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Bil ABTOPIB

ﬂ nbeperuyianbHi Ta IHTErpanbHi piBHAHHA, METOAN
ix pocnigXxeHHA WUPOKO BUKOPUCTOBYIOTLCA B
PISHOMAHITHUX rasiy3AX CyHacHOi Hayku | TexHiky. Tomy
TEOPIA AngbepeHyianbHuX Ta IHTerpanbHuxX PiBHAHL AK
HaBYansHa OAUCUNIIIIHA NOCIRAE YiNbHEe MICUHE B CHCTemi
nigroroBku cneuianicTie i3 mMexawiku, izukm,
EneKTPOoHIKK, XiMii, mMarepiano3Hascrsea, Gionorii,
EKOHOMIKK, MaLwnHOOyaYyBaHHA.

[IpornoHoBarui nigpyyHnK HaNMCaHo Ha OCHOBI KypCiB
NIeKUiA, AKI asTopu Bripoaos)x 6ararsox POKiB YATaNN H3
QDisnyHOMY, Panioi3ndHOMy ¥ MexaHiKo-
maremarnyHomy pakynererax KnisCobkoro
HauioHaneHoro yHisepcurery imeni Tapaca LllesyeHka, i
€ TPETHOKO, 3aBEPWATTbHOIO KHUIOK HABYaIbHOIro
KoMmnnexcy «[ngpepenuiannri 1a iHTerpanbHi PiBHAHHEA».
lepwumn kHuramu, suganumu y sngasHuUTBI «[Tnbigb» y
2003 p., € nigpy+sank «[lucbepeHuiansHi DiBHAHHA»
(astopu: A. M. Camoiinenko, M. O. lNepecTiok,

1. O. lMapacrok) ra HaB4anbHUi 1ociOHNK
«[ughbeperuianeri piBHAKHHA B 3aga4ax» (ABTOPK:
A. M. Camoiinenxo, C. A. Kpusowea, M. O. lNepecriok).

Mera KHuru — 03HanOMUTH CTYACHTIB 3 OCHOBHUMMU
MOHATTAMYU, (PAKTAMH 1 METoflaMy Cy4acHoi Teopii
AngbepeHLiansHux 1a iHTerpansHux PiBHAHL, AOMOMOITY
imM 3acBoitu maremarnyHmi anapar, HeobxigHwa a71A
ROCNIAKEHHA ANGhepeHLlianbHuX Ta IHTerpanbHux
PiBHAHL, 1iQroTysary ix 4o caMocCTisHoi poboTu 3
HayKOBO NiTepartypoto. Linm 3ymosriennii ctunb Bukiagy

3



HaBYasnbHOro marepiany 8 nigpyqHuky. onosHy ysary
npugineHo BUCBITAGHHIO inedHoro 1a anropuTMidHoro
acneKTia pO3rnAZyBaHuX roHATb, METOARIB | TBEPAXEHb,

OOBELEHHIO OCHOBHUX TEOPEM Kypcy, a Takox po3bopy

YUCNEHHUX NPUKAAEAIB, AKI iMOCTPYIOTL TEOPIIO. OCHOBHI NO3HAYEHHSA

Marepian, Akui MOXXHa NPOryCTATH NiA Yac NepLioro
yuraHHA, HabpaHo BpPibHUM WwpuTom.

Mu rnnboko BaAYHI peueHseHTaMm — npoghecopam
O. A. Bovuyky i P. |. MNeTpuiunHy 3a KOPHUCHI KDUTHYHI
3ayBa)keHHA ¥ nopaau, a takox I. b. Kigboperko 3a
BEsINKY BONOMOry B 0GDOPMANEHHI DyKONUCY.

Al

la - b1l = p(a, b)

la. b}

lall -

IUTSE KOXHOrO, ISt BCiX (KBAHTOP
3arajibHOCTI)

iCHye (KBaHTOD ICHYBAHHA)
BUMAMBAC (CHMBOJ iMILIKALLT)

ToMi ¥ nutie TORI (CMMBON
eKBiBaJIEHTHOCTI)

JOPIBHIOE 32 O3HAYEHHAM

MHOXHWHa (roJie) KIKCHUX Yucen,
ngificHa nipsiMa (Bicb)

MHOXHWHA (1noe) KOMIAEKCHUX
yMcea, KOMIUIEKCHA TUIOLIIMHA

MHOXMHA LIAMX Yucen
MHOXHWHA HATYpanbHUX qYucel

NIACHUI n-BUMIPHUIT BeKTOPHUI
npocTip

eBKJIiIoBa HOopMa BekTopa a 3 R”
eBKJIIIOBA HOpMa MaTpuill A,
J0AAaTHUIT KOPiHb i3 CYMU
KBaapaTtiB MOAYJIB eJieMeHTIB
MaTpuui A

eBKJIinoBa MeTpuka B B

piBHOMIpHA 301XHICTh Ha BIAPIIKY
[a, bl




-
la. b}

CD (C[a, b]) —

n

>

G fa, 6l

36iXHICTb Y CepeaHbLOMY
KBaJPATUYHOMY Ha BiIpi3ky [a, 6]

KJac ycix AIMCHUX, HeTIePepBHUX

Ha MHOXuHI D (Ha Biapi3ky |a, b})
dyukuin

KJIac yCiX HiMCHUWX, HENEepepBHUX

Ha [a, b] n-BUMipHUX BekTOp-
byHKLI#i

KJIac r pa3iB HenepepBHO
nudepeHifOBHUX MIMCHUX QYHKILIA
Ha MHOXUHi D

cig MaTpuii A — cyMa efeMeHTis
TOJIOBHO1 HiaroHati

paHr Marpuui A

MaTpuig, TPAHCIOHOBAHA UIOAO
marpui A

I'naBa

OCHOBH! O3HAYEHHA TEOPII
ANOEPEHLIANbHUX PIBHAHbL

| 1.1

3suvanHi auchepeHuianbii piBHAHHA
neplioro NOPANKy

3euuainum dugpepenyianbHum piBHAHHAM Nepwo2o nopaoKy HA3IMBAKOTD
CHiBBLIHOWIEHHS THITY

F(x,y,y) =0, (1.1

Ie x € R — He3ajilexxHa 3MiHHa (apTyMeHT), ¥ = y(x) — HeBiZoMa cKa/sipHa
(byHKuig apryMeHty x, F — 3amaHa cKaisipHa YHKIUS IMIHHUX X, y,
dy K . .
Yy = d_} BU3HauyeHa B o6iacti G < R’ i 3anexua Big y’.
Ix

PiBrsHus (1.1) Ha3UBAIOTb cKAAAPHUM OUDEPEHIANbHUM DIBHAHHAM, He
D038 ’a3aHUM GIOHOCHO noxionoi, a60 Hesgnum Jupepenyianvhum piGHAHHAM
nepuwioeo nopaoxy. '

"' PiBHSAHHSA THITY

VY= flx, ), (1.2)

e f — 3a1aHa cKalspHa PYHKLIsA, BU3HaYeHa B obaacti D < R?, HasuBaloTh
CKAAAPHUM OUGhepeHyianbHuM DIBHAHHAM NepuLo20 NOPAOKY, PO3e 13aHum 6id-
HOCHO nOXiOHOI, aDO AGHUM Oughepenyiatbum PiGHAHHAM NEPUIOZ0 NOPAOK).

* Min ofiracmio wagani po3yMiTUMEMO BiIKPUTY 3B’S3HY MHOXWHY y BiANOBiAHOMY
MeTPHYHOMY HNpOCTOPi.



Masa 1
OCHOBHI O3HAYEHHA TEOPII OU®EPEHUIANBHUX PIBHAHL

AundeperuianbHe piBHAHHA [TEPILOTO MOPSAKY B cumempuunii hopmi
MA€ BUIJISI

P(x, yYdx + Q(x, y)dy =0, (1.3)

e P(x, y), Q(x, y) — 3anaHi ckaasapHi (pyHKLil.

Po3é a3kom ducpepenyianvroeo piguanHs Ha inmepeaai’ I=(a, b) HasuBa-
10Tb IUdepeHLitoBHY Ha I GyHKIII0 @(xX), KA TIepeTROPIOE JaHe PiBHAHHS
HA TOTOXHICTb:

F(x, o(x), (X)) =0 (¢(x) = f(x, 9(x))), xe [

PiBHicTs ®(x, y) = 0, 1e & — HenepepBHO AudepeH1iiiOBHA (QYyHKIIiS,
Ha3UBAIOTH iHme2parom dughepenyiaabh020 piGHAHHA, SIKILIO BOHA HEsAB-

HO 3a7a€ po3B’s130K ¢ (x) (x € /) JAHOrO PiBHSHHSA, TOOTO AKILO I =0

do . .
(xe ), ne T [IOBHA MNoxigHa (GyHKUii ® yHacaiaoK naHoro audepeH-
ax

LIjaJIbHOT'O PiBHSIHHS.

Sinmeepysamu (po3e a3amu) Oughepenuiansre pigusnns — 03Havae 3Hak -
TU BCi Or0 po3B’si3KHu.

MHOXHWHY TOUOK LI ={(x, )|y = ¢(x), x € I}, T06TO rpacdik poan’a3Ky
(p(x) Ha3uBalOTh leeepafleOK) Kpueoto dugpepenyianbrozo pisHanma. [1poek-
Lii10 iHTerpayibHOI KPUBOI Ha BiCh OpAMHAT (¢hazoeuii npocmip PIBHSIHHS) Ha-
3MBAIOTh ghaszosor mpacxmopicio, ab6o xpueoro ﬂmbepeHuiaanoro PiBHSIHHSI.
BlIlLUyKaHHH 'PO3B’A3KY @(x) piBHAHHS (1.2), KUK 3a00BOILHAE noanKoay
YMOBY (p(xo) Yy, A€ X, ¥, — 3adaHi Yncila, Ha3UBAIOTh HOYAMKOE0H) 3a0a-
yero, abo zadauero Kowi, 0an pisnanns (1.2). KopoTtko 3aqauy Koiui 3any-
CYIOTb TaK:

= f(x,p),
Ylxg) = yy.

Touky (x, y,) € D Ha3uBaioTh novamroeo moukorw 3adaui Kowi (1.4).

(1.4)

* MoxHa po3rasiatv po3s’si3oK audeperUiatbHOro piBHsIHHS Ha Biapisky [ = [a, b}
abo Ha niBiHTepBati.

1.1
3Buyaiki audpepexlianbhi PIBHAHHA Nepworo NOpARKy

KO yepe3 KOXHY TOUKY (x, y) € Dy A
IIPOBECTH [IPAMY, TAHIEHC KyTa HaXU1y KOl
110 oci Ox nopiBHIOE f(x, y), TO AicTaHeMo Je-
SAKY CiM’10 IPSIMUX, KOTPY Ha3MBaIOTh notem
Hanpamie pienanna (1.2). HanpsMm nojs B
KOXHiM Touli (x, y) € D 3pydHo 306paxatu
3a IOTIOMOIrOI0 Maloro Bigpi3ka (IiHifiHoro
eJIeMeHTa) NMpsIMOI, SIKa BiINoBifae Liil ToYLi.
LieHTp KOXHOrO Bigpizka BUGHPAETBCS B TOU- Puc. 1.1
ui (x, ¥) (puc. 1.1). 3ayBaxumo, 1110 MOJie HATIPSAMIB NMOBHICTIO BU3HAYEHE
MIPaBOoIO YaCTUHOIO piBHAHHA (1.2) — dyHKuielo f(x, y).

[HTerpanbHa KpyuBa B KOXHI# CBOIl TOYLI JOTHKAETLCSA A0 MO8 Ha-
npsiMiB, 1 HABMAKH, KPUBA, STKA B KOXHIN CBOIl TOYLI JOTUKAETLCS 0 Ha-
MpAMY NOJs B Ll TOULI, € IHTerpajibHOI KPUBOIO.

3 reoMeTpUUHOro norsiay 3agaya Koui uis piHaHHs (1.2) monsirae y
BIIIIYKaHHi iHTerpaJbHOI KPUBOI, Ka MPOXOAMTh Yepe3 3adaHy O4ATKOBY
TOUKY (X, ¥,) € D. Taka KpuBa y BUnaaky HenepepBHOCTI (PyHKLIT £ 3aBX~
M icHye (auB. mn. 2.4).

IHTerpasibHy KpMBY MOXHA GyayBaTH HaGIHXEHO, BUKOPUCTOBYIOUU
T10/1e HarpsMiB, 3a JONOMOTOI0 Memoody izoxain. [3011i1010 HAIUBAIOTL KPH-
By, B KOXHIil TOYLI K0T HanpsiM roJjis OAHAKOBUIt. YCi iHTerpasibHi KpHBI,
L0 fIepeTHUHAIOTL JaHy i30KJ1iHYy, B TOUKAX NepeTuHy HaxmieHi 10 oci Ox
Mg ONHUM KyToM. PiBHSIHHS i30KJIiH Mae Burasn f(x. y) = k, ne k —
AificHuit napametp. [1oOynyBaBLIKM AOCTATHIO KiIbKICTb 130KI1iH AN PiZHUX
3HAYeHb [mapameTpa k, MOXHa JicTaTd AOCHUTh TOUHE YSIBIEHHS Npo dhopmy
/i NOBEAIHKY iHTerpaJibHUX KpUBUX IudepeHLialbHOrO PIBHAHHS.

Po3riasiHeMo TIpUKJIAIN.

UnNpuknap 1.1

lepesipumo, wu € cniggionowenns y(x +Inx + 1) ~ 1 = 0 inmeaparom dudepen-
uianbrozo piguanns xy’ +y =y’ In x.
3andepeHUioBaBILM AaHe CNiBBIIHOWIEHHS, AicTasieMo

, |
(X+Inx+ Dy + y[l +—|=0.
X
3 audepeHUiabHOrO PIBHAHHS MaeMo

Y= —]—(y2 Inx - ).
X
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Maea t
OCHOBHI O3HAYEHHA TEOP! AMOEPEHLIANBLHUX PIBHAHDL

Uy : Tomy
E , ;
' (x+Inx+1)y +y(l+—]:
! x
o b-1 T =l(y2lnx—y)(x+lnx+l)+y[l+l)=
. x X
E X (s nx -1y =0,
: x

Puc. 1.2
Hanwit interpan BU3HaAvae ABi HenepepBHO AudepeHUinoBHI Gynkuii
|

x+Inx+1
i € po3B’a3koM AudepeHUianbHOro PiBHAHHA Ha npoMmixkax (0, b) i (b, +x)
BiIMOBiOHO, Ae b — KOpiHb piBHAHHA x + Inx + 1 = 0. TlobynyBaBMn Bia-
MOBiAHI iHTerpabHi Kpusi - (puc. 1.2), 6ayuMo, mo (a3zoBoIo TPAEKTOPICIO
po3B’a3Ky ¢,(x) € misnpsMa x = 0, y < 0, a a30B0I0 TPAEKTOPIEI0 POIB’A3KY
@4(x) — nisnpamMa x =0, y > 0.

Y =9;(x), y = ¢,(x), KOXHa 3 IKMX BUPAXAEThCH POPMYIOID p =

OMNpuxnanp 1.2
TTo6ydyemo inmezpanvhi kpuei maxux pieHAHb:
s X+ x]
y+lyl
E::Zii:} Hdaxe piBHAHHA BU3HayeHe Ha BCiit miolMHi xOp, KpPiM TOYOK Ha

npsamux x = 0, y = 0. B obnacti BU3Ha4YeHHs Lie PiBHIHHS MOXHAa 3aM1caTH
Tak:

7

=3\

Puc. 13 Puc. 1.4

10

1.1
3euuaitdi audepeHyiancHi PIBHAHHA NEPWOro NOPARKY

, I, siKwo xy >0,
y = )
-1, skino xy < 0.

Tomy 8 I i Il kBagpaHTax KOOPAMHATHOI MICUIMHYA IHTErPaILHUMU KPHU-
BUMU € rpadiku dyHkuiit y = x + ¢, a B 11 1 IV xBanpanrax — rpadiku
GyHKUI# y = —x + ¢ (puc. 1.3).

{6 PiBHSIHHA BM3HA4YeHe y BepXHiil MIBIUIOLMHI y > 0 KOOPAMHATHOL
maowuHu. B wiit obnacti pisHAHHS 3alMLIEMO Tak:

0, skwo x £0,

y = X
) -, axkwo x >0.

y

Tomy y II kBagpanTi y = c. Y | kBagpaHTi MacMoO L;—y = —1\;. xdx +ydy =0,
dx y
2

| . . . .
abo Ec/(.vc'2 + yz) =0, 3BigkM x> + y2 = ¢°. IHTerpansHi XpPUBI LUBOro pin-

HSHHA 300paxeHo Ha puc. 1.4.

ONpuxknap 1.3

3a donomozoro memody i30KaiH HaGauxceHo nobydyemo inmezpatbri Kpugi piansim-
Hay' =2x(1 - y).

CiM’a i30KJIIH JaHOTO PIBHAHHSA BU3Ha4eHa piBHAHHAM 2x (1 - y) = k, ge
k e R. TTpu k = 0 ue piBHsaHHs 3agae OBi MpsMix=0iy=1,anpn k=0 —

C e k
ciM’10 tinep6oa y =1 sl
X
IMpsima y = | € iHTerpajbHOIO KPUBOIO, OCKiNbKK yHKUIA y = | € po3-

B’S1I3KOM AaHOro AudepeHuianbHOro piBHAHHA. [30kaiHy x = 0 (Bick opau-
HaT) iHTerpajibHi KPUBI MepeTHHAIOTh Mid NPAMUM KYTOM (IOTHYHI 10 HUX Y
TOuKax oci OpAMHAT napasenabHi oci abcuuc). Lle o3navae, WO TOUKH i30KITi-
HU X = () € TOUKAMHU eKCTPeMyMY pO3B’sA3KiB.

o6 3’sicyBaTH xapaktep eKCTpeMajibHUX TOYOK, OOUMCIUMO APYTY NO-
Xiany byHkuUii y = y(x):

Y =201=p) = 2x(=y") = 21 = y) = 2x - 2x(1 = p) = 2(1 = p)(1 - 2x?).
OTxe, TOYKHU OCi OopaHHAT, A1t AKHX y > |, € TOUKAMU MAKCUMYMY

(y” < 0), a TOUKH OCi OpaAMHAT, IS AKNX ¥ < 1, — TOUKaAMW MiHIMyMY po3-
B’s3KiB (y” > 0). ToukH nepervHy iHTerpanbHUX KPHUBHUX HAIEXATh MPAMUM

11



Masa 1
OCHOBH!I O3HAYEHHA TEOPII QUOEPEHLIANLHWX PIBHAHb

X = irl/\/?. MpaMi x=0iy=1 (i30kni-
HU 1IpU k = 0) noAiNSIOTh KOOPAUHATHY
OJOWMHY HAa YOTUPH YACTHHU, B KOX-
Hill 3 AKUX moxigHa y’ 3b6epirac 3Hax.
Otxe, mMepeTHHaAIOUH npaMy x = 0, iH-
TerpaabHi KpuBi nepexoAsTh 3 obGiaacTi
3pOCTaHHSA PO3B’A3KY ¥ = y(x) B obJacTh
cnagaHHsd, skuwo y > 1, i 3 obaacti cna-
OAaHHS PpO3B’A3Ky B 06JacTh 3pOCTaHHS,
gkwo y < 1.

Poarnsinemo wmwe nsi  i30KJIiHM:

_v=le(npuk=l)i y:l+i (mpu
2x 2x

Puc. 1.5 k = -1). Jornuni, nposeseHi [0 iHTer-
PATbHUX KPUBHUX Y TOUKAX MEPETHHY 3 UMMH i30KJTIiHAMU, YTBOPIOIOTH 3 BICCIO
abcuuc kytH 45 i 135° sinnosigHo. Lliei indopmauii nocrariso nist Haban-
XeHoi nobynoBH iHTErpajibHUX KPUBHUX JAHOrO AvdepeHLiaIhHOro piBHAH-
Hs (puc. 1.5).

3azanshum po3e’asxom pienanns (1.2) ¢ ofaacmi D, < D Ha3uBalOThL Of-
HOIMapaMeTPUUHY CiM 10 PyHKILIH

y=9(x,c), (1.5)

3aj1eXKHY Bill OIHOTO JOBUILHOTO ITapaMeTpa (IOBIILHOI CTAIOI) ¢ 32 YMOBH,
o KoxHa ¢GyHKUis Li€l ciM’i € po3B’a3KkoM piBHAHHA (1.2) Ha nesKoMy
intepsaii I i W14 Byab-AKOi IOYATKOBOI TOYKM (X, ¥,) € D, onHonapamer-
pruHa ciM’s (1.5) MiCTUTL €EXMHUIA PO3B’A30K ¢(X,, ¢)), AKHI 3210BONBLHSIE
MOYaTKOBY YMOBY ©(X,, Cy) = Y.

Axuio 3aranbHuil po3s’s3ok (1.5) 3agaHuit HestBHO CiiBBIIHOMISH -
HSIM

D(x,v,¢) =0, (1.6)

ae & — gudepeHUiiloBHa GYHKUIsI CBOiX 3MiHHUX, TO CHiBBIIHOMEHHS
(1.6) Ha3nBalOTh 3a2anbHum inmeepanom pienanna (1.2) & obaacmi D, Po3-
B’S30K, SIKMI MOXHa AiCTaTH i3 3arajibHOro poO3B’sA3KY NMPU KOHKPETHO-
MY YHMCJIOBOMY 3HAaY€HHi CTaJIOl ¢, HA3UBAIOTb YACMUHHUM PO38 A3KOM pié-
HauHua (1.2).

12

1.1
3euyaitni pudbepenlianbHi pIBHAHHA NEpLOro NOPAAKY

UMNpuknap 1.4
- IS . ’ 2 ;
Hoxaxcemo, wio 3a2anvhum pose sa3Kom pienanus py’ = /1 + y* @ obaacmiy >0
. 2
€ gynruin y =J(x+¢) -1 (xe I =(l-c, +x)).
[TigcTaBMBWM AaHY DYHKILIO B PiBHSHHSA, HICTAHEMO PIBHICTL X + ¢ =

2 . .
= ,/(x +¢), AKa NEepeTBOPIOETLCA HA TOTOXHICTh Npu x + ¢ 2 0 i, OTXe, cApas-
Ixyerses s BCix x € 1. KpiM Toro, mwist 6yAb-sIKOi M04aTKOBOI TOUYKH (x5, ¥)

(¥, > 0) piBusIHHA p;) = J(x(, +¢)? ~ | Mae exMHuit po3B’A30K G = ,/I + y(f - Xy-

. . 5
AHANOTIYHO MOXHA MOKa3aTH, WO QyHKUWiIA y = —\[ x+¢eyY -l (xel)e

3arajbHMM PO3B’I3KOM JAHOTO PiBHSAHHSA B 061acTi-y < 0. IHTerpaibHi KpuBi
IlaHoro PiBHAHHSA 3006paxeHo Ha puc. 1.6.

yA

y>0

y<0

Puc. 1.6

[MouatkoBy TOUKY (x,, ¥,) € D Ha3MBAIOTb MOYKOI0 EOUHOCMI D036 A3KY
3ada4i Kowi (1.4), IK110 Yepe3 Hei MPOXOAMTD Jivlle OfHA iHTerpalbHa KpH-
Ba piBHsHHA (1.2). SIKWO yepes TOUKY (x,, y,) NMPOXOAUTH Gilble HiX OHa
iHTerpajibHa KpUBa, TO TaKy TOUKY Ha3WBaIOTb MOYKOK HEEOQUHOCMI pO3-
6 a3y 3adayi Kowi. MHOXKWHY BCiX TOYOK HEEIMHOCTI pO3B’A3KY 3adavi
Kouii Ha3suBaloTh 0c00au6010 MHONCUHO0. KILIO 0COBINBA MHOXHHA Mic-
THUTb IHTETPATLHY KPUBY, TO LIIO KPHBY HA3UBAIOTh 0COGAUGON inmezpab-
HOI0 Kpueoio, a Po3B’s130K E(x) (x € I), sikuii BianoBigae oco6auBiil iHTer-
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asa 1
OCHOBHI O3HAYEHHA TEOP!I AN®EPEHUIANBHUX PIBHAHL

paiibHill XpUBIH, — ocobausum po3e szxom dugepenyiarvroeo pienanns (1.2).
Jns ocobnuBoro po3B’sa3ky E(x) (x e /) 3agaya Koiiri 3 moyaTkoBo©w yMo-
BoIO y (x,) = &(x;) VX, € ] Ma€ binblLIe HIX OOIUH PO3B’30K.

OfNpuxknap 1.5

Jlerxo nepempmn 10 3arajlbHUM PO3B’A3KOM PiBHAHHA y’ = 3y B 06-
nacti D = R? € ciM’st (byHKum y=(x- c)3 (x € R). Kpim Toro, naHe piBHIHHA
Ma€e o4eBMAHMI PO3B’A30K y = E(x) = 0 (x € R), ssKMil He MICTHTBCS B 3araib-
HOMY po3B’sa3Kky. Ockinbky 3agaya Kollli [u1sa faHOro piBHSIHHS 3 MOYaTKO-
BOIO YMOBOIO y (X)) = £(x;) = 0 (x € R) Mae, HanpukAan, po3B’i3KK

y=(x- x(,)3 (xeR), y=&(x)=0 (xe R),

0 npu —x < x £ ¢,
;= ‘ p 0 |- ) npu —x < x<¢) < x,,
(x=¢y) upn x>c = x,, 0 ApH X > ¢,

TO po3B’sn30k E(x) = 0 € ocobausum (puc. 1.7).

Y A

c (o) Xo

Puc. 1.7
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1.2
3snvaiini pudepeHuianbHi PIBHAHHA BULLKX NOPAAKIB

1.2

3BuyanHi gudpbepeHuianbHi PiBHAHHA
BULLLUX NOPAPKIB

3eunaiinum OugepenyianbHum piGHAHHAM M-20 nOPAOKY HA3UBAKOTD PiB-
HSIHHSI BUIJISIDY

Fx, p, v, ..y =0, (1.7)

e x € R — He3aJlexXHa 3MiHHa, y = y (x) — HeBigoMa ¢yHKLUisA, F — 3agaHa
cKausIpHa (hyHKLIsS!, BU3HayeHa B obacti G < B™ "2 (m 2 1) i 3anexua six y ™.
PigasiaHs (1.7) Ha3uBAOTL ckaaapHum dudbepeHuiarbHuM pigHAHHAM
m-e0 nopadKy, He po3e a3anum iOHOCHO cmapluoi noxionoi, abo nessHum cka-
AAPHUM QughepeHyianbHuM DIGHAHHAM M-20 NOPAOKY.
PiBHAHHS BUTJISULY

(m) f(’( v, V y(/n~«l))’ (]8)

e f — 3anaHa cKaasipHa yHKLS, BU3HayeHa B obiacti DS R™* ' (m > 1),
Ha3UBalOTh CKAAAPHUM OuhepeHiarbHUM PiBHAHHAM M~-20 NOPAGKY, po3e -
3anuUM 8IOHOCHO cmapuioi noxionoi, abo seHUM cxarapHum JugbeperyiarbHum
PIBHAHHAM M-20 NOPAOKY.

Po3g azcom dugpepenyianvrux pieuaus (1.7), (1.8) na inmepeaai I Hazu-
BalOTh m pasiB AudepeHLiioBHY Ha [ HYHKILIIO ¢ (x), IKa NepeTBOPIOE JaHe
PIBHSIHHSA HA TOTOXHICTB!

F(x, @(x), ¢(x). ..., ¢""(x)) =0
(" (x) = £ @(x), ey 07D,

Hasni po3risizaaTuMeMo piBHﬂHHH (1.8).

3anavy BiZlUyKaHHS PO3B’SI3KY cp(x) plBHﬂHHﬂ (1. 8) ﬂKI/lVl 3dIIOBOJ]b-
HSE TIOYATKOBI YMOBH @(Xy) = Vo, ¢'(Xy) = ¥i .. 0" (xg) =y ",
HE Xyu Voo Voo oen Y7 D — 3apani uMcna, Ha3IABalOTb nouamxoeoo 3ada-

yero, a00 3ar)auem léouu Oas pigusanna (1.8). KopoTko ii 3aIIMCyI0Th Tak:

m) f(’( v, ) s ...,y(”"”),
Am—=1)

‘ (1.9)
."(-\”1)) = Yo, V(X)) = Yo o ym )(Xo) =

15
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OCHOBH! O3HAYEHHA TEOP(I AUOEPEHLIIANLHUX PIBHAHL

Touxky (x4, Yo Yoo e y(()’""’ )€ D Ha3UBaIOTb MOYAMKOBOKH) MOUKOK)
3adaui Kowi (1.9).

3acanvrum po3e’azkom pienanns (1.8) 6 obaacmi Dy € D Ha3usaorsh
m-napaMeTpuyHy ciM’10 GyHKIIA

}’ = (p(xa C', veey Cm), (110)

3QIeXHY Bill m NOBUILHMX [IaPaMeTPiB (IOBLIbHUX CTAIUX) €y, ..., C,,, 33 YMO-
BY, LIIO KOXHA (DYHKIIIA ITi€i CiM’T € po3B’si3koM piBHAHHSA (1.8) Ha JlesskoMy
iHTepBani /i i1 GyIb-sKoi OYATKOBOT TOUKH (Xy, Yy, Vo --r Yo" V) e D,
m-napamerpydHa ciM’st (1.10) MiCTUTb €IMHUI PO3B’A30K @ (X, Cjgy, ---v Cpo)-
KOTPHIi 3aA0BOJILHSIE MOYATKOBI YMOBH 3anadi Kowii (1.9).

Axmo 3aransHmii po3p’a3oK (1.10) 3agaHuii HesiBHO CHiBBIIHOLIEHHSM

O(x, y. ¢, .y ¢,) =0, (1.11)

TO criBBigHOWeHHA (1.11) Ha3UBAIOTL 3azasvrum inmezpasom pienanns (1.8)
8 obaacmi Dy, Po3B’30K, AKMI MOXHA HiCTaTH i3 3aralbHOrO PO3B 3Ky
HPU KOHKPETHHX 3HAYEHHSAX CTAIMX Cy, ..., C,,, HA3UBAIOTh YACMUHHUM PO3-
8 13K0M pigHanna (1.8).

CrHiBBiIHOILIEHHS BHITISLILY

Y(x, y, ¥y, YR o) =0, (1.12)

ae y = y(x) — po3B’sa30K piBHAHHNA (1.8), 1o6yTe BHACAIIOK iHTErpyBaHHS
UbOTO PiBHSIHHSA, Ha3UBAIOTb NPOMINCHUM iHMe2parom k-20 nopaoky pieHsH-
#a (1.8). [pomixuuii iHTerpai

Y, 0, Y, Y ) =0 (1.13)
HA3UBAIOTh nepuum inmeeparom pieusuns (1.8).

ONpwknap 1.6

32

[lokancemo, wo d)ymcum y= (p(x ¢, G) = —(Zx +¢)’7 + ¢y € 3aeanbHuM

Tag ¥

Po3e a3xom pignsnns y'y”" =16 obaacmi Dy = {(x, v, y') | "> O}.
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1.2
3eunaini aucbepeHuianbHi PIBHAHHA BALLKWX NOPROKIB

’ ! . » =172
3HalioBLK =(2,\'+c~,)"2 iy =Qx+¢q) 172 nepekonyemocs B 10-
, G . . .
My, moy’y”=1Vvxe [l = (—-2— +xJ i Oy@b-aKuX ¢, ¢,. [Iaa aosinbHOI no-

4aTKoOBOI TOUKH (X4, ¥, ¥o) € Dy (xy € 1) ckhagaemo cucremy piBHSTHD

1 3/2
(X €. ) = 'i(zxo +¢)7 ¢ = .

e Y = (D A2,
o {(xq, . G) = Qxy + )7 =y

w . . 2 : 2
3 [IKOI CTafli ¢, 1 ¢, BUSHAYAIOTECS OIHO3HAYHO! ¢| = Yo —2x9, > =y - ?v(,‘.
OUONpuxknanp 1.7

[Tokaxcemo, wo ynryin y = Q(x, €. €)) = €] COS WX + ¢, SiN OX ¢ 3azanbHum
po3e’asxom piguanns y*+w’y =0 (0= const £ 0) ¢ ofiaacmi D = B>,
3HaiyoBIIK

, . ” > .
Y = 0(c; €os ox ~ ¢y sin wx), ¥ =~ (¢ oS x + ¢; Sin wx),

NMEPEKOHYEMOCA B TOMY, O y” = -’ Yy Vx € R i Oyab-sikux )5 Gy ILna po-
BibHOT MOYATKOBOI TOUKM (X, Vo, Vo) € D ckiamaemo cuctemy DiBHSIHb

(p(.\'(,.. Cpy ('2) = () COS X, + (&) sin WXy = Vy.

@©'(Xy, ¢, ) = =0 8in wx; + w, cos ©x, = y,.

OCKiJIbKY rOfIOBHMH BU3HAYHUK LIE€T CHCTEMU

COS (X sin wx;,
A= . ) =z,
~ 0 8in OX;  ® Cos wx;

TO CUCTEMA MAE cnmmu PO3B’SI30K i, OTkKe, DyHKUiA y = €1 COS_ QX + ¢y SiN WX
€ 3araJbHUM PO3B’SI3KOM JaHOTO PiBHAHHS B oGnacti D = R3.

sttt “HaioRATRAR yHisEpoHTET ]

oI Birethanuka

o R
BAY RO BIBIHOTEKA

i, 2o 7 084684




fnaea 1
OCHOBHI O3HAYEHHA TEOPIi AU®EPEHUIANBHUX PIBHAHDL

1.3 |

Cucremu 3suyamuunx
avdepeHuianbHUX piBHAHL

Cucmemoio 3suuaiinux dugepenyianvhux pieHsns m-20 nopsoKy Ha3upa-
I0Tb CUCTEMY BUTIJISLY

Fi, p, 9, .., y") =0, (1.14)

Ie x € R — HesajiexXHa 3MiHHa, y = y(x) — HeBiZOMa BeKTOPHA QYHKLiA:
T

- T _[d'y d'y . . Fo
y"(yls.--q _V,,) » Y= ‘E’T‘,..-, -d;Tn— (/ ——1...., m),; F—(ﬁ,...,
E) — 3apaua BeKTOpHa OGYHKIig, BM3HayeHa B obgacti G c

D+l - : _
c R D1 > 1) i 3anexna Bin y™. Yucao n Ha3uBaIOTb GuMipHi-

cmio cucmemu, a YUCI0 m — ii nopadkom.

Cucremy (1.14) MOXHa pO3IIANATH SIK HesBHe sexmopHe Oughepenyians-
He DiBHAHHS M-20 NOPAOKY GUMIDHOCMI n.

Hene sexmopne dugpepenyianvhe pigHAHHA M-20 nopsaoKy eumiprocmi n
Ma€ BHIISI

(m)

Y = g(x, y, Yy, (1.15)

ne g = (g, s gn)T - 3ajaHa BeKTOpHa (pyHKIIisE, BU3HAyeHa B 06sacTi

D c Rm/wl (m > 1)

Po3p’s30x ¢(x) = (¢,(x), ..., (pn(x))T cucreM (1.14), (1.15) Ha inrepsaii |
BU3HAYAEThCS aHAIOTIYHO PO3B’A3Ky piBHaHL (1.7), (1.8), ki € okpeMUMH
Bunankamu cucreM (1.14), (1.15) npu n = 1.

SIxuio BBeCTH A0 po3rsny ¢azoeudi eexmap cucremu (1.15) = = (5, =5,

a2 =, ¥y e R (z; =y VeRr" i=1, .., m), 10
cucremi (1.15) MOXHa NMOCTaBUTU Y BilMOBIAHICTH €KBiBAJICHTHY iif CUCTe-

MY mn PiBHsSIHb NEPUIOTO NOPALKY (SIBHE BEKTOpHe AMdepeHLiaibHe piB-
HSTHHS epLIOTo NOPSAKY BUMIPHOCTI mn):

18

1.3
CucteMu 3Bu4anHUX audepeHuianbHUX PiBHAHL

2 =23,
. , .......... (116)
Sm-1= Zpps ‘
z,, = g{x, 2).

ExpiBanedTHicTh cucreM (1.15), (1.16) cnix po3yMiTH Tak: SKILO
¥ = ¢(x) — po3B’s130K cucteMu (1.15), To BekTopHa QyHKUIA z = (¢(x),
¢’ (x), ..., o™ V()7 € posr’saszkom cucremu (1.16). HaBnaku, aximo
z = (zy, ..., Z,)' — po3B’s130k cucremu (1.16), To dyHKUiA y = z,(x) —

pO3B’s130K cuctemu (1.15).

YpaxoBylouu Ui MipKyBaHHS, Iaji pO3rIsIaTUMEMO sIBHE BEKTOPHE Oy-
(hepeHLIiaNbHE PIBHAHHS MEePUIOTro NMOPAIAKY BUMIPHOCTI # — CHCTEMY 3BU-
YyaHMX audepeHIiaIbHUX PIBHAHD, 3aNUCaHy B HopManvhit opmi Kowi’
(HopmaabHy cucmemy), IKa Ma€ BUIIIAN

Y= flx, ), (1.17)

ie x € R — HesallexHa 3MiHHa, f — 3anaHa BeKTopHa dyHkuia f= (f, ...,
£,)", Busnauena B obnacti D c R"*', y=(y,, ..., »,)7 — urykaua ek-
TopHa dyHKuis, ¥ = (¥, .., y,',)T.

Inmezpanvroio kpueoto cucmemu (1.17) HA3NBAIOTh MHOXUHY Iy ={(x,
o)) |xel}cR™ ', 10610 rpacik po3B’I3Ky ¢(x) (x € I) ui€i cucTeMu.
[Tpoekuio iHTerpansHOi KpuBoi Ha dazosuit npoctip R” cucremu (1.17)
HA3UBAIOTh (ha3060i0 mpackmopicto cucmemu (1.17).

3agady BiIUIYKaHHS pO3B’si3Ky ¢ (x) cuctemu (1.17), sikuit 3aA0BOJILHSIE
MOYATKOBY YMOBY 9(Xy) = yy, Be X, € R, y, € R”, Hasusawots nouamxosoo
3adauero, abo 3adauero Kowi, dast cucmemu (1.17). Touky (x,, y)) € D<= R"* !
Ha3UBAIOTh NOYamMK0600 mo4Koro 3adayi Kowi. SIK i B ckajnspHoMy BUNaj-
Ky, TeOMeTpUYHUIA 3MicT 3afa4i Kol nosjsrae y BioliyKaHHi Ti€l iHTer-
PaJbHOI KPUBOI, SIKA TPOXOAUTDL Yepe3 3alaHy MoYaTkoBy TOUKY (x,, y,) € D.

3azanbrum po3e’azxom cucmemu (1.17) e obaacmi Dy < D Ha3uBaiOTh
n-riapaMeTpUYHy CiM’10 BEKTOPHHUX (DyHKIIi

y=0(x,c), (1.18)

3aJiexXHy BiJ n DOBUILHUX NapaMeTpiB (BeKTopa HOBiIbHUX CTAIUX € =
=(c;, oy cn)T € R"), 3a YMOBM, 110 KOXHa (DYHKLif L€l CiM’T € pO3B’I3KOM
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OCHOBH! O3HAYEHHA TEOPII AUDEPEHUIANBHUX PIBHAHb

cucremu (1.17) Ha nesxoMy iHTepBasi / i wo Wwig 6yab-AKOi TOYATKOBOL
_TOYKH (X, ¥,) € D, n-napamerpuyHa cim’s (1.18) Mictuts eanHuit po3s’s-
30K @(x, ¢y), KOTPHiA 33OBOJIBHSIE TTOYATKOBY YMOBY @ (X, ¢;) = Y,

PiBHicTs Bursagy ®(x, y) = ®(x, y, ..., ¥,) = ¢ = const, ge & — He-
nepepBHO audepeHLliitoBHA byHKLIA B obnacti D,, MoBHA NOXiaHa sKOI
BHacAigok cucremH (1.17) ToroxHO nOpiBHIOE HYTIO:

dd 0@ <~ o
= z:—fk(x, ») =0 ((x, y) e Dy),
i=1%Yk

dx  Ox

Ha3UBAIOTh nepuum inmeepasom cucmemu (1.17) 8 obnacmi D,. Camy PyH-
KLi10 ® Ha3UBAIOTL inmeeparom™ cucmemu (1.17).
CyKyITHICTb 7 TIepIUUX iHTerpatin

DX, V., ¥,)=¢ (i=1, .., n (1.19)

[y BexTOpHiit hopMi B(x, ¥) = ¢, me B = (D, ..., D), ¢ =(¢, ... ¢,)T]
cuctemu (1.17) Ha3uBalOTh 3azanvhum inmeeparom cucmemu (1.17) 6 o6-
aacmi Dy, axuo interpaiu @, ..., ®, € GyHKUIOHATBHO He3aleXHUMH B
obnacri D, TOOTO SIKILIO BUKOHYETHCSI YMOBA

det<2 20 ((x, y)e Dy, (1.20)
ay
oD, od,
o® | Y
A == =|........... — Marpuus Ocrporpaicbkoro—Akobi cucremu
orolew, o,
C‘-\yl ayn
GbyHKUR @, ..., D,. ¥ LHbOMY BUNIAOKY KaxyTh, 10 (1.19) € cucmemoio n

HE3AAeHCHUX Nepuiux inmezpaais.

* 3 o3HayeHHA BUIIMBaE, o iHTerpan cuctemMd (1.17) — ue ¢yHkuis, sika He €
TOTOXHO CTanoio, ane HabyBae cTaiMxX 3HAUYeHb Y3MOBX IHTErpallbHMX KPMBKX CHCTEMM.
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1.3
CucTemu 3BuvaitHux pudepeHUianbHux piBHAHL

[Tokaxemo, 1o B pa3i BUKoHaHHST ymoBH (1.20) cuctema piBHsHb (1.19)
HEABHO 3a1a€ 3arajlbHUi po3s’a30K cucteMu (1.17) B obaacri D). He-

o .
xait, Hanpuknana, det— = 0 ((x,y)e D,). Toni 3 TeopeMu Npo HESTBHY
(/-'

¢byHkuio BuminBae, mo cucreMa (1.19) B OKosli KOXHOI TOYKM
(X9, Yo, ) ((xg, o) € Dy, ¢y = D(xy, y,)) BU3HAYAE QMdepeHLi0BHY
(B mesaxoMy OKojli J TOUKM Xp) yHKLUIIO y = @(x, ¢), IS AKOL 9(Xg, Cp) = ¥,

L, (®Y 0®
o =- —— (x € I). Tenep, BUKOPHCTOBYIOUH O3HAYEHHS MEPLLIO-

cy éx
ro iHTerpana, 3 (1.19) maemo: o = %—ql + ﬁ-f(x, ©0)=0 (xe [), 3Bin-
dx ox ¢y
B V! ~H
ku f(x, Q)= —[cfpj %9- Otxe, ¢'(x, ¢) = f(x, 9 (x, ) i dyHKUig y =
[ cX

= @(x, ) € 3arajibHUM po3B’sa3KoM cuctemu (1.17) B obnacti D,
PoarnsiHeMo npukiaau.

UNpuknap 1.8
[lepesipumo, uu ¢ ynxyii & = X2 2y, W=y - .vcyz2 inmezpasamu cucme-

mu Qucpepenyianvhux pians V| = —y,, y; = y,"( yzz - X) 6 0baacmi Dy y, = 0.
3HaxoaAuMo MOBHI NoxiaHi GyHKHiH & i W yHACNINOK CUCTEMU:

7Le) ] i
(l\ = 23 + 29 (-py) + 207 (9 - x) =0,
T

‘A Y i

(/x =3+ (3y) = 20p7 (7 x) £ 0,
T

Otxe, iHTETpAIOM maHOl cUCTeMU ¢ pyHKUis .

ONpuxnang 1.9

[lepegipumo, uu ymsopwiomp pienocmi ®| = y|2 —yzz =¢, D =(y - ,Vg)2 +

.o b V
+2X = ¢, 3aeanvhull inmezpan cucmemu y, = S - Y=t ¢

= = ¥ —
obaacmi Dy y, # y,. =) =)

3Hax0IMMO MOBHI NoXinHi QyHkUin d, i ®, yHacainok AaHoi cuc-
TeMH:
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asa 1
OCHOBHI O3HAYEHHA TEOPIi AU®EPEHLIANBHUX PIBHAHL

do, _ _2ny 2y 0
(- G -n)

(y; ¢y2)
do, =24 2(n —}’z)()/'zz— ) 0.
dx " -»)

il

it

o6 noBecTH He3anexHiCTb iHTerpatis @, i ®,, ckjaeMo MaTpHLIO
Ocrporpagchkoro— S kobi:

AP, D) [ 20 -2y,
s yy) 2 -») =200 - »)
Ockinbku rank (_A(f‘jﬁiz)) =2, TO piBHOCTI ¥, = ¢, ®, = ¢, yTBOPIOIOTD 3arab-
W 0

HU# iHTenpan AaHoi cucremu B obnacti D,. 3Haiiiemo 3araibHUIi PO3B’SI30K L€l
. 2
cuctemu. Posp’siayloun cucremy piBHsiHb yi — yi = o, M =») =0 -2x

. . 4
BiIHOCHO Y|, ¥, iCTaHEMO [xe [ = [ *, ——5—}}

—Cy — ¢y + 2 ¢y ¢ —2X
N ) S S Tl
yl"‘ ] }’2“

2Jo = 2x 2 ~2x

B obnacti D, y, < y,,

¢+ —2x _a - ¢y 42X

N e T o

B obnacti D,: y, > y,.

Y HacTymHi#t maBi posrisHeMo TUNMM nudepeHLianbHUX PIBHAHD, LI0O
IHTerpyloThCs B KBagparypax abo JOIyCKalOTh 3HKEeHHS opaaKy. CUMBO-

JIOM Jf (x)dx y Teopii AntepeHLIAILHYX PIBHAHD 3a3BMYali MMO3HAYAIOTD SAKY-
HeOyab nepBicHy (kBanpartypy) yHKuii /(x). SKiuo 3a5a4y BIIUIYKaHHA BCiX
PO3B’s13KiB IMePeHLIIATHHOTO PIBHSIHHA MOXHA 3BECTH 10 OOYHCIEHHS CKiH-
YEHHOIO YMCIa KBagpaTyp i CKIHUEHHOTO YnCia allreOpUYHUX ofepaniii, To

KaXyTh, IO naHe piguanns inmeepyemocs 6 keadpamypax. Tax, HanpuKiag,
piBHSIHHA y” = 2xe' [OIMycKae 3HVKEeHHS TIOPSUIKY: u' = 2xe i inTer-
PYETECS B KBAIpaTypax, OCKUIbKY 4 = ' = e Ty ¢, y= Y dx + QX + ¢y,

ne c¢,, ¢, — NOBUIbHI CTaJi.

I'nasa

METOAWU IHTErPYBAHHA OKPEMUX TUNIB
ANOEPEHLUIANBHUX PIBHAHb

| 2.1 [
PiBHAHHA 3 BiROKPEMAKOBAHUMMN 3MiHHUMK
Ta OAHOPiAHI PIBHAHHA NepLIOro NOPALKY

PiBHSIHHA TMITY

Y = f(x)g(y), 2.1

ae f(x), g(y) — HenepepsHi PykHUIT (x € (a, b), y € (o, B)), Ha3MBAIOTH
DIBHAHHAM i3 GIOOKPEMAIOGAHUMU IMIHHUMU.

Axwo g(cy) = 0, To crana GyHKLUIs y = ¢, € pO3B’AIKOM PiBHAHHSA (2.1).
Hexait g(y) = 0 (y € (¢, d)). BizokpeMmooun 3miHHi B piBHAHHI (2.1),
MaEMO

a’)
( )

J.f(x)dx = 2.2)

= f(x)gy), = f(x)dx,

O(x, y) = J‘gﬁ -

Iokaxemo, WO piBHICTL (2.2) € 3arabHUM IHTErpaioM piBHsHHS (2.1)
B obnacti Dy = {(x, y)|x € (a, b), y € (c, d)}. CripaBai, 3HAWILOBILK MOBHY
NOXiAHY Bix (2.2) BHACHIAOK PiBHAHHSA (2.1), AicTaHEMO TOTOXHICTb
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fmasa 2
METOAW IHTEMPYBAHHA OKPEMUX TUNIB OAUDEPEHLIIARBHUX PIBHAHL

dd |l dy ]
= — f(x) = —— f(X)g(¥) - f(x)=0.
dx  g(y)dx / &) & 1)
Ockinbkn @, = g([y—) # 0, To 3a TeOPEeMOIO MPO HesABHY (HYHKIHIO PiB-

HAHHSA (2.2) B oKOJTi TOYKH (xgs Vs €g) (xy € (a, b), yy € (¢, d), ¢y = P(xy, ¥p)
BU3Havae €UHY QYHKLIO y = ¢(x, ¢)), Ka 3aI0BOJIbHSAE [I0YaTKOBY YMO-

v, - ‘
e )

BY (p(x s € ) :yo 1 s HKOI y’ = —___"_ —
v P, 1/8(»)

.. olx) o x
PiBHiCcTE j (—Vy) - | f(x)dx =0 BU3HaYae po3B’a30K y = ¢(x) piB-
h g X

HsTHHS (2.1) 3 MOYAaTKOBOIO YMOBOIO ©(Xg) = y; (¥, € (c, d)).

OfNpuknap 2.1

PiBHAHHSA 3 BiIOKpeMIIIOBAHUMH 3MIHHUMK V' = 23/xy Mae oueBMIHWMIA PO3-
B’s130K y = 0. Bizokpemiooun 3MiHHI IpH y = 0, gictaHemo

ay, = 2Yx dx, yz/3 -x¥3

%/;

c<0 yip €>0c=0 c<0 3BifICK 3HAXOMHMO 3araib-
Hi pO3B’SI3KM MaHOro piB-
HAHHS:

y= (xJ'/3 +o)Y?

B obsyacTi y > 0;

3 y= —(xV 4P
B obJacti y < 0.

[HTerpasbHi kpusi na-
HOTO DiBHAHHS 300paxe-
HO Ha puc. 2.1,

3ayBaxuMo, L0 OdaHe
PiBHSAHHS Ma€ pO3B’SI3KH,
SIKi HE € YACTUHHUMMU, Ha-
Puc. 2.1 npukiag: y = 0;

24

c<0 ¢c>0c=0 ¢c<0

2.1
PiBHAHHA 3 BiNOKPEMNIOBARUMW 3MIHHUMK TA OQAHOPIAHI PIBHAHHA NEPLIOro MNOPARKY

3 4/3.3/2 "
y= M a2 npu x <a, _ 0 npu  x <h,
- ST i3 2
0 npu x = a; QY oYYy npn x 28
+(*M MYy npu X <a,
y= 0 npu a<x<b,

M- 6YYy npu x>bh

OfNpuxnagp 2.2

Bimokpemitioiouu 3MiHHI B piBHAHHI ¥y’ = xy(y + 2) npu y = 0, y # ~2, MaTu-
MeMo

d—y—xa’x =0, In{yl=n|y+2]-x* =lng,
Yy +2)
y - 2ce"
=ce', y= -
y+2 [ —ce

Po3s’a3ok y = 0 MmoxHa nictatu ripu ¢ = 0, a po3B’s30K y = ~2 — 3a A10MOMO-~
rol0 TPAHUYHOrO NMepexoay Nnpu ¢ — .

OnNpuknana 23 yA

Po3g ’smcemo 3adavy Kowi dan pis-
uauna y’' = y(y — 1) 3 maxumu no-
4aAMKOBUMU YMOBAMU:

Bizokpemiioloun 3MiHHI Npu
y#0,y21(y=0,y=1— ouesna-
Hi PO3B’SI3KHU), MAEMO:

Ll b ]dy =dv, 2= L ce',

y y-1 y

| —ce’

Y=

25



Masa 2
METOQW IHTFIrPYBAHHA OKPEMUX TUAIB QUOEPEHLIANBHUAX PIBHAHL

Po’ssok y = 1 MoXHa gictatv ripd ¢ = 0, a po3s’si30K y = 0 — rpaHuy-
1AM 1epexonoM. TpH ¢ — o,
VpaxoBylo4H MOYaTKOBI YMOBH, MAaTUMEMO:

Bianosiani ivTerpansHi KpuBi 306paxeHo Ha puc. 2.2.

€ 3ayBaxeHHs 2.1

PisusiHHs Bursany y' = f(ax + by + ¢) (a, b, ¢ = const) 3aMiHOIO HeBiZOMOI
$yHKUii z = ax + by + ¢ 3BOAUTECH A0 PiBHAHHA z’ = a + bf (z) i3 Bimokpemiio-
BaHUMU 3MiHHHUMU.

& 3ayBameHHn 2.2

PiBHAHHSA 3 BiDOKpeMAIOBAHUMM 3MIHHKWMM B CHMETpHUHHII (OpMi Mae BU-
Tasn

M ()N (p)dx + My (x)Ny(y)dy =0,
ae M, M,, N,, N, — nenepepBHi hyHkuii.

PiBHAHHS THITY

Y= fy/x) (2.3)

HA3UBAIOTL 0GHOPIOHUM pigHarHAM nepuiozo nopadky. OMHODPiIHE piBHSAHHSA
B CUMETPUYHIA (POPMi 3aIMCyEThCS TaK:

A(x, y)dx + B(x, y)dy =0, 24

ae A(x, y), B(x, y) — oIHopinHi (pyHKILT OMHOTO CTEreHs.

®yHkitio F(x, y) HA3UBAIOT 00HOPIOHOW cmenens k, AKIIO 1A BCiX A >
0 BUKOHYeTBCH piBHICTb F(Ax, Ay) = A*F(x, y). Tak, Hanpukian, pyHKIIs
F(x, y) = f(y/x) y piBHauHi (2.3) € omHopinHolo cTenens 0, a GyHKLis
F(x, y) = x* — 3xy — omHopinHoio cTeneHs 2. OueBUaHO, YaCTKa ABOX OOHO-
pimHuX (QyHKIiit OMHOro CTeleHsa € OAHOPiAHOW dyHKLUiEI cTenens 0.

26

2.1
PiBHAHHA 3 BIQOKPEMNIOBAHUMU 3MIHHUMKA T3 OQHOPIOHI DIBHAHHA NEPWOro NOPAAKY

3amiHo0 HeBinOMOI GYHKILT y = zx piBHAHHS (2.3) 3BOAUTRECSH 10 PiB-
HSIHHSI 3 BIIOKpEMJIIOBAHUMHU 3MiHHUMU Z'x = f(2) — 2.

OnNpuxknanp 24
Po3s axwcemo pigHaHHA (x - ycosi] dx + xcosZ dy =0.

X b’
y

x
neHs 1. BukoHasiu 3amiHy y = zx, AicTaHEMO:

y .
dyukuii A(x, y) = x - ycos—, B(x, y) = XCOs= € OMHOPITHNMH CTe-
X

(x —zxcos z)dx + xcos z(xdz + zdxy) = 0,
dx + xcos zdz =0,

dx .y
—+c€0s zdz =0, In|x|+sin= = ¢
X x

PiBusitHus THITY

v =F ax+by+¢ .5)
ax +bhy+c¢

MOXHa 3BECTH [I0 ONHODILHOIO 3a JOMIOMOTOIO 3aMIHR X =X, + I, ¥ = Jy + 2,
e Xy, Yo — KOOPIMHATH TOUKH MEPeTHHY MpAMUX a\x + by + ¢, =0, a,x +
+ by + ¢, = 0. SIxio x ui npsAmi napanenvHi, T0 a, = ka,, b, = kb, i
PiBHSIHHSA (2.5) MOXHA 3BECTH O PIBHAHHA 3 BilOKPEMIIOBAHUMH 3MiHHM-
MU 3a JIOTIOMOTOIO 3aMiHU a,x + by + ¢, = z.

dudepenitianbHe piBHSHHA Y’ = f(X, y) HA3UBAIOTb K8A3I0OHODIOHUM,
AKLO GYyHKUIA f(x, y) € KBa3iOMHOPIAHOIO cTerels ¢ — | i3 Barow ¢ BiAHOC-
HO y, TOOTO AKILO BUKOHYETHCS PiBHICTh

fOx, %) =2 f(x, y) (ce R, A >0).

3aminoio y = x°u nipu x > 0 (y = (—x)°u npu x < 0) kBaziogHoOpiAHe PiBHAHHS
3BOAUTLCA OO PiBHAHHS 3 BiIOKpeMINIOBaHWMH 3MiHHUMH. CHpaBLi, MAEMO
(x> 0): X%’ + 6x° " 'u =f(x, x°u). BpaxyBasum, wo f(x, x°u) =f(x 1, x°u) =
=x°"f(1, u), micTaHeMO PiBHAHHSA 3 BiJOKPEMIIOBAHUMH 3MIHHHUMHU

xu' +ou= f(, u).
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maga 2
METOAW IHTErPYBAHHA OKPEMUX TNIB AUDEPEHLIIANBHUX PIBHAHbL

QONpuxnanp 25
M ) , 2 )
O 1 AHHEMO DIGHANHA y = -5 + Y.
e
Maemo f(Ax, A°y) = -1~ —%— +27997. Oynkuis [ € xBa3iomgHOpPiIHOIO

.X . _
crertenst 2 3 Baroio ¢ = —1 BixHOCHO y. 3amina y = x '

Hsl 10 PiBHAHHS 3 BilOKPEMIIOBAHUMM 3MIHHUMM:

U 3BOIWTH AaHe PiBHSIH-

1, u 2 u _du
'—.ll ‘"—7-:_—7-#_’77 4\—7—=u +ll—2,
X x- X x° dx
OYEBU/IHMMHU PO3B’SI3KAMU AIKOTO € & = 1, u = -2, BiIoKpeMIIIOIOYM 3MiHHI
npu u = 1, u # -2, gicranemo
du _dx ou—-1 ox
(w—1u+2y x u+2
I+ 2ex

Bupasusium v yepes x i y, Matumemo y = T_) Po3B’si3ku y = L (u=1)
X{l —¢x X

. 2 ‘
iy= 3 MOXHa mictati rpu ¢ = 0 i ¢ — <o BigMOBigHO.

| 2.2 |

NixiAHi piBHAHHA NepLIOro NOPAAKY

PiBHsSIHHS TUITY
¥y +a(x)y = b(x), 2.6)

ne a(x), b(x) — HenepepnHi dyukuii (x € (a, b)), HAZUBAIOTL AIHILHUM
pisnanuam nepuwiozo nopadky. Ilpu b(x) = 0 piBHAHHA (2.6) Ha3uBalOTH
AIHIGHUM 0OHOpiOHUM, a IpU b(x) # 0 — ainilinum HeoOnopioHUM.

3arajpHy Teopilo JiHiIiHHUX PiBHAHbL PO3MIAHYTO B 1. 4. TyT yKaxeMo
Ha TpY MEeTOOM iHTErPyBaHHS JIiHIAHUX PiBHAHb NEPIIOro NOPSIKY.

Memod eapiauii dosiabnoi cmaaoi (memoo Jazpanxca). JliHiitHe ogHo-
piaHe piBHAHHSA ¥’ + a (x)y = 0 € piBHAHHAM i3 BiIOKpeMITIOBAHUMM 3MIHHM-

- . ) V)dy
mu. Moro 3aranpHuii po3s’sa30K Mae BUIIAA y = ce Jayex - poapasox

28

2.2
NMiHikAI piBHAHHA NEPWOro NOPAAKY

—Ja(.r)d.x

HEOHODIZHOTO PIBHSIHHSI IIYKAEMO Y BUIVISLI y =c(x)e , ne c(x) —
HesizoMa ¢yukiis. [lincTapieHus B piBHgHHA (2.6) 1ae
¢@e TN e a) + et T b,
3BIIKH
c’(x) = b(x)ejamdx, c(x)=c+ jb(x) eI"(X)JX dx,
y= e_ja(x)dx (c + Jb(x)e'[a("‘)d" dx j @27

3anumeMo Bupa3 (2.7), BUKOPHMCTOBYIOUH iHTerpas 3i 3MiHHOIO BepX-
HbOIO MEXEIO:

" atnyd X ©a(nd
y=e M e e g | 28)

®opmyna (2.8) Bu3HaYae 3arajJbHHUI po3B’A30K piBHAHHA (2.6) B obtacTi
Dy{(x, y)| x € (a, b), y € R}. Cnpasxai, dpyHkuis (2.8) npu XOBiNbHOMY 3Ha-
UeHHI CTaJIOl ¢ € PO3B’A3KOM PiBHsIHHY (2.6) Ha intepBaii I = (a, b). Kpim
TOro, 1A Oyib-IKOi MOYaTKOBOI TOYKH (X, y,) € D onHomnapameTpuyHa
ciM’a (2.8) MicTUTB €AMHMIT PO3B’A30K

- ateyar x I*a(r)d
V= yee j"" + J-Y b(‘l:)ej‘ " 'dt. 2.9)

SIKU 33I0BOJIBHSIE TIOYATKOBY YMOBY y (X,) = .
Ax suruBace 3 (2.7), (2.8), 3arajibHUM po3B’A30K JIIHIHHOro HEOZHO-
PIIHOrO PiBHSIHHS NMEPLIOro MOPSIKY Ma€ Taky CTPYKTYpY: y = y, + J, e
-ja(_\') dx ~ - [a(.\')dx fa(xydx . . .
Yy =ce , J=e" b(x)e- dx — BIIMOBINHO 3arajibHUi

PO3B’A30K JIiHI{HOrO OHOPIAHOIO PIBHAHHS Ta YACTUHHUI pO3B’sI30K (¢ = 0)
JIIHIHHOrO HEeOAHOPIAHOIO PiBHAHHSI.

29



fnaea 2
METOAW IHTErPYBAHHA OKPEMUX TUMIB AN®EPEHLIANBHUX PIBHAHL

Memood I»'epnyMi 3riaHo 3 UMM METOIOM PO3B’I30K piBHAHHS (2.6) miy-
KACMO Y BULISLL Y = uv, 1e U = u(x), v = v(x) — HeBiEOMi (DYHKLII. [ImCTaB-
JICHHS B PIBHAHHA (2.6) nac

v+ uv +a(x)uv = b(x), uv' + (' + a(x)u)v = b(x).

BubpaBu hyHknio u 3 yMosu u’ + a(x)u = 0, HanpuxiIaxn, y BUNISAKE

‘ —J‘ a(x)dx
e

U= , s dyHKUIT v JicTaHeMO pPiBHAHHS

ju(\)d\ , J’a(.\')dx

= b(x), v = b(x)e

3BIOKU

v=c+ J.b(x)eja('\‘)d"'.

[MepeMHOXHUBILHY u (x) i v(x), MaTMeMmO (2.7).
Memod inmezpysaavnozo muoncnuxa (memoo Eiiaepa). HeBaxxo G6auu-

. . a(x)dx
TH, 1O ITC/IE MHOXEHHS 060X 4acTUH piBHAHHA (2.6) Ha ef Woro

MOXHa 3alUCcaTH Yy BULJIALI

(ye'fa(,\‘)dx) b( ) a(\)d\

3Bincu BurummBac (2.7).

Po3risHeMo JedKi piBHSIHHA, 1O 3BOIATLCS JO JiHIHHUX 3a JOMOMO-
rolo MeBHMX 3aMiH.

1. Pigusnnna Bepuyini

¥ +a(x)y = b(x)y" (n#0,1) (2.10)

3aMiHOIO HeBizoMo1o dyHKuii z = y' =" 3BoaMTECA IO NiHiitHOro. Ha npak-
THLL UIA pO3B’A3yBaHHA PiBHAHHA (2.10) Haifyacrillle BUKOPHUCTOBYIOTD
MeTod bepHyLii.
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fliHidHi piBHAHHA Nepworo NOPARKY

2. PiBusinun
LY + f(a(x) = b(x) (2.11)
3BOMUTHCS JO JIHIHHOIO 32 I0NIOMOTO0I0 3aMiHU z= f).
3. PiBuAHHA
y-—Aw __ (2.12)
B()x+C()

€ JMiHiitHUM BimHOCHO (YHKUII x = x (y). CripaBli, #Oro MOXHa 3anK1caTi y
BUITISAOI

X'(y) + a(y)x(y) = b(y),

B(y) C(y)
—2 H(y) = ——.
A(y) W) A(y)

4. Pipusanna Miuainra—lap0y

ze a(y) = -

M(x, y)dx + N(x, y)dy + R(x, y)(xdy — ydx) =0, (2.13)

ne M(x, y), N(x, y) — onHopinHi ¢byHKuii ctenens m, a R(x, y) — oaHo-
pinHa QYHKUIs CTEreHst 1, 3aMiHOI0 y = ux (x = X («)) 3BONMTHCA IO PiBHSIH-
Hs1 Bepuymii (Mpun=m -2 abo n=m — | — 00 JNiHIHHOTO PiBHAHHA):

- N(l, ll) X =— R(lsu) xn-m+2
M, u)+uN(, u)’ M, wy+uN(, u) '

5. Pisusnng Pikkari
Y+ a(x)y + b(x)p? = ¢(x) (2.14)

y 3arajlbHOMY BUNAaIKy He iHTerpyetbcs B KBajgpatypax. IIpote, siKiuo
BiIOMUIi pPO3B’A30K y, LIbOIO PIBHAHHSA, TO 3aMiHOIO HeBiZoMOi QyHKUii
floro MoxHa 3BeCTH 10 piBHAHHS bepHysii. CripaBai, BUKOHYIOUM 3aMiHy
y =z +y,, licTaHeMo
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Mmawa 2
METO/IW IHTErPYBAHHA OKPEMWX TUNIB OUOEPEHUIANBHUAX PIBHAHbL

iy +a(x) 4 p)+ b(x)(z2 +2yz+ y,z) = ¢(x),
2 (a(x) + 2y0(x))z = -—b(x)zz.
He piBHsITHHs BepHy/UTi BiTHOCHO (YHKLIT z.

OdNpuknap 2.6

2
. 2 2 .
Po3g mucemo pignanns Pikkami y' + p° = — (a(x) =0, b(x) = 1).
X" . 1 .
OueBUIHUM PO3B’SIIKOM LILOTO PiBHARHS € QyHKUIS y; = ——. 3aMiHa
! . . ) 2 X
Yooz o= pae pistsiiis bepnynni 2~ —z = -z, 3acrocyemo Meton bep-
. , 2 .
MYAE 2wy, av + | —Zu v = vt Bu6pasiuu dbyHKuio ¢ = x* 3 yMo-
) x
BU U — =y =0, gictaHemo
X
2 dv 3
x*y = —xt?, - = -x%dx, v = )
v X7 =
3x? I 2% +¢
Z=uy = 3 ,,V=Z‘*—:———-—1———.
X' —¢ X x(x? ~¢)

QfNpuknapg 2.7
Y pisusunHi Miuginra—/ap6y

x}dx + dy) + (x = p)xdy — ydx) =0

BMKOHAEMO 3aMiHY y = ux (x = x{u), dy = udx + xdu, xdy - ydx = x*du):

x}dx + udx + x duy + (x — ux)x2du = 0, (—/‘i + l x=4= ] (u = -1).
du  u+1 u+1
Po3B’si3yioun JiHiifHe BITHOCHO X PiBHAHHSA 3a opmyioio (2.7), aicra-
Hemo
. 2 . Y
O U D Ly =2 y(zy x) (y#-x, x=0),
u+l 2u+1 y+x 2x°(y+x)
ne
y+x-— —(!——,xl— = (.
2x*

Besnocepeansoio nepesipkolo MOXHA BCTAHOBUTH, IO NaHe PIBHAHHS Mac
TAKOX PO3B’A3KK ¥ = —x, x = 0.
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PisHAHHA B NoBHUX Audeperuianax. IHTerpysansHni MHOXHKHUK

ONpuknap 28 YA

Posensnemo ainitine pigHauna r’ + r = i'l , 0]
Oe r=r(¢), r,=const >0, (p, ) —
ROAAPHI KOOPOUHAMU HQ MAOULUHI. n

Kopucryiouucst popmyinoro (2.9),
po3’a30k 3apayi Kouwi r(¢y) = r, ans ] 1 -

HbOTO PiBHSAHHS 3aMVIIEMO y BWF- Q_/ n x
nagi r=(ry — r)e® % + . 3sincu
BUTUIMBAE, WO TIPU Fy = ry iHTErpans-

HOIO KDHBOIO € KOJIO 7= 7, (pHC. 2.3).
]'lpn r, > r; iHTErpabHOIO KPUBOIO €
cripanb, 9Ka HAMOTYETBCS Ha KOJO

r = ry 330BHi, a MIpH 1y < r; — CMipab, Puc. 2.3
IO HAMOTYETLCA HA KONO 7 = r, 3ce-
peIHHM.

| 2.3 ]

PisHAHHA B noBHUX gudepenuianax.
IHTerpysansHUA MHOXXHUK

PiBHAHHS neplLIOro nopsiaky B CUMeTPHUHIN Gopmi

P(x, y)dx + Q(x, y)dy =0, (2.15)

ae P, O — nenepepsHi ¢yHkuUii (P, Q € C(D)), HA3UBAIOTb DiGHAHHAM Y
nogHux Oucheperyianax, IKLIO icHye GOYHKLIs u = u (x, y) (u € C'(D)) Taka, mwo

du = P(x, y)dx + Q(x, y)dy ((x, y)e D). (2.16)

Mpunycrumo, wo P2 + 0% 0 ((x, y) « D). Toai 3 (2.15), (2.16) BH-
IUIMBAE, L0 3arajbHUM iHTerpaioM piBHAHHA (2.15) B obnacri D € piBHicTD

u(x, y) =c. (2.17)

CripaBai, npu 1OBUIbHOMY 3HaYeHHi cTaoi ¢ mosHa moxizHa (2.17)
YHACNIIOK PiBHAHHA (2.15) TOTOXHO NOPIBHIOE HYITIO:
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Mmaea 2
METOAW HTErPYBAHHA OKPEMUX TUMNIB OW®EPEHLIANBHMUX PIBHAHL

Px, y)

du cu cudy
QD pix, y)+0Q(x, y)[ Q(x, y)

=0 (Q=0).
dx Cx Oy dx J 020

d
AHAJIOTIYHO d—; =0 (mpu P=z0).

Kpim Toro, BHacainok ymosu P2 + Q% # 0, piBustuus (2.17) B okoni
OyIb-IKOI TOYKHA (xo, Yor o) ((Xg, Vo) € D, ¢y = u(xy, y,)) HesiBHO 3ajae
€IUHUI PO3B’A30K PiBHAHHA (2.15) BULIIALY Y = o(x, cp) abo x = ¢(y, c;),
IJISt TKOTO (X, Co) = ¥, 60 ¢(y,, ¢;) = X, BilTOBIHO.

3po3yMino, 1110 HpolLiec iIHTerpyBaHHs PiBHAHHS B OBHUX Jn(epeHLia-
JIaX MOXHAa BBAXATH 3aBeplieHUM, IKIIO BitoMa (hyHKHI ¥ = u (x, y). Ha-
CTyITHa TeopeMa JIa€ KpUTepiil po3mi3HaBaHHS PiBHSIHHS B MOBHHUX Aude-
peHLianax i MiCTUTb OTUH i3 METOLIB BiMIYKaHHs (YHKIII u.

IloBepeHHA
Heobixionicmo ymoeu (2.18). 511(1110 (2.15) — piBH;{H}m B TTOBHMX gude-

V = Q(x, y). 3Bigcu

peHuianax, TO, BHAcIinoK (2.16), f = P(x, y),
cX

2 2 2 ) -
o’u 6P cu _2Q cQ ©oP
— =, —— . OCKiNbKM YaCTHHHi MOXiEHI —=, ——
éxéy oy’ 8yox  ox éx Gy
" 2 ~ \
. . &u T Q opP
HEIIepEPBHI, TO MIHIAHI IMTOXIOAH1 1 iBHi. ToM & e
p p 3 Cx €y (, " 6 p y (‘)

Hocmamnuicmo ymoeu (2.18). (MeTtoa BianiyKaHHst (bYHKLlll u.) He-
xaif ymoBa (2.18) BukonyeThes. Ilokaxemo, o QyHkLio u = u(x, y)
MOXHA 3HaifTH Tak, o6

= P(x, y). f—’)‘; = Q(x, ¥). (2.19)

U

(o3 No)
:><
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PiBHAHHA B noBHux pudepeHuianax. |IHTerpysanbHUl MHOXHUK

IHTerpytouu (1o x) mepiuy 3 piBHocreit (2.19), nictaneMo

u(x, y) ='_[P(x, y)dx +o(y), (2.20)

e ¢(y) — nosinbHa nudepeHiiiioHa byHkuig. [JobepeMo ’Teﬁep hyHk-
uilo o(y) TaK, mob BusHayeHa dopmynomo (2.20) dyHkuist u (x, y) 3am0-
BOJIbHsLIA M ApyTY 3 piBHOCTeH (2.19):

Ot C ,

== (e p )+ 90) = QCx. ),

cy oy

3BIIKH

§(y) = 0(x, y) - %( [ Pex. pyax) @.21)

OckilbKH, BHACIII0K yMOBH (2.18),

(Q(X y)—-—(JP(r y)dx)]—%~—( JP(‘( y)dx)

TO MpaBa YacTUHA PiBHAHHS (2.21) He 3a1eXMTb Bil x i BUBip dyHKuil
¢(y) 3aBXKIU MOXIHBHH.

€ 3ayBaxeHHR 2.3

Sk BiZOMO 3 Kypcy MATeMaTHuYHOro aHajily, v BHMaaky, koiu D — ogHo-
3B’93Ha obnacTh*, byHKUIlO u (X, ¥y) MOXHA [0AATH Y BUIIAI KPUBOJIiHIN-
HOrO iHTerpaja (KMl He 3a1eXHUTh Bill GOPMH LINAXY iHTErpYBaHHS):

u(x, y) = J g P(x, y)dx + Q(x, v)dy, 2.22)
(xy, ¥o)
ae (x,, y,) — bikcosaHa, a (x, y) — KOBiIbHa ToukH obsacti D.

* Obnacte D HasuBalOTh 00HO36 A3HOI, AKIIO GyAb-1Ka KYCKOBO-INafAKa 3aMKHeHa
KpuBa (6e3 TOYOK CaMONepeTHHY), po3TalioBaHa B D, oGmexye obnacTb, yci TOUKM aKOi
Hastexatb D.
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METOOW IHTErPYBAHHA OKPEMUX TUNIB AN®EPEHLIANBHUX PIBHAHb

x=rtelxy, x], [x=x
AKa CIOMYYAE TOUKH

Y=o, y=tely, y),
(xy, y) 1 (x, y), nanexwursb obnacri D, T0 GyHKLIIO ¥ MOXHa 3HAWTH 32 tdop-
MYJIOIO

Ao namaHa {

u=ulx, y)= L P(t, yy)dt + j' Q(x, rydt. (2.23)

Qfipuknan 29
st mucepeHIialbHUX PiBHAHD

{atydx+xdy=0;

6‘ xdx+ydy=0;

{Bisinydx +xcosydy=0;

$YHKLI0 1 1erko 3HaitTH 6e3rocepeaHbO, TOMY BOHH € PIBHSHHSMH B MMOB-
HUX audeperuianax i IXHi 3araibHi iHTerpaay MaioTb TaKMil BUIVIAA:

{aixy=oc

o,
’6x2 +yl=¢

‘Bixsiny = ¢

UOfNpuxknap 2.10
Inst pisusuust (2xy + 3y2) dx + (x? + 6xy - 3y?) dx = 0 maemo

P(x, y) = 2xy +3y%, Q(x, y) = x? + 6xy =37,

@=2x+6y, é—l-)—=2x+6y
oy

éx

i ymosa iQ_ = ili BUMKOHYETbCS B obacti D = R%. Tomy
éx oy
L. ny +3 yz,
éx

gizx2 +6xy - 3y°.
oy
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PisHAHHA B NOBHUX auepeHuianax. IHTerpyBanbHUn MHOXMUK

13 mepuoi 3 piBHOCTElH MagMo

u(x, y)= ,\‘Zy + 3)cy2 +@(y).

[MincTaBuBWN B APYTy PiBHICTH, AiCTAHEMO PIBHAHHSA Hng ¢(y):

x4+ 6xy 4 §0) = 2 +6xy - 3% ¢ () =3, 9 = +a.
Tomy
u(x, y) = xly + 3xpt -y 4 ¢
i 3araJIbHUI iHTEerpas maHoro piBHAHHS Ma€ BHIJIAL
2y+dx? -y =c
3Haitnemo Tenep GyHKLIIO u, BUKOpUCTOBYIOUH dbopMmyry (2.23). Bub-

paBIUIN, HANPUKIAL, X, = 1, y, = 1, Kictanemo

w=["Qrenars [' o vox -3y = <30 +

a3 - =y e 3t -y -3 (@ =),

Y Bunaugky, konu aucdepeHuiaabHuit Bupas Pdx + Q dy He € MOBHUM

ImudepeHLianom (TQ # (;P

x Oy
TaKy dyHKUio U = w(x, y), wob Bupas uP dx + uQ dy craB NoBHUM gude-
penuianrom? Skumo Taka ¢yHKLIA {4t = u(x, y) icHye, To ii HA3UBAIOTh iHmez-
DYBANLHUM MHOXCHUKOM pighanua Pdx + Qdy = 0. PiBHaHHs y dx — x dy = 0,

, BUHHMKAE 3alIUTAHHA: YU HE MOXHA 3HAUTH

. . . cQ
HATIpUKIIal, He € PIBHSTHHSM Y ITOBHUX amdepeHLiaiax, OCKIIbKU S =—1%
.
¢P . ‘ ] 1
# — = |. Jlerko nepesipurtH, npote, Wwo GYHKUI L = —, W, = —-,
C,V xy -y_

1 . .
U3 = —= € IHTETPYBAIbHUMHU MHOXHHUKaMH 11bOTO PIBHSHHI.
2
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Mnasa 2
METOM IHTEFPYBAHHA OKPEMWUX TUMIB OU®EPEHLIANBHUX PIBHAHDL

IdoBepeHHA

3michepeHIIIIOBABILIN 3arabHUM IHTErpai, JicTaHeMo U, dx + u, dy = (.
Bpaxoaymtm IO BOIHOYAC P(x, y)dx + Q(x, y)dy =0, matumeMo

=0x, Y)Px, ), u, =plx, y)Q(x, y). Tomy pPdx+uQdy =
= u dx + u dy =dui (bqu_uﬂ U = u(x, y) € iHTerpyBaJbHUM MHOX-
HHKOM naHoro plBHHHHH

HoBepeHHA
[epeBipMMO BUKOHAHHA YMOBHM (2.18) 1151 piBHAHHSA

Maemo
001 _ 80O _ p 2D L\ opu,
ox ox oX
OB _ SWPF) _ p2WoP) |\ priuy.
cy cy ¢ '

OCKiTbKH g(x, ¥) — iHTerpyBaJIbHUIF MHOXHMK, TO

38
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PiBHAHHA B NOBHUX OnchepeHuianax. IHTErpysancHUi MHOXHNK

LTI AT N L1
ox oy ; cx oy

i byHKUIA U = u(x, y) € iHTerpyBajibHUM MHOXHHUKOM JIaHOTO PiBHSHHS
IUTA NOBUIbHOI nUepeHLIiHOBHOL ¢)y1-n<uii F.

Hexaii Tenep Y, = u,(x, y) — DOBUIbHMI iHTEIPYBATBHUI MHOXHUK
piBHsHHA (2.24). Toxni c} =Ug(Pdx + Qa'y), dv = (Pdx + Qdy) —
BIOIOBiAHI MOBHI JUbepeHIiany, M_ uoP U = W@, = HIP
D(u, v) | u; o

’

D(x,y) vy v,

Tomy Mix QYHKUISIMM 4 1 v iCHYE 3aJIeXHICTh TUNy v = ®(u). OTXe,

ul (Pdx +Qdy) =dv =0 (u)du = ' (u)(uyPdx + qudy) 3BiIKH
= ®'(u)y, abo Uy = pFu) (Fu) = @'(u)).

v, = Q@ i BM3HAaYHMK OCTPOrpagchbKoro

€ 3ayBaxeHHn 2.4
3 Teopemu 2.3 BUIIWBAE, IO KOMM W, i i, — ABA Pi3HMX iHTErpyBAILHUX
MHOXHHUKH (n,/u, # const), TO /ny = F(u) = ¢ — 3araabHudl iHTerpan
piBHsAHHA (2.24).

WO _owP) .

PiBHANHA iHTErpyBAILHOr0 MHOXHHKA. 3 PiBHOCTI

CTAEMO PiBHSHHS iHTErPYBaJIbHOTO MHOXHHKA ox cy
pe C & opP
B _o u(TQ ] (2.26)
cy ox cx oy

e dugepenyiansne pigHanHA nepuiozo nOpAOKY 3 4YACMUHHUMU NOXIOHUMU.
3afaya BimlIyKaHHS PO3B’SI3KiB TAKOro PiBHSIHHS He €, B3aralli KaxyyM,
IIPOCTIINOI0, HiX 3alaya iHTerpyBaHHS camoro piBHsHHs (2.24). [Tpore B
IesKMX BUMaAKax piBHAHHSA (2.26) CIPOLIYETbCS i 1Or0 YaCTUHHMIA po3-
B’s130K (a caMe BiH i MOTpiGHMH) jerko 3Haiitu. Tak, HanmpuKiIal, AKILO
1 = p(w(x, y)), 1e @ — Biooma yHKLUIs, TO piBHAHHA (2.26) Mae BUIIAL

6Q ¢oP
I du _ ox oy
Wdo poa 0

¢y cx

(2.27)

Mpuw=x
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METOOW IHTEMPYBAHHA OKPEMUX TUNMIB QUOEPEHUIANBHUX PIBHAHL

wQ_cp
ﬁ%ix—_éﬂ (= f(x), (2.28)
ImpU O =y
20 _op
, &%=EX_P.6_)} (= g(»)). (2.29)

Ha npaxTuiii ist BiglyKaHHS iHTerpyBalbHOIO MHOXHHKA YacTo BU-
KOPHCTOBYIOTh TeopeMy 2.3. [laHe nudepeHlliagbHe PiBHSIHHSA po30UBAIOTH
Ha KiJbKa Ipyn (4acT¥H) Tak, 100 Mg KOXHOI 3 HUX iHTerpyBaIbHMMI
MHOXHUK 3HaxoauBcs jerko abo 6yr oueBuaHumil. [1oTiM 3anucyioTs 3a-
raIbHHII BUPa3 iHTETPYBAIbHUX MHOXHHUKIB LI KOXHOI YACTUHH i 100U -
paloTh JOBUIbHI (YHKIIII, SIKi BXOIATH Y 1Ii MHOXHMKH, TaK, 1106 yci iHTer-
pYBaJIbHI MHOXHHMKH Oy/IM piBHUMM. SIKIIO 1ie BIAEThCA, TO iIHTEIPYBaslb-
HUH MHOXHUK /I piBHAHHS (2.24) 3HaigeHo.

ONpuknanp 2.1

ITepesipumo, uu mae pigHAHHSA (x? —sin® y)dx + xsin 2 ydy =0, das akoeo

P(x, yy = x* —=sin? y, Q(x, y) = xsin 2y, (;Q

mezpysanrbHuil MHONCHUK, 30aeXCHUll 8i0 X. €x
BignosinHo no (2.28)

:
=sin 2y ¢£;£ = —sin 2y, in-
cy

| _ceP .
éx ¢y _2sin2y 2 .
-Q -xsin 2y x S0
OTtxe,
ldu 2 o
nd T X u(A,y)—xz.

. 1 .
[TOMHOXWBILY JaHe PIBHAHHS HA -5, AICTAHEMO DPiBHSHHS B MOBHUX IV-
dbeperuianax X

40
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PiBHAHHA B NoBHUX pudpepeHuianax. IHTerpysanoHuii MHOMHUK

3

02 00 . .2
[l_‘sm de¥+5m 2y dy =0, d[x+sm y}zo,
2 ' x

X
3BiIKU
-2
L
X
OfNpuknapg 2.12
OudepeHuianpHe piBHAHHSA
x? —xy2 —y)dx+(x2y—y3+x)dy:0 (—(;Q¢ ip]
éx &y

3anuuieMo y BAMIAMi
xdy - ydx +(x* - y2)(xdx + ydy) = 0.
[HTerpyBaibHHM MHOXHUKOM PiBHSAHHA xdy + ydx = 0 €, Hanpuknan,

. I\ .. . .
dbyHkUis p}, = —. 3aranbHUii iHTErpaj UbOro piBHAHHSA LS Orxe, Bci
Xy X

iHTErpYBaIbHI MHOXHMKH 1IbOFO PIBHSHHS BHPAXalOThCH (POPMYIOIO
! Py
l’ll (A’ ,V) = I:| I
xy X

THTerpyBajlbHUM MHOXHUKOM piBHSHH (x> — p*)(xdx + ydy) =0 ¢

. ! R
dyHKILis p(z, =——. 3araTbHUI iHTerpaa Mae BUIIIAL X+ y2 =¢. Orxe,
Xt -y

|
Wy (x, y) = 3—75(3"2 + yz ).
X7 -y

Dynkuii F, i F, nobepeMo Tax, 106 BUKOHyBaiacs piBHICTb 1 (x, ) = py(x, ).
g

Bizememo F(z) =1, F(z)= ] = Toai

3 -

1 1 ]
My (x, J’)=—l—‘—2, x, y)=— y/x = 5 -
X" -y

- (y/x)? X - y?

OTxe, naHe PiBHAHHA Mac iHTErpyBAIbHUI MHOXHUK u=
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METOAW |HTEIPYBARHA OKPEMUX TUNIB OAUOEPEHLIIANBHUX PIBHAHb

2.4

HeABHi ckanApHi piBHAHHA NEpPLIOro NOPAAKY.
BipwykaHHA 0co6anBOro po3s’A3Ky
3a BinoMuM 3aranbHuM

PosrsiHemo nudepeHLiaabHe piBHAHHS
F(x, y,y)=0. (2.30)

SIKWO Lie PIBHAHHSA MOXHa PO3B’si3aTH BUIHOCHO y’, TO MAaTUMEMO OfHe a6o
KibKa SIBHHX piBHAHB THRY ¥’ = f(X, ) ({ = 1, ..., m). TaKi piBHAHHS
po3DIAHyTO B m.2.1-2.3.

OfNpuknan 2.13
PiBHsaHHA y” - 2xy” + ' —2x = 0 Jerko po3s’a3aTé BIIHOCHO y’, OCKi/b-
Kk y> = 2xp? 4y = 2x =(y = 2x)y? +1). Tomyy’ - 2x=0 iy=xt+c

QMNpuknanp 2.14

KsazpaTtHe BiTHOCHO y’ DiBHSIH-
HSA

77 ¢}

y? - Qx+3x)y +6x> =0
MaE po3B’sI3KK .y’ = 2x, y’ = 3x2.
3Bi)1cuy=x2+cl,y=x + €y
O6uaBi ciM’i po3B’a3kiB 3310~
BOJIBHSAIIOTL JiaHe piBHAHHA. [uTe-
TPATBHAUMH KPUBKMH DiBHAHHS

P e O

6YIyTh TAKOX KPHBi, CKJIameHi 3 0 %

x
b s o
IyT KpMBHMX TEpILOi Ta Apyroi ci-  +
Me#, OCKITIbKM B CITUTBHUX TOUKaX /ey

My0,¢) y=x>+c,y=x>+¢) o
~

[/
Ta Ml[z i+c) [y=x2+c, \‘{» Z”
’ B

3 '9
y= x>+ 37 + ¢ | Ui AyTH MaIOTh
O@HY TOTHYHY ¥ = ¢ (y Touui M) ‘ Puc. 2.4
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2.4
HeAsHi cxanApHi PiBHAHHA NEPWOro NOPAAKY...

4 4
Ta y = —3-X ) +¢ (y Touui M,) (puc. 2.4). ToMy po3s’a3KaMH TaHOTO DiB-

HAHHA €, HanpuKiIal, QyHKIi

5 3 (x4 npu x <0,
y=XxT+c, y=X 40, y=1,
| x* +¢ npu x>0,
r3+4+cnnx<2
y=(x2+c npu x <0, y=x 27 P KN
_x3+c npu x>0, e npu x>g
-.. 3,
x4 npu x <0, [ 2
5 X +c npu XSE.
y=|xt+c npu 0<x£§, y= 4 2
4 5 X H—+c npU x> =.
x4+ —+c npu x> =, 27 3
L 27 3

3po3ymiio, wo piBHAHHA (2.30) He 3aBXIM MOXHA PO3B’A3aTH BIIHOC-
HO y’, 1 HABITb AKIIO 11€ BIAETLCS 3p0OUTH, TO NOOYTI PIBHAHHS NaieKO He
32BXIU JIE[KO iHTerpyioThesa. Po3risHeMo fesiki okpeMi BUTIAIKW PiBHAH-
H# (2.30), sSiKi pO3B’A3yIOThCS 3a JOTIOMOTOIO BBEIEHHS NapameTpa.

Hexait y = ¢(¢), y’ = y(¢) — napaMeTpuyHe NpenCTaBIeHHs PiBHAHHSA

F(x, y)=0. (2.31)

Ockinbku dy = y’dx, 10 dy = y(t)¢'(¢) dt. OTXKe, po3B’s130K piBHAHHA (2.31)
MOXHa 3alicaTy B NapaMeTpu4Hii (hopMi:

x =000, v =[wdOdr+c
Hexait y = o(t), y’ = W(f) — napameTpuuHe MpeACTABICHHS PIBHAHHS

F(y, y')=0. (2.32)
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METOAU IHTEMPYBAHHA OKPEMWUX TUMIB QN®EPEHLIANBHUX PIBHAHDb

I3 piBHOCTI dx = ff_‘:_ (y(r) 2 0) micraemo dx = 2(,()’% Poap’s3ok (2.32)
y k4
y mapaMeTpuuHii ¢opMi Mae BUITISIA

m—dl +c, y=(f).

w(7)

E.ll'lpuxnan 215

PIBHSIHHSI y + y —x = O JIETKO po3B ga3yeThest BimHocHo x. [TokiaBuum
y’ =t gicranemo x =1° + 12, dy = 1(31% + 21)dr. Orxe,

x:r3+12, y:3t4+gr3+c
4 3

— napaMeTpUYHe NMpeACTaBIeHHS PO3B’A3KY.

UNpuknap 2.16

HapameTpuqne NpeACTaBIeHHS PIBHAHHA y = y” 2e¥ Mae Burnam y’ =,
y = t%e". Tlpw ¢ # 0 gicraeMo

12+ ne'dt
r ’

dx = =j(2+t)e'dr+c:e’(l+1)+('-

Otxe,
x=e(t+)+e, y=ri.

Ipu t = 0 Maemo po3p’sizok y = 0,

Y 3arajJsHOMY BUIIAIKY AJIA pO3B’a3aHHA piBHAHHS (2.30) BUKOPHUCTO-
BYIOTb Memod napamempusayii, 3a IOTIOMOTOIO SIKOTO HesIBHe PiBHAHHA
(2.30) MoxxHa 3BeCTH JO AAKOTO IBHOTO aydpepeHIiaTLHOro piBHAHHS Nep-
LLIOTO MOPSIKY.

prmyCTMMo IO TPifKOI0 HemepepBHO audepeHLIiifoBHMX B 00JIacTi
D < R? byukuii

x=x(u,v), y=yu, vy, y=pu,v) (2.33)
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2.4
HeABHI CKANAPHI PIBHAHHA NEPWOro NOPARKY...

3a1aHO MapaMeTpu3auilo piBHAHHA (2.30) Tak, wo F(x(u, v), y(u, v),
- :
p(, v) =0, rank 228 _ oy vye D).
o(u, v)

YpaxoByiour CHiBBiIHOLIeHHA dy = y’ dx, icTaHEMO
Vodu+y,dv=plu, v)(x,du+ x,dv).
OcTaHHE PiBHAHHS MOXHA NOJATYU B CUMETPUYHil opMi:
(v = pu, v)x,)du + (v, = p(u, v)x,)dv =0 (2.34)

. . ) dv
a60 y ¢opMi ABHOTO PiBHAHHS (PO3B’I3aBIIM, HANPUKIIA, BIITHOCHO T :
. u

Q [)(ll V)X,, yw _f(u v) (y| —px ;tO du;ﬁO) (235)
du y, - pu, v)x,

Ao Binomuii po3B’A30K piBHAHHSA (2.34), To 3a JONMOMOroI0 CHiB-
BiIHOWEHD x = x(u, v), y = y{(u, v) MOXHa HiCTATH PO3B’I30K DiBHIHHA
(2.30) y mapamerpuuHiit popMi.

Sk npuKian 3aCTOCYBaHHS METOIY MapaMeTpu3allii pO3risHEMO PiBHAH-
ns Jlarpamka

Y =x0(y) + y(y), (2.36)
B HKOMy xo4a 6 ogHa 3 (yHKuUiit (¢ abo ) € HeniHiitHOI0. TTok/1aBLIM X = X,

¥’ = p, BiCTAHEMO TIapaMeTpHYHe TIPEICTaBIeHHS PiBHSIHHSA J'Iarpamxa y BH-
s

x=x, y=x9(p)+wy(p), y'=p

(y poJti mapaMeTpiB u i v BUCTYNAIOTh X i p BUINOBIAHO).
PiBusiHHS (2.34) y 1bOMY BUIAJAKy Mac BHIJISLL

(@(p) — prdx + (x¢'(p) + y'(p))dp = 0. (2.37)

[pu ¢(p) - p # 0, dp # 0 Le piBHAHHS 3BOLMTHLCS 10 JIiHI{HOTO BIITHOCHO
x=x(p).
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METOOWN IHTEFPYBAHHA OKPEMUX TUMNIB AUDEPEHLIANBHUX PIBHAHDb

L 9w v (2.38)
dp @(p)-p o(p)-p

Ao x = ®(p, ¢) — 3aranbHUIl po3B’s30K piBHAHHA (2.38), To, TIpU-
€IHABILM 10 HbOTO 3aJIEXHICTb y = ®(p, c)o(p) + y(p), DicTaHEeMO 3arajib-
HUIT po3B’s130K piBHAHHA JlarpaHxa B mapaMeTpuuHiit (opMi. 3a yMOBH,
1O PiBHAHHA @(p) — p = 0 Mae NiACHI KOpeHi p = p;, 10 3araibHOIo po3-
B’S3KY CJIil IPMENHATH L€ PO3B’A3KK BULIALY y = x¢(p;) + y(p;), OC-
KiZIbKM B LIbOMY pa3i piBHAHHsA (2.37) Ma€ po3B’d3Ku p = p,. Po3p’s3kn
y =x¢(p;) + W(p;) MOXYTb BUSBUTUCH OCOOIHBUMH.

Axkwo o(p) —p =0, TO0 O(¥’) = y’. ¥ UbOMY BHMAAKYy MAaEMO piBHAHHA
Kiepo

y=xy"+y(y), (2.39)

B sikomy y” % 0. 3 (2.37) Burusae, o (x + v (p)) dp =0, 3Biaku dp =0 i
p = ¢, abo x = —y'(p). Omxke, piBHIHHA Kitepo Mae ofHOnapaMeTpUiHy CiM’10
PO3B’A3KiB

y=cx+y(c) (2.40)
Ta NapaMeTpUYHO 3aiaHUIl PO3B’SI30K

x=-y'(p), y=xp+w(p. (2.41)

IokaxeMo, 10 po3B 30K, BU3HaYeHHH dopmyiamu (2.41), € ocobin-
BHMM pO3B’I3KOM piBHAHHA Kiepo. JlocTaTHBO AOBECTH, 1O Kpusa (2.41) €
0CODJIMBOIO IHTErpalbHOIO KPUBOIO, TOOTO IO yepe3 KOXKHY TOUKY L€l
KpUBOI NPOXOIUTSH illle omHA iHTerpajibHa KpuBa ciM’i (2.40), mpudomy B
CITIZIbHIN TOYL 1 KpUBi HOTHKAaIOThes. CripaBhi, KOOpAWMHATH KOXHOI TOY-
Kku (~y’'(c), =¥ (c)c + y(c)) kpuBoi (2.41), BU3HaueHOI 3HaUEHHAM MapaMeT-
pa p = ¢, 32I0BOJIbHSAIOTh, OYEBUIHO, PiBHSIHHSA (2.40). OCKUIBKY B KOXHIH
TOYLl KyTOBHit KoediitieHT KpuBoi (2.41)

P e L A

X . ~y pec

= C,

A~
=
Il
~
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2.4
HeABHi CKaANAPHi PiBHAHHA NEPLWOoro NOPRAKY...

To. KpuBa (2.41) aoruka-
€THCS 10 BIAMOBIAHOI KpM-
Boi ciM’i (2.40) y coinbHiM
TOYLI.

V mudepeHuianbHiii reo-
MeTpii KpuBy (2.41) Ha3uBa-
10T OOBiIHOIO OJHOMAapa-
MeTpuIHOI ciM’i (2.40). [Mpu-
ragaeMo ii o3HayeHHs. 00- €
8idHo0I0 o0HonapamempuyHoi
CiM T nA0CKUX KpUeux

G

Puc. 2.5

O(x, y,¢)=0 (2.42)

Ha3MBAIOTh TaKy KPUBY, IKa B KOXHIi CBOiil TOUlli JOTMKAETHCS HO BiAMo-
BiITHOT KpUBOI CiM'T (2.42), 1110 NPOXOIUTH Yepe3 1110 TOUKY (puc. 2.5). Akiuo
(2.42) — ciM’a iHTerpaJlbHUX KpUBHX i 00BiIHA iCHYE, TO BOHA € 0CObJIU-
BOIO IHTETPATLHOI KPUBOIO, OCKIJIbKH B KOXHIM CBOii TOYLli JOTHKAETHCA
[IO OITHOTO 3 HAMPAMIB, BU3HAYEHUX Y Ll Touli piBHAHHAM (2.30).
3HaitmeMo yMOBH icHyBaHHs. 06BinHol. [Mpunycrumo, o GyHkiis &
HerepepBHO AudepeHiIiifoBHa, a 06BiaHa ciM’i (2.42) icHye ¥ 3aaHa napa-
METPHYHHMMU PiBHAHHAMY x = x(f), y =y (¢), t € (0, B). Ockinbkyu 06BiAHA
B KOXHiif CBOTH TOYIli ZOTMKAETLCA IO OJHIEl 3 KpUBKUX ciM'T (2.42), TO
D(x (1), y(t), c(t)) =0, t e (o, B). 3ayBaxuMo, 1O ¢ = ¢ (¢), OCKIILKH 1A
KOXHOI TOYKH JIOTHUKY, BU3HAUYEHOI TMapaMeTpoM [, CTajla ¢ Mac rNepHe 3Ha-
yeHHst, npuuoMy ¢’(¢) # 0 (¢ € (o, B)) (iHakule 06BiIHA B KOXHIil CBOIi
TOYILIi AOTHKaacs O Tiel camoi KpuBoi ciM’l (2.42), To6TO 36iranacs 3
Hew). 3Biacu @ x; + DLy + B/ =0. 3 ymos PIBHOCTEN KYTOBMX KO-

edilieHTiB 06BiAHOI Ta KpHBOI CiM’T (2.42) Maemo & =% (@, = 0).
X, . :
3BiAKK @' x7 + @, y; = 0. Tomy @] - (1) =0 i & =0. OT)ilce, AKILO 06-

BilHa CiM’i (2.42) icHY€E, TO KOOPAWHATH ii TOYOK 3aJOBOJILHAIOTH PIBHAHHS

’

(I)(x, Y, L) = 0,

2.43
D (x, y,¢)=0. ( )

YMmoBH (2.43) € HeoBXiTHUMU Ast iCHYBaHHs OOBiIHOI CiM’T KpUBUX
(2.42). KpuBy, BU3HaueHy PiBHSIHHAMH (2.43), Ha3UBaIOTh c-Ouckpuminanm-
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How kpueow ciM’i (2.42). 3 oudepeH1ialbHOI reOMeTpii BIIOMO, IO KOJIU
B3J0BX JUCKPHMIHAHTHOI KPMBOI BUKOHYIOTHCSI YMOBHU

|0 ] +|®)| =0, @ =0, (2.44)

TO JUCKPHMIHAHTHA KpHBa € 0OBiIHOIO.

ONpuknap 2.17

3uaiidemo ocobausuli poas a3ox pienanns Kaepo, euxopucmosyrouu piensnra (2.43).
Maemo

y=cx+y(), 0=x+y'c).
Ockimekn @), =1 # 0, &7, = -y"(c) # 0, T0 po3n’sizok
x =-y(c), y=cx+wy(c)
€ 0COo0IMBUM,

Otxe, 106 y3HaTH 0OBiIHY CiM’i iHTerpaIbHUX KpUBHX (2.42), Tpeba

3HANTU JUCKPUMIHAHTHI KpMBI L€l ciM’i i BUGpATH Ti 3 HUX, A AKUX

BUKOHYETBHCA YMOBa (2.44). 3ayBaxumo, IpoTe, 1o (2.44) € auiie goc-

TaTHBOIO YMOBOIO iCHYBaHHS 00BimHoi. Tak, Hampukial, Ais ciM’i iH-

TerpalTbHUX KPUBHX ®(X, ¥, ¢) = y = (x — ¢)® = 0 piBHsIHHA y’ =3y?3 (qus.
npuknag 1.5) Maemo @, = 3(x - c)2 =0, 3Bigku c=x1y=0. [Tpamay =0

€ 06BiZHOIO CiM’T iHTerpaJbBHUX KPUBHX, Xo4a @7, = ~6(x —¢) pox = 0.
QONpuknapg 2.18
. n o | .
PisHsiHHgA y 2 Zyz = | mapaMeTpu3yemMo, NMoKaaBUIK y’ =sint, y = 2cos &,

I3 pisHoOCTI ‘dy = y’dx MaeMmo -2sin f df =sin t dx, 3Bigku sint =0, a6o dx =
=-2dt. BUKJIOYUBIUM MMapaMeTp ?i3 cucTeM

{sin t=0, {x =21 +¢,

y=2cost, |y=2cost,

TiCTAHEMO PO3B’A3KHM PIBHAHHS:

y=42 i y=2cosxgc.
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2.4
"HeABHI ckanApHi PIBHAHHA NepWworo nopAakKy...

vh

2 y=2

Ve S\
KNS

Puc. 2.6

3 piBHAHB

X—=C X —C

=0, ®.(x, y, ¢) = —sin 3 =0,

P(x, y, ¢c)=y-2cos

BUKJTIOUMBLIY ¢, gicTaHeMoO y = 2. OcCKiIbKH

’ » l X —=C
P, =1 @ = 5cos X ¢

x-c=2kn

TO PO3B’A3KHU y = -2, y = +2 € ocoGauBuMu (puc. 2.6).

QUONpuxknap 2.19

Jlns onHonapametpuuHoi ciM’i kpusux (x — ¢)® — y3 = 0 AMCKpUMiHAHTHA
KPUBAa BU3HAYAETHCA i3 CUCTEMH PiBHSIHL

(x-¢)’-y>=0, 2(x-c)=0,

3BiAKH ¢ =xiy=0.Y Tou- y
Kax AMCKPUMIHAHTHOI KpH-
Boi @, =2(x—¢) =0, @, =
=-3y* = 0. [IuckpuminaHT-

Ha kpuBa (npama) y = 0 € 0 —
MHOXWHOIO OCOB/IMBHX TOYOK ¢ 2] € x
aaHoi ciM’i (puc. 2.7). Puc. 2.7

PoarnsineMo 3adauy npo ducpepenviansme pisnusuus cim’i kpueux. SIKio
MOTPIOHO cKiTacTy audepeHLiaTbHEe PIBHAHHA OJHONApaMeTpUYHOI ¢iM’l Kpu-
BUX (Zétg)&' TO TOTOXHiCTh ®(x, y(x, ¢), ¢) = 0 audepeHUIIOEMO MO X:
fle) - . .
— —;—-—}i = (. SKio le criBBiAHOIUEHHS He MiCTUTh CTaJlol ¢, TO
ox Oy dx
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mykaHe nudepeHuianbHe piBHIHHA BXe oepXaHo. B MpoTuBHOMY pasi
0o 00 dy

cTajly ¢ BUKJTIOU4EMO i3 cucTeMH piBHAHD ®(x, y, ¢) =0, —+ =0.
ox By dx

QONpuknap 2.20

, . R b
HudepeHitiarbHe PiBHAHHSA ciM’i KPEBHX y = 2COS
JIIOYMBIIM CTUTY € i3 CUCTEMH PiBHIHB

— c'
3HaiIeMo, BUK-

x-c . X-c
, ¥ =-sin 5

y =2¢0s

3pigcu

] xX—-c L X —
- y? = cos’ , v =sin?

4 2 2

ONpuknap 221

Jludepenuianbhe piBHAHHSA ciM’i Kt x2 + y% - ex = 0 3HAXODHUMO, BUKITIO-
YHBIIMU CTAJTY ¢ i3 CUCTEeMH

(G 2 1 2
i +—p- =1
y 4y

x?+yt-cx=0, 2x+2yy'—c=0,
3BiIKM MacMoO

2xyy’ +x2—yr=0.

2.5

OkpeMmi TMnu cKanApPHUX PiBHAHDL
BULLLKX NOPAAKIB

PiBHAHNA, iHTErpoBHi B kBagparypax

1. F(x, y™) =0. (2.45)

OKpeMMM BUITAJIKOM piBHsIHHS (2.45) € piBHsAHHS Burasny y ™ = f(x)
(fe C,, I=(a, b)). 3aranbHuii po3B’A30K HbOrO PiBHAHHS MAE BUIIIAL

50

25
OKpemi TunNu CKanApHUX PIBHAHb BUUWIKX NOPARKIB

y= f J f(x)dx a’x +ex" V4 ex" 2 + . +¢,. Y GaraTbox BUMNAmKax

tI

plBHHHHH (2.45) MOXHa MapaMeTpU3yBaTH: x ({)(t) (y("’ =y(t), ne (F(I) —
IudepeHuiitoBHa byHKUig. 3 piBHocTi dy ) dx maemo dy "

= y()¢'(¢) dt, 3sinkun y"' " = Jw(t)w’(t)dr+c, =y, (7, ¢;). AHajoriuHo

3Haxomumo y 2, . y= v, ¢, ...y ¢,). Cucremax = o(t), y=vy,(t, ¢, ..., C,)
BU3HAYA€ 3arajibHUi iHTerpaa piBHAHHSA (2.45) y napaMeTpuuHiii GopMi.

2. FpY, ™y = 0. (2.46)
HpI/IHYCTPIMO 10 piBHSAHHS (2.46) 3aJaHO B MapaMeTpUy4Hiil dhopmi: y
=o(t), y =y(t), oe y(t) — nudepeHuiioBHa pynkuia. Toai 3 plBHOC-
(n-1)
Ti dy ™=V = y™ dx npu o(t) = 0 maemo dx = dy o= k4 (t)) , 3BIAKH
y t
y'(t)dr _ - (-2 _ (n-N w(y'(t) dr
= +¢ =&, ¢). Hami d = dx = e
j o) 1’ i D) y y o(1)
yn= = ______\If(f)(p\ll(,()f) '+ ¢y dy"Y = yDgx L dy = ydx, y=

= Jy'dx +¢, =N, ¢, ...y ¢,). Cuctema x = &(1, ¢)), y = n(¢, ¢y, ..., ¢,)
BU3HAYaE 3arajibHAiL iHTerpas piBHAHHS (2.46) y napaMeTpuuHiii opMi.

3. Fy™" D, y™) =o. (2.47)

3a onomoroio 3aMiny y "~ ? = y piBusiHHg (2.47) 3BOONTBCA 1O PiB-
HAHHA apyroro nopsaaky F(u, u”) = 0. [lpunyctuMo, 1o ue piBHAHHSA
MOXHa fapaMeTpu3yBaty y BUDIsAdi u” = @(t), u = y(t). Toai 3 piBHocTei

’ ” ’ ’ M ’ ’ r” ’ l ’
du’=u"dx, du=u’"dxnpu u’ = 0 nicraemo u’ du’ = u”u’ dx, :2-(1(112):

=u'du, u?= Zjo(t)w'(t)dt +o¢, U= J_r\/ZJ(p(t)\p’(t) dt+¢ =&, ¢)).

Orxe, MaeMo TapameTph4He 306pakernst By y @ = o(r), y ™V = £(4, ¢)),
AKe BXe Tpalusuloca Mif 4ac iHTerpyBaHHs piBHmum (2.46).

Axuo piBustHHA F(u, u”) = 0 MOXHa po3B’I3aTy BiHOCHO u” @ u” = f(u),
TO, MOMHOXMBLIM Ha 2u’ # 0, micranemo 2u’u” = 2f (uu’, d(u’?) = 2f (u) du,
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d .
u? = 2J‘ fu)du + ¢, 3BiIKH d =dx i

\/2_[ Fydu + ¢
J ‘ du =X+ (ZJf(u)dll +¢; #0). BpaxyBaBlIK 3aMiHy
i,/zjf(u)du + ¢
u= y("'z), JicraHeMo NPOMIXHHI iHTerpasa piBHSHHSA (2.47) BUIIAAY
¥(x, y"2, ¢, ¢,) = 0 — nudepeHuianbHe piBHSHHS THITY (2.45).

QnNpuxnap 222
4 / 2 . .
PigusHus tuny (2.45) Y  =VI—-X" ponyckae mapamerpmsanilo x = sin ¢,

y =cost (i € [—5 g:l ] I3 piBHoCTi dy’ = y” dx MaeMo
dy’ =costtdt, y = -;-(r +%sin 2t + ¢ ] dy = y’dx,

dy = l(t +lsin 2t + ¢ ]cos tdr.
2 2

Tomy

1 . 1 .
y =5(rsm t +cos r—gcos3r+cl sin t + ¢ )

ITprenHaBIUY 3AIEXHICTh X = Sin ¢, DICTAHEMO 3aralikHUi iHTeTpal PiBHAH-
HS B mapaMeTpUuHiit popmi.

QnNpuknap 2.23

PisusinHa_Tuny (2.46) y" =l +y”? nonyckae nmapamerpuzauio y’ = t,

y" =1+, 13 piBHocti dy’ = y” dx MaeMo
dx = di x+c¢ =In(t+41+1%), [+12)=e"" 4.

Po3B’sg3aBUIM BITHOCHO #, IicTaHEMO

f== (" e )y S gh(x + ).

| =

3Bincu
Y =sh(x+¢), y=ch(x+¢)+c,.
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OnNpuknapg 2.24

Jas pisnanna muny (2.47) 4 y’\/; = l guaﬁae.uo P036 A30K, AKul 3a00601bHAE
nowamkosi ymosu y(0) = 1, y’(0) = -
Bpaxosytou, wo y > 0, macmo " =L. IMomuoxusim Ha 2y’ # 0,
nicraHemo 4\/;
o2 = =y +¢.

2J_

Crany ¢, 3uaitiemo 3 nowarkosux ymos. Tlirctasusimm x = 0, y(0)=1,y(0)=-1,
aicranemo ¢, = 0. Ockineku y’(0) <0, To y = —W. 3incu

N
4 =
= —dx, X+, =yt =X+ 0.
i j 0 3 .
. 4 3%
Iincrasusuwm x = 0, y(0) = 1, maTumemo ¢; =—. Tomy y=|1-=x | —
pO3B’430K JaHoi 3ama4i Komwi. 3 -4

PiBHAHHA, W0 RONYCKAIOTL
3HW)XEHHA NOPARKY

1. PiBHsIHHA, 0 He MicTATh mrykaHoi yHKUi i KijbkoX noc/izoBamx mo-
xiqHux:

F(x, y®, y&+D_y™y =9 (2.48)
(1sk<n).

