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~BCTYN

_lipd MaremartHuHOMy MOZeMOBaHH! [isHOMax TLHX Mpo-
ileciB, sBHII i Sa/eKHOCTeH 4acTO HOBOAHTHCA MaTW ChpaBy
8 TaKuUMH 3ajlauaMH, B SIKHX HeBiZoMolo € ¢pyHKuiA.

‘Hanpuksan, Ana BH3HAYEHHS 8aKOHY IUBHAKOCTI PyXy 3a
NaHUM 8aKOHOM NpPHCKOpDeHHs  Tpefa 8HANTH IUBHAKICTL $K
(pyHxUilo yacy 3 piBHAHHA

. : _¢_i_
v=al| =z|.
[Ilo6 3HaHTH 8aKOH MPOMAEHOro WWISAXY 32 JAHUM 3aKOHOM

HIBHAKOCTI, Tpe6a Busnaqnm manx Ak QYHKUiO yacy 3 piBt
HAHHSA

L

s=at + v,.

3anaua l'IpO 3aKOH OXOJIO/IKEHHA Tija pOSB ﬂSyeTbCﬁ 8a
AO0I1OMOrow plBHﬂHHﬂ

é=_k(e—a).

Ore, po3risfaloThcsl PiBHSAHHA, AKi KpiM He3asNeXHHX
BeJHUMH i Sa/eXKHHX BiJ HUX 1WIyKanux QyHKHifl micTaAThb Ta-
KOX moXifHi (RudepeHuianu) Bif HeBifomux d¢yukuid. Taki
PiBHAHHS HA3HBAIOTb Oudepenyiosshumu™, a SHAXOMKERHSA
HeBigomol ¢yHKUIT — {nmeepysannam audepeHUianbHOTO piB-
HAHHA a6o ssedennam do ksadpamyp (TOGTO 3HAXOJKEHHA
HeBimomoi ¢ynKUii 3a HOMOMOrow0 iHTerpyBaHHs JaHHX
oyHKuii).

Poapo6xa MeTOAi8 iHTerpyBaHHs m«pepeumanbunx pis-
HAHb i JOC/IIMKEHHs BJacTHBOCTel iXHiX Po3B’S3KiB € npei-
MeToM Teopii HidepeHiia bHuX piBHAHb.

3agauy BH3HaueHHS PO3B’'A3KIB AudepenuianbuuXx piBHAHD

yepe3 KBaJpaTypH MOXKHA 3AIHCHUTH JHlIC B OKpeMHX BHIaX-

epMin «andeperuiansni piousuusa» sois [, B, Jlefi6ui
* Tep p I, B. Jleti6uniun

y 1676 p,



Kax, a jasa JeaKHUX NPOCTHX THIIB zlmbepeﬂmanbnnx plBHﬂHb,'
HallpUKJAaa plBHﬂHHH Pikxari,

' __ m /_d.’/
v =aytt ey =),

Ak posiB JK. JliyBinb, He MOXXHA BH3HAYHTH PO3B’SI30K uepes
CKiHYeHHe YHCJIO 3HAKIB eJeMeHTapHHX YHRWIH Ta KBajpa-
typ. ToMmy BHHHKaIOTb Bajayi B8HaXOIKeHHs1 HaGJHIXEHOTO
BHpa3y IJisl PO3B’A3KY JH(epeHLiaJbHOro piBHSIHHA.

3anaui, uo npusonth 10 audepenniaabHuX piBHAHB
1. BusHaunn Qopmy Asepkana 8 CHMETPHUHHMH OCSIMH,
fike 36Hpae npomeHi, napajiesbdi oci, B OAHY TOUKY.'

BHKOpPHCTAEMO 3aKOH T'eOMETPHYHOI ONTHKH, 32 AIKAM KYT
nafgiHHsg npoMmeHs NOPiBHIOE KyTy HOro BilGHTTA.

Hexaii
y—ix) =0
€ piBHAHHA OCLOBOTO mepepisy JA3epkazia, a oKyc HAsepKaJa
3HAXOAUTBCS B NOYATKY KOOPAMHAT (puc B1). Toni

y = MK MK =
CAK = AO—{—0K=A0+x:
A0=OM =V ¥ 4~
Orxe, nicraemo audepenuiajbHe piBHAHHA

Y = y

t+ViEfyt

fIKé MICTHTh He3asieKHY 3MiflHy X, 3aJeXHY Bil Hei aMmiHHY y
ta il noxiaHy y’ mykanoi ¢gywkuii y. '

TakuM 4HHOM, MaeMO AHHAMIYHY MOJIeTb Bafiaui, sika He Aae
BiANOBiAl Mpo 3amexHicTh Mix 3minHuMu x i y. o6 nictatn
IO 3aNeKHICTb, Tpe6a 3 AVWHaMiYHOI MOZeNi BHKJIOUEHHAM
sMiHHOl y' moGyayBatH KiHemaTuuHy MoAedb 3amaui. Lle moxna
SHiACHHTH, He 3HAIOUH HaBiTh MeTOAiB iHTerpyBaHHs AHbepeH-
HiaJlbHUX piBHAHDb.

Pre. B . pe, B

Sanane nmpepeﬂulanbne PiBHSHHS MOXKHa BafIHCaTH Y

BPIPJIHI[I
sz +y'=1

Mosnaunsimn V x*+y® = u, HicTaHemo BizoMe 3 iHTerpa-
HOro YHC/IEHHs eJleMeHTapHe plBHﬂHHﬂ u’'= 1. Tlpoinrerpy-
BaBUM Foro, JicTaHeMo

u=VFy:=x+¢,
ze C — noBiNbHA cTasa.
Takum yuHOM KieTanu piBHARHS OCHOBOTO mepepisy y mJio-
muHi x0y: 7
y*= 2Cx + C>.
Omke, NOBepXHA A3epKaJjia SK NOBEPXHA OGEPTaHHS OCLOBOTO
nepepiay HaBKoJO oci Ox MaTHMe BRIJAs]
y* 4 2= 2Cx + C2.

[Ilyxam dopMH A3epKasia OMMCYOThesl CiM’el0 pPiBHSIHB mapa--
6oJioifiB obepTaHns.

2. 3HaiiTH BaJIeXXHICTb CHAH crpymy i Bill yacy ¢ B Kontypi,
fAKHA CKNaNaeThCsl 8 esekTpopyuliiinoi cmin E,, onopy R
ta inaykrusHocti L (puc. B2), ne E,, R, L — craai.

3riggo i3 sakoHoM Owma

Ey= Ri+ L%

[de e aunamiuna Mofesp 3afaui, a BiAnosigua ii KineMaTHyHa
MOJAENb MaTHME BHIVISIR
- R
. -7t | E
i)=Ce * +3,
ne C — foBinbRa crana.
3. OGyncautn HeBJacuufl m'rerpa.n saJlexXHHi Bin mapa-
MeTpa o
*® .
1 (o) = S e~ =2y,
0
O6uncnrmo dl/de. Kopuceryounce  npasuiom JleiGuina
Ta iHTErpylOuH YacTHHaMH, AiCTaHEMO

o0 L

g—ld = — | 2ye—*~2xdy = f e~ ~2axg (=% —2ax) +

+ 2l (oc) 2a1 @) — 1.



Orke, MaeMo Andepennianbie piBHSAHHA
- (o) — 1.

Tlpu wwomy 7 (0) =5‘ J‘”d)c——— Orxe, mo6 3uafiTn pos-
. 7 g _
B’f130K 3a11aqi, TpeGa pO3B’s3aTH JaHe Aud;epeﬂuianbue pis-
HAHHA 1 3H06yTHI pesyJsbTar ysroguTH i3 snayesHsm /(0).
HeBaxko noGauntd, mo iurterpan

@)= Vigor j et
0

€ PO3B’SI3KOM Bajiavi. y

4. Hocniguti pyx HeGecHHX Tii mij BIVIHBOM B3a€MHOTO
TAXKIHHA 3a 8sakoHoM HeioToHa,

O6mexumocs BunagkoM TtpboX Tin (CoHos, 3emai i Mi-
c;mﬂ) HE¢ BPAXOBYIOUH BILIHBY inmux nuader. BsaxaTumemo
L Tifa MarepiajibHHMM TOYKaMH 8 BIAMOBIAHO KOOpAUHATaMH:
(2x3. Ys, 23), (X1, Y1, 20)s (X2, Yo, 25). Toni Bimnann 1-1 TOukH BiA

-1e

re= V(xl —%3) (Y1 — ¥2)* + (2, — 25)?

l T'Clll{na)lexvxo nmpepenuianbni PiBHSHHS PYXY!
1‘2“;’; = X12 + Xls'
ma dt“’ = Xzz + Xos
maf%’? = X5+ X390
Ie
X;;=km7-§:"£- ﬂ{;l—xl, 5, 1=1,2, 3

Taki x piBHAHHA MaeMo 1A y; Ta 2.

3anauy npo SHaXOmKeHHs X;, Yi, 2 AK (yHKuif wvacy ¢
8a AaHHMH JJ1A GYIb-IKOrO MOMEHTY MOJIOXKEHHS Ta IIBHAKICTIO
NOBHICTIO 1Ue He PO3B’A3aHO i 3anucaHy BHIE cCHCTeMY piBHAHE
OCTaTOYHO He NpPOiHTerpoBaHo.

5. Binomo, mo mBHAKiCTb po3nafy pajiio NpsIMO MpOMNOp-
uida foro Kinbkocri. 3HaliTH sakoH 8MiHH MacH paziio}aa:
JIQKHO BijJ yacy. '

8

Hexalt R (t)-— KiJbKicTb pajiilo B MomeHT yacy f. ILlBug-
KicTb posnajgy pafilo ik WBHAKiCTb 3MiHH (yHKLIT € moxifHa.
OT}Ke 8aKOH posnajly MOXXHA 8anucaTH TaK:

R=—kR, k>0, (1)

Ze k — xoedinieHT nponopnifiHoeTi (8HaK MiHyG O3Hauae, MIO
Maca pajilo 8 9acoM 3MEHIyeThest 1 BianmosiaHo ‘-1—13 < 0).

[I{o6 po3s’'s3aTu nmbepenmanbne piBHAHHA (l), 8anHIIEMO

-Horo y BUIMISAI

’ dR

d=—ﬁ @_
3 inTerpajibHOrO YHCIEHHS Bl}IOMO, mo piBHAHAA (2) 3aK0BOJIb-
Hse QyHKUisa

t4 C = — E— In R,
ze C — posinvea crana. 3sizcy Buaﬂaqaemo R sk ¢yskuio ¢,
R = g—#~#G6 — C g—H, C — e—kC 3)

Hexalt R, — kinbkicTb pa;mo B MOMEHT vacy ¢ = f,. Toni 8 (3)
MaeMo
Ry = Cye=#h,

8BigkH C; = Rye%. IligcTaBuBuM 3HaiifieHe 3uauennsi C; B (3}
MAaTHMEMO
R = R e—Hi=10),
Ipu £, =0
R=Rye™.

Ile i e 3aKOH 3MiHH NMOYATKOBOI MaCH Pafilo 3a/1€XKHO Bijl aMiHH
yacy.

Excnepumemanbno BCTAHOBJICHO, WO JfA pafilo k=
= (,000436.

SHaﬁneMo nepiof miBposmaldy papiio, ToOTO BiApisok
yacy, 3a fIKHHl po3MAJa€TbCA MOJNOBHHA MOYaTKOBOI MacH.
Maemo

R
?o == R,g—0:000436T

3BilKH
—0,000436T = —In 2

In2 '
T= 5006836 = 1590 p.

.



Pospin 1

Tak e iBpo3Ia, JIsl e/leMeHTiB
Cauo BH3HAUCHO MEPIOR MiBp Ay & ’ OCHOBHI NOHATTA 1| O3HAYEHHS

HaBEIEHHX Y rabauni,

- TEOPIT AWbEPEHU,IAﬂbHMX PiBHSHb.
AMUDEPEHLIAJIBHI PIBHAHHA

Hyxain Mepion Tisposnany, MEPLLUOrO NOPSAKY
Byrueun - 14 5600
Harpi#i - 22 2,6
KoGansr - 60 55,§7 .
1(?:1?; HLR%HI % §305‘.‘_‘f;,__ 1.1. OcHOBHI NMOHATTA H O3Ha4YeHHS
Hesiit - 137 26,6 _ ] ,
Paxii - 226 1620 Bume 6yJ0 posrasiHyTo Aesiki 3ajiaui, po3B’sisyBaHHS fIKHX
Ypan - 238 45 10; NpHBOIUTE JO PiBHSIHb, IO MICTATH WIYKaHY (QYHKIIO pasom
Tlayroniii - 239 24-10 i3 CBOIMH MOXiIMUMH NEBHOTO MOPSAKY.

O3rauennn. Jlupepernylarivium pIBHAHKAM HA3UBAIOMb
PiBHAHNHA, AKe micmumb Hesldomy YHKYio, noxiOni &id Hei
ma He3aAeHHT 3MIHAIL.

[lpu unomy HeBigoma Qyukuia i HesajexkHi sMiHHI MOXYTb
SIBHO | He BXONMTH A0 AndepeHniajsbHOrO piBHsIHHS, ane 060-
B'fI3KOBO MOBHHHi MicTuTHCs mNOXiAHi, 60 B npoTMBHOMY pasi
e B:Ke He Gyle pudepenuianbhe piBHsHHs. Hanpuxkaag,

(** 4+ y*) dx + xydy = 0; (1.1)
" . ds
x4+ m2x=A51nmt("= W); (1.2)
)P—Zsy=0; - (L3)
A W4y + 6y" — 4y’ +y =+ 1)e5 (1.4)
o2 5 02
ﬁ 0?35 =0. (1.8)

Ilmpepeﬂuianbﬂe piBHSIHHS HasHBAIOTb 38u4allHuUM, SKIIO He-
BigoMa QYHKIifA, fka BXOAHTb B HbOTO, SAJEKHTb Bil OAHiel
HesanexHoi aMminnoi. PiBHsims (1.1) — (1.4) e sBHualiHnMH
AuepeHiaNbHUMH  PiBHAHHSMH,

SIkimo piBHAAHHSI ‘MICTHTb yacTUHHI mnoXiAHi HeBijoOMUX
GYHKIIA Bil KiAbKOX He3aJeXHUX 3MiHHHX, TO BOHO Hasu-
BAETLCH OuepenyiarbHUM PIBHAHHAM 3 HQCMUHHUMU NOXi0-
numy. Hanpuxaan, pisesiuaa (1.5).

Tlopsanok nupepennjanbHOrO piBHAHHS BH3HAYAETHCA IIO-
psakom HaiBuwol noxigmoi (andepenuiana), ska MiCTHTBCH
B AddepenniaqbHoMy piBHsHHIL

Y]



Tak, (1.1) i (1.3) — € audepennianpHi. piBHAHAS NepWIOTO
- nopsiaky, (1.2) i (1.5) — apyroro mopagky, (1.4) — ue Teep-
TOTO MOPSAKY.
flkmo piBHAHHA aiHifiHe BiLHOCHO CYKYTHOCTi HeBiZioMoi
¢yHKkuil Ta 11 MOXiAHHX, TO BOHO HA3HUBAETbCH AIHIdHUM Ou-
gepenyiaronum pisnanuan. Le piBasnua (1.1), (1.2), (1.4),
(1.5). PisHanna (1.3) — HeniHifide, 60 BOHO MiCTHTBL. mepury
MOXiAHy B ApPyroMy cTemeHi,
3Buyafine AupepeHuiaibHe PIBHAHHA n-ro MOPAAKYy B 3a-
raqbHOMY BHAI B8alHCYIOTH TakK:

F@yg® g, y'(®), ., y® @) =0 (L6

3Buyaiine AupepenitiabHe PiBHAHHSA NEPIIOro MOPSAKY Mae

BUPAAL

Foy@hy (x)) =0, (1.7)
a SIKWO HOro MOXHA PO3B’A3ATH BiLHOCHO noxiguo, To. Horo
sanuCyloTh TaK: _

y'(x) =F & y ). (1.8)

O3nauenns. Poss'saskom abo inmeeparom Ougpeperyi-
AAbHOZ0 PIGHAMHA HA3UBAIOMb Henepepsno Ougeperyilosany
pynryio y = @ (x), aka 3000804bHse pisuanua (1.8):

') =f& o).

Orke, MOYATKOBE pIBHSIHHA I1ePETBOPIOETbCS B TOTOXK-

Hicrb. Hanpukiaj, poss’sskoM AudepeHUiabHOrO PiBHAHHA
v +y=0 - (1.9)

¢ dyHRuis y=sinx, y=2cosx, y==3sinx—cosx
i msarani q)yﬂxum Bugy y = Cicos x, y = C,8in x, ne Cl,
&,— IOBiAbHI cradi, a6o

y = Cycos x + Cgsin x. (1.10)

¥ npomy Jerxo BIIEBHUTHCS IiICTAHOBKOIO JaHHX ¢yHKUiA B
piBHAHHA.
udepenniagbie pPiBHAHHEA

y'x) = ky,

fde k— cTana, Mae pO3B’A3KOM (pyHKuuo y = Cer*, ,zIe C _—

IoBiAbHa crana. XapakTepHa OCOGJMBICTb AH(epeHIiaTbHOTO
plBHﬂHHﬂ ne Te, MO BOHO Mae Hecxmqeﬂﬂy MHOXHHY PO3-
B’ A3KiB.

R

BNPABMU

Mokasats, mo sajani ¢yukuii e poss’'ssxamu  BiANOBiAREX
aupepennianbHUX PiBHAHD,

+ Ly=Cx ~ ydx — xdy == 0.
: C
2 ==y y —tgx.y=0,
C .
8 x=Inz—3 | ‘ ey + =1,
1 .
of b y=22t+C 7 dy = 10dx.
§. y=Inx+C dx — xdy = 0,
x d
6. y= a - arctg ty—{-C (x+y)2gg=a3'
7. y=Cie* }Cqe™* Yy —y=0,
8 y=Cx}-C—C? y=zxy' +y — )

0. y==Ce* sin x y -2y +2y=0,
10, 32— 2 = Cx (4 4 x?) dx ~ 2xydy = 0.
4+ 11, Inxy4x—y=C I4+9y+1—px-y" =0

12, arcsin %-——.C—-x xy’—y-}-x'l/xz—yza::o.

1+ ¢

13, grctgx-i—arctgy:C y'=..l—_l:7‘

4, y=C; +C5sin(x + Cy) Y 4y =0.

15. y=C cos x - C,sinx Yy +y=0.

ex
16. y=x(57dx+0) xy' — y= xe®,
17, eV —Cx == 1 xy' +1=eév,
1

18, y=Ce"”+§ e* ¥ +2y = e,
e x=te'

' “’-_{y=e{ (+x)y 4y =0,

20. InxIny=C, yInydx 4 x In xdy =0.

1.2. Aucepenuianchi pisHAHHA nepworo NOpAAKy

S1k sasHauanocsa BHile, AudepeHiiaJbHe PiBHAHHSA NEPLIOrO
NOpAAKY Mae BHA ‘

Fx, y(x), 5 x)=0. (1.11)

SIKio ne piBHSIHHS MOXHA Po3B’dA3aTu BifHOCHO y'(x), To Horo

MOXXHa SamucaTd y BUIJIALL

y'x) = (x g W) (1.12)

Toxi MatumeMo piBHsIHH:A, pO3B’sisaHe BIAHOCHO NOXiAHOIL.

Bume My Gaunin, mo AudepeniiadpHe piBHAHHA MOXE MaTH
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6esniu poss’siskis. Y noganbuiomy chopMYJMIOEMO YMOBH,
AKi BH3HAYAIOTh iCHYBaHHS i €IUHiCTb - PO3B’A3KiB JHbepeHL
anbHoro piBHsiHES (1.12) npn

9 (%) = Yo.

" YMoBa,. WO NMpH X = X, ‘QyBKuis HaCyBaTHMe SHAYEHH: Y,

osee

HasHBAETHLCA no4amKosow i 11 3amHCYIOTh Tak: .
Y (X) | x=x, = Yo ' (1.13).
O3Hauenna. 3azarbnum poss askom Ougepenyiarvroeo
PIBHARNS NEPUioeo NOPAOKY HASUEAIOMb HYRKYIIO

y = ¢ (x, 0), _ (114)_.

AKQ Barecums 6i0 00niei dosinbroi (,maﬂoz C, | akujo suxony-
rome maki ymosu:
1) @ynryia (1.14) sadosorvrAe Ougbepentjiarbre PiHAHHA
npu Oosireromy sHauenni cmaroi C,
‘ 2) sika 6 He 6yaa nowamkosa ymosa (1.13), momua snatimu
maxe snauwenna C = Cy, ujo pynxyia y = ¢ (x, C,) 3adosorb-
HAE YIO YyMmosy .
Yacrunnum poss’ AsKoM  HA3HBAIOMb  00SIALHY  (PYHKYIIO
y= ¢ (x, Cy), ymsopeny i3 sacarvrozo poss’sasky (1.14),
AKWO 6 ocmurKbomy Oosiabnill cmaaii C wadamu  KOHKpemHe
sHavenns C = C,.
Hanpukiaz, saraabBum poss’siskom  (inTerpajiom) ;mcpe—
PEeHIiaNbHOrC PiBHSIHHSA
‘ ydy -+ xdx =0
€ dyHRUin
4 = C, (C>0).

3 reoMeTpuyHOl TOUKH S0Py 3arajqbLHHUi iHTerpas BHSHauae
Ha KOOpAMHATHIH naownni ciM’l0 KpUBHX, 8aJiekHY Bil JHo-

y

Puc, 1,1

. ',Ql

4

Binbao! eTanoi C (pue. 1.1). HYacTunHoMy poss’ssky Bianosi-

- Jlae ofiHA KpHBa uiel ¢iM’i, Mo NPOXOANTb Yepes 3allaHy TOUKY.

Posp’a3atH, aGo mpoidrerpysatd Judepenuianbhe pis-
HAHHA O3HAYaE:

1) sualitn #ioro saraabHUH pO3B’A30K, a60 sarajbHHH iH-
Terpa, AKIO noyaTKOBi YMOBH He 8a/laHo,
abo

2) sHaiitH TOll YacTHHHHH poss fI30K, fAKHH B8aJIOBOJIbHSE
3ajjaHi MOYaTKOBi YMOBH, SKIIO TaKi €.

Cuip sasHauuTd, WO AH(epeHliaNbHe PiBHAHHS (1.12)
BCTaHOBJIIOE BiANOBiHICTb MiXX KOOPAHHATaMH TOUKH M (x, 9)
i KyroBHM Koe(bmlemom notuuHoi dy/dx po inTerpaJjbHoi
Kpusoi B wiit Touni (puc. 1.2):

tga=2=f(x, y).

ToBopaTh, wo piBHAHHSA (1.12) B Toukax BH3Ha4YeHHS QYHKIii
f (%, y) sanae Ha momuHi ¥Oy moJe HaNPSAMKiB KOTHYHHX A0
HOro iHTerpasbHUX KPHBHX.

Orxe, Gepyun Hesxe dikcoBaHe 3HaYeHHA R LBOro MOJd,
BKJIIOYAIOYH HeBJacHi 3HaueHHS k = == oo, 3 PiBHAHHA

i k=1 (x 1) (1.15)

nicraHemo JiHii y = g (¥, k) OAHAKOBOro HaxHJy AOTHYHHX
[0 iHTerpafibHAUX KpUBHX AudepeHuiaapHoro pisrsanna. Lli ainii
HasHBaoOTh (30Kainamu. 3miniooud B (1,15) B8Hauenus &,
MaTHMEMO MHOXHHY i30KJiH Ha miomuuHi xOy (puc. 1.3). 3a
AOTIOMOTOI0 1HX i30KAIH i craqux KkyriB a (x), k= {ga,
HaXu/ly AOTHYHHX AO NEPETHHAIOUMX X iHTEerpajbHMX KPHBHX
MOXKHA BiATBOPUTH sIKiCHY KapTHHY mnojs iHTerpasbHHX

ol
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KPUBHUX AOC/ifKyBaHOTO PiBHAHHA. | akufi METOA HOCIKEHHS
AudepeHiianbHOr0 pPiBHAHHS HASHBAIOTb MemoOOM  [B0KAIN.
MMpugnaan Ilo6yrysata 3a Romomoroip i30K/aiH MoJe HalpaM-
1
klB, Bu3HAvennx piBHAHHAM Yy =75 X
Po3s’ azanna. 3annmemo pisusrHaM cim’i lSOKﬂiH‘
1
Gx=~r, abo x =2k,

{aoxninamn e npami, napaneibui oci Oy (puc. 1.4). Tlpu k = 0 M2eMO
isoxainy ¥ = 0, B KoxHilft Touni skoi none mapanervue oci Ox. Ilpu
k = 1 Maemo isoKmHy x == 2, B KOoxHi Touni AKoi moJe yTBOpIOE

1
3 Blecio Ox xyr—— Bassum & = — 3, sHalizemo pIBRAHAA ISOKMiHH

, n
x = —I|, B koxui#t Touni Axol Kyt Haxuay a0 ocl Ox e -7

"BIMTPABH

das sananux nmbepenmam,ﬂnx piBHAus pocalzuru nosxe Hanpsm‘

kiB i spo6ury BimmoBiHui PHCYHOK.

Loy = x? 2 —1, 2y =V F 4

- 3. y, ==X2 + 4_1/2‘ 4, y/ zx_ya..
B g/ =x+y. 8. Y =y—x.
70 4 = (y— A\ _ 8y =ar— s

+ 9.y =y—as, 10, y' = #3 4 2x— g,

11, Yy =2x—y. 12, yt = x4y,
18, y =y8. 14,y =y,
18. y’ =2y 8x. 16, y =% 4 4%
17,y = x 4 42, 18. yy' + x=0.
10, xy’' 4y =0, 20. xy' =2y.

Posriasinemo TaKy sajauy: sHailiTu audepeHniasbHe pisHan-
HA AJiA 3ajaHoi ciM'i KpuBuX.

‘3 HaBeJleHHX BHIe NPUKJIAAIB BHILIHBaE, IO _KOXHOMY
'an)epeHmanbﬂomy PiBHSIHHIO MepIIOro NOPsAKY  Bianosinae
- Aedka ciM’s KpHBHUX (3aranpHUA po3B’si30K). IHoii He MOXHa
3HalTH saraibHHil DPO3B’SI30K AHdepeHIiaJbHOrO piBHAHHA
B siBHOMY Buii y = @ (x, C), ane MOokHa sanmucaTdH floro He-

sIBHO, TO6TO F(t g C) =0. (1.16)
CniBBigHomeHHs (1.16) Ha3uBAIOTL Sn2aAbLHUM inmeeparom
Oueperyiarbnoz0 pisHAHKA.

Tlocrasumo Tenep 3ajlauy: CKJacTH ,ampepeﬂma.nbue pis-
HAHHSA, M SKoro ciM’'a KpuBHX (1.16) e saraabHEM iHTerpa-
aom. Judepenuirooyu (1 16) no x, MaTumemo

oF oy
a,,+ayo—,_,—~°- L)

0

‘Bukmouatoyn 3 (1 16) i (1.17) noBinpHUA mapamerp C, nicra-

HEMO NEBHY 8a/IeXHicThb MiX X, y i ', To6TO MaTHMEMO LuyKaHe
AudepeHuianbHe piBHSAHHS NEpUIOro MOPAAKY:

[y y)=0.
Npukaan Hexah MaeMo. sazexuicTsb
y (x) =sin x 4 C cosx.
Suahtn nndpepenulanbﬂe piBHARHSA, mo Biinosifae wift cim’i KpusHX.
Pose’ AIAHAR. Hudepenuiooun 3afane  piBHAHHA, SHAXOIHMO
y'=cos x — Csin x.
HAnsa BukmwovenHs C CKAafeMo CHCTeMY
" y(x) =sinx +C cos x,
{y‘ = cos x —C sin x,

TMoMHOXHBIIR Nepuie 3 piBnsAHb Ha sin X, a Apyre — Ha cos x i nonas-
e pesyiawntaru, Alcranemo Audepennianbue pismsuHa
y'cos x 4 ysinx =1,

Hmno ciM’sl KpUBHX 3aJaHa PiBHAHHAM BHAY
F (x, y, Cy, Co) = 0, (1.18)
70610 MaeMo 3ajexuicTb Bij ABoX mapamerpis Cy i Cy, TO cno-
qarKky Tpeba ABiui npoxHdepeHuioBaTH MO X piBHﬂmm (1.18)

oF , aF g=
ax'*'b? il
8F dy  OF dy) OF Ly
51'+ axoy " E-t+3f/_’_(0x + dx3 0,
a NoTiM i3 crcTeMu piBHSHb -
F(x, y' Cl, C.)'='0
oF dy
5_ +0y dx =0, .
BF dy | 9F dy) OF dy
b_“" xdy “‘+ay2 (&7: 3y “dx2 T =0
BHK/MOuHTH napamerpu C; 1 C,. Jlicranemo Aﬂcpepeﬂuianbﬂe
piBHAHEA
fe 4y, 9=
fike i e nmbepeﬂmanbunm piBHﬁHHﬂM ciM’i kpusux (1.18).
Ananoriuno Mipkyemo # moA0 ChiBBiAHOLIEHHs
F (x’ Y, Clt Ca’ L1 ] n) = 0:
fike sajexurthb Bifi n napamerpis Cy, C,, ... , C,.

NMpukaan 3uaitty anq)epeumanbﬂe plBuguHa ciM’i pepxuix
i Huxkuix nieeaincis, aanaﬂnx PIBHAHHAM
i
a + =1l

ol

acaibd napaueréh.
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Poss’ asannn, CrAafaeMo cucreMy piBHAHB
. f xZ yZ
; Ez‘ -+ pr = 1

yy
az + 5z b“ =0,

1 W)y
R b’ +b‘l§ =0,

BHRJMoUMBIY 8BifcH MapaMerpH a i b, HicraHemo Aucdepenuiancue pin-
HSHHS

gy'— % (' yy") = 0,

fIK@ € INyKaHHM,

BMPABHU

3uakTn uu(pepenmanbne piBHsiHES, 3aranbHuM PO3B’ ;stom SIKOTO
¢ KpuBi, 3agani TakuMH PiBHANHAMH:

1. y=2Cx. 2.y == Cxe*.
3. x— O+ ¢yt —C?= 0, 4, cosy = Ccos x.
i
B Yyt x=C (1 —xy) 8. y—a=Ce”
7o (1+y)(l~—-x)=G. 8. y=C1x+Cg—x'.
9, y=Cycosx+ C,sinx, 10, x% 4 Cy? =2y,

1.3. Teopema Kowi npo icHyBaHHs
Ta eAuHicTL PO3B’A3KY

Hexaht maemo gudepenniajbHe piBHAHHA
| y=Fx v) (1.19)
i nouatrkoBy ymoBy '
o y (%) = Yo - (120
Toai crpaBakyeThcs Taka TeopeMma,

TEOPEMA (Kowi). Skwo- ynryin f (x, y) sadosororsns

YMOBaM:
1) € nenepepsroto @ samkHeromy npamokymuury R: {x5—

—a <X <X+ a Y—b QY <Yyt b}, Ke a i b— desxi .

gidomi Qodamui wucaa, a omawe, € 0OMENHEROI0 8 NPAMOKYMHUKY
R, mobmo icnye uucao M >0 make, w0 OAf 6CixX MOYOK

(x, y)GR
e i< (1.21)

18

- 2) sadosonvtise ymosi Jlinwiya y npamokymuuxy R no
BMIHHIG Y .
[ f(x, yl)_f(x’ .’/2)‘<Llyl Ya !, (1. 22)
e L — cmana Jlinwiya, a (x, y,); (%, Ys) — 008iAbHi mouKy
3 NPAMOKYMHUKA R, mo Ha eidpisky Ixo—h; xo+ Al

 de h = min (a,AI;I) (Memue 8 uucen a ‘:4)’ icuye edunuti pos-

8’30k y = y (x) Ougpepenyiarbrozo pienanns (1.19), axuil npu
X€[xg—h; %+ h] ne suxodums 3 npamoxymnuxa Ri sa-
dogorbrse nouamxosy ymosy (1.20), mobmo y (%) = Y. :
HdosenenHs J[dooauremo Teopemy MeTo/ioM [Tikapa®
[To6Gyayemo iHTerpajibHe PiBHSIHHS BHAY: .
. X

gy =yo+ §F& yapat. - (123

PiBHsHHA, B sKOMY HeBijoMa (pYHKIlisi 3HaXOIMTbCA MijJ 8Ha-
KOM iHTerpana, Ha3suBalOTb iHmezpasvHum. Jlerko noGauHTH,
110 - KoJin- piBHsAHHA (1.23) Mae HenmepepBHMA pO3B’FI30K Y =
= Yy (x) (HemepepBHY QyHKUIO, fiKa 3aJl0BO/IbHSIE Le piBHHHH'ﬂ)
Ha Biapisky [xy— h; xo+ h), TO pell po3B’sA30K € PO3B’A3KOM -
TakoX AudepeHuiaibioro piBuanaa. (1. 19) i sanoBoJbHsE
nouarkosy ymoBy (1.20).

CnpaBJi, AudepeHiiooud o x JiBy i mpaBy 4acTHHH T0-
roxkHocti (1.23), Maemo

y'(®) =TI (x yx).

Ormxe, ¢yHKuia y (x) sajgoBoJbHsie AudepeHuianbHe piB-
aadaa (1.19). IligcraBuBmy B JgiBy i mpaBy uactuun (1.23)
BHAYEHHA X==x,, AicTaHeMO Yy (X,)=y,, TO6TO PyHKUiA y=y ()
sanoaonbﬂﬂe f nouatkoBy ymosy (1.20).

vnpaBEIIJIHBHM e i obeprene TBEPMKEHHS: AKILO dyHKLiA
Yy =y (x) na Biupisky [x,— h; x,+ h] € poss’sskom Audepen-
ujanbHoro pieusanHa (1. 19) i (xo) = Yy, TO QYHKUIA
Y =y (x) Ha LboMy X BiApisKy e posa f3KOM iHTerpajbHOre

- piBHaHHA (1.23).

Cripasai, sximio y (x) € poss’si3koM pisHsHH: (1. 19), TO IIpH
% € [x,— A, xy+ k] BHKOHYIOTBCS TOTOXHICTD

y'x) =[x y () (1.24)

i pisnicrs
| Y (%) = o (1.25)
1p y Aonbod Jinwin-— niveupxuit wmaremarug, 1832—

1903
E MidD [Mixap — ¢pannysbkuii marematnk, 1856—
1941 pp. :
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TpoinTerpysabmn o6uasi yacTHHE ToTOXAOCTI {1.24) ¥ Me-
KaX Bill ) 10 x i BpaxyBaBum (1 25), matuMemo -

Sy (t)dt—-Sf(t,ya»dt
.a60

y (%)) -yo+S 16, yoas

mo ﬁ 'rpe6a 6yJi0 JOBecTH.

Ilpy npoMy roBopsaTh, mio- iHTerpa/bHe piBHAHHA (1.23)
exsiearenmue JudepenuianpHoMy piBHaHHIO (1.19) 8 mouatko-
BOIO YMOBOIO (1.20). Tomy nmani noBenemo icHyBaHHs i enu-
HicTb PO3B’A3KY MJIS iHTErpajbHOTO piBHSAHRHSA (1.23).

Jna 1boro 3actocyemo meTon NOCAi AOBHHX Ha6mm(enb
(veron Tlikapa).

IMoGyayemo nocainoBuicTb cpym(mﬁ Yo%)y ya(%)y vev » Yn(x),
vee 9 B X § [xg— B X9+ h], Takum unHOM: )

Yo (x) = .‘/0'
hi) =0+ S £t g0 (1)) dt,

B =g+ {1t e, ...,

g () = 4o (%) + S Fit, Yomr () dty oo, (1.26)

BinnocHo nux ¢yHkuifi MoxHa cTBepLKYBaTH, ILO
1) npu x ¢ Lx,— h; xo+ k] Bonu e nHenepepsHumu, Cupasai,
OCKiJIbKH 38 YMOBOIO (pym{um O, yx)y HpHMOKYTHPIKy R

HenepepBHa, TO # mTerpa.n Sf (¢, y @)t 6y11ytm byHK-

uieo BepXHboi 3MiHHOT Me)m, ‘e Henepepaﬂoxo ¢yukuiero;

~ 2) KoXHa ynxum Yyp(x), k=0, 1, ... , n, ..., € BU3HAUe-
Holo npH x ¢ [x,— h; xo+ Kl i He BPIXOJIHTb 8 HpﬂMOKYTHHKa
K. Cnpagyi, 3 (1 26) MaeMo

tyl(x)—y.,(x)t<|Sf(t yo(t)dtl<

4|'§lf(t, Yo (D) ldt| < Mx—x,] < Mh < b,

1y (¥) — 9ol ='l Sf(t, yl(t)')dt|<

O‘fme, dyHKIis y,(¥) HE BUXONHTH -

8a MeXi NPAMOKYTHHKA R, q)yHKuia ‘yi o

Yo(¥) == yo sHaxXOMUTLCA B UEHTPI R - % +bc

(puc. 1.5). . )
Hani -sHaxoAEMO Yo .

X 3 ,0 xp'a xa Xom;
N ADILIE pac, 18
X :

<sM|x—x)l<sMh<, ...,

[9n () — g0l = | § 12, gnar 1)) at| <

| <«Mh<b,...

3a merooM MareMaTHuHOi iHAYKuil AicTaeMo HAOBOAKYBaH®
TBEpKEHHS; :

3) koxkHa 3 byHkuii y, (x), k=0, 1, ..., n, ... , 8a10BOJIb-
Hsle TIOYaTKOBY YMOBY Y, (Xo) = y,. Lle Bun/inBae GesnocepeaHbo
8 dopmyn (1.26).

Hosenemo, mo moc/tinoBHicTs HaGAHxens (pynxuii) (1.26)
a6iraernea pisHomipfio Ang Beix x € [xy— h; X+ h] a6o aaa
BEIX ¥, AnA AKX | x — X, | < h. Posrasinemo ¢yHKUioHaNBHHA
psA

!/o+(y1 —yo)+(!/2(x)—!/1(x))+"‘+
(yn X) Yn—1 (x)) +ee e (1 27)

Jlerko mobauuty, ‘WO k-Ta uwacTHHHAa cyma psagy (l. 27)
86iraerbes 8 k-M HabauKeHHsM nocuinosHocti dyHkui# (1.26)-
Tomy 3 piBHomipHoi 36ixHocti paay (1.27) BuniuBae piBHO-
MipHa 36ixkHicTb MocaifoBHOCTI HabmwxkeHb (1.26). 3Hakinemo
OLLIHKY 3a MOJYy/eM KOMXHOro ujeHa psay (1.27), nouHHaiouH
8 Apyroro:

[y, (%) — Yo | <« M| x—x,],
lta () — s ) 1= § F et s () —F (2, yal)dit| <

<[17 )=t g at].
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3acrocysasmn sio |f (¢, y1(8) — F (¢4, yo)| ymoBy Jlimmina
i BpaxyBaBiiH OLHKY IONEPEAHBLOTO ujeRa psmy, AicrateMo

ly: () — 4 (W) < L S lg2(6) —woldt <

|2

QMj]t——xo]dt—LMlx—x"

Amnanoriuno

s @ — 1 )1 =|§ (Ft, 1 ) =1, a0 dt| <
<| 116w —r0, wonal<

éLSIyz(t)—yl(t)l dt<L‘MS.”—"o| dt =

3acrocyBaBil MeTOA MaremarduHol IHAYKuii, ROBOZHMO
CIPaBeAJHMBiCTb TaKO! OMIHKH: ;

| o (5) — gnt ()] @ 2™ £ — |7 (1.28)

OckiJpRE | x — x| <<h, TO
191 (%) — o | < Mh,
192 (1) — 4, ()] < Mgp
l.’/s(x)'—‘yz(x)|< MLZ3,@

]yﬂ (X) = Yriwsl ()C) ] ML’“""

oooooooooooooo

Omxe, unenu q)yuxmoﬂa.nbﬂoro pagy (1.27) sa monynem
MeHINi, HiX BiANOBiJHi uJeHH AOAATHOrO YHCJIOBOrO pAly

2 3 ’ ]
Yot Mh+ MLE 4+ ML2E 4.+ ML= (1:29)

3acTocyeMo 0 OCTaHHLOrO psidly 0sHaky A’Anambepa:

. ML (n— 1)) . Lk
lim —em— = lim —=0<<1.
naw MLPTEAYInL o L0

OT)Ke, YUCJIOBHH p;m (1.29) a&raethbes. Tomy (byHKmOHaJIb
Huil pan (1.27) 3a osnakoio ‘Befiepiurpaca piBHOMipHO 80irae-
Thest Ha BiApisKy [xg— h; x4 -+ h].
Hexaii
11m Yn (%) = Y(x)

‘3rizHo 3 AoBeneHAM tpymmm Y (x) e menepepsHOlO Ha Bifpis-

Ky [x,—h; x+ hl.
' Lloae)lemo mo - Y (x) sanoaonbuae [I0YaTKOBY YMOBY
Y (x,) = y, i He BUXOQUTH 3 TPAMOKYTHUKA R,

Crnpasai,

Y (%) ="nl_1£ Yn (xo) =522 Yo = Yo

[Tepefimosum mpy n — oo Ao rpasuni B HepiBHOCT |y, (X)—
— Yo| < b, micraemo |Y (x) — y,| <b. IoBesemo Temnep,
mwo Y (x) € po3p’s3kom piBHsAHHA (1.23)

OcKiJIbKH 1mocJliA0BHICTb GYHKLIf ¥, (x) piBHOMipHO 86irae-
TheA 10 Y (x) Ha Biapisry [x,— h; x,+ hl, To Ans Gyap-sKoro
€ >( 3HalifleTbCsl HarypajbHe YHCJIO N N (&) Take, mo
npu n >N i Bcix x € [xy— h; xo+ h] BHKOHYBaTHMeTbesl He-
piBHicTb .
lon () —Y (1) |<e.

ToMy, BHRopHcTaBm ymoBy Jlimmiua, matumemo

1§ 1t sattnat—§ 1 v opat| <
<|f1ft =16,y O010t| <

” .
<l Liys)—Y (1) 1dt] < Lej x— x| < Leh 0

npu e —0.
OTxe,

tim § £t ga)at = ft, ¥ )at

Anst BCiX X €[xy —h; x, -+ hl.
Ilepeimormmn npu n <> oo g0 rpamnui B cniBBigHOWERH]

Y () = o (1) + § F(ty Y (D)1,

¥q



Kicranemo |
Y(®) =g, 00+ [ Ft. Y ) at.

Ilum camuMm foBefieHo, WO GyHKLiA y = Y (x) Ha Bigpisky
[xe— h; %o+ hl e po3B’a3koM iHTerpaspHOro piBHAHHSA (1.23),
a orxe, i po3B’siBkom AHdepepuUianbHOrO piBHAHHA (1.19),
KM 8aNlOBOJIbHSIE mouyaTKoBili ymoBi (1.20).
 JoBeneMo enuHicTb po3B’si3ky y = Y (x). Hexa#t na Bin-
pisky [xo— h; xo+ R, kpiM posB’siaky Y (x), icye # inmunii
PO3B’sI30K @ (x) Takuii, WO @ (X,) = y,. PosrasHemMo HOCHTHL
Manu# BilpisoK [xy; o+ nl, N < h, Ha AkoMy @ (x) — Y (x)=%
= 0. Ockinbkn ¢yHKLis [ (x) — Y (¥)]| = 0 € Henepeps-
Hoo Ha Bigpisky [xy; x4+ 1], T0 0 (¥) = [ () =Y (x)]
HocArae B JefKift Touni x;, xy<< %y € X+ 0 cBoro HaiGiario-
‘ro sHaueHHA m >0, :
~ Toai

m=lo(m)—Y () =] 7, o) di—
—{ 1t yora|<|§ 176 00—

—t YO <L lo@)—Y ()14

Posnoﬁcrozmsmﬂ inTerpybanna Ha BiApiSoK [x,; X, 4+ %], ma-
THMEMO , ‘
Xo-+M
m<Ll | |9@)—Y ()]dt<Lmy,
-

3sigcH 1 << L, mI0 HEMOXK/HBO, OCKIJbKH QHCJO 1) MOXe
OyTH BHOPaHHM fIK 8aBrOAHO MaJHM, 3afiliJH y cynepeuHicTb.
Tomy Ha Biapisky Lxy; x,+ 3l ‘ '
' o)=Y (».

Tak camo MoXKHa NOBecTH, IO i Ha Bifpisky [xo— 1; %,]
ui ¢yugnii s6irarorbes.

Teopemy noseleHo.

3as3HauHMo, MO Ha npaktHui ymoBy Jlimmima B Teopewmi
Kowi nepeipsiTh HOcHTb CKJaiHO. ToMy KOpHCTYIOTbCsI iH-
IO O3HAKOIO, AIKY Jiae TaKa Teopema. '

TEOPEMA. Axuio npasa wacmuna ¢ Ougpepenyiaroromy
pienanni (1.19) y poseasndysanid vbracmi mas obmeoceny ua-

#

cmunny noxiony no Y, |fy (x, y)| < N, mo ymosa Jinwiya 0as
marol YKyl 6UKDHYEMbCA.

HdoBenenns PosrnsHemo obMexeny o6iacts D, B
akid  ¢ynkuia f(x, y) Mae o6MexeHy uyacTHHHY NOXiAHY

[y (x, y), To6TO :
fy(x, 9)| < N.

Toxi sa Teopemoio JlarpaHxka npo _eKinéHnuﬁ npupicr Maemo
F(x g0)— f(x, y9) = fu (%, Y1+ 91— y2)) (41— ¥s),
0<o<l.

ko | fyl < N; 10 '
_ 17(%, y) — [ (%, y2)]l < Ny — 9l
Teopemy J0BEEHO.

“

lMpukaaan

1. 3naitta o6nacte icnyBanns 1 egumocri pose’siskis nmdepennul-
aJLHOTO PiBHAHHA »

y' =ysinx 4 e, )

Pos¢’ asannAa. OCKINLKE npaBa YacTHHA 3aJaHOTO PIBHAHHA € Hee
nepepBHoto dyHxuieio B ycili aifichift naomuni, a | fy| = |sin x| < 1
T0 B GyAb-IKOMY TPAMOKYTHMKY MIOWHHM X0y BUKOHYIOTECR YMOBU
reopeMu Kowi. Tomy uepes koxny TOYKY MJIOMHHH NPOXOAHTH JHlle
OAHA iHTerpasbHa KpUBA PO3rAAAyBaHOTO PiBHAHHA.

2. 3uafith obnacrk eluHocri PO3B’A3KY piBuTHHS

v=Vy. (1.30)

Po3s’aganna. [lpapa yacTHHA SajaHOro piBHAHHA BH3HayeHa i He-

mnepepBHa npH ¥ > 0, T06TO y BepxHifk vactuni naomuan x0y, Ockiab-
KM 4aCTHHHA NoxinHa . :

Fy=

==~

o2V

crae neoGmexenow npu y — 0, y > 0, 10 B TOukax mpsAmoi y = 0 ymoBa
Jlinmina moxe He BHKOHYBATHCa. OTxe, yepes ui TOYKH MOXKe NPOXO-
AuTH Giabme HiXK ofWH po3B’A30k (OAma inTerpasbHa Kpuba). bBesno-
cepeanboio nifcTanoskoio nepesipsiemo, wo ¢yHkuisx y == 0 e pos-
B'si3koM piBHAnHA (1.30). [TpoinTerpypaBiun Le piBHAHHA, SHAXORHMO
floro saraabuhlt posp’sA30k

y=FE+CP, x> —C, aan

mo € cim'elo xBaapaTHuuux napaGos (puc. 1.6). Uepes koHy TOUKY
oci Ox npoxoauTh ABa po3b’asky (Rai interpaasui xpusi), a came Bich
Ox, T06T0 po3B'A30K y = 0 i ofna KpuBa 13 ciM'l inTerpanbunx KpHBAR
(1.31). ¥ pewri Touok BepxHbLOI NAOWMHH, fe y > 0, BUKOHYIOTHCA
obuasi ymosr Teopemu Komi. Tomy uepes Koxuy Taxy 'roqx{,npoxo-
AMTbL JHIIe OfHH po3B’fiI30K (inTerpajnha KpHBa) Audeperuianbuoro
piBnguusa (1.30).

Po3B's30k y = y (x), y KoxHill Toyni AKOro NOpPyLWYeTbCA
BHMOra eAuMHOCTi po3B’Asky safaui Kowi, HasusaioTh 0co6-

bl



AuBUM PO36® A3KDM, HOTO He MOXHA AieTaTH 8 (bopmysn saranb-
HOTO POSB’A3KY NMPH KOHKPETHOMY 8HaueHHI NOBiJbHOI cTaof.
Y npuxaagi 2 ocobaueum poss’siskom piBasinag (1.30j e y = 0.

" o6 snaiiti ocobumBuii poss’s3ok piBHsAHHA (1.19), Tpe6a

8HalTH reoMeTPHYHe Miclle TOYOK, B AKHX ¢yHKUiA f (X, ¥)
HenepepBHa, a f, (x, y) HeoOMexkeHa, i MepesipuTH, yH sHalleHO
PO3B’A30K PIBHAHHS, 4 TAKOXK YH € Ieil PO3B’A30K 0COGANBHM,

Jas audepennianpHOro piBHAHHA MNeplIoro MOPsAIKY, He
po3B’a3aHoro BiHocHo moxizHoi F (x, y, y’) = 0, ocoGansuit
PO3B’A30K SHAXOAHMO, BHKJIOYalo4H y' i3 cHcTeMH piBHSHD

’ {F(x: Y y!)=0, (132) _

Fy (x, 4, ') =0.

Ilpukaan. SualiTu Jpyre HaGnuxeHHd 4O Po3B’A3Ky AHpepeH-
uianbHOro piBHSIHHSA

Y= x4 3P : (1.33) -

8 novyaTkoBolo yMmoBow y (0) = 1, '

Poss’ asanna., CrRopHcraemocss popmyaamu (1,26), nmogaaswm n ==
=0, 1, 2, HyipoBuM HaGlumxeHHAM y,(¥) € crana ynxuis y,==_l.
Byayemo nepule i gpyre HaOnaHIKeHHA:

x x
yt(x)==yo+§f(t, wd =1+ [+ nd=
[}
3 { . | 1
.0
X . -
Ya (x)=y0+§f(t! Y1 () dt =
0.

=1+j(,2+(1+,+.g,a)2)d,,

‘ %
, Y
Y%
R
Put. 1.8 PR, 17

2

. - E
1 2
:=1+(%—t’+t+—;—t3+51~3t7+t2+—6~t‘+-13t5)1 =
‘ 3 2 -& 1 4 —g‘ 5 1 ?
=17+x+x +3x3+—6'x+15x +‘6‘§xv

Teomerpnunuii samict Teopemn Kowi noasirae B TOMy, IO
icHye i npu ToMy eimHa ¢yHKUis y = @ (x), rpadik fAKoi mpo-
XOIUTb 4epe3 TOUKY (xp, Yo) (pue. 1.7). Kpim Toro, & Teopemu
BHIINBaE, O -pirHARAA (1.19) Mae HecKiBuenHe 4yHCJO pisHUX
po3s’sa3kiB. Hanpukaan, posp’si3ok, rpadik sIKOro MpoOXoanTh
uepes TOYKY (Xy, ¥o); PO3B’130K,Ipadik AKOTO MPOXOAUTH yepes
TOYKY (X9, Y1), 1 T. ., AKWIO Oi TOUKM JAexkarth B obsacti R.
Orke, Halaloun Y, PiSHUX 3HAUEHb Yy JACAKOMY NPOMiXKy, Ha-

npuKAag B inTepBani (y.,—-—g—, yo+%), nicTaemMo pisni ua-

CTHHHI po3B’si3ku piBHaHHA (1.19). Slkuo nin y, posymitH
6yab-sike Horo 3HaueHHsi B 3allaHOMy iHTepBaJi, TO MATUMEMO
saraibHHii po3p’a3ok. Otxke, y ¢opMysai sarajJbHOTO poO3-
B’ A3KYy

y=9(xC) ' (1.34)

posb JOBiNBHOT cTanol Biirpae noyaTKoBe 3HAUEHHS Y, WYKa-
Hoi OyHKu{Ty () npu meskoMmy ¢ikcoBaHOMY 3HAUYEHHI X, apTy-
MeHTy x, Tak mo dopmyaa (1.34) sabupae Burasiny y = @ (x,
X0y Yo)-

Taxky dopMmy samucy saraspHOr0 PpORB’'SI3BKYy HA3HBAIOTh
3araJbHUM po3B’siskoM Y copmi Ko,

Hanpuknan, maemo pirnsinaf y' = ky, k = const, YmoBu
TeopemMu Kowli BUKOHYIOTBCS B ROBIAbHIA Touli (X, ,) ReAKoi
obaacti D naowynn xOy. 3aranbHium po3B’s3koM € (yHKUisA
y = Ce*, SIkwo maemo moyatkoBi Aani (1.20), 0 yy= Cet*».

3eiacn C = y,e~*%, i poss’'si3KOM €
Y = yoehtr=xo, (1.35)

Sdkmo x, sabikcysaTH, a y, BBaxaTH [IOBiJILHHM, TO pO3-
B'a30k (1.35) e sarajibHAM DO3B’I3KOM 3aJaHOr0 PiBHSIHHA
y dopmi Korri. :

‘Taknm unHom, i3 Teopemn Komwi Bunupae icHyBaHHA H 3a-
TajbHOTO pPO3B’s13KY AHGepenuiaabHor: piBuguds (1.19).
Bin oxonsmoBaTHMe BCi YacTHHHI PO3B'SI3KM | MaTuMe OfHMH
napameTp Y, TO6TO OAHY AOBiNbHY cramy. Ofke, 3arajJbHHI
po3B’A30K AudepenniaNbHOro PIBHAHHA NEPUIOro MOPSAKY Mae
ORKY RoBiMbHY cTasy.



1.4, Ocuosuhunacu pmunub, mterposnux
Y KBappatypax

PiBusiuns 3 smoxpemmosanumu 3Minmmu. Posrasnemo
nHpepeBliaabHe plBHﬂHﬂﬂ

L=h®h), . (1.36)

B SIKOMy TpaBa 4YacTHHa € A06YTOK QYHKUii, 8aNeXHOl TiNbKA
Bij x, Ha QyHKILj0, 8aJeXKHY Ti/IbKH BiZ y. 3anuiuiemMo foroy Bu-
pasAai

f?(lﬁ dy = f, (1) dx, ()0, (1.37)

Beamaioun 4 Bifomoro ¢yHKUielo aMinHOL X, posr/isHeMo piB-
victs (1.37) sk piBHicTh ABOX AudepenuianiB. Toxi HeBH3Ha-
4eHi iHTerpasu BiX HHX BiAPiSHATHMYTHCA Ha CTATy BEJHUHHY.

Iuterpytoun n1iBy wactuny pieocti (1.37) no y, a npaBy — no

x, Hicranemo

57':;;dy=‘§f1 x) dx + G,

ne C — poBinbHa crana (crajna iHTerpyBaHHs).
Hucepennianbie piBHauda tuny (1.37)

M (x)dx + N (y)dy = 0, (1.38)

e M (x) it N(y) — HenepepBHi QYHKMUIi, HasHBAOTH pinsH-
HAM 8 BiJOKpeM/IEHHMHM 8MiHHHMHM. 3arajibHuil iHTerpan #oro
8a JOBeJEHHM BHIE Mae BHJ

fmeax+ fNvway=c, (1.39)
To6TO saraibHHii inTerpan piBHAHHA (1.38) sHaxomuMo mo-
YJICHHHM iHTeerBaHHHM
" Hanpuraan, wexali JaHo piBHaHHA 2xdx + evdy = 0,
inTerpytoud Horo mouneHHo, AicraHeMo x*-4- ev= C.

Y 6iablu saralbHOMY BHMAJKY PiBHAHHA 3 Bi}lOerM.IIlOBaf
HUMM 3MiHHHMH € DiBHSIHHA BHAY

My0)Ny(@)dx + Ma(No(5)dy = 0. (1.40)

Bono sBozHTeCA 10 piBHsHHA (1.38) ainenHsaM 060X uacTuH
Ha Bupas N,(y)Ms(x) (mpunyckaemo, wo N,(y) %= 0, My(x)
7= 0). Toxi aicranemo piBHsHHSA 3 BINOKpEMJICHMMH SMiHHUMU

My (x) N () :

7, dx - Ng ) dy = 0. (1.41)
3aranbhuit iHTErpan HHOTO plBHﬂHHH 3aIHCyeMo 8F1}.1H0 3 ¢op-
myJaoo (1.39).

n PHKJ AN Poss’azartu plBuarEg
dy y

dx= " x*
Posg’ asanna, Poapinumo  amiumi

Tuterpyioun, sHaliiemo

____de_l_c

ol gl = —n] | + [} Inly] = 1n| \

3sincu saranbuuf PO3B’ 530K € 7
. c

g="y

ro6To

3ayeaicennsn

1. Hahnpocrimum AudepennianbHuM piBHaunsAM 8 sipoxpeMae-
HEMM 3MiHHHMH € DiBHAHHA BHAY
dy
T =1 ato dy=[ () dx,
fioro saranbHum po3s’sskoM e dynxuis

—_-.Sf‘(x)dx-}-C.

flk Gaunmo 3 mieo 3ajaueo Mu sycrpiuanuca B Teopii wemnanauesoro
iHTel‘pyBaHHﬂ :
. PiBnAunsa Bugy

y' =flax by +o),
me a, b, ¢ — sanani crani BeqMYMHM, 3BOAWTBCH AO plBHAHUA 3 Bigo-
KpeMTIOBAHHMH aminnuMH nigcranoBKoio

= ax 4+ by + ¢,
Toni

1 1
y="7@—ax—0), y'=7@u-—a,

AicraemMo piBHAHHS
u'= a - bf (u),
fKe NONycKae Bimokpemienuss sminnHX,
Cnpaszi, axwo a -4 bf (1) 3= 0, T0
du
a+-bf ()

Inrerpyioun, Ricraemo saraxbunf iurerpan

du
Sa+bf(u)="‘+c'

d :
fAAxmwo ¢ (u) — nepsicua nas Sa—_l_—%aj » TO @ () =x 4 Cs

= dx,



To6ro npuxonumo IO 3araipHOro iHTerpaJIy BHAY
¢ (ax -+ by + oy —x=C.

meo a4+ bf (u) = O TO, pIBHAHHS MaTHMe e pO3B’s3KH BUAY
ax -} by -+ ¢ == const.

8. Posp'ssyBannst HHbepeRLiaibHHX piBHANL 3BOANTBCS A0 06-
YUCIeHHs HeBusHauenux imrerpaniB. Ilpore, sk BiloMo, HE KOXHHR
HeBHBHAYEHHN InTerpan MOXKHA OCUMCIMTH B CKIH‘{eHHOMy Burasai.
Toni BBa)aw0Th, WO AHDepeHIlianbye PIBHAHAA PO3B’I34H0, AKIIO BOHO

. 3BeJleHe JI0. KBaApatTyp.

Hanpuknag, saxmo B pisnfuni

.
Y =oyTnx
Binoxkpemutn sminui, To nicramemo
xdx
h] “2ydyv
sBigku

xdx
Tox T C =y
INepmnft InTerpan ne Bupakaerbcs Hepe3 eNeMeHTaphi dyuxuii, npo-
Te FOBOPATH, WO MAEMO 3araJbHHN DO3B'30K Yy KBaaparypax.
3aranbnnu lurerpan pudepenniansuoro pisusinus
(¥ — xp)dy — ydx =0
e
xe¥ — Cy=0.
Bin sanucannff y HesBHOMY BMIAaii, BHPasHTH #ABHO y uepes X TYT
HEMOXKJMBO, ajle MOXKHA BHPA3UTH X Yepe3 y:

x == Cye™¥,
3Buyalino, 6akaHO BHPASHTH PO3B’'A30K B ﬂBHOMy BHLASAL =
= @ (x, ), aje AKIO Le HeMOXJHBO, TO MiJ PO3B'A3KOM PO3yMiOTh

dynkniio (samany sBHO, HESBHO, y KBalpaTypax, [NapaMeTpHuHO),
KA TepeTBOPIOE AaHe DiBHAHHA B TOTOXHICTH,

BNPABMU

Poap’asatn taki piBaAHHA: ‘

Ly ==ty 2wt —22y)y =0
3. 14 xyyde 4 (1 —y)xdy=20

4L 14+ P+ 1 —y)2Py'=0 _

8. ¥V 1+ x2dy+dx==0 6VI—2y+V1—3=0
7. tgysec® xdx -+ tgxsect ydy=0 8, y' = 10%*¥

9, sin x cos? ydx - cos? xdy = 0

10, y— xy’ == b (1 4 x2y’)

I @+ VIi+2=V1+44y

12, eV (y' 4+ 1) =1 18, Y=y’ +y
4 Py = qg—y 18, xy' =Bty

g, (1 3
18, sin xdy == y cos xdx w= O 17, ﬁnﬂ!‘ﬁi :

18, y’sinx'=yfnﬂy ' 19, ylnydy - xdy=0
1 1 1 '

NDoy=lty =T BT TY

21, xdy— ydx =V 1 2dy+ V1 g2 dx

22, x(1 -y dx+y(l fa)dy=0

23, (14 2% dy— xydxe=0

U xVTF P+ VIid @ =0 25 2%+ P2=2

2. ' +y=y% y(1)=105 2, Y — xy =2xy

28, xxt=1 20, xydx-+ (x4 1) dy=0

30, y' - yp=1.

3adaua npo Opyzy Kocmiuny weundxicms. 3uaittu
HallMeHIUY IUBUIKICTb, 3 SKOIO NOBHHHO PYXaTHCA Tilo BEpTH-
KaJIbHO Bropy, 1106 BOHO He noBepHyJocd Ha 3emmo. Onopom
NOBIiTPS HEXTYBaTH.

Hexat M —maca 3emni, m — maca . TijJa. 3a 8akoHOM
BCECBiTHbOrO TAXKIHHA cuaa f Baaemoml MiXK TiJIoM i 3emaelo €;

f=rde,

le r —Biananb Bif ueHTpa 3emai no nempa TiJla Macoo m,
k — ppaBitauniiina crana.
Hudepenuianpie piBHAHHA pyXY Mae BHIJAA

mf = —k " 260 F = —k 2. (1.42)

3nax minyc TIoKa3ye, WO TYT NPHCKOPEHHs pin’emue. PiBusanHa
(1.42) poss’sisyemo npH nouaTkoBii ymOBi
r=R, r=uv, skmo =0,
e R — paniye 3eM.m, v, — noyatkoBa mBHAKicTb. [NosHaumumo
. dv dr dv

r—v, ”‘v_&" 7= Vare
Ae v — NBHAKIGTb pyxy. Toai
v M
Vg =—"a:

Posainumo sminHi:
dr
Interpyioy ', aﬂaxonmiao

sot=kME 0L (1.43)

3 yMoBH, WO Ha MOBePXHi 3evm1 v = U, TpH r = R BHSHa-
qUMO Cl
kM

fv,-—-kM +C1, a60 C=—F%+ 200.

"



3 piBasiaaa (1 43) snaxmmmo

1 o kM

abo ; . \
1, 1, (U o M .
-502—-’3M7+(7Uo—7()v (1.44)

 3a yMOBOIO TiIO NOBHHHO pyXaTHCH Tak, INOG IBA i icTh
3aBXIM OyJa AOAATHOIO, T06Tu—;—02> 0. Ockinbku BenHyHHA
- kM/r npu HeoGMeKEHOMY B8pOCTaHHi r € SIK 8aBrOJHO MaJolo,
TO YMOBa lv > 0 BUKOHYBaTHMeTLCS IPH aoammomy 7 TiJib-
KH TOni, Ko.rm

Fi—4=0, | (1.45)
a6o . '
| %M
Uy > -I/.T .
OT)KE, HafiMeHIIa IIBHAKICTL. BH3HAYaeThCA piBHicTIO
oM 71 2l
=, (1.46)

ae

k=6,66.101 220 R—63.10

Ha nosepxni 3eMJ11 OpH t = R TUPHCKOPEHHA CHJIH 3eMHoro
TAXIHHA g = 9, 81%.. 3 pisnocri (1.42) maemo

M R?
g=k7e—,¢, alo M=¥—k—.
TligcraBastoun suavenns M B (1.46), micraemo
v,=V2gR=V2.9,81-63.10° & 11,2.10° = = (11 2 !‘l')

Onuvoplnni pudepenuianshi piBHAHHS, <Dym<uuo f(x, ¥)
Ha3HBAIOTb 00HOPIOHOI0 cmenens m, SKMO AJS JOBIIBHHX X, §
i A >0 cnpaBmKyeTbca TOTOXHICTE f (Ax, Ay) = A™f (x, y).

Hanpukaan, f(r, y)=1 %+ §° e onuopizua ¢yHKuia
crenens 1, ocki/nbku :

FMx, Ay) =V X F (A)° = AV P+ 5 = M (x, y)y

. x8 — Ogy®
f(x 9)= 20 s, 4= xsy:_i-yzs-l- o 7

X~y
¢ oanopizasi Q)yﬂxu;u HY/bOBOTO cTeneHs, m = 0,

s

a

Osnaueunn ,lluqbepeumaﬁbne PileHARHA nepmoao nopﬂarcy
F=fx 1) (1.47)

Rasusaoms odnopidnum, mcu;o f (x, y) & O0HOpIORa (hyrKYiR .
HYAb03020 CMEneHs.
[Tokaxemo, 1o oauopinni piBHAHHA 3BOAATBCA 10 piBHSAHD

3 BlllOerMJIlOBaHHMH SMIHHPIMPI

3a O3HAYEHHAM .
f (e, My) = F (x, y)
Bsﬂan A = 1lx, nicranemo .

[ o) =F(1, yl).
Tovy pisasaHA (l 47) 3amucyorh Tak:

=1,y

Ik Gauumo, B omaHopinuux pisusauaax BuRy (1 47) npara ua-
CTHHAa (DAKTHYHO 3a/IKHTb BiA 3MiHHOI y/x. 3acrocyemo mif-
CTaHOBKY u = y/x, TofHTO y = ux.
Toni y'= u'x + u, i oadopiane pisHauna (1.47) maTHMe
BHIAS] .
u'x+u=Ff(,uwn),a60ux=7F0, u)—u
Ile e piBasHHA 3 BilOKpeM/IOBAHHMH 3MiHHHUMH:
du _dx
Fhw—u x
3BiAcK iHTErpyBaHHSM 3HAXOIHUMO
du
m =1In le + C.
Slkmo F (u) — neska nepsicHa niBoi wactuHW uiel piBHoer!
TO 3aranbuuil irerpan pisnauns (1.47) e
F(y/lx) = In| x|+ C.

Mpugnann
1. Poss'szatu piBuAHHA

y= 41
x .
Posg’ ssanna. 3acTocoBYyouH  MmiNcTaHOBKY u=—~—5{-, MAaTHMEMO

Wrtu=gut1, abo u' =

y=xlnlx |- Cx.
2. Poss’saatn pisusnng

v=(4).

Poag’ asanna, [licna nigcTanoBry Y == UX MaTHMEMO
x' = Ul— U.

1
R 3sigck u=In| x|~ C, a6o ocraTouHo

2 23 ‘ 83



3sigcu ]
du dx u—1 '
uz_u=7, ]nl -u_'|= 11‘1|Cx[,~
a6o
u—1 1
B =Cnu=TICee <
3araapnuii posp’A30K:
—*
IS T FCr

Ipu poss’ssysanni nanoro pisnAnna GyJo BMKOHZHO RINEHHS H3
42— u, WO MOXANBO NpH u®— U =k 0. OTXe, Mady'rs 6yn0 BTpayeHo
Aesikl Po3B’iskH, mo € KOpeHsMH DPIBHSAHHA

2
u—y = 0, TO6TO (-%) —% =0,

3 uworo pismsnns smaxomumo xBl dywrmil

Yy = 0 i Y= X
OVHKu)o y = x nicranemo. Sk ‘-IaCTHHHPIH po3B’s80K i3 saraabHOroO
npu C == 0. QyHKRuiz y = 0 e poss/ S3KOM JaHOTO pisusnHs, ane #oro
He MOXHa ﬂ.iCTaTI/I iz saraabHoro i npu. KoMy sHauenni nosiabHOL
cranoi C,

Po3B’s130K uucpepenulanbﬂoro piBHSHHSA, fAKUH .He MOXHa
Aicraty i3 sarasabHOro Hi nmpH AKOMY 3HayeHH| JoBiabHOT cra-
Joi C, Ha3uBawThb 0cobAusUM O3B A3KOM.

Y posrisryTomy BuIe npuKJIam y=0¢ 0006JIHBHM po3-
B'SI3KOM,

)Ilmpepeﬂmanbﬂe piBHSHHA

ayx =+ byy - ¢ , '
v = 1{aEts) .49

npH | ‘
) (1.49)

‘ a, b
alb,‘#—-azbl,‘ 10610 laz b:
8BOAHUTHCS IO OAHOPIAHOrO MiACTaHOBKOIO : |
= g+ h, y =yt &, (1.50)
Je crani h i k noGupaorbest Tak, MO ‘
. ah -+ bk +c, =0,
{a;h L byk + Cy=O. (1.51)
. GuoreMa (1.51), srinno 3 (1.49), mae epunuit poss’sisox. [ligcra-
BuBWIK B (1.48) samicTp x i y 1x 3navenHs 3 (1.50), nicranemo
dys __ ¢ (%1 + byys + ash + bk +- ¢
dey — ' \@axy + byyy + b -+ bak - ca
"l Gepyuu o yBara (1.51), maTumemo

dyy __ ¢ (0¥ biyy p
dx; (az’ﬁ + ba%) N R (1.52)

Y uboMy piBHAHHI TpaBa uacTHHA € o,uHopmHa byHKUia Hy-
JIbOBOTO CTENeHs.
Slkmo B pieusnni (. 48)

a; by

ay by =0, 10610 @;b, = a,by; . (1.53)
T0O ,
Y _ Y _%ia =M\, b =7,
2 2
Toni

Y =] (xazx + Moy + 01) |
T \agx byt /T

»

3acTocoByiouH [iACTaHOBKY

T=X + by, g
ficrageMo
| 1dz_ay_ (&iﬂr_ﬁl)
6 2 dx b) - 4 + Cq !
abo

‘ 24 ¢
e e autepennianbhe piBHsAHHS 3 BIIOKPEMMOBAHUMH 3MiHHH=

'MH. 3HaAAUIOBIIK HOro PO3R’SI30K | NIACTABUBLIM a,x + byy 3a-

MiCTb 2, nicTaHemo 3arajibHuil PO3B’A30K piBHsHHA (1.48)

npu ymosi (1.53).

[Mepexin Bim pisusiana (1.48) no (1.52) 3 reomerpHuHOI
TOYKH 30py O3uauae, UI0 MOYATOK CHCTEMH KOOPJIHAT MepeHo-
cuMo B TOUKy (h, k) meperuuy mpsMux

ax + by + ;=01 ax + by + = 0.

YwmoBa (1.53) cBigunTh npo Te, MO i MpAMi mapasenbHi.

Pisasxus -

M (x, y)dx + N (x, y)dy =0 (1.54)
6yae onHopianum, ko Gyuknii M (x, y), N (x, y) € onHopiaui
OJHOro ¥ TOro camoro cremeHs m.

Hanpvkaan, piBHsiHuA

‘ (2% + 3y)dx + (x — 2y)dy = 0,
(4 y?) dx — 2xydy = 0
€ OLHOPIAHUMMU. ‘
SAkuo koediuienty piBusnus (1.54) 3a10BONBHAIOTL YMOBH
M (Ax, My) = MM (x, y), (1.55)
N(;»X, Q\‘ky) = ?"m_—k—‘-lN(x’ y)’ o
TO HOro HasUBaOTb Yy3AAAbHCHO-00HOPIOH UM PIBHAHEAM. IHAK-

e Kaxyuu, fAKWO iCHye Take 4HCJAO B, W0 NpH NijcTaHOBI
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B piBuARHA (1. 54) samictb x, y i dy BimmoBinHO Ax, AFy,
MNe'dy picranemo Te came piBHSHHS (1.54), To BOHO HasHBae-
ThCsl y3arasibHeHO-OJHOPIAHUM piBHSIHHAM.
Hexait y (1.55) A = 1/x. Tozi
M(x, 5) = xnM (1, y/x; N (%, §) = xm~FHN (1, ylx#)
i piBHAHHSA (1.54) MOXKHA 3amucaTH TaK:
xmM (1, y/x*ydx 4 x*—*+IN (1, y/x*)dy = 0.

Moknapum y = 2%, dy = kzk*-ldz i cxopomBmu Ha x™, micra- .

HEMO “
M1, 2/x*)dx + kzl_k N (1, z¢/x*)dz=0.  (1.56)

[le piBHsiHHA He 3MiHUTbCSA, KO B HbOMY X i 2 BaMiHUTH
Bianosizuo ua Ax i Az, Otxe, ue piBHAHHA onHOpilHe.

Tagum umHOM, y3aralbHeHO-OAHODifHEe PIBHAHHA mijpcTa- -

HOBKOIO _ .
y=2* ‘ - (1.57)
8BOJUTHCH 1O ORHOpiAHOrO. '

Ias toro wo6 pisHaHAs (1. 56) sBecTH 10 plBHHHHﬁ 8 Bin-
OKpEeMIIIOBAHHMHU SMiHHUMH, Tpe6a BBECTH BM]HHy

U = z*/x*, _ (1.68)
3 (1.57) i (1.58) BumsuBae, WO ysaraibHeHO-OAHOpiAHE piB-
HAHHS 3aMiHOI0 : ‘
4 = yjx*,

e u-— HoBa HeBizoMa GYHKIis, BBOZUTbCA A0 PiBHAHHA
8 BiJOKpeMJ/IlOBaHHMH 3MiHHUMH.

MNpuxaan Poss’ssaru piBHAHHA

dxydx + (y — x%dy = 0,
M_ldPose asanna. 3poGumo saminy x, y 1 dy Binnosinno ma Ax, My,
y:
Ahxhkydx -+ (Mey — A2x2) Ae1dy = 0,
abo ‘ :
40RM xydy A4~ (A2l e AR¥1%) dy == 0,
- Ilpu npomy wo6 piBHAung He 3amiHHAOCS], Tpe6a UHCIO £ BIATH TaKuM»
fiKe 3aJ0BOJIbHHJO O piBnicTh
E+1=2—1=Fk-+1,

sBinku & = 2.

Orxe, Maemo y3aranbheHo-ofuopiate piBHsmua I k = 2.

Bukonaemo 3aminy

y = 2x?, dy = x*dz | 2xzdx.

Toai .
4x%dx 4 (2x2— x¥)(x*dz - 2xzdx) = O
22(1 + 2ydx + x (2 — )dz=0; -
dx z—1)
T tnerne=0
36

Belacu

S

Ing e 5 Inz 4 ln (z+ l) = 1nC,

I'IOTeHuuofoqn ine exozzmm JI0 monepennix ami

A -E it & p HiX sMingux, ficTaemo saranb-
Tak camo poss’ssyioTh piBHANHS

(6 — x%y%)dx 4+ x3dy = 0;

(¥%2— l)dy + 2x4%dx = 0;

ydy 4 (4x%— 18xy)dx = 0,

BNPABMU

_ Pose’ssare Takl piBrsmus:
L(x4y—2 dx+(x—y+4Hdy=0
2 x+y+Ddr+@x+2—)dy=0
3. Yy - (B~ xy) dy = 0
x L X
4 (xye’ +yH)de—xPe¥dy=0
B. (2% - y? dx 4 xydy = 0
by =y+VELPE Tay=ytVp—a

8, (x—ycos%)dx+xéos—y—dy= 0

. ydx+(x+y)dy=0 10, ydx—(x + y)dy = ¢
., @V xy—y)de+ xdy =0 ‘
12, (x2 — y2) dy — 2xydx = O
13, (Bxy? --2x% dx + yPdy = 0
4, (x4-2y)dx—xdy =0
16 (x—y)dx+(x+y)dy=0
¥ -
18. (x4y2e *+yHdx—xydy=0
7. 6~ Vay—g)dx+Vydy =0

18, xy’ -—yln—=0

19. xcos ; (ydx - xdy) = y sin = (xdy — ydx)

x
2.y = xij’ 2 y—xy' =yln=,
2. L%y = xpyt 28 (P gy e 24y
¥

Moy =y—x B P —2x)dr 4 gy

26. xy'—y=xtg% 21. :S=-ti“'%
28, (-2 dy=s Cx-+y—4dy

29, x3 (y’ — x) = y* (niacTanHoBKa Y= x%2)

30. 2ydx — (x -+ ¢y)dy=0.
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Jinifini andepenuiansui pisusuns. Jlinifinum gudepenni-
anbHAM PiBHAHHAM INePIIOro MOPSAAKY Ha3HBAlOTb PiBHAHHSA
e : . :

Bono sinifine BigHocHo y i y'; P (x), Q (x) — samaui nene-
pepBHi pyHKUiT B AesKoMy mpoMikKy 3MmiHHOl x. Hanpukaaz,

: , X ax

YV Himay=—s

Tyr
P(x)':"]ixz» Q(x)——"lfcxz‘ .
Akmo Q (x) == 0, 10 piBHAHHA ( l‘_59)‘ Habnpae BUIASA .
y+Pxy=0 (1.60)

i HasnBaeTbcA AlHIGHUM OOHOPIOHUM PIBHAHHAM, a AKUIO
Q(x) %0, T0— ainiduum HeoOHOPIOKUM. '
PosrasHemo aBa crnoco6u po3B’ssaHHs jgHbepeHIiaJbHOTO
pisusnHa (1.59). _
Memoo sapiayil 008iabHOL cmanoi (xemoo Jlae-
panoca). Opdopizne piBusnrs (1.60) e pisHawaaM 3 Bix-
OKpemmoBaHuMU 3MiHHUMH. Maemo

‘iy¥=v—P(}c)dx, y =0, ln\a"—l=—SP(x)dx’ C=0,

y=Ce™ IP 0, (1.61)

Hicramn saranwuuit poss’ssok pisusnHA (1.60), me C—

poBinbHa crana. OuesnpHo, dyHKiis (1.61) ne sa foBOLHATHME

pisusuus (1.59), axkmo Q(r) He ZOPiBHIOE TOTOXHO HY.IO.
3uafiieMo po3s’sisok piBusHHA (1.59) y Burasaai (1.61),

saMminuBum poBinbay crany C oymkuiero C(x):

| y=C(x)e= P O (1.62)

- Migcrasastoun (1.62) y pisusuua (1.59), nicraemo

C'(x)e_SP(x)dx _C(x)P(x)e—SP(x)dx+
+PWCHe "W~

abo
: C' (nye™ 3P4 = Q)
3BiJKH _
G () = /7 W = Q).
Orxe, '
G (x) = SejP =) 4% Q(x) dx 4 Cm
" _

Y P Wy=Q(x):. o (1.59)
" e dynruis ‘

i octarouHO

e Taxa bymkuis Blx ¥, wo (1.62) e sarammm {HTeppmiyM
piBusmus (1.59). o PRI
Takum unnoM, sarambuuM iHTerpaioM pisHapma (1,69)

y= e-jp (x) dx _Uefp (%) dx Q (x)dx + 01)_,

ITpuxaapn Pose'saary piBHsanas

x ax o
V+Hi—gv=1—=" (1.83)
Posg’sasgnns. Bignosigme ognopinue piBHAHHA Mae BHCASA
x
¥ +7=a=0 (1.64)
Bigorpemmoemo smimmi:
dy  xdx
R
3pincu .
1
Inly|=5In|1—x*+G
a6o
lyl=eVT—3
i, Hapemwri, . :
Cy=CVY1i—=x - (1.65)
Hictanu saraaenufi inTerpan gimmmm (1.64). [lincraBumo remep
dyuxuio (1,65) y piBusnus (1.63), sBaxarun, wo C € dyuxuia sig ».
Marumenmo , '
dc (x) ax
dx (1 — x2)32 !
8Bijxn

a
C(x)=V—ﬁ+C‘

y=a+CVIi—x
Hicranu saraavundt inrerpan pisusuus (1.63).
Croci6 nidcmanosxu. Y pisusuns (1.59) mincrasumo

samicTb QyHKUiT y Ao6yTOK ABOX (PyHKUIA & 1 Ut
y = uv.
Hicranemo pisuaHns -
du dv
Lo tug+P@ur= Q(x)
a6o :

%°+u(%+P(x)v)=_Q(x)- (1.66)



OcCki/bKE y == uv,. TO ‘araNbLHAM DO3B’A3KOM ‘€ (yHKLif

I'lmﬁepemo q)yHKn;no U TaK, mo6 BUpas, IKHA GTOlTb y AyXKax, y = Ce™SInE | gin 1,

u,opmmoBaB HyJIio, T06T0

+P(x)o_ | : . BTPABM
‘ : " Posp’ssath Taki pisngHAm:

8BIgKH
' ; ) 2y :  xydx adx
v=e. - [P (x) dx _ L y’—x+l=(x+l)3. 2, dy-—l—_l__—x—gv:l_l_—xi.
(6epemo uacrunHHi po3B’asox npu C = 1) Sﬂanﬂ,eue :-maqeﬂ- 3. yi—%{= x4, 2%y — Qxy - 3dr=0,
A4 nigcrasasemo B (1.66): '
. Y x -
‘!‘_‘.e“-'f"W)"”:'Q(x). 5y —gps=teg. & (—)dy+x@y—ade=0.
3Bixc dx 7,y ctgx—y=2coszxctgx 8. ¥y —ay=x.
H ——
' Vet
du=e5P(”)d"Q(x)dx, . 0 Q¥ —x)yteals 10,y L

I yx(l—x®) 4 22— )y =axt 12, y'cosx+ysiﬁx=l._
1 .
13, 4" - y cos x = 5~ sin 2x. 14, ¢ 4 ay — em¥ =0,

y x4+ ViEa
ta Vi-s °

ax
7.y +1—% xgy=m- 18, y' -+ xy= 1%

U= S.ef‘?‘x’”” Qx)dx+C.
Ockinbku y = u - U, TO BarajpHufi iHTerpa; MaTHME BHIJIAR
y=e~—jP (x)dn(j' ejP (x) dx Q(x)dx-f—C) ‘ 15, y'x® —2xy =3y 16, 4" —

Mpunxaapn Poss'asarn andepeauiansie piBnianus

dy 1
» a;+ycosx==f'2-sin2x- . 10, 1 +xy+y=cosx, 20, 2x+1)y" =4x424.
’ 4
Posg’nsanuns, Hexalt y = u.v, Toni = oy tytgr=secn 22 xy'—3y =2
du dv 1 ‘ 23, y' = Z. arctg 1.

_ y cos
de Ut ug, +uvcosxy=7sin2 (I + «¥arctg « +Vsinx

a6o !

du dv 1

dx Ut ulg,tucosx|= 7 sinZx

Tpupisuioemo R0 HYJs BHDaS y AyKKax:

2, gt (1 — A2 =y 4 V=% (1L — ) cos? 1,
3 1
2, x2y'—2xy =38, 2. '+ y="5%

dv 27, xy’ ~ 2y = 2x4, 28, x2y' +xy+1=0,
gy T vcosx=0, 20, y' +y =e*. 80, o 4 2xy = 2xe~**,
3sincn Pisusnga Bepuyani. [udbepenuiaibhe piBHARAS
dv o ‘
‘ 5 = —cos xdx. Y'+Px)y=Q(x)y™ m==0, m=+*1,
Orxe, ze P (x) 1 Q (x) — 3azuani HenepepBri QyHKUil, Ha3uBaOTh AH-
In|o|=—sinx, ve=eSin7 ' tepeHILianbHAM plBHﬂHHHM Bepuyaui. OueBugno, npu m = 0
[inoa i " L v ‘ i mpu m =1 ue piBHAHHA — JiHifiHe, TOMY BBaXKaTHMEMO,
JCTaBNAEMO 3aMICTB U HOTO ;Halle!;ﬂﬂ mo m _7& 0 m 7‘__ l
gsin % ai‘ =+ sin2x. : PxBHﬂHHﬂ bBephyaal 3eoAHTbCs 110 JginiiiHoro crnouatky
x .

MHOXKEHHAM iioro Ha Bupa3 (1l — m)y™, y = 0,
A=myy—y + (1 —=m)P(x)y—"=(1—m)Q(x),
a noTiM Bammow

8singcn .

du= ¢8'" ¥ sin x cos x dx.
IpoinTerpysasum ueft BHpas, picTaneMo
‘ w=el Fsing—e"* 4 C,

40 o , | - " | 4



B pesynbran nicranemo  inifie nnq)epeamaubﬂe piB-
mmﬂa
2+ (1 —mP (nz=(1—mQ (x).
" Hexa#i saraqbHHM posn si3KOM HOTO €. ¢byHRUig 2 (x), ‘Toxj - 3a-
raJihHHM posB’ASKOM  PiBHSHAS BepHymn e :

Y= (x))‘“"”
Hpuraan Poas’xaam plBHsAHHA
¥+ 2 =4
Poss’ ssanns. Tyt m == 3 l —m=1-—<3= -2, Orxe,
2%y — dyI= 2,
$podume nincranosky .
, = =2 =20
Qieraneno piBusnns : :
. 2—4z2= 2,
Ue alulfive piBuauHa i3 saraapHEM PO3B'AZKOM

1
z=Ce"f+‘2“-

Toil saranbHHM pO3B’s3KoM 3afaHoro piBHAHHS Gyne dynruls

Cet* + 5

8asnayumo, mo piBpsanus Bepuy.ri Moxua Binpasy po3p’s3yBaTH
sa jonoMorowo nigcramoBku y == u (x)v (x), ITorim po3s’ssyemo foro
% Jinihine piBHAHHA,

BNPABMU
Po3sp’asarn Takl piBHsHHA:
B - .
1. y’==‘l—.-_-y-;c-2 +xVy. 2. (1 x®) y" — xy = axy?,
3. p'x+y==xy*>Inx. 4. y'x%y® + xy® =

8. v +2ytgx=uay?ctgx. 6.y + xy=x43
R 3
7. ydy = (x + 4?) dx. 8.y —Z 8y =0.
) 2
L xdx—(%——-y’) dy=0." 10, xy'-2xﬂ]/‘y——4y.

v

8aysancennsn. Heaxi pummnm 3BONAThCA 10 MiuifHOro sa KO-
noMOrole NeBHHX nepeTBopenb a60 nijcraHoBok. Tak, prHaHH;z

dy @ QM
. P T )
sgognThca Ao Jaimifimoro mnixcranoBroo 2z == ® (%)
Ocxinnkn
%0 dy
w( v,

TO 3ajane piBHHHHﬁ MOJKHa aannca'rh TakK:

d~2==P(x Y24 Q(x).

