubepemo Tenep crami Cy, Cs Tax, mob cupas/RKyBallCb Kpa-
tiosi ymoBu. 3 ymosn y(1) = 1 Bunnmsae, mwo C; +Co = 1. 3 ymoBu
zl_l_)ﬂ;o y'(z) = 0, Bpaxosyroun, mo y' = —4C} /z® + 2C,x, 3Haxoxu-
Mo Cs = 0, a orxe, C1 = 1. TakuMm 9MHOM, PO3B'A3KOM 3a4aHOL

KpafioBoi 3azadi € pynkuin y = 1/z%. W

3. OyukKIis fpiHa KpaiioBol 3aaaui. Hajani posriagatn-
MEMO TiILKH OHOPITHI KpafoBl yMOBH, B0 1151 HEOIHOPIAHUX Kpa-
iioBUX yMOB po3B’s30K y(z) 3amadi (17.1), (17.2) MOXKHA IIYKATH
y surasai y(z) = g(z) + z(z), me y(z) - nosisibua ABii Henepeps-
1o jncbepennifioBHa Ha Binpisky [a,b] dyHkuis, siKa 3aJ0BO/bHSE
HeoqHOpiAHI Kpaftosi ymosu. Tomi ans dyskuii 2(r) oaepXuMO
KpaiioBy 331a4y 3 OJHOPIMHMMM KpalOBUMU yMOBaMM 1 [PaBOIO
vactunow f(x) — L(F)-
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Hanpukiaz, Heomuopinai kpaiioBi ymosu y(a) = yo, y(b) = u1
34 JIOTIOMOTOI0 3aMIHHI

z:y—yl_yo(x

b—a —a) = Yo

3BOAMMO JI0 OJHOPiHHX KpafoBux ymoB 2(a) = 0, z(b) = 0.

IokaxkeMo, 1m0 po3s’s30K piBHsHHS (17.1), Akuil 3a10BOIBHSE
omHOpinHi KpaiioBi ymoBu (17.3), UpK NEBHUX yMOBAX OIHOZHAYHO
BHUPAXKAETHCs! Yepe3 TaK 3BaHY QYHKINIO fpiHa KpaitoBoi 3aJati.

Dynxuiero I pina xpattosoi zaaqi (17.1), (17.3) sasusaiors
dyukuiro G(z, s), sika BU3HA4YEHa JUIst JOBUIbHYX T, S € [a,b] i 3a-
JIOBOJIbHSAE TaKi TPU yMOBH:

1) nast koxHOrO (hikcoBanoro s € [a,b] G(z,s) sk dynkuis
3MIHHOI T HAa KOXKHOMY 3 IPOMIKKIB [a,s) 1 (s,b] € po3B’sz3koM
niniitHoro oaHopigHoro pisusiHaa (17.4);

2) G(z, $) 3a 3MIHHOIO T 3aI0BOJILHSAE OHOPLIHI KpaoBi yMOBH
(17.3);

3) G(z,s) — HenepepBHa (pyHKIis a5 BCiX 1,8 € [a,b], a 11
YACTUHHA MOXiAHA 42 Ma€ NpU T = § PO3PHB NEPUIOTO poAy 3i
cTpubroM

0G(s+0,8) 9G(s—0,s)

= 1.
Oz Oz

Teopema 2. Sxwo odnopidra xpatiosa 3adava (17.4), (17.3)
MAE MUWE MPUBTAALHUT PO3B A30K, MO PYHKYLA I PiHa HEOOHOPI-
dnoi kpatiosoi 3adaxs (17.1), (17.3) icuye ma eduna.
Hosedenna. Hexat ¢1(r) — poas’ssok pisusinna (17.4) 3 nova-
TKOBAMHU yMoBaMH y(a) = a1, ¥'(a) = —f1, a pa(z) ~ poss’s30K
piBusinis (17.4) 3 noyarkoBuMu ymoBaMu y(b) = g, y'(b) = — fs.
OueBnaHo, 1o dbyskuil ¢1(T), p2(T) TOTOXKHO He AOPIBHIVIOTH Hy-
Jo Ha [a, b], upudoMmy ;(2) 3a10BOJIBHSIE 1epIy KPAHOBY yMOBY,
a @9(x) - apyry xpaioBy ymoBy 3 (17.3). Kpim roro, i dbynkuii
JiHiHO HesasexHi Ha [a,b], 6o inakme @o(z) = Cpy(x), C #£ 0, i
Toji o () 3an0BosbHsAMA 6 061aB] kpadiosi ymosu (17.3), o cy-
HePEUrTL NPUITYIUEHHIO TIPO Te, WO Kpahosa sajaua (17.4), (17.3)
Mae Jinine TpuBiaibHUR po3B’a30k. TaknMm unHoM, hyHkiit ¢ (r) i
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2(x) yTBOPIOIOT PyH/IAMEHTAJIbHY CHCTEMY DPO3B’A3KiB PiBHAHHS
(17.4).

®yuxmnio [ pina G(z, s) xpatiosol 3agadi (17.1), (17.3) uykae-
MO y BUIJIS

_a(s)ei(z), a<z <s,
G(z,5) = {c;(s)cp;(:r), s<z<h

3a nobynosoro dbyrkuiit ¢1(z) i wa(r) dbyskuis G(z, s) 3a10B0b-

nsie nynkTy 1, 2 osHadenns ynxuil I pina. Jis BUKOHAHHA MyH-
KTy 3 IBOTO O3HAYEHHST 3aJIANIAEThCS 3HANTH 1 (), c2(S) 3 cucreMu

{@(s)m(s) ~a(s)pi(s) =0,

Cz(s)cplz(s) — 61(5)9011(8) =1. (176)

IIs cucTeMa OIHO3HAYHO PO3B’si3Ha BiTHOCHO ¢ (s), c2(s), 6o 1T Bu-
3HAYHUK BinIMiHHEUN BiX Hy/S Ha [a, b] (HuM € Bporckian W (s) dbyn-
Kuiit 1(8), p2(s)). OcraTouno oxepxiyeMo:

w2(s)p1(x) a <

_ Wi(s)
G(z,s) = {901(8)@2(1) s
Wi(s)

b

r<s
> (17.7)
z<b

N

®ynkujo [ pina kpattopoi sanauqi (17.1), (17.3) mMoxua 6ynysa-
TH METOJOM, AKHIi BUKOPHCTOBYBaBCS IPH JOBEIEHHI Teopemy 2.

Mpuxnan 3. Hobydysamu dynxuiro I pina xpatiosor 3adavi
y' =y = f(z), y(0) =0, y(1) = y/'(1).
Pose’s3zanns. 3arajpbHUM po3B’I3KOM BiJTIOBIIHOIO OJIHODIAHOIO
piBusnEa ¥’ — 3y = 0 e y = C) + Coe®. YacTunuuii poss’a30K
p1{x) = 1 — €% 3aJ0BoNIbHSIE Ileplly KPAHOBY yMOBY, a PO3B’sI30K
po(x) = e* ~ apyry. Tomy dynkuio I pina myxaemo y BT

Glas) = {

a(s)l—e€%),0<z<s,

ca(s)e”, s<x<l. (17.8)

Cucrema (17.6) nna 3naxomkenHst dyHKuii c)(s), ca2(s) mae
BUTJISAL

{cz(s)es —a(s)(1-e) =0,

co(s)e® +ci(s)e® = 1.
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[i pose’sizkom € ¢ (s) = 1, cofs) =e™* — 1.
Hincrapnsioun 3uaiigedi ¢ (s), ca(s) y (17.8), omepxkyemo dyn-
kuito I'pina 3amanof KpaloBoi 3a0adi:

1—¢€* 0
G(w,s)={ >

<z )
e*le*—1), s<z

s
|
1.

N IN

Teopema 3. Sxwo odnopiona xpaiiosa sadaxa (17.4), (17.3)
MaE Auwe MpusiasvHutl pos3e’asox, mo po3e’asor HeodHopidHol
kpatiosot 3adawi (17.1), (17.3) icnye, edunudi © 3adaemuvcs dopmy-
A010

b
y(z) = /G(m,s) - f(s)ds, (17.9)

de G(z,8) ~ dynruia I pina xpatosoi sadawi (17.1), (17.3).
Losedenns. Sannmemo dbopmyay (17.9) y sursii

x b
y(r) = /G(CL‘, s)- f(s)ds + /G(a;,s) - f(s)ds.

Ha koxnomy 3 npomixkis [a,x) i (z,b] dyukuii G(z, s) i %ﬁq)
HellepepBHi, a TOMY 00M/(Ba IHTErpad MOXKHA 3JHMhepPeHIiIoBaTH
3a 3minno0 T V. Tomi

v(o) = [P0 f(5)ds + Glao - 0)f@) +

b
IG(x, ¢
+/—~—-(,g%i) - f(s)ds — G(z,x + 0) f(x).
T
Ockinbku dyHKnis G(x,s) HenepepsHa Ipu § = I, TO HeiuTe-
rpaJjibll JOJAHKH B32EMOSHHUILYIOTHCS, a TOMY
T b
0G(z, s) 0G(z, )
4 = =077 )
Y (x) / . f(s)ds + / O f(s)ds. (17.10)

a T

"} lus. Bunocky ma crop. 174.
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PiBricTs (17.10) me oaus pa3 3audepeHnioeMo 33 3MIHHOIO T:

< 2
v = [258 fs)as+

a

b
9%G(z, 0G(z,z+0

0G(z,z - 0)
I+

+
b
_ 0%G(z, s)
B 0z

f(s)ds + (aG(va 0,2) BG(a:&—B O’x)>f(a:).

a

Buxkopucrosywodu nyHKT 3 3 o3Hayenus yskuii G(z, s), oCTaHHIO
bopMyIly MOXKEMO 3aIlUCATH y BHIVISIA

b
2G(x
y'(z) = Q—C(;%’—s)— - f(s)ds + f(x). (17.11)

a

3 dopmyn (17.9) — (17.11), BpaxoByioun BaacTuocTi PyHKIIT
G(z, s), onepxyemo, 1o (17.9) — po3r’si30k Kpaiiosoi 3amau4i (17.1),
(17.3). 1leit po3B’s130K €uHMIL, 60 AKIIO NPUIYCTUTH iCHYBaHHS iH-
moro poss’sizky §(z), To dynkuis z(z) = y(z) — g(x) Gyne nerpu-
BlaJIbHEM PO3B’SI3KOM OJHOPIAHOY KpalfoBOl 3a7a1i, 10 CynepednTh
YMOBi TeOpeMHU. »

4. Kpaiiosi 3aga4i Ha BjacHi 3HadeHHsA. Yacro BUHHKae
HeoOXiOHICTh 3HANTH PO3B A3KU KpaiioBol 3a1a4l

¥+ p@)y +q(z)y=Ay, =z € (a,b), (17.12)

{aly’(a) + B1y(a) =0,

azy' (b) + Bay(b) = 0, (17.13)

e \ - difichuii abo KoMIIeKCHH#E napaMeTp, byukuii p(z), ¢(x) -
HemepepsHi Ha BiApi3Ky [a,b], a3 + B% # 0, a + B2 # 0.

3ajauy 3HAXO/PKEHHsT 3HaUeHb NapaMeTpa A, JUisl SIKHX Kpailo-
Ba 3agaua {17.12), {(17.13) mae HerpuBiasbHI PO3B’A3KH, HA3UBA-
OTh KPaiio8010 3A004€10 HA BAACHT 3HAYEHHA.
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3HavyeHHA MapaMeTpa A, JJs SKHX Kpaifoa 3amada (17.12),
(17.13) mae HeTpUBiaJIbHI PO3B'I3KH, HA3UBAIOTH BAGCHUMU 3HA-
YeHHAMUY, & BIMOBIIHI IM HETPUBIAJIbHI PO3B’A3KH — 64ACHUMUY
dynxuiamu Kpaitopol 33834l Ha BJIACHI 3HAYCHHS.

KinekicTs JiHiftHO He3a/leXHWX pPO3B’A3KiB KpaloBol 3amad4i
(17.12), (17.13) miast 3a8aHOrO BJIACHOTO 3HAYEHHA A HA3UBAIOTH
KPAMHICMIO IBOTO BIACHOTO 3HAYMEHHSI.

Moxkna noBecty, wo ans 3aja4i (17.12), (17.13) cupaBmpkye-
ThCsl TUTBKH OJIHE 3 TAKHUX TBEPIKEHD:

1. Kpaiioa 3asa4a (17.12), (17.13) He Mae BIACHUX 3HAYEHB.

2. KpaitoBa 3ajmaya (17.12), (17.13) mae se Oijblue 34HCIICH-
HOI MHOXKHHH BJIACHHX 3HAYEHb, sIKi IPU LBOMY HE MOXKYTb MATH
CKIHYE€HHOI FPAHHYHOI TOYKH.

3. KoxHe uuCci0 A € BIacHHM 3Ha'eHHsSIM KpailoBOl 3a1aci
(17.12), (17.13).

Ilpuknag 4. 3natimu eaachi 3nanerus ma eaachi dynxuii
sadavi y" = Ay, y(0) =0, y(b) =0, b#0.
Posze’azanna. Hexait A >0 abo A — xkommnnekcue. Toai 3anaqa
He Ma€ HeTPHBiaJbHUX PO3B’s3KiB, 00, NiJCTABISIIONM 3arajibHUH
Po3B’s30K piBHaHHA ¥ — Ay =0

y= Cle\/xz + Cze—\/Xz

Y KpaiioBl yMOBH, 0JIEPXKYEMO

Ci+Co=0
{ rre2=9, = C1=C=0 = y(z)=0.

Cle\/Xb + 0267\/;\_17 =0

Hexaii A = 0. Toai, niacTapistioun 3arajibHUA PO3B'SIZ0K Y =
= C1x 4+ €5 y Kpailosi yMOBH, OIEpXKyEMO

Cy =0, _ _ )
{C]b+02:0 = 01—02—0 = y(.L')_.O,

TOBTO 1 y ULOMY BUNAJKY 3a/a49a Ma€ TUIbKH TPUBIAJLHHUI PO3B’si-
30K.
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Hexait Temep A < 0. Toai 3arajbHHM pPO3B’SI3KOM DiBHSHHS
Yy —dy=0¢e

y = C1 cos(zvV/~X) + Casin(zv—X),
a BPAXOBYIOUM KPaMoBi yMOBH, OIEPXKYEMO:
C1 =0,
{Cl cos(byv/—A) + Casin(byv=X) =0 =
C1 =0, Cysin(bv—X)=0.
fAkmo y ToTOXKHO He AopisHIOE Hymo, To Cs # 0 i, oTxke,

sin(bv/—X) = 0.

3Bigcu MaeMo (GOpPMYy AJisl BCIX BIACHUX 3HAUEHb 3aJadi:

Tk\ 2
Ap=—| — k=12, ...
k (b>7 3 &y

IM Binnosinarors BiacHi dyHKIIil

k
ykzcksin”—bf, k=12, ...,

Jie ¢k — IOBUIBHI cTagi, BinMingl Big Hyns. Wl

BaxiuBuM OKpeMuM BHIAJIKOM 33/4a4i Ha BJIACHI 3HAYEHHS €
aadava HImypma — Jliysinas:

(p(@)y)' — g(@)y + Mo(z)y =0, € (a,b),

{aly'(a) + Bry(a) =0,
azy'(b) + Bay(b) =0

3

Ae gyuxuii p(z), p'(r), q(z), p(r) - venepepsui na sinpisky [a, b],
p(x) >0, p(z) > 0, z € [a,b], o + 82 # 0, o2 + B2 # 0. Herans-
Hime 3 3agaqde0 rypma —- JliyBuiis, BracTHBOCTSIMH i1 BJIACHHX

3HaYEHb | BiacHUX (PYHKIIiH MOKHA O3HAMOMUTHUCH, HAIPUKIAI, Y
(16, c. 189 - 201].

Pexomendosana aimepamypa: [1, c. 283 - 302], {3, c. 321 -
336], 5, c. 303 - 319], [10. ¢. 74 - 78], [16, ¢. 166 — 201].

Jlexnis 17. Kpa#iosi 3ama4i mis qudepesiaTbHuX PiBHSIHB APYTOroO NMOPSIAKY 215

Iutanns go jaexkuii 17

1. ITlo Take kpaiioBi yMOBH, KpaiioBa 3aJa4a [JIa 3BHYAHHOrO M-
depenuianmbaOro pisHAHHA? SKUA BUIVIAA MalOThb KpalioBi yMOBM Ajs
JiHiitHOro MudepeHiaJbHOro PiBHIHHA APYTOro MOPAIKY?

2. YuM BiApI3HAIOTHCA HEOTHOPIAHI KpaiioBi yMOBH BiJ ogHOPiAHUX?
Yomy, pO3IIIsiAaioYy KPaoBy 3a1a4y, MOXXHa OOMEKHUTHCH OFHOPI THHMMU
KpaOBUMH YMOBAMHU !

3. 4Ky byHKII0 HA3UBAIOTHh PO3B’T3KOM KpaioBol 3aaa4i Aj1st MiHiA-
HOro audepeHiaIbHOTO PIBHSAHHS IPYroro MOpsiaky?

4. Kouu po3B’s30K KpaitoBol 3ama4i mia aimifinoro nudepeHuiain-
HOTO PIiBHAHHS APYTOro MOPsiAKY iCHYe Ta €ZuUHUM, He icHye, icHYe, aje
HeeAuHuit?

5. Illo Take dynkuis I pina kpaitosoi 3ana4i? Hka ii poss y nobymosi
PO3B’A3Ky HeomHOPiAHOl Kpaiioeol 3ama4i? Konu icuye enuna dyHKuia
I'pira kpaiioBoi 3aa4i? Sk Moxna nobymysarn dyukuio I pina?

6. I1Io Ha3UBAIOTL KpaioBoOIO 3aJa4er0 Ha BaacHi 3navenns? Io Ta-
Ke BJIACHI 3HavMCHHsA, BiacHi dyHkuil Takol samavi? Ax dopmymoerbes
zagava IItypma - Jliysuua?

Bupasu go nekuii 17
1. 3naitaiTs po3s’sa3Ku KPaHoBUX 3a0a4:
a)y'+9 =1, y(0)=0, y'(m) =1
6)y" -2y -3y=0, y(0)=1
2. Tobynyiire dpynkuii ['pina kpaosux 3amau:

a)y" +y=f(z), y(0)=0, y(1)=0;
6) zy" —y' = f(x), y'(1)=0, y(2)=0.

3. BHaiiaiThL BJacH! 3HaYeHHA i Baachi ¢yukuil 3axad:
I

a)y" =Xy, ¥(0)=0, y'(b) =0, b£0;
6) 2%y + % =y, y(1) =0, y(b) =0, b#L
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Honarok 2.

3acrocysaHHs MaTeMaTU4YHOro makera Maple
JJIs iHTerpyBaHHA 3BHYAlHUX AudepeHUiaJIbHIX
PiBHAIHb BHAINMX NOPSOKiB

Ipuknazn 1. 3uaitty po3s’si3ok 3ajgadi Komi 3’ +y = 0,
y(0) =1, 4/(0) = 0 (npuxman 1 nexuji 10, crop. 124):
> dsolve ({(De@2) (y) (x)+y(x)=0,y(0)=1,D(y) (0)=0},y(x));

y(z) = cos(z).

Ilpuksaan 2. 3iaTerpyBatd JudpepeHlliaibHe PpiBHIHHSA
y" = 2¢/1/ (npuxnan 2 nexuii 10, crop. 127):
> dsolve((D@@2) (y) (x)=2*sqrt (D(y) (x)),y(x));

1
y(z) = §x3 + Ctz?+ _Ci%z+ _C2.

CiM’1o ocobnmsux poss’askis y = C 3a gomomoror naxera Maple
3HAUTU He BAAJIOCDH.

IMpukaazg 3. Sinrerpysaru piBusxus ¥y = sin
nekuil 10, cTop. 129):
> dsolve ((DQ@3) (y) (x)=sin(x)"2,y(x));

22 (upuxnan 3

1 2 Cla?
y(@) = — sin(22) + = + — + =

T FRET; 5 + C2z+ _C3.

[eit po3B’a30K Mepeno3HAYEHHAM CTAMUX 3BOJUTBCA JIO PO3-
B'SI3KY, OTPUMAHOro Ha cTop. 129.

TTpukian 4. 3HaitTH po3B’s30K piBHAHHA Yy = € | skuii
38JI0BOJIBHSIE HYJBOBI MOYATKOBI yMoBH (npukiajy 4 nekuii 10,
crop. 130):
> dsolve({(D@@3) (y) (x)=exp(x~2),y(0)=0,D(y) (0)=0,

(DOR2) (y) (0)=0},y(x) ,uselnt);

x p_zl p 21 N
y(z) = / / / e-*"d_z21d z1d z1.
0 Jo 0

T2
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Onnist useInt BukopucTana Jjis Toro, mob poss’asok 3aya4i Ko-
i 6yB IpejcTaBIeHHH y KBaAPATYPax, a He 33 JOMNOMOTOIO CIeli-
anmbHAX (yHKUjil (Taki iHTErpasu Yepes eneMeHTapHi yHKIi He
BUPAXKAIOTHCS ).

IIpuknag 5. 3inTerpyBatn HenosHe AudepeHIiaibHe PiBHSTH-
w1 z+/1 + y"? = y” (upuknan 5 nexuii 10, crop. 132):
> dsolve(x*sqrt(1+(D@@2) (y) (x)~2)=(Dee2) (y) (x),y(x))

assuming x>-1 and x<1;

1 1
y(z) = —arcsin(@) ~ s av/ 2 41+ _Clz+ _C2.

Tyt koHCTpYKIj€o assuming x>-1 and x<1 HaxJIageHO OBMexKe-
HHs1 Ha 3MIHHY Z, 60, K BUJHO 3 CAMOrO piBHAHHS, JHCHUI PO3B si-
30K icHye snmire Ha iHTepBaJi —1 < x < 1. Bes mporo obMexkeHHs
Oys 6u BEOpanuii npoMixok |r| > 1 i 3HalgeHNH KOMIUIEKCHHWI
PO3B’AI30K.

fK 6auwmMo, y ILOMY BHIQIKY BHKOPUCTAHO IHIUMH MeTo.,
aHi> ToM, sIKW 3aNpono”HoBaHuii Ha crop. 132: criouarky piBHAH-
Hsl pO3B’s13aHO BigHOCHO ¥, a MoTiM OTpUMaHe piBHAHHA (BUIIIALY
y" = f(x)) asiul sinTerposauno. Lle no3BoamIo 3HAHTH PO3B ST30K
y SIBHOMY BHIJISIJI, a HE y [TapaMeTpu4Hii ¢opmi.

Ipuknaa 6. Po3p’asaTu 3a5a4y Ipo pyX MaTepiabHOT TOYKH
(3amaua 1 siexknii 10). Ha crop. 133 orpumanu audepenuianbue
PIBHSIHHSI pyXy MaTepiajbHol Touku x”/(t) = %c"”". 3iHTerpyeMo
1ie pIBHSIHHSI, BPAaxoByIoun nmodarkosi ymosu z(0) = 0, 2/(0) = 0:
> dsolve ({(D0@2) (x) (t)=k/m*exp(-p*t),x(0)=0,D(x) (0)=0},

x(t));
ke Pt kt k
z(t) = + -
Ipuxknan 7. 3inrerpysaTh Henosre piBusianst xy"” = y” —xy”
(nmpuknan 1 sekiii 11, crop. 136):
> dsolve (x*(D@@3) (y) (x)=(D@@2) (y) (x)-x*(DOQ2) (y) (x),
y(x));

pPm | pm  pPm’

ylx) =2+zx) _Cle ™+ C2zxz+ C3.

IIpuxanan 8. Poss’si3aTu 3a4ady 0po pyX MarepiajibHOl To-
9KHM 0pH HasiBHOCTI ONOpY cepejioBuia (3ajga4a 1 nekmii 11). Ha
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crop. 137 orpumanu gudepernianbHe piBHAHHA PYXYy MaTepiaiib-

Hol Touku mz” + kx' = Asinwt. 3iHTerpyemo e piBHAHHS, Bpa-

xoBywoun no4atkosi ymosu z(0) = 0, z’(0) = 0:

> simplify(dsolve ({m*(D@Q2) (x) (t)+k*D(x) (t)=
Axsin(omega*t) ,x(0)=0,D(x) (0)=0},x(t)));

(k2 cos(wt) — k2 +msin(w £) kw + w?m2e m —w2m2)A
(k% + wrm?)kw

z(t) =

Komanny simplify BUKOPHCTaHO IJIsl CIIPOLIEHHS PO3B’A3KY.
puxaazn 9. 3inTerpysary HenosHe piBHsHAS yy” = 3?2 — 3
(mpuxian 2 sekuil 11, crop. 139):
> dsolve(y(x)*(D@@Q) (y) (x)=D(y) (x)~2-D(y) (x)~3,y(x),
implicit);

y(z)= _C1, ylz)+ _Clhn(ylz))—z— _C2=0.

[lepenosnavennsaM cramoi Cp := 1/C) signosiap npukia-
Iy 2 3BOAMTBHCS O Binmosifi, 3HaftmeHol mporpamoto. Bes ommil
implicit nporpama 3maiinuia 6 po3B’SI30K y SBHOMY BHUIVIsAAL, ajie
yepes crerjaibii QYHKI, BUBUEHHS SKUX He lepejbadene mpo-
rpaMoI0 HaBYaNbHOT Juciuman «/Iudepeniiaibal piBHAHHA>.

IMpuxsay 10. 3inrerpysaTy oaHopiaHe pisHAnHA Yy — ¥ —
~ 30v/zy? = 0 (npuxnan 3 nexnii 11, crop. 141):
> dsolve(y(x)#*(D@@2) (y) (x)-D(y) (x) ~2-30*sqrt (x) *y(x) ~2=

0,y(x));
2 8
(e"”5/) _C2
y(z) =0, yl@)=—"——Grz

Hageaeno takox po3s’szok y = 0, AKHi, O4EBUIHO, € JACTUHHUM.
Ipuknay 11. 3inrerpyBaTu piBHSHHSA APYTOTrO MOPAAKY B TO-
YHUX MOXIAHUX
CL_y// . yl
)
(mpukian 4 nexuil 11, crop. 142):
> dsolve((x*(D@@2) (y) (x)-D(y) (x))/x~2-y(x)*D(y) (x)=0,
y(x));

—yy' =0
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y(z) = — tanh(i_cz Vor? + é_cz \/5_02) _C1V2.

IIpornonyemMo umrayaM CaMOCTIMHO MEPEKOHATHCH, IO 3HANIEHHR
MPOTPaMOIO PO3B’sI30K € HenoBHUM. PyHKIis tanh no3Hadae ri-
nepboiyHuil TaHreHc, To6To

shzx ef —e*
chx e*4ea

thz =

Ilpuksaz 12. 3inrerpysaryu HenoBHe piBHsHHs vy — y'? = o/
(mpukaan 5 nexuii 11, crop. 143):
> dsolve(y(x)*(DQ@2) (y) (x)-D(y) (x)~2=D(y) (x),y(x));

e_C] Ie_CQ_CI + 1

y(r) = o1

Pose’siskn y = —x + C 1y = 0 nmakerom Maple He 3Ha}neHI.
3HailIeMO TaKOXK IHTErpPyBANbHUHA MHOXHUK I[LOTO PIBHSIHHES:
> DEtools[intfactor] (y(x)+*(DQ@2) (y) (x)-D(y) (x)~2=
D(y) (x)); .
y(@)? (Hy(e) +1)y(z)

Ipukaag 13. Iobyaysaru Jjudepenmiaibue piBHsmlm AKe
Mae byHJAMEHTANBHY CUCTeMY PO3B’si3KiB Y (T) = 22, yo(z) =
=z — 1 (npuknan 1 nekuii 12, crop. 155).

Jlns 11boro BUKOPHCTaEMO KoManam wronskian i det nakera
linalg:
> linalglwronskian] ([x~2,x-1,y(x)],x);

2

-1 y(z)
2z 1 %y(m) ,
a2 0
2 0 Zry(r)
> linalg(det] (%)=0;

, d? d? d d
—-172(;?‘1( )+2Id 23/(13)4‘2(%1/(55))33_2%9(1?)—2;1/(;1:) = 1.
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IIpuxsaan 14. 3igTerpysaTu JiHiiiHe OmHODiHe piBHAHHS 3i
crasuma koedinienramn y’ — 4y’ + 3y = 0 (upuknan 1 gexnil 13,
crop. 160):
> dsolve((DQQ2) (y) (x)-4*D(y) (x)+3*y(x)=0,y(x));

y(z) = _C1e®+ (2%

Ipnkaaa 15. 3irrerpysarn pisaauns y” — 5y — 6y = 0
(mpukian 2 jekwii 13, crop. 160):
> dsolve ((DQ@3) (y) (x)-5*(D@A2) (y) (x)-6*D(y) (x)=0,y(x));

y(z)=_C1+ C2e "+ _C3e%
IIpuxnax 16. 3iuterpysaTu piBHAHHS
yIV _ 6y/// + 12y// + 6yl - 13y — 0

(npukian 3 nexuii 13, crop. 161):
> dsolve ((Dee4) (y) (x)-6%(Dee3) (y) (x)+12%(Dee2) (y) (x)+
6+D(y) (x)-13*y(x)=0,y(x));

ylz)= _Cle*+ _C2e®+ _(C3e3%sin(2z) + _C4 3% cos(2x).

Ilpukian 17. 3iarerpyparu pipuasasns ¢ +3y" + 3y +y =0
(npuknaz 5 sekuii 13, crop. 163):
> dsolve ((DQ@3) (y) (x)+3*(D@O2) (y) (x)+3*D(y) (x)+y(x)=0,
y(x));

yz)=_Cle™®+ C2e "z + (C3e %z’

IIpuknazx 18. 3inrerpyBaTu piBHAHHA

yV _ yIV + Sy”l - 8y” + 16y, _ 16y — 0

(npuknan 6 nekunil 13, crop. 163):
> dsolve ((D@@5) (y) (x)-(Dee4) (y) (x)+8*(DE@3) (y) (x) -
8+ (DOe2) (y) (x)+16*D(y) (x) -16%y(x)=0,y(x));

y(z) = _C1e®+ _C2sin(2z) + _C3cos(2x) +
+ _ C4sin(2z)x + _C5cos(2z)zx.
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Ipukaan 19. 3iarerpysaru piBusinaa Eitnepa
22y —3zy +3y=0

(upuknax 7 nekuii 13, crop. 164):
> dsolve(x~2*%(D@@2) (y) (x)-3*x*D(y) (x)+3*y (x)=0,y(x));

y(z)= Clz+ C2z°
IIpuxnap 20. 3inrerpysarn pisHsHaa edumona
(1-2%)y —zy' +n’y =0

(nekuis 13, crop. 165):
> dsolve ((1-x~2)*(DQ02) (y) (x)-x*D(y) (x)+n~2*y (x)=0,
y(x));

y(z) = _C1 sin (narcsin(z)) + _C2 cos (n arcsin(z)).
Ilpuknan 21. 3iarerpysaru piBasinust Beccens
22y + a2y + (@2 - 1/4)y =0

(srexuist 13, crop. 166):
> dsolve(x~2*(D002) (y) (x)+x*D(y) (x)+(x~2-1/4)*y(x)=0,
y(x));

_ C1sin(x) b= C2 cos(x)

T ==
y(z) NG NG
IMpuxknax 22. 3inrerpysaTi NiHiliHe HEOTHOPIAHE pPIBHAHHSI
3i cranumu Koedimjentamu ¥y’ +y = x (npuknmap 1 neknii 14,

crop. 172):
> dsolve((D0Q2) (y) (x)+y(x)=x,y(x));

y(z) = sin(z)_ C2 4+ cos(z)_CI + z.

Ipukaax 23. 3inrerpysary pisnsinns y” — 2y" = g2 — ¢°
(npukotan 3 nekwii 14, crop. 180):
> dsolve((D@@3) (y) (x)-2*%(D@A2) (y) (x)=x"2-exp(x),y(x));
R 2

1 T
T 2x
x—-__._.____+..)/+_3 /1___,+, ( .
yo)= -t e 0o gt _Crt 08
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IIpuknaz 24. 3HaliTk 3araJbHAM PO3B’S430K JIHIHHOIO OIHO-
piaHoro piBHSHHS APYTOro MOPSAKY 31 3MiHHMMM Koedillienramu
2y + 2y + zy = 0 (npuxnamu 1 i 4 meknii 15, crop. 184, 190):
> dsolve (x*(DQ@2) (y) (x)+2*D(y) (x)+x*y(x),y(x));

_Clsin(z) _C2cos(x)

y(z) = = + . :

Ilpuxkaag 25. 3inrerpysaru JiHilfiHe OJHOpiOHE PIBHAHHSA 31
sminanmu xoedinientamu (22 + 1)y” — 2zy’ + 2y = 0 (mpuxiaz 2
nekuii 15, crop. 185):
> dsolve((x~2+1)*(DQE2) (y) (x)-2*x*D(y) (x)+2*y(x)=0,

y(x));
ylz)= Clz+ _ C2(z*-1).

Ilpuknan 26. 3igTerpyBaTH 3a JOIOMOTOIO CTEIIeHEBUX PsLIiB
miHiitae piBnsinEs y' + zy = 0 (upukaan 3 gexnii 15, crop. 188):
> dsolve((DQ@2) (y) (x)+x*y(x)=0,y(x),type=series);

y(z) = y(0) + D(y)(0)z —- éy(o)x3 — %D(y)(o)ac4 + 0(:56).

Bupazu y(0) i D(y)(0) osnagators 3HaveHHs (yHkuii y(z) Ta if
noxigHo! B Todnmi £ = 0, To6TO BHKOHYIOTb POJIb JOBLIBHHX CTa-
JIMX, & CaM PO3B’sI30K 3aJaHuil JIMIle KiJIbKOMa NepIIUME YIeHaMu
creneresoro psany (no z®). 3naitgemo me poss’szku 3agay Komi
¥ +zy=0,90)=190)=0iy" +zy=0,y(0)=0,¢(0) =1
3a JIOTIOMOTOIO CTEIIEHEBHX DSIB, ajle 3 ToHicTIo 10 T4

> Order:=15:dsolve({(D0Q2) (y) (x)+x*y(x)=0,y(0)=1,

D(y) (0)=0},y(x) ,type=series);

_ 13 1 4 1 L 15
y(@) = 1= g2’ + 7o52° — 5 + g TOET), (1)

> dsolve ({(DQ@2) (y) (x)+xxy(x)=0,y(0)=0,
D(y) (0)=1},y(x),type=series);

_ L 4, 1 4 1 1 [T 15\ e
y(x) = 2= 5t + saa’ = eV b e U+ 0(2). (2)
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Tyt cnogaTky cucremHiit 3MiHHiit Order NIPUCBOEHO YHCIIO, SKE BH-
3HaYA€E TOYHICTH HAOIMKEHHs PO3B a3Ky. Jlerko 6aquTH, 1o oTpu-
MaHO 10 I'Th nepinmx “wieHis psaais (15.11) i (15.12) sigmosigHo.
3posymino, mo ¢opmynu (1) i (2) garoTe KOpeKTHe HAONMXKEHHS
PO3B’sI3Ky Jiaie B OKoJii Toukn & = (.

JonaTkoso 1obyayemo rpadik po3s’s3Ky nepuroi 3aga4i Komri.
1le moxua 3pobuty, noGynysasmu rpadik dyskuil (1), ane mis
3Ha9Y€Hb T, sIKi CYTTEBO BiApi3ssaioTbes Bix 0, #ioro nmoeeiiHka HeE
BinnoBigaTume cnpapxkHiit (komanna plot ommcana Ha crop. 337):
> plot(1-1/6*x~3+1/180%x~6-1/12960%x~9+1/1710720%x~12,

x=-2.3..4.2,scaling=constrained) ;

4
3—4
2_
—]
T T T T 1
-2 -1 0 1 2 3 4
X

Puc. 1

Tomy kpalue nobyjiyBate rpadik, 3HAMIIOBIIM CIIOYATKY Ha-
Ouimkenuit posB’si3ok 3anaHol 3amadi Komnl wmpemoBuMu MeTona-
MU (,J‘J,Jm [ILOI'0 BUKOPUCTOBYEMO OIILIIO type=numeric KoMaHJIH
dsolve. st nobymosu camoro rpadika npumaHadeHa KOMaH/a
odeplot nakera plots (crop. 338):
> F:=dsolve ({(D0Q2) (y) (x)+x*y(x)=0,y(0)=1,D(y) (0)=0},

y(x),type=numeric);

F :=proc(z_rkf45) ... end proc
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> plotslodeplot] (F,x=-2.3..15,numpoints=200,scaling=
constrained) ;

I N N AN N NN
I z\/i\c/yhr/“z/\r/

Puc. 2

Ilpukmaan 27. Poss’assarm kpaitopy 3ajgady oy +y =0,
y(0) =0, y(a) = yo, a # 0 (npuxuay 1 jekuii 17, crop. 207):
> dsolve ({(D@2) (y) (x)+y(x)=0,y(0)=0,y(a)=y0},y(x));

y0 sin{x)
sin{a)

y(z) =

Bunanok, konu sina = 0, 3aaumuBcs mo3a yBarow nakera Maple.
Hpuknan 28. 3HaiiTu po3B 30K KpaifoBol 3a/1a4i
2 " _ —
+3zy' -8y =0, y(1) =1, zll)n;oy (£)=0
(mpuknagy 2 nexuii 17, crop. 208):
> dsolve ({x~2%(D@Q2) (y) (x)+3*x*D(y) (x)-8*y(x)=0,y(1)=1,
D(y) (infinity)=0},y(x));

[Hmi mpukaaaM 3aCTOCYBaHHS MaTeMaTHYHOro nakera Maple
JJISL IHTEerpyBaHHsl 3BUYafHUX AudepeHIiaJIbHUX PIBHAHb MOXKHA,
anaiity B |9, 12, 18|. [Ipononyemo unTadam CaMOCTilHO 3iHTerpyBa-
™y audepeHiaIbHl piBHSIHHS, HABEEH] MICIH KOXKHOI JIeKuii pos-
giny 2.
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Pozain 3.
CUACTEMM 3BNYAMNHNX
JNO®EPEHIIAJIBHIX PIBHIHDb

Jlekuia 18. Cucremu 3Bu4aiiHuX
AndepeHnianbHNX piBHAHD (3arajibHa Teopisi)

Inaun

1. OcHoBHI 03HAY€HHS 1 HOHATTS.

2. MexaniuHe TJIyMaueHHs HOPMAJIbHOI CHCTEMH Ta i1 PO3B’SI3-
KiB.

3. 3Benenns nudbepeHniajbHOrO PIBHAHHA N-TO TOPAAKY [0
HOPMAJIbHOI cHCTeMH # obepHeHa 3a/ava.

4. Jliniiini ogHopigHi cucremuy.

1. OcnopHi o3HaYenHs 1 MOHATTA. Bararo npuknauux 3a-
Aad [IPUBOJSITH JI0 HEOOXiIHOCTI BU3HAYHTH BiZIPa3y JEKIJIbKa He-
BiIoMUX DYHKINH 3 NEBHOI KIIBKOCTI JudepeHIaIbINX PIBHAHD,
T06TO 3HAMTH PO3B’sI30K cucTeMH AUdEPEHIIAIbHUX PiBHSIHD.

CykynHicrb CIIBBIIHOILEHb BUIVISAY

Fl ($,y1»y27-~-7yn> yll7y,277y;l) =0
FZ(‘T:ayhyZ’”'vyna yi’yé’7y;l):07 (181)

Fn (:L'ayl’y%--wy'na yll’ylmvyiz) :0’

A€ Y1, Y2, - - -, Yp — HIyKaHi pyHKIOII He3aJIEXKHO! 3MIHHOI T, HA3U-
BAIOTL CUCTNEMOI0 36UNATUHUL JuPePeHUIAALHUT PIBHAND
nepuwio20 NopaiKy.

flxio (18.1) MokHA PO3B’SI3aTH BIJHOCHO MOXiJHHUX yCix (hyH-
KL, TO OJepKUMO CHCTEMY

h = fl(w’y17y27--- ayn)v
Yo = f2($,ylay2"" ’yn)v (]82)

y;z = fn(w’ylayZa' .. 7yn)1
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AKY HAa3HBAIOTb HOPMAALHONW.
Pose’asxom cucmemu (18.2) na mesikoMmy imrepsaii (a,b)
HA3HBAIOTb BHOPAIKOBaHY CYKYIHiCTh (PyHKMiil

N = yl(m)a Y2 = y2(1:)) cery Yn = yn(x)7 (183)

BU3HAYEHMX 1 HEMepepBHO AU(pEpPeHIiHOBHUX HA IBbOMY iHTEpBaJIi,
AKIIO0 BOHA KOXKHe piBHsHAA cucremu (18.2) meperBopioe y ToTO-
XKHICTb, fKa CIPaBIXKYEThCsA /I BCiX 3HaYeHb x € (a,b). Kpusy
B (n+ 1)-BuMipHoMy npocropi (Z,y1,¥2,-.-,¥Yn), AKa BiINOBigac
po3s’sizky (18.3), HASHBAIOTL IHMEZPAADHON0 KPUBOI CHCTEMH
(18.2).

3adava Kowi nas cucremn (18.2) dopmysoeTbest Tak: ce-
pex ycix po3B’saskiB miel cucremu 3HAWTH pO3B’si30k (18.3), akuii
3a0BOJILHSIE YMOBHU

y1(x0) = y10, Y2(x0) =y20, ---» Yn(T0) = Yno, (18.4)

Jle T =xg — Jeska TO4YKa 3 inTepsaiy (a,b), a ¥10, Y20, -+, Yno —
noBiTbHI 3a7aH] aificHi nca (X HA3UBAIOTHL NoYaMKosuMuy da-
HUMU P038°a3KyYy). CYyKyIHICTb YHCeT T0, Y10, Y20, - - - » Yno 3 YMOB
(18.4) nasuBaOTh novamrosumu danumu cucmemu (18.2), a
cami ymoBu (18.4) — nowamxosumu ymosamu cucremu (18.2).