3aminow y® = u pipusuus (2.48) 3BOAUTBCS 10 PIBHAHHS (1 — k)-TO
MOPSIAKY BiTHOCHO PYHKUIT u:

FCe,u, iy a0y =0

Axuio 1e piBHAHHS iHTerpyeTbcsi B KBaapaTypax, TO NMOBEPHYBIUKUCS 10O

¢dyHKUii y, gicTaHEMO MPOMIXHMIA iHTerpas piBHAHHS (2.48) y BUIsAL
¥ = o(x, ¢ i ¢y_y) aB0 D(x, pO, Cla ey €y ) = 0 — DudpepeHi-

aane piBHAHHA THNTY (2.45).
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2. Pisngnng, o ABHO HEe MICTATh He3a1€KHOT 3MiHHOI:
F@, y'y vy y™) =0, (2.49)

3a IOImoMOrolo 3aMiHu y’ = p [p = p(y) — HOBa lIyKaHa (pyHKUisT] o-
psiioK piBHSIHHA (2.49) MOXHa 3HM3UTH Ha ogvHuulo. Crnpaeni,

’r_ lr'_d /_dpdy__r
y=py —dx(y)—dydx—pp,
”» d ’ dv » ?, 7’ .
y = KEDB oy gy = g (s BV,
dy dx

. dip
pe p = o (i =1, ..., n—=1). IliocraBuBiM B piBHAHHA (2.49), nicTaHe-
Mo piBHSHHS (n — 1)-ro mopsuky Burmsay FE (v, p, o/ ..., p"" ") =0.
Axwo @,(y, p, ¢, ..., ¢,_1) =0 — 3aranbHUI iHTerpag UbOro PiBHAHHA,
TO cmiBBigHOWeHHs (Y, V, ¢, ..., ¢,_1) = 0 € IpoMiXHUM iHTerpasom

(n — 1)-ro nopsanky piBusHHA (2.49) — nudepeHLIiaTbHUM DiBHSHHAM Mep-
IHOTO MOPSAKY iHTEPOBHOIC THILY.

3. PisHsnHs, oaHOpiOHi BIZHOCHO , ', ..., y ™. Po3risiHeMO piBHAHHS

F(x, 9, ¥ oo ¥™) =0, (2.50)

B sIKoMY (GYHKLUisT F € OXHOPILHOIO CTereHs] m BiTHOCHO y, y’, ..., y,

TOOTO

FO, 0,00, o V") =t"F(x, y, ¥, ... y) (¢ > 0).

3a goroMoroo. 3aMinn y’ = yu [u = u(x) — HoBa HeBigoMa QyHKUist| TTOps-
JOK piBHAHHSA (2.50) MoXHa 3HM3UTH Ha oguHuLlO. Cripasni, TOAi

V' = yu+yi =y’ +u'),

(n)

Y=y +3ud i), oy, Y = yg(u, o, u D).

[inctaBusiii B piBHgHHA (2.50) i BpaxyBaBIUH OZHOPIIHICTE QYHKLUIi F,

mictanemo V" F(x, I, u, u* +u’, .., gu, ', ..., u"""")) = 0. CKOpOTHBLIH
Ha y™ # 0, MaTUMeMO piBHIHHA (n — 1)-ro MOPAIKY BifHOCHO (YHKLT u.
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Slxio u = @(x, ¢, ..., €¢,_|) — 3araTbHUIA PO3B’SI30K LILONO PIBHAHHSL, TO 3a-

. . Xy €eennCyoy VX
raJIbHUH po3B’A30K PIBHSHHS (2.50) MaTMMe BHIIAL y = c,,ej QX €enny )l

4. YaarannHeno-onHopinmi pisuanna. PiBHsauHsa (2.50) Ha3uBaoTh y3a-

© 2AAbHEHO-00HOPIOHUM,, IKIITO

F(ox, tky 5y 5y Oy = " F(x, y, Y, v ™) (> 0)

VIS AesIKUMX K i m.

3a nonoMoroo 3aMinu x = e’, y = ue® [x = —e' pu x < 0; u = u (1)}
y3araJbHeHO-OQHOPIIHe PiBHSAHHS MOXHa 3BeCTU IO PiBHAHHA, 1O SABHO
He MIiCTHATb He3ajexXHoi 3MiHHOI f. Cnpasni, 3a Liei 3aMiHM moxigHi

w4V .
yo=— (i =1, ..., n) IEPeTBOPIOIOTLCA 32 TAKUMH (POPMYJIaMH:
Ix
’ d 4 d’ r ki . — ’
= DA _ ekt kue* e = e V' + kuy,
dt dx
v = (" Qk - D' + k(k = D), ...,
y = ek Moy, L, ™),
i
i u . . . .
pe o) = _d—’ (i =1, ..., n). HiactaBuBiuM B piBHAHHs (2.50), nictaHeMo
t
piBHsIHHA BUrIAnY e™ Fi(u, o, ..., u'™) = 0, siKe nicias ckopoyeHHs Ha e™

SIBHO He MICTUTb He3aJle;KHOI 3MiHHOI 7.

5. Pipasiuns 3 Tounuvu noxinaumn. PiBHaHHA (2.50) Ha3uBAIOTD pigHsH-
HAM I3 MOYRUMU NOXIOHUMU, SIKLLIO J1iBa YACTHHA 1IbOTO PIBHAHHA € TOYHOIO
noxifgHowo neskoi GyHkuii @, (x, y, v, ..., y""):

: d , )
FO g ¥ y) = 0y gy ey,

CrissinHomenus ®(x, y, v, ..., y" V) = ¢| € MepliuM iHTErpajioM piB-
HAHHA 3 TOYHHUMH MOXiTHUMH — AUdepeHLiaTbHUM PiBHAHHAM (n — 1)-r0
MOPALIKY.

Ao piBHaHHA (2.50) He € PiBHAHHAM i3 TOYHUMHU MOXIAHWMH, TO
iHomi MoxHa mo6paTH Taky dyHKLiO WU = W(x, y, ¥, ..., V') (inmeepy-
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BAALHULL MHONCHUK), TIICTA MHOXEHHS Ha AKY piBHAHHSA (2.50) crae piBHSIH-
HAM i3 TOUHHMH MOXiTHUMH. B pa3i MHOXeHHsI Ha iHTerpyBaJIbHUIA MHOX-
HHUK MOXYTb 3’SIBUTHCS 3aifBi po3B’a3KH (po3B’A3KH piBHAHHA N = 0), a
T2KOX MOXJIMBA BTPaTa JESIKUX PO3B’A3KiB.

ONpuknapg 2.25

V pisaanni tany (2.48) y +2y = e"‘y’2 mokaagemMo y’ = u, BinHocHo wu
aicranemo piBHAHHS bepuymd (auB. n. 2.2) u +2u = e*u’. Tlominumo
plmmmm Ha o’ # 0 u '+ 2u”" = e*. BimHocHo d)yHKI.[ﬁ z=u" ue pis-
HSHHS, JiHiliHe: z' -2z = —e*. Woro 3araanun PO3B’A30K Ma€ BUJISAN
z =e**(¢) + e ™). YpaxysaBun 3aminy y’ = u, mc1'aHeMo

dx I 2
y‘_’.““‘—,\- 2 2x+02=,[[?_%+—_(| XJde"+c2=

e +cpe e et l+ce

= - -ox+q ln, 1 +¢e* |+ .
Po3B’13KOM DiBHSHHS € TakoX OYHKLIA y = ¢ (u = 0).

ONpuxknanp 2.26
3uaiidemo pose azok 3adaui Kowi

2"+ y? 4yt =0, p0) =1, y(0)=2

)IaHe PIBHSTHHS SIBHO He MICTUTb HesanexHOi 3MiHHOI [Tum (2.49)].
Hexait y =p, ne p=p(y) — HOBA HeBllIOMa (bym(um Toni y” = p’p i BilHOC-
HO p HicTaHeMmo DiBHAHHS 2ypp + p* + p = 0. Jas wyKkaHoro po3B 3Ky

(p)

I’ + P
BUKOPHUCTOBYIOUH 1OYATKOBi yMOBH: y(0) = 1, y*(0) = p(1) = 2. Maemo

p 20,y = 0. BizokpeMJIIOEMO 3MiHHI: ~ = ¢y. Crany ¢, 3Haiinemo,

5 -

=2 dy _
[ 4a p= 5 dx \/—\ J. —l dy X + ¢y,
4

§(5 )
E[Zy— l] =X+0.

‘ 2
TMoknasuwm x = 0, y(0) = I, 3Haitnemo ¢, = % y= %(15_»; + 1)3 + %
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QfNpwknanp 227
3inmezpyemo pignanns x*yy" —(y — x ') =

Jlina 4aCTMHA IaHOro PIBHSAHHS — onHopmHa d)yHKum creneHﬂZZ Bil-
HOCHO y, ', y TMoknasum y’ = yu, mCTaHeMO Yy =y +u), y(x o’ +
+u’) = (1 - xu)?) = 0. PyHkuis y = 0 € po3p’A3KoM. JaHOTO piBHSHHSA. [Tpn

o . . , 2 i
y # 0 MaeMo JiHiiiHe PiBHSHHSA BIXHOCHO «: 4’ + —U = —, 3aralbHUM po3-

X X~

a,l g iny:
. Bpaxosyemo 3aminy:
x

B’A3KOM AKOTO € QYHKUisA U = —
X2

¥ = yu, d7y.= ((—', + —L—) dx, y= ('2ej(-"

X~

Po3s’azok y = 0 maemo nipu ¢, = 0.

ONpuxknap 2.28

3inmeepyemMo piGHAHHA x* v+ (xy - y) = 0. [Tepesipumo, uu € dane pignsinus
Y3a2anbHeH0-00HOPIOHUM.
3Haxoaumo

Fiee, iFy, 871y a8 22y = oA 2y oty iRy =

=52y e Ry -y =P,y YL YY) k=),

Otxe, k=1, m = 3. Buxonaemo 3aminy x=e’, y = we’ (u = u(¢)). Toai

. dy due') dr

—- ='e +ue' )" =u +u,
dx  dr dx
., d
y ((u + u) dt -+ )
dr dx

[MigcTaBUBIY B JaHe PiBHSAHHA, nic*rauemo‘ ey v MW ru—u) =
=0, 3BiIKM MaeMO PiBHAHHA " + 4’ + 1" =0, WO He MICTHTb He3amexHoi
3MiHHOI 7. 3HM3UBIUY MOPALOK LIBOTO PiBHAHHSA 3a AOTNOMOYOIO 3aMiHM

u’ = p(u), MOXHa 3HAITH ¢ = ¢| + arcsinc,e™'. YpaxysaBlum 3amiHy y = ux,

x = e’, AicraHeMo
. Oy
v = .x'(cl +arcsin —= ]
X
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ONpuknap 2.29

Insa piBHaHHA y” + sin y = 0 iHTerpyBaIbHHM MHOXHWKOM MOXE CITyryBaTu
dyukiis p = 2y’. CnpaBgi, MTOMHOXWBIIMA PiBHAHHA Ha 2y’, HicTaHeMoO

2yy" +2sin y -y =0, (y'2—2cos y)Y =0,

3BIIKH

y?=2cos y=c¢, y =+J2c0s y+¢.
BinokpemiioeMo 3MiHHI 1pr 2cosy + ¢, # 0:
d d
L) A— +dx, f—y~—= X + ¢y,
J2cos y +¢ y2¢os y +¢
&)

Craymit po3s’30K JaHOTO PIBHSAHHA (¥’ = 0) BU3HAYacTRCH 3 yMOB Ccos y = ——,
siny =0, 38iIku ¢, = 12, y = kn (k € Z). 2

2.6

JliHiAHi PIBHAHHA APYroro NopAgKy
3i cranumu koedinicHtammn

Jinitinumu Ouchepenyianbhumu pieHAHHAMU Opyz020 nopaOKy 3i cmaiumu
Koeghiyiecnmamu Ha3UBAIOTL PIBHAHHS TUITY
Y'+ay +ayy = f(x)
(ay, ay =conste R, f(x)e C;, I =(a, b)). (2.51)

IMokaxemo, 110 KoM BiTOMMIt HeTpUBiaTbHU (HeHyJILOBUIT) PO3B’ 30K
Yo = Yo(x) ainitino2o 00HOpiOHO20 pigHAKHS

Vi+ay +a,y =0, (2.52)

TO iHTerpyBakHs PiBHAHHS (2.51) 3BomnThCA O KBagpaTyp. Y PiBHAHHI (2.51)
BHKOHaEMO 3aMiHy y=ygy, e v = ju dx +¢;, u=u(x) — HOBA INyKaHa
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byHkis. Bpaxosyloqn mo v’ = u, v’/ = u’, gicraHemo y’ = Yoy + Yo,
y" = ygv + 2y5u + yyu'. IlincraBneHHs B piBHaHHs (2.51) nqae

V(Yo + @ g + @ yy) + YU’ + 2ygu + ayygu = f(x),

3BiIKM, BPaxOBYIOYH, 1LO y; + 4, yo +apy = 0, MaEMO niHiiiHe Heoy

HOpi-
He PiBHAHHA IepUIOro MOPSAKY BmHOCHo byHKuUIT u:

’ }’0 l
U+12=+a [u=-—f(x).
( Yo I) Yo (2.53)
3arajlbHUI pO3B’s130K PiBHAHHS (2.53) Mae Bursaa (aus. 11, 2.2)
J 7&’_” YU -
u=e[' l If(x) J[’ ]dx=
Yo
e-~a
=0 AN f(x)dx.
yo

YpaxyBaBUId 3aMiHYy y = ¥, (Iudx + ¢ ) JiCTaHEeMO

-ax

e ,
Y=y + czyoj dx + y(,j y3 j}’oe”l-‘ f(x)dxdx (xe ). (2.54)
0

Yo

3 (2. 54) BUIUIMBAE, WO JiHi/iHe OXHOPiAHE piBHsHHS (2.52) (f(x )=0)m
PO3B’A30K ae

X

Y=y + "z)’oj

dx,
e (2.55)

a PO3B’A30K AiHIUH020 HEOOHOPIOHO20 pisHanna (2.51) (f(x) = 0) mox
3aITUCATH Y BUIVIAAI Ha

y=y+n (2.56)
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_al

ae ,\7=}’0J J2

j Yoe™ f(x)dx dx — yacTMHHMI PO3B’130K (c,=¢y,=0)

JIiHIAHOTrO HEONHOPITHOTO PiBHAHHA (2.51).

Dopmyioo (2.56) Bu3HayeHHIT 3araibHUI PO3B’A30K piBHAHHSA (2.51)
B obnacri Dy = {(x, y, z)| x € I, y, z € R}. Cnipasni, Wi Gyan-gKoi M0YaTKo-
BOi TOYKH (Xy, Yo, Vo) € D, niHiitHa anre6puyHa cucTeMa

{ ¢ yo(xg) + 39 (xp)h(xg) = vy — ¥(xg),
Yo (Xo) + €2 (v (xo)h(xy) + Yo (xo)H'(x0)) = ¥ — 7' (%)

i

BIIHOCHO CTAJIMX |, ¢, MA€ €IWHMIA PO3B’A30K, OCKIJIbKM TOJIOBHHI BU3-
HaYyHHK A 1Ii€] CUCTeMu He AOPIBHIOE HYITIO:

Yo(xg) Yo(Xo)h(xg)
e M | = e" N £ Q.

1) vo(xodh(xg) +
Yo

Ypaxosyioun CTPYKTYPY JIIHIHOTO OXHOPIAHOIO PiBHAHHA (2.52), cripobye-
MO 3HAlTV Or0 HeTPUBIATbHUIA PO3B’A30K Y BULIIAN Y, = e, Ie A — ﬂeﬂxnﬁ
mapaMeTp. IligcraBieHHa B piBHAHHSA (2.52) nae eM %+ QA+ ay) =
3BilIKH

DO =2 +ah+a, =0. (2.57)
Otxe, pyHkuida y, = e™ € po3p’a3koM piBHAHHS (2.52) Togi it nulue
TOMi, KOJIX YMCIJIO A € KOpeHeM piBHsIHHA (2.57). PiBusaHHs (2.57) Has3uBa-
10Th XapaKmepucmu4Hum pigusanuam, a Tpuied D (L) — xapaxmepucmuurum
MHO20uAeHOM DIBHAHEA (2.52).

MoxuBi Taki BU T 2 1K U.

1. Pisusnns (2.57) Mae aBa pisnux kopeni A, A, (D(A,) =0, D'(A;) =
=2}\,k + 4 ¢O, k =], 2, }\‘l +7\2 ='—al).
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2.6
NiHifiHi pisHAHHA QPYroro nopAAKy 3i ctanumu xoediuieHTaMun

[lincraBuBum y, = e Yy dpopmyiy (2.55), nicraneMo

— v c C _ .
V= c,e}‘ +c,el J‘e (@ +20)x gy _ c,e’““ + ) e l@r iy _
—(al + 2)\.|)
= ¢ M+ ge,

Otxe, 3arajIbHU PO3B’SI30K JIiHIHHOIO OXHOPIAHOIO PiBHAHHSA (2.52) Mae
BUIIISIL

7 = ¢eM” +cye”, (2.58)

Ie c¢,, ¢, — NOBLUIbHI CTai.
YacTUHHU po3B’A30K J JiHIAHOrO HEOAHOPIAHOTO PiBHAHHA (2.51) ¥
LILOMY BMTIAAKY TaKHii:

§=ehr j PSR j e f(x)dxdx (xe I). (2.59)

2. Pisuauna (2.57) mac nsokpatauii kopinb Ay (D(Ay) =0, D'(Ay) =
= 2;\.(. +4a = 0)

[lizcTaBuBLUIM V) = eM y dopmyiy (2.55), micranemo

=M +e e}‘"‘je'(””n”)“' dx.

Orxe,

Ay

V=ce™ + czxe}‘“"'. (2.60)

YacTHHHHUN po3B’d30K J JIiHIHHOrO HEOAHOPIZHOrO PIBHAHHS MAE€ BUITISAL

§ = Mo j j e f(x)dxdx (xe 1) 2.61)

& 3aysaxeHHs 2.5
SAxmo KopeHi A,, A, XapakTepMCTHYHOTO piBHAHHA (2.57) KOMIMIEKCHO-
cripsikeri: A , = a % o (o # 0), T0, BPAXoBYIOuH, O eUHTON = O (cog wx +
+isin wx), (bopmyny (2.58) moxHa 3anMucaTH Tak:
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7 =ce™(cos @x +isin mx) + c,e™ (cos @x —isin ox) =
=" [(¢; + ;) cos 0x + i(e; — ¢y)sin ox].

[Tepeno3HauMBIUK AOBUIBHI CTali, poOMMO BHCHOBOK, IO 3arajibHW# po3-
B’SI30K ¥ B LIbOMY BUIMAIKY MOXHA 3aNMMCaTH TaK:

¥ = e™ (¢, cos @x + ¢; sin- wx). (2.62)
OnNpuxnap 2.30
Hna pisuanus y” -3y’ + 2y = He®™ (H = const) xapakTepuCTUYHUI MHO-
rowileH Mae Burasx D(X) = A2 - 31+ 2. Horo KopeHi A; = 1, &, = 2. Otxe,
¥ = et + et

YacTrHHUI pO3B’A30K J 3HaX0xuMO 3a hopmynon (2.59): mpu o= 2,0 = 1

y= Hey"J.e“'J.e"Z"’)xdx dx = He"je" %G:z—;dx =
= He* _I_J.e“"”"dx = He™ = H"fm- ;
G- (c-2)o-1) D(o)
npu ¢ =2
5 = He* j e j dx dx = He* j xedx = He* (x - 1);
nmpno =1

y= He"J‘exJ‘e‘xdx dx = —He"de = —Hxe".

ONpuknap 231

Xapakrepuctuanuii Muorowten D(A) = A* —2) +1 piBusian 7 -2y +
+y = He®™ wmae nBokparnwmit KopiHb A, = 1. 3a dopmyinoio (2.60) 3Haxonumo
3arajibHUi PO3B’A30K JIiHIHHOIO OZHOPIAHOIO PIBHAHHA:

¥ =qet +oxet.
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YacTHHHUI PO3B’A30K J HEOAHOPIIHOTO PIBHAHHA AICTAEMO 3a (POPMYIIOIO
(2.61): npuo = |

y=He' ”e""e‘“dx dx = He"J O W ax dx =
He®™  He™

(6-1} D(o)’

- H exJ'e(oAl).\'dx:
o-1

nmpu ¢ = 1

7 = He* de dx = He"'J.x dx = He* ;

ONpuknap 2.32

XapakTepuctuyHuii mHorowreH D(A) =A? + o’ piBusHHg "+ cozy =
= Hsin vt (0> 0, v >0) Mae KOMIUIEKCHO- Cnpﬂ)KEHi KOpeHi A, , = iw.
Tomy [doopmyna (2.62)] zaranbHUIt pO3B’SI30K JiHiiHOrO OIILHOpl}IHOI'O piB-
HAHHA p” + @'y = 0 Mac BUTISA

2

¥ =c¢ cos of +c,sin of.

YacTHHHUI PO3B’A30K V 3Haiinemo 3a dopmysomo (2.59): npu v # @
5= Heiwljegliw/jeio)l L(eivl —e Yt dit =
2i

i v ) i(o—v)
H Y el((u+\ ¢
- _e:mlIe 2iew! _ dt =

2i (w+v) i(w-Vv)
H o079 ™YY Hsinvi  Hsin vi
= — -— = = -
2i o -vi @ —V? o —Vv? D(iv)
npH vV = ®
5= _ii /vlJ'e--ZI\'rJ 2ivi V) drdt =
/\I J)/\/ dt = H \~/ _f_ _ J1¢)‘3""dr -
21 2iv
-1 l\l + e—:v/) .H) eV = v—i!’-cos Vi — {'I’ e—iv/'
4v 8iv® 2v 8iv~
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H i _— , .
—e V' ¢ pO3B’I3KOM JIiHITHOTO OOHOpPIIHOTO piB-
iv-

~ - Ht
HSIHHSI, TO YaCTHHHMI PO3B’A30K J MOXHA BUOpaTH Y BUDJISAOI § = —57 Ccos vi.

Ockinbku (DyHKIIA —

€ 3aysaxeHHn 2.6
SAKIWo BiIOMHI HETPUBIATBHUI PO3B’A30K Y, = ¥ (x) ainilnozo odnapidnoeo
DIGHAHHA ‘

V' +ax)y +a(x)y=0 (2.63)

3i aminnumu Koegpiyienmamu a (x), az(x) e C;, TO, aHAJOTIYHO NOTePeHbBOMY,

33 TOMOMOTOIO 3aMiHH ) = YoV v = Iu dx + (‘l) MOXHa T100yayBaTH 3arajibHui

PO3B’SI30K MiHiHHOTO HeOTHOPITHOrO PiBHSHHA V™ + a(x)y + ay(x)y = f(x) y
BUTISALI y =y + P, e

e—Jal(.\‘)LLv
Y=oy + C’z)’()J.——'z——dX,
Y0 (2.64)
e—'fu,(,\')d\' J,u (x)dx
y = y()ITJy(,e T f(x)dx dx (xe D).

ONpuknap 233
. , 4 , 6
Poseasnemo pisnanna y" ~ =y +—y = In x.
x* X 4 6
Po3r’ 130K JIiHiIiTHOTO OIHOPIAHOrO piBHAHHA Y ——y + =¥ =0 ner-
KO 106paty y BUIIALi y, = x2. 3a hopmynamu (2.64) mMaemo

.]‘id.\‘

4

- e
y=cxt+ cZ,\'ZJ. dx = ¢x? + ¢y x°,
X

4 dx

§= 4
oo 2fe” 2, I3 2(f -2 .
=x* | ——|x "% Inxdxdx=x"||x"Inxdxdx =
e e | Il
:xZJ‘(—x"'lnx—x’l)a'x=—x2 [%ln2x+lnxj.

Orxe,

y=ex? +ox’ - x? [—;—ln2 X +Inx ]
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2.7
MeToan BuUKNIOHEHHA Ta IHTErPosHWX KOMBiHALLIA ANA cucTem audepeHUianbHUX PIBHAHDL

2.7

Mertoau BUKAIOYEHHA Ta iHTEerpoasHux kombiHauin
AnA cuctem avcepeHuianbHUX PiBHAHL

PosrgaoysaHi TyT METOIU I'PYHTYIOTLCS Ha ilei 3BeJeHHSI CHCTEMMU M-
¢epeHIiaTbHUX PiBHAHD IO OAHOTO ab0 KiJIbKOX CKaTIIpHUX AucepeHLli-
AJIbHUX PiBHSHb.

Memoo surarouenns. Hexait 3agaHo cvcTeMy piBHSHB

yi=filx, vy o p,) =1, n). (2.65)

PosrsHeMo cxemy 6uKAOUEeHHA HEBIOOMUX Y, ..., Y, lep-
wie piBHAHHA Y| = fi(X, ¥, ..., ¥,) OndepeHuiloeMO BHACIIIOK PIBHAHDb
cuctemu (2.65) nociigoBHo n— 1 pasiB. Y pe3yJabTari JicTaHEMO CHCTEMY
CITiBBiZHOUIEHD

A" = Ey(X, e ¥) (m=1, ), (2.66)
eFy.)y NOF,.
e f‘l = fi(x’ yl’ s y”)’ Fm = m-| + ,’” l /; (’n = 2, very n).
X is1 oY

Axuo B po3risgyBaHiit obnacti MaTrpuus Octporpaacbkoro—Axo6i
6(F|,..., E:—l) . .
= —————————— HEeBHUPOIXeHa, To replli # — | piBHAHb cucTeMH (2.66)
a(yz' b yll)
MOXHA OJHO3HAYHO PO3B’A3aTH BIIHOCHO Y5, ..., J, '

Vi = &:(X, Yia Vi oons yl(""”) k =2, ..., n). (2.67)

[liacraBuBiuy (2.67) B ocraHHE piBHAHHA cucteMu (2.66), AicTaHeMO
cxajsgpHe audepeHiliaibHe PiBHAHHS n-10 NMOPAAKY BiIHOCHO y, :

Yy = Fx, ypy yfy s 90, (2.68)
oe £ = F,(x, ¥, &5 s &)
Sxwo dyHkuii f;(i = 1, ..., n) n— 1 pasis HenepepBHO AU(ePeHLIIAOBHI

i MaTpulist Q HeBUPOIXEHA, TO, AK BUTLIMBAE i3 caMOro crocoby yTBopeH-
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HS piBHsIHHSA (2.68), KOMIIOHEHTa y, po3B’A3Ky cucTeMH (2.65) € po3-
B’s13KOM piBHAHHS (2.68). [Tokaxemo, 110 i, HABMAKH, cucTeMa GYHKLUIH
Vis Yoy wos Yy 1€ ¥) = @|(X) — HOBUIbHUI PO3B’SI30K PiBHAHHSA (2.68), a
Y, = @ (x) (k =2, ..., n) — dyHKuii, BU3HaYeHi piBHOCTAMH (2.67), € po3-
B’I3KOM cucTeMH (2.65).

Crpasni, npy m = 1 3 (2.66) MaeMo ¢[(x) = fi(x, @ (x), ..., ®,(X)).
3nudepeHLIIIOEMO TOTOXHICTh

(p:k'”(x) = F_(x, 9(x), ..., 9,(x)) (k=2,...,n)
i3 popmynu (2.66):

cF, oF,
k) (yy= k=l k=1 ().
o) =+ 3 — ()

: ocy;
i=1 U

Mpu m = k 3 (2.66) maeMo

n

: CF, _ oF, _
¢ (x) = F = ——1+ Z ﬂk . Lf s @uX), ey (X))

A

PR im ]

IMopiBHIOIOUYM OCTaHHI TOTOXHOCTI i BpaxoByioun, o ¢ (x) = f;. micra-
HEMO

n ?,F
‘2( «A = (¢; = fi)=0 (k=2.....n). (2.69)
=y CVi

OcKifbKM BU3HAYHUK cucTteMu (2.69) det O # 0 (matpuus Q HeBUpOIXeHa
3a YMOBOIO), TO

O/ (x) = fi(x, ¢ (x), ..., 0,(x)) (i=2, .., n).

TakuM YMHOM, 3TiIHO 3 HABENEHOIO CXeMOIO BUKJTIOUEHHS 3a1ava iHTer-
pyBaHHs cucTeMu (2.65) 3BOOUTHCS OO 3a4a4i iHTEerpyBaHHS CKaISIPHOTO
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piBHSIHHA (2.68). OcTaHHE, sIK BIIOMO, He 3aBXIM iHTEerpycThes B KBaIpa-
Typax. 3ayBaXyMo TaKOX, 110 y BUAAKY, KOJIY MaTpuls Q BHPOMKEHa,
cucreMa (2.65) Moxe 3BeCTUCS [0 PiBHSHHS HUXUYOrO HiX n MOpPSAKY a6o
KUIBKOX TAKUX PiBHSIHbB.

ONpuknap 234

Buxitounmo Hesinomy dyhkuilo y, i3 CHCTEMH DiBHSHD Yi=5y + 2y,
yy =4y -y
dudeperuiloeMo nepiue 3 piBHAHL YHACHIIOK PIBHAHBL CUCTEMM:

V=50 + 25 =505y +20) + 24y = yy), y{ =17y +8y,.

. 1 ,
I3 mepworo 3 piBHAHb 3HAXOHUMO Y, = 5(—5y, +3). Otxe,

=17y + 8%(~5y, + )y =4y +3p =0,

Hictanu nixiitHe ogHoOpigHe PIBHAHHSA APYroro MOpsaKy 3i ctamMu Koedi-
uieHTaMu (aus. . 2.6). OcKilbkM xapakTepucTuyHe piBasHHa A2 — 44 +3 = 0
Mae pi3Hi KopeHi A = 1,4, =3, To

‘ v 1 v kS : Ix : 3
N =qet ey = =(5cet =56 + et +30e) = 200t - aet.

2

QnNpuknap 235

. I .
s ¥3 = |- — BukaounmMo dyHKULIWO p,.
Yy - X N

HudepenuitocMo Apyre 3 piBHSHb:

[3 cucTemu piBHAHL y| =

!
S -

Nz
'y
il
i

T [P

i

, ) | , )
I3 gpyroro 3 piBHsiHb dictaeMo — = (y; — 1)°. OTxe,

M

» = l 2
vy =W ) '
V) =X

OcTaHHe DIiBHSIHHS € DPIBHSHHAM i3 TOUHMMU noxiaHumu (aus. 0. 2.5):

d , d .
Km |yi 1= ;Eln |y = x| 3sincu
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, d
.m—l=qU@—X)k1¢®,E;U@—X):qOQ-xL

V) =X+ (¢y % 0).

Hesizomy QyHKLIIO y, 3HAXOOMMO 3 piBHAHHA y; = | l
) B4l
yl = _IT - —_l..e—c’x_
-y qa

ONpuknapn 2.36

BuknouumMo ¢yHKUii  y,, y, i3 cucteMu piBHSHL Y =y,, y; =y,
Vi=n+y+ys _ o _ ,

IMepwe 3 piBHAHb AudepeHUIIEMO ABiYi BHACHIZOK PiBHSIHL CHCTe-
MU Y = y; =y, ¥ =y =y, Sk 6auumo, Marpuus Q y LbOMY BUTAIKY
6 N l O . ” ’ ’

M = . 3 piBHAHB Y| = )3, V3 =y MAEMoO
&y, ) (0 0

NiHiltHe ogHOpiAHe PIBHAHHS APYroro MOPSAKY 3i CTAMMMU KoedillieHtaMu
BiZHOCHO QyHKLUIT ;1 y{ — y; = 0, 3araTbHUM PO3B’I3KOM SKOTO € BYHKLIsA

BUpoaxeHa: Q =

Y =qet + et

(A = 1, X, = -1 — KOpeHi BilTOBITHOrO XapaKTePUCTUYHOTO PiBHAHHS).
3Bincu

’ o ¥ . =N
N=ryn=qe -qe .

TTigcTaBuBIIY y,; i y, B TPETE 3 PiBHSAHL CUCTEMH, XICTAHEMO JliHilHe piBHSAH-
HS1 TTepHIOro MOPSAAKY BUIHOCHO BYHKUIT y,: y; ~ ¥3 = 2¢je’, 3Biaku

¥y =et + 20xet.

Memoo inmezpoenux xKombinayii Nojsirac B ToMy, 10 3a JOMIOMOToOI0
apupMeTHYHUX omepalliif i TOTOXHUX MepeTBOPEHb i3 PiBHIHb CHCTEMH
(2.65) yrBOpIOIOTH (KO 1€ MOXJIMBO) TAK 3BaHi inmezpoeni Kombinayir,
TOGTO NOMOMiXHI PIBHAHHS BITHOCHO PYHKUIA BUDIADY U (X, ¥,, ..., ¥,), AKi
Jierko iHTerpywThcs. B pa3i 3acCToCYyBaHHSI METORY 10 CHCTEMH B CHMeT-
PHUUHiit dopmi
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dyl — dyZ dyﬂ
Y|(y|,..., yn) YZ(yl"“v yn)

T Yn(}’p ceey yn) (270)

9acTO 3pYYHO BUKOPHUCTOBYBATH 6aacmugicmb pigHux 0pobig: SIKLIO
a, _ a, _ a - a a» _ a, _ k]a, + kzaz + ...+ k"an

“n = ’
hob T8 B b by kib +kaby + .t kb,

ki, ..., k, — NOBLIbHI yuCIa.

ae

ONpuknap 2.37

P 3 . r_2 P W 2
036 ANCeMO cucmemy pIgHAHb V) = Y Vr. Vy = — W)

. nOMHO?KMBLUM nepive 3 _piBHfiHh Ha y,, a Ipyre — Ha y, i Jogasum,
AicTaHeMO iHTerpoBHY KoMGiHaLilo

i3
X

v+ s = .dWMﬁ=¥?m;

3BIIKK y,y, = €, X. 3aMiHUBIIM B NepuwIoMy 3 piBHAHD Y1y, Ha ¢x, picTaHeMo
1,
. . . ’ - AN
ApYry iHTerpoBHy KOMOIHALIIO y{ = ¢|xy;, 3BIOKU y| = ¢ el o Mpuy, =0

2
X ¢ Ty O .
(¢, # 0) Mmaemo y, = 1= = _—‘.x‘e 27 . Sxwo y, = 0, To 3 apyroro piBusHUSA

DTS
CUCTEMHM HicTacmo y, = cx. AkWo y, =0, To y, = ¢.

QfNpuxknap 2.38

Honasiuiv i BiIHSABLIKM MOYNEHHO DIBHSAHIIA CUCTEMU y| = — =, p) = =L
aictarieMo ABi iHTerposHi Kombinadif

4 | r
W +x3) = —;(.V| 0k W -») = _\_'(.Vl - ¥),

3BI0KY MAEMO 3aranbHMl IHTEFPAT CUCTEMMU

¢
Nt == y-y =ox
X
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O Npuknapg 2.39
3inmeepyemo cucmemy 6 cumempuunii gpopmi:

dx _ _dy, _dn
2 -y non

. ood d
IHTerposHa koMmOGiHawLis D

B ) B4

¥, = ¢,,. Illle onvn iHTerpan 3naigemMo, BUKOPUCTABILM BAACTHBICTb PIBHUX

dc 24y, —dy . 3BincH
2y =y 20 - n

npobiB:

dx =2y, +y) =0, x=2p, + y; = 3.
OvyeBrAHO, WO 3HaMAEHI Nepuli iHTErpaiu He3aJdeXHi.

QNpuknapn 240

Cucremy piBHAHB NpUKIany 2.34 3anuiieMo B CHMeTPUYHiH dopMi:

dy, _ dy, dx
Shi+2y “An -y I

BUKOPUCTOBYIOUM BIACTUBICTb PiBHUX IPO6iB, MagMO

Aoy +yy) _dx  dQy +yy) _dx

nt+n 17 32y +y) 1

3BiIKW NiCTaHEMO ABa HE3ATEXHUX MePLINX iHTErPaAIU CUCTEMM:

x L3
Yy =ce, 2y 4y, =0et

Jlac repluui iHTerpaa CUCTEMH

I'nasa

OCHOBHI BNACTUBOCTI PO3B’A3KIB
ANOEPEHLUIANBHUX PIBHAHDL

| 3.1 |

MeTtpuuHi # nininHi HOpMoOBaHi npocTopmn

Mempuunum npocmopom Ha3MBAIOTb MHOXHWHY Y efleMeHTiB Gynb-aKoi
NMPUPOIM, SKILO Ha Hill 3a JeAIKUM 3aKOHOM BBeIeHO gidcmans (Mempuxy),
TOOTO OMHO3HAYHY HEBIN'€MHY cbyHKuuo p(x, y) (V x, y € Y), sika 3aj10-
BOJILHSIE TAKi a K ci O M U:

@ p(x, y) = 0 © x = y (akcioma giddinbnocmi);
@ p(x, y) = p(y, x) (axcioma cumempii);
® p(x, y) < plx, 2) + p(z, y) (VY x, y, z€ Y) (akcioma mpukymuuka).

[ToCAifOBHICTb e/1eMeHTIB y, METPUUHOTO 1IPOCTOPY Y HA3UBAKOTDL PyH-

0amenmanvHo, SKILO llm PV Yi) = 0. Metpuunmnii npoctip Y Hasu-

BalOThb NOBHUM, AKILO B HbOMy Oyab-ika GyHAaMeHTaIbHA NTOC/III0BHICTD

Y, 36iraeTbes 40 ejieMeHTa npoctopy Y. Bax1MBUMM NpUKJiagaMy MOBHUX

npocTopis € npoctip R” BekTopiB y = (¥, ..., y,) (), e R, k=1,..,n) 3
1/2

earnidosol0 mempuroro p(x, y) = 2|xk - W |2 , @ TaKOX MpOCTip
k=l

yc1x MiiCHHMX, HeTiepepBHMX HA BIOPi3Ky |a, b} BeKTOPHUX DYHKLII

y(t) (y,(t), <, ¥,(1)). MeTpuKy B UbOMY MPOCTOPi BU3HAYMMO (HOPMYJION0

pc(x(t), y(1) = max p( x(r), y(1)), me p(x(t), y(1)) — eBKAiI0Ba METPHKA.
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Mmasa 3
OCHOBHI BAACTUBOCT! PO3B'A3KIB ANPEPEHUIANBHKUX PIBHAHDL

Hexait Y — MeTpuyHuit npoctip. BinobpaxeHHs A : Yi— Y Ha3uBaKwTh
CMUCKYIOHUM 8i000paxcenHam (onepamopom), SKLLIO iCHYE Take 4uciIo g (Koe-
iyieum cmuckanns): 0 < g <1, wo s 6y11b -SIKUX TOYOK X, y € Y BUKO-
HYETbCS YMOBa

p(Ax, Ay) < gp(x, y). (3.1)

Touky ¢ € Y Ha3UBAIOTb HEPYXOMOO MO4KO0I0 onepamopa A, SKLIO Ap = .
[HaKIlle KaXyuHd, HEPYXOMi TOUKH — 1ie PO3B’SI3KK PIBHSIHHA Ay = y.

Bararo muTaHb, NMOB’SI3aHMX 3 iICHYBAHHSIM Ta €IMHICTIO PO3B’SI3KiB
PIBHSIHE Pi3HUX TUIIB, MOXHA 3BECTH JIO TTMTAHHS ICHYBaHHS HEPYXOMOI
TOUKHU JSKOro Bi10OpaxKeHHs1 A METPHYHOTO I1pocTopy B cebe. o Hainpo-
CTILIMX | BOAHOYAC HANBaXJIMBILLIMX YMOB iCHYBAHHSI HEPYXOMOI TOUKH Ha-
JIEXUTb HPUHUUN cMUCKYro4ux eidobpaxcers, chOpMY/IbOBAHHH 110IbCBKHAM
maremaTukoM C. banaxoM. Lleit npuHLMIT € TeOPEeTHYHOIO OCHOBOIO Memo-
gy nocaidosnux Habauxcens (imepauiil), IKA IWUPOKO 3aCTOCOBYETLCS A4
HabIMXeHOro po3B’a3yBaHH aJireOpUUHUX, fUdepeHIiaIbHNX, iHTerpasb-
HMX Ta iHIUWX TUIHB piBHAHL [16, 21].

HNosepneHHA

Hexait Yy — uomana TOouKa npoctopy Y. Tom nw=Ap eV,

vy = Ay, = A(AV()) o 42 Yo € Y i Baarani y; = A et (keN).
[Tokaxemo, 110 MOCIII0BHICTD y, hyHIameHTaTbHa. [Tpn m > k Maemo

Py ) = p(A vy, A" 0) € ¢ ooy Yurok) <

(ym k-1+ Yo - /\))<
k

1 p(¥o. M)

1-¢q

<f1 Oy, )+, ¥) + .

S U+qg+qg +.+g" " plyg, 1) <

3Biacu
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3.1
MeTpuuHi @ niHidni HOPMDBAHI NPOCTOPM

‘
(
p(y/\‘ s V) S | 1_

pP(Vy. W) (3.3)

Ockinbku 0 < g <1, 70 3 (3.3) BUnIUBAE, WO p(¥;, ym) <&V k>k,,
TOOTO y, — (byHﬂaMeHTaana MOCJILIOBHICTb. Y — MOBHMH NPOCTip, TOMY

icHye ¢ = klrm Vi € Y. 3 HepiBHOCTEH
PAP. @) < p(AQ, vi) +p(Vi, @) =
= p(AQ. Ay ) +p(yi. @) < gp(@, Yy 1) + Py, ©)

BUIUIMBAE, WO p(AQ, (p) — (), To670 p(A9, )=0, Ap =¢ i ¢ € Hepy-

XOMOI TOYKOIO Blﬂ06pa>|<e|-mﬂ A.
SAxio y € Y — ule onHa HepyxoMma TOMKa orneparopa A, 10

Ay =y, p(e, ¢) = p(Ap, Ay) < gp(p. ¥), p(@, y)(1 —¢q) <0,

3BiIKH p(p, ¥) =0 1 v = ¢. OTxe, Touka ¢, Bu3HaYeHa popmysioio (3.2), —
€/IMHA HepyXoMa ToUKa BiloOpaxeHHs A.

¢ 3ayBaxeHHA 3.1
Enementn y, ..., y,, ... y hopmyni (3.2) Hazusaioth noctidosrumu natiauxcen-
HAMU (imepayismu) HepyXomol mourku .

4 3ayBaxeHHn 3.2
Mepestwioniiv y (3.3) a0 rpanunui Npu m — 4o, ZiICTAHEMO HEPIBHICTh

IA
[—q

PO%, @) P(Yas 1), (3.4)

SIKa € OUIHKOIO TOXMOKK HABMXeHOT PIBHOCTI ¢ ~ y, (¥, - k-me nafauxcenns).

& 3ayBaxeHHn 3.3

Bubip noxamkoeoco nabauncenns y, € Y ¢ 10BiIbHUM i BIAMBAC AMINE Ha
UIBMAKICTL 30iXHOCTI MOCAAOBHOCTI y, 10 CBOCI rpanui ¢.

JHiHITIHWIT BeKTOPHU# TIPOCTIP Y HA3UBAIOTb HOPMORAHUM, SIKLLO B HbO-
MY 33 IeSKUM 3aKOHOM BBelleHO dogxcuny (Hopmy) KOXHOTO ejleMeHTa y,
TOOTO OHO3HAUHY Hesin emuy GyHkLio |y | (¥ y € Y), dKa 3a10BONLHIAE
Takiakciomu
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@y l=0e y=0(0— Hymb-eremeHrt ¥);
@lay l=]allly Il (e eR);
Olx+yllxl+lyl (vx,yel).
3 akciomu @ BurumMBae, 3o0kpeMa, HepiBHICTb [ x —y [ =[x [~ ¥ ||

V niHii{HOMY HOPMOBaHOMY TPOCTOPi METPHKY MOXHA BBECTH 3a op-
myJoio p(x, y) = || x - y || (MponoHyeMo camMOCTiifHO TepeBipUTH BUKOHAHHS

akcioM Metpuku). [loBHMI JIiHIHHKIA HOPMOBaHUI MPOCTIP HaBI/lBI%OTb-.

n
6anaxosum (Ha yects C. Banaxa). [Tpoctopu R” (|| y || = {2| Vi ? J —
' k=1

eBKIioBa HopMa) Ta C, ;. b](ll y ||c— max || y(t) llj € 6aHaxoBuMHu [21, 36].

Esxitinopa HopMa (n X n)l /anmpﬂm MaTpuli 4 = (a ) BBOIUTHLCA 3a hopmy-

oo | 4 |= zla

| A@®) |lc = max H A(?) || . HeBaxxo rmoka3aTu (IIPOTIOHYEMO 1ie 3pOGUTH

. ko a; = aij(t) € C[a‘ 5 (i,j=1, .., n), 10

cmocnﬁ}lo), 1o

Ty <Ayl [AOy® et Al v e, 1a; 1< 40,
IAB < ANl B, I A®B®) e <l A®) llc [B®)), -

L 3.2 |

YmoBa Ninwiua

Bexmopra yuicyia f=f(x, y) = (fi(x, ), ..., [0, ) (xe R, ye R ¢
obaacmi D < R" " 3adoeoabusic ymogy Jlmmtua moao ¥ 3i cmanoro L, akwo

icnye L = const > 0 maka, wo

| £y = Fx ) | L v =3 || (V(x, m)s (x, ) e D). (3.9)
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3.2
YmoBa Ninwiua

O6nacte D Ha3uBalOTh onyKA0K0 no y, SKIIO BOHA, pa3oM i3 Oyab-
SIKUMM CBOIMHU TOYKaMH (x, y,), (x, y,), MiCTUTB i Bilipisok [y,, y,] : x = x,
y() =y, +t(y,~y) (te [0, 1]), koTpHii ix cnonydae. [TpuKianamMu omyK-
X, obnacreii € Kpyr i TIPSIMOKYTHHK Y R?, napaneneninex, Ky/st Ta eJincoin
y R.Y BUMAAKY n = |1 B oNyKJIiik 1Mo y obnacri D ymoBa Jlinuriia 3asxnu
of
oy

BUKOHYETbCS, AKLIO GYHKUIA / nUdepeHIIiifoBHa 1O y i < Ly = const

(V(x, y)e D).
CrnipaBiii, BAKOPUCTOBYIOUH opMyay Jlarpanxa, MacMo

|f(X, )= fx, )’z)l =
=1L, c>||y. -
ay

< L)IY| -V I ((x, 8 ey, »mD.

PoarasHeMo aHanor dopMyiu JlarpaHxa Iisi BEKTOPHOro BUMAJ-
KY.
Nema 3.1 (Anamapa)

Hexait BekTopHa QyHKUIs f(x, y) AnepeHUIHOBHA M0 y B OIYKIIil
no y obnacti D < R**!. Toni :

FO0 ) = [ 1) = D, Lo oo 001 =) (36)

ae ®(x, ¢, ..., £,) — (n x n)-BUMipHa MaTpHLA 3 eJeMEeHTaMH

: af; -
L@ = a—}j:’—(x, Ci) 8 ey, ij=1, ..n(x, ), (x, y,) € D.
: 7

[loBeneHHA
B3noBx Binpiska [y,, y,| i~ta koopauHara GyHKuUii f(x, ) 3a1eXHUTh
e BiL £ - fi(x, y(0)) =y, (1), y;(0) = fi(x, y), w;(1) = fi(x, y5).

BuxopucroBytoun dopmyny JlarpaHxa and GpyHkuii y, () Ha BiIpi3Ky
|0, 1], Maemo
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fix )= filxe, y) =w;(D—-y,(0) =y () -1 =

2 D1 Ny ), G
-0y, di oy, U e '

t=1;

aet.ef0,1],C,=y(@), Yij» Yoy — Jj-Ti KOOPIIMHATH TOYOK y, i y, BIIITO-
BilHO, i = 1, ..., n. Bupa3 (3.7) € KoopauHaTHoIo (opMOIO 3anKcy dop-
Myau (3.6).

l;léuma 3.2
of
“",Vj

(V(x,v)e D, i,j=1,..,n). Toni dyHKlia f(x, y) 3a50BOJIbLHIAE ‘
B obsacti D ymoBy Jlinuiiua 3i cranowo L = nlL,.

Hexait BUKOHYIOTbCSE yMOBM Jemu 3.1 i < Ly = const

Jlema 3.2 € nacnigkom nieMu 3.1. [IpornoHyeMo moBecTH ii caMoCTiitHO.

33 |

IHTerpanbHi HepiBHOCTI

Hanani 3acTocoBYBaTUMYTLCS JIEMH PO iHTErpayibHi HEPIBHOCTI.

Nema 3.3
Hexait g (x) = (g,(x), ..., gn(x))T — QiiicHa, HemepepBHa Ha |a, b]
- BekTOopHa (pyHKUIsA. Toli CIIPaBIKYETLCSI HePiBHICTh

Hj g | < | ') g ax |

I'lporIOHyeMO IOBECTH L0 JIEMY CaMOCTiHO, B]/lKOpP[CTaBHII/I O3HayeH-
Hfl iHTerpana ik rpaHULli iHTerpaJIbHUX cyM, (haKT HerepepBHOCTI g (x) i
BJIACTUBOCTI €BKJIIOBOI HOPMHU.
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33
IHTerpansHi HepPiBHOCTI

: Hexaitu(x)>0,a(x) 20 TIpH X 2 Xy u),a@), v e G, ., i opu
X 2 X; BUKOHYETbCSA HEePiBHICTh
i i
u(x) < v(x) + j a(Vu(t) dr. (3.8)

Nema 3.4 (poHyona—bennmaxa)
Xo
Touai npu x 2 x,
[¥atvdr px -[* ats)ds ‘
u(x) < v(x) + e j awe = Tdr. (3.9)
ll
Sxuro v (x) — HemepepBHO IudepeHUIHOBHA (DYHKLIS, TO TIPU X 2 X,

u(x) < (:"I""'a(t)dr [v(x(,) + J‘ V(t)e I o« )dsdt}, (3.10)

loBepeHHA

Mosnaummo r(x) = I a(yu(t)dt (r'(x) = a(x)u(x), r(xg) =0) i

NOMHOXHMO (3.8) Ha a(x)

r(x) < a(x)v(x) + a(x)r(x). (3.11)
-I¥ atde

Yo

HepisuicTb (3.11) TOMHOXHMO Ha €
Bill X, 10 X:

i 3iHTErpyeEMO B MeXax

X - ! a(s)ds X ) - ‘ a(s)ds
j F(t)e N drs_[ a()v(t)e L oy
EY) X

X “{"a s)ds
+J a(t)r(t)e J““ ( dr. 3.12)
RV

InTerpa 3riBa 0OYHCIIOEMO YaCTHHAMMU:
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v x 17 a(s)dy
+J- r(va(t)e J, dt =

Xy

X " a(s)ds [T atsyds "
J r(t)e L. dt= (r(t)e I J

RY .
[0} o

-l atydt ey ~[* atsyds
=r(x)e ™ +J r(ta(t)e ™ drt.

Xo

Toni 3 (3.12) maemo

—J': a(s)ds

F(x) < ej"" a(t)dtj‘x a(t)v(t)e dr. (3.13)

Xy

MincraBusuiy (3.13) y (3.8), aicraHeMo ouidky (3.9).

Sxuio v(x) — HemepepBHO AudepeHLiioBHAa QYHKILiA, TO OLIHKY
(3.10) MoxHa mictaty, BUKOHABIUM B (3.9) iHTerpyBaHHs YacTUHaMU
(mpornoHyeMO 3p0bHTH 1Ie CAMOCTIITHO).

¢) Hacnipokx
Arxwo v(x) = ¢ = const > 0, mo 3 (3.10) maecmo

u(x) < cej"'*‘a ! t, Xz Xxy. (3.14)

3.4

IcHyBaHHA pO3B’'A3Ky 3agavi Kouwii

Posrisinemo 3agavy Ko aig HopMaibsHOi clcTeMy piBHAHB (1.17):
V= flx, ), (3.15)

y(x9) = Y. (3.16)

[punycTuMo, 1o GbyHKLis f BU3HaueHa B obnacti D < R"*! i

D={x, »:|x-xylsa [|y=yll<bcD
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34
IcHyBaHHA PO3B'A3KY 3apayi Kowi

wa32 o
HICTb PO3B'A3KY 3agayi Kowi

ﬂbééneHHn
3anava Kouwi (3.15), (3.16) exBiBajleHTHa iHTerpaIbHOMY PiBHSH-
HIO

y(xX) = yy + J‘\\ f(z, v(1))dr. (3.17)

Cripagai, K110 y (x) — po3s’si3oK AaHoi 3amaui Kouwi, 10 y'(x) = f(x, y (x)),
¥ (%) = yo- 3Bizcn Y(x) = y(xp) = J\ f(x, yondt (x e xy —h, xy +Al).

Hasnaku, saxio HerepepHa dyHkuis y(x) (x e [x, —h, x, + h]) €
PO3B’SI3KOM iHTerpalbHOTO piBHAHHS (3.17), TO 3 HOTO BUILIMBAE, WIO
¥ (x) HerepepBHO OuepenLiiioBHa. 3audepexuiosasiuy (3.17), gicra-
HeMo (3.15), a noknaswu y (3.17) x = Xy, MATUMEMO NMOYATKORY yMOBY
y(x) =y

IuTerpanbHe piBHaHHA (3.17) 3anuwemMo y Bursiai Ay = y, e

def A
Ay = yy + _[ S, y(e)dr. (3.18)

Taxkum unHOM, po3B’s3ok 3anaui Kowwi (3.15), (3.16) € HepyxoMoio Tou-
Koto onepartopa A. Oriepatop 4 BBaXaEMO BU3HAUEHWM Y MiANpocTopi ¥
MPOCTOPY BCiX MIACHMX, HEMEPEPBHUX Ha |x, - /1, X, + /i| BeKTOPHUX
byHKLIA y = y(x), Takux, wo || ¥(x) = b ||~ < b. Mpoctip Y € noBHUM
npocTopoM [21, 35] sk 3aMKHeHU# Mmiarnpoctip 6aHaX0BOro nMpocTopy
Colxy~h.x, + - TTOKaXEMO, 11O W15 onepatopa A BAKOHYIOTHCS BCi YMO-
BU TeopeMH 3.1.
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Hexaii y € Y. BuxopucToByiouM emy 3.3, MaeMo

N Ay =y lc= " fn y()yde| <
| xg=h, ‘u+h| Xy

< < Mh<b.

< max ) 7 ) e s M

Ockinbku Ay — HemnepepBHa Ha [x, — A, x; + h] bYHKLIdA, TO 3BiACH
BHILTUBAE, 110 oneparop A Binobpaxye Yy cebe. [Tokaxemo, 110 one-
parop A cruckyounii. BukopucroByemo jiemy 3.3 i ymoBy Jlinurina:

| Ay -4y lle= J U@ n@ - @ @) <

m
—h. \n h|

jﬂfhnm)fhnmwﬁ Lhly -y lc

< max
[ xg=h, xo-+h)

Vyl,yzeY.

Otxe, A — CTHCKYIOUMit omreparop i3 KoedillicHTOM CTHCKaHH: ¢ = Lh < 1.

3rigHO 3 MPUMHIIMITOM CTHCKYIOUMX BinobGpaxeHb (TeopeMa 3.1) onepa-
TOp A y IpocTopi Y Mae €IUHY HEPYXOMY TOUKY y = ¢(x), ToOTO 3a1aua
Kouui (3.15), (3.16) Mae exunumit po3s’s130K Ha BiIpisky [x, — 4, X, + A].

4 3aysaxeHHR 3.4

Sk BHTUIMBAE 3 temu 3.2, [uis BUKOHaHHsa ymoBK @ Teopemu 3.2 (ITikapa) goc-
TaTHBO, 106 GyHKLIs f Ha MHOXHHI [T MaTa oOMexXeH| wacTUHHI noxiaHi no y:

ofi

éy;

<Ly =const (V(x, y)ell; i,j=1, .., n).

)
€ 3ayBaxeHHA 3.5
I3 Teopem 3.1 i 3.2 BuruiMBae, WO PoO3B’A30K ¥ = @(x) 3anavi Kowi (3.15),
(3.16) MoXxHa 3HANTH 32 1OMOMOTOIO iTepauiifHoro npouecy:
o(x) = lim y (x),
k = ou
nx) =y, + J. Sy () dr, py(x) =y, (3.19)

(Lh)

I @(x) =y (x) s 7 Mh (k=1,2,..; xe[x;—h, xy+Hh).

80

3.4
IcHyBaHHA po3B'A3KY 3apmaui Kowi

& 3ayBaxeHHR 3.6

MertonomM nocnizoBHux Habnauxens [Tikapa [34] MOXHa IMOKa3aTH, LI0 B
pasi BukoHauHs ymos @, @ Tteopemu 3.2 po3s’a3ok sanayi Kowi (3. 15),
(3.16) icnye # eaunuit Ha Tak 3BaHOMY eidpisky Heano |x, — hy. x, + Ay, me
hy = min{a, b/M}. 3rigHo 3 UMM MeTOZOM PO3B’A30K y = ¢(x) odpasy wmy-
KAa€EThCS y BUMIAAI (PYHKLIGHAABHOT MOCTiA0BHOCTI yk(x) BU3HAYEHOT peKy-
penTHOIO (opmyioto (3.19). Ha Biapisky ITeaHo nocninosHicts y,(x) pis-
HOMIipHO 36iracThcsi 10 @(x), NMPUUOMY CTIPABIKYETHCH OLIHKA

k+1
M (Lh) el (k

=12, ..)
L (k+1)! '2)

o(x) -y ()l <

€ 3aysaxeHHa 3.7

Sxuo ymosu teopemu [Mikapa BUKOHYIOTHCA B obaacti D, TO Yepe3 KoxHY
TOYKY (X, ¥y) € D (B OKoOJIi Lli€] TOYKH) NPOXOAUTD MHiLe OJHA iHTErpaTbHa
kpusa cucremu (3.15). Obnacte D y uboMy BUNAIOKY Ha3uBalOThb odiacmio
edunocmi cucmemu (3.15). SIxio cnpasaxyerses atme ymona @ teopemu 3.2,
TO Teopema icHyBaHHs [Teano [34, 37] rapadTye iCHyBaHHS NMPUHANMHI Oa-
Horo po3B’s3ky 3anadi Kouri (3.15), (3.16) na siapisky |x, - #, x, + # ).

9 3ayBaxeHHs 3.8

OxkpeMuM BUITAZKOM TeopeMu 3.2 € TeopeMa iCHYBaHHsA i €AWHOCTI PO3B’q3-
Ky 3agavi Koui

2 = d(x, z, 27, ., 2D,

- - _ D (-1
z(xy) = -0 LI (X)) =2y, 2

(3.20)
(X“ :Z‘()n I

IJIA SBHOTO CKaJISIDHOTO PiBHSIHHA n-rTo nopaaky. Cnpasii, eksiBaneHTHa
uit 3anavi 3agava Kowi a1 cuctemu pisHane mac surasg (3.15), (3.16), xe

(., g _.1//~ l))Tq

Lig i g enes

T
Y= Y By) =

g 0 (h ( ]
_/(X, .V) = (,VZﬁ ,Vg, rees .}/p (D(\ V)) Yo = (—(() . -0 LIREERY ‘-0" )

[punyctumo, wo dyukuis & e C, (M| = max | ¢ |) i 32/l0BOJBLHSAE YMOBY
1

Himwiya womo y 3i cranoo N va MHoxuHi 1. Hepaxko nokasatu (Npono-
HYEMO 3pOOMTH Lie CaMOCTIiHO), 10 QYHKLIA f TAKOXK HenepepBHa Ha MHO-
XUHI TT:
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1/2

n
M =max || f || = max Zy,f+|<1>|2 <
n "2

12 2 1/2

’2'_1 k) 2 2 | def
< |y“ | +b +M| = MO
k=1

i 3amoBoibHsc Ha T1 ymosy Jlinimiga uioxo y 3i cranoio L =(1+ N?)/2.
Tomi rapaHTyeThcs iCHYBaHHS W EINHICTH PO3B’A3KY 3anaqi Kouri (3.20) npu-
HaitMHi Ha BIOpi3Ky [x, — A}, Xy + i), me k) = min{a, b/M,}.

& 3aysaxeHHA 3.9
BukopHcToBylouM Teopemy (3.2) i Teopemy npo HesiBHY dyHkiio [16,34],
MOXHa JiCTaTW AOCTaTHi YMOBM iCHYBaHHsI Ta COMHOCTI PO3B’A3KY 3ajaadi
Kowi a1si HesiBHOTo BEKTOPHOTO PiBHAHHS TMEPUIOrO MOPSAKY BUMIPHOCTI 7
(oms. m. 1.3):

F(x, y,¥)=0 ((x, y. y)e G < R,

, , 3.21
Y(xp) = Yo, Y(x) = yp- (3-2)

Axmo ¢yuklig F HenepepBHO zmqbepeHuiﬁOBHa B 3aMKHEHOMY OKOJi
TOUKH (Xg. Yy, Y0) € G, F(xy, 3y, 1) =0, 'a”k ("()s Yos Yo) = n ly cka-

JSIPHOMY BHIAIKY Lt yMOBA €KBiBaJleHTHA YMOBI F‘,()g(,, Yo, Yo) # 0], TOHa

AesiKoMY BiIpisky [x, — A, xy + A icHye exnnuit po3s’sizok 3anavi Kowi (3.21).

CripaBefmsicTh bOTO TBEPAKEHHS BUTUIMBAE 3 TOTO, LIO, 32 TEOPEMOIO
npo HesIBHY (YHKIIIO, B IESKOMY 3aMKHEHOMY OKOJi TOUKH (X;, ¥,) iCHYE
€AvHa HeTepepBHO zm(bepenuiuoana dbyukuisg f(x ¥) (F(x, y, f(x, ») =0)
Taka, mo 3agava Kowi y’ = f(x, y), y(xo) =y, i 3agava Kowri (3.21) exsiba-
JIEHTHI.

@ 3aysaxeHHn 3.10
Hexait BUKOHYIOTECST YMOBM Teopemu [Tikapa it ipaBa 4acrvHa cuctemu (3.15) —
dyHkUig f — HenepepBHO OubepeHUiioBHa m pa3iB Ha MHOXHHI D. Toni
po3e’s30ok 3agaui Kouwri (3.15), (3.16) y = ¢(x) nenepepeno dughepenyitiognuii
m + 1 pazis. CripaBai, ockiMeKK GyHKILs f(x, ©(x)) HemepepBHO ITU(epenLiifoB-
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3.4
IcHyBaHHA po3s’A3Ky 3apavi Kowi

“f Cff"‘* i,

Ha, To i3 cuctemu (3.15) BummBae, wo y° = ¢'(x) =

ef . of

3a yMOBOIO MaTpMlli —— i —— HelepepBHO nucbepeuumoam. Tomy

éx oy
.- » 2 é i
y7=9"(x) = a—f' + i f= f2 y) — HenepepBHO AudepeH1iifoBHa PyHK-

i l'loa'roplmo'm ana.nonqm MIDKyBaHHSI m pa3siB, IictaHeMo, IO
y(m+l) - (m+l)(x) - fm(X’ y) — HernepepBHa dyHKLs.

OMNpuknapg 3.1

Po3szasnemo 3adauy Kowi y’ = x — y*, y(0) = 0 dan pignusauna Pikkami ¢ kead-
pami ;| x|<1, |y| <.

Ockinbku M =m|_z|1x]x—y2 |=2, L =mrz|1x|f,fl=maxl—2y| =2,
/ n
a=1, b=1, To h = min{l, 1/2} = 1/2. Tomy nocnigosri Habauxenus ITi-
Kapa

v (x):J’(;'(r-,vL,(r))dr k=12, .. yy(x) = 0)

piBHOMipHO 30iraloTecsi 10 po3B’sa3ky ¢(x) manoi 3agadi Kowr npuHaitmMui
Ha BigpisKky [-1/2, 1/2]. 3HaiigeMo KilibKa nepuiux HAOIUXEHD:

.S

o s _-"2 . v o 2
y,()()—j0 (t-0 )dt_T, yz(,\)zi [t——‘l—]dt— 53

xZ '\.5 xx X i

100 =555 160~ 2400

IToxubka piBHOCTI @(x) = y;(x) OLIHIOETLCH TaK:

| @(x) - ya(x)| < =— M (Lh) th_ € . ! [xe [—l l]]

L 4 41738

QNpuknanp 3.2

PisHsHug Pikkari y’+a(x)y+b(x)y = ¢(x) (a(x), b(x), c«(x) e Cg) He
Mae OCOGJMBMX po3B’a3KiB (quB. n. 1.1), ockinbku QyuHkuUin [f(x, y) =
= ¢(x) ~ b(x)y - a(x)y mae obMexeHy nomey f, = =2b(x)y — a(x) y 6ynL-
SIKOMY IPAMOKYTHUKY T1={(x, y)e R*:|x —x,]<a, | y -y, |< b} (BHac-
nigok semu 3.2 PyHKUIs f3300B0ABHAE YMOBY JIlmuma KOO ).
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OCHOBHI BAIACTUBOCT! PO3B’A3KIB OUDEPEHLIANLHKUX PIBHAHL

QMNpuknap 3.3

Pozeasnemo pignanna y' =3y
Ockijibky qaCTnHHa roxigHa f‘, =2y """ HeobMexeHa mpu y =0, 10
dbyHkuia f(x, y) = 3y MOXe He 3a40BOJbHATH yMoBy Jlimuina. Crnpasai,

23
/3

3 mpunywensst | 3y2/? —3y2/* | < L |y — y; | ipn y, =0, p, # 0 BuruTMBaIO 6,

1 1/3
mo — L | y; 1'°2 1, a ue HeMoXIMBO NpH 4OCTAaTHBO Manux |y, |. Sk mokasano

B . 1.1, y = 0 € oco6/1BUM pO3B’A3KOM HaHOro piBHsIHHSA, YacTHHHa no-
XiiHa j‘, obMmexeHa B OyIb-saKiil obnacTi, sika He MicTuTh Touku y = 0. Tomy
3a Teopemorto TTikapa 3agava Koili 3 no4aTkoBoO YMOBOIO ¥ (X,) = J’o # 0 mac

exnumit po3s’a30K. Ilum po3s’sa3kom € gyHkuin y = (x — x4 + Jy”) (x e R).

ONpuknap 34

Pozeasanemo piemzmm y = y2

YacTuHHA noxigHa f; = 2y oOMexeHa B 6ydb-KOMY IPAMOKYTHUKY [1,
Tomy piBHAHHA He Mae 0cobIMBUX Po3B’s3KiB. Po3p’sa3kv 3amav Kowi mis
JAHOTO PiBHAHHSA MaloTh BUMIAL (puc. 3.1)

y

Yo
-—-'/-‘50"'5/01 (¢p<0) zyty' (y°>9>
y=0 (0] x

Yo~

U U PR

Puc. 3.1

84

35
MpoposxexHA PO3B'A3Ky 3apadi Kowi

y=0 (ylxg) =0 x e R).

| -
¥ = ) = ———— (1) = 3y > 05 X € (x, Xy + V),

,\() + ¥y —X

[ .
Y =wn) = e (3(xp) = ¥y < 0y X € (Xg + py ', +)).

KXo+ Vo —X

3.5

MponosxeHHA po3B’A3KY 3apa4i Kowi

Hexal D — obnacts enunocti cucremu (3.15). Posp’asok y = ¢(x) (x € [x,, B)) cucremu
HAa3MBalOTh hMpodoaxcysanum enpaao (3a Touky f3), SIKWO iCHYE po3B’sizok ) = §H(.x)
(x e lag, By) (B < By Takuii, o @(x) = (x) (x € |x,. B)). Pors’a3ok @(x) nazu-
BAIOTb APOCOSHCEHHAM Po3e A3Kky (X) 6npaso. AHANOIMHO O3HAYAETHCS NPOCOBNCEHHA PO3-

8 3Ky 61ig0. SKIIO iCHYE CKiHYeHHA ”ILP ©(x) = y, iTouka (B, y,) € D, To poaB’s130K
X230

¥ = ¢(x) Moxe ByTu nponosxeHunit snpaso. Crpasii, Hexai @ (x) — po3B’A30K 3amadi
Kowi a1a cucremu (3.15) i3 nouatkosolo ymoRoio y (B) = y, uei po3s’si3ok ichye 3a
Teopemolo Tikapa na neskomy npomixky [B, B,)]. Toai, sk nerko nepexoHaTucs, HYHK-~

X) npu x e |xy,
Ui §(x). BU3HAUEHA HA MPOMIXKY [X,, B,) piBHICTIO @(X) = e(x) |- B)

TTPONOBKEHHAM PO3B’A3KY ©(X) BIIPaBO. @) upu x < 1By

Binomo [34, 37], wo Gyan-sxuit po3s’a3ok cucremu (3.15) moxe 6yt nponorxe-
HUH BRpago (Bi1iBo) abo HeoOMexeHo, abo 10 Mexi obaacti D, i 11e NPoAoBXeHHs EUHE.

Po3n'sizok y = 0(x) (x € /= (o, By)) cuctemu (3.15) Ha3MBAIOTL HOBHUM, A iHTED-
BaN | — MaKcumManbHum iHmepeaitom ICHy6aHHs PO36 3Ky, SKILO BiH 1ie Moxe OyTH MpoaoB-
KEHHU Hi RMpago, Hi BIiBO 3a Mexi /. Tak, po3s’sasku @(x) i y(x) (aus. nipuknan 3.4) ¢
MOBHUMM, OCKUTLKM ((X) He MOXe 6ym TMPOLOBXEHWH RITPARO 32 TOUKY X, + V' (v > O).
a y(x) — BITIBO 3a TOUKY X, + il (vy < 0).

Po3rasiHeMO Kijlbka AOCTATHIX YMOB MMPOJOBXYBAHOCTI po3n’s3kis 3amaui Kowi pst
cucremu (3.15).




maea 3
OCHOBHI BACTUBOCT! PO3B’'A3KIB OUNPEPEHUIANBHUX PIBHAHb

JosepeHHnA
Teopema ITikapa rapaHtye icHyBaHHS i €1MHICTb PO3B’I3KY Ha Biapisky ITeaHo
[x, — Ay, X + Ay, ne hy, = min{a, b/M}. Ockiteku b > 0 — Oyas-sike i M He 3a/IEXUTD
Bix b, Toa< b/Mihy=a.

HacryrnHa TeopeMa fa€ JOCTaTHIO YMOBY iCHYBaHHSI pO3B’A3Ky y = @(x) 3amayi Kouri
(3.15), (3.16) na miroci.

HNoBeneHHA

Bia cynpoTUBHOTO ITPHITYCTHMO, LIIO PO3B’SI30K Y = ((X) iCHYE NUILIE HA IPOMiXKY
VX +Ax) - y(x) |
Ax a

[xg B) (x, < B < +o). Tomi || y|| “I? S I3 nepinHocri

S|y + a0 - o | BUIUTHBRE, 1110 @, dllyll' IO y — PO3BAIOK

‘ Ax dx
cucteMH (3.15), TO 3 OCTAHHBOT HEPIBHOCTI MAEMO —— ld | <|fIhldx]z L——-' [ dr |
| dx | Lrl we

(r =] y|). Inrerpyroun wio HepiBHICTb (Bifl X, 20 B 10 x i BiI 1y = || yy | 2O +20 N0 1),

= +oC, O HEMOXIUBO.

. B A
nicTaHemo J dx =B -x;, 2
Xy ] W(I‘ )
Ans BUnanky x < x; reopeMa GOPMYTIOETLCS i IOBOAUTHLCH aHaNoTiYHO.

ONpuxknap 3.5
Oyukuis f(x, y) = 3y2/3 (g;nn npmcna.u 3.3) 3311(;B0)‘le$l€ HepiBHiCTh | f(x, p) | =
+:i
=3y < 3r 230 = W(r) r=lyDi Mi(’ ; = +x. ToMy 3a Teopemolo
0 r
BiHTHepa KOXHMIl PO3B’A30K plmmmm y’ =33 Moxe GyTH NPOOOBXeEHHIT Ha ACIO
yncnosy Bick. ®yHkuis f(x, y) = y? (JIMB npm(nan 3.4) 3a10BO/IbHAE HEPiBHICTh
dr n

=yl = = =—1i Bi
| fe, =ty PP+t (r=|yD. " W) 4,1y_MOBMTeopeMu iHTHEpa

HE BUKOHYIOTHCS.
Posrasivemo 3adauy Kowi das ainiiinoi cucmemu ougbepeHyianbRux pigHAHb
Y = AXx)y + b(x). y(xy) = n. (3.22)
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3.6
KopekThicTb 3apnaudi Kowi

fKa € oKkpeMrM BunankoM 3anadi Kouri (3.15), (3.16): f(x, y) = A(x)y + b(x). Baxmsoto
OCODJIMBICTIO JIIHIAHKX CUCTEM € Te, 10 po3B’S30K y = @(x) 3anayi Kowi (3.22) icuye i Bin
€OWHUI Ha BcboMy inTepBatti 1= (o, By) (0 = —oo, By < +0) HerepepBHOCTi (1 X n)-BH-
Mipno'i matpuli A(x) Ta n-BuMipHOi BekTOpHOI QyHKUiT b(x). Hexaii [a, b] c [/,

={(x,y) : xela, b], |y - y, | < +o}. DyHxuis £, sk niniiina Mo y, € HenepeppHOIO Ha
woxuHi P. Ockimeknt || f(x. ) = f(x, y2) | = 1 Ay = y2) | < 1A fiel vy = 2 I,
To (dyHkuUis f(x, y) 3a00BobHsie ymMony Jlimuinua 3i cranow L = || A(x) |jc. Tomy 3a
Teopemoro TTikapa po3s’s3ok 3anaui Kowri (3.22) y = cp(x) (x, € [a, b]) icHye it ennHuit y
AeSKOMY OKOJLi TOYKH Xy TIPUITYCTUMO, 110 Liei PO3B’A30K ICHYE, HANPUKJIAL, JMILE Ha
TPOMIXKY [Xy, B) (x, < B < b < BO) i He Moxe 6yTH nmpoaoBxkeHuil BmpaBo. Toxi
g —B> R BuKopHUCTaBLIM OLIHKY

[ £l =1Ax)y+bx) < Liyl+B<Lr+ B+1=W().
ge L =] Ax) . B=[bx)|c |yl =r. anagorivvo aoBesennio Teopemu Binrne-

a IiCTAHEMO Jﬁ dx=B-xy 2 J.M dr
pa i X = Lre B

¥ = @(X) MOXHa MPOAOBXUTH BIPABO A0 TOUKH B,. AHAIOTIYHO AOBOANTLCA MPOAOBXY-
BaHICTh PO3’A3KY BIIBO 10 TOYKH
Po3p’sa30k 3anayi Koiui (3.22) ansi NiHifHOT cUCTEMU MOXHA MTOOYAYBATH METOLOM

MTOC/TiIOBHUX HAbIMXKeHb;

=+, 0 HeMOXJIUBO. OTXe, pO3B’sI30K

@(x) = klim Vi (x).
o (3.23)

Yi(x)=yy + J.\\ (AQ@)y; (D + DN, vo(x) = vy

npuyomy PyHKUIOHATLHA NOCHINOBHICTh (3.23) pirHOMIpHO 36ixHa Ha Bydb-SIKOMY
BiApi3Ky [a, b], 11O HANEXUTH iHTEPBaY HenepeprHOCTi /.

| 3.6

KopekTHicTb 3apayi Kowi

Y peasibHUX 3aJa4ax, L0 MOIETIOIOTLCS i PO3B A3YIOTHCS 32 AOTIOMO-
rot0 HOPMaJIbHOI CUCTeMH aUdepeHLiiaibHUX PiBHAHL (3.15), noyaTkosi
YMOBH, a TAKOX IpaBa yacTUHA — (YHKUIA f, AK NMpaBWIoO, BiIOMi 3 Aesi-
KuM HabmmxkeHHsaM. Kpim Toro, ¢yHKLUis f MoXe 3anexarty Bid oaHoro abo
KiJILKOX rapameTpiB (Macu, TeMnepaTypH, 3apsaiy TOlo), AKi xapakTepu3y-
I0Tb TIPUPONY 3a/1advi i TeX MOXYTh 3anaBatucs HabnuxeHo. ToMy BaxJiim-
BHUMH € MMUTAHHSA PO Te, YU iCHYE PO3B’SI30K NOYATKOBOI 3a4ayi il Yu BiH
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fnaea 3
OCHOBH! BNACTUBOCT| PO3B'A3KIB AUDEPEHUIANBHUX PIBHAHL

€IVHMU, SK 3MIHIOETbCS Lelt pO3B’I30K Ha CKiIHYeHHOMY IIPOMIXKKY 34 Ma-
IMX 3MiH (36ypeHb) MOYaTKOBKMX 3HayeHb, MapaMeTpiB i camoi GpyHKuUii f.
BuMorH iCHyBaHHA Ta €IMHOCTI PO3B’s3Ky, HOro HerepepBHa 3a1eXHICTh
Bil TOYATKOBUX YMOB, MapaMeTpiB i dyHKLUIT f HA CKiIHYEHHOMY TTPOMIiXKY
I CTAHOBJATh 3MICT IIOHATTS kKopekmuocmi 3adaui Kowi.

TMpunycrumo, 110 GyHKUis £y cucteMi (3.15) 3a10BOJIBHSIE YMOBH T€O-
pemu ITikapa. [Topsix i3 He3bypeHolo 3agauelo (3.15), (3.16) posrisiHeMO
36ypeny 3adawy

¥ = fx, 9,
. R (3.24)
y(xo0) = yy,
ne f(xs )/}\)zf(x, )/)\)+8f(X, j;)v fo =X()+8X0, -)/;(J:y()+8y0* sz
=8f(x, ) e Cy; 181l < max || &f || = 3.

Hexa#i po3s’siaku 3anay (3.15), (3.16) i (3.24) icHyi0Tb Ha CHiIBHOMY

. - A
Binpisky [a, B] (xo, X € [0, B]). PosrnsHeMo exgiBateHTH] U#M 3a1auam
iHTerpajbHi PiBHAHHS

¥(x) = yo + _[ S, y()dr (0 < xy < x < B), (3.25)
5 = Jot [, LG50 + 8z, Syl (3.26)

BinximMaloun (3.25) six (3.26), xicraHeMo
~ '\‘ A
Y(x) = y(x) = 8y + J'M (1, y(D) ~ f(x, y(r))]dT +
X A Xi ~
J. @ s@ndes [V 176, 5wy + o, sapla.
[lepexoaumo 10 oLiHKH 33 HOpPMOIO:
1Y) = pey 1< 1l 8y |+ (M + )| 8xq | +8 ,(x —xp) +
+[ L15@ -y | ar, (3.27)
ze M =max || f(x, y) ||, L — crana Mimuiy,

386
KopekThicTs 3apavi Ko

Buxopucrosyloun ouiHky (3.10) remu ['pouyona—beMaHa, gicraHemo

I 9x) - y(o | <
< (| By | +(M +8,) | 8xg et P+ L8 (2P0 ~ 1), (3.28)

[3 (3.28) BuIUIMBAE, 1UO MATIUM 36YPEeHHAM MOYATKOBUX YMOB dx;, 8y, Ta

- -« . . A
IPaBoi YaCTUHMU &f BIATIOBIOAIOTE Mali 30ypeHHSs 8y = y — y pO3B’A3KY, TOD-
TO Ha CKiHYEHHOMY BI0DI3KY P038 S30K HEnepepeHo 3aiexcums 6i0 NOYamKosUX

ymoe ma pyHryii f.
OKpeMO pO3DITHEMO BHTIANOK 3aJIEXHOCTI cucTeMu (3.15) Big BexTopa
napameTpiB u € R”:

Y= flx yom), y(xg) = . (3.29)

[Mpunyctumo, o byHKis f HenepepBHa Ha MHOXWHI T17 = {(x, y, 1) :
(x, eIl ||u-py, | <C} i3anoBosbHsie Ha [T ymosy Jlimuiua wono y
3i CTION0 L, 9Ka He 3aj1exXuThb Bif u. Toni 30ypeHy 3a1a4y MOXHa 3anucaTy
y BUIJISAAI

Vo= O P )+ 8, 1(x, p, ), Pxg) = v, - (3.30)

e
8, f(x, Vo) = f(x, you+ AR - £, 0.

Mosnauumo & ,(Ap) = max || 3, f(x, y.w) || — 0. Ockinbku 8x, = 0,
~ oo (B
dy, = 0, To 3 (3.28) maemo

I 9(x) = y(o) | € L8 (appe™ P00 — 1, (3.31)

3BIAKW BUIJIUBAE, LUO HA CKIHYEHHOMY 6iOpI3Ky po3e 30k 3adaui Kowi (3.29)
Henepepeno 3atexcums aid napamempa \l.

€ 3ayBaxeHHA 3.11

CnipaBesivBa Taka meopema npo dupepenyitiognicme po3e 3Ky no napamempy:
AKIIO HA MHOXMHI " BexropHa ¢yHKLUIA f Mac HenepepsHi YacTUHHI T10-
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Mmasa 3
OCHOBHI BIACTUBOCTI PO3B'A3KIB AUOEPEHLIANLBHUX PIBHAHL

XiHi MO 3MIHHHUX X, y, |t KO MOpsAAKY p 2 | BKITIOYHO, TO po3B’S30K y(x, |)
3amayi Kowi y” = f(x, y, 1), y(x,, 1) = ¥, Ma€ HerepepBHi YaCTHHHI MOXigHi
0 mapaMeTpy | A0 MOPAIAKY p BKIIOYHO.

¢ 3ayBaxeHHA 3.12
Axwo B 3amavi Kouri y’ = f(x, y), y(X,) = y, BUKOHATH 3aMiHy X ~ X, = 1,

Yy — ¥, = 4, To mictaHemo 3ana4y Kouri %- = f(t, ), w(0)=0, me f(t, u)=

"~
= f(t +xy, u+yy). OTXKe, OYHKUISA f(f, u) 3aTeXUTh Bill MTOYATKOBHUX YMOB
AK Bim rapaMetpiB. I3 3ayBaxenns 3.11 BUNIIVIBAE Take meepO W eH H A:
axuo gynryia f(x, y) mae nenepepeni wacmunni noxioui no x, y 0o nopadky p 2 1
eKAIOMHO, mo po3e’asox 3ada4i Kowi y(x, x,, y,) mae nenepepeni wacmunui
noxiOHi no 3minrUX X, Xy, Y, 00 ROPAOKY p BKAIOHHO.

& 3ayBaxenHn 3.13

3anuc 3arabHOrO Po3B’aA3Ky cuctemn (3.15) B obnacti exuHocTi Dy BU-
i y = 9, Xy, ¥,) Ha3NBaIOTh hopmoro Kowi 3a2anbno20 po3e a3y & obaacmi D.
Tak, Hanpuknan, QyHKLil

] —
y =—-—-—-—_—l-———-— (y() > 0, X € (_‘/I'\- X0 +y0l))’
Xo+ Yo —X
l -
y=————— (<0, xe(x + 95!y +))
Xot Yy —Xx

€ 3aralbHUMH PO3B’A3kamMu y dopmi Kowi pisHauHs ¥’ = y? (IuB. npu-
knan 3.4) 8 obnactax Dy = {(x, y) : y >0} i D, = {(x, y) : y < 0} siznosinHo, a
yHKHin

Y =Yy €os pu(x — xq) + 20 sin (x — xy)
i

€ 3araTbHUM po3B’si3koM y dopMi Ko piBHSHAS y’+p2y =0 (n>0—
napamMeTp) B R,

I'nasa

NIHIKHI AUOEPEHLUIANbHI PIBHAHHA
A CUCTEMM NIHINHUX
ANOEPEHUIANTbHUX PIBHAHb

| 4.1 |

3aranbHi BNACTMBOCTi PO3B’A3KIB AIiHINHUX PiBHAHb.
CTpyKTypa MHOXUHK PO3B’A3KIB NiHiNHOro
OAHOPIAHOro piBHAHHA

Po3r/isitHeMO HOPMajibHY CHMCTEMY JiHIMHUX AudepeHIiaIbHUX
piBHSAHB

Lx = % - A()x = f(1) (4.1)

1 ckassipHe JtiHiiiHe AudepeHLiaIbHe PIBHAHHS

Ly=y" + @)y " +. . +h(n)y =g(), 4.2)

ne x=x(t) = (x;(t), ..., x,(t))T — HeBinoma BekTopHa dyHKuis, y = y (1) —
HeBiloMa cKaJIApHa (1)7yHKl.li$I, A(t) = (a,.j (1)) — (n x n)-BUMipHa MaTpHLd,
F6)= (1), ... £,())" — wexopHa dyskutia, a, (1), h (1), £(1), g(1) (i, j=
=1, ..., n) — cKkajfApHi HenepepBHi Ha iHTepBadi* /[ = (05 By) (04 2 —o0,
By < +w) dyukuii, L, L, — niuHiliHi mvdepeHLianbHi onepatopy.

SIk Binomo (auB. . 3.1), cKansipHe PIBHAHHSA (4.2) eKBiBIEHTHE CUCTEMi
Ty (4.1), B ki x = (y(), YO, .., Y@, f(1) = 0,0, ..., g(t)
a Matpuus A (f) Ma€ BUTIAI

* 3amicTb iHTepBany [ MOxe pO3rAsAaTHCH NiBiHTepBan a6o BiAPilOK.
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fnaea 4
NIHIAHE AKOEPEHLIANBHI PIBHAHHA W CUCTEMU NIHIMHUX AUOEPEHLIIANBHUAX PIBHAHb

0 1 0 0 )
0 0 1 0
A) =] oo _ (4.3)
0 0 0 1
~h,(t) —h, (1) =h,_5(1) .. =h(t)

3ajexHicTh MK po3B’a3kaMu cucteMu (4.3) [3 maTpuiiero A (¢) tuny (4.3)]
i piBHAHHS (4.2) MOXHA 3aIIMCATH Y BUTJIALL

y = ex, 4.4)
x= Py, (4.5)

me e, = (1,0, .., 0) — (1 x n)-BuMipHa MaTpuLs, a P — NiHiliHWi audepeH-
LiaJIbHUI orepaTop, aKuil gi€ Ha n — | pasiB HemepepBHO AM(epeHIIAOBHY
CKaNAPHY (DYHKIIIO y 32 TAKUM 3aKOHOM:

Py = (y’ .)')’ b y("il))T'

YpaxoByi04u eKBiBATEHTHICTE piBHsAHHSA (4.2) i cucTeMu (4.1), OCHOBHI
TIOJIOXKEHH 3arajibHOi Teopil JiHIMHUX PiBHSAHb PO3IIAHEMO LI CUCTEM
purasny (4.1). Cucremy (4.1) (f(¢t) # 0) Ha3UBAIOTD AIHIUHOKW HEOOHODIO-
now. Cucremy Lx = 0 (f(¢t) = 0) Ha3UBAIOTh AiHilIHOI0 00HOPIOHONW cucme-
Mo, akxa gionosidae cucmenmi (4. 1). TepMiHosiorist aHajoriuyHa i ans cxa-
JSIpHUX piBHsiHb. Tax, piBHAHHA (4.2) (g (¢) £ 0) HA3UBAIOTD AlHIUHUM HeOd-
HOpiOnum, a piBHAHHS L,y = 0 (g(¢) = 0) — ainilinum oOHOpiOHUM, siKe 8i0n0-
gidae piensannio (4.2).
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4.1
3aransHi BRacTUBOCTi PO38'A3KIB MiHIAHWX PiBHAHL...

Hexait x' = x'(z), .., x" = x"™(t) — n po3p’s3KiB cucteMu Lx = 0. Mar-
pumio X(¢) = [x'(¢), ..., x"(t)] (x'(¢) — i-it croBnews MaTpuii X (¢)) Has3m-
BaloTh Mampuyeio Bponcovrozo, a BusHauHuk W (t) = det X (t) — aponckia-
HOM cucmemu po3e ‘a3kie x '(t), ..., x"(t). Marpuiio Bporcbkoro X (¢) Hasu-
BalOTb (hyHOaMeRmMANbHOIW Mampuyero AiHIHOT 00HOPIOHOI cucmemu, KILO
il cTOBNU JiHiIKHO He3aneXHi Ha iHTepsaii /. JIiHiliHO He3aeXHi po3B’s3-
ku x'(¢), ..., x"(t) cuctemn Lx = () HA3MBAIOTb PyHAaMeHMAnbHOW cucme-
M0i0 po3s ‘a3kie (DCP) ainiiinoi 00nopiOHOI cucmemu.

HaragaeMo o3HaveHHs JiHii{HOI He3aJeXHOCTi: BEeKTOpHi (GyHKUIT
x!(1), ..., x"(t) BA3UBAIOTB AiHiliHO He3aNEHCHUMU HA inmepaani I, sxuo
TOTOXHICTh a,x'(t) +...+0,x"(t) =0 (te I) MOXIHBA JNILIE 32 YMOBU
o =..=a,=0.

HacTtynHa Teopema € Kpurepiem JiHiHOT He3a1eXHOCTi n po3B’I3KiB
cuctemu Lx = 0.

HNoBeneHHRA

1. Hexaii W (t)) # 0, ane po3rnsayBaHi po3s ‘asiku ainidHo 3a1eHcHi
Ha inmepeani I

oaux' () +. +o,x" (=0 |tel, 20‘!2 >0

3Bigcu BUIIKBAE, LIO OAUH i3 PO3B’A3KIB [a OTXe, it OAUH i3 CTOBMIB
BpoHcKiaHa W (t)]} € niniitHol0 KoMGiHaUiew iHwux. Toxi W(t) =0,
IO HEMOXKJIMBO.

2. Hexaii po3msinyBaHi po3e a3ku ainidino Hezanexcni na inmepeani I,
ane W(t) =0 (¢ e I). 3adikcyemo TouKy t, € [ i po3rasHeMo JiHiAHY
aareOpUUHy CUCTeMY PIBHSIHb BIIHOCHO O, ..., O
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RIHIAHI QAOEPEHUIANBHI PIBHAHHA 1 CUCTEMU NIHIMHUX ANDEPEHUIANBHUX PIBHAHbL

oclx‘(to) +..+o,x"(t)=0
a60 y BEKTOPHO-MaTpUyHiii hopMi:
X(t)o =0 (o= (o, .., o))

OCKUIbKHM IOJIOBHUIt BU3HAYHUK L€l cucteMt A = det X (1)) = W(t) = 9,
TO CHCTEMA Ma€ HeTPUBIaIBHUH PO3B’SA30K 0y = (0, ..., Oyg)

ld
Y afy >0 | Pynkuist x(£) = oygx '(£) + ... + 01,x"(t) 3 TeOpemoI0
i=1
4.3 € po3B’A3KOM JIiHiIiHOI OXHOPILHOI CUCTEMH i, 3riIHO 3 BUOOPOM
Olygs -+s Olyg JAMOBOJIBHAE HYJIBOBY ITOYATKOBY YMOBY X (#y) = 0. Tomy 3a
teopemoto 4.2 x(¢) = 0, TobT0

n
X (D + .+ 0,y X" (1) =0 |tel, ZOL,?U >0
=

1110 HEMOXJIMBO BHAC/IIOK JIHIMHOT He3a1eXHOCTI po3B’si3kiB x ' (), ...,
n
v X(E).

VY BUNagKy AOBLILHOI CUCTEMM n HelepepBHUX BEKTOPHUX (DYHKuii
u'(t), ..., u"(t) ymosa W(ty) = 0 (t, € I) € e docmamuboio ymoeoio
AiHIEHOT He3anexcHocmi INX (;_)YHKLIWI Ha iHtepBaii /. Tak, Hanpukian, BeK-
topHi dyukuii # '(¢) = (0, t)7, u?(t) = (0, £3)7 (n = 2) niniitHo HezanexHi Ha
I=R, xoua W(t) =0 (teR).

13 TeopeM¥ 4.4 BUILIUBAE, 110 WIS n PO3B’SI3KiB x '(2), ..., x"(¢) AiHiiHOI
OIHOPiIHOI cucteMu Lx = 0 BUKOHYEThCA aabmepHamuea:abo W(t) =0
(t € 1) i po3B’s13ku JiHilHO 3anexHi Ha I, abo W (t) =0 (te I) i po3B’si3ku
JIiHiMHO He3ayexHi Ha /. AHaoriyHuit (bakT CIpaBIKYy€ETbCA W 1Sl CUCTe-

MM 1 PO3B’A3KiB Y, ..., ¥, JiHIHHOrO ONHOPIAHOTIO CKAIAPHOTO PiBHSIHHS
L,y =0: abo
yl(,) yn(’)
i . @)
W(t)y=det [Py, ..., Py, J={ - -uoon. . =0 (tel)

41
3aranbHi BNAcTUBOCTI PO3B’A3KIB NiHIAHUX PIBHAMb...

i poss’fqu JIiHIMHO 3anexHi Ha [, a6o W(t) # 0 (t € I) i po3B’s13KH JliHiiHO
HesanexHi Ha / (yrBopioiots @CP niHiliHOr0 OIHOPITHOTO CKAJAPHOTrO
piBHsAHHA L,y =0 ).

NoBepeHHA

PosrnsineMo n 3agay Kowi ana cucremMu Lx = 0 3 rTo4aTKOBUMH
ymoBamu x'(fy) = Xy, ..., x"(f,) = Xil, e Ha BeKTOpH X;. ..., X{ Ha-
KJTanaeThesi €MMHa ymoBa: W (4,) = det[x), ..., x{]1# 0. 3 Teopemu 4.4
BUILIMBAE, 110 PO3B’A3KH x (), ..., x"(¢) mux 3amau Kowi niHiiHo He-
saexHi Ha 1. Tomy Matpuust X(¢) = [x '(2), ..., x"(£)] € (dyHIaMeHTab-
HOlo. OCKIiNIbKM KOXHHU CTOBIelb GyHAaMEHTAILHOT MaTpuLl X (1) €
PO3B’A3KOM JIiHiliHOI oAHOpPIAHOI cucteMu X = A(r)x, TO dyHIaMeH-
TajbHa MaTpuls X (¢) 3a00BOJIbHIE MaTpu4He piBHSHHA (4.6). OBepHe-
He TBepIXEHHs BUIUIMBAE 3 O3HAYEHHS (PYHIAMEHTAILHOT MaTpuLi i
Teopemy 4.4,

[loBepeHHA

Ocxkinbku 3a Teopemoio (4.3) dynkuia x (¢), Bu3HavyeHa bopmyo0
(4.7), € po3B’13K0oM AiHiTHOI OAHOPIAHOI CUCTEMH TNPU AOBLILHUX 3HAa-
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NIHIAHI OUOEPEHLIANBLHI PIBHAHHA W CUCTEMU NIHIMHAX AUDEPEHLIIANBHUX PIBHAHbL

YEHHSIX ¢, ..., C,, TO JOCTATHBO JOBECTH, LIO ISt GyIIb-5IKOi MOYATKOBOI

TOYKH (£, X,) € D n-napameTpu4Ha cim’s po3s’s3kiB (4.7) MiCTUTb €M~
HUI PO3B’A30K ¢(¢), AKMH 3a/I0BOJILHSAE MTOYATKOBY YMOBY @(f,) = X,.
OcraHHe TBepKEHHS! BUIUIMBAE 3 TOTO, LIO JiHiiHA anre6pHyHa cUcTe-
Ma X(f))c = x, yHacminox ymosu det X(1)) = W(1)) # 0 Mae enuHwmit
po3B’sA30K ¢ = X "(to)xo.

dosepexHHn
TBepakeHHS TeOpeMU BUILIMBAE 3 TeopeMH 4.6 i dopmyr (4.4),
(4.5), 3B’A3Ky MiX PO3B’si3KaMu PiBHAHHA (4.2) i cuctemu (4.1), wo
BLOTOBiNAE HoMy:

y=gx= elX(’)C = eI[Pylv ey ‘Pynlc = Y(T)C.

ChopMymoeMo KilbKa HacainkiB TeopeM 4.5—4.7, axi HponoHyeMo
[IOBeCTU CaMOCTiHHO.,

) Hacnipok 4.1

Bumipnicms ainitinozo éexmoprozo npocmopy po3e axie aiMiliHoOI cucme-
mu Lx = 0 (ainiiinozo pienanns L,y = 0) dopisnioe n. basucom yvozo
npocmopy € 6ydb-axa PCP.

) Hacnipok 4.2

Jinitina oonopiona cucmema Lx = 0 mae beaniu pyndamenmanvrux mam-
puus (6ezniu DCP). Axwo X(t) — desxa gpyndamenmanbna mampuys,
mo cykynHicms ycix QyyHOAMeHMAAbHUX MAMPUYb ONUCYEMBC (hOpMY-
a010 X(t)C, de C — doginbha cmana Hesupodxcena (n x n)-eumipHa
mampuys.
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4.1
3aranbHi BRACTUBOCTI PO3B'A3KIA MiHIAHUX PIBHAHD...

SAxuwo dyHnameHTabHa MaTpuus X (¢, £,) 3an0Bo/IbHsE yMOBY X (¢, ) = E,
(E, — onvHu4Ha Matpuus), To X (¢, {,) Ha3UBaIOTh Hopmaabhoto (TIPH ¢ = 1))
@ynoamenmansroro mampuuero, abo mampuyanmom, cucmemu Lx = 0.

O Hacnipok 4.3

SArxwo X(t) — dynoamenmanvrua mampuys AiHitiHOT 00HOPIOHOT cucmemu,
mo X(t, ) = X(1)X "(to) € eQunum mampuyaumom (npu t = ty) yiei cuc-
memu.

Q) Hacnipok 4.4

Jinitine odnopione cxanapue pienanna Ly = 0 mae beaniyu PCP. Hxuwo
Y() = (3, (t), ..., y,(t)) — deaxa ®CP, mo cykynnicmo ycix PCP
onucyemocs popmynoto Y(t)C, de C — doginbna cmana neeupodxcena
(n x n)-aumipna mampuys.

) Hacnipox 4.5

Dyndamenmanvroto mampuyero X (t) ainilina oonopiona cucmema Lx =0
6usnauena oonosnauno: Lx = x - X(NX “Hn)x.

Q) Hacninok 4.6

Dyndamernmansroto cucmemoto pose askie Y(t) = v (¢), ..., y,(t)) ainiiine
o0nopidne ckanapre pignannn Ly = 0 eusnauene 00Ho3HauHo:

N A ) Yu y
| n ¥ Vi v
V= | s
W(f) yl(n—l) yén— 1) y’(’n— D y(n—l)
yl(n) yén) ,/(ln) y(n)

de W(t) =det [Py, ..., Py,| — aponckian @CP.

g oo 97



masa 4
NIHIRH! AUOEPEHLIIATNBHI PIBHAHHA 1 CUCTEMU NIHINHUX ANOEPEHLUIANBHUX PIBHAHDb

[fosepneHHA
HocTaTHbO 1OBECTH, LO Wi(t) e p(T)3B’;13KOM piBHgHHA W =
= (tr A(t))W. Hexait x’/(t) =(x{, ..., x;)" (j =1, ..., n). BusHaunux

H
W (t) poskiameMo 3a eJieMEHTaMH i-ro psagka: W (r) = 2 Wl-,x,:’ , e
=1
; oW
3 :/ i — T W P -
W,; — areGpydHe HOMOBHEHHs e/leMeHTa ;. 3BiicH — ;- Po3
Ox;
rismaoun W () siK QyHKIIIO CBOIX eIeMEeHTiB, MaEMO

=3 W i - 2 W,xi.

-
ij=10%] ij=1

OCKiTbKM x/ — PO3B’A30K JIHIAHOI OIHOPIIHOI chcTeMH, To X/ = A(f)x/,
n
a6o B koopauHatHik dopmi: X/ = 2 ay (t)x]. Tomy
k=1
. n n . n n .
Wty=Y Wy ap®x{ =Y ax)y Wx] = (tr AW (@),
1 !

ij=1 k= i k= j=1

OCKUIBKH 3a BIACTHUBICTIO BU3HAYHUKIB

< : 0 npu k#i,
zyﬂﬂi=[w, iy
~ (t) npu k =1i.

Hns matpuui A (t) Tamy (4.3) tr A(t) = —h (t). Tomy dopmyna Ocrpo-
rpancbkoro—JliyBiLIsl [UIss BpOHCKiaHa n PO3B’SI3KiB JiiHIHOIO OJHOPiIHO-
IO CKaJLIPHOTO PiBHAHHA L,y = (0 Mae BUNISLL

4.1
3aranbHi BRACTUBOCTI PO3B'A3KIB NiHiAHKUX piBHAHS. .,

" m(vd
W(t)=W(ty)e J s (ty,te ). (4.10)

y BUIIAAKY, KOMH BiIOMH# HETPUBIAIBLHUI PO3B’I30K ¥,(t) ni”iitHoro
ONHODPIIHOTO CKAISIPHOTO PiBHSAHHA (n = 2) y” + h(t)y’ + hy(t)y =0, 3a
AOTIOMOTOI0 dopmyau (4.10) MoxHa mobyayBati po3B’sI30k y,(t) uporo
PIBHSIHHS, JIHIRHO He3aleXHWi 3 y, (1). Hexait y,(1,) # 0. [Touarkosi YMOBH

LIS y,(t) BUGepeMo y BUTIALI y,(fy) = 0, p,(f,) = 1 - Tomi Wity = 1
i 3 bopmyiu (4.10) Maemo (1)
oy

o

NP (1) = 2Dy (1) = e mde

[Tonimnsiun 06MABI YaCTMHH L€l piBHOCTI Ha ylz (1), micranHemo

.(i y>(1) _ e*_l-,“h,(t)dt N
dt{ y (1) e an
3siacu
' e‘.[,z I () ds
RO =nn] == (4.12)
‘[’n yl2 ()

OcKinibKy pO3B’A30K »,(¢) 3 NOYATKOBMMYU YMOBaMU »() =0, y2(1y) =

) ICHY€e ¥ €IMHUIA Ha BcbOMY iHTepBasi /, To yHKLiIO B npasiii
1y
4acTUHi (popMysn (4.12) MOXHA KOPEKTHO HOBU3HAYMTH i Y THX TOUKAX,
ae y,(f) = 0. Jlinilina He3alleXHicThb po3B’A3KiB »i(t) i y,(t) oueBunHa,

V2 (1)

OCKiJILKH ﬁ # const (fe I). CniBBioHOWEHHs (4.12) Ha3MBAIOTh
I
gopmyaow Abens.

Popmyiy AGens MOXHA y3araleHUTH HA BUNIAAOK JiHIHHOTO OIHOPITHOTO CKASp-
HOTO PiBHSIHHSA

Ly=y" + @y "+ +h()y=0 (4.13)
TOpSAaKy n 2 2.
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NIHIAHI ANOEPEHIIANBHI PIBHAHHA W CUCTEMU NIHIBHUX OUOEPEHLIANGHUX PIBHAHL

Hexait y,(t), ..., y, _(t) — niniitHo HesaleXxHi po3w’siaku pisnsiHus (4.13) i

B4 B4) RO

y Y2 e Puo
wan=| T T|Eowen

y§n~2) y(2n-2) i y;;:Z)

DNosepeHHA

Po3xnaBiuy Bu3HaAYHUK (4.15) 3a eleMeHTaMK OCTAHHBOTO PAIKA, AICTAEMO, L0
oysxuis K,_ (¢, t) npn KoxHoMy dikcosaromy T e / € PO3B’SI3KOM pjmmmm (4.]3):
L(K,_(t, v)) = 0. Kopucryiouncs npasuiom JleiibHiua nq@epeuuuosannn iHrer-
pajtiB, 3aIeXHUX Bill apameTpa, 3Haitnemo noxinHi Gywxuii y,(1):

K, 0D <[ hyts)ds
e e I"’ : dt

."’n (’) = j’() u/('z (‘[)

(n-2) T o
r K (f. T) e«j/”/”(\)d.\d

'(""2)(1)= n-1
Y J.,“ u/oz )

(n=1 ' *
r K (f. ) - h(o)ds | - h(s)ds
—_— '[’” : dt+ ———¢ J””

(n—l)t = n-1
W0 = [ Wl

(n N e
1 K"_l(f, 1) e~J'," Il,(s)d.\dt hl(]) ¢ L“h.(. )L/\.

T, (4.16)

) -
yn () L, W@ W)
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4.1
3aransHi BnactusocTi Po38'A3KIB MIHIAHUX PiBHAHD...

Y dopmynax (4.16) BUKOpUCTaHO CITiBRIZHOLIEHHS

thl(’q nH= k"_l(,a =..= K(”*3)(t’ t)=0.

n-1

K20, 1) = W), KY30( 1) = Wy (r).

n-1 n-1

IMincrauiny (4.16) y piBHsauus (4.13), gicraneMo

L(K f, —:l,xdx =" hy Gy ds " h(s)ds
Ln(y,,)=j/ 1 ( ,,_2,( ‘C))e INCIEY dr - A (t) . f, M . h‘(,)—e RACT _
fo u/“ (1) ,’V(i(f) ,'Vi)(’)

Orxe, dyHkuis y,(¢), BusHaveHa dopmyaoio (4.14), € po3B’I3KOM PiBHSHHS
(4.13). I3 (4.14) i (4.16) BuruBae, wo y,(f) 3a00BOMLHAE TMOYATKOBI YMOBM

Yolty) = 9,0 = o= YD) = 0. Y0 (@,) = Wi (1,). OBuncnumo BpoHcki-
aH CUCTeMHM PO3B’SI3KIB ¥, (£), ..., y, (1), y,(t) npn t= fy

nily) ny) o et 0
nilty) W) e D) 0
W(,(’): -(~-.7 ........ 2 ......... (--.)- .......... :I'
Jﬁnn)(fu) y(]”.— )(’0) Y,,','_T)(’u) 0
W) ) ) W)

3siacH BUIIMBAE NiHITHA HelaneXHICTh PO3B A3KIB @), ...y, (1), y(t). Ockinb-
KM pO3B’430K y,(2) icHye il BiH eaMHUII Ha BCbOMY inTepRaii /, To dyHKuUilO B
nipagiit yacTuHi popmynn (4.14) MOXHA KOPEKTHO JOBMIHAYUTH B THX TOUKAX, fe
W, (t) = 0. ®opmyna Abenst (4.12) surumsac 3 (4.14) npu n = 2.

NosepexHHA

3 piBHocTi Lz = 0 BunnuBae Lz = Lu + iLv = 0, 3Biaku Lu =0,
Lv=0.Tomy Lz = Lu - iLv = ().
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NHIAHI QUOEPEHLIIANBHI PIBHAHHA N CUCTEMW NIHIAHWUX AWOEPEHLIIANLHUX PIBHAHD

HoBepnexHA

Ockinpku 32 Teopemoro 4.10 dynkuii u,(¢), v,(t) € po3s’askamu
JIiHIMHOI OTHOPITHOI CHCTEMH, TO IOCTATHLO HOBECTH JiHIAHY He3a-
JeXHiCTb GYHKLIA u,, vy, Z, ..., Z, Ha iHTepBai I. CxlaneMo TOTOXHICTh

oyuy +Bivy +o3z3 +...+a,z, =0 (te ).

1 - — .
Bpaxosyiouy, O 4, = 5(21 +Z), v = ‘21—.(21 — Zy), HOicTaHeMo
[

o _ _
—2—‘(2l +zl)+%(zl ~Z)+ 0323+ ...+ 0,2, =0

%(al —iBy)z, +%(a, +iB))z +o3z3 +...+a,z, =0 (re 1),

3BiIKM, BHACJIOK JiHiHHOi He3anexHocTi QYHKUIR z,, Z,, 23, ..., 2,
MacMo

| . | .
5((!] —IB]) =§(a| +IB|) =03 =...= 0, =0,

OL1=B|=0£3=...=0L,,=0.

TeepmxeHHs TeopeM 4.10, 4.11 BUKOPHCTOBYBATUMYThCA I 1TOOYIO-
By gificHux OCP JiHiliHUX PIBHSHb.
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4.2
MeTop Bapiauii QOBINbHAX CTanNWX...

| 4.2 ]

Merop Bapiauii poBinbHUX cTanux.
CTpyKTypa MHOXXWHM PO3B’'A3KiB NiHiKHOro
HEOAHOPIRHOro PiBHAHHA

Y3aransHiowYd Metony Jlarpanxka (Bapianii soBiteHOI cranol) it Bep-
Hywii (ouB. m. 2.2) Ha BUHAOOK JiHIfHHX CHCTEM, PO3B 30K HEOIHOPIAHOI
cucteMy (4.1) HIryKarumMeMo y BUIJISIOI

x(t) = X(e() (te D), 4.17)
e X(t) — dynmaMeHTalbHa MAaTPULS BiOIOBIIHOI OXHOPIAHOI CHCTEMM
Lx=0,c(t) = (c/(t), ..., c,(t))" — HeBinoma dynxuis.
[Migcrasnauud (4.17) y (4.1) na€ piBHIHHS

X()e@) + X(0)ét) - AOX()e(r) = f(1).

Ockinpky (BHacainox teopeMu 4.5) X (1) = A(NX (1), TO 3 ocTaHHBOTO
CMiBBiIHOWIEHHs IicTaEMO cucmemy memody Jazpanxca

X)) = f(1). (4.18)
YpaxoBylouu, 110 X () — HeBupomkeHa MaTpuiia (¢ € I), 3 (4.18) Maemo
cy=c+| "X () f (1) dn, 4.19)

nec=(c, ..., c”)T — BEKTOP-CTOBIELb JOBUILHUX CTAJIMX.
IMTigcrasusim (4.19) y (4.17), mictaHeMo po3B’a30k cucTeMH (4.1):

x(0) = X + | "XOX W) f@)de (. 1€ ). (4.20)
Iy
CiM’s po3B’a3kiB (4.20) 3a1eXUTh Bl #n mapaMeTpiB i MiCTUTL (pH

c=X "(to)xo) po3B’a30K 3afadi Koui wis cucremu (4.1) 3 6ynb-sxo10 mo-
4aTKOBOIO YMOBOIO x (#)) = x,. Lleit po3B’430K MOXHa 3aNHCcaTH Tak:

xX(1) = @, 19, xg) = X (1, 1) %0 + j, "X, 0f(0dt Gy, te 1), (421)
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AIHIAHI OWOEPEHLIANBHI PIBHAHHA ¥ CUCTEMK NIHINHNX OWOEPEHLIANLHAX PIBHAHb

e X(r, fy) = X(r)X"l(IO), X, 1) = XX ') — MaTpHOaHTH (TpH
t = ty i t = 1 BIOMOBiAHO) NiHIHHOI ONHOPIAHOI CHCTEMH. Towy dbynking,
BH3HauyeHa dopmyiolo (4.20), € s3azasbrum po3e s3Kom AinitiHoi HeoOHopid-
Hoi cucmemu (4.1) 8 obracmi D= I x R", a (4.21) € dbopmoro Koui 3arans-
HOTO PO3B’I3KY.

Anarizyiouu dopmyay (4.20), MoxkHa 3pOoOUTH BUCHOBOK, LIO 3arajb-
HMI po3B’s130K JiHiHOI HeogHopigHOI cucteMu (4.1) € cymor 3azanbrHozo
D036 23Ky 6i0nosionoi 0OHOPIOHOT cucmeMu. ma sKo20Cs YACMUHHO20 PO38 A3~
Ky HeoOHOpIOHOI cucmemu.

Ypaxysasuiu 3B’s130K [hopMmyin (4.4), (4.5)] Mix po3B’si3KoM y = y(f)
piBHsaHHSA (4.2) Ta po3B’sI3KOM x = x (1) eKBiBaJIEHTHO1 AiHiiiHOT CUCTEMH,
IiCTaHeMo, 1110 po3B’si30K y = y (¢), 3rizHo 3 MeTtogoM Jlarpaxxa, Tpeba wry-
KaTH y BATJISLI

n

Y1) = ex(r) = e X (Ne(r) = Y ¢, (0,0, (4.22)

i=1

me Y(t) = (y,(t), ..., y,(t)) — ®CP BianosinHoro jiHiiHoro ogHopigHoOro
piBusiHHA Ly = 0.

Bukopucrosyroun (4.18), gicranemo, 1o cucmema memody Jlazpannca
018 CKaaapHO20 pigHaHHA (4.2) Ma€ BATIAL

X()ér) = f(n), (4.23)

me X(t) = [Py, ..., Py,l, f(1)=(0, .., 0,g(t)".
3 (4.20) micraemo

(1) = e X(1)e + j}' XXV f(v)d. (4.24)

YpaxoBylouM CTPYKTypy Marpulb ¢, X(t), X "(t), f(t), dopmyay (4.24)
MOXKHA 3aITHCaTH Y BUITISAII

n

Y0 =Y e + j K@, vg(vydr (ty, te 1), (4.25)

i=1
ne
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4.2
MeTon Bapiauii nosinbHKWX cTanux...

Y () Y,(0)
| 171 () R N 9]
Kt. =] oo n=2) (4.26)
Vo Y@y Ly
»@ e YD)

— ¢ymcum Kowi niniitnoro onHopinHoro piswauns Ly =0, ¢, ..., ¢, —
IOBIiJIBHI cTani. 3 (4.26) BUILIMBAE, 1O d)yHKum Kourn K (¢, 1) npn KOX-
HOMY (¢ikcoBaHOMY T € [ € po3B’I3KOM JiHIITHOTO OXHOPIIHOTO PiBHSIHHS
L,y =0inpyu f =1 3aJ0BONBHSE TaKi YMOBU:

K=Kt D=..=K" 21, 9=0, K" ", 0)=1. (4.27)

Llumu ymoBaMu dyHkuig Kol sBu3nayeHa OqHO3HAYHO.
Sx Burusace 3 (4.21), (4.25), (4.27), byHkuii

(1) = j" X(t. 9 f()dr, (4.28)

50 = [ K, vgwde (4.29)

€ PO3B’A3KaMH JIIHIAHUX HEONHOPIZHUX PiBHsAHb (4.1) Ta (4.2) BignosigHO
i 3a10BOJILHAIOTH HY/ILOBI 104AaTKOBi YMOBH. Y 38’A3KYy 3 LWM MaTPULAHT
X(t, 1) Ha3UBaIOTb TAKOX ghyuicyicto (mampuyero) Kowi ninitinoi oonopionoi
cucmemu Lx = 0.