TaruM uunoM, xicrans ainiine .umpepenmanbﬂe piBHAHHA,

PiBnanus
=P (x) + Q (xyen¥
snonmbcn no ainiitgoro amenmm Ha end i nigcTa"oBKOO
e-n!l == 7, .

Denki piBusinus 3BOAATHCS O NiHifHHX, AKWIO X BBAKATH QYHE-
uielo, a-°y — aprymeniom,
Hanpukaag, piBusnus

dy ___Cw
dx= AW x+B@)
sBesieMo 2o aimilinoro, akumo sanuwemo fioro Tak:
dx AW B
&y=Tw*TTe"
IIpuxkaa g Posd’gsary pieudnna
dy 1
dx " 2y +

Poss’ a3anns, 3ajane piBnanng e niniftunM BiznocHo Gynxmil x:
_ X' — 2yx =y, ne x’é%. \
Otxe, HOTO PoO3B’A3KOM € q)yuxuiﬂ
x(y) = Ce¥ ——(1 + 4.
lemmm Pikkati. PiBHsHHSA _
Ve PP+ QMy+RM

HA3UBAOTh PIBHAHHAM Pixkami. BoHo Moxe 6yTH 8BeleHe A0
mmnuoro piBHAHHA, SKWO BlIlOMO ONHH HOIo YaCTHHHHA PpOS-
B'A30K Y = y,(x).
Cnpaspni, BUKOHaEMO 8aMiHy

y=1y +2

Jle 2 — HoBa HeBijoMa ¢ysxuis. Toni
yi+2'= P g+ 2P (vy + P (92*+ Q (Wt

+ Q)2 + R (x).

Ockinbka
i =P (Wyi+ Q Wyt R (),

To Aicranemo piBHSAHHA DepnyJi

2'— (2P (0 + Q ()2 = P (1)’
43



l'ImCTaHOBKoxo u ——i— BOHO snollmbcﬁ o JliHiﬁHoro
u 4+ 2P )y + Q (Pu = —P (v).

Orxe, piBHsHAs PikKati y BUMAIKY, KOJH BifiloMO oftuH
OKpeMHI1 fi0ro po3B’si30K, iHTerpyeTbcsl ABOMa KBajApaTypaMH.
Ha npam‘mu MOXHA BiJpa3sy BHKOHyBaTH Ni/ICTaHOBKY

y= !/1+—

3a SIKOO pmHam—m Pikkari 6e3nocepe,zmbo 8BOLHTBLCA J0 Ji-
HiltHOrO plBHHHHﬂ

BMPABA

Po3p’sizatn piBHAHHS
y'= xy*+ 2Py — 2434 1,
B SIKOTO yy== X — YACTHHHHH pO3B’I30K.
Pisnanna B noBuux nudepennianax:
Oauauenﬂﬂ Hucepenyiaroue pisnanns
M (x, yydx + N(x, y)dy = 0 (1.67)
HQBUBAIOMb DIBHAHHAM 8 NOBHUX Oughepenyiaiax, AKLLO (ﬁymcqu
M (x, y) i N (x, y) Henepepsni [ marome Henepepsui HACMUHHE
noxioni 6 sadaniti obaacmi, 0Af AKUX BUKOHYEMbCA plericmo

oM __ N
3 =% (1.68)

Iumezpysanmz DISHAHHS 8 nosuux oughepen-
ulasrax. lokaxeMo, mWo KOJMH JiBa uacTuHa piBHsHHA (1.67)
€ noBHUM JudepenutianoM, To BUKOHYeTbesl ymoBa (1.68), i na-
BIIAKH — npH BUKoHaHHi ymosu (1.68) JiBa uactiHA piBHAHHSA
(1.67) e moBHuM nudepeniianoMm geskoi ¢yHkuii U (x, y),
TOOTO plBHﬂHHﬂ (1.67) mae Burasan

dUu (x,y) = 0; o (1.69)

@U (x, y) = M (x, y)dx + N (x, y)dy).

3aranbHuM iHTerpajoM IbOro piBHAHHA € (yHKUiA
U(x, y) =C. : (1.70)

[punycruMo cnoyaTky, Io- JiBa uactHHa piBHsAHHA (1.67)
e noBHuUM AudepeHuianom dynkuii U (x, y), 'ro6To

MG v+ N, g)dy=dU=Tdx+ 37 d
Toni |
M(x, Y=z, N(x ).‘=g-[-yj. [’11

Ockinbky 3a yMOBOIO tpymmu M, N mawoth HenepepBHi ua-
CTHHHI moxinHi, To Mimari moxigui dynkuii U (x, y) He sane-
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&aTh Bil nopsAKy audepennitoanns. Ton, uuq;epeﬂuiloloqn
nepiry plBHlCTb 3. (l 71) o y, Apyry — 1o x, LiCTAEMO

< oM 02U oN 0%y :

dy = dyoc’ 0x " ox oy’ _

3BifcKH 32 YMOBOIO TeopeMH Eiinepa npo pisHictb mimaHnx

MOXiAHAX MaruMeMo PpiBHiCTb (1.68). " lle HeoOximHa -ymoBa
TOro, 106 JiBa JacTuHa PiBHAHHA (1 67) Gy.na NOBHHM nucpe-
penniaiom . fesikoi yHKII. _

.- Tokaxenmo, 10 usi ymoBa € i JOCTaTHLOIO, TOOTO NMPH BHKO-
HaHHi yMosn (1.68) siBa uacruna pipHauna (1.67) € noBHUM
AuhepeHiiamom IesiKoi q)yuxml U (x, y)-

3 piBHocTi

a_x = M(x, y)

8HAaXoJAuMO

U= XM(v, »dx + o),

e Xy— JesiKa TOuKa 3 06JIaCT1 ICHyBaHHSI PO3B’sI3KY. Hm6e-
peMo ¢ (y) Tak, mof BAKoHysanacsi ymoBa N (x, y) = 3

s uporo npounq)eppﬂuuoeMo OCTaHHIO plBHlCTb no y i pe-
8yJbTar HpleBHHBMO po N (x, y):

oU

oM (x, y) ' .
Y- f M D gy 1 of (5) = N (5, 9):

. x
Ockinbku ’
oM oN

o = o
TO
X

(M aet o' ()=
N(x, y)lx, + 0" () = N (x, o)
N@x, )—N(x,, v) + 9 (y) =N (x, y);
' (y) = N (%o ¥)s
a6o
13
= S N (x,, y)dy + Cy.

Ye
Takum unnom, dynxuis U (x, y) MatiMe BUJ,

% y
Ux, o) = M(x, y)dx+ | N (%, 9)dy + Cy.

Yo
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Mpn mpomy P (xy, Yo) — TOUKa, B oKosi fKol icHye po3B’H30K
AupeperianbHoro pisHaArHA (1. 67). Hpnpmmoxoqu 3106y TH i
BHpa3 Jo. JIOBidbHOI cTanoi C, picraneMo saraibuuil interpas
piBHsnHa (1. 67)

SMwwu+Xmew c. (7

%o

Mpukaann

1. 3nadti saranbruil iHTerpan piBHAHHZ
eVdx - (veV — 2y) dy == 0.
Poss’ssanns. Tyt M = eV, N = xev — 2y. Maemo
. oM oN
o= ey,
X

YmoBy (1.68) pukonano. OTrxe, ne pmumma ‘e piBnAnHAM y MOBHHX
nmpepenulanax 3rigno 3 (1. 71), MaEeMO
x
S evdt - S (ng ef — 2ty dt = eVE [+ (rpel — 1) ). =
Xo Yo
= e¥ (x — x) —}—xoeu—-y — X €Yo +yg == xe¥ — xoeV -

‘ 2 2
+ xge¥ — i — xee¥0 4 Y, = xe¥ — Y2 — x4¢¥0 - y:.
OCKIJII:KH Xgr Yo— CTAT BETHUMHH, TO MOXHA B3ATH
U(x, y) = xe¥ — y?,
i, TakuM uMHOM, mryKann# Sarajgvuufi iHTerpan 3ajaHOro piBHAHEA

MaTUMeé BHIJISL
xe¥ ~ y? = C,

2, 3HafiTu vacTHHHUA iHTerpaJl piBHAHHA
x“‘ — y 41
dx dy=0
= X Y

npu MOYATKOBHX yMOBaX x0=1 Yo = 1.
Pose’asanns. Yvosa (1.68) puxonyerscs. Ilpn usomy M (x, y)==

|
=1_;§, N(x, y) =1+ . Ore, maemo:
S(l _%)dx = x4 %— (npu cramomy g);
l .
S(l -+ -—) dy =y - i (npr cTanoMy x).

0O6’ennytoun ni Bupasmy, Gepyqﬂ y/x TiKH OfMH pas, Hicramemo sa-
ranbHuf igTerpan

x+y+'°-

thcrasnnmu nouaTkoBi ymoBu, sHafifemo C = 3, Orme, MaeMo Tamm
lxacmﬂﬂﬂﬂ inTerpan:

syt Las,

®

dopmysa (1.71) mae amory GesmocepelHbO AiCTaTH PO3B’si-
80K sajladi Kowi 3 mOYaTKOBUMH HaHUMH Xg, Yo, FKIIO TOUKA
(%o, Yo) Hanexutb obsacti HenepepsHOcTi GyHKuit M (x, y)
i N (x, y). Ilns uporo HOoCHThH B3ATH K HIXHI mexi iHTerpy-
BauHs i mouyarkoBi faui i mokaactu C = 0. Jicranemo eaunuit

' posB’a30K  sanaui- Kou.

Jaist npukJaany 2 maeMo
x ' Y
X(l—%)dx+§(1 +{)dy‘=o;
1 1 :

»\ ¥
(x + ?) i

xt+L—1—-4 +2y—2=0,

a6o
ity+L=3

InTerpyounii MHOXHHK. SIKIO JiBa 4acTHHa Aaudepenui-
aJbHOTO piBHAHHA
Mdx+ Ndy=0 (1.72)
He € MOBHHUM AH(pepeHUiajioM, TO MOXKHA JOBECTH, MO 3aBXAH
icye Taxkuii BiAMiHHHR Bifl CTANOr0 4HCAA MHOXKHHK, B pe3yJib-
TaTi. MHOXKEHHS Ha 4KHi BHpa3 cTae NOBHHM AudepenuiaoM.
[left MHOXKHHK Ha3HBAIOTb [HMEEPYOYUM MHOXCHUKOM AH(epeH-
mianbHOrO piBHAHHA. Brepime BiH 3ampoBafKeHU SIK METOR
igrerpysanna JI. Efinepowm. ’
Hexait MaeMo piBHsiHHS

xdy — ydx = 0.
JliBa uactHHa Horo He € moBHUM JudepeHnianom. Cnpasii,
M = —Y, N = X,
oM N

To6TO
7o
[TomHoXuBIIM OGUABI uyacTHHH piBHSIHHA Ha xl,, gicranemo
| x_d_y:_yﬁ'_’i‘,:d(%)zo,.

x2
70670 J1iBa yacTHHa e moBHUM AudepeHuiagom GyHKIL

U=2<
z.
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Orxe, saranpHuit iHTerpas piBHSBHS € - ¢
-y-—C "aéo"y—Cx

3HaxomKenHs! 1HTerpy}oqw< 'MHOXKHUKIB ﬂHd)epeHIllaJIbHOl‘O
piBHAHHA € JOCHTB CKJALHOIO 3ajauel0, fIKa pO3B’ A3YEeTLCH
JIMIle B OKPeMHX BHNAAKAX i 3BOAMThCA HO iHTerpyBaHHS . JU-
(pepeHuiaJbHUX PiBHSIHb Y YACTHHHHX NOXiAHMX. ¥ 8arajb-
HOMY BHNAJIKy M 3ajlaua € 3HAYHO CKJIAIHILIOW, HiX {HTErpy-
BaHHfl CaMOTO DiBHSIHHSI.

[Ipore Moke TpanuTHCs TaK, WO iHTErpylOuuil - MHOXHHK
- 6yne ¢ynkuieo TinbKu oaniel smiHmoi, x ao y. Toxi 3Haxo-
JKEeHH . [HTerpyiouoro MHOXHHUKA. cnpouiyerbes. [Ipn nmbomy
HaBiTb MOXHa BHUBECTH A/5 HbOro (opMyJy.
. Cnpasai, Hexa#l p = p (x) — iHTerpylouni MHOXHHK piB-
usaHes (4.39): : ‘

B (DM (x, 9 + p (IN (x, y)dy = 0.

[Io6 ue piBHHHHH 6yJ/0 PiBHSIHHAM y MOBHHX Andepenuiasiax,
Heoéxmﬂo i ﬂOCTdTHbO o6 Buxouyaaﬂacsi yMOBa

(M (X) M (-’\': )) = a—x(p‘ (X) N (x? y));

a6o
oM d oN
pin e 8 BB Ny, gy 4D,
Toni ann yukuii p (x) maTumeMo Take zmcpepeﬂulanbﬂe piB_

HAHHA:

dp () (aM(v. y) __ON(x. y)) dx
o dy ' o [ N(x, p) (1.73)
npr N (x, y)==0.
Slkuo B mpapiit 4acTvHI QyHKUisa -
_foM(x, ) ON (x, y)) dx
<p(x)—( PR Pl b i (1.74)
‘e ¢yukuicio Tiabky BiA %, T0 8 piBHAHHA (1.73) 3HaxoAHMO
M(x) — efw (x) dx (1 .75)

(BBa)KaGMO o craja iHTerpyeaHHf: aopuamoe 1) Heo6xia-
HiCTb JOBEIEHO.
JoBenemo pocratHictb. 3anuniemo AudepeHniajasHe pib-
HsHAA (1.73) y suraaii
dp (x)
TR =p@em.

TlifctaHBWH ClogM anauenns p (x), AiCTaHEMO TOTOXHICTH
dx N S (x).de
79 % g ()= @ (x).

“

Orxe, ¢>yHKu1ﬂ {1. 75) € pO3B’A3KOM JHGbepeHIiaILHOro pib-

HagAa (1.73).
- @opmyna (1.73) ¢ (bopmyno}o ANs {HTErpYIOuOro MHOXHHKA

‘IpH YMOBI, IO BiH 3a1exUTb TiAbKH Bill %. SIKILO inTerpyiounii

MHO}KHHK 3aJICKUTh ’I‘lJ]bKH BIIJ. y, T0 MATHMEMO aHaJIOI‘I'{Hy
chopmy.ry

_ v @y, '___GM(x,y)__aNOc,y) 1
p=¢ ‘“-”)‘ (ay o )M(x.y)'

NMpukaangu

1, 3nalitn saranpnuil iHTerpan pismazHa

Cry*—y)dx 4y 4 x - y) dy = 0,
Poss’ asanns. Maemo

oM .., ON oN
5!‘/—=4xy 1, 6x=l’6y %éx'
Togui ‘ :
_L_\ / (aM gz_v)§ Cdy—1—1_ 2 '
ay Ox ,= ny"—y = y ‘lp(y)°
Cxopugsanm Ch (pOpMyJon(; (1.76), alcranemo

Y
-2 1
== E21n1y|=——2.

py)=e

[MoMnoxuBlIM OGUIBI €acTAHU 3aAAHOTO DiBHAHHA Ha lmevpquuu
MHOXHHK | (y) = l/y?, aicranemo

(zx—i)dx+(1+ LA )dy==o.

Lle piensnng B mosnux Audepenuianax. Cnpasai,

: b
M, = 26—, NG =1+ g3+ 5,
oM_ 1 oN_ 1
;37 = —2' » Ox ya .
Orxe,
oM _ ON
oy " ox:
Barasbruft inTerpan smaxoaumo 3a ¢opmyunow (1.71):

x ¥
[—Dat [+ 2+ a=c
Q 1

(xz—f)\”+<y+ln|yl) Y=y

70610

——+y+1nlyl-—1 Cy
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abo
del

——+y+1n|yl =C, C=C+1L
2, Poan’ﬁsa'm pml-mmm
.. Byt 2
(1+x—2)dx=7~”dy_.
Posg’asatnn. Maemo '
5y - ' 2y
M(x, y) =1+F » N, .’/)=“70

Tond
aM 10y 0N 2y
_ 9 2 'ox x"
Orxe, )
M (x, 4) = ON (x, §)
dy ox °

— o6 cropucTatnes dopmyioio (1.75), smalinemo _
: oM _OoNY 1 _ (10y 2\f x\__ 4
¢ (1) = dy ax)N P - x°*

InTerpylounit MEOXXHHK

foiryaz _ =4 f '

p)=e ~x4.

[TomuoxHMO 06uz8i uacTHHH 3ajganoro pisHanHs Ha N (x) = 1/x%

1 5y? 2
(F+F)dx—x—!édy=0.

¥V nwomy pismsmni

1 52 2y
M(x» y)=}1+;é- ) N(xﬂ y)=_?3"
Toxi
oM _ 10y N _ 10y
Oy = A8 dx — A8
To6T0 Alcranu piBHsiAHd B mOBHHX AudepeHuianax. 3araabuult Inre-
rpaa fioro snaxofumo 3a gopmyaow (1.71).

3. 3uafiTh inTerpyounf MHOXHUK JIHIHOTO HeOAHOpPiAHOro piBe
HAHHSA

dy ' R
T FPWy=Q.
Pose’asanna. 3anumeMo 3ajaHe piBHAHHA y sarasai
(P (x) y-—Q(x))dx+dy=

Mx, y) = P(x)y—Q(x), N, p)=1.
IIykaTuMeMo MHOXHHK, siKuil 3a70BOJIbHsIE piBHICTB

Je

9 9
oy WM (. ) = 55 (N (%, )
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CxaazieMo piBnsiERa Ans p (%, )

o d
Gy Py—Q—7 (v - =0,

' 0
S+ Py—Qg +rP=0.

l'Im6epeM0 Taxe [, fike 6 He 3aqexano BiA y, TOGTO p/dy = 0,
Toai ans p AicranemMo piBHAHHA .

9, d
£ = H,P, ato F“ = Pdx,

3Biacu
‘ g jpdx
Cnpasai, - i

dex y {Pdx i(yIde

+ Pye =dx
i niniiine piBusinHA 3Bop,urbc;x JI0
d. Pdx
( Jej * Qe‘f @,
Otxe,
{Pax
ye

=C -} Sefpdx Qdx,
yze'_.jpdx( s, ej‘pdx de+C).

3asnauumo, MO KO Wel(x, y) € iHTerpylounit MHOXKHUK piB-
asHas (1.72), a Uy(x, y) — Bianosianui 3aranbuuil inrerpad,
TO MOXHa [OBECTH, HIO BCi iHTErpyloui MHOXKHHKH ULOTO piB-
HAHHA 3a]a10TLCH GopMyT0I0

B (x5 ) = wolx, 9@ (Uolx, v)),

‘e ¢ — [oBiMbHA HenepepBHO HudepennifioBaHa QyHKLiA.

Tomy interpyounii mMuoxHuK pisusinusa (1.72) inoni moxkHa

SHAXOLUTH TaKUM 4HHOM.. 3o0pa3umo piBHARHS (1.72) y BH-

rasii

My(x, y)dx + Ny(x, y)dy + My(x, y)dx + No(x, y)dy = 0.

Hexaii snaiiieHo iHTerpyoui MHOXHUKH p, (X, §), polx, y) i Bin-

nonl,mu IHTeI‘paJIH Uyx, y), Uy(x, y) piBHAHD .
M,(x, y)dx + N,(x, y)dy = 0, (1.76)
My(x, y)dx 4+ Ny(x, y)dy = 0. (1T

3uaiigemo iHTerpyioui MHOXHAKH. [las  piBHAHHA (1.76)
B (x, 9) = pyx, )e(Us(x, v)), a Anst pisusnns (1.77) p (x, y)=
= Wy(x, ¥) - 92 (Us(x, ), Ze @;, ¢y~ LOBiAbHI HenepepBHO
andepenuifiopui ¢yukuii. Slkmo moxna nigi6paty GyHKmil
R, @ ax, 106 BUKOHYBaJachb YMOBa

By (%, 9) 91 (Us (%, 1)) = 1 (%, 9) 92 Uy (%, )
81



T0 QyHKIisA - ‘ S
o B () = wlx, glof (Unlx, ) (1.78)
- € inTerpyiounm MHoxHHKOM piBHsHHA (1.72).
Mpuxaan Poss’asarn piBasuns
(P— xif— y)dx 4 (x'y — y*+ x)dy = 0.
Posg’ a3annsa. 3anase piBHAHHA 3aMHIIEMO TaK:
x (P yi)dx + y (P— y)dy + xdy — ydx = 0.
_Posrusnemo pisustana
x (B— yB)dx 4+ y (P — gy = 0. (1:79)
Iurerpquam MHOXKHUKOM HOro €, HanpHkaad, GyHKLis

1
M y)=T 5"

Cnpasni MOMHOXHBINY 06uABI wacTuny piBRanns (1.79) na neh MHOXK-
HUK, AicTaHeMO DiBHSHHs B MOBHHX AHpepeHLiasax

xdx 4+ ydy = 0,

%2 yz) -
o24)
3sigcn x24 y?=C

Otrxe, iHTerpyioui Muoxuuku piBHfHHA (1.79) auaxomaTecs 32
hopMyaoio

a6o .

1
R (% 4) = Z o 7 0 (% 4 92).

Posrasinemo piBHAHHA -
S xdy — ydx = 0. ‘ (1.80)
OnuuM 3 iHTerpyiounx MHOXKEMKIB #oTO €, HanpHkAax, QyrRKLia
u3(x, ) = Uxy,
a pignosiauunfi saranbuuit imerpan
== C.
x

Orxe, inTerpyroui Muoxuuku pisanua (1.80) snaxozmrbcx sa ¢op-
" MYJI010

mmm=~%Hy

Ockinbru Gyurnii @, i P2 nomm,m To Bubepemo iX Tak, moEO BAKOHY -
Basacsa piBHicTb -

1 . . 1 fy
Aoty =5, 0 ). .

Toni maTHMeMO

TN

P=1 g=—""13.
1=
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TurerpyouuM MHOKHEKOM 3a1aHHOTO piBHsqu sriano 8 (1,78), Moxe
6ytu dyuxuis :
l
” (x' !/) 2 — !/2 v

CnpaBai, nomnoxuswn 06141131 9aCTHHH 3aNaHHOFO PIBHSHHA Ha
mio yukuilo, AicranemMo piBusHHA B HOBHHX Audepennianax

(-~ L7 )dx+(y+x4_y2)dy=0.

. BAPABMU

Posp’ssatu raki piBnsunns:

1. Qx — p)dx + (dy — x)dy =0
. Cxy 4 3y®¥)dx 4 (x”—i— 6xy — 3y2)dy =0

1 e X2

% (7 x— y)’) dr+ ((x R )dy =0
4. (x + 9)dx - 2y + 0y = 0

B. (¥4 y)dx + (x — 2y)dy = (

. (Iny— 2x) dx + (7 —-2y) dy =0

7. Qy— xeY) y’ = ev (

8. e*(1 J'e¥)dr +ev-(l 4 e¥)dy =0

9. 2xydx 4 (x*— y¥dy = 0 :

10. 2x(1 +VE—gpds—V E—ydy =0,
3nafity interpyounii MHOXHUK i po3n’asaru taki piBHAHHAS

1, (l—-—)dx—l—(2xy+ -+ )dy—

12, (x*— sin%y)dx -+ x sin 2ydy = 0

13, (Txy’+ y — Sx)y’+ y*— 5y = 0

14, (x cosy — y sin y)dy + (xsiny + y co ydx =0
15-y+P(x)y—Q(x)y'" m0, m£ -

16y "dx—l— sin x dy =0

17. (y + xy®)dx — xdy = 0

18. (xy — x¥)dy + (y°— 3xy — 2x¥dx = 0
19. (2xy2— y)dx + (" x + p)dy = 0

20. (x + yNdx — 2xydy = 0

M

=]

1.5. Auchepenuianbhi piBHsSHHA,
He po3B'A3Hi BigHOCHO noxigHol

~ 3aranpHuit BuA AudepeHnianbHOro piBHAHHA — (EPLIOTO
nopsaiKy o
Fxyy)=0. | (1.81)
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Buute 6ys0 po3rJISHYTO MHTaHHS NPO 3HAXOMKEHHS PO3-
B’a3Ky piBHsiHHS (1.81), sIKIIO BOHO POSB’ASHE BiJHOCHO TO-
XizHo1. ‘ ”

[Ipote icuylorh feski Tunu piBHsHb BuAY (1.8]), He pos-
. B’SI3HUX BiJHOCHO noxiuno’l’ ane Ans SIKHX MOXHA BHSHAUHTH
Crocif 3HaXOMKeHHs PO3B’ ASKIB.

Pisnauuns ctenens n. Posraanemo - ﬂmpepeHulaJlee pis-

HAHHA BHAY

a0t @Y + @i PE P+ o aaa(r, y)y +
+a,(x, y) =0, T (1.82)

e ap(x, y), k=0, 1, ..., n,— dyuxuii, venepepBHi B HenKiit
obnacri D nmaowunn xOy, Pisasnsa Bugy (5.2) HasHBaOTh
Oudpeperyyianbhum pisHARKAM NEPUIOS0 NOPAOKY CIENeHA N.
Hpnnycmmo mwo B ofnacti D dynkmia. ay(x, y) 7 0.
Toni, sriaHo 3 OCHOBHOIO TE€OPEMOIO aJareOpH, 3p06umo BHCHO-
BOK, W0 piBHsAHHs (1.82) BusHauae n swayelb s y'. Binku-
- JA0YM YABHI B3HAUEHHS, MaTHMEMO M < 7 AngepenLianbHuX
PiBHAHB NepPIIOro MOPSAKY, PO3B’#8HUX BifHOCHO MOXiAHOT:
ve=f(x, ) k=12, ..., m (1.83

KoxHe 8 nux piBHsiHb 8ajsae B leskif o6nacti D, nJomuHu
xOy cBoe nose nanpsmkis. ko f,(x, y) B obnacri D, sano-
BOMIBHAIOTL YMOBM Teopemu Kolli, To uepes KOXHY TOYKY
obnactri D, mpoxoautb .m imerpam,ﬂnx KDHBHX JH¢epeHii-
ancHoro pisusints (1.82). 1llo6 sunaiiTu ni kpusj, TpeGa npo-
iHTerpyBatd KOXHe 3 (1.83). Cyxynnictb 3206yTHX TaKHM
YHHOM 3arajlbHHX PO3B’$I3KiB

Yr = Qe (X, C)t
a6o 3araJbHUX iHTerpajis
D, (x,y,C)=0, k=12 ..,m,

ae C — noBisibHA crasia, | € sarajbHEM iHTErpasoM piBHAHHA
(1.82). |

Npukanana Po3s’asatu piBusuns
x(y')t—2yy' —x = 0.
Po3s’ asannn; Hexaii x £ 0. Toai nicramemo asa nmpepeumaub-

HHX piBHAHHA
v = { = Vy—z + 1.

Li audepennianbui pimmmm e oguopinuumu, Po3sp’ ;Isyxo'm ix,
3HalifemMo saraJbpHufl iHTerpas 3alanoro puaumma y BHrasai

Cx ~

1 ‘
5 ¢ i=—73 50+

Ze G — moBinbna crana,

54

=..1..Cx2._

Piusinst, ske MICTHTH TIILKH y'. HeXanm QYHKWIA F (X,

Y, y') y pieasnni (1.81) sanexurs Tiabky BiA y', TO6TO Maemo
AudepennianpHe piBHAHHSA _
F () = 0. - (1.84)

Hexa#t piBHAHHI (1.84) mae pmeske (cKineHHe a6o HeckiH-

‘quHe) HHUCJIO lIlHCHHX KOpEHlB

Y=rkyi=12 .., - (1.85)

Je k; = const, Axi He 3anOBHIOITH MOBHIGTIO AeAKuUil iHTepBaJL
3 piBusasHa (1.85) sHaxoauMo

y= kix + G
a6o
=29

Orxe, nmbepeumanbﬂe piammna (1.84) mae sarancHuB
igrerpan

F (-‘/:_9) =0, (1.86)
X .
Hanpugaan, nudepennianbie piBHAHHA '
(4')—4@)P+1=0

' Ma€ 3aranbHHUE iHTErpan

4 2
y—=C\* ., (9=C =
(a5 10
3asHauumo, mo KoJan KopeHi (1.85) s3anoBHIOTH HijdKOM
nesxuil inTepsan, 1o AudepeHuianbhe pisHaRus (1.84) maruMe

po3p’a3ku, Biaminmi Bix (1.86).

Npu¥kaap Po3s'a3aTh piBHAHHA

y' 41y =0,

Posg’azanna.- Kopensamn uvoro piBusinyst e y'==k, fe — oo <
< k < 0, sxi nosuleTio sanosuooTe misBiApisok (— oo, 0]. Tonl,
kpiM IHTErpaNBHMX KpPUBHX

Yy=kx+ C, —oo<k«0,
po3s’asxoM safaHoro piBuAHHE e Takox ¢yHKIis
y=—x" 0 <x <+ oo,
AKa npH n > | ge Hantexuts 10 ciM’'l 3po6yTux iu'rerpanbﬂnx KPUBUX,
PiBHnHHﬂ, fike He MICTHUTb q)yHKu,u y. Posrasinemo auce-
peHlianbHe piBHSIHHA BHAY
F(x, y)=0, : (1.87)
fiKe SIBHO He MiCTHUTB Y.
Hexaii 3agane piBHAHHA po3B’A3He BiJHOCHO y', TOAI-Ma-
THMEMO
g =f( k=1,2..., (1.88)
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e f,, (v) 82 npHNylmeHAaM € Aificri nenepepBHi QyHKIl Ha Ae~
AKOMY npomnxxy Tuterpytouu pisusinns (1.88), sHafzemo
saranbm po3B’A3KR

y={fedx+C k=112, ...

GyKynHiCTb 1uX O3B SISKIB € BATANbHHM iHTETPAJIOM IH~
epenuianpaoro pisuanns (1.87).

Hexaii piBasiana (1. 87) He PO3B’sidHe BilHOCHO y', ale pos-
B’A3He BilHOCHO X:

x=9({y) (1.89)

Ie ¢ (y') — audepenuiiioBna ¢yHruia B AesKili obaacti sMmi-

mu y'. Toni ans interpyBanHs pisHsiHHA (1.87) BacTtocyemo
Taknii cnoci6.
BeenieMo nosHavuenna y =p (x). 3 piusanna (1.89) matumemo

Cx=9(p).
Bnpasnmo HiyKany ¢yHkKuio y qepes Dy cxopuaasmucb TO-
TOXHiCTIO

. dy = y'dx.
I'Imcraa.nmoqn CIOAH 3HauYeHHs
dx = ¢’ (p)dp,
IicraHemo - : :
dy = po'(p)dp,
8Biaku

y="{ po' (0)dp +C.

Takum unHOM, sarajsbHufi pPO3B’A30K AMdepeHLiaJbHOro
pisaands (1.87) Moxna samueard B napamMeTpPUYHOMY BHPAAA]

x=o(p), y={ p9’ (0) dp + C. (1.90)

fAxwo i3 cucremu piBHAHD '(1.90) MO’KHA BHKJIIOYHTH Napa-
Merp p, TO 3HaHAeMO 3araabHHl po3s’si3ok y =1 (x, C), abo
sarajbHuii interpan @ (x 4, C) = 0 pieusinaa (1.87). .

Cmn 8a3HAYMTH, WO {HONI-spyuHille 8a mapamerp p 6pa'm
He y', a p=o ().

Hpnnycmmo 1o nmpepeamanbne plBHilHHﬂ (1.87). He pos3-
B'A3He Hi BigHocHO ', Hi BiaHocHo x. [IpoTe #oro Moxna sanu-
caTH B mapamerpuuHifi ¢opmi

x=0 ), y'=v ), @B 1amx
rax, mo npu ¢ £ (@; P) BUKOHYETbES TOTOXHICTD

Fo@ v@=0
]

Toai

Tom 3 pisnocredt (1.91) sHalTeMo

dy = y'dx = ¥ (Do’ (Hdt.
3aranocruii inrerpan pipusinna (1.91) sanumerbca B napa-

~ MeTpHuBii dopwmi

x=¢<t>,y=jw(t)w'(odt+e.-' (1.92)
Mpuxkanann 7

1. Poss’asary piBusiuns
y'sin y— x =0,

Poss’ f3axKA. 3ajiane PiBHAHAS MOXHA pO3B’A3aTH BIJHOCHO X!
x=y'siny'.

IMoknaBua y'==-p i ckopucraBuruch popmyaamu (1.90), MaraMeMo
x == psinp, y = (p2— l)smp—l—pcosp—l—C
2. Posp’sasatu piBHARASA
x—ay —bV T+ (5F=0.
Po3s’ asanns. Boele MO no3pavenHs

y'==tg p, p= arctg y’,
Toai :

x—atgp—l—bsecp, o
bsinp , b p T
== 35— —Injtgl L 4. 2
y= tgp cosgp_+2 n g(2+4)
3. Poss’asaru pisnanas
B3y —(1—y)3 =
Posg’ szannsn, Hexah

+CI

Y= 1—tx

1—¢8
t }
Orxe, sagane piBugHHA MOXHA 3anucaTh B napamerpuninifi popmi
1 — t3

X =

X e=

y =128
Brizno 8 pisnocramu (1.92) saranbﬂuﬁ inTerpan sagaHoro piBHAHHA
MaTHMe BHIAN
1—18 2 1
P y=—FP—3 4G,

e C — nopineua crana,

PiBuauns, sxe aBHO He micTuThL HesanexHoi 3miHHOI,
Hexaii mudepenuianbie pisusinug (1.81) mae Buf

Fly. y)=0, (1.93)

0670 BOHO AIBHO HE MICTHUTH X.

Ue piBHaans MOXKHA po3rasnaTy TaK caMo, fIK i plBHﬂHHa
(1.87). 3oxpema, BoHO MOXe GyTH PO3B’i3aHUM BiZHOCHO 4’

y = fk(y), k= 1: 21 coe (1 94)
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Hexali f, (5) 520, k=1, 2, ... Toxn
—t9 _
L Atc k=12, (1.95)

3p03yM1Jlo, WO NpH LbOMY po3B’AsKaMmu piBHsHHS (I. 94)

€ TaKoX y = b, m = 1, 2, ..., ne b, — KopeHi piEPHfIHHA
fe (y) = 0. Lli po3p’sA3KH MOXKYTb He MiCTHTRCS B sarajbHOMY
interpani (1.95) i 6yTs ocoGnwBHMH pO3B’s3KaMH PiBHAHHSA
(1.93).

- Sxmo pnmamm (l 93) 3o6pa>xyeTbc;1 y BHIIsAAI

y—me

rro, BBiBIIM MO3HAueHHA Yy = p i BHKOPHCTABLIH TOTOXHICTD
dy y'dx, nicrazeMo

dy

dx=% %
y

Hexa#i p =% 0. Toai saranbHuii interpan piBHSHHS (1.93)

MOXKHa 3anmHcaTH B IapaMeTpHuHill dopmi:

y= wwxx~f¢“dn+0 (1.96)

SaSHauno, wo npu p # 0 MoxXHA saryﬁum PO3B’f13KH
Y = oy, Ie o, - aificii Kopeni piruaups F (y, 0) = 0. Tomy
uel BHNANOK Clif POSTASLATH OKpeMO.

Slxkmo pisHsauus F (y, 0) = 0 mae pificui xopeni y = o,
fKi € poss'sskawu piBHsnHA (1.93) 1 He mictaTbcst B 3a-
ranbHoMy inTerpani (1.96), To BOHY MOXKYTb OYTH OCOOAMBUMU
po3B’ I3KaMH plsnﬂmm (1.93).

PiBHﬂHHﬂ, po3B’s3aHe BiZHOCHO He3aJEXHO] SMiHHOI He-
xall pisusinns (1.81) MOXHA 3amucaT y BUIVIsAQ

* x=F(yy). (1.97)
IosHayumo y'= p (y). Toai
= F (y, p). ’ (1.98)
3uafizevo :
d , . d
w=F.0 D+Fal N
Ockimmn =L oLl 1o
dy —dy " p°
dx ‘
Ly F; dp
;_' y(y’ p) -+ Fp (Y p).dy’
a6o : A

1
dp _ 5=Fuwp gy _
a7 —F—,-Wéf f(, p) (1.99)

B8

meo posmsmam Y SIK aprymeut, p fK (pymmuo, TO piBHAHHS

- (1.99) p0313 A3are BifHocHO moxiadol. SIkmo MmokHa sHalTH

SaFaJIbHHH pO3B S130K . [(bOTO plBHﬂHHH

¥ C)
10, MiJGTaBHBILHA HOro B plBHlGTb (1.98), J.'llCTaHeMO
x=F@ @ O).

Lle e cniBsindowends mixk x, y i C By

x=9(, C),
TOGTO € BaralbHAM inrerpanom pisasnas (1.97).

PigHsinus, poss’ssane signocHo dyHkuii. Hexan piBHgHHA

(1.81) MOXHA sanucatd y BUA]

y=F@&y) {1.100)
BBe,szMO MMO3HAYECHHS ‘
y'=px). ’
“Toni :
y = F(x, p),
=F,+F,- 2, (1.101)
abo _
p=Fs +F, b o
3Bigcu ,
o _p— i pgifi ) (1.102)

dx Fp(x, b)
MaeMO m{(pepenmanbne piBHSHHA MiX 3MiHHHME ¥ i p, _pos-
B'si3atie BiHOCHO MOXigHOI.
Skmo p = ¢ (x, C) e sarajibHUM pO3B’A3KOM piBHAHHA
(1.102), To srimuo 8 (1.101)

y=F(x ¢ C),
rodro micramu saranbHuii iwterpan pisuanua (1.100).

Mpuknanu
1 [Ipoiuterpysary piBusiHHA

y=r+2xy’ + 5 2 %

Poss’asanna. Hexalt y'= p.
Toai

1
y=p”+2px+"2‘x’i- (1.103)-
Hudepennipemo (1,103) no x:
d dp
p=20g+2+ 2z +5



aGo- . ' '
d
’ (p+x)(2_8+ 1)-_:0.
3siacu Maemo 1) 2— +1=0; 2) p+x=0. 3 pmHoc'n 1) nicraemo

dp-—2dx, p=-—-—-x+C (1.104)

[Tigcrapasioun anavenns p y (1,103), s3HaX0RHMO saralIbRHH PO3B'A30K
8aJlaHOFO PiBHAHUSA

—_:—" x2 + Cx + Cﬂ.
Kpim roro, s pisnocri (2) snaxonumo p = —x. Tonl s (1,103) nicraemo

pO3B’A30K y == —gxz, AKkuf e MiCTUTBCS B 3aTa/IbHOMY iHTErpadi,
' 2, 3nafitn sara’bHAM poO3B’sA30K PiBHAHASA

. d\ 2 s 7
y=a (d_z) -[—b(gj—y‘) , &e a, b == const,
Pogs’ szannsn., Hexait
d .-
d—‘z = p, dy = pdx. Toni y=ap®+ p%
dy = 2apdp + 3bp*dp, abo pdx =2apdp + 3bp*dp.
. 3
3sizcn  dx = 2adp -+ 3bpdp i x = 20p + 5 bp*+ C.

- 3anmueno saraibHHA PO3B’AZOK Y napazweTpuqumy BUIISAL

{x=2ap-|——bp2+0

y=ap?4-bp*
3. Bnafitu 3araqbHuil POSB’A30K piBHAHHA
2 2
y? + ) =1
Posg’ssanns. Hexall y = cos’, y'= p = sin’,
4 q_t_/ -3 cos? tsint dt 3cos"t
‘ x= sin® ¢ =—351ns ¢ 4+
3sigcu
x-——-S‘( )a‘t=.3t+3ctgt+0

3araftbRuit posB’A30K
{x =3t - 3ctg 4 C;

y = cos®t,
-BMPABMU
Posp’siaaty Taki pipustuns: .
L @)+ —x—xy=0, 2. P+ —~1=0,

3 x @)V — 299"+ 4x =0, 4 x @+ 2%y —y=0

60

8. y (4P ;l- x—py —x=0, 8. y =ev'ls,
T2 2 2

7.y% +@)° =a™ &y —@)r—y@)2 =0
9. y(t + (4')®) = a (nigcraHoska y’ = tg g).
10, y = (") ¥ 1, y=yg" Iny’. -

12. y=y" (1 +y’ cos y*). 13, y=(y'—1) e¥,

14, x = Iny’ 4-sin g% 15, x=e¥ + ¥

16, x=(y) —2¢' + 2 . 17, x (@' =14y

18. x(1+ ()P =a 19. (1 + @)Y =1

20, x =y’ +siny’. 21, x(y)2 =¥,

Posraisinemo sarasnbHi THnH ZudepernianbHEX piBHAHD, AKi
po3B’sizaHi BigHocHO ¢yHKHil i saranbHME PO3B’SI30K AKHX
BUPAKAETbCA uepes KBajpaTypH. '

Pisusinns Jlarpanxa. Lle piBHsHHS BHAY

y=9 @)+ @) (1.105)
ge @ ip— q)ym{uu aminnoi y’. [lpunycruMo, mo Bouu Rude-
permmosm no uiif sminuiii. Merosom AndepeHmiioBanHs Le
piBHAHHA MOXHA 3BECTH MO JiHiHOTO PiBHSIHHA NMEPILOTO No-
psuiky, To6TO mpoinTerpyBaTtH Horo. :

IlosHaunmo

y =p.

y = xo (p) + ¥ (p). (1.106)
Ilncbepeﬂunoxoqn no x, Maemo :

Y =9 (p) + xo' (p) +\1> (P)

Toni

abo |
- p=0(p) + (x¢' () + ¢ () g;’; (1.107)

[le piBasHHA MiCTHTb TiMbKH X, p, dp/dx.
3anuumemo fHoro Tax:

. , d
p—o(p) = (x¢* (1) + V' (o) L
[MomuoxusiK Ha dx/dp ta posnimiB Ha p — @ (p), ZicTa-
HEMO
dx _ tp'(p) PR ()]
dp e(M” " r—o’
e niniitne nu(pepeﬂmanbne piBHAHHA, O ‘BHSHAuae % K

byHKHIIO p.
Hexaii #ioro saranbHuii inrerpan e

F(p, % C)=0. - (1.108)
' e




' PiB‘HﬂH}m'(l 106) i (1.108) yTBOpIOIOTH 3arajbHHil PO3B’ 30K
piBaaHHs Jlarpamka B napamerpHYHOMY BUTJISIAI, OpHIOMY
napamMerpoM € BeJHudHa p (p = y = {g o MoOxe HabyBartH
OyAb-AKHUX 8HaveHb), -

" BHk/MmOUHBIIN, KOJIH lle MOXKJHBO, MapaMeTp p 3 LHX JBOX
piBHAHD, R{CTaHEMO 3ara/bHHH pO3B’ 30K ¥ sBﬂqauHomy BH-
TIsA _ :

®(x, y, C)=0.

Npukaan IMpointerpysate piBnsAnus

y=x(')— (') - (1.109)
Po3s’ nsanna. Hexaht y'= p. Maemo ‘ o
y = xp*— p (1.110)

[Tponndgepennioend o x:

dp

. y—p—{-?pxdx 2pdx
OTxe, ‘

dp dp

=pr+2x5. —205,.,

dp ., dp

p(l—p—?xa—[- 2dx) 0.
3sigcu p = 0, y'= 0. Toxai ,
o y=C. (1.111)

Iicrann opun po3B’s3ok: y =0 npn C =0.
Tenep 3naxoaumo
o ap

dp
1—p=2x- ir = 25z Te*
d e
[ToMHORHBIIY Ii0 piBH‘iCTb Had—);i cnpocmBmu if, nicranemo Jaiuifine
piBHAHHA
dx 2 2
BT =1 T p=1
sBiaKkn
(p_])z'l‘l ' . (1~“2)
Buxopucrosyioun (1.110), nmicranemo poss’szox pisnsinms . (1,109)
y HapameTpHYHOMY BurIALi
c Cp®
x= (r— 1)2+1 y—'( —1)2°

BHKJII0YMMO napameTp p: -

y © Vy
: x--l'_p‘x’p=]/x—l.
Tont
ay__ _Vy
s yx—1’
62

‘8Bigknm

Vi=Vi=ZT+6 ,
y=( VI x—14-C) (1,113

€ 3araJbHHM PO 3B’askomM pisusHug (1.109),

Poss’asox (1.111) ne moxkna xicratu 8 (1,113) ui npn aromy sma-
yenni cranaoi C.

~Orxe, nelt po3B’A30K € 0CO6AHBAM and. pisraura (1,109),

Pisusinna Kaepo. Lle piBsHHS BURY :
y=xy'+ v ). (1.114)
Boro € OKPEMUM - BUTIAIKOM piBBsAHHSA JIarpaH}xa (1.105),
KoM @ (y') = y'. Benemo nosmauenHs y'= p. Tozi

y=px+v (p). )
Hudepenuioioun Ue piBHAHHSA, AiCTaHEMO

p'(x + ¢'(p)) = 0. ’
3106yTa pmmcn; 3aJI0BOJIBHAETbCS NPH p'= 0, TO6TO NpH

Orxke, oynguis

p = C, ane toai srigso 3 (1.115)

y=Cx+ ¥ (). (L.116)

3Hamunu 3aranpHHi posa A30K piBHsAHHA Kaepo. 3amue

[bOTO po3B’ 'AI3KY JIETKO 8aNaM’ATaTh: JocuTh y piehanni Kaepo
saminutn ¥ Ha C.

Pisusitins (1.116) e piBnauasM cim’i npsAMHX, 10 Baje-

JKHUTb BiJi OZHOTO napamMerpa.

PiBuanus
x+9(p)=0
pasoM 8 AudepeHUiaJbHAM pPiBHAHHSIM
y=px+¥(p)

TeX ¢ posp’ssKkoM piBHAHHA Kiepo, ale B mapamerpuuHOMY
BUPIAAL
Buxmounsum 8 pipEaHb

%+t (p) =0,
ll
‘ {y=px+l|>(p) (L.17) _
napaverp p, Aigraemo ‘
Fxy =0. (1.118)

[le piBasiHHs KpHBOi, ika He Hamexutb ciM'i (1.116). Omxe,
(1.118) e oco6auBuM pO3B’A3KOM pieusnus Kaepo.
3posywmino, o eykynuietb piBHsub (1.117) e To#i cammii
0co6/IMBHA PO3B’A30K, aje B MapaMeTpHYHOMY BHIVIALI.
NMpux na a
Ipoiarerpysaru piBusinng

y=xy —5 @M



Posg’ ssanns, Sxmo y'= p, 10
y=pr—g P
Hudepenuinomoun, nicraemo

dp dp
P=pt X5, — Py
abo ’
dp
_, (c—p) ;= 0.
3Bincu : ’
. x—p==0,
a6o
dp
ax =

TaxuM uuHOM, .
: p=x, a6o p=_C,

OTxe, saranbuui inTerpan €
' y=Cx—5 C2
Baxaouaious napaMerp p.s piBHAHD
X = p,
1 2
) y=px—"5 0%
HicTaemo OCOGMMBHA PO3B’30K
L e x2
=5 x%
3 reomerpnqﬂm TOUKY 30Dy OCOGMHMBUHA PO3B’A30K — lie napa6oia,
Bicco CHMeTpll agoi e Bick Oy,
.BNPABMU

Posr’a3atn piBusmns:

Loy=uxy + V1 () 2 xy'—y—y — (Y=

3. y=y' lny. 4.y=xy’+_._a¥_’~___,

' Vit
B.y=x(y)?—y. 6. xy' =y+ 1 V1E )2
7oy=xy + @GR 8. y=2px+VIiFtp p=y.

9. y=tldy'y x4 (y"2 10, y=pEx+1)—p% p=y'.

Caip 3asHaunTH, Wwo Opu iHTerpysanHi MuepeHnianbHUX
piBHSIHb 0cO6MUBY yBary tpefia 3BepTaTH Ha Ti BUIALKH, KOJH
nmix dac 3BefeHHA AudeperiliafbHOrO PiBHSHHA 10 TOrO 4H
inmoro BUIrIALY BHKOHYIOTbCH omepalii AineHHs. a6o MHOPMEH-
HS, SIKi MOXKYTb TPW3BECTH 1O BTpaTH a0 nosBH pO3B’ #3KiB.
Hanpuxnan, gudepennianbHe piBHAHHSA

y=L (1.119)

Mae  po3B’a30K y = 0. I'Ipn Bmoxpemenni sMimmx Tpeba

- BHKOHATH JHiJIeHHs JiBOI i HpaBO! YaCTHHH Ha y 1110 MOXKJINBO

Tinbky mpu y %= 0.
JudepeHuiaibie pisaanasa, ke Aicranu

’

1
-;g =, (1.120)
He Mae po3B’aA3Ky y = 0. Omxe, G6yIUb-aKuf poss’ﬂsox Iude-
petuiaabrioro pisusanHA (1.120) e omnouacHo | pos’szKoM
pmnmmq (1.119), a xpim ToTO, plBHHHHH (1.119) mae me pos-
B’si30k y = 0.
 Jndepennianpie piBHAHHAA

’

§<—x=o (1.121)
NpH MHOXEHHI Ha y mepeTBOPIOEThCA B JiHifiHe
y —xy=0,
SaI‘aJIbHHH p03B fI30K floro
]
y=Cet. (1.122)

IIpun C = 0 nicranemo ¢ynkuilo y = 0, 7Ka He € PO3B’A3KOM
piBusinnsa (1.121). lle tomy, mo piBHSIHHS TOMHOXHJM Ha Y,
mo MoxkauBo mpu y # 0. Orxe, dynkuis y = 0 xoua i Aicrae-
TbCAl i3 3arafbHOrO pO3B’sI3KY, ajie, He Oyayud pO3B’SI3KOM
piBHanua (1.121), mosunHa 6yTH BMKJ/MOYEHa 3 PO3B’A3KiB
(1.122). Taknm uunom, ¢yHkuis (1.122) Bu3Hauae po3B’s30K
pieasignga (1.124) nmpm dosiabHux C 5= 0.

1.6. Ocobnuei Touxn

Posrasnemo audeperuianbue piBHHHHﬁ

y =1 . (1.123)
SAkmo dynkuia f (x, y) B okoni neskol ToukH (x,, y,) 3ano-
Bo/bHsE yMoBH Teopemu Kowli, To yepes TOuKy (Xy, 4,) Mpo-
XOIMTh TiJIbKH OLHA iHTErpaJjbHa KpuBa piBHauHs (1 123).
Hexait f (x, y) B Touni (xq, y,) He € HenepepsHoo. Toxi
Moxe OyTH, 10
1) limf(x, y)= A, ne A —ckinuenne yuc.0;

X=»Xo
Y=3Yo

2) Ilmf(x, y) == 00,
X=Xy
Y=>Yo

3) f (x, y) He mae ui ckiHueuHoi, Hi Heckinuennol rpanuni
B Touli (X9, Yo)-

[lepmux ABa BUMaaxu MOXYTb GyTH 3BefeHi 4O BHNIAIKIB,
110 3310BOJIbHSIOTL yMoBH Teopemd Kowi, Crnpasai, B mepiuomy
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Bunagky f (v, y) Moxna noansnaqn'm Jo HenepepBHo‘l' B roumi

(%o, Yo). 15t MBOTO JIOCHTH MPUIYCTHTH, f (%0 yo) = A.
Y npyromy BHNajKy pasoM 8 plBHﬂI-IHﬂM (11523) po3rJIsifaeMo

' piBHAAHHS .
dx
| dy~ e 9 (1.124)
[ToxnaBmm 7(—-5 = (, nicranemo, mo pisusangs - (1/24) mae

€IMHUA PO3B’A30K X = ¢ (y) 8 BEpTUKA/BHOI AOTHYROIO B TouLj
(%or  40)-

Y petbomy Bunazky Qymkuia f(x, y), a ome, i f(x 9)

B Touni (%, Y,) He MaioThb rpanuui. Toni Touky (x4, Y,) Ha+
3UBAIOTb (304b06aH0I0 0c06AuG00 moukoro piHaHHA (1.123).
Jocnilkenust. i30aboBagol 0COGIHMBOI TOUKH BHKOHAEMO

Ha OpuKaafi, BHKopucToBytoud mniaxin Ilyaskape. Hexait
MaeMO piBHSIHHS J _—

dy _ ax+by

&= iy’ (1.125)
Ie a,b,c, k — nificui unena, ak—be = 0. meo ak — bc =0,
1o piBusiHHA (1.125) BHpOIKYeTbCs B piBHsHHA y'= const.

Jlerko no6auuty, mo touka (0, 0) ansa piBusuEa (1.125)

e i3osboBanow oco6auBolo. OckiNbKY NpaBa uacTHHA PiBHSH+
Ha (1.125) abo mpaBa uacTuHa piBHSHHSA

dex _cx-+ kY
y NOBIJIbHOMY SaMKHEHOMY OKOMi TOURH (Xg, o), HAe X7~ 0,
Yo5= 0, e HenepepBHOIO (YHKHiE 1 8aJ0BONbHAE 1O eMiHRIH
y a6o amiHHifi ¥ ymoBy Jlinminua, T0 4epes KOXKHY TOUKY Npo-
Xo#uTHMe OAHA iHTerpaibHa Kpuea piBHsmHs (1.125) a6o
(1. 126) Jochigumo noBemiHKyY LUHX KPHUBHX noGJusy ocoGan-
Boi ToukH (0, 0). Inakme Kaxyuu, 8'51cyeMO, fIK pPOBMIlLYIOTBCA
interpanbHi kpusi piHanHs (1.125) no6ausy Touku (0, 0).
Jas uporo sanumemo piBHanuaA (1.125) y Buraszi

dx _ dy

ex- by ax--by’

Beenevo HoBy aMminny ¢, nudepennian sxoi 8ajoBoJibHSAE
piBHicTb

cx-ky ax-l—by

“Toxi

Z—J; = cx + ky,
dy ‘ (1.127)
5 = ax+ by.

Takum uunoMm, samictb piBHsiHHA (1.125) Maemo cHeTeMy
ABOX piBHAHb (l 127), sika, oueBnpHo, npu cx + ky 5= 0 exsi-
BaJIeHTHA anmﬂomy pisusiamio (1.125) y Tomy posymiHni, mo
KOXHHH po3B’'s30ok piBHanAs (1.125) e TPAEKTOPi€l0 CHCTEMH

(1.127) i, naBmakm, Gymb-ika TpaekTopis cHcremn (1.127),

BiAMiHHA BiAl TOYKH CmOKOIO, € Po3B’siskoM piBHAHHA (1.125).
. 0
Touka cnokoio cucteMu € i30/b0BaHa OCOGJHBA TOUKA THIY T

piasuaa (1.125). SIkmo cx + ky =0, a ax + by 0, o
ciucrema (1.127) ekpiBasenTHa o6epHeH0My piBusnHIO (I, 126)
Orxe, 3amicTb piBEsHHs (1.125) posrasnaTiMeMo B OKo/Ii TOU-
ku (0, 0) cucremy (1.127). Jlns nporo 3anHieMo CHCTEMY

(1.127) y BekTOpHO- Mananm topmi

Ly : (1.128)

z=(")’ A=(C)
Y ab
PosrnsiHemo xapakTepHCTHuHe piBHsHHA MaTpuii A

det||A —AE|[ =0, ‘ (1.129)

fe E — onunnuna matpuns. Posp’sisyioun ne piBHsSHHS, 3Ha-
XOAUMO

ne

Mo=2FE = L VT —oF F dak. (1.130)

Toni sanexHo Bif 3HaueHHs KopeHiB A, i A, OKpemMo po3rsi-
AaTHMEMO JBa BHIIAJKH:

1. A, i Ay— pisni; 2°. A, i Ay,— piBHi Mix coGoio.

1°. PosrsisineMO BHNANOK NMPOCTHX KOPEHIB XapaKkTepHCTHY:
HOro piBHAHHA. SIK BiloMO, s MaTpulli A MOXHA BHaHTH TaKy
Heoco6auBy Matpuio 7T, IO Mmarpuns

I=TAT",
e T-1—wmatpuus, obepuena go T, mae BHIIAA
MO
1=(g' 1)
Hexait tTenmep y cucremi (1.128)
z2=T"¢q,
Ie
_ {9
7= (qa) '
3 o7



Tonl

& dg L
T 137 = AT*q,
ato
‘ iq ‘
7 =1Igq. (1.131)

Cucrema (1.131) posmanaeThess Ha ABa CKaAsipHUX AudepeHri-
anbHUX PpiBHAHHA

d d .
th-l = M1 Z;]"z = hyQ. (1.132)

Posrasnemo aBa Bumanku: a) A; i A,— aifieni; 6) A; i Ay—Kom-
TJIEKCHi. o _

a) Awxmo A;{ A, mificHi, TO He SMeHMIYIOYH B8arajibHOCTI,
MOXKHa BBaXKaTH, WO A, 0. Otxe, 8 (1.132) maemo

i _ M 0 :
. il W (1.133)
3Bincu X
91=Clgy (1.134)

Posrnsmemo neft pos3p’sisok peranpHime. [Ipumycrumo, wo
Ay i Ay MaloTh OOHAKOBi 8HAaKH i A >>A,>0. Tomi A/A,> 1,
orxe, Bci idrerpanbHi kpuBi (1.134) e napaGosu, siki MalOTh
CHIJIBHY TOUKY ;== ¢,= 0 i ZoTHKaloThcH B Hifi A0 oci Og,
(puc. 1.8).

3asHauumo, mo Kpim iaTerpasbHux Kpusux (1.134) y npomy
BHNAJKY TPaekTopissMH € Takox mniBnpsmi (aBi miBoci) oci
0g;, 10610 g3= 0, ;7 0. Touky (0, 0) mpu nbomy HasHBalOThb
B8Y3A0M. ‘

Hexaii tenep A, i A, matoTh pismHi sHaku. Toai poas’a30k
(1.134) mokHa BsanucaTH Tak:

n=Clal™ 7=—%‘;-
4, 9

Puc. 1.8

63

Orxe, B 1IBOMY BHNAZKy YOTHPH iHTErpajbHi Kpusi g;= 0
(9s5= 0), g3= 0 (g, 0) npuasrawors g0 ocob.iusoi Touku (0, 0),
penitTa iHTerpajbHHX KDUBHX Mae BHIVISH, 300pakeHHH Ha
puc. 1.9. Oco6auBy Touky (0, 0) TyT HasuBaOTh ci0A0M.

6) Hexait A; i Ay— KommieKcHi, Brac/iizok Toro mo Koedi-
uienty pisuanua (1.129) nidicui, To A, i A, KoOMOJIEKCHO-COIPSA- .
XKeHi, TOOTO

M=a+ i, Ay=a—fi.

Toni. Matpuus nepersopenna T e Kommaexchowo. [Ipore oc-

KibKH eNeMEeHTH mepiuoro crosnusi Matpuui T AoBinbHi, TO
ix MoXHa mififpaty Tak, MO BEJHYHHH ¢; i ¢y GYyAyTh TaKOXK
KOMIIJIEKCHO-CIIPSDKeH] :

= u+ 0i, g;= u— oi. - (1.135)
CnipaBai, enemeHTH i, i, k=1, 2, matpuui T" BH3HayalOTbCA
IBOMAa CHCTEMAMH PiBHSIHb

{tu (c—M) +ta=0, (i3 (c—A)+ta=0,
Lkt (b—A)=0; ({5,415, (b—1y) =0.
OckinbKu BH3HAUHHK KOXKHOI i3 cucreM, srigno 3 (1.129), no-
piBHIOE HYJIIO, TO Ii CHCTEMH MalOTh HEHYJNLOBi PO3B’A3KH:

k k
t12 = m tll’ t22 = m t21,

ae 1,70, 1,5~ 0 1 sHamennukwu Biaminui Bia Hyas. Toai,
Hexai

tyy =t
me t,; —uHca0, cnpsikeHe 3 £,,. Maemo

. tay = by
Kpim Toro,

Gr=1tn2+ 32, Gs =132 + 3, 2.
OT1xe, NOKJABIIH

_91+aq 919 .
U= 12 o= 12;' 2, (1.136)

hicranemo QopMmyan g,= u + ®i, g,= u — i, NpPUYOMY Be-
MHYHHH U, O, 3rigHo 3 (1.136), npu RifiCHHX 3HAYEHHSX 2y, 23
MaloTh AilCHI 3HAueHH:,
[TincraBupim B piBHsauuA (1.132) sHaueHHA ¢y, §g, M, Ag,
MaTHMEMO :
du+4ido a4 pi utol

du—ideo  a—Bi u—wi’

6 .
e du + ido)((cu — Bw) — i (aw + Pu)) = (du — idw)
- (ou — Bo) + i (ao + Pu)),

.69



ale e plBHlCTb THNY 2 = Z. an/IpIBHHBUJH YﬂBHl qac’mun L[O
HyJs, JicTaHeMo
du au—Po

i ﬂu + o’
B (udu + mda)) o (udw — odu)
W w2 02— !
a6o
—é—d In@®+ o2 4 % a!arctg%1 =0.
3BijcH

& et 2
rete 4

Vu“-‘ + w? = Ce‘_ b
Moxnasum u = r cos @, © = r sin ¢, MaTHMEMO
,_c——qv o (1.137)

Le piBusinis 3anae ciM’io jgorapudmivnux cmipaneft B mio-
wrHi 40 3 aCHMOTOTHUYHOIO TOYKOIO B IOJIOC.

Hpn 1bomy Bei KpuBi (1.137) npuaisraioTs Ao nMOYaTKy KOOp-
IMHAT i po6asiTh HecKiHueHHe 4YHcJO 06epTiB HaBKOJIO TOYKH
u=0, o =0 (puc. 1.10).

Te came martumemo B oxosi oco6ausoi Toukn x = 0, y = 0
nudepenuianbroro pisasHHs (1.125). Ocobaupy TOURY X = 0,
y=20 npn LbOMY Ha3sHBAIOTh (POKYCOM. P

STkuto Ay 1 A, uMcTO ysiBHi, TO6TO KomH & = 0, TO KpHBI
(1.137) e ciM’er0 saMKHEHUX KpUBHX. ¥ MJIOMHUHI uO(o_ MaTu-
MeMO KOHUeHTpHuHi KoJaa (puc. 1.11). OcobaHBy TOYKY y IbOMY
BUMAIKY HA3UBAIOTH YEHMPOM.

2°. Kopeni xapakTrepHCTHYHOTO PiBHAHHA ple Mix c06010
M= A & A, Toni ~

b+tc
A=——.

Pre, 1,10 Pac, 1.11

Ty

[Ipu upoMy BHA ManHl.ll I sanexure Big Kpau'ocn e/ieMeHTap-
HOro AiJIbHEKA, BiANOBiIHOTO Kopemo A Moxmnsi HB& BHU-
HajKku:

a) KopeHI0 A BiAnoBifae ABa NMPOCTHX eJleMeHTADHHX AiJb-

HHKa;
6) KOpeHIO A anorsmae onuH e.nememapﬂnﬁ RiJIbHEK

KpaTHOCTi 2.
a) lle#i BHnanok MoxaHBHA Toni i TiIIbKH TORi, KoM paHr

CHCTEeMH piBHAHD
{(c — ANty Rty =0;
atyy+(b—A)yt, =0,
8 AIKOT BH3HAUAIOThCA esemenTtd Marpuui T, nOpiBHIOE HYJMO.
Toni nmoBuHHA BHKOHYBaTHCs PiBHiCTH
a=k=0;, b=c=A.
Orxe, piBHAHHA (6.3) MaTHMe BHIVIAA

11.138)

‘1‘1—/ = l
. dx ™ x°
. IaTerpanbHi KpHBi 1bOro PiBHSHHS BH3HAUAIOTHCA 8a (opMy-
JIaMB
y=Cx, x+#0; -
=0, y=%0.

TakuM yHHOM, MaeMo ¢iM’(0 DiBIPSIMHX, WO NPHISATAIOTh A0
toukl (0, 0) KoxHa i3 cBoimM HampsMKoM (puc.l.12). OcobauBy
rouky (0, 0) Ha3uBaOTh TaKOXK 8Y320M (Ouxpumuqnum 8ysiomn).

0) Llefi BHmajok MoX/MBHMA TOMi, KONM paHr CHCTeMH
(1.138) nopismioe 1. Toai marpuus I ue oaHa kaiTHHa )Kop-
Jana. - N

1=(04)-

" Puc, 112 : Pac. 118



Orxe, cucrema (1.131) mMatuMe Burasg
Z—;’-‘ = My -+ qa
g%’-‘ = Ag,.
3Bigcu  Ricranemo aiHifiHe piBHﬂlHHﬂ
Ll

: g,
3araJbHMM pO3B’fI3KOM fIKOro € GyHKILis
1 : ,
‘71=‘5;qzln|‘72|+c‘7m g3 0. (1.139)

Kpim poss’ssky (1.139), Maemo me ABa poSB’AI8KH
ga=0, g, %01 ¢,= 0, 9,5 0.

Orxe, iurerpanbHi- KpuBi mnpuasrawotb Jo° ToukH (0, 0),
KyTOBUH KoedilieHT JHOTHYHHX JO HKHX JODIBHIOE =00
(puc. 1.13). Oco6nuBy Touky (0, O) mpm HbOMY Ha3HBaIOTh
BUPOOIHCERUM  BY3A0M.

Ha ocHoBi 3106yTHX pesyJsbTaTiB POGHMO BHCHOBOK, IO
ansa audeperuianpaoro piasHuA (1.139) Touka (0, 0) € ocob-
" mBoio. T oco6auBOCTi BU3HAUaEeTbCA KOPEHSIMH XapaKTepH-
crpusoro piBusHHA (1.129), To6TO uHCIOM (b — )P4 4ak,
a came:

bc — ak > 0 — Byson; -
be — ak << 0 — cipgo,
_ b + ¢ 0 — ¢okyc;
2
(b— )+ 4ak <0 { DS
(b — ¢)®+ 4ak = 0 — puKpUTHYHHE BY30Jd — TOAl i TiNBKH
TOAi, Kok a = k=0, b = c.

(b—¢)*+ 4ak >0 {

NMpukunanmn

Hocaingutu B okoni Touku (0, 0) noBeRinky inTerpaabHHX KPHBHX
TaKuX piBHAHB!
1 ‘ dy _y+=x,
de y—x
.« Poss’asanns, 3 xapakrtepuctuunoro piBnanua rtuny (1.129) sna-
KOAMMO
, M=1+V3 A=1-V3i
Otxe, Ay i Ay— nificni 1 mMarorb pisni snakn. Tomy Touka (0, 0)
¢ cignmom. Iurterpaabni kpusi 3amanoro piBHsAHHA 306paxeHO Ha
pac, 1,14, '
2, dy _2x—y,
dx x—y

Prc. 1.14 a Pac. 118

Poss’ asaund. Tyt M= {, Ay== —i. Tomy touxa (0, 0) Ana sananoro
pisngnug e ueHTPOM. InTerpaneni Kpusi soGpaxeno ua puc, 1.15

3. Wy Y
‘ dx x+vy
' Pos’ssanna. Tyt M=MA,=’l, a ellemenTapHHlt NiALHEK, B CHIY
roro, mo k == | 5= 0 — kparunft. Tomy Touxa (0, 0) Aas aaHoro pis-

HﬂHHﬂI? BHPOMXEHHM ByajoM. InTerpaabni Kpusi. soGpaxeHo Ha
puc. 1.16.

1.7. Oco6Gnusi po3s’a3Km.
O6BigHa cim’i kKpuBMx

Buginumo knac AudepenniadbHux piBHAHB, IS SKHX
MOXKHa pO3IJIAHYTH Take NMHTaHHSA: YH Mae 8ajaHe pPiBHAHHA
0COGJIHBHI1 PO3B’A30K: AKIIO Mae, TO AK HOro sHaiTH?

1. Hexait maemo am-
bepenuianbie piBHAHHA,
posB’s3aHe BiZHOCHO IIO-
XinHoi

o =Fx ). (1.140)

Ipunycrumo, mo ¢yn-
Kuis f(x, y) y posras- -
nysaHid 3amMKneHili 06-
aacti D naomunn xOy
HenepepsHa. SIkwo f(, ¥)
B Uil obsacti mae obme-
sKeHy MOXiAHY 1O Yy, FEE _
o Ni<sN<ttoo Puc, 116

s A
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10, 8rifHO 3 TeopeMoo Koui, uepe3 KO:KHY TOuky obmacti D
NPOXOINTH TiMIbKK OJHA iHTerpaabHa KpHBa AHQepeHLiabHOTO
piBrannsa (1.140). Orxe, Toni pisusanma (7.1) ocoGiuBHX
PO3B’A3KIB He Mae.

Hamnpukaag, Axuo B AudepesniajibioMy piBHAHH]

%=a0(x)y"—|-a,(x)y"—l+ cor e (%) Y+ @, (%)

* Koeditientn a; (x), i =0, 1, ... , n, e dyHKnli, HenepepsHi Ha
Bigpisky la, bl, To ue piBusHHA B GyAb-IKOMy 3aMKHEHOMY
npsiMokyTHHKY R : la, b; ¢, d] oco6auBuX po3B’sI3KiB He Mae.
3Bincu; 3oKpema, BUINIHBae, MmO JiHifHe = AudepeHUianbHE

piBHAHHSA
¥+ Plxy = Q)

8 HerepepBHUMH KoedillieHTaMu 0coG/IuBHX PO3B’A3KIB He Maa.

Takum unnoM, ocobmuBi po:B’asku piBHaHEA  (1.140)
MOXYTb NPOXORUTH Yepe3 Ti TOYKH, B SKHX HE BHKOHYIOTHCHA
ymoBu Teopemu Kowi. Tax, akmio f (¥, ¥) B OKOII TOURH (X, o)
HerepepBHa, 10 NMPHIYCKATHMEMO B IOJAJBLUIOMY, TO OCOGJH-
Bi pp3B’A3KH MOXKYTb IPOXOIHTH TiNIbKH 4yepe3 Ti TOUKH obJna-
c1i D, B IKUX He BUKOHYEThCS1 ymoBa Jlinurina. ¥Ymosa Jlimmi-
Ila, HameBHe, BHKOHYETbCs, fIKmo f (¥, y) Mae B obaacti D
oOMeXXeHy HacTHHHY NOXiAHY mo y. ToMy ocoGJMHBi PO3B’A3KH
piBaEsiHHA (1.140) MOXKyTb NMPOXONUTH TiJBKH 4Yepe3 Ti TOUKH
o6aacti D, B okosi fIKHX fy(X, ) cTae HeoGMEKEHOIO.

Orxe, yMoBa .
[fy (6, )| >N - (1.141)

npu X —» Xy, Y = Yo, Ae N — OyIb-sIKe, AIK 3aBrOAHO BEJIHKE
JonarHe uHC/0, € HeoOXiJHOW YMOBOIO TOro, INOO 4Yepe3 TOUKY
(%0, Yo) TmpoXoauB OCOGJMBHI DO3B’$130K AnQepeHLiabHOro
piBuanusa (1.140). 3Bixcu gicraneMo Take NpaBH/IO 3HAXONKEH-
HAE 0COGMMBOro po3B’s3ky piBHAHHA (1.140) 3 HemepepBHOIO
IPABOI0 YACTHHOIO:

I) 3HaliTH MHOXKHHY TOYOK o6sacTi D, B IKMX BHKOHYETHCS
ymoBa (1.141). Hexali 15 MHOXHHa TOUOK € KpHBa, 3ajaHa
piBsiHHAM @ (x, y) = 0;

2) GesmocepeaHBOIO IIiACTANOBKOK B PiBHSAHHSA IepeBipuTy,
Uy € 3HafileHa MHOXHMHA TOUOK PO3B’A3KOM AudepeHHiagbHOro
piBuanusa (1.140); '

3) mepeBipuTH, YM TNOPYUIYETbCH BJACTHBICTb €JHHOCTI
B KOXHIN Touli 3106yTHX TakuM crocofom po3B’da3KiB.

flkino nn. 1)—3) BHKOHYIOThCA, TO BOHU € AOCTATHIMU IJ8
TOro, Mo6 GyHKUin ¢ (¥, y) = 0 GyJja 0coGIHBHM PO3B’ASKOM
audepennianbHoro piBHAnHA (1.140).
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NMprakaanu ) B o

Buafitn 0co6nuBi PO3B’ASKN TakHX LupepenuiaibHHX PIBHAHB:
. dy

1. L == xel,.

dx

Posg’ asauna. Tyt f (x, y) == xe¥ ¢ bysxuis, Hene%epBHa B 6ylb-

AKi# 3aMxnenidt o6nacti D naomunn x0y i obmexena B fy= xe¥,
Orxe, salane Iudepenuianbie piBHsHHA OCOGAHBHX PO3B’A3KiB
He . Mae. ‘
2. -lo= . ! 1. 142
dx Vy ¢ )

Poss' asannn. Tyt [ (x,y) = V 'y € ¢ynkuin, nemepepsHa B Gyxb-
Aarif sanimﬂeuiﬁ o6aacti BepxHbol NiBINIOmMuUHER, TO6TO N6 y > 0. [Ipore
fy = Q—V—_y. ctae neobmexeHow nmpd y— 0 i y> 0, Tomy - aiuis

_1(/1=l (%)Mome 6yTH ccO6AUBHM PO3B'sI3KOM AHpepennianbHOTO pPiBHAHHA
,142).

* Jlerko noGauntd, WO GYHKUIA y = 0 € TakoX pO3B’A3KOM piB-
nguua  (1,142).

' Pisuanna (1,142) nonyckae BizokpemmoBanHa SMiHHUX

-d—y_— = dx,

Vy

[lpoinrerpyBaBmn mo piBricTb, 3najiieMo saranbuufii poss’da3oR
audepenuiaabroro piBuanHa (1,142):

y=("+c)*, > —8, (1.143)

2

fe C — crana imTerpysanus.

3posymino, mo 4epes KoxkHy TOukKy oci Ox (po3p’sasky y = 0)
npoxoAaTs ABi inrerpansul xpuBi pisusuua (1.143), a came — ainis
y =0 i gkpusa ia cim’i (1.143) (puc. 1.17).

3. . Z_!'=Vy*+1.
X

¥
y — 0, [lpote y =0 He e po3B’A3KOM SalaHOro AudepeHLialbHOrO
piBuaunsI. Ockinbky B Toukax Bepxuvol nismaomunn, ae y > 0, npasa

yactuna f (x, y) = V'y + | sagosoabnse ymobu Teopemu Komd, To
piBnAHHA OcOOMMBUX PO3B'A3Kis He Mae,

1
Po3s’ asanna, Yactuuna noxigma f = 2—}-[—= HeoOMekeHa npH
Y

dy _ylny )
4. L=l L, 1.144
dx X ( )
Poss’asanus, TpaBa yacTuna ULOTO PiBHAHHA
< yloy
f & 9 p

e ¢ysxula, Hemepepena B GyMb-iKifi samkueHik ofnacti, ne x40
mpu y == 0 Maemo [ (v, 0) == lim ylny_ 0). 3uafizeMo noxinny
Y0 X

, 1 1
ty(xny)='—n’y§'_|;"“'



3Bincu
Hm f, (x, y) = —oo.
! 1 fy (%, 1)

Orxe, MHOXHHA TOUOK y == 0 (Bice Ox) Moxe OyTH OCOGIHBUM
po3ss’siakom pisHsanHs (1.144). Jlerko no6Gaunth, wo y =0 € po3s’sa3-
KOM naHoro piBHAnHs. [lepeBipuMO, 4l MOPYIIYeThCA BJAACTUBICTR
eannocti. Jas nboro anaiifiemo saranbuufi po3s’'a3ok pisuanns (1.144):

Y = L%, (1.145)

Po3p’s130k y = 0 MoxkHa AicTaTh i3 saranbHoro pos3s’saky (1.145)
npu € = —oo. ToMy uyepes KoxHy Touxky oci Ox (kpim ToukH x = 0)
IPOXORUTH. TI/ILKH OfHA iHTerpafbHa KpusBa y = 0. OcobGiuBHx po3-
B’g3KiB piBusnng (1.144) He Mae.

Poamimenus interpaabuux kpusux pisudnus (1.145) ma naomuni
x0Oy nokasawo Ha puc. 1.18. 3asnaunmo, mo B Touni x == 0 oci Oy npasa
yaetHHa Audepenuiaabuoro piBuauHa (1.144) He Bu3nauesa. IIpore,
aigcrasisioun x = 0 B 3araabruit po3s’s3ok (1.145), maTuMemo

Y= C0=1.

Hsa pisuicts cnpaBixyersca npu GyAb-sixoMy sHadenni C. Orxe,
Bci imTerpamsni xpumi, kpim inrerpammHol kpusoi y =0, x %0,
npuaarawTs Ao Touku (0; 1).

2. PosrnsineMo nmuTaHHS NMpo iCHYBAHHSA OCOG/IMBHX PpO3-
B’A3KiB A5 AudepeHlianbHOro piBHAHHSA, He PO3B’A3aHOrO Bij-
HOCHO T XiZHOI

"F(x, 4y, y)=0. (1.146)

ko dyrkuia F (x, y, y') B Keaxifi o6nacti TpuBHMipHOro
IIPOCTOpY 3aJ0BOJIbHAE yMOBa TeopeMH I. 1.3, To y Bianosij-
Hill oGnacti miaomuan xOy uyepe3 KOKHY TOUKY (X,, Y,) 32 JAa-
HHAM HampsMKOM NPOXOJUTH TiJILKM ONHA iHTerpasbHa KpPHBA
piBusinasg  (1.14 ).

Orxke, oco6auBi po3B’asku piBHsAHHA (1.146) MoXyTb mpo-
XOINTH TiJIbKY uepe3 Ti TOUKH, B AKHX MHOPYILYIOTHCH YMOBH
3a3HaueHo! Teopemu. 3okpema, skuo F (x, y, y’') HemepepBHa
i Mae HermepepBHi uyacTHHHI MOXiAHi mepmioro mopsaky, ToO

) s,

Puc. 1.17 Puc. 1,18

0]
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0co6uBi PO3B’A3KHM CJIIJ MIYKaTH CEPell THX TOUOK, KOOPAHHATH
AIKHX OIHOYACHO 3aJJ0BOJIbHSIOTb PIBHSAHHS .

{ F(x» Y p) =0,
Fo(x,4,0)=0, p=y"
SIkmo cucrema pisraHb (1.147)- po3p’sa3ana, To6TO icHye

sHaueHns (¥, y), 9Ki 3a40BO/ILHAIOTL ABOM piBHAHHAM (1.147),
TO BHKJIOYAIOYA 3 HUX Napamerp p, HicTaHeMO B 8arajibHOMY

(1.147)

BUNAJAKY AeAKY MHOXKHHY TOYOK

- ?(x, 9 =0, _
sfIKa MOxKe GyTH OCOG/IMBUM PO3B’A3KOM Au(DepEHIiaJbHoro pin-
asaHa (1.146). Taky MHOXHHY TOUOK @ (X, y) = 0 HasUBaOTs
Ouckpuminanmuoio Kpusow picranns (1.146). ‘

Orxe, muckpuMiHanTHi KpaBi pisnsanaa (1.146), aAKwWo
BOHM iCHYIOTh, MOXYTb OyTH OCOGJHBHMH pO3B’I3KAMH 3aja-
HOro piBHAHHA,

3BiAcH BHUNJNBae OAMH i3 CNOCOGIB 3HAXOWKEHHS OCOGJU-
BHX PO3B’a3KiB piBHAHHA (1.146). lis uboro Tpe6a:

8HAHTH JUCKPHMiIHAHTHI KpHBi PiBRAHHSA;

nepeBipuTH, Y4 OyAyTb AUCKPHUMiHAHTHi KpHBi iuTerpab-
HHMA KDUBHMH 3aJaHOTO PiBHSHHS;

TePEBiPUTH, YN NMOPYIIYEThCA BJAACTHBICTH €NHHOCTI B KOXK-
Hifl 3 TOYOK UMX iHTErpajibHUX KPHBHX. '

SIKIO mi ymMOBH BHKOHYIOTbCSl, TO PO3B’A30K .AM(epeHui-
ajnbHoro piBHAHHA (1.146) € 0COGIHBHM.

Npuk aanpn 3naiite ocobnuBuii poas’s30k pisusgHHA

y—zxy +e¥ =0, - (1.148)
Poss’asanna. Ckaajemo piBHANAS A8 AMCKPUMiHAHTHOT KpUBOI
{y —xpJ-eP =0,
—x 4 eP =0,

3uafizemo AHCKpHMiHAHTHY
KDpHUBY
y=xlnx—x (1.149)
Besnocepefnboo  miAcTa-
HOBKOIO MepeBipsiemo, 1o KpuBa
(1.149) e poss’sskoM piBHAH-
Ha (1.148).
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Ockinpru piBusuna (1.148) e piBuaunam Kiepo, To fioro 3a.
ranbHHM po3s’sakom € cim’ss npsmux (pue. 1,19):

y=Cx—é, (1.150)

Sk 6aunmo, WO Yepe3 KOXKHy TOUYKY KPHBOI (1.149) NPOXOAATH

Asi interpanbmi xpubi: xpusa (1.149) i npsima i3 cim’i (1.150). Poa-

B’a30K (1.149) e ocobnuBumM po3p’saskom piBHmnHa (1.148).

Posrasnyuii croci6 3HaxolxkKeHHS 0OCOOGJHBOPO PO3B’SI3KY

nepenbayae nepeBipKy, Y4 € AMCKPHMiHaHTHA KpuBa iHTe-
IpasbHOI0 KPHBOK 3aAanoro nucpepeﬂuiaﬂbuoro piBHAHHA,
[Ipore wuiel nepeBipku MOKHA 1 He POGHTH, CKOPHCTaBIIHCh
TaKOI0 TEOPEMOIO.

TEOPEMA. Axuo F(x, y, p), dep= 2, & obracmi Q

HenepepsHa pasom 3 HACMUHKUMU NOXIOHUMU Nepuiozo no-
pAdky i e il obaacmi ‘

Fy(x, y, p) #0, : (1.151)

mo 0aa moeo, ujob duckpuminanmua xkpusa pienaunns (1.146)
6yaa poss A3Kkom 3A0aH020 DIBHAKKA, HeobXiOHO | Aocmammeo,
wob nopﬂd 8 pisnannuam (1.146) euxonysaracs piswicme

Fy(x, 9, p)+ PFy(x, 5, p) =0.  (L.152)

Mpukaap 3uadrh ocobanBuil posn 30K JAHpepeHUiasbHOTO
piBHsIHES

yi—y=0.

Poss’ asanns. Busnauumo HMCKDHMiHAHTHY KDHBY SaiaHoro pias.
uaHug, [l nboro ckaazeMo cHCTeMy plmmﬂb (1. 14%,

[p_y=0

3sifcn po6uUMO BHCHOBOK, WO AHCKPHMIHAHTHOW KPHBOI € JiHia
y=0,

Ieperipsemo ymomy (1.152):

» Fe (59, 9)+ 0Fy 6,9, ) =0+ 0 (~1) =0,
78

Orxe, y =0 e po3n’siakoM 3ajaHoro piBHAHHA, Ockigbkn Ty?

sarajJIbHEM PO3B’'A3KOM e ciM’s napa60JI y=7 (x+ CR,moy=0e
OCOG/IHBUM DO3B’S3KOM,

KpiM po3rAsHyTOro crocoGy 3HaXoIXKeHHS OCOGJIHBOro
PO3B’AI3KY AudepeHlliaibHOrO PiBHAHHA (1.146), icuye inmuit
cmoci6, B ocnoal SIKOTO JIEKHTb TMOHATTA 06BiAHOT onﬂonapa-

“MeTpHYHOi ciM’i KpPHBHX.

Hexau MaEMO onuonapameTquHy CIM 10 KpHBHX
| ®(t,yC) =0 (1.153)

e C — napamerp, sikHil HaOyBae SHaueHb, HaNpHKIajk, 3 He-
Akoro npomixky (Cy, C,).

Kpusy ! nasusaioth 066i0n0r0 cim’i kpusux (1.153), sxmo
B KOXKHIi#l 1i Touni icHye cmisbHa AOTHYHA ZO OfHiel 3 KPHBHX
nanoi cim’i (pume. 1.20).

[Mpunycrumo, mwo cim’s kpuux (1.153) e saranbenm iHTe-
rpajioM JH¢pepeHIiaIbHOrO PiBHAHHA (1. 146 Toni saxwo
1(cnye o6BiZHa, TO BOHA € OCOG/JMBUM pO3B’SI3KOM PiBHSAHHS

1.146),

CnpaBni Bi3bMeMO Ha oGBmHm AOBIIbHY TOUKY M (x, y).
¥ 1uiii Touni, fKa OAHOYACHO HAaJIEXKUTDb i OJHill 3 iHTErpanbHUX
KpPHBHX, HAIPSMOK AOTHYHOT o 06BiAHOI 36iraernes 3 Hanp sIMKOM
noJssi, sajgaHoro AndepenuiajibHuM piBHaHHsM (1.146). Otxe,
#¥puBa [ e po3B’dA3KoM 3agaHoro JudepeHLiaJbHOro piBHAHHA,
OckisbKu uepe3s KOMHY TOUKY KpHBOI ! Mpoxoasitb ABi iHTe-
rpaabHi kpusi (kpuBa I i opHa 3 Kpusux cim’i (1.153)), To [
€ 0co6JHBAM pO3B’si3KoM piBHsinHsA (1.146).

Posrasuemo, sk, 3Haioun cim’io Kpusux (1.146), sHafith
06BifHY niei cim’i, fKmo, 3BUYaiiHo, oOBigHa aas wiel cim’i
icHye. 3a3HayhMo, IO He KOXHA OXHONapaMeTpHulla cimM’s
KPHBHX Mae o6siany. Hanpukaag, cim’ss mpamux y = Cx
Ta ciM’s KOHIEHTPHUHHX Kin Y4 x*— C*= 0 ofBigHHX He
MaloTh, TOAI sK ciM’'s mapaboa y = (x + C)* mae o6BinHY
y = 0 (puc. 1.21). CiM’s xia (x — C)*+ y®= R*® mae 1Bi 06-
Bigai y = R i y = —R (puc. 1.22).

