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IMEPEAMOBA

Japnn xype audepeHIialbHuX PIBEAHL IPOTIOHYEThCA A4 CTY/JEHTIB MEXAHIKO-MaTeMa-
TUYIHEX CHeraTbHOCTeH. BiH HanMCcaHHME Ha OCHOBI BiioMux miapywsxukis [1 -15] 1 Bkaowae
B ce6e BCl IUTAHHA TPOTPAMU BLATIOBIIHOIO YHIBEDCATETCHKOIO KypCy.

V ruasl 1 BBejeHO OCHOBHI HOHATTA AM(PEePEHINAJIPHEUX PIBHAHD IIePHOIOrO MOPAIKY Ta BU-
KIaJeHO MeTOJW IHTerPYBAHHA HAHIPOCTIUIAX PIBHAHL. [IprToMy cmovaTky pO3TIAHYTO
PIBHAHIA, PO3B’s3aHe CTOCOBHO MOXIAHOL a1 TaKoro PIBHAHHS O3HATCHO IIOJC HAIPAMKIB,
iHTerpasbul kpusi, poss’s3ku. [anl BBenero AudepeHUIATbHE PIBHAHHA IEPIIONO NMOPAIKY
y cumeTpuaHin (hopMi AK Take, 10 BU3HATAECTHCA JOBLIBHUM BCKTOPDHUM IOJACM, AKE 3aJaHO
napoo menepepnHux gpyaxmin. /JosBegeHo Teopemu ICHYBAHHS, € TMHOCTI Ta HCIEPEPBHOL 3a-
JEKHOCTI PO3B A3KIB BLI NOYATKOBUX JAHUX 3ag0a<i WOLI A PIBHAHHA LCPITOTO TIOPSIKY,
PO3B A3AHOTG CTOCOBHO MOXIJAHOL, & TAKOMK TCOPeMYy UPO ICHYBAHHA 3ATAALHOTO PO3B A3KY
piBHaRHA. ClOAM TAKOA BKAOYEH] ACAKI [OTIOMIZKHI TBCPAZKCHHEA: Teopema Ackomri-Apreaa,
aema I'ponyoimna-beamana ma 1Hun. S3apepuiyeTnes TePIIa [IaBa DO3DILIOM PIBIAHHA Tep-
MOro MOPAAKY, HC PO3B A3AHOTO CTOCOBHO HOXIAAOL Po3miauyTo cuemudicy nocranoBiu
sagadl Ko, moHaTTs 0coOIuBOTO PO3B AZKY Ta MCTOH HOI'O 3HAXOAZKCHHS.

[pyra rraBa NPUCBAYCHA BEBICHHIO HOPMANLHAX CHCTCM 3BITANHUX ANGDCEDCHIIAJBLIX
PIBHAHBL. L'yT paj Teopem anire ChopMyTbOBAHO, OCKLILKN 1X AOBCICHHA TPOBOIATHCS TOB-
HICTE) aHATOTITHO 1O BLANOBIAHAN TEODPCM M8 A CPCHITATLHUX PIBHARL TEPITIOTO TOPIAKY.
Y o raaBy TAKOK BRAIOMCHO TCOPEMY PO HCHCDCPBHY AU(MCPCHITHOBHICTE DO3B A3KIE 34
MOYATKOBUMEI JTANMU.

Y rasl 3 po3nIAAA0TRCA 3BUIARHI IA(EPCHIIATLET DIBISAHIA 1-r0 nopaixy. Hasegeno
AeAKl METOMM IHTErPYBAHHA IUX PIBHAHL, TCOPCMY ICHYBAHHA ¢ TUHOCT DO3B A3KY 3a /10T
Koutl. R

Y qeTBepTIA DAABL BHKIAJACHO OCHOBH 3ArAJILHOL TCOPIL MRIHTX HOPMAJALITUX CHCTEM 3BU-
YaMHIX JUPePCHIIAILEAX PIBHARE. PO31IARYTO BAACTUBOCTI PO3B AIKIB OMMOPLIHAX 1 HCO T
HOPIIHAX CUCTEM, TOBEACHO ICHYBAHHA (PYHAAMCHTAILIOl CUCTEMUA DO3B A3KIB, BCTALOBICHO
CTPYICIPY 3arajJbHOTO PO3B A3KY OMAHOPLAHUX 1 HCOAHOPIAHWX cucreM, (qopmyay Jhyslmra-
OCTpOorpacLKOro, HABEJCHO METOH Bapiail cTarmmx. AHATODITHI 1M AR s JTIHITHEX
andepeHIaIbHIX PIBHAHD 1-10 NOPAAKY POITIAZAIOTHCA Y AT DIAB] HUIAXOM 3BCIEHHA
0 MHITHEX HOPMAALHAX CHCTEM. IKPIM TORO, TyT BUKIATCHO MeTo Bimepa poss’ a3y Bansd
JIHIMHEX PIBHAHL 7-T'0 HOPAIKY 31 CTATUIME KOCPIIICHTAMEA TAa METO/ HEBU3HAMCHNX Koedhi-
IEHTIB, PO3NAHYTO piBusaansa Enmepa 1 Yebumona.

IMMocra raasa mpueBadeHa 106y A0BI 3aralIbHOTO PO3B’A3KY JIHINHOL HOPMAJBHOL CHCTCMI
31 cTaamMu KoedimienTamu. HapegeHo meskl JOMOMDKHI TeOpeMu 3 JAIHIAHOI aarebpu, HIo
CTOCYIOTBCA 3BEIeHHA MATPUIL A0 TPUKYTHOIO BHIVIATLY.

Y cpOMI mIaBl pO3TIALAIOTHCA JUHAMIYHI CHCTEMH, JAeAKl BJIACTHBOCTI 1X PO3B A3KIB
(TpaexkTOpIN), MUTAHHA ICHYBAHHA MOBHO] CYKYIIHOCTI IEPHINX IHTErPaIiB, IOBEJIHKA TPaCK-
TOPIA JMHAMIMHEX cucTeM. [JeTanbHO BUBYEHO MOBEIIHKY TPAEKTOPIN AUHAMIYHOI CHCTEMN
Ha IJIOMNHI, & TAKOXK THIN CTAHIB PIBHOBATE JIHINHOI OJHOPIAHOl CUCTEMH ABOX DIBHAHDL 31
CTATIMHU KOepImieATaMNI.

Y raBi 8 BUKIALEHO OCHOBE Teopii cTimkocTi JlanyHnosa. TyT posrasHyTo KpuTepii CTin-
KOCT1 JIHIMHUX CHCTEeM, AOCTIIKEHHI CTIHKOCTI 3a gonoMoron ¢yskil JIamyroBa Ta 3a mep-
M HAOIUKEHHAM.

lep’aTa ruapa NMpUCBAYEHa JIHITHUM IudEpeHIiajbHUM PIBHAHHAM APYTOT0 HOPAIKY.
Caig 3a3HaYUTH, 110 9ACTHHA MATEPIady i€l VIABY BUXOAUTD 38 PAMKHU TEIepIIIHbO1 IPorpa-
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MU KypCy, ale € HeOOX1THOO 114 BUBIEHHA DIBHAHL MaTeMaTuIHOl (pianwkn. Cioai BKIOYEHO:
PO3B’ A3yBaHHA AU EPEHITIATLHIX PIBHAHD 32 JOMOMOTOI0 METOIy CTeNeHeBUX PAMIB (po3ris-
HYTO, 30KpeMma, piBHsuHA [ayca i piBasHHA Becens), no6yI0oBy PO3B’A3KY KPAHOBHUX 33039
3a J0TTOMOIor (pyHKII ['plHA, TOHATTA BJACHUX 3HAYEHL 1 BIACHUX (DYHKIIHN, AOC/IIKCHHA
KOJUBHOCTI Ta HEKOJUBHOCT] PO3B A3KIB.

3a Tpaaniieio B nOCiOHUK BBegeHa raasa (raasa 10), AKa 3HANOMETL 9ATAYA 3 OCHOBHAMM
MOHATTAMM AudepenuiaJbHEuX PIBHAHL 3 JaCTUHHAMHA IIOXITHUMHA MIEPIHOTO TMOPAAKY. 1P03-
NIAHYTO 33 a4y Kol mis TiHIMHAX OJHOPIAHIX | KBA3LIHINHNX PIBHAHL, METOAN TOOYIOBH
ix poss’a3kis. BBejeHO MOHATTA XapaKTePUCTHK Ta TOCALINKEHO 3B’A30K XaPAKTEPUCTUK 3
IHTErPalbHUMHA ITOBEePXHAME, 3 TUTAHHAM €JIMHOCTI PO3B'A3Ky 3a1at Korri.

Hoci6auk MicTUTE PAL OPUKIALIB, AKI LIIOCTPYIOTH BUHUKHEHHA J(EePeHIAIbHIX PiB-
HAHL AK MATEMATUIHIX MOJIEJEN AeAKUX 307 IPUPOTO3HABCTBA. '

Pucyrxn mo nocibunka miarorysas gor. Lorosarun HO. /I,



I'JIABA 1. 3BBUYANHI INOEPEHIIIAJIBHI PIBHAHHSA
ITEPIIOTO IIOPAAKY

§ 1.1. IundepeHmiagibHl pIBHAHHA K MaTeMaTHUYHI Mo gesi
peaibHuUX IpolleciB i 06’eKTiB

3ajada BUBYMCHHA PEATBHUX 00’€KTIB ad0 IPOIEeciB NoJATae Yy BHABICHHI 1X BIACTHBOC-
TEH 3 METOIO NPOrHO3YBAHHA MOBeIHKN 1 KepyBauHa HuMu. Po3B'A30K Iiel 3amati 3HAYHO
HOJETIY CTHCA, AKIIO 3aMICTh caMux 00'€¢KTIB (a00 MporeciB) BUBYIATH 1X MO/ICIII.

Mogeni pearbrux 06’€KTIB 3aBXKH MMHPOKO BAKOPHCTOBYBATUCA B Hayml 1 Texdimi. 3
PO3BUTKOM MATCMATHKHA BCE TACTIHIE CTAJA 3ACTOCOBYBATUCA MATEMATHYH] MOIEM JIH BU-
BUEHHA PI3HOMAHITHIX TIporeciB 1 o6 exris. MaremMarmaHl MogeMl BHACTI JOK 1X BITHOCHOI
YTDOCT()TM [1ep1Il 38 BCC JOMOMATATOT 31)()1’3)’]\“’[‘” MPOIec, Ja10Th A\vl())'l\'.:'l'l"‘lBi("l”l’x BCTAHOBUITH
AKICHL 1 KLALKICH] XapaKTePUCTHKY CTAHY NPOLCCY 1 Ha HICTABL LEX XAPDAKTOPUCTUR HCPE -
OAYIATH NOAAIBIUIME VOO PO3BATOK 0C3 IPOBCJACHHA HATYPAALHUX CKCTIOPUMCHTIB, AKl IHOA
MPOCTO HEMOMCIUBO 3AIHCHITIA.

[Ipu MaTeMATHIHOMY OMUC] PISHOMAIITHUX SABHIL 1 3AT€KHOCTEN, M0 MICTATH CACMCHTH
Yy, abo 3MIHIOIOTHCST 3 ACOM, KOPHCTYIOTLCA MATCMATIMHIMI MOJCISMEA Y BUCIAL Pi-
BHAHDL, 10 AKUX, KPIM HC3AJICIKHIX BCIHTIH 1 3a00KHAX BT BUX (DYVHKITN, BXOATH TAKOWM
moxigni (amdepenuianm) Big mykanux pyasuin. Hanpuxrag, #Hexan marvepiagbaa Toska P
(puc. 1) pyxXaerThes B3L0OBA NPAMOL,

Ky MU TIPDEIMCMO 34 BICh 4, TAK, U0 Y MOMEHT Tacy

\Y TOTKA 3auMac monomenna y. Hexanm sigoma msuiakicrs
Q =P > DYXY K (BYHRUILD Bl dacy @) nossaimmo il uepes  f(a) i
v Oy ICMO DAY CKATH, 1110 BOHA HCHCPEPBHA U BCIX PO3-

Puc. 1 PIAHYTUX 3HATCHL Tacy . [orpidno snant 30K0H pyxy

TOMKHU, TOOTO B3aJC/KHICTE 4 BLY 2, ANHO BlAOMO, IO Y
MOMEHT g TO'KA 3aUMAIA HOJOKCHHST Yo, Tak o y(xg) = Y.
Ao nodyA0BH MATEMATUYIHOL MOJEI IIHOTO IPOIECY 3UaaeMO (DIBK TN 3MICT MOXIIHOI
aasa gyrkuii y(a). Sk Bigomo, ¢/ (1) Bupaxkae nIBUAKICTE PYXY TOYKE v MoMenT @, Omike, 3a
VMOBOIO

~Z = f(x). (1.1)

Ax Ganumo y 1anoMy BHIALKY MATCMATHTIHA MOACAL MICTUTEL IMOXLIHY Bl IIyKaHO! (DYHKIT.
Taki piBHAHEA HA3UBAOTHCA gudeperniatbanMy. O xHak o6y 10Ba MATEMATHYHOL MOJCIL
He € I8 HaC CaMOILLTIO. Y mamin 3agawi #Hac mikasuTh pyHKmis y(x). TobTo Ham moTpidHO
po3s’azaTu Audepenniarpie pisaauaa (1.1). Haragaemo, mo y upomy sunaixy y(w) Oyie
nepBicHo0 g GyHKI f (1), AKa icEye Ha migcTasl 3po0aeHuX Ipunymens. OTxe,

y(z) = /f(t) dt + C, (2.1)

i Mz oTpuManu 6e3nid PpYHKIIN, Kl cnpasKyioTs pibaanna (1.1). Taa suaigersas QyHKIi,
TKa 38,J0BOJBHAC YMOBI HAOL 32481, TOTPIOHO BUKOPUCTATH Te, MO y(xg) = yo. s nmporo
v dopmyai (2.1) mokragemo x = x¢ 1y = yo. OTpumMaeMo
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o0y goBa MATEMATHIHOI MOJEIl HE € A HAC CAMOILLI. Y MTaHIW 3aJa4i HAC IIKABUTH
dbyuxiis y(x). To6To nam moTpi6HO po3s’a3aTn audepeniiansre pisaauusd (1.1). Haragaemo,
0 y mboMy BHIAIKY y(x) Oy e mepsicHoto mua Gyskuil f(x), aka icHye Ha i ICTaBi 3poOIeHnx
npunymess. OTike, .

y(z) = / Ft)dt+C. (2.1)

i Mu orpumamm Geaniv QyHKIIN, AKl copaBiKyoTs pisasaaad (1.1). [Taa suginenns gynkiil,
AKa 33,I0BOABHAE YMOBH HAIIOL 3a1atl, HOTPi6HO BuKOprCTATH Te, WO y(ZTo) = Yo. s uporo

v ¢popmyal (2.1) moxaazeMo x = zg 1y = Yg. OTpumaemo
3 pMy q Yy=1y p
Egs]

m:/}mm+a

xo

3Blaku C = yg. OTKe, IMYKAHUM PO3B’A3KOM 3a a4l Oyne QYHKINA
i
vy = [ ftydt+ o
20

Hapgaai 6yayThs HaBeAeH] HII MATeMAaTHYHI MOZeAl peadbHUX Iporeci i apumrl. Ha szasep-
IIeHHA THOTN0 IYHKTY 3BEPHEMOCA Ie IO OJHIEl TPOCTOl MeOMETPUIHOL 3a[adl.

Hexait moTpibHO 3HAUTH KPUBY, KA OIPOXOAUTH eped Touky My(0, 1) 1 Boroxie Tieo Bra-
CTUBICTIO, WO Y KONKHIN 11 TOYIL KyTOBIU KOeMIEHT JOTHIYHOL JOPIBHIOE O IBOCHIN adCHnci
TOYKH JOTHKY.

[ng po3p’A3yBaHHA 3a4a€l HPUIYCTHMO, INO DIBHAHHA IMyKaHol kpmBol ¢ y = y(x)
(puc.  2). Ilosmaummo wepes a KyT, yTBOpeHHMU xoTu4Hoo MT 3 poaaThiM HAIPAMOM
oci Ox. flx Bigomo, kyToBuE Koedimient xoruunol MT e tga i BiH mopisuioe y'(x), T0O-
To tga = y/(2). 3 immoro 60Ky 3a ymMoBOIO 3ana9i tga = 2x. OTKe, OTPAMAEMO DIBHAHHSA

y' = 2z, (3.1)

AKe € MpepeHIiaTbIIM.

AV Hesizomy ¢pyukmio y(2) MH MOKEMO 3HAUTH 3 p’iB\HH—
5 uaa (3.1) ax mepsicry aaa dymxuil 2z, TobTo y(r) =
x? + C. Temep cepen 3HaHACHUX KPHUBUX IIOTPIOHO BH-
IIIATH Ty, AKa OPOXOAMTL 4depe3 Touky Mp(0, 1)
y(0) = C = 1. Orxe, byuknia y = 2 + 1 3a10B0abHAE
BCi YMOBU 3a1a4l i, TUM CaMHM, € THYKAHOIO.
3ayBayKMMO, 10 TYT AK 1 B MEPIIIN 34,4241 MUA 3MOIVIA
BHAUTH HEBLIOMY (PYHKINIO, CKIABIIN MONEPEIHLO Ma-
TeMaTHIHy Mozaenb 00’ekTa y BUDIAL audepenniaib-
HOT'O PIBHAHHA Ta PO3B’A3ABIIY OCTAHHE. Mogeai y Bu-
raaal AudepeHialbEuX DiBHAHDL MOXKHA HA3BATH V-
HaMIYHIME MATEMATUIHAME MOJEJAMUA OMACYBAHIX
Puc. 2 HUMU peaTbHUX NMPOIECiB 1 ABumI. Y TAKHX MOJEIAX,
KPIM HIYKAHUX 3aJ€KHUX BETWYIUH, MICTATLCA MOX1[HI IIyKAHNX 3aJe:KHOCTEeN. A MaTeMaTu-
YHI 3a1€KHOCTI MIXK 3MIHHUMIY 1 IIYKAHUMY BeANYHHAME MOZXKHA HA3BATH KiHEMATHIHUMHA
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MATEMATIHIHIME MOgeaaME. EeKTUBHICT, IMHAMIMHOrO MATEMATHIHOTO MO/JEMIOBAHHA Pe-
AMBHMX TIPOIECIB TOAATAE ¥ UOr0 BiTHOCHIW TPOCTOTI (OPIBHAHO 3 KiHEMATHIHUM MO IEII0-
nanaaM). [Ipore MeTOIO HOCIDKEHHA peasbHux 00 €KTiB € KiHeMaTH+¥Ha MOJEb, OCKLIBKA
AMIIe Taka MOJJedb AAC 3MOTY JOCKOHAIO BUBYUTH 1X. OTyKe, CKAaTAHHA THHAMITHOL MO LT
¢ MMPOMIKHOI JAHKOI0 MiK 00 €KTaM! TOCT IKEeHHA 1 1X KIHeMATHIHAMY MO TCJIAMMU.
Posmudpysanns guHaMIMHOL MO geal, TOOTO NepeTBOPEHHS 11 B KIHEMATUYHY MOJeIb Ha-
AMIBAIOTD IHTErPYBAHHAM AUHAMIYHOI MOeal, abo BLATOBIIHO IHTErPYBAHHAM IUdepeHnlanlb-
noro pisEAEEAL. OTXKe, OCHOBHOIO 331a4010 A} EPeHIIATLHIX PIBHAHL € PO3POOKA METOIIB
IX IHTerpyBapmda. HAK Mu nobauumo Haagl, AUlIe He3HATHA KIILKICTH AudepeHIaJlbHuX -
PIBHAHL MOXKe OYTH TIPOIHTEIPOBAHA 1 HA ITOYATOK ABAAUATONO CTOIITTA 3a1a9a BLIIIYKA-
et THX ARG EPEeHIIATBHIX PIBHAHD, SKI MOXKYTH OyTH IPOIHTCrPOBaHl, OyJaa B OCHOBHOMY
po3B’asana. Ha meprmn miuan BUUNLIA 334494 BCTAHOBICHHA 34 BIACTHBOCTAME PIBHAHL TUX
a7 IHmMX pracrapocTen 1X posp’askis. Il aBl 3agatl - BEBYMEHHA MCTOMIB IHTCIPYBAMI
AIPePEHIAILHIX PIBHAHEL 1 OCTIDKeHHS PDIBHOMAHITHUX BAACTHBOCTCR 1X PDO3BAZKIB |
CTAHOBMLATEL MPCAMET Teopil mudepeHIalbHIX PIBHARD 4K CAMOCTIMHOD Maay3l MaTCMaTHKN.

.

6 2.1. OcHoBHI noHATTA AU(pEpPEHUIAILHUX PIBHAHD
MNepIinoro MopAAKY, PO3B’A3aHUX CTOCOBHO IOXI1/JHO1

e 9 P . .- . .
Hexann ¢ C R ~ obracrn (obmemena abo wi), (x,y) — Towra micl oGaacti, [ Henepepsia
BHYHKIIA, 3agaia v KoRmn roaii oonact G (f 0 G — R).

Oszuavenns 1.1. 3puvapuuy AU CpCHUIAILHEM DIBHAHIAM IICDIIONO HODSAKY, DO3B f3i-
HUM CTOCOBHO HOXIIHOI, HA3HBAETBCS CIIBBIJHOIICHHS BUIVIATY

N AR APV A
y' = flay) (4.1)
MK HE3AJCKHOIO 3MIHHOIO 2, IIYVKAHOK (DYHKIICIO y Ta 11 TOXignoro y'.

3ayBamsumo, o Hasegcni y § 1.1 PIBEARHA OMEBMHO 1 € 3BUTARHIME AN CDCHTTAIL AN
DIBHAHHAMU [ICPIIOTO TOPSAKY, PDO3B’A3AHIME CTOCOBHO ITOXLAHOIL.

Poaragremo 35’ A3ny MHOKUHY HA JHCHI 0Cl, TOOTO npoMimkor sursigy (a, b), xe sHai (
(260 )) MOZKe mO3HAMATH AK BKIOUeHHA [ (460 |), Tax 1 urmodcrnst ( (460 )) KiHUA TPOMIKKa.
[Hpu npomy a 1 b MOKYTH OYTH 1 CHMBOJAMEI (¢ = —00, b = 400.

Osgavenns 2.1. Dyuxuis y = p(u), BusHaTcna ma npoMiaRy {(a,b), HABIBACTHCA PO3B 3
KOM AHQDEPCHIIATEHOIO PIBHAHHA (4.1), AKINO BUKOHYIOTHCA TaKl YMOBH:

1) p(x) anpepenuinosua y Koxain To4ui {a,b);

2) (x,¢(x)) € G gusg Beix x € (a,b);

3) @' (x) = flu,p(x)) a1a Beix x € (@, b).

3ayBaxnmo, 1o OCKLibKE f(x,y) HemepepBHA, TO 3 O3HAYEHHA PO3B A3KY BUILIMBAE, 1O
2'(x) menepepsra Ha (a, b).

Hagan wepes C*(Q) (k = 0,1,2,...) 6yJemMo no3HaYaTH MHOKHUHY TUX (DYHKIIN, BCi
MOXIAHI AKUX A0 MOPAAKY k BKAIOYMHO € HemepepBHUMHU B oOmacTi 2, IPUYOMYy TPUAMEMO

(0(Q) = C(Q).

Jaysaxenna 1.1. CyrTeBo ¢ Te, o 061acTh BUBHAYCHHA PO3B A3KY piBHAHHA (4.1) € MHO-
auHa 38’ asna. Hanpuwaar, gus xoacroro ginicaoro C ¢gyaxmis o(x) = (C —x)~!, pusnavena
v Beix x £ C) He 6yge po3B A3KOM AupepeHiaIbHOTO DIBHAHHA

y' =y? (5.1)
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(Tyr obracte G € Beda mwromuaa Oxy), X049 4IA Hel BUKOHYIOTHCA yMOBH 1) — 3) o3HaYeH-
HA 2.1, OCKLIBKY BOHA 3aJaHA HA HE3B A3HIN MHOXKUHI. Y TOH ke Jac 3By:KeHHA (yHKIIl ©(x)
Ha iHTepBamn (—oo,C) i (C,4+o0) € po3s’askom piBaanad (5.1).

Ax Mu 6adniu Ha HARDPOCTIMHX IpUKIagax qudepentiarbaux pisuans (§ 1.1), ix poss’sas-
KI BU3HAYAIOTHCA HEOMHOZHATHO. Y TUX IPUKIALAX 111 OTHO3HAYMHOIO BU3HAYCHHA PO3B’ A3~
Ky moTpibHO OyJ0 3aAaBATH IIOYATKOBY YMOBY ‘

?/(l*o) = Yo, (6-1)

1e (xo,yo) € G. Ilpu npomy ducaa xg, Yo HA3UBAIOTEL TMOIATKOBUMHA TAHUME, a 33,189y 3HAXO-
IUKeHHA DO3B’A3KY AudepeHuiaabHoro pisaanas (4.1), AKAN 3a10BOJIBHAE HOYATKOBY YMO-
By (6.1), sagayoro Koutl min mudepeHIaTIBEHOro PIBHARHA NEPUIOrO TOPAIKY, PO3B A3AHOTO
CTOCOBHO IIOXLIHOIL.

Poarasmemo reomerputny inrepupeTanito piBasans (4.1) 1 3agaqi Komi (4.1), (6.1).

Y xoxk#In Touni (x,y) obmacti G mpoBEAEMO BEKTOD 3
xoopauaaravu {1, f(z,y)}, axkun waxmrenun 1o oci Ox
mig kyrom ¢ = arctg f(z,y). CykynmHicTs yCix IHX BeK-
TOPIB OyAeMO HA3UBATH IOJEM HAOPAMKIB (BEKTOPHUM
noaeM) gudepenniaibroro pisasuna (4.1). Kpusy [, axa
JEKUTDH B 001acTi G 1y KOKHIA CBOIM TOYN] AOTUKACTHCA
1o BigmosigHoro Bexropa {1, f(x,y)} (manpsamiy noman),
Oy 1eMO Ha3WBATH IHTEIPDATLHOIO KPUBOIO piBHAHHA (4.1).
Ocxkinexku f(x,y) — HemepepBHA (QYHKIIA, TO BEKTOPH

Ay

X {1, f(x,y)} 3MmiHIOIOTLCA HenepepBHO B3IOBXK KpUBOI [,

o TOOTO T KPUBA € INIAAKOI0 (IIagKka KpuBa - e KPUBA.
0 Y KOZKHIU TOYII AKOl ICHY€ OTHIHA 1 I JOTUYHA He-
Puc. 3 epepBHO 3MineTHeA). KpiM Toro, y Beix Todkax 06-

pacrti G - -

-5 < arctg f(z,y) < 5
Toay piBRAHHA KpuBOIL [ MOxHA 3anucaTn y Bunaaal GyHkIil ¥ = p(x), x € {(a,b), npuaomy
o(x) € CH{a, b)) i (x,p(x)) € G mua seix @ € {a,b). Ocximsxa ¢’ (z) gopismioe tg1 (¢ Ky

piBHAHHA ¥ = @(2) iHTerpaasuol kpusoi | audepenniarbHOTO piBHAHHEA (4.1) € po3B’ A3KOM
IILOT'0 PIBHAHHA. JIerko 6a4duTi, mio 1 HaBnaky, rpadik KOXKHOIO PO3B’A3KY AudePeHIiaabHo-
ro pisasuns (4.1) € noro inrerpanpuoo Kpusow. OTike, po3B’a3aTn ANdepeHIiaTbHe DIBHAH-
HA (4.1) reomerprano ozHavae noOyayBaTH BCl MOTO iHTErpanbHi Kpusi. SIKmo posrasmyTn
sagady Komr (4.1), (6.1), To mra 1i reOMETPUYHONO PO3B’A3YBAHHA TOTPIOHO TOOYIYBATH TY
IHTerpATbHY KPUBY, AKa HPOXOAUTH epe3 3agany TOUKY (To, Yo)-

IMpuknax 1.1. Hexan
y
vy == G={(z,y): x>0, y>0} (7.1)
x
OwyeBuguo, mwo #a npavux y = Cx, C' > 0 maemo

dy
—c, Y_c

dx
Taxi mimii, Ha AKUX BeKTOpHe moae piBHAHHA (4.1) Mae cTaau HAIPAMOK, HA3UBAIOTHCA 130-
KIuHaMy 1boro pisaanag. OTxe, Ha i3oxmmHax pisnAmmA (7.1) moxe mae manpamok {1, C}
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(pue. 4). Toni ni i3okamawm OyAyTh OJHOYACHO IHTErPATbHUMU KPUBMMU, a IX PIBHAHHA
y  Cx — posp’askamm pismsaua (7.1).
IHpuknag 2.1. Hexan

Yy =—=, G={(z,y): >0,y >0} (8.1)

[3OKIMEAME IILOT'O PIBHAHHA Texk ¢ npaMi y = x/C, C' > 0. Ha mux opamMux BeKTOpHE TOJe
pinmaana (8.1) mae manpamox Bektopa {1, —C'}. Orxe, Ha upamin y = x/C noie opToroHaIb-
He 10 I30KIMHYM. 3BiACH BHILIIBAE, IO IHTErpalbHAMU KpuBUMEU piBHAHHA (8.1) OyayTh Iyru

ity =+C — 22, 0< C < x.

Ay

Puc. 4 Puc. 5

§ 3.1. HaunpocTini gudepeHilianbil piBHAHHS [I€PUIOrO MOPAAKY,
pPoO3B’A3aH] CTOCOBHO MOXIi/{HOI

1. PiBHsAHHA 3 BiJOKpPEM/IIOBAHUMHA 3MIHHUMHM Ta 3BiAHI o HUX. Y § 1.1 Mu BiKe
po3rIAfaIE AUpEePEHIATILHE PDIBHIHHA

! o
y = f(x)
| 3HAEMO, IO BCl PO3B'A3KU [LOI'O PIBHAHHA MOKYTL OyTH 3amucani GopMynaoio
) .
y=F(z)+C, (9.1)

ae F(z) - axa-nebyap nepsicua gia Gyukmil f(x), a C' — gosirsHa cTana. Posrasmemo Tenep
DIBHAHHA
y' = fz) hly), (10.1)
ae f e C({a, b)), h € C({c,d)). Pisusauns (10.1) Ha3sHBAETHCA PIBHAHHAM 3 BlTOKDCMIIOBAHN-
MU 3MIHHUMU.
Hexait {co, do) — axmit-ne6y, 16 npomizkok MuOxuuu (¢, d), Ha axomy h(y) # 0 i mexain H(y)

1 . . .
axa-HeOyIb nepBicHa A QYHKI ) Ha npoMixkKy (co,dp). 3po6UMO 3aMiny y pIBHAH-
ny
ni (10.1) Y = H(y). Toai piBaamma (10.1) MoKHA 3aIUCATH y BUATIALI
dy

f(@),

dr
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PO3B’A30K AKOTO
Y =F(x)+C, (11.1)
xe F'(r) — axa-gebyap nepsicua aas pyskmil f(r). 3a ymM0oBOIO
1

H/(’y):w#()a y € (co. do). .

Tomy icmye obeprena dynxuia H~(Y) i 3 pisuanma (11.1) maemo:
y=H YF(x) +C). (12.1)

Hexaun wncno f, k € Ny C N e poss’askom pisasuas h(y) = 0. Ouesuano, dyuxmii y = Gy
Oy ayTsb poss’askamu pisaanna (10.1). Byzemo sBaxarn, mo Sy < Bpy1 aua seix k. Toxi sei
poas’s3ky piBaguHs (10.1) MoxyTh 6yTu ommcani hopMyTaMu:
—1
{ y=H; " (F(x) +C),
Yy = /3/?,7 k € N07
e Hy - sxa-HeOyab nepsicua mus GyexOil h(y) ma npomixkky (O, fey1), a C ~ g0BiabHA

cTasa.
Ockinpxn popmyna (12.1) orpumana 3 (11.1), To Bci poss’asku piBuanna (10.1) (y nedn-

HOMY BHIVIAMA1) MOYKHA 3amncaTi GOpMyJTaMu:

" ody ., N e
/ ) / f(x)dx = 0,

Hpunkaag 3.1. PosrasineMo piBHAHH
y' = (xz+1)h(y), (13.1)

ae
y, axkmo y >0,
hy) = { Yy y

y?, axmo 1y < 0.

Tyr G = R?. Ocxinexu h(0) = 0, 70 y = 0 € poss’a3komM pisasrng (13.1).
Posrasuemo croyarky npomixox (—oo,0). Maemo

dy .
/?—/(aﬁLl)daE:O

abo

1 1)?
_+M :CI-
9y 2
Ha mpomixkky (0, +00)
d
/—y—/(x+1)d$:0,
Y
2
my_ EHD o

2
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Orrwe, Bei poss’s3ku pisaania (13.1) onmryThesa popMyramu:

1 1)?
,+M:C’ <y<0>)
Yy 2
y =0,
r+1)2
In :u~(~l~:2—>=0> (y > 0),

1¢ (7~ mOBLIBHA CTAaMA.
Po3rassHeMO Jajl PIBHAHHSA BUTIATY

y' = flax + by +¢), a,b,c e RL (14.1)
lHexan f(u) — mHemepepBHA HA TPOMIKKY (ug, w|). 3POOHMO 3aMiHy
u=axr + by +c. (15.1)

Spigcn
u—ar—c ., U —a

y—=— 1 Yy = 5 .
b
Tomy pisusann (14.1) nabepe sursry
/ >
u =bf(u) + a,
106TO cTae PIBHAHHAM 3 BIIOKPEMIIOBAHUMY 3MIHHUMN. SHAWUIIOBINK BCI PO3B’A3KYU MHOTO

DiBHAHHEA, MU 3a Qopmynono (15.1) 6ygemo maTu Bei po3B’s3ku pisHauas (14.1).
2. OgHopigHi piBHAHHA Ta 3BigHl g0 HuX. Hexau maemo plBHAHHA

/ Jm
y = f(z,y), (4.1)
npuaomy pyuxiis f(r,y) € OAHOPLIHOI (PYHKINEI HYyALOBOO BUMIPY, TOOTO

flte ty) = f(x,y) aua goslrbuoro t. (16.1)
x x
| pisasaaas (4.1) MOXKHA MOAATH ¥ BUIVIAIL

y = h<—i—> (17.1)

Taxi piBHAHHA HA3UBAIOTLCA ONHOPiFHEME. 3pobumo B (17.1) saminy z = y/x. Toxi y = zx,
y' = z'z+ z 1 piBusarua (17.1) 3BegeThCs 10 BULVIALY

Toml

Fey) = f(f

8 e

=BT (18.1)
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TOOTO NO PIBHAHHA 3 BIJOKPEMIIOBAHHME 3MIHHUMH. JSHAWIIOBIIA BCl DO3B’A3KHW DIBHAH-
ua (18.1), Mu GOpMYIOI0 ¥y = 2T ONUIIEMO BCi PO3B'A3KM BUXIAHOTO piBHsaHHA (17.1).
Ilpuxnag 4.1. Posrasaemo pPIBHAHHA

2xy
v = _ 19.1
V= (19.1)

B obmacti G = {(x,y) : @ > y}. Ocxinexu npasa wactuna (19.1) € ogHOPiAHOW QyHKIIED
HY.ILOBOT'O BUMIDPY, TO BOHO € OJHOPIAHUM. 3pobumo saminy y = zx, 3y’ = z'x + z 1 piBHAH-

us (19.1) wabepe Burasary
, 2+ 23\ 1
2 = - (20.1)

1—22 /)2

3placu

1— 2%)dz " du
/( Jd= _ [dv _

z(1 4+ 22) x
~In(z* + 1) + In|z| — In|z| = —In|C|
(2% +1)

~
s

=C.

abo
Kpim roro, pisuasmws (20.1) mae poss’sasok = = 0. OTxke, noBepTarvucs 10 GYHKIN 1, Mu
OIE€PKUMO BC1 PO3B’ABKHI
vt +y? = Cy,
y=0, (x>0)
piBaanua (19.1).
Posrngremo piBHAHHA BUIVIALY

axr + by +c
y’zf( , ) (21.1)
a1r + by + ¢

ne f(u) BusHaveHa i HemepepBHa Ha poMixky (a, 3); a,b, ¢, a1, by, c; € RY. TyT moxausi gsa
BUIIA KU
1°. mpsawmi, M0 3a1AI0THCA PIBHAHHAMA

axr + by +c¢c =0, air + by + ¢ =0,
Hapa.nem;Hi, TOO6TO
a b
— = — =k,
a b1

Toai mpaBy JacTury (21.1) MOXKHA 3anucaTH

< ar +by +c )_ <k(a,1x+b1y)+c
a1z + by + 1 ai1xr + b1y + 1

) = h(a1x + bry).

Orixke, piBuanusa (21.1) mae Burasas

vy = h{a1z + b1y),
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1r0oOTO Ue € piBHARHA Buraagy (14.1), Ake 3BOAMTHCA JO PIBHAHHS 3 BIJOKPEMIIOBAHIMA
SMIUTTHEMMA.

2°. Tlpsami
(L(I:+b’y+c:07 G]$+b1y+61:()
HOPETHAHAIOTHCA:
a b
ay by

llepereceMo MmOMATOK KOOPAMHAT Yy TOYUKY IEPETHUHY IHUX IPAMUX, TOOTO 3pOOUMO Y DIBHAH-
ni (21.1) saminy
{ y =+ o,
x =&+ P,

Je Qg 1 ,L'/j() BUBHAMAKTHLCS AL p()BB’ﬂIi()l( cueTeMml 1)iBH}[HI>

{ aob + Foa + ¢ =0,
Cl'()l)] —+ ‘;‘"3()(1] + ¢y = 0.

Toxl oTpuMaemMoO PIBHAHHA

dny f a + bn
¢ " \a & +bm)’

ke, OYMEBUAHO, € OJHOPIAHUM nudepertiaipany pisagmass.  Ormxe, pisasamas (21.1) sasix-
M MOzKe GyTH 3BOACHC A0 PIBHAHHA 3 BITOKPEMTIOBAHMMI BMIHHEME ab0 J0 OZHOPIALOrO
DIBHSHHSA.
3HOBY PO3IVIAHEMO DIBHAHHA
y' = fla,y) (4.1)

I 3pOBUMO Y ULOMY DIBHAHHI 3aMIHY HIYKAIOL (QyHKIL:

. / I
=z y =z o e R

Toal MaTuMeMO DIBHAHHA

| =

/

S =

- Y, =) = b, z). (22.1)

¥

o)

Axmo icaye Taxe o € RY, mo h(v,2) ¢ oanopigHo© QYHKIIEWH HY.IbOBOTO BAMIDY, TO
piBHAHEA (4.1) HABUBAETHLCA y3aralbHCHIM OJHODIAHEM. Y IbOMY BULAIKY piBisaut (22.1)
¢ OTHOPIAHEM 1, TAKAM TUHOM, piBHsAxHA (4.1) IHTErPYETHCA.

3. JliniuHi piBHAHHA IIE€PILOro MOPAAKY Ta 3BiAHI O HUX.

Nudepenmniarbae PIBHARHA BUNIALY

Y +plx)y = q(x), (23.1)

ae p(x), q(x) - menepepsri ¢ynkuii Ha npoMixky (a,b), HA3MBACTHLCH MHIMHUM JUdEpEH-
AJIBHUM PIBHAHHAM IIEPIIOTO TMOPAAKY. SKIIO
q(r) £ 0, To piBHanus (23.1) HA3UBAECTHCA AIHIMHIM HEOJHODITHIM DIBHAHHAM.
Pisaawnag suraary
y +plx)y =0 (24.1)

HA3UBAETHCA JHITHAM OJHOPIIHUM PIBHAHHAM MEPIIOTO DOPAJKY, BIAIOBITHUM /11 DIBHAH-
s (23.1).
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)

Posrasremo meTo po3s’sasysaHHA piBHAHHA (23.1) — MeTon Bapiamil ctanol. ConodaTky
po3B’a3yemo piBuanHA (24.1):

In Jy| +/p(t) dt = |C|:

@q

y = Cexp '<— ]p(t) dt>, 2o € {a,b). (25.1)

Lo

Jlerxo GasuTu, mo dopmyna (25.1) ommcye Bci poss’saxu pisasanua (24.1). Bymemo renep
OIyKaTH PO3B’A3KM piBHAHHA (23.1) v BUDIAAL
y = C(x)exp <ﬁ / p(t) dt), (26.1)

o

ae C(x) — geBigoma dynxnia. Jlast saaxogxenns C'(x) migcrasumo (26.1) y piBEamma (23.1).
MaTumemo:

a

C'(x) exp (— | / (t) dt> = q(w);

o

C'x) = eXp(jp(f) dt>Q(1’>3

Lo

€T

C(xr) = /q(t)oxp (/p(ﬁ)d{) dt + Cy.

xo o

Tomi dopmyaa

e exp<—_;p(t> dt>+

T

+exp<— / (1) dt) / a(t) exp ( / p(6) ds)dt, (27.1)

o o o

ne Cp — noBirbHA cTagda, Oyge onucyBaTH BCl pO3B’A3Ku piBHAHHA (23.1).

3ayBaknuMo, mo QyHKIig (27.1) CKIafaeThea 3 ABOX MONAHKIB, HepHINK 3 AKX OIUCYE BCi
PO3B’A3KM BIANOBITHOTO OJHOPiAHOTO piBHAHHA (24.1), a APYrHA € YJaCTKOBUM PO3B’A3KOM
piBagrHsa (23.1).

IIpuknang 6.1. Y xorai e 100 x poswuny, akuit MicTuTh 10 KT coai. Y KoTen BANBAETLCA
9 JI YMCTOl BOOM 3& XBWIMHY 1 3 Ti€l0 »K MBUAKICTIO mepenmBacThca ¥ aApyrud 100-1iTposui
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KOTEN, HATIOBHEHWHU CHOYATKY YHUCTOI BOAOK. Hanmmmox piAwHW 3 HBOTO BUIMBAETHCA.
Noau KirbKieTs coal y apyromy KoTai 6yae manbinpmor? Yomy Boma gopisHIOE?

s posB’a3yBanHa niel 3a1a9 Mo3HAYMMO depes at) KirpkicTh coai y mepuroMy Ko,
hoaepes y(t) — KIIBKICTB coal y ApyroMy KOTAI B MOMeHT 4acy t. PosriasHeMo mpomixox
aacy [t t+ At] 1 o6uamrcanmo 3MiRy KirpkocTi coui y koxHOMY Komai 3a Jac At. Poarmanemo
CnoYaTKy mepumn koren. Tonl

a(t + At) — a(t)

¢ BOAHYIUHOIO, HA AKY 3MIHUTLCS KALKICTEH coal 3a wac Af. 3 IHmoro 60KY M0 BEJINIUHY
MOKHA OOYHCIUTHY TAK: 3 KOTJIA BIINBACTHCSH

1t
(1>O?; “5At wr com
sicaac Aty oy o = o(At). Orike,
1t ¥
(z‘+Af)~a():—%ﬂAt. (28.1)

O649ncanMo Tenep 3MIHY KUTBKOCTI CoMl y APYyroMy KOTJAl 3a wac Af. AHasoriaso sk 1y
HOMEPETHBOMY BUTIAJIKY OTPUMAEMO PIBHICTT

a(t) + o y(t) + 3 ]
— At — ———— AL, 29.1

20 20 ( )
10 3 = o(At). Poapimumo rermep pisaocti (28.1) 1 (29.1) ma At i nepeitjeMo y HUX 40 I'Datiuil,
woan At — 0. OTpuMaeMo DIBHATHA

g(t+ At — y(t) =

da_ a(l) (30.1)

dt 20 7
dy a(t) y(t)
dt 20 20

Kpim Toro. 3 ymoBn 3aga4l Mmaemo, mo alty) = 10, a y(tp) = 0. Pisassna (30.1) € piBusannm
1\ BLIOKPEMIIOBAHIMYA 3MIHHUME. MOro po3s’A3Kky MOKHA 3AIIMCATH V BADAL

f
V= Cexp| — —
a(t’ exp( )())

g sHaxoqennA cTaaol C' CKOPUCTAEMOCA TIOYATKOBOIO YMOBOIO

a(ty) = 10. MaTumemo
to
C =10exp| — |.
(*{p(z())

I'oMy KUIBKICTE COM Y HEPIIOMY KOTJII ONMUACYETHCA (POPMYJIOIO

t—1¢
a(t) = 10exp< 200>.

(O)rKe. A 3aHaxoazkenusa y(t) Mmu orpumyemo 3axaty Koml masg mirineOro gudepeHmiansHoro
DIBHAHHA IIEPIIONO IOPAIKY:

dy Yy 1 t—to
WY Cexpl— 31.1
at T207 3 eXp( 20 ) (31.1)

y(to) = 0. (32.1)
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3HamaeMo cmovaTky Bci poss’sasku pisaaaasa (31.1). s uporo poss’AzeMo BiATOBiIHe
OHOPITHE PIBHAHHS:

dy vy
AL SO T
dt+20 ’

t
y=C} exp<—~2—6>.

Tenep meTomomM Bapianil cTanol sHauIeMO BCi po3B’askw piBuauHg (31.1):

t
y:Cl(t)exp<——2~6>;
, t 1 t—1o
C () exp <~%> = §exp<~ 50 );

ci) =

1
—exp
5 &X1

1 t
Ch(t) = 5texp<%) + Cy;

t 1 t—t
y=Chexp| —— | + ~texp| — :
Y “Xp< 20>+2 (Xp< 20 >

s snaxopmenna cranol C'y BUKOPHCTAEMO TOTATKOBY yMOBY (32.1):

1 to
Cy = ——tgexp| — .
2 5 ()(\P< 20>

OTke, popmyaa

1 t—t,
y(t) = =(t — to) exp| —
y(t) = 5 0)‘Xp< 20>

OMUCYE KUIBKICTH COJl y APYrOoMYy KOTil B MOMeHT vacy t. Jasa 3aBepIICHHA PO3B’A3yBaHHSI
3aJadl 3HAUIeMO MAKCHUMAJABHE 3HAYCHHA GyHKIil y(t) :

, 1 t—to 1 t —to
y'(t) = zexp| — — —(t — tg) exp| — = 0;

t —to = 20; tmax = 20 + tg;

ymax(tmax) = 10e™ 1 .

Orxe, Hanbirema KiTLKICTS coIl y APYromy KOTIi 6yae depes 20 XB i I KLTbKICTb JOPIBHIOE
10e~! kr.
dudepernianbue PIBHAHNA BULII LY

v +p(@)y = q(x)y®, aeR'\ ({0}u{1}), (33.1)
ne p q € C({a,b)), nasuBaeTncsa piBHAHEAM Bepmymmi.
Hoaimamo pisrarra (33.1) Ha Gysxuio y* (akmo a > 0, To y # 0):
Yy~ + pla)y' T = q(a). (34.1)

3ayBaXKMIMO, L0 AKIIO BBECTU (PYHKIIIO

o l-a ! —

=y "% Z=(1-a)yy ",



—
~I

§ 4.1. JNDGEPEHIIIAJILHI PIBHAHHA B CUMETPUYHIN $OPMI

1o piBEAHHA (34.1) HAOEpe BUrIALY
2 p)(l - a)z = q)(1 - a),

ke, OYEBUIHO, € JIHIMHUM BiAHOCHO HOBOI HeBigoMmol ¢yukuii z. Toal Bcl po3B’A3KHW DIBHAH-
i (33.1) MoxHA 3anucaTi (hOPMYJIOIO

T

y* = CeXp<~ '/(1 = a)p(t) dt) +

ax @ t
+ exp <—m /(] — a)p(t) (Zﬁ) / q(t) exp(/(l — a)p(&) d{) dt.

flviro o > 0, To poss’askom pismannd (33.1) Ovae Takox gpyurus ¢y = 0.

6 4.1. NudepeHniarbHi piBHAHHSA B cMMeTPUYHIN dopMmi

IIpI/I 1—‘(")01\4C'I‘I)IT‘:IH'()M}" T.Tl’_\/"M21“'1(3]‘{}[1 ,ZII/'[(p(?]_)(‘I’IU,iE]JII')]"[()I‘() ])iBIL)lHHﬂ
P o N £ - ! M
Yy = f(l/ .l/)u / € C/(G)7

JK TIOAA HAUPAMKIB B 06aacti (G BUAHO, IO TTOJAC HE MICTUTEH HAIPAMKIB, MApATETLHUX OC
OpJUHAT.

Po3ragaemMo OLILII 3alalbHe BEKTOPHE 110, AKC JONyCcKae Oyab-axkui HanpsaMmok. Hexan
v koxHIE Touni A(r,y) € G sagano goslapnun sexrop T(A) 3 xommonenTamu N (x,y) i

M(x,y). Bygemo rosopurn y npoMy BHHAAKY, 110 B 00nacTi (¢ 3aJaHO BEKTOPHE [TOAC
V= V(G).

Ananoriuuo ax e 6ya0 y BADAAKY TOIA HanpaMKis pisasauasg (4.1), mobyayemo xpusy [, axa
vV KOZKHIN CBOIA TOMUI TOTUKACTHCA M0 BiAMOBLIHOrO BexTopa noas V(G). Hexan pinaauns
KPEBOL [, AKYy MU Ha3BEMO BCKTOPHOI KPUBOIO, MOKE OYTH 3AMCAHO Y TAPAMCTPHHTHOMY
BT

r=(t), y=yt).

Toai goTuuanui BexTop a0 [ Oyxe @' (1), y'(t), npuaomy
() = AN ((t),y(t), ') = -AOM(x(t), y(t)),

e A(t) — meska (pyHKIS, M0 He 06€PTACTECA B HYIb, OCKITBKHI JOTU'HA 10 KPUBOIL [ IOBUHHA
AOIPATHCA 3 HAIPAMKOM NOJA. Taxum durOM, B310BXK [ OyyTh BHKOHYBATHACH CIIIBBIAHOIIC-

1T
dy M(x,y) ,
—_— = - N #0 35.1
. (35.1)
00 J N
- ——(T’—UZ axmo M # 0. (36.1)

dy M (x,y)
Ipocrimie i 06uaBa BEIAJIKNA MOXKHA 3AIUCATH Y BATIALL

M (z,y)dx + N(x,y)dy = 0. (37.1)

()ueBHAHO, 1O cHiBBigHOmeHHA (37.1) 6yIe BUKOHYBATUCH B3IO0BK Oy, AHOT-BOKEOPHOLKPIL:

woi moas V(G). ! lipnsapiateaal  yisepcrrey

M. Bacuna Credanuxa
LIBAIOTERA

sy €~

van b 2.8 17

T A .




18 VI 1. 3BUYAHMHI PIBHAHHA [HEPITIOTO ITOPAIKY

Osnmavenns 3.1. Hexanr M, N € C(G) i M*(z,y) + N*(z,y) # 0 B o6aacri G. CuiBsig-
noureHAA (37.1) MiK 3MiEHEME X,y | IX qugepeHmiaraMy HA3UBAETHCA JUDEDPEHIIANbHITM
PIBHAHHAM MEPIIOrO HOPAAKY B CUMETPHYIHIN (hOPMI.

s

BayBaxumo, mo pisasuaa (4.1) € acTkoBUM BHOAAKOM piBHAHHA (37.1), OCKIIBKH HOTO
MOXKHA 3a0MCATU Y BANIAAL |
flz,y)dx — dy = 0.

Ha sigminy sig pisuanmsa (4.1) sminui x, y BxogaTs B (37.1) piBHOIPABHO (CHMETPHYHO).

Orxe, aHAJIOTIYHO AK 1y BUNAIKY PiBHAHHA (4.1), HA3BEMO IHTEIPANBHOK KPUBOKX PIBHA-
mug (37.1) sekropuy xpusy moas V (G) mporo piBHAHEA, TOOTO TAKY KPHUBY, AKA Y KOXKHIK
CBOIM TOYII TOTHKACTLCA X0 BIAMOBIAHOrO Hanpavky moas V (G).

O3zunavenus 4.1. Hexamn
Ulx,y) =0C (38.1)

npu xKo:xxuomy C' 3 obaacti 3Havens Gyaxmil U ¢ pIBHAHHAM IHTETPAJIBLAO] KPHBOIL qucepeH-
HIATBLHOIO PIBHSTH-
Ha (37.1). Pyuxmiro U(x,y) 6yaemo HasuBaTh IHTCrpagoM pIBHAHHA (37.1).

Osuavenusa 5.1. Posp'msxom pisasuag (37.1) wasubacroca ¢yvakmia y = @(x) (a6o
v = (y)), Busnagena ma npomixky (a,b), AKUIO BOHA 330BOILHAC TAK] YMOBH:
1) plx) (abo ¥(y)) aupepenninosra za (a,b);
2) (x,p(x)) € G (abo (V(y),y) € G) ama Beix a € {a,b) (abo qist Beix y € (a,b));
3)  ara seix x € {(a,b) M (2, ¢(x))dx + N(x,p(x))e'(x)dx = 0 (abo gus Bcix y € {a,b)
M), )0 )y + N (), y)idy = 0)

Jlema 1.1. Hexan wepes koxxHY TOUYKY oOaacti G IPOXOANTD €IHHA IHTCIDAJIBHA KPUBA DIB-
manaa (37.1) 1 Ul(x,y) e imrerpamom mporo pisaaaaa, apuiomy Ulxg,ye) = 0,
(x0,y0) € G. Togi B geaxoMy OKoIi TOUKH x¢ piBHAHHA (38.1) 3aka€ HEABHO Y AK (j)ym(ui}o
Bigx (y = @(x)), axmo N(xo, yo) # 0 abo B geaxomMy OKOJII TOYKH Yo 3a7a€ & AK (DYHKIIIO BiT
y (x = Y(y)), asmo M (xg, yo) # 0, npraomy ¢pyarmia y = ¢(x) (abo x = ¥ (y)) € po3p’a3xom
piBrsgaag (37.1).

Aosedenns. Hexan (38.1) ¢ piBHAHHAM IHTErpatbHOl KPUBOL | AudepeHIaIbHOIO DIBHIH-
wi (37.1), mpuaomy N (g, yo) # 0. Y oMy BHOAIKY AOTHYHEKA BeKTOD g0 [y rowmi (g, yo)
mae xommonertu {N(xg, yo), —M (xo,yo)} i

dy  M(xg,y0)

dv N(zo,y0)

Aue 3 inmoro 60Ky 4Yepes TOUKY (X, Yo) LPOXOJUTH €IMHA IHTEIPDAIbHA KPUBA [, DIBHAHHA
sxoi mae Buraag (38.1). Tomy

dy  OU(wo.yo) /0U(xo,y0)
dr ox / dy
a(](il?(), yo)
Jy
BUsHAYAE y AK QYHKIIO Big =, y = ¢(x), v € (g — 0,20 +0), 6 > 0. Ouenngno, (x,¢(x)) € 1,
r € (xg — 0,0 + 0), Taxum wmnoMm, ¢(x) € poss’skom piaamaa (37.1). Amagoritao Jema
JTOBOAUTHCA Y BUnagky, ko M (xg, yo) # 0. '

Orxe, # 01 Ha ocHOBI Teopemm upo HeasHy (yHKUio piBaanua U(x,y) = 0
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O1eBUIHO, T'padik po3B3KYy AndepeHmialbHOro piBHAHHA (37.1) € HWOro IHTerpaabHOIO
Lpusoro. KpiMm Toro, sk Bumamsae 3 aemu 1.1, sxmo | — Aka-HeOyab iHTerpasbHa KpUBa
pinsEEA (37.1), To ¥ aesxomy okoal OyAb-AKOl TOUKE (Zo,Yo) € | PIBHAHHA Iiiel KpUBOi €
poss’a3koM gudpepermianbHoro pipaanna (37.1). IIpore BcA iHTerpanbHa KPHBa MOXKE He
oy rpadikoM po3B’asky pisasHHs (37.1).

puxiaag 6.1. Posrasmevo pisaamna xdr + ydy = 0, G = {(z,y) : R*\ (0,0)}.

A y Jlerko 6a4uTH, Mo i30KINHAMA ITHOTO Pi-
BHAHHA ¢ HPOMeHi ay + bx = 0, xe a” +
b? # 0, a HAIPAMOK 10 HA KOKHIN 130-
KJAWHI € OPTOrOHATLHUM 0 Hel: {—b, —a}
(puc. 6) Tomy iHTErpaIbHUMN KPUBU-
MU JAHOTO DIBHAHHA OYIyTh KOTa a2 +
Yy = R?, R # 0. Oueswaxo, 1mo pis-
» HAHHA IHTErPaIbluol KPUBOL HE MOKYTH
X OyTH 3annucadi y suriasigl y = (), abo
x = P(y). 3ayBamnmMo, MO HA MHOKHAHI
G\{(x,y): N(x,y) = 0} pisuanua (37.1)
N 8 exBiBaseHTHe piBmsaano (35.1), a wa MHO-
™~ amal G\ {(e,y) 0 M(x,y) = 0} - pisas-
wio (36.1).

Puc. 6

Jlema 2.1. Hexan U(x,y) € CY(G) i vepes xkoxmy roaxy obaacri G IpOXOAUTE ¢quHa iHTC-
IpaTbaa KpHBA Augepenmiaabaoro pisasaasg (37.1). fxmo U(w,y) 36cpirac craze 3HaTCHES

BITOBAK OVIb-AKOTO po3n A3Ky pisaanaa (37.1), Tooro Ulw,p(x)) = const, ge y = (),
v € {a,b), gopitsmmi poss’asox pismaama (37.1), abo U(Y(y),y) = const, ge x = ¢(y),

y € {a,by, gopirbauir po3B’ 30K piHanaa (37.1), ro U(x,y) e imrerparom guagepeamiaisao-
1o piBasHEA (37.1).

Aoeedenns. Hexanr y = ¢(r), x € {a,b), axun-gedyn po3s’a30x pisuamsa (37.1). Toxl g
KoxHOTO x € {(a,b) BeKTOp

. M (2, p(x))
{1,/ ()} = {1“m}

¢ JOTHUIHHIM [I0 IHTEerPalbHOl KPUBO1
l={(z,y): v € {a,b), y=p(x)}.
Ane Uz, o(x)) = C, (C € RY),

OU(z, p(x))  OU(x p(x)) ,
ox dy

Orxe, 3 IHIIONO OOKY

[1,¢'()} = {1, Ve pla) / 8U<:u,<p<x>>}
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Ua,y) = C

x € {(a,b). Tomy piBHAHHA

(39.1)

Ma€ €IUHAN PO3B A30K ¥ = @(x). Ockinbku wepes KOKHY TOUKy 06aacTi G NPOXOJAUTL €IUHA
iHTerpansua xkpusa piBaaHHA (37.1), To (39.1) i € piBHAHEAM iHTerpasbHol Kpusol [, TOOGTO
dyukuis U(z,y) € inTerpasom. AHAIOTIIHO tema 10BoAuTLCA, Koau Uy (y), y) = const.

Posrasmemo meaxi Tunm gudepeHnialbEUX DIBHAHB, AAA AKAX MOMHA 3HAUTH IHTErDAIU.
1. PiBasAHHSA 3 BifokpemmioBaHuME 3MiHEUMM. Hexair pismamns (37.1) mae Burmag

my (x)ny(y)da + me(z)n:

2 (y)dy = 0. (40.1)

Take piBHAHHA OY1eMO HASUBATH PDIBHAHHAM 3 BIIOKPCMIIOBAHUMMY 3MIHHIMA B CUMCTPITHIT

dopmi. Hexan

G=A(r,y):a<r<b c<y<d}
S ={(x,y): my(x) =0} U{(x,y): ni(y) =0},
B~ saxa-pebygep 3B’a3pa kommomenTa Bigkpurol Mmuoxkuuu G\ S. Toai B B pisxan-

ua (40.1) exsBiBateHTHE DIBHAHHIO

ml( ')

ma(2)

Yy AKOMY 3MIHHI BLIOKPEMJICHI.
Hexan F(x) -
pBicEa it gywexuil no(y)/nq(y) :

x

F(x) = / ﬁb—l@dﬁ, H(y) = / ﬁg(—Ula’/r’/,

ma (&)

o

Teopema 1.1.
aug (40.1) i ¢pyrKIis

U(.”L‘, y) = /

o

—da +

Axa-HeOy b mepsicsa in gynrkuii my () /mel(:

m (&)
m2(§) !

UEIC) (41.1)
n1(y)

r), a H(y)

- SIKA-HCOY I 116~

Y
(x0.90) € B.

Yo

Hepes KoxkHY TOYKY 061acTi B npoxoanTs €quna IHTErpaibLHa KpABa pIBHAg-

Y

+ / 722(”) dn,
J ni(n)

Yo

(42.1)

ae (xg,yo) € B, O6yge IHTErpasoM HbOr0 PDIBHAHHA.

Josedenns. Hexait no(yo) # 0. Tomi na(y) # 0 B gesgxomy oxoml ToUxu yo: ¥ € (yo — do, Yo +
d0), 6g > 0, 1 piuanna (41.1) exsiBaseHTHe PIBHAHHIO

d_y _ my(x) ny(y) (43.1)
dx ma(x) na(y)
B obracTi
Bo=Bn{(z,y): 2 €R', yo— o <y < 5o+ do}.
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‘i Bigomo, BCi poss’saku piBasasA (43.1) B obaacTi By MOXKYTE OyTH 3anucaHi ¢pOpMYy.Io0
y=H1(C - P(x)).
[omy gepe3 TouKy (20, yYo) IPOXOIUTE JUIIE OFHA IHTErPAIbHA KPUBA
y=H '(—F(x)).
Mo na(yo) = 0 1O My (xg) # 018 geaxin obaacti piBasaEA (41.1) exBiBAICHTHE PIBHIHHIO

() 'u,:f)(y)

i Mo

cly my () ny (y)’

nel PORB BKI AKOTO 3AITHCYIOTLCH (DOPMY.IOTO
e (C'— H(y)).
Orxe, 1B ULOMY BUITAIKY T1epes TOTKY (200, 7o) HPOXOAATEH CAUHA, LTTCOPAILHA KPUBA PIBIAH-

i (41.1). Ocxiabin (g, o) - A0BlALIA TOWKA 3, TO NCPHIC TROPAAKCHIIA TCOPEME JOBETCHO.
Hokazxewmo, mo Gyuiuin (42.1)

U, y) = F(a) + H(y)

¢ inrerpanom pisamis (40.1). Hexawr i == (), @ € (a. by, axui-veOy b pO3Ba30K DiBHT-

st (40.1). Maemo

;wl?(f(yﬂ wla)) = _(l_ F(x)+ H(p())] =

( da |

() malele) L
o) + ny (@) @' (x) =0,

rooro U, p(a)) = const. AHATOPITHO A40BOAWPHLCS, IO B3JOBK PO3B3KY @ = Y(y) pinia-

nir (40.1) Qyuwuin Ua, y) rezk 36epirac craue spagenas. Tomy ma ocnosl aevw 2.1 U, y)
¢ iurerpagom pisuamnis (40.1) 1 reopemy TOBEACHO.

TakuM “HHOM y KOKHIN 13 38’ A3HUX KOMIIOHeHT MHOEUHE G\ S dhopmyra

“my(a) " no(y)
=l - ——=dy =0
/ 71’1,2(.’1:)( I +./ ”'ll(’!/)cy

te inrerpam pisaanas (40.1). Kpiv Toro, gerko 6asuTn, mo piBHAHHA T = Q) Y = Gy, 1€
(o) = 0, ny(B) = 0, Tex GygyTs iHTerpanamu piBHapaa (40.1).

20, Onuopigui pisaauaa. Hexaft y pisuansi (37.1) dywuxuil M (v, y) 1 N(x,y) € ogHo-
pLIHUME QYHKIIAMYT k& —TOIr0 BAMIPY, TOOTO

M (ta, ty) = t"M(x,y), N(tx, ty) =1"M(x,y), kcR.

ol piBEAEEA (37.1) HABUBAETHCA OJHOPIIHMM PIBHAHHAM IEPIIOr0 HOPAAKY B CHMeTPUIHIN
(hopMi.



22 IVI. 1. 3BUYAVHI PIBHAHHA IMEPIIOTO IMOPAIKY

fAxmo pisrarna (37.1) ogHOpigHe, TO WOTO MOXKHA 3BECTH A0 PIBHAHHA 3 BiJOKPEMIIOBA-
My 3minaumu. Copasmi,

M(z,y) = M<1 -, y. a:) = aFM (1, —y—>,
x x

x T

o

aximo x #£ 0, 1 piBuannsa (37.1) mabupae Burasry

JW(l —>(11 + N<1 —>dy = 0.

3pobuslin y 1poMy piBHAHHI 3aMminy y = zx, dy = zdx + xdz, MATUMEMO DIBHAHHA
(M(1,z) + N(1,z)z)dx + aN(1,2)dz = 0,

AKe, O9eBUIHO, € PIBHAHHAM 3 BlIOKPEMIIOBAHIMEA 3MIHHUMM.
3Y. PiBHAHHA y DOBHMX AndepeHIiazax.

Osnavennsn 6.1. /ugepenniarsne pisasana (37.1) HABHBACTHCA PIBHAHHAM Y IOBHHX AU~
pepenniarax, AKmO icHye raka HemepepsHo audpeperninosaa gyuxuiz U(x,y) (Ul(x,y) €
CHG)Y), mo

du = M(xz,y)dx + N(x,y)dy. (44.1)

oM ON
ay Or
wob piBaArHA (37.1) Oy10 ¥y moBuux gugepeHmiaiax, HeoOXiqHO, a y Bumaiky, komu (G =
{(r,y): a<x<b, c<y<d}igocrarapo, mod

Teopema 2.1. Hexau M, N, € C(G) i M*(x,y) + N?(x,y) # 0 B G. Jra Toro,

OM(x,y)  ON(x,y)
oy N ox

s Beix (x,y) € G.

Aosedenns. Hexan pisuanaa (37.1) € pisaaaaaM y nosaux audepenmanax. Toal 3 pisroc-
1i (44.1) BUmanBae, Mo

ou ou
—_— == ]\/j T, I mal— s . 20.
G = M), G =Ny (16.1)
ON . : -
Ane ockimpkn —— 1 —— € C(G), To Mitani moximui
81 ox

o°U oM 9% 0N
oyoxr Oy Oxdy  Ox

¢dynkuii U piai MixK 06010, a OTKe, BUKOHYeTbCA PiBHiCTS (45.1) B 06aacti G. Tenep npumy-
cTuMoO, mo G — IPAMOKYTHUK 1 BukoHyeThcs ymoBa (45.1). Iobyxyemo dynknio U(x,y), 118
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ol CIpaBeTnBa piBHiCTE (44.1). [Tas mporo posriasreMo mepmry 3 piBHocTen (46.1). Ove-

MILLHO, IS KOXKHOIO (PIKCOBAHOI'O Yy BOHA € HAUOPOCTIMMM AudepeHIIaIbHIM DIBHAHHAM.
oMy TOro 3aradbHUM PO3B sa3xoM Oyae pyHKIA

T

Ux,y) = /M(ff,y)d€+w(y),

T

1 p(y) — noBlabHA mudepenuinoBaa GyHKuiz. Bubepemo dyHkmio ¢(y) Tak, mob Uz, y)
1 AOBOMBHALA 1 ApYTY piBHicT (46.1):

oU(a,y) / IM (&, y)
dy dy

dr + @' (y) = N(x,y).

)

iy BAKUMO, IO ANEPCHITIOBAHEA LT 3HAKOM IHTerpata 3aKOHHE Ha [ ACTaBl HOIIepCPBHO-
OM (x,y)

c1i pYHKII 5 . O1xe, BpaxoByovn piBHICTH (45.1), MaeMo
Dy

xr r

A "OM(E, . CON(Ey
o' (y) = N(a,y) — / Mdf = N(xz,y) — / —(E—ldf =
. oy , ox
o) To

= N(x,y) = N(a,y) + N(xo,y) = N(xo,y);

y
ey) = /N(:Ifo,'/))c‘l,v/.
‘.'}n
Foai GyErIis
x Y
Ulx,y) = /JM(@:I/M{—I— /N(:I:o,'r/)(]v/

€0 Yo

nv1e 3aJ0BoaLHATH pisHicTs (44.1). Ty (20, yo) — xoBiapHA dikcoBaHa TouKa 3 G. Teopemy
JA0BEIEHO.

Jaysaxkeunsa 1.1. JocrarHicTts Teopemu 2.1 Mae Micie 1y TOMY BHNAJKY, KOJIH 00J1aCTh
() 0JHO3B A3HA.

oM ON

Teopema 3.1. Hexam M, N, 5 B € C(G) i M*(x,y) + N*(z,y) # 08 G, G = {(z,v) :
y  Ox

a<r<b e<y<dl

oM (x,y)  ON(x,y) :
dy N ox (@.y) € &

(wvakmis U(x,y) s3agosoasage pipaicts (44.1). Toal 4epes xoxHy Touky obaacti G mpoxo-
[HTD €IUHA IHTErpaIbHa KpUBa gudeperifiaisHoro pisaanas (37.1) 1 ¢pyuxgis Ulx,y) — C,
40 C' — goBlapHA craga, € IHTerpajoM piBaanHa (37.1).

lovsedenns. Hexan (xo,yp) — [moBirbHA Todka obmacri G 1 Hexall AIsd BU3HAYEHOCTI
N (g, y0) # 0. Toxi icuye oxin Bo(xg, yo) ToUKE (20, Yo), ¥y AxoMy N (x,y) # 0. Y usomy okomi
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inrerpanpui Kpusi pismanssa (37.1) 36irajoTbea 3 rpadikaMu po3s’a3kiB AubepeHTiaTEHOIO
DIBHSAHIA
r_ M(z,y)
Y N(z,y)

[Ipumycruamo, mo wepe3 104Ky (Zo,Yo) IPOXOAATH ABL imTerpasbui kpwsl pisaaara (37.1).
Toxi ix piBHAHHEA ¥y = @1 () 1 ¥y = wa(x) OyayTh PO3B A3KaAME AUBEPEHIIATLHOIO PIBHAH-
Hi (37.1):

Mz, pj(x))de + N(x, p;(x)) ) (x)de =

_ 8@'(Jz~éfj(ﬂ?)) . 8[/7(1’(,9;9](55))803(%) — dU(Cl?7 Wj(x)) =0, j=1,2.

3Bigcm
(U (x,y) — U(ﬂfo,yo))

Uz, 0j(z)) = Ulzo,90) =0 i 3y # 0

y Toqmi (Zg, ¥o). Orike, xoxkuHa 3 pynxuin ¢;(x) (j = 1,2) € po3B’a3KOM PIBHAHHA

IJ(IE, y) = U(Io, yO)

OCKITBKH AT HBOTO PIBHAHHA BUKOHYIOTBCA YMOBU TEOPEMU PO HeABHY (GYHKIO, TO
o1(x) = ¢ofx). Ananoriueo posrmagaeThca Bunmamgox, xomun N(xg,79) = 0, 60 Togi
M(zg,y0) # 0.

Hoxaxenmo Tenep, mo gynxiis U(x, y)—C e inrerparom pisuanas (37.1). Hexaur y = o(x),
x € (a,b), 1oBlabHEN PO3B’'A30K AudepenniansHOro pisaanna (37.1). Toxi

i

d . _ Uz, p(x)) | OU(z,¢@))

!
o ¢ (z)
= M(z,o(x)) + N(z,p(x))¢ () =0
i U(x,p(x)) = const. Amanoriuao moxma noxasaru, mo U(¥(y),y) = const, axmo = = 1 (y)
=~ O3B’ A30K piBEAHHA (37.1). OTxe, na migcrasi temu 2.1 dyuknis U(x,y) — C e imTerpamom
audeperniatbHOro pisasauus (37.1) i TeopeMy m10BegeHO.

3ayBaxxensa 2.1. fAxmo piBaanaa (37.1) € y noBuux gupepeHmiazax, TO T4 3HAXO K-
HHA HOT'O IHTerpasiB morpibHo mobygysaru ¢yrruio U(x,y) MeTogoM, BUKOPUCTAHEM 1S
AOBEAeHHA JOCTATHOCTI Teopemu 2.1 1 BaaTn 3a iHTerpaan ¢yuxiio U(x,y) — C.

IMpuxnax 7.1. Hexan 3anamo piBHAHEA
(x +y+sin x)de + (x +cos y)dy =0, G =R

OcCklabku
oM ON
Y 17 A = ]-7
ay ox

TO JaHe DIBHAHHA € y HoBHUX audepenmiazax. Towmy am1a smaxomkenua dymxuii U(x,y)
MAaEMO PIBHOCTI

oUu 4o+ si +
— = sin x, — = .
e Yy By T+ Cos y
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A neptol piBHOCTI OAEpPKYeEMO

2
x
Ulz,y) = - +yw —cos z+ @(y).
loay
x4 =z + cos y;
oy v (y) y
©'(y) =cos y;  w(y) = sin y.
e,
-/2
Uz,y) = 5 + ya — cos x +sin y
1 hopmysa

- tyr—cosa+ sin y = C'
¢ IHTerpagu BUX1THOTO PIBHAHHI.

|7, InTerpyBalbHUM MHOXHUK. Sl 0a9nMO, 3HAXO IZKCHHA IHTErpaLiB pisasuns (37.1),
NKINO BOHO € V MOBHUX Ju(epeHiiatax, He BUKANKAE TPYIHOUIB. ToMy BUHMKae TITMTAHHA,
11 MOXKHA PiBHAHHA (37.1) 3BecTH X0 DIBHAHHA Yy DOBHUX AUMCPEHIIAIAX JOMHOKCHAM HA
wesiky byrkuin pg(r, y).
Osnadenss 7.1. Dyuxmia (v, y) # 0 B G HA3UBACTHCA [HTEIDYBATLHUM MHOXHUKOM AH-
(hepermiarbEOro piBHAnuA (37.1), AKIIO PIBHAHHA

puMde + pMdy =0

i obaacti G € pIBHAHHAM y MOBHUX JAUpepEeHIIIAIax.