[3 niHifiHOCTI oneparopis L, L,, a Takox i3 hopmy. (4.28), (4.29) BuruimBae
npuHyun cynepnozuyii po3e’askie ainilinux HeodHopio-
Hux pieHaHb: aKuwo x'(t) (v;(t)) — po3s’azok cucmemu Lx = ) [pie-

HAHHA Lly=gj(t),j= L, ..., m], mo x(t) = Zx-"(t) y(r) = Zyj(t)

m

po3s’azox cucmemu Lx = z [ [pisnanns Ly= z &Nl
J=1

Axwo Y(t) = (y,(¢), . ,y”(t)) — ®CP niHiAHONO OAHOPIIHOrO PiBHAH-
Hst L,y =0, W(t) — BpOHCKIaH L€l cucteMu, TO PyHKLT
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MIHIAHI QUOEPEHLIANBHI PIBHAHHA N CUCTEMU NIHIAHAX QUOEPEHLIANBHUX PIBHAHD
n@® ..y,
, () Vulty)
Z (t) E R el R s eersy
W e
Oy . D)
) ‘" ()
(4.30)
ni(ty) Yn(ty)
| (%) Valty)
Zn(f) e
Wity _
0 yl(n 2)(10) . (n 2)(1 )
n@ Yu()

[z (D) = Wzt )Wk 1), k= 1, BUBHAYHUK W (t) YTBODIOETECS 3 BPOH-
0
cKiana W (f,) 3aMiHOIO k-TO PSiKa Ha PUOK y,(2), ..., y,(t)] 3aH0BOIbHS-

IOTh NTOYaTKOBi YMOBU
D) =0 (2 k), z5@) =1 (k,i=1,...n)

i YTBOPIOIOTD HOpManbHy (npu ty = t,) gyHdamenmanvry cucmemy po3s ‘a3kie

AiRiGHO20 00HOPIOH020 pignanus Ly = 0.

3a JOMOMOTOI0 HOPMAJIbHOI dyHIaMeHTaIbHOI cucTeMH (4.30) MOXHa

3aMUCaTH 3aTaTbHUMN PO3B’a30K piBHAHHS (4.2) y dpopmi Kouri

y(t)—z {0z0+] K, 93,

e y(()i—l) = yi- 1)(10) (i = l,, , h) — HOBiIBHI ITOYaTKOBi YMOBH.

QnNpuknan 4.1
Po3zzasnemo ainitiny HeoOHOPIOHY cucmemy

XI =X +fi(’),
X, = o)le + f2(t) (o= const > 0).
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4.2
Metopn Bapiauil AOBiINbHUX CcTanux...

4.31)

0 1
Y nanomy BHUnagky A(t) = A =[ 5 0] — cTaja Marpuus, n = 2. Bes-
0

nocepeaHbo nepempkom JIeTKO BCTaHOBWrn o BeKTopm byukuii x '(¢) =
e™)7 € po3p’si3kamMu BiaNOBINHOT AiHiHHOI

13 —wt
__(eu)t mem) x (t)—(e (l)’__
onHopigHoi cucremu. OCKUTBKH

w! —
¢ e
W (1) = = 20#0
we® —we
TO MaTpULS
f ~0!
e e
X(@r) =
we®  —we ™

€ (yHIAMEHTaILHOIO.
Bpaxysasumi, wo X ~'(t) =

we”“” ¢
, 3HaXOOMMO MaTPHMLAHT
(marpuuio Kotiri)

we® —€

1
X, 1) = XX (1) = cho(f - 1) EShm(t—r) .
wsha(r-1) chor-1)

3a nonomoroio dopMynn (4.21) 3anucyeMo 3aranbHWi pO3B’ 30K AAHOI CHC-

temu y opmi Kotui:

X02

| ,
X(f) = cha(t - 1)) Z)'Sh o(r - 1) [x()l ]+
osho(r-4) chot-1)
(| chatr-v Lsha -0 [ﬁ(t)]
® dt

“\osha(f-1) chofr-1 |20

(x9 = (xg15 xp) = x(f)).
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NIHIAHI QUOEPEHLIANLHI PIBHAHHA A CUCTEMU MHHINHUX OUDEPEHLLIANBHUX PiBHAHL

OfNpuknap 4.2
Pozznanemo ainiine neodHopioke pieHAHHA Opye0eo nOpaoKy

Ly=yp+ao’y=gt) (w=const >0).

Ockineku L (e™) = —w’e™ + w?e™’ = 0 (t € R), To KOMILIEKCHA BYHKLIs
y = ™ ¢ po3’a3KoM MiHiHOro OmHOpIZHOTO PiBHSHHS J + o’y = 0. 3a
Teopemolo 4.11 giticni dyHkuUii y, = Re e™ = cos wt, y, = Tme™ = sin ot —
TAKOX PO3B’A3KM LbOTO PiBHAHHS. OCKiTbKH

cos ot sin ot

W) = =w=0,

- sin of o cos wf

To dyHKIIl Y, = cos wt, ¥, = sin @f yreopotoTe GCP iHiAHOrO 0QHOPIAHOTO
pisuaung. 3a dopmynoio (4.26) 6ynyemo byukuiro Kouri

cos OT Sin ot
cos ot sin wt

sin ot — 1),

K(r,t)=-l(5 =lu)

a 3a dopmynamu (4.30) — HOpMabHY DYHIAMEHTAILHY CUCTEMY PO3B’SI3KiB

1| cos wt sin o/

(1) =— . =cosat — 1),
()] —® SIn (l)t() ® COS (l)’()
1 | cos w1y sin wf, 1 .

z(t) =— . = —sin ot - 1).
w|cosor sinof| O

Bukopucrosytoun (4.31), 3anucyeMo 3arajibHuii pO3B’S30K JaHOTO piB-
uanHa y dopmi Komi:

0 1.
y(t) = yycos olf — &) + 2in ot - fy) + —J sin o(r —1)g(v)dt
(] (OR g

o = yy)s Yo = Y'(5)).

I'nasa =

NIHIKHI QUOEPEHLIANbHI PIBHAHHA
K CUCTEMM NIHIAHUX OUOEPEHUIANbHUX
PIBHAHb 3| CTAJIMMU KOE®ILUIEHTAMU

5.1 |

MarpuyHuii meTop, iHTerpysaHHA NiHIAHMX OQHOPIAHMX
cucreMm 3i cranumun KoedpinieHtamu

Ak Bimomo (zuB. 1. 4.2), nidiliHe HeoqHOpidHe AUepeHiliaTbHe piB-
HSHHA (CUCTeMy PiBHAHD) 3aBXIH MOXHa 3iHTerpyBatu, aKiuio Bigoma OCP
BiIMOBiTHOTO NiHIfHOTO OMHOPIAHOIO TH(epeHLiaTbHOro piBHsIHH. [Tpore
JAIEKO He JUIS KOXHOro JIiHiHHOro piBHSHHS, a TUM OUIbHIe CHCTeMU
piBHAHB, yaaeTbes Bimurykatd OCP y sBHoMy eunani. Tak, Hanpukian,
PO3B’A3KM «ITPOCTOro» (Ha Mepluyii Norisan) piBHAHHA X + tx = ( MPHHIM-
MIOBO He MOXYTh OYTH BUpaXeHi yepe3 ejleMeHTapHi GyHKI] Ta iHTerpain
Bifl HuX. JIiHiiiHi piBHAHHS ¥ CHCTEeMM JIiIHIHMX PIBHSIHD 3i CTAIUMM KOe-
diuieHTaMM yTBOPIOIOTH TaKUH KJIac PiBHAHD, I AKUX BimuykaHHa OCP
IO CYTi 3BOAMTHCS O AIreOpUYHHUX Oomnepatiit.

Po3rnsiHeMo RiHiliHY OIHODPIIHY CUCTEMY

X = Ax, (5.1

ne A= (a,.j) — CTayia (n x n)-BUMipHa MaTpuLs, x = x (¢) = (x,(¢), ..., xn(t))T —
IIyKaHa BeKTOpHa (byHKIIis.

Marpuynuii Metoz iHTerpyBaHHs cucteMH (5.1) € HacaigkoM Merody
MOCTiAOBHUX HabmuxkeHb (ouB. mit. 3.3, 3.4) i nomsrae y BimmykaHHi GyH-
JaMeHTalnbHOi Marpuli cucteMH (5.1) Ge3rocepemHBO 3a MaTpHLeIo A. 3ria-
HO 3 METOJIOM TIOCJIIAOBHUX HaG/IMOKeHb JUIs po3B’sisky x = x (1) (x (0) = x;)

-cucTeMH (5.1) MaeMo
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x(t) = klim xk (1), (5.2)

xk(r)=x0+j(:Axk“'(r)dr, XN =x, k=1,2,.). (53

3HailneMo 10CIiIOBHI HaOIVDKEHHS

x' (1) = xy + Atxy = (E,, + At)x,,

X2(f) = xy + Atxy + %Azr?x0 - [E,, v Ar+ %(Ar)z Jxo,
: ‘ (5.4)

k _ 1 1 2 1 k
x“(t) = (E,, + -l—!At +§(At) + ... +k—!(At) Xgs oens

ae E, — oOvHMYHA MaTPHUL MOPSIKY 7.
I3 (5.2) i (5.4) BuIUIMBaE, HIO PO3B’SI30K X () MOXHA 3aMMCATH y BUIVISLII

] 1 2 1 - < (At)
X([)=(En+-l~!'Af+§T(Af) + +-];(At)k + . ) Z X().(S.S)

S (ant
'

Per

(a =conste C, te R) i MaTpUIHUM psaaoM Y (5.5), BBeIeMO ro3HaueHHs

. . t
YpaxoByiouu aHajOTil0 MiX CKaJspHUM PO3BUHEHHAM e =

exp At = e = z ("Z? : (5.6)
k=0 K

Marpuynuii psia (5.6) HA3MBAIOTE 36iKcHUM (abCoAOMHO 36iXncHUM, PigHO-
MipHO 36ixchum), IKIIO BCi n° CKamapHUX PAldiB, CKIaAeHUX 3 eleMEeHTIB

Martpuup By (1) = F(At ¥ = (by; (1)), 36ixHi (a6COMOTHO 361XHI, PiBHO-
MipHO 36iXH]). '
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5.1
Matpuurnii MeTop iHTErpyBaHHA iHIAHWX OOHOPIAHUX CUCTBM 3i CTAaNUMK KoediuicHTamu

Bpaxosyioud, wo |b;(t)|<|| By () |, no dbyHKuioHanbHUX psiais
z by (1) (i, j =1, ..., n) 3acTocyeMo MaxopaHTHy 03HaKy Beitepuitpacca

k=0
Ha BiApi3Ky [-r, r]. Maemo:

k
ARG % I A% )| ¢ gﬂz“”_’)__

k!
+0 k
. S S dAl .
CKUIbKM YMCJIOBHH Al x 361XKHUI (1Ie JIerko nepeBipuTH,
k=0 +
HarnpUKIIal, 3a o3Hakolo [I’Arambepa), To GyHKUIOHATBHI paau Z by (1),

k=0

a oTxe, i1 MaTpu4HHMii psag (5.6) 36iraloTbest aGCONIOTHO i PiBHOMIPHO Ha
Oyab-KoMy BiAIpi3Ky |[-r, r] € R.

Marpuwmo e#, Busnaueny dopmynoio (5.6), Ha3UBaIOTH MaAMpU4UHOO

excnonenmoro* (excnouenyiarom) mampuyi At. 13 (5.5) Tenep BunivBae, wo

x(r)=e*'x, (1 =E,). (5.7)

AnasorigHo (5.7) MOXHa AicTaTu, 10 po3B’d30K x (t) cuctemy (5.1) i3
AOYaTKOBOIO YMOBOIO X (#)) = X, Ma€ BULAAL x(r) = e -0) Xg-

TakuM uuHoM, Matpuui X (7, 0) = e® i X (7, 1,) = ¢?V™ "™ ¢ MaTph-
HaHTaMM (fIpH ¢ = 0 it=1, BumOBmHo) cucreMi (5.1). Orxe, 3aJ1aqa iHTer-
pyBaHHs cuctemu (5.1) exBiBaneHTHa 3a1ayi TOGYIOBH MaTpuLi e

OCHOBHi BJIACTUBOCTI MATPUYHOL EKCNMOHEHTH

1 i(eAr)=€A,A=A€A,.

T dt
. Sxwo AB = BA mo e A8 = pATpBl — pBloAr
A(r 1y) __e 1o —~Ary (eAt)— = A:.

det eAI - etrAt

Sxwo A=T VT, 10 e =TT,
. SAxwo MampuuﬂA Mmae 6ﬂoxoeo-()taeoﬁa/1bny opmy: A = diag |A,, ..., A},
mo e = diagle™, ..., e*'].

c\w:p_uw

* Herampuimre npo dyHKUii Big MaTpuub mms. y [12].
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BrnactuBicTs 1 BUILIMBAE 3 TOTO, IO MaTpHLs e € DyHIaAMEHTAIBHOI
marpunelo cucreMy (5.1).
JloBeneMo BiacTHBICTL 2. OcKibKU AB = BA, T0 e B = Be” [marpu-

us B kKoMmytye 3 Matpuusmu (A4t)¥). Toxi %(e""eB’)=e"’AeB’ +

+ eAreBrBzeArAeBr +eArBeBr - AeAreBr + BeAreBt — (A+B)eAIeB' i

eVe? = X(1,0) — marpuuanT (11pu ¢ = 0) cucremu x = (4 + B)x. Orxe,

eAreB/ — e(A + B)r_

BnacTusicTs 3 € HaCIIKOM BIaCTHBOCTI 2, OCKUIbKM MaTpuLli At, —Af, i
—~At 04eBHIIHO KOMYTYIOTh i eYe™# = e = F .

BrnactusicTh 4 € ekBiBajleHTHOIO (hopmoro 3ammcy ¢popMyan OcTpo-
rpancekoro—JliyBivia (4.8).

BiractuBoCTi 5, 6 BUILTHBAIOTEL 3 03HAYeHH (5.6) MaTPUYHOI eKCIOo-
HeHTH # Toro daxty, mo (AN = TV (JNXT i signosizno (AN* =
= diag[(A40)*, ..., (ADX] (k=0,1, ..).

MarpudHY €KCITOHEHTY 3pyYHO OyIyBaTH, BHKOPHCTOBYIOUH TaK 3BaHY
HopManbHy wcopoarosy hopmy mampuyi. HaBegeMo HeoOXiIHi BiZOMOCTi 3 Te-
opii Marpuub [12]. Brachum eexmopom keadpamuoi mampuyi A nopadxy n,
AKuli eionogidaec 6aacRoMy 3HaveHnro (wucay) ., Ha3WBAIOTL BeKTOp A # 0,
1O 33I0BOJILHSE YMOBY Ah = Ah a60 (A — AE,)h = 0. OcTaHH4 NiHiiHa OAHO-
piIHa ccTeMa Ma€ HeTPUBIAILHHUI po3B’130K A # 0 Toxi i Jsviie Tomi, KOJIU
A(M) = det (4 - AE,) = 0. PiBusinns A(L) = 0 Ha3UBaIOTb XAPAKMEPUCMUYHUM
DIGHAHHAM, 3 MHOTOWIEH A-TO CTereHs A(A) — xapakmepucmu4HuUM MHO2041e-
Hom mampuui A. KopeHi XapakTepHCTHYHOTO PiBHAHHSA € BIaCHUMU YUCIIAMHU
marpuili A. BracHi BexTopH, SIKi BiINMOBIJA10Th Pi3HUM BIIACHUM YHUCIAM,
JIiHiiHO He3anexHi. KBagpaTHi MaTpulli A i B Ha3UBAIOTL hodibHUMU, SKLIO
A= T'BT Tlonibui MaTpuui MatoTh Ti caMi XapaKTepHCTUYHI MHOTOWIEHMN:
det (4 - AE,) = det (B — LE,). SIKilI0 BNacHi BEKTOpH h,, ..., h, MaTpuui A
YTBOPIOIOTH 6a3UC #-BUMIPHOIO JIIHIAHOIO BEKTOPHOIO MPOCTOPY, TO ii Ha-
3UBAIOTh Mampuuero npocmoi cmpykmypu. 30Kpema, A € MaTpULeIo IIPoCcTol
CTPYKTYPH TOIi, KOJIM BCi ii BJIaCHI YHMCJIa MOIapHO pi3Hi. Marpuus mpocroi
CTPYK.* PH TIOHiOHa diaconanvriii mampuui J(A) 1 A=T (AT, ne

A 0 .. 0
Jay= 0 M = diag[hys oo Mgl T = [, oo By
0 0 .. A,
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5.1
Matpu4Huidi MeTog iHTerpyBaHHA MiHiAHWX ORHOPIAHWX CUCTEM 3i CTaNUMU KoediuicHTaMu

(cToBrusiMu MaTpuiti 7 ~' € CTOBIILI KOOPAMHAT BIIACHHX BEKTODIB y KAHO-
HiyHoMy Gasuci e, = (1, 0, ..., 0)’, ..., e, = (0, 0, ..., 1)7. ABu MatpuLs A
Bysa MaTpUIIEID TIPOCTOL CTPYKTYPH, HEOOXIIHO i JOCTATHLO, 06 KOXHO-
MY BJIACHOMY YHMCITy A MaTpuLi A KpaTHOCTI p BIITIOBII&IO PiBHO p JiHilHO
He3aJIeXXHUX BIaCHUX BEKTOPIB.

Y 3aralbHOMY BHITaKy, KOJTH MaTpULis 4 Ma€ s < n JIHIIHO He3alex-
HUX BJIaCHUX BEKTOPIB, BOHa NoNiOHa xga3zidiazonanshii mampuyi J(A) . A =
= TUAT, ne J(4) = diagJ, (). .., T, ()],

A, 10 L 0
0 A, 1 .. 0
J,,,’, a=. . . . . .
0 0 0 A |
0 0 0 0 A
— (m; x m)-BAMipHa MaTPMIIs, IPUMOMY BJIACHi YMCHA A, ..., A, He 060B’s13-

KOBO pi3Hi. Matpuilio J (A) Ha3uBAIOTb HOPMAALHOK HCOPOAHOBOIO (POPMOIO
mampuyi A, a matpuiio J,, (X;) — ocopdanosoio kaimunoio (6a0xom) mam-
puyi A nopsnky m,. Slxuo r'n,.= 1, 10 J,(%;) = A, i XOpAAHOBY KJIiTHHY Ha3H-
BAIOTh npocCmaoro.

KilbKicTh § XOpIaHOBUX KIIITMH JOPIBHIOE KUIBKOCTI JIHIIHO He3a-
JIEXHMX BIACHUX BEKTOpiB MaTpuLli A. BracHoMy 4yucITy A KpaTHOCTi p BiIno-
Bi;uae r=n—rank (4 - AE,) < p XOpPIAaHOBUX KJiTUH NOPAIKIB m,, ..., m

fad

Zm, = p. Ao r=p, To m; =m, = ... =m,= 1 i BCi XOpAAHOBI KJiTUHH,
i=I
SIKi Bil[IOBiZAIOTH BJIACHOMY YHUCIIY A, € IPOCTUMHU. 30KpeMa, BCi xopaa-
HOBi KJiTHHU MaTpHILLi MPOCTOi CTPYKTYPH € IIPOCTHUMM.

[lopsiaku m; XOpIAHOBUX KIIITHH, SIKi BUINOBIJAIOTH RIACHOMY YHMCIIY A,
BU3HAYAIOTbCS KIJIBKICTIO BJIACHUX i TaK 3BaHUX MPUECOHARUX 8eKmMOpié
hy fis f"lr; _1- Hi BeKTOpH € po3B’A3KaMHM JIiHIAHUX CUCTEM

Ahl = A’lhl’ A_fi’ = ).Ifil + hi’ Aﬁ = }\.l_/:j_l +_fii, PN
Af,:..,fl = lifni,, -1t /f,, o (=1, 9).
CyKymHiCTb yciX BJACHMX | IPHEIHAHUX BEKTOPiB MaTpuLi A yT-

Boploe 6a3UC n-BUMIPHOTO JiHIHHOTO BEKTOPHOro npocropy. Axmo
nobyayBaTH MaTPHIIIO i3 CTOBILIB KOOPAMHAT BEKTOPIB LLOro 6a3ucy:
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=, £\ .. m#:,---» e, /. ... fm -1, TO 32 IOIOMOTOIO NepeTBO-

peHHH noni6rocti A = T "1 (A4) T MaTpHLo A 3 TOUHICTIO O PO3TALIyBaHHS
KJIITHH MOXHA 3BECTU [0 €IWHOI HOPMAJIBLHOL XOPAAHOBOI (POPMMU.

Axuo A — gilicHa (n X n)-BUMipHa MaTpHLA, A, 1[3 (B 20,j=1, ..,p) — napu
KOMTITEKCHO-CITPSDKEHWX BJIACHHX YHUCEL, Y, (k II I ) — m CHi BJIacHi ‘mcna TO 32
JOTIOMOTOIO TepeTBOpeHHst Tioni6HocTi A= T/ D(A) T( T — gificHa HeBUPOIDKEHA MATPU-
1) if MOXHA 3BeCTH 10 Oildcrol HopMansHOT ¥copoanosoi dopmu

D(A) = diagll(Zn! (A'l)s erny KZHP (A'p)v Jm] (‘Yl)s sery Jm/ (‘YI)L

e
S, E .. 0 0
05 .. 0 0
Ky ) =S;. Ky = . . . . (>
‘ 0 0 .8 £
0 0 .. 0 5

J

3 ot.,- B./‘ _ 1 O _ 0 0 . _
0[5 2} ey 3o 3) vero

20m + ..t n) A my oy =N

NoGyaosa

MaTPUYHOT eKCNIOHEHTH e

Hexait A= TJ(4)T, ne J(4) — HOpMaTbHa XopaaHoBa Gbopma Mmar-
puLti A. BAKOPUCTOBYIOUYM BJIACTUBOCTI 5 i 6 MATPUYHOI eKCIIOHEHTH, MAEMO

P o Tl DI A diagle!m ™M e (5.8)

b

XKoppraHoBy KIiTHHY J,, (A;) 3anuieMo y BUIIIAMdI J,,, =ME,, + 1, , ne
E, — onuHnuHa Matpus, a [ m, — MaTpHLIs BUIIISITY

010 ..0
001 ..0
L, =| . .
000 .1
000 ..0

5.1
MaTpuuHuii MeToR iHTerpysaHHR MiHIKHUX OQHOPIAHUX CUCTEM 3i cTanuMu koeddiuieHTamu

(MaTpHLi Em; i l,, OYEBHIHO KOMyTyme) 3acTocyBaBIl BJIACTUBICTD 2
MaTPUYHOI eKCIIOHEeHTH, JiCTaHeMO € T R A Emtt ! e)"'E Tolm!
= e" ’e”"’ Matpuiio el”"" 3py4HO OyAyBaTH, BUKOPHUCTOBYIOUM MaTpUY-
HUHA s (5.6), ockineku 17" =0 (TaKy MaTPHIIIO HAa3UBAIOTh HIAbNOMEH -
mHoi0) i B pasi ITXHECEHHS 'MaTpui I, no crenens k(k < m;) nobiuna
JiaroHajlbh 3 ONMHULB 3CYBAETRCS Ha k — 1 mo3uiilo B HanmpsAMi NpaBoro
BepXHbOTO KyTa Martpuui. OTxe,

'Im,-()"i)r l 2 2 ] mn; -1 I/*l
e [E,,, +1,,,t+2'1,,,t +ot m P
=T, (1), (5.9)
ae
e Lo e
2! (m; —1)!
o1 ¢ .. o my
T, (0= (m; = 2)! . (5.10)
00 0 [ '
00 0 0 [

Takum YMHOM, MaTpUYHA €KCITOHEHTa — MaTpuuaHT X (¢, 0) = e ni-
HiftHOi cuctemu (5.1), Bu3HaueHui dbopmynamu (5.8)—(5.10). 30erMa

SIKILO A — MATPHULS MPOCTOi CTPYKTYpH, To e’ = T 'diag[e™’, ..., ™| T.

Hexait tenep A = T"'D(A)T, ne D(A) — aiiicHa xopaaHosa dopma Matpuui A.
Jnst no6yn0BH MaTPUUHOT eKCITOHEHTH e y IbOMY BUMAIKY, O4eBUAHO, IOCTATHBO

. . Ky, Gon .
sHaiTu mMatpuli e ¥ ", TobynyeMo CHOYaTKy MaTpUUHi €KCIIOHEHTH BUTAALY

St 0 1 s
e, Maemo: S; = o, £y +B;/. ne | = [*l 0)* ¢ B P Mar-
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7 . .
pULLIO Pl 3HaitaemMo 3a Gopmynow (5.6), BUKOPHCTOBYIOYM CIiBBIIHOMWIEHHS

1% = (<) Ey, PP**V=(=1*7 (k=0.1,2,..) (TPONOHYEMO IMepeBIipUTH iX camo-
CTIHO):

@1 ,(B,r>3 T

= By 1B - TR 51 =
®,t° @ B0 @1
s St BTt _[COSB.N Sinﬁj’]
_g,;+“3-f”3_“‘f’)5 B0 B0 —sin B, cos B;1

30 51 2 41

! 5.1
¢ —sin B;7 cos B;r G

Iy :ea/[ cos B;r  sin Bjt)

Marpuiio K, (A ;) NMPeACTaBAMO y BUTIADI

K2nj (}"_/) = A2nj + E2nj .

0 0 E 0 0
J
ne Ay, = = diaglS,. ... S;|. Ey, =|. . .
0 0 . § 00 0 .. &
/ 0O 0 0 .. O

Hesaxko nepempmu 1o 6:10K0Bi MaTpuLti Ay, i Ez,, KOMYTYI0Tb. TOMY, BUKOPHUCTO-
BYIOYM BJIACTHBOCTI 2 i 6 MaTpiraHoOl eKcnOHeH'm JicraneMo
ekluj(x/ )i _ e/\z;r,-’efz"j’ St IL’EZ/UI.

= diagle®, ... e (5.12)

Marpuiio e Ea 6ynyeM0 BUKOPHCTOBYIOUH Matpwunmit pan (5.6). Ockinbku E,’f1 =0
i TIp¥ MiZHeCeHHi MaTpuIli Ez,, o crereHs k (k < n]) nofiyHa 610KoRa maroH/a.nb 3
ONMHMYHHUX MaTpHLb E, 3CyBa€Tbcs Ha k — | MO3HLIIO B HATIPSIMI TIPABOTO BEPXHBOTO

KyTa Marpulii, To
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51
MaTpuyHuiA METOR IHTErpyBaHHA NiHIRHWX OAHOPIRHUX CUCTEM 3i cTanumu koedpilicHTaMm

Eypt - I - 2 1 R P |
P = Eyy v Byt —=Fy Pt —— F T
(4 2 ; 2 ; 2' 2n, + + (",’ _])! ZII,
E, (£, LPE, .. I g
o (n; ~ 1! :
| 2
0 E tE, . —"T°F
= 2 2 (n; —2)! ! (5.13)
0 0 0 A IE,
0 0 0 0 E,

eb ] reSjl _|_’_7 St | i~ St
1 ITY]
2 (n; ~1)
0 es,t reb'jl I n-2 S
Koy Oy _ (n; =20
e i : R (5.14)
s
0 e re”
0 0 0 0 &>

3 0
Jte MaTpULIs ¢ BusHaueHa dopmynomo (5.11), 0 = (0 g]
UONpuknap 5.1

Kopucmyrnuucs hopmyaamu (5.8)—(5.10), 3naiidemo mampuuni excnonenmu Hop-
ManoHux ncoplanogux gopm mampuys dpyeozo i mpemsoeo nopaoKis.

(a: J(A) = 01 A (n = 2; Marpuus A Ma€ IBi MPOCTi XXOPAAHOBI KJIiTH-
h ,

HU:m =m,=1ie Ma}puuelo npoctoi crpykTypu). Otxe,

Ayt
N 2 [e :)’ ]: diag[eM, .
0 ™

& =, A] (n = 2; Matpuus A mae OIHy XKOpIAHOBY KITUHY

nopsaiky m, = 2 ). Orxe,
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e./(A)l _ e}\sz(r) — ek/ [l T\J.

01
A 0 0
s:E} J(A)=] 0 A, 0 | (n=3; maTpuus A Mae TpU NPOCTi KOPIAHOBI
' 0 0 A

KINTHHA: m, = m, = my= 1 i € MaTpUILIEIO MPOCTOI CTPYKTYPH). OTxe,

M0 0
N0 M 0 |=diag[eh, e, M.
0 0
N 10
iT:J(A) =1 0 A 0 |(n=3; MaTpuus A Ma€ JIBi XOPIAHOBI KIITHHH:
0 0

m, =2, my=1). Otxe,

MM 0
A = diag[eM' To(), €M)= 0 M0
0 0 M
Mo 00
,u JIA)=| 0 Xy | |(n=3; marpuus A Mae ABi XOPAAHOBI KJIiTH-~
0 0 A

Hu:m =1, m,=2).

M0 0
JA _ g, MR _ Aot Ayt
¢ = diagle™, e’ TH(1)]=| 0 e e |,

0 0 M
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5.1
MaTpuyHWUiA MeTod IHTBrpyBaHHA MiHIAHAX OQHOPIAHMX CUCTOM 3i CTamiMu koediuienTamm

A1 0
i85 J(A)=|0 A 1 |(n=3; MarpuLs A Mac OOHY XOPIAHOBY KIITHHY
00 A

nopsaky m, = 3). Otxe,

[

1 ¢ 5?)‘
e.I(A)I - e}"T3(t) - ekl 01 t
00 1

ONpuknap 5.2

Mampuunum memodom 3inmezpyemo cucmemy

X = Ax, A=(3 I].
-1 1

XapakTepHCTHYHe PIBHAHHA MaTpHli A

3-r 1 =0, A2 -4r+4=0
-1 1-x
. . . \ I
Mag€ KOpiHb A = 2 kpartHocTi p = 2. Ockineku rank (4 — 2 £;) = rank Lol
=1, To maTpuus A Mae r=2 — | = 1 XOpraHOBY KIiTUHY: o
21
J(A) = :
1) [0 2]

]
Matpuio 7 = [( j Taky, o A = T”'.I(A)T, 3HaKkaeMo 3 MaTpU4HOTO
¢

d
piBHsIHHS TA = J(A)T:

oG
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Ins su3Havyewss a, b, ¢, d gicraeMo NiHIHY CUCTEMY DiBHAHB
3a-b=2a+c, a+b=2b+d, 3c-d=2, c+d=2,
AKa eKBiBAJIeHTHa CHUCTEMi
a-b-c=0, c-d=0.

OfuuM i3 po3B’sa3KiB wici cucteMi e a=3,b=2,¢c=1,d=1. Orxe,

- 3 2 e 1 =2 .
1 1 -1 3
Tomy

o Io=2Ye¥ )3 2) [+ ¥ o
e = = N X =¢€ ¢,
-1 3 0 le 1 1 —tez’ (l _ [)eZI

aec=(c, c2)T -~ BEKTOD HOBUIBHUX CTAITUX.
3ayBaxXuMo, 110 BekTOpH A = (1, —I)Ti f=(-2, 3)Te BIAMOBIIHO BIACHHM
1 IpUETHAHUM BeKTOPaMM MaTpULi A.

OnNpuxknap 53
3a donomozoro mampuyanma e pose nucemo 2adauy Kowi

0) T
g=Ax, x(0)={1], A=f-1 2 -1|
0 2 -1 4

BnacHi yuciaa MaTpuli A 3HAIEMO 3 XapaKTepHUCTUUHOTO PiBHSIHHSA

-1 1 -1
-1 2-%2 -1 |=0, Z=-2)’(r-3)=0.
2 -1 4-2

Maemo: A =4, =2, Ay = 3.
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5.1
MarpuuHuin meTon iHTErpyBaHHA NiHiIRHUX ORHOPIAHWX cucTem 3i cTanumy koediuieHTamu

—1 1 -1
Ockinbku rank (A -2E;) =rank [ -1 0 -] =2, To B1acHOMy YHCIy A =2
2 -1 2
BinoBimae r = 3 -~ 2 = | XopnaHoBa KITHHA NOpAAKY m, = 2. BaacHomy
YHUCIy A = 3 BiMOBiZa€ NPocTa XopAaHoBa KiituHa (m, = 1). OTxe,

210
J(A)=|0 2 0|
00 3

Marpuiio 7= (":j)’ U151 IKOT A = T ' J(A) T, ananoriuHo npuknany 5.2 3Haxo-

AUMO 3 MaTpuyHOro piBHAHHA TA = J(A)T, 3Biaxn (NpOMoHYEMO BUKOHATH

0BYHCIeHHS CaMOCTiNO) a), =3, a), = ay, =0, a4y = ayy = ay; = a; = ayy = 1,
a;=2,

1 0 -2

, T =0 1 -1

-1 0 3

3 2
T=|1 1
1 l

0
1
0
Bekropu A, = (1, 0, -n7, fi=00,1, 0)7 e BiznosiaHo BracuuM i npuen-

HaHUM BeKT(T)paMM, WO BiAMOBINAIOTL BAACHOMY 4YMCHY A = 2, a BeKTOp A, =
= (-2, -1, 2)" — BaacHHUM BEKTOPOM, AKHIl BIlMOBIXAE BIACHOMY 9HCAY A = 3.

3Haxoaumo;
1o =2y #¥ 0Y)3 0 2
M= 01 =10 & o1 1 1f=
-1 0 3o o &K1 O |

2 3 2
e (3+1)-2eY ¥ M (241)-2e"
2
— PPy (,21 le _ell

~e” (3+1)+3 ¥ =M (24 1)+ 3"

Otxe, po3r’sizok 3agaui Kowi Mae Burasia

0\ [re
\‘(I) = (.'Al | |= (12’
4) _’(,21
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ONpuknanp 54

3naiidemo mampuuni excnonermu e dnn Mampuup
B 1 0
a 0 1
0 o B
0 8 o

o o w

o
Ockinbku A, = diaglS, S1, ze S =[ B 3} TO, BUKOPHCTOBYIOUH Op-
Myiay (5.11), maemo

cos Bt sin Bt 0 0
M _ g oSt sy o | —SIN BT cos Br 0 0
¢ =diagle”, Tl =e 0 0 cos Br  sin Br |
0 0 -sin Bt cos Bt

Martpnio et 3HAXOAWMO, BUKOPUCTOBYIOUH dopmyny (5.14) (nj =2):

cos Bt sin Pr tcos pr rsin Pt

Ay [~ te or | —Sin Bt cos Bt —rsin Bt 1cos Bt
e’ = =e ]

0 0 cos Bt sin Pr

0 0 ~sin Br  cos Bt

| 5.2 |

MeTopn Einepa inTerpyBaHHA NiHiINHUX OQHOPiAHUX CUCTEM
3i cranumu xoedpilieHTamn

3rigHo 3 metonoM Eiulepa crioyatky 3HaiaeMo po3B’si3KH JIiHIHHOI oll-
HOpiHOI cucTeMu X = Ax [cucreMa (5.1)], AKi MaloTL BUIIAN

x = x(f) = he (L =conste C, h#0 — craimii Bektop). (5.15)
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5.2
MeTtop EAnepa iHTerpysaHHA RiHiAHUX OMHOPIAHUX CUCTEM 3i CTaNUMKU KoediuicHTaMu

Axuo mincrasuty (5.15) y (5.1) i nogimuTi o6MABI YacTHHU NO6YTOI PiB-
HocTi Ha e, micraHemo

Ah =M, (A-LE,)h = 0. (5.16)

CucreMa (5.16) Mae HeTpuBiIbHUI po3B’a30K (A # 0) Toi ¥ aMile Toxi,
KOJIU A € KOPEHEeM XapaKTepUCTHYHOTO PIBHAHHS MaTpULI A :

A(A) = det (4 - AE,) = 0. (5.17)

I3 (5.15)—(5.17) BunmBac, mo dbyHKis he’ € HeTPUBIUILHUM PO3B’ 13-
KoM cucTteMH (5.1) Tomi # nuue Tomdi, KOMM A — BJACHE YWCIO, a h —
BJIACHUIA BEKTOD MaTpulli 4, IKUi BilIIOBiIA€ BIIACHOMY YHCIIY A.

Hexait MaTpuLt A € MaTpuLIeIo MPOCTOi CTPYKTYPH, A, ..., A, — ii BAacHi
qucna, Ay, ..., h, — BIINOBIMHI iM JIiHIHO He3aJeXHi BlacHi BEKTOPH (Ha-
ragaeMo, U0 MaTpuusi A € MaTpuULIelo TIPOCTOi CTPYKTYPH 30KpeMa Toli,
KOJIM BCi 11 BJIaCHi YMCJIa MornapHo piBHiZ. B usoMy BUNAAKy Bigpasy gicrac-

Mo OCP cuctemu (5.1): k™, ..., he™' Ta i saranbauit po3s’ssok
n
xX(0) =Y cphye, (5.18)
k=1
ne cy, -.., ¢, — HOBLUIbHI cTalli.

Hexait Terrep MaTpHLa A He € MaTPULEIO NMPOCTOi CTPYKTYPH. AHATI3y-
104u GynoBy dyHIaMeHTaIbHOI MaTpuLi (MaTpuuaHTa) e ' cucremu (5.1)
[popmynn (5.8)—(5.10)] y uboMy Bumnagky, MOXHa 3poGUTH BUCHOBOK IIPO
Te, L0 3arajibHMii po3B’s130K X (1) = e ¥c cucremu (5.1) mac Burnan

y
i i i m; -y A7
x(r):Z(p({+p{t+...+p,{,j_|r e, (5.19)
j=
_ i j my 1 o o

ne Pi(t) = py +pjit+.. + pmj_!t ) BeKroprm rtmoro‘meH cTeneds
m -1, m; — TIOPSANOK BUIMOBIUIHOL XOPAAHOBOI KJIITHHHM, A, ..., A, —

BJlacHi (He 000B’I3KOBO pi3Hi) YyKCaa MaTpUIli A.
Ha npakTuii NopsaKy XOpAaHOBUX KIIITHH, K MPaBWIO, HEBiIOMi.
Hexaii 1., ..., A, — Bci pi3Hi BiacHi yuciaa marpuui 4, p,, ..., p, — ixui
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kpatHocTi. O6’ennytoun B (5.19) 10JaHKH 3 OJHAKOBOIO €KCIIOHEHTOIO i
BpaxoBYyIOUH, WO m; < p; (j=1, ..., 5), micraHemo

k
(1) = Z z,(t), (5.20)

me z;(t) = Q; (t)e /! _ qacTHHa 3araJIbHOrO po3B ’A3KY, KOTpa BiAMNoOBilae
BnaCHOMy yUCIy X a Q (t) — BekTOpHa (YHKIisl, KOMIIOHEHTH SIKO1 €
MHOTOWIEHaMK CTeHeHﬂ e BHLLIOTO 32 p; — L.

ITincymMoByouH, pOﬁPIMO BHCHOBOK, mo memod Eiliaepa inmezpysannn
Ainiiinoi odnopionoi cucmemu (5.1) nepenbayvae Taki etTan u:

1) 3HaxoMXKeHHS KOpEHiB XapaKTePUCTUYHOTO DPiBHSIHHA MaTpuli A
(5.17) — BiaCHMX YMcCe] MaTpulli 4 ;

2) 3HaxOIXEeHHS BJIaCHUX BEKTOPIiB MaTpuLi A i 3amuc 3arajibHOro po3-
B’a3ky (5.18) y BUManKy, KOJIM MATpHlsa A € Marpuile0 NpocToi
CTPYKTYDH;

3) BimmykaHHsa YaCTHHU 3arajbHOTrO po3B’si3KY, sIKa BiAMOBiga€ Baac-
HOMY 9HUCITY kj, y BUDJISLOI

z,(t) = Q;(NeM (=1, ..., k), (5.21)

ne Q (t) — BekTOpHa (DyHKIifA, KOMIIOHEHTH KO € MHOTOWIEHAMHU
creneﬂﬂ He BHLLOTO 32 p; — 1, 3 HeBU3HaYeHUMH KoedilieHTaMH.
(3ayBaxxuMo, 110 y BUNAAKY, KOJIHU k — mpocTe (p = 1) BacHe 4yuc-
J1o, TO Q (t) = h — BJIACHHMH BeKTOp MaTpuui A SAKMHA BiAMOBIJa€
BJIaCHOMy YUCJTY A );

4) 3amuc 3araibHOrO po3s’s3ky cucreMu (5.1) y Bursani (5.20).

@ 3ayBaxeHHA 5.1

3a pommomoroio Metony Eitiepa MOXHa nMoGynyBaTy 3araibHUIT pPO3B’A30K, a
oTxe, i (B3arani kaxy4du, komiekcHy) OCP. Skio mMarpuls A nificHa i yci
i BJIACHI YWCJIA HilCHi, TO BJACHI BEKTOPH i KoedillicHTH MHOTOUYIEHIB Qj(t)
y (5.21) mMoxHa Bubparu aiicuumu. Toai marumemo miitichy PCP. ko
nificHa MaTpuus A, KpiM IiACHHUX BAACHUX YHCeJI, MAaE Lle W KOMIUIEKCHi (K
BIIOMO, BOHM MOXYTh BXOAWTH JIMILE KOMIIEKCHO-CITPSDKEHUMH MapaMu):
A, k (j =1, ..., p), TO LNM BJIACHUM 4uCiaM y KomriaekcHiit OCP rinno-
BlllaIOTb KOMTUIEKCHO-CNPSIXeHi PO3B’A3KU j(r) zZ; (t) (/ =1, ..., p). 3ami-
HIOIOYM KOXHY Tapy KOMILIEKCHO-CNpPsKeHUX poas A3KiB napom TiACHUX
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5.2
Meton Eitnepa interpysaHHA niHidHWX OMHOPIAHUX CUCTEM 3i cTanumyu koeddiuieHramu

pPO3B’A3KiB THITY Re z; (1), Imz; () [abo Re z, (t), Im Z;(¢)] na ocHoBi TBEpA-
XeHb TeopeM 4.10, 4.11, nicranemo niiicny ®CP.

€ 3ayBaxeHHA 5.2

Ao 3a nornomoroo Metony Eitnepa nmobymoBaHo skych GyHIAMEHTATbHY
MaTpULIO X(t) cucremu (5.1), To TMM caMuM MOOYIOBaHO # MaTPUYHY eKC-

roHeHty e, ockimbkm, BHaCIIlJ.IOK eAVHOCTI MarpuuanTa (npw ¢ = 0) Mmaecmo
X(HOX(0) = X(¢, 0) = e

OnNpuknap 55

XapakTepucTH4He piBHAHHS MATPHULI

0 -2
A= :
3 5
Mae pisHi KopeHi A, = 2, A, = 3. BnacHi BeKkTOpH, SIKi BIIMOBIZAIOTL LM
BJIACHUM UYUCIIaM, 3HAXOAMMO i3 CUCTEM

MR

BINOBIIHO. 3BigcH
a -2
/ll :[‘l]’ hz :( 3]

(HaragaeMo, WO BIACHI BEKTOPU BU3HAYEH| 3 TOYHICTIO 1O YMCAOBOrO MHOX-
HUKA) i 3araibHUN PO3B’A30K CUCTEMU X = Ax MAE BUIISALL

x(1) = ¢ [_: ]ez' + 0 (_‘; Jej’.

XapakTepucTuuHe piBHAHHA MaTPHLI

- -2

=0
3 5-1

ONpuxnap 56

00 -2y |-+ 0 ~2
A=|-1 2 =1} |-1 2-2 -1 [=0
30 5 3 0 5-Ax

MaE KOpeHi A = 4, =2, A, = 3.
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BriacHi BEeKTODH, 4Ki BIIMOBIIaI0ThL BIACHOMY YMCAY A = 2, 3HAXOLUMO i3
CHCTEMH

2 0 2Yhu| (0
-1 0 -1{hy|=]0]
30 3jay 0
3Bigcu
hy 0 l 0
h=lhy =] n{=n| 0+ 1}
h3| ._-YI -1 0
me v, Y, — AOBiMbHI cTadi. OTXe, BIACHOMY YHCITY A = 2 BiANOBINAIOTL ABA
I 0
JiHIHO He3aleXHux BIacHux sektopu oy = 04, hy=|1}|
-1 0

BracHuil BeKTOp, sSIKMit BILIOBIA€ BIAaCHOMY YHCIY A = 3, 3HAXOAUMO i3
CUCTEMU

3 0 2Y A (0
-1 =1 «1 | hy (=0
30 2)h, 0
3Bincu
2y 2
h={ v |=y I
-3y -3

Ae Y — JoBinbHa crana. OTxe, BIACHOMY YWcIy A = 3 BiRnosigae BIaCHUK

2

pektop f13 ={ 1|
-3
Marpuus A € MaTpruelo MPOCTOi CTPYKTYPH, OCKIIbKHM BJJACHI BEKTOPH
hy, hy, hy NiHIAHO He3a1EXHi.
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Metog Eiinepa iHTerpyBaHHA NiHiiHAX ONHOPIAHUX cACTeM 3i cTanumn koedidienTamm

3aransHUi pO3B’A30K CUCTEMH X = Ax Ma€ BHUIJISIA

2t 3t .
| 0 2 e 0 2e cl
x=¢l 0¥ +o| 1] +ay| 1l =] 0 & & lel
3
- 0 3 e 0 e e

ae ¢y, €y, C; — NOBIILHI CTaJli.

ONpuknap 57

KopeHi xapakTepUcTHYHOroO PiBHAHHS MaTpHLi

3 2V 3-a 2
= : =0
A [—I I)' -1 I—l‘

KOMILIEKCHO-CTIpAXeHi: Aj; =2+ (A, = X))
Brnacuuit BekTop h;, SKUit BiONOBIZa€E BIACHOMY UCHY A, = 2 — i, 3HaX0-

JUMO i3 CHCTEMH
l+i 2 hy, B 0
1 -1 )hy | (0]

3Bigcu

I PPV B B T AR RV
hyy -‘5(]’“’)/'“’ /’_((IH)Y]—Y(H/} g —[H’}

Ockinbku Matpuus A aiiicHa, To BracHoMy wMciy A, = 2 + i Bidnosinae

-2
BJIACHUit BeKTOp /1) = [l 2
-1

Marpuus A mae npocrty CTpyKTYpy (OCKinBKH A, # X,). Tomy Komriekc-
Ha OCP cucteMu x = Ax 3anMCYETLCA ¥ BUTIIALI

= ) R .
:l(f)z[l;'}_,ul)f’ z—l(’):{ 2 ]e(2+”/.
!

F-i

Io6 micratu mivicHy ®CP, nocratHso BHAiIUTY (IMB. Teopemy 4.11)
AicHY W YSIBHY YaCTUHHM PO3B’A3KY z,(t) 860 Z (t):
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z(t) :( ~2'J82[(COS t—isint) = ez’[
1+

-2¢os t+i2sin t
€Os 1 +sin t+i(cos fr —sin ¢) |

3Bincu micraemo aiitcuy OCP:

u:Rezl(,):le( —Zcos.r ], v=1Im Zl(t)=e2’[ ZSmf ]

cos t+sin r COsf—sSintr

ONpuknap 5.8

XapakTepucTuyHe DIBHAHHS MaTPWIL

I IV|3-2 1
A: M :O 2— =
(—l IN O l~l' , A -4h+4=0

Mae KOleb A = 2 kpaTHocTi p = 2. Bianosigno mo (5.20), (5.21) 3aram:—
HUI pO3B H30K CMCTeMM X = Ax wykaemo y Burasgi x(t) = (p, +p|t)e
ze p, = (a, B)7, p, = (v, )" — nesinomi sexTopu. TTincrapaeHHs x(f) y cHeTe-
MY I3a€ TOTOXHOCTI

pie* +2(py + pe* = (Ap, + Ap1e¥,
(A-2E)pt+(A-2E)py - p =0.

TTpupisHIolOUN KOediLiEHTH NPU ONHAKOBUX CTENEHsIX f Y JNiBill i mpasiit
YacTUHAX OCTaHHbOI PiBHOCTI, MaeMo (4 - 2E,)p, = 0, (A - 2E,)p, = p, abo

\ . Y+o= . =¢, o+B=c .
B KOOpAWHaTHiit $opmi: ’ 3mincH =0 B=a, 3BIAKHA
—’Y-—SZO. =—0y, _q_ﬁzk('z’
a=c +0¢
B=—c OTxe, 3arajibHUi PO3B’SI30K CUCTEMHU Mac BUIIIAL
= .

ST 21
cy +C I ce” +o,(l+1)e
@y =] V] Pl = 5 2 Z, ,
=G ) \T0 —cie” —cyte”

ae ¢, ¢, — JIOBIJIbHI CTaTi.
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| 5.3

Meton Eanepa
iHTEerpyBaHHA NiHiAHNX OBHOPIAHUX PiBHAHD
3i ctanumu KoepinieHtamm

PosrnsHeMo JliHiitHe OTHOPiAHE PiBHSAHHSA

Lly = y(”) + aly(”—l) +.+a,y= 0, (5.22)

e KoedillieHTH g; (=1, ..., n) — cTani uyucna.

OcKinbKu cxanﬂpﬂe plBHﬂHH}I (5.22) exBiBalIeHTHE mmm{ud OJIHOPIAHIH
cucreMi x = Ax, BAKilt x = x(t) = (y(1), (1), ..., y" P ()7, a crana ma-
TpULsA A Maec BUDISA [auB. (4.3)]

0 1 0 0
0 0 | ... 0
A= , (5.23)
0 0 0 |
-a, —a, | —Q,_7 .. 4

TO IO iHTerpyBaHHs piBHSHHA (5.22) MoXHa 3acrocyBaTd MeTon Eitepa
OIS IiHIHWX OIHOPIIHUX CHCTEM 3i CTAIMMM KoedillieHTaMH, BUKJIAAeHU
y . 5.2. IHo6 ypaxyBatH crielMdiKy caMe CKaNSpHHX OMHOPITHUX PiBHSAHD
3i cTaNMMMU KoedillieHTaMH, Po3rIIHEMO OCHOBHI TOIoXeHHS! MeTony Eitne-
pa st piBHSHHA (5.22).

HerpuBianbHi po3s’sa3ku pual-mmm (5.22) mykaruMeMo y BUIAAI
y=eM (A = const). Ockinbku L,(e™) = eMD()), ne

DA =A"+aA"" + .. +a,, (5.24)

10 3 (5.22) BUILIMBaE, 10 GYHKLA e € po3B’ss3KoM Toxi i JMLLe Toxd,
KOJIK YMCJIO A € KOPeHEM PiBHSAHHS

D(L) = 0. (5.25)
5 s 129
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MHorou4nen n-ro crenens D (L) Ha3UBAIOTh XAPAKMEPUCMUYHUM MHO204AE-
Hom, a piBHAHHS D (L) = 0 — xapakmepucmuunum pieHanHAM AiHilIHO20 Ou-
thepenyianbroeo onepamopa L,, Bu3naderoro dopmysolo (5.22). Hesaxxo
nokasaTy (IpOMOHYEMO 3pOBHUTH Lie caMocTiitHo), o D (L) = (-1)"A()), me
A(A) = det (4 - LE,) — xapaKTepUCTHYHHI1 MHOTOWIeH MaTpuLi A4 (5.23).

Hexaii xapakrepucTiiHe piBHAHHSA (5.25) Mae n pizHUX (IIPOCTHX) KO-
peHiB A, ..., A,. Toni € n po3p’a3KiB piBHAHHSA (5.22) BUIIIAY

Mo et (5.26)

Hesaxko nepekoHatucst B ToMy, 1o (5.26) — PCP pisHanug (5.22).
[Jist 1bOro BOCTaTHLO OOYUCIMTH BPOHCKIaH cucTeMH (5.26) npu £ = 0:

MooA e A,
woy=| "= M Oy-A)=0

I1<j<k<n

n—1 n—1 -1
Ah oAt

(BuKopHCcTaHo dhopMyily BUBHAYHMKA BaHoepmoHaa).

SK1110 cepesi KOpPeHiB XxapaKTepMCTHYHOTO piBHSHHA (5.25) € kpaTHi, To
PO3B’513KiB BUrISILY e/’ Gyde MeHuue, HiX n, i iX He BUCTAYMTb UIS noby-
nosu OCP. Hexait A; — KOpiHb XapakTepUCTUYHOrO PiBHsIHHA (5.25) KpaT-

Hocri py. Toni D(xo) =D'(hy) =...= D“’"—”(x ) =0, D' (A) # 0. Mo-
KaXxeMo, L0 B UbOMY BHITAIKY poan sI3KaMM pPiBHAHHA (5. 22) € byHKLIl
Buramy +~'e™ (j =1, ..., py). Jnsa uboro TotoxHicTs L (e™) = e D ())

3nudepeHLiloemo j — 1 pasis o napameTpy A i MOKNageMo i = Ay
. o .
L) = zC.;‘—lfj"l""X“’D(')(x()) =0 (j=1L.. p)
i=0

Hexait Tentep A, ..., A, — yci pisui KopeHi XapaKTepUCTUYHOIO PiBHSIH-
Ha (5.25), pyy e P — lXHl KpaTHOCTl (p1 o+ pk = n). Bunucapumm s
KOXHOTO A, PO3B’SI3KM BUIJIALY 1/~ M () = l . Py), HicTaHemo n po3-
B’A3KiB pmHsmHa (5.22):

P L L 2 Rl P L L T L (5.27)
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HoseneMo, 1o cucrema po3s’si3kiB (5.27) niHiifHO He3ajexHa Ha Oyab-
sikoMy iHtepBaiti I= (o, By). I3 npunylueHHs npo ixHIo JiHilHY 3a1eXHiCTb
BUILIUBAE, IO Ha [/ BUKOHYETHCSE TOTOXKHICTD

MO (1) + M0y (1) + ..+ eMQ (1) = 0, (5.28)

e Q () (j=1, ..., k) — MHOroWIeHH CTeneHs, He BULLOIO 34 pi- 1, npuyo-
My cepen HMX € npuHaan onuH [Hexaii ue Q, (1), AKuii He e ToToNHMM
HyseM. [Mogiimmo (5.28) Ha €' i amudepeHwiOEMO no6YyTy TOTOXHICTS p,
pasiB. Toni ,E[lCTaHeMO TOTOXHICTh BUTJISIIY

e(lz = )’A?_(t) +...+ 6’0\‘ _)\')’Ak(f) =0. (5.29)

CreneHi MHOFO‘UleHlBA (1) (=2, ..., k) 36iraloTbcs 3i crenieHIMHM MHOrO-
YJIeHiB Q (1), OCKiNIbKH anI KpaTHOMy IvdepeHIilOBaHHI BUpa3y e ”Q (r)
mcraemo BMpPa3 BULJISILY eY’A (t) e A (t) — mHOrowIeH, KoediLliEHT npu
cTapiIomy cTeneHi IKOTO Blﬂpl3H$]€TbC$I BIJ.I KoedilieHTa Mpu CTapuioMy
creneHi MHorowieHa Q.(t) MHOXHUKOM y Tomy, 30kpema, 4, () He € To-
TOXHUM HyneM. PiHicTh (5.29) moinumo Ha ™2 M) j 1106yTy TOTOX-
HICTh 31MepeHLIIoEMO p, pa3m i . &. Ha (k - 1)-my xpoui nicraHemo
Ay W

TOTOXHICTb BUrIsiny D, (t)e =0, 3Bigku D, () = 0, o HeMOX-
JIMBO, OCKUIbKH CTeliHb MHOrowieHa D, () NOpPiBHIOE CTereHi MHOrowIeHa
Q,(t), AKXV 3a MPUIYLUEHHSIM He € TOTOXHUM Hy/eM.

TaxkuM YUHOM, (5.27) € byHIaMEHTATBHOIO CUCTEMOIO PO3B A3KIB JIi-
HITHOTO ONHOPIAHOTO PiBHAHHSA (5.22).

[lizcymoByouu, poGMMO BUCHOBOK, IO Memod Eisepa inmezpysannn
Ainiiino20 00HOPiOnO20 pienannus (5.22) nepenbavac Taki e T a T u:

1) 3HaXOMIXeHHS KOPEHIB XapakTepUCTUUHOrO piBHAHHSA (5.25);

2) zanuc ®CP y Bursiai (5.26), KO KOPeHi XapaKTePUCTUYHOTO piB-
HAHHS A, ..., A, Di3Hi i BIIIIYKaHHSA 3arajlbHOTO PO3B’SI3KY

"
_ L phit
y = (_j'(.
it

(cj. — [OBUIBHI CTai);

3) sanuc OCP y Burasazi (5.27), AKio KOpeHi XapaKTepUCTUYHOro piB-
HAHHSA A, ..., A, (k < 1) MaIOTb KPaTHOCTI p,, ..., P, | 3HAXOIKEHHS
3arajlbHOro po3B’ 3Ky
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k
i j VT NV
=D +efr+ el 1T
Py
-

(cf, ..., C;j),- — IOBUIBLHI cTayi).

& 3aysaxeHHR 5.3

DyHaaMeHTaTbHI CUCTEMU posa’ﬂaxia (5. 26) i (5.27) y 3aranbHOMY BUMAIKY
€ KOMIUIEKCHUMM (pO3B’S13KH, AKi BlI[TIOBl)IalOTb KOMIUIEKCHHM A; KOMII-
nekcHi). Hexait Koed)lmemn a,, ..., a, — AiACHi umcna, a xapaKTepucque
piBHsiHHA (5.25), KpiMm mitcHux KopemB Ma€ Hie i KOMIUIEKCHI (SKi BXOOSTh
KOMILUTEKCHO-CIPSKEHUM M TapaMu OJHiel KpaTHOCTi): A, k‘, (j=1, .., p).
Toni UM KopeHsAM BiAMOBiZAOTH KOMIJIEKCHO-CIIPSXEHI PO3B’A3KH
Y, ¥, (j=1, .., p). 3aminowun B KomnnekcHi OCP KOXHY TaKy
mapy KOMIUIEKCHO- cnp;DKeHux pO3B’A3KiB Mapoio AiRCHUX PO3B’SI3KIB THUITY
Re y;(r), Im y;(z) [abo Rey,;(r), Imy;(r)] na ocrosi TBepIXeHb Teopem
4.10, 4.11, }llCTaHeMO oiicHy ClgCP PiBHAHHS (5 22).

PosrisiHeMo IesiKi audepeHIianbHi piBHAHHS, SKi 3BOAATHCS 10 JiHif-
HHUX PiBHAHB 31 cramuMu KoedilieHTamMu.

Pinnsuua Eitepa. Lle piBHSIHHS BUDIALY

(i)

"y g x" YNy L va, xy +a,y=0,

N dl .
pe y =LY, a; =const (j=1,..,n).
dx’ '
‘3aMiHOIO He3aeXHOi 3MiHHOI X = e (x = —e' mpy x < 0) piBHSHHS
Eiiepa MOXHa 3BeCTH O PiBHAHHSA 3i cTayMMH Koediuientamu. Cripasn,

dy _dydr _dy,  dv_dy
dc dtdx dt. ’ T dx dt

dy _d(dy .\ d(dy (0 v
dx?  dx\ dt dt ar’ Jdx dr dt
dz)’__‘_]_}_’_ e xsz’_iz_)i_d_y
dr* dt ’ dx? g dt’
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k
AHaJIOriyHO noKa3syeMo, 1o x* g—kz (k =3, ..., n) € miHiliHOO KOMOiHa-
L€ MOXiTHUX BiX y 1O 7 3i CTa.TII/I)IC\{I/I Koe(illi€HTaMH.

Ha npaxTtuni 3pyuHilie mykaTu po3s’s30K piBHIHHS Eitnepa sigpa-
3y y BUrIagi y = e™ = x*. TTincTaBuBIIM B PiBHSHHS i TOAIMBUIN OBKIBI
YACTMHM Ha X", IiICTAHeMO TaK 3BaHe Gu3HAUAAbHE (XAPAKMepucmuyHe)
PIBHAHHA:

MU= . A=n+D+arr-1) . (A-n+2)+..+a, A+a, =0.

SIK1o KopeHi A4, ..., A, BU3HA4YaJIbHOTO PiBHAHHS Pi3Hi, TO 3aralbHuit
pO3B’s130K piBHAHHA Elinepa Mae Bunsin

(cj — IOBIBHI cTai).

AKio BU3HAYaNbHE PiBHAHHI Ma€ KopeHi Ays oes Ay (K < 1) KpaTHOC-
Te# py, ..., p, BIMIOBINHO, TO 3arajJlbHUH PO3B’A30K plBHSIHHH Eiinepa Habu-
pa€ BUIJBILY

k
RN

2 {+cft+ vt e =
!

k
= Z(C{ +efInx+ .o+l (Inx)™ )
g !

ol

(¢f, ... c;_ — HOBiIBHI cTai).
S

€ 3aysaxeHHA 5.4

Bynytoun niiicay ®CP pisusinns Eitnepa, ciaid ypaxosysaTtu, 10 y BUTIAAKY
KOMIUIEKCHOIrO KOpeHsI A = o + i3 BUSHAYAJIBHOrO PiBHAHHSA 32 O3HayeH-
HAM M3EMO

XX — e/\.ll'l.\' — e()tln.\’+lﬁ|l'l\ _ ‘((xelliln Yo /\‘("(COS BIHX +isin ﬁll] x).
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& 3ayBaxenHA 5.5
Hesaxko nmepemipntH, 110 Koy QyHKilig ¥ = @(x) € po3B’I3KOM DiBHSIHHSA

Eitnepa npu x > 0, To byHKLIsA y = ¢(-x) € ioro po3s’a3koM nipu x < (. Tomy
dopmynomw y = ¢ x|) oxommoTecs 061IBa BUMAIKH.
Pisusana Jlarpanwxka. Lle piBHsaHHS BUDIARY

(ax +b)"y +ay(ax +b)" 1y V 4 4a, (ax+b)y +a,y=0,

) J
ne y(’) =d—).), a#0, bya; =const (j=1,..n).
dx’

3aMiHOIO ax + b = T (T — HOBa He3ajlexHa 3MiHHa) piBHSHHs JlarpaHxa
3BOIUTHCA J0 piBHSIHHs Eitnepa.

Pisusuna YeGumona. Lle niHiiine PiBHSIHHS JIPYTOTO HOPSLIKY
(1-x¥)y" -xy'+ @’y =0 (o= const € R).
3aMmiHO0O X = cOs f TIpH | x| < 1 piBHSHHA YeOGu1IOBa 3BOIUTHLCS O

2
PiBHSIHHA BHIJIALY i{y + @’y = 0. Cnpasi,

a'y dy dr a'y sin
dx  dt dx dr

d’y d dt d*y . > dy .
dx}; = dt( = (sin 1) )dx —sin ’t—Ecos rsin 1.

1,

ITizcTaBMBIIK B PiBHAHHS, JiCTAEMO:

2
sin® ¢ ﬂsin‘2 t - £Jicos rsinf |+ iQcos tsin”'r+ o)zy =0,
dr? dt dt
abo
d’y
tw'y=0
dr? y

5.3
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[MTpu | x| > 1 piBHsAHHa Ye6UILI0Ba 3BONUTECS IO PIBHAHHS

3a JOIIOMOroI0 3aMiHU x = ch ¢ (x = —ch ¢ mpu x < —1).

UfNpuxknap 59
Buxopucmoeyiouu memod Eilinepa, 3naiidemo @CP makux pignans:

Ay y" -’y =0 (0=const >0); B} y" -3y +3y —y =0;

6 ¥y +3y' +2y=0; riylV =3ym+2y" =0,

CKJIaJIaGMO XapaKTePHUCTHUHI DiBHAHHA:
a3 A2 -0’ =0 (A = *® — npocTi KopeHi);

{6 A2+3A+2=0 (A =-2, X, =-1 — npocTi KopeHi);

¥ (k -1)* =0 (A =1 — KopiHb KpaTHOCTI 3);

{ -3 +2A% = 0 (A, = 0 — KopiHb KpaTHOCTi 2; Ay=1, Ay=2 —

npocn Kopem)
OCP gauux piBHSAHbL MaIOTh TAKHiI BUITISL

UnNpuknagp 510

Buxopucmosyrouu memood Eiinepa, anaiidemo xomnaexcri ma diticni @CP marux
DiBHSHb:

Yy +0'y =0 (o= const > 0); Vi2y 4y =0;

PV 2y +2y =0

Cx1alaeMo XapaKTepUCTU4HI DiBHAHHSA:
A2+’ =0 (A, =+® — MPOCTi KOpeHi);
P AT 420 +2=0 (A, =-1%i — npocri KopeHi);
B (A*+1)? =0 (M, =+ — mapa KOMIUIEKCHO-CITPSKEHUX KOpeHiB
KpaTHOCTI 2);
ry A3 _g= 0 (A =2 A3 =-1+if3 — MPOCTi KOpeHi).
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Komrmiekcni PCP ganux piBHSIHB MalOTh TaKMi BULISA;
e e e

u (1+:f)r (IiF'

6 e( l+:)r ( ) - /)1

Buginasiioun AificHi Ta yABHI JACTHHM KOMITTEKCHMX po3B’a3kis, Oyaye-
Mo aiitcHi OCP:

Cos f, 1COst, sint, tsin t;

eY, ¢ cos3t, e sin3r.

% COS !, Sin 7

6: ¢ cost, e'sin g

QnfNpuknap 54
3inmeezpyemo piensnna Einepa (we R, x > 0):

Cx2y 4 xy oty = 0; X2y 4+ Sxy’ +4y = 0;

s xty e xy - oy = 0; x2y" +3xy"+ 2y = 0.
By x?yT 4+ 6xy + 4y = 0;

Bu3navuaibHi piBHAHHS MalOTh TAKMA BUTISAM:

‘AMA—D + A+ =0 (A =+io — npocti KopeHinpu ©# 0, A =0 —
KOleb KpaTHOCTi 2 npw w=0);

6 MA-D+r-w =0 (A =+w — npocti KopeHi mpu @ # 0);
cAMA-D+6L+4=0 (A =-1, A\, =-4 — npocTi KopeHi);

PAA~1)+50+4 =0 (A, =2 — KOpiHb KPATHOCTi 2);

PAA =D +30+2=0 (A, =-1+i — npocri KopeHi).

3anmueMo 3arajJbHi PO3B’93KH JAHUX PiBHAHL V MIWCHIR dopMi:

ty=¢t+olnxy (0=0), y=¢cos(@lnx)+sin(winy) (w=z0);

(0 y=ex® +ox ™ (2 0); (riy=cx?+eoxing

By =ax7t s onh

;y = c,x"' cos(Inx) + czx" sin (In x).

s nobynosu tikicaux PCP ganux pisHAHL OYJIH BUKOPUCTaHI CHiB-
BiAHOLIIEHHS
x'® = X = cos(o In x) + isin(o Inx),

—1+i (-l+NHlnx

X =e = x"(cos(ln x) +isin{ln x)).
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OMNpuknap 5.12

3iumeepyemo pienanus Yebuwosa:

A (l-x2)y - xy +@ly=0 (x| <I);

B (I-xD)y —xy +@ly=0 (x|>1).

3amiHa x =cos 7 (f € (0, r)) y BUnaaky

2
” = 0, 3araTbHUMH PO3B’I3KAMMU AKOrO € GYHKLIT
2
y=q+al=q+carccos x (npu o =0);
¥ = ¢ COS Wl + ¢ 8in o} = ¢ COS(M arccos x) + ¢, sin(w arccos x)
(pu 0 = 0).
Y Bunanky : BHKOHaeMO 3amiHy x = ch 7 (npu x > 1, t > 0). Toxi

,_dy _dydr dvh| y._@zi(ﬂ | Jc/r

dx  dr dc  dr dxl drldrshrldx
& Y eh2r - chrshr 1-x =1 - ch?r = -sh?
dr? dt

ITigcraBuBIIKM B piBHSIHHSA, AicTaHeMoO

~sh?t (‘/[,_ sh™21 - (i,’ chrsh™ j- ch l%sh'"l +oly =0,
abo
(/2;17 ~wly=0.
dr’
Tomy

y=q¢ +ot = +oArch x (npu @ =0),
v =c chor+c,shor = ¢;ch(wArch x) + ¢; sh(wArch x) (npu w=0).
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5.4

Meroau iHTerpyBaHHA NiHinHUX HEOAHOPiAHUX PiBHAHb
i cucrem 3i ctanumm KoedpinieHramm

Po3rassHeMo CHCTeMy piBHSIHB
Ix=x-Ax = f(t) (5.30)

i cKansApHe JiHiltHe piBHAHHS #-TO MTOPSOKY

Ly=y" +ay"V+. . +a,y=g) (5.31)

3i cTamMMHu KoedillieHTaMu (a = const, 4 = (g, ) — crana (n X n)-BUMipHa
Marpuus, i, j=1, ..., n).

OcKinbKu d)y}IlIaMeHTaJIbHi CHCTEMM pO3B’SA3KiB JIiHIHHUX OXHOPITHMUX
plBHHHb Lx=0, L, y= 0 y nboMy BUIAIKY 3aBXIH MOXYTh 6yTn noﬁyno-
BaHi MeTomaMHM, fKi BHKJIAgeHO B mm. 5.2, 5.3, To 3arajibHi poO3B’si3KH
piBHstHB (5.30), (5.31) 3aBXaoy MOXHa noﬁyuyaam 3a JOITOMOTOI0 METORY
Jlarpauxa abo ¢yukuii Kouri (ouB. m. 4.2).

ONpuknap 513

e N , 01 tg?r - 1
dns miHikHOT HEOMHOPIAHOT CHCTEMH X — | 0 X = dyHaameH-
- tg ¢t
TaIbHY MATPKLIIO MOXHA 3HANTH, BUKOPUCTOBYIOUM dopmyry (5.11) (o ;=0
cost sint
B, =1 X() =[ ) J Tomy cucrema (4.18) merony Jlarpanxa
MaE BUTASL -sint cost
¢(1)cos t+ éy(1)sin f = tg’r - I, —¢@)sint +é;(f)cost =tgt.
3Bigcu
. . sin® 7
Gty =—cos 1, ¢&y(1) = 7
cos“ t

aq)=C -sint, c(n=C, + ; +60s .
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OTxe, 3arabHAI PO3B’A30K CUCTEMH Ma€ BUMIA

() = cost sint)c(n) ( cost sint)C . tg 1y
~sin ¢ cos t )| ¢, (F) -sint cost || G, 2 7
UNpuknan 5.14

Posznanemo ninitine neodnopione piensnnn y — o’y = g(r) (o = const > 0).
AHanoriyHo npukiany 4.2 nobynyeMo 3aranibHHi 2p03B ’A30K HbOTO PiB-

HsiHHs y ¢opmi Kouwi. XapakrepucruuHe pisHsHHS A2 — @ = 0 Mae npocri

KOpeHi }‘1.2 = . PyHaaMeHTarbHY CUCTEMY PO3B’sA3KiB BUGEpeMO y hopMi

=% OJ.

ch ot sh wr

=chot, =shat |W(Q)=
N 72 @ { @ oshwr wchor

3a dopmynoio (4.26) 6yayemo dyHkuilo Kouui

chwt shor

K 1= :ﬁshw(t—t),

o|chor shor

a 3a hopmynamu (4.30) — HopManbHY byHAAMEHTAILHY CHCTEMY PO3B’SI3KiB

chot - shot
1) = — =cho(r -1,),
4 wsh(or(, och o, o1 = o)
chu)r(, sh wft, 1
t =—sho(r - ty).
20 = chot shot 0] ot = to)

BuxopucroByloun (4.31), 3anmucyeMo 3aranbHHil po3B’a30K y dopwmi
Koumi:
- )’0 _ _
(1) = yochalt — 1)) + ==sho(f - 1))+ = j sho(r - t)g(t)dt  (5.32)
Iy
b = )’(fn), Yo = Y (1))

Y Bunagky, Koau GyHkuis f(¢) y cucreMi (5.30) € eexmoprum xeasino-
AiHomMoMm, TOOTO Ma€ BUIIAL f (1) = e‘”Bm (t), e ¢ = const (Konmpoavre yuc-

10 Keazinoninoma), B, (t) = byt™ + b,t”’_' + ... + b,, — BEKTOpPHHIt MHOTO-
wieH creneHs m (by, ..., b,, — n-BUMIpHI BEKTOpH), YACTHHHUHA PO3B’A30K

139



nasa 5 54
© NIHIAHY AUOEPEHLIANBHI PIBHAHHA... 31 CTANUMW KOE®ILIEHTAMA MeToan IHTerpyBaHHR AIHIAHUX HEOAHOPIRHUX DIBHAHL | CUCTEM 31 CTanWMW xoediuicntamvw

i€l cucteMu X(f) MoXHa MoOYIyBaTH, BUKOPYUCTOBYIOUN Memoo Heeusnd-

' 21 . :
uenux xoewhiyicumie. Marpuus A = &‘ uzﬂlnanm CUCTEMM Mae BNAcHi wmuema h, =1, h, = 3.
HepesonaHcHuil BHIAJOK: det (A-GE) #0 (xonmpoxibne “HUCI0 G he € Dymis f(t) € CYMOIO IBOX KBAJTONHOMIB i3 KOHTDONEHUMM UWCHAMM ©, = 1,
6AACHUM IHAYEHHAM Mampuyl A). B npomy pasi YaCTUHHUH PO3B 30K X ") G, = 4. KOHTPO/IbHE YHCHO G, = A, € BNACHUM IHAYSHHAM MATPUIR A KpaTt-
MOXHA 3HAiTH Y BUIJISIAT BEKTOPHOTO KBa3inoMiHOMa

HOCTi 1, KOHTPONbHE YHCIIO G, He € BIACHWUM IHAUCHHAM Matpuui A. Kopu-
CTYIOUMCH METONOM HeBU3IHAYCHWX KOeHIHEHTIB | NPUHLUTIOM CYTIepTo3nLit

_ B {mMe. 1. 4.2), YaCTHHHUYA PO3B’A30K AAHOI CUCTEMUN WIVKATUMEMO Y BATASM
K1) = e (got™ + qt™ ' + ...+ q,) = €70, (1), (5.33) y
. . . . - ' A Ao\ - Ay Ar
I€ gy, ..., 4, — HeBiIOM (HeBU3HAYeHi) KOe(IlIEHTH — n-BUMIpHi BEKTODH. XN =elgyt+q)+er, gy = B, | “=\pbre B,
Cnpaszi, mincraBneHHs: (5.33) y (5.31) mae cmisBigHOMIEHHS THITY . !

(A_GE”)Q’.'(T):Q”G) —B”(t)'. ) . TligcTasuBmn %(1) y cuctemy, HiCTaHemo

IpupiBHABILIM KOeMILIEHTH NIPH ONHAKOBUX CTETIeHSX ¢, JICTAHEMO CH-
cTeMn plBHHHL —'A\ + A“ - B\ = 2, A\ + B\ - B“ = 0, A“ + B‘) = 0,

(A-oE,)gy =-by, (A-cE,)q, =mqy,-b,, ..., 2A,-B,=0, 2B, - A, =-3.
(A - GEn )qm =Gy~ bm' 3siacu

OCKiJIbKH B HEPE3OHAHCHOMY BHMIIAAKY iCHYE 0OepHeHa MaTpHULs Ay=1, A =0, Ay =-\, By=-\, By=-\, By=-2
(4- GEn)“, TO 3 IIUX CUCTEM MOXHA OTHO3HAYHO MOCHIOBHO 3HANTH BEK- i
TOPH ¢, 4, ""f]m' iy = ¢ 1 - 0 LY -\

Pesonancunil Bunazok: det (4 - E,) = 0 (konmponshe wucno 6 € enachum = 1 1 LR
snavennam mampuyi A). B 1boMy pa3i yacTMHHUK pO3B’A30K X(f) TakoX \

MOXHA 3HAWTH Y BUTJISAI KBasinoiHoMa [34]: QOnNpuxknan 516

Memodom nesusnauenux Koediyicumis nobydyemo HacmunHul pos 'R30K cucmemu
= ot m+s m+s-1
X(f) =¢ (q()r + qlt Tt qm+s) = QHH-S(I)“ (534)

. . . . X= 3 x+e2’3 A= 3 \\,6:2, m:Q,b“:&\)\.
Ie qy, ..., q,,, , — HEBU3HAYEHI BEKTOPHI KOeDillieHTH, § — MOPSIOK Haii- -t ! -1 b \
OiiblOl KIITHHY XKOpoaHa MaTpull A, sika BUINOBIIAE BIACHOMY 3HAYeH-

HI0 ©. SIKIlO XOpaIaHoBa HOpMaIbHa (opMa MaTpHLL A HeBiZoMa, TO YMCIO § I3 npuknany 5.8 BUAIMBAE, O KOHTPObHE UNCIO G =2 € BIIACHAM JHa-

y dopmyii (5.34) MOXHA BBAXKATH TAKUM, 11O JOPIBHIOE KPAaTHOCTI BIaCHO- YEHHIM ympnui A RpaTHoCTi 2. ToMy 4acTHHHWA DPOIB'HIOK X{1) wykaemo
IO 3HAUYeHHS O. y BUTASAL

QNpuknag 515 F1) = X Qy(1) = € (gt + Al + D)

.. , N v , . . ~
Memodom neausnauenux KOE(f)lulEHmw 3HA0EMO YaCMUHHUL P036 A30K cucmemu 1€ g;= (Ai, BI)T (l _ Q, \’ ,2) . Henmﬂa“e“'\ KOB@‘“\E“T“- TAcTasneHus XU‘

(2 U A2Y (0 y CHCTEMY fia€ PiBHICTb
X = X+e +e .
12 0 -3

(A - 2E)Q (1) = Or) - by,
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NIHIAHE AUMOEPEHLIIANBHI PIBHAHHA... 31 CTATIMMU KOE®ILIEHTAMA

TTpupiBHioouyn KoedillieHTH NPY OAHAKOBHUX CTeNeHsX, AiCTaHEeMO TMOCHi-
JOBHICTh CHCTEM:

{(13(4-2E)g,=0, (33(4 - 2E))q, = 2,

(3:(A-2E)q,=q,- b,

Ockinekn rank(A -2E,) = rank( !

0o ]: 1, To cucrema { ] }Mae omHo-

TapaMeTpUYHy CiM’10 PO3B’I3KIB ¢, = (4), ~A,)". Cuctema {2}

24
:[ 7AO J Ma€ posB’a3kH g, = (A, 24, - A,)". Cucrema {3:
—£4y

A -3
= : po3B’A3Ha Toxi i smme Toxi, konu 24, - A, - 1 = (4, - 3),
24, - A, -1

3BIOKM Ay =2, Ay + By=A, -3, By= A, — A, 3, g, = (Ay, A, — A4, - 3).
Bubpasiv, Harmpukiaa, A, = A, = 0, aicranemo

gy =2,-2)". =0, 4", ¢, =(0. -3,

-2 32

Axmo B cuctemi (5.30) marpuiia A miticua, a dyHkuis £(t) Ma€ Bu-
s

f(t) =e¥[A,, (t)cos B + B,, (1)sin Br],

o]
me o, Be R, A4, (1), B,, (f) — BeKTOPHi MHOrOWIEHH CTeneHiB m, i m, 3
JiicHuMuU xoedillieHTaAMHU (TaKy GYHKI{I0 Ha3HBAIOTh §eKMOPHUM K8A3iN0-
AHOMOM 3 KOHMPOAbHUM YUCAOM © = o = ), TO YACTUHHMIT PO3B 30K X(f)
cucteMu (5.30) MOXHA 3HAUTH Y BUIIAI

X(t) = e¥[Q,,, (t)cos Bt + R,,, (1) sin Br}, (5.35)

e Q,..(H), R, . (f) — BeKTOpHi MHOTOWIEHM CTeneHs m + s i3 HeBU3Ha-
YeHMMH KoedillieHTaMu, m = max (m,, m,), § — KPaTHiCTb KOHTPOJIbHOTO
yucia o 9K BJIaCHOTro 3HaueHHS MaTpuli A (s = 0, IKLIO G He € BIACHUM
3HaueHHAM Marpulli A). Bunanku s = 0, s > 0 TaKoXX Ha3WBaIOTh BIANOBIXHO
HEPEe30HAHCHUM Ta Pe30HAHCHHM.
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5.4
MeTtoan iHTerpysaHHA fAiHiAHWX HOOOHOPIAHWX PIBHAHL | CUCTEM 3i cTanuMn KoeddidicHTaMu

ONpwknapn 517

. (01 -5
Jlig cucreMu X = 5 X+ 0 COS I Ma€EMo:

0 1 (=5
A:[z 1] M=-1, =2, a=0, p=1, A(,(t)=[ 0)2”"’

0
By(1) = [O) mo=m =0, c=4i.

OckKi/lbKH G He € BIaCHUM 3HaYeHHAM Marpulli A, To signosiaHo 10 (5.35)
(s = 0, m = 0) YacTHHHKII PO3B’A30K WYKAEMO y BUTTISALI

(1) =qcost+grsint (g = (A, B)', ¢, =(Ay, B)).
ITiacraBneHHs B cUCTeMy Ja€ PiBHICTh
(Aqy — g, +ay)cos 1 +(Aq, + q)sin 1 =0,
3BiIKM, BHACAIAOK NiHiitHOT He3anexXHocTi PyHKLi# cos f, sin 7, MacMmo:

Aq —qy +ay =0, Ag, +q, =0,

abo

A)-Blz—-S, A|+Bz=0, BZ—ZA[-BIZO. 2A2+BI+BZIO.

Po3B’ga3aBiuu 0 cUCTEMY PiBHSIHb, HiCTaHEMO
iy -1 =2 .
Ar==1, B =3, Ay =-2, B =1, (1) = 3 cos I + | sin ¢.

ONpuxknap 5.18

Memodom HesusHavenux KoegiyicHmie 3HAUOEMO YACMUKKUL D036 H30K cucmemu

_‘_Ol_‘l'_ (01 s o
)s—[ﬁl 0))4—[()]5111 o/ {A”[.-] O} My==%i, a=0, B=w,

0 1
Ao(f) :[O], B“(’) =[0]:b", ny o =nn = O, G:il(t)]
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NIHIRHI OWOEPEHLIIAMNBHI PIBHAHHA... 31 CTAIAMUA KOE®ILIEHTAMU

Po3riaHeMo MOXJ/IMBI B T a1 K U.
1. ® # 1 (wepesoHancHuii sananok). Tomi s = 0 i YaCTHHHHI PO3B’A30K
X(t) wyxaeMo y BUTISAXI

X(1) = g cos ot + gy sin o (g =(A4,, B)', ¢, =43, B)").

TligcTaBuBiiM  %(f) y CHCTeMy i TPHPIBHSABIIKM KoeIUiEHTH MpPH COS W,
sin @, RicTaHeMO

(DAZ = Bl’ B2 +(1)A| ="l, (‘)BZ +A] =01 O)Bl :AZ’

3siocy

()= @ —1 |cos of + 1 sin of.
0 o -1
2. o = | (pe3onaHcHuit BAnanok). Toxi O = i € BIACHUM 3HAYEHHAM

MaTpuui A kparHocri s = 1. BinmosigHo 1o (5.35) yacTHHAWI PO3B’s130K 1ry-
KaEMO y BHTJISII

() = (gt + gy)cos 1+ (g3t +q4)sin t (g =(A;, B) | i=1,.., 4.

IMigcraBuBim X(f) y cHcremy W MpUpiBHABIIM KoeilliEHTH NpM JdiHIHHO
He3aNeXHUX QPYHKLISAX COS ¢, sint, tCos t, ¢sin £, AicTaHEMO

L

I T T
q3 -‘-‘[5-0] s 44 =(0,——] ,

0 I 0
X(#)=|1 |[tcost+||2 t+| 1 |{sint.
2 2

1y .
ql =(Oﬂ ':)_J 5 qZ :(O~ 0)7,

o | -

0 -
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Metoau iHTerpyBaHHA NiHiRHUX HEOQHOPIRHUX PiBHAHL i CUCTEM 3i cTanumu KoediuicHTamu

Po3risitHeMo MeTOoI HeBU3HAYeHUX Koed)iuiem'ia Juid piBHsHHA (5.31) y
BUTIAZIKY, KOJTM (hyHKLisA g (t) € CKaISIPHUM KBasinojtiHomoM: g(t) = e%'P (1)
(o = const — KOHTpOJIbHE YUCAO, P, (1) = pyt™ +p,t"‘ '+, ..+p,, — CKa-
JIIPHUI MHOTOWIEH CTeIeHst m). yanOBYIO‘II/I o plBHﬂm-m (5.31) MOXHa
3BECTH JIO eKBiBAJIGHTHOI JIiHiliHOi cucteMu THITy (5.30) (auB. 1. 5.3), gac-
TUHHHI PO3B’A30K J(f) NIYKATHMEMO Y BHIIAII

/
FO =7y =™ Y g,
k=0

ne Q,(t) — MHOrOWIeH i3 HeBU3HAYEeHUMM Koed)illieHTaMPI 1> m. Cnouar-

Ky 3Haitmemo L (y(¢)). Maemo L,(j(t)) = zqk (e"’ t"). Hlo6 3uHaiitn

L,(e°'1*), roroxmicts L,(¢°') = €% D()) [D(?L) — XapaKTepUCTUUHMUIT

MHOTOYJIeH JiHiliHoro oneparopa L, (popmyna (5.24)] anudepeHuioeMo
k pa3iB o mapameTpy 6. Buxkopucroyioun ¢opmyity JeitbHina, Maemo

k
Li(%t%) = z Cie® t*=' D (o).
i=0
Tomy
—1 1 I '
Ly(3(n) = 2 quC'e‘" *D" (o) = Z DY @0 ).
=0 i=0 =0 "

[PeKOMeHlIyGMO MepeBipUTU 110 DOPMYITY LI OKPEMOTo BUITALKY Lyy=
=y"+ay’ +ay 3a gonomoroio 6e3nocepenHbOrO MigcTaBIeHHs
y =¢°Q,(n)). Nincrasuum B piBHAHHS (5.31) i cKopoTUBLIK Ha e ™, nicTa-
HeMO TOTOXHICTb, 3 SIKOI NOTPIOHO 3HalTH KoedillieHT! MHOoToWwIeHa Q,(1):

D(c)Q, (1) + D'()Q (1) +
| SRS l
+5;07@0(0 + ..+ 5 D@00 = £, (). (5.36)
Po3risiHeMo MOXJIMBI B U IT a [ K U.
Hepesonancuuii sunagok: D () # 0 [koumpoasre yucao 6 ne € kopenem

xapakmepucmuynoeo muozousena D()\)]. Y ubomy pasi 3 (5.36) Bumusae,
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NIHIAHI QUOEPEHLIAMNBHI PIBHAHHA... 3] CTANUMK KOE®ILIEHTAMU

IO MOXHa BUOpaTH [ = m i YaCTUHHUIT pO3B’s130K piBHAHHA (5.31) Mac
BHUIJISIIT

J(t) = €”Q,(1). (5.37)

Pe3onancumii Bunanok: D(c) = D'(o) =...= D¥ V(o) = D‘s) #0
(koumpoabre uucao ¢ € Kopenem xapaxmepucmuunoeo DiGHARHS xpamuocmz
s < n). Y npoMy pasi TotoxHicTh (5.36) 3amMcyeThea Tak:

LDO@0P 1)+ ..+ - DV@OP M) = B ). (5.39)

I3 (5.38) BuILIMBAE, 110 NOCTaTHBO BUOPaTH [ = m + 5, Q,, (1) =1°Q, (7).
Otxe, B pe30HAHCHOMY BUINAJKy YACTHHHHMI PO3B’A30K CJIil LIYKATH Y BHU-
oA

() =1'e”Q, (1) (5.39)

Axiuo xoediuiceHTH aj( J=1, ..., n) y pisuasitni (5.31) € gificiumu cra-
JIUMH, 2

8(1) = €1 A, (1)cos Br + B,, (1)sin Br],

me o, e R, 4, (1), B,, (1) — ckansipHi MHOTOWIEHH CTeMEHIB m, i m, 3
JHCHUMM Koe(.’pluleHTaMu (ckanapuull K6azinoainoM i3 KOHMPOALHUM HUC-
A0M G = Ot Bi), TO YaCTHHHMI po3B’A30K J(¢) piBHAHHA (5.31) MOXHa
3HAWUTHU Y BUIISII

y(ty = 1°¢°'1Q,, (1) cos Bt + R, (r)sin Br], (5.40)

ne Q,(t), R () — CKalsgpHi MHOTOUWIEHM CTeNeHs m i3 HeBU3HAYEHMMHU
xoediLieHTaMu, m = max (m,;, m,), s — KpaTHiCTb KOHTPOJILHOTO YUCJIA O
K KOpeHsl XapaKTepucTU4Horo piBHgHHsS D (L) = 0 (s = 0 — HepesoHaHc-
HUI BUNTANOK, § > 0 — pe30HaHCHUH BUITANOK).

ONpuknap 519
3uaiidemo 3azaavnuii po3s azok pignanns y” — V" = g(t) das maxux eunadxie:

=3t

g(t) =2e G g(r) = 2ee'; B g(r) = 3% =21+ 5; r 5cos 2t.
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Metonu iHTerpysaqHA NiHiAHUX HEOOQHOPIAHUX PIBHAHL | CUCTEM 3i CTanumu koeddiuicHTaMu

XapaKTepucmque piBusHus DA = A1 =A% =0 wmae Koperi A, =0
(kparHocTi 2) i A, = | (kpaTHocTi 1). 3ara.anMu PO3B’A30K JaHOTO pIBHSlH—
HS 3alIUCYETLCA Y BUIIAMI

V= + ot + e+ p).

YacTHHHUIT po3B’A30K J(#) 3HAMAEMO IO KOXHOTO BUMNAOKY OKpPEMO.
{230 = -3 He € KOpPeHeM XapaKTepUCTHYHOTO PiBHsHHSA (s = 0). YV Hepe-
30HaHCHOMy Bunanky y(t) = ae =3, IMizcTaBieHHst B PiBHAHHS Ha€ TOTOX-

. | . - . 1
nicte ~27ae™> —9ae™ =2¢™Y | 3igku a = T3

i6; o=1(s=1).Y pe30HaHCHOMy BUNAZKY y(f) = ye (at + b) =
=¢ (ar2 + bt). TlincraBuBlIM B PIBHAHHS i CKOPOTHBLIM Ha e, micranemo
TOTO)KHICTb QRa-2Dt+4a+b=0,3Biakua=1,5b= —4

3.6 = 0 (5 = 2). Y pe3oHaHCHOMY BUNaaKy y(f) = 2 (ar® + bt + )= art +

+br% + ¢r?. TIiEcTaBIeHHs B PIBHAHHS 1A€ TOTOXHICTH 3 + 12a)t% + (6b -

~24a - 2+ (5 + 2c~ 6b) = 0, 3BiOKU a=—%. h:~g (-:_%.

3
[ T:6 =+i (s=0). Y Hepe3oHaHCHOMY BUNALKY ¥(f) = acos 2f + bsin 21.
[TigCTaBMBLIM B PIBHAHHSA, DICTAHEMO TOTOXHICTb (8a + 4 — 3)sin 2¢ + (4a -

— 8b)cos 2t =0, 3Bioku 8a +4h-3=0,4a-8b=0, u:-l%, [):%_

QMNpuknapn 520

3nalidemo 3a2anbHi pO36 'A3KU PiGHAHD
Y +aly = Hcosvr, y"+@* = Hsinvt (o v = const > 0. HeR).

Kopelll XapaKTep"CT“qHOTO plBHﬂHH}I )\. + (l) =0 xl y = +/o. TOMy
3arajibHum DO3B SI30K OﬂHOpl}lHOro plBHS{HHﬂ y + (J.) y = O MOXHa 3arvca-
THY B"I.Hﬂﬂ,l

Yo = ¢ COS ol +¢;8in of,
Po3rasiveMo aonomixHe KOMRAJEKCHE pPiBHAHHS
yrwly = HeM (% = -1),

Toai yacTuHHi PO3B’A3KK NAHUX PIBHAHb MATMMYTb BiANOBIAHO TakuUil BHU-
rnsn: j) = Rey, 5, = Im y (reopema 4.10).

147



Maea b
TMIHIAHI QUOEPEHLIANBHI PIBHAHHA... 3! CTATIMMK KOEDIUIEHTAMU

Po3rasgHemMo MOXuM R U nagKu. )
1. v # @ (nepesonancuuii Bumanok). Tomi y = ce’”’. TlincraBneHns B pis-

HSLIN RAC TOTOXIICTD
_CVZeivl +0)2C'ei"’ - Heivl,
3BiIKK
H ~ Heivt
T T T

H - - .
Ji =Rej =———cos vt, J, =Imj = ———=sin vt.
o -V W~V

2. v = o (pe3onanchmit Bunagok). Tomi j = cte’'. TligcraBnewus B pis-

HAHHA Aade TOTOXHICTh
2. . i i
_m-[(,ezw/ +2L’lﬂ)elm’ +(Osz€'wI - Helmf’
3BIIKH

c= LMy e,
2im 20 20

- - H - . —tH
y1 = Rej =—sin of, y, =Imy=——cos wr.
20 2m

3azHauuMo, L0 MeTOl BiIlUYKAHHS PO3B’A3KiB |, V,, AKUH# IPyH-
TYEThCA HA MOBYNOBI KOMIUIEKCHOFO PO3B’SI3KY J NONOMKHOIO PiBHSIHRSA
Y + @’y = He™ i BuKOpHMCTaHHI TBep/KeHHS Teopemu 4.10, Ha3WBAIOTH
MemodomM KOMNAEKCHUX aMnaimyo.

L 55 |

3acrocyBaHHA onepauiiHOro YMCAEHHA
A0 iHTerpyBaHHA NiHiAHNX PiBHAHDb | cUCTEM
3i cranumn xoedilieHTamn

OnepallifiHe YUCIIEHHI — OOMH i3 HAWyXHMBAHIIUMX B iHXEHepHiil
MPaKTULi METOAIB iHTerpyBaHHA JiHiHUX JTH(bepeHIIIAIbHUX PiBHIHD 3i
ctanumu KoedinieHTaMu. OCHOBOIO OIepalifHOrO YMC/IEHHS € NIepeTBO-
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5.5
3acToCyBaHHA ONEPALIRHOr0 YUCNBHHA OO [HTETPYBAHHA AiHIAHMX piaHAHD. ..

penns Jlamaca 1ak 3saHoi dyHKuii-OpUriHany f(1), sike BUBHAYAETHCS
dopmynoio

fFp) = |7 f0e P a. (5.41)

Pynxuilo F(p) KOMIUIEKCHOI 3MiHHOI p = 6 * /() HA3UBAIOTh hepemeopen -
nam Jlannaca (306paxcennsm 3a Jlansacom) GyHKUIT-opurinany f(¢), a iHrer-
pai (5.41) — inmezpanom Jlanaaca.

Inei onepauiitHoro yuciaeHHs 6y10 PO3BUMHYTO B pobortax JleibHila,
Eitnepa, Jlarpauxka, Jaruiaca, Ko [26].

KopoTko po3nistHeMo 0CHOBHI MOJIOKEHHS OMepaliitHOro MeToLy.

Dynkyicto-opueinarom Ha3uBaloTh GyHKUI0 f(f) (B3arani Kaxyyu, KOM-
MJIEKCHY) AiHCHOI 3MiHHOI £, s1Ka 3a10BoJbHSAE Taki ymoeu: O f(¢t) =0
pu ¢ < 0; @ f — KycKoBo-HerepepBHa Ha Gy/1b-IKOMY CKiHYEHHOMY iHTep-
Bauti; @ icHyroTh uncia M > 0 i o > 0 taki, wo [f(t) | < Me® vt > 0. Knac
yCix (pyHKUIH-OpUTiHAIIB MO3HAYaTUMEMO CUMBOJIOM O. SIkiuo f(f) € O, To
amcno o = inf {o} (TouHa Mexa Geperncs 3a BciMa o > 0, M1 IKUX BUKO-
HYETBCS HePiBHICTL | f(f) | < Me™ V> 0) Ha3uBAIOTL noKa3HUKOM 3pocman-
ua pynxyii f(t): f(t) € Olayl. Axwo dyHkuis (1) 3a10BOABHSIE yMOBH

i @, ane He 3agoBosbHaE ymoBy @D, To dynkuisa f(t)h (t), me h(t) = 1

npu t>0, h(t) =0 npu t < 0 — oguHUYHA Pyukyin Xegicaiida, 10 yMOBY
3a10BOJIBHAE 1, 36iraloumcs 3 f(¢) npu ¢ = 0, € opurinanom. Jani BBaxatu-
mMemo, 1o ymoBa D 3aBXIH BUKOHYETHCA.

ONpuknap 521

sin ot, cos ot € O[0] (w = const € R);

t* € O[0] (k = const > 0), ocKinbku | t%| < Me®™ vt, Yo > 0;
e®! (o, = const € B) e Oloy] npu o, > 0, e™ e O[0] npu c, < 0;
e’ (py = 0y * imy) € Olo,] ipn 6, 20, ™' € O[0] npu o, < 0;
‘Lre" ¢ 0, k> 0)e 0.

£ TlpononyeMo caMOCTiilHO 10BecTH Take TRepaxeHHa. Hexait f(1) e Ofayl,
&(t) € O[By, ¢, ¢, = const. Tomi: 1) ¢, f(t) + ¢,g(1) e O [max (0y, By)l; 2) f(1)g(t) €

1
€ OlayByl; 3) ! o S()dte Ofoy]. Un mokHa cTrepmxyBaTH, 10 MOXinHa TudepeH-

LiOBHOTO OpUIiHaily 3aBXAH € OPUTiHAIOM?
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NiHIAHI JUOEPEHLIANBH! PIBHAHHA... 31 CTANIUMU KOEDILICHTAMWA

[MokaxkeMmo, 1o iHTerpat Jlarutaca (5.41) 36iraerecs abCOMOTHO # piBHO-
MipHO 3a napameTpoM p B obnacti Re p = 6 2 6, > o. [b1st 1poro ouiHumo
MOayJb MigiHTerpaabHoil yHKIII:

| fe? =] f@) || e | =] f@) e | | =

=| f(1) ]| e < Me™® 9" < Me™ =% (204 >0 >0).

+ o
OcKinpKM iHTerpan jo Me™® ="t 3Biraetcs it He 3aMeXHUTh BiI p, TO

3a 03Hakolo Beiiepiurrpacca interpan Jlamaca 36iracThest abCOMIOTHO it
piBHOMIpHO B 06acTi Re p = ¢ 2 6, > 0. MoXHa rokasaru (IporoHyemMo
3po6KTH Le caMocTiiiHo), o F(p) — HecKiHYeHHO audepeHLioBHa QyHK-
uist mapamerpa p B obnacti Re p > 0 i, kpiM Toro, F(p) p—:))mO (Re p > o).

ONpuknapn 522
3uaiidemo 306paxcenns marux QyHKyil:

(a3f(t) = h(t); {B:f(1) = e“h(1); (B:f(1) = 1"h(t) (n & N)
[mani MHOXHUK A (¢) onyckaemo]. Maemo:

+o0

I

s h(t) = - 1-e?dt =——e ™| =— (Rep>0)
0 P o p
% +o |
+J+ eYe Pt = J e Py~ (Re(p -a) > 0);
0 0 p-o
‘B3 1" #J‘% e Pd = "lj%l"d(e"”) L 7 /’J‘M "l dr | =
0 pdo p 0 0
- EJ.M " e P dr = ____n(n - I)J‘%f""ze‘"’”dt == L!Jm e Mdt = nll
p o pt0 pr P

(Rep > 0).

3ayBaXMMO, 1O YacTo Ha (yHKLUio-opuriHai f(f) HAK/IaJ1al0Th MEHIU
XopcTki yMoBH. Tak, HanpHKial, 3aMicTb yMoBu @ (B 03HaYeHHi OpHriHa-
ny) Bin ¢yHKLil £(¢) BUMaraioTh TAKUX BJIACTMBOCTEH, sIKi 3a06e3neyyioTh
abcomoTHy 36iXHiCTb iHTerpaia Jlaruraca.
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5.5
3acTocyBaHHA onepauinHoro YUCABHHA A0 iHTerpyBaHHA NiHIAHUX PiBHAHL...

PosrinsgHemo, Hanpukiaz, GyHkuio f(1) = t* (o < 0). OveBuaHo, t* & O
(t% - +oo ipu ¢t — +0). [IpoTe MOXHa AOBeCTH, 1O IIpY o < —1 iHTerpan
Jlamnaca wiei GyHkLil abcooTHO 36iraeTbcs i

T(o+1)

pa+l

(Rep >0, a>-1),

o+l

+oc —pt
t“#j % Pdr =
0 p

+00a_
J.o e dt =

Ie I'(o. + 1) — ramMa-dyHkuia Eitiepa.
Obepnene nepemaopenus Jlanaaca 3nificHoeTscs 3a Gopmynoro Pima-
Ha—Mesutina [26]:

O =5=["" Foerap. (5.42)
T

S—=I%

Y dopmyni (5.42) iHTerpyBaHHSI BedeThCS B KOMIUIEKCHIM ILTOLIMHi
B3IOBX npsaMoi Re p = s > o, f(t) — KyckoBo-ranka ¢yHkuis (a6o
3aJ0BoOJIbHsIE yMOBH [lipixsie) Ha 6yab-IKOMY CKiHYEHHOMY NPOMIXKY,

jo ' f(t)eP'dt 36iracThest aGCOMOTHO BINOBX NpsAMoi Re p = s > 0. Axuo
t* — TOYKa po3pHBY f(¢), TO iHTerpan y npasiit yacTuHi (5.42) 36iracrecs

10 %[f(r*—O) + F(*+0)].

I3 (5.42) BuruiMBac meopema edunocmi opuzinaay: aKuo
gyuxuyii-opuzinaau f,(t), f,(t) marome me came 306paxcennsn F(p), mo eonu
piani 6 moukax ixnvoi nenepepenocmi: f(t) = f(¢).

Y pa3i npakTHYHOTO 3aCTOCYBaHHs ONEpPallifHOro YHCIeHHs WIA Bil-
IIYKaHHS OPUTIHAJIB i 300paxeHb BUKOPUCTOBYIOTEL IOTOBI Tabnuui opu-
riHajliB i 300paxeHb, a TAKOX OCHOBHUX TEOPeM OIepauifHoro YMcIeHHs
(auB. pon. 1). PoarnsiHeMo KilbKa TakuX TeopeM, HeoOXiIHUX LIS PO3B’s-
3aHHS JiHIAHUX IUdepeHLiaTbHUX PiIBHAHD.

JoBeneHHs BUTUIMBAE 3 JiHiAHOCTI iHTerpaia Jlannaca (5.41) y Bunaa-
Ky ¥0ro 36iXHOCTI.
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N Masa 5
THIVHI AMOEPEHWIANBHI PIBRAHHA | 3| CTAMMMW KOEOILIEHTAMM

Cnipasai, 3 (5.41) Maemo:

r@ = [ faerar - ["eraro =

= (e )|, + o] F0edt = pF () - F60)

Q) Hacnipox

Hexaii f(1), (1), ..., f"(1) e Ofoyg ] if(t) = F(p). Todi 3a memodom
Mamemamuunoi iHOYKUIT Modcha dosecmu, wjo

n-1
FOW = P F(p)= Y p PG (e ). (5.44)
k=0

I3 (5.43) BuruuBae, wo Komt f(+0) = f/(+0) = ... = f" 1 (+0) = 0, 10
SO = p"E(p). (5.45)

I3 popmyi (5.43)—(5.45) Gaunmo, wWo onepauii 1MdepeHLiOBaHHS B
KJIaci opUriHaiB BilIOBiNae anreGpHyHa OrepaLis MHOXEHHsI Ha TapameTp
py Kiaci 300paxeHb. TakKuM YMHOM, Teopema 5.2 [la€ 3MOTY 3BOIMTH PO3-
B’SI3aHHS JiHiHMX AMbepeHIIiaTbHUX PIBHAHD 3i CTATMMHU KoedillieHTaMK
10 PO3B’sI3aHHs JiHIHHUX areOpuYHHX PiBHAHbB.
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65
3acTocysaxHA ONEPAUIAHOr0 YUCNBHHA N0 [HTErpYBAHHA NIHIAHUX DignAHs. ..

Teopemu 5.3—5.5 TIPOMIOHYEMO JIOBECTH CAMOCTIAHO.

Josenemo uiue dopmyay (5.49) [Bractusocti 1) i 2) 3ropTKH 1pono-
HYEMO JOBECTH caMocTiitHo]. 3HaiineMo 3o06paxkeHHs 3ropTku. Maemo

o =g =] perdr = Ju[ [ rg-nde )e"”’dr =

= | ar j(; f(Dg(t - e Pdr

0

Lleit inTerpa 36iracTbea aGeomoTtHo (pu Re p > ) B obnacti D: 0 < £ < +oo,
0 < 1t < t. 3miHIOOYM MOPSNOK iHTerpyBaHHA (0 < T < +o0, T < ¢ < +w),
JicTaHeMo
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masa 5
MHIAHI QUOEPEHLIANLHI PIBHAHHA... 31 CTAJIMMN KOE®ILIEHTAMU

o) :jﬂ’ f(dt j"' gt e Pdt =t -t =u, dt = du] =

= [ r@erds| ” gwedu = F(p)G(p).

QONpuknap 523

Buxopucmosyrouu meopemu 5.1—35.6, 3naiidemo 300paxcentss marxux Qyrxyiii-
opueinaia:

“a% sin of, cos wt, sh wt, ch &f (o € R);

te™sin wf, e cos at, e*'sh of, e*ch ot (o € R);
sin t, fcos of, tsh wt, tch wt, e*t" (n € N);

S)=0mput<0,t>7, f(t)=1nmpu 0<t<t; g(t)=[t] (mina vactuna t).

Maemo:
P 1 ior it ] 1 1 o
ia; sl [ == - T — - = s
wa S 2i (e ) 2ilp-io ptio] p*iol
cosmr:l(e""’+e"“”):—]— ], + l. = zp =
2 2\p-im ptiw) p°+
1 1 1 1 ®
sh wf = (e —e™) = = - = ,
Z(e ) 2(p—w p+w) P

ch w! =%(ew’ +e"0)f) = _l_( ] + 1 ]__ D

2Lp-0 p+o 2

= PR
(BuKOpMcTaHO TeopeMy 5.1 i mpukiaang 5.22).
{6 BukopucToByeMo Teopemy 5.5:

. ® -a
e sin of # ————, ¢ cos mt#——p—z———z—,
(p—o) +o (p—o) +o
-«
e*sh ot + ————, ¢%“ch ot = —p_z"—z‘
(p-0o)y - (p-o0) -

/8 BuKopHCTOBYEMO TeopeMy 5.5 i npukuian 5.22:

. . 1
£sin wr=l,(e"’”r~e"‘”’f) - L __ | |- 220)[7’ ~;
2i 2| (p-iw)y (p+ i)y (p°+o)°
aHaNMoriYHo:
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5.5
3acTocyBaHHA OnNePaLiAiHOr0 YNCREHHA A0 IHTBrpyBaHHA NiHIAHUX DIBHAHD...

? 2
1, ; =i p” — @
tcos of = ('t + e = —"2———2—2
2 (p* + )
20p pZ +(’~)2 ul n n!
tshot = ——~—_ tchots ———, "t's ———r.
2 2 b 22 ( —(X)”+l
(p" —o’) (p +m) 4

T 1 1 1 _
G 10 =h -9+ Lo LoLo oy,
T2 () = h(r)— h(t - 7) 5 e 5=

g =tl=ht-D+h(t =+ ..+ ht—n)+..=

3 - I 1 e?
=) ht-m= ) e —=— — (Rep >0)
g{ ; p pl-e¢”

(BMKOpHCTaHO TeopeMy 5.4 3ami3HeHHs OpUTiHaly Ta MPHUKIaL 5.22).

ONpuknan 524

Pose sncemo 3adauy Kowi:

y' +ay=H, y+0) =y, (a, H =const € R).
MepexopuMo a0 300paxeHb:
y(t) = Y(p), y'(®) = pY(p)- vy, H = Hh(1) = H/p.

Y wiaci 306paxeHns maHiit 3amavi Kowi Bianmosizae niHiitHe anrebpuyne
pisusnus pY(p) - y, +a¥Y = H/p, po3p’a3yioum gKe, MAEMO

p pta

( H H H{l 1
(p+ a)Y(P) =Jy+ 7, y(p) - Yo Yo [ ]

+ = +—
p+a pp+a) p+a 2a

TMepeitwosIiM 10 OPUriHAJIB, AICTaHEMO:
H H H H
1=pe™ +—-—e " =|py—— e +—.
y() =y, 22 2a (}’u 20} S

OnNpuknanp 525

Po3e axcemo 3adavy Kowi:

Yy + o’y = Hsinvt, y(0)= y(0)=0 (o, v, H = const ¢ R).
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asa 5
THHIWHI ANOEPEHUIANBHI PIBHAHHA... 31 CTAITUMW KOEO®ILIIEHTAMN

TTepexonumo 10 306paxeHn:

vty = Y(p), Y@) = pY(p), y(t)= p*Y(p), Hsinve = ZHV 5
J Y

3amayi Kouii sinnmosimae Take JiHiitHe anre6puyHe pPIBHAHHA:

pZY (p)+ Y (p) = PO3B’A3YIOUH SIKE, JICTAEMO

P+ ’
. Hv
(P? + @) (pt +v?)

Y(p)=

ITlo6 3HaitTh opuriHai y (), po3NIstHEMO MOXJIMBI BUNIAIKH.
1. v # o (Hepe3onadcHuii Bunagok). Toni

Hv 1 ] Hv i . l .
Y(p) = ——| ——5 ——— | £ ———| —sin or = —sin v |= y(@).
v? Pt pHve ] v oo\ ® v

2. v = o (pe3onaHcHuil BananoK). Togi

Ho
(0’ o)

Opwurinal 3HaliIeM0, BUKOPHUCTOBYIOUU Teopemy 5.6:

Y(p) =

t
Y(/;)z-li 2“) 5 200 2¢.-[—{—J. sin t sin o(r - 1) dt =
O pt+o p o w 0

H ¢! .
- %J.(, (cos (2ot ~ @r) — cos wr)dt = Eg?sm of - %cos of = y(1).

JarajbHy cxeMy 3aCTOCYBaHHS OINEPaliifHOro YUCIeHHs 10 PO3B’si3y-
BaHHS JIHIAHUX OudepeHiianbHUX PIBHAHD 31 cTAIUMU KoedilieHTaMu
PO3IIgHEMO Ha NpUKIIaLi 3anavi Kol 1Sl piBHSIHHSL APYroro rnopsiaxy

Ly=y +ay +ay=f(t), y+0) =y, y(0)=y;. (550)
[ITykaeMo po3B’s130K y Kiiaci yHKIlii-OpuUTiHalliB:

y(t) = Y(p), f()= F(p), YO =pY(p)-y,,
Yty = p*Y(p) - pyy — V0.
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55
3acTOCYBAHHA ONEPALiAHOr0 YACHEHHA A0 iHTErpyBaHHA MiHIAHWX PiBHAHL. ..