3 reoMeTpHYHOI TOYKH 30py 3aada Komil nonsirae y simuykan-
Hi cepesn ycix iHTerpanbHux KpuBux cucremu (18.2) rakoi kpusof,
fIKa [POXOAUTHL 4epe3d 3ajaHy TOYKY (L0, Y10, Y205 - - -5 Yno) IPO-
cropy R,

BuasnsieTbest, Mo g icHYBaHHs HellepepBHO audepeHuiioB-
HOro pO3B’'A3Ky 3amaui Komd (18.2), (18.4) nocurs npumycTuti,
106 npasi wacmuny cucmemu (18.2) 6yau nenepeperumu 6 dearo-
MY oxoai novamxosux danur (meopema Ileano). Hacrynna Teo-
peMa TapaHTy€ iCHyBaHHS €IWHOro po3s aA3Ky 3adaqi Komi (18.2),
(18.4) (moBesiennst Uil TeopeMu MOXKHA 3HAWTH, HANpPUKIAL, B |7,
c. 93 - 99]).

Teopema (Komuri). Hezat npasi wacmunu cucmemu (18.2) eu-
3navens 6 (n + 1)-eumipromy napaseseninedi

G={(z,y1,¥2,-- ., yn) lx—T0| <a, lyj—yjol<b, j=1,2,...,n}
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i 300080ADHAIOMD Y HOOMY TAKL YMOSU:

1) dynxuit fj(x,y1,Y2,-- -, Yn) Henepepeni, a, omoice, U obme-
orceni, mobmo | fi(x,y1,¥2,---,yu)| S M, j=1,2,...,n, M > 0;

2) wacmunni noTioni g@%, ik =1,2,...,n, ichyromo ma obme-
2ICEM.

Todi 3adana Kowi (18.2), (18.4) mae edunuil po3s’azox npunatimmi
na 610pisky | — xo| < h, de h = min (a, b/M) .

Hexaii G — ne obsacth npocTopy 3MiHu 3MIHHUX Z,Y1,-- - , Yn,
y KOXKHi# To4ni Akoi 3aaa1a Komi (18.2), (18.4) Mae equuuii pos-
B’s30k. CykynHicTb byHsxitiit

yj = ¢j(x,C1,Cs,...,Cn), j=1,2,...,n, (18.5)

gaKi BU3HadeH] B Aeakiii obmacri aminn z, Cy, Co, ..., Cp 1 MaoTh
HellepepBHi YaCTUHHI NOXifHI 32 3MIHHOIO T, HA3UBAIOTH 3G.2aAL-
HUM Po36°a3kom cucremu (18.2) B obnacti G, Axuo:

1) cucremy (18.5) Moxua posp’sisatu B obnacti G BigHOCHO

JoBiabHux cramux Cp, Co, ..., Cy,, TOOTO
Cj:¢j(mvylay2a-"7yn)7 j:172,~"7n; (186)
2) mnst BCiX 3HaveHb (T,Y1,...,Yn) € G dopmynu (18.6) su-
3HaMaloTh Taki 3HadeHHsa Cp, Cs, ..., C,, A SKHX CYKYIHICTb

dyukuii (18.5) € posp’sizkoM cucremn (18.2).

Posp’stsok cucremn (18.2), y KOxKHIli TOUL SIKOMO BHKOHYE-
ThCs YMOBa €JIMHOCTI po3B’s3Ky 3amadi Koiui, Ha3MBalOTL 4a-
CMUHHUM. 3 O3HAYEHHS 3aTAJIbHOIO PO3B’SI3KY BUIIMBAE, 1O BCi
pPO3B’SI3KH, 5IKI YTBOPIOIOTBHCS 3 HBOTO JIsi KOHKPETHHUX 3HAUeHb
crannx Cp, Cs, ..., C,, € 4aCTHHHUMU. PO3B’s130K CHCTEMH, Yy KO-
JKHIH TOULI SIKOIO MOPYIIYETBCS YMOBA €MHOCTI PO3B A3KY 3a,/1a4i
Komii njist i€l cucTeMu, HA3UBAIOTE 0COBAUBUM.

Henepepsruo andepenuifiophy dynkuito ¥(x,y1,Y2,. .-, Yn),
TOTOXHO BiJIMIHHY BiJ] CTaJ0l, HA3UBAIOThL THINE2PAAOM CUCTEMH
(18.2), sIKIIO BOHA TOTOXKHO II€PETBOPIOETHCSI y CTALY B3JOBXK IO~
BUIBHOTO YaCTUHHOIO PO3B’s13Ky wmiel cucremu. Toai dy = () BHa-
cnizok cucremu (18.2), Tobro
N
ox Iy

0
dl/1++———w—dyn=
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_ 9 oy N =
= 92 d:c+8y1f1dx+...+aynfnda:_0.

Pisnicts ¥(z,y1,¥2,..-,Yn) = C, ge C — noBinpHa craja, Ha-
3UBAIOTh NEPUWUM iHmezpanom cucremu (18.2). Hanpukian, Ko-
XHa 3 piBrOCTeit (18.6) € mepumm iBTerpanoM cucremu (18.2).

CyKyngicTb n nepmux inTerpajis cucremu (18.2)

wj(:l’l’ylyy?v-"’yn):c'j, j=1,2,...,n,

Ha3WUBAIOTb 3G20AbHUM THME2PAAOM L€l CICTeMH, SKIIO iHTe-

rpanm Y1, Y2, -.., Un € HE3AAEHCHUMU, TOOTO MK Y1, VY2, - ..,
Yy, He icuye cmiBpimnomenns surasgy F (i, ¢2,...,%,) = 0 A=
>koanoi dyskmii F. 3 MaTeMaTHYHOrO aHaJi3y BLIOMO, MO JUIA
HE3aJIeXKHOCT] Bao6nac"ri G Qymkiit Y1, ¥e,. . ., Py, AKi MAIOTH 9a-
CTHHHI ToxigHi %ﬁ, j,k=1,2,...,n, HeoOXinHO i TOCTATHBO, I0O
B obnacti G

oh . 9

Oy1 Oyn

T A1)

On , Obn

dyn Yn

MoxHa II0Ka3aTH, 110 HOPMAJIbHA CUCTEMA N DIBHSHBL HE MOXe
MaT BisbIe, HiXK 1 He3aNeKHUX iHTerpasis cucremu (18.2).

Byap-sgxi n nepuiux iHTErpaJjiB HA3UBAIOTH HE3AAEHCHUMU,
AKIIO BiAIOBIAH] M iHTerpain He3asexxul, Orxke, 3a0a48 n06yI0B1
3araJbHOTO IHTerpaJsa cucreMu Oyae po3B d3aHOIO, SIKIIO 3HANHIEHO
N He3aJIeXKHUX LiepIUX IHTerpaJis.

3aranbHOro CIocoby 3HAXOIKEHHS] MHEepUIUX IHTerpajis He
icuye. OnHak y 6araThox BUIAIKAX BIAETHCA 3HAHTH mepruil iH-
TerpaJl HMIISIXOM JesiKMX [€PETBOPEHb CUCTEMH, Y PE3yJIbTaTi 10ro
OoTpuMyeThes AudepeHIialdbHe DIBHAHHS, SIKe J1Ierk0 iHTerpyeThes.
Koskne Taxe pIBHSHHSI HA3MBAIOTbH THIME2POSHOW KOMOIHAUI-
e10. Koxkna inrerpoBHa xKoMbOiHaLisi nopoIKye nepiuuii inrerpal.
OnHak cepel HUX MOXYTh BUSIBUTHUCH 1 3aJI€XKH1 1HTerpasy, a To-
My, OAEPXKYIOYM HOBHII mepinmil iHTerpali, [orTpidHo IepeBipuTH,
4y Oyje BiJl HE3AJIEKHNM 3 PaHille OTPHMAHHMU.
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Mpuxaazn 1. 3inmezpysamu cucmenmy?

{y’ 2y —2)7%,

Il

2 =yly—2)

Poss’azanns. TloginuBmy nepiie piBHSHHA CHCTeMHU Ha Apyre,
OJIepXKYEMO IHTErpOBHY KOMDIHAIIIIO %g = fj, 3BiJIKH, BIIOKPEMJIIIO-
I0YH 3MiHHI, 3HAXOINMO

dy =
—_— = = dy —2d2=0 =
iz vy yay z
2 2 _
y —z = C]. (187)
Bianimatoun Bif Apyroro piBHAHHS 33aHOI CHCTEMH NeEpIle,
OEPKUMO III€ OIHY IHTETPOBHY KOMOIHAIIIIO % = %, 3BIKA
(z—y)? = -2z + Cs. (18.8)

Koxne i3 crissisgnomens (18.7), (18.8) e nepium inrerpanom,
a OCKUIbKM BOHU € He3aleXXHUMH (y 1bOMY TPOIIOHYEMO IEPEKO-
HATHUCS CAMOCTIHO), TO TX CyKYIHICTh € 3araJibHuM iHTerpajoM
CHCTEMH.
Bidnosidv: y? — 22 = Cy, (z — y)? = 22+ C,.

2. Mexanituge TIyMadeHHSI HOPMAJIbHOI CMCTEMM Ta 11
posp’s3kiB. Hopmanbhiii cucremi (18.2) Ta 11 po3s’s3kaM MOXHa,
HaJATH [POCTOrO MeXaHiuHOro 3micry. PosrnisiHemo cuctemy

14
I, = fl(taxh:to"' ,xn)v
o ,
J:2—f2(t,.1)1,.732,.--,$n), (189)
/
Ty = le(tvxlvl"Z? s 5‘7:71)7
ne t — uac, Ty, Ig, ..., Tp ~ KOOPAUHATH TOUKM N-BUMIPHOTO IpO-

cropy. Lei npocrip nasupawTth gazosum. s n = 1 dasosum
IpoCTOPOM € Bich ¢ (Pasosa npama), niasi n = 2 — nnoumna (t, ),
AKY Ha3NBAlOThL Bas306010.

YSIkiio v cuetemi ABI HEROMI (yHKILT, TO NO3HAYATHMEMO iX Hepes ¥, 2.
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Koxuuii po3s’st30k (iHTerpajibHa KpuBa)
I = zl(t)a T2 = x2(t)) ceey Ip = .’En(t) (1810)

cuacremu (18.9) Bnpaxkae 3axon pyxy Toukd y $Ha30BOMY IPOCTO-
pi. Tomy poss’s30k (18.10) Ha3sMBATHMEMO PYTOM Y N-BUMIPHOMY
npocropi R™, BusHadenuM cucremoro (18.9), a kpusy, siKy onucye
pyxoma Touka y $ha3oBoMy mpocTopi, — mpaexkmopieto pyxy abo
$a306010 MPAEcKMOPIEI.

JliBi wactunu cucremu (18.9) € ckiagoBuMH (3a OCAME KOOPIU-
HAT) IIBHKOCTI PyXYy TOYKH, TOMY KaXKyTb, IO Is CHCTEMA 333
II0J1e MIBUAKOCTEH PyXiB, TOOTO TOYKA MOXKE ITPOXOIUTH Y MOMEHT
yacy t uepe3 MoJioxKeHHs (I1,Z2, ..., Ly) TUIBKH 3 338HOK0 LIBAJ-
KiCTIO.

KO MBHUAKICTH, 3 AKOK TOYKA IMPOXOJUTH YEPES IIOJIOKEH-
HA (T1,T2,...,Tn), HE 3AJIEKHATDH BiJ MOMEHTY tacy IPOXOJKEHHS,
To6TO cucrema (18.9) Mae BUIIAL

z) = fi(z1,T2,. .-, Tn),
$/2 — f2(x1’1‘2,...,«1‘n)’ (1811)
Ty = fn(21, %2, ., Tn),

T0o 11 HAZWBAIOTE AGMOHOMMON (CMAUIOHAPHO010), a PyX, WO
ONHCYIOTbCS TAKOIO CHCTEMOIO, — YCIMAACHUM.

dxkmo y mesaki#t Touwi (Z10,Z20,...,Tno) MPaBl YACTHHH CH-
cremu (18.11) mOpiBHIOIOTH HYMIO Uit BCiX 3HA4YeHb 4acy t, TOO-
to fi(t,z10,%20,---,%n0) =0, j = 1,2,...,n, To 1a cucrema Mae

pPO3B’130K
I = X190, T2 = X205 .-y Tn = Tno, (1812)

amke, migcrasisioun tioro B (18.9), oneprkumo roroxkuocti. Pyx
(18.12) Ha3UBAIOTL CTAHOM CTNLOKO10. TPAEKTOPIEIO BLOTO PYXY €
TouKa (19, 20, - - - , Tno ), AKY HABUBATHMEMO TMOYKOI CNLOKOIO.

3adavae Kowsi nna cucremu (18.9) nossirae y 3Haxo/KeHH]
pyxy (18.10), sixuit 3370BOJbHAE MOYATKOBI yMOBH

z1(tg) = x10, T2(to) =20, ---» Tulto) = Tuo
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ne to, T10, T20, ---, Tno — 3aJ43HI 4mcia (nOowamxosei dami),
T06TO MyKaerhea Takuil pyx (18.10), upm fKOMy pyXOoMa TOYKa
3HAXOOUTHCH y 3amaniit Todmi (Z10,Z20,---,Zno) da3zoBoro mupo-
cropy y 3amammit MoMment uacy t. IIpm mpomy (z10,Z20,---,%n0)
Ha3uBAIOTh NO“AMK08010 moukoro pyry (18.10). 3aysaxumo,
MO $KIO TOYaTKOBOK TOUKOKW pyxy (18.10) € Touka Crokoro
(10, %205 -+ - s Tno), TO ONHEM 3 PO3B’3KiB 33484l Komi 6yne cran
ciokoto (18.12).

Cucremun audepeHUiabHUX PIBHSHDL € MOIEISAMH Pi3HOMAaHI-
THEX NIPUKJIAJHAX 3a4a4. PO3MIsiHEMO onHy 3 HHX.

3agaua 1. Bushawumu mMpaekmopio pyry 2apmamHoz0 CHa-
pAdY, AKUY SUAITNAE 3 MOYAMKOB010 WEUIKICMIO Vg Nid Kymom
do zopusonmy. Onip nogimpsa nponopyilinull weudkocms pyxy.
Pose’azannsa. Criaagemo JudepeHmianbiy Monesb 1€l 3ajia-
gi. 3a MOYATOK KOOPIMHAT Bi3bMEMO TOYKY BHJIBOTY CHapsijia
(puc. 18.1). Ha cHapsim mie cuna Barn P = myg, ckianoBa sikoi Ha
oci T JIOpiBHIOE HYJIIO, 60 CHJa meplieHARKYasipHa 1o wiel oci. To-
Ai audepeniiaabHUMA PIBHSHHSIMU PYXY B3H0BX KOODAUHATHEX
oceil €

o d’z mkdz md2y kdy
1—— = —mk—, —_—= — mk—.
di? dt az - ™ dt

?Hr

’170
mg
i i
0 e
Puc. 18.1

SAKINO 3HeXTYBATH ONOPOM [OBITPST, TO Iii PIBHSIHHS C/sT CKO-
POYEHHS Ha 17 MATHUMYTb BUIVISLI;

d’z d?*y B

— =0, — =- R. 1.
dt? dt? (18.13)
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Orxe, 3asada 3Bejlacs 40 IHTEIPYBAHHS CHCTEMH JABOX [IH-
depeHIiaJIbHUX DPiBHSAHB. [HTETPYIOYM KOXKHE DIBHAHHS CHCTEMU
(18.13), ozepxkyemo:

dz dy
vy = — =0 Uy = — = —qgt+ Cy 18.14
=g Ty WEF T e (18.14)
J€ Vg, Vy — CKJI&AO0BI MBUAKOCTI v = v(x,y) Ha ocax. Y noyaTKoBHH
MOMeHT 4acy tgp = 0 KOMIIOHEHTaMH WIBHIKOCTI € ¥z = Vg COSQ,
vy = vYpsina, a orxe, C; = vpcosa, Cy = vpsina. Bpaxosyioun
i dopmyny, 3 (18.14) 3Hax0AUMO

z =uvoptcosa+Cs, y=—gt?/2 +vptsina + Cy,
ase ockinbku £(0) = y(0) = 0, To C3 = C4 = 0. OcraTo4yHO MaeMO
T =uvgtcosa, y= —gt’/2+ vtsina.

Bukiouaroun 3Biacu ¢, onepXKyeMo TPAEKTOPiO pyxy — napabony

gx?

-+ Ttig .
202 cos?a &

y:

JasnbHicTh 7 DOMBOTY cHapsaa 3HalaeMo 3 piRHgHHs y = 0

2 2 o
gz v§ sin 2a
Ttga— o5 —— =0 = T = 22—,
2ug costa g
MaxcuMaIbHOIO JAJIBHICTS MOABOTY Oy/ie To/i, KoJjid sin 2a = 1,
3BIAKH 3HAXOAHUMO BIANOBIAHMN KyT BuibOTy @ = 7 /4. W

3. 3Beaenns gudrepeHianbHOrO PiBHAHHS N-TO NOPS-
Ky [0 HOpMaJbHOI cucTemu i oOepHeHa 3apaua. udepen-
IiaJibHE PIBHSHHA N-IO NOPAAKY

y(™ = f(f,y,yC . »y("—”) (18.15)

3aBXK/JU MOXKHA, 3BECTH [JI0 HOPMANBHOI CUCTeMU 1 AudepeHIlialb-
HUX piBHAHL. Jisi 1BOTO MO3HAYUMO

y=u, ¥ =y ¥ =y ..., ¥ =y
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Toni
vi=v=v %=v=us -, tho1=9""" =,
ywl'l = y(n) = f($’y1ay2a t.e ayn)a

TOO6TO (PYHKITI Y1, Y2, - - - , Yn 33A0BOJILHSIIOTH HOPMAJILHY CHCTEMY
JudepeHiaIbHUX PIBHAHD

Y1 =2,

Yo =¥s,

. (18.16)
y;L—l = Yn,

y;l = f(xaylay27"'ayn)‘

3BeseHHs OAHOTO AU(EPCHUIAIBHOIO PIBHSHHA 7-T0 TIOPSLIAKY
(18.15), po3B’sI3aHOrO BiHOCHO CTAPLIOL MOXIJIHOT, 10 PIBHOCH/Ib-
HOI HOpMabHOT cucremu (18.16) y Gararbox BHOAJKAX CIPOLLYE
33139y 3HAXOMYKEHHsI 3arajlbHOrO po3B’s3Ky abo po3B’si3Ky 3aaati
Koiri.

Posristhemo obepreny 3agady, TOOTO 3344y 1PO 3BEJCHHS
HopMmasbHOI cucremu (18.2), y sikiit f; — (n — 1) pasis audepen-
uifosri GhyHKII, 10 omHOro mucdepenuianbHOro piBHstnbs. s
1HOro [ocaioBHO 3nudepennioemMo (n — 1) pasis ojiHe 3 PiBHsIHD
cucremu (18.2) (manpukiaj, nepiue), 3aMiHIOIOUM ITCJst KOXKHO-

ro audepenniroBadHs DOXinHl Y1, Y5, - ...y, BAPA3AMHA JUIS HAX 3
cucremu (18.2), 1 BHKIIIOUMMO 3 LIEPIIOrO DiBHSIHHA Il cUCTEMHU i
orpaMaHnx (n—1)-ro piBusinus QYHKIT ¥, Y3, - . . , Yn- [1pA BOMY

AJ1s1 3HAXOMXKeHHA DYHKIUT ) OHEPXKHUMO PDIBHSIHHS 7-10 NOPAUKY
BULJISIAY

yin) = f(:L.’ylvy;"'- ’yg"l—l))’

I sIKIIO BAACTBCS 3HAMTH HOro 3arajbHUil poss’st3oK, 70 pyHKUil
Y2, Y3, - - -, Yp 3HAHIYTHCH 06€3 KBaIpaTyp.

MeTton po3B’s3yBaHHS HOPMANBLHOI CHMCTEMH PIBHsHL 3BEJICH-
HAM 11 IO OZHOro AUPepeHiaibHOTO PIBHSIHIN, DO3B SI3aH0I0 Bijl-
HOCHO CTapIIOl MOXIJHOT, HABUBAKTH MEMOJOM SUKAIOUYEHHIA.
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VY Iesaxux BUNAIKaX 3BEIEeHHS HOPMAJbHOI CUCTEMH JI0 OFHOTO
piBHsIHHS MOXKHA 3IiliCHIOBATH 3 BIAXMJIEHHSIM BiJ onmcaHol 3a-
TaJbHOI CXEMH.

Ipukiman 2. Jinmezpysamu cucmemy

Y =y+z,
2 =3z—y.

Poag’asanms. 3 nepmoro piBHSHHS BUPA3UMO z depe3 Yy 1 mig-
CTABUMO Y Jpyre DIBHSHHSI CHCTEMIL:

e=y-y = (-v) =30/-v)-y =
' 4y +4y=0 = y= Ce%® + Coze®®.

Tenep, BpaxoByIouy, 1o z = Y — ¥y, 3HAXOAUMO (PYHKIIO 2:

z = (C’162QE + nge%)/ — (C162alc + Cgilfe%) =
= (C1 + C2)62x + C'g:ce2z.

Bidnosidv: y = C1e2® + Coze?®, z = (C) + Cy)e* + Cowe®®.

Hpuknan 3. 3inmezpysamu cucmemy

Y1 = y1 + 2y2 + 23,
Yy = —y2 — 2u3,
yé =12 + y3.

Pose’asanna. 3audepennioeMo neplie piBHIHHS CHCTeMH 1 M-
CTaBHMO 3aMICTb Y, Y5, Y5 BIANOBiAHI Bupasy i3 3ajaHo0l cHCTEMH:

Y1 =)+ 205 +2y5 = 1+ 2y + 2y3 +

+2(—y2 — 2y3) + 2(y2 + y3) = 1 + 292
Hndepentiifoloun oTpuMaHe CliBBiAHOUIEHHS 1 3HOBY BUKODPHCTO-
BYIOYH DIBHAHHA CHCTEMH, OJEPKYEMO CIIBBIIHOLICHHS

I

Y =y1 +2y5 = y1 + 2y0 + 2y3 + 2(—y2 — 2y3) = y1 — 23
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Tenep i3 cucremu

Yi = y1 + 2yp + 2ys,
Yl =11 + 2y,

1

Y1 =Y1—2y3
BHKJIIOYHMO Y2 1 3. 3 APYroro i TpeTboro piBHSHL 3HAXOIUMO

1 1
Yo = 5(@1’ -y1), Y3= 5(111 - ).

Iincrapnsroun 06MABa BUpa3W y MepIlle DIBHAHHS CHCTEMH, OJIep-
xKyemo mudeperuianbue pipaauns y)’ — y) + ) — y; = 0, 3arann-
HUM po3B’sa3koM gKoro € y; = Cre*+Cacosx+ Cysinz. Toni yo =
= —Cyhcosz—Cssinz, y3 = % (Cg(cos z—sinxz)+Cs(cos z+sin w)) .
Bidnoeids: y; = Ce* + Cycosx + Cysinz, yo = —Cacosx —~
— Cysinz, y3 = 3(Cz(cosz — sinz) + C3(cos 2 + sinz)).
[MorpibHo MaTH Ha yBa3i, LIO NPH PO3B’A3yBaHHI cucreM (4K i
piBHSIHB) BiIOBiAL MOXe Gy TH 3anucana y pisHiit popmi, npudomy
11 MOKHA 3BECTH BLJ OJHOIO JIO IHIIOTO BUMVISILY TIEPENO3HAYSHHIM

CTAJINX.

4. Jliniitdi oapopiani cucremm. Jlinidinoro cucteMmoro au-
depeHuiagbHUX PIBHAHD ITEPIIOTO MOPSAKY HA3MBAIOThL CHCTEMY

y1 =@y +pi2(@)yz + - .. + pin(@)yn + f1(2),
ya = p21(x)y1 + p22()y2 + ... + pan(@)yn + f2(), (18.17)
Yn = Pui(T)y1 + Pu2(2)y2 + . .. + Prn(@)yn + fu(T),

SIKy CKOPOUYEHO MOMKHA 3AIMCATH y BHIVISI]
n
9 / JE— p ” —
Ye = § pkj(x)yj'{-fk(x)’ k—~1,2,...,7b.
J=1

Braxarnmenmo, mo Bei dbysxuii pi;(z) (xoediyienmu cucme-
Mu), a Takox fr(x) nenepepBHi Ha nesikoMy iHTepBadi (a,b). To-
Al 3rigpo 3 teopemoto Koui (. 1) cucrema (18.17) mae enunmit
po3B’sa30K (18.3), sikuil 3a10B0abHAE o9aTKOBI yMoBH (18.4). Lieit
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pO3B’s130K Oy/ie BU3HAYEHMI HA JESKOMY BIOpi3ky [a1,b] C (a,b).
OcobimBrx po3B’a3KiB cucrema (18.17) He Mae.

SIkmo Ha intepBaii (a,b) Bci fr(x) = 0, To cucremy (18.17)
HA3UBAIOTH ATHIUHO10 00HOPiIdHO010. Bona Mae BaDIsSi

n
V= pei(@)y;, k=1,2,....n (18.18)
=1

Sxmo y cucremi (18.17) He Bei dyHkui fi(x) ToToXKHO AOpiBHIO-
I0Th HYJIIO, TO 11 HA3UBAIOTh ATHIUHO10 HEOdHOPIONO10.

OueByiHO, JIIHIAHA OJIHOPIAHA CUCTEMa Ma€ HYJILOBHI PO3B’si-
30k y;1 =0,y2 =0, ..., y, = 0, 9Kkuii HA3UBAIOTb MPUBIAABHUM.

Po3B’si3kn niHiftHOI omHOpiAHOl cuctemu (18.18) MaroTh JesiKi
XapaKTepHi BJIACTHUBOCTI, 9Ki aHAJOTNIYHI JO BIANOBIOHMX BJIACTH-
BOCTEli PO3B A3KiB JiHIMHOrO OOHOPIOHOTO PIBHAHHS N-TO MOPAIKY
(nmexuist 12, m. 2).

Baacrusicts 1. Axwo y1 = ¢1(x), y2 = 02(x), ..., Yn =
= ¢n(x) — po3s’azox odnopionoi cucmemu (18.18), mo

y1 =Copi(z), 12=Cop2(x), ..., yn=Cpu(z),
de C - dosinvha cmaaa, maxodic € po3s’a3Kom UYIET cuCMemu.
Buaactusictse 2. Hxwo 3adarno m pose’asxie cucrnemu (18.18):
1-4 pose’asox: Y11, Y12, « - - s Yin,
2-1 po36’A30K . Yo1, Y22, - - - Yon,
M- pO36’A30K 1 Yml, Ym2s - - - » Ymn,
mo i atHitine KomOtHayis 3 dosiaorumu cmarumu Cy, Ca, ..., Cy,
y1 = Ciynn + Coyar + - -« + CrpYyma,
y2 = Ciyiz + Coyoz + . .. + Cruyma,

Yn = Clyln + C2y2n +...+ Cmymna

abo, ckopoueHo,

m
yk:ZCiyika k=172a"'7n7 (1819)

i=1
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makooic € po3s’azxom cucmemu (18.18).
Hoeedenns. Mincrapnsioun (18.19) B (18.18), onepxyemo

m ! n m
Y Ca | =Y pii(e) > Cuyii ) =
i=1 j=1 i=1

m m n
Zciygk = Zci Zpkj(x)yij, k=1,2,...,n.
=1 i=] j=1

HoBeieHHsI BJIACTHUBOCTI BUIUIMBAE 3 TOTOXKHOCTEH

n
Y = Zpkj(x)yij(m), k=12,...,n, i=1,2,...,m,
Jj=1

SIKi OJIep?KYEMO, MiACTABNIAIOYH i-il PO3B’A30K y cucremy (18.18). »

Pexomendosana aimepamypa: |1, c. 115 - 118, 134 — 135,
[5, c. 322 — 340], [7, ¢. 93 - 99, 164 — 179], [13, ¢. 109 - 112, 131 —
152, [16, c. 18 — 22, 65 - 70, 91 — 92.

ITntanus go Jjgekiii 18

1. fkuit 3araabLil BUMTSLL MAE CHCTEMA 3BHYANNNX Ju(ePeHIHIaTh-
HUX piBusub nepmoro nopsiaky? 1o nasubalorh po3s’ssKoM 1I€T CUCTe-
MH HA JedKoMy inTepsadi?

2. SIKuit BULIIAL MAE HOPMAJILHA cucTeMa JudepeHialbHuX PiBHAHDL
mepmroro mopsaaky? ¢k hopmysnoersest sanata Komi aist Takol cucremu?
Sxuit i1 reomeTputinumit Ta Mexariunuii amicr? fky HOpMasbHY cHCTEMY
HA3UBAIOTH ABTOHOMUOK?

3. dkuii Mexanivnumit 3MiCT Ma€ HOpMaJIbHa cUcTeMa Ta 11 O3B A30K?
[lo Take daszopuit upocrip, dasona iomnHa, dasosa npsama? Ak no-
B's3ani MiX coBOI0 pYX, sIKUIl OUUCYETHCsT CHCTeMOIo JudepeniianbHuX
piBHAHD, Ta foro rpaekropis? fFIkuil pyX nasmBaloTL CTAHOM CIOKOIO,
SIKOIO € HOro TpaekTopist?

4. Ik popmymoeThest Teopema Kot 11po jocTaTHi yMOBH iCIyBammst
Ta €IMHOCTI Henepepblo JudepeHnifioBroro poss’saky 3anayi Komi ns
HOPMAJIBHOI CHCTeMH JIMePCHIAILINX piBHANL?

5. IIlo Ha3suBAIOTH 3aragbLHUM po3B’s3KoM (IHTErpansoM) HOPMaJib-
HOI cucTemu gudpepetiajbiux piBlusib y JesKifl obnacri icHyBanHs Ta
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enuuocTi po3s’askie 3ama4di Komi? o Ha3MBaOTH 4acTHHHUM Ta OCO-
GJIMBHM PO3B’SI3KAMH HOPMAJBHOI cucTeMH jiudepeHuianbHuX PiBHAHDT
Sk BoHu 1OB'SI3aH] 3 3aTAJILHAM PO3B’SI3KOM CHCTEMHU !

6. Illo Take inTerposHi KoMGiHauii i K BOHM BUKOPUCTOBYIOTHCS JJIs
BHAXO/ZKEHHS 3aTaJILHOTO iHTerpaya’?

7. Ak mudepennianbue PIBHAHHES N-TO OPSIIKY, PO3B’A3aHe BIAHOCHO
cTapmol MOoXigHol, MOXKHA 3BECTH A0 PIBHOCHJIBHOI IOMy HOPMAaJBLHOI CH-
cremu AudepeHIiadLHIX PIBHAHL? Y YOMY IIOJISTA€ METOJ BUKIIIOYEHHS
PO3B’sA3yBaHHA HOPMAJIBHOI CHCTEMH !

8. dxmit BurAn mae JiiHifiHa cucTeMa audepeHniaIbHAX PIBHAHB?
YuwMm Bigpisuserbes JiHifiHa HeomHOpiAHA cucTeMa Bif ogHopimuoi? ki
BJIACTHBOCT] MalOTh PO3B’S3KH JiHifiHOI oxHOpigHOT cHeTeMu?

Brnpasu no nekuii 18

1. 3iurerpyiiTe CHCTEMM, BAUKOPUCTOBYIOYH IHTErPOBHI KOMOiHAIII:

;o 2 2y, /& ,
2) {y = 2(y? + 2%z, 5) {y = sinycos z,

z' = 4yzx; z' = cosysin z.

2. 3igrerpyiire CHCTEMH METOJOM BHKJ/IOUEHHS:

2) y =y+ 2z, 6) =y — 22+ ze®,
"= -2y +6z; 2 =5y~ z— (z+1)e%;

n
I

Vi = 3y1 — y2 + 3ya,
B) ¢ ¥b = 3y1 — y2 + 2u3,
ys = —2y1 + 2y2 — 3ys.
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Jleknis 19. Jlixiiini ogHOpiaHI cucTeMu 3BMYaHUX
audepeHiaJIbHIX PiBHIHD

IInan

1. JliniftHo 3amexHi Ta JIiHINHO He3asexHi cykymHocTi QyH-
KITiit.

2. ®opmysa OcTporpaacbkoro — SJKobi.

3. OcHoBHA TeopeMa.

4. Jliniitai ogaopinsi cucremu 3i craimmu koedimientamu. Me-
tox Eitnepa.

1. JliniiiHo 3anexxkHi Ta niHiiHO He3aeXkKHI CyKyNHOCTI
dyuxkuiii. Hexail 3agano m cykynnocreit dpyHkmii

Y, 125 -+ -5 Yln,
y21) y227 L | y2m (191)
Ymi1, Ym2y - - -5 Ymn,

y KOXKHI# 3 sKuX T (DYHKIA, BU3HAYEHHX | HemepepBHAX Ha je-
sikoMy iHTepBadii (a, b). Cykynnocti byukuii (19.1) Hasupaiors Ai-
MITUHO He3aAeHCHUMU Ha iHTepBai (a,b), AKmo TOToXKHOCT

a1yl ooy +... + i =0,
a1y12 + aayes + ... + Apyma = 0,

1 Yin + 2Y2, + ...+ U Ymn = 0,

e o1, Q2, ..., O4yp — CTaJi, BUKOHYIOTLCA TINbLKH TOAl, KOJH
o) =0y = ... =ap = 0. Bismomy Bunaaky cykynuocri pynkuii
(19.1) HasMBaAKOTH AIHITHO 3asedchuMu Ha iHTepBadi (a,b).
BceranoBnMo HEOOXiAHY yMOBY JIIHIAHOT 3a/lesKHOCTI JOBUTbHUX
n cykynHocreit GyHKiH. OTke, Hexaill MaeMo 1 cyKynHocreii pyH-
KL
Y1, Y1z, -« Yin,
Y21, Y225 - 4 Yous (19.2)

Ynls YUn2y --- 5 Ynn-
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Busnaynuxom Bponcvko20 abo 68pOoOHCKIAHOM CYKYIHO-
crei dyskuiii (19.2) HA3MBAIOTE BUSHAYHHK

Y Yiz - Yin
W) =| ¥ P2 e (19.3)
Ynl Yn2 °°° Ynn

Teopema 1 (meobxinsa ymoBa JaiHiliHOT 3anexxHocTi N
cykymnHocreit dynkuiit). SJxuo n cyxynnocmed dynxuid (19.2)
AHIRO 3aaedicnt na twmepsaai (a,b), mo W(z) = 0 ne yvomy -
MEPBanl.

Hoeedenna. Ockinbku n cykynnocreit ¢yrkuiil (19.2) nixifizo
3aJIeXKH], TO 38 O3HAYEHHAM

n
> oy =0, k=1,2,...,n, a<z<b (19.4)
i=1

OpUYOMy He BCl «; JOpiBHIOWTH Hyso. Posmisaaroun (19.4) sk
OJTHOPIIHY JIHIMHY cHuCTeMy aJareOpMYHUX PIiBHSAHDL BiOHOCHO QO
as, ..., Qn, 6a4UMO, IO BOHA MAE HEHYJILOBUH PO3B’s30K, a TOMY
BHU3HAYHUK CUCTEMH JOpiBHIOE Hymo. Hum BH3HAYHHKOM € BpOH-
ckian, omxxe W(z) = 0 B ycix Toukax iHrepaiy (a,b). »

Teopemy 1 MoxkHA cHOPMYTIOBATH i1 IHAKILE: AKULO BPOHCKIGH
n cyxynnocmet gynwxyit (19.2) na deaxomy iwmepsani (a,b) 6i0-
MIHHUTE 6810 HYAR, MO UL cykynHocmi PynKkuil AiHITHO He3aAeHCHT
HO UYbOMY THMEPEAAL.

Hexait renep koxxna 3 cykynsocre#t dbyukuit (19.2) € poss’siz-
KOM JTiHiltHOI OmHOpIAHOT cHcTEMU

n
Yy = Zpkj(x)yj, k=1,2,...,n, (19.5)
j=1
KoedinienTtn prj(x), k,j = 1,2,...,n, AKOI HENEPEPRHI HA AESKOMY

inrepsasi (a,b).
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Teopema 2 (Heobxigsa ymoBa JIiHIMHOI He3aJIEXKHOCTI N
PO3B’A3KiB JiHiiTHOT oqHOpinHOI cucTeMu N piBHSHDB). SKwo
n pose’aswie (19.2) cucmemu (19.5) ainitino nesanesrchi na inmep-
eani (a,b), mo iz eporcKian He NePEMEOPIOEMbCA 6 HYAL Y HCOOHIT
MOYYL Yb020 IHMEPBANY.

Zosedernsa Teopemn nposenemo Bix cynporusHoro. Hexait nns
Jesikol TOYKH Tg € (a,b) maemo W (xy) = 0. Cxnagemo cucremy n
aNrebpUYHUX PIBHAHD

n
Z Ciy,-k(xo) - 0, k= 1, 2, R 1N (19.6)
=1

Ockinbku BU3HAYHMK ofHOPiAHOL cucremu (19.6) nopiBHIOE HymO
Co, 0
(auMm € W (zp)), TO BOHA Mae HeHyJbOBMI pO3B’s30K C] = Cf ),

Oy = 02(0), B O C,(lo). Llobynyemo poss’si30k
= Cly, k=12 19.7
k Fl Yik, y &y ey T ( . )

i=1

Ockinpku Cz-(o) 3a/I0BOJBHSIIOTH cucremy (19.6), To posB’sizok
(19.7) mae HynbBOBI OYATKOBI 3HA4YEHHA y TOuNi T = g, TOGTO
yi(xo) =0, ya(zo) =0, ..., yn(xg) = 0. Ane mi cami nmouarkoni
YMOBH 33I0BOJIbHSAE TAKOXK TPHBIAJBHHI PO3B’SI30K, TOMY 3rijiHO 3
reopemoro Kot (aekuist 18, n. 1) ui poss’asku 36iraiorscst, 106T0

n
S 0% =0, k=1,2,...,n,

i=1

- 0 .
Ae He BCi Ci( ) JIOPiBHIOIOTE HyJ0. OTprMany, mo po3s’siskn (19.2)
JiHifHO 3ayexxHi Ha (a, b), WO cyliepeunTs yMOBi Teopemn. B

3 reopeMm 11 2 BUnIIMBae: das mozo, wob n po3e’A3xie cucmemu
(19.5) byau ainitino nesanescrumu Ha inmepeani (a,b), neobwi-
OHO i BoCMamHDbO, WOE T EPONCKIAN HEe NEPEMBOPIOSUGCH 6 HYAL
Y MCOOHIT, MOUUT 4bO20 THMEPBAAY.
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2. ®opmyna Ocrporpancskoro — 7Akobi. s dpopmyna no-
3BOJISIE 3 TOYHICTIO JO CTAJIOTO MHOXKHAKA BYPA3HTH BPOHCKIaH
PO3B’sI3KiB JiHiHOT oHOPiAHOY cucTemu (19.5) yepes miaronasnHi
koedlIieHTH i€l CHCTeMM, a caMe

f (Pu (z)+p22 (I)+...+Pnn($)) dz
W (z) = W(xg) - %0 , (19.8)

e T = x¢ — JOBUIbHA TOUKa iHTepBany (a,b). ®opmyay (19.8) na-
3uBalOTL hopmyaoio Ocmpozpadcvrozo — Axobi. dns nosene-
uHs (19.8) sHaiigeMo noxizy Bix BpoHckiana (19.3), mudepenuiio-
104U HOTo 3a CTOBIIEIMA. Y [IBOMY BHIIQJIKY NOXITHA BiJ BU3HATHU-
Ka 7-TO HOPSIAKY AOPIBHIOE CYyMi 72 BU3HAYHUKIB, AKI OTPUMYIOTD
3 HBOI'O IMOYEPrOBOI0 3aMIiHOIO €JIEMEHTIB MepIioro, Ipyroro, ...,
n-r0 CTOBINA IX TOXIZHUMH, TOOTO

" Yir Y12 v Yk-1 yllk Yk+1 - Yin
.« / LRI 0
Wiy = 30| P et Y e
k=1
Ynl Yn2 - Ynk-1 y;,,k Ynk+1 *°° Ynn
BaMiHHMO TOXITHI Y1, Yoy, - - - » Ynp X Bupasamu 3 (19.5). Toxi
n
Yin Y2 o Yk-1 Zpkjylj Yike+1 °° Yin
—
n Ji
Yo1 Y22 o Y2k-1 Pri¥Y2; Y2k+1 Y2
W' (z)= = .
k=1
n
Ynl Yn2 - Ynk—1 Zpkjynj Ynk+1 " Ynn
j=1

AKIIO pO3KIIACTH KOXEH 3 BUSHAYHUKIB CIIPaBa HA CyMy 7T, BH3Ha-
YHUKIB, TO BCi BOHM JODIBHIOBATUMYTb HYJIO (KOXKEH 3 HHX Ma-
THMe JIBa OPONOpIHifHi cTOBNN]), KPIM BHU3HAYHMKA, AKUR BIZIO-
Binae j = k. Y upoMy BHNaIKy k- BH3HAYHHK CIIPaBa JOPIBHIOE

n

Pek(x)W (z), @ Tomy W'(z) = 3 pr(z)W (2), 38imxu, inrerpyio-
k=1

1, OTpUMYEMO (opmyry (19.8).

Jlexuia 19. Jlinifini oxHopiaHi cucTeMu spwuaiinux audepenniambuux pisuse 243

3. OcnoBHa Teopema. CykymnHiCTb m pPO3B’A3KIB JiHiitHOT
ozHopiaHoi cucremn (19.5), Bu3HAUEHHUX 1 JHIMHO He3AJEKHUX HA
inrepBaii (a,b), HA3UBAIOTL PYHIAMEHMAABHOI0O CUCTLEMOIO
P036°a3Ki6 Ha NbOMY IHTEpBAJIi.

3 1. 1, 2 siexuii BUIUINBAE, IO CYKYNHICTD N PO36 A3KIE AIHIT-
Hoi odnopidnoi cucmemu (19.5) 6yde Pyndamenmanvroro cucme-
MO10 po36°asKie Ha twmepeaai (a,b) modi 1 misvku modi, Koau
BDONCKIAH YUT PO3G 'A3KIE GIOMINHUL 610 HYAA TOY 68 00NIT MOoNYL
inmepsany (a,b).