[Tompo6yeMO 3HAUTH IHTErpyBaJbHAN MHOXKHUK aan pisHaausa (37.1). Hexanm G ogmo-
w'sa3Ha o6xacThk. Toxl mas GyHKI 1 TOBUHHA BUKOHYBATHCH DIBHICTH

I(uM)  O(pN)

- G
Ay ox (.y) € G,
AO0 5
o O ON OM
— M - —N =y — — . 47.1
dy ox u( ox oy > (4r.1)

TaKEM 9UHOM, 3HAXOKEHHA IHTCrPYBAILHOTO MHOXKHUKA 3BOIUTHCA 10 PO3B’ A3yBaHHA IH-
(pepermianbrOro pinanma (47.1), ske ¢ piBHAREAM 3 YacTHHHUME noxitanmu. ToMmy, B3arani
NAZKYSH, 330498 PO3B A3yBaHHA piBHAHHEA (47.1) € cKiIaAHImOI0 Bl BUXigHOI. Aze B OKpeMHX
BUNATKAX IHTeCPYBAJbHA MHOXKHUK BAAECTLCA 3HAUTH. DyaeMo mrykartn iHTerpyBalbHUH
vnoxHuK u(z,y) pisasaaa (37.1) y suraagi p = p(w(z,y)), ge w(z,y) — 3agasa dyHKuis,
€ CHG). Toni pisuauna (47.1) MOXKHA 3AIUCATH Y BUIVIAAL

ON oM

Ldu dr  dy

ndw 0w w (48.1)
Y G e
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3Biacy BIAHO, IO AKINO IpaBa YacTHHA DiBHAHHA (48.1) € dyHxuicto Big w(x,y), TOOTO AKIIO

ON oM

) (49.1)
MZE - NZE

dy oz

TO piBHAHHA (48.1) cTae PIBHAHHAM 3 BIIOKPEMIIOBAHIMH 3MIHHUME i HOT'O DO3B’A3KOM €
dyHKILA
(2, y) = exp(T(w),

ne W(w) — saxa-HeGyap nepsicHa mas GyHKil ¥ (w):

T(w) = / (E)de.

wo

OTxe, 3HAXOJKEHHA IHTEIPYBAIBHOIO MHOXKHIKA TTOMATAE ¥ MUCTEIITBI MAG0PY Takol hyH-
kil w(x,y), a1a axol cnissignomenua (49.1) crane GyHKIIEO Big w. 30KpeMa, ME MOKEMO
BKA3aTH KJ1ac PiBHAHL (37.1), aaa AKUX ICHye IHTerpyBalbHUM MHOXKHUK, 3AJeKHIH JHIIe
Big x, abo Bix y. Copasji, wexan w(x,y) = x. PiBaanua (37.1) 6yae maTn inTerpysalbRU
MHOKHUK [ = fo(2) TOXL, KOIHA

ON  OM

Oyne dynxmiero Big x. Anaroriuso, piBeaxug(37.1) Gyge MATH IHTErpyBadbHHE MHOMKHUK
1= p(y) Toni, Koam

ON oM
dr__ 9y
M
Oyae bYHKIIEIO Bl 3MIHHOL Y.
IIpuknag 8.1. Posrasmemo mgininee HeogHopigHe amdepeHmialbHe PIBHAHHA IIEPIIOTNO
HOPAIKY, 3alUCaHe Y cuMeTpuIHin dhopmi

(x)y — g(x)|lde +dy =0, p,q € C((a,b)). (50.1)
Tyr G ={(z,y): e <a <b, —00<y<oo}. Ockizpxu
ON OM

_dir_:Nﬂ = p(z),

TO A piBEAnHA (50.1) icHye inTerpyBaibHui MEOXKHUK i = pu(x). Hexaw P(x) — axa-neGynb
nepsicHa mas p(x) :

Toal dynknia p = exp(P(z)) Oyne iHTerpyBaIsHIM MHOKHAKOM piBEAHEA (50.1).
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§ 5.1. /TomomixkHI TBepaXKEHHS

PosruasaeMo 3amaqdy Kool

y' = f(z,y), (51.1)
y(zo0) = yo, (52.1)

a [ € C(G), (zg,yo) € G. fx Mu Gawmnm Buine, sagada Komi (51.1), (52.1) wacTo BuHUKAE AK
MATeMATHYIHA MO L AeAKOTO (MismaHOTo npouecy. OCKITBKE JAHUA TIPOIEC BIIOYBACTHLCA,
HPUTOMY € TMHUM CIIOCOOO0M, TO 1 BIATOBIIHA MATEMATUTHA MOIEAb TOBUHHA MATH PO3B A30K
rupuroMy eauHnn. OTiKe, BUHHKAE 3a/1a7a JOCALINTH yMOBHI Ha QyHKII0 f (2, y) 1 mouaTKoBi
Al (g, Yo ), ana axux 3agada Komi mae equann pos3s’azok. KpiM Toro, ockimeKku mo1aTkosi
il Ha TPAKTHI, K IIPABUIO, BU3HATAIOTHCS HAOIMKEHO, TOOTO PCAILHO MU MAEMO THCIA
Yo, Yo OAU3BKI BIATIOBIAHO JIO YMTHCET Zg 1 Yo, TO (haKTHIHO A0 PIBHAHHA (53.1) 3a12€ThCA
HOMATKOBA YMOBA
y(0) = o (53.1)

Taknm 9UHOM, MU JOCHLKYEMO ICHYBAHHA 1 €IAHICTH PO3B’A3KY ‘HAOAUAKCHOI MOIE-
1 (51.1), (53.1). Tomy DpUPOIHO BUHUKAE TUTAHHA HACKIIBKE PO3B A30K ‘mabauzxenol’ 3a-
A (51.1), (53.1) BiapisHAeTbCA Big po3s’asky ‘Tounol’ sagaui (51.1), (52.1) 1 koau pizpuns
ALK IAME PO3B A3KAMEH MaJa. Y IMbOMY BUOAAKY MU POPMYIIOEMO MUTAHHI TAK: IPH AKAX
vaoBax Ha QyHkuino f(z,y) poss’asok sagaqdi (51.1), (52.1) HenmepepnBHO 3aMCKATHL Big 10-
MATKOBUX TAHWUX Tg, Yo SAYyBAIKHAMO, IO TOBOPUTH IIPO HENCPEPBHY 3AMEKHICTH PO3B A3KY
il Konn Bl movaTKOBAX AAHUX € CCHC JUITIC TOM1, KOMH I 33898 MAE € IUHAN PO3B A30K
L1 BCIX TIOYMATKOBUX JAHAX NPUHAUMHI 3 JCAKOT'O OKOJNY TOYMKU (g, Yo). Jas gocmigacums
(UNX MUTaHb HAM Oy Ay TE MOTPIOH] ACAK] TOTOMIMKHI TBCPIKCHHI.

Hpunycrumo, wo 3agata Ko (51.1), (52.1) mae poss’sasox y = p(x), a2 € (a,b). Toxni

o' () = f(x, p(x))

ole) — plao) = [ (& o)

Ockubka @(xo) = Yo, TO
X

o) = yo + / F(E. ol€))d.

xo

(rrace, GYHKIIA ©(r) € O3B’ A3KOM DiBHAHHA
v=vot [ FE v (54.1)
To

£ TOCOBHO HeBIAOMO1 PYHKITI ¥, SKe Hagaldl OyJeMo HA3UBATH IHTETPATLHAM PIBHIHHIM.
Hexan remep masnakm, dysknia y = ¢(z), (x,¢(z)) € G, x € (a,b), v € C({a,b)), ¢
posn’a3koM piBHAHHA (54.1), TOGTO MIA HEl CUPaBIKYETHCA TOTOKHICTS

() = yo + / £(€,9(€))de.
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Ockinbxu  f(x,4(x)) € HemepepBHON, TO AK BILIOMO 3 MATEMATHTHOIO AaHAMI3Y
(x) € C({a,b)) 1
V(@) = flz, ¥ (2).

Oruxe, byskmia ¥ (x) e poss’azxom audeperniansHoro pisaaansa (51.1). Kpim roro, ¥(xg) =
Yo, TOOTO dynkmia ¥ (x) ¢ poss’askom 3agaqi Kowmi (51.1), (52.1). Takmm ummoMm T0BeIEHO
TeMYy.

Jlema 3.1. 3agawi Kourn (51.1), (52.1) ekBiBajenTHa [HTErpatbHOMY PIBHAHEIO (54.1).

Oszuavenus 8.1. Bygemo rosopurn, nmo ¢yuxmgia f(x,y) 3 obractio pusHatenas G C R?
sagoBouabuge ga G ymony Jlimmunig 3a 3MiHHOO Yy, AKI0 icHye Taka crada L, 0 < L < 0o, mo
JUIA AOBLIBHEX ABOX TOIOK (X, Y1), (¥, y2) € G BUKOHY€THCA HEPIBHICTH

Uzn) — fle,y2)] < Ly — a2l (55.1)

Hpu gpomy crana L wasupaernes KoHCTaHTOR Jlimmuns ¢yl f aa muoxmH (5.

Hosmaunmo gepes Lip, (G) xiac Gyukuinn f, axi 3a10BOILHAIOTE yMOBY Jlmmms 3a 3min-
HOW0 ¥ B 06aacTi G wepes Lip, (G, L) — miamuokury dyekmin Lip, (G), 111 AKIX BUKOHYETHCA
HepisaicTb (55.1) 31 cramoo L.

3ayBaxumo, mo yMoBy JUNIMUIM HA TPAKTUIN TMEepeBipuTH HE 3aBXkan upocrto. Tomy
HaBEIEMO Kaa¢ PYHKIN, LIA AKUX YMOBa JUMIIUIA BUKOHYETHCI 3aBIK IU.
af

Jlema 4.1. Hexan f, Go C(G). Toxi Ha goBLIBHIN OOMe:KCHIN uigmuoxuuai 13, B C G
]

¢yaxiig [ 3agoBoasasge ymoy JHmmmui.

Hoeedenns. Po3risHeMo CIOMaTKy BUMNAA0K, KO B - onykaa nigobaacts obaacti GG cTo-
coBHO 3MiHHOI y. OnykaicTs B ¢TOCOBHO 3MIHHOL y o3Havae, mo koau (z,yy), (r,y2) € 13,
to (x.,n) € B mas Beix n € (y1,y2). Bukopucraemo Teopemy npo cepenme nas dynixuii f B
obaacrl B. Tom

of ( T, 1)
e = e = | LD Ny ol < L -

_— oSy . N

60 3a Teopemor Bemepmrpaca 5, € 0OME¥KCHOIO B 3AMKHECHIN
- y
obanacti B, T06TO
df(x,1
max f—(—"—jz = L < o0.
B dy

OTike, y ubOMy BUNAAKY M8 f BUKOHyeTbCA yMoBa Jlimmmris.
Poarnaaremo tenep Bunanox, xomu B — Oynb-axa obmexkena muoxwuna B (. [loGyzyemo
MHOXWHY

A= {(x,y,y"); (z,y) € B, (x,y*) € B, y #y*}

1 PO3NVITHEMO Ha HIA DHYHKIIIIO

f(xvy) - f(r,y*)
y—yr

Flx,y,y*) =

i *

Aramo Mu goBegemo, mo gyskmia F obMexena na A, To gemy Oyme gosegeno, 60 Aud
HepiBHicTh (55.1) odeBnana 3 Oy ab-AKOK0 cTATOW L.
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[IpumycTumo, mo F meobmexena B A. Toxi icHye nocaifoBHICTh TOYOK { (T, Yk, Y5)} C A
kX, 110
F = F(xp,yk, yp) — 00, xomm k — 00.

3 nocaigosaocti { (g, yr) b MOxHA BUOpATH MiAIOCTI JOBHICTS

(6 Um) ), AKa 36iraeTbes g0 aeaxoi Touxm (Tg,Yo) € B, a 3 nocaigoBrocTi {(Tm, vl )}
MOKHA BEAUTATH TLATOCT Z0BHICTE { (2, yX )}, aka 36iraerbesa 1o Touxu (xg, yg) € B. OTxe,
HOCTLTOBHICTD { (T, Yn, ¥l )} 30iraeTsea 10 To4KH (20, Yo, Ys)) 1

F, = F(@n, Yn,y,) — 00, KOIH 7L — OO.

\loaxauBl gBa BUNAIKH: Yo 7 Y5, a0 Yo = y5. Y mepmoMmy BUIIAJKy IcHye Take € > 0, mo,
HOTTMHAIOYTA 3 ASAKOTO HOMEpa N > ng, |Yn — Y5| > . Azne Toxi

P, [ Censyn) = flon,yn)| 2]\4’

Yn — Y| €

M= Sup |f(z,y)]. Orxe, oTpumanu ipoTupivys 3 THM, WO F,, — 00, KOIH N — 00.

AY ,ZIp}/FOMy BHMAAKY BI3bMeMO AeAKUN Kpyroun oxia O(xo, yo) To4uxu (g, yo) € B, 3a-
AMUKAHEA AKOTO HATeKATH (. OCKUILKN, TOIUHAIOYH 3 ACAKOT0 HOMEPA 11, TOUYKH (X, Yp) 1
oL yk) Gyayre manexaru O(xg, y()), TO 3TTAHO 3 JOBEICHUM BHIIE,

o | (s yn) — [yl Of(r,m)

I, = - < max |——n——"
’y'n - yy;,l O(xo,y0) ():(/

| M0 TEXK OTPUMYEMO Tiporupitatd. Jlemy nosemeHo.

Osuagenus 9.1. [ocrigosuicrs Gyukmia { f,(x)} Ha3sHBaeTHCA OAHOCTAHHO HEIIEPEPBHOIO
na BIAPIBKY [a,b), sxmo ana gosizsaoro € > 0 icoye raxe § > 0, mo giag seix n € N i

N 1

!oa € ay b), rakux, mo |a’ — 2| < § Buxonyersea mepisuicts | f, (1) — f. (2] <e.

Teopema 4.1 (ACKOJII Apuena). Axmo nocrigosricts ¢yaxgin { f,(x)} piBHOMIpHO 006-
\C/KCHA 1 OAHOCTAHHO HerlepepBHa Ha [a, b], 10 3 niel mocTifOBHOCTI MOKHA BUAIIATH DIBHO-
vipoo 36DkHY Ha [a, b] migmocaiqoBHICTE.

Avsedenns. Posrasuemo wa [a,b] novaigosmicts Towox {x,} : 3a xq BUOEPEMO cepenuHy
Y ])isKa [a, b], 3a 19, x5 BI3BMEMO TI TOUYKH, AKI PA3OM 3 1 ALIATH [, b] Ha 4 piBHI YacTHHH,
VUL, T, Tg 1 U7 BI3bMEMO TI TOUKHM, AKI DA3OM 3 X1, Lo, T3 AVIATH [a,b] Ha 8 pIBHUX YaCTHH
T T,

o6y roBana TOCALIOBHICTE {, } BOJAOJIE Taxow BracTUBicTIO: Ake 6 me Oymro & > 0 gua
HLOPO ICHY€ TAKUU HOMED Ng, IO HA AOBLILHOMY BlIDI3KY [d,l;] C [a,b], b—a < & zexurhb
xota 0 OHA TOYIKA 3 MHOXKUHU L1, ..., Tp,-

Iepengemo Temep g0 moOyxoBU piHOMIPHO 301KHOI nigmocaigoBHOCTI. CHOYATKY pO3-
1 IHEMO Hocui;goBHich {f,,(rl)} OCKiJIBKI/I s IIOCJIi,ZLOBHiCTb O6M€}K6Ha TO Ha MACTABI

f11(-1’1), f12(51?1)7 ) f1n($1)>

“lauti posraAneMo QyHKIIOHATBHY TOCTINOBHICTS { f1, ()} v To4ui x9. 3a Teopemoro Boaxpna-
no Bemeprrrpaca 3 Hel MOXKHA BUALIUTH 3013KHY T AIIOCAIJOBHICTE

foi(z2), faa(za),. .., fon(22),
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Taxmm auaOM, GYHKIIOHATHHA TOCTLIOBHICTE

f21<33), fzg(I),...,fgn(llj),... ‘ (561)

36iraeThca y TOUKAX X1 i To. Jam posrasgaemMo GyHKIIOHATBHY MOCTiAoBHICTE (56.1) y To4mi
T3 1 BUALIAEMO 3 Hel 301KHY II1ITOCT] TOBHICTD

fa1(z3), fa2(z3), .- -, fan(s), . ..
IIpo foBAKYIOHM el Tpomec, Ml OTPUMAEMO HECKIHYCHHY MHOKHUHY MiATOCII JOBHOCTEH:
fii(@), fra(x), ..o, fin(z), ...

fa1(z), faal S fan(T), .
fa1(x), faolx), ..., fan(x), ...

&

OPUYOMY I ANOCTIIOBHICTE, AKA CTOITH Y N-OMY PAIKY, € 301KHOIO V KOXKHIN 13 TOYOK X7,
oy T
Posrasmemo plarosanbHy IOCHLIOBHICTH

f]l(ﬂf), fQQ(TL'), Ceey fnn(flf), N (571)

1 J0BeAEMO, IO BOHA € PIBHOMIpHO 36ixHOI0O HA [a,b]. Bagamo ¢ > 0. OCKiIbKYM MOCTI[0B-
micts (57.1) ogHOCTAMHO HenmepepBHa Ha [a,b]|, To aaa BubGpanoro € > 0 3HAUIETHCA Taxe
0 > 0, mo maa BCiX N
f
‘fnn(l’.) - fnn(m‘m)l < ga
AKL 6 He OyIU TOYKU T, Ty, MIA AKUX | — T,| < 6. Posi6’emo Biapisok [a,b] Ha ckindenue
YMCIO0 BIAPIBKIB JOBKUHOIO MCHIIO HiXK §. 3 TOCTi0BHOCTI {2, } BUGepeMo CKiHdIeHne Jucio
IIEPIINX YIeHIB Ty, ..., Ty, HACTLILKHM BeAWKe, 00 y KOXKHOMY 13 3TaJaHNX BLAPI3KIB MICTH-
JacA x09a 6 OHA TOYKA T, ..., Ln,. OMEBUIHO, HOCAIAOBHICTE (57.1) 36IracThesa y KOXKHIN
TOYI X1, ..., Tpn,. LOMY a1 3amanoro € > 0 3HangeTbCa Takun Homep N, 1o

(58.1)

Ifn+p,n+p<xm) — fon (CCm>| < c (59.1)

3
mas Beix n > N, seix pE Niscixm=1,...,ng.

Hexan r — gosiapua TO4ka 3 [a,b]. s Touka mekuThb y OAHOMY 3 BiAPI3KIB, NOBKWHU
MeHIIol HizK 0. ToMy ma1s Hel 3HaUxeThCA X049a 6 OJHA TOYKA Tp,, 1 < m < ng, M4IA AKO1
“|x— ;] < 0. Orxe,

[frtpntp(®) = frn(@)] < [frtpntp(@) = frgpmtp(@m)|+
+|fn+73~n+]?(x‘m) - fnn(xm)' + ‘fnn(xm) - fnn(x)l <e¢g, n Z N7 vp € N

Ha migcrasi (58.1) 1 (59.1). Taxum umrOM, mocaigosaicTh (57.1) € piBHOMIPHO 361KHOIO 1
TEOpEMY JOBEIEHO.



§ 6.1. ICHYBAHHSA PO3B’A3KY 3ATAYI KOIIII 31

Jlema 5.1 (Iponyonnna—Benmana). Hexan HemepepBHA Ha Bigpisky [a,b] dymkmia u(z)
Ll BCIX X, Tg € [a, b] 3a40BOIbHAE HEPIBHICTE

u(e) < C+ L| / |u<5>|ds}. (60.1)

loai |u(z)] < Celle=wol,

Aovsedenns. Hexanm nis BusHadeHOCT1 * > Xo. BBegemo GyHKIIIO
z
) = [ fule)lde.
To

Toni 2/ (z) = |u(zx)| 1 HepiBHicTS (60.1) MOXHA 3amucaTH y BATIAI

2'(x) — Lz(z) < C, (61.1)

npuaomy z(xo) = 0. Homuoxumo (61.1) Ha dyHKIIIO e~ i simTerpyeMo B MekKaX Big 29 10

KA

& €T

/. [2'(€)e™ " = Lz(€)e” M ] de = / (2()e™ ) de = z(a)e " <

To To

S C/e—”édﬁ — % (C——L;r:o o e—Lz) )
To

Orrxe,

i

C
< Zel(z=wmo) _
z(x) 7€
roMy 3 HepiBHOCTI (60.1) OTpUMYy€EMO OLIHKY
ju(z)| < Celte—o),

0 1 TOBOJUTE JEMY.

§ 6.1. IcuyBanus po3B’sa3ky 3agaqui Kormri

Hexanu
O={(z,y): |v— a0 < a, ly—yo| Lb}.

Posrusgaemo 3axagy Kol

(=, 9), (62.1)

y =f
y(zo) = yo. (63.1)
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Teopema 5.1 (Ileano, sokannvHa). Hexan f € C(II). Togi sagasa Komi (62.1), (63.1) mae
PO3B A30K, AKMH BU3HAYEHHH IPUHAMMHEI Ha BIADI3KY [xg — h,zo + h], ge

, b
h:mm{a, M}, M——ml%x|f(x,y)|.

Hoeederns. Bea o6MexeHHs 3aralbHOCTI JOBEIEMO TeOpeMy JIA BiAPisKa [2g, 2o+ h]. 3rigro
3 gemoio 3.1 3amada Kol moxe OyTu 3BeeHa IO eKBIBAJEHTHOIO IHTErPAILHOIO PIBHAHHA

y(@) = yo + / F(€,y(€))de. (64.1)

Tomy nocraTabo goBecTHU icHYBaHHs PO3B’a3Ky piBHanaa (64.1). TobyayeMo mocmif0BHICTE
dyuruin {pq, ()} :

h
Yo, T e a707x0+’f )

m
Pm (I) = r—h/m A
yo+ [ Fl&em(€))dE, e <m0+E,h}.

Hoseaemo, mo ¢, (x) HemepepBHi Ha BIAPI3KY (2o, X0 + h]. Copasai, byukmia ¢ (x) = yo i
ToMy € Henepepsroo. [laml, mpu KoxHOMY m > 1 mepa piBHicTh y (65.1) BusHaTae GyHKIi0

h _ .
Om(2) mua x € [:vo, o+ —] , & OCKLTBLKY IIpu HbOMY (Zo, Yo) € I, To apyra pismicTs y (65.1)
m

‘ _ h hi.
BU3HATAE HENePEPBHY (PYHKIIIO IIA T € (xo 4+ —,x0+ —| 1
m m

. h
lim Om(x) =yo = @m| w0+ — |.
r—xo+h/m+0 m

. h
[IpumycTumo, mo GYHKIUA @, () BU3HAYCHA IIA T € {wo, xq + —}, 1 <k <m. Tom apyra
m

o . k+1)h
piBHiCTH (65.1) BusHAvae ¢, (r) AK HemepepBHY (DYHKINO HA T € <ac0 + —,x0+ u—) i
m m

lim (x) = (x +E@>
gt (o) frmg0 TN T PmA TO T )

Orxe, 3a iHgykmiero piBHOCTi (65.1) BH3HAYAIOTH ¢, (T) AK HemepepBHY (QYHKINIO HAa
[€0, xo + h]. Kpim Toro,

z—h/m

o) = ol < j / f(&«pm(f))dfy <

x—h/m

< / |f (& om(6))]dE < M

o

h
r———x9| < Mh<b,
m
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ik 1110
|(,0m($)| < ly0| +b

1 seix m € N, Tobro muoxuna GyHKUIN {@,, ()} piBHOMIpHO 06MexkeHa Ha [xg, o + hl.
llokaxemo, mo MHOKUHA {p,,(T)} omEOCTANHO HemepepBHa Ha [To, Lo -+ h]. Hexam xy, o €
lro, 9 + k] 13agano € > 0. Toxl gna ZOBITBHOTO 1M MAEMO

zo—h/m

/.MWMW%SMmmea

z1—h/m

’@m(xl) - S‘Q'm(x?)l =

Wi PUIBKE |27 — 29| < ;4 = ¢, mo u Tpeba O6yao gosectu. Tomy 3rigHo 3 Teopemomno 4.1 icaye
nnocaiioBaicTs { @i ()} C {@m(x)}, AKka piBHOMIpHO 306iraeThes 10 HENEPePBHOI (YHKIII
() va [xo, xg + hl.

[Josegemo, o rpannuHa GyHKIA @(x) € po3s’sskom pisuaxaa (64.1). 3 uicw meToro
summeMo (65.1) mas dyexuin {pg(2)} y Burasg

h
Yo, T € {:‘1‘,07 To + E]’

op(x) = . . 3 (66.1)
wt ] 16O~ s @i we (so+qn)

20 x—h/k

) 1CBUIHO,

| reonende| < u o (67.1)

z—h/k

wout k — 00. Ockinbku 3a ymosowo Teopemu f € C(IT) 1 dbyuxuii {¢k(x)} piBrOMIpHO 36ira-
0rbest 10 @(x) upu k — 0o Ha [xg, o -+ k], TO

lim / F(E, on(€))de = /f(»s,so(f»ds (68.1)

k—oo
xg

A BCIX @ € [xg, 20 + h]. Tomy, nepenmosnmmu y (65.1) g0 rpanumi, komu k — 00, 3T1AHO
v (67.1), (68.1) agicTamemo pIBHAHHA

(1) = yo + / FEQ(©)de, € [xo,x0 + b,

T06TO Yy = () € pos3B’sa3koM piBHAHHA (64.1) i Teopemy nOBeAEHO.

Osuauenns 10.1. Hexanny = ¢(x) — po3B’a30k piBaanHA (62.1), BusHadenun Ha {a,b), ay =
t'(x) = po3B’A30K OBOIrO PIBHAHHA, BU3HAYeHHH HA (a1, by), mpudomy a1 < a <b < byia < a,
200 by > b. Bygemo rosopuru, mo po3s’a30k ¢(x) € IPOAOBKEHHAM DO3B’A3KYy ¢(T), AKIIO
o) = y(z), x € (a,b). Axmo He icHye po3s’a3ky piBuaHHA (62.1), AKHH € IPOAOBXKEHHAM
,(x), To Toxi ¢(x) GyzeMo HA3MBATH HEIPOLOBXKYBAHHM DO3B'A3KOM DIBHAHHA (62.1). Y
roMy BHIAAKY, KOIH @ = aj, Oygemo ropoputH, 1mo (x) mpogosxye o(x) BOpaBo I Koan
h = by — BaIBO.
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Teopema 6.1 (icnysanns nenpodosscysanozo pose’ssxy). Hexan f(x,y) BusHaIeHA | He-
mepepBHa B obaacti G. Toxl gna 6yap-axol Toku (Zo,yo) € G ICHye HENpPOAOBKYBAHUN
po3B’A30K 3aga4i (62.1), (63.1).

Aosedenns. Hexan (xg,yo) — nosinbHa Touka obxacti G. Toai icHye kBagpatT
o = {(z,y): | 20| < ao, |y — ol < ao} CG,

ae ap = do/(2V/2), axmo G me 36iraeThea 31 Beiero miommaow (do = dist {(29,y0), G }). i
do = 1, sxmo G = R?. Hexan mi1a susnadenocTi G He 36iraeTsCs 31 BCIi€IO IUIOMIMHOK. 34
TeopeMoro Benepmrpaca

|f(l7y)|SM07 (xay)EHO

1 Ha migcrasi Teopemu 5.1 icHye posB’A30K y = @o(r) 3agaqi (62.1), (63.1), BuU3sHAYeHUN HA

. . ag |
BIAPI3KY (2o — ho, xo + hol, ho = mm{ao, ﬁ} Posrussemo Temep Touky
0

(1,91) 0 21 =20+ ho, Y1 = ¢(z1).

Ockimbxu (21,y1) € G, TO iCHY€e KBaJpaT

= {(,9): lo—m|<an [yl <ar} €6,

diSt{(lL’l,?j]),aG} . .
] = ' o\ flae,y)| < My, (z,y) €Il
1 22 | (@, y)] Lo (2,y) 1

Ha migcrasi Teopemu 5.1 icaye po3s’a3ok y = ¢ () piBuauna (62.1), BusHaYeHNN HA BiAPIBKY

. aj o v
21 — h1,21 + hy], hi = ming ay, A 3aJOBOJIBbHAE MOYATKOBY YMOBY y(x1) = y.
1
OueBuano, PyHKIiA

wo(z), € [xo— ho,x0+ hol,
o1(x), z € (z1,21 + hy]

Yi(z) = {

Oyae poss’asxom sajaqdi Komi (62.1), (63.1) va Bigpisky [xg — ho,z1 + h1], TOOTO ¥1() €
IPOJOBKEHHAM PO3B'A3KY @o(z) Bupaso. Jaxi posrasgaeMo TOUKY

(xo,y2): Tz =x14+h1, y2=¢1(x2)

1 KBaApaT
Iy = {(z,y): Jo— 2| <ag, |y — w2l < ax} CG,

dist { (29, 5), OG
ag = { 22\/%2) }, y akomy |f(z,y)] < Ms. Takum YMHOM, MOXKHA CTBEDIXKYBATH
ICHYBAHHSA PO3B’A3KY Y = @9 (z) piBHAHHA (62.1), BUSHAYEHOr0 Ha BIAPI3KY (22 — ha, X9 + hs),
. a o '
ho = ming as, ﬁ2 , AKMU 33JOBOJBHAE IOYATKOBY YMOBY y(Z2) = y3.
2

Tonm ¢pyukuis

Pi(z), =z € [xo— ho,x1+ hi],
pa(x), x € (w9, + hol

(o) = {
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(v e poss’AaskoM sagadi (62.1), (63.1), axum npogosxye ¥y (x) supaso. Ilpogosxyoun men
HPOLCC, ME OTPUMAEMO TOCIIAOBHICTL TOYOK {1, }, MOCIiN0BHICTH po3B’a3kiB {¢,(x)} 1 mo-
cnjosaicTs kBagparis {11, }. [locaigosnicts {z, } MoroTonuo 3pocrae. Tomy icHye rpanuns
lim x, = b, npudomy x, < b mia scix n. [losraunmo

neorens

P(x) = lm 9, (z).

TL— 0O

Ouepuaro, ¥ (x) 6yxe poss askom 3aga4di Komd (62.1), (63.1) Ha npoMixkky [xg — ho, b). Tlo-
LIKCMO, IO TIeN PO3B’A30K He MOKHA TpoxosxuTu Brpapo. lle oueBmano, xoanm b = oo, abo
b ool lim |y(a)] = oo, abo

z—b—0

()],

b<oo i lim |¢(x)] < lim
asb—0 r—b-—-0

OOy BCIX X BRIAAKAX (DYHKIHIO ¢ () He MOKHA TOBU3HAYATH Y TOYHI b 31 30CDEKEeHHIM He-

P

tepepBHOCTL. OTyKe, 3AINMIACTHCA BUTATOK, Koau b < oo i icaye lim ¢ (x) = 7. Hosexemo,
) r—b—0

o roai (b, y) € OG. Hpunycrumo, uo ne we rak, rodro (b, ) € (. Muomuaa T090K

L={(z,y): y=uyx), v €lxg—ho,bl}

¢ SAMKHEHOIO 1 ILIKOM maaeknTh obaacti (. Hexan sigcrans s8ix [ xo mexi obracTi G gopis-
moce d @ d = dist {{,0G}. Hosinbaa Touxa A(x,y) € [ nepebysac va Bigerani d 4 > d Big Mexi
obnactt G [lomictumo 11y kBagpar 114 3 mestpom v Toum A, mOMOBAHA CTOPOHU SKOT'O

da
22

Y samiHeHinn obxacti 1D, aKa CKIAIACTHCA 3 YCIX IUX KBAADATIE

D= |J mu,

(w,y)el

oy =

sup [ f(z,y)| = M, npudomy
IR

MZZ\/[k, ap > 0 = ——=
Ause e o3HAMAaE, Mo

hy = min{ak, f\(—]j;} > min{a, Ki[_} =h>0 k=0,1,2,...

b= lim 2,, > xg+h llm m = oo.
e el m—00

()rpuMaHe IPOTUPIYYA JOBOIWTH, WO To4YKa (b, ) MOKe HaZekKaTH Juile Mexi obaacti G,
T0OTO pO3B’sA30K () HE MOXKHA NPOJOBKUTHA BIPABO. AHATONIYHO 3IIHCHIOETHCA MPOLOB-
MCHHA JOKAJBHOIO PO3B’A3KY BMAIBO Bl TOYKH To — hg A0 HEOPOJOBXKYBAHOI'O 1 TeopeMy
AOBCIEHO.
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3aysaxenns 3.1. Henepepsuicrs ¢pyaknii f(x,y) HA BCIH mIomuHI R? He rapanTye icHyBa-
HHA HEIPOJOBXKYBAHOTO po3s’a3xy Ha RY. Cnpasxi, posrnuaremo 3agavy Komi

!

2
y =y cosx, ylxg) = yo. (69.1)
Jlerxo mepexkoHaTHCA, MO PO3B 'A30K II€l 38,4891 MOXKHA 3AITHCATH (POPMYJIOIO

1

Yy = -
Coy —sin z’

. 1 .
ae Co = sin xg + —, axmo yo # 0, i y = 0, axmo yo = 0. Orxe, akmo |Cy| > 1, 10
Yo
HeIpoJoBKyBaHul po3s’asox sagadi Komi (69.1) Buzmavenust na R, axmo x |Co| < 1, To
PO3B’A30K BU3HAYMEHHH Jruite Ha inTeppadi (a,b), e a 1b — gsa cycigui myai ¢pynxuii sin a — Cy
I HOrO He MOMKHA IIPOJOBXKHUTH 32 HCH IHTEPBAL

3ayBaxkenus 4.1. fAx Bummusae 3 gosejgenus reopemu 6.1, po3B’a30K piBHsHHA (62.1) He
MOXKE BAKIHIHTHCA B JeAaxin To4ni obgactl (; BIH AK 3aBrOAHO OJMU3bKO HAOIMNKACTHCA 4O
mexi OG. Tammyn croBamu, axa 6 He Oyaa 3amMmxHeHa MHOXkHuHA A C (G, rpagix HEIPOIOBXKY-
BAHOIO pO3B A3KY piBHanmg (62.1), Ak Mac COLIbHI TOYKH 3 A, 000B’I3KOBO BUHE HA MEXY
OA npu 3pocrapHi (criagamnmi) .

§ 7.1. €auHicTh po3B’aA3Ky 3agau Kourn

Ax 6y.10 goBeneHo y moneperHbOMY naparpadi A ICHYBAHHA HEIIPOJOBAKYBAHOTO PO3B A3~
Ky sagadi Koo (62.1), (63.1) gocrarnso menepepsrocti gynkil f B obracti (. [lpore uiet
YMOBHU MAJO A € IUHOCTI po3B a3Ky. [IMCHO, PO3TIAHEMO 331349y

y =y () =0, neN, wo€R (70.1)

n—1

Ouesnano, mo dyuxuin f(r,y) =mny = € wenepepsHow B o6aacti G = R%. 1 B Tol *xe 1ac
3agada (79.1) mae aBa poss’ssrm: y =01y = (xr — xp)™.

Teopema 7.1. Hexan [ € C(G) N Lipy(G). Toai sagava Kowi (62.1), (63.1) mae ¢quani
HEIIPOJOBKYBAHUN PO3B A30K.

Hoeedenns. lpunycTrmo, Mo iICHYIOTH ABa HENPOJOBXKYBaHI PO3B A3KNu

y=opi(x), x€(ab), y=y2x), z€ {ay,b;)

sagaqi Komi (62.1), (63.1). Mosmadumo depes A MHOKUHY TOYOK

A={z: ¢i1(z) = @2()}.

Ockinbku @i (2g) = @2(xg), TO MEHOKHHA A He mopoxHsa. KpiM Toro, MEOkHHA A 3aMKHEHA.
Copapal, AKIO T — FpaHMYTHA TOYKa MHOXIHE A, TO icHye mocaigosaicTs {x,} C A Taxa,

mo lim x, = 7. Toxi na migcTasi memepepsHOCTI GYHKIIN @1(x) 1 wa(x)
n—r0oC

p1(T) = lim @1 (2,) = lm pa(en) = 02(7).

1~ 00
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Orme, T € A. Hexat B — 38’304 KOMTIOHEHTa MHOXKUHA A, KA MICTHTb TOYKY T 1 Hexal
sup B = x1 < min{b, by }.

AU UHO 3 O3HAYEHHAM MHOKUHE By AeAKoMy HpaBoMy MIBOKOM [#1,Z1 + €], € > 0 MaeMo
() # @a(x). Ockimeku () 1 w2(x) e poss’asxamn 3agaqi Komn (62.1), (53.1), To aaa
X CIPaBKYIOTHCA TOTOKHOCTI:

o) = yo + /f(é, o1 (E)dE,  palx) = yo + / F(E. 0a(€))de.

3a TeopeMoi BemeprmrTpaca Ha TPOMIKKY

Henepepsaa gynxuia g(z) = |e1(x) — ()

1.1 + €] gocarae cBoro Maxkcumannroro suavenus. Hexaw ¢(0) = max  g(x). Tox
[y ,x14¢]

0
4(0) = L1 (0) = 92(0)] = ]/ (s er(©) f(é,apz(é’))]dé\ <

2]
<L / 21(&) — w2(E)|dE < L g(0)(0 — a1) < Lg(0)e

1. . .
< T TO OpUUACMO a0 mpotupiada: 1 < 1. Orxe, 1y =

(83

ano 1 < Le. flwmo sBudbpatu
min{b, b1}, sxmo b # by. Ane axmo b < by, TO 3TIAHO 3 O3HAMCHHAM DPO3B ABOK wo(x) €
PO TOBKEHHAM PO3B A3KY ) (1), AKUA 34 IPUTYIIEHHAM 0y B HeUHpOA0BKYBaHuN. Tomy b = by
tpr(x) = @o(a), @ € [wg, b). AHAMOTTMHO POBIIALACTHCA BHIAJOK, Ko r < xg. Teopemy

10BETeHO.

§ 8.1. HenepepBHa 3ayieXKHICTH PO3B’A3KIB BlJ
MOYATKOBUX JAHUX

Poarasanemo pas pIBHAHHA

y = flx.y) (62.1)
sagady Komi 3 mowarkosumu gauwnvu (&,n) € G
y(&) =n. (71.1)

Hexain maa xoxwuoi Touxm (£,7) € G icHye HempogoBXyBaHui po3s’a3ox sajgadi Ko-
un (62.1), (71.1). Owesugno, 1o neit poss’A30x Oyge DYHKIEO, AKa 3a0€KHTh He Tilb-
WM BIL T, ade 1 BiA HOYATKOBHX gauuX &, 17, TOOTO €N PO3B’A30K MOMKHA 3A0UCATH Y BU-
raam y = p(x, £, n). Buacaumo, upn sxux ymosax Ha GyHKI0 f(2,y) po3s’a3ok 3agadi Ko-
mi (62.1), (71.1) 6yae memepepBHuM 3a 3MimEmMm &, 7). [as mporo 3pobmmo 3aMiHy:
r=t4+&—ty, y =2+n— z9. Togl orpumaemo 3agavy

(Cll—j:f(t+£"to,2+n“20)Eg(t,zagan% (721)
2(to) = . (73.1)

OT:ke, Temep MH MOxeMO CHOpPMYyIIOBATH HaIly mpobaeMy Tak: INpU AKAX yMOBax Ha
(dymkio g(t, z,€,n) pos3s’a3ok sagadi Komi (72.1), (73.1) 6yie HemepepBHO 3aJeXaTh Bif
napameTpin £ i n?
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Teopema 8.1 (Ipo HemepepBHY 3a/JeXHICTh PO3B’iI3KiB Bijg mapaMerpis). Hexan
dbynaknia g(t, z, &, n) HETEpepBHA B JeAKIH 06IaCTI GCRY 3a00BOJILHAE V U 00IaCTI YMOBY
Jinmmmnsa 3a avinsoro y. Hexart (to, 2o, &0, 70) — A0BiIbHA TOKa o6aacti G i z = o(t, &, n),
(1€ =&l < h, |n—mno| < h) — HempogoBxkyYBaHHH pO3B’A30K 3axa4i Koun (72.1), (73.1); nHexan
Aaui po3s’a30k ¢(t, &y, o) BU3HAYEHHH Ha HPOMIKKY (ag,bp) I [a,b] — A0BLIBHUE BIIPI3OK,
npudoMy ag < a, by > b. :

Tozi icaye Take o > 0, mo gug Beix |€ — &l < o, |n — no| < o, poss'asok z = p(t,€, 1)
BH3HAYCHHH Ha BIAPI3KY [a.b] I € HemepepBHOW pyHKLicro 3a 3vinaumu &, 1y roai (Eg, no),
OpHYOMY DIBHOMIDHO CTOCOBHO t € [a,b|, To6r0 g1 goBimerOro € > 0 icaye § (0 < § < o)
raxe, o upu € — &gl < 0, In — nol < 0 Gyge BuKoORYBaTHCA HEPIBHICTD

{(7‘9<f7 é? 77) - 410({7 607 ,’70)’ < e
st Beix t € [a, b].

Aosedenna.  Ilosgaumo <wepes A MHOKHHY TOY0K (1, 2,£,7), AKiI 3a10BOJBHAIOTE HACTYIIHI
VMOBH: :
a<t<b, ot &o,mo) — 2

<r, €&l < oo, [n—no| < oo. (74.1)

Ocxinrpkn MHEOKIHA TOIOK (£, @ (t, €0, M0), £0, 10), A€ t € [a,b], € 3aMKHEHOI0 0OMEKEHOI0 MHO-
KWHOIO B (7, TO IIPU JOCTATHLO MAINX I 1 0g MEOXKUEA A Tex HasexaruMe G. Hexan A C G.
OueBnaHo, A — 3aMkHeHa oOMexkeHa MHOXWHA. Ha I MHOXKWHI, 30KpeMa, CIDaBeLIIBa
HepiBHICTE Jlinmommis

lg(t. 21,6 m) — gt 22, &, )| < Llzy — 22| (75.1)
1A TOBUILHUX TO4OK (t, 21, &, 1), (t, 22, &, 1) € A. Ockinbxu dyuxmia p(t, £, 1) € po3s a3KoM
sagaqi Komi (72.1), (73.1), To cnpaBeaauBl TOTOKHOCTI:

t
plt&m =20+ [ gl elngm. e,

to
it

SO(ZL’ 507 "IO) = 20 + /g(T, Qp(Ti €OTn0)?£()7 'T}())dT

Lo

TaM, Ae BU3HaYeH] i GyHknil. OmiHIMO PI3HNIIO

lo(t. &) — o(t, o, mo)|

NS TUX 3HaYeHb t, &, 7, nusa axux Gysruii (¢, €, 1), ¢(t, o, o) BusHaweni. BigmiMaroun Bif
IIepIIol TOTOXKHOCTL APYTY, OYyAeMO MaTH

lo(t,&,n) — o(t, o, m0)] <

S ‘/ ‘g<7-a@0(7_’£>77)>€an) - 9(7—><P<T>€07770)7£07 770)'(17- . (76-1)

OuiErMO CIOYATKY MOy b PI3HMAII 1IiJ 3HAKOM IHTErpaJa

[g<7-’ 90(7-76777)75,77) - g(Tv (10(7-7 507 770)7507770)] S
< lg(Ta %0(775377)’5377) - g(T> ()O(T7€0v 770)»5#7)H
+lg (7, (7, §0,m0),€,m) ~ 9(7, (7, €0, M0), €0, 70)- (77.1)
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I14 mperasi mepiBrocTi (75.1)

‘Q(T, 90(7'7 ga 77)3 f, 77) _g(Tv 90(7—’ 503 770)3 Ev 77)| < L|¢(Tv 57 77) _90(7—7 éOv 770)| (781)

4 pimnoMiproi HenepepsHOCTI g(t, 2, €, n) Ha MHOXKUHI A BUIIMBaE, IO 414 JOBLTLHOTO €1 > 0
wnye rake o (0 < o < 09p), mo aki 6 He 6yam rouka (7,2,&,n) 1 (7,2,&,m0) 3 A, Axi
W 0BOABEAIOTE yMOBH |€ — & < g, |7 — o] < 0, BUKOHY€TBCA HEPIiBHICTH

Ig(Tvzaé-»n) - 9(7',2750,770)\ <e€1.

Sonpema, Toal
|Q(T, 99(7—7 gOa 770)7 57 77) - g(T7 90(7-7 gOa 770)7 607 770)’ < €q. (791)

A wepisrocTti (77.1) ma migcrast (78.1), (79.1) maemo

|g(7—a <p(7—a gv T/)a 67 f]) - ‘(](T, ‘10(7—7 507 T/())a &)a 770)‘ S
S &1 + L‘¢(T> 67 77) - (P(T, 50» 770)‘ (801)

I acrasasaoan (80.1) y (76.1), orpumaemo

lo(t, &) = (t: Lo, mo)| < <

t
/(El + L)‘P(T»f, 7)) - @(Ta 507 770)”(17_
to

<

t
3au4d+4/WU@m—¢@@wwm
to

t
<e(b—a)+L ]/ lo(T,&,m) — (T, €0, m0) |dT
to

S TOCOBYIOUIM IO OCTaHbO1 HepiBHOCTI JeMy ['poryonna-benmana ana ¢ynxiil

u(t) = |t €,n) — @(t, o, m0)l,

orpuMaeMo mipu |€ — &gl < o, |1 — np| < o omiEKy

i(p(t f? 77) - @(tv £O> 770), S 51(b - Cl)€L|t—t0| S
Seilb- et | (81.1)

Sriaao 3 3ayBaxkenuaM 4.1 rpadik gyskil ¢(t,£,n) BURLe 38 MeKY 0OMEKEHOl 3aMKHEHO]
snoxkaau A. Iloznaunmo wepes t1(€,n), |€ — &l < o, |n — no| < ¢ Te 3HaYenus ¢, npu AKOMY
roka (¢, (¢, €,n),&,n) Buepiie nonagae Ha Mexy MHOuHEI A. Hexan

r

VS = a)exp(L(b—a))

€

Toal, sokpema, npu t = t; 3 HepisrocTi (81.1) oTpumaemo

lo(ty, §,m) ~ @(ts, €o,m0)| <7 (82.1)
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upu [£ —&o| < o, [n—mn0| < 0. Ane ockinbku Touka (t1, (t1,£,7n),&,m) € A, To x04a 6 O1HA 3
HepiBHOCTeN B yMOBi (74.1) mosuuHA o6epraTucs B piBHicTh. Ha migcrasi (82.1) e MOXKIUBO
gume xkoaw t1 = b (abo t; = a, axkwo t1 < tg). OTxke, po3s’sasok (t,&,”n) BU3BAYECHUN 1A
Beix ¢ € [a, b], axmo |§ — &| < o, |n — 10| < 0. fAxmo Tewep 3a €1 B3ATH

min{e, r}

b a)exp(L(b—a))

g1 <

xe € > 0 — goBlabHe JOJATHE 9HCIO, & BIANOBIAHE ULOMY €1 IHUCJAO 0 MO3HAYMHUTH Yepe3 d, TO
ma migcrasi (81.1) orpumaemo

|(10(f’§an) - @(tvé-o,nO” <e

npu € — &o| < 0, | — no| < mus Beix t € [a, b]. Teopemy poseaeno.

Tenep araxaemo, 1o

_q(t,z,§,7)) = f(f -+ 5 - tOvz + n—- ZO)'

Tomy cnpaBeanmBa TeopeMa.

Teopema 9.1 (IIpo HeNepepBHICTH PO3B’A3KIB 3a MMOYATKOBUMM jAauumu). Hexan
f € C(G) N Lipy(G) i (€o.nm0) — aoBiabHa Touka MuHOXkuHE G, ay = p(x,£,n) — HEIpog0-
BKYBaHHH po3B’aA30K 3azaqi Komi (62.1), (71.1). Hexawn gaxi pos3s’asox y = o(x,€0,70) €
BHU3HAYEHUH Ha OPOMDKKY (ao,bo) I [a,b] — goBirbHuE Bigpizok Takui, mo ag < a, b < by.

Toai icaye rake o > 0, mo npu € — &| < o, |[n — no| < o poss’asox y = p(x,&,1)
BU3HAYEHHH Ha BIAPI3KY [a,b] i gasa gositpHOrO € > 0 3maiigersca Taxe § (0 < § < o), mo
opu |§ — ol < 8, | — no| < & 6yae BuxkoHYBATHCA HEPIBHICTE

|(/9(.L,Ea7/) - 99(3[;7507710” <€

JIA BCIX x € [a, b], To6T0 posB’asox ¢(x, &, n) Henepepsrni no £ i1y Toumi (£y, o), IpaIoMy
PIBHOMIDHO CTOCOBHO X HA& BLAPI3KY [, b].

§ 9.1. 3araJbHUM pO3B’A30K PIBHAHHSA MEPIIOTO MOPAIKY

3HOBY PO3rIAHEMO AudepeHIiaIbae PIBHAHHA

y' = flz,y), (4.1)

BU3HAYeHe B obmacTi G C R2.

Osnavenns 11.1. Pynknia y = ¢(x, C), AKa 3aJ0€KATH BiA 3MIHHOI T 1 mapameTpa (cTagoi)
C Ha3mBaeTHCA 3araJbHUM PO3B’A3KOM DIBHAHHA (4.1), AKIIO JOBLTBHHH PO3B’A30K IBOTO Pi-
BHSHHA MICTUTBCA B 3araIbHOMY y TOMY CEHCI, IO BIH 300paxkaeTscA y suraagi y = p(x, Cp)
1npu geaxoMy ¢ikcoBanoMy 3radenHl Cy nmapamerpa C.

IcHyBaHHSA JIOKAJBHOTO 3aCalbHOrO PO3B’A3KY TapaHTye TAKa TEOPEMA.
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'l'vopema 10.1. Hexar f € C(G) N Lip,(G). Togi ara koxuol Touxm (¥o,yo) obracti G
winve oxir O(zg,yo), B AKoMy piBHAHHA (4.1) Mae 3araibHME pO3B'A30K y = p(x,C).

Avscdenna. Hexan (xo,yo) — AoBlIRHA To4UKa 06aacTi G 1 TPAMOKY THUK
I = {(lvy) : ]LE - .’If()‘ S a, ‘y - yOI S b}

nakoM  HaaexuTs obmacti G, Tomi wma migcrasi rTeopemu Ileano icHye pPo3B’A30K
o ez, 2o, yo) 3aga4i Komi

y' = flx,y), ylxo) = yo,

NI HAYeHUE Ha BIAPI3KY |29 — h, 29+ k], me h = min< a, 7\(’7}, a M = max|f(x,y)|. Bubepemo
I

Felep 3a HOYaTKOBY TOUKY (Xo, 1), 1¢ |17 — yo| < b/2. Toai npaMoOKy THIK

7
I, = {(.{1;,y) e —ao] <a, ly—m| < 5)}

nonicTio TexkuTh B 11 1 Ha migcrasi Ticl x Teopemn Ileano poss’asok y = @(x, 29, n) 3amadi

a, Wi
C'VKYIHICTB pO3B A3KIB y = (2, xg,n) upu 1 € [yo — /2, yo + b/2] yrBOpIOE HCAKY 3aMKHEHY
wnay MaoxuHy B(xg, yo). Toal MEHOKHHA BHY TPIITHIX TOMOK 3(20, yo) 1 gae oxix O(xg, yo),
(C1lyBAHHA AKOL'O CTBCP/IKYETHCA B TEOPEMi, OCKLILKA AOBUIBHUK PO3B’A30K piBHanHa (4.1),
postamosanni B O(xg, Yg), MOKHA OTPAMATH Y BHIVIAI

: . : . o ) b
Koy = f(a,y), y(ro) = 1 BU3HAMEHUN HA BIAPI3KY [0 —ho, ¥o+hol, ge by = min :

‘ , b b
y = (v, 20,C) = (2, C), C€ <’!/0 by Yo + E)

§ 10.1. HesBHl aAudepeHIiadbH]l PIBHAHHSA I€PHIOTo NOPAAKY

1. Bagaua Ko gaa HeaBHorc gudepeHIaIbHOr'O PIBHAHHA.

Osuavenns 12.1. HeasanMm gugepeHmialsuuM PIBHAHHAM NEPHIOrO HOPAKY (pIBHAHHAM,
He PO3B’A3aHAM CTOCOBHO MOXIAHOI) HABHBAETHCA CHIBBITHOIIEHHA BHIVIALY

F(z,9,y) =0 (83.1)

MIN Hezade:kKHOTO 3MIHHOI T, HeBlgomoro ¢yrkmieo y(x) Ta i noxiguow y'(x), ae F(x,vy, z)
neirepepsra B ob1acti D C R3.

Osnavenns 13.1. Pyuxnia y = ¢(x), Bu3Havena ga npoMiKKy {(a,b), HABUBAETHCA PO3B’A3-
noM piBHAHHA (83.1), AKIIO BUKOHYIOTHCA TAKI yYMOBH:

1) p(x) andepermniiobra Ha (a, b);

2) (z,p(x), ' (z)) € D nprm x € (a,b);

3) F(x,p(x), ¢ (x)) =0 g1 Becix x € {a,b).

[Ipukranom HesBHOTO AudEpEeHNIIaJIbHOI0 PIBHAHHA IEPIIOr0 HOPAAKY Moxke OyTh

sin y' + e¥¥ + 1z = 0.
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3aysaxumo, mo pisaaAnHA y' = f(z,y) € 9acTkoBAM BunaaxkoMm pisusHHA (83.1), ockinbkn
MO0 MOXKHA 3aTUCATH Y BUIVIAIL

y'_f(x,y):o,

Y momepepgnix maparpadax 0yn0 BUACHEHO, IO ¥ BUNALKY, Koau piBHAHHA (83.1) MoxHA
pPO3B’A3ATU CTOCOBHO MOXITHOI

y' = flz,v), | (84.1)

TO AAA OJHO3HAYHOI'O BU3HAYEHHS PO3B’A3KY IILOIO PIBHAHHA JOCTATHLO 33JaTH HOIATKOBY
YMOBY
y(z0) = vo. (85.1)

Bunwkae muramss: gum ymosu (85.1) ZOCTATHBO A OJHOBHAYHOTO BU3HAYCHHA pdaB’;IaKy
pisusanHa (83.1)7 Buasaserscs, mo aumme miei ymosn 3amano. Hasegemo nmpukaajg. Hexan
Ma€MO PIBHAHHA

v’ — 422y? = 0. (86.1)

Posrasremo woro mpu & > 0, y > 0. OueBugno, piBuaaaa (86.1) exkBIBATCHTHE CYKYIHOCTI
MBOX PIBHAHD:
y =2zy, y = -2zy.

Ix po3B’a3KM BIAIOBIAHO MAIOTH BHIVIAL

2:2

y = Cie®, y = Cyre”

Koxna 3 mux dyskuin 3agosoasuse pisuarag (86.1) npu gosispaux Cp,Cy € R, To6ro vu
Ma€eMo Bl CiM’l iIHTerpaasHux Kpusux piBaanHA (84.3). Tomy wepes koxmy Touxky (xg,Yo)
(xzg > 0, yo > 0) mpoxoaaTs ABI Pi3Hi iHTerpaIbHi KpuBi ILOro piBHAHHA. 11i KPUBI, 30KpeMa,
BIAPI3HAIOTHECA TUM, IO Y KOXHIM TOUII (X, Yo) BOHK MAIOTEL PI3HI JOTWYHI.

Jlerxo GauuTwy, WO AjA OTHO3HAYHOI'O BU3HAYEHHS PO3B’A3KY PiBHAHHA (86.1) KpiM yMoO-
Bu (85.1) nOCUTH 3a4aTH I 3HAYUCHHSA

Yy (20) = 3,

TOOTO CaiT 3a1aTH HAIPAMOK JOTUYHOL IO IHTEerpatbHOl Kpusol y Touii (xg, yp). OveBnaHo
TaKOX, M0 TUCIO yé HEe MOxKe OyTU IIJIKOM JOBLIFHUM. BOHO MOBMHHO 33I0BOJBLHATH HAIIE
PIBHAHHA:

(0)* — 4fyj = 0.

TakuMm =MHOM, MOXKEMO BUCJIOBUTH rinoTesy, mo 3ajgada Komi gis pisusm- break ms (83.1)
Mae BUTJIAL:

F(z,y,y") =0, (83.1)
y(zo) = Yo, (85.1)
y'(z0) = vs, (87.1)
F(x0,y0,98) =0, (88.1)

TOOTO NOTPIGHO 3HAUTH PO3B’A30K piBHAHEA (83.1), AKmil 3a50BoabHAE yMOoBH (85.1), (87.1),
IPUIOMY HHCIA Xg, Yo, Yo CKIAJAIOTH PO3B’'A30K PiBHAHHA (88.1) .
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OF(x,y,y) OF(z,y.y')
oy ’ oy’
oF ’ !
raka, mo F (20,90, ys) = 0 i (a:g,yg{o,yo) # 0. Tozi 3agasa Komi (83.1), (85.1) , (87.1),

(88.1) mae equuui pO3B’A30K Y = (), BU3HATIEHNH Y JeAKOMY OKOJI X.

Teopema 11.1. Hexan F'(x,y,v’'), € C(D), Toika (xo,yo,ys) € D

Josedenma. Cropasii, Ha migcTasl yMOB TeopeMm CIiBBigHOmeRHA (83.1) BusHatac ¢y’ HeABHO
1K (PYHKIIIIO BIT &, Y
I _— 2
y = flz,y) (84.1)

(JPITHO 3 TEOPEMOIO 3 MATCMATHIHOIO AHANIZY IIPO ICHYBAHHA HesBHOI (DYHKHII) y AesaxoMy
owoi O(xg, yo) Toaxu (xgp,yo), npudomy f(x,y) i

OF (x,y, f(z,y))

Af(e,y) Oy ,
—— e — = 89.1
Ay OF(x.y, f (sz;', y)) ( )
Yy’

¢ wenepepsuumn B O(xg, yo). Tomy wa migerasi reopemu Ileano 1 TeopemMn e agHOCTI 3a1a1a
IKomi (84.1) , (85.1) Mae eauuuit po3B'a30K y = @(X), BUBHAMCHIN Y AEAKOMY OKOJl TO'TKH
ry. KpiM Toro, 3 TeopeMu po HeABHY (PYHKIIO BRILIMBAE, 1O

F(ay, flz,9) =0 i yh= Flxo,y0).

Tomy
o (x0) = f(xo, o(x0)) = flxo,90) = i’/(l)

Flx,o(x), @' () = F(r,o(x), flx,o(x))) = 0.

TaxuM wmHOM, ¥y = @(r) ¢ equanm poas’a3kom 3agadi (83.1), (85.1), (87.1), (88.1) i Teopemy
JOBEIEHO.

20, Oco6auBi po3B’a3Kn gudepediafbHIX PIBHAHBb. [PO3MMSHEMO Tenep MUTaHH:
PO TOYKH, Y AKX HOPYIIYETHCA €ANHICTE po3s’asky sagadi Konn mas pismauna (83.1). Ta-
Kl TOYKM HA3UBAIOTLCA OCOOIUBUMY TOIYKAMU AU ePCHINAIBLHOIO PIBHAHHA. MBOXKHHA yCIX
OCOBIMBUX TOYOK piBHAHHA (83.1) HasmBaeTbCA MOr0 0COOMMBOIO MHOKKHOW. SIKIo nesHa
HAMBOKHIHA 0COOJMBOI MHOKIWHU TaHOTO PIBHAHHA yTBODIOE KPUBY 1 4 KPUBA € IHTerPalb-
HOK KPUBOIO Y MPOCTOPI 3MIHHEX 2, ¥, TO 1l HA3UBAaIOTh OCOOMMBOIO IHTEIPAIBHOK) KPUBOIO,
A (DYHKITIO, AKA OMUCYE 10 KPUBY, — OCOGIUBUM PO3B A3KOM PIBHAHHA.

OTxe, ocobamBa IHTerpajibHa KPpUBa ANQePeHIIaJbHOTO PIBHAHHA — e IHTeTIPDAIbHA KPU-
B, Y KOXKHIA TOYI AKOI MOPYUIYETHCA € IAHICTE PO3B’A3KY 3aka4l Koml, To6TO 4epes KOXKHY
TOYKY i€l KpuBOl TPOXOAUTDH IPUHAUMHI Ile OHA IHTErPDATbHA KPUBA 3 TUM CaMUM HalpA-
MKOM JFOTHYHOIL.

3’ACyeMO MHTAaHHA NPO ICHYBAHHA OCOOJMMBEUX ejqeMeHTIB piBHAHHA (83.1). Ockizbku mpo
CAMHICTL po3B’A3ky s3agawi Komn gias mporo piBHAHHA My POGMMO BHCHOBOK HA IIICTaBI
TOrO, 9M MOMKHA HOTO 3BECTH A0 piBHAHHA Buriaxy (84.1) 3 meBoumu ymMoBaMu Ha QYHKILIO
[, y), To ocobamBa MHOKMHA TOYOK piBHAHHA (83.1) Gyxe MmicTuTH, 30KpeMa, Ti TOIKH, Y
HKUX TIOPYLLYEThCA €IMHICTL PO3B’A3Ky 3ajga4i Ko mua pisasuasa (84.1). Mu smaemo, 1o
0/HIEI0 3 JOCTATHIX YMOB €IMHOCTI po3B’asky 3agadi Komi (84.1) , (85.1) ¢ o6mexeHiCTS
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0 N .
ITOX1 XTHO1 —ﬂ;’—y) Bpaxosyroun (89.1), Gauumo, mo ocobauBuMu TogKaMu piBHAHEA (83.1)
Y
MOXKYTB OyTH Ti TOHKH, y AKuX BixHOmeHHA (89.1) ¢ HeOOMexeHNM. 30KpeMma, Koiu
oF(x.y.y) _
y o

Kpim Toro, ocobiusa TOYKA HOBUHHA 3a40BOJLHATH DiBHAHHA (83.1). Takum wumHOM, A1s
3HAXOIKEHHSA OCOOMUBUX TOYOK PiBHAHHA (83.1) oTpuMaemo cucTemy

OF (x,y,y)

Fx,y,y') =0, .

= 0. (90.1)

Buxaouusmu 3 mel 3/, MaTnMeMO pIBHAHHA
(x,y) = 0. (91.1)

3po3yMino, mo 0cobIUBl TOUKH, AKIIO BOHU €, MOBUHHI 33, I0BOJLHATHA IIe DIBHAHHA.

Sxmo piBranHa (91.1) Busmadae gesky xpwBy Ha Iwommui Oxy, TO 1l HABUBAIOTL TUC-
KPUMIHAHTHOIO KPHBOIO DiBHAHHA (83.1). 3aszHavmmo me pas, OCKUTBKHA MH BEKOPUCTOBYEMO
JMINe NOCTATHI YMOBM €IMHOCT], TO HOPYUIEHHA IUX YMOB HE OGOB'A3KOBO Beae 10 MOPY-
menHsa eAuHocTi pos3s’a3ky. Tobro, axmo (91.1) susHavae poss’azox pisdauus (83.1), To
BIH He¢ 000B’A3K0BO Gyzxe 0coOmBUM. JOCHIMKEHHAM IBOIO IMUTAHHA HOTPIOHO 3aHMATUCH
JIOTATKOBO.

IIpukaax 9.1. 3uauTy 0cobaUBI PO3B’A3KN PIBHAHHA

4 2. 8 13
-y — — — = (.
r—y 9 + 27,1/

[pyre piaanus cucremu (90.1) TyT MaTUMe BULIAL

aF(:L',y,Z//> 8 ' 8 '/2
SR E AL A N )
By’ gy oY

Posp’azaBmu 10ro cTocoBHO Yy, 3HAXOAUMO ABa 3HadeHHs: iy’ = 01y’ = 1. IligcTaBumo ix y
nepuie piBHARHA. OTPHMaEMO BifIOBIAHI PIBHAHHA JUCKPUMIHAHTHUX KPHBHUX

4

y=a, y=o-— .

HeBaxko mepexkonaTucs, mo meplia 3 HAX HE € IHTETPATLHOI0 KPUBOIO, a APYra, OCKLILKH

Yy=x— 57~ PO3B’A30K BUXIJHOT'O PIBHAHHA, MOXeE OyTH OCOOAUBOIO IHTErPAILHOIO KPUBOIO.

Poarnaaemo Temep Apyry MOXKJIUBICTH, KOTW BiTHOIICHHA (89.1) ¢ HEOOMEKEHNM, a came,
7 7
OF (2,y,y') - : OF (2,y,y)
KOJII B — neoOMmexeHna. Toxi, oeBUAHO, T1 TOYKA, B AKAX B -
Y Y
3aJOBOJIBHAIOTH PIBHAHHA

HeoOMeKeHa,

= 0. (92.1)
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| OF (v, y,y') . _ . o

o mpu mposty == == He 3anexuTh Big v (HAIpUKIAL, V BUOAIKY DIBHAHHA y' =

, ‘ oy . , OF (x,y,9') .

[1r,y)), To piBarna (92.1) crae pimansaM Tuny (91.1). Axmo x g, SAMIENHTE B
Y

', TO IS 3HAXOIXKEHHA DIBHAHHA, aHamoriygoro o (91.1), moTpibHO pO3TIAHYTH PIBHAH-
i (92.1) eyxymmo 3 (83.1). Bmwnounsmm 3 mux y', My npurigemo o pisEanaa (91.1).
JayBamunMo, M0 y BUTIAAKY Tpukiaty 9.1

1
EACRNT)
dy

= —1#0,

roOTO HOBUX OCOOMNBUX TOUOK MM HE ()ﬂ(‘]’))KHM()
IIpuknag 10.1. 3uairu ocodbaunl PO3B A3KA PIBHAHHA

v = (y— )2 +1.
O KIIBKW

O UL MOZKIUBUX OCOONMBUX KPABUX MACMO PIBHAHHS ¢ — 1 = 0. PYyHKNIA 4 = @ € PO3B IIKOM
MIXTAHOTO PIBHAHHS, TOMY HEW PO3B A30K MOKe OYTH 0COOMUBUM. 3ayBAZKUMO, 110 Y HLOMY
BUIATKY THCKPUMIHAHTHIX KPABUX HOMA, OCKUTBKA

PosragseMo Temep iHIMUHE CHOCI6 3HAXOMMKCHHA OCOOIMBUX pO3B’a3kin pismanad (83.1),
hoam BigoMa ciM’st poss'saskis. Hexan

O, y,C)y=0 — (93.1)

cIM KpuBRX Ha riomuHi, ge C' - napamerp; Gynxuis ®(x,y, C') ¢ genepepsuo audepenil-
HOBHOIO B Aesaxint o6macTi V C R?, mpmaomy

IP(x, Y )
oC

£ 0.

Kpusa v mHasupaeTbca 00BiAHOI cimM’l Kpusux (93.1), AKIIO y KOXHIA CBOIM TOYI BOHA
LOTAKAETHCA 10 OAHiel 3 kpuBux cim’l (93.1) 1 AKIIO B PIBHEX TOYKAX BOHA JOTHKAETHCA IO
DISHAX KPUBUX. .

JMerxo nepesiputu, mo xoaun (93.1) BusHavae po3s’saaxu piBHazHA (83.1), TO 00BigHA i€l
civ'l, AKINO BOHA ICHYE, Oyae 0COOGAMBOIO 1HTErPAIBLHOK KPUBOH. OTXKe, Mg 3HAXOIXKEeHHA
(COOARBOTO PO3B A3KY AOCTATHBO BMITH HIYKaTH OOBIAHY ciM’l po3B’sa3kiB piBuarad (83.1).

[das BlamryKaHHA OOBIAHOL CiM'1l IHTeIDATHLHUX KPUBUX, 3aJaHWX, HAUDUKJIAK, PIBHAH-
nan (93.1), mpumycTUMO, MO PIBHAHHA KPUBOL Y B IMapaMeTPUYHIN (OpMI Mae BAIVIAL £ =
r(l), y = y(t), ae x, y — audepenuinosHi QyHKil 3MinHol ¢, upuaomy |z’ (t)| + |y’ (¢)] # 0.
OCKUTBKA 3TIAHO 3 O3HAYMEHHAM OOBIHA NOTHKACTHCA O KOXKHOI KpwBoi cim’l (93.1), To
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upupoano sBaxkaTu, mo C' = C(t). Hexau C'(t) # 0. Higcrasusmu x(t), y(t), C(t) y piBHAR-
HA (93.1), gicTaEeMO TOTOXKHICTD

0.

il

D(x(t),y(t), C(1))

IIpomudepentitroBaBmu 1i o ¢, MATHIMEMO

Ay
+8<I>(x(t);9yc(t), W) crry = o, (94.1)

Y Toduxax foTwky o6BiaHOI ciM’i (93.1) KyTOBUN KOedinieRT TOTUIHOI 10 IHTCIPAILHO] KPH-

BOl TIPHM yMOBI, IO ‘
9 (1) y(t), C(1)
dy

# 0,

BA3HAYAETHCA PIBHICTIO

. A05@(-’5@)7y(t),C(t))/%(m(t),y(t),c'(t))

ox Ay ’

a KyToBu# KoedillienT 1oTHIHOI 10 00Bignol upu 2’ () # 0 gopisHOE

OcklIbKT ¥ TOYKAX NOTUKY KPUBUX BUKOHYETBLCA PiBHICTH K = ki, TO Mnu IPUXOIAMO [0
TOTOXHOCTI

9B (x(t),y(t),C(H) , . 9D(x(t),y(t), C(1))
oz v+ Jy

Hopisrasmm 11 3 ToroxHicTio (94.1), giigemo BucHOBKY, mwo mpu ymosi C'(t) # 0 MycuTs
CIIPABKYBATUCA TOTONKHICTH

y'(t) = 0.

00 (x(t),y(1), C(1))

5C 0.

Il

Te came micTaHeMoO mpu yMOBax

0P (z(t), y(t), C(t)
ox

#0, y(t)#0.

Takum 9uHOM, AKIIO OJHONApaMeTPHYHA CIM’A KPUBHX Ma¢ OOBLAHY, TO TP BUKOHAHHI
ymos P2 + (I)z2/ # 0, (/)2 4+ (¥')? # 0 i obMexkeHOCTI 3a3HAYCHAX MOXLIHUX HA Hill MAIOThH
BUKOHYBATHUCSA TOTOXKHOCTI

0®(2,y,C)

qD*’: aC 207
(z,9,C) Y

= 0. (95.1)

Is cucrema piBHOCTER € HEOOXITHOI yMOBOK iCHyBaHHA 06BixHol. HeBawko IePEeKOHATHUCH,
IO IPY BUKOHAHHI yMOBH () < <I>i+<1>§ < 0O Ha KPWBIH 7, KA 33 JA€THCA PIBHAHHAMA T = T (1),
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v - y(t), me z(t), y(t) ~ poss’azok cucremu (95.1) 10 < (z/)? 4 (¥')? < o0, v — oGBigma ciM'i
nrrerpatbarx Kpusux (93.1).

Cmpasai, axmo, Hanpuxrax, P(x(t), y(t), C(t)) = 0, To mpoaudepeHLIFOBABIIN TEPITY TO-
roasHICTE (95.1) mo ¢ 3 ypaxyBaHHAM APYIol TOTOXKHOCTI, JICTAHEMO TOTOKHICTD

kil CBIAYHTE, IO KPUBa Y Ma€ CHALHY AOTHIHY 3 IHTerpalbHO KpHBOK (93.1).
Mpuknaag 11.1. Posriuanemo 3HOBY PIBHAHHA

y =/ (y—2)? +1.

=y — 1, MATUMEMO PIBHAHHSA

2 = V2

3pobuBmy 3aminy y — & = z, 2

loro 3aranbruM po3s’a3koM e cim’a pymkmin 272 = (x4 C)?. 3sigen 27(y — ) = (a0 + C)?
CIM'€10 THTerPaIiB BEXIAHOr0 piBHsanma. Oruke, va migcerasi (95.1) qist 3HAXO EKCHEA 00BHO]
Aol ¢iM THTerPATLEX KPUBUX OJEPKYEMO CACTEMY

27(y — ) — (v + C):g =0, —3(x+ (./")2 -

Buxaounsniy 3 wici cucremu napamerp C, orpumaemo y = z. Ockiabky upu C = — MaeMO
bz 4 @j = 2-27%, 10 y = 2 ¢ 00BIHOI CiM'l IHTCPPATLHUX KPUBUX 1, OTAKC, OCOOIUBIM
DO3B’ABKOM BEXLAHOLO PIBHARHA.

30. MeToau iHTerpyBaHHA HEeABHUX AupepeHIialbHAX pIBHAHB. 03NIAHEMO Te-
nep MeTOAM IHTerpyBapHa pisuaas Tamy (83.1). Mu synuummocs auire Ha TOMY BHIAIKY,
noau piBHAHHA (83.1) Hoiryckae Po3B’A3YBAHHA CTOCOBHO OJAHIEL 3 TPHOX 3MIHHUX X, ¥, ab0
y'. Axmo (83.1) MomHA po3B’A3aTH CTOCOBHO Y, TO OZepKYeMO piBHAHHA TUny (84.1), TO6TO
DIBHAHHA PO3B s3aHe CTOCOBHO MOXITHOI.

Hexaii pisaannsa (83.1) Moxe 6yTu poss’sszanc ¢TOCOBHO 3MiHHOL 2 (a60 y):

v=ygly.y)  (y="hlay)). (96.1)
BiegeMo HOBY 3MIHHY (mapameTp) p 3a (pOPMYIOI0
y = p. (97.1)

Toai po3s’s3ok pisHAEEA (96.1) Gygemo mykaTd y mapaMeTpudrin dopmi, To6T0 3MIHHI 21
4 posnagraTuMemMo AK GyHKil Bix p: & = x(p), y = y(p). Orxe, (96.1) naGepe Burairy

z=g(y,p)  (y=h(z,p)). (98.1)

Jludepenniroemo (98.1):

d dg(. Ih(z .

ay ap ox ' ap
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Ane 3navenus nudepenmiana dr (dy) moxna orpumar: 3 (97.1):

dr = dy (dy = pdx). (100.1)
b

Touxi apisaasmu (99.1) i (100.1), orpuMaemMo pIBHAHHA

dg(y,p) 1) dg(y, p)
S — — Jdy+ ——%dp =0
( oy p) 0T ap

Oh(x, p) ~p)de + Mdp —0), (101.1)
ox op

AKe, OYeBUAHO, MOXKHA PO3B’A3aTH CTOCOBHO HoXinHoi. flkmo poss’ssox pismsmas (101.1)
MOZKHA 3alTUCATU Y BUTVLAII

y=v¢({p.C) (v=uw(y C)),

TO 3aralpbHUN PO3B’A30K piBuauad (96.1) maTume Burisy

{ z:i((i(g)@@ ({ :((p’(c)c),cﬂ (102.1)

Y Bunagxy, xKoau y pisHAHHAX (102.1) MOXKHA BUKIIOYIATH TADAMETD P, MU IPUAAEMO 10 CIiM'i
po3B’sa3kiB piBHaHaa (96.1) v suraaai (93.1).

IMoscaumo 3aminy 3minsoi (97.1). Hexan dyuxumia y = y(x) ¢ aBivi nenepepsro nudepen-
HIOBHOIO Ha IPOMIKKY [a,b] i cTporo omykiaa Bropy abo saus, Tobro y'(x) # 0, x € [a,b].
Toxi moxigna y'(z) crporo MonoToHHa Ha [a, b] 1 3 piBHAHHA ¥/ () = p 3MIHHA ' BU3HATACTH-
ca oguosHadno: T = B(p), p € [y(a),y(d)]. Jam y = y(B(p)) = v(p), orae xpusa y = y(x)
TAPAMETPH30BAHA:
' v =pp), y=~{), pelya)y®).