BHBe}IeMO Heo6xmm YMOBH iCHYBaHHsI OGBiRHOI.

Hexait cim’s kpnBux (1.153) mae 06BiaHy, piBHAHHSA AKOi
sanHcaHo B MapaMeTpuuHiil . popmi:

x=x(), y=y @, (1.154),‘

e x (f), y (f) — audepennifioBni PyHKuii na AesikoMy mipo-
MiXKy (@, B).



Ockinbky ofBigna mpu pissux C foTHKaeTbes pisHAX KpH-
BHX i3 cim’T (1.153), to Beanunny C B (1.153) moxkHa po3ras-
JaTe K pyHkuio ¢, To6To

C=C (.

Ipunycrnmo, mo C'(f) =0 nas t € (o, B). ¥V nporusHo-
" My pasl ofBizHa B KOXHIH CBOii TOUL AOTHKATHMETbCS Ti€j
camoi kpusoi i3 ¢iM'l (1.153), a oTxe, BOHA 3ineTbes 8 i€
KPHEBOIO.
[liscrabuBun 3HavenHs (1.154) y piBusana - (1.153), xi-
CTaHEMO TOTOXKHICTb :

Q@) y@®, CE)=0.

Hexa# @ (x, y, C) mae venepepsHi yacTuHHi moxigmi mep-
moro nopsaiaky. Toani

D (1) + D,y () + DL’ (1) =0 (1.155)

3Hafinemo KyToBu#i KoediuieHr k£ gotmuHol fo Kpusoi i3
eim’i (1.153) npu ywmosi, mo @, 0:

Kyrosuii koediuient £, soruunoi no o6sinnoi Aopismce

U]
N

Ilpore k.= k;,. Tomy
Dy’ (B) + Dy’ () =0.

3 piBusanua (1.155) maemo
D¢ (x, y,C)=0.

Puc. 1.21 Pac, 1,22
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 Orxe, akmo cimM’a kpueux (1.153) Mae o6Biany i B KOXKHiH
Touli KpHBHX 3 Ljel ciM'i D, (x, y, C) 5% 0 abo D, (x, y, C) #+ 0,
TO KQOpAHHATH OOBiZHOI ONHOYACHO 3aJOBOJBHSIOTH = PiB-
HAHHSA ’ '

® (x (), (&), C () =0,
{‘.D'c(x @, y (@), C(t)=0. (1.156)

¥YmoBu (1.156) €, TakuM unHOM, HEOOXifHHMH AN TOTO,
mo6 kpuBa (1.154) 6yna o6eignoio cim’i - kpuBux (1.153).
KpuBy, KOOpZHHATH KOXHOI TOUKH AKOI 3aJ0BOJIbHAIOTH CHCTe-
My piBusHb (1.156), Ha3uBaOTL GUCKPUMIHAHMHOW KpPUBOIHD
ciM’l kpuBux (1.153). _

Hosenemo, mo ymoeu (1.156) y BHmafky, KOMH B KOXKHIi
toyui kpusoi (1.164) @) i @, oAnouacto He AOPiBHIOIOTL HYJO,
€ JoCTaTHIMM HJjsi Toro, wo6 us kKpusa Oyna oOBiAHOWO AJf
cim’i xpusux (1.153).

Copasai, Bexaf

@, (x (1), y (1), C(O) 0.

Iudepenniioioun nmepmy Totoxmicts cucremu (1.156) mo #,
MaTHMEMO

Dx' (1) + Dy’ (1) + DC* (#) = 0.
3BizacH, srinHo 8 piBHAHHAM (1.156),
O’ (t) + Oy’ (1) =O.
Orxe,

To6TO JIOCTaTHICTH JAOBELEHO.

Taknam unHOM, ANS 3HaXOKEHHS OOGBIZHOT onHomapamer-
puyHoi ciM’i KpuBux Tpeba:

i3 cucremn piBasHb (1.156) ea nomoMorow BHKJIOYEHHA
napamerpa C 3HafiTH  AHCKpHUMiHAHTHY  KpHBY - JaHOI
cim’i; ‘
i3 3106yTOi TaKHM CIOCOGOM JNMCKPHMIiHAHTHOI KPHBOI
Buayunrn Toukn, ne O 1 O, onnouacHo HOPiBHICIOTH
HyJ10. '

Ta yacTHHa AMCKPHMiHAaHTHOI KPHBOI, WO 8a/HILKAACSH, i €
o0Bignoio 8ajaHoi ciM’i KpHBHX.
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MpH Kk napge 3uafiTh ocobauBuii possp’ A30K nmpepeﬂmanbnoro
piBusnng JKaepo

v=2x+% @) (1,157)

Po3s’a3anKA, 3arajbHAM PO3B’SI3KOM LBOTO piBHsAHHA € ciM’a
NpAMHS )

y=Cx4 9 Q). (1.188)

ne C — mosinbua crana,

Ilo6ynysasmu aas pisusHus (1,157) CHCTEMy pisnaus (1,156),
MaTHMeMO

—Cx—p(C) =0,
%o, {159

uepes x:

= o (x).

IMincraBuMo Le 3naueHHs B mepme piBuAnHA cucreMu (1,59):

cy = x0 (%) + P (o(x). (1.160)

Ockinbky ®y== 1% 0, T0 fuckpuminantaa Kpusa (1.160) e o6pin-
HOW ciM'l MPAMHX (1.158).

Orxe, poss’ssok (1. 160) € 0COGJHMBHM pO3B'A3KOM NudepeHniatb-
noro piBuanmna Kaepo (1.157).

¥ n. 1.6 6y.0 nosezeno, o (1. 160)‘ € PO3B’SI3KOM piBHSHHS
Kaepo. Tyt noseneno, mo uei poss HSOK € oco6aHBuM i, KpiM
TOro, BiH € OGBIfHOW 3ara/jbHOrO PO3B’ASKY— CiM’i NPAMHX
(1.158).

Mpuknan 3uality ocobiausBHit po3s’ss3or AndepennianbHOTO
piBHSIHHS, FKIO 3anaHO HOro 3arajbHUA PO3B’A30K:

y — C3%3*4 2C%x — C = 0,
Posg’ asanna. CraageMo cucreMy piBHAHB Jasi JAHCKPHMiHaHTHOL
KpUBOi

y—C3%2 4 2C% —C = 0;
{4Cx —~3C%2— 1=

.3sincu aicranemo nsi AnckpuMinanThi kpusl

4
=0, =___.,
y Y=

Ocklnbkn @), = 1,70 B3NOBXK UuX kxpusHx @ 54 0. Tomy AHCKDH-

Minantui Kpusi e 0co6/IMBHME PO3B’A3KAMH nquepeumamuoro pis-
Hauua (pue, 1,23),

®

[punyeTuMo, mo 38 Apyroro pisEAHHa MOXHA Bupasutn C

Pac. 1.23

3a0aua (npo3nax00%icenHn 0CO6ALB020 PO3B A3KY
DIBHARHA KKPpUBOL, PIBHOMIPHO 0CBIMALCHOL Ooicepenom
céimaa). Hexail nuiinpuyHa moBepXHs AOCHTh MaJOl BHCOTH
OCBIiT/IOETLCA JKepesom cBiTia O (puc. 1.24), mo posmimeHe
B ILVIOUIMHI, NMepneHAMKYAAPHiA Ao TBipHUX nuainiapa. Hexai
Fy— cryninb ocBitiieHOCTI NOBEpXHi, fIKa BHAXOAUTHCHA Bif
Jokepesia Ha BifcraHi, WO XOPiBHIOE OAMHHUII, NPH yMOBi, LIO
npomeHi cBiTia nepreHMKysipui Ao nosepxui. Toai eryminp
ocBiT/ienocTi eneMeHTapHOI nuomafky M nopuzmoe

F—F sin @

073

Jie r — BifcTaHb ILIOMAAKH Bill Mxkepena cBiTia O, @ — Ky?D.
MiXK pafiiycom-BeKTopoM r i JoTiyHoio T' 8 Toqui M 10 Hanpam-
Hol JiH{l muainapa. 3uaiizemo dopmy uiei Hanpsmuoi Ass
BHIAAKY, KOJH CTYMiHb OCBIT/IEHOCTi BCiX TOYOK NOBEPXHi 1u-
. JMiHApa ORMH i TOM camuii i fo-
n pisnoe k. Posmictumo B
tTouri O MNOMOC mMOJSPHOL
v > .y  CHMCTeMH KOOpAHHAT i mo-
o 3HayHMO uepes O KyT MiX
g x Biccio Ox i pagniyc-BekTo-
-~ poum r. OTxe, 32 yMOBOIO

Puc, 1,24



.0
r

Ve

sing =

[le nmicraemo 3 dopmyn tge =r: (%) , e @—KyT MIX
paniycoM-BeKTOpoM i noTHuHOW 10 KpuBOi. OTiXe,
7
Ve (%)
3BiIKH
e g
dr V' F,— &%t Fy

abo

= o’ : , = 249.

IHTErpyIouH, 3HAXOJUMO
2

arcsin’%:%-{-c, abo r? = %sin (20 + C).
0

Iarerpansui kpuBi € Jemuickatu. Ha puc. 1.25 HOKaS;HO
. . . . R I + O
Kpusi, Biarosigdi sHavenHam C, ske gopismoe 0, 5, 7 1 5 -
Kpim sara/ipHoro interpana ue zudeperuianbhe piBHAHHA Mae
oco6muBHA pO3B’30K, AKMA HicTaHemMo, BHKJ/IOYMBLUM napa-
merp C i3 cucremu
r? p
A —sin (20 4-C) =0,
0
—c0s(20 4+ C) = 0.
Ockinbku cos (20 + C) = 0, 1o sin (26 + C) =1 i siamno-
BigHO r®= F,/k. Ue i € oco6auBuil poss’a30K. 3 TEOMETPHYHOI
TOUKH 30py BiH 3alaec piBHsAHHA kona pagiyca V Fo/k. Komo

€ ofBigHa ciM'l JeMHicKar, 3ajaHUX 3arajpHUM iHTErpaJjiom
(puc. 1.25).

b ' ' ‘
ri=gisin28 .- =£" cos28 r” =-‘£’ sin26 /'2=-7f“’ cos28

Puc, 1.26

1.8. Oproroxanbhi M isoronanshi Tpaekropii

Hexaii maemo oxHonapamerpuyHy ciM’io KpUBHX
D,y C)=0. (1.161)
Jlinii, uo meperunaots yci kpusi c¢im’i (1.161) nia craaum
KyTOM, Ha3HBAOTb (3020HAAbHUMU MpasKmopiamu. FIKI0 ued
KYT OPSIMEE, TO TPAEKTOPil HA3UBAIOTb OPIMOCOHANLHUMY.
Opmozonaasni mpackmopii. 3Haknemo piBHSHHESA OPTO-
roHa/bHUX TpaekTopild. 3anuiuemo AudepeHnianbHe PiBHAHHSA
sajanoi ciM’'i KpHBHX, BHK/MoyuBII® mapamerp C i3 cHcreMH
piBHSHD. S
iy (x’ Y, C) =0;
O, + D, - y*=0.
[Ipunyctamo, w0 AicTans Take AudepeniiaibHe PIBHAHHA:
_ Fx,y,9)=0, (1.162)
ze y'— KyToBHi KoedilieHT XoTHUHO! A0 KpuBOi ciM’i B TOYLi
M (x, y). OckinbKu opTOroHaJbHA TPAEKTOPifl, 10 MPOXOIHTH
uepes Touky M (x, y), nepnenaukyasnpua 1o Bianosianoi kpueoi
ciM’i (puc. 1.27), To KyroBuii KoebiuiedT moruyHoi J0 Hel
dyrldx 38’s3auuit 3 dy/dx cniBBiZHOWEHHAM

ay__ 1
dx - dyT :
dx

[TincraBastoun ueit Bupas y pisHanus (1.162) i onycruswn
jagerc T, RicraHemo 3ajieXHicTb MK KOOpAHHATAMH AOBi/JIbHOI
TOuKA (X, y) i KyroBHM KoebiuienToM opTorodanbioi Tpackropil
B Wi# Toulij, ToOTo AudepeHniaNbHe PIBHAHHS OpPTOrOHANLHHX

o TpaekTopin
Jacmuni poshasku

1
Flx y Yy, — | = 0.
Oeobnubug ( Y ‘12\)
po3b’Az0R dx/

__9:,
2
s o M("',U)
Z
‘, amnd
0/‘:9"‘“”"“_“" X
1
Puc. 1.26 Pue. 1.27
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3aranabHni inTerpan nporo piBHAHHA
D, (v, y, C) =

BU3Hauae ¢iM’l0 OpTOroHaJbLHHX TPaEKTOPiH.

3 opToroHaJbHUMH TPAEKTOPifAIMH JOBOIAMTHECS MATH CIpa-
By, HamnpukJal, [pH jAocaifkeHHi miockoi Teuii pigunu,

Tpunycrumo, wo Teuis PiAHHM B IVIOWHAI NPOXOAHTHL TaK,
wWo B KOXHiA Touli muomunH xOy BH3HAUEHO BEKTOp © (X, )
WBKAKOCT PYXy. SIKWO el BEKTOp BajeXHTb TiNbKH Bill
OJIOXKEHHA TOUKH Ha IuiouvHi i He 3a/nexuThb Bif wacy,To pyXx
Ha3HBAETbCH CMAULOHAPHUM. Posrisnemo fioro. Ilpunycrumo,
wo icHye noTenuian weHAKoCTel, T06T0 Taka pyHKuia U * y),
mo mpoeknii BEKTOPa ¥ (x, y) Ha oci KoopaKHaT U, 1 v, € ii
YAaCTHHHHMH TOXIIHUMH MO X i Y1

ou ou
5 = Ur 5 = Uy : (1.163)
JIinil cim’1 ) ‘
U, y)=C (1.164)

HA3HBAOTb eKkainomenyiaronumy, TO6TO JNIHiIMH OIHAKOBOTO |

noTeHniaay.

Jlinii, motauni no sIKMX y Beix Toykax sbiraioTbca Ba Ha-
MpsIMKOM 3 BEKTOpOM © (¥, Y), HasuBaloTb Aimiamu meuii i
Oaroms mpaekmopii pyxy mMa4oxK,

_ [Moxaxemo, mo ainii Teuil € opTOroHaJLHUMHU TPaEKTOPiAMH
ciM’i ekBinoTeHUianbHUX JiHIiA.

Hexalt ¢ — kyr, yrBopeHuii BekTopoM © 8 Biccio Ox
(puc. 1.28). Bpaxosywoun (1.163), maemo

ou ou .
5 =|vlcose, 5o =|o[sing,

3BIAKH gHaremMo KYTOBHPI KOC(I)[ILIEIHT }IOTI/I‘iHOI J.[O JIiHll
rre'm

| \\//
. \¢ ﬁ’ii‘i\\\' |

aa
tgo=—==, U=U(x,y).
6x '

KyroBu#t Koebinient fotrurol Ao ekBinoTeRNniabRNX MiHil
RicraeMo, aubepenuirioun mo x pisuiers (1.164):

U
au U | dy dy _ Ox
3 ' i =0, SBIILK = @.

Oy

Takum umHOM, KyTOBHH Koediuienr - exBimoreHmiaabHOL
Jainii e obepHeHHM 3a BEJHYUHOWO i NPOTHJIEKHIM 82 BHAKOM
Koeiniedry Roruusoi fo minii teuii., Orke, ekBinoTeHuia/ibHi
Jigii i Jainii Teuii B3aeMHO opTOTOHAMBHI,

b Jlaa enekTpuyHOro aGo MarHiTHOTO MOJA OPTOrOHANbHUMH
TpaekTopiaMH ciM’i ekBinmoTeHuiaJbHHX JiHiIA € CHJIOBI JiHii
IbOTO IOJS.

Npukaapg 3nafiTu oproromannui Tpaektopii ciM’i mapaGoa
_ y = Cx2
Posg’asannn, 3anumemo AudepenliaabHe piBHAHHA ciM’'i}
y = Cx?;.
Yy’ = 2Cx,
Bukmouusmu €, Alecranemo aupepenuianbie PiBHAHHA
| o2,

Y X

‘ 1
3aminuBwn y° Ha — 7, maThMemo Audepennianewe piBnAmHs cim’f

OpTOTOHANBHUX TPaeKTOpik

1 2 1
 — — 60 d = e dxo
W% a0 vy 3 "
Orxxe, MaeMO 3araibHuil iHTerpan

LNy Lo
4_{ 2

OpToronansnrmu TpaexTopiamMu sanarof cim’l napa6on e nesxa
ciM’s enincis 8 nisocsimu a = 2C, b = CVY'2 (puc. 1.29).

I3020nanrsnl mpackmopii. Hexait tpaekropii neperu-
HaloTh KpHBi 3anaHoi ciM’i mig kyroM o (puc.!.130), mpuyomy

{ge = . Kyrtosnuii Koeqnmcm: d = tg ¢ KOTHYHOI NO KPHBOI

L f



cim’l 1 kyToBHi KoedinieHT ‘ZiT = tg ¥ Ro isoronajbHOlI Tpa-
X .

¢KTopii 8B’s3ani cmiBBigHOmEHHAM

tgp—t
tgo=tg(v—a) = Fhi,

T0610
dy _ dx " :
o= s (1.165)
R~

R . s
[TligcraBaswoun veit Bupas y pisasnna (1.162) i onmycruBn
imgeke 7, nicranemo audepeHniajJbHe piBHAHHS i30TOHAJb-
HHX TpaeKTopii.

Wpukaapn, 3nafru isoronansui Tpaexropii cim'l npamux
y = Cx,

0o nepeTHnaloTs Ainil samanoi cim’i mia kyrom a, npuuomy tg a = k.
Poss’asannq, 3anumemo Andepenliadbhe piBHAHHA  3ajanof
cim'f;

y =Cx;
{y’=0-
3BiacH
y’= 1 60 @:-g—.
v 5 i

Pac, 1.30  Pac, L3I
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Onycrusmn ingekc 7T, snafizeMo

Y -
dx 1 —r Y
X

_ Interpyoun me oxHopimue piBmEAHEs, AicTaHemo 3aranbHUE inTerpan

anx_Z—i—y3=_;~arctg%+lnC, (1.166)

axuft 1 BusHauae ciM’jo isoromanbuux tpaektopifl. o6 8’acysary, aki
KpHuBi BXOAATE B III0 CiM’I0, NepefileMo A0 MOMSPHHX KOOpAHHAT]

L=tgy, VAL i=p

Temep i3 (1,166) amicranemo

)
]np=71-q>—|—lnc. 860 p=Ce % ,

Orxke, ciM’s isoroHanbaux TpaekTopifi € cim’elo Jdorapupmivnux
cmipaaelr (puc. 1.31),

Péa.qin 2

AUDEPEHL!ANTbHI PIBUSAHHSE

BULLUMX NOPAOKIB. 3ATANbHI NUTAHHA.
PIBHAHHY, WO NOMNYCKAIOTH 3HMIKXEHHSA
noPSAKY

2.1. 3aranbHi nuTaHHS

Ho audepoHii JIbHEX PiBHAHD BHIHNX MOPSAKIB NPUB OAHTD
Uit pAn 3anau.
HOnbepenuiajinHe piBHAHHA £-ro NOPSAKY B 8aralbHOMY
BHJIi BaMUCYIOTb TaK:
‘ “F 0,09 oo , y® ) =0. 2.0
Tyt F (4, v5, vy, ... , Un) — DYyHKHiA, HenepepBHa pasom i3
CBOIMH YaCTHHHUMH NOXiAHHMH
Foo Foyy oovy Fo,
8 feakoil o6nacti D To40K (U, Ug, Ugy «uv , Uy) (1 -+ 2) - BUMIp-
HOro npoCTopy. o
SIkmo piBnanAsa (2.1) MoXHa po3B’Asaty BiiHocHO n-i mO-
xignoi, To Horo samucyiOTh Tak: }
Y =fx 0y, ..,y . (2.2)
3arajgrHuM po3B’A3KOM 1bOro piBHAHHA € QyHKLiA y B x i B

He3aﬂe)Kﬂ_Hx CTaJINX,
vy=9v (x, Cl.» Cz, ey Cn)_a (2-32
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1

flKa BaJOBOJIbHSE Bajane AutbepeHnjaabHe PiBHAHHS OPH AO-
BliibHNX sHavenssx Ci, C,, ... , Cn.

BHaxomKeHHs UaCTHHHOro pO3B's8Ky piaamms (2.1),
(2 2) npu movuatKoBHX YyMOBax

Yiymr, = Y00 Yjgmz, = Yo + - 3 yfg;—?o = yf)nel), 2.9)
T€ Xos Yoy Yoy oo+ 5 y<"“”—3a11aﬂi yHcaa, € sajauero Komri.

TEOPEMA (npo icuysanns po3e’asky) dupepenyians-
He piHAnKA 6uby (2.2) mae eDunull poss’ 30K, w0 3a0080N6HAE
nodamxoei ymoeu (2.4), koau npasa wacmuna pienanus (2.2) e
HENEPepsron (YRKYIEI SMIKRUX Xy Yy Yy oy Y15

wacmunni noxiOni yiel gynxgitl no y, y'y 4y ., YO
obmesceni 8 obaacii D,

SIkmo posruIAAaTH PiBHAHHA JPYroro mOPSAKY Yy =
=f(x, y, y '), To a5 BEOTO MATHMEMO TaKi MOYATKOBI YMOBH:
Y=1UYn Y =yo UPH X=1x, I X, Y Yo — 8ajani
JiHeJa.

T'eomeTpHYHM BMiCT TOUaTKOBHX YMOB TakHil: uepes safaHy
TOYKY ILIOWMHH (Xo, Yo) 18 8aNaHMM TaHreHCOM KyTa HaXuay
JOTHYHOI Yo TMPOXOHMTH €iMHA KpHBA. 3BiiCH, AKIIO S8ajapaTH
pisni sHaueHHS Yy NpH eTaMUX ¥y i Yo, TO AicTaHEMO HeCKiH-
YeHHY MHOXKHHY iHTerpajbHHX KDHBHX B DiSHHMH KYTaMH
Haxuay, ski npoXoasiTb uepes 8ajaHy TOUKY.

Y nofa/sblioMy pO3PJsSAaTHMEMO TiIbKH fefKi THNH Auce-
peHLliaNbHUX PIBHSHD N-r0 MOPAAKY, N > 2, AKi JONyCKaloTh
BHHKEHHS NOPAAKY, a TaKoXK JiHifH] nnq)epenma.nbm piBHSRHSA

n-ro THOpAAKY.

Cria sasHauutd, WO AN PiBHAHDL BHIIOTO NMOPSAKY MOPSA
8 sajavelo Kowi posraszaiors me Tak spani FpaHuuRi sanaul,
a6o Kpafiosi.

2.2. PiBusHHg, 110 AONYCKAIOTh 3HMIKEHHS NOPSAKY

Pipusnns sagy y = f(x)
1. Judepenuianpne piBHAHHA
Y™ = [ (x), (2.5)
ne f(x) — nenepepsra ¢ynkuia ma sigpisy I=la; 0],

inTerpyerbcs B KkBaAparypax. Cnpasji, samsuemo foro y
BUPIALL

dy(" —!)

= ()

alo

d(y=b) = f (x) dx.

Toni.

yod = § 1 dx + Cy

Ae xy— JoBinbHe (iKCOBaHe 3HAUEHHA X (%90 % (I) a Cy—
craja iHTerpyBaHHA.
Iarerpyioun anajoriuHo jani, AicraHemMo

g = f(ff(x)dx+cl)dx+cz_

=‘§ f f(x)dxdx+cl(x¥xo)+cz;
y<n-s)=ffjf(x)dxdxdx+0 ("_”") +

i, napewri,

y )= f

X
n

.+Cax_l—|x’o+ca; cee

e
S'f(x)dx deC A

n

+C, ————"“"‘0’ + oo +Ca E52+Cp

(n

gy

Ao B3ATH Xo= 0 1 saminuTH

C

l(n

T He C,, Cy—= (n i 1A C,ir n,

€0 3arajJbHAA pO3B’A30K (2.6) MaTHMe BHULJAL

x

v =] "°5f(x)dx'~dx+01xﬂ'f+

(]

St et n

+ szn—Q + e +Cx 4G,

®opmyna (2.6) e ,poss 'si3koM Takoi sazaui Kowi:
sHaliTH po3B’A30K piBHAHHS (2.5), mo 8a0BOJbHSE TaKi

NOYaTKOBi YMOBH

'y0= Cm yl')

npH X = Xy

= qu-—lj ces 3 y(on»2) = C'. ygn'.'l) == Gi’

(2.6)

(2.7)
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{Tepmmit fonaHoK npasoi yacTuHH y dopmyri (2.6)

v(x)S Xf(x)dx @y

Xo n

n

€ 4acTHHHHM PO3B’a3KoM piBHAHAA (2.5), AKui pasoM 8i cBOiMH
noXifiHUMH 10 (n — 1) -FO- HOPAIKY rxepeTBopxoerbcn B HyJb
IpH X = Xg.-

Bupas (2.8) mictuts n kBazmparyp, ane iX MOXKHA 3aMiHMTH
OfHi€l0, a caMe — MOXHA [OKas3aTH, WO CNPAB/KYETHCA
dopmyaa Kowi -

o) = mf £ (x — ty=t dt. @.9)

Hexait n = 2. Posrasinemo IHTel?paJl

S Sf(x)dxdx_j duf f)d

Bo Xo

K IOBTOPHHM, SKHH [ODPiBHIOE BllIrIOBlllHOMy nofBifiHOMy
inTerpany no obaacri, o6Mexerifi npsamumu (puc. 2.1):

u=x,1=x,1{=u.
3uminoloun nopsAloK iHTerpysaHHs, AicTaeMo

Sdus f(l‘)dt—S f(ﬂdfjdu—gf(t)(x—t)dt
a TOM;“ _
{ { Fdx={roe—nan

Ananoriua

f f ff(x)dxdxdx:

Xo %o Xo

= S’Eduf f@)(u—0t)dt =

,=£f(t)dt5(u—t)du=

Puc. 2.1
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L roe—na

IMepefinemo 1o moBinbuoro n. Ilpunyctumo, mo aaa n—1

x X x

C
5. te S' fx)dx --- dx=(7j2)—,§f(t)(x——t)”*2dt.
Xg %o =l %o

Ploin]

Toni

X X X /3

f o Sf(x)dx dx=m——:—2ﬁj.duj‘f(t)(u——t)"‘2dt=
o %o n *o %o -

= (,,—_lg)—l‘s‘f(t) dty(u—t)"—2du=

x
1 |
e | Fo =ty

T06T0 Ta cama (opmysa CrpaBIKyeTbcs H AJIs NOBI/LHOTO 7.
~ Orxe, cnpasenmusicts ¢opmyan Komi (2.9) soseseno.
lle nae amory sanucaru saraqbHuii posB’sn3ok (2.6), (2.7)
TaK:

Yy="P,o_(x)+ v(x),

ae P,,_l(x)- anreGpaiyauii MHoroused (n— 1)-ro crenens
3 JOBiMIbHUMH KoedinieHTamu,

dopmyaa (2.9) Bu3Hauae pO3B’A30K plBHﬁHHﬂ (2.5) 8 ny- .
JIbOBMMH MOYAaTKOBHMH yMoBaMi: y = 0, y'= 0, ... , y»—) =
=0 npun x = x,.

Slkmo pas piBasnHA (2.5) sanaHi moyarkoBi yMOBH

y= yo) y’ = y:), ve oy y(n—l) = y(on\-l) np“ X = xO’
TO Jlicranemo po3s’si3ok y dopmi Kotwi

X

= | C=0 rdi 4 g, + gy ES g

%o

o (X — Xxp)* -1 E—xg)"~
+yo‘_2]-o‘+ +!/(n 1)—(;__0—1)1-.
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NMpukaapg Poas'ssars pisusdus
y"= sin x,

Poss’asanna, Maemo

y'= —cos x + Cy,

3BiAxm I
y = —sin x + Ci1x + C,.
BMPABMU |
Poap’asatu pisnsuns: _
1. " =sin?x. 2. y=Inx
3. y"=sinx cos x. 4, y' = sec‘“‘%.
5. y”’=e”‘—-—_;_. 6. yIV=e"+ 1
7. YV = ez, 8, y" = xe*.
9, Yy = cos 2x. - 10. " = 60x2,

Binbui saranbuui BHA, Hi}K piBugnEa (2.5), Mae piBHAHHS
F (x, ym ) =0. (2.10)
Po3B’A30Kk 1bOro piBHAHHS 4acTO MOJAIOTh Y MapaMeTPHUHiH
topmi
x=9 @), ¥ =1 (@),
ze @ (f) — nmpepeumuosﬂa ¢yukuin, Toni saraabunii iHTerpan
TeX y napaMmerpuuHiii ¢opmi Mae. BuraaA

{ x=x(0CyCy, ... ,C),
Y=yt Cy,Cy vy C).
Jani snaxogumo :
dy=D = y dx,
dy= = (8 ¢’ (1) dt.
3sigcu :
o= (9O @ (dl +C, =¥, C).
Anasnoriuno 3Haxomumo y~2) i1, x. B pesyabrari nHictanemo
. y=\pn(t, Cl’ C25 "':C").’
Orxe, cucreMa :
{x=¢®,

y—-‘l’ (¢, Clrcz’ s Cn)

@ sarajbHum iHTerpajoM piBHsuuHa (2.10) y napameTpuqmﬁ

¢opmi.
2, PosrasiHeMo DiBHAHHA BAZY

E (yo=D, ym) = 0. @.11)
4

ﬂxmo ue piBHﬂHHH JonycKae posB’si3oK

Y0 = f(ye-),
TO, BBIiBIIH HOBY Hesmomy dyHKLiio u = y*=i, nicraHemo
u'=f (u). . 2.12)
3aranbuuM iATerpadoM piBHmEHA (2.12) e '
| x4 Cy= | 55 F0) 0. @.13)
[Mpunycramo, mwo (2.13) MoxHa po3B’sA3aTH BiHOCHO u: .
u= ‘P(x, 1)9 abo y(nil) == P (X, Cl) (2 14)

Sl Gaummo, plBHﬂHHﬂ (2.14) e pisuauns Tuny (2.5), TOAl 8a-
rajbHHE po3B’sI30K piBHAHHA (2.11) MarHMe BHIJIAA

H"‘SS S\p(x, Cldxdx ... dx+

+ sz”"Q F ores - Cn-—-lx +C,.
ko piBusinHa (2.11) MoXKHA mojaTi B MapaMeTpHyHift dopmi-
_ Yy =g (), y"=H =9 (1),

ae 1|> ) — nnq)epeﬂumomia dynKuis, To mpouec m’rerpyBaHHﬂ
piBHanEHA (2,11) spificHioeTbess Tak: i3 CHiBBiAHOLieHHSA
dyr=1) == y®™ dx sHaxoAUMO

_ gDy at

=" =0 *
8BiZKH

P’ () dt

(P(t) + Cl—g(tl 1) (2‘15)
Jajli 3HaxoAumo

dyn=d) = yn=ddy, .., ,dy= y‘ dx;
U= 5 dit Cym it Co or G (216)

Cucrema (2.15), (2.16) sagae saraibHHH iHTerpad piBHAHHS
(2.11) y napamerpuuniii dopmi.
3, PiBuanHa BHAy

E(yn—2y ym) =0 2.17)
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BBEJICHHAM 3MiHEO1 ) .
: U = yn=3 (2.18)

8BOJHTbLCS A0 PIBHSHHS APYroro HopsiiKy
F (4, u') = 0. (2.19)
IMpunycrumo, mwo (2.19) pos3s’siane BiHOCHO #°’: .
' =} (a). (2.20)

[Tomuoxusmn * (2.20) Ha iHTerpyiouuii MHOXHUK p = 24,
MaTHMEMO.

'y’ = 2f (wu'.
3Biacu

@) =2(fwdu+C,

a oTXe,

V?Sf u) du +Cy

Sdraabuft iHTErpan plBHHHHﬂ (2. 20 MaTUMe BUIJIA]

—xCy
y Vsz W du +C, *

Tenep, Bpaxosytoun (2.18), nicraemo
. Wix, yn=2, C;, C) = 0.
e e andepenuianbie piBHsiHAS (1 — 2)-ro nopaaky tuny (2.10),

fKe [HTErpyeTbc B KBalparypax.
Slkwo piBasinug (2.11) Nonyckae mnapameTpuuyHe NOAAHHS,

Yy = @(f), y* = (),

%0 Gpouec iHTerpyBalfa 3HifICHIOETLCS TaK.
I3 cnissianouiens

“dy =D = y™ dx, dyn—2 = yo=D) gy

— dx 2§ fru)du+ €, 0.

1iCTaEMO
g dye = o (O ¥ (9) b,
3BiJKH

o — = ) 2 (ot @a+c,=te Cy).
Orxe, y@—D | y™ Moxna nogatd B napameTpuuHiil popmi

{ Yy =g (t);
y(n*” = E (t’ C1)’

TO6TO 3ajauy 3BefieHO N0 iHTerpyBaHHs piBHAHHA Tumy (2.11).
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Pmmmml apyroro NOpsAKY, AKe He micTurp Hemimomol

Gynxuii
-1. Hexa#i maeMo AubepeHmiaibHe PiBHAHHSN

y'=1f(xy). 2.21)
ze npaBa 'yacTMHA He MICTHTb (pynxuno Y. '
. [Tosnaunmo

y'=p,
TOXL
y'=r".
"Orxe, AicTaHeMo- piBHSHHSI TMepLIOro nop;me Bumocno
HeBifioMoi dyHKUil p (x):
‘ p'=1Fx p).
Hexafi fioro saranbHufi po3B’sI30K
' p=p @ C).
Toxni 8 pmuoc'n% =p eﬂafmemo saranpHuf iHTErpan pis-
HauHa (2.21):

Y= S‘P(x’ Cl)dx—I—G,.
IMpuxaaf. 3nafite . 3araabHul pdaa’ﬁsox piBHSIHHS
Y =aVT— ()
" Po3s’ asanua. Hexaﬁ y'= p. Toni y" = p’. OTke, MaeMO plB}mHHﬂ
p'=a Vl — 3,
PO3B’A30K AKOTO

p = sin (ax + C)). .
8aranbHAM po3B’A3KOM 3ananoro pisHdung e

' y=-——_:1. cos (ax + Cy) -} C,.

3aysaxcenns. Ananoriuno iurerpyerbca piBnsSHHS -
¥ = f(x, y"‘“’) 229
KO BHKOHATH 3aMiny y(""l) =p, =

BNPABHU

Posw’sizath  Taki piBmsuHA:

l.xy —|-y’==x2-|-l 2, xy' =y

3. x ;; 4y’ =2 4, Xy 4 xy =1
5. 18" = (y')s 8 ()t l=x
Toye=y'lnx 8 ytgx=y 41
9. Y=y +x 10, xy" — y' = 1.
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2 PiBusHHSA, fKe He MICTHTH HeBiTomol ¢)yHKIul i KiJIBKOX
TIOC/1i JOBHHX ~ MOXiAHUX
F(x, ym, ymth  yM =0, lem<n, (2. 23)
8a JIONOMOrOK0 3aMiHH Y™ = y, Je u — HOBa HeBigoma (yH-
KIisi, 3BOARTbCA RO piBHAHHA (n -— /M)-ro TOPSIKY
F(x,u,u’, ... ,ur—m)=0. (2.24)

SIxmo pxsxmmm (2 24) IHTePpyETbCH B KBajparypax, To, Io- -

BepTalO‘lHCb pile] 8MiHHOT y, IllCTaHEMO
Y™ = @ (x, Cli vor s Crom),

d)(xy y(m), CI’ DR Cn-sm) =
‘e e piBHsHHA THIY (2.10),

a6o

Pisusinns apyroro nopsiaky, ke He Mae
He3aJlexHoi 3MiHHOT

'1. Hexa# maemo piBHAHHA

y=Ffuy) (2.25)
Lle piBHAHHA ABHO He MicTuTb HesaslexkHy aMiHHy x. [Tosnaunmo
d
a% =py

MpH LLOMY BBaXKATHMEMO, IO p & (bynmuexo Bin y. To.ui

dy _dol) _dp) Ay __dp,
dx3 = “dx = dy dx dy :

i piBuauns (2.25) Mamme Bumsm

SIKmo fioro 3arajabHUM poan’ﬂaxom e
p= p (!/: Cl)v
TO AiCTaeMO Take PiBHAHHA:

dy
=P (¥, Cl)'
Bigoxpemmotoun 3minHi, sHaxoauMo

_dy
= dx.
(yl Cl)
['IpomTerpyBaan ue piBHAHHS, AicTaHEMO 3arathHHﬁ poss’ o
30K piBHsiHusa (2.25): -

O(x, y C, C;))=0.
NMpuxaaga 3naity 3araJ1anH pO3B’A30K plsﬂmmﬂ
vy''= (¢')%
98

Pose’ssanna, Hexalt y'=p, togi y" =p Z_z Otxe,
‘ ; o v
yp B_T/ = p°

I.le piBHAHHSA nepmoro nopﬂm{y, fioro saraibHEM pO3B’A3KOM €
tpyuxnm

Y= C,ec‘”..
BMPABM
Poss’ssath  Ttaki pismnmx
. ””+y = 0 . y R
3 (¥ =4y : - 4 y=(’)
5.y =aty 6. ”";"
7. 2= 1-!I(y")" 8. gy =y (a+y)
9 y= _V..._ : 10, y" 4 (y')* =2¢7¥
Y _
1. (y )’+( ) = (')t 12, yy' + (') — 1=10
By '+ a) =y I+ @) Wy =y :
15. y" = ae¥ 16. "y“-l
17. " =V 1 + ') 18. ¥ =ayy’
19. " =y (14 @) : 20, y" =1+ @)™

2. PiBHsiHHA n-ro NMOPAIKY, siKe He MICTHTb fIBHO Hesa-
JeXHy 3MiHHY, )
_ ' Fwy,.., y<"’ )= 0 (2.26)
3a JOMOMOTOI0 3aMiHH S
y'=p, (2.27)
ae p = p (y) — HoBa HeBijoma ¢YHKIiR, y -— HOBa He3aJjeX-
Ha 3MiHHa, 3BOJHTbCA O PiBHSIHHSA MOPSAKY, MEHIUOro Ha OAH-
HUIIO.
Cnpasai, ocKiabKH

y”—%-‘;—’;-%—pp',
V”~‘fi—f~%"y—'-~—-—(pp”+(p)) |
e (98
‘”’—g(p,p,- < ph),
(p(k>=— k=1,2, ... ,n—1),

TO B pe3yJbraTi i ZCTaHOBKH (2.27), (2.28) y (2.26) nicranemo
piBHaHHA (n — 1)-r0 nOpsAKYy BiAHOCHO HOBOI. Hesilomol

dynxuii p: -
Fyg,p,p's -.. , po0)=0. (2:29)
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SIKIO .BiOMO Bara/ibHH inTerpaj piBasaus (2.29) |
. (Dl (y1 P Cl, Cz, cee Cn--l) = O’
TO CHiBBiJHOWEHHS . ' -
(D (% y' Cl’ Cz’ == Cn-l) = (2.30)
€ ,umpepeﬂmaanHM piBHAHHAM nepmoro nop;mxy ‘

Y| 3aranprufi igrerpan piBHAHHA (2. 30) @ (x, y, Cy, Coy vvv s

Cn) = 0, ne Cy, C,, ... , C, — IOBiJBbHI cTani, Gyje 3araibHuM

interpanom pisusuHs (2.26).
Opmopigni pisHAHHS nnu.mx nopsakis
1. PiBusanus '

Ft, y, 9, «oo sy =0 - (2.8])
€ ofHOpiHuM BignoCcHO Y, ¥', ..., Yy , AKIO BHKOHYETHCH
yMOBa

Flx, Ay, My's .o s Ay™) = AmF (x, y, y, coe s Y),
A = const =0,
[TincraHoBKoWO ¥ = €%, a6o -
y'=yu, / (2.32)

e u— HOBa HeBiloma QyHKHUis, nopsiok piHsHHA (2.31)
BHHXKYETbCA Ha OfHHHLI. Maemo
y = yu,
=) ‘
¥ =y , 2.33)

y‘"’ yg(u, us cos y utn=D),
HI,H,CTaBHBI.UH (2.33) B (2.31), micranemo
y*F(x, Lu,u?4u, oo, gu, ut, ..., u@=D)=0.
‘CKopoTHBIIM Ha Y™, MmaTHMeMo AudepeHUianbHe plBHﬂHHﬂ
(n — 1)-ro nopsuu(y BigHocHO cpymmxf u
F(x, Lu,u*+u', ... ,g(@, u, ,z¢<"f1>))=0. (2.34)
ﬂxm.o 3HafiJeHO 3ara/fbHUN pO3B’A30K
u=9(% Cy, ..., Co)
piBHAHHA (2.34), TO, BHKOpHCTaBwy (2.32), picraHemo sarab-
 Huft posB’sok piBHAHHA (2.31): ‘
g =C e Cu e Cnan (2.35)
& C ..., Gy -noaim;ui cTafi.
n p HEJAA n PosB’asaru pisnanns

Pyy"— (4 — xy')?= 0.
4 Pcessg’asaunn. Ue onunopipne pisnaung apyroro crenenst BiHOCHO
Y, ¥, v". Bukorasmu saminy (2,32), npicrasemo piBmsinug neploro
HOPAAKY : : :
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; : 2 1.
2 (' ) (l—xup =0, abo u'+ — u=—
x(u-i-u)‘ (lrxu) abo u xu a°

' sBixkH

i ariguo 3 (2.35)

e

: d
y=ejux/=C,xe ;

2, Pisuauns (2.31) HASHBAIOTH ysaea/zbnéuo-oanopianum,

‘AKIMO icHYOTL uncia R i m Taki, wo

F(e‘x’ erty; ele=1) fy’, ., ERT L) =
= e™ F (x’ Y, yl’ ,.y(n)).
IMincranoBkow’ ‘
. x=ét, y=uet, (2.36)
Ze t — HOBa He3aJeXHa 3MiHHA; # — HOBa HeBifoMa dyHkuig,
piBHsHHA (2.31) 3BONUTBCS 1O PIBHAHHA, sIKe He MICTHTb Hesa-
JIeXKHY 3MiHHY { i, OTKe, JomycKae 3HHMKEHHS MOPSAKY Ha OftH-
mumo, [Ipn x << 0. noknagaemo x = —e¢f, :
3uaiiieMo noxini

gt = Z-’g et = (Z;‘ ert |- kueki) et = (u' + ku) et

Y = et = (w4 @k —1)u’ + k(b — 1) u)ehDt,

YO = g (U, &y ey u) e, (2.87)
Mizcrasusum (2.36), (2.37) y piBusuns (2.31), micramemo
emF (u, u', ..., um)=0.

[Ticna ckopoueHHS Ha e’"’ MAaTHMEMO PIBHAHHA, fIKe HE MICTHTD
He3aJieXHy 3MiHHY f.

3. PosrasHemo piBusHHs (2.31), niBa yacTHHA B SIKHX € TOU-
HUMH TNOXifHUMH Bia tesikol ¢pyHkuii @,(x, y, y’, ..., yb),
T06TO :

CF( Gy Us e ) = = Oy (%, 4, s e, YD) = 0.(2.38) -

Taki piBHSAHHA Ha3UBAIOTb PIGHAHHAMU 6 MOYHUX noxu?uux :
3rinso 3 (2.38) maemo

D, (x, 4, 4, ...,y =
To6T0 pisHAHHA (2.31) Aomyckae SHIKEHHs NOPAAKY Ha OAH-
HHUILIO,.
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| SIkwo piBHsARHA (2.31) He € piBHﬂHHﬂM B TOUHHMX MNOXiA-
HHX, TO iHOAi MoXHA nini6patd iHTerpylouMii MHOXKHHK @ =
=pu X4y, . .. By ) TaKnit, WO MiC/s MHOXKEHHS PIBHAHHSA
(2.31) na p J.IIC’I‘aHeMO plBHﬂHHH B TOUHHX noxiauux. Ilpu
IBOMYy MOXYTb 3’fIBHTHCsl 8afiBi po3B'sisku (po3B’si3Ku piB-
HAHHA b = 0) abo 1X BTpaTa, KO GQYHKUIg | MAE POSPHB.
4, SIKmIO BBECTH TO3HAYEHHS MOXiAHUX 3a JONOMOTOK JH-
thepennianis, To piBHAHHSA (2.31) MOXXHa 3anucarH y BHMJISAAL
@ (x, dx, ¥, dy, d*, ..., d*y) =0
[le' piBHAHHA HA3UBAIOTL O0HOPIOHUM BIOHOCHO SMIHHUX X, Y
ma ix dugepenyianis, SIKILO ‘
@ (Ax, Adx, by, MY, ..., M) =
=MD (x, dx, 4, dy, ..., d"y).
[Topsi/ok TAKOro PiBHAHHS MOMXMHA 3HH3WTH Ha OAMHMIJO Bif-
NOBiAHUMH. NMiACTAaHOBKAMH:
1) axwo
@ (x, dx, Ay, My, ..., Md"y) =
= AD (x, dx, y, dy, ..., d"y),
TO po6MMO MiACTAHOBKY Y == €%, lie 4 — HOBa HeBigoMa GyHKUis,;
2) sKio ‘ ‘
@ (Ax, Mdx, Adx?, ..., Mx", y, dy, ..., d"y) =
= M®(x, dx, ..., dx*, y, dy, ..., d"Y),
TO pPOOGUMO MiACTAHOBKY X = ¢!, e - HOBa He3aJeXKHA
8MiHHA;
~3) AKumo : ‘
' @ (Ax, Adx, Ay, My, ..., Ad"y) =
=MD (x, dx, y, dy, ..., d*y),
10 PoGHMO MiACTAHOBKY x = ¢!, y = ue’, Ne {— He3a/eXHa
8MiHHa, a u — HeBiloMa GYHKIUIfA; :
4) sAKIO
@ (Ax, Adx, Ay, Mdy, ..., Mdry) =
= N D (x, dx, y, dy, ..., d"y),
TO BHKODHCTOBYEMO NiAcTaHOBKY (2.36).

Npuknaau

1. Posp’ssary piBHAHHSA
xgy" + x (y'V— yy'= 0.
Po3g’ asanna, 3anumemMo Ue DIBHAMHS TaK: '
“xyd?y -+ xdy®— ydydx = 0,
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Nicas saming x ma Ax, a dx.na Adx MaTHMEMO
M (xyd?y + xdy®>— ydydx) = 0.

OTxe, safane PiBHSHHS HANEKHTH A0 THRY 2), ne m = 1. [licas
nifcTaHOBKM x = ¢f jicraHemo

st g
ydﬂ Y 3 ;T 2

fKe He- MicTHTB SBHO apryMemy
2, Ipointerpypatu piBusiHns yy'— (y')2=y'.
Posg’ asanna. Po3B’a3KOM LbOTO plBHHHHH € QyHKHUiA y = 0 Pos-
Iiiumo niBy i npaBy uacTHHM PIBHAHHS Ha y’= 0:

L ind U
. yﬁ 2

A% / ' AV
(y_) +(L) = 0 abo (y_'+l) =0
y ¥ Y y
‘Takum YHHOM, 33aJaHe PIBHAHuSA 3BelleHO [0 PiBHAHHA B TOYHHX
roxiguux, OTxe,

«

Togi

Liolac, y—cy=—
vy

8Blgku npu C;= 0 MaeMo y == —x -~ C. IIpi Cy=%= 0 maemo ninifne

HeoJHOpigHe DIBHARHA MEPIUOTO NOPAAKY, 3aTajJbRKH PO3B’A30K AKOrO

g =l (c; — j e”el"dx) = Cebr* - &‘. , (C1350).
. 1

Pospin 3

NMHIAHL AUDEPEHLUANDLHI PIBHAHHA
BULWMX NOPAAKIB

3.1. OcHoBHi noHATTA Teopii NiHIMHMX
AudepeHuianbHuX PiBHAHL BMLWMX NOPAAKIB

Hudepenuiansie piBHARHA BHIY
YO+ P () Y+ pa () Y+ +
F P ()Y + P ()Y = T (%) 3.1)
Ha3WBAOTb AlHIGHUM Oudepenyiarbnum PIGHAHHAM N-20 NO-
paoky. Lle pisaannna dinifine sigdocno Qynkuii y Ta i noxia-
Hux. Oyukuii p; (x), { = 1, ... ,n, i f(x) —3anaui zenepeppii

dyHkuii iy x Ha inrepsani (a, b) abo crani. PyHkuil p; (x)
HasuBaloTbh Koepinienramn, @yukunio [ (x) Hasuaioth rpa-
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" 6010 HACMUKOI DIGHARAR ab0 eirbRuUM 4aerOm. Skmo f (x) = 0,
TO MaeMO piBHAHEA

Y - py (1) 4= o py (1) yD -

F a1 () Y+ P (1) y =0 ' (3.2)

Pisusnna (3.2) ogHopizne BigHOCHO ¥, ¥’y ... , y™ i #oro
HA3HBAIOTb AIHIURUM 0OHOPIOHUM UdepeHUIaANbRUM. DIBHAHHAM
n-20 nopadky, a piBHAHHA (3.1) — Ainidnum  HeoOHOPIOHUM
Ougbeperyiarotium PiGHARHAM N-20 NOPAOKY.

TosHauuMo JIiBY uacTuHy piBHsHHA (3.1) uepes

Laly]=L[s]
“Togi Bupas

L= d + P1 (X) dx""l + + Pn—1 (JC) dx + Pn (x)

HASHBAIOTb AiHiliHUM Oudbepenyiarbnum onepamopom . nr-20 no-
padky. SanncL[y] O3Hauae sacTocyBaHHA 10 QYHKUii y cyKynm-
Hocti omepauiit (audepeHuiioBanHsI, . MHOKeHHS Ha (yHKuIT
p:(x) i nojaBaHHA), BKasaHHX y JiBi# uYacTUHi piBHSAHHA
(3.1) abo (3.2).

JlinifiHH# onepaTtop Mae Taki BAacTHBOCTI:

L[[Cy] = CL [y] — onnopinnicTb oneparopa;

L{y, + y;] =L[y,] + L[y.] — anurusricts oneparopa.

3asHayumo, W0 OAHOPIZHUH i aZuTHBHUA omepaTop HA3H-
BaoTh JAiHifinEM. Ha ocHoBi mux BaactuBocTeli MaeMo

i n |
L [ :_‘le Ckyk] = kgl C.L Iyl (3.3)
Ae Cp,— moBijbHI crai.

Mpuknan Hexait L[y]=y" 4 y. Jlerko noSauntu, mo -
Lisinx) = —sin x 4 sinx =0, L [x*] = 2 -} x%

8a nomomoron xHpepeRIUiadbHOrO omeparopa piBHAHHA @1 i
{3.2) sanucyorbea Tak!

Lyl =f(x), , G4
L[yl =0. , 3.5)
8anuwemo pispsuun (3.4) y muraani, poas’ ﬁsauomy piguocno y(n):
Y = f () = py () 5D == oy (1) ¢ — P () 9,
1 posrasmeMo y™ sk dymkuic Bim %, g, ¢, ..., y* %
W =Fagy, ., ),
Hﬁ tbyuxuia HemepepBHa B inTepBaii (a, b) Yacrunni noxiaui gyn«
noy, 4, ...,y Bignosiguo nopisHwiOTH )
—Pn (%), —Pna (%) <oy —py(¥).
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BoHu Henepeme Ha 6yab- ﬂxomy sinpisky [a;, bll AKUA NoBaicTI0 Ha-

nexuth (a, b); Tomy ui moxinmi Ha UBLOMY nmpisxy obmexeni. OTxe,

piBHAHHS (3.4) 3a/0BOJIbHAE YMOBH TEODEMH Komi (muB. m. 2,1).
TédKkuM YHHOM, AJA KOXKHOI 109aTKOBOI YMOBH "NPH X == x4

U=l U = Ugn ey 30 =D, a< 2 <t

- icHye poss’ssox piBugHus (3.4) | npHTOMY TiIbKH €AHHHA.

TEBOPEMA 1. ko dyuryii Y1, Yy .o+ » Yn € p036’a3Kanu
AiHidHo20  00HOPIOH020 'Guqbepenqia/zbnoeo pisuanus  (3.2),

mo ix ainidna xoub‘mauw 2 CrlYs 6 medxc poaa "ASKOM  PIBHAHHKA

32).
Le sunimBae 3 pisHocri (3. 3)

3asHayMMo, IO JiHifiHe PIBHAHHA SaTHIIHTLCS AiHiiHAM
npu JoBiJbHiA 8amiHI HesanexKHOI 3MiHHOI, HanpHKIa[

xX=Q (t)’ t=19 (x).!
i mpu noBisbHi# ainifAIA samiHi myKawoi dyHKHii
y=o.(x)z+ B (x). :
Bukonyioun B JiHifiHOMy oAHOpiAHOMY aH(bepeHUianbHOMY
piBHARHI JiHiAHY NiACTAHOBKY ,
y=-0a(x)z (3.6)

. BHOBY J.'lle'l‘aHeMO JiHiliHe o;mopuuie und:epenma.nbﬂe plBHﬂHHﬂ

Kpim Toro, BHKOpHCTOBYIOUH MiACTaHOBKY (3.6), PiBHsHHS
(8.5) i (3.4) saBxnu MoxHA 8BecTH A0 piBHABHS, fIKe He Mi-
GTHTb 4Y/eHa 38 moXigHowo (7 — 1)-ro Nopaaky.

Cnpasji, OCKiJIbKH

YW =az" + no’zn—) + s
y(ns-—l) = qzn=D 4
o & s o s . ....{.I.oli
o micas mnc'raﬂosxn ix y pwﬂamm (3.5) IllC'l‘aHeMO
az® + (na’ 4 py (¥) o) 20 -,
HJaa toro mo6 mo3bytucs AojdaHKa 3 2D, Bu6epeM0 a (x)
TaK, o6
na' + py(x)a =0,
ANSL YOPO JOCHTb B3ATH
a(x)=e‘ITpr(x)dx'
Orxe, mifcraHOBKa
“"‘ S P (x)dx
y=e 2

BBOJ].HTb pisaanna (3.5) xo plBHﬂHHﬂ sIKe He MiCTHTh 4/ieHa

- @ nmexiauoio (n — l)-ro HOpsAKY.
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3.2, Rinikina 3anexuicTs Epynxqiﬁ.
3aranbiuit po3B'A30K AiHIHOro opHopigHoro
AncbeperyiansHOro piBHAKHA BHLLOrO ROPAAKY

BsegemMo MOHATTA JiHIHHOT 3a/IeXHOCT dyHxuii, axao-
FiYHO BiAMOBiAHUM MOHATTAM IJ/IS1 CHCTEMH BEKTOpIB,

-CHeremy QyHKIIR §: (x) ({ = 1, 2, ... , n) Ha3HBAIOTb Ainid
HO He3aescHow na (a, b), KO TOTOXKHICTD ‘
n :
Y Ciyi(x) =0, C; = const, _ 3.7
=1 . :

BHKOHyeTbCA Tinbkn mpu C; =0, i =1, 2, ..., n;y NpOTHB-
HOMY pasi cHcTeMy ¢yHKIiH Ha3HBAIOTb /umuno aanexcnow0.
Habegiemo psa mpurJaapis.
1. ®yHnKOii

Y1= sin’x, y,== cos’s, Ys=
ninifino sanexni B imTepBani (—oo, -+00), OCKiNBKH VX &
€ (——oo, +-00) BHKOHYETbCA CHiBBiAHOIIEHHA
1.sinfx+1-cos’x+4(—1)-1=0,
omie, Cy= 1, Cy= 1, Co=—1.
2. Qyuxuii y, = e*, y, = 2¢* ninilino sasexui, ocKinbkH

Yo =2y, ¥ x € (—o0, 4-00).

8. Oyukuii y, =e* , Yo = e~* JiniiiHo He3a/exHi B iHTep-
Balli (—oo0, +00), ocKiabky cniBBinHOWEHHS (3.7) cnpaBLXy-
€Tbcqa TinbkH mpH C; = C, = 0.

Huxue Gyne @opmynboaaao KpuTepii JiHifHOI 8anex)HOCTI
i Hesasexuocri cHcreMH QYyHKIi#.

Cncremy 8 n JiHiiHO Hesanexuuwx Ha inrepsani (a, b)
pO3B’s13KiB

yl(x)! yn(x)’ ces 1 Yn (X)
pimmmm (3.2) Ha3MBAOTL PYHOAMERMANLHOIO — CUCTEMOI0
po38’ Aakia ((DCP ) ybozo PIBHANHA.
106 poap’sizati JiniiliHe oaHopifHe Anc])epeuma.nbﬂe pis-

HAHHA n-ro nopsaxy (3.2), tpe6a 3naiitu fioro QOCP.
TEOPEMA 2. Sxuo pynxyii

Y1, yz, ver'y Yny (3 8)

wo maome 8 inmepsari (a, b) lnoxioni do (n— 1)-20 no-
PAROKY BKAIOURO, AiHIUHO 3AMeHHi, MO

Y1 Yo = i b
Yoy ¥ |=0 yre(a b)
y{n——l)ygn—-l) .. ygn-—l) )
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uea demepminanm nossa4aoms
W(X)—— W[yh Yay eees yn]

i Hasusaromo OemepMIHAHMOM Bponcbxoao, uu 6potcKianom, 6/»1
cucmemu  ynryid (3.8).

HoBenerns Ockinbku dyskuii (3. 8) Ji"ifiHO 3ajex-
#i Ha (a, b), To icHYIOTb Taki uuca2

Cl: Cz9 ety Cm (3 9)

o  He BCi ﬂOplBHlOIOTb Hy.lllO i mo Cl'!paBJl}KyeTbCﬂ plBHlCTb

(3.7). Hudepennioroun 11 n— 1 pasiB, JicTaHeMo CHCTEMY
piBHSHD

Cyyy + Czyz + ... + Cuyn = 0,

C1yl' + Cz!/2‘ + vee + Cnyh =0,

Cogf" ™+ Gyl ™ + o+ Cag? ™" =0,
[Te onnopigta cucTema, fiKa 3a YMOBOIO Ma€ HeTpUBiaJbHUN PO3-
B's130K (3.9), To6TO Xoua 6 oane C;%= 0 yx€ (a, b). Take
MOX/IMBO, KOJIM [eTepMiHAHT OCTaHHLOI CHCTEMH, fKHH € Je-
tepminauToM Bporcbkoro W (x), TOTOXHO AOpiBHIOE HY.IO.
Teopemy noselneHo.

; 3ayaa.m'enuﬂ. 3rifgHo- 3 Teopemoo 2, AKmO W(x);eo xo04a 6
B opuifi rouni intepBany (a, ), To pyukuii (3 8) sinifino Hesanexui Ha
(a, b).

Posrnsiemo psif npHKaanis.
1. Chcrema ¢yHKuil
1, x, ..., xvt
mmi?mo He3a/lIeXHa Ha AOBIJIbHOMy inrepBadni (a, b), ockinbKy
WL, x, 2% ..., x"1] =
1 x x% .., x+—1
=101 2x...(a—Dx2 |=1.11.20 ... (n— 1)1 %0,
00 0 ..(n—DNI '
Ilo Toro X ust cucTema JIiHIHO He3aje)KHa Ha Gyb-IKOMY iH-
repBani. CipaBai, BHACHNOK TeopemH 3 aareOpu piBHicTh
C,+Cux+Cex*+...+Coxn' =0

BHKOHyeThcs He Gijiblue HiXK B n — | rTouni Ha oci Ox.
2, Oyukuii
ekt eka¥, | ekn®

niunifiso HesanexHi na 6yan-sikomy iHTepBafi (@, b), ko ky,
kg, ... , kqy— pisHi uncaa (nifichi a60 KOMILIEKCHi).

107



Cnpasni, :
' W [ek:®, er2®, ey ERNF] =
ehx - pkex v, efnx
k (8% Ryeks vee Rpphnx
k"“‘ ek x g3t ghit .. JEAT gk
1..1
: ' k... k
s gluthat ten)e |1 "‘ NE)
] kn—-l kn-—l

OCKITBKH ocTanHik JeTepMiHAHT € AerepminanToM Bangep-
MOHJa, AKHH IpH pisHHX kl, kg, ooy B He JOpiBHIOE HYJmO.
3. Oyukuil :

ekx xekx xn-—-l ekx

illeIﬁHO He3a/IexxHi Ha J.lOBlJIbHOMy mrepsa.m (a, b). OCKlJleH
f£01

C,ef* + Caxek" + .. F Cpxn—l oh¥ =
= gk* (C -4 sz + .+ Cn xn——l),

To JiHifHa He3aleKHICTh NaHWX @yHKuifi Bun/MBae 3 npn-
Kaany 1.

s nBox dyHKUif MOXHA AaTH 51JIbIII NPOCTHA KpuTepiht
JinifiHol Hesa/jexkHOCTI,

DyHKUIT gy(x) 1 yy(x) AiHifiHo He3anexHi Ha inrepBasi
(a, b), axwo ix BifgHOIIEHHS Ha 1bOMY iHTepBali TOTOXKHO He
lopiBHIOE cTadifi BenHuMHi

Y1 (x) ‘ .
" == const;

AKIO
Y1 (%)
Ya (%)

To GyHKIii JiHifiHO 3a/1eXKHi.
~ Hasenemo me onnH Kputepiit JinifiHol 3asmexHoCTi crcTemH
‘¢ynkuii [28].
Hexaft maemo cucreMy QyHRUifi yy(x), - #4(*)s .- » Ynlx),
3aJlaHuX Ha Bmplsxy la, b]. TToxknanemo

== const,

s, 9)) =-S %) Yy (9dx @, =1, rn).
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-7 IIQT_epMiHam

W15 4 W Us) *++ (G35 Un)

(.. , L cea ,
T L
tns Y1) Was Ya) +++ Y, Yn)
Ha3uBaloTh Oemepminanmon I pama cucmemu pynryitt {y:, (x)}.
TEOPEMA 3. [aa mozo wo6 cucmema ¢ynxuitd {y, (1)},

i=1, ..., n, 6yaa ainilno 3areneror0, HeobxiOne i docmamneo,

wob ii Oemepminanm I'pama Qopieniosas HYAo:
‘ I'(yy <o 5 Yn)=0.

" Npuxkaa n L[osec'm wo ¢yuknii y = ‘x, Y - 2x ainifiHo 3a-
mexul na sipisky [O;
HoBenenHs, MaeMo

(yt’ yi) = ‘s‘ xzdx

w1

1
Wi, Y2) = (9g y1)=52x2dx=.§.;
. 0
1
o v = [ 4odx = &
: J
1l 2
3 3
r(yIv y2) == 9 4 = 0.
3 T

Orxe, sanant dyuxuii ainifino 3anexni.

TEOPEMA 4. [[as moe0 w06 poss’sasku

. ylv <oy Yn (310)

AiRiH020 00HOPiIOHO20 Audbepertyiansroeo pisHanna (3.2) 6yau
AiHidRO HesanexcHumu Ha (a, b), Heobxidno i docmammubo,
u«zé demepminanm Bponcekoco Wy, ..., y.}5=0, yvx€
€ (a, b).

lloseueﬂﬂ a. 1) axmo W (x) 5= 0 na (g, b), Toq)ym(ui'i
(3.10) siniiHO He3anexHi, He 3BAXKAIOUH Ha Te, € BOHH po3B’A3-
KaMH pu;n;mna (3.2) um Hi;

2) Hexaﬂ ¢yuxuii (3.10) ¢ ninifino mesanexni Ha (a, b)
i e poss’siskamm pisHsiaEs L [yl = 0.

Toxkawemo, mo W (x) =0 vyx€(a, b). IIpumycrumo
NpoTH/IeXHE, TOOTO icHye TouKa X = X,€ (a, b), B akilt W (xq)=
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= O BudepeMO ucaa Cy, C, ..., Cn, AKi OHOYACHO He Aopm-
'HIOIOTb HYJIO i fKi € posB’ ASKAMH CHCTEMH
( Ciys (xo) T+ vee - Cuyn (%) =
Cryi (xo)‘—}- ver - Cnyh (%) = 0. (3.11)
U (1) -+ -+ Cotle™ (1) =0,
Ile MoxHa 3p06pmrr, OCKiJIBKH ,ueTepMIHaHT CHCTeMH 3.11)

W (x,) = 0. Toxai, srigno s Teopemoro 1, GynKLisn § = E Ciy: ()

€ POSB’AKOM plBHHHHH
Liy]=0
' 8 HYJBOBHMH . [IO4aTKOBUMH ymoBamH (Bifnosizno o (3.11)):
’
Y(x) =0, ¥ (xp) =0, .+, y*D(x))=0. ‘

[Jum ymoBaMm safoBosbHsie i TpuBiasbHHM posB’ssok y = 0.
Ilpore sa Teopemowo icHyBaHHS i €ZHHOCTI pO3B’s3Ky, SAKHH
8aJ0BOJIbHAE Ui n MOYaTKOBHX YyMOB, MOXe iCHyBaTH TiJIbKH
efnHuit poss "130K. Onxe,

Z C;y; (x)=0
Ha (@, b), TobrO (pyﬂxuu "(3.10) sinifino sanexui Ha (a, b),

., WO CYMepeyuTh MpHUIyuwieHHIO, TeopeMy AOBeNeHO.

TEOPEMA 5. fxwo ¢yuxyii (3.10) 6 ainiiino nesarencni
na (a, b) poss’asku airidnozo. 00nopidnoeo duipeperyianbrozo
PIBHARNHA n-20 nopm?rcy 3.2), mo zpymcui;'z ~

yx)= EC:y:(x) a<x<b, 319

‘ne C;— dosinvnicmani, ¢ 3azarorum poss’ A3kom pieHARKA (3.2).

HLoBenennsa Bitomo Bxke, mo cyma (3.12) npu go-
BiabHUX C; € pO3B’SI3KOM DiBHAHHA (3 2). Hexadi, HaBmakH,
(YHRUiS 4 = u (X) € NOBiNbHHM DO3B’SI3KOM LBOTO PiBHSAHHS.
[Toknapemo

U(xy) = Uy, 8’ (Xp)==Uby +++, ult—N(x,) = uf=n, (3.13)

Hast wacen g, ub, « -+ uf"™ nobyayeMo cucTeMy piBHAHB

BiJHOCHO HeBIILOMI/IX !mcen Cu

igl Ciyi (xy) = Ugs
R (3.14)

n

Y Cyfr (xp) = uf".

i==1
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Herepuinanr uiei ciacremu W (1) %= 0, OCKI/IbKH dyHruii
(3.10) ninifio HesanexHi Ha (@, b), € PO3B’siSKaMHK piBHSHHA
(3.2). Orxe, icHye eluHa cucTeMa yucesn

: C 7 C ’ ? CI’H
WO 3al0BO/IbHSE piBH;mHﬂ cucremu (3.14). [IlipcraBasuoun ix

. B (3.12), nicranemo poss 30K plBHHHHH (3.2):

y= 2 Cly: (%).

Lle#t po3B’sA30K 3anoBOsibHAE Ti nouarkoBi ymoBa (3.13), mio
# u (x). Toni 3a Teopemowo icHyBaHHS | €IMHOCTi PO3B’AIBKY
CNpaBIKY€EThCA plBHlCTb ufx) =y (), x E (a, b).

TeopeMy noBezeHo.

TakuM uynHOM, WO6 NOGYAYBAaTH 8arajJbHHHA POSB’fA30K OX-
HOpiAHOrO piBHSAHHSA L[y]-— 0, ZOCHTb SHaiTH (YHJaMeH-
TasqbHy cHCTeMy posB’si3kiB nboro pismaHHsA. Toxi ninifina
KoMm6iHanis uiei cucremu i 6yfe 3arajJibHUM PO3B’A3KOM.

[locrae nuranHa: 4H KoxHe JudepeHnianbHe PiBHSHHSA
(3.5) mae dyHIaMeHTalbHY CHCTEMY 4YaCTMHHHX pO3B'fA3KiB?
[Tokaxemo, mo AN [boro piBHAHHA iCHYE (yHJameHTa/ibHa
CHCTeMa YaCTHHHUX PO3B’fA3KiB. 3HaiJeMO YacTHHHI PO3B’A3KH .
P1» Ygs -+ » Yn 3 NOYATKOBHMH YMOBAMU: MPH X = X,

y:l'(xo)\= l’ .’ln(xo)=*0s *rcy yﬁ(xo):'-'o’
7} (xo) =0, 1/'2‘(’50) =1, cee, Yn(xy) =0
9 "(xo)—o ) “’(x,,)-o ey gV () = L

Lli wacruuni poss’ AKH icHyIOTb 3rifiHO 8 TEOPEMOIO NPO iCHY-
BaHHA i eMHICTb PO3B’SI3KY AH(epeHIialbHOro piBHAHHA. Toni
AerepMminaHT BpoHcbkoro mpH x = x,

10...0

01...0
00 ... 1

Or)Ke, QJyHKui'i (3.10) YTBODIOIOTH dyHzaMeHTaNbHY - CHCTEMY
po3p’sisKkiB. Llo cucTeMy po3e’si3KiB 8 NMOYATKOBHMH YMOBAMH
(3.15), 10610 W (%,) = 1, Ha3HBAIOTb HOPMOGAHOIO 6 MO

(3.15)

= 150,

X = X,. na Oyab-axoro JiniHoro ofHopigHoro piBHAHHA

(3.5) 3 HenepepBHUMH KoedilieHTaMd iCHYe OAHA { TiNIbKH OfHa
(yHAaMeHTaNbHA CHCTEMa PO3B’A3KiB, HOpMOBaHa B IOBiJbHiH
touli iHrepBasy HemepepBHocti Koedinientis. Hanpuxaan:

1. PiBasaHHs §" 4+ y = 0 Mae po3B’A3KH p,= COS X,
Yy=sin x, AKi yPBOPIOIOTE (PyHIAMEHTANbHY CHGTEMY  pPO3-

Y]



B'A3KIB 1[bOro pPiBHSHHS B (—o0, -Fc0). ToMy 8arajbHEM
po3B’A3KOM € (YHKUis - o .
‘ y = Cycos x + C,sin x.
OyHnameHTalbHA CHCTeMa  PO3B'SISKiB Y= CcOs x, Y=
== sin x HopMoBaHa B Touli x == 0. Tomy poss’ssok s mouar-
KOBHMH YMOBAMH Y = Yy, ¥ = Y NpU X = X, Mae BHFJISIL
Y = YoCos X + yosm X
i mpu AOBIIBHHX Y, i Yo BHSHAYAe 3araJbHHH PO3B’A30K 3aJa°
Horo piBHAHHA 'y dopmi Kouri.
2, Pipuanua
" —
Yy —y=0
Mag . pO3B’A3KH Y, =e&%, y,=e %, QckiNbKH BOHH JiHifiHO
HesaNeXHi yX € (—oo, 4-00), TO
= C,e* + C,e—* (3. 16)
€ 3arajJibHUM PO3B’3KOM 3aJaHOrO PiBHSIHHSI.
dynaaveHTanbHa CHCTEMa pO3B'ASKiB y,== €%, y, = e~*
€.HCHOPMOBAHOIO B Touni x= 0. Hoﬁy}.lyemo q)yunawema.nbﬂy
CHCTEMY PO3B’si3KiB, HOpMOBany B 1ill Touni. Hexai poss’asku
vy iv, e JliHiﬁHuMu KOMOiHaNisAMH po3B’A3KiB ¥, i y, i3 cTa-
JHUMH Koe(dillieHTaMy .
[ Uy = € + age,
' Uy = €% + aye™%,
Ie crami ap Tpeﬁa Bnépam Tk, o6 mpu x =0
=1, v, =0;
U[ = 0 Uz = 1.
[Ifo6 3an0BOMIBHUTH 1Li YMOBH, 3HaHIUEMO pO3B'A3KH TaKux
CHCTEM:
ay + e =1, { Ay T 839 =0,

Qi3 — Q= 0;. Gy — Qg = 1.

" 3Biacu
1. 1 1
Q= 0=, Q3 =-53 Q=7
Orxe, .
1 1
=g @ e, v=y(—e) f
T00TO

== ch x, v,= sh x.
Takum uunoM, rmep6omq Hi q)ynxuu ch x, sh xYTBOplO}OTB
dyspamMenTaNL ey - cueTeMy posp’ asxm, HOpMOBaHy B To4u]

X =

18

f'ToMy dyrrntsa
Y = Clchx + Cgshx,
aK 1 oyuknis (3.16), € Takox 3arajbHAM po3s 'I8ROM 8aj1aHOrO

piBHsAHHA. PO3B’A30K 3 NOYATKOBHMH YMOBaMH Y=Y y'==
= yo Np4d x = 0 Mae BUPAA]

y = yochx + yoshx.
3.3. dopmyna Niysinna — Ocrporpagebkoro

Hexaii MaeMo 7 JIiHiAHO He3AMEXKHAX YACTHHHHX po3B’s3KiB
Y1» Ya» -+ » Yoo Toni piBHAHHA (3.2) MOXKHa. BanmHcaTH y BH-
PASAL _ '

ym y(n-—l) ey y
() fn1) .
n'n yt Y, =0, R (3017)

¢ s o s e e @ .

g g e gy

Ile piBasnHA. Mae Ti cami JiHIAHO He3aNeXKHi PO3B’S3KH, WO
# (3.2). Copasni, Koo mificrasutH B (3.17) samicte y oamy
3 GyHKUiA Y1, Yay ... » Yn, TO AiCTaHEMO JETEPMiHAHT, AKRH
Mae 1Ba ONHAKOBHX DANKH i TOTOXHMH HyJIO. 3BiJiCH BHMJIH-
Bae, WO 3arajbHi posB’siskH piBHsHHA (3.2) i (3.17) oaHakoBi,
i, oTxKe, cami piBHAHHA BiApI3HMOTHCA JIHIIE MHOXHHKOM.

Posropratoun J1iBy yacTHHy (8.17) sa enemenTaMd RepiLoro
pAika

e =1 -l £
yfn) e yin -+1) y(h" cesn yu yl_
) Nemif-]) | (Remimal)
N . SEILY St TR
() (mb1) . (Reiel)

Yn *** Yn Yn oo Un Yn

1 Bpaxosyioun, mo A, = W(x), sanumemo (3.17) y Burasmi

Wy — A, ytne=b + A y(n—m — eee 4 (=) Ayyin—h4
4 eve (=1 Apy =0.

e pisusinisa Torokne piBusnnio (3.2). [IpupiBHioloun Koedi-
Li€HTH NpPH OMAHAKOBHX MOXiAHHX, MaeMo

Ay A Ay
Pr=—TFps Pa=7ps **s Bp=(—1ftgp, =eey Pn=

- (-1)n%.



3Hap1/1eMo sasexuicts Ay Big W. ,UJISI BOr0 Bi3BEMEMO 10

xiggy Bix W no- xi

L) (2 .
fn D l(n )"‘!/l' n
- '
daw _ d |y e e gy |
Gx T dx e e e e e e e
‘ N - ,
Pl SRR
d (n—1) -2 ' . -
I a2
A SN
=" y2 Y2 Ys +
d oD i—2 :
ydx y‘(,ln ) v yrll yn
(n 2)
(n——l)dy '
[N ] l
yi — //
(n-2)
L
+¥ & ] O
1) d (”—2)
ygl ) ydx P y;l !/n
(=) =2 . 4y
7w oy yi
(n—1) , (n—2) . dy,
4% 2SRy dx‘ _
—1 (=D | d
4 y&" “ Yn dy;‘

=A+0+ - +0=A,.

Ockinbke BCi ocrauni nerepmiu’aum MaloThb MO JBa OJHAKOBHX
CTOBINLS, TO BOHH NOPiBHIOIOTH HYJIO.
TaxkuM yHHOM,

dw
17 gz 3
a ToMy '
1dw . »
Pl(x)=—.‘—w- T (3.18)
14

Beaxaioun dynxujio p; sagaolo, a BpoHcKian W HEBifOMHM,
Ta m'rerpyioqn piBusHus (3.18) Bignocho W, nmicranemo

W (x) = CeIm 0, @19

Je C — poBinbHA cTana.
SIkuo pasom 3 plBHﬂHHﬂM (3.18) sagaru noqa'rKOBy YMOBy,‘
W (xy) = Wo, TO 8 (3 19) MATHMEMO :

- jp, (o) ds (320)
‘ W(x) == W e %o . :
dopmyan (3.16), (3.17), siki maloTh 8MOTY SBHAXONMTH BpOHC-
kian OCP piBusHHA (3.2), He Maroun me uiei cucTeMH, Hasu-
Batloth dopmynamu JIiysinas—Ocrporpaicbkoro.
3 dopmyan (3.20) Maemo Taki BiacTHBOCTI BpOHCKiaHa:
1) srimo W(x,) =0, x,€(a, b), To W(x)=0, yx¢(a, b);
2) sxwo W (x,) =0, x, € (a, b), 10 W(x)0, yx€(a, b).
3a dopmynoio (3.17) MoxHa moGyLyBaTd AHdepeHuiaabHe

piBHAHHA npH sagmaHii PCP,

Mprxaanpn. 3uaidtu nuq)epeﬂﬁlanbne piBugHHA, [ SKOTO
byuruil yp= €*, y,= e~* ckaamaiote PCP, - -
Po3s’ asannn. BuxkopucroBywoud dopmyay (3 17), maemo

& eF oy - 1y
e g% y'|=0, abo|l —1 y'|=0.
e e* y 1 1y

PoskpuBalous OCTaHHi# getepMiHaHT, gicTaeMo §''— y = 0, Lle 1 e my-
KaHe jAHdepeHllianbHe pPiBHSHHA. :

3.4. 3aranbuuit po3as’a3oK HeopuopiaHoro
pIBHAHHA

3araabHHAM Po3B’A3KOM HeoiHopiaHoro piBHsiHHA (3.1) e
cyMa GyAb-KOro HOFO YacTHHHOTO po3B’A3Ky v (x) i 3arajb-

. HOrO pO3B’A3KY u (x) oaHopizHoro piBHsHHA (3.2), T06TO

y(®) =X Capn () + o), 3.2
ato . '
YO =u )+ o), ) =X Cuye (9.
Cnpangi,

Ll = L[5 G+ 091 = £ CLly 9] +
FLIG@) =0+ ()= (2.
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Axmo y (x) e AoBiALANM po3B’sisKom piBHsEEa (3.1), TO

Lly—vl =Lyl —L[o] = () —f(x) =0,
i, TAKHMM 4YHHOM, ¥ — U € PO3B’I3KOM OJHOPiAHOTO PiBHSHHA
(3.2). Tomi icuyiors Taki yucaa Cp, o

y(x)—ov(x) = E Ceyr (%),

T06TO /IS IHX 4uCe/1 BHKOHYETHCS puamcm: 3. 21)

Orxe, KOXHUH PO3B’si30K piBHsIHHA (3; 1), AKu# 3a10BOMD-
- Hfle JOBi/NbHI MOYATKOBi yMOBH, MOXKHA AicTaThH 3 (yHKMil
23.2;), fIKa, TAKAM YHHOM, € 3ara/IbHAM PO3B’A3KOM PiBHSHHA
3.1).

Ipu 3HaxoneHHi YaCTHHHHX pO3B’sisKiB piBHAHHA (3.1)
JOLiJbHO MaTy Ha yBa3i Taky Teopemy.

TEOPEMA 6. Yacrmunnutl poss’si3oK v (X) pieHAHHA

L [9) = A0 + fs() (3.2
MOOWHA nodamu Y euzaadi cymu
v (%) = 0y(x) 4 oy(x), - (823

-ne vy(x), vy(x) — 6i0n0sidn0 p036’ 43KU pisHAb
Liyl=fi(® i LIyl = [ (x).
HoBenaenHnsa Cnpasii, OCKiJbKH
L[o,] = f, (x),
N L[vs] = f2 (),
TO, AOJAWUM IIi PiBHOCTI, ZicTaeMo
Llv]+ Lv.] =/, (x) f2 (%),
‘a6o
L[v;]+ L[v,] = L[vy + v;] = L{v] = f; + fs
Orxe, cyma (3.23) e po3B’s3koM piBHAHHA (3.22).

. 3Bijcu BHIJIMBae BJACTHBiCcTH cymepnoaunii a6o Hargagan-
HA PO3B’A3KiB!

AKLIO q)yﬂxuu vi(x) € poss’askamu piBHaHHA L [y] =

=f; (x) .y k, mo6T0 L[v;]=],(x), To QyHKui: -

v= LlC;vi, C: = const, € poss’sskom pisanns L [y] =
{= f

P

= fgl Cifi ().

Hanpuksaj, Hexali 3ajaHo piBHHHS
y'+ 2y = 2 4 3e*.
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Tonri pirmsnus , ‘
Y+ =2

'Mae€ YacTMHHHI PO3B’s30K vy= 1, a piBASAHAA

yll+ 2y~3ex

. Mae yacTHHHH# pO3B A30K U,==¢*, Dynxuia v =1 -I-e"

€ YaCTHHHHM DO3B’SI3KOM SallaHoro piBHAHHSA.
TEOPEMA 7. Axuwo au(pepenma/tbne pistianna  (3.2)
Mas po3s’asoK eudy
u(x) +ivlx), ' (3.24)
mo Kosxra 3 ynryild u (x) iv (x) € po3s’asKOM DIBHARAA (3 2).
Hosenennsn Cnpasai, 3a alUTHBHOIO BJIACTHBIiCTIO
omneparopa L -maemo -

L[z (x) + iv(0] = L[z (] + L[iv (9] =
—L[u(x)]-l-tL[v(x)]
Ockinbkn  ¢ynkuia (3.24) e po3p’sskoM pIBHAHHSA (8 2),
TO MaeMo

Llu(x)+iv(x)]=0
L[4 ()] + iL [v(x)] = 0.

3 ocranaboi piBHOCTi 3a BiJOMOIO TeOpeMOIO 3 BHIIOI a/reGpu
LiCTaeMO TOTOXKHOCTI ) :
L[z (x)] =0 i L{o(x)]=0.

Teopemy JoBesieHo.

Skmo pisuauns L [y] = ¢ (x) + i (x), ze Bci Koeqnmea-
™ p;(x) i byEkmii @ (®) iy (x) nmifichi, Mae po3B’si30K y =
= 4 (x) + { v(x), To HificHa yactHHa u (x) i yABHA uacTHHA
v (x) e BiAmoBiAHO pO3B’sI3KaMM pPiBHAHB

Lyl =9 (x) i LIy] =¥ (x).
L{u + iv] = @ (x)+ i (x)

Gnpasni,

a6o “
L [u] + iL [v] = @ (x) + i (x).
Orxe, npupiBHIOEMO OKpeMo AificHi Ta YfBHi 4acTHHU:
Lu]=0(x), L[v]=
Taxkum unHOM, AlcTanH HOBoOKYyBaHe TBEPAXKEHHS.
3.5. Merop sapianii Aoainbuux cranmx

BukopucTOBYIOUM BHCHOBOK MpO 3arajbHufi po3B’s30K He-
onHopianoro piBHAHHA (3.1), #ioro saBXAY MOXKHA BHAHTH, SKLIO

ur



BifOMO saranbﬂnu posa 30K piBHARHA (3.2) i 6ynb-mmﬁ
YacTHHHHN po3B’'sI30K _piBHARHA (3.1).

IcHye 3araibHHI MeTOJ| 3HAXO[KEHHA YacTHHHHUX PO3B’A3-
KiB HeoAHOpiAHOTO piBHsAHHA (3.1),KHii HasHBAETLCA METOROM
Bapianii foBiJibHUX cTaJsuX, abo MeTofioM Jlarpamka. 3’sacyemo
CYTb ILBOrO METOAY.

Hexait Maemo 8sara/ibHH#t iHTErpasn plBHﬂHHﬂ (2 y=
=4 (x), TO6TO"

y = Cun+ Coyyt oo + Cotiny - (3.25)
I8 Y1, Y0 <o » Yn— q)ynzlameHTaerHa CHCTEMa PO3B’AI3KIiB
pisHsanHs (3.2), a C,, C,, ... C,,—- JIOBi/IbHI cTai.

Illykarumemo qacmHHuﬁ pO3B’A30K U () plBHﬂHHﬂ (3. 1)
~ y dopumi (3.25), posraspaioun seanupnn Cy, C, o... , Co HE 5K
BoBiMbHI CTani, a AK GyHKUil x, ane TaKi, Luo6 B pesyubra'rl
Bupa3 (3.25) BH3HAU4B yacTHHHHMI PO3B’si30K piBHAHHA (3.1):
Has nporo, sudepenuitoioun (3.25) mo x, MaTHMEMO

Yy = Cly'l + Caylz + -+ Cny'n + C'lyl + C'2y2 +eet C'nyn
Bu6epemo tenep Cy, C,, ... , Cs Tak, mob
Ciy1 +Chys + Coy, = 0.

Toai y' maTuMe Takull camuil BUIVISA, SIK | y BHMANKY CTaJHX
¢, C,, ..., C,, TOOTO

Y =Ciyy +Cofy + +++ + Cotfn. (3.26)

Hudepennitoroun me pas, jAicraemo
Y =0Cy1+ Coyy + +++ Coyn+Cryy + Cotfy + -+ + Cige
Hexail sHoBy _
'ly'1+Czy2+ ter +Cnyn 0.
Toni
| ¥ =Cy + Coyy + -+ - + Cy
{Ipomomxyroun AubepenuitoBaTd Aani i mifibpaBiud BeJHYHHH
Cu Cyy wivy C, TaK, mOG

Crly(ln-Z) +C12ygn.—2) + —I—C' (nw2) 0,
JicTaHeMO OCTaTOYHO
g = O - Gy ee - C
udepeHIicioud 10 MOXiAHY e pas, sHaizeMo
y( ly(ln)+cﬂy(n)+ +Cny('l)_|_C' (ﬂ"l)_i_
G e+ Gl
s

[TincraBumo Ténep y plBHﬂHHﬂ (3.1) BHpa3 Aas y.i sHaiijeni
BupasH s y', y'’, ..., y™ . Toui, B pe3ayabrari neBHHX
nepeTBOpeHb, MaTHMEMO - . :
C (y(n) + pl (n—l) + oo + pn:—ly'l + pn!jl) +
G + ply"'"" + +pn—1y'2 + Pats) +

ooooooooooooooooo

+ Co (9 + pyy= —I— + PreaYn + Poln)+
+C + Coy ™ oo+ Cry 0 = ().