3 HACTYNIHOro TBEPIKEHHSI BUILUIMBAE, IO 3HAHHA (yHIaMeH-
TaJIbHOI CHCTeMH pO3B’A3KiB JiHiiiHOT omHopiaHoi cucremu (19.5)
A€ MOXKJTUBICTh NOOYIyBATH 3arajbHUil PO3B’A30K LIE] CHCTEMH.

Teopema 3. Sxwo cyxynnocmi gynryit (19.2) ymeoporom
Pyndamenmanvny cucmemy po3e’A3Ki6 amnitinoi 00Hopionoi cu-
cmemu (19.5) na inmepsaai (a,b), mo dopmyau

y1 = Cryi1 + Coyar + ... + Cpyma,
y2 = Ciyiz + Coyoz + ... + Cryna, (19.9)

Yn = Clyln + Coyan + ... + Crynn,

de Cy, Co, ..., Cy — 0068iabHI cTAAT, BUSHAMAIOMY 302ANHUT PO3-
6 as0x ylei cucmemy 6 ycit it obaracmi 3adannA.

Losederrs. Cucremy (19.9) MOXKHa PO3B’sI3aTH BIJIHOCHO CTAJIUX
Cy, Cs, ..., C,, 60 BOHa € JIHIKHOIO, IpEYOMY 11 BH3HAYHMK BiJ-
minHmi Bix Hyss (sum € W(x)). Kpim Toro, cykynuicrs dbyHkii
(19.9) € pose’sizkom cucremu (19.5) juIst BCiX 3HAYEHL JIOBLTHLHAMX
cramax Cp, Cyq, ..., Cp (Bracrusicre 2 3 1. 4 jexuii 18). Tomy
3riHO 3 O3HAYEHHSIM 3araJlbHOIO PO3B'SI3KY HOPMAJILHOT CHCTEMHU
IudepeHIiaNbHUX PIBHSIHD cyKynHicTh dynkuii (19.9) € saransb-
HEM pO3B'si3koM cucremu (19.5). »

4. Jliniiini ogHopigui cucremu 3i cranumm koediienra~
mu. Meron Eiinepa. PozrisineMo JiHIRHY OZHODIAHY CHCTEMY
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Y1 = auy + a2y2 + ... + G1nYn,
Yy = a1y + ay2 + ... + a2n¥n, (19.10)

Yo = an1¥1 + an2y2 + - .. + GnnYn,

zne a5, 1,7 = 1,2,...,n, — jjiicHi crami, i nokaxemo, mwo ii 3ap-
KM MOXKHA 3iHTerpyBaTH y CKiHY€HHOMY BHUIVIsIi (TOOTO yepes
esieMeHTapHi QYHKIIT ab0 y KBaIpaTypax).

3rignao 3 Teopemoro 3 a1 MOOYIOBH 3araJIbHOTO PO3B’A3KY CH~
cremu (19.10) mocurn 3HaiiTH xoua 6 ommy Ii dyHIaMeHTAIBHY
cucTeMy po3B’a3kis. YacTununii poss’s3ok cuctemn (19.10) mry-
KaEMO y BUIVISIII

Y1 =meT, yo =T Ly = e, (19.11)

e Y1, Y2y ---, Yo 1 k — Jeski crasi, npmuoMy 71, Y2, ..., Yn HE
JOPIBHIOIOTE OJHOYACHO HYJIO (IHAKILIE MATHMEMO OYEBHIHUY TPH-
BiaJIbHUI DO3B’SI30K, AKHUt He MOMXKE HajeXkaTH (hyHIaMEHTAJIbHIN
cucreMi po3B’asKis). dxuio nicrasutu (19.11) B cucremy (19.10),
ckopoTuTH €*? i mepeHecTH yci JONAHKH y JiBy YACTHHY, TO OJiep-
’KYEMO OJHODIJHY cucTeMy ajireOpUYHHX piBHAHD

(a1 — Ky +aiey2+...+amm =0,

a1 + ((1,?2 - k)72 + ...t aopyn = 07 (1912)

An1Y1 + ap2y2 + ... + (a'nn - k)’)’n =0.

HenynooBuit poss’sizox cucremu (19.12) icHye jmme Toai, koau ii
BH3HAYHEK JOPiBHIOE Hy/mo. [lo3Hauusmu fioro wepes A(k), Maemo

ayy — k a12 s aln
aw=| @ emTE e don a1)
Gnl an2 v Gpp—k

Pipusiaus (19.13) nasuBaloTh TapaxmMepucmuwHuM pPieHAH-
nam cucremu (19.10), fioro KOpeHi — TaAPAKMEPUCTIUNHUMY
yucaamu, a A(k) - rapaxmepucmusvnum 6UIHAYHUKOM.
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Hexait yci xapaxrepucrrani gncia ky, ko, . . ., k, npocti. Toxi,
AK Biziomo 3 anrebpu, A(k;) =0, A'(k;) #0,j=1,2,...,n.
TTokazkemo, Mo paHr MaTpwHi

an—ki a2 - amm
a axp —k; --- a
A= 21 22 — k;j on ,
anl An2 Tt Qnp — kj

cKkJIasenol 3 KoedillieHTiB cucTemn, siky ozepxkyemo 3 (19.12) ni-
cidg 3aMiHu y Hiit k Ha kj;, mopismioe n — 1. Jns nporo 3uaimzemo
A'(k), BukOpuCTOBYI0YH TIPaBUIIO MudepeHtiloBas sl BU3HAYHIKA,

AK€ 3aCTOCOBYBAJIOCH JUIsL JoBefeHHsT popmysu OcTporpachbKoro-
SAxobi (crop. 242):

~1 a2 Tt Qin
A(k) = 0 axp—Fk asn n
0  ano Gnn — k
anp—k 0 G1n
4 as; -1 ag, 4.
an1 0 Upn — k
anl —k  ap 0
4 as axp —k 0 _
an ana o0 —1
= —Aq(k) — Axa(k) — ... — Apa(k), (19.14)

ne Aj;(k) - anrebpuyne JONOBHEHHS e/leMEHTa a;; — k BU3HAYHUKA
A(k). Ocxinsku A'(k;) #0, 7 =1,2,...,n, vo 3 (19.14) suruusae,
1o xo4a 6 onuH 3 BuzHauHukis Aj;(k;) (a ne BusHauwHMKEH (n—1)-ro
HOpsIAKY ), BiaMiguuit Big Hyns. Orxke, paur Marpuiil A jlopisHioe
n—1, a ToMy onue 3 piBHsiHb cucremu (19.12) € HacsinkoM iHIIMX
I ns cucreMa Ma€ HEHYJBbOBHIl PO3B’SI30K, SIKUH BH3HAMAETHLCS 3
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TOYHICTIO JI0 JOBUIHFHOIO MHOXKHUKa, F;:

Y = Pimay, Yiz = Pimag, ..., Yin = By, 1=1,2,...,n.

(19.15)
Axmo y dpopmynax (19.15) zadikcysaTn muoxnuk P;, To oxep-
’KMMO KOHKpeTHHiH po3B’sizok cucremu (19.12). IMigcrasnsiouan y
(19.11) 3amicTb k mocmigoBHO XapakTepucTwyhi amcaa ki, Ko, ...,
kn, a 3aMicTb Y1, 72, ---, Vo — BIANOBiHI iIM pO3B’A3KH CHCTEMH
(19.12), Busnaueni popmynamu (19.15) npu bikcOBaHAX MHOKHHE-
kax F;, onepxyeMo n po3B’askis cucremu (19.10)

k _ k — k.
Y11 = ’Yneklz, Y12 = 7126:’:, ey Yln = ’)’1n6k"z,
Yo1 = Y2161, Yoo = ¥22€"2%, ..., Yon = Yone "%, (19.16)
Yni = Tn1€9%, Yn2 = Yn2€®®, ) Ynn = Yonen®

Jlerko moKaszaTH, IO I pO3B’'SI3KM JIHIAHO He3aJeXKHi Ha
(—00,+00). Sxmo npu upomy Bei umcaa ki, kg, ..., k, Aiiichi,
To po3B’sizku (19.16) Takox GynyTh AificHuMY.

TakuM 4uHOM, /ISt IPOCTUX AIHCHUX XaPAKTEPUCTHIHHX YUCE]
cucrema (19.10) Mae n gificHux JiHIRHO He3aI€XXHUX TACTHHHHX
po3B’a3kiB sarsay (19.16). Tomy 3riguo 3 Teopemoro 3 dopmyan

Y1 = leyuek”” + szmekﬂ + ...+ Cnynle’“"’”,
Y2 = C1712€M% + Caypee®?® + ... + Cpypoehn®,

Yn = Cl’Ylneklm + C?”Y?nek22 + ...+ Cn'Ynnek"z

BU3HAYAIOTH 3arajibHu#l poss’s3ok cucremu (19.10).

IIpunycrumo, mo xapakrepucTrasi wucna ky, ke, ..., k, npo-
cri, ase cepen HuX € KomIiulexcHi. Hexait a + ib i a — ib — mapa
KOMILICKCHO-CIIPSIZKeHUX XapaKTePUCTUIHUX 4duces. Yneny a + b
srizao 3 (19.11) Biznoigae po3B’s30k

Yy = 7le(a+ib)z, Yo = 72e(a+ib)m, Yn = ,yne(a+z'b)ac’

O€e Y1, V2, - -+, Yn — KOMIUIEKCHI uncha. Iloxnagaioun

M =71+t Y2=7Y2+iv22, -5 Y= Vin + Yon,
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OZIEP2KYEMO KOMILIEKCHHH PO3B’SI30K

(a+ib)x (atib)z
2 oty

y2 = (m2 +ére)e
(a+ib):z:_

Y1 = (711 + éy21)e
Yn = ('71n + i'72n)e

Binokpemimoroun y isoMy po3s’si3Ky JiificHi Ta ysIBHI YaCTHHHU, MaE-
MO JBa JIiHIIHO He3aJlexKHl Ha, iHTepBaJi (—00, +00) JilicHi po3s’s3-
KH:

Y11 = € (11 cosbr — yo1 sin bx),

Y12 = €** (112 cosbr — 2 sinbzx), ...,
Yin = € (Y1n cOs bx — 2, sin bx)

Y21 = e*(y11 sin bz + y2; cos bx),
y22 = €*® (Y12 sinbx + yo2 cosbzx), ...,
Yon = €** (Y15 8in bx + yo, cos bx).
O4eBUIHO, MO COIPSKEHUH KOPiHEL a — ib He NOPOIXKYe HOBHX
JiMCHUX JHHIAHO HE3aJIEXKHUX YACTUHHMX PO3B’sI3KIB.
IIpuknan 1. 3inmezpysamu cucmemy

Yy =4y + 5z,
2 =4y + 3z

Pose’azanna. Po3s’si3y101M8 XapaKTCPUCTHINC PIBHSIIHS

4—-k 5
4 3-k

‘:0 = k2-Tk-8=0,

3HAXOAVUMO XapaKTepucTuuHi unciaa ky = —11 ky = 8.
CxiazeMo cucTeMy Jijisi SHAXO[>KEHHS 9uces vy 1 g, sIKi Bij-
HOBifaoTh wucay k. Marpumo koediuiedTis uiel cucremu oTpu-

MYye€MO 3 MaTpuli
4-k 5
4 3-k
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saminoro k Ha ki. OTxe, IIyKAHOIO CHCTEMOIO €

oM + 572 =0,

Iy +4y2 =0,
3BIIKM BHUIIMBAE, MO Y3 = —7Yo. Hexait v = 1, Tomi vo = —1.
TaxvM YHHOM, XapaKTepuCTHYHOMY 4Hciay k; = —1 Bignoeimae
pO3B's30K Y1 =€ %, z; = —e” %,

AHaJIOTiYHO, PO3B’'A3YIOYH CHCTEMY
{—471 + 5'72 = O»
471 - 5’72 = 07

dKa Bignosimae ky = 8, sHaxomumo, 1o 4v; = by, SAxnio B3g-
™ ] = 5, TO 7o = 4, a ToMy 4HCAy ko BIANOBIA€ PO3B’SI30K
yo = 5e8%, 29 = 487,

3aranpHUI PO3B’A30K 3aIMCYEMO 3TiAHO 3 TEOPEMOIO J:

y=Cre " +502e%, z=—Cle " +4C2%. 1

Npukaan 2. Binmezpysamu cucmemy
y’ =2y -z,
2 =y+2z.
Poze’azamnms. XapakTepuCcTuyHe PIBHSIHHSA

2—-k -1

— 2 _ _
1 2—k:_0 = k°—4k+5=0

Ma€ KOMILJIEKCHO-CIIpsi2keHi KopeHi k1 = 2 + i, ky = 2 — i. Po3p’s-
30K, AKnit BiAnoBinae ki, Mae BUVIAL Y = 716(2“)1, z = ’yge(“")x,
Jie YNCIa 7y, Yo 3HAMAEMO 3 CHCTEMH

{_171 — V2= Oa

M — iy =0.

Tloknamaloau ~; = 1, 3HaxX0mUMO Y2 = — i, a TOMY ILYKaHHM
posB’s3koM € y = 2Tz = _ je(2+9)2 Bjgokpemmiondn y 1po-

My PO3B’I3Ky AifiCHi Ta ysIBHI YaCTHHH, OJEPXKYEMO JABa Iili-
CHI PO3B’SI3KM: Y, = e2X cosz, 71 = €2¥sinzx i yp = e¥sinzx, 29 =
= —e%® cos z. 11j po3B’a3KH YTBOPIOIOTH (PYHIAMEHTALHY CHCTEMY
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PO3B’AI3KIB, & TOMY 3arajibHIM DO3B’I3KOM €

y = e*®*(Cycosz + Cysinz), 2z =e**(Cysinz — Cocosz). W

AKio cepes, KOpEHiB XapaKTePUCTHYHOI'O PiBHAHHSA € KpaTHI,
TO METOM, BUKJIQICHUI BHIIE, 3ACTOCOBYBATH He MOXKHA. QIHAK i y
LIOMY BHIIQJKY BIAETHCA MOOYNYBATH (DyHIAMEHTAJBLHY CUCTEMY
PO3B’A3KIB 4epe3 enemeHTapHi dyHKil. 3ayBaKMMO MEPII 3a BCe,
o AKIIO k1 — TpOCTe XapaKTEPUCTUIHE YHCIO, TO, HE3AIEXKHO Bif
TOro, 4u GyayTh cepel IHIMNX XapaKTePHUCTUYHUX Huces 3yCTpi-
YaTHCsA KpaTHI 4¥ Hi, iOMYy 3aBXKJM BiIIOBiIA€ OOMH YaCTHHHHIMA
PO3B’A30K BUIVISINY ¥ = yieF17, Yo = yoek1® Un = €=, ne
Y, Y2, -, Yn — JAGSKI CTAJ, SKi BU3HAYAIOTHCS 3 TOYHICTIO JI0
CTaJIOr0 MHOYKHHUKA.

Takum yuHOM, MOTPIOHO 3HANTH YACTHHHI PO3B’A3KH, sIK1 Bijl-
MOBIIAIOTb KPATHOMY XapaKTepUCTHIHOMY |nciy. [lpu upomy BH-
SIBJISIETHCA, 1[0 TAK €aMO, SIK 1 AJsT JIHIAHOrO OHOPIHOTO PIBHS-
HHS N-TO MOPSIIKY, XaPaKTEPUCTUUHOMY YHUCAY KPATHOCTI § BiIIO-
BiJlae s JIHIMHO HE3AJIEXHUX YACTUHHUX PO3B SI3KIiB.

Teopema 4. Sxwo ki — TaPAKMEPUCTNUNHE YUCAO KPATVHOCT
8, mo tliomy eidnosidae pose’ssok cucmemu (19.10)

Y1 = Pl (m)eklw, Yz = P2($)Ck]za ceey Yn = Pn(iv)eklma (]9]7)

de Pi(z), Pa(x), ..., Pa(x) — muozOUwAEHU CTRENENA HE SUW020,
Hioe 8 — 1, AXI MQIOMD Y CYKYNHOCMIL S 006IALHUL Koediyienmie.

Hoenennst 1jel Teopemu MOXKHa 3HANTH, HAIPUKIAL, B |3,
c. 196 - 207].

Ha npakTuni poss’s30k, 110 BiANIOBiZae XapaKTepUCTUYHOMY
yucity ki, norpibuo mykaru y surisg (19.17), ssaxatouu Py(x),
Py(z), ..., Py(z) mHorounesamu (s — 1)-ro cremens 3 wepusHave-
HUMH Koedinientamu i, nigcrasastoun 1x B (19.10), Bupasurtn BCi
KoeinieHTH yepes § 3 HUX, fKi 3aJIHIa0Thesl JoBlnbHuMH. [Tokna-
Ja04M 10 Yep3i OMH 3 KX JAOBLIBHUX KOedIlI€HTIB PIBHUM O/U-
HUIi, 8 peuITa PiBHUMM HYJIO, TOOYIyEMO S JiHINHO HE3aJIe>KHUX
pO3B’AI3KiB, #Ki BIANOBIOAIOTE XapaKTEPUCTUIHOMY “nCiIy ki. Yci
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i YaCTHHHI PO3B’SI3KA GyayTh yTBOpeHi 3 mobyTKis dynkmii ef1%
Ha MHOPO4YJIEHH BiJI X, CTelleHi SKUX He NepeBHILyIoTh § — 1. fKino
muorownenn Py (z), Pa(x), . .., Py(z) y dopmyii (19.17) Bupomxky-
I0ThCA ¥ C€Tajl, TO ogxepmeo $ JIHIHHO He3aJeXHUX YaCTHHHUX
PO3B’A3KiB TAKOro K BUIVIALY, AK 1 A BHIAJIKY IPOCTOrO Xapa-
KTEPUCTHYHOTO YHCJIA.

Axmo k; — AjlicHe XapaKTepHUCTUYHE YHCI0, TO obyRoBaHi s
JIHIAHO He3aJIeXKHUX PO3B’A3KIB OyayTh JiificCHIMMU.

dxmo cucrema (19.10) Mae KOMILTEKCHE XapaKTePUCTHYHE “H-
¢JI0 @ + bi KPaTHOCTL 8§, TO BOHA MAa€ TAKOXK CIPSKEHE XapaKTe-
pUCTHYHE 4HCI0 a — bi Ti€l k kparHOCcTi. 1lobyayBapum s niHiil-
HO He3aJIEXXHUX KOMIJIEKCHUX PO3B’A3KIiB, fIKi BIJIOBLIAIOTH YHCIY
a+ bi, 1 BiIOKpeMHUBIIIY B HUX JA1MCHI Ta YSIBHI YaCTHHHU, ONEPKUMO
2s MiACHEX MiHIHHO HE3aJIeKHUX TaCTUHHUX PO3B’A3KIEB.

Ipuxnan 3. Jinmezpysamu cucmemy

y/ =6y + 2,
= —16y — 2z.

Pose’azarna. Jlerko nepekoHaTHCs, IO XaPAKTEPUCTHUHI YHCIA
€ jificui 1 kpaTHi: k) = ko = 2. 3rigHo 3 Teopemolo 4 3arabHHH
PO3B’SI30K IIYKAEMO Y BHIJISII

y=(Az + B)e**, z=(Cz + D)e*.

Ockinbku Y = (2Az + 2B + A)e®®, 2/ = (2Cx + 2D + C)e**,
TO, MACTABISIOYHN 1X V 3aJaHy CHCTEMY, JIf 3HAXOIKEHHS HEBH-
3HaueHUX Koe(diIieHTIB OZEPIKYEMO CUCTEMY:

(24z + 2B + A)e?® = 6(Az + B)e?® + (Cz + D)e?®
(2Cz + 2D + C)e*® = —16(Az + B)e?® — 2(Cz + D)e*
{MA+CW—A+4B+D:Q

(16A+4C)z +16B+4D+C =0
4A+C =0,
—A+4B+ D =0,

164 + 4C = 0,

16B+4D + C =0.
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B onepxaniit cucremi e snie gpa niHIfHO He3a/leXKHUX PiBHS-
HHS, HANIpUKJaJ, nepire i apyre. BeaykaTumeMo y HEX BinpHUMU
HeBigomumu, npumipom, A, B i Hamamo IM JOBIJIBHEX 3HAYEHD:
A= Cl, B = CQ. TO,ILi C = —401, D = Cl — 402, a 3araJilbHuM
poss’sskoM € y = (C1z + Ca)e?®, z = (—4C1x + Cy — 4C3)e**. B

ITpuknag 4. 3inmezpysamu cucmemy

Yy = Y1 + 2y2 + 2y3,
é = 2y1 + y2 + 2y3,
Y5 = 2y1 + 2y2 + 3.

Po3e’azanns. 3HaAX0AUMO XapaKTEPUCTHYHI YHCIA CUCTEMU:

1-k 2 2
2 1—-k 2 =0 = k3 =25, k2,3=—1.
2 2 1-k

Yucmy k1 = 5 Binnosinae cucTema ABOX piBHsSIHB (TpeTe € Ha-
CJTIJIKOM JBOX TIEPITHX ):

{—471 + 2y + 273 = 0,
27y —dy2 + 273 = 0.
Opun 3 1i posp’sskis 71 =1, v2 =1, y3 = 1. Tomy 1/51) = e,
yél) = 5%, ygl) = €% & pPO3B’SIIKOM 33,1AHOI CHCTEMH.
XapakrepucTuanuM 4ucyaam kp 3 = —1 Bianosigae ogme pibns-
HHsl (apyre i Tpere 36iraloThest 3 HUM): 291 + 272+ 23 = 0. Bubepe-
MO 1B JIiHIfiHO He3aiexKHi PO3R’SI3KM 1IhOT0 PIBHSIHHS, HATIPUKIA]IL,
Yy =1, v = 073——1171—072——1,73—1Komuomy
3 HUX BiIOBigae posB 's130K y12 = e % y( ) = 0, y ( ) = = —e "Ti

g“) =0, y(‘}) —e T, :(:) = e~ ¥ BiANOBI/IHO.

OckinbKu BPOHCKiaH 3HANJEHUX TPLOX PO3B’SI3KIB BiAMIHHMI
Big nynst (W (z) = —3e3®), To BoHH yTBODIOOTH (byHAAMEHTATIbILY
CUCTEMY DO3B’A3KIiB, a 3arajbHUM PO3B’A3KOM €

Y = Cle5z 4+ Cee™*, o= (:'1657j —C3e™®
y3 =C1" —Che ™  +Cse™>. B

b
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Pexomendosana aimepamypa: 3, c. 134 — 144, 191 - 209],
[4, c. 477 — 485, 494 — 502], [5, c. 341 — 356], [7, c. 198 — 205, 210 -
214, 222 — 227), [16, ¢. 91 — 102, 109 — 128].

IInrannpa mo jgekuil 19

1. fIxi cykynHocTi GbyHKUifi HA3HBAIOTH JiRIAHO HesanexHumu (-
HIfHO 3aJeXXHUMH) Ha JeskoMy inrepsani? HasemiTe npukmasn Takux
cykynHocrei dyHKI.

2. IIlo Take BpoHCKiaH po3B’a3KiB JIHIAHOI OAHOPIZHOI CHCTeMH T
piBuanb? Sk 3a JONMOMOrOI0 BPOHCKiaHa BU3HAMMTH, Y € 3aJaHi n Cy-
KyIHOCTeN (pyHKIif MiHINHO He3ANEKHUMA?

3. Ak dopmymoeThca HeobximHa ymoBa MiHiliHOI He3aneXHOCTI n
pO3B’A3KiB JIiHiiiHOT oxHOpiAHOL cucTemu N AudepeHIiaibHUX PIBHANDL?
Cdopmymotite HeobXinHy 1 ZOCTATHIO YMOBY JIHIHO! HE3aJIEXKHOCTI Ha
inrepsaJi (a,b) n po3s’aA3KiB NiHIMHOI OFHOPIANOI CHCTEMH.

4. STkuit Burnag mae gpopmyna Ocrporpaiacskoro — ko6i? fki Bra-
CTHBOCT] BUILIMBAIOTH 3 i€l dbopmymm?

5. o Ha3uBaoThL PyHIAMEHTANBHOIO CHCTEMOIO PO3B’A3KiB JiHifinol
OJHOPiZHOI CHCTeMM Ha, JeskoMy iHTepBasi? Hka Ti posb y nmobynosi
3araJbHOI0 PO3B’A3Ky JiKiitHol omTHOpPimHOL cucTeMu?

6. dxult BUrnaL Mae JiHifiHa oqHOpigHa cucTeMa JudbepeHIiaIbHIX
piBugHb i3 craaumu koedinicaramu? I1lo Ha3UBAIOTH XapaKTEPUCTHYHUM
BH3HATHUKOM, XaPAKTEPHCTHYHIM DIBHSIHHAM, XaPaKTEPUCTHIHUMH K-
cIaMM Taxkol cucreMu?

7. Y domy nossirae merox Eftnepa iHTerpysaHHS JIHIHHUX OZEODiA-
HUX cucreM 3i cramumu Koedimientamu? Sk 3a1eXuTh CTPYKTYpa dyn-
JIAMEHTAJILHOI CUCTEMM PO3B’A3KiB TAKOI CUCTEMH Bil BUIVIALY Xapakre-
PUCTUYIHUX YUCEN?

Bnpasu no aekuii 19
1. 3inTerpyiite cucremu meromoM Eitnepa:

r_ _ I _Bay
%) {y = 10y — 6z, 6) {y 5y — 4z,

2 =18y~ 11z; Z =10y + 7z;
Y1 = Y1 — Y2 — U3, Y = y1 + 2y2 + 3y,
B) { Yo = —2y1 +2y2 +ys, T) < ¥h = 2y1 + 4y2 + 6ys,
y3 = 4y + 2y2 + 3ys; y4 = 3y1 + 6y2 + 9y3.
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Jlekuis 20. JIiniitHi HeogHOPiAHI cUCcTeMHU 3BMYAHMX
JudepeHianbHUX PiBHIHB

Ilnan

1. CTpykTypa 3araJbHOTO PO3B’sI3KY JIHINHOT HeomHOPIZHOT
CHCTEMH.

2. Merton Bapialii JOBITBHAX CTANMX.

3. MeTon HeBu3HaUeHNX KoedilieHTIB.

4. Meron /I’ Anambepa.

1. CrpykTypa 3arajbHOro pO3B’fAI3KYy JiHiiiHOl HeogHO-
pigHol cucremu. PosrisiHeMo JiiHiliHY HEOAHOPiANY cHCTeMy

Y1 = @)y +pre(@)ye + ...+ prn(@)yn + fi(z),
y5 = p2a1(z)y1 + p2(T)ye + . . . + pon(T)yn + fo(z),

PPN “e v (2()1)
Yn = Pr1(@)Y1 + Pr2(T)y2 + - - - + Prn(@)yn + ful@)
ab0, y CKOPOtIEHOMY 3AIHCI:
dye
ke Epkj(x)y]— + frlx), k=12,...,n. (20.2)
j=1

IIpunycTimo, wo HaMm BiZoMUil Nestkmil YacTUHHME PO3B’A30K
i€l cucreMu

1 1
y]=y§)a y2:1/§)» ey y”:'gl)’

a oTxe,

(1) n

dy

=S ) + k), k=120 (209)
i=1

Brenemo noBi meBisomi dyHkuii z; = 21(x), 20 = 22(z), ...,
2n = Zp(z) 3a popmysamu

=yt k=12 n (20.4)
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Iincrapasioun dyskii (20.4) B cucremy (20.1), omepxyemo

dx dx

n n
= Zpkj(m)y;l)+zpkj(x)zj + fr(z), k=1,2,...,n. (20.5)

j=1 j=1
Bpaxosytoun (20.3), 3 (20.5) ans sHaxomkenHa dyHKIR 2,

22, ..., Z, OTPHMYEMO JliHI}HY OJHOPiJHY CHCTEMY

dz, i
g Zpkj(x)zj, k=12,...,n. (20.6)

Jj=1

Onnopinny cucremy (20.6) HasuBaOTH 610N06IOHOI0 HEOOHOPI-
Onitl cucmemi (20.2).

3rigno 3 Teopemoro 3 (nexiis 19) 3arajpHuil po3B’A30K CHUcTe-
Mu (20.6) BusHaUaeThC HOPMYIOI0

n
2= Cizjr, k=12,...,n, (20.7)

i=1
e zjg = zjk(m), i,k =1,2,...,n, — neska QyHsaMeHTaJIbHA CH-
crema poss’s3kiB cucremu (20.6), a Cj, j = 1,2,...,n, — A0BibHI

cTaJii.
Migcrasnsioun (20.7) y (20.4), onepkyemo dbopmyiry

Y = y,(cl) + Z C'jzjk, k= 1,2, .oo,n, (20.8)
=1

sIKa, BU3HAYAE 3arajJbHuii po3s’asok cuctemu (20.1) 8 yciit obnacTi
11 3a/1aHHS.

TakuM YHHOM, 04 3HOATOOHCEHHA 3020AbHO20 PO36 A3KY HEO-
Onopionoi cucmemy (20.1) doemamuvo snatimu 6ydv-axui 7 va-
crunnutl po3e’azox i dodamu 00 Hbo20 3a2aAbHUT PO3E AZ0K GI0-
no6idHoi odnopionoi cucmemu (20.6).
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2. Meron, Bapianii noBinbHuUX crammx. [ns iHTerpyBaHus
NiHiiHOT HEOHOPIHOI CUCTEMH y BUMAIKY, KOJU BIAETHCA 3IHTE-
rpyBaTH BIANOBIOHY OJHOPIAHY CHCTEMY, YACTO BUKOPHCTOBYIOTD
Mmemod eapiauii dosinvrur cmaauxr (mMemod Jlazparoica).

Posp’si30x siHiiHOT HeonHOpigHOl cuctemu (20.1) wykaeMo y
BUTJISUII

n
Yk = ZCj(:c)zjk, k=12,...,n, (20.9)
j=1
e zig = zip(z), 5,k =1,2,...,n, - Hedka QyHIAMEHTATBHA

cAcTeMa pO3B’A3KiB oxHOpiaHoi cucremu (20.6), a Cj(x), j =
=1,2,...,n, — mesxi HenepepBHO AudepeHLiHOBHI pYyHKITI.

Bu6epemo y (20.9) dbynkuii Cj(x) Tak, wob ust dpopmyia Bu-
3Hadana po3s’s30k cucremu (20.1). IMigcrasisroun (20.9) 8 (20.1),
OZIEPIKYEMO:

> Ci@)ze + > Cil@)2, =
j=1 j=1

= pu() Y Ci@)zu + f(z), k=1,2,...,n, =

=1 Jj=1

> Ci@)zik + Y Ci(x)zjy =
j=1 j=1

= ZCj(z) Zpkz(x)zﬂ + fi(z), k=12,...,n, =
=1

s=1

Z C}(I)ij + Z Cj(w)(%-k - Zpkl(m)zjl) =
3=1 i=1 1=1
= fi(z), k=1,2,...,n. (20.10)

Ockinbxu Zjk (pyHIAAMEHTAIBHA CHCTEMA PO3B’SI3KIB OZHOPIIHOT
cuctemu (20.6), To Bapa3 y ayxkkax y dopmysi (20.10) mopiszroe
HyJIIo, a ToMy Jyisi 3Haxomkenns dyukuit C;(x), j = 1,2,...,m,
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MaEMO CUCTEMY:

ch(x)zjk = fu(z), k=1,2,...,n (20.11)

Jj=1

Busnaunuk cucremu (20.11) BinMienumii Bim Hyast s Beix
x € (a,b) (HuM € BpoHckian W (z)), a TOMy BOHA Ma€ €MHHI PO3-
B'SI30K, SIKUN MOXKHA 3HaWTH, HAIPHUKJIAI, 38 dopMmyaamu Kpame-
pa:
n
ol (.’I)) — ij (:6‘)
= 2 ()

Fulz), j=1,2,...,n, (20.12)

ne Wyi;(x) — anrebpuyHe IONOBHEHHS €JIEMEHTA Zi; BPOHCKiaHa
W (z). larerpyroun (20.12), 3naxomumo

Z/ij(x z)dz +C;, j=1,2,.

ne C; — posinbHi cram, a xop — AoBiAbHA TOUKa 3 iHTepBaJy (a,b).
Hincrapsioun 3Haiaeni supasu st Cj(x) y dopmyay (20.9),
OIEPKYEMO

Yk = JkZ/V;]((g;)fs(w)dm+;Cjzjk, k=1,2,...,n

(20.13)
HAxmo B (20.13) miacrasurn Cy = C2 = ... = C, =0, T0 Maemo
YaCTHHHUHN PO3B 930K

g = Z Z/W‘;j](x))fg(x)dx, k=1,2,...,n,

a Tomy (20.13) moxua zanucatu y surisai (20.8). Omxe, po3s’s-
30K, Bu3HadeHui popmyiown (20.13), € 3arajbHAM PO3B’SI3KOM JIi-
HiltHOl HeomHOpiAHOI cucTemu (20.1).
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Ilpuknaz 1. 3a donomozoro memody sapiayii dosinbHUL cma-
AUT 3THMEPYSANU CUCTIEMY

y=2-z
2 = —y+2z+44ze”.

Po3sa’azanns. Bianosigny OSHODIHY cucTeMy 3IHTErpyeEMO Me-
TOJIOM BUKJIIOYeHHst (JieKuis 18):

! =2y — z,
{Z':—yy—}—?z > y=2-7,
27 2" =202z-2)—2 = -4/ +3z=0.

OckinpKy XapaKTepUCTUIHUMH 9nciamu € k) = 1, kp = 3, TO

20 = Cie® + Coe®® = yg = 2(Cre” + Cae™) —
- (Clez + 302631) = Yo = C] et — 02631'

Po3B’s130K 331aHOT HEOIHOPIAHOY CUCTEMH LIYKAEMO y BUILJIS
y = C1(zx)e® — Co(x)e®®,  z=Cy(z)e® + Ca(z)e®®,  (20.14)

ne dynxuii Cy(z), Cao(z) 3naiinemo 3 cucremu surisyty (20.11):

Cl(z)e® + C(z)e3® = Aze”
Ci(z) =2z, Ch(z)=2re™ =

{C{ (z)e® — Ch(x)e3® =0,

. R
Ci(x) = 2+ Oy, Co(x) = —ze ™ — 56'21 + Cs.

Mincrapnsroun 3aaiaeni dbynkuil Cy(z), Ca(x)y (20.14), onepxy-
€MO 3araJibHMil PO3B’SI30K 3a/1aHOI CHCTEMH:
y = (2% + C1)e® — (—ze 2 — 0,5¢"% + Cs)e*
= C1e® — Cpe’® + (3:2 +z+0,5)€e,
z = (2% + C1)€" + (—ze™2* — 0,5 + Cy)e™
= C1€° + Cpe’® + (:1:2 -z - 0,5)€I

Il
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ITicist 3BeneHHsT MOAIGHUX MOJAHKIB 1 HEPEMmo3HAYEHHS CTAJIO!
(C1 == C1 +0,5) maemo

y = Cie” — C2e® + (2% + 7)€,
z = Cre® + Coe>® + (x2 - — 1)e$. [ ]

3. Meron HeBusHadyeHmx kKoedimieHTiB. Y n. 1 miel je-
KIIil BCTAHOBJIEHO, L0 iHTErpyBaHHs JiHIfHOT HEOTHOPIAHOI CHUCTE-
M audepeHIliaIbHUX PIBHSIHD 3BOAUTHCS 0 HeobxinnocTi nobymo-
BH (pyHIAMEHTAJILHOI CHCTEMH PO3B’sI3KiB BIAMOBIAHOI OXHOPIAHOL
cucremu. ToMy ocobaMBHil iHTEpeC CTAHOBJISATHL TaKi JIiHINHI Heo-
JHODPIZHI cHCTeMH, y AKX PYHIAMEHTAILHA CHCTEMa PO3B A3KIB
BiATOBIIHO! ONHOPIIHOI CHCTEMH BHPAXKAETHCS Y€pes3 eJIeMeHTapH1
dyukmil. o TaKHX CHCTEM BIIHOCATLCH, NIEPEIOBCIM, CHCTEMH 3i
crajuMu koedilieHTaMu.

Posrnsimemo siniliny HeonmHOpisHy cucreMy nudepeHIianbHAX
piBHSHB 31 cTajaumu KoedilieHTaMu

yll =any1 +tay2 + ...+ ainyn + fl(x)’

Yn = Q11 + an2y2 + . + annYn + fo(x)

abo, y CKOpOUE€HOMY 3AITHUC:
dyy
— = > ayi+ fulx), k=1,2,...,n. (20.15)
j=1

Axmo byskuii fr(z) y cucremi (20.15) cknamaroTbes 3 cym i
106y TKIB MHOrOWIEHIB Pry(Z) = po+p12+. .. + pma™ Ta byHKIiHk
€*®, cos fz, sin Bz, T0 il PO3B’A30K MOXKHA IIYKATH MEMOIOM
Hesusnavenux xoegiuienmis. lle poburbes 3a TAKUMHU XK 1Ipa-
BUJIAMH, HIO i JyIA OAHOIO JiHiMHOro AudepeHialbHOrO piBHAHHS
3i cTamumu koediujenTaMu (Nekuis 14), ane 3 neBHUMH 3MiHAMH.
3okpema, AKIO

Tk(z) = P, (x)e°7,
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n€e Py, () — MHOTOU/IEH CTENeHsT My, TO YACTHHHHIT PO3B’A30K CH-
cremn (20.15) moTpibuo niykaru He y BUNISHL T°Qm ()e®” (ax e
6yn0 47151 JiHIHOrO pIBHAHHS), & AK

g = QY (2)e*, i=1,2,...,n, (20.16)
Je Q,(,Z_s(:c), i=1,2,...,n, - MHOTOWIEHH CTelleHd M + S 3 HeBi-
Jomumu Koedinienramu, m = max(mi, ma, ..., mg); § = 0, sIKIIO

@ — HE € XapaKTEePUCTHYHUM TUCJIOM, 1 § JOPIBHIOE KPATHOCTI IO~
ro 4HcJia, AKIIO (¢ € XapaKTePUCTHYHUM YUCJIOM (SIKUIO TOYHilIe,
YUCJIO M + § HA M OOUHHND OLIbIe HARBHINOrO 3i cTeneHiB MHO-
FOYJIEHIB, Ha Kl MHOXKATHLCH €KCHOHeHTU €™ y 3arajibHOMy po3-
B’A3KY BIATIOBIAHOI OJHOPIJHOI CUCTEMH).

HeBinomi koedilienTn MHOTOY/ICHIB Q,(;LS (z) BusHakalOTL
NpUPIBHIOBaHHAM KOedillleHTIB OUIsi BIAIOBIMHUX AOAAHKIB IHCIIsS
nijcrasasaas (20.16) y cucremy (20.15).

ABAJIOriYHO BH3HAYAIOTHCST CTENEHI MHOTOMJIEHIB Y BHIAJKaX,
xonu dynkuii fr(z) y cucremi (20.15) mictsits dbynkiii € cos Sz
i e*®sin Bx, a 4ucno « + i € abo He € XaPAKTEPUCTUUHUM.

Ilpuknag 2. 3inmezpysamu cucmemy memodom Hesusnae-
HUT Koediytenmis:

Yy = 4y + 8z + 30e%,
2 =3y — 2+ 1le™%.

Posze’azarms. Bukopucrosyioun meroq Einepa (sieknist 19), 3na-
H#1eMO CIIOYATKY 3arajbHUi PO3B’SI30K BiANMOBIAHOI OMTHODLIHOL cU-
cTeMHU
"= 4y + 8z,
2 =3y -z

XapaKTepHCTUIHE DiBHAHHS

4—-k 8
3 -1-k
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Mae kopeHi k1 = 7, ko = — 4. XapaKkTepUCTHIHOMY Iuchy k1 = 7
BiAIIOBIIAE CHCTEMA

{—371 + 872 = 07

311 — 872 =0,
BBIIKY, HAIpUKIAL, y1 = 8, v2 = 3. Uucny k2 = —4 Biguosizae
CUCTEMA

8v1 + 872 =0,

371 + 372 = 07
3BiaKM v = 1, vo = —1. OTke, 3arambHUM PO3B’A3KOM OIHOPIITHOL
CUCTEMH €:

Yo = 801(373C + 026_41, 20 = 3016735 - 026~4$.

BpaxoBytoun surisiz dbyskuii fi(z) = e* i fo(z) = e74, va-
CTHHHME POSB'SI30K %1, 21 HEOJHOPITHOI CHCTEMH 4Yepe3 HEeBH3HA-
yeHi KoedillieHTH 3anuieMo y BATTISI]

y1 = Ae® + (Bz + C)e™®, 2z, = De® + (Ex + F)e™*. (20.17)
[Tigcrapasoun (20.17) y 3anany cucteMy, OIeprKyeMo:

Ae® — 4Bz + C)e™*® + Be™* =

= 4A€® + 4(Bz + C)e ™ + 8De® + 8(Ex + F)e™** 4 30¢7,
De® —4A(Ex + F)e™ + Ee ™ =

= 34e® + 3(Bzx + C)e™** — De* — (Bx 4 F)e ' 4 117

—Az Az

Ipupisniotoun koedillientu 6iasa e*, e i ze ™ B obox 4a-

CTHHAX X TOTOXKHOCTel, OAep:KYEMO BiAIIOBIIHO:
e |A=4A+8D + 30, e |[D=3A-D,
e |B—4C =4C+8F, e ¥ |E—-4F=3C~-F+11,
ze | 4B = 4B + 8E, re 4| _4F =3B —E.