3amiza amirHOl (97.1) Mae npocTui reoMeTpuIHEN 3micT. Hexall BUKOHYIOTECA yMOBH, cho]p-
myaboBani Bume. Toxi xpusa I' 1 y = y(x), @ € [a,b], crporo onyxaa. Bemumuna p = 3/ (2)
BUB3HAYA€ TaHT'eHC KyTa Haxwury goTutHol 10 xpusol 'y Touud (x, y(x)). 3i crporoi omykao-
cTi kpuBol I' BummBae, 110 HaXmwiIu JOTUYHOl y PI3HMX TOYKaX Kpusol pizai. Tomy 3aganus
KyTOBOro KoedluleHTa JOTHUYHOIl P = Py OJHO3HAYHO BU3HAYAE TOYKY Kpusoi I'.

PosrisgreMo oauH THII PIBHAHL, AKAU 34BN MOXKHA 3IHTECDYBATH BKa3aHUM METOLOM.
Hexau piBusansa (83.1) mMae Burasag ‘

y=xp(y) +¥y). (103.1)

Pipuanrns suraagy (103.1) sasusarors pisasaHaM Jlarparxka. /14 HoTo po3s’A3yBaHHA BBe-
aemo 3aminy (97.1). IMocaigoBHO BUKOHYIOUM BKa3aHi BUINE OHEpBINi, MATHMEMO:

y = xp(p) + 1 (p), (104.1)

dy = @(p)dx + (x¢' (p) + 4" (p))dp,

pdx = p(p)dx + (x¢'(p) + ' (p))dp,
dv | o'p) _ —¥'(p)

ep)—p"  o(p) — (105.1)
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Hexan cogatky ¢(p) # p. Toxi pisaanaa (105.1) e migifEIM AudepeHTiaTEHEM PIBHAHHAM
crocoBrO GyEKI 2(p). 3Hammosnm oro poss’asok x = w(p,C) i migcrasusmu B (104.1),
O1CPIKAMO

y = w(p)w(p, C) + ¥ (p);

FiM caMEM OyIeMO MaTH HapaMeTpudHe 300pakenHs po3B’a3ky piBaaAuHg (103.1):

{ x=w(p,C),
y = p(p)w(p, C) + ¢ (p).

YIKIIO TIPU AEAKOMY P = Pj BUKOHYETBCA PIBHICTE pr — @(pr) = 0, TO dbyHKIin
y = 2o(pr) + 1 (pr)
TUKOK Oy e poss’askoM pisusans (103.1), Mo Jerko nepesipaeTbes M LCTAHOBKOK wiel (yH-

KINL Yy PIBHAHHI.
IMpukinag 12.1. PosrasaeMo 3HOBY DIBHAHHA

Xy = é1 2_ 8 y'®
£r—y 9 Y 27,,/ .
Bsegemo mapameTp y' = p
45 8 4 .
y=agp + i (106.1)

Tom

8
dy = dx — 61}(1 — p)dp,

8
pdx = da — 51)(1 — p)dp,

(1 — p)(9dx — 8pdp) = 0.

OuH po3B 30K HAIIOTO PIBHAHHS BIATORIAAE 3HaqeHHI0 p = 1. BiH oTpuMyeTheA 3 pIBHAH-
na (106.1):

Y= — —.
’ 27
Pcmra posB’A3KIB MATHME BTV

L4y .8 3
T =gp +C, Y= 5P +C. (107.1)

flxmo 3 (107.1) BUKTIOYATH p, TO IPHHAEMO J0 ciM’'i pO3B’A3KIB BUXIJHOI'O DIBHAHHA y BUTAAL

(y—C)?=(z~C)°

Ipama y = & — 77 € 1[HTerpaJbHOI KPUBOK BUXITHOIO PIBHAHHA 1 B KOXKHIM TOYI JOTHKA-

crbest 0 ogmiel 3 kpuBux (107.1). Crpasail, nokrasmm p = 1y (107.1), maTumemo

4 8 4
_ — C = — = —.
r=g T Y=gl roy=op
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OTxe, pO3B'A30K y = = — P € 0coOaIMBUM.

Posrasaemo gactkoBun Bunagok piBaaxHd (103.1), xomm o(y') =y’ -

y =y +B(). (108.1)

Nudepenuiansre pisusuna (108.1) masuBaeTbea pisaaaaaMm Kaepo. Ioxmasmm y' = p i xu-
b epeHIIIOYA CIIBBI THOITEHH
y = xp+Y(p),

OTPUMAEMO

(' (p) + x)dp = 0.

Y Bunaaky dp = 0, p = C' maemMo ciM’10 IpAMIX

y = Ca+¢(C). (109.1)
Axmo x = —y’(p), To oTprMAaEeMo IHTerpasbHy KPUBY Y BATVIAL
v =), y= 0 ()p+ P(D), (110.1)

AKa, B3araal Kaxy'Id, € ocoOauBnM po3s’a3koM piHsauaa (108.1). Copasai, Hexan (yHKIA
¥ (p) ABivl HemepepBHO AU@EPEHIIINOBHA HA BiAPI3KY [p1, po) 1 9" (p) # 0. Hexalr aan susnatic-
mocti ¥ (p) < 0, p € [p1, pa). Toal pynkuia —1' (p) ¢TPoro MOHOTOHHO 3pocTac Ha [p1, psy] i3
PIBHAHHEA & = —1)’ (p) MOKHA OJHOZHATHO BUPA3WTH P 9€pe3 T AK TIagky Gyukiio: p = h(r).
Dyuxiia

y = —h(z)y'(h(x)) + ¢ (h(z)) = g(x)
Oy ae AudepeHninoBHOI. JHAXAEMO Terep o6Biany ciM’l InTerparbanx kpusux (109.1). 3rig-
HO 3 (95.1) Maemo cucTemy

y = Cx+¢(C), x+9'(C)=0. (111.1)

3 apyroro piBEsHEA 3uaxogumo C = h(z). [igcraBusmu y nepme pismsuns (111.1) C =
h(x), matumemo y = g¢(x). OTxe, 3HalIena iHTerpaibua kpusa (110.1) e o6Biguo0 Cim'i
imTerparsEnx KpuBux (109.1), To6To € 0cobauBuM po3B’A3KOM piBHAHEA (108.1).



IJIABA 2. HOPMAJIbHI CUCTEMU 3BUYAMHUX
ANOEPEHITAJBHUX PIBHAHD

§ 1.2. Ilpuxkaagm HOpMAIBLHUX CHUCTEM.
OcCHOBHI MOHATTA 1 O3HAYEHHSA

Y momepegHin raaBl JOCHLKYBAJACA TUHAMIMHI MOJeT, Y AKAX HEeBIAOMOIO € JWIIE OxHa
¢hyvekmig. OpgHax 1aa MOJeJIOBaHHA 0araThOX ABHUII 1 IPOIECIB MOTPIOHO BUKOPHCTOBYBATH
i i Gireme dyHKMI B oxEicl 3minmrol (Hanpmkaan Bijg wacy). Posruasmemo ogny Martema-
PUYHY MOZEEL HIOA0MTIHUX MOTYadin, nobyaosany BoabTepa.

Hexam 2 - «wucino BeankuxX prd-XUaKkiB; BOHU XapPIYIOTHCS MATMMU PUOAMU-KCDTBAMI,
TMCIO AKUX MOITATAMO viepes . Toxl wneno pud-xuKaxin 0y1e 3pocTaT 10 TUX [P, HOKH Y
nux 6y e JOCTATHRO KOPMY, TOOTO MAMUX puO-KepTB. Ase NPUUAC *Tac, KOanm KopMy He Oy 1e
BUCTAYATH 1 TCA0 PUO-X¥KAKIB mouHe sMmeHmyBatucad. Ile npusene no Toro, 1mo 3 geaxoro
MOMEHTY SHUCJI0 PUO-KepTB IowHe 30LIbmyBaTucad. A me OyAC CIPUATH HOBOMY 3DOCTAMNHI
ICIa pUG-XMKAKIB | MK 3HOBY HOBTOPUTHCA. Mogeas, mobygosana Boabrepa, Mae BUDIA L

lx

((—i;— = —ax + bay, (1.2)
y,

f(# = ¢y — duy, (2.2)

ae a, b, e.d ~ rogaTHi cTAIL.

Y pisasanai (1.2) aasa pearukux pud T0MAHOK DUy BUPAZKae 3aMeaHICTh TPUPOCTY BCAUKIX
pu6 Big mcta Maanx. Y pisuanni (2.2) poaanox —dry Bupazkac SMCHUICHHSA THCIA MaJIuX pAod
B 3AJCKHOCT] BIL “mCaa searkux. OTiKe, v Iy MOICH ME MAEMO CUCTCMY Tr] epeHmiarbanx
DIBHAHD.

Poarnsanemo me ogus npukaaj.  [liadac meprol ¢BiTOBOL BIMHE aHTVIINCHKANR IHKEHED 1
vaTemarux P. Y. Jlanucerep mobOyayBas ACKITBKA MATEMATHIITUX MOJICHCH BeICHHS MOBI-
rpaaux 6018, [ToTiM i Mogenl Oyau y3aragabHeHI | TOMUpEHi Ha BAUAJOK OOMOBAX JIK Pe-
PYIAPEUX BidchbK. OTxe, Hexaln y Gononux aiax GepyTh y49acTbh ABL BOIOIOWI CTOPOHW I 1
y. Ix amcenboui CcKAaJ Yy MOMEHT 9acy f, A¢ { BUMIPIOETHCA B AHAX, TO3HAYUMO Hepes x(t)
1 y(t) siamosigno. Hagani came mceapsicTs ¢TOpiH Oyjle BLAINPABATH BUPIIIAJABHY POJb Y
no6ynosi 3raganux sBuine Mogeren. CrnpaBa B TOMY, IO IPAKTHTHO BayKKO BKA3ATU KPUTE-
piil, fKi 6 BPaXOBYBAIU TPU MOPIBHAHHI BOIOIOYUX CTOPIH 1€ 1 CTYIIHL OOMOBOI M ACOTOBKH,
036POEHICTE, PIBEHD 1 JOCBLI KOMAHHOTO CKJAALY, MOPATBHANA IYX 1 IHII haKTOpH.

Byaemo npunyckaru, mo x(t),y(f) 3MIHIOIOTBCA HemepepBHO 1, OLILIIE TOrO, IO BOHU €
AudepeHmnoBEIMU PYHKINAME. 3BAYAWHO, I IPUNYIIEHHA CIPOLIYIOTH PEAIbIY CHTYAILO,
ockiabku (t), y(t) — uinl 4ucaa. Age pasom 3 THM 3PO3YMLTO, IO TPU JOCTATHBLO BEAHKOMY
THCEIBHOMY CKJIAII KOMKHOL 13 BOIOIOMUX CTOPIH 30LIbIIeHHA TACeIbHOCTI Ha O4HOr0 ad0 ABOX
M0JOBIK A€ 3 MPAKTUYIHOl TOYKYM 30Dy HECKIHYEHHO MaJy BEIWYUHY Y HNOPIBHAHHI 3 YK
nagBEUM CKIagoM. ToMy MOxHA BBaKaTH, IO 32 MAJXl TPOMIKKH YACYy IUCETHHUH CKIAJ
TAKOZK 3MIHIOETHCA Ha Maal KinbkocTi (He mwinl). [liel roMoBaeHOCT], 3BHIANHO, HE TOCTATHBO
AIA TOTO, mo6 BEUNHCATH KOBKpeTHi dopmyan i x(t), y(t). OgHAK MOXKHA BKa3aTH DAL
(paxTOpiB, AKI JO3BOAAIOTH OMUCATHA MIBUAKICTH 3MIHI TUCEABHOCT] BOIOIOYAX CTOPIH, TOOTO
CKJIACTY JUHAMIMHY MaTeMATHYHY MOJeIb GOMOBUX [iN.

[Mosumaummo gepes O LR BeruvuHy, AKa BUPaKa€ MIBUAKICTD, 3 SKOIO CTOPOHA T Hece BTDa-~
T Big XBOpoO 1 immumx gaxkTopie, He 3B’asanux 3 Obowosmmu miamu. J[lam, mexanm C'LR —
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MBUAKICTH, 3 AKOIO CTOPOHA X HeCe BTPATH BiJ 6€3M0CEPEeIHbOT0 3ITKHEHHA B MPOIeci 6010
31 croponoio y. Hapemri, gepes RR mo3HaYuMo mMBAAKICTE MIXOAY TLAKPITLIEHL 10 CTOPOHI
x. Toni AcHO, HIO 3araJbHa MIBUAKICTE 3MiHW x(t) 3a0a€TbCA PIBHAHHAM

% = —(OLR+ CLR) + RR.

Amanorivme piBHAHHS Mae Micue i mia y(t). Temep 3agada moxarae y ToMy, mo6 BKA3aTH
BLAnOBIAHI hopmyau aag Beanaud OLR, CLR, RR. Y mogeni JlandecTepa NpuiryckaeTbes,
0 A1A CTOPOHU T

OLR = ax(t), CLR=by(t), RR=P(t),

a g CTOPOHU Y
OLR = dy(t), CLR=cxz(t), RR=Q(t),

xe a,b,c,d — HeBig eMH] CcTadl.
Toxal MaTuMeMO cucTeMy HU(EpPeHIIATLHAX PIBHAHD

9t = —qr — by + P(t),

@ (3.2)
Y= —cx —dy + Q(1),

JOCIDKYIOIH AKY MH 3MOKEMO 3POOMTH BUCHOBOK IIPO WMOBIPHOIO ITEPEMOKIIA.
3ayBakKm\MO, IO AK y IepIuil MOAEAl, TaK i B APYTidl Ha TOYATKY HPOLECY BiTOMI BeIUINHA
To. Yo, TOOTO

x(to) = wo, y(to) = o,
Ae to — MOoYaTOK BLAJIKY Yacy B IPOIIEci.

Osnavenns 1.2. HopmarbHOKW CHCTEMOI 3BHYAHHHX AUbepeHIaIbHIX DIBHAHDL HA3UBA-
€THCA CHCTEeMAa BHTVIALY

y;L - fn(-rmyl: - -,yn)7

Jge X — He3aJeXkHa 3MIHHA, Y1, ...,Yn — HeBLIOMI GyHKNI 3MmiHgOl =, f1,..., fu — PyHKII],
BHU3HaYeH] I HenrepepsHI B obacti G C R,

SIx BugHO 3 O3HAYeHHs, cuctemu (1.2), (2.2) 1 (3.2) e HOpMaTLHEME cucTeMaMu gudepeH-
IaJbHAX PIBHAHD.

Osznavenns 2.2. CyxymmicTs QyHKOiH ©1(z),..., ©,(2), BusHaYeHux Ha OpOoMIKKY {(a,b),
HA3HUBAETHCA PO3B A3KOM HODMAJBHOI CHCTeMH gugepeHIialbHuX PIBHAHD (4.2), AKIO BAKO-
HYIOTBHCA TaKl YMOBH:

1) p1(x),....0n(x) € mudepennifiosanvu va (a, b);
2) (z,p1(2),....on(x)) €G Vz € (a,b);

99/1(3’> = fl(xa Sol(x)a chey @071(1'))7
3) 4 e ard Beix  x € {a,b).
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Sagaga Komi mrs cucremu (4.2) momsarae y BifmIyKaHHI Taxoro ii poss’asky ¢i(z),...,
. (), AKUT 33 10BOJBHSIE YMOBHI

y1(z0) =49, -, Un(@0) = Yy, (5.2)

g, y?, o, yY ~ 3anani umeaa (mouatkosi gani). I1i CHiBBiIHOMEHHA HA3MBAIOTHCA IIOYAT-
KOBUMEI YMOBAMH.

Hazamr gacTo 6ygeMo BXKHBATHU OLTBII KOMIAKTHWN BEKTODHUN 3amuc cucremu (4.2) T
nouaTKoBEX yMOB (5.2). Jlas nsoro depes §(x) mo3sHAYNMO BEKTOP-(hYHKIIO 3 KOMIOHEHTAMI

(), .. yn (), gepes ' (x) — il moxigay
7'(@) = (W (), (),
aepes f(:t,?j) — BeKTOP-(YHKIIIIO
flag) = (1@ g), o fal, 7).

Foni cmeremy (4.2) Moxma 3amucaTn y BUNIAAL (BEKTOPHOTO) PIBHAHHA

S~

(6.2)

A nosaTKoBl yMoBM (5.2) y BArIALl

v .‘/‘U = (y?v SRR 2/2)

Jlma  reomerpmunol  iHTepnperamili  cucremn  (4.2) B cueTeMl  KOOPIMHAT
Or ygy... Yn Y KOKHIA  TOWII (x, Y1,y Yn) c G nobyayeMo  BEKTOD
(L fi(z, ),y oy fo(x,9)). CykymHICTB yeix IMX BEKTOPIB HA3BEMO IOJEM HANPAMKIB (a0
wenropHEM moseM) cucremu (4.2). 3ayBamMmo, mo BeKTOpHE note cucremn (4.2) He mae
IPAMKIB, IIepIeH ANKYIApHIX 10 oci Ox.

KpuBy, fKa y KOXKHIN CBOII TOYIl JOTHKACTHCA 10 IOMA HATPAMKIB cucremu (4.2) 6yaeMo
HASMBATH IHTerpaThbHOI KPWBOIO miel cucremu. Orxe, poss’ssatu cucremy (4.2) reomer-
pItio o3Hadae mobyyBaTU BCl 11 IHTerpadabul Kpusi. Jlerko OavuTy, mo IHTErPagbHi KPUBI
cnereMu (4.2) € rmaakumu i rpadik po3s’a3ky cucremu (4.2) € il IHTerpaJbHOI KPHBOIO.

l'comerpuuna imTeprperanis sagaqi Ko (4.2), (5.2) moasarae B HacTynHOMY: 100y ayBa-
' iHTerpasbHEy KpuBy cucTeMu (4.2), sika DPOXOIMTH Tepe3 3amady TOUKy (Zq,y),...,y0)
voaactl G )

Sl Mz Gauman BUIIE y BUIOAAKY 7 = 1, OAHICIO 3 TOCTATHIX YMOB €IMHOCTI PO3B’I3KY
vl Komn € ymosa Jlinmmmmmris.

Osnavenns 3.2. Bygemo rosopurwm, mo ¢yHKmA ¢(, Y1, ..., Yn) 3850BOJILHAE B 001ACTI
(\ vmoBy Jlmmuns 3a 3MIBHEME Y1, . . . , Yy, AKIOO JIA JOBIILHAX ABOX TOYOK (I, y}, by,
(r.yi....,y2) € G BEKOHYETHCA HEPIBHICTD

g(z,yts - un) — gla,uis - ul) |<LZ\% —y?l,

- .~ HeBix'emHa craga (crara Jlinmwnd).

Muokuny BCix QYHKIIRA g(Z, Y1, .-, Yn), AKI 38J0BOJBHAIOTL YMOBY Jlimmmuisg B o61acTi
(/ 4 3MIHHEMY Y1, . . ., Yn, ITO3HAUATHMEMO AK i pamime Lipy(G), a MEHOXMHY TUX dyHKIIN
YL ey Yn), AKI 38 10BOMBHAIOTEL yMOBY Jlimmmma B o6xacTi G 3a 3MIHEUMA ¥, . .., Y, 31
vranoto L, — wepes Lipg(G, L).
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Jlema 1.2. Hexan fi(2,y1,...,Yn) € Lipg(G,L;), i = 1,...,n. Toxi 511 JOBIIBHHX TOYOK
(x,71), (x,9?) € G cnpasegmmBa HepiBHICTD

e, ") = fle,§7)] < KIg' - 37, (8.2)

qe K =n®2max{Li,...,L,}, Tro6T0 BexTOp-pyHKIIA f flz, ) sagosoabmse yymopy Jlimmmmrsa
3a 3MIHHOIO i B 061aCTI C ai craaoo K @ f € Lipg(G, K).

Hosedenns. OdeBUgHO, MO AIA JOBLIBHUX ABOX TOYOK

($7y]]7 "7y7];,)7(x7/y%""7y72’l)€G
CIIPABEINB] HEPIBHOCTI
\fi(@yrs e yn) = fle, v,y < LZIU, v3l, (9.2)
ae L = max{Ly,..., Ly}, 1 =1,...,n. Iligaecemo o6uasi Jactuam mepismocren (9.2) 10

KBaJpaTy 1 DACYyMyeMO 1o ¢ Big 1 10 n. OrpuMaemMo:

n n n 2
St = Fn P < 230 ( Y luh ol
=1 i=1 “j=1

Ockinpknm

n
lyj = w31 < D) )= w32 =gt - g,

TO 3 OCTAHHBLOl HEPIBHOCTI MaeEMO
| Ay 3/2) 21 =2
(@, 1) = fla,5°)] < Ln®?|g" — 47,
[0 ¥ MOTPIGHO 6y.JI0 TOBECTH.
Hasegemo me oamy momomixmy gemy, ska Oyjfe BUKODUCTAHA IA JOBCACHHS ICHYBAHHS
po3B’sasky 3agadl Komri gna mopmansnoi cucremu. Hexan G(x) = (¢1(x), ..., pn(2)) - Heme-
pepBHa (yHKIIA HA OpOMiKKY (a,b). [Tokmaxzemo

l/w'@(s) e = (/mgol(f)ds,...,(/az«pn@)ds).

Jlema 2.2. fxmo JF(x) € C({a,b)), To cnpasegruBa orinka

]/ A(6) dﬁ’ < ]/ 7(6) e,

r € {(a,b).

Hosedenns. Hexan
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—

lloxaxemo, mo Mae micme mepisricts |f(z)] < g(z). fAxmo f(x) = 0, To HepiBHICTE O%e-

-

7 (=)

mana. Orxke, mexan f(x) # 0. [lozmatumo 4epes € BeKTOp ——= i poarasHeMO QYHKITIIO

£ ()]
).

-

w(t) = (f(t),e) —g(t), 1€ [mo,

1 noxizna

-/

w'(t)=(f (1),8) —g'(t) =
= (@(1), ) — 8] < |F(®)[le] = [&(t)] = 0.
Orxe, dynkmia w(t) HespocTaioda Ha [T, 2], TOMY
(f(x),é) = g(x) < (f(z0),&) — g(xo) =0,
| (£@),) < gla).

A ummoro Boxy,
MAVD (¢,¢) = 1.

Tomy

o 7 ToTpioHO 6yJI0 TOBCCTH.

§ 2.2. TeopeMu icCHyBaHHs, € JTUHOCT1 Ta HeENEPepPBHOI
3aJIe2KHOCTi po3B’a3kiB 3aga4vl Kol Big mo4YaTKOBUX JaHUX
JJIS HOPMAaJAbHOI CUCTEMH

AHanmOrivHO AK 1y BUNAAKY OJHOrO DIBHAHHA (n = 1) Merko gosecrn, mwo 3agada Ko-
mi (4.2), (5.2) exsiBaIcHTHA CHCTEM] IHTEIDATHHUX PIBHAHD

@) =+ T AE©), . 3a(€)) de,

............................................................. (1():2)
:I/n( - I/n + jfn 5 Y1 €> 7y’n(€))d€

[HImmMu c10BaMHM KOKHUU PO3B'A30K (gol(.r), oy () sagadl Komd (4.2), (5.2) € pos-
n'nzkom cucremu (10. 2) 1 HaBnaxku, KoKHUM po3B’a30K (Y1(x), ..., ¥, (2)) cucremu (10.2), e

vi(x) € C((a,b)),i=1,...,n, ¢ poss’asxom 3ana4i Komi (4.2), (5.2). fxmo BBecTn BeKTOp

@x

/f&u %~</ﬁ /h ) dc),

1o cuctemy (10.2) MOKHA 3aIMCATH Y. BUDVIALL BEKTOPHOI'O IHTEIPAIbHOI'O DIBHAHHS
) =7+ [ e, g6 . (11.2)

3ayBasKUMO, IO 1 y BUIAAKY HOPMAJILHOI cucteMu (4.2) COpaBelInBa, TEOPEMA.
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Teopema 1.2 (Ileano, sokanbua). fAxmo f;(xz,7) € C(I),i=1,...,n, ge

= {(z,¥): |z —x0| <a, [§F—7° < b},

10 icHY€ po3B’a30K F(x) 3agadi Komi (4.2), (5.2), Busnadennn Ha BLIpI3Kky (g — h, xo + h],
h=minfa, g b M = sup 7o)
) = ming a, — ¢, =sup | f(z,7)].
M n

HoBenenns 1miei TeopeMu IPOBOANUTLCA HOBHICTIO aHAJOLIYHO AK 1y BANAIKY 1 = 1.

Hexant § = g(x) — pos3s’sa3ok cucremu (4.2), BU3SHAYEOHHU HA TPOMIKKY (a,b), a § = (/7(:16)
— po3B’a30k cucremu (4.2), BusHadeHun Ha NPOMIKKY {(ay, by). Axmo a = ay, by > b i J(x) =
vfj(:z?), ko & € {(a,b), 70 GymreMo roBoOpuTH, MO PO3B’AIOK 1/7(1) ¢ IPOAOBKEHHAM PO3B A3KY
F(a) Bupaso; axmo a > ay, by = b i Jlx) = ’1/7(:1’:), komu x € (a,b), 10 po3B AIOK J(I)
OPOJOBKYE PO3B A30K J(2) BIiBO. Y TOMY BUNAAKY, KOIU HE ICHYE IPOJOBKCHHA PO3B A3KY
J(x) Hl BOpaBo, Hi BIIBO, Oy IeMO HABHBATH HOIO HENPOJOBAKYBAHAM.

CupasegmBa TeopeMa.

Teopema 2.2 (Ileano, rmo6anbua). fAxmo f € C(G), To gag goBireHOI ToIKH (20,7 ) €
G icHy€e HEIPOJOBAKYBaHUH PO3B'A30K 3aja<i Komi (4.2), (5.2).

s moBegenHs 1€l TeOpEMHU AOCTATHLO MOBTOPUTH BCI TI MIPpKYBAaHHA, AKl Oy/Id BUKOPH-
CcTaHl Ipu JoBeneHH] MIOOAIbHO1 Teopemu [leano y Bumagky n = 1.

Hamam pas imrocTpartiii METOLY MOCALIOBHEAX HAGIMKEHD Oy 1€ JOBCACHO JOKAILHY TCOPEMY
IcHyBaHHA Ta €AnHOCTI PO3B’a3Ky 3axa4di Komi (4.2), (5.2).

Teopema 3.2 ( Ilikapa, nokansna). Hexan f; € C(G) N Lipg(G), i = 1,...,n. Toal gua
KOxHOI ToxH (20, 7Y) € G icHye eqnnmi po3s a30k 3aga4i Komri (4.2), (5.2), Busaavtenun B
JEAKOMY OKOJI TOIKH Tq-

Hosedenns. Hexan (xo,§%) € G — sagani nogsarxosi ymonu i d = dist ((xg, 79), 0G). Ocxian-
kn G — BiakpuTa MHOXKMHA, TO d > (. Po3risaeMo 3aMKHeHy 0OMEKECHY MHOZSHUHY

= {(z.9):

v~ w0l < a, |7 7° < al,
!

d—d . . .
—72—0’ AKIo d < 0o, i @ — goBiIbHe (dikcoBane, akmo d = co. TyT dy (0 < dy < d) -

Axke-He0y b 3anane uncyao. Ogesugno, II C'G. Tomy 3a Teopemoro Beunepmrpaca

ae a =

sup |, )] = M < oo,
I1

s TOBeIeHHA TeOpeMH JOCTATHRO MOKA3ATH, IO BEKTOPHE iHTerpanbhe pipmamua (11.2)
Mae eauHAd po3B’a30K. i nporo noGyayeMo mOCaiZOBHICTL (pyHKINH

7o) = 5",
g @) =70+ [ Fieamende m=0.1,2,.. (122)

Jlerko GawuTy, MO KOXKHNE eJeMeHT HOCIIZOBHOCTI ¢hymkuinn {¢™(r)} BusHaveHmir i Heme-
PEPBHUI Y JEAKOMY OKOJIl TOYKW Zg. SHAUIEMO BiAPI30OK, Ha AKOMY BU3HAYEHI BCI dyuKml
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nocmgosaocTl (12.2). Ien BiApi3oK, 04€BUIHO, MOBUHEH OyTH TAKUM, MO0 rpadikn dyuxIin
(), m=0,1,2,..., IepeTUHAIN OCHOBU IIWIIHJADA

Hh:{(xag); |.1’—.’L’0| < h, |g_@70\§a}a h <a,
A 1e MOXKIWBO TOM1, KOJN
G (x) — 7Y <a, m=0,1,2,..., (13.2)

vin & € [xg — h,xo + h]. Ockiabku bysxia @ 9(x) mo yMOBY 3aA0BONLHAEC, TO PO3TVIAHEMO
1 =1,2,.... Maemo (ma migcerasi gemu 2.2):

67 (@)~ 50| = } [ fe.amena

< M’/df
2o

a
Orxe, ymosa (13.2) BukonyeTses, AKo h = ming «; Vi . 3ayBaXKnUMO, MO TIPU TAKOMY BU-

< Mlx — x| < Mh. (14.2)

< / e, 3™ () de

nopi b rouka (x, @™ (2)) vanexmurs 1T ms Beix x € [xg — h,xg + h]. Tomy oniaka (14.2) ¢
ropexTHo0. Tenep mokamemo, 1o nocraosuicTs {F ()} € pIBHOMIPHO 361KHOK0 Ha BiAPi3-
w (o — h, w0 + h]. Jlas qporo posrasHeMo GyHKIIOHAILHUN (BCKTOPHIN) DI

FOla) + (@1 (x) —GY@)) + -+ () =) + .. (15.2)

Jlerko Gaqaurn, mo gactunaui cymu Sy, (x), m = 0,1,2,..., pagy (15.2) 36iratorsca 3 QyH-
KILAMHA <p’”+l( -). ToMy H0OCTATHBO AOBECTH PIBHOMIpHY 36LKHICTD pagy (15.2). /las uysoro
ONIHIMO KOXKHUU WICH JAHOTO psaay. BuxopmeraeMo MeTon MaTeMaTWdHOl iHAyKIil. Martu-
MCMO:

|3°(x)] = 17°],
.

Ockimeku f; € Lipg(G), i=1,...,n, To Ha migcrasi demu 1.2

—

IF(€,81(€) — Fl6,8°€))| < K|8(€) — g°€)-
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Towmy

72(x) - 1<K’/| (©)) de| < 5-—'%?—'

IIpuoycrumo Temep, mo Mae Miclie OIiHKA

K™a|x — xo|™

|F™H (2) — 3™ (2)| < — ’ (16.2)
1 10BeJeMO, IO TOAl
=m =+ K'fﬂ%‘la'l. _ xo"m#‘l
P ) = ET )] < ) a2
Cnpasni,
5 e) — 7 ()] = ’/ FUHE) - FlE B (€)]d

< K

/l“m“(é <s>|ds].

Topi, Bpaxosyiouu omiuKy (16.2), Maemo:

ﬁm—{—l

—m-+32 _mm+l
[T @) = ¢ (@) —

/ € — wolmde] =

_ Kmtla|r — 11:0]’”+1
(m+1)!

5

TOOTO OTpEMaeMo OImiHKy (17.2).
OTxe, mu mobygyBanm naa (HYHKIIOHATEHOTO pAxy. (15.2) MaxopaHTHUN pAL (OCKUILKHA
|z — o] < h)

. . K™h™q
INEDY — (18.2)
m=1 )

Jlerxo Ga4mTy, mo maxopanTHuy psaxg (18.2) 36iraeTheda 1 HOTO CyMa He IEPEBHILYE UCIa
ae®". Ha mincrasi osnaxu Beniepmrpaca pag (15.2) 36iraeThea piBHOMIPHO Ha [xo—h, 2o+ h]
1o pesxol HermepepsHOi dyuxii F(z). Orike, nocaigosHicTs (12.2) piBHOMIPHO 36iraeThesa 10
ap(:c) Ha BiAPI3Ky [xo — h, o + h]. Tomy, BPAXOBYIOH PIBHOMIDHY HETEPEPBHICTS ByHKI]
f(z,7) Ba I, (3 piBroMipHOI HemepepsHocTi f(xz, §) Ha I1;, i piBROMIPHOI 36imHOCT {g™(x)}
Ha [x9— h, 7o + h] BumIEBaE pismoMipHa 36ixuicTs { f(z, §™ (2 )} Ha BiApPI3KY [xg—h, o+ h|),
A KOKHOTO BIKCOBAHOIO ¥ € [xg — h, 20 + h]

x

lim [ f(€,3™(&))dE = /hmf ™€) dE =

m—o0 m—>r00

- / fle, @) d
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I'KUM 9MHOM, AKINO B piBHOCTI (12.2) mepeuTu 1o rpaHUIll, KOIHA 1M — 00, TO OTPUMAEMO
Fo) =5°+ [ Fle a(e)de
To

it Beix x € [wg — hy 1o + h], To6TO dyHKuia F(x) € poss’a3koM piaaxaa (11.2). Ilum camum
MIl IOBEM icHYBaHHA pO3B a3ky sajadi Komi (4.2), (5.2). /loBegeHHs €f@HOCTI PO3B’A3KY
ficl 331891 TPOBOAUTHCA MOBHICTIO aHAJOTIYHO AK 1 y BANAAKY N = 1.

Jaysaxkenns 1.2. 3BepHeMO yBary Ha Te, o po3B’A30k 3ajadi Komi (4.2), (5.2) orpu-
\VOTBCA AK MpapunA nocaigosaocti gyaknin (12.2). ToMmy ner MeToy, MeTOk MOCIIJOBHUX
HAOMIKeHD, MOXKEe Oy TH BUKODHCTAHUH A4 HAOAIUAKEHOTO DO3B A3YBaHHA 3a4a¢l Kol

pnkaag 1.2. 3HalTH TpeTe MOCT J0BHe HAGIIAKEHHA 10 PO3B A3Ky 3aga4l Komi (n = 1)
y' =z —y*, y(0)=0, (19.2)
POSNIAIAIOYMHA DIBHAHHA B KBaIpaTl
G={(x,y): o[ <1, [yl <1}

I sikomy npomizkky Teopema [likapa rapaarye 361LKHICTS TTOCT TOBARX HAOJIUAKCHE?

Jlna posn’asyBamnna 1icl 3aga0 crodaTky noTpiono suanTu sup | f(a, y)| i crary Jimmuis

A

v dyskii f(x,y) =2 —y? B G. Ockinexu f(x,y) iii noxigna ;9—f = —2y € HelmepepBHUMHI
Y
n (¢, TO

P

sup|f(x,9)| =sup|r —y* =2, L=sup
& G G

= sup [2y[ = 2,
a
arigso 3 Teopemoto [ikapa poss’azox sagaqi Komi (19.2) Busnadesun va wpoMixkky [—~h, A,

A
= mi ¢ | _ ind1 I |
v =minqa, e = ming Lo p = .

TaKkuM 9MHOM, MEKAPOBCBHK] HAOIUWZKEHHA 30IraoThLeA 10 po3s sa3ky 3axa<i Komi (19.2) opu-
) A

HAMMHL Ha BIADI3KY [—5, 20 Habamxen s 06IACTioTHCA 34 HOPMYIOI0

O (x) = /(§ — @2 (6))dE, m=0,1,2,...; @olx)=0.
0

Maemo:

52 55 2 2 20 28 211
) = B S T AT A
#a() / <£ <2 20 $= 5 " 30 " 160 2400
0 )
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Osnavennsn 4.2. CykymnHICTb (YHKIIA

U1 = (,01(33,01, .. .,Cn),

AKI 3ajdexkarh BLY 3MiHHOI ¥ 1 mapamerpiB (crammx) C1y,...,C,,, Ha3UBAETHCA 3aralbHHM
pO3B’A3KOM cucTeMH (4.2), AKINO KOXKHHH DO3B’A30K L€l CHCTEMH MOXKe OyTH 3aIHCAHUH
Y BHUMIATI

A . (0 0
Yn = (pn({L, Cl? A Cn)’
ae CV ... CY — geaxi ¢pixcoBani 3Hadenns napamerpis C4, ..., C),.

3a3HAIMMO, 110 AK 1 Y BUOAJIKY N = | MOXKHA JOBECTH JOKAJTBHY TEOPEMY 1CHYBAHHA
3araJbHOrO PO3B’A3KY HOpMAJLHOL cucTemu (4.2).

SYMUHUMOCS TETep Ha YMOBAX HEHEPEPBHOL 3aJeKHOCTI po3B’a3ky 3ajat Komil Big 11o-
qaTkoBUX ganux. [ag nporo posrraaeMo sagady Komd mpas cuceremn (4.2) 3 TOYATKOBAME
yMOBaMu '

y(&) =1, (20.2)

ge (€,17) € G. Ak 1y Bumagky n = 1 3BeAeMO [0 3aady 0 AOCHLIZKCHIS HCICPCPBIOL
3aJIeZKHOCTI PO3B’A3KIB BLY mapamerpis. [Jluaa uboro spobmmo samiuy (u,7) - (1. 2) B 3aua-
qi (4.2), (20.2): x =t + & — to, i = 741 — 2% Toni orpuMaeMo 3a1a1y:
dz ¢ - o

— = f(t+E&—to, T4 77—
dt

(- — =0

Z(t(]) =z .

&y

0) = gL, 7, &, 1), (21.2)

[osnanumo wepes 2 = )(t, €, 1) HeIPOAOBKYBaHUE PO3B'aA30K 3agat (21.2). Copasepmpa
TeopeMa.

Teopema 4.2 ( Ipo HelepepBHY 3aTaXKHICTh pPO3B’A3KIB Bij napameTpiB). Hexan
¢yaroil g;(t,2,€,17), © = 1,...,n, HenepepsHI B 06JacCTI G mpocTopy 3MIHHHX t, 2 8,0 0
3a,40BOJIBHAIOTE yMOBY Jlinmuiisa 3a 3MIHHOIO Z Ha JOBLIBHIN 3AMKHEHIH OOMEXKCHIH MHOMCHHI,
axa mictareea B G. Hexair (to, 20, &0, 7%) — gosigena Touka obmacri G i % = )(t, €, 1) (|€ -
Eo| < hy |77 — 7% < h) - cim’s menpogopaxysarnx po3s’a3kip 3axawi Komi (21.2). Hexamn

PO3B'A30K 7z = /L/j’(t,&),ﬁ %) Busmavenun ma mpomixky {(a,b) i |ag,bo] - AOBLIBEMI BiIPIZOK
Takui, mo [ag, bo] C {a,b) ‘

Toai icHye Tare o > 0, mo arg Beix |€ — &| < o, |77 — 79| < 0 po3p’asku 7 = 'q?(t,f,ﬁ)
BU3HAYCHI HA BIAPI3KY [ao,bo) I gaa gosiasHOro € > 0 icHye taxe 6 (0 < § < o), mo npu
|€ — & < 8, |77 —177°| < § 6yme BuKoHYBaTHCA HEPIBHICTD

Wt &) — P(t, &0, 7°)| < &

A4 BCIX t € [ag, bg], TOOTO PyHKIA J(t,&,ﬁ) € HEmepEepBHOIO 3a 3MIHHUMH £,1] ¥ TOYII
(€0,77°), mpudomy piBHOMIpHO cTOCOBHO t € [ag, by].

Josesennsa ganol TeopeMH IPOBOAUTECA MOBHICTIO AHAJIOTIIHO X0 JOBEJEHHA BiAIOBIIHOIL
TEeOpeMH y BUIAIKy 1 = 1.
Bpaxosytoun suriajg oyukmii §(t, 2, €, 7) y 3azaqi (21.2), orpuMaemMo HACTYIHY TeopeMy.
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'l''opema 5.2 (Ipo HemepepBHY 3alaXKHICTH PO3B’A3KIB Bijf MOYATKOBUX JaHUX).
Hexait fi(x,7) € C(G)NLipg(G, Li), i=1,...,n; (0,7°) — goBireHa To9Ka 06racTi G § =
S €,1]) — ciM’a HempOAOBKYBAHHX PO3BA3KIB cucremu (4.2), AKa 3a40BOIBHAE MOTATKOBI
vaos G(E,E,7) = i; gaa € = & i77 = 7° posp’asox § = G(x, o, 7°) BusHavennn Ha inTepBai
wy < x < by ila,b] — goBlrpHEI BigpIzoK 3 IHTEpBaLYy (a1,by), AKHH MICTHTE TOIKY &o-

Toai icaye raxe o > 0, mo g1a Beix |€ — &l < o, |7 — 7°| < o posp’asox y = J(x,£,7)
nniadennit va Biapisky [a,b] i € menepepsnoio dynkiieo 3a aminaumu £, 7 y Toumi (£o,77°),
HpNIOMy PIBHOMIPHO ¢TOCOBHO T € [a,b], T06TO0 gua xoxHOro € > 0 icaye 6 > 0, 0 < § < o,
vane, mo mpu € — &) < 8, |7 — 70| < & 6yae BuxoHyBaTHCA HEpIBHICTS

B, &) — Bl &0, 7°)| < &

v Beix @ € [a, b).

JloBegeHHA 1AHOL TCOPEME IPOBOAUTHCA MOBHICTIO AHATOITYHO [0 TOBEJIeHHA B1AIIOBITHOL
reopeMu y BUnagky n — 1.

§ 3.2. [IndepeHUiNnOBHICTL PO3B’A3KIB 3a MOYATKOBUMHU JaHUMU

Hexan §f = @(x, £, 1)) ~ nenpoaopKysanui pos3s’s30k sagaqdi Komi (4.2), (20.2). Y momepe-
mpoMy maparpadi 6y.10 BCTAHOBICHO yMOBY, Npu skux J(x, &, 1) € nenepepsroio GyHKIieo
aprymerTin £ 177, Y 6ararhox BUIAIKAX ITPU TOCAIIZKCHET HOPMAABHAX CUCTCM HOTPIOHO Ma-
Il MOAKIUBICTD JA(PepPCHITIIOBATH PO3B’A30K G, &, 1]) 3a mowarkoumu aanumu & i 17. Meroo
1210T0 maparpady € BCTANOBACHHA YMOB, 1Py AxuX gudepeHiioBanis € MoxansuM. Hapam
OyV1e TOTPIOHA JeMA.

Jlema 3.2 (A gamap). Hexan Bexrop-yHKiisa

¢ HemepepBHO JU(BEPEHITINOBHOIO 38 BCIMA CBOIMH 3MIHHUMH HA BIAKPHTIN OIYKJIIM MHOXHHI
18 ¢ R™. Togi 411 JOBIIBHEX ABOX TOHOK §j ', % € B icHye Taka OPAMOKYTHA MATPUUA

PG = (f 52 G=1,...m, j=1,....n),
1o ] ]
S ~ GG = FGLIHG -7, (32.2)

1 572

npadoMy edemenTy marputi F(if', §*) HemepepsHI i

oL Ow; (7§
F@w%:<7%£>

veedenns. PiBHsHpA Biapisxa mpamol, ska 3’eqHye TOYKHE ¥ 1 2, MOJKHA 3aImcaTd y BH-
Eist

S o9 )

T=y"+t{ —y*), telol]

I’osraaremMo hYyHKITIL
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Ha  mixzcraBi omykmocri B mi  dysxmii susHadeni wHa [0,1]. Pispuns
wi(TY) — wi (§?) moxke 6yTn 306paxena y BUTIALL:

Brenemo mospaceHss

dt = fi; (9%, i=1,...,m, j=1,....n.

1
/de vk -i-f — /%))
0

Tomi orpumaemo

abo B MaTpuIHIn Hopmi
G - 3G*) = F@ 7))@ - 7°), (23.2)

ze

Ha migcrasi pisrocTi (23.2)

Ow; (¥) )

P = () = (228

OueBngno, fi;(7!,¢?) - menepepsri dysxuii. Jlemy goBegeHo.
Jlema 4.2. Hexan

ag(xayla B ~,yn)

9(x, Y1, Yn), 5 €C(G), GCR™"! i=1,....n.
Y:
Toxi ma AoBinbHiE oOMexenin miavuoxuti B(B C G) ¢yskmis g(z, yi, . . ., Yn) 3240BOJBHAE
ymoBy Jlinmmuns 3a 3MIHHUMIE Y1, . . ., Yn.

[oBenenns miei 1eMu IPOBOAUTHCA MOBHICTIO AHAJIOTIYHO 10 TOBeleHHA jdemu 2.1.

Posraaremo 3agaty Komi (21.2). Hexan 7' = J(t, &, 7)) — HEIPOOBKYBAHWN PO3B’A30K Ili€i
3a1ad4l.



§ 3.2. JUDEPEHIINOBHICTE PO3B’A3KIB 63

l'vopema 6.2 (mpo audepeHNINOBHICTH PO3B’A3KiB 3a mapamerpamm). Hexan
il 3’ f, ﬁ)’ agi(tv ‘?7 f ﬁ) ’ 89i(t7 57 g’ ﬁ) , 8gi(t> Za 57 ﬁ)
0z; o¢ on;
(0 C R¥7H2, QZ(t, £,17) — HempoAOBKyBaHUH PO3B A30K 3agadi Komni (21.2), BusnavyeHns Ha
MHOKHH]

, 7,1 =1,...,n, — HemepepBHI B obaac-

B = {(t,&): t€a,b], |6 ol <o, |77 <0},
Oi(t,6,7)  Ovu(t, €, 7)

upirtomy to € [a,b]. Toxi 5 , 5 , 7,1 = 1,...,n, — HemepepsHI 1A
3 n;
£.1) € B.
) . . ()gz(f72’§77/) < . 0
docedenna. '3 HemepepBHOCT] TTOXIAHUX s i = 1,...,n, BAILINBAC BHKOHAHH
Zj

vatosr Jlimmmna #Ha KoBUIBHIN 06MexKeHIn 3aMkHerin Maoxual A C G (1ema 4.2). Hexan 6,
JOBUIBHE YUCAO 3 THTEPBALY |1y, — | < o, ad - rake, wo (O — 0,0, + 0) MICTHTBCA B
(1 — 12| < 0. Hexan |AG,,,| < §. Hosnaummo:

ﬁ(f Qm) L/ (ta €7 m,... y Nhm—1 emw 7777L+17 sy nn)v 1 S m S n,

h( [y 2y 9171) — (7(7(7 ?a &7 My oy m—1, ()m-; Nn41s-- -5 T/n)-

Foul

dp(t m - .
—*[*)ﬁ‘t]’fi)‘ g h(tv p(i7 077‘),)’ 97”)7 f 6 [()’7 b]’
at

([[7(f, 0771, + Agm,)
dt

- /_;(fv ﬁ(,a O'm + Ag'rn)a 07‘71 + Ae’rn)) t e [(l/, b]
BiqaiMaro«u BIA APYrol PIBHOCTI MEPILY, OTPAMAEMO

d
dt
- }_I*/(t» ﬁ(ta Hm + A()m% ()m + A()'m) - H(f, ﬁ(t> e'm)a 9771)- (232)

[/)(f Qm + A(}m) - ﬁ(t»gm)] =

i migcrasl memu A gamapa

R(t, j(t, 0, + AO,), 0 + AO,) — B(E, 5t 0), 01) = (24.2)
= F(t, 0, A [F(t, O + A0) — §(t, 0m)] -+ P(t, 0y A ) A,

F(t7 Hma Aem) — (Fij (t, ema Aem))

nBaIPATHA MATPUIISA, &
P(t,0m, A0y = (Pi(t, 00, AOp), - . ., Po(t, 0, A0,)).
Ouesngro, F5; 1 P; — HemepepsHi (yHKIIl. BBiBmM mO3Ha-eHHs

Ap = pt, 0 + Aby) — p(t, )
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I BUKOPHCTOBYIOYH DiBHICTS (24.2), 3anmumemo pisaicTs (23.2) y Burasagi

%(Aﬁ) = F(t, 0y A0 )AG+ P(t, 00, A ) AD,,,, € [a,b)]. (25.2)

IIpnm A6, # 0 coisBigHOmeHHA (25.2) MOXKHA TIEPEITUCATA TAK:

N
> - F(t,Gm,Aem)ﬁ + B(t, 01, AO), t € [a,b). (26.2)

(g
dt \ A6,

—

PisricTs (26.2) nokasye, mo upu Af,, # 0 pyHKIIA € PO3B’A3KOM HOPMAJBHOI CHCTEMH

m

(”{Efi - F(f7 Oum; A()"”)ﬂ" + P(fa O, A()'m)'
at

Hexan @ = &(t,0,,, AO,y,) — PO3B’A30K i€l CHCTEMM PIBHAHDL, AKUH 33, I0BOJBHAE MOIATKOBY
yMOBY  W(to, Om, Ab,,,) = 0.

3asHasmMo (oM 1o 6e3 OOIPYHTYBAHHA), WO PO3B'A30K G(t, 0, Ab,,) ans Beix
|Af,,| < § BusEavenuil Ha BiAPI3KY [a,b]. Ha mixcTasi Teopemnu 4.2 (npo HemepepbHY 3a-
JeKHICTh PO3B’A3KIB Bijg mapameTpis) dyukuia d(t, 6,,, Af,,) ¢ HenepepBsHOIO TPU

t cla,b], 08, — o <0, <1° + 0, |Ab,,] <6

OcKITbKHT
Aﬁ o ﬁ(th 9'm + A()m,) - ﬁ(to, 0’)'71,) 50 - *—?0

N A6, RN

mo|t=tq
TO HA MIACTaBl ¢JUHOCTI PO3B’A3Ky 3ajgadl Komr mas cucremu (26.2)

Ap
Ab,,

= "‘_j(f» O Agvn)-

Hepemmosmn y nin pisaocti 10 rpanumi opu Af,, — 0, oTpuMaeMo

o7 AR »
377—m = Ag?}io Ao Aginnl)ow(t,ﬁm, Ab,) = &(t,0,,,0).

TaxmM guHOM, MOXiTHA

Ob(t,&,71) _ 9p
M O,

icmye i menepepsna npu ¢ € [a,b], | — &| < o, |7 — 7% < o, ockinbkn dyukuis G(t,0,,,0) €
HEIIePEPBHOIO HA I MHOXKIHI. AHATODIYHO LOBOAUTHLCA ICHYBAHHA 1 HEIIePePBHICTH IIOXITHOL

DY (t, €, 7) |

D€ . 3 oraany Ha Te, o m(l < m < n) KOBULIBHE, TeOpEMY HOBEIEHO.
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SayBaskenns 2.2. Hexawr 7 = (¢, €, i7) — HEIpPOAOBKYBAHUH PO3B A30K 3aai (21.2). adpi-

0 . aw(ta gv 77)
WCYEMO JeAKe 3HAYeHHA IapaMeTpPa Ny = N, 1 < m < n. Iokaxkemo, mo o MOXHA
/)77’71
AmadTH, po3B A3asmn 3aqady Kol qig gesxol HOPMaJIbHOI CUCTeMH JH(DEPeHIIaIbHIX DI1B-

winp. Cropasal, auepeHniror09a TOTOXKHICTE

dy(t,€,7)

S = (€, 6, )

11 IMIHHOIO 1)y, 1 TOKIATAIOTH Ty = 710,, OTPHMAEMO

+

T, =1 P, ,,

A (09(L, € _ Z og(t, (1, s 77) £.77) Oy (1, €, )
(dt (‘)7'}171 om =10 j d’]m

+0.(]’({’7 ’l“/b(t? 67 /’7)7 67 77)

Oy ’
]7 " "I kil :7] 971
y oYt E,) } . N o
WK BHILIABAE, DO MOXNIIHA —————= 3a,J0BOJABHAC CUCTEMY AUMEDCHINATILHIX PI-
()’f/m, Nn =00
MISIHB . ‘
dd Lo .
W = 44([?)’(,1, + 1)([), (2 { 2)
dat

B(t) = f’ﬁ(t,w%&ﬁ),&,ﬁ)

19Z} Im N =2,

Kpis Toro, ocxirexm ¢(ty, &, 1) = Z°, To

81/)(1%0,5, 17) o (’?O —0

0 T —_ 0 N
, N (1, €, i) . : o

(Orie, AAS 3HAXOQAKCHHA e moTpibHO po3B’azaTu 3ajady Komi gia cucre-

7/’”1 P —p0

'7171—“7/7-,1

ar (27.2) 3 noarkoBoro ymoBoro U(ty) = 0.

Cucrema qupepeHIIiATLHEX PIBHAHL (27.2) HA3MBAETHCA CUCTEMOIO Y Baplalifax [as HOD-
MIIBHOI CHCTEMHU

’

7 = g(t’g>§aﬁ)

P T, = n® . AmagoriiHy cmcTeMmy y Baplamjigx MOXHA OTPHMATH 1 MIg (GyHKII
‘)'//’(tagvﬁ)
9¢ £§=¢o
.0y .
IMpuknapg 2.2. 3santu — B 3a a4l

y =y?+2uxt y(l) = —1. (28.2)
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Hexan y = ¢(x, u) — poss’azok sazxaqi (28.2). Toxi

do(z, 1)

2 -1
= z, 2ux
i (@, 1) + 24
i (1, ) = —1. 3andepeniiroeMo i TOTOKHOCTI 3a [, TOKAageMo (4 = 0 i TO3HAIMMO z =
de(x
M‘ . OTpumaemo:
I |

p=0
Z, - 2@(%,0)2 + 233_1) Zlmzl = 0.

Dyuruio p(r,0) sHaugeMo aK po3B’A30K 3amaqi (28.2) mpu g = 0 :

Byremo marTu:

1 1
Yy = ;o y(l)= —=-1; C=0.
v=oo s v =E03
Orxe, p(x,0) = —— 1 114 3HAXOLKCHHA 2 MaeMo 3agady Ko
x
2(1 — z
2 = ( l, z(1) =0

Posp’azasmm mro 3a1a9y, 0OTPpUMAaEMO
Y,

. do(x, 1) 1

< :1_"—‘
ou x?

pn=0
Kopucryrouncs Burasgom dysxil §(t, 2, €, 1) 1 Ha i ACTaB] TOICPEIHBOI TCOPEMHE, MOMKCMO
copMyIIOBATH TEOpeMy PO AAQPEPEHIINOBHICTD PO3B A3KIB 34 MOYIATKOBIMU JAHUMMU.

0 A m
Teopema 7.2. Hexan ¢pynxuil fi(x,v), —[8(3—”’ j.i
Yj

§ = J(x, &, 1) — posp’a3ox cucremu (4.2), AKHH 3a,40BOIbHAE TOTATKOBY yMoBy F(E, £, i) =1
8¢L(‘l7 77)

= 1,...,n, venepepnui B obaacri G,

I BusHaveHny npn v € [a,b], |€ — &| < o, |7 — 7°| < 0. Toai o j,i = 1,...,n,
HerepepBHI IPH THX caMUX 3HadeHHAX (x, &, 17). ’

Axmo, KpiM Toro, ?%yl, t=1,...,n, Texx HerepepsHi B (G, TO HemepepBHUMHU OYIYTE
i pyHKIII i (2, 1) =1,...,n.

ge "



TJIABA 3. 3BUYAMHI JUPEPEHIIIAJLHI PIBHAHHS
BUMIUX IIOPAAKIB

¢ 1.3. OCHOBHI HOHATTSA 3BUYaAUHUX AU(PepeHIIAILHUX PIBHAHD
BUIIMX HOPAAKIB. 3BeJe€HHA A0 HOPMAJIBLHOlL CUCTEMHU.
KopekTHicTh 3aga4i Kol

Oonavenns 1.3. 3puvaiiHuM qudepeHIiarb M PIBHAHHAM n-T0 nopaiky  (n > 1), pos-
HHANHEM CTOCOBHO CTAPIIOl MHOXIAHOI HA3UBAECTHCA CHIBBILAHOIICHHA BUTIALY

y " = fleyy, oy (1.3)

A He3AMCKHOIO 3MIHHOIO X, HeBigomoro yHimicto y(x) Ta il noxigaovu y'(x), ..., y | e
dvukoig fx,y,y', ... Lyl ')) BU3HAYCHA 1 HEIIEPCPBHA 3a BCIMa CBOIMH 3MIHHUMM B JESAKIH
oogacri G C R

Ounavenns 2.3. Pyuxiia y = (1), puznatcHa Ha npoMixky (a,b), HABABAETHCA PO3B A
nont pIBHAHHA (1.3), AKIO BOHA 38J0BOJIBHAE YMOBH:

1) dynkuia @(x) gupepeHninoBHa . pas Ha OPOMIKKY (a, b);

2) (x, o(x), @' (), . ... V() € G g seix x € {a, b);

3) o (2) = fla, o), @' (@), ..., " V() anx Beix x € {(a,b).

BayBaxnmo, mo ocxinbru f(x, v,y ...,y ) memepepsma, TO e (x) € C"({a,b)).
ARCPHEMO TAKOXK YyBATY 1 HA TC, M0 PIBHAHHA BUIIMX TOPAAKIB BUHAKAKOTH AK MaTCMATNA THI]
(AMHaMIYHI) MOZCI PeATbHIX (DI3UTHIX TPONCCIB.

puxaag 1.3. Hexall motxa Macoio m pyXaeTbes B3JoBK ocl Ox mig aieio cum F) axa
NpArHe ITOBCPHYTH TOUKY A0 ¢Tany piBHoBaru & = () 1 € TPOMOPUIRHOI 3MIICHHIO TOYKU BLJ

cranty pisHoaru: F = —ax (a > 0). Toxi 3rigno 3 apyrum saxkoHoMm Heiorona

d*x

M—s = —al

dt? '
aho )

a o

= ——u. (2.3)
m ‘

'\KAM 9HHOM, PYX TOYKH MOAEMIOETLCA audepeHUialbHIM PIBHAHHAM APYrOro MOPAAKY.
st Toro, o6 OTHO3BHATHO OIMUCATH UeU PyX, 3 (PI3HIHUX MIPKyBaHB OTPIOHO 3a1aTH Blj-
\WICHHA TOYKH BiJ IOJOKCHHS PIBHOBAIM Y NMOYATKOBAM MOMCHT wacy fo: x(tg) = xg, a
FKOJK TIOMATKOBY IIBHAKICTHL TOYKH Y el MOMEHT 9acy: x’ (to) = x}. TobTo mOBHA MO AT
vijladl 6y e CKIAZATHCA 3 AM(epeHmaTbHoro piBuAnHA (2.3) 1 HOYATKOBAX YMOB

x(to) = o, z'(to) = z. (3.3)

Mpukiaag 2.3. CxiaaneMo MaTeMaTUYHY MOJgeNb pyXy maaTHuKa. llix masTaHunkom Oy ge-
MO PO3YMITH TOUKY P Maco m, sKa Mg Al€l0 CUAN TAKIHHA PYyXaeTheA 0 Kory K pajlyca
. Berwauny | Ha3BeMO TOBXKUHOIC MadTHUKA. Ha woai K BBezemMo KyTOBY KOOpIMHATY, B3sf-
MM 33 TOYATOK KOOpAWHAT HanHWxKYy Touky O koaa K (pme. 7). 3MiHHY KOODAMHATY
vouxu P osnadmmo gepes ¢ = ¢(t). Touka P nepebysae mifg giero cuan Tsaxinaa F = mg,
CHPAMOBAHOL BepTHKaJbHO BHU3. CKIAT0BA Il€l CUIM, COPAMOBAHA IO HOPMAJl A0 KOJIA,
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3PIBHOBaXKYETHCA 3aBIAKN peakilil 3B'A3Ky (xoma ab0 HUTKH, AKA 3MYILYE TOYKY PYyXaTHCA
IO KOIY); CKJIaN0Ba CUIN TAXKIHHA, CIPAMOBAHA IT0 JOTHYHIA 10 KOJAa y TOUIi P, T0piBHIOE
—mg sin ¢ (AKIMO 33 AOAATHUN HAMPAMOK HA NOTHUYHIA B3ATH PyX ONPOTH TI'OJWHHEAKOBOL
CTPLIKH).

Puc. 8
Topal piBEAHEA pyxXy To4uku P 3rigHo 3 apyruM 3axkoHOM HbIOTOHA Mae BRIV
mlp"” = —mg sin ¢,
abo g
I —7 sin (. (4.3)

3ayBaXkuMo, MO AL HOYATKY PYXY MAATHHKA HOrO TOTPIGHO BIAXWANTY Bij CTAHy PIBHO-
Baru (3 Touku O) Ha JEAKUN Ky T g, TOOTO 33,1aTh HOIATKOBY YMOBY ¢(to) = @o. KpiM Toro,
y L€l MOMEHT qacy t = to MU HAZAEMO MAATHUKOBI NOYATKOBOI WBHAKOCTE: ¢'(to) = ©i. 3o-
KpeMa, AKIO g = 0, To Ie o3Hadae, WO BiIXWINBIM MAATHAK 3 TOUYKH O HA KYT @g, MU
1OT0 IPoCTOo Bigmyckaemo. OTxe, I y HbOMY BUNAAKY MATEMATHYIHA MOIEIb PYXY MAaATHUKA
CKIAJaeThCA 3 JudepeHmiaIbHoro piBHAHEA (4.3) | MOIaTKOBUX yMOB

¢(to) = o, ¢'(to) = @g- (5.3)
Posrasmemo me oJuH OpHKIaAL HAUIPOCTIIOro AndepeHIialbHOrO PIBHAHEA BUIONO [O-
PAIKY.
ITpuxknapg 3.3. Hexan maeMo piBHAHES
y"” = cos z.
Ocxinpxn ¥y = (y')’, TO Hame PIBHAHHA MOXKHA 3AIMCATH y BHIVIAT
(') =cos z
1y’ 3HAXOAUTLCA AK MepBicHA nas GyHkIii cos T
y' =sin z + C].
Orxe,
y=—cosx+ Cix+ Cs

1 MOXKHA CIOAIBATHCA, O CiM’A po3B’A3kiB piBHauusa (1.3) Gyxe ommcyBaTncs DYHKIIEIO, AKa
3alexuTh Big n napamerpis C1,...,Cy (n — mopagok pisusmaa (1.3)).
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Osnagenns 3.3. Dyuxmia y = ¢(z,Cy,...,Cy), AKa 3aI€XKUTH Bif 3MIHHOI ¥ 1 mapaMeTpIB
(crammx) C1, ..., C,,, HA3UBAECTHCA 3araJbHUM DO3B A3KOM DIBHAHHA (1.3), AKIIO AOBILTbHUH
O3B’A30K MBOrO PIBHAHHA MICTHTHCA Y 3arailbHOMY DO3B'A3KY Yy TOMY CEHCI, IO BIH 30-
tpaxaerses y Buraagi y = o(x, CY, ..., CO) npr geaxnx Qixcopamnx smagennax CY, ... CY
nmapamerpis Cy, ..., C,,.

Jaa Ttoro, mo6 ¢HopMyTIOBATH YMOBU ICHYBaHHA Ta €IMHOCTI PO3B A3KY AJad4 DIBHAH-
nn (1.3), 3BegemMo 1e PIBHAHHA A0 HOPMAJBHOI CHCTEMM 3BUYANHMUX AU(DEPEHINATbHIX piB-
IMHB.

Jlema 1.3. Pipuauns (1.3) exBiBaIeHTHE 10 HOPMAJIBHOI CHCTEMH

[
y] - ?/27
At —
Yo = Y3,

...... (6.3)
Yn—1 = Yn>

7/11 = f(il', Yy oo vy y'n)

WHYAHHIX JHPCPEHIIATLHIX PIBHAHL, TOOTO AKIIO Y = @(x) € poss w3xom pisnsauist (1.3), To
nexrop-pyuxnia (p(x), ' (1), ..., p" =Y (x)) 6yae poss saxonm cucrean (6.3), a AKm0 BeKTOP-
(hVHKITLA

() = (pr(a), ..., on(x))
¢ po3B’sasroM cucremu (6.3), To pyukniz y = p1(x) Oyae poss’azxom pisasaag (1.3).
Josedennn. Hexau cnodarky y = ¢(x), « € (a,b), - poss’asox pisaanus (1.3). Posrusmemo

BOKTOP-(YHKITIFO

-

O(x) = (), ¢ (1), ..., "D (a)).

Ouermgno, U(z) € C*({a, b)) i obmacTio Busnatenna cucremn (6.3) € 06macTs (. 3a YMOBOIO
(z, 0(x), ¢ (x),...,e" " V@) e G, =€ {a,b),

I, MACTABAAIOYHA (PyHKITIIO Lg(r) B cucremy (6.3), OTPUMAEMO OYEBHIHI TOTOMKHOCTI:

LT (@) = ot (),

2(2) = ¢ (2), ¢'(x) = " (2). .
: z), .., (@).

©"(z) = flx, oa), ¢'(

Taxum amHOM, 1)(2) € po3B’a3KoM cucTemu (6.3).
Hexau Temep masmnaxu,

() = (p1(x), ..., on(x)), z€(ab) —
03B’ A30K cucremu (6.3), TO6TO
P1(x) = pa(2), 9o(7) = @3(@), .-, 1(2) = @ul(2),
‘P;z(x) Ef(x)L/Ql(x))"'v‘vpn(m))? T € <CL,b> (73)

Ockinpxu @o(z) € CH{{a,b)), To vi(z) € C*({(a,b)) i nepmy ToToxuicTs (7.3) MOxKHA
audepernitoBatu mo v ¢ (x) = ¢h(z) = ws3(x). 3oy ¢3(x) € Cl({a,b)); Tomy
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o1(x) € C3({a, b)) 1 ¢ (x) = ¢h(x) = @4(x). Mipkyoum naxi aHAJOTITHUM YMHOM OTpH-
MAEeMo, 10

p1(x) € C"((a,0)) i ¢\ (2) = @), (2) = fl201(x), .01 D (@),
10670 ¥y = @1(x), * € (a,b), € poss’askom pisuaura (1.3). Jlemy goseneno.

o — . . . -1 .
Hexant 20,90, --,Yq ! _ noslapHI Uncaa TAK, MO (o, Yos---,yy ) € G. Toal pas cucre-
Mu (6.3) MOXKHA 3a4aTH MOYATKOBI YMOBH

y1(zo) = Yo, -, yn(wo) = yo " (8.3)
fAxmo g(x) = (p1(x),..., ¢n(x)) — posp’a3ok saga4i Komi (6.3), (8.3), 10 y = ¢y (x) Gyze
poss’askom piBrarud (1.3). Ilogusumocs, Axi yMoBH 3a10B0IbHAC HYHKIIA 1 (). OdeBUAHO,

w1(xo) = Yo, @) (20) = pa(x0) = YL,

e (w0) = @h(xg) = pa(ro) = ?/3, S

n—1 " —
80(1 )(fﬂo) = %1,(230) = iUol !

Tomy nmogaTkoBl yMOBH s piBHAHHEA (1.3) MONHA 3anucaTu y BATIALI

y(z0) = yo. ¥ (z0) = s,y P(xo) = yy " (9.3)
3aaatia 3HAXO[KEeHHI Po3B A3Ky piBHAHEA (1.3), AKWK 34 0BOALHAEC TOYATKOBI yMOBH (9.3),
HA3WBAETLCA 32124010 Kol aasa mhoro piBHAHHA.
3oxpema, HaBegeHl npukaagn 3aga4 (2.3), (3.3) 1 (4.3), (5.3) e sagagamu Kol s pisusann
APYyroro HOpAaAKY.
fAx yxe 6yno gosegeno s aemi 1.3, 3agaga Kom (1.3), (9.3) exsiBanenraa g0 sagat Ko-
wi (6.3), (8.3) gan HOpMaUbLHOL cucTeMr. 3amunieMo cuctemy (6.3) y BATVIAAI

y’l/':f’l‘r('rﬁil/la"wy'n)y iZl,...,n,
e

fl (.”I}', Y, - -, ?/n) = Y2, f’n~1 (.’IT, Yy - il/fn,) = Yn,
f?’L(-"L'v Yiy-- s yn) - f(-/j"a Y1y -y yn)'
Ocxinpku GyHRI fi (2, Y1, ..., Yn), ¢ = 1,...,n—1, € HENCPEPBHUMH | 3aJOBOILHAIOTH YMOBY
Jhmmwns sa sMimauMu yq,...,y, 31 cramow L = 1 y Bewomy mpocropi R*YL 1o ymosn
IcHYBaHHA Ta €IuHOCT] po3B’A3Ky 3aa4l Komi (1.3), (9.3) samexars Jauure Big BIaCTHBOCTCR
dyuxuil f(x,y1,...,y,). Copasesinsa Teopema.

Teopema 1.3 (icuyBaHHA i eguHOcTi). AKIo HKIOIA f(x,y1,...,Yn) HENEpepBHA B
bl ? J

obaacti G 1 3a70BOJbHAE B 1in obaactTi yMoBy Jlimmmua 3a 3MIHHUME Yy, ..., Y,, TO IIA

JOBLIBHOI TOYKH (X0,Yo, .-, Yy ") € G icHye eqmmuii HEIPOLOBAKYBAHIE PO3B’A30K 3a4adi

Komi (1.3), (9.3).

3ayBazKUMo, 10 Ha migcTaBi emu 1.3 MoxkHA chHOPMYMIOBATH TEOPEMY PO HEIEPEPBHY

3aleKHICTE PO3B’a3Ky 3aaqi Komi (1.3), (9.3) Big HOMaTKOBIX JAHWX To, Yo, - - -, Yy

3aysakenHsa 1.3. Anaroriyao gk Iy BHIAAKY PIBHAHHA HEPIIOro HOPAAKY, MOXKHA PO3IIA-
JaTH HEABHI JU(epeHiaIbal DIBHAHHEA (Auepeniaibal pIBHAHHA, He PO3B A3aHI CTOCOBHO
CTapIol HOXIAHOI) BHIINX MOPAJKIB, TOOTO DIBHAHHA BHIIALY
/ n
Flz,y,y',...,y™) =0, (10.3)

ge ¢pyukuia F e memepepsroro 8 o6racti G C R*F2, fxk i V BUDAKY 1 = 1, KpIM HO9aTKOBHAX
vmos (9.3) norpibro me 3axatm y") (xg) = yP i 38’130k MDK dHCIAMHE T0, Y0, . . . Y. TobTo
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HOUAMKOET YMOBU 0af piensnna (10.3) mamumymys eueasd:

y(0) = Yo, ¥'(w0) = ¥g- - y™ (x0) = 5,
F(zg,y0,---,y5) =0, (11.3)

npuvwomy (o, yo,-..,ys) € G.

Awxwo Pywwyia F o ii wacmunni noxidwi Fy, Fy, ..., Fym) € nenepepeni y deaxomy oxoai
mowrt (xo, Yo, - - -, Y§) + Fyo (To, Yo, - - - 4y) # 0, mo 3adava Kowi (10.3), (11.3) mae edunudi
P036 230K, 6UHAUEHUT Y JEAKOMY OKOAL MOUKY (.

§ 2.3. MeToan inTerpyBaHHs PIBHAHL BUIIHNX HOPALKIB

Y mapomy naparpadi MU PO3TIAHEMO AeAKl TUHNU PIBHAHB N—I0 IOPAAKY, sKI MOXKHA
pO3B A3aTH ab0 X0Ua 6 3HU3UTU 1X IOPAAOK, TOOTO 3BECTH A0 AA(PEPCHIATIbHOT'O DIBHAHHA
nopaaky k(k < n).

1°. HaumpocTinii piBHAHHA N-T'0 MOPAAKY. SIKIo pIBHAHHA TOPAAKY 7 MOKe OyTH
JATTICAHEe Y BUTJIANI

g = F(a), (12.3)

ae f(x) memepepsHa HA TPOMDKKY (@, b), TO JETKO 3HAWTH UOT'0 3aralbHu po3s a30k. Crpan-
Al, OCKIILKHT
(n) _ n—1)y/

TO MH MOXKeMO 3amnucarn piBHaHHA (12.3) Tak:

) = f @)

SBLIKY
@€

s = [ sy i

ae C — MOBLIBHA CTaNa, a Lo — AKA-HEOY b (hIKCOBAHA TOYKA 3 TPOMIKKY (a.b).
AHAJIODITHEME MIPKYBAHHAMHU 3HAXOAUMO!

T Ty
ym-z)://f(t)dtdm]+Cl(.r—fvo)+02a

o o
T Ty X1
. C L — ?
y(n-3) : ///f(t) dtdﬂ?l d_fEQ + _l_(_%_'__@ -+ CQ(Q} — 5170) + CB,
g o To .
T Tn—1 T
y:/ / .../f(t)dtdl’ldl‘g...dl‘n_1+
o X0 o
Cl(x _ mo)n—l

1) + -+ Cro1 (@ — x0) + Ci. (13.3)
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Tyr Cy,...,Cp, — noBineHi craxi. OueBngno, popmyna (13.3) gae 3araabHUU PO3B’A30K Pi-
saaAHEA (12.3). Cuopaspi, 3a moGygosoio ¢ymkuis (13.3) 6yge pos3s’sskom pisaamaa (12.3),
Aki 6 ve Oymm crami Cy,...,Cy. KpiM Toro, akmo y = ¢(2) — axui-He6y b PO3B’'A30K DiB-
mAnHaA (12.3), To Bim Moxke GyTu oTpumanni 3 dpopmyan (13.3) 3a paxyHOK BUGOPY CTAIMX
C1,...,C,. CopaBai, DOKJIaIEMO:

p(x0) = yo, @' (x0) =y, " (o) = yg "

Cxopucraemocs Temep dyukmicio (13.3) i Bubepemo crary C,, Tak, mob y(zo) = yo. Maemo

(10) n = Yo-

Anagoriano,

Tomy dyHKIIA

r Ty

l/:// /j Ydt daoyday .. dx, 1+

yp ! (:v — 1'130) ol

(n — 1)!

AKa € PO3B’A3KOM PiBHAHHS (12.3), 3a10BOABHSE T1 A caMi MOMATKOBI YMOBH, IO i @(x). Oruxe,
HA [OCTABl TEOpEME €IMHOCTI po3B a3Ky 3agadi Komi aua pismaumsa (12.3) p(x) s6iracrbes
3 pyHKIIEIO, AKa 3a1aHa dhopmyaon (14.3).

[Tepersopumo nepumuit goganox B (14.3) 1o 6inbur KOMIAKTHOrO BEINVIALY. Maemo:

+o g (@ = o) + yo, (14.3)

+

To Iy

//f Ydtdx, = /dfl/f t)dt.

o g

3aMIHUMO HOPAAOK IHTErDYBAHHA y MOBTOPHOMY IHTEIPaJi:

]dal/ )dt = /f df/({71~/f Yo —t)d

Towmy
/f(t) dt dz, = /f(t)(xz — t)dt.