Y wiaci 306paxeHb MaEMO JIiHilHe arebpyUYHe PiBHSHHS BITHOCHO Y (p):

D(p)Y (p) —(pyy + Yo + ayy) = F(p)

(D(p) = p2 +ap+a, — XapaKTepuCTUIHUI MHOTOWIeH oneparopa L,).
3pincu

Y(p) = Yy(p) + Y, (p), (5.51)

ne

PYo + Yo + a1 Yo _
Yy(p) = BTNy gy = 222

’ D(p) 7 Dep)
[Mepeitwosuin y (5.51) 10 opuriHaiiB, AiCTaHEMO pO3B’A30K 3amayi Kouri
(5.50). fIxwto f(¢) = 0, o F(p) =01 Y(p) = Yy(p) = y,(t). OTxe, nepunit
nonaHok y (5.51) € 306paxeHHsM po3B’A3Ky y,(¢) 3ana4i Komi 3 noyarko-
BUMH YMOBaMH ¥y, Vo 0af AiHiliH020 00HOPIOH020 PIGHAHHA L,y =0. Hexaii

, . . F
renep %o = ¥ = 0. Toxi ) =01 () = 5123+ v, ). Ovxe, 1) ¢

306paxeHHdIM po3B’a3ky 3amadi Kouri (5.50) 3 Hy1,0BMMH TOYATKOBM -
MU yMOBaMM 041 Ainilinozo neoonopionozo (f(t) % 0) piguanus. 3naitneMo
yf(t), BHKOPHUCTOBYIOUM TeopeMy 5.6 npo 300paxeHHs 3roprtku. Hexaii

G(p) = i G(p) = g(¢). Toni y,(t) = G(p)F (p) i 3a Teopemoio 5.6 maemo

D(p)
v = [ gt -0 (5.52)

Bupas (5.52) HasuBaoTh opmyrow inmezpaira nakradanus. B enexrpo-
1 pamioTexHiuHii niTepatypi byHkuii g(¢ — 1) i G(p) Ha3UBaIOTL iMnyabC-
HOIN XapaKkmepucmukol Ta nepedamoxrol yrkyiero BiLoBigHO. MeTos
iHTerpaja Hak/IaJaHHs 3aCTOCOBYIOTb, SIK [IPABUJIO, TOLI, KOAU 3HAUTH 300-
paxeHHst F(p) B ABHOMY BUIJIsiLi CKJIAIHO, @ TAKOX TOLi, KOJIU MOTPIGHO
MAaTH SBHY 3aJIEXHICTh po3B’a3Ky 3anaui Kouri Big dyHKUiT f(1), sxa Mae
3MICT BXIZHOTO CHTHaILy JiiHiliHOI (i3uuHOI cucTeMH.

I3 dopmymnt (5.52) surumpae (IMB. Takox 1. 4.2), wo dyHkuio Kouui
JHIAHOTO OIHOPIIHOTO HdepeHLiaTbHOrO piBHsiHHA Ly = y' + a4
+...+a,y = 0 31 cramuMu KoediLieHTaMU MOXHA 3HANTH 3a hopMyramu
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Thaea 5
AIHIRHI AMOEPEHLLIANBHI PIBHAHHA... 31 CTANIUMI KOEDILIEHTAMAM

o
Kt 1=g(r-1), gt)=G(p)= G (5.53)

me D(p) = p" +a;p""" + ... + a, — xapakrepucTyHUA MHOTOWIEH JIiHi/-
HOro orneparopa L.

QnNpuknan 526
Buxopucmosyiouu gopmyay (5.53), snaiidemo dhynxcyii Kowsi maxux pietsins:

W=0; By +ay=0;

(i y” - oy =0 (0> 0)

i 3anuwemo po3e a3ku yf(t)
Maemo:

{%DWﬁm,ﬂm:%¢mm.wm=ﬂMFﬂﬂﬂm=Lﬂnﬁ;

2 o 1! _(u-o!
::,.gg D(p) =p, G(P) —F = m, yf(l) 0 (- D! f(T)d’C

» U wtrt
B D) = pran. Gp)=—— s e,y ()= [ e f@dr;

P+ q

T D(p)=pt +ot, G(p)= 5 ! 5 F —I—sin ot,
P’ o

Ty ,
() = 6-[0 sin o(r - 1) f (1) dx;

e 1 I
@ D)= ' -0, G(p) = —— = _sh o,

Y = -(1; [sh ot - 0/ @dx.

CxeMa 3aCTOCYBaHHSI oliepaliifHOrO YMCIIEHHS 1O PO3B’SI3aHHA CUCTe-
Mu (5.30) JiHiAHHUX PIBHAHB 3i CTAIMMH KoedillieHTaMU Taka caMa, sIK i B
ckajapHoMy BuMnanky. Cripasi, Hexait x(f) = X(p). x(t) = pX(p) - x,.
f(@t) = F(p). Toni 306paxenns 3ana4i Kowti Lx = f(t), x(+0) = x, Mae
BHIIISII
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55
3acTocyBaHHA ONepaLiiHOro YACMEHHA 00 IHTErpyBaHHA NiHIAHMX PiBHAHL...

(PE, - AX(p) = xy + F (D), (5.54)

ae E, — oguHu4yHa MaTpuud. Skino Re p > max (Re py, ..., Rep,), ne
Pps ooy Py — KOpeHi XapaKTepHCTUYHOTO MHOrO'WIeHa D(p) = det (A-pE)
Manmu A — miacHi ydcna Marpuii A4, 1o 3 (5.54) MaeMo 306pa)KeHH$I
pO3B’I3Ky

X(p) = Xy(p) + X s (D),

ze Xy(p) = (pE, - A 'x, X(p) = WE, - A | F(p) — 306paxeHHs po3B’a3Ky
xo(t) AiHilHOT oduopzauoz cucmemu 3 M0YaTKOBOIO YMOBOIO x(+0) = X, i
AiHiliHOT HeoOnopiOHOT cucmemu 3 HYJILOBOIO TMOYaTKOBOW YMOBOIO BiMNoO-
BiaHO. SIK1o no3Hauutu G(p) = (pE, ~ — A)!, To aHanoriuHO (5.53) MOXHa
HIicTaTh BUpa3 mist Matpuwi Koti (ManuuaHTa) JIiHIHHOI OTHOPIAHOI CUC-
TeMH Lx = 0 3i cTaIMMH KoedilieHTaMK:

X(t,v=g(t-v, gt)=G(p)=(pE, - A"

Po3B’s13y1044 KOHKpETHY JTiHiifHYy anre6pud4Hy cncremy (5.54), Ha npak-
TULI 3pyYHille He wykatu Matpuuio (pE, — A)"', a 3acrocysatu meton
NiACTaHOBKM 260 BUKJTIOYEHHS.

QONpuxnap 527
Onepayitinum memodom po3e ‘axwcemo 3adauy Kowi

X - Ax =0, x(O):((l)][A :[i "4)]
Maewmo:

p-2 -l x(p)
F(p)=0. pE, - A= L X(p) = el
P) PE [ -3 p—-4) (») (xz(p))

CknagaeMo cucremy (5.54):

p-2 -l 1
[ 3 p_4]X(p)—[O],
(p-2X(p)— Xy(p) =L,

S3Xpy+(p—DXy(p) = 0.
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Masa 5
NIKIAHI QUOEPEHWIANBHI PIBHAHHA... 31 CTANUMM KOE®ILIIEHTAMWN

Po3p’si3aBluv Wio cucteMy MetogoM mincrauosku (X,(p) = (p - 2)X,(p) ~ 1),

JiCTaHEeMO
31 | I 3 1 5
X = e —— —-— #"" vy >’= ’
=it a5 T a¢ T3¢~
31 31 3 3
X [ U AU Sy —5'= ).
,(p) 4p—l+4p—5 7€ 7¢ x,(1)

€ 3ayeaxeHHR 5.6

Axwo mouaTkoBi yMoBM 3agawi Komii nmocrasieno npu ¢ = fy # 0, TO LIS
3aCTOCYBaHHS OMeEPaLiiiHOro MeTody NMOTPIGHO BUKOHATH 3aMiHy He3aleX-
HOT 3MIHHOI T = 1 — 1,

¢ 3ayBaxeHHRn 5.7

3a 1omoMOrol PO3KNANaHHA MPaBUIBHOTO pallioHaasHoOro Apoby F(p) Ha
eJIeMEHTapHI ApobM MOXHA MoKasaTH, WO BiH € 306pakedHsaM AiHiAHOI

koMmbinauii byHkuii Buraay t"e* cos wt, t"e*sinwt (n=0,1, 2, ...).

¢ 3ayeaxennn 5.8

KoeginienTH po3kialy nMpaBWILHOTO pallioHaIbHOTO Ipoby Ha eneMeHTapHi
Ipobu He 0OOB’SI3KOBO WIYKATH 33 AOTOMOIQ0 METOAY HEBM3HAYEHUX KO-
edbigicnrin. PopMyaun mns umx koediuicHTis mac Teopema [26]): aKWIO

F(p) = —/Isl-((p—)) — TMIPABWILHHUI pallioHAIbHUI (HecKOopOoTHHI) Api6, 3HaMEeHHUK
P
skoro N (p) Ma€ KopeHi p,, ..., p, KpaTHoCTe# m,, ..., m, BIAMOBiAHO, TO
/ my - |
| . (I' A [ m; K(P)
f) = lim (p—p) el —22 |10, 5.55
DS R e LRV 7 | SR
Y Bunazaky, KO BCi KOPeHi py, ..., p, ipocTi, (opmyia (5.55) crpowwyerses:
!
K(pk )

fl)= — X efi! 5.56
/; N(py) ( )

ONpuknaan 528
Buxopucmosyrouu opmyay (35.55), 3naiidemo opueinan 306paxcenus

F(p)=—2F
?) (p? +1)?
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55
3acTocysaHHA onepauiRHoro YUCASHHA RO IHTerpyaaHHA NiHiAHAX PIBHAHL. ..

3nameHHHK 1poby N(p) = (p° + 1)? mae Kopewi p, = i(m, = 2), p, =
= ~i(m, = 2). 3naiiieM0 1OAAHOK y (5.55), sxwvit Binnoeinae KopeHio p;. Maemo

Vo fdf p Ctim ) e
(2—1)!5‘2‘,-{@{(” e (p—i)z(pw)l]} ,,‘L",{d,,[(,,+,~)z

= [im (1+Pt)(P+;)—2pep/ =L'eil'
p—i (p+i) 4i

HonaHoxk y (5.55), Axuii BiAMOBINAaE KOPEHIO p, = —i, KOMMJIEKCHO-CIPsXe-

a t
Huit: —e” = ——e™"". Tomy
4i 4i

! it

f(t):%e”-——.e"' = Lsin 1.

!
4i 2

ONpuxnaa 529
Buxopucmosyiouu gopmyay (5.56), 3naidemo opuzinaa 306paxcenna

p-2

F(p)=—"————.
w pp+1)(p* +1)

Maemo: p, =0, p, = -1, py = i, py = —i — NPOCTi KOpeHi 3HaAMEHHUKa
N@) =pp+ )P+ 1), K(p) = p - 2. 3Haxonumo:

N(py=(p+ 1)(P* + 1)+ p(p” + 1) + p(p+ 1)2p,
K© _ , Kb 3 K@) _1-3i  K(i) _1+3i
N@©) 7 ONGD 2T N(G) 47 NG 4

3a dopmynoio (5.56) micraemo

S = —2+%e" +%(e" +e) -%(en ey =

=2+ -;—e"' +—;—cos t+%sin .

Po3risiHeMo piBHSIHHA, B AKi HeBiXoMa yHKIIis y (f) BXOAUTE MiX 3HAaK
iHTerpania:
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fnaea 5
MHIAHI QUOEPEHUIANLHI PIBHAHHA... 31 CTANMUMW KOE®ILIEHTAMMU

jo’k(r ~)y(mdt = £(1), (5.57)

y(0) = [ ke =Dy de+ £0). (5.58)

PiBuaHHs (5.57) i (5.58) Ha3UBAIOTh AiHidHUMU iHMezpanbruMu * pignanna-
mu Bonvmeppa muny 32opmicu nepuiozo ma dpyzo2o pody BionosinHo. OyHK-
Uit k (f — T) Ha3UBaIOTh 20POM IHTETPATILHOTO PIBHSIHHSL.

[Mpunycrumo, 1o byHkuii k(7) if(t) € opuriHatamu. Po3p’s3ku iHTer-
paJpHUX piBHAHB (5.57), (5.58) 1rykaeMo B Kiaci QyHKUiM-opUriHamiB.
YpaxoByouH, 110 1ii PiBHAHHS 32 TOTTOMOTOIO CHMBOJIA 3TOPTKM MOXHa 3a-
TTUCATH V BUIJIAL]

y(@)x k(@) =f@)iy(t) =y ) k(1) +f(2),
JicTaHeMOo BiIIOBiIHO:

YPK(Pp) = Fp)iY(p) = Y0)K(p) + F(p).

3Bincu
£ (5.59
)= K(p)’ )
- _5(_13)___ 5.60
Y(p) | - K(p) ( )

HepeMmOan (sx1110 1 MOXTHBO) B (5.59) i (5.60) 10 opuriHanis, micra-

HEMO pO3B’I3KH iHTerpanbHMX PiBHSIHb.
JeTaibHillle po3nIstHEMO iHTerpajibHe piBHSIHHA Apyroro poay (5.58). 3

(5.60) BuruinBae, 1o Y(p) Ma€ BUNIAL

Y(p) = F(p)G(p) + F(p), (5.61)

K(p)

ne G(p) = ———.
(p) —X()

e ; . 11.
* OCHOBH Teopil iHTerpanbHyuX PiBHIHB BUKIALEHO s . 10,
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55
3acTocyBaHHA onepawui#HOro YMCNEHHA QO IHTErpysaHHA NiHIAHUX PIBHAHL. ..

Hosenemo, im0 GyHkuis G(p) — 300paxeHHs IesIKOTO OPUTiHany g(r)
y BUIIAAKY, Koau K (p) € NpaBUILHUM pauior—raanuM npobom: K(p) =
=S5,(p)/S, (p) [S,(p), S, (p) — MHOTOWIEHH CTeNeHiBs / i # BiAMOBIAHO, MpuU-
qomy I<n. CnpaBm "romi byrKuis G(p) = S,(p)/(S, (p) - S,(p)) €, oue-
BIJIHO, NPaBIIEHUM paLliOHAIBHIM APO6OM i, om(e 3o6pa>KeHH;tM JesIKO-
ro opnrmany g(t). 3 (5.61) micranemo iHTerpajibHe NPEICTABIECHHS PO3-
B’SI3KY iHTerpajbHoro pisHsHHA (5.58):

v = (gt -0f@des () (g0 =G (562

IHTerpanbHe piBHAHHSA (5.57) He 3aBXIU Mac pO3B’SI3KU B kJaci pyHk-

e o . . _ F(p)
uitt-opurinania. Cripasi, ockibki K(p) — 0, p — oo, To st Y (p) = X

3 (5.59) moxe He BUKOHYBaTHCs HeobXigZHa yMoBa 300paxeHHs OpUr iHasy:
Y(p) = 0, p — . Tax, HaNpUKIaA, LIsl iHTETPaIbHOTO PiBHSIHHS MEPLIOTo

' . o
pony .[u y(t)sin (f — 1)dt = sin t maemo Y(p) = L iy(t) = 8(t), ne 8(t) —
neabTa-byukuin Jdipaka*.
QOMNpuknapg 530
Po3e mucemo inmezpanvhe picnsnna dpyeozo pody
T, P
yt) = L) y(r)e' Tdt+2—te'.

3acrocyeMo interpaibHy dopmyay (5.62). Maemo:

Kip) _ 1
I-K(p) p-2

G(p) = = g(n) = €.
Tomy

yi) = J;:Q e gt 2—ter = +1

* OcHoBHi npaBuna Oifl Hal Aenbra-(pyHKUIAMY BHIJIANEHO B 1OA. 4.
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fhasa 5
NIHIAHI QUOEPEHLIANBHI PIBHAHHA... 31 CTANIUMU KOE®DILIEHTAMU

ONpuknag 531
[dnga piBHSIHHS

l ! 2 .
yt) = -2—'[0 vy -1 dt+sin t

y Knaci QyHKLii-306paxeHs MaEMO

1 |
Y(p)=Y(p)—+ ,
(P =Y (P

P _ N p+1  2p+l
(p-DP*+ (PP +p+l) 6p=1) 2002 +1) 3> +p+1)

3 |

Y(p)=

IMepeinioBin 1o opuriHaiiB, AicraHeMo

L

) = %e’ +%(cos f+sin 1) —%eﬁ cos -1,

UNpuxknapn 532
Jlas iHTerpajibHOrO PIiBHSIHHS APYroro pomy

t
J.” w1~V dr = 12

MaeMo

1 2
Y(p)—— = .
(/J)p_z S
2p-2) 2 2 f 2
Y(p) = = - =y(t)y=2e -1 .
G- G- -1y ‘

£ TIporoHyEMO CaMOCTIITHO onepauiifHUM METOIOM 3HANTH PO3B’13KU JAHUX JTiHIHHUX
iHTerpaIbHUX PiBHSHbL THUIY 3rOPTKH.

D y@) = l+r+£:y(t)cos(1 -1)dr.

V3 \/gsin—?—r ).

!
(Binmosiab: y(r)=2+1-e? [cos—i—t—
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5.5
3acTocyBaHHA onepauiifHOro YUCNEHHA A0 IHTerpyBaHHA NiHIRHUX PIBHAHL...

@ yty=¢'+ %J‘(:y(t)(t —ld.

. . I - .
(Binnosinn: y(t):——e’+—é—e’+%e Peos5or - 3sm71 ).

! é»(ﬁfﬁ

@ y(t) =sin t + ZJ.(:y(t)cos(t - 1)dT.

(Biznosige: y(t) =te’).

@ J.(:y(t)cos(t—r)dr:r.
(Bignosinge: y(r):]+%r3)_
!
® [ yeh(-vdr=1.
(BinmoBins: y(t):]n%;z)_
! 2
® J'Oy(r)cos(t—r)dr:t+t*.
' i 1o s o
(Binnmomwine: y(!):l+21+51 +§r ).

@ L:y(t)cos(t ~17)dt=sin 1.

(BianmoBiaw y(t)=1).



I'nama

JIIHIAHI KPAKOBI 3A0AMI

6.1\1

MocranoBka NiHiNHUX kpanosux 3apa4

PosrnsHeMo niHiiHY cUcTeMy
Lx =% - Alt)x = f(1) (t € |a, b)) (6.1)
i ainitini kpatoei ymosu
Ix =aq. (6.2)

Tyt A(t) — (n x n)-BUMipHA, HellepepBHAa Ha [a, 1;] MaTpuls, f(¢) — BeKTop-
Ha, HerepepBHa Ha [a, b} dywkuis, /= (/, ..., lp) — JIiHIAHAN obMexkeHHnit*
BEeKTOPHUI (PYHKLIOHAJ, BUHAYEHHUIA Y ITpOCTOPi Cyla, b MACHUX n-BUMip-
HMX, HemnepepBHUX Ha [a, b] dyHkuil x = x (£)(/: Cnra, B RP), o e R,

Jinitina kpatiosa 3adaua (6.1), (6.2) nionArae y BIAIIYKAHHI TAKOTO He-
nepepBHO AX(EPeHLIHOBHOTO Ha [a, b] po3B’a3Ky x(t) = (x,(1), ..., x”(t))T
cucreMH (6.1), AKuii 3aM0BOIbHSE KpaioBi yMoBH (6.2).

3ajieXHOo Bil KOHKPeTHOTO BUAY (GyHKIIioHana [ MOXHa AicTaTu pi3Hi
TUIM KpaloBMX 3a7ay, IKi CTAaBAATHCS s cucteMmu (6.1). Posrsinemo

KiJIbKa TakKuX 3a7ad.

* JTiniiHui dyHKUionan / Ha3MBAIOTL 0OMexceHuM, SIKLIO icHye uncno M 2 0 taxe, wo
Vx(r)e G o, < M || x llc . HajiMeHwe 3 unx uucen nosuavamots || /{ i Hasusa-
10Tb HOPMOIO (hyHKYioHANa.

166

6.1
MocraHoaka NiHIRHWX KpakoBux 3apnau

1. 3azaua Komi (mouarkoBa 3ajava):

Ix = x(ty) (fyela, b)), a=x,eR", p=n

2. llepioguuna kpaiiosa 3amava:

Ix=x(a)-x(), a=0eR", p=n.

3. MuoroTouxkoBa Kpaiiopa 3axaya:
k
=Y Mx(t), ae R
i=1
(@< .. <, <b, M, — (p x n)-BuMipHi MaTpuLli). OKpeMUM BHITALKOM
MHOIOTOUYKOBOI 3a/layi € NepionuyHa Kpaiiosa 3agaua (k= 2, M, = ~-M, = E ,

o=0¢e R", 1, =a,t,=0).

4. Kpaiiopa 3agaya 3 10JATKOBHMH YMOBaMH iHTETpAIBHOIO THITY:
[
Ix = j) M@)xydt, oe R
a

(M (1) — (p x n)-BUMIpHa HellepepBHA MaTPHLISA).

Bingomo (auB. r. 4.2), 1o 3arajbHMil po3B’sa30k cucteMu (6.1) MOXHA
3anycaTi y BUTISA I

x(1) = X(Ne + x *(1), (6.3)

de X(t) — ¢pyHaaMeHTaIbHA MaTpHLUA JiRiMHOT oaHopianol cucremu Lx = 0,
x *(¢) — AKMUCH YACTUHHUI PO3B’A30K JIIHIHHOT HEOJHOPIAHOT CUCTEMM
(6.1), c € R" — NOBiIbHMIA CTAJIUIA BEKTOP.

1106 3a10BOILHUTH KPAaHOBi YMOBM (HalleXXHUM YHHOM J00paTH Bek-
TOp ¢), po3B’A30K (6.3) nigcraBumo y (6.2). Toai 419 HEBiIOMOTO BeKTOpA ¢
AicTaHeMOo JIiHikHY ayireOprUYHy cUCTEMY

Oc = o~ Ix * (6.4)
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asa 6
NIHIAHI KPANOBI 3A0AYI

i3 MpAMOKYTHOIO [(p X n)-Bumiphoio| Matpuuelo O = [IX [Marpuns Q yTBO-
peHa ni€io (pyHkuioHata / Ha croraui Matpuui X = X (¢)]. OTxe, mUTaHHSA
npo poiIB’A3HICTL | NpeacTaBIeHHs PO3B 3Ky KpaiioBoi 3axayi (6.1), (6.2)
CKBIKUICHTHE NUTAHHIO MTPO PO3B’I3HICTb | MpeACTaRIeHHs PO3B’A3KY JIiHii-
HOT aire6puyHoi cucremu (6.4).

OckUIbKM cxaisipHe piBHAHH# (4.2) exBiBasieHTHe cucteMi Tumy (6.1),
MaTpHuA gKoi mae Bursg (4.3), To KpaifoBi 3amadi WA CKaJISPHOTO
piBHsAHHA L,y = g(f) CTaBIATHCA aHAIOTYHO KpailOBMM 3amayaM s JIi-
HIfHUX cucTeM AMdepeHHialbHUX PIBHAHL [3p03yMilIo, 1O B LLOMY BM-
HaKy KpaioBi yMOBM MOXYTh MIiCTUTH moxinHi ¢y y = y (¢)]. Posra-
HEMO KiJIbKa ITPUKJIAIIB TaKKX 3a0aY ist PiBHAHHA y” +y =g (1) (t€ [0, n],
g(t) e C[(), rr])'

OfNpuknap 6.1
Y +y=g(t), y(0)=y(n).

VeiBwu Bextopu x = (v, ¥')7, f(t) = (0, g(1))7, 3anmuemo expianenTHy
BEKTOPHY ABOTOYKOBY KpaiioBy 3agady:

X=Ax=f{r) (te0, n}), /x=0.

0 1 ,
Tyt A = [—l 0]’ Ix = Mx(0) + M,x(n), ne M, =(1,0), My=(-1,0),p=1,
n=2.

UOMNpuknap 6.2
y'+y=g(), y(0)=y(n) =0.
3BiBIIM LIO KPAiOBY 3allauy [0 eKBiBANEHTHOI BEKTOPHOI, AiCTaHEMO
X~Ax = f(1), Ix=aq,
ne matpuus A i gynkuia f(1) Taki cami, sk i B npuknami 6.1, a x = M, x(0) +

1 0 00
+M2X(1t), ne Ml :[0 0]\ Mg 3[1 gj, (x:OGRZ’ P=2- n=2.
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6.2
P038'A3HICTL ... NIRIRHUX anre6pUUHUX CUCTEM i3 NPAMOKYTHOK MaTpULLe:o

| 6.2 |

Po3B’A3HICTb | NpeacTaBNeHHA
po3B’A3KiB NiHiNHUX anre6pPUYHUX CUCTEM
i3 NPAMOKYTHOIO MaTpuuero

PosrasrHemo niHiliny ajnre6puuny cuctemy
Oz=b (6.5)

i3 (p x n)-BuMipHoto MarpuLelo @ (z € R", b e R?). Sk sigzomo, y sunagky p = n, det Q# 0
PO3B’430K CHCTEMH iCHYE it EAUHUI npu Oyub-akoMy b e R” (cucTema 3aBXIN PO3R’A3-
Ha) i Moxe 6yTH 3amucaruit y Burisimi z= Q'6 (0~ — obephena 1o Q MaTpuLs).

Ao det Q = 0 abo p # n, T0 cucrema (6.5) po3s’sizHa He rpu Beix b € R?. Kpurepiit
po3s’a3HocTi cucreMmu (6.5) nae meopema Kponexepa— Kaneani [12): neo-
XiOHOW i Gocmamuboio ymoeoio pose aanocmi cucmemu (6.5) € ymosa rank Q = rank Qb = r, ne
Q|b — Tax 3BaHa pozwupena mampuys cuctemu. SIKILIO 151 YMOB2 BUKOHYETHCS, TO CUC-
TeMa (6.5) Mae (k = n — r)-niapaMeTpUUHy CiM’I0 PO3B’A3KiB BUMISAY Z=y + z*, ne y —
3arasTbHUI PO3R’A30K NHINHOT 0aHOPinHOT crctemu QZ = (), a 2* — 4aCTUHHMIA pO3B’d-
30K HeolHopiaHoi (b # 0) cucremu.

PoarnsiHeMo kpuTepiit po3s’sisHocTi cucteMu (6.5), IKUI rPYHTYETHCH HA BUKOPUC-
TAHHI MOHSITh «MATPULIST-OPTONPOEKTOP» Ta <«IceBaoobepHera marpuus» [4] i nae KowHcr-
PYKTHBHI YMOBH PO3B’A3HOCTI i MPEACTABICHHS PO3B'A3KY CUCTEMM,

Haragaemo gesiki o3HaueHHs i pakTH. MHOXUHU

KerQ={zeR'|Qz=0{cR" i ImQ={be R"|Tzc R |G =bcR” (6.6)

HA3UBAIOTH BIANOBIAHO 20poM i ofpazom mampuui (ninidnozo onepamopa) Q. MHoOX UM
Ker Qi Im Q € NiHINHMMU BEKTOPHUMHU (IPOCTOPAMH. BuMil;Hocﬁ sapa i obpasy mar-
pulli O BianoBiaHo ctaHoBRIATL: dim Ker Q=n-r{(dimKer Q" =p-r), dimIm Q=r, ne
r=rank Q= rank QT — paur marpuui Q. Slapo i 06pa3 NO3HAYAIOTH TAKOXK CUMBOIAMU

Ker Q= N(Q), Im Q= R(Q).

IloBepgeHHA

OcKiIbKH
p=dim R” = p~r+r=dim Ker Q' +dim Im Q,
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masa 6
" NIHIAHI KPAROBI 3AJAMI

TO IOCTATHBO JOBECTH, 1O Byxb-sikvii eemeHT y € Ker QT oproronansmit no 6yms-
AKOro ejeMeHTa x € Im Q. Bm(opucmayroqn cKanapHi X06yTkH (,)uuy (gn ¥
HiMCHWX eBKIiZ0BUX TTpocTopax R? i R”, mMaemo:

s Xgr = (0, @) = @'y, 2)g0 =0,
ockinsku QTy =0 (y e Ker Q7).

13 Teopemu 6.1 BuIUIMBAE, 1O Gwlb-m(m?( enemMeHT b€ R? MOXHA OTHO3HAYHO Mpes-

CTaBUTH y BUDIIALI b = y+ x, mey e Ker Q xeIm Q, npuuomy y L x ((y, x) =0).
def
JIleva oneparop P P V™) - =P o :R” > R”, BusHaueHWit wis BCiX b € R’

piBHicTio Pb = y, Ha3UBaIOTh onepamopwu 0pMO2OHAAbHO20 npoexmyaants (opmonpoex-
mopom) Ha mignpoctip N(Q 7). EneMeHT y Ha3UBAIOTh 0pMO20HAAbHOI NPOEKUIElo ene-

menma b na minnpoctip N(QT) = Ker Q7. Ouesnnro, Q' P.:h=0 Vbe R”.
OpronpoekTopy 7, PQr MOXHa mobyaysaty 3a GopmynaMu [4]

k
Foz = zl“,](z, ?) = Z]%(p,-cpfz (ze R"),
i j= i f=
_ . (6.8)

B(/(/J’, VY = z ﬁ[fW/W_;T‘b (be R”).

=1 iy j=1

~.

M

Pyrb =

i

-

ae @y, ..., ¢, (k=n-r) — 6aguc Ker @, y, ..., y,, (m=p~ r) — Basuc Ker oT, oy B
eJeMEeHTH MaTpHilb rZJI i I‘é‘r , ODepHEeHHX AO CHUMETPHYHHUX MaTpHLb Fpama
To =(a;) (a; =(@;, @ )gns Tor = ;) (b =(y;, ¥,)g,) siznosinwo.

Iosenemo, Hanpukial, IpyTy 3 dopmyi (6.8). Hexait

m
Y=Y v b=y+x.
k=1

Maemo

m m

PQTb'_‘ i aij(.V"'x’ ‘V_j)\vi = z I/[Zyk\vk’ J z za,,a,ky,(w, =

i j=1 i j=1 i j=lk=1

m

= Z Zsik)’k“’i =2)’;‘V,‘ =y By =0npuizk, 3;=1).

jk=1j=1 i=1

3

I3 (6.8) BunnMBag, 1O KOMH 6a3HCH @, ..., Oy Yy, ..., ¥,, OPTOHOPMOBAHI, TO

k m
Po=Y o0, Pyr =Y wyl.
i=} i=1
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6.2
PO3B'A3HICTL ... NiHIAHUX anrebpuuHux CUCTEM (3 NMPAMOKYTHOO Marpuulelo

Marpuwio QF BUMIPHOCTI (7 X p) HA3WBAIOTb HceedoobepHeHor IO (p x H)-BUMIPHOT
Marpuli @, SKUIO BUKOHYIOTLCS YMOBH

Q+Q = EN - PQ’ QQ+ = El’ - PQr. (69)
TMcesnoobepreny marpuuio Q@ MoxHa nobynysatu 3a dbopmyTamu*

Q" =0+ R "Q". 0" =070 + Ay), (6.10)

ae PQ = P/V(Qh PQ7 = P N(Q r)

ko p=n | rank Q=n, o Ker 0=0, Ker 07 =0, PQ=0, PQr=O i 3 dpopmyi (6.10)
maemo 0 = Q7"

I3 Teopemu (6.1) BUTUIMBAE KPUTEPIi PO3B’A3HOCTI JiHIAHOI areGpHYHOT CHCTEMH 3
MPAMOKYTHOIO MaTPULELO.

NoBepeHHRA

Cucrema (6.5) poaa si3Ha Todi i Nuwe Toni, xoau b e Im Q. 3rumo 3(6.7) us
YMOBa BUKOHYETHCH TOMI i nutie Toxi, Ko P,rb = 0. TTokaxeMo Temnep, wo ¢op-
MmyJ1010 (6.12) BM3HaYeHHM po3B’s30K cucremu (6.5). Maemo

QZ :Q(PQZ(I +Q+b) :QF)QZ() +QQ+b:(El’ - PQ])[) =bh- PQrb=b.

* V [12] ncepzoobepHeHa MaTpuLs Q" 6yoyeThcst 32 NOTIOMOIOIO TaK 3BAHOIO CKe-
neTHoro posknany Matpuui Q.
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asa 6
NIHIAHI KPAMOBI 3ALAY}

QUNpuxknap 63
3naiidemo ymosy pose’aznocmi cucmemu Qz = b, de Q =

1

|

b=(b.b.b). 0

Ockineku r=rank Q=2, "0 k=n-r=2-2=0, Py= 0i npu BMKO};aHHi

YMOBM PO3B’I3HOCTi CHCTeMa Mae eNUHNMI po3B’si3oK z= Q'h. I3 ymoBu Oy =0

snaxonumo Gasuc supa Ker Q7 ¢, = (1, -1, -2)”. Marpumo-optonpoexrop Pyr
6yzyemo 3a opmyoro (6.8):

2
0] z=(z. ZZ)T.
1

1
For = (@1 02)) = 6. r;#=[gJ,

| 1 | 1 -1 -2
Pr=—i—-1l1-1=2)Y==]-=1 1 21
o =5 1 )=%

) -2 2 4

YMoBa po3B’A3HOCTI CUCTEMU Mac BUIIIAL PQrb =0, sginku by — b, - 2b,=0. 3a
niepwoxo 3 dopmyn (6.10) nicraemo

2 210y (1 5 2
+ —(0ToY'07 = _1 )
¢ -wore [2 SJ [2 0 1] 6[2 -2 2]
Orte, B pa3i BAKOHaHHS YMOBH b, — b, — 2b, = 0 cHcTeMa Mae €IMHUN PO3B’SA30K

7:Q+b:l bl+5b2‘—2b3 _ b2
: 6126, —2b, + 26, | | by |

6.3

Po3B’'A3HiCTb Ta iHTErpanbHe npeacTaBneHHA
PO3B'A3KIB NiHIKHNX KPANOBUX 3apay.
®DyHkuia MpiHa kpakoBoi 3apayi

IIponoBx1Mo JocioKeHHs KpaioBoi 3anayvi (6.1), (6.2), a Takox Kpa-
MOBHUX 3a71a¥ U1 CKAISIPHOTO PiBHAHHSA L,y = g (1). K yacTuHHi po3B’a3Ku
x*(t) iy *(t) HeonHopinHuX piBHAHL Lx = f(t) i L,y = g(t) BuGepeMo Binio-
BiZHO yHKUii
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6.3
P03B'A3HICTbL Ta iHTerpanbHe NPEACTABREHHA PO3B'A3KIB NiHiAHWX Kpa#osux 3apawv...

_ b — b _
(=], X¢. or@dv, 30 = [ Ra. vgwa,

ge X(1, 1) = %X(r, Dsign(t - 1), K(t, 1) = %K(t, Dsien (¢ - 1) [X(,7) —

marpuiaHt cuctemu Lx =0, K(z, T_) —_d)y}[](]_[iﬂ Kowi pisusinas L,y = 0].
M Iokaxemo, HanpHKial, MO X = X(f) € posp’s3koM cucreMu (6.1).
aEMO:

X

Il

1 ¢t 1 I ¢b .
3 ), X 0f@de = 0 - 5), X0 0r@ade+ % £y =

= 1 ke, vsien -0 f@des 700 = L[ anyx
2l X6 =3, 40x6. 9
xsign(r - 1) f()dt+ f(1),
LX = X(1) - AOX(1) = f(r).

Y Bumnanky crajoi MaTpHili A po3B’sa30K X(f) Mae sursg

%) = [ 4 Vsign (1 -0 f ),

a

a, HaNPUKIIALL, VTS PIBHSHHA y™ + vy = g(f) (v > 0) poss’ssok J(f) Mox-
Ha 3aITMcaT Tak (OuB. npUkian 4.2):

_ 1 ¢ . . 1 ¢b
ﬂ0=§;LSmVU—TN%nU—ﬂﬂﬁdT=§;LmnvU—tldﬂdt

#¢ TlponoHyemo caMoCTiiiHO 1OBeCTH, WO PYHKHIA F(r) ¢ PO3B’A3KOM PiBHAH kg
L,y = g(r) i 100 38130K MiX po3B’A3kaMu X(1), J(r) i posw’siakamm X(7). b1
[hopmynu (4.28), (4.29)] BUpakacThCs PiBHOCTAMYU

5 5 1] ¢t . b
(1) = %) + 5“« X 0f(yde _I:(, Xt of (t)dr}.
(a < fﬂ < b)
_ - | fo b
F(1) = j(r) + E[J.u Kt tg(t)d —L K(r, T)g(t)dt}.
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aea 6
MHIAHI KPANOBI 3ARAYI

1. Bunanok p = n, det Q # 0*

)l:m uonez[eum i€l TeOpeMH JOCTATHBO EXMHMM PO3B’A30K CHCTEMH (6 4)
¢ = Q (o - IX) migcraBuT y dopmyity (6.3) i BILMOBIZHMM YUHOM 3rpy-
NyBaTH JOXAHKH.

Axuwo B (6.14) IJ: X, v f(vde :J-:IY(I, 1) f(t)dt, To oneparop I'pi-
Ha MOXHA 3anucaTtd y Bunsaai G(f(r)) = Jj G, 1) f(D)dt, e G(t, t) —
(n x n)-BuMipua mampuys (pynxuia) Ipina** xpaiosoi 3ada4i (6.1), (6.2):
Gt =Xt 1)-XOQ'X(. 1 (6.15)
(3amue /X (-, T) o3Havae, WO (GyHKLIOHAN [ i€ MO 3MiHHii 1).

I3 dbopmynn (6.15) Bunnmsae, wo Marpuns [piHa G(f, 1) Mae Taxi
BJIAaCTHUBOCTI

Dnpu t # 1 mampuys G(t, 1) € po38’A3KOM MAMPUYHO20 DIGHAHHS

do
= ANG;
o (n
2)G(t+0,7)-G(t-0,v) = E,;
3HIG(-, 1) =

* [leit BUNAZOK HA3UBAIOTD (HPedeoabMOBUM HEKPUMUMHUM GUNAGKOM.

** Martpuiio I'piHa Ha3UBAIOTh TAKOXK Mampuueio (Pynkyieio) sniuey xpaioBoi 3anaui.
3a ponomMoroio QyHKUi# BMNAMBY MOXHAa BUBYATH BJACTUBOCTI PO3B’A3KiB AiHifiHUX Kpa-
OBHX 33734y 3a1eXHO Bl 3MiMn ¢yuxuii f(7) (Tobto mocmimkysaty BMIMB f(f) Ha wui
BNacTHBOCTI). MeTtoa noGyiloBH pO3B’SI3KiB KPaHOBMX 3aa4y 3a QONOMOTOI0 (yHKUii
BILIMBY HA3MBAIOTL Memoodom QYHKYId enaugy.
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6.3
Po3B'A3HICTL Ta (HT@rpancHe NPeACTABNEHHA PO3B'A3KIB NiHIAHWMX KPAKOBMX 3adav...

Bnacrusocti 1) i 3) mpoTioOHYEMO JOBECTU CAMOCTIIHHO. HOBeJleMO RJIac-
THUBICTb 2). MaeMo:

G(t+0,7)-G(t-0, 1) =%X(t, - X(Q X (-, 1) -
—(——;—X(T, 7 - X(0Q'IX(, 1.-)): X, 9)=E

- ¥YMmoBamu 1)—3) matpuua [piHa BU3HaYeHa OMHO3HAYHO.
Yepes Matpuitio I'piHa ennHMil po3B’A30K 3aAa4i BUpAXaeThes POpMy-
JIOI0

h
x(t) = X(NQ "o+ j G(1, 1) f(v)dr. (6.16)
PosrnsiHemMo NpuKIanu, sSKi UIIOCTPYIOTh BUMTAIoOK p = n, det Q # 0.
1. 3apawa Komi. B usomy Bunanky p = n, Q = IX = X(t)). OcKiabku

X(r) — dyHmamenTanbHa mMatpuus (det Q = det X(1)) # 0), 1o 3 (6.15)
IicTaeMo BUpa3 wis MaTpuui [pina 3anavi Kot

Git, =X, ) - XX 1)) Xty 1) =

= IEX(I, T)[sign (f — 1) — sign (#) — 1),

3BIOKN G(t, 1) =X(t, 1) mpute (4, 1), G(t,1)=0nput e [4, t]. 3anaua
Ma€ €IUHUIN PO3B’A30K

h
x(1) = X(t, ty)o + J G(r, D f(vdt= X1, ty)o +j/ X(t,0f(ydr=
a fy
= X (1, ty)o + X(7).
2. Iepioanuna kpaiiosa 3anava. B uboMy Bunaaxy p = n, Q= IX= X(a) -
- X(b), o= 0 € R". Hexait a = 0, b = w. [punycrumo, mwo Marpuus A(¢) i
dyHkuis f(t) y cucremi (6.1) o-nepionuuni. Hexait X(¢t) — HOpMaJlbHa
(npu t = 0) dynpamenTaneha matpuus: X(0) = E,. Toni Q= E, ~ X(w) i

yMmoBa det Q # 0 € Heo6XiAHOIO it JOCTATHBLOIO 11)1;1 1CHyBaHHs{ €1MHOTO
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®-NepiOMMYHOTO po3B’si3Ky cucteMu (6.1). Y teopii ®noke—JIsmyHosa [14]
JIIHIAHUX CUCTEM i3 NepionMYHUMU KoedilicHTaMu MaTpuio X (®) Ha3MBa-
10Th Mampuyero MoHoOdpomii, a 1i BIACHI YUCIIA — Myabmunaikamopamy CUc-
temu. TakuM arHOM, cucTeMa (6.1) (f(¢) # 0) Mae eauHMIT W-TePiOAUTIHIIT
PO3B’S130K TOMi #t MILIe TOMI, KOJIM Cepel MYJIbTHIULKATOPIB JaHOI CUCTEMH
HeMae TaKnx 1I{O AOPiBHIOOTHL oquHMLI. SKio A4 (1) = A — crana MaTpuls,
10 X(0) = % i, OTX€, H606X1I[HOIO ¥ IOCTAaTHLOKO YMOBOIO iCHYBaHHS €11~
HOro - nepnonﬂqnoro poan ’SI3KY € BUICYTHICTL Y MaTpHLi A BIACHUX YUces
BULJIADY —— (k Z, ic =-1).

)
3a popmyioio (6.]5) 3HaineMo Marpulio ['piHa nepiognyHoi 3a1ay4i.
Maewmo:

X(-v) = IEIX (0, D)sign (-1) - X (o, Dsign (0 - 1] =
= —J1E, + X@IX (@),
G(r, 9 = S XX (sien (1 - )+
+ XUNE, - X(©) 3(E, + X)X ()=

- %X(r‘)[ Esign(t -1+ E, + 2(E, - X(@))" X (@)X~ (1) =

XOE, - X(@) " X (@)X (1) npu 0<t<r, p
XOE, +(E, - X(@)' X(@)X"(1) npn 1<r<a ©17)
€IMHu m-NepioaUYHUIL PO3B’ 430K 3a1aHuil GopMyIoI0
(0]
x(f) = jo G(t. 1) f(D)dT. (6.18)

3. ®ysxuia Ipina aividinoi Kpaioroi 3axaui ang ckaasproro audepen-
WAJLHOro PIBHAHHA APYTOro NMOPAAKY 3 OJHOPINHAMH PO3LICHJICHIMH Kpaiio-
BuMH ymoBamu. [1o6ynyeMo inTerpajibHe npeacrapieHHs1 po3B’a3Ky i ¢yH-
Kuito I'piHa 3agayi

Lys=y"+h®y + @)y =g (tela, b)), (6.19)
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6.3
P038’'A3HICTE T@ IHTErpanbHe NPepcTaBNeHHA PO3B'A3KIB MiHIAHUX KPAWOBWX 3apay...

L(y) = by @) + b y'(a) =
i ' (Il),1|+|b,-2|>0, i=1,2) (6.20)

L(Y) = by y(d) + by,y’(6) = 0

(h (1), m(1), g(t)e Gy )

y NMPUIYLIEHHI, 110 ooHopiaHa (g (t) = 0) Kpaitosa 3a1aya Mae JyLIe TPU-
BiabHUI (y = 0) po3B’a30K.

Po3p’a3ku y,(t), y,(t) byHoaMeHTanbHOi cUCTeMM po3B’sA3KiB piB-
HaHHa Ly = 0 BubepeMo Tak, wob /,(y)) = 0, L(y,) = 0. Takuit Bubip
Momnsuﬁ OCKLTBKY 32 y,(¢) MOXHa B3TH PO3B’a30K 3anaui Kowri L,y =0,
y(a)= -b,, y(a)= b,a3 yz(t) — po3B’sa30K 3a1ayi Ly =0, y(b) = —by,,

y'(b) = b,,. Li po3s’a3ku JiHiiHO He3anexHi, 60 iHakure Y, = oy (c = const)
iy, # 0 — HeTpUBiaILHMIA PO3B’A30K JiHINHOI OAHOPIOHOI 3aKayi, 1O He-
MOXTHBO.

3aranbHUI PO3B’A30K PiBHAHHs (6.19) 3anmiiemMo y BUIISLI

Yy =an) + ey + yi), (6.21)
b
ne v(t) = %L K, vsign(r —1)g(t)dt, a K(t, 1) — Pynkuis Kowi pis-

HAHHA Ly =0,

1
Wt

1
W@

»n@® »n
ny y@)

K@, = —— (1 (DY (1) = Y (D) Yy (T)),

3HailgeHa 3a popmyoio (4.26) (W (1) — BpOHCKiaH cUCTeMM pO3B’A3KiB
Yo }’2)

3arafibHuit po3B’a30K (6.21) mizctaBuMo B Kpaitosi yMoBu (6.20). He-
xait [, (y,) = a, I(y,) = B. Toni

L(¥) = —J. LK, vsign(r - 1) g(t)dt = 1 l{l}((i)) g(vdr,
= | ¢b . _ B \7(1)
1 (F) = 5](1 LK, Dsign(r - D)g @ dT= -2 j iy £
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* @ =2L222 o(1)dr,

- O+c2a—2 W)
c'2'0+C|B_‘B‘ yu;?;g('r) T.

v}

Ockineka o # 0, B # 0 (onHOpigHa KpaifoBa 3a7a4a Ma€ JIMILE TPUBIaIbHUI
pPO3B’S130K), TO PO3B’A30K OCTAHHBOI CHCTEMU EIHHMUIA:

l y](T) , yZ(T)
"zjwu() as W()()a’t

Ilincrasusiiu B (6.21), gicTaHemMo

KO by, (Ny (1)
J' e 2(9dt +2 w8 g(dt+

Lo @y 0Oy ). - =
+2J'( e Ve angn(r 1g(1)dt

_[ » (L;/){z)(f) gdt (a<1<7),

Xz%)(y.‘)(_)g(t)dt (1<t <b)

TakuM YMHOM, 3aJ1a4a Ma€ ENUHUN PO3B 30K

b
y(t) = L Gi(t, Dg()dr,

ne
2y
= npu ast<n,
G021 ome (6.22)
T npH t<t<bh

— ¢hynxuyin Ipina xpaiiogoi 3adaui (6.19), (6.20).
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6.3
PO3B'A3HICTL Ta iHTErPaNbHe NPEACTABNEHHA DPO3B’A3KIB NiHIAHUX KpakoBux 3agad...

&7 TIponoHyeMo caMOCTIITHO IOBECTH Taki TBe pAX e H H 5:
1) L(G\(1, 1)) =0 (t# 1, T — nmapamerp);
) G(r+0,0=G(1-90,7, G[,(t+0,1) -G, (1-0,7) = 1;
3) L(Gi(t, 1) =0, I2(G,(t, 1)) = 0 (1 — napamerp);

4) ymosamu 1)—3) dbyukuis ['piHa BU3HaYeHa oaHO3HAYHO.

4. IloGynoBa dyukuii I'pina cKaaspuoi nepionwunoi 3aaui

Ly=y +y=g(), y0) =ym), y(0) =yn).

EKBiBajieHTHa BeKTOpHA 33a4a4a Ma€ BUIISAA

Lx=x-Ax= f(1), Ix=0 (re |0, n]),

ae A= [_(I) ol] S0 =, g, x=, y), b= x(0) - x(n), p=n=2.

cost sint .
. 3Haitnemo

®yHnameHTatbHa MaTpuLs X (1) = e =|
—sin ¢ cos ¢

20
marpulio Q =/X = E, - X(n) = 0 2 OueBunno, det Q # 0. Marpu-

o I'piHa nepioanyHol BeKTOPHOI 3a1ay4i Oynyemo 3a hopmynolo (6.17),
Maemo:

0" = 1B XOQ XX () = -3,

X(OE, + Q7' X (X~ (1) = & {Eg - _12_ Ez}e"" = %e’“’"' E
Orxe,
—%e*‘”“’ npu 0<t<rm,
G(t, 1) = [
-2-e"“’"” npu t<t<m
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Buninsioun mepiry KOMIIOHEHTY DPO3B’SI3KY x(t) = KG(’* 7 f(t)dr

BEKTOPHOI 3a1a4i, JiCTaHeMO iHTerpajibHe MPeJCTaBlIeHHs €INHOTO PO3-
B’SI3KY CKaJISIPHOI TIepionIWIHOl 3anadi:

v = [ Gite, e s,

ne Gy(t, 1) = —;—sin (t-1)sign (r—1) = %sin |t -1| — dyukuis Ipina

cKayspHOl epioJWyHOl 3a1adi.

1o camy 3anady po3B’skeMO, He PO3TIAAAIOYM €KBIBAIEHTHOI BEKTOD-
Hol 3agaui. Bukopucrosyroun ¢yukuiio Kowi K(¢, t) = sin (¢ - 1) (aus.
npukian 4.2), 3aralbHuiA pO3B’SI30K PiBHSAHHA Ly = g(¢) 3anuiieMo y BU-
Taani

y=oq¢sin t+c¢,cos t+ y(t),
_ I = . .
ae y(t) = -2-_[0 sin | 1 - 1| g(1) dt. YpaxoByiouu, o ¥’ = ¢, COS f — ¢, Sin £ +
| = . . .
+-2-IO cos |t — 1| sign (f — 1)g(t)dt, 3araibHU po3B’sI30K MICTABUMO B
KpaloBi yMOBH:

R L dT = —c 1 ¢m . d
¢ +§Jo sin T g(1)dt = -, +5L) sin 1 g(1)d1,

I = o g
¢ _5-[0 cos T g(1)dt = — ——Z—JO cos T g(t)dr.

3Bincu ¢, =¢, =01 y = %J.Onsin [t—1|g(tydt = y(@).

- . . . 1.
& TTpomoHyemMo caMocTiltHO TIepeBipuTH, 1o yHKuUis ['piHa G (7, 1) = Esm 1-1|
Ma€ Taki B1aCTUBOCTI:

1) L(G,(¢, 1)) = 0 (1 — napamerp,  # 1);
2) G(t+0,9)=G(t-0,7), G (t1+0. -G (t-0,7) =1;
3) G(0. v} = Gy(n, 1), G, (0, 1) = G, (m, 7).
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Po3a’asHicTL Ta iHTerpanbHe NPeacTaBneHHA PO3B'A3KIB NiHiHAX KPAROAUX 3a[ad...

TTponoHyeMoO TakoX CaMOCTiifHO 10BeCTH, 1110 DYHKILisS

Gl(,’ T) =

Isin v(t - 1) ~sin(v(t — T) + vo)| 0<r<),

1
B “Vdet 0]

[sinv(r =) = sin(v(t =) + va)| (1<t < o)

— t—1)—
vsm V( ‘C) v

et Q

e dyukuicio [pina sanaui y” +v2y = g(1), y(0) = y(@), ¥ (0) = y'(o)
(v>0, ©>0, vo= 2kn, ke Z).

5. ITob6ynosa ¢ynkuii [pina niHiliEMX KpaiioBHx 32424 3 OAHOPIAHAMM
KpaiioBuMH yMosamHi. Po3riisiHeMo Meton moGynosu ¢pyHkuii [piHa y Bu-
nagky o = 0 wis cucreMu avidepeHUiAIBHUX PIBHSIHL (CKAISIPHOTO PiBHSIH-
HA), SIKMH I'PYHTYETHCSI Ha BUKOPUCTAHHI dyHIaAMeHTaJIBHOT MaTpHLi
(byHaaMeHTAJIbHOI CUCTeMU PO3B’A3KIB) i BjacTMBOCTAX (yHKLIi ['piHa,
BCTaHOBJIEHMX Y 1IbOMY maparpadi. SIK i paHilue, po3rIsHEMO BUNTAZOK
p = n, det Q # 0, TOOTO BUNANOK, KOJIM 8i0nogiona ainitina 00Hopiona Kpaii-
06a 3adaxa Mae auwe mpusiasbhull po3s ’a3ok. Y 1boMy pasi ¢pyHkuig piHa
icHye U eauHa.

Mampuwio Ipina G(¢, 1) xpaitoBoi 3ana4i Lx = X - A(f)x = f(@r), Ix =0
(t € la, b]) mykaeMo y BUIIAAi

X)Ci(v) mpu as<st<t<b,
G(t, 1) =
X()C(v) npu a<t<t<b,

me X(t) — dynnamentancHa matpuus, a Cy(t), C,(1) — (n x n)-BUMIPHI
MaTpMlii, SKi BU3HAYAIOTHCA 3 TAKUX Y M 0 6:

1) LG=0 (t+# 1, 1 — napamerp);

2))G(+0,0)-G(x-0,1)= E,;

HIGC-,1)=0.

I3 Burnsgy Marpuni ['piHa BUNIUMBAaE, 110 yMOBA 1) BUKOHYETHCH.
3 ymosu 2) maemo X (1)(C,(1) - C,(1)) = E,, 3Binku C,(1) = XY +
+C(v)i
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Gt ) X(@®)C (1) npu ast<t<b,
, )=
XOX ')+ X(OC,(r) npu a<t<r<b.

Marpuns C,(t) BUOMpPa€EThCs 3 yMOBH 3).
Sk npuknan nobynyeMo MaTpuiio I piHa nepiofMyHoOl KpaifoBoi 3amaui

(muB. M. 4) X - Ax = f(1), x(0)=x(n) (te0, n]), ne A =[ (l) é]
Y uroMy Bumagxy —

X0 =[ cos't sin r]’ X' = [cos T -—sin r}

—sin f cost sint cost

G(f ) X(HC(v) nmpy O0<r<t<m,
El T =
XX '+ X@)C(t) mpu O<t<t<m

Ypaxosyiou, 1o X(0) = E,, X(n) = -E,, 3 kpaiioBux ymos MaeMo X (0)C,(7) =
= X(mX '(v) + X(m)Cy(1), 3Binxu Cy (1) = —%X"l (1). Tomy

_lX(;)X"(r) npu 0<tr<t<m,
G, 1) =

5X(t)X"(t) npy 0<t<t<m

Poarmanemo nidiiiHy KpaitoBy 3a1aqy

Ly =y + iy + .+ B0y = g(1),
Iy, ¥, ..y ")y=0 (tela, b))
IUTSL CKaJIAPHOTO PiBHAHHA. 3BiBLIY IO 3a4a4y [0 €KBiBaJIEHTHOI BEKTOD-
HOI BIITHOCHO QYHKIII X = (¥, ¥, ..., "~ V)7, nicranemo po3s’s30x BexTOp-
b
Hol 3amaui y BUMIAOl x(f) = J GG, v f(1)dt, e f(t)=(0,0, ..,8()7, a
Matpuud I'piva G(¢, 1) Mae Tgxy CTPYKTYDY:
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6.3
P038’A3HICTL TA iHTerpanbHe NpPencTaBNEHHR PO3B'A3KIB MiHIAHAX KpanoBsux 3apad...

gll(ra T) gln(,s T)
Git. ) = gt .. gt 1)

- -1
gy gl

b
(t — mapamerp). Tomy y(r) = j 8in(t, Vg(v)dt, i byHkuis I'piHa ckansp-
a
Hoi 3amaydi Gy(t, 1) = g,,(f, 7) MA€ TAKi BIaCTHBOCTI:
1) L,(G)) = 0 (¢ # t, T — napamerp);

2) G](i)(17+0, 7) —Gl(i)(‘t—o, =0 ((=0,..,n=-2),
(n-1) (n-1

G (t+0,9-G (t-0,7)=1,

3) IG,(-, D,G/(, D), .. G (-, 1) = 0.
Otxe, ¢yukuio 'piHa ckanApHOI 3a0a4i CJIiI IyKaTH y BUITISI]

n

Zc,k(t)yk(t) npu ast<t<b,

G, 9=1{""
Zcz,((t)yk(r) npu a<t<t<bh,
k=1

ne y,(t), ..., y,(t) — dyHIaMeHTabHA CHCTeMa PO3B’A3KiB PiBHsAHHS Ly = 0,

a KoeditieHTH ¢, (1), ¢y, (T) (kK = 1, ..., n) 106MPAIOTLCA TaK, 1106 BUKOHY-
BaJIMCh YMOBH 1)—3). ‘

Sx npuxian nobyayemMo marpuLio [piHa ckalspHol nepionuyHoi 3agavi

(auB. . 4) Ly=y"+y=g@), y(0) =y@, y(0)=y(® (el0,nl).
®DyHaaMeHTaIbHY CUCTEMY PO3B’i3KiB BUGepeMo y BUIIIALL y (1) = cos f,
y,(t) = sin ¢. Toni

G.(t. 1) cep(Mcos t+ep(v)sint npu 0<r<t<m,
» T = .
' ¢y(v)cos t+eyn()sint npu O<t<t <

YMmoBa 1) oueBUIHO BUKOHYETBCA. YMOBH 2) i 3) y BUNAIKY n = 2 MaloTh
BiIMOBiIHO TAKWA BUIJISL:
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Gi(t+0,9-G(t~0,7 =0, G(t+0,7)-G/(t-0.1) =1,
Gl (O, T) = Gl (TC, T)§ G((Oq 7= G{(T[, 7).

YpaxoBylouu Wi yMOBM, DicTaHEMO TaKy CHCTEMY PiBHSHb BiIHOCHO
= (1), 05 = (D) (k=1,2):

(CZI —C”)COS T+(C22 _C|2)Sin T:O, 1 = =0,

—((‘21 —C“)Sin ‘C+(C22 “Clz)COS T=O, Cly = =y

. 1 . I 1.
3Blﬂcpl C” =ESII’I T, ('12 = *ECOS T, CZ| :—‘Esln T, sz = COS T. TOMy

[NSERE

GI(’» t) =

I . 1 . 1 .
Esmrcosr-icos ‘CSInf:;Sm(‘C—I) npu 0<r<t<m,

1 . ] . I .
—Esm T COS r+5cos T sin t=—-—2-sm(t—r) npu 0<t<t<m,

abo G,(r,r)=%sin|t—ri (0<t<m O<t<m).

Hacamkinels 3a3HaYUMO, 11O JIiHIAHY KpaloBy 3amayy Lx = X — A(f)x =
= f(f) 3 HEOAHOPiIHUMHU KpailoBUMM ymoBaMu Ix = o (o # 0) MoXkHa
3BECTH [0 3a7a4i 3 OAHOPIAHUMY KpallOBUMM YMOBAMH 3a JOINOMOTO
3aMIiHU X =Z + @, [Ie Z — HOBa WiykaHa QYyHKIIsA, a ¢ — Jeska AudepeHLli-
1t0BHa GQyHK1Iis, ika BUOMpaeThCst 3 yMOBH /o = o. Toxi BiZHOCHO z AicTaHe-
MO KpaioBy 3amady = — A(7)z = (1), [z =0, ne fi(t) = f(t) - ¢+ A()o.

I1. 3arannHuii BUAANOK
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6.3
P03a'A3HICTL Ta iHTerpanbHe NPEACTaBNEHHA PO3B'A3KIB NiHIAHWUX KpaRoBuX 3apau. ..

Jlns DoReleHHs Wi€l TeOpeMM AOCTaTHLO MHOXHHY PO3B’fA3KiB CUCTEMU (6.4)
¢ = Pyey + Q" (o~ IX) mizcrasuty y dopmyiy (6.3) (x *(1) = X(1)).
b — h o ) .
ko B (6.25) Ij X, 0f(ddt= J 1X(t, 1) f(T)d 1. TO y3aranbHEHWUH omneparop
o o
I'pina mae Burnan

h
G = [ Gu. vf@de,

ae G(t, Ty — (nx n)-eumipna yzazarsnena mampuus (Pynxuin) Ipina kpatiosoi 3ada4i (6.1),
(6.2):

G(r.1) = X(1. 0~ X(NQIX(-.1). (6.26)

13 (6.26) BunnuBae, wo marpuua G(t, T) Ma€ TaKi BIaCTUBOCTI:

il-g = ANG:
dr

1) npu t= 1 mampuys G(1, 1) € pO36 A3KOM MAMPUMHO20 DIGHAHHA
2) Gt+0, 0)-CG(x~-0, D=L,

3) IG(-.1) = ByrlX(-.0).

Hoseaemo snacrusicts 3). Maemo:

1GC.T) = IX(. D - IXQUX (.0 =1X(.1)-QQHX(-.1) =
=IXC 0= (E, = Py )X (.0 = Pyl X (0.

Bractusocti 1), 2) nportOoHYEMO JOBECTU CAMOCTIHHO.
SAkiwo p = n, det 0 # 0, T0 QF = Q7' i yaaranetena matpuus [pina € MaTpuueio
I'pina (6.15) kpaiosoi 3anaui (6.1), (6.2).

@ 3ayBaxeHHA 6.1
Slkwo = rank Q = », To KpaitoBy 3agauy (6.1), (6.2) HazUBAIOTbL Hekpumu«How: k = 0,
PQ =0 (Ker Q= 0). Y sumaaky po3s’si3HOCTIi HEKPUTUUHA 3a1a4a MA€ €IUHUIA po3-
B30k x (1) = G(f(t)) + X(¢) Q" o. Hekpuriurolo, 3oxpema, € 3agaua (6.1), (6.2) npu
p = n, det Q= 0 (us 3a7a4a 3aBXaM po3B’s3HA).
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€ 3aysaxetnn 6.2

Axuwo r = rank Q < n, To 3amauy (6.1), (6.2) HazupalOTL Kpumuunoo. Y Bunam(y
PO3B’A3HOCTI KPUTHYHA KpaiioBa 3aKaua Mac (k = 1 — r)-TIapaMeTPHYIHYy CiM’I0 PO3-
B’13KiB BUTIIALY (6.24).

PosrnsreMo MpUKIany, AKi LIOCTPyIOTh 3araibHHIT BUAZOK.

1L y” +y=g(), y(0) = y(n) (avs. npuxiaz 6.1). ®yraaMeHTaATLHA MATPULIA

cost sint
. . 3HaxXoMUMO MATPHILIIO
-sint cost

0=IX=MX0)+MX(r)=(20). OCKIJIBKMp- I,rank Q=1<n=2,710 Kpanonaaanaqa
€ KPUTHYHOIO, PQr =0 (dimKerQT=p-r= 0) ToMy ymMoBa po3B’SI3HOCTI (6 23)
3aBKIW BUKOHYETHCA # 3aiaua Mae omHomnapaMerpuuHy (k — n— r= 1) ciM’10 po3B’A3KiB.

. e . . 1
Marpuui P i Q7 3naxoauMo 3a dopmynamu (6.8) i (6.10): Fy = (3 O), Q= l( J

eKBIBUIEHTHOI CUCTEMH Mae Bunsin X (F) = e =

] 210
3a nonomoroo (opmyiH (6.26) gicraemo y3araabHeHy MaTpHiio I'pina;

Gt 1) = X(1, 0 = X(DQT(-.7) = X(1. 7) = %X(I)X“l(t)sign -79=

I [ cos(r-1) sin(-1) ]sign (t - ). (6.27)

T2 -sin(t - 1) cos(t - 1)

ockimeku [X(-,7) = M X(0, 1)+ My X(r, 1) = (0 0).
Po3B’s30K x (f) eKBiBaIEHTHO! BeXTOPHOT 3afadi 3aMMILIEMO Y BUIJISII

x(t) = c(sin ¢, cos 1)7 f G, f(v)dr
(¢ € R — pgoBinpHUI MapameTp).

BuninvBuiv nepiry KOMIIOHEHTY po3B’si3Ky, HiCTAHEMO PO3B’S30K Y (1) CKaTApHOI
3ajayi:

y()y=csint +-21—Hsin (t — 1)sign (t — I)g(1)d'T.
Orxe, y3arabHeHo0 dyHKuUielo [pina ckansipHoi 3a1adi €
I ) 1. '
G(t, 1) = Esm(r— T)sign(f - 1) = Esm [r—1].

2.y" +y=g(@), y(0) = y(r) = 0 (mpuxnaz 6.2). Poss’sskeMo o 3agavy, He
BUKOPHCTOBYIOUH EKBIBAIEHTHOI BEKTOPHOI. 3araibHuit poaB’si3oK PIBHSHHS y = ¢ sin / +

+¢ycos 1+ J(t), ne y(1) = 2-[ sin | r — 1| g(t1)dt, migcrasMMoO B KpaioBi yMOBM
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L™ dt=0 s di=0
L2+5L)Sln‘[g(‘t) =0, ~¢, +5£)snntg(t) T=

o
3BiacH micracMo yMOBY pO3B’I3HOCTI 3amayi: (7)sin tdt =0 i3HaueHus ¢, = 0.
o 2

TakuM YWHOM, SKIIO YMOBA PO3B’S3HOCTI BHKOHYETHCS, TO 3a[a4ya Mac OJHOMapaMer-
PUYHY CiM’I0 PO3B’Si3KiB (KPMTHYHUIT BUNALOK) BUTISILY

. I ¢em .
y=csint +5L) sin |1 - 1| g(Ddt
(¢ € R — noBinbHMiA napamerp) i yzaramsHeny ¢yHkuilo TpiHa

Gy (1. t)=%$in|l‘—t|.

&< TTpornoHyeMo nepeBipuTH, 1O I8 GYHKLLT g(f) = cos ¢ (KA, OUEBUIHO, 3AMOBOJILHSIE

. . ! Y.
YMOBY pO3B’A3HOCTI) ocTaHHs ¢opMyaa fa€ Po3B’AI30K y = ¢ Sin f + (5 - Z)sm I
TTponoHyeEMO caMOCTIIHO TOKA3aTH, 1O

1 0 00 i1 1 -1
= N P = o P = — +
¢ (—1 o} ¢ [o 1] ¢’ 2(! ) 0= 2(0 0]
BUTTUCATH YMOBY po3B’si3HocTi (6.23) i 3HaitTh y3arameHeHy Marpuitio ['piva (6.26)
€KBiBAIEHTHOI BEKTOPHOI 3aja4i.
3 y"+y=g(), y(0) = y(2r), y(0) = y’(2rn). PyHIamMeHTATbHa MATPHLS €KBIBA-
cost sinit

]. Ockinbku Q = IX=X(0) - X(2r) =0,

JIEHTHO! CUCTeMH MA€ BUTIIL X (7) = X
-sin 1 cos s

TO 3371243 € KPUTHYHOI. Jlani BUKOPHCTOBYBATHMEMO 3arajibHUit PO3B’SI30K PiBHAHHS
y”+y=g(t)y gopmi

. | p2n
y=q¢sinr+cycos 1+ 5-[ sinlr—1| g()dt
0
YpaxoByiouu, 1o
, . [ . )
Y =c¢cost—cysin it + EJ.n cos | r — 1] sign (71 - Yg(r)dr,
- [}

3araTbHUH PO3B’A30K IMiACTABUMO B KPAOBI YMORM:
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I pn 1 ¢2
¢+ 5-’-0 sint g()dt=c, ~5J.” "sin t g(nydr,

. 2n 1 p2n
175), cost g(dt=q +5J‘u cos T g(1)dt.

3BigcH IICTAEMO YMOBH PO3B’SI3HOCTI KPUTHYHOI NMepioanyHoi 3aayi:

2n . 2n
" g(t)sintdt =0, f“ g(tcostdt=0.

SIKILO YMOBRHM PO3B’A3HOCTI BHKOHYIOTHCSH, TO 31442 MAc IBONAPAMETPUYHY CiM IO po3-
B’SA3KiB

. I p2n |
Y = sin r+c2cost+—2—'|.” sin | r~1| g(t)drt

(¢, ¢, € R — nosinbHi napamerpy) i yzaramsHeHy dyHKuUio [piva G, (1, 1) = %sin lr-t].

4 TIpomoHyemo caMocTiltHO 3uHaiTH Marpuui £y, PQy-, Q*, Bunucati ymoBy pos-
B’s13HO0CTi (6.23) i mobynyBaTn y3arajibHeHy Matpuiio I'pida (6.26) ekBiBaneHTHOT
BEKTOPHOI 3a1ayi.

4. % ~ Ax = (1), x(0) = x(1) = 0

X = (x (1), ) f) = (@), L)L A =[8 (')] 1|0, 11].

1
£< TTpornoHyeMo caMOCTIIfHO TOBeCTH, IO PIBHICTb L . S ()dt =0 € yMOBOIO pO3B’SI3-
HOCTI ZaHoi 3amayi it y pa3i BUKOHaHHS L€l yYMOBH 3a1a4a Ma€ OIHOMAPaMETPUYHY
CiM’10 PO3B’A3KIB

x0) = 1.0 + | :G(z, 0/ @) dr.

e ¢ € R — IOBUIBHUM NapameTp,

Ay -y (20 (1 -27)
G(r.r)~5{[o I )blsn(f 1) {2 {— 20 H

— ysaraibHeHa mMarpulst I'piHa.
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6.4

CnektpanbHi Kpanosi 3agaui.
3apnaua Wrypma—Jliysinna

PosristHeMo JiHIMHY OTHOPIAHY KpaioBy 3a1auy

Lx =x - A(t)x = AB(")x (te€|a, b)), (6.28)

Ix =0, (6.29)

Ie B(t) — (n x n)-BUMIpHa, HeriepepBHa Ha [a, b] MaTpuus, A € C — mapa-
MeTp, a iHIUi o3HaYeHH Taki caMi, Ak i B (6.1), (6.2).

3agauy BifIlIyKaHHS HETPUBIaIbHUX PO3B’sI3KiB (6.28), (6.29) i THX 3Ha-
YyeHb rapamerpa A, IIPU SIKUX BOHU iCHYIOTb, HA3UBAIOTb 3ada4ero Ha 6AACHI
3Hauenns, ab0 cnexmpaabHo0 3adauero.

3HayeHHst A, U1 9KUX 3aga4a (6.28), (6.29) Mae HeTpUBia/IbHI pO3B’A3-
KW, Ha3UBAIOTh GAGCHUMU 3HAYEeHHAMU (qucaamu), A BIATIOBIAHI iM HETPH-
BiaJIbHi PO3B’I3KM - gracHumu Qynxyiamu cnexmpansroi 3adavi. MHOXUHY
A = {A} ycix BIaCHHUX 4yKces CMEeKTPIbHOI 3aa4i Ha3UBAIOTh CNEKMPOM 3a-
daui. :

Ha npakTulli YacTro BUHMKAIOTh CIIEKTPAJIbHI 3a/1a4i, B IKMX yMOBA He-
ITepepBHOCTi MaTpullb A (¢) i B(t) He BUKOHYeTbes. Taki 3afaydi Ha3uBaloOTh
CUHZYAAPHUMU CREeKmpaibHuMuU 3a0a4amu, Ha BiIMiHy Big 3azauyi (6.28),
(6.29), gKy Ha3uBalOTh pezyaapHoio. B CHHTYIISIpHUX CITEKTpajibHUX 3aHa-
4ax, 9K IpaBuiIo, NMOTPiOHO 3HAXOAUTU oOMeXeHi BiaacHi ¢yHKILil Ta Bil-
MOBiAHi IM BIaCHi YnciIa.

Bax/1vBrM MpHKIagoM CHEKTPAIbHOI 3a0a4i € 3adava LImypma—Jliyeinaa:

Ly +ip(t)y =0 (t € |a, b)), (6.30)

hi(y) = byy(a) + b y'(a) =0,
L(y) = by y(b) + bzzy'(b) =0,

(6.31)

e
Ly = (p()y") —q(t)y,
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p(t), p'(t), q(¢), p(r) — nmiticHi, HerepepBHi Ha [a, b] GyHKuii, p (1) >0,
p(t) 20 (te[a, b)), lb“]+|bl.2[>0(bijeR, i,j =1,2).

Bnacui ¢dynkuii 3agaui [lItypma—JliyBiuts MaloTs BIacTMBOCTI, 33BAsi-
K{ SKUM BOHU LIMPOKO BUKOPHUCTOBYIOTHCH IS PO3B’SI3aHHS 331a4d Mare-
MaTrdHoOI disukw [3, 11, 24, 15] Ta iHIIMX MaTeMaTUYHUX MpobieM. 3amady
(6.30), (6.31) mpu by, = b,, = 0 Ha3MBAIOTb Nepuwiol Kpaiiogoio 3adauero,
upH by, = by, = 0 — dpyeoio kpaiiogoro 3adayero, ipu b,.j 20vij=1,2—
mpemuol0 Kpaiingoro 3adauero, B iHIUMX BUMALKAX — MiWaHow 3adauero
Itypma—Jliysiuis.

KpiM kpaitoBux ymMoB (6.31), y 3agaui [lItypma—JTiyBi/L1s BUKOPUCTO-
BYIOTBCS TaKOX NepiofnYHi KpaiioBi yMOBU

@) - y(b) =0, y'(@a) - y'(b) =0 (pla) = p(b)) (6.32)

Ta iHWWi Kpaitosi ymoBu. DyHKLI0 p () y piBHAHHI (6.30) Ha3MBaIOTh 6a-
208010 hyrkuyicto 3adaui lImypma—Jliysiana. SIKIIO yMOBa HellepepBHOCTI
Ha [a, b] byHkuiit p(r), q(¢), p (t) He BUKOHYETbca abo p () nmepeTBo-
"PIOETHLCS B HYJIb Y TOUKAX Billpi3Ka [a, b] (Haituacrillle e OyBac B MEXOBHX
TOYKax t = a, t = b), 10 3anaya (6.30), (6.31) € cunryaapHolo. AK 3a3Haya-
Jlocd BUILIE, B TAKMX 3alayax, siK MpaBWiIo, WIYKaloTh obMexXeHi Ha [a, b]
BJIacHi (pyHKIIII.

3ayBaxumo, 110 6yab-sKe JiHiHe PiBHAHHA pyy” + p,y’ + p,y + A0y =0
[y = (1), P, = p\(1), P, = p,(t), 6 = 6(t) — HenepepsHi dyHKuUii, p, > 0,
0 > 0 (7 € [a, b])] MoxHa 3anmucaTy y BUDIsii (6.30) 3a 1OMOMOTOI0 MHO-

ﬂdr
XeHHs Ha QyHKIo | = p(f) = —e #* . CrpaBli, MTOMHOXWBUIM PiBHSTH-
Hs Ha p(t), JictaHeMo P
ﬂdr J‘i}!.(/; £Ld, J'ﬂd,
e oy Pen Py Ll y =0,
Dy ¥ Py
abo
(p(YY - q)y + Ap(t)y =0,
[ P LW L7
, o I
ge p=¢ ™ | q)=-L2en | pry=—em
Py P
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3annc NiHiKHOTO OMHOPIZHOTO NH(epeHLIiaAIbHOrO PiBHSHHSA APYroro
nopanky y surismi (6.30) Ha3MBalOTh camocnpaxceHoio opmoro LBLOTO
DiBHSIHHA.

PosrinsseMo, HalpyKIIa, CHHTYJIAPHY 3a1aqy

2y ety + (P =v)y =0, ye Gy ¥0)=0 (veR).

| . .
Tyt py(t) =2, p(t) =1, u(r) = - TIOMHOXMBIIHM PiBHAHHS Ha u(t), Ii-
2
cranemo (ty’) — Ly + My = 0. OTxe, Baropolo (PYHKLIEIO i€l 3anayi €
t

p (1) = 1. 3a3HAYMMO, 1O 3AMIHOI0 HE3WIEXHOI 3MIHHOI X = YA/ (pu A = 0)
: . 2y dy s
JaHe piBHSHHSA 3BOAUTLCS IO PiBHsIHHA Beccens x 2 + x;{—; +(x" -
b g

~v?)y =0 (aup. n. 7.4).

HaseseMo cxeMmy po3B’sisyBaHHS peryjisapHoi 3agayi HItypma—JliyBuus
(6.30), (6.31). Hexait y = c,y,(¢, A} + c,y,(t, A) — 3araJibHHil PO3B’A30K
piBHAHHA (6.30). ITincTaBuBiIM iforo B KpaitoBi ymoBu (6.31), micraHemo
JiHiHY ONHOPIOHY areGpUYHy CUCTEMY BIIHOCHO ¢, C,:

alyn (1, M) + i (v (1, X)) = 0,
ol (1, R) + ah(py (8, A)) = 0.

Lls cucTeMa Mae HeTpMBiaNbHi PO3B’A3KM TOAi i JIHIMe TOMi, KOJIM BUKO-
HYETBCSH YMOBa

L, A)) (. (8, 1))

0. 6.33
/3(,V|(f, A) Ly (1, 0) ( )

AN =

PiBHstHHS (6.33) Ha3MBAIOTL Xapakmepucmuunum pienannam sadaui Himyp-
ma—iyeinnn (6.30), (6.31). '

Ao A = A, — KOpeHi XapaKTepUCTUIHOrO PiBHsiHHA (6.33), TO iM
BIINOBINAIOTh HETPHBiAIbHI PO3B’A3KH ¢ = ¢,(A)), ¢, = ¢y(R}) i, 3rinHO 3
O3HauYeHHAM BracHMX QyHKuUii, byHkuii y, = y (t) = c (A )y (5, 1) +
+ c(A )y, (1, &) # 0 € BnacHuMHM QYHKUIAMY, @ A, — BIACHUMM YUC/IAMU
3agaui (6.30), (6.31). OueBuano, BiaacHi GyHKLUIT BU3HAYER] 3 TOYHICTIO 10
CTaJIOr0 MHOXHMKA.
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ONpwknapg 6.4
Y +ay =0, y0)=y(n)=0 (<0, n]).

SAxkwo A =0, T0 y = ¢t + ¢, i Kpaiosi yMOBH 33L0BONBHSE Juile (hYHKLIA
y=0,Tobro A =0 ¢ A.

Hexait A # 0. Toni 3arajbHUi PO3B’A30K PiBHAHHSA MOXHA 3arIUCATH Y
NS VRN v

BAITISAL y = ¢ + € . IMincrasuBiy B Kpaiosi yMOBM, gicTaHeMmoO
cHUCTeMy
¢ +¢ =0, c,e"‘/j‘ + c‘ze""ﬂ =0,
3BiIKH
ey =—¢; %0, e _ g h g g o
2nd-A = 2kmi (ke Z), A=A, =k® (ke N).
Bnacm dynkuii 3amayi MawTh BUTAAL ¢, (e ikt ""’) = 2ic,sin k1. OTxe,

= {k? | k € N} ~ cnekrp, a y, = sin k&t — pnacHi GyHKuil JaHoi 3agayi.
UMfNpuknap 6.5
Y+l =0 (Ae R), y(0)=y2n), y'(0)=yQ2r)
(3anaya Hlrtypma—Jliysinns 3 nepiofUYHUMHN KpaifOBUMHU YMOBaMU).

Slkwo A =0, o y = ¢,7+ ¢,. IligcTaBnenHs 8 kpaitosi ymosu aae ¢, =0,
¢, = ¢ — JOBiIbHK#H napameTp. Otxe, A = 0 € A. BinnosinHa BiacHa pyHKUis

=1 - : Y Y

Hexait A < 0. TTizcraBnenHs 3arajibHOro po3s’si3Ky y = (e + e
Y XpaioBi yMOBH 1a€ CHCTeMy IUIS BU3HAYEHHs KoedillieHTIB ¢, ¢,

¢- e2n~/~7) + oyl - e—?.nﬂ) =0, ¢;(1 - eZnﬂ) — (1 - e—Zn\/»-T) -0
OcKilIbKH rOTOBHUN BU3HAYHMK LET CUCTEMHU
AA) = (1 - ez’“/”_)‘)(—l v e“z“‘/“_)') =
= =21 =R - ey 4 g,

T0¢,=¢c,=0iAg Anpu i <0.
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Hexait A > 0. TTigcTaBuBIIM 3arabHUM PO3B'A30K ¥ = ¢ Sin Jir+ ¢; COS Jat
y KpaloBi YMOBH, LiCTaHeMO CHCTeMy

¢y sin 2nvA — ¢y (1 = cos 2mh) = 0, ¢;(1 ~ cos 2nyR) + ¢y sin 2m/A = 0
i XapakrepucTHuHe DiBHAHHS

AV = sin? 2rdh + (1 —cos 2nR)? = 0, cos 2nyA = 1.

3sigen 2nvd =2kn (ke Z) i A = {kztk 0,1,2,..}. Koxuomy BJIACHO-
MYy YHCIY A, = k? # 0 BixmosizaioTh KBi JAiHiltHO Heaanex(m BracHi hyHKLii

Yie =Ylt) =sinkt, y,, =y, (¢) = cos kt.
ONpuknap 6.6
YRy =0 (ke R), »(0)=0, BAly()-y'() =0 (B =conste R).

3asnaunMo, wo npu B # 0 kpailoBi YMOBH 3alaui 3aj1exXars BiI napamerpa A.
TTporonyeMo camocTiifHo riepeBipuTH, 1o mipu P = 0 3amava mMac BracHi QyHK-
uii y, = y,(¢t) = cos knt i BinnosiaHi iM BnacHi yncaa A, = kn (k=0,1, 2, ...).

Hexait B = 0.

Tipu A = 0 MaeMo y = ¢, + c,. TTiacTaBuBILM ¥ KpaitoBi yMOBM, JiCTaHEMO
¢, = 0, 706710 y, = 1 € BAAaCHOIO PYHKUIEIO, KA BIANOBINAE BIACHOMY YHCITY
A=0.

[Mpu A # 0 Maemo-3aranbHmi poaa 30K y = ¢, sin Af + ¢, cos Af. ITincras-
NAeMo y Kpaitosi ymou: ¢ A = 0 i, 0TXe, y = ¢, cOS At (c2 # 0), pA? c,cos A +
+ ¢ Asink = 0. 3sincu IIICTaHeMO XapakTepucTHyHe PiBHSHHSA tg A = —[A.
I'pagiuHo MoxHa MokasaTH, WO Le PiBHAHHS Mac PiBHI 3a MOAY/IEM i npo-
THAEXHI 32 3HAKOM KOpeHi A,.

OTxe, BAaCHUMH byHKUIAMK naHoi 3axadi (mpu B = 0) € dyHkuii
Y= yft) =cos At ne 0 <X <X, < ... <A, <..— 3pOCTaloya MOCHiIAOBHICTL
BJIACHUX YHCeJl, AKi € abcumcaMu TOYOK nepeTuHy rpadikiB GyHKLR y = tg A
iy=-BA.

[MepetizeMo 10 po3mIsiTy OCHOBHMX BJIACTUBOCTEN RIACHMX YMCe i Bjac-
HUX (yHKUIA peryaspHoi 3agayi Itypma—Jliysinna (6.30), (6.31). Jose-
OEeMO CIIOYATKY JesiKi JONOMiXHI TBepmxeHHs. Hexat u = u(t), v=v(t) —
IBidi HernlepepBHO nudepeHUioBHI Ha [a, b] dyHkuii, W (¢) — BpoHCKiaH
cuctemu uux yuxuiit. Toai cnpaBaxXytoThest momoxcricms Jlazpannca

ulyv —vLiu = (pWYy (6.34)

i gpopmyaa Ipina
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;
j (uLyy - vLu)dr = p(bYW (b) - p(@)W (a). (6.35)
a
SAxuto GyHKUii 4 i v 3aA0BOIBHAIOTH Kpalosi ymoBH (6.31), To*
b b
j uLyvdt = j vLudt. (6.36)
a a

ToroxuicTs Jlarparnxa BUILIMBAE 3 O3HAYeHHS oreparopa L:
ulyv —vLu = u((pv') - qv) - v((pu’y - qu) =

=u(p'v' + pV')y—v(p'u + pu”) = p'(uv — vy + p(uy” —vu"y = (pW).

3inTerpysasiuu (6.34) o ¢ Big a mo b, micranemo dopmyny I'pina (6.35).

Hexa#t Terep dbyHKUIT 1 i v 3a10BOILHSIOTE KpaitoBi yMoBu (6.31). Toui,
HaNpUKIIad, Y TOYLi / = a MaeMo: b u(a) + b,u’(a), by v(a) + b;,v’(a) =0
(1 by, |+ 18y, |> 0). Ockinbku OCTaHHs cHCTEMa Ma€ HeTPUBIIBHUIA PO3B’s-
30K b,;, b5, TO BUBHAYHMK CUCTeMHU A = W(a) = 0. AHanoriuno W(b) = 0.
I3 dpopmyam I'pina (6.35) BunumBae Tenep pisHicTs (6.36). Otxe, 3a1aya
(6.30), (6.31) € camocnpaxeHol. Hepaxko nepesiputy, 1o i 3agaya
Iitypma—JliyBinist 3 nepioanyHUMH KpaifoBUMU yMoBamu (6.30), (6.32)
TakoX caMocnpsokeHa. Crpasni, B LboMY Buranky W(a) = W(b) i 3 dhop-
mynu I'pina Maemo

j " uLvdr - j " VLud = pBYW ) - payW (@) = 0.

OCHOBHi BIAaCTUBOCTI BJACHUX YHCeN
i BTacHUX GYHKUiH

1. Baacni wucna 3adaui llimypma—Jliyeinan (6.30), (6.31), [(6.30), (6.32)]
icnyrome™* , diticui il ymeopioromp HeckinuenHy nocaidogmicme ), < L, <
<o <A, < oo (A > +o0 TIPH k — 400).

* SIxwo ans 6ynp-sakux ABivi HenepepBHO autepeHLiiioBHnx Ha [a, b} dywkuii u i v,
SKi 3aZ0BONBHAIOTL KpaioBi ymoBu (6.31), BUKOHYeTbCa piBHicTh (6.36), TO 3amavy
Htypma—Jliyeinng (6.30), (6.31) HazuBaiors camocnpascenon. SIK Nerko nepeBipuTH,
3amaya Llitypma—Jliysinas 3 npuknany 6.6 He € camocnpsixenowo npu 3 = 0.

** JloBeneHHss HbLOro (hakTy IPYHTYEThCS Ha Teopil NiHIHHMX IHTerpalbHUX PiBHAHb
®penronsma i3 ciMerpuannm sigpoM (8, 22, 28) (ams. takox n. 11.7).
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6.4 .
CnekTpansHi kpanoBi 3apadi. 3apnava LWrypma—niysinna

TakuM YMHOM, Ha O6YIb-IKOMY CKiIHYEHHOMY MPOMIXKY OCi IapameTpa
A € nuille CKiHYeHHe YMC/IO BIacHUX 3HaueHb 3amadi LLtypma—JliyBins.

2. Baacui 3nauenns 3adaui llImypma—Jiyeinas (6.30), (6.31) npocmi
[KoxcrHomy enacnomy 3nauennio gionoeidae (3 mouricmio do cmanozo
MHOMNCHUKA) mitbKu 00Ha aaacHa QyHKyis].

[IpunycTUMo Bij CYPOTHBHOTO, 1[0 BIIACHOMY YMCJIy A BiAMOBiAAIOTh
IBi JIiHiAHO He3ajexHi BiaacHi GyHKUil u = u (¢) i v =v(¢). Toni ui GyHxuil
€ po3p’sa3KaMu omHOro piBHAHHA (6.30) i, KpiM Toro [AMB. HOBEHEHHS
piBHOCTi (6.36)], W(a) = 0. Tomy GyHKUIT & i v JiHiNHO 3a0exXHi: 4 = cv,
IO HEMOXJTURO.
3ayBaxuMo, 10 Y BUMAAKY KpaHoBUX yMOB, BiaMinHux Biz (6.31),
BJIaCHi 3HaYeHHS MOXYTh OyTH HelmpocTUMU. Tak, HapuKIiai, BlacHi 3Ha-
YEHHS Ay = k% (k=1,2,..) samaui Ltypma—JliyBiis 3 nepioqu4HUMHU
KpaltoBMMU yMoOBaMH (IuB. Npuiiian 6.5) € HerpocTuMU. KoxHOMY 3 HUX
BIIMOBIAAIOT NBi JMiHiKHO He3anexHi BjacHi GyHKUii y,, = sinkt, y, =
cos kt (k € N).
3. Brachi ¢hynxyii 3a0aqi Himypma—JTiyeinas (6.30, (6.31) [(6.30), (6.32)],
aKi 8i0nogidaroms pisHUM GAACHUM HUCAAM, OPMOOHAAbKI HA GIOPI3KY
la, b] 3 sazosoro pynkuicio p (t):

Ib Ve)y,, Opt)dt =0 (k # m). (6.37)

Hexait y,(¢), y, (t) — BnacHi GyHKUii, AKi BiANOBIIAIOTL BIACHUM YHUC-
nam i, i A, BinnosiaHo (A, # A, k # m). Toni 3 popmysu (6.36) maemo:

b b
0= -[7 (y/\‘ Llym ~Vm Llyk )d’ = -[1 I,VI«‘ (—}"m)p(t)ym —Vm (“}Lk )p(’)J’k Idf =
]
= (i =) [ 31 Opn 0P b,

3BiikM BUTIIUBacE (6.37).

3a3HayuMo, L0 Y BUMAAKY KpalioBMX YMOB, BiTMiHHUX Bia (6.31), (6.32),
BJIACTUBICTh OPTOTOHAILHOCTI BIACHUX (DYHKII MOXe He BUKOHYBATHCH.
Tak, y npuknani 6.6 (Liy = y”, p(r) = p(t) = 1) 11a Bracuux QyHkuUii

Yi(t) =cos Ayt, py, (1) =cos At (A, £4,,),

BUKOPHUCTOBYIOUH hopmyny ['pina (6.35), Mmaemo
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AIHINHI KPAMOBI 3A0AYI

i |
[, v = yuyidde = 0% =22) [y @Oy =W () -W ).
VYpaxoBywuu KpaifOBi yMOBH 3ajavi, AiCTaHEeMO
W) =0, W()=-BOi - A% )cos Ay cos A,,.

1
Tomy .[0 Y @)y, (t)dt = —Bcos A, cos A, # 0 mipu B # 0. Leit dakr € Ha-
ciaigkoM Toro, o 3amaya IItypma—JliyBinig 3 mpuxiany 6.6 He camo-
CIIPSTKEHA.
4. Baachi dyynryii 3adayvi Himypma—Jliyeinaa (6.30), (6.31) diticni.

[IpunycTuMo Bill CYIIPOTHBHOTO, IO (XiHCHOMY) BIACHOMY YHCIY A
BIIIOBIZA€ KOMIUIEKCHA BjacHa QYHKUIA y = u + iv (v # 0). 13 piBHsSIHHSA
(6.30) micraeMo

L(u+iv)+hp(t)(u+iv) =0, Liu+rp()u+ i(Lyv+rp(t)v) =0,
3BiIKU
Liu+2p(t)u=0, Lyv+ip(t)v=0
i, oTxe, Gynkuii u = u(z), v=v(t) € BIaCHUMH DYHKLIsIMH, AKi BiAmo-
BiZaloTh BIACHOMY YHCJIY A. 3a BJIACTUBICTIO 2 MacMO v = cu (¢ = const).
Toni y=u+ iv= (1 + ic)u i, oTKe, BIaCHOMY YHCIy A BiIMOBiAa€ milicHa
BIIacHa QYHKLifA U, 10 HEMOXIIMBO.

5. Axwo 6 pignanni (6.30) q(¢) = 0 (¢ € |a, b]), mo anacHi uucaa nepwoi,
dpyeoi 3adaui lImypma—Jliyeinns, 3adayi HImypma—Jliyeinas 3 nepio-
Ouunumu Kpaviogumu ymosamu (6.32), a maxoxc i3 miwanumu kpatio-
eumu ymosamu y(a) = y’(b) = 0, y’(a) = y(b) = 0 negid emni.

Y 11bOMY TBepIKEHHI JIErKO NepeKOHATHCh, AKIIO PiBHICTb

d ,
E(p(t)y,, (1) = g@)y, (1) + Ap(t)y, (1) =0
MOMHOXMTH Ha y,(f) i 3iHTerpyBaTu 1O Bipi3Ky [a, bl

bd , b ) b R
[ 2 @0y, o)y,0di - [ g0y, di+2, | pw)yi@di =0.
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6.4
CnexTpanbHi kpawWosi 3apavi. 3apava Wtypma—liysinna

BukoHaBIIM B nepLIOMY iHTerpali iHTerpyBaHHA YaCTHHAMM, JTiCTAHEMO

Oy, - [ sy - [ o+

a

b
+4, j p(t)y2(dt =0,
a
3BIIKM 3 YpaxyBaHHSM KpaHOBUX YMOB BUILIMBAa€ piBHICTh

b ‘ b 5 s b 5
A J p()y; (1) dt = L Py, (7 )dt + L q(n)y, (1) dt,

SIKa ¥ TOBOIUTH TBEPIOXEHHA.

6. Baachi hynrwii 3adaui [limypma—JTiysinan (6.30), (6.31) [(6.30), (6.32)],
AKi idnosidaroms pi3num eaachum uucaam, AIHIGHO He3aAewCHi Ha
gidpisky |a, b].

LI10 BIaCTUBICTL PONOHYEMO H0OBECTH CAMOCTIiiHO.

[3 BracTuBOCTI 3 BUILUIMBaE, 1O cucTeMa BlacHMX GYHKLII 3amadi
LItypma—Jliysiyis (6.30), (6.31) [(6.30), (6.32)] opToroHajibHa [3 Baro-
BOIO (pyHKLI€W p (¢)] Ha BiOPi3Ky [a, b]. TOMy MOXHA CTaBUTH 3a1ayy 1po
PO3BHHEHHS JOBUIbHKX DYHKUIMH f(¢) (¢ € [a, b]) y psin Pyp’e 3a BRACHUMHU
¢dyHkuissMu y,(¢) 3apayi Wtypma—Jliysinna:

¥

0= c,p,(0), (6.38)
n=|\

¢, = YO, y,,(zf)) (6.39)
(FAOY

b
me (f(1), y,(1)) = L SOy (Opyde, ||y, (0= j by,%(r)p(t)df.

Binmosiap Ha muTaHHs npo xapakrep 36ixHocTi pany Pyp’e (6.38) 3a-
JeXHUTb Bill BIACTUBOCTEH (YHKLII (). SAKio f(¢) ABiYi HENEPEPBHO IH-
(bepenuitosHa Ha [a, b] i 3a00BoNbHsIE Kpaitosi ymosu (6.31) [(6.32)], To
pan @yp’e (6.38) 36iracTrest 10 f(t) Ha [a, b] abcomoTHO i PIBHOMIPHO
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(meopema Cmexnosa). SIkino ¢yHKUIA () KyCKOBO-HelepepBHA Ha [a, b]
a6o iHTerpoBHA 3 KBaZpaTOM i3 Barosolo dyHkItieto p (t) Ha [a, b], To psan
®@yp’e (6.38) 3bizacmuca do f(t) y cepednvokeadpamuuromy, TOGTO

2 2

lim | £ - chykm = tim [’ 70~ Y an@| pwdi=0

A+ wva
k=1

(meopema npo nogromy cucmemu 6AACHUX (DYyHKYid pezyaapHoi 3adaui
IImypma—Jliyeinns). 36iXHOCTI B cepeIHbOKBaIPaTUMHOMY, SK IPaBU-
JIO, HOCTATHRO IS 33134 MaTeMaTHYHOI (Gi3uKY, OCKITbKU OBi MyHKIIT

f(8) 1 £(2), TS SIKVIX Ibl [ - f@) |2 p(t)dt = O (dopienioroms OIHA ORHIM

y cepeduboxeadpamuyromy) MOXYTb BiIPi3HATHUCH OJHA Bill OMHOI HA MHO-
KKHi, HACTUILKM Maiiif, 10 I1e He BIUIMBAE€ HA 3HAYEHHA iHTErpajiB Bil
f@) i fi(1).

Y Bunazaky 3amaui [HrypMa—JliyBiLis 3 nepiogMIHUMHU KpPaOBUMH
yMoBaMH (6.32) nmiHil{HO He3aiexXHi BilacHi MyHKIT, AKi BiAnoBinaloTs on-
HOMY BIIACHOMY YMCIIy, CJIil BUOpAaTH Tak, 1106 BOHM OY/IM OPTOrOHANIBHI.

Tak, pO3BHHEHHS KYCKOBO- HenepepBHoi‘ Ha [0, 2n] byl f () y pan
®yp’e 3a B1acHUMU (pyHKkLiaMU 3a1adi [rypma—JliyBisis 3 neponmth-
M KpafoBMMH yMOBaMH (omB. mpukinag 6.5) mae surmsn (|| 1| = 2r,
| cos kt ||% = | sin k¢ || % = x)

f() = l + Z(ak cos kt + by sin kt),

1 ¢2n n .

e a =—j f()cos ktdt (k=0,1,2,..), b, =*j f(0)sin krdt
nJ0 nJ0

k=12, .).

Po3risiHeMO NPUKITAIY BOXIMBYX CUHIY/ISpHYX 3a1a4 Ltypma—Jliysiuis,
BIACHI (PYHKUIT SIKUX HIMPOKO 3aCTOCOBYIOTh Y MaTeMaTuuHiit dizuui [3, 11].
UONpuxknan 6.7

(-2 -2 +hy =0, ye Gy, ¥ =1.

BracHuMu QyHKUIsIMU i€ 3axavi € Tak 3BaHi MHo2ourenu (n-ro crere-
Hst) Jexcandpa, siki no3HavaioTs cuMBosioM P(t) (n=0, 1, 2, ...), a BAacHu-
MW YHCIaMH — umcaa A, = n(n + 1). MHorowtenu Jlexanapa oproroHaibHi
Ha Bilpi3Ky [-1, 1] i3 Barosoio dyHkwuicio p (¢) = 1.
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6.4
CnekrpanbHi kpaiosi 3apavi. 3apava Wrypma-—Tliysinna

Hasenemo muorouwnenu JlexaHapa ta iXHi HOPMY B SIBHOMY BHIJIALI:

1 a "
(-0, P 2=

Pt .
w0 = 2t e 2n+1

Ha npaktvii a1 sigurykannsa P,(f) Halyacrilie BUKOPHCTOBYIOTb pe-
KYpPeHTHe CTiBBiIHOLIEHHS

(n+1)P,s (1) = Q@n+ DIP(1) + nP,_y(1) = 0
rasupasn A1) =1, A()=1, 5(:):%# L
UNpuknap 6.8

2

72 JJ’ZO: yeQ k=012, ..

P A
(1-1%)y —20’+[X—I
BnacHi byHKuUii ui€i 3amadi HA3UBAIOTb NPUEOHAHUMU q)ynxuumu Aexncan-
dpa (nepwozo pody, g Axuio B audepentiaTbkHOMY PiBHAHHI 3aJa4i 3pobuTu
)

3aminy y = (1 - 2z, T0 (npononyemo MepeBipuTH Lle CaMOCTIHHO) Iist
byukLii z = z(¢) AicTaHeMO PiBHAHHSA

A=)z =2tk + 1)z’ +[A=k(k +1)]z =0
abo B caMocnpaxeHiit ¢opmi
[(1=2) 12T +[A=k(k +D]A -z =0

Take came piBHSIHHSt MOXHA TiCTaTH 3 PiBHAHHA npukiIalgy 6.7, gKIMO 341-
tepenuioBaty ioro k pa3zis. Tomy HenekpepBHuM Ha [-1, 1] po3B’s3kom z(¢)

npu A = n(n + 1) € PyHKLinA z,f = ngP,,(r). OTtxe, nMpueaHani GyHKUil

Jlexanapa nepiuoro poay MaloTh BUTIAL
. kgt
Pi(y=(1- zV——Pu)w<k<ny

OueBuAHO,

Pty = P, Blty=1-12, Py =

Nlu
|

Ply=301-12, PE(ty=3(01-1%).
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IMpuennani dynkuii Jlexanapa opToroHansHi Ha Biapisky [-1, 1] i3 Ba-
roBoio QyHKLIE p (1) = 1:

(n+k) 2
k)'2n+1

J-ll (DPE(rydt =0 (m=n), | PF Y=

OMpuknap 6.9
(1= =0/ +hy =0, ye Gy 4.

PiBHsIHHS B caMocnipsixXeHiit opmi Mae BUISO

1=y +h—me— y = 0.

\/l——r_

3amiHoI0 He3anexXHol 3MIHHOI f = cos x (AuB. f1. 5.3) piBHAHHSA MOXHa 3Bec-
™ 10 BUTIARY 2”7 + Az =0, ge y (t) = z(x). 3Biacu

Z = ¢] COS \/x.x + ¢y Sin \/Xx = p(t) =
= ¢; cos(JA arccos 1) + ¢, sin (vA arccos 1).

YmoBa HenepepBHm nud)epeHulﬁOBHocn Ha Biapisky [-1, 1] BUKOHYETH-
cs uite npu A = n? (n = 2,..), ¢, = 0. Tomy

vty =T, (r) =cos(narccos t) (n=0,1,2,..)

— BacHi GyHKuii 3ama4i. Ouesuaro, Ty(t) =1, T,(t) = ¢, To(t) =22 — 1. I3
TOTOXHOCTi !

COS HX + Ccos{n - 2)x = 2cos x cos(n - 1)x
MOXHA IICTaTH peKypeHTHe CHMiBBIIHOLIeHHS
T,y =2T, () T,_5(1) (n=2),

3 AKOro BUTMBAE, WO ¢yukuii 7,(f) € MHOrowieHaMu #7-ro crerieHs. Ix
Ha3WBaIOTh mHocouAeHamu Yebuwoea.

OfNpuknapn 6.10

Py + 1y + (7 =v)y =0, ye Gy, ¥(b) =0 (v20).
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6.4
CnexrpansHi kpaiosi 3apaui. 3apava LWtypma—iysinna

Sk nokaszaHo padinie, piBHAHHS B cCaMOCnpaxeHiit (hopMmi Mac BUIISL
N4 \’2
(") —T_y + Aty =0,

IMpu A = 0 mictaemo piBHanua Edepa (aus. 0. 5.3) tzy” w1y’ - vy =0,
3araJlbHUM PO3B’I3KOM SIKOTO € GYHKUiA y = ¢\t +ct " mpuv=0iy=c¢ +
+ ¢ Intnpu v = 0. Ui dyHkuii Ba}IOBOJ'[bHﬂlOTb ymoBn y € Cy b y(b) =0
Auute mpk ¢, = ¢, = 0. Tomy A = 0 He € sracAum yucaom. Ipu A > 0 3amina

x =JM (¥(1) = z(x)) 3BOOWTH ZaHe PiBHSHHSA DO piBHAHHA Beccens x’z” +
, 22 e ‘ :
+xz" +(x° ~ v*)z=0. YmMoBy Z(x)e Clth J7p) 3BHOBOTILHSE dbyHkuis becce-

aa* mepiuoro pomy nopsiaky (iHmekcy) v: z(x) = J,(x) = J\‘(\/x{)i AbBy us
dbyHKUig 3an080abHSA e  yMOBY y(b) = 2(\/7:1)) = 0. neobxinno i moc-
TaTHBO, WO6 A = (u/b)2, ze || — ODONATHHIA KODPiHb DIBHNHHS J(x) =
Y teopii GecceneBux GyHKuii [9, 24] N10BOAKUTLCS, IO Le PIBHSHHI Ma€
HeckiHyeHHy nocaizosuicth 0 < pi'’ < pl” <. <p!" < ... nomaruux xope-
HiB. OTxXe, BjacHi 4uciaa i wiacHi QyHKUIT 4aHOT 3a0a4i MAIOTh BUMIAL

A = /6, pin) = S, 7 WY e N).

BnacHi ¢ynkuii opToroHaabHi Ha BiApi3KY [a, h] i3 Barosowo dyHkiico
pg)=1:

b =1 () ()
j J b0 (bW dt =
[}] k
0 npu i #+ f,
H?
1 (v 2 . .
I Jo 6 a2 TJZ Wy npy i = .
HacaMKiHellb 3a3Ha4YUMMO, L0 OPTONOHAIbLHICTb i TOBHOTA CHCTEMU BJIAC-
HUX GYHKIIN € OJHUMH 3 HAHBAXJIMBILIMX BJACTUBOCTEN CNEKTPATIbHUX

3aja4 (i, 30KpeMa, 3aaaui LLItypma—JliyBinis), aki LIMPOKO 3aCTOCOBYIOTh-
Csl TIPY JOCIITKEHH| Qi3HUHUX SBHILL.

* Pigusinuga i dyukuii beccens posrnsnyro B n. 7.4.



NIIHIRHI QUOEPEHUIANDBHI PIBHAHHA
APYIroro noPAAKyY

7.1

KaHOHiI4YHi (DOpMHM NiHIAKUX PIBHAHD
APYroro NopAaKy

JinitiHi mudepenIiaibHi piIBHAHHS IPYTroro MOPAIKY BiirpaloTh Bax-
JIUBY poJIb Y 3aJavax MexaHiku, $isuku, Giosiorii Ta iHIUMX HayK. 3arampHi
BJIACTHBOCTI PO3B’S3KiB JiHiNHUX piBHAHB BHCBiTIeHO B 1. 4.1. TyT po3-
[IITHeMO cIteltndiuHi BIaCTUBOCTI, METOIU PO3B’SI3yBaHHA I BaxXJIMBI TUITU
JiHIAHUX TudepeHIliaTbBHUX PiBHSIHEL JPYTOTO IMOPSIKY.

JliniitHe qudepeHUiaTbHe PiIBHAHHSA IPYTOro NOPSAKY Mac BUTJIAL

at)y” +b(t)y"+c(t)y = f(D), (7.1)

ne a(t), b(t), c(t), f(t) — GyHkuii, HelepepBHi Ha AesIKOMY iHTepBaJi
I = (0, By) (0t 2 —o0, By < +oo; 3amicThb iHTepBany I MOXe PO3LIAJATHCS
MiBiHTepBaji abo BiIpi30K).

Axwo a(t) # 0 (Vv t e I), To piBHaHHS (7.1) MOXHa 3aIMKcaTH TakK:

Y +h@)y + hy(t)y = g(1), (7.2)
ze hy(t) = b(t)/a(t), hy(t) = c(t)/a(t), g(t) = f(t)/a(2). o,
SAxwo piBHAHHA (7.1) TOMHOXHTH Ha GYHKUiO () = ——e aln

a(r)

(ouB. 1. 6.4), TO Yioro MOXHa IOAaTH B camocnpaxcerii gopmi
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Kanodiuni opMmu RiHiAHUX PiBHAHBL OPYroro nopaaKy

(P(NYY +4q(t)y = r (), (7.3)

Far?
me p(N)=e D, q@0) = c(Ou@), r@t)=FOU.
Jiniiive ogHopinue (r(¢) = 0) piBHAHHA B caMOcCIIpspkeHiit dopMi Mae
BHUITISLA,

b(r)d

(P(OY) +q(y =0. (7.4)

Yacro piBHsiHHA (7.2) 3py4YHO 3alMCYBaTH y BUMIJISUAI TAKOTo, IO He
MICTHTD NepIloi MoXiaHoi wykaHoi GyHkuii. Axwo B (7.2) dyHkuis A, (¢)
HernepepBHO MudepeHIIiHOBHA, TO IILOr0 MOXHA JOCSITTH 3a JONIOMOIOIO 3a-
MIiHM lrykaHoi GyHKUil y = o (¢)u. Cripanai, miacTaBuBlu y = o't + o',
Y =0o"u+20'u" + ou"y (7.2), nicranemo ow” + 2o’ + hyoyu’ + (o + hjo +
+hyo)u = g(f). Sixmo dyHxuio o = o (1t) BUGpaTH 3 yMoBH 20 +

— nNadr
+ hyoe =0, Hanpukian y BUrsagi off) = e Zjh'( v , TO BIZTHOCHO (YHKIIiT

u =y (t) nicraneMo piBHAHHS

u”+ Q(Hu = g (1), (7.5)

ne Q) = hy(t) - ?i-h% ) - %h’l () — ineapianm ainitinozo piensnns (7.2),

ljhlu)dr

g(N) = f(te? -

&5 TTponoHyeMO caMOCTiitHO JOBECTH, 1110 33 AOMOMOIOIO 3aMiHH HE3aIEXHOI 3MiHHOT

£ dopMynol T= J‘e‘J O gy piBHsiHHS (7.2) MOXHA 3BECTH IO BUINSRY
Todoz
=2 +0/(0)z = G(v), ne 2(1) = y(t(v)).
‘ dt
ONpuknagpg 7.1

3a donomozo0 3aminu nesanexcnoi IminnoT pignanns y" — ¥ + e y = 0 38edemo
0o maKoeo, ake He Micmumb nepuwol NOXiOHOT WYKAHOT QYHICUIT.
Maemo: '

-f= dy dzdt dz
h f:—] = j( “drdf: ,,[:I , Ao sl
(0=t e=fe L T P
, d*y d(dz \dt [d*z &
=—5=—| Tl =|=5t+ - |t
dt dtidt |dt dt dt
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NIHIAH QUOEPEHLLIANLH! PIBHAHHA APYFrOro NOPALKY

TlincrapuBINY B piBHSAHHS, XicTaHEMO

d*z ; dz_ d=z 3
— T +—1-—1+12z=0 abo
d1:2 dt dt z

3 OCTaHHBOIO PIBHAHHA 3HAXOAUMO

z(t) = ¢;sin T+ ¢y cos 1= (1) = ¢;sin €' +¢,cos €.

ONpuknapg 7.2
Pigusnna y” — y + e y =0 3sedemo do euzasdy (7.5) 3a donomozorw 3aminu

—%jhl(r)d/ %r

wykanol giynryii v = e u=e®u.

. . . . | S
3HaifoBLIN iHBapiaHT piBusiHus Q(f) = & 7 JTicTaHeMO

7.2

KonusHicTb po3B’A3KiB
NiHIAHXX PiBHAHb APYrOro NOpAAKY

HerpusianbHuit po3s’si30K NHIHHOTO ONHOPINHOIO PiBHAHHS

Y +0Wy =0 Qe C)) (7.6)

Ha3UBAIOTb HEKOAUGHUM HA IETKOMY MTPOMiXKY, SIKILIO BiH NepPeTROPIOETHCS B HY/Tb He Gijbiiie
HiX B OZHIN TOULH LIONO IPOMIXKY; SIKILO X BiH MEPETBOPIOETLCS B HY/b HE MEHILE HiX Y
IBOX TOYKAX MPOMIXKY, TO TAKHI PO3B’130K Ha3UBAIOTh KoaueHum. Tak, Hampukian, Oyab-
SIKMI HETPUBIATBHMA PO3B’SI30K piBHSHHS V™ — @’y = 0 (0 > 0): ¥ = ;e + ¢ € He-
KOJIMBHUM Ha Oydb-AKOMY MPOMiXKY, a OYIb-SIKUH HETPUBIATLHUN PO3B’'SI30K PiBHSIH-
H "+ u)zy =0 (w>0) y = ¢ sin ot + ¢,cos ©f € KONUBHUM Ha ByIb-IKOMY Npo-
MiXKy, JOBXIHA SIKOTO He MeH1ua 3a 2n/®.
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7.2
KonnBHICTb PO3B'A3KIB NiHIAHUX PIBHAHL APYroro rnopApKy

Po3arngHeMo 03HaKy KOAUBHOCTI il HEKOJIMBHOCTI pO3B’si3kiB piBHAHHS (7.6).

[loBepeHHRA

Bin cynporusHOro npumycrumo, o po3s’si3oK y(f) # 0 Mac Ha BiApi3Ky [a, b]
HeCKiHYEHHY MHOXMHY HYIB ), 4, ..., f,, ... 3a leMolo BonbuaHo—Beitepiorpacca 3

MOCAIZOBHOCTI {£,} MOXHa BURIIATH 301Xy NIANOCIITOBHICTL Iy > Mhe |a, b|. 3a

HETIepepBHICTIO MaEMO y (%) = 0. 3a Teopemoio Posiist Ha inTepsai (U » )} icHyeE

Touka &, TaKa, wo y’(€, ) = 0. Ockimbku & — 4, T0 y'(4) = 0. Orxe, y(f) = y'(1) = 0
i 3a TeopeMoI0 €EAMHOCTI po3R’si3Ky 3ana4i Kowi y (1) = 0, o HeMOXJIHBO.

NosepneHHA

Bin cynpornBHoro npuriyctimo, 1o B iHTepBaii (1,, 1) po3n’A30K y,(f) He Mae
HyJtin. 3po3yMmino, wo y,(1)) = 0, y,(1,) # 0, 60, Hanpukian, Tpu y,(2,) = 0 s
BpoHcKiaHa W(¢) = W [y,, y,] nictanemo W (1) = 0, a lie HEeMOXUTHBO BHACTiNOK
TiHiHHOT He3aeXHOCTI po3B’a3KiB y, (1), y,(1). He obmexyloun saranbHOCT, ABaxa-
TUMeMo, 1o W(¢) > 0. I3 piHocTei

W)
yi(t)

dr| yy(1)

KOy () -y _W@ 4 pn@)
¥ () v di

—Z——t/I < 0, a ue HeMOXUTHBO. SIKIUO MPUNYCTH-
h h ¥y ()

b j/_y W)

»n)
TH, UIO MiX £, i 4, € 1Ba Hymi 1) < I, <t <t POIB’AIKY (1) yy (1) = yz(g) =0,
TO, AHAJIONYHO PO3MIPKOBYIOUH, MOXHA JORECTH ICHYBAHHA NMPHHAINMHI 0XHOro
HYJIA pO3B’S3KY y, (1) Mix Z i ;; a Lie CynepevyuTb YMOBI TEOPEMHU.

marumemo () = (y,_(t)]

* SIxwo ¢yHKUiA NepeTBOPIOETHCA B HYAb Y TOULI /), TO KaXyTb, 110 {, € Hysem uiei
byHKIIi.
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Fhaea 7
MIHIAHI ANOEPEHUIANBHI PIBHAHHA OAPYIOrO NOPAAKY

O Hacnigok 7.1
Skcwo na npomixcky [a, bl odun iz nempueianvhux po3e’ssxie pienanna (7.6) mae
Oinvute nixc 08a Hyni, mo 8ci po3e A3Ku PIGHAHHS KOAUGHI HA KbOMY RPOMINCKY.