OTpuMana cucTeMa Ma€ JIMIIE IT’'STh JIHIHHO He3aJIe2KHUX PIBHAHD.
Pozp’si3yroun 11, oTpuMyeMoO

A=-2 B=-8 C+F=-1, D=-3, E=8.
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IToxnanemo, nanpuknaia, C = 0, roni F' = —1, a ToMy YacTHHHHM
pO3B’A3KOM HEOJHOPITHOI CHCTEMH €

yp = —2¢% —8xe %, 21 = -3¢ + 8z — 1)e™*,
a 3araJibHUM pPO3B’SI3KOM —

Y= 8016733 + 026_4“: — 26_90 — 83:6'4“”,
z2=23C1€"" —Coe™ — 3¢ + (8z — 1)e™. =

IIpuknag 3. 3enucamu wacmunnul PO36 A30K 3 HEBUIHAYE-
Humu Koediytenmamy (He wyKawvy iT) cucmemuy

! __ _ 3x 3z o3
{y—4y z + xe3® + e3Tsin, (20.18)

2 =y +2z 4+ zed cos .

Poseé’asanna. 3HalAeMO XapaKTepPUCTHYHI YHCIa BiAioBigHOL
OIHOPIAHO! CUCTEMU:

‘4—1: -1

1 2—kl_0 = k 6k+9=0 = Kk =ky=3.

V cucremi (20.18) mnst bynkuinn ze3*, €32 sinz, 3% cosx an-

cia o + Bi BigmosinHo mopiBHIOOTL 3, 3 + 7, 3 + ¢. ToMy okpemo
3HANIEMO YaCTUHHI PO3B’SI3KN CHCTEM

3

' =4y — z + ze>*,
{Z' =y +2z (20.19)
I / 3
¥ =4y — 2z + e sinz,
{z’ =y 42z + 2% cosT. (20.20)

Hast cncremn (20.19) a+pBi =k = k2 =3, s =2, m = 1. 3ri-
IHO 3 (20.16) Ti yacTHHHUI PO3B’A30K NOTPIOHO NIYKATH y BUIJIslIL

y1 = (az® + ba® + cz + d)e*,
z1 = (fz% + g2? + ha + p)e3®.
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Hns cucremn (20.20) a+ i =34+ # k1o, s=0,m=1,a
TOMy 11 YaCTHHHUN PO3B’S30K Ma€ BUIVIS

y2 = (Az + B)e** sinz + (Cz + D)e** cos z,
2o = (Bx + F)e** sinz + (Gz + H)e3* cos .

Toai wacTuHEM PO3B’s130K cucTemu (20.18) 3anmieTses y BUMTIsIAL

y=yn+ty2 2z2=21+2 N1

4. Merog, ’Anambepa. PosriissHemo JiHiiHY HEOAHOPITHY
cucTeMy JBOX JudepeHIiajibHAX PIBHAHL 31 CTAJIMMH KoedillieH-
TaMH

’_
{y = a11y+a12z+f1(f’3)’ (20.21)

2 = any + axz+ fox).

[oMBOXUMO ApyTe PIBHSIHHA i€l CHCTEMU HA JedaKe TUCI0 A i
I0aMO TIOWIeHHO JI0 LEPIIOrO PIBHSIHHS:

(y +A2)" = (@11 + Aag1)y + (@12 + Aax) z + fi(z) + A fa(z) =

z> + f1(z) + Afo(z).
(20.22)

a1z + Aag

+A2) = (a11 + Ao +
(y ) = (a1 21)(?/ i+ Mgt

Kopucryrounch m0BiabHICTIO umcaa A, BubepeMo #HOro TakmM,

100
aiz + Aag
an + Aagr
TOOTO
a21>\2 + ((111 - 022)/\ —a1s = 0. (2023)

Toni piBusiHuEs (20.22) 3anuiremMo y BHIVIsLIL:
(y+ Az) = (a11 + Aag)(y + A2) + fi(z) + A fa(z). (20.24)

Pisusinns (20.24) e ninifinum andepeHIjabHEM PIBHAHHIAM
MIEPIIOTO NOPSIKY 3 MIYKAHOIO (PYHKILEW Y + Az. lHTerpyo4n fioro
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(bopmyaa (4.6) 3 nexuii 4), oaepxyeMo:

Y+ Az = elantreanz (/(fl(m) + Afo(z))e(autraz)zgy 4 C).

(20.25)
Slxmo kopeHi A\; i A2 kBagparnoro piBasnHsa (20.23) pisui i
AlCcH], TO MAaEMO cuCTEMY

Yy+Az = e(a““mzl)x( (N (z)+/\1f2($))'3_(a'1+'\1a2')zd$+C'l),

Y+hoz = elarrtizaz)z (/(fl (2)+ A2 fa (x))e“(all+)\202l)xdw +C2>,

PO3B’SI3yI0UHM SIKYy BiJHOCHO Y 1 2, 3HaMIEMO 3arajbHHil iHTerpas
cucremn (20.21).

Sxnro kopeni pisusanua (20.23) kpaTHi, To6TO A\; = A2 = A, TO
3 (20.25) omepKyeMO TiIbKM OfiHE DIBHSHHSL:

y+Az = elortraa)s ( / (f1(2)+ A fa(x))e(CrtAeaegy C>,

ajle y IpOMY BUMAJKY, HJICTABJISIONN BUpPa3 IJs Y, 3HaljleHuil
3BlicH, y apyre piBHsiHHs cucremy (20.21), onepxumo Jiniiine pis-
HSTHHS NEPIIOro MOPSIJIKY 3 HeBLIoMoio dyHKIEo 2.

Pexomendosana aimepamypa: |3, c. 144 — 146, 209 ~ 214|,
[5, c. 370 - 385], [7, c. 206 ~ 210}, [16, c. 103 — 107, 138 — 144}, [17,
c. 436 — 455, 495 — 528].

ITurannsa no jgexkuii 20

1. dk 3HaMTH 3araabEUN PO3B’A30K JAIHIHOT HEOIHOPIAHOI cucTeMi,
AKINO BigoMuii 1T yacTHHHUN PO3B 430K 1 3arajbnuil po3E’ 30K Biosii-
HOT OJHODLIHOT cucTemu?

2. Y YoMy nossirae MeToj Bapianil AOBIILHNX CTAJNMX 3HAXOUYKEHIIsT
3araJbHOrO PO3B’A3KY JiHIiNOI HeoHopiaHol cuctemu?

3. ¥V oMy nogsrae Meron HeBM3HadenMx KoediuieHTiB inTerpynarn-
Hs1 JHIFHUX HEOAHOPIAHMX cucTeM 31 cranumu Koediujientamu? Un s
KOKHO] JTiHiftHOL cucTeMu HOro MOXKHa, BUKOPUCTATH !

4. Y yomy nossarae merog /I’ Anambepa inTerpysaHna JHIHHEX cu-
creM 31 cramumu Koedinierramu?
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Bupasu go neknii 20
1. 3igTerpyiiTe cucTeMu MeTOMOM Bapiauil JOBIIBHUX CTANMX:
) "= 4y — 82 + 2tgdx, 6) y' =3y — 2z,
2 2 =4y — 4z; 2/ =2y — z+ 2\/Te".
2. 3iHTerpyiiTe CHCTEMH METOJOM HEBH3HAUEHMX KoedimieHTiB:
) y =2y -z, 5) Yy =3y+ 22+ €7,
2/ =-2y+ 2 - 3x; 7 = -3y — 2z — 2e%;

5) y =5y — z+ 5sinz,
2 =4y+z+ 2cosz.

3. Biurerpyitte cucremu merogom [’ Anambepas

2) y = —2y — z + 10z, 6) y =5y +4z + €,
2\ = —4y — 5z; 2 =4y+5z+1.

HonaTok 3.
3acTocyBaHHA MaTeMaTM4HOro makera Maple
JJid IHTerpyBaHHsI CMCTEM 3BHYANHUX
andepennianbHNX pPiBHAHD

st po3B’si3yBaHHA CHCTEM 3BHIAMHUX AHQEPEHINAIbHNX PiB-
HAHb BUKOPDHCTOBYIOTH KoMaHay dsolve y dopmari

dsolve ({pisusannsl, pisuanng?, . . .} {Hesigomal, HeBimoma2, . . . }).

IIpuxnan 1. 3inTerpysarn jiHiitHy OOHOPIAHY CHCTEMY 3i CTa-
JuME KoedirienTaMu
¥ =y+z
{z' =3z —v.
(mpukan 2 mexii 18, crop. 234):
> dsolve ({D(y) (x)=y(x)+z(x) ,D(z) (x)=3*z(x)-y(x)},
{yx),z(x)});

{y(z) =®*(_Cl1+_C2z— C2), 2(z) =e**(_Cl + _C21x)}.
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Tepenosnadennsv crammx (_C1 := Cp + Ca, _C2 = ()
et po3s’sSIB0K 3BOMUTHCA [0 PO3B 3Ky, OTPAMAHOIO ¥ OpHKJIaAl 2
Jexnii 18.

Tlpuknazn 2. 3iHTerpyBaTu CACTEMY

y =4y + bz,
Z=4y+3z

(npuknan 1 gexuii 19, crop. 247):
> dsolve({D(y) (x)=4xy (x)+5%z(x) ,D(z) (x)=4*y (x)+3*z(x)},
{y(x),z(x)1});

4
{y(fﬂ) = Cle "+ (C2&%, z(z)=-_Cle "+ g_CQeS”’}.

TIpuxmnay 3. 3inTerpyBaTn CHCTEMY

¥ =2—z
Z=y+22

(upuknaz 2 sekuil 19, crop. 248):
> dsolve({D(y) (x)=2x*y(x)-z(x),D(z) (x)=y(x)+2*z(x)},
{yx),z(x0);

{y(x) = e2®(_Cl1 cos(z) — _ C2sin(x)),
z(x) = e** (_Cl sin(zx) + _C2 cos(z))}

IIpuxknan 4. 3iarerpysary cvicTeMy

y = 6y + z,
2= —16y — 2z

(npuknan 3 nekuii 19, crop. 250):
> dsolve ({D(y) (x)=6*y (x)+2(x),D(2) (x)=-16%y(x)-2*z(x)},
{y(x),z(x)});
{y(x) = —%e2$(4_ Cl+4 _C2z+ _C2),

z2(x) =e27(_Cl1 + _C2 :1:)}
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IIpuxnan 5. 3inrerpyBaTn JiHilHY ONHODIIHY cHCTeMy 3i cTa-
JMMH Koe@ilieHTaMHK

Y1 =1 + 2y2 + 2u3,
yé = -2 - 21/37
yg =y2 + ¥3.

(npuksan 3 mexuii 18, crop. 234):

> dsolve({D(y1) (x)=y1(x)+2*y2(x)+2*y3(x),D(y2) (x)=
-y2(x)-2%y3(x) ,D(y3) (x)=y2(x)+y3(x) },{y1(x) ,y2(x),
y3(x)1);

{y1(z) = _C1e®— C2cos(z)+ _C2sin(z) + _C3cos(z) +
+ _C8sin(x), y2(z)= _C2cos(z)— _C3sin(x) —
— _C2sin(z) — _C8cos(z), y3(x) = _C2sin(z) + _C3 cos(z)}.

[Tepenosnauennsiv cramux (_ CI = Cy, _C2 := (C3 — Cq)/2,
_C8 := (Ca + C4)/2) neit po3s’a30K 3BOTUTHCS 10 PO3B'SI3KY,
OTpHUMaHOTo y Ipukiai 3 jgeknii 18.

Ilpuknazn 6. 3inTerpysaTu cUCTEMY

Y1 =y + 2y + 23,
Yo = 2y1 + y2 + 23,
Yy = 2y1 + 2y2 + 3

(npuknaz 4 neknii 19, crop. 251):

> dsolve ({D(y1) (x)=y1(x)+2*y2(x)+2xy3(x) ,D(y2) (x)=
2%y1(x) +y2(x)+2xy3(x) ,D(y3) (x) =2%y1 (x) +2*y2(x) +
y3(x)},{y1(x),y2(x),y3(x)});

{y1(z) = _C2e’*—2_C3e¢ " — _Cle™®,
y2(z) = _C2e°"+ C3e "+ _Cle ™™,
y3(z) = _C2e°*+ _C3e™"}.
[Mepenosuadennam cranux (_C1 = Cy — 2C3, _C2 := (4,

_C8 := C3 — () neit po3B’A30K 3BOANTLCS A0 PO3B’A3KY, OTpHU-
MaHoro y npukjiagi 4 jexuii 19.

Hoparok 3. BacTocyBaHHA MaTeMaTHYHOro nakera Maple 267

Ipukiaag 7. 3inTerpyBaru JiHIAHY HEOOHOPIAHY CHCTEMY

y/:2y—27
7 = —y+ 2z + 4ze”

(npuknan 1 sexuii 20, cTop. 257):
> dsolve ({D(y) (x)=2%y (x)-z(x) ,D(2) (x)=-y(x)+2*z(x)+
4xxxexp(x)},{y(x),z(x)});
{y(z) =€ _C2+ _C1e" + ze” + %",
2(z) = —e3*_C2+ _Cle" —ze” — e + z%"}.
Ipuxknan, 8. 3inTerpyBaTH JiHIAHY HEOJHOPIAHY CHCTEMY

y = 4y + 8z + 30e7,
Z =3y —z41le ¥

(mpuknan 2 nekuii 20, crop. 259):
> dsolve ({D(y) (x)=4*y (x)+8*z(x)+30*exp(x) ,D(z) (x)=
3y (x) -z(x) +11xexp(-4*x)},{y(x) ,z(x)});

{y(w) =e*_C2+e*"_CI - %e—‘“ - 26" — 8e 4%,

3 3
z(z) = ge“_CQ —e™1" C1-3e" - -1—1—0‘” + 8e—”:1:}.

[lepenosnaueHHAM CTAMX Uell PO3B’S30K 3BOIAUTHCS JIO PO3-
B'SI3Ky, OTPMMAHOro y npukiaagi 2 neknoii 20.
Hpuknan 9. 3inTerpysaTy cucreMy

Y =4y -z + 2% + *sing,
2 =y+2z+2e% cosz
(npuksag 3 smekuii 20, crop. 261):
> dsolve ({D(y) (x)=4*y(x) -z(x)+x*exp(3+x) *sin(x),
D(z) (x) =y (x)+2+z (x) +x*exp (3*x) *cos (x) },{y(x) ,z(x)});
{y(z) = —e3%(—~_C2 —z_CI +sin(z) + 2cos(zx) + zsin(z)),
z(z) =e**(_C2+4z_C1 — _C1—2sin(x) — cos(x) + z cos(z)) }.
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IIpuknan 10. Suaiité poss’si3ok 3amaqi Kol

d’z d?y

@=0 @
z(0) =0, z'(0) =wvgcosa, y(0) =0, ¥'(0) =vgsina

(sanata 1 sexuii 18, crop. 231):

> dsolve({(D@@2) (x) (t)=0, (DEQ2) (y) (t)=-g,x(0)=0,y(0)=0,
D(x) (0)=vO*cos(alpha),D(y) (0)=vO*sin(alpha)},{x(t),
vy

{w(t) = vl cos(a)t, y(t)= _g_;i + v0 sin(a)t}.

I mpukiagy 3acTOCyBaHHS MaTeMaTHIHOro Iakera Maple
77151 iHTerpyBaHHS CUCTEM 3BUYAHUX AudepeHIialbHUX DiBHSHB
MorkHa 3Haiity B [9, 12, 18].
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Pozain 4.
JANPEPEHIIAJIBHI PIBHAHHA 3
YACTUHHUMMU TTIOXIIJHNMN
IMTEPIIIOTO TIOPAIKY

Jlexkuia 21. JlixiitHi onHOpigHi piBHAHHSA 3
JACTMHHNMM MOXIAHMMH EPIIOr0o HOPAIAKY

IInan

1. 3B’5130K JIiHITHOrO OAHOPIAHOTO PIBHSHHSA 3 YACTHHHHMH T10-
XiJHHUMH [EepIIoro HOpsAKY 3 BiIINOBLIHOIO CHCTEMOK XapaKTepu-
CTHK.

2. Ilo6ynoBa 3arajibHOroO po3B’sI3KY JIIHIHHOTO OJHOPIJHOTO PiB-
HAHAS.

3. 3anaua Kouri 151 JiHIMHOTO OTHOPIHOIO PIBHSHHSI.

1. 3B’A30K JIiHiifiHOro oqHOPiAHOro PIBHAHHS 3 YACTUH-
HUMH MOXIJHUMH MepHIOro NOPAAKY 3 BiANIOBiAHOIO cuCTe-
MO0 XapaKTepHUCTHK. BaraTo moJiesieit pi3HOMaHITHAX [IPOLECIB
i AiBUML TexHiKu Ta, MaTemaTwaHO! (hi3uku (KOJMBaHHSI CTPYHM i
MeMOpaHu, Teroliepenaya, audysis, rasosa JUHAMIKA Ta iHn)
OPUBOIATE J0 AUdepeHIiajbHUX PIBHIHD 3 YACTUHHUMU NOXiJHA-
MH.

Mu obMeXxHMOCS BHKJIAA0M HafpOCTIIUNX BimoMocTel Teopil
PIBHAHD 3 YACTHHHUMH MOXiJHUMH TEpIIoro IOPsiJKy, Malouy 3a
MeTy MOKa3aTH 3B’SI30K TAKHX PIiBHAHB 3 CHCTEMaMH 3BHUaiiHHX
OndepenIialbHuX PiBHAHDL | HABECTH METOAM TOOYJNOBU 3arallb-
HOTO PO3B’A3Ky Ta po3s’si3ky 3ajadi Ko, gki rpyHTYIOTBCS Ha
UbOMY 3B’s13Ky. PiBHSIHHSI 3 4aCTUHHHMM [OXiJHAMHU JIPYTrOTO Ta
BUIIUX MOPSAKIB IHTErPYIOThCS IHIIUMHM METOAAMH, SIKI BUBYATU-
MYyThCH ¥ Kypcel «PiBHSIHHSI MaTeMaTu4aHOl (pi3uKn».

duPepenutaivbrum pPIGHAHHAM 3 YACMUHHUMU NOTi-
OHuUMU HA3UBAIOTh CIIBBIAHOLIECHHS, SIKE MICTUThH HEBIZIOMY (yH-
KU1 BiJ, JeKUILKOX 3MIHHHMX, HE3AJIEXKHI 3MIHHI Ta YACTHHHI NOXi-
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IHi HeBioMol (byHKII 3a He3amesxkHuMn 3Minaumu. Ilopsamok crap-
IO YACTUHHO] NMOXiHOI, STKa BXOJAUTD y PIBHSIHHS, Ha3UBaIlOTh NO-
padxom pieuauus. Hanpuxnan, audepeHniaibie piBHSIHHS 3 4a-
CTHHHHEMH TIOX1THUMH NIEPIIOro MOPAJKY Ma€ TaKUil 3arajbHuil BU-
Ian;

ou Ou ou
q’(ﬂ?l,-’l?;-w»xm u, ;9?1’6—332’”.’% =0, (21.1)
= — H ou Ju Ju e
Je u = u(xy, 2, .., Tpn) — HyKaHa QYHKINA, Parr Dugr 0 Dag 11

gacTuHHI noxingi, ¢ — samana HenepepBHO AudepeHiioBHa QyH-
Kuig B jeskil obmacri G C R npuyomy B pismanas (21.1)
[IpUHAMMHI OHA YACTUHHA NOXiTHA BXOJUTHL 0OOB’I3KOBO.

Bararo GbizsuaHUX SBUIT ONUCYIOTHCS PIBHAHHAMU 3 YaCTUHHU-
MU NOXiZHAME nepioro nopsaxy. Hanpuknan, y razosiit punami-
Il BaXKJIMBY POJIb Bimirpae piBHsHEs Xonda % + u%ﬁ- = 0, xe
u = u(t,2), a B ONTULl BUBYAETHCH DiBHIHHSA

() +(5) + (52) s

e u = u(z,y,z), dKe OIMCYE NOMMUPEHHs CBITJIOBUX IIPOMEHIB y
HEOJHOPIAHOMY CEpPENOBUILI 3 TOKA3HMKOM 3ajioMieHHs f(z,v, z).

Pose’aaxom pisusiHEs (21.1) HasUBalOTH HellepepBHO aude-
penuittosay dbyHkui0 u = u(z1,Z2,...,ZIn), AKa IEPETBOPIOE PiB-
nsaHns (21.1) y TOTOMKHICTD Jy1st KO2KHOL TOUKH (Z1, T2, - . ., Zn) C G.

dxmo v = u(ry,T9,...,Ts) — PO3B’sI30K piBHsaHHEA (21.1), TO
ftoro rpadix — noepxHIO U = u(x1, L9, ... ,Ty) y Opocropi (n+1)-
3MIHHOI Z1,%2,...,%Tn, U — HASUBAIOTH {HME2PAABHOIO NOBEPI-
Heto piBHsaHHES (21.1).

PosrnsneMo JeKinbkKa NPOCTUX MPUKJIAJiB BiOIIYKaHHS PO3-
B’s13KiB piBHsHHA (21.1).

Hpukaan 1. Bidwyxamu dynxuyiro z = z(x,y) — po38°a3ok
DIGHANHA g% =2z+y—1.
Pose’asarna. Interpytoun oOuIBi 9acTUHME 33 3MIHHOIO T, Olep-
KYEMO

Z:/(hﬂ/—1>d:v=x2+:cy—x+so(y),

Jlexnis 21. Jliniiizi ogHOpiAH] pIBHAHHA 3 YACTHHHMMU TIOXiJHMMHU 271

ze ¢(y) — nosinbHa judeperniiopra dbynknist aminnoi y. B

Ipuknag 2. 3inmezpysamu pieHanms ETTZy =1.

Po3zé’azanns. lurerpyioun 3a 3MiHHOIO T, MAEMO gy_z =z+ o(y),
ne (y) — nosubHa qudepenniliosa dynknis. [nrerpyoun Temep
OCTAHHIO PIBHICTE 33 3MIHHOIO ¥, OHEPXKYEMO

z= /(w +o(y))dy = zy +¢1(y) + p2(z),

ae p1(y) = [o(y)dy, p2(x) — nosinbHi nudepennitiosni dyHkuji. B

3 HaBeJCHUX NPUKIAAIB BUILIHBAE, IO PO3B’SI3KA JH(epeHIli-
aJIbHOTO DIBHSIHHS 3 YACTHMHHHUMH IMOXIJHUMH IEPIIOro MOPSIAKY
MOKYTb 3aJIE2KATH BiJ ofHiel NOBIJIBHOT (hYHKIIT, & PO3B’I3KH piB-
HAHHS JPYroro nopsiaKy — Bif ABOX AOBUIbHUX (byHKIH. 1lizHine
Oy/le MOKA3aHO, IO PO3B’A3KH PiBHsIHHA (21.1) MOXKYTL 3a%eXaTn
BiJ, OJIHIET HenepepsIlo U epeHIiioBHOT hyHKIT, KiNLKICTL apry-
MeHTIB sikol (n — 1).

Axkmo y pisusuni (21.1) dyskuis ® sanexurs JiHiHO Bil 1a-
CTHHHHX IOXiJHUX UTYKaHo! (byHKIHI, To HOro Ha3WBAIOThH ATHIT-
HuM. JliHiliHe DIBHAHHS MOXKHa 3aIlUCATH Y BHIVISI

ou du
f1($17$27" . 71:71,’“)51_—1 + f2(.'171,.'1]2,. L a"b’nau)_‘a;:; + ...
du, )
oot folzr, 29, . .. ,:r,n,u)éx— = R(z1,x2,...,2n,u). (21.2)

SIkio npasa yacTuHa piBHsHAA (21.2) TOTOXHO JIOPIBHIOE HY-
J10, a Koediuienru f1, f2, ..., fn He 3anexKarh Bl HIyKAHOI (hyH-
Kii 4, TO MA€MO PIBHAHHSA

ou Ju
fl(x17$27"'7x7l)7()—$:+f2(-7;17m27'-'7xn)5£+
ou
coit fulz, 2o, ) =— =0, 21.3
fn( 1,42 n)axn ( )

SKE HA3UBAIOTL AIHIUHUM OO0HODPIOHUM DIBHAHHAM 3 G-
CTNUHNUMU NOTIOHUMU Tepuwozo nopadxy. BeaxkaeMo, 1o
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KoedilliEHTH I[bOr0 PiBHAHHSA BU3HAYEHI Ta HENEPEPBHI Pa3oM 3 4a-
CTHUHHMMY HNOXIAHUMH 33 3MiHHHAMH Z1, T2, - .., Ly Y ACIKOMY OKOJI
3aJJaHOI TOUKH (Z10, T20, - - - y Tno) 1 WO Y Ll TOYI[ BOHH OJJHOYACHO
He IIePEeTBOPIOIOTHCS Y HYJIb, HANPUKIAAN, fr(Z10, X209, - - -, Tno) 7 0.
OuesniHo, mo piBHsiHHEA (21.3) Mae po3B’sI30K u = ¢, A€ ¢ — Jo-
BiJIBHA, cTaJA.

OnHO9acHO 3 piBHAHHAM (21.3) pO3rVIsIHATHMEMO CHCTEMY 3BH-
yafinyx OuepeHIiaIbHIX PIBHAHb

diL‘l d:IEQ d.??n

fi@y, 2o, .., zn)  folmr,xe,..vxn) 0 falz1,Toy ..., Th)

)

AKa CKI1aJaeThest 3 (n—1)-ro piBEsARHs. Cucremy (21.4) Ha3uBaIOTH
CUCTNEMOI0 TAPAKMEPUCTIUK (TAPAKMEPUCTNIUNHOW CUCTE-
M010). CrcreMy XapaKTE€PUCTHK MOXKHA 3aIMCATH TAKOXK Y BAIVIsI-
i
gﬂ _ ﬁ ix_Q _ & dzn_q _ fn-1
dmn_fn, dmn—fn, T da, fo

HoBemxeMo ABi Teopemy, sIKi BCTAHOBJIIOIOTH 3B’S30K MiXK piB-
uauaam (21.3) 1 BianoBiaHOW0 cucTeMOIO XapakTepucTuk (21.4).

(21.5)

Teopema 1. Koorchuti tnmezpaa cucmemu (21.4) € pose’azxom
pignanha (21.3).
JHoeedenns. Hexait ¥(x1,Z9, ... ,Tn) — IHTErpaJ cucremu (21.4),
BU3HAYEHUN y NesdKOMy OKOJI TOYKHU (Z10,Z20,- - . ,Zno). 1OAI 3ri-
JIHO 3 O3HAYEeHHAM inTerpaia (yekuis 18, m. 1) nosuumit gudepenj-
a1 yHKII 1 BHAC/HIIOK crucTemH (21.4) TOTOXHO JOPIBHIOE HYJIIO,
T06TO

Y o 31/1
d dri + —dxg dz, =0,
L e L
ge mudepenniana dry, drs, ..., dr,—| DOTPiOHO 3aMiHUTH Bupa-
3amy, sIKl BUILIHBAOTH 3 (21.5):
dxy = f1 dxy, dre = f2 dTn, ..., dTp_1 = frt dzy,.

fTL fn fn
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Takum 9uHOM,

(&p f1+8l f2+ +8l)'dmn50 =

81‘1 fn 622 fn &cn
o oY o
c— c— ... n-=— =0,
L e L R LN v
3BiKHM OTpUMyeMo, MO yHKIiA u = ¥(T1,T2,...,Ty) € PO3B’sI3-

KoM piBHsHHA (21.3). »

Teopema 2. Koochuti poss’ssox pienanna (21.3) e tnmeepa-
aom cucmemu (21.4).

Hosedenra. Hexait u = ¥(x1,22,...,%,) - PO3B’A30K PiBHAHHSA
(21.3), mpuyomy u # const. Toxi
N 81/) oY
... -— = 0. 21.
f 3 +f2 +fn am” 0 ( 16)
Suaitnemo gudepeditian cbyHKU;n 1) BHaCTIIOK cucremu (21.4):
0 0
d@b*—-}b— 1+—1£-d$2+ +£¥)‘d-77n:
1 0z oz,
oY fr , M fo oY
(=L 2 Y Vg, =
(8w1 R M v A
oy 111 oY
f (fl +f2 'I'f'napn dxy,

3BiIKH, BpaxoBYIOIA (21.6), Ma€MO TOTOXHICTE diy = 0, TobTO 1 €
inTerpasiom cucremu (21.4). »

PosrnaneMo, HanmpukiIah, piBHSIHHS 3 YJACTHAHUMHA TIOXiIHUMH

mg——i—?yg —32% =0.
Momy BianoBifiae cucreMa XapakTepUCTHK
de _dy _ s
Tz 2y -3z’
dKa Mae€ iHTerpamm ¥, = x32, o = & /\/ﬂ Orxe, ¢PpyHKil

up = 22, ug = 33/\/@ € PO3B’A3KAMH HABEICHOI'O PIBHSIHHS 3 4a-
CTHHHHMMH TOXIJHUMH, Y HOMY MOXKHA [EPEKOHATUCH, BUKOHABIIH
IIEpPEBIipKY.
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2. Ilo6ynoBa 3arajibHOrO PO3B’43KYy JiHifiHOrO OomHOpI-
gporo pieasuaHA. Hacrynna Teopema BH3navae cnoci6 nobyioBK
3araJbHOrO PO3B’A3KY JiHiitHOro ogHOpimHOro piBHsHHS (21.3).

Teopema 3. Hexadl
wl(xla$27"-amn)7 1/J2(l'1,172,...,l‘n), Ty ¢n—1($1,$2,---,$n)

€ neaanescHumy inmezpanamy cucmemy (21.4). Todi poss’askom
pisnanns (21.3) € Pynxuin

U=¢(¢1,¢2,---7¢n—1), (217)

de ® — dosiavha PYHKYIA, AKQ MAE HENEPEPSHT NOXTIOHI 30 3MiH-

numu Y1, P2, ..., Yoot
Hosedenna. Iincrapmsioun (21.7) y piBusrus (21.3) i Gepyun

JI0 yBary, mo ¢GyHEKLil 11, Yo, ..., ¥n—1 € PO3B’I3KaMy PiBHAHHSA
(21.3), orpuMyemo:
flgj-} +f2§% + +fn§i =
=:§ 5o, (flaw’ +fzg;% +. +fnaw:l) =0,

a ne # osHayae, wio bynkuia (21.7) € poO3B’A3KOM PpIBHSHHS
(21.3). » ‘

®opmyay (21.7) Ha3HBAOTH 3a2AALHUM PO36°A3KOM PiBHSI-
uHsa (21.3). 3sepraeMo yBary, 1O 3arajibHUili PO3B’SI30K PiBHSAH-
HS 3 YACTHHHUMH IIOXi/IHUMU [IEPIIOro NOPSAKY MICTHUTH JOBUIBHY
JyHKIi0, a He NOBLNBHI cTaji, AK 1e 6yio ans sBuvaiinux nude-
PEHIIAIbHUX PIBHAHbD.

Ipuxanan 3. 3inmezpysamu pieHAHHA

8_u+ 8u+ du -0
or Yoy "oz
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Pose’azanns. CxiageMo BiINOBITHY CUCTEMY XapPaKTEPUCTHK

dx dy dz

x Y z

i siurerpyemo it y/x = C1, z/x = Ci, a ToMy IHTErpasaMu €
¥ = y/z, Y9 = z/z. Brimuo 3 (21.7) 3araJbHAM DPO3B’SI3KOM 3413~

HOT'O DIBHSIHHA €
Yy oz
u= <I><—, -,
Tz

ne & — nosinbHa HenmepepsHO JndepeHiifioBra dyHKIg Bl da-
CTOK y/x i 2/x, TOOTO U € JOBLIBHOIO HeNepepBHO AudepeHIiiioB-
HOIO OJHOPIAHOK (DYHKIiEI HYJIBOBOTO BHMIDY 3MIHHHX I, Y, 2
Hampukmnaz, po3s’saskaMu 3aJaHOr0 PiBHAHHS € (yHKUiT

y 3y

A% z
U ==, Uy = —+ — ,u;;z(— ,U4=cos-—,15=2“”/z.
T T T x T

Bidnoseide: u = ® (y/z, z/z).

3 Teopemu 3 BUILIMBAE, 10 3a7a4a PO [IOOYI0BY 3arajibHOTO
po3B’a3Ky piBHstHs (21.3) piBHOCHJIbHA 3aJadi PO BiAIIyKaHHS
n — 1 He3ayleXXHAX IHTErpajiB Bi/IMOBIIHOI HOMY CUCTEMH XapaKTe-
puctux (21.4).

Y BHNAJKY JBOX HE3AJEKHUX 3MIHHMX, ITO3HAYHMBLIA IyKaHy
dyHkmio 9epes z(x,y), MAEMO PIBHSHHS

fil=, y) + fal=, y) (21.8)

BianosizmHa cucreMa XapaKTEpUCTHK BUPORKYETbCAA 8 onHe Jude-
peHmiaJibHe PiBHAHHS

dz dy
fl(xvy) f2(x7y).
Axmo ¢(z,y) — iurerpan pisusuus (21.9), o z = & (Y(x,y)), ae

® (1)) — nosinbua HenepepsHO AudepeHniiorHa dYNKNis Bia 3MiH-
HOI 1), GyJle 3arajibHUM pO3B’sI3KOM piBHsHHA (21.8).

(21.9)

Ilpuknan 4. 3inmezpysamu pieHARKHA y% — .Eg; =0.
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Pose’azanns. Biamopigaa crucreMa XapaKTepHCTUK BUPOMXKYE-
ThCA y PIBHAHHSA 3 BiIOKpEM/IIOBaHUMU 3MiHHHMMH: %”” = -‘_i—%, in-
TerpajioM sKoro € ¥ = 2 + y2. 3rigHo 3 TeopeMoio 3 3arasbHAM

PO3B’I30K 3aJaHOrO PIBHAHHSI Ma€ BUIVISL
2
z = ®(z? + ¢?).

3 reoMEeTpUYHOI TOYKH 30Py MAEMO CiM’I0 TIOBEPXOHb OOepTaHH:
3 Biccio obepranna Oz. Takum umMbOM, 3a,9H€ PiBHAHHA € dude-
peHmiaabHAM PIBHAHHSM YCiX IOBEPXOHb 00epTanHd 3 Biccio 00ep-
tanas Oz. OxpemuMu BHmajkaMn ToBepxoHb z = ®(22 +y?) €
z = z? + y? (napabosnoin obepramus), z = y/R? — z? — y? (nie-
cdepa), z = /2 + y? (koHyc), z = ¢ (IWIOUMHA).

Bidnosidv: z = ®(z? + 9?).

3. 3agaua Koui muis ainiiinoro omHOpiaHoOro piBHsH-
HH. 3adayva Kowsi nna pisaauns (21.3) nonsirae y 3HaXomKeHHI
pO3B’A3KY U = u(Z1,Z2,...,Tn), dKul s (DIKCOBAHOrO 3HAUEH-
Hs ofuiel 3 He3a/IeXKHUX 3MIHHNX, HAIPUKIAI Ty, IePEeTBOPIOETHCH
y 3a7aHy HenepepBHO audepeHifoBry QyHKIIO pemTn 3MIHHIX,
TOOTO 3aJI0BOJLHAE NOYAMKO8Y YMO8Y:

Uy —pn = P(T1, T2, Tno1). (21.10)

VY Bunajaky, Koau mrykans ¢GyHKIA 3a7€2KUTh Bl IBOX Hesase-
JKHMX 3MiHHAX, TOOTO 1Uist piBHsHESA (21.8), 3aava Kou nonsirae
y Bimmykauni Takoro poss’szky z = f(x,y), akuil 33J0BOJIbHSIE
MOYATKOBY YMOBY

2lye o = P(Y)s

ne o(y) — sagaHa ¢yskuis. Teomerpuuno me osnadae, wio ce-
pel ycix IHTErpaJbHUX ITOBEPXOHb, SIKi BU3HAMAIOTLCA PIBHAHHAM
(21.8), mykaerbest Taka MOBepXHA 2z = f(z,y), AKa IPOXOJIUTE de-
pe3 3ajany KpuBy z = @(y) y miaomuni £ = zo (us mwioumHa
napaJsiensHa 10 mwiowuan Oyz).

3rigHo 3 TeopeMo 3 3arajbHuil po3B’s30K piBHsHHA (21.3)
3aaaeTbesa popmyiow (21.7), Tobto

u= q>(¢1a¢27 cee 1"/)n—1)-
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Hincrapnsioan mo ¢ynxnio B (21.10), 6adumMo, o po3B’s30K 3a-
Jaqi Komii (21.3), (21.10) spoguThes 10 BU3HAYEHHS BUTIALY GYH-
Kii P, sika 3a/10BOJILHSAE YMOBY

q)(d)la /'7[)2) s ,’lpn—l)|xn:zn0 = (P(xl,-’L'Q, .- 7xnf1)-

TakuM YHHOM, OJEPKYEMO TNPABUAQ PO36’A3YSAHHA 3adai
Kowi (21.3), (21.10):

1) cxaacmu 6idnoeidny cucmemy Tapaxmepucmux ¢ 3natimu i
n — 1 nesaneschux tHmeepans:

P(x1, %2, -, Tn), Y2AT1, T2y Tn), ooy Ynoa(T1,T2,...,Zn);

2) saminumu Yy 3natidenur iHMe2PaIGT HE3AAEHCHY SMIHNY Ly,
17 NONAMKOBUM 3HANEHHAM Tyn = Tno:

Y121, T2, - Tno15%n0) = 1,
¢2(x17x27"*a$n—1’xn0) :"1[)27 (21 11)
wnfl(xl,-TZ, o axn—laan) = ?/)n—l

i pose’azamu cucmemy (21.11) sidnocno x1, Tg, . .., Tn_1, Mobmo

anatimu

T :w1(1;171/;2a“'71/;n—1)7 T2 :(U?(I/;laz/;%"'ﬂ/;n—l)a RN

Tpn—-1 = w?l—l("/;lv 11327 s a'&n—l);
3) nobydysamu dynryivo

u= (p(wl(wla’lp27 ‘e 71/)n—1), w2(’l/)1,'¢)2, B allpn—l)) s-ey
wnﬁl(zpla 1/)27 s 7’lp’n—l))a

axa i byde posa’asxom 3adani Kowi.

Mpuxnan 5. 3natimu pose’azox 3adavi Kows

x@+ Qzﬁ+za—u——0 | = z
oz yc’)y 9z = WYa=2TVY7 3

w
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Poss’aszannsa. InrerpajaMu BiIOBIIHOT CHCTEMH XapaKTEPUCTHK
€ Yy = y/z, o = z/x (muB. npukian 3). Ockinpku

wllm:Q = 151 ==

y -z
5 V2| = 2 = 2

TO y = 291, 2 = 21/, & TOMY HUIYKAHHM DPO3B’S3KOM €

_ 2(3y — z)‘

]
3z

2
U= -2 =

ITpuxknaang 6. Busravumu iHmezpatory nOSEPIHIO PIGHANNA

0z Oz
2 huted A
(x —1-1)(9 + xy » 0,

AKG Nporodums vepe3 Kpusy z = Y2 y naowuns x = 0.
Po3e’s3anns. Binnosigsa crucTeMa XapaKTepHCTHK BUDOJKYe-

d
ThCS Y PIBHSHHA 3 BIJOKPEMIJIIOBAHWMH 3MIHHUMH 4% = ;%,

TErpaJioM IKOTO € PyHKIA ¢¥(z,y) = —\/z% Tomi ¥ = Yl,_o =y
3pifcn ¥y = 1, 8 TOMY IIYKAHOI iHTerpajIbHOI IIOBEPXHEIO €

1H-

y2

=— 1N
241

Z=¢2(way) =

Pexomendosana aimepamypa: 1, c. 325 — 328}, [3, c. 377 -
383, [5, c. 458 — 463], [7, c. 247 — 281], |16, c. 275 - 280].

HMuranaa no Jgexitii 21

1. Illo masuBaioTh gudepeHIiaIbLHUM PIBHAHHAM 3 YACTUHHMMMU II0-
xXimaumu? K BUBHAMUTH MOPSITOK TAKOTO PIBHSHHAT

2. o Ha3MBAIOTH PO3B'A3KOM PIBHAHHA 3 YACTHHHUMH TOXiAHHUMH?
Aknit reoOMETPUYHMA 3MICT Ma€ pPO3B’A30K DIBHSHHS 3 JBOMA He3ale-
KHUMH 3MIHHUMHA?

3. flKe DiBHAHHS Ha3WBAIOTD JiHIHHUM PIBHAHHAM 3 HYACTHHHUMH 1O~
XigHEMU NepuIoro nopaaky? ¥ sSKoMy BHIAIKYy HOro HA3UBAIOTH OHO-
pigaum?

4. dkuit BUIIAN Ma€ cucTeMa XapaKTePUCTHK IS JIHIHHOTO OmHO-
pPiaHOro piBHAHHA 3 YACTHHHUMM MOXIAHUMH NEPmIOro nopsaaky? fAkwii
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3B’S130K MiX JIHIAHUM OIHOPIAHUM PIBHIHHAM 3 YACTHHHUMU MOXiTHIMKI
HepUIoro NOPSAKY Ta BIANOBIZHOI CHCTEMOIO XapaKTEPUCTHK !

5. Sk dopmymoeTses 3ama4ya Ko g piBHSHHS 3 YaCTUHHMMEA
NOXiAHMME TIEPIIOro Hopaaky? fkuit reomeTpudHUil 3MicT BOHA Ma€ y
BUIIQJIKY JBOX HE3AJIEXKHUX 3MIHHUX !

6. fx nobymyBaTH 3aTaJIbHUI PO3B’30K JIHIHHOIO OJHOPIHOrO PiB-
HAHHS 3 YACTVHHMMH TOXiJHIME Hepioro nopsaaky? SIk poss’si3yerbes
3aa4a Kol st uporo piBHAHHS?

Bnpasu oo neknii 21

1. Hepesipre, uu € BKa3aHi GYHKII po3B’S3KaMH 3aJaHUX PIBHIHL
3 YACTUHHUMM NOX1THUMHU:

a) 2ﬁ%~yg—; =0, z=+z+Iny;
2 2
6) (x® +y?) % + 20y +a:z =0, u=2343;
B) (w+ %)%+2ygg+zg’z‘ =0, u=2 *” + 2zz.
2. 3igTerpyiire oAHOPIAHI PIBHSHHA 3 YACTHHHUMH NOXI1JHUAMUE:

a)(w+2y)az—yay—0 6) z3¢ +yz 3% =0;
B) (z%y — 2%y%) 5% + y 5 +a"—0

3. Posp’saxiTh 3ana41i Kouri:

9z _ 0z _ — . ()u (’)u i
a) T5 Y5 =0, z|y:1 =2z; 6) 5=+ i 252 =0, ul,_, =y2.
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Jlekuia 22. KBazininiifini Ta HeaidiliHi piBHAHHSA
3 YACTHUHHUMM MOXiJHHMM NEepPUIOro NMOpaaKYy

Ilnan

1. TlobynoBa 3arajibHOTO PO3B’'SI3KY KBa3iaiHIHOTO pIBHSHHS
[EPIIOTO TOPIAIKY.

2. 3amaui Komi mis xsas3iiiniiiHOro piBHAHEHES [EpIIOro HOPsA-
KY.