MHOXHHKH, L0 MiCTATbCH B ByXKax MpH Ci Coy vee y Cas
JIOpiBHIOIOTh TOTOXHO HyJIoO, OCKIJIBKH Yy, Ygy «-. » Yn € YA

_CTHHHAMH po3B’fi3kamH piBHAHHA (3.2). OmKe, ocTaHHE piB-

HSIHHS MaTHME BHFJIAL

Copt™ +Cogs ™+ s + Gy = f (0).
3piacn wykawi ¢ynkuii Cy, C,, ..., C, 3a40BOJBLHAIOTH
yMoBam .
Cyyy+Cota + -+ +Cpy, =0,
C'ly'l + C'zy’2 + oeee + Cnyn = 0
. .n ........ R . s o o (3'27)‘
1y( —2) + Cv (n“2) + vee + Ct y(n"-Z) = 0’
Cogt " + Gzy‘;“” + e + OV = f(3).
Maemo CHCTeMy n JiHiRHHEX piBHSHL 3 n HEBIJ.IOMPIMH
Ci(x), Cy(x), ..., G, (x). Lia cucteMa Mae eppHHil Po3B’A30K,
OCKiMbKH i1 anuaql-mx — ne netepMiHauT Bponcekoro W (x)=%=
#0, Vx€(a, b).
Posp’ ﬂByIOlIH 0 CHCTeMy piBHSHD, suaiiaemo Cj (x),
Ca(%), ..., C,(x) Ak BigoMi dyHkuii Big X3

Ci = ¢, (x),
Gy =3 (x),
Cy= 9 ().

Tozi
C, (0= (mdr+Cy
C, (¥) = X @y (¥) dx + Cy,

G, (1) = { 9a () dx + Gy
' 19



re Cy, Cyy ... , Co— RificHi JoBiubHi crani. [liacrabasioun
sHagennsa C,(x), C (x), ves Ca(%) v (3.22), nmicranemo saraJb-
HUA iHTerpaji JaiHifiHOrOo MH(epeniianbHoro pipHAHHA (3.1)

y=Cuy1+Capp+ -+ +C yn+y1f¢1(x)dx+
+4:f @ (ax+ - +y,,Sq>,,(x)dx

[epma rpyna aonaukis, a came ),Ckyk, € saralbHHM iHTe-

rpajoM piBHsAHHA (3.2), pelm‘a—- YacTHHHHM. PO3B’SISKOM
piBHAHHA (3.1).

NMpukaaxn

. 3a merogom Bapianii nonmuwx cranux spafiTH saranbuufl
po3B nsox piBHAHHSA

yaf'r ?y"= Xe

Pose’s3anHA, 38VaNbHEM DPOSB’ASKOM BiANOBIAHOTO OXHOPIMHOTO
piBHAHHA e ‘

y = C1¥*+ Cy,
Hexait C; i C3— o¢yuxuii Big x. Cxnagaemo cucremy Tuny (3 27

{CI X2 +C e 0
2C1x = x,

3sigen Cp= % , Ci= —% 1%, Toal Cy(x)= -lf x+Cy Cy(o)=
=-—..é_x3+C,, ne Cy, Cy— piticni posinbel cvani, Tl zacrasasioun
Cy (%), C,I (¥) y saraneHE# pOSB’A30K BiAMoBiAHOTO opHOpizHOro piBe
HAHHA, JICTaHEeMO 8araJbHHA pO3B’H30K 3aJaHOTO Heonnopinﬂoro pis-
HAHHA;
y—CIx”—l—Cn—%-x".
2, 3HafiTw saranbHHA posB'A30K piBHAHEA

y+y=

sinfx
Poss’asanus, ¥ n, 1.1 #uwocs mpo Te, mwo siunoninﬂe oxHopiaHe
piBHAHHS ‘
Yty =0

Mae 3arajibHHM pO3B’sI3KOM . PyHKLUi0
u = Cycos x -+ Cysin x,
ae Cy, Ca3— posinbui crani, [Ipunycrumo, mo Cy 1 C, q>yuxuu Big £
i ckamagemo cucremyyrtuny (3.27)
lC1 (x) cos x 4-C) (x) sinx =0,

o ! ‘ '
—C (%) sin x 4 C; (%) cosx—-am.

[oMuoxuBmM nepme piBHAHHS CHCTeMH Ha sin x, a Kpyre — Ha cosx
i pofiasmu ix, micraHemo

Cy () = %

sin® () *
8 nepuoro piBHAHHA MaeMo
, 1
Ci () =

oy
siniz’
IuTerpyBanHAM 3HAXOAHMO

Cr(x)=,—S dx - = ctgz,

cos x4 d (sln x) 1
Cqy(x) == =
2 () n"x sin®.x 2sm’x
OTKe, YaCTHHHHM POSB’SI3KOM € GyHKIis
' 1
v=ctgxcos x— +sinx
g _ 2sind x '
a6o :
2 2, 1.
o= C08%%__ 1 —2c08?x—1._ cos2x
sinx  2sinx 2sin x 2sinx

3araxbHull po3B’sI30K 3HAHAEMO AK CYMY 4 |- v
y=Cycosx+ Cysinx +cos 2z

¥sinx’
ae Cl, Cy— noBinbui cranmi. .
3, 3naifiTH saranbHu poaB’A30K piBHAHHA
1
= ——
y+y=—

Posg’ asarnsa, BHKOPHCTABINH NPHKJAA 2, POSTJSHEMO CHCTEMY
Cycos x4 Cysin x = 0,
’ ! ’
—C;sinx 4 Cg cosx = —

Po3B'A3yI04H Li0 CHCTeMY Ta iHTErpPYyiouH, 3HAXOJAHMO
Cy (%) =—j‘§i§_"dx, C, (x) = ji.o}ifdx.
Baranbhuii po3p’A30K MaTHME BHPIRL
Y (%) =Cycos x4 Cysin x—cosxSslz_xdx-i-sinx . \g‘cﬁ}”dx,

To610 BiH He BHpaxkaerbcs yepe3 edeMentapHi ¢pynkuil, a aseneHuit zo
KBajparyp.

3.6. 3umkeHna nopsaaxy niHiliHoro
oaHopiaHoro aucpepeHuianbHoro PIBHSHHA

Tlorakemo, 10 KoJIM BiIOMO OIHH HEHY/JIbLOBHH YaCTHRHHUI
po3B’A30K y, piBHAHHA (3.2), TO MOXKHA MOHH3HTH IOPALOK -
IbOI'0 PiBHSIHHS HA OAHHHLYO,

12]



Bsezemo HOBY HeBimioMmy dyHKUil0 u (x) 3a dopmy.oio

y ¢
| Y=y S udx, “—(yi) (3.28)
Toni ‘ ‘ ‘
v =y fude+ yu, _
v =y; | udx + 2450 + gt | {3:29)

y(n) = y<”>5udx +n y(nml)u a2 (” l) Yr=Du’ oo gyutnel)
i piBHanHA (3.2) HA6Hpae BHI‘JIﬂ)ly
LLya]l { udx 4 buy (98 + bug (Dt + +++ + yout=d = 0,

(3.30).

Ockinbku L [¢y] = 0, 10 mna u maemo nimifine onHopiane
piBHAHHA (n — 1)-ro nopsiAxy

=) 4By (1) 4 4 e+ B (U’ By (1) = 0. (3.31)

Koetblmemﬂ IbOro piBHSIHHSA HemepepBHi B iHtepsani (a, b),

Kle, MOXJIHBO, TPIX TO‘IOK, Ae Yy, NEPETBOPIOETLCA B HyJIb

SIKmo u,, ... , Up— QyHIaMeHTaJbHA CHCTEMA pPO3B’SI3KiB
piBHAHHA (3.31), TO (byHKU.ll
| Y yIYudx,...,yljudx (3.3

'yTBOpIOIOTb (byHnaveHTaNbHY CHGTEMY pO3B'ABKiB plBHﬂHHﬂ
(3.2).

Crpasi, 8 Billle CKA3aHOTO BHILIMBAE, MO BCi dyHKRuii
(3.32) e posp’siskamu piBHAnHA (3.2). [MpunyeTuMo, MO0 BOHH
AidifHO sanexui. Toai Marumemo ToTOXHICTL

Clyl + Cﬁyl S u2dx + e +C,,y1 S undx = 0,

npuyomy He sci C,, ... , C, AOpiBHIOIOTH BYMO, GO B MPOTUBHO-
My pasi i C;= 0, ockinbka y, == 0. Ckopouyloud TOTOXHICTb
Ha y, | Audepenuirooun, Aicraemo .

Cuigt ... + Catty = 0,
.T06T0 Uy, ... s Un NiHifIO BaJeXHi, MO CymepeunTb NpHITY-
HICHHIO, :
Orxe, Cy=Cy= ... =C,= 0, ockinbku y, #= 0. Toni
Cy= 0 i Y1 Ya» +++ » Yn YTBOPIOIOTH (dyHaaMenTaJbHY CHCTEMY
PO3B’AI3KiB,

Takum YHHOM, HAKIIO BllIOMO uacmx—muu pO'%B ﬁ3OK plB-
HAHHA (3.2), To sajaua iuTerpyepaniisi UbOrQ PiBHSIHHA 3BO-
AUTHCSl 1O inTerpyBanHA Ji#iAHOIO OAHOPiAHOTO piBASAHNA
nopsaky n — 1.
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3asHaunmo, WO migcTaHOBKY (3.28) MOxHa ,BHKOHYBaTH
TOCTYIIOBO: . CMIOYATKY BBECTH. Y = Y0, a notiM v'= u.

Mpukaan 3HaliTy saranbuuil posp’ssox nudepennianbHoro
piBHAHESA

(x2— 2x + 2" — x2" - 2xy’— 2y = 0.
Poss’aganus. Le piBusnaa mae vacTuHHRA poas *A30K y1= %, Toni
‘ y= xS udx,
Hani snaxonmo ‘
y =Sudx+xu, )
-y = 2u + xu',
ylll = 3u + xum
Tenep 3aflane piBHAHHA Habupae BHIVIARY
x (= 2%+ 2" + (3 (x2— 2 4+ 2) — xs)u =0,
Hexaﬂ uw'= v, roal

dv 3 X2
L 2 Jv=0,
dx+(x x’—2x+2)v

Binoxpemmoemo 3Minui Ta inTerpyemo

2dx
Inv=1InC—31 __xax .
nv=1In nx+Sx2_f_2x+2

O6uncnioemo y npasifi wacruni interpan

Kde 2x—2 — 2 _ .
‘Ym j(l+m)dx. x+1In(x?—2x-2)

TakuM ygHOM, _
Inv=InC~3Inx + x+ In(x*—2x 4 2),
abo .

vaCe" (x*—2x +2)
‘_—__xs- —
InTerpyemo mwo pisnicre apiui:

u=C,+‘S.vdx=Cl+Ce_x(;T_9,

Sudx=C,+C1x +C‘s‘e_{(i—;—l)dx=0,, o+ Cyx +c:5;. :
3araabuuf interpas 3anau6ro IudepentiaNsHOro piBHAHAS Mae BHMIAA
y=x S udx = Cyx + Cyx* -+ Ce*.

SAkuro Bigomo £ JiHiIAHO He3aNeXXHHX YACTHHHHX - PO3B’s3-
KiB piBHAHHA (3.2), Yy, Yy ... » Yk, TO MOPSIOK LBOTO PiIBHAHHA

* MOXHA MOHU3NTH Ha k omumnub. IIpn nvomy 3106yTe piB-

HSHHS (n — k)-TO TOPSAKY 3a/MUIA€TbCs JiHIAHUM i ORHO-
pinHuM.

Cnpaegi, BUKOHylouH mifcraHoBky (3.28), aicranemo masi u
piBusnua (3.31) nopaaky n— 1. PiHanua (3.31) mae &£ — 1



po3B ' A30K, i SHAXOAATHCA 8a (bopmy.nom 3. 28) NOCTyNOBOIO
8aMiHOIO ¥ HA Y, Y, +v » Yt

: Ya Ya ' AV
= (8, = (8], s (2.
i poss’sisku niRifiHO HesaneXHi, GO B HPOTHBHOMY pasi
ManH 6 TOTOXKHICTb
. 2u2+--.+Ckuk—O .
ne Be Bei Cy, ... , Cp BOPIBHIOIOTL HYJIO. IHTerpyxoqu o To-
i TO}KHiGTb, zicrany 6

C,+GC, Su dx+ «++4C, Sukdx-o

3BIKH v
k C .‘z! XX g’.‘ =3
Ci+ ,y1+ -I-Ckyr 0,
Cyyy +Cotg+ +++ + Cpy, =0,
o HEMOXKJIHBO, OCKIJILKY Yy, Yas o s Yo JdinifiHo Hesa-
*, JIexKHi. .

Tenep BBesemo HoBY (pyﬂxuno v
1
U=1U, S vdx, abo v= (au—) .

2,
Toni ana v picranemo piBHAHHA (1 — 2)-r0 NOPARKY, AAA
KOro Bigom6 k£ — 2 niHiiiHO He3a/ieKHHX PO3B’s8KiB:

u' I3 u 14

3 k
= con U,=4§{—1].

Us (uz) ? LA (ua)

[TponoBxyioun Tak i Aani, Aicranemo Jsimifine oxnopizne piB-
HAHHA (n — k)-ro NOpAAKY.

OT}Ke, AKIIO BioMo (n— 1) JiHifiHO He3ajexHHX qacmn-
HHX PO3B’A3KIB PiBHAHHA (3.2), T0 mocrynoBo Aicraemo JiHifi-
He OJiHOpiAHe PiBHAHHS 1:rO MOPAAKY, WO Aa€ 3MOry HpOiHTe-
rpyBatH piBHfAiHHA (3.2) B KBajpaTypax.

Po3gin 4 _ -

NIHAHI OAHOPIAHI PIBHAHHS
BMILLIOTO NOPAAKY 3 CTANIMMM
KOE®DILLIEHTAMM

4.1. OcHoBHi O3HaueHHA

Hexaii 3apano siniitHe onuopiane piBHAHHAS 71-ro NOPAAKY

y(n) -} pl!/(”_” + pzy(n——2) N pn_lg' + Pl = O, '(4,1)

ne koediuiewrn p;, i=1, ..., n,—craui.
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Ilo6 po3B’sizat Lie piBHsRHS, Tpe6a 3HAlTH sAKy-ReCylb
ﬁoro dyHIaMenTaIbHy CHCTEMY PO3B’f3KiB

\ 510, 9s8)s +e s Yn (). .1
Tom 3arajbHHUM pO3B’A3KOM piBHAHHA - (4. 1) Oyle. ¢yHRIisA
‘ y = Cyt Coyst . + Gty #.2)

- pe Cy, ..., C,— HOBiNBHI crani. ‘

ByneMo IyKaTH YaCTHHHI PO3B’ASKH y BHIVISA] ‘
Y= e, (4.3)
Je k — crane, Tom
y' = ket¥, y' = RPek¥, -, Yy = knet=,

SKmO MiACTaBUMO SHAueHHA NOXiAHmx i dymkuio B (4.1),

MaTHMeMO ‘
L [ekx] = gF¥ (kn + plkn—»_l T e pnslk + pn) =0
Ockinpku et =0, To
B p k4 e o+ Pk Py =0, (4.9
TakuM 4YHHOM, HKIO & — KOpiHb anare6paiuHoro piBHAHHA
(4.4), ro ¢yuxuis (4.3) — posp’asok pieusinna (4.1), i nas-
NaKu.

PiBdsinus (4.4) Ha3HBAIOTh xaparcmepucmutmum PIBHARHAM,
fKe Bianosigae AndepeHnianbHoMy piBHsHEIO - (4.1) i3 .cTa-
JuMH KoedinieHTamu.

OueBuHO, 110 XapaKTEPHCTHUHE PpiBHAHHSA LicTanemo, KoMK
B piBHanHi (4.1) samiHWMO mMOXiAHi PiSHMX MOPsAKiB Biamo-
BiAHuMY cTeneHsimu k. PiBasinas (4.4), sk BiloMo, Mae n Kope-
HiB, 3 ypaXyBaHHsiM KPaTHOCTi KOXKHOrO 3 HHX, a TOMY pisHUX
Kopenis Moxe GyTu He Giabile HiX R < n. POSTASIHEMO  MOX-
JIHBi BHNAAKH.

4.2. Bunagok npocrtmMx Kopenit

Hexait Kopeni pmuauun (4.4) &y, Ryy oo, kn pisHi. Toxi
n ¢GyHKuii

fe k 2
er, e, ..., en”

€ yacTunidMy po3B’siakamu pinaanaa (4.1) i npuyomy ainiiino
HE3ANCKIMMH, TOGTO MATHMCMO  (DYHIAMEHTANLHY CHCTEMY
po3s’s3kis piBuanns (4.1). Toai 3arasbHHM po3B's3KOM €
thyuxuis
k k
Yy(x)=Cye"" - Coe™ oo + Cne’*,;", (4.5)

ae Cy, Cyy ...y, Cp— ROBiVIBHI cTad.
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ﬂpuknhnh

1. Posp’ssatn pmﬂsn-msx
Pass ASARKA. ananemo xapaxrepucanHe piBugHHA
- k-3t 4 2=0,
sBinKn Ry= 1, ky= 2.
Orxe, sarajbHHM pO3B’A3KOM 3ajanoro piBHAHHA e QYHKLIR -
y = Cie* - Cye?*,
2. Poan $3aTH piBHAHHA
Y — 6y 4 11y — 6y = 0,
Po3g’ asanua. Xapaxrepncmqne piBHsHHSR
6k 4 11k - 6= 0
' Mae KopeHi k1= 1, ko= 2 ks-— 3.
3aranbEuM poss "S3KOM € cbym(um

" Y == Cie" +Caezx _‘_csesx. .

PosrasHeMo BUMAZOK KOMIIEKCHHX KOpEHIB = XapakrtepH-
CTHYUHOTO piBHSIHHA (4.4), nanpukaax k= a -+ Bi, Tomi ai-
CTaHEMO pO3B’A30K

Y= elat+Bix — eocxez‘ﬂx_

Bigomo, mo Kosu ajreGpaiude piBHAHHA 3 AiHCHHMH Koe-
dinienramn Mae KoMnJekcHu# Kopinb k,= a 4 Bi, To BOHO
Mae i cnpsikeHHH 3 HHM Kopip k,= o — Pi. Omxe, MaTH-
MEMO IIe TaKHH pO3B A30K:

Ya = £0=B)x o puxp—iPx,
Ckopucrasuimch dopmyiamu Efsepa
_ et'® = cos@ 4 i sin g,
sHaleMO :
Yy = €** (cos px + i sin Px),
: Ys = e**(cosPx — i sin Px).
3riggo 3 Teopemolo 7 3po06HMO BHCHOBOK, [0 KOMILIEKCHO-
My KopeHio k= o + Pi Bifnosinaorh ABa AiACHHX PO3B’A3KH
piBusanHs (4.1): ‘
’ DY =e*cosPx 1y, = e** sin fx,
‘mpUYOMYy BOHH JiHIHHO HesasexkHi. Cnpmxelmﬁ KOpiHb k,=
= & — i TakoX Nae ABa JiHCHUX pO3B’f13KH, ajieé BOHH TaKi
cami (3 TouHicTio Ko 3HaKa), Wo # Yy, Y3
Omxe, KOXKHIH napi cnpsKeHUX KOMILIEKCHHX KOpeHiB

XapakTepUCTHUHOTO DiBHAHHA BiAmopigae xBa AificHEX ua-
CTHHHHX DO3B’'A3KH PiBHaHHA (4.1):

e**cosPx i e**sinPx.
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Npukaann

1, Posp’sisaty piBHSAHES
y" + 2y'+ 5y = 0.
POBB’ﬂaaHHﬂ CkaajaeMo xapakrepuctHuse piBHARHSA
k2 + 264 5=0, :
3sinen
' k=—-1+2t,k,=-—1—-2¢,oc=—l ﬁ—-2

Saranbﬂﬂu poss’asxoM e QyHKus

y = e~* (Ccos 2% + Czsm 2x),
2. Poss'siaatu piBHAHEA
YU —5y"+ 1Ty’ — 13y = 0,
Poss’ ABARHA, Xapamepncmqﬂe piBHsHus
— Bk%- 17k — 13 =0
uae Kopeni ky== 1, k,—- 2 + 31, kg== 2 =31, Onxe, saragbHEM PoS-
B'A3KOM € (pymmm

y = Cie* 4 e2* (C, cos 3x -~ Cy sin 3x).

4.3, BUnagoK KpaTHMX KopeHIs

Hexah xapakrepucTuuse piBHSIHHA Mae KpaTH'i KOpeHi.

- Toai picTaHeMO MeHW HiX N YaCTMHHHX PO3B’A3KiB PiBHAH-
~ua (4.1). Posp’daaku xapaKTepHcquoro piBHAHHSA He AAK0Th

(bynnamema.nbnox CHCTEMH PO3B’A3KiB, a 0TXKe, i 3arajibHOrO
po3B ﬁaxy 3uaiileMo cnoci6 3HaXOAKeHHs BCiX YACTHHHHX
posB’A3KiB, AKi 6 CKNa1aNH QYHAAMEHTAJILHY CHCTEMY.

Nosnauumo uepes @ (k) niby wacruny xapamepncmqﬂo-
ro piBHsHHS, TOGTO

Q (k) = £* + pek™" ™+ Pok" 4+ o + Proak + Pne
[lykaTameMo uacTHHHI po3B’a3Ky piBuaAHHA (4.1) y BHrAIAAi
PyHKLii

| y==ekry, (4.6)
Ae k — KOPiHb XapaKTePHCTHYHOrO PiBHAHHSA; ¥ — HeBizoMa
¢yukuig Bix X, AKy Tpe6a BUBHAYUTH Tak, LIO6
L [ek*4] = 0.

Has Toro wo6 migcraBuTH ¢ynkuio (4.6) y pinsnns (4.1),
Tpe6Ga o6uncautu Bei i noxiaui Big mepimoro xo n-ro nopsig-
KYy. BHKOpHCTOBle'lH ¢opmyay Jlefibnina, 3naxoaumo:

y= ekxy
y' =kt (ku+u),
y" = ek* (p2u -+ 2ku’ 4+ uv), ‘
y” = e (kPu + 3k’ + 3ku" 4 u”);
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=D = e (B0 - (n— 1) k=24’ 1 (n'—l.l}.(‘g —2) k”‘;3u" +

+ oeve o (n—1) kutr=2  yin=);
‘ ’ I = r i -~ l - ”
y(fl) = gk¥ <k u + nkr=ty’ 4- ”_(;l_. 5 ) kn=2y +

+; oo - nkyn=n u(ﬂ)) .

Tenep Maemo
L[ts”"‘u] —e’*"(w ®)u+o' (@) u’ —l-——)u +

(
TR +___._qz: l()’? utn=) 4 u".‘)). “.7

SIkuo k, € my- KpaTHHM KODEHeM XapaKTepPHCTHYHOTO PpiB-
HAHAA, Je my<<n, TO, sK BifoMO 3 aareGpH,

@ (k) =0, q)(kl)‘—o 9" (k) =0; ...,
9 (k) = 0, g (k) 20,
i Bupas (4.7) MaTuMe BurJsL ‘
) () (my+1) ' ’
L [eklxu]=ek‘x(—-—lru(ml) —,— CP(T-_l_-—(l’;_ll) u(mx‘l'l) + cee —I—u(n)).

Otxe, byHKuis y = e**u Gyne poss’siakom piBHsHHA (4.1)
" Togmi, KOJMH

‘ (my) (my+1) ,

" () T (ky)

ekix (______.u(ml)- T F71C% o § 0 S By ¢ )] =0
+ (my - 1)1 Tt

Tlpote et:* He zopiBHIOE Hy.O; He AOPiBHIOE HYJIO H KOMHHH

3 Koedinientis npu u@m), ymtl, 0 ym, Tomy, ana Toro

wo6 (yHKIis e*1*u Gyaa poss 'A3koM piensngs (4.1), nopunni
CIPABIXKYBATUCA PiBHOCTI

uim) = 0, yimtl) = 0, vy UM =0,
OuepufHO, 10 32 © MOMHA TYT B3sTH (yHKMii
x X% %%, ..., ol

YacTuHHEME DO3B’3KaMu piBHsnHA (4.1), wo BiATOBiAAI0TH
KOpEHIO XapaKTepHCTHUHOrO piBHSIHHS &, KpaTHOCTl my, GyRyTb
¢pyHxuii

enr, xeks®, gl . ., xmi—lek.x,
Tax camo KOpeHIO &, KpaTHOCTi m, BiAMOBiNaTHMYTH qacmHm
PO3B’si3KH
‘ et*, xeka¥, xze"z", coo g Xmalghe
irom | "
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V saragbHOMy BHTAJKY, KOJH XapaKTepPUCTHUHE DPiBHAHHSA
Mae KopeHi
k, KpaTHOCTI  my,
k, kpaTHOCTI My,
k, xparnocti my,
my+mydo-otm,=n m>1,i=1,2,...,p,

- TO iM BiamoBigarume cucrema n pHH[/lX qaCTHHHHX pOSB A3KiB

plBHHHHH 4.1):
ek,x’ xekt", ved xm,—lek‘x’

gkt xekzx’ xfnz,—lekzx’

cees
e, xé'rt, ..., XM leto,

" Paniwe 6yJo nokasano, uio [IH cHcTema (pyHkuift € minifiHo
HE3aJIeKHOI0, a OTKe, MAEMO (PyHAAMEUTAIbUY CHCTEMY pO3-
B'A3KiB, JIiHiflHa KoMOinanis sKuX Aaec 3arajbHHA PO3B’A30K:

=(C;+Cix 4 Cyx® + -+« + Cp x™m—1) ehi*
-|-(Cf—]—Cx+C X% 4 oo - Chxml) et - ooe
e | %
+ (C+ Cox + Chx® 4« —{—Cﬁ,px ek, (4.8)
SIkmo A, = o - Bi — KoMInexcuuil KOopidb KpaTHoOCTi m, TO
7 1
ky=o—fi Tex Kopie KparHocri m. Il napi kopeHis
BiANOBiJaTUMYTh TaKi YACTHHHI PO3B’SI3KH:
1 — B 1 _ —B1)xs
yi = el tBhx Y= elo—Bo)x;

y: = xe(m'l'ﬁi)x, y: — xe(@—ﬁl)x;
ym = g fotBx ym g pla—Bin,
2

3amicTb GYHKUiH xPe+Bhx | ypreo—Blx p=0, 1, 2, ...,
m— 1y dyugamenTanbuiil cucreMi MoxxHa B3STH (GyHKUIT
XPe¥ cosfx i xPe**sin fx.

Taxkum unHOM, mM-KpaTHOMY KoMmJeKcHoMy KopeHwo o + i
XapaKTePUCTHUHOrO DiBHSIHHSI B 3arajbHOMY pO3B’fI3KY Bills
NOBiZATUMYTb Takux 2m wieHis:

€% (Cy 4 Cyx 4 Cyx® + ++ o Cox™1) cos P
i i
% (Cy + Cox -+ Cyx® 4+ v oo + Cpxm) sin px.
§ a¥ _ 120



n?pnx.ua_n'u

1. Posp’si3atu piBHAHHA :
yY'+2+y=0,
Po3s’azanna, CxianaeMo xapakrTepucTHune piBHAHHA
B+ 24+ 1=0,
" 3BLAKH Ry = ky= —I.
Maemo TaKHA 3aranbHAfl PO3B’sI30K:
y = (Gt Cyax)e™,
2, Posp’sizarn piBHAHHSA
y''—6y” - 124’ — 8y = 0.
Pose’ azanna. Xapam'epﬂcmqne piBRAHHSA
k*— 6K+ 128 —— 8 =0, abo (£ —2)*=0
Mae KopeHi ky= k, = k3 = 2. Orxe,
oy =(CrF Cux + Csxf“)e”‘
2. Pogp’ssaty piBusAnHS
oV + 5™ 105" 104 4 5y -y = O,
Posg’ asanna. CkialaeMO XapaKTepHCTHURe pIBHAHHA.
kS 5k 10K+ 1042+ Bk + 1 = 0,
a6o
(& + 1)=0,

ky = by == kg == by =2 ky== —1.
3araneHul POSB’S30K:
g = (C1 + Cox + Cyx? + Cyx® - Cprt)e™
4, Posp’sizaTi piBHAHHA
‘ gV 42y — 11y — 12y 36y = 0,
Posg’ asanna. 3 xapakTepHCTHYHOIO PiBHAHAA
ki 263~ 11K3— 12k 4 36 = 0

8HAXOIUMO Ry == kg== 2, kg== k, = —3. O1Xe,
§ = (Cy - Cyx) 2% + (Cg 4 Cyx) €73%,
5. Po3ss’s3aty plnnmﬂm
¥V 8y" + 16y = O,
Poss’ ssanna. Craanaemo xapamepucmqne piBHSAHAA
- k44 824 16 =
aBiﬂKPl k] k2 == 2l ka = k4 - —-2[-
Maemo Takn@l saranbunil po3s’s30K:
y = (C; + Cyx)cos 2x + (C3 + Cax)sin 2x,
6 Po3p’aaatu piBusiuus
S IV+ 2y/u+ 3‘/;/+ 2!/ + y = 0,
Posa AsannA. Xapakrepucrdune piBHAHHA
bS48 - 3k2 - 20+ 1 =0

3Bijgcu

Hae Kopem

<o}

ha-%+’

S

199

[H ka=' k¢=‘ ~F ]-;E h

Orxe, cbyﬂxuia

yme ((cl + 9 cos 3 xt (€ +Cop s VT )

€ 3arajbHHM pO3B’SI3KOM,
“~ 7. Posp’sa3aTH piBHAHHI
D A e e N L)
Po3s’a3anna, CxiafaemMo XapaKTepHCTHUYHE piBHAHHS
kS kA 234 2%k 4+ 1 =0,

SBi,t[KH k1= —1, k2= k3= i, k4= k5= —i.
3aranpHuM posB’A3KOM € (yHKUif

y = Cy¢™% 4 (Cy+ Cyx) cos x -+ (C4+ Csx) sin x,

TakuM yuHOM, exeMa iHTerpyBaHHs JiHifinoro O)IHOplllHol‘O
AndepeHLiabHOTO PIBHSHHS 71-r0 MOPFIKY 8 CTajuMu Koe(bl-
tieHTaMu CK/a4aeThCsl 3 TAaKHX eTalliB.

1, 3HaXoIKeHHA BIAMOBIAHOrO XapakTepHCTHYHOrO. PiB-
HaHHA (4.4). ,

2. 3HaxoIKeHHs] YacTHHHUX PO3B'AI3KIB AH(epeHIliaJbHOrO
piBHAHREA, AKi BIANOBiAATL 3HAKAEHHM KOPEHAM XapaKTepH-
CTHUHOrO piBUAHHS, NPHUIOMY

1) xoxeH 3 Aiﬁcxmx i pisHux KopeHiB, Hanpukaax &,

. Jae YaCTHHHHH PO3B’A30K e4%;

2) xoxHa OKpeMa rapa KOMILIEKCHAX kopesiB a -+ pi nae
IBa YACTHHHUX PO3B’A3KHU €% cosfx i e** sin Px;

3) KOMKeH m-KpaTHai KOpiHb AK AificHui, TaK i KoMIJIexc-
HMH, Ja€ M 4acTUHHUX O3B’ A3KiB, m{i MOXHa JlicTaTH 8a zo-
TOMOTOI0 MHOXKEHHSI YaCTHHHHX po3B’sskip 1) i 2) na 1, x, #3,

xm--l

3 MHOKeHHS KOXHOTO 8 IIHX PO3B’A3KiB HA NOBiJAbHY c'ra.rly
i JonaBaHHA pe3yJbTartis.

3106yTa TakuM 4MHOM cyMa i 6yle saraJbHUM PO3B’A3KOM
safilasoro AwpepennianbHoro piBHSAHHA.
3aysascennn ¢

1. fkwo nudepenuiaisie piBHAHHA Mae MPOCTHl KOMILIEKCHHM
kopiup & + Pi, To flomy Bianosinae KommJexcho CHPFXEHHHA KOpink
@ — Pi. 3aranbauii posB’s30K (4.2) MicTUTHME WIeHH

Cre@tBOx 4 @80 %

AAIKHM MOXHAa HaJatu BHLIE HaBEIeHY cpopmy 'ramm YHHOM,
3a dopmyaoio Eunepa
&P =cosp4ising
3HaXOUMO

ckeoc_x-l-ﬂtx + Ckﬂeocx-—-ﬂix 7 (Ckeﬂ“x 4 Chage _p[x) -
=¥ [Ck (cos Bx -} i sin Bx) 4 Cpyy (cos Bx — i sitPx)] =
€% [(Cp + Cp4y) cOS Px 4 i (Cp— Ck+1) sin ﬂ.ﬁ] =
= AGOM cos Px -+ Be*¥ gin Bx,



def ) def .

ze A=Cp+Ch, B=i(Ch—Chuy)

OrXe, KOMIJIEKCHOMY KOpellio BiinoBifaioTh ABa JinifiHo He3anex-
HHX pO3B’A3KH ;

yp = Ae™* cos Px,  ypyy = Be™¥ sin P,

axi 6yyo 3no6yro panime iHwum cmocoGom.

Kpim nvoro, ockinexn ¢yngmii

e(oa-l-ﬁi)x i e(a,——Bi)x

€ JiniflHO He3aJsexkHUMH PO3B’A3KaMH, TO ix Jinifini kombinanii
_:1?_ oortbi) % @B __ ¥ oo By

_1_. PoB) 2 L =B x _ jax oy

pF 2
TeX € PO3B’SI3KaMH, OpHUOMY BORW Jainifino Hesanexui, Maemo TOh
caMHii pesyabTarT.
2. Hexaii nudepenuiansue pisustansg Mae xopinb k; kpaTnocti 2,
r06T0 Mae IBa OJHAKOBHX KOpEH:

ki = kiyre
Toni saranbHmft po3B’sA30K MicTHTE HOAAHOK
bX
(Cr 4 Cryy) €™
1, otxe, He e saranpuuM PO3B’sI3KOM, 60 Mae Jauule A ~— 1 moBiabHy

crany.
Y BHNAIKY TPLOX OAHAKOBHX KopeniB poss’si3ok (4.2) mictuTuMe
n — 2 posinwui crani i 1. A.

Hna posrasaysanoro Bunaaky icHye cmoci ck/aajlanns sarafib-

HOTO pO3B'A3Ky, SKHl 6yB sanponoHOBaHuH 1’ AnambepoM,
[punycruMo, 1o € XBA OXHAKOBUX KOpeHS ky= kg, Toai y Bupaai

Cyefs* - Cpeke® (4.9)
Bpo6GHuMO 3aMiny, BBaMalOUH, WO ks Kyt
Ci=Ci——C2_; ¢,=_C2_,
ko = ky ke — ki
e C'I i CZ'—-Honi nopinbui crani. Iligcrasusuig ni szadenss y (4.9),
SHaltgemo

, , ke _ Ryx
Cyelr® +Czeﬂ2x‘ =Cleklx+ g (e/ 2 le 1%) .
' (R (4]
Yacrocosyiour npasuno Jlonjrans i nepexia no rpaHuni npu ky— Ay
y IpyroMy uwieHi npamoi uactunu Aicranemo moximuy Bin ek® mno k4,
Orxe, . R
. , , »
Hm (Cyef1* - Cpete?) == Cle¥s* - ¢ de
byt Aky
= Cieti® . C), ge"1* = (C; -+ C; x) 1%,
B pesyabrari saranbHu#t posn’sa3ok nalepe BUTIALY
F] . ,
fye= (C) 4 Cy x) k% - Coefe¥ .. --]-C',,ek"'x.

TakuM camuM crocoGoM MmoOxua AicTaTd saransHHfl posm’ssox i jas
k + | onnakoBux kopeHIB XapaKTepHCTHYHOTO PiBHAHHSA,

=3
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3, Hexaf pmudepennianbue piBHSHHA Mae ogmakosi xopeHi, Ha-
npuknan ky= k,= ... = k. Tonl Bupas saranwmoro poss’sasky (4.5)
Habupae BULJIALY

kX k. x - k%
y= Aeklx +Cm+le il +Cm+2e m+2 '+" --+Cne ",

ne A= C+ C, + ... + Cpy. left Bupas wicturs sanme n — m - 1
TOBiNbHUX CTaNMX, & OTXKe, He MOxe GYTH 3araJbHHM IHTETpPaJoOM.
Toni mipryBaTumemo Tak.

Jlerko no6auntH, wWo

L{e**] = (" + py B4 - «-pa_yk -+ po) 5%,
a6o
L [e%*] = ek*p (r).
Hupepentiowud nell BUpas no napamerpy k; picranemo
2 Lletr] = 2 (0 () = xeb¥ () +
+ ekxq! (k) = e** (xq (&) + ¢’ (r)),
gani nmocaifoBHO MaTHMeMO:

-aak% L [t’kx] = ph¥* (x2(p (k) + 2XQ)' (k) o+ (P” (.k))'

Y B )
% L [ek*]) = et* (x¢ () + mx™ 1" (g) +- - +4- ™ (r).
3nafinemo Tenep m-ty noxiamy Bin L [y] no amiumin k:
oML [y] _ 6'"y(")+ amy(n‘—‘l) amy

EnG Er Ps 3 +"'+pn57€7-n-

Slxwo B npapifi wacruui niei pimmocti mominsre mopssox xudepen-

uiroBaiHs, TO BOHa Halepe BHIVIALY
oML om on1 fom
1. (—Q)er(-,;—,,_l( y)+---+pn"1y,

am T axnr \op™ P arm
T06TO
"Lyl _y, ["_"'2]
oK™ arml*
a ToMy
oML [ek*]
W- =L [x"'ek"].

SIXmo Temep majaBaTH m MOCAINOBHO 3Hadewn 1,2, 8, .. , m, TO piB-
sieTs (4.10) Moxua 3anmucaTh Tak:

L [xek*] = ek* (x (k) + " (1)),
L [x2eh*] = ek* (2 (k) + 2x¢' (k) +- " (k).
L{xMek¥) = ek* (xm¢ (k) 4 mx™ 2" (5) J-- - -4 o™ (B).

-+$I]xmo YHCIO k € KOpeHeM XapaKTepHCTHYROro piBHANES KpaTHOCTE
m , TO .

(k) =0, ¢'(k) =0, ¢"(k) = 0, .,,, ptm) (k) =0.

@.11)
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Bracninox mvoro npasl wacrumu pXBHOCTi {4,11) nepersoproioTsea
B Hyai, 3Bixkn

L{xet*}=0, L[x%r*] =0, .., , L[sMek*] = 0,
1e o3navae, WO KPiM po3B’AsKy ek* icnyioTh e i po3s’AskH
xekx_ x“‘ek"‘, s xMek¥,

Ak e Bifomo, BOHHM aAinifiHo mesamexsui. OToke, saragbuult interpan
Hafupae BiXOMOro BXe BHTAALY-

y= (C1 T Cox - Cyx? =+ o Cpyjy1X™) k% -
. &
+ Crmze} m“x”i‘ ~+ Cre n*,
Sxmo cepen xopenis xapakrepucruuroro piBASNNS € ABOKpATHMi

KOMIIEKCHUMl KODiHb Ry= ky== a + Bi, 10 ABOKPATHHM 6yzne TaKOX
cnpmxeﬂnn KOpPiHb k3= ky= ot — [?n Tonl saraibuiM IHTErpasoM e

= ((Cy +- Cyx) cos Bx - (Cs —[—C4x) sin fx) €%
+ Cyet B"--]---- + Cpe'r”,

Hepaxkxo sanucatd ¢opMyny 3aranbHOro interpany i AJs BHINAAKY,
KOJIM KDPATHIiCTL KOMIIJIGKCHOrO Kopens Gi/ibLie BOX, 0 3pOGJICHO BHILE,

BfiPABMU
Po3p’ssatit Taki piBHAHHS:
1. yIV—l‘)y”+27t/-—0 2 4" —y' =0,
2, y’”—7y -I-Gy—o 4y —y' —2y=0.
5, y” —3y" }- 4y == 6. 4" — 4y=0.
7. y;V — 16ady = 0. 8 y'—2y +4-2y =0,
9. 4V 4-8y" 4- 16y = 0. 10, y" — g == 0.
11, y" — by’ + 6y = 0. 12, y" -2y 4y =0.
13 y" - 3y" + 3y’ 4 y=0. W, g —y==0
15. yIV —y" -2y — y =0, 16. y/// 4y =0,
17, yV -+ g — 6y" = 0. 18. yIV 4y =0.
19. 4V —Qy" -+ 4J=0 : 20, y" + 4y = 0.
21, y — " = 22, y" - 4y’ -+ 3y = 0.
23. y" =9y 24. ” + 9y’ — 35y = 0.
25, y" +21 +y=0 26. J”——Bt/ 42y =10.
27, y” —6y" -+ 13y’ = 0. 28. y" -}- 2y’ -5y =0,

29. gV — 4y 1 10y" — 124" 45y = 0. 30, yIV—y =0,

A.4. YacTuuiuit po3s’asoK miHidHoro
KeogHopigHoro AxdiepeHyianbHoro pPisHsHHA
i3 cranumyu KoedinieHTamu

Sk GyJio BkKe MOKA3aHO, YACTHHHUH DPO3B’A30K HEONHO-

pifHoro piBHAHUSA o
Liyl =) 4.12)

MOXHA 3HaUTH METOAOM Bapiaui'i CTaJIHX. Hpore Anst JesIKHX
BuAliB npasoi uactunn f(x) piBHAHIS (4 12) icayiors npocriti
METOJH 3HAXOJKEHHA YACTMHHHMX PO3B "3KiB Ge3 KBaJiparyp.
Poarastemo feski 3 HUX:
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- Memoo nesusnauerux roegpiyicumis. Hexai npaba

. lIEICTI/IHEI HQOD,HOpl}.IHOI‘O plBHﬂHHH Mae BHIVIAA

F =P, @e-,

ne Pn(x) — MHOrOuNMeH crerneHs m, a o — GylAb-sKe YHCIO,
10610 pOSI‘JIHHeMO plBHHHHH

L{y] = P, (x)e**. (4.13)

[lykaTtumeMo yacTHHHHE PO3B’A30K LLOrO PIiBHSIHHS B ejieMeH-
TapHHX QYHKIIAX. Ockinbku €** npu aubepeHnitOBaHH] MHO-
XKHUTBCA TiIbKHA Ha CTa/uii MHOMHHK o, TO NPUPOAHO WIyKaTH
YacTHHHUA PO3B’A30K Y BHIVIAAL noéyrxy Jesikol ¢yukuii Ha
ewx, Hpn IbOMY Nic/isi BUKOHAHHs BCiX onepauifi, sasyauennx
y niBift wactuHi piBHAHHS (4.2), i ckopoueHHS Ha ¢%* y mpa-
Biff uacTHHI 8a/JMIIHTbLCA MHOTOYJEH, TOTOXHUHA P, (x). Tomy
NPUNYCTHMO, IO B INYKaHOMY YacTHHHOMY pO3B’SI3KYy HONAT-
KOBUM MHOXHHKOM JI0 €** Oyle JesKuii MHOTOWIEH BifHOCHO
x. Ormxe, 1IyKaTUMeMO YacTHHHHI po3B’ssok piBHsHHA (4.13)
y BuRaaAi QyHKuUil

v = e%*Q (x), (4.14)

Ie Q (x) — MHOrOWIEeH 3 HEBU3HAUEHUMH Koeq)iuieﬂ'ramn. [lo6
sHa#TH KoedilienTd i ereninb MHorousneHa Q (x), miJcTaBHMO
(4.14) B (4.13). IlotiM y dopmyay (4.7) migcrasumo saMmicTb &
4HeNMO &, a 8aMicTb u — QyHKUil0 Q (x). [TosHauaroyH yepes
¢ () JiBy YacTHHY XapaKTEPHCTHUHOro piBHfIHHA, NPH B = o
MaTHMEMO

(0o + L0 @+ o + LD gumv (@) +
+ Qm'(—x) ¢ (a)) Ee"“‘Pm *), (4.16)
8BigKM
Q) ole) + =7~ ¢ (x) @ (@) 4 +o0 + Q( b (") =D {a) +
+ Q( ( ) g (a)EPm ‘(x)j. - (418)

Hpnnycmmo, o cTaje yucao o He € KopeHeM xapaKTe-
puc*mqnoro piBHAHHS, TOOTO

@ (@) %0,
Toal creninb MHorousena Q (x) nopuen sGirarucs I8 CTEUEHEM
P..(x). Orxe, mpunycKaeMo, 10 :

Q(x) = Agx™ -+ A g™t o oo o Apen® ot Am
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ge Ay, Ay, ... , Ay —uveBusHaueni xoedinienru, ITizcraBusmy
ueit Bupas 3samictb Q (x) y (4.16), nicraeMo TOTOXH{CTb.
HpHpIBHEOEO'—IH Koer’puueﬂm HpH OJHAKOBHX CTemeHAX X y Ji-
Bifi 1 npaBifi yacTWHax wiel TOTOKHOCTI, AicTaHeMo cHCTeMy
8 m - 1 piBHAHb BigHocHO HeBizomux A,, Ay, ..., An_y, Am.
3posymiso, 1mo ockinbKi @ () %= 0, To Taka cHCTeMa Jae€
8MOTr'y SHafiTH HeBM3Hadueli KoedimieHtun Ay, Ay, ... , Am.

npnxuann

1. Posp’si3aty  PiBHAHHA :
Y'Fy— 125 = (x — 1)e?%,
Po3s’ asanna. 1lykaemo sarajapHHfl PO38’SI30K y BHIVIAAL
. y=u-v,
Ie U — 3araapHuit poa3s’ A30K BiAmOBiAHOTO ofHOpiAHOTO pisusHHA,
U — Y4CTHHHHH DPO3B’A30K 3a/aHOTO PiBHAHHA.

CknajaeMo xapakTepHcruuHe piBHsaHs BiguosigHoro o;uxopumoro
piBHAHHA

Q (k) =Rk —12=0,

aBiaxu
k= —4, ky= 3.
Otxe,
. 4 = Cye™ 4 Coe’*
Qckiapry @ (2) 320, 10 v == {Ax -+ B)e®*. IliacraBasgioun ue 3HAYEH

Hq v sauicTh y y sapaue pleusanug, alcraemo
—6(Ax - B) ¥ 4+ 5Ae* = (x — 1) 2%,
3BiaKK
" —6A4x — 6B + BA = x — 1,
Orxe, MaeMO CHCTEMY
—0A =1,

{ 54— 6B = —1.

Toni
1 1
=—% i=%

X __l_ 2%
v= (—‘6‘ + 36) ¢
3araasnum poak®aakom safaHoro piBnAHHg € QyHKuim
x 1
Y == C;e"'“ + Czesx - (6 36) 2'”-

2, Posp’sizatn piBHSAHHSA
III+ yll 41/__ 4y p— xex
Pozs’sisauna. Cknagaemo xapaKTepPHUCTHURE pm}mﬂ}m
B+ k2— 4k — 4 =0,
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ik - |
) k1= ——2 k2= -—l, k_q:: 2,
Tyr ¢ (&) = @ (1) 5% 0, orxe,
U= Cye2* | Cge—* + Cye?* .
Tenep Maemo
—4 v = (Ax - B) e*
—4| v/ ={Ax4 A+ B)e*
11 v” —(Ax+2A—I—B)e”
1| 0" = (Ax 434 4 B) e*

(——6Ax }- A — 6B) e* == xe*.

3niBa Bix BepTPlKﬁ.’leOl ainii sanucano koedinienTu, Ha sKi
Tpe6Ga NOMHOKHTH U, U, v'’, v"’’, nepu Hix nmiacrasuru B piBwanna. Jo-
AaBamuA MICKs MHOKEHHS BHKOHYETbCSI NO CTOBMUSAX.

OTrxe, MaeMmo

~6Ax 4+ A — 6B = x,
CkaafaeMo cHcTeMy

{ —6A =1,
A—68=0,
3pinku
A= —g ’ B=-.§é‘
Toxi

x 1)
v=\""6 — 38/ ¢

3aranbuuM po3B’A3KOM € QyHKIISA

Y (1) = Cye ™ 4 Cye ™" + Cye2* __ (é‘— + QLF) o,
3. Poss’asatn piBusHuS
Y=t Y=
Po3¢’ aanna. Tyt o = 0. Maemo Xapakrepucrnune PpiBHAHHA

O (k) =K—~4k 4 4 _
SBifiRKR Ry= k= 2. '

Toni
u= (Ci- sz)ezx'
OckinbKH '
P =00 =45,

T0 ' .

4 =Ax*4-Bt4C

—4 v =24x+4B
1 v" == 2A

4Ax% 4 (—84 +4B)X+2A__4B+4CE x%
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Hicraemo cucremy _
44 = 1, : .

—8A 4B =0,
24— 4B - 4C = 0,
8BigKu
1 1 3
A=7,B=75,C=7%.
Toxl ‘

x? x 3
v=3+3 T3
3araJpHuUM pO3B’A3KOM € (yHKIis :

., %3 3
=G+ + T+ + g

[Npunycrumo, mwo ¢ (o) = 0, To6T0 o — KOpiHb XapakTe-
pHcrauHoro piBHaAHHA. Hexa#t a — KopiHb xkpatHocTi r < n.
Toni '

9@ =0, ¢ (@=0, ..., ¢¢=V(a) =0, ¢ (a)0,
Pienicrb (4.16) HaGupae BHrasRy

0@ Qe @
T2 o0 (w) +Q( T S @) e

el P (%) @17y
+ 2 ¢ (@) = P (4. (4.17)

Muorounenu, fIKi CTAHOBAATH JaiBy i npaBy wacTHHH niei To-
TOKHOCTi, MOBHHHI OyTH OJHAKOBOro creneHsa. MroroujieH
P..(x) mae creniHp m, ToMy # MHOrOYJIeH J1iBOT YacTHHH NOBHHEH
MaTH TeX m-f CTremiHb, a Ie Moxe GYTH TiNbKH TOAi, KOJH
r-ra moxiZHa Bix Q (x) GyAe m-ro cremeHs, TOGTO MHOrouJeH
Q (x) matume creniab m 4 r:

Q(x) = AxpH 4 Axptr=T oo + Ay +
+ Am-l-lxra"’l' + s + Am—]—r- (418)
Jlipa yacruHa ToroxHOCTi (4.17) MicTHTL JMme NOXiAHI GyHK-
uii (g (x), mouunaioun 3 r-i i Kinuaioun n-10. Tomy mpu nifcra-
HOBII B (4.17) samicts Q (x) Horo Bupasy s (4.18) i sHaxoMKeH-
Hi noxigaux BiA Q (x) BCi wiexu MpaBoi YaCTHHH, MOUHHAIOUH
8 Ampp1x™=1, 3HHKAIOTH.
Orxe, 106 He YCK/AIHIOBATH OGUHC/EHD, llOlllJIbHO npn-
NYGTUTH, IO

Anpl=Anjamm 230 = Am+é =0,
88

Toni , : ‘
Q (x) = onm-;-r + Alxm+r’iil + cee Am-"”
460 ' :

Q)= 2" (A + Ayxm=t - «oo + Apax+ An). (4.19)
OrKe, AKIIO O — KOPiHb XapaKTePUCTHUHOrO PiBHAHHA Kpar-
HocTi 7, TO YaCTHHHHMHA POSB’A30K v piBHAHHA (4.13) sHaxoAHMO
y BHIVIAA .

v = x"Q (x) &%,
ze 0.<r <n; Q(x) — MHOrouwJeH TOro Camoro CTeneHs,
mo # Pun(x).
11106 sHafitu KoedinienTH MHOTOuJieHa Q (x) nifcTaBUMO
B 3ajaHe piBHAHHA 3aMmicTb y BHpa3 x'Q (r)e**. CKOpOTHBIUH
Ha ¢** i npHpiBHA WH KoedilieHTH NPH OJHAKO2MX CTENEHAX
X, 3 YTBOPEHOI CHCTeMH PiBHfIHb AicTaHeMO KoebilienTd MHO-

rounena Q (x). Hesaxxko BreBHHTHCSH, IO IS CHCTEMA 3aBXKAH
Mae eAWHHI POSB’A30K.

NMpukaann

1. Po3s’ssaTi pisnauns
y'— 2ty ="
Pose’ azanna. IlykaTHMemo saraienuil po3s’s3ok y Buraaai
' y=1u-+o,
Re u — sarajJbHHE pO3B’'30K Bixnosianoro oxnopiauoro piBHAHHA,

U — JaCTHHHHA pO3B’A30K 3afaHoro piBHAHHS.
XapakTepHeTuuHe piBHSHHS

—2 4 1=0, a6o (¢ —1)>=0
mae gopesni
’ ky= ko= 1,
Orxe, .
u = (C,+ Cyx)e*.
Ilpu mpoMy o = 1 e ABOKpPATHHM KOpeHeM XapakTepHCTHYHOPO
piBHSHHS, TOMY
1| v=Ax2e*
—2 | v’ = Ax%e* 4 2Axe*
1} v" = Ax%e* - 4Axe* | 2Ae*

24e* = e¥
3pincn -
1
2A=1, A= T
Orixe,
1
vr=75 x3e%,
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3arasbEuM po3s’A3KOM € dYHKUis

1
Y= (Cl + Cax + 5, x’) ex.
2, Ppss’ﬂsam PiBHAHHS,
yIV_ 4yw 'i" Gy”— 4yr+ y = (x + 1)ex'
Poag’ a3anns. 3anumemo XapaxkTepUCTHYHE piBHSiHHA
’ B*— 4134~ BRE— 4k - 1 =0,
fioro Kopeni
ky= ko= kg=ky= 1.
Otxe,
U= (Gl+ sz + C3X2+ C4X3)ex. .
OCKiNbKY y AanoMy OpuKIadi r = 4, To nif6upaeMo YaCTHHHHA PO3B’S «
30K v y BHNIAAi -
v = x*(Ax + B)e*.
[ligcraBisgemo y 3afaHe piBHANHSA 3aMiCTh y 3uaYeHHT U:
1 v = (Ax® 4- Bx?%) e* .
—4 | v = (Ax? 4 Bx%) ¢* 4 (5Ax* |- 4ByP) e*
6 V" = (Axs -+ Bxi) P 9 (5Ax4 -+ 4Bx3) e* 4 (20Ax3 -+ 12Bx"’) 4
—4 | v" ={Ax5 4 BxY ¥ + 3 (5Ax* 4 4853 e* 4 3 (2044° 4
+ 12Bx?) e* 4 (60Ax? + 24Bx) e*
1] oIV = (A5 + Bx%) e* + 4 (5Ax% - 4Bx3) e* - 6 (20453
4 12Bx2) e* 4 4 (60Ax2 + 24Bx) ¥ - (170Ax + 248) ¥

(1204x - 24B) e¥ == (x + 1) &*
Micns ckopovennsi Ha e¥ gicTaeMo TOTOXHICTB
i 120Ax -+ 24B=x 4+ 1,

3sigcu

1
1204 = 1,

A
24B =1, B

120°
L
24"
Orrxe,

x i
- 4p%
U= (120+24) x%*e®,
3arajsHuM po3p’A3KOM 3afaHOTO piBHAHHA € dyHKIiA

4 5
y= (01  Cr o Cart 4 Cot ot 2y o) e

8. Posp’sizaté piBHAHHS

Y — 5y’ 8y — 4y = e**.
Pose’ asanna. Craalaemo XapakTepHcTiane piBHAHHA Bimjlosinﬂbro

oguepianoro pismsiHES . ‘
. k35— BR?®4- 8k — 4 = 0.
Hloro xopeni ky= 1, ky= kg== 2.
u = (Cye¥+ (Co-t Cyx)e?.

140

s ganoro npukaagy o = 2 € ABOKPATHHM KODEHeM XapaKTepHCTHY-
HOLO pIBYAHHA, TOMY
—4 | v= A4y _
8| v = 24x22% 1 2Axe?*
—b | 0" = 4Ax%2< | 8Axe2¥ 4 2Ae2¥
1§ 0" ==84x2%2% |- 24Axe?* 4 124¢%¥

9Ae2% == o2¥

: 1
3pinen A4 = 1/2, orxe, v =72—x2e2x,
3araqbHuM po3B'sA3KoM e QyHKilis

Yy = Cle" + (Cz + ng + ~2~x2) e?x,

4. Po3p’asatd piBHAHHA

ylll + yll J— e-x
Po3s’ asanns. CraafeHe XapaKTepHUCTHYHE PiBHAHHA
R4 k2= 0
Mae KopeHi k= ky= 0, kg= —1.

Orxe, .
u = Cl—l- ng ‘l‘ Cse"".

Uneno o == —1 € OAHOKPATHHUM MPOCTHM KOPEHEM XapaKTepHCTHYHOTO
piBHgHHA. Otxe, r = 1 i maemo :

0 v = Axe™*

01 v/ =—Axe™® 4 Ae~*
1| v"=Axe™* —24¢°%

1§ 0" =—Axe™® 1~ 34e~%

Ao ¥ s=emx
3Bigcn A = 1. Tonl v = .xe™%, a
' y=C1+4Cox + (Cs +x) ™.
5. 3Halitu 4acTHUHHA PO3B’A30K piBuAHHA
: y" —10y" 425y = (2x — 1) eb%
npu mouyatkoBux ymosax y (0) = 1, y'(0) = 6.
Posg’ szannn. Xapaktepucrauue piBnsnus
k?— 10k + 25 = 0, abo (k — 5)2= 0
Mae xopeni k;= ky= b. o
Otxe, o
u = (Ci+ Cyx)ebs,
YHeno o = B e LBOKpPaTHHM KOpeﬂeM'XapaK’I‘epHC’quHoro piBHﬂHHﬂ,
Toni wacTHHHRE PO3B’AS0K snalneMo y Bursaani
v = x%(Ax 4 B)éebx,
Maemo i
25 v = (Ax® - Bx?) eb*
—10 | v’ = (BAx® + (3A 4 5B) x* - 2By) 8%
1| 0" = (2544® 4- (304 + 25B)x? 4- (64 - 20B) x -+ 2B) ¢b%

6Ax -+ 2B =2x —1.
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3sincn A = 1/3, B = —1/2, aransuum poss’askoM e tymguis

; 1 1
Y= (Cl+02x+§x”- .2—x2)e§x.

Busnaunmo tenep Gy i Cy, BHKOpHCTOBYIoUM 3aAaHI novarxosi YMOBH,
Maemo

y(0) = C=1; C=1,

' 1 1 |
Y= (Cy— x4+ £ e5x+(01+02x+‘§x3—~é—x2) 5ebx
=Ly bCy =06, Co+5=26, Cy= 1,

=3
Sosma()

 Orxe;

1 1
ie Uy KaHUM PO3B’3KOM.
CrlocoﬁoM HeBH3HAUEHHX Koe(bmleHTlB MOXHA TakoXK po3-

B’A3yBaTH HEONHODIAHI AHGpepeHUialbRi PIBHAHHA, B AKHX -

npaBa yacTHHA

[ () = Pm (x)e** + R (x) €7%,
ge. P,(x) — MHOTOUJMEH mM-TO CTENeHs, Rn (x) — mHorousen
n-ro crenerst, [lpy nboMy BHKOPHCTOBYIOTh Teopemy 6.

Opuknan Posp’azaTy pisudnHA
y" — 3y’ - 2y = (18x 4 12) ¥ 4 Qe™%, (4.20)

Posg’ asannn. CrnalaeMo xapaxkrepuctuyne piBHAHHA Bignosignoro
OIHOPiAHOTO ' PiBHAHHA
B2 Bk} 2=0,
Bono mae gopeni o o
k= ko= l, ky= —-2.
Orxe,

@ = (Cy - Cyx) €¥ + Cye™%%,

'-Iac'munnn posa 730K 3HalimeMo y BHMIAAL 0;-F vy N6 Uy~ uacTHrHUR
pO3B’A30K piBHAHHA

y'"' =8y 2y = (18x + 12)¢%, (4.21)
-4 vz- YacTHHERA po3B’ss0K PiBHA
Y =3y 2y =9 (4.22)

Has pispsaung (4,21) maemo
2 v1=x”(Ax+B) e
3 01 = (Ax% - Bx?) e* - (3Ax% 4~ QBX) e* .
0 | vy = (Ax3 - Bx?) e* - 2 (34x% + 2Bx) e¥ - (6Ax -}- 2B) e*
1o = (,4 X8 -1 Bx?) ¢% +3 (34x? + 2Bx) ¢*4-3 (6Ax +4-2B) e* -|-64¢*

(184x - 64 - 6B) e¥ = (18x - 12) *
BB‘ACH A=1, B= 1, otxe,
v; -‘-Jc‘(x--|~l)e4c
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fag pisuspua (4.22) Maemo

21 vy,=Ae™*
=3 | vf=—A¢"
01 vy=Ae*

1 v: =—Ae™*

_ 44e7% = 9e"%,
Bnigen A = 9/4, orxe, v,== 9/4 &>, _
Tomy nns pismannas (4.20) maemo Takuil 3arajapuufi poss’a30K!

9
=(Cr+Cor + ¥ (x+ 1)) ¥ 4 Cy 725 f 5 o7
Posrisinemo piBusaHust (4.12), npasa uwacThHa AKOro Mae

BUIJISL .
' [1 (%) = P (x) ¥ cos fx,
a6o

fa (%) = Pum (x) €% sinBx,

fie P(x) — mHorownen m-ro crenens, o i f — fvap-aki aificui
gHesa.
YactuHAKA pO3B’A30K IIyKaTHMeMo 6esnoc:pelHbo ¥ dopMj

U (%) = e** (Qm () cos Px + R (x) sin fx).

KO uKeaa o 2= fi € KOpeHAMH Xap2KTePHCTHYHOrO piBHAHHSA
Kparaocrti r, T0

v (%) = €%x" (Qm (x) cOSPx + R, (%) sin ).
¥ 6iabw 3aragbHOMY BHTAAAl MaeMo piBHSH:!S
L{y] = Pum, (x) e** cosPx - Py, (x) e** sin fx,

de Py, (x) i Pu, (x)—-MHOl OouJIeHd BiANOBIAHO cTemeHsl Nz
i m2 ‘-Iac*mmmu PO3B’A30K MIYKAEMO Y BHIVIAAI

. v =y v,
ne U;— YaCTHHHHUH po3B’ 130K piBAsHHH
L[y] = Pnm, (x) e* cosPx,
8 U,— YaCTHHHHH DO3B’SI30K PiBHAHHA
L{y] = Ppm,(x) e**sin fx.

SIkmo uncaa o %= Bi He € KOpeHAMH BiAMOBiIHOrO XapakKre-
PHCTHUHOrO PiBHSAHHA, TO

vy = e** (Qm, (;é) cospx + Qm1 (x) sin px);
V3 = e**(Rpy, (x) cosPx + R, (x)sin Bx)s
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e Qm, 1 Qm ~— MHOTOMJIEHM CTenexs ml, a Rn, i Rpy,—
MHOTOWIEHH cTeneHs rmy. Toai

v = % {(Qm, (x) + Run, (0))cos Bx + @, (x) + Ry, (x))sin x}.
CyMH MHOTO4YJIEHIB

gmx (x) =+ R~m, (x) = Sm (X),

Qm, (%) + Rin, (%) = T (%)

€ MHOTOWICHAMH fm-TO CTeNeHd, Ae m — 6mbme 3 IBOX uyHCen
my i m,.

Omxe, sIKIIO YHCAE OF 2= [5; He € KOpeHsMH xapaK’repncmq-
HOI'O PiBHSIHHS, TO YaCTHEHHH PO3B’30K 3 HEBH3HAYEHUMH KO€-
dinieHTamu 1IYKaeMo y BUAI

v = % (S (x) cos x + T (x) sin Px).

Slkuo uncaa o = fii € KOPEHSMH XapakTepHCTHYHOIO piB-
HSHHSL KDATHOCTI r > |, TO YaCTHHHHA PO3B’'A30K 3 HEBH3Ha-
geHUMH KoedilieHTamu 1mIyKaemo y BHAI

v = x"e"* (S (x) cos Ppx + T (x) sin fx).

Npuknan 3gality poss’si3oxk piBHAHHA
Y-y — 6y = xsin x.
Posg’ asanna, CRAajaemMo xapakTepHCTHYHe PiBHAHHA
—k—6k=0.
Horo xopeni
kI =—-—2’ ke = (), ks =3,
Orxe,
, 4= Cie™ £ C, + Cye®*
OckKiJbKA IpaBa 9acTHHA
Py, (x) ¢** sin Bx == xsin x,

Tom=1 a=0, =1, ancio 0 4 | - { He € KOpeHeM XapaKTepH-
CTUYHOTO PiBHAHHA.
Toxi
0r v=(Ax + B)sinx 4 (Cx + D) cosx
—6 v'—(—Cx+A D)sinx -4 (Ax + B+C) cos x
—1| v"=(—Ax— B—2C)sinx 4 {—Cx 424 — D) cos x
1 0" =(Cx—3A 4 D)sinx -+ (—Ax— B-— 3C) cosx

(=94 4 B+ 2C - 7D) sin x + (—24 — 7B—9C + D) cos x +
4+ (A +7C) xsinx 4 (—7A + C) x cos x = x sin x.

Hpuplsmoxolm Koetplme}m, npn ¢ynkuisx sin x, cos x, £ sin x, £ cos X

y upasifi i aisili vacTunax, mictauemo cucTéMy piBHAHB;
—94 4+ B 4-2C 47D =0,
—24—7B—9C 4+ D=0,
A ¢ =1,
‘—'ZA ‘{ (; = 0;

\44

3sinca
1. : 23 7 3
. A=56,B=-—I—2—5-,C=50,D=l§-5—0.
Otxe,

5x— 46 | 35x 43
0= —gg5sinx -+ —g5g  COS X.

3araneHHM PO3B'I3KOM 3aJAaHOTO piammrm e dynxuis
— 46 36x 4+ 3
g =Cye=% 4 C, 4 Cye®* + 250 sinx 4 25—([)_ cos x.

BNPABMU

1. BukopucroByioun Merox sapiamii noBinbuMx cTanux, 3HaiTH

‘HaCTHHHI DO3B’'ASKH TaKHX PiBHAHB:

| T = g%, 2. y”—2y'=(x+l)e2".
3, y" — 8y’ 4 16y = xe**, 4. ¥y +y=rcosx.
1
5. y"— 3y’ + 2y = x2. 8 Y+ dy= o5 0x "
7. y" —5y" 46y’ = x+ 1, s, ' +y=1gx

9, ¥ —3y"+ ¢y — 3y =sinx 10. y" — 4y’ + 4y=e®*.

2. BukopucroByioun MeTol HeBH3Ha4eHHX Koedinieurip, pos-
B’A3aTH Taki piBHAHHA:

. I/”—2y +3y-x—]—1

1Ly —2 42y =2cos x¥sinx, 2

By — gty —y= () e A gy =,

5. Yy’ — 2y’ 4 2y = €* cos x. 6. y' —4y" =x.

7. 9y —3y +2y=x®+sinx. _8. yIV-—y—xex—}-cosx

9, y" —2y =(x+ 1) e7%, 10, y" — y’ = e* sin x.

1, ¢y — 4y’ + 4y = e?*. 12. ¥ +4y=2cosx-}3sinx.
13, y"+9y—-sm3x ”+L/-2-—-x

15, y" —Ty" 4 12y = x. 18 y" + 9y = x cos x.

17. y" — 5y’ 46y = en®, 18, y'V— 3;,"-—4 y= 2414354 cos x.
19. " + 2y + y=e* + e, 20, yV — gty = x3.

21, !l'" —3y' + 2!/ Ox - 1) e*. 22, y" — 3y’ + 2y = xe®*¥,

23. y” -} 202y = a2 cos ax. 24, y" -} 4y = sin x.

25, y" -} y =2 sin x — cos x. 26. y” -+ y" = sin 2x.

27. yIV_I..y = 5, 28, 4" 4 n%y == cos nx.

20, Y7 oy = 30, g1V — 2" - y = e3%,

Memod Kouwli. Leit MveTof Zae amory snafTi 4acTHHHHBH
po3s’fA3oKk JikifiHoro neoaHopianoro pisHsiHEA (4.12), Koun
BiIOMO 3a/eKHHH BiJ ONHOrG Napamerpa posp’asck K (x, s)
BianoBigHOroO JiHiiHOrO oAHopigHoro audepenuiansuoro pis-
HaHHg L [y (x)] = 0, mo 3afoBo/bHse MOYATKOB] YMOBH

K (s, s), = K'(s,8) =+++= Kin=2 (s, 8) =
Ko (s, 5) =1, (4.23)
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Toxaxemo, meo ToRi pyHKLisA

o0 = &M&W@w (“24)

Gyfile JaCTHHHHM pPO3B’SI3KOM pmﬂannn 4. 12), AKUH Bafio-
BOJIbHSIE HYJBLOBI MOYATKOBI YMOBH : L

Y (%) =y’ (%) =++-=y"D(x,) =0.
s IbOTO BHKOPHCTaeMO (opMy.ry nucpepeﬂuiloBaHHﬂ BH-
8HaYeHOro iHTerpaa Io napamerpy, KOJH ii Mexi iHTerpyBaHHs
3a/exKarhb Bifl napameTpa

da ( S‘ f(x, @) dx) bj?) folx, a)dx +
@) a(®

db d B
+ F(b(a), @) 2 ﬂuxw“@n.<w&
Y ¢opmyni (4.24) BerHH Mexa i mifiATerpassHa (yHKuin
sajeXaTh Bil mapamerpa x.
Orixe, nudepenuirorouy (4.24) 8 ypaxysanuam (4.25) i
4.23) AicTaemo

¢ -

v (x) = S Kie(x,8)f(s)ds,

v (1) = { Ky (x, ) f (s) ds, |
S (4.26)
pn=l) = S K& (x, 8) [ (s) ds, “

X

v = | K09 F) ds-+ 1o
ﬂx.ue’rammoqn (4.24), (4 26) y pipnssEns (4.12), mc'raeMO

SHKW$H®$+H@ f (%),

OCKiJIbKH (x §) — pPO3B’SI30K OLHOPiZHOrO plBHﬂHHﬂ i
L [K (%, s)] = 0,
POBB 30K K (%, $) MOoXkHa JAicraty i3 sarajbHOTO poss ﬂaxy

I's

Y= EC,y,(x) JIiHlPIHOI‘Q ORHOPiNHOTO nmpepeﬂulanbﬂoro

o

piBHAIRHs, SKIIO BUGpatTH foBinphi crani C;= Ci(s) TaK,

. o6 3anoBosIbHUTH * yMOBH (4.23).

M prgaa A Poss’sizath nudepenniaipne piBHAHRA
R g+ = (v,
Poas AIAHHA, 3aTaNbuMil PO3B’A30K
u =Gy cos ax - Cysin ax,
anopncronqun ymosHu (4.23), maemo
Cycosas-}Cysinas=0,

{ —C,asinas 4 Cyacosas=1.
3sincu ' '
sin as cos as

a 'V @
Illyganuft poss’asok K (x, S) Mae BHIIAA

Ci-a'—'

*

K (x, s)——l-sina(x—s)

Po3B’s130K 3aaHOTO .PiBHAHHA 3 HYJbOBHMH IOYaTKOBHMH ymona‘
Mu Tenep 3riauo 3 (4.24) sanuimemo Tak: .
.

1
v(x) = ;j sin a (x—8) f (s) ds.
Xo X
Bukopucrosyioun uacTunHult pO3B’30E y ¢opmi Komi, sarajibeni
PO3B’g30K MaTHME BHIVIAA

Y =ulo+ SK(x, 97 (9 ds,
Xo
Ke u (x) — saranvhufi poas’ssck aimiftnoro opHopiaHoro Audeperii-
A7BHOTO piBHAHHS.
Slkwo Bigomo HOpMOBaHY (yHaaMenTaIbHy CHCTEMY ~DO3B *A3KiB
Y1y sev » Yn piBEsiHES L[] == 0, 70 po3B’d30k plBHHHHﬂ L[yl = f(x)

8 no(qa'rxonum yMOBaMH: TPH X==%5 § = Yy,, Y= Yor wee s Y=
=1}

MOXHa& 8sHafiTu 3a QopmyJoio
¥ ) = goy1 () + 5502 (0) = oo 0+ 50V () + 0 ()

X v (x) — uacTHHHHUN poO3B’'ss0k BHDPAARY (4,24),

4.5. Ninbani gudpepenyiancHi piBHAHHA
ApPYroro nopsaxy
Posrasnemo AubepennianbHe piBHAHHA IPYroro nopsaaky
BHIY
Yy + iy’ + pa(ly = f (%), (4.27)
He py(x), pax), f(x)—ﬂenepeme ¢yHKUil Ha inTepBani
(@, b); a, b — nosinbmri Aificai uucna,
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Hexa# y pisusuni (4.27) oysruis f (x) = 0. Toai maru-
meMo JiHifiHe onHopinHe NudepeHIianbHe DIBHAHHS APYFOro.

MOPAAKY

Y+ )y’ + pax)y = 0. (4.28)
1. IlincranoBkoio

- L P(x)dx

y=u®z u=e '’  (4.29)

piBHAHHA (4.28) 3BopuTbCA 10 pPiBHAHHS, MO HE MiCTHTB
4/7eHa 3 MeplIOD NOXiAHOKW:

24+ 1 (x)z2=0.
®yukuio

1(%) = Py () — 4 P () — 5 P4 (%)

HA3UBAIOTH iHgapiaxmom PIBHAHHS (4.28).
2. fdxuwo y,(x), Y(x) — byHIaveHTalbHA CHCTeMa pO3-
B'A3KiB piBHAHHA (4.28), TO dYyHKUIA

y(xy=Cyy, + Cots + Yq fyi (x)(f)(x) dx'—

X X
— (2 L 44, (4.30)
ae W (x) = y,ys— yi y,— BPOHCKiaH, € 3arajbHUM PO3B’A3KOM
pisusnns (4.27). Popmyny (4.30) gicranemo 3a JAOIIOMOFOIO
MeTony «Bapianii cramux».

3. dkuo y, 7 0 yx ¢ (a b) € 4acTHHHNM DO3B’S3KOM piB-
usigus (4.28), To 3araabHHfl PO3B’S30K UbOro PiBHAHHS BHpa-
aeThCA Yepes KBaiparTypH. Cupaszi, Hexalt y (x) — iHwA#
HoBinbHHUE pPO3B’s130K piBHAHHA (4.28), JiHifiHO He3anexHui
3 ;. Bukopucrosyioun Qopmy.y Jliyeinns—OcrporpaicbKo-
ro, SanuiIemMo neTepMmaHT Bpoucekoro W [y,, vl

— (x) dx
- Cle jpl ) ,

abo _
g1y — gy = Cye S A e,

Posninubmy JiBy i npaBy yacTHrH Uiel piBHOCTI Ha yi, Aicra-

HEMO
4 (l) =C, L Srwan
dx\y1 yi
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3Bigku y (¥) BU3HAUaeTbCcA KBaAPaTypoIO
— { b, (%) dx

y(x) =Cyy, e——g—()——— dx + C,y;. (4.31)

Tyr Cy, Cy— noBinbHi crani. Orke, mMaeMo 3arajibHHA pPO3-

- .B’f30K. <I)op'v1yJ1y (4.31) HasuBawoTh Popmyaroo Abeas.

Ilpukaap Posp’'ssard pisuasns
(=) y" —2xy’ 42y =0, x€(a; 6); 0, = 1€ (a, b).
Pose’ asanua. 3ajiane piBHANHS RONYCKAE YacTHHHHN pPO3B’A30K

2x
=% TV po%) = — Tz -

3a dopmynoio (4.31) maemo

J.l.—exl )
=Cyx dx 4 Cpx ==
dx 1 l !
=Clxj‘;2—(f—_j;;)+cax=c1xj(;i+’2'1_x +-2_1+x)dx+
1
+sz=01x( 1+élnl+ )+sz-—C,(éxln +i—1)+

: + Cﬂx-
e 3araJIme‘«'x PO3B’A30K 3a1aHOTO PiBHSHHA.

Akmo BiloMo ofxH po3B’si3oKk piBHsHHA (4. 28), TO pO3B g3
80K piBHAHHA (4.27) 3anucyeThca Tak: . '

dx
y(o=Cur -+ Cuyy | 2 +

e ) | g (| En e rwar)as

ne .
E =exp S pp(x)dx.

Jlinliini pudepenniaavul pisHAHHS Apyroro nopspky is
craanvn koedinientamu. Lle piBHsHHA BHAY

Yy +py'+qy = [ (%), 4.32)

Je p, g — HifcHi 4ncaa, f (x) — 3anaHa HenepepBHA DYHKILiA.
Akwo f (x) =0, T0 MaeMo ofHOpiAHe PiBHAHHS .

Yy +py'+qy=0. (4.33)
3aranbHuil PO3B’S30K LBOIO PiBHIHHS
u=Cuy,+ Cpy,, (4.34)

Ie Yy, Ys— ABa JiHIHHO He3aNeXHHX YacTHHHWUX pPOSB’ A3KH;
C;, C,— noBimbHi craui.
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Ilas rtoro 106 auafity ninifino HesajexHi YacTHHHI pos-
B'SA3KH y; i y, piBHAHUs (4.33), Tpe6a sammcaTH KBaipaTHe
piBHAHHA

\ B+ pk+q =0,

sIKe € XapAKTepPHCTHYHHM DiBHAHHAM AJsi piBHAHHA (4.33)
i BuBHauMTH Oro KopeHi ky, &,

, , g
: P p? . P p
===V =0 b=—5+ ) Ta

Ilpu upomy MoxAHBi Taki BHDANKH:
1) Ropeni nifici i pisHi, k= k,, TONI
= ek1x.;, y2 = ek:x;

def - .
2) xopeni pificui i piBHi, k, = k, = k, ToAi
Yy == ekZ’ Yy = xekx;

3) Kopem KoMIuUIeKcHi  (cnpsixeni), ke = a = Bi,

B ER, Toni
Yy =e"*cosPx, y,=e**sinfPx.

.Hmmﬂa KoMOiHauia poss’askiB v, i y, (4.34) € sarajbHuM

pO3B’A3KOM pisnsanus (4.33).

PosB’s3xn piBHAHHS (4.32) AicTaHEMO TaKHM 4YHHOM.
Hexaii maemo Bunanok 1). Toni 3a teopemoio Biera

kit ky= —p, kiky= q. .
Pisuanug (4.32) sanumemo y Burisai
— (ky+ ky'+ kikyy = [ (%),
a6o g

Y''— k') — ky(y'— ki) = [ (¥),
a6o

(Y~ k)’ — ky(y'— ky) = [ (x).

Nosnauumo y'— ky;y = 2z, Toni ocranHe piBHAHHA Habup::
BHIVIALY

2'— k2 = [ (x).

Maemo ninifine HeofHopinne audepeHuianbHe PiBHAHHA hey
IIOTO MOPAAKY. 3araibHuil po3B’s130K Horo

2= gh¥ (C + S e~k (x) dx)
SaminuBlm 2 HAa y' — kyy, nicTanemo

L vk (O fer ) d).
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Maemo sHoBy JiHifiHe HeoxHOpimHE ,uuq)epennianbﬂe piBHARAA
nepLuoro nopsyIky. 3aralbHER PosB’ssOk iHoro

Y= ekx" (02 + S =t (e"zx (Gi + S e“"z"f (x) dx)) dx)

abo
y=e (Gt | . (Cy+ f e=ere fv(x)i.gix)‘ dx). (4.35)
Skmo Kopeni piBHi, To U GopmyJia CHPOLULYETHCA:
= €+ Cy) b + b [ ([ebef (v dx) dx. * (4.36)

meo KOpeHi KOMILIeKeHi, TO po3p’sisok piBHARHA (4.32) Mae
BHI‘JIHII

y = e%* (G, cos Px - C, sin px) 4
+ —é e (sin px ‘sle*-*w‘ cosPx f(x) dx—

—cos fx 5‘ e~%* sin Px f (x) dx) . (4.37)

Tpukaapn 3anacard saranbnmfi po3s’ssoR AHdepeHNiaibHOrO
piBHsiHHSA

X
Yy dl=e ?o

Po3g’a3anna, Xapakrepucruune piBAgHHA

R+Ek41=0
Mae KOMIVIEKCH] kopeni k,’2=——;-:1:VT§’i. Orxe, 0= — l y Be

3
= E . Togi

x
--......

V3
y=e (C,coslg x-[—C,sm—-—- )
X
2

2 ~3( V3 - 3
+if-§e 2(s;in-§~x e 2cosV7—xe dx —
3 (-2 y3 %
—cos]—g—xye 2 sin-2—xe 2dx),
ado

x = = X

y=e (C1 coslg .vc-l—(;‘zsmlg3 )+§e 2.
3aranbuui Posp’sasox piBusinng (4,33 mc'ranemo 3 dpopmyn (4.35) —
By o ason pisusnn (4.39) © 3 gopuyn (4.39)
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‘Hexait sagano ﬂu¢epeﬂnianb§1e piBHSIHHA BULY
' y' +aty = [ (x), (4.38)

fe a = const. Tozi 8 XxapaKTepycTHUHOrO PiBHAHHA A*—- a’= 0
maeMo o = 0, B = @ i po3B’si30k (4.37) HabHpae BUTJIALY

y = Cycosax + Cz‘ sin ax +4- -511—5‘ f(s)sina(x—s)ds. (4.39)
Xy

Dopmysn (4.37) i (4.39) epeKTHBHO BHKOPHCTOBYIOThCS TIPH
_ pO3B’A3yBaHHi JudepeHUjaNbHHX pPIBHAHb ONEPATOPHUM Me-
TOJIOM. . ' ‘

Axwmo f (x) mae «cneniajeHui» BULIAA, TO IPH SHAXOMKEH-
Hi YaCTHHHUX PO3B’A3KiB, K i AnA JAiHifiHUX pIBHAEBL BHIMUX
HOpAJKIB, MOXHA 8aCTOCYBATH MeTO]d HeBH3HaueHHX Koedi-
11ieHTiB.

SIkmo B (4.35) BRaxkari C;= C,= 0, To jicranemo ya-
CTHHHUH po3B’f30K piBHAHHA (4.32), mwo BiZnoBifae npasif
4acTHHi,

v(x) = et* S elfa=hq)x S‘ e~kxf (x) dxdx. (4.40)

Hnsa pucdepenniasbHOro piBHSIHHA A-rO NMOPSAKY i3 cTa-
JauMH Koedilientamu nmpu RoBinbHIK f (x) uacTHHEHA iHTerpan
v (x) MOXKHA BHIIUCATH Y BHIVIAAI /# KBaipaTyp:

U= eghi* S elhy=ky)% {S elbs—ky)x [. .o S p—kpy_g)% X
x(§ P €™ dx) dee o | def d, (4.41)

ne ky, kgy ooo y ko— KOpeHI BiANOBIAHOTO XapaKTePHCTHYHOTO
piBHAHHA.
HOns piBHAHHA TpeTboro HOpAiKy, n = 3,

0= ehi¥ S glka=h )% [Se(ks“kz)x (S f(x) e“ka”dx) dx] dx.

Skmwo B (4.41) micns KOXKHOrO iHTErpyBaHHs SamuCyBaTH
AoBinbHy crany Cp, i =1, 2, ..., n, TO MaTuMeMO He YaCTHH-
HAH PO3B’A30K U, a sara/bHHH po3B’si30K y piBHsSHHA (4.32).

Kopucryrounce uumu dopMyJaamu, AouinibHO iHOA] BHpa:
&KaTH TpuroHoMerpuuHi ¢pyHKUii yepes mokasHHKOBi 32 dopMmy-
namu Efinepa. Toxi is saranpuoi dopmysu BuniHBae NpaBHJIO
BHAXOIKEHHS] YacTHHHOIO PO3B’A3KY U AJf ChellialbHUX BH-
B Qymkuil: - f (x) = e** Pu(x), [ (x) =.e**(A cos Px +
+ BsinPx) i o &
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4.6. Kpajizori zapaul

Jlna piBHAHbL BHWIOTO MOPSAKY KpiM saftaui Kowi posris-
1a0Th e TaK 3BaHi rpaHnuHi, a6o Kpa#osi, sanaui [3, 33, 34].
Y sapaui Kowi ymoBH, [0 Zal0Th 3MOTy AicTaTH i3 8arajbHOro
PO3B’AA3KY WIYKAaHUN YACTHHHHME, B3alaloTbCA B OAHiH (mouar-
KoBiif) Touwi.

[Ipore B npuK/IafHUX 8ajayax YMOBH HacTo 33/AI0ThCA -
B ABOX TOYKAX, Ha KiHLfAX BiApiska, Je WIYKaeTbCs pO3B A30K
sagaui. lle pafiosi 3apaui.

[Mocranosky xpatioBoi 3afaui -posrisjgathvemMo Aas pis-
HsHHS JApyroro nopsaky. Manpuknan, ans piBHAHHA

L [y1=po)y"' + m:i(0)y'+ pox)y = 0 (4.42)
KpaHoBy 3ajauy MOMHA MOCTaBUTH TaK: ,
Ha Bigpisky [a, b] sHafity yacTHHBUA PO3B’A30K’ PiBHAHHA
(4.42), mwo 3a10BOJbHSE KpaHoBi ymoBH -

{ (014 (£) + Bry’ (%)) lema = V1 (4.43)
(a2y (X) + 62!/, (X)) |x=b = Yo, '
ne a;, Pi, vi, =1, 2, — Bigomi crani BeJHUHHH, TIPHUYOMY
oy i By, a Takox @, i B, oAHOUACHO He JOPiBHIOIOTH HYJ/IO. SIKUIO
v:= v,= 0, TO KpaiioBi yMOBH Ha3HBaIOThCS ONHOPiAHHMH.
Kpaiiosi 3agaui po3riafaoTbes Takox i 4151 HEONHOPiJHOTO
piBHsaHuaA TNy (4.42). Hanpukaaz, Ha Bigpisky la, bl snafita
po3B’s30K 3afaui :

poy” + P9y + Py = F (), (4.44)
{“y (@) -+ By’ (a) = O, (445
vy (6) + 8y’ (8) = 0. 49)

Y kpa#oBi#i 3amaui KiaAbKicTh KpaHOBMX YMOB NOBHHHA

- g8biraTucsl 3 MOPsAKOM AudepeHiiasbHOrO piBHAHHA,

Jdns po3p’sizaHHA KpafoBoi 3ajaui Tpe6a 3HalTH 8arajb-

HUfl po3B’ss0K piBHsAHHS (4.42) | (4.44):
y = Cyi(x) + Cyy,y(%),

ze Yy(x), y,(¥) — ninifino Hesanexui. [ToriM, BHKOpHCTOBYIOUH
KpafoBi yMOBM, 3HaXOAMMO KOHKpETHi 3HAYeHH7 JAOBiJMbHIX
craaux. Ilpu mbomy Tpeba poss’dsaTd MiHifiHYy cucTemy piB-
HAHb Aaa BH3HaueHHA C; i C,. [TigcraBastoun wui crani B 8a-
raJqbHUN po3B’A30K, HicTaeMo GYHKUIIO, fiKa H € PO3B'A3KOM
KpatioBol 3ajaui.