€ 3ayBaxeHHA 7.1
Teopemy LlTypma MOXHA cHOPMYIIOBATH ILE ¥ TaK: Hyai 080X AiHIIHO HE3ANEHCHUX
po38 a3kie pisnanna (7.6) é3acmuo eiddinsioms 00ur 00ro20. (3a iMIOCTPALIII0 MOXYTD
APABUTH JiHIHHO He3aeXHi PO3B’A3KH sin £, cos ! piBHSHHA y” + y = 0.)
TTopsiz i3 (7.6) po3rnssHEMO PiBHAHHS

X"+ Pyx =0 (P(tye C;, I =|a, b]). 7.7

HHA

JosepeHHA

Bixt cynpoTuBHOro NpunycTHMo, L0 MiX MOCTIIOBHUMU HYIAMY #, i I, HEAKOTO
PO3B’sI3KY X (f) HEMaE XOTHOTO HYJIS IesiKkoro po3s’si3ky y(¢). Tozi MoXHa BBaXarH,
wo x(t)>0,y(#) >0V te (4, ,). Y UboMy BUNAAKY x (f) 3pOCTa€E B IPaROMY OKOIi
TOYKM ¢, i CrIAnae B JIIBOMY OKOJIi TOUKH &, ToMy x’(#) > 0, x'(f)) < 0. I3 ToToXHOCTEM
y'(t)+ Q@)y(t)=0,x"(t) + P(t)y(t) = 0 maemo

KON = YD) = Q1) = PONx()¥(r),
LY = YOX0) = @D~ PNXDY).
0 =y Oxol] = [ Q) - PO)xnyydr.

Ockinbku x (1)) = x(1,) = 0, TO OCTAHHIO PiBHICTE MOXHA TEPerUCaTy Tak:

Y(6)(0) = X)) = @) = Pupxty(dr. (7.8)

3a ymogowo Q(?) 2 P(), a oMy npaBa yactiHa piBHOCTi (7.8) HeBin'eMHa. Jlina
YaCTHHA PIBHOCTI Bill'€MHA, OcKinbku y (1) > 0, y (£) > 0, x'(#,) < 0, x’(¢)) > 0.
LIs cynepeuHiCTb ZOBOXHThL TBEPIXKEHHS TEOPEMHU.

O Hacnipok 7.2

Sxuwo Q(t) <0V te a, b, mo eci po3s’asxu pienanns (7.6) nexoausni na npomixcky
fa, b].
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7.2
KonueHictb po3s’A3kiB AIHIKHWX PiBHAHL ZPYroro NOpPAQKY

Ins roBeneHHs! HBOTO TBEPAXEHHS 3aCTOCYEMO TEOPEMY MOPIBHAHHSA, NOKJIABUIK
P(t) = 0 y pipaanHi (7.7). IMpunycTtuMo, 1O AesKWil HEeTPUBIATbHUI PO3R’A30K Y (1)
piBasiuHs (7.6) Mae Hyri ¢, < 1,. Toni 3a Teopemoio 7.3 Ha iHTepBaii (1, 4,) mae npu-
HalMHi OIH HYIb OYIb-SIKMit HETPUBIATBHUI PO3B’A30K PIBHAHHA x” = (0, lLO HEMOX-
JIMBO, HaMpUKIal, IS PO3B’SI3KY X = ¢ = const # 0.

O Hacnigox 7.3

Hexaii t; — cninvnuii Hyns pose ‘asxie y(t), x(t) pisusns (7.6) i (7.7) eéidnoeidno i
Ha npoMidcKy Mixc t, i Hacmynnum (3a 1, ) Hyaem t, po3e 'a3Ky x(t) € mouku, @ AKux
P(t) < Q(t), a 6 inuux mouxax P(t) < Q(t). Todi nadbauxcuuii 0o t, 3 npasozo oxy
Hyab po3s a3Ky y (t) poamawosanuil He npasiwe 6id 4.

Cnipasni, AKILO MPUTYCTUTH CYynpoTHRHE, To 3 (7.8) BUTIMBAE PiBHICTD

xX(t))y(ty) = J,,f (Q(r) = P(1)x(r)p(r)dr.

fIKa HEMOXJINBA, OCKIIbKH ii JliBa 4acTHHa Bin’emHa (x'(4,) < 0, y(t,) > 0), a npasa —
IONaTHa.

O Hacnipox 7.4

Hexaii Q(t)2m=const>0V te (a, b), (¢, L., ) — sidcmans minc dgoma nocni-
008HUMU HYaaMu BYdb-aK020 po3e 'a3ky pienanns (7.6). Todi 3z, L) s/ .
Axwo b-a>n/ Jm., mo 6yob-axull po3e’a3oK pieuanns (7.6) Mac He Menwe Hixc

Jm(b - a)
n

} Hynig Ha inmepeani (a, b) (cumeonom [r] noznaxeno yity uacmuny wuca r ).

Ilnst foBeneHHs LLOTO TRePIXeHHS PO3MISHEMO PIBHAHHA X~ + mx = 0. Bizcranb Mix
MOCTTIOBHUMH HYJIAMU GyIb-IKOTO PO3B’SI3KY LLOTO PIBHSIHHS X (1) = ¢ Sin (Vmif + ¢5)
RopisHioe 1/vm. BuSopom mapaMerpa €, MOXHa JOCATTH TOTO, IO Z 6yne Hynem fest-

KOro po3s’asky x(¢). Toxi, 3riaHo 3 Haciizkom 7.3, S(Ij, L, s n/m.

O Hacnigok 7.5

Hexaii 0 < Q(t) < M = const V t e (a, b). Todi S(tj, L) 2 /M. Axuwo
b-a>n/NM, mo 6ydv-axui pose’nox pienanna (7.6) mae we Ginbwte Hiwmc

{m(h—a):!

Hynig Ha inmepeaai (a, b).
27 (TeeprxeHns Hactiaky 7.5 NPONOHYEMO AOBECTH CAMOCTIHHO.)
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Thasa 7 7.3

NIHIAHI OUOEPEHLIANBLHI PIBHAHHA OAPYHOro noPAAKY IHTerpyBaHHA RNiHiAHUX PiIBHAHL METOMOM CTeneHesBux pALis
7.3 QnNpuknapg 73
IHTeI'pyBaHHFI niniAHKX piBHFle Pozzaanemo piensauna y” — y = 0, 3azanvruli po3e 130K 1020 y = c]e' + czef’ HaM

gidomudi, [ 3acmMocyemo 00 Hbo20 Memod cmenenesux padie.
Ockimbku h (1) = 0, hy(t) = | — ananiTnyni npu | ¢| < +o0 yHKUIT, TO
3rifHo 3 Teopemoio 7.4 po3r’a3ok wykatumemo y sumani (7.11) (4, = O):
o

MEeTOAOM CTeNneHeBUX pAAIB

SIK BizoMoO, iHTerpyBaHHS IMepeHLiaIbHIX PiBHAHDL JOCUTh PLIKO y=yn= Z"k’k () t| < +x). Maemo
3BOMMTBCS OO KBaapaTyp. Y LIMX BHMITaJKaX 3aCTOCOBYIOTH iHILI MeTOmH, k=0
HaWMOIUMPEHIILUUM 3 AKUX €  Memod cmenenesux padie. [IpoimocTpyeMo s R P ‘s
3aCTOCYBaHHS 1IOrO METOLY Ha MPHMKIJIali JiHiHOro AvdepeHIiaTbHOro Y=y =Y ka0 =Y ktk =Dt
PIBHSIHHS IPYroro MopaiKy 3i 3MiHHMMHM KoedillieHTaMH. k=1 k=2

PoarsHeMo niHiliHe OXHOpPIiTHe PiBHAHHS [TigcraBnsoum B PiBHSHHA, ZiCTAHEMO

” s Qay +2 - 3ayt + ... + (n—Dna" 2 + ) -
Y+ hi()y +hy(t)y = 0. (7.9) ? ’

@+t +al? + . +a "+ ) =0,
Meron creneHeBUX PALiB 11 piBHAHHA (7.9) IPYHTYETBCS Ha TAKOMY

TBepIkeHHi [34]. a6o

ay —2ay +(ay = 2-3ay)t + (ay — 3 - day o+
+a, —(n+ D +2)a, 1" +..=0.

3Bigcy BHIUIMBAIOTH TakKi PIBHOCTI:
ay-2dy =0, ay~2-30:=0, a, -3-4a5, =0, ...,
a,-(n+Nn+2a,, =0 ..

3anmuwaoyy 10BUTbHUMM 4, i a, (BOHM HE BU3HAYAIOTbCH 3 UiEi cucTeMu

piBHSIHB), HiCTAHEMO
[ a a s a,
a-‘ =—I, ai = '4 :.-_I’ a-] = 2 :_| .
-3 7 4.5 5! 6-7 T!
a a a a. a
: ay =J‘, ay = 2 =—”', deg :—4_i’
: 2! 3.4 4 56 6
Touky #, Ha3UBAIOTL MO4KOI0 anasimuunocmi piensnns (7.9). B okoni o ,
TOYKH aHAJITHYHOCTI PO3B’A30K piBHAHHA (7.9) wyKalors y Burwsii (7.11), TXE, MAcMO pO3B 30K
Ie 4ucia ay, a;, ... HiA1AraloTh BU3HAYEHHIO. I ror
T o ; (D =ayfl+—+—+ .. |+aq| T +—+—+ =
";CDYHKIIIIO f(1) wasmpatoTs awatimuunoro B inTepBani (f, — r, f) + N, skwo f(1) = ‘ 0 20 4! : 5!

) k . . . .
= Ztk(l - 1#))", TpAYOMy OCTaHHIR psax 36iracTbcs aGCOMOTHO i PIBHOMIPHO NpH
k=0

|t~ 1yl <r

=aych t+aysh t = e’ + e,
ae a,, a; — NOBiUNLHI CTani.
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Masa 7
NIHAH QUOEPEHLIANBHI PIBHAHHA OPYrOro NOPAOKY

7.3
IHTerpyBaHHA niHiAHMX piBHAHL METOAOM CTeneHeswux pAnis

ONpuxnap 7.4

Memodom cmeneneeux psdie 3inmeapyemo pigHanua y” + ty=0.
Ockinbku h(t) = 0, hy(t) = 1 — aHaniTuyHi npu | t| < +o yHKLIT, TO

PO3B’A30K () LIyKaTUMeMO y BUTISLI ¥ = p(I) = Z apr* (| 1] < +w). OBivi

k=0
3aMdepeHLIIOBaBIIM Ligi psd i MiACTABMBILY B PiBHSHHS, KiCTAHEMO

Y k=Dt + ¥ at =0
k=2

k=0

TpupiBusBiK K0 Hyns koediuienTv mpu ¢/ (i=0, 1, 2, ...), MaTMMeMo
2-1a; =0, 3-2a3+a,=0, 4-3a3+a, =0, ..., n(n-1a, +a,_, =0, ...
I3 unx piBHSAHBL 3HaXOAUMO

a, _
“m (II = 0, l, 2, )

a, =0, Apey =

Moknazemo g, = 1, a; = 0. Toai HeHynLOBUMH € auite KoedilieHTH
BUNISINY 4. Il1st HUX MaEMO PeKYPeHTHE CIliBBiAHOWEHH

A3y
mal) = ——————2 =0,1,2,..),
mty QGm +2)(3m + 3) (o L2,
3BIOKH
W
ay, D (m=1,2,..).

T 2.3.5.6..0m-1)3m

R ('__l)m f3'"
Orxe, M06yA0BaHO Po3B’SI30K PiBHAHHS ) (1) = | + Z 3 .
113 5010 Y (0) = 1, y(0) = 0. =2-3-5-6...3m - 1)3m
_ Moknaswu a, = 0, a, = 1, gicTaHeMo, WO HeHYNLOBUMH € nuute Koedi-
UIEHTH BUTISIAY s, , ,. JAS HUX MAaEMO peKypeHTHe CHiBBiEHOLIEHHS!

By = 1 — (m=0,1,2,..),
Gm+3)3m+4)
3BiIKH
Ay = D (m=12 .).

3-4.6-7..3m3m+1)
210

(_l)/n’bnrl
3:4.6-7..3m(3m+1)

Tomy p, () =1+ 2 — POBR'S30K, LISt AKOTO y,(0) = 0,

¥y =1. m=1
CreneHesi psii, SIKUMU NPeACTaBlIeHi po3B’a3ku y,(f) i y,(t), 36iratore-

csl abCOMIOTHO ¥ PIBHOMIpHO MpH |#| < +w. OTxe, BCi PO3B’I3KM maHoro
PiBHAHHS € AaHATITHIHUMM PYHKLIAMU 0pY | 1| < +oo. 3aransHuil po3s’s3ok
PiBHAHHA Ma€ BUIISIO Y = ¢,y,(1) + c,)(1).

UNpuknap 7.5

Memodom cmenenesux padie posa ancemo 3adayy Kowiy” +ty’ +y=0,y(0) =1,
y’(0) = 0.
Koeditientn A,(¢) = ti hy(t) = | € aHaTiTHIHUMHU ByHKLIAMI TIpY | £| < +20.

. . . k
Posp’sasok 3agayi Komi wykaemo y sursagi ¥ = 20/\1 (ay =1, a, =0).

. o . . =0
[TincraBusuiv ueit BHUpa3 y pIBHAHHA, JICTAHEMO k

Zakk(k Ve IZaAkrk s Zakt" =0,
k=2 k=1 k=0
abo
a; +3 200+ 4- 3a + L)+ (g + 20212 +3a3r3 + )+

+(dy +ayt +ayt® +..) = 0.

TpupiBHABWIK 0O Hys KoediliEHTH npu t (k=0,1, 2, ..), aicraHeMO
2a; +dy =0, 3:-2ay + 2a, =0, 4-3ay + 30, =0, ..,

(n+1)n+2)a

n-t

y+(n+Da, =0, ..

3BiacH, Bpaxosyioun, 1o 4, = 1, a, = 0, maecmo
] tlz |
ay = ——, a; =0, gy = ~—~= =——, ..,
N T4 24
_l m .
:—(—) =0 (m=0,L..).

Qm (2”,)!! s Ay
Tomy

1, o2 . 2 " 3
y=3 O D /D7 _ P e R),

2! m!

m=0 =)
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Maea 7
MHIAHI ANDEPEHL|IANBHI PIBHAHHA [PYroro norPAOKY

7.3
IHTerpysaHHa MiHIWHUX DiIBHAHb METOAOM CTENBHEBWX DRAIB

Touky 4, st siKoi lim A (1) = o abo lim 4, (t) = o, Ha3MBaIOTH 0CO6-
- -y~

AU60I0 moukolo pigHanus (7.9).

Poarnsinemo JtiHiiHe onHopinHe piBHsiHHS (7.9), B sskoMy A (f) = ;‘Z(—tt)—
—ly
hy(t) = zt-q—(t)? Toni me piBHSHHSA MOXHA 3aIIMCATH y BULJISALI
— to
(1 =1)" Y™+ (t = 1) p()y +q()y =0 (r % 1,). (7.12)

INpunycrtumo, wwo p (¢), g (¢t) — aHamiTHyHi GyHKLI:

o)=Y p -1 a0 =Y qt-1)* (1-nl<r).
k=0 k

=0

Axumo #, — ocobausa Touka piBHsHHSA (7.9) (ue Oyme, sxilo p, 0, aGo
g, # 0, abo g, # 0), To ii Ha3UBAIOTH pezyaapHoI 0cobAUBOID MOUKOIO (0CO6-
AUBOI0 MOHKO0I0 nepuioeo pody) piensnns (7.9). B okoii perynsipHoi ocobam-
BOI TOYKW #, pO3B’A3KH piBHSIHHA (7.9), B3arati KaXy4u, MOXyTb He 306-
paxaTvcs CTerleHeBUMH psigamu Burany (7.11). Tak, yci piBusauHs Eitnepa
3 mpuxiaany 5.11 MaloTh po3B’A3KU, AKi He 306paxaloThes CTelleHEBUMH
psizamu Bunsiay (7.11) [wis pisusnus Eitiepa ty” + a,ty’ + a,y = 0 Touka
fy = 0 € perysIpHOIO 0COBIMBOIO TOUKOIO, AKWWO (a,, a,) # (0, 0)].
KBagpaTHe piBHAHHA

Ha3UBAIOTb BU3HAYAALHUM DIGHAHHAM Pe2YASPHOI 0c06AUEOT mouKu 1.

B oxosti peryisipHoi 0cOGIMBOI TOYKM PO3B’A3KH piBHAHHA (7.9) mryka-
I0Tb Y BUITISIAI y3a2anbHeH020 cmenenegozo pady

Y = - 1) Y apt - 1), (1.14)
k=0

Ae A — KOpiHb BU3HAYJILHOIO PiBHAHHA (7.13), a uKcna a, # 0, a, a,, ...
TIIATAIOTh BU3HAYEHHIO.
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& 3ayBaxeHHA 7.2

Akuio A, — A, € Z, To piBHsHHs (7.12) MoXe MaTH JIMUIe OXWH (HeTPUBiwIb-
HUW) po3s’n30K y,(¢) Burnsany (7.15). Y 1bOMY BHIAAKY PO3R’A30K, NiHilHO
He3anexHuil i3 y,(f), MOXHa LIyKaTH, BUKOpUCTOBYIOuM dopmyny Abens
(nus. . 4.1).

Ak iy BUNanKy TOYOK aHaIITHYHOCTI, METO/ y3arajibHEHUX CTEIeHEeBUX
PsIiB IIPOLTIOCTPYEMO Ha IpUK/Iaax.

UONpuxknan 7.6
Po3s’awcemo 3adauy Kowi

w+y=0 y0)=0, y(O =L

PerynspHoi0 oco6auBoio Toukoio piBHAHKA € £, =0 (p(¢) = 0, q(f) = 1,
Py = qp = 0). BusHavanbue piBHaHHSA Mae HeBiA eMHI LTI KOpeHi A =02, =1
Tomy nvidepeHHianbHe piBHSHHA Mac Po3B’A3KY y BUTIALI CTENeHeBoro (He
y3aranbHeHoro) pany. Po3s’sa3ok 3anadi Kowi uiykatimemo y BURsAL

y=iakr" (a; = ). (7.16)
k=1

MMigcrasusim (7.16) y naHe piBHstHHS, micTaHeMo

3 ktk-Da '+ Y gt =0,
k=2 k=1
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Masa 7
NIHIAHE AUDEPEHUIANBHI PIBHAHHA OPYroOro noOPAAKY

3sigcn 2-lay +a;, =0, 3-2a3 +a, =0, ..., k(k -Da, +a;_, =0. ... Bpaxo-
BYIOUH, IO g, = 1, 3HAXOAMMO
| a, I 1
= = s =
12 2-3 1-2-2-3 2!3
k-1
042_&_:_ 1 _ 1 ol = -1) -
3-4 213134 34! k-1k!
Orxe,
& D
y= ;( 1)'k’ ko t] < +o0).

QnNpuknapg 7.7

Memodom y3azarvrenux cmenenesux padie sinmezpyemo pienanns Eitaepa (t > 0):

s (B 2y" 4 Sry’ 4y = 0.

Ypaxosyioun, mo f, = 0 — peryaspHa ocoGiuBa TOUKa LMX PiBHSIHb,
PO3B’A3KY IIYKATUMEMO YV BUTIALI y3araibHeHOro CTENEeHEBOro psaay

b
k . . .
y = Z a,t*** (ay # 0). Tligcrasrenns psaay B piBHAHHsA EBitnepa nae taki
k=0
TOTOXHOCTI:

A Y (h+ M)k + A= 1)+ 6(k + ) + Da T = 0;
k=0

B Y (k + W)k + A=)+ (k + 1)+ Dagr* T =0;
k=0

Y (h+ MK+ A=)+ 5k +0) + D T =0,
k=0

Ypaxysasuuu, o a, # 0, i npupiBHABLIY 10 HY1A KoedilliEHTH npu t* (k=0),
NICTaHeMO BH3HAYalIbHiI PIBHAHHSA Ta IXHi KOpeHi:

(A SN =AM S+ 4=0, A =1, &y =4
B fA)=A2+4=0, X, =2, Ay =-
B )= A+ 4+ 420, Ay =d, = -2,
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73
|HTerpysaHHA NiHiAHAX PIBHAHb METOAOM CTENEHeBUX DANIB

, [MpupiBHABIIK D0 HyAA KoediLiEHTH TIpH e+ (k=1,2,..), nicTaHeMo
piBHOCTI Bumsmyf()» + k)a, = 0.
y Bunam(y a npy A = —1 marumemo f(-1 + k)a, = 0, 3sinku a, =0 (k= 1,
LYy =t (a0 =1); npu A = —4 gictanemo f(-4 + k)a, = 0, 3BiIKM a, = 0
npu k # 3, a; — nosinbHe yucio. lMoknasuwu a, = 0, 4, = 1, MaTHMEMO V2 = t
Ortxe, 3aram>mm poan 130K PiBHAHHS 3aNUCYEThCS Y BUTISI Y = ¢, '+ c,t

Y Bunanky .6:npw A = 2i gictaemo f(2i + k)a, =0, 3sinkna, =0 (k=1,

L)iy = 1% = Cos (2 Int) + tsm 2in¢). TMpu A = -2i gicTaHeMO KOMILIEKC-
HO CTIPSDKEHHI PO3B’SAZ0K Y, = £ 2 _ cos (21In t) - isin (2 In ¢). 3araneHuii po3-
B’A130K Y HifiCHil popMi 3anuCyeTLCA Y BUIIIALI y = ¢, cos (2 Int) + ¢, sin (2In¢).

Y sunamky { B; npu A = -2 Maemo f(-2 + k)a, = 0, 3sinkm g, =0 (k =1,
2,.)iy=y = {72, 11106 3HaiiTH pO3B’H30K Y5, NHIAHO He3aeXHMH i3 y|,
BUKOpHUcTaEMO Gopmyny Abens:

){2=,v.j———-2 dt=f2jer_ dt=t7Int

Omxe, y=c;t 2+ eyt Int.

ONpuknap 7.8
Ias piBHstaHs 207 y" + 3r=212)y = (1 + 1)y = 0 Touka 1, = 0 € perynsipuoio

|
T qo = —5. 3arnunieMo BU3-

ocoGnuBol0 Toukolo. Bpaxosyiouu, wo p, = 5

HavanbHe piBHAHHA AL —1) + %l —% = (), KOpeHsIMU SIKOTO € Yyucna A, = %

}\.2 = "‘].

3rizHo 3 TeopeMoo 7.5 maHe PiBHSIHHSA Maec ABa JHHIMHO He3aneXHHX
pO3B’si3KH BUTAALY Y (1) = J;Z,(r), Yy = r""Zz(t), ne Z\(t), Z(t) — anani-
TUYHI PyHKUIT py | 1] < +o.

&< [1ponoHyeMO caMOCTi{HO IOBECTH, L0

21y ,
Z'(')"”Zs T3gry A0
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7.4

PiBHAHHA i (byHKUiT beccenA

| 7.4 |

PisHAHHA i DyHKUiT Beccenna

Pignannam becceas Ha3MBAIOTb PIBHAHHA THUITY

2yt + (1 -v)y =0, 717

ne v 2 0 — napamerp. HerpusiayibHi po3s’a3ku piBHIHHA Beccess Ha3upa-
10Tb Pynkyismu becceas™, abo yuninopuunumu** ynicuizmu nopadxy (index-
cy) v. O®yHkuii beccens 1WMPOKO 3aCTOCOBYIOTHCS il 4aC PO3B’SI3yBaHHS
6araTbox 3a1ay QI3MKK i TexXHIiKH.

Ockinbky piBHSHHS (7.17) He 3MIHIOETBLCS B pa3i 3aMiHHM f Ha —1, TO
Jai PO3IIANAEMO BUNTALOK ¢ > 0. Touxa t, = O e perynﬂpﬂmo 0co0AUBOIO
TOYKOI0 LIbOTO PIBHAHHS (p(t) 1, q(t) — v?). BusHayaIbHUM €
piBHsiHHA AMA - 1) + A —v* =0, a60 = 0. Ao v # 0, TO LIE
PIBHSIHHSI Mae KOpeHi A, = v, A, =~v. Po3s’a3Ku pusmlm-m beccens wykae-
MO Y BUTJISIII y3aralbHEHOro CTeneHeBoro psLy

n

y=y® =Y ar' ™ (a =0). (7.18)
k=0

ITincrasusiun psix (7.18) y pisHsrHHs Beccens # ckopotuBIuM Ha ¢, gicTaHeMo
2[(X+k)‘ —va, ik + 2 att*2 = 0.
k=0

3Bincu, MPUPIBHIOWYH N0 HYIsA KoedillieHTH TIPH CTeNEHX f, MAEMO
W =v)ay, =0, [(A+1)? =V =0;
[(A+ k) =V ay +a,_, =0 (k=23 ...

* YV reopii dynkuit Beccens [9, 24, 32] po3srnamacThea TAKOX 34TANBHMIT BUIALOK:
ve(, re C.
** TepMiH «umnniHapHuHi GyHKUII» NOSACHIOETBCS THM, IO CaMe TaKi PiBHSAHHA |

GyHKuUii BUHMKalOTh y Qi3UYHMX | TeXHIYHHMX 3apavax, e Mde MiCLUEe 0ChOBa CUMETpis.
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Hexaii Tenep A = A, = v. Toni a, # 0 — Oynb-sike yncio, a, = 0,amna

(] .
a, (k=2,3,..) MaeMo a; = —m. 3Bincu
a,,. =0(m=0,1,2,..),
4y A
a, = — , g = R
2T ) Tt 2 v e v+ 2)
( l)m

a

22”’m'(v +DV+2) .. (v+m)

OTxe, KOPEeHIO A; = V BU3HAYAIbHOTO PiBHAHHS BiIMOBILA€ PO3B’A30K

< ( I)ka() r7k+\' 7 19
nio = 227"/<'(v+l)(v+2) AV + k) ' 719

3riano 3 Teopemolo 7.5 pan (7.19) 36iracThcs piBHOMIPHO Ha 6y11b—.
KoMy Binpi3ky [0, r] (r> 0). B (7.19) crany a, 3pyuHo BUOpaTH y BUIJIALI
ay = ——l—— e I'(v) = rmr"‘ le~'dt — ramma-oyukuis Einepa. Bu-
2Yr(v+1) 0
KOpHCTOBYIOUH Binome criBsigHoweHHs F(v + 1) = vI'(v) (hopmyay 3nu-
HCEHHA Ona 2aMma-hynxuil), nicranemMo

B (_l)l\ I3 2k+vd£r'l 720
nin = zk'l‘(v+k+l)() =0 7:20)

®yukuito J (1) Ha3sMBaIOTh gyukyicio beccens nepwozo pody nopaoky
(indexcy) v. ‘
Ypaxosyioun, o k! = T'(k + 1), dynkuiio J (1) 3anuiuemMo y BUIIIAAI

IR, D* o} 7.21
J\r(’)_[fJ kzor(kﬂ)r(wk“)[?J | o

Akwo A, ~ A, =2v 0, 1, 2, ..., To, 3rizHO 3 TeOpeMOIO 7.5, piBHSHHA
Beccenﬂ Mae p033 30K Bum;my (7 18) B IKOMY A = —V. AHa.normHo nore-
pedHbOMY HicTaEMO (yHkyito Beccens nepuiozo pody 8i0 €emHo20 indeKcy
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7.4
PisnAHHAR W dyHKUiT Beccenn

Lan=(3] 3 9 o
2) ATh+DI(~v+k+D){2) ’

Busmigerscs, wio ¢pyukuis J_ (f) € po3p’siskoM piBHsAHHs Beccens it npu

1 .
= 73 3 T06TO ¥y BUNazAKy, Ko 2v = 1, 3, 5, ... Buiblue Toro,
¢yHkuii beccens Tax 3BaHoro manieyinozo indexcy J ,(t), 3(t),
7

BUPaXalOThCA Yepe3 elleMeHTapHi ¢yHkiii. Tak, Hanpukian,

]
r Y& (=1¥ P o (~1)*¢
no=(313 - 52—
2 k=0k!1“(21+k+1)22" 2/<=0k.'g/2(%]”:\/1;22k

_‘/72 (=1)f P2+ h\/?ﬂ.n,
nt & 2k +1)! nt '
£ TTponoHyeMO CaMOCTiHHO MOKA34TH, Lo

‘/_1(’): %cos 1

TakuM YUHOM, Y BUITAJIKY V &€ Z 3arajisHUit po3B’sI30K piBHSIHHS Bec-
ceJlsl MOXHa 3aITUCaTH Y BUIIIALI

y=alJ () +eJ (1) (v>0) (7.23)

(liHi#HA He3aJexHicTh GyHKUid J () i J_ (f) BUIIMBAE 3 TOrO, IO
hm J,(0) =0, lim J_,(t) = ).
1-+0

-+
3aYBa)KHMO mwo npu v =ne€ Z (n 2 0) dopmyna (7.22) He ma€ po3-
B’A3KY, JIiHiiiHO He3anexuoro 3 J, (). Cripasai, npu n = 0 3 (7.22) Maemo
dyukuio beccess Hy1p0BOrO 1H11eKcy Jy(t), BU3Ha4YeHy d)OpMYJIO}O (7.20).
Hexaii tenep n = 1, 2, ... ®opmaibHo noknasuiy y (7.22) v = n i Bpaxy-
BABIIH, IO BeJIHYHHA F(—n + k + 1) mepeTBOPIOETLCS B HECKIHYEHHICTh
npu k=0, 1, ..., n - 1, DicTaHeMo
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J ()—i ik ”k“"_
“ D(k + DI(=n + k +1) -

= (_1)m+n ' 2ma+n )
- Y = —l J k = N
,Z‘Ol“(m+l)l“(m+n+l)(2} D' (k=n+m)

Tomy npu uinomy n dyHkuii J (¢) i J_, (1) fiHiiiHo 3a1eXHi.
106 3HaitTH 3aranbHMIT pO3B’A30K piBHAHHS beccenst y Bunagkyv =n=
J (t)cos v - J_ (t)
sin v

AKa € po3B’A3KoM piBHAHHA beccens. [lpu v — n € Z maemo Y (1) = (0/0).
K10 po3KpUTH 110 HEBM3HAYEHICTh 3a MpaBwioM Jlonitansi, To MOXHa

JicTard Take npencrabieHHs yukuii Y, (1) = lim Y, (1) (n=0,1,2,..):

vV-ynei

2" ”i(n_k—m [
m' = kb2

k
o Z (-N¥ ( ) [l‘(k+l) F'(n+k+l)} (n=1.2..).
n2" k'(k+n)' Fk+1) T(n+k+1)
ITpu n = 0 maemo
DR (Y Tk 4+ 1)
) = 2, In ———X(k,) L ) o

®ynkuito Y (f) HasusaoTs ynkuiero beccean dpyeoao pody nopaoky ( index -
cy) v, abo d)ynxuzero Heiimana. @ynkuis Heiimana Y (t) € po3s’askom
piBHAHHA beccens i y BUNamgKy, Konu v — uijie gucno. JliHiltHa Hesa-
nexuicts Gynkuiit J (1) i Y (1) ouennana. Tomy 3arajibHui po3B’sa30K
piBussHug Beccens (7.17) nmpu Oyob-akomy v > () MOXHA 3amucaTtv y BU-

Wik i

=0, 1, 2, ..., BBegemo 1o po3rsany gynkuio Y, (1) =

2 t
Yn(’) = "Jn(’)ln—“
T 2

v = o () + &Y, (1), (7.24)

Hagegemo Ge3 goBeIeHHs fesKi BaxXvbi (hakTy Teopil GyHKUN beccend.
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1. PexypenTHi cnissinnourenns ¢ynkuiit Beccens:

Joty = Jy_ (1) —%Jv(n, Y=Y, () —}va,
T = =Jyet )+ 20,0, V(0 ==Y, () + 2 Y, 0, (7.25)

»+1(’)—“"J(f) Jy_1(7), +1(’)——Y(f) Y, (1) (veR).

@opmynu (7.25) cnpasemtusi wis GyHKuik beccens pisHUX MOPAAKIB i
JOOBOIATHLCS 3a JOIIOMOTOI0 MOWIeHHOTOo IudepeHLIiIoBaHHS psaiB A J, (f).

2. Acmmiroruyni npencranienns gynxuiii Beccens. @ [Tpu ¢ — 4o cripas-
IXYIOThCSL aCUMINTOTUYHI HOpMyIH

_ |2 _VE_E) L o)
J\,(t)—\/;(cos(t 5 4}+O(t )j,
Yv(t)=\/;%[sin(t——\i;—z)wLO(r"')J (ve R).

I3 dopmyn (7.26) BuMBae, WO WITHAPWYHI GyHKLIT npu 7 > 0 MalOThL
UliYeHHY MHOXHUHY HYJIiB, IPHYOMY BiICTaHb MiX TIOCTIIOBHUMH HY/ISAIMM
¢byukuii J (1) [ a Takox Y, (t)] MPSAMYE 10 T [PH ¢ — +0. MoXHa NMoKa3a-
TH, HIO MIpU V > —] Bci Hym dyHkiii J, (1) piAcHi.

@Ilput - +0 CIPaBIXYIOTHCS achn'ronmm ¢dopmynu

(7.26)

J(r)—( J (' (1400,

Y, () =-

("n') [ ) (+o(l)) (neN), (1.27)

Yo(r) = %ln%(l +o(l)).

3. OproronansHicTs (pysKniit Beccens. Ao u(v’, u(V) — [Ba pi3HUX
IONATHUX KOpeHs piBHAHHS J (¢) = 0, TO CTIpaBIXYETLCH gracmugicms op-
mozonarbHocmi pyrKuiti Eecce/m (L[I/IB TaKoX Ipukiaj 6. 10)
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7.4
PigHAHHA W yHkulT Beccenn

J' 0,6 WD, 07 WY =0 G # ),
, (7.28)
jo GO dr = 0T @) (5> 0).

MoxHa rmoKaszatu, 110 BIIaCTI/IBICTb OpPTOTOHAJILHOCTI CIIPaBIXY€ETHCS
TAKOX i y BUIIAOKY, KOJIK p, AT y W e KOpeHﬂMI/I 3araJIbHIIIOro PiBHAHHSA

iy o/ (1) + Bt/ (1) =0 (v> -1, o, Be R, o + B> = 0). Y usomy pasi

b oo 1 bz 0"2 B2V7 (v)
[[u2e wndr = "1+ E25 2@ @ =) (129)
0 2 B- W7
I3 (7.28), (7.29) BuruiuBae, 1o ¢yHKUil beccesst OpTOrOHAIBHI 3 Baro-
Bow GyHKUiew p(t) = 1.
Y 3agayax mMareMaTU4YHOI (DI3HKK YACTO TPATUISLIOTLCS Taki Py 3a GyH-
KuissmMu beccests:

2 Ibrf(r)JV(b""u,t)dt, (7.30)

= 3 b, (b~ wt), b = 55—
10 = 2 b7 B, (1)

£ =3 dd, 67w,
i= (7.31)

d, = 2 jfzf(r)J\.(b"p,.r)dr,

" BV
b1 J()
(Wi }

I

ne |; = uf‘) aonatHi kopeHi piBHsAHHA J (¢) = 0 (v > -1) m1a psany (7.30)
i mogartHi kopeHi piBHaHHA o, (1) + Bt/ (1) = 0 ans pany (7.31), poami-
IUeHi B MOPSAAKY 3pocTaHHs, npuyomy B (7.31) o/f + v > 0.

Psin (7.30) HasuBaloTh poseunenusm gynkyii f(t) y pad ®Pyp’e— beccens,
a pan (7.31) — pozsunennam y pad ,l[mt—Eecce/m

Akwo a/p + v = 0, To (yHKllis ¥ OpTOroHabHa 10 GyHKuii J, (b~ u,t)
(i =1, 2,..) 3 BaroBoro ¢yHKLi€l0 p(t) = ¢ Ha BiAPi3Ky [0, b] i po3BUHEH-
He (7.31) 3aMiHIOETLCST TAKMM:
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75
CinepreometpuyHe pPiBHAKHA W riNepreomeTpudHi yHkuii

Sy =dyt* + Y d (67 win). (7.32)
i-1
b
ne dy = %‘%J‘O " f(r)dt, a xoediuicnTu d.(i=1,2,..) 1aKi cami,
ax i B (7.31).

Axuio ¢yHkUia f(¢) KyckoBo-HenepepsHa Ha [0, ] a6o inTerpoBHa 3
KBaIpaToM i3 BaroBolo ¢yHkuicio p(f) = ¢ Ha Bigpisky [0, b}, To psaau
(7.30)—(7.32) 36iratorses 10 f(¢) y cepeTHBOMY KBaIpaTUIHOMy (IMB. i1. 6.4).

4. Cropinneni piBusana. bararo iHwmx audepeHLiaTEHUX PIBHIHD, SKi
TParuUIIIOThCS B 3a1a4ax MaTeMaTUKH, Pi3MKU, TeXHIKH, MOXHa 3BECTH [0
piBHsHHS Beccena [19]. HaBeneMo kinbka TUTIB Takux piBHAHL. CUMBO-
JI0M Z (f) TO3HaYeHO UWIiHAPUYHY DYHKLIIO MOPSLIKY V.

@ 2y + 1y + (k2 v}y =0 (k =const 2 0); y = Z, (kr). (7.33)

@ Py +an' +bt" +c)y=0 (m=0,b%0); (7.34)

l-a

y=t22, [3\/&7} (v = i\/(l - a)? —4c )
m m

@ 2y + (1 =2a)ty’ + (Bt +a> —v2b)y =0 (b # 0, ¢ = 0);(7.35)
y=1Z(ct").

S. Tumui wpninapwani dynxuii. INopsin i3 dyHkuismu Beccens J (1), Y.(1)
IUIs1 3aCTOCYBAaHb BaXJIMBe 3HAYEHHS MAlOTh TAKOX iHINI YACTHHHI PO3B’s3-
KU piBHIHHs beccelid i crnopilHeHUX piBHAHbD.

Oyukuii

HV (@) = T,(0) +iY, (1), HP () = J,(0)-iY. (1) (7.36)

Ha3UBaIOThb gyuryiamu Fankens nepwozo i dpyzozo pody signosigHo. Oc-
Kinbku yHkuii Fankens JiHiAHO BupaxeHi yepes dynkuii J (1) i ¥ (1), To
LT HUX CIIpaBe[UIMBI Ti caMi PeKypeHTHI cHiBBizHoleHHs Ty (7.25), a
TAKOX aCUMITTOTUYHI MPEICTABIEHHS IIPU [ — +o0 BULIAAY
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HO () = /_Z_ei["_?'"z](l + Oy,
nt

HO (1) = [_2_{"('_ }(1+0(r ).
73

qDYHKHii

1,(0) =i~ J,(it),
ELV(T) - 1,(1)
2 sin nv

7.37)
K (,)_ H“)(f) v+] — (

HA3UBAIOTb MOduUpiKoeanumu d)ymcuiﬂ/uu beccenn, abo ynxyiamu beccenn yne-
Hoeo apeymenmy. 11i GyHK € NiHiiiHO He3a/IeXXHUMK (mucuuMu) po3p’ ;131<aM14
TaK 3BAHOXO pieHanna beccenn YAGHO20 apeymenmy: 1 y o+ - (r +v2 )y =
AKe € OKpeMHUM BUTIAIKOM piBHsIHHSA (7.34) (a=1,b=-1,c= I m= 2)
Dyukuio K (t) Ha3nBaIOTh TaKOX PyHKyiero Marcaona/:b()a. I'Ipu t — +%
CIIpaBeU1MBi ACHMITOTHYHI (hopMYJIN

. 1 "] -1

I,(r) = '/_21tt( (I+00u™)),
= i[_)'_t -

K, (r) = ‘/2tc (d+0¢)).

| 7.5 |

FinepreoMerpuyHe pPiBHAHHA
A rinepreomMeTpuYHi pyHKuii

Tinepeeomempuunum piensauuam (pisnsnuam laycca) Ha3uBalOTh PiBHAH-
HSA BULIALY

Ht - ])y"+(—y+(oc+[3+ Dy + afy =0,
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ze o, B, y — nificui mapamertpu™. Touku 1= 01i¢= 1 € peryasipuumMu ocob-
JIMBAMHU TOYKaMU piBHAHHS [aycca. B okori Touky f = 0 piBHauus aycca
MOXHa NpeJCTABUTH Yy BUIJISIAI

[y—(oc+B+1)r]2r" aﬁir"*'
, o k=0

+ _—
y - y 3

y=0 (t]<1).

Orxe, mna Touku ¢ = 0 BU3HAYAIBHMM € piBHAHHA MA — 1) — YA =0 3
KOpeHAMH A, = 0i A, = 1 — . SIKILIO Y He € LiMUM HeJOJaTHUM YMCIIOM, TO
MOXH BUIIIYKATH 1Ba JiHiiHO He3aneXHMX Po3B’sA3KM piBHAHHA [aycca y
BUIVIAI y3aralbHeHMX CTeIIeHeBHX psiiiB, sKi 36iratorsest mpu | ¢| < 1. TMo-
KaXeMo L.

Kopenio Bu3HayanbHoOro piBHAHHA A, = ) BiANOBiZa€ PO3B’A30K Y BUI-
JIZi CTelIeHeBOro psay

T
k
yl (f) = Z akf (a() % 0)
k=0
[lizcraBuBiiM Heit BUpa3 y piBHAHHA [aycca, MaTUMEMO

1t - 1)2 k(k =Dagt* =2 + (~<y+(a + B+ l)t)z kagt* '+
k=2 k=1
+(XBZ apth =0.
k=0

[TpupiBHIo04H ‘KoedilliEHTH NPU CTeneHsIX f O HyJIsl, JiCTAHEMO PEKYPEHT-
HY CHCTEMY JUIsi BUSHAYEHHS a,:

k(k - Day —(k + Dkay | —y(k + Dag .y + (o + B+ Dka, + aBa, =0,

_ k(k—l)+k(a+[3+l)+a[3a _(a+ )P+ k)

Wt = (k +1)(k +7) EZ kDo =012

* Y reopernuHiit i MaTeMaTHUHiN }i3nLi BAKOPHCTOBYIOTb TaKOX PiBHAHHSA 2inepzeo-
mempuunozo muny a(t)y” + b(t)y’ + cy = 0, ne a(z), b(t), ¢ — AOBiIbHI MHOroYNeHU
CTEMEeHNA, He BHIUOrO 32 APYruid, nepumit i HyNLOBHE BIAMOBIAHO 3 KOMMAGKCHUMM
koe(iuientamn [32].
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75
FinepreoMeTpuyHe PiBHAHHA W rinepreoMeTpuyHi OYHKUIT

Hoxnasiu a, = 1, nocninoBHO 3HaXONUMO

of _a(fa+DBPE+D

al—_'——, a2_

2 = ofo + Do+ 2)BBE + DB +2)

Y 2y + 1) y(y+ Dy +2)
C oo+ ). (o k-DBB+1) .. Bk -1)
k= Ky + D (y+ k=1)

3HaMeHHVKM y BUPa3ax UIA @, He TIepeTBOPIOIOTLCS B HYJ/Ib YHAC/IIOK YMO-
BY, sKa HAKJIagaeThcsl Ha mapaMetp y:y# 0, -1, -2, ... OTXe, po3B’A30K
y,(t) piBHsiHHA [aycca Mae BUIAsI

0B ala+DBB+) o
y,(r)-l+Yt+ I+ D) 5+

CreneHeBuil psiil y npaBiit YaCTUHI i€l pIBHOCTI HA3UBAIOTD zinepzeomem-
puunum padom. 3acTocyBaBllM 03HaKy [1’AnamMbepa, MOXHaA ITepeKOHaTHCS
(MpOMOHYEMO 3pOOMTH Lie CAMOCTIHHO), 1O LeW psia 36iracTeest abCOMOTHO
it piBHOMipHO mipH | 7] < 1. CyMy rinmepreoMeTpM4HOTIO psily HA3MBAIOTh
2inepzeomempuunoio ynKyicro i 1Mo3HavaloTs cUMBoaoM F(a, B, v, ¢). Ta-
KUM YUHOM,

() =Fl,B, v, 0=

_ < oot + Do+ k=DBP+D..B+k-1) .
_]+kz‘| K'y(y+ D (y+k=1) (i<t

Ypaxosyioun, mio I'(a + k) = T'(@)a(a + 1)... (a + k - 1), me I'(a) —
ramma-yHkuisa Eiiepa, rinepreoMeTpuyHy GyHKLUIIO 3aNHCYyIOTh TAKOX Y
BUTVISEAL

o (0 (B 1 .
Flo, By, =) —=—— (t|<]),
,(Z(‘, (e k!
def I'(a + k)
['(a)
SIKwo vy # 1 He € UMM HefoNaTHUM YMCIIOM, TO PO3B’A30K TiMepreo-
METPHYHOTO PIBHAHHS ,(t), JIiHIHHO HE3aIeXHWH 3 Y,(t), MOXHa 1yKaTH y

ne (a); — cumeon [Toxzammepa, y# 0, -1, -2, ...
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BUDIS Yy (f) =77 Z a,t* = 17 u(r). 106 3HaiT bYHKLIO u = w(f),
k=0
mpocTille B piBHsHHI [aycca BUKOHaTH 3aMiHy y = 1| ~u. Toxi

V=t e =y, Y = 20 =y = (=)
ITincTaBMBILM B PIBHSHHS i CKOPOTHBLIM Ha f' Y, micTaHeMo

Ht ~Du” + (=y, + (o + By + Do’ + oy yu = 0,

me yy=2-v, oy =a+l-v, B =p+1-7v. Axio y, — rex He 1ire He-
IonaTHe YMCII0, TO PO3B’I3KOM LIbOTO PiBHSAHHS Y BUIVIAOI CTEMEHEBOTO PsIy
€ rinepreoMeTpruyuHa QyHKUisA v = u(t) = Fla+1 -7y, B+1~7v, 27, 1).
Y upOMY BUNIAIKY /71 PO3B’SA3KY y,(¢) MAEMO

Oy =" Fe+1-y, B+l-vy, 2-7, 1),

a 3araIbHMM po3B’A30K TilfepreoMeTPHYHOrO PiBHIHHSI MOXHA 3aITUCATH y
BUIJISOI

y=p()=cFle, By, )+t TFa+1 -y, B+1-7.2-7y, 0
(ye Z; | t]| < 1).

Axwo dbyukuin ¢' Y He Bu3HayeHa npu f < 0, TO OCTAHHE TBEPIKEHHS
crnipasemiuBe aviie nipu f € (0, 1).

o rinepreoMeTpuuHOro i COpiIHEeHHX i3 HUM PiBHSIHb 3BOAMTLCS 6a-
raTo JiHiHHUX PiBHAHD, AKi IIHPOKO BUKOPUCTOBYIOTLCS B TEOPETHUUHIH i
MateMaTHuHiit dizuni. PosrigHemo, Hanpukiaan, pisHSHHS JlexaHapa

(A=) =2t +nn+ )y =0 (n=0,1,2, ).

Henepepsuumu Ha Binpisky [-1, 1] po3s’a3kaMM LbOTO PiBHSIHHS, TAKUMH,
wo y(1) = 1, € MHorowtenu Jlexanapa P (¢) (uuB. 1. 6.4).

IlepexkoHaeMoca B TOMY, 1110 PiBHAHHSA JlexaHapa 3BOAMTHCS A0 Tinep-
reoMeTpuyHOro pisHgHHs. /g 1boro B piBHsHHI JlexXaHapa BUKOHAEMO
3aMiHy He3ajeXxHoi aminHoi: £ = 1 -~ 27. Toxni
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7.5
[inepreoMeTpuyHe PIBHAHHA A rinepreoMeTPuYHi ByHKUIT

2., 2
‘C:._l.(l_f)’ ﬂ:—l_[_lib_’ i{....’}:.z_l__u
2 dt  2dtv dt 447l

[ligcTaBuBLIM B piBHAHHA JlexaHapa, ZicTaHeMO

2
d 3)+(l—2t)£l—)i+n(n+l)y=0
T dt

l )
702993

abo rirnepreoMeTpuyHe pPiBHAHHSA

(T - l)ﬁ+ (-1 + 2T)Q— nr+1)y =0
dr’ dt
3 riapametpamMy o =n+ 1, = -n, y=1. OIHUM i3 pO3B’I3KIB LILOTO PiB-
HAHHA € rinepreoMeTpuyHa ¢yHkuis F(n +1, —u, 1, 1). ToMy po3B’I3KoM
piBHAHHSA JlexaHapa € ¢pyHKLUig

yt) = F[n+ I,—n 1, '_2__’)=

1+ i (n+1)(n+2). (n+ k)(—r:)(—n +1)o(-n+k- l)['; ")k _
k=1 (kY P

PR R T s e
=1+ L [2 J

k=1

(Koed)iqieHTu paay npu k=n+ 1, n + 2, ... JOPiBHIOWOTb HYJIIO).
Ockinbku y(t) € Caniyh=1,10

= "ok AR k
R,(f)=F[n+l,—n, l,u :'J’Z( DY+ k)IC (1=t
2 =y n'k! 2

n=12..).
besnocepennim nincrapisuuam n = 1, 2, 3 aicranemo, Hanpukian,
B =1, B(t)= 21(312 -1, PA@)= 71(513 - 31).
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Thaea 7
AIRIAHI AUOEPEHLIANGHI PIBHAHHA OPYFrOro NOPAQKY

PiBHAHHS BULJISITY
'+ (y-0y -oay=0

3 MapaMeTpaMH o, Y Ha3UBAIOTb GUPOONCEHUM 2inepzeoMempuvHUM DigHAH-
Ham. Touxa ¢t = () € peryJIsipHOIO 0COGIMBOIO TOYKOIO II5OTO PiBHSAHHA. [Ty~
KaTMEMO PO3B’S30K IILOTO PiBHSHHS Y BUIJISAI y3arajibHeHOTO CTelIeHe-
BOTO pALy ©
g k+Ai
y=y(f)= Zakt (ao ¢0)
k=0

[lincTaBUBIIM OCTaHHIN BHpa3 y piBHAHHS i MPUPIBHABILM 10 HyJIs1 Koedi-
UiEHTH IIPU CTeNeHsIX ¢, NiICTAHEMO BU3HAaYajIbHe PiBHAHHA AM(A — 1) + Ay =0
i peKypeHTHy cHCTeMY s g,

2 _ a+A+k
LT e A+ k(1 + A+ k)

a, (k=0,1,2,..).

[pu A, = 0, noxnaswK a, = 1, MaTUMEMO

o oo+ 1) afa+1)...(a+ k1)
a ==, Gy =—————, ..., Gy =
Y 2'v(y+ 1D K'y(y+D...(y+ k-1
Axwo y# 0, -1, -2, ..., TO 3HaMEHHUKH y BUpasax i a, (k= 1, 2, ...)

He IepeTBOPIoIOThCS B Hyb. OTXe, PO3B’A30K, SIKHIl BIIITOBiIA€E KOPEHIO
A, = 0, 3a1MCy€ETECA Y BUNTIALI

oo +1)
2y +1)

Psan y nipaBiit 4yacTUHI 1i€i piBHOCTI HA3UBAIOTb 8UPOJNCEHUM 2inepeeomem-
pudnum padom. 3a gonomorolo o3Haku [I’Amambepa HeBaXKO IMOKa3aTH
(TIpOrIoHy€EMO 3poOUTH 11e CaMOCTiiiHO), IO BUPOIKEHUI rillepreoMeTpuy-
HMHU psf 36iraeTbcs abCOMOTHO i PiBHOMIPHO Ha OYIb-IKOMY CKiHY€HHO-
My TPOMiXKY | #| < r. CyMy 1ibOro psamy

_ o~ oo+ (a+k=1)
Flouy,n=1+ 1(2:1 Kly(y+D..(y+ k- l)t

‘y:y1(1)=l+%t+

Ha3UBAIOTh GUPOOXNCeHOI0 2inepeeomemputioro grynkuicto, abo gyuruicro Kym-
Mmepa. BuxkopucroByioun cumBoiu [loxrammepa, dyHkiuito KymMMepa Mox-
Ha 3anucary y BUTJAi
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75

FinepreoMeTtpuyHe PiBHAHHA | rinepreoMeTpuYni yHkuil

A

(o), X
F(o,v. 1= —& — (y20.-1,-2,.)).
o Y, 1) kZo(m L )

AK1IO B pEKYPEHTHY CHCTEMY [UISl BUSHAYEHHs1 Koe(illieHTiB a, mincra-
BUTH A, =1 -7y (y# 1), TO

(1|+k

e MK ma-y+l =27y (k=0,12 )
P (y,+k)(l+k)ak o =a-y+1, v Y ( )

AHAJIONYHO MOTepeIHLOMY, MOKIABIUM a, = 1, npu v# 0, -1, —2, ... micraHeMo
)y =t"TFa-y+1, 2-7, 0.

Otxe, npyu v ¢ Z 3araibHUil pO3B’I30K BUPOIKEHOIO TillepreoMeTpuy-
HOTO PiBHSAHHSL Ma€ BUTJIS

y=y(t)=c Flo, v, )+t " TFo—y+1, 2-7. 1).

£ TIpornoHyeEMO CaAMOCTIiTHO BUKOHATH BIIPABM.
® Hosecru, wo dyukuis Kymmepa F(-n, 1, f), fika € po3s’a3KoM PiBHAHHA
"+ (1 =1y +ny = 0. AviUe CTAIUM MHOXHHKOM BIIPi3HAETBCSH Bill MHO20-
d" -
wiena Jlazeppa L, (1) = ¢' ﬁ(t"e "y
dr

" CA'
— . — _ kik
L) =n'F(-n, l,l)—n!kz”( 1) ! 1.

© [osecty, WO pieuannn Yimmexepa ar’ y - (FF - 4kr + am* - Dyv=0 (k,m=
1

b
2

H
m -
= const) 3a 1oNoMoroio 3amidk ¥ =1 2e 2u(r) 3800MTHCS A0 BUPOKEHOTO

rinepreoMeTpU4HOTO PiBHSHHS
” , |
w+m+l-nu +| k —m—i- u =0,

a npu k = 0 3aMino0 y = Jiu 3somuThes O piBHsinua beccens.

@ [opecTu, W10 32 IONOMOTOIO 3aMiHH HE3ANEXHOI 3MIHHOI X = 1 PiBHSIHHS IS
dynrcyia Epmima y” —2ty” + 2vy = 0 (v = const) 3B0OUTHCS 10 BUPOAKEHOTO
rinepreoMeETPHYHOTO PiBHAHHSA

dzy | dy v
X—= | ==X |- +=y=0.
e (2 ](/x 2”7
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Fhaea 7
NIHIAH QUOEPEHLIANBHI PIBHAHHA APYrOro NoOPAAKY

@ [Tosectu opMysH DHdEePEHLIIOBAHHS /IS TiNepreoOMeTPUIHUX i BUPOIKEHUX

rinepreoMeTPpUYHUX QYHKILIH:

a) Floa.B.v. 1) = a—YBF(ou LB+1,v+1, 1)

6) Flo, v, 1) =2 Flo+ 1, y+1, 7).

Hosecty Taxi cniisinﬂomeuﬂﬂ ISt ﬁnepl;leome'rpwnmx dynkuiit:

a) F(o, -n, ~n, t)= F(-n,B. —n, 1) = ZC§+,(_|I";
k=0

8) Fl-m 1, -n 1=y 1
B) F(I,1,1, D) = F(l,k[ioﬁ, N=Flol,o,0)=01-0)"
) F(-n,B, B, -t)=(1+1)";
oy mF(l-n1,20H=1-0-0"
1 3

e) tF(S, 1, 3 e ]: arctg 1;

) FUL1,2.1) = -}lnu 1y,
X) F(o, B, o 1) = (1-1)P
3) F[l, l —3- 12 ): lan:sin r
2 !
| 3 ) ’ I +1

w) 2UF| =, L, =, |=ln—a.

‘ [2 2 J T
Horecty, 110 faHi GYHKUIT € PO3B’A3KAMU AAHUX DUDEPeHIIATBHUX PIBHSAHD:
aA)y=Fv+L-v,L1), tt-1)y" +Q -1y =viv+ 1y =0;

6) y:t“F(é+a,b+(x,a—B+l.t),
Iz(t—l)y',+|(a+b+I)t+(ot+B—l)lty'+(abt—aB)y=0;

B) y=t*F(l-a.b-o,l—o+p, —at),
(ar + l)tzy'+|a(b+2)t+(a+|3+ DIy’ + (abt + o)y = 0;
Nny=Foa+nB+n y+nl),
=Dy +l(@+B+2n+ 1) —(y+ )y +(0+mPB+my =0;
I I 1

I
ny=( —1)4F[ﬁ, Ty I ] 16(£ - 1)2p* + 271y = 0.

OCHOBU TEOPII CTIAKOCTI
3A NIANYHOBUUM

| 8.1 |

OcHOBHi NOHATTA Teopii CTilkoCTi 3a JlAnyHOBUM.
CrinkicTb niHilHnx cucrem

Ax yxe 3a3Havaiocs (auB. 1. 3.6), NOHATTA KopeKTHOCcTi 3a1a4i Kowi
Il CHCTeMM U (epeHLiaTIbHUX PiBHAHBL Y HOPMAIbHIH (opMi MiCTUTh y
cobi, 30KpeMa, BUMOTY HelepepBHOI 3a/IeXHOCTi PO3B’A3Ky Bifl MOYaTKOBUX
YMOB Ha CKIHUEHHOMY IIPOMiXKY 3MiHU He3a1eXHOi 3MiHHOi. SIKII0 PYyHK-
s f (paBa YacTHHA CHUCTeMM) 33I0BOJIbHSE YMOBU TeopeMH [likapa, To Taka
BJIACTUBICTb PO3B’SI3KY CIIPaBAXYyeThCsA. [IpoTe 1OCHTE YacTo moTpibHO Ho-
CIIIXYBaTH TIOBEiHKY PO3B’A3Ky Ha MiBoci [a, +®). ¥ n1boMy BUNanKy Bxe
He MOXHa rapaHTyBaTH TOTO, IO MaJli 30YpeHHs [I0YaTKOBMX YMOB MPHBE-
JyTb O MaJIuX 30ypeHb po3B’a3Ky. Lle jierko 3po3yMitu Ha npuxnazi cxa.nﬂ?—
Horo piBHAHHA y = Ay (f € |0, +o0), A = const Rz. Hexait y(r) = y,e*'
(¥(0) = yy) — HeabypeHuii po3s’si30K, a j(f) = jee* (5(0) = j,) — 36y-
peHu#t po3s’a30K piBHAHHA. Tomi | #(1) - y(1) | = | §, ~ y, | e inmpuAr <0
3 HepiBHOCTI | Jy — yy | <€ BumnmBae | j(t) - p(r) | =| j, - y, | €M <
<{ -y l<eVt>0. Axwo x A > 0, To MPH LOCTATHBO BeJTUKHX f Be-
JMYMHA | §(r) — y(t) | cTa€ AK 3aBrOAHO BEAMKOIO, XOU GM IKMM MATHM 3a
MozayneM 6ysio 30ypeHHs IT0YaTKOBHX YMOB Yy — Jy.

Teopist crifixocTi, po3po6i1eHa BUIATHUM POCiiicbkuM yuennm O.M. JIs-
IyHOBHM, BUBYAE MpOG/IeMy HelepepBHOi 3aeXHOCTi po3B’si3KiB AUdepeH-
HiaJIbHUX PiBHSAHBL CaMe Ha INBOCi [a, +o0).

PosriissHeMo cucTeMy piBHSHB

x = f(fS x)’ (8.1)
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Imaea 8
OCHOBY TEOQPII CTINKOCT! 3A NANYHOBUM

BU3HAYeHy HA MHOXMHI G = [a, +x) x D (a € R, D — o6Gnacts y R"), y
OPUINYILEeHH] ICHYBaHHSA i emuHOCT] po3B 3Ky 3ana4qi Kolui 3 10BiIIbHUMHU
TTOYaTKOBUMU YMOBaMH (1,, X,,) € G. Po3B’s130k cuctemu (8.1), AKuii rnpu
t = t, HabyBa€ 3HA4YEHHS X;, [TO3HAYATUMEMO Uepe3 x (4, &y, X,).

ChopMmyiioeMo o3HaueHHS cTiiiKocTi*. Po3B’si30k x = @(f) cucreMu
(8.1) HazuBaOTh cmitikum 3a Jlanyroaum, AKILO:

® et po3B’s30K iCHYE Ha MiBOCi [a, +o);

@ w15t KOXHOTO € > 0 i KOXHOTO £, > @ MOXHa BKa3aTH Take 8 = 8(g, #)) >
> 0, IO KOXHUM PO3B’A30K X (£, £, Xx,) cuctemu (8.1), B sixoro | x, —
- ¢(ty) | < 8, icHye Ha miBoCi [#,, +o0) i 3210BOBHAE YMOBY

[x(t, ty, x) —@(t) | <e v t24,

Hpyra BUMoOra o3HauyeHHS CTifiKOCTi Ma€ DPOCTHA TreOMeTPUYHMIA 3MicCT:
rpadik KOXKHOIO pO3B’SI3KY, 3HaUYeHHS IKOTO HPH f = 1, HAIEXUTh 5-0KOJIy
TOYKH ¢(t)), MOBUHEH MpPH { 2 f, ULTKOM Hajexaru e-Tpybui (e-cMy3i) po3-
B SI3KY ©(f).

Po3B’5130K x = ¢(¢) Ha3UBaIOTh wecmilikum, SIKILO BiH He € CTiiKMM,
TOOTO TaKUM, IJIS TKOTO NMOPYIIyETHCA Xo4a 6 olHa 3 BUMOT, sKi Pirypy-
10Tb B O3HAYEHHIi CTiIHKOCTI.

Po3B’s130K x = ¢(t) Ha3UBAKOTb acumMnmomuyHo cmitukum 3a Janynogum,
SIKLLIO:

@ BiH cTiitxuit 3a JIATYHOBUM;

@ 15t KOXHOTO f, = a MOXHa BKa3aT Take A = A(f,) > 0, wo mns
KOXHOTO PO3B’SI3KY X (1, &, X), B SIKOTO || X, — 0(1)) || < A, BMKOHYETD-
cq yMoBa

lim || x (7, 1y, xo )= (n) | = 0.
1+

4 3ayBaxeHHn 8.1

Po3B’s130K y(¢) ckansipHoro pisusinust Y = f(t, y, ', ..., "~ 1) HaauBsaioTh
cmilicum (acumMnmomuyuno cmidkum, Hecmilixum), SKUWO CTiRKKI (acumnTo-
TUYHO CTIHKKI, HeCTiMKMIt) BIAMOBIAHUN PO3B’aA30K X (1) = (¥ (t), y'(t), ...,
Y= D(1))T exsiBaseHTHOI cHCTEMM PiBHSIHB y HOpMabHiit popMi Kowi (nuB.
n. 1.3).

* YV uboMy o3HayeHHi WIeTbCH NPO CTIHKICTh BIIHOCHO TOYATKOBHUX YMOB. AHAJO-
FiYHO MOXHA Oyio 6 BBeCTH MOHATTS CTiIHKOCTI BIZHOCHO 11apaMeTpiB, sIKi BXOASITb Y
fpaBy 4acTHHy cucTemu. CumsonoM || - || nosHaveHo eBK/IiLOBY HOPMY BeKTOpa (IMB.
m. 3.1).
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8.1
OcHOBHI NOHATTA TEOPIT CTikKOCTI 3a NAnyHoBuM. CTIRKICTb NiHIAHUX CUCTEM

UONpuknag 8.1

,Zlocxlié;wuo Ha cmitikicms mpusiaavrud pose azox ¢(t) = 0 ckarspuoeo pisuanms
X =X,
3inTerpysaBium 1e piBHAHHS (IUB. mpukiax 3.4), aicranemo x(7, Iy, X,) =

= —.._17_-__, (xy # 0).- 3Biacy BUNIWBAE, IO TPUBIAALHHI PO3B’A30K
by +1/xy —

©(¢) = 0 HecTiiku#, OCKINIbKM 1A K 3aBrOJHO Majoro X, > 0 po3s’s30k
x(t, ), x,) He iCHyE Ha MiBOCi [, +0) (UeH PO3B’A30K He € MPOTOBXYBAHUM
yrpaBo 3a TOuky r* =1, +1/x, : lim x(1. 7, xy) = +o0).

=¥

ONpuknap 82

Sk yxe 3a3Havajsocst paHile, KOXHHI pO3B’A30K y = yoe)" PiBHSAIIHS

Y =Ay € crifikum npu A < 0 i Hecriitkum npu A > 0. Akwo x A < 0, To

tim || j(r) - p(r) | = lim || By — yy | € = 0 i KOXHMIT PO3B’A30K LKOTO PiB-

1>+ I—+x

HSHHS € aCUMITTOTUYHO cTifikuM 3a JIsnyuosum (puc. 8.1).

A<0 yb

yote

o

Yo

Y—EF

o

y=ylt)=yoe

y=ylt)=yoe

(T -|n~£ )
Yo~ Yo
A1

t
Puc.8
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OCHOBU TEOPIi CTIAKOCT! 3A NANYHOBUM

UNpuknap 8.3

Hocridumo na cmiiicicms poze 330k x = x(t) (x(0) = x,) cucmemu x = Ax, oOe

01
A= .
Ockieknr X (1) = e =[ cos t sin ¢

, — (YHIaMEHTAIbHA MATpHULS
-sin ¢ cos¢

cucremu (aMB. M. 5.1), To x = x(1) = X()xy, X = X(t) = X ()X, (X(0) = %) —
BIIMOBIIHO HeabypeHwH i 36ypeHuit po3s’s3ku cucteMu. OdinnMo || (1) — x(t) |

Ha miroci [0, +«). Ockineku | X(1) || = \/2(0052 f+sin21) =2, 10

| X(2) = () || = | X)Xy — x0) [ SN X @) Xy = %0 | =
=2 | % -x | <e Vi 20,

sk TiatbKY || %y — X, || < 8 = €/\2 i, oTe, po3s’sizok x () criitkuit. Exemen-
¥ yHIaMeHTanbHOI MaTtpuui X(¢) obmexeHi Ha R i He MaioTh rpaHMui

npH |t} = +o. ToMy lim | X()(%, — x,) || He icnye (mpu Xy # x,) i po3-
1>+

B’S130K X (f) He € aCHMNTOTUYHO CTiHKHUM.

Qfipuxnap 84 :
Hocaidumo ng cmiiicicms pose’szox x = 1/t (t = 1) pienanua Pikkami x =

2
=-(x-2/t).
Sk Bimomo (mwe. n. 2.2), 3amiHa x = y + 1/t 3BOAUTH He DiBHAHHS [0
piBHAHHSA BepHymi:
2
yoa={ -1y, 522y
r t)’ t '
TakuM YUHOM, OOCTIAXEHHS Ha CTiHKiCTh pPO3B’si3Ky X = 1/t piBHAHHS
PikkaTi 3Befoca 10 AOCTIIXEHHS Ha CTIWKICTh TPUBIAIBHOTO PO3B’A3KY
y =0 (t 2 1) pisusuug bepuysmni. Po3p’a3yiouu 1e piBHAHHS, 3HaAXOAUMO

3r? , . _
= — " y = 0. Po3p’q30k i3 mouaTkoBoo ymoBolo y(i) = j, Mae Bu-
17+ 3¢
-
~ _ 3_}'()’ .
mEn p(t) = ——————7. 3BillCK BMILUIMBAE, LIO XOY OM SKHMM MaluMm 3a
Yo" =1)+3

abcomoTHUM 3HaveHHsM Gymo Jy < 0, poss’sizok j(r) He moxke 6yTH mpo-

IOBXeHMI yrpaso 3a Touky t* = (I - 3/)7(,)1/3 > 1 (’ li:p " y(1) = -oo]. Tomy
Sk
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8.1
OCHOBHI MOHATTA TeOPIi cTikkocTi 3a JIANyHOBUM. CTiAKiCTe NiHIAHUX CUCTOM

TPUBIAIBHUI po3B’A30K y = ( piBHAHHS BepHywIi € HecTiikuMm, a 3apa3oMm €
HecTiflkMM i po3B’a3ok x = 1/t pisusiHaa Pikkari.

I3 posrmany npuxiany 8.4 BUILIMBAE, WO JOCJIIIXEHHS Ha CTiMKIiCTb
JaHOTO PO3B’A3KY CUCTEMH MOXHA 3BECTH OO JOCIIIXEeHHs Ha CTiliKicTh
TPUBIAJIBHOIo po3B’a3Ky y = 0 geskoi momomixHoi cucremu. [Tokaxemo ue
B 3araJbHOMY BHIIQJIKY.

Y cucreMmi (8.1) BUKOHAEMO 3aMiHy IyKaHoi (pyHKIIii 3a GopMyiIo0

=y+ 1), (8.2)

ne y — wykaHa byHKuUis [36ypernrs poss azcy o(t)], o(t) — pO3B’A30K, AKU
JOCIUDKYETHCH Ha CTHAKICTE. BigHOCHO y mictaHeMmo cuctemy y = f(f, y +
+@(1)) - p(t) abo, 3 ypaxyBaHHAM TOTOXHOCTI ((f) = f(t, @{t)), cucremy

y=ry+o) -1t o). (8.3)

Cucremy (8.3) Ha3UBaIOTh cucmemoro 30ypens, abo cucmemoro 30yperux pyxis.
OuyeBHUIHO, L0 BOHA MA€ TPUBIAJIbHUMI PO3B’A30K (TOUKY CNIOKOIO) y = 0, i
3aJa4ya JOC/IPKeHHA HOro Ha CTidkicTh (aCUMMNTOTHYHY CTiMKiCTh, He-
CTiliKicTb) ekBiBaJIGHTHA 3aladi HOC/IDKEHHs Ha CTIHKICTh (ACUMIITTOTHYHY
CTiMKiCTh, HECTIMKiCTh) PO3B’A3KY X = ¢(f) cucreMH (8.1).

PosrisiHeMo JiHiAHY cucTeMy

X =A)x+ f(@) (8.4)
i3 HernepepBHUMHM Ha MiBOCi [a, +w) KoedilieHTamMu. K BiIOMO (IMB.

1. 3.5), po3s’si30k 3anadi Ko mwis cucremu (8.4) eanHuii i icHye Ha miBoci
la, +o).

H floBepneHHA
Y cucremi (8.4) BUKOHAEMO 3aMiHy (8.2): p + ¢(t) = A()(y + @(r)) +
+ f(t), 3BiOKyM, BHACIIIOK TOTOXHOCTI ¢(r) = A(f)(t) + f(¢), nicrae-
MO CUCTeMY 30ypeHb
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Y= A(t)y. - (8.5)

MK yXe 3a3HaYaIOCs, CTIAKICTh (ACMMITTOTUYHA CTilKiCTh) TPUBIAILHO-
ro po3B’sa3Ky cucteMH (8.5) exBiBasieHTHA CTIMKOCTI (ACUMIITOTUYHIM
CTilIKOCTi) pO3B’3Ky X = @(¢) cuctemu (8.1).

) Hacnipok 8.1

Ockinbku cucmema 36ypens (8.5) ne 3arexcums 6io posg’asxy x = ¢(t) i
ynrcyii f(t), mo aci po3e’azxu ainitinoi cucmemu (8.4) cmiiixi (necmiiiki,
acumnmomuyro cmilixi) eodnouac. Tomy Kopekmuum € nouamms cmili-
Kocmi (Hecmilixocmi, acumnmomuunoi cmitikocmi) ainidHoi cucmemu,
npuyomy docmamubo OGocaifxcyeamu Ha cmitkicmb AIHIUHY 00HOPIORY
cucmemy (8.5).

Mokaxemo, 110 cTidKicTh cucTeMU (8.5) LIUIKOM BU3HAYAETHLCS BAACTU-
BOCTSAMH 1i JOBUTBHOT (DyHIaMeHTAIbHOT MaTprLi Y ().

IloBepeHHn

Hexait | Y()|< K V= ai § = j(r) = Y(OY ()9, — 36ypennmit
po3B’a430K cucremu (8.5), € > 0, £, > a — noBinkHi. Todi

I3 =0l =YY w)Fo 1< I Y@ MY 'Go) M 5o Il <
<KIY )l 5 -0 <e,

K TuekH || o =0 =1 5, Il < —Ll—* i, oTxe, cucrema (8.5)
CTilKa. K|Y" @l

MpunycrumMo, 1o pyHIaMeHTanbHa MaTpyLs Y (f) He obMexeHa Ha
[a, +0), 1 mOKaxeMo, il10 Tofi cucreMa (8.5) HecTiiika. 3 TPUITYIIeHHS
BUIUIMBAE: cepel CTOBILIB MaTpulli Y(f) 3HaiimeTbcsa CTOBIELD ¥ (t) i3
HeoOMeXeHOIO Ha [a, +w) HOpMOIO, TO6TO iCHYE Taka nocnmonmcn
t, — +0, s AKOi || y, (2, ) || > +eo. Hexaii Tenep #, > a nopinnte, § > 0 —
;11( 3aBrofHo Maje. 3a oYaTKOBY YMOBY 30ypeHOro po3B’si3Ky Bi3bMe-
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8.1
OCHOBHI NOHATTA TEOPIT cTikocTi 3a NAnyHOBUM. CTIAKICTb MiHiAHUX CUCTEM

3 - .
———Y(ty)e;, De e, — j- KOODAMHATHHUI OpT
20 Y(@) | ’ !

S~ |
npoctopy R”. Toxi || 7, || < 56 <0, a

MO BEKTOp J =

_ . N 5
y() =yt 1y, Fo) = YOI =3 BZ8Y Y(t)e; = ST ”y,(t).

VHaciinok Heobmexerocri | y; (¢) || sHaiineTses Take £, > £, TIpH siKoMYy,

wanpukiag, || () -0 = | 5 | = I y;(t) 1l 2 1, wo os-

Hayae HecTilkicTh cuctemu (8.5). 2| Y@ |

HNoBepneHHA

Hexait lim || Y() || = 0. O6mexenicts || Y(¢) | oueBuana. Tomy
>+

cuctema (8.5) criiika. Maemo:

1376y =0 = Y)Y )3y <Y @ MY ) 79 f > 0, 1 — o0,

Orxe, BuMora @ 3 03HaYeHHsA ACHMIITOTHYHOI CTIHKOCTi B IaHOMY BH-
NMagKy BUKOHYETLCH NMPH JOBUILHOMY A.

Hexaii cucrema (8.5) acuMnToTudHo crifika. Toli TpuBianbHHUH
po3B’s130K y = 0 aCMMOTOTHYHO CTiMKWi i, 3TiTHO 3 O3HaYeHHAM

ACUMIITOTUYHOI CTIHKOCTI, I|m I () -0| = hm | 7® =0 ana

AOBUTLHOTO PO3B’SI3KY J(1) Taxoro wo || v || = || y(t(,) [ < A. Hexaii
Tenep y(t) — NOBUILHMIA PO3B’sA30K cucTeMH (8.5) 3 MOYATKOBOIO YMO-
BOIO y (f)) = y, # 0. Po3rssHemo poan’ﬂaox y(1) cucremu (8.5) Takwuii, 1o
- wt A
o) = ) A S X
yl2” 20w

x| y() ]| -0, t > +x. Tomy lim [[y@[|[=01i lim |[Y@)|=0
>4 -+,

Toni | (1) | == < A i, otxe, || j() | =

237



fhasa 8
OCHOBM TEOPII CTIRKOCTI 3A NAMYHOBAM

@ 3ayBaxeHHAa 8.2

P03B’13KH JIHIHHOrO OXHOPIAHOTO CKANAPHOTO piBHsHES Y + h ()Y D +
+ ... + h,(1)y = 0 3 HerlepepBHUMH Ha [a, +w) KoedilieHTamu A, (), ..., h,(t):
1) criitki — Toxi i e Tomi, kou || Y(¢) | < K V £ a (K = const > 0);
2) ACHMNTOTHYHO CTiiKi — TOMI # JVIie TOMi, KON ,lim Y@ =0, ge

— +o

n) no .. oy,
i) 210 I A ()]

y=n—l)(t) ygihl)(t) y,(,"‘”(f)

— Marpuus BpoHCbKoro dyHaaMeHTanbHOI CHCTeMu pO3B’asKiB y(t), ...,
«-y Y,(f) UBOTO piBHAHHA.

QOnNpuknap 85

Po3znanemo ainiiini cxanapHi pieHanHa:

a; X =a(x (a)e Gy 1) {6 j+aly=0;
°B/ y- u)zy =0, o= const > 0.

(yHnameHTaTbHA MAaTPHULS PIBHAHHS { 4 i CKIAKAETHCS 3 OQHOFO PO3B’A3-

!
a(tydt . . !
Ju (fy = a). ToMy ue piBHSIHHA € CTiiKHM, SIKIIO J; a(t)dt| <
0
I
< k =const V¢ 21, aCHMITOTHYHO CTiKUM, skio lim | a(t)dt=-o i
f—+w iy
o ‘
HecTikuM, sikiwo lim | a(t)dt = +x. Ans piBHsHb | dyHzaMeH-

. . I—>+vj Iy . i -
TaneHi MaTpuLi (Marpuii BpoHcekoro @CP) MaioTh BignosigHo Takuii BUOISL:

, cos wt sin ot ), e o
Y1) = ) iY@ =
~sin of ® cos W 0e®  —we
ToMy piBHAHHS {6 HecTiiike.

QONpuknap 86

Posensnemo ckanapue piguanua % = cos® x (t 2 0),
[HTerpyloun iforo, zictaHeMo x = arctg (tg X, + ) + nn upu x, # n/2 + ki
Xy =T/2 + kr npu x, = n/2 + kn (n, k € Z). Yci po3p’a3ku obMexeni Ha R.
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8.2
CriAkicTb RiHIAHKX cucTem 3i cTanumun koedpilieHTamu

Jlerko 6a4uTH, 110, HANMPHKIAA, PO3B’A30K X = —1/2 HECTiNKUIi, OCKLIbKH
s Gyne-sKoro x, € (-n/2, n/2) (puc. 8.2)

lim |arctg(tg xy +1) = (-n/2) | =
>+ ! .

Po3srnsnemo Tetiep po3s’s3- A =X
KW PiBHAAHHA 3 MOYAaTKOBHUMHU — 2

yMOBaMH X, Xy € (-1/2,7/2). L~
Hexait x(¢) = arctg(tg x, + £) — / A:;—(tq Io+£)
He30ypeHHii po3B’sA30K, a X(f) = _/ 0 / I's
= arctg(tg %, + 1) — 36ypeHHit. __/_‘ =
Toai 3waitaeTbcs Take § > 0, — T
wo | ¥() - x(r)|<e Vr20,axk  TT T2
TiAbku | X, - x, | < 8. Crpasai, p

. . uc. 8.2
BHACJIIIOK HernepepBHOCTI hyH-
Kilii arctg ¢ icnye take &, > 0, wo [arctg(tg X, + 1) —arctg(tg xy +1) | < ¢
npu | tg X, +1—(1g xo + 1) | =] tg %y — (g x, | < §,. YHacnimoK HerepepsHO-
cti dyHKIIii tg x Ha TPoMiXKy (—r/2, nt/2) 3HaiineTscs Take & > 0, UO ocTaH-
HSl HEPIBHICTh BHKOHYETHCA, AK TIbKU | ¥, — x| < 8. OTxe, po3m’s3ku
MAHOro piBHAHHS 3 MOYaTKOBUMH YMOBAMH, AIKi HaieXaThb MPOMiXKy (—1/2,

n/2), criviki. Ockimpkn lim | %(7) - x(r) | = | /2 - n/2 | = 0, To wi po3B’sA3-
v s >+ %
KM CTiiiKi aCHMTITOTHYHO.

3 po3rnsay ILOTO TIPMKIAAY BHIUIMBA€, IO HeNiHilHi cucTeMM, Ha
BIIMiHY Bill JIHIHHKX, MOXYTh MaTH SIK CTiiiKi, TaK i HeCTilKi pO3B’A3KH.

#¢ TIpomoHyEMO CAMOCTITHO TOKa3aTH, 1O TAKY BIACTUBICTb Mac i cuctema X =0,
y=xy (t 20), po3p’a3Ku SKOI MOXHA 3AMHCATH Y BUIIAME X = Xy, ¥ = ye™, ne
(%, ¥,) - AOBibHA MMOYATKOBA TOUKA.

8.2

CrinkicTb niHinHUX cucTem 3i ctTanuMmm xoedpilieHTamm

PoarnsiHeMo NiHiHY OZHOPIIHY CUCTEMY

i3 MiACHOIO CTAIOI0 (1 X n)-BUMIPHOIO MaTpuueio 4 = (a,.j).
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Ak BinoMo, dyHIamMeHTaNbHY MaTPHLIIO cucTeMH (8.6) MOXHa 3armcaTi
y Burnsagi X () = e ge '™ _ yarpuuna excrionenta. Crpykry-
Py MarpU4HOL €KCIOHEHTH 3aJIEXHO Bill XOpIAHOBOI HOPMAaIBHOI (hopMu
Marpuli A po3misiHyTo B 1. 5.1. I3 dopmyn (5.8)—(5.10) BumuMBae, 1o
noseliinka GyHIaMEeHTaIbHOI MaTPHLIi IIPH f — +0 BU3HAYEHA NOBEIIHKOIO

TS .
MaTpuib-6tokis e’ M = ot T, (1), ne

1+ — . b m
21 (m; —1)!
o1 ¢+ .. o m2
Tm; )= (m; —2)! (i=1,..,59).
00 0 1 t
00 0 . 0 1

3BiACH MOXHA 3pOOHTH BUCHOBOK, 110 (PYHIAMEHTAILHA MaTPHLIA CHCTEMU
(8.6) obMexeHa Ha miBOCi [1;, +0) TOLi i NI TOMI, KOAM HiliCHi YaCTHHU
BCIX BJIACHHX YHCeJl MATPHLI 4 HeloAaTHi, IPUYOMY KOXHOMY BIACHOMY
YHUCITY 3 HY/TbOBOIO JIHCHOIO YAaCTHMHOIO BiIOBAIOTH MPOCTi (m, = 1) KIiTUHU

XKopnaHa, a piBHicTe lim || X(¢) | = 0 BMKOHYETbCS Tomi ¥ JiMILe TOMI,
. 1>+
KON HiCHi YaCTHHM BCiX BJIACHHX YMCel MaTpHLII A Bin’eMHi.

YpaxoBylouM 1ie, a TaKoX TeopeMu 8.2, 8.3, chopMymoeMo HeobXinHy
7 OCTAaTHIO YMOBHM CTiliKOCTi cucteMu (8.6).

) Hacnipok 8.2

Cucmema (8.6) Hecmilika, AKWo X04a 6 0OHOMY 8AGCHOMY HUCAY 3 HYAbO-
8010 OIliCHOI0 YacmuHolo gionosidac neodnoeumipna krimuna Xopdana
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8.2
CTiKiCTb NiHIAHWX CUCTEM 3i cTanumu koediuicHtTamu

(makoMmy 61acHOMy yucay h kpamuocmi p 8ionogidae s < p AHIUHO He3d-
ACKHCHUX GAACHUX sexmopie mampuui A), ab0 AKW0 ceped 6AACHUX Hucen
mampuyi A € xoua 6 odne 3 dodamnoio OilicHOK YacmuHow.

ONpuknanp 87
Jocaidumo na cmidxicms cucmemy

X=ox+35y, y=-x+2y (a e R — mapamerp).
XapakTepUCTHYHE PIBHAHHSA MATPHLI LHET CUCTEMU MA€E BUTISL

a-A 5
-1 2-A

':0 a6o A2 -2+ o)A +2a+5 =0,

2+ ot 2+ ) - 4Qa +5)
2

200 + 5 > 0, To6TO AKIO ~5/2 < & < -2, TO KOPeHi A,, A,, MAIOTh Bil €MHi
MIACHI YacTHHW ¥ JaHa cCUCTeMa aCUMNTOTHYHO criifika. Akwo 2a + 5 > 0,
10610 00 < -5/2 abo o > -2, To Maemo abo IBa HAICHUX KOPEHi Di3HWX
3HaKiB, 260 Mapy KOMIAeKCHO-CTIPAXEHHX KOpeHIB i3 JOAAaTHOIO AiHCHOIO
gacTHHo10. B upoMy Bunagky cuctema Hecrivika. lMpu o =-5/2, 4, =0, 4, =
=—1/2 (BnacHi yncna HeZOAaTHi, MaTpULsS A Ma€E NPOCTY CTPYKTYpPY) cucTe-
Ma criiika. [Tpu o = -2, Al, , = X (FIACHI YACTHHW BIACHUX YHCEN HEeJONATHI,
MaTpuLs A Ma€ MPOCTY CTPYKTYPY) CHCTeMa TaKOX CTiiika.

. Sikmo Bognouac 2 + o < 0 i

3BiOKK Ay, =

YMoBu TeopemH 8.4 y Til 11 YACTHHI, AKA CTOCYETHCA ACUMITTOTUYHOT
CTiIKOCTi, MOXHAa TIepeBIPUTH, HE 3HAXOASAUM BJIACHMX YHCEs MATPHULI A.
Hexaii

M+ar '+ +a, A+a, =0 (8.7)

— XapaKTepUCTAYHe PiBHAHHS MaTpHuli 4. MaTpuLio

aq | 0 0 0 .. 0
a3 az al ] O cee 0
H=|as ay a; ao a .. 0 |(a,=0npuk>n) (8.8)

0 0 0 0 0 .. a

Ha3uBaTE Mmampuyero Iypeiya.
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HosegeMo TeopeMy [UIS BUITAIKY JIiHiAHOI OMHOPIIHOI cHCTeMH (n = 2):

$=Ax, A= ["“ a2 J (8.10)

ay ay

XapakTepyCTHYHe DiBHAHHA MaTpUili 4 3aITMiIeMo Y BUDIAAI

A +ah+a =0,

ne a = —(011 + 022) = —tr 4, a, = a”az.z —apay = det A.
‘Marpuug ['ypBilia B iboMy BUNaIKy Ma€ TaKUM BUIJISI:
a 1 —trA ]
H=" =
[0 azj [ 0 detA] (8.11)

(A =ay =-tr A, A, =-tr A-det A).
TrepmxeHHs TeopeMu 8.5 (n = 2) BUILIHBaE 3 dopmyn Biera:
>\.] + }\,2 = -4, )\,17\,2 =4a,. (812)

Cripaszi, SIKIIO A, A, — Bil’eéMHi abo koMILIeKcHO-cripsikeHi (Re A, <0,
Re A, < 0) KOpeHi XapakTepMCTUYHOTO PiBHAHHSA, TO @, = —(A, + A,) > 0,
a, = MM, > 01ymosa (8.9) npu n = 2 BukoHyeThca. Hexait Tenep A, > 0,
A, >0, To610 @ > 0, a, > 0. Tomi 3 (8.12) maemo A, + A, <0, A1, > 0.
Sxuio A, A, € R, TO Lie MOXJIMBO JIMLIE TOMi, KOl A, < 0, &, < 0. Skuo
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8.2
CTifKiCTb RiHiAHMX cucTem 3i cTanumu koediuieHTamu

Ays Ay KOMILIEKCHO-CTIPSDKeH], TO Aky = A%y = [ Ay |2> 0, &) +2, =
=A +A; =2Re A <0 i, omxe, ReX, =Re}, <0.

I3 dopmyi (8.9) i (8.11) BuruBae, 0 419 aCUMIITOTUYHOI CTilk-
KocTi ciucreMH (8.10) HeoOXimHOIO i1 JOCTATHHOIO € YMOBA

trdA<0, det A>0. (8.13)

& 3ayBaxeHHn 8.3

3 moseneHHsa TeopemM 8.5 npu n = 2 BUIUIMBAE, 1O ymMoBa a, > 0, a, >0 ¢
HeoOXiAHOIO ¥ IOCTATHLOIO IS TOFO, W06 YCi KOpeHi piBHAHHA A, + a\A +
+ a, = 0 Manv BifX’eMHi AIHCHI YaCTUHHU. Y BUTIAAKY 7 > 2 yMOBa AOAATHOCTI
BCiX KoedillicHTIB piBHsSHHS (8.7) € nuule HeoOXiMHOIO NAST [BOTO.

€ 3ayBaxeHHA 8.4

MoxHa moka3aTH, HIO XapakrepucTH4YHe piBHsaHHs det (AE, — A) = 0 mar-
puii A cuctemu (8.6) Mae Burasx

Mgl ' v el y L va, =0,

n
a =-trd, aq =2

i<j

ae
a; dy
g, = (=) det A.

Gy djj

&< TTponoHyeEMO caMOCTiifHO JOBECTH, 1o cuctema (8.10) crilika (HeaCHMOTOTHYHO)
TOXI ¥ JMUIE TONi, KOMH BUKOHYEThCS xoua 6 oqHa 3y Mo 6:

® marpuis A Mag mapy CyTo yABHUX KODEHiB!
trA=0, det 4A>0; (8.14)
@ opnyie BITacHe YKCO NOPIBHIOE HYIIO, A iHIlUe — Bil’EMHE:
trd4<0, det A=0; (8.15)
@ uyilb € JBOKPATHAM BJIACHUM YUCIIOM, IKOMY BIATIOBIOAI0TE ONHOBUMIpPHI KIiTH-
Hu KopaaHa:

A=0. (8.16)

YMmoBu (8.13)—(8.16) BuuepryOTh BUNanKH, Koau cucrema (8.10)
CTiiAKa.
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OCHOBW TEOPIi CTIAKOCT! 3A NAMYHOBUM

HacrynHi aBi TeopeMu naioth 10CTaTHI YMOBH CTIMKOCTI JIiHiiHHX CHC-
TeM, SKi MaJIO BiPi3HAIOTBCS Bil JIHIHHUX CHCTEM 3i CTATMMH KoedillieH-
TaMH.

NoBepeHHA

PizHuiuo Gyab-sikux ABOX po3B’s3kiB x(f) (x(f)) =xy) i X(1)
(x(#y) = Xy) cucremu (8.18) MoxHa 3arcaTt y BUIJsIAI

(1) = x(1) = M%) = x) + j " 409 B(r)(%(1) - x(¥))d1. (8.19)

fo

3a ymoBoio || e~ || < C V1 2 1,. I3 piBHOCTi (8.19) Maemo

Ix@) -x()ll<C

| % =% I +] CIl B Il %) - x(9 | d.

3sigcu, BHacHizok aeMH I'ponyosuia—beuimada (auB. 1. 3.3), gictaemo

I %) - x( || < C ClL 1ot

SK | % —x |l 0 218), (8.20)

I % - x0 Il <

7 1Bz
e K=e J .

I3 HepiBHocTi (8.20) npu || X — x, || < 8 = ¢/K BurumMsac, wwo
| X(t) - x(¢) || <€ V¢ = ¢,, T06TO BCi pO3B’s13KK cHcTeMu (8.18) criiiki.
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8.3
CTifikicTb 3a nepwumM HabAMKEHHAM

Ufpuxknan 88

3acmocoseyiouu meopemy 8.6, nokasxcemo, o po3e a3ku y(t) cxarsiprozo pienan-

. 1
HA V + [a T ] y =0 (a=const >0) obmexnceni pasom 3i ceoimu noxionu-
+

Mmu y(t) na R.

OCKUTBKY DIBHSAAHHS He 3MIHIOETHCS, KO 3aMiHUTH f HA —f, JOCTaTHLO
PO3MIAHYTH BHManoK f 2> 0. [Toknaswu x; = y, x, = y, nepeiseMo 00 €KBi-
BaJI€HTHOI CUCTEMH

X =(A+ B()x, (8.21)

0o 0
0 1
ne A =[ ) B(ry=| 1
-a 0 5
1+
YeHHs MaTpHlli A CyTo ysiBHi: A, ; = +iJa. ToMy cucrema X = Ax criiika.

, x = x(1) = (x,(1), x,(t))"". Bacwi 3ua-

s
0

. e n .
Ockinbkn L | B(ry | dr :J = —, TO 3rifHO 3 Teope-

2

molo 8.6 cucrema (8.21) criitka. ToMy BCi ii pO3B’A3KH (CHCTeMa NiHiitHa) obMe-
xeHi Ha R. Otxke, pyukuii x(7) = y(r), x,(t) = y(f) Takox obmexeHi Ha R.

= arctg

+ot
+1 0

| 8.3 |

CriikicTb 3a nepwum HabNMXKEHHAM

TToBepHeMoCs 10 MMTAHHS APO CTIHKICTb PO3B’A3KY X = ((¢) HeJliHiiiHOI
cucteMu (8.1): x = f(f, x) y npunyleHHi, Wo BeKTop-QyHKUis f(Z, x)
IBiui HenepepBHo mudepeHuiiioBHa B G. Ak 6ysio 1moka3aHo, 1 3anava
eKBiBaJeHTHA 3afavi JOCII/DKEeHHS Ha CTIMKiCTh TPUBIanbHOTO PO3B’SA3KY
(TOYKH CIIOKO10) cucTeMHU 30ypeHb (8.3):
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y=F@ty) (z2y), (8.22)

me F(t,y) = F(t, y + o(t)) - f(t, ¢(t)), F(t, 0) =0 (t = t;). OmHUM 3 OCHOB-
HHMX MeTO[iB JOCiIXEeHHs Ha CTIMKiCTh TOUKH CIIOKOIO cHcTeMH (8.22) €
MeToJI JliHeapu3alii cCHCTeMH B OKOJIi 1li€l TOUKH. Bukopucrosyoun ¢op-
Myny Teitnopa nepuioro nopsaxy i3 3aIMIIKOBHM WIeHOM y dopmi Jlar-
paHXa Wi KOXHOiI KOMIOHEHTH BeKTop-dyHKIii F (¢, y), AicraHeMo

F@, y)=A@t)y + r(t, y). (8.23)

nﬂe rt, ) =0y (@) 1, lyll - 0, a A(t) — marpuus OcTporpancrkoro—
K0bi:

Ar) = %f—(r, 0) = L1, o(r)). (8.24)

oX

JliHeapH30BaHa cucTeMa Ma€ BUIJIAN

Cucremy (8.25) Ha3UBAKOTL CUCMEMOI0 NEPuLoz0 (AIHILIHO20) HABAUNCEHHA TS
cucremi (8.22) BiTHOCHO TPUBiaTBbHOIO PO3B’A3KY [T cuctemu (8.1) —
BiTHOCHO po3B’s3KY ¢(¢)]. [IpUpogHO crioyaTKy JOCIEHTH CTIAKICTD TPUBi-
@ILHOTO PO3B’SI3KY JIiHeapHU30BaHOI crcTeMu. SIKILO TakKe JOCIiKeHHs Baa-
Jlocs 3OiHCHUTH, TO Jajli BAHUKAE NMpobiieMa BiOmoBiTHOCTI MiX cTilikicTio
TPUBIANBHOTO Po3B’a3Ky (8.22) i cucremu (8.25) — Tak 3BaHa npobrema
cmitikocmi 3a nepuwum HabauxcerHam. 3a AKUX YMOB 31 CTIHKOCTI CUCTEMHU
(8.25) BuruUIMBaE CTiHKiCTh TPUBIATLHOIO PO3B’A3Ky cucteMH (8.22) [cTiit-
KicTh po3B’sa3Ky ¢(f) cucremu (8.1)]? Lle MuTaHHS € OCHOBHMM Y Teopii
CTifiKocTi 3a nmepiuuM HabmwxkeHHaM. Hacrynai reopeMu JlsamyHoBa naorh
BIIITOBIb HA TIOCTAB/IEHE 3aMUTaHHA.

IMpunycTuMo, 110 aCUMITTOTHYHe criBBigHOWeHHs r(f, ¥) = O (| y [|?),
|l ¥ ]| - 0 BuxoHyeThCS piBHOMIpPHO MO ¢ > #). Toni icHye Taka craina K > 0,
o npH f| ¥ || < 8 cnpaBIKyETHCA HEPiBHICTDH

hre, DI Ky PP<allyll (21), (8.26)

me o = od) = Kd.
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8.3
CrikkicTe 32 nepwum HabNMXEHHAM

HoBepneHHA

BasBiu ¢yHKUi0 r(2, y) 32 HEOTHOPIIHICTD, 3aMHlIEMO BEKTOpHE
iHTerpanbHe piBHAHHS, eKBiBaleHTHe cucTeMi (8.22) [auB. dopmyny
4.21)]:

V() = X(1, 1)9(t) + j}' X, Or(z, p(1))dr. (8.29)

Hexait y (t) — po3p’si30k cucremu (8.22), ansg sxoro || y(¢) || < 8 npu
t) <t < T. Jas TaKkoro po3B’si3Ky Ma€MO OLIHKY

I YO 1< Re™™ ) || yiag) || +
+ R "e D | ) [ dt hy < 1< T). (8.30)
o

MomHoxuBiy (8.30) Ha ™™™ i nosHaumsum u(r) = ™~ || y(1) |,
JHicTaHeMo

u(t) < R y(r) | + RaJ.' u(t)dr. (8.31)
Ty
3 (8.31) 3a siemoio I'poHyouta—bBeimana (auB. 1. 3.3) Maemo
u(t) < R y(ay) || =",

3BiOIKM
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Iy | < R| i) [[e#RU-0) o <r<T).  (8.32)

Ockinbku 3a ymoBolo TeopemH ||y (1) | < 8/R, oR = K3R < v, TO
~(y-uR) < 01 3 (8.32) BumIMBaE, 1O

Iy <RI y(ty) [ e TR0 < Rl yity) || < & (19 <1 < T).(8.33)

TTepekoHaeMocsi B TOMY, IO HepiBHicTb (8.33) HacmpaBai BHKO-
HYETHCSI TIPH BCiX f 2 §,. Bin cynportBHOro npumycrtumo, mo T > ¢, —
neplle 3Ha4eHHsl apryMeHTy, ripy skoMy | y (T') || = 8. TTepeitwosyu B
(8.33) no rpanuui npu t — T - 0, gicTaHeMO CyTIepewIMBY HEPiBHICTh

8= w(T) | <RI pity) || e T *OT=1) < R y(ty) ]| < &.

Orxe,
| y(0) || < 8T 0RU=1)(¢ > 1)

i TpUBiUTLHKN PO3B’A30K cucteMu (8.22) [a 3apa30M i po3B’A30K x = ()
cucteMH (8.1)] aCUMNTOTUYHO CTIAKMIA.

€ 3aysaxeHHA 8.5
HoclimKeHHS Ha CTIKICTh TOYKM CITOKOIO CHCTEMH Mepluoro HabJIvxeHHs
(8.25) [i, 30KkpeMa, BCTaHOBIEHHS ISl (PyHIAMEHTAIBHOI MAaTPHITI IHET CUC-
TeMH OUWIHKHK THITY (8.27)] y 3aransHoMy BHNAIKY € CKJIAAHOIO MPo6aeMoIo.
Lle MOACHIOETLCA THM, LIO CAOCODBY iHTErpyBaHHA JNiHIHHUX CHCTEM i3 JHO-
BiILHUMH 3MiHHUMH KoedilicHTaMu He iCHYE.

Hani po3riisHeMo BHIIaA0K, Koau Marpuls A (t) y (8.23) crana, TobTo
KOJIM cucTeMa 36ypeHs (8.22) mae BUTIISIO

y=Ay+r@,y), (8.34)

ne A — nmilicHa craia (n X n)-BUMipHa MaTpuust, a QyHKUiA r(f, y) 3a00-
BOJIbHSIE YMOBY (8.26)*. V LbOMY pa3i MaeMo Taky CUCTEMY I1epLIOro Ha-
OJIVDKeHHS:

* Teopemn 8.8—8.10 3amuLIaloThes CripaBeUTMBUMHM ¥ y BUNAIKY, Koau byHkuis r(t, y)
3amoBonbHsiE HepiBHicTs || r(f V| < Kl y|'** (12 4, £ > 0).
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8.3
CridikicTb 3a nepwum HabNUXeHHAM

Z=Az. (8.35)

Ak simoMo (amB. 1. 5.1), hynpameHTANBHOIO MaTpHUIIElO cucTeMH (8.35) €

MaTpyUYHa eKCTIOHeHTa e = T 'diag [ej”" 0")'. elm s )']T (det T = 0),
ze
1 t —12 ! m; -
2! (m; = !
1 9
o1r +r .. —_— ™
em Al Mt (m; - 2)! (i =1, ... 5). (8.36)
00 O | t
00 O 0 1

ITpunyctrMo, 1o AifCHI YaCTUHH BCiX BJIACHMX uMcea A; MaTpulli A
Bir’eMHi: Re A, =, <0 (i=1, ..., 5) | noknagemo —y = lmax {o;}. Matpu-
. — <ji<sy
wio e samueMo y pursi e = e B (y, t), ne srss

By, 1) = eMe" = T diag [e""l“"””, e""s“‘””]r. (8.37)

Ockinbkut Re(A; +y) =a; —(=y) <0 (i =1, ..., s), T0 3(8.36), (8.37)
puruivBae, o || B(y. 1) | - 0, 1 — +oc i, OTXKe, CHPABIAKYETHCA OLIHKA
| B(y. 1) | < R(y) (7 20). 3simcu || e || < R(y)e™ (1 2 0). Tomy maTpu-
uaHT X(f, 1) = e~ 9 cucremn (8.35) 3an0BONbLHSE HepiBHicTb (8.27) 3i
craioio R = R(¥):

| X(t, Dl < R (12 4. 12 4). (8.38)

Otxe, ClIPaBIXYETbCS TAKUI HaClioOK TeopeMH 8.8.




Mmaga 8
OCHOBU TEOPIi CTIRKOCT! 3A NANYHOBUM

HacTtynHy TeopeMy npuiiMeMo 6e3 goBeaeHHS!.

& 3ayBaxeHHA 8.6

Skio cepen BIacHMX YMcen MaTpuili A nepuworo Habmmkenns (8.35) € xoua
6 oxHe 3 HYJILOBOIO AICHOIO YAaCTMHOIO, a peWITa MaiOTh BiUL €MHi HilfcHI
YaCTHHM, TO TPUMBiIJIbHUIt PO3B’A30K cucteMH (8.34) Moxe 6yT™ K CTiiiKUM
(acuMnTOTMYHO CTiifKUM), Tak i HecTiiikum, T06TO 3 dakry criiikocTi abo
HeCTIiKOCTi cHcTeMH mepiuoro HabauxeHHs (8.35) He MoXHa 3pobUTH BHC-
HOBOK PO CTIHKIiCTh (HeCTiifKiCTb) TPUBIAILHOTO PO3B’A3KYy CHCTeMH 36y-
peHb (8.34). ¥V uboMy BUTIAAKY, KU HA3MBAIOTh Kpumu4HUM, TOCHIIKEHHS
Ha CTiIHKICTh 3a MepHI¥M HaGIMXEeHHSIM HeMOXJHBe i MOTpibHO BUKOPHC-
TOBYBATH BJIACTHBOCTI HACTYNMHHUX (HeXiHiitHMX) 4neHiB po3kiagy (8.23) abo
THIIH METOAH.

IpoinlocTpyeMo 3aCTOCYBaHHS TEOPEM IIpO CTIMKICTh 34 MEPIIUM Ha-
OKeHHSIM Ha BaXJIMBOMY NIPUKJIIai aBTOHOMHMX (IMHAMIYHHMX) CUCTEM.
AemonomHow cucmemoio dugepenyiarshux pieHanb y HOpMaJbHill ¢opMi
Ha3UBalOTh CUCTEMY BUIVISIAY

X = f(x). (8.39)

CrocoBHO GYHKUIT f IPUMIIYCTUMO, 1O BOHA JIBiYi HerepepBHO AndepeH-
HiOBHa B Hesakiit obnacti D < R"

HocrimkeHHst Ha CTIHKICTb po3B 13Ky x = @(f) cucremu (8.39) 3BoAATH-
Cs 110 OOC/IIIKEHHS Ha CTiMKICTh TPHUBIAIIEHOIO PO3B’I3KY HEA8MOHOMHOI
cucmemu (cucteMm 30ypeHb)

y=F@, y), (8.40)

me F(t, y) =f( + o(1)) - f(e(21)), F(1,0) =0 (t > 1,).

Touky x, € R"” Ha3UBAIOTb NOAOXNCEHHAM PIBHOBG2U ABMOHOMHOI cucmemu
(8.39), sxmo f(x,) = 0. SIKi10 X, — MOJOXEHHS PiBHOBAarM, TO aBTOHOMHA
cucteMa (8.39) Mae CTaluii po3B’a30K x = x(t) = x, (1 = #).

Cucrema 36ypeHb 1 CUCTeMa HepLIOr0 HaOMMXEeHHS [UTA MOJTOXEeHHS
PiBHOBaru x = x, MalOTh BiATIOBIIHO TaKHi BUIIIAL:
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8.3
CriikicTs 3a nepwumM HabanXKeHHAM

y=fy+x) iz=4,

e 4= —Cq'-—f-(xo) — Matpuus Octporpainchkoro—SIko6i BekTop-PyHKIIIT
cX

S(x), o6uucnena npu x = x;.
I3 TeopeMm 8.9 i 8.10 BUIIMBAE Take m ¢ e p O X € H H ;. AKWO OilcHi ua-
.of . . ,
CMuHu 8CIX 6AACHUX HUCen Mampuyi A (xy) 6id’emui, mo noaoxcenus pieno-
6a2u X = X, ACUMNMOMUYHO CmiliKe; AKWO ceped AACHUX Hucen Mampuyi

U .
——(xy) € xoua 6 o0ne 3 0VOAMHON) OIUCHOIO YACMUHOI0, MO NOAONCENHS
ox

pienosazu x = x, Hecmilixe.

ONpuxknap 89
Hocridumo Ha cmilixicme ROAONCEHHA PIBHOBAZU MAMEMAMUYHO20 MAAMHUKA 3
mepmsm [33]:
y+2ky+sin y=0 (k>0).

Jns ubOTro PiBHAHHS PYXY MasTHUKA 3BeleMO X0 €KBiBAIEHTHOI CUCTe-
MW, TOKJIABIIU X| = Y, X; = J !
_X.’l =X . ~
> abo x = f(x),

XZ = —Sin X| "‘Zk.XZ‘

ae f(.x)z[ % ], x:x(r):[)f' )

—sin x| - 2kx, X,

MonoxeHHa piBHOBarM BH3HAYAIOTHCSA i3 CUCTEMU DPiBHAHDL: x, =0,
sinx, + 2kx, = 0. 3iacu x; = nn, x, = 0 (n € Z). YHacainok nepioauyrocri
CHCTEMM MO X, i3 MEPioAoM 21 JOCTATHBO AOCITIANTH A1Ba MOJIOXKEHHS PiBHO-
Barn x, = 0, x;, = 0 (HMXKHE NONOKEHHSA piBHoBaru) i x; = 1, x, = 0 (BepxHe
MOROXEHHS DPIBHOBATH).

3Haitgemo matpuio Octporpancskoro—Ako6i Gynkuii f(x):

A—f——(x)— 0 - |
Tox | —cos xp <2k |

XapaktepvcTHYHE DiBHSAHHS MAaTpUli A I HUXHBOFO [IOS0OXEHHS
piBHOBAaru Mae BUIITIAL
A 1

=0, A2 +2kA+1=0.
1 2k -A
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Ockinbky k > 0, To HiliCHI YaCTUHHU KOPEHiB LIbOTO PiBHAHHSA Bil’€eMHi. ToMy
HHKHE IMOJIOXEHHST PiBHOBarM aCMMIITOTHYHO cTilfKe.
JIna BepXHBLOTO MONOXEHHs PiBHOBArM KiCTAEMO

‘«k 1

2
=0, A2+ 2kA=1=0.
o _2k_)\! 0, A%+ 0

Kopeni xapaxtepucTiaHOro piBHAHHS HifCHi ¥ MaioTh pi3yi 3uaku. Tomy
BEPXHE TIQJIOXEHHS PiBHOBarM HecTiiike,
OfNpuknap 8.10

Hocaidumo na acumnmomuuny cmiiicicms mpueiavhuil po3e A30K cucmemu
Xp = -sinx) + axy), X =PBx; + In(l - x,)

(a, B — mitcHi mapameTpw).
YpaxoBylOUM CTaHIAPTHI PO3IBMHEHHS

sin u = u——;—‘u3 Fo, In(l+v) = vf—;-v2 + o

3anyiIeMo JiHeapu30BaHy CHCTEMY (CHCTEeMY fepiioro HabauXeHHs! B OKOSi
TOYKH X; = X, = 0):

X ==X —0xy, Xy =Bx - X
-1 -«
3 Matpuieo A =| B -1
Cucrema mepiioro HabnuXKeHHS aCUMIITOTHYHO CTilika Todi i nunuwe
TOi, KOMM BMKOHYIOTbCSi yMOBU (8.13): trd =-2< 0, det A =1 + aff > 0.

Otxe, akmo off > —1, To TpUBiaTLEHMII PO3B’A30K AaHOI CUCTEMU ACUMMITO-~
THYHO CTiltkunit. 3ayBaXXMMO, 11O MaTPHLIO A CHCTEMH MEPUIOro HabanxKeH-
HSl MOXHA 3HaiTH TaKoX 3a GopMynolo

—CoS(Xx; + 0x;) —0 COS{x| + OLx,)

A= B 1

1 - X3 :()'
- X2 X, =0

4 3ayeaxeHHA 8.7

O. M. JIanyHoBMM MeTOIM AOCHIIXEHHS PO3B’A3KiB IUdEpPeHLiATbHUX PiB-
HsIHb Ha CTilKicTh 6yno mogineHo Ha ABa kiacu. Ho mepuoro knacy (nep-
wuli memod Jlanynoea) HaJleXHTb CYKYNMHICTb CMOCOGIB, SIKi MOJATAIOTH y
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8.4
LocnigkeHHA Ha CTiNkicTb 3a MeTopoM QyHKUIA NanyHosa

Be3rocepeAHbOMY 3HAXOMKEHHI 3arajlbHOro abo YaCTHHHOTO PO3B’A3KiB Bill-
noBiAHUX ITHdepeHLiaIbHUX PiBHAHL abo cucrem. Jpyeuii memod Jlanynosa
sBJIsIE cOBOI0 CYKYIHICTh Cnoco6iB HOCHIIKEHHSA HA CTIHKICTb, HE 3aeX-
HUX Bill 3HAXOIDKeHHS OyIb-sIKUX PO3B’A3KiB IUdepeHUiabHUX PiBHSHD 30y-
peHoro pyxy. Ileit MeTon 3BOOUTH 33Jauy MPo CTiMKiCTh 36ypeHOro pyxy X0
BiAlIykaHHs geakux GbyHKLiN Bia ¢ i x € R” (bynkuiit JIsnyHosa), ski MaloTh
neBHi BracTHBOCTI. Jati BUKIIaIeHO OCHOBH ApYyroro Metony JismyHosa (me-
mody ¢yuxuiu JIanynosa) 1Jis aBTOHOMHUX CHUCTEM.

8.4

Jocnip)XeHHA Ha CTiKKICTL
3a meToaoM hyHKLUin JIanyHoBaA

Hexait v = v(x) — ckanapHa dyHKUig 3MiHHOT x € R”, BU3HaueHa i
HenepepBHO nudepeHLiitosHa B kyai J, = {x e R" : | x|[ < &, A > 0} i TaKa,
mo v(0)=0.

MOyHKII0 v(x) Ha3UBAIOTb dodamHo-au3na4eHoNn (8id eMHO-8U3HAYE -
HOt0) B KyHi J,, AKINO IS BCIX x € J,, x # ) BUKOHYETbCS HEPIBHICTD v (x) > 0
(v (x) < 0). B 06ox uux Bunankax ¢hyHKLi0 v(x) Ha3UBaIOTh 3HAKO6U3HA-
4eHoto.