3. Heniniui piBHsHHA 3 YaCTHHHUMHM NOXITHUMH IIEPIIOrO IO-
PAAKY.

4. Pisuanns [Idbadda.

1. ITo6ynoBa 3arajibHOro po3B’d3KY KBasiiiuilfiHoro piB-
HAHHSA IE€PIIOro nopsaaky. PiBusHua BUIgLy

0
fl(ml,l‘g,.. "mn’u)% +f2($1,I2,. .. ,xn,u)aa—;; + ...
du
ot fn(xl,xz,...,mn,u)%— = F(Z1,%2,...,Tn, U) (22.1)

HA3HBAIOTH AIHIUHUM HEOOHODIOHUM DIBHAHHAM 3 LACTUH-
HUMU NOTIOHUMU NEPUL020 NOPpAOKY abo KE6a3iATHItHUM
pisHanHAM. 1o 11poro X Tumy GyneMo BITHOCHTH U DiBHSHHS,
y axkux F =0, ane xo4a 6 onun 3 koedimienTis f; 3a1€XNTh Bif

u. Bpaxaemo, uo oyukuii fi, fo, ..., fn, F HemnepepsHO mudpe-
PEHIINOBH] B ETKOMY OKOJII 3a7aHOT TOYKHU (Z10, Z20, - - - , Tnp, UD)-
Hexait, kpim Toro, fn(Z10, %20, -, Tno, o) # 0.

Po3B’s130k piBHsiHHS (22.1) IIyKaeMO y HESIBHOMY BHIVISIIi:
V(ml,xz,...‘,xn,u) = 0, (22.2)

ne <dyakois V Mae HemepepBHI wacTHHHI mOXigHI 3a ycima ap-
ryMEHTaMH IpHHAKMHI B JesiKilt oOsacTi 3MiHH Z1,Z9,...,%Tn, U,
npudomy Vi (Z10,T20,- .., Tno,uo) # 0 (ue rapanrye Te, mo B
it obnacti piBHsSHHA (22.2) Bu3HAYAE U K HesBHY (DYHKIIIO Bix
T1, T2y -0, Tp). ‘
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3audepennioasum (22.2) 3a 3MIHHOIO Ty, KA BXOOUTL Y
(22.2) siBHO i HestBHO 4Yepe3 DYHKLIIO U, ONEPIKYEMO:

oV 9V  du

Oxy, 8u.6wk_0’ F=bBoon =

ou v [ov\~!
—B—rn_k_*a_.z‘k“(%> . k=1,2,...,n (22.3)

[TipcraBnsgioun BUPa3u A9 YACTUHHAX IOX1THUX %Lk 3(22.3)y
(22.1), mics1st HPOCTHX NEPETBOPEHD BIAHOCHO HeBinoMol pyHKIiT V
OJIEP2KYEMO JIiHIMIHE OTHOPiIHE PIBHSHHS 3 YaCTHHHUMH [TOXiTHUMEI

f1(331,x2,...,xmu)gx£1 +f2($1,:v2,...,mn,u)—g£ +...
ov oV
.. .+fn(£131,$2;.. . ,l‘n,u)'ém_n +F($1,(E2,.. . ,.’I;T“u).a_u =0. (22.4)

1106 zinTerpysaTtu piBHsinas (22.4), yTBOPHMO BiNOBIIHY CU-
cmemy xapaxmepucmux (n. 1 rexmii 21):
dx dx dz du
e e s (22.5)
fi f2 Jo F
1 IPHIYCTUMO, II0 HAM BAAJIOCH BIAULYKATH 7. HE3a/1€XKHHX IHTE-
rpaJiB W€l cucTeMu:

¢1 = '(/)1(1:]71:2)'--7:1:71.’“)7 1)[)2 = 1/)2(117[,332,...,33n,u),

1/)n = ¢n($l,x2, ey Ty u)

3rizHo 3 TeopeMoIo 3 OIepeIHLOT JIEKIT 3aralibHui PO3L’I30K PiB-
HsiaHsT (22.4) MOYKHA 3anMCaTH y BHIVIS]

V= (I)(’Ll}l, 1[)2) IR 71/)71)? (226)

aAe ® — nosisbHa HemepepBHO AudepeHnifioBHa GYHKIA CBOIX ap-
T'YMEHTIB.

Bpaxosytoun (22.2), onepKyeMo LyKaHU# PO3B’I30K pIBHAHHS
(22.1) y nestBHOMY BHIUIsLI

‘I)(%, w21 s ywn) = 0. (227)
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Cuissignomtennst (22.7), ne ® — JOBiIbHA HeNEPEPBHO JH-
depeniiiioBHa (PYHKIiSA, HASMBAOTE 3A20A5HUM PO36°A3KOM
pisasaEst (22.1). fxmo (22.7) BmacTbCcs pPO3B’S3aTH  BiJHOCHO
U, TO OZIePXKUMO 3arajlbHUil PO3B’A30K y ABHOMY BHIVISI: U =
=u(x1,22,.-.,Tn), A€ U — HenepepBHO mudepenniiiopHa ¢byHKIis.

Cucremy (22.5) Ha3MBAlOTL CUCITNEMOI0 TAPAKMEPUCTIUK
KBasutiHiiHOro piBusiHHA (22.1).

TaxuMm 9HHOM, 0AA 3HOTOONCEHMA 30204DHO20 PO38 A3KY Pi6-
Hanna (22.1) nompibro ymeopumu 6i0nosidny cucmemy rapaxme-
PUCTUK, 3HATUNU T HE3AAEHCHUT THINE2PAALS YIEL CUCTIEMU T NPU-
pienamu do Hyaa dosiavhy dudepenyifiosny Gynruito yur inme-
epanie. Ompumana npu yvomy pienicms euzaady (22.7) 6yde sa-
2aavHuM PO36°AsKom pienanna (22.1) y neasnomy euzsndi. Axwo
(22.7) mooicra po3s’azamu 6i0HOCHO U, O MATNUMEMO 302aAbHULG
PO36°A30K Y ABHOMY 8U2AAJI.

Ilpuknan 1. 3inmespysamu pienanna :L' + y + 2% 5z — U-
Poss’ ﬂaanna. CknaneMo BIIOBiHY CHCTeMy XapaKTepHCTHK‘

%“-” = iy = %“ i snaitmemo 11 iHTerpamu: ¥ = y/x, o = z/z,
(S u/x 3I‘1,ZLHO 3 (22.7) 3aranbHUM PO3B’A3KOM €
@(y d “) —0. (22.8)
'z z

Poss’s3ytoun (22.8) BigHOCHO u/T, onep:kyemo:

D) = =G

ge f — nosinbHa (yHKII, & OTXKe, PO3B A3KOM 33JaHOTO PiBHIH-
HA € JOBINbHA OTHOPiJHA HemepepBHO AudepeHUifoBHA (hYHKILiA
BuMipy 1. B

Tpuknan 2. Jinmespysamu pienanna e 92 + y? gf/ = ye’.

Posé’asarna. 3anuimemMo BUIOBIIHY cncremy XapaKTepPUCTHK:

dz. dy dz

ey yer

3 piBHAHHS %% = %g (me piBHsIHHS 3 BiJOKPEMJIEHMMH 3MiHHU-
-1

MH) 3HAXOJMMO neprmii imrerpan y~ — e~ = (], a 3 piBHAHHA
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d d
y*?zl = g,e—zz, BPaXOBYIOYH, IO €* 1=acr yC , MAEMO ILE OJIUH NepLUIni
In jy|—

inTerpai z — —,—yq = (Cy. TakuM umupoM, 3arajibHUM iHTErpa-

JIOM 3a,JaHOTO DIiBHSHHS € @(% —e~e Injyl-z

) gmo—g T ) = 0, a 3arajibHUM

PO3B’SI3KOM —

Inly| -z 1
:—ﬁl_—i‘@('?;—e—x). ]

e—T — y—l

2. 3agaui Komi ajisi kBasisiiHiliHOro piBHSHHA nepmo-
ro nopsaaky. 3adava Kowit njis KBasiminiiinoro pisasanns (22.1),
TaK caMo, K 1 JJIA JIHHIAHOTO OJHOPIITHOrO PIBHSIHHSA, MOJISITAE Y
3HAXOMKEHHI TAKOTO PO3B’A3KY U = u(X1, X2, ..., TLn) HOLO PiBHSI-
HHsl, KA 33JI0BOJIBHAE 110MATNKOSY YMOBY:

Ulwn:zno = p(x1, T2, . .. 7f”n-1), (22.9)

IIe o — 3amana HenepepbhHo AudepeHniioBHa PYyHKIL.

[Tokaskemo, sk 3HaTH PO3B’SI30K 3aJa4i Ko ajig piBHAHHSA
(22.1), 3nar04m ¥toro 3arajbHUil po3s’sizok (22.7). fAx i ans onnopi-
JHOrO pIBHSIHHH, BCE 3BOIUTHCS [0 BU3HAYEHHS BUALUISAY YHKIH
®. Sxkmo 3anucaTy MOYATKOBY ymoBy (22.9) y BHrIsiAi

U($1,.’l§2, .- 71n-1a$n0) - (,0(11:1,1:2, .. 7xn—1) =0

i nopieasiTH ii 3 (22.7), To 6adumo, Mo dyukiio ® norpidHo BU-
Oparu TakK, 106

q)(l/;lvlﬁ?‘a LR ﬂ/jn—l) = ’U,(IL'I, T2,.-- a:En—lamnO) -
_(P(I1,5E2,...,£L'n._]), (2210)

ne gepes3 Y, YPa, . . . , Py, NO3HAYEHO PYHKLL, AKI OTPUMYEMO 3 iHTE-
rpaJiB cucremu (22.5) 3aMiHOIO Ty, 11 IOIATKOBUM 3HAYEHHSIM Zn(),
TOOTO

1;[;] = '([)j(xlaw‘Z)"' 7mn—13xn07u)a .7 - 1727' . (2211)
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Posp’ssytoun cucremy (22.11) BimHOocHO 1, X2, ..., Tn—1, U,
OJIEPKYEMO:
T4 :wj(d_)lad_]2a""1;n)a .j=1525'-"n— 1a
U= w(Q/_)la &27 v aIZn)

SIxkmo renep B akocti dynkinii ® B3aTr GyHKII0O

q’(whw%" ﬂﬂn) = W(wlﬂ/)b' .. ’wn) -
e ‘P(wl(whw?a"' a"/}n)a ey wn—l(wlaw%'-- awn))a

To ymoBa (22.10), ogeBnano, cupaspkyeTbed. Otke, dpopmyta

w(¢17¢27"'5wn)—
- (p(wl(wlaw2a"')wn)7 ---,wn—1(¢1,¢2’---,¢n)) =0 (2212)

BU3Ha4aEc Po3B's30K 3ajaui Komi (22.1), (22.9) y nessHOMY BU-
rsai. dkuto (22.12) MoxkHA PO3B’SI3ATH BI/THOCHO U, TO OJIEPKUMO
PO3B’A30K U = u(x1,T2,...,Ty) 3ama4i Kol y ssHOMy BUDIAA].

TakuM 9WHOM, IPHXOAMMO JI0 TAKOIO MPA6UAA PO36’°A3yea-
HHa 3ada4t Kowi nns xBasininiitHoro piHsiHHs (22.1):

1) ymeopumu 6idnosidny cucmemy TAPAKMEPUCTIUK 1 3HATMU
N i HE3AAEHCHUT IHINEZPANIE:

¢j($13$27“~,$n—17l‘n,u)7 ] = 1,-..,7’1; (2213)

2) 3aminumu 6 inmezpasax (22.13) nesanesrcny sminny Tp it
300QHUM BHAMEHHAM T, = Tpo:

",[)1($1,$2, cen 7zn—la$n0,u) = 17917
1/)2($1,(E2,...7l'n_1,$n0,u) = wza (22 14)
ﬂ’n—l(xl’m?, Cee ,xn-l,zno,u) = J)n—l

1 poss’azamu cucmemy (22.14) eidnocho 1, Tg, ..., Tp_1, U:

Zj :wj(’(/;hlz?a-"vlzn)’ .7 = 1,...,71; uzw(d)ladf)%“wﬁ‘zn);
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3) ymeopumu cnigeionowenma

w(wlai/)%”"'(»bn)'—
- (P(wl('(/)l,w?a" . 7¢n)7 LR wn—'1(¢1,¢2,--~7¢n)) = 07 (2215)

axe U eusHauamume wykaruli po3e’asox 3adawi Kowsd (22.1),
(22.9) y neasromy suzasdi. Sxwo (22.15) mooicna poss’azamu 6iod-
HOCHO U, TO MAMUMEMO 3020abHUT PO3E A30K Y AGHOMY BULARDI.

IIpuknan 3. Snatimu inmezpasvry NOSEPIHIO PIBHANHA

0z 0z 9 9
L WA

oz Yoy v
Axa NPoTodums wepes ainiv Yy = 2, z = x2.

Pose’szanns. 3anuuieMo BiIIOBIHY cHCTEMY XapaKTEPUCTHUK:

dx dy dz

r -2y x2+y?

[lepimumu iHTErpaamMu Ui€l cHCTEMH, K JIETKO NEPEBIpUTH, €
yr’=Cy i x2/2 — y2/4 —z=0Cb.

OTsxe, 3arajbHuil iHTerpajl PiBHAHHS MOXHA 3AITMCATH y BHIJIsLI]
®(yz?, £2/2 - y?/4— 2) = 0, a 3araibHEM PO3B’AIKOM €

z=2[2~ y2/4 + o(yz?). (22.16)

@yHKIA @ 3rigHO 3 HOYATKOBOIO YMOBOK 33/I0BOJIbHSE DIBHA-
HHSI

2 =7%/2-1 + o(z?) mpu () =t/2+ 1.

Orxe, p(yz?) = yz?/2 + 1, a 3 (22.16) 3HAXOMUMO pO3B’A30K
3318001 3aa41 Korni:

2

2 2
Y YT
=—-"—4+=—+41. 1
z > 4+ 5 +
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3. Henixiiini piBHAHHS 3 YACTUHHUMHK TOXiZHUMH nep-
LIOro nopaAKy. Po3misiHeMO HesiHiliHe PIBHAHHS 3 JaCTHHHIMM
MOXiJHUMY [IEPIIOTO HOPSAKY 3 ABOMA He3aJeKHUMH 3MiHHUMHA. Y
3araJibHOMY BMIIQJIKY Take PIBHIHHSA MOXKHA 3alACATH y BHIVIAAL

F(z,y,2,p,9) =0, (22.17)

ae z = z(z,y) — myKana QyHKIis, p = gg, qg= g—;, F —3anaHa He-
HepepBHO AudepeHIiiioBHa (bYHKIIs CBOIX apIyMEHTIB Y KEAKOMY
OKOJIi MOYATKOBOI TOYKH (X0, Yo, 20, P0, 40 ), KA 3AJIEKHUTH Bif p 1 ¢
HEJIIHIHHO.

BusiBnserbes, mo 3a0a4a iHTerpyBaHHA OJHOTO DiBHSIHHA BH-
rsiny (22.17) € cknaHinmoo, HiXk IHTErpyBaHHS CHCTEMH JBOX CY-
MicHHX piBHSHD BHIIsiny (22.17).

Posrnsanemo cucremy

{F(w,y,z,p,q) =0,
G(z,y,2,p,q) =0

i mpumycruMo, mo y geskii obsacti sMium z, ¥, 2, p, q I} cuUcTeMy
MOXKHa, PO3B 34T BiZIHOCHO P i ¢, TOOTO

p = A(z,y, 2),
{q — Blry o), (22.18)

ne dynkuil A i B — nenepepBHO AudepenIiitoBH] B JeAKOMY OKOJI
HOYaTKOBOI TOUKH (Zg, Yo, 20)-

3HaitmeMo HeoOxigHy yMoBy cymicHocTi cuctemu (22.18). [lpu-
MyCTHMO, 10O PO3B’sI30K z = z(z,y) miel cucTeMu Mae Henepepn-
Hi YacTHHHI [OXigHI %, g—;, %%—y, 5%%; Y JA€AKOMY OKOJII TOYKH
(0, Yo)-

Hudepenuirooun pipHsaHHa cuctemu (22.18) 3a 3MinnuMu y i ©
BIIIOBI/IHO, OJEPXKYEMO:

8% 0A DA 0z 0% 0A 0OA
- = + —_——— = = — + —_— y
oydx Oy Oz Oy oydx Oy 02
0% OB OB 0z 9> 0B 0B

Bmay_aa:JrBz.a_x = Bxay_3m+8z 4.
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[Ipupisaioloun o6uOBa BHpa3d IJi JAPYTrol MiHIaHOI HOXigHOT
(pesynbTaT He 3aJIeXKUTh B MOpaAKY AudepenIiioBaHHs), omep-
KYEMO HeobTiONY ymosy cymicrocmi cucmemu (22.18):

0A  0A 0B 0B

- — =0. 22.
Oy + 0z Ox 0z 0 (22.19)

PiericTs (22.19) nepeTBOpUTHCS y TOTOXKHICTD, SKIIO 3aMiCTb
z migcraBuTH pO3B’s30K 2(x,y) cucremnm (22.18). Sxmo ymosa
(22.19) He BukOHYeTBCST TOTOXKHO, TO (22.19) — piBHAHHS 3 TPbO-
Ma 3MIHHUMH I, ¥, 2, K€ BH3HAYaE 2z AK (YHKIi0O Big T i y,
z = z(z,y), 1 nonepenHi MIpKyBaHHS TOKA3yIOThb, IO PO3B’SI30K
cucremu (22.18), AKio BiH icHye, He MOXke OyTH IHIINIM, HIXK Ti€0
dbyuxuiero. Yun € pynknis z = z(z,y) po3s’s3koM cucremu (22.18),
JIErKO HEPEBIPUTH 3a JONOMOIrOI0 IiJICTAHOBKH.

3’acyemo, 3a Aknx yMoB cucteMa (22.18) mae 6esniy po3s’s3-
KiB, TOOTO 4epe3s KOXKHY TOUKY (Zg,%Yon,20) JAEAKOI 0bJacTi mpo-
CTOPY INPOXOIUTH iHTErpaibHA MNOBEPXHs, SIKA BIANIOBIIAE MEBHO-
My pO3B’si3Ky. ¥ npomy Bumaaky ymosa (22.19) nosuHHa BEHKO-
HYBaTHUCh y KOXHI#H ToUNi 3ragaHol 061acTi, TOOTO TOTOXKHO JIJIst
(z,y, 2).

Omxe, TOTOXKHE BUKOHaHHSI yMOBU (22.19) meobximme jurst T0-
ro, mob cucrema (22.18) mana 6Ge3nia po3B’si3KiB, siki 3aj1eXKaTh

. TpHHaNMHI Bij, OfHi€T HOBUILHOL cTanol. MoxHa TIOKA3aTH, MO TO-

TOXKHE BUKOHAHHs1 yMOBH (22.19) € TakoX JOCTATHIM Jiisi CyMICHO-
c1i cucremu (22.18), TOGTO 32 BUKOHAHHSI ILHET yMOBH 3HAXO/I2KCHHSE
CHINBHUX po3B’si3KiB cucremu (22.18) 3BOmUTHCsL A0 iHTErpyBaHHs
JBOX 3BUYAMHNX AudepeHIaJbHUX PiBHANL.

IIpuknap 4. 3inmezpysamu cucmemy pienirs
0z
£ =z +yz, o =22 4+ 2z
Pose’sazanus. Bupas st niBoi gactunn pisnocti (22.19):
0A 0A OB OB
—+B————-A—=
Oy 0z Oz 0z
=2+ (22 +222)(14+9y) — 22 — (z+y2)(22 +2x) = —2(1 + 2+ y2)
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He JOpiBHIOE TOTOXKHO HYJIO. IIpupiBHioouu #foro 10 Hynd, oaep-
XKyeMo, mo z =01 z = —ﬁ;. 3a TIOMOMOrOIO ITiJICTAHOBKH Tepe-
KOHYEMOCh, 1110 TifIEKK PyHKIist 2 = (0 € PO3B’SI3KOM CHCTEMY.

Bidnosids: z = 0.
MNpuxknax 5. Jinmezpysamu cucmemy pieHAHD

0z o, 0 1 22

_— = , —_— = — +
oz Y oy y? oy
Pose’azanmna. YMosa cymicrocTi (22.19) BUKOHYETLCS TOTOXKHO!

0A 0A OB OB 2
S tBI A =% -=.y2=0.
Oy + 0z O 0z Y Yy y
Iarerpyroun nepuie piBHAHHSA 33/1aH01 CUCTeMH 3a 3MIHHOWO T,
3HaXOIHMO

z = /dex = zy® + u(y), (22.20)

ne u(y) — nosinbHa judepeHniioBHa QYHKINS 3MIHHOT Y.
ITlincTaBasioun B Jipyre piBHSIHHSI CHCTEMH, OJEPKYEMO:
1 2u 2u 1
2oy +d(y) =z +2y+— -1y = Y@ -—=5-¢"
y? y y Y
MaeMo niHiliHe PIBHSIHHA TIEPIIOrO MOPSIIKY BiJfHOCHO HEBimOMO)
dyskmii u. Moro 3arajibHuM PO3B’SIBKOM € 4 = ~31—y — 3+ Cy?, e
C — posiibHa crtaja. IlincTaBnasioun neit supas st u y (22.20),
OUIEPKYEMO 3ATAJIbHUA PO3B’ 130K CHCTEMHU:

1
z=my2—y3——@+0y2. n

4. Pipusuun ldadda. Pienannam Ipadga nazusaors
PiBHSIHHA BULVIALY

P(z,y,2)dz + Q(x,y,2)dy + R(z,y,z)dz = 0. (22.21)

Y piBusanus (22.21) 3Miuni x, y, 2 BXOAATH PIBHOMPABHO, a OTIKE,
OyIb-IKy 3 HAX MOXKHA Npuifasary 3a mykady dysxunito. [Ipuny-
ctrMo, mo kKoedinientu P, @, R Bu3HauYeHi Ta HeNepepBHI pasoM
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3 YaCTHHHUMH [OXITHMMH HEpIIOro INOPAIKY B OKOJl IOYaTKOBOL
To4YKHU (0, Yo, 20) 1 ¥ TIH TOYII OMHOTACHO HE MEPETBOPIOIOTHCH B
Hysb. Hexait, nanpukian, R(xq, yo, z0) 7 0. Toai piBuanus (22.21)
MOXKHA, 3AIIUCATU y BUIVISII

P Q

dz = ——=dr — = dy.
R R
3HaiileMo yMoBy, 3a sikol piBHsHHs [Idbadda mae cim'o
PO3B’s3KiB (IHTErpajbHUX IIOBEPXOHD), 3aJI€XKHY BiJl OnHi€el 10BiNb-
#ol crasiol. OcKibKY Ha KOXKHIi iHTerpasbHii nosepxui 2 = z(z, y)
CIPABIPKYEThCH CHIBBiIHOIIEHHS d2 = %d:c + %dy, TO

0z 0z P Q
—dr+ —dy=——=dr— —dy.
a0 Ty T TR T RY
3BijicH, BPaxoByOYH HE3AIEXKHICTh audepennianis dx 1 dy, onep-
JKYEMO, IO IHyKaH] iHTerpasIbHI IIOBEPXHI MOBMHHI 33JI0BOJILHSITH
CHUCTEMY pIBHAHb
0z P 0z
9z _ P 9z Q (22.22)
oz R 0Oy R
Takum uuHoM, piBustaasi [Idadda (22.21) pisHocunbhe cucremi
(22.22) i, oTke, HeOOXiAHO 3’ACYBATH yMOBU HOBHOI iHTErPOBHOCTI
L€l CUCTEMH.
Bamucywun ymosy (22.19) ajnsa cucremu (22.22), Maemo:

BUMNLUNEY N

ROy R?0y ROz R? 0z R

_ %9 g, (109 gomy( r)
ROz R?0z ROz R?20z R/

JoMmHOXKy1049n 00MABI YaCTHHHE HA R%i 3rpyNnyBaBlIN JOJAHKU
sigHocHo P, (Q i R, ogepxyeMo piBHICTB

OR  0Q oP OR 8Q 0P\ ‘
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st 3py9HOCT] 3amaM’siTOBYBaHHs piBHICTE (22.23) MOxHa 3a-
TIMCATH y BUIVIALI YMOBHO!I PiBHOCTI

P Q R
2 28 2 1_9
Or 0Oy 0z ’
P Q@ R

SIKINO BU3HAYHUK «PO3KJIACTH» 38 €JIEMEHTAMH MEPINOro PAIKa.

fkuo ymosa (22.23) BUKOHYETbCS TOTOXKHO, TO i1 HA3MBAIOTH
YM06010 No8HOoT itnmezposnocmi pienanna Idagdda. 3a pu-
KOHAHHSI [ji€l yMoBHU iHTerpyBanHs pisusuHdA Ildadda 3Bonurbea
Jo inrerpyBanHs cucremu (22.22). Ilpu ypoMy icHye cim’st po3B’si3-
KiB, K4 MICTUTb OIHY HOBIJIbHY CTaJy.

Mpuxknag 6. Jinmeepysamu pienanna [pagdda
(22% 4 202 + 22y® — 1)dz — 2ydy — dz = 0.

Pose’sazanna. Ockiipkn ymoBa (22.23) DOBHOI iHTErpOBHOCTI BH-
KOHYETBCA TOTOZKHO:

(22242224 22y* —1)- (0—0)+(—2y)- (22 —0)+(—1)- (0—4zy) = 0,

TO 33JaHe PIBHAHHA MA€E CiM'10 IHTErpaJbHAX HOBEPXOHD, 3aJICKHY
Bijl 10BINMbHOI cTasol. Beaxkarooun mykanow dbynkniewo z = z(z,y),
3aMIHEMO 33/]aB¢ DIBHSHHS PIBHOCHJILHOIO CHCTEMOO

0z 0z
9z _, 02 9m? 1. 2% = o 22.
o = % + 2zz + 2zy y Yy (22.24)

i mepeBipuMo it Hel BUKOHAHHST yMOBH cyMicHocTi (22.19):
dzy + 2x(—2y) — 0 —0- (222 + 222 + 2232 — 1) = 0.

Otxke, cucremy (22.24) MmoxHa 3interpysaru. Ilepuie 3 piBHsHB
y (22.24) niniitne BigHoCcHO 7 (siKINO 3adikcyBaty y). [HTerpyoun
fioro (3a dopmynowo (4.6) 3 Jekuil 4), 3HAXOAUMO

z=e* (/(2332 + 2zy? — l)e_szaz + C(y)),
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ne C(y) — AosinbHa qudepeHlifioBHa QYHKIis 3MIHHOI ¥. Ockinb-
KM

/(2362 + 2% —1)e”" dz = *Z/2e—x2+/2mze‘z2dw —/6‘22dx =
= —y2e—x2_ xe—zz +/e—12d$ —/6—I2d{lj = _(y2 + m)e—zz,
TO
(- ) > =l

Butepemo renep C(y) Tak, mob dbyHxuia z 380BOJIbHSIA ApYTe
pipnanHs 3 (22.24). Iudepenmioioun z = C(y)e® — y* — z 3a
3MIHHOIO Y, MAEMO:

gf = C’(y)e””2 -2y = C'(y)e’2— y=-2y =
Yy

Clyy=C = z2=Ce" -y —z. W

Pexomendosana aimepamypa: |3, c. 383 — 456|, [5, c. 463 -
470, |7, c. 282 — 300], [13, c. 325 -- 344], [16, c. 280 — 305].

IIutanHsa 1o gexuii 22

1. SAke piBHAHHA 3 YACTUHHAMM [OXIJHMMH TIEPILOrO MOPSJIKY [1a3H-
BalOTh KBa3lmiHIANAM?

2. Slkuil BHIVISLA Ma€ CHCTEMa XapaKTEPUCTHK JJIsI KBa3uIiHiiHOro
PIBHSHHSA 3 YACTHHHUMH IOXiAHAMM IEPINOro NOPSAKY?

3. 5sIk nobymyBaTH 3arajbHUi PO3B’I30K KBA3UIHIHOTO PIBHAHHA 3
YACTHHHHEMH [OXiJIHUMY IEPIIOro NOPAAKY 7

4. Ak dopmymoerbest 3ana4a Komi ans ksasininiiinoro piBuanns 3
YACTHHHMMH TIOXIHAUMM MepHIoro nopaaxy? fIk 3sHalTH po3s’s30K 3a1a-
uyi Komi juisi KBa3WIiHIIHOTO PIBHAHHA 3 YaCTUHHMMH MOXIJHHMH IICD-
HIOrO NOPSAKY?

5. Akuit 3araJIbHUA BHIVISAN Ma€ CUCTEMa HEHNIHHX piBHALL 3 Ya-
CTHHHAMH MOXiTHUMM [EPIIOro HOPSIAKY 3 JBOMA HE3aJe’KHHMM 3MIHHAH-
Mu? Sk iHTerpyloTecst Taka cuctema?

6. 1o HasuBaloTh piBusinaam [dbadbda? kit cucreMi piBnocuibue
e piBusunsa? koo € ymoBa nosHol inTerposrocti pisusinis [gadda?
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Bopaen mo seknii 22

1. Binrerpyiite KBas3inimiftui pisuanas:

39z

20z = 32, 6) 22392 4 y2 5 = 2%y

Oz — .

a) S

2. 3HaliniTh iHTEerpasbHi MOBEPXHI DiBHAHDL, AKI NIPOXOJATH yepes3
3a0aH1 JTiHil:

20 oz _ _ — 2.
a) y 5:;+:cya—;—m,as—0,z—y,

6) m%%—y%:z—my,m:l z=y?+1.
3. 3HaiixiTh MOBEpXHI, siKi 33I0BOJILHAIOTE piBusiHHsA [ldadda:

a) (z—y)dz + zdy —xdz =0; 6) 3yzdr + 2xzdy + zydz = 0.

Honarok 4.

3acTocyBaHHS MaTeMaTu4dHOro nakera Maple
JJid iHTerpyBaHHs PIBHSIHb 3 YaCTHHHUMU MOXiAHUMU
[EePUIOro MOPSAIKY

g inrerpyBanns JudepeHNiaJbHUX PIBHIHD 3 YaCTUHHAMHU
noxigaumu B Maple BukopucroByeThesi KoMaH1a pdsolve, noaibHa
10 xoMaHm dsolve, mus. [9, 12, 18.

Ipuknag, 1. 3inTerpysaTr piBHAHHSA 3 YaCTHHHUMM HOXiAHH-
MU TEPIIOTO MOPSJIKY % =2r+y—1, ne z = 2(z,y) (upuknan 1
Jgexnii 21, crop: 270):
> pdsolve(diff(z(x,y),x)=2%x+y-1);

2(z,y) = 2 +yr—z+ __F1(y).

IIpuknan 2. 3inTerpyBaT PiBHAHHA 3 YACTUHHUMM TIOXiIAHU-
2 wee
MM JIDYIOro MOPSLAKY 687517 = 1 (npuxaag 2 nekuii 21, crop. 271):

> pdsolve(diff(z(x,y),y,x)=1);
z(x,y) = _F2(x) + _F1(y) + y=.

IIpukinay 3. 3inTerpysary JiHiliHe OMHOPIAHE PIBHAHHA 3 Ya-
CTUHHUMH TIOX1IHUMH NIE€PLIOTO HOPAIKY ygg —w% = 0 (npuknaz 4
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nekuii 21, crop. 275):
> pdsolve(y*diff(z(x,y),x)-x*diff(z(x,y),y)=0);

z(z,y) = _F1(2® +4%).

IMpuxnan 4. 3inrerpyBary JiHiline ogHOPiAHE PIBHAHHS 3 Ya-
CTUHHHMH HOXIJIHMMH TEepHIOrO MOPAIKY mg—; + y% + z‘g—’; =0
(mpuksan 3 nekigi 21, crop. 274):
> pdsolve(x*diff (u(x,y,z),x)+y*diff (u(x,y,z),y)+

z*xdiff (u(x,y,z),z)=0);

u(zr,y,z) = _FI1 (2’ E).
'z
ITpuknapn 5. 3interpyBaru KBasininiline piBHIHHS 3 YaCTHH-
HUMHA TOX{JHAME TEPIIOro MOPSIAKY x%’i + yg% + z% = u (npu-
knag 1 jexuii 22, crop. 282):
> pdsolve(x*diff (u(x,y,z),x)+y*diff (u(x,y,z),y)+
zxdiff (u(x,y,z),z)=u(x,y,z));

Yy z
u(z,y,2) = _F1 (~, =)z
T x
Ilpuknapn 6. 3iuTerpyBaTn KpasllinifiHe PIBHAHHA 3 “[ACTHH-
HUMM NOXIJHAMH NEPUIOro MOpsAaKy
07 | 40z

e 8—x+y 8—y—ye

x

(npuxman 2 mexuii 22, crop. 282):
> pdsolve(exp(x)*diff(z(x,y),x)+y 2xdiff (z(x,y),y)=
y*exp(x)) assuming real;

_yefz yeln (v™) v P (y—ef)e "
y—e° y—e” - y '

Z($, y) -

KoucTpykniisi assuming real BKura jjd Toro, mwod nporpama
3pobusTa esAKi CIPOIIEHHS PO3B'A3Ky B MpHITYIUEHH], 10 BCi 3MiH-
Hi 1 PyHKUil € AificHUME. 3ayBaXkeHHs! OO BiACYTHOCTI MOMYJIsI
B apryMeHTy Jiorapudma aus. Ha crop. 117 y mpukmam 12.
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Hpuknaz 7. 3HalTH iHTerpajbHy IOBEPXHIO JIHIHHOIO OIHO-
PIAHOTO PIBHSHHS 3 YaCTMHHUAMHU NOXITHWMH IepPIIOro MOPSIKY

0z 0z
2 — _— =
(* + 1)=— + zy 5y

0
Oz ’

gka npu £ = 0 OPOXOIUTHL Uepe3 KpuBy 2z = y° (mpukian 6 je-
Kiii 21, cTop. 278).
3a JOmOMOroK MareMaTHYHOro makera Maple e MoxkHa 3Ha-

UTH po3B’a30K 3aa9i Komi 1yis1 piBHAHHA 3 YACTHHHUMU [TOXITHU-
MH B aHajiTmaROMY BErasgi (y surnan dbopmynn). Ane komanaa
PDEplot 3 makera PDEtools mo3Bosisie 1100yAyBaTH BiJIIOBIIHY iH-
TerpajibHy IOBEPXHIO HAGIM>KeHHMH MeToZjaMu (KOMaH/Ia OIIUCAHA,
y monarky 6 Ha crop. 339):
> PDEtools[PDEplot] ((x~2+1)*diff(z(x,y),x)+

xxy*diff (z(x,y),y)=0,[0,t,t~2],t=-10..10,2=0..20,

x=-10..10,numchar=200,scaling=constrained) ;
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Yopna Jimis Ha puc. 1 — me mapabona z = y?, mobyaoBaHa
y momuuHi £ = 0. Ilpononyemo umragaM camMocTiiiHO TOOyAyBaTH
rpadix byrkLil z = ;29% (po3B’a3ky mpukiany 6 gekuil 21) 3a 10-
IIOMOr0I0 KOMaH 111 plot3d, onuc Kol € y gomarky 6 ma crop. 338.

IIpuknazx 8. 3HaiiTy iHTerpanbHy HOBEPXHIO KBa3iIiHiHOTrO
pIBHSAHHS

0
oz

AKa NpH Yy = 2 NPOXONWThL Yepe3 KpUBYy z = x° (npukmaay 3 Jje-
Knil 22, cTop. 285).
Jnsi nobynoBu NiyKaHO! iHTErpaibHOL IOBEPXHI 3HOBY BUKOPU-
craeMo KoMaHay PDEplot 3 makera PDEtools:
> PDEtools[PDEplot] (x*diff (z(x,y),x)-2*y*diff(z(x,y),y)
=x~2+y~2, [t,2,t"2],t=-3..3,y=1..10);

%)
- 2y~z_ = .'172 + y2a
oy

-
—

[=2]

—_

&

faog gyt tdes Lot dyvva ke

N
[t]

72

Puc. 2
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Yopua JginHis Ha puC. 2 — e KPUBA 3 NOYATKOBUX YMOB, Yepe3
SIKY TPOXOIUTDb IHTEerpajibHa IIOBEPXHS.

Ipuknan 9. 3inTerpyBaTu cucreMy pPiBHAHL 3 YaCTUHHUMU
HOXIJJHUMHU HEPIIOro HOPSAIKY

(npuxag 4 sekuii 22, crop. 287):
> pdsolve({diff (z(x,y),x)=z(x,y)+y*z(x,y),
diff (z(x,y),y)=z(x,y) ~2+2*x*z(x,y)}) ;

{z(x,y) = 0}’

Hpuknaazn 10. 3inTerpyBaTn cucreMy piBHSHb 3 4aCTUHHUMMU

IIOX 1 THIMH
0z , Oz 1 2z

= mTEty Y
(npuknan 5 seknii 22, crop. 288):
> pdsolve({diff (z(x,y),x)=y"2,diff (z(x,y),y)=1/y~2+
2%z (x,y)/y-y2});

-1-3y*+ (3w+3_01)y3}
3y '
Inmi npuKnasm 3aCTOCYBAaHHS MaTeMAaTHYHOro nakera Maple

g inTerpyBanHs AudeEpeHIialbHIX PIBHAHD 3 YAaCTHMHHUMH IIO-
XigpmMm MOXHa 3HaiiTH B (9, 12, 18].

{z(z,y) =
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Pozain 5.
EJIEMEHTU TEOPIi CTIMKOCTI

Jlekuisi 23. OcHoBm Teopii criiikocTi po3B’a3KiB
AudepeHIiaJibHUX PiBHIHb

IInan

1. OcHOBHI O3HaYeHHsT i TIOHATTS.

2. JlocniizkeHHs1 Ha CTIMKICTh TOYOK CIIOKOIO.

3. CriiikicTp 33 nepumm HAOIHKEHHAM.

4. Kpurepii Payca — I'ypsina, JI'enapa — Illnmapa.

1. OcuoBHI O3HaYeHHA W NOHATTA. CTBOPIOIOYN MPUIAIK
91 KOHCTPYKIIii, sIKi BIAOBIJAI0TH IEBHUM yMOBaM, HeOOXiJHO 3HA-
TH, IK BecTHMe cebe 06’eKT Ipu HEeBEJIHKHX MePEepO3TOoNiIax Chl
abo npu 3Mini noyatkopux ymoB. Toit 06’exT, ekciuiyaTaniiini na-
paMerpH sIKOro He pearyiThb Ha i 3MiHA, HA3UBAIOTh CTIHKAM.

Bsarani, cropiofoun audepeHIiaabiy MOAEND IedKOT MPUKJIa-
IHO0T 3amad4l, 3a3BHYail IIKABJIATLCA HE 3arajbHUM, a YaCTUWHHHAM
PO3B’I3KOM AudepeHIiabHOrO PiBHAHHA, TOOTO PO3B’I3KOM, SIKHit
38/ J0BOJIbHSIE NeBHI o4aTKOBi yMoBu. OcTaHHi, SK MpaBuio, 6epy-
ThCsL 3 JOCTILY YU eKCIIEPUMEHTY, & TOMY 3a iX abComoTHY TOMHICTS
pyJaTucs He MOXKHa. Malouu He Ha yBa3i, JEKOJIN TIPUIYCKAIOTh,
IO HEe3HAYHI 3MiIHKM MOYATKOBHMX YMOB BHKJ/IMKAIOTH HE3HAUHY 3Mi-
HY CaMOro PO3B’si3KY, IHAKILIE KaXKydw, IO PO3B’SI30K HEIlepepBHO
SAJIEXKUTDH Bif [MOYaTKOBUX YMOB. AJle 1acTO He3Ha4Hi 3MiHE mo-
YATKOBUX YMOB 3yMOBJIIOIOTb ICTOTHI BiAXuWJeHHsI po3B’a3KiB. Ta-
Ki pO3B’I3KH HA3WUBAIOTH HecTilixumu. BoHu HaBiTh HabOMKeHO He
OMUCYIOTH SIBHIE YH OpPOIEC, SKi po3misigaoTbed. OTxKe, OTHEM
3 OCHOBHUX € MHTAHHS PO TaK 3BaHy CTIAKICTH pO3B’dA3KiB AW-
epeHIiaTbHIX PIBHSHL MIOAO PI3HOrO poAy 30ypeHb iX BXimHHX
JI@HUX, TOOTO HETOYHOCTEM 3aJaHHs WX JAHUX ([IOYATKOBUX Ja-
HUX, OpaBUX YACTUH PIBHAHBL TOWIO).

IMuranss crifikocri po3B’si3kie andepeHIjanbHuX piBHAHL —
npeaMer meopit cmitikxocmi poas’sasxkie. Teopia criiikocri 3a-
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CTOCOBYEThCA y baraThox obsacTax HayKH i IpUpPOOO3HABCTBA, Ha-
MPUKJI, MEXaHIIT, ekoJIoril, 6i0s10ril, eKOHOMII Ta IHIIKMX HAYKaX.