MIpukanan 3rafita Takuh PosB’s30K piBusinua y''-- y = 0,
106 BHKOHyBaMHuCs kpaltosi 'ymoBH y (0) = 0, y (/2) = 2.

Po3g’asanus. 3araJbHuB DO3B'A30K ULOTO DPiBHAHHS

y = Cicosx -+ Cysin x.

Orxe, Cy= 0, (3= 2, To6T0 po3B’A3KOM Kpaiiosol 3anaui € ynk-

nig y = 2sin %, :
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e "“a {(M 7(14):2‘5,'&”’%2 a'
i == 7, [(x s)/asscx&b)
i ‘”z.,,-(/xzf)lsfmé}x

Cni;x sasaatmm o xpauosa B8azaua He sangm Mome MaTH
pO3B’5130K HABITb. s JiHifiHOrO. PiBHAHHS, TOGTO HE BaBXKIH
icHye TakuMii pO3B’f30K, ‘dKitft HaGypaé Ha KiHOAX Bijpiska
sajani 3Ha‘-IeHHﬂ, a AKMO BOHZ' n Mae posB asox, TO wACTO He
enunuit. : '

Npakaan 3HdHTH po3s’s130K pmHﬂHHa y”+ y= 0 m06
Banoaynanucﬂ ymosH g (0) = 0, ym =2 .
’ Poaa ASAHHA. 3avanbHull O3B A0K y = Clcos % <+ Cgsm x. To;u

gt = —=Cysinx +C’2cos X,
t ang BuSHavenHs uosmbuux cranux alcraemo mecyMichy cucremy

: SRR . { el 4Cy o 0,

—-Cn l+02'0v=l2»
AH&JIOFI‘{HO KpalioBa sajava D

" =0,
y'(O)— (n)—l y* (0)+y (=0

H® Mae KOAHOrO pO3B’ asxy.

Ho poss sI3yBaHHsA Kpauoam saﬂam £.pisni migxonu. O,zmn
8 HHX — L sacrocyBauua pysruii Ipina.

-1, Pynxyiewo Lpina Kpaiosol sadaui (4.44), (4. 45) nasupa-
otk ¢ynkuio G (x,'s), ska BusHaueHa npu -x §{a, 6], s @
fla, b ¥ To6T10 B oGaacti Q (pue. 4.1), i TIpH KOXHOMY cplxco-
BaHOMY S £ (@, b) Mae Taki BJIACTUBOCT: , T
“. 412") mpH x =S QyHKUis G(x, §). BaJlOBO/IbHSE pIBHﬂHHﬂ

2° pu x = aix= b dbyukuia G (x, s) BallOBOJIbHHG Kpa-
toBi_ _yMoBH (4, 45);

° npu x =.s dysruia G (x, s) HenepepBHa no x, a ii mo-
XilHa mo x Mae po3puB MepLIOro poay 13 CKauKoM, 10 nopua-

MP(),NGTO .
a(s+0, s)—G(s—O s), Gx(s+0 s)--

. R S ()

o6 snaiith (pynxnno Tpina Kpaﬁonm sajaui (4.44), 4. 45)
rpeba sHaliTH JBa PO3B’A3KH y,(x) i y,(x), BiaminAi Bil y (x) ==

=0 pum;mxm (4.42), wo 3a/l0BOJBHAIOTh BiANOBIAHO mepuly

1 ,u,pyry 3 KpaitoBux ymoB (4.45).

51 ko y,(x) He 3a80BOJbHAE OAHOYACHO OGOM KpaHOBHM
yMOBaM, 10 Oysruis I'pina G (x, s) icnye, ii MOXHa SHaiTH
y BuPAAA]

owa=Bn $5IZE e

fe byHKuii @ (s) i P (s) miadupaemo rak, mo6 dynxnis G (, s)
8aJ0BOJIbHAJA yMoBaM (4.46), TOGTO

V() % (6) =2 y1(s) Py ()— () Y1) =1 (S)

dxuio 3HaiifeHo ¢yHkuio I'pina G (x, s), T0 posB’A3KOM Kpa-
fioBoi 3azaui Gyne (33, 34}):

y@ =G 9f(ds

Ilpu posp’si3yBaHHi JiHiAHHX KpaHOBHX 8ajay 4acTo IoO-
CTYTaKTh TaK.

slkmo sajano Jisifine AudepeHUianbHe PiBHAHHA (4.49)
8 ABOMa KpaHOBHMH YMOBAMH INOJO Y (x) ma ii l'IOX]}lHHX B JIBOX
TOYKaX X = a i x = b, TO MaeMo TakHil PO3B’A30K KpaioBoi
sajaui:

y (x) = yo(x) + o u (x) + Po (x),

e dynruii yo(x), u (x) i v (x) sHaxoAaTh BiANOBIAHO 8 TPHLOX
sagau Kowi

L[y]éf(x), y@=y @=0

L[y] =0, y@=1, y@=0

L[y]l=0, - y@=0, yla=1
[MincraBasioun 3ajaHi xpaiosi ymoBH y BHpas mas y (x), Ai-
CTaEMO CHCTEMY ABOX PIiBHHHb AJsl BU3laueHHs KoedilieHTiB
a i f.

Baacrum sHauenHam KpahoBol sajaui

Po()y" + pu)y & py)y = 1y,

ay (@) + Py'(@) = 0, yy (b) + Oy'(b) = 0
HA3UBAOTh TaKe YUCJAO A == Ay, OpH SKOMY L 3ajaya Mae
HeTpuBialbHUH posB’A30K y = @ (x). llefi posp’ssox Hasu-
BalOTb 6AACHOI0 (pyHKYiE0, SIKa BH3HAYAETbCS 8 TOWHICTIO 1O
JOBiJILHOrO CTA/IOr0 MHOXHMEKA.
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Tak, nas kpatiosoi sagaui

‘ § +hy=0,g0) =y ln)=0
uncaa 1%, 22, 3%,... i dymkuii sin x, sin 2x, ... € pianosiauo
BJIACHHMH aHaquHﬂMH i Bnacaumn q)yHKumMH sajaui.

KpiM mpocrux BiacHux sHaueHb, KONH OZHOMY BJAacHOMY
3HaueHHIo BilmoBifae ofMa BiacHa YHKWIf, icHYIOTb KpaThi
BJaCHi SHAYEHHS, KOJIM BJACHOMY BHAUEHHIO A, BiAmOBilalOTh
aBi JiHifiHo HesasexHi BJacHi dyHKuil.

Npuxraapn [Ilo6ynysaru ¢ynxuiro I'plua kpakosoi sajpaui
y'=[(x), —lgx <3I
y(=H=yM)=
Poss’ asanns. BaranbHEM - PO3B’SI3KOM  OAHOPiAHOTO puarmm-m
y''= 0 e dysruia y = C;- Cyx. O6uaB] yMoBH He ‘38/10BOJILHAIOTHCH,
ajne ymoBy y (—1) = 0 8aJ0BOJIbKAE, HANpPHKIAL, POSB'AB0K yy(x) ==
=1+ x, a APYIry yMOBY — pO3B’A30K yalx) = 1 — x,
Qynukuio Ipina nas saparol kpafioBol sanaui wyKaeMo y BHIMIAAL
eI +x), —l<sx<s,
ﬁ P l—w, s<r<sl,
ne pyuxuii ¢ (x) i ¢ (x) Bu3HavawoThCH 3 YMOB

Pl =)= +5s) —p@E)—09@ =1

G (x, s):—_:{

3sigcu
—-|- s

1—
¢(8)=———", Y= —
TaxuM uynHOM, WyKanow QyHKuicwo [pina e

1
—5 (1= (145, —l<x<s,
G(x, S)= 1
—5(+s)l—n, s<x<l

Temnep sanumeMo poss’a3ok sananol kpafiosol sanaui

y=_£o<x. s)f(s)ds=——§“—"_fla~s)f(s)ds-—

]—xl
- f<1+s)f<s)ds-
) X

Kpim poss’ssyBanns KpaiioBoi 3afiaui 8a A0ONMOMOToIO (PyHK-
uii T'pina posraszawTb i Taki METOMH, $IK METOZ CTpinb6n,
- €METOJ NPOTOHKHY (q)amopmaun) Ta if.

PosrsisiHemMo Taky Kpatiopy 3anauy:

Y+ p0y + o)y = f (x), (4.48)
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ze py(x), py(x), f(x) — dyukuii, BusHaueni i wenepepsHi Bu
Bipi3ky a<x<b:
y'(@) — oy (@) = @y, y'(0) — Boyy (b) = By, (449

Oy, &y, Po, Py— crani.

Hexati sajaua Mae €QUHHE PO3B’HA30K, 3aCTOCYEMO TaKi
METOJM DO3B’SI3yBaHHS.

1. Memod ,cmpias6u“.-Hexah yo(x) — uactuinmii pos-
B'30K piBHAHHA (4.48), 1O 3aJ0BOJILHSAE NOYATKOBHM YMOBaM

Yol@) = &, yola) = agyola) + ay,

e o — JoBiJbHO BHOpaHe unCJIO, z5(x) — po3B'$30K BiANO-
BigHOTO opHOpimHOrO pIBHSHHSA ‘

2+ p () + palx)z = 0,
fiKe 3aJIOBOJIbHSIE TIOUATKOBI YMOBH

2(@) = v, 2@ = ocozo(a),
Ze Y — HOBLIbHO BHOpaHe YUCJIO.

Toni nmpu noBinbHomy C ¢yHKuida
Y (%) = yo(x) + Czo(x)

€ po3B’A3koM piBHsIHHA (4.48), AKuil 3a80BO/bIHsIE eIy 3 Kpa-

fioBux ymos (4.49).
Crany C nig6epemo Tak, mo6 3H00yTHil pO3B’A30K BafO- .

BOJILHAB i APYry KpaHoBYy YMOBY:
Yo (0) + C2, (b) — By (4, (B) + C2, (0)) = By
3Biacu
Bl — !/o (b) + Byt ) .
20 (b) -_— BOZO (’))

-Jlerko noGaunth, mo 2o(b) — Pez,(b) = 0, ockisbkn B npo-
THBHOMY pasi ‘KpafioBa 3ajaua (4.48), (4.49) aGo He mae pos-
B’A3KiB, a0 Mae 1X HeCKiHYeHHY MHOMKHHY.

Orxe, meron «cTpinbOu» moasirae B Tomy, 1106 3 olHonapa-
MerpHuHoi cim’l po3B’s3KiB, fKi 3amOBOJBHSIOTH Nepmy Kpa-
HoBY yMoBYy, Bifi6paTi TOH pO3B’SI30K, IO 3aLOBOJBHSIE APYIY
KpaHoBy yMmoBY.

2, Memoo ,npozonxw” (paxmopu3sanii). 3anu-
memo piBusiHHA (4.48) Taki

(&4 ww) (& +vw)s=Fw.
Dyaxuii p (x) i v (x) Tpeba nigi6paru Tax, woeod

Y (@) v O+ 0+ (v W)y = y" +
ot PRy pa(), \

R



10610 YHKUT B (¥) 1 v (x) moBUHHI 8aZOBONLHATH pIBHAHHSA
‘ p)+vw=npk,
Vi(x) + o (K)v () = p,y(x).
3Bigcu zmicraemo
B (%) = py(x) — v (x),
(X) + P10y (x) — V3(x) = py(x).
[Toknamemo v (a) = — &y, TOAI A8 3SHAXOMKEHHSA v (X¥) MaeMo
Taky sagayy Kouii:

V() 4 Pyl () — v3(H) = p,(1), v (a) =—at.

[Mosnauumo y' -+ v (x)y = z, TOAI 3rifHO 8 NMEPLICID I'PAHHYHOIO

yMoBoo 3 (4.49)

@)=y @+ v@y@=y (a)—'%y(a) = 061
" IILo6 auairu z (x), ckaajeMo Taky sagauy Koni; )
24 (pu(x) —v ()2 = [ (x), 2 (@) = oy (4.50)
s sHaxomkenHs y (x) Tpeba poss’sizatu 3ajzauy Koiui
Yy +vxy =2,y b=y, (4.51)
npuuomy y (b) = y; 3HaxopuTbcA 3 PiBHAHB
y'(0) — Boy (6) = By y'(b) + v (b)y (b) = 2 (b).

Jlerko noGauuTH, wo, poss ' A3YI0UH noc.mnoano mi safmaui
Kour, AicraHemMo po3B’si30K y (x) KpaioBoi 3ajaui (4 48),
(4.49).

PosB’ssox 3afaui Komi (4.50) HaséiBaloTh npamow npo-
2onko0, a 3anadi Komi (4.51) — 380pomnoio npoeouror.

3a3uayumo, Mo KpafioBy 3ajiauy nonepefHiMH NepeTBOpeH-
HAMH MOXKHA 3BECTH A0 TaK 3BaHOI 3ajaui CTaHAApPTHOIO THIY.

Hanpuknan, Hexalt MaesMo Kpa#oBy 3ajauy AJs JiHifiHOTO
HeojHoOpiAHOro AudeperiliaibHOro piBHSIHHA APYTOro NOPAAKY
s Yy py = R,

Y (o) = Yo, ¥'(x) =t
Toni ainifipolo samiHO0

2=y — 2L (x—x,) Yo

Xp— Xy

gpaﬁOBi YMOBH B8BOAATbCS JO HYJBOBHX YMOB »
2 (%) =2z(t) =0, (4.52)

npuyoMy JiHifiHicTb piBHSIHHA He MOPYIUYEThCH.

MHoxennsmM Ha ej Pa(x)dx sajaHe JimifiHe piBHAHHA 3BO-
AUTBCH 1O BHIJARY

.

£0® 4y =1 @59

e p(x)‘=ef P Tomy 3BHualiHo poam;mamb Kpauosy
8ajauy THIY (4.53) (4.52), - :

BMPABM

. 1. 3nailTi posB’ssKkH NPH TAKHX KPAHOBHX yMOBax}
@) Y —y=2%, 40=0, y()=1;

6) y+y=1  yO=0, y(2 =0;

&) y+y=1,  y(O=0.y@=0

e y'+y =1, y0) =0 yl)=1;

) y—y' =0 yO=-1, y(l)— =2

2. Ilpu sikux a kpafiosa sagaua y'* + ay = Ly =0y (1) =
= ( He Mae po3B’A3KIB? "\ ‘

3. 3BnafiTy Baacui sHauenns i Baacui ¢ynxnif

a) y'=2xy, y(0)=0, y()=0;
6) y'=h y (O)y=0, y(l)=0
6) y'=Mry, y(0)=0, 5’ ()=0.
.4, Hobypysdru ¢yukuilo ['pina.
@)y’ y=f@x), - 40 =y@, y’ 0)=y" ()
6) y" +y=f(x), ¥ (0) =0, y(n)=0;

Al Aucpepeumanbm pmnnuuu,
10 3BOAATLCA AO NIHIHHMX PiBHAHD
" I3 cranmmyu koedpinienTamm :

* udepenuianbhi piBHAHHA i3 sMmiHHEHME = KoedimienTamm
B 3araJIbHOMy BHMAIKy NPOiHTErpyBatH He MoxHa. [1pote xomm
BiANOBiAHOI0 8aMiHOIO JiHifiHe PIBHSHHA NepeTBOPUTH B JiHik-
He i3 craymmMu KoedillieHTaMH, TO 3ajiauy Oyle po3s’ssaHo.

- Hexait maemo siinifiHe oaHOpiAHe AndepeHuiaabhe PiBHAHHS

YO+ pr(X) YDt s e ot (0) Y + pa(x)y = 0. (4.54)
3pobumo miAcTaHOBKY

=1 (x),
Toxi , -
' dy. .dy dy
dx = dt "dx?
dly _ diy(dy y d%
-r an (a)*'raz";;f
........ « Y e
R
% +'+dt'a”x‘?' B

L



PiBnsnus (4.54) nabupae BHTVIALY i

dry [d
TR
PospimmBimm na (¢’ (x))”, nicranemo

dny Pn (%)
am +.- + 7 x»ny 0.

3posymiso, mwe GyHKuio P (x) 'rpe6a Bnépam i‘ax, o6 Koedi-
uieHT npu y 6yB CTaaHM.

Tokagemo \
Pa) L
‘ Wy ot
Toni
(x) c Vpn (%),
To6TO

P (x) =C S nl‘ Pn (x)dx'

Takum uunom, skmo piBHAxHA (4.54) sBomuTBCA JO piB-
HAHHA 3. cTaauMu KoedillieHTaMu 3a IONMOMOro0 3aMiuM Hesa-
JexkHOi 3MIHHOI, TO TiIbKU 8a OpMy00

t=CS'11/mdx.

Orxe, 3a koediuicHramu piBHAHHA (4.54) MoxHa AisHaTHCS,
3BOAMTECA YH Hi BOHO 10 DIBHAHHA i3 cTanumu koedillientamu,
Bigomo fesKi THUNH TaKHX DiBHSHB,

1. Pignanns Edsepa. lle nudepennianbie piBHsIHHS
BHAY

£y - pa=ly =Dt prexy’ + poy = 0, (4.55)

I€ Pys ooy Pn— CTAJI BeJIUMHEL. . :
Posrasparoun piBuaunsa (4.54) i (4.55), 6auuMo, mo TyT

Pn (x)‘=%._Tomy
2=GS /2.

1 . v .
Bagpum € = —— i onycrtusmu crany IHrerpyBaHus, Aicra-
Pn

HEeMO TiJCTaHOBKY

t=Inx, aGo x = et. (4.56)

Pisusinns (4.55) mae ocoGmBy Touky x = 0, dopmysa (4.56)
i BCi HACTyNmHi BHKOHYIOThCA JUIi 8HaueHHA X >0; AKUIO
x < 0, To TpeGa 3amiHHTH X Ha |x]|,
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ry _dydt_dy 1 d_’/ et
“ VY=&"a'a"a & a %
it
g = 800 _ 4 dt (dzj @) o2t
dx T Tdr dx \ae T dl ’
" o__ d(’/”) d(y ”) dt (d y____ ) p—31
Y = T a a T \ap dt2+2 €

® s e & & & e 8 a2 2 e 2+ s & & € & v s s v .

o — (jti,? Loeeod (== 1)) %’) e, (4.57)

SIk Gaunmmo, noxigHa k-ro mOpsAKY Bif y MO x BUPAKAETHCH
y BUrsiai HoOyTKY e—* Ha onHopimHy JiHifiHY ¢yHKHito Bif
dy dy dky SR .
oo gE v g 13 cTamuMH koedinienramu.  IligcraBumo
(4.56) i (4.57) B (4.55). OckiAbKH MHOXHHKM Xx* = e any-
JIOIOTh 3 MHOKHHKOM e~*  T0 nicrawemo niHifiHe piBHAHHA
n-ro Nopsiiky 3 crajgumu Koedinientamu. 3HafwoBIM HOro
saraJpHuil p '3B'5130K 1 MOKMaBuM f = In x, MATHMEMO 3aralibe
Hufi po3B’'s30K piBHAHRA Efinepa.
NMMpukaan Posp’szaTi piBHAHAA
2y”—-2xy 42y = 0.
Poss’ssanns. Hexali x=e'. Toai
dy _, d {ddy  dy\ _o
v=g m=\a—a) ™

% dy\ ot 519 14 9,0
¢ (dﬂ m)e ‘—?e ar e + 2y s

d® d®y
i _3dt —l—2y =0,

XapakTepucTuute pipusinHa 2 — 3k 4~ 2 = O mae kopeni by =1, =2
OTxe,

ato

y=Cye' 4 Cpe®.
Ockinbky f== Inx, TO 3araibHHM PO3B’S3KOM 8aJaHOTrO piBHAHHA €

y = Cyx + Cyx®

Pisusanns Eiiepa moxHa poss’sisyBatd mle # Tak. Ilyxa.
THMEMO YACTHHHUH Po3B’s30K piBusHHSA (4.55) y Burasai
y=x, )

Ze r — crana BeqnuuHa, [ligcraBuBnm mykaHuit po3s’A30K
B piBHAHHA (4.55) i cKopoTHBIIM Ha x’, AiCTaHeMO piBHAHHSA
n-ro cTeneHs BiAHOCHO r:

rir+0D(r—2)...c—n+1)+
+p1r(r—!)-o-(r—n+2)+---+p,,_1r+p,,—0.
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SIxmo KOPEHi ryy Fyy oo 5-7n 115070 pieasinEst Bci pism,
TO MaeMO 7 JiHifiHO HE3aAEXKHHX PO3B’A3KIB PIBHSHHS (4 56)
7 y1—-—x'§ y2=x”, se ey yn'—'xn
3arajabHuil inTerpan
y=Cx"1 4 Cpxiteeet Cox'n.
SIkmo cepen kopeHiB e piBHI, HANPHKAAN, [1= Fy™= o0 = I,
TO BiANOBIAHNMH YaCTHHHUMH pO3B’sisKaMH OYRYyTh * 7
Yy=x"y yy=x1Inxy ...; yp=x"(Inx)e=E,
PosraisiHeMo BHMAfOK KOMIWIEKCHHX KOpeHiB. SIKImO ry==

=0 + Bi, To icHye ry= o — fi. BizmosmHo YaCTHHHUMH
posB’siskamn GyayTh

Yy = x%HBl o x0giB 10 % — x%{cosPInx -+ i sin P In x);
‘ Yy = x*(cosPlnx—isinPlnx).
Ockinbky nificha i ysiBHa yacTuHH € JiHIHHO He3aleXXHHMH
posB’si3KaMH, TO 8arayibHMHl iHTerpan MaTHMe BHIVISA

¥ =x*(CycosPlnx 4 G, sinflnx) 4 Cyx s+ evs+ Cox'n,
Mpuxaan Posp’ssatd piBHAHHA

By af b =0,
Poss’ ssannn, Hexall y = x?, Toxi maemo piBHAHHA
r(r<=0)+r1=0,
Kopen! aKOro
rn. 92 = ﬁi:

3avaxbunit  po3p’dAs0R
y == Gycos In & > Cysin Inx, x> 0.

Ho pisusnns Eiuiepa sBOANTbCA PiBHAHHA

(@ + b7 + (@x + By=lpyyomif oo
+ (ax 4 b) ppeay’ + pny =0, (4.58)

fIKINO 3aCTOCYBATH MiACTAaHOBKY ax - b == v. BukoHaBlH 3a-
Miny v = ¢’ a6o Biapasy ax + b = ¢, nicranemo piBHAHHS
8 cra/MH KerJluleHTaMn. A

HacTHHHI PO3B’ASKH MOXHA TAaKOX IIYKATH Y purasgl

= (ax 4 b)".

TOJ.II MaTHMeMO plBHHHHﬂ BianocHo r i nani nocrynaemo TaK,
fK 1 BHuLe. o
- MoxHa posrasaati i ainifinl HeopHopiaHi nmpepeuulanbﬂl
pisusauua Tany (4.55) Ta (4.58).
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Npuxanaapa Ilpoinrerp yparu plenauns

) 1 1\=
2x + 12 y" — (x+7f) Y +y=1In (x+-2—).
Po3s’ asanna, Buxonaemo mifcranosry 2x + 1I'=et,
Toxi
dt ¢dy o[ By  dy
dx’=2°J' Y =2e" y" = de '2’(372-——37 .

Hicranemo piBusnns
ddy

XapaxtepuCTHyHe PiBHAHHS
-5k + 1 =0

Mae Koperi

1
By 1, ks =7«

'-Iacmmmﬁ po3B'A30K v (f) Ass mpaBol wacTHHH UIYKaeMo ¥y .ﬁ.
rasni

1| v=Ait+8
=5 | v = A

4o = 0

At 4 (—BA + B)y=t—In2,

spinkn A =1, B=5_—1In2 Toni y(f)=Cef Coe" 4t
~+ 5—In 2. Ockinbkn £ = ln (2x 4 1), T0 MaTumeMo 3aranbHHR ig.
Terpan

;
g=Ci@x+1)+Ca@x+1)* +1n@r+ 1)+ 5—1n2,
Heonnopiani pisusnus Efnepa tuny

T axty® = 2P (In ),

Ze P, (u) — MHOTOU/MEH CTENeHs 1, MOXHA pO3B’sA3yBaTH Me-

TOZIOM MiAGOPY aHANIOTiyHO PO3B’A3YBaHHIO JiHiAHOrO HEOAHO"
pinsoro AudepeHNiasbHOrO PIBHSAHHS 8 CTaNHMH Koeq)lmeu-
TaMH i 3 NPaBOI0 YaCTHHOIO BHAY €**Pp(x).

Mpukaan Poss’asary piBHAHAA ‘
X2y — xy'+ 2y = xIn x,

Pogs’ asanna. ins opmopiamoro piBhanus 2y'— '+ 2 =0
XapaKTepHCTHdHe DiBHAHHA AicTaHeMO HiACTAHOBKOIO Y = x'. MaeMo
r(r—=1 —r-42=0, abo rf—2r 4 2 = 0.

Kopem UBOTO piBHAHNA ry== . — i, rg== 1 + {.  Tomy 3araJpHHA
po3B’s30K Binnosigroro oanopiaunoro piBuAHHA € GyHKLig

“u == x (Cscos In x +§Cysin In x), *
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RITRARRARTRLARRAY,

ANAAAARAARRRRAAERT B

YYYYVYVYYUYYUNYY

- HrHHHlAAHHH

Puc. 4.2

‘-Iacmmmﬁ pO3B’SI30K, .Li0 BianoBiLae npasiii wacTuni, sHaizeMO
METOOM HeBU3Lauewnx Koediuientis y surasai v= x (4 inx <+ B),
Orxe,

2 [v=Axlnx+ Bx
—x |/ =Alnx4+A+B
x2 | 0" = Alx

CAxinx 4 Br=x Inx.

3Binecn A =1, B =01 v= x1Inx. 3aranpaufi posp’A30K 3auaﬂoro
piBHAHHSA

y = x (Cycos In X -4 Cesinln x) 4 xIn x,

3NPABMU

Posp’sasaru Taki piBHsinag

" d?R 2 dR n ﬂ+l

xzy -4 xy" --y-:::O 2, PPy +——_-——-—( ) =0,
III Sxy" + 3!/ = 0 4 xzull + 4’“/ + 2 = 2 ln“x +12.”

3 xzyn_4xy + by = x. 6. (x2 4 1)y J”’—l?j

X A xy Ay =x. . 8 xﬁy”—gxy +21y==0

, x2yll_2le+2y=2x8_x. ]O ng”-— xy + y == 2)&'

ot

wqmpa

,3a0atm Jlame. Cepen TexHiyHMX 8afay, MO SBONATHCA
o po3p’sisyBaHHA piBHAHHA Efinepa, MOXHa pO3T/IIHYTU 8a-
Jauy Jlave. Bona mosaarae B ToMmy, 110, 3HAOUH piBHOMipHO
posnofiieHuid THCK, AKHH Jlie Ha BHYTPIIHIO i B0BHILIHIO
NoBepXHi UMAiHAPHIHOI TPYOKH, Tpe6a BU3HAUNTH HanpyxeH-
Hsl B ToyKax camoi TpyOku (puc. 4.2). [Ipy oxnakoBux yMoBax
medopMmauia i HaupyxKeHHs B NONEpeyHUX nepepisax NOBHHH{
O6ytu oamni # Ti cami. Tomy obMéxumocs TpyGKOIO, NOBKHHA
Kol JiopiBHioe opunuui. Ilosnaummo uepez R, paaiyc BHYT-

pimmboi, a R,~— paliyc 30BHiNLOI LUJiHAPHUHOI mnOBEpPXHi '

Tpy6Ku. PosrasHemo eneMeHT abcd, OOMeXeHHH UHJAIHAPHY-
HEMK TIOBepXHAMH paaiycis p i p + dp i aBoma mepuaianee

104

" HuMmH nepepisamu Ob i Oc, mo yrBOpIoloTh KYT dg. Lleft enement

BHaXOANThCA B piBHOBa3i miA Ai€lo BCiX NMpHKJAafeHHX J0 HbOTO
cua, Po3milieHHs HanpyXKeHHs Ha NOBEPXHAX €NEMEHTa MOKa-
saHo Ha puc. 4.3. Hanpyxenna Ha rpansax ab i cd nossauumo

uepe3 py, a Ha rpaHsix ad i bc — uepes p, i p, + di'y dp.
SIkmo P i p 03HAuaioTh THCK HA 30BHIILHIO i BHyTplI.l.IHlO Ho-
BepxHi TpyOK#, TO rpaHHYHi YMOBH TaKi:
py=—p upn p=R,,
py=—P npu p=R,.

BeTaHoBUMO 8B'A30K MiX px i py. Ha rpani ab i cd nitotb
CHIH py + dp-1. Cyma ix mpoekiifi Ha Hanpsamok Ob RopiBHIOE
—px+dp-sin (dg), a0 —p,-dp-dg,

KO BBaXkatd sin do =< de.
Ha rpani ad i bc nitorb cuiu

. . d
py-p-1-do i (py + 32 'dp) (p + dp)-1-de.
[poektytoun ix Ha Hampsmok Ob i Gepyuu
de

COS?

ex 1,
nicTaneMo BeJHYMHY NpOeKUil piBHoaifiHoi
d
pydpde + ¥ odpde,
AIKIIO BHEXTYEMO BHpPasOM
94 (dp)’ do.

[TpupiBHioioun 10 HYJIA cymy NpoeKuift Beix cHa Ha Hanpsi-
MOK Ob, npuk/aafeHux JIo eleMenTa abed, nicss cKopouents na
dpde nicraemo piBHAHHSA

dp .
Py‘i*prP—-Px = Q, (4.59)

: dP. T
\ Py*fﬁ‘dj"_ a,

r P ' ﬂ

bl SR 7] S CE A

T ‘4” " 0 T,
Prc. 4,8 Pne, 44
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3aysaxumo, Wo BHACTIAOK cHMeTpii dopmu TPYOSKH i pos-
NoJiNy THCKY, Bci TOukH TpyOkd npH JedopManil nepemimy-
10TbCA B pajiiajibHoMy HanpaMKy. SIKIO mepeMilieHHs] TOYKH @
MO3HAYHTH Yepe3 4, TO NepeMillleHHS TOYKH b BHpasHTbCH K

u—]—j—z ~dp.

 EnemeHt pagiyca dp ZicTaHe NOAOBXKEHHsA g-:dp, BHacJIi~
Ji():4 YOro BiIHOCHE HO/IOBXKeHHS! B pajiajbHOMY HanpsAMKY Oyle
e,(=g’—5. [Micns pedopmanii ayra ad safive nosnoxenus a,dy
(puc. 4.4), npuuomy

agdy _ Oaq
ad ~ Oa *

Orke, BiflHOCHE NOAOBIKEHHS
ady—ad Oag—~Oa p-tu—p
=" T 70 T " p

sIk. 6aunvo, eneMeHT abcd pPO3TAryeTbCA B ABOX MEepNEHIHKY-
JASIPHUX . HanpaAMkax. s Takoro posTtary, fik BillomMO, BHKO-
HYIOTbCSI TaKi 3ajeXHOCTi:

E . E
Ps = =3 (ex 4 08) 1 py = y—=75(e, + 0es),

Ae E — monymab IOHra Mmatepiany TpyGKH, O — NmyaccOHOBg

éx

_u
L.

BigHOWeHHA, 3aMiHIOIOUM &y i e, iX 3HaueHHAMH, HAicTaHeMo

E [(u du
pe=1Zalt +og)

E [d
p=ral +og).

Tenep suafizeMo noxiany
du
dpy _ __E_( aw | Pap "
dp — 1 —o2\ dp? ¢ ot ’
- IligcraBumo suauenns py, p, i dp,/dp y piBusuas (4.59).

[licnis cropomenns marumeMo AndepeHuiadbHe piBHAHHSA
d?u du ’
2.—-—- — — =
p dpz I p dp U= 0’

Y

fIKe € OKpeMHM BHmaaxkoM piBHsHHA (4.59).
Hexat

u=g,
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roni r*— 1=0.3BiacH r;=1, 1,* laraNbHEM 1HTErpasoM
e dyuruis ' /OpIOIOTh
- — C.o P BCix 1]
u 1® '}a HoBep:

e C;, Cy,— rnosinbmi crami. Jufid TP8Hyauenns snaiizemo
du — gepe3
c,~ P

d .
. L. 30BHiIL .
Bupasn aus u i duldp nincraBuMegy paxi Vi 445 pyi pg

pe=rZa(0a 4 0 =Ry o),

E
Py = 1__72[01 (1 +py. Ha (1 —0)] -
§ U Ha HA
BukopHcTOBYIOUH Aas Py rpanut, “p BH, HNicTaHeMmo
) E , *
-—P=—,_0,[Cl(11 _?-:(1—0)]
i | dp) (
E. +ap ‘
—p=rZafea+ P/ o).
i 6epyy
3sizncH ' <1
A (=o(C " ip
1™ 7 E (KiBHOmIBE
0. (90 0 pd(p?;
T ER o
Otxe, %d

P.
» Rip— RGP 'RER}

® = 5§ 7T TIpoeKkui La s
f’ Rz ra abcd, 51)2

__ Rip—ReP RiRy

py= 5 — —_—.
PRI RL _p =0 RD |
Hanpymxenns p, spocrae npm : Hi p | Mae MaKcuMyMm

npy p = Ry, a MiHIMyM — I = R,. TligcraBasioun
sHaueHHss Cy i Cy B (7.13), 3H¢ popmyay nas nepemi-
UIeHHA! ' ,
u_x—opr—RZPp_-: o — P) RiR}
B mR-R (Ry~RYp
3anaya «PospaxyHok Temmer )YAHHKOBOTO NOBiTPSAA
TeX SBOLUTLCA N0 AOC/IMKEHHA . 19 Efnepa (tus. Mo,

AH YPCP, Cep. A—1976— 1 0% 843—847). =
161



2. PigHAHNKA Jeonu08a |
(1 — x®)y""— xy’'+ n’y = 0. (4.60)
TloGyayemo sara/bHuil po3B’A30K UbOTO PiBHAHHA [JIA BCiX
x £ (—1, 1). 3acrocyemo IIi,llCTaHOBKy

zzcﬂ/

Hexait C =—-— . Binkunysim CTa.)IylHTePPYBaHHﬂ, nicraneMo
t = arccos x, a6o x = cos .
Toni
dy dy dt dy 1
=dtdxT T dtsing?
d2y 1 d?% cost dy

dx® " sin®f.df*  sindtdf’ _
micjs 4oro piBHsIHHS (4 60) Habepe BUIALY

dﬁ—l—ny 0.

3araJbHHH PO3B’SI30K LLOTO PiBHSHHA € (PyHKIiA
y = Cycos nt + Cysin nt.
[MoBepraiounch A0 MOYATKOBOI 3MiHHOI X, MaTHMeEMO
y = Cycos (n arccos x) + C,sin (n arccos x).
Pyuxuia y,= COS 71 arc Cos ¥ IPH LIJOMY 7 € MHOrOWIeHOM
CTeneHsl 1, OCKIJNIbKH COS 7@ MOXHA SaMHCATH SIK MHOTOUJIEH

3111 cos ¢. Ileit MuOrouNeH HasUBAIOTL MHO204AeHOM Hebuuiosa
i mosHauawoTh
T,.(x) = cos n arc cos x.
CGnpagpi, E . : : -
cos nf == cos*f — n—(’:—z-—)cos"—?t sin?f +
nin—1){@n—2) (n—3)
+ 1.2.3.4

3avinuBIuKM f HAa arccos X, cos { — Ha x, i sin% — na 1 — x%
MaTHMEMO.

cost—1 f sintf—-.-.

COS (11 arccos x) = x — - (';'2_ J X2 (1 — x®) 4
4= 1)1 (';-3—%) (1. =3) yns (1 — 22— .

[Toainomn Yebnmona T, (x) me MOXKHa BUSHAUNTH 32 GOPMYJIOI

T_—:_-lrz o T n ]
Tn(x)=(x+fx 2nx Vx2 1) n=12...

e

abo 3a pexypeﬂTgom dbopmyJ0i0
T () = 2T (1) — 5 Tams (4).
[Tpyuuomy ‘
To(x) =1,
T] (JC) = X,
1
TZ(,\‘) = xz—g.
Jani ssaxoaumo, 110
‘ 3
' Ts(x) = xs—"‘—4‘xy
) T4(x)=x4—x2+%i T. 1.
IoBoasark, 10 MHOrouneHn YeGuiloBa oprorouatbHi Ha BiA-
pisky [—1, 1] 3 Baroio

‘P(x)=71——l_—_:;—;,

'OCKiJIbKH BHKOHYETbCS CIiBBiJHOIIEHHS

L
Tn (%) T (x)
- Y1i—=33

Muorounesn UYe6uimosa gacro anopucrosymbca IJs1 Ha-
GanKeHHS HyHRUIH.

dx =0, m=%n.

4.8. PiBusinua Beccens

PiBusanus bBeccens mae Bug
ey ¥ —y=0,  @6l)

dx?

fie v — JI0BisibHE cTajie 9uci10. 1o uboro piBHSHHS NPHXOAHMO
npH focslilkeHRi 6araThbox 3afau MareMaTHyHOi ¢isukn, [loka-

1 .
XeMo, WO MNpH v = < piBHAHHA Becceas sBomuTbest 20 piB-

HSIHHA 3 CTaluMH KoedilieHTaMH Ta iHTErpyeThCA B eJieMeH-
TapHUX QyHKUisX. PiBHAHHS Npu LboMy M&€ BHIVIAA

x2y” + xyl + (xz ___i4) Y= 0. (4.62)

Buxonaemo saminy

169



[TponugeperuioeMo jgiui:

L
—g 1
y'=x 23’———§x e,
i
YP=x 22" —x ?z—}- X Tz.

[TincraBumo sHaueHHSI HOXIAHHX y 3afaHe PiBHAHHA!

1 1 i
[ 8 - —— —
xﬁz”—-x2z’+-;4*—x 2t xt2'—

3 1
. —-%»x?%_z—}— x?z-———é-xmfz::o.

[Ticast CIPOmIEHHA MaTHMeMO PiBHSIHHA i3 CTA/IMMH koeginjen-
TaMH

2’4 z2=0.
dyHnaMeHTaNbHa CHCTEMa fioro
1= COS X, 2,= sin x.
[ToBepTalounch AG 3MiHHOI §, BHAXOAHNO
cosx smx
h=r =y

10610 piBHAHHA (4.62) Mae sarajbHHE pO3B’sI30K
cos X i

C sinx

17_7’-}_ 2 Vx

¥ saraqbHoMy BHNAAKy po3B’si308 piBHAHHA (4.61) mykae-
MO y BHIVIAIi y3&raJbHeHOTO CTENeHeBOro pAAy

y=C

Y == x° kzo apx”®, . (4.63)

Ingeperuitoroun (4 63) nzBiui mousenso 1 migcraBasioun B
(4.61), mictaemo - '

o0

kEO a (F + p)2xh+p - (x2 —v?) k)j Qpxkte = 0
o= ) =a()
L
Y apet [(k + p)* + 2 — v?] = 0,
: ka0
[licast GKOPOUEHHA HA XP MATHMEMO
& a1k + p)f + 4 —v¥]. =0,

Vo

[Ipupistioioun  KoedillienTd npy ONHAKOBMX cTeneHax ¥, Al-
cTaHeMo

X | (@E—v)a, =0,

S+ 1)2—va, =0, -

x? [(p—|—2)2—-v a2+ap“"05

| (o432 —vag+a, =0,

o+ 4 —"ag+a,=0,

4o e s e LI . e

xt ) e+ k) — V2] g Qpmp= 0

Koepinienr a, BBaxarumeMo Biamieum Bif Hyss. Togi
8 nepmoro plBHAHHA HicTaHeMO
p = =, a0 p;= v, p,== —V.
Hexalt p ==~ > 0, Toxi q, mae noBinbHe 8HaueHHs. - 3 ApYroro
piBusiaHa maemo [(v -+ 1)°— v%]ay= 0, ToGTO @y= 0. 3 Tpe-
TBOrO PIBHAHHA BHAXORMMO :

P S T
R (T e Y O )

3 uerBepTOro piBHAHHA az= 0 i 8 mATOrO —

Ay == — as — Qy
4 VAR —vt 20+ D(vt+2)12
[Tomiyaemo, o Bei KoebiuieHTH 3 HelMapHUMH HOMepamH JopiB-
HIOIOTL HYJIO:
02k+1=0; k=0,1,2...
KoedinienTu napuoro inaekca MaloTh 8HAYEHHS
(—1)kay

T Y T e D L2 ...
Iaa cnpomenHs BBaXarHMeMo, IO
1 )
G T (4.643

pe T (@) — ramma- é{HKU.lH Eﬁnepa

lamma-pynkuis E#nepa I' (o) Busnavena pnas Bcix fonar-
HHMX BHaueHb ¢!, a TaKOXK AJs Bc1x KOMIJIEKCHHX 8HAYEHb 8 [0«
matHoio JiificHoio yactuHoo. OTxe,
- - o0

I'(a) = S x%~le~*dx.
0

Tamma-pyHKIifg Mae Taki BJACTHBOGTI:

1. I‘(a+1)—~aI‘( );

2.I'(l)=
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Slxiwo k — mine jojatse umeno, 0
3 Pe+k+)=(@+ o+2.. @@+ Al + 1)
4 T'(a+ 1) =al
BI/IKOpI/ICTOBlelIH (4.64) i BnactuBocti I'-byuxruii, maemo

Qgp = e=h* — =
2 )DL DRET (1)
(=DE

TRV AT A+ D)
* OCKiJIBKH - SI‘IJIHO 3 BJAacTHBicTIO 3 ‘ )
A+ DE+2 . @+ BT(v+ 1) =T @+ k+ 1)

YacTrHHAN PO3B’A30K piBHsinus Deccesst, sikuit nosHauuMo
yepes [y(x), MatuMme BHIVIA]

B °.°1 (=1t ¢ \2v ‘ ‘
’v(x)—%m(‘f) : (4.65)

[io dyHKuio HAUBAIOTL Gecceabosold PyHKyico nepuioeo pody
HOpAOKY V. .
Tlpu p = —v, e v — uise, 3HAXOAUMO
0 (—1)* qg
a?k-f—l = U, Qg = 2‘2k (-—-V + 1) (_,V__i__Q) ("V+k) i .

Has sin’emuux o ¢yHruis I' (@) BusHauaeThes iHakie, afe
BJIaCTHBIGTb '+ 1) =al () sGepiraetbes. OT)Ke, HpH
p = —v, B3ABIIH CTaJIy

= 12~ (—v + 1),

nietanemo
_ 3 (—1* {2\~
[ ()= ,;) Py gy (7) : (4.66)

1jo ¢yHKLil0 HA3HBAOTb Oecceab0sol0 (hyHKYLEID nepuiozo
pody-nopadky — v, abo becceavosoro Pynkyicio neputozo pody
3 8i0’emHUM [HOEKCOM.

HeBaxkKo noxasaru (anopucmsyloqn HanpHK/iaj, 03HaKy
A’Anamoepa), o pan (4.65). piBHOMipHO 36iXKHH# TpH Belx
X, pan (4.66) pisHOMipHO 36mmma npu Bcix x 7= 0. Lli panu
meHa ABiui nowieHHo AudepenuioBati. Omxke, Iv(x) i I_y(x)—
PO3B’A3KH piBusinnst Becceus (4.61).

ko v — ne uize uncao, To dynkuii Iy (x) i I_v(x) ai-
HilHO HesaseXHi, OCKiNbKM IX PAAM MOUMHAIOTbCA 8. PiSHHX
cfeneniB sMinHo! x i TOTOXHicTb

oy Iy (%) + Ogluny (£) =0
172

© MOXAMBA TUILKA MpH a,== a,= 0. Toni 3aranbam“4 pO3B’A30K

piBusHHa. Beccens (4.61) mae Burasag
Y (x) =C, Iy(x) + Cyl—y (x).
Cnig sassauutd, WO TpUV = n +—;- , n— uije, ¢QyHKLia

1 b (x) sanucyeTbes qepes eneMentapHi dyHKOii.
n-p — .
2

Hanpnman, npu v =

-2
i 1% x2&+1
1._1__ (x) (— ) = 2k+ 1 .
2 2 l B l‘ 2

1
MaGMO

[Tpote - .
1 1 1 1
r@+a=@+4r@+a=@+a@—ax
1y Ce+1)Re—1) . - 1 1y,
XP(k——Q—)—'°' - zki-l F(?)’
T ! o§:e‘“"~—2 e—”de-—Q e (i - —2 =V=.
(2)fv==2
] 0 )
Takum 4uHOM,
¥ "‘“E ot
o ke
RH13...2e—D) @+ Va2 ?

. V_Q:z(——l)k x2011.2.4 ., 2p
o nx ! B k- D12k -
fo==

-1/ 2 N[ il VA )
- an; @2k + l)l . an sin .
OTxe,

1 _ zsinx
IT(x)_ T Vx

o . 1 .
€ po3B’A3KaMu, ARUMA JAicTanW, 3BiBUM NpH v = - DIBHSHHA

2
(4.61) o piBHsiHHA {3 cTanumi KoediuieHTaMH.
SAKkwo v € 1nijge 4ncsao, To MoKHA BCTAHOBHTH JIiHiHHY 8a-
nexuicty ¢yHKuif Iv(x) i I—v (x), a came: '
I_p(x) = (=1)*1, (x), v—wize.
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T (o) mpu Bin'emnux m.rmx o i @ =0 mneperBOpIOETHCA B He-
CKIHYeHHICTb.

OT}Ke, npx mJIOMy v samictb Iy (x) TpeGa IIyKa™! {HIMH
pO3B'H30K, fKui OyB Ou JiHifiHO Hesamexuuit Bix I, (x)
Has nporo BBeneMO HOBY YHKIUIO

Y, (x) _ 1, (x) cosv —I_,, (x)

sin v ?

BBaXKAIOWH CIOYATKy, W0 v — He Hife uncio. Busnauena Ta-
KHM - YyuHOM ¢yHKnia Yy(x) e pose’saskom piBHsHHA (4.60)
fIK siHif#iHa KoMGiHauif yacTHHHHX Po3B’A3KIB Iy (x) 1 [_y(x).

Iepexonsun B (4.67) no rpaHnui npu yMOBi, wo v npaMye
80 1iJoro uHcia n, JicTaeMo YacTHHHHH posB 30K Y,,(x),
ainifino wesanexuuit Big /Iy (x) i BusHaueHu#t i aJs wWijux
sHaueHp v. OTxe,

4.67)

I, (x)cosvau—1I__ (x)
YV,.(x)=lim= Y
n (%) Vot sin va

.

BBeneny Takum - unHOM ¢YHKiiio Y ,(x¥) HasuBaloTh Gecce-
2606010 pynKyicro Opyeo20 pody nopadxy n, a6o ¢ynxyicio Be-
Gepa. 3aranbHuil po3B’A3oK piBHsHHA (4.61) npu Harypaib-
HOMY V == 71 Mae BUIVIAA )

y(x) = Cyln(x) + Co Y (%),

ze Cy, Cy— nosineai craai.

Saaﬂaqnmo, wo byHKuia Y, (%) He ofMexena B OKOJi TOUKH
x=0.
Hanpaxaaz,

a¥, (x) = 21, (%) (_ln -g + C) -

k
-22&:3%?( )X &

e C —crana Eiuepa, C = 0,577...
ToMy AoBinbHHHA POSB’H30K DIBHAHHS (4.61), obMexennil
B OKOJi Touky x == 0, Mae BHTISAA

y = Cyln(x),
ro6ro npu mpomy C,= 0.

3aysadcenns

1. PiBusAuHs
Byt xy' -+ (RExP—VRy =0,
174

ne k — meska crana, k&0, ssopuThcs 0 PiBHAHHEA Beccens

3 d§2+§d§+(§2"‘v2)y=0

nincranoBkow § = kx.
3aranbHEM pos3s’sskoM 1LOTO piBRAEHA HpH v, BiaMinHoMy Bix

_ miaoro uucna, e pynguin

y=Cyl, €) +Cal .y (§)
Toni saraabhHM pO3B'ASKOM piBHAHHA €
y == Cyl, (%) 4 Col .y, (kx)e
[pu v ninomy )
- §=Cylp (k%) + Cz v (BX)e
2. MMupoxnf - knac piBHAHL BHAY
By axy’ +(b+ex™y=0, . (4.68)

ae a, b, ¢, m — crani, npavomy ¢ > 0, m = 0, BBejleHHsAM HOBOI .3MiH-
Hoi ¢ 1 nosoi q)yl-mu.il u

(4 - ()

sBOAUTLCH A0 piBfiHHd Becceas ,
du du .

t”m ‘3 4 (@(2—=vHu=0,
Re

' a-——l m  2Ve

o = s ﬂ = T V= "-'-'—

—_— 1) —
P e

Ipu ¢'== 0 a6o m = O piBHanHsa (4.68) e piBAAuHAM Efinepa,

3. PigHsaHnA n03008)HCH6020 32uHY KOHIYHO0Z0
cmepicr . 3ajaua INpo NO3JOBKHIA 3STHH cTePXKHS, AKUHA Mae
dopmy 3pisaHoro KoHyca, 3akpilVIeHOro OIHHMM KiHueM, i
CTHCKYEThCSA CUIION0 P, npuBofuTh 4O [OC/iMKEHHS PiBHAHHA
Beccens, 1HTerpOBHoPo B TpHI’OHOMeTle{IIHX dyHKIIfX,

,Z],mpepenmanbﬂe pmﬁﬂmm npy:xHOi JiHii Mae BHrAAL

E]- = — Py,

Hexal r i R — Bignorinwo pasivey BepxHBOL | HHKHBOI OCHO-
BH KoHyca. Pagiyc p nesxoro nepepisy S BH3HauuTLcs 8 mpo-
nopuii (puc. 4.5)

p-—r 7"- s 8BigKu

*"’l
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MowmenT inepuii uboro nepepisy sigHocHo #oro HeiitpaibHOl

oci  BHpaXKaETbCs (bOpMyJIOEO
o !l+

—_ 4
Beamatoun X I=B i BpaxoByloun, mo %’-::10, ze .1,

€ MOMeHT iHepuii BepxHbOro nepepisy, MaeMo
’ 4
I=1, (1 + ‘-3;‘) .
3anuimeMo TrpaHHYHi YMOBH:
1) y=0 mpu x=0;
2) W0 oy x=1
dx p -

x(R—r)) .

Orxe, piBHAHHA NpyXHbOT NiHiT Habupae Bumﬁny
de,-}-(l +5 ) 4Py=0.
Hexait 1+ ﬁl—x =—= . Toni
‘ PeY 2% 4 ary =,

lg—e

ne a?= PP/El (2 Bukouwasum saminy y=2f ¢, AicTanemo
piBuanHa Beccena

d 2 1

PEE+1%+(wr—1)e=0.
3anuiemMo ﬁoro TaKz ‘

1
(tay 22 i (la)z + () 7 d (,a (f%‘z - ‘4‘) z=0.
- Ockiabku n = 2 ; TO MaeMoO 3arajbHull iHTerpan
2= Cy Lip(@t) + Cyl-1(ct),
a6o
7= ]/ ;(Cy sinat + C,cosai).

" [MoepTaroyncs 10 sMiHEHX X i y, AicTa-
HEMO

y=(l+~ﬁ;)(Alsinﬂ_°d—ﬁ;c+

+A Cosl—f-ﬁx)

Pue, 4.5
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ne A; -=‘——C V id, -—CZ'I/ Haraﬂaerxg, mo npu
x =0 opjauHara y—-O Tomy -
A sina-+ Aycosa =0, 4, =—A4, tga.

Orxe,
!4 PBx afx
hy=— lcosaLA1 inoc+[5x'
Tenep sHafizemo noxinHy
dy - B (1 afx o afx
dx cosa(l Sml-l-B;‘t_I_l-l-ﬁxcosl—[—Bx)'
fIka JIOpiBHIOE HYJIO OpH X == [, CmaneMo piBHsHHA
of

ey =~ -
3Bijcu Opu 3afianoMy f 3HaxoauMo o. KpuTHyHa chia
P = a®B2EL 1%

ko, sanpukaag, R = 2r, 10 f = 1. 3 piBHsAHHA tg%— =

= —% MmaemMo a = 4,06. Kpurauna cnia
P = 4,06°E1,L".

4.9. Nonsarra npo onepatopHMil Meton
po3s’a3yBaHHs NiHiiHMX AucepeHuianbHMx PiBHSHD
I3 cranumu koedpiulentammu

I noxiAHuX nopsika k BBEAEMO NO3HAUeHHH
dky
xk = Dkyr
rofT0 omepariilo 3HaXOMKEHHA noxmﬂof nosxavedHo Gyksoo D
nepes yHknieo, NOXiAHY fIKOI LIyKaeMo.
Hanpukaan, nepen ¢yHKUiE
‘D sin x = cos %, Df (x) = ['(x).
GHMBoa D Ttex HasuBawTh OudeperylaibHUM ONepamopoM.
Bupas D [ (x) + af (x) Moxua zamucaru tak: (D + a)f (x),
HpHYOMY Ile CHMBOJMIYHHUH BUpas, a He 3BHualinui A0GYTOK.
GumBon D + a — ue ai”ifiduét pudepernianbHuil oneparop
neplLoro nopﬂuxy Hanpuxanan,
(D + 2)x*= Dx>+ 2x2= 2x 4 24%;
(D—1)e* = De* —e* = ¢* —e* = 0.
Bupas D>+ 3D -+ 2 — niniitauit Audeperiianpiuil  onepa-
TOD zlpyroro nopapky i T. A
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: MO}KHa sanHcarH Tak:

Orxe, piBHAHHA
YO+ po=D + ... + pag=F(x) (4.69)

N

Dny+p1m*‘y + oo F Py =f(x},
a6o

D"+ py D™+ oo+ Prot D + pn)fy = [ (x).

Bupas ‘ '

Dt +p D™+ ... + P D+ pa

e JinifiEu# - gudeperuiabRU. oneparop n-ro NOPAAKY, AKHA
HAsUBAIOTh ONepamopHum. muozounenonm. I[losnavaioth Horo
wepes F (D):

F(D)=D"+p D"+ ... + paa D+ pn  (4.70)
Toal piBasuHs (4.69) moxHa 3anucaTH Tar:
F D)y = [ (x)-

- Orxe, oneparopuuit muorowien F (D) —ue-niBa vyacTuHa
XapaKTEPUCTHYHOrO PiBHSHHS, A€ 8aMicTb k CTOITH 6yxBa D
- Jlerko [JOBECTH CIpaBeAJHBiCTbL TaKUX TOTOXHOCTEli:

1°, F(D)et* ==¢** F (k),

2°, F(D*sin ax = sin ax F (—a?),

8°, F(D?cos ax == cosax F (—a?),

4°, F(D?e** v(x)=e"** F (D - k)v(x).

Cnpasai, :

1°. F(D)et* = (D" + py D14 | .. - p,Yet* = ek* (k" -
o prkrt 4 L pr) = eREF (R). -

2°. F(D? sinax= (D*" 4 p, D**2+4 ... 4 pp)sinax =
= [(—a®)" + p (=)™ + ... + ppai (—a®) 4 pa] sinax =
= sin ax F (—a?).
Toroxuicte 3° AOBOAMTECA aHAJOr{UHO,

4°. F (D)e** v(x)= EO Pn—rD" (€% v (x))=ek"‘/..:0pnar [~ v+

b Do+ LD peu 4 Doy = 7)) parX

r==0
X(D+kyv=e*F(D-+k)v(x), (p,=1).
178 |

Cymoro dsox onepamopie Fy(D) i F,(D) nasuBaethes onepa-
rop [Fy(D) + F, (D)), Bis sikoro Ha JesKy ¢yHKUiIO f (x) Bu-
3HAYaeThes pmmcno .

[Fy(D) + Fa(D)] () = 1(D)f(x)+F2(D)f(x). ,

3 o3HaueHHSA BHnJmBae, m;o

2 Prr D"+ 2 Qn-—r D= 2 (Prr -+ qur) D*;

OCKiJIbKH Aift niBoi 1 mpaBoi uwacTuH wiei piBHocTi Ha JesKYy
pas gudepenuifiosany ¢yHkUilO [ (x) NPHBORHTH 1O ONHOFO
B TOro Camoro pesyJibTary, T06TO npaBu/0 RollaBaHHS onepa-
TOpPHHX MHOTOWIEHIB He BiJpiSHsAETbCH Bijl MPABHIa JOJABAHHSA
sBHYaliHUX (He ONepaTOPHHX) MHOTOUJEHIB.

Hobymxom Osox onepamopie F{(D) + F (D) BasuBaeTbcs
onepaTop, Aifi AKoro Ha JefKy JOCTaTHE YHCJO pas AHdepeH-
nifioBany ¢yHkuio f (x) BU3HavaeTbes piBHicTiO

Fy(D) Fy (D) | (x) = Fy (D) [F, (D) f (0],
ro6ro Ha ¢yHKulo f (x) Ale ciouaTKy npaBHii MHOXKHHK, a HOTIM
Ba pe3yJbTar Hie JiBHA MHOXHHK. 3asHaunuMO, LIO MPaBHJO

MHOXKEHHsI OMEPaTOPHHUX MHOTOY/IEHIB He BifpisHsieTbCA BiA
NpaBK/Ia MHOXEHHS 3BHUafiHHX MHOrOUJeHis.

Gnpageai,
2 Pn—rD 2 Qrrms D° = 2 2 Pr=r qm-—sD'_H
r==035=0
ocxi.nmm

r‘éo Prwr D" E Gmws D5f (x) = 2 Pn—r D" [2 Gmewes [ (x)] =-

= 2 2.! Prior Grrimes [ (),

r==0 s=al

o sbiraeThea 3 peayanaTOM aii onepatopa:

2 2 Proer gmes D7+

re=0s=x0

H
’ E'f» g?lxnaneﬂoro Bnmmnae KOMYTATHBHicTh MHOMEHHS ofe-
paropiB
Fy (D) Fy(D) = Fy (D) F, (D).
CrpaBelluBicTb AUGTPHOYTHBHOPO BAKOHY
F (D) [Fy(D) + F,(D)] = F(D) Fy (D) + F.(D) Fy (D)
Gesnocepe/lHbO BHIIMBAE 8 MpaBHJa AHdepeHI{loBAHHA CYMH..
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Hexaft Bigomo Ropesi onepaTopnoro mAorousntena (4.70) Dy,
D,, ... . Dy, npuuomy Bonu sei Aificui. Toai fioro MoxkHa sanu-
caTH y BUIVISAI POSKJaly HA MHOMHHKHU:

F(D)=(D—D)(D—D,) ... (D—Dy,).

- [Ipunycrumo, mo anre6paiyHHA MHOTOW/EH Ma€ KOMIJEKC:
uiil Kopinb Dy = a - bi. Toni. ockinmbki koediumieHTH 1bOrO
MHOTOWIeHa € pnificui uucsaa, To iCHye 1me Kopiﬂb Dy =
= a~—bi. [dobytox (D — D¢)(D— Dii1), siKui' nopisnioe
(D — a)?+ b%, e MHOTOWIEHOM JDYroro creneHsi 8 AifiCHUMH
koepinienramu. IlosHayumo foro uepes

D? +aD 4 B.

Otxe, B 3aralbHOMY BHTIALKY, KOJIH BifloMO KOpeHi onepa-
TOPHOrO MHOTOW/IEHA (4 70), fioro MoxHAa CHMBOJIYHO PO3KJa-
CTH Ha MHOXKHHKHU 3 AiHCHHMHU KoeqnuerTaMH He BHIIEe ApPYyroro
MOpsAKY, TOOTO

F(D)y = (D—Dl)(D—-Dz) cvo (D=—Dm) X
X (D*+aD+py) ... (D*+aD+PB)y.

Hexait, nanpuknaan, Maemo nuopepeﬂma.nbﬁnn BHpa3 y” +

+y, 10610 (D®+ 1)y. Ockinbku anreGpaidHHii MHOrOWIeH

D37~ 1 moxHa 3anucaTd y BHrAsAi fo6yTky (D*— D + 1)X
X (D + 1), To nudepenuianpuuii Bupas (D*+ 1)y moxua 3a-

nmucaTt Ttak.
| D*—D4+HD+ 1)y
Copasi, ‘
D+ HYy=y' +y (DP—D+1HD+1y=
=D =D+ V)Y +y=U+y —E +y +
+W oy =y"+y
HpI/I po:sxnaaafml MHOTOW/IeHA Ha MHOMHHKH y Bnrxam{y

KpaTHUX KOpeHiB jAicraHeMo B cHMBOXiuHOMY po3kaani piai
MHOXKHUKH, Tax, Hexa# MaeMo nm@epex{manbﬂnn BHpas3s

) y(4) 3y’”+ 3y” '
. abo
. (D*—3D® -+ 302 —D)y.
Ockinbku

D*—3D*+3D*—~D =D (D— (D —H(D~—1)
TO ,
Yy —3y" +3y"—y ' =DD—1)(D—1)D—1)y,
abo ‘ ‘

DD —13®y.
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~ Ortxe,

BusHauuMO Temep omnepaTop

FD)*
PesyanamM floro nil Ha JesKy HenepepBHY dyHKuio [ ()
€ po3B’s130K pisHaAHHA (4.69):

F(D)y=Fw); 9= 5 N

F(D) [t 1) =1 . (4.72)

MoxHa 6yn0 6 npunycTuTH, IO TF_(IIT)f (x) e poss’siskoM piB-

HAHHA (4.71), BUSHAYEHOro JesKHMMH KOHKPETHHMH, HanmpHKJaj
HYJIBOBHMH HO'{aTKOBPIMH yMOBaMH, aje NpH UbOMY Kpaie

BBa)XaTH, O & i D)f (x) eommM 3 po3B’aAsKiB piBHAHHA (4.71)

i BignoBiAHO Aie oneparop zr5v F ( p) Ha nesKy ¢yHkuio f (x), BU3HA-

quy Jidiie 3 TOUHICTIO JO nonam{a, KU uopismoe p033 ﬂSKy
BifmoBigHOrO OAHOPUIHOI‘O plBHﬂHHﬂ HpPl Taxomy HPHHYIILGHHI
cnpaBIiXKYyeTbCA piBHICTb

p_(ﬁ) [F (D) f(x)] = (x), (4-73)
Ockinbki f (x) €, oueBnAHO, pO3B’A3KOM PiBHAHHA
F (D)y = F (D)} (x).
. Job6ytor oneparopiB @ (D) Ha s~ BH3HAYaeTbCcR PiB-
Hicrio

1
F(D)

O (D) iy ) = © (D) | i [ (9] -
AnaJoriuno
p(p 75, 0 0) () = 55, [@(D) [ (9]

. Tomy B Q)opMyJIax (4.72) i (4.73) ByXKH MOXHA ONYCTUTH,

3ayBaxumo Ime, IO

g ={ [ frmar,

r

1 .
6o lT'f (x) e sa osHauenHsM oneparopa pO3B’sI3KOM

1
F(D)
piBHSIHHA '

D' y=[(x).
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POQFHHHEMO Iesiki - BIaCTHBOCTi onepatopa F(D)

ne k— cTajHii MHOXHHK. Cnpas,zu,

F(D) b ,,—(‘,7) 1) = &F (D) gy () = f @

° ekx
2. F(D) ¢t = = F MKW F(k)5=0. Cnpasni, +— F( € pos-

B'si3koM piBHAHHA F (D) y = e**, ockinbku, srigHo s Biactu-
sictio 19

: FD)= £ < L0 e
3e, Dﬂ) sinax = Fl(n ‘:xz), akwo F (—a?) 50, Cnpasm

sin ax
F—ay) e posB’siskoM pisHAHHA F (D?)y = sinax, ocKi/jbKy,

8rifHO 8 BJACTHBICTIO 2°

; 72y Sinax —
F(D? Flah = (__an) F (—a?) sin ax == sin ax.
| .
4, F@T) cos ax == -Fc—‘(’i%’-‘;) , SIKIIO E(—a“) 0,
o 1 { v\
5°, F(D)e *y(x) = F(D+k)v(x).
Gnpasni, e* mv(x) € poss’a3koM piBHAHHA F (D) y =

=-¢k* y (x), OCKiNbKH, 3TifHO 3 BnacTHBicTiO 4°,

| 1 . :
F (D) ek"l,—(-m)-v x)=e* F(D+ k) FOTH v(x)==e** v (x).

1 1 1
6% Foy [0 + (] = 55 11 ) + gy F2 (0)-
Lla BJlaCTHBiCTb € Hacnizu(om npmumny cynepnosHuii.
" R ) 10 =5 7 w)f ),

TO6TO
’ 1
V=rm) [F, mo) (")]
€ pOSB A3KOM plBHﬂHHﬂ
Fx(D)Fz D)y =f(x).
CnpaB.zu, NiACTAaBUBINA CIOAN BHAYEHHS (, MAaTHMEMO

FaD) Fy (D) ity | s 0] = FatD) g F (0 = F (0.
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PoarasneMo onsopinte piBHAHMA, BignoBiaHe piBHAHHIO
(4.69), To6TO

YO+ p =D+ oo+ pry =0, (4.74)
abo

L{y]=0.

3acTOCYBABIIM  OMEPATOPHHA MHOrOWieH, JiBy dHaCTHHY
piBHAHHA (4.74) MOXHa samucaTH TaK!

Llyl=F(D)y. (4.75)
[MokaaBun y = e*», maemo, srizno 8 BaactusicTio 1°
L[e**) = F (D) et* = e** F (k).

3sigck sposymino, mo Koau y BHpas L [¢**] micraBumo
samictb 2 xopeHi piBHanus F (k) = 0 TO MaTHMEMO TOTOXKH]
HyJi: TOMY €% € 4YaCTHHHUMH pOSB’SISKaMmy piBHﬂHﬂﬂ 4.74)
npu F (k) = 0. Tenep 8 (4.75), srigHo a8 BnactuBicTiO 4°,
MaeMo

L[e**v] = F (D)et* vy =e** F (D + k) v.
Orxe, .
L[e**v] = e** F (D -+ k) v,

a6o, possuBaioud y paa Telmopa F (D - k) sa crenensamu D,
8HAXOLHMO

L[e**v] =
(n)
= ot [F(k)v—}-F’)k)Dv—l—F”k)Dzv-i— +f-'-l”)0~v]=
(m—1)
=e[F@yot B @ + T8y L 4 B Wy,
(m) (n)
+£7h,_(’i) o +f—m—@v<">].
SIkimo 2, e KopeHeMm xapamepucmqnoro pPiBHAHHA KPATHOCR:
m, 10
Flk)=F' (k)= ... = Fm=) (k) =
a ToMy -

: ()
L [ o] = ohe [p< ) (k) R0

ot

o).

Binbny dynkuilo v nigGepemMo Tax, mo6 mnpaBa YaCTHHA
ocTaHHLOI piBHOCTi JopiBHIOBana Hy/o, Toai

y Fo ekﬁtv
¢ posB’siskoM pirHaREA (4.74).



Tak Gyzme Toxi, KOJM 8a v BisbMEMO MHOTOWIEH 8 JOBiJfib-
HUMH KoedinieHraMu creneds m — 1, To6To

v=C,+Cux+Cyx®+ ... +C, et
Orxe, micramu dYacTHHHHA posn A30K, WO BiANOBiAae
KOpEHI0 k1 KpatHocTi m:
yr=€"(C1+Cox+Cot® + ... +Cpxm).
Hexalt xapakrepucTHuHe DiBHAHHA Mae KOpeHi
ki, Ry, oov y Bn.

F (R) = (k— k)l — k) ... (k—&,)

Toni

Liyl=(D—k)(D—Fky)...(D—Fky)y=0,
Jle CHMBOJiYHi MHOXHHMKH MOXHa HANHCaTH B OyAb-AKOMY
NOPSAKY. :

Ile piBHgHHS cnpaBIKyeTbCA HpPH. - _ '
(D—k)y=0, a60 (D —ky1)y =0, ..., a0 (D—k;)y =0,
10610 fAKIIO Y 3aIl0BOJleﬂ€ 6yZb-sike 8 PiBHAHD
_ d —kiy =0, sBinxu y = C,e"*,

flkwo pojamo ui n posB’sSKiB, To AicTaHeMo sarajbHHA iH-
terpan. SIkio m kopenis pisai Mix coboto,
by=Fky=1s: = k.,
TO BiANOBifHI m MHOXKHUKIB Tex pmm i piBHAHAS cnpan,umye-
TbCS TpU
(D— k)" y =0,
OTxe, He JHLle inTerpai (D — &)y = 0 sanoBosibHSE puamm-
Hd, a # idarerpan piBHAHHA
(D — ky)y=C,et*, 4.76)
60 KOJH BUKOHATH HaJ ABOMa uyacTHHaMu piBHOCTi omepaniio
(D — &), To nicranemo
(D—k)y=(D—k)Cye* =0,
[Tpore (4.76) e ninifine neonHoOpiAKe piBHAHHS nepmoro nopsaa-
Ky i fioro iHTerpajiom e gynkuis
y ek‘ ( Jlx + Ca)
SIkmo m > 2, 10 piBHAHHA 8aJOBOJILHAETbEA 3HAUECHHAMH
Y, MO YTOTOXKHIOIOTH CUMBOJ
(D—Fk)y=0.
a6o. piBHAHHA .
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Ueft inzerpan . c
— ok {1
y=ren (21

"'+C2x+c,,)

_l'l‘)l

CXeMa 3HAXOMKEHHS 3arajIbHOTO POSB’5I3Ky HEORHOPiJHOro
piBHAHHA (4.69) Taka:

1) samucatu judepeHuianbHUi BHDA3 JiBOT yacTHHH F D)
y BHIVIAL Po3Knajly Ha MHOXHHKH; -

2) po3B’A3aTH MOCAIZOBHO PSIA pmmmb

Jas nporo nosHauumo

zy=D—D,) ... D—D,)(D*+ oD +
+8) ... D*+ o, D+B)
i posB’sukeMo piBHSIHHA :
(D — Dyzy= | (x).
Tenep nosnayumo . . _
ZB = (D"—Ds) Y (D-—Dm)(Dz’f‘ aID+ 51) oo
.-(D2 + arD + ﬁr)
i poss’sxxemo piBHAHHA
(D — D,)z,= 2,.
Takum uynHOM po3B’A3yBaTHMEMO MOC/IiZOBHO PiBHAHHA}
(D—Dy)z3 =2,
(D _'Dm) zm = Zm—1
(D*+ ;D + By) 2mp2 =2,
(D*+ 0y D + o) 2mys = zm+2
(02 + O5rD + ﬁr) Zp == Zn-2:
Baranbuuit PO3B’A30K OCTAHHLOrO PiBHSIHHA € OJHOYACHQ i Ba-

‘TaJIbHUM PO3B’SI3KOM 3aflaHoro PiBHAHHA.

NMpuknapgn
1. Poss’a3aty piBusHHS
Y'F 3+ 29 = e*.
Poss’ssanna, 3anumemo saiane piBpaHHa B cuMBoalumiit dopmi

(D3 43D 4 2) y = e*, abo (D -+ 1) (D - 2) y = e¥,
Hexak (D -+ 2) y == z, Tozi
(D 1) 2 = e*, 10610 2{ + 2, = €%,

Jlna nworo piBusHus

1
b= Cy6* + g %,
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Hani maémo
| D+ y=Cee™ 5 o,
106710 ‘
v+ 2y == Cie™® + -;— e®,
Temep sHaxonmuo sapansHu® inTePpan
y=C,e™¥ -} Cie™® - %'e"

2, Poap’a3aru piBHAHHSA

Y 3 3y g =0,

Poss’ asanns, 3anHmeMo saane piBHaung §y BATAAN
D+ 1)Py=0,

a6o . .

D+ DD+ 1)y=0
losnaunmo

D+ 1Py =z,
roui :
k ‘ (D + 1)z= 0,
abo 2} - 2= 0, snigkn 2= Gye~%,
Iani maemo .
(D4 12 y=Cie™, 10610 (D4 1) (D +1)y=Cie™”

Hexait ‘

(D 1)y = 2,
Hicranemo plBnsmus
(D 4 1) 25 = Cye™®, abo zz 2y = Cye” ”
8Bigxn
2y = Cyxe™® -}- C,e™*,
Tenep sunaxopumo 5

8pi 1KH
y=2e"*(Cyx3 +Cox + Cg)s

8, Bmafitn 3arajbHull POSB’SI0K piBHAWHSA
Iv

y —y==x :
Po3s’ azanns, 3annuweMo safaHe piBHAHHA TAK:
(D‘—- l)y = X
260
(@ — DD + YD 1y = x
Hexaft z;= (D 4+ 1)(D*+ 1), Tonxi
(D= 1) 2= %, a60 z; — 2= x,
8BiAKH
2= 018F - %
Po3ss'sayemo pisuanug
(D+ 1) £ ==|C|e"‘-x- 1'
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(D 4 1) g = Cyxe™ +Cge‘”, T06To y* -y =Cixe™* 4 Cog™%;

ao - R -
23+ 23 =Cpe¥~x—1,
Maemo _
2y = Cye* - Coe™* — xs
Posp’asyemo piBHAHHS
(03 + l)y—-— Cle" + C,e ”—x,
T06TO
Y 4y =Cie* 4 Coe™* —x,
PosB’5130k KOO PiBHAHHA
y=C18* 4 Coe™* - Cg cos x -} Cy sing — x
€ 3arajIbHHM DPO3B’A3KOM SaNaHOTO piBHAHHS,

HaseneMo mpukmagi SHAXOMMKEHHA YACTHHHHX pPo3B’dAsKiB

JHIfiHNX HeoAHOpigHUX piBHAHb 8 CTAJNAMH Koediuienramu

onep a'l'OpHHM METOJIOM.
ﬂpuxnanu

B B y" - 4y = 6%, abo (D? -} 4) y = e*. 3a pnacTHBicTIO 2° oOnepaTo-
pa m Maemo )
-1 1
ywﬁiﬁc”-——-me"e:geﬁ.

2. 4tV 4y = 2 cos 3x, a6o (D* + 1) y = 2 cos 3.
3a saactuslcrio 4°

1 2 cos 3x 1
ymm—-l‘ﬁcosiix: T -1 =1 cos 3x.

3, y"-+9y=>5sin x, abo (D24 9) y = 5sin x.
3a Bnac'mnicno 8°

Bsin x 5
y=-——~§D2+ Bsin ¥ = =35 “Tro=Tgsinn
4y —4y +4y= x2e%*, abo (D-Q)z!/" x2e%*, MaeMo

ymz———é)—ge”‘x": ] D’ X% om-g3¥ — 12 .
B, y" —3y" + 3y’ — y =e*, 360 (D — 1)® y = ¢*. Maemo

1
y=mp=73"

F (k) = F (1) == 0, a Tomy 3samicts BaacTHBocTi 2° (4 70) sacrocyemo
saacTusicth 5°, po3rnanaioyH- e¥ sx no6yTox 1 -

1 L1 A
(D l)s cl=e —Ef"lae 6 °
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6 )" —ywmsing (D?—1) y==sin g,
Maemo
y=pr—ysinx

Ockiabky omepatop micTeTh Henapmi creneni D, To sacrocysaru
BAACTHBICTB 4° HeMOXIHBO. - TOMy 3aMicTh NOUATKOBOTO PiSHSHHA PO3-
rIgHeMO piBHsHHA (DP— 1)y = ei¥, a6o

(D3— 1)y = cos x + ¢ sin x.

YABHa uacTHHA PO3B’si3Ky LBOTO PIBHAHHA € POIB’H3KOM NOUYATKOBOTO
piBuanna: - _

" etx —ei* (=1 i) (cos. x4+ isin x)
CERST IR 2 =

: 1
Y=ps—1
1 . i .
= —7(cos x - sin x)+-2—(cos X — sin x),
YaBHAa uacTHHA
~ 1
y=13 (cos x —sin x)
€ PO3B’A3KOM 3ajdHOTO PiBHAHHS.
7. ¥y’ y = cos x, (D*} 1)y = cos x,
Maemo

1
y:ﬁmcosx.

Baacrusicte 4° BUKOpHCTATH He MOXHA, OCKINBKH F (—a?) = 0, TomMy
POBIVIAHEMO PiBHAHHA -

y" -+ y = ei®, a60 y" -t y = cos x4 isin x,

Bssapmu pificuy uwacTury fioro poss’ssky

i 1 1
(Dg+l)y=ei", y=Dz+leix= D—7 ‘D+ﬂelx=
o1 ei*  el¥ | | ol¥
=D—12=% D 'Tu*T
z (cos x <4 i sin x)
=T 2 :
sHafileMO MYKaHHH PO3B'A30K
|
y=§xsinx.
8 ytV—y=1¢" abo (D*—1) y=2¢*.
Maemo
: 1 . 1 1
Y="p=T D=1 D+ DD+

ex==
1 e 1 1 1 '
=P=1g= T p =g
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1
POSPJXHHeMO, .ﬁK‘ Ale oneparop mﬂa MHOT'OUJIEH

Mm(x)= Agx™ 4 Ajxm=t 4 ...+ A4,  (477)
®opmanbHO MoAinuMo 1 Ha MHOroumzen

F(D)=pn+ poa D+ ... 4p, D, p, =0,
BamHCaHHl 3a 3pocTaiouMMU crenensaMu D, srifHo 8 mpaBHJIOM
AiJIeHHs1 3BMYaHHUX (He omepaToOpHHX) MHoroujeHis. [Ipouec

AiJieHHs1 3aKiH4HUMO TOJAi, KOJIM B 4acTHi AiCTaHeMO omepaTop-
HHH MHOTOWJEH CTemeHsa m:

Qo+auD+ ... +9,D" = Q,(D).
Tozi sajvuKoM € MHOrouJeH
R (D) = Cm-l-l Dm+l + Cm+2 D2 'l‘ o0 +Cm+n Dm+rf§

mo MicTHTb oneparop D creneds we Huxue m ~+ 1. Bignosiano
Ao 3ajiexHOCTi MiX AiJeHHM, NiNbHHKOM, YacTKOIO i OCTaueio
MaTHMeMO . , ‘

F(D)Q,(D)+ R(D)=1. 4.78)
[{a ToToXHiGTH cNpaBIKyeTbCs ANA SBHUAHHHX (He omeparop-
HHX) MHOTOWIEHiB, ajJe OCKiJIbKH NpaBHJIO AOAABaHHA i MHO-'

HMeHHs ONEPaTOPHUX MHOrOwWIeHiB He BiJpisHAeTbcs Bij mpa-

BHJT J0faBaHHA i MHOXKEHHS 8BHYAfHHX MHOrouJenis, 1o (4.78)
cripaBIXKyeTbcsl A JUIA onepaTOpHUX MHorouneHiB, [lioun npa-
BOIO i JiBOIO YacTHHamu (4.78) Ha mMHOrOuMeH (4.77), 3HaxX04HMO

[FD)Qu(D)+ RDN(Ayx"+ Ayxm=t ... + 4,) =
=A, X"+ Ay xm= 4 ...+ A,
Bepyus mo yBarm, mio
RD)(Agx™ + Ay xm=t 4 .. + A,)=0,
6o R (D) micturs D B creneni He Humxue m - 1, MaeMo
FD)[Qn(D)(Agx™+ Ay x4 1.0 4 4,)] =
=Agxm+ A+ L+ A,

10610 Q,, (D) (Ay X"+ Ay x4 ... + An) € po3B’sA3KOM
piBHAHHSA - ‘

FD)y=Ayxm+ A xm1 4 ... + 4,
Orxe,

-F%(onm_*'lqlxm”l'i' PN +Am)=
=Qm(D)(A0xm+A1xmm.-l+ N -{—Am)

TTpoaOBXHUMO PO3LASA UPHKAALIB,
9 ¥+t y=xt—=x+ 2, (D¥ l)y= xP— x -+ 2, MaEMO

1
y- D]_b](x’-x+2).
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Moalauswn | wa 1 -4 D3, nicranemo Q,-— 1 — D% Otxe,
- g = (1 = D¥)(xt— x4+ 2) = xiwx,

10, y''+ 24+ 2y = x%~%, (D* 2D + 2)y = xe7%,
Maewmo

1 - _ 1
y=prEpFe e = pr i

=e % (l - D) xd=e¥(x%—~2).

11, 4* 4 y = xcos %, (D*+ )y = x cos x,
) Hepeﬁuemo 10 pmnsn-ma

(D® 1) y = xet®.
3uafizeMo fioro po3B’fA30K

1 1 .
y=D-—-——‘,+lxe DD 20 x==et"—5~(
1{ x LY o x% LA P
e (5] = (5+3%)
--(cosx+tslnx)( +-_)

JificHa uyacTHHa LLOrO PO3B’'A3KY

1% o gl®

1 1
y=-4-x“sin X+ g xcoss

i e WwyRanuM po3B’A3KOM 8a/aHOTO PiBHAHHLA,

i ’ 1
. 1eit npuknan nokasye, fiKk TpeGa RiATH ornepaTopoM FD)

Ha MHOrounes, fKmo pp== 0. 3anucabum F (D) y Buraspi
D'®- (D), ne Binbuuil unen Muoroutesa @ (D) siaminuui Bix

HYJIs, iEMO HAa MHOIOWIEH CHOYaTKY oneparopomm , @ no-
L
Dr
12, 3agano pisHsnua Einepa
2y e '+ p = x 0k,

% 3uafinemo posp’ssok onsopiznoro pisusmns y Burasal y = ¥,
aeMo

riM omneparopoMm

A 2r+1=0,
sBiKY
o= 1.
OtTxe, 3araJibHUM PO3B’I3KOM O,I.IHOpl}.lHOl‘O piBHAHHA €
u = (Cy+ Culn x)x.

(lincTanoBKoio % = ¢ NEPeTBOPUMO sajaHe PIBHAHHA B PiBHAHHA i3
craquMe koediLienTaMu

Yy~ +y=13¢e:
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OnepaTopHHM METOXOM SHafZeMO YacTHHHHE PO3B'ASOR nepmmpmoro
piBHAHHA!

1 ; R SR et 15 xInbx
U=(D 1)gef=e Da t=20,v= 20 °

Orxe, sapanbHull PO3B’#20k Safjanopo piBHAHHA Eiflnepa Mae BapAAA

.1/=(C;<17031nx=|—]1-5) Xs.

Poanin 5

'CMCTEMM 3BMYARHMX ANDEPEHLIKANBHUX
PIBHSAIHb

5.1. OcroBHi nouaTTa H O03HAYEHHS

Cuerema 8BHYafiHMX AHbepeHUialbHHX DiBHAHL TIEPIIOrO
NOpAAKY Mae BHI

Et(ta Yis Yar'e oo s Yny Yns Yas voos gn) =0; (5.1)
el v "
l=l' 2,aoc,n .=d7‘dt’

Y18y YOy eeey Y ) — 5.2)
HeBifoml ¢yHKmIl.

Poss’aaxom cucmemu (5.1) nasuBaioTh AOBiNbHY BOPSAKO-
BaHy GYKynHicTb QyHKHill (5.2), 10 MepETEOpIOE KOKHE pis-
HAHHA cHeremu (5.1) y ToTOXKHIiCTD,

SAxmo eucrema (5.1) monyckae po3B’si3HicTb BeiX piBHAHB
BiAHOCHO mOXifHHX, TO AicTaeMO cHeTeMy

N =f1lls ¥ Yas ++ s :l/n);

Ya=Falts Y10 Yoo +++ Yn)s

Yn=Tnlty Y15 Yas + o+ s Yns
SIKY Ha3HBAIOTb HOPMAALHONW,

Hnsa oiel cucremu sagaua Kowi (mouaTkoBa sagaua) ¢ops
MyJIOEThCS TaK:

~ enailitu Hesigomi q>ymmi (5.2), wo sanoBoMbHSOTL CHETE:
My piBHsEb (5.3) i sajani nouaTkoBi ymoBH mpH? = f4!

Y1 (bo) = Y10, Yot} = Y0 or + Yn (to) = Yno. (6.4)
L] yMoBH e mepesikoM YHCJIOBHX 8HAueHb Yi, BCIX IYKAaHHX
(yHRUif, 7KMX BOHM HaGYBAalOTL MPY JESKOMY YHCJIOBOMY 8Has
YeHHi f, aprymenty £,

JlJm CHCTEMH BHKOHiyeTbCﬂ TeopeMa icHyBaHHA i eAUHOCTI
poan AsKy sanaul Ko .

(6.3)
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TEOPEMA 5.1. (Komr) Hexad euxmytombcﬂ maxi ymoeuz

1) pynsyil fi (¢, iy sy Yn) Henepepemzoémewcem (| fi) <
< A), 8 obaacmi

G == {(t yh"-)yn)/lt"—tl : a, lyl—yiol v l“l n};
- 2) 8 obaacmi G ezmouysmbwz ymosa ./'Iinuuua is cmanow L,
mobno 0as 6cix (¢ Yy v » Yn) L (¢, Y1s .. » Yn) 8 G uKOHYyeMOCA
Hepigricme ‘_ ‘ ‘
e, Goy o oe G —Filt Gy - v s Tadl < Lle—wn
i=1, n.

Todi cucmena (5.3) 8 nouamxosumu ymosamu (5.4)
mag i npumomy edunut posg’A30x das |t—t,|<<a, Oe

b
o = min (a, X) .