ANAaIOrivHO 3HAXOIUMO:
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T3 Tz T1

///f dfdacldxg_/dmz/f V(s — )dt =
:/f()dt/(Q—tdrg_ /f (25 — 1)t
/wm/ | /f Ydtdrydzy ... de,_y = m/zf(t)(x—t)"—ldt,

Temep MM MOMKEMO BANMCATH 3ATATHLHAR pO3B A30K pisHAHHA (12.3) y BUrIam

LNk
= Chr—ryr (2 — 20)
SR e
Y (n-1) / St + Z (k—1)!

k=1

2°. PiBHAHHA, AKI He MICTATHL IIYKaHOl (PYHKINI Ta 11 HOCJAIJOBHUX MNEPHIMX
noxigHuX. Hexan zajano piBHAHHIL BAIVIALY
Ao (k) (k41 )y P
l*(:z,,y( oyt oyl )) =0, (15.3)

npuroMy noxigHa k-ro (kK > 1) mopaaky o60B’A3KOBO NpucyTHA y piBHAHHI. BBegemo HoBy
HeBiOMY (PYHKILO z(1), NOKJIABIIN

KY (o
y M (@) = 2(2).

Toxi pisrauusg (15.3) mepenumerscs Tak:

n !/ L — R s

Fle,z, 2. 2Ry = 0. (16.3)
e pisuanna (n — k)-ro nopsaaky. Taxkwna YMHOM, HAM BJAJOCHA 3HU3UTH HODPAIOK PIBHAH-
ua (15.3) Ha k oauHMNb.

[IpunycTuMO, IO MU 3HANNLIN 3aTaJbHAN PO3B’A30K PiBHAHHA (16.3)
Z = w(.l’, C], ey Cn—k)-

Tomi, BpaxoBytoun 3aMiHy, MaeMO

y(k) = CU(QT, Cl, .. ~7Cn—k)-

OTxe, MU OTpUMAIN PIBHAHHA yKe PO3TIAHYTOrO Buile TUlly. lHTErpyo4m uoro, 6yireMo
MATH 3aCalbHEIN PO3B’A30K BUXIAHOrO piBHaAmHA (15.3):

y=p(x,C1,...,Ch).
IIpuknag 4.3. 3agano PIBHAHHA

4y +y" = dxy”. (17.3)
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Ioxaragemo y' = z(x). Toxi

abo
22
—i—. (18.3)

He ~ piBaanns Kaepo. Moro saraabHui po3s’a30K Mae BUTIAL

C?
z2=Czr — e

Tor
oMy o
y = Cx — vy

y=Cia? — Cla 4 Cy (C =20).

Ie i € saranbEUA po3B’A30K BUXIAHOTO piBHAHHA (17.3). KpiMm Toro. nipagaEs (18.3) Mae
. _ , y P

ocobmmBuil po3s’a30K z = x*. Womy Biamosigae pismanmsa y' = x2. Tomy
e
Y= 3
3

TeXK € PO3B’A3KOM piBHAHHA (17.3) aas goBursHOl cranoi Cs.
3°. PiBHAHHA, AK]l He MICTATEL He3aJlexXHOI 3MiHHO1L. Hexall MaeMO DIBHANHA BUNIALY

Fly,y's....y™) =0. (19.3)
Beegemo HoBy HeBigomy dysKUio z(y) 3a GopMmynon
y' = z(y)

1 mpuiiMeMo Y 3a Hesanexny sminry. O6uumcrmmo 3, ..., y\") wepes z i 1i noxiani. Maemo:

g dy' dz(y)  de dz
Yy = 5= - 2| % )
dx dx dy

?///__dy//____d_ dz-, —_d; _d_zv (.ig—
VT e T de\dy”) Tdg\dy) dz

d*z n dz\’ z d%z
== 2z — = Z., — ., —
dy? dy SRR dy’ dy? )’

Towmy piBrsuss (19.3) mabepe Buraagy

I3 N dz dz dn—1z 0
Y, 2, Zo— oo wn 2, =, —— = 0.
4 2 dy dy dyn—1
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Ile piBEAHEA TOpsIKy n — 1. fIkmo Mu 3HAKIEMO MOr0 3aralbHAN PO3B’A30K
Zz = TL’(yvC]a .. 'an—l)7
TO, MOBEPTAIOIUCH M0 NIYKAHOI (PYHKIII ¥, OTPUMAEMO DIBHAHHA
/ / ~
Y — U’(U» Cla ey C"n—l)'
SIHTerpyBaBII KO0, MATHMEMO 3ArAlbHUNA PO3B A30K piBHAHHA (19.3).
3ayBaxnMo, IO NP BKA3AHIE 3aMiHl MH MOIVIE BTPATUTH PO3B’A3KH y = const. Tomy
noTpibHO mokmacTn y pisusuaai (19.3) v = m. Byxemo maru
F(m,0,...,0)=0.
Axmo orpuMane PIBHAHHA Mae JIUCHI KOPeH] m = 1y, 10 piBHaaas (19.3) nonyckae poss’ss-
KIL Y = Ty
Ilpuknapg 5.3. 3ajaH0 PIBHAHHSI

(14 v " = By* = 1)y (20.3)

Moxmasinm y' = z(y) 1 OPREMAIOTIN y 32 HC3AICAKHRY 3MIHHY, MA€MO

. dz
Yy =z
A
Takx 1o pisasaas (20.3) nabepe surasy
-~ oy dz _ Y )
(14w )"I/Z@ = (3y° — 1)z". (21.3)
3BiacH
_ 5, dz - 9
L+ y )y =By — 1)z,
dy

dz  (3y* — 1)dy

=yl +y?)
In|z] =2 In(1+9%) — In ly| +1n |Cy],

Y

2
e = (.
Ty
[loBepraruncs 10 ¢yuKIi y, OTpUMAEMO
W _ -
(1+y%?
3Bigcu
1
— = 2Chz + Cs.

14942
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Hoxaapmm rerep 8 (20.3) y = m, maemo
(1+m*)m-0=(3m?-1)-0.

OcKinbKY 11e DIBHAHHA 3a0BOJBHAE JOBLIbHE 1M, TO PO3B’A3koM pisusauusa (20.3) 6yne dym-
kuig y = C, ge €'~ goBiIpHA cTANa. 3ayBaXKHUMO, IO €U PO3B A30K MU MOIVIH OTPHMATH 3
piBHAHHA (21.3):

z =0, "=0, y=0C.

4°. PiBHsAHHA, OJHOPIAHI IO40 MIyKaHol PYyHKHIl Ta i1 rmoxigaux. Hexal mMaeMo
PIBHAHHA BUTIATY
F(:Lf,y,y',...,y(”)) =0, (22.3)

y akomy ¢yHknia F e omnopignoro dyrkmico moxo v,y ..., y"), ro6ro 1 JOBUILHOTO ¢
Mae Micie TOTOXKHICTH

Flaty,ty' oty =t E(e gy, y™). (23.3)

Beegemo woBy meBigomy ¢yuxuino z(x), noxrasmm ' = zy. Tomi:

Tomy pismsuua (22.3) nabepe Burasay
Flr oy, yz ywa(z, ), ywn (2,2, 2700 207Dy = o,

Buxopuctaemo Temep Baactusicrs (23.3) ¢pyuxmii £, asasum 3a 1 amiany y. Toml ocranme
PIBHAHHA TEPEMAIICTHCH TaK:

Yy (a1, s wa(z, ), wn (2,27 27 z(”_l))) = 0. (24.3)
Piguauns (24.3) € (n — 1)-ro nopagxy. Hexai
z2=w(z,C,...,Ch_y)
€ WOro 3araJbHuM po3s’asxoM. Toxi

y/ — yw(IL',C], . .,Cn-—-l))

€T

Y :F(jn eXp(\/‘W(E,Cl, H ',Cn—~l) df)

o

Oyze 3ararpHIM PO3B'A3KOM PiBHAHHA (22.3). 3ayBakumo, 1m0 ¢ = € JACTKOBUM DO3B’ A3KOM
UBOTO PIBHAHHA, AKUU OTPUMYETHCA 3 3araabHOro npu Cp, = 0.
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IMpuxkaax 6.3. 3axano piBHAHHA

vyy” +ay” — gy = 0.
| loknasmm y' =

z(x)y, vy = y(z + 2%), maemo

(2 + 22) Fay?? —yPa = 0.

Ockiapku y = 0 yBiijge B 3arajbHUN PO3B’A30K, TO OTPAMAEMO PiBHAHHA bBepry.l

vy — 7z = —2xz?
[aTerpyotu noro, O6yaeMo MaTu
a
224+ O
Toni
’l// _ Ty
‘ 1'2 + C'] '
1

y = Cor/a? e

¢ 3araJbHIM PO3B A3KOM BUX1THOMO DIBHAHHA.

5°. YzarajibHeHe oJHOPiJHE PIBHAHHA. JHOBY posriaaHemo pisusaas (22.3). Hexan
aaa Gyukiil Ficnye raxe mivicHe 9ucao ko s BeiX ¢ BUKOHYETRCS TOTOXHICTH

Fta, thy t" Yy o =y Yy = ¢ Py, y ). (25.3)
Toxi pisuanma (22.3) 6yACMO HA3UBATH Y3ADAJILHCHUM OJHODITHAM.
Bsemgemo HOBI 3MI1HHIL

(z,y) = (t,z) (axmo x> 0)
3a dopmyramu

2 y = z(t)e"", (26.3)
(Axmo x < 0, To 3amina x = —e', y = :(I,)«"’/. Bupasumo ', ...,y qepes

_dz d"z

/./, /t 900 ey (lf’]), .

Ilepm 3a BCe 6yaeMo MaTH

g by _dvdt dy
dx dt dx dt ’
abo

dy
/ —t
Yy = —e °,
Y dt

TOOTO TOXIAHA B ¥ 3a CTAPOIO 3MIHHOIO I JOPIBHIOC IMOXIiJHIN Bijf ¥ 32 HOBOK 3MIHHOIO
noMHOKeHIN Ha et Toni, BuKkopucToByIOIH APYTY 3 dbopmya (26.3), 6ymemo MaTn:

dz
/ — hniad kZ (k—l)t‘
Y <dt + >e
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AHAJOTIYHO 3HAXO0JUMO:

&y dy . d[[de o
nm_ % t_ 2k )'(lc Dtf—t _
VS T a s Ta|\a ) ‘

dz d?z ,
— s 2 22 ) e(k=2)t
”2<’dt’dt2)€ ’

"o dy” . CZ'!/N —t (_{ @ d2» T
e T a T a |\ )¢ ¢ =
— éwQ 513 Owy A%z Owy d3z Q=)

dz dt

9z dt?2 ' 9z dt3

dz d?*z . dz d*z d°z )
k—2 Epaialy PAC et LR z = ’ /(k—..s)z’
. )w2< L dt dt“’>c NS NPT TR TEN

[lircrapaaoun 3amicrs =, v,y , ...,y ix BUpa3n y piBasgHHA (22.3), OTpUMAEMO PiBHAHHA

BULIALY
: dz : dz d"z ,
Flet zeft [ =2 4 kz |elb—Dt nlz, —, ..., - UL Y
(( e dt * ‘ v\ T )

3Bifcm, Ha migcTasl TOTOKHOCTI (25.3), BUIIMBAC DIBHAHHA

dz dz d™z
Fil, el —+kz ), . w2, —y ., —— = 0,
< T (dt * > “ ( dt dir ))

AKE HE MICTHTDb ABHO HE3AMCAKHOI 3MIHHOI ¢ 1 ONyCKae 3HUKCHHA MOPAAKY HA OIUHUIIO.
Hpuxnag 7.3. Posrassemo pisnanas

2ty — (2% 4 20y)y + 4y? =0, 2 > 0. (27.3)

[ligzcTaBumMo y By  €acTWHy ULOTO pPIBHAHHA  3aMICTh (x,y,y',y") Blamosigmo
o — —92
(tx, thy, t* Yy’ t5=29") Byremo maru: .

F(tz, thy, th=1y. tk,—-Qy//) _ tk+2a:4yu RSy 24%% gy + 447Ky,
Ha Toro, mob mpaBy 9acTHHY Iiel PIBHOCTI MOKHA 6yJI0 3AIMCATH Y BATIALL

t"E(x,y, 4, y"),
noTpibro, mob k 4 2 = 2k, ro6To k = 2. OTxe,

F(tz, t*y,ty',y") = t'F(z,y,9',y")
1 piEARHA (27.3) € y3araibHeHnM OAHODIIHEM. 3po6uMO y HbOMY 3aMiny (r,y) — (t,z) sa
dbopmyramMu
z=c¢e", y=z(t)e*.
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Tom

dz d*z dz
/ iad m_ b= “e
y—(dt+22>e Yy dt2+3dt—|—2z

| piasHHEA (27.3) HabOepe BUNIALY
MM 432 4 22) — e (14 22) (2 +22) + 422t =0

abo
22— 222 = 0.

[Ie piBHAHHA He MICTUTHL HE3AJIEKHOL 3MIHHOL {; TOMY IOKIaJeMO

N i (]/u,7
2 =wu(z), =z e
MaeMo DIBHSIHHS
wu' + 2u—2zu =0 (28.3)
abo
u —224+2=0.
Orixke,
u=z%—2z+ CYy.
3Blacn
=2 =224 Ch. (29.3)
Tomy
dz It dz it
S — : — dt.
22— 224 Cy (z—1)24+Cy—1

Hexawn cnouarky Cy > 1. Hokmasmm Cy — 1 = C?, Cy > 0, 6yaemo maru

d’ 1)
o =t
CESEN

3BILIKA

arctg =t+ (9,

Cl Cl
z=1 + Cltg(Clt -+ Cg)

IoBepTalovucs 10 3MIHHUX T, i, OTPUMAEMO 3aralbHUN PO3B’A30K piBHAHHA (27.3) y BATIATI
Yy = $2(1 + C1tg(Cy In z + Cy)), C1 > 0.

Hexan renep Cy = 1. Toxi pisaanua (29.3) naGepe Burmsry
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3B1AKA
1 1
=C3 —t, =1 ,
z—1 3 & + 03 —1
1
2
=zf1l4+ —-—— .
Y . ( + 03 — In .13)
Haxinens, mexait Cy < 1. Ilokragemo Cy = —C?. Toxi piBHAHHSA (29.3) saummeTses y BUNIA L
d(z —1
A=y,
(z—1)2 = Cf
3B1AKHA
1 z—1~ Cfvl
In =t+ Co,
20, |z—-1+4C :

2 =10 =2z~ 14 21 t+C)
1L+ 4 (C) = 1) (10
N 1 — 220 (t+C) ;

a2 <l + Cy + (Cp — 1)e?cn(in ~”+C2))

Yy = 1 . (;52(71 (ln c4+C'y) o

~

Kpim Toro, 3 pisaanma (28.3) orpumyemo « = 0, 10610 2/ = 0, 2 — C. Tomy y = (2
Tex Oyfe PO3B'A3KOM BUXIAHOrO piBHsHHA. OTiKe, BCI PO3B'AIKK DIiBHAHHA (27.3) moxHa
3anmMcaT. PopMyIaMu:

. . 1
= Cx?, y=a%(14—— ;
4 Y ( Cy; —Inx

Yy = 172(1 + C1tg(Cr In x + Cy)), Cp > 0;

x? (1 +C1 4+ (Cy = 1)e2n m+02>>

y= BYa] ”
Y 1 — e2C1(In 2+4Cy) )

-

Ch <0.




I'JIABA 4. HOPMAJIBHI JIIHIMHI CUCTEMU
ANPEPEHIIIAJIBHUX PIBHAHD

§ 1.4. OCHOBHI MOHATTSA JIHIMHUAX CHUCTEM.
Teopema icHyBaHH#A 1 € JMHOCTI po3B’A3Ky 3aza4ul Kormi

O3snavenHsa 1.4. HopmauapHOK JIHITHOK CHCTEMOI 3BHYAHHUX [JUH(PEPEHIIATLHUX DIBHAHD
HA3UBAECTLCA CHCTEMa BUIVIALY

n

= Z (13(:1;)1“ + 0, (), i=1,...,n, (1.4)

j=1

ae xoedinienn aj () 1 sl wieHu b(x), j,1=1,...,n, — Hermepepnui Ha HpoMLKKY (a,b).

Axmo xoaa 6 ogua 13 Gynrmin b;(r), 1 < i < n, e ToroxkHO piBHA Hy/i0 Ha (a,b), TO
cucrema (1.4) HasuBaeTses Heoguopiguoo. fxmo b;(x) = 0,i = 1,...,n, To cucrema (1.4)
HA3UBACTLCA OJHOPLIHOIO.

Baysaxkumo, mo cucrema (1.4) susnadena s obaacti G = (a,b) x R”. Ockianknu (1.4) € aac-
TKOBUM BUITAIKOM HOPMAXLHOL cueremu (rmasa 2), TO DOYATKOBI yMOBHU A HOL 3AIIMITY ThCA
y BUTVIAL

y1(o) = ¥Ys - ynl@0) = Yo (2.4)

ne (xg, y?, oy — posibaA TOMKA 06macTi G.

Teopema 1.4 (icayBauusa Ta eguuocTi). fkmo

al (), bi(x) € C({a, b)), j,i=1,....n,

To 3aga4a Komrn (1.4), (2.4) Mae e uHIN HENPOAOBIKYBAHUH PO3B A30K, BU3HAYCHUH HA BCHO-
My npoMibky (a,b) xrsr 6yab-axoi Touxm (19,49, ..., y0) € G.

Hosedenns. Ilpumycrnmo, wo upomixor (a,b) e inTepsanoMm, To6To (a,b) = (a,b). Hexan
[ag, bo| ~ AOBLIBHMA BIAPI3OK TAKuUH, 10 (ag, bo] C (a,b) 1 29 € [ag, bo]. Jas gosegerus Teope-
ME TOCTATHBO MOKA3ATH, 110 ICHy€e € IMHUN po3B’a30K 3aa4i Kour (1.4), (2.4), BusHaYeHum
Ha BIAPI3KY [ag, bo|. Hosmaunmo wepes fi(x,y1,. .., Yn) OyHKII

file,yt, ooy Yn) = Zai(r)% +bi(z), i=1,...,n.
7=1

Ocxinbru al (x), j,7 = 1,...,n, HenepepsHi Ha [ag, bg|, TO 3rigHO 3 Teopemow Benepmrpaca
BoHE o0OMexkeHl HA [ag, bo|, TOOTO

lal(z)| < M7, ji=1,...,n

1

. o j - .
Hexam M = max M. Tloxaxemo, mo dysxuil fi(z, y1,...,Yn), ¢ = 1,....n, 3210BOILHA-
]31: 7""n

10Th YMOBY Jlimmmna Ha MHOXKEHIL |ag, bgl X R™ 31 ctaxoro M. Copas i
0, Y0 P Al,
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n

(el oyt oyh) = filw,yts oyl = D al @)yl — )| <
i=1

<Zfa Hy3~y]I<MZly] yi, i=1,...,n.

=1 j=1

Ax Bimomo (§2.2), sagaga Konn (1.4), (2.4) exBiBajeHTHA 0 CHCTEMH iHTErpaJIbHUX DIBHAHDL
xX
y1(.1“) = :l/qo + /fl<€? Y1 (5)7 SRR .?/’Il(f))dgv t=1,...,n. (34)

Tomy mocraTHLO JOBECTH ICHYBaHHA PO3B'A3KY cucTemm (3.4), BE3HAYMCHOIO HAa BLAPIIKY
[ao, bo]. BayBaxmmo, mo eaunicTs poss’asky sagadi Komi (1.4), (2.4) sumiubae 3 Teope-
Mu 2.2.

[ToGymyeMO TOCHLZOBHICTE BEKTOP-DYHKIIN

{7 (@)}, ") = (@' (x), .. @ (@), m=0,1,2,3,...,
3a popMyraMm

o (x) = y?,
r:1+l _ m
©; ) =y // (&, 07" (&), - ot (€))dE,

1=1,...,n, m=0,1,2,. (4.4)

7

Jlerxo 6axmTw, o Bcl dyukuil ¢ (z) BusHadeni i HEMCPEePBHL Ha BLIPI3KY [ag, bo]. Mosenemo,
1m0 MOCMA0BHICTE {G ' ()} PIBHOMIPHO 36iraeThes 10 AEAKOl HOMEpepBHOL (hyHKILI] J(x) ua
IPOMIKKY [ag, bol, Koma m — oco. [aa mporo BBEICMO QYHKIMOHATLHUN PSJ, CKBIBAJCHTHAN

10 mocaigosrocti {F" ()} :
7 (2) + (07 () = @2 (@) + -+ (@ (@) =@ (@) + .. =1, (5.4)
[To6yxyemo mas psaxis (5.4) MazxopaHTHI 361KHI IUCIOBI pH,Zi’PI. BpaxoBywo+n nemepepsricTs

bi(x) Ha [ag, bg], Maemo:

|07 (2) = 5 ()] = ’/Tfi(f,so(f(fi),.--,wﬁ(é))dﬁ‘ <

s'f(zsa g1+ 1 ©1)a| < s 1of0) ~ ol @) =

= ‘/[ﬁ(&;@%(&),-n,@i(é)) - fi(f,sﬁ(f(ﬁ),---,tﬂﬂ(ﬁ))]dfi <
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’/Z\a ) 1e5(€) w?(€)|d£[ < MKnlz — xo);

o j=1
) — ()] = \ [>d@tsio - e
g J71
< M2Kn? [ _ inQ'
21 ’

[y () — %’“()|:’/Z” (&) [ (&) = 9" (©)]de

< M™Kn™ e = %
- m!

3BIACK OTPHMAEMO OIIHKA

(nM(by — ap))™

’¢1r1+1< ) m( ’ < ]\
m!

,m=0,1,2,...,0=1,....n.

OCKIIbKMY

i K (nM (bg — ap))™ — [enMbo—ao)

{e
m)!

=0
To paaym (5.4) pIBHOMIPHO 30iraioThea Ha [ag, bp]. Ilepengemo a0 rpanuni, Koam m — oo, y
dopmy.l

T () = 40 + /[Z 1O+ 0@ de i =1

Ha migcrasl pIBHOMIPHOL 301KHOCTI TOCIJOBHOCTEH {ap’” €)} ma Biapisky [ao, bo] 6yzemo
MaTH PIBHOCTI

n

pile) =y? + / [}:--«if(f) i () + m(&)} de, i=1,....n,

T j:: 1

JIA BCIX € [ag, bo]. OTxe, dyuxuia (p1(x),. .., pa(x)) ¢ poss’sasxom cucremn (3.4). Ana-
JOTI'HO PO3IVIAAAIOTLCA IHIN BUIAIKKA poMizkka (a,b). Teopemy mosegeHo.

Brenemo marpwuiio

(@ @
O e e

i BexTOp-cTOBIImKH § = colon(yy, . . ., yn), b(z) = colon(by(2), . ... b,(x)). Toxi cucremy (1.4)
MOYKHA, BAMUCATH Y BULVIALL

j' = A(x)§+b(x), (6.4)

a BIJIMOBITHA OJHOPIAHA CUCTEMA MaTHUMe BUTIAX

7' = A(2)7. (14
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§ 2.4. CTpyKTypa 3arajJbHOr'o po3B’A3KYy HOPMAJbHOI
JHIMHOI O AHOPIAHO] cCUCTEMU

Posrasnemo cnodarky cucremy (7.4). Has toro, mo6 ¢hopMyIIOBATHE BIACTHBOCTI PO3-

BSI3KIB Ili€l CHCTeMH BBEeIeMO MOHATTA JIHINHOI 3aJeKHOCTI Ta He3adekHOCTl QYHKIIN Ha
MIPOMIKKY.

Oszuavenus 2.4. CykyIHICTEL (ByHKIIN

1
<

FEe) = (PF (), o)), k=1, m,

31

HA3MBACTHCA JIHIHHO 3AJCHKHOI0 HA IPOMDKKY (a,b), Axmo icuyiors Taki craxi Cy, ..., Cyy,,
AKI He JOPIBHIOIOTE OMHOTACHO HYJIIO, IO

! () 4+ -+ Chn @™ () =0, x € (a,b).

Y npoTmACKHOMY BHITAAKY CviyvomicTs (Gyaxnid GF(ae), k = 1, ... m, HasuBaeTbes AIHITHO
HE3AJICIKHOIO.

HapexeMo mpuxiaam AIHIMIO HEBAICKHUX Ta JHITHO 3a0eKHAX (PYHKINNA Y BATIAIKY 7 = 1.
Hpuxkaag 1.4. PosrusaHemMo cyKynHICT (DyHKITIT

Lo o, o ™ (8.1)

Jerrxo Gammrn, wo ganl QyHKIIL ¢ JIHIMHO HeBAJCKHAMUI HA OVIb-AKOMY TIDOMIKKY (@, b).
E ) Yl ! 3
Copasl, CIriBBlIHOUTCH
Co+Chiat--+Ca" =0 (9.4)

¢ anrcOpalTHUM PIBHAHHAM, CTEMIHDL AKOIO HE TCPEBHILYEC FUCAA 170, SAKIIO XOUIA O OJUH 3
koedigenTis Cy, ..., C), BIAMIHHINA BiA 0yad. Ale Take PIBHAHIA He MOYKC MATH OLTBIIC Hizk
m AIMCHUX KOpeHiB Ha (a, b), To6TO ToToxkHICTE (9.4) MoxkIuBa Jaume Toal, koau Cy = 0, ...,
Chy = 0, a 1e o3ratae, mo Qyarai (8.4) e muinmo nesarexnavmu qa (@, ).

Ipuxknag 2.4. Hexan maemo Qpynxuil

1, cos? x, sin? €.
OcKiTbin
1 —cos?x —sina =0

HA JOBLILHOMY NPOMIKKY (@, b), TO madl (pyHKIL € JIHIIHO 3ATCKHIMA.

[lepengemo remep 10 BUBYUEHHA BIACTUBOCTER DO3B’A3KIB OMHOPIAHOL cucremu (9.4).
Teopema 2.4. fAxio poss’aszok y = ¢(x) cucremu (7.4) obepraeThcsa B HyAb Y ACAKIH TOTII
xo € (a,b), To F(x) = 0 Ha {(a,b).

Hdosedenna. Hexanr G(xg) = 0. Posrasremo sagaay Komn s cucremn (7.4) 3 HyanOBEMA
[IOIaTKOBUMY YMOBAMIL

y(xo) = 0. (10.4)

Toxl, ogeBnano, sagata Komi (7.4), (10.4) mae gBa poss’ssxu: ¢ = 014 = J(x). Ha migcrasi
TeopeMu €iuHOCT1 1.4 BOEM noBumHHI 36iraTucs, To6To G(x) = 0 ma (a, b).
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Teopema 3.4. Hexan §'(z), ..., ¢™(x) - po3s’asku cucremu (7.4). Toxi QpynKmis

=Y Cig'(x) (11.4)
1=1

6vae po3s sa3koMm 1fiei cucremu a1 goBlabaux craxux Cy, ..., Cp,.
) 1 :

Aosedenns. Hixcrasamo dpynxmio (11.4) y cucremy (7.4). Maemo:

T m,

7A@ =Y CilF () =D G A (x) =

1= 2=1

.

DU - AlF ),

=1

Ocklnbru |
(G () = Al)g (), i=1,....m,

o i — A(x)y = 0 na (a,b).

3ayBaxenns 1.4. [loswaumo  wepe3 £ MHOXKHHY  BCIX  PO3BA3KIB  CHCTE-
mu (7.4). Togi Teopema 3.4 crpepixye, mo MHOKHHA L € JHIMHIM [IPOCTOPOM Haj [10-
JeM qcnux (KOMIVICKCHIX) MHCCL.

Teopema 4.4. Lot Toro, mo6 poss’saxu G (a), .., G7(x) cucremu (7.4) Gyan ainiino
3AACKHIMIE (HC3ATCKIHME ) HA IPOMIZKKY (@, D) Heo6xiaHo I JjocTaribo, mjo6 sexropn G H{(xg).
G (o) Oyau JMIHIAHO 3AMCKHAME (HO3AJICHKHIME), ¢ To — AKa-Ae0y b To4Ka 3 (a,b).

Josedenna. Slmo dpyuxmii 3 (), ..., G (@) mutitno 3anexni qa (a, b), o sexTopu @1 (xg),

o @7 (rg) mminEO 3asexil T JoBiIbHONO g € (a,b). Hexam reuep masmaku, BeKTOpH
aﬁ l( 20). - G (g) MO BAACKHI T TeAKOro g € {a, b), Tooro ichyors Taxi crani CY,
, CV Ak HE BCL QOPIBHIOIOTE HYJIIO, 1O

(‘(l)(ﬁ ! (.’ll()) boeee ot (v””—:m (.l,f()) = 0.

Posrusizemo dyHKIIO

Flx) = CY3 (@) + -+ Ch, g™ (),

Axa Ha nigcrasl Teopemu 3.4 € poas’asxom cucremu (7.4), npuaomy G(xp) = 0. Tomy, Bpa-
XOByOYH Teopemy 2.4, oTpuMaeMo

Fx) = CY@ () + -+ C¢M(x) =0

ma (a,b), mo # goBoamTH FiHiFHY 3amexmicTh dymkmin F(z), ..., ™ (x). Hexait Terep
dbyaxmii F(x), ..., 997"( ') AiHInHO HesamexkHl Ha (a,b). Akmo opunycruTu, mo 4Ia 4esKoro
ro € {a,b) sexropu G'(xg), ..., g™ (xo) MHIIHO 3am€KHI, TO Ha MiACTABI N0BCAEHOTO BUILE
dymxmii GH(z), ..., g™ (x) sniltao 3aMXkKH] Ha {(a, b), MO CyIepeduTs TPUIYIICHHIO.

Osnavenns 3.4. Cykynmicts n po3s’askis gH(z), ..., ¢™(x) cucremu (7.4) HazmpaeTbCs
(byHIAMEHTAIEHOI CACTEMO PO3B’A3KIB, AKIIO BOHA JIHIHHO He3alexkHa Ha {(a,b). '
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Teopema 5.4. [Jua cucremu (7.4) 3aBxau icHye QyHIAMEHTAIbHA CHCTEMA DO3B A3KIB.

Mosedenms. Hexarr @', ..., @™ ~ goBirbHA CYKYTHICTD JHIMHO He3aleHIX BEKTOPIB. BusHa-
a0 posB’asky G (x) cucremu (7.4) 3a HOYATKOBUME yMOBAMHU

Flxg)=a' i=1,...,n, 29 € {a,b).

Ockinpku BekTOopu @ l(z0), ..., ¢™(xp) JMHIEHO He3ate:KHi, TO Ha migcTasi Teopemu 4.4
posp’aaku G (), ..., F™(x) muifHO HesamexKHI, TOOTO YTBOPIOIOTH (DyHIAMEHTAILHY CHC-

TeMy po3B’A3KIB cucremu (7.4).

3ayBaxkeHHA 2.4. fIKx BuUILIUBA€ 3 JOBEACHHA TeopeMu 5.4, IcHye 6€3.1i49 (pyHIAMEHTAIEHIX
CHCTeM pO3B’A3KIB guaa cucremu (7.4).

Hexan

F@) = (@) (@), =1 - (124)

reAKa CYKYHHICTH pos3n’askis cucremut (7.4). Crra eMo Ternep MaTpHIo

ei(x) .. i) |
en(x) o ()

k-THM CTOBIMUKOM AKO1 CIy2KnTH po3s 30K G ¥ () cucremu (7.4). Busnaumuk matpui (13.4)
Oy 1eMO HA3HBATH BU3HATHMKOM BPOHCBKOIO CyKynmHOCTI po3r’a3kiB (12.4) i mo3HAMATUMEMO

W(x).

Teopema 6.4. /1a Toro, mob cykynHicrs po3B’a3kiB (12.4) Gy.aa JIHIHHO HE3AJICXKHOIO HA
{(a,b) HCOOXIAHO 1 JOCTATHBO, MO6 BU3HATHHEK BpoHCHKOIO W (x) uiei cyxynrocTi 6yB Bigmi-
HHHH BIJ HyJI4 X094 6 B O4HIH Toqnl x¢ € (a,b).

Hoeedenns. Hexan cyxynnicTs poss’askis (12.4) miHilHO Hesanexkua Ha (a,b). Toai wa mia-
crasi Teopemu 4.4 extopu @ '(xg), ..., F"(wg) MiHIHO HezaTeXKHI i TOMY, AK BigOMO 3
arrebpu, CKIALEHNN 3 KOOPDAWHAT IIX BOKTOPIB BU3HAYHUK -

1¢. N
QD,H(.T)()) st Lfo?’L(‘I"())
Biaminani Big myna. Hasnaxw, axmo W(xg) # 0, To BexTopu @1 (xg), ..., F"(xg) mimiitmo
He3aJekHl 1 Ha miacTasl TeopeMu 4.4 po3p’asku (12.4) miHiHO He3axexkH] Ha (a, b).

3ayBaxkennsa 3.4. Axmo HeoOxigHicTH Teopemu 5.4 Mae Mmicre AIA JOBLILHOI CYKYMHOCTI
dyuxnin (12.4), Henepepsraux Ha {(a,b), TO 1A JOCTATHOCTI CYTTEBO € Te, MO (DYHKLII CYKy-
nrocti (12.4) € poss’askamu cucremu (7.4).

Copas i, posriasaaemMo (pyHKIII

=21

Fi(x) = (¢i(@), w3(2)), i=1,2,

ne

py(z) =

{xQ, Akmo x>0, | 2z, saxmo x >0,
0, AKmo < 0 0, saxmo z <O0;
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¥ 3

2( ) 0, saxmo z > 0, 2( 0, saxmo x>0,
T) = "} =
xr°, sakmo x < 0;

33:2, Aakmo x < 0.

Ouesupuo, dynkmii F1(x) 1 ¢?(z) e ninifino HesasekauMu Ha Oy Ab-AKOMY iHTepBaL (—a,a),
a > 0, OCKITbKM TOTOXHICTE HA (—a, a)

Ch@ M) + Cod?(x) =0

Moz AUBa aume Toal, kom Cp = 01 Cy = 0. Y Ton xe 4ac

Mo 2(x
we = o) o

Ha (—a,a).

Teopema 7.4 ( Ipo CTPYKTYPY 3arajibHOr0 po3B’A3KYy OJHOpifHOl cuctemn). He-
xan GY(x), ..., §"(x) - pyHaamenTarbHA cucTeMa po3B’A3KiB cucremu (7.4). Tomi sarans-
HUH po3B’A30K cucremu (7.4) 3amcyerses y BUDVIA LI

el (14.4)

7=1

qe C'y, ..., C), - ZOBLIBHI CTAJI.

Aosedenns. Tloxazkemo, o OyAb-AKUN PO3B’A30K cucreMu (7.4) Moke OyTH OTPUMAHUN 3
dopmymn (14.4) 3a paxynox subopy cramux C, . .., C,,. Hexan J(x) ~ axun-ne6y 1b po3B’ 430K
cucremu (7.4). Po3ragaHeMo CUCTEMY JIHIMHUX aarebpalTHUX DIBHAHD

Croi(xo) + - - + Crpt (o) = w1(o),

Crol (xo) + -+ Crl(a0) = ©n(z0)

crocosHo HeBigomux (', ..., C,,, me x, ~ axa-sebyab Touka 3 (a,b).

OcCKinbKI CyKyHHICTH PO3B’a3kis ¢ (x), ..., ¢™(x) ¢ AiHITHO HE3ATEHKHOW, TO Ha MiACTABI
Teopemn 5.4 BuzpadauK Bponchxkoro W(x) miel cykymHOCTI BigMIiHHEEA Bijg Hy/Id y TOYII
zo. Ame W(xg) ¢ susnavunxom cucremu (15.4). Tomy 1a cucrema Mae ¢IMHHU PO3B A30K
CY,....CY Posrusanemo QyHKHIO

T
=2 09
j=1

AKa € po3B’askoM cueremu (7.4) 1 3a70BOIBHAE Ti caMi TOYATKOBI yM0OBH, mO 1 dyukuis F(x).
Ha migcrasi Teopemu 1.4
"’J
Z L

o 1 TOTPIOHO GYJIO TOBECTH.
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3aysaxenns 4.4. Hexan g'(z), ..., §"(x) — axa-HeOy b pyHAAMEHTAMLHA CHCTEMA CHC-
TeMa po3B'A3kiB cucremu (7.4). 3rigHo 3 Teopemoro 7.4 KOxHHH po3B’A30k cucremu (7.4)
MOXCHA 300pasuru ¢opmyior (14.4), To6T0 Oygb-aKa CYKyNnHICTs po3B'a3kiB cucremu (7.4),
AKa MICTUTHL GLIBIIE HIK N BPYHKIIH, € JiHIHHO 3a1exkHo0 Ha {a,b). Orxe, 31 (x), ..., g™ (x)
VTBODIOIOTE 6a3MC JIIHIHHOTO BEKTOPHOro npocropy £ (3ayBaxensns 1.4) i po3MIpHICTE IPO-
cropy £ gopiBaioe n : dim £ = n.

Ak 6yno mokazamo y Teopemi 5.4 maa koxnoi cucremnu (7.4) icHye QyHIAMEHTATLHA CHC-
TeMa po3B A3KIB. BUABIAECTHCA MIO | HABIAKY 34 MEBHOIO CYKYIHICTIO 1 GyHKImNH G (x), ...,
G (x) moxuA 100y IyBATH JIHITHY OAHOPIAHY cucTeMy Buragny (7.4), mis skol CyKyIHICTb
), ..., F"(r) e QyHIAMEHTATLHOK CHCTEMOIO PO3B A3KIB.

Teopema 8.4. Hexan ¢'(x) € C''({a,b)), i = 1,...,n, npuiomy W () # 0 na (a,b). Toxgi
cykymaicTs pyaKnin G x), ..., F"(x) 6yre (pyHIAMEHTAILHOIO CHCTEMOK) PO3B A3KIB A
¢qnHOI ogqHOpigHOI cucremu i’ = A(x)y, BusHavdenol Ha OpoMiIKKY {(a, ).

Aosedenna. Byremo Bubuparn koedimientn marpuni A(x) 3 Tiel ymonu, mo gyakiil

FHa) = (¢ (x),. .., 08 (2), i=1,...,n,
¢ posB’sakamu cucremu (7.4). Byaemo maru

T

() () = Z (12(1)90'}(1) ki=1,...,n. (16.4)

j:

HARINO y mux CHIBBIAHOUICHAAX 3a(IKCYyBATH IHACKC Kk 1 BBAKATH 3MIHHUM IHJICKC i, TO CHCTe-
My OTPUMAHUX CIBBiAHOWEHL (16.4) MOMKHA POLMALATH AK JIHIMHY AnreOpaitaHy CHCTCMY
CTOCOBHO HeBigoMuX a(x), ..., al(x). Ocximexu MaTpuns cucremn (16.4) ¢ TpamcuonoBa-
HOIO 10 Marpuri (13.4), To BU3HAMHMK miel CHCTeMM BLAMIHHUT BIg HYI1 A0s BCix x € (a, D)
Ha mAcTasl yMmosu Teopemu. Orie, cucrema (16.4) mae equunit poss’n3ok a) (x), ..., af (x),
IPUIOMY, JeIKO O6aIuTH, o (PyHKI (I,AL: (), ..., ay(x) € BUBHAMEHNME | HCIICPEPBHAME Ha
{(a,b). 3minooum k Big 1 10 N, OTPEMYEMO TBeDAKCHHA TEODEMIL.

s goBejeHHs HACTYIHOL BAACTUBOCTI PO3B A3KIB cuctemnu (7.4) 6yae mOTPIGHO TPABIIO
nudepeHTiioBaAHHA BU3HATHIKA.

Jlema 1.4. Hexan (] (x)) — KBagpaTHA MATPUNA HOPAZKY N, CACMEHTH AKOI € qugepcHLi-
HOBHUMH (PYHKIIAMH Ha IPOMDKKY {(a,b), 1 Hexan W (x) — Bmsmavnux miei marpuni. Toxg
CHpaBeLTuBA POPMY.IA

W)=Y Wj(a), \ (17.4)
j=1

ae Wi(z), 1 < j < n, - BusHavyruk, orpumanmi 3 W (x) muigxoMm gucepeHIIOBaHHL j-TOr0
DAJKA.

Aosedenns. Bypemo posrasapary sussagaux W (zr) sk ckaageny gynkmito W = Wl () i
PO3BUHEMO UOTO 33 1-THUM DA TKOM:

W (gl (x) =D ef()Vi.
k=1
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Ty V; — anre6paidme momoBReHHA exeMeHTa @) . Tomy

dW (¢4 (1)) _ Z OW dpi(x) _

dx ynil dtpm dx
mn d /l' d m "n n )
- > Wy 3oyl Sy,
m,l=1 m=1[=1 m=1
OCKUILKH .
Wm/ - Z((pin(x))/‘//m
=1

¢ pospunenna susHaTHUKA W, 32 [-TUM pAgKOM.

=n

Teopema 9.4 (dopmyna Ocrtporpaacskoro—Jliysimna). Hexain 3'(x), ..., g"(x) ~
dyHFaMeHTANbHA CHCTeMa po3B a3kis cucremu (7.4). Toxl cupasegiuBa popmy.a

a€n

W (x) = W (xg) exp / S(€)d¢, (18.4)

ro
n .
xe xg - Axa-HeOy AL Touka 3 (a,b), a S(x) = Y aj(x) - caig marpuni A(z).
j=1
Hosedenns. [Mna obuucaenus noxiguol pyuxmii W(x) ckopucraemocs popmyaow (17.4). Pos-
rasaemo Wy (x) i Bpaxyemo Toir daxt, mo GH(x), ..., §"(x) ¢ poss’mxamu cuctemu (7.4).
Maemo:

Wi () — o) (‘.’,1:) cee b (1) _
sy e ()
Z_:lu’l.(z)&p/l(:z;) . 21(1,(1)99;'(1)
=1 ebw) A =
%1)(1) ........ ...... (p;lz([)
IR
TN 11 R (51
@L(x) ........ (p :IL (1)
S @l 3 adwew
e L g | =edewie).
@n(l) ............... (pn()

OCKITBPKE Yy OCTAHHBOMY BU3HAYHUKY HEPIIAN PAIOK € JIHINHOW KoMOGiHALEO permtu (n— 1)-
ro pAIKIB, TOMY BIH JAOPIBHIOE HYJII0. AHAJOTIYHO OTPUMAEMO, IHO

Wi(z) = al(x)W(z), i=2,...,n

OTxe,
W'(z) = S(x)W(x). (19.4)
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3rigmo 3 Teopemor 6.4 W(x) # 0 na (a,b). Tomy, poss’ssasmm qudepeHnialbHe DIBHAHHA
(19.4), 6ygemo maTn:

T

W(z) = Cexp/ S(&)de, xp € (a,b).

Lo

Ockimbxun W (zg) = C, To upuxogumo xo dpopmyan (18.4).

§ 3.4. CTpyKTypa 3arajbHoOro po3B’A3Ky JiHINHOI
HEOAHOPIJHOl CUCTEMMN

Poarassemo remep gininHy HeogHOpigHy cucremy (1.4) (abo (6.4) y BekTOpHOMY 3ammci).
Teopema 10.4. Hexair g'(x), ..., ¢"(x) — dymiamenrarsaa cucTeMa pO3B'A3KIB cACTe-
mu (7.4). Toxi 3arassaui po3s’a30k cucremu (1.4) MOXKe 6yTH 3aAITUCAHHE (DOPMY.IOI0

7= Z Ci@7 (x) + (), (20.4)
=1

ae Cy,...,C, ~ gOBLIBHI cTatl, a (&) -~ AKHA-HCOYAb 9ACTKOBHH PO3B 30K cucremu (1.4).

Aosedenns. Ham pocTaTabo noxasarTu, mo 6yb-akuil pos3s’a3ok &(x) cucremu (1.4) mo-
xe OyTm orpuManni 3 gopmyan (20.4) 3a paxyHox Bubopy crammx Cq,...,C,. s uboro
PO3TVIAHEMO (PYHKIIIO

7=d(x) — ().
Jlerko 6axuTun, mo Z(2) ¢ po3s’aszkoMm BianOBIAHOL ogHOpIAHOI cucTemu (7.4). Cupasii,
) I A ; .

—

S'(x) —J' (x) — Alz)d(x) + A(:‘Iﬁ)/{ﬁ(.p) = b(x) — b(z) = 0.
Toxal 3rigHO 3 Teopemoio 7.4 ICHYIOTHL Taki ¢Tami C-?, RV 02, 1o
Sx) —(x) = CV () 4 -+ COF™ (x).

3BIACU 1 BUILIUBAE TBEDIAKEHHA TEOPEMH.

OTxe, ®wa migcTraBi miel TeopemMu noGyI0Ba 3araJbHOTO PO3B'A3KY CHCTE-
Mz (1.4) 3BOARTHCA IO PO3B’A3YBAHHA BiATIOBIAHOI MiHIKHOI OJHOPLIHOl cUCTeMHU 1 BIAITYKa-
HHA JaCTKOBOT'O PO3B’A3KY JIHINHOI HeoxHopianoi cucremu. Ilokaxkemo, mIO Mpu HAABHOCTI
byHAaMEHTANBHOI CHCTeMN PO3B’A3KIB JHIMHOL OJHOPIIHOI CHCTeMHU YacTKOBHH PO3B’A30K
HEOHOPIHOI CHCTeMH 3aBXK AU MOXKHA TOOyAyBATH METOAOM Bapialii cTalInx.

Teopema 11.4. Hexait G'(z), ..., 3"(x) — dpyHIaMenTaIBHA CHCTEMA DO3B A3KIB TIHIHHOI
oaHOpIAHOI cuctemu (7.4), xo € (a,b). Toal ICHye 9aCTKOBHI PO3B A30K TIHIAHOI HEOJHOPI HOI
cucmremu (6.4) y Buraaqi i

7= 9(z) / oL(€)B(€)de, (21.4)
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e @71 (z) — maTpuns, obeprera go P(x).
Josedenns. Bygemo mykarm po3B’asok cucremu (1.4) y Burasaai
yi = Cr(x)eH(x) + -+ Cn(x)eM(z), i=1,...,n, (22.4)

qe Ci(x),...,Ch(x) — mesinomi Pyuxuii. [TigcraBaaooun ui Gyaxmil y cucremy (1.4), orpu-
MAaeMO:

1@)et(@) + -+ CL(@)ef (2) + Cr@) (i () + -+ Cula) (97 (1)) =

= Z al (2)(Cy (;’1:)99;(:1:) o Cplx)el () + bi(e),

J=1
3BiaKu, mpuiiMarodn 10 ysaru, mo @ (x), ..., ¢" () - pos3s’asku oguopiauol cucremu (7.4),
MATHMEMO
CHa)el (@) + -+ Ol ()l (x) = bi(x), i=1,...,n. (23.4)

OCKUIBKE BUBHATHWK il anrredpaldaol cuctemMu ¢ BU3HATHHKOM Bponcskoro W(x), To ua
migcTasl Teopemu 6.4 BiH BLAMIHHAM Big Hyasn Ha {(a,b). Tomy cucrema (23.4) mae euHun
pPO3B’A30K

Ci(x) = gi(x),...,Cl(x) = gn(x),
IPHIOMY J1erko 6aqurn, mwo gyuxiil g;(x) (i = 1,...,n) ¢ menepepsui na {(a, b). Tomy B3saBim
3a C;(r) Aaxy-meby b IepPBICHY

€

/ gi(&)de, i=1,...,n,
B}

ME OTPUMACMO TACTKOBHEA PO3B’sa30K cucremu (1.4) y Burasii

a

St ) [t

J=1 0
Hrs posegenna dhopmysum (21.4) sarumemo pisaauns (22.4) y BeKTOPHIU dopmi
= &(x)C(x).
Toai micaa migcTanosku y cucremy (6.4), 6ygemo maru
O(x)C" (x) + D' (2)C(x) = A(2x)P(x)C(x) + b(x), (24.4)

e mig @' (x) Gygemo posymiru marpumio (! (2))'). Ockinskn GL(z), ..., F"(x) ~ poss’sxu
oaHOPiAHOI cuctemu (7.4), TO CIpaBeIUBa TOTOXHICTD

P (z) = A(x)P(x).
Tomy 3 (24.4) orprmyemo:
C'(a) =2 @), Cw) = [ e e

Zo

Mu obMexmMOcCsa auIie OHIEI0 NePBICHOIO Iad (PyHKIIIL @“1(33)5(33), 60 X04eMO 3HAUTH JHIIE
OWH YacTKOBUU PO3B’a30K cucteMu (6.4). Orxe, popmyay (21.4) nosemeno.



T'JIABA 5. JITHIMHI IUPEPEHIIIAJBHI PIBHAHHA
n—TI'0 IMIOPAIAKY

§ 1.5. Jlimiunai audepeHIiaIbHI PIBHAHHA N—T'0 HOPAIKY
31 3MIHHUMM Koe@illleHTaMu

Oszuavennsn 1.5.. /ludepenuianbie pIBHAHHA BATIALY
v+ ay @)y b an()y = f(a), (1.5)

rxoedinienty a;(x), 1= 1,...,n, I ButbEAN WwieH f(x) AKOro € BU3HAYEHI I HCIIEPEPBHI HA IPO-
MikKy {a, b), 6y1eM0 HA3HBATH JIHIUANM JHGPEPEHIIATLHUM DIBHAHHAM N-T'0 IOPAIKY. SKIo
v piBaanai (1.5) f(x) = 0 ma (a,b), To ne piBHAHHA OYAMO HAZUBATH JIHIMHUM O/JHODITHIM,
V OPOTHIC2KHOMY BHITAKY — HCOJHOPIJHIM.

Ak 6yno moxazano y nrasi 3 (nema 1.3), pisusasansa (1.5) Moxe OyTH 3BeCHO 10 HOPMATLHOL
CUCTEeMU IU(pepeHIadbHNX PIBHAHL BUTIALY

LU"L = Y2,

Yy = Ys,

........... (2.5)
y:»—-l = Yn,

Yr, = = (X)Y1 — @ne1 ()y2 — -+ — ay(x)y, + f(x).

Ovesnano, (2.5) ~ cumerema MHIAHAX AUEPEHITIATLHAX DIBHAHD, AKY MOMKHA Y BEKTOPHOMY
3alliCl TOJaTH TAK:

v = Alx)j+ 5(:’1;), (3.5)
3 MaTPUICIO
0 1 0 0
0 0 1 0
‘4(.’11') e T T T
0 0 0 1
~ 0y () an-1(t) —an_2(x) —ay(x)

1 BEKTODOM

S

(x) = colon(0,0,...,0, f(x)).

Piaanns (1.5) 1 cucrema (3.5) exsiBalenTi Mik 06010, a came, po3B’askoBi y = t(z)
piBasgaEA (1.5) Bignosigae po3s’a30k

- —

Fle) = (@), ' (@), " V(@)
cucremu (3.5) i HABIAKHU, KOXKHOMY PO3B’ A3KOBI
&(x) = (9‘91(95)7 S 9071(33))

cucremu (3.5) Bianosigae poss’a3ok y = ¢ (x) pisramua (1.5). Tomy Ha migcTasi memu 1.3 i
Teopemn 1.4 compaBelnnBa Taka TEOPEMA.
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Teopema 1.5 (icuyBauus Ta eguHOCTi). Hexan
a;(z) (t=1,...,n), f(x) € C((a,b)).

g - 1y ~ » . , :
loxi maa 6yab-axol Toaxm (To, Yo, Yds- -~ Yo ) € (a,b) x R" icHye equnmii po3B'a30K pIBHA-
nag (1.5), BusHaYCeHUH HA TPOMDKKY {(a,b), AKHH 32,/0BOJIbHAE IOTATKOBI YMOBH

y(z0) = yo. ¥ (@o) = yd ..,y Vwo) = yg . (4.5)
BuB4uuMO criouaTKy JIHITHE OAHOPIIHE DIBHAHHA
y" 4ar (2)y" Y 4 4 an(@)y = 0, (5.5)

Nomy BiamoBigae JHINHA OJHODIIHA CHCTEMA
—/ — W
g = A(a)y. (6.5)
Teopema 2.5. Hexau (1 (x), ..., Yr(x) - geaxa cyKynHicTb po3B A3KIB pIBHAHHEA (5.5). Toxl
(hyHKILA
k
Plx) = E Cipi()
7==1
Oyae poss'askom piBuanms (5.5) gaa goslapaux craanx Cy, ..., Cy, 1706710 MHONKHEA £ BCIX
PO3BS3KIB PIBHAHHA (5.5) VTBOPIOE MIHIAHUA BeKTOPHIN IPOCTIP HAT HOJCM JIHCHEX (KOM-
ILTEKCHUX ) “THCE.I. '
Jloseerns i€l TeOpeMU MPOBOAATHCA OE3MOCEPEeTHBOI0 HIACTAHOBKOIO (DYHKI (1) v
pisasHEA (5.5). ’
Teopema 3.5. Hexam ¢ (x), ..., Yp(x) - cyKynaicTs pO3B’A3KIB pinaaung (5.5). duas Toro,
o6 po3s’asxu Yy (), . .., () Oyan digifHO 3am€xHIME (He3aaexkHUME) Ha (@, b) HEOOXIHO
i focTaTHpO, M6 Bigmopiyui iM poss’gsxu ¢ (x), ..., ¥ (x) cucremu (6.5)
20 — (aly (e al (e R G S ’
G () = (i (), ), @), =1k,
Oyam JIHIAHO 3a0e:xHAMU (HesagaexHumu) Ha {(a, D).
Josedenns. Hexan poss’saku ¢ (x), ..., ¥y (x) ~ ainiano 3anexui va {a,b), To6T0
ahr () + - Fog(a) =0, (7.5)
MPUIOMY HE BCL CTaJl vy, ..., () AOPIBHIOIOTE HYMO. lIpoandepennioemo roroxuicTs (7.5)
(n— 1) pasis 3a x :

4

ary(x) + -+ aphp(x) =0,
(@) - ol () = 0,

arp\" V(@) + -+ app T (@) = 0. (8.5)

Ame Il TOTOXHOCTI MOXKHA, 3aIACATH Y BEKTOPHOMY BUTVISAIL TaK:
a1t (x) + -+ ap@F(z) =0, (9.5)
A me U osHadae, mo possasku Fl(z), ..., F¥(x) cucremu (6.5) mimifimo samexmi. Hexai

HaBIakd, po3s’'asku G (), ..., F¥(x) cucremn (6.5) aimino samexni va (a,b). Toxi cupase-
JumBa TOTOXKHICTE (9.5), 1e He BCI vy, . . ., () JOPIBHIOIOTH HY.IIO. SAIIMCABIIHN 110 TOTOKHICTS
Y KOOpAMHATHIN PopMi, OTprMaeMo TOTOXKHOCTI (8.5), mepma 3 axux gac wam (7.5), To6TO
MHIMHY 3aJ€KHICTh PO3B'A3KIB 91(x), ..., Yx(z) piBuanua (5.5). AHaJIOTIMHO IOBOJUTHCA
BIIALOK, Koau (), ..., ¥, (x) miginmo nesanexHi.
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Osnavenns 2.5. Cykynmicrs ¢1(x), ..., ¥, () n AiHIEHO He3alexkHHX HA {G,b) pO3B’A3KIB
piBuannA (5.5) HABHBAECTHCA (PYHIAMEHTAIBHOIO CHCTEMOIO DO3B’A3KIB IIbOI'O DIBHAHHA.

Teopewma 4.5. /g piBagrana (5.5) icHye 6e3.119 pyHAAMEHTAIBHEX CACTEM DO3B A3KIB.

Josedenna. 3rinno 3 Teopemoro 5.4 icHye dbyHIaMeHTaIBHA CHCTeMa PO3BA3KiB G 1(T), . . .,
" (x)
Y o\r),

2L i, i . . )
F(x) = (¢i(x),...,en(x), i=1,...,n
ans cucremu (6.5). Toni ma migcrasl Teopemm 3.5 cyKymHicTh GyHKImin ¢i(x), ..., o} (z)
Oyae QYHIAMEHTAILHOI CHCTEMOIO pPO3B’A3KiB aaa pisasnama (5.5). Kpim Toro, sriguo 3
sayBaxeHHAM 2.4 TaKuX PYHJAMEHTAILANX CHCTEM PO3B A3KIB ICHYE Oe3/1H.
Teopema 5.5. Hexan ¢ (x), ..., ¥, (x) ~ ¢pyHgamerTarsaa cHCTOMA DO3B A3KIB JIHIHHOTO
1 ’ ) Y,
0AHOPIAHOIO pIBHAHHA (5.5). Toxi 3araabHHH pO3B’SI30K NHOIO PIBHAHHA MOXKe OVTH 3alld-
CAHUT (hOPMY.IOIO

e
Ny — oahy e y =4
y = § Cliapy (@), (10.5)
j=1
ae Cy,...,C, — goBlibHl cram, TOOTO OpOoCTip posp’asxis £ piBHAHHA (5.5) Mae po3Mip-
HICTDH 1. '

Hosedenns. Hexan ¢ (x) — axmi-ae6yab pos3s’a3ox pisaanaa (5.5). [okaxemo, mo BiH MoKe
Oyru orpumanun 3 Gopmyan (10.5) muaxom subopy cramux C', ..., C,. Copas1i, po3ragHeMo
BEKTOP-(PYHKIIIIO

20N — (ah () bl (o oHn=1)

Gla) = (), ' (@), .., D)),
AKa € poss’asxom cucremn (6.5). Ha migcrasi reopemu 7.4 dyukmio §(x) MOXKHA 3a0HCATH
y BHATJSAI

200N 0 2 10 2,

Plr) =C¢ (x)+ -+ C)F™(a),
Ae

G (x) = (), ¥l(x),. .., 't/)f”‘ ‘l)(flf)), i=1,...,n.

Bassmm nepury KoOpAMHATY Hiel BEKTOPHO1 PIBHOCTI, MaeMo
) = Oy () + 4 ()
ple) = Gy (a 0 PnlT),

O U JOBOAUTL TEOPEMY.

Osnavenna 3.5. bByjgemMo HasuBaTH BH3HAYHHKOM Bpomcbkoro cykymnocti po3s’a3kis
Yi(x), ..., Yu(a) piBaaums (5.5) BU3HATHUK BATIALY

Py () o) - V()
W(r) = () Wh () - Yl ()
O T

Sxmo -
Gl (x) = (ilz), Wi (), ..., 0" V@), i=1,...,n, —

BLIOBLABI po3B’as3km cucremu (6.5), To, ogeBuano, W(z) e BusmaurmkoMm Bpoucbkoro mi-
€l cykynsoctl ¢pynxmin. Tomy 3 Teopemm 6.4 sumrmsae, mo W(x) abo He o6epTaeTncs B
HYJIb B XKOAHIM TOUII npoMixKa (a, by, a60 ToTOx)HO gopiBHIOE Hym0. To6TO m1s TOTO, M06
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CYKYTIHICTH PO3B’A3KIB 11 (1), ..., ¥n(x) piBEaES (5.5) Oyra dyHIaMEHTAILHOK CHCTEMOIO
PO3B’A3KIB HEOOXITHO 1 AOCTATHRO, MO6 BU3HAYHUK BPOHCHLKOTO 1€l CyKymHOCTI He 06ep-
TaBCA B HyJdb X049a 6 B OJHIA TOYIL TpoMixKa {(a, b).

Kpim Toro, 3 Teopemm 9.4 Bumamsae dopmyra Ocrporpaacskoro-Jiysimis mas W(x) :

Wi(x) = W(xp)exp (— /al(f)d£>, (11.5)
o
ockiabkn caig marpuii A(x) cucremu (6.5) gopisaoe —aq(x).

3ayBaxenns 1.5. Popmyraa (11.5) B OkpeMux BHIAJKAX MOXe OYTH BUKOPUCTAHA A T10-
0y A0BH 3araJbHOTO PO3B’A3KY JIHIMHOIO OJHOPIIHOTO PIBHAHHA (5.5).

Hexan
Yy +a ()Y +ax(x)y=0 - (12.5)
MHITHE PIBEAHIA IPYTOTO TOPAIKY, BU3HATEHe HA TPOMIKKY (a,b), I HAM BIIOMO 9aCTKOBUY
pO3B’s30K Yy = 1 (x) uporo piBuarada. [loxaxemo, mo ApyTuu IacTKOBUU PO3B’A30K Yo (1)
piBEsHEA (12.5), diHidHO Hesane:xuaun 3 1Py (x), MoxHa 3HauTH 3 Gopmyau (11.5). Copasi,
nepenuuiemo gpopmyay (11.5) y Burs i

i

Y1y =~y y2 = Wiag) exp (— / (L1(5)615>

abo (ram, ge ¢ (x) # 0)
2\ W
3Biacu
[ P i o (o
) = W) [ o (= [t e) i o) 200

€0 &g
Ocxkinbiu y2(29) — crata, axa Moke HaOyBaTH TOBLIBHI 3HaYeHHA, TO 1 W (xg) -~ TeXK 1OBLILHA
cranta. ToMmy 3a 9acTKOBHHE PO3B’A30K piBHAHHA (12.5) MOKHA B3ATH QYHKIIO
T 13
« ' ' d€
al a — al o 3 8 —_ . -
o (2) = i (x) / exp < / ay(t) (,lt) T
. . ¥i(&)
o Lo

ika Oy e JIHITHO HesalexkHowo 3 11 (x). Cupasai, axbu mu npumycraan, mo ¢ (x) 1 ¢¥s(x) €
JMHITHO 3AJEKHUMUA, TO MaJId 6 TOTOXHICTD

x &
a1 () + aghe () = Y1 () <C¥1 + Cvzm/ exp <—r/@1(t) dt) w—?é*) =0,
TOOTO
x 3
/ exp (— /al(t) dt) m = const,

IO HEMO2KJINBO.
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Teopema 6.5. Hexan y = (x) — 9aCTKOBHH pO3B’A30K JIIHIUHOIO OJHOPIJHOT'O DIBHAH-
ma (5.5), npuwaomy ¥(x) # 0 Ha geaxin muoxkuai B C (a,b). Toxl piBagaHsa (5.5) MoxHa
3BeCTH 40 JIHIAHOTO OAHOPLAHOrO piBHAHHA (N — 1)—ro mopaaky Ha MHOXuHHI B.

Aosedenns. 3pobumo y pisaarHi (5.5) saminy y = z(z)y(z). Toni

y =2+ 2y,
y// — 2 220 4 2,

IlincraBagroyay mi-moxigHl v (5.5), OTpUMaeMO HA MHOXKUHL 3 DIBHAHHAA
A . s

2

() +ay (@)Y o an(2))+
‘}"L/)(Z(”) + b] (L(T)Z(n_l) R I)/,-L_J_ (7):’) — O’ (135)

~

xe bi(z), i =1,...,n, Bupaxkaorscs qepes ¥ (z), ..., (). Ockinbrn (1) - po3s’a30K
1 |

pisaarEA (5.5) 1 ¢(x) # 0 va B, 1o 3 (13.5) oTpEMaeMO piBHAHHA

vy 2y — D
WD 4oy (:1,:)11,(”’ L NN by (x)u = 0, (14.5)
ge w = z'. TakuM YMHOM, MU NPUUNLIM HA MHOXKHWHI [3 0 MHITHOT'O OJHOPIHOTO PIBHAHHA
(n — 1)—ro nopsaiky wogo HeBigoMmol GyHkuil u(x) 1 TeopeMy A0BCACHO.

3ayBaxkeHHs 2.5. fkmo cyxkynnicTs ¢yHKIN us (), .., wy () € GyHIAMCHTAIBHOKW CHC-
TEeMOIO PO3B'A3KIB A piBHAHHA (14.5), To QyHKUil

r &€

Y(x), () /'LLQ(§) dé, ..., ¥ (x) /un(f) d€, o € B (15.

€20 ol

(W3
(&1
Sa—

YTBODIOIOTH (PyHIAMEHTAIbBHY CUCTEMY PO3B A3KIB DIBHAHHA (5.5).
Cupaspi, 3 goBeneHHs Teopemu 6.5 BHAHO, 1O DyHKIII

T

w(:z,‘:)/ui(ﬁ)dﬁ, i=2,...,n

Zo

¢ poss’a3kamm pisHAHHEA (5.5). IIpumycrumo Tenep, mo poss’ssku (15.5) ximiAHO 3amexHi,
TOOTO CIIPABEIIUBA TOTOXHICTE

xT X

019 (2) + () / ws(€) dé + -+ anip(x) / wn(€) dE = 0,

o o
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NPIIOMY HE BCI (v, 7 = 1,...,n, JOPIiBHIOTH HyIi0. OCKIIbKN Y(z) # 0 sa B, TO

X €T

ot [u@ds e van [u(ea=0
XTo o
[Ticaa gudepednlioBadHs M€l TOTOXKHOCTL 34 & OTPUMAEMO
gt (x) + -+ apun () = 0.
Ame us(x), ..., uy, () — mEiEHO HesamzexkHi, TOMy (g = 0, ..., = 0. Toxi 1 ay = 0, mo

CYIepetmTEL TPUIYHeHHo. Takum auHoM, CyKymmicTs (15.5) ¢ QyBIaMeHTATBIOI0 CHCTEMO)

po3s'sskip pisuaEa (5.5).
PosrisgeMo Tenep Aigiidtne Heoaropiaae pismsms (1.5).

Teopema 7.5. Hexar i (x), ..., ¥u(x) - pyBgaMeHTAIBHA CHCTEMA PO3B AZKIB TIHIITHOTO
ogHOpLAHOIO piBHsuIA (5.5). Toxl 3aramsnui po3s a30K PIBHAHHA (1.5) Momxe OyTH 3amuca-
HIH (DOPMYJIOK)

T
Y= g Cipj(a) + 0(x), (16.5)
=1
qe Cy,...,C, — gopimeni cradi, a 0(x) ~ AKui-HeOY b YACTKOBHH PO3B’A30K pisHauna (1.5).
Hosedenns. sk Bilaomo, (ymkil

= » —n, =1 n-1 . .
Gy, . f (), Fha) = (i(x), .., ’(/),E )(;17)), 1 =1,...,n,

YTBOPIOIOTE (PYHJAAMEHTAILHY CHCTeMY DO3B A3KIB MHITHOI 0qHOpiIHOl cuctemu (6.5), a dyH-
KIIist

G(a) = (0(x),..., 00 ()
€ ACTKOBUM po3B’a3koM cucremu (3.5). Oruxke, srigno 3 Teopemoro 10.4 ¢hopmyna
n
g=3_C@(x) +d(x)
j=1

omacye BCl poss’askm cumeremn (3.5), a Tomy Ha migcrasl aemu 1.3 dopmyaa (16.5) omucye

BCI po3B’a3ky piBHAHHA (1.5).
Teopema 8.5. Hexanr ¢1(x), ..., ¢n(x) — QyHIaMenTaIbHA CHCTEMa PO3B’A3KIB JIHIHHO-
ro ogHOpiAHOrO piBHAHHA (5.5). Toai wacTkoBHH po3B’a30K piBHAHHA (1.5) MOXKHA 3HAHTH

MeTOAOM BapIaIlll CTAJHX.

Aosedenna. Byaemo mykatn po3s’a30k pisuanng (1.5) y surusil

5T

Yy = C’1 (I)(D](l‘) + -+ C’rL(aﬁ')"vbn(I)? (17 )

e Ci(z),...,Ch(x) —uesBigomi pyukmii. OCKIIbKE HEeBINOMUX (DYHKIIA € 1, a piBaauns (1.5)
A€ JHIe OJHEe CIIBBIAHOIICHHS JJIA 1X 3HAXOMKCHHA, TO MU BuOepemMo n — 1 yMOB 3pyvHAM
s Hac cnocobom. IIpoaudepentioemo ¢yrkmio (17.5),

y = Ci(x)r(x) + -+ Cp(@)n(x) + Crx)pr () + -+ Co ()4, (2),
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1 MOKJA1EMO
Ci(z)¢u(@) 4+ O (x)dn(z) = 0

[Mpoaosxyiodn el upouec, OTPUMAEMO:

y M = Cy () “(1) o Co(2) ) (),
(@) ) - O ()t U( y=0, k=2,....n 1,
Yyl = O () L’<1>+ O (@) () +
Oy @)+ Ol @)D ().

Il geTapamon o6uncaeHi noxiaul y pisaanss (1.5) i spaxosyotun te, wo Py (x), ..., P, (2) e
PO3B’A3KAMK JIHIMHOO OJHOPITHONO PIBHAHHSA (5.5), MATUMEMO e OJHY PIBHICTL

C'/l(::1.,')'1,//,'$”’_l)(:'z,:) o+ O (.”r)‘l/w,,(,,'”‘_')(;I;) = f(x).

Omxke, nua spaxoazaents pyuaxmn CH (), ..., C" (&) 6yaeMmo MaTn anredOpal<Hy CUCTeMy Ji-
r . 1 7, . ) J
HIMHIX DIBHIHL

Cha) () + -+ b () = 0,

CY/( ) /7&“ "2)(:“) + 4 (‘;”;l(f[?)/(/,,',(:'liz)<:f1:',‘) = (),
Y ! '/177'1
(s

(18.5)

Jlerko 6avuTn, mo BusHadmrKoM cucremu (18.5) ¢ Busmavmuk BpouchKoro (hyHIaMeHTAIBLHOL
cucTeMu po3s’AsKiB (), ..., ¥y (). Tomy uen suspaquux siaminuui sig mwyas ma (a,h) i
CUCTeMa Ma€ €IUHUU pO3B a30K

Ci(x) =gi(x),....C" (2) = gn(x),
npuaomy g;(x) € C'({a,b)), i = 1,...,n. Bagpum Axy-gebyab HepBicHy

€T

/_(/,;(5) d&§, a9 € {(a,b), 1=1,...,n,
pete)
MH OTPUMAEMO JACTKOBUH PO3B A30K

@&

y = Zw /qL (€) d ~ (19.5)
it
pisEAnEA (1.5) 1 TeopeMy AOBEIEHO.

Braxemo me ogus mMeron mo6ysoBH YacTKOBOIO posB’a3Ky piBuAHHA (1.5), KoM BiTO-
Ma QYHJIaMEHTAIbHA CUCTEMa PO3B A3KIB JIHITHOrO O4HOPIAHOrO pisAAHEA (5.5) Uy (x), ...,
Yn(z). lobynyemo, kopucTyiotuch dopmyaono (10.5), po3s’s30K pisHAHHA (5.5), Axuu 3a3,50-
BOJIbHAE MOYATKOBI yMOBU

y(a) =0, y'(a) =0,...,y" D(a) =1, (20.5)
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ne a € {(a,b). et po3B’a30K, OUeBUAHO, Oy e 3alexkaTn Big mapamerpa a. Ilosmadmmo uoro
y = w(z,a). Pyskmis w(r,«) BUsHAYEHA | HemepepBHA Ha MHOXKHHI {(a,b) x (a,b) i Mae
HemepepBHi TOXIAHI 3a T A0 NOPAAKY N BKIO4IHO. OTiXKe,

d"w(x, o) d" lw(z, a)

a’l(x) n—1
dam dx™

Kpim Toro, Ha migcTasi mouarkosux yMoB (20.5) w(x, o), Ak (ByHKIiA 3MIHHOIL 2, 32,10BOIBHAE
YMOBU

IS an(gj)w(x’ a) = 0. (21-5)

wlo,a) =0, W(v,a)=0,...,0" D (a,a) =0, W V(a,a) =1 (22.5)
fl‘yT
d*w(z, o)
B, ) = | —72—4
wila, @) [ dak —a
YmoBu (22.5), 3aMiHIOYH (v HA 2, MOXKHA 3aIUCATH Yy BALIAMIIL
w(,z) =0, ' (z,2) =0,...,0" D(x,2) =0, " V(x,z) =1, (23.5)
Ae
‘ A w(a, )
k) (g, ) = | D)
W ( ) 1) l: (l./I.A .
Posrasinemo pyHKIIO
y = / w(z,a)f(a)da, (24.5)

ity
Ie xg — Axa-gebyab Touka 3 (a,b). Tloxaxemo, mo dpynxnia (24.5) € 9acTKOBAM pPO3B’A3KOM
piBasHaA (1.5), AKUN 3a,/10BOILHAE TOIATKOBI yMOBHI
s — il (e _ S n—=1)/, .
(T/(J,()) = 0, Y (.],0) = 0, ey y( )(.L'()) = 0. (255)

O64HCIEMO COOYATKY TOXIAHI Big dynaxiii (24.5), spaxoytoun ymosnu (23.5). Marumemo:

y = /w’(:z:, a)f(e) da 4+ w(x, z) f(x) = / W (x, o) f (o) da,
' = / W' (o) fla) do+ W' (v, @) f () = / w'(@, @) f(a) do,
yn ) = /w(""]‘)(:n,a)f((y) do + w("“Z)(.'I:,m)f(m) =
N / W™ (2, ) f(a) da
Y = /w(n)(%a)f(a) da + "D (z,z) f(z) =

= /w(")(:z:, a) fla) da + f(z).

To
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ITigcrasasroun 3Han el moxigsi y pisaamnas (1.5) i BpaxoByodm ToroxkuicTs (21.5), orpu-
MaEMO:

y(n) + a,l(x)y("‘]') 44 (ln(-'L'>y = /[w(”)(a‘,, O>+
:L.:O

tar(z)w V(2 0) + - an(@)w(a, )] f(@) da + fx) = f(z),

ro6To dyHKuia (24.5) cupasai € poas’sakom pisuaras (1.5). Kpim Toro, acrxo tavmru, mo
BOHA 3a,/10BOIBHAE YMOBH (25.5).

Dopmyna (24.5), axa nae immmi BigMigann Big (19.5) gacTroBuil po3s’s30k pisaanms (1.5),
HasuBaeThCA popmyaoro Kol paa qeoro piBEgEEA, a Gyuxmis w(r, o) - dpyrxuicio Kowmi s
piBEsHEN (5.5).

§ 2.5. JIiHiWHI ogHOPiAH] PIBHAHHA 11— T'0 IHOPAIKY
31 cTaauMu Koeddiearamm

flx 6ymo TOKa3aHO y MomepeIHboMy maparpadl Jia po3s’ A3yBaHHA JIHITHOTO HEOIHOPI -
HOT'O PIBHAHHA JOCTATHLO BMITH OyayBaTu (HyHIAMEHTATLHY CUCTEMY PO3B A3KIB BIIITOBII-
HOT'O OAHOPIAHONO PIBHAHHA. MeToio tanoro naparpady ¢ BAILICHHES TAKOTO KIACY JIHITHNX
OJHOPLIHUX DPIBHAHL, A AKOTO BIIOMI METOAM MOOYAOBY (PYHIAMCHTAILHOL CHCTEMU PO3-
B'A3KIB. 30KpPeMa, TAKAMI DIBHSHHAMNA ¢ JIHIAH DIBHSHI 31 cTaanMi Koedimentamu, 10610

PIBHAHHA BUIIALY
Lyl = y™ 4 awy™ D4+ 4,y =0, (26.5)

e ay,...,0, — CTAJL.