IlepeiineMo 10 BUKJIAJEHHA OCHOBHMX IIOHSTH Teopil CTiifiko-
cTi Gutemn crporo. IMosHaummo wepes y; = y1(t), y2 = ya(t), ...,
Yn = Yn(t) mificui dbyHKH{l, AKi XapaKTEPU3YIOTh CTAH MEXAHI4HOrO,
eJIeKTPOMEXaHIYHOTO M iHIIoro seuiia abo nponecy. Hanpukiaz,
TaK MOXKYTH [TO3HAYMATUCS KOOPIUHATH, IBUIAKOCTL, CHIK CTPYMIB,
BEJIMYHUHNA HANPYT, TeMnepaTypu abo dyHkuil nux semmaun. 1lpn-
MyCTHMO, IO NPONEC 3MIHA BEJIMYHH Y1, Y2, - - -, Yn 3 JACOM i OIH-
CYETHCH HOPMAJILHOIO CHCTEMOIO MU(PEePEHIATBHUX PiBHIHB

dy;

Ti't—:fj(t’yhy?""’yn)v j:1727""n7 (231)

3 II0OYaTKOBUMHU YMOBaMH

1 (to) = y10, v2(to) = %20, ---, Yn(to) = yno- (23.2)

SAxmo posrnAmaTH Y1, Y2, - - -, Yn IK KOOPIHHATH PyXOMOI TO-
4KHM, TO KOXKHHH pO3B’sI30K 3aja4i (23.1), (23.2) HasusaTmMeMO
PYTOM.

Axmo cucremy (23.1) po3rasaaTy Ha CKIHIEHHOMY IIPOMIKKY
[t —to| < T, To BiAMOBiIP Ha NUTAHHS PO BIJIMB MajUX 3MiH
HOYATKOBUX YMOB (23.2) Ha BiXUJIEHHsI PO3B’sI3KIB CHCTEMU 1€
TeopeMa 5 3 Jieknil 8. AJsie y IPaKTHYHHUX 33Ja4aX apryMentT (HuEM,
SK [PABHJIO, € 4ac) MOXe HeoOMeXeHO 3pocraTu. Tofi us Teo-
peMa He TapaHTye HEIepepBHOI 3aJIe2KHOCTI PO3B’sI3KiB Bl moua-
TKOBHX YMOB, TOOTO He3HAYHA 3MiHA [IOYATKOBUX YMOB MOXKE BH-
KJIMKATH ICTOTHI 3MiHM y NOBEAIHI PO3B’A3KY NPU HEOOMEKEHOMY
3pocTaHHi 3HaUeHHs1 apryMeHTa. OTiKe, HAMAM BBAXKATUMEMO, L0
t € [T, 4+00), T06TO 1aCc MOKE HEOOMENKEHO 3POCTATH.

Posp’s3ok y; = p;(t), j =1,2,...,n, cucremn (23.1) nasupa-
I0Tb CMEUKUM, AKIIO A Oyab-skux.€ > 01 i 2 T icnye gm-
cno § = &(g) > 0 Taxe, w0 NOBiIbHUI iHIIME PO3B’sI30K y; = y;(t),
j=1,2,...,n, niel x cucremu, no4arkopi 3HadeHHs y;(tg) sKOro
33JI0BONILHAIOTH HEPIBHOCTI
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BU3Ha4YeHHI 11 BCix ¢t 2 g 1 cipaBI KyroTbCA HEPIBHOCTI

|yj(t)—'(,0j(t)| <g 3=12,...,n, t=1g. (234)

[nmmmu caoBaMu, pose’sizok y; = ¢;i(t), 7 =1,2,...,n, cu-

cremu (23.1) € crTilikaM, KO KOXKHMiII PO3B’dA30K y; = y;(t),

$=1,2,...,n, cactemu (23.1) 3 NOYATKOBHMH YMOBaMH 3 $-OKOILy

roukn @;(to), j = 1,2,...,n, npu ty < t < 400 icHye i He BuXO-
JWTH 3 €-OKOJTy rpadika poss’asky y; = ¢;(t), j =1,2,...,n.

Posp’si30k y; = @;(t), 1 = 1,2,...,n, HA3UBaOTh ACUMNINO-

MUNHO CTNIUKUM, SKIIO:

1) Bin cTilikuii;

2) yci posp’sskn y; = y;(t), j = 1,2,...,n, cacremn (23.1) 3
JOCTATHHO OJM3BKMMH MOYATKOBUMHU ymOBaMu NIpH ¢ — -+00 He-
obMexxeHo HabmmKaloThea 10 ¢;(t), 7 = 1,2,...,n, T06TO0 3 HEpiB-
HocTi (23.3) BumLINBaE, 1O

t_ljgloo ly;(t) — i) =0, j=1,2,...,n. (23.5)

3ayBaxKUMO, IO YMOBH 1 1 2 LBOro O3HAUEHHSI He3aJIeXKHi: 3

ymoBH 1 He BuiHBae ymoBa 2 (60 3 (23.4) He Bumtunac (23.5)), a
3 YMOBHU 2 O3HAYEHHSI HE 3ABXK/M BUILIHBAE YMOBA, 1.

Posp’sizok y; = ¢;(t), j =1,2,...,n, cucremn (23.1) nasuba-
10Th Hecmitrum, Sk BiR He € crifikum. Le o3nayag, mo icHye
Take € > 0, mo It 6yIb-sKOro sIK 3aBroguHo majoro ¢ > 0 3Ha-
fierbest po3s’asok cucremu (23.1) y; = y;(t), 7 = 1,2,...,n, s
SIKOrO IPY BUKOHaHHI HepiBHOcTe#l (23.3) mpuHaitmui #Jst OHOrO
3HaueHHS j MaTuMeMmo, o |y;(t) — ,(t)| > ¢ ana gesikoro t > to.

Ak mpaBuno, Ans IOBEJEHHS HECTIAKOCTI PO3B’A3KY KOpH-
cryloThca HeoOMerkenicTio pismmmi |y;(t) — ¢;(t)| Ba inrepsaui
[to, +00) ab0 THM, 1O 115l PIBHUIE CTAE HECKIHYEHHO BEeJIMKOIO, KOJIX
t — +0o0.

Po3B’s130K (pyx), siKuil BiANOBigae mouaTkoBUM JaHHEM tg, Y10,
Y20, - - - » Yn0, HA3UBAIOTH HE3OYPEHUM, & PO3B’SI30K 31 3MiHEHHMHU
NOYaTKOBUMM JaHuMu to, §10, §20, - - -, Jno — 36ypeHum po3p’ss-
KoM (PyXOM).
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Hpuknag 1. Jocaidumu Ha cmitikicms pose’asku 3adayi Ko-
o __
wi y' = ky, y(to) = Yo
Poae’azanns. 3araibiuM po3s’s3koM pisasnHz € y(t) = Cet, a
PO3B’SI3KOM 331aHOT 3334l —

y(t) = yoekt=10). (23.6)

Samamo inmy nogatkoBy ymoBy §(to) = ¥o. Toml poss’sskom
i€l 3a1a4i (36ypeHuM pO3B’I3KOM) €

() = joc* =), (23.7)

Ouirnmo pisaumio poss’s3kis (23.6) i (23.7):
ly(t) = §(t)| = |yoe" 710 — foekt=to)| = eklt=to) 1y — o). (23.8)

dxmo k < 0, To e*1%0) <1 nng Beix t > ty. OTxke, sKIWO
lyo — Jo| < 6 =€, 1o 3 (23.8) Maemo, WO

ly(t) = §(t)] < lyo — %ol <e,

TOOTO PO3B’A30K CTIHKHA. VY IBOMY BHIIAIKY DO3B'S30K TAKOX
ACHMITOTHYHO CTIHKMIL, OCKIIBKH

lim_Jy(t) - 5(0)] = Jim_[yo — Gole" ") = 0.

Axkmo k > 0, To poss’si30k (23.6) Hectifikuit, 60 sikuM 6u He
6yno umcno tg, ang t > ty, Yo # Yo, pisHULA poss’sskis (23.6)
i (23.7) mpu 3pocraHHl ¢ cTa€ HECKIHYEHHO BEJIHKOIO, OCKIIbKM
Jm o — Jole" =) = 4 oo,

HAxuio £ = 0, T0 po3B’sI30K Yy = Yy CTiMKUN, ajile He ACHMITOTH-
4HO CTilikuit, 60 BUpa3 |yo — Jo| He npsAMYe J0 HyJ s, KOMA £ — + 00.
Bidnosidv: Posp’a3ox crifikuit, skimo k < 0, y ToMmy 9uchai acum-
OTOTHYHO CTiftkuii, sxmo k < 0, i necrilikmit, sikuro k > 0.
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2. Hocaim»kenHs Ha CTiIMKICTBh TOMOK cnokoro. Hocimxe-
HHsl Ha CTifKicTb 337aHOro posp’asky ¢1(t), ..., @n(t) cucremn
(23.1) MoxxHa 3BeCTH 10 JOCIHIIKEHHS HA CTIHKICTh TPHBIAJILHOLO
(HynBbOBOrO) PO3B’A3KY AesiKOl iHIIOI cucreMu. JIist Uporo y cucte-
Mi (23.1) mepeiizemo m0 HOBHX HeBigoMuX byHKIH

SCj(t) = yj(t) - (,Dj(t), ] = 1)27~ -, (239)

Otxe, vepimomi dynkuil z;(t), j = 1,2,...,n, - ne BiaxwmieHHs
cTapux HeBimoMux pyHKMii Big PyHKIH, sTKI BXOAATD ¥ PO3B’SI30K,
IO AOC/IIPKYEThCs Ha, CTiliKicTb. Bemmmuunn «;(t), j = 1,2,...,mn,
Ha3uBalOTh 36ypennamu. [lincrasnsoun (23.9) B (23.1), maemo

Y(0) = 2(0) + 4(0) = F(b () + 1), Tal®) + gul) =
(E; = fj(t)wl +‘P1»---»xn +(Pn) - fj(tHPla---,‘Pn)v (2310)

fej=1,2 ... ,n. Pipusnusa (23.10) HasuBaiors qudepeniiiaibHu-
Mu piBHsIHHSIME 30ypenoro pyxy. Koxusomy pyxosi cucremu (23.1)
Bianosinae wacTuHHEA poss’ssok cucremu (23.10). 3okpema, we-
36ypeHoMy pyxoBi cucremu (23.1) Biznosinae rpuBiajbEUit po3B’d-
30K

z;(t) =0, j=12,...,n, (23.11)

cucremu (23.10). Poss’sizok (23.11) xapakTepHH#t THM, 1[0 TOYKA
(z1(t),...,zn(t)) He pyxaeTbest 31 3MIHOIO ¢, a 3HAXOAUTHLCH Ha Mi-
cii. Tpueianpauit poss’ssox cucremu (23.10) i rouky (0,0,...,0)
y L[BOMY BANAJKY HA3UBAIOTH NOAOHCEHHAM PI6HOBA2U CUCTEMH
(23.10) abo mouro0 cnoxoro.

Orxe, 3ama4a pocaizzennst cTiHKoOCTi (aCHMINTOTHYHOI cTiil-
KoCTi, HectifikocTi) Toukm crnokow cucreMu (23.10) piBHOCHIBHA
3a7a4i TOCaiIKeHHsT cTiffkocTi (aCUMITOTHYHOI CTIKOCTI, HecTilt-
KocTi) po3e’si3ky cucremu (23.1). 3 ypaxyBaHHAM [BOIO O3HaYeH-
HS CTIAKOCTI T8, ACHMIITOTHYHOI CTIHKOCTI MOXKEMO C(hpOPMYITIOBATH
imaxime.

Hexait y cucremi (23.1) f4(¢,0,...,0)=0,5=1,2,...,n. Tpu-
BlasibHUl po3B’asok @;(t) =0, j =1,2,...,n, cucremu (23.1) Ha-
3UBAIOTH CMMAtKUM, SKIIO Jis JoBineHOrO £ > 0 icuye d(g) > 0
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TaKe, IO KOXHHI pO3B'A30K Y; = y;(t), j = 1,2,...,n, Tiel x
CHCTeMH, [I0YaTKOBI 3Ha4eHHs ¥;(tp) AKOro 330BOJILHSIIOTH Hepis-
vocti |y;(to)| < 6, 5 = 1,2,...,n, BusHauennit jyuist Beix ¢t > tg i
BHKOHYIOTbcA HepiBHOCTI |y;(1)] < e, j = 1,2,...,n, a1 t 2 to.
dkmo, kpim Toro, lim |y;(t)] = 0, 7 = 1,2,...,n, To Tpusi-
t——+4o0

anpHUl po3B’sz0K (1) =0, 7 = 1,2,...,n, aCUMNMOMUYHO
cmitikud.

Orxe, crifikicTs TpwBlaJbHOrO PO3B'SIBKY 03HAYAE, IIC Tpa-
EKTOpIisi JOBIILHOTO DPyXy, IOYATKOBA TOYKA SIKOI 3HAXOIUTLCS
y JOedkoMy 0-0Kosii MOYaTKy KOoOpIMHAT (PasoBOro IMpoCTOpY
(Y1,Y2,---,Yn) cucremu (23.1), anst ¢ > to He BUXOAMTH 3a Mexi
JIOBIJIBHOI'O €-OKOJIYy TOYKH CIIOKOIO.

Jlerko nmokasaTu, 10 I1e O3HAYEeHHs CTIHKOCTI MOXKHa, 3aMiHUTH
TAKMM: IJIs1 KOXKHOro € > 0 3maitnerncst § > 0 Take, mio 3 Hepie-
nocti Y3 (to) + y3(to) + . .. + y2(to) < 6 BummmBaTMMe HepiBHICTH
Y2(t) + y2(t) + ... + y2(t) < € aaa Beix t > to.

IIpuxnan 2. Jocaidumu na cmidixicms mpusiaavhutll po3e’s-

sox cucmemu &' = — y, y =z, axud nput =ty = 0 nabysae 3Ha-
werwHa T = Zo, Y = Yo.
Posg’azarns. Posp’asyodn cucreMy i BpaxoBYIOYH TOY4TKOBI
VMOBH, 3HAXOAUMO & = Tgcost — Jpsint, y = Tgsint + gy cost,
3Bigku 22 + y2 = :':3(2, + g}%. g 6ynp-sikoro 3agaHoro € > 0 mocurts
B3aTH § < €, aJKe AK TUIbKU T3 + 8 < 62, To 22 + 42 < €2 pya
Bcix £ > 0. OTxe, po3s’s3ok £ = y = 0 € crifikum. B

IIpuknan 3. Jocaidumu va cmilixicms MoKy cnoxoo cucme-
mu x! = Y, yl =2z + Y, iL‘(O) = Zo, y(O) = gO-

Pose’asanna. Po3p’sizyloun cmcreMy, 3Haxomumo © = Cie? +
+ Cae™t, y=2C1e* — Cre™t. BpaxoByloun no4arTkosi ymoBH,
omepxyeMo, mo C1 = (Zg + ¥0)/3, C2 = (2To — ¥o)/3, a TOMy

Fo+ G0 o 2E0 — i)
_ 0+y062t+ 0 yOe—t

2Zo — Yo -+
3 3 '

3
Tloknamemo Yo = 2%g. Tomi, sikuMm 61 MaauUM He Oyso umcao T,

dyukuii |z| Ta |y| HEOOMeKEHO IPOCTATUMYTB IIPH £ — +4-00, & TOMY
po3B’a30K T = y = 0 € necriiikum. B

2 .
’ y“__g(I0+y0)62t_
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3. CrilikicTp 3a nepmum HAGIMXKEeHHAM. Y OPUKIANAX
1 — 3 audepenuianbhi piBHsHHA ab0 CHCTEMH MOXKHA 3IHTErPY-
BaTH Uepe3 eJeMeHTapHi yHKIHI. Y TaKuX BHUIAIKAX JOCTIIATH
CTifKICTD PO3B’I3KiB MOKHA He3 0COBJIUBHX TPYIHONIIB. AJle 3 Ipa-
KTHYHOI TOYKY 30Dy BasK/IMBO BMITH JOCHIXKYBaTH Ha CTiMKICTb
posp’s3km cucremu (23.10), He mMaroun Ti 3arajbHOIO pO3B A3KY.

[Tpunycrumo, mo mpasi wactunu cucremu (23.1) nemepepBHi
pa3’oM 3 YACTHHHUMM NOXiJHMMH JI0 APYTOrO MOPANKY BKJIIOYHO.
Hexait y;(z) =0, j = 1,2,...,n, - Touka cnoxowo cucremu (23.1),
106710 f;(t,0,...,0)=0,j=1,2,...,n. Bukopucrosywouu dbopmy-
ay Teiinopa B OKOJi MOYaTKy KOOpAMHAT, cucreMy (23.1) MoxeMo
3allACATH Yy BHIVIAL:

dy; 0f; of;
=1 = £5(£,0,...,0) + =L g+ =L Cyat ...
dt T oy (£,0,...,0) Oy2 (£,0,....0)
Of; .
6—fl Yo+ Rj(t,y1,..,yn), J=12,...,n,
Yn l(t,0,...,0)
ne Ri(t,yy,- .., Yn) MicTATD JONAHKH HE HHWXKYE JPYIOro NOPSAKY
. af; .
. Skmo nosHaguT L = a4;(t) 1
BIIHOCHO Y1, Y2, - - - ; Yn- SAKIIO 1103H 3 (0,0 — 9i(t)
spaxysaty, wo f;(£,0,...,0) = 0, To OCTATOMHO MaEMO cUCTEMY

y; = aj1(t)y +ajp(t)yz + ... + ajn(t)yn +
+Ri(t,y1,-- - yn), J=12,...,n. (23.12)

CucreMy piBHSHL
Y = aj(tyr +ajp(t)ye+ ..+ ajn(yn, 3=1,2,...,n, (23.13)

HA3HUBAIOTH CUCTNEMOI0 NEPULO20 HADAUMNCEHHA, A 33Ja1y Ha
CTIAKICTDL TOYKH CIOKOIO IH€] CHUCTeMHM — 3aJadei0 Ha CTIHKICTb
pPO3B’s3KY B HEPHIOMY HAOJIMKEHi.

3ayBa>kuMO, IO JOCI/PKeHHs! Ha CTiKICTh TOYKH CIIOKOIO [1J1s1
ainiirol cucremu (23.13) € noci He po3B’si3aH00 HPOGIIEMOIV, 60 HE
icHye 3araJibHOrO Cnocody iHTerpyBaHHsS cHCTEMH JiiHIfHUX nude-
peHIiaIbHUX PIBHAHD 3 JOBUIBHHMHU 3MiHHUMH KoediuieHTamu.
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Posraisinemo okpemuit Bunagok cucremu (23.13), xomm i1 koe-
diuienTaMu € crai:

y; :a'jly1+aj2y2+"' +ajnyn, ] = 1,2,...,", (2314)

i JOCJHIAMMO DWTAHHS TPO CTIHKICTh TPHBIANBHOrO PO3B’A3KY CH-
cremu (23.14). Haranaemo (mekuist 19), mo po3s’ssku i€l cucremu
MaIoTh BUMMIAN y1 = A1t yo = Ageb?t, ...y, = Apeft, e
ki, kg, ..., kn — xapakrepucTnyni uncia cucremu (23.14), a s
icHyBaHHA HETpUBIAJILHUX PO3B’s3KIB HEOOXiAHO H HOCHTDH, MO0

ayr — k a2 Ce Aln
asy agy — k ... agn -0 (23 15)
QAn1 ano cer Opn—k

PosrnsseMo okpeMi BHIaKH, [IOB's13aHi 3 BUIVIAAOM KODEHIB
piBrsHEA (23.15) (xapakTepucTmaHuX 4ncen cucremu (23.14)).

1. Sxwo eci xapaxmepucmuuni wucaa cucmemu (23.14) ma-
tomy 610’ emni diticns wacmuru (mobmo abo eonu diticni 6id’em-
Hi YUCAT, aD0 KOMTAEKCHT “UCAQ, OLCHI “ACTMUNHYU AKUL 610 cm-
Hi), mo mpusiaavHul po3e’ssox cucmemu (23.14) acumnmo-
muyno cmidixud. TlpunycraMo, mo yci XapakTepucTHUHI 4HCIa
ki,ko,...,kn mpocri i pificai. Ockinmbkm k; <0, To BCi dyn-
KOl 35 = Aijékft OpAMyIOTh OO0 Hyjas npu t — +oo. HAxumo
ki =aj +1iBj, i = V-1, a;j <0, 10, nomaswm e** y Tpuromo-
merpuaniii hopmi ¥t = e®t(cos Bjt + isin 3;t), nepexkonyeMocs,
wo opa ¢ — +0o ynkmil y; = Aijekit — 0 (sxmo a; < 0, To

. ligrn eyt = ). ITi BUCHOBKHM He 3MIHSATbCHA, SIKIO JAEAKI 3 Xa-
—+00

pakTepuCTHYHUX 4mces (abo Bci) € KparHumu. Crpasai, sIKIIO
uncno k; Mae KpaTHiCTB §, TO HOMY BLINOBIIAIOTH PO3B’A3KH
P,_1(t)e*, ne Ps_1(t) — mHOrO4IEH cTEneHs, He BALIOro 3a §— 1, i
t_l)i+moo ebitP,_1(t) =0, 60 k; < 0, a mokasHuKOBa. (yHKIist 3pOCTAE
MIBHIIE, HIXK CTEHEHEBA.

2. Hxuwo wowa 6 0dne TAPAKMEPUCTIUMHE HUCAO CUCTEMU
(23.14) mae dodamny diticny wacmuny (mobmo abo ue wucao doda-
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mue, abo Komnaexcrue 3 000a6MH010 JiGCHOI0 YACMUKOI0), TO MPU-
siaavnuti po3e’a3ox cucmemu (23.14) necmitixuti. Cupasi, y 1po-
My BHN3JKY NpHHAAMHI omHa 3 dynkuii eFit, k2t | eknt ge-
0OMEKEHO 3POCTaE 3a MOIYJIeM NpH t — 400 1 TOMy 3arajibHAR
PO3B’I30K CHCTeMH HeoOMEeXKeHO 3pocTrae ImpH 3poctanHi t. Orxe,
po3B’st3ku, 6su3bki 4o Toukm cmokow y; = 0, j = 1,2,...,n, 3a
MOYATKOBMMHM JAHUMH, 31 3pocTaHHsM § HeoOMeXkeHo Bij Hel Bil-
JAJISITHMY THCSH.

3. Sxwo ceped xapaxmepucmuvHuz wuces cucmemy (23.14) ne-
Ma€E yucea 3 000amuumu GHiCHUMY YACTNUHAMY, GAE € POCTNE U~
CAG 3 HYABOEOY JLCHON NACTMUHON, MO MPUBLAALHUT D036 A30K
cucmemu (23.14) € cmitixum, ane He ACUMNMOMUNHO CTNITKUM. Y
npOMy BHIAJKY Bei y;(t) obMmexeni 3a Moaysem st 6yab-sIKOro
t > tg, AKUMHU 6 He Oy MOYATKOB] 3HaveHHst nux (gpyHkiiin. Or-
xe, 1y1s 6yap-sikoro € > 0 3uaiigerhest take § > 0, mo upu subopi
[giol <4, 5 =1,2,...,n, 6ynemo marn |y;(t)] < e anst Beix t > to.
3HauMTh, TPUBIAILHAI PO3B’A30K cucremu (23.14) € criikum. Ase
BiH He aCMMNTOTHYHO CTiliKmit, 60 aJist JOBUTLENX 50 He OymyThb
OZIHOYACHO NPAMYBaTH 10 Hyns Bei byHKuii y;(t) upu £ — +oo.

4. Axwo ceped xapaxmepucmusnur yucea cucmemu (23.14) ne-
M€ wucen 3 dodamuumu JitiCHUMI HACTRUHAMU, GAE € KPAHE Y-
CAG 3 HYA0BUMU FRICHUMU HACTIUNAMY, TRO MOICAUBE AK CTNITKI,
Max 1 HECTNIIKE MPUBIAALHI PO36 AIKU.

[MosepHiMoch 10 cucTeMu Tiepiioro Habnmxkenns (23.12).

Teopema 1 (JIsimynosa). Hexati dynwuii R;(t,y1,...,Yn),
Jj = 1,2,...,n, y cucmemi (23.12) nenepepeni 3a cyxyniicinio
SMINHUT T HECKIHUEHHO MAAT BUULE NEPULO20 Nopadky npu y; — 0,
1=1,2,...,n, mobmo dan eécix t >ty @ |y;| < d, 7 =1,2,...,n,

IRy, gl S M (™ + gl ™+ 4 Jyal )
abo
IR;(t,y1, -, ym)| SwWyl, 5=1,2,...,n,

de lyl=/y3+ys+...+y2, a,M — dodamni cmani, w(y) — 0
npu |y| — 0. Hexat, xpim moeo, a;i(t) = ajk, j,k = 1,2,...,n, de
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aji — cmani. Todi axwo Tapaxmepucmuwni wucaa cucmemu (23.14)
MA0Mb 610 emui JTCHT HACTNURY, MO MPUBTAALOHUT PO3E A30K CU-
cmemu (23.1) acumnmomuyuno cmitikuti; akuo zova 6 odne Tapa-
KMEPUCTIUYHE “UCAO MAE dodamuy ilicHy “aCMUHY, Mo MpPusi-
anvruti pose’asokx cucmemu (23.1) necmitixud.

SAKkio mgiifcHI 9aCTHHHU BCIX XapaKTEPUCTHYHHX YHUCeSl HEI0Ma-
THI, npryuoMy JificHa 4acTHHE X04a 6 OHOrO 3 HUX JOPIBHIOE HYJIIO,
TO NOCJIIKEHHsI Ha CTIHKICTh 3a mepuiuM HabIMKeHHsM, B3aradi
KAXKY'IH, HEMOXKJ/IHBe (MOYHHAIOTH BIJIMBATH HediHiinI wienu R;).

Ipukaaxn 4. Jocaidumu na cmitixicms 36 nepwum Habauice-
HHAM MPUBIAALHUTL PO3E A30K CUCTEMU

{3:’ = /T 4y — e3ety)

y =sinz + In(1 - y).

Poss’szarns. BukopucroByioun dbopmysy Teinopa qyis pyHKIH
f(z,y) mBoX 3MiHHEUX 3 3aJMIIKOBUM ‘wieHOM y dopmi [leano i
OOMEKUBIINCH TOXIJHEMH HEPIIOrO IOPSIIKY:

f,y) = £(0,0) + £2(0,0) - = + £,(0,0) - y + o(p),

Ie p = /12 + 32, o(p) - HeckindeHHO Majia BesMduHA 1IpH P — 0
GizbIl BUCOKOTO MOPAAKY, HIK p, BUAIMMO JIHIAHI 9aCTHHA Npa-
BHX YaCTHH CHCTEMM:

V1+dy — @ = 35—y + R(z,y),
sinx + In(1 —y) =z — y + Ro(z,v),

ae bysxuii Rj(z,y) = o(y/2?2 + y2), j = 1,2, 3a.00BONLHSIOTH yMo-
BH Teopemu 1.
3HallIeMO XapaKTePUCTHYH] YUCHa BiAIOBIIHOI CHCTEMH TEp-

HIOr0 HabJIMXKeHHs
{w’ = -3z —v,

!

y=z—-y.
Maemo

-3-k -1

— 2 — - _
1 _1_k(—0 = k°+4k+4=0 = k1,2— 2.
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Ockinpku 061182 XapaKTEPUCTAYHI Yucia Bik'eMHi, TO TpUBI-
anpHUR PO3B’SI30K 3aJIaHOI CUCTEMH aCUMOTOTHYHO crifikuit. M

4. Kpwnrepii Payca — I'ypsiua, J’enapa — IIlunapa. fx
BHILIMBA€E 3 IYHKTy 3 JIEKIil, pO3B’A3y10uM 3aJati Ha CTiMKICTb
I cucreM nudpepeHLiaNbHINX PiBHSHD 3i cTanuMu KoedirieHTaM,
BAYKJIMBO 3HATH 3HAKY JOiMICHMX YACTMH XapaKTEPUCTHYHHX UHCE.

PosrasineMo anrebpudHe piBHAHHA

agk™ + a1k 1+ ... tan1k+a, =0, a>0. (23.16)

Haranaemo nesiki TBEPHKEHHSI, [OBEIEHHSI AKHX MOYKHA 3Ha-
ATy y mppydHAKax 3 fAiHifteol anrebpu.

Heobxidnoto ymoeot0 moz0, wWo 6ci Jitichi “acmuHy KopeHic
pienanua (23.16) eid’emni, € nepisnocmi a; >0, j =0,1,...,n.

Tenep naBeneMo HeoOXinHi i AOCTATHI yMOBH, 33 BHKOHAHHS
AKHX MiHCH] YaCTHHU XapPaKTEPUCTHYHUX quces OyayTh BiL eMHu-
mu. [Tosnaummo

a a a) Qg 0
1 0
Ar=a;, A= as a Azy=)az a a |, ...,
as a4 ag
ay ag 0 0 . 0
as a9 ay ag o 0
An = ’
an—1 02n—2 Q2n-3 a2p—4 ... G

Je aj = 0, aKmo j > n.

Teopema 2 (kpurepiit Payca — I'ypsiua). [Jiticni wacmu-
Hu xopenie pienanna (23.16) 6id’emmni modi { miavku modi, xoau
A;>0,7=1,2,...,n

Teopema 3 (kpurepiit JI’enapa — IIunapa). Jiticns wa-
cmuny xopenie pienanna (23.16) 6id’emni modi i miavku modi,
xoau a; > 0,7 =0,1,...,n,1

An—l > 07 An—3 > 0) An75 > 01
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Ipuknag 5. Jocaidumu Ha cmidixicms movky Cnokow pieHs-
nna Y'Y + 5y + 13y" + 19y’ + 10y = 0.

Posze’szannsa. Cropucraemocs kpurepiem Payca - Typsina.
Ockinbku
5 1
A; =5>0, A2_119 13’>0,
Az3=119 13 5 |>0, Ay= =10-A3z > 0,
0 10 19 0 10 19 13
0 0 0 10

TO TOYKA CHOKOIO acUMNTOTHYHA cTifika. M

Ipuknazn 6. Jocaidumy Ha cmitixicms mowky cnokoio pieta-
nna yV + 4y + 16y™ + 25y" + 13y’ + 9y = 0.
Poze’azamnms. Ockinpku Bci KoedilieHTH XapakTepHCTHYHOIO
piBusHEs k% + 4k* + 16k + 25k2 + 13k + 9 = 0 noxarwi i

4 1 0 0
401 25 16 4 1
A2“'25 16}>0’ Bi=19 13 25 16| %

0 0 9 13

TO 3rifiHo 3 xputepieM JI’enapa — lllunapa Toxka CIIOKOI0 33JaHOTO
PiBHSIHHST ACUMIITOTHYHA cTiiika. H

Pexomendosara aimepamypa: 3, c. 271 — 281, 289 - 296),
[5, c. 390 - 416}, [7, c. 229 - 241], [10, c. 81 - 100], [16, c. 231 - 252).

ITurauus go aekmii 23

1. IlTo BuBuae Teopis criikocTi po3s’s3kis gudepenniaIbHEX PiB-
HsiHb? YoMy Tak Ba)KJIMBO 3 TPAKTHYHOI TOYKH 30Dy 3HATH, YH € PO3B' -
30K JudepeHIiaIbLHOrO piBHAHHA a00 CHCTEMHU CTittkum?

2. Skuit po3B’s30K cucTemu gudepeHIiaNbHUX DIBHSIHD € CTIKHM,
ACHMIITOTHYHO CTifikuM, Hectiiikum? Jlaiite reoMeTpuyHi TPAKTYBaHHS
X TOHATD. \

3. Akuit po3s’s130k cucremn audepenHIiaNbHUX PIBHAHb HASHBAIOTH
He36ypeHuM (30ypenmnm)?
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4. Illo HA3MBAIOTD IOJOKEHHAM DIBHOBATU (TOYKOIO CIOKOIO) CHCTe-
mu?

5. Y yoMy mossira€ OCHOBHA, 1/1es1 IOCJILI2KEeHHS Ha, CTIMKICThL pO3B’s3-
Ky B IEpPIIOMY HaOJIiKeHH]?

6. Ak mocaiauT HA CTIRKICTD TOUKY CIIOKOIO HOPMAJIBHOL CHCTEMH 31
cTanumu Koedimienramu? Konu TOUKa CIIOKOIO € aCUMITOTUYHO CTIAKOIO,
CTIIIKOIO, &Jle HE aCHMITOTHYHO CTiiiKow0, HecTifikow? Skmmn nosuHHi
OyTH XapaKTepHUCTUUHI Ynchaa, mob cucremMa MOTJIa MaTH fK CTIHKi, Tak
i Hecrifiki TpusianbHi po3B’a3Ku?

7. Ak dbopmymooTses kpurepil Payca — I'ypsina i JI’enapa — lu-
napa Mpo HeBiJ €MHICTh JICHUX YACTHH XapaKTEePHCTHIHUX yucen! fk
i KpATEPil BUKOPUCTOBYIOTH [JIsl AOCJIIIMKEHHs Ha CTifikicTh po3s’a3KiB
ninifieux pispsans (cucrem) 8i cranumu Koedinienramu?

Brpasu go nekuii 23

1. BukopucroByour 03HaYeHHs CTIMKOCT1, JOCILOITE Ha CTiHKiCTD
po3B’sa3kHM 33024 Kol piBHAHL 1 cueTeM:
a)y' =2x(1+y), y(0)=0; 6)y =y+z, y(0)=1;

5) y'=-y—9z, y(0)=0,
Z=y—=z, 2(0)=0.

2. HocnimiTe HA CTIAKICT TOYKY CNOKOIO CUCTEM:

Y1 = —y1 +y2 + Sys, Y1 = —2y1 — Yo,
a) Y5 = —2y1 + y3, 6) yé =y - ?yz,
Y3 = —3y3; vh = y1 + 3y2 — v

3. JocainiTe na CTifiKicTb 34 MePIIMM HabJIMKEeHHSAM TOUKY CIOKOIO
cUcTeM:

a) {y’=3yz—y+z, ){y’z—y+z+y2sinz,

2 =4y + 2% + 2y - 3z; 2

2/ =—y—4z+1—cosz”.

4. Bukopuctosyioun kputepil Payca — I'ypeina abo JI'enapa — I1lu-
Hapa, KOCHigiTh Ha CTilKicTh TpUBiajbHMIT PO3R’A30K PiBHAHD!
a)y" =3y +5y=0; 6)yY +4y" + 7y +6y' +2y=0;
B) yV + 4y — 5y + 15y" — 3y’ + 12y = 0.
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Jlekuisa 24. Meron, dbyHKuiit JIsnynosa.
dazopa IJIOLIIUHA

Ilnan

1. HocunimxeHHs Ha cTilikicTh 32 MerojoM byHKIii JlamyHoBa.
2. Knacudikaris TO90K CHOKOI0 aBTOHOMHOI CUCTEMMU.

1. JocaipkeHHs1 Ha crilikicTb 3a MeTomoM yHKUIH
JIsnyHnoBa. Ha monepeaniit nexnil BUBYAINCH AesAKI NHTAHHS, TO-
B'sI3aHi 3 JIOCTIiA2KEeHHSIM Ha CTiMKicTh po3B’A3KiB HeminifHuMX cH-
creM nudepennianpHuX piBHAHB. [IpH LLOMY BHKOPHCTOBYBAJIAC
BignoBigHa cucTeMa mepmoro HabMkeHHs. AJle 3aMina HemiHiiftHOT
cucremu (23.12) niniiinoio cucremoro (23.13) € dbaxTH1HO 3aMiHOI0
ofui€el MpodieMH HIIOK 1 MiXk HUMU MOXe He OyTH HIYOTO CIIiJib-
HOro. MozkHa HaBECTH IPUKJIAIM TAKUX CHCTEM JudepeHIialbHux
PIBHSIHB, JOC/IJIXKEHHS SKUX 3& MEpPIIUM HaOIM>KeHHIM Ja€ CTiit-
KicTb HE30YPEHOI'o PyXy, X0Ua HACTIpaBl BiH HecTiMKuUi, 1 HaBmaKA.
Boanouac Bimomi mpukJamy, kKo mepuie HablIMKeHHs IIOBHICTIO
po3B’siaye mpobaeMy CTIHKOCTI.

HacTtynna TeopeMa mae Bimnopigp Ha MHTAHHS [IPO CTIHKICTH
1 acMMOTOTHYHY CTIMKICTH TpHBiaJbHOrO Po3B’s3Ky Yy;(t) = 0,

7 =1,2,...,n, HopMaJIbLHOI HENiHIHHOI cHCTEMU
]:fj(tvylv"'ayn)a j:1727"'7n' (241)
Teopema 1 (JIamyHoBa). Sxwo icnye dudepernuitiosra dym-
wyia V =V (y1,...,Yn), #%a 3a0060avHAE YMOBU:
1) V> 0:i V =0 missxu modi, koau y; = ... =y, = 0,
2) noswa noridna dymxuii V esdosorc gﬁaaoeoi’ mpaexmopii
(mobmo 63doeorc pose’asky y;(t), j =1,2,...,n, cucmemu (24.1))

nedodamna, mobmo

oV dy; aV
Z d—t]— f](t un,. ayn)<0

das t 2> to, mo mpuslasvhul pose’azox cucmemu (24.1) cmitixud.
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Axuo 3amicmvd ymoeu 2) GUKOHYEMBCA HEPIBHICTL

dV

0
o STA<

daat >t >ti0<8 <yd+...+92 < &y, e 8y, 6o, B - cma-
A, mo mpusiaavhud poze’asox cucmemy (24.1) acumnmomuro
cemitixud.

JloBemenna miel TeopeMH MOXKH& 3HAUTH, HANPUKAAL, B [3,
c. 281 — 284].

Oyukiio V 3 Teopemu 1 HazuBaloTs PyHrULeIO ./Iﬂnyuoea
SaranbHoro cnocoby mobynoeu (byHKIJ,n JIsnysoBa Hemae. i pexo-
MEH/Iy€ThCs INYKATH y BUrIsal V = Z ai;Yiy;- 3 ymosu 1) Teope-

i,j=1
Mu 1 BUILIMBag, MO KBaaparudua popMa V nmoBurHa O6yTH 10AATHO
BU3HAYEHO. SKMM umHOM BHOpaTh KoediuieHTH a;j, mob dopma
V Oyna JOAATHO BH3HAYEHOIO, BKasyeTncs y kpumepii Cuavee-
cmpa, BigoMoMy 3 Kypcey aiarebpH: norpibno, mob

air --- Qain
>0, ..., «or e ... | >0

Apy --- Qpp

ailz a2

a1 >0
T | a2 a2

V npocrimmx Bunaaxax dyuknio JIsyHoBa LIyKaloTh y BH-
rasgi V(z,y) = ax?+by?, V(z,y) = ax? +byt, V(z,y) = azt+by?,
ae a > 0, b > 0, Tomo.

Npuxaan 1. Jocaidumu na cmidikicms mpueiaavHuti po3e s-
30K cucmemu

o' =—2°—y, y =z -9
Posze’sazanns. Posrusinemo dynkuio V(zr,y) = x? + y*. Bona
3a10BOJIbHsIE 00MBl yMoBH Teopemn 1. Capasm, V 2 01V =0
TUIBKHA TOA], KoK & = Y = 0; B3/I0BXK PO3B'fI3KY &, Y CHCTEMHU

dV._0oVdzx 0oV dy

Gt Ordt oy dt
=-2(z%+y* <0

= 22(-2° —y) + 2y(z ~ ¥°) =
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3rimHo 3 TeopeMor 1 TpuBiaNbHUMIT PO3B’A30K CUCTEMHM CTilikmii. A
OCKUJIBKY 11038 OKOJIOM HOYaTKY KOODIUHAT (:c2+y2 24 > 0) maemo
‘fi—‘t/- < —B <0, me B — minimym dyskmii 2(2® 4+ y*) nosa komom
z? + y2 = §, TO po3B’s130K = = y = 0 acuMOTOTHYHO cTilikumit. B

Ilpuknan 2. Jocaidumu na cmitdxicms mpusiaivsHul po3e’sa-
30K cucmemu

o =20~ 2% Y = —e -y’ -y

Poze’sazanna. Ulykaemo <dyskmito JlaoyHoBa y  BuHmIsl

Viz,y) = Vi(z) + Vo(y). Toxi

v ov 0
=g hlew+ G Ry =
= Vi(@)(2® - 2%) + Vy(u)(-2 ~y° - y°) =

= —2V{(z) — (¥° + 4°) V3 () + 24° V{ (z) — 2 V5 (y).

Hexait, manpuknaz, 2y°V](z) — xVj(y) = 0. Toxni

Vitz) _ V3(y) Vi(z) V() _
= o = o M 0 p (@ =const) =
Vi) = 5% Wa(y) = 5ot

Hexatt u = 2. Tomi V(z,y) = 22 + y*, V(x,y) > 0, axmpo 2+y2#£0
i V(0,0) = 0. Okpim Toro,

v oV 17)% 6 6 8
—_— = — =— 4 4y°) < — 0
p” &Ehww+8thw) (%4-y+y)\ B <0,
ne B — mimimym dbynkuii f(z,y) = 225 + 4y + 4y® nosa xonom 3
HEHTPOM y MOYATKY KOOPAMHAT. 3 TeopeMH 1 BUIJIMBAE aCUMIITO-
THYHA CTIHKICTh TpHBiaJLHOrO po3B’sizky cucTemu. M

IIpononyemo 4YnTadaM caMoCTIiHO MEpEKOHATHCA Y TOMY, LIO
JATH OIHO3HAYHY BIANOBIIb MPO CTIAKICTh TPUBIAJBHUX PO3B’A3KIB
CUCTEM 3 NPUKJAMIB 1, 2 3a nepiuuM HaOMKEHHAM HE MOXHA.
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2. Knacudikanis TOYOK CIIOKOIO ABTOHOMHOI CUCTEMM.
PosrnsiHeMo moBeniHKy Ha asosili miompai R? dazosux Tpae-
KTOpiii aBTOHOMHOI CHCTEMH DiBHSIHB

% =Plzy)
at D 24.2
W _ Q(z,y), (242)

ne P(z,y), Q(z,y) — HenepepBHO jmcdepeHIiitoBHi B AesKiii obmacti
(a6o B yciti momuni R?) pynkmii. Cucrema (24.2) moxke MaTH Jut-
e Tpu THOU (Pa30BUX TPACKTOPIM: TOUKA, 3aMKHEHA TPaAEKTOpis
(nmmka) i He3aMKHeHa TpaeKTopis. Po3B’A30K, TPAcKTOPIEIO SIKO-
ro € TouKa (Zg,yo) (mosoxenns pisuosaru), € cranum z(t) = xo,
y(t) = yo (as Gynp-sixoro ¢ € R). 3aMkHeniit TpaekTopil BiANOBI-
Ja€ NepioaudHuii po3B’sI30K, He3aMKHEHIN — HenepioauJHuii.