Sayaaolcennﬂ. YmoBa Jlimmnina - BAKOHYEThCSA BaBXKAM, KOIH
¢dynxuil f; maore B obsacti G o6merkeni wacTHHHI NOXiAHi mo yg,
~06T0 KOJU

l‘aa—'ff (ti Yiy ooy yn) <M, i, k=m'
Yr

ko dyukuii f; He sanexaTh ABHO Bifi HesanexkHO! aMiH-
Hol ¢, TO cucrema (5.3) mae BuTIAR
=0 gn) (i = 1, n), (8.5)
i 11 Ha3UBAIOTL ABMONOMHOI0 HOPMANLHOIO CUCTEMOID.
SIKIO BEECTH B 7-BUMipHOMY NPOCTOPi BeKTOPH
YA =y (), - s yu @), yo = (Y1gs - -+ » Yn0)s
F( ) (fl(t yl’ '." ayn)s L ffl(t7 yli"';yn)),

10 cucreMy (5.3) MOXKHa sanucam TakK:

, y=Ft 9, (5.6)
a nouatkosi ymoBH (5.4) —Tak:
v Y (o) = ¥, (6.7)
ABToHOMHA cicTeMa Temep Habupae BUMVIALY ‘
‘ y =F(3’)- F = (f1(3’), v fn (y))! (5'8)
i 11 MoxHa inTepnperyBati Tak: y KOXHifl Touti (41, ... , Yn)

AeAKOl MHOKHHH N-BHMIpHOTO INPOCTOPY BH3HAYEHO BEKTOP

F(9)= (1o ) s FnlGurenes o)
[Tum BusHaveHo Ha Janlfi MHOXHHI IOe BEKTOPIB.

3

Po3B’A30k ¥ () OIHCY€ BH3HAYEHY TPAEKTOPII0 PYXY TOUKH
B n-BHMipHOMY TpPOCTOPi, TIPHYOMY BEKTOp WIBHIAKOCTI mil. yac
1i npoxomKeuus uepe3 TouKky (#y, ... , Yn) 36iraerocs 3 F (y).

[pocrip mHOMXHHA TOWOK (Y, ... , Yn), B AKOMY iHTepHpe-
TYETbCS1 PO3B 30K -aBTOHOMHOI cHcTeMH (5.8) sK TpaekTopii,
Ha3UBaIOTL (Pasoeum npocmopom cucmemu; Tpaektopii ¥ (¥)
HasHBalOTb hasosumu mpackmopiamu, a Bektopu F (y) —
azosumu - weudkocmany.

5.2. lurerpyBanns HopMmanbHOl cHcTeMM
MEeTO/IOM BMKMIOYEHHN

Lleft MeTon moasirae B TOMY, IO HOpMasbHy cucteMy (5.3)
HOC/AiOBHO, BHKJIOYAlOUH HeBigoMmi OyHKUil, 3BOAATH JO
piBHAHL n-ro nopsAKy BilHOcHO onHiei HeBigomol ¢yHKUIT,
HanpukJaag y,. IH’l‘el‘pyBaHHH TaKuX PiBHSAHBb 6yJ10 BXe pO3-
TJIAHYTO. 3HAJOUH Yy, TIOCIZOBHO 3HAXOAATD BCi iHIN HeBinowmi
byHRUIT: Yy, Yy oo s Yne

Omxe, Hexat MaeMo HOpMaJsibHY cucreMy (5. 3) Hudepen-
nioemo nepuie piBHAHHA MO £

d®yy __ Ofr | Ofy dys Oy dya
ar = +ayI a1 '+E dar e

Baminnmo noxigui #y, ... , ¥a X BHpasamu fl, for oo s [a 8 iH-
wnx piruaHb cuereMu (5.3). Toai micTanemo plBHﬁHHﬂ

d
yt"Fz(t Yy o0 oy yn)
L[mbepeﬂuuoroqn e piBHAHHA i BUKOHYIOUH Ty ‘camy npo-
Henypy, mo i pamme 3HaXOAUMO

g3
T =Falt 45000 40)

[Tpogoexkytoun nani, Aicranemo, Hapewri, piBHAHAA

WY = Falty Y1 -+« s Yn)-
Omxe, MaTHMEMO Taky cHCTEMY:
!/1 = f1 (& Yoo vy Yn)y
A, ©9)
!/ Fn(t Yts +ov s Yn)- ‘ ‘
Y 20 \ 1938



3 HepwHx n— | pisHsup uici CHCTeME SHAULEMO Ygy vov g Yy
~1
BHPa3HBIIIH ix uepes 1, yy, iy, oo » YT

Ys == Qg (¢, vy, yp ceey y{nbl)): -
Yo=s(t, Y Gy oees o), (5.10)
Y=ty Yo 1 oees y‘”"”)

[lincrasasioun ni BHpasu B octaHHE piBHsHES cucremH (5.9),
ZicTaHeMo PiBHAHHA n-TO NOPSAKY AJIA BU3HA4YeHHSA y,:

yin) =D Yy Yp o003 gnm”)- - (5.11)
3Bi,ZICH, iHTevpyloqn, suaﬁnemo Yy '
: W, (¢, Cy Gy ooty Co)o
,Huq)epeﬂuuoloun wo ¢yHKuito n — 1 pas, sHafinemo moxizui
O1y Uur v s Yy ax dymkuii six £, Cy; ..., Cn. Iigcras-

gomoun ui ¢yexuii y supasu (5.10) s y,, Yss oevy Yny
RicTaneMo HeBIJ.'LOMI @ynxum

=W, Cq <oy Cuks
8= II!a(t, Cl, ] Cn);

yn—-—Tn(t, 13 eov n).

Saysascenns. Sxwmo Hopmairbna cHcrema (5,3) ainifina sigrocHo
HeBijoMux ¢yHKUiA, TO H piBHﬁHuﬂ (5.11) Tex OGyne Jliulﬁl-le-
Ilpukaapn 3saliTH po3B’A30K CHCIEMH
= t,
_ !.Jx yst Y+ 4 ‘ 6.12)
, g, =—4ys —3ya+ 2
fpH NOYaTKOBHX YMOBAX
' Vel smo=1 920} tmo=0. - (.13)

Poss’ asanns .
1) ﬂaq)epeﬂuilomqu 0o ¢ nepwe piBHAHHSA, AiCTaHEMO

y; =j+ 4+ 1.
I‘Imc’rannﬂmn clonn y1 i ys s piBuawp cucremu (5.12), Masmo

=Y+ ya+ 8+ (~ 4y1—3ya+21)-ljl

abo
Gr=— ?yt —~2y,4-3t+1. (6.14)
2) 3 nepmoro piBHSIHHS CHCTEMH SHaXOLHMO
Y=y —yr— I . {5.15)

ﬂi).m'raBumo e 3HAYEHHA B DIBHAHHA (5.14)
=—38y— 2 —p—o+3t+1"
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a6o . U+ 20ty =5t 1.

BaraanaM PO3B’A3KOM OCTAHHLOTO PiBHAHHA e QyHKuis
: = (C; + Cyt) et +- Bt —9. : (6.16)

Toni sriguo s (5 15) ‘

anﬂaqnmo c'ram Cy i C, TaK, 106 BnKOHyBanucb novaTKoBi yMo-
BH- (5.13). Bpaxosywoun (5.16), (5.17) i (5.13), maemo :
l=Ci—9; 0= C,— 2C,+ 14,
sBiakn C;= 10, Cy= 6. TakHMM UHHOM, YACTHHHHM PO3B’A3KOM samadl

Komi e cpyﬂxuu
{ t = (10} 6f) e* - 5¢ —9,

. Yr=(—14—120) et — 6t} 14.

3ayaaalceuu;z. fix - Bimomo,  ymoBa po3am’asHocti cucreMH (5.9)
BIIHOCHO Yy, Y5, ... s Yn HOIATAE B TOMY, mo fxkobiam D (fy, F,, ... ,
Fp) !/ D (41, voe , yp) BiOMinHUH BiR Hyad nps posragnysannx 3HaveH--
HAX Ya, ... o Yp. SIKIIO Ust yMOBA HE BHKOHYETBCSH, TO POITIAHYTI BH-
!mamm He NPHBOLATH IO plBHﬂHHiI n-ro nopsiky, eKBiBaJIeHTHOTO
cucTeMi.

Hanpnman, NPOCTHM BHIALKOM TaKOl CHCTEMH € cucTeMa:

{ Y1=FE 1),
va=Ffa (t, 1, Y2

TyT He MOXHa 3aMiHHTU CHCTeMy eKBiBaNeHTHUM i PiBHSAHHSAM Py~
TOro MOpAXKY BiAHOCHO Y.

Skwo f; cnpaBai sasexuTh Bif y;, TO MOXHA CK1acTH PiBHAHHA
ApYroro MOPAAKY BiRHOCHO y,, ekBiBasenTHe Wifi cHcTeMi.

Ko Apyre piBHAHHA Mae€ BHA

yz_fz(t’ yz)r »

TO He MOXHA TAaKOX 3alUcaTH PiBHAHHA JAPYroro nopsuky Biznocmo
Y2, €KBiBaJenTHe maHifi cucreMi. :
3a3HauumMo, mo Bia piBHANHA n-TO MOPSAKY 32BXKAU MOXKHA Mepe-
ATH 70 exBiBaJeHTHOI CHCTeMH Nepuioro nopsuu(y, a HaBOakH, He
8aBX/JH BHKOHYETHCH eKBIBAaJeHTHICT®, *

5.3. Niniriva HOpManbHa cHcTeMa
AldepeHniansiux pisHaHbL

Akmo B cucremi (5.13) dyrkuii L
ft(t’ Yir o s !/n) (L = 1’ n)

nini#ni BinHocHo HeBimomux ¢yHxui#t (5.2), To MaTuMeMo Ji-

HifiHy HOpPMA/lbHY - CHCTEMY nuqaepeHulaJIbHHx piBHAHbD mep-
Imoro IIOleIKy BUAY .

=a;,O) Y+t a )y + g (t)
ja = a21 (t) !/1+"‘+ a2n(t) yn b2(t) (5.18)

yn = Qn| (t) y1+ + Ann (t) yn En (t);
ne a; (t), g;(8); i, j =1, n, — sanani menepepsni QyHxuil.
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Axmo Bei g, (#) =0, 1O cucremy (5.18) HasHBalOTh 00KO- -

piono0;
!/r =y () Yy e+ ain (0) Yny
=ayn () Y1+ + Q2n (t) !/m (5.19)

---------

yn"' Qn) (t) yl +" v} ann (t) yn
Slkmo xoua 6 oane 8 g (f) %0, 10 cncremy HasHBalOTh
. HeoOHopidHOW. ‘
Ins cKOpOYEHHsS BaNHCY CHCTEMH (5 18) BBOMSTL BeKTOp-
Ho-MaTpuuRHA samuc. PosrisHemo MaTpumio 4 (f) i BexTOpH

y@®, g @®:

dll @ .ocain(®) 7%0)
A=+« , vy = : .
n (£) oo @nn (f) | yn ()

g (t)
gity={ : |
gn (?)

8a mpaBH/IOM MHOMEHHA Matpuub eHcremy (5.18) samucylots
K ‘

y= A(t)y+g(t), (5.20)
a cHecTeMy (5 19) — ax

y= A‘(t) y. (5.21)

5.4, Marpuquuu 3anuc niHbiHoro
guq:epeuqianbuoro PiBHAHHS 1-ro nopaAxy

- Hexaft maemo ainiiine nuq)epenmanbﬂe piBHAHHA n-ro no-
pALKY
=0, T 0y S d,,.-g {4t ay+fEO). (.22

-BBejieMO T03HAYEHHA -

Y=Y
i nani S
I !jl '!/2»
ya yB’. (5.23)
l yn-l = Yn, .
Yn=1Ys + Gy +++ ‘+anyn+ f@-
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3anumeMo MaTpHHIO KoecpluleHTIB ‘uiel cucremn i BignoBiami
BEKTOpH:

0 1 0...0
0 0 1...0
A= Ceee .
0 0 0. 1
a, Qy az-+- Q,
Y1 0
| ¥ 9
Cy=t |, e=|: | (5.29)
Yn—1 0
Yn f@®
- Toni cucremy (5.23) sanucywTh Tak:
y! O ]. 0 L 0 yl 0
A 0 0 1.-+0 Ys 0
Pol=t: o it B T
Yn1 0 0 0...1 Yn—i
Yn a; Q@ Qg*+ ¢ Gn Yn f(t)

Mpukaap, Sanucam y BEKTOpHO-MaTpHuHill dopmi Take pis-
HAHHA:

y="pi+qy-
Pogg'sganna, Hexall y = y;. MaeMo

{."/1= Yo
Ya = pys + qus.

=G

Le i e samnc y BexkTOpHO-MaTpHYHi% dopmi.

O1xe,

Cucremn audepeHLiabHUX PIBHSAHb MOXYTb MIiCTHTH DPiBe
HSHHA He TiJIbKH mepuworo nopsixy, a it Bumux. Toai roso-
PATH NPO CHCTEMY IH¢eperliabHUX PiBHAHD BUIIMX NOPSAAKIB.

Hanpuxanan, sanaya npo pyx matepialbHOI TOYKH i Hi€io
cui F sBoguTbes A0 cucreMH TPboX Au¢epeHLiajbHHX piB-
HAHb JPYroro NOpsAKY.

Hexa# Fy, F,, F. — npoeKuu cumu F na oci KoopAHHAT
[TonoxeHHs TOUKH B JOBiJILHHI MOMEHT wacy { BU3HAYAETbCA i1
KoopjiuHaramu X, y, z. Otxe, X, y, z— QyHruii sminHoi £,
Hpoexumxvm BeKTOpa INBHAKOCTI TOYKM Ha oci KOOpAMHAT @
X y, 2

Ipunycrumo, mo cuna. F, a Bianosiauo i ii.nmpoekuii Fy,
F,, F, sanexarb Bij yacy !, Biji NOJIOXKEHHA TOUKH X, y, 2
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N

I Bif MIBHAKOCTI PYXy TOUKH, TOOTO BiR %, §, 2. llyKaHuM#

(pyHKIisME - B JaHil sajaui e pyHKuil
=x(hy=y@®.2=2(0,
sIKi BH3HAYaIOTbCH 3 plBHHHb JUHAMIKH
mi=F.(, x, 9,2 %, 4, 2);
mj=F,({, x, 4, 2, %, §, 2); (5.25)
mz-F(t XY 2%y, D).
Maemo crcreMy 3 TPLOX AMbepeHIialbHHX DIiBHAHbL APYTOrO

mopaAKy. SIKIIO TOYKa. pyXaeThcs Ha IVIOWIMHI (HanpHKAam,
x0y), TO MaTAMeMO CHCTeMY LDPYTOro MOpsIKY 3 [BOX DiBHSIHb

{mx_ (¢, x, y’x !/) ) (526)

my=Fy(t, x, Y, %, !/)

Anasnoriyio Tomy, K BAificHioBaBcsl mepeXif Bin piBHSAHDL
n-TO MOPAAKY 10 CHCTeMH MEpUIOro MOPSIAKY, TYT MOXKHA nepe-

HTH HO cuUCTeMU MepuIoro. MOpALKY. ;
_Cnpasgi, Hexa#i
‘ i=u, y=uo.
Toni ,
X=a, =0,

Bif cucremn (5.26) mepexonuMo IO CHCTEMHM HOTHPBOX piB-
HSHb MEPILOTO MOPSAKY:

X = u,

y=v,
mi = Fy(t, x,y, u,v),
mio=Fy,(t, x,y, u,v).

3adaua (npo ckudanns 8anmasicy 3 Almaxa 8 3a-
oany mo%ky). Jlitak Jeruth Haf 3emJelo Ha BHcoTi b 3i IUBHA-
kicmio v xm/ron. Ha sikif BiAcrani x Bin Tourn A Tpeﬁa CKH-
HYTH 3 JiTaka BaHTax m (6e3 ; :
N0YaTKOBO! - IBHAKOCTi i HeX- i K X’
TYIOUH ONOPOM NOBiTps1), 1OG ?\\ 8
BiH HOTpanuB y TOUKy. A? mg |

Hexaii nouarok cucremu ko- % N\
OpJHHAT 3HAXOAKTLCSA B HOUAT- s \ I :
KOBOMY TIOJIOXKEHHI BaHTaxXy I '
(puc. .5.1). [Nudepenunianbui
PiBHSIHHS PYXy B3HOBX. KOOp- \ :
JUHATHUX OCed" MAlOTh BHIVISA - ‘Puc, 5.1
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{m?c =0,
my = mg,
le g — TPHCKOPeHHS CHJH 3€MHOTO TSKIHHA.

Maemo cucremy ninifinnx aupepenniasbHux pisHsHb ,I(py»
roro MopsiiKy i3 crajiumu Koeqnunemamu IHTel‘ple’-lI/l KOXHe
8 piBHsAHb ABivi, SH2XOAHMO

x(t) = Cyt + C,,
[y()-—’gt2+cst+c - 62
Iouarkosi yMOBH TaKi:
x=0,¥=0,y=0,9=0mnpu t =0,
Ockinbgn X = Cy, a § = gt + Cy, 10

C;:0+C,=0,
Ci=uv,
0-Cs:0+4Cy=0,
04 Cy=0,

a60 Ci= v, C,= Cg= C,=.0.
Toxni poss ﬂ30K cucremu (5.27) HaGupae BHIJALY

(t) == vt;
‘y t) = 5 &t

xﬂ
anmoqaloqu {, MaeMo y = gv—, s
myKaHy Bifnab:

—
' g

5.5. Moxigua ta interpan matpsui

a npu y=~h 3Haxoaume

Hexait A4 (f) — poBinbHa Marpuud. Slkmo dynkuii ay (f)
HenepepBHO AudepenlliioBHi, TO MOXKHA BBECTH HOHATTH HOXiA-
HOT Biff MaTpHui, a caMe — Iie MarpHIa, eJleMeHTaMu AKOi € 1o~
xipui BignoBigHHX eneMeHTIB BUXiAHOT MatpuLi. TakuM uHHOM,

{)e--a (t
da (t) . 1( ) n )
=A@)=
. anl (t) * 'a/m (t)
Baacmugocmi noxionoi mampuyi
1°, dxkmo C — cTajna MaTpuius, TO
. dc
| | =0
fe 0 — BynboBa Matpuus (Bci ii eJeMeHTH — HyJIi), NpHIOMY
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dCA(f) _ ndA(). dA(C _ dA()
7 =C—Z —F= G.

2o .
Z@O+BW)=A4()+B.

3%, | , ‘
FAOBE)=AOBO+AOBE
i, Bsaraui, ' R
| FAOBO)#ZBOAG).

4°, Hexafi A7'(t) — MaT[;HL[ﬂ, ofeprena 1o A (¢), To6To

‘ THAG =AW AT ) =E

Jde E — omuHuyHa MaTpHIS.

Hudeperuitooun mo piBHicm, Zlictaemo

A HA B+ A A (t) =
A A *m=—ﬂ®A“®
A< ) =—A"() A () A= (3).
IMin inmezparom mampuyi pO3YMilOTH MAaTPHHIO, e€JIeMeH=

TaMH SIKOi € iHTerpaju BiANOBi{HHX e/ieMeHTiB BHXiAHOI MaT-
puui, To6TO , :

[ 3 :
S A(t)di = (S a (t)dt) 1, =T,

BeaxaeMo, mo Bci iHTerpaJm Sa;, (t) dt icnyiots.

Baacmusocmi iumezpa/m mampuyi
l° Ao A(t)n—;B(t), TO

fA(t)dt=B ty—B (1),

JicTasi aHasor (popmy.rm HbtoToHa — JlefiGnina,
2°. flkmo C — craja MartpHus, TO
¢ ]

. t
St cAa@d=Cc{Ama, [A@ecd=/{apauo
t b e S )
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8-
IR ¢ ‘ '
‘5(A(t)+8(t))dt==SA(t)dt+SB(t)dt." |

4°. CDopmyJIa iHTerpyBadHs vacTHHAMH:

jA 0 (EB®)adt=a0B0 —A(to)B(to)-- |

- f (44 (t)) B (9t

ExcroHeRnianbHy YHKIIIO MaTPHYHOTO apryMeHTy BY-
8HAYalOThb MATPHUHHM cTeneHeBHM panom

eA=E+ ittt it

5.6. Desaxl BnactuBocTi opHopigHOT cucTemmM

SIkuio B cucreMi (5.20) g (¢) = 0, To Maemo cHCTeMY ‘
y=A@y. (5.28)

Po3r/1sHeMO Taki BJACTHBOCT met CHCTeMH.
© 1° dkmo BekTop-byHKUii ¥ (f) i 2 () € po3B’Askamu cucre-
mu (b.28), ToO6TO

ymA(Dy, z=A(z,
70 TX ocyMa TeX e po3B’ASKOM Iliei cHcTeMH:
FO+D=y+2=A0y+AO2=A0(y+2).
2°. Slkmo C e uuca0, TO Po3B’A3KOM cHcreMH (5.28) e Bek-
rop-dpyHKuin Cy:
FCN=Cy=CAOy=A(Cy). (629

8 WX BIACTHBOCTEH 3a iHAyKUi€0 MaeMo, 10 KOAH

yu(t) \ Yin () |
ny=| : vaers Ya@=| : (8.30)
‘ Y (2) Ynn (2)

— poss’si3kH cucremu (5.28), a Cy, ... , Cn— 10BiabHI uHCHE,
TO BeKTOp-PYHKUiA :

YO =Ci3. (&) ++++Cayn (@) (6.31)
€ pose’sskoM euctemu (5.28).
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Ciig 3asHauuTH, IO KOMH cHcreMa posB’aAskiB (56.30) ai-
HiliHO HesanexkHa, To ¢popmyqa (5.31) mae saranbHuit po3B’si
30Kk cucremu (5.28), 0610 y dopmy.i (5.31) npu pisHux era-
Jaux Cy, ... , C, € Bci MoX/NBI po3B’siakH cucreMu (5.28).
Ile HoBomHTbCA Tak, AK A - JiHIHHOTO DIBHSHHA A-TO HO-
PSAAKY.

Cucremy BeKTOp -hyuKuii (5 30) HA3UBAOTb AIHIUHO Hesa-
Aeserow wa (a, b), sikWoO 3 piBHOCTI

Ci9:1() ++ -+ Cayn(t) =0, a<t<b (5.32)
. BHmauBae, mWo C;= ... = C,= 0.

OCI_(IJII:KH BekTOpHe piBHAHHA (5.32) eKkBiBa/NeHTHE n cKa-

JIAPHUM PiBHAHHAM '

Ciyu (t)"‘i" co it Cryin () =
............. (5.33)
1ynl (t) e Cnynn (t) =0, :

TO 3 yanyBaHHHM T0r0, Mo JIeTepMiHAHT
W (t) = det (v 1) (5.34)
He JOpIBHIOE HYJIO X0ua 6 /IS JeSKOro 3HAUeHHs f, BHIUIHBAE
‘Ajnifina Hesanexuictb cucremu BeKkTop-OyHKuiH (5.30). [e-

TEpMiHaHT W (f) nasuBaiote Jemepminanmom Bporcekoeo cu-
émemu sexmop-yrryitd (5.30).

slkmo cucrema BekTopi (5.30) iHifiHO HesamexHa Ha

(a, b) i.ui Bexropu € posB’siskamu cucremnu (6.28), To MOXHA
AbdBecTd, MO ‘

W()=:0 Vic(a b).

Takum unnom, ymoBa W (f) 55 0, V¢ € (a, b) e HeoGxixuow
i AocraTHbO yMOBOW JiHIHHOT He3ameXHocTi Ha (@, b) poss’sas-
KiB (5.30) cucremu (5.28).

Orxe, mo6 picratd 3arajbHuB poan A30K o,nHopmHm cH-
cremu (3. 28) Tpeba 3HAHTH n JiHifiHO HE3a/eXXHUX DPO3B’A3KIB
(5.30) cucremm (5.28). Cyma (5.31), ze Cy ... s Cn— HOBiJBHI
-CTalli, € 3arafbHUM. PO3B’SI3KOM CHCTEMH (5.28).

Cucremy 3 n JiHiHHO HesaJeXHHX DO3B'A3KiB ‘chCTeMH
5.28) HasuBAIOTL PYHOAMEHMANLHOW CUCHIEMOO pQ38’ ABKIA.

3aIHCYIOTh KBaJpATHOI0 MAaTPHIICI0

4(!/11 & y12 (D) )
yey={...-....
g @

SIKY HA3UBAIOTH (hyrOAMENMArLRO0 mampuyero cucmemt (5.28).
202

ITokaxkemo, mo ¢yniamentasibia matpuna Y (f) sanosoab-
Hs€ MarpHuHe pIiBHAHHSA

Y(t) =A@ Y () | (5.35)

Ockinbku q)ynxlm Yir (t), i=1,n, Sa)lOBOJIbHHlOTb ]-e piB-
HAHHA ORHOpiAHOi cucTemu BHAY (5.19), 10

2@ =Y, am(® gme G, k=T, 7).
l?-:l

Tenep, 8a NpaBHJIOM MHOXEHHR MAaTpHIb, MaeMo

o= (Fom0)= (310 ) 4o 0) ~AOY0,

mes]

mo Tpeba 6GyJo HOBeCTH.
HaBnaku, skwo Marpuus Y (f) = (y;x(f)) sanopoabhsie
matpuuHe piBHanHa (5.35), To ii croBmumi

Y1t
Ye(f) = ( : ) :
Ynr (f)
€ po3sB’st3KaMu JiHifHO1 onHopinﬂb’i CHCTEMH BHLY (5.19).
KO NpH IbOMy
det Y (f) = W () %0,

ro mMatpuua Y (¢) e pynnamenTasbHoto.
Cupasai,

@)=Y e e =

S =0

0
TMomHoXHBIH piBusHHs (5.35) cnpaBa Ha e, AiCTaHEMO
d . d
(Gro)e=groe=a0oe,

T00TO

s

Znt=AW0 k=Tn
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ko ¥ () — cpynuameHTaJlea Manuuﬂ cucremu (5.28), 1o ii
sarajJbHHI POSB’SISOK MOXHA SalHCATH TaK: .

. Cl
yO=Y@®C, C=(E ) : (5.36)

‘ne Cyy ... , Co— HoBinbHi ctani. SIkmo B (5.36) B3nTH £ = §,,
TO MaTHMeMO " ~ :

| Y (t) =¥ )G,
3BigKH
_ - C =Yy (),
Onrxe, ‘

¥ @) =Y QY )y (t).

Marpumo

Y)Yt = Kt t,)

HasuBaoTb mampuyero Kowi. BoHa Rae 8MOry po3B’si30K CHeTe-
mu (5.19) sanucatn y BHrasaAi

Yy (@&)=K(t, t)y (t). : (6.37)

" Slkmo ¢yHnaMeHTanbHa Matpuusa Y () HOpMOBaHa mpH
t == f,, To610 Y (4)) = Y(t,) = E, 1O

YO =Y Oy )

5.7. opmyna Nliysinna — Ocrporpéncsnoro

- -Posraisayri BHIte BJAcTHBOCTI BpOHCKiaHa pO3B’A3KIB
oxfiopinnof cucremu (5.21) Moxkuna gicratd s dQopmyaH

. 4
- § @ O+t a,, Oat .
W ()= W (t,)eb ’ (5.38)

ne ay (f) — niaronanbHi enementn Matpuui A (f); t==to
IOBiMbHA TOuKa 8 (a, b).

Cnipasai, sannumemo cictemy (5.35) B Koopauzaraift dopmi

n

bn®= X am Oy ®; k=T 5 (8.39)
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Ar simomo, moxigHa Bin det ¥ (f) e cymoo n merepminantis
BHIY

S [t Y() = WO =14 Iyt -+ Lo, - (5.40)
ne
) !jll .’}19’ * '!jxn
1. — Y1 Yaz***Yon
1 [}

Ynt Yn2***Ynn

Yn Yi2°°*Yin
_ Yy Yaa“**Yzn
Iﬂ =l e .. ¢
y.nl !;nl' **Ynn
[Tiactapnsiouy sHauenns -noxiauux B /; 3 (5.39), micranemo

n n n
E A mYmi 2 AmlYmoe** 2 AmYmn
M=l m==l m==1

Yn Yn2 s Ynn
SIKUIO B LbOMY lIeTepMiHaHTi BiJl mepIIoro psaKa BIAHATH Apy-
THil, IOMHOXKeHHHA Ha Qyy, TPETil, MOMHOKEHHH HA ay5, I, Ha-
pelrti, n-#, noMHOXKeHUH Ha @y, TO 3HAUECHHSA ,ueTepmHaHTa He
BMiHHTbCﬂ, a sanucatd foro MOXHA TaK:

R Gui¥1ac e AnYin
I, = Ya1 Yag*** ‘ Yan | a W (0.

e ¢ o 8 e+ s e » e @

: Ynt Yn2***  Ynn
Anasoriudo

=aum () W (), m=1T, n.
Omxe, 8 piBHocTed (5.40) nicraemo gudepeHnuniaabHe PiBHSAHHAA
WH=trAd@) W), (5.41)
1:;3( )tr A () = ap(t) + agq(f) + ... + ana(t) — cnin  marpuni
3

Posp’ a3kom PiBHSHHA (5 41) npu UOYaTKOBIH YMOBI W(to)_.

= W, é QyHxuia’

i : -
W)= W(texp({tra (t)'dt), (5.42)

o
’m



ne” W (t,) = W,— 3azase umcio. <I>opmy.ny (5.38) noBeneto.
. 3Bifich 6aunuMoO, IO KOJIM CHCTeMa MOYATKOBHX BEKTODiB

21 (to)’ ¥y (to)v R £ (to) (5~43)

JiHifiHO HesasexHa, To BpoHckian W (f) cuctemn (5.21) B xon-
HifA Touui inTepBana (a, b) He nopisHIOE Hymo. SIKIMO cHcTeMa
TNIOYaTKOBHX BekTOpiB (5.43) mmﬁﬂo paJiexHa, TO BPOHCKiaH
W@ =0 V(@ b).

5.8. 3aranbuuit po3s’asok niubinol

opHopipHol cucremu pgudpepennianbumx pislum.

I3 ctanummu xoedinieHramu

Hexait sapgaHo cucremy _
Y1=anyy+- >+ +inyns
7 (5.44)
.‘jn"" GnYfyt o ot Gpnln;

Ae ai — crani Besuunny, ¢ € (—oo, +00), fIKY MOXHa 8ani-
catd y BeKTopHo-Mananiﬂ ¢opmi

y=Ay. . (5.45)

Tyr A = ()i, j = 1, n,— 3ajaHa UHCJOBA MATPHIUA.
Po3s’s130K (He'rpnmanbﬂnu) cucremu (5.44), (5745) uiykKa-
THMEMO Y BHIVISAL ‘
Y = ocle* Yg = a8 sy Y= oc,,e“ (5.46)
a6o )
9 = (@, Gl vy G, (5.47)

TO6TO § = ae’vf

(ylj veoy yn)’ a - (al’ LA an) (5.48)
3rigHo s (5.46) -
| \ _yk = hoeeM,

Mincrasasioun dyrkuii gy 1@ iX noxizui B8 (5.44), nicns cxo-
pouenns Ha eM, 450 V€R 1 nepenecens wienis B ommy

YacTUHY piBHSIHHSA, HiCTAHEMO |
(a;; — Moy 4 @ygligte e + aiptty = 0, _
a0y + (@3 — 7“) Ggteeet GonCin = =0, (5.49)

a.nlf'zq -+ an20°2+ °** + (aﬂ" - }‘) Oy = 0,

abo B MarpHunifi popmi -
(A — hE)u =0, (5.50)

a6o

Aa = ha. - (5.51)
Hasa Toro moﬁ CHCTeMa (5.49) (BinmoBiano (5.50)) - mana
HeTpUBiaNbHAN POSB’30K, HEOOXilHO i HOCTaTHEO, mo6 Ti
IeTepMiHaHT HOPiBHIOBAB HYJIO :
ay—M @3 cecam
a4y @gg— Ao v ooy

An Qn2 s e v Qnp— A

—0.  (6.59)

Pisuanna (5.52) nHasuBawTh xapalcmepucmutmu)u pIBHARHAM
cucmenu (5.44). 3 uporo piBHAHHS B8HAXOAUMO Tl 3HaueHHsA A,

npu sikux cHcTema (5.50) Mae HeTpuBiadbRi PO3B’A3KH .

JliBa vacrina piBHsHEA (5.52) e MHOTOU/IeHOM CTeneHA n

-sminHoi A. SIK Bifomo, Takuii MHOrouwjeH Mae n KOpeHiB

S YR W (5.53,

3 yanYBaHHHM iX KparHoCTed.

SIKWO BCi 7 KOpeHiB Pi3Hi, TO MOCHINOBRO JJIf KOXKHOTO Ay
8 cucremu (5.49), (5.50) sHafizemo anosmunu HeTpHBiaJbHHUA
BEKTOp

= (a”, OCQ[, vees Gpj ). : (5.54)

3rigno 3 (5.51) maemo, 1o A; e BiacHi sHaueHHA Marpuui A4,
4 BeKTOpH 0y — BJacHi BekTopH A.

Sk BIIIOMO, BEKTOPH o, j == T, n, ainifno Hesanexwi,

AIKIIO Bei BJIacHi 3HayeHHs pisHi. Tomy AeTEPMiHAHT 8 LIMX BeR-
TOpiB BiAMIHHMH BiA HyJA:

det (ae)) 5 0; &, j =1, n.

3aysacenns. Ockifbke B n-suMipHoMy TpocTopi He MOXe
Gyru 6inbuwe nixk # Ainifino wesanexHnx BekTOPiB, TO KOXKHOMY BadC-
HOMY SHaueHHIO A’l (axmo Boun Bel pisni) minmosizae TinbRn ofiiH

BJAcHBfl BekTOp 8 TOYHiCTIO HO CTAJIOFO MHOIKHHKA.

Tagum uuHOM Hicraemo n Bemop -pyHKui#t po3s’A3KiB cH-
cremn (5.44):

y1 (t) (“ue" ity OgieMd, ., anghY),
Y 715
Wn (0 (alne nt o521137“" s veny O‘nrﬁx”‘)’ S
-—0QQ < t < 4o0. ‘

"or



Bemop-cbyn'xui‘i (5.55) yrBopioioTh JqinifiHO ﬁeaaaémuy cH-
CcTeMy Ha iHTepBati (—00, +00), 60 1i AeTepMinant BporcbKoro

W (t) = exp (hyt 4+ +»+ Maf) - det () 0. -

Tomy saranbuuit po3s’s3ok cacremu (5.54) mpu pisnux Kope-
HAX XapaKTEPHCTHYHOrO PiBHAMHS Mae€ BHIVIAL

y= él Ckyk (t), ‘ (556)

ge C,— ZoBiabHi crami. JIna KOXHOI 8 HeBiZOMHX GyHKUf
sarajqbHHi posB’asok (5.56) MOXH2 Uie sanucaTy Tak:

[ Y () = :§.x C ok exp (Mrt),
T e s 8 s e e s e s 0 (5.57)
. o
Ya(l) = kZ'l Crtink €Xp (Met):

Npukaanu

[—

1. 3anucatu cucremy aimifiuux piBHAHL BEKTOPRO-MATpHYHUM
piBHAHHAM i 3HafiTh.IT PO3B'A30K, AKUIO ‘

{ b1 =291 +
‘ v i/n = yr + 3ya
Poge’ asanna, 3anumeMo MaTPULO CHCTEMH
2 2
=i o)
3ajaHy cuCTeMy SARHCYIOTH TaKMM BEKTODHO-MATDHYHUM DPIBHAHHAM)
!;z Al 3/\y, )
CruianeMo xapakrTepHcTHuHe piBuaHHa THOY (5,52))
2—A 2
0
1 8=}

70670
A3 =504 4=0,

Kopensamn nvoro piBusung e A= 1, Ay= 4, 1z xopeHg Ay =}
ckaajiemo cucreMy (5,49):

{(2.— 1) oy +2ay =0,
g+ @ —1)ag =0,

Ogy - 2 agy =0,

T06TO [
digy - 2095 =0,

Axmo ai1= 1, 70 Ayy= —-‘-%. AnanoriaHo SHaxofuMO Oy i &gy RAS
KOpeHs M= 4; - o
ey =lag =l
808 |

Tenep moxemo 3anucaTy poss’a30x cucteMy sinnonigno no {B.8T)
{ 41 = Cy et -+ Caet?, :
i
Y= — ‘2— Clet + Cae‘t'c

Ueli posp’g30K MOXHA SAMUCATH y BEKTOPHO-MATpHuUHiA Qopuis

)=(x 1)),
. = 1 at) -
Y2 -5 Cae
2. Bamucatu cuctemy Jinifiuux piBHAHD BEKTOPHO-MATPHYHHM
piensERaM i snalita {1 po3s’As0K, KO

.iix = Y1,
Ys = Y11 24,

Yy = Y1+ Yo+ 3.
Poss’ asanns, CxnajeMo MaTpaiio CHCTEME

1 00
A=|1 2 0},
113

OmKe, M3eMO BEKTOPHO-MaTpHuHe piBHAHKAY

Y1 1 00 ¥
=12 e)(%)-
\ Y3 ' b

BanumweMo XapakTepHCTHuYHe piBHRHEA ,
1—% 0 0
1 22 O \-o.
-1 -1 3—=A
robTo
, (1 —=ME2=MB—=M=0.
8sinen M= 1, A= 2, hy= 3, [lnn xopens M= 1 snafiiemo ¢y, gy,

Oy i3 crcremu
{“*n Foy=0;
01 + Oy + 209 =0,

MaeMO Qyy = l, Qgy = -—l, Olgy== 0.
Has kopeus Ay = 2 3HABAEMO Oy, Olgg, Ugg 18 CHCTEMH

-— Qg = 0;
G13 =0;
Cgy + Oy - a2 = 0.

MaeMo o= 0, Ggg= 1, Ggy= —1,
Jina Kopets hy= 3 3nalileMO g, %gq, Oigg i3 CHCTOMY

—203=0;
{“ta"“as"oi
“10""““-09



Maemo &3= 0, tty5 = 0, ogg= 1.
3amuumeMo Tenep posB’A30K Y BeKTopHo-Ma'rpmHiﬁ dopmi

v |={ —1 1 0 C2 e )
Ys 0 -1 1 Cy e3¢
Ananitaunuft sanuc poss’sisky spiano 8 (5.57)

1= Ci eto )
Yy = — Cret + Cae?,
Y3 = — Cqett 4- Cye®t, .
3ayeascenns. Yacto na NPakTHIi; SHAIOUR KOpeHi 7\,1, cee sy Ap

XapakTepucTHuHOro piBHsuHA (BCi pisni), saranphuit po3s’sa30k cHcTe-
mu (5.44) mykaiorh 6eanocepe1u-|bo y surasai (5,57)

gy (f) = 2 ogp exp (Mf),
pal
» o & ; * & & & B & O

gn @)=Y cnpexp (Ast),
k==1
ne oyp— neainom upcaa. 11106 sHalTH i lx, y cucreMy (5.44) nigcrasas-
1oTh QyHRuii yi(t) i mopiBuooTh KoedilieHTH BpH OAHAKOBUX (yH K-
nisx exp (Apf). Ynéaa O, BH3HAYAIOTE 3 TouHicTIO o AOBIABHHX

CTanuX.
Mpuxaan 3uality poss’s30K CHCTEMH

Uy = 1 2
{.l/t y1+2yz.A?( )'.

Yo =201 + 4o 21
Po3g’ asannsa, CknafeMo XapaKTepHCTHYHE PiBHAHHA
1—2 2

== —’-—=.
. 1a Vo,(x )2 —4=0

" 3siacm A= 3, hy= —1.

Bpaxonylo'm CTPYKTYPy 3aTAJNBHOTO PO3B’A3KY, SHafileMO PO3B’d- -

30K y Buraaai
gy = Cye¥ -+ Cye,
{ ys = aye%! 4 aye,
TOGTO NMPONEC 3HAXOMKEHHS YHCEN O, ONYCKAETHCH.

Koedinientn a,, a, Bupasumo qepea Cy, Cy. s uporo mipcraBHMO
bynknii yl(t), ya(f) B OnHe 3 piBHAHB CHCTeMH, TOAi AicraHemo

30168 — Cyoe™t == Cyedt -} Coe™t - 20,65 -+ 2aget,

Beincn :
2C;— 20,= 0, —2C,— 2a,= 0,
10610 aj= Cj, az= —C,.
Takum ynHOM, 3aranbHERA POSB’A30K Mae BHIIAN
Yy (F) == Cye3t -+ Cye™?,
{ Yy (t) = Cye% — Coe™h
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Hexait xapakrepHcTnuHe piBHsHHA (5.52) cucremu (5.44)
Ma€ KopiHb A, KpatHocTi r. [lepeiinemo Bix cucremn (5.44)
J0 OJHOrO piBHSIHHA N-TO MOPSAAKY BiAHOCHO (yHKUIT yy(f).
YrBOopeHe piBHAHHSA i CHCTeMa (5.44) MaioTh omme # Te caMme
XapaKTepHCTHUHe piBHAHHA. Toni Kopehio A, KparHocTi r Bilt-

NoBiZlaeé pPO3B’130K PiBHAHHS 7-I0 NOPSAKY

Yi(t) = (bg + byt ++ - -+ bt €M,
ze by, b,, oo 'y Dreag — HOBidibHI cTani. OTxe,
Y1(&) = Proy () My
ne P,...;(f) — mMHOrOUNIeH cremens r — 1.
AnanoriyHo MoxHa BHpasuTH # immi oynkuii y;(f) y su-

rasAgi
Y1 (fy = Proayy(?) M,
ze P, (f) — MHOrowIeHu creneHs r— 1.

KoxHa 3 (pyHKuiﬁ y; (f) sanoBosbHSE 8H06yTOMY JHdepeH-
uiaJbHOMY PiBHSIHHIO A1-TO MOPSAKY, AAKHMH 6 He GyJu xoeqpl-
WieHTH MHOrouneHa Pr—ij (f).

Tenep 8 mHOroweHiB Pri1, . y Proin Bnﬁepemo Taxi
mo6 Biznosimni iM ¢yukuii y, (), ... » Yn (t) 6ym pO3B’sIBKOM
cucremu (5.44). [las 1boro Tpe6a MiACTaBHTH y; Y CHCTEMY
(5.44), cxkoporutn Ha eM! | npupiBHATH KoedilieHTH TNpH
OlHaKoBHX cTeneHsx . 3HafleHi KoepillieHTH 3asexaTHMYTb
Bill r JOBiJIbHHX CTa/HX.

MoxHa iHOAl crioyaTKy B3ATH MHoroujieH P,ii(f) poBisb-
HHM, i TOAi KoedillieHTH pelTH MHOrouneHiB P,—i;({t), j = 2,
«ve y N, BA3HAUATHMYTbCSA OAHO3HAYHO yepe3 Koedimientd P,y ;.
ITpore npu mbomy MOXHaA 3afiTH y CyNepeuHicTb, fIKa MOKake,
o Zeaki KoepillieHTH MHOTousieHa P._1y KOpiBHIOIOTH HYJIO,

i BBaxXaTH iX JIOBiIbHEMH He MOXHA.

Taxe X MipKyBaHHA NPOBOAATH BiIHOCHO iHIUHX KpaTHHX
xopemB XapaKTepHCTHYHOrO piBHSIHHA, KO BOHH €. Pos-
B’fISKH, BiNOBiZHI MPOCTHM KODEHsM, 8HAWJIEMO B TAaKOMYy X
BULJAMI, 5K i paHile.

Ilfo6 aicrati 3arajbhHfi po3B’ssok cucremu (5.44), Tpeba
B3ATH CyMy BKasaHHX pO3B’A3KiB (BeKTop-GyHKUIf).

MMpuknannu
1, 3HaliTH po3B’'SI30K CHCTEMH )
{!./1"!/1"!/3, "4__:(1 —1).
. Ya= 41+ 3ys. 13
Poss’ asanns. CxaaneMo XapakTepHCTHUHe PIBHAHHA

1—=2 -1
= 2 — =
l | a_p|=0 a0 B—trtamo,

1))



3 Bific Ay== Ay= 2, 10610 KOpinb A= 2 € ABOKpaTHAM. [ludepenuiain-

He plBHilHHi[, BignosinHe sauaﬂm cucTeMi maA (l)yHKU.Il Yi, Ma€ BHIVISAR

91— 4ot 49,=0.

e piBHAHHS Mae Te caMe XapaKTepHCTHYHe PiBHAHHA, P03B’ 430K CHCTe-
MH Tpea INyKaTH y BHTJASAAI-

{!/t = (Cy - Cyl) e¥,
g3 = (ay + asf) e¥.
IHperasasionn wi pynkuii B cucremy, aicranemo
Cot 2C14 2G,t = Cy Cyt — ay—
agt 2agt 2a5t = Cy+ Cyt + 3 (ot agf).

[TpupisHioroun B nepumomy piBHAHHI KoedillieHTH NPH OAHAKOBHR CTe«
neHax f, micranemo

aj= —Cy— Cy, ay= —Cq.

Hpyre piBuguna mae i cami poan SI3KH. -
Ofmke, sarajibLHHM pO3B’A3KOM CHCTEMH €

{ yr=(Cy + Col) ¥,
Yo=—(Cy+Ca+ sz) e,
2. Pos»'ssata CHCTEMY
Y f2!{1+y2+y5’ 211
Yya= Y1+ 2y + yss A= i ? ;) .
Ys=y1 + ya+ 24
Poss’ asanna. 3anuiueMo XapaKTeépHCTHUHe pIBHAHHA
2—A 1 1
1 2—A 1
1 1. 2

=0

a6o. .
(1=} —4)=0
" 3sigen My=='1 — npoxpaTHufl, a Ay= 4 — npocTult Kopeni,
Cuerema (5.49) npu Ay== 1 mae BHRIAA :
Oy + 22 + Oy = On
{“1+“z+¢s'=0.
Oy + Og + (Za = (,
Tomy Qg O, O DOBHHHI 6yTH Taki, 06
o+ Gyt ag= 0,
To610 Maemo asi xovinbni sminmi. Hexaf me og | o ’i‘ofﬂ' HATpHRAAL
o= (—1, 1, 0), &tg= (—1, 0, 1)
_ e aninifino nesanexni snachi BexTOpH MaTpmui A 3apanof cucremu,
Haa Mg== 4 snaxoxumo e e
Cg = (1) 1, l)u

. -—E.t —et ‘ e
yi_('e“)'yz'—"( 0 )r)’sg(e“)

Tomy
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e AinifiHo HesaMe)XXHUMH PO3B’5i3KaMH, &
R ¥ =Ciy+ Cp 2t Cays :
e 3aralbHAM POSB'A3koM sajaHoi-cucremH, Llefl poss’ason Moxud 34-

MHCaTH e Tak:
41 () =—(Cy +Cy) & + Caeth
Ya (t) = Cle‘ +'Cae4t; ’
Y3 ()= Cyt 4 Caeths

5.9. HeopHopigHa cucrema niniiinux
Andepernnianbiux piBHgHb i3 CTanMMM
xoediuicHTamu

Hexait MaeMo HeonHOpifHy cncTeMy MepuIoro mOpAAKY

yl"" a11y1+ oo '+alnyn + [, (8);
. - (6.58)

Y= anly1+ see + Anntn + n (O
a60 y Bexropao-ma'rpnqmﬂ ¢dopmi f
y=Ay+f®, ' (5.89)

ze f(&) =(f,(¢), ..., fa(t))—mnenepepna Ha (a, b) BEKTOp-
byHku1s; e — cTani uicna, A = (@), 3arajphuii po3B’A30K
cucremu (5.58) pmopieHioe cymi

yO=3 Cn@+5® 650

6yab-aKoro ii uacTHHHOTO pPO3B’sISKY ¥,(f) i sarasbHOrO pO3-
n ’ .

B’ﬂaxy’;z C.y; () BixnoBinpoi oxaHopiAHOI cHCTeMH
A &

L[y]=y—Ay=0. (5.81)

Cnpaspi, cyma (5.60) mpu mosinbenx C, €, OueBHZHO,
po3B’siakom cucremu (5.58):

LLY Ciyy + 901 =LI301 = £ (0.
Kpim roro, skmo y (¢) € po3e’sskom cucremu (5.68), To
Liy—9=L[y]—L[y]=f—f=0,
ane TONi NS JesIKHX CTajux Ck
y—9,= Z Ceye.

Axmo BizoMo saramﬂmﬁ pO3B’A30K ozmopinnox cueTeMH"
(5.61), To wacTHHHEH PO3B’sI30K HeopiHopizHoi cucremu (5.58)
8HaXoAATb MeToAoM Bapiamii crasoi (Meromom JIarpamxa)
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Hexaft
y@)= 2 Ckyk ®

€ 8arabHEM PO3B'SIB3KOM CHCTEMH (5 61), To610 Y, (£) — i -
HiflHO HesaJeXHi YaCTHHHI PO3B’H3KH

L[yk (t)] = 0’ k= 1, n.
Bpaxarumemo C,= C,(f) dynkuismu Big 7 i mnizGepemo ix
TaK, WO6 BeKTOP-YHKILis

i

u () = )J Ce®9: (5.62)

6ysia uacCTHHHUM pO3B’A3KOM HeoxHopizmoi cucremn (5.58).
‘Jlmpepenuuoxoqn, MaeMo

"= 2 Ce) 3.+ Co (1) 3 ®)-

[ligcrasasioun & i iz B (5.59), micraemo

L C9+Cl®—X Cel) Ay, = )

-abo
L COLIn+ B GO 9O =1 0.

Ockinbke L [¥,] = 0, To pns Busnauenns C, (t) IicTaHemo
cHCTeMY

2 & 0=£0 (5.63

8 HemepepBHHMH Ha (a, b) Bektop-yHkuismu f (f) i ¥,(0).
Cucrema (5.63) sinifiia BijjHoCHO C.() 3 A€TEpPMiHAHTOM, SIKHIl
noplsmoe AerepminanTy BpOHCHKOTO CHCTEMH BEKTOPiB ¥y,
es 5 Yno Ockinbku zxeTepmmaﬂT BiAMiHHEA BiA HYJIA, TO CHCTe-
Ma (5.63) mae eauHHE pO3B’f80K: Co= @, (), k=1, 1
Dynruii @, () HenepepBHi, 60. HemepepBHi BeKTOp (byHKlm
S (@) i y,(?). InTerpyroun, sHaxoMHMO

C.)=[ o at, t=T,n

l'IincTaBJlsnoqu ui snauenna C,(f) B (5.62), micranemo yacTHH-

HHH posB’ AISOK cucremn (5.58).
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Npuknag 3ualiT Poss’A30K. CHCTEMH
‘ {yn=ym+2y2+e’:

Y =2y; + Yar
Pos3s’ asannsa. Jlerko nepesipara, mo ¢yunkunil
Y1 =Cye% - Cye™t, yo=Cye® — Cpe't
€ posB’si3KaMH oxHopigHoi cucremn. 3HafineMo vacTHHHHA PO3B’SISOK
HEOAHOPiAHOI cHCTEeMH MeroaoM JIarpamKa Bsaxarumemo, mo C =
= Cy(#), Cs= Cy(!) e dynruii sminnoi ¢ Toxi

1 =3Cy (t) €% — Cy (f) €t + Cy () €+ Cy (B) €
Y3 = 3Cy (§) % 4 Cy (B ! + Cy () 3 — Cy () €7
Mincrasasioun dynxuii 1 3Haﬂneni noxixui B sajamy cucteMmy, aicra-
HeMO
{qu+gmﬁ=&

Cr@) et —Gy()et=0.
Herepminant niei cucremu e nerepminanr BpoHcbKOTO

3¢ 1
e e ‘=—2e2f=,ié0 VEER,

esi
TOMy ORHOSHa‘iHO 3HAXOLHMO

O )= 1 e, Oy () = ; e,
Interpyioun, Maemo
Gr () = — e Calh = .
Orxe, vacTHHHUA pO3SB’A30K
 wO=0 nO=—F
BaraabHRE PO3B’A30K Mae BHIVSAA
B () = Cye¥ - Coe, gy () = Cye¥t — Coe™? — - o,

YV Bekropro-MaTpuunifi popmi aaranbnuh PO3B'I30K MOXKHA aannca'ru

TakK:
et 0
y= cl( )+c(_e_t)+ L)

" 0
(=" (e +(_1,).
Y ' I —1 [\ Cge™t —5é
Y nojanelioMy HoKaxeMmo, SIK 38HaXOIHTH 4YacTHHHI pos-

B’sI3KH cHcreMH (5.58), AKulo mpaBa YacTHHA Mde BHIVIAL

f () = brexp(ad), i=1,n,
ae by, oy — Bigomi crani BeqHUHHH,

a6o

2%



Yacrunanfi posp’asok AinifiHol HeoaHOpiaRO! cHcTemn mu-
(bepennianbHuX piBHAHD i3 cTaniMHu KoedillieHTaMu y BHNAIKY,
KOJH TpaBi uacTHH [;(f) MaioTb BUrASA THRy exp (af) abo

. tmexp (of), SHAXOASATb METOAOM HEBH3HAueHHX Koe(ilieHTiB

‘TdK, AR 1A HeoJnopiaHoro AudepennialbHoro piBHAHHA.

MMpuxanap 3HafiTH POIB’ASOK CHCTEMH
{b1=y. + 252+ ¢,

Y3 =243 + ya + ¥,
Poss’ ssanns, 3HaxoRuMO posB’s30K ofHOpiAROl cuctemn, Cxaane-
MO XapaKTepHCTHYHe DiBHAHHI

l1—4 2
_ 2 1—=X
9BiaknE Ag=2 8, Ag= —1, OTxe, sarajbHHM PO3B’A3KOM ofHopiarol cu-
cTeMH e thyugnii
yg == Cyedt 4 Gpe™t, yg = C.e8 — Coe™,
BlJIbHHM uJeHaM CHCTeMH fy= é!, [y= ¢ sixnosigaoTe uucaa 1 i 8,
Yneno 1 He € KopeHeM XapaKTepHCTHYHOIO PIBHSIHHS, a 3 — OLHOKpAT-
HHR KOpinb, AHAJOriuHO, AK i AMA ofHOpiAHOrO piBHAHHA, MaeMO
" vy = byel o (by - bst) €%;
Ug = a6t - (a, - agt) ¥,
‘Mincrasasioun ul pyuxnii 8 sagany cucreMy, SHAXOAHMO
by=0, by =0, bg==1/2;
1 1 1
Q=7 8:="7, 03=TF .

= 0,

Tenep saranbHul pOSB’80K HEOZHOPiXHOI CHCTGMH Maé BHPASA

} ) 1
ys = Cy6% + Gy6™ + 5 te¥,

Yg = Cm@m C,G t - E‘et -+ ( + ! {) a3,

5.10. Po3a’s3yBaHHs cMCTeMM METOROM
niACTAHOBKM Y BMNAAKY NPOCTMX KOpeHis

PosrasremMo  GHCTeMy

-iii = QyyY1 + QgaYs + *++ + Ginlfns

¢2™= An1Y1 T QggYa =+ ¢ 0 + Qonyn
4'.'!.}.......0.000.0 (5.64)
Jn= Cnuilys+ Qn2lg + 2++ + AunlYn;

abo '

y i ‘ all s e s al n ) '
y = ( N & A = (. A I
yn [7 7 B ann
InterpyBaHHs i€l CHCTEMH 3BOAMTECH HO 3ajauy anreGpH.
Cnpaszi, i3 ajare6pH BiZoMO, HIO. KOJH BJacHi 8HAauUeHHA Ay,

«.e » A MaTpHni A pisni, To icHye HeBHpOIKeHa (n X n)-MaT-
puna T, siKa 3BoZUTbMATpUIO A Jo AiaroHaJbHOrO BHAY, TOGTO

Aye.. 0
Ay

\0 M,
TpruoMy MaTpuLs T = ley, e,, .... , e4], TO6TO c'rosnni Mar-
puni 7 € Baachi- Bekropn marpuui A.
TEOPEMA 5.2. Hexall eracHi 3HQueHHA 7»1, vee » hn mam-
puyi A pisnl. Todi saearvnul poss’asox cucmemu (5.64) mae
auensd

TAT = A= (5.66)

y () =CyeM'e, + Cieey + -+ + Coetnte,, (5.67)
deey ... ,en—820aCHI gexkmopu mampuyi &; Cyy ..., Cp—
dosiavni cmaai,

HNoBelerHA. 8p06uM0 niaCTaHOBKY

pe T — Marpuisi, sIka 3BOJMTH MaT| guu&o A 10 niaronaspHOro
suny. Tlincrasasioun (5.68) B (5.65), micraemo

Tz—=ATz2.

IMomuoxuMO W0 piBHiCTL 3niBa Ha T, i ockiabkH T2 AT =A;
TO RicTaHeMO .

2= Az. (6.69)
V KOOpAHHAaTHOMY 8amici e € CHCTeMa

21 == 7»121, éz = 7\1222, ves p i’n = knzn,
yei posB'asku kol e dyHKiT
2, = CeMt, 2, = CyeMt, ... , 2, = C e,
ne Cy, ..., C,— crani iuterpyBanns. Toxi saranbHuil poss’s-

30Kk cucremn (5.69) MaTuMe BUIVISIA

2=Cef1 +Cotifo+ -0 + Cnel"tfny (6.70)
g



ie. fr — BeKTOp, B IKOTO k-Ta KOMIOHeHTa IOpiBHIOE 1, a Bei
inmi — 0. Ockinbku croBnui Matpuui T € BJacHi BEKTOpH
matpuni A, TO
‘ Tf k= 8y

[ligeraBasioun (5,70) B (5.68), micranemo (5.67).

Teopemy lioBezeHO.

Orxe, MaeMO Takui anropu'rM 8HaXO.lDKeHHﬂ BCiX PO3B’fA3-
KiB cucremn (5.64)

1. BusnauenHa BJacHMX 8HaueHb Ay, ... , Ay MaTpHLi A
3 XapaKTepHCTHYHOrO PiBHSHHSA i

det (A — AE) =

2. BusnaueHHs BJacHHX BeK'ropiB €4y «ee €08 GHCTEM Ji-

HifHuX anre6paivHnX piBHSHb
Ae=Me, de =Me, ... , de = Me.

3. 3anucypanHs pose’asky sa dopmydoio (5.70).

SIKIO BJ1acHe BHaueHHst A € KOMIJIEKCHMM, TO. PO3B’A30K
y = e“e TeX KoMmiiekcHuil. [lilficHa i ysiBHa yacTHHH HOTo €
poaa "fIBKAMH CHCTEMH

y.=Re (eMe) y,=Im(Me).

CucTeMa Mae TaKOXK  KOMIVIEFCHO-CIPSIKEHHH poss 'SI30K
y* = eM%e*, saxomy Bumomnae nmapa AifiCHHX pO3B ﬂSKlB Vs
—¥a T06To Ta cama, mo H A8 y. Yei gificui posB’AsKH
cHCTeMH JicraneMo TaKUM YHHOM.

" Hexatt 2, ... ,?»k—mncm BJacHi 3HAUEHHS Apy1, AEt1,
Mgz, M_I.z ——Komnnexcm BJacHi 3HaueHHst. Togni saraib-
HHH NificHHA PO3B’SI30K CHCTEMH MaTHMeE BHIVIAL

y=0y deyovee Ckexktek + Ck+l Re (exk+ltek+l) +
+ CiyoIm (ekk+{tek+l) + CiysRe (¢ +¥ erya) +
+ Copa Im @+ epp) + -

ne C,— i BinbHI craJi.

PospisineMO HEONHOPiZHY CHCTeMY

y=Ay+P, 0" (5.71)

Tyt P.. (t) — BexTOp-(pyHKIisi, KOMIOHEHTH KOl € MHOrouJe-
HH CTENEHs He BHINE HiX m:

P (1) = _Z P,

pe P;— crani BexkTOpH.
Hepesouancuuti sunadox. Skmo p He € BJIaCHHM 3Ha-
qeHHsM MaTpuui A, To chctema (5.71) mae uacTRHHUE POIB 30K

y = Qm (t) th’ v (5 72)
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fe Qu(t) — BerTop-hYHKIA, KOMIOHEHTH SIKOI — MHOTOUJIEHH
CTeneHsl He BHIE HiXK m 8 HEBH3HAYEHHMH ~KoedinienTam.
Tlpu upomy matpuus A Moke MaTH K npoc'n, TaK i KparHi
BJIacHi 3HAveHHS.

Orxe, @ (f) myKaTHMEMO Y Bnmsuu

Qw—Eqm :

Iie q; — HeBifomi cTa/i BeKTOPH. Hl)lcrasnmoqﬂ Qm(t) B(5.71) i
CKOpOUYIOUH Ha e, gicraeMo

WE—A)Qn () =P () — @, 0)-
[lpupismiotoyn B aiBifi i mpaBiii yacTHHax KoediljenTH mpY
crenensx £, £ { 1. X., dicraHemo PiBHAHHA

' (WE—A)q, =Py,
(P«E - A) qm—1 = Pm’—l - mq,, (5'73)

P S T O T T T T

Marpuns pE — A HeBUPOMKEHA, OCKi/IbKH {1 He € BJIACHHM

sHaueHHAM Mmarpuui A. 3 nepworo piBHsHHA (5.73) sHaxo-

AHMO -
m=(WE—A)'P,,

8 JIpyroro piBHAHHA 3HAXONMMO @m—1 i T. A. ]

Pe3onancnuii sunadox. Hexah p — Bracne 3HaueH-
Ha Matpuni A i BjacHi sHauyeHHs Marpuui A — pisni. Toxi
cucrema (5.71) mae 4acTHHHHH DPO3B’A30K

y = Qm'H (t) e!-lf’

Ae Qum+i () — BeKTOP-YHKIIA, KOMIOHEHTH SIKOI € MHOrouJe-
HH CTemeHd He BHIIE HiX m - 1. ¥V uboMmy BHNDAZKY ROUIJBHO
spobutH mifcraHoBky (5.68), To;i cucrema (5.71) mnabupae
BHIVIAIRY

2 = M2y + [, () e™;

= Az, + f, (B e,
e fi (f) — KoMmoHeHTH BeKTop -pyukuii T-1Py, (¢). Cucrema
posnanaci Ha n HEOMHOPINHMX DiBHSIHb MepLIOTro- HOPSAKY,

' YacTHHHI poaB f13KM SAKHMX 3Haljgemo TaK, AK i B nonepeaHLOMY-

BHIIAZKY.
Hpuxaapn 3nafiTd po3B’A3KH CHCTeMH
= dyy—y2—2y; 4+ 1y
Ys =y +sint;
¥s = 653 —24,—3y,.
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Poss’asannn, CHOYaTKy pOSFASHEMO OAHOPiAHY cHeremy,- Ii xa-

Kaxrepucmqﬂe piBaARNE AP — M+ A — 1 = 0 Mmae “gopeni Aj= 1,

9,3 = =izi, BAACHH{ BeKTOp €, 3HaxoAHMO i3 CHCTeMH
ag—ag—2z; =0; .
Oy — Oy = 0;
60ty — 200, = 401 == O )
8eincn. ay= ay;= ay, Tomy maemo ;= {1, 1, 1}, Baacunii BekTop e3
BHSHAYHMO i3 CHCTEMH
oy — ia, =0;
_ 6oty —20, = (3 4 9) g = 0,
3pinen o= icty, cy= 2ic,. ToMy eg== {1, —1I, 2}, Ockinekn marpuna
-cHereMu aificHa i BaacHi sHaueHHA Ay, Ag— KOMIIIEKCHO CHpSIXKeHi, TO
BBaXXaTHMEMO, 110 BEKTOp e,'=e2‘ = {1, ¢, 2}, Orxe, saPafxbHul posB’i-
30K Mae BHPAAR ‘

N 1 1 1
gy |=Coet| 1 | Gpett ( —i ) + Cge™¥ ( z )’
vs/ N1 2 - \2

fe C;— nosineni craui,
Haftnemo Aificnl posp’sasku oxmopizmol cueremu, Maemo

‘ 1 cos ¢ sint?
eit| —i |=| sin¢ i —cost |
2 ~\ 2cos¢ 2sint

Isa ocranni BeKkTOPH-pOSB'AskH i sapanvuuil posp’asor (mificanf)
Mal0Th BHPAAL . .

Yt \ 1 cos sin t
v | =Ceet{ 1 | 4C,| sint }+Cy| —cost ],
Ys 1 2cos # 2sint /

e C;-— rosiawvui craai.

3HafleMO YACTHRHAR PO3B’A30K Heonﬂopilmdi' cucremu. [flykatume-
MO AOro Ik CYMY YaCTHMHHHX PO3B’A3KiB. CHCTEMH S NPABHMH YaCTHHAMH
f=1(40,0), g = (0, sin ¢ 0). Nepwni 3 nux BizeMemo y Buragai

U1 ay + byt

Yo |=| ay -+ byt |, TO6TO Yy = a - bt,

] Ys ag + byt

[ligcTaBAAIONN B CHCTeMY, micTaHeMmo

: b =1Ab+ Aa+tfy, fr=(1,0,0).

Orxe, )
’  Aa=b, Ab=~—F,.

3sincw sHaxonuMo @, b i wacTHnnEA pOSB’H30R

SENE]
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3naiineMo Apyrufi pificHuil vacTHHHUE Po3B’A80K, XapaKrepHCTHE"
He piBHAHHA Mae ONHOKPaTHi KOpemi Ay s = =i, a TOMy uacTHHHHA

- 'po3B’ds0K Tpe6a myKaTH y BUPIAAI

aycost-ta,sint - ¢ (agcos t -} ay sind),
ne a; — crani Bexkropd, [Ias cnpoineHHSs CKOPHCTaeMOCH -THM, HIO

sin £ = Ime¥* . Tomy pOSriaHEeMO CMOYATKY CHCTEMY 3 IIPaBOIO YACTH-
Homw et f,, fo=1(0, 1, 0), a moriM BisbMeMoO yaBHY qacTHHy 8400yTOr0
po3B’a3Ky, HacTHHnufA pPOSB’A30K WyKaTHMeMO Y BHPISAI

0, = ael 4 bleit,
ITincraBAsiiouH B CHCTEMY, MaeMmo
ia-1-itb-}-b=Aa-}tAb -+ f,.
Orxe, _ L
(A—iE)b=0, (A—=iE)a=—0b+ f,.

‘Matpuns A — iE supoaxena: det (4 — {E) = 0, 60 A = { — BaacHe

sHaveHHs MaTpuni A. Paur marpuni A — {E popiBHioe 2, Tomy mnepie

. piBHIHHSA Mae pO3B’#30K b =% 0, BU3HAUeHHR 3 TOUHICTIO A0 HYHCJAOBOTO .

MHOXKHHKa o %= 0, HHcJIO 00 BH3HAUHMO 3 YMOBH pO3B’A3HOCTI Apyroi
CHCTEMH. .
Cucrema (A — (E) b = 0 e cucrema’

4—1i)by~—b,—2b;=0;
{ bl; —— ibz == 0,
b= (by, by, by).
Tpere piBHsaHHA He posrasfaeMo (paup gopiBHioe 2),Tenep 3HaX0LHMO
: b=a( 1, 2 - :
Ipyra cucrema piBHAHB Mae BHTIAA
(4= 1i)a; —ay, — 20, = ia;
(al—?% . o=a—1;
6a; —2a, — 34 i) ag= 2c,
a = (a, a;, as).
BupasupwH 3 Apyroro piBHARHA a, uepes @y, AiCTAHEMO CHCTEMY
2 iay —az) = ia+t+ (4 —i) (1 —a);
{ B+ i) (2ia, — ag) = G — 4da.
[Moninupmu nepme piBHAHHA HA Apyre, MaTHMeMo piBHARMA A8 O,

sBinkn a = (1 + 2i)/8. KoMnoHeHTH Bexkropa @ 3aROBOJILHSIOTH CH-
cTemMy

1 1
ay=ia+3g (2i-j-’(), ay=2iay+ g5 (14 13J).

[ cHcTemMa ABOX piBHSIHL 8 TPHOMA HEBilOMHMH Mae HecKiHueHHY
'MHOXHHY PO3B’A3KIB, TOMY BEKTOP @ BH3HAYAETbCA HEONHO3HAYHO.
3asHauyuMo, w0 TYT HeMae Hivoro Hespoaymisoro. Baxiana onnopinna
cHcTema Mae po3B’si3ok Celtf;, TOMY BeKTOP @& BH3HAueHO 3 TOSHICTIO
Ao Jopanka cf,. B3sBumm as= 0, AicTaHeMo YaCTHHHHI PO3B’A30K

2i —17

1 : 1 0
=42 1 oL teit,
8(+0(2)e+8 (1 4 180
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Bsanum ySIBHY 4YacTHHY miei BeKTOp- q)ym(nu, gHafifieMO 9aCTHHHHA
PO3B’A30K

o . 1 cos £— 2sin ¢ .lt *8cost-—7283int
0, = — | 2cos¢ -+ sint +35 0 )

8 \ 4cos ¢4~ 2sint 13cos ¢ +4-sin¢

3araabHEM po3B’fsKoM Oyle CyMa pO3B’S2KYy -OAHOpiaHOI cHCTeMH
i gnafileAMX IBOX 4acTHHHHX pO3B’fA3KiB

y=Yyot 01+ 9,

5.11. Po3p" aaynat-lml cncreMn MeToAOM mgcrauonku
Yy suna.quy KpaTHMX KOpeHis

K opdanoea gﬁop;na mampuyi. SIxkmo marpuns A mae
KpaTHe BJacHe SHAYeHHsI, TO BOHA He 3aBMIH SBOJMTBCH - JO
JaroHa/bHOTO BHIY. LLe GyBae TlJIbKPI TOAi, KOJH BJacHi
sHayeHHda Bci pisai (mpoceti).

Hanpuknagn, Marpuiyo :
01
a=(g 0)

He MOXKHA 3BeCTH Jo AiaronanbHoro Bujy (i1 BnacHi smaueHHs
zopiBHOOTE A= A,= 0). Cnpapzi, NpPHNYCTHMO CyNpPOTHBHE.

Hexait icuye (2 X 2)-matpuusa T Tagka, mo T7AT = A

€ niaronanbHa Marpuud. I[Ipuyomy A — HyJabOBa MaTpHHuS,
ockinbkH Ti AlaroHanbHi ejJeMeHTH JOpiBHIOIOThL BJIaCHHM 3Ha-
yeHHsM mMatpuui A. Tomy T72AT = 0, omke, A = 0. 3afu
Y ‘CYHepeyHicTh.

[Ipocrimow0 GopMoio, 0 fKOI 3BOAMTECS AOBi/NbHA KBaApaT-
HA MaTpHIs, € JKOpJaHOBa HOPMa/ibHa (opMa.

Marpuus

- 10
=l A1 (5.74)
0 A

HA3HBAETLCS HOPOaHO8UM OAOKOM.

Lla matpuus Mae ejuHe BJACHE 3HAUeHHS A KpaTHOCTI &,
Je k — nopsinox Marpuui /. 3HalizeMo i BaacHi BeKkTOpH,
PO3B’sI3YIOUH CHCTEMY .

Ix = Ax,

T90T0 |
7\«x1 + xg = Ml;
Mz + Xg = Mg;
Ax, = Ax,.

Toni x,= x3= ... = Xn= 0, ¥ — IOBiJbHEe, TOOTO MaTpHLs /
Ma€ efHHHA (3 TOUHICTIO O MHOXKHHKA) BJACHHH BEKTOP

fl= (1» 0» see g 0)
Ha igmi 6asucm BEKTOPH

marpunsa I pie rTax:
Ifi=Mfu Ifs=Mfot fo oo s Ifi=0f + fa_z.

O3nauenna, Cyrkynnicmoe eexmopis (e, e,, ... , €,)
HASUeAeMbC HOPOAHOBUM AAHYIONCKOM mampuyl A, AKWO

i Ael = xel, Aeg = 7\82 + 81, «o ey Aek = ’\'ek + ek-—-lv (5075)

Bexmop e,— anacnuil, eexmopu e,, ... , € HA3UBAIOMbCA
npuednanumu. :

Bekropt fy, ... , S+ YTBOPIOIOTb XKOPJIAaHOBHH JIAHIOMKOK
)KopAaHoBOro 6aoxy 1.

TEOPEMA 5.3 (npo npucedenns mampuyi 0o 0pOaroso
opnu). drn Oosironoi readpamnoi mampuyi A ichye maka
mampuys T, wpo

I, o©
roar=r1={ . |} (5.76)
0 I,
Tys Iy, 1, ..., Is — xopnaHOBi 61OKH NOPAAKY Ry, Ry, ... , B
A, 1 0
A 1
Ik = * X ‘e 1 .
0 A,

. k]+k2+ s +ks=n9

i Ax — Bnacui sHaueHHs marpuni A. _

Marpuus 3 npasoi wacrumu piBHocti (5.76) nasuBaeThes

HOPMARbHOIO HCOPOAHOBOIO (HOPMOKD mampuyi A ’KopaaHosi
6JIOKH PO3MiIlyIOThCSl B3OBX TOJOBHOI Jliaronasi.
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Hopmanpha xKopianosa ¢opma martpuni A BHSHauaeThesA

" eJMBHM cmocofoM 3 ’I‘O'-IHICTI-O B0 TepecTaHOBKH JKOPARHOBHX
6J10KiB. ,
Hagegemo inme dopmymoBanHs miei Teopemn.
TEOPEMA 5.4. Hexaii A — Oosinbra K8adpamua Mempuys
nopsadky n. Todi icnye: 6a3uc, wWo crkaadaemocs 3 ofcopaauoeux
NAHYIOKHCKIE

{81, RN T {er+1, «v s ek1+k bioevn
{er+.. %wu”,eg (8.77)
8IONOBIORUX BAGCHUM BHAHERHAM Ay Agy voo s As mampuyi A.

Hisa mampuyi A Ha 6eKmMOpU AARYIOKCKA SUSHAUAEMbCA Gopmy-
aoro (5.75).

lumeapyaann}z cucmemu. PosrasHemo cHCTeMYy N
piBHSHD _

y=Ay,
e A — crana matpuns. Lls cucrema noBicTio iHTErpyerhes.
Bispmemo crouaTky cucremy k- piBHSAHB
z=1Iz (5.78)
ne I —xopaanis G610k Bugy (5.74).
Y koopauHaTHi#t dopmi us cucreMa SaNHCYeThCA TaKi

21 = A2y -+ 23;

Zﬂ e 7»22 + Zs,

Bt == M2t + 24
IaTerpyemMo 1o cucreMmy 3up3y Beepx. Maemo

\ 2, = CeM,
— At
\ Zpy — My = Cpe™.
Orxe,
‘ et = Ckﬁlem ~4- the“.

AnaJoriyno

‘ L g
Zpeg = (Cka-z + 101+ 5 Ck) eM,
= (Gt 05+ +Cagmy)e
Taxum uunom, 6yb- KUK pOSB *s130K cucTemu (5.78) sanaeThea
¢$hopMyI0I0
z=Cy2; + C,z, + o0 +Cp2,,

324

ge Cy, Gy, ..., , Cr— NOBLIBbA] crani, a posB’sISRH 2, MalOTh
BUMSAA.

2, =cMe,,
[ zz——-e“(e2+{-lel),-
oot henst o).

¥ei poss’asku cucremu (5.77) chaIOTb TaK.
1. Buxonyrowb HiJACTaHOBKY

y=Tz,

ae T — waTpuus, MO 3BOAMTH A 0 XKOpAaHOBOT HopMasbHoY
dopmu. Toxi cucrema (B.77) Habupae BHrAAAY

. (Il- 0)
2—0 ,I'z

i posmanaeTbcs Ha S OKpeMHX MijAcCHCTeM

(6.79)

2, =12, ... ,2,=1z2,

Ae Z; — BEKTOp-CTOBMNIIi BHCOTH ;.

2. 1A KOXHOTO KOPAAHOBOTO JIaHHIOXKKa {ey, ... , @
MatpHUi A SHAXOAATb PO3B’SI3KH ¥y, ... , Y STIAHO 3 hopmy.n
(5.79).

3. Posp’ A3KAMH CHCTEMH - (5 77) € niuifina Kou6inaum Beix
8HaliNeHHX DO3B’A3KIiB 3 JOBINILHUMH CTaJIHMU Koe¢)luiem‘aun

Mpuxaan. Poas’daaaTu cucremy
{m=2h+wﬁ A_(z W
."Jz=—.’l1+4ya - 1 4)°
Posg’asannn. Baacuumu 3Hauemnsimu Matpuni A uiel cHoTeMH e
Ay = Ay = 3. BracHuil BeKTOp BH3HAYAETHCH i3 CHETEMH
Ae = 3e,
Tobto
{ 20y -} oy = a3
—0ty + dotg 3“,
3pincu o == oty. BhacHWM BeKTOp GyAe TIABKM ONMA (8 vounlamo Ao

MHOXHHKa): @y = (I, 1), ToMy npuesHamufi Bextop @4 sudfizeno is
CHCTEMH

AO. == 3‘1 + el.
Jln% KOMIOHEHT 0y, Oy BEKTOPE €y AicTaHeMo cueTemy
OGg—0Cy=a ], ag—ociy = 1.
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Bextop €, moxkna paath y Burasai (0; 1). 3a dopmyacio (5.79) foy::
AyeMO POSBISI3KH

e[

3aranbHUi POSB'AS0K CHCTEMH MAaTHMe BHIIAA

y= ot (c, (1)‘+Cz (Ht— 1)) :

‘ { y1 = (Cy + Cyt) €%,
Yo = (C1+Ca (¢ + 1)) €2,
Typ Cy, Cg— RoBinbai crasi,

abo

_BMPABM,
Poas’sizaty. TaKi cHCTeMH piBHAHB!
" [ic+y==0, 2 {;:c==x+5y,
g+ 4x=0 y+x+43 =0
3, {x—3x—8j=0 4.{;:=12x+18y,
y+x43y=0 1y = —8x— 12y.
{x=4x—10y, 6. {).c——x—-yr:t,
y=x—2y. y44x-+3y=2L
x—y—x, ‘ 8. {;+2x+4y=e’,
y=—-x—3y. y—x—3y=—H4
x= 2, ‘ X =y,
ey, W=y
2=% z=x+y+a
" x=y, 2. {ch+2x+4y=4t_+l,
y==x. G x—y=158
{ g+32=0, . {x+2x+4y=0
2+4y=0 —x+7y=0
1. {x==2x—3y, 16.{x+2ay—a"‘x -+ 2a%y = b,
gy =5x+6y. y+2a5c_+-2axx—a2y=at.

5.12. Poar’ nayaaunn CHCTEMM Ia CTaNnUMH
: ‘noeq:imeuraMn 33 AONOMOroK0
" MaTPHUHOT ‘@KCMOHEeHTH ,
Hexaii maemo cucremy: nutpepeﬂma.nbﬂnx plBHHHb is cra-
anvu xoecpiuiemamn Sy
= Ay, : (5 80)

986

yERY a' A — crana kBajpatHa martpuusi. KpiMm merony

ﬁJlepa, posB’sisyBaHHa cHcteMy (5.80), icHye inmmi Metop,

fIKHfl 6asyerhcsl Ha GesnocepeNHbOMY 3HAXOIKEHH] <py HJaMeH-
TaAbHOI MarpHLj. -

O3nauenns, Excnoienmorw eA mampuyi A nasueacmocs
sysma pady
1. 1 1
em=E+ﬁA+ﬁAL+~‘=;%aM9 (5.81)

de E — odunuuna Mampuys.
MarpuuHa eKCHOHEeHTa Mae Taki BJIACTHBOCTI:

1° SArue A Ay = A4, T0 edit 4 = edigA: = pArpAs]
Akmo A = TUT, 10 eA = T-/T;
3° Martpuus Y(t)—e“" € PO3B’ASKCM MaTpuyHOi 3azaui
Koui

Y=A4Y, Y ()=

10670 € (hyHJaMeHTa/IbHOIO MaTpHIeo cHeTeMmH (5.80).

3 ocraHHbOI BJIACTHBOCTi MaeMO, M0 PO3B’SI30K CHCTCMH.
(5.80) s nouatkoBHMH ymoBaMH ¥ (0) = y, BU3HayaeThcs -3a
thopmyioo

y (&) = etly,.

Ilns sHaxolKeHHA MaTpHli eA’ TpeGa mpusect A ko
surasny A = TUT, pe I — xophaHoBa HopMasibHa dopMma
matpuui- A. I[Ipu npomy BpaxoByeMo, mo KoaH I — KJaiThHHa
JKopaana

A 10...0
PO [ ’
' 0 00...2
10610 [ = AE -+ H, e
0 10...0
H= Q 01...0 ’
0.0:0...0

10 et — eMeHi Ma'rpﬂmo e”‘ 3HABIEMO 33 JIONCMOTOIO psmy
(5.81), ockimwkn H" =0, ne r ~ poamipictb Kuaithuu I, i,
OTXe, B HbOMYy BiAMiHHI Bif' Hy/as TiipKH nepii r useHiB.
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Mpuxkaanu

1. O6uncauty e’

, SIKIo
af ot
= -1 0 .
POB&’ﬂBaHHﬂ 3a 03HauYeHHAM ManH'lHOl SKCNOHEHTH MaeMO
: =E+Ar+2, Ay,

O6uncaumo marpuni A%, £=2, 3, ... ‘
An—( 0 1) 0 1 _(—1 0
“\=1 0o/\—1 0/ \ 0 _1)’
) -1 0 01 0 —1
3= 2 = ==
w=wa=("y [ 0 i o)
0. —1 0 I 1 0
40— A34 = — -
4=a4 (1 0)(—-1 0) (o l)‘
Sk Gaunmo,

Al = (—1)RE, A = (—1)k 4, £=0,1, 2, ...
Toni
1
_QE—I—“ At—Q—Et —3] A3 +4l Ett 4,

10 01 1,1 0 1701
”(0 1)+(-_1 o)t"ﬂ(o 1)“"31—( 1 o)'“+

12 74 13 §
1’——2—!— +H""'t—§l—+gl—_",'"

3 I ¥ & t ‘
_t+§l_—gl— o-.l"‘ﬂ"‘ﬁ—c--
__( cos ¢ sint)

" \—sin? cost/’

2. O6uncartn e, sxmo

3 1
Poss’ asanns. 13 piBRAHHA
33— 1
~1 1—A

SHAXOAHMO BJIACHi S3HAYEHHA 3agaHol MaTpHLli: A== Ag= 2, Ockinvxg
panr Marpuui :

3—-2 1 1
A_Mf:(—”l 1—2)”(—1 --1)_

xbpismoe 1, To xopRanoBa popma MaTpHii A Mae BATASA

2 1
"’(o 2)'

=0, A —4A 40

228

Matpuo
/ a b
r=(; 3
ARy, uio A == T-UT, Busuauumo 3 piBHOCTI
a b 31 2 1\/a b
(c d) (—1 1) = (0 2) (c a) '
Dan spaxonxenns a, b, ¢ i d Maemo ainifiny cucremy piBHANB
3a—b=2a-+c,atb=20+4+4d 3c—d=2, ¢c+d=2d
AKA exBiBaJeHTHa cucreMi
(a— b—c= 0,
{ c—d=0,

8}:“2 3 posp’askiB uiei cucrema e a=3, b=2, c=1, d= |,
Ke, MaTpHId

3 2 - 1 —2
T=(1 1)’ a =(—-1 3)'
Pipalcrs A = T7UT 3anucyioTh Tak:
31 - —21/2 I\/3 2
(—4 1)=(—1 3)(0 2)(1 1)‘
|
et = o3 (0 l)’

At b -—2Y fe® fe®\ (3 2\ ((t 4 1)e¥ te
= (-—-l 3)( 0 e“‘t) (l ‘l) —( —te¥ (1 —1 ezt) )

5.13. Bunagok Inverposnoctl ninilikol cucremmu

Ockinnkn

706

Hexait MaeMO MaTpuuHy CHCTEMY

Y=AQWY, {,<t<oo, - (5.82)
rAO=@y;{)ij=12, , N,— HenepepBHAa MAaTPHLAL.

Y 3arajibHOMY BHNajKy He iCHY€ crocoGiB 3HaXOMKeHHs iH-
Terpanbroi MaTpHUi piBHAHHA (5.82). Posrisnemo okpemui
BHIAAOK, KOJH iHTerpanbHa marpuua Y (¢) pisaauusa (5.82)
BHAXOAHTLCA B AIBHOMY Buraaai uepes marpuio A (f). lle Tak
aBanuit BunanoK Jlanmo-IauunjeBcbKoro.

[Mpunycrumo, mo marpuns A (¢) nepecrasna 3i cpoim iHTe-
W: '

[4 [
_A(t)5A(s) ds =,§A(s) ds- A (), (5.83)
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i, kpim TorO, : :
IA®)) < a<oo (5.84)

Ha /IOBLJILHOMY CKiHYEHHOMY iHTepBaJi. Toni nopMasbHa iB-
" rerpajbHa MaTpuus piBHsAHHA (5.82) Mae BUTJIS[

Y@ =exp( ft AQ ds).  (5.89)
CnpaBni, 3a 03HayeHHsM Maemo‘o
EF1,+2,+ -~+ +"-; (5.86)
ae . )
M=M@t)={ A() ds. (5.87)
8 (5.85) nicraemo, mo " |

Y (i,) = E.  (5.88)

SIkmo BuKonyeThed yMgBa (5.83), To Matpuua M (f)
nepectaBHa 3i csocio moxiguoo M’'(f) = A (f). Tomy -

dMm? d M dM M
=M - M= M+ MG =2 M.

df
3BijcH 3a iHAYKUIE BHBOAUMO (opMYJay
_ X .
TR T M, k=345 . (589)

%(popmy.rm (5.86) Ha ocHosi (5.89) q)opma.nbmm audeperui-
BAHHSM 3HAXOAUMO MAaTpHYHHf Psifl AJs NOXiRHOL:

. %t_nm'.+M'M+—2]—+ +TBTZT)T,+ e, (5.90)
a6o . ' .

e M (E+ M5 )= Mem B9
Orxe, sriguo 8 (5.87) ‘ | ‘

b t

d | Atsyds o [ Asyds

i = A (f)ete . - (5.92)
TpuunHit paa (5.86) cknazaeTbcss 3 n? CKaNAPHUX psmin.

JokaxeMo, 1|0 KOXHHA 3 HHX PiBHOMIPHO 36iXHMA Ha JO-

BlibHOMYy cKiHueHHOMY BiApisKy #; <! < t;<< oo. Ockiabks
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IMell < || MU, =1, ... ,k 10, B cuay (5.84) koxken 3
n3 CKaJApHUX PALIB MaXKOPYETLCHA PSAAOM

2 am (t_'to)m .
ml

m=]

3pincu KoxeH n® ckanspHUX psadiB 36iraerbca piBHOMipHO Ha
AoBibHOMY CKiHueHHOMY iHTepBaJji, i #fioro cyma € Henmepeps-
HOI0 GOYHKIIi€l0 Ha [[bOMY iHTepBali.

Ockinbku wmarpuns (5.85) sagoBostbHse cucreMy (5.82) i
MoYyaTKoBY yMoBY (5.88), TO BOHA i € HOPMA/NbHOW iHTerpasip-
HOlo Marpuieio cucrema (5.82).