[epmr sa Bee 3ayBaxuMo, WO OCKLIbKE KoedinienTu pisaamaaa (26.5) ¢ mgenepepssi ua
R', T0 1 BCI PO3B’A3KYE MBOTO piBHAHEA BEsHadeHi na R'. BBegeMo MOHATTS KOMIICKCHOIO
po3s’a3Kky piBHAREA (26.5). Hexall 3agano xommrexciy dpynxnito ¢ (z) miicaoi sMiHHOL & :

P(x) = u(a) +iv(x),

ae i = /=1, au(x), v(x) - gixncni ynxuil. Smo w(z), v(z) € CH(RY), o

(K : k) : .

P (@) = w® () 4 0 ), k=1,...,n.
Bynewmo rosopuru, mo ¢ (x) € KOMILIEKCHUM PO3B’A3KOM DIBHAHHA (26.5), akmo

, — MY idn—1) 7., AV -
Lip(@)] = "™ (@) + arp™ V(@) + - 4 anto(z) = 0.

O6uucmioroun L[y (x)], maemo

L{y(x)] = L{u(x)] + iLv(z))].

Tomy saxmo L{y(2)] = 0, ro L[u(x)] = 01 L{u(x)] = 0 i rasuaxu, 3 Toroxmocren Llu(z)] = 0,
Llu(x)] = 0 sunmusae, mo Ly (z)] = 0. OTxe, BCTAHOBICHO TEOpeMY.
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Teopema 9.5. /l1a Toro, mo6 KOMILTEKCHA (yHKLOIA ) (x) AIHCHOI 3MIHHOI T 6y.1a pO3B A3KOM
piBasHHEA (26.5) HEOOXiAHO 1 q0cTaTHBO, M6 dyrknil Rey(x) i Imi(x) 6yamn poss’askamu
0bOro PIBHAHHA.

Bymemo mIykaTu pos3s’asky piBaanus (26.5) meTogom Emmepa, To6TO y BUTIAII
y=e, (27.5)
e A — gesxuil mapametp. [liacrasaaroan gyukniio (27.5) y piBHAHHA (26.5), orpumaemMo
L[e’\‘”} = (\" + AT )t = L(/\)(;,).M’ =0,

ae

L) =N+ a XN 4+ a,.
Ockiabkn ¢ e obepracThea B Hy b ma R', ro gymrxnias (27.5) Moxe OyTH po3s’s3kom
piBEAEHA (26.5) ToAl I TUILKK TOJL, KOIM THCIO A € KOPEHEM aarcOpaldnoro PIBHAHHSA

/\*n, _+ﬁ (l,j/\”’ﬁ] 4 + a,, = ()7 (285)

AKC HABWBACTHCA XAPAKTCPUCTHIHUM PIBHAHHAM, a KOO KOPEHL ~ XapaKTCPUCTUTHUMA T0-
cramu piBaaa (26.5).

BayBaxxumo, mo pissaausa (28.5) mae giucui xkoediuientu. ToMy KUIBKICTL KOMILICKCHUX
KOPCHIB UHOr'0 PIBHAHHA € HapHOIO 1 AKIIO A € KOMIUICKCHIM KODeHeM DisHsaiits (28.5), To i
TUeao \ Tex Oye KOPCHEM 1hboTo pisaAmis. KpiM Toro, 3rigHo 3 reopemolo ayca, piBHAHI
(28.5) Mae n KOpeHis (BPAXOBYIOTY IX KPaTHICTD ).

Jlema 1.5. Hexati o (), ..., () = CYEYHHICTS (DYHKIIH, BU3HAYCHUX, HEIICPEPBHUX 1 .1Ti-
HIMHO HC3AJACHKINX Ha NPOMDKEY (a, b), Taka, mo mopag 3 KOKHOI (DYHKIICIO MICTHTE CIIDS-
JKCHY JO HCI, 30KDeMa:

() = o), o () = o),

s roro, mob QyHKIIA
n
g=_ Ciy(x) (29.5)
j=1

Oyaa JIHCHOK HCOOXIAHO 1 A0CTATHBO, 06 y (29.5) Npu KOMILIEKCHO CHPAXKCHAX (PYHKIIIAX
Oy.IH KOMILICKCHO crpskeH] crami Cy, a npu JIHCHIX — JIHCHI.

Hosedenns. Hexan cnowarky Qpyriuia (29.5) ainchaa, To6To y = 7 abo

Y Ciuyla) = Crabj().
j=

j=1
3 1miel PIBHOCTI, BPAxXOBYIOYN YMOBH JeMU, Oy1eMO MaTH:

n

> (Cii(x) = Citpj() = (Cr — o)y () + (Co — T )ipa(a) +

j=1
oo (O — Cop)har—1(x) + (Cop, — Cop1)ap(x)+
+(Cokg1r — Copg1)V2k41(x) + -+ (Cro — Cp)hn () = 0.
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Ockinrpxn pyuiil ¥y (x), ..., ¥, () aiainao wesanexHi ua (a, by, To
Cy=Ca...,Cop—t = Cok, Copy1 = Capy,...,Cp = Ch, (30.5)

TOOTO IPH KOMILIEKCHO CIPAXKEHUX PYHKIIAX y dopmyti (29.5) € KOMILIEKCHO CIIPAKEH] CTA,
a TIpH JIMCHUX — AINCHI.
Hexan Tenep nas cramnx dopmyau (29.5) suxonytorsca pisaocti (30.5). Tom
J=Cii(x) + Cohy(x) + - -+ Cop_1¥gp_ 1 (2)+
FC ok () + Copgp1¥o 1 () + - - + Ot (x) =
= Copo () + Cripy () + -+ + CopPar () + Cop—1¢Pax—1 () +
+C7‘2}\7+1/(/}2]\7+1(:E) + -+ Cv’L'l/)77,<-/13> =Y
1, TakuMm THHOM, dyHKUIA (29.5) € AiUCHOIO.

Teopema 10.5. Hexan xapaxrepucTHane pIBHAHAA (28.5) Mac n pi3uux KOPEHIB, OpUIOMY
AL = Ay Aokt = Aok, Aokl T A2kl s A = Ap
Toai cyxkynHicTh (OYyHKIIT

e® Re Aoy xReAdg,,—1

“teos(wIm Ay, 1), ¢

C)\2k+1477, o (g)\ul' (31.5)

sin(xImAg1), m=1,... k,

€ pyHIaMEeHTAIBHOIO CHCTEMOIO PO3B A3KIB 4 PiBHAHHA (26.5).

Hosedenna. Ilepir 3a Bee 3ayBazKuMo, MO OCKLIBKH A1, - . ., A, - PI3HI KODCHI DIBHAHHA (28.5),
70 dynxmil ¢;(x) = eNT G =1,...,n ¢ THIALO HE3ATCIKHIMN po3B’a3Kamu pisHaHEA (26.5)
ua R'. Copasji, posragreMo BUBHATHUK BPOHCHEKOTO HHX (YHKINH y Tovui & = 0

1 1 1
wy=| o .t
D Y D

AKUA, OIEBUIHO, € BmdHaIHWKOM Bamgepmonua. Omwxke, W(0) # 0, a me i o3Hauae, mo
posB’ask: ¥1(x), ..., ¥, (x) € ainiiao Hesamexmmmu wa R'. Ak Bizomo 3 MaTemMaTHIHOrO
aHAMI3Yy, cpaBelanBa (opmyaa Enaepa

et = cos t +isin t.

Hexan Agp—1 = @gm—1 -+ 182, —1. Toai 3a yMOBOIO TEOPEMHU A2y, = Xopm_1 — 12m—1. OTxe,

€>\2m;1l‘ azm—lﬂc(

=€ COos 52m~lx + 48in ﬁ27n—1m)7

elem® — e¥2m=1E(cos Pom—12 — i8in Bopm_12),

TOOTO Yom—1(x) = 1y, (), m. = 1,..., k. Ockitbku po3B’m3km; ¥1(x), ..., ¥, (x) e mininmo
He3aJeKHUMHA, TO GopMyIa

Yy = ZC]?,/)](I), (32.5)
=1
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ne C; — JOBIIbHI KOMILUIEKCHI CTaJl, OIMCYE BCI KOMIUIEKCHI PO3B'A3KA pisnamia (26.5) (Te-
opema 5.5). 3rigno 3 memoio 1.5 dysxuiz (32.5) 6yge IICHOIO TOAI 1 TITLKH TOMI, KOJH
¢TIIpaBeIIuBl PIBHOCTI

Cr=Ch, C3="C4,...,Cop1 = Cor, Copp1=Copq1,-..,Cn =Chp.

Hexau

1
CQ'm,—l — i(b%n—'l - iva’n)a m = 17 sy k.
Tom

CQm— 1 meA 1 (T) + CZ'm ¢2m (T) -

= Q(l)gm,l — ib2y )€Y 1 (C0OS Pop—1 X + Qs Pom 1 2)+

[

+=(bom—_1 + b2 ) e 17 (cOS Bom-10 — i8I Pypm_q) =

08 Boy_12 + b€

b

X2y -1 2 Q2o 1T

= boyp—1€ sin Fo,, 1@

1 popmyaa (32.5) mabepe Burasay

k
P E X 1R e o SO 1L i [ -
Yy —= [[)Z'm/A](« g " cos /j‘Z'm—l-L + b2m,(-» 2moiTsin /32,”‘,‘-& l,-I']+

m=1

+ > e, (33.5)

m=2k-+41

ae by, ... bop, Copyt,...,C, — MOBUILHI TIACHI CTATIL.

Ha migcrasi memm 1.5 MoxHA ¢cTBEpAKYBaTH, 10 Gopmyaa (33.5) ommcye Bel gincHi po3-
B'asxu piBHAREA (26.5), a oTike CyKymHiCTH GyHKIR (31.5), AKa € CYKYIHICTIO PO3B A3KIB
pisusaEa (26.5) 3rigHo 3 Teopemon 9.5, yraopo¢ GYHIAMEHTAIbHY CUCTEMY JUIUCHUX PO3-
B'AI3KIB [IHOI'0 PIBHAHHA 1 TEOPEMY TOBE[HO.

3ayBaxkenusa 1.5. flx pugno 3 gosegenns reopemu 10.5, giuga no6ya0BH (DYHIAMEHTAJIEHOL
cuCTeMH PO3B’A3KIB PIBHAHHA (26.5) y BHIAJKY HAABHOCTI KOMILIEKCHHX KOPEHIB XapaKTe-
PHCTHYIHOrO DIBHAHHA (28.5) 3 JBOX B3A€MHO CHPANKEHHX KODEHIB Ao 1 1 Aoy, JOCTATHBO
B3ATH JHIIC OJUH, HAIPHKAAL, Aoy 1, 3AIACATH BIATIOBIIHUH HOMY KOMIIEKCHUH DO3B A30K

e?2m 1% | pagry 3a gBa giHcHI po3B A3ku QyHKNI Re e?2m-1% j [met2m—1%,

IIpuxknang 1.5. 3axano pIBHAHHA
y/// _ 6y// + 11y/ o 6y — 0
XapakTepucTudHe PIBHAHHA

A3 —6A2+1IN—6=0

2

Mae pismi mimcHi Kopemi Ay = 1, Ay = 2, A3 = 3. Tomy dyrkmii €*, %, ¢3® yTBOPOIOTH

dhyHIaMEeHTAJBHY CUCTeMY PO3B’A3KIB IILOT'O PIBHAHHA, a oOpMyIa

y = Cie® + Cye®® 4 C3e%%,
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pe Cp,Co, Cs — DOBLIBHI TIWCHI CTaJl, OMUCYE BCl AIMCHI PO3B’A3KU BUXIAHOIO PIBHAHHA.
IIpuknaa 2.5. Hexau 3agano piBHAHHEA

y'" =3y + 9y + 13y = 0.

XapaKTepuCTHYHe DIBHAHHA Mae OJUH MINCHUH KOPiHb A3 = —1 1 ABA CHPAKEHUX KOMILIE-
KCHEX KOpeH1: Ay = 2+ 37, Ay = 2 — 37. 3rigno 3 3ayBaxkenHAM 1.5 6epeMO KOMILICKCHUI
posp’saok e(2T3)% | puringemo 3 HLOrO AificHY i VABHY 9aCTWHU:

p(2H30z _ o2u (cos 3z + isin 3x),

Re ePH30% = 022 cog 30 Tm (2397 — 022 giyy 300,

Tom ¢dhynkirii

2 —

e** cos 3z, e** sin 3z, e

YTBOPIOIOTE (byHIAMEHTATBHY CHCTEMY MIMCHUX PO3B’A3KIB JAHOIO piBHAHHA, a GOpMyTa
y = e*"(C) cos 3a + Cysin 3z) + Cye™™,

ae Cy, Cy, Cz ~ D0BLILHI JIUCHI CTATl, 1a€¢ NOr0 3araldbHII pO3B A30K.

Teopema 11.5. Hexam Ay, ..., \,, ~ pi3HI KOpeHI XapaKTCPHCTHIHOrO DIBHAHHA (28.5),

OpUYIOMY KODIHb A; Mae KpatHicts ki, j = 1,...,m, k; 4+ --- + k,, = n. Togi cyxymiicrs
hyHKIIH
(’,)\“J, xe}\\l’, 71171\‘]“[6}\“':1’
........................................... (34.5)
e petm® o gphm =l eAme
YTBOPIO€ PYHAAMCHTAIBHY CHCTEMY PO3BA3KIB DIBHAHHA (26.5).
Hosedenna. Ilepur 3a Bee noxkazkemo, mo ¢yHKI
ke, —1 X E . .
afi e =1, .., ki—1,7=1,...,m, (35.5)
€ pO3B’A3KaMM PIBHAHHA (26.5). /14 UbOrO BHKOPUCTAEMO TOTOXKHICTD
L{e™] = L(\)ee, (36.5)
AKa copaBeganBa 4 Beix A i . [Ipoamdepenmioemo (36.5) k pasis mo A :
dk‘ dk dk
L GXJ: — 1= e/\m =T Ik‘e/\m — I )\6)\9: —
Ll = L] (25e) = S (L))
k
k—s A
=Y CiL(\)zhsere, (37.5)
s=0

Ocxinpxu A; ~ xKopidb piBaaans (28.5) kpaTHOCTI k;, To

L) =L'(A\)=-=L%"D\)=0, j=1,...,m.
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Toni 3 (37.5) maemo

kj—1
L[Tkj#l@/\ﬂc] — Z C«zj_lL(s)</\j)‘Tlcj~l—se)\J-a: -0
s=0

aal=1,...,k;—1,7=1,...,m, a e 1 o3HaTae, o bysxuil (35.5) ¢ po3B’A3KaMu PiBHAH-
g (26.5).
Ilna goBejeHHA JIHIAHOI HEC3AMeKHOCTI PO3B'A3KiB (34.5) IPUIyCTUMO UPOTUWIEKHE, TOOTO

10 Mae€ MIcIe TOTOXHICTH
m k;—1
m 3

g g adafetiT =0,

j=1 s=0
opraoMy He Bel o) piBHI Aya0. OCTaHHIO TOTOXKHICTL MOKHA 3AIIACATH Y BAIVIA AL

I

> Pt =0, (38.5)

J=1

ae P;(x) — momimom cremena ne sume kj — 1, 7 = 1,...,m. Ockinbku HC BCI O JOPIBHIOIOTE
HyMO, TO X0Ua 6 0anH 3 nouinomis [ (x) #e gopismioc ToToxHO Hymo. Hexan nia susmate-
wocti P, (1) # 0. Tommozumo (38.5) na e =17 i npomudepenuioemo ky pasis 3a a. Ockinbkn
muaOrOeH Py () Mae cremius He ume ki — 1, To

(l L? 1
daht

1)1 (T') = 0.

Kpim Toro, merxo 6aauru, mo

d®

duxs

(Pi(2)e™™) = PMa)e™, s> 1,
axmo 2 (x) - muorowien cremens [ — 1, mpuiomy Pl(x) Tex Gyge MHODOWICHOM CTCIICHA
{ — 1. ToMy oTpUMaEMO TOTOXKHICTH

kax

Z le (:ﬁl?)(?()\J_/\' )r =
j=2

i P (x) #£0.
=4

TlomuomuMO Temep (39.5) ma elM—r2)®

1 mpogudepenmioeMo ks pasiB 3a X :

m

S P2a)e® e =0, P2(2) £0.
7=3

[IpoxoBxkyIOYM 1Hen mporec Jaldi, OTPEMAEMO, IO
Prtay=0 1 PRTH(a) #0,

mo HeMoxkauBo. Orxe, GyHKIH (34.5) TiHIMHO He3aJexKHI 1 TeopeMy LOBeIEHO.
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3ayBaxkenHsa 2.5. fIkmo B ymoBax Teopemm 11.5 Ay, ..., A, — pI3HI JIACHI KOpPEHI, TO
cykKynuicTs (34.5) 6yjge (ByHAAMEHTAIBHOIO CHCTEMOK [IHCHHX po3B’a3kin. Hexair Temep
cepen KOPEHiB A1, ..., A\, € KOMILIEKCHI, HampuKIag, i 1 Ao, A1 = \o. Toxi zia o6y 0B
byHIaMEHTAIBHO] CHCTEMH JIMCHUX PO3B’A3KIB 3riJHO 3 JemMoio 1.5 1 JOBEAEHHAM Teope-
mu 10.5 My po3niIagaeMO KOMILIEKCHI PO3B A3KH

eklm’ we}qm, cee SIJkl_I(iAlr
1 6epemo 3a JIMCHI pO3B A3KH (DYHKIII
Reet™, Re(we™™), ... Re(zf—Tere),

Ime™® Im(ze™®), ..., Im(a®—1eM®).
Ilpuxkmapg 3.5. Posruaaemo piBHAHHA
y" =Ty 16y — 12y = 0.
TyT xapakTepucTudne PIBHIHHA
A= TAT 160~ 12 =0
Ma€ OJUH IPOCTUN KOPIHb Ay = 3 1 OJUH ABOKPATHUN Ay = A3 = 2. Tomy PpyniaMeRTasbHA

cucreMa 1)()31‘3’713.K1B Ma€ BUIIA L

e e , we’®,

A BArATBHUYN PO3B 30K PIBHAHHA 3AITMCYCTHCA Y BATVAII
- 3w 2 - .
y = Ce™ + e*(Cy + Cya),

ne Cq, Cy, C3 — a0oBLILHI TIWCHL CTAM.
Hpuknapg 4.5. Hexau 3agano piBHAHHES

!/(4) — 4y +8y" — 8y + 4y = 0.
TyT xapakTepucTUIHe PIBHAHHA
M4\ 80 —8A+4 =0

Ma€ JBOKPATHMU KOMILICCHUU KODIHB A1 = Ay = 1 + 7 1 ABOKPATHUI KOPiHb, A3 = Ay = 1 — ¢,

COPSLKEHUH 10 HBOPO. -3amurmemo KoMiuiekcHi poss’saxu eIH)%  ze(14+0)2 gii pinosigaors

kopenesi Ay. Toal pyHIAMEHTATBHOI CHCTEMOIO PO3B’A3KIB BUXIAHOTO PIBHAHHS OyAe CyKy-
HHICTD (DYyHKIINA
e’ cos x, xe¥cos x, €7 sin x, re'sin x,

a 3aralbHAN PO3B’'A30K DIBHAHHA 3alWINETLCA Y BUTIALL
y = e”[(C1 + Cyz)cos z + (Cs + Cyx) sin z,

ne Cy, Oy, C3, Cq — noBUILHL AIACHI CTAIIL.
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§ 3.5. JlimiiHI HEOJHOPIAHI PIBHAHHA N—TO IMOPAJKY 31
craauMu KoediienTamu. MeToj HeBU3HaYeHNX KoedIlIl€HTIB

Y upoMy MyHKTI PO3TIALATEMEMO DIBHAHHA BULVIALY
y™ - ayy™ Y 4t ay = f(a), (40.5)

e ap,...,an — giucH cram, a f(z) € C({(a,b)). flk Bumamsae 3 Teopemu 8.5, JACTKOBHII
po3B’a30K piBmanua (40.5) 3aBxkau MOXKHA NOOYIYyBaTH MeTONOM Baplallil CTAINX, OCKLIb-
K GyHIAMEHTATLHA CHCTeMa PO3B’A3KIB BIANOBLIBOIO OJHOPLIHOIO DIBHAHHA 3HAXOIUTHCSA
Ha migcrasi Teopem 10.5, 11.5. IIpore B oxkpemMux BHOAJKaX JaCTKOBHU PO3B A30K PIBHAH-
ma (40.5) mMoxHA TOCYIYBATH IHOIAM MCTOAOM — METOJAOM HEBU3HAEHUX KOEMIIIeHTIB.

Teopema 12.5. Hexan [(x) = P, (x)e™™, ge
].)'rrl‘("};) - p()m”n R Py Do ;é 0.

Toai icHye JacTKOBHH po3B A30K piBHawuig (40.5) y Burusgi

y = 62«,7,1(17)(1“”;:)

Je

g Y T

C?'V'n,(-l/) = qor +e Gm,
k=0, axmo L(«) # 0, i k — kparHicTs (v, AK KOPCHA XapaKTePUCTHIHOIO DIBHAHHA (28.5),
axmo L{a) = 0. Yucaa qo, ..., Gy OFHOBHAYTHO 3HAXOAATHCA 3 JEAKOI JIHIMHOI aIrebpaidHol
CHCTEMU.

Hosedennsn. Hexan
L(a)=0,..., L% D(a) =0, LW (a)#0, (42.5)

TOOTO (v € KOPEHEM XaPaKTePUCTUIHOro pisHauua (28.5) kparHocTi k. Byremo mykarn va-
CTKOBUU PO3B 130K pisusanna (40.5) y so~uanl (41.5), e qo, - - ., G — HeBigomi. ITigcrasumo
dyuxuio (41.5) y pisaamas (40.5) 1 spaxyemo ToToxuicTs (37.5):

™m m
L[/U] — I |:Z qja:nL—j-}-lc(jam:I _ Z L[qjm'm—-j—{—kea:r] -
7=0 7=0
m

— quL[xrr),—j+keax] _
i=0

m m—j+k

— Z q; Z sz_j_HcL(.s)(a)l_m—j—{—k—seaw — ijxv‘n—jeaw
s=0

§=0 J=0

3

abo, BpaxoByroun (42.5),

m—j+k m

Z 4 Z Cfn_j+kL(S)(Oé)$m_j+k_seam — ijxm—jeam.
s=k

j=0
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OcTanHio PIBHICTH MOXHA MEPENUCATHA Y BUIJIAIL

m m—j m
k—{—q (k+s) m—j—s __ e
E q; § gk L (a)x —§ pjr
s=0 j=0

SPIBHIOIOYYN KOeDIIICHTH IPH OIMHAKOBHX CTEIEHAX T, MAEMO:

x"™ QOOS-LJFICL(IC)(CY) = Po,
:I‘.m‘hl : Cll::—lkL(l‘+1)(a)> + CI1C777+/< JL(k)< ) - D1,
2% @O IRLUT () 4 g, CFLY) () = p,..

Ockinbku L(l“")(a/) # 0, TO 3 1UX PIBHOCTEHU HOCIIAOBHO 1 OJHOZHATHO 3HAXOMUMO G0, - - . 5 (-
AHATODIMHO PO3NIALAETHCA BUTAA0K, Ko L{w) # 0.

3ayBaxkennsa 3.5. fxmo roedimiewrn muorowiena P, (v) I wmcao o -~ JgIHCHI, TO JACI'KO
6aduTH, 10 po3B A30K (41.5) Tex Oyae qIACHIM.

3ayBaxkenusa 4.5. Hexan f(x) = fi(x) 4+ f2(x) i ¥;(x) ¢ 9acTKOBUM PO3BA3KOM DIBHAHHS

L[(/] - f]‘(.’l‘,), J=12

Toxa1 merko mepesipuTy 6e3M0CePEARBOIO TIACTAHOBKOW v piwinng (40.5), wo (yHKia
y = 1(x) + ()

Q)’,JC YACTKOBHM PDO3B A3KOM oporo [)jBHﬂH'H}I.

Teopema 13.5. Hexan

O 1 PR Q.
flay = e [P, (x)cos Bu+ P2 (x)sin 3], |
!
Je o, 3 ~ AHCHI 4ucaa, Pm () ~ MEOrOwICH cTenmers m;, j = 1,2, 3 ,/III/I(HI/IJVH/I KoeplileHTa-
mu. Togl IcHYe 9acTKOBHH PO3B'A30K PIBHAHHA (40.5) v BUrIAg]

y = aFe™® [Qm( v) cos B + Q2 (a ) sin Bx],

gem = max{my, ma}; Q% (z), j =1,2, -~ MHOrOwICH CTeNCHA ™ 3 JIHCHIME KOepIIeHTaMU;
k=0, axmo L{a+ i) # 0, i k e kpaTHIicTIO KOpeHA o + 1f3 XapaKTepACTHIHOTO DiBHAH-
aa (28.5), axmo L(a + i) = 0. Koedimientn muorowrenis Q) (x), j = 1,2, 3Hax0qAThCA
OMHO3HATHO 3 JEAKO] JIHIMHOI aarebpaidnoi cucTeMH.

Hosedenns. Ilepir 3a Bce 3ayBaknmMo, MO KOPUCTYIOTIUCH GOpMyTaMu Errepa
eP* = cos B +isin Br, e P* = cos Bx —isin Sz,

3HAX0OAUMO:
’ @iﬁw + e-z’ﬁ:c eiﬁr . e—i,@:z:
cos fr = ————— sinfPfr= —---—o
2 21
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Tomi gyukuio f(r) MOXKHA 3amMCATH y BUIVIAIL

| 1 L iBx —13
F() = 5 I(Ph, () = iP2, )e™ + (P, (a) + P2, ()] =
e

e
R} (x) = —( Py (x) —iP},(x)), R.(z)=RL(x).

Poarasuemo piBHAHHSA
Lly] = R}, (x)e*Hid)e, (42.5)

3rigao 3 TeopeMon 12.5 1me piBHAHHA Mae PO3B’A30K
P a3 x,
Y1 _“Mm(l) ( ) ’

ze ]\4”7(/') MHOI'OWICH CTCHEHS 17, KOCMIMIECHTH AKOTO 3HAXOAATHLCS OTHOZHATHO 3 JeAKOl
MHIAIo1 aarebpaivuol cucreMn. Jlerko 6aaurn, 1o piBHARHA

Lly] = R? (x)elr=P)x (43.5)

Mae pPo3B’A30K
Yo = ]v[[( ) ((v—z,/j).,m 3

T

Crhpan i, 0CKITLKNM 1 poss’ a30K pisaanns (42.5), To

Ly = R!

() el
Toi, BpaxoByIoTn, mo xoedimenr pisaannag (40.5) xiicHl, MaeMo:
f[”l/’;] — 11[71] — Rl ( ) (oa—if3)x RZ ( ) {(a—i/i)n;’

m. m

TOOTO Pi ¢ po3B’sakoM piBHsHEA (43.5).
Hexan

MI‘IIIZ( ) <(‘2)7L( ) I(e’ln ( ))

Tom

1
Y=yt = 5((3,}71(:@»/@,”(' v))eltiMaghy

+%( (%) +1Q5, (2))e Tk = 2Fe(Q,, (v) cos B + Q7 () sin Ba]

3rigHo 3 3ayBaxennaMm 5.5 € po3s’askom pisHsHEA (40.5) 1 TeOpeMy J0BELEHO.

HNpuxknag 5.5. 3aanTu 3aradbHIl PO3B A30K PIBHAHHA
"~ 5y = —5x? + 2z, , (43.5)
Posp’sa3yo4u cno9aTky BIANOBLIHE OTHOPITHE PIBHAHHA

//_5y/:0
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MaEMO!:
M —5A=0, A =0, A =5, yo=Cq+ Cae’.

OckinbKu IpaBa JacTUHA DIBHAHHA (43.5) Mae BUIVIAL
f(z) = (5% + 22)e’"

1 HyJb € IPOCTUM KOPEHEM XapaKTePUCTUIHOrO DIBHAHHA, TO TaCTKOBUM DO3B’A30K PIBHAH-
ua (43.5) Oy1eMo IIyKaTH y BULJIALL

Yy = (ax® 4 bz + ).
IMixcraBasoun y., B piBaanHa (43.5), oTpuMaemo:
—15ax? + (=100 + 6a)x — 5¢ 4+ 2b = —5a? 4 2,

—15a = —-5; —10b+6a =2; —bHc+ 2b=0;

1 1 .
a=—; b=0; ¢=0; y,= §:r:"5.

TaxkuM 9MHOM 3araTbHUER DO3B’A30K DiBHAHHA (43.5) Oy1e MaTH BATIAL

1.
5 3
Y= Yoty = Ok Coe™ o+ oo,
Ipuxknag 6.5. Hexan sagano pisuans
y"” 4+ y = 6cos 2 + 3sin 2. (44.5)

Posp’sikeMo cnmovaTKy BIAMOBIAHC OJHOPIAHE PIBHAHHS:

! 2 — - — ;

yo+y=0;, A +1=0; =4

Yo = Ccos x4 Cysin .
[Tpasa wacruna piBasauusa (44.5) mae BUrIALN
f(x) = (6cos 2x + 3sin 2z)e"7;
a+if=1-2;, my=mg=0; m=0.

Tomy 3rigHO 3 Teopemoro 13.5 iCHye 4aCcTKOBHU PO3B’A30K piBHARHA (44.5) y Buriaxi

Y = acos 2x + bsin 2x.

[ligcraBagoun yy y pisaanasa (44.5), orpumaemo:

Y., = —2asin 2x + 2bcos 2x; y! = —4acos 22 — 4bsin 2z;
—3acos 2x — 3bsin 2z = 6 cos 22 + 3sin 2z;
—3a = 6; —3b = 3; a= —2; b= —-1;
Yy = —2COs 22 — sin 2z.

Tomy 3araIbHUN PO3B’A30K piBHAHHA (44.5) 3anMIeTHCA y BATIALII

Y = 1Yo+ Yq = Cycos x+ Cysin x — 2cos 2z — sin 2x.
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§ 4.5. Jleaki “acTKOBI BUAM JIHIMHUX PIBHAHD
n-To MOPAAKY 31 3MiHHUMHU KoedinieHTaMu

19. Pipaauua Ennepa. JlininHe audepenniagbue piBHAHHL BUTIALY
‘,l.ny(n) + (1’1$7'1,71y('rlv1) + ot apy = f(l), (455)

oe ay, ... 0y ~ JIACHL CTAJL, HABMBAETLCA DIBHAHHAM FKniepa.
Posrasnemo crovarTky JAiHIAHE OgHOpiAHE DiBHAHHA Einepa

.’171’7"'1‘/(“) + a/lgjnwly(n—l) 44 any = 0. (465)

Ockinpkn xoedinienT ' npw HOX1AHIN g/(") obepraeThes B Hy b Yy TOUHL @ = 0, To Oyaemo
PO3TIAZATH Te PIBHAHHA Ha iHTepBagax (—oo,0) i (0,400). Hexan ara BussatcHoCTI 2 €
(0, 4-00). 3pobumo y pisasuul (46.5) 3aMiHy HE3aJCKHOI 3MIHHOL 32 HOPMY.IO0O

t=Inux abo r=e'
(axmo x € (—00,0), To samina v = —¢'). Toai
& ot d g = yle!
- yre
da (it !
1 ! 7 20,

k) T (n) [ 21, —nl

.‘/;(: )= (1) (n — 1)ty Je :

ITi gerasamoun 3nau el noxXiaul y piBranisa (46.5), oTpuMaeMo JHITHC O HOPITHEe PIBHATHA
n n—1 ~ e

y;,') } [)lg/§7' ) l R ,+, bny o () (/1(_;))

n-ro MopaaKy 31 craanmu Koedimierram. Hexam Ay, ..., Ay, — Pi3HI KOpeHI XapaKTepucTu-
YHOT'O DIBHAHHA

A" - [)J)\”_l 44 b” = 0’ (485)
OPAIOMY KPATHICTH KOPeHsa A; jopismioc amcnosi kj, k; > 1, 7 = 1,...,m. [lami, Hexau
KOPCHI Aq, ..., Ay - KOMILICKCHI, mpuaoMy Ao,y = Aoy, j = 1,000 a Aoy, ooy A

migcni. Toal srigro 3 reopemamvu 10.5 1 11.5 pyHAAMCHTATBHA CHCTEMA PO3B A3KIB PIBHAH-
st (47.5) Moxe 6y TH 3anicana y BUINVISL

et Azin cog (tIm Ag;— 1), tetfted2i—1 g (tIm Agj1),. ..,
thei-1=1ptReds 1 ooq (1Im A2i—1 ),
et X2i-ngin (HIm Ny ), te™e =1 sin (Flm Ay 1), . . .,
thes-i=tetRe Ao gin (thm Ay; 1), J=1,...,1;
Apt g Apt kp—1 Apt .
ert tetrt L PP T et p =204+ 1,...,m.
[TopepTamo«uch A0 CTAPOl HE3ATEKHOI 3MIHHOL ', OTPUMAEMO DYHIAMEHTATLHY CUCTEMY PO3-
B'S3KIB BUXITHOTO piBHAHEA (46.5):

Re AZ]‘—L

ReA2i-1 cog (ImAyj—1 In z), @ In zcos (ImAg;—y In ), ...,

gReA2i-1(lp g

)E2i=171 cos (Tm Agj g In @),

2R sin (Im Agj—1 In 2), 2™ In wsin(ImAgjy In ), ...,
pReAzj—1 (In g;)"?i*'l_l sin(ImAgj_y In2), j=1,...,[;

Ap

2 2 in ... 2 (In )t p =204+ 1,...,m.



112 IJI. 5. JIHIMHI AUPEPEHITAJILHI PIBHAHHA

3aysaxenss 5.5. Ockiibku po3s’s3ky pIBHAHHA (47.5) Mu mykaan y Buradgl y = exp(At),
at=1n x, To, 0YeBHgHO, P03B’A3KM piBHAHHA Filtepa (46.5) crif myxaTn y BUNIA y = 1.
Togi

yB = XA =1 ...\ =k+1Dz % k=1,...,n

1 XapakKTepucTHIHe DIBHAHHA (48.5) maTume BANIAL
AMA=-1D ... =+ 4+ X A—-1 ... =n+2)+ - +a, 1A+ a, =0. (50.5)

Orpumane piBHAHHA (50.5) GyqeMo HABHMBATH XAPAKTEPUCTHIHUM DIBHAHHAM [IA DIBHAHHA
Esnnepa (46.5).

DymraMeHTAIBHA CHCTeMa PO3B’A3KIB PIBHAHHA Fuaepa Oyayerses 3a dhopmyaamu (49.5).

Mpukaag 7.5. Hexau 3anano piBHsHEA

.tr72y” —ay +y =0, x>0.
XapakTepucTUIHe PIBHAHHA MAaTUME BUTVIST
AMA—1)=A4+1=0 abo A -2\+4+1=0.
3Biacu Ay = Ag = 11 pyrxuil
Yy = &, Yo = xln x

CKIANYTh (QYHJAMEHTANBHY CHCTEMY PO3B'A3KIB BUXIAHOrO piBHAHHA. OTiKe, 3arajbHul
PO3B’'A30K MaTUMe BUIVIAN
y=(Cq+ Coln ).

3aysaxkenns 6.5. Hexan y pisusauni (45.5)

f(x) = 2*[P} (In 2)cos(B1n z) 4+ P?

my ™o

(In 2} sin(F1In 2)],

ae Pp . — muorowren cremens m;(i = 1,2) mogo In x. Toxi Ha migcerasi Tcopemu 13.5 I
3ayBAaXK€HHA 5.5 MOXKeMO CTBEDKYBATH, HIO PIBHAHHA (45.5) Mae 9acTKOBHH DO3B’A30K y
BUTVIA L

y=2[Q}. (In 2) cos(BIn x) + Q2 (In ) sin(B1n 2)|(In )",

ae Q. (r) - mrorowren cremers m = max{my, ms} mogo In x 3 HeBU3HATCHHMH KOepII-
earamu; k = 0, axmo a + 13 we Gyge KOpeHeM XapaKTepPUCTUIHOIO PIBHAHHA (50.5) 1 ax110
o + 18 € KopeHem XapaxrepucruaHoro piBHaaaA (50.5), TO k JOpIBHIOE HOrO KPaTHOCTI.

Hpukiaax 8.5. Hexan 3anano piBHAHHA
2,1 :
x%y" — 2y = gin In x.
Posp’azemo cnovaTKy BiATOBLIHE OMHODLIHE DIBHAHHA:

22y =2y =0; AMA-1)—-2=0; N -)A-2=0;
Mo=-1, =2 Yo = Crz~ 1 + Cha?.
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Y mamomy Bunagaky mi = 0, my = 0, a + i3 = i, k = 0. OTXe, JacTKOBUI PO3B A30K

BUXI/JHOI'O PIBHAHHS 1ICHY€E YV BUIVIAIL
Yq = acos In xz + bsin In x.

[MixcraBumo ¥y, v HEOTHOPITHE PIBHAHHA:

, a b
Yy, = ——sin In x 4 — cos In x;
T x
1" a . a )
Yo = —sinlnx — —cosIlnx— —cos ln x —
i ,r.z /1,2 ’1“2

(a—b)sinIn o~ (a+b)cosn x—2acos Inx— 2bsin In @ = sin In u;

-2

e

sin In r;

~306—b=0;, a—-3b=1, a=0,1;, b= -0,3;

Omike, 3aralbHui PO3B A30K HEOTHOPIAHONO PIBHAHHA 3AMUILETHCA Y BUTVIAII

Y= Yo +yqg = Cha ' + Chx? +0,1cos In o — 0,3sin In «.

20, PiBuaaHa Yebunmona. Jliniine gudepermiaipie PIBHARES BALIATY

(1 — a2y —axy +n*y=0

Ha3uBACTHLCS PIBHsHEAM Tebuinena.

Poarasremo me piswimus ma mmrepnan (—1,1). OdeBrano, Mo Ha 11HOMY IHTEPBAJIl BUKO-
HYIOTHCSA YMOBHA TCOPCMHU ICHYBAHHA 1 € THIOCTI O3B’ a3Ky 3agai Kol qia piBHAHHA (51.5).
Moy ryeMO 3araibHuil PO3B 30K TLOTO PIBHAHHA. 3POOUMO 3aMIHY HE3AICZKHOL 3MIHHOL X

3a opmyaoro = cos . Tom

, dy dt dy 1
' o= 2 — Y
Y dt dx dt sin t

)

.y d (dy 1 ) 1 d?y 1
y = —— | — - S ey 5 T T -
Y dt \ dt sint/\ sint dt? sint  dt sin’t

[Migcrasrmoan v, y', y” v pisaanua (51.5) 1 3amimontn @ 1epe3 cos {1, OTPUMAaEMO

d?y

W nzy = 0.

OcKLIbKY e PIBHAHHA Mae 3arafbHAR PO3B’A30K
y = C4 cos nt + Cysin nt,

TO 3araJbHUN pO3B’a30K piBuaAHus lebumena Oye

dy cos t

y = C' cos (narccosx) + Cq sin (n arccos x).

YacTKOBUN PO3B’A30K Y1 = cos (narccosx) masg n € N Oyge MHOrOwIeHOM crenens n. Crpas-

i, BukopucTaemo dopmyay Myaspa

(cos @ +isin )" = cos ny + isin ny.
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3Blacu

cos ny = cos" g — C2cos™ 2 sin2g0 + C4cos"b_4<psin4<p 4
¥ n 14 n
+(=1)*C%*cos™ K psin®F o + -+
+{ (—=1)"/2sin™p, n — napwe,

(Hl)(n—l)/Qn COS gpsinn—ltp, n — HelapHe.

[ToknmameMo TYT (@ = arccosx 1 3ayBaKUMO, WO Sin ¢ BXOAUTH JUAME Y HapDHUX CTEIeHAX.

Tomy
k

bl

cosFp =¥, sin®*p = (sin?p)* = (1 - cos?p)* = (1 — 2?)

1 y; cupaBAl € MHOIOWICHOM cTemensa n. llen Mporot«wren masmpaeThca MHOrOWICHOM Ye6u-
IIoBa.



I'JIABA 6. JIIHIMHI CUCTEMU IUPEPEHIIIAJIBHUX PIBHSAHDL
31 CTAJINMMHN KOEDPIINIECHTAMMA

§ 1.6. 3araJbHUM PO3B’A30K OJHOPiAHOI cucTeMu
Y BANAJKY MPOCTUX BJIACHUX 3HAYEHb

Posragaremo cnmodaTKy JIHIMHY OAHOPIAHY CHCTEMY 31 CTAMUMHU KOSMIUIIEHTAMN BULVIA Y
. . * . . o
n
I 7 P X
Y = E a;y;, t=1,...,n. (1.6)
j=1

Tyral € RY, j,i=1,...,n.
Ha nigcrasi 3araapHOl TeODIil MIHIMHAX AU(EPEHIIATLHIX cucTeM (raasa 4) MOKHA cKa3a-
T, mo g1a (1.6) icHye dyHIaMCHTATBHA CHCTEMA PO3B A3KIB

), ..., 3Mx) (FYz) = (o' (2),..., ¢ (x), i=1,...,n),

BH3HAMCHA HA BCIM “MCAOBIN 0CI 1 3arambHum po3s’s3ox cucremn (1.6) mMomxHa 3anmucata y
BHATIA 1

e (Y Lg,. Y . PO .

Ui = (./1@07“ (1) + T + (u@, ('I’>7 = L,...n,

ae Cy,...,C, -~ IOBLILHI JINCHI CTAJIL.
SKIIO BBECTH MATPHINO

al a? ... a}
1 2 7
as a5 ... a
A = - 2 2
ab @ .. an

Tt (£3 "

i BekTOp-cTOBIUMK ¥ = colon(yy, . .., Y, ), TO cucremy (1.6) MOXKHA 3anUCATH Yy BATIALL

y' = Ay. (2.6)
Bymemo mykaTu po3s’a3ox cucremu (2.6) merogom Euaepa, a came y suriai

7= M, (3.6)

xe 4 = colon(vyy, ..., Yn) — HCHYJABOBUU CTAAUN BEKTOP, A — napamerp. [lizcTaBuMo ¢pyHKHIEO
(3.6) y cucremy (2.6). Orpumaemo

/\,76)@ — A'V(i)\x,

abo
(A—AE)¥ =0. (4.6)

Tyt E — oxuHWYHA MATPUIE PO3MIPOM N X 7.
Ouesnano, (4.6) e miHinHON airebpaiunor cumcremowo. Sk Bigomo, cuctema (4.6) Mae
HEHYJIBOBUHM PO3B’A30K § TOZAI 1 TUILKHU TOMI, KOJX

det(4 — AE) = 0. (5.6)
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Orxke, OyHKIA BEMIALY (3.6) Oyae poss’askoMm cucremu (2.6) Toxl 1 TIIBKE TOXI, KOIX A €
BIACHUM BHAYCHHAM, a 7 — BIATOBIAHUM WMOMY BIACHAM BEKTOPOM Marpmii A.

[Toznaummo pisHI BIAcHI 3Ha4YeHHA MaTpumi A depe3 Ai, ..., Ap, m < n. Hexanm A; ax
kopiub pisaanHsA (5.6) Mae kpaTHicTb kj, 7 = 1,..., m. KpiM Toro, Hexan BIACHOMY 3HAYEHHIO
Aj Bignosizae [; MBHINHO He3AIeXKHNX BIACHUX BEKTOPiB Marpuui A, j = 1,...,m. fIx Binomo
3 miHimHOL anrebpu, k; > [;, 7 =1,...,m;

ki+-+kn=n m<lhh+---+1l,=5s<n.

Hozsaunyo AIHITHO He3aIeKH] BIACH] BEKTOPY MATpHUIl A, AKI BLIIOBIAAIOTL BJIACHOMY 3HA-
9EeHHIO A;, Hepes
' 4,1 il .
NP AP =1, .
Mozusi gsa Bunagxku: 1) s = n; 2) s < n. Posrasuemo cnogarky sunagox 1). Toni mm
OTPUMAEMO 1 PI3HUX Po3B aA3KiB cuctemu (2.6):

,5: 1,1()1:1»” o ,'5;17‘1 ())\JH’
9 [
727[(3)\31! ,)/u,lz(/\n‘
,—7*771,10)\,,”;(-’ o ;;m,l,me/\m;x:' (()(’))

Jerxo nepexonatucs, mo poss’asku (6.6) yTBOPIOIOTH GYHIAMEHTAILHY CHCTCMY DO3B A3KIB
cucremu (2.6). /114 UbOro ZOCTATHLO OEPEBIPITH Te, IO PO3B’ A3KH (6.6) AHITHO HE3ANCKH] B
onuil Touni (Teopema 6.4). Hoxaasmm B (6.6) 1 = 0, OTPUMAEMO CHCTEMY BIACHUX BCKTOPIB
MaTpuml A, AKi, AK BIAOMO, JIHIKHO HE3AJEIKHI.

Taxum smnoM, dyHIaMCHTAIBHA CHCTeMa po3B’a3kiB cucremn (2.6) nobygoBasa 1 1uM
CaMUM JTOBCAEHO TEOPEMY.

Teopema 1.6. Hexair \j — pi3Hi BIaCHI 3HAMCHHA MaTpAUl A KpaTHOCTI kj | HOXAH KOKHOMY
Aj Bignosigae k; JMIHIHHO HE3AJICKHHUX BAACHUX BEKTODIB

FIE k=1, ki, 3=1,....m, m<n.
Toai Bcl po3B'sA3kn cnereMmu (2.6) MOxKyTH Oy TH OHHCAHI (POPMY.IOO

m

L
F=2_2 Cowihe, (7.6)

ae Cj j ~ JOBLIBHI CTAII.

3ayBaxkenna 1.6. fIxkmo Bci BracHi sHaveHHs MarTpuni A apiicui, To gopmyaa (7.6) npu
AOBLTEHEX gincHux craaux C) j omueye Bel QicHl po3s'asku cucTemu ( 2.6). Axmo x cepen
BIACHUX 3HAYEeHb MaTpUIi A € KOMILIEKCHI 9HCIA, TO cepef DO3B’A3kis cucremu (6.6) 6y,qyTh
KOMILIeKCHI po3B A3kH. 10010 3aramerui po3s’A3ox (7.6) Oyage kommaekcHuM. Bugimmo
3 (7.6) MHEOMHHY BCIX FUACHUX PO3B'A3KIB cucTemu (2.6). /LIS ObOro IepI 3a BCe 3ayBaKHMO:
AKIIO 9UCI0 A1 = a + ib € KopeneMm piBHAHHA (5.6) KpaTHOCTI k1, TO THCIO a — ib Tex Oyige
xopereM piBHAHHA (5.6) kpaTHOCTI k1. OT2Ke, MOxKeMO B3ATH \g = A1. Toxi ky = k.

Tenep aposymito, mo axmo Y17, j = 11,_. .., k1, € Bracamm BexkTOpOM MaTpuIl A AKHH

—

. . 7 . o
BIAIIOBLAA€ BJIACHOMY 3HAYCHHIO A1, TO ¥ ~, j = 1,...,ky, 6yae BracHEM BeKTODOM, AKHI
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. . . =17 .
BLAIOBLAAE BIACHOMY 3HAYCHHIO Ao (/1A OBOTO JOCTATHBO migcTaBuTH 7 ~,j =1,..., k1, B
cucremy (4.6), koan A = Ay).

Taxum 9rHOM, po3B A3ku cucremu (6.6), Axi BLAMOBIAOTL COPAKEHAM BIACHAM 3HATCH-

HAM Ay I Ao, MOXKHA BHODATH MONAPHO CHPAKEHAMA

21 AN 225 o hew g 3

v le = A 2Jerew g =1,... ky.

OTxe, cHCTeMa JIHIHHO HCE3AJCKHIX BeKTOopiB (6.6) nopAan 3 KOXKHWUM BEKTODOM MICTHTH
7 y

capsKeHud 40 Hporo. Togi ga migcrasi gemu 1.5, AKa CIIPABEATHBA 1 A BEKTOPHUX (DyHKIIIH,

po3B 30K (7.6) 6yae midcHEM TOAI I TIIBKH TOJI, KOJH IPH KOMILICKCHO CIPANKEHUX BEKTOPAX

cucremu (6.6) ¢TOATH KOMILIEKCHO CHPAXKCHI CTaal, a IpU JIMCHIX — JIHCHI.

Hpuxaax 1.6. Posruanemo cucremy

2 1 -2
gl =Aj, A=|-1 0 0 |. (8.6)
11 -1

CxrnageMo PIBHAHHA JIA 3HAXOAKCHHEA BIACHUX 3HAYCHL MaTpuil A :
2-—-X 1 —2
; 2 :
det(A — AF) =] —1 - A 0 = AT AT N1 =0
1 1 —~1-—A
3igen Ay = 1, Ay = i, A3 = —1i. Tenep s3manmgemo BracHl BexkTopu. BizbMeMo cnowarky
A1 = 1. Toal marumMemo
7+ v2 = 2v3 =0,
=y = v2 =0,
Yi+y2 — 273 =0.
ST S 1 1 _
3BLacn yp = 1, vy = —1, y4 = 0.
Terep BizbMeMo Ao = 2. AHAJOTIMHO, AK 1 B HOMEPCIHBOMY BUIIAIKY, OTCDEKYEMO CHACTEMY

(2 =)y 47y — 2y =0,
=1 = 1y2 = 0,
Y1+ 2 — (L +4d)y3 = 0,

- D) ‘ . e p

3 AKOl 3HAXOUMO Vi = 1, 75 = 1, 2= 1.
Ax Oyno 3a3zmadeHo BUILE, BIACHUU BEKTOD, SKUH BIANOBIIAC¢ BJAACHOMY 3HAYMEHHIO —1,
MOKHA BUOpATH cHpazeHuM 10 7 2. OTxe, MOKEMO TPUIYCTHTH, o v = 1, v3 = —i,

7‘33 = 1. Taxum “wuHoM, 04ePIKYEMO TPU JIHIMHO He3AJeKHI PO3B A3Ky cucremu (8.6)

7 1 1 1
271 — -1 CT, ng — i ezac’ 73 —q e
0 1
1 3aralbHUN PO3B A30K
1 . 1 . 3 1
g=C1 | -1 |e"+Co | 1 | +C3]| —i | e (9.6)
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Jasg roro, mo6 BUIIIATH MHOXWHY NIMCHAX PO3B’a3kiB cucreMmu (8.6), mu Gepemo 3a Cy
JOBLIBHY MIUCHY cTaJdy, a 3a Co 1 C'3 — B3a€MHO CIpAKEH] KOMILIEKCHI cTaai. [Ipumycrumo, mo

~ 1 ~ 1 . D e .
Cy = 5(0-2 +iC3), C3 = 5(02 —iC3), xe Cy i C5 — poBiabHi givicui cram. Akmo ckopucTaTucs
dbopmyaowo Enmrepa

€' = cos ¢ +isin @,

10 (9.6) TErKO MePEeTBOPUTH A0 BUTVIALY

1 COsS T sin x
y=Cy| -1 }e"+Cy| —sinax | +C5 | cosz | . (10.6)
0 cos ¥ sin

3BepHeMoO yBary Ha Te, mo Gopmyay (10.6) MoKHA OTpUMATY IHIIUM, TPOCTIIIAM CIOCO-
oM. /s UpOro BUAINMO B PO3B A3KY

cos T sin x
g°=| —sina | +i| cosx
Cos & sin x

JINCHY 1 YABHY YACTHHU.

Ockinpky koMmtexcna ¢ynxuis G(x) = ¢H(x) + iF%(z) 6ye posn’askom cucremn (2.6)
Tol 1 Ttbkn Toal, ko F () 1 g% (x) GyayTs posn’askaMu miel cueremu (MepeBipaeThCS
6e3nocepeHbOIO MACTAHOBKOW B cucTemy (2.6)), 1o yHKIIil

COS T sin
giPt=| —sina |, §**=|cosu
CcoS T sin &

6yayTh po3s’askamu cucremu (2.6). Bauumo, mo came BOHEM BXOAATL B BaralbHUA PO3B -
30k (10.6).

OTxe, AKIOIO MM MAEMO JBa KOMILTEKCHO CIPSAXKEHI BJACHI 3HaveHHsa marpuii A (A =
Xg), TO HeMae MoTpebu OyAYyBATH BCl JIHINHO HE3AJCKHI BJIACHI BEKTODU JAA 060X BAACHHAX
3Ha4YeHb. /OCTATHBO B3ATH OJMHE 3 HUX, HAIPUKJIAL A1, HOOYAYBATH AIA HLOI'O BCI MIHIAHO
He3aIeXKHI BJACH! BEKTODH, 3amNCaTH BiANOBIAHI po3s’ssku cucremu (2.6) y uruam (3.8) i
BIJLTATY B HUX MIUCHI I YABHI YaCTUHE, B3ABMIX IX 3a HOBI po3p’saskm cucremu (2.6). Sxio
BJACHOMY 3HAYIEHHIO A1 BLAMOBiAa€E k1 JIHINHO HE3aJ€KHUX BIACHUX BEKTOPIB, TO IUM ILIAXOM
M1 OTpuMaeMo 2ki JIMCHMX THIMHO HE3aJMeKHUX DO3B’A3KiB cucremu (2.6).

§ 2.6. 3aranbHUM PO3B’A30K OJHOPIJHOI CHCTEMU
Y BUIAAKY HagABHOCTI KPATHUX BJACHUX 3HAYEHDL

[Tepengemo Tenep no BUBYeHHA BHOALKY 2), Koau s < n. Cuctema (6.6) MicTUTD y UBOMY
BUMAAKY S JIHINHO HE3AICXKHUX PO3B’A3KiB 1 He Gyae pymmavenTarbHoo. [laa nobynosm
3araJbHOI0 PO3B’A3KY cuCTeMM (2.6) BUKOPHCTAEMO IHINMA miAXiZ. Ale CIOYATKY HABEIEMO
JesaKl JOIMOMIXKHI TBEDKEHHA 3 JIHITHOI aare6pu.

MEHOXUHY BCeMOXKIHBUX KOMILIEKCHIX BEKTOPIB BULIALY Z = (21, ..., Z,) 3 N KOOpIMHATA-
MH Ta MOKOODAMHATHUME ONEPAIAMHA JOJaBAHHA | MHOXKEHHA HA KOMILIEKCHI Yucaa Oy IeMo
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NA3UBATH KOMILIEKCHUM BEKTODHUM IPOCTOpPOM i mosHadaTy depe3 C". Binomo, mo y opoc-
ropi C" icHye 6asnc, AKNMA CKIAJTACTHLCA 3 71 €IeMEHTIB.
Hexair [, — mimittauir onepatop y C*, &1, ..., €™ — neaxwui 6azmc 8 C"*. Toxi

L7 =N "alek, j=1,...,n. 11.6
k
k=1

1 1
v, e

Marpuna A = (a)) HABEBAETHCA MATPUIICIO JIHIMHOTO oepaTopa L moao 6asucy €
Koxmomy muimHOMY onepaToposi L moao gikcoBanoro 6asucy € Lo, emsCn BIMOBI A
aesxa marpuus A = (). Hasmakn, axmo €', ..., &" -~ geaxun 6asuc 8 C" i A = (ay) -
JOBUILHA KBAAPATHA MATPULSL TOPALKY 7, TO Gopmyin (11.6) BU3BHATAIOTE JeAKUU MIHIMHAN

oneparop L s C™.

Hexawn 71, o0 7™ dmmmn 6aswe 3 C*, mos’asasmit 3 GasucoM ¢, ..., @™ 3a g0TOMOPOIO
dhopmya
7
P = ,ll’.{:(f;’/.*,’ =1,
k=1

v d \ T AT WA FE AT : PR . T 0 T - ~r g
ae U = (uy) — Hesupoekena marpuug. Toxi marpuus 3 oneparopa L mwogo Gasucy 7' ...,

T MAE BEDIT

B=U"1AU. (12.6)
Marpumi A 1 B, awi ss’ssani cuissigromceriam (12.6), HasuBaoThea nogibuavm.  Bino-
MO, IO TIOAIOH] MATPHIl MAIOThL OXHL 1 T1 2K BAACHI 3HAMEHH, SK1 ¢ BJIACHAME 3HATCHILTIMEI
omepaTopa L.
Hexawr renep A - e marputs cucremn (2.6). Beegemo nossasienss

P = A T A B = A gl = Ay
o4ty o+ = )\'m,« R /\m,a Js41 = /\]a s Mg = /\lv

Hestji+1 = Az, Hstir+ia — Ay Hstjidtim+l = Ay o s M = A

ne j, = ky =L, p=1,...m.

Orwe, pj, j = 1,...,n, 36iraeTbea 3 OJHUM I3 BIACHHX 3HAYMCHL \,, p = 1,...m, a Ap
HOBTOPIOCTLCA Ky PA3IB, Ae p = 1,...1m, B CUCTEMI [i1, ..., [ln. SAYBAKUMO, O Koan ky, = [,
B AKOro-Heby b p, 1 < p <m, TO A, He BXOAUTD y CHCTEMY YHCET flgiy|, « ., fln-

Teopema 2.6. IcHye HeBupopkena marpung T raxa, mo B = T~ AT 6yne TpuxyTHO©O

1,2 n
py by ... b

n

0 po ... b5
0 0 ... pup

Aosedenns. Buxopucraemo Meros MaTeMarudnol inaykuil. [Iaan = 1 TBepKeHHA TeopeMn
ouesmane. Hexai TeopeMa cupasejiuBa A NOBUIBHUX MATPUIbL HOpArky n — 1. /loBexemo,
0 TOA1 BOHA CIPABELINBA A4 MATPHUbL HOPAIKY n. Y BekTopHoMy mpoctopl C* BuGepemo
pestxmit 6asmce €1, ..., €" i posrviamemo orepaTop L, AKMH Mae y HboMy Gasmci MaTpuIo A.

Hexait 7! - sxuit-HeGy Ab BIACHME BEKTOD omepaTopa L 3 BIACHUM 3HAYEHHAM (. Bubepemo
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1

BEKTODH 72, ..., 7™ Tak, mo6 pazoM 3 7! Borm yrBOpIoBaau 6azuc B C*. Ilo3HadnMo depes
j >N,

U = (u],) marpuio mepexofy Big Gasucy €l, ..., €" o Gasmcy 71, ... 7

n
7 = E w ek, j=1,...,n.
k=1

T

Toxi matpura C onepaTopa L moxo 6asucy 71, ..., ¥" Mae BUDIAL
C = U"TAU. (13.6)

1

Ockinpky 7' — BAacHUN BekTOp onepatopa L, To Ll = p7!. 3 immoro 6oky,

"

Litt = et

k=1
Tobtro
T
E ep it =yt
k=1
3Bl TPUMAE 1= 4 =0 L = 0. Tax ATPL ac TaKAY
3BIIKH OTPUMAECMO ¢y = (i1, ¢y = 0, ..., ¢, = 0. Takum swmHOM, Marpuns ¢ Mac Takun
BUIJIA I
.2 x5
0 3 el
- 2 e 62
C = ’
.2 g
0 ("Tl/ (II
ae
2 n
(12 & 9
: =0 -
2 L
¢ ("I’),

.

AesKa KBaJpaTHa MATPUILT TOPAAKY 1 — 1.

—

Ilepengemo 1o HOoBOTO Gasmcy k', ... h™ 3a JOHOMOrOIO mEpPETBODEHH
n
h = E lFk i =1,...,n,
k=1

ae 'V = (vi) ~ HEBHUPO/I?KE€HA MATPUISA BUTJIALY

1 0 0
v-lo v3 vy
0 o2 v
Ty
v3 vy
: =V -
U2 "
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HeBUPO2KeHa MaTpulld nopaiky n — 1. [llogo 6asucy h Lo, R™ MaTpuns B onepartopa [,
OYEeBUTHO, MAE BUTIAL

I bz oo bF
B=v-lcv=|" & - @] (14.6)
0 q; an
ae
G .- @

—1 s

. == ‘/I C] 1% 1-

2 n

q; .. q

3a OpANYIIEHHAM 1HAYKII iCHY€e Taka HCeBUPOJXKEHA MATPHIM Vi, IO MaTpUIsg '\/"l"lCHV]
fy/1e TPUKYTHOIO,

e b3 . by

- ) oy ... b
Vl Vlclvl — ( 3 )5
0 0 .. ln

Ha migcrasi (13.6), (14.6) maTumemo

B=V oV =V W AUV = (UV)TTA(UV) =

= T~ 'AT, T=UV. (15.6)
Ha roanosmin giaronansi marpuil I3 e ii BTacHl 3HaYMeHHA [t1, ..., M. Ba gy, 7 = 1,...,n,

6y1yTh BIACHUMM 3HATCHHAMN MaTpuni A, ockiaekn A 1 B wa migcrasi (15.6) mogi6ui. Teope-
My 2.6 10BEIEHO.

Teopema 3.6. Hexam A — kBagpaTHa MaTpuid HOpAAKY 1. Toal IcHye Taka HEeBHDOAXKEHA
marpuua T, mo marpung B = T~ ' AT 6yvae TpukxyTHOO, a il eJeMenTH bj«’, j < k, 6ynyTs 3a
MOAyJIeM MEHITHMH BLA 3a4aHoro gucaa b > 0.

Losedenns. Cupaspl, 3rigH0 3 TeopeMmoio 2.6 ICHye Taka HeBUPOJXKeHA MaTpund 17, 1o

i c’f cr
c=1tar, = | 0 ¢
0 0 Hn,
Biasmemo MaTpuiro
1 0
R=1| ........... s T1yee.y T £ 0O
0 T
701
1
— 0
RI=| "L
1
0 all
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T9 Tn—1 n- Tn
R
T1 71 1
Tn—1 n—1 Tn n
1 H2 2 )
B=R "CR= T T2
............................. i
0 0 Hn—1 (r:i_l
n—1
0 0 0 [n

Bubepemo 7, # 0 poBlipHO. SIKIIO B3ATH JOCTATHBO BEAMKHM TUCIO T'p_1, TO CIEMEHT

- Ty _1 MOXHA 3pO0OHTH 3a MOLyJeM MEHIIMM BiA b. Baaram, sxmo eremeHTH rgpiq, ...,
m—1
rn, BEOPaHl, TO MOXHA 3a PaxXyHOK BHOODY 7 3POOHTH eJeMeHTH MaTpuni 13, Akl ¢TOATL y
k—ToMy pAAKY, 3a MOIYJeM MEHIUMMU Bifg b.

Kpim Toro,

B=R'CR=R ' "AT\R = (T\R)"'AT\R = T~ AT,

jge T'= T, R. Teopemy goBeleHO.

Teopema 4.6. Icuye Hesupopxera marpuusa T taxa, mjo marpung B = T VAT vae suraag

pr .. 00 BSTE o by
A A " _
p=|" He s i 1. (16.6)
0 .. 0 peyr .. bYL
0 0 0 L,
Aosedenna. Y BexToprOMy mpocTopi C* BuGepemo peaxuit 6asuc €1, ..., €™ i posrisHEMO

omepaTop L, AKHE Mae B BboMy 6asuci MaTpuimo A. 3rifHO 3 TPUMYMEHHAME, 3pO6ICHIME
patime, maTpuid A, a oTixe i omepaTop L, Mae § MHIMHO HE3aMe:KHUX BIACHUX BEKTODIB 3

BIACHUMY 3HAYCHHAMM [i1, ..., Ms. Hexan ue OyayTs BIANOBLAHO BeKTOpH 7', ..., 75 :
L :M]’T_“ 5 J = 1,...,8. (176)
Jonosrumo ix BekTopamm 7+ ... 7" 10 Gasucy mpocropy C. Ilpu nepexoal Bl 6a3ucy
el ..., & no Gasucy 7', ..., P mMaeMo
n
7l = Zufcé'k, j=1,...,n,
k=1
npuvdoMy mMaTpuna A omeparopa L mepexoauTs y MaTPHIO
C =U"1AU, (18.6)
ae U = (u],) — meBupomxeHa.
Ockiapkm onmeparop L mae B 6asmci 71, ..., 7" marpumo C, To
T
5 j >k .
Ly = E art, j=1,...,n. (19.6)

k=1
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3 immoro Goky, 7', ..., ¥ ~ BmacHi BekTopu omepaTopa L, TOGTO copaBeaawBi PIBHOC-
11 (17.6). 3pismrooun npasi gactuen (17.6) 1 npasi wacTunu nepmmx s pisuocten (19.6),
oTpumyeMo MaTpuio C'y BUIIAIL

I8 0 b5tt i
= 0 ps  bETE b7
< s+1 n
0 0 Cs—{—l Cs—{—l
s+1 N
0 0 ¢ cn
Tyr
Ss-+1 X0
Corl - Copn “
. e . =C) -
s+1 n
ch ce.oop
KBAAPATHA MATPULA TOPATKY 1 — 5.
Bubepemo marpuiito V nopagky n y BUINIAAL
1 ... 0 0 . 0
Vv 0 ... 1 0 0
=1 4y8t+1 )
0 ... 0 wy .. vy
0 ... 0 oSttt ..
ae
o541 21
Virl - Uggt

. . . = ‘/1, det ‘/‘1, 7§ 0,
st
Vi ~ KBajgpaTHA MATPUIA TOPAIKY N — §. 3a JOTOMOrO MaTpuii V' mepenjgeMo Bif 6asucy

7, ..., 7" go HOBOTO Gasmey h', ..., h™:

—

Toxi B 6asuci h!, ..., h™ marpuna B omeparopa L Mae¢ BATIAL

o ... 0 b'i+l oo by

A
0 ... 0 ¢gi1 -+ 4ip
0 ... 0 gt .. g
TyT
s+1

Isi1 - G541 .
qs—|—1 qn
M - i



124 DJI. 6. JIIHIMHI CUCTEMHU 31 CTAJIUMU KOE®DIIIEHTAMU

3rigHo 3 Teopemoro 2.6 marpunpo V) MOx)HA BEHOpPATH Tak, m06 MaTpUIA VflClVl MAaJIa
TpuxkyTHHA Buraax. Omxke, Mmarpund B 6yge maru moTpi6rmd Burmig (16.6) i, kpimM Toro,
Ha migcrasi (18.6), (20.6),

B=V U AUV = (UV)"*A(UV) = T AT,
ae T = UV. Bcel BracHl 3maveHHA MaTpuili B O6yAyTh BAACHUMHU 3HAYCHHAMEH MaTpuil A,
ockiapku A 1 B nmomi6ui. Teopemy 4.6 noseneHo. ‘

Tenep moBepHeMOCA A0 MUTAHHA NOOYIOBU 3araJbHOTO PO3B’A3KY CHCTEMH (2.6), KOJIH
s < n.

Teopema 5.6. Koxmnn poss’a3zox cucremu (2.6) mae BUDIAL

—

BN g PR () (21.6)

=y

ae Pi(z) = colon(P]j (x),...,P(x)), a Pl’ (x) ~ MHOrOYIeHH cTemeHA He Buie Big kj — I;,
l=1,...,n, 3=1,...,m.

HAosedenns. Ha migcrasi Teopemu 4.6 icHye Taka HeBUPOIKEHA MaTpuna 1 TOpAJKY 7, IO
B = T7YAT mae TpuxyTani surag (16.6). Begemo HoBi sMinHI 2 3a (OpMYIOK0O

7=Tz (22.6)
Tomi ¢’ = TZ" i cucrema (2.6) nabyge BUrIALY

=

IS}

(23.6)

Temep no6pe BugHO, WO cucreMma (23.6) Mae TPUKYTHHH BAIMAL 1 11 MOXKHA PO3B S3aTH.
Buxonaemo inrerpyBarHaA cuctemu (23.6). /1 1boro CnovaTKy posriaaHeMoO OCTAHHI Ky, —
PIBHAHD 3 Ifiel cucTeMu. O4UeBHIHO, IX MOXKHA 3ANMCATH y BUAIVIALIL

W _ . N—Jm +2 .
~n—-7m+l - A’,‘”’Aﬂn’_.jlh.Al_‘l + b'fl‘—~7'm+1z”_j1n+2 + e + bﬂ«—jrrn,+1p7'1/’
, . (24.6)
21 = )\mzn—l + bn._lzny
/
Zn = >\'m, Zn-
Harapgaemo, mo j, = k, — l,, p=1,...,m.
3 OCTAHHLOI'O PIBHAHHA cucTeMmu (24.6) 3maxoanmMo
2p = Crem® 2
Zn = Cre™ ™", (25.6)

Sxmo migcraBuTty (25.6) y momepegHe DIBHAHHA CHCTEME (24.6), TO OTPUMAEMO DIBHAHHA

Z;L—l - /\mzn——l = b, Cne/\mx (266>

n—1

31 cTaImM Koe(iieHTOM I TPaBOIO JaCTHHOK y BUMVIAI KBazimominoMa. SIK BizoMo, poss’a30k
piBHsaHHA (26.6) MOXKHA 3amUCATH y BUTMIAL

Zp—1 = (Cn—l -+ C’nbz_lx)ekmx‘
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AHAJOTIYHO 3HAXO0IMMO

Zno = |Cpg + (Crp b5 + Cb™ De g c brTIbT Pt e

'I'l—
[nrerpyroun gamdi cucteMmy (24.6), 1erko OTPUMYEMO PO3B A30K Y BULVIAIL
PN Ame ~
Znj = P T(x)etm®, (27.6)

- . . .
ae P () -~ MHOTOYAeH creneHs j, 1 =0,..., j,m — 1.
P().}IJU{H@M() Tenep HaCTYnHUN 6a0K cucremn (23.6):

f— -~ . ”_47'” 1~ . e . n -
=Jm /\"’”v*l =Y m +0 177 —~ AN 1 + + bn —Jm T

ek = n—jm — Jm-1. Sxamo B cucremy (28.6) migcrasaTu 3Hangcul gynxuii (27.6), To BoHa
HaOy1e BULVIALY

) . . = F N oA
gl T Ao 1 2ty o F b/v+l Zn—y,, T 62A7+l (I)( *,

. | 29.6)
. R (

’:’:I = Jon— | - )\'” —1LEn— Jan—1 + ()Il —J7 , — 1 ';n—jm. + 6277'“'./]-7'11, —1 ('I’ )(;' " r’

::1 o A1 PG + 6271,‘,/“). ('/IZ)("'/X,“"Fa

nputiomy Bei MEOTOWICHN Qpyy (), ..., Qu—j,, () MaroTh cTemeni He BULL Bif Ky — ln — 1.
Cucremy (29.6) MoxKEA 3IRTCIPYBATH AHAJIOTITHO, AK 1 (24.6). Bpaxosyown, mo Ay, 7# Am—1,
OTPUMAEMO PO3B’A30K cucremn (29.6) y sBurasii

~ Ao —1 A
Zn i = Poia)et 1 4 Py (et
e Py ;(x) - MHOrOWwICHM cremens He e Bif Ky—y — bno1 — 1, a [ ’1’,,-(;1‘:) ~ MHOT'O'LICHHA

crenens gBe sume Big Ky, — b — 1, 6= 0, o0, Jm—1 — L.
Irrerpyoam gaqai cucremy (23.6), OTpIMAEMO PO3B’A30K HUAHBOL TACTUHW CUCTEMH, LIO

BLAMOBLAAEC BAACHUM 3HAYCHUAM [lg4 1, - -, fln Y BUTLA]
m
Zypi = § Q. ;(x)e™NT, i=1,...,n—~s. (30.6)
j=1

Tyt Q. ;j(x) - Mporowienu crenens me sume Big kj —1l; —1, 7=1,...,m,i=1,...,n—s.
3ayBaKmuMo, 00 cepel KoedImienTiB MHOIOWIeHIB, AKi BXOAATE ¥ popmyay (30.6), € n —
MOBLILHUX CTAJIUX.
Poaraasemo Temep Ti piBHAHHA cucTemu (23.6), axi BIANOBIAAIOTH BIACHUM 3HAYCHHAM
L1y .., [s. Baxoasau 3i cTpyKTypu MaTpumi B 1 Bpaxosyiouu oTpuMani poss’asku (30.6),
MOXKEMO 3aTUCaTh CUCTEMY

m
2 :uizi+ZQ}7j(x)eAj$, i=1,...,s, (31.6)
—
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e Q}](x) — MHOIOWICH, CTEIiHb AKOIO He IepeBumiye uuciaa k; — I; — 1, j = 1,...,m,
i = 1,...,s. Horo xoedinieaTu BUpaX)aoThCa 4Yepe3d koedilieHTn MHOrOwWwIeHIB (); ;(2) 3

dbopmyan (30.6) i xkoedimientr MaTpuni B. 3ayBaxkuMo, mo mia koxsoro 7, 1 < i <'s, p,
36iraeTheA JUMIE 3 OAHUM A;, J = 1,...,m.

Bpaxosyio«u Te, o y KO:KHOMY piBHAHHI cucTemu (31.6), AKa, OMeBUAHO, PO3NAIAETHCA HA
§ OKpeMUX pIBHAHB, OJHE 3 9UceT Aj, J = 1,...,m, € IDOCTHM KOPeHeM XapaKTepHCTUIHOT'O
PiBHSHHA, OTPUEMAEMO PO3B’A30K 1€l CUCTEMU Y BUIVIATI

m

zj = ZQ?‘J-(:I:)@/\”", t=1,...,s. (32.6)
j=1

TyT MHOTO™ICH ny () mae creminb He pumun Big wnmeaa k; — 1, j=1,...,m,i=1,...,s.

Takum «wmHOM, Qopmymn (30.6), (32.6) COLIBHO AAIOTH 3ACadbHUN PO3B'ABOK CUCTe-
mu (23.6). flkmo renep sukopmerarw dopmyay (22.6), TO ATKO MOOATATH, MO 3aralbHAR
po3B 30k cucteMu (2.6) sanumerses y surasgi (21.6). Teopemy goBemeno.