OcHOBHOW 33Ja4er0 AKiCHOro JociijpkeHHs cucremu (24.2) e
onepxaiis $a308020 nopmpemy CUCTEMH, TOOTO KAPTHHHU PO3-
GurTst dasosoi miomnan R? na rpaexTopii.

Jns nobynosu ¢paszosoro noprpery cucremy (24.2) norpibuo
3HATH HOBEIHKY TPAEKTOPIH B OKOJIaX TAK 3BAHNUX OCOBIMBHX Tpa-
€KTOpI#i: II0JIOKEeHb PIBHOBArl, rPaHHYHNX OUKJIIB | JedKMX HE3a-
MKHEHHMX KPUBUX, AKi BUHJAAIOTL CiM'1 TPAEKTOPil OHY B OJHOL.
Iparvuvnum yuxaom cucremu (24.2) Ha3HBAIOTb TAKUI LUK,
JEeAKHI OKLJI gKOro IIKOM 3aIlOBHEHHIl TPAEKTOPiIMH, B3JOBK
aknx Touka (z(t), y(t)) nHeobMerkeHo HAGIMKAETHCT 10 HBOLO IIpH
t — 400 abo t — —o0o0.

Posrasinemo BUNaJOK, Konu cucrema (24.2) € sidiiinoto:

24.3
&y a1 T + a2y, ( )

fl

d
{3% =an¥ + a2y,

dt

a1 a2
enementamu (A = det A # 0).
Cucremi (24.3) Bianosigae ose piBHAHHS 3 JPOGOBO-JiHIAHOW
NpPaBoI0 YACTHHOO

_{ @11 a2 e
ne A= ~ HEBUPO/2KCHA MATPULst 3 JIICHUMH CTAJIUMU

dy _ ane+any

= , 24.4
dx anz -+ apy ( )
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TO6TO BCi iHTerpasbHi Kpupi piBHsHES (24.4) € TpaekTOpiAMU CH-
cremu (24.3). AJle UM He BHYEPIYIOTHCA BCi TpaeKTOpii cucTeMu
(24.3), 60 Bona mouyckae pyx z(t) = 0, y(t) = 0, TpaekTopiero sKO-
ro € Touka £ = y = 0 (To4Ka CIOKOIO).

@pannysbkuil matemaruk A. [IyaHkape HOKa3aB, IO MOXKJIH-
BUMH € KiJIbKa BHITAJKIB, KOXKEeH 3 SIKMX BLAIIOBiZae 3a po3TalyBa-
HHS! IHTerpaJbHUX KPUBUX B OKOJi ocobimsol Touku (0,0) abo, mo
Te came, 3a PO3TAILYBAHHS TPAEKTOpi cucremu (24.3) B OKosi TO-
uku crokoio (0, 0). Ui Bunanku nazusaiors munamu Iyanxape.

[Toznauumo yepes k; 1 ko — KOpeHI XapakTepUCTHIHOIO PiBHS-
HHS

a1 —k  an

_ 2 _
as as —k 17 k (all + a22)k +A=0. (24.5)

Ockinbku A # 0, To 3 (24.5) Bumnusae, wo k = 0 He € xapakTe-
PUCTHYHUM YHCJIOM.

Bunaznoxk 1. ky i ky diticni ma pisni. Hexait a = (a1, 02), B =
= (1, B2) — BiIaCHI BEKTOPH MaTpHIL A, IO BiINOBINAIOTH KOPEHsIM
k‘l i k)g, TOOTO

{(an —k1)ay +ajpaz =0, {(au ~ko)B1 + a12f2 =0,
ag1ay + (a2 —k1)az =0, |a21b1 + (a2 —k2)B2 = 0.

(24.6)
3rigHo 3 Teopemoro 3 Jekiil 12 3arajbHUM pPO3B'A3KOM CHCTEMHU
(24.3) e

z = Crone™ + CyB1e™!,  y=Cronel't + Cofoc®™,  (24.7)

e Cy, Cy — nosinbhi cTadi.

Axuio k1 < 0, kg < 0, To 3 (24.7) BUIIIKBaE, MO TOUKA CIIOKOIO
z =y = 0 e acUMITOTHYHO CTifikoo0. CupaBai, AKIIO, HAIPUKIAL,
to = 0, To po3B’sI30K (24.7), KMt MPOXOAUTH Yepe3 TOUKY (To,Yo),
y MOMEHT Jacy ty Bu3HavaeThed cranuMu Cy 1 Cy, siKi 3HaXOAAThCS
3 CHCTEMH

zo = Cra1 + Caff1, yo = Crag + C s,
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Je 01,82 - a2181 7é 0. AJ'Ie TO,D;i Cl = A:EO -+ Byo, CZ — on + Ey07
ne A, B, D, F — pesiki crazi. Bpaxosyroun, mo et < 1, |ef2!| < 1
ans ky < 0, ko < 0, MaeMO OIiHKH

| < |Azg + Byo| - |a1| + |Dzo + Eyo| - |51,
ly| < |Azo + Byol - || + |Dzo + Eyol - |B2|-

3pincu BUIIHBaE, WO A J0BiIBHOrO € > 0 3Halinersesa § > 0 Ta-
Ke, IO K TIMLKU |To| < &, |yo| < 8, To |z| < €, |y| < € (t > 0),
10610 TouKa criokomo (0,0) crifika. OkpiMm Toro, ockinbku efit — 0
(kj < 0) mpu ¢ = 400, 10 3 (24.7) BunIMBaE, mo Touka (0,0) Ta-
KOXK aCHMIITOTHYHO CTilika. ZKII0 BHK/IIOYHUTH apryMeHT ¢ 3 cH-
cremu (24.7), To onepXkaHa 1pu upomy byskuist y = f(r) BusHa-
JaTHMe TPAEKTOpilo pyxXy B AeKapTosiii cucremi koopauHaT Oxy.

MarepialbHa TOYKA, AKA 3HAXOAWIACH Yy HOYATKOBHII MOMEHT
qacy t = typ B 6-OKOJIi M09ATKY KOOPDAHMHAT, IJid JOCHATh BEJUKUX {
HEPEXOIATD y TOUKY, SIKA HAJIEXKUTh £-0KOJIY MOYATKY KOOPAWHAT i
npu t — +00 IpAMYy€E 0 MOYATKY KOOpAMHAT. Taky TOYKY CIOKOIO
HA3MBAIOTh citiKum 6y3aom (puc. 24.1).

|z

Puc. 24.1
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Ha puc. 24.1 306pakeH0 pO3TallyBaHHS TPAEKTOPIH, sIKe Bij-
HnoBimae mpoMy sHNaaKy. CTpiIKaMu BKa3aHHH HANPSAM PyXy MO
TpaekTopil mpu t — +-00. Yci Tpaekropil, Kpim ommiel, B Toumi
(0,0) MarOTH CHILHY JOTHYHY.

ko |k1| < |kz|, To KyTOBHIl KoedinieHT AOTHYHOI KOpiBHIOE
az/ay. Cupasai, 3 (24.3) i (24.7) maemo (C1 # 0, a; # 0):

dy an (Crazefrt + CaPreF2t) + any (Cranef1t + CyBzek2t) 3
dz ~ a11(Cragektt + Cafreket) + aip(Chazekrt + Cofaekat)
_an(Crag + Cafre®2=kt) a5 (Cras + Cofgelkz—F1)t)
an (01(11 + 02,316(k2—k1)t) + a2 (Claz + Czﬂ2€(k2_k1)t) t—:)OO
a21C1a1 + a2C1o2 _ asion +anpoe  kag _ o

ta+oo a11C 101 + a12C1 00 a1 + appte kion 0(1,
60 3rigHo 3 (24.6) a21a; + agag = kiag, anog + apag = krag.

— i d —
ko o = 0, TO aHAJOTIYHO ONEPXKYEMO, 1110 E;— , :_:)oo o =0.

Axuio C; = 0, 10 3 (24.7) onepKyeMO OJHY TPAEKTOPIIO — Ipsi-
My Y = 6—?3:, JIOTUYHA N0 AKOI Ma€ KyToBui Koedinient Fs/ 8.

TaxuMm 9mHOM, JOTHYHA [0 TPaecKkTOpit, B axux C; # 0, ma-
paJiesibHa [0 BJIAaCHOIO BEKTOpa ¢ = (al,ag), AKHH Bianosinae
HAHMEHIIIOMY 32 MOJYJIEM XapaKTepUCTHYHOMY uuciy kp (sikimo
aq = 0, To BexkTOp Hampasienuii B3no0Bx oci Oy). Kpim Toro, npu
C; = 0 € ogHa TPaeKTOpis ~ MpAMa § = ﬁ—f:c, dKa, MapajesbHa J0
Jpyroro Biaacroro sekropa = (f1, 52), wo Bianosigae 6inbmomy
3a MOJIYJIEM XAPAKTEPUCTUIHOMY HHCay kg.

Aximo Tenep ky > 0, ke > 0, To 3 (24.7) BUIIMBAE, 1O TOUKA
criokoro ¥ = y = 0 mecriitxa, 60 ef* — 400 mpu t — +o00. Taky
TOYKY CIIOKOI0 HA3HBAIOTh Hecmitikum 6y3.aom. lleit Bumagox
OTPHMYEMO 3 ONEPESHBOrO 3aMiHOK ¢ Ha (—t), & TOMY PyX TOYKH
10 TPAEKTOPI] Bii0YBAETHCA Y POTHUIEKHOMY HampsiMi (puc. 24.2).
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Puc. 2.2

Hapemri, axumo k; < 0, k2 > 0 abo k; > 0, k2 <0, To Touka
criokoto Hectifika, 60 k2t — +00 abo et — +oo mpu t — +4-o0.
Touku, fKi posTalioBali B §-OKOJI MOYATKY KOOPIHMHAT, IO Tpae-
KTOpii = Cofrek?t, y = CaBoe?’ pyxatoTbes y HeCKiHUEHHICTb.
OJtHaK y npOMY BHIIAJKY € TPAEKTOPis, MO AKifl PyX TOUKH BifOy-
BAETHCH y HAIPSMI O MOYATKY KOOP/WMHAT 1pH ¢ —+ +00, a came

z = Ciaye™, y=Croget’. (24.8)

Ijeto TpaekTopielo € npama a1y — 2 = 0, sIKy JIETKO ONepXKaTH
3 (24.8), Bukmounpum 3MiHHY . TaKy TOUKY CIIOKOIO HAa3MBAIOTb
cidaom (puc. 24.3).
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y

N

(kl <0<k2)

I\
N

Puc. 24.3

Bunazok 2. ki i ky xomnaexcro-cnpaoceni: k1o = p % iq,
g # 0. 3aranpHuii po3s’s3oKk cucreMu (24.3) MOXKHA 3aIUCATH Y
Burnszi (24.7), ne Bekropn a = (o1, ap) i f = a = (41, &p) MaIOTH
KOMILJIeKCHI Koop/uHaTH. Toni poss’s3ok cucremu (24.3) moxHa
3alucaTh y BUIVIS

z = eP(Cycosqt + Cysingt), y= e (acosqt+ bsingt), (24.9)

nme Cy, Cy — nosinbHI crani, a i b — miniiisHi koMbiHanil Hux cTaauX.

dxmo p = 0, To TpaekTopil (24.9) ana pisuux Ci, C2 (na mig-
CTaBl MepioMUYHOCTI MHOXKHHKIB y Jy»KKaX) € 3aMKHEHUMM KpH-
BUMHU — ejincamu 3 uenrpamu y rodui (0,0) (puc. 24.4). o To-
9Ky Ha3HBalOTh yenmpom. dAkuio p = 0, To Touka (z(t),y(t))
pyXaeThbCs [0 OMHOMY 3 eJIICiB BKa3aHoI ciM'l, obxonsa4n itoro 6es-
Jiv pa3ie. BoHa, 04eBHHO, He NPAMYE A0 KOJHOI FPaHMIL Npu
t = +00, To6TO TOuka cuokoo (0,0) HE aCUMOTOTUYHO CTiiiKa
(aste BoHA CTifiKa).
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Y

Q‘ﬁ'

O T

Puc. 24.4

Hexaii Tenep p < 0. 3 (24.9) BummBae, Mo y IIbOMY BHIAAKY
Touka (&, y) upu t — +00 IPAMYE JIO NOYATKY KOOPIMHAT — TOYKH
z = 0, y = 0, aky Ha3uBalOTh cmitikum goxycom. HasapricT
MHOXKHHKa P! — 0 (t — +00) mepeTBOploE 3aMKHEHi KpHBi y CIii-
padt, dKi aCHMOTOTHYHO HAOIMKAOThCA MpH £ — 400 J0 NOYATKY
xoopaunat (puc. 24.5). Toukn, aki posrauoBaui npu t = ¢y y A0~
BUILHOMY §-OKOJIi MOYATKY KOODPJUMHAT, JJIsl JOCTATHBO BEJIMKOTO 1
OOTPAILIAIOTH y 3aJaHUl €-OKiJl MOYATKY KOOPAWHAT.

TpaekTopii, siki NpsMy10Th 510 HOKyca, MaOTb TaKy BJIACTH-
BiCTB, 110 AOTHYHI JO HUX NPHU { — + 00 HE MPAMYIOTb JIO YKOJHOI
rpannni. Ilum ¢okyc Biapi3HAEeTHCA Bij By3Ja.

Y sunaaky p < 0 Touka £ = 0, y = 0 acUMOTOTUYHO CTifKa.

ko gilicHa yacTuHa p Iucen ki i kg 1omaTHa, TO 1€l BUNAJOK
nepexoNuThb y MonepeHiit mcis 3aminu ¢ ga —t. OTxKe, TPacKTOPIl
36epiraloTh Taky XK GOpMYy, fIK Ha puc. 24.5, OTHAK PyX TOYKH Bil-
6yBaTuMerncsl y mpoTuiexnomy Hanpsmi. Ockinekm ePt — oo
npu t — 400, TO TOYKH, SIKI 3HAXOAUJIUCA Y [OYATKOBAH MOMEHT
4acy B OKOJI MOYATKY KOODJMHAT, IOTIM MepPeXoisTh y HECKiH-
yeHHICTh. Taky TOUKY CHOKOIO Ha3MBAIOTh Hecmilikum Poxycom
(puc. 24.6).
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y y

Y
Q
N
Q

8Y

% Z

Puc. 24.5 Puc. 24.6

Bunagok 3. k1 = k. Toni ky, kg — aiiicHi, a 3arajbpamit po3B’si-
30k cucremu (24.3) mae purnsy ¢ = (A+ Bt)eht) y = (C+Di)ekr,
me A, B, C, D — crai, nos’si3ani Mi>k coD0OI0 ABOMA JIHIHHAMM PiB-
HAHHAMH, SKi MOXKHA oflepxatn, mifcrasumm byHkuil z(t), y(t)
y cucreMy (24.3) i cKOpOTHBIIM Ha, ekt

dxkmo k; < 0, o et — 0, te¥'* — 0 npm t — 400 i, oTxe,
TOYKa CIIOKOX £ = Yy = ( acHMIOTOTHYHO CTIiiKa. Ii masuparors
cmitirum eyaaom. dkmo k; > 0, To Touka COKOIO HecTifika, 11
HA3MBAIOTh HECMIUKUM 6Y3A0M.

Jetanbhime npo BUNajok ki = kg Mo)KHA IPOYNUTATH, HAIPH-
Ki1ag, B (3, c. 253 —~ 256).

HapeneHi BUMaaxy OTpUMAaHi y NPUILYIMEHH], IO BU3HAYHAK A
cucreMn (24.3) Bigminnnit Big myns. IIpunycrumo, mo A = 0. Toxi
XapakTepucTA4HAMH gucnaMu € ky = 01 ko = a1 + age. ko
ko # 0, To 3aranbHU# po3B’s30K cucTeMHu (24.3) Mae BHLJIAL

z=Cioq + Czﬂlekzt, y= Ciag + Cgﬁgekzt, (24.10)

e C1, Co — moBinpHi cTadi i a11oq+aeay = 0, —axfi+a12B2 = 0.
Buksmoqatoun 3 (24.10) napamerp ¢, ogepxyeMo ciM’10 napa-
qesibHuX npsamMux y — Ciag = &(x - Ciay).

b1

ko kg < 0, To IpH t — +00 Ha KOXKHIif TpaekTopil (Ha OXHO-
My 3 apaJieIbHAX IPOMEHIB) TOYKH HAOIMKAIOTHCS JO TOYKH CHO-
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koto (puc. 24.7)

a2
r=Ca, y=Ciap = y=—z.
aj

Touka cnokoro x = y = 0, Tak caMo, siK i JOBUIbHA TOYKA MpsA-
MOl y = asx/a, ipu ko < 0 criifka, ane He ACAMIOTOTHYHO CTilKA.
HAxio ks > 0, To TOYKA CIOKOIO HECTiiiKa.

/
/
/

WY

(k2 < 0)
Puc. 24.7

Axwmo k1 = k2, TO MOXKJIMBI JIBA BUIIIKH:

1. BaranbHuit po3p’s3ok cucremu (24.3) mae surisig « = Ch,
y = Cy (e 6yze Toni, konn Marpuns A mynvosa). Tomi ToUKa cro-
KOO CTiiika, ajleé He ACHMITOTHYHO CTiMKa. ¥YC¢i TOUKH IJIOUMHHI
(,y) € CTIiKHME TOYKAMH CHOKOIO.

2. 3aranbHuMm po3s’sskoM cucremn (24.3) € z = C) + Cat,
y = a + bt. Togi Touka cmokol HecTiifika. ¥ MbOMY BHUIIQIKY
a2 = —ay, azaz < 0.

ITpuknan 3. Jocaidumu capaxmep mouwky cnokoro cucmemu

/

'=by—x, Yy =-2y.

Haxpecaumu pasosi mpaexmopii cucmemy wa naouguns (T,y).
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Posza’azarns. Ockinbku XapaKTepUCTHIHHME YNCJIAMH CUCTEMH

e ky = -1, ky = —2, To TOUKa CcnokoIO = = Yy = 0 € CTilikuM
BY3JIOM.

Yucny ky = —1 Bisnosigae Bnacuuii Bexrop a = (1,0), a guciy
ko = —2 - Bektop f = (=5, 1). Iloxizna % ¥ TOuIl IOYATKY KOOp-

JHHAT J0piBHIOE ag/ay = 0. OTxe, moTH4HI 40 $HAa30BUX TPAEKTO-
piit y NoYaTKy KOODAVHAT € FOPU30HTAJLHHUMHU, & CaMi TPAaEKTOpil
MOXKHA no0yayBaTH, Hanpukial, sk Ha puc. 24.8. B

Puc. 24.8

Hpuknan 4. Jocaidumu capaxmep mouku cnoxow cucmemu

=ar+y, ¥Y=-z+ay

3AAENCHO 610 3HANEHHA NAPAMEMPA (L.

Posg’azannsn. XapakTepdcTHIHUMH ducaamu € ki 2 = od. fkio
a = (, TO TOYKA CIOKOI € MEHTPOM. Y HLOMY BHIAIKY CHCTEMa
HabyBae BULJIALY ‘fi—% =y, % = —z. 3sigcn 2% + 32 = C, Tobr0
$da30BUMH TPAECKTOPISIMH € KOHLIEHTPHUYHI KOJIA 3 HEHTPOM Y TOYL
(0,0). SIxkmo o # 0, To TO4Ka CHOKOIO € POKYCOM: CTIHKUM, AKIIO
a < 0, i gecriiiknM, ko o > 0. @a30BUMHA TPAECKTOPIAMHU € Clipa-
Ji, AKi «HaKkpydyloThes» Ha Touky (0,0). fdkmo a < 0, To Touka
(z(t), y(¢)) pyxaeTbca mo cmipansIX y HanpsMi TOUKH CIIOKOKO, a
Anst o > 0 — y "Hampsmi Big Hel. W
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Pexomendosara aimepamypa: [1, c. 251 — 281], [3, ¢. 233 -
258, 281 - 289, [5, c. 417 — 453], [7, c. 216 — 222, 241 — 245], [16,
c. 253 — 274].

Muranns go nexuii 24

1. Ak dbopmymoeThea Teopemy JlsmyHoBa mpo CTifKicTh (acumMirTo-
TUYHY CTIKICTH) HOPMAaJIbHOI HeniHiiHOT cacremn?

2. dxi snactusocTi Mae pynxigs Jlsanmynosa? Y sIKOMy BUTISAL pe-
KOMeHAYEThed mykaTH ¢yukuito Jlsmynosa?

3. lllo maswBaTh PA30BHM NOPTPETOM HOPMAJBHOI cucTeMu? Ak
noGyayBaTi Da30BHil TOPTPET CHCTEMH?

4. 9k now’sa3aHi Mix c06010 aBTOHOMHA. JIiHIfHA OJTHOPLIHA CHCTEMA
ABOX JppepeHiaabHuX PpiBHAHD (24.3) i piBHAHHA OepIIOro NOpAnKy 3
o/iHOpiAHOIO Jpo6OBO-JIiHItHOI MPaBoIo JacTHHOI (24.4)7

5. Haiite xnacudikanio Ilyankape TOY0K CIOKOI aBTOHOMHOI Ch-
cTeMH JH(pepeHiaTbHuX PIBHAHD. ¥ sIKOMY BUIAJIKY TOYKA CIOKOIO €
CTHIKOIO, aCUMIOTOTHYHO CTIHIKOIO, HECTIHKOI0?

Bnpasu no nekujii 24

1. JocaigiTe 1a CTIAKICTH TPUBIAJIbHUIL PO3B’A30K CUCTEMM, 3HAIOYA
dyukuilo Jlamyunosa:

2 =y—1°, 2 2.
a){y':—q;—gyzs’v—z + Yy
6) {a;’:~x—2y-{;x2y2,

' T
y=z-§-5,

V =% 4242

2. Hocnigits ocobnuel Touku piBHsib. HakpeciiTs iHTerpasbii Kpu-
Bi Ha mowuHi (z,y):

a) dy _ 2z+y. 6) dy __ —x+2y
dr — =42y’ dz = 2z—y °

3. Hocniaits ocobnusi Toukn cucrem. Hakpecnits Tpackropii Ha 11710~
ki (z,y):

' =y, ' = x + 5y,
SRR



324 Poagin 5. EJJEMEHTH TEOPIi CTIMKOCTI

Honarok 5.

3acTrocyBaHHs MaTeMaTudHoro nakera Maple
AJs JOCHiJI>KeHHs Ha CTifiKicTh po3B’s3KiB
3Bu4aitHux audepeHnialbHUX piBHAHL Ta IX CHUCTEM

IIpuknan 1. Jocoiaura Ha crifiKicTh TpUBiaJbHUI PO3B’SI30K
cucremu ' = — y, y' = z (mpuknan 2 nexuil 23, crop. 302). s
MBOr0 HOOYIyeMO IOJie HaNpPsSMIB Ij€l cucTeMH Ta OZHY (basoBy
TPAEKTOPIIO 3a JOMOMOrOI0 KoManau DEplot 3 makera DEtools:
> DEtools [DEplot] ({D(x) (£)=-y(t),D(y) (t)=x(t)},{x(t),

y(£)},t=0..2%Pi, [[x(0)=1,y(0)=1]] ,x=-2..2,y=-2..2,
linecolor=black);

PR S .

I‘\Lf—

Puyc. 1

3 po3TalryBaHHsA CTPLIOK MOXHa, 3poGHTH BUCHOBOK, IO TPHBI-
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anbpHUM PO3B’d30K cucTeMu CTifikuti, ajle He € ACUMIITOTHYHO CTil-
kM. Pa30Bi TpaekTOPil yTBOPIOIOTH KOHIEHTPUYH] KOJIa 3 IeHTpa-
MM y 1m09aTKy KoopauuaT. OjHe 3 Hux (3 MOYATKOBUMH YMOBaMH
z(0) = 1, y(0) = 1) 306pakene Ha puc. 1.

Ilpuxnan 2. JochiguTa Ha CTilKicTs TPHUBIAJIbHNI pO3B A30K
cucremu ¢’ =y, ¥ = 2z + y (upuxnazn 3 nexuil 23, crop. 302).
g nboro nobymyemo mojie Hanpsimis Ii€l cucreMu Ta 1Bl da3osi
TpaekTopii 3a momomorow KoMman i DEplot 3 nakera DEtools:
> DEtools[DEplot] ({D(x) (t)=y(t),D(y) (t)=2*x(t)+y(t)},

{x(t),y(t)},t=0..5,[[x(0)=0.2,y(0)=-0.15], [x(0)=0.5,
y(0)=-0.5]1],x=-1.5..1.5,y=-1.5..1.5,1linecolor=black);
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3 puc. 2 BHAHO, WO TPHUBiAILHUI PO3B’A30K CHCTEMH He-
cTiiku#i. Xo4a KOKEH PO3B’A30K, SIKMi NOYMHAECTHCI HAa NpAMilk
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y = —z, upsimye 10 Touku (0,0) mpum 3pocranni ¢ (Ha pUCyHKY MO~
6y#OBaHO Taky TPaeKTopiro 3 modarkosumu ymoamu z(0) = 0,5,
y(0) = —0,5), pO3B’SI30K, IKMil IOIUHAETHCS HABITH JOCUTH BIIN3H-
KO J0 [OYaTKy KOODAMHAT, ajle He JIEKWTh Ha OpsaMii y = —z,
BiomanseTbea Big HBOTO 31 3pocTaHHsM ¢ (Ha DHCYHKY 100y-
JIOBAHO TaKy TPaekTopilo 3 mouarkouMu ymoBamu z(0) = 0,2,
y(0) = —0,15).

Hpuknang 3. Hocaiguty Ha CTifiKicTh TpUBlabHuN PO3B A30K

cucTeMu
{:c/ = T+ 4y — 3=+)

y =sinz +In(1 —y)

(upukian 4 nekwii 23, crop. 306). dna uporo mobymyemo mo-

Jle HanpsiMiB miei cucremu Ta Tpu Ga3oBi TpaekTopil (ski 3a/10-

BOJIBHSIOTH nouarkosi ymosm: z(0) = 0,5, y(0) = 0,5; z(0) = 0,5,

y(0) = —0,1; z(0) = -0,2, y(0) = —0,2):

> DEtools[DEplot] ({D(x) (t)=sqrt (1+4*y(t))-exp(3*(x(t)+
y(£))),D(y) (£)=sin(x(t))+1n(1-y(t))},{x(t) ,y()},
t=0..10, [[x(0)=0.5,y(0)=0.5], [x(0)=0.5,y(0)=-0.1],

[x(0)=-0.2,y(0)=-0.2]],%x=-0.7..0.7,y=-0.3..1.1,

stepsize=0.01,scaling=constrained,linecolor=black);

3 puc. 3 mobpe BHAHO, MO TPHUBIAJLHMIA DPO3B’S30K CHCTe-
MH acuMmnrormuno cTifikuii. [lone HanpsiMiB 3a MexxaMu CMYyTH
—0,25 < y < 1 we nobynosano (yomy?).

IIpukaan 4. JocnianTy Ha CTIRKICTh TOYKY CIIOKOKO PiBHSIHHS
YV 59" +13y" 4+ 19y + 10y = 0 (mpuxsan 5 nexuii 23, crop. 308).
3pobutn e 3a gonoMorow koman i DEplot He mOxHa, 60 MaeMO
PIBHSIHHA YeTBEpPTOro MNOps/IKY. 3BUYANHO, KoMmadia DEplot mo-
Oyyye po3s’s3ok 3amadi Kol fyis 3amaHoro piBHsHH:, aje BOHA
He J03BoJIsge MoOyIyBaTH 1oJe HaNpaMiB, [TOpoazKeHe audepeHLi-
AJBHUM DIBHAHHAM. SHARJIEMO XapaKTEpUCTUYHI 91C/ja — KOPeHi
pisnsguna k* 4 5k3 4+ 13k% + 19k + 10 = 0:
> solve(k~4+5xk~3+13*k~2+19*k+10=0,k) ;

-2, -1, -1+2I, —1-21I.

OckinbKy IifcHI YaCTHHH BCiX XAPAKTEPHCTUIHUX 4yces BiA eMHi,
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TO TOYKA CIOKOKO 331aHOTO PIBHSHHS aCHMITOTHYHO CTifika (Teo-
pema 1 nexwii 23, ctop. 305).

Puc. 3

Ipuxknag 5. JocaiayuTy Ha CTIKICTD TOYKY CIIOKOIO DIBHSIHHSA
yV + 4ytV + 16y"” + 25y" + 13y’ + 9y = 0 (upuxaaz 6 mexuii 23,
crop. 308). 3HaitieMO XapaKTepHCTHYHI YHCIa — KOPeHi PIBHSIHHS
kS 4 4k* + 16k3 4 25k2 4+ 13k + 9 = 0 (sike y pasuKalax KOMAHIOI0
solve He pO3B’AIByETHCs) 38 JIOMOMOTOI0 KoMaH Iy fsolve 3 om0
complex (cTop. 337):
> fsolve(k~5+4+k~4+16%k~3+25%k~2+13*%k+9=0,k,complex) ;

—1.691606943, —.9910128055 — 3.159244286 1,
—.9910128055 + 3.159244286 1, —.1631837228 — .6772576111 1,
—.1631837228 + .6772576111 1.
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OckinbKu IACH] 98CTHHY BCiX XapaKTePHCTHYHAX YHCEI Bil'€MHi,
TO TOYKA CHOKOIO 33JIaHOTO PIBHAHHS ACHMIITOTHYHO CTilfKa.
Ilpuxnaz 6. [locaiautn Ha CTiHKiCTb TpuBiaJbHEH pO3B’S-
3ok cumcremu ' = —z° —y o = x — 3 (upukimaz 1 Je-
kuii 24, crop. 311). Jlns nporo mo6yayeMo mose HANIPSIMIB CHCTEMHE
Ta onny ¢a3oBy TPAEKTOPilo, AKA 33I0BOJIbHSAE MOYATKOBI YMOBH
z(0) = -1, y(0) = —2:
> DEtools [DEplot] ({D(x) (t)=-x(t)~5-y(t),D(y) (t)=x(t)-
y(£) 73}, {x(t),y(¢)},t=0..100, [[x(0)=-1,y(0)=-2]],
x(t)=-2..2,y(t)=-2..2,stepsize=0.1,1linecolor=black);

3 posia HanpsAMiB Ha puc. 4 BAJHO, L0 TPUBiAJLHANA PO3B -
30K — CTifikmif; moby/ioBaHa TpaeKTOpis MIOKA3Ye, 1O Iei Po3B’s-
30K € aCUMIOTOTHYHO CTifikuM, 60 JOBiLTbHA (Da30Ba TPAEKTOPIA 1O
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cripasi HabIMKAETHCA 0 HBOrO, X04a i Ay»e HOBLIbHO. Skmo
30LIbIIMTH BEPXHIO MeXY Aianazony M ¢ 10 1000, To TpaekTopist
HOBHICTIO 3aMOBHHTH BUJUMMIT OKiJl II09aTKy KOOPAMHAT (mEpeKo-
HaliTechb y IIbOMY CaMOCTiitHO!).

Ilpukaan 7. docmiauTy Ha CTilKicTD TpI/IBiaJIbHI/Iﬁ O3B 5
30k cucremn =’ = 243 — 35, ¢ = —x — 43 _ 45 (upuknax 2 ne-
xuii 24, crop. 312). Jlns nporo nobyayemo none HAIPAMIB CHCTEMHU
Ta OfHy (a3OBY TPAEKTOpI0, AKA 38110BOJIBHAE IIOYATKOBI YMOBH
z(0) = -1, y(0) = —2:
> DEtools [DEplot] ({D(x) (£)=2%y(t)~3-x(t)~5,D(y) (t)=

(8 -y (£)"3-y(£) 5}, {x(£) ,y (£)},£=0. . 100, [ [x(0)=-1,

y(0)=-2]],x(t)=-2. 2,y(e)=-2. -2,stepsize=0.01,
linecolor=black);
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3 mosis HanpsAMIB Ha PUC. 5 BHAHO, IO TPUBIAJBHUI PO3B’s-
30K — CTilikuii; 1oOy1oBaHa TPAEKTOPisA MOKa3ye, IO Ueil po3B’s-
30K € ACHMITTOTHYHO CTifikuM, 60 TOBLILHA (hba3oBa TpackTOpisa no
cripaJi HabJIMKAETBCA 10 HbOTO.

IIpuknan, 8. JlocmiguTi XapakTep TOYKH CIHOKOIO CHCTEMHA
o =5y—x Y =-2
(mpuxnaz 3 sexmii 24, crop. 321). st uporo nobyayemo 1oje
HATIpAMIB cHCTeMH Ta BiciM ¢a3oBmx TPaEKTODiil (5Kl 3a10BOJIb-
HAIOTH  HOYaTKOBl ymoBm: (0) =2, y(0) = —0,5; z(0) =2,
y(0)=-15 z(0)=2, y(0)=-1; z(0)=15 y(0)=-2;
z(0) = -2, y(0) = 0,5; (0) = -2, y(0) = 1,5):
> DEtools[DEplot]({D(x)(t)=5*y(t)—x(t),D(y)(t)=
~2xy (0}, {x(8),y(£)},£=0. .5, [[x(0)=2,y(0)=—0.5]
[x(0)=2,y(0)=-1.5], [x(0)=2,y(0)=-1], [x(0)=1 5§ ’
y(0)=-21, [x(0)=-2,y(0)=0.5], [x(0)=-2,y(0)=1 5]’
[x(0)=-2,y(0)=11, [x(0)=-1.5,y (0)=211 ,x(t)=-2. .2
y(t)=-2..2, stepsize=0. 1,1linecolor=black); .2,

......... e et nea
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3 puc. 6 BHIHO, IO TOYKA CHOKOIO CHCTEMH € CTifiKUM BY3JIOM.
Tpuknag 9. HocnianTi XapakTep TOYKH CIOKOI CUCTEMHU

¥ =ar+y, ¥Y¥=-z+ay

3a7€XKHO BiJl 3HaYeHHs mapamerpa « (mpukian 4 ekl 24,

crop. 322). Posrusinemo Tpu Bumagkm: @ = 0, o = 1, o = —1.

Hna a = 0 mobynyemo none HanpsAMiB cucTemn Ta $asoBy Tpae-

KTOPIIO, sIK& 33JI0BOJIbHAE NMOYaTKOBl yMOBH £(0) = 1, y(0) = 0:

> alpha:=0:DEtools[DEplot] ({D(x) (t)=alpha*x (t)+y(t),
D(y) (t)=-x(t)+alphaxy(t)},{x(t),y(t)},t=0..2+Pi,
[[x(0)=1,y(0)=01],x(¢t)=-2..2,y(t)=-2_ .2,
stepsize=0.1,linecolor=black);

Puc. 7

Otxke, KO a = 0, To Touka = = 0, ¥ = 0 € yeHTpoMm.
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Y Bunasaky a = 1 nobymyeMo I0Je HAlpsMiB cHCTeMH Ta da-
30BY TPA€KTOPIIO, fKa 33J0BOJIbHSIE MOYATKOBI ymosu z(0) = 0,01,
y(0) = 0,01:
> alpha:=1:DEtools[DEplot] ({D(x) (t)=alpha*x(t)+y(t),

D(y) (£)=-x(t)+alphaxy (t)},{x(t),y(t)},t=0. .10,
[[x(0)=0.01,y(0)=0.011],x(t)=-2..2,y(t)=-2..2
stepsize=0.1,linecolor=black);

b

Puc. 8

Otpumaiu HecTilikuit Bokyc.

Bunanok, ko o = —1, IPOMNOHYEMO PO3I/ISHYTH YUTAYAM
caMocCTiiiHo.

Inmi npuknaagy 3acTOCYBaHHS MaTeMAaTHIHOro nakera Maple
I oOYXOBY NOJIst HANPAMIB 1 iHTErpajbHAX KPUBUX CHCTEM Jy-
depennjanpanx piBHsIEb MOXKHA 3HaMTH B [9, 12, 18].
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HonaTok 6.
OcHoBM po6oTy 3 MaTeMaTudHUM nakerom Maple

[Taker aHaITUYHAX OOYUCIIEHD i YHUCIIOBUX po3paxyHKiB Maple
crBopenuii komnatiero Waterloo Maple Inc. (Kanana) i € onanm 3
HAWOLIBII TIONMYJAAPHAX Y CBiTI MPOrpaMHUX NPOAYKTIB, AKAH J10-
3BoJIs€ €(peKTUBHO BUKOHYBATH SIK THCJIOBI, TAX 1| CHMBOJIbHI 0049H-
CJIEHHSI, Ma€ PO3BUHYTI rpadiuni 3acobu Ta BOyOBaHy MOBY IIPO-
rpaMyBaHHsl BUCOKOro piBHs. Lli MoxmuBOCTI Ta apyxHiii iHTEp-
dbeiic KOpHCTYBada 300€3MeTAIN HIMPOKE 3aCTOCY BAHHA MATEMATH-
9HOro nakera Maple y 6araThox rajy3ax HayKH, IDUPOJIO3HABCTBEA,
a TAKOXK y HABYAJLHOMY INpOIECi.

Posrnsuemo ocHosu poboru 3 Maple. 3BHuaiito, OiibiI-MeHIn
['PYHTOBHHUIl O[S IBOTO [IAKETa BUMArac OKpeMol KHUrH, a obesr
IOofaTKa J0 MOciGHHKA JO3BOJAE MOACHUTH JIHUIE OKpEMi aclleKTH
poboTu 3 mporpamoto. st rnubmoro o3HaOMJIEHHST 3 IIAKETOM
Maple npononyerscsi Bukopucrosysatn (9, 12, 18] Ta nosimkoBy
cucremy Maple.

Po6oTa 3 Maple 3/11iiCHIOETBCA Y BUTIA] IHTEPAKTUBHOTO Ceall-
Cy: KOPUCTYBad BBOJMTH Ha pobOYOMY JHCTI KOMawu (nij HUMU
3apa3 po3yMIEMO NEBHI IHCTPYKIT) i HATACHEHHSM Kiasimi Enter
nepeaae ix Ha BUKOHAHHs s1Apy Maple. Bcei Beeneni komanau i pe-
3yJNBTATH O00YMCIIEHD, sIKi BimOGpakaloThbes, (POPMYIOTh BMICT PO-
6090ro nHMCTa — OCHOBHOTO Jokymenta Maple. Pobouuit nancr mo-
JKHa 30eperTu Ha JAMCKY, BIAKPDUTH, 3HOBY BUKOHATH KOMAH/H, 110
HA HHLOMY MICTSITBCSI, YH ITPOBECTH IX KOPUT'YBAHHSI.

Pobouuit et ckianaeThes 3 objacTeil BBeleHHsT 1 obacTeil
BHBEJEHHSI. Y MEPHINX BBOISTLCS KOMAaHIH, Y NPYTUX BioOparky-
OTHCH PE3YJILTATH TX BUKOHAHHSI Y¥ NOBIIOMJICHHSI PO MOMIJIKY
Habopy xomany. Bumict obsacreil BBeJieHHs | BUBEIEHHSA yTBOPIOE
rpyIly OGYHCIEHb, KA Ha POO0YOMY JIKCTI BiAMIVAETHCS 3I11BA KBA-
JPaTHOIO JIy2KKOIO.

KoManan BBOASATHCA B 0DBJAcTi BBEJAEHHS MICHsT CHMBOJLY-3a-
npoueHns > y ¢opMi cuarakcucy Mo Maple, a Bigobpakaruch
BOHU MOXYTb V Ii#f caMiit popMi abo y BUIIsAL 3BUMHOIO MaTeMa-
TUYIHOTO 3anucy (B OCTAHHIX BepCisix MPOrpaMM 3a 3aMOBYYBAHHSIM
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BUKOPUCTOBYETbCSA JIpyruil BapianT). Koxkna KoManaa, sika BBOIU-
ThCsl B 0BJIACT] BBeHEHHsI, HOBHHHA 3aKIHTYBATHCH KPAIKOIO 3 KO-
MoI0 ( ;) a60 ABOKPAIKOIO ( ;). FKIIO B2KHBACTHCS KPAIKA 3 KOMOIO,
TO PE3yabTAT BUKOHAHHA KOMaHau Oyie BimoOparkarucs y obnacri
BUBEJIEHHS], JBOKPAIlKa BUKOPUCTOBYETHCS JJIs MIPOMIXKHUX 00H-
CJIeHb, PE3YNIbTATH SKuX BimoGpakaT He norpibHo. fKimo koMaH-
Jla JIOCTATHBO JOBTa i He moMimaeThest y psiaky, To Maple aBroma-
THYHO NepeHece 11 y HacTynHuMt psafok. B onHOMy PAAKY MOXKHA
BBOIMTH KijbKa KOMAaHJ, BiIOKpEMJIEHHX KpPAlKOO 3 KOMOIO 44
JIBOKPAITKOIO.

3a 3aMOBYYBAHHAM PE3YJILTATH BUKOHAHHS KOMAHJIN Bizobpa-
YKaIOThCA y BHAMVIAAl 3BUYHOTO MaTeMaTUIHOrO 3anucy. OTpuMany
dopmyiny au ii 4ACTUHY MOXKH& CKOIIIOBATY B 00JIACTh BBEIEHHS!
(Boma BinOb6pasuThes y Gdopmi cuHTakcucy Mosn Maple, ko y
miii popmi BigobpaskaeTbea BMicT 06/1aCTi BBEICHHN).

Kpim rpyn obuncnens, Ha pobodoMy JMCTT MOXKYTh OYTH KO-
MeHTapi, siKl CTBOPIOIOThCS 3a JOIMOMOTOI0 Komauj meHio Maple
Y{d KHONOK laHesi iHcTpyMenTis. KoMeHTapeM € TaKoX “1acTHHA
pAAKa B 0DJ1ACTI BBEAEHHS!, SIKA OIHHAETLC 3 CUMBOIY #.