DyuKIiio v (X) HA3UBAIOTb dodamHo-cmanoto (8i0 eMuo-cmanor) B Ky J,,
AKIO VIS BCiX X € J, BUKOHYETbCS HEPiBHICTb v (x) > 0 (v(x) < 0). B obox
IMX BHHAagKaxX GYHKIIO v (xX) Ha3UBAIOTb 3HAKOCMAR0IO.

SAxuo GyHkuis v(x) y Kyni J, HabyBa€ K 104aTHMX, TaK i Bil’€MHHUX
3HAYeHb, TO 1l HA3UBAIOTb 3HAKOIMIHHOW B J,.

PosrisiHeMo, HanpuKial, Taki GyHKuii (x € R?):

a) vix) = x,4 + x?; r) v(x) = (x; —xy )2;
6) v(x) = -3x{ - 43; m v(x) = -x{;
B) v(X) = X +x7 -2x3; e) v(X)= x{xy +xX3.

V punagky a) GyHKUis v(x) € JoIaTHO-BU3HAYEHOIO B Kpy3i J, npu V A > 0,
y BUMaiKy 6) dyHKUig v(x) Bil’eMHO-BU3HaYeHa B Kpy3i J, npu Vv h > 0,
B) v(x) = xlz + xzz( I - 2x,). 3BiACH BUIUIMBAE, 1O v(X) 1OJATHO-BU3HAYE-

. 2 2 .
Ha, HApUKIaA, y Kpy3i x| + x5 < /4, 1) v(x) momaTHo-cTana, OCKiIbKH
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v(x) 20 ¥V x € R? i v(x) = 0 He e 1p1 X, = X, = 0, a it y BCiX TOYKax
upsAMoi x, — x, = 0; 1) v (x) Bill’€MHO-CTa/Ia, OCKUIbKH BOHA I1€PETBOPIOETh-
Cs1 B HyJTb He JIMIle NI x; = X, = 0, a i1 y BCiX Toukax npsmoi x; = 0 (x, € R);
e) v(x) = x;x,(x; + x,). 3BiICH BUILIMBAE, 1O V(x) y OyIb-IKOMY OKOJIi
TOYKM X, = X, = 0 MoXe HaOGyBaTH 3HaYeHb Pi3HUX 3HaKiB. ToMy v(x) €
3HaKO3MIHHOIO (PYyHKIII€IO.

Po3rjisiHeMo Terep aBTOHOMHY CHCTEMY PiBHSIHb

X = f(x), (8.41)

me x=(x), .., X, )T € R", f= (f;(x), ..., £,(x))" € R". [Ipumyctumo, mo byu-
Klist f BU3HaYyeHa ¥ HerepepBHa B KyJi J, < R” npu nesxomy 4 > 0, 3a10-
BoJibHsI€ YMOBY Jlinuiua B J, i f(0) = 0, o610 cuctema (8.41) Mae Touky
CITOKOIO.

Hexait x (1) — mesakuit po3s’sa3ok cucteMu (8.41). Y3g0BX LLOrO po3-
B’S13Ky GbyHKLIst v = v (x (7)), AK YHKIlA 3MIHHOI ¢, HenepepBHO audepeH-
uikoBHa. BenmmuuHy

dv - ov dx; v ‘
oy 2L 8.42
dr - ~ex,; dr Zo %y i) (8.42)

HAa3UBAIOTb nOXiOHO0 no t 6i0 ghynkuii v(x) yHacaiook cucmemu (8.41) [y3-
doexc mpackmopiii cucmemu (8.41)].

Y Teopii cTifikocTi BUBYaETHCS MoBediHKa GYHKILIM v (X) Y3I0BX Tpaek-
TOpiif JOCIiIAXYyBaHOI cUCTeMH AudepeHUiATbHUX PiBHAHB, W06 32 Jono-
Moroio Jo6ytoi iHgopMarllii 3po6uTH BUCHOBOK IIpO CTiHKiCTE abo He-
CTIMKiCTb po3B’A3Ky. DyHKUii v(x), AKi IPH LILOMY BUKOPUCTOBYIOTBCS,
Ha3UBAIOTh ynxyiamu Jlanyrosa.
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8.4
HocnigxeHHA Ha CTiAKiCTe 3@ MeTonoM (DyHKUiA JlanyHosa

HosepeHHA
Hexait v(x) — momatHo-BU3HayeHa (PpyHKLIs, € > 0 — A0BUILHE HO-
JatHe unciio (e < h), [ = ||rrhi n v(x) > 0. YHaciigox HenepepBHOCTI v(X)

3HaiizeTbcst Take § > 0 (3 <€), wo v(x) < / upH | x|| < §. PosrasiHemo
Gymb-1KHit PO3B’30K X (f) CHCTEMH (8.41) Taxwuit, wo | x () | = [ x| < 8,
i mokaxeMo, 1o || x(¢) || < € npu Beix 1> . Bin CYNPOTUBHOIO TPHITYC-
THMO: iCHy€e Take 1* > f, mo || x(¢f) || < e npn telty, tMil|x@H] ==
3 yMoBM TeopeMH BHMIUIMBae, o GyHkuis v(x(¢)) npu £ € [, &) €
HE3POCTaloYol0 d)yHKulelo t. TOMy v(x t*) < v(x(t)) = v(xy) </, mo
HEMOXJIUBO, OCKUTLKM || x (t*) || = € i v (x (t*)) 2 [ 3rigHO 3 0O3HAYEHHAM
amcna [ Otxe, | x(¢) | < € V 1 > ¢, i Touka cnokoio cuctemu (8.41)
crilika 3a JIsnyHOBUM.

¢ 3aysaxeHHn 8.8
Aximo v(x) — Bix’emHo-BU3HavYeHa ¢(yHKLiA, To Ak ¢yHkuio JlsnyHosa
MOXHA B3SITH JOAaTHO-BU3HavyeHy byHKUio u (x) = —v(x).

) Hacninok 8.3

SAxwo cucmema (8.41) mae 3naxosusHaveruii 8 0K0Ai MOMKU CROKOIO nep-
wul inmezpan, mo moyka cnoxoro cmiika 3a Jlanynoeum. Cnpasdi, pyu-
Kuieto JIanynoea e ybomy eunadky moxce 6ymu cam nepuuii inmezpan,
noxiona K020 6HACAIOOK cucmeMUu MOMONCHO OODIGHIOE HYAIO 32i0HO 3
03HAYeHHAM nepuioeo inmezpana (dus. n. 1.3).

UNpuknap 8.1

Pozansnemo cucmemy pianans % =xy, X =-f(x;) [f(0) =0, x,f(x}) >0 y
docmamibo maromy oxoai mouxu x; = 0].

L 1 X )
CucreMa Mae nepiuuid iHTerpan 5xzz + J” f(t)dt = ¢. Crpagni,

1 (1 Yo X . , . .
21(7[5,\’5 + J-“ /(‘c)drj: XXy + )X = x(=f(x))+ flx)x; =0

. Y
Kpim Toro, BHacmizok ymosu x, f(x,) >0 rpu x; # 0 maemo J-“ S(Mdt>0
. . I 5 A .
i pyHkLig v(x) = Exg + -‘-0 f(t)dt nomaTtHo-BH3HAYeHA. TOMY, 3rigHO 3 Te-
opemoio 8.11, Touka CMOKOIO CUCTEMH CTiiiKa.
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ONpuknap 8.12

Hocaidumo na cmiiixicmb noaoxcenns pisnogazu cucmemu
X; =X, X; =~k sin x; (k =const > 0).

I3 cucremu x, = 0, -k sin x; = 0 MaemMoO nojIoOXeHHs DIBHOBAru: X, = AT,
X, = 0 (n € Z). YHacmizok nepioAMyHOCTi MPaBHUX YaCTHH IO X, i3 NepionoM
27 TOCTATHLO PO3FIAAHYTH IBA MOJOXEHHS PiBHOBAru: X =1x=0ix=0,
x, = 0. V mepiioMy Bumagxy Matpuist A CHCTeMU TepllIOro HaGauxeHHs

HabyBae BUTIARY
A 0 1 - 0 1 .
—kcosx; Ofi™ k 0

xy=0

XapakTepucTuaHe piBHSHHS Matpuli A2 — k = 0 Mae IiCHi KOpeHi pisHMX
3HaKiB i, OTXe, MOJIOXEHHs PiBHOBarM x, = ®, x, = 0 HecTilke. ¥ apyromy

BUTMIAAKY
0 | 0 1
A = k X|:(, ==
—kcosx; O =0 -k 0

i xapakTtepucTHune piBHsaHHS A2 + k = 0 Mae cyTo ysBHi KopeHi. Kpurepiit
CTIHKOCTi 32 MepmruM HaGIMXEHHAM y UbOMY BHUNAAKY He Ja€ BIAMOBixi Ha
NUTaHHSA Npo CTilKicTh a6o HecTiiKicTb TOUKkM cnokolo x; = 0, x, = 0.
BukopucTaBiiM po3s’a3aHHs npukiiany 8.11, po3riaHemMo ZoAaTHO-BU3-
HayeHy B OKOJIi TOUKH CMOKOI0 (hyHKUil0 (Mepildii iHTerpai CUcTeMH)

v(x) = —é—x% + k(1 — cos x). Hdicraemo:

Tomy TOoYKa Crnokolo criiika 3a JIanyHOBHM.
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8.4
[ocnigXeHHA Ha CTiRKicTb 3a MeTOROM OYHKWIA JTAnyHOBA

HdoBeneHHA

Hexait ¢yHkuis v (x) nogaTHo-BU3HaYeHa B KyJi J,. Jlani Bukopuc-
TAEMO TaKy RIACTUBICTh 3HAKOBM3HAYEHUX DYHKLUIM: AKWO || x || < A, < A,
TO ymoBa || x|| - 0 exBiBajeHTHa yMOBi v(x) — 0. 3a Teopemoro 8.11
TOYKa crnokow x = ( criitka 3a JIanyHosuM. Tomy icHye Take A > 0,
1O U1 6yab-SKOTO PO3B’A3KY X () i3 IIOYATKOBOIO YMOBOIO X (#)) = X
(I %, | < A) BHKOHY€ETBCs HepiBHICTS || x (¢) || < b, < h npy BCiX ¢ 2 £ Jo1s
IOBEIEHHSA TBEP/DKEHHS TEOPEMM JOCTaTHBO TOKAa3aTH, 1o v{x(¢)) — 0
TIPH ¢ — oo, KO || X, || < A.

Bin cyrnpoTdBHOro mpumycTumo, mo lim v(x(r)) = oo > 0. Toni

1>+

icHye Take h; > 0, 1O NIpH BCiX / > ;) BUKOHYETLCA HepiBHICTh 0 < A, <
dv
<l x(#) | < Ay < h. 3a ymoBOIO TeopeMHU i —u(x), ae u(x) — momat-
HoO-BU3HaueHa ¢yHkiiss. Hexait m =, n"1i"nl u(x) > 0. Tomi maemo
o dvy . b <|xi< A .
HepiBHICTL m <-m (t 2 fy), iHTerpylouM Ky B MeXax Bil f, IO f,

aicraneMo v(x(¢)) — v(xy) < -m(t - £;) a60 v(x (1)) < v(xy) — m(t - 1)
(t = t;), WO cynepeuyuTh YMOBI IONATHOI BM3Ha4eHOCTi PyHKii v (x).
Orxe, lim v(x(1)) =0, aTomy it lim | x(r) || = 0.

>+ t >+

¢ 3ayBaxeHnun 8.9
YmoBu Teopemu 8.12 MoxHa nocnabutu. CripaBeliuBe Take TBepIXeHHSA
[34]: Hexait BUKOHYIOThCSt YMOBH TeopeMH 8.11 i Mmuoxuua N = {x | %K = 0}-
!

He MiCTUTBb HIIKOM TIOBHUX TpaekTopiit cucremu (8.41), kpiM Touku crio-
koo x = 0. Toai Touyka cnokoto cucTemu 8.41 aCHMIITOTHYHO CTiifKa.

NoBepneHHA

Hexait dv/dt = u(x) — moaaTHo-Bu3HaYeHa QYHKLiA B Kyai J,.
OckinpKy v (x) HenepepBHO nvidepeHIiioBHA, TO BOHa o6MexXeHa rpu
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4 3aysaxeHHA 8.10 =2 X A

[ x || < Ay < h. Hexait & > 0 — noBiibHe Mane yucio. Buacnizox yMoBu
TeopeMn ICHy€ TouKa X, (0 < || x || < 3) Taxa, mo v(xy) = a > 0. Hexai
x(t) — po3B’a30K cucteMH (8.41) i3 10YATKOBOIO YMOBOIO X (7)) = X,
OckiJbKY 332 YMOBOIO TeopeMU ¢yHKLis v (x (1)) MOHOTOHHO 3pOCTac,
o v(x(2)) 2 v(x(to)) =v(x) = a > 0 (f 2 t). [lokaxemo, wo npu
IesIKOMY 3Ha4eHHi f = t* > f; BUKOHYEThCSI HEPiBHICTh || x(i > h.
Bil cynmpoTUBHOTO HpnnyCTnMo wo || x(¢) || < h, mpu Beix £ € [, +00)
Toxni [BHacHiIOK yMOBM v (x(f)) = o > 0 (¢ = #))] 1CHye Take h, < h;, WO
0 < hy<|x(t)] < h, pu Beix ¢ ¢, [Toxtanemo m = ) glnl?d u(x) > 0.
L1 Ll

Tomi dv/dt > m TIpY BCiX £ 2 t,. [HTErpyl04d OCTaHHIO HEPiBHICTh ¥ Me-
Xax Bill £, 0O f, MAEMO v(x(t)) - v(xy) 2 m(t - 1), a6o v(x (1)) = v(xy) +
+ m (f - fy), 1O CyTepeunTh 06MexKeHOCTi byHKLiT v (x) npu x|l <h,.
Ockinbku 3 > 0 Gynb-sike iy > 0 dikcosaHe, TO 3 HepiBHOCTI | x(*) H >
> h, BUIUIMBAE HECTINKICTh Tquu crtokolo cucremu (8.41).

YMoBy 3HaKOBH3HAYeHOCTI Moxixuoi dv/dt
y TeopeMi 8.13 MoxHa nmocnabutu. Cripa-
Be[IWBe TBepIXeHHs [34] (meopema Yema-
€ga npo necmiticicms). Hexait y neskomy
OKOJIi TOUKM x = 0 BU3HaueHa HemepepB-
Ho nudepeHuiiiosHa QyHkilisg v(x) i3 Ta-
KUMH BIIACTHBOCTAMU: 1) B AK 3aBrogHO
Mani¥# Kyxi J, icHye obmacte D, (puc. 8.3)
Taka, o Toyka x = 0 HaexwuTe Mexi 8D,
obaactri D, v(x) >0V xe D, v(x)=0
VxedD nJy;2) dv/dt>0 Vxe D . Toni
TOYKa CToKolo cucteMu (8.41) Hecrilika. Puc. 8.3
Tax, wHanpuknan, IS CHCTeMH

x| = ,\25 + )«,7. Xy = x]5 +x; GyHKUis v(x) = x| —-Ag 3anosonbmle ymonw
TEOPEMU ‘IeTaeBa l) v(x) >0mpu |x;| > (x|, 2) dv/dr= 6x| (x, + X 7y -
—6r§(xl + xz) = 6(x -x%)>0 npu {x,| > |x,|. 3a MHOXMHY D, mMOxHa
B3sH D, = {x|-x, < x, < x|, x| > 0}. Tomy TOUKa CIOKOIO IAHOI CHCTeMM
HecTilka.

ONpuxknap 8.13

ﬂOCJHaMMO Ha cmiiikicmb mo4Ky cnorcoro maxkux cucmeM

- = - = =—X| ~ X3}
X =X, X xp; 80 Xy =x; - xl»xz 2

\-«‘

P 3. _ 3
H :gxl =Xy + Xy, Xz——Xl+X2.
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HocninxeHHA Ha CTiAKICTL 3a meToaoM dyHKuih flanyHosa

Ockinbku cucTeMa JiHifHA 3i cTAIMMU KoedilicHTaMH, TO JOCTaT-

1
_| o | e cuctemn: Ay=~i, by =i
OrXe, ToYka CrOKOIO CTiitka HeaCUMITOTHYHO. CHcTema |

HBO 3HalTH BIACHI YMcNa MaTpuiti A =

€ CUCTEMOIO

Mepuoro HaGAVKEHHS Y BUMAAKAX i TOMY JOCJIIDKEHHS Ha CTIlKiCTh
32 MeplIMM HAONMXEHHSM ¥ HUX BHIIAAKAX HEMOX/IHBE.
3acrocyemo MeTon pyHkuiit Jianyuosa. I[Jm Bcix TPLOX BUIAIKiB BUOGe-

peMo R0oAaTHO-BH3HaYeHy QyHKililo v(x) = xl + xz Y Bunanky MaeEMo
dv/dr = 2x %) + 2xy%, = 2x1X; + 2x, (—.yl) = ( i 3a Teopemoio 8.11 Touka cro-
KOIO crifika 3a JIsmyHoBuM. Y Bunamcy Dav/dr = 2xx) + 2x,%, = 2x(x —
~ Xj ) +2xy(=x; — ,\2) = —7(‘\, + Xz) — BiI’eMHO-BH3HaYeHa QyHKUIA. OT—
Xe, 3a Teopemolo 8.12 Touka cnoxoro cTiflka acUMNTOTHYHO. Y BMI‘laJle

dv/dt = 2x,%) +2x5% = 2x)(x; + x71) + 2x,(=x; + x3) = 2(x} + x]) — nomat-
HO-BU3HavYeHa QyHKIlisi. 3a Teopemoio 8.13 Toyka coKoI0 cHCTEMU HecTilka.

OfNpvknap 814

Hocaidumo na cmiiixicmes mpugiasbhuii po3e ‘830K cKaAAPHO20 PiGHAHHA

V+gy+ () =0 (8.43)
ne f(0) =0, yf(y) > 0 y DocTaTHBO MATOMYy OKOJi Touku y = 0, g(y) > 0 npwu

lyl<a. .
ExsiBaseHTHa cucTeMa piBHAHL Mae BUrIAL (X, = ¥, X; = )

.\.‘l = X3, \2 = —f(xl ) — g(,\] )Xz. (844)

®ynkuio JIsnynosa v(x) Bubepemo sk y npukiaagi 8.11; v(x) = %xf +

Ay . .
+J.0 Sf(T)dt [v(x) — nomatHo-Bu3HAYeHa PYHKLIA B OKOJi TOUKH x, =x,=0].
3HaitgeMo MoXinHy dv/df yHaclioOK CUCTEMMU:

dv . .
E =x(=f(x) - g(x. Jxy) + f(-\'l )y = —g(x )\5
Ockineku g(x,) > 0, To hyHkuis dv/dr Bin’emHo-cTama. 3acTocyeMo 3ayBaxeH-
Hst 8.9 0 Teopemu 8.12. Muoxuna N = {Y d[—; = 0} ={x|x eR, x, =0} ue
[¢

MICTUTh LiKOM TOBHMX TPAEKTOPIit CUCTEMH, KPIM TOUKH X, = x, = 0, oc-
KibKU NpH X, = 0 3 apyroro pisHsHHA Maemo 0 = X, = —f(x) = 0 (x, = 0).
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ToMmy Touka crokoto cucremu (8.44) acHMMNTOTHYHO CTiiiKa, a OTXe, aCUMIT-
TOTHYHO CTIMKMIT | TPUBIABHWH pO3B’A30K piBHAHHS (8.43).

OMNpuknanp 8.15
Hocridumo na cmilicicms mouky cnoxor cucmemu

)'c, = Xy, )2'2 = Sinz Xj.

Ax dyukuiio JIsnyHosa BiseMeMo GYHKIIO v(x) = x,x,. MaeMo
dv/dt = %xy + X%, = X3 + x;sin’ x; >0

Vxe D, ={x:0<x;<1, 0<x; <I}.

Ockinekn v(x) >0 ¥V x € D, To 3a TeopeMolo UeTaesa TOUKa CITOKOI0
CHCTEMH HecTiliKa.:

QnNpuxknap 8.16
ocrioumo na cmitikicms mouKy cnoKoi cucmemu

X = -xp + 2%, Xy =X, — X5.

CHcTeMa piBHSIHB MEPILOTo Ha6nu>l(em-m Mac BULIAS X; = 2Xx;, X; = —x,.
BigmosinHe xapakrepucTUYHE DiBHAHHS A2+ 2=0 mae CYTO YSIBHi KOpEeHi,
TOMY OOCHiZXEHHS Ha CTIHKICTL 32 MmepliuM HaOJMXeHHAM HEMOXIUBe.
3acrocyeMo meton byukuiit Jlanynosa. OyHkirio JIsnyHoBa nrykatuMemo y
BunIsiai v(x) = A(x,) + B(x,) (aHanOrivHW# BUTIA MAIOTh MPaBi YaCTHHU
piBHAHB cucreMu), e A(x,), B(x,) — HenepepsHo nudepeHUiioBHI yHKUI
Taki, 1o A(0) = B(0) = 0. 3naitneMo noxiaHy dv/dt yHacmiaoK cucTeMHu:

‘[11: = A7 + 225) + B(xy)(=x, — x3).

®yukuii A i B nobepemo Tak, mob noxixHa dv/dt Mana Ty camy CTpyKTypy,
¥ dyukuig v. JUI9 1horo mMoBHHHA BUKOHYBATUCS PiBHICTh

2% __ X
B(x;) A(x)

2A'(x))x; - B'(x3)x; = 0, abo

2x, X )
OcTtaHHSA PiBHICTb MOXJIMBA, AKUIO BUDA3H Fix ) A (x) cTaji, Hampw-
1

xnan xopisHiolots 1/2. 3 piBHocreit B'(x,) = 4x2, A'(x)) = 2x; micraemo
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B(xy) = 2x22. A(xp) = x,z, TO6TO V(X) = )c,2 + 2)(22 ~ HOJATHO-BU3HAYeHa
s . dv . .
$yukuig. Ii noximHa :1;—:—2)({‘ —4x§ — BiIl’éMHO-BU3HavYeHa OGYHKLIA.

OTXe, TOYKA CITOKOIO JaHOI CHCTEeMH aCUMATOTHYHO CTiilKa.

Posrnanyruit y npuknani 8.16 meton mo6ynoBu ¢pyHKii JIsamyHosa v (x)
Ha3UBAIOTb MemMoOOM GiGOKPEMALHHR IMIHHUX.

25 TTponmoHyEMO CaMOCTIITHO 3aCTOCYBATH METOX BilOKpeMICHHS 3MIHHMX OBYI0BH
¢yHkLii JIsmyHoBa 1S CUCTEMU

X = axip +bxy, X, = exp +dx3

1 JOCHIAMTH Ha CTIIKICTb TOUKY CITOKOIO i€l cHcTemu (a, b, ¢, d — HiCHI mapameTpH).

| 8.5 |

®da3oBa NnowuHa

TyT po3risineMo MoBediHKy Ha (a3opiii TurowuHi R? $ha30BHx KpUBMX
(TpaekTopiii) ABTOHOMHOI CUCTEMH PiBHAHb

X = P(x), x3), X =0(x, x3), (8.45)

ae P(x,, x,), Q(x,, x,) — HenepepBHO AuUdepeHUIHOBHI B fesKiii obiacTi
(abo Ha R?) ymkuii. Cucrema (8.45) Moxe MaTH nuilue Tpu THIIH (Pa30BUX
KPUBHUX: TOYKA, 3aMKHEHa KpHUBa (4uxa) i He3aMKHeHa KpuBa. Po3B’s30K,
TPAEKTOPIEIO AKOTO € TOUKA (X, Xg) (IONOXKEHHSA PIBHOBArK), € CTAIUM:
x,(1) = x4, X5(1) = X, (V t € R). 3aMKHeHiii KpUBiii BianoBigae nepioany-
HU# pO3B’SI30K, HE3AMKHEHI — HenepioauyHHIA.

OcHOBHOIO 33a4el0 KICHOTO IOCIIXeHHs cucTeMu (8.45) € oxepxaH-
HSI TaK 3BaHOI"O gasonsoeo nopmpema cucteMu (KapTMHH po36m*m ¢asoBoi
nommHKu R? Ha TPaeKTopii), TOHTO BCTAHOBIEHHS TOTIOAOTYHOT CTPYKTYpH
unoro po3outta. [lin monoaoziunow cmpyxmyporo po3ymilors yci Ti BIacTH-
BOCTI TpaekTopiit cucremu (8.45), sKi 3AIMINAIOTLCA iHBAPIAHTHUMU (He-
3MIHIOBAHMMH) TIPH TOTIONIOTTYHOMY, TOOTO B3aEMHO OJHO3HAYHOMY i B3a€-
MHO HerlepepBHOMY, BiloOpaXeHHi IUIOIUIHHM B cebe.

106 nobymysatu da3oBmii mopTpeT cucremu (8.45), Tpeba 3HaTH NoBe-
HiHKY TPaEKTOpPii B OKOJIAX TaK 3BAHUX 0COOAUBUX MPAEKMOpIlL. TIONOXEHb
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piBHOBaru, rPaHMYHMX LMKIIIB i JeAKUX He3aMKHEHHMX KPUBUX (cerrapar-

puc), AKi BiOAUIAIOTH CiM’T TpaeKTOpiit OoHY Bill OOHOI. Ipanuuyum yurxiom
cucreMu (8.45) Ha3MBAIOThL TaKWil LMK, DESAKHI OKIJI SAKOTO I[IKOM 3a-
[IOBHEHUMN TPAEKTOPISIMH, 110 IKUX (a3oBa Touka (x (), y (f)) HeobMexXeHO
HabIMXAETHCSA O HBOTO MPHU ¢ — +o0 260 ¢ — ~o,

Po3rnsiHeMo clioyaTKy BUIIANOK, Kou cucreMa (8.45) € jinHiitHolo i
OIHOPIIHOIO:

X = ayx +apxy,
. ‘ (X = Ax), (8.46)
Xy = ayX +anx;,
a, a ]
me A=| "' 12| _ niifcHa crana Mmarpuus, x = (x,, xz)T. Touka x, = 0,
dy 4y

x, = 0 € TouKoI0 cnoKoI0 cUcTeMH (8.46).

Ockinbku A — gificHa MaTpulis, TO MOXJIMBi TakKi TpM BU Il a A K H:
1) BnacHi yncna MaTpuli A: A, i A, mifcHi # pi3Hi; 2) BracHi umMcna A, i 4,
KOMIUIEKCHO-CIIpsIXeHi (pi3Hi); 3) Marpuus A Mae jMiIe OoHe HilicHe BIac-
He YUCJIO.

PosrmaHeMo i BUNIAIKH.

I. A, # A, nificai. Marpuis 4 B uboMy pasi Mae [Ba JiHiHHO He3atex-
HUX BIACHUX BEKTOPH A, i h,, AKi BIINOBINAIOTL BIACHUM YMCIIAM A, i A, i
YTBOPIOIOTH 6a3uc HA TUIOIIMHI. 3araIbHUN po3B’si30K cucteMu (8.46) Mae
BUITISAN

x = ¢, hy + e h,. (8.47)

TMo3HayMBIIK Yepe3 Y, ¥, KOOPAMHATH BeKTOpa X y 6asuci 4, h,, i3 (8.47)
ZiCTaHEMO
=,y = et (8.48)

JlOCTaTHLO JOC/IIATH MOBENiHKY TPAaEKTOpi npH ¢, 2 0, ¢, = 0, oCKinbKH,
BHacligok (8.48), ¢a3oBuil MopTpeT CUMETPUYHHIA BiTHOCHO KOOPAMHAT-
Hux oceit Oy,, Oy,.

1. Hexait A, > 0 (1A | <2, ]).

a) Akuo A, <0, %, < 0, >7,), T0o0pu ¢, >0, ¢, >0 maemoy, - 0,
Dy _ b 0
dy, o)
03Hayae, WO NPY £ —> -+ TPAEKTOPIl «BXONATH> Y MOYATOK KOOPIMHAT, 10~
THKAl09UCs 10 oci Oy, (HADPSIMJIEHOI B30OBX BIACHOTO BEKTOpA A, KU
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BIATIOBia€ MEHIUOMY 3a MOIY/eM BIACHOMY YMCIy A,). [Ipu ¢, = ¢, = 0
MaEeMO TOUYKY criokoio x = 0 (y; = y, = 0). Ilpu ¢, = 0, ¢, > 0 TpaekTopis
3biraeTned 3 miBBiccio oci Oy,. [lpu ¢, = 0, ¢, > 0 Tpaekropig 36iraeTocs 3
niBBiccio oci Oy,. ¥ LbOMy pa3i TOUKY CIIOKOIO Ha3UBAIOTb CIIlKUM 8Y3A0M.
Po3MillleHHS] TPAa€XTOpiit B OKOJI CTifiKOro Bya/ia MOKa3aHO Ha puc. 8.4.
CrpinkaMu 103Ha4eHO HANpsM PyXy TOYKM B3TOBX TPAE€KTOpil HpHU 3poc-
TaHHi ITapameTpa f.

6) Axwyo 1, >0, %, >0 (A, <},), Tompu ¢, > 0, ¢, > 0 MaeMo y, — +,
Y5 — +o, t — +00. PoaMillleHHs TpaeKTOpiit Take caMme, K i y BUIIAJKy a),
ajle HaIIpsIM PYXY TOYKM B3JOBX TPAEKTOPIi MPH 3pOCTaHHi ImapameTpa ¢
3MIHIOETHCS Ha MIPOTWIEXHUIA. Y IbOMY pa3i TOUKY CIIOKoIo x = 0 Ha3uBa-
I0Th Hecmilikum ey3aom (puc. 8.5).

X2A [7/) X Y

h

Puc. 8.4 Puc. 8.5

2. Hexait A\, <0 (A; <0 < Ay).
Toni npu ¢, > 0, ¢, > 0 Mmaemo y, — 0, hy
Yy —> +00 TIPH { — +0o0, y; — +0, ¥, — 0
IpH £ — —o. Y IILOMY BUNIAAKY TOY-
Ky CnloKolo x = 0 Ha3uBalOTh cidrom
(pwc. 8.6). OueBHIHO, CIIIO € HeCTiit-
KHMM TIOJIOXEHHSIM PiBHOBArH. Y2
SAxmo ¢, =0, ¢, >0, TOoy, =0, 1
Y, — +oo IIPH £ — +o0; AKIO ¢, = 0,
¢ >0,10y,=0,y, > 0npu t - +o
(i1i npaMoiHiiHi TpaekTopii — 1po-
MEHi — HAa3HBAlOTh «BycaMH», abo ce-
napampucamu, cinia). e asi cena-
paTpucu gicraHeMo npu ¢, =0, ¢, < 0,
G = 0, ¢ < 0. Puc. 8.6
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3. Hexait A, # 0, &, = 0. Toni 3aranbHUi pO3B’A30K CUCTEMH (8.46) mac
BUTTISL X = c]e)"'hl + cyhy, e hy, h, — JiHIAHO He3aJIeXHi BJaCHi BEKTOPH
MaTpulli A, siKi BiINOBiIalOTh BIACHUM YHClIaM A, i A, = 0. KoopauHatu y,,
y, BexTOpa x y 6asuci h,, h, MaloTb BUIJIAL y, = c,eA", ¥, = ¢,. TpaekTopi-
SIMH B IIbOMY pa3i € MiBNpaMi, napaienbHi oci Oy,. Bci Touku oci Oy, €
TIOJIOXEHHAMHU piBHOBaru (puc. 8.7).

A<0 A>0
A L2h 4
Y Y
X
- X 1

Puc. 8.7

ILA =a+iB A =a-if (B=0) xomn.uexcno—cnpmem. B nromMy
Bnnam(y 3araIbHUIA pO3B’A30K cucTeMH (8.46) y KOMIUIeKCHi dopmi Mae

BUTJIS
z=ceMh+ceth, (8.49)
Ie ¢,, ¢, — NOBiIbHI (KOMILIEKCHI) CTali, A, A — BIANOBiAHI NiHIAHO He3a-

JIEXHi (KOMrmeKCHl) BIACHI BEKTOpH Manuul A. Binokpemiioiouu B (8.49)
JiACHY YacTHHY, JiCTaHEMO NiCHUI PO3B’SI30K

x=Rez= %(z +I)= %(c, +Ez)e)‘”h+—;—(¢"-| + cz)ex"l—f,
abo
x = ceMh+ e, (8.50)
o] (¢ +&)
e ¢ = 5 4] 7).
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Hexaii c = re'®. Toni 3 (8.50) Maemo (4 = ;(hl ihy), h _(},I +ihy)):

o

x = re/®el® %(hl —ihy) + re” et P %(h, +ihy) =

i(e+pn) —i(p+f1) i(«p#ﬁ/) —-i{@p+Br)
e +e . e -
- ’.e(ll 2 hl _ Ire(ll > hz.

Orxe, x = re* cos(Bt +@hy +re sm(Br +@)hy, e hy, h, — niuiitHo
He3aJlexHi AifCHI BeKTopu, r, ¢ — JOBUIbHI CTai. ﬂo3natmmuu yepes yy,
Y, KOOpIMHATH BeKTOpa x y 6asuci A, h,, aicraHemo

n =re” cosBr+ @), y, =re”sin(Br+¢).

Axkuwo r =0, To Mmaemo TOUKY CTOKOIO. Sikuio r> 0, To nipn o0 < 0 Y- 0,
¥, = 0 npu 1 > +oo, v, + \’3 — +o0 pU ¢t — —o0. Y bOMY pa3si TOUKY
CIIOKOIQ X = 0 Ha3uBaOTL cmitikum poxycom. ko o > 0, To npu r > 0
Yi+y) >+ ipu t — +w0, y, - 0, p, - 0 1pu t > —x. Y HboMy pasi
TOYKY CIIOKOIO HAa3UBAIOTb Hecmilikum ¢hoxycom. Y BUNaagKy dokyca rtpaek-
TOpii MajoTh (hopMy cripasieit. Po3MillieHHsI TpaeKTOpiil B OKOJi CTilAKOro i
HecTiiikoro (hokyciB NQKa3aHo Ha pUC. 8.8 i 8.9 BianosinHo.

Axuo o = 0, To v, + y7 =2 i Tpaektopii B 3araJilbHOMY BUTAJAKY €
ejlincaMu (30KpeMa — KoJIaMy) 3 HEHTPaMHU B MOYATKYy KOOPAUHAT. TouKy
cnokoto x = 0 y uboMy pasi Ha3uBawTh yenmpom (puc. 8.10). OueBnaHo,
LIEHTP € CTIHKHKM TONIOXKEHHSIM piBHoBarn cuctemu (8.46).

p>0 x, <0 *

7)) Y2

h N Y

Xy Xy

Puc. 8.8
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ﬂ>0 X, Y2 ﬂ<o x> r
hy

AY

//‘j::::i/// h :?

Puc. 8.9
p>0 b 4% p<0 X2
)
h Y
Xy
Puc. 8.10
A, <0 A>0
24 4
Y4
> NEZ
Puc. 8.11

Y2
hy
hy Y
Xy
¥
hy
h Y1
x4

8.5
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II1. Matpuns 4 mae oane gifiche BaacHe yncno A,. 1. Skuio Marpuus 4
€ MaTpUIIEIO MPOCTOi CTPYKTYPH (BIACHI BEKTOPH A, i h2, SIKi BiJIITOBiIalOTh
BIAaCHOMY YMCITY A, J'IlHlI/IHO Heaane)xm), TO 3aranbmm PO3B’SI30K CUCTEMH
(8.46) Mae BurAL X = c;e™ A, + coe™ by, 3BigKM 11;1;1 KOOPAHUHAT Y,, ¥,
BeKTOpa x y 6asuci h,, h, nicraemo y, = cle}“ s Yy =0e M Tomy mpu A #0
TPAEKTOPIsAMU € MPOMEHi, AKi BUXOOATH i3 MOYATKY KOOPAMHAT, abo Tom(a
CMOKOI0 y, = y, = 0 (1put ¢, = ¢, = 0). Y 1bOMY BUIIAIKY TOYKY CIIOKOIO
Ha3uBalOTh duxpumuynum gyarom (puc. 8.11), criikum mpu A, < 0 i He-
CTifikuM nipu A, > 0. ‘

ITpu A, = 0 Maemo y, = ¢,, y, = ¢,, TOBTO KOXHa TOYKA IUIOIIMHH €
CTiKMM IOJIOXKeHHSIM piBHOBaru. [1pu iboMy MaTpuus A € HYJILOBOIO:
A=0.

2. Axuo maTpuls A He € MaTpuliel0 MPOCTOi CTPYKTYpH (BJIACHOMY
YHMCITY A, BITTOBINA€E JIMIIIE OAUH BJIACHUH BEKTOD h,), TO 3arajbHU# po3-
B’S130K cUcTeMHU (8.46) MOXHA 3arucaT y BUIVIALI

x = (¢ + )M hy + ey,

ne hy, h, — NiHIAHO He3aJleXHi BEKTODH.

}]Jm KOODIMHAT y,, ¥, BEKTOpa x y 6asuci 4, h, Maemo y, = (¢; + czr)e !
Yy = Cze)\l .

Sxmo A, < 0, To npu ¢, = 0 TpaekTopi€to € miBBick ¥, > 0 (¢, > 0), abo
miBBics y; < 0 (¢, < 0), abo Touka crmokoio y, = y, =0 (¢, = 0). Axwo c, # 0,
0 ¥, = 0, y, > 0 npu f - +o0, y; > +w, y, = +0 OpH t - —o (¢, > 0),
y; = —, y, = —0 OpU t = —o (¢, < 0). ¥ ubOMy BUNAIKy TOUKY CIIOKOIO
x = 0 HasuBalOTh cmitkum eupoducenum gyzrom. Ilpn A, > 0 mMaeMo we-
cmitikuili gupodxcenuii ey3on (puc. 8.12).

A<0 x4 o >0 x4

/

Y1 Y

Xy [o) Xy

Puc. 8.12
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X2 73 d
Ockinek  npu ¢ #0 D
’ d_)’]
f oM
. = — 0 npH t — +o,
’ Gy + (Cl + Czt)xl
" y; TO, «BXOISAYM» B IIOYATOK KOOPIHHAT,

TPAEKTOPIi JOTUKAIOTLCSA 10 oci Oy,.
# [pu A, = 0 Maemo y, = ¢, + cyt,
7] ¥, = ¢,. Aximo c, # 0, To TpaekTopis-
- MM € NpsiMi, mapanensbHi oci Oy,. Sk-
110 ¢, = 0, To Bci TOUKHM oci Oy, € no-

.o JIOXEeHHSIMH piBHOBarH (puc. 8.13).
Puc. 8.13 3B’A30K MiX BIACHUMM YMCIIAMU
MaTpHLi A it THIIAMH TOYKH CIOKOIO cHcTeMM (8.46) MOXHa 306pa3uTH Jiar-
paMolo, SIKILIO 3aITHCAaTH XapaKTepUCTHUHE PiBHSIHHS MaTpULi A y BUNIA]
M +oh+A=0 (6=-trd=—(a, +ay;), A=detA) i po3nIAHYTH TUIO-
IIHHY 3 IIPSIMOKYTHHUMU JeKapTOBUMH KOOPIOHUHATaMH A, ¢. INo3HaunMo Ha
uift rutomiMHi obracti, gKi BiIIOBIOAIOTH pi3HUM TUIMAM TOUKH CIOKOIO
(puc. 8.14).

ToukaM mepiioi yBepTi (A > 0, ¢ > 0) BiZmOBiZAIOTE ACUMITTOTHYHO
CTilKi TTOJIOXKEHHS PiBHOBArM — CTiliKi BY3JIM, CTiMKi (IMKpUTHYHI abo BU-

Puc. 8.14
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poOIKeHi) BY3JIH, CTifiKi (pOKyCH; TOUKaM Ipyroi i TpeThoi uBepTi (A < )
BLAMOBIAaIOTh HECTiKi MOJIOXEHHS PIBHOBATM — Ci/lJla; TOYKAaM YETBepTOi
yBepTi (A > 0, 6 < 0) BiINOBiIOAIOTH HECTIifKi ITOJOXEHHS PiBHOBark —
HecTiliKi oKycH, HeCTilKi (IMKpHUTHYHI 260 BUPOIXEHi) By3/IM, HeCTilKi
By3IH. ToukaM Criokolo THIY «(hOoKyC» BIIITOBIAAIOTh TOYKH Ha TUIOLLHHI
(A, ©), SKi IexaTh MiX BiTKaMH napaboim o2 = 4A : o2 < 4A, ¢ # 0. Toukam
nmiBoci ¢ = 0, A > 0 BiIMOBIXAIOTH CTIiKi TOYKH CIIOKOIO THUITY «UEHTp».
Toukam mniBoci A = 0, ¢ > 0 BiIIOBIIAIOTH CTilKi MOJIOXEHHS PiBHOBAr, a
TOYKaM IiBoci A = 0, 6 < 0 — HecTiliKi nonoxeHHs piBHoBaru (m. 1.3).
Y Bunagky A =0, o = 0 upu 4 = 0 KOXHa TOYKA TUIOIMHHU €. CTINKHUM
NOJIOXEHHSIM piBHOBaru cucreMHu (8.46), mpu A # 0 TOUKa CIOKOIO € He-
criiixoro (. HI.1, T11.2).

SIK IpyUKJIaJ] PO3rITHEMO PiBHSIHHS BiUJIbHUX IIPYXHUX KOJIMBaHb (IUB.

non. 3)
X+ 2kx + 0’ x =0,

ae o > 0 — pjiacHa 4acTroTa, k > 0 — KoedillieHT TepTs.
ExBiBaneHTHa cHCcTEMa PiBHAHb Ma€ BUIJISAI

xX=y, 0 1
. 2 4 2
y=-0°x-2ky - =2k
JLis1 BIacHUX yHcel MaTprii A — KOpeHiB XapaKTEPUCTUYHOIO PiBHSTHHS
2 2 . \/ﬁ : : .
A +2kA+ 0" =0:A) 3 =k tvk” ~ 0" — MOXIMBI TaKi BM I a XK H:

Dk>o A <0, &, <0, X 2X,y);
Nk=o A= =i, <0);

Nk<o A r=axiB, B0, a=-k <0).

V Bunaaky 1) MaEMO TOYKY CIOKOIO THIY «CTiiiKMit By3on». Kojn-
BaHb HEMae, BCi PO3B’A3KM 3racaroyi. Y BunaaKky 2) marpuus A Mae jmiue
ORMH BJIacHHMIA BeKTOp /1 = (1, l)7, i, OTXe, TOUKA CTIOKOIO € CTIHKUM BUPOII-
XEeHUM By3JIoM (KOJIMBaHb HEMac, BCi po3B’si3KH 3racaioyi). Y Bumaaky 3)
3arallbHUit PO3B’A30K MOXHA 3alMCaTy y BUDIAdl X = Ae™ cos (Bt + ¢),

. 2 2
ae A — amnaimyda, ¢ — nowamkosa asa, =\ w" — k> — wacmoma Ko-
augans. Axao k > 0, To MAaEMO KOJMBAHHSA, fKi 3racaloTh NpU f — +o

269



fnasa 8 .
OCHOBW TEOPII CTIMKOCTI 3A NANYHOBUM:

(Touka crmokolo — cTiiikuit okyc). ko k = 0 (Tepts Hemae), To BiabyBa-
IOThCS TAPMOHIYHI KOJIMBAHHA (TOYKA CIIOKOIO — IIEHTP).

ILlo6 mo6ymyBatu (pa3oBi KpuBi cucteMu (8.46) y BUMaAKy By3iia, cimna
¥ BUPOIDKEHOTO By3/a, Tpeba CroYaTky 3HalTH Ti IPAMOJiHIIHI TpaekTopil,
sIKi JleXaTb Ha TMpAMUX, IO HPOXOAATh Yyepe3 MovyaTok KoopauHar. LIi
IIpsiMi, SIK BYJI0 MOKA3aHO, 3aBXIH HANMPAMIEHI B3IOBX BJIACHUX BEKTODIB
MaTpHLi A.

Y Bumagky By3ia (a3oBi KpHBi JOTHKAIOTHECH O Ti€l MpAMOIiHiiHOT
TPaEeKTOpii, AKa HampsiMJieHa B3IOBX BIACHOTO BEKTOpa, 110 BiIIoBinae
HaMEHILIOMY 332 MOAYJIEM BIACHOMY YMCJTY MATPHlli A.

1106 nociauTH MONOXEHHS PiIBHOBATH (X, X,,) HeJiHiiHOI cucTeMu
(8.45), Tpeba MOYATOK KOOPAMHAT MEPEHECTH B TOUKY (X4, X,,) 1 PO3KIACTH
byHkuii Pi Q B okoni wi€l Touku 3a dopmyitoro Teitiopa, obMexuBILUCS
YJIEHaMH TIepLIOro CTeleHsl [[IpH LbOMY ITPUITYCKAEThbes, 1o ¢hyHKIi Pi Q
ABi4i HeTlepepBHO A1 (epeHLiHOBHI B OKOJIi TOYKH (X, X,0)]. Tomi cucrema
(8.45) MaTume BUIIALN

X| = ap X +apx; +elxg, x;),

) (p(0,0) = (0, 0) =0). (8.51)
Xy = @y X) + Ay Xy + Y(X[, X;).

CupaBIXyeThesi Take maep 0 e 1 a2 [31]: akwo eracui wucaa mam-
puyi A pizni i ixni Oitichi wacmuHu He OOPIGHIOOMb HYAI0, MO NOAONCEHH:A
pianosazu cucmemu (8.45) [(8.51)] mae moii camuii mun, wo i moura cno-
Ko ainiliHOT cucmemu (8.46) [cucmemu nepwozo nabauxcenns ons (8.51)].
Lle o3Havae, 110 KOJIM TOYKA CIIOKOIO CHCTEMM TIepIIOro HabmkeHHs (8.46)
€ hokycoM, cimiom abo BydioM (A, # A,), To cuctema (8.51) Takox Marume
B MOYaTKy KOOPIMHAT BiANOBiZHO POKYC, ciio abo BY301 TOro caMoro
TUIY CTiMKOCTi. K10 X TOUYKA CMOKOI CUCTEMH epLIOoro HabaMXeHHs
(8.46) € nentpom abo By3oM (A, = A,), TO THN TOYKH CITOKOIO CHCTEMH
(8.51) Moxe 3miHuTHCs. Tak, akio s cucteMu (8.46) TOUKA CTIIOKOIO €
LIEHTPOM, To W1 cucTeMH (8.51) BoHa Moxe 6YTH LIeHTPOM a60 (POKYCOM.
SIxuwio wist cuctemu (8.46) TOUKA CNOKOIO € BYNIOM (), = A,), TO IS CUCTe-
Mu (8.51) BoHa Moxe OyTH ByasioM abo (oKycoM (TOro camoro THITy
criiikocTi). TakuM YWHOM, YCi BUIMTAIKH, SIKi TPAILIAIOTLCA MiJ Yac Kiacud-
ikallii TUMiB TOYOK CITOKOIO cUcTeMM (8.45), MOXHA MOAUIMTH Ha ABi Ipy-
[K: HeKpumuyHi (epy6i) BAIAOKH, KOJIK KiIacu(ikallilo MOXHA BUKOHATH 34
NepilivM HAONMXEHHSM, i Kpumuyxi, KOMU Iis Kiacudikallil moTpibHo 3a-
JIydaTH WieHU BUILIUX CTENEHiB.
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HocaimkeHHs: OKOJIiB MOJIOXeHb piBHOBaru cucreMH (8.45) € aokanshorw
3adauero AKiCHOI Teopil andepeHtiabHUX piBHSHL [31]. IHoxi, nocainuBIIM
MOBEIIHKY KPUBHX B OKOJTi KOKHOTO IMOJIOXEHHS PIBHOBAIM, MOXHA PO3-
B’SI3aTH 2200abHy 3adaqy SIKICHOI Teopil — JOCIIAUTH MOBEAIHKY (ha30BuX
KpuBUX cucTteMH (8.45) Ha Bciit ¢a3osiii ruronmHi. [Ipote B 3arabHOMY BU-
MagKy LA 3a0a4a ckiiaaHa. [TpocTilmii BUMagoK, Koy piBHSHHSI TPAaeKTOpii

dx X[, X
cuctemu (8.45) —2 = M (Q(x), x3)dx; — P(xy, x)dx, =0) €
dx;  P(x, x3)
PIBHSIHHAM Yy MOBHHUX nudepeHuianax. Toai Tpaektopii cuctemu (8.45)
pO3MiilleHi Ha iHTerpalbHUX KPUBHX LLbOTO PiBHAHHS, TOOTO Ha JiHisIX

-~

u(x,, x,) = ¢, ne Ai”— = Q(x;, x3), fu =-P(x;, x3).
(,’xl sz

Y skicHiit Teopil nudepeHLUiaIbHUX PiBHAHb OAHUM i3 LEHTPAJIbHUX €
MATAHHS iCHYBaHH# (200 BiICYTHOCTI) i30JIbOBAHUX LIMKITIB cucteMH (8.46),
TOGTO TAaKMX LIMKIIIB, Y JessKOMY OKOJi IKUX HeMa€ iHIUMX 3aMKHEHUX Tpa-
exTopiit. BoHO Ge3nocepeaHbo NOB’A3aHe 3 MUTAHHAM NPO iCHYBAaHHSA i30-
JIOBAHUX MEPiOAUYHHUX PO3B’SA3KiB, AKi MAIOTh BeJUKe 3HaYeHHS I1i[ yac
JOCTIIXEeHHS MaTeMaTHYHKX Mofeliei y 6ioorii, MenTuLuHi, pagiodi3uiti,
Teopii KOJIMBaHb, ACTPOHOMIl, TexHilli. Ha mpakTvli 4acTo BUKOPUCTOBY-
JOTh JOCTATHIO YMOBY iCHYBaHHSI TPAHMYHOTO LMKy cucteMH (8.45) —
npuHuun Kinbysa: AKWO HA (azoeid NAOWUHI MOXCHA 3HAUMU make
Kinbye r,2 < (x — xm)2 +(xy — xzo)2 < rf, wo eci mpaeckmopii cucmemu,
AKE NOYUHAIOMBCL HA MeXci §b020 Kinbya, 8x00amb ecepedury kirbys abo
OO0HOMACHO 8CI BUXO0AMb 3 HbO20, MO GCePeOUHi Kinbya € PAHUYHUL UUKA
cucmemu.

JLIs icHyBaHHSA LIeHTpa ROCTaTHhO, 00 TpacKTopii MaK BiCb CHMETPII,
SIKa TIPOXOJMTH Yepe3 AaHe NOJ0XEeHHA piBHOBArd. K10 piBHAHHA TpaeK-

~

— dx, O(xy, x3)

dx,  Plx, x)

Ha —X,), TO TaKa BiCb CUMETPIi, O4eBUIHO, ICHYE.
Po3risiHeMo npykiiaan.

He 3MIHIOETBCS BHAC/IIIOK 3aMiHM x, Ha —x, (abo x,

ONpuxknap 817

Jocaidumo mouxy cnokoio cucmemu X =ox+y, y=-x+oy (o0 — napa-
Memp).
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Xapax'repncmqne piBusHHA A2 — 204 + o2 + 1 = 0 Ma€ KOMIIIEKCHi
KOpeHi A, 2= 0E i. fixuo o = 0, TO TOYKA CMOKOI € uempom Y usomy
BMITAZKy CUCTeMa HaGupae BUIISLY X = y, y = —x. 3Bigcu x° + y2 = ¢, T06-
TO TPAEKTOPIAMH € Konia pamiycoM |c| = 0 3 uedtpom y toumi O(0, 0).
Axuo o # 0, To Touka crmoKolo € hokycoM — crilikum npu o < 0 i HecTifKUM
npw o > 0. PasoBUMK KPHBHMM € CITIpaTi, AKi HaKpywyloThcst Ha Touky O (0, 0).
IMpr o < 0 dasosa touxka (x(t), y(f)) pyxacrsca no cmipajisax y HarnpsaMi
TOYKM CIIOKOK), & Tpu o > 0 — Bix Hei.

ONpuknap 8.18

Jocaidumo nosedinky mpackmopiii cucmemu x = -y, y = x — 3x°.

I3 cuctemn —y = 0, x — 3x% = 0 3HaXOAMMO IBA MONOXEHHS PIBHOBATH:
01(0,'0), 0,(1/3, 0). XapakTrepHcTUuHe piBHAHHSA, IKe BiAMOBINAE MONOKEH-
HIO PiBHOBaru (x,, y,), Ma€ BUIISL

l_x i

=0, A +1-6x,=0.
]_6x0 —A} S l'{' X() 0

s Touku 0, nicraemo 24l= 0, 3Bigku A 2= = #i. OTxe, MONOXEHHS
piBHOBaru gaHoi CHCTeMH Moxe 6yTH abo 1eHTpoM, a6o dokycoMm. MTomiThe-

. dy x-3x°
UIH, [0 PiBHAHHSA (Ha3OBUX KPHUBUX T
X -y

IIOK 3aMiHHM Y i1a —y, poOUMO BMCHOBOK, IO TPAEKTOPii CUMETPUYHI BiHOC-
HO oci abcumc, ToMy Touka O ~ HeHTp. XapaKTepuCTM4YHe PiBHAHHS, siKe
BiMoBinae nooxXeHHo piBHoBark O,, Mac BURISE A2 — 1 = 0, 3Bigku A =1,
A, = 1. Tomy TouKa O, — ci1o. BusHaunmo HaNMpPsAMKY, MO SKUX cemaparpu-
CH BXOHSTB ¥ Ci/U10, TOOTO 3HAHIEMO PiBHSHHSA JOTUYHHX [0 CenapaTpuc y
Touui O,. Jlineapu3yioun cuctemy B OKoJi To4kM O,, XicTaHeMo X = -y,
Y =—(x-1/3). PiBHAHHS DOTMYHHUX IIYKAeEMO y Bursni y = k(x — 1/3).

dy _x-1/3
Xy

He 3MIiHIOETBCA BHACHI-

[TigcraBuBILK B PIBHAHHSA , micraHemo k = +1. OTXe, JOTUYHI
no cenaparpuc y Touli O, MaloTh TaKi piBHAHHA: y = X(x — 1/3). MoxHa
BBAXATH, IO JIOKATbHY 3a7ady SIKiCHOi Teopii aHdepeHLliaIbHUX piBHAHD
pPO3B’g93aHo.

Hnst noGynosu $a3oBUX KPUBUX Ha BCiil IUIOLIKMHI MOBEPHEMOCS A0 DiB-

dy x - 3x?

HSHHS TPacKToOpi = = - , SIKe € PIBHAHHAM Yy MOBHHUX AudepeH-
Ix

uianax i nerxo interpyerbesi: x2 + y2 — 2x> = ¢. Mo3Haunmo z = 2x3 - x2 + c.
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Puc.8.15

Tomi y = +Jz (z = 0). Tlo6ynyBaBuwM JONOMIXHY CiM’l0 KPUBHX Z = 2x° -
- x2 + ¢, HeBaxKO MoGydyBaTH ciM’I0 HAa30BMX KPHBMX Ha BCIlt IUIOWIMHI
(puc. 8.15).

3 YMOBH z(l/3) = 0 3HaXOAMMO, 1O DIBHAHHS cerapaTpuc Mac BUIIISL
yrex?-2x3= = 1/27. HanpsaM pyxy B3IOBX TPAEKTOPiil IErKO BCTAHOBUTH,
BpaxyBaBIUM, LIO, 3riZHO 3 MEPIIUM PIBHAHHAM CHCTEMM, B MiBIUIOULMHI
¥ > 0 abcuuca ¢asosoi Todku (x(), y(t)) cnanae, a B miBIOWUHI y < 0 —
3pocCTac.

QnNpuxknap 8.19

Po3senanemo cucmemy pignanb x = y - x + x* , Yy=—x-y+ y 3’acyemo, wu
MAE YA CUCMEMA epaHUYHUL YuKa.
I3 piBHSAHB CUCTEMH OicTaEMO
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(/ 2 2 dx dy . 3 3
ey =2 2 a(p—x+ )+ 2p(ex — p 4 V) =
dr(\ +y°) \dr+2yd1 2X(y-x+x )+ 2p(—x —y + %)

=2 + yhy 20 1yt

SIkmo ¢asosa Touka (x(¢), y(f)) 3HaxXoOUTHECH HA KOJi pamiycoM r, TO
x=x(t) =rcos@, y=y(t) = rsin ¢. Toni

%(rz) = %(xz(t) + yl(r)) =-2r1 + 2r4(cos4 ¢+ sin* ) =

=-2r2(1 - r*(cos* ¢ + sin? 0)).

Ockinbku % < cos* ¢ +sin* ¢ <1, To npu r < 1 gicraemo (‘1—1[(,\‘2(1) +y2(1) <

d b] . .
< —2/-2(] - rz) < 0, npu r > 2 MaeEMO E(xz(t) + y=(#)) > 0. 3BiacH, 3rigHo 3
NMPUHLWTIOM KiTbLisi, BU3HAYAEMO, L0 B KUTbL 1 < x?+ y2 < 2 € TpaHUYHUH
LIMKJT, OCKLTBKY yepes kona x2 + y2=11ix? + y? = 2 Bci TpaekTopii maHoi
CUCTEMU BUXOIATh i3 LbOTO KiJblis.

nasa .

ANOEPEHUIANDbHI PIBHAHHA 3 YACTUHHUMMU
NOXIAHUMHU NMEPLWIOro NOPAAKY

] 9.1 |

JlininHi opHOPipgHiI PIBHAHHA 3 YACTUHHUMU NOXIAHUMN
neplioro NOPAAKY

Hughepenyiansnum pignannam iz uacmunnumu noxionumu nepuiozo nopso-
Ky Ha3UBaIOTb PiBHIHHA THITY

F[x,, o Xty ]:0, ©.1)

cX) ’ Ox,,
ne u=u(x)=u(x, ..,x,) — wykaHa gyukuis, F(x, u, p) = F(x, .., x,,

ou cu - .o .
U, —, ..., —] — 3ajjaHa HeTepepBHO AUdepeHIIOBHA B AesIKiil 06/1acTi

axl DX"

G < R*™*! dbynkuis, npudomy

Z(Fl:/ Y 20 V(x,u, peG [p/. = ou ] 9.2)

o
i=\ !

Po3e 'a3xom pienanns (9. 1) Ha3WBaIOTh HeNlepepBHO AUdepeHLif0BHY
dyHKi0 4 = u(x) (x € D < R"), sika 3a10BObHAE PiBHAHHA (9.1) npu
KOXHOMY x € D. K10 u (x) — po3B’sA30K, TO ioro rpadik — NOBEPXHIO

u = u(x) y IpocTopi 3MiHHHX X, 4 — HA3UBAIOTb iHME2PANLHON NOBEPXHEN)
pienanna (9.1).
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Po3B’s3yBaHHS piBHAHHS (9.1) MOXHA 3BECTH IO IHTEIPYBAHHS IESIKOL

CUCTeMM 3BHYANHUX ANDEPEHIIAILHUX PiBHSAHD — TaK 3BaHOI CUCTEMU Xa-
PaKTepPUCTHK.

Sxuwo B (9.1) dyHkuis F(x, u, p) mac Burian F(x, u, p) = ka(x)pk,
TO PiBHAHHS k=1

PWACELE 9.3)
cxX

Ha3UBAIOTh AiniliHumM 00HOpionum. JliHiliHe omHOpigHe piBHAHHsA (9.3) 3a-
NMYCYIOTh TAKOX Y BUTJIAAI

(f(x), p(x)) =0, (9.4

Iie, BHAacI1iIOK yMOBH (9.2), n-BumipHui BekTop f(x) = (f((x), ..., £,(x)) # 0
Vxe D, p(x) grad u (x)), (, ) — CHMBOJI CKISIPHOTO JOOYTKY.

TMopsia i3 piBHsAHHAM (9. 3) PO3IIAHEMO CHCTeMY 3BHYaitHux IudepeH-
HiaJIBHUX PiBHAHB

f‘f’f - £(). 9.5)

Cuctemy (9.5) Ha3uBaIOTb cucmemoro xapakmepucmuk piensnna (9.3), a ii
(asoBi KpuBi — xapakmepucmuramu pisusnus (9.3).
CucreMy xapaKTepUCTHK (9.5) 3anMCyIOTh TAKOX Y CUMETPUYHii Gopmi:

dx, dx, dx
—_———=— = = 9.6
fi(x) fg_(X) f,,(X) ( )

XapaKTEpUCTUKH € IHTerpajbHUMU KpI/IBI/IMI/l cucreMu (9.6). YHaciinok
yMoB f(x)20 Vxe D, fi(x)e CD (k=1,...,n) mna cucremu (9.5)
[(9.6)] cripaBeminBa Teopema icHyBaHHst it ezIHHOCTi, i yepe3 KOXHY TOUKY
obiacti D npoxoAUTb ONHA i IMIIE OfHA XapaKTePUCTUKA.
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JloBeneHHs TeopeMM BMIUIMBAE 3 O3HAYEHHS iHTerpala CUCTEMHU
(9.5) (amB. 1. 1.3) i BUpa3y wisg noxiaHoi ¢yHKIIi ¢ YHACIiI0OK CUCTe-

Mt (9.5): d(p z o dx; _ Zac;p £o(0).
&

OXk dt k=1

NoBepexHA

OckiibKH 3a Teopemoro (9.1) pyHkuii o (x) € po3B’I3KaMM PiBHSH-
H9 (9.3) mpuj=1,...,n-1,10

H a l— ,\(D((p
AZ,Ifk( >l—2ﬁ( )2‘ ’-ZMZ/A( i

3Bigcu BuMAMBAE, WO QYHKLIA, BU3HadeHa dopmynow (9.7), €
po3B’s13koM piBHAHHSA (9.3). [NokaxeMo Ternep, 1O Oyab-aKHIT PO3B’s-
30K u = ¢y(x) MOXHa aictaTv 3 (9.7) Bubopom yHkuii d.

Ockinbku @y(x), 9,(x), ..., ¢, (x) — po3p’sa3ku piBHSHHA (9.3), TO

ZJk(x) —() (j=0,1,...,n=-1; xe D). Lle o3Hauae, 1110 HeHy-
k=1

JIbOBMH BEeKTOD f(X) € PO3B’SI3KOM JIIHIHHOI OaHOPIIHOT anre6puyHoi
cucTeMH piBHAHS i3 MaTpuielo (Octporpagcbkoro—AKobi)

* ®yHkuis u, su3navdeHa hopmynoio (9.7), € 3araibHUM PO3IR’A3KOM piBHSHHA (9.3)
Yy TOMY PO3yMiHHi, 110 Oyab-SKHH DO3B’S30K UbOrO PiBHAHHSA MOXHA 34MIUCATH Y BM-
risaai (9.7) 3a gonomorolo Bubopy dyHkuii @.
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g Qg &N

0x x; éx,

R 0@ oQ oo

A O((p07 (ph seey (Pn_]) - Py — aen —'a
4 = = C’xl X2 xn

Olxy, Xg5 o X)) |

a‘Pn | a(pn—l 0, _|

0xy 0x, 0x,

ToMmy det 4 = 0 (x € D) i Ha MHOXHMHI D icHye pyHKUiOHaJILHa 3a-
nexHicTes [16] ¥(@y, ¢, -, 9, ;) =0 (x € D), e ‘¥ — HenepepBHO
nucepeHnifoBHa GYHKLIA. 3BiICH, BHACTIIOK He3aJIeXHOCTI iHTeErpatiB
®ps s ©,_ 1, MAEMO @ = Dy(@y, ..., B, _ ).

ONpuknanp 9.1
3uaiidemo 3aeanvruli po3e ‘A30K piGHAHHA

A
yﬂ—xa—u: 0 ((x, y)e R?).
ox ay

. ax dy 2 a2
I3 piBHSIHHS — = ——"- 3HaXOIMMO XapaKTepUCTUKH x° + y* = c. Tomy
y x

3araIbHU PO3IB’SI30K MAaE BUTTAL U = <I>(x2 + y2 ), ne d — DOBiIbHA Hernepep-
BHO audepeHuiiiosHa yHKUig. PiBHSHHA 4 = ®(x° + y2) BU3HAyac To-
BepxHi oBepTaHHsg HaBKOAO oci Ou y MpOCTOpi 3MiHHUX X, Y, U.

QnNpuxknap 9.2

Pozennnemo pigunnus
cu cu
—+a—=0 (a=const; (1, x) e R?).
ot cx

dr  dx .
CucTeMa XapaKTepuCTHK Ma€ BHTJIS T = ——. OQ4eBMAHNM iHTErpajioM
a

cucteMu € GyHKLIA @(x, ) = x — at. ToMy 3arafbHHiT pO3B’A30K 3aTTNCYETHCS
TaK: u = O(x — at). Ao iHTeprpeTyBaTH 3IMiHHY f IiK Yac, TO PO3B’A3KaMU
JIAHOTO PIBHAHHA € TaK 3BaHi 6Oiwcywi xeuai. I'padik KoHKpeTHO BUOGpaHOI
dyHxuii ¢ 3agae npodias XBUII, SKAR 31 3pOCTaHHSAM Yacy f nepeMilllyeTbes
B rUIowMHi (x, #) B3X0BX oci Ox 3i WIBUAKICTIO a (Bnpaso npu a > 0).
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9.1
NiHidni opHOPIAHI PIBHAHHA 3 YACTUHHUMK NOXiQHWMYU NEPWOro NOPAAKY

ONpuxnanp 9.3

3uaiidemo piensnns nosepxons 6 R : u(x, y, z) = 0, koxcna 3 aKux nepemunae
cim’io cpep x* + y? + z2= ¢ nid npamum Kymom.

JBi TOBepXHi y CIMiILHIN TOYL OPTOrOHAIBLHI TOOi i JMLIe To#i, KoMK iXHi
HOpMai B it To4lli opToroHaisHi. HopMalti 10 1aHuX 1moBepxoHb 3a4a10Th-

Au ou Jou
cst BekTopamMu grad u =| —, —, — |, grad (x? +y2 +22)=Qx, 2y, 22).
éx fy oz
ToMy 3 YMOBH OPTOrOHAJIBHOCTI MAa€EMO JliHiiiHe OMHOpiIAHE piBHAHHS Bil-
HOCHO yHKUIiT u:

Cu u ou
_x—+y—+zT=0,

ax dy &z

dx _dy d=z

— IICTaEMO NBa HE3AIEXKHHUX NEePLIuX
-

I3 cucTeMu xapakTepucTHK —
X

[ w

iHTerpaau:

= =

= C‘l.

X X

v z)\. .
=¢,. Tomy u = (b['-, —) i s KOXHOI HenepepBHO
R'e
X X
€ wykaHowo. B okoni nmimownHy x = 0 noBepxHi Ciif 3agasaTv PiBHAHHAM

E S )
y y
& 3aysaxeHHn 9.1

[3 dbopmynu (9.4) BUILIMBAE, IO 3 TEOMETPUYHOrO MOFIALY SiHiHHE OIHO-
pinHe piBHaAHHA (9.3) onucye B R” ciM’10 noBepXoHbh (MHOTOBUAIB) S : u (x) =
= ¢ (¢ = const), y TOYKAaX AKMX BEKTOp HopMali Ko §: p(x) = grad u(x)
OpTOroHaNbLHUI 10 BekTOpa [ (X), sikmnii 3auac B R” sekropHe none (puc. 9.1).

nudepenuiiorHol GyHKLIT © nMoBepXxHs, 3alaHa PiBHAHHAM cp[l, 5] =0,

plx, y, 2)

n=3 zA
fx, y, 2)
S ulx, y, 2)=c
C >
Yy
x
Puc. 9.1
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=
>

y

OckinbKW DOTWYHI KO BEKTOPHMX TiHilf LLOTO MOJSA KOJMiHeapHi BEKTOPY
S (%), To mosepxHi S yTBOpeHi 3 BEKTOPHUX JTiHil noas f(x) [xapakTepucTuk
piBasiHHs (9.3)].

¥Y3n08x fgoBiabHOI XapakrepucTky pisHsaHHs (9.3) Bei iHTerpanu @;(x)
(i=1, .. n-1)e cramumu: ¢,(x) = c;. Tomy 3 (9.7) BUNIMBEE, 1O XapaK-
TEPUCTUKH € MOBEPXHSIMU PiBHS PO3B’A3KY (iHTerpaabHOi MOBEpPXHi 2)
u = u(x). TeomeTpuuHy imocrpauito npuknany 9.1 HaBegeno Ha puc. 9.2.

9.2 |

KeasiniHiHi piBHAHHA
3 YaCTUHHUMU NOXiAHUMU NEpLIOTO NOPAAKY

Sxwo B (9.1) dbyuxuis F(x, u, p) Mae sunsin F(x, u, p) = z fi (x, ) py -
- g(x, u), TO piBHAHHS Py

< ou

Ji(x, ) — = g(x, u) 9.8)
~ CXy

k=1

Ha3UBAIOTDb KEAZINIHIUHUM.
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9.2
KBa3iniHiAHi PIBHAHHA 3 4aCTMHHAMU MOXIAHAMU NEPWOro NOPARKY

TlokaxeMo, 1O KBa3iTiHiiiHe piBHIHHA (9.8) MOXHA 3BeCTH 10 NiHIHHO-
ro OIHODIZHOTO PiBHSIHHA 3 JONOMOIOK 3aMiHU HeBigomoi GyHKLIl Ta
36iIbLUEHHS] HA OOMHMLIO BUMIPHOCTI BEKTOPIB x i f(x).

INpurycrumo, 1o urykaHa GyHkuUia ¥ = u (x) 3a0aHa HessBHO PiBHSIHHAM
BUIJISILY

ov
vix, u)y=10 [T # 0), 9.9)
ou
i BBaxaTuMeMO v HOBOIO liykaHolo ¢yHkUi€w. Toxi 3 (9.9) maemo
cu cv [ov . . .
L. — (k =1, ..., n). lliocraByBLIM B piBHAHHS (9.8), micTa-
Oxy oxy | ou

n I Y
= cv [o2%
HEMO 2 Ji(xs ) —+ g(x, u)— = 0. TlosHaumBwH ¥ = X,,, |, (x, u) =
k=l ka cu
=%e R"', g(x, u) = f,,(X), MaTumeMo NiHiiiHe ogHOpiIHe PIBHIHHS

n+l A

DALY ‘;v =0 (9.10)
k=1 k

%)

Ty (9.3) 3 (n + 1)-BuMipHum BekTopoM f = f(X) = (fi(X),.... [, | (X)).
Mpunyctumo, mo f(¥) #0 Vie D c R"*.

3anucaBluy 11g piBHAHHSA (9.10) cMcTeMy XapakTepuMCTHK y BUMIAA
(9.6), nicranemMo cucmemy xapaxmepucmuk Keasininiinozo pienanna (9.8):

dq  dx,  du
fHlowy T f(xow) g(x u)

9.11)

3Biocy BMIUIMBAE TaKa cXeMd PO36 'A3AHHA KEA3IAIHIIHO20
pisnanns (9.8):

e 3a koedillieHTamMM piBHAHHSA (9.8) BUNUCYyeEMO cHCTeMy XapaKTepHc-
THK (9.11);

* 3HAXOIMMO 1 He3aJIeXXHUX IHTerpaiB ¢, (x, u), ..., ¢, (x, u) Li€i cucte-
MHU;

® 3aMKMCYEMO CITiBBiTHOUICHHS
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v(x, u) = (@ (x, u), ..., ¢,(x, u)) =0, (9-12)

e & — noBiNbHA HemepepBHO nHepeHLiHoOBHA DYHKIIIA, KA 3a-
HOBOJIbHSIE TaKi ymoeu: @ mHoxuna piBua Dy = {(x, u)e D:

:v(x, u) = 0} HenopoxHs; @ gl(x, u) =0 V(x, u)e D,.
U

CrniBsigHomeHHs (9.12) HessBHO 3aja€ 3arajibHUI PO3B’A30K KBa3ili-
HiliHoro pisHaHH% (9.8).

Axao B (9.12) yei yHkuii ¢, , xpiM onHiei (Hanpukian, ¢, ), 3a1exarhb
Jie Bil x, a QYHKLUIA ¢, (X, ¥) TaKa, IO PiBHSIHHA @,(x, u) =¥ enemenTap-
HO PO3B’sI3He BiTHOCHO i, TO 3arajbHHI PO3B’ 430K piBHIHHA (9.8) MOxHa
3aMMcat y sBHoMy BUDsigi. CrnipaBdi, B IbOMY BMITAIKy BHACJiOK IO~
BUIBHOCT QyHKUii @ i3 (9.12) MaeMo @,(x, u) = P(¢(X), ..., ¢,_ (X)), Ze ¥ —
JoBinbHA (yHKilis. Po3B’s13aBilM OCTAHHE PIBHSAHHS BiIHOCHO 4, JicTaHe-
MO 3arajibHMI PO3B’S30K Y IBHOMY BHIJISLII:

u= \P()(xn lP((‘p] (X), ceey (pn_](X))),

ne ¥, — LIKOM KOHKpeTHa (yHKLsl.

UfNpuknap 94
CucteMa XapaKTepHWCTHK KBa3LliHINHOIO piBHAHHS

du ) Cu cu
x2——+y'7—+22—:u ((x, vy, 2)e R3)
ax cy oz
Maec BUTIIS
dx _dy dz _du
22y

. .. - 11 1 1
3Hax0IMMO He3WIEXHi Nepii iHTeTpaIn Liei cheTeMu: —— — = ¢, — - — = (5,
x y x z

1 1

= . - P 1 1 1 .

uet = ¢y. CnispigHoweHHAM ®| we®, ———, ——— =0 HesABHO 3amaHMIl
7

3araJbHHMI PO3B’SI30K N2HOTO PiBHAHHSA. 3BiIcH
282

9.2
KBasiniHiiHi piBHAHHA 3 YAaCTUHHUMM MOXIAHWMMK Nepworo NopABKY

,
X y x z

il
W[L_L 1_1}

e ¥ — IOBUILHA HenepepBHO AudepeHLitosHa QYHKLIS.

ONpuknap 9.5
Po3zenanemo piensnna

X Lu oau (o= const > 0). (9.13)

Py’ oxy

I3 cucTeMM XapaKTepuCTHK

dx, dx, du

dx;
Xi X x, ou

JICTAHEMO n He3ajleXXHUX TepIuuX iHTerPaiB L€l CUCTEMMU:

X X iu
22—y, ., o —=¢, (x,>0)
| N @ " I
X| .XI XI

X9 X, u . . "
D —=, ... ‘i, |~ 0. Poss’sa3aBuv BUIHOCHO 4, HICTaAaHEMO 3arajibHU¥
Xl Xl xl

PO3B’S30K y ABHOMY BHUIJISII:

Xy X
u=xw =, L2
X) X

ONpuknapg 9.6

Pozensnemo 00HOBUMIDHE cepedoguiye, ke ckaadacmbes 3 YGcMUHOK, WO pyxa-
tombca 3a iHepuicio.

Hexait u = u(x, t) — dyukuis, gaka touui (x, 1) € R? craButh y Bil-
MOBIAHICTb WBUAKICTL YACTHHKHM, IO B MOMEHT 4acy { 3HaXOAUTHCs B TOULI
x: X = u(x, t). OCKiIbKM 3aKOH PYXy YAaCTHHKH 3a iHEpLi€l0 OMUcyeThcA

. . . d u  cu
audepeHUiaIbHUM piBHAHHIM X =0, TO Eu(.x. =0, " + E,\' =0.

3sincu nicraHeMo KmasifiHiiive piBHAHHS (pignsauna Xonga):
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92
KBa3iniHiiHi PiBHAHHA 3 YACTUHHUMK NOXIAHWMK NEPWOro NOPAAKY

cu ou
Zrust oo, (9.14)
ot ox
dt  dx du
I3 cucreMu XapakTepucTuk T " o MaEMO He3aTeXHi repuri iHrer-
u

pamm u = ¢, x — ut = ¢,. Bci po3s’a3ku (9.14) HesBHO 3a1aHi PiBHSHHAM
O(u, x —ur) =0,

Ile & — AoBiNbHA HerepepBHO AudepeHLioOBHA QYHKIS. KO Le PiBHAH-
HS MOXHa PO3B’A3aTH BIIHOCHO i, TO u = W(x — ut).

& 3aysaxeHHa 9.2

BkaxeMo Ha 3B’A30K MixX xapaKTepucruKaMM iHTerpaIbHUMHU MOBEPXHS -
MU KBa3iliHIHHOIO PiBHAHHS Ha MPUKJIALi PiBHSHHA 3 IBOMA He3alleXHUMHU
3MiHHUMHM :

‘ ; X
filx, y, )= L Hx, p, u)——fu = g(x, y, u). (9.15)
ox oy

¥ npocropi R KoeditieHTH piBHgHHS (9.15) 3a1a10Te BEKTOpHE noJie

f=F&) = (@), HLF), [(Z),

oe f3(%) = g(X), X =(x, y. u). AKIWO ToYka ¥ HANEXHTh iHTErpaibHiii mo-

: o cu éu
BepxHi u = u(x, y), To BeKTOp P = p(X) = (:— _—, - i] € BEKTOPOM HOD-
ox  ady
MaJli 1o Li€i noBepxHi B Touui X . Tomy piBHsHHs (9.15) MOXHa 3anucaTu
y Burmsni (f, p) =0 i, oTxe, BEKTOPH f i p ODPTOrOHAMbHI. 3BiACH BHMI-
JIUBAIOTH TaKi meepaafcenuﬂ @ BekTop f NeXWTb y IUIOLMHI, JOTHUHIN
1O iHTErpajbHOI MOBepXHi; @ AKILO nopepXHs u = u(x, y) B KOXHii CBOIi
Touli £ = (x, y, #) JOTUKAETbCA 10 BeKTOpa [, TO BOHA € iHTErpaTbHOIO
MOBEPXHEIO.

HacrynHa TeopeMa BCTaHORIIOE 3B’930K MiX XapaKTepUCTHKAMHU M iH-
TErpajlbHUMH TMOBEPXHAMH KBa3iliHiifHOrO pPiBHAHHS B 3arajIbHOMY BU-

TaJIKy.
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HoBepeHHA

Hexaii x = x () — po3p’si30k 3amadi Kowi x = f(x, u), x(0) = x,
ae u = y(x), fx, u) = (f;(x, u), ...,j:_,(x, u)). Toni Touka X, = (Xg, W(xp))
HaJeXUThb iHTerpajIbHiIM MOBEPXHI Y. pa3oM i3 KPUBOIO, sIKa HapameT-
PHMYHO 3a/1aHa PIBHAHHAMM X = X (f), u = w(x(t)). ABU JoBeCTH, WO List

7]
KPHBa € XapaKTePHUCTHKOIO, JOCTATHBO MOKa3aTH, 1o — = g(x, u).
Maemo: 2% — i oy dxy _ i oy fi = &(x, u) ocxinirm byHKuis
dt A:laxk dt = I(xl‘ ’ ’
u = y(x) € po3B’A3KOM piBHAHHSA (9.8).

¢ 3aysaxeHHn 9.3
SIKuo BBaxaTH JNiHiitHe oaHopiaHe piBHAHHS (9.3) OKpeMHM BUIIAAKOM KBa-
3iniHifiHoro piBHAHHA (9.8) (fi(x, W) = fi(x), glx, w)=0, k=1, ..., n), TO
CHCTEMY XapaKTepuCTHK piBHAHHA (9.3) MOXHa 3anmucaTv y BUrAsdi

x oy _du (9.16)

I R AT

IHTerpaibHUMKU KpUBUMM (xapakrepuctukamu) cucteMu (9.16) ¢ nepepisu
iHTerpaJibHUX MOBEPXOHb JiHIHHOTO ONHOPIAHOro piBHAHHA (9.3) naowm-
HaMu u = ¢ (puc. 9.3).

Z: u=y(x, )

IHTerpanbHa
KpHBA CUCTEMH
(9.16)

™

IHTerpanbHa
KpHBa CUCTEMM
(9.6)

Puc. 9.3
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9.3
3apava Kowi

| 9.3 |

3apnaya Kowi

3BepHimMocs 1o npukiiamy 9.2. Sk 3a3Havanocs, nmpodiib 6ixyuoi xBuili onucye GyH-
Kuis . Mikcyioun 1o GYHKILI0, MM 3 YCi€T MHOXHMHH PO3B’A3KIB PiBHSIHHS BHAISIEMO
TOM, SIKMIt 3aI0BO/ILHAE YMOBY u (X, 1) ] =g = P(x). Llio ymony nipupoaHo Hassat nouam-
K06010. HeBaXKo MOMITHTH aHAJIOTiI0 3 TTOYAaTKOBOIO 3aiayelo (3agaveto Kormi) ans 38u-
YaifHoro auctepeHLiaTLHOrO piBHAHHS. [TpoTe, SKILO WIS OCTAHHBONO TOYATKOBAa YMOBA
BU3HAUanacst TOYKOIO CKiHYeHHOBUMIPHOTO TIPOCTOPY, TO ISt PiBHSTHHS 3 YaCTHHHHUMMU
MOXiZHWUMH B rOYaTKOBil yMOBi Qirypye GyHKLis — eneMeHT HeCKiHYeHHOBUMIPHOIo
ngocmpy. I'eoMeTpuYHMH 3MICT MOYATKOBOI YMOBHM 3 IpUKiany 9.2 Takuii. Y ripocropi
R’ Toyok (¢, X, ) 3a0aHO MIOCKY KpHUBY ¢ = 0, u = ®(x); TOTPiIGHO 3HANTH MMOBEPXHIO, AKA
TIPOXOAUTD Yepe3 L0 KPHRBY.

3adaua Kowi ons Keazininiiinozo piensanna
(9.8) craButhscs Tak. Hexait y — (n - 1)-Bu-
MipHa riaaka rinepnoBepxHs (no¥amko-
ea zinepnogepxus) B ipoctopi R” 3miHHOI X,
® = ¢(x) (x € Y) — 3anaHa HenepepBHO aude-
peHUiitoBHa QYHKLUIst (nowamkosa gyrkyis),
M= {(x, ¢(x)):x ey} < D — rpadix byH-
Kuii ¢. IMorpiGHO 3HaiTH pO3B’A30K piB-
HsaHHs (9.8), AKMil 33 0BOTbHSIE TIOYATKOBY
YMOBY u(x)[xEY = @(x), ToOTO PO3B’A30K,
rpadik SKOTO POXOIUTb Yepes TOBEPXHIO I

X Zp=(xy, (X)) (puc. 9.4).
TMapy (y, ©) Ha3UBAIOTL HOUAMKOB0H)
Puc. 9.4 yM08010, 00 noyamrosuMu Oanumu, 3ada4i

Kowi. TlowarkoBy yMOBY Ha3UBAKOTb XApakmepucmuyHow (Heocobausnio) 6 mouui x, € v,
SIKLLLO BEKTOP SO u) = (fi(x 4y, -, f"_(xo, U,) (4y = 9(x,y))) He AOTUKAETLCA IO rinepro-
BEPXHi Yy TO4Li X;,. ¥ NIPOTUBHOMY Pa3i MOYATKOBY YMOBY (Y, ) HAa3HBAIOTb 0cOBAUBOI0
& mouui x,.

wifiosHi byrkuii B

NoeenexHA
PosrmsiHemMo yitie BuTanoK 7 = 2. Hexaif rnagka kpusa y (puc. 9.4) napametpuyHo

3an1aHa CUCTEMOIO PIBHSTHB. X, = 0,(5), X, = 0,(s) (07 (s)+05(s) 2 0 Vse (o, By=1).
Touni xpusa I' 3anana cucTeMOIO PIBHAHE X, = 0,(s), X, = 0,(s), u = @(0,(s), 8,(5)) = h(s)
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(s € I). 3 KOXHOI TOYKU KpUBOi " MPOBEIEMO XapakTepUCTHKY, TOBTO pO3B’SIKeMO
ciM’1o 3anau Kouwi:

%) =[xy, xg, 4), X = fHolxg, XaLu). i = g(xy. xy, ),
9.17)
Xile0=6018).  x3l,o0=0(5),  w|,_y=Ms) (sel).

Hexaii
Xp =X, 8). Xy = 8) u=wt,s) (se I, re (-8;(s). 8,(s))) (9.18)

— poas’a3ok 3aga4i (9.17). Ockinekm po3p’si3ok 3agayi Kowri (9.17) nenepepsro
IHepeHLliMOBHO 3AIEXHUT Bill ITOYATKOBOI TOUKM § (auB. 1. 3.6), To dyHkuii (9.18)
HerepepsHO andepeHuiionHi no (4, s). Hexait f,(s) = £(8,(5), 8,(s), K (8)) (i =1, 2).
BusHaunuk OcTporpancekoro

éx; 0x,

J ol e _| A fz(-s‘)l 20
&x, 2 0(s) 05(s) )
—fT Os reth (v, ey

OCKi/TbKH Y BUITALKY Heoco6AMBOI TTOYaTKOBOT YMOBH (Y, ®) BEKTOp (9, /K(5)) i
BeKTOp (6(s), 03(s)) DOTHUHOI KO KPUBOT Y HeKOMiHeapHi. TOMY B OKOJi KOXHOI
TOUYKH X, € Y GyHKUIi £, 5, 2 OTXKe, i 4 = w(f, 5) € HenepepBHO OUdepeHLIHOBHUMU
GyHKUIAMY 3MIHHUX X,, x,. TTokaxemo, o yHKuis w(t, s) = u(x,, X,) 3al0BOLHSAC
piBHsHHA (9.8) (n = 2). Criovarky Bupa3uMo NOXiTHi dyHKUI £, 5 Yepes noXimHi
dyukLin x;, x,0

A N I éx; &5 | Cxy | P s laoxy | /

T T iy rvui i Ml b wal e /B

oxy  J s axy J ds  éx J Ot J oxy, JoorJ :
Hani maemo

2

- ou few et Ow s A cw ¢t Ow Cs

E Sl o ) — = fil ———+ ——— |+ fi| e+ — =
k=1 C cl [A)

axy ardxy O 0xy - Gxy A8 QX
| (cwex, éw cw( ¢x; ) ow
S 15 7] i N il I I A L |
J ctoés cs £ /2 ér ¢y os N
I|ow 7 Xy ); Qx, . cw ifs = 1hf3) cw ( )
=—| = —_— i D - =—— = g(x;. X5, W),
J| o |7 as 2oy og V2T it £
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ocKinbku YHKIIA W 3a0BONLHAE TPETE PIBHAHHA CUCTEMM XapaKTeprcTHk (9.17).
€auHicTh po3B’a3Ky 3anavi Kot 1 kBas3iziHiitHOTO piBHAHHS BUTIMBAE 3 GaKTy
ennHOCTI po3B’a3Ky 3anayi Kouti (9.17) oast cucTeMy XapaKrepucTHK. 3a3HavuMo,
wo piBHsHHS (9.18) € napamMeTpHYHWMHM PiBHSAHHAMHU rpadiky po3s’sa3Ky 3amadi
Kouwi 3 mouaTtkoBuMu ymoBamu (Y, @).

& 3ayBaxeHHA 9.4

3 reopeM 9.2—9.4 BUIIMBAE TAKMI MPAKTUYHUA cnocif po3e’23y6aHHA
3adayi Kowi 0aa Kea3ininiinozo pieHAHHA:

1) 3a koediuieHramu pisustHHA (9.8) BUMHCYEMO cHcTeMy XapakTepucTHK (9.11);
?) 3HAXOMMMO N HE3ATEXHUX NepuuX iHTerpanis ¢,(x, ¥) = ¢, ..., 9,(x, ¥} = ¢,

CHCTEMH XapaKTEPUCTHK;

3) mo cucTeMM n He3IEXHUX NMEPIIUX THTErpajliB JOMUCYEMO CHCTEMY PiBHSHB,

AIKi 330aI0Th TOYATKOBY YMOBY (Y, ®);

4) 3 ogepXaHoi B Takuii crociG cucmemu pignans 3adavi Kowi BHKIII09a€MO 3MiHHI

TaK, Wwob gicratu crissigHoweHHs Tuiy Fy(c, ..., ¢,) = 0;

5) wyKaHuit po3s’a3ok 3agaqi Kowi HessBHO 3anaeMo piBHAHHAM Fi(¢,(x, u), ...,

9,(x, »)) = 0.

o6 3acTocysaty wio cxeMy posB’s3yBaHHs 3agayi Kouwri mis siHiiiHoro ogHo-
pixHoro piBHsiHs (9.3), Horo c/lill po3risAaTH AK OKPEMHIi BHITAZOK KBa3iTiHIHOTO
PiBHAHHSA (IXB. 3ayBaXxeHHs 9.3) i 3aMHCYBATY CUCTEMY XapPaKTEPUCTHK Y BUTHALI
(9.16). 3azHauumo, 110 cucteMa (9.16) Mae OUEBHIHMI MEPLUNIi iHTErPAT ¥ = C.

OnNpuknap 9.7

. . . ou ou
Posensnemo 3adaui Kowi Onn pigHanna y— — x— =0 3 maxumu nowamxoaumu
éx oy

ymoeamu:

<\.2+.‘,2=| =0y = const.
. . dx dy du
HesanexHi nepiui iHTerpajM CUCTEMH XapaKTEPUCTHK — = —— = — MaloTh
y =X

BUKITIOUAIOYYW 3MiHHI X, Y, U i3 cucreMu

BUMIAN 4 = ¢, x> + ¥’ = ¢, Y BUMagky

. . . . . . O
piBHAHL 3a1a4i Kowi: u = ¢, x2+ yi= ¢y, ¥y = 2x, u=sin x?, nicranemo ¢ = Sln?‘.
2 2
x° + y°

3BiOKM 4 = sin ———— — po3B’130K MaHoi 3a1avi Ko, 3a3HauuMO, IO rOYATKO-

J . .
Ba yMOBa (Y, @) y LIbOMY pa3i € HeOCOBIHBOK NPU KOXHOMY X # (), OCKIIbKH BEKTOp
f= (¥, —x) He IOTUKAETLCA O TIPSIMOT Y : ¥ = 2X y KOXHi#t Tovui Liei npsmoi.
Y BUnagxy royarkosa yMoBa (y, ¢) € ocobimsolo B Tovuti (0, 1), ockizbku
B Uit Touui BekTOp = (¥, —X) = (1, 0) ZOTHKAETHLCA BO TIPAMOI ¥ : y = 1. Bukmouaiouu
3MiHHI i3 cucTeMM piBHAHD 3anayi Kour: u = ¢, x4 y“= ¢, y=1, u=x, gictTaHemo

=y =1 (mpu x> 0), ¢ =—Je; =1 (mpu x < 0), ¢, 2 1. Tomy B 1OCTaTHBO
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9.3
3apnava Kowi

ManoMy OKOMi TOuKH (X, 1) € y (x, # 0) 3anaua Kowi mMae exvHn#t po3s’s30K

u=yyx>+y -1 (x,>0), u=—yx2+y’ ~1 (x, <0). BsK 33BromHO ManOMy

oxouti Touku (0, 1) € y 3amava Kol po3s’si3ky He mae.

V Bunanxy { B no¥aTkoBa yMoBa (Y, @) € 0co6IMBOIO B KOXHIH TOULi KPUBOI
y:x%+y? =1, oCKIIbKH Y € XapaKTePUCTHKOIO JiHiiHOTO OHOPIIHOTO PiBHSIHHSI.
3azava Kowi B uboMy pasi Mae 6e3J1iu po3B’s3KiB BUTIIANY U = (l:)(x2 +y9), 1e d —
IOBibHA HemepepBHO nudepeHLiHoBHa PyHKLis Taka, wo P(1) = ¢, [Hanpukian,
u=cy+(x?+y?—1)sin (x2 +y?l.

UNpuknanp 9.8

Poszeasnemo 3adavy Kowi:

cu du .
— cz:'— =0 (a=const, (t, x)e R?), ul|,_p =sin x.
ot ox .

He3sanexHi nepiui iHTerpaju CUCTeMH ¢
dt dx du

XapakTepruUCTUK T = _:l— = —0— MAlOTh BU- 1

:{J;Htﬂ)lcl :ucl;, :";Ta;;"cz.. BuKmotMBluyl 3MiH-' n\ at[\\ x:
L X, piBHAHD 3aga4i Kowwi: _ 1
u=c,x-at=c,t=0, u=sinx, nicraHeMo t=0 =t

¢, = sin ¢,, 3BIOKH u = sin (x — at). Sk yxe Puc. 9.5
3a3Haqajaocsa (auB. NnpuKiIag 9.2), po3s’si3koM € Gixyda xBuisi, podins AKoI 3i
3pOCTaHHAM Yacy ! nepeMillyeThCsl B TUIOUMHI (X, &) B30IOBX oci OX 3i LIBUAKICTIO @
(BripaBo npw a > 0) (puc. 9.5).

‘I

Onpuknap 9.9

Po3e sucemo 3adaqy Kowi 3 nowamroaor ymoeow u|,_, =sin x oaa pienannus Xon-
da (9.14):
du cu
—+u—=0.
-Gt ox

HesanexHi mepliui iHTerpaam cucreMu XapakTepuCTHK piBHAHHA Xonda MaloTh
BUTISL (IUB. npukaan 9.6) u = ¢, x — ut = ¢,. BukaiounBiy 3MiHHi i3 cHCTeMU
piBHAHB 3ana4i Kouti: 4 = ¢, x — ut = c,, t = 0, u = sin x, Aicranemo ¢, = 8in ¢,, 3BUIKK
# = sin (x — ut). UyM DiBHSTHHSAM HESIRHO 3aa€ThCS PO3B’I30K U (X, ) AAHO} 3adaui
Koiwui. Po3p’siaok u (x, t) omucye nestkwii xBunbosnit npouec. Npadik dpynkuii sin x
BU3Hauae npodink xBuii B MomeHT ¢ = 0 (puc. 9.6, a). 3 nauHomM yacy npodinb
XBHAI 3MIHIOETLCS TaK, IO TOYKU HOTO TepeTHHY 3 NMpsaMolo u = sina (a € R)
pyxaloThcs napaiesnbHo oci Ox 3i wBUIKicTIO sin a (puc. 9.6, 6). 3po3ymino, mo
icHye Takuit MOMeHT uacy t*, micis sikoro GyHKUis u (x, 1) BTpauae OTHO3HAYHICTD

oF

(puc. 9.6, 6). Cnpasni, Hexait Fy(x, t, u) = u - sin (x — ut). Toni Tﬂ(x, t, u) =
cl

10 4-566 289
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=0 t=t, < t*
6
u
1 1 p
[0 »
T
1V of #F m «x
t=t* t>t*
8 2
Puc. 9.6

= 1 + tcos (x — ut). 3Bincw BUIHO, 1O MPH ¢ = t* = | 1OCTATHA YMOBA ONHO3HAYHOI
PO3B’A3HOCTI PiBHAHHS Fy(x, t, u) = 0 BizHOCHO ¥ TOpyIuyeThes. Le siBUILE MOB’S-
3aHe 3 YTBOPEHHSIM TaK 3BAHUX yOapHuX Xeuwtb i IPUBOLUTD A0 PO3NISILY POIPUBHOTO
(ripM £ > t*) po3B’A3Ky piBHaHHA Xonda (puc. 9.6, 2).

& 3ayBaxeHHA 9.5

PiBusiHHSA BUCISLY f; (x|, xq)

+f~,(r| x7)-— = g(x. X,) Ha3WBAIOTb AiHil-
7

HuM HeoOHOpiOHuM (n = 2). 3anucamuu oIst m>oro pisusinns 3agauy Kowi (9.17),
IicTaHeMo

X = Al xg). X = fHlx. x), i@ = glx, x;).

X) I::o = 0,(s). Xz‘;:o = 0,(s), ”|,=0 =h(s) (sel).

(9.19)

Axwo x(1, 5) = (x,(%, 5), x,(1, 5)) — po3s’sizok 3anaui Kousi 11st nepimx ABOX PiBHAHB
cuctemu (9.19), TO 3 TPeTLOTO PiBHAHHSA LET CHCTEMU MAEMO

u(x) = w(r. s) = h(s) + jl: glx(z, s)dt
abo |
u(x(t, s)) = gx(0, 5)) + j( : g(x(t. s))dr. (9.20)
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TakuM UMHOM, KILO YMOBH Teopemit 9.4 BHWKOHYIOTBCS, TO pO3B’s130K 3anaui Kouri
IUTst JHHIHHOTO HEOMHOPIZHOTO PiBHAHHS MOXHA 3aIUCaTH B iHTerpaibHiit Gopmi
(9.20). ®opmyna (9.20) cripaseaIuBa s AOBIIBHOTO # € N.

ONpuknap 9.10
Buropucmoeyrouu gpopmyay (9.20), pose ancemo 3adauy Kowi:

Hexait x=s, y = | (s € R) — mapaMeTpuuHe 3agaHHs npsaMoi v y = |, 3anava
Koiui (9.19) mae Burasin,

X =x, y=y, =1,
X[ro =8 plio =1 ulog=s

3Bincu x = se', y = e’. 3a dopmyioio (9.20) micraemo
I3
u(se', e’):s+J- ldt=s+1.
0

abo u(x, y) = X4 y.
y

|94 |

3apava Kowi anA HeniHiRHOro PiBHAHHA
3 YaCTUHHUMU NOXiAHWUMMU NEPLUOro NOPAAKY

Posrnanemo Hemmime piBHsHHA (9.1): F(x, u, p) = 0 i npunycTumo, o dyukuis F
HanexuTs kiacy C? B o6aacti G B2 aMiHHUX X, &, p i WO BUKOHYETLCS yMoBa (9.2).

Hexait y — mesixa rnanka (n - 1)-BuUMipna rinepriopepxHs, 3a1aHa NapaMeTpUuHUMH
piBHAHHAME: X = 6(s) (B € C% (A), A T R"Y), @(x) (x € y) — nouaTkoBa QyHKINA:

ox)] vy = AO()) = (s)  (he CP(A)).
AK i L1 KBasiUTiHIHOTO PIBHSIHHSA, YMORY

u(x)|>‘.6,{ = @(x) ((6(s)) = h(s)) 9.21)
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Ha3UBAIOTh NO4AmMKOBOI0 YM060i0 3adaui Kowi das pienanns (9.1). TIpote, Ha BigMiHY BiI
KBa3iMiHIHHOTO PiBHSTHHS, OAHIET yMOBH (9.21) HEAOCTaTHBO TS OTHO3HAYHOIO BH3Ha-
4eHHs1 po3B’A3Ky piBHsaHHs (9.21). IMoTpiGHO HOAATKOBO 3a1aTH BEKTOp p = grad u =

ou ou . .

= " A y TOYKAX TileprmoBepXHi ¥, a TAKOX ypaxyBaTd yMoBy F(x, u, p) =0
Xy n

(xe7y).

Hagenemo 3aranbHy cxeMy po3s’si3aHHs 3amadi Kot s HeliHiHHOTO piBHSHHSA
(9.1) meTomom, AKKit TPYHTYETECS Ha BUKOPUCTAHHI CHCTEMU XapaKTePHUCTHK LbOTO
PiBHAHHS.

Hexait dbyukuist 4 = u (x) xnacy C? — po3s’sok sazawi Komwi mst pisvsiaws (9.1).
Toni F(x, u(x), p(x)) =0 (x e D). 3sincu

+2 =0 (k=1 ... n). (9.22)

&
éx,  ou =10p; 0x,

¢F  @éF +i£0p,

op; C C 3
Ockinbkm L = —(—{l] ;p £ | 10 3 (9.22) Maemo
X

&xk 8)(/( (’)XI/- j
~ o A
OF ope . _OF _2F k=1, .. m). (9.23)
=160, ox/ ax ou

Po3risHeMO po3B’SI30K U = U (X) Y3IOBX TPAEKTOPIN cHCTeMu TMbEpeHLiaTbHIX
PiBHSIHb

dx;, @oF
L= (=1 ..n). 24
dt op; v " (9.24)

Toxi (9.23) MoXHa 3aITUCaTH Y BUTIIAL

R (S ) (9.25)

dt ox, Cu

I3 (9.24) BunMBaE Takox, 1O

ou dx, <~ éF

== — (9.26)
dr  Fox dr o &= epy

Orxe, axuo u = u(x) — po3s’a30K 3axay4i Koiui, 1o B3n0BXK Gynb-aKOi TPAEKTOPIi CHCTEMM

(9.24) by u = u () i py —67"”— (k =1, .... n) 3a00BOMBHSAIOTH piBksHHS (9.25), (9.26).
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Cucremy, sixa ckiragaetbes 3 2n + 1 piBHsikb (9.24)— (9 26), HaSVIBalOTb cucmejua/o
xapaxkmepucmux Heainiiinoeo piensnns (9.1), a ii TpaekTopiil y npocropi R 241 aMinHUX
X, U, P — XapaKmepucmuKamu 4bozo pPieHIHHA.

o6 3anaTy BekTOp p = grad 4 B TOYKAX FileprioBepxHi v, TIOYaTKOBY yMOBY (9 20)
sandepenuitoemo no s, (k =1, ..., n — 1) i 10 omepXaHux CMiBBIIHOWEHb 1OOAMO
piBusiHHS F(x, u, p) = 0 (x € )

2 nO. A
FOs), hs), py =0, 3 p ok D k=1, (9.27)
in (73'/‘ (’9Sk
3rizHo 3 TeopeMoio Npo HestBHY (GyHKUIO |16} po3s’sizok p = w(s) = (w,(s), ..., w,(s))

cuctemu (9.27) icHye # eqMHUIT y IeAKOMY OKOLi TOUKH S, € A (W(sy) = p,, F(O(s,), h(sy),
Py) = 0), AKIHO BUKOHYETBCS yMOBa

cF cF
ap ap,
20, 29,
det| a5 7 és |20 (seA) (9.28)
0, 0,
B,y OS,)

Haui po3s’asyemo 3anavy Kotui m1is cucremu xapakrepuctuk (9.24)-—(9.26) i3 Taku-
MH TIOYaTKOBUMU YMOBAMMU:

Xilica =0,0) G=1om.
I)A‘|l‘.-.-(i = Wy (s) (I\ =1, 1), (929)
ul, .o = h(s).

Poap’si3o0k nici 3agavi Ko icHye it eauHuid, i iloro MoXHa 3anmucatu y BURsi

X =x(I. ). p = plt, ). u = u(t, s)

(x(0, $) = 6(s), p0. 8) = w(s). w0, s) = h(s)).

(9.30)

PiBHaAHHs (9.30) y napamerpuuniit popMi 3axatoTs po3s’sa3ok 3anayui Kowi ans pis-
HsaHHs (9.1). Slkiwo 3 nepiroro piuanms (9.30) BUpasuTH 1 = 1,(X), s = s.(X) i nigcranBu-
TH B TPETE, TO AicTaHeMo u = u (£,(x), s.(x)) — wykaHuii po3s’sa3ok 3anaui Kowi mis
HelliHiifHoTO piBHAHHA (9.1).
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@ 3aysaxeHHA 9.6
I3 reoMeTpHYHOTO MOMNARY PO3B’si3aHHst 3anayi Kouri 1 cHcTeMM XapaKTepHCTUK
i3 TouaTKOBUMU yMoBaMH (9.29) exBiBasieHTHe MPOBEIEHHIO XapaKTEPUCTHUK i3 KOX-
HOI TOYKH rineproBepxHi I' : x = 8(s), u = h(s), p = w(s) (s € A) y npocTopi R +!
3MiHHUX X, U, p.

& 3ayBaxeHHn 9.7
SIKIO BUKOHYETBCS YMOBa (9.28), TO KaXyThb, IO Ma€ Miciie Heocofauauil unacox
moyaTkoBux ymoB 3amavi Kouwi (8 usboMy pasi Bektop 0F/0p He HOTUKAETHCS O
rilepmoBepXHi Y MPH KOXHOMY X € ). Y HeoCOOJIMBOMY BHTIAIKY FapaHTyEThCs
€OMHICTb po3B’sa3Ky 3anadi Kouri B 1ocTaTHHO MaloMy OKOJi KOXHOI TOMKH Tinep-
nosepxHi .

€ 3ayBaxeHHn 9.8
Cucremy xapakTepucTHK (9.24)—(9.26) 3anucyioTh TAKOX Yy CHMETpUUHiH dopmi:

dx, _ 9%, du __dm = —p . (9.3h
Fxll + b Fu’ F.‘rl,, + Dy E/I

y T T ;= ’ 7
Fl’l Fl’n 4 Fl’l Tt Py Fl’u

OnHuM 3 iHTETpaliB CHCTEMM XapakTepucTHK € dyHKuis F(x, u, p). Cripasai, pust
TIOXiTHOi BHACTIIOK CUCTEMHM XapaKTePUCTHK MAEMO
n

—F(x u. p) = z 4 dt/ Z 4 dpk _

J=1
i n
WA D WAA RS WA AR
Jj=1 k=1 k=1

@ 3aysaxeHHA 9.9
I3 po3rIAHYTOrO BUIUIMBAE TAKHI TPAKTHMHUN cnocif po3e’azysanna 3a-
daui Kowi oan neniniiinozo pieuanua (9.1):
1) 3a piBHgHHAM (9.1) BHITHCYEMO cHCTeMY XapakTepucTuk (9.31);
2) 3HaXOHMMO 21 He3aIeXHMX TepuInX iHrerpaliiB F(x, u, p) = ¢;, ¢,(x, 4, p) = c,,
wres O3, (X, 1, P) = C,, CHCTEMH XapaXTEPUCTHK;
3) mo cvcreMu 2n He3AEXHHX MEPIIUX IHTErpaTiB JONMMCYEMO CUCTEMY PiBHAHb
(9.21), s1Ki 3aHa10TH TTOYATKOBY YMOBY, 4 TAKOX CHCTeMY PiBHAHB (9.27);
4) 3 onlepXaHoi B Takuii cnioci6 cucmemu pienane 3adawi Kowi BAKIIIOHUaEMO 3MiHHI
TakK, 100 gicraTh piBHAHHS THITY O (i, X) = 0. LIUM piBHAHHAM HesBHO 3ana-
HU po3B’A30K 3amavi Kouri.

ONpuxknap 9.1

Memodom xapaxmepucmux po3e axcemo 3adaxy Kowi ons pienanns —(—u-ﬁi -4=01i3
x &
no4amKoeor0 yMoeoro u| ya1=x((x p) e R?). Y
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ou ou .
Mo3Haunmo p = o q= P (F(x, y.u, p, q9) = pq —4) i BUTIHIIEMO CHC-
TeMY XapaKTepUCTHK JaHOTO PIiBHSHHS y BUIIIAL (9.31):

9 »p 2pq O 0
He3sanexHi rnepiui iHTerpaaM CUCTeMH XapaKTepHCTUK MAIOTh BUTIISIL
Pg-d=cqp, p=cy, U=-2px=¢3, px—qy=cy.
ITouaTkoBY YMOBY 33[210Th PiBHAHHSN
x=s.y=1L us.l)=5 (seR).

I3 cucremn (9.27) micraemo: p(s)q(s) = 4, p(s) = 1, g(s) = 4. Takum uuHOM, CHCTeMa
piBHsIHB KaHoi 3anaui Kouwi Mae surasn

Pg-d4=¢. p=c. u-2px=qy, px—qy=c4, x=5, y=1,
u=s, p(s)=1, g(s)=4
3Bincu ¢, =0, =1, ¢c;=-5,¢,=5-4,p=1,9g=4,u~2x= -5, x -4y =s- 4.

Buxioqalouu s i3 ABOX OCTaHHIX PiBHSIHB, AiCTAEMO €IWHHIL PO3B’A30K AAHOI 3aayi
Kouwi u = x + 4y — 4. 3ayBaxumo, WO B JaHOMY BHNAIKY yMOBa (9.28) BUKOHYETHCS:

oF oF
op o&q q(s) p(s)
= =—p(s)=-1#0.
o 07| 1 0|
as 0Os

UfNpuknap 9.12
Po3zzasnnemo 3adauy Kowi

a2 2
du cu 2 2
(;{;) +(3;] —4u=0, ul,_y=y (x.p)eR%).

81/ u
(I—é— (F(x, y, u. p.q)—p +q - 4u). Cucremy xa-

PaKTepUCTHK LbOro pIBHﬂHHH 3aMUIIEMO Y BUIASIAI

[Mosnauumo p =

dx du d
—=2p, L =29, =2 + ¢ 4
dr a't “a (b"+q )' =4p. dr =49
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TMapaMerpuuHi piBHSHHS KpuBOI ¥ : X = 0 i moyaTkosa ymoga (9.21) maloTs Bifmo-
BinHO Takuit BUrAd: x =0, y=s (s e R); u(0, 5) = &. CknanaeMo cucremy (9.27):

PA(5)+ ¢ (s) = 457, q(s) =

i po3B’a3yeMo i1 BiTHOCHO p (5), ¢(5): p(8) = 0, ¢(s) = 2s. 3a3HauuMO, LIO B LILOMY
BUNAAKY BUSHAYHUK

oF oF
ap oq =l2p(S) 246)| _ 5 p(5)
30, 08 0 ]

ds  Os

JOpiBHIOE HYJIO # yMoBa (9.28) He BUKOHYeThes. Jaii po3s’sisyemo 3amavy Kouui
IS CUCTEMH XapaKTePUCTHK i3 TOYATKOBMMY YMOBaMM

X0 =0, yloo =5 ulig =57 plian =0, qlip =2s.

Hicraemo: g =2se™, p=0,u=s 2g8t = se* x=0. 3Bimch u = y2. Jlerko nepesipnTH,
1o AaHa 3amaya Kotiri Ma€ ie onuH po3s’d30K U= X"+ y~.

UNpuknap 9.13
Pozeasnemo 3adauy Kowi

2 2
ouyY (éu ,
[Ex—j +[Z’$] =1 ul.\'2+yz:l =0 ((x, y)e R%).

¢ éu
cu _ 2 2‘1).

Sk i paHime, NO3HAYUMO p = —, 9== (Fx,y.u,p.q)=p° +gq
ox &
CucreMy XapaKTepUCTHK 3aMHLLIEMO B cume‘rppmHm dopmi:

HesanexHi fiepiti iHTerpajii CHCTEMH XapaKTepHCTHK MalOTh BHIJISLL
P +‘12 ~l=q, p=6. 9=6G. pu—-x=¢.
TToyaTKOBY YMOBY 3alalOTb PiBHAHHS
x=coss, y=sins (sel0,2x]), u(cos s, sin s)=0
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I3 cuctemu (9.27) micraemo: p2(s) + ¢%(s) = 1, —p(s)sin s + g (s) cos s = 0, 3BiAKU
p (s) = cos s, g(s) =sin s [aBo p(s) = —cos 5, g(s) = —sin s5]. TAKUM YrHOM, CHCTEMA
- piBHsHb 3ana4i Kowi mMae pummsia: p + g%~ 1 = iy P=Cpg=0y pU-X=0Cy
x =coss,y=sins, u=0, p(s) = coss, g(s) = sin 5. 3sincu ¢, =cos s, c; =sins, ¢, =0,

. X
¢, = —€0s s, MaeMo ucoss ~ x = —CoS s, 3BiIKH U = —1. VpaxysaBum, 1o
co

S §

. X ; . 2
Cos § = —7——\/___-7— JicraHemo u = \/xz + y° — 1. SIxuo BubpatH p(s) = —cos s, ¢(s) =

X"+ y°

= —sins, 7o 4 = —x? +y’ + 1.

3ayBaxMMO, L0 PO3MISHYTE B LILOMY NPHKIAMi PIBHAHHS € OKPeMUM BUTIAJl-

ou cu 1
KOM TaK 3BAHOTO PiGHAHHA elixonanra [ J + [T ] = — > fIKe OMUCYE MOMUpPeH-
ax oy a

HSl CBITJIOBMX NTPOMEHIB Y OZHOPIAHOMY i30TPOMHOMY cepelloBMILi (¢ = const —
LUBMIKICTb CBIT/A).

Y 3agavax MexaHikKu NP AOCTIMXEHHI PYXYy CHCTEMH 3i CKIHUEHHUM YUCIOM CTY-
MIeHIB BiJILHOCTI BaXJIMBY POib Bimirpae piguannn laminomona—Sxobi |5, 7|

év
—+ H(, x, p)=0, 9.32
Y ( ») 9.32)
Yy
e v=v(x, 1), p=(P, s Po)s P; = —:‘ (i=1,...,m, xeR", teR, sake € okpemum
OX;

. ahld ] -
BHNAAKOM PiBHAHHA (9.1). CHcTéMa XapaKTePUCTUK LLOTO PIBHAHHS Mac BUIIISL

de; ¢ dp; D
_/:é_,i’ ﬁ:_i G=1 .. m, (9.33)
dt @p, dr x;
v~ oH
—= ——H. 9.34
dt ;I)'I [}p_,- ( )

Cucremy (9.33) HazuBaloTh cucmemolo Kanorninux pienans laminbmona. Oanicio 3
OCHOBHHX 33/1a4 MeXaHiKU € 3HaXO/DkeHHs iHTerpanin cucremy (9.33). Cucrema xaHo-
HiYHUX PiBHAHb TaMiTBTOHA He MICTUTS (DYHKLIT v i MOXe ByTM 3iHTerpoBana He3alnexHo
Bin, piHsiHHA (9.34). TTicas uboro dyHKUIIO v MOXHa 3HaiTH 3 (9.34) 3a monomoroio
KBaJpaTypH.