3ayBaxkeHHs 2.6. flxmo npoamarizyBarTu ILIAX IHTErpyBaHHA cucremu (23.6), 10O Jerko
mobaguTH, 1o cepeq KoedigleHTIB MHOIO LICHIB [3‘(:17), e [3"”'(.17) € N JOBLIBHAX CTATHIX,
Akl y @opmyay (21.6) Bxogare aiminao. Toal, neperpymyBasmm gogaHkn B (21.6), MOxeMo0
3aIHCATH 3araJbHU PO3B A30K cuctemu (2.6) y 3BHMHOMY BUIIALI

7=C3N )+ -+ Chd (1),

Kpim Toro, aerko 6aduru, mo KOXHUH BEKTOD-MHODOLICH pi (@) mictars kj, j = 1,...,m,
AOBLIBHIX cTaanx. Buxogs<aw 3 nux MIpKYBaHbL, MONHA BKA3ATH IPABHIO 3HAXO/ACHHA
po3B’a3Kky cucremu (2.6), He 3pogadu 1 g0 cucremu puragry (23.6). Poan’saox cmere-
My (2.6), AKAH BIAIOBIAAE BAACHOMY 3HATCHHIO Aj, 1< g < m, MOKHAQ BHAUTH HACTYITHUM
THHOM. SAITHCYEMO HIYKAHUH PO3B A30K Y BHIVIAALI

yi = Ri(2)e™* i=1,....n, (33.6)

ae Ri(v) ~ maororen crenens kj—l;, ¢ = 1,...,n, 3 HeBusaadeEnvn koedinicaramm. Higcra-
B1geMO PyHKII (33.6) B cucremy (1.6) i, 3pIBHIOIOMH KOCDIMIEHTH IPH OJHAKOBHX CTOIICHAX T,
OTPUMAEMO JIHIHHY aIreOpaiiHy CHCTeMy HI0J0 HeBIJOMHUX KOe(InieHTIB MHOTOLIeHIB IR; (),
i=1,...,n. SIx 6y10 BKazano Bumle, cepeg koeQinieHTiB Maorowtenis R;(x), i =1,....n, e
k; moBLIBHMX, a pemrTa 6yIyTh BUDAXKATHCA depe3 HHX.
IIpuknag 2.6. PosruasuemMo cucteMy piBHAHB
o,
{ YL =19~ y2,
; /o 9
Yy = Y1+ 3y2.
PiBHAHEA 114 3HAXOIKEHHA BJIACHUX 3HAYCHD MAE BUTVIALT
I-x -1 ] 0
1 33—

3Bigcy 3HAXOAUMO Ay = p1 = g = 2. Orke, ky = 2. Jlerko nobaunTu, mo [ = 1, To6TO
BIACHOMY 3HAEHHIO A BIATOBIMa€ JMIIe OJUH BIACHUU BeKTOD. ByxeMo mykaTu poss’s3ok
cucremu (34.6) y Buraagl

Y1 = (a1£L' —+ b1)62m,

Y2 = (agx + be)e?®,
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fAxmo miacrasury 1i Gyskmii B (34.6), To MaTmMeMO
{ 2a1x +aq + 2()1 = (a1 — ag)x + bl - bg,
2as7 + ag + 2bs = (a1 + 3az)x + by + 3bs.

3BLICH OTPUMYEMO CHCTEMY JJIA 3HAXOKCHHA KoehinieHTIB a1, ag, by, by :

2a1 = a1 — a9,

ay -+ 2b1 = l)l - bz,

2612 =aqa; + 3&2,

a9 + 2])2 == ()1 -+ 3[)2
Axmo npuuaatu by = Cq, by = Cy, 1o a3 = —=C) — Ca, ap = € + 5. Takum =mHOM,

3araTbHIT posB a30K cucremu (34.6) MOXKHA 3AMCATH Y BUIVIA I

{ Ul — ((“(\l — (72)1 +_ C\/'l)c:z.’lt’
Yo = ((Cy + Co)x + C)e?™.

3ayBaxkeHHa 3.6. Hexan cepeng piracuux 3padenn MaTpuil A ¢ koMitrescHal: Ay = « + 1f3.
Toxl ¢ BracHe 3HaMeHHs, crpsexcHe g0 M. Hexam Ny = « — 3. Mu 3racmo, o ky = ko,
Iy = 1y, Jlerxo nobGadaru, Wo AKIO (GYHKUIT § = P! (;l")e/\““ ¢ poss’askom cucremu (2.6),
TO (bYHKIIA ] = ]31(:17)(’“1' TaKO}K 6yAC po3B’A3KOM cucTeMy (2.6), IpUIoMy HCH PO3BA30K
BILAMMOBIAAE BIACHOMY 3HATCHHIO \o.

Taxum auHOM, 06 3 po3B’A3Ky (21.6) BUAIIATH MHOKHHY BCIX JIICHUX PO3B'A3KIB CHCTC-
M (2.6), noTpibHo, AK I B 3ayBazkeHul 1.6, 3 KOXKHOI Iapu KOMILTCKCHO CIIPAXKCHHX BIACHAX
3HAYCHD Aj, Xj MmarTpuii A B3ATH JHIIC O4HC, HAIIPUKIAT )Kj, 3HAUTH I HHOT'O PO3B A30K
cucremu (2.6)

§ = DPi(x)eti* = [[3{ (2) + i (2)]eN™ = [P} (x) cos (zIm A} ) —

~—]'3.:~;j (a)sin (xIm A, )}(‘f"’R’“ Ay ’i[ﬁlj (@) sin (xIm Aj) + Ii’ () cos (wlm A; )]("'”R'e g

1 B3ATH 3a JIBA JIUCHI PDO3B A3KH (DYHKIII
gt =[P (x)cos (alm\;) — P () sin (2Im \j)|e?Be A

—

g% = [P} (x) sin (2Tm A;) + P () cos (xIm \;)]e*Fe ™

¢ 3.6. 3araJbHUM pO3B’A30K JIHIMHOI HEOJHOPIgHOlI cUCcTeMM

Posrasaemo Tenep JgiHINHY HEOTHOPIAHY CHCTEMY 31 CTAIUMHU KOoedImieHTaMI BUTVIALY

n

Y. = Zagyj + Qi(x)e*, i=1,...,n, (35.6)

j=1

ae Q;(x) — muOrowren cremessa Ny, ¢ =1,...,n, w — 9ucao (gincae a6o KOMILIEKCHe ). Baismm
BekTOp-MHOTO4UIeH Q(2) = colon (Q1(2),. .., Qn(z)), cucremy (35.6) MOKHA 3aMUCATH TAK:

7' = A + Q(x)e”". (36.6)
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Mu 3HaEMO, IO 3arajJbHUM PO3B’'A30K cucremu (36.6) MOKHA IOAATH Yy BUIVIALL CyMH 3a-
raapbHOrO PO3B’SA3KY BLAMOBLIHOL OAHOPIAHOL cucTeMu (2.6) 1 9ACTKOBOTO PO3B’A3KY CHCTe-
mu (36.6). Pamime 6ymno po3arasHyTO 3HAXOIKEHHA 9acTKOBOIO PO3B’A3Ky cucTeMmu (36.6) 3a
JTOTIOMOTOK0 MeTony Bapiamnii cramux. IIpore mas cucremu (36.6), A 1 g1 MHIMHUX qudepen-
MAaJTLHUX PIBHAHL N-I'0 MOPAAKY 3 IPABOI0 YACTHUHOIO y BUIVIAAl KBa3lTOJAIHOMA, MOXKHA BH-
KOPUCTATH METOJ| HeBU3HAYeHUX KoedinieHTis. Posraaaemo uen merosn aas cucremu (36.6).
Ax 1 panime, 3Be1eMO MATPUIO A 3a JOTIOMOT0K HEBAPOIKEHOl MATPUIL 1’ 10 TPUKYTHOTO
suraaty (16.6), ne B = T—1AT.
3pobuBmu 3aminy § = 172 B cuctemi (36.6), oTpuMaeMoO cucTeMy y BHIVIALL

o1}

"= BZ+ QY (x)ev®, (37.6)
e C}l("r) = T(g(a:). 3ayBaKUMO, IO

Q' (z) = colon (QL(x),...,Q (x))

Oyge BEKTOPOM-MHOMOMACHOM, KOXKHA KOMIIOHEHTA () J' (x), j = 1,...,n, axoro Mae, B3araui
raxkyun, crenias N = max{Ny,..., N, }. Cucremy (37.6) MozHA 31HTErpyBaTU aHAIOINYHO,
AK 1 cucremy (23.6). Ilpum imrerpysBanni moTpiOHO 3BepPHYTH yBALY HA Te, TH € W BAACHUM
sHaeHHAM MaTpuil A, «m mi. Hexan w e xopemem piBasmua (5.6) kparnocri M (sio
det (A — wkE) # 0, To Oyaemo Bsaxkatn, mwo M = 0). Toxi w Oyae a6iratucs 3 M paacHux
3HAYEHDb /tj, J = 1,...,n, 1 ¢ DOTPIOHO BpaxXyBaTW IIPH IHTEIPYBaHHI TUX PIBHAHb CHCTe-
Mu (37.6), B Akl mwl ; = w OyAyTh BXOANTH. TAKUM YHHOM, 3ATATLHUN PO3B A30K CHCTe-
Mu (36.6) icaye y BUrAAIL

=1 —

7= PYx)eM 4+ 4 P ()™ S(z)e”,

me PJ(x), Ax 1 pamime, - BEKTOP-MHOTOWICH CTENCHA He BUMIOTO Bifg k; — ;. j=1,...,m, a
S(z) = colon (S1(x),...,Sy(x)) ~ MHOrOWIEH, CTeMHL AKOrO He nepesunrye ducaa N + M.
3BLACK BUILIMBAE TEOPEMA.

Teopema 6.6. Cucrema (36.6) mae 9aCTKOBUH PO3B’A30K y BHIIALI
gy = S(z)e””,

ae §(r) = colon (S1(x),...,Su(x)); Si(x), 7 = 1,...,n, = MHOrOWICH, CTCHIHL AKOI'0 He
nepesuigye qucaa N + M.

Buxoaa4uu 3 BUIIE CKa3aHOrO, MOXKEMO 3HAUTH YACTKOBHU PO3B’A30K CHCTEMU (36.6), me
3BOAAYHM 11 A0 TPUKYTHOTO BHIVIALY (37.6). [asa mporo 6ygemMo MIyKaTH PO3B'SA30K CHCTE-
mu (36.6) y Burasaai

¥ = R(x)e"", (38.6)

ze R(z) = colon (Ri(x),...,Rn(x)), Rj(z), j = 1,...,n, -~ mHOrowIen cremess N + M 3
HeBU3HAeHUMH KoedinienTamu. [lo6 3manTu ui koediuienTu, TOTPIGHO WiACTABATH PYHK-
nifo (38.6) B cucremy (36.6). Y pesyapTari miCcTAHOBKE OTPUMAEMO B MiBill i HpABIY YacTuHi
MHOT'OLIEHH OJHOTO 1 TOro 3 creneda N+ M. 3piBHOIO9A KOeDITIEHTH IPY O [MHAKOBAX CTe-
NEeHAX 2, MU IPUAJEMO [0 TiHIAHOI anreGpaivHol CHCTeMH, PO3B'A30K AKOI icuye. IcHyBaHHA
PO3B’A3KY 1Li€l aareOpaldHol CHCTEMU BUILIABAE 3 TeOpeMU 5.6.
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3ayBakeHHd 4.6. Po3rigHeMo HEOJHOPIAHY CHCTeMYy 31 CTaaIuMHU KOeIOIEHTAMH Y BHIVIALL
§' = A7+ (Q () sin Bz + Q*(z) cos fx)e™®. (39.6)

Tyr Q7 (x) = colon (le(:r), o Qi(x), § = 1;2’ a Qf(x) — MHOrod1eH cremeda N;j, j =

1,2;i=1,...,n, a, § — glicHI ducja.
Buxopucropyodu ¢popmyau Enrepa

7  Ba 3. 1, . s
sin fx = 5(6_1/31 — €'P%), cos B = i(elﬁ“‘“ 4 e,
BLTILHUH 1eH cucTemu (39.6) MOXKHA 3BeCTH 4O BHIVIALY

(Q'(x) sin Bz + Q2(x) cos fz)e™® =
(G (@) — G Nel™ 9 1 (G (@) + G )l =
— Q’S(aj)e(a—{—iﬁ)x + Q4(I)6(0_iﬁ)m.

1
2

Tyr Q*(z) = %(Ql(x) —iQ%(z)), @*(x) = Q3(x). 3riguo 3 TeopeMoIo 6.6 YACTKOBHH O3B 'A-

30K cucremu (39.6) MOXKHA 3aIUCATH Y BUIALI

-

iy = Rl(:z:)e((“"imw + }?2($)e(a_ig)w, (40.6)

ge Ri(x) = colon (R(x),...,Ri(z)), Ri(x) ~ mmorouren cremems N + M, j = 1,2
k=1,....n. Tyr N = max N, ,, M = 0, axkwo « + 1§ (a pasom 3 uum i o — i3) ne 6y-
A€ BIACHUM 3HadeHHAM MatTpuni A. fkimo o« + i3 € BracHuM 3HadeHHAM Mmatpuml A, To M
JOPIBHIOE HOrO KPATHOCTI (AK KOopeHsa piBHAHHA (5.6)).

Jerxo saypaxcurn, mo R'(z) = R2(z). fAxmo R'(z) samucaru y puraazi

Rle) = L@ - i)

b

ge R3(x), RY(x) — mHOrOwIeHN 3 filicHHME KoedilieHTaMHA, TO YaCTKOBHE po3B a30K (40.6)
Habyre BULIALY

7= %(R’B(x) — iB*(z))(cos Bz + isin Bz)+

+%(§3(:c) + iﬁ4(x))(cos Bx —isin fBx)|e*® =
= [R3(ﬂf) cos [ + R“’(ﬂ:) sin Bz)e®”.

TakuM IMHOM, YACTKOBHH PO3B’A30K cucreMu (39.6) MOXKHA IIYKATH YV BHIVIALI

7 = [R%(x) cos Bz + R*(z)sin fz]e®®, (41.6)
ge R (z) = colon (RI(z),...,Ri(z)), RI(z) — MHOTOYICH 3 HEBH3HAYTEHIME KOeILieHTAMIH,
crenigb Axkoro gopisaoe N + M, 7 = 1,2; k = 1,...,n. [1a 35ax0mKeHHA KOoe(pIiLIcHTIB
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muorowrenis B3 (x), RY(x) pymxnio (41.6) noTpi6HO MiACTABATH B CHCTEMY (39.6). Y pe-
3yJAbTaTIl HLACTAHOBKH 1 3DIBHAHHA KOepINIEHTIB CIOYATKY OpH QyHKIIAX cos Bx, sin Bx, a
[IOTIM IIPY CTEIeHAX & MH OTPUMAEMO JIHIHHY aareGpaldHy CHCTeMy, AKa Mae€ PO3B A30K.

ITpuxknag 3.6. 3mauTy 9aCTKOBUU PO3B’ A30K CHCTEMHI

"= 1yoy + cos T,
{ = (42.6)

/ ~
Yo = —y1 + o+ 1.
3HAMIEeMO BCl BIACHI 3HAYCHHA MATPUII JAHOI CHCTEeMH:

|—x 1

o 2 - .__/‘ ‘:—,.
= _A‘_o, N+ 1=0, A\ =i, Ay =i,

Bimenun unen cucremu (42.6) f(x) = colon (cos x,ax + 1) po3i6'eMo Ha CyMy ABOX (pYHKIIN

fla) = @) + (@) = ( “ "’) + ( 7 ) -

SHATIEMO OKPEMO YACTKOBI PO3B A3BKH CUCTEM:

j' = Ay+ (), (43.6)
gl = Aj+ (). (44.6)

Posraanemo cnogarky cucremy (43.6). Y upomy sumagky N = 0, o + i3 = 7. Orke, M = 1.
Byaemo myxaTn 9acTKOBHRI Po3B’A30K cucremu (43.6) y Burasi

{ y1 = (@12 + by) cos & + (aga + by) sin ,
Y2 = (asx + bs) cos & + (asax + by) sin .
IligcraBusmm ni dbyrknil B cucremy (43.6), orpumaemo
(a2 4+ by + ay) cos @ + (ag — a1 — by) sin x =
= (agx + bz + 1) cos x + (aqz + by) sin z,

(asx + by + as) cos x + (ag — a3z — b3)sin x =

= (—a1@x — by) cos x + (—asx — by) sin z.

CnogaTky 3piBHAeMO KoedimienTrn Ipn GyHKIIAX COS T, Sin T :

ag + by + a; = agx + bz + 1,

ag——alaz—bl :a4x+b4,

as® + by + a3 = —a;x — by,
a4 — Azl — bg = —al — bg.

Tenep, 3piBEIOI0OIN KOEDIUIEHTH IPY OJHAKOBUX CTEIEHAX T, OTPUMAEMO:

ag=a3, by+ar=b3+1, —a;=ay4, as—0by = by,

aq = —ay, by+az=-by, —az=—az, a4—bsz= —bs.
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3Biacu

ay =0, az3=0, a1=0,5 aq4=-0,5,
b2:0,5, ngO, 61:0, b4:0

TakuM IMHOM, JACTKOBUU pO3B’A30K cucremu (43.6) Gyae

{ yl = 0,5z cos x +0,5sin x,

Y2 = —0,5x sin .

Posrasuemo renep cucremy (44.6). Y upomy sunagky N = 1, M = 0. Tomy poss’asok muiei
CUCTCMH IIYKAEMO Y BUTJIAIL -
{ Y1 = 1+ dy,

Yo = cot + dy.

Migcrasusmu mwi dpyuxnii B cucremy (44.6), MaemMo

{ 1= e+ do,
¢y = —crx—dy +x -+ 1.

3igcu co =0, 1 =dy, ey =1, co=—dy+1aboecy =1,dy =1, ¢co =0, doy = 1.
Orxe, 9acTKOBIA Po3B’a30K cucremu (44.6) 6y e

{ yi = +1,
yi =1

Taxum 9MHOM, MACTKOBAU PO3B’A30K cucremu (42.6) 3HaneHo:

{ Yy = 0,5(xcos x +sin x) +x + 1,
Yo = —0,bxsin x + 1.
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§ 1.7. TpaekTopii AMHAMIYHUX CACTEM Ta 1X BIACTHBOCTI

Osznagenna 1.7. HopmaabHa cucreMa 3BHIAHHHX JHQDEPEHIIATFHAN PIBHAHL HA3UBACTHCSA
JAUHAMIYHOIO (2460 aBTOHOMHOIO), AKINO 1 IPaBl YACTHHE He 3aJeXKaTh ABHO BIL HEe3aTeXKHOI
3MIHHOL; TOOTO AMHAMIYHA CHCTEMA — II€ CHCTeMa BHUIVIAXY

yi= filyr, -y yn), t=1,...n, (1.7)

ae ¢pyraii fi(y1,...,y,) BusHAYeHI | Henepepsui B o6aacti D C R™.

Ockinbkm npasi gacturn cucremu (1.7) He 3aKeKATH ABHO BiJl HE3ATEAHOI 3MIHHOL 2, TO,
OMeBMIHO, TA CHCTeMa BH3HatdcHa B obmacti G = R! x D. SIxmo (24,y),...,¥") € G, 0
MOYATKOBL YMOBHU Aast cucTemu (1.7) MOMNKHA 3a1aTH TAKUM YUHOM:

yi (o) =yl ynlo) = 40, (2.7)

Hagani sk i pamime (raasa 2), My OyAeMO KOPUCTYBATHCA BEKTOPHHM 3AIUCOM 34144l
Komn (1.7), (2.7):
— Y — =0 .
g'=f, §lwo) =g (3.7)

Hpunycrumo, mo § = F(xv) — poss’s3ok cucremu (1.7), pusnavenuin na npomixky (a,b).
I'pacik nporo po3s’ssky B o6aacti G, TO6GTO MHOKUHY TOTOK

{(,9): xe€{a,b), §=¢g)},

MM HA3MBAEMO IHTerPAIbHOI KpuBoko cucremu (1.7). [Jamo Tenep iHIy reoMeTpuyany iHTEp-
IpeTalin po3B’A3KYy Iiel CHCTeMH.

Osnadennsa 2.7. Hexan § = g(x) - po3B’azok cucremu (1.7), BU3HAYCHUH Ha NPOMDKKY
(a,b). O6pas | npomixka (a,b) npu BigoOpaxenui G(xr) 6yaeM0 HABUBATH TPACKTOPICIO CHC-
Temu (1.7).

OueBnano, [ € D. fIkmo Tenep 31CTaBUTH MOHATTA IHTErpPAIbHOI KPUBOL 1 TpackTOpil
quisg cucremu (1.7), TO merko 6aMmTH, MO TPACKTOPIA € MPOeKIieio IHTerpaIbHol KpuBol Ha
npoctip R™ 3MIHEUX Y1, ..., ¥, ¥ HAOpAMKY oci Ox. Po3rasuemMo ana npuxaany AMHAMITHY

cucTeMy
!

Y = Y2,

{ 3/5 -~y

na mommai (D = R?). Jlerxo mepesipuTu, mo GyHKIig
§ = (sin z,cos x), x € R,

€ PO3B’A3KOM IIi€l CHCTeMM. BifmoBigHOIO IS HBOT0 PO3B’A3KY IHTErPATLHOI KPUBOK €
kpuBa 7y (puc. 8). Y Tom xe 4gac [ (puc. 9) e TpaexTopieo gaHoi cucremu. SIK BuAHO 3
pucyrkis 8 i 9, [ orpumyeTnscs Ax mpoeknis y ma R? y mampamky oci Oz. 3ayBaxKuMo, mo
reOMeTpPHUYHA IHTePOpeTanis PpO3B’A3KY JUHAMIYHOL CHCTEMH y BUIMIAI TPae€KTOpil He gae
MOXKJIIBOCTI BCTAHOBUTH HANPAM PyXy TOYUKH IO TPAEKTOPIl mpu 3pocTanui 3miaHEol . Tomy
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9aCTO Ha TPAEKTOPil BKAa3YIOTh TAKOXK 1 HAIIPAM PYXy [0 HIA NMPW 3POCTAHHI HE3ATEKHOI

4, L

RV IV NG
¥,V ,

Puc. & Puc. 9

Ockinbky npasi gactunn cucremu (1.7) Busmadeni 1 wenepepssi B obxacti D C R, 1o
Kok Touii 0 € D mocTaBuMO Y BiANOBIAHICTE BEKTOD

FG%) = (F1(F%), -, F(T),

AKUI BrxoAuTh 3 ToKH V. CyKymHICTE MUX BeKTOPIB yTBOPIOE B 004acTL I) BeKTOPHE TIOJe
cucremn (1.7). Hxwo ¢ = @(x) ~ pos3p’ssox s3agaqi Komi (3.7) 1 [ ~ floro rpaekropis, 10 y
MOMEHT I TPacKTopia [ mpoxoanTs epes Toaxy P(pq(x),...,¢.(x)) € D. Ane

dg(x) _ -
1 ¢'(x) Bupaxae BEKTOP MIBUIKOCTI PYXY TOUKH IO TPacKTOPil [ y MoMeHT x. ToMmy BekTOD
MBRAKOCT] PYXY TOYKM B340BXK TPACKTOPil | y KOKHIN To4l P uiel TpaekTopil 361raeThes
3 BignosigHEM BekTOpoM moaA f (@ (x), ..., @n(2)).

[IpocTip po3aMipHOCTI 1, Y AKOMY DPO3B’ A30K AuHamignoi cucremu (1.7) iHTepupeTyerhes
AK TPAEKTOPLI, & caMa AUHAMIYHA CHCTeMa AK BEKTODHEe II0Je, Ha3UBA€ThCA (PA30BUM IIPO-
cropom cuctemu (1.7). TpaexkTopil HA3WBAIOTHCA (DAZOBUMHI TPAEKTOPIAMHU, BEKTOPU f (7)
HA3UBAIOTHCA (HA3OBUMHU MIBUIKOCTAMI.

OT:xe, WBUAKICTH PYyXy TOYKHU MO TPACKTOPIl Yy KOXKHUA MOMEHT Hacy 36iraeTbcs 3 da-
30BOI0 MBUAKICTIO, 3aJaHO0I0 Y TOMY MICII IPOCTOPY, M€ Yy TOUM MOMEHT mepebyBae PyXoMa
TOYKA.

Posrasaemo renep geaxi BAACTHBOCTI TPACKTOPIM AMHAMIYHUX cucTeM. bByaemo Hazam
npunyckatu, mo f; € CYD), ¢ = 1,...,n. lle upunylleaHa rapasTye ICHYBaHHA €IUHOTO
poan’a3ky sajgadi Komi (3.7) gus gosinemoi Touxn (9,7°) € G.

Teopema 1.7. Hexan §j = @(x) — poss’asox cucremu (1.7). Toxi ¢pysruis F(x+c) vex Oyae
po3B’a3koMm cucremy (1.7) jiA JOBLIBHOTO ¢ € R

Losedenna. Mosmaxumo ¥(x) = G(a + ¢). Toai

dip(z)  df(x+c)  df(x+c)d@+c)  d(x+c)

dx dx dx+c) dr  d(x+c)

Ockinpkn
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TO, 3aMIiHIOIOYHA T Ha T -+ ¢, Ma€MO

dg(@ +c¢) _ =,
m = f(@(x + ).
Orxe, .
dp(z) _ z =

L = fie)

1 TEOpEMY JOBEIEHO.

3ayBaxkenusa 1.7. Y Tomy Bumagky, Koau MH X09eMO BKa3aTH, AKI MOYATKOBI YMOBH 3a-
JOBOTBHAE DO3B’A30K HOPMAJIBHOI CHCTEMH 3BHIAUHUX [JH(DEPCHIAILHUX DIBHAHD, MH 3a-
DHCYEMO [EH PO3BA30K AK (DYHKIIO HE3ATCKHOI 3MIHHOI 1 mogaTkoBux ymoB. Hampuxaar,
poss’asok 3agaxi Komi (3.7) mu sanucyemo y saraaai v = G, 2o, 7). e ozmazae, mo

B(wo, w0, §°) = §°.

3 reopemu 1.7 BUILINBAEC, IO JAIA JUHAMIYHOI CHCTCMH TOYATKOBHI MOMEHT T¢ 3aBACIU MO-
JKHA BHOpaTH HyasosuM: xg = 0. Chpasal, pyaxmis G(x + xg, 20, ") Tex 6yae possasxom
cucremu (1.7), npmaomy
@G(x + o, 0, ?7())|:,::() ="
Hanani gun aunamidanx cucreM wepes G, ¢°) 6yA6MO MO3HAUATH PO3B’A30K, AKUH 34,10~
BOJBHAE MMOYATKOBY YMOBY
2(0,5°) = g°.

Teopema 2.7. Hexan y = g(x) iy = 1/7 (@) - poss’askm cucremn (1.7), npuiomy
B(x1) = P(xg), 21 # @y

Toxi
() =J(x+¢), c=a;— xs.
Aosedenna. 3rigno 3 Teopemolo 1.7 gywxuis J(a + ¢) € poss’sskom cucremn (1.7) i

B(xg +¢) = Plag + 11 — x3) = G(x1) = Y(x2).

Tomy #a nigcTasl eauHOCTI PO3B’A3KY 3aga4i Komwi gua cucremu 1.7 ¢(x) = gz + ¢), mo @
noTpibHO OyJI0 IOBECTH.

Osnadennsa 3.7. fxmo ¥ = J(x), v € (a,b) — po3s’szox cucremn (1.7) Taxmi, 1o
@(r) = d, © € (a,b), To BigmosigHa HoMy TpaexTopia | = {@} (i cam poss’ssox F(z))

HA3HBAE€THCA CTAHOM DIBHOBAI'M JHHAMIYTHOI CHCTEMH.

Teopema 3.7. /[ua Toro, mob rouxa d Oyi1a cTaHOM PIBHOBATH CHCTeMH ( 1.7) HeobxinHO i

—

gocrarHso, mo6 f(d) = 0.

i

Aosedenna. Hexan d e cramom pisrosaru cucremu (1.7), ro6To dyrkuia § = F(z), F(z)
€ po3B’A3KoM miei cucremu. Tomi

a,
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Ane

ST

dg(z)

dx

315
Il
=

—

1 romy f(d)=0.
Hapmaxu, mexan f(a@) = 0. [Toxaxemo, mo pyrkuis g(z) = d € po3s’aaxkom cucremu (1.7).
Cnpasi,

Q

—

W) =9 o~ fla)

dx

3BLIKU U OTPUMYEMO TBEPJAKEHHA TEOPEeMH.

il

2

€T

Teopema 4.7. Hexan i = @(x), x € (a,b), ~ poss’asok cucremn (1.7) raxun, 1o

[

Glry) = J(aa), a<xy <wg < b

Tom po3s’a3ox J(x) moxke OyTH OPOJOBKEHHH HA R i Mae Micie ogHA 3 HACTYIHEX MONK.TH-
BOCTECH:
1) @(x) = d, TooTo J(x) € cTaHOM piIBHOBAI'H;
2) icuye taxe aucao T > 0, mo g(x 4+ T') = G(x) g4 Beix x, axe upu
0 < |71 — To| < T maemo G(T1) # PF(Ta).

Hosedenns. Ha migerasl teopemu 1.7 ¢pynKmia

—

P(x) = g(x +c¢), c=ux9— 2y,
e poas’aakom cuctemu (1.7), a 3rigno 3 TeopeMoio 2.7
B(x) = gz + ¢) (4.7)
A THX X, 4TS AKX 00uABl (DYHKIN BusHaueHl ogHo4vacHo. Poarasremo dyHKITIO

. Jlx), a<x<b,
¢ (x)=19 .
dlrx+e), a-c<z<a.

Ouenugno, @ '(x) e mpogosxkenuam poss’ssKy ¢(x) BaiBo Ha imTepsan (a — c¢,b), npuiomy
FHx1) = @' (a2). Tomy MOKEMO 3HOBY TAKWM CAMUM TUHOM TPOJOBAKATH PO3B'A30K ¢ '(x)
Ha inTepBaa (a — 2¢,b). TIpOIOBKYIOYM LEH HPOIeC, OTPEMAEMO PO3B’A30K, BU3HATCHUN Ha
(—oc, b). 3amirumo x B piBrOCTI (4.7) HA T — C:

Blx - ) = Fx). (5.7)

BHKOPHCTOBYIOUH OTPUMAHY PiBHICTH, AHATOTIYHO NMPOJOBXKUMO pO3B’A30K F(x) BIpaBo
ma R!.

OTiKe, MOKEMO BBAKATH, IO PO3B’A30K F(x) 3atanmit na RY. [losmatmmo qepes F MHOKY-
HY TUX JIHCHHAX 9YHCEI ¢, JIA AKAX BAKOHYETHCA PIBHICTD (4.7) masa gosireamx x € RY. 3rigmo
3 (5.7) MuOxkuHA F mOpYyd 3 9HCIAME ¢ MICTHTH i yncaa —c. KpiM Toro, axmo ¢y, ¢ € F, TO
c1 + ¢y € F. Copasni,

(,5(33 “+c1 + CQ) = QB(($ + Cl) -+ 02) = (,5(1‘ + Cl) = cﬁ(:c)
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[Mokaxemo, mo mEOxkuHA F' € 3amxaenow. Hexan {¢,,} C Fi lim ¢, = cy. 3a HEnepepBHi-
m—r o0

cTI0 F(T) MaeMo

Fx+c)=@x+ lim ¢p) = hm Gz +c,) = n}gnoo Bz + cm) = B().

mM—00 m—0o0

Otxe, cg € F' 1 muoxnna F 3amxuena. O49eBUIHO, € 1Bl MOXKJIUBOCTI:
a) F micTuTh AK 3aBI'OJHO MaJal XOJATHI HHUCIA;
6) F micTuTh HAWMEHIIe fogaTHe Iucao 1.

Y Bunanky a) iceye mocaigossicts {¢,} C F rmaka, mo ¢, > 01 lim ¢, = 0. Hexait x -
m—r o0

roBirbHA Todka 3 RY. /Ipo60oBi wacTran

YUCeN T /Cp YTBOPIOIOTH 0OMEXEHY IMOCILIOBHICTE 1

MH<x—%{£J>:]M1Mm%J:Q

Mm— 00 Cm m—o0

T
O9eBHIHO, —Cyy [——} € F. Tomy

m

1, BDAXOBYIOUHA JAOBLTBHICTDL =, G(x) = J(0). OTxe, y BUnagky a) Tpaekropia G(z) € cTanom
piBrOBaru cucremu (1.7). Y Bunaixy 6)

Gz +T)=¢(x), zeR.

[Tokaxxemo, mo @(T1) # G(T2) mpu 0 < |T3 — To| < 7. IlpumycTuMO MpOTHIEKHE: Hexai
G(x1) = F(T2), 0 < |Ty — T2| < T. 3riguo 3 Teopemoio 2.7

Py =Fx+c), ¢=Ty—Ty#0.

Takum wmrOM ¢ € F, —c € F, |c| € F i 3Biacw summBae, mo wucno T He € HaMeHIIIM
JOJaTHAM 9IUCIOM y MHOXuHI F. Teopemy noBemeno.

Osnavenns 4.7. Posp’asok g(x) cucremn (1.7), n1a axoro
G(z1) = @(x2), Ty # T2,

Ha3UBAE€THCA HEPIOJUIHAM, & HOrO TPAEKTOPIA — 3aMKHEHOI TPAEKTOPIEI0 a00 IHKIOM.

Hacnigox 1.7. TpaekTopia AOBLIBHOIO HEIPOJOBXYBAHOI'O DO3B’A3KY AMHAMIYIHOI CHCTe-
mu (1.7) moxe 6yTm cTaHOM PIBHOBAaru, DUKJIOM ab0 TPAECKTOPIeo 6€3 TOIOK caMoOIepeTHHY.



§ 2.7. TPAHYHA IIOBE/IHKA TPAEKTOPIN 137

3ayBaxkenHsa 2.7. 3BepHeMO yBary Ha Te, IO JOBLIbHA HOPMAaJbHAa CHCTEMa 3BIIAHHAX H-
(pepeHIIaTbLHIX PIBHAHD MOXKe OV TH 3BENEHA [0 JUHAMIYHOI IIIAXOM 30LIbIICHHA PO3MIDHOCTI
¢da3oBoro npocropy Ha 1.

CupaBi, HeEXall Ma€MO HOPMAJbHY CUCTEMY

y’l/::fi(w7y1)'~'7?jn)7 /I:Zl,-..,n.

BeegemMo HOBY QYHKIIO ¥,1 = . Toni v, 41 = 11 My oTpuMaeMo HOBY cucTeMy AudepeH-
HiaJbHUX PIBHAHD
nyd — ; , . po
{ ,I/r,‘ - f’i(yn+17 Y1y Uu), 1= 17 ceey T
o' —
ywml»l - 17

AKA, OMEBUHO, € TUHAMITHOIO 3 (Pa30BUM NPOCTOPOM PO3MIPHOCTI 711+ 1.

§ 2.7. 'paunyHa IoBeJiHKa TPAcKTOPIN

O3suavenus 5.7. Hexan y = J(x) — poss’azox guuamiviaol cucremu (1.7), BH3SHAYCHHH HA
RY, a | ~ #ioro rpaexropia. Touxa & € R" nasmpaeThcs IpaHHIHOIO TOIKOIO DO3B A3KY
@(x) (abo TpackTopii 1) npu x — +00, AKINO ICHye Taka HOCIA0BHICTS {x,,} C (0, +00),
lim x,, = 400, g1 axoi lim @(x,,) = J. CykynHicTs YCIX TAKHX TOUMOK W HAHBACTBCA
TH—> OO ne—r OO
IPpaBuIHOK) MHOKHHOIO Po3B’a3ky J(x) (abo Tpaeckropiil).
AHATOII'HO JACTHCS O3HAYEHHS IPAHUYTHOl TOYKY 1 FPAHITHOl MHOKWHU TPU T — —0O0.
PosrasmeMo aas Mpriaaay nepioguaaun poss’asox g(z) (F(a) = e +T), T > 0) (nuka
[). Toxl KoxHA TOUKa & € | € MOoro rpaHutHoK TOUKOIO Ipu & — +00. Crpasal, 0CKLIBKI

& € 1, To icuye Taxe sHawennda T, mo G(r) = J. PoarasHeMo mocTigoBHICTL {T, )}, Ty =
T4 Tm. Tom G(x,,) =J 1 lim F(r,,) = J. 3sigen, 30KpeMa, BAILIABAEC,HIO | € PPAHIYHOIO
PV X

MHOKHHOIO UL PO3B’A3KY J(1).
Teopema 5.7. I'paHuiHa MHOXKHHA TPACKTOPI JUHAMIMHOI CHCTEMH € 3aMKHCHOIO.

Hosedenms. Hexan § = J(x), v € R', - posp’asox munamiunoi cucremu (1.7), i [ - Ho-
ro Tpaektopisa. [lospatumo wepes §) rpamuaay mMuoxumy TpaexTopil . Hexan {0} C Q

ilim & = J. Hoxkaxemo, 1o & € 2. 31LAHO 3 O3HAYEHHAM 5.7 IJIA KOXKHOTO 11 1CHYE IO-

=00 '

CMAOBHICTD { Ty i} C (0, +00) Taka, mo lim z,,, = oo 1 lim @G(am,) = & Toai Moxemo
k—oo k—oo

BUODATH 3HAYEHHA T,, > M Take, 110

— —

- » e - - N .
|F(Fm) = ] < [P(@Tm) — G|+ |3 —d] < =+ [@™ = d].

Towmy
lim |@(Ty,) —&| =0

m—»0o0

1 TeOpeMy mTOBEAEHO.

Teopema 6.7. [paHnmyHa MHOXKHHA TPAECKTOPIl AUHAMIYHOI CHCTEMH CKIALAETHCA 3 IILIHX
TPAECKTOPIH.

[osedenns. Hexair Hexan § = F(z, %) — poss’asox gumamiwroi cuctemn (1.7), BusHATCHMIT
na R!, axuit sagoBoabase modarxosy ymosy @(0,7%) = 770 1 mexain [ — #oro TpaekTopis, a
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~ rpaEmYHA MHOXKuHA. [lokaxkemo, mo axkmo & € Q i § = J(x,d) po3s’azok cucremu (1.7) 3
novyaTkoBo0 yMoBOKO F(0,d) = & i Tpaexropieo Iz, To I C . Ockinpku & € €2, To icHye
nocHiAoBHICT {2, } C R! Taka , mo

. . — -0 -
lim z,, = +oco, lim F(z,,,7")=d.
Tm—000 M — 00

HeBa}KKO nepeKoHaTHuCA, 110
Glm +2,7°) = 3z, Fxm. 7°)). (6.7)

Crpasni,

G(wm +2,7°)|,_ = Blwm, 7°),
@, F (@, YO,y = G0, 3@, §°)) = Glam, §°).

Tomy 3 eqmrOCT] po3B’a3ky 3agadi Ko pas cucremu (1.7) surummsae pisaicTs (6.7). Toi

lim Gz, +2,7%) = lim @(a, Fam, 79)) =

M OO0 TN—r 00

= @la, i F(a,,,7") = Gz, &),

11~ OO
TooT0 F(r,d) € Q nas gosiasuoro x € RY. Teopemy mosemcuo.

Teopema 7.7. /s Toro, o0 rpagudHa MHOKIHa po3s 43Ky i = p(x), v € RY| qumamianoi
cuctemu (1.7) Oyra HOPOKHBOIO HEOOXIAHO I JOCTATHLO, OO

lim |F(x)] = cc. (7.7)

P de o]

Hosedenns. SIxmo ymoBa (7.7) BUKOHYETHLCA, TO, OMCBUAHO, I'PAHATHA MHOKIHA TPACKTOPII [
(posB’a3axy J(x)) e MOpoXHBOKW, OCKITEKI ToAl lim |F(x,,)| = oo s gosiasmoi {1, } Takoi,
n—ro0

n

mo lim x,, = +oo. lIpunycrumo remep, mo rpanmdsa MHOKIHA TPAEKTOPIl | TTOPOKHI:
T —> 00

2 = . Tlorpibuo nokasaru, wiE BuKoHYeThess ymona (7.7). Hexair ne me Tax. Tonmi icmye
yneao R > 01 mocaiposricTs TowoK {2, }, lim @, = 400, raxka, mo |F(x,, )] < R aia Beix
M — 00

m. BuGepemo 3 o6mexenol MEOKUET {F(2,,)} 36Lxkny mianocaigosuicrs {F(x,,., )},

lim @(a,,,) =, 0] < R.
k— oo
Ocxinpkn  lim 2,,, = +00, T0 & € § ~ rpanmvna To4Ka TpaekTOpil [, a e CymepednTs

k— o0
npunymerH:o, mwo = ). Teopemy goBeneHo.

Teopema 8.7. /lra Toro, mo6 rpanudHa MHOXKHHA PO3B'A3KY §J = P(x), 2 € RY, guHamiunoi
cucremu (1.7) cxaaganacs 3 ogmiel TOYKH & HeOOXIHO I JOCTATHBO, MO6

lim @(z) = & (8.7)

T— 400

Hosedenns. Sxmo ymosa (8.7) BUKOHY€THCH, TO TDAHIYHA MHOKIHA () PO3B A3KY J(x) cxra-
AAETBCA JTUITE 3 TOUKY W, OCKLTBKH Jaa noBirenol {m}, lm ., = 400, 3 (8.7) Bummsac,
m-~>—+oo '
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mo lim @(x,) = J. Hexan masnaku, §) ckaagaersca 3 eampol Towxm o. lpumycrumo,
m—r—4o0o

mo ymoBa (8.7) He BuKomyeThCA. 3agamo gosimbme € > 0. Toni ichye mocaifoBricTs {T) )
Taka, mo lim T, = +00 1 |@(Tm) — & > €. Y Tom xe 4ac & — IDAHUYHA TOYUKA I
m-—+oo
J(x). Tomy icmye mOCAZOBHICTE {2, } Taka, IIO nll—i>r—ri-loo T = +00 1 |B(2) — | < € pua
m > mgp. Ockinexn |G(x) — J| menmepepsHa QYHKIIA, TO ICHYE TaKa HOCIIAOBHICTH {Zy,},
o EIE Tm = 400 1 |F(T,) — | = € mua m > my. Bubepemo 3 00MekeHO] MHOKIHE
™m o

{1@(2, ) =3} 36ixny nocmgosaicTs {|G(Z,, )0}, . hIJP | B(Zn, ) =] = €. 3Biacu BunmBac,

mo lim F(Z,,,) =3 npuaomy &1 #£ d; 10610 MHOKURA 2 CKAAJAETHC IPTHARNMHI 3 TBOX
k> 400

TOY0K J ! 1 &, mo cynmepenTs IPUOVIIeHH0. Teopemy I0BeIeHo.

Osuavenns 6.7. 3amiHeHA TpaexTopid lg @ i = F(xr) HABMBAECTHCA I'DAHUYHUM ITHKIOM
aaHaMIGHol cucrevu (1.7), AKIO ¥ A€AKOMY OKOJI el TPACKTOPI HEMAC THIIUX 3AMKHEHUX
TpackTopin (Kpim camol ly).

§ 3.7. ’'panuvHa noBejiHKa TPacKTOPIM Ha IJIOMIMHI

Ao n = 2, 7O PO CPAHITHY TOBCMIHKY TPACKTOPIN MOXKHA CKAZATH 3HATHO OLILIIC, HiK
y suntaaxy n > 2. e seramonun 1. Bengikcon 1y ganomy maparpadl M HABCACMO JCKLILKA,
AOrO TCOPEM.

Teopema 9.7. fxmo rpacxropis | cucremu (1.7) MicTHTB X01Ua O OAHY CBOIO I'DAHUIHY
TOYKY NP T —+ +00 ab0 HPH 1 - —00, TO I TPACKTOPIA € HAKIOM 2400 CTAHOM DIBHOBAIH.

Aosedenns. Hexan & - rpammyasa Tovika TpackTopil [ npn x — 400 1 € [. fAxmo & — cran
pisrosaru cucremu (1.7), ro [ = {J}. Cupanai, ockiabku & € [, To icHye Taka TOYKA Tg,
wo Jlwo) = & (§ = F(w) ~ piBHAE TpackTopil [). 3 apyroro 60Ky (pyHKiia 15(1) = d
TeK po3B’a3ox cucremn (1.7), mputomy flﬁ(.,z:()) = . 3 eUHOCTI PO3B A3Ky 3agadi Kounl s
cucremu (1.7) Bummusae, mwo [ = {J}. Hexan renep & me e cranom pisuosaru cucremn (1.7)
1l HeBeIMKA MACTUHA TPACKTOPI [, sKa MICTHTH TOYMKY @ BCepeauni cede.

Posrasinemo manuu oxia U(J) Toukn o, npuaomy Oyaemo seaxaTu, mo U (W) oOMexenun
JABOMA BLAPI3KAME HOpMaJai 10 [z 1 ABoMa iHDmMH TpackTopiamu cucremu (1.7) (puc.10).
Sxmo subpaTu [' 117 1ocTaTHLO GIM3BKIMEA 10 l5, TO PYX TOUKE IIPH 3POCTAHHI & 110 6Y1b-
AKIA TpaekTopil cucremu (1.7) B U(W) BigbyBaeThes 31 MBUAKICTIO, AK 3aBrOIHO GIU3BKOIO
M0 HIBUAKOCTI PYXYy TOYKH O TpaexTopil | v Todum &. OCKUIBKI J € TPAHUTHOK TOTKO0
TPACKTOPIl [, TO TPU 3POCTAHHI & TPACKTOPis | 3HOBY NMOBHHHA TeperTHyTn oxin U(d). o-
KaxKeMo, 110 [ 3HOBY HIPOKAC 9epe3 TOUKY «J, ToOTO, mo | —~ 3aMKHeHa TpackTopia. Hexan me
He Tax; Toxl ayra ABC (puc. 10) TpaexTopii [ pazom 3 Bigpiskom C'A yTBOPIOE 3aMKHEHY
JiHIIO, Mo o6Mexye ckindeHny dacTuny S mromman (Mimok Bergikcona). Tpaekropii cucre-
mu (1.7) neperunaiors Biapizok AC i3 3oHi B cepeauny. Toal TpaexTopia | micias TO9KH
C He MOXe BUUTH 3 MHOXKWHU S IPA 3POCTAHHI T, OCKITBKHM BOHA HE MOZKE IePeTHYTH HI
nyry ABC (Tpaexropis [ 3a IpUOYIIEHHAM He Mae TOYOK camMoneperusy), ui Biapizok AC
(60 me#t BIAPI3OK MEPETHHAETHCA TPACKTOPIAMI CHCTEMU, AKI BXOAATH B cepeauny S). Aune
TOJi TOYKA J HE MOXkKe OyTH TPAaHUYIHOIO K1 [.

Skmo Bigpizox C' A mepeTrusaeThes TpaekTopiamu cuctemu (1.7), Akl BUXOIATS 13 cepean-
Hu S Haz0BHI (puc 11), To TpaekTopis [, Bunmosmu 3 ‘mimka’ Sy Toum C, HIKOIT B HHOI'O
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He 3MOM¥Ke HOTPANUTH I TOMY He 3MOXKe HabIu3nTHCsa A0 To4Uk# . To6To 1y mboMy BHIAIKY
@ He MOXKe OyTH MPAHUYIHOIO TOYKOI0 TpaekTopil [. Teopemy xoBejeHO.

Puc. 10 Puc. 11
Teopema 10.7. Hexan poas’siaox i = fx), v € R', axomy Birmosigac rpackropis |, mae
TPAHHIHY TOYKY 0 OPH T — 400, JAKA HAIEKHATL 3aMKHCHIN TpackTopii ly. Toai abo l = Iy,

abo | o coipaal HabamKaeThLCT 40 lg opr @ =y +00.

Aosedenna. 3rinHo 3 Teopemoro 6.7 TpaekTopis [y HATCKNITL MPAHMYHIA MEOKAAT ) Tpaek-
ropil [. Bizememo mamnmit dikcosanmi oxin () (pue.12). Toai ariano 3 03HAMEHHAM TDaii-
THOL TOYKN TPAEKTOPlA [ MOBUHHA HPH AOCTATHLO BOAMKOMY 2 meperunarn U(W), a Taxox
NCPETUHATA HOPMAJb 71 JO TPACKTOPIl | y TOYI & B OAHOMY 1 TOMY K HAupaMky. Slxmo
el HepeTuH BIAOYACTLCA y Tovml &, To | = Iy (3riaHo 3 Teopenmoio 2.7). Hexan me we rak i
mepeTuH BIAOYBAECTHC y Acsakin Toqul A, AKka, IIA BUSHAYCHOCT], AeKnTh 308HI [y, flkmo A
JOCTATHBO OIM3BKA 10 (J, TO 3CIAHO 3 TCOPEMOIO PO HCIICPCPBHY 3AMCAUICTE POIB AZKIB BIT
HNOYATKOBUX JAHUX IIPU 3pOcTamul & TpaexTopit | suony momage B U(J). Hosratumo 6ykBoo
C nepuy mricas A roury nepetuny [ 397 Toni Bes gyra AC TpaekTopil | e Th v 10CTATHBO
BY3BKIN ¢MY31 TpackTopil ly. Jlerko mepesipuru, o A—d|. Capanai, axmo C' = A,
TO [ - IMKI 1 0 He MOKe OYTH HOrO IPAHIMHOI TOUKOIO. SIKio 2 rpackropis [ nponie tepes
TOYKY 1), TO BOHA HE 3MOKE NOIACTU B cepeauny kpunoi AB DA upm spoctannl x i TOMy
TOYKA W HE MOXKe OyTH IPDAHUTHOK A1s [.

[Mpoaosxkyioun TpaekTopiio | 3a Touky C, MU OTPUMAEMO WIC OIUH 00epT HABKOIO [y 1
HOBY TOYKY HEPETHHY [ 3 71 1 Tak Jaui. 3 TOTO, MO & € PPAHUYHOI0 TOYKOK 1asd | BIINBAE,
IO TOCALIOBHICTE TOMOK HepeTury [ 3 71 npaMye 10 . OCKIIBKY 38 W MOMKHA B3ATYU OY [b-AKY
TOYKY TPAaEKTOPIL [y, TO TEOPEMY JAOBCILEHO.

Osmavenns 7.7. Byjgemo rosopuru, mo rpackropia | cucremu (1.7) nOMMHACTHCA y TOUI
7Y, Hmuo BIJHOBITHUY IIM TPAEKTOPIl pO3B’A30K § = G(T) 3a40BOILHAE H()‘IdTKOBV yMOBY

—

@(0) =y, To6ro piBrAHHA TpackTopii | MoxHa 3amucaTu y Barasgi § = G(x, §°).

Teopema 11.7. Hexan D — geaxa ob6mexena szamxHeHa MHOXKHHA B R? y axif Hemae crauis
piBroBaru cucremu (1.7). Hexan Bci TpaexTopli, AKI HOMMHAIOTHECA B D, 3adMImaloTsca TaM
1npu x > 0. Togl kKoxKHA TaKa TPACKTOPIA € a60 HUKIOM, a60 HAOMUAKAECTHCA HO CIIpatl Ipa
- 400 A0 JCAKOO ITHKIY.

Aosedenna. Posragremo posimsrmit poze’ssok ¢ = J(x,¥°), ¥° € D i signosigmy homy
TpackTopifo [. Ockinpkn [ C D, To Ha migcTasi TeopeMu 7.7 BOHA Mae X04a 6 OJHY TPAHTHHY
TOUKY & Tpu & — +00. fkmo & € I, To 3rigHo 3 Teopemoro 9.7 | — 3aMKHEHA TPAcKTOPIL.
Hexan ne me Tak. Toni po3erHeMo po3B’sa30k ¢ = J(x,d), BiamOBIARY 1‘/’10MV TPAEKTOPIIO
lp 1 11 TPAHUYHY TOYKY @O upu = — -+oo. Ham mocraTHso mokasarm, mo ol e lp, 60 TOAI
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3rigHO 3 TeopeMmoro 9.7 [y — 3aMKHEHA TPAacKTOpisfA, a Ha migcTasi Teopemu 10.7 [ mo cuipaal
HabaumxaeTsea 1o lg. Hpunycrumo, mo &0 me HazexuTs lo; POTIAHEMO ACAKUN OKLT TOYKA
&G0 (puc. 13). Hexait A1 C — gl TOUKY IepeTHHY [p 3 HOPMAJLIIO, IIPOBECHOIO <Tepe3 G mo
lo, a Biapizok CA mexi ABCA ‘mimka’ S mepeTHHAETECS TPACKTOPIAMY B CepeIUHY ‘MIMIKa .
OCKITBKH 3TIAHO 3 TeopeMoIo 6.7 Bl TOYKH [ € rpaHmYHuME 414 [, To | Konu-Heby 1k Oyae B
NOCTATHLO Maaomy okoai Toukm C' 1 momafge B cepenuny ‘Mmimka’ S. Age micas nsoro ! 6yae
BeCh Jac mepebyBaTy B cepeauui S 1 He 3Moxke HAOMU3UTUCA 0 TOYKH A, AKa TeX € 11 Hel
PPAHIIHOI0. AHAJOTIMHO PO3IVIAAETHCA BUMAA0K, KOJU TPAEKTOPIll NepeTHHAXTh BIIPI30K
CA 3 cepesunu S wHazosHL. TeopeMy I0BeIeHO.

Puc. 12 Pue. 13

Teopema 12.7. Hexal y ACAKOMY OKOJI 3aMKHEHOI TpaekTopii lg cucremu (1.7) Hemae iHIUX
samkHenux Tpaewropin. Toai Bci Tpaextopli cucremu (1.7), AKI HOYMHAIOTHECA JOCTATHLO
6.m3bK0 Big lg no craipaJ HabJIMKAaThCA 40 lg npa x — 400, abo 1 — —00.

—

Hosedenns. Ockimbku Ha lg HeMa CTaHIB piBHOBary, TO y Toukax lo dpynxuia f(§) e obepra-
eThbeAa B HyJdb. Tomy icuye geskuu oxin D TpaexTopil lg, y AKOMY T HCMa CTaHIB PIBHOBAaTrH
1 HeMa, IHIMUX IHKIIB, KPiM [q.

BuGepemo (piKCOBAHUU AOCTATHBO MAJIUU BiApI-
30K HOpMami 7 10 lg y geaxin roumi &° € lg
(puc. 14). Hexan [ — Tpaexropia cucremu (1.7),
AKa nounHacThea v roumi A € 7. Toxal apm 3po-
CTAHH] T TPACKTOPIA | 3HOBY NepeTHe HOPMAIb
7l y geaxin Todni By (Ha macTaBl TeopeMu Ipo
HelepepBHY 3aJeKHICTh PO3B A3KIB B MOYATKO-
pux nanux). OueBnmpuo, By # A. Hpunycrumo,
mo |&° — Bg| < |&° — Al. Toai, npogosKyiodn
TpacKTOpio [ a1a T — 400, MH OTPUMAEMO
Puc. 14 HOCAIIOBHICTE TOYOK HMepeTHHY B,, TpaeKTopil
l 3 11, mpuaomy
159 — Bo| < |3° = Bpo1], m=1,2,....
Orxe, rr}gnoo B,, = &% 60 axbu ne 6y10 He Tak, TO Yepe3 T'PAHMYIHY TOYKY IIOCTIAOBHOCTI
{B,,} nmpoxomus 6m mukx cucremn (1.7) Bigmimmmit Big lo. Cupasai, mexait B® — rpammana
Touka nocmgosrocTi {B,,} i [0 —~ TpaexTopia, ska moumHaeThea y Touni BC. 3rigmo 3 Te-

opemoro 6.7 {9 ¢ rparmaHOIO MHOXUHOW 1ag [ il mo cmipanr mabmmxaersea 1o (0. Tomy Ha
migcrasi reopemu 11.7 [° e nukaoM, MO HEMOKINBO.
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TakuM <umHOM, | IO cHipam HaGmmxaeTsca 10 lo opu © — +oo. Pemrra TpaeKTopii, Aki
noumuaioTea y Toukax C € 71, ge |& — C| < |& — A, rex no cmipaai mHabmuxkaoTsea 1o C
npu x — +00. Akmo x |& — Byl > |& — A|, To mocTaTEBO 3aMIHUTH T HA —I, MO0 TPUATH
[0 TIILKHU M0 PO3TVIAHYTOrO BUMAIKY. AHATODIYHO PO3MIALAETHCA BUIAIOK, KOIX TO4YKa A
MexUTH B cepenuni lg. Teopemy goBeneHo.

§ 4.7. 'panmyna nosejiHKa TpPaeKTOPIN JiHIMHOI
AUHAMIYHOL CHMCTEeMU Ha ILJIOIIMHI

PosrasaeMo moBeAiHKY TPACKTOPIN OAHOPIIHOI CUCTeMM DIBHAHB

{ Yy = ayr + by, ~
Yy = cyi + dys

abo y BeKTOpHIN popmi
y' = Ay,

ae

JUNCHA MATPUIIS.

3ayBakumo, mo y = 0 € cranoMm piBOBaru gnHamigaol cucremu (9.7). OCKImbKM MATPHIS
A picsa, TO MOXKYTH OVTHU Tpu BUIAJKU:

1) Bracui 3uadeHHs Ay, A\s marpuni A gincni i pisni;

2) Baacul sHaveHHA A\, Ay MATPUO] A KOMILICKCHO-CITPAZKCHI;

3) marpuns A Mae enuHe MIACHC BJACHE 3HAMCHHA Aq.

Y KOXKHOMY 3 IMX BHIIAIKIB IOBEIIHKA TPACKTODIN cucTemu (9.7) B okoai ¢Tamy pisHOBAr®
pizua. PosrasaeMo ix okpemo.

A. Hexanm Ay # Ao miucui, Ay # 0, Ay # 0. Y upoMmy Bumagky y Marpuni A ICHYIOTL IBa
JHITHO He3aJdeKHi AIUCHI BIACH] BEKTOPH h1li k25 pracHIME 3HATCHHRAME A1 1 Ay BIATIOBLIHO.
3araabHui po3B’A3ok cucremu (9.7) Mae BUIAL

:(7': CleA””h, L + CQG/\ZCEhQ,

— — .
e Cy i Cy — posiasni aiticHi cram. Ockimsku BexTopu Al ih? yTBopioioTs 6asuc B R?, To

dyHKIIiL ,
2= Cret”, 2y = Che?” (10.7)

MOXHA PO3MIAAATH AK KOODAMHATH BEKTOpa ¥ MO0 Gazucy h'l, h2. BayBamumMo, mo 10cTAa-
THBO AOCAIAUTH HOBeAIHKY TpaekTopiu npu Cy; > 0, Cy > 0, 0CKIIbKI HOPAL 3 TPacKTO-
piero (10.7) cucrema (9.7) Mae TpaekTOpii:

zZ1 = —C]ﬁAlx, 21 = ~C16A1‘”, 21 = Cl(i}\lw,
Zo = 028)\238, Z9 = ——Cge’\”:, Z9 == —Cg@kzw,

AK] PO3TAINOBaHI BiANOBIAHO y APYIOMY, TPETHOMY 1 9€TBEPTOMY KBaJIPAHTAX.

1) Hexam A; 1 Ap ognOro smaxy. He mopymryiodm 3aradbHOCTI, MOXKHA BBAKATH, IO

[A1] < | A2l (11.7)
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a) Axmo A < 0, A2 < 0, To 3rigro 3 (11.7), Ay > Aq. IIpn C1 > 0, Cy > 0,

21— 0, 29 —0, xom z — +00,
z1 — +00, 29 — +00, KOOI I — —OO.

Kpim Toro,
d_zg_ — g?i%e(/\z—Al
le Gl)‘l
Koan r — +oo. TakuM 9IuHOM, OPU T ~¥ 00 TPAEKTOPIA BXOAUTH B MOYATOK KOOPAUHAT 1
B I'PAHUI JOTUKAETHCA IO OCI 21, & IPU & — —OC0 BLIAATAETHCA Bl IOYATKY KOOPIUHAT,
BAMUIIAIOYUCH Y TePIIOMY KBAaAPAHTI CHCTEeMU KOOPIUHAT 21, 23.

Ilpu Cy = Cy = 0 Tpaeckropis e cranom pisuoBaru ¢ = 0. lIpu C; = 0, Cy > 0 TpaexTopis
36IracThCa 3 JOJATHOIO MIBBICCIO ocl zq, a upu C > 0, Cy = 0 — 3 101aTHOK HIBBICCIO OCL 29.
CxeMATHMHO PO3TAITYBAHHA TPACKTOPIN 306paxeno Ha puc.15 (CTPLIKKM MOKa3yrTh HAIPAM
PYyXy TOYKHK TO TPaeKTOpil Tipu 3pocTadHl ). Take posTalryBaHHA TPAeKTOPIM MOOIH3Y
¥ = 0 HABUBAECTHCS CTIUKUM BY3J0M.

6) Axmo Ay > 0, Ay > 0, 7o A} < Ao. lIpu C; > 0, Cy >0

) 50,

z1 =0, 29— 0, kKomm I -— —00,

zZ1 = +00, 29 — +00, KOIM T — +00.

PoarairyBaHHA TPACKTOPIN 3ATUIIACTHCA TAKAM CAMHAM, AK y BATAAKY a), JUIIE 3MIHIO€ThCS
HAIIDAM PYXY TOUKM 1pu 3pocTanui x. Take posTamyBaHHA HA3WBAETHCA HECTINKAM BY3I0M
(pmc.16).

2) A1 i A9 MawTh pisHl 3Haku. JOCTATHHO PO3IVIAHYTH BHIAJLOK
AL <0< Ay Tomi nipu Cy >0, Cy >0

21 =0, 20 = +00, KO T — 400,

Z1 — 400, 22— 0, kom x — —o0.

Y MaHOMY BHIAJKY PO3TALIYBAHHSA TPAeKTOPIN HABMBAETHCA cimmoM (puc. 17).
B. A\ 1 Ay KOMILICKCHO cOpsikeri: Ay = 4w, Ay = p—iv, v # 0. Marpuusg A mae

S : - e , Sy
KOMILIEKCHUH BaacHull BekTop b = = (k' —ih?) 3 Bracuum spavennam Ay (sextopu h' i h?

1

2
co . > L o .5 o .

— mincul). Kpim Toro, odesuano, h = E(h, L' +4h?) - pracumit BekTOp MaTpumi A 3 BIacHUM

3HAMCHHAM Ay = \i. Bexropu h ! i h? minifHo HesasexkKHi, OCKIIBKA y IPOTUAICKHOMY BHIIA,IKY

O6yau 6 AIHIMHO 3aJ€XKHUMU BEKTOpH h i h, Akl BiANOBIIAIOTH PI3HUM BIACHAM 3HAYCHHAM.
JOBITBHAN KOMILTEKCHUT PO3B’30K cucTemu (9.7) MOXKHA 3alMcaTH y BAVIALL

37 = CleAlmE + Cg@A—l_m-F_L, (127)

ae C1, Cy — xommaekcHi craai. [JoBULTEHUA TIMCHUE PO3B’A30K, AK OYJO MOKA3aHO y raasi 6,
oTpuMyeThes 3 dpopmyan (12.7), sxmo crani Cq i Cy xommaekcro cupaxeni: C; = Co. Hexair
Cy = Re®®, Toxi Cy = Re™ ™ i

1 Al L2

1 - 1 S -
g: iRQHmG(OH—VI)Z(hl—ih2)+iReuxe—(a+Vm)l(hl+Z'h2):
atvz)t —(a+vz)i atvxi —(a+tvz)
:Rell»l' 6( ) +e ( )E +e(+ ) _'e (+ )52 _
2 2t

— Re*® cos(a + va)h' + Re!® sin(o + va)h 2.
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[MosHaamBIII Yepe3 2 i 2 KOOPAMHATH BeKTOpa i BigHOCHO 6asmcy h' i h?, oTpumaemo
z1 = Ret® cos(a + vx), 29 = ReMsin(a + vz).

1)Axmo ¢ < 0, To upu R = 0 oTpuMaeMo cTaH piBHOBaru, a npu R > 0

z1 >0, 20—0, xom =z — 400,

zf + zg — +00, KoM X —» —OO.

TpaexkTopisa € cOipasiIio.
PosramyBasasa TPaeKTODPIA y NLOMY BHMAIKY HA3UBAETHCA CTIMKUM (hokycoMm (puc. 18).
2) Axmo p > 0, To mpu R > 0

22 4 22— 400, KoM T — 400,

21 =0, 2o—0, xomm x - —00.

PosramyBagaa TpaexkTOpPiN y boMy BHHAAKY (puc.19) Ha3WBACTHCA HCCTIAKIM HOKYCOM.

3) fAxmo g = 0, To 22 + 25 = R? i TpaekTOpii ¢ eTiIcamMu 3 IEHTPOM Y OYATKY KOpAWUHAT
(puc. 20). “

[lepemaeMo [0 BUPOIKEHHX BHIAJAKIB, TOOTO KOIM OfHE 3 BJIACHMX 3HAYCHL JOPIBHIOE
HYJIIO, a00 A = Ao.

C. A1 #0, Ay =0. Y upbomy BUIAAKY, K 1 y Bunaaky A, iICHy:oTs ABa TIHINHO He3aTekKHI
BJIACHI BEKTOPU RYih? 3 BracHuME 3mAMCHHMMI A1 1 0 BigmoBigHo. 3araJbHuUN PO3B A30K
cucremu (9.7) mMae BUIAL

7.7 = Cl.({)\l"”i’t l + (/Y‘Z]t;’ 27

IlosrauuBmm 4epes 21 1 zo KOOpAMHATH BeKTOpa §f B 6asmci hl i h?, orpumaemo
— Atz _
Z1 = 016 y Z9 = Cg.
TpaexTopiamm y mpoMy BUNAAKy 6yAyTh MIBIPAMI, MApadeIbHl Oci 21, AKI 3aKIHIYIOTHCA HA,
oci zp. Bel Toukm oci zy 6ynyTs cragamu piBHoBaru (pmc. 21).
D. Marpumna A Mae equHe BracHe 3HAYEHHA 1. Y IbOMY BAIAIKY ICHye X09a 6 o1uH Kil-

cHuI BAacHuM BeKTop h ! 3 BracEmM sHawenHAM )\ : Ah' = \h . Jonosmomoum k! nosireEuM
BexTOpoM h? go 6asmcy R? i mokaanaroun

OTPUMAEMO

z'lﬁl + Z;EQ =7 = Ay = A(zlﬁl + ZQEQ) = zlx\lﬁl—i—
+z2(uﬁl + I/f_iz) = (A121 + MZQ)FLl +v2oh?,

xe Ah? = ph' + vh?. Taxmu TuEOM,

21 = A2y + pze, 2b = vz, (13.7)
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XapakTepHCTHIHNH MHOTOWIeH MaTpuni cucremu (13.7) mMae BUDIAL

- )\1 — )\ 19 _
D(A) = 0 V_)\I—(/\l—)\)(v—)\).
Ane y mamomy Bumaigky marpuna A mae exume paacHe 3HadeHHA Ap. OTxe, v = Ay 1
cucrema (13.7) Habupae BUDIALY
2= Az A pra, 2= Az (14.7)

1)fAxmo p = 0, ToO MaEMO TaKy CHCTEMY
o= Ay 2 2 = X\
2y = ALZL, B9 T OALR2.

Ii 3al ay.ﬂ:bHI/Ih 1)():3B’H:3()I{
Ad /\ a - A £
| = ( 1 ¢ L N 9 = C'Y')(_J L .

Mpu Ay # 0 TpackTopil ¢ ado mpBupaMi, Akl BUXOJATH 3 NOTATKY KOOPAWHAT, ab0 cTaH piB-
wosarm § = O mpu ('] = Cy = 0 (puc. 22). Taxe posramyBapia TPACKTOPIM HA3ZMBACTHCA
AMKpUTHIHEM ByagoMm. pum Ay = 0 xokua Tpaekropia 21 = Cy, 22 = 'y € ¢TaHOM PIBHO-
Barn. [HImMME caoBamu, BeAa (BasoBa IJONIMHA 3AOBHEHa craHaMmu piBHosaru. llpm meomy,
OMEeBUIHO, A ~ HYJIbLOBA MAaTPHUIA.

241 # 0. BisbMemo 3a Gasue sexropn H ' = ph', H2 = ph?. Toxi

AH "=\ H', AH*=H“+ MH".

Hoxnasnm §f = zy H ' + zo H 2, 3amicts (14.7) MaTumMemo
! S -
21 = )\1,31 -+ 2 Zy = )\1/,2. (157)

3ararbaul po3s a3ok cucremu (15.7) Mae Burasg

7= (Cy + Chr)eM™, 2y = Clye™ e,

a)A; < 0. IIpu Cy = 0 maemo
/\] &£

z1 = Cre™M™, z9 =0,

TpaexTopia e miBgicco z; > 0 (nmpu Cy > 0), z2 < 0 (mpu Cy < 0), abo cTam piBHOBaru
mpu Cy = 0. fAxmo Cy # 0, TO

C , C
Z1 = CQ (C—; + 1’> €>\]‘x = CgfﬁXp((& - F;))q),

2 Cy
. . 1
Ha puc. 23 306paxeno rpadik ¢ymkmii z; = afe’é mpm a > 0. Y Toumi £ = - pyHKIIA
1

C ' C
Tyr £ = o + 61 Hosraxusmm Cy exp(—/\l——1> = a, OTpEMaEMO 21 = afe &, zy = afeMd.
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z1 Mae makcuMyM. Ilpu a < 0 rpadik OTPUMyeThCA n3ePKAIbHUM BiTOOPaKeHHAM BiTHOCHO
ocl €. O4eBHIHO,

z1—0, 29 —=0 xoam & — 4oo,

z1 — 400, 29 = 400, kKoam & — —00.

Kpim Toro,
dzo alpetté 0
dz  aeE(1 )
xoun § — +oo. Posramysanus TpaeKTOpi y NbOMY BUNAIKY HA3MBACTLCA CTIMKAM BUPO-
JIZKeHUM By3aoM (puc. 24).
B) pu A1 > 0 3 aHAKOTIYHEX MIPKYyBaHb OTPUMYETHCA KapTHHA, 300pajeHa Ha puc. 25.
Take po3TanryBaHHA TPAEKTOPIN HAZMBAETHCA HECTINKUM BUPOIKCHIM BY3/JIOM.
c) upm Ay =0

Zp = O] + CQ;‘I?, Z9 = Cg.

Axuo Cy # 0, To TpaekTopil € mpamMumu, napaaeabaumu oci z1. IIpu Cy = 0 BCi Towkym oci
21 OyayTh CTaHaM® piBHOBaru (puc. 26).
Ilpuxnag 1.7. Posragsemo nxisiiHEe OJAHOPiAHE DIBHAHHA APYTOro TOPAAKY 31 CTAIMMU
KoedlmienraMu
my”" + oy’ + By =0,

pem > 0, a >0, 3 > 0. lle piBEAHHA omucye OPAMOMIHITHMN PyX MaTEpiaJbHOI TOTKH 3
Maco0 1M BIAHOCHO OCi y mix micto cuium TepTa —oy’ 1 npyxuol cuan —By. Ilepenumemo e
PIBHAHHA Y BUIVIAIL

Yy +ary +azy =0,

o Jo] ) ) . .
pe ap = — > 0, ag = — > 0. Broga4u HOBI HeBigoMi GyHKII ¥y = ¥y, Yo = ', 3BCAEMO HALIE
m m
PIBHAHHA 10 JIHIMHOI OTHOPIAHOL cucTeMu AudepeHIialbHUX PIBHAHL
Yy = Yo .
1 3
{ , (16.7)
Yo = —QY1 — A1Y2,

MaTpuisa A AKOI Mae BUTIAL

A:< 0 1 )
—Gz —aj

BiaacHl 3nadenHa A, Ay Marpuni A € KOpeHAME XapakKTEPUCTUEHOI'O MHOIOY/IeHA

A 1 o\ _
D()\)_’_az —al—Al_A +ah+ az = 0,
D)
a a
A12 —71 zl-—az

2
a e e .
IIpu —4l > ap KOpeHl MIMCHI pisHi, mpudoMy A; < 0, Ay < 0. PosramyBaHHA Tpaeck-

TOpIM CHCTeMH € CTiikmM By3aoMm. Ilpm & — 400 maTepiaxpHa TOYKA HAGIMKAETHCA 1O
2

. a . .
IOYaTKy KOOPAMHAT, OCKLIBKEM y = y; — 0. Ilpnm Zl < ag KOpeHl CHpAXeHl, IpmaoMy

Rely s = —%1- <0.
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Pwuc. 15

Y2 Z2

Puc. 16

Yo

Puc. 18

Y21

\

&

Puc. 20

(v>0)



148

——
[ .
PI’IC. 25




§ 5.7. IIEPIIT IHTEI'PAJIN JUHAMIYHUX CHUCTEM 149

Axmo a; > 0, To po3TamyBaHHA TPAeKTOPid € cTinkuM doxycom. MarepiarbHa TOIKa
3 TIICHIOE 3aTyXal0wl KOTMBAHHA HABKOJIO MOYATKY KoopaunmatT y = 0.

fxmo ay = 0 (TepTaA BLACYTHE), TO PO3TALIYBAHHA TPACKTOPIM € HEHTPOM — MaTeplalbHa
TOYKA 3MIUCHIOC He3aTyXadl KOJUBAHHA HABKOJIO NOIATKY KOODJAUHAT.

2
a . . co .
[Tpn —45 = @9 KOPEeHI XapaKTePUCTUYHOI'O PIBHAHHA MIMCHI 1 30IraloTheA, IPUIOMY

ay cu cu
A = Ay = —— < 0. PosramyBaHHA TPacKTOPI y HbOMY BUIAAKY € CTIMKHM BUDOIXKE-
HIM BY3JIOM.

3ayBaxkeHHusd 3.7. PosriaameMo JUHAMIYHY CHCTEMY

7= Ag+ (), (17.7)

Ae

17! 14+

a=(00). a iEas

IpH JOCTATHHO Maaux i; M, o - gesil q04aTHI CTA.

Axmo marpuns A Taka, mo il BIACHI 3HATEHHA Ny, Ay PI3HI 1 IX gIHCHI 9aCTHHU BILIMIHHI
BLJ HyJIA, TO B JOCTATHLO MAJOMY OKOJI MOYATKY KOODAHHAT DO3TAIULYBAHHA TPACKTODIH
ArHami<HOl cucremu (17.7) 6yge raxkum camum AK 1 cucremu (9.7).

§ 5.7. Ilepmui iHTerpajn JHHAMIYHUX CACTEM

311()By PO3IVIAHCMO ,III/IH'c‘LMi‘IHy CHUCTCMY

e = filyr, .o yn), 1=1,....m, (1.7)

ab0 y BeKTOPHOMY 3aIuCl

—

g = f(y).

8f1 (?jl, ey ?/’n)
Ay;

Sx 1 panime, Oy 1yMo npunryckatu, mo fi (Y1, .-, Yn ), e C(D),1,j=1,...,n.
OsuavenHsa 7.7. Pymkuig u(yy,...,yn) = u(y), BU3HAYeHA | HelepepBHA PAa30M 31 CBOIMHI
JACTHHHHUMH IOXIAHUMH B geakin obuacti () C D, HA3UBAE€THCA HEPUINM IHTEIPAJOM CHCTE-
mu (1.7), AKIIO BOHA 36epirae crajae 3HAYCHHA B340BXK Oyb-AKOrO pOo3B 'A3Ky cucremu (1.7),
TpaexTopig axoro jaexutb B 2. To6To, axmo § = ¢(x), v € {(a,b), ~ AOBITLHUH PO3B’A30K
cucremu (1.7) Taxmi, mo § = @(x) € , x € (a,b), To u(F(x)) = const.