BMPABA
[TokasaTH, wo MaTpuus cHcTeMH piBHAHB
{k == cos  x -} sin ty;

y =sin tx + cos ty.
fepecTaBHa 3i cBoiM inTerpanoM. 3HaATH PO3B’n30K Hiel cHCTeMH,

5.14. Matpunaur

Hexaii Maemo cHcTemy MATpUUHUX piBHAHB
Y=A(Q)Y, ' (5.93)

fe A (f) — HenepepBHA MaTpuusl TOPSAKY i X f.
Posryisinemo MOYaTKOBY 3ajady

A@BY, Y(t,)=E. (6.94)

Bisbmemo Marpuq}mﬁ PAR
4

[}
Z(t)—E+§A(t1)dt1+SA <t,>5A<t1)dt1dta

1
-I-‘gA(t,,,)SA(tm_.l) fA(tl)dt,dtz b A e
[ [] tl)
t (5.95)
Jlerko nepenipmu audepenniioBaniam, wo psa (5. 95) — ne

(popMaNbHUA poan f30K 3afavi (5.94). Hexaii BHKOHYyeTbCHA
yMOBa

HA@l<ea t,<t <t <oo. (5.96)
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Toni, anamoriuno mnomnepenuboMy, st HopMu ||Z (f)| maemo

OLIiHKY

IZ@Ol<n+ Y, anisils,

m=l
‘8Bijcu BunUIMBac piBHOMipHA 36DXKHICTD psmg (6.95) na no-
Bi/IbHOMY CKiHueHHOMY BiIpisKy aminHoi ¢. Psan (3) nasusa-
10Tb Mampuyanmom cucmemu pisnans (5.98). ,
Slkmo B cucremi (5.93) marpuus A = const, 10 Jierko no-
aunTy, WO NpaBa YacTHHA piBHOCTI (3. 95) nopinmoe gAt—h),
4 nue Bignosizae ¢opmyai (5.85).

5.15. 3umxeHHs noOpAAKY cHMCTEMM
Ilpunyerumo, mo BiOMO pO3B’f30K .

!/11‘(t)
no=| (5.97)
Y (1)

OfHOpinHOT cHcTeMH

y=A4®y. (5.98
Beenemo saminy :
yo=vnz, (5.99)
. ke V (f) — (n X n)-marpuus Buly
V() =1ey €y «-. , €101, ¥1(£), €1r1y o0 5 €41, (5.100)

NpUYOMY €; € {-H CTOBMelb OLHHHUHOI (1 X n)-MaTpHUi; Yni—
BiAMiHHUE Big Hyas enemeHT posB’sisky (5.97). Hasa cmpo-
IeHHs BHKJ/IaJOK NpPHNYCTHMO, WO B posB’asKy (5.97) eue-
MEHT y,; (f) Bigminauii Big Hyas. Tomi

b o‘... 0 yu ()

0 1...0 yu(9)

V)= . .. ... ... . (5.101)
0 0 1 Yn—l1. (t)
0 0. Yni (t)

Hudepennirooun piBHsHEA (5. 99) i pOSB'ﬂBYlO‘IH fioro BigHOCHO
2 (f), micrasemo :

2=VIO(yO)— VB 2@). (6.102)
[Mincrasasioun (5.98) i (5.90) B (5.102), maTumemo
EO=VIOAOVO =V @)@,  (5.103)

932

Tosuautimo ' .
| Bly=va@p@amvoO—Ve, 6109
TOxi : \

zt)=B@t)z () (5.105)

, .
Ockibku POSB’A30K ¥, (f) Biomo, TO POSE ASOK DIBHAHHA
(5.105) Tex Bimomo, a came:

0
2=V 9. O=\o | (5.106)
7 1
[TizcraBuMo ueli po3B’sisok B AujepeHilianbHe piBHSIHHSE
(5.105): , '
0 0 bin (t)
R | 5.107)
0o |=B®} Byt () (5.107)
0 1 ban (£)
3Biacu
bin(t)=0,1=1, ... ,n (5.108)
Pos6uBatoun marpHui piBHﬂHHﬁ (5.105) na 6/10xu, MaeMo
2, (f) by (®) <. b (B) 2 b () 2 (f)

..... * s 4 e 0

z.n-—.l @O 1=\ bnwir (&) o« bpcinet (t)s bre1n (2) zn—.l @ |

s ] \b) b bt ) ey
2, (1) 1 (%) 1 (2) (1) 28109)

Bpaxosyioun (5.110), pisnauns (5.109) Moxua sanucard y BH- -

rasii

(z.”’.(t.) ) =( Ba® : )(z n ) ) (5.110)
2,(t) b () $0)\2 ®
Buxonyioun B (5.110) MHOXKeHHS MaTpHIb, NiCTaEMO CHCTEMY:

(n — 1)-ro nopsmxy

2n (1) = By (1) 2,,(8). (6.111)

Hicm po3B’fidaHHA 1bOrO0 piBHAHHA BiAHocHO Z,, (f) ANA.
BHaXOIUKEHHA 2 (f) MOMHa BHKODHCTATH Apyre piBHsHHS, WO
BumuBae 3 (5.110):

2, () = bp(t) « 2 (0). 6.1 12); ,
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, Moxma TaKOX MOKa3aTH, O KOJIH BiZpMO & AinifiHo Hesa-
JIeXKHAX PO3B’A3KiB ¥,(7), y,(t), «s » Y1 () cHcremn (5.98), To,
-BHKOPHCTOBYIOUH MaTPHIEO

10 0... yu@®) ... yu(t)

Vi) = 01 0uves yn(® ovt Yo (D)
et N A y;_'u'(ts y',,;l;(t)

00 0... ygu(® oo ynr(2)

scucreMy (5.98) moxkHa 3BecTH 1O CHCTEMH 3 1 — K PiBHAHB.
Npuxaan 3HHIUTH MOPAOK CHCTEMH
Xy =Bx; + dxy; x B 4
e (. an )
Xg = 4x1 + 5)‘2, X3 . 4 5
‘Akuio BigoMo I poss’asok x,= (ef, e?).

Poss’ aganna. 1106 BuKOHATH mincranoBky (5.99), mo6yayemo mar.
pumio ¥

‘ 1 o 1 1

& noTiM MaTpHIIo

o= geoe=( 2 33

roai cucrema (5,108) nabupae BuUraAzy _
()= (L (). oo i
2y —4e™ 0/ \z 23 == —4e™ 24,

. 1
y=e¥ z=—5 e,

‘381 nen

& 3a dopmysoio (5.99) sHafieMo me OmuH poO3B’ 30K

. _ .
1 o &% 7 edt
=V({)z= 1 - .
= var (0 “”) - 3"’“) “;‘ oot
Toni 3aranbuufi poss’s3ok
x=clxl+clxl’ '

Yolro

{x1 =C; et + Cye%,
xg = —Cyef +-Cy e,
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5.16. Po3n'siayBanun fAudpepeHiianbiuX PiBHAHD
i cucrem 3a ponomorolo onepauifHoro uucneHHs

Jlinifini gudepenuianschi piBusAHEA i3 cranuMu - KoedinieH-

TaMd MOXyTb OyTH NpOiHTerpoBaHi olepauifiHUM MeTOJOM,
CYyTb AKOTO MOJAraE y BHKOPHCTAHHI omepallifHOroO YHCJAEHHs
i 3HaxXoMKeHHs1 pos3B’siskiB. Lleéi Metos Hae smory 3BecTH
iHTerpyBaHHsa umpepeﬂuiaﬂbﬂnx piBHsIHb IO BUKOHAHHS YHCTO
anrebpaiuHux onepaniil.
- HaBeneMo HeoOXiAmi BiJOMOCTi 3 onepallifiHOro UHCIEHHS,
Hpu HbOMY CKODHCTAEMOCA TMOHSATTSIM BH3HAYEHOro iHTerpaja
Bix KoMIIeKcHOl (PYHKUI] 3M1HH01 t !

Hexaf

fO=u) i@, =V, G.113)

&e u (t), v () — nificwi dyukuii BiR ¢, BU3HaueHi B JAeAKOMY

durepnani (a, b) Toxi 3a o3HaueHHAM
b
Xfmdn-ﬁuwdr+t§uﬁm

Iarerpancte gqucieHds AAa8 AiACHAX QYHKIIA pO3NOBCIOKYeE-
Tbca Ha KomnaekcHi ¢ynkuii suay (5.113). Hexait  x (f) —
Resika AijicHa a6o KommieKcHa (GyHKUifA 3MiHHOi {, BH3HaueHa
yt > 0.
Poarasnemo Hemaachuit inrerpan
o0
D(p) = | x(t) e, (5.114)
0

safexHui BiA napamerpa p, AKHH € KOMIVIEKCHHM YHCJ/IOM,
P =0 4 it (puc. 5.2). Interpan (5 ll4) HasWBalOTb iHMe-
2paros Jlanaaca.

Slkuo x (£) — ¢yukuin serepepBHa | 3afoBosbHAE Hepib-
RicTb

1x()] < Mot Vi >0, (5.115) ——
ne M, 6, — Aifichi uucaa, To iHTe- ) ——
rpan Jlansaca 36ixxHuil IpH BCiX 3Ha- ¢ FEE=
YeHHdAX p, JAificHa uvyacTHHa SKHX ——
Giabvwe o,: Re (p) = 6 >0, Orxe, —
BOHa € (YHKUI€I0 KOMIIIEKCHOI 3MiH- =T % —
HO1 p, fAIKa BH3HAYeHa Y BCiX TOYKAx ES—=" f&
KOMNAEKCHOT MAOLLHHH (p), mo Je- : —
XWTb COpaBa Bil nOpsMoi ¢ =='q, . -
(A"B p"c 52) Pac. 5.2
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Cnpasgi, ouiHioloud migiHTerpaibHy QyHKIio, MaeMot
|2 e = x (He=+ | = |x () |e= | e},
[Tpore
| e=i7 | = |cos vt —isinti| =1, |x(f)] < Med.
Toni
| x(f) e=Pt| < Me—0=00}t, (6.118)

o«

Ockinbkn npu 6>0 g~(0=00) Jf 36iraeTbcs, To inTerpan
0 .

0
(6.114) Tex ab6iraeTbcs npu 6> 0.
Ilpunycrumo, mo Bei GyHKUiT, AJaf AKUX PO3rifAacThes
}grerpan Jlannaca, HemepepBHi i 8aJOBOJILHSIIOTHL YMOBY
116). . AR fmiuger: A
Posrssisemo omneparop
+o _
X()= [ x@erat,

KU KoxXHiM GyHRUIT ¥ (f), mwo 3ajoBosbHse yMoBy (5.115),
OTaBHTb Yy BiANOBiAHICTb AesKy ¢yHKUiIO X (p) KOMRAeKcHOT
sminnoi p. Oyukuio X (p) Ha3UBATUMEMO 306pANCEHHAM (yHK-
yii x (f), a x (f) — opucinarom pns X (p). Binnosiasicts
MiX-HUMH CHUMBOJIYHO BaMHCYIOTh TaK:
x () = X (p), abo X (p) < x (), a6o L [x ()] = X (p),

e CcTpiMKka HanpsM/IeHa Bif opuriHany 4o 306paKeHHs.

3o06paxeHHns ichye ang 6yib-akol x (f), AKa safoBOAbHAE

ymoBy (5.115).
Hageznemo gesiki BnactuBocti 306paeHb.

1°. Odnopionicme. Slkumo x () - X (p), T0
ax (¢) = aX (p), a = const.
°. Jodasanus. Skmo x,(f) = X,(p), x,(t) > X,(p)y TO
x,(8) + x4(t) = X1(p) + X,(p).
8°. Jlinidnicms, SIRmo x,(8) = X1(f), x,(8) = Xo(P)s ves »
%, () > Xn(p) i a5, Qg ... , Gn— cTaJi, TO ‘
Cay () + agxg() + ..ot anxn (6) > 0, Xa(p) +
+ a,X5(p) + ..o+ @ X (p).

4°. uepenyitosanna opueinary. Slkmo x (f) mae neme-

pepBHy moxinmy x'(f), Ansi sKOi BHKOHyeTbcss ymoBa (5.116)
i x(@)—->X(p), 10 ‘
x'(8) - pX (p) — x (0).

flkmo x (0} = 0, T0
’ x'() = pX (p), 7
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vo6ro AudepediiloBaHHI0 OpHriHaJdY BiANoOBijae . MHOXKeHHA
sofGpaxeHds Ha p. ‘ :
Cnpasai,
. + 0o -
X (p)="{ x@®e=rtat,
0 .
Inrverpyioun uactuHaMu, JicTaemo
+oeo 400
X' (p) = e=rtx (t)l +p § x () e=pidt,

Ockinsxn srigno s onimkoio (5.116) ¢ymknis e—rix (f) nepe-

XOAUTh B HyJb Ha BepxHiil Mexi npu Re p > 0y, TO

X'(p) = —x (0) + pX (p), abo x'(f) - pX (p) — x(0).
fIrmo x (f) HenepepBHO AudepeHiifioBHa [0 ‘MOPAIKY N
srmouno npu yMmoBi (5.115), 1 x (£) = X (p), 1o
2 (@)= prX (p)— pix Q) — pr=2x' () — « o —x(0).
(6.117)
fikmo x(0) = x' (0) = +++ = 2= (0) =0, T0
X (&) = p"X (p).
Tlokaxemo, mo dopmyna (5.117) BukoHyeTbcs aaa n = 2.
0
+2 : +o Foo
x@={ »evdt=x@yen | +p ( ¥ @ertat =
0 0 0
= —x’(0) + p (pX (p) — x(0)) = p*X (p) — px (0) — %' (0),
T0670
2" () = p*X (p) — px (0) — ' (0).
Mertopom MmarematnuHoi inpyknii fosomumo, mo dopMyaa

{6.117) BHKOHYeTbCA AJsi AOBiMBHOTO n.

5°. Inmeepysanns opuzinany. ko x (¢) — X (p), 10
!

Jx(t) d’r—»% X (p).

Orxe, onepapiii inTerpyBaHHs B Knaci opurinanis BiAnosi-
Rae one};auia IineHHA HAa p B KJjaci 306paxeHsb.
6°. [100i6ricms. SIxmo x () - X (p), a >0, 10

s(an >+ x(&).
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7°. Sazarosanna apeymenmy opuzinaay. ﬂxmo x () —»
- X (p), 10 , \
x(t— by —>e=X (p).
8% Smiwennsa, HAxmo x (f) > X (p) 1 A — RomIIEKCHE
YHCJIO, TO ' ‘
| My (f) = X (p + A).
9°. Mnooenna opuzinary na aminny ¢. SIkmo x (f) -
-+ X (p), T0 . :
£x (8) = (—1)"X™ (p).

Orxe, onepaltii MHOXKeHHsI Ha 3MiHHY ¢ Bixnoeixae onepa- -

uist AupepeHniioBatHs B Kiaci 306paxeHb.
© 10% Linenns opuzinary na smr-my t. Slxkmo x (f)-)X (p), &

—x(t)—-; j X (s)ds.

11° 3obpanenna seopmwu opuzinanis. 3ropTxoxo JBOX
inTerpoBaHNX 3 KBajpaTOM (yHKIIif xl(t) i x4(f) HasuBalOTL
- tyHKUio ¥ (8), flKa BH3HauaeThCsl piBHiCTIO
e

g() = j %y (%) %, (t — ) dv.
Hexaft x,(0) = X, (), %3 () > X, (p), Toni
+uo
%4 (7) %y (F —17) dv = X, () X, (D).

0

Npuganan Hdicrate so6paxenta GyHKNiM
sy =tn.11x{t)=c¢ M,
Posa AsaHnA, BukopucraeMmo QopMyay
. +00

j'e-ptdt=_‘-.
P

OckinbKa

7o 8a BJacTHBicTio 9°

a sa BaacTuBicTIO g
Nt ol
x(@)=¢e J"»mh
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et npukaan mnoxasye, mo B GaraThox BHIAZKAX 306 pa:,

MeHHST MOXKHA 3HAaXOAUTH TiJIbKHU 3aBIAKH  BIaCTHBOCTAM
O__llo

Cnix sasHauuTy, o TepeTBOpeHHs Jlamsaca Mae BaacTH-
BiCTb €MHOCTI, T06’I‘0 Koan JBOM GyHKUiAM x,(f) i xa(t)
BiAnosizae oiHe i Te came sofpaxenHs X (p), To u1 ¢byHEKuil
TOTOXKHO DiBHi:

' x,(f) = x,(¢).

Onepanito 3HaXoNKeHHA 32 306pakeHHaM X (p) opurinany-
Ha3WBaioTh o0epHEHHM nepersopeHHsM. [oseneno, mo opuri-
Ha/l TepeTBOpeHHsi Jlamsaca BU3HAYaeThCsl 3a cBOIM 806pa-
MKeHHAM OIHO3HAuHO.

Hapenemo Tabuimnio 306paxeHb HaHuacrillie - BXXKMBaHHX.
dyukuif (raba. 5.1).

Tabauya 5.1
Opnplném 3o6pamenHs Opnrinan 3o6paxenns
1 2pa
1 ) tsinat m
n nl p?—a?
t pn+1 t cos at (pg + ag)z
1 ) 1
1 -l —
€. Pta fe- T
in at a ot L
sin a p2+ a? sin at (p+a)2+ a?
p _ pFo
cos at T ¢~ cos at Trofta
a dn
shat P (e ) =) g X @)
p 1
ch at —ab nth,, ol _————(p—a)"“

Hexaii MaeMo ninifiHe AndepeHuianbHe piBHAHHA i3 cra-
anMu Koedinienaramu

2 (&) + ax®=D () + o oo+ anx () + a.x () =1 (),
t>0, a;€R, [(f)€Cyso,i novatkoBi yMoBu npu = 01
\ x(0)=x,, ¥(0) =%, ..., xm=D(0) = .
MNosuaunvo [ (f) = F (p), x (&) = X (p). Tom, BHKOPHCTO-

BYIOUU BJIACTHBICTDb nmpepeﬂuuosaﬂﬂﬂ opurma.ny, NOCiA0BHO
BHAXOAHMO



8 |20~ X (),

Qney | ¥ () = pX (P) — %45

Ana | X(8) > p2X (D) — pxy — ¥os

ai x(n—l) — pn-——IX (p) —— pn—on — pn-3x0 —_ ,____xan..g)’

et . .
. I (n)_). an (p) — pndlxo__pn-on —es ...pr)ﬂ-?)_x nel).

X
‘Takum uuHOM, AicTaemMo piBHAHHA BHAY
(p" +ayp= + -+ +an) X (p) = F (p) + %, (0" +
+ap T e ) R (T g e
+ @ueg) + o FHD (0 + ay) + 25D,
abo
Q(p) X (p)=F(p)+ P(p), (5.118)
ae Q(p)= p"—l—alpn—'—}—agp"—'?—l— * + @, — xapakTepucruy-
HHH MHOrouseH JjiHifiHoro opHopigHoro piBHsHHA. PiBHsHHA
(5.118) uasuBaioTh donomixcHum, a6o onepamoprum pisHAH-
HaM 19 3azaui Kowri. 3 plBHﬂHHﬂ (5.118) maemo
P(p)
XO)=F O g+ 7y
Ao x, (), x, (f) —opurinam ¢byHKuil
1P
Qi Q)
- (IX MOXHa 3HAlTH PO3KJAJAHHAM HA ejeMeHTAapHi Apo6H), TO

IJIsl UIYKaHOTO pPO3B’A3KY X (f), BrifHO 3 BJACTHBICTIO IO
3ropTKy, ZAicTaeMo qupmley

x(t)met——'c)xl(’c)d'c—}-x,(t) (5.119)

TIpu usomy. F (p) sHaxoduTH He Tpea.

AnanioriYHo HyKaloTe PO3B’SI3OK CHCTeMH JiHIHHHX AH(e-
peniiabHMX piBHSIHb i3 cTaJMMH Koedinientamu. SIkuo e
CHCTeMa '

x1 + apk 4 e+ A1n%n = F1 (0
Xy + Ay Xy + o0 o+ GypX, = [y ()
kn + a1 % + o+ QunXn == fn (t)
'3 movyarkoBuMu ymoBaMu x;(0), ... , x.(0), 10 HCpETBOpeHHHM

Jlanaaca sona NIePEBOAHTDCS B CHCTEMY 7 Jainifinux anreGpaiy-
HUX piBHAHB Bl}IHOCHO nUIyKanux 306pax<eHb Xi(p)y oo

X (p):
240

(0 + a5 Xo(B) + 030X, () ++ + + a8, X,, (P)=F(p) + £,(0)
i anxl(P) + (p + a55) Xq(p) + oot a3, X, (P)=F, (p) + %(0);

---------------------

nin(p + G Xo(p) - (r+ am,)X (D) =F(p)+ x,(0).

3a poss’sskamu uiei cucremu X,(p), ... , Xn(p) sHaxozumo
po8B’s130K X(f), ... , % (f) 3ajaHoOi cCHCTeMH.

Npaukanagsn

1. 3HafiTH POSB’A30K piBHAHHS

O+ 2O =[x =
ze .
FO=2[1+pe* + (1 + 291
Pose’ asania. 3actocyeMmo mepersopenHst Jlanaaca. Maemo
pPX(p)—=14+2X(p)=L[F®) .
aBigguH A
1 Lif®l

X0 =pratore

Buxopucrosyioun Taﬁmmlo i BJIaC‘l‘HBICTb aropteu (5.119), snaxommo
)= 42 S ~2-9 [0 4 9 ¢ 4 (L 4 29] v
O6uucaupmy inTerpan, nicraHeMo poss’si30K
x(f) =t 428,
2, 3maliTu poss’ssok sajaui Komd ‘
C x+4x=sin3t, x(0)=0, x(0)=0,
Posg’ asanna. CknapeMo gonomixue piBusmus
S 3
2 I 1) (o . A——
(P24 X (p) p’+9:$ (P) P FHE*F9"

Poaknanemo X (p) Ha enemenTapHi npo6m:
‘ X 1 3 3 2
Py =—35 pa+9+ 108 54°

3uafizemo BignosinHo o Taénuui WwyKaHuli Po3B’130K:

1
x({t) = 10 sin 2 — 5 sin3¢.
3. 3ualtTH PO3B’A30K CHCTEMH
{3x + 2% fy=1;
X4y 3y=0
mpy t=m0; x =0, y=0,

9 oa _ oMb



Po3s’ ssanks. Hoaﬂaqnmo x )= X (p) y(t)é*Y (p) i sanuwemo

cHCTeMy TOmOMIXHHX DIBHSHB

1
[(3p+2)x 0+ £¥ () = 5§
pX p)+(4p+3)Y(p)—0
3siacn
4p+3 1
B TR I ¥ o)= ECEIOTE=:T
Posknanaour Ha e.neMeH'rapm Apobu, Aicraemo ’
1. 33
X () =5~ 551~ 00T
1 1. 11
Y=75 (p+1"11p+6)'
3a Tabaunep soﬁpa;xenb SHAXOJ¥MO OpHriHaMH
6
3 ==t

1 1 .
r=g—get-me .

L
yy=gt—e ),
4. Posp'ssaTu cHCTeMy _
{3&+;c+'y'-y=et, 2O =y0) =y (0 =0,
i —yty=et, x(0)=1,
Pose’asannn. Hexall x () — X (p), 4 () =Y (p). 3anmwemo cucremy

OonepaTopHUX piBHAHB

(0" 0 XA (0P — DY = =5

1
Pp+HYX+=p+ DY =777,

Toxai, ,3Haxom{'qu X (p), Y (p)iposknanaiouu #a enementapui ApoGH,
nicTaemo

R B 3 1 3p
Y=gpmitagre VT rpone

Qcxinbku

af LN 1 e
Jb(p+1) CES LR

d 1 _ 2p .
Ei_,_)(pz—l)—-—(p2_1)2<" lSht.

TO OCTATOYHO
1 3, _
x{ = shf—}‘z te™t,

t_ gt
y(t)_ S fsnt; sht:‘i——Q—-e—-,

Hapeziemo opurida/in eeMeHTapHux ApoGiB nmepuinx Tpbox
THNIB, SIKi IIHPOKO 3aCTOCOBYIOTbCH npH. iHTerpyBaHHi Aude-
pEeHIiabHUX PiBHAHB.

I. —A—-<— Ae;
—a

p P .
’ : =1,aly
I P -e—A 1)! et |
Ap+B 7( €4 )
III. Al FnTe Acos gt + o singt),
* 2 -
- . Aayg
q:.-‘/az__‘r’ C___B__....2J.3,
’Bl'lPABM

3a nomomorolp onepauiffHOro YWHMCAEHHA 3HAHTH PO3B’S3KH TAKHX
3afau:

Lx4x=1; o - x(0)=0.
2. x4 4x=1; x(0)=x(0)=0.
3. x+3x 2=t x(0) =x(0)=0.
4, X 4 2x 4 5x=sint; O =1 x(0)=2
5, x -+ x = sin 2¢; x(0) =x(0) =0,
6. x4 x=1{c0s2¢ - x(0) = x(0) = 0.
7 %+ x=0 : xO =1, x©0) =3, ¥(0)=
8 x—dx=1t—1; - £(0) =x(0)=0.
o 9 x4 x=1342 x(©0) =4, x (0) = —2,
10, x—x=tet; x(0)=x (0) =0,
4 {35c+2x+y=1, x(0) =0,
x4 4y + 8y = 0; ¥ (0) =0.
12 {x+7x=1/+5 x(0) =0,
T libotSy=—31 - 4O =0,
1. :x+y=0 x(0) =2
y+x=0 y (0 =0.
" { x4 x—2y=0, x(0) =1,
Tl xtay=0; y(0) = 1.
15. {x‘—'_yy x(0)=l»
y 2(x—l-u), y(0) = L.
6 {r-}—?y 3¢, x(0) =2,
) 2x=4 y(0) = 3.
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{x+x=y+e’ x0) =1,

yty=x-4¢ey gy =1,
18. {’fa""y- 0 =1,

y=x-+y ' y O =0

{x+7x-—y=0 x(())-=1,

y==-2x+5y=0 ) ‘ y(0)>==l.

{x+y==0 . . £ (0) =1,

X2y x =0 y (0) = ~1,
Po3zpin 6

ENEMEHTU TEOPIT CTIHKOCTI

6.1. OcHosni O3HaueHHs ¥ veopemu

Ilpu mocaimxkeHHi peanbHUX nporeciB | gBHI, ONHCYBaHHX
cHeTeMamu IHdepeHnianbHAX piBHAHL, BHHUKAE [PaKTHUHA
HeoOXimpicTb He TinbKH Yy Bifwykanui ix poss’saky, a #i y Bn-
siBJeRHi PiSHHX BJacTHBOCTEH NUX posB’a3kiB. OckinbKy npo-
6aema BiAWyKanHs PO3B’A3KiB y 8ara/jbHOMY BUIIAAKY HEPO3
B’'fl3Ha, TO BUHKKAE NHTAHHA NP0 BHBYEHHA TUX afo iHWHX

BJACTHBOCTE# PO3B’A3KiB JudepeHniasbHUX piBHAHb, HE Ma-
 10YM UMX po3B’A3KiB, 83a HempsaMHMH X 03HaKaMu i BJACTHBO-
CTAMH AndepeHniaNbHUX PiBHSIHD.

Ie nmuranHa posrasfacTbea B sKicHid weopil Augepenui-
ajsbHHX PiBHsIHb, ONHHM 3 OCHOBHUX pO3AiNiB Kol e Teopin
erifikocTi po3B’sakiB, afo Teopis crifikocri pyxy.

Hanpuksian, posriifineMO MOBENiHKY KYy/bKH Bcepeauti
(puc. 6.1,a) i soBHi (puc. 6.1,6) napaGosiusoi NOBEPXHi.

Axmo y BHMAJKy @ KYJbKY BHBECTH 8 NOJOXKEHHA piBHo-
Baru B JiesiKuf 11 okix, To BoHa nepexoqvaamme'rbca Beepenuni
NOBEPXHi; Bsajdmaouuch B
OKOJli CTiAKOro moJOXkeHusi ¥
pmﬂosaru.

Pne, 6.2
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Y Bunanky 6 KyJabKa BiIfansieTbest Bif NOJOXKeHHA PiBHO-
Baru gK 3aBrofHO Aaneko. ['oBopaTs, 110 B MEpHIOMY BHIAAKY
noJIoKeHHs piBHoBarn crifike, Tounime, fKmG 06'€KT 3 MHO-
JIOXKeHHs PiBHOBarn BUXOAWTh B HeCKiHUeHHO MaJu#l OKiJ i 34-
JIMINAETEC B HbOMY, TO IIOJIOXKEHHS pmﬂonarn Ha3UBAEThCs
cmitixum sa Jlsnynosum.

Hexafi gesike apuime .Oﬂﬂcye’l‘b(:ﬂ CHCTEMOIO nnqaepenulanb-

. HHX piBHAHb

W=l g ooy U =L, G)
8 TMOUATKOBUMH yMOBaMPI -
Y e) =Y i=1,..., n. ' (6.2)

YmoBu (6.2) e 3BuuaiiHO pesyJIb'raTaMH BHMlplB i Tomy He
80BCiM TO4HI.

Slknio Masi sMiHB MOYATKOBUX AAHHX AAIOTb BEJHKI BiJXH-
JIGHHS posB’nsxiB, TO Taki PO3B’A3KH CHCTeMM He NpPMAATHi,
BOHH HABIiTh HAGJHIKEHO HE ONHMCYIOTh DOSIAALYBaHE ~ SBHILE.
ToMy BaXJIMBO 3HATH YMOBH, TIDH siKHX Maili 3MiHH 10daTKo-
sux ymos (6.2) jaioTb Masi BiAXHJIEHHS pPO3B’SI3KIB CHCTe-
mu (6.1).

SIkwo 3minna ¢ posm;maemca B JIOCHTb MaJIOMy TIPOMIiKKY
lt)— t| < T, To BiZMOBiAbL Ha NOCTaB/JEHE NHTAHHH MOXHA
uic'ra'm BUKOPHCTOBYIOUM TeOpeMy iCHYyBaHHA 1 €AuHOCT
po3B’sI3KY.

TEOPEMA 6.1 (npo HenepepBHy 3a/€XHIiCTL PO3B’A3KY Bij

NOYATKOBHX YMOB)s SKwi0 npasa 4acrmura 0ud)epem41a/zbﬂoeo ‘
PIBHANNA

i=ft 9 (6.3)

Henepepsna i no sminnill Y mae 06mexceny ttacmtmuy noxiony,
If,1 < N 6 npamoxymnuxy

D={l{,—a<t<t,+a yy—b<y <y,+0b},

mo- po3s’asok- pisnanna (6.3) y (1) =y (¢, to Y,), wo 3a00-
s0aonas nouamuosi ymosu y (k) = Yo, Henepepsno sanescumy
6i0 nowamkosux Oanux.

Tobmo 0aa Ve >0 anailidemvcs maxe wucao 6>0, wjo
Koau |y, — Yol <8, mo

l!/(t, tor yo)"—y(t» to’ ’70)'<8
npu :

|tp—t|<T, T<T,, To=min{a,
M= max |[(t, y)|.
¥D

1 b
‘N"TM_J
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Ananoriane TBepiKenHa cnpaseianse i A cucremu (6.1).
[1pu BukoHaHHI Bcix yMOB Teopemu 6.1 roBopsTh, L0 3a/1a4a

KOPEKTHO TOCTaBJIeHA. '
KaxyTs, mo sanaga Komi

y=F 9,

y (t) = Yo
I0CTaB/I€HA KOPEKTHO 3a AjaMapoM, fAKIO BHKOHYIOTbCA
YMOBH: ' ‘

1) poss’asox uiel 3anaql icnye;

2) Bin e)mﬂuﬁ

3) mefi poss’si30K HenepepBHo Sa/IeXKHTh Bifl MOYATKOBHX
yMOB.

[Muranus, [OB'S3aHi 3 TOHATTAM KOPEKTHOCTi, BHBYaE
crienianbHa MAT eMaTHYHA Teopis — meopin xopexmrocmi. i
3aBJAHHA — BCTAHOBJEHHS MeTONiB . JociAiMKeHHsA 8ajau Ha
KOPEKTHICTh Ta 03HAK KOPEKTHOCTi MOCTAHOBOK Pi3HUX KJjaciB
MaTeMaTHYHUX, 30KpeMa JuepeHliaqpHuX, 3a1ad.

Akuio apryment ¢ ¢ {f,, oo) moxe Ha6yBa'm nosmmmx
8HauyeHb, TO TNMHTAHHA Sa/JeXKHOCTI po3B’A3KIB BifA mNouaTKo-
BHX JaHUX BUBuUa€ Teopis crifikocrti. '

_ Os3nauennsg. Hexaid o (f) = (9 (), ... , ®n (f)) — pos-

6’730k cucmemu (6.1). Poas’asox ¢ (1) cucmemu (6.1) nasu-
saromey cmidkum 3a Jlanynosum, skujo 04 6yov-axoeo & >0
- lcHys O >0 mare, wo 049 0osirbrozo. poss’asky y () =

= (y1(1), >, Ya (t)) miei camoi cucmemu, nOHAMKOBI SHAUEHHA

AKQ2O 3a6080/lbl~tﬂ)'0/’nb HepigHocmAM

Lyt — @, )| <8, i=1, .0y m, 6.4)

cnpasedausi ‘HepigHocmi o
ly: ) — @, (B) |<e, i= 1, vevy 13 VEC[E), o0). = (6.5)

Takum unHOM, po3B’a30K @ (£) cTifikuii 3a JIANyHOBHM, SIKIIO
GaM3bKI -0 HBOTO PO3B’A3KH NpPH OYATKOBMX YMOBAX 3alHe
IIalTbCA 6JIH3bKHMH i and Bcix £ > ¢, (puc. 6.2).

VKo po3B’f30K crifikufl 3a JlsnyHoBum i, Kpim -Toro,

limly,()—@®1=0,i=1 ....n  (66)

TO HOI0 HA3HBAOTL ACUMAMOMUYHO CIITKUM.
3asHaunvo, mo 3 (6.6) He BUMJIHBAc CTlHKlCTb 3a Jlaoy-
HOBHM.

Mpukaan B,ocmnnm Ha cTifikicTb po3B's13kH piBHAHHA

= —y, y {f) = Y-
Poss’ asgins. 3aI‘aJIbHHM posB’s8KOM HBOrO piBHAHHE € y =
w= Cexp (1), a posn asgom 3anaui Koini e

_ y= yoexp (Lo~ 1)s
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meo Tenep sanamo inmwi nowatkosi ymoBu y (%) = yo, T0 po3B’A30K
MaTHMe BHIVIAN

] =—.l;oeXP (& — 1)
O'rx(e,
ly—gl=1go—Yp|exp (ty— ) < | yo— Yo!

npu i3> 145, Towy sKWO ly,—g,l<O=¢, 10 |y-~7|<ce, TO6TO
PO3B’sI30K Y = yyexp (f,— 1) crifiguil 3a Jlanyrosum npu ! > Z,.

Lle#i po3B’#30K TaKOX i aCHMOTOTHYHO ci*iﬁxni&, OCKiJbKH
lim |y — | = lim — Yo lexp (t,— ) = 0.
t_?_wly yi= im [go—yolexp (b —1)

Hocninxenua Ha crifikicrs 3a JlanyHoBuMm JOBiJIBHOTO
posB’asky @ (¢) = (9y(f), ..., Pn(¢)) cucremu (6.1) MoxHa 3Be-
CTH 0 JOCJIiJKeHHS Ha CTiHKiCTh TPHUBiaJbHOrO (TOTOXKHO PiB-
HOro HyJI0) pO3B’s3Ky JAeskoi iHuoOI cucremu. J[ad. 1poro
Tpeba ‘nepefiTd o HOBHX HeBiIOMMX (YHKIIH 8a dhopMy.ow

W) =p,O—9@ i=1 ..., n (6.7)
Toni o .
" =% + @i

Tomy eucrema (6.1) neperBopioeTbesi B CHCTEMY

).Ci = fi (t, x1+ (Pl(t)’ cees X + (pn(t»_
—fit, o), .-s @), i=1,...,n (6.8
Ila cucrema Mae TpusianbHHH pPO3B’A30K ' '
5@ =0i=1, ..., n 6.9)

TEOPEMA 6.2. Poss’ssok @ (f) = (9(8), ... , @n (2))
cucmemu (6.1) cmiticuti sa JIanynosum (QCUMNMOMUYHO Cit-
Kuil) moodi i minoxku modi, koau cmidikuil 3a Jlanynosum (acumn-
momuuno ~cmilikutl) mpusiarbrnull pose’A3oK (mouxa cnoxow)
cucmemu (6.8).

Lleli po3B’si30K Mae TaKy BJacTHBicTb: Touka (x,(f), ... ,
x.(f)) ve pyxaerbcsi npm 3Mini £, a 3anuIuaETbcs Ha MicIi.
Po3p’siz0k (6.9) i Touky (0, , 0) npH nbOMY Ha3HBalOTH
BiANOBINRO noaoxcenuam pisnosacu cucmemy (6.8) i mouxoro
CnoKoI0. ’

YwmoBH crifikoeTi A Touku cnokolo x; =0, i=1, ... , n
MOXKHa ubopmymoeam TaK: TO4Ka crokoio x; == 0, [ = l
n eucremn (6.8) crifixa 3a JlanyuoBum, §KUWO Ve >0
g6 (e) >0 Taxe, wo 3 HepiBHOCTI

xR () <<8e), i=1, ..., n,
BUIIMBae HepiBuicTb :
x| <e,i=1, ..., n; VEE[f,, o0).
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[le oaHauae, WO TPacKTOpis, MOYATKOBA TOYKA SIKOI  3HAXO-'

OuThes! B JeskoMy O-OKOJI NOYaTKy KOOPAMHAT, mpu £ 3> f,

HE¢ BUXOAHUTL 3a Me)Kl LOBiJILHOTO €-0KOJly TOYaTKy Koop-

. IUHAT.

Crijl 3a3HaYuTH, MO METOAM AOC/TiJKEHHs CHCTEM Ha CTifi-
Kicte posgiseni JlanyHosum Ha nBi Kareropii. [lo nepuuoi
BiflHeceHi MeToAaM i NPUHOMH JOC/ALJKEHHS CHCTEM Ha CTiil-
KiCTb, $IKi BUKOPHCTOBYIOTH PO3B’fI3KM IHX cHcTeM abo ixHi
oninkn. Cykynuicte cnoco6is nepmo’i KaTeropii Ha3BaHa HHM
MepuuM MeToIoM i B nn‘epaTypy BBifilyIa fIK meplInii MeTOX
JlsnyHosa.

o apyroi kareropii JisinyHoB Bignic Meromu i mpufiomu,
AKi BHKODUCTOBYIOTb HenpsMi O3HaKHW, 33 AKMMH BCTaHOBJIIOE-
ThCSl CTIfKiCTb TOYKM cmoKowo cucreM. CyKynHicTb cnoco6iB i
npuiioMiB Apyroi Kateropil JIsnyHoB Ha3BaB APYyrUM METOAOM,
B JliTepaTypy BOHaA BBillllla fiK Apyruit Meros JIﬂﬂYHOBa

Posrassemo cHctemy JiHiAHHX lIH(pepeHmaJIbHHX piBHSHD
i3 crasumn Koeqnmemamn

=Y apr, i=1, ..., n, (6.10)

a6o
« k= Ax. / - (6.11)
Tlns Hel ToUKa CIIOKOIO X; == 0 i=1, 2, .., n Bseemo

cucremy (6.10) B okin uiei Touku saminoo x; = Ax. Toal

MaTHMEMO 'CHUCTEMY
n

Aky= Y auhxg, i=1,2, ...,n
. k=l

XapakrtepycTvuse piBHsiHHs Ans Oiel cucremd Mae BHrasg

du -_ 7\1 ala "oy aln
agl 022 — 7\: LR azn ) = 0 (6 12)
Qi R

Hexa#t A, — npoctut pificunft xopinb piBHsiHHA (6.12). Toal

BHAXOJIHMO
i
Ax; = Cie™ [Ax;l =|Cy| .
Po3rJ1;meM0 NOBEAiHKY IbOro PO3B’A3KY MpH £ —» oot

lim [Axif = {0 M0

Hexan A; — mificuufi KopiHp KpaTHOCTi m, Toai
Ax; = Cgm=lghit | |Ax; =1 C,l | gm=t le’“i’.
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Jlast nboro posB’A3KY NpH ¢ —> 0o MaEMO

{0, A << 05
lim| Axi={, %S0
Hexaii, napewri, A; — KOMIJIEKCHO-CTpsiKeHuli KOpiHb Kpar-
Hocti m, Toni
Ax; = Citm—le(aziﬁl)t i l Ax‘.' = l C; “ P it ‘ea:

Po3rsHEeMO MOBEAIHKY LbOTO PO3B’ASKY NpH ¢ — oo

lim[ Axtl ={0, ) a<<0;
t>rco 0o, a>0.

Y3araJbHIOIOUH I BHMajfKH, RiCTAEMO TaKe TBRepLKEHHS.

TEOPEMA 6.3. Po3g’asku ainitinoi cucmemu Qudpepenyi-
anvrux pienans (6.10) is cmarumu Koegiyienmamu moedi i miab-
Ku modi

1) emidiki, Koau QilicHi yacmuny 6AACHUX 3HA4eRb MAMPUYL
Koeiyicumis A HedoOammi, NPUHOMY SHAHEHHAM 3 HYAbOLOIO
Qiticroio wacmunoio 8ionosioaome 0OHOsuMipni Kaimunu Kop-
dana, mobmo maKi 6AACHL SHAYEHHA MAIOMb -NPOCHLi eAeMenmap-
Hi dinsmku;

2) acumnmomuuno cmiiiki, Koau OIUCHI 4aCMUHU 6AACHUX
BHAYEHD Mampum A 8i0’emni;

3) necmitiki, Koau x04a 6 0OHOMY BAACHOMY 3HAYEHHIO Mampw
Yl 3 HYav060i0 OLlicHOW0 wacmunow 8i0Nnosi0as HeOOHOBUMIDHA
Kaimuna /Kopdana (maxe enacre snauenns mae npocmudl ene-
meumapruil dlabrux) abo kKoau Ollicha vacmuna nPUHAlMHL
00020 8AACH020 3HA4EHHA mampuyi A Oodamna.

Hanpukian, poss’sisKu cicTeMH PiBHSAHb

{ 561 =3 Xg A= ( 0 l)
= pry—x,, A=\p -l

criliki npu p = 0, acumnrorHuHO cTifiki npu p << 0 i Hecrifi-
Ki npu p >0, 6o BaacHi sHaueHHs maTtpuni A LOpiBHIOIOTh
8HAUEHHAM

et s V57 itV Top. -

Y nepiiomy BHNajKy Ui 3HaueHHA wenojathi i mpocti, y Apy-
FOMy — MaloTh Bifi’€MHi AiHCHI YacTHHH, Y TpeTLOMY — OJHE
i3 sHaueHb JoAaTHe,

Orxe, ANs cucteM i3 crasuMu KoedillieHTaMH Npy PO3B’€-
8yBaHHi B8ajaui Ha cTifikicTb Baxk/HBO 3’sicyBaTH, SIKWH 8HAK .
Mae AificHa yacTHHA KOPeHiB XapaKTepuCTHUYHOTO piBHSHHSA,

YMOBH, NpH AKHX AIfiCHI YaCTHHHM BJACHWX BHAueHb MaTpu-
ui A Bip'emsi, BaJJ.aloTbca{ HaCTYIHOIO TEOPeMOlO.
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TEGPEMA 6.4 (Paycca——l‘ypsiua) ,ZZzchm HACIUKY 8CiX
KOperie pisHAHHA
ak' +a k4 o0 +a, k4a,=0
8i0’emui modi i miavku modi, Koau GoOQMHUMU € 8CL 20A06HI
Oiazonarvri minopu. mampuyi Uypsiya:
a a 0 00 .«.0
a; ay; a; a0 .. 0
as 0, @ aya; -+- 0 |, ~
A 0 0 0 00 -..a,
mobmo-Koau ‘ _
' la, a, O
a; a, a,
a; a4 ag

By=a,>0, A= |3 B[>0, 4~ >0,

ey An:" anAn_1>O.

Npukaag, Hocaizaru Ha crifikicte HyABOBHA PO3B’fA30K
piBHAHHE

gV By + 13y"- 19y’ 10y = 0.
Pose’ asanna. CkIanaeMo XapaKTepHCTHYHEe DiBHAHHS
k- BES-+ 13R%f 195 + 10 = 0,

Tyt ap=1, ;= 5, ay= 13, az= 19, a;= 10,
Bnnucyemo niaronaneui MiHOpH I‘ypmua

5 1 0 0
19 13 5 1
b= g g0 19 13| =4240>0,
0 0 0 10
151 0 .
Ag=|19 13 5|=424>0,
0 10 19
51 ~
A= ,o l=46>0, Ay =8> 0.

&g,MQ A> 0, A2> 0, Ag> 0, Ag> 0. Orxe, TpuBianbHuf poss’xaon
y'=5 0 sagamoro plBHﬂHHiI 4CHMITOTHYHO' c'rmxuﬁ

BMPABM

ﬂocmumﬂ Ha cl‘lﬁKlCTb Hynbonni:x pO3B’A30K 3aJaHHX AHdepeH-
ulanbHuX pisHAHL.

1oy"—3y +2y=0 2. y" + 2" -+ 6y’ +y=0

3. y" —9y' +8y=0 . 4 y" 2" -5y —6y=0

5. y" -5y 49y’ -5y =0 6. y" 4 6y + 12y’ 48y =0

7 y" —38y" +12y' — 10y = 0 8. y"’+27y=0

9, y”’+2y”+2y +8y=0- 10.y 3y’+y=0.
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6.2. Crilikicte 33 nepuwmm HabmnreHrRAM

. Hexait MaeMO cucreMy JupepenIiaIbHiX PiBHAHD _
o= fi(xg, g ven s X))y i =1, ..., 8, (6.13)

i mexait =0, i=1, ... , n, € TOUKOIO CHOKOIO CHCTEMH
(6.13), To6T0 : :

£40,0, ...,00=0,i=1, ..., n.

* Hexait GynKuii f; (xy, ... , X,) AndepeHUifiOBHI B oyaTKy Koop-

JAUHAT [OCTAaTHE UUCJO pas.
Po3BrHEMO B PAA IO X (byHKuu fi sa dopmysoro Tefnopa
B OKOMi MOYaTKy KoomeHaT Jicranemo

x;==2 a;kxk—l-Rt(x,,..., %), i=1, ..., n, (6. 14)

Ie
a/{ (0, 0, oo g G)
, Gy = Oxp ’
a R; — unenH Apyroro mopsAKy MajJM3HH BiIHOCHO Xy, ... , X1
PosrasineMo okpemo Bix cucremu (6.14) cucremy

= 2 AuXp, =1, ..., n, (6.15)

IKY HA3UMBAIOTb CUCHEMOIO Nepuio20 HAOAUJNCEHHS OASL CLUCEMU
(6.13).

- JloBeseHO Taki TBepIKEHHS.

1. $SIxuio Bei KopeHi XapakTepHCTHUHOrO PiBHAHHS

Ay —hA ag cer Gy
a, Qgg— M +ev @ ‘
2 2 2n =0 (6.16)
an ) e Ay A
MaloTh Big'emHi #ificHi uacTHHH, TO HYJLOBHH PO3B’S30K X; =
=0 i{=1, ..,n cucrem (6.15) i (6.14) acumnroTHYUHO

CTiHKMH.

2. Skwo Xoua 6 OAMH KOPiHb XapakTepucTHUHOro piB-
HAHH$ Mae AOZATHY ARifiCHY 4acTHHY, TO HyJbLOBHE Po3B H30K
cucremu (6.14) necrifikufi. .

3. dxwo aificHi YacTHHU BCiX KOpeHIB XapakTepHCTHYHOTO
piBHAIHHS HeJOJaTHi, MPHUYOMY AiiCHA YacTHHa Xoua O OUHOTO
KopeHsi AOPiBHIOE HYJ/O, TO MOCJAIMNKeHHA Ha cTilikicTh 3a
nepuinM HaGMHKEHHAM, B3araii KaXyuW, HEMOMJIHBE (IOYH-
HAIOTb BIVIMBATH HeJiHifiHi uieHH R)).
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Npuknaad

1. Hocnigute Ha crifikicts 3a. mepiinM HaGAMMeHHAM TOUKY
cokop X == 0, y = 0 cucreMu .

x=2x 4y — 5y?;
. 6.17)
y=3x+4y+ -'2')63.
Posg' 23anna. PO3IJIsSHEMO CHCTEMY TepLIOTO - HabJaHKeHHS
¢ = 2x -+ y; 2 1
{ Al ( ) . (6.18)
= 3%+, 3 1

" Heniniitni wienu 3aforonbHs10T T0Tpibai yMoBH: ix nopsmon > 2,

“Cxnanemo xapakrtepuctuyse PiBHAHHA Iast cucreMu (6.18):

2=t 1 0, abo A2 —3A—1=0
3 1—p|T AOATTA=I=0

Bono mae nificui kopeni A, =?%/_l§, 7»3=3L2@ i A>0

. Otxe, uynvoBuf po3s’'sasok x =0, y =0 cucremu (6.17) He-
crifiknit. '
2. Iocninuty na crilikicts 32 mepuwuM HaGaHKEHHAM CHCTEMY

{;'uz VT 4y — 2%+,

y = sin ax 4 In (1 — 4y), a = const.
_ Poss'ssanna. Bupinumo niifiHy uwactury ¢ymkuiit x, y 3a tops
mynoro Te#aopa: ‘

{fc= —2% — y-+Py (%, 9);

y=ax—4y -+, (x, p)- ,
Tyr dyrkuil ¢, i Py pisui O (x2-- y?). 3maxonumo xopeni pis-
H:

WHH]
: ~2—2

a

—1 )
4 AI::O, A2 L 6A+84a=0,
C hp=-3=V1-a |
Ilpu a> 1 xopemi kommaekcHi, Rekl’z =_-3<0, a npH
—8 <'a << | Kopeni xificui Big’emui. OTixe, y UHX BHNIAZKAX HYJABO-
BHi DO3B’A30K ACHMMITOTHYHO CTiHKHA.
Ilpn & <8 onun kopink nonatuni. OTxe, HyJALOBHH PO3B’A30K
HecTiftkui,
Ilpn @ = —8 Maemo A== 0, Ay= —B6, { nuranna criiixocri 8a uuMH
N8HHMH He PO3B’A3yeThCs.

6.3. RochigkeHHs CTIHKOCTI 3a METOZOM
tbyHkuin Nanyuosa ‘
- Hexat V (x) =V (ry, %5, ... , %,) — cKaasipHa OGyHRUis
8MiHHO1 X = (X,, ..., X,), BU3HAueHa | HenepepBHO AudepeHi i
HoBHa B KyJIi ‘
) Krﬂ{xERn: llxli<r, r>0}7
npuuomy V (0) = 0.
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®ynguito V (¥) HasHBaOTb 3rax0susHawenow Hodamsmoro
B Kyai K., saxmo npu Bcix x ¢ K,, KpiM Toukn x = 0, BHKO-
Hyerbcss HepiBHicTs V (x) > 0. fxkmo BHKoOHYyeTbCH HepiB-
nicts V (¥) <0, To ¢yHKuio. V (X) HaSHBAIOTL 3HAKOSUSHA-
HeHoi0 810’ 8MHOID. '
B o6ox uux Bunagxax V (x) Ha3uBalOTh 8HaKOBH3HAYEHOIO.
dyuxuio V (x) HasUBaOTL 3Hakocmanoo B Kydi K, sikmo
vx € K Buronyerbca Hepisdicte V (x) > 0 a6o V (x) <.
Y nepwomy Bumazky V (x) € noaarso crajsa, a B Apyromy —
Bii’eMHO cTana

ko ¢yukuis V (x) HabyBae B Kyai K, fIK AONATHHX,
Tak i Bif’eMHHX 3HaueHb, TO il HA3UBAIOTb 3HAKO3MIAHOI0 B K,.

PoarasgneMo cucremy AHpepesuialbHUX piBHAHD

| F=f®, @
X = (xl, Voo g xn), f= (fiv soe 9 fﬂ) .

y npunymenni, wo ¢yukuia f (x) BH3HaueHa, HenepepBHa
B Kyai K, mnpu JesikoMy r, 8aloBojbHsie yMmoBY Jlimmuna
B K, i f (0) = 0. Ocranns piBHicTb 03Hauae, wo X = 0 € pos-
B’siskom cuctemu (6.19). '
_ Hexaft x = x (f) — peskuft po3B’A30K CHCTEMH (6.19).
Bagosx iuTerpansHol KpHUBOi UbOro po3B’s3Ky Qyrkuia V =
= V(x(f)) six byHKuis aminHOi { HenmepepBHO AHbepeHIlifioB-
Ha, i i moxigHa ue

W

n n

VNV dy | NV .

zt— = a—x; 'd'T— axkfk (x)-—(gradV, f).
p==l k=l

Hoxidnoro no ¢ sixg dyukuii V (&), cknageHoo 8a CHCTEMOIO
(6.19), HasuBaoTb

V =(gradV, f(x)).

TEOPEMA 6.5 (Jlanynosa). Sxwjo 048 cucmemu (6.19)
e o6aacmi K, icnye'snakosusnauena gynkyis V (x), noxiona 6i0
Axol no sminuill t cxaadena 6i0nosiOno 0o piexans (6.19) i 6
BRAKOCMAAOI0 (YYHKYIED (3 3HAKOM, NPOMUACHHUM BHAKY (DYH-
kyii V (x), abo momoocHo obepmasmoci 8 HYab, Mo HYyAbosutl
po3a’ 230k X =0 cucmemu (6.19) cmidxuit (y posyminni Jlany-
HOBa).
Npuxaaa Jocnigurn na crifikicTs TOUKy CHOKOIO % =n y w= 0
EHCTEMH plBHi!Hb
{:v ==y — x5,
b € —X — y’ 0
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P36’ azanua. ®yﬂxum V= x2+ 4® 3a0BOJIbHAE YMOBH TEOPeMH
J'[ﬂr[ynoga V>0 0=2(r+ yy) i BS}IOB){«, ifrerpaabuux KpHBHK
SI‘IIIHO l3 sanaﬂo;o CHCTEMO1IO

V=2( (g — )+ y(—x— %) =2 (%) <0.
Orxe, Touka cnokoo ¥ =0, y =2 0 crifika,

TEGPEMA 6.6 (Jlsmynosa nipo ACHMNTOTHYHY CTilKiCTb).
Aruwo 0ra cucmenmu (6.49) icnye anaxosusnavena 6 obaacmi K,
Pynkyia V (x), noxiona no t 6i0 akoi V ckradena 6idnosiono
do pienant (6.19) i ¢ maxoim SHAKOBUSHAUEHON (3 3HAKOM,
npomusescHum 3naky pyuxyii V (x), mo Hysvosuik poss’ A30K
cucmemu (6.19) acumnmomu4no cmidKud.

ITpukaap JoBecTu, wo cHerema
X =y—x
{é =x—y
'Mae aCUMNOTOTHUHO CTifikHA posB’siB0K £ == 0, ¥

Posg’ ssanns. Cnpasai, dyrxuis V(x, y)=x‘+ y’>0 r ft
noxigua

Vix, g) =2xx+ 25 = —2 (x* + 49 < C

NpH %, y == 0 3a70BOABHATL yMOBaM TeopeMH 6.6. OTxKe, Touka CIOs
Koo ULiel cHCTeMB AacHMITOTHMHO crifika,

TEOPEMA 6.7. (JIanynoBa npo wectiiikictb). . SKkuwjo 04n
cucmemy pisHane (6.14) icuye pynukyia V(x), maxa, uo noxid-
Ha not 8i0 axoi ckaadena 8i0nosioro do pisuans cucmemu (6.19) i
6 sraxosusHaderoo (cama Qyukyis 'V (x) 6 0osireHoMy O0KOAL
mouku X = 0 He & 3HAKOCMAAOW) (3 BHAKOM, RPOMUACHHUM
sraky 'V (x), mo Hyavosutl poss’asox cucmemu pigHane (6.19)
HecmilKkui. :

_Pospgin 7

: HABHM*EHI METO[IX IHTErPYBAHHS
AADEPEHLIIANIBHMX PIBHSIHDb

s nocutb oOMexeHHX KJaciB AudepenuiabHHX PiBHSHB
MOXK11a JicTaTH PO3B’sI30K B KBaJpaTypax i HaBiTh B eeMeHTap-
HuX dyrkuiax. Tomy mocrae BaxinBe HHATaHHS PO NOGYAOBY
HabJMKeHHX DPO3B’a3KiB AudepeHUiasbHHX piBHAHb. MeTognH
nobynosn ix 3 Hamepefi 3a/laHOI0 TOYHICTIO HAa3HBAIOTh HAG/IH-
XKeHAMU MeTolamy iHTerpyBaHHst InQepeHUiaibHHX PiBHSAHD.

Teopisi uux meronis JoGpe possuHeHa i € MoryTHiM anapa-
TOM JOCJiJXKEHHs TpoLeciB, ONHCYyBaHUX AHQepeHIialbHAMU
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piBHAHHAMY, AKi Re iHTErpyloThca B KBajiparypax. Bona pos-
BHBA€EThCs B OCHOBHOMY B ABOX HAmpsMax: Teopisl aHaJiTHYHHUX
HaO/IMKEHUX METOAIB THTErpyBAHHSI Ta TEODist = WHCEJbHHX
METONiB PO3B'sISyBaHHA JU(epeHIiaibHUX DiBHAHD.
Ananimuani  memodu — ue noGyioBa HaGMMKeHUX PO3-
B'f3KiB AndepeHniaibHUX DiBHAHb i3 3aQaHHM CTyNeHeM TOY-
HOCTi y BUTJISIZAI aHAXiTHYHUX Bupasie, ToOTO (hopmy.a. Cioau

Bl)IHOCHTb ACHUMNTOTHYHI MeTOAH, METOA MOC/iJOBHUX HAGJIH-

meHb [likapa, MeTol cTemedeBux psai, psaais Pyp’e 7a in

Hucervrni memoou inTerpyBaHHsl AndepeHniaTbHHX pPiBHAHB
€ OCHOBHHUM IHCTPYMEHTOM AOBEfeHHs1 DO3B’A3KY - AudepeHti-
anpHUX 8ajad Ao udcaa. Cepell HHMX CTil BHAIJIHTH MeTOR
naManux Efitepa, merog Pynre-Kyrra, meron Anamca, meros
CKiHUEHHHX Ppi3HHID. '

Avanituuni i uncenpHi MeTOAM HAOJAHXKEHOrO pO3B’3yBaH-
Hel IudepeHuiasbHUX PiBHSIHL OprafiyHo 3B’si3aHi, - BOHH
B3aEMHO 36arauyioTh i JONOBHIOIOTL OAHH ofiHoro. Lleii B3aemo-
3B’A30K H4B PO3BHTOK TaK 3BAHOMY YHCEJIbHO-aHAJNITHYHOMY
merony A. M. CamoiineHko.

7.1. Mervoa nocnifoBHux HabmukeHb
. Ilpu nosenenHi Teopemu icHyBaHHsA 1 €fHHOCTI PO3B’SI3KY
y =i 9, (7.1)
Y () lemsxo = Yo : (7.2)

Gysio MOKa3aHO, WO U 3ajaya  eKBiBaNEHTHA JOCHAIIKEHHIO
PO3B’SI3KY iHTErpasbHOro pmnﬂm-m

y=%+fﬂ&wh- _ (7.8)

Ha6nuxenuit po3s’a3oK inrerpaapHoro p iBHAHHSA 3HAXOAHTHCA
3a peKypeHTHOIO dopMyJoio

“gagayi Komi

. x
Yn () = gp+ | Ft, g (1)) 1, (7.4)
Xo
NpHYOMY 3a MOYaTKoBe (HY/1b0Be) HAG/IMKeHHH MOKHa B3AITH
6yab-AKy BiZOMY (QYHKIIIO yo(x).
Sx mpaBuio, 3a HYJbOBE HaGJIHIKEHHs OepyTb NOYaTKOBE
3HaueHHs Y, (7.2) wykanot Qyngmii.
31006yTi HabauKeHHst 36ixkui Ko poss’ 13Ky B lHTepBaJll
()c0 — 8, X+ &), he e — Hafimerue 3 yuced a i O/M, nputIOMy
a i b — foBiibHi xojartHi ukcna, Ans AKUX

Y—a <X <Kt a, yy—b < y<yt b,
8



a M — xoHucranra, wo oémexye 3HauUEHASA cbymum f (x, y)
B Li# obuacti:

1F(x y)l<M Vx, yeD.

INpukaag MerogoM HOCHiAOBHHX Hadnmxeub 3pafiTH PO3B’d- -

80K aaﬂaqi _ i
y= 4y O = 7.5)

Po3s’ azanna. BaAaHe piBusinua ainifine, ToMy, 3rigHo 3 Teopemolo
Koui; icuye poas’sasok i mpuromy emmuu l'lepex’memo 0 inTerpasb-

HOTO pmHﬂHHa (7.3)
y=1+ jy(x) dx.
¢

3a Hy/apoBe HaOJHXEHHA Bi3bMEMO NOYATKOBE SHaUYEHHS
Yo ()= 1,

Toﬁi 3a ¢opMynamu (7.4).

l/l(x)=l+g- lede=1+4ux
e
x93
mx)=1+V((1+x)ax_—_1.,_,,_,_2_,s

y,(x)::l-{-f(l—{—x—l— )dx =1+x+2l +3!.....

x3 48 . xn
yn(x)=l‘+x+§!‘+§!‘+u.+a.
QOrxe, ‘
- lHim y, (x) == e*,
n=oc
Ppanuuia QyHKIIA y = ¢* { e wykauum poas’saxoM. Koxue 3 mocai-

AoBHHX HaGMHXeHb Y,(¥) Hae HabiMkeHe SHAuYEHHS IIYKaHOTO po3-
‘B’ A3KY:

y=etn l+x+§—'+--‘~+’,§—,syn<x>

ﬂpu IbOMY YHM 6inbumﬁ HOMep HaGJMHXKEHHS, THM MeHIna noxudxa
npH 3aMiHi TOYHOTO POSB’ASKY #0ro n-M HaGIHKEHHAM.

et meTon wmHpoko BHKODHCTOBYIOTh J/Ifi  3HAXOIKEHHS
KiJIbKOX NEpuiMX HaGMuKeHb y DPisHHX Kiacis ,uncpepenmanh-
HHX piBHsHb abo ix cucrem,

"

Opuknanu
Y. 3nafity poss’ssox sanaul Komi mis- cHcTemn

_{_z}=5y-|-4z; Sy =1,
‘ 2 =4y + 5z, £ (0) = -ls
Pogs’ asanus. Maemo

[ -8
y=1+{Eutama v =1
0 .

I3
;_1+S(4y+5z)dt, 75 () =1,
B o

1 1
yt(t)_—_1+gl-dt=1~+t;
0

14
u@®=—1+[Ddt=—a+9,
0 o :

)
ya(t)~_=1+j'(5(1+t)-4(1 1) dt =l 2+ 358
0 . .

[
t8
z,<:)=_1+$<4<1+t)—-5(l+t»dt=—-(‘+‘+2T)’
0

yn(f)=(1+f+2‘[+ +,)—>e‘e
== (144 g+ i) =t

Otxe, WyKanuM poss’ A3KOM 3aNaHO] safaai e cykynnicrs QyHKuid
= gt, z = _-¢t. [leil po3n’a30K enunui 3a Teopemoro Kowi icuysanus
€AHHOCTi po3p’ A3KY.

2. 3nafiTH posm’s3ok 3apadi Kowd

y'=e”+y’, Xo=0, !/o='=0-
Poss’ asannn. 3paxoauMo nepiui HaGMHMEHHS:

¥y (x) = o+S(y%(x)+a‘)dx——$e”dx==e”-—li
¥q
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x . . L4
b () = o+ 5<y%<x)+ex)dx=S«ex—l)wex),dxz
0 .

:=S(e2x_ex+1)dx leax__ex_l__x_l_?.

s 3HaXOI[)KeHHS[ inTepBany 36ixkamocti mnokaajemo a=1, b= 1,

1 X .

~Tomi M=e- 1, M= m> 0,25, O1xe, 3106yTi nabanxennsa 36i-
rajThCa 40 MyKaHOro Po3B’A3Ky B imtepBaai (—0,25; 0,25).

TMokaxkemo, K 3sectu 3agauy Kowi paa nimifinoro pude-

peHLiaJbHOro piBHSHHA JO iHTerpajbHoro piBHAHHA. Maemo -

YO+ p ()Y s - p () y=f(x), (7.6)

ae py(%), «. s paf(x), f (¥) — HemepepBHi Ha (g, b) dyHKuii.
[Tpu x = x,

y(x) =Y, y’ (x) = y;), ey y(n—l) (x) = yo("'—l). (7.7)
Hexa#t icHye poss’sisok 3amaui (7.6), (7.7). Iloknagemo
Y (x) = u (x),

¥ (x) = g + 'g u (¢ dt,

Y= (x) =yl 4yl (5 — x,) + (2) dt

Xo
— 2
YO () = gD - D (6 — ) + g (i'fliO)' +

o‘oo 'Q ooooooooooooooo *

Yo (3) = gipem + g+

(x - f)
(m—

+ s E i

i u (t)dt,

x-"‘xo)z

y(x)—ymLy'o"‘l oty EGF 4 e

!

4 ygze-nf"_"_‘ﬂ)__ S T’T——i—u‘(t)dt. _(1.8)

Hasenemo KopoTKuit 3ammc UHX BHpagis:

m

) |
~ = )™ U (o mety oy
§om () = 3 g T ] 5 (x—" u (t) dt

ra=x]

(7.9
Toni plBHﬂHHﬂ (7. 6) MatuMe BHIVIAJ

Yo }.. P (X)) = f(x)

l'quc'raBuMo CIOAH snai'mem BHpasH. [licranemo

u(x)+j2pm(x>"‘“‘” oty dt+

xo Mol

+ y Z o= oI (),

m==| real
BeeseMo nosHaueHus

— am=1
K(x’ t)=_2 pm(x)(x t)l)l ]

m=l

n-r (x )mr
h(x) = F () — EZw Fie ia

m==| re=}

- Orxe, 414 u (x) MaeMo iHTerpajabHe PiBHHHSA

x

u(x)=h(x)+ | K t)u@adt. (7.10)
Xo
Hexalt, naBnaku, iHterpasbue piBusnHA (7.10) Mae pos-
B’S130K 4 (x) Jlerko noGaunt, wo QyHkuis (7.8) e poss’ss-
KoM safaui Kouri (7.6), (7.7). CnpaB).u NOYaTKOBI YMOBH 3a-
ROBOJILHAIOTHCA, AudepeHliloBanHs BHpasy (7.8) nae cmiBBia-
HowenHs (7.9). TligcraBasiouw ix y piHsaHHA (7.6), ZAicTaeMmo .
TOTOXHicTh (piBHicTb (7.10) € MPH LLOMY TOTOXHICTIO).
Taxkum umnoMm, Mixk po3B’sskamu sagaui Kowi (7.6), (7.7)
i pos’siskamH inTerpasbHoro piBHsiHHSI (7.10) mae Micue
B3a€MHO OJIHO3HayHa BilNOBiAHiICTb, fIKa 3ajacTbcsl (GopMy-
aowo (7.8).
Anasoriuio nonepenuboMy MeToloM [likapa nokasyemo,

- mo piBuaHHA (7.10) mae egnHuii poss’ AI80K, OTXe, i sanava

Kouwi (7.6), (7.7) mae rex eauHuit posa A30K.
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n p.R K a1 & fie [TepefiTu Bix sanaui Komdi, :
! ‘x+(l + #)x = cos 4, x(0)—0,x(0)— 2
#o imTerpansmoro piBHAHHA. ‘
]

Poae’nsaunﬂ,. Hexaﬂ % =0 (), Tomi x.= 2+ S' u (é)ds,

xm_w+j5

[Tiacrasasoun snavenus x (9, * (9 B sanaune piBHmex, MaeMo |

u (s) ds.

4 (¢) = cos £~ 2% (I +t’)—§(1+t’ ) (¢ — 8) u (5) ds,

wo # Tpeba 6yao AOBECTH.

. BTIPABMU
3uafity nepui Tpu nocninonni HaG/qHKeHHS TaKHX 3ajaq:
l'y___xi__y2 ‘ ( l)=0.
2,y =12+ y% y(0)=0.
8.y =x+y; ‘ y(0)=1-
4, y’=2y—2x’—-3; y(0)=2‘
5. xy’ =2x—y; oy =2
6. y' —x—l—y" y () =
Ty +739=0 yO =1,
8. y =x—y - ' yO=1.
9. y = x¥yt—1; yO =1,
10. ' =x%+y; - yO=1
3pecrn o inTerpanbuoro pisHsnaa Taxi sanaui Komis
Ly +y=ux : y(0)=0, y(O)—l
2 ¢ 41y +y=5; YO =1,y =0,
3, yt—y = e?; y(0)=l
4. " 4y = cos x; -y O =y O =0
5. Y —y"sinx + ety = x; yO) =1, y' O =—1,
6. 4" — By’ 4 6y = 0; yO=y"©0=0.
1. 4"+ 23y = cos'x; y(©0)=0; y* 0 =2
, 1
8, y’”'—-2xy==0‘ y(O)__ 7 y‘ (0)=y”(0)=l 1.
0.y + a7 =1 yO =y O =14 0=0,
10, ¥ —y =sinx; y(0)=y'(0)=1-

HoBenemo ieHyBaHHS i eauHicTb pO3B’ASKY oxHopiAHOl
-cHcTeMH AudepeHiianbHUX piBHAHD.
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Posrasuemo samauy Komi

x(ty=A() X, x(t,,)——xo, XE R, (7.1H
TEOPEMA Hexad A (f) (n X n)-mampuwz ] ﬂenepepe-
RUMIL HQ [a, bl eremenmamu ai; (¢), i, f=1, ..., n. Todl

na la, bl icnye edunud nenepepsro 6u¢epeﬂzudoeuua eercmop‘

x (1), wo sadosoabuag pisnanna (7.11), axwo 8, € la, b).

Hosenennasa [lpunycramo, mo BekTop X (f) 8amo-
BOJIbHSIE YMOBH Teopemu, i nepefinemo Bin piBHauma (7.11)
o iHTerpasbHOro piBHAHHA

. |
x () = x, = SA (3) % 3) dv. (7.12)

Ockineka A (t) i x (/) nemepepsri, S A (r)x (®)dv — .umpe

peHuifioBHa QyiKuis, i, orxe, BeKTOp x (), BuaHauenuit q)op-

~myanoio (7:12), mudepennifiosanii. Hdxuo B piBusmHi (7.12)

t = £y, 10 % (f)) = X,. TakuM ynHOM, _BeKTOp X (), Bu3HaueHH#H
qlopmynoro (7.12), moxe Gyt posB’siskoM piBHsHHA (7:11),
AIKHA 82)1080/IbHSAE 3a/aRi MIOYATKOBi YMOBH.

Ias- spyurocti BBEAEMO No3HAYeHHS (ry? H. B. M.— Hafl-
MeHIIA BEPXHA MEXa):

|4 (5] = max E laiy ()1, 1€ [a, b]; (7.13)
l|A(t)|| EEH“B M| A (7.14)
lx(®)| = max |x: @], tEla, b]. (7.15)
Nx(@) ||sa(1[3 M. |e=* =t x (8)|, a>0. (7.16)
3ayBaxumo, mo IA(t)l i lx(t)l—cxanﬂpl-u q>ym<uu t,
'rom ak A @) i ||x (@)} —cranapui koncrantw. 3 (7.13)
i (7.15) BunsmBae, wo
[ABx@B] <|A®e@], (7.17)
a3 (7.14) i (7.16) maemo - -
ABOxO<ABNTx@ Il (7.18)
Pisuiers (7.15) obrpyHToBye iHTerpanbHy HepiBHicTB
' t L
|§x(m) d'c|<S|x‘('ﬂ)|d17. (7.19)
o ¢ ‘ .
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BusnauumMo iniérpanbﬂnﬁ omneparop:
. : : t :
rx@={a@x@de (7.20)
; ‘ ,

Hexait #— Zeska Touka Bigpiska la, bl, mpuuomy #,<< ;.
Toxi - ' - |

LA
Irx@)i=|{4@*@ dv| <

o | t |
<{lAamemiav<[1a@IIx@Idn.  @2D)
t to :

[TomuoxuBIH HepiBHiCTb (7.2]1) Ha ¢=~* ¢4, micTanemo

t, .
< |14 (@) | e o=t x (3) | =0 et g6t do,  (7.92)
% : '

Biznosizso o (7.14), (7.16) | ymoBun #,<<® <G ¢, HepiBHicTB
(7.12) MoXHa samucaTH Tak:

. t
| Lt () | e~ =t < | A ()] 1% () )( e=a (k) dn, (7.23)

me ((,—7)>0.
OckiybkH

ty ) .
femato g L _pmeton) o 1, (7.24)
fo :

10 mepishicTs (7.23) HaGupae BHTISAY
|Fx () [e=elomtd 2| A @[]l (Bl (7.25)

Bukopucrosyioun (7.16), mieraemo

(Tx(f,)] e~ t—tol = B B.w. (L% () et | =
. t€ [a; b]
=[x (t,) | e=e 1=, (7.26)

ML @)l =1Tx () |e=tnl < A O NIx @l, (7.27)

Wrxmll<A@IIc@l (728

L5t sepiBHiCTb BUKOHYETLCS TIPH JOBIJIBHOMY O, TOMY Brbepemo

a>—lA@l, 0<kt<l (7.29)
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Toni

k> 1AQN (7.30)
O6'enayioun nepinnocti (7.28) 1 (7.30), smaxogumo-
Irx@ll < kllx@ll. - (7.3]
Taxum unHOM, MOXHA AOBECTH, IIO ‘
| rx (B < & [[x @)l (7.32)
Orxe,

15, rxo1< B im0l < #1201 0.5

BukopucTOBYIOUH- 1li pesy/bTaTH, MOXKHa nobylyBaTH Io-
CJ1iI0BHiCTb BEKTOpiB

X0 (), X,0), oens Xa(l)s onr s (7.34) -

sika piBHoMipHO 361xHa Ha Biapisky la, b] g0 poss’sisky pis-
Hanus (7.12), ro6ro

rlﬂ %) — xn (] =0. .(7-35)

SIkmo wo mnoGyjoBy BHKOHaHO, To lim X, (f) samoBo/bHsIE
» - * . . n-;’m - .
pisusuns (7.12) i BiAnoBigHO e pos3’s3KOM OXHOpiNHOrO piB-
HSIHHS (7._11). 3a TaKy mocaifoBHICTH BEKTOPiB MOXHA B3SITH

HOCAi IOBHICTD '

Xo(O)=x,, (7.36)

i : :

Xn@)=X,+Tx, 1 (t),n=1,2, .- - (7.37)
Toni ' ‘

X1() =xy 4 Fxy= (14 T) x,,

Xy () =X+ Ty = (I + I 4+ I'*) x,. (7.38)
8a merozom iHAYKnii

Hn@)=U+T 42y oy g, (7.39)
Ipp m<<n : C

Enl) —Xn@ =T L pmtay | Ly, (7.40)
3rizHo 3 nepiBHicTIO (7.33), i3 cnippigHomenHs (7.40) nicraemo
Hxn(®) — xm (@) | < (Rm+1 + Rt 4o R il. (7.41

Ko & :
STk 3:”;1[21?onbﬂﬂe YMoBy (7.20), To ,

m‘=k'"+‘+km+2+..-+k"+--- (7.42)
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Onxe,

Eodl o pmd2 4, o+ kn < ’;nj_l (7.43)
i | =
1) = Ol < kol (744

3slacu npu m —» oo i BiAmoBigHO Mpu 1 > 00

lim || o () — s () 1| = 0, (7.45)

o piBHOCHJIBLHO ,
limlxn(t)—xm(t)]zo | - (7.46)

TaKHM YHHOM, NOGTIAOBHiCTH (7.34) pisHomipno 86ikHa Ha

[a, bl 1o nesoro HemepepeHOro BekTopa. [losHauuMmo fioro

X (9. Toni BianoBiano 1o piBEsHEA (7.39) maemo

X () = lim &, (f) = 120 Iix, (7.47)
13er 0o =
Slxmo B pisnaAnH] (7.37) nepeitn fo PpaHHUi mPH 1 — 0o,
T0 ‘
lim x, (£) = lim x, 4 lim X, (2). (7.48)
=0 Nn—»0 ero0

Ockinbka I' He 8aneXuTb Bij onepanii PPaHHYHOPO NEPEXOLY,
)

X =x, +Tx(), (7.49) -

460, BHKODHGTOBYIOUH osuaqemm I', nicraeMo
x(t)_xo+SA (v) % (v) dv. (750)

Orxe, JBEKTOp X ® safioBosibHsie piBHsHHA (7.12) 1 e myKa-
HUM pO3B’A3KOM ORHOpiAHOro piBHAHHA (7.11).
Taxum yxHOM, pO8B’A80K piBHAHHA (7.1) Mae BUPASR

x(t) = }E rx, : (7.51)

Le# Bupas BHKODHCTOBYIOTh /15l 8HAXOKeEHHs PO3B’fI3KY JIi-
HifiHoro onHopizHoro HudepeHniaabHoro pisHAHHA (7.11) y
¢dopmi 36ixKHOro HecKiHYEHHOTO psly.

IcHyBanHs posp’a3Ky goseAeHo. JloBegemo wenep efus
HiGTh pPosB’AsKYy X ({).

%4

. Hexa#t MaeMo ResiRHA posB’A30K y (¢), BiaminnuA BiR X ().
Oexmmm posB’si30k y (f) 3anoBosbHsi€ pipusmua (7.12), To

YO =x,+Ty(). (7.52)

3acTocoBYiouH CMiBBiJHOUIEHHS (7.37) i (7 34) no piBHAHESA
(7.52), nicraemo

YO —xa () =T g0,
rigio 8 nepipgicrio (7.32) -

Hy @) —x. ()l < £y () [
Ipu n — oo '
lim [l y () — % (A1 = 0.
Orxe, nocm,uonmc'rb (7.34) na la, bl pisHomipHO sﬁwae%ca
2o ¥ (), To6TO0 pO3B’A30K €AHHHUE.
Teopemy - AoBeneno.

Mpukunangn

~ 1, 3mafiTH po3B’a30K Jimifioro onnopumoro IudepennianarHOro

plauaai 3)-Co). (26)-6)-

Poso’ asanna. Buropucraemo dopmyay (7,51), ne

1
I%, = (0)

d ‘ 1
l + ey ts + sen
x(t)=2r‘x,,=( 3 )
{18 ‘e
pary taft
B okpeMHx BHmagkax MOKHA 3HANTH CyMy HeCKiHUEHHHX psaais,

mo Gyno Bxke spoGreHo paniue,
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2, ‘3nafiTH PoaB’A30K JuepeHUialbHOTO pishaHHS

(-2 )6 G-

Poée'ﬂaaﬂuﬂ, 3rigno 3 popmynow (7.51)

Iox, = ((1)) .
_ t
O (GO RS [P

(
(S )()t—_fom_-a.
) .

( 0 )2 e,
=\—2 -3/ 0

@ e o F 2 2+ e 8

._ 0 N\ /W4 tn
Ixy= (.—2 —3) (o)( al 0) .

O'r-)mz",, .
OS]

OCKiJIbKH HeCKIHUEHHUA PN YTBOPIOE MATPHYHY €KCNOHEHTY, TO Po3:

B’A30K MaTHMe BUIIAX

‘ 0 1 I
X ()= exp (__2 ___3) (F—ty (O) .

- Buxopucrosyloun Teopemy Cinssecrpa [32], snaxonumo

ool g lt=te) _ y=At=ety)
X = z
) __Qg""(t“to) + Qe'““2(t—'to)

7.2. luterpyeanHs gudpepeHLianbHux piBHSIHL
3a JONOMOrolo crenexHesux pagis

SIKUIC He MOMKHA SHAHTH 8araibHHL imei*pa.n pisHAHUA
F(x, 9,9y <o+ ym)=0 (7.53)

OAHHM 3 PO3rMIAHYTHX BHIIE criocobiB, TOHI 8aCTOCOBYIOTH CHO-
ci6 PO3BHHEHHA LIYKAaHOTO Po3p’ A3KY B AL

Hexalt pipnsuns (7.53) pose’sisane BigHocHo .crapiioi mno-
xigHoi: ‘

Y™ = f(x, y, 4’ «+- , ym-n), , (7.54)
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BifioMo, 010 KOAH f aHaMiTHYHA B OKOJi MOYATKOBHX - 8Ha-
YeHb cBOiX aprymeHtiB (x, g, ¥', ... , ¥™D), To i posB’sA30K

y=y - (7.55)
€ aHaTiTHIHOIO DYHKILieo B OKOJi TOUKRH X,. Tomy 'BBaXaloTb,

mo interpaa (7.55) piBusuusa (7.54) MokHa POSBHHYTH B PaJ

Teiiiopa a6o MaknopeHna. §IKkmo posBHHYTH Y (x) B psm Te#t-
nopa, To AicTaHeMmo

y(x)= y(xo)+ v (xO) (x— xo)+ (x X)*+

..._Ey‘ (o) (g — oty (7.56)

k=0
a SIKUWOo B .paX MaKJIopeHa, TO

y® =50+ 52 ‘°’x+y2, B =

(]
~ 2 y—(%x’@. (7.57)

k=0
B oﬁ.nac'ri 36iKHOCTi TAKOro PSIAY, OYEBHAHO, AiCTAHEMO TOYHUR
poss SI30K y (¥), @ yacTHHHA CyMa PALY AaBaTuMe HaGixeRHH
po3B’ 30K plBHHHHﬂ (7.54). Tlpn wboMy CyTb - BBORHTLCA 1O
TOro, 106 8HaliTH Be/NHYHHA y®.(x,) abo y® (0), BHKOPHCTO-
Byiouu piBHAHHA (7.55) aGo (7.54). dudepeHuitoioun piBHiCTH
(7.54), BusHavaoT, Koepinientn y® (xo) (y* (0)) uepes nep-
mi m 8 Hux. Pemra KoedinieHTiB 3anyilaerscsd HEBH3HAYEHOIO,
i ix MokHa BBaKaTH HOBIJILHAMH CTaJIHMH:
YO (xg) =Cp, k=0,1, e¢c ,m—1,
Toni saranbHUil inTerpan maTtHme BHPAAZ

Y (x) = C"I'C(x—xo)+°"+Cm..1(x_”°)l)' +

+ @ (%9, Cyr =+ cm-l).‘i‘_;_f&+...

TTpore Gesnocepeane ofuncienHs koedimieHTis pagy BH-
KJMHuKae 3HauHi TpyAsomi. ToMy A X 3HaXOMXKeHHS BacTOCO-
BYIOThL METOJ, HeBH3HaueHHX Koedinienris, akuii ocoGMNBO 3pyU-

‘Huf Jna ainifisex pieaasb. CyTb fioro mojsrae B TOMy, IO

pAA :
Y() =8y + arx+ax® + oo fa x4 oo

GesnocepefHbO TMiAcTasisioTh y pudepenujajsbHe PpiBAAHHA
i npHpiBHIOIOTL Koe(illieHTH TIPH OAHAKOBHX CTeneHsX . 3MiHHOL

x. B pesyabrari AicTaioTb cHcTeMy piBHsiHb Bl}.lHOCHO Qi
k=0,1, .., 3 Kol i BU3HAYAOTH iX.



’npnknanu _
1. 3nafiTH poap’sa30K piBHAHHA
Y+ xy=0,

Pogs’ asanna. Hexah npu x = 0: y = Cy ¥'= Gy, Bukronyioun
mocAifloBHe AHQEpeHUiOBANES, SHAXOAUMO: -

Y= —xy=0;
' =ty —y=—1.Cy
W=l =—2.Cy
yY = —3y"— " - 0;
yYI= -44y’”-4 xyIV =1+4.Cp
.ym a=—5ylv_xyv=2- 5+.Cp
§ = —6y¥ — xyVi=0; .
PO =tV e P =1.4.7.Cp
0= 8D g < _2.5.8.C,.
[Mincranasioun ni sHauenns y GopmMyay Makiopena, Maemo
3 4 - . . x6 N . x7
§®) =Co Cir—Cogy — Gy o +Comgi=o 0 2oy L,
3ppynysaBmn  JOAaHKH, SHafizemo ‘ »
3 — ] L]
y ) =Co(l-%+l &l 4x§—1 ;! 7x9+ ...)—}:

c (1,2_"f 2:5:x8 2.5.8
_l'_; X - + ] — 101 P

Takam 9HHOM nicTapTh SarajibHHE iHTerpan salanoro Zudepen-
uianbporo piBHAHHA y BHTAAAl HecKindennoro paay. Bisomo, mo umen
pO3B’30K Ma€ CEHC TONi, KoAH paX SOixkHuH. 3aCTOCOBYIOYHM O3HAKY
36ixnocti 1’AnamGepa, MOXHa NOKasaTu, wo nell psi 36iraervca npH
6ynb-akomy 3Havenni nesanexuoi smiuuoi,

2. 3HafiTH YOTHPH NMEPIHHX WIeHH PO3BHHEHHS B PAA Makjaopena
po3s’asky y =y (x) samaui

v =e*, yl,o=1, ¥ |,oo=0. (7.58)

) Poss’ asanna. JIerko no6avuTH, mo npasa 4acTHHA piBHANHA, TOGTO
QyHkuis e*¥, moxe OyTH poaBHHEHA B CTeneHeBHH pAA Makjopena
(7.57) no crenensx x, y B ogoxl toukm (0, 0), 36ikuul B obmacri
=0 < x4 00, 00 < y< 4 o0,

YacTuHHUA pOSB’ASOK WyKaeMo y Burasal psany (7.57), Maemo

YO =e¥|, _o=1.
y=l

Iudepenniooun nocaizosuo aisy i npasy wacTHEH piBnauns (7.58)
i Bukopucroyoun Binomi (monepenni) smauenna x =0, y (0) = 1,
¥ (0) =0, y(0) = |, suaxonumo:
Y (0) = (y+ xy) ¥ |,y =1,
7V O = @' + 2" + G+ )Y €Y fyug = Lo
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[ligcrasnswun sHaiigeni smauenns B pan (7.57), micranemo naGnmxe-
HHA PO3B’A30K : ‘

) 3 4
YO =145 + 5 G e

3, 3naiitn HaGnmxenuli po3B’A30k sanaui

¥t =3y % 'ylxgﬁ = 5. (7.59)
Pose’ asantin, Hexal ' "
Y= ao'i'/‘ ;X 'l? aﬂxaTI? s (7.60)

Toni .

y¢= a1 2a3x 4 3a3x3=l; e
INpu nowarxoBift ymosi pisrssna (7,60) smaxoaumo a;= 5, a s (7,59)
RicTaemo TOTOXKHICTDH '

a4 2a9x + 3agx2+ ,,, = 15 3 3a5% 4 3agxd+4- ... + i,
Mprpisrioun KoedinienTH NPH OAHAKOBHX CTENEHAX X, MAEMO
45 137
ay = 15, A=y d3="TF ) vee

[lykanui naGIHXKeHHA POSB'A30K

45 137
Y (x) =54 15x '2—x2—17 sz.