Axuo pymkuis H He 3aneXuTb IBHO Bill ¢, TO BOHA € iHTErpaioM cuctemu (9.33).
Cnpaszi,
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fmasa 9
ANOEPEHUIANBHI PIBHAHHA 3 YACTUHHUMW NMOXIAHUMW NEPLLOrO NOPARAKY

dx ” dp. n 5 ) P
dH o & ﬂ_&zz[cHé’H oHaHJEO_

dt _/:1‘”",/ dr ~iop; dr ‘| 0x; 8p; Cp; Ex;

Sxuro BigomMa oxHOMapaMeTpHyHa CiM’d Po3B’s13KiB piBHAHH [aMitsrona—AKko6i

(9.32): v(¢, x, a) (a € R — mapameTp), TO BiTOMUIf TaKOX iHTErpan g— cucremu (9.33).
CrpaBni,

d(ov L 3%y d v & v eH
= £ + Z = +3 —
dt éa 616a = dx;0a dt " otéa jzl(’?xjaa op;

IudepeHLIiloo M TOTOXHICTD
ov %
— (. x,a)=-H i1, x, O—v(t, X, d)
ot ox

O TIapaMeTpy 4, AiCTAEMO

v 5L oH &v

otda 4=t op; dx;da’

d 6v . év .
3BigcH BUMIMBAE, 1[0 — 7 =0 i, oTxe, %0 € IHTerpajloM CUCTEMH KaHOHIYHHX
da

piBHSIHB ['amMiTbTOHA (9.33). ,

Po3B’sa30Kk aAndrepeHIiAIBHOTO PIBHSAHHA 3 YACTHHHUMH MOXIAHWMHM MepUIoro no-
PAIKY, SIKWif MICTHTb CTUTBKY JOBUTBHHX YMCIIOBHX NapaMeTpiB, CKiJIbKM € He3alnexXHWX
3MIHHUX, HA3UBAIOTh NOGHUM imezparom ILOTO PiBHSHHA. OcKinbky piBrsHHA [amilb-
ToHa— k06 MICTHTB JIMIUe TOXiZHI HeBiZOMOT hyHKIIil, TO MOBHHI1 iHTErpan piBHAHHS

Mae Buran v = v(t; x|, ..., X, @), ..., Q,) + a, ke a,, ..., d,, @ — YUCIIOBi MAPAMETPH.
CripaBnxyetecss meopema Ocmpoepadcokozo—SAxo6i |7): acwo eidomuii no-
enull inmeepan v(t, x,, ..., X,, 4, ..., ,) + a piensnun Iamirbmona— Arcobi, mo eci nepwi

inmezpanu cucmemu Kanoniunux pienuans Taminemona (9.33) ausnaveni pienocmamu

ov ov
—_—=b, —— k=1,.
oa, k 6k =P ( ).

ONpuxnap 9.14

. . . ov
Pozzaanemo pigusnns Taminomona— Hrkobi rr + H(p) =0, éaxomy H(p) = —% pz.
v =¥t x) (1, x) € R?).
€BAXKO TepeKoHaTHCs, IO MOBHUI iHTerpas Hboro PiBHSIHHSA Ma€ BUIJIAL
2

i . . ov |
v =5a,1+a,x +a, ne a,, a — 4YUCIOBi napamerpu. Cnpasai, = 3%
c
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9.5
PisnAnHA Ndbadda. Meton Narparxa—Lapni sifwyxaHHA NosHOro iHTerpana

ov . . . 1 5 1, .

p = — = ay. TligcTaBMBLIN B PIBHAHHS, NICTAHEMO Eal - Ea, = 0. 3rigHo 3 Teope-
C'x . .. . . w - .

Mmoo Ocrporpancekoro—Ako6i Tepitri iHTerpav BIANOBIIHOI KAHOHIYHOT CHCTEMH

ov

. ov
TaMisIbTOHA 3aIMUCYIOTHCS TaK: o saf+x=h, —=a = p. ne a, b — no-

. - . 1
BUIbHI CTaii.

&5 TIpomoHyeEMO caMOCTIi{HO TIOKa3aTH, 10 y BUNAAKY, Koy GyHKIis H 3a1exXuTb
TUIBKH Bi p = (p,, ..., p,) : H= H(p), noBHwii inTerpan pisusHHs laMizerona—SAkoGi
Mae BUTJISL

n
v=-H(q....a,)t+ Zakxk +a,
k=1

ne a, ..., d,, @ — YHCIIOBI niapaMeTpH, a BCi MTeplli iHTerpajiMi CHCTEMH KAHOHIYHUX
piBHAHB (9.33) MOXHA BU3HAYUTH i3 CUCTEMH

— =Tt + X = b, a—zak:pk k=1,..,n,

ne a,, b, — MOBiMLHI CTaJTi.

L 9.5 |

PisuanHAa Ndpacpda. Merop NMarpanxa—LLlapni
BiAUWYKaHHA NOBHOroO iHTerpana

Pignsnsm Tpagdpa* B R® HA3MBAIOTH PiBHAHHS BHIJIARY

P(x, y, 2)dx + Q(x. y, 2)dy + R(x. y, Z)dz = 0. (9.35)

o pisusinug [Ndadda npuBoauTh, HaNPUKIaL, 3aKa4a NpPo BiALUYKAHHSA CimM’'T no-
BEPXOHb Y R U (x, y, Z) = ¢ = const, OPTOTOHAIbHUX 10 BEKTOPHHX JIiHiit BEKTOPHOTO
nonst F={P, @, R}. Sixwo t = (dx, dy, dz) — BeKTOp, TKUIl JIEXUTL Y TIOWKHHI,
HOTHUHIH 10 IYKaHWX TIOBEPXOHB, TO (9.35) € yMOBOIO OPTOroHAJILHOCTI BekTOpiB F
itT:(F,1)=0.

* I3 teopieto piBusitb Idadda 8 R" (n > 3) MoxHa o3naiiomutcs B [34). Tlpn n =2

pisusHHa ldadda mae surnan P(x, y)dx + Q(x, y)dx = 0 i € 3puuaiiuum audepeniain-
HUM DIiBHSAHHAM NEPIIOr0 NOPANKY, 3aNUCAHMM y CUMeTpHuHiit (opmi (amB. . 3.2).
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ANOEPEHLIAINBHI PIBHAHHA 3 YACTUHHUMW NOXIAHAMW NEPLWIOTO NMNOPAAKY

Crocosno dyukuiit P= P(x, y, z), @= Q(x, y, z), R= R(x, y, z) npunycrumo, 1o
BOHH HerepepBHO IUdbepeHLIIHOBHI B nesKiit o6acti D npoctopy R? sminnmx x, ¥, 21 1o
B L 00JaCTi BUKOHYETLCS YMOBa

P2+ Q>+ R220.
Beaxaroun, 110 R # 0 B o6nacti D, piBHsAHHS (9.35) mepenuinemMo y BUIISIAI
dz = A(x, y, z)dx + B(x, y, z)dy, (9.36)

e

A= A(x, y,‘_)«——— B=B(x,y z)=- (9.37)

==.I'0

PiBHsiHHS (9.36) ekBiBajleHTHe CUCTEMi IBOX PiBHSIHB

"J

= A(x. y. z), y = B(x, y, 2). (9.38)

D

X

Cucremy (9.38) HasuBaiOTL nogHicmIo iHMezposaHoi0, AKLLIO BOHA Mae PO3B’A30K Z = ¢(X, ¥, ©),
3a/1eXXHM Bil noBimbHOI cratol. PisustHs Mdadiba (9.36) HasuBaloTL noguicmio (uinkom)
inmezpogHum, SKILIO TTOBHICTIO iHTErPOBHA BimmoBinHa cucrema (9.38).

Hexaii cucrema (9.38) nosHicTio iHTerpoBHa. JudepeHLI00YM Mepiy 3 piBHOCTE#H
(9.38) no y, a apyry — o x, zictaHemo

o’z 8A oA ?z B 0B

—+—28, =— A.
axay oy oz éydx ©ex &z
. . . - . .. Pz
3BincH, Ha TMiACTaBi HEMEPEPBHOCTI MilaHOi MOXiAHOT , M3EMO
oxdy
5 5 )
cAd,o4p 28, iA ((x, y. 2) € D). (9.39)
cy ¢z éx ¢(z

TakuM 4YMHOM, TOTOXHICTb (9.39) € HeobxiaHOW 1S TOroO, 1100 cuctema (9.38) Gya
TIOBHICTIO iHTETPOBHOIO, TOGTO Masia po3B’a30K z = ¢(x, y, ¢).

TMokaxeMo, 1110 TOTOXHICTb (9.39) Hachpagai € i ZOCTATHBOIO YMORBOIO TTOBHOI iHTEr-
poOBHOCTI cucTeMy (9.39).

Hexait ymosa (9.39) BukoHyethes. PosrsineMo npaxkmuyunuii cnocib iH-
mezpyeanHs cucmemu (9.38) i (onHoyacHo) pienanuna Ipapda (9.36)

JiHTerpyeMo mepiiie 3 piBHsIHL cucteMH (9.38), BBaXalouu y napaMeTpoM: z = y(x, y,
&(»), i nincrasumo B pyre pisHsnHs: | + y:§(y) = B, abo

300

9.5
PisnanHA MNdpachcpa. Meton Narpamxka—tlapni sigliykadHA NOBHOro iWTerpana

\vv
Vi

g = (9.40)

IMokaxemo, 1o mpasa yacTHHa (9.40) He MicTUTs Xx. Maemo:

B_\V’ ' » ’ ” ,
7 g ZI(B +B‘Vx \Vyx)w&_\llﬁx(B—Wy)"
Ve o ) ( v:)

Jani BpaxoByemo, 1110 QyHKIS ¥ 3a10BOILHSIE Meplie piBHAHHS cHcTeMH (9.38):

lll;ZA. \V:\ W\\r_A\'+AW|7 Wc,\—\V§~A\V§

Bukopuctosyloud wi criiBBigHoweHHs it ymMoBy (9.39), mictaHemMo

B—W,' ' , ’o ’ o’ ,
ILEA SI(B; + BLA- A - Ay, w; - Ayi(B-v))| =
Ye v ( )

( )2|A +AIB- A, - Ay, - AZB+ ALy | =0
Ve

Orxe, (9.40) € 3BHyaitHuM audepeHLliATbHHM PIBHAHHAM MEPUIOTO TIOPAAKY Bif-
HocHo dyHkUiT E(y). 3iHTerpyBaBiuy Le piBHsAHHS, ZicTaHemo £(y) = n(y, ¢), ae ¢ —
InoBinbHa crana. OyHkuis z = y(x, y, n(y, ¢)) = ¢(x, y, ¢) € po3B’a3kom cuctemu (9.38),
SIKMHA MiCTUTB NOBiNbHY cTany. Takum YuHOM, yMoBa (9.39) € HeobBxiaHoIO it JocTaT-
HBOIO IUIST TIOBHOT iHTETPOBHOCTI cucTemu (9.38) [pisnsnnus [Tdadda (9.36)).

SAxwo B (9.39) ypaxysaru dopmyan (9.37) i BUKOHATH HEOOXiAHI NepeTBOPEHHS, TO
YMOBY MOBHO1 iHTerpoBHOCTi piBHsAHHA [Tdadda (9.35) MoxHa 3anucaTu y sursmi

p(ER_2Q), (2P 3R, o(7Q _2P)_,
oy &z 0z Ox ox oy

abo
(F,rot F)=0 VY(x,y, 2)e D. (9.41)

Lleit dakT MponoHyeMo 40BECTH CAMOCTIlHO.

OMfNpuknapg 9.15

Posananemo pienanns Ilhaghha 3yz dx + 2xz dy + xy dz = 0.
Maemo: P=3yz, Q= 2xz, R=xy, rot F= (x-2x, 3y -y, 2z - 32) = (-x, 2y, -2).
Tomy (F, rot F) = -3yzx + 2xz - 2y - xyz = 0 | 1aHe PiBHAHHS MOBHICTIO iHTErPORHE.
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OUOEPEHUIANBHI PIBHAHHA 3 YACTUHHUMUW NOXIQAHUMUK MNEPLLOTO MNOPAAKY

. . . 3z 2z .
B obinacti xy # 0 naHe piBHSHHSA 3anuieMo y Burnadi dz = ——dx — ——dy. 3siacn
X y

cz 3z 6z 2z

MA€EMO CHCTeMy — = ——, — = ——_ 3iHTerpyBaBUIX Nepiue PiBHAHHS, BBAXa-
ox X Cy y
IO4H Y IApaMeTpPOM, JicTaHeMo z = £(y)x . TTincTaBuMO B Ipyre PIBHSIHHSA CHCTEMH!
. c ., c
EWy) = é(y) . 3Bimku &) = — i z = ——.
y X'y

PosrsineMo memod Jazpansxca—Llapni noGynosu noBHOTo iHTErpaia piBHsSHHS

Fx.y,z.p.q¢)=0, (9.42)
ne z = z(x, y) — wykaHa QyHKUist, p = i: , 4= 2, . IKM#t 3BOIMTb BiflUIYKaHHS MMO-
éx y
BHOTO iHTerpasia 1o iHTerpyBaHHs gesikoro piBHsHuA [Madda.
CriBBiTHOWIEHHS
vix, y,z.a,b)=0, (9.43)

siKe HessBHO BU3HAYa€ PO3B’SA30K PIBHAHHS (9.42) i MicTHTL ABi goBinkHI cTani ai b,
Ha3uBaIOTh nogHum inmezpasom Jlazpanca pigusnna (9.42), SKio 3 HHOTO Ta 3 PiBHAHb

6v 6v ﬁ(_ v @av oz

ax Tozex dy &6z édy
BUKITIOYEHHSM CTAIMX a i b MOXHa nicraTu piBHAHHS (9.42).

ONpuxnap 9.16

2

1 | , ,
Hokaxcemo, wo z = —2—ax + > Y° + b € noenum inmezpanom pisHanHa pq — 2xy = 0.

Maemo: p=g—z—=ax, q=gz-=-2—y i pq—2xy=axzy—2xy50, TO6TO
ox cy a a

mpu Oyab-skux cramux a # 0 i b ¢GyHKUiA Z € PO3R’A3KOM NAHOTO PIBHSTHHS.

) 0z 6z 2
BUKTIOYUBIIN 3 PIBHAHDL Fo ax, ——= -y CTajy a, DicTaHeMO JaHe PiBHSIHHSA
X dy
éz oz,
——=2xy
Cx 8y

st piBuanns (9.42) cKiianeMo CUCTeMY XapaKTepUCTHK y CHMeTpHUHIli dopmi (9.31):

dx _dy  dz -dp —dq (9.44)
Fy F O pF+qF, F+pE F+qF '
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9.5
Pisuanna Ndradpdpa. Meton Narparxa—LLlapni sipwyxadHA NOBHOro iHTerpana

Hexait ®(x, y, z, p, q) = @ (a — A0BiJIbHA CTATa) — OAMUH 3 iHTErpaitiB cucreMu (9.44),
TaKui, 1O CUCTeMa PiBHSIHb

F(x,y.z, p,q)=0

(9.45)
D(x.y.z.p.q)=a
OTHO3HAYHO PO3B’A3YETHCA BIAHOCHO P i ¢
éz éz
p=—=Ax.y.2). g=—=B(x.y. 2) (9.46)
éx éy
£oR
iBu3HayHuk J =] | 1 #0.
°, @,

[MokaxeMo, 10 yMOBa MOBHOI iHTerpoBHOCTI (9.39) cucremu (9.46) BUKOHYEThCH. I3
cucremu (9.45) 3HAXOMMMO TOXiAHI HesTBHO 3agaHUX QYHKUIR p i g:

’ ’ l ’ 7’ ’ 4 ’ ’ I ’ ’ ’ '/
p_‘. = Ay = j(f;q)y - ¢ql';.).. p- = A: = j(f;l(D: —d)q[‘:),

I s’ a7 ’ ’ l 7z ! 7
v = 7(F\'¢p - F/)(D.\')' q- = B :7(F:q)p - Fp(D:)’

Ockinbkyu @ = a — iHTerpai cucremu (9.44), o

9O o Fy+ & F) + L (pF, +

7 - O gF)) -~ & (F, + pFl) - &, (F] +qF) = 0.

TTepesipsiemo ymMoBy (9.39):

A+ ALB - B~ BLA = S| F{0, — ) ] + (Fj0. - ) F1) B~
FL, + Fid), - (F0, — Fid0) Al =

l ’ 7’ ’ ’ ’ ’ ’ ’ 14 4 ’ 7’ ’
= 7|F/)q)\" +¢yF;/ +¢:(pr +qﬁ/) _d)/J(F\' + [IF_-)—(D,{(F}, + ql":)I =0

Hani, inTerpyiouu pisusivHst [Tadda
dz = A(x, y, 2)dx + B(x, y, z)dy (9.47)
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(nix yac iHTerpyBaHHs LLOTO PIBHSHHSA 3 ABJIAETbCS Le OQHA IOBiIbHA cTaa b), micTa-
HEMO NMOBHHI iHTerpan piBHAHHA (9.42).

Otxe, MaeMo Taky cxemy mMemody Jdazpauxmca—Hapni

¢ 32 piBHAHHAM (9.42) CKIIATAEMO CHCTEMY XapakTepucTHK (9.44);

* 3HAXOMMMO SIKHI-HeOyIb iHTerpai cucreMu (9.44) sursny & = a (4 — JOBUIbHA
CTa/la) Takuii, wob cucreMy (9.45) MoxHa OyJI0 OMTHOZHAYHO PO3B’A3aTH BIIHOC-
HOpig, "

o iHTerpyemo pisusiHHs [Tdadda (9.47) i nicraeMo noBHHit iHTErpan piBHAHHS
(9.42).

ONpuknagp 9.17

Memodom Jlazpanwca— llapni 3naiidemo noghi inmezpanu maxux piGHAHL:
{21 p-o(q) =0 {6 xp+yg+pg-z=0.

Hicraemo:
dx dy
{at F =p-o¢lg). CHCTeMa XapaKTePUCTUK Ma€ BUIJMIALX T 0@ =

= __ii.z____ ﬂ - i‘l 3Bigcu

p=olg), g=a, dz=@a)dx+ady, z=¢la)x +ay+b.
. dx dy
{6} F=xp+yg+ pg—z. I3 CHCTEMU XapaKTePUCTUK =

xX+q y+p
- dz :_‘ﬂ’_=_'_fii Maemo p =a. BcucreMuxp +yg+pg-2=0,p=a
X +qy +2pq 0

z-ax .
3HaxOOMMO p=d, g = . 3Biacu
y+a
’ — é(.V) :b > = b b
z =ax +§y). g(Y)-m’ Ep)=b(y+a), z=ax+by+ab

ONpuknap 9.18

3uaiidemo nosuuil inmezpan pishans ¢,(x; p) = (v, 9) = 0.

Toknazemo ¢, (x, p) = @,(, §) = 4. SIKLO 3BICH 3HAHTH p =y, (X, @), ¢ = V), a),
T0 KicTaHemo piBHsHus Tlhadda dz = Y, (X, 9) dx + y,(y, a) dy, iHTerpylouH sike,
MaTUMEMO MOBHUI jHTerpail

zZ= J‘\Vl(x, a)dx +J‘W2(y* a)dy +b.
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PisnanHA Mdradda. Metoa Narpanxa—LUapni siawykaHHA NOBHOFO iHTErpana

& TIponoHyeEMO CaMOCTIifHO TepeBipUTH, 10 AaHi GyHKIIIT € MTOBHAMU iHTETrpalaMu
nanux gucdepeHUiaIbHUX PiBHAHB!

Nz
@ z=a(x>+y°)+b, yfi-—xc—z =0
- ox ay

2 A
@ z=,J2ax+a2y2+b. (E—ZJ yz—£=0;
ox oy

2 2 Py YRS
@ :z-= -%ln x+%y\/a2 -y +%arcsin Lib. 2x£+[('—“] +y? =0
a

éx {ay
0 -4 ¢z ¢z
@ z =ax+by+@a.b), z—x£~y(——<p Z Zl=0
éx cy cx Qy

HacaMkiHelb 3a3HAY¥MO, 1O KOJH BiAOMMIT MOBHHUI iHTETPaN PiBHAHHS (9.42),
TO 3a1avyy iHTErpyBaHHA LbOFO PiBHAHHA BBaXAI0Th (POPMATLHO 3aBePLUIEHOIO, OCKiTb-
KM iHUIi pO3B’A3KM TIiCTAIOTh 3 HHOTO HUbEPEHLIIOBAHHAM | RUKITIOUEHHSAM.



I'nasa

3ACTOCYBAHHA METOAY CTUCKYIOUYUX
BIAOBPAXKEHb [0 IHTErPANbHUX PIBHAHb.
TEOPEMMW ®PEArONIbMA

|_~10.1

Knacudpikauin niHilHUX piBHAHD

Inmezpanbrum HA3UBAIOTH PIBHSAHHSA, 1K€ MICTUTh HeBiIOMY dyHKIIiIO
ITiO, 3HAKOM iHTerpaya, HalpuKIal,

b
o) = f(1) +xL K(t, )p(s)ds (1€ |a, b)) (10.1)
abo ‘
1
o) = f() + A f K@, 9)os)ds (t < [a, b]). (10.2)
a
Tyt K(1, ) i f(t) — samani dyHKuii, a () — wykawa. OyHkwilo K(Z, 5)
Ha3UBAIOTb 20poM iHmezpanbro2o pigHanHA, A f(t) — @inbHUMU YAeHOM;
A — mnapametp (3 R a6o C). Y sunanky (10.1) sapo K (7, s) BU3HaueHe B
KBaapari Q:
Q={t,s)eR*|a<t<bh, a<s<by={a, blxla, b], (10.3)
a y sunagky (10.2) — B TPUKYTHUKY A:
A={(t,s)e R’ |a<r<bh, a<s<i). (10.4)

B o6ox Bumankax ¢yHkuist f(f) BU3HaYeHA HA IPOMIXKY a < £ < b.
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10.1
Knacuikauia niHidHux pisHAHb

Pinauns (10.1) i (10.2) HanexaTb 0O KJacy aimitinux inmezpansuux
pienans: WykaHa GpyHKUist ¢(t) BXOAWUTb y Ui PiBHAHHA JiHiiHo. Jani po3-
FIIANATUMYTBCS JIKLIE JIiHiiHi PIBHAHHA.

Axmo wykaHa GyHKLUIS MiCTUTECA JIMIUE [T 3HAKOM iHTerpaja, To
PiBHAHHA HA3UBAIOTD iHMeE2panbHUM PiGHAHHAM nepwozo pody. Hanpuknan,

_[b K(t, $)o(s)ds = £(1) (10.5)
abo |

L’ K(t, Hos)ds = £(0). (10.6)

PiBusitHs (10.1) i (10.2), B akux mykaHa ¢GbyHKILA MICTUTBCA TAKOX i
11033 3HaKOM iHTerpaua, HasuBalOTh iHmMezpanrvHumu pPiGHAHHAMU OPY2020
pody.

Ao Mexi iHTerpyBaHHs (iKCOBaHi, TO iHTerpajibHe piBHIHHS Ha3u-
BAIOTh pignannam Ppedeossma [(10.1), (10.5)]; AKio X Mexi iHTerpyBaHHs
3MIHHI, TO iHTerpajbHe PiBHSIHHA Ha3UBAIOTh pigHsnHam Boasmeppa [(10.2),
(10.6)].

PiBusanas (10.1), (10.2), (10.5), (10.6) Ha3uBalOTL 0dHOpidHUMU, SKILO
f(t) =0, a B IpOTUBHOMY pa3i — HeoOHOpiOHUMU.

Hanani, sax npaBWIo, NpunycKaeMo, wo sapo K (¢, s) i BUIbHAR YieH
f(t) € HenepepBHUMH QYHKIIIIMHI 200 X 32I0BOJILHAIOTL YMOBH iHTErpoB-
HocTi

'”IK(I, s)|? dtds < o, H| K. 5)|2 dids < o,
0 A

b
I | f(0)|? dr < .

HasaBHIiCTb 3HaKa MOJYJISI 3yMORJIEHA TUM, O [0 PO3IJIAdy A0NYCKAIOTLCSA
1 KOMIUIeKCHO3HauYHi DYHKIILi.

Po36 azicom inmezpanbiozo pieHsanHa Ha3WUBAIOTh (DYHKLIIO ¢(7), AKa Me-
peTBOpIOE HOroc Ha TOTOXHICTb 1o ¢ € [a, b].

Hapenemo MpUKIaay iHTErpabHUX PiBHAHBL Pi3HUX TUMIB Ta iIX PoO3-
B’SI3KiB: '

s N e _ 2,232,
D=y Ll+r2(p(s)ds, o) = (L+ )2
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2) Jo’ (t - s)z(p(s) ds = °; o) =3

3) o) = e’ + XJ: te’o(s)ds; o) =e' + l—% Azl);

4) o(t) :_f_ijo"“sinzr(p(s)ds; o(t) = sin’ t;
n_
1
5) jo e’ Se(s)ds = 0

oy,
6) L(rs + 125)e(s) ds = o).

&

CaMoCTiifHO BU3HAUTE, IO AKOTO THIY HAJIEXWUTh KOXHe 3 piBHsHL. [Tepesipre BKa-
3aHi po3s’si3ku. CripoByitTe 3HaiTH HeTpuBianbHMit (9(2) # 0) po3B’430K PIBHAHD
5)16).

10.2

3apaui, AKi npuBoOpATL
DO iHTerpanbHUX PiBHAHb

OnHielo 3 TakMX 3a4a4y € 3aaa4a npo sinHosaenns dyskmii f(¢) 3a ii
neperBopentam Dyp’e:

| +ou .
F(o)=— e ' dr. 10.7
@=—=[ 1@ (10.7)
sk Bimomo, dyHKUIIO f(¢) MOXHA 3HaHTY 33 GOPMYIOI0

! e iwt
[ = _JTEJ F(e)e™™ do. (10.8)

Moxna Beaxkar, 110 ¢opmyna (10.8) qae po3s’sa30K IHTETPATLHOIO PIBHAHHSA
(10.7), B saxoMy f(t) — myxaHa ¢yHKuis, a F(w) — 3amaHa, abo HaBIaKH.
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3apaui, AKi NPUBOAATL A0 IHTErPaNbHUX PIBHAHL

3anava Kowmi a1g 3sMuaiinoro audepeHuiaibHoro pisBHAHHA nepuioro
nopanKy

d
g’tﬁ = F(t, x(1)), x(fy) = X,

TeX MPUBOIUTH IO iIHTErPaILHOIO PiBHAHHA (IUB. M. 3.4):

{
x(f) = x +I F(s, x(s))ds.
Ty
Lie piBHsIHHS, B3arajli Kaxy4u, HeJliHiliHe.
Po3p’s13aHHS MOYATKORBOT 3a/aki AJid JiHiiHnX audepeHiaIbHIX PiBHAHD

MIPYBOJUTH [0 JIiHiiTHMX piBHAHb BoJibTeppa Apyroro pony.
Hexait, Hanpyxknan, MaeMo qudepeHIiaibHe PiBHSIHHS APYTOro rnmopsaky

X+ - pIx() =0 (p(r) e G ) (10.9)

1 TIOYaTKOBI YMOBH x(0) = x,, x(0) = x,. PO3mIsAHyBIUM HEOTHOPIAHE PiB-
HAHHA X +A%x = g(1) (A # 0) 3 TMMH caMHMH NOYATKOBHUMM YMOBaMM, Jie
g(t) — nesixa HenepepBHa ¢GyHKIIis, 3a MeToaoM Jlarpamxa (nus. . 4.2)
3HailaeMo

x(t) = xy cos At + 20 gin At + — l .[ sin A(r — s)g(s)ds.
k A
[Mogepratoumcs no pisHsiHHA (10.9), B akoMmy g (1) = p (t) x(¢), AictaneMo
x" . I I -
x(t) = xy cos Af + —sin At + —J sin A(f — s)p(s)x(s)ds.
A AJo
Lle inTerpansHe piBHSAHHA BosbTeppa apyroro pomy BimHOCHO x (f):
f(t) = xycos At + X0 7» Lsin ¢, K(t, s) = sin Mt - s)p(s).
PoarnsiHeMo 3araibHIIUMI BUAOK i 3acTocyeMo iHLuMit Meton. Hexaii

Maemo 3axauvy Kouiri
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d’x
dr’

= Xy, %(0) = %,

Je dyHkuii g(r), p(t), x(¢t) HenlepepBHi, HAIPUKIIAL, tpu f = 0.
2

IToxnaneMo d f
dt

= ¢(f). bepyum 0 yBaru noyaTkoBi yMoBH i hopMy-

[ es)ds = [ d
1y Jo 1-[0 o(s)ds = .[0 (t = s)o(s)ds, 3HaXOOUMO

= J.O’ o(s)ds + Xy, x(1) = jo' (t - $)p(s) ds + Xyt + x,.
2
dr?

. dx
IlimcraBuMO Terep BMpas3u A e
piBHaHHSA. BigHocHO ¢(f) oictaHeMo

o) = F0) + [ K(t, )als) ds,

ae f(r) = g(r) = Xy plr) - Xtq(1) — xoq (1), K(, 5) = {p(r) + q(1)(1 - 5)].
Lle iHTerpaspHe piBHaHHA Bonbreppa apyroro poay. Skiuo d)yHKuno o(r)
3HAMAEHO 3 LIOTro PiBHAHHSA, TO

x(t) = jo' (t — 5)o(s)ds + Tyt + Xy.

3agaua Adeqs icTopuyHO € nepinolo 3amaveio (1823 p.), sika npusena
JI0 HEOOXiTHOCTI PO3IVISAY iHTErpaIbHOIO PiBHSAHHS.

TTocTaHoBKa 331a4i AGenst Taka. MarepiabHa TOYKa i €0 CHAW Baru
pyxaeTscsd Y BepTHKAJBHIi MIoWMHI (€, 1) no Aeskiii kpusiit. Ciia BU3Ha-
YUTH 110 KPHBY TaK, 100 MaTepiaabHa TOYKA, sIKa MMOYMHAE CBill pyx y
TOYLi KpMBOI 3 OpAMHATOIO X, Jocarna 6 oci OF 3a 4ac = y(x), Oe y(x) —
3agana ¢yHkuis. [lpyu HsOMy BBaXKAEMO, ILIO MaTepiaibHa TOYKa MOYHHAE
PYX 13 HyJIbOBOIO LIBHIKICTIO, a TepTs HeMae. [Ipy y (x) = const gictaeMo
3aa4y 1IpO TAYTOXPOHY -— KPUBY, pyXaloumcs B3IOBX sIKOi Oe3 TepTs, Mate-
piankHa TOYKa JOCITac CBOFO HAWHKIKYOro ITOJIOXEHHSR 3a OJUH i TOU ca-
MU yac, He3aJIeXHO Bill TOYaTKOBOTO IOJIOXEHHSI.
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10.2
3apavi, AKi NPUMBORATL A0 IHTErpanbHUX PiBHAHL

3rinHo i3 3aKOHOM 30epexeHHs 74

eHeprii MaeMo \
mv? =
5 = mg(x - n). x n=x
3BincH JicTaeMO aBCOMOTHE 3HAYEHHS \ /
IIBMOKOCTI PYXOMOI TOUKH: 0 .
AN
— /2g(x n Puc. 10.1

IMo3HaunMo vepe3 B = B(n) KyT Haxuiy AOTHYHOI 10 oci OF (puc. 10.1).
Togi s cKIanoBoi BeKTOpa LUBUIKOCTI B3ZOBX oci On MaTUMEMO

dn = -2g(x —n)sin B,

dr

3BIIKH

dr = dn

T Rgx-msin B’

[HTerpyouH 1o 1 B Mexax Bif 0 10 x i o ¢ B Mexax Bia 0 10 f = y (x),

sinB:

HiCTaHeMO pignanna Abeas BitHocHO GYHKUIL ¢(N) =

*em
IO mdn~f(x).

Tyt f(x) = —2g - w(x).
Axio (bYHKIIuO ¢(n) 3HalizeHo, TO MOXEMO CKJIaCTH napaMeTpuuHi
piBHSIHHS LIyKaHOi KpuBoi. Cnipasi, ¢(n) = 1/sin B, 38iaku 1 = ®(B); xpim

dn _O®dB L
tg B tg B

£ = J’d’ ‘BydB _ = ¥(p).

uboro, d§ =
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3ACTOCYBAHHA METOAQY CTUCKYIOUUX BIAOBPAXKEHL A0 IHTErPANBbHUX PIBHAHL...

Otxe, LWyKaHy KpMBY MOXHa 3a0aTH MapaMeTPUUHUMU PIBHIHHIMU

E=YP), n=2o@P).

3azaya npo MaJii KOJMBAHHA CTPYHHM TAKOX 3BOIMTHCS JO IHTErPaIbHO-
ro piBHSHHS.

MaeMo npyxHy CTpyHy 3aBIOBXKHU [, ixa 6e3 ormopy 3MiHIOE CBOIO
dopMy, ripoTe W1 30UTbLIEHHS iT JOBXMHM Ha BeIMYMHY Al 3TiI[HO i3 3aKO-
HoM [yka moTpibHa cuna y- Al, fe y — nedka ctana. Hexail KiHIIi cTpyHn
3aKpiruieHO B TouKax A Ta B (puc. 10.2). SIxuio crpyHa nepebypae B craHi
CITOKOIO NiAl Ji€10 JU1LE TOPU3OHTANIBHOI CWIM HaTary T, fika IyXe BeJIuKa
MOPiBHAHO 3 iHIUMMU CHJIAMHM, L0 HilOTh, TO NOJOXKEHHS CTPYHU 30iracTh-
cs 3 BiopizkoM AB oci Ox.

[Tpunyctimo Terep, 1o B To4ui C, 3 xoopanHatamu (€, 0) no cTpyHU
npukiageHa BeprukaibHa cuwia P. [lig gielo miei cuau ctpyHa HaGupae
topmu 1amaHoi ACB. BeaxaTtumemo Binpizok CC, xyxe MajJuM NOPiBHAHO
3 BinpizkaMu AC, i C;B (pe3ysbTar MaocTi P nopiBHaHo 3 Tj) i 110 HaTtsr
cTpyHu popiBHioe T i B pasi mii cwin P.

CrnpoekTyeEMO Ha BepTUKAIbLHY BiCh CUIY HaTATYy CTpyHHU B Toulli C i
cuiy P. I3 yMoBY piBHOBAard JicTaHEMO

Tysin oo+ 7, sin p= P. (10.10)

. . . 5 . )
YHacnizok MajocTi BEJIMUMHY 6 MaeMo sin o = g sin B = TTE Tomy

ymosa (10.10) Habupae Bunsany 7, g + 1, ——6—§ = P, 3pigku 6 = P%.
- ()

3HanzeMo Terep BIIXWJIEHHS y (X) CTPYHH Bill MOJI0XeHHs piBHOBaru B
Toulli 3 abcuucolo x < &. LlyxaeMo y(x) y Bursimi

Puc. 10.2

312

10.2
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y(x) =P -G(x,&). (10.11)

3 moni6HocTi TpUKYTHHKIB AC,C Ta A4, C 3HaxonMmo

yx) _x 260 PG(x, &)

3 & 3(&)

=
3

3Bincu

M (() <x< &)’
G(x, &) = Lf (10.12)
’ (/- x)& o
—T(,I (E<x<).

SIXwo Ha CTPYHY Ai€ HerepepBHO PO3NoAiIeHa B3OOBX Hel cwia 3
JIiHiHOIO IWJIbHICTIO p (§), TO Ha AUISIHKY cTpyHHU [, £ + AZ] Aie cuna, mwo
npubsM3Ho AopiBHIOE p(E)AL i cripuuMHsie BinxuneHHs G (x, E)p (E)AE.
[MpuHLUMIT cynepno3uiii Ja€ 3Mory 3po6UT BUCHOBOK, L0 Mig Ai€l0 BCiX
eJleMeHTapHUX CHJI BUIXWJIEHHS CTPYHHU y (x) Y TodLl 3 aBCIIUCO0 X CTaHO-
BUTHME

/
P(x) = L G(x, E)pE)dE. (10.13)

®ynkuito G(x, &) 3 (10.12) Ha3UBAIOTb yHKUicHO enausy. BOHA XapaKTepH-
3y€ BIUIMB CWIH, NMTPUKIAZEHOl 0 CTPYHH B TOYULli 3 abcuucolo &, Ha Bilxu-
JIeHHS CTPYHU B ToYLi 3 abCLMCOIO X.

Skuwo Tpeba 3HANTH UIBLHICTD po3noainy cuiu p(£), Nid BILTABOM
SIKOT CTpyHa Habepe 3agavoi popMu y = y(x), To (10.13) — He 110 iHWe,
SIK iHTerpanbHe piBHAHHA PpearojibmMa neporo poay BiAHOCHO (DYHK-
uii p (). .

[Tpunycrumo Teriep, O Ha CTPYHY [i€ 3MiHHA B Yaci f CWJIA 3i IUTLHICTIO
po3noniny B Toulli € : p (&) sin wt. [1in BIUIMBOM Lii€i CUMTK CTPYHA pyXaTUMETb-
cs. BeaxaryMemo, 1110 CTpyHa 34iHCHIOE NePIOIHYHI KOJIMBAHHS 33 3aKOHOM

u=u(x, = y(x)sin or.

Axwo p(§) — AiHiiiHA WIiNbHICTh PO3MOAINY MacH CTPYHH B TouLi £, TO B
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3ACTOCYBAHHA METOAY CTUCKYIOUYMX BIAOBPAXKEHDL A0 IHTEMPANbHUX PIBHAHD...

MOMEHT 4acy / Ha IUBIHKY CTpyHH [£, & + AE], kpim ci p (§) sin of - A, mie

e cuia iHeplii

u ) .
—P(ﬁ)AF:? = pE)y(€)w’ sin or - AE.

Y ubomy Bunanky pisHsHH#A (10.13) Habupae BUTTIALY

yeosin of = [ Gz, BIpE)sin of + opE)y@sin wrkde.

CKopoTHMO Ha Sin of i moKIazeMo
i
[,60 0@ dE = 1), G(x, Bp®) = K(x, 8, o =2
Toxi BinHOCHO y (x) AicTaHeMo piBHsiHHs PpeAronaspMa Ipyroro poay

y) = 00 + 4], K(x, 9yE)de.

| 10.3 |

MeTton nocniposHux HabnuxeHo
BNA piBHAHHA ®pepronsma

Haramaemo cniouaTtky Teopemy BaHaxa, sIky Ha3WBAlOTb MpUHKUNOM

cmuckyrouux eidobpaxcens (mus. 1. 3.1).

Teopema 10.1 nonyckae Hu3Ky yzaranbHeHb. HaBenemo onHe 3 Hux.
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10.3
MeToa nocnipoBHux HabnvxeHb QNA pPiBHAHHA OpearofbMa

HosepneHHA
Oneparop A : X - Y (X, Y — MeTpHYHi NpOCTOPH) HA3UBAKOTh He-
TIEpepBHMM Y TOYL X, € X, AKINO

Ve>038>0:Vxe X :py(x, x)) <3 = py(Ax, Axy) <E€.
KpiM Toro, 3a o3HaueHHAM A’x = A (Ax) i T. 1.
[o6ynyeMo nmocminoBHICTs X, : X, , | = Bx, (k 2 1, x, € X noBinbHe).
Ouinnmo p(4x,, x;). Maemo

p(Ax; . xi) = p(A(BX; 1), Bxy 1) = p(B(Axy 1), Bxy ) <
< gp(Axp. %) S 24 p(Ax, x) > 0 (0<g<]).

Ockinpku onepaTop B cruckylouuii, To 3a TeopeMolo baHaxa icHye
lim x, = x,. Toai, BHAaCJilOK HenepepBHOCTi oneparopa A, 3 oc-

n—x

TaHHbOI HEPiBHOCTI JZicraeMo p(Ax;, X, )k—> p(Axy, x3) =0. Tomy
Ly )

Axy = x,. OTXe, x, — HepyxoMa To4ka oneparopa 4. BoaHovac x, €
HEpPYXOMOI0 TOYKOIO i oneparopa B. Cnpasii,

Bxy = A"xy = A" (Axy) = A" (xy) = ... = x,.
Ockinbku oneparop B CTHCKYIOYHH, TO TOYKA X, EAUHA.
Pisusuna @pearonbmMa Apyroro poay. Po3risiHeMo piBHAHHSA
b
o) = (1) + 1 j K(t, s)o(s) ds, (10.14)
a

ne f(t) e C[a,b]’ K(t, s) e CQ.
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3ACTOCYBAHHA METOAY CTUCKYIOYUX BIOOBPAXKEHL A0 (HTEMPAMBHMX PIBHAHb. ..

BBenemo 10 posriany inmeepansvhuti onepamop ®pedeoroma

. det ph ,
Ao S j K1, )o(s)ds, ¢(r)e iy y).
Touni piBHsaHHA (10.14) MoXHa 3anucaTi B OIepaTopHiil hopmi:
o= f+Ade a6o (I —rA)g= f, (10.15)
e [ — oDTMHUYHUM oneparop.
[llykatumMeMo po3B’s30K iHTerpaabHoro piBHsHHs (10.14) y npocropi

C (a. b Posp’a3koM piBHsaHHSA (10.14) Ha3suBaOThL hyHKLIO ,(t)e C (a, b]°
SIKA MePETBOPIOE 1ie PIBHSHHSA Ha TOTOXHICTB:

b
00(1) = £(1) +7LL K(t, $)op(s)ds (r e [a, b)).

3poaymino, wo npu A = 0 gictanemo ¢(f) = f(¢), i po3B’A30K EAMHUIA.
[Mokaxemo, 110 piBHAHHs (10.14) Ma€ po3B’s130K i 10 TOro X EOUHMUIA i TIpU
IOCHUTh MauX | A |.

Hexait A — oneparop, BU3HayeHUH bhopMyIiolo

def -
A = [+ rdo,
TOOTO

def h
Ap'= f()+ 1 f K(t, s)o(s)ds.

Toni piBusHHs (10.14) Habupae BUNTALY A = ¢ i iieThCs PO BIALIYKAHHS
HEepyXOoMoi To4KH orteparopa 4. lociauMo BIacTUBOCT LILOTO OnepaTopa.

Hexait ¢(t) € C, ;. [Toxaxemo, 10 i byHKwis g(¢) = Ap(t) Tex Haie-
XUTb Tipoctopy C, 4. Lle BUTUIMBAE 3 OLIHKU:

| gt +h) - g(t) | <
<L LU= fO 1+ 0 [TTKG b9 =K, 5) 1] o) Ids <
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Merton nocninosHux HabnukeHe ANA pPiBHARHA @Opearcnbma

npu | A| < 8 (8 = min(3,, 3,)), OCKiIbKM 3 (haKTy HerepepBHOCTI QyHKLIN
f() i K(t, s) MmaeMo

| fie+h)y—f(t)|<e/2 mpu|h|<d,,

| K(t+h,s)-K(t,s)|< npu | k| <8,V sela,bl,

€
21| Db -a)
ae © = max lo()|. Otxe, 4: C, 5 Cpp

ast<bh o ’

3’sicyeMo Terep, NIPH SIKUX 3HadeHHsX | A | oneparop 4 ctukyroumii. He-
xait ¢, ¢, € Cy, 4. Toni

b
A Kt 9)lors) - or(s)ds| <
SIM | M(b-a) max | (1) = () | = | 1| M(b - a)p(ey. 02),

P(AQ;, Apy) = max |[Ag - Ag, | = max

ne M :man[K(t,s)l.
Orxe, KO BUKOHYETHCS YMOBA

1

(10.16)
TO onepaTtop A CTUCKYIOUHH.

ITpocrtip C (a, p HETIEPEPBHHUX dyHKUI# i3 PIBHOMIPHOIO METPHKOIO MO-
BHMI. ToMy MOXHa chOpMYJTIOBATH TaKy JOCTATHIO YMOBY iCHYBaHHS PO3-
BUTKY piBHsHHS (10.14).
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3ACTOCYBAHHA METONY CTUCKYIOUMX BilOBPAXKEHD AO |HTErMPANBHWX PIBHAHD...

ONpuxknan 10.1

Pozensnemo pignanns

5 |
=2 o(s) ds. (10.18)
o(t) 6t+kj“rs(p(s) s
Snpo K(t, s) = ts nerepepsre npn 0 < f, s <1, M = méinK(’, s) =
= max | 5| =1. Orxe, ipu | A | < 1 po3n’a3ok piBHsAHHS (10.18) MoxHa 3Hai -
TH 32 CXEMOIO TOCHIZOBHUX HaGMMXKeHb:
@ (f) = O,

—— y 5 g
6 6
n
(p,,(r)~—t[1+—+ +-}§7]
Jlerko Gaqwmj, HIo
. 5t
Q1) = ”1'_'2 ¢, (1) = 06N

36epiraloqu IIPUNYIIEHHS PO Hél‘[epepBHiCTb dyHkuiin K (t s)if(@),
posnisiHemo piBHsiHHsA (10.14) y nipoctopi Ly, ) dyHKuii x(t), iHTErpoB-
HHX i3 KBaIpaToOM:

b .
J x2()dt < +o0,
a

METPHKA B AKOMY BU3HaYeHa HOPMYIIOI0
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1/2
o<, 500 = [ 10 - x|
[loxaxemo Hacamniepen, WO KoK x (t) € Ly, > TO byHkuis
;lx(t) =y(t) = JjK(r, )x(s)ds € Gy p)-

Cnpasai, 1)1 ZOBUIbHOTO ¢ € [a, ] MaeMo

190 =300 | =| [11K (.9 - K, 9| <

<8I | x(s) | ds < edb— aU x (s)ds) vrl|r-1,] <8  (10.19)

¥ (10.19) 3acrocoBaHo HepiBHiCTh Koli—ByHsKoBCbKOro it $HakT piBHO-
MipHOi HemepepBHOCTi aapa K (¢, s) Ha MHoxuHi Q. Ockinbku € > 0 B
(10.19) — noBuUILHMIA MapaMeTp, TO cbym(um y()e Ca b

Orxe, cepent ycix PyHKUIHA i3 Ly, p) PO3B’ "SI3KOM |HTerpa.anoro piBHSIH-
Hs (10.14) 3 HemepepBHUMM K (2, 5) Ta (1) MOoXe 6ym JIMlIe HerlepepBHA
dynkuis. Cnpangi, AKIWO @, = @,(f) € ina 5 — po3B’A30K piBHaAHHA (10.14),
10 @y = LAy + f€ C, p), 5K BYJIO MOKA3aHO BUILE.

Y npocropi L o, 5 3HOBY TIPHXOIMMO 110 3a5a4i Npo BiMIIYKaHHS Hepy-
XOMOI TOYKH onepaTopa A:

Lya. oy = Ga. 51 € Lyja. ) -
def b
ne Ag = f(r)+xj K (1, $)o(s)ds.
o qheb .
- Ioknagemo B = j j K< (1, s)dt ds i nokaxemo, 110 3a YMOBH
: d<a

|A|<1/B (10.20)

oneparop A : Ly, = Ly, 5 CTHCKYIOUHIA. st Gyab-AKHX @y, @, € Ly, 4
MaEMO
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b
Agy = Ay = [ K (1, 9)los(s) - 91 ()] ds.

3acTocoBytouu HepiBHiCTh Kotii—ByHaK0BChKOrO, MicTaHeMo

2
| Ag, - Ao, |*= [XJ‘:K(’, [pa(s) - (Pl(S)]de pS

b, b b
<[ K 9] [02(5) - @i(9)P ds = 1207 (0o, o) K200, 5)ds.

3inTerpysaBiuu oOUIBI YaCTHHU OCTAHHBOI HEepiBHOCTI ITO ¢ Bif @ fo b, Ma-
THUMEMO

0’ (Ap,, Ag)) < M2 B2 (g,, 0)),
abo
p(A9y, Ap) < || Bp(o,, @)).

Orxe, ipu | A |B < 1 [ymoBa (10.20)] onepatop A cTucKylouHil. YpaxoByio-
YU IIOBHOTY npOCTopy L2 (a, b] [21], chopMmymoeMO Tenep JOCTATHIO YMOBY
iCHyBaHHS pO3B’ABKY pIBH;IHH;I (10.14) y mpoctopi L2[ b

L 4 3éyaaxeuun 10.1
SIxio ymoBu TeopeMu 10.4 BUKOHYIOThCS, TO MOXHA rapaHTyBaTH 30iXKHICTh

TOCTiTOBHUX HaOMVXeHb Jille B cepennbomanpamqnomy ((p,,(t) ==> (p(,(f))
T06TO B MeTpHLi MPocTopy Ly, 4:

2

b ;Y
000,01, o) =4[ 16,1~ 0uF dr| =0 mpyn o
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10.3
MeTon nocnigosHux HabAuXeHb anAa piBHAHHA ®pepronbsma

Sk merko 6ayuTH, —. Tomy yMoBa (10.20) nae 6inbiuy o6sacts

]
M(b-a) (b - a)
3HaYeHb MapaMeTpa A, Ui SKHX rapam*yencn iCHYBaHHS T4 €XMHICTh He-
nepepBHOTO pO3B’sI3Ky. Tak, y BUNaiaKy piBHsHHs (10.18) reopemu 10.3 1 10.4
naioth obmacti [A] < 1, |A| < 3 sinnosiguo. «ITnaTta» 3a Take po3WIMpeHHS
obGaacti — Brparta rapaHTii piBHOMipHOT 30iXHOCTI y cxeMi NMOCHiZOBHUX
HabJIMXKeHb.

SIx1o BIIMOBHUTHCS Bill yMOB HernepepBHOCTI f(¢) i K (¢, 5) y piBHSIHHI
(10.14) i Bumararu Jine, o0 f(¢) € Ly, B K(t, s) € L,,, T06TO

b
j FA(H)dt < +oo, J’ _[ K2(t, s)dsdt = B? < +oo,
a Q

TO B pa3i BukKoHaHHA yMoBH (10.20) piBHsiHHg (10.14) maTHMe enuHMIA po3-
B'S30K (1) € Ly, o

IpyHLIMI CTUCKYIOUMX Bmoﬁpa)KeHb MOXHa 33aCTOCYBAaTH 1 10 IesIKMX
KJIaciB HeJIIHIHHUX iHTerpajJbHUX PiBHAHbD.

Hexait MaeMo piBHSIHHA

o) = f(1)+ XI: K(t, s, ¢(s))ds, (10.21)

B SkoMy f(¢) i K(¢, s, z) — HemepepBHi QYHKUIT CBOIX apryMeHTIB
npu ga<t<bh,a<s<bh zeR.

Mpunyctumo, wo byukuis K (1, s, z) 3an0BoabHse yMoBy Jlimuina
LLIOAO apryMeHTy z, To6To

| K(t, 8, 20) - K@, s, 2)) | < L|z -2 |,

ne L — jesxa ctajia, fika He 3aJIeXHTh Bill Z,, Z,.
Poarisinemo BizobpaxkenHs A noBHoro npocropy C a6y cebe, 11e

Ao £y + xj"K(t, 5, ols)) ds.

Touni pisuanus (10.21) MoXHa 3arMcaT y BUIJIALI ¢ = A@.
HeBaxHo 3HaifTH yMOBY, 3a AKOi onepatop A cTucKywoumit. Hexaii ¢,(f),
@,(f) — moBiIkHI GyHKU{i 3 C (a, BI" Tomi
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Maea 10
3ACTOCYBAHHA METOAY CTUCKYIOUYMX BIQOBPAXKEHL [0 IHTEMPANLHUX PIBHAHL. ..

b
‘ A(p2 - A(pl I = '}\'J‘a [K(’s S, (P2(S)) - K(ts S, (pl(s))JdS <

SIAML(b~a) max | gy(s) ~@(s)| Vi€ la, bl.

Tomy

p(Ap, 4¢)) = max | Agy(1) — Ao (1) | <[ X | L(b - a)p(0y, ¢))-
Orxe, B pa3i BUKOHaHHA YMOBH |A| < 1/L(b — a) onepatop A Gyue
CTUCKYIOUMM i, BHACTiIOK Teopemu 10.1, interpanbhe piBHaHHaA (10.21) ma-

THUMe TIPHM TaKUX A €IUHUI HenepepBHUH po3B’sa30K. Moro MoxHa 3HalNTH
MEeTOIOM MOCHIIOBHUX HabIMXeHb 32 CXeMOI0

Q1) =f(t)+ XJZ)K(I, S, O,(s))ds (ne N),

ze ¢,(¢) — nositbHa QYHKUIA 3 C (a, B]"

OQnNpuknagpg 102
3acmocyemo memod nocaidosnux Habauxcens 00 pigHAHHA

) =1 — .
(1) +3j”+(p(s)s

. IA) .
V uromy sunanky bynkuis K = K(t, s, z) = e HefepepeHa 3a BCiMa
+z°

cBOiMM aprymenTamu. BoHa Mae oGMexeHy YaCTMHHY TOXiAHY MO 2:

cK

-~

cz

<l (~1<t s<1l, —0<z<+x)

i (+z° )
i, oTxe, 3agoBonkHsie ymoBy Jlimuriua iono z 3i cranoio L = 1. Tomy ymosa

]A] < ml—) =% BUKOHYETLCH. 3aCTOCYEMO MeTOJ TIOCHIZOBHUX HabMU-~
-a
XeHb, MOKJIABIIY ¢,(f) = 1. Toni
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10.4
MeTton nocniposrux HabnuxeHs ANA pPiBHAHHA Bonbreppa

(p7(t)-l+3J. ds~l

3posymino, wo ¢,(t) = } npu n =2, 3, ... OTXe, €IMHUM PO3B’A3KOM JaHOTO
piBHAHHS € QYyHKUIA

Q1) = lim @, () = 1.
Ho%

#5 TTpormoHyeMO caMOCTIliHO NMepeBipUTH BUKOHaHHA yMOB Teopemu 10.3 i 3uaifTn no-
CLAOBHI HAGIIKEHHS @, @), @3, P, PO3B'AKIB TAKHX PiBHIHD:

a) o)y =1+ L: ro(s)ds:
i !
6) eln) =¢' + }»J." e' Tt p(s)ds;

B) O() =1+ %J‘(: (1s + s )o(s) ds.

| 10.4

Metopn nocninoBHUX HabnuxeHb
AnA pisHAHKA Bonsteppa

Po3rnsiHeMo piBHSIHHSA

o) = £+ 1] K. o) (10.22)

B IKOMY f(t) € C a, b @ A0PO K(t, s) HelepepBHe B TPUKYTHUKY A [IMB.
(10.4)].
Hexait A — oneparop, BUsHaueHuit GopMyJIoio

A% 10+ 1] Kt 906)ds (0= 9l1) € G ).

Ax i B n. 10.3, nerko nepesipuTH, 1O A : C{a' o™ Cra o
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Mmasa 10
3ACTOCYBAHHA METOAY CTUCKYIOUUX BIBOBPAXKEHb OO IHTEFPANBHUX PIBHAHDb...

Anst noBinbHUX ¢, ¢ € C |, 5 MAEMO

| Ay (1) = A () | < | A | M(t - a)p(@y, @) < | A | M(b - a)p(9y, @)
(M = max | K1, 5) D),

T00TO
p(AQ;, Ag)) < | A | M(b~a)p(9y, ¢).

3 ocTaHHBOI HEPIBHOCTI MOXHA 3pO6UTH BUCHOBOK IIPO HEIIEPEePBHICTb Ofle-
paropa A.
[TokaxeMo, IO ZesTKUii cTertiHb orieparopa A” CTUCKYIoYHit. Maemo:

| Aoy (1) = Agy (1) | < (r = a) | L | Mp(9s, @),

| A0, - Ay | =[] K@, 91 dos(s) - Aoy (0115 |

[2 MZ(r_a)Z
2

Al M®-a)
!

Sl)\« p((p25(pl)a

| A"y (1) - A"y (1) | < p(@,, ¢p).

Itg 6yap-aKOTo A HATypajibHe YMCIO # MOXHA 100paTy Tak, nob

o 2 MG-ar |

n

n!

ockinbku lim o, = 0. Otxe, oneparop A" CTUCKYIOYHIA:

p(A"@,, A"@)) < a,p(@y, @) (o, <1).

BukoHyloTbest Bci yMoBM TeopeMu 10.2, ToMy nocnigxkyBaHUiA onepa-
TOp A Ma€ €NMHY HepyXxoMmy TOUKY B C, 4. TakyM YMHOM, CIIPaBeL/IMBE
TaKe TBepIXCHHSI.
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10.4
Metoa nocniposxux Habnuxens BNA piBHAHHA, BonbTeppa

UONpuknag 10.3

Pozznanemo pignanns

1
or)=1- L (1 —s)s)ds (1 €0, n|).
Ouesuano, BCi yMoBU Teopemu 10.5 BUKOHYIOTbea. [Toknagemo ¢ (1) = 1.
Toni
3

! r
O (1) =1t —J‘“(t—s)sds =1 e

3 3 3
_ _ [ . '_i’ . B Ia ,_
©3(f) =1 J‘“ (t a)[s 3 ]ds 1 3 1 3T

3po3symino, 1o
(pn(’) = (P()(,) =sin 1.
10, =]

besnocepenHs mepesipka rokasye, wo GYHKUI @y(¢) = sint (t € [0, n]) €
PO3B’I3KOM [aHOTO IHTErpalbHOTO PiBHSHHS.
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Mmaea 10
3ACTOCYBAHHA METOLY CTUCKYIOUYUX BIOOBPAXKEHb AC IHTEMPANbHWUX PIBHAHD...

Meron NocAiTOBHUX HAOMIKeHbL MOXe OyTH 3acTOCOBaHHU i 10 He-
JIHIKHUX piBHSAHL THNTY BosibTeppa. Po3risiHeMo, HaITpUKIaI, PiBHSHHS

of) = £(1) + xL'K(r, 5, (s)) ds. (10.23)

3anumiremo ioro B oriepaTopHiii opmi: ¢ = Ag, ae onepaTop A BUIHAYEeHH
dopMynoio

49 f)+ [ K(t, 5, 9(s)ds (@ = o) G-

Crpasel/lfBe TaKe TBepIKEHHS.

&5 TIporioHyeMo CaMOCTiHHO KOBECTH TaKi BIACTHBOCTI omepatopa A:
1YA: Ctaybl > C[a,b];
2)A— HenepepBHUI OnepaTop;
3) 3 ne N Take, 1o oneparop A" CTUCKyl0unH,

QnNpuknap 104
Memodom nocaidogHux HAbAUNCEHb PO36 ANCEMO iHmezPanbHe PIGHAHHS

l+<p(s)
o) = jo - O g welo, 1)),

azneuu @,(t) = 1.
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10.5
IHTerpansHi piBHAHHA 3 BUPOMKEHUM ARPOM

OuesujgHoO,

1+ 5?

0 (1) = J-()st =1

Otrxe, ¢,(t) =t (n>1). Tomy @y(¢) = 1.

Axmo BuOpaTH iHIlle MOYaTKOBe HAOAMXeHHSs, HAMPUKIIAL <|>|(t) =0, To
BHKJIAAKH ICTOTHO YCKIAAHIOIOTECS. Lle CBIIYHTH PO BaXAMBICTH BAAIOro
BHOOpY NMOYaTKOBOTO HabGNIMXeHHS.

[ 10.5 |

IsTerpanbHi piBHAHHA
3 BUPORIKEHUM AAPOM

IHTerpajibHi piBHAHHSA LIbOIO KJIACYy BAAETHCS MOBHICTIO MOCHLINUTH,
BMKOPHCTOBYIOUYH anapart Teopil JiHiHHUX aireOpUMYHHUX PiBHAHb.
Po3risineMo iHTerpanbHe piBHAHHA PpearoisMa IpYyroro pony

o0 = FO) + 1] K. )9(s)ds (t < la, b),

e GyHKkuis f(t) e C [a, 5 @ SUIPO MAE BUIJIAL

K@, s)= ia,— (b;(s). (10.24)
i=l

Anpo tuny (10.24) Ha3zuBalOTh gupodxcenum. He 06MeXyIOUH 3arajibHOCTI,
MOXHA BBAXaTH, WO cUcTeMU QYHKUIHA a,(1), a)(1), ..., a,(t) Ta b,(s), by(s),
., b,(s) MiHiiAHO He3anexXHi Ha [a, b].
HpunycmMo wo aft), b(t) € Cio, 5 (=1, ..., n). Toni sppo K(t, s) €
€ Cp, ae Q = |a, b] x [a, b]. Inmezpa/mne pmmmw: Ppedzorsma 3 aupodxce-
HUM ﬂapom Ma€ BUIIAA

o) = f)+ Xz”:a,-(t) J' ' bi(s)(s) ds. (10.25)
i=1 “
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Maega 10
3ACTOCYBAHHA METORY CTUCKYIOUYUX BIAOBPAXKEHb A0 IHTETMPAMbHKX PIBHAHDb...

Mpunyctumo, lllobpiBHHHHﬂ (10.25) mae po3p’s130K @ = @y(t) € C (a, b [To-
3HAa4YMBUIK ¢; = f b;(s)@y(s)ds, 3 (10.25) micraremo
a
Po(r) = F(O)+ 1Y c;a;(0). (10.26)
J=

Otxe, po3s’si3aHHs PiBHAHHA (10.25) 3BOAMTLCA [0 BiIIIYKAHHS CTAINX G

G=12,..,n).
[TomHOXMMO MOCTiIOBHO piBHicTb (10.26) Ha b, (t) i 3iHTErpyeMo onep-
XaHi piBHOCTI 110 f Bi @ Ho b. YBiBuIM 1TO3HaYeHHA

[[ajonnrdr =k, ["br@rd=fi =12 n),

BIIHOCHO HIYKaHUX CTIHX Cy, Cy, ..., C, AICTAHEMO CHCTEMY JIiHifHUX al-
rebpUYHMX PIBHAHB

=AY kye;=f =12, m). (10.27)
j=1

Axio cucrema (10.27) HecymicHa, To, O4eBUIHO, it iHTErpasibHE PiBHAH-
Hs (10.25) po3p’sa3ky He Mae. Axkuo x cucteMa (10.27) mMae po3s’a30k
€15 Cyy +-.s €,y TO, TACTABUBLIN HoOTO Y hopMyy (10.26), mictanemo dyHK-
uilo @y(t) e C, p)» KA 33I0BOJIbHSAE iHTeTpaIbHE piBHsiHHS (10.25). ¥ upo-
MY HEBAXKKO ITepeKOHATHCA Ge3nocepeHbOKO NIepeBipKoIo.

MoxHa 3po0MTH BUCHOBOK TIPO Te, 110 iHTerpaibHe piBHsAHHA (10.25)
Ta cucTeMa JIiHiiHuX anreGpuaHux piBHaHb (10.27) «piBHOCUIIBHI»: BOHH
MaloTh PO3B’A30K 400 He MaloTh HOro BogHOYAC.

Tonosuumit BusHayHuK D (A) cucremu (10.27) HA3UBAIOTb BUIHAUHUKOM
Dpedzoanma, a HyNi BUSHAYHHKA, TOOTO KopeHi piBHsiHHA D(A) = 0 — xa-
paxkmepucmuunumy (eaacrumu) yucaamu aopa (10.24). I3 dakrty «piBHOCHIDb-
HOCTI» iHTerpajpHoro piBHSAHHA (10.25) i niHiitHOl anredpUyHOT cucTeMu
(10.27) BuniuBae Take TBEPIKESHHS.

10.5
IHTerpanbHi PiIBHARHHA 3 BUPORXKEHUM AAPOM

€ 3ayBaxenHa 10.2
OIHOPIAHOMY IHTErpaibHOMY PIBHSHHIO 3 BUPOIKEHUM SIPOM

" b
o) = 1Y a0 bis)als)ds (10.28)
et a

BIAMOBiga€ OAHOpIAHA CHCTEMA JiHIHMUX aNreGpUYHUX PIBHAHL

G =AY ke =0 (=12 ..n), (10.29)
j=1

Cucrema (10.29) Mae TpusiaibHMil (HYJTLOBUIA) PO3B’A30K 6 =¢=..=¢,=0.
ToNi ¥ mume tomi, xonu D(A) # 0. ToMmy nepury Teopemy ®penronsma
dopMy.TioioTe Le # Tak: abu iHTerpasbHe pisHanusg (10.25) mato enunmit
pO3B’s30K AN NOBiNLHOT byHKUii f(t) € C la, B HeoOXiaHO i JOCTaTHRO,
wo6 pinnosiiHe omHOpiaHe pisHsanug (10.28) Mano auvie TpusianbHuit
PpO3B’5130K.

UnNpuknap 105

Po3s ‘aucemo inmeapanvhe pigHARHA 3 8UPOOHCEHUM AOPOM
. I
o) = f(r) + k_[“ U —s)o(s)ds (te 0, 1]).
Maemo
at)y =1, bs)=1, at) =1, h(s)=-s,
_ ! 1
o) = f(1) + }\1'[“ Os) dls + x'[) (—5)p(s) ds.

OTxe, WyKaHWI PO3B’I30K MaE BUrIsig

Q1) = f(£)+ Aeyt + Aoy,

e cTani ¢;, ¢, 33A0BOALHSAIOTH CHCTEMY PiBHSHb

A A (o .
o5 Sas(ied -

i | 1 1 1
k== k=1 kyy == kyy =1 s | - [nr
=3 ki e RNy J'of(m/r. 5 j“( 1) dt ]
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fnasa 10
3ACTOCYBAHHA METOLY CTUCKYIOUMX BIAOBPAXKEHb OO IHTErPANBHUX PIBHAHD. .

Bu3HAYHMK L€ CHCTEMU

A

-2 2
D) = det| 2 1+ 20 vraeR
A 12
= l +=
3 2

Tomy HaHe piBHAHHA He Ma€ TiHCHMX xapaKTepHCTHYHUX ducel. 3a dpopmy-
namMu Kpamepa 3HaxooauMo:

_ 6@, +7~(f| £26) . 265 -M2A+3H)

A2 +12 N M +12
s fty=110 fi=1, fy= -t q =i, ¢ = 20
KO, HANPUKJIAN, =Lt /=1, /= 3’ 1 212 2 Vi1

ToMmy y Bunanky f(t) = 1 wiyKandM po3p’sa3koM € QYHKLIs

12 AL+ 6A
=1+ t - t € {0, 1]).
@01} M2 A2+12 (

IMeperBopumo dopmyity (10.26) mis po3s’a3ky piBHsHHS (10.25). He-.
xXal Dy (A) — anre6puuHe JOTOBHEHHS eJleMEHTa dy puaHaunuka D(A). Toni

1 & L :
= Dy 2 DuW i (=1

D) = F0+13 08,0 = 0O + 5o 'y 2 Dy Va; (1) -
) i=1

i=lk=

OCTaTo4HO MaeMo

Q) = f(1)+ ijR(r, s, M) f(s)ds, (10.30)
e
l n
R(@t, 5,)) = WE. Dy (M\)a; ()b (5). (10.31)
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10.5
IHTerpanoHi piBHAHHA 3 BUPOMXSHAM AAPOM

®@yukuio R(t, s, ) HA3UBAIOTb Pe30ILEEHMOI0 iHMezpatbko2o pieHanns (10.25)
[abo saaopa (10.24)]. I3 dopmyau (10.31) nerko 6ayuTH, IO PE30ILBEHTA
R(t, s, 1) € 1pob6oBo-paLioHaTbHOIO dYyHKIi€EW 3MIHHOI A (rpH dikcoBa-
HHX !, 5), HeIlepepBHOIO 1O {, s y KBafpaTi Q, AKILO A — HeXapaKTepHC-
THYHE YHUCIIO.

25 TIpOnoHyeEMO CaMOCTiifHO 3HANTH Pe30JIbBEHTY PIBHAHHA 3 pukiaxy 10.5.

Po3rsHeMoO Tellep BUNAIOK, KOJH A 30iracThcsi 3 OMHUM i3 XapakTe-
pucTHYHUX yucen aapa (10.24). Y nwoMy pasi onHopiaHa cucrema (10.29)
Mae p (1 € p < n) NiHiIAHO He3aJIeXXHUX HYJbOBUX BEKTOP-PO3B’A3KiB:

¢ = (c“) cé”, v c},')) =12,.. p.

DyHKuii

n

o (1) = Zc}”a,.(r) (=12, .. p. (10.32)

i=1

a TakoX iX XOBUIBHI NiHiAHI KOM6GiHallii € po3B’A3KaMH OJHOPigHOrO piB-
HsiHHs (10.28). HetpusianeHi po3s’a3ku piBHAHHA (10.28) HasusaloTh é1ac-
numu (pyndamenmansrumu) ynrxyiamu UbOro piBHAIHHA (abo ioro sapa),
AKi BIAMOBiAAIOTh JAHOMY XapaKTepUCTHYHOMY YHuCTy. YKCIIO p Ha3MBaloTh
paHzom, abO Kpamuicmio, JAHOTO XapaKTEPUCTUYHOTO YHCIIA.

HeBaxko rmokasatH, L0 MHOXHMHA BCiX BJIaCHUX (YHKIN, aKi Bigno-
BiAlOTh JAHOMY XapaKTEPUCTUYHOMY YHCJIY, YTBOPIOE JIHIMHMIT npocTip
BUMIPHOCTI p, 6a3UcOM siKOro € cucteMa QyHKUIH @ (1), ©,(1), ..., ¢ ().
Y ubOMy BUMAAKY AOBUILHUI PO3B’A30K OXHOPITHOIO PiBHAHHA ( i 28)
MOXHa NOJaTH y BUTAMI

o) = i a;;(1), (10.33)

i=1

ne o (j=1, 2, ..., p) — nesxi crani. Tomy (10.33) Ha3suBalOTL 302a16HUM
poae a3K0M oauoplauoeo inmezpanvrozo pignanna (10.28).

Sapo K, s) = K (7, s) Ha3uBalOTL cnpaxcenum do sdpa K(t, s).
. def —
[Axuo K (¢, s) — xomnaexcHo3HayHa GyHKuis, To K (1, s) = K(s, 1).]
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fmasa 10
3ACTOCYBAHHR METONY CTUCKYIOUUX BIROBPAXKEHbL A0 IHTEPANBHMAX PIBHAHB...

InTerpasibHe piBHSHHS

w(r) = g(t) + ij K(t, s)w(s)ds (10.34)

Ha3UuBaIOThb chpaxcenum 00 inmezpanvro2o piensnus (10.1). Y BUNIAIKY piB-
HaHHA (10.25) 3 BUpoIXeHHM SIPOM CIPSKEHUM 0 HOTO € PiBHAHHS

y(t) = g(t) + 7»2 b, (r)f a; (s)w(s)ds. (10.35)
=1

V Bunanky g(t) = 0 cipsaxeHne [no (10.28)] inTerpanpHe piBHIHHA €
TAKUM:

OESWAD) j" a,(s)y(s) ds, (10.36)
i=t

a oro pO3B’ﬂ30K MOXHa 3aImucar y BUTJISAII

y(r) =4 Y b0,
i=1

Ae cTaji ¢; BU3HAYAIOTHCA i3 CUCTEMHM JIHIHHMX areOpUYHHX PiBHAHD

N
G “7”2 kic; =0 (=12,..,n). (10.37)
J=1

Asre6puyny cucremy (10.37) nHasuBaloThb capaxceroio 1o cuctemu (10.29),
ii MaTpuud € TpaHCNOHOBaHOIO X0 MatpHUi cuctemu (10.29). Cuctemu
(10.29) i (10.37) Mal0Th OJHAKOBE YUCIIO p JiHIAHO He3aJleXXHHX BEKTOp-
po3B’s3kiB. BasucoMm npoctopy po3s’si3ki piBHsHHs (10.36) € cucrema
dbyHxuii

n

v =Y &) (=1,2, ..., n),
i=1

e
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10.5
IHTerpansHi PiBHAHHA 3 BUPORKEHUM AOPOM

& =" &0, ..aly u=12 ., p) (10.38)

— 6a3uc npoctopy po3B’a3kKiB cucTemu (10.37).
Otxe, cripaBe/UTMBe TaKe TBepIKEeHHS.

Hexait Tenep A — xapaktepucTuaHe YHcio sapa K (1, s) panry p. Pos-
IJIstHeMO HeofiHopigHe piBHstHHA (10.25):

U b
o = £ +1Y, O] b)) ds.
i= 4
Moro po3p’s30K (KO BiH icHye) 3anucyeTbest y Burmsiai (10.26):
o) = f(1)+ 1Y ca ),
i=1

ae cranic; (i=1, 2, ..., n) BU3HA4aIOTLCA i3 CHCTEMH alre6pHYHUX PiBHSHb
(10.27):

n
¢ _lz kljcj = f; (l = l., 2, P n).
J=1

SIx BigoMo (auB. M. 6.2), s cymicHocTi cuctemu piBHSHB (10.27) He-
OOXiZHO ¥ JOCTaTHBO, 106 BeKTOp ii BUILHUX 4WiIeHiB (f,, f,, -.., f,) OyB
OPTOTOHAJIBHUM [0 MiANPOCTOPY PO3B’A3KiB CIIPSXEHOI OMHOPIIHOI CHCTe-
mu. lle o3Hayae, wo BekTop (f), f,, ..., f,) Ma€e 6yTH OPTOrOHAILHUM A0
KOXHOrO 3 p 6a3ucHux Bekropis (10.38), TobTo
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Mmasa 10
3ACTOCYBAHHA METOAY CTUCKYIOUYMX BIAOBPAMXKEHbL A0 IHTErPANbHNX PIBHAHD...

Y e =0 (=12 .. p).
i=1
, ‘
Ockinbku f; = J' SOb(t)dt (i=1,2, .., n), 10 3BiOCK Maemo
a

[ 1oy a0 @ - [ " F O (dr =0 (=1,2, ... n).
a = a

Orxe, cripaBe[/IMBe TakKe TBePIKEHHSI.

TakuM YMHOM, y BUAIKY, KOJIK A — XapakTepUCTHYHE YHCIIO, TUTaH-
HA TIPO iCHYBaHH$ pO3B’A3Ky HeoqHOpinHoro pisHAHHA (10.25) 3BonuThcs
IO mepeBipKU p YMOB OPTOrOHAIBHOCTI [11i yMOBHM Ha3sHBAIOTh TAKOX YMO-
samu po3e asnocmi piBHsiHHA (10.25)]:

j " Fyw, (0dt =0 (=1.2, ... p). (10.39)

SIKILO i YMOBM CIIPABIKYIOTHCS, TO iHTErpaibHe PIBHAHHSA Ma€ HeCKiHYEeH-
HY MHOXHHY PO3B’A3KiB, IKy MOXHA OIMHCaTH (OPMYJIOI0

/4
o) =Y 0y (1) + §0). (10.40)
1=1

[Mepuwit gonaHok y (10.40) — 3aranbHuii po3B 30K OJHOPIIHOIO p?BHﬂ}b
Ha (10.28), a apyruil — nesakuvit YJaCTUHHMH PO3B’A30K HEONHOPIZHOrO
pisHsiHHsa (10.25).

334

10.5
IHTerpaneHi PIBHAHHA 3 BUPOMKEHUM ALPOM

ONpuknap 10.6
Po3zenanemo pienanna 3 eupodxcenum adpom

o) =f@)+ )»J'jl(tsz +st2)(p(s)ds (ref-1,1]). (10.41)
Po3p’sasok piBHsHHSA (10.41) mae urnan [ous. (10.26)]
o) = f(1) + hep -1+ hey - 12,

Ie ¢, ¢, BU3HAYAIOThCS i3 cucTeMu [zuB. (10.27)]

' by ]
¢ —%xcz = Jﬂll‘/(r)dt, —%?\c, toy = _[_Itf(r)dr. (10.42)

Ockinbku D(A) =1 - %AZ, 10 npu A # +15/2 cuctema (10.42) 3aBxan Mae

eAMHui po3s’sa3ok. OTxe, iHTerpansHe pisksinus (10.41) mae eamuuit pos-
B’S30K AJisl NOBiIILHOI PyHKUIT f(7) € C|~l I

Hexait A = \/B/Z Toni ogHopiaHa cucTema

(4] —%ACZ = 0, —%)\Cl +C) = 0

. 3 : .
Ma€ 3araJibHU# Po3B 30K ‘-/-;B, B |, ne B — nosinbHa ctana. OTxe, oaHO-

piiHe iHTerpajibHe PiBHSHHSI

o(r) = —\/;:—QJ:I. (s + s )p(s) ds (10.43)

Mac ofHonapamMeTpuYHy CiM’I0 PO3B’sI3KiB

o) = {\EI +12 ][3.

OcKinbKy s1po iHTerpansHoro piBHaHHA cumerpuyre (K (2, 5) = K (s, 1)), TO
cripsiXxeHe ogHOpigHe piBHAHHA 30iractocsa 3 (10.43) i Mae Taky camy ciM’10
PO3B’AI3KiB:
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y(t) = [\Et +1 ]B.

ToMy yMOBa pO3B’A3HOCTI ¥ BUIAIKY A = x/ﬁ/2 Habupae BUNIALY

fl [12 + \Er J f(t)=0. (10.44)

Hanpuknan, nipu f(¢) = | ymona (10.44) He BUKOHYETHCH | BiANoBiAHe iHTEr-
pajlbHe PiBHSIHHS He Ma€ pO3B’A3KY.

& TIpomoHyeMO caMoCTiiHO TiepeBipHTH, 1O IpH [ (1) = 1~ — -g-r ymosa (10.44)

BUKOHYEThCH # iHTerpansHe piBHAHHS (10.4]1) Mae HecKiHYEHHY MHOXWHY

PO3B’A3KiB BUTIISALY
3 2 ;3 3
1)y =| j=t+t -t
1) [,/5 ]B+ 5

ne B — moBibHA CTaia.
SIK BnpaBy ANA caMOCTIHHOI po0OTH MPOMOHYEMO PO3MIAHYTH BHUITATOK

A = —/15/2 i nobyaysaT pe3onbBeHTY iHTerpaibHOTO piBHsHHS (10.41) y
pasi HexapakTePUCTUYHOTO A.

Hacnioxom teopem 10.6—10.9 € Taxe TBepaXeHHS.

& 3aypaxednn 10.3

Teopemu Ppearonsma 10.6—10.10 copaBrXylOThCH He IMiLE Y BUNAAKY BU-
POILKEHOTO AIpa, 2 # Y BUNaIKy HernepepsHoro sapa K(z, s) [21].
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10.5
IHTerpaneHi piBHAHHA 3 BUPOOMKEHUM ALPOM

& TIporoHyeMO CaMOCTIHHO BUKOHATH TaKi BIIPaBH.

y

@

besnocepennim ﬂlﬂCTaP.HHHHHM MOKa3aTH, 1o d)YHK].llSE Pt) 3 (10.26), B sk
€)s €35 wy €, — PO3B’si30K cUcTemu (10.27), € po3r’sskom iHTerpany
piBHsHHS (10.25). ' Horo
Po3B’sizati inTerpaibHi piBHSHHS 3 BUPOIKEHUM SAPOM:

a) @(f) = 1+I_'I(p(s)ds;

6) o(r) = 3 +2j(:(: + 5)p(s)ds;

W o0 =0+ [ ¢ wsds fin =1 o=
) o) = f() + AJ':sin(r + $)(s) ds;

1) o) = LJ':cos rsin s(s)ds;

]
e) or) = f(1) + A'[o(r%l ~ )g(s) ds.

[l KOXHOTO PiBHAHHA 3HAITH BU3HAYHUK DpelrosibMa, pe3ONbREHTY, XapaKTepH-
CTUYHI YMCNIA, BIACH! (DYHKLIT, 3aTTHCATH CIIPsiKeHe PIBHSAHHA.



nasa

NIHINHI OMEPATOPU ® NIHIWHI
IHTEFPAJIbHI PIBHAHHA

11.1

Nininni HopMoBaHi npocTopu

Haragaemo noHsTTd jiHiiiHoro mpocropy. Hexait H — MHOXWHA ene-
MEHTIB JOBUILHOI MPUPOAH 1 CIIPaBIXYIOTHCS TaKi a K C i 0 M U.

I. H — abenesa 2pyna sidnocno zpynogoi onepayii dodasanna. lle
O3HAavae, 110 0GHOZHAYHO BUIHAYEHA CYMA X + Y 080X 006LAbHUX enemermie
x,y€ H(x+ye H), npuuomy UKOHYIOMbCA MAKi Y M 0 8 U.

@ x + y = y + x (KOMYTaTUBHICTB);

@ x+ (y +2) = (x + y) + z (aCOLIATUBHICTD);

® 3! enemeHT O € H Takuif, w0 x + 6 = x V x € H (6 — Hy/b npocTo-
py H);

@ v xe H 3(-x) e Hr1akuit, wWo x + (-x) = 6, Ie (—X) — eleMeHT,
TIPOTWIEXHUA X.

[MpupoaHo BBOAMTECA OIepallisi, 0bepHeHa 10 onepallii JoAaBaHHA, AKY

def
HA3UBAIOTb GIOHIMAHHAM. X - Y = X + (-)).

1. Busnauena onepauin MHOXCEHHA eieMenmig X, Y, z, ... i3 H na dilcni
(xomnaexchi) wucaa o., B, v, ..., npuuomy ox € H i gukoryombcsa maxi y M o0 6 u:

D a(Bx) = (oB)x;
@ a(x +y) = ax + ay;
®@ (0 +B)x= ox + Px.
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1.1
NMinidni HopMmoBaxi npocTopy

Muoxudy H, saxa 3anoBonsHsie akciomu | i 11, HasuBaloTh ainitinum
(8eKmopHuM) npOCMOPOM.

3anexHO Bil TOro, Ha sIKi YKcjia JOIMYCKAEThCd MHOXKEHHS eJIeMeHTIB i3
H, po3pi3HsIOTh MiIHCHUI Ta KOMIUIEKCHUWH JIIHiMHI TPpOCTOpH.

Hanpuxiaf, CyKyIHICTb yCiX BEeKTOpPIB IUTOIUMHH 3i 3BHYaHHHUMH or1e-
palisiM4 JOJABAHHS BEKTOPIB Ta MHOXEHHS iX Ha HiliCHI YMClIa YTBOPIOE
JiHIHUA npocTip. MHOXHHA ejleMeHTiB ripoctopy C a,b] 3i 3BUYATHUMU
onepauisaMy JogaBaHHs ¢YHKIIH 1| MHOXeHHs (PYHKLIN Ha YyKcna YTBOPIOE
JIiHiAHW# npoctip. Hynb uboro mpocropy — ¢GyHKUiA x(¢) =0V f € [a, b].

£5  TTpornoHyeEMO CaMOCTiHHO NepeBipUTH, YU YTBOPIOIOTH JIIHIMHI MPOCTOPN TaKi MHO-
KHHU:
a) CYKYITHICTb BEKTOPIB Ha MJIOMIMHi, KOXHUIA 3 AKUX BUXOAUTD i3 MOYATKY KOOPIH-
HAT, a 3aKiHYYETLCA — B M@XaxX MepLUol YBepTi;
6) CYKYITHICTh YCiX MOHOTOHHHUX Ha NPOMiXKY [a, b] dyHKUIi;
B) MHOXWHA BCiX MIePiOAMYHHKX i3 3agaHuM nepionom T byHKLUii.

MuoxuHy H Ha3uBaIOTb AiHilHUM HOPMOGAHUM RPOCMOPOM, SIKLIO BH-
KOHYIOTHCS TaKi Yy M0 6 u:
1. H — niHikHM#A OpocTip.

I1. KoxHoMy eneMeHTy x € H MOCTaBR/Ie€HO Y BilTIOBiJHICTH HEBi €EMHe
qnCio || x ||, ke Ha3WBAETLCA HOPMOI LLOTO €JIEMEHTA, TIPHUOMY BUKOHY-
IOTbCH QGKCiOMU HOPMU:

Dlx|20;[x|=0=x=0;
@ [ oox = o] xl;
@ [x+yl<lxl+]yl.

Y niHiiHOMY HOPMOBAHOMY NMPOCTOPi METPUKY MOXHA BBECTH 3a (hop-
MYJIOI0

def
plx, y) = [[x=p]. (11.1)

36iXHICTb MOC/TiIOBHOCTI eJeMEHTIB X, (x, € H) 1o enementa x, € H
(x, = lim x,) o3Haua€, 1O | x, — x| - 0 npyu 1 — . BusHayeHy B TaKuit
n-oxn

cnocib 30iXHICTb y JIIHIHHOMY HOPMOB2HOMY ITPOCTOPi HA3UBAIOTh 36iMc-

Hicmio 3a HOPMOIO.
ko JiHiAHWI HOPMOBaHMi ITPOCTIP NMOBHUI Y PO3YyMiHHI 30iXHOCTI
32 HOPMOIO, TO HOT0 Ha3UBaIOThL 6AHAXOGUM NPOCMOPOM.
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baHaxoBUMM €, HANPUKJIIAA, TaKi TIPOCTOPHU:
1) npoctip R” 3 eBKJIZOBOI0 HOPMOIO
1/2

H
x| = Ex,f s x =Xy, Xy, ey Xp);
k=1
2) npoctip L2[a, 5 dyuxariit  x(¢), IHTerpoBHHMX i3 KBagpaTOM:
1/2

b b
j|x(z)|2dr<oo, i HopmoIo ||x||:(j |x(t)|2dt] .

a a

3) npoctip C, , 3 HOPMOIO x| = max [ x(t)].

PoaristHeMo JiHiMHMIA ITpOCTip doyHKum x (t), HETIepepBHUX Ha BiOpi3Ky
[a, b]. HopMy B LIbOMY TIpOCTOpi MOXHA BBeCTH 3a (OPMYII0I0

b
Ix 0= ] 1 x| dr (11.2)

IToznayumMo weit mmpocrip yepes C, (@, b]° Togi

b
p(x, y) = L | x(t) - y(2) | dt.

IIpocTip C\(a, ) HE € TIOBHUM,
HaBeneMO npmolall byHIaMEHTATLHOIL, ajie He 30KHOI OCTIMOBHOCTI
eJIeMEeHTIB 13 Cl[a B Po3risinemMo Taky nocinoBHicTh x,(f) (0 <7< 1):

1, 0<1<1/2,
X, (ty=3n+1-2nt, 1/2<t<1/2+1/2n,

0, 1/2+1/2n<t <1,

I1s1 mocnigoBHICTh 36ixHa 3a HopMoio (11.2) o dyHkiii
I, 0<t<1/2,
x(t) =
0,1/2<r<,
OCKUIbKH IPHU 71 —> +00
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1.2
NixiAdi onepatopu. Hopma onepatopa

1/2+1/2n )
px, . 3 j|x,,(r) x(t) | dr j) (n+1=2nt)dt < 1/2n — 0.

3BiICH BUILIMBAE, IO MOCIITOBHICTS X,(¢) PyHIaMeHTaIbHA, ajle rpa-
HUIII B Cl[a ») BOHA He Mae, 0o 36iracTbcs 10 po3pUBHOI ¢yHKIII. OTXe,
Cl[a b JIHIAHWHM HOPMOBAHHMIA IPOCTIP, AKMIf He € 6AHAXOBUM.

L 1.2 |
Nininni oneparopwm.
Hopma oneparopa

Hexait H i H — JLiHiMHi mpocTtopu. Haragaemo, 1o onepatop A, axui
nies Hy H (A: H H), Ha3MBaIOTH AiHiiHUM, SKILO Y X, Y € D, 1a
Vv o € R (a6o C) cripaBIXyIOThCsI TaKi y M 0 6 u:

D A(x+y) = Ax + Ay;

@ A (ox) = aAx.

Po3rmaHeMo JesKi NpUKJIAIM JTiHiHHKUX onepatopiB. O0/1acTb BU3HAUEH-
Hsl omepaTopa fo3HavyeHo ciumBojiom D, (D, < H).

1. Oneparop O, aKHUit KOXHOMY ejleMeHTy npocTopy H CTaBUTb Y Bil-
MOBIOHICTh HY/Ib-eJIeMeHT tipoctopy H : Ox Ha3UBAIOTh HYAbOBUM
(Hyas-onepamopom).

2. Oneparop /: H — H taknii, o Ix =x V x € H, Ha3uBaoTh 0du-
HUYHUM.

3. Oneparop, SKUH Oi€ 3a IpaBUIOM Ax = Ax V x € H (A — (ikcoBaHe
YUCJIO), HA3UBAIOTb onepamopom nodibHocmi.

Onepatop A Ha3MBalOTh HeNepepBHKUM Y Toulli x, € D, < H, axuo s
AOBLUIbHOI MOC/TIIOBHOCTI eJleMeHTiB x, (x, € D), Aka 361[‘a€TbCﬂ A0 X, 33
HOPMOI0 B H, BIINOBIIHA NOCIIIOBHICTD AX, 36ira€Tbcﬂ J0 eneMeHTa Ax, 3a

=0,,

HopMolo npoctopy H, Tobto lim Ax, = Ax,.

n-->%

Sk npuxag po3rTHEeMO inmezpanbiuli onepamop Dpedeonvma
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Ax(t) = Lb K@, s)x(s)ds (x(t) e G, p)). (11.3)

ge K(t, s) — HenepepBHa (yHKuis B kBaapati Q = [a, b] X [a, b]. Popmyia
(11.3) Bu3Hayae oreparop 4, sikuii i€ B ipoctopi C, 4.

&5 TIponoHyeMo CaMOCTiiTHO TOKA3aTH, 10 onepaTop 4 Ma€ Taki BJaCTHBOCTI!:
D) Az Cl ™ Co, o
2) A — niHiitHWI oneparop;
3) A — HerepepBHUIT omeparop;
4) cripaBeIHBa OLIIHKA

[ Ax(@) s MG -a)| x|, (11.4)
ae M:méixlk(t,s)l.

3HOBY pO3IITHEMO iHTerpalIbHuUil onepatop Openrommma

b
(1) = A4x(0) = [ K(t. 9x()ds (x(t) € Ly, ) (11.5)
y IPUITYIHEHH], 10 sapo K (f, s) 3aXOBOJILHSE YMOBY
beb N
jj K2(1, s)dtds = B? < o, (11.6)

BukopHucTOoByI0YM HepiBHicTh Komi—ByHSIKOBCHKOTO AicTacMo

Iy IP= Lb Y (0)dr = _[j {j: K, s)x(s)a!s}2 dr <
< jb { j: K2(t, 5)ds bez(s) a’s}dt =

b b pb
‘=j xz(s)a'sj j K%, s)ydsdr = | x |* B,

a a

3BIIKY BUIUIMBAE, IO 4 : L2[a B LZ[a, B
TakuMm 4MHOM,
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1.2
MiniAxi onepaTtopn. Hopma onepaTopa

Iy 1P< B I x]?,

abo
| Ax || < Bl x|. | (11.7)

JliHiliHicT oneparopa A oYeBUIHA, a HelePEePBHICTb BUILUTMBAE 3 OLLiH-
ku (11.7), 60, AKILO X, — X, TO

| x, - Axy = Ax, = x) | < Bllx, =%, | = 0.

oBepeHHA
Hexait x, — x (V x € H). Toni x, - x + x; — x;,. 3 HenepepBHOCTi 4

B TOYlli X, BUILIMBaE, Wo lim A(x, — x + xy) = Axy. YHacninok ni-
cu . n->%
HIAHOCTI orniepaTopa A MaeMo

lim A(X” -X+ xO) = ]im(AX" — Ax + AX()) = AX(),

n—

10610 lim Ax, = Ax.

n—x

JliniitHwit onepatop A : H — H Ha3uBaioth obmexcenum, sixiuo D, = H
i icHye Taka crajia M > 0, Hio

I Ax ;< Mlxlly - (11.8)

Haiimenury 3 MmoxiimBix cratux M i3 (11.8) HasuBaioTs Hopmoro onepamopa A
¥ mo3uavaiots || 4 |. dns obMexeHoro oneparopa A MaEMo

v <) Allx] (11.9)

i, oTxe, O6MeXeHMii onepaTop MepeBOAUTH KOXHY 0OMeXeHY MHOXHHY
{x} = H B obMexeHy MHOXHHY {Ax}c H.
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MoxHa 11oKa3ar# [21], 1m0

A= sup | Ax|. (11.10)

xll =1

&5 TIpomoHyeMo caMOCTiifHO 3HAITH HOPMY orrepaTtopa A ! C[a Pl C[a 5l O<a<hb),
BH3HaueHoro GopMmynom Ax (¢) = &x(¢).

HoBeneHHA
Hexait omeparop A: H — H o6mexenuii. Toni || Ay - Az | =
=l Ay -2) s M|y-zll<e mpu || y-z|<8@e)=¢e/M, orxe,
oreparop 4 HellepepBHUA.
Hexait terep onepatop A: H — H HenepepsHuil. Bix cynpo-
THBHOTO NPHIIYCTHMO, 110 A HeobmexeHuit. Toli iCHye NOCHILOBHICT
y, € H taxa, wo | y,| = 1, i Bonnouac || Ay, || > n (v n € N). Maemo

n

0

YWUTh HEITePEPBHOCTI oreparopa A, OCKiIbKH

-1 | 4y, || > 1 i, omxe, > 1, 1o cynepe-
n

A(YL)—A-G
n

' |
Yoo]-Liy1-
4] n

=— — 0 npun— w.
n

Hapenemo npukiag HeoGMexeHoro onepatopa. Hexait H = Cla‘ bl i

d . e . . .
Ax = z{;x(r). Heit onepatop AiHifHMHA, BU3HAYEHHH Ha MiAnIPOCTODi
C(”|a, b} < Gy, ) OYHKUIH, sKi MAIOTb HenlepepBHY noxizHy. Orieparop
A He € obmexenum. Crpasai, Hexait x,(t) = sinnt, t € [-n, n]. Toni
I x, || = _max }sm nt|=1, ane | Ax, || = _max

<I<m

d
—sin nf|=n i Tomy
t

sup || Ax ll = +o0,

Ixf=1
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1.3
MpocTip niHidHWX obmexeHux onepatopis

| 113 |
MpocTip nividHnx
ob6mexeHux oneparopis

Jipa onepatopu A : H > H i B: H — H BBaxaemo pienumu (A = B),
SIKIO BUKOHYIOThCS Taki yMoBH: Dy = Dp=DiAx = Bx VxeD.

Cymy ((A+B): H— H) lﬂOGYTOK (04: H— H) ofneparopa Ha
YKCJIO O3HAYMUMO TaK:

(A+ B)x'S Ax+ Bx, (ad)x's a(dx) (Vxe H).

TakuM yvHOM, MHOXHHa L = (H — H) ycix niHiitHux obMexeHUX
oreparopiB, WO AiloTh i3 Hy H, € niHiiiHUM HOpMOBaHMM [HOpMa orfiepa-
Topa BU3HaueHa dhopmyiolo (11.1 p)l [IPOCTOPOM.

MoxHa nokasatu, wo ko H — rnoBHMIA npocTip, To npoctip L niniii-
HUX OOMeXeHUX ONepaTopiB TeX MOBHMIA [8].

Po3srisineMo onepatopu A, Be L = (H — H). JobyTok omnepatopis
(AB : H — H) BU3Ha4YMMO 3a NpaBWIOM:

AB : (AB)x — A(Bx) (Vxe H). (11.11)

Hesaxko nokasaru, wo onepatop C = AB Tex JiHilHMiA | oOOMexeHMit,
to6T0 C € L Chpasni, misa Beix x, y € H i 6yAb-IKOTO YMC/IA oL MAEMO

AB(x + y) = A(B(x + y)) = A(Bx; + By,) = (AB)x, + (AB)y,,
(AB)(ax) = A(B(ox)) = A(aBx) = a(AB)x,
HABx <]l AMNBx <A BN x|

3 ocTaHHBOI HEPIBHOCTI BUILIMBAE, 11O

lAB <] A4llBI- (11.12)

Ilia creneniB A=A - A, ..., A"=A- A" oneparopa Ae L= (H> H)
nicraemo oUiHky || A" || < || A H" (n e N).

345



Fnasa 11
MIKIAHI OMEPATOPU N NIHIAKI IHTEMPANbHI PIBHAHHA

Y npocropi L = (H +— H) ponb «oIMHMILI» BiZHOCHO oIepawii MHO-
XKeHHs oTiepaTopiB BUKOHYe oaMHUYHMIL onepaTtop I (mus. m. 11.2).

[ 114 |

OG6epHeHi onepaTtopmn

BBeneMo BaxivBee MOHATTA 00epHeHOro orepatopa. Po3risiHeMo npocTip
L = (H — H). Oneparop A]' Ha3UBAIOTh AigumM 06epHenum 10 oneparopa
A e L, sxmo A]'A = I, i npasum obepnenum A;', AKILO AA;I =1

ko ornepatop A Mac i JiiBuil, i mpaBUi 00epHEHI OITepaTopy, TO BOHH
36iratorsesi. Cripasai, '

A7 = A7 A4 = (471 A = 471
Y uboMy pa3i KaxyTbh, 0 A Ma€ obepHeHuli onepamop A A4 =
= AA"! = . Moxua mokasatu [21], mo A~ e L.
&5 Hexait H=1, — npocﬂb nocniZoBHOCTER X = (X, Xy, ..., X, -..) TAKHX, LIO
1/2

ix,f < o 3HopMoIO || x || = [i x,% ] . Beenewmo oneparopn 4, Be L=(,,— 1)

k=1 k=1

TaKUM YHHOM:

Ax = (0, X1 X9. ooy Xy n)e Bx = (xg, X3, 000 X ).
[TpononyeMo caMocTiitHo nokaszaru, o B = A7', ane B+ A;'.

BimiykanHst ofepHeHoro oneparopa B KOHKPETHUX BHUIIAIKaX — BaX-
JMBa i cKiIaaHa 3anava. SIkio omepartop A~ BiZOMHIA, TO MOXHa Bipasy
3alMCcaTH Po3B’430K ONEPATOPHOTO PiBHAHHA Ax = f(f — BifoMMI efleMeHT
i3 H). Uex=A4"'f
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14
O6epHeHi onepaTopu

HdoBepeHHA
Po3risHeMo HOCTIIOBHICTS S, €JIeMEHTIB NOBHOTO pocTopy L:

S, =1-A+A>— .. +(=1)"4" (neN).

s scix p € N, ypaxoywoun (11.12), (11.13), maemo

1Sy, =Sy == A+ e (=) P a7 | <
A"t + 4 ||"+2 +..+A|" P "M +q+q>+.)=
n+1
-4 - 0,
‘—q”—)’lJ

3BIIKM BUIUIMBAE (akT GyHIaMeHTAILHOCTI ITOCTIZOBHOCTI ONepaTopis

S,. Tomy limS§, =Se L.

- o0

3HaiineMo 106yTOK

SU+A)=lim(-A+ A ... +=1)"A"U + A) =

o

= lim( +(=1)"A"YH = 1.

[t e

LlinkoM aHanoridHo MOXHa MoKa3atH, o (I + A)S = I. Otxe,

S=U+A4)".
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Maaa 11
NIHIAHI OMEPATOPU & MIHIAHI IHTEFPANBHI PIBHAHHA .

-1 11.5

3acrocyBaHHA Teopemu baHaxa
npo icHyBaHHA o6epHEHOro orneparopa
DO iHTerpanbHUX PiBHAHDL

PiBusuns ®pearoasma. PosrasiHeMo iHTerpaibHe piBHSIHHS Opearosb-
Ma Ipyroro poxy

o) = f(r)+x_[j1<(r, s)o(s) ds (11.14)

i3 HerlepepBHUM y kBagpati Q = [a, b] x |a, b] anpom K Ta HelepepBHOIO Ha

[a, b] dyHKui€lo f.
3a gorromMorolo iHrerpaibHoro orneparopa ®Ppearonema (11.3)

Ao = j' K(t, s)o(s)ds
3aNMiLeMo iHTerpaibHe piBHsHHSA (11.14) B onei)aTopHiﬁ dopmi:
(I -A)p=f. (11.15)
3rigHo 3 Teopemoto 11.3 y pa3i BUKOHaHHSt YMOBU
ILllAll=g<1 (11.16)
3 (11.15) maemMo
=T =AD" f=f+rf + A f+  + VA" f+.. (L17)

Psin (11.17) Has3uBaloTh padom Heiimana. Ockinbku || A | < M(b - a) [aus.
ouiHky (11.4)], To wis Bukonauusg ymosu (11.16) aoctarHbo, 1100

i

A <« ————
M -a)

(M = max | K(, 5) |j. (11.18)
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1.5
3acTocysaHHA TeopemMu baHaxa npo icHyBaHHAR oGEpPHEHOro onepaTopa...

3HajineMo Terep cTeneHi onepaTopa A4 :
R b b
AL = A(AS) = j K(t, s)( j K(s, 1) f(t)a’tjds -
) b
- j {j K, $)K(s, r)ds} f(tydt = j K, (t, 1) f()dn,
ne aapo K,(t, 1) — dpyea imepauyis aapa K (¢, s) — Mae BULISIL
b
Ky (t, 7) =j K. )K(s, 1) ds.
a
Beaxaemo, mo K (¢, s) = K(¢, 5). Orxe,
R b
Af = [ Kyt 9)f(s)ds.
AHAJIOTYHO
b b
Af=a4 = K, s)( [ K25, 0f(d )ds =
a a
b
= J' K, 0 f(v)dr,
b
ae Ki(1, 1) = L K(t, $)K>(s, 1)ds — mpems imepayia anpa K(t, s) i T. a.:
b
A"f = j K (t, 5)f(s)ds,
a
ne K, (t, s) — n-ua imepayis snpa K(t, s),

b
K, (. s)=j K¢, 0K, (t.s)dt (n=2,3,.). (1119

3po3yMiiio, IO BCi imepoeani (noemopui) sapa K1, 5) € CQ (n € M).
OTtxe, eaMHUil po3B’sa30K piBHSAHHA (11.14) MOXHa 3amucaty y BUMSOI
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RIHIAHT ONEPATOPW W NiHIAHI IHTETPANbHI PIBHAHHA

o(t) = F(t) + A j' K\ (t, s)f(s)ds + A2 j" Ky (1, $)f(s)ds + ...
et x"j"K,,(r, $)f(s)ds + ..., (11.20)

rmpuyomy psa (11.20) 36iKHMHA, AKIIO BUKOHYEThcst ymoBa (11.18).
Po3rnstHeMo psif,

Ki(t, ) + MKy (t, 8) +... + A" K, (8, 8) + .. (11.21)
Y pasi BukoHaHusa yMoBd (11.18) pan y (11.21) piBHOMipHO 30DKHUH Y

kBaapati Q. lle BUIUIMBaE 3 OLIHOK:

K>, 1< [ 1KG D | K@, 9) | ds M2 b -a),

b
| K, (t, 5) | < j | K(t, D || K, (t, s) | ds < M"(b—a)"", ..

Tomy | A" 'K, (7, 5) | < Mg"™' (g =|A|| M |(b-a)<1). Tlosnaummo cy-
My pany (11.21) yepes

R(r,s,x)=ix"—'1<”(z,s) (A< l/M®B-a). (11.22)

n=1

Toni po3p’s3oK piBusiHHA (11.14) MoXHa 3anMcaTd y BUITISIAI

b
of) = f() + xj R(t, s, M) f(s)ds. (11.23)
OueBuzHo, GyHKLIsA R (2, s, ) — pesoaveenma aapa K(t, s) — HerniepepBHa B
KBanpati Qi aHaliTUYHa 1o A pH | A | < —m.
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115
3actocysaHHA Teopemn baHaxa npo icHyBaHHA 06@PHEHOro onepavopa...

¢ 3aysaxensn 1.1

IcHytoTh BUNanku, kojau dopmyna (11.23) cnipaBeninsa s 6yab-aKHX A.
e, 30xpema, byne Toxi, konwn sapo K (¢, s) oproroHaibHe A0 caMoro cebe,
T06TO }

Ky(t, s) = I: K(t, )K(z, s)dr =0,

Togi, ouesuano, R(4, s, L) = K(¢, s).

25 TIponoHyeMO caMOCTiiTHO repeBipHTH, 1m0 gapo K (7, s) =sin frcos s (0< ¢, s < )
opToroHajabHe 10 camoro cebe. Lle TBepmXeHHsA cnpaBeLTVBe, HAMPUKIIAL, 1 LIS
Anpa

m
K(t,s)= Za,, sin nrcos ns (0<t, 8 <2m).

n=1
OnfNpuknan 1.1

Po3e amcemo inmeepanvre pienanns
]
o) = f(8)+ A j( 15(s) ds.

Y nanomy sunanky K(t, s) =ts,a=0,b=1, M= max |ss|=1. [
iTepauiii agpa K(1, 5) Maemo 0sr, s<l

1 S
K\, 8)=ts, Kyl1, 8) = Jo m-t-sdi= 5;—,

Ky(t, s) = 3’_’ o Kt 8) =

et
Ortxe, Wisi pe3onbBeHTH R (¢, s, A) dictaemo
A Al A" 31s
R, s, )=1s| 1+ =+ =+ .. +—+ ... |= .
[ 303 3" ] 3-a

Po38’s30K piBHSIHHA 3HaxonMMo 3a dopmynoio (11.23):

1 o
o(r) = f(f)+?»J.0%f(x)ds.

3a3zHauumo, wo pag mLas R(¢, s, L) 36iraerses npu |A| < 3, a ymosa (11.18)
Jae MeHWwy (rapaHToBaHy!) o6racTh 36iXHOCTI [A] < 1.
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RIHIAHI ONEPATOPU W NIHIAHI IHTEMPANBbHI PIBHAHHA

ChopmymoeMo 100yTi BHILE Pe3yJbTaTH Y BUIJISIII TEOpEMMU.

Hagenemo fesiki BaXUMBi BIaCTUBOCTI pe30JibBeHTH R(1, s, 1),
BU3HaYeHOoi dopMmynoro (11.22).

1. Pe3oabeenma 3a0060nbHAE iIHMEZPANbHI PIGHAHHA

R(t. 5. 2) = K(t. 5)+ A j *K@. DR, 5. V) da.
a (11.24)

b
R(@, 5, 1) = K(1, 5) + A j K(z, $)R(, 1, M) d.
a

2. Sxwo pezoaveenma R (1, s, A) € 20pom HOBD20 IHME2PANLHORO PIGHAHHA 3
napamempom |\, mo pe3oaveeHmol0 Yb02o a0pa € gyrkyis R(t, s, L + ).

3. Axwo R (1, s, \) — pesoaveenma sdpa K(t, s), mo pezonveéenmoio cnps-
scenozo adpa K*(t, s) = K (s, ) € gpynxuia R(s, 1, ).

€ 3aysaxeHHA 11.2

1. ¥V Bunanky, konu mapameTp A HeZocTaTHbO Majiuit [ymoma (11.18) He
BMKOHYEThCA] i siapo K(f, s) HEBUPOIAXKEHe, PO3B’A30K iHTErpajbHOTrO DiB-
nanus (11.14) moxna nobynysaty tak. Hexait | A | < Ry, ne R) > 0 — nosinsHe
dixcoBane yucno. IMpunyctumo, wo gapo K (¢, s) MOXHa HabAM3UTH BUPOI-

xeHuM smpom K, (1, ) = Za,-(r)b,-(s) Tak, wo K(r, s) = k,,(r, s)+ K'(t, s),

i=1

me mélx | K'(r,s) | =M’ Pisasanus (11.14) 3anuiuemo y sursiai

et
Ry(b-a)
o) = f(1, A) + x_[hk'(r, $)o(s) s, (11.25)

e £i(5, A) = f()+ A jb R, s)ols) ds.
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1.5
3actocysaHHA Teopemu BaHaxa npo iCHysaHHA oGepHenoro oneparopa...

Posrnspaloun dynkuiio f(f, \) Ak BinbHui uieH pisHsaHHA (11.25), 3ac-
TocyemMo 10 Hboro opmyiy (11.23) [ymosa (11.18) oueBUIHO BUKOHYETLCSH:
| A | M(b-a)<1]. 3a popmynoio (11.22) mictaeMo pe3obBEeHTY PiBHIHHSA

(11.25) R, 5,0 = Y A" K; (1, 5). Toui

n=1
o) = [, 1)+ 1| R(, 5. s, M. (11.26)

CrissigHowenns (11.26) MoXXHa 3amucaTH y BUTTSAI

b n
ot) = £t N) +AJ 3 4,1, Mb(Ie(s) ds, (11.27)
a o

e
FU. 0= f()+ ij R, 1, M f ()T,

a(t, ) = a, (1) + xjh R, T Ma(Ddt (=1, .., n).

Anpo pisusung (11.27) supoaxene. Po3p’s3yiouu fioro, gictraHeMo po3-
B’A30K piBHsiHHS (11.14).

2. ChopmynoeMo TBepIXeHHs [22], Ha sSIKOMY I'DYHTYETBCS METOR Ha-
6/IMKEeHOro po3B’a3aHHs iHTerpaabHOrO piBHAHHA Ppenrosbma (11.14) 3a-
MiHo10 ¥oro sapa K (¢, 5) 6AUM3BKMM 10 HHOTO BUPOIXEHUM SIADOM.

Hexait doyHkuii ¢(f) i w(f) — po3B’sI3KU iHTETpaIbHUX PiBHSIHD

o) = (1) + AJ’I’ K (1, s)o(s)ds,
w(r) = f(1) + ljf K(t, s)y(s)ds

i R(f,s,\) — pesombBeHTa siapa K(1, s). Tlpunycrumo, wo V¢t € [a, b}
BUKOHYIOThCS HEPiBHOCTI

h ~ -
J,| K, )= K@, s)lds<e, | f(DH-f()|<n,
Jvh|l~2(r,s,k)|ds<G, el U+ 1[G <.

Toni cnpaBelinBa OLiHKa

1/2 12 4-566 353
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NIHIAHI OMEPATOPU W NIHIAHI IHTEMPANbHI PIBHAHHA

N|A[(+|1]|G)Ye
1-| A+ |A]|G)e

Lo(r) - w() | <n(+|X]|G) + (t € la, b]),
ze N = max | f()].

3 OwWIHKY BUIUTHBAE, WO NOXKOKY HaOmKeHoi PiBHOCTI ¢(f) = y(f) MOX-
Ha 3poGUTH K 3aBrOAHO MAanolo, J06UPAIOYN HATEXHUM YHHOM € i 1 [To6To

K@, syi f()l

Pisnsanna BoabTeppa. PosriisHeMo iHTerpayipHe piBHIHHS BojbTeppa
ApYroro poumy

olf) = f(r')+xj;K(r, S)o(s)ds (1€ |a, bY). (11.28)

Sk i y Bumanky pisHsaHHAI @penroisMa, MOXHA MOOYAYBaTH Pe30JbBEHTY
anpa K (¢, s) piBHsiHHsA (11.28) sk cymy psgy 3 itepoBanux sifep. BpaxaTtu-
MeMo, 1o a1po K(4, s) € C, [mus. (10.4)], af(t) € C, 4.

ITepoBaHi siipa B 1IbOMY BUITAAKY OyAyrOTBCA 3a (hopMyaaMu

K, (@, s) = K(¢, 9),

, (11.29)
K, s) = j K@, DK, (1, s)dt (n22),
a pe3ojbBeHTa R (¢, 5, ) Mae BULJISL
R, 5,0 = YA K, (1, 5). (11.30)

n=1

Psg y (11.30) 3biraerbca piBHOMipHO MWist Oyab-siKMX 3Ha4yeHb l1apa-
MeTpa A, a ioro cyma — pesonbBeHTa R(¢, s, L) € C, npu 6ynb-sKoMy
dikcoBaHoMy A. Lle BUIUTMBAE 3 OLiHKHU

M" (f _ S)n—l

| K, 9) | < =0 =)

’

AKY PEKOMEHIIYEMO OepXKaTy CaMOCTiI{HO, BUXOISIYM 3 PeKYPEHTHUX CIliB-
BimHouieHsb (11.29).
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LK)
3actocysaHHA Teopemu baxaxa npo icHysaHHA 0bGepHEHOro oneparopa...

SIk i y Bunaaky piBHsiHHS @pearonnMa, HeBaXKO HicTaTH GOpMyITy

o) = F()+ L’R(r, 5, N (s)ds, (11.31)

KOTpa [1a€ HenepepBHUMA pO3B’A30K piBHsAHHA (11.28) s 6yab-axkoro 34a-
YeHHs IapameTtpa A.