Teopema 13.7. /g Toro, mo6 ¢pyuknis u(y), BU3HATEHA | HEIIEPEPBHA PA30M 31 CBOIMH 1ac-
THEHEMHA 1HoXigauME B 00.1acTi ), Q C D, 6yaa nepmmumM inTerpaaom cucremu (1.7) Heo6xigHO
1 JOCTATHLO, 106 '

"L Ou(y
> #ﬁ(ﬂ) =0, Vjeq. (18.7)

=1

Aosedenns. Mpunycrumo cmodaTky, mo u(y) — mepmmi imrerpan cucremu (1.7). Hexan
7] — mosiapHa Touka obmacti €. Ilosmagumo wepes F(x,#) poss’ssok cucremu (1.7), Axun
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HOYWHAETERCA y Todmi 77, To6To 3anosoasuse ymoy F(0,7) = 7. Toxal arigao 3 o3HadeH-
aam 7.7 v(x) = uw(@(z, 7)) = const i

dv(x) _ — Ou(B(z, 7)) dd(x,7) _
dx z=0 i—1 ayz dx =0
" Ou(Plx, ) . — du(7) , .
— . f—y ; :O.
Y, S@wm)| =3 5 T

Ockinbkm 1] — goBlapHa Touka {2, To pisnicTs (18.7) nosegeHo. ‘

Hexait maBniaku, BukoHyeTbea piBaicTs (18.7) 17 = J(x), ¢ € {(a,b), — 1oBLILENN PO3B’A30K
cucremu (1.7), TpaexkTopisa sakoro aexurs B 2. Posrasmemo dyukmio v(r) = w(d(x)). An-
dbepentio0T MO GYHKIIIO 338 T, MAEMO:

dofe) _ D) dF(w) 5= 0uB@) p sy

dx P oY; dx “ Y;

A Beix x € (a,b), ocxinbku J(x) € Q. Takum wwmnom, v(x) = u(F(x)) = const 1 Teopemy
JIOBEJIEHO.

¥
y .

Ozuavennsa 8.7. Ilepmi inrerparn wi(y), ..., ur(y) cucremu (1.7), Buznadeni y geaxomy
OKOJTI (@, HA3UBAIOTHCA HE3AJCKHAMU, AKIIO MATDHIA

ouq () Ou (7)
, Y1 OYn
Ul T
D= Gasi ™ i
oy Oy

Mae paHr k y Touni § = a.

Teopema 14.7. Hexan @ He ¢ cTaHOM piBHOBaru suHamivHoi cucremu (1.7). Toai y geaxomy
oxoti TOUKH @ IcHyIoTh (1 — 1) Hesaxc:kHUX mepmux HTerpatis cucremu (1.7).

Hosedenns.. Ockinbku f([i) # 0, To x09a 6 OHA 3 KOOPAWHAT IBOT'O BEKTOPA ]?Hb AOPIBHIOE
Hymo. Hexam xna Busnadenocri f,(d) # 01 Touka 17 = (1, ..,9n_1,0,) OIMBLKA 0O d.
Posrasremo poss’asox y = @(x,77) cucremu (1.7), axuit nouunaeTnea y Touni 77 : G(0,7) = 1.
Y KOOpAWHATHIX (HOpMI e PO3B’I30K MOKHA 3aNUCATH Yy BUTILALL

Yi = @i(T, M1, n_1,an), 1=1,... n. (19.7)
ayBaxumo, WO ¢;(0,a1,...,a,_1,0n) = a;, 1= 1,...,n. BygemMo po3ariagary CIiBBIIHO-
menHA (19.7) AK BIZOOPaXKEHHA AEAKOrO OKOLY A TOUKH 1] = G1,...,Mn—1 = Gn-1, £ = 0 3

npocropy R™ y oxin Touxu @ mporo npocropy. Pyskmil ¢;, ¢ = 1,...,n, € HenepepBHAMH pa-
30M 31 CBOIMM YaCTUHHUMHI nOXigHmMu B A (3rigHo 3 Teopemoro 7.2). O6YHCIIMO MATPUIIO
Axo6i J Bigobpaxenns (19.7) y Touni (ay,...,an-1,0). J1g 0bOr0 BEKOPHCTAEMO DPIBHOCTI

gpi(oanla"'7nn—17a’n):ni> Z:I,,n——l,
(pn((),nla .. 'ann—laan) = an.
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Otxe,
0301‘(0,0,1, .. -aan) . 1, xomm 7 = j,
on; 10, womm i#j,
00;(0,ay,...,an o
il ) _ ey Gt = Ten— 1
ox
Tomy |
1 0 fi(a)
0 1 0 fa(a)
J=| ,
0 0 1 fuo(d)
00 0 ful(d)

i ockinbku f,(d) # 0, To det.J 5 0. Takum “mHOM, Ha MIJCTABI TCOPEMH 3 MATCMATUTHOI'O
aBatizy'y gegaxoMy oxoai £ Toukm @ icuye obGeprene Bigobpakenus po (19.7):

m = (¥ oyt = Un-1(7), x=0(y), (20.7)
npuioMy MaTpuiero fJko6i mporo Bigobpaxenns y Towmi @ ¢ matpung J'. Jlerko mepe-
KOHATHCL, o Matpuia U(y) (osHawenns 8.7) gyskuinn wq(Y), ..., Un—1(¥) y Touni d mae
BUTVIA L

duy (@) duq (@)

— al/l ayn

Uli R . L —

(@) Oy —1(a) A, 1(d)

d{/l 8?/':1

1 0 0 —f.l(ci)

%

o 1 0o —J24

] fnld@)

0 1 — f’nh—lga)

fn(a)

— —
g .

Orxe, matpuna U(@) mae paur n— 11 gyuxmil vy (7), ..., un—1(¥) € Hesanmexaumu. OcKirbKn
BigoGpaxenus (19.7) 1 (20.7) e B3aeMHO 00epHEHNMHA, TO

ui(Plz, M) =mi, i=1,...,n—1, (21.7)

“ro6To nmpy migcTanoBui y Gyukiil uy(y), . .., Un—1(Y) PO3B’A3KY
¥ = J(x,7) cucremu (1.7) ME OTPEMAEMO CTAMl BEIMINHH.

Hexan Temep i = 1/7(1:) ~ TOBLILHEUI PO3B’A30K cucTemu (1.7), TPaeKTOPis AKOrO JCKATDH
B Qi 'z/;(r,o) =70, 7° ¢ Q. Hoxnazemo

T/?Zul(go)v---vng—l :un—~1(go)a T :U(y )

Toxai po3s’sa3ok
yi:@i($+$1777?;---a77g_1>an)> izla"',n
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0

cucremn (1.7) (reopema 1.7) npn x = 0 IpoXoAUTL Mepe3 TOUKY ¥, OCKLIBKE

@i({clan?) s ,772_1,6171) - @i(v(go)aul(g’()% .. '7U’n—l(g0)a an) - y?,

i =1,...,n. Omxe, 3rigHo 3 Teopemorw 2.7

-

l/)<'T) = /35(1,’ + xry — Zog, ngv ey 772-1) an)a
a TOMY

wi(0(2)) = ui(Blx +ay — 20,0y, 001 an) =02,
1=1,....,n—1.

—
I

3Biacu BUmmBac, wo GyeKmil u (Y)
mesaqexxuuMu B (2. Teopemy goBegcHO.

ooy Uy —1(Y) € mepimMu iHTerpanamu cucremu (1.7),

3ayBackeuns 4.7. fx Bumrunac 3 qopegeHns Teopemu 14.7, v punagky fo, (d 0 v qeaxomM
(e Jod T .

okoai ) To4kn d icHyroTh n — 1 Hesarexkuux IHTCrpaaiB wi(y), ..., u, 1(§) cucremn (1.7),

OPHIOMY

), , 0 ), , ., 0
()’lL] (yla s Yn—1, yn) ()“/1 (U] yoe s YUn—1, (/n)

()7/1 ayn— 1
I R ICRREEERE PR O Gy # 0’
()/U“n,— L (',(/,1 LI 1/7,) ()’(,I,.,-,_. 1 (Ul yoe s Yn—1, yn)

dy o OYn—1

Wiy Yn1,¥0) € Q, y? -~ pikcosame.

Teopema 15.7. Hexair f(ﬁ) #0,de D,

U (§)y et (Y) — (22.7)

HO3AICHKHI Teprni iHTerpary cucremu (1.7), Busnaderi v aeaxomy oxkoai 0 TOIKH {, OPUIOMY
wi(@) = by, i =1,...,n—1; b = (b1y .. ybp_1), 1 Hexam v(Y) — AeAKHH DepIIMH HTErpa
cucremu (1.7), Buzradenun B 2. Toxl icuye raka gyuknia w(Z), BU3HATCHA ¥ ACAKOMY OKOJI
TOUKH l) IITO Mae Micie PIBHICTE

v(y) = w(ur(y), ..., un-1(y)) (23.7)
Y A€AKOMY OKO.II TOYKH (.

Aosedenns. Ha migcrasi Teopemu 13.7 B §2 crpaseainBi piBHOCTI

7 — k13 & -

S %m0 it Y0P gm0 )
j=1 o 7=1

CuiBigroNmenss (24.7) MOKHA PO3NIALATH AK OTHOPIAHY CUCTEMY aareOpal-THUX DIBHAHD IIO-
10 HeBigomux f1(7), ..., fa(¥). Ockinrpky us cucTemMa Mae HeHYJAbOBUH DO3B'A30K ¥ JCAKOMY
OKOJIL TOUKH {, TO mepuii imrerpamu i (y), .. ., un_1(%), v(¥) € 3amexunmu. 3a yMOBOIO Teo-
pemu inTerpann (22.7) e Hesanexni. Ile osnatae, mo MiHop n — 1-ro mopaaky marpuni U (@)
Blaminaun Bl myas. Hexan

NG T )
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PosrigaremMo CyKyIHICTH (hyHKIIN

—

21 =ur(¥)s s 2ne1 = Un—1(¥),  Zn = Yn- (25.7)

Jlerko GaumTu, mo axoblan Bigobpaxkenus (25.7) y Touni ¢ Bigmimmamn Big myas. Toal y
neaxomy oxomi Toukn (by, ..., b, 1,a,) icHye o6GepHeHe BimoOpaKkeHHA

y1 = wi(2),. .., yn = wa(Z). (26.7)

IMoxnagemo

w(Z) = v(w(2), ..., wy(2)). (27.7)
3 oraagy Ha Te, WO BU3HadHUK cucremu (24.7) piBHUN HYITIO,
ou Oty 1 (1
1( ) ++0n~l< ) N 1(/)

dy; dy;
j=1,...,n. (28.7)

ov(q)
=00 (4
By, 0,(9)~

b

Tom 3 ypaxysauuaMm dopmyau (28.7) MaTHMEMO

n n—1
ow(z ()u (7) ow; (2)
d~71 Z Z () ()I/ ()""l B

j=11=1

— du(§) Ow; (2 dw
= 0,y Z " Z@ Nge =0,

52
i=1 G=1 ‘ o i=1

TOOTO W HE 3ATCKUTH BIA Z, . Ocxinbkn Bigoopaxenus (25.7) 1 (26.7) e p3acMHO 06epHEHIMH,
10 v(y) = w(uy(¥), - Up_1(y)) 1 TEOPEMY TOBHICTIO HOBEIEHO.
Teopema 16.7. flxmo

w(9), .., u(y), k<n, - (29.7)
HezaaeiucHl neprl iHTerpatn cucremu (1.7), Busnadeni y geaxomy oxoqi §) rouxku @ € D, 10
cucremy (1.7) MOxHA 3BecTH JO JUHAMIYHOI CHCTeMH 3 M — k DIBHAHE.
Aosedenns. Ockinbku iurerpamun (29.7) wesamnexui, To Marpuus U(d) mux igTerpatis mae
Minop nmopaaky k, siaminaun Big nyaa. Hexan aas smsHa<eHocTi

Ouy (@) Ay (@)
oy1 T Oy
..................... 0.
dy1 Yk

BBegeMo B OKOJI TOYKM @ HOBI KOOPAUHATH 21, . .., Z, 34 GOPMYyIaMu
21 =ug(Y), sz = U(Y)s  Zka1 = Yk41s-- s Zn = Yn- (30.7)

Ockinbku axobian BlgoOpaxkenns (30.7) BLAMIHHUK Bl HyJIs y TO4l @, TO 1e BigoOpaxkKeHHA
e 6lekruBHUM. Tomi

dz; Ou; (y dy] Buz( y) . .
fas _ =0
dx Z:; dy; dx ; 0y, 13 (@)
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pQumi=1,...,k, a

de‘Fk _ dyJ-H? _ —

Tomy, sranmoBn o6epHeHe BinoOpaxkenns 1o (30.7), MM OTpUMAaEMO HOBY AMHAMIYHY CHC-
TeMY

jg=1,...,n—k.

/ " .
=0, 1=1,...,k;
, .
itk =git6(21,. ., 2), J=1,...,n—k.

3Bigcu z; = Cy, 1 = 1,...,k, te C; — noBiabHi ctagi. OTxke, NPAXOIUMO O AWHAMITHOIL
CHUCTEMN
/ . “t . A
:// :.,(/_’]'(C'fl.v"-aC’/\',,Zk:+]7~-~wZT’I,)w J :]"+17"'7”7

o 1 oTpioHo HyJI0 10BECTH.

3aysaxkesssa 5.7. frxmo Bigomo n — 1 HezaurekHRX Hepmmx iHTerpass cucremu (1.7), To
BOHA 3BEACTHCA MO OAHOIO DIBHAHHA

o Y .
T .,q'l’L(C’la ) On,"l 3 /:u,-,,), '

AKe, O9eBHAHO, IHTerpyeThCA. ToMy 3HAXOMKEHHA MAKCHMAJIBLHOI KLIBKOCTI HCpHIMX IHTe-
rpaJiB JAHHAMIYHOI CHCTEeMH Bejje [0 11 HOBHOI'O IHTErPYBAHHA.

3ayBaxkenHd 6.7. Cucremy (1.7) MoxBa 3anucaTu y IHIIH, TAK 3BAHIH CHMETPHTIHIH (Gop-
mi. CrpaB/l, epenuIneMo 11y BArIA L

dy; )
————L— =dx, i1=1,...,n.
fiyt, - )
) .. dy, . . .
OcKinbKH BCI BI JHOLICHHA 7.0 piBHI dx, TO BOHU PIBHI MK COOOIO:
\Y
dt dy- dy,, )

1 = OV == (31.7)
.fl(yla"'ayn) jZ(Ul""ﬁiU’lL) f'r‘z,(:[/l7"'7y7’l,)

Crispianomenaa (31.7) HA3MBAIOTLCA CHMETPHHOIO CHCTEMOIO 3BHIAIHIN UM epeHIIATbHIX
piBHAHBL. (OYeBHAHO, KOXKXHA CUMETPHYHA CHCTEMa MOxe OyTH 3BefeHA g0 AuHamiawol. /s
neOIo JOCTATHRO BigHOmeEHHA (31.7) moxmactn pisaam di.

§ 6.7. Ilepmi iHTerpaiu HOPMATLHUX CHUCTEM

Posrasnemo Tenep HOPMAJbHY CUCTEMY 3BHYAUHUX AUQEDEHIATLHIX PIBHAHD

yr = filx,y1, . Yn), t=1,...,m. (32.7)
] ) . ofi Ofi . . . :
Byaxemo mpunyckarn, mo GysKnii f; B0 90 i, = 1,...,n € BusHa4enl 1 HenepepsHi B
x Y

obracti G C R*™!. fIx summusae 3 3ayBazkeHHs 2.7, HOPMAJABLHA CHCTEMA (32.7) moxe 6yTH
3BeeHA 10 IWHAMIYHOI CUCTEMHU BHDVIAILY

Vi = filynsr, 91, un), i=1,.00m,
Yooy = 1, (33.7)
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LLIAXOM 361LIBIIEHHEA PO3MIPHOCTi (ha30BOro MPoCTOPY HA OJUHMINO (3aMiHa x = yn+1) Oe-
BUIHO, cucTeMa (33.7) e mae craHiB piBroBaru B obaacti G. 3riggo 3 o3HaveHHAM 7.7 QYH-
Kuist U(Yni1, Y1, - - -, Yn), BUSHAYUEHA | HeIepepBHA Pa3oM 31 CBOIMH YaCTUHHMMH HOXITHUMI
y nesakin obmacti €2, 2 C G, Gyae nepmuy igTerpamom cucremu (33.7), Akmo BoHa 36epirae
CTaJe 3HAYEHHA B3J0BXK KOXKHOI'O PO3B’A3KY i€l cuCTeMu, TPAEKTOPIA AKOTO JAeKUTL B 2.
Tomy moBepTa<unch A0 cucTemu (32.7), OyeMoO MaTH O3HAMEHHA.

Osuavennsn 9.7. Pymxuig u(r,yi,. .., Y, ), BU3HAYEHA | HEIEPEPBHA PA30M 31 CBOIMH Jac-

Ju ou
THHHAMH HOX1JHUMHA 5~ C—)—— 1 =1,...,n, B obgacri ), HABUBACTHCA HepHIuM THTCIPAJIOM
L Yi

cucremn (32.7), Axmo qaa Oy ab-AKOoro poss’asky ¥ = J(x), x € (a,b), miel cucremu Taxoro,
oo (x,g(x)) € G, x € {a,b), mae micre pisricTs w(2, @1(T), ..., vn(x)) = const.

3 Teopemu 13.7 BUTLIHBae Taka Teopema.

Teopema 17.7. /[lng Ttoro, mod ¢pveaxuls u(x, y1, ..., Y, ), BH3HATEHA 1 HOICPEPBHA PA3OM 31
Ju Ju } }
CBOIMY JACTHHHIMMY TOXTTHUMHA —— D =1,...,n, BobGaacTi {2, OyJ1a mepuaM IHTEr PAIOM
v dyi’

cucremu (32.7), mHeoOxiguo i gocTaTHbo, moO M4Id BCIX (T,y1,...,Yn) € §) BHKOHYBaJIaCh
PIBHICTDH

ou(x 1/ ou( 1,, 7).
y Sa,y) = 0.
Tor Z d(/] fJ(I )

Jam Moxaa ChHOPMYIIOBATI TEOPEMY, a,‘l-la_u()[‘i‘fuijl.y no 14.7.
Teopema 18.7. Y geaxomy oxori gosirbroi Towxu (g, yY, ..., yY) € G icaye n HeaaseKHUX
HCPIIAX IHTErPaiin
wy (), e (2, Y) (34.7)
cucremn (32.7).
Hexalt MaeMoO CyKymHICTBH 7 He3adeixHuX nepumx inrerpanis (34.7) mopMmaabHOI cHCTe-
n (32.7). [laa sanucy mepmux iHTErpaniB BUKOPUCTOBYIOTH (hOPMY.IH
wi(n,y) =Ch, i=1,...,n. (35.7)

Sk BurmuBae 3 3aypaxkensg 4.7,y 1o (20, ) BUBSHATHUK MATDHII]

Auy(x, 7) duy(x, )
o f)’l/] o 87/'/'1,
(_];1,7’1 — e e _....{ .....
(2, 9) Oun (2, Y) Qun (2, %)
Y1 o MYn

Biamimaail Big Hyaa. ToMy 3rifgHO 3 TEOPEeMOIO MpPOo HeABHY (DYHKIIIO criBBigHOmeHHs (45.7)
BU3HAYAIOTE I AK PYHKIO 3MiaHol x 1 cramux C, ..., C, :

vi = @iz, C, .., Ch), i=1,...,n (36.7)

y DeAKOMY OKOJII TOYKH Tg. HeBaxkko mepekoHaTuch, mo ¢Gyskiil (36.7) gatooTh 3ararbHun
po3B’a30k cucremu (32.7). ToMmy 3HAXOKEHHA MAKCHMAIBHOI KITBKOCT] He3ale2KHIX IEePITIX
IHTerpaJgiB HOPMAJbHOI CHCTEMU €KBIBAJIEHTHE 11 TOBHOMY PO3B’A3yBaHHIO. 3ayBakKuUMO, III0
HOpMaabHa cucTema (32.7) Tex Moxke GyTH 3BeJeHA 10 CHMETPUYIHOIL

dx d dy n

S == Y . (37.7)
1 fi@ g, yn) IO TR T

Y cucremi (37.7) Bcl 3MiHHI MOXKHA BBAZKATH PIBHONPABHUMHU 1 OyIb-AKa 3 HUX MOKe GYTH

BUOpaHa B AKOCT1 HE3aJCKHOI.




TJIABA 8. CTIUKICTB 3A JAIIYHOBUM
PO3B’SI3KIB HOPMAJILHUX CUCTEM
3BUYAVHUX JUPEPEHINIAJLHUX PIBHAHDb

§ 1.8. O3HavyeHHd | TpUKIa U
PoarnanemMo HOpMAIBHY CHCTEMY 3BUYAUHAX JMUDEPEHITIATBHAX DIBHAHL

yz{:fi(xayl3"'7y7l)7 ’l.:]_,...,TL, (18)

ab0 y BeKTOPHOMY BUTJIAL

Byxaemo mpunyckarn, mo dhyukuil f;(z,y) , — o, —., 1,7 =1,...,n, BU3HAYECH] | HeIePEPBHL
K
B obmacti G = I, x D, ne I, = (a,+00), npuaomy a moxke 6yTH 1 CHMBOIOM —00 , D

- o6aacTh 3 mpoctopy R™. flk sunmmaBae 3 raasm 2 cucrema (1.8) Mae ¢ UHUE PO3B A30K
7= @(x,20,7°), Axmit 3a10B0NBHE TOUATKOBY YMOBY

i) = 7" (2.8)

axa 6 e Oyara Touka (xg,y ) € G. Kpim Toro, poss’s3ox @(x, x¢, 7°) HemepepBHO 3a0eKATH
BiJ OYATKOBUX JAHMX Xq, ", KOMM ¥ 3MIHIOETBCA Ma Biapisky (2, b].

Y mamin miaBl GygeMo JOCTIKYBATH 3A0¢AKHICTH po3Basky sagadi Kowi (1.8),(2.8) Big
HOYATKOBUX JAHUX, KOMM r € [1q, +00).

Osnagenns 1.8. Po3p’asok i = z/;( v) cucremn (1.8) HABHBAETHCA CTIHKHM 34 /IﬂnyH()BHM,
AKINO A4 JOBLIBHOTO € > () 3Haumgernca raxe 0 > 0, mo ,[[./Iﬂ JOBLILHOIO BCKTOPa 70, AKHH
38/40BOJIBHAE YMOBY [1/ (w0)—7°| < 6, po3B’a30K § = W (x, 20, 7") Bu3matcunit g peix x € 1
1 3aJOBO.TBHAE HEPIBHICTE

2o

[(z) — @, xo, 7O <e, x€l,,.
Armo, kpim Toro,
lim [4)(x) — @(z, 20, 7°)| = 0,
r—r o0

TO pO3B’A30K () Ha3MBAE€ThCA ACHMIOTOTHIHO CTIHKMM.

IIpuxknag 1.8. PosrasareMo pisHsHEA
y' = ky, k = const.
P03B’A30K 1pOr0 DIBHAHHA 3 MOYATKOBUME YMOBaMU (To, Yo) MAE BULIAL
y = yoek@=wo), (3.8)
Hpu k < 0 poss’asok (3.8) 6yné crinkum 3a JIATYHOBIM, OCKLIBKI I BCIiX T > g

k)((L‘—mo)

lyre — yoer T = Ty ol <y — ol < ¢,



§ 2.8. CTIMKICTH PO3B’A3KIB JIHIMHUX CUCTEM 157

Y Bunaaky k < 0
k(z—:uo)|

lim e Y1 — Yol =0

T —++00
1 posp’asok (3.8) acumnrormuno crivkmu. fxmo & = 01 y1 # Yo, TO PO3B'A3OK Y = Yo €
crifikuit 3a JIAnyHOBHIM, ale He aCHMOTOTHYHO CTIMKHAN, OCKLILKA PI3HALA Y1 — Yo| HE TpAMYE
7o Hyat, ko x — +oo. Ipu k > 0, y1 # yo
z—x0)

lim |y; — y0|e"°( = 400
=3 00

i poss’asox (3.8) wecrinkun.

Hpukaag 2.8. PosragaeMo ainininy 0 HOPIAHY CUCTEMY DIBHAHD 31 CTAJIUME KoedimmieH-
ramu (§4.7). Y Bumagky ¢TIMKOro By3Jaa i ¢TIIKOTO QoKyca Po3B’a30k ¢ = 0 Oyae, 09eBUIHO,
ACAMIOTOTAYHO CTIARUM. Y BUTAAKY HeHTPa pos3s a3ox if = 0 Gyge crinkum 3a Jlanyrosum,
aje He OyJe ACUMOTOTUYHO CTIUKUM. Y BUOAJAKY Cigga po3s’a3ok § = 0 HeCTINKAN.

Jema 1.8. Jocripxenns crikocti po3s'asky § = G(a) cucremu (1.8) moxe 6yTH 3BeJIeHO
O AOCALKCHHA CTIMKOCTI TOTOXKHO HY.ILOBOIO PO3B A3KY 1HIIOI HOPMAJTLHO] CHCTEMH.

Hoscdernns. BpegeMo HOBY HEBLIOMY (DYHKIIIO

() = ) — Pla) . (4.8)

()‘](‘]3[./1,1.[.}.{(), BOHA 3aJOBOJABHAC TaKy CUCTCMY ];)iBHHHbZ

— —

) =g (2) ¢ (x) = fla, 7+ ) ~ flz, ¥(2)) = §(x, 2), (5.8)

ae G(x,0) = 0. Ipu npomy crinkicTs 3a JanyHoBuM ab0 aCHMOTOTHYMHA CTIMKICTE PO3B A3KY
y = ¢(x) cneremu (1.8) piBHocuabHA CTIMKOCTI 400 ACUMOTOTHYHIA CTIMKOCTI PO3B A3KY
7 =0 cucremu (5.8).

§ 2.8. CTIiMKICTL pO3B’I3KIB JIHIMHUX HOPMaIbHUX CHUCTEM

Y pamomy maparpadl po3rvIgsHeMO HOPMAJLHY JIHINHY CHCTeM
p ] . . ) Yy

mn

yr = Zaf(w)yj +bi(x), i=1,...,n, (6.8)

j=1
a0 y BEeKTOpHIN (popmi
j' = Ax)y+b(x), (7.8)
ae
aj() af(z)
Al)=1 ..o
an(2) ay (z)

i BexTOp-cToBmuuk b(x) = colon(by(z),. .., b,(x)) MaOTEL HemepepBHI KOMIIOHEHTH Ha IHTEp-
Baal I,. fIx Bigomo (Teopema 1.4), Bcl poss’sasku cucremu (6.8) Busnadeni Ha I,. Ha migcTasi
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gevu 1.8 mocaikeHHsA cTiMkoCTi po3B’asky ¥ = ¢(x) cucremu (7.8) 3aminow (4.8) Ierko 3Be-
CTH 10 HOCIIIZKEHHS CTIMKOCTI HYJJHOBOTO PO3B’A3KY 2 = 0 JiHINHOI OZHOPIAHOI CUCTEMHI

7' = A(z)Z. (8.8)
Hexait g%(x),i=1,...,n, - po3p’asku cucremn (8.8), mpaaomy
Gh) = (@i (x),...,o (x)), i=1,....n.

AHAJOTIYHO AK y [VIaBl 4, BBEIEMO MaTPUITIO

e o7 (2)
O(xy=1| ...
@r () ©n(x)

O'(z) = A(x)P(x), (9.8)

pe @ () = ((¢}(x))"). Cnpasai, ocxinbxu dynxuii G*(x) (i = 1,...,n) ¢ poss’a3KoM cucTe-
mu (8.8), To

n

(@F(x)) = Z (1{(:’1:)49;’(:(7) , =1, nk=1,... n.

J=1

Toml 3rifHO 3 TPaBUIOM MHOXKEHHS MATPULL, MACMO

(@) = (eb@)) = | S al @) (@) | = A@w)a(),

J=1

10 ¥ MOTPpiGHO OYyJI0 JOBCCTH. ‘
Hapnaxu, axmo marpunsa ®(x) sagopoabise pisaanuaa (9.8), To 1i crosmuuku ¢ (x),i =
1,...,n, € po3p’aaxamu cucremu (8.8). Crpami, 09€BEIHO, MAEMO

ae € = colon(0,...,1,0,...,0), 4 = 1,...,n (oAMEULA CTOITH Ha {—ToMy Micmi). IlomHO-
JKUBIIN COpaBa Ha €' piBuauA (9.8), oTpUMacMo

(@) = Al) (@)
TOOTO »
d(pd@(x) = A(x)g%(z), i=1,...,n

- Sxmo FH(x),i=1,...,n, - PyHEIaAMEHTATbHA CHCTEMA PO3B'A3KIB cHCTEMI (8.8), TO KOXKeH
PO3B'A30K Iiiel cucTemu Moxke OyTu 3allMCAHUN y BATIALL (Teopema 6.4)

@(x) = ¢(2)C, (10.8)
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e C = colon(CYy,...,Cp) — geAKHN CTATUH BEKTOP-CTOBIYMHMK. 3ULIHO 3 TEOPEMOIO 5.4 MU
MozxkeMo Bubparm maTpumio $(x) Tax, mo

@(.’EQ) =F, x9€ I,

Tyt E — onmHIYHA MATPHIA.
Hexait poss’azox 2 = J(x) 3a10BOIBHAE IIOYATKOBY YMOBY

Hxo) = 2. (11.8)
[Moxaasmm B (10.8) & = ¢, OyxeMo MaTn
€= & o))
Omrxe, po3B’A30K

Z = ®(x)® " (ro)@(wo)

cucremu (8.8) 3ag0BoabHAe noMaTKOBY ymoy (11.8).
Ockinpsn ©7(ag) = £, o Gpopmyna

@) = @ (a)@(xo) (12.8)
Aae poss’a30k sagadl Koo (8.8),(11.8).

Teopema 1.8. Hyuanosnn posp’sasok cucremu (8.8) criaxmu 3a JlanymoBmm Togl 1 TLILKH
ToAl, KOau KoaREMH po3psasox @), x € [wg, +00), xg € 1,0 miel cucreMu OOMexKeHUN Ha
miBoci [xg, +00).

Hoeedernmns. Hexanl gosinbunil poss’a3ok cueremu (8.8) € oGMexenun Ha [rg, +00). Posraa-
HeMO (PYHAAMEHTATRHY CcucTeMy poss’askis cucremu (8.8) g*(x),i = 1,...,n, Taky, mo
$(xg) = E. Ockinbin Bei poss’ssxu g (x),i=1,...,n, obmexeri Ha [1¢, +00), TO GyHKIIIA

n 1/2
pla) = ( > (@l ()
i,5=1

Tezx 6yae 06MeKeHow Ha [1g, +00), TooTo p(r) < M ,x € [xg,+00), g8 M - gesxa JojaTHA
crTaNA, AKA, B3Aradl Kaikyad, 3aIeKITh B Tg. 3rigHo 3 popmy.1o0 (12.8) KOKHIE PO3B 30K
7= g(x),x € [xg, +00), cucremnu (8.8) Mozxke OyTH 3aMUCAHUA y BUTIATI:

Flx) = () F(x0)-
3pigcu oTpumaemo (ma migceTasi HepisrocTi Komi)

o\ 1/2

|B(2)] = Z Zwl z)ip;(wo)

=1

IA

1/2

< ZZ(@?(?E))Z _ (105 (0)) = p(a)[F(zo)| < M|&(x0o)|
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OTxe, Akmo BubepeMo goBiabHe € > 01§ = %, To 3 HepisuocTi |F(xg)| < ¢ BuLINBAE
mepisuicts [F(x)| < M|@(x0)] < M§ = ¢ mis Beix @ € [xg, +00), TOOTO HyIBOBHHA PO3B’A30K
cucremu (8.8) crimkuut 3a Jlanymosum. Hexau renep HyaboBum poss’sazok cuctemu (8.8)
crimkun 3a Jlanynosam. IIpunyctumo, mo cucreMa (8.8) gomyckae po3s’s30k Z = ¥(x),
HeOOMEXKeHNT Ha [Tg, +00). OueBuaHO, 1/7(:1:0) £ 0. 3agamo aBa gogaThi yucaa ¢ > 01id > 0
1 PO3TIAHEMO PO3B A30K

—_

fa) = L& 0
[ (20)] 2
Ouesuano, |Z(xg)| = % < 8, IPUHOMY 3 HEOOMEKCHOCTI O3B A3KY (1) I AeAKOT0 21 > T,
MaeMo .
|Z(xy)] = E/i_(l’_l)‘lﬁ > ¢
1 (o) 2

TaxyM TUHOM HyJIHOBUU PO3B’'A30K cucTeMmu (8.8) HecTinknu 3a JIATYHOBAM, MO CYIICPEIUTDH
OpuIynieHHo. TeopeMy MOBHICTIO 10OBEIEHO.

3ayBaxkeHHa 1.8. /11 vealninunoi gudepeHniagabaol cucTeMu 3 0OMEKCHOCTI I po3s a3KiB,
B3AraJl KaxKyJu, He BHILTUBAE CTIKICTD.

CrpaB i, PO3TVIAHEMO DIBHAHHS
.9
y' = sin”y.
laTerpyoan noro , Oynemo maru y = arcctg(ctgyo — ) upm yo # km iy = kw upn yy =
km, k = 0,41,42,... . Bei poss’asku, ouepuano, obmexeni na R'. Auxe poss’ssox y = 0
HecTiMkuy 3a JlAnyHoBuM, ocKklibKM npu JoBLILHOMY BUOODI yg € (0, 1) MaeMo
lim y(x)=m.
x—++oo /< )
Teopema 2.8. Hyarposum po3p'a3ox cucremu (8.8) acHMITOTHIHO CTIUKHH TOAI I TLIBKK
T041, KOIH BCI po3B’A3ky Z = J(x),x € [xg, +00), Hiel CHCTEMH 3440BOALHAIOTL YMOBY
lim g(a)=0. 12.8
@ —r 00 (P( ) ( )
Hosedenns. Hexan Hy150BuM poss’a3ok cuctemu (8.8) acCMMITOTUIHO
crimkui. Toai 3rigHo 3 o3nadennam 1.8 KoxHUN po3B’A30K 2 = ¢ (x), 2 € [1o, +00), A1A AKO-
ro |¢(xg)| < 6, sagosoabnse ymosy (12.8). Posriatemo foBiabuui poss’asok 2 = J(x),x €
|20, +00), cucremn (8.8) 3 mouarkoBoo yMoBowo Z(xg) = 20 # 0. Hoxaagemo

20f(o)| o Plx) 6

Px) = () ze ()

6 IREESIER
Bubpauun po3s’asok cucremn (8.8) 3a10BOILHAC YMOBY
- )
romy lim ¢(z) = 0. Toxi lim B(z) = 2Ap(o)| lim (z) = 0, mo # noTpibHO Gyio
L~ 00 Tr—r o0 (5 r—>+00 ’

noxazarn. Hexanm, masumaxm, ymosa (12.8) Bukonyersbes. Toxl Bei poss’saxu cucremn (8.8)
0OMexKeH] 1 3TIHO 3 TeoepeMoro 1.8 Hy TbOBMI pO3B’A30K niel cucreMu CTiKWi 3a JIATyHOBIM.
Taxum wmHOM Ha migcTaBi O3HavenHA 1.8 PO3B’A30K Z = 0 ACKMOTOTHIHO CTINKHI i TeOpeMy
MOBEIEHO TIOBHICTIO.
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3ayBaxkenuda 2.8. /lrg HeJiHIMHOI gudepeHmiaIbHOl CACTeMY OPAMYBAHHA 10 HYJA BCIX 1i
PO3B’A3KIB, B3araJi KaxkKydd, He ¢ JOCTATHBOK YMOBOK ACHMOTOTHIHOI CTIHKOCTI 1i HYJIBO-
BOI'O PO3B'A3KY.

CrpaB i, PO3TVIAHEMO CUCTEMY

s Z1 o
/J/l — — Iz 1722,
22
Zh=-—-"2 z>1
Inrerpyioun 11, oTpuMaemMo
2.
3y = Crae™ 2%,
Ch

abo, mokaaBmM rg = 1, Oyjemo MaTn

2 () = 2y (xo)x exp(— 23 (o) (v — 1)),

OueBuano, zy(a) — 0, z9(x) = 0, ko r — +oo. Axe mia gosiasuOro § > 0 upu z)(xy) =
5%, z(wg) =9, 6yaemMo Mary

2 () <1 + b%) > et

Omrike posB’a3oK z; = 0,22 = 0 me ¢ CTIMKUM 1, THM OLIbIIE, AaCUMITOTHYIHO CTIHKIM.

Hexan renmep y cncremi (8.8) marpuna A mae cran koedinienru: af (x) = al = const,i,j =
L,...,n. Hoswatamo wepes Ai, ..., A, pisHi BracHl 3HaveHHA MaTpumi A, mpudomy A; =
pj vy, =1,...,m,m <n,1=+—1. lokmagemo rg = 0.

Teopema 3.8. /s roro, mio6 cra pirriocrti Z = 0 cucremu pipaHsanb (8.8) OvB acHMITOTH-
YHO CTIMKHM, HCOOXIAHO | JOCTATHBO, i[OO

Rel; <0, j=1,...,m.

Aosedenns. Ipunycrumo cnovarky, mo gy < 0,7 = 1,...,m. Hexan A > 0 Take, mo p; <
A<0,5=1,...,m. flk Bigomo 3 raasu 6 xoxHuI Po3B’a30K 7 = F(x) cucremu (8.8) Moxe

O6yTH 3aIMCAHUN Y BUTIAI
m

Glx) = ZP’J‘ (z)eM* (13.8)

ne P7(x) - BekTop-gyHKIiA, KOXKHA KOOpAMHATA AKOl € JeSKIH MHOTOMWICH. 3 CIIiBBIgHOIIE-
HEA (13.8) BunmmBae, mo

ol <3 =3 [Biw)| e (149

=1

151(1.)‘ 'e(uﬁiw)m
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[TomuoxuBmn HepisHicTs (14.8) Ha e OTpI/IMaGMO
13( \ | et tre (15.8)
Ocximpku ptj +A < 0,7 =1,...,m, 1 KoXKHA KOODAUHATA BEKTOPA ]31(1‘) € MHOTO™IEH, TO
lim ’P] }e%“)m =0,
x— oo

=

e(hitA)2 oemexena. Hexait

3 el piBHOCTI BAILIUBAE, MO (DYHKIILA Z pi (z)
m ’ 1
}pJ ’p(uﬂLA) <R.
j=1
Toui srigro 3 (15.8),
|G(x)| < Re™™* |z € (0, +00). (16.8)
Hexann @7 (z),j = 1,...,n, — byHIaMeHTATLHA CHCTeMA PO3B’AKIB cucremu (8.8), mpuaomy

®(0) = E. Toni na HumTaBl dbopmyau (12.8) koxuuin poss’asox 2 = @(x, 79) cucremn (8.8)
3 II09aTKOBOIO YMOBOIO

70,29 = 29
MOZKHA, 3alTUCATH Y BUATVIALL
T
Bz, 79 = ®(2)2° = 37( )25 (17.8)
=1
fx 6yxo nmoxasano Bume (ouinxa (16.8)) aas koxnoro poss’asky @7 (x), j = 1,...,n, icuye

Take meao ;> 01 A > 0, mo
|§7(2)| < Rje™*, x €0, +00).
[Toxragemo R = max{R,,..., R,}. Toai 3 (17.8) orpumaemMo OMHKY

|7 I<le NIz <

< Re_wz 2% = n|Z°|Re™ ™, 2 €[0,+00).
TakuM IuHOM
lim J(x, ZO) 0

r— +00
1 3r1AHO 3 TEOpeMoIO 2.8 HyIHOBHH PO3B A30K CI/ICTGMI/I.piBHHHb (8.8) ACUMIITOTHYHO CTIAKAH.
HpunycTumo Tenep, IO HyIbOBHE PO3B’'A30K cucrTemu (8.8) € aCUMTOTHYIHO CTIMKHH i
nokaxkemo, mo pu; < 0,7 = 1,...,m. Copasai, axkmo 6, Hanpukaamg, u1 > 0, To BubGEpeMo
BJIACHUU BEKTOP h MaTpuni A, AKAU BiATOBIZAE BIACHOMY 3HAYCHHIO A, 1 PO3B’A30K

”‘5: Re (ﬁeh’”>

2

=

cucremu (8.8). Hexait h = h' + i

7=Re [(El—l—iﬁz

; TOML

~—

e(“1+“’1)x} = e"?(h'cosvix — h?sinv )
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He TpAMYe A0 HyJd, Koo T — +00. A me 3rigHo 3 Teopemoio 2.8 cymepeduTs TOMY, IO
HyIHOBHHA PO3B’OK cucTemu (8.8) acuMmnrToTudHO cTitikmi. Teopemy jgoBemeHO.

& 3.8. CTiMKicTL PO3B’A3KIB HOPMAaJLHMX CHUCTEM.
MeTog ¢yskuin JlanyHaosa

3HOBY PO3LIAHEMO HOPMAJALHY CUCTEMY 3BUYanuuX gudepeHuiasbanx piBaans (1.8) i mpu-
yCTUMO, IO BUKOHYIOTHCA yMOBHM Ha GyHKU fi(T,y1,...,Yn), ¢ = 1,...,n, HaBegeH] B

—

§ 1.8. Kpim Toro, mexan f(x,0) = 0, ro6ro dyukmis § = 0 € po3s’saxom cucremu (1.8).

Teopema 4.8 (mepma Teopema JlanyHoBa). Hexan icHye Takxa HeBLy'eMHa (QyHKIIA
Vi(yy, ..., yn) € CHQ),Q C D, axa ob6epraerbesa B Hyab Tiabku y To4ui § = 0, mo

‘i ij(m, 7 <0 maf.

Toxi po3p’a3zox § = 0 cucremu pipaAnb (1.8) ¢rinxkun 3a JlamyHoBawM.
Hosedenns. Hexan ¢ - poBiabHe vncao Taxe, mo & > 01 Ky

Ke = {(y1,-- - yn) 2 9] <€}
aexnTh B (2. Hexam S. - mosepxma xym K. 1

min V() = «.

JESe
Ocxinpru V(§) > 0 ma Se, To, ovdesuauo, o > 0. Bubepemo § > 0 Taxum 9UHOM, 06 A/
7] < 6 Buxonysanace mepisHicTh V(Y) < a. Taxe § icmye, 60 pynxuin V(i) memepepsra B
K. i V(0) = 0. Iokaxemo, 010 KOXKHUN PO3B’A30K

i

7= @z, 20,7, xo€l,, |7° <3,

cucremn (1.8) BusHawenun Ha (g, +00) 1 A5 HBOTO Mae MicIe HepiBHICTH
|B(x, 20,7°)| < e, x€[xg,+00),

TO6TO po3B’a30K i = 0 € cTikuu 3a JlanynoBum.

IIpuimycTuMo, o ICHYE HEPOAOBKyBAHUE PO3B’A30K cucremu (1.8) ¢ = 1 (x), Bu3HATCHIN
HA TPOMIKKY [Xg,b) 3 MOMATKOBOW yMOBOKO

zp(xo)\ <5,
,ZUIH AKOTO HE BI/IKOHyeTBCH yMOBa

@) <e, =€ (x0,b).

.

Tonxi 3HalgeThCA Take 3HAYEHHA T > T, AJAA SKOTO TPAEKTOpis po3B’sa3ky 1 (x) Buepime
nonage Ha cdepy Se : |Y(x1)| =e. ]
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Posrasuaemo ¢pyHKIIIIO .
v(z) =V (Y(x)).

3a YMOBOIO TEOpeMn

o (z) = ; 8Vé@§§x)) dtflja(?x) _ ; ‘Z‘%%@ij(x’dj(@) <0,

10610 dynxuiz v(x) He 3pocTae B3KOBK po3s’m3Ky ¥ (x). Axe Toxi

-

a > V(§(xo)) = v(wo) > v(@r) = V(ih(x1)) > a,

mo HeMOAKAMBO. OT#xe, TPaeKTOpia po3s’asky ¢ = t(x) He Moxe nepernyru cdepy S..
Y ubomy Bunaaky b — 400, 60 axbm me Oyao He Tak, TO po3B’a30k Y (x) Momua Oyao 6
IPOMOBKATH BIPABO BiX b, M0 cynepeduTs MpunyieHun. Teopemy goBegeHo.

Teopema 5.8 (apyra reopema Jlanynosa). SfIkujo icHye Taka HeBig'eMHa (DyHKIA
V(g e CY(Q), QcD,

AKa 00epTa€THCA B HyJaIb TLibku y To4uil § = 0, 1o

™

Z dv(y) filz,y) < -W(x), B,
Y,

j=1

ge W(y) > 0 - geaxa HenmepepBHA PYHKLIA, AKA 06ePTAETHLCA B Hy.Ib Tiabku y To4Hi i = 0,
TO HyJIHOBHH PO3B’A30K § = 0 cucremu (1.8) aCHMITOTHYIHO CTIHKHH.

Aosedenna. Ockinbku BCl yMOBH TeopeMn 4.8 BUKOHYIOTBLCA, TO HydLOBUHA PO3B A30K CUTCMA
piBaans (1.8) criikuu 3a JlanyHosuM. To6To gaa goslabnoro ¢ (¢ > 0, K. C Q) icuye § > 0
TaKe, MO A KOXKHOTO PO3B’A3KY § — /1/7(:‘(:) cucremu (1.8) 3 ymosn l’t/j(::r:o)) < 0 BUILIMBAE
HEePIBHICTh .

l(z)| <e, =z € [xg,+00).

Poaraanemo dyukiio v(x) = V(¢ (x)) i nokaxemo, mo

lim V(¢(z)) = 0. | (18.8)

T 400
3riHO 3 YMOBOIO TeOpeMu
n —
oV (y(x)) ”
vy =3 T e ) <o,
j=1 9Yi
To6TO v(2) — HE3pocTaYa QyHKOiA Ha [Tg, +00). IpunycTumo, mo

lim V(¥(z)) =a > 0.

T—r+o0o

Toxi, odeBrHO,
v(e) =V({®(@) 2 e, € [z, +00).
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Are y TakoMy BHUIAJKY
W’(il‘” >o0>0, wxe€ [330, —I—OO),

60 AKOH 1Ie Y10 He TaK, TO ICHYBaAa 6 MOCALIOBHICTD {Z,, } C (29, +00) Taxa, mo \J(mm)] — 0

—

1, Tam camum, V(1 (2,,)) — 0, ocxinsku V(0) = 0. OTike, MH OTpUMAIN HEPIBHOCTI
o < |[¢(x)] < e.

3a yMOBOIO TeOpeMH Ha 3aMKHEHIN o6Mexenin muoxkual 0 < || < & dyuxuia W (y) crporo
nogarHa, ToMy icaye rake 3 > 0, mo W(y) > (3 ma i MHOXKHAHI 1

o () = W (Wlx)) < —W(yg(x)) < —8. (19.8)

dx

laTerpyroun HepisHicTs (19.8) B Mexkax BiI ¢ 10 &, OTPUMAEMO:

V() = V((x0)) < —B(x — x0).

SBIACH BUILTABAEL, IO

lim V((z)) = —oo,

2400

xova yuxmin V() HeBlx emMHA.
Taxum unmom v = 0. Hdosememo Temep, 1o

lim v(z) = 0.

r— o0

SIKUIo mpuITyCTHTH OpOTHAeKHE, TO 3HaAUZETBCA Take 77 > 0 1 Taka nocaigosaicTh {xg} C
(20, +00), T — +00, wo |[¢(xg)| > 7. Ha samxmeniit o6Mexeniit maoxuni < |J] < ¢
dyuxmia V(§) crporo mogaraa, ToMy ichye Take umcao w > 0, mo V(§) > w i Toxui
V(ip(ax)) > w > 0, mo cynepe s (18.8). Orxe, T_Eliloo Y(x) = 0 i acumuToTHIHA CTIKICTD
HYJALOBOIO po3B’A3Ky cuctemu (1.8) mosegeno.

Mpuknag 3.8. [Jocaigutu cTinKicTs> HYALOBOIO PO3B’A3KY CUCTEMU

/ 3 5

Y1 = 2y5 — Yy,

{//_ / s (20.8)
Yo = —Y1 — Yy — Ys.

Byaemo myxaru gyuxuio V(yi,ys) mus cucremn (20.8) y Burasai
V(y1,y2) = Yi(y1) + Ya(y2).

Toai

V(D) ;o 3 gy L v s s
E Dy; fj(?/) =Y (y1)(2y5 —y7) + Yoly2)(=y1 —y5 — ) =
j=1

= —yiY{ (1) — (5 + ¥5)Ys (y2) + 205 (v1) — 1 Y3 (v2).

IToxraxemo
2y5Y1 (1) — 1Yy (y2) = 0
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abo . ,
Yi(y1) _ Y5 (y2)
Y1 2y3
O4eBUIHO, OCTAHHA TOTOXHICTH MOXKJIUBA JUIIE TOMI1, KOIN
Y/ Y)

1(y1) = 1, 2(%2) =, p = const.

"N 292
3Bigcnm

u 7
Yi(y1) = 5@/%, Ya(y2) = 593-
Bu6epemo p = 2. Toni
V(@) =yl +vys, V() >0, xomm §#0iV(0)=0.

Kpim Toro,

npuaomy W(7) > 0, xomu § # 0 i W(0) = 0. Orixe, Ha migcTaBi TeopeMu 5.8 PO3B'A30K
y1 = 0,y = 0 cucremu (20.8) ACHMITOTUYHO CTIUKHH.

Teopema 6.8 (Yeraesa). Hexar icaye ¢pynxniz V(§) € CH(Q), Q C D, Taka, mo:
1) Touka §j = 0 HaJEKHTH MEKI Q) obracti Q;
2) V(y) = 0 ma 92 opu |y| < eo;
3) B obaacti Q npu x > x¢ maemo V(i) > 0 i

7

V(e
> ;j?” fi(x, ) > W(@) >0,

j=1
ae pyuxmaia W (1) wvenepepsra. Toai HyapoBuH po3s’a30k cucremu (1.8) HecTIHKHH.

Aosedenna.. Hexan 6 (0 < § < &) AK 3aBrogHo maje. PosriasHeMo MHOXUHY TOYOK D5 =
{(y1,--,yn) 1 y € Q]y| < 6}. Moxaxkemo, mo TpaekTopia poss’mky ¥ = @(z,zo, 7Y, §° €
Bs, Bunge 3a Mexi MHOXKWHHU |y| < € upm 3pocramui x (x > ). 3rigHO 3 yMOBaMu
TeopeMn

, "L OV (@B(x, xo, GO - .
o) = 30 AL TN 0 e, %) > 0
73

i=1
TaMm, e

Orxe, ipu & > g
v(x) > v(zg) = V(7°) = a > 0,

Aakmo Tirskn v(x) > 0. Ilpwm 3pocTaHHI 3MIHHOI T TpaeKTopia po3s’ssxy ¥ = (w0, 7°)
Moxke NOKuHYTH obnacTs B, = QN {|§] < &9} 4epes mexy 1.

Hexan x1 > xp — Te 3HAYEHHA 3MIHHOI T, JIA AKOl TpaekTopia pos3s’msky @(z,xo,7°)
BUXOIUTH Ha Mexy 0§, To6To V (F(x1, 70, 7)) = 0, mpuaomy

v(z) > a, € [xg,x1).
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[epemmosmy y i HepiBHOCTI g0 rpanumi, ko r — r1 — 0, Oygemo MaTn
2 )
U(ajl) = V(@(xlax07y )) 2 o > Oa

IO HEMOXKJIUBO.
[punycrumo, o TPACKTOPIA PO3B’A3Ky F(x, o, §°) sammmuaeTsea B o6xacti B, 11s BCix
x > xg. Toxi
v(z) > o, € [x0,+00),

i3 YMOBH Te€OPEeMH BHUILIUBAE, IO

o' (2) > W(@(z, 20, 7°)) > : inf )W(@*(x,xo,@‘o)) > 3> 0.
To,+ 00

Iurerpyiodnm mo HepiBHICTE B MeXKax BiA Tg IO T, OTPUMAEMO
v(z) > v(zg) + e — x9).

3Bigcu Bumusae, mo Gynkmia () € HeoOMEeKeHOO Ha MPOMIKKY [2(, +00). Ase MHOKIHA
EEU obmexena i Hemepepsua Gyukiia V(7) € obmexernon Ha mint MuokuHl. Tomy obmexe-
#0100 Oyace i pymxuia V(F(x, o, 7%)). OTpumanyu npoTupivtus, Ake JOBOAUTH, IO TPACKTOPIS
po3w’asxy F(x, o, ¥°) meperne mexy obaacti Be, depes chepy |§] = g. Ocklabku 6 aK 3a8-
FOJHO MaJe, TO 3BIICH BUILIUBAE, IO HYJILOBUE PO3B’A30K cuctemu (1.8) mecTinkunt i reopeMa
JOBEICHA.

IIpuknag 4.8. PosrasaeMo cucteMmy
.3
{ YL =Y1 — Y2
e 3
Yo = Y1 T Y3

Byaemo myxaru ¢pyuxuio V(7) y Burasai

V(yi,y2) = Yi(y1) + Ya(y2).

Tonl

2OV

oy, 11 = Y ()07 — y2) + Vs (y2) (1 + v3) =
=1 7]
= Y{(y1)yy + Y (y2)ys — v2Y{ (1) + y1Y5 (y2)-
TToknanemo
—12Y{(y1) + 1Y (y2) = 0
abo , ,
Yilyy) _ Yalye) _,
Y1 Y2

3Bimcn
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Omxe, axmo 3a o6macts  B3aTu muoxkuHy {|7] < €0} \ {0}, To BuKOHYIOTHCA YyCi yMOBH Teo-
pemu YeraeBa 1 HyJbOBUU PO3B’A30K JaHOI cUCTeMH AudepeHialbHIX PIBHAHL HE CTIMKUH.

IIpuxaax 5.8. KoncepsaTupHa MexaHITHA CHCTEMa 3 OJHUM CTyIEeHeM BlanbHOCTI (6e3
TepTs) ONMUCYETHCS PIBHAHHAM APYIOrO MOPAIKY

"= fy) (21.8)
Hexait f(y) € C'([a,b]) . Pynkuin

~/f(§)d§, a<c<b,

HA3UBAECTHCSA TMOTEHINATBHOK EHEPriel0 MeXaHIIHOl CUCTEMU.
Pisaauna apyroro nopsaiky (21.8) ekBiBareHTHe cucTeMi DIBHAHB

/
¥y =D, e
{ p = -U'"(y). (228)

Hexan y = 0,p = 0 - cran pisroBarm cucremn (22.8), To6ro f(0) = 0, i mHexan y = 0 —

TOYKA CTPOTOr0 MIHIMYMY ITOTEHIIANbHO1 eHepril. Toal y nesakoMy OKoJi TOYKH i = () MaeMo
Ul(y) > U(0). Hobyayemo dhynkuio

)
V(y.p) = Uly) = U(0) + -
Ak Bigomo, V(y,p) € noBHO eHeprieio Mexauiunoi cucremu. O4eBUIHO,

av 9V
—(=U"()) =
oy +ap( (y)) =0,

i Toai 3rigHO 3 Teopemoio 4.8 cran pirmosaru y = 0, p = 0 criukun 3a Jlsanynosum.

§ 4.8. CriukicTh po3B’A3KiB AMHAMIYHOI CHCTEeMM
3a nepmM HaGIMKEeHHAM

Y namomy maparpadl posrigsHEMO AMHAMIYHY CHUCTEMY
y;:.ﬂ(ylvmylb)? i = 1»""”7 (238)

ab0 y BeKTOPDHOMY 3amluCl

Bymemo npunyckaru, mo GyHKIT

fi(y) e C*(D), DeR", i=1,...,n,

1§ = 0 e cramom piBHOBaru cucremMu (23.8), To6TO f(O) = 0. 3acTocoBynuu GOpMyIy
Tetopa, sarmmemo dynkuii f;(7) y Buraaai
9 "L 92 f:(67) |
fi(#) —f—z fl j Z fz D YelUm, t=1,...,n,

8y OYm
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ne 6 — wmeao 3 imTepsaay (0,1). Iosmaunmmo

df1(0) df1(0)
A= | Ov . O
81, (0) afa(0) |
ayl 8yn
1 " 02]‘1 (07) -
) = Fi(y, ..., F. ().
2{) Dty Vevme PO = colon(PA(@), . F(d)

Toai cucremy (23.8) MOXKHA 3AIIUCATH Y BUDVIALII

7 = A+ F(i). (24.8)
Hexan €2 - HeAKa obMexkeHa 061acTh, Taka, mo 0 € Q1 Q C D. Toai, oueBuno, Ha Q A4
dbyuxuin F(y) cnpaBeaanBa OninKa

|F ()| < M3*, (25.8)
ae M = const, M > 0.

Teopema 7.8 (Jlanynosa). fIkmo Bci BracHi 3HaTeHHA MaTpuLi A MaroTh Big €MHI JIHCHI
JACTHHH, TO HYJBOBHH DO3B'A30K cucremu (21.8) ¢ acCHMITOTHYIHO CTIHKUH.

Aosedenns. Hexan (/J( ') ~ po3B’A30K cucteMu piBHaHbL (23.8). Bwememo ponomixuy
BeKTOP-PYHKLI0 Z(T) (B.mra.ru KaxKyd¥, KOMILICKCHY ) 3a gomoMororo pisaocti i(x) = R2(x),
ne R - meBupojzkeHa craga marpuida. O4YeBHIHO,

(ll

= BZ+ P(3), (26.8)

—

ge B =R YAR, P(3) = R™'F(R%). flk 6yn0 nokazaso y raasi 6, marpumo R (Bzaram
KAKyd, KOMIUIEKCHY ) MOYKHa migibpaTn Tak, mo6 MaTpuud B Mana BALIALT

/\1 I)% B b?
B — t) A‘Z « . 1)2 : (27‘8)
0 0 An

e A, .., Ap — BIACHI 3HadeHHA MATpuli A (3 ypaxyBaHHAM IX KpaTHOCTi), a €JleMEeHTH b;-“,
k > j, Mennmi 3a MmoxymeM 3aasoro ducaa b > 0. BukopucroByoun ouinky (23.8), orpuMaemo

[BE)| < IRTHE(RD)] < IR M |RZ? <

< [[RTH M |R||* 2] = My|2]7, (28.8)
1/2
“me My = M||R7Y| ||R||?, allR| = ( ooy |2> , TRt — elleMeHTH MaTpuii R.
km=1

PosrisaeMmo ¢yHKIII0O

V) =D %7 =Y |51 =77
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Je Z; — 9UCI0, KOMILTEKCHO CHOPAXKEHe 10 2, a Z = Ry, Ouesmuno, V(§) > 0, npu § # 0 i
V(0) = 0. Yepes xoxuy TouKky 7° € £} MOXKHA IPOBECTH €IUHY TPACKTOPIIO CHCTEMH (23.8)
3 piBagEEAM § = ¢¥(x), ge ¥(0) = 7°. Tomy

— V(7 d & [ dz; dz;
LR D SR 9l - DRy R

Ha migcrasi (25.8), (27.8)

dz;
—L =z + ) bk + P
i<k _
Iz — —k__ - :
=2+ ) bm+ P, (30.8)
N i<k

HMixcrasasoun (30.8) y (29.8), maTumemo

2

aVv = - . sk_
Z fa =2 uiT + NyiT) + DD (05 + by 7ez)+

Jj= 1 Jj=1 j=lj<k
" N _ n B _k./__
- Z (Pjz; + Pjzj) = Z()\j + A)yi; + Z Z(bfzkzj +b;Zpz5)+
i=1 i=1 j=1j<k
+> (Pz; + Pz)). (31.8)
j=1
Ocxinpku 3a ymoBoto Teopemu Re A; <0, j=1,... n, TO icaye Take o > 0, 1mo Re \; < —a

i

Aj+ A =2Re ), < -2, j=1,...,n.

Hexait [0¥| = |55| < b. 3riguo 3 (28.8) |P| = |P;| < |P] < M;|2)?. 3 pisrocri (31.8)
BUILTUBAE, IO

n n )
, ek
Z Z 2alzj|2)+22(lb§||zk!!zjl+ijHZ/cHZjl)+
j=1 ]

+ Z (P;11Z5] + |Ps112]) < —2aV + Z > 2b|z)% 4 2 Z M|z]? = (32.8)
J=1lj<k

= —2aV + 2’?—(2——)15!2 +2Mn|7® = —2aV + bn(n — D)V + 2nM, V372,

Matpumro R mizbepemo Tak, mob b < a 06a1acTh {2 BubGepeMo Tak, mob

@
2n(n+1)’

M
2
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Toai 3 mepisrocTi (32.8) oTpuMaeMo
Z fjg —2aV + V+ V_— V.
8yj

Axmo Temep moxJgacTH

W () = —aV(y),

TO 3rigHO 3 ApyTrolo Teopemoro JlanyHosa (Teopema 5.8) Hy1bOBUE PO3B A30K cucTeMu (23.8)
AaCUMOTOTUIHO cTinkuu. TeopeMy moBemeHo.

IMpuknapx 6.8. PosrasHeMo AuHAMIYHY CHCTEMY

y1 = tg (y2 — n), 338
U 33.8
yh = 2¥2 — 2005(5 - Y1)
Jlerko Gaqurn, mo ¥ = 0 € cranoMm piBHOBaru ganol cuctemu. PyHkriii

f1(7) = te(ya — 1),
f2(§) = 292 — 2cos (g - yl) ,

I

¢ aBivl HemepepBHO audepeHuinoBaruMu B okoai Touku §f = 0. Tomy cucremy (33.8) moicHa
3pecTu 10 Burasay (24.8), npudomy

A= (__\}3 o > .

1-1In2 —1n2)?
AL?Z_Tni¢Q+)_‘/§ _

BaacHi 3uadends mMatpuni A. Ogesnano, 0 < In2 < 1. Tomy

To i

1—1In2)?
g‘“‘%)<\/§ i ReAi <0, Rely<0.

Orixe, 3rigHO 3 TEOPEMOI 7.8 HyJIbOBUM PO3B’A30K cucTemu (33.8) aCHMOTOTUYHO CTIAKHM.



TJIABA 9. JIITHINHI IUPEPEHIIIAJIHHI PIBHAHHSA
APYTOTI'O INIOPAIAKY

§ 1.9. Po3p’a3yBaHHs JIHIMHUX PIBHAHL 3a
JOIIOMOI' OO0 CTENEHEBUX PAXIB

Osunavenns 1.9. Pynxnino f(r), 3agany ga inrepsadi (a,b), 6y5eM0 Ha3NBATH AaHAIITHYHOIO
y To4ni xg € (a,b), AKINO BOHA MOXKe O6yTH DO3BHHEHA y CTEHEHEBHH DAL

0
§ :L‘_:CO 3

30IKHUH y JeAKOMY OKOJI TOYKHU To. SAxmo f(z) araxitudna y koxsid To4ui x € (a,b), To
6y1eMO MOBOPHTH, IIJO BOHA € AHAJIITHIHOIO Ha iHTepaii (a,b).

Y MaTeMaTWYHIN (QI3UIl 9aCTO BUHUKAIOTH PIBHAHHA BULVIALY

ap(2)y" + a1(x)y’ + az(x)y = 0, (1.9)

ne koedinienTH ao(x), a1(x), az(x) € ananiTuani GyHKUil y geakinn To4m g, ab0 HA JEAKOMY
imTepsani (a,b). Posrasremo cnodarky sumagox, komn ag(x) = 1, ToO6TO piBHAHHA

y" 4+ ai1(2)y’ + az(z)y = 0. (2.9)
Bynemo mpumyckaTu, mo ¢yuxuii aq(z), ax(r) Busnadeni Ha inTepsami (a,bd) i amaxiTuyasi y
rouni zg € (a,b). Toai i gpynxmil MOKyTL 6yTH PO3BMHEHI y CTEHEeHeBl PAIu:

o0

ai(x) :Z (x — x0)*, Zai T — 20)". (3.9)
k=0

Hexan pagu (3.9) sbiratorbes Ha igrepsadi (rg — 7,9 + 1), 7 > 0.

Teopema 1.9. 3agava Komi g1 piBHAHHA (2.9) Mae pO3B’A30K A1 NOBLIBHUX MOYATKOBUX
JaHUX

y(zo) = vo, ¥ (x0) = o, (4.9)

AKHH 300Pazka€ThCA y BUNIALI CTEIIEHEBOT'O DALY
y(®) = yo + yo(x — x0) + Y Ck (¥ — zo)*
k=2

3 TEM caMHUM pajiycom 36DKHOCTI T, wo I pagu (3.9).

Hosedenrs. I CIIPOIIEHHA 3amucy NOKIALEMO Tg = 0 1 6ygeMo HIyKaTu po3B sS30K 3aa-
qi (2.9), (4.9) y Buraami

y = Z Ciz”. (5.9)
k=0
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Mudepenuiroogu (5.9), oTpuMaeMo:

= Z kCha®~ Z (k +1)Crpr12",
k=1 =0
y" = 3 (k 4+ DkCip12" " = 3 (k +2)(k + 1)Crsaa®.
k=1 k=0

Tomi

al(fc)y/(x) = (Zallgﬂﬁk) (Z k+1 Ck—{»l*f ) =
k=0 k=0

oo

= Z [a}Cy + ajp_12Co + - -+ ay(k + 1)Chpq] 2F = Z(}} a®,
k=0 k=0

o0

(1,2(;13)'?/(;[?) = Z ((li(j() + (L£_101 -+ (LU Z Yy

k=0
[Ticas migcranoBku y piBHAHHA (2.5), OTPUMAEMO DIBHICTH

o0

> [k +2)(k + 1)Cryz + ap + af] 2% =0.
k=0

3piBHIOBaHEA KoedimienTis mpu 2¥ fac HACTYIHI CIIBBIAHOMIEHHA I/ BU3HAMCHHA KOCDIIicH-
1B Ci, k> 2:
(3-1-Co+af+ad =0,

3:2-C3+aj +a? =0,
TR (6.9)

Yucra o) 1 of supaxaioThes depes xoedimientu Coy, Oy, ..., Cryy. Koedinientu Cy i C)

3HAXOAATHCA 3 MOYATKOBUX YMOB
— ) — — o —
Co = y(x0) = yo, C1=y"(0) = yp-

IMicis mporo 3 mepuroro piBHAHEA cucremu (6.9) smHaxomursea Chy, 3 Apyro-
o - C'3 1 Tak pgadi. '

Josegemo 36ixkHicTs oTpuManoro pagy (5.9) upu |z| < r. Hexan p - mosiaeme gogaThe
qucao, p < r. Ockigpku pagu (3.9) 361xkHi, TO 3HATAETHCA Take ducao M, mo

M M
‘aI{:I < p_k.a Iaii < ;ﬁ

Busnaqumo Bemmaumau Ay, k =0,1,2, ..., 3i cuoiBigHOMIEHL

Ao =|Co], A =|Ch],

M oM
(ko 2)(k + D) Aggr =~ Ao+ =

A+

3M

M ,
+———pk_1A2+...+(k+1)7A0+(k+2)MAk+1, k=0,1,2,....
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Jlerko G6asmru, mo |Cy| < Ag. 3 immoro 60Ky crnpaBelauBe CHiBBIIHONIEHHA '
plk+2)(k + 1) Apsa — (k+ DkAprr = p(k + 2)M Apy1.

3Blacy BUILIXBAE, IITO
. Agn
lim B

k—o0 Ak+2

Orxke, pax Z Agz® 36iraerbea npu |x| < p. Tum 6itsme npu |z| < p 36iraeTses pan (5. 9).
k=1
OCKITBKE p MOXKHA B3fATH AK 3aBrOAHO OIU3BKUM J0 ', TO TEOPeMy JOBEACHO.

3ayBakeHHa 1.9. 3amponoOHOBaHHH MeTOJ HA3HBAETHCA METOJOM HEBH3HAYECHHX KO-
eginiedTiB.

Bei koedinientu Cy, k > 2, pagy (5.9) aininno Bupaxatorses gepes Co 1 Cp. Ipynyioun
wrenn, pag (5.9) MOKHA 3aIMCATH Y BEIVIALL

y(x) = Coyo(x) + Cryi (),

ae yo(x),y1(x) — ginidEO Hesame:kHi po3B’sa3ky piBHAHHA (2.9).
Hexan Temep y pisusuni (1.9)

ap(x) = (v — x9)?,

a(x) = (x — xo) Z a} (x — xo)¥, (7.9)

k=0
i pagm (7.9) 3biraroTsca npu |x — xo| < 7.
Hassemo xBajgpaTHe piBHAHHA
Q(a) =a(a—~1)+aja+a2 =0 (8.9)

BU3HAYAJIBHUM.

Teopema 2.9. Hexan xoda 6 OfMH 3 KoeinieHTiB a, ag, a? y pisuanHi ( 1.9) BigMiHHUH Big
HyJA | BU3HAa9aubHe pIBHARHA (8.9) mae givicui kopeni. Togl icHye pos3s’asok pisaanna (1.9)
Y BHIVIALI Yy3araabHEHOI'O CTEIeHeBOrO DALY

y(@) = (x—20)* Y _Cr(z—x0)*, Co#0, (9.9)
k=0

Ae o — OLIbIIMH KOPIHb DIBHAHHA (8.9), npmiomy crenenesmd pan y (9.9) 36iraerscs mpn
|z~ xo] < 7.

Aosedenna. 3HOBY Aas cupormenna sanucis Gygemo BBaxkatn o = 0. Iligcrasamowm (9.9) y
piBusanua (1.9), orpuMmaemo

Z (k+a)(k+a-1)Ckx + (k+ a)ajCr+
k=0

(k +a — 1)(1%0]@_1 + -+ OfallcCO-F
+a5Ch + a3Cr-1 + - - + aiCo] ¥t = 0. (10.9)
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st Busnadenns aucen C), TIPUPIBHAEMO 10 HYJIA Koedimiertu mpm 2+,
Mas k = 0 maemo

a(a — 1)0() -+ ozaéC’o -+ CL%CO = CQQ(OZ) = 0.

Jlerko Gaamru, mo akmo Cop = 0 TO OTPpUMYyEMO pPO3B’S30K, TOTOXKHO piBHHK Hym0. Tomy
Cy # 01 mokmagemo ansa susHadenocti Cy = 1. Posrmanemo Temep piBasauua (8.9). Hexan
a1 1 (g — moro Kopenl. AKIo pisHALIA v — (vg HE JOPIBHIOE MUIOMY 9HCJY, TO Bi3bMEMO 3a
y paai (9.9) axui-geby (b 3 TUX KOPEHiB, Y NPOTUICKHOMY BHIALKY — OLIBIINY 3 HUX (Hexan
JUIA BUBHAYEHOCTI (v > g ). Tomi a + k # ag, k > 1, i orke, Q(a + k) # 0. Banumemo
cuissignomenns aasa suanadenus Cp,Coy, ... . 3piBHOIOYN KoediienTn mpu 2+ k > 1, v
pisrocti (10.9) po HyJIs1, MATHMEMO:

[(a + Do+ (L(l)(CY + 1) + ag] Ch + a:}va/(fo + affCo =0,
(4 2)(a+ 1)+ af(a+2) + af] C2 + aj(a + 1)C 1+
—}—(.lé(kcj() - (z,fffCl 4 (15(,7() = 0,

.......................................... (11.9)
[(+ k) (a+k—1)+ab(a+k)+ad] Crt

k—1
+ Y [la+jag ; +a;_,;]C; =0.

= . 4

Koediuiearom mpn Cy, k > 1, ¢ Beanunna Q(« + k), Axa 3rigHo 3 BUGOPOM (v HE JOPIBHIOE
Hyaio. Tomy 3 cucremn (11.9) mocaifoBHO BU3HAYAIOTLCA KoedimienTn:

Qr
Cp = ——re, k>1, 12.9
Qo+ k) . (12.9)
e
k—1
Qr = Z [(o +j)a,£_j + czz_j] Cj.
j=0
JoBenemo 361KHICTh OTPUMAHOTO DALY D Cra®. Ockinpkn Qla)y=0ia;+tay = _(aé —1),
k=0
TO

Qla+k)=(a+k)(a+k—1)+(a+k)ay+ai=ala—1)+
+aay +af + k(2a +k — 1+ a}) = Q(a)+ (13.9)
+EQ2a +k — (a1 + a2)) = k(k + (a — a1) + (o — a2)).

oo
Ho6yayemo MaxKopaHTHEH AL Y. ppr” TaxuM wumoMm. Ilpm k < la; — o] moxnagemo py =

k=0
|Ck|. IIpu k > |a; — 2] 6ygemo BuxogmTu 3 pisuocri (12.9),
| Qx|
Cpl = —=—r———
= Tt + )

i ckopucTaeMoch THM, mo 3rigHO 3 (13.9)

Qe + k)| = k(k — [ — ).
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Ax 1 B Teopemi 1.9 snangerses Take aucao M > 0, mo npu p < r
k] < Mp™™, |a%| < Mp™.
Kopucryouucs popmyroo 1isa (Qk, MaeMO

|Cr_1] ICk 2|

@ < o [+l o vl a2

3sigcu ACHO, WO Koau npu k > |ap — aig| mokaacTw

k(k — o —an))pe = M {(k + ]a\)lp%ﬂjL

Mo .
+(k—1+ m;)”’/‘)—;’ o+ (14 ]al) ";‘)'] : (14.9)

TO [/ BU3HAYEHUX TAKAM CIIBBIHOMEHHAM YHCCT P OTPAMAEMO Dj >
3 (14.9) BumumBac pisnicTs

. Ilpu npomy

pk(k — | — az])pr — (k= 1)(k — 1 — |y — az|)pe—1 = M(k + |a])pr—_1.