Tpeba maTu Ha yBa3i, O y naM siTi KOMIT'I0Tepa I1iJ1 “1ac Ceancy
poBoTH 3 poBOUMM JIHCTOM 30epiratoThest BCI PE3YIILTATH BUKOHAH-
Hsl KOMAaH/l, HaBiTh SIKINO caMi KoMaH i abo pesyibrarn ix poboru
nicyis nporo Oyau BUAaJieHl (3BHYARHO, sIKILO HE BXKUBATH CIICIIi-
aJbHUX 3aXO/B sl 3HMILEHHs miel indopmarii). Bognouac, ticnst
BIAKPHUTTS pOHOUOTO JIUCTA Y HaM'STi KOMIT'IOTepa HEMAE PE3YIlb-
TariB 004HCNeHb, X0Ua BOHM € Ha pobovoMy JUCTL ¥ BiANOBiHMX
obracTsIX BUBEIEHHS.

Maple BMie mpaioBaTt 3 UIMMY “HCJIAMY, 3BUYARHUMY JPO-
Bamu, anrebpuYHUMI KOPEHAMHM, YHCJIAME 3 TIIABAIOYM0K0 KPAITKO
Ta KOMILIEKCHUMH 4rcjaaMu. B apudmMerninnx supasax MOXUA BU-
KOPHUCTOBYBATH onepanil MiJHeceH s JI0 cTeneds (), MHOXKEHHsI
(%), minenust (/), nonasanns (+), siggimanust (-), daxropian (!).
[Topsiiox BHKOHAHHSI [UX ONEPAIlll € CTaHJAApTHHM, a I Horo
3MiHU BUKOPUCTOBYIOTH KPYIJI Jy>KKH.

VY Bupa3ax MOXKHa BHKOPHCTOBYBaTM Taki ctami: Pi - wWHcs0
7 = 3.1415926 ..., I — ysisHa omummus i = \/—1, infinity - He-
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CKIHYEHHICTh 00 Ta JAedKi iHI. 3HaK % Mo3Hauae pe3ynbTaT BUKO-
HAHHSI [IONepeIHBOI oneparii. YIoro Tako» MOXKHA BEKODIICTOBYBa-
TH Y BUPa3aX.

Jpa Bupasy, moenHaH] 3HAKOM =, € piBHsHHsIM. HepiBHicTb
CKJIAJAETHCS 3 JBOX BHPA3iB, MOEHIHAHMX 3HAKAMH >, <, >= afo <=.

Bupasn, piBHsHHg, HepiBHOCTI Ta iHIN O6’€KTH MOXHA NPH-
CBOIOBATH 3MIHHAM ollepariero npucsowosanus (:=). Koxna 3aMinra
Maple mae iM's1, stke MOXKe CKIIAIATUCS 3 JJATHUHCHLKUX OyKs, 1ugp i
CUMBOJIy IiIKpecseHHs, ajie IepUIIM CUMBOJIOM iMeHI mudpa 6yt
He Moxe. Besnuki 1 Maji OYKBH PO3PISHSIIOTHCA. 3MiHHA, IM’'S IKO1
3b6iraeThbest 3 iM’sIM rpenbKol OYKBH, BiIOOPAXKAETLCA BiANOBIAHOIO
rpeubkoio 6ykBow. 3MiHHA, KA HIYOro HE NPHCBOEHO, TPAKTYE-
TBLCS sIK HeBifoMa. [cHyoTh cucTeMH] 3MiHHI, SIKHM BiJl caMOro 110-
HaTKy Uioch npuceoeno. Harnpukitay, cucremna 3minna Order u-
3Ha4a€e, N0 SIKOTO MOPSIKy MasocTi HorpibHo possuBaru dyHKIIT
y psyim. Cacremaa 3Minga Digits susnaiae HeobXiiny KiNLKiCTDb
SHAMYIIX MPP Opa 00MUCJICRHSIX 3 JIECATKOBOK) KPAIKO).

Ocuosui Moxnusocti Maple peasizosani 3a gornomorow ¢ys-
KUJ#, s1Ki TAKOK Has3UBaIOTHL Komardamu. Koxna komanua Maple
(a 1x € JCKIILKA THCAY) Mae Ha3BY | KUIbKa apryMeHTis, ski 3anm-
CYIOThCSl Y KPYTUIRX JIyKKaX 9epe3 KOMYy Iic/isi Ha3BH KoMaHu. Y
JESTKHX BUIAJIKAX apryMEeHTaMH KOMatId MOKyTh OyTH MHOMCU-
HU -~ TOCIIOBHOCT] BHPA3IB 1epe3 KoMy y DIirypHux jly>kkax - i
CNUCKY - MOCTIJOBHOCTI BUPA3IB Yepes3 KOMY Y KBAJAPATHAX JLy &K-
Kax. I3 nosaTkax TepMIHM «MHOXKHHA» | «CIIMCOK» BAKHBAOTLCS
ame B oMy cencl. OcranHi HeoDOB SIZKOBI apryMCHTH KOMalIU,
SIKL MAIOTh BHRJISLL KINOMOBOTO CJIOBa ab0 PIBHOCTI «KIIOUOBC CIO-
BO=BJIACTUBICTLY, HA3MBaOTHL onutamu. Lcski KoMaim Maiorn
HeOOOB SIBKOBL ApPI'YMEHTH, sIKi 3allUCYIOTHCs Y KBAaAPATHUX 1y K-
Kax repej, KpyriuMu. Pesyaprar Al koMaijin MOXKHa, 1PUCBOITH
3MIHHIH, BUKOpHCTATH ¥y BHPa3i, BIH Moxe OyTH apiyMeHToM iHIol
KOMaH M. Y NPOTHJIEXKHOMY Dasi pe3ysibrar BMKOHAHHST KOMAH/U
1POCTO BLIOBpa3uThes B 061ACT] BUBEJEHHS (SIKIIO KOMAHIA 34-
BEPHIYETLCST KPAKOIO 3 KOMOIO).

Y rabiyvui HABEACHO KOMAHJIM JJIsl OCHOBHMX MA&TCMATHYHHUX
DYHKILIH.
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OyHKIIia Komanma Maple
sinz sin(x)
cos T cos (%)
tex tan(x)
ctgx cot(x)
secw sec(x)

cosec T csc(x)

arcsinx arcsin(x)
arccos x arccos(x)
arctg = arctan(x)

arcctg arccot (x)

e* exp(x)
Inz 1n(x)
lg logl0(x)
log, = loglal (%)
|z] abs (x)
Sgn signum(x)
N sqrt(x)
Y surd(x,n)
[#] (uina vacrua) floor(x)
{z} (apobosa wacruna) frac(x)
shx sinh(x)
chz cosh(x)
tho tanh (x)
cthz coth(x)
PosriisHeMO e Kijbka BHKOPUCTaHUX Yy JAomarkax 1 - D

KOMAaHJL.
Hoa pudvepenriiopanist pyHkuil 3a 3minnoo 1, aminnoo 2 i
T. Jl. BAKOPHCTOBYETHCSI KOMaH/Ia
diff (Bupas,3minnal, 3minna2, ... ).

JL1s1 cripollieHHs! BUPa3iB BUKOPUCTOBYIOTh KOMaHIy

simplify(Bupas, onmis).
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Onmiero Moxke 6yTH NPHUITYIIEHHS ASSUMe=BIACTUBICTD, IKE HAKJIa-
JAETbCS Ha HEBIJIOMi, HAIIpUKJIaJ, assume=real.

st po3B’A3yBaHHs PiBHSHb Ta HepiBHOCTEH NMPU3HAYEHA YHi-
BepcalibHa KoMaHza solve(piBHAHHS, 3MinHa). Posp’a3ymoun cu-
CTeMH PiBHsIHb, BUKOPHUCTOBYIOTb hOpMAT

solve ({piBusnusl, pisasuns?, . . . }, {3minnal , 3minna2, ... }).

Komansa solve 3HAXOAUTH TOYHI PO3B’SI3KK PiBHSIHHSI UM CHCTEMH.
fKi1o TouHiI PO3B’A3KHM 3HAWTH HEMOXJIMBO, TO BUKOPHCTOBYIOTH
KoMafgny fsolve Juis BUIIIYKAHHS JECITKOBUX HaOJIMXKEHL KOPEHiB
piBusiHHa. Ii hopmar Biapizuaerses Bix dopmaTy KoMaHap solve
MOXKJTUBICTIO 3a/IaBATH B SIKOCT] TPeThoro (HeoboB’A3KOBOI0) napa-
MeTpa ONII, SIKOW MOXC OYTH IIPOMIXKOK, IO MICTHTL LIYKaHW
KOpiHb piBHsiHust. Bin 3ajaerbest stk 4ucaoBuil Jianasod y dopmi
a..b. st aarebpuiuux piBHsHb MOXKHA BHKOPUCTOBYBATH TAKOX
onuio complex, siKa MO3BOJISIE 3HAXOAMTH BCl KOMIUIEKCH] DO3B’513-
KH PiBHSIIHA.

Komanga dsolve agst inrerpysanus spuuaiinux audepeniti-
aJILHUX PIBHAHB Ta TX CHCTEM JOCTATHLO JETAIBHO PO3MIAHYTa Y
Jonarkax 1 3.

Komanga

plot (hynkiig, 3Minua, Jialnason 3iavuenb, ONli)

Jaosponsie obyaysaru rpadik hynkwil omxiel sminnol. 3amictn
3MIHHOT Moyke OyTu piBHiCTL BUMNIslY X==a..b, ae X - nesancxkna
aMinba, a, b - MigiMaibie 1 MaKCUMAJILHE 3HAMCHHS, JJIsl SIKHX
Oyayerbes rpadik. diamazon 3navens Mae Burvst c..d, € Heobo-
B'SIBKOBUM aplyMeHTOM 1 BU3HAUAE UaCTUHY OCl OpiuHat, sika Bij-
obparkaTnMeThbesd Ha rpadiky. KoMamma Moxe maru fararo mHeo-
DOBSI3KOBUX API'YMEHTIB ~ OIIHA, HaluacTilie 3 SKUX BUKOPUCTO-
ByI0TL Taki: color 3amae kosip Jinil kpusoi (Hanpuxkian, black,
green, blue, red); scaling=constrained osHauae, o MacuiTad €
OJIHAKOBHUM TI0 OOMIBOM OCSIM KOODPJIMHAT; OIlilisl numpoints 3a/ae
KiNbKICTHL TOYOK, 110 sikuM Oyayerbes rpadgik. [Ipuxman Buxopn-
>TAHHA KOMaHIU € y JAOJATKY 2.
AHasoriuia KoManaa
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plot3d (byukuis, sminnal=nlanazonl, 3MinHa2=/iana3oH2, onuil)

JIO3BOJISIE TIOOYAYBaTH YaCTHHY MOBepXHi, mio € rpadikom dyHKIT
JBOX 3MIHHHX.

He Bci xomannm maketa Maple micTaTbea B ocuoBHIM 6ibiio-
teri. BinpmiicTe koMmam, sSKi peati3yloTh coerjaJbHi MOXKJIHBO-
cti Maple, 3HaxonaTbes y nodaTKoBux nakertax (6ibmiorexkax). B
OCTAHHIX Bepcisix mporpamu ux mnakertie € noHaj 100. [lakern
DEtools i PDEtools MicTATh HOAATKOBI KOMaHAX Jjst pO3B’ A3yBa-
HHS 3BHYAMHUX AudepeHIalIbHIX DIBHSHD i pIBHAHD 3 YaCTHHHU-
MH NOXiZHUMM BianoBinHo. Kinbka npukia/iB BUKOPUCTAHHS ITUX
KOMaHJ € y pogatkax 1, 4, 5. Ilaker plots Takox MICTHTH OAHY KO-
MaHLy Jis rpadivdoro BinoOparkeHHs Po3B’a3KiB judepeHItiaib-
HuX piBHAHRDL. JIJ15 BUKOpPHCTaHHSI KOMAHIM 3 MEBHOI'O MAaKeTa Horo
cnovaTKy Tpeba NiAKAIOTHTH KoMaHoo with (naker) abo BUKOpH-
CTOBYBATH JIMLIE OJHY KOMAH/Iy IIaKeTa 3a JIOMOMOrOI0 CHHTAKCHCY

naker [komanaal (aprymesTu).

Posrnsnemo komany odeplot 3 nakera plots, 3a JONOMOI'OIO
Kol MOyKHA NOBYILyBaTH iHTerpadbHy KpUBY — rpadik po3B’s3ky
sagaui Kowi ast spuyaiinoro mudepenmialbaore piBpstaus. Hpu-
KJIa]] BUKODUCTAHHSI KOMAHAM € y JoaaTky 2. PopMar KOMaHIH:

plots[odeplot] (proc, xrange, ori) .

TIpouenypa proc Jjst “UCJIOBOIO PO3B si3yBaHus! 3ajaqi Korm no-
BUHHA OyTH TIOEpeIHBO CTBOPEHOI KoMaujol dsolve 3 onui€io
type=numeric. ApryMenr xrange 3ajae€ Aiana3oH 3MiHH He3aJie-
»KHOI 3MigHol y gopmi x=xmin..xmax. Orii miel KoMaH 1 aHal10-
riugi g0 onmiit komanu plot.

Posrasimemo komanay DEplot 3 makera DEtools. 3a Jomomo-
rOI0 i€l KOMaH I MOXKHA HABIMKEHO 3IHTerpyBaTH 0/1He 3BMUaiiie
qudepeHnianbhe piBHSHASL abo CHCTeMY TakuX piBHSAHB Ta 300pa-
3UTH BIANOBIAHY IHTErpajbHYy KPHUBY YH 11 NPOEKUIIO Ha 3aJaHy
miomudy. Yumano npukIajiB, siki AEMOHCTPYIOTH pobOTY 3 Heo,
e B mogarkax 1 i 5. @opMmar koMaHIu:

DEtools [DEplot] (deqns, vars, trange, inits, xranges, oniiii) .
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Tyt deqns — piBHAHHS Y4 MHOXKHHA PIBHSHB, vars — IIyKaHa (yH-
KIIisT abo Ix MHOXKHHa, trange — Alana3oH 3MiH He3asexKHOI 3MiHHOL
y Busdl t=a..b, me t — iM’s HezasmexkHOI 3MiHHOL, & i b — Mexi
mianazony 11 3minm. [ToyaTkoBi yMOBH 3a1aroThes HapaMeTPOM-
CITMCKOM inits, esleMeHTaMHM SIKOTO € chnucku. KokeH eseMeHT-
CIIMCOK BU3HAYAE IHTErpajbHy KpuBY (4 i1 mpoexuino) gudepen-
IiaJIbHOTO piBHAHHSA abo cucTeMHu, 1O Binobpaxaerbcs ua rpadi-
ky. KinbkicTs enemeHnTiB-cicKiB apamerpa inits Binnosizae Kinb-
KocTi iHTerpaibHux kpmBuX. [lapamerpu xranges (ix moxe 6yTu
CTUIBLKHM, CKIJIBKM € HeBizoMux (hyHKIiil y cucremi) 3a1ai0Th Jia-
Ma30HU 3MIHN HeBioMIX BYHKILIH | BUKOPHCTOBYIOTLCS JIJIsT 3aBep-
IIEHHST TpoIecy inTerpyBanisi. Boun maiorh Burisy x(t)=x1..x2.

INapaMerpu xranges He € 06oB’sizkoBUMH. [l aBTOHOMHOI
CUCTEMM JIBOX JuQepeHiiajbuaX PiBHIHL NePIIoro nopsiaky abo
OJHOIO JMpepeHIiaNbHOrO PIBHIHHS, PO3B’SI3AHOI0 BITHOCHO II0-
Xi/1HOT, BYJIYETHCS JOJATKOBO 1OJIe HAIIPSMIB, BUSHAUCHC ILI€10 CH-
cremolo un pisaanHsIM. Jlist rakol cucremMu (pIBHSIHHSL) 331aBATH
IOYIATKOBI YMOBH Inits neoboB’sI3K0BO, ae 3aMicTh HUX TPeba BKa-
3yRATH MAPAMETPH Xranges.

Onnii 3aga0rbest y Burisiml pisaoctei. Cepejr KUIBKOX J1ecsi-
TKIB OILi# HajiuacTille BUKOPUCTOBYIOTL Taki: linecolor 3anae
KONip JliHiil posw’siskis (Hanpuksal, black, green, red); scene
3aJA€TLC Y BUMISUL JIBOCJICMEHTHOrO CIIUCKY NIyKanmx hynkiii
YW HE3AJICKHOTU 3MIHHOT 1 BU3NAYAE, 1O BUBOJNTLCH na 1'pagi-
Ky (scene=[x(t),y(t)] o3na1ae, 110 N0 rOPU3OHTAILIINA Oci Ipa-
dika Bigobpaxkaernest dyukitst x(t), a 1o Beprukaibniit ~ y(t));
stepsize 3aJae KPOK 3MINN HEAJEKNOT 3MIUITON JWIst BijIOOpasice-
HHs TOYOK Tpadika; scaling=constrained osnadae, 110 MacuItab
€ OJHAKOBHM 110 OOHIBOM OCIM KOODJHNAT.

Posrasiiiemo xoman iy PDEplot 3 rnakera PDEtools, sika 6y/aye
iHTCrpaibHy 1OBEPXHIO PIBHSIHHSI 3 MACTUHHUMHU HOXiHUMM 1ep-
IIOrO HOPSIAKY, 10 TIPOXOANTDL Yepes 3ajialy KpHuBy. Y IOUATKy 4
€ NpuKAaau poborr 3 1i€ro koManaoo. PopMar KOMaHIK:

PDEtools [PDEplot] (PDE, inits, srange, oril).

Tyt PDE - piBHsinHs 3 YaCTHHHUMY TOXIQHUMH HEPIIOTO IOPIKY
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BigHOCHO HeBimomol dyukuil n, n-> 1, 3minaux. [logaTkosi ymosu
3aJal0ThCS IapaMeTpoM inits y Burasgl comeky 3 n -+ 1 enemen-
TiB, AKi BU3HAYAIOTH y mapamerpudHiii dopmi kpuBy y (n + 1)-u-
MIpHOMY IIDOCTODi, Hepe3 SKy NPOXOAUTH iHTerpasibHa 1I0BEpPXHS
audepeHIiianbHOro piBHsaHHs. EgeMeHTH nmoBHHHI OyTU BHpa3aMu,
fAK] 3aiexkars Bim n — 1 napamerpa. llapamerpom srange 3aga-
€ThCA CIHCOK Jialas3oHiB abo alana30H 3MIHH KOKHOIO TapaMe-
Tpa, SKU# BUKOPUCTOBYETHCS Yy MOYATKOBHX YMOBaXxX, y BHIVIAL
s=sl..s2, t=t1..t2 i 7 x. 3okpema, y BUNAIKy IBOX HE3AJEKHUX
3MIHHMX COMCOK inits MOBMHEH MICTHUTH TPM BMpa3Hd, 3aJI€XKHI Bif
oxHOTO NMapaMerpa. Maitxke Bci onmii € aHAJOTIYHUMHU [0 O KO-
Manau DEplot makera DEtools. OnHa 3 HaMBaXKIUBINIAX JOJATKO-
BUX OHI xi=ximin. .ximax JO3BOJsE 3a0aTH Aiaa30H, 1110 0OMe-
JKYBaTHME 9YaCTHHY IOBEPXHI, sIKy HoTpibHO Biaobpasuth. Kinb-
KicTe Takmx omnuii moxke Oyt Big 0 mo n + 1. Bes mmx onuiit
HeoOMeKeHY TOBEPXHIO BiIOOpa3uTH HeMOXKAMBO. Jljst Kparmoro
Bi100paskeHHs! IOBepPXHI MOYKHA BUKOPUCTOBYBATH OINNi0 numchar,
sIKa 3a/a€ KiabKiCTh TOMOK 3 [IOYATKOBHUX YMOB, Uepe3 fAKI [IPOXo-
JSTh KpUBi, 110 GOPMYIOTH IHTErpaibHy HOBEPXHIO. 32 3aMOBUY-
BaHHAM numchar=20 [ig n = 2, 10 MoXe 6yTH HEeZOCTATHIM s
aKypPaTHOIO BiIOOpasKeHHs CKJIAJHOT [TOBEPXHI.
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KOPOTKI BIZIOMOCTI ITPO BYEHUX,
AKI STAZIYIOTBCHA ¥V IIOCIBHUKY

ABEJIb Hinsc I'enpik (Abel Niels Henrik; 1802 — 1829) — uop-
BE3BKUI MATEMATHK. ABTOD BaXK/IMBUX BIIKPUTTIB B aarebpi Ta MaTeMa-
THYHOMY aHaJi3l. BcTaHoBMB HEPO3B'A3HICTD 3arajbHOrC ANrebpUIHOrO
PIBHSIHHA CTeIeHa 1 > 5, oJepKaB 03HaKu 301KHOCTI yncioBux Ta dyH-
KUIOHAJIbHUX PAAIB. 3aiMaBCs TAKOXK IUMEPEHIANLHUMY PiBHAHHAMA,
OJIHUM 3 MEPIIMX TIOYAB BUBYATH IHTErpayibli PIBHSIHHHA.

BAHAX Credan (Banach Stefan; 1892 — 1945) — nosbchbkuit i
yKpalHChkuil MaTemaTuk, npodgecop JIbBiBchkoro yuisepcurery. Onue
i3 TBOpHIB Cy4acHOro (bYHKIIOHAJILIIOTO alaai3y i JbBIBCHKOT MATEMaTH-
YHOT MIKOJH.

BEPHVJIJII Hauuin (Bernoulli Daniel; 1700 — 1782) — mseii-
uapCHKUit MaTemaTuk, mexatik, ¢isuk. Cun W. Bepuymwn. Haii6iasm
BloMuit mpangMu 3 MareMarnunol dizukn Ta Teopii gudepennianbaIx
pisnann — foro pasom 3 I’ AsamGepom i1 Eiuviepom BBaskaioTs TBOpIEM
MareMaTHIol BIsHKH.

BEPHYJLJII Morann (Bernoulli Johann; 1667 — 1748) — wmseii-
mapcpkuii Maremaruk. Mosogmmit 6par . Bepuyiuii, 6arnko 1. Bep-
wynni. Jdas nepie cneremarnide BuKaaaenist gudpepetiianbuoro Ta -
TErpasILHOTO MUCJICHIIST, ABTOP JCSIKIX METOAIB iHTCrPYBAINSI 3BHANIINX
Auepeniiajibiux pisusian (Po3pobus MCTOJ BiIOKPCMJICHIIS SMIIITAX Ta
MeTO/, I ACTAIIOBKHM I1ITerpyBaua JIHIHHKX PIBISAIL NEPIIOro NOPSLIKY ).

BEPHVYJLJII fIko6 (Bernoulli Jacob; 1654 - 1705) - mscitnap-
CLKMH MaTCMaTHK. ABTOP BHIATHHX Upailb 3 aHAJITHHIOT reomerTpil,
MATEMAaTHULOr0 aHasmidy, Teopil dMoBipHOCTCH, audeperniain,uux pis-
s (pisnsmins Bepuyii). Pasom 3 6parom Horanmom sakman oclosu
papianiiroro unchcist. Ipajosas TAaKoXK y pisHHX ranyssx Ppizuky.

BECCEJIb ®piapix Binsreabm (Bessel Friedrich Wilhelm;
1784 — 1846) - wimeupkuit acrponom i maremaruk. IIpaui npucssueni
Teopil judepenniansimx piBHaAus 1 nebecuiil Mexaniui. ¥V maremarui
floro imM’st HOCATH Tax 3Bani pTHAPKHaHi pynkuil nepmoro poay (Ppyu-
kiil Beccenst) 1 mudepenniansue piBusiiisy, sike BOHA 33J10B0JLISHOTE
(pisusinns Beccens).

BAHIEPMOH/ Anekcanap Teodin (Vandermonde
Alexandre Theophill; 1735 -~ 1796} — pauiysskuil MaTeMATHK.
Bigomuii npansimp 3 anreOpH, 30KpeMa JaB JOrivuuii BUKJIaJ Teopil
BU3HAYHUKIB, Jle BijoMuil susnadnnk Bauaepmonga.

BPOHCBKUI (TEHE-BPOHCBKUII) FIOszedp Mapis
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{Hoéne-Wrocski Jozef Maria; 1778 — 1853) ~ nosbchkuil MaTeMaTnx i
Ppinocod. Onepxap uikasi pe3ynbTaTy B ajaredpi, MATeMaTHYHOMY aHa-
i3, Teopii mudepeHniabHUX piBHAHL. YIepinie BBiB (yHKIOHAIBHMIA
BU3HAYHHK, KWl Ma€ BeJIMKE 3HAYEHHsA B Teopil giHiinux mudepenii-
AIHbHUX PiBHAHL (BU3HAMHHK BpoHchKoro abo BPOHCKiaH).

T'PIH HOxopax (Green George; 1793 — 1841) — anruiiicekuii mare-
MaTrK i Pizuk. OCHOBOIOMOKHMK WIKOJU MaTeMaTH4Hol di3nkn 8 Kem-
6pumki. OneprkaB Baromi pe3yJibTaTH B MaTeMaTH4HIi disuili, po3sunys
Teopiio eNeKTPHKHA # MArHeTU3MY, CUUPAIOYUCH Ha 3HaiiaeHi HuUM dop-
MYJIH TeOopil MOTEHIATY.

I'VK Pobept (Hooke Robert; 1635 — 1703) - aurmificokuit npu-
POJIO3HABelb, YieH JIOHJOHCHKOTO KOPOJIiBCEKOro ToBapucTBa. OCHOBHI
npaii y pisHoMaHiTHUX raxy3sx ¢bisuky i actponoMil. OuuH 3 TBOPUIB
MaTEMATHIHOT Teopil MPy>KHOCTI.

TVPBIIIL Aponbd (Hurwitz Adolf; 1859 — 1919) — HiMenbkuii Ma-
TeMaTHK. Bimomuit mpalaMy 3 MATEMATHINOTO auajisy, ajreopu (Kpu-
repift ypeina), Teopii uncei. 3 1892 p. npodrecop IMonitexuiumoi mronm
y Lliopixy, e cepen #oro cryaenris 6ys Anpbept Efinnrrefin.

J’AJTAMBEP 2Kan Jlepon (D’Alembert Jean Le Rond; 1717 -
1783) — dpamiysbkuit mareMaTuk, Mexatik i dinocod. Asrop dynia-
MEHTAJIBHUX IIPallb 3 MeXaHiku, mareMaTruanol disuku, Teopii qudepen-
uiaJbHUX piBHAHB. Buepine chopMyimioBap 3arajbHI TpaBUIa CKIaLa-
HHA JAudepeHIjaJbHNX PIBHSHEL PyXy OyAb-sikux MaTeplabHUX CHCTCM
(rpumumir JT Anambepa). Moro poboru, a takoxk nactymii poboru JI. Eit-
qepa i JI. Bepuynni 3akjanu ocosy MareMaTuinol hizukm.

ENJIEP Jleonapg, (Euler Leonhard; 1707 - 1783) — suparunii ma-
TEMATHK, MEXaHIK, (hi3UK, aCTPoNoM. 34 MOXOAKeNHIM IBeiapent. As-
Top Maitxke 850 HAYKOBUX IPAllh 3 MATEMATHIIOTO anaJisy, JudepcHi-
AILHOI reoMerpil, HABIMKEHNX MeTOIB 0buncaennh, Hebecnol Mexaliky,
maTeMaTHuHol GI3HKH, onruky, bamicTHKH Ta in. CHCTeMATHYIO PO3BU-
BajO4YM HOBI NPUIOME IHTErPYBaHIs AU(EPEHIATLINX PIBHSIHL Ta BBIB-
I HU3KY OCHOBHMX IOHSITH Yy Lt obnacri, Eitep crsopus sik camocTiii-
Hy AUCUMIUIHY TeOopiio 3BMUaiinux nudepernniaisiuX pisHsanD i 3akaan
OCHOBH TeOpil PIBHAHL 3 YACTHHITMHY MOXiIHHME.

KAIIEJIJII Ansdpeno (Capelli Alfredo; 1855 -~ 1910) ~ irvaniii-
CbKH MaTemaTHK. PO3BHHYB Teoplo Ksauparudiux (opm ta reopii
anreOpuyHnX piBHAHL. JloBiB HeoOXinuy 1 AOCTATHIO YMOBY iCHyBaHI:d
PO3B’$13KY JOBINAbHOT MiHiHOI cHcTeMU aarebpi X piBHsIHb.

KIPXT'O® Tycras PoGepr (Kirchhoff Gustav Robert; 1824 -
1887) — nimenpkuit izuk. Po3p’sizas 3a8a4y npo poO3MoLi eJICKTPUYHNX
CTPYMIB y PO3raJjiy’KeHUX eJIeKTpuyHnx Kojax (nmpasuia Kipxroga). Ma-
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TEMATHIHI JTOCIIiIKEHHs BiIHOCATHCS TOJIOBHO 10 MATEMATHTHOI (pi3uKH
(MeTox HabaHKEHOrO PO3B’A3yBaHHs 33434 Ju(PaKiil KOPDOTKUX XBHJIb,
dopmyaun Kipxroda B Teopil norenmjiairy).

KJIEPO Aunekcic Kioa (Clairaut Alexis Claude; 1713 — 1765) —
dpanuy3pKkuil MaTeMaTUK, MexaHik i acTpoHoM. BBiB mousiTTs moBHO-
ro audepenniana Gyaxnil KUIbKOX 3MIHHHX, 3araJIbHOIO Ta JaCTHHHOIO
posB’s13KiB audepenIiaJLHOTO PiBHIHHS.

KOIIII Oriocren JIyi (Cauchy Augustin Louis; 1789 — 1857) —
dpanny3pknit Matemarnk. Ony6aikysas monas 800 npanp i3 Teopil uu-
ceJi, anrebpu, MATEMaATHYHOTO aHAMI3Y, TEOPETHIHOI MEXaHIKH, MATEMAa-
TuuHol dbizuku. [laB viTKe O3HAYEHHSA HenepepBHOI (BYHKIIII, OCHOBHUX
HOHATBH Teopii 36lxkunx pagis (o3naka Komi, kpurepiit Komi), possunys
OCHOBH Teopil ananmirnynnx dpyukuiit. ¥ reopii mudepennjansuux pis-
HUb JHOBIB OCHOBHY TCOPCMY ICHYBANIIS1 PO3B’SI3KY HOYATKOBOI 3ajadi
(3ana4i Konii). Pospobus MeToau iHTerpyBannst piBHsIHD 3 YACTHHHAMH
MOXiIHUMH HEPINOTO HOPsIAKY.

KPAMEP TIa6pienb (Cramer Gabriel; 1704 — 1752) — mseitnap-
chkiil Maremaruk. O 3 TBopuiB Hiniiinoi axre6pu, yuens W. Bepuyi-
Jii. 3alpPONIOHYBAB MCTOZ, PO3B A3y BAHNS CUCTCM JOHIHHUX ajrebpuyanux
piusi (mero,1 Kpamepa). OrpuMman 1oBi pesysiibTaTn Takox y recome-
Tpii, Teopil fiMoBipnocrei, uebecniii Mexaniui.

KPOHEKEP Jleonoasna, (Kronecker Leopold; 1823 - 1891) — ui-
McHLKHI MaTemarnk. Hamicas nonwan 120 mayxonux npaun 3 anredpu i
reopil Hucen. Bys npuxuwibiukom «apudpmernsailil> MaTeMaTHKH, sIKa,
g HOro JIYMKY, HOBHINA 3B0AUTHCH 10 apuMCTHKH 1JINX YHCCIIL.

JATPAHXK 2Kosed JIyi (Lagrange Joseph Louis; 1736 -~ 1813) -
hpamysnpkuil MmaremaTuk i Mexauik. HafOlnnir askansi npaig sippocs-
THCS IO BAPIALIANOrO MuCIeH s | Mexaiiky. oMy HATCKATD TAKOXK BH-
JIATHI JOCILIZKCNNS 3 PISIAX ITHTAIL MATCMATHHIHOIO anadiisy (dpopmyna
3AJMIIKOBOro wietia psiy Tefstopa, dopmysa ekirsenimux mpupoctis —
dopmyaa Jlarpainka, Teopist YMOBHHX €KCTPEMYMIB - MCTOL MHOXKHHUKIB
Jlarpanrka), gudepentianbunx pisasiib (Teopist 0COBIUBAX PO3B A3KIB,
MeTOZ, Bapiallil AOBUILHUX CTaJMX JJIsl JHIANOro piBHsHNST N-T'O TOPSII-
Ky) Ta i

JIEMBHIL Tordpis Binsreanm (Leibniz Gottfried Wilhelm;
1646 - 1716) - niMenpkuil MateMaruk, dpisuk, disocod. Oaun i3 rBopLin
nndepenijaibHOro Ta IHTErpaILHOro YUCACHD, IXNIX MOHATD 1 CHMBOJI-
ki. Momy 1masiexars tepMing «audepentiany, «udepeniansie Tueie-
HHsD», «judepeHiiianbHe PIBHSIHESY, «DYyHKIIsl», «KoopauHaTs Ta, iH.

JIITIIOIIL Pynoned Orro Curismympz (Lipschitz Rudolf Otto
Sigismund; 1832 - 1903) — HiMenBbKUl MaTCMATUK. ABTOD BAXKIMBHX
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palbk 3 MATEMATHYHOTO aHaJIi3y, Teopil Yuces, AudepeHIialbHUX PiB-
HaHb (yMosa Jlimming), TeOpeTUIHOT MEXaHIKH.

JITYBLJLJIb 2Kozed (Liouville Joseph; 1809 — 1882) — dbpaniyss-
KUii MATeMATHK. ABTOD BaXKJIMBHX MPAllb 3 KOMILIEKCHOTO 3HAJI3Y, T€o-
pii 1ncen, gudepenuiansaux pisusus (dopmyra Ocrporpagcbkoro — JIi-
yBULTs). IlepmuM CTporo AOBIB HEIHTErPOBHICTD Y KBAAPATYPaX AEAKUX
knaciB judepenmianbanx pishseb. Pasom 31 2K. IlltypMoM pospotus
Teopilo KpaloBUX 3a1a4 Ha BJIACHI 3HAUEHHS IS JIHIAHUX audepenii-
aJIbHEX PiBHAHL APyroro nopsaaky (zamada Ultypma - Jliysiia).

JIANMNYHOB Ounexkcanap Muxaiinosud (1857 - 1918) ~ pociit-
CBKUIT MaTeMaTUK i MexaHiK. 3aCHOBHUK MaTEMAaTHYHOL Teopil cTifikocTi
PYXY, aBTOD BayXKJIMBHUX HOCJIIXKEHL PO Qirypu piBHOBArW piauuu, 10
pIBHOMIpHO 06epTaeThCA.

HBIOTOH Icaak (Newton Isaac; 1643 — 1727) — anruificbkuit ¢i-
3UK, MATEMATHUK, MEXaHIK, aCTPOHOM. 3aK/IaB TEOPCTU'IHI OCHOBH MeXa~
HiKHK i acTpoHOMIT, BIIKPUB BaKOH BCECBITHLOIO TSXKinHs, pa3oMm i3 Jleii-
6HILlEM BBAXKAETLCH TBOPUEM JUbEPEHIIABEHOTO Ta IHTErPaJbHOro Hn-
cienb. BuHalmos Meron iHTerpyBanus audepeHIiabLINX PIBHAHL PO3-
BUHCHHSM 1X PO3B’SI3KIB y CTeneHeBi psiay.

OCTPOIPANCBKUM Muxaitno Bacuiasosuu (1801 -
1862) - yxpaiucbkuit i pociticoknit marematux (pogom 3 Ilosrapmumnm),
wen IMeTepbypankol Axkagemil HayK Ta HAraTHOX 3AKOPIONHNX AKAICMil
Hayk. Po3B’si3aB HH3KY BaXKJIMBHX 33434 MareMarudnol dizuku, Teopil
spuMalinux andepenujanbuux pisisn (dopmyiaa OcTporpaacsroro -
JliyBiss), BaplanifiHoro “TuCIEHHA, TCOPETUMHOT Mexaniky. 3anporouy-
BaB CIOCIO 3BeJIEHHsT HeOAHOPIHOT kpaiioBol 3a4a4] 40 OAHOPIION.

MMEAHO [Ixysenme (Peano Giuse; 1858 ~ 1932) — itauijicokuit
MaTEMATHK. 3alpPONOHYBAB CUCTEMY aKCioM apiudMeTHKY, JOBIB TeopeMy
icHyBanust poss’sisky 3agaui Komi jyisi mudbepentianbHOro piBHAHHA 3
HEEPEPBHOI) MPABOI0 YACTHHOIO.

TIYAHKAPE Anpi 2Kiosnb (Poincare Henri Jules; 1854 ~ 1912) -
dbpanuy3bKuil MaTeMaTuk, bisuk, acrporoM i disocod. Asrop nona,
1000 nmpaup 3 gudepenmiadbHuX PiBHATL, TEOPIl MOTCHIHAIB, MATCMA-
THYHOI (pizuku, HebecHol MexaHiku. QUK 3 3aCHOBHUKIB SIKICHOI TeOpPil
nAudepeHniannIux PiBISIHL.

NPADPD WMorann Ppiapix (Pfaff Jobann Friedrich; 1765 -
1825) — uimeupkuii MaTemMaTuk i acrpoHoM. Bimomuit mociimxenmsmu
3 Teopii gudepermianbhux pisusiue (pisnsuus Hpaddda).

PAVYC Easapa, dxkou (Routh Edward John; 1831 — 1907) - an-
rnifickkuit MexaHik 1 MareMatTuk. BijioMuit 1mpansiMi 3 T€OPEeTHYHO] M-
xaniku. 3aiimMaBcs npobiemamu CTifiKOCTI piBHOBarm i pyxy {kpurepii
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Payca - I'ypsina). Beranosus crelfjiaibamii aaropuT™ AJ BU3HATMEHHS
KUIBKOCTI KOPCHIB aJIreOpMYHOrO PiBHAHHSA, AKi MalOTh JOAATHI JiiicHi
gacTunu (Teopema Payca).

PIKKATI Ixakomo ®pandecko (Riccati Jacopo Francesco;
1676 — 1754) — iranificbkuit MaTeMaTHK Ta iHxeuep. OcHOBHI mpari cTo-
CYIOTbCS IHTErpaibHOrO YHCIeHHs it fudepeHIiabHUX PIBHAHD, 30Kpe-
Ma BiH aBTOP JOCJiIXKEHHS HPO IHTEIPOBHICTH y KBaJAPATYpaxX OJHOTO
KJIacy JudepeHuiabpHux PIBHSHL NepUIoro nopsaxy (crenianbHe piBHa-
una PikkaTi).

CUJIBBECTP /[dxeitmc dxkozed (Sylvester James Joseph;
1814 — 1897) - aurmiticekuit Maremaruk. OCHOBHI npaj 3 aare6pu (kpu-
Tepift CubBecTpa), Teopil unces, Teopil AMOBIpHOCTEl, MexaHiky 1 Ma-
TeMaTuIHo! (hI3UKH.

TEMJIOP Bpyxk (Taylor Brook; 1685 ~ 1731) - anruificbkuii Ma-
TemaTuk. Busis saransny dopmyny (dbopmyna Teitnopa) pospunenust
dbyukuitt y creneneni psau (psim Teitnopa), 3anoqarkysas MareMarTH-
Yy TEOPIIO KOJUBAHNS CTPYHH.

OPEATI'OJIBM Epik Isap (Fredholm Erik Ivar; 1866 - 1927) -
IUBEJCHLKUA MaTeMaTUK., 34aCHOBHMK 3arajibhol Teopii yinifinux inrte-
rpasthiux pisustan (pisusuns Opegronnbma, Teopemu Operonnma).

DOYP’E€ XKau Barucr 2Kozed (Fourier Jean Baptiste Joscph;
1768 — 1830) — dpannysbvkuil maremaruk. HaiiBaromimi pesyinraTh
orpumas y maremaTuuiiit pizuni. 3okpema, BuBis Judepetiiannie pis-
HSHNST TEIUIOIPOBLANIOCTI, PO3POOUB MCTO/[ PO3B’A3YBaHUS LHOrO PiBrisi-
IEsE IPY eBUMX Kpaiiosnx yMosax (Meron @yp’e). Poro ixei cramu no-
TY>KHUM IHCTPYMCHTOM MaTCMATHYHOIO HOCTIIZKCHHS HafipisioManiTii-
HIMX 3314, OB 'I3aHMX 3 XBUASIMA | KOJIMBAHHSIMH.

XOII® E6epxapxa (Hopf Eberhard; 1902 — 1983) - nimeubkuii i
amepukaHcbkuil MmareMaTrk. Ocnonii poboTH CTOCYI0TLCS Teopil Julia-
MIYHEX CHCTCM 1 qudepenjaibiuX PiBUAND 3 YACTHHIMMHE HOXIHUMU.

HITYPM 2Kak IlMapan ®pascya (Sturm Jacques Charles
“rangois; 1803 — 1855) - meciinapctbkuii Mmaremaruk. OcHOBUI upaui npu-
cpsiveni 3a4aMaM MaTeMaTH'1o) (DI3UKU Ta MOB'SI3AINM 3 HUMU Kpadio-
BYM 33J]a4aM Ha BIACHI 3HAYCHIIS JYLs 3Brainnx JudepeHiaiinlinx pis-
s (3agaqa Hlrypma — Jliysuin). 3akaan ocnoBu Teopil KONMBIOCTI
po3B’a3KiB mnifinex judeperiiainbinx piBHAHD.

AKOBI Kapa I'ycras SIko6 (Jacobi Carl Gustav Jacob; 1804 -
1851) ~ nimernkmit MaTemaTnk. Momy nanexars sigkpurrs B teopii au-
cea, anrebpi, BapiamifHOMY YRCJCHHL, iIHTErPaJIbHOMY YHCICHHI Ta Teo-
pii sudepenniansuux pisusiub. Jocnimkysas qudepenniainni piBHsnns
JMHAMIKH, PO3POOUB HOBI METOAM IX PO3B’SI3yBaHs.
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