Poarnagaioun piBHsIHHSA Beccenﬁ, MH NOKasanu, uio pos-
’ [ .
B SI30K Y OiNbll CKNaJAHHX BHNANKAX MOXKHA IIYKaTH y BH-
rJsiil TaK 3BAHOI'0 y3araJjbHEHOro CTeleHeBOro psagy

g = ¥ a.x" pER.

BNPABU

3uafiTh TpH mepmux, BiAMiHHHX Big HyaAd, UAEHH POSBHHOHHS
B CTeneHeBHil psii poss’s3ky sanaui Kowi:
Ly =s2+1—e* y0)=0. 2, y=2x—y*—2x; y(0)=1.
Ly=x+yt—e yO) =1 4 yt=x4siny+1; y(0)=0.
B, yt=sin2x4-xy; y(Q) =1. 6. y* —=sin2x +aeosy; y(0)=0.
1.y =€ 4 ¢2 y(0)=0. gr=e¥+4y yO)=1
9, y*=cosx+e¥ 4 x; y(0)=0. 10. Y =In(x+ 1)+ e¥ y(©0) =0

oy

7.3. Metoa manoro napamerpa

Hexali maemo 3apauy, sika, KpiM OCHOBHUX 'HEBiZOMHX Be-
JIHUMH, MiCTUTb NEAKHH NapaMerp &, NpHYOMY AJs1 € == &,
MOXKHa MOPiBHSIHO JIETKO 8HafiTH po3B’si3ok (HesbypeHufi pos-
B’a30K). Toni po3p’sa3ok 3ajaui npu e, 61u3bKHX RO &, {8Gy-
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peHHH pO3B’A30K), y 0araThboX BHNAAKAX MOXHA HAGMIKEHO
RicTatH PO3BHHEHHSM 33 CTEMNEHSMH & — & 3 Tielo a6o iHWO
rounicrio. Hampuraag,

fa+h~fa)+f (a)h,
f(d-l-h)zf(a)-}-f (a)h—;—f (a)h2

fa+mh =i@+F @h+12 (")h2+f 19 p
irn.
[Tepummii unen PALY, SIKHH He MICTHTL & — ), AiCTAHEMO

3 piBHSIHHA, fIKe Hasnsaro&'b nopodxcyouum NpH € = &, TOOTO

Maemo ‘He3OypeHHH posB’A3oK. Hacrynui uwrenmn paworb 1mo-

npaBKu Ha 30ypeHuft posB’ssoK.Lli nonpaBku MaioTh nepuiwni,
Apyrufi { T. X. UOPSANOK MaJH3HU (MOPiBHSHO 3 & — &),  Lli
4IeHH 3HAXOAATH MEMOOOM HEAUSHAUeHtX Koediyicnmis, TOGTO
koediuieHTH NpR (8 — &), (8 — 8y)° i T. A. MO3HAUAIOTHCA Je-
AKUMH OykBaMu | BU3HAYAIOTBCA MOTIM 3 YMOB 3ajaui,.

L[um merofoM MOXKHA FicTaTH HAHGIMBIN TOYHHH Pe3yJ/bTAT

npH e, 6iH3bKUX J0 &, [IpH 1iboMy unM MeHIue |e'— &,|, THM
MeHile uwiediB paly TpeGa suaxoaurd. Tomy uacto BBaxaioThb
g= 0 (3BifcH | MOXOAWTL Ha3Ba METOAY).
4 G 3a3HayuTH, MO MPH  BEJHKHX |&-— €| METOA MOKe
[OpPU3BECTH 10 CYTTEBHX IIOMHJOK, OCKiJIbKY MOXKe CTATHUCS, IO
BIAKMHYTI 4/JeHd Gi/ibll CyTTEBi, HiXK 3a/unlieHi y BHpasi Ha-
O/1HKeHOTO . O3B’ A3KY.

Takum urHOM, METOX MaJjioro mapamerpa Ja€ 3Mory, BHXO-
AS4H 8 PO3B’ASKY NeAKHX «He30ypeHUX» 3afay, AiCTAaTH po3-
B'AS0K 3afad, MOCTaHOBKAa fIKHX ONH3bKAa AC «HE3GYPEHHX»,
SAKINO, 3BHYANHO, SMiHa TIOCTaHOBKH 3ajiayi He BUKJIMKae ¢ MpHE-
OHNOBOI AKIiCHOI 3MiHH pO3B’A3KY.

Y 6ararbox 3afjayax 8a BHIVIAOM MNEPILOTO - q.nena, mo

- MIiCTHTb mapamerp, MOXHA 3POGHTH BHCHOBKH UIPO SajleXHICTh
PO3B’s3Ky BiA mapamerpa HpH Horo Manifi smiHi.

Y Tteopii audepeHuiaNbHUX pPIiBHAHD el METOR sac'roco- .

BYIOTb 1O CHCTEM BHLY N

y(m) = f (x’ yly" MR y(m’—-l), 8)’ (761)
sIKi sasexarb Bill Majioro napamerpa e. Posp’s30k piBHsHHS
. (7.61) myxaots y BursIaAi crencHeBuX pAAiB 3a HapameTpoMm &,
[Ipu uvomy AKILO. dyHKIia f € aHajiTHYHA 3a napameTpom &
i sminaamE y, ¥', ... , ™I, TO MeroR MaJIoro napame’rpa
Ha3UBAIOTL - PEcYARPHUM.

Slkmo npasa yacTHHa HOPMAJILHOTO Jw(bepEHmaJIbHOI‘O piB-
HAHHS ‘a0 CHCTEMM He € aHaJiTHYHOIO (pyHKIIE napaMerpa &,
TO METOR JIOC/iJ3KEHHsI TAKHX CHCTEM Ha3HBAIOTh cuney/mpnum
Memodom MaA020 napamempa

270

Tozxi

- puKkaap 3HafiTe po3sHHeHHA PO3B’a2ky safaui Kowi
. 6 :
x () =—xt+ve x(l)=1+38

34 CTENEHAMH € 10 LPYTOTO NOPALKY BKIIOUHO,
Po3s’ asanns. 1HyKaeMO PO3B’A30K, POSBHHEHHN 3a CTeNeHAMM &
3 HeBllIOMHMH Koepinientamu y Buraani ’

x () = %y ax1+ L

Tort exgt ety v s—(xo+'ex1+;gaxz+ ved) X
X (X + ex; -+ ey - )t FE

3sincu, npupisio0un Koecbluienm IpH OAHAKOBHX CTENEHAX napa-
mMeTpa &, HOC/{IOBHO 3HAXOIHMO:

1 3
=7, x1 =3, x,=2§——-3t.
Orxe,

3
x(t)=-;1~+3a+eﬂ(t—,—-3t)+0(32).

7.4. Merop Evinepa 3HaxofKeHHS
HabmnKeHOro poss’'sa3Ky AuthepexnianbHOro
PiBHAHHA nepuroro nopsaxy

Hexau MaemMo zlmpepeﬂmaJIbHe piBHSIBHS

=f(x o). (7.62)

I'Ipnnycmmo, o A7 (bynxml f (x, ) 8 okoJi TOUKH (%0, Yo)
BUKOHYIOTbCSl YMOBH TeOeMH iCHyBaHHs PO3B’SI3KY. Tom
icuye Biapisok [xy— 8; xo-+ 8] i na npomy eanuult posB’s30K
Y=y (x) piBHAHHS (7. 62) TIpH MOYATKOBAX YMOBaX Y (x0) =Y.
Iins yucnd 8 Teopema icHyBaHHA Jiae OMIHKY 3BepXy:

1
. 6<(a, Al 1%) .
Me'rozx Efinepa 3, 4] nae amory HaG/IHXEHO BUPASHTH MyKaHHH
PO3B’A30K 3 JOBINILHOKY Hamepel 3ajaHOI0 TOYHICTIO.

Hexaii Tpe6a HaGamkeHo OGUHCAUTH y (d), He xy<d <
<< x5+ 6. Tonisnmmo [x,;, dl Ha n piBEHX 4YacTHH TOUYKaMH
Xos Xgy .. » ¥n = d. Joskuny sigpiska lxi, ¥iq1l, b = X —

— X;, Ha3HBAIOTb KDPOKOM obuncienns. Habnnmeni sHauends
PO3B’fI3KiB y TOUKaX Xx; MOIHAYHMO uepes yi.

Ha [x,, x,] samicrb piBusinng (7.62) posrasjgaTumemo pis-
HAHHA 3 MOYATKOBHMH yMoBamH (3agaua Kormi):

Yax)=1](Xp Yp)s Xp < X < Xy, Yiu(x) = yo-
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PosB’a30k nporo pisAsiHAA

Yo (x) = yo+ | (x5, ¥0) X
: X(—x) (169

]
! BBaXKATHMEMO  HaGJIHXXEHHM
| pOo3B’sI3koM  piBHAHHA (7.62)

|
|
IL L ‘Ha Bigpisky [x, x,1. Teo-

i1
‘>¢ lr—-— ——-‘

I
b

o Xnt Xpg % METPHUHO 1€  O3Hadae, mwo
. } Ha B‘HP‘3KY [xm x;] iHTe-
Prc. 7.1

rpajbHy KpPHBY 8aMiHIOIOTb
sipiskom BoTHuHOT fo miei KpHBOl B Touni (Xo, Yo)-
3rmno 3 q)opmy.nono (7.63) nicranemo
= Yo (x1) = yo -+ hf (x5, Yo)-
ﬂam Mlpxyemo Ba innykuiero. SIKmO HaGnHKeHi 3HAUEHHS
PO3B'ASKIB Yy, Ya, .. 5 Yp BHE BifoMi, TO Ha (%, %,.,] samicTs
(7. 62) PO3rJIiHEMO PpiBHAHHA
Ya()=f(xp yr)s e <X < Xpg1, Vi (xk) = Y.
Po3B’d30k nporo piBHAHHA

Yalt) = ge+f Oy ) (—x2), k=0, 1, oo, n—1, (7.64)

BBa)XXaTHMeMO Hal/KeHUM posR’si3koM piBHAHEA (7.62) na

[xe) %441l
SIkimo B (7 64) X = Xpq1, TO
Yu1= Yo (xpt1) = g + b (£, ), k=

‘ =0,1,¢cc,n—1. (7.65)
[Ii ¢dopmysn BusHavalThb MeTOR Efunepa. (Dymmho Y, (»),
BH3HAueRy Ha [x,, d] sa gomomoroio pisHocteit (7.64) , Hasu-
BatoTb *aamanow Edsepa (pue. 7.1). MoxHa JoBecTH, WO NPH
BHKOHAHHI YMOB TeopeMH iCHYBaHHsS pO3B’A3KY  IOC/iJOB-
picrb namanux Efnepa {V,(x)} piBHoMipHO 3Giraetbcs Ha
" [xy, d] no cnpasxkHBOTO pO3B’A3KY 3anaui (7.62) npu n — oo..

BNPABU _
MeToBoM JaMaHHx Efinepa posn’sisatu Taki pipeanms:
L. y=y; y(@O)=1. 3paiita y (1), pasBuu k= 0,l.
2 y=Iny, y()=e, l<€x<?2 h=01
x .

3. "'""‘:7*—-&-!{7‘ yO=1; 0<x<1, h=0,l

4L y=xlyy y() =2 l<x<16, A=0L

. 1 _

B.y=75xy yO =1 O<x<l, h=01.

6. y’'=2+y% yO)=0 O<x<l, h=0L
Ty=1+x% yO)=0 0<x<l, h=0l
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8 y=16x +05¢% y(0) =03, 0<x<l, =0, :
9, y__l+02ysmx~15y, y(0) =0, Ogrx<l, A=01L

10. ' = _H—y, yO =1, 0<xr<l, h=0,l,

7.5. HabmwkeHi po2B’a3ku 3BHuaNHOrO
dndepeHuiansHoro PiBHAHRA METOA0M
Pydre — Kyrra .

Hexalt maemo sagawy Komwi -

Y= ) (7.66)

Y =Y, UpH X = x,, x £ [a, bl (7.67)

<Dyﬂll§ma f (x, y) sanana i nenepeppHa B posmﬂnyBaHm obaa-
eri D,

Meron Eiinepa HAGUKEHOTO posa A3Ky piBHAHHA (7.66)
B3arajli He 3ale3rmeuye BUCOKY TOYHICTb, BiH Jae nOpiBHﬂHO
BaflOBI/bHI_pesyJIbTaTi Julle J1s MauX iHTepBaJiB. [Toxn6-
Ka Metofy Eiftepa Ha KoXXHOMY HacTHHHOMY BiApisky [x:, yH.l]
Mae mopsaok h®. Tomy pospobueHo . psf ajaroput™is, fKi
yrounioiote meronl Efinepa. Onunm 3 Hux e meron Pynre—
Kyrra [6]. 3a unm merozom Ha posrasayBaHoMy Kpouli Bpa-

XoByeTbCsl 3MiHa moXijHoi y', a 3arajbHOK pobouc Gdopmy-
JIOI0 METO/Y €

Yr+1=yr + hf (xk + -’25 » Yt T (%, 94 g)

[locninoBricte aii B Merodi PyHre~KyT'ra Taka: 3HaueHHSA
Yr+1 HeBigomol Qynkuii — po3s’asxky piBHsiEHA (7.66) 8 10-
4aTKOBUMH yMosamid (7.67) mpH X = X4 BH3HAYalOThb 3a Bi-
HOMHM 3HAYEHHSM Y (pymmn npu x = Xg, h = xp41 — X, 82
dhopmynoio

Yrt1 = Yr + Dy, (7.68)
ne

Bemmupnu T |, i =1,

, 4, B cBOI uepry, nocJioBHO BH-
paxaioTbca opMysamu

T = hi (%, ye); (7.70)

T = hf(xk + 0 g 05T ) (7 71)
Tgk’) = hf (.Xk + % o Yr -|- 0,5 Tga)) H (7‘72)
TP = hi (e + by yo+ TP, (7.73

(h=(0—0a)N, k=12, .., N—1)
10 o232 ‘ 273



MeTon Pynre—-—Kym*a Jlaé BHCOKY TOUHICTs, BiH apyunuil s

Exgenbnoro Po3B’si3yBanHA nuq)epeHmaJIanx piBaAgb Ha
M

n pHKaaAnN. Meronom PyHre—KyTTa po3B’A3aTH sana'-ly Komi

dy _y—x
dx y._l_.x! y|x=0=1[ xE[O 01]’

AKmo h = 0,05. :
P ? . T H = u .

088’ asantis. Tyr f(x) y) P2’
(7.73)

0
T{) = 0,05f (0; 1) = 0,05 - :_1_0_005-

T§) = 0,05 0+ 0,5 + 0,05; 14-0,5 + 0,08) =

1,025 — 0,025
= 0,05 {55 0.028 = 00476
T = 0,05f 0+ 0,5 « 005«1+05 . 0,0476) =
11,0476 — 0,025
= 0,087 5775 o0 = 477"
T{ = 0,05¢ (o+o 05; 14 0,8 .0,0477) =
‘ 0 0,0
noosloi;;+ §=00454.

8a ¢°pMy"°‘° (7.69) saxonmmo
Apy=7g 6 0,0542 ¢ 0,0476 -2 . 0, 0477+0 0454) = 0,0477,
2 sa dopuyow (7.68) — :
Uani mocifoBHo Maemo

T = 0,05f (x5, yp) = 0,08f (0,08; 1,0477) =

1,0477 — 0,05

TP = 0,05f (0 05+ 0 5 0,05; 1,0477 4 0,5 + 0,0454) =

1,0704 — 0,075
=005 1,07 +0075...00435

T = 0,05f (0,05 + 0,5 « 0,05 10477+05 « 0,0435) ==

1,0695 — 0,076
= 0,05 m = 0,0434;

T = 0,057 (0,05 + 0 05 1,0477 - 0,5 » 0,0434) =
1,0695 —

o= 0,05 -i-—om = 0,0414;
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O6uncanmo Ayy, NOCHiOBHO BUKOPHGTOBYIOUM (OPMYIH 7.70) —

1 - ‘
Ay =7 (0,0454 +2 - 0,0435 4-2 - 0,0434 4 0,0414) = 0,0434,

3HaXO}.‘LHMO sHaueHHsA mykaHol ¢yHxuii mpu x=0,1;
Yo = yy - Ayy = 1,0477 40,0434 = 1,0911.

Posrnsnyra tyT cXema merofly PyHre—KyrTa IIHPOKO BH-
KOpPHCTOBYeThCS B Oijbliocti OifnioTeKk cranjapTHUX npo-
rpam a3 EOM i Mag tak 3saHuil uemgepm uil nopadok anpoxcu-
mayii.

-

Poagin 8

AEAKI 3ACTOCYBAHHA AHWMEPEHUIANBHHUX
PIBHAHb

Y nonepefnix possinax 6y/0 posrasHyTo Wijufi psax 3a-
Jau, AJs pO3B’SI3yBaHHSI AAIKHX 3aCTOCOBYEThbCs Teopin AMdpe-
peHuia/ibHUX piBHsSHb. Huxue maBemeHo e deqaki THnH 3aaay
NpPUKJAJHOTO XapakTepy, fIKi TeX pO3B’A3YIOTbCA 3a KONO-
Mororo IudepeHiiasbHHX PiBHAHD.

8.1. OpHa reomeTpuuna 3agaua

3adaua. BusHauuty KpuBy, BiAPi30K AOBiNLHOT AOTHUHOI -
FO SIKOI, MO SHaXOAUTbCH MiX TOUKOIO AOTHKY i Biccio aGCUHC,
linuThCcA BicCIO OpAHHAT HABHIJ.

Poss'azanna. Hexalt y = f (x) — wykana kpuBa i M (x,
y) — noBiabHa Touka uiei kpusol (puc. 8.1). Craagemo piB-
HSIHHS AOTHYHOI A0 [yKaHoi KpuBoi B Touyui M:

y-y=y'(x—x)r

fe X, Y — goopnunatn pnoBinbHO! TOukH gforuuuoi. [lpu
Y = 0 suaiinemo aGeuucy X, TOuxky mepeTuHy Aoruukoi 8 Bic-

cio Ox: _
, 0—y=y'(Xo— 1)

TO6TO

X, =x—L,

k 0 =% 7
3a ymoBowo 3safaui
‘XO + X = O,
8BiIKH
X4 x— yi/, =0,
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abo

y
y "—_o
Hicranu nndepenuianbue piBHAHAA TEPWIOTO NHOPAAKY & Bi-
HDokpemmoBanuMy 3minunmu, Orike, Maemo

d_yy =% ny=glnx+4InC,
2In y= In Cx,
y® = Cx.
Takum unnoM, WyKaHi KpuBi € ciM’eio mapaGon y*= Cx,
-me € — josiAbHa crana.

82 Konona ogHakoBoro TMcKy

3adaua. Busuauntn ¢opmy onropisnoi  BepTHKanbHOL
KOJIOHH 8 KpYIJIMM TONEePeuHuM INepepi3oM TaKy, mob THCK
YTPHUMYBAHOrO KOJIOHOIO BaHTaxy P ra i1 Baacuo! marm, wmpo
Npunajgae Ha ONMHHUWIO VIO TOPHBOHTANLHOrO mepepisy,
Oys ckpisb onnaxoBuil. [lwroma Bara marepiany konoun O,
a pagiyc 1i BepxHbOl OCHOBH — r. 3HaHTH TaKoX pajiyc Bepx-
HbOI | HHXKHbO! OCHOB KOJIOHH MOCTY, W06 THCK Y JOBiLHOMY
il ropusoHTanbHomy mepepisi nopiBuioBaB . 3000 kI[/mm?
(2,94 - 10° [1a), agmo rycruHa marepiany KoJosu 2,5 1/M2,
Bucora 12 M, a yTpumysaHnuii Bantax 90 000 xI' (882-10% H).

Po3s’sizanns. BubGepemMo mpsIMOKYTHY. CHCTEMY KOOpAWHAT

xOy (pne. 8.2). 3pobumo po3pi3 KOJOHH FOPH3OHTAJbHOIO
MJIOWMHO, N0 MPOXOAHTL Yepes HOBiMBHY TOUKY M (x, )
utykanoi KpuBoi AA;, i BUsHaUUMO THCK BaHTaxy P i BiacHoil
Bard BepXHbOI BiApisaHOi YacTHHM KOJOHH HAa OAMHMINO TJIOML
POpH30HTaNbHOrO mepepisy  MAN.

Puc, 8.1
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O6’eM BepxHbOI BiIpisaHoi uyacTMHH KOJIOHH BHAXOJHMO
ik o6’eM Tijsa, yTBOpeHOro oGepTaHHAM KpMBoOJiHifinOT Tpamne-
uii OAMB nasxono oci Ox: -

X
V=n5‘y2(x)dx, a 1i Bara Q== 0V,
0

Basapmw Bignomenns cymu P 4 Q no maomi S = my?(x) nepe-
pisy MN, Aictanemo BeJHUHHY THCKY Ha OJAMHHMLIO NoOMmi Lbo-
ro népepisy, sKa 3a yMOBOKO 3aJaui INOBMHHA JOpiBHIOBATH
BeJIMUNHI THCKY Ha OAHHMUIO nuoumi JOBiJIbHOTO iHLIOro ropu-
30HTAJILHOTO Iepepisy.

BesmunHa THCKY Ha OAMHHIIO NJowli BePXHbO! OCHOBH KO-
JOHH 3a yMoBow 3afaui gopisuioe P/ar?, r = OA. Orxe,

P4+Q P
5 = 5, 300 P4 Q= ,g,

T06TO
X
P+ m‘ijyz (x)dx = rigyz(x).
0 .

[ponudepenniwpaswn 0o pisaicTs, Agictanemo AudepeHti-
ajibHe PIBHAHHS KPHBOI 3 BiJOKpeM/IOBAHMMH 3MiHHHMH
2P
_ 78 y? (x) dx = & y (x) dy.
3Bincn
2P dy .
dx_ﬂ&g—y— x4 C=—5 srg In y.

3a ymoBowo y=r npu x =0, Toxni
C = 2P1Inr
= Tnere -

Ormxe, MaeMo piBHsnHA Kpusoi AA,:
——In<, (8.1)
Illykana dopma KOJIOHH € MOBEPXHs, YTBOPeHA oGepTaHHAM
niel Kpupoi HaBkoJo oci Ox:
2p eI 23
In V.’/ +z .

T nbr? r

[lpu Takift soBuimmifi GopMi KONOHK BeqMUMHA THCKY B yCiX
if Toykax Gyne oZHAKOBA.
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JIns 3ananux B 3ajaui KORKPETHHX RaRux paxniyc BerHbQL
OCHOBH anuatmmo sa dopmy.ioro

B 2,94 105 r=0,309 m,
a pajiyc HHXKHBOI GCHOBH — 32 (POPMYJIOHO

2.882. 100 r1

12 = 5715 5.0,9008 1 0,300 1= 324
‘Ananoriudo pos3B’s3yioTbesi 8afadi npo GopMy JOBTHX

cTepxHiB a60 KaHatiB, #Ki Ny Ai€0 BjaacHOI Bard i AedAKoro

BaHTaXy MaiOrhb Y BCiX NONEPEYHHX Iepepisax ofHAKOBY CUMY

HaTATY. ' '

8.3. Mporun Ganox

PosrasseMo ropusoHranbHo po3MmilieHy ofHopifHy Oaniky
‘AB i3 cranum nonepeynum nepepisom (puc. 8.3). Bicb cu-
Metpii 6a/Ku noKasaHo Ha pPHCYHKY NyHKTHPHoI Jinieto. Ilpu-
IYCTHMO, WO MiA Aiero CHJI, NPHKJaJeHHX N0 Oajkd y BepTH-
KajbHilt nuomuHi, Ganka nporuHaerbca (puc. 8.4). [MHirwoui
CHJIY MOXYTb OyTH o6yMoBJIeRni Baroro- GaikH abo 30BHi NpH-
KNafleHHM HaBaHTaxeHnHaM, abo ofoma cujaaMH pasoM. 3po3y-
Mijo, 1o mig ,uielo cun Bich cumerpii Gyne BHKDHBJIATHCA.
Bugpusneny Bich cumerpii HasUBAOTL MPYXCHOIO AR,
BusHauenus opmu Hiel Jinil — ofiHa 3 OCHOBHMX 3ajau Teo-
pii mpyxHocti. 3asHauhmMo, o iCHYIOTH pisni Tumu Oasnok
38J1eHO Bill crocobis. ix xpinnenHs aGo omop. Hamphkian,
Ha puc. 8.5 3o0paxeHo Gaaky, Kimeup A sKoi xopcTko 3a-
kpinnenus, a xineus B — sinpauft. Taxky Ganxy nasuBaioTh
KoHcoabHow. Ha puc. 8.6 nokasano 0a/IKy, IO JIEXKHTb BiJb-
Ho Ha onopax A'i B. Ille oxun THI 6a/loK 3 OMOPaMH TOAAHO
Ha pnc. 8.7. .

Puc, 8.3 Puc. 8.4

i

—

* .
ag—
Fa—
g

Pnc, 8.5 Puc, 8.6

b (]

Temytors pismi cmoco6u npu- § }P .
KJaJicHHa 30BHIIUHIX  HaBanTa-
eHb, HallpHKJAaj piBHOMipHO po3- A s
MillleHe HaBaHTaxeHHs  (OuB,
puc. 8.5). HaantameHHs -Me:Ke N e, 87
ue. 8.

6yTa i sMiHHUM B3JOBX yciei ZoB-
xKuHH Ganxu abo pesxoi ii vactuEn (xuB. puc. 8.6). 3ycrpiua-
-IOTbCS BUNAMKH 30Cepe/PKeHOro HaBaHTakeHHs (IuB. pHC. 8.7).

Posruisinemo ropusontansny Ganky OA (puc. 8.8). Hexah
if Bicb cumeTpii posmimena Bsposx oci x. Bick y nanpamiena
BHH3 Bij Toukn O. llix aiero sopnimmix cun Fy, F,, ..
i Barun Gankn, KO BOHA BEJIHKA, BiCh CHMETpPii 8rMHa€THCA
B npyxuy Jinio (puc. 8.9). 3mimlenss y npyxuoi Ainii BiA
oci X HasuBaeTbeA Seunom 6aaku, aGo CTPIJIKOIO IPOTHHY B MO-
JIOXKeHH] x.

Takum uunom, sxmo Bigomo PiBHSIHHA npyxKHOI JIlHll,
TO 8aBXKIM MOXHA SHAHTH M 3rud Gaaku. Po3rasneMo, fK me
MOXHA BHKOHATH HPaKTHUYHO.

IlosHauumo uepes M (x) MoMeHT 3IMHY Y BepTHKaJbHOMY
NonepevuHoMy nepepisi GajKku 3 KOOPAUHATOW X. MOMEHT 8ruHy
Ga/KH BU3HAYAETbCHA fK aarefpaiuHa cyMa MOMEHTIB THX CHJI,
AKi AitoTb 3 ofHOro G6oKy Ganku B noJioxkesHi x. [Ipn o6unc-
JEeHHi MOMEHTIB BBaKaTHMeMO, IO CHJH, fKi HiloTb Ha 6aJKy
8HH3y BBepX, JAaOTh Bil'eMBi MOMEHTH; a CHJH, WO AiOTH
8BepXy BHM3, AalOTh NOAATHi MOMEHTH. ,

3 rteopii omopy marepianie BifomMO, IO MOMEHT SIHMHY
B NOJOXEHHI X 3adeKHTh BiJl pajiyca KPHBHHH NpPYXKHOI
aimgii:

EI 7 = M(x), (8.2)

¥
[T+ @)
Ae E — moayann mpyxuooni Onra, skuit sanexuts BiA Mare-

piany; [ — vomen inepnii NonepeuHoro nepepisy GasikH B M-
noKeHH! X BIAHOCHO TOPH3OHTANBHOL MPAMOI, WO NPOXOAHTH

yepes EHTP Baru momepeyHoro nepepisy. JoGyrok EI Hasm-

.y" : .

Puc. 8.8
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BAIOThL acOpemKicnio npy 82uni; 11 BEJHUMHY BBaXKaTHMEMO
CTaNo0. :

[Tpunycrimo, mo 6ajgKa Mae Manuii 3PHH, WO 4acro OyBae
na npaxktuni. Toxi KyroBuit Roedimient y' ninii npymxuocti
Oyfe manuii, a Tomy samictbh piBHAHHA (8.2) MoxHa Habmuxe-
HO POSIVISIAATH PiBHAHHS

Ely’= M (x). (8.3)
lIo6 mokasaru, sIK Ha MPakTULi BUKOPHCTOBYEThCsA [e piB”
HAHHS, PO3IVISHEMO TaKy 3ajauy.

TopusoHTanbha -opHopigHa cranbHa Gajaka JOBXKHUHOW [
BIJILHO JIGZKHTb Ha JBOX ONOPax | 3aTHHAeTbest mid Aleo BaacHoi
BarH, sika fopiBaioe P KI' Ha OAMHHINO AOBXKHUHH. 3HAlTH piB-
HSIHHA MPYHHOL JAiHiT i MakcuManbuuil 8THH (CTPijKy) Gatku
(puc, 8.10). Ockinbkn GasKa NBOXOINOPHA, TO KOXKHA 3 ONOP

Jlae Han’gﬁmneﬂy BBepX peaxtiiio, mo AOPiBHIOE MOJIOBHHI Baru

Ganku: 5 . 3runaiounM moMentoM M (x) e anreGpaiuna cyma

MOMEHTIB CHJI, WO AiloTb Ha 6anKy 3 ofHoro 6oky BiA Touku O.
Po3sraanemo coyaTky Aifo cui 34iBa Bif Touxn Q. Ha siacra-

: s Pl . . :
Hi X Bi2l Toukn Q cuna - Aie Ha 6aJKy SHH3Y BBEPX i yTBOpIOE
Big emuuit MoMeHT, Cusa Px, sika flie Ha 6anKy 3BepXy BHM3 Ha

Bifcraui —g— BiX Touku Q, yrBOplOE€ momaTHu#i MoMeHT. Takum

4MHOM, CYMapHHH STHHAIOYME MOMEHT B Touni Q 8anaerbcst
¢dhopmy oo ‘ |

M) = —Harpe(£)<BE-PE (8

SIkmio posrasiHyTH Ait0 cuJ cripaBa Bif Toukd Q, To Ha BigcraHi

' _(l_:,g_ﬁ) Big Toukn Q Ha 6anKy Aie sBepxy BHH3 cuia P (I — x),

KA. yTBOpIoe JOAaTHUA MoMeHT. Bifl'eMuufi MomeHT yTBOpIOE

cuna o, sKa lie Ha GalKy 3HH3Y BBEPX Ha Bijcraui [ — x Bin

toukn Q. CymapHuit sruHaounii MOMEHD OGuHCJIHMO TOAI 8a
¢dopmynoro : _ :
' l— Pl Px® Pl
M@)=P(l—x) =S (—0=5—5. (85)
3rigno 3 dopmyaamu (8.4) i (8.5), sruHatoui MomeHTH B 060X
BHIaJKaX OJHAKOBi.

3anumemMo Tenep AJds POArJsAAYBaHOrO BHNAAKY PIBHAHHS
(8.3):

Elyr =P P 8.6)
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Bpaxosyroun, mo Ha kinnax O i A Ganka He srHHaeTLCH, AJIA
8HAXOMKeHHA y 8 pisHAHHA (8.6) BHKODHCTAEMO YMOBH Ha
KiHIAX Ganky '

y=0 mpux=0 i y=0 nmpux=1

. Tozi inrerpysannam pisHauna (8.6) sHaxoaumo

P
Y=gz (xt—21x% + 3x). (8.7)

@ynxnis (8.7) — ue piBusHra npyxuol Jainii. dopmyaa
(8.7) BuKOpHCTOBYETBCA Ha NMpaKTHL IJI BA3HAUEHHs MaKcy-

_ MasabHoro aruHy. Tak, y posrasayBaHOMY KOHKDETHOMY BH-
 NajKy MakCHMaJbHHH 3ruH Oyle npd x = [/2 i LopiBHIOBaTuMe

5PI4384E1), ne E = 205,8 - 10°1a, I = 0,3 - 10-% M.
8.4. Reaki ™MNM KONKBaHDL

Binbni rapmoniuni konusanus. PosrisineMo BepTHKaNBHO
nigsilleny nNpy:KMRY, Ky B8BepXy 8aKpim/ieHO HEpyXoMmo,
a 3HH3Y HaBauTaXKeHO TiIOM MacH m, fiKe JJif MPOCTOTH BBa-
XKATHMEMO MaTepiajbHOIO TouKow. Hanpamumo Bich Ox BepTH-
KaJbHO B3JIOBX OCi Mpy>XKMHH 4epe3 TOYKY NijBicy Tina, BH-
6paBilM MOYaTOK KOOPAHHAT y cTaHi piBHOBarH — Touli O
(puc. 8.11). SIKmo npyXHHY TPOXU PO3TATHYTH a60 CTHCHYTH
i moTiM 3HOBY BiANYCTHTH, TO BHHHKHYTb KOJMBaHHS.

3HalileMo 3aKoH PyXy TiZla mpH yMOBi, w0 BiloMO piBHO-
nifiny F npuxnanenux Ro tina cua. Lis pisHomiiina ckaapaers-
ed i3 cuJM Bar¥ mg i CUAR AATAry OpyxuHH. 3rifHo i3 3ako-
Hom [yka, ocrasms. nponopiifina posrary f npyxunu y ja-
HUi MomeHT i JopiBHioe —cf, e ¢ — koedinienT nponopmiii-
HoCTi, 460 JXOPCTKiCTb NPYXKHHH. 3a3HAUHMO, WO B CTaHi piB-
HoBaru f = f, i cuna Harsry 3piBHOBaxkeHa Baroio Tijia, TO6TO

mg = cf,.
Y crani O; na Bincrani ¥ Bix TOU-
K1 0, fe f = fy+x, na tino nie cuaa F,
fKa 82 BEJHYHHOIO AOpiBHIOE

mg — ¢ (fo+ %) = —cx.

PL p
.2_ ’ LT ?4
. X wdx
0 e A,
~
. N =
: Px 0_ ' pp1-x) -
Puc 8,10 T pee st



Ik GauuMo, [f CHJa UPONMOPUiliHA BiACTaHi X BiJl NOJIOKEHHSA

g{mﬂonam O i HanpamieHa B 6ik Toukn 0. 3a APyruM 3aKOHOM

BIOTOHA
- F =ma, a6o F = mxX.

Orike, JicTaHeMo .umpepenma.nwe piBHSHES pyXy Tina

mx = — €xX,
abo _

¥+ atx=0, (8.8)
e

2 ¢

at= <

e nnpepennianpne piBHAHHS HAaSHBAIOTb DIGHAHAAM 2ap-

MOMIYHUX KOAUGAHb, A PYX, WO BiAOyBaerbesl, — I‘apMOHl'-IHHM.

Boro ainifine 13 cranumMH Koedinienramu. 3HaxofuMO fioro
3araJibHuH pO?B 130K

x = Cicos at 4+ Cpsin at.
[Toxnanaioun Cyj= A sin ¢, C,= A cos ¢, MaTHMeMO
= A sin (at + ¢),

:mi tgqu(ji-

Bemuuuny A B ocTaHHBOMY BHPasi Ha3HBAKOTh aMAAMYO00
KOAUBAHHA, BOHA IT0Kasye Hafibinbllie BiAxusneHHs Tija Bif
TIOJIOXKEHHST pPiBHOBArH,

Kyt at + ¢ HA3UBAIOTh qbaaoto KOAUBAHHA, & KYT @ —
nouamroso0 asor,

Tlepion komuBaHHA

T=2_0q ]/”‘

8aJ1e)KUTh Bill JKOPCTKOCTI MPY:KUHY i MacH Tina, Tohl AR aM-
naiTyAa i mouarkoma dasa iCTOTHO 3a/eXKaTb Bifl MOYATKOBHX
YMOB.

Binoni npyxmi KONYBAHHA TIPM HAABHOCTI omopy. I'Ipn-
'IYCTHMO, IO BCi YMOBH 3 momepeanboi 3agaui 36epiraioTbes i
JOIATKOBO BPaXOBYETLCS CMJIAa ONMOPY MOBiTPd, fKa Mponop-
nifiHa 3 KoedillieHtoM p wWBHAKOCTI pyxy tina. Bpaxosyiouw,
o 1 cuna Hanpﬂmneua B 0iK, npmnne)xnun HanpaMmy LHBHI-
KOCTi TIJIa, i sa BeawuuHoOW 11()01 {HIO€¢ — p,x MaTI/lMQMO TAK@
Ambepeﬂulanhﬂe plBHHHHﬂ pyxy

mx = — X — W X

ke
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a6o
x4 2nx ;- a’x =0,
Ie
N L~ S
n_2m’a m”*

PosrastHeMo  BHNANOK, KOMM 7 — Masle uncno i n << a.
KopensaMu xapakTepHUCTHUHOrO pPiBHARHSA €

———— A/ s
ky=—n+iVat—n? ky=—n—iV a*—n’

' OT}Ke

x = e~ (C, cosVad—nit+ Cosiny @@ p2t),
abo
x=Ae-ntsin(Va®—n? t + 9),
je Asin ¢ = Cy, Acos ¢ == C,; ¢ — novartkosa ¢asa.
YacroTa KoMBaHb [0piBHIOE ‘

) —_— n?
Va? n‘=a]/l——,5§.

SIxuio n — MaJjle TOpiBHSIHO 3 @, TO 4acToTa MaJo Bilpis-
HSAETHCA Bifl' @, TOGTO Bijl Ti€l 4acTOTH, KOJH ONip CepeoBHILa
BiZCyTHIR.

Avniityna Ae— e dyHKUieo Bin {, Aka i3 3pocraHHsm ¢
aMeHwyerbes. Ormke, MaeMo 3aTyxaioui KOJHBaHHSA.

KosmuBanns Ges omopy cepejioimia fpu HasiBHOCTI 30ypio-
fouoi nepiopuuHei cuax. Pesonanc. Hexafi pci ymonu 3 3afaui
npo BijbHi rapmoHiynl kosuBaHHs 3CepiraloTbest i Hexadl fo-
AaTKOBO /IO TiNa NPHKJajACHO NepioNHyHy sOyplolouy CHIY
R sin of, 1e R i @ — craai, Tax, uobd nepiof niei cum 36i-
rascs 3 nepiojoM BiJLHAX KojuBaub Tina. Toai 3a Apyrum
sakoHoM HbloToHA piBHAHHS PyXy MaTuMme BHIVISIA

ma = — cx + R sin of,

abo

X + a®x = p sin wf,
ae a*=cm, p = Rim.
Lle € Heognopinue qinifine AudepenuianbHe piBHSHHA KPYroro
NOpAAKY i3 cranumu Koe(l)iuiGHTaMPl :

3araJbHAM pO3B’SI3KOM  BiAMOBIZHOTO OJHOPiAHOTO pm-

HAHHSA, K BiloMmo, € QyHKUia '

u = Asin (at + ¢).

Po3rasaeMo BHNAAOK, KOMH ® = a, TOGTO KOJMH  4YACTOTA
86ypIOI0UO] CHJIH He JIOPiBHIOE 4acTOTi BJACHUX KOJNHMBAHb Tijla.
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lIacmHHuﬁ PO3B’s130K 3HaleMo y BUIIAAL
’ v = o cos wf -+ P sin of.
[Tiens HecK/MagHUX OGUHC/IEHb 3HAXOIAUMO

0=0, p=rr"0
3arajbHHM posa A3KOM € QyHKIidA
x = Asin(at 4 ¢) + o7 7 Sin of.

Pyx Tila — ne HakaalaHHA BJIACHOTO KOJUBAHHS TOUKH
3 4aCTOTOIO @ i BUMYLIRHOrO KOJHBAHH: 3 YACTOTOK ©, BHKJH-
KaHoro JAielo 36yprotouol cuti. AMIIiTyZa KoJMBaHb IPONOP-
uiina ammuityRi sGyprowoyol cuad i Beanunui  1/]a*— @?l;
BOHa JyXe BeJHKa, KO © Maao BiApisHserbca Bif a. -
Tenep posrssiHeMo BHNAAOK, Ko ® = @, HacTHHHUH
pO3B’A30K 3HaHjeMo y BHIVIAAI (PyHKUil
v = { (& cos of -+ P sin i),
Ans fKOi 3HaXOAnMO

) ‘
o == — H s ﬂ = 0.
3aranpHUM DPO3B’A3KOM € (yHKIidA
x=Asin(at+(p)—2% { cos at.

Hpyrult [ofaHOK MOKa3ye, 10 i3 3pOCTaHHAM ¢ aMILIiTyAa KO-
JMBaHHs HeoOMekeHo 3pocrae. Lle Tak sBane gBHIle pe3oHaHCY,
[0 Mae Micue OpH 36iry 4acToTH BAaCHHX KOJHMBaHb { 4acToTd
30ypIOIOU0i CHJIH.

SlBulle pesoHaHCy, NPH AKOMY BMHMKAIOTb MOPYXKH{ KOJM-
'BaHHA B cHCTeMi, BHKOPHCTOBYEThCS IPH KOHCTPYIOBAHH] pisHux
nijcHiuoBauiB, Hanpuk/aaj y papiorexHiui. [Ipore Benuki Ko-
JIUBAHHA MOXYTb CIDPUYHHATH DPYHHYBaHHA KOHCTPYKUiH —

tomo. Tomy Bax/auBO mnepelOayuTH MOXK-
JIUBiCTh BHHUKHEHHS PE3OHAHCY.

KonuBanua matemMaTHYHOro MasiTHHKA.
MaremaTuuHuk MaSTHUK — [Ie MaTepiaibHa
TOYKa MeBHOI MacH, mijBillleHa Ha Hepos-
TSKHIA HUTIH, Macoio sKOi MOxHa 3HeX-
TYBaTH.

Hexait maTeMaTHuHH} MAsTHHK, JOBMH-
Ha gxoro [ i Bara p = mg, BUBeJeHHH
3 BEPTHKAMBHOTO MOJMOXKEHHS Ha Nesikuh
Kyt @ (puc. 8.12). TIpunycrumo, mo Koau-
Pac. 8.12 BaHHA MafATHUKA BiAOyBaeThCst B CepeAo-
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MOCTiB, KPUJ JliTaKa, TMEpeKpUTTs CIOPYA

Bumi Ges omopy. MastHHR  KoaUBaeThes WA | A€o
cuin F:

F = mg sin ¢.

Hexan 3a yac ! Touka M npofisa B3ZOBXK AYTrH Kosa 8 LeH-
TpOM B TO'-IIJ.l 0 i pagiycom ! max S. Toai

S = lo.

HlsuakicTs PyXy TOUKH U HampsAMIeHa B3LOBXK AOTHYHOI A0
Ayrd koja i BH3HA4aTHMETbCS DPiBHICTIO

v = [,
Ockinbku cuna F = —mgsin ¢ nie B 61K 3MeHILeHHS @, TO
PiBHAHHAM DYXY MasTHHKA €
mv = —mg sin @,
a6o ' :
Imp + mgsing =0, ) (8.9)

Hexa#i BenmnunHa ¢ focuTh Masa. Toai sing ~ ¢ i pis-
usnna (8.9) HaGupae BUrIAfy

¢ + de =0,
e
a’= gll,

' To6T0 mictami pisHaHHs THNY (8.8).

8.5. Ximiuni peaxuii nepuworo
M Apyroro nopsapkis

MonomonexyaspHuuii npouec. lle Tak 3Bana ximiuna peax-
Iid mepmoro Nopsiaky, mij uac sikoi lesika peuonuna A nepe-
TBOpIOETbCA B iHmy peuoBudy C. Hexalt @ — nouatkoBa KiJjb-
Kictb peuoBHHd A, a X — KUIbKiCTb Li€l peyoBHHH, IO BCTY-
nuJia B peakiilo 3a yac / BiJ NmouaTKy peakiii, Toli @ — x —
HasiBHAa KiJbKicTb pedoBHHH A. BBakaiouu, uwio WIBHAKICTH X
mepeGiry peakuii npomopuiitha 3 Koedimienrom k Kinbkocti
PEYOBHHH, WIO He MepeTBOpHJIacs, AicTaHemo nnq)epeHulaane
plBHﬂHHH

x =k (a— x).
Bmoxpemmoxoqn 3MiHHi Ta inTerpyiouH, AicraHeMo
)

a— x

3Bigcu
—In (@ — x) + InC = kt.
Orxe, 3arajbHHA PO3B’SI30K MaTHMe BHIJISIT
: a—x=Ce ¥,
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Ae C -— NoBiJibHA cTana, Ky MOXHA BH3HAuHTH & TIOYATKOBHX
yMoB: x = 0 npn ¢ = 0. Bpaxosyioun, mo C = a, oCTATOYHO
Iiicraemo
= a(l —e-*),

Sk 6aano, Ko/ ¢ —> 0o, KiIbKIiCTh ¥ NepeTBOpeHo] PEYOBHHH
HabJHXKaeTbes A0 BeJIHYHAN a, ane HiKOJM He jocarae ii, To6TO
TEOPETHYHO Nponec NMPoJOBKYETbCS HeCKiHueHHo foero. Ilpak-
THYHO OfHAK MOHGMOJEKYJSPHHH Dpoliec BBaXKa€eTbhcs 8aKiH-
YeHHUM, SIKUIO 3amumaerhest Merme 0,1 9% mouaTkoBoi KIJIhKOCTl
peuoBuEN A.

Bimonekynapeuit nponec. Lle Tak 3pana ximiuHa peaxuis
Apyroro nopsixy, mij yac sikoi Bsaemoniloui pevoswnn A i B
nepersopioioTbesl B peyoBuHy C. Hexait a i b — Bianosizno
NoyaTKoBi KijbKocTi peuosuH A i B, a x — KiJbKicTh KOXHOI
3 IMX peuoBHH, L0 BCTyNuJa B peakwlilo 8a yac ! BiJ MOUaTKy
peaknii. Bsaxkaiouu, mo mBHAKICTL ¥ nepebiry Liei Ximiunoi
peakuii nponopui#ina 3 koepinieHTom nponopuifiHocTi £ Ho-
OyTky HasiBHEX peuoBnH A i B — Bianosigno a — x 1 b — %,
JicTanemo anq)epenulanbﬂe piBHsIHHS

x=k(a—x)(b—2x),az=b.
Binoxkpemimotoun sMiHHi, MaeMo

TRy =kt
Toni ' .
1 (S dx _S' dx )=
(a—x)(b—x) b—a a—x b~—x
1 jpb=* _mc.

=bt—a'a=x b—a

1 : .
(ITpn ubomy came — — In G spyuno B3sITH sIK AOBLNBHY CTa-

ay). Otxe,

b—=x
In7=>—InC=(b—a) kt.

[Micns morenniioBaHHA saranbHuil iHTerpan IudepeHuiaibHOTO
piBHAHHS MaTHMe BHIVISA

bt Comamtim
a—x
Ie C — JoBi/bHA CTasa, AIKY BH3HAUMMO 8 INOYATKOBHX YMOB:
x=0mput =0,
Bpaxosytoun, mo C = bla, ocraTouHo AicTaemo
b—x b
e = — (aumb)kt
a3 a,eg .
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abo
o= (a=b) kt

x =ab (a—DRE *

a—be
3 niei dopMynu BunauBae, mo Koau ¢ ~» o0, T0 X ->b, i,
OTXKE, TEOpETHUHO GioMONeRysipHUA mpomec TaKOXK TPOZOB-
XKYETbCA HECKiHUeHHO JOBro.
slkmio a = b, 10 MaTuMeMO AubepeHniaibHe pwnamm
9 — kdt.

_ - a—9?
[licas inrerpysauns #oro micranemo
1
—+C, =k,

ne C,— noBifbHa cTana, fiKa, BPaxoBYIOUH [0YaTKOBi yMOBH,
nopieaioe — 1/a. Orxe,
1 1
= =k

a6o

X = 1

C T
$Ik 6aunmo TakoXK, MO KoMH { —» oo, TO X —> @, i, OTXKe, Teope-
THYHO GiOMOJIEKYJISIpHHH NpoLec NPOAOBKYETLCS HECKiHYEHHO
JOBTO.

3asnauumo, wo B yeix XiMiuHuHX peakUisix, Mpo fKi HUIIOCR

paHiine, koedinieHT £ BU3HAYaeTbCs 1A KOXKHOI PEUOBIHH €KC-
TiepHMEHTAJILHO.

8.6. Andepenulansii moneni B exonoril

_ Erostoria BHBuae B3aeMOBiHOCHHH JIOAHHM i B3arani K-
BHX opraisMiB i3 8soBHIlLHIM CepeloBHIILeM. OcHoBHHUM 06’-
€KTOM eKOoJIorii e eBo/mowis monyJsmii.

Posrnanemo audepenuianbui Monedi nonymunﬁ K| 38'dl-
8aHi.3 PO3MHOXKEHHAM a0 BHMMDAHHAM OCTAHHIX, a TaKOK is
cniBiCHYBaHHSAM piSHHX BMAIB TBapHH Yy CHTyarii «XWXKaK —
KepTBay.

Hexaii % (f) — aucno oci6 y nonyasuii 8 moment vacy f.
fgmo A — uneno oci6 B nonyanuii, HapolKeHHX B OAWHHLIO
yacy, a B—uucso ocif, ki BMHpaIOTH B OQMHHLIO HYacy, TO

MOXHa CTBEPIAXYBaTH, WO UIBHIKICTH SMiHH x (f) "ucaa oci6
'§ U4ACOM 3a/ia€ThCH cpopmy.uoxo

$=A—B, (8:10)
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Tenep 3afada noasrae B ToMy, o6 onucatu sanexmnicts A i B
BiX X, HaﬁHpOCTIU.IHM BHIIQJIKOM € CUTYyarlis, KOoJu
A = ax, B = bx, (8.1
e aib— Koecbiu'ieﬂm HapoJKeHHdA .1 cMepTHOCTi oci6 sa
OJMHHULIO Yacy BiAnosiiHo.
Bukopucrosyous (8 11), piBHsiHHSA (8 10) sanucyloTh TdK:
= (@ — b)x. (8. 12)
3Baxkaiouu, W0 B MOMEHT 4acy f = £, uucJo-0ci6 B nomyJsanii
JopiBHIOE X == X,, 8 piBHAHHA (8.12) sHaxoaumo
: x(t) = X, g(a—b) (t=1y),
SBUICI/I JiicTaemo, 10 KoM @ > b, TO NpH ¢ — oo UUCIO OCcil
X — oo, [Ipore Ko @ << b, T0 x — O npu ¢ — oo, i monyasnis
CTae BHUMUPANOYOIO.
Xou s MoJesb HeMi0 CNpOLIeHa, BOHA BCe-Takd B 6ararbox
BUMajKax BiAnorinae AificHocti. Bsarasi Bci moneai, siki omm-
_eyioTb Aifichi ABumia i mpouecH, Heaidiini, i samicTb andepen-
niampHoro piBHaAHHS (8.12) Tpe6a posrasaT piBHAHHA BUAY
= (v),
Ie f(x) — deqinifina dyHKuUif, Hanpukaazg
x = ax - bx?, [(x) = ax— bx2,
Jea >0 b0=>0.
Axuio x = X, Opu ¢ == {,, TO 8 OCTAaHHLOrO piBHAHHA 3Ha-
XOJUMO -

g
x(f) = P . (8.13)
g - (F - xo) g™ (t=1o)
3Bincu mpu ¢ - oo uncia0 ocib B nonynﬂui'l' x () > —:— . Ilpn

npoMy MOXKJHBI Taki 1Ba BHTaJKH; 2> Xy i % << x, (puc. 8.13).

3asnauumo, WO dopmyJa (8.13,) ONHCYE SIK NPUKAAL TOMYy-
JAnii0 GPYKTOBHX WKIAHHKIB i AesaKnX BURIB Gakrepiil.

Slkuo posrasjary Kinvka chiBicHylounx BHAiIB, BanpH-
Kiall, BeJHKUX i mManux pub, he maji puba € KopMoM AJs Be-
JINKHX, TO, CKJajaoun Judepennianbte piBHAHHSA L5 KOXKHOTO
BHJY, HicTaHeMo cHcTeMy JIH(epeHUiaJbHHX DiBHSHb

=ft'(x1; "',xﬁ)g i= l, t..,n'

PosrasineMo jeranbHille ABOBHMAOBY MOZENb «XHKAK —
XKepTBa», fika Bnepiue Gysa nobyaosana Bosbreppa ana nosic-
HEHHSI KOJMBaHHA PHOGHHX BUMOBIB B AJpiaTuunomy mopi, mo
MaJu OAMH i TOA Xxe mepiof, a/je BiApisHaaHcs sa ¢asoio,
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_# Hexaft x — uMc/IO BeHKUX PHO-XHXKaKiB, MO KHBAKTHCA
MaJiiMH puGaMH-XXepTBaMH, YHCJIO AKHX NO3HAYMMO dYepes 4.
Toxi unc/io pu6-xHKaKiB 301IbHIyBATHMETbCS JOTH, OKH Y HUX
6yne AOCTaTHLO MOXKHBH, TO6TO MajuX PHO. 3pemwrToio HacTy-
NUTb CHTYalis, KoM MOXHMBH HE BHCTauaTHMe i B pe3yJbTari
YKCJIO BeIUKHX pHO smeHminTbes. e npusese no roro, mo 8 je-
AKOTO MOMEHTY UHCJIO MaJHuX PHG BHOBY NOYHe 30iJBIIyBATUCH,
o Gy/ie CTHMYJIOBATH HOBE 3POCTAHHA UHC/Ia GiJIbIIHX oci6,
i UMK/ 3HOBY moOBTOpHThbCA. Mozenb, noGyjioBana BouabTeppa,
Mae BHIVIIA -

k=——ax+buy B R T

Y = cx— dxy, ) (8.15)
ne a, b, ¢, d — gonati cran BeqMYHHH.

Y piBustHi (8.14) A1 BeUKHX PHG NOAAHOK bxy BHpaxae
3aJIeXKHiCTb MPHPOCTY BEJHKHX pHG Bid KiMbkocri MafHX PHG.
Y pisnanni (8.15) Konanok — dxy BUpakae SMeHILEHHs YHC/Ia
MaJuX ocif 3a/1eXKHO Bil udC/a BeJIHKUX.

Jlag 3pyuHocTi AocJifxeHHs JBOX OCTaHHiX piBHsAHb BBe-
JIeMO 6e3p03MipHi aMiHHi

a

u () ‘—x, v(r)-«—y, T=cl a=—,

B pesyabrati augepentianbhi pisaanns (8.14) i (8.15) maru-
MYTb BHIVISA
d=au-@w—1) =0 (1 —u), (8.16)
Ae o >0, a WTPHX O3HAYae MOXiAHY IO T.
Tpunycramo, WO B AesiKHil MOMEHT Yacy T = T, YHCIO 0cif
060X BHAIB Bigome, TOOTO
4 () = thg, 0 (%) = Vs, 8.17)
npuyoMy Hac LiKaBHTHMYTh Ti/IbKH JOLATHI po3B’siskH. Buana.
uMMO 3B’ 130K MiXK u i v. ,[IJm 11bOro posmnumo nepiue piBHAHHg

o ul
xho oy, "l

Puc. 8,18 Puc, 8,14
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Pac. 8.15
cHCTEeMHI (8 16) Ha Apyre i, npoinTerpysasiuy 3K06yTe nucbepen-
uianbae piBHAHASA, AiCTaHEMO
av + u— Inv*u = av, + 4, — Ino§ u, DEF H,
Ie H — crana Be/uyHHa, IO BH3HAYAETLCS NMOYATKOBHMH yMO-
BamH (8.17) i mapamerpoM a. :

. Ha puc. 8.14 so6paxeno rpabika « 2K (bymmu Bif v mpu
-plSHHX snaveHusax H. flx 6aunmo, B nuouugi (¢, v) € TmbKn
3aMKHeHi Kpusi.

[Mpunycrumo Tenep, W0 NMOYATKOBI BHAuUeHHs U, 1 U, 8ajia-
I0TbCA TOUKOW A Ha Tpaektopii, wo Binosinae snavyenno H =
= Hg. Ockinbra uy> 1, v,<< 1, 10 nepue pisusaxHEA (8.16) no-
Kasye, 1o 8MiHHA ¢ crouatky cnafae. AHasoriynuil $akt Mae
micte i Aas sMiHHo'i v. Hani, koqu svmiHHa u JAOpiBHIOBaTHME
opuHuui, To v'= 0, i norim NPOTArOM JAOBIOTO yacy © a8MiHHa v
spocTaTuMme. ﬂxmo v=1, To 4'=0, i motiM yme spocrary
nournHae sminHa u. TakuM ynHOM, AK SMiHHA U, TaK i SMIHHa v
NPOXOAATH 8aMKHeHY TpaekTopio. Lle osHauae, mo posB’si3Ka-
Mu e ¢ynkuii, nepioguuni sa wacom. IIpu npoMy MakcuMyM u
He 36iraeThesl 8 MAKCHMYMOM U, TOGTO KO/IHBAHHS B NOMYJIALIAX
BiAGyBaIOTECSI B DISHHX (pasax.

['pachix sanexuocTi ¢ 1 v Bifl yacy T sofpaxkeno Ha pue.8.15
(y BHOAZKY v,> 1, uy<<l1).

3a nonoMorow nucpepeumanbﬂnx piemmb MOKHa Jochi-

IXyBaTH TaKOX Mojie]i Teopii emifemid, GodoBux Aiit, sajau

molyky, XiMiunux peakuifi i T. n.

8.7. 3apaui Teopii kepypauHs

Jns doBiTHBLOI TEXHiKH, IO Ma€e CIpaBy 8 BUCOKHMH eHepri-
ama, KOCMIYHHMHM IUBHAKOCTSIMU, IIBHAKOIUIMHHUMH npomne-
camH, JOPOrOUiHHUMH YCTAHOBKaMH i eKCriepUMeHTaMH, Xapak-
TEPHOIO € HeoOXiNHiCTb HafiGi bl palliOHaNBHOTO BHKOPHCTARHS:
pecypcm BHOOPY Haquamm nporpamt nifi. Bee ue Bu3HE -
gae Ti npoﬁneMH AKi € IPENMETOM Teopll ONTHMAJIbHOTO Kepy
BaHHs, fiKa TicHO 3B’si3aHa 3 Teopi€io AHdepeHNiaAbHUX PiB-
HAHb i 8ara/ibHOIO TEOpPicio eKeTpeMadbHHX 8ajad, :
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PosrnsneMo nesiki Banpsivkn 1iel Teopii Ha npukaazi.
Hexail maemo Kepylounii 06’eKkT, 3aKOH PyXy SIKOTO OnHCye-
ThCS CKAJISIpHHM DIBHSHHAM 8 ORHHM NIapaMeTpoM KepyBaHHs
X = ax + bu, (8.18)
Jea>01ib==0~— crani Bequunnu. 3ajaua KepyBaHHs NOMS.
ra€ B TOMy, o6 nepepecth Hefi 06’€KT 8 MOYATKOBOTO CTaHY
x(0) = x, B mouaToK Koopaunar x;= 0. '
SIxuo BBaxkatTH, WO napameTp KepyBaHHS U MOXKe HaOyBaTH
ROBiNEHUX 3Hauenb, To6TO 0o6/aacTb KepyBaHHs U a6iraerthbecs
3 ycielo AificHOIO NpAMOIO, TO icHYe HecKiHYeHHa MHOXHHA
sHaueHb u, AKi peanisyloTb MeTy KepyBaHHS.
Cupaeni, BisbMemo JoBinbHe uncao T >0 i BH3HaumMO
dyskuio
2ax, . .
u(z‘)=—b—(‘i—:g,,—r,e*a‘ Oct<gT. (8.19)
Besnocepemu,o MOXHa TOKasaTH, W0 ULOMY HenepepBHOMY
KEPYBaHHIO BiAnoBijae TpaeKkTOpis

X,
X (t) —— -l-—_—ef.m' (e-—2a‘ — eu.-QaT) eafj

NpHUYOMY X (T) =0,

Orxe, akuii 60 He GyB MOYAaTKOBMH CTaH X,, KepyBaHS
(8.19) nepeBosuTb 0OG’€KT 8 LBOrO0 MOYATKOBOTO CTaHy X,
B IIOYaTOK KOOPAHHAT.

SIKmo mapameTp KepyBaHHA u Mae gonyctumy oGnaacte U,
06Me)KeHy, Hanpukiaa |u| <1, 1o sajaua He 8aBXAM Mae
PO3R’s130K.

8.8. 36inbwenns rpowosux sknagis

3adaua. Cymy A xp6. noknazeno B 6avk Ha r % B pik.
3HafiTd 3aKOH 3MiHH CYMH NIpH YMOBi, wo npouen'm Hapaxo-
BYIOTbCAl HeNepepBHO.

3a BCTaHOBJIEHUM 3aKOHOM DPO3B’fI3aTH TaKi aanam

a) cymy 10 000 kp6. nokaajeno B 6ank Ha 29% B pik. Uepes
CKiJIbKH poKiB BoHa craHoButume 20 000 KpG.

6) uepes ckinbKyn POKiB BABoe 86inbmHTLCA | Kp6., MO 36e-
piraereca Ha 3 %-My BKJaazi?

3ara/abea cyMa P BKJIa]y B pesysbTaTi HapaxyBaHHA Npo-
NEHTiB OAMH pas B KiHIi POKYy BHpaXkaeTbcs dopmyoio

P=A(+r).

sIkmo npoueﬂm HapaxoBYIOTbCA 4epe3 MiBPOKY, TO

P=a(i+4 )



m{m;o NOKBapTajbHO, TO
p—aft+1),
i 9KUI0 KOXKHOTO n«iéﬂuﬂ, TO
12
14
P=a (1 + 17) .
.Y sarajbHOMy BHMaAKy B KiHIi POKY cyma CTaHOBHTHME
r m
P=af1+£)
npH r % piuHHEX, MO HAPaXOBYIOThCA M Pa3 Ha Pik (Hanpu-

kJi1ag 365 pasiB 3a pik, TOGTO UIOAEHHO).
Yepes n pokiB sarajbHa cyma

pealli 2T

SIKio uMcsIo m HapaxyBaHb TPOLEHTIB 32 pik GyAe Heo6Mexke-
HO 36iJblIyBaTHCS, TO

P 1imA[(1 + %)m]= 4 Iim[(l £ ’E)-} (8.20)

. =00 Hl=p oo
OcKiJbKH
mn
lim ( _"_)’ =e
M= oo \1 + m ’
To piBHicTb (8.20) nHaGupae BurAsSAy

P = Aerr,
3aminuBumm 7 Ha f, ne { — uac, JicTaHemo CyMy, IIO HaKOMH-
HAThCA depe3 JesKkHil uac f:

P = Ae,
3a KopoTKuil MPOMIKOK uacy df 36inbmenHs cymua P craHoBH-
THME

dP = d (Ae?) = r(Ae) dt = rPdi.

Binokpemsmoioun B 1boMy piBHSIHHI 3MiHHI, AicTaHeMO ,umbe-
peHuiajbHe piBHAHHA pO3TJAAyBaHOI 3ajadi:

& — rat. (8. 21)

[ilo6 po3B’si3aTH 3aBAaHHS a) npoinrerpyemMo piBHsHHA (8. 21)
Maemo

20000 : 20000 N
gl ‘% = 0,02jdt, spigku In P | = 0,02 ¢ | .
10000 8 10000 0
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abo

In 2 = 0,02¢.
Busnavaemo myxkaHuii uac:
In2 0,693 v
= G0 = W = 34,66 pokiB.

Po3B’si3yioun saBxanna 6), s piBusnua (8.21) nicraemo
t

2

= 0,03§dt, 3Bigkn In2 = 0,03 £,
i b ‘ ,
Ortxke,
| n2

t=Q%

~ 23,1 pokis.

8.9. NporHo3 3pocTaHHA HaceneHHs Micra

[Npunycrumo, W0 WIBHAKICTL NMPHPOCTY HacesJeHHs MPSAMO

'nponopulﬁﬂa HamBHiA KinbkocTi HacedeHHs. 3HaileMo sa- |

JeKHicTb MiX KinbkicTio Hacenenust A i yacom £, Ao Bigomo,
o B IefKHii MOMEHT, IO NMpHAMaeTbLCA 32 noqarxonuﬁ KiJlb-
KicTb HaceseHHs fopisHioBajta A, a uepes pik BOHO 3pOc/o Ha
a %. OGunciuMO TaKOX IIpH IbOMY HaceleHHs M. KueBa Ha
2000 p., sKWo BigoMo, o foro Kiabkict B 1979 p. craHoBu/a
2163,6 tHe., a B 1989—2602,8 tHC. uoa. '

HIBufKicTs 3MiHH KiJbKOCTi IlacesieHHs — 1¢ Tepma mno-

. S . dA
X14Ha BiJi KUJIbKOCTI HaceJieHHa 1o vacy, TOGTO i

Orxe, MOXKHa 3anmycaTi Take AudepeHniaibie piBHAHASA:
A =FRA.
Binokpemoroun 3MiHi, AicTaeMo

= kdt.

[licasi inTerpyBaHHs MaeMo
. InA=Ine* 4 InC,
a6o
A = Ce", (8.22)
Kinbkicrs Hacenenns uyepe3 pik BH3HAUHMO TaK: piuHuil
npupicr a% Big A, cTaHOBHTHME %’8, TOoAi KiAbKicTh Hace-

JeHHs: depe3 pik Gyze
ady* 10044
A + To0 100 — ~ 100 A,
BukopucroByioun nouarkoBi ymosn, mo A = A, npu
ty= 0, sHaiifiemo crany C.
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Otxe, Ay=Ceé*'=C . e" C, To6to
Taxkum uHHOM, POSB’S30K plBHﬂHHH (8.22) mae BPII"JIH,[!
A= Ayer, (8.23)
IlJm BUSHAYEHHS MHOXHHKA e"’ BUKOPHCTAEMO  JOAATKOBi
Rani, migcrasnsioun b piBEAHHA (8,23) sHauemHs KiJbKocTi

Hace/leHHS yepes pik, To6r0 £ =1, A = lo?og—a A,. Maemo
100 +a
oo — A, —Aekl—A ek
100442 . \
et = 100 * (8 24)

[TigcraBastoun 1€ 8HaYeHHA B pmnamm (8. 23), Jicranemo
YaCTHHHHE PO3B’ABOK
100+ a :
A=A, (—Wj;_) , (8.25)
AKUH Biaoﬁpax&ae saJeXuicTb MiX KiJbKicTIO HaceseHHs | ua-
COM BilNOBiAHO 0 ymOB 8ajaui.

Tenep, BukopuCTOBYIOUH hopmy.y (8.25), sHAlLAEMO YHCE/Ib-
HicTb HaceseHua M. Kuesa Ha 2000 p. 3rigHo 3 ymoBOIO 8anaui,
HacesieHHs: M. Kuesa sa 10 pokis (1979—1989 pp.) spocao
Ha 20,3 %. Toni sa cpopmynom (8.25)

102,03 100 42
Aunno = 2602,8 (9292 )" ~ 602,8 (19+2)"

=2602,8(1—|—l§0) _26028(1+10.m)+---)=
== 2602,8 . 1,2 = 3123,36 THC. oA,

Orxe, B 2000 p. Hace/IeHHs KuneBa craHoBuTHME OAH3bKO
3 123 360 you.

OCHOBHI THNM AMDEPEHLLIANBHMX PIBHAHD mPl.
IX BMPA3 | METOf} PO3B'I3YBAHHS :

L IIP 8 Bliokpemnenumu sminmamu =
‘ M (x)dx + N (y)dy = 0
Baranbunfi poan’ssok

x .
SMMM+§N®M=
Xo Yo
II, IP s BigoxpemmoBanuMy sminuuMn
fi@)fay)dx 4 g1(x)gx(y)dy = 0

y=7Txg @ (" =dyldx).
BigoxpeMmowoun sminni, aicraemo pisssmus THny I,
III Ozmopim-xi ap

y - f(xr y): f(}"x: A'y) - i(x, y)
Hinc'ranonxoro Y= xu, Y= u - xu’ ssonumo po tuny II,
IV. 0P, mo 3Boaarecsa jpo tuny [II a6o 1I :
—f (‘11" +hy+ CI)
Qg% + bay + €,
Axmo a,by% azbj, TO miacranoekow ¥ = x;+ h, y = y;-+ & sBoO-
numo fioro po Tumy III.
& SRWo ayby= ayb,, TO niAcranoBKOK 4% -+ byy= u sBoAuMo fore
ao rany Il
V. J'Imiimi [P mepmoro mopsaaky

Y+ Py = Q).
1) miacrauoBkow y = u - v (Bepmyani) ssonumo N0 piBHAHHS
Tany 1I;
> 2) metoa Bapianii poBinbHO! cranoi. 3araabHufi po3B’A30K

y= e-—Sde (S 5deQd +C)
V1. IP Bepuyaxi
¥+ Py =Qx)y" (n0; 1)

ITigcranoekoio

a6o

2=y abo y=u-v

aBeneMo ao JAP rany V.
VI, OP y nosHuX Iladaepeumanax

M (%, g)dx + N (x, g)dy =0,
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AKIIO

BaraneHuf poss‘asox
% ]
SM(x,y)dx+S N (%gs y) dy = Cs
X Yo

VIIl, JP Jlarpanxa
y=x0 )+

MNixcranoBrow y'= p (x) i HacTyn nuM AUpepeHNioBARHAM IBOLUMO
fioro Ko piBuAnusA Tuny 11,
- IX. OP - Kaepo

. y = xy'+ P’

Migcranoskow  y'= p (x) 1 wactynuaM nudepeniiioRannaM 3BO-
auMo no pienarms tany Il. 3araasaull poss’asox y = Cx 4 ¢ (C),

X. JIP BEIIOrO NOPSiKY, MO AONYCKAIOTh HOTO SHHMKEHHS,

1) IP 4 == f (x). .

3araabrd# POSB’SI30K BHAXOAMTHCH. A+KPATHUM {HTEIpyBaHH M}

2) OP y"’'= f (%, '), Aixe sBHO He MicTHTDL y, ITiAcTanoBROK

y=rp ), y'=1p"
3BOANMO fioro o [P pepmoro mopsuky;

3) P ¢y = [ (y, ¢¥') a8BO He MICTHTB X,

[Tincranosxorw '
, d*y dp dy  dp

g =pyy =d2dy &Py

sseniemo 110 IIP mepuroro mopsaky.
XI. Jlinifine onnopizue [P i3 cramuMm koepinienramn n-ro no-
PAAKY

Ligl=y" +pf™ 4+ oo\ 1y + Py =0,
(p;=cons) €R, i =1, .0\, n.

CknanaeMo XapakTepHCTHYHe PpiBaAnHS
n n-—1 '
@R =E k" L p, ikt p, =0
) Stkmo kg, Ry, <.+, Rp— KOpeHI KpaTHOCTEI My, Mgy wes s Mp
Z m; = n, 10 pynxuii
ek‘”, xekI”, cens xmli’l,ekl”;
eh® | gele® L gMalgheny

¢ e 9 e & % & & & & 2 e &

e xekP,....x P el

Y

¢ (yHZamMeHTaJbHOIO CHGTEMOK po3B’a3Kim,

296

flgmo xopeni nikicni kpartmi: £, — kparsocti my, Ay— kparroeri
Mgs + v« 4 kp— KpaTHOCTI My, a TaKOK KoMMIekcHI kpaTHi: (g 22 Ify)—
KpaTHOCTi My, (otg -~ IPs) — KpatrOCTI pgs we s s (0 -~ iBs) — KpaTHOCTI
Ws, OpHUOMY : :
. g‘ 2s
8
X oyt =n,
j= j=1
T0 QyHZaMenTanbHA CHCTeMa Po3p’askis — ne ¢ysxnil
eR®, xehi¥, |, xMlghi¥

» . L] ] LI 4 . @ ’. . . . -
mt;—-] ekpx;

kX k x
eP  xe P, 0, x

%1% %X ---I‘eoc,x

CosPi®y vus, £t cos Byx;
*sin Bor, xe®FsinBix, 1., , 2M=1e%% 5in Bx;

cos By, xe
&

* 8 % e » s e s ® s s-e & e W @ s 8 w8 s s s

us'-%f

oL X [e A 1 o x
e cosPor, xe ¥ cosPx, vau, X e 5 cos Byx;

%X ax uw—! o x .,
e sinBox, xe s sinfx, vvo, x5 e ¥ sinBx

X1I. Jlinifine neonnopinne JIP i3 cTanumu Koedinientamu

Ligl= o™+ pf ™Vt oo Fp, 19’ + py=F (%)
Hexafi saranbanf poas’ssox pisussnsg L [y] = 0
u=Cyy1=4Coyy+ ++» -+ Cniine
Toai wacTuruHE PO3B'A30K U 3HAXOAHMO METOAOM Bapiaui‘i? BHKO-
PHCTOBYIOUH CHCTEMY
Ciyg+ Cava+ +++ +Cpyn =0,

- Cigy+Cays -+ ++ + Cryn =0,

CLf ™0 4 oor o+ Coli ™V = (),

SIxmo :
f(x) = Py (x) ™

i o € kopinb pisnsanng ¢ (k) = 0 kpartnocri r > 0, T0

v = 2"Qp (x) €%,
ne Qum (%)== dgxm 4 Apx™ ™+ oo - Ay — MHOrOWIEH CTeNeHS m
8 HesHSHaueHuMu koedimientamu.
Sxmo ‘

f (x) = €** (Ppy (x) cos Bx 4 Qy (x) sin Bx),
To

v = x"e%* (R; (x) cos Px 4 S; (x) sin Px),
Je r > O—KpaTHiCTb KOHTPOJNILHOIO uHCJIAa NpaBol YacTHHM O = o2&
= if; Ry (x), S;(x)— wnorounenn crenens /= max{m, n} s HeBH3Ha-

yeHHME KoedpinientaMu. . . .
XIII. Cucrema aimifinnx omnopianux piBHAHB i3 crajnMu Koedi-

. uienramu

% =Ax, XER", ge A— (n X n)-varpuns.
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.

1) sugmouenHaM Hesimomnz ¢ynxuidt, kpiM onmlel, spomumo mo
pisastnua tany XIp
2) meror Eitaepa, Hexait

x”"—'ekta: a=(a1, (AL R} an)ER"-

SIkmo Baacui suavenusi Ay, Ay, .. ; Ay maTpuui A Bei pismi i ay,
@9, «es-y Qp— BJAACHI BEKTOpH MATpHII A, TO 3arajJbHAM PO3B’SI3KOM €
BEKTOP-OYHKIisA )

X = Cp’""a, + Czekztaz + e + Cneh”tan, ‘
¢ Cp — posiawri craxi. . . . L
g7 SIRIO BJACHOMY - S8HAYEHHIO A KpaTHOCTI m signosinae m niniino
He3aJIeXXHHX BAACHHX BEXTODIB @i, ..., @y, TO MAEMO #1 NIHIAHO He3a-
deXHHX PO3B’A3KiB

Mag, €ag, voey May,

’

OCHOBHA TABNMUSA IHTErPANIB

. ¥ Beix dopMyaax mix u posymiioTe abo mesasexuy aminmy, a6o
Aosinbny ¢yHKnio Gynp-akol Hesanexuoi sminHol, moO Mae mOXimuy
B JesiKOMy inTepsaJi.

_Koxna 3 dopmya uiei Tabauui cnpasenanBa B 6yib-ikoMy inTep-
Baji, wmo MicTHTbes B o6nacti icmyBanus BianoBiznoi miainTerpans wol
byHKULl,

; ' j’ un+l

) So-du-—-C. 2, gl-du=u+c. 8. Jwdu= 35 +C.
du -1 1 . . : -

4, =7 m+6‘ (n —crana pesaHuuBa, nsk 1),

du du
B. jﬁ:?ﬂ-{-a 6. j—;=1n|u|+c.

u’ )
7 ja“d == 4C @>0a%1). 8 S'eudu=eu+c.

-]

. Ssin udy =-—cosu+C, 10, Scos udu = sinu 4 C,
11, Stgudu:—-ln]cosul—[—C.
12, Sctgudu=ln|sinu|+0.

du du
13, §m=tgu‘+cb 14. j.s_in_”ﬂz_dgu_*-c'

du 1 u
15. j‘m="d"arctg—a-+ C.

o d
16. J ‘-——E——=arcsin—z—+0.

Va’-——u”

du 1 atu
17. yaz_uzcﬁln a__’u|+C\

du —_—
1. e — T gi 2 »
8 Ve Inlu4+ViP=ad|+0

[pR— [/ ——— u
19. 5Vaﬁ—uﬂdu=—2—Va’—u3—|—-2—arcsin7 +C.
S — S ——— 2 et —
20, SVa2+u2du=-‘2t~Vaﬁ+u2+g2—ln| ut+VatFat|+cC.

21, [, = j w d”ua)k (k> 2);

7 = u ‘ 2k—3 :
L 5’5(2'@-‘. IR = ! k-’)"’
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TEMU KYPCOBMX POBIT

_Pieuguus Pikkari. 3aranena Teopis 1 BHIAJIKH m'rerposaﬂoc'ri

B _CKiHYeHHOMY BHIJsAAi.
PiBHsiHRA B noOBHHX zm(pepenmanax Cnoco6u noﬁynonn 3arajb-
HOTO poss’a3ky. Poss’ssox sagaui Kouwi.

InTerpyounii Mpoxnug. 3araibna Teopisl i 3HaxoMkenHa iHTerpy-
1090T0 ‘MHOXXHHKA B OKPeMHX BHIaJKax.

HoBeneHnst Teopemu icHyBaung i eanHocti poss’ A3Ky 3agaui Ko
I HOPMAJIbHOI CHCTeMH n. HH(pepenlianbuux piBusanb i piBHSHB
7-T0 MOPAAKY B HOpManbHif dopmi. Jliniduuf BHII2A0K.

TeopeMu npo HermepepBHy saflemuicTs po3B’s3kiB 3amaui Komi
MJIsI HOPMaAbHOI CHCTEMH Bij napameTpiB i HOYATKOBHX JaHMX.
Metoxn Eiinepa imterpypanns aisifiHoro oamopiamoro piBHﬂHHH
n-ro nopsifky is cranumm Koedinienramu, IMoserinka poss’gskis
npH (- co.

Merox Efiepa inrerpysanssa aimifimoi oxmnopinmoi cHCTeMH piB-
HaHp 13 cranumm koediunientamu. Honemﬂxa po3n’s3kiB  mpH
{ — 00,

Jlinifine piBuguna Efinepa n-ro mopsaaky.

InBapianThicts ainifiroro piBnanHa n-ro nopsaaxy i nimiknol
cHctemn BinHOcHO 3amiH nesasnexnol sminnoi i wesinomol dyunxuii.
®opmyaa Jliysinas—Qcrporpaichkoro Ans JinifiHoro onmopia-
HOro piBHSHHR n-T0 MOpsAky i Aluifinof ozmomzmm cUCTeMH.
HopmoBana ¢yniamenTaibna cHcTéMa pose’siskiB aAiuifinoro on-
HOpiZgoro piBRAHHA £-T0 mopsaliky | cucremy piBHAHB. [To6ynoBa
piBusigb i cucrem sa sagaporo OCP.

Meron Jlarpanxa imrerpysanns ainifinoro Heozmopinﬂoro pis-
HAHHS 7-YO TOPRAKY Ta iX cucrem.

3HaxXOLKeHHS UaCTHHHOrO po3s’asxy JimifiHoro aeognopimnoro
pisuanra i ninifiaux cucrem 8 cramumu KoediuieHTamMu MeTOXOM
HEeBH3HAUEHHUX Koe(plulemls.

Jliniini andepenuianvni pisuanns is suimpumu xoediuiénramu,
WO NPUBOAATHCS O PiBHsAHB i3 cranuyuyu koedinienramu.

. HHXKeHHS NMOpsIKY JiHifiHHX onHopiauux piBHAHB 33 BiAOMUM

YACTHHHUM DO3B’A3KOM.

Unenenni meronu inTerpyBanns nudepennlanbHnX piBHAHDL mep-
moro, MOPsAKY 3 BHKopucranHam EOM.

Hpnnuan CTHCHYTHX BigoGSpaxenb i goBelenns Te0peMu icHyBaH-
ug i enunocri poss’ssxy safaui Komi.

HeplBHlCTb Cpounyona 1a it BaCTO(.yBAH}lﬂ npu JAOBefeHHI eNuHO-
cri poas’asky sagaui Kouwi,

AcumntoTHune imTerpyBamus Aesikux JAiHIAHHX XHdepeRNiaNbHAX
piBrsnb npocTimMx Tunis.

Onuopinui pisnAnHg nepworo mopsaxy i Ti, WO SBOAATBCA IO
HUX,

3azaus Komi. Oraag i nocranosok, TeopeM icnysanus i equnocri
ta merodlB poBeneHHsd. Baacrusocti poss’sskis sazaui  Kouwri.
Oco6ayBl BHDAAKH.

3Beseunst cuctem Jginifiunx opHopiarux piBmaAub i3 cramumu xoe-
dinjentamy 20 Kanoniuxoro _Buay.

Interpyeanns cucremn ninifindx opnopilnux piBHAHL i3 cTanuMu
KoeiuieHTaMy BEKTODHO-MaTPHYHHM METOLOM,

24.

" 25.

26.

2.
3.

4.
5.

6

7

8

®

10.

11,
12,
13,
14
15.
16.
17
18.

19,

20.
21.

22

23
24

25,
26

HMonstTa npo crifikicrs poss’sa3kiB cucrem AudepeHniadbHHX piB-
HSHB, Ildc.ni}imeﬂnsl Ba crifikicrs po3s’a3kiB cHcTeMu ABOX Jinifi-
HHX onnopumnx piBHSAHD i3 craqnmm koediuientamu Ha ocHOBi
sarajapHOro po3B’sa3ky y ¢opmi Komi. '
K.nacmblxaum sa Ilyanxape 0COGAHBHX TOUOK AudepeHLiadbHOTO
piBHsAHHA 3 onHOpiRHOWO . KPO6OBO-NiHifHOW NpaBol0 YaCTHHOIO.
3p’30K THNY OCOGAHBOI TOYKH 8 XapakTepoM cCTifikocTi TOYKH
CIOKOIlO, '
Hocainxenus na crifiricts po3s’a3Kis 1Hpepenniaibuoro piRAAHHA
JAPYroro MOPAAKY 8 CTalHMH KoedilieHnTamu,

TEMM BUNNOMHMX POEBIT

Nocninmenns na crifixicrs poss’sskis cucTem Audepenmianbhux
piBngHL geplIMM MeETONOM JISMyHOBa.

Cunryaspuo-36ypeni audepenniaabii piBusHHA.

IurerpyBanusi Audepenuiannuux piBHsizb omepaumifiHeM  uuc-
JIEHHSIM.

Interpysanns Anpepenuianbaux piBHsiNbL ONEPATOPHHM METOAOM.
IuterpyBanns JAiHiiHUX OLHOPiAHHX AMpepeHIiaNbHHX PiBHAHD
ApPYroro nopsAiAKy 3a AONOMOrOI0 Y3arajbHEHHX CTeNeHeBHX DPsAMiB.
AcuMnToTHYHe iHTerpyBaHHs JqinifiHuX AndepenuiaNbHEX PiBHSIHB
APYTOro MOpPAAKY.

Bekropno-maTpuunnfi MeTOR imrerpybauns cucTeM Ainifinnx am-
depennianpHux pisHARB.

Heckinvenni cucremu HudepenniaibHux piBusinb,

Merog ycepennennst B Teopil Andepeniianbuux piBHARD.

3anava Kowi ana audepennianbHoro piBHAHHA 3 BiAXHJAEHHAM
apTyMEHTY.

Kpa#ioBa sagava IlItypma-—/Jliyslansa.

I'pannuni muk/IH, MO BH3HAYAIOTHCS CHCTEMOKO ABOX DiBHAHB,
[leperBopennst cucteMu JiHifiHHX OXHOPIZHEX AudepenniaabHux
piBESHL N0 KaHOmiuHOTO BHAY.

Teopema Jisnynosa npo crifixiers poss'saxip aBTonomMnoi cHcTe-
MH 33 mepiuM HAGIHKEHHAM.

3uaxofxenns nepioguunux pose’sskie sinifinnx nudepenuiann-
HHX DIBHAHB.

Pipnsnns Becceas rd itoro 3aCTocyBamm.
®ynxuis Fpina 1 kpafosl sapaui,
Ha6nuxeni ananitnumi Metonu mrerpynalmﬂ AudeperiaabHIX
piBRSHE.

Teopema @uoke—Jlanynosa B Teopii cactem xinifinux oasopin-
HHX nudepennianpaux piBusub 3 nepioxnunnmu koedinienramu,
Pisrarua Taycca.

Teopema npo nudepennifosricrs poss’sskis aanaui Kouwl sa napa-
MeTPOM i IOYaTKOBHMH JaHUMH,

PosBuTOk Teopii sewuafinnx Augepenuianprux pisaanb B XVII
i XVIII CTOJIIT”[HX.

Crifikiers pose’sizkis andepennianbHux PiBHAHD 3 BiAXHJEHHAM
apryMeHry,

Teopemu npo posmensennss CHcTeM MiRifiHUX AndepeniianbHux
PiBHAHE 3 MOBIIBHO 3MiIHHHMH Koe(plulemamn.

AcuMnToTHuHi BaacTHBOCTI po3B’H3KiB CHCTEM AudepeHiiasbHRX
piBHAHB APYroTO MOPSAKY.

ACHMIITOTHKa L-piaronanvuux cucreM,
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