Z[_onenemo ez[_g_nich PO3B’A3Ky (7). [IpunycTimo, 10 PO3B’A3KiB JBa:
0 (1) 1 @), TORi ix pisHMLA yi(/) = 9,(¢) - ¢,(1) 3a10BONILHSAE ONHOPIIHE
PiBHSIHHSA

w(n) =1 L’ K@, syw(s)ds. (11.32)

UpOTe Lie PIBHSHHS M€ JIMILEe TPUBIAILHHI PO3B’A30K w(t) = 0. Cnpasai, 3
piBHsAHHA (11.32) micraeMo HepiBHicTb

) <101 [ 1K@ 9) 1 ws) | ds < |3 [ MNG -,

ge N = max {w(r) |, M = max| K(, s)|. ITepyioust Lo HEPIBHICTb, Ma-
THMeMo ‘5% A

L]

t - a)’ ey AN
vl <P arN Sy < M0

n—+w (Vtela,b)).
Otxe, y(¢) = 0 Ha [a, b].

UNpwknanp 1.2

Pozeé ancemo inmezpasome piensnns

o =¢ + )\L:e’*"(p(s)ds (< [0, 1]).
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NIHIAHI ONEPATOPU 1 RIHIAHI IHTEFPANBHI PIBHAHHA

Tyt K(¢, s) = e'"*. 3rinno 3 popmynamu (11.29) noc1iioBHO 3HAXOAUMO

Ki(t,8)=¢€"%, Ks(t, sy = I’e'"’et“‘“ dv=¢e""(t-5), ...,

s =)
K, (t s)=e (l—])'.

Tomy pesonbBeHTa Mae Burs [aus. (1 1.30)]

& SRS
R(t, s, 1) ==+ ! =8 _ s Mi=s) _ 4hi-s)
(n-1)!

n=1

3a dopmynoro (11.31) micraeMo po3s’si30k

o) =¢ + XJ A=)t fy = IR

& 3aysaxensn 1.3
Oneparop BosabTeppa mMac BaXIWBY OCOGNUBICTL: 3HAYeHHs DYHKLUIT

t
Alr) =_[ K, s)o(s) ds
a
y MOMEHT { BU3HAYAETLCA 3HAYEHHAMU (PYHKUIT @(S) TiAbKM TIpH § < f, iHAK-

e KaXyJH, el onepaTop YPaXxoBYE JIMIIE «TepedicTopiio» Npouecy.
Po3p’sa30k piBHAHHS Boabreppa [dhopmyna (11.31)]

o) = f(1)+ A j’ R(1. s, N f(s)ds

y GyAb-SIKWA. MOMEHT 7 TAKOX BU3HAYAETHCH 3HAYEHHAM 30BHIlLIHBOIO BIUIH-
BY f(s) Nvule B nornepeaHi MOM@HTH s < 1.

Paniwre mpunyckaiocs, wo B pisksHHi (11.38) a1po it BinbHMIL WieH
HerrepepBHi. LIi yMoBM MoxHa nociaburu. Hexait

jJIK(r s) |2 dsdt = B < oo, j]f(t)l dr <w.  (11.33)

CripaBeTNBe TaKe TBepIDKEHHS.
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1.6
IHTerpaneti pirHAHHA 3 ANPOM, AKe Mac cnabky ocobnusicTe

3a3HayuMo, wo dopmymu (11.31), (1 1.30), (11.29) ona poén’ﬂaxy; pe-
30/1bBEHTH R (1, 5, 1) Ta iTepoBaHNX siaep 30epiraloThed i y UbOMY BUTIAAKY.

| 11.6 |

InTerpanbHi piBHAHHA 3 ABPOM,
AKe mae cnabky ocobnusicTb

Y 3acTOCYBaHHSX YaCTO TPAIUTIOTLCS IHTErpaIbHI piBHSAHHA Bonbreppa
3 PO3PUBHUM SIIPOM BUIJISLY

_HG»

0 .
s O<a<), (11.34)

K, s)

ne H(t, s) — HenepepBHa GyHKLIA B TPUKYTHUKY A [auB. (10.4)]. 3okpe-
Ma, Takuil BUIVISX Ma€ piBHAHHA AGens (aus. n. 10.1)

os)
'[(’\/,_d = f(r). (11.35)

Posrisinemo B L,, iHTerpajibHe piBHAHHSA Bosbreppa npyroro pomy 3
ssapoM Buraay (11.34)

H@, )

e ———p(s) ds. (11.36)

o) = £(1) + xj
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MIHIAHI ONEPATOPU 1 NIHIAHI IHTEMPANbHI PIBHAHHA

Mpu o > 1/2 kBagpar supa HeinTerposHuil Ha A. [Tpote piBHAHHA (11.36)
MOXHA PO3B’S13aTH, «[TOJIMILIYIouM» AXPO B Takuil crioci6. [TobyxyeMo mpy-
ry itepauiio simpa K(¢, s):

J'f H{, H(, s) dr.

K, (t, 5) = L K(t, VK (z, s)dt=| =%t 9)°

3pobuMo 3aminy: T = s + (f — s)z. Toni AicraHeMo

9% 9) & (11.37)

Ky(, 5) = (t—s)'-ZaJ‘O' H(t, s+ (¢ _jzfl)ff7()i+(t_

abo

Ky, 9) =t -5)' "R, 9),
e F(t, s) — obmexeHa B A (yHKuist, OcKinbky iHrerpan B (11.37) pu o < 1
30DKHUH. ‘
AHaJIoriYHO MOXeMO 3HaWTH Nogalblii itepauil sapa K (¢, s):

K;(t, s) = (t - 8)* Rt ),

........................ (11.38)

K, (t,s)=(t~-s)"""""F,@,s5),

ne F,, ..., F, — obMexeHi GpyHKIL.
I3 dopmyn (11.38) BuruiuBae, o MoBTOPHe Aapo K, (7, s) oOMexeHe,
AKIIIO ‘

n(l-—a)-1>0. (11.39)

Crpasgi, 1 6ynbs-skoro o € (0, 1) MOXHa 3HalTH Take HaTypajibHe #,
1o HepiBHicTh (11.39) BuKoHyBatuMeThea. OTXe, mis Beix o € (0, 1) MOX-
Ha BKa3aTH HOMep n TaKMi, O BiNoBiaHe A0po K (¢, s) 6yae obmexeHe.

IMokaxeMo, 10 piBHAHHS Bonbreppa

o) = f() + 7»_[; K(t, s)p(s)ds (11.40)
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1.6
tHTerpane+i piBHAHHA 3 AOPOM, AKe Mae cnabky ocobnuaicTb

MOXHA 3BECTH IO aHAJIOTIYHOTO PiBHAHHSA 3 AOpoM K (1, §) i IeAKMM BUIbHUM
wieHoM f, (7). [loMHOXMMO 06unBi yacTuHy piBHsiHHA (11.40) Ha LK (2, 5) i
3iHTErpyeEMO B MeXax Bil @ 110 f:

Af "K(, $)o(s)ds = A [ 'K, ) f(s)ds +

+1?J'[((r, 5) {J‘SK(S'; t)(p(-c)dt}a’s. (11.41)

3MiHIOIYY IIOPAIOK iHTerpyBaHHs B (11.41), nicraemo

o0 = £+ 2] Kytt, s)ots)ds, (11.42)

ae

fo(t) = f1) + A j' K(t, 5)f(s)ds.

Axino snactuBocTi Aapa K,(1, s) Hac «He BIAIITOBYIOTb» (Hanpukial,
BOHO HeoOMeXeHe), TO IIPOLIEC MOXHA MPOJOBXHTH:

o) = f1(1) + 13 j’ K (1, )o(s)ds.

ae f3(t)y = fH()+ kZL’ K;(t, 8) fr(s)ds, iT. 0.

Y takuii crocif 3a CKiHYeHHY KiIbKICTb KPOKIB IMPUiAEMO IO piBHSH-
Hst Bonbreppa 3 obmexeHnM saapoM K (¢, s) i JesKuM BUIBHUM YJIEHOM f,(1).
Po3p’si3aBium 1e piBHAHHSA, JiCTaHEMO PO3B’A30K piBHsHHS (11.40).
3acTocyeMo BKa3aHUWit criocib go piBHAHHSA AbGenst (11.35) (ue iHrer-
paJibHe piBHSHHS NIEPLIOrO POAY, alle Ipouesypa NodyI0BU PiBHSHHS 3 00-
‘ : . _ 172
MeXeHUM S1IpOM 3aCTOcoBHa). ¥ piBHsHHI (11.35) K(¢, s) = (¢ - 5)"/*. Tomy,
srinHo 3 (11.37) (H= 1, a = 1/2)

0
Kot 9)=[ 230 -2) 2dz=B[%, %J=r2(l]=n
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NIHIKHI ONEPATOPY W MIHIAHI IHTEMPANbHI PIBHAHHA

(ypaxoBaHo, 1110 F( ) \[— B(p, q), T'(p) — B- i y-dyukuii Einepa Binrno-

BIiZTHO).

punyckaioyy, 10 po3B 30K piBHSHHs (11.35) 1cuye JOMHOXHMO
o0OUBI YaCTUHH HBOro piBHAHHA Ha K (¢, s) = (t — ) 2 3IHTETPYEMO B
mexax Bix 0 mo +. AHamoriuno (11.41), (11.42) nicraHemo

j(; Ky (1, s)o(s)ds = jo' K(t, $)f(s)ds,

TOOTO

J o(s)ds —f (5) d

3nrdepeHIi0BaBIIY 110 ¢ OOMABI YaCTHHHM OCTAHHBOI PIBHOCTI, MpuiiieMo
o opMyIu

S(s)
== JU - AP | (11.43)

Sixiio dyukuis f(¢) nnd)epeHniﬁOBHa TO BUpa3 (11.43) MoxHa nepeTBo-
puTH. 3acTOCYBaBILY A0 mTerpana B (11.43) dopMyity iHTErpyBaHHsI 4acTH-
HaMu (u (s) = f(s), v(s) = -2(¢t - sV ), JicTaHeMO

fj:_i‘f 200N + 2 92 Fsyds.

MincraBuBlUY 3HalineHmii BUpa3 st iHTerpana B (11.43), matumemo

o) = jmd (11.44)

OfNpuxknan 1.3

Buxopucmosyrouu gopmyay (11.44), pose sxcemo 3adauy npo maymoxpony (dus.
n. 10.1).
Y uboMy BUNAIKy f(s) = ¢ = const i 3 (11.44) nicraemo
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InTerpanuHi PiBHAHHA 3 ANPOM, AKe Mac cnabky ocobnusicTs

o =
nf
l . . 2
Vpaxosyioun, o ¢(n) = ——, 3HAXOXUMO sin B = _rc\/ﬁ , 3BUIKU 1} = —(—2—sm2 B.
sin § c T
Jani maemo (mus. m. 10.1)
dn _ ? 2sin Bcos B

d€ = — —z(' + cos 2B)dB.

tg B n tg B L
3sigcu 3Haxogumo & i AiCTaEMO MapaMeTpUYHi PiBHSIHHS IWYKaHO! KPHBOI:

2

& 1 . ¢
=—(B+=sin 2B [+¢., n=
6= S{Begoin 28 e n=o

-cos 2f).

4 3aysaxeHHna 11.4

SIk 1 y BUnaaky inrerpaisHoOro pisHaHHA Boabreppa (11.40), 3amicTb inter-
paibHOro pisHaHHs Ppenroanma

o) = f1)+ xj" K1, s)p(s)ds (11.45)

MOXHA pO3rIsAgaTH aHAJAOriyHe PIBHAHHSA 3 ITEPOBAHUM SIAPOM BUTIARY

o) = f,(0) + X j h K, (. 5)g(s)ds, (11.46)

ae f,(1)=f,. .(r)+kj K@, s)f,_((8)ds (n22, fi(t) = f(1)). leit cnoci6

J2€ 3MOTY YCYHYTH IEAKi OCOGJMBOCTI siApa, OCKIJIbKH iTepOBaHi sipa riai-
Killli, HiX BHXiIHe Aapo.
Hanpwukian, skwo B (11.45)

H{t, s)
fr—s[*

e H(t, s) — obmexeHa Ha Q = [a, b] x [a, b] pyuxuis, To iTeponasie sapo
K. (1, s) MmaTuMe Taky caMy CTPYKTYpy, ajie IPH LbLOMY YHMCJIO O 3MIHIOEThCS
Ha | - n(1 — o) [ananoriyno Bunanky (11.34)] i, oTxe, NpU JOCHUTH BEIMKUX n
noka3Huk 1 — n(l - o) crare Bin’emHumM, a saapo K, (7, s) Oyae obmexenum.

K. s) = O<a<l), (11.47)
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& @ Poss’ss3aty iHTerpabHi piHsHAs Abens (11.35), akwo:
@) f(t) =cVr; 6) f(t) =sint.

@ Po3B’sizaTy y3aranpHeHe piBHSHHsS AGenst

) _
0z’—_—s)a—(/s = f(r) (O<a<l)

11.7

IHTerpaneHi piBHAHHA
i3 cUMeTpUYHUMHK ApPaMM

PoarngueMo iHTerpanbHe piBusiHHsg @pearonbma (11.14). Sopo K (¢, 5)
LLOTO PiBHAHHS HA3UBAIOTH cumempuyrum, ko K(t, s) = K(s, ) v (4, ) € Q
[y Bunagky KoMmIieKcHO3Ha4Hoi GpyHKLiT cUMeTpUUHe S14pO BU3HAYEHe
piBHicTio K (7, s) = K (¢, ) = K(s, 1) ]. IHTerpaibHe piBHAHHS, AAPO KO-
[0 CUMETPHYHE, HA3UBAIOTb DIGHAHHAM i3 CUMEmPUYHUM a0pom, abo cumem-
PUMHUM iHmezpanbHum pignannam. Jaii posnsaarumeMo piBHsHH:A (11.4) i3
CHUMETPUYHUM SAPOM. AHAIOTIYHO N. 10.4 3HAYeHHA napameTpa A = A, Ha-
3UBAIOThL XAPaAKMepucmudHum (gaacrum) yucaom aopa K (¢, s), AKWO OIHO-
pilHe iHTErpajibHe PiBHSAHHS

o) =Xy J.;K(r, $)p(s)ds (11.48)

Ma€ MPUHAMHI OIVH HEeTPUBIATBHUI PO3B’A30K. Takuii po3B’A30K HA3MU-
BaIOTb gaacHoo, 60 hyrndamenmanvrow, gynkuicro aopa.

OCHOBHi BIAaCTUBOCTI CUMETPUUHHUX
iHTeTrpaJlbHHUX pPiBHAHB

1. Bydv-ske nenepepgue cumempuune adpo K(t, s) = 0 mae npunatimni
00He éaacHe 4ucao™ .

Cnil 3ayBaXuTH, IO HECUMETPUYHI siIpa MOXYTb He MaTH BJIaCHUX
yycell. Tak, HAaNMpUKIIal, HEBAXKKO IEPEBIPUTH, 110 BUPOAXEHE (HECUMET-

* 3 goBedeHHAM LbOTO TBEpIXEHHA MOXHa o3Haomutucs B [22, 27].
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1.7
IHTerpaneH| piBHAHHA i3 CUMETPUUHUMM ALDAMMU

puune) s1po K (2, 5) = ts%((t, 5) € [-1, 1] x [-1, 1]) He Mae XOIHOTO BIACHO-
ro yucia.

2. Axwo ¢,(t), ©,(t) — enacui hynruyii, axi eidnosidaoms 00HOMY éaac-
HOMY 4ucay Ly, mo i dosinbha ninitina kombinayin ¢ ©,(t) + c,@,(¢)

20 ) . ;
(c,, c; — cmani: ¢f +¢5 >0) ¢ gaacnoro pyuxyicro, sxa sionosioae
BAACHOMY HUCAY A,

L{10 BIACTUBICTD ITPOIIOHYEMO JJOBECTH CAMOCTIIHO.

3. Baacni gpynxcuii 9,(t), 9,(t), wo eidnosidaroms pisnum erackum wucram
A, i ),, opmoconanbHi:

b
L @ (N, (1) dr = 0. (11.49)

Cnpasgai, 3a yMOBOIO,
b b
O = [ K, ho)ds, @) =0, [ K1, s)p(s) s

I3 nepioi ToToOXHOCTI MaEMO

b b b
L @ (NG (1 dt = A, j [ j K@, s)oy(s)ds J(pz (t)dr.

3MiHIOIOUH MOPSANOK HTErPYBaAHHS 3 ypaxyBaHHSIM CHMETPUUHOCTI aapa

. b A
K(t, s), nictaHeMo L ¢ (Ne-(t)dr = XLJ ¢ ()9, (t)d1, 3BiIKM BUIUIMBAC
(11.49). 2%

& 3ayBaxeHns 1.5

I3 snacrupocteit 2 i 3 BunAKMBac, WO cUCTEMY BIACHHX dyHkuii cumerpuy-
HOTO fiipa MOXHa BBaXaTH OPTOHOPMORBAHOIO.

4. BaacHi wucaa cumempuurnozo sdpa QilicHi.

Ab6M n0BecTH Lie TBepIKEHHS, PUITYCTUMO (Bia CYIPOTHBHOTO), 1LO
Ao =0y + iy (B # 0) — KOMIUIEKCHE BAacHe YHCIIO i 9o(1) = ¢,(1) + i, (1) —
BiacHa (yHKLUIsA, ska #oMy Binnosigae. HeBaxko nosecty, wo B LLOMY

BUnanKky @y(7) = @,(r) - ig, () € BracHoI0 GyHKIiEI0, s1Ka BiANOBiZaE BIA-
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CHOMY 4HCTy Ay = Ol ~ i By- 3a mmacTusicTio 3 byHKUII ¢y(1) i Po(f) op-
TOTOHAJIbHI:

b b
[, w@nyar = [ @20+ i ar =0,

3BilCH, BHACTINOK HellepepBHOCTI GYHKLIN ¢,(t), ¢,(t), BUILIABAE, IO
9,(1) = 0y(r) = 0 i, orxe, @y(r) = 0, a 1e HEMOXJIMBO.

5. byov-saxuii aidpizok [«, B} c R moxce micmumu nuwe cxinuenny muo-
JCUHY BAACHUX HUCe.

ABUY OBeCTH He TBEPIXEHHS, PUITYyCTUMO (Bill CYTIPOTUBHOIO), IO B
NesTKOMY Bifpi3Ky [o, B] MiCTHTbCS HeCKiHYEHHA OCHKIIOBHICTh BIACHUX
uMcen §,, a y,(f) — NOCHIOBHICTb BIaCHUX (YHKIIiM, siki iM Bimnosina-
10Tb. 3HaiineMo KoediuieHTn ®yp’e gapa K (¢, s) 32 OPTOHOPMOBAHOIO CHC-

b
Temo10 {y, (1)} : ¢, = J K@, sy, (s)ds = SL\V" (7). 3acTocoByouM He-
piBHicTb Beccens, maemo k

n 2, s
\v§2(t) 5,[ K(t, s)ds (tela,b], ne N).
k=1 Ok a

3inTerpyBaBuIy 110 f Bil a 10 b, JicTaHeMO

" b pb ‘
lej f K2t s)dsdt S B <400 (neN).  (11.50)
k=18%' a-a

Ockinbku 8, € [0, B] (k€ N), 10 8 <¥* (¥ = max {o?, p%}). Tomi 3 (11.50)

n
1 .
BMIDIMBAE, 1o Vn € N 2—2 < ‘Bz, a 1le HeMOXJIMBO, OCKIIbKU psil
k=17

o o)
2 Lz PO3GILKHUIN.
k=17

I3 RTACTUBOCTI 5 BUIUIMBAE, ILIO BCi BIACHI YMC/Ia MOXHA 3aHYMEpyBaTH
B TTOPSIIKY 3POCTaHHS IXHIX aGCOMIOTHUX 3HaYeHb: | A, | < || < ... <[4 |< ...
i mo |Xn| — +0, IKIIO MHOXHHA BCiX BJIACHUX 4YHCeNl (cnekmp sdpa)
HeckiHYeHHa.
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IHTerpansHi PiBHAHHA i3 CUMETPUYHUMY ANPaMY

6. Koocromy eracromy uucay ) cumempu4Hozo adpa éionogioae cKiH4eHHa
MHONCUHQ ATHILHO HE3ANeNCHUX BAACHUX DYHKUiL.

Ile TBepmIXeHHSA TOBOIUTECS aHAJOTIYHO BIACTHBOCTI 5. [TporoHyeMo
JIOBECTU OO CaMOCTIIHO.

7. Cumempuune adpo € eupodxcenum modi U auue modi, Koau oHO Mae
CKIHYeHHUU cneKkmp.

Cnpasuai, sikuio gapo K (¢, s) BUpoIxeHe, TO BJIACHi YUCIA € HYJIIMU
pu3zHaynuka Opearoasma D()) (aue. n. 10.4). PiBuauusg D(L) = 0 mae,
OYEBUIHO, CKIHYEHHY KUTBKICTh KOpeHiB. Hexaii tenep A, A,, ..., A, —
CIEKTp s11pa, a @,(f), ¢,(f), ..., ¢,(t) — NOBHa cKcTeMa BIIMOBITHUX iM
JHHIHO He3ajleXXHUX (OPTOHOPMOBAaHMX) BIacHUX (dyHKitiit. [TokaxeMo, 110
B IILOMY BUTIQKy

n

K@ 9= Y 0 00,5) (11.51)

k=1"k

Hexait K (7, s) — pisnuus JiBoi Ta npasoi yactud (11.51). Bin cynpo-
TUBHOro npunycrumo, wo K(t, s) # 0. Ockineku aapo K(¢, s) cumer-
pUYHe, TO 32 BIaCTUBICTIO 1 iCHYE BAacHe YMCIO | i BlacHa GyHKLIS §(f)
uboro saapa. JosereMo, o GyHKLIS §(f) OpTOroHajJbHa A0 BCiX BJIACHUX
dbyuxkuii sapa K(t, s). Maemo (Vm=1,2, ..., n)

b b b
[ o0en@yd = uf o] K, 5)o() dsdt =
b b | ‘
= j (P(s)j K, s)- z WL () (s) |9, (1) dt ds =
a a o1 M

—j'“(s) j”K(z )0, (N dt -~ ——o (s) |ds =
- a‘P a » (pm ' }\ (pm -

m

’ 0 L i I ¢ -
= J;’ (p(s)(XI:(Pm(S) - l_m(pfll(b) ]d) = 0

3Bigcu BMIUIMBAE, IO YUCIO W i GyHKLUIS §(f) € BIacHUMH ¥ JuId sSapa
K(t, s). Cnpasni,

365



y Tnasa 11
NMHIAHI ONEPATOPK 1 NIHIMHI IMTEMPANbH! PIBHAHHA

o) = “J: K(t, s)§(s)ds =
b L 1 b
=uf 1K@, -y (006 |p(s)ds = K, 5)pls)
k=1"k ¢

OCKUTbKH @4 (1), 0,(?), ..., ¢,(t) — MOBHA CHCTEMA JIHINHO HE3ANEXHNX BITAC-
HUX OYHKUIH sapa K(¢, s), To §(f) € niHiitHOW KoMGiHaLicio yHKLii
Liei CHUCTEMHM, II0 HEMOXNMBO, 60 ((f) opTOroHalIbHA OO BCiX IUX (BYHK-
uiit. Orxe, K(t, 5) = 0 i cnpasexnupa piBHicTs (11.51).

8. Akwo Ay i ¢y(t) — sidnosiono esacne wucno ma eéracka pynxyis cu-
mempuunozo adpa K (1, s), mo Ay i ¢y(t) — eracme wucno i eracna
GyrKkyin imeposanozo ndpa K. (¢, 5) (Ous. n. 11.5).

Llo BAacTHBICTL CMMETPUYHOTO AIpa MPONOHYEMO JOBECTH CAMOCTIHHO.
9. A6u nenepepana gynxyis y(t) 6yaa opmozonansroro 0o cumempuuHozo
b
adpa K(t, s): J K@, s)y(s)ds =0 (tela, b)), neobxiono i doc-
a
mamubo, woh ona 6yaa Opmoz2oHANLHOI 00 KOXCHOTL 6aacHOT yHKYIT

adpa: J:) Y($)e(s)ds=0 (k=1,2,.).

110 BnacTuBicTs npuitMeMo Ge3 DoBeIeHHs.

10. (Teopema Iinvbepma—IlImioma). Jxwo pynxyis f(t) moxnce 6ymu
npedcmasnena y gueasnoi

| f@= Lh K(t, s)h(s)ds, (11.52)

de h(s) — Kyckoso-nenepepena gynkyia na la, b, a K(t, s) — cu-
Mempuyne A0po, mo ii MOXCHA PO3GUHYMU 8 ABCOMOMHO ] PIBHOMIDHO
36ixncnuil Ha 6idpisky |a, b] pad @yp’e 3a cucmemoro anacrux ynryii
adpa K(t, s):

o

f(t) = zck(pk (1) (Ck = j:f(t)(pk (1) dt j (11.53)

k=1
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Hnsa noeeneHHs 3actocyeMo kpurepiii Ko piBHOMipHOI 361KHOCTI.

b
Ockitbky ¢ = ::—" (k=1,2,.., oe h =J h(s)g; (s)ds — xoedimieH-
k

a
™ Pyp’e dyHKUIi 4 (¢), T0 32 HepiBHicTIO Kowti—ByHIKOBCHKOTO MaeMo

1/2 1/2
n+p n+ n+ 2
Z Ay, 2” ) 2” @, (1)
k=n+1 E(pk(t) ) (k hk - )\,2 <f V”>”o»
= =n+l k=n+1 k

OCKiJIbKY 3a HepiBHocTAMM Beccens ansa dbyukuiit A(¢) i K(¢, s) Binmo-
BiIHO

“ b L b
<[ neyds, S 8W K2(t, s)ds < N = const.
I(E::l k Ju kz=l )'12( Ja

Hexait Teniep y(¢) = f(1) - z %—(pk (). HenepepsHa Ha |a, b] dyHKilin
k=1"k

y(¢) OpTOroHaabHa A0 BCiX GyHKLIH ¢,,(t). Cnpasui,

b B b o hk o __h.m__
-L \U(,)(pm(t)d, - .L [f(’) - 2 E(pk (t) J(pm(r)d’ =Cm A =0

k=1 m
(m=12.).

Otxe,

b b ' Z N b
L v () di = L w(r)[f(r) - kz'lﬁ(pk () |dr = j () /(0 dr =

= jl)\ll(’)j{b K(1, s)h(s)ds dt =th(s)jh K@, syy(t)drds =0,

OCKIJIBKM 33 BIACTUBICTIO 9 dyHKuis y(¢) opToroHanbHa no sapa K (1, s).
Tomy y2(t) = 01 y(t) = 0.
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1.7
IHTerpanbHi PIBHAHHA i3 CUMETPUUHUMK ARPAMN

11. Axwo 6 neoonopionomy piensnni (11.14) ). ne € eracuum wucrom sopa
K (¢, s), mo pienanns mae edunuii poze 330k ©(t), AKuli MOX¥CHa npeod-
cmasumu 'y au2aaoi

o) = f()+ xz o (1), (11.54)

A-x

de ¢, = J-b S (t)dt — xoepiuicnmu Pyp’e yricyii f(t).

CripaBri, B 1IbOMy BMITAJIKY 3a IeplLioio TeopeMoio ®pearonsma piBHSIH-
HA Ma€ €IWHUN PO3B 30K (), I AKOro

o(r) = f(r) + Ag(r), (11.55)

b
Je g(f) = L K(t, s)p(s)ds. 3a Teopemoro FinsGepia—HlMi)ITa gty =

= Ay (¢). MixcraBumo (11.55) y pisusinns (11.14):
k=1

f(t)+x2Ak<pk(r)sf(t)+kJ'bK(t, ) f(s)+XZA,\,(pk(s) ds.
k=1 a k=1

3Bincu

ZAk(pk t) = J.j K, s)f(s)ds + kz Ay JbK(t, $)Q, (s)ds.
k=1 k=1

b
3acrocysasiy TeopeMy [iboepra—IIImiara 10 yHKLii j K{(t, s)f(s)ds
a
b
i BpaxoBy104H, IO f K(t, s)o,(s)ds = Xl—(pk (1), micraHemMo
a k

G

iAk(Pk(t EZ 3 (t)+7»zA (p;i(t),
k=1 k

Ji
A =N
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3BiOKYU BUILIUBAE, U0 A, =

27 TIpormoHyeEMO CaAMOCTIifHO IOBECTH, HIO Yy BUNAKKY, KOJIM A = k ( ) — JesiKe BilacHe
YHCNO), HeoOXiAHOIO it 1OCTaTHBOIO YMOBOIO PO3B’SI3HOCTI Heom{opumom PIBHSTHHST
i3 CHMeTPUYHUM SIIPOM € YMOBA OPTOrOHANMBHOCTI (GyHKIL f(¢) 10 cucTeMH JiHIHHO
HE3WIEXHUX BIaCHUX DyHKILIIH (pp(t) @ I(t) o @y 1(1), s BignoOBIKATHL RIAC-
HOMY 4HCIy A NMPUYOMY, SIKIIIO yMOBa PO3B’SI3HOCTI BUKOHYEThCS, TO HEOTHOPiAHE
PiBHSIHHS Mae r-napaMeTpuyHy CiM’I0 PO3B’SI3KIB BUNISILY

o = f(0)+ Z Ay k(1) + x,,z ~ o).
k=0
ne Ay, Ay, ..., A,_ | — DOBiBHI CTa, 2 IITPUX O3HAYAE, 1O B OCTAHHIN CYMi AoMaH-
KW 3 HoMepaMH K =p, p+ 1, ..., p + r — | Mal0Th BYTH onylLEHi.

& 3aysaxeHHA 11.6

BaxuiMBUM 3acCTOCYBaHHSAM Teopii iHTerpanbHUX piBHAHbL ®pexronnma i3
CUMETPDHYHHM SAPOM € Teopis cnekTpaibHux 3aday typma—Jliysinns
(zuB. 1. 6.4). Posrisinemo, Hanpukian, 3agavy [typMa—Jliyeinns (6.30),
(6.31).

Hexait A = 0 He € BnacHuUM yncnom uiei 3amavi. Togi (aus. 1. 6.3) icHye
¢dynkuisa Ipiva G(¢, s) (G(¢, 5) = G(s, t)) KpaitoBOl 3amayi M PiBHAHHA
L,y = —f(¢) 3 xpaitoBuMm ymosamu (6.31), npudoMy po3B’s30K 3azadi MOXHa

3anMcary y Buriasiai y(r) = -jb G(t, 8)f(s)ds. Moxnasmu f(t) = —Ap(?)y(t),

npuitgemo 0o [exksiBaeHTHoro 3amayvi HItypma—Jliysinas (6.30), (6.31)] in-
TerpajJisHOro PiBHAHHSA

Yty = A j fG(r, $)p(s)y(s) ds. (11.56)

PiBuannga (11.56) MoxnHa 38eCTH IO DIBHAHHA i3 CHMETPHUHHM SAPOM

BiIHOCHO DYHKLIT ¢(7) = y(t)./p(t) :
or) = Abe(r, VPP )e(s) ds. (11.57)

Towmy BnacHi dyukuii samayi [rypma—Jliysinng (6.30), (6.31) € BracHumm
(dyukuismu inTerpansHoro pisustHusg (11.57), i Hanaku. Lle, 3okpema, nae
3Mory mictatd Teopemy Crekinopa ik HacHigok teopemu TinnGepra— Hmia-
Ta. CripasRi, Hexail f(f) — npivi HeriepepBHO audepeHuiitoBHa byHKLis
Ha BiIpi3Ky [a, b], Aka 33.[[0[;0J'II>HSI€ kpaitosi ymoBu (6.31). Toni dymHkuis L, f=

= h(t) € Cla nt S =I G (1, s)h(s)ds. Otxe, 3a Teopemoio Tinebepra—
HImiara d)yHKum J(t) moxe GyTu npencrtabieHa aGCOMIOTHO it PiIBHOMIPHO

36iXHUM Ha BIIPi3KY [a, b] psmom Dyp’e 3a cucteMolo BracHux QyHKUIH
3agaui (6.30), (6.31).



HopaTtok 1
OcHoBHI Teopemu i opmynu onepauiAiHoro YUCNEHHA

Hpodoexcenns 000. 1.1

JOIATKHA
Hazsga Opurinan 3o0paxkeHns
ITpo {uud)e—
Hodamox 1 22}{;?(:]6(;)?-}{_ ~ff (1), (=0)"1"f(r) Fi(py. F(p)
OCHOBHI TﬁOPEMVI # ©OPMYNU KEHHsT
ONEPALLIMHOIO YUCNEHHA -
Tpo iwrer- F)
pyBaHHs € Oloy] _[ F(q)dg (Re p> o)
300paXkeHHs ’
Mpo X . lF r
L. 1.1.OcHoBHi Teopemu samiity Jtet) (e = const > 0) ¢ e
- et v P Maclutaby
onepauinHoro YMCneHHA
IMpo 3mi-
Ha3ssa Opwrinaa 3obpaxenHs LLEHHS M f(r) (= conste C) F(p-2) (Re(p—-2)>ay)
300paxxeHHst
IMpo nepe- Fip) = P pt
. (p) = S P di in
TBOPEHHS! S(r)ye Olay| J.', Mpo 3anis FU— k(-7 (x = const > 0) T E()
Jaruiaca (Re p>ay) HeHHz
opurinany
Mpo oBep- 1 3 . b
Hete 3 (ft-0)+ f(t+0)) = 7 x F Mpo sune- v e dr
epeTBOpeH- Sin () PEIDKEHHST [t +Dh(r) (t=const >0) ¢ (p)- _’.“ J(e "«
ust JTaraca Xj ~ F(pye™ dp (Re p =5 > 0y) opuriHaty
St
Mpo miniii- ) I Tpo rpa- ” F0) = lim pF(p):
HICTb 2(1 10 (fu(tye Olog 1) ZHA FA(p). Re p>oy HUUHI S e Oloy) P
riepeTBopeH- &~ 4k * o k=1 CriBBiAHO- S(+0) = const;  f(+=) = const Sx) = /lim“ av))
Hst Jlaruiaca oy = max {o, . LIeHHS e
l<ks<n
a, =const, k=1, ...n
‘ Mpo 306pa- I LIPS
IMpo ande P (40 KEHHS frg= J.“f(f)é(f -~ 1)dt F)G(p).
[ 3611 - ’ 3 - . .
PeHLIiIORaH - S PED) /(;r ); ?())];)(;FrTif[:niB (f(1) e Oloyl. g(r)e OB, (Re p >y, = maxioy. B
HST OpUTiHA- ) P F(p) - Z pn«A /-1k—1>(+0)
y k=1 '
Moo i [epia 2 a s L
po iHTer- , | Teopema f) = : € O| Ryl Fipy=Y 2L (Ip|=2R, >0
PYBaHHA L, f(r)dt —p—F(p) PO3BUHEHHS Sk =b! Az'{ »* ’
opuriHany
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HOonatok 1
OcHOoBHI Teopemun W (DOPMYNK ONEpPauiAHOro YNCEHHA

3axinyenns doo. 1.2

OOOATKH
3axinuenns doo. 1.1
Ha3sga Opurinan 3o6paxkenns
Hpyra reo- ‘ / I . Hpaaunbﬂmzr Pis Py o Py —
peMa po3Bu- | f(1) = z *—'l(p ~ Py Y% X | HECKOPOTHUIA kxopeHi N(p)
HEeHHS U1 =i = ! paLliOHATLHUI | KpaTHOCTeit
paLjioHATb- (=) Apib my, m,, .., m;
HUX DYHKLI# xe? F(p)]
Fip - K@)
N(p)
/ -
K(p) mo=m =..=
f(t) = Z“fpk e o
k=] N (pl\) ==
0.1.2. 3o6paxeHHs A opuriHanun
Ne nop. f@) F(p) Ne nop. f@) F(p)
I 14
— 9 ch ot 3
1 h(t) P P -
e |
2 | ht-0 @>0) e 10 e“sinewt | — o
p (p-o) +o°
l —
3 e™ —_— 11 e“ cos wt __[170(—7
P (p—0) +w
o+ 1
4 (> 1) s ]) 12 sin of _ror
p (p-+w@7)y
! > 2
5 t :’;‘ 13 1 cos wt ——I-),—%
(n=0,1,2,.) p (p+ow)
. (] 0]
6 sin ot I 14 e"“sh ot ———
P+ (p-o)y —o
7 14 [o14 P -
cos ot 3 5 15 e“ch ot —
P+ (p—o)y —w
® n!
8 sh ot ~5— 16 e“t" — T
pr-o (n=0,1,2,..)] P~
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Ne nop. f@) F(p) Ne nop. £ F(p)
1 > of | I 0)3
—tle S — —(sh o7 -
17 2 (p- 0()3 30 2 ,1)4 - o
| —sin o)
n . ] [ (p+l‘(l))"+ >
18 —sin of - | W p
n! 2| (p? +ofy! —(ch or - :
(r -" )+1 31 2( . /)4~(04
_Ap-io)” ~COoS OF)
Pty 2
v i hor wp
19 (1 + ar)e® — 32 shors P
‘ (p—0) +sin ot)
| L p 3
20 — o —1)e ¢ — I i
: 2 —(ch of +
o (1 + ap) 33 3 (c P
’ —lz-(e(”—’ ) : | +¢os of) 2ol
o p(p-o) 34 sin ot sh ot -
o | P+ 4o
22 oe ¢ +1 - —_— 2 4,2
P+ op) 35 cos wt sh ot u)(/: 2(3 )
| | p+4o
23 —(1+ — 20’
o? p(p~ o) 36 sin wfch wf o I: +_,___u;_l
(o — e ph o+ 4o
u | g : 37 : :
—(I—cos ® — W T
o PP+ o) Nen \/;
1 2 ot p ! l
25 t+—ar’ e —— 38 2=
[ 2 J (p— o ™ e
2 2 1+ 201 )+ O
26 cos’ wt i;ﬂT“ 39 l
pp~ +4w7) NEY NP
20’ |
27 in? of —_— 40 J(t e
s PPt +do?) ot \/7)3 +1
/)2 207
28 ch? wt ; -p)
/)([)') - 40)2) 41 -/\,(f) v>-1) M
2(1)2 r !
29 sh? wt —"
pp” —407) 42 3(t— ) e
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Hodamox 2

AUOEPEHUIANBHI PIBHAHHA EWNEPA
B 3AZJAYAX BAPIALIKHOIO YUCNEHHA

. 2.1. OCHOBHi NOHATTA

OmHicl0 3 OCHOBHHUX 3aJiay BapialliftHOTO YUCAEHHS* € 3adaua eidwyKaHHs
excmpemymia (hyHKuionanis.

Hexait K — gesixkwit kinac dyHKUii i3 MOBHOFO JiHiitHOro HopMosaHoro (6a-
HaxoBoro) npoctopy B. I'puknamamu Takux mnpoctopisB (aus. n 3.1) € npocrip

C\a b YCiX DiliCHMX, HEMEPEPBHUX Ha [a, b] byHkuiit (Hopma B Cla » BU3HAYEHA

dopmyimoo || v [ly= ln:a}))f | ¥(x) ], ye G, p); mpocTip le, p| YCiX HiHCHMX, He-

NepepBHMX Pa3oM 3i CBOIMHU TIOXIIHUMH IO k-0 NMOPSAKY BKAIOWHO HA BiPi3Ky [a, b],
k
dbyHKUiH (HopMa B leh »| Bu3HAueHa dopmynowo |y [, = zind/)% |y 1,
a, n
i=0'"

ye C|/:1,h|)~

Axwwo koxHiW GyHKUIT y = y(x) € K 3a JesKMM 3aKOHOM MoCTaBieHe y

BinnosigHicTs uncio J(y) = J(y(x)) € R, TO KaxXyTh, 10 Ha MHOXUHI K 3amaHo
pyuryionan J(y).

h
Tax, Hanpukian, Gopmyiow S(y) = L yx)dx (y(x) 20, y(x)e G, 5) 3a-

naHo ynkuionas, skuit GyHKLIT ¥ (x) CTABMTL y BIATIOBIAHICTb IMIOILY KPHBO-
JiHifHOT Tpanewnii, oGMexeHoi NiHiAMU X = a, x = b, y = 0, y = y(x); bopmyjoi

b
I(y) =J 1+ p7(x)dx (p(x)e C|Iu py) 3alaHo dyHKiioHan, kUit GyHKIIT y (x)
d

CTaBUThH V BIAMOBIZHICTE NOBXHHY OyI¥ KPHUBOI y = y(x) (x € [a, b]); dopmynolo

o(z) = J]JI +z2 4+ :;,2 dvdy 3anaHo dbyHKUioHam, iknit Gynkuii z = z(x, y) €
)

* |3 3ara pHOIO TEOPIEI0 BapialiifHOro YMCIEHHs MOXHA o3HaitomuTHca B [39, 17, 29].
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IOudepeHuianbHi piBHAHHA Eilinepa B 3apavax BapiauwiiHOro YNCnexHA

e C }, CTaBHTH Yy BIlNOBIAHICTb IUIOLLY KPUBOJIHITHOT MOBEPXHi, 3a8aHOT PiBHSH-
HIM Zz = z(x, y) ((x, y) € D).

VYV posrmaHyrux npukiasax ¢GbyHKLUIOHaIM 3aJaHO 3a JONOMOTOI0 omepaitii
iHTerpyBaHHs. Taki pyHKUIOHAMU HA3UBAIOTL iHmeeparshumu. TIpoTe Le He enu-
HUY cnoci6 3ananus pydkuioHanis. Tak, Hanpukiaan, GyHKLUiOHaNU

J) =Y ), )= _’):M!(‘_n)
" > 1+ 0)
im1

(xiela, bl, i=1 ..,m yxye (G, p)

3a/1aHO 3a HOMOMOroI0 apudMeTHyHUX onepauiit. Cnil 3a3AaAYUTH, 1O B KIAACHY-
HOMY BapialliiiHOMY YMCAEHHI BUBYAIOTHCS 3Ae6inbloro iHTerpanbHi gyHkiio-
HaM,

Hexait y, = y,(x) € K — ¢ikcoana dyHkuis, h = h(x) € K — JMOBiTbHA
byukuisn (sapiayis gyusuii y,) Taka, wo y = y(x) =y, + h € K Beanuuny

def .
AJ(yy, b)Y = J(y, + h) — J(y,) HA3UBAIOTL npupocmom Pyrkyionara J(y) Ha byH-

KUii y, («y TOUL py»).

dynxuionan J(y) HazuBaIOThL HenepepeHum y mouyi y,, Ko | AJ (vy. h) | <e
(¢ >0 — Gynb-sike) Vhe K :| h|l <8 (cumsonoM | - || nosuayeno itopmy y Bimno-
BIZHOMY MNpOCTOpI).

Tak, Hanpukiag, dyrkuionanu S(y) i [(y) € HenepepBHMMH, OCKIUITLKH

h '
FAS(py, M) | = “{l h(xydx| < hlly (b—aY<e npu || h,< 8, =

J.h(\/:(‘y(’) + h,)l )— \/I + ,V(’)Z )(/.X'

[ L
¢ \/l + (y(’) + /l')2 + \/E }’(’;2

<1
2

b—ua

<

| Al(yy, b) | =

h
dx < ;_—J.” 290l + 0% | dx s

Qv +D AL (h-a)<e

2e ‘
L =3,
1 @ lxo +1)(b—a)J !

Hermepepsuuit pyHKUioHai J(y) HAa3UBAIOTH /tg'uiduww, akwo J (ol + 0y =
= oy J(hy) + 0, J (hy) 1I9 ROBIABHUX 0y, 0y € R i Oynb-skux h, hy € K.

h
ay(X)p(x)dy (y(x) €

npu || A ], < min:

Tinittnumu dyHKUioHaTaMu €, Hanpukaam: J(y) =J

[
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b , )
€ Cpy s a(0) € C,, yy — dikcosana dynkuin); J () = L (@ (x)y(x) + by (x) Y (x)) dx

Y (x) € C, 4 2@, by(x) € C, 5 — dikcoBani GYRKLID). _
ﬂKmolaﬁ[)lﬂpiCT AJ (vy, h) d)'§m]<uionana J(y) MOXHa npefcTaBUTH Y BUTIAII

Ao hy = @y, y+of A1), (41— 0, (A.2.1)
ze ¢(h) = (¥, k) — ninifinui dyHkuionan, T0 GyHKUioHan J(y) HA3WBAIOTL
dugbepenivioghum (y TONLLi y,), & TiHikHMit DyHKIIOHN (k) = 8J (v, k) — nep-
worw sapiayicio (eapiayicro, nepuium 0u¢epenuiaﬂ0M).¢nyyioHaﬂa J(y) y Touu y,.

3HaitneMo, HampUKIal, Bapiallii Takux (pyHKLIIOHATIB!
o,

@I = [ Y dx (e Gy

b 5, B

B 0 = [ G+ Py dx (e G

Maewmo:

h
B MG = [ (o) + e =y () dx =2 pooonca)d +

b b
[ Red ([ R wdx| <RI G- =ollhly. Il =0

]
Onxe, /(3 1) = 2] yy(x)h(x)dx.

{6 AT (yo. ) = J‘: (Fo(x) + h(x) + X2 (po(x) + H'(x))) dx -

h
[ o+ i ds = [0+ P HN dx =83y b

3a3HaunMo, 110 Ko (yHkuionan J (y) audepeHiifoBHUI y TOUL ¥ = ¥o(¥),
TO ¥#oro Bapiauilo @(4) MoXHa 3HaiTH 3a GOPMYIIOK

o(h) = 8J(py, h) = %J(y(, +1h)|, _ - (4.2.2)

Cnipasni, noxnasmu y(¢) = J (3, + th) (t € R), 3 ymosu andepenniffoBHocTi (J1.2.1)
nictaneMo

w(t) - y(0) = o(th) + o(t), t — 0. (4.2.3)
376
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OudbepeHyianbii piBHAHHA EAnepa B 3apavax BapiauinHoro YMcneHHA

VYuacnigok ninifnocT dyukuioHara @ MaeMo ¢(th) = to(h). Tomy 3 piBHOCTI
([1.2.3) sunnusae, mo y'(0) = o(h). '

Bupas y'(0), xe y(t) = J(y, + th) (t € R), h € K, HazuBaloTb nepuwoio eapia-
uicro 3a Jaepancem Gynxuionara J(y) ¥ Toudi yo. JANs po3tisayBaHUX y KIacuy-
HOMY BapiallilHOMY 9HCJIeHHI iHTerpajibHUX (YHKUIOHANIB MOHATTS Nepiuoi
Bapianiil 3a JlarpavxeM 36iracTbcs 3 MOHATTAM Bapialii GpyHKLIOHANA B Tpaau-
HiliHOMY pO3yMiHHi (AK JNiHIiTHOT YacTUHM npupocty). ToMmy MIs BialLlyKaHHS
Bapiattiit byukuioHatis gami sukopucrosysatumeMo dopmyny (1.2.2).

3Haiigemo, Hampukaan, 3a dopmynow ([.2.2) sapianiio dyskiioHamra

b
,[(y):j F(x, y, y)dx (y(x)e Cllu py) Y MpUNYyWeHHi, wo F — HemepepBHO
ad
audepenuiiiosna GyHKIA cBOiIX 3MiHHUX. Maemo

d h 4 ’
8J(yy, h) = —-j F(x.yy +th, yy + th')dx |
dt da

1=0 =

b
= J (Fi(x, yo. Y + Fix, yo. yoI)dx. (A.24)

Touky y, = y,(x) € K Ha3uBaIOTh mouKoio MiHiMymy (makcumymy) gyHkuyionana
J(y), axuwo

AJ(ye- =20 (c0)Vhe K:||h|<d.
Axuio dynkuionwan J(y) mae sapiauiio (1.2.2), To MOXHa LicTaTh HeobXil-

HY YMOBY MiHiMymy a60 MakcuMyMmy (excmpemymy) dyHKUioHana, aHaIOTIYHY
HeOoOXiAHIM YMOBi JTOKAJILHOrO eKCTpeMyMy QYHKLiH 6araThoX 3MitIHUX.

oseneHHR

TMpu h = O pisnicrs ([.2.5) oueBnana. Hexait h # 0 ¢ K — 6ynb-sika.
Po3risHeMO Touky y, = ¥, + th nipu |t] < 8/|| A |. Toni [[th| = ||| Al < 3 i
BUKOHYETbCS HepiBHICTb J(y, + th) < J(y,) (w1s Touku MakcHMymy) abo
J(y, + th) 2 J (y,) (ans Touku miniMymy). Lle o3Havae, o audepeHuiioBHa
npy ¢ = 0 byHkuis w(t) = J (¥, + th) y Touli # = 0 Mae BHYTPIlIHii JTOKATBHUA
ekctpeMyM. OTXe, 3a BiIOMOIO TeopeMoio aHanisy y'(0) = 8J(y,, h) = 0.
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BukopucTosyiouu ochoeny aemy eapiauiinozo wucaenns (1emy Jlazparca),
HeoOxinHy ymosy (J1.2.5) ekctpemyMmy yHKkLioHata J(p) 32MUCYIOTh Y Gopmi
piBHsine Eitnepa.

: (NarpaHxa pNA OYHKLiK OaHIET 3MIHHOT)
H_Kmp f(x) e €\, y i must 6ynb-saxoi pymkuii 4 (x) C\4, 5) BUKOHYETHCS :
. PiBHIiCTB :

[ £eomeax = 0. (1.2.6) :

HdosepenHnA
IMpunycTuMo Bim CYNpPOTUBHOTO, 110 iCHYE TOYKA X, € [a, b] Taka,
110, HanmpuKian, f(x,) = r, > 0. YHacnigok HemepepBHOCTI PYHKLIT f(x),
Ha HeskoMmy Biapisky [a, B] < [a, b] (x; € [a, B]) BUKOHYBaTHMETECH He-
piBHiCTb f(x) > ry/2. Ko BuGpaTH HemepepBHY QYHKUIIO Ay(X) Y BULIADI
ho(x) = (x = 0)*(x - B)° mpnt x & [a, B, hy(x) = 0 npw x € {a, b]\[e,, B], To

[ reomgeydx = [ ey > %Jﬁh(,(x)dx >0,

o cynepeuurs ymosi ([.2.6). Otxe, f(x) =0 (x € [a, b]).

@ 3ayeaxenHa [1.2.1
Teepaxenus nemu [.2.1 cnpaBemnse % y BUNanKy, Koau piBHicts (1.2.6) Bu-
KOHYETbCA miasl GyHKLIN A(x) e C,’:, p|» AKi 32TOBOJILHSAIOTH 10NATKOBI YMOBU
tuny h(a) = h'(a) = ... = K%~ D(a) = 0, h(b) = h'(b) = ... = K% V() = 0. ¥V unomy
pa3i wist noseneHHs jemu Jlarpanka MOXHa BUKOPUCTATH, HAMPUKIIAA, QYyHKLIIO
hy(x) e ClAu b|» BU3HAYEHY TaK:

Iy(x) = (x — a)** (x = B)** npu x e [on B|, hy(x) =0 npu x € |a, b\, Bl.

Nema [1.2.2
(Narpan>a anA PyHKL ik 6araTtboX 3MiNHUX)
i Hexait G — 3aMxHeHa obMexeHa 061acTh i3 R” 3 KYCKOBO-TIIAAKOIO Me
: xei0 3G, f(x,, ..., x,) € Cg i 119 6yab-sikoi GyHKUil h(x,, ..., x,) € C
{ BUKOHYETHCS DiBHICTh

378

Aonatok 2
OuthepenyianbHi piBHAHHA EWnepa B 3apayax BapiawiiHoro yucneHHsa

[ FCOOde =0 (x =0, x,), dx = dx . dv,). (I2.7)

AHasoriyvo gosefeHHio gemu J1.2.1 npunycrumo, mo S(x)) =r,>0
(xy € G). Toni, BHacnimOK HenepepBHOCTI GyHKLIT f(x), 3HailmeThcs Taka
Kyns 8o | x - xpll < &, & < G, mnst qkoi f(x) > r)/2 V x e S,- oGynysaBwn
HernepepBHY GYHKLUIO Ay(x) y BURIARI k(X)) = (€~ |lx- x0||)2" (k € N) npu
x € 8, hy(x) = 0 npu x € G\S,, nicranemo

J}; S (Ohy(x)dx = J-S', S(Xh(x)dx > '—;’-L_ﬂ hy(X)dx > 0,
o cynepeyntsh ymogi ([.2.7). Otxe, f(x) = 0 (x € G).

4 3aysBaxceHHn [1.2.2

TreprxerHs semu [1.2.2 cnipaBejuise i y Bunaaky, Koau pisticts (I1.2.7) BuKo-
HyeTbCs 4715 QYHKLIA A (x), SKi 3aA0BONBLHSIIOTH JOXATKOBI yMOBYU mudepeHLiion-

HOCTi, a TAKOX YMOBY /I(x) | 0.

xedG ~

A.2.2. PisHAHHA EAnepa HainpocTiwoi
3apavi sapiauiiHoOro YucneHHA
(3apaui is 3akpinneHuMm KiHuAMM)

Bunadok pynxuionasa, 3a1excHo20 6i0 ckaiaproi Pynkuii ckasapuoi minnoi:
h v ’
J(y) = j F(x, y, y)dx > extr, p(a)=y,. y(b) = y,. (1.2.8)
o

ExcTpeMyM LIYKAIOTh Y Kiaci GyHKUIR y = y(x)e Cllu. p| TAKHMX, IO Ha KiHLSX
BigpizKa MPUAMAIOTh 3a4aHi 3HayeHHA y,, y,. TeomeTpuuHUit 3MicCT 3a1ay4i Nos-
rae y BillUyKaHHi TJ1afKOi KPUBOI, fiKa Cronyyae TOUKH (a, y,), (b, y,) i Ha sikiit
dyukuionan J(y) Ma€ ekcTpemaibHe 3HayeHHs. [Tpunyckaerscs, wo OyHKUIT
F, F/, F,, F), nenepepsHo audepeHUiHORHi.

3rigHo 3 Teopemolo J.2.1, axuo y = Yp(x) — TouKa ekcTpemyMy dyHKUiOHa-
na J(y), To Bapiauis ¢yHKUiOHaNa B Uik Touli nopiBHIoe Hyio: 8J(y,, h) = 0
(ToToxHo o /). Bukopuctonyioun dhopmyay (11.2.4) ais sapiauii yHkuioHana
(1.2.8), MaeMO
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b
8J(yy, h) = J.a (FCx, yo, oI+ FLAx, o, po)H)dx = 0. (I.2.9)

3ayBaxnmo, L0, OCKUILKH yy(a) + h (a) = y,, yo(b) + h(B) = y,, yo(a) = ,, ¥4(b) = ),
TO Bapiauis /1 = h(x) € C;u ] 3aXOBONBHSIE YMOBH h(a) = h(b) = 0. Jpyruii nosa-

HOK ¥ ([1.2.9) mepeTBopuMo, iHTerpylouM YacTMHAMM, MOKIABIM K'dx = dv,
U= F (x, yy. YO

b
8J(yy, h) =_[ Ff(x, Yo, Yo)hdx + (E,:'(x, ou V(X)) th ~
j ——(Fp(x, yy, yi)hdx =

b , d .
-], [Fy(x, Yor ¥9) = —=(F(x, po, y()))jhdx =0 (A210)
3 (d.2.10) 3a memoto .2.1 nicraemo

? [
FJ(X, s ¥0) = <2 (FL(x, vy, ¥4)) =0
y (X ¥y, vo) dx( (X, Yoy o))

abo

I —%(F;/) =0 (xela b}). (4.2.11)

Pisusinug (1.2.11) vasusaiors piguannuam Eiinepa (Einepa—Jlazpanxca) eapi-
ayitinoi 3adaui (J1.2.8).
TMpunycTusy, mo y = y(x) — ABiyi HeMepepBHO AU(epeHUiOBHA Ha Bij-
pi3ky {a, b] dyukuig, 3 ([1.2.11) micranemo
f ”

= Fyy = Fyy” = 0. (I2.12)

TakiM YMHOM, 33CTOCYBaHHS HeoOXiZHOT yMOBM eKcTpemMyMy dyHKLioHaa
y Bapianiitniit 3agayi (J1.2.8) npMBOIMTL 00 PO3B’si3aHHS KpaitoBoi 3azadi s
3BuuaitHoro andepenuiansHoro piBHaHHsA Einepa npyroro mopaaxy (1.2.12) 3
KpailoBUMU ymoBaMH y(a) =y,, y(b) = y, Po3w’s3ku wi€i kpaitosoi 3axayi (a
TAKOX BIIMOBIZHI iHTErpaibHI KpWBi piBHsAHHS Eitlepa) HA3WBAIOTL eKcmpema-
Aamu gapiayitinol 3adawi. ExcrpemyMm yukuionana J(y) Moxe peanizyBarics
JVILE Ha eKCTPEMAJsIX.

Ao byHkuis F He 3aexuTs Big y . F= F(x, ¥’), To pibHsaHHA Eitnepa mae

BUTIIS ;{—(FJ',') = 0, 3BigKu gicTaemo nepwmit interpan Fy(x, y') = ¢ (inmeepan
X
iMnyascy).
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Auncbeperuianbhi pisHaHHA Ednepa 8 3agavax Bapiawinioro YUCneHHs

Axwo dyHKuUis F He 3anexuTh Bk x : F= F (y, y’), To piBHanns Eitzepa mac
TIepuUInit iHTerpai

F-yF.=c (1.2.13)

(inmezpaa enepeii). 11[06 noBecTH Ue, 3HANHAEMO MOXIIHY BHACTIZOK DiBHAHHSA
Eitnepa Bin -~ y'F:

d ’ ’ ’ ” » ’ 7 d 7
G F Y E = B 2 B - Fy = v B |0

£ TIpomoHYeEMO CKJIACTH 1 caMoCTiifHO nocwiauTu pisrsiHHs Eitiepa uis takux BU-
nagKip:
@ F=Fx,y) @ F(x, p, y)= Px. )+ yOx, ). @ F = F(y).

Bunadox gynxuyionaaa, 3atexcnozo 8i0 6exmopnoi Qynxyii cxarapuoi minnoi:

b
J(y) = L F(x, y, y)dx — extr, yla) =y, v(b) = y, (0.2.14)
() = (r(x), ... ¥, ().

ExctpeMyM mykaioTh y Kiaci BekTop-(pyHKLiif y = y(x)e C, [Mpunyckaern-

1|u hl*
cH, Lo (b}’HKUll F. F i’ v* Fl HernepepBHO IlVICbepeHLlIMOBHI.

£ TIpomnoHyeMO CaMOCTIWHO MTOKA3aTH, LLO cucmema dughepenyianvhux piansns Eiinepa
BapiauiitHol 3agaui (J1.2.14) ma€ surisia

F —;—I(F‘f") =0 (j=1,....m xe€la. b]). (11.2.15)
dx

¥y

Bunadox dyuxyionana, 3asexcrnozo 6id ckainpuoi Qynxuii cxaanprozo apzymen-
my i noxionux suuiux nopaoxia:

h
J () =j FOe,y, sy y"dx = exte, v 0 a) = v  v00) = vy (1.2.16)
(k=0,1,....n—1).

Exctpemym wykarotsh y kiaci GyHkuUi v = y(x)e (IZ - Tlpunyckacrses, wo
oyukuii F, F,, F,. ..., Flf.,,) HenepepBHO AudepeHLiiOBHi.
Pignauns Lu/zepa Ilyaccona Bapiauiitnoi 3agaui (JI.2.16) mae surnsg

F+ 2( - ‘l Flu =0. (1.2.17)
(PisHstaHS ([.2.17) TakoX NMPOMOHYEMO BUBECTH CAMOCTIITHO.)
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Bunadox ¢ynxyionaaa, 3asemcnozo 6io cxarnapuoi Qynxuii éexmoprnozo apey-
menmy:

J(2) = jG F(x, z, py, ..., py)dx — extr z| 2 = V(0 (1.2.18)

(X = (X[ X))y G c R" — 3aMKHeHa o6MexeHa 001acTh i3 KYCKOBO-IIaAKOI0
Mexelo GG P = X‘, k=1, ..., n). EKcTpeMyM IuyKaloTh y Kiaci GyHKHiK
= z(x) e C}. Tpunyckaetues, wo oyukuii F, F,, F, F[;A (k =1, ..., n) Hene-
pepBHo IndepeHLiifoBHi.
Pignanns Einepa— Ocmpozpadcexoeo BapiauiitHoi 3agavi ([1.2.18) Mac purnan

E’— —a—F' =0, 1.2.19)
- axk

Onpepxumo pisHAHHA (J1.2.19) npu n = 2. Pyukuionan J(z) y LbOMY BURAAKY
3aMUIneMo Y BUTISAAL

J@ = [[Fex, .2 o p)dxdy (p=2 p =2)).
G

Bapiauio dyHkuionana sqaxoguMo 3a popmymnoio (1.2.2):
d
SJ(Z(), h) = EJ(Z() + th) | r=0 =

d p ;o ,
= E-”. F(x, y, zg + th, 2y, + 1], 25, + thy)dxdy| _, =
G

"y

j (Fh+ F}h, + Fj ) dx dy. (11.2.20)

Y (A.2.20) byukuii £, £, F,jz obuncieni B Touwi (x, ¥, Zy, 2y, 2y, ). Tepe-
TBOPUMO IBa ocTaHHix gomankd B (1.2.20), sukopuctoByiouu dopmyny Ipina:

J..[[F}’l" +F/;zhy]dxd}’=
’ o _
=H[——(F) aa( )]hdxdy+§ﬁ F,hdy — F, hdx =
G
=—j.j.[ai( )= (F )]hdxdy,
G
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OCKIJIbKH hlzo = 0. I3 HeobGxixzHOi ymMOBM exkcTpemMyMy (yHkuioHama J(z2) :
3J(zy, h) = 0 Tenep maeMo

H[ ——F’I ,thdxdy:O,»

3BiIKH, BHacKigok gemu [1.2.2, micraeMo pisusinus Eitnepa—OcTporpancekoro

(0.2.19) (n=2):

I:..,—a ’ aF,

2 in gy =0

Posrasuemo, Hanpukian, piBHgHHS Eitnepa—OcTporpaincekoro Bapiauiii-
HOi 3ajavi .

J(z) = j j (2 + Z2)dxdy > extr, z(x, y)| ., = v(x, y).
G
Y usomy Bunanky F, =0, F =2z, /j = 2z, i piBusnHa Eitnepa—Ocr-
pPOTPAACLKOrO Mac BUTJISAL —%(Zz_;) - 5‘;(22;) =0 abo z, +z,, = 0. Lle pis-
Hanns Jlanaaca. o6 3HaitTy ekcTpeMmasi naHoi 3amawi, NOTPiGHO po3B’A3aTu

OIHY 3 OCHOBHHX 3agad4 maTeMaTH4YHoi ¢izukyu — 3agady Hipixne ana piBHaHHA
Jlarmaca.
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Hodamox 3
3AIAYI NMPUKNAOHOMO XAPAKTEPY

0.3.1. OuchepeHuianbHi pisBHAHKHA
pyXy marepianbHOi TOYKK

JudepeHiliaibHi piBHSIHHS pyXy MaTepiaibHOI TOUYKW OYAYIOThCSt HAa OCHOBI
opyroro 3akoHy HbloToHa: 2mina kitbkocmi pyxy mouKu nponopyiiina npukaadeii
cuni, Wo cnpuMuHIOE pyx, [ 8idbygacmsca 6 HANPAMI npamoi, no axit ys cuaa die:

—d-(mfi) = f. (4.3.1)
di

“HAkmo F = F(f) — 3akoH pyxy Touku (r(f) — paaiyc-BekTop), m = const —
Maca TOYKH, TO BeKTopHe audepeHIliaibHe PIBHAHHA pyXy TOUKH MA€E BUIIs

2=
d-F =
m—s-=f, (1.3.2)
dt”
= = P . .o
ae f=f|tF, i piBHOAIHA CUJI, MPUKNANEHUX 1O TOUKHU.
dr

IMpoekTyouu pisHsHHg ([1.3.2) Ha oci NPAMOKYTHOI AeKapTOBOI CUCTEMHU
KoopauHar Oxyz, mictaHeMO KOODAWHATHY (OPMY DiBHSIHB DYXY

mi=X, mp=Y, mi=~2, (4.3.3)

ne X, Y, Z — npoexuii cuim j Ha KOODAMUHATHI OCi.
Y auHamiui BibHOT MaTepiaibHOT TOYKH PO3B’SI3YIOThCH 3auaqi JIBOX OCHOBR-
HUX Tunis. Y nepwiii ocnoenid 3adaui 3a BILOMUM 3aKOHOM pyxy 7 = 7 (/) i Macolo

m TOYKH I'IOTplﬁHO 3HAWTH ]I)IBHOIIIMHY f cui, AKi CIMPUYNHHUIIH 3anauui pyXx
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- : F: d= . -
tTouku, Po3p’a30k uiei 3amayi nacrecs Gpopmyaoio f = m—/——;. Y dpyeiti ocroeniti
dr-

.. . - dr
3adayi 3a3aHUMMU BeJIMYMHAMM € Maca m TOYKH, piBHOdiiHa cun [ = / (I P, y J
(4

, . . . . - dar
i 1I04aTKOBI YMOBH, TOOTO 3HAYEHHsI pagiyca-Bekropa 7 (/) i wBuIKocTi V(f) = o
[{

npu t = ¢, IotpibHo 3unaiTM 3aKoH pyxy F = r(f) Touku B mpoctopi. dpyra
OCHOBHA 3a/1a4a IWHAMIKH 3BOIMTLCA A0 PO3B’A3yBaHHs 3agaui Kowi ans cucre-
MU IMepeHiATbHUX PIBHAHL PYXy MaTepianbHoi Touyku ([1.3.3).

HaseneMo nmpukaaaAuv po3B’s3yBaHHSI APYyroi OCHOBHOI
3agavyi AMHaAMIiKH.

1. 3akon pyxy marepiaabHoi TOYKH, KHHYTOI 3 HOYaTKOBOW WBHIAKICTIO
Vo (| % |= vy) min kyrom o 1o ropusouty. Bick Oz mpsMOKYTHOI 1eKapTOROI CHC-
TeMHW KOODIMHAT CMPAMYEMO RepTUKANbHO Bropy. BBaxarumemo rofie TXiHHsS
onHopiaHuMm. Toxi, HEXTYIOUU OMOPOM MOBITPA, HicTaHeMmMo andepeHUianbHi
PIiBHAHHS PYXy TOUYKH

mi =0, my=0, mZ=-mg,

e m — Maca TOYKH, g — TIPUCKOPEHHS BiTLHOTO z
magiHHA. 3BiacH

X = Xpl + Xo. Y = W+ Yo

R ) (4.3.4)
z==gto /2 + 2yt + 2.

ae 7y ={Xy, Yo. 2y} — MoYaTKOBE TIOJOXEHHS,
Vo = {Xy, Yo, Z,} — nowatkoBa WBMAKICTL TOYKU
npu ¢ = 0.

‘ . Puc. B.3.1

I3 nepurux aBox pisHaHb ([.3.4) maemo A
WX = xg) = Xy(p — »y) — piBHANHS TUIOWMHM P, AKa MPOXOINTL Uepe3d TOYKY

(X4, ¥y 2y) MapanensHo oci Oz. OTXe, pyx TOUKH BinOyBacTLCS Y BEPTUKATLHIM
nAOWKWHI P. B3gBiuu 0 N/OWKMHY 33 KOOpAMHATHY Towuuy Oyz, a ovyaTko-
BY TOYKY (xo, Yo» Z,) — 3a moYaTokK KOOpAMHaT, nicranemo (puc. 1.3.1):
Xop =g =2y =0, % =0, ¥, =vycosa, Z =v,sina. s (1.3.4) maeMo 3aKoH
PYXY TOUKH

. 2
x=0, y=yycosa, z=vyysina-grr/2
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2. 3naxomxeHHs WBUAKOCTI if yacy nazinHg Tina Ha 3emaio. __ 0
TTpunycTiMo, IO TiJIO MAcolo m nmajgac Ha 3eMilio 3 BeJUKOi
BucoTH H i3 nMouarkoBolo MBHAKICTIO v, = 0 (puc. [1.3.2). .

Hexryloun onopoM moBiTps, jicraHeMo, IO Ha TIIO IHi€
JIMILIE CHJIa 3eMHOTO TAXiHHA, o0epHeHO mporopiiiHa KBal-
paty BiacraHi Tina Bin uentpa 3emiui. Tomy nudepeHuianbHe
PpIBHSIHHS PyXy TiJla B TTpoeKlil Ha Bick Ox MaTuMe BUTIISAA vy }

d*x R !
e+ _ - 3.5
mdt2 mg(R+H—x]’ (4.3.5)

Ile x — 3MilleHHs Tixa, R — paniyc 3emiui. Bpaxosyloun, mo
d’x ﬂ ﬂf’-{ vﬂ i3 piBusHHs ([.3.5) mictaeMo
arr  dr dx dt dx’ o

R%dx

vdv=g——> |
ER+H_x)

. , 28R y
3BiOKU V¢ = —-S——— — ¢, e ¢ — cTaja iHrerpyBaHHs. [Tpu
T rpy p Puc. 11.3.2

2 3 >
x =0, v=yv, =0 mMarumemo ¢ = 2gR . Tomy v=\/ 2gR _ 28R ' Mo-
R+H R+H-x R+H

KiaslM x = H, picraHeMo KiHIEBY WIBHIKICTh MAXiHHS Tijla Ha 3eMTiO

_ |2gRH
% ENREH (4.3.6)
o6 sHaitTit yac T nagiHHA Tida Ha 3eMIIO, DIBHAHHA PyXy 3arluIUeMo y
(bomiﬂ—g __L_2iana3MM0' R yre .3
ML R+H ~x P "R+ H-x 2R 2R BizcH
dv (Pl d
@ _ , dt=4gR? -2V _
dr g[ 2ng oo
dv ) 1% 1 v "
T = 4gR? ————=4 R + tg—
S (v + ¢)? [20(\)2 +¢) 2072 arcig \/(—} X

[TincraBuBiIM 3Ha4YeHHs v, [ ¢, DiCTAHEMO
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r-L1 [R+H [JRH +(R+ H)arctg‘/—E]. (1.3.7)
R\ 2g R

I3 popmya (J1.3.6) i (JI.3.7) surumeac, o
Vv, = llm Ve =+J28R, ~2gH (H<R), T = ,/2H/g (H<R).

3. BinbHi KoaHBaHHA MaTepiaibHOI TOYKH 3a BiacyTHocTi omopy. PosrisHemo
BEPTUKAIILHI KOJIWBAHHSA TArapus Ha ripyxuHi (puc. 1.3.3). ¥V crani cnokoro Bara
TATApUs 3piBHOBAXEHA CUIIOID HaTATy KeOPMOBAHOI NPYXHHHU: mg = nd_ (mg —
Bara TATapus, 3, — CTaTHYHa AedopMallis NMPyXHHH, n — KoedillicHT XopcT-
KOCTi MPYXWHH). Y 3MIIIEHOMY TMOJOXeHHI (X — 3MillleHHs TATapus BiX Mono-
XeHHS piBHOBary, x > 0 npu 3MillieHHi BHU3) Ha TATapelb i€ BHU3 Bara mg, a B
TIPOTUIIEXHOMY HanpsaMi — cuna n(x + 8_.). 3a npyrum 3akoHoM HeloToHa mae-
Mo mX = mg - n(x +3.,), abo, BpaxoBYIOUH, IO mg = nd,,,

¥+0x =0 (0= n/m). (11.3.8)

K BiTOMO, 3araTbHUI PO3B’A30K JiHITHOrO OHOPinHOTO AUdepeHLiATLHO-
ro pisHaHHA ([1.3.8) 3i ctammu KoediltieHTaMK MOXHA 3aNKCaTH y BUTIAALI

= Acos(wf + @), (1.3.9)

o
mq

.

Puc. 1.3.3
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ae A, ¢ — nosiabHi crani. Crany A HA3UBAIOTh aMNAIMYO0I0 KOAUGAHD (BIICTaHb Bik
TIOJOXKEHHS PIBHOBArM N0 KPaiHbLOIO MOAOKEHHS TATapLUs - Mil Yac KOJHWBaHb).
Bennunny ot + ¢ Ha3WBAIOTh MuMmMEBOI0 (A300 KOAUBAHb, & ¢ — NOMAMKOGOH)
ghazow. Koausanus, ski 3gidcHiooTecs 3a 3akoHoM ([.3.9), Ha3uBaOTh ¢labHUMU

nesamyxaouumu 2apmoniunumu. Tlepion konusaub 7T =2nym/n =2n3../g.

3aKOH BiILHUX KOJIMBAaHb MOXHA 3aM{CaTH TaKOX, BUKOPUCTOBYIOYM NOYATKOBI
3HAYeHHs X, X,

X = X, ¢08 Wf + -'lﬂsin wt. (1.3.10)
)

4. Binbsi KonmBanHA MaTepianbHOT TOYKH 32 HASBHOCTI onopy cepexosuina. Posr-
JITHEMO PYX TATAPLIST, BPAXOBYIOUH OITip CepefOBHILA. KO WIBHIKICTL DYXY Hese-
JIVKa, TO CU/1a OMOPY CepeloBHILA MPSIMO NMPOTNOPLIHHA IWBUAKOCT i HanpaMJeHa
NPOTHIIEXHO Ti. ToMY DIBHSAHHS PyXy Mac BUmSL mX = —nx —px (1 > 0), abo

X+2kx+o’x =0 (k =u/2m). (1.3.11)

Y Bunaaky k < o (cujia TepTs JOCUTh Maia) 3araibHuil pO3B’S30K DIBHAHHS
(1.3.11) MoxHa 3arTUCaTV Y BUTISALI

x = Ae¥ cos(wyt + @) (wy = Voo© — k?). (14.3.12)

Pyx Touku, BuaHavyeHuit dopmymnoro (U.3.12), Ha3uBaoTs gitbuumu 3amyxa-
wouumu koausanuamu (puc. [1.3.4). IIIBUAKICTD 3aTyXaHHA XapaKTepu3yeThes Koe-

8

ol F N

Puc. 0.3.4
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piyienmom mepms k. THTepBan yacy MiX JBOMA TIOCTiIZOBHHUMU NMPOXOAXKEHHAMU
TATAPLS 4epe3 MOA0XEHHs PIBHOBArM B OAHOMY i TOMY CaMOMy HampsMi Ha3u-

, 2n 2n
BAIOTh nepiodom 3amyxarouux Koausans: Ty = — = — (mosia onopy ce-
Wy Vol - k7

PellOBMINA 3YMOBIIOE CUIOBUIBHEHHS PYXy — 30iJIbINYETHCS rnepion KOJAUBAHB).
BaxnuBolo XapakTepHUCTUKOIO 3aTyXalouMX KOJIMBAHb € BiIHOLUEHHS OBOX
TIOCTIZOBHO B3SITMX MAKCUMATbHUX BiIXWJIEHDb Big ITONOXeHHs piBHoBaru. He-

xalt x,, X,,, — [ABa Takux BiaxuneHHs. Tomi
—kt kT
Xm | Ae™™ cos(myt + ) e (m=1.2.)
= — = =12,..),
X il Ae K+ T/ cos(ey(r +7,/2) + @)

ockimekn w,7,/2 = n. Tomy uncnalx, |, | x,}, ... craHORIATL reoMeTpHYHy (cnaa-
cos —kT1y/2
Hy) nporpeciio 3i 3HaMeHHUKoMm e 12
s
Benuunny A = '’V HasuBaloTh dexpemenmom 3amyxaHHs, a BEXMYUHY
6 =1InA=kT,/2 — nocapugpmiunum dexpemenmom 3aMyxanHsa.
3 ypaxyBaHHSIM [OYATKOBUX 3HayeHb X, X; 3aKOH BiJIbHUX KOJAMBAaHb 3a

HasiBHOCTI ONOpPY CepeIOBUILIA MOXHA 3anucaTH y BUCIAAI

—kt /()\'0 + i‘(, .
X =¢€ X COS Wyl + —————=sINn W,/
)

Y Bunanky k = @ (cvra TepTa JOCUTD BeJIMKa) 3arajibHUit po3B’A30K PiBHSAH-
HSl PYXy Mac BUTISA

—(k - "zw 2 - -.“l._ 2
; (_] (k k [ ] (_2 (K + [Can] ( ‘, > )’
360

x=(q + ('zl)e_"’ k = w).

ae ¢,, ¢, — NOBiNbHI cTani. B uboMy BUNAAKY TArapeub MPOXOAUTb MOJOXEHHS

piBHOBaru He Ginbire HiX omuH pa3, lim x = 0 i konuBaHHa BigcyTHi. Takwit
13+

PYX Ha3UBAIOTh ANePioOUMHUM 3AMYXAHHAM.

5. Bumyuieni konusanna. Po3risiHeMo KOAUMBAILHUWIA pyX TArapusi, 3yMoOBie-
HWH BIIHOBMIOBAILHOIO CHJIOIO, MPOTIOPUITHOIO 3MIilEHHIO TATApUSs Bif (TONO-
KEHHR piBHOBarv, CHJIOIO ONOPY, MPONOPUIHHOIO WBUAKOCTI, i NepiogHYHOIO B
qaci (36yproeasvhoro) cunoro H cos vit.
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PiBusiHHS pyXy B LIbOMY pa3si Mac BUIISA
mx = —pax —ux + H cos v,

abo

%+ 2k% + wx = Mcos v, (11.3.13)
m

Y pumnanky 0 < k < ® 3araJilbHH PO3B’A30K PiBHAHHS MOXHA 3amucaTH y
BHTAAI

x = Ae ¥ cos(ayt + @) + Bcos(vi + ), (1.3.14)

ne

B = s tg
m(e? - v2)? + 4k2y? Vi-w

TMepiuuit tonaHok y tpasiit yactuHi dopmymu (1.3.14) — 3arampHuii po3s’s-
30K JIIHIAHOTO OOHOPIAHOrO PiBHAHHA — BHW3HAYa€E BiJibHI KOAWBAaHHS, IO 3aTy-
XaloTh Y 4Yaci, Apyruil — BUMYyLLIEHi xonuBaHHsg. ToMy yepe3 HOCTATHLO BEIUKHI
iHTepBas yacy 3 OyAb-AKOI TOUHICTIO MATUMEMO 3AKOH GUMYULCHUX KOAUBAHD:

X = Bcos(vt +9). (1.3.16)

Bumyieni KoTUBaHHS He 3ajeXaTh Bill MOYATKOBUX YMOB PYXy, He 3aTyXaioTh 3a
HagBHOCTI OMOPY CepelOBHIIA; YACTOTA BUMYLIEHWX KOJWBaHL JAOPIBHIOE 4ac-
TOTi 36YpIOBAJILHOI CHIIH V.
3anexHicTb aMIiTyaq¥ B BUMYIIEHHX KOJIMBaHb Bil 4acToTH v 30YpIOBanb-
voi cunu (B = B(v)) nokasaHo Ha puc. J1.3.5.
ITpu dikcoBaHux H, m, k, ® Makcu-

k=0 B,.,ax=2k_H._ ManbHe 3HavyeHHs aMmIUliTyain B(v) 8u-
B4 MWDo MyueHUX KONMBAHbL JOCATAETHCA B pasi
8 BUKOHaHHSA yMoBH (V) = (w? —v))? +
max [~~~ """ ™ Tkmw 2.2y - _
Blw)}-------- ; +4k°v') =0, 106TO IpH VvV =V, =
[}
o H
Vo 2 2
; =\ -2k°:B_..= Blv_.)=——.
H : i mas ima 2kmay,
ma? b
i - Skmo onopy cepenoBuilia Hemae
0 Vmax @ " (k = 0), TO 3arabHUIt PO3B’A30K PiBHSAH-
Pnc.-A.3.5 Hs (1.3.13) 3anucyerbcst y BUMAMI
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x = Acos(wf + @) + COS VI NpU Vv £ ®, (1.3.17)

m((o2 - vz)

x = Acos(f + @) + —H—rsin ol Tpu v =o. (1.3.18)
2mo

Poss’sa3ok (JI.3.17) Brpavac 3MicCT y BUNAIKY pe3oHaHCy, KOJIU v = ® (4acTo-
Ta 30ypIoBaNbHOI CUJIM JIOPIBHIOE YACTOTI BIILHMX HE3aTyXalounX KOJUBaHb).
I3 (J1.3.18) BuiumBace, 1O 3a BiICYTHOCTi OMOPY cepeloBuilia aMILTITYIa KONH-
BaHb MPH Pe30HAHCi 3 4acOM 3pocTac HeoOMexeHo. 3a HasBHOCTI OMOpY Y

. Bona

BUMNAAKY V = @ aMIIITYAa B (w) 3aMIIaeThcs CKiHYEHHO10: B(w) = T
mkw

He 3MIHIOEThCS 3 YacOM, Xo4ya Moxe OyTWM NOCUTh BENMKOIO NMPHU AOCTATHLO
Manux k.

0.3.2. indepenuianbii piBHAHHA
B 6ionorivHmMx Ta eKonoriyHux
npouecax

Po3srnsiHeMo audepeHuUianbHi PIBHAHHSA, AKi BUHUKAIOTL Y HARNPOCTIINX
MaTeMaTHYHHUX MOJAeSX AMHAMIKH i301boBaHuX nonyaduiii [25]. Halinpocrima
MOZE/IL 3POCTAHHSA MOMyAAUii opraHi3Mmis 3agactoca piBHsHuaM N =uN, ne
N = N(t) — uucenbHicTb (KiABKICTb, rycTOTa, 06’€M TOLLO) Monyasuii, f — vac,
M — BeAM4UHA, sIKa € pisHULel koediuieHTiB HapoaXyBaHocTi (B) i cmepr-
HocTi (D) : p = B— D. Po3B’3KOM LIbOTO PiBHAHHSA NPU N = const € hyHKLUiA
N = N(0)e". TIpu p > 0 maemo 3akoH MaibTyca [3aKOH eKCHOHEHLIATLHOO
poOCTy Monyiasiliii B CNPUATAMBOMY (B PO3YMiHHI MOXWBHOCTI) cepeaoBuitil:
N(t) - +0o npu t - +oo. ko p < 0, To N(t) — 0 npu t - +o. HaseaeHe
PiBHSAIHHSA € PIiBHAHHAM NPUPOJIHOTO <«POCTY». TaAKMM PIBHAHHAM OfUCYETHCS
panioakTUBHUIT po3nanm, 3poCTaHHA TMONYJALII MiKpoDbiB, BOAOpOCTEt, APiKIAXIB,
6akTepiif 1o TOro, AK cepelOBMIle MOYHe BUCHaxXysaTucda. 3akod Maibtyca
crpaBe/UIMBUI Ha o6MeXeHUX IHTepBasiax yacy.

Y npupoai s Garatbox nonyaAuiii BUKOHyeTbes ymosa N(f) — K
(K = const) npu f — +o. OfHa 3 Moenei, ika BpaXxoBye LII0 YMOBY, Mac BUISAL
(L =uN)Y=r(l- N/K), r=const >0):

N = rN(1 - N/K). (11.3.19)

Piusinng ([1.3.19) Ha3suBaIOTh pignannam aozicmuxrnozo pocmy.
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Po3s’si30Kk piBHSHHS 3 BinoKpemmoBaHuMu 3minHumu (1.3.19) mae BUMIAA

_ K
F=(-K/Nye™

Ha nouatky XX cr. B. Bonereppa po3rmsHys Mozesli B3aeMOmil HOMYIsiLif
IBOX BMIIB, SIKi MOXHA ITOKa3aTH y BUMJIALI CUCTEMM IMbepeHIATbHUX PIBHAHE

N

(NO®)=Ny; Nty - K, 1 - +x).

am

dN
pra Nie, + 1 Ny), —2 = Ny(e; + 1Ny,

dt

ne €; — KoeillicHTH TTPUPOIHOrO TIPUPOCTY, Y, — KoedilicH T MiXBUIOBOI Blae-
monii (i = 1, 2). Mogesn onucye abo 6GopoTeOy BB 3a CMLILHY XY, 260 B3acMo-
Lo THITY «XUXaK—XepTBa».

Y noricruuromy piBHAHHI ([.3.19) BeIHYUHY F HA3UBAIOTL MAALMYIIAHCOKUM
Koegiyicumonm, a enuuny K — emuicmio cepedoguiya. 1le piBHSIHS MOXHA 3amy-
caru Takox y Burisini N = N(r - yN), ne y = r/K — koediuieHT suympiunvosu-
dosoi konxypenyii. Jlorictuune piBHAHHA (J.3.19) BUKOPHUCTOBYETHCH B TpyOHX
MOZEAX TPONYKTHBHOCTI €KOCHCTEM | MOIelsiXx JuHaMikyu (iTOMacK B IIPUPOI-
HUX cucremax. JIasi omucy OCTaHHIX YacTO BMKOPUCTOBYIOTh HeadBTOHOMHE JO-
TiCTHYHE PiBHSHHS, B SKOMY MapaMeTpy r i Y € QYHKLISMU qacy:

N = N(rtt)—y(r)N). (11.3.20)

3a nonomoroio 3aMiHu Hesixomoi Qyukuii N = 1/z pisuauus Bepuymii
(/1.3.20) 3soaurbest O SHIHHOTO DIBHAHHA 2 + r(f)z = Y(f), PO3B’30K AKOro
Ma€ BUTASAR

N(@) = (N@0) = Ny). (11.3.21)

Marouu KoHKpeTHY 3anexHicTb byHKuiik r(t) i y(t) six yacy, 3a popmynoio
(I.3.21) MoXHa OFMCaTH IHHaMiKy 3MiHKH N (7).

KLU0 HIBHIKICTE POCTY HOAYJALIT 3aM€XKHUTh Bill HHCEJIbHOCTI MOMepeRHb0-
TO AOKONIHHS, TO JIOFICTHYHE DIBHAHHS NMEepexoldWTs Yy PIBHAHHA i3 3ani3HeH-
HAM apryMmeHTy*

N =(r-yN(@ - )N, (1.3.22)
* I3 Teopiclo piBHAHD. i3 3aRNi3HEHHAM apryMeHTY MOXHa o3HailoMuTHCs B {27, 30].

392

HbopaTtok 3
3apavi npuknagHoro xapakrepy

e T = const > — cepenHiit sik mokoaitus. Jdas po3B’si3yBaHHs TaKoro pis-
HSTHHS HeobXiaHO 3a1aTh nowamrosy yuxyin ¢(t) . N(t) = ¢ft) npu —1<t<0
(o(t) > 0). Takum uunom, 3ajgadya Kouri (rmouarkoBa 3ajava) Ans piBHAHHSA
(1.3.22) nonsirae y sinmykaxyi HenepepsHoi (yHKii N(¢) npu £ 2 0, aka 3a10-
BoubHSIE pisusHHs ([1.3.22) ckpi3k, KpiM, MOXINBO, TOYOK ¢ = kT (k € N), a Ha
MovyaTkoBoMy BiApi3ky [-t, 0] 306iraeThcst i3 3amaHolo dyHKUiEw ¢(f). Memod
Kpokie PO3B’A3aHHA MOYATKOBOI 3ajadi MOJATAE B ITOETANMHOMY BiJlIYKAHHI
dyHkuii N(f) Ha KOXHOMY 3 Bimpi3KiB [kT, (k + 1)1] (k =0, 1, 2, ...). Cnouarky
posrsizaemo Bigpizok [0, 1], Ha sxoMy 3HayeHnHst N(f - 1) = ¢(z — 1) Bizome it
pisHaRHA ([1.3.22) € niniitiuM. Po3B’A30K LBOTO PiIBHAHHS 3 MOYaTKOBOIO yMO-
Bolo N (0) = ¢(0) MoxHa BigurykaTH aHaliTuyHo abo yucessro. Jdani posraspae-
MO BiIpi3ok [1, 2t], st gakoro ¢yHKuiss N (¢ — T) BXe BizoMa @ 3HAXOAUMO pO3-
B’s130K BianosigHoi 3aaaqi Kowi a1 AiniitHoro pisHsiHusg. TTpoJoBXyO4y wei
npoliec, nictaHeMO pO3B’A30K piBHsHHs ([1.3.22) nipu t € [0, T.



AOAATKMHU

Hodamox 4

AENbTA-OYHKLUIA KIPAKA
TA AEAKI [ 3BACTOCYBAHHA

bararto 3amay ¢i3uku it TeXHIKH NPUBOIATE N0 CUTYalil, KOIHM KIACHYHE MO-
HATTA QyHKUIT [k mpaBuaa, 3riTHO 3 AKMM KOXHOMY 3HAYeHHIO x € D(f) cra-
BUTKLCS ¥ BiAMOBIIHICTE OOHe, LIIKOM BU3HAaYeHe YMCIO y = f(x)] € HemIoCTaTHIM,
Tak, HaNpUKIad, PO3NMOAIT MacH B3XOBX AeAKOI MPAMOI 3pyYHO 3agaBaTH 3a JOMO-
MOTOI0 LIIBHOCTI LLOTO po3noxiny. ko p(x) (x € [a, b]) — WiABHICTL pO3NO-
ainy macu (p(x) = 0, x ¢ [a, b]) — iHTerpoBHa YHKLISN, TO LIS MACH MAEMO

b
m =j p(x)dx. TIpote, AKIWLO PO3MOAIN TakW#, L0 Ha Mpsmiit y Touli x = 0
a

30cepelXeHa OJMHHYHA Maca, To WIJBHICTh LbOTO PO3TOAILY He MOXHA OfUca-
TH XoaHolo dyukuicio. Cnpasxi, Hexait 8(x) — wiabHicTh poanogixy. Toni dop-
MaTbHO Ma€ ByTH

+20
8(x) = 0 mpu x # 0, j S(x)dx = 1. (I1L.4.1)
~o
S — 3po3ymino, 1o 3 MOMISAY KJIACHYHUX TNOHSTH
£ 0 ¢ * ¢yHKLIT i HEBJTACHOTO iHTErpaga ChiBBiAHOUIEH-
Ha (0.4.1) Hemoxumusi. [Tpunyctumo Tenep, Lo
Puc. A 4.1 OIWMHWYHAA Maca PiBHOMIpHO PO3MOJiNIeHa Ha Ma-
JioMy Biapisky [—¢, €] (e > 0) (puc. 1.4.1). Toui
O.(x)4 WiTbHICTh TAKOTO PO3MONITY & (x) Mae BUIIAIA-
1 I ‘
% ™ Tak: 0,(x) =— mnpu x e [-¢, €] (puc. 1.4.2),
— 2e
1' 1 +%
. 8.(x) =0 mpu x ¢ [-¢, ¢]. TIpu uboMy J 3(x)dx =
1 i -
ol e ]
i 1 = j —dx = 1.
> |l > £ 2¢ . .
£ 0| ¢ x Buxoasauu 3 Qi3MYHOro 3MicTy pos3risiayBaHo-
o MpUKJIaIy, MOXHA 3pOGUTH BUCHOBOK IpO Te,
Puc. 1. 4.2 10 WIIBHICTL PO3MOdiy OAMHUYHOI MacH d(x)
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Ooparok 4

mae 6yTm (B IeBHOMY PO3yMiHHi) TpaHUMLEI0 HIUILHOCTI po3mnomiay d,.(x) npu
€ —= +0 (8(x)= limoﬁf(x)), TaK 1o
£+

P+ def |
j B(x)dx'S lim

—oG

+o¢
S (x)dx =1. (J1.4.2)
—~0

Jo «bynkuii», sika Mac siaacTusocti ([1.4.1), MOXHa TPUIATH TaKOX, PO3IIA-
HAI0YH ILABHICTh PO3MOXUTY OZMHUYHOTO MO3UTHBHOrO 3apaly, 30CepeaXeHoro
B Touli x = 0, abo mifo MUTTEBOI cHK. TTpHUITYyCTHMO, LIO NPOTATOM MAJIOro Yacy
(Bin ¢ = —¢ 1o ¢t = ¢; € > 0) Ha Tino Hie mesika crana cuma 6.(f), AKa Hamae Tiny
KibKicTe pyxy mv = 1. Toni 6.(¢) = 0 npu ¢ ¢ [-¢, €] i, 3rigHo i3 3akoHoM HrloTo-

+o0 €

wa, [8,(@dt = [ 8,(ydt = mv = 1. 3vincn 5,() = ZL npH 1 € [-¢, €. Mepeit-
-0 s £

UWIOBIUH IO «rpaHuLi» npu € — +0, JicTaHeMo MUTTEBY cuity 8(¢) i3 BIaCTUBOCTA-

mu (1.4.1).

«Dyukuio» §(x) i3 Bractusoctamu ([1.4.1) HasusaoT™s dessma-dynxyicio
(3-gpynryicio) dipaxa*, abo odunuunoio imnyrscroro ynxyicio 3 yenmpom iMnyaocy
& mouyi x = 0.

Sk Burumsae 3 (11.4.2), inTerpan 3 y4acTio 8-pyHKLIT C1ill pO3yMITH SIK IDaHH-
110 BiXMOBIAHOIO iHTerpaa 3 ydacto § -yukuii npu € — +0. Hexait ¢ = ¢(x) —
HeriepepBHa dynkuisi. [Tokaxemo, 1110 BUKOHYIOTHCHA CNiBBIIHOLIEHHS

o h
f " S(x)e(x) dx = j 8(x)p(x)dx = ¢0) (a < 0 < b). (1.4.3)
-0 d
CrpaBni, 3acTocyBaBUIM TEOPEMY TIPO CepeIHE 3HAYEHHS, MAcMO
+00 def oD . 1 ¢t
j S(x)p(x)dx = lim j 8, (x)p(x)dx = lim — f o(x) dx =
- g+ e —+0 g d—¢

= lim A-oE)2 = @0) ¢ e [-¢ el).
e—+0 ¢

b def b
Auanoriuno J S(x)p(x) dx = lim“j B (x)yp(x)dx = ¢(0).
a £+ d
Onst dyHkuii 8(x — xy)** 3 uenmpom imnyascy & mouyi x, AHANONYHO TIOMepen-
HbOMY MOXHA JiCTaTH TaKi CHiBBiIHOLIEHHA:
+0s
I_ 8(x = xp)o(x)dx = o(x,),

npu Xy <da, abo xy > b

J.hﬁ(x ~ Xy )o(x) dx = {0 T (a < b). (0.4.4)

olx)) npu a<x,<b,
* §-Dyukuilo 6yno BBeneHo aHrjiiicbkum dizukoMm-teopernkom I1. dipakom (1902—

1984) y 1930 p. B moHorpadii «IpyHUMIHN KBAHTOBOI MeXaHiKW».
** DyHKUi0 §(x — X) HAINBAIOTb TAKOX 3IMileH0I0 deabma-@ynKuicio.
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Ons o3HauerHs &-(yHKIlT, HOPAN i3 PO3rASSHYTHMYU BuUlle (PO3PUBHUMU)
3,-PyHKUIAMH, MOXYTh BHKODUCTOBYBATUCA TAKOX TaK 3BaHi NeabTanofiGHi
(yHKUIOHAMBHI MOCNiAOBHOCTI 3,(x) HeckiHUeHHO AMpepeHUiOBHUX Ha R
dyHkKuUi. Taky NOCHAOBHICTL HA3UBAIOThH deabmanodibroi, AKUIO PIBHICThL

+or
lim S, (x)p(x) dx = ¢(0) (1.4.5)
1 e AR Akt 9
BUKOHYETBCH JJIs1 KOXHOI HenepepBHOI PYHKILIT @ = ¢(x), sIKa NepeTBOPIOETbCS
B HYJIb 1033 HESKUM CKiHYeHHHMM Bilpi3KOM™*.
Koxuuit ynen mesabranoni6Hoi nocainoBHocti Moxe GyTH JeskuMm Habnu-

XeHHAM (byHKUIT 8(x), MPUUYOMY 3a O3HAUESHHAM

J‘HL S(X)(P(x)dx - n]l—»n;l Jljj 8, (x)p(x)dx = ©(0) (1.4.6)

Ans koXHOI npobHol GyHKLUIT ©.

XapakTepHa BJIACTUBICTb MOBEAIHKM WIeHIB IeAbTanofgibHoOl MockigoBHOCTI
TOJIATAE B TOMY, IO TIPH AOCTATHEO BEIMKOMY £ 11 GyHKUii HAOyBaKOTh SIK 3aB-
TOAHO BeJIMKHX 3HaYyeHb Ha MOCTAaTHLO MaioMy Bimpisky [-A, A] (puc. [1.4.3),
MPUYOMY CHPABAXYIOTbCA TPaHWYHI PiBHOCTI

im {75, (e(x)dy = lim |8, (x)o(x)dx = o(0) (a <0 < b),

H=3+%X -0 N>ty

lim "8, ()e(x)dx =0 (0 ¢ [a, bl). (1.4.7)

A+ du
. o . + ot
lim 3,(v)dx = lim j §,(x)dx =0 (a<0,b>0),
= o o = N +wdf
1e ¢ — npobHa ByHKLsL. 0, ()4
HenwranogiGHUMH €, HartpuK-
7al, MOCHiIOBHOCTI:

M
8[,,(X)=\/—2,Zne 2,

62/1 (Y) L

B m(m’x? +1) :

6_1”(/\') =

h
I
‘
(
1
i
'
I
!

" (ne N). -A0A x
10X

Puc. 143

nc

* MOYHKLIIO @ HA3MBATUMEMO npoGHOr, aBo OCHOGHDIO.
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[onartox 4
Henvta-byskuia Qipaka ta geAki ii 3acTocyBaHHA

7 TIpormoHyeMO caMOCTIHO TepeKoHaTUCST B TOMY, IO NMPU KOXKHOMY n € I
j / Sp(V)dx =1 (k= 1, 2, 3) i 10 NOCTINOBHOCTI J,,(X) 3a10BOLHAIOTH YMOBH
(1.4.7).

SAx yxe 3a3navanocsi parime, 3-byHKUIA He € QYHKIIE B KNaCUYHOMY
po3yMiHHi. BoHa HaneXuTe 00 KIacy Tak 3BaHMX ysaraibHenux ¢yukuin*. He

PO3IIsAAaOYM CTPOTY Teopito Hux QYHKUIN, HaBeleMO OocHO8HI npaeuaa
dili Had S-pynkuyiamu ¥# NPOKOMEHTYEMO iX.

+C
@ J Bx — X )@(x)dx = ;).

(1.4.8)
0 npu X, < a abo x, > b,

JhS(x — xy){x)dx = {

olxy) npua<x,<bh

(¢ = o(x) — npobHa dyHkuin). i dopMynn BUNIMBAIOTL i3 chiBBiIHOWEH

(4.4.6), (1.4.7).

@ J‘_H [B(x — xp) + 8(x = X)) [g(x) dx = @lx)) + @lxy). (149

®opmyina (J1.4.9) su3Hayae cymy ABox S-pyHKUINA i3 LeHTPaMKU iIMIYALCIB Y TOU-
Kax X, i X,, OCKIIbKH 32 O3HAYEHHAM

J‘fﬁ [8(x — xp) + 8(x — xo)]e(x)dy =
= lim [ [8,1(x = x)) + 8,5 (x — X)) [@x) dx = ;) + @lxy)

=4 I =

gm(l l)(O.)KHO'l' npoGHoi yrkLil @ = @(x) i aenbranodibHux nocainosHocTed d,,(x),
X).
(7]

® JB(x) = F(0)3(x),
./.(-\‘)6(-\' - .\'“) = ./.(.\'“ )6(_\’ — _\'“)

(f(x) — wnenepesHa ¢yukuist). @opmyna (1.4.10) osnavae, wo aii dyukuin
J(x)8(x) i £(0)5(0) Ha Gyab-aky npobHy dyHkuUio ¢(x) oanakosi. Cripasxi,

(1.4.10)

'r ! SB()e(x)dx = f(0)p0) = J‘/r SOl x) ddx.

* I3 MaTeMaTHYHOIO Teopiclo ysaranshenunx yHkuiii MoxHa osHaitomutucs B |20,
21]. Is (A.4.8) Bunausae, wWo d-PyHKUis € DiHIAHUM DYHKUIOHAIOM, SIKHMH KOXHIi
HenepepBHii GyHKIIT ©(X) CTaBUTL y BIANOBILHICTL YHCAO O(X,).
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® k=5,
4 (1.4.11)
:l;h(x‘ X)) = 8(x ~ xq).

Ty-r'h(J‘c) — OyHkuist Xepicaitna. Bona we audepeHLioBHA B KIACUYHOMY PO-
syminti. ToMy nepury 3 piBHocteit (I.4.11) ciig po3yMiTH Tak:

X def
[ swyar'= tim [*5,¢dr = hix).

=+ o~

AHAIOTIYHO PO3YMIIOTH i APYTY 3 piBHOCTElH (1.4.11).
Ji(x) npu x < x,,
S2(x) mpn x > x,
WOBHI # iCHYIOTb CKinueHHi rpaHmni flxg - 0), fx, + 0). Toni

® Hexait f(x) = 'i

ripudoMy GyHKUIi £ i f, audepeHi-

JAx) = f(x) + A8(x -~ x3) (A = fx, +0) = f(xy - 0)), (1.4.12),
e CHMBOJOM f’ no3HauyeHo 3BRYANHY noxigHy byHKUIT f (AKa iCHYe Npn x < X, i
X > Xy), 8 CHMBOIOM S, — ysaraneHeny noxigHy. PiBHicTb (J1.4.12) BUKOHYETBCS

B TOMY PO3YMiHHi, wo f(x) = f(a) + r fAt)dt (a < x,). Cnpasni,
a

fla)+ J' fA0)dt = f(a)+ j L) + AS( - xy))di =
_ {f(fl) +f(x)~ f(a) npu x < x,,,
@)+ f(x —0) - f(@) + f(x)~ f(xy+0)+ A npu x > x, -
_[AG) npu x < x,,
- [fz(x) npu x >x, J(x).

Ao dyHkuis f Mae B Toukax X Xy, ... CTPHOKH, WO AOPIiBHIOIOTH A,, 4,, ...,

i mndepenuiiiosHa B iHIMX Touka , To ¢opMyna IS y3arajibHeHOi MOXigHOI
Habupae BuUrasmy

S = £ + > Ad(x - x;). (I.4.13)
k

© Hexait f(x) — HenepepBHO audepeHLiiioBHa DYHKLIA, KA MA€ CKiHYeH-

%;50 HECKIHYeHNY MHOXHHY TIPOCTUX KopeHiB {x;} (f'(x,) # 0) (puc. 1. 4.14).
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Hopartok 4
Denbra-cyHkuia [dipaka T@ neAki it 3acTOCyBaHHA

y y=f(z)
y=h{f(x))
i 1 l ! 74
X4 X (] X3 IUIs ;
Puc. 1. 4.4
1
S = L S 4.14
(f(x)) ;I o] (x = x;) (1.4.14)

IIo6 nepekoHaTuchb y cripaBeTHBocTi hopmynu ([.4.14), 3Haiiaemo (y3araib-
HeHy) noxigHy ¢yukuii A (f(x)). 3a npasuaomM audepeHLiIOBAHHA CKIaIHOT

byukuii Maemo -‘%(h(f (x))) = f(x)8(f(x)). TIpore, BUKOPUCTOBYIOYHM (DOPMYITY
(11.4.13), nicraemo :—x(h(f(x))) = Zsign S (x)8(x — x;). Omxe, f/(x)8(f(x)) =
- &
= ZSign S(x;)8(x — x; ). 3iacu, Bpaxosyiouu (J1.4.10), marumemo
k

Sfon =SS ) L six— o),
Ve AZ oo o) = Do )

I3 (J1.4.14) BUNAKUBAIOTH, Hanpukﬂaﬂ, TaKi CIBBIAHOINEHHS:
8(ax) = II—I|8(,\') (a £0), (1.4.15)
[¢

8(x? —d?) = 2‘—0[8()( —ay+8(x +a)] (@>0), (1.4.16)

&(sin x) = Z 3(x — nm), d(cos x) = z 8[x‘—(2/1+ I)g], (3.4.17)

n=— n= =S

y CMpaBe/TUBOCTi SKUX MPONOHYEMO MEePEeKOHATUCS CAMOCTIIHHO.

@ f T (Vp(x)dx = (<1 ¢ (0)
- (ne N). (1.4.18)

J:H 8 (x = xp)@(x)dx = (=1)" " (x,).
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Dopwmyna ([1.4.18) Bu3nauae Hilo y3aralbHeHOT MOXiAHOT #-TO NOPSAKY Bil
6-cyukuii Ha # pasiB HerrepepBHO NudepeHUilioBHy MpobHy dyHKuio ¢. Cripasi,
" mp#t 1 = 1 MmaeMo*

4+ , def ) +x
j §(x)p(xydx = lim &, (x)p(x)dx =

o 0 +x d—x

.[SH(X)tp(x) " —f: 5,,(X)<P'(X)d-’f] = —Ji 8(x)¢'(x)dx = ~¢(0).

I
n—+o
AHajiorivyHoO MOXHa PO3MISTHYTH BUMagoK n > 1.

qt—-t)xe ™, ()=,
(1.4.19)
8t —1) = pe T, 1)+ p.

®opwmyna ([1.4.19) mae (y3aranbHeri) 306paxeHHs 3a Jlannacom 3-dbywkuii Ta i
noxiguux. CripaBai, BHacsinok (I1.4.18) maemo

5 (1 1) = j( ’:”a(”’(r —1)e M dr = (=1)'(e ") j"’ = p"e " (1> 0).
=T

Posrnsizatouu 6(¢) sik rpaHAYHUR BURAmokK o(¢ — 1) npu T — +0, gicTaHeMo
82;]: #p".
® CnexrpanbHa ILETBHICTD d-DyHKIL:
8(r —1) + 70T 8(r) + 1,
_ (1.4.20)
8 (t - 1) = (iw)"e” ", 8™ (1) + (iw)" (ne N).

V cnpasesnuBocti hopMya (1.4.20) MoXHa rTepeKOHaTHCh aHamoriuHo 1. &,

@ Posrnsnemo audepeHnianbHi PIBHIHHS

P =y Vs T 0l Y YT - 1), (&4.21)

yl(lf) = f(t’ ylﬂ’ ylln’ sct yl(’:’_l)) + (M,‘ yl)l’ yl’ﬂ‘ cce yl(':'_;)))sln(t - ,0)‘ (H'4’22)

ae 5,(t) (m € N) — nenrbranofiGHa MOCNiIOBHICTE HecKiHueHHO mudepeHLiifioB-

* VpaxosaHo, o §,(x) — HecKiHdeHHO AndepenuiiioBna GyHKUiss i WO npobHa
dyHKilifs @ NepeTBOPIOETHCA B HyJb 1032 JeSKMM CKiHYEHHHM BiIpi3KoM.
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HOopartox 4
Densra-tbyHkuia Qipaka ra aeAki i 3acTocyBaHHA

HUX QYHKLIA, f, ¢ — HenepepBHi (YHKLII CBOIX aprymeHTiB, SKi 3aI0BOILHSIIOTH
YMOB# T€OPeMH iCHYBAHHA i €AMHOCTI PO3B’A3KY (mMB. N. 3.4). Hexait y, =y, (¥) —
po3B’sA30k piBHauHsa (1.4.22). Po3r’a3koM y = y(¢) pisusauausg (J.4.21) (3

d- pyukuico B npasiit yacTHHI) HasuBalOTh rpaHuu* y = lim y,.
m—o+7

@ Posp’asoxk piBuaHHs ([1.4.21) nipu ¢ = 1, 33A0BOJIbHSAE PiBHSHHS
Y = £ty y e YD) (11.4.23)

i TaKi IOAATKOBi YMOBM MY £ =

Wiy +0) = ylry = 0) = yy, ¥ty +0) = y'(ty - 0) = y5, ..,
y(ll~2)(t“ + 0) — y(n—z)(t” _ 0) — y(()n»»Z). (ﬂ424)
Yy +0) =y - 0) + wiay),

ne
W(ty) = Oltys Yos s or YD), (11.4.25)

Cripasni, y () € po3as’szkom pisHsiHa (10.4.23) npu ¢ = ¢, (ue BunIuBac 3
(1.4.21) i o3HavenHs §-pyukuii). @yukuii y(¢), y'(1), ..., "3 (r) maiots 6yThH
HeITepePBHIMHU TIpH ¢ = £, SIk6M, Hampuiutan, p"”~2)(f) mana po3puB rpu ¢ = £, TO
y"=D(2) Byna 6 cymoto 3puvaitHoi dyHKuii i toranky vy b - 8(¢ - 1) (mus. 11. ®),
a y"(t) mictuna 6 noxaHok b - &'(f ~ fy), i TOMy JiBa yacTuHa pisHsHHsa (11.4.21)
He 36iramacs 6u 3 npasolo yacTUHOW. OTXe, ¥(1), ¥ (1), .... ¥~ 2(r) nenepepsHi
npu t=1t, a YD () Moxe MaTH cKiHYEHHMIt CTPUGOK NP = t,- 3iHTerpyemo
pisusnus (1.4.21) no sinpisky [f, — €, £, + €] (e > 0):

e , N
v +e) =y, o) = j Sy, v v ydr
.

Iy -

Iy +t
+J" o, ¥, Vs s ¥ 1) d.
1,

€

Ypaxysasiun ([1.4.8), MaTUMeMO

(n-1) (-1 =" r , =1y it
N U UL ) Sy, Yy )+ ).
(N
* TlepeBara 3actocyBaHHsa 8-(yHKUIi noasirae, 30KpeMa, B TOMY, 11O He NOTPiGHO
mopasy BIaBaTHCS OO0 TPAHWUYHOTO IePexoly — BiH MICTHUTBCS B CAMOMY O3HauYeHHI

d-dyHKuil.
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MepeitwoBwyM B oCTaHHii PiBHOCTI 10 rpaHULi npy £ — +0 (iHTerpaJIbBHUK YieH
MpH LLOMY NMPAMYE A0 HYJIsi BHACHIOK o6MexeHOCT migiHTerpaibHoi GyHKUIT),
nicranemo "~V (1 +0) — y" V(1) - 0) = w(r,).

( 3anava simmykanHs po3s’a3Ky piBHsHHS (11.4.21) 3 HOYaTKOBHMH YMOBA-
MH

Y(tg) = Do V() = Yoo e Y 21) = 5D, " V(1) =y (1.4.26)

NpH ¢ > {, eKBiB&JIEHTHA 3a/iayi BiIINYKaHHA PO3B’A3Ky pisuauHs ([.4.23) 3 mo-
YaTKOBUMHU YMOBaMH

Y(to) = Yoo Y (ty) = i, s .V(”_Z)(’o) = y(();;~2), Yy = y(()”il) +y(1)-(0.4.27)
[le TBepaxeHHs € HacxiakoMm . @) .

@ PosrasHemo niHiifHy cucTeMy auQepeHLiaTBHUX piBHSAHL | CKalsipHe
niniitHe aucepeHUianbHe piBHAHHA (aus. M. 4.1):

x=Ax+ f(@1), Liy=g).

Sk BimOMO, PO3B’A3KM LIMX PIBHAHB i3 HYJILOBUMH MOYATKOBUMH YMOBAMM MOX-
Ha 3anucaTtv y BUrasni [popmynu (4.28), (4.29)]

! !
50 = | Xt 0f@dn 50 = [ K@, ngwdr, (J1.4.28)
o ]
Ie X(t, ) — marpuuanT cucreMu, a K(f, 1) — ¢yukuia Kowi ckalspHoro
piBHAHHS. 3aMMILEeMO PO3B’A30K i3 HYJBOBUMM_MOYaTKOBUMM YMOBAMH BilIO-
BiIHO1 JiHiifHOT MaTpuuHoi cucteMd X = A(HX + F(r):

7~ !
X() = j’ X(t, DF(v)dr. (11.4.29)
(0
Bynemo TaymauuTH BinbHMIA uneH F(r) (g(1)) sk 30BHiluHE 30ypeHHs (CUrHal,
cwiy), LIO Hie Ha JiHIHHY CHCTeMy, a i1 po3B’430K — fK peakLilo Ha Le 36y-
penHsi. BBaxaTuMeMo, 100 3a BiIcyTHOCTI 36ypenns cucrema nepebysae B crio-
koi [X=0 (y = 0)]. Hexait Tenep F(t) = F,(t) = ES(t - s) (g(t) = g(t) = 8(t - 5)),
me f) < s < t. Toxni 3 dopmyn (1.4.28), (1.4.29) sunnusae, mo X, (1) = X (¢, s)
. (§,(r) = K(¢, 5)), TobTO MarpuuaHT i BiamosigHo dyukuis Kowri € peaxuicio
JiHiHOT cUCTEMM Ha OIMHUWYHUK iMIyJke [3-dyHKUiew 8(f - §)].
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