3Biacu
. Pk—1
lim =p
k—oo P

?

a 1Ie 03HAYAE, IO MaXKOPAHTHUHU DA Z prr® abiraerbes mpu || < 7. Toai a6iracTees i
k=0

pan Z Cra® mpu || < 7, OCKIIbKE p MONHA BIATH AK 3aBIOLHO OAU3BLKUM 0 7. Teopemy

,E[OBE‘,ILCHO

Tepema 3.9. Hexair xo9a 6 oguH 3 koedinieHTiB a}, a2, a? y pisaanni (1.9) Bigmignmi Bix

HyJI4 1 BH3Ha9aJIbHe DIBHAHHA (8.9) Mae fgidcHi kopemi. SIKmo pisHuna KopeHis aq — o
piBaAHHA(8.9) BigMIHHA Bif OLIOro IHCIA, TO METOJOM HEO3HATEHHX KOe(iieHTIB MOXKHA
3HAUTH B JIHITHO HE3AJEXKHI PO3B A3KH

C,}(il? - IIZ'())k,

[]¢

y1(w) = (x — 20)™

k=0
o0
ya(z) = (¢ — 20)* Y CR(x — zo)* (15.9)
k=0
piBrauna (1.9), e koepimienTH C’g k= 1,2,7 = 1,2, Bu3HAYalOTLECA 3 CHCTe-

mu (11.9) npu a = o (Cy = 1,C¢ = 1), npugomy pazu B (15. 9) 36iraroTecA Opu |T — x| < 7.
Axmo XK oy — ap = £n, ge n — uize HeBig'eMHe 4HCAO, TO AIHCHHE PO3B’A30K () piBHAH-
Ha (1.9), 1iHiEHO He3aMeXKHUH 3 pO3B’A3KOoM Y(T) OBOrO DIBHAHHA, AKHH BH3HATAETHCA (POp-
Mya050 (9.9), 306pakacTbCA y BUNIAL

z(z) = Ay(z) In ]z — o] + (x — zo)*™" Z%(ﬂf — 0)", 70 # 0, (16.9)
k=0
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ge craal A 1y, MOXyThb 6yTH 3HAHJEHI METOJOM HEO3HATEHHUX KOeIIIEHTIB.

Aosedenns. Ilepie TBepIKEHHA BUILIUBAE 3 A0BeeHHA Teopemu 2.9. JlininHa HezamexHICTH
bynknin y1(x) i y2(x) Tex oveBmana (ix alniHA KOMOIHALIA He MOXKe 06EPTATHCH TOTOKHO
B HyIb, OCKLTLKM BOHH II0 PI3HOMY HOBOAATL cebe mpm = — xg). [ad noseaeHHs Apyroro
TBepKeHHs Bukopucraemo dopmyay Octporpagcskoro-Jiysimaa. [lozmasmmo dgepes « i
a —mn, n > 0, kopeni piBuanus (8.9) i nokaagemo xg = 0. Hexan > 0. Toxi

W’(f'f)_ acl) = 1, k—1
e

3sigcu
1
In|W(x)| = —agInx — Z %’:vk +In |C],

k=1

To6T0, nokaasmu C' = sign W(xy), 0 < xy < r, macMo

1
1 ay. g _qlk "
W(x) = x~% exp<~ TATA> = "% eI (),

oo

k=1

1
e ¢
k .k - - Yoro:
Pag > T:z:" OTPUMAHO TOWICHHUM IHTerpyBaHHAM pALy, 36hkHOrO 1ipu |x| < 7. Ockiabkn
k=1 F
30LKH] CTENEeHeBl PATY MOXKHA MHOXKUTH, TO (DYHKIIA

m
m — (Ll]c k
() = | — ap
g™ (x) Z i
k=1
306parkaeThCa 301KHUM IpH || < 7 PATOM
o0
g (@) =Y giMat. (17.9)
k=1

O4eBUAHO, CIIpABEIUBA PIBHICTH

ed®) — Z g"”(‘x)’ lx| < r.

m
m=0

ITigcrasasiouu 3amicts ¢ (z) uoro Bupas (17.9) i 3MIHIOIOYKM MOPALOK CyMyBaHHA, OTPAMAE-
Mo aaa W (z) piBuicTh

W(zx) = 2z }: Apx®
k=0

y BErIAAi 36ixHOrO0 WpH |7| < 7 paxy, npuiomy Ag = e9(0) = 1. Ocxinbku

= (%)Iyz(iv),
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TO
—~2

() = y() / ng—gds = y(z) / S At (Z cks'f)
k=0 k=0

Binuomennsa

6—2a~aéd€'

S Apgk
k=0

(Foe)

oo
nae pax > Be€* | me Bo =1 (60 Cy = 1, Ag = 1), AKuit 36iraeThca y IeAKOMY OKOII TOYKH
k=0

xp = 0. KpiM Toro cyma kopeis « + (o —n) = 1 — al, To6ro 2a + a} = n + 1. Tomy
OTPHMYEMO

2(x) = y(x) /Zﬁkfk_n_ldf = Bny(x) Ina+
Y k=0

—n k—n
k=n+1

—1 [s%<}
1 B 1 p
+?J(l)m7 E A T +y(l’)1_—n E x,
C k=0
NOKJAaBIIM JOBLIBHY CTAJy, AKA BUHUKAE IPU IHTEIPYBAHHI, PIBHOIO HYJIK. 3Biacu

z(x) = Bpy(x) Inx + 27" Z Yk, (18.9)
k=0

X
IpUIOMY DA Y YixT' 36iraeThca v AeAKOMY OKOMl TOUKE xg. Llpm n = 0 maemo By = 1.
k=0
flxkmo n > 0, To B popmyai (18.9) vg = CyfBy = 1, a Koedimienr 3, iHOal MoxKe 6yTH pIBHUM
gymo. Teopemy noBeneHo.

3ayBaxkeunsa 2.9. Bigsmaynmmo, mo Teopemu 2.9 1 3.9 Moxyrs GyTH AOBEAeHI I y TOMY
BHIAJKY, KOJU pIBHAHHA (8.9) mae wommaekcHl koperi. Tozi o = Rea; = Reas. fAxmo
r < T, TO Oy4eMo BU3HAYIATH CTemiHb (x — Xp)* piBHICTIO

(x —20)® = |z — x0|%™, i=V-1.
Kpim Toro, ax BunauBae 3 Treopemu 3.9, y Bunajky 3, # 0 po3’a3ok z(x) BU3HAYeHHH JHIIIE

B IIpaBoMy a00 B JIIBOMY HIBOKOJI TOYKH T 1 CTA€ HEOOMEXEHHM IIPH T — To % 0.

§ 2.9. I'inepreomerpuuni Ta nmwIiHApWYIHI QYyHKITI

1°. PiBuauns Iayca. Posruasaemo pisaaHHA

w(e— 1y + [~y + (a+ B+ Daly’ + aby = 0, (19.9)
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AKe HA3MBAEThCA PIBHAHHAM l'ayca abo rimepreomerpuvHuM piBHsHHAM. lle piBHAHHA Mac
a8l ocobmuBi Toukm: x = 0,2 = 1. PosrisaaeMo po3B’A3KM THOTO PIBHAHHA B OKOJI TOYKM

x = 0 npm ymoBi, mo v # 0,+1,4+2,.... Jomroxumo (19.9) na dynkuiro —j:—l
:E_
2
x x afix
$2y//+ ———-’7—}—(Ox+/3+1) y/__ 6 y:O.
z—1 xr -1 r—1

Ockinpxu

o0
T ST 2k |x] < 1, To ocTanme piBHAHHA Habepe BUIIATY
xr — k=0

o0

a2y’ +x Z apaty + z azaxty =0, (20.9)
k=0 k=0

ze

as="v ap=v—(a+pB+1), k=12 ...;

(.1,5 = (), (z,i2 = —af, k=1,2,....
Omrixe, BusHavtaabuuM aad (20.9) Oyae piBHAHAA

pp—1)+py=0

abo p(p +~—1) =0, ake mae xoperi p; = 0, ps =1 — . OCKITLKR 7 HE ¢ MM “THCJIOM, TO
STIHO 3 Teopemoro 3.9 piBHAHHA (19.9) Mae nBa PO3B’A3KYN y BULAAL y3aradbHeHUX PAIIB.
bBimpure roro, ocxinbku vy # 0, TO 0AMH PO3B’A30K ICHYE y BUNIAL CTEICHEBOT'O DALY

o
Y= Z Ok,:vk-
k=0
ITizcraumo nen psx y pisBaanaa (19.9):

(o@)

w(@ 1) k(k - )Cra* 24
k=1

[

]38

+[=v + (@ + F+ 1)x] kCrzt' + aﬁz Cra® = 0.
k=0

x5

=1
[pupiBHiown 10 HyI4 Koedimientn npu 2° k > 0, orpuMaemo:
—’)/Cl + O./BCO = 0,

k(k—1)C — (k+ 1)kCry1 — vk + 1)Criq+
+(1+a+PkCr+apC, =0, k=12,....

Moxknanemo Cy = 1. Toxi
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3Bigcu
= ala+D(a+2)...la+k=D]BB+1)...[8+ (k—-1)]
Ev(vy+1)...[y+ (k—=1)] ’
k=1,2,.... Orxe, po3s’sa30k pisusauss (19.9) mae Buruasaz

vi(z) = F(a, B,v;2) =
B Zala+1) . (a+k-=1)BB+1)...(B+k—1)
N 1+}§ Ey(y+1)...(v+k—1) z (21.9)

Dyuxuia F(a, 3,7;x) HA3MBACTHCA DINEPreOMETPUIHO0, OCKUILKE Opu o = 1, 3 = v BoHa

IePeTBOPIOETLCA B CYMY TeOMETPUYHO1 mporpecii
1

F(1,3,8;2) =1 ok = )
(1,8, 8 x) +§7 —

Kopucryrounces osmakoro [JaramGepa, perxo rmepepipuru, mo pag (21.9) 3biraersea npu
|z < 1.
[pyruit 9acTKOBIY PO3B’A30K pisHanua (19.9) Tex MOXHA 3HAXTH METOAOM HCO3HAYMCHUX

KoedIienTiB, M ACTABIAIOTH
o0
y =77 g Cra®

k=0

B (19.9). Ase mu 3po6umo ue iHmmM maaxoM. [Tozgaummo

oo
E Cpa® = z;
k=0

toai 6ygemo mMatu y = ! 7z, Orxe,

i

Yy =1 -y 2+,
"= (1 =)y "2+ 2(1 =)z 4 217"

i piBHanHa (19.9) HaGepe BUTIALY
zle—1)z2"+[y -2+ B=2y+a+ B)x)'+
-1 =7+ @ +a+8)(1—7)+aflz=0. (22.9)

Are
(= + (0 +a+pP)(l-7)+aB=
v+ +1+a+f-v-—ay-By+af=

=—v1l-v+a)+l1-—v+a+B(1l—-y+a)=
=l =7+)(-7+1+8)=(a+1-7)(B+1-7),
3—2v+a+B8=1+(a+1—-7)+(B+1—17).
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Tomy piBmanusa (22.9) MOXKHA IT€PEMUCATHA TAKAM IUHOM:
(z —1)2" + -1+ (a1 + By + D]z ¥ a1 12 =0, (23.9)

ey =2-—7v,ap =a+1-~,06=p8+1-—. Ockineku (23.9) e pisaaaaam [ayca i v; =e
IOPIBHIOE HYJIIO 1 HIIOMY Bia’ €MHOMY 9HCIY, TO HOT'0 PO3B’A30K MOXKHA 3aIlMCATH (HOPMYJIOKO

z = F(alaﬁlaﬁ)/l,x) = F(Oé+1 _’Y’ﬂ+ 1 _772 —’77:6)
OTixe, IPyrUM 9acTKOBUM po3B’a3koM pisHanHA (19.9) Oyae dyHkmia
ya(z) = ' F(a+ 1 -7, B+1-7,2-7,1),

pusnatgena 1A x € (0,1) (abo x € (—1,0) ), axmo 1 -+ < 01 Busnadena na inrepsani [z < 1,
axmo 1 — v > 0.

Jlerko mepexoHATHCH, MmO po3B’'a3kn yi(x) 1 yo(x) miuinno Hesaxexkui. Tomy 3ararbHuu
po3B’a30K piBHaArHA (19.9) MOXKHA 3aIMCATH Y BUIMIAAL

y=CF(a,B,7v,2)+Cox "Fla+1—7,8+1—7,2-7,2).
20, Pipaanua Beccena. PosriaseMo piBHAHHA

2y’ +ay + (@ vy =0, (24.9)

ne v > 0 - gincanu napaMmerp. lle piBusaHHA HA3WBAeTHLCA PiBHAHHAM Beccena. Uoro ocoban-
BOIO TOUKOIO € T = (. Byaemo mykatu po3s’asku pisuaunss (24.9) gaa @ > 0. Jlerko 6aunrn
, IO BU3HAYAALHEM 1as (24.9) € piBHAHHA

o — v =0. (25.9)
[Ipr v = 0 xopeni piBaanaa (25.9) 36iraiorsesa; upu v > 0 GLIBIIME KOPIHB (v JOPIBHIOE

v, MEHIIUN ~ (v9, JOPIBHIOE —V. 3TigrPo 3 TeopeMorn 2.9 MOXKHA 3HAUTHU PO3B’A30K DIBHAH-
Ha (24.9) y BUMAAAl y3araJbHEHOIO CTEINCHEBOT'O DALY

y=az" i Cra®.
k=0

[ligcTapasowm uo GYHKI0 y piBHAHHEA (24.9), oTpEMaEMO

2V | (v + k)2 =v?)Cha® + > Cpr*P?| =0.
k=0 k=0

[pupisuioouan o my1a xoedimierTn opu ¥ k > 0, MaTEMeMmo:

[(v+1)* =] Cr =0, (26.9)
[(l/ + k)2 - I/2] Cp —Cr_a=0, k>2.
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3Bijgcu
Cok—1 =0,
Czk*z C2k—2
Cop = ———2k=2 22 19,
*T k(2w +2k)  22k(v + k)
Hexan Cy # 0. Toni
: Co
Cop = (—1)* ., k=1,2,...,
2t = (=1) 2kkl(v+1)... (v + k)
i
©© 2k
y(x) = Coa” Z(~1)k ‘ ! . (27.9)
T — 2Ry 4+ 1) (v + k) ’

Jlerxo mepesipuTu, mwo pag (27.9) a6iracrbes gaa Beix ¢ > 0. Jlag coponeHs 3ammcy mHoro
pAny BukopucTtaeMo ['-dyuruio:

I'(v) = /e‘mrv”_ldx.
0

[Janun HTErpas mMae ceHc upu v > 0, IpuHoMy
'y =1, I'v+1)=vl(v). (28.9)
Orike, aKmo v —~ HaTypaapHe 9ucao, v = n, 1o ['(n + 1) = n!. Bubepemo

1

Toni dpyskuito (27.9), Bpaxosytoun pisHoCTI (28.9), MOXKHA 3aTMCATH Y BATIAII

& (cR ()
Jo(x) = kZ:O T+ k+ DIk 1)

(29.9)

®dyukuiro J,(r) HasuBaoTe dyHKHico Beccens mepmoro poxy v-toro mopsaiky. fAkmo v -
mize TucIo, To, ovueBuaHO, J, () — amamitmara QyHkuia y rouumi x = 0. Pismmns xopesis
(r] — vy BU3HAYAJBLHOTO DiBHAHHA (25.9) nopisHioe 2v.

Tomy sxmo 2v # 0,1,2,..., TO APYruil po3B’A30K PiBHAHHN (24.9) ariguo 3 TeopeMoio 3.9
MOXKHA 3HAUTH Y BUIVIAAL Yy3AraJbHEHOTO CTEIEHEBOTO DALY

2(x) =2a7" Z Cra®.
k=0

Hna xoedimientis Cj oTpUMyOTHCA TI caMi PeKypPeHTHI CHiBBIAHOEHHS (26.9), ane 3
saminoio v Ha —v. Toxl npuiieMo 10 Apyroro pos3s’sasKy

RN G Vil 6
T = kZ:OF(—erk + DIk + 1)’

(30.9)
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v>0,2v#1,2,....
KopucTyrouncs apyrowo pisaicTio (28.9), mpogosxumo I'-gynknioo Ha BCl giucHl v,v #

0,—1,-2,.... ITokragemo
'v+1
I(v) = "(TH” (31.9)
fxmo —1 < v < 0, To mpasa dactura (31.9) Mae ceHc, ockinbkn 0 < v+1 < 1. ToMmy pisHiCTE
(31.9) moxma Baaru 3a osHadenss ['(v) mpm —1 < v < 0. Hexam Temep —2 < v < —1.
Toxi —1 < v+ 1 < 0 i npasa vactuna B (31.9) osmauena. Omxe, dopmyna (31.9) gae

MOXIMBicTh mpogoBxutu [-dyHKknio Ha iHTepBal —2 < v < —1. IIpogosxyroun I'(v)

agaqorivHo gami, Mu 6yaeMo MaTH GyHKIII0, BH3HAYeHY A1d BCix v, v # 0, —1,-2,.... Tomy
aaa 2v = 2m + 1,m = 0,1,2,... dopmyaa (30.9) nae poss’ssok pisasunsa (24.9). Orixe,
axmo v # 0, —1,—-2,..., ro ¢yukuil J,(z) i J_,(r) ckraganoTs GyHIAMEHTAILHY CHCTEMY

po3B’askis piBranua Beccens (dymkuil J,(x) 1 J_,(z) nxiniiao mesaxexsi, 60 opu 2 — +0
dbysxmia J, () obMexena, a Jﬁ,,(a;) HEOOMEKeHA).
Hexau renep v = m,m = 1,2,.... PosriaaemMo piBHAHHA

22y + ay + [27 — (m— )%y =0, (32.9)

ge 0 < e < 1. Ockiabku m — ¢ "e Gyxe mianMm 9ucaoM, 7o Gyukmil J,, o (x) i J_ e (x) OyayThb
JMIHITHO He3ATC:KHAMA PO3B’askamu pisusaaud (32.9) aas gosiasuoro £ > 0. Toai Gyuknia
v (=1)"J _pye(@) = Tme(2)
i1

L= | 33.9
~ - (33.9)

TeXK € PO3B’A3KOM DiBHAHHA (32.9).
Hxano icHye rpaHnns
Y. (x) = lim Y, _.(x),

e—+40

To Qyukuia Y, (x) 6ygc poss’sakom pisaaaaa Beccens (24.9) pas v = m. Ilepm 3a Bce
3ayBaxuMo, mo ockinekku I'(0) =I'(—-1) = --- =I'(—m) = o0, T0 '

= (-1>k(%)2k_m _
Jom(@) = Z P(-m+k+1T(k+1)

k=m
0o

= (5" -
C(-m+k+1HI(k+1) \2 N

) = (—1)™ T ().

Orxe,

el—iELlO((w )" e (®) = Jm—e(2)) = 0,

T0o6TO npaBa vacTuHa (33.9) € HEBU3HAYEHICTIO 8 npu € — +0. [aa 3pyvIHOCT] pO3KPUTTA
niel HeBU3HAYEHOCT mepennmeMo Y, . (x) y Burasagi

m-—1 )Ic (E)—Tn—}—s—}—Qlc
Ym s m 2
ggr m+€+k+1)F(k+1)+
Y (—=1)k T\ —mte+2k
-1 i _
1) ;nsf( m+6+k+1)F(k+1)<2)

> _1)"’ T\ m—e+2k
kz::osF (—m+e+k+ 1Tk +1) (5) -
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m-—1 1)k T —m-4e+2k
) +
Zo el( m+6+k+1)F(k+1) (2)
o l)k T\ mte+2k
+kZ:OFm+k+1)F(s+k+1)s<§> -
S ey
Or(k+1 —m+ec+k+1)e \2 -
m—1
(_1)’“ T m-+e+2k
—(—1)™ el
(=1) kZ:OF(k+1)F(—m+E+k+1)5<2> +
m-42k fk( )
- Z( 1) ( ) =,
k=0
ae
1 T\°
Jule) = Cim+k+1Dl(e+k+1) (5) a
_ ! ()"
FA+DI(m—c+E+1) \2 '
3HANAEMO TDAHNII BUPA3iB
1 . file)
¢ =0,1,... -1, .
I'(—m+c+k+ 1)’ b=01...,m ' £
BuxopucroByodn popMyty AOHOBHEHHA
T
I'a)I'(1 —a) =
()T(1 = a) sinar’
TepenuueMo IePIny 3 HUX y BATIAIL
1 _sin[(m —e = k)x]['(m — e — k)
F(—m+e+k+1)e e '
3Bifcu, KOpUCTy0OYKUChH TpaBumiaoM JlomTaas, oTpuMaeMo
I 1 _ mceos[(m = k)x]l'(m — k)
edo T(— m+e+k+1)e m B
=(-1)™* I (m—-%k), k=01,...m—1.
Haui
: fk(g) Y, _
el—lg—lo P [i(0) =
N Ik +1) 4 1 n®
Fk+m+1I2%2k+1) Tk+m+1)I(k+1) 2
__ Dm+k+y 1 LT
Th+ )I2(m+k+1) T(k+D0(m+k+1) "2
1 1 r T'(k+1) T'(m+k+1)

TTGI O m D) P2 T T Tmiktl)

(34.9)
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Bukopuctaemo dpopmyiry

0
ge C' = 0,5772157 ... — crana Ennepa. Toxi
Yo (z) = lm Y, _.(z) =
e—+0
oo k' m-+2k k —
x 1 1
Z k() 2111§+2C~-Z7~ =| -
k=0 +m) i A i
mz“: (m—k —1)! ( r >—m+zA
k! 2
k=0

®dynkuin Y, (r) nasusacthea dpynkuicio Beccens apyroro poxy m-toro nopsaaky. O4eBuiHoO,
I () 1Y, (x) nininao mesanexwi.
ABAJIONIMHO PO3NIALAECTHCA BUOAIOK m = (. Y mboMy BUTAIKY

Yam:”*d; :i ()“MX

€

ae

fi(e) = m (%)C B _I“(vejk +1) (%) ('
Tomi

8

~oy G (8) e 3

k=0 1*1

3ayBamKuMO, O PO3B’A3KK PIBHAHHA Beccens HA3sUBAIOTHCA UUAIHAPDUIHUME (DYHKIIAMH.

§ 3.9. KosmuBHUM XxapakTep po3B’A3KiB
JiHIMHUX OAHOPiAHUX PiBHAHL APYroOro NOpPSAKY

Y manomy maparpadi My PO3TIAHEMO HAUTPOCTIMI BAACTUBOCTI PO3B A3KIB JIHIHHOTO O1-
HODILHOT'O PiBHAHHA
1 /
y" + ar(2)y’ + az(z)y =0, (35.9)

3B'A3aH1 3 9ACTOTOW0 3Minu 3Haka dymkmii y(zr). Hexair dyskuii ai(z), a)(x), az(x) meme-
PepBHI Ha nesxomy mpomixkky (a,b). 3amicTs y(z) BBeeMO HOBY HeBigoMy dyHKIIL z(T) 3a
GHOpPMYJIOK

y(@) = 2(x) eXp(~§ / a1<§>ds). (36.9)

Zo

Toxai mia z(x) orpumaemo gudepeHIialbEe PiBHAHES

2" +b(z)z =0, (37.9)
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1e b(x) = as(z) — aliw) _aj(x)

BayBaxmmo, wo 3rigHo 3 (36.9) dysxuil y(z) i z(x) 3MiHIOOTE 3HAK OpU OJHUX 1 THX
caMWX 3HAYECHHAX .
Touky zg, B akin z(xg) = 0 6ygemo masusaTw myaem pymknii z(x).

— "emepepBHa Ha (a, b) GyHKIiA.

Jlema 1.9. Hexa# ¢(x) — He pIBHHH TOTOXKHO HyJIIO PO3B’A30K piBHAHHA (37.9). Toxi MHOXH-
Ha HyJIiB pO3B 43Ky (&), AKa MICTHThCA HA JOBLILHOMY BIADI3KY [ao, bo] C (a,b), ckindenna.

Hosedenns. Illpunycrumo npormaexkme.  Toal icHye HECKIHYEHHA IOCHIJOBHICTL HYJIIB
{xm} C [ag,bo] dyuxuii p(x). 3 obmexeHol HOCTIZOBHOCTI {Z),} MoxHA BuGpaTH 36ixHY
mignocaifoBHICTh {Tp,, } C {2}, kli)rgo T, = Lo, o € [ag,bo]. Ockinbku @(x) Hemepeps-
Ha, TO

plao) = p(im @, ) = lim o(zm,) = 0.

3a O3HAYeHHAM TI0X1HO1

p(x) — p(xo)

X—raxg r — T k—o0 Lmy — Lo

= 0.

Takum wmnoM, p(xo) = 0,9 (xg) = 0. Aze Toai 3a Teopemoro €IMHOCTI PO3B'A3KY 3ajacdi
Komri guaa piBasausa (37.9) Mmaemo ¢(x) = 0, mWo CynepeduTh YMOBI JeMA.

3 IoBeneHOol JeMn Oe3MOCePeIHbO BUILTUBAE HACTLIOK.

Hacaigok 1.9. fIkmo He TOTOXHO HyJIL0BHH DO3B’A30K z = (&) piBHARHA (37.9) Mae Olib-
mre HE oauH Hyab Ha (a,b) i ¢(xg) = 0, 1o icuye raxui Hyab &y # xy po3s’asky @(x), mo
inTepBan (xg, 1) He MICTUTH IHIIAX HYJIIB [BOT0 pO3B A3Ky. Taki TOUKH Tq, | HABHBAIOTHCA
DOCTIOBHUMH HYJIAMYU PO3B A3KY ().

Osnavenns 2.9. Posp’a30x piBHAHHA (35.9) HA3MBAECTHCA KOJIMBHHM Ha HPOMIKKY (a,b),
AKIIO BIH Ma¢ He MeHIe 4BOX HyJaiB Ha (a,b). Y mporurexxnoMy BUHOAAKY PO3B A30K HA3HBA-
€ThCA HEKOJHBHIM.

Teopema 4.9 (ltypma). Hy.ai 4BoX AiHIHHO He3aJI€XKHUX PO3B’A3KIB piBHAHHA (35.9) B3a-
€MHO DO3JLIAIOTH OJUH OJHOIO.

Aosedenns.. Hexan y = p1(x),y = @o(x) — miHINHO He3asexHl PO3B’A3KM piBHAHAA (35.9).
[Ipumycrumo, 10 po3B’A30K ¢1(x) Mae aBa moCHifoBHI HyJII Tg, T1, a < £g < o1 < b. IToTpi6-
HO JOBECTH, IO iCHye Taka Todka T € (Lo, 1), MO ¢2(T) = 0, mpuaomy dyHKIIA 9o (T) Mae
JWIIe OJMH HYJIb Ha (Xg,X1).

HpumycTumo, mo g2 # 0 Ha (2g,21). Ha kimmax sigpiska [xg,x1] poss’'asox @a(x) me
006epTaeThCA B HyJ/b, 60 B IPOTHICKHOMY BHIAIKy BU3HAYHIK Bponchkoro W(x) mopisaioe
HYyJIIO y TOYKaX o, 1. Hexan mra suswadenocti W{x) > 0 ma [xg, 71].

CnpasenamBa TOTOXKHICTE

- <%> - ZV;EB x € [, 1].

[nTerpyroum M0 TOTOXKHICTE O BIAPI3KY |2, #1], oTpuMaemo

W)

dr = 0.
©3(x)

Lo



§ 3.9. KOJUBHUM XAPAKTEP PO3B’fI3KIB 187

Aute 3 iHIIOro 60Ky

A 0 x/so%(:c)d >0

Orxe, @y(x) obepraeThes B Hyab Ha imTepsani (xg,21). IIpmaomy icuye aume oawH Hyab
dyukil @o(x) Ha (20, 21), 60 B IPOTUAECKHOMY BANAAKY MIHAIOYMA POLAME PO3B A3KM ©1(T)
1 p2(x), Mu 3maimun 6 TOUKY Tz € (To,x1), ¥ AKiK 1 (x2) = 0, mo Hemoxkauso. Teopemy
NOBEIECHO.

Teopema 5.9 (nopiBusauHsa). KO 3a4aH0 1BA PIBHAHHA
y" +bi(x)y=0, 3" +by(x)y=0, (38.9)

y axnx ¢yurmii by(x), by(x) Hemepepsri Ha npomixxy (a,b), bi(x) < ba(x), © € (a,b), i xq
i ¥y —~ ABa HOCALZOBHI Hy.ll HeHYJIhOBOI'O PO3B'A3KY y = 1 (x) mepuoro pisaanua (38.9), To
AOBIILHUH PO3B’A30K APyroro piBaauHA (38.9) mae xoda 6 o4uH Hyab Ha BIAPI3KY [xo,x1].
Aosedenna. 3a ymoBoo Teopemn ¢1(xo) = ¢1(21) = 01 Ha inrepsani (xg, x;) Gynxnia ¢ (z)
30epirae 3Hak. Bes oOMexeHHA 3aralbHoCTi MOXKHA BBaxkaTn, mo ¢ (x) > 0 uwa (xp,2;), 60
B IPOTHIEKHOMY BHIAJKY MOXKHA Oya0 6 PO3NIAHYTH PO3B'A30K y = —p;(x). Hexan ¢q(x)
~ JOBLIBHUH PO3B A30K Apyroro pisaauud (38.9). Hpumycrumo, mo ¢o(x) He Mac nyais na
[0, 2] 1 6ygemo BBakarTm, Mo @o(x) > 0 Ha [2p, x1]. Posraguemo ToToxHOCTI:

P2(2) (@) + b ()2 ()i (1) = O,
p1(x)eh () + ba(x)p1(x)pa(2) =0, € [xg,xy]. (39.9)

Bianimatoun Big mepmoi ToroxsocTi (39.9) apyry, oTpuMacMo

% [QO/L(«T)‘P2($) _ ‘PI(J)QOIQ(T)] _

= [ba(x) = bi(@)]pa() (), @ € [w0, 21].
IHTErpyeMo 110 TOTOXHICTH B MEXKAX BIA Xy 4O X1 1 KOPHCTYEMOCH THUM, IO cpl(wo) =
wi(z1) = 0:

Ty

() () — ¢ (o)ea (o) = / [ba() — by (2)]epn (2) pa(a)d. (40.9)

Zo

Ocxinpxn @1 () > 0 Ha (20,21), TO ¢} (20) > 0. PismicTs )(x0) = 0 HemoxmBa, 60 TOI
¢1(x) 6yna 6 TOTOXKHO piBHA HyJI0. AHAJOTIYHO, @) (1) < 0. KpiM TOro, 3a mpumymeHEIM
©2(x0) > 0, Ya(x1) > 01 by(x) > by(x) 3a ymoBow Teopemu. Tomy 3 (40.9) oTpumyemo

1

0> @ (1)) — 9 (w0 pa(zn) = / ba(x) — b (@) (2)pa(@)da > 0,

To

o HeMOXIMBO. OTprMaHe NPOTHUPITYA TOBOJAUTH TEOPEMY.
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Hacnigok 2.9. Axmo B piBaarHi (37.9) b(x) < 0 Ha (a, b), TO KOKHAK HE TOTOKHO HYJIHOBUH
PO3B’A30K UBOro DIBHAHHA € HEKOTHBHHM Ha (a, b).

Aosedenna. Mpunycrumo npormaexse. Toni 3Ha@AeTbHCA pPO3B'A30K 2z = @(r) pIBHAH-
ua (37.9), axuy Mae gBa MOCAIAOBHI HyI Zg,x1 Ha {a,b). PosrasueMo piBHAHHA

2" =0, (41.9)

s axoro by(x) = 0 > b(x). 3rigHo 3 TeopeMmoo 5.9 IOBLTLHEE PO3B’A30K piBHAHHA 41.9
Mae xo4a 6 OfUH HYJb Ha BIADI3KY [To, x1]. Axe 1e He Tak: po3B’sa30K z = 1 piBEanHA (41.9)
B3araJni He mae myaiB. Hacrigox mosemeno.

IIpuknax 1.9. Ha inTepBani 0 < x < 400 po3rmaHeMO piBHAHHA becens HyJIb0BOTO
MMOPATKY
1
y' + ;y' +y=0. (42.9)
Samigo04n HEBlIOMY QYHKIIO Y(1) 3a HOPMYI0I0

: ] .
?/Zuzxp(—%/%) — \(/?’

1

oA 2 OTPEMAEMO mudepeHtiaibie PIBHANHA

1
2+ (1 + m) z = 0. (43.9)

OgauM 3 po3B’aA3KiB piBHsEHA (42.9) ¢ pyrkula Beccens HyIb0BOro mopsaK
| I p Yy AKY

kx2k

2 (—1
Jb(x):: ji: %?ﬁ%iﬁjiﬁ'
k=0

Biagmosirul po3s’a30k piBHAHHA (43.9) Mae Buriaan

z =z Jo(x). (44.9)
Pisusanna (43.9) nopiBaseMo 3 piBaunHaM z” + z = 0. Po3B’a30K 2 = sinZ IbOro piBHAHHT
mae Ha iHTepBadi (0, 4+00) Oesniv myais zx = kn, k = 1,2,....) 3a Teopemoro 5.9 po3s’s-

30K (44.9) piBramnsa (43.9), a orxe, i pynkuia Jo(z) mae Ha kozKHOMY 3 Bigpiskis [k, (k+1)7),
k=1,2,..., xoua 6 OJUH HYIb.
Ilpukinag 2.9. BusunMo KoquBHUM XapakTep PO3B A3KIB PIBHAHHA

y' +ay=0 | (45.9)
Ha poMixkKy (0, 4+00). HopiBHioroun piBHAuuA (45.9) 3 piBHAHHAM
y' +k%y =0, (46.9)

Mu 6a9uMo, MO AKMO = > k2, TO BigcTaHL MiXK ABOMA IOCIIIOBHAMZ HYJAMU DPO3B’A3KY

piBHsHHA (45.9) MeHIIa HiIX T (piBranHA (46.9) Mae PO3B’'A30K y = sin kx, A1 AKOTO icHye
. . ™ ' . .
6eam4 HyTB T,, = —m, m = 1,2,...). OtTxe, upn HeOOMEKEHOMY 3POCTAaHHI T LA Bif-

k

CTaHb OyJe IpAMYBATH J0 HYJS 1 MOCTILOBHI HyIi JOBLIBHOT'O PO3B’A3Ky piBHsAHHA (45.9) mpn
HEOOMEXKEHOMY 3POCTaHHl & Oy1yTh HEOOMeXKeHO 30Ky BATUCD.
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§ 4.9. Kpawuosi 3agadi

Y manomy maparpadi 6ygeMo po3raAsaTh JiHinHe 1udepeHIinoBaHe PIBHAHHA BUIVIAIY
Lly] = ao(z)y” + ar(2)y’ + az(z)y = f(2). (47.9)
Hagaui 6ygemo npumyckary, mo GyHKL ao(x), ag(z), aj (), a1(x), a(z), ax(x), f(x) ¢ meme-
pepBHUMH Ha Biapisky [a,b] 1 ag(x) # 0,z € [a, b].
Hexanm y = ¢1(x),y = @o(x) — dyngamenTambaa cucTeMa po3B 43KiB BLAMOBIAHOTO OIHO-
PLAHOrO PIBHAHHS

Lly] = ao(2)y” + a1(x)y’ + az(x)y = 0. (48.9)
flk 6yn0 mokasano y ruasi 5, Bci po3B’Askw piBHAHHA (47.9) MOXYTH OyTH onucani ¢popMyJIo0
y = Crp1(x) + Capa(z) + (), (49.9)

e Cy,Cy — poBiabHi ctami, a ¢(x) — axui-HeGy AL IACTKOBAM PO3B’'A30K HLOINO DIBHAHHA.
Bimomo Taxox, mo ymosu Korri

y(zo) = vo, ¥'(z0) =¥y, w0 € [a,b] (50.9)
A03BOIAIOTL 3 MHOXKUHU (49.9) BuglmuTn efuHun po3s’s30k piBHAHA (47.9). Ane ax Bua-
HO 13 306pazkeHHA BCiX po3B’a3kis (49.9), egunuil pos3s’s30k pisHauHA (47.9) oTpuMyeTHCA
TOAl, KOJA# 33 AOMOMOTOIO AEAKWX NOAATKOBHAX yMOB MOxHA 3HamTu crauai Cy 1 Cy. Takumu
JOAATKOBAMHE YMOBaMH MOXKYTBH OyTu He Juuie ymosu Komi (50.9).
Bymemo mykatu Tenep po3s’asok pisuaaHA (47.9), AKUR 3aT0BOJBLHAB OM yMOBH:

{ Ui(y) = ary'(a) + a2y’ (b) + asy(a) + aqy(b) = 0,

51.9
Us(y) = Buy/(a) + Bay’ () + Bay(a) + Bay(b) — 0, (51.9)

4 4
npuioMy Oy IeMO BBaKaTh, mo . ai # 0, Y. 47 # 0 i maTpuns
=1 i=1

(Oél Qo (3 (Y4>
Br B2 Bz B

Mae panr 2. Ymosu (51.9) 6yxemo HasuBaTu (OJHOPIIHEMEU) KPAHOBUMHU YMOBAMH, a 3a1a-
qy (47.9), (51.9) - kpanosow 3agadoi0. Kpanosy sanagy (48.9), (51.9) 6yaemo HasmBaTu

OTHOPI THOKO.
b
Hexan y(z), z(x) € C?[a,b]. Posrasmemo interpan [ Lly]zdz. Imrerpytown wacTmmamu,
a

OTPUMAEMO
b b
[ Listzdz = Jaotaly” + ar(w)y' + ax(@hylz(e)de =

a

= ao(b)y'(0)z(b) — ao(a)y'(a)2(a) + a1 (D)y(b)z(b) — a1(a)y(a)z(a)-

~
™
~~
(=
g
|
Q
=
~_~
>
S—
<
—_
S
~—
[
—_~
=)
-
|

= ao(b)y’(0)2(b) — ao(a)y'(a)z(a) + a1 (b)y(b
—ag (b)Y’ (b)z(b) — ag(b)y(b)z'(b) + ay(a)y(a)z(a)—

b
~ao(a)y(a)=(a) + / ¥ [aly()dz,
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ae

L*[z] = (ap(x)2)" — (a1(x)2)" + az(z)=.

Axio noszwayuTH

P(y, z) = ao(b)y'(b)2(b) — ao(a)y'(a)z(a) + a1 (b)y(b)z(b) — a1(a)y(a)z(a)-
—ag(b)y(b)2(b) — ao(b)y(b)' (b) + ag(a)y(a)z(a) + ao(a)y(a)2'(a),

TO OCTAHHA PIBHICTH Habepe BUTUIAIY

b b
/L[y]zdx = P(y,z) + /yL*[z]dx. (52.9)
a a
Popmyra (52.9) mHasusaeTbea popmyaoto Jlarpamxa, a L*[z] ~ cnpsxenuM mudepeniiars-
auM BupasoMm jgo Lly]. fAxmo L{y] = L*[y], To audepenniansuny supas Lly] masupaeThes
CaMOCHIPAKEHNM.

Honosuumo xpanosi ymosu (51.9) me aBoma ymMoBamu

Us(y) =
U4(2/)

il

71y’ (a) + v2y' (b) + v3y(a) + vay(b) = 0,
01y'(a) + 02y’ (b) + O3y(a) + O4y(b) = 0,

il

IIPUYIOMY TaK, 00 BU3HATHUK MaTPHIIL

ap Qg a3 04

Br B2 Bz B

Y1 Y2 Y3 Y4
61 62 03 04

OyB BLAMIHHUU BiJ HYJIA.
Posrasnemo cucremy niHiMHUX aare6paldHuxX piBHAHD
a1y’ (a) + azy’(b) + azy(a) + auy(b) = U,
By’ (a) + Bay'(b) + Bay(a) + Bay(b) = Uy,
(@) + 729" (6) + v3y(a) + 7ay(b) = Us,
"(a) + 02y (b) + O3y(a) + O4y(b) = Uy

mogo0 Hesizomux y'(a),y'(b),y(a),y'(b). Ockitbkm BU3HAYHWK Iiel CHCTeME BigMiHHUH Bif
Hylf, TO BOHA Ma€ €IWHUN PO3B’A30K, AKWUM, OUEBUHO, MOKHA 3AMACATH y BUTUALL
y'(a) = piUr + p1Us + piUs + piUs,
y'(b) = p3Us + p3Us + p3Us + p3Usy,
y(a) = p3Us + p3Us + p3Us + p3Us,
y(b) = p3Us + piUs + piUs + p3Us. (53.9)

Higcrasamoun (53.9) y P(y, z) i rpynytosm koediuienTn npu Uy, Us, Us, Uy, MaTEMEMO

P(y,z) = VaUy + VaUsz + VaUs + V1 Uy,
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ze Vi, Va, Vi, V4 BupaxaroTeca uepea z'(a), 2/ (), z(a), z(b).
Kpamosi ymosu

Vi(z) =0, Va(2) =0 (54.9)
HA3MBAIOTHCA CHPAXKEHUME KPAalOBIMHE yMOBaMHd 10 yMoB (51.9), a 3azada s piBHAHHA
L*[z] = f() (55.9)
3 ymoBamu (54.9) — COpsKeHO KPanoBok 3anadoio g0 (47.9), (51.9).
flkmo y(x) - poss’msox 3amaui (47.9), (51.9), a z(z) - pos3B’A30K B3aga-
4i (55.9), (54.9), To dopmyaa Jlarparxa HaGuUpae BUTIALY
(Lly], z) = (y, L*[2)), (56.9)

Je depes (y, z) DO3HAYEHO IHTErpa

b

/ y(x)z(x)de.

a

Ilpuxnag 3.9. Posrnanemo ais piBHAHHSA
y" +w?y = f(x) (57.9)

ymoBu Komri

Ui(y) =y(a) =0, Us(y) =y'(a) =0. (58.9)
[Mobyayemo cupsizkeny KpanoBy 3agady. OdeBugHo,

L*[2) = 2" + w?z = L[z],
Ply.z) =y (0)2(b) — ¢/ ()2(a) — y(B)='(B) + y(a)2'(a).

Honosrnmo ymosu (58.9) ymosamu

Us(y) =y’ () =0, Usly) = y(b) = 0.
Toni .7/,((1‘) = U'Zv y/(b) = Ug,y((l) = Ulay(b) =Us i

P(y, ) = Usz(b) — Usz(a) — Usz'(b) — U12'(a) =
= ViU, 4+ V3Usy + VoUsz + V1 Uy,

ge Vi = —2(b), Va==z(b).
OTxe, cIpsKeHIME KPAaUOBAMH yMOBaMH{ y NAHOMY BHIAIKY OyAyTh Takox ymosu Komri

Vi(y) = 2(b) =0, Vi(z)=-2'(b)=0,
a CIPAKEHOIO KPAHOBOIO 3ana4010 10 (57.9), (58.9) Gyae aagada Kommi
2" (b) + w?z = f(x),
z(b) =0, 2'(b)=0.
Posrasmemo Tenep oaHOpIAHY KpaloBy 3amady
Lly] = My,
Ui(y) =0, Us(y) =0, (59.9)

me A — peaxe uamcao. OdeBunno, 3a1a4a (59.9) Mae poss’a3ox y = 0.
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Osuadennsa 3.9. Yucro \g Ha3UBaeThCA BAACHHM 3HATEHHAM Kpawosol 3agadi (59.9), Aximo
opu A = Ao 14 3aa9a Ma€ He TOTOXKHO HYJIbOBI pO3B’A3KH; Il HE TOTOXKHO HYy.I6OBI O3B A3KH
Ha3HBAaIOTHCA BJACHUMHE (QyHKUiAMY 3axa4i (59.9).

fxmo BIACHOMY 3HAYEHHIO \g BiATIOBigae HeKLIbKA BIACHUX (DPYHKINHN, TO IX JIHIKHA KOM-
6igania Oyge BJIACHOI (PYHKITEO mad Ag. Cmpaspi, AKINO

Llpi(x)] = dopr(x) 1 Llp2(z)] = Aopa(),

TO
Lip1(z) + pa2(@)] = Lle1(x)] + Llp2(2)] =
= Aow1(x) + Aop2(x) = Aofwr(x) + p2(a)].

Ockinbkn piBasauaa L{y] = Aoy Mae He Olabine BOX JIHIMHO He3aJeXHUX PO3B'A3KIB, TO

CYKYIHICTh BJIACHUX (PYHKINHU, AKI BiATOBIiZAIOTH OAHOMY 1 TOMY K BIACHOMY 3HAYCHHIO,
YTBOPIOE CKIHIeHHOBUMIDHUM JIHIMHUHA NPOCTIPp pO3MipHOCTI He Olablre 2.

Po3MipHICTIO [IBOrO IPOCTOPY € FYUCAO MIHIMHO HE3AJEKHUX DO3B’A3KIB KpamoBOl 3a/1a-
i (59.9) npu maHOMY BIACHOMY 3HAYEHHI A; Il YMCIO HA3UBAETHCA KPATHICTIO BAACHOLO
3HAYEHHA.

3Hai1eMO YMOBY, K1 BUSHAYAIOTH BAACH] 3HaYeHHA. [lo3HadeMo depes p1(x, A),  wa(x, A)
PyHIAMEHTAJBHY CUCTEMY PO3B’A3KiB piBHaHHA L[y] = Ay, AKa BU3HAYAETHCA MOYATKOBAMME
YMOBaMH

(k1) 0 axwmo 7 # k,
AN = |

1 axmo 7 = k,
Ak Bigomo, MHOXKHHY pO3B’a3KiB piBHAHHS L(y] = Ay MoxkHA 3anmcati GOpMyI0k0
y = Crp1(z, A) + Capa(x, A).

Tomi maa 3HaxomkeHHs ctaaux Cp 1 Cy OTPIMAEMO CUCTEMY PIBHAHD

10 + az(C1¢1 (b, A) + Cahy (b, A)) + a3Ci1 + aa(Cripr (b, \)+
+C¢5(b,A)) = 0,
B1Cy + Bo(Cr1 (b, A) + Co95 (b, A)) + BaC1 + Ba(Crn (b, \)+
+C2p2(b,A)) =0
abo
(a2 (b, A) + a3 + a1 (b, A))C1 + (aps (b, A) + ey + aapi (b, 1))C2 = 0,
(Bap (b, A) + Bz + Bap1(b, A))C1 + (B2 (b, A) + b1 + Bawa (b, X))Cy = 0. (60.9)

OueBnHO, cucteMa (60.9) Mae HeHYILOBAN PO3B A30K TOAL 1 TLIBKM TO/I1, KOIW 11 BUSHAYHHK

ag@| (b, A) + ag + agp1 (b, A) a1 + asph (b, A) + agpa (b, M)
Bap1 (0, A) + B3 + Bawr (b, A)  Br + Bawi (b, A) + Bawa(b, A)

06epTaeThCA B HYIb, TOOTO BIACHI 3HAYEHHA 3a1a4i (59.9) 3HAXOAUMO AK PO3B’A3KH PIBHAHHA

U\ =

U()) = 0. (61.9)

Slxkmo A = Ao ~ xopius piBaaxHA (61.9), TO 3 cucTemu (60.9) 3HAXOAMMO BiATOBIAEY LI Ao
BAACHY (PYHKIIIIO.
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Teopema 6.9. fxmo \g — AiHCHE BIACHE 3HAYCHHA Kpawopol 3agadi (59.9), To Ao — BaacHe
3HAYEeHHA COPAXKEHOI Kpanopoi 3axadvi go (59.9).

Hosedenns. Hexau Li[y] = Lly] - doy. Tomi Lily] = L*ly] — Aoy. Ilosmauemo depes
Y1), Ye(x) — AHIAHO He3aMeKHI PO3B’A3KYU DiBHAHHA

Li[z] = 0. (62.9)

=

Toni opmyaa Jarpamka jua Gysxuin ¢(z) 1 ¥;(x) (¢(x) — Bracaa gyrxnis saza4i (59.9),
AKa BIAIOBIAAC BTACHOMY 3HAYEHHIO \g) MATUME BULVIAT

Va9 (x))Us(p()) + Vi(y; (@) Us(p()) = 0,
J =1,2. Orxe, Us, Uy 3aJ0BOIBHAIOTE CHCTEMY PIBHAHB

{ Us(p(@))Va(yr(®)) + Us(p(x)) Vi (¥ (2)) = 0,
Us(p(2))Va(pa () + Us(p(2)) Vi (12(x)) = 0.

Jlana cucremMa Mae HEHYIbOBUU PO3B’A30K 1 TOMY BU3HATHUK

Vi (x)) Vol (x)) _
Via(z))  Val(ya(x)) .

Y TOM XKe Hac JOBLIBHAU PO3B'A30K PIiBHAHHA (62.9) MOKHA 3ANUCATH Y BUTJIS AL

2= Cyhr () + Corpa(2).
ITigcTasnaotyu z B Kpanosl ymMoBu
Vl(f:) - 0, VQ(Z) = (),

OTPUMAEMO

{ CiVi(p1) + CaVi(p2) = 0, (64.9)

Clvz(@.l) + CQVQ((,DQ) = 0.

Ockinbkn Bu3gavHuK cucTemu (64.9) »0iraeTbesa 3 BUBHAMHUKOM cuctemu (63.9), To cucre-
Ma (64.9) Mae HEHYJIBOBUU PO3B'A30K. A IIe 03HAYAE, IO Ag € BIACHUM 3HAYCHHAM CHPAKCHO]
kpanosol 3azadi. TeopeMy noBemeHo.

Osnavenns 4.9. /IBi wenepenni ¢pynknii y(x) 1 z(x) 6ygeM0 HA3UBATH OPTOrOHAJBLHAMH HA
BiADI3KY [a, b], aKmmo

/y(m)z(x)daj = 0.

a

Teopema 7.9. Hexain ¢(x) — BracHa ¢pyHkuia sagatdi (59.9), axa Bigmosigae giHCHOMY BJIa-
CHOMY 3HAYeHHIO Mo, a () — BIacHa (YHKIIA CIPAXKHOI KpamoBoi 3a7adi, AKa BiAmoBigac
AIHCHOMY BJAACHOMY 3HAYEHHIO fo. Togi, AKmo Ao # o, T0 pyrkuii ¢(x) i (x) opToronars-
HI.

LHosedenrna. Ockiabku

Lip(z)] = dop(z), L*[(z)] = poy(z),
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TO

(Lle(@)], ¥(x)) = (Aow(z), ¥ (x)) = Ao(p(z), ¥ (),
(w(z), L*[¢(z)]) = (o(z), pov(z)) = pole(z), ¥(x)).
Aue arigao 3 dpopmy.ono Jarpamxka (56.9)
(Llg(@)], v (x)) = (p(x), L[ (@)]),
TOMY
0= (L[o(@)], %)) = (p(x), L*[P(@)]) = (Ao = o) (p(x), ¥()).
3BlacH pU Ag 7 [ig BUILTUBAE PIBHICTH
(p(@), ¥(x)) =0,
0 1 MOTPiOHO 6YI0 JOBECTH.
Osuavenns 5.9. Kpawnoy 3azady (47.9), (51.9) 0yg4eM0 HABUBATH CAMOCHPSXKCHOIO, AKIIO
L*[y] = Lly) i Vi(y) = Ur(y), Valy) = Ua(y)-
Teopema 8.9. Bci BracHI 3HAYCHHA CAMOCHOPAXKCHOI KPAHOBOI 3a1a i JIUCHI.
Hosedenna. Ockinvru L*[y] = L[y], To
(Lly),v) = (v, Lly)) = (L[y], )

i ancno (L[y], y) nincue. Hexan renep A — Baacue snagenus sagadi (59.9), a ¢(x) — BignosigHa
nomy Bracua ¢yukniz. Toni 3 pisrocTi Lip(x)] = Ap(x) Bunausae, mio

(Llp(@)], () = Ap(x), ¢(x))-
Aue (p(x), 0(x)) > 0, a (Llp(r)], () - aiicae; Tomy

(Llp(x)], p(2))
(o), p(x))

A\ =

JACHE YHCIO.
IMpuxknag 4.9. Hexan maemo 3agady HA BAACHI 3HAYCHHA 1 BAacH] pyHKIIL
—y" =2y; y(0)=y(1), ¥'(0)=y'(1).
3araJbHuN PO3B’A30K AU(pePeHIiaTbHOr0 PIBHAHHA:
y = C cos VAz + Cy sin V.
[MigcTaBasodn B KpaoBi YMOBU, MATUMEMO CHCTEMY
C1(1 — cos VA) — Cysin VA =0,
{ CivVsin VA + Cov/A(1 — cos V) = 0,

1—cosVA —sinvA
sin v\ 1 — cos vV =2(1 _COS\/X)

00epTaeThCA B HYJIb ¥ TOYIKAX,

A = (270)%, n=0,1,2,....

BU3HAYHUK AKOL

IIpu n # 0 BIaCHOMY 3HAYEHHIO A\, BIANOBIIafOTH ABI JIHIUHO HezasJexkH] BIACH] (DyHKIIL
cos(2mnx), sin(2mnzx).

Otxe, A, mpu n # 0 € IBOKPATHUM BJIACHUM 3HAYeHHAM. Ilpu n = 0 BIACHOMY 3HAYECHHIO
Ao = 0 Bigmosifae BaacHa ¢yHKIig y = 11 oTxe, He BIaCHE 3HAYEHHA OTHOKDATHE.
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O3suadvenns 5.9. Pyuxniero I pina kparosol 3agadi (48.9), ( 51.9) 6ynemo Ha3uBATH (DyHK-
niro G(x, ), AKa 3a,50BOIBHAE TAKI YMOBH:
1)G(x, &) € C([a, b] x [a, b]);
2) g gosireHOrO QikcoBanoro £ € [a,b] pyukuis G(x,§) mae Hermepeps-
Hy HOXIAHY y KOKHOMY 3 HpoMDKKIB [a, &), (€,b], npaiomy

Ox Ox ~ag(€)’

3) y koxxkHOMY 3 IpOMiKKIB [a,§), (€,b] ¢pyrruiz G(x,§), Ak QyHKIIA
3MIHHOI T 3a40BOJbHAE piBHAHHA (48.9) i1 kpanosi ymosu (51.9).

Teopema 9.9. Hexan a;(x) € C([a,b]),j =0,1,2, ,a0(x) # 0,2 € [a,b]. Axmo xpasosa 3a-
gada (48.9), (51.9) mae aume TOTOXKHO HYJIbOBHI PO3B’A30K, TO 414 Hel ICHYe € JUHA (DYHKIIIA
I'pina.

Hosedenns. Hexann ¢y (), p2(x) — dyngaMenTalbHA cHCTEMa PO3B'A3KIB piBHAHHA (48.9).
[TokrageMo

G, €) = { Cr(&)p1(x) + C2(§)pa(z), a <x <&,
o C3(&)p1(x) + Ca(§pa(x), £ <a <b,
e C'(E),...C4(€) ~ meaxi gpyukuil. Ymosu 1), 2) o3nadersas 5.9 gaorn

C1(&)e1(&) + C2(§)w2(&) — Ca(&)w1(&) — Cu(&)pa(§) = 0,

O + CaEVeh(6) — CalE) A (6) — CulO(O) = s (65.9)
[MoxnaxemMo
b1 = Cl — (73, [)2 - CQ - C4 (()()())
Toai 3 (65.9) orpuMacMo ¢UCTEMY DIBHSHD
b1(&)1(€) + ba2(§)p2(8) = 0,
1
b1 (&)} (€) + b2(&)h(E) = _ma

BUZHAYHUK AKOl € BU3HAYHUKOM Bponrnkoro W(x) poss’sskis ¢i(z) i pa(x).  Omxe,
W) # 0, £ € [a,b], 1 pyuxuil bi($), by(€) smaxogarses ogHozHawHo. [las BusHAMEHHA
dyrkuin C;(€) (5 = 1,2, 3,4) Buxopncraemo xpanosi ymosnu (51.9). Ilizcrasrsaoan G(x,§) B
ymosu (51.9), maemo
Ui(y) = ar(C1(§)pi(a) + C2(§)ph(a))+
+a2(C3(§) 1 (D) + Ca(§)#5(D)) + as(Cr(E)wi(a) + Ca(€)v2(a))+
+4(Cs(§)w1(b) + Ca(§)wa(b)) =
= C3(&) (o297 (b) + aapr (b)) + Ca(§)(aipy(b) + a2 (b)) +
+(b1(8) + C3(8)) (en9) (a) + azp1(a))+
+(b2(8) + C4(8)) (13 (a) + azpa(a))
= C3(§)Ur(1(x)) + Ca(§)Ur(pa(z)) +
+b1(§) (a1 (a) + aspi(a)) + b2(€) (arpy(a) + aspa(a)) = 0,
Us(y) = C3(&)Uz(p1(2)) + Ca(§)Vs(p2(2))+
+b1(§) (B11(a) + Bapi(a)) + b2(€) (Brps(a) + Bapa(a)) = 0.
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3Bigcm

{ C3(&)Ur (1) + Ca(£)Us(2) = g1, (67.9)

C3(§)Ua (1) + Ca(§)Ua(w2) = g2,
e

g1 = —b1(§)(a1¢)(a) + azpi(a)) — ba(€)(rpy(a) + aspa(a)),
g2 = —b1(§) (P11 (a) + Bspr(a)) — b2(E)(Brwy(a) + Bapa(a)).

Ockinpku xpanosa sagada (48.9), (51.9) za yMOBOIO TeopeMH Mae JUMIe TOTOXKHO HYIbOBUH
PO3B’A30K, TO BU3HAYHUK cucTeMu (67.9) BiAMiHHUE Big HyJs 1 BOHA Mae €JMHAN PO3B’A30K
mogo C5(€), Cy(€). Toxni BukopucToByioum piBHocti (66.9), 3HAHIEMO OIHO3HAMHO (YHKII
C;(€),j=1,2,3,4, mo ¥ JOBOAUTH TEOpeMY.

Teopema 10.9. Hexan aj(z) € C([a,b]),j = 0,1,2, ,ap(x) # 0,z € [a,b]. Axmo xpaitosa
sagaqa (48.9), (51.9) mae qmnie TOTOXKHO HyJTbOBHUH PO3BA30K, TO AIA AOBLIBHOI (PpyHKI]
f(z) € C(la,b]) icHye po3s’azox kpamosol sagadi (47.9), (51.9) i #oro moxHa 3ammcaTy

GopMy.I0I0
b

v = [ G0 s, (65.9)
ze G(x, &) — pynknia I'pina 3azaqi (48.9), (51.9).
Aosedenna. Tlokaxemo, mo dyrkuis (68.9) ¢ poss’sskom Kpanosol zanadi (47.9), (51.9).
3anuimemo QYHKIio0 y(x) y BUNIAL
T b
M@z/G@@ﬂ©%+/GmOﬂO%

a

Ha koxuoMy 3 mpomixkis [a,&) 1 (&, b] miginTerpanbua GbyHKIis Mae HellepepBHi moxigHi 3a
T 40 ApYroro mopaiky BkmodHo. [udepenuironoun y(x), orpuMaemo

Mmz/ 8 feyas + /“; F(©)de+
+G(z,z —0)f(z) —G(a: x4+ 0)f(z) =
=/%%¥H@%+/“” 9 peae, (@09)

ockimbku G(x, ) HemepepsHa 3a o3navenuam. Pynkmio (69.9) me pas gudeperioemo 3a

x b
2 xr 2 xr
v'@ = [ 5 fgde+ [ TS0 peyaes

T

0G(z,z + 0)
ox

b
_ [ 9%G(z,§) f(z)

+8G(a:,:1:-—0) fla) =
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Ocxkinpku dyukuia G(x, £) 3axoBoiabHAe Kpanosi ymosu (51.9), TO 0UeBHIHO, 33I0BOILHAC T
ymosr 1 pyuakmia (68.9). ITokaxemo, mo y(x) 3agoBonbuse pisusaHA (47.9). Maemo
aoy” (x) + a1y’ () + az2y(z) = f(z)+

[ G 9G(z,€) _
- {aou)—-a—xz— a1 (@) T 4 s ()G, €) | F(€)dE = f(w),

a
IO ¥ HOTPIGHO AOBECTH.

IIpukaag 5.9. [Mo6yaysaru po3s’sa30K KpanoBol 3amadl
y' =y = f(2),

y(0)=0, y'(1)=0,

BUKOPUCTOBYIOUH hyHKIIIO [ 'pina.
dyrraMeHTATBEHA CHCTEMA PO3B’A3KIB ogHOpiAHOro piBEamua ' — y' = 0 Mae Buraan:
y1 = 1, yo = e*. dynkuio I'pina 6ygemMo mykaTy y BUIVIA A1

C] (E) + Cz(ﬁ)?r, 0 S T < E,

G(x, &) = { Cu(€) + Cal€)e®, € <o < 1.

SrifHO 3 O3HAMEHHAM 9.9 MATHMEMO

{ Ci(€) — Co(&) + (Ca(€) — Cu(€))et =0,
—(C2(€) — Cu(€))et = 1.

Orxe,

by (€) = Co(€) — Ca(€) = —e7¢,

Haumni,

3eigcu Cy(€) =0, C1(§) = —Cy(&). Tomy 3 piBHOCTER

{ Ca(8) = —e7%,
~C2(€) —C3(§) =1

spaxoanmo: Co(€) = —e 5, C3(€) = e ¢ — 1, C1(€) = e~¢. Orxe,

e ¢ —e*8 0< <€,
6_5_19 fﬁxﬁl,

6,6 = {

1 PO3B’A30K BUXIAHOI 3a1a4l 3alANIeTHCA Y BUIVIALL

y() = / Gz, €) F(€)dE.
0



IVIABA 10. AZUSEPEHIIAJIBHI PIBHAHHA 3 YACTHMHHUMHNA
IMOXIAHUMMU ITEPIIOTO ITIOPAAKY

§ 1.10. OcHOBHiI O3HAYEeHHSA

Osnavenus 1.10. PiBHarHA BUrIALy

ou ou
Flxy,...,on, 0y —,...,—— | =0, (1.10)
ox, oz,
gew = u(xy,...,T,) — HeBigoMa QyHKIIL, a F' BU3HAYeHA, HemepepBHA 1 JHGPEPEHIIHOBHA 34
‘ ou du =
AMIHHEME — , . .., — B Jeaxii obaacti G C R?™"+! npuwaomy
8:131 dl‘n
n 2
Z OF (21, ... &y 21,0, 20) 20
- 0z;
i=1

B (G, HA3UBAETHCA U EPEHINIATLHUM PIBHAHHAM 3 YACTHHHAMYA MOXIJHUMH I1E€PUIONO HOPALKY.

Y sararpHOMY Bunajky piBHanis (1.10) Ha3WBAECTHCA HENIHINHWM DIBHAHHAM 3 IACTUHHU-
vy noxignuMu. fIkmo x gymkuia FriHIEHA MO0 3MIHHUX (21, ..., 2, ), TO piBEanua (1.10)
HA3UBAECTHCA KBA3UIHIMHIM.

OTxe KBa3LIIHINHE DIBHAHHA — [I€ PIBHAHHA BADNIALY

n a/u
g ai(T1, ... T, ) =— = b2, ..., 2y, u). (2.10)
— dx;
t=1
Sxkmo y pisuansi (2.10) xoedimientu a; He 3amexkaTbh BIA u, TOOTO a; = a;(T1,...,T,),
¢t=1,...,n, TO pIBHAHHA HA3WBAECTHCA HAINBIIHINHAM I Ma€ BUIJIAT
n
ou
E ai(T1,. . Ty)=— = b(x1, ..., Tp,u). (3.10)
1 ox;
1=

Axmo B piBuansi (3.10) GyHKIIA b ¢ JHIEHOIO MO0 U, TO PIBHAHHA HA3MBAETHCA JIHIHHUM

1 Ma€ BHUTVIAL
mn

0
Z(li(ﬂh, ... ,:r,n)—u— =c(x1,...,xp)u+d(xy,...,1,).
=1 (9331

Pisusunus surasry

- ou
LYy e ey L )57 = .10
;a(al r )dazi 0 (4.10)

Ha3MBAETHCA JIHIMHIM OJHODITHUM PIBHAHHAM 3 YACTWHHEMME ITOXIJHEMHE TIEPHIOTO IIOPAIKY.

Osznavenns 2.10. Pymrniz u(zy,...,r,), BU3HATEHA B Jeakin obracti D C R™, masusa-
€ThCA po3B’A3koM pIBHAHHA (1.10), AKINO BUKOHYIOTHCA YMOBIH:
du .
Du,—€eC(D), i=1,...,m
8:@

2) T, .. .,(Bn,u(xh . wrn), au(xla,m '73371) - aU($18,x -,-Tn)> = é
1 n

a1g Beix (x,...,T,) € D;



§ 2.10. JITHIMHI OJHOPIIHI PIBHAHHA 199

ou(xy, ..., Tn) BU(m,---,lTn)) =0
Ty o

3) (xl, s Ty w2y Tp) e 5

6 D.
Axwo u(xy, ..., &) — po3s’azox pienanns (1.10), mo noseprua u = u(xy,...,T,) y npo-
CODT BMIHHUL X1, . . ., Lpn, U HABUBAEMbCA IHMESPAALHOW TLOBEPIHENW DieHANHA (1.10).

§ 2.10. JliHiAHI OJHOPiAHI PIBHAHHA 3 YACTUHHUMU
NOXiAHUMHU HEPUIOTO MOPAAKY

Cnogarky posrisHeMoO DIBHaHHA Buruaay (4.10). 3riguo 3 osmatemsam 1.10 dynxmil
a(T1,...,xn), 1 =1,...,n, HE 06EPTAIOTHLCA OMHOTACHO B Hyab B o0aacti G C R™ 1 e Heme-
pepBauMu B G.

Teopema 1.10. Hexan a; € CY(G), i =1,...,n. [ag Toro, mo6 ¢ynxiis u(zy, ..., 2,) 6y1a
po3B’a3koMm piBHAHHA (4.10) HEOOXigHO I JOCTATHLO, OO BOHA OyJa HEPUIMM IHTEIPATOM
HACTYIHOI CHCTeMU 3BHYAHHUX AUQEepeHLIATbHIX PDIBHAHD

da, dr dx,
! — 2 == n . (5.10)
ar(xy,...,xn)  ag(xy,...,x,) n (1, .. )

osedenns. Sxmo HKIA w(xy,...,2,) € po3s’askoM piBHAHHEA (4.10), TO cnpasBemmmsa
?

TOTOAHICTE
n
ou(zxy, ..., x,) ,
> o @) = 0. (6.10)

i=1

Tonai ariguo 3 Teopemow 13.7 dysxuis u(xy,...,x,) ¢ nepimmM inrerpajiom cucrema (5.10).
Hanaxn, akmo u(xy, ..., x,) € nepmmM inrerpatom cucremu (5.10), To qas mel cupaBesIuBa
ToTOxkHICTE (6.10). A me o3navae, mo u(ry,...,T,) - po3B’a30K pisHAHHA (4.10) 1 Teopemy
IOBEJIEHO.

36epexxkemo Hagam npunymenss, mo a; € CHG), ¢ = 1,...,n. Toxi srigHo 3 Teope-
Moo 14.7 B oxomi Gyap-axoi Touxu (v9,...,2%) € G icmye n — 1 Hesamexnux mepmux iHTe-
rpaiis cucremu (5.10)

U (Tyy e Tn)y ey Un_1 (X1, .o, T0).

Ha migcraBi Teopemm 15.7 Oygp-akuu nepmmy iHTerpal v(Zi,...,Tp) CHCTe-
mu (5.10) MOXKHA 3amMCcaTH y BHUIVIAILL

v(xy, . xn) = wu(X, e Tn)y e Un—1 (T, -, TR),
Ie w — meAka HemepepBHO AudepeHIinoBHa DyHKIA.
Kpim Toro, serko mepekoHaTHCA, IO AKIIO W — NOBLIBHA HemepepBHO AudgepeHIiIoBHA

dyHKIIA, TO v 6yje Po3B’sa3koM pisHaHHA (4.10).
OTxe MHOXKHHY BCiX po3B’sa3kis piBHAHHA (4.10) MoxHa ommcaTu GhOPMyYJIOI0

U = @(Ul(ﬂil, . ,xn), . ,un_l(arl, ce ,CL‘n)), (710)

ge @ — noBinbHA HemepepBHO AudepeHIlinoBHA (HYHKIIA.
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TakuM 9UHOM, AT 3HAXOMKEHHs BCiX po3B’a3kiB piBHAHHA (4.10) gocTaTHBO MO0OYAyBATH
MOBHY CHCTEMY HE3aJeXKHHX mepimux inTerpamtis cuctemu (5.10).
Ilpukaag 1.10. PosrnsgreMo piBHAHHA

ou U ou
—y)=— —z)— —x)— = 0. 8.10
-Gt + =) 5 (3.10)

Bigmosigaa cucremMa 3BUYANHAX AU EPEHIIAILHAX PIBHAHL M€ BUTVIA]

dx _ dy _ dz ‘ (9.10)

Bona mae aBa mHesamexni nepmi iHTerpasmu. [as iX 3HAXOXKEHHS CKOPHCTACMOCH BiJOMOIO
BAACTUBICTIO OPONOPIIIL: AKIHO

ap Gz _akwt
bi by b
TO
myay + -+ Mpap
Tom
dr + dy + dz _dr +dy+dz
2=yt —2+y—x 0

idr+dy—+dz = 0. 3Bigcu
ui(z,y,z)=xc+y+ 2= Cy.

[l 3HAXO0AKEHHA Ie OMHOTO MEPIIOro IHTerpata IOMHOXKAMO YUCEJIbHUKY | 3HAMEHUKA
cucremu (9.10) Biamosigno Ha GyHKUil 2, 2y, 22 1 3HOBY BUKOPHCTAEMO BKA3aHY BIACTUBICTD
nponopuii. byremo maTu

2zdx + 2ydy + 2zdz _d(z? +y* + 2?)
20(z —y) +2y(x — 2) + 2z(y —x) 0 '

OTike,
us(2,y,2) = a2 +y? + 22 = Cb.

Jlerko mepexoHaTuCA, WO Uy 1 Uy Hesaxexui. Tomy 3riguo 3 (7.10) dopmyna
u=®(z+y+ 22 +y°+ 2%

onucye BCl po3B’sa3ku piBHAHHEA (8.10).
IIpuknax 2.10. 3agano piBHAHHA

ou ou
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ToMy MHOXKFAHA PO3B’A3KIB BUXIHOTO PIBHAHHA OMUCYETHCA HOPMYIO0
u=o(z* 4 y*)

1 €, IK BIIOMO, OBepXHeIo ob6epTanus 3 Biccio o6epranusa Ou. TakuMm duroM, piBHAHHA (10.10)
€ nudepeHIaILHIM PIBHAHHAM BCIX MOBEPXOHb 06epTaHHA 3 Biccio obepranua Ou.

OTke, pIBHAHHA 3 ACTUHHUMU TOX1THUME Mae 0e3/id PO3B A3KIB 1 AIA BUALTEHHSA OJHOIO
3 HEX TOTPIOHO 3aJaBATH AOAATKOBY YMOBY. Takoio ymMoBOIO MoOwxke OyTH, AK 1 Y BUIAJIKY
3BUYAWHOrO AudepeHIalbHOro PiBHAHHA, yMoBa Komi. 3adikcyeMo aky-uHeOyab 13 3MiH-
HUX X1, ..., Ty, HAIPAKIAL, T, = ./1;?1, i 6ygemMo BUMAararTu, mob AId po3B’A3Ky u(xq,...,2,)

piBasauHA (4.10) BUKOHYBAJACA YMOBA

w(wy, . 1 20) =, Taet), (11.10)

ae ¢ - sagana dynxuia B obracti G C R mpugomy ¢ € CYG'). Toai sagacy Koun gan
piBagrasa (4.10) GOpMYTIO0TD TAKUM IHHOM.

Cepen Bcix pos3s’a3kis piBHAHHA (4.10) 3HAUTH Takul PO3B'A30K w = u(xy, ..., T, ), AKANL
sagoBoastse ymony (11.10). Ila yMoBa HABMBAECTLCA MOTATKOBOIO YMOBOIO.

Y BUnaaky, ko n = 2, T06TO KOAU MU MaE¢MO DIBHAHHA

v ou ou )
Ple,y)=—+ Q(z,y) — =0, (12.10)
dx Ty
sajatta Kol nmoaarae y Tomy, mob sHauTH po3B’a30k piBasHEA (12.10), AUl 3a10BOAbLHAC
[IOYATKOBY YMOBY
u(x, yo) = ¢(x),

ae p(x) € CYa, b) - sanama Gyaximia. TeoMeTPHTHO e 03HATAE, IO COPCL BCIX IHTOIPATLHIX
NoBepxoib piBHAHHA (12.10) moTpi6HO 3HANTH Ty, AKA TPOXOAUTH UCPE3 3aJaHy KPUBY U =
p(x), Mo ACKATHL y IWOLIAHI § = Yg.

Teopema 2.10. Hexana;(xy,...,x,) € CY(G),i=1,...,n,ia, (29, ..., 20) # 0. Tozi icaye
po3B’a3ok 3agaqi Komi (4.10), (11.10).

Hosedenns. Ha migcTasl npunymenHs Teopemu y geakomy okomi rtoukm (29, ...,27) icnye

n — 1 He3aleKHUX [EPIUX IHTErPaIiB Ui (X1, ..., Tn)y <y Un—1(X1,. .., 2,) cacremn (5.10).
Poarasremo cucremy piBHAHD

3riguo 3 sayBazkenuam 4.7 axobian cucremu (13.10) Bigvinami Big myas B Toumi (25, ..., z29).
Tomy icHYe eaUHUEN PO3B’A30K
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cucremu (13.10). Pynkuia

u=@lw(u (1, . Tn)ye oy Un_1(T1,. .o, Tn)), .-

wn_l(ul(:vl, .. .,.%‘n), ceey Un_l(l‘l, . ,l’n))], (1410)

oveBnanO, 6yae po3s’askoM pisuanua (4.10). Kpim Toro,

u = @lwi(u1 (T, T, 22), U (T, Ty, 2)),

Tn=20

wn_l(ul(xl, . .,xn,l,xg), .. .,Un_l(.’L'l, .. .,l‘n_l,l'gl))] =

- (,0[&)1(01, R C’n—l)a v 7wn—1(cl7 v 7Cn—1)] - @(mla cee 7'7:71—1)7

To6T0 dyrkiia (14.10) 3aoBoibpHse ToaTKOBY yMOBY (11.10). Takum dmHOM, MU HOOY Y-
Baau po3s’a3ok 3anadi Komn (4.10), (11.10). Teopemy ao0BeaeHO.

3ayBaskuMo, IO MeTOJ NOBEJEHHA TEOPEMHU [Ma€ OJHOYACHO MeTON MOOYAOBM PO3B A3KY
safaql Konn gasa jgigIEHOTO OXHOPIAHONO PIBHAHHA 3 YACTHHHUMU TOXIAHUMM OEPIIOrO IIO-
PAAKY.

IIpuxkaag 3.10. 3agaHo PIBHAHHA

ou ou

ou
\/E$+\/§5§+\/25g_0.

SHAUTH UOT'0 PO3B'A30K, AKUE 3aJ0BOJbHAE ITOYATKOBY YMOBY

u = —y.

z=1

Wayam meTogoM KOBeIEHHS TEOPEeMH, MAEMO:

dx dy dz

Vel VR
ul(xay’z) = \/__\/22017 UQ(xwy’Z)E\/‘_\/g:C%
Ve—-1=C1, ij—1=0Cy z=(1+0C1)? y=(1+C)%

u=ol(1+VE - V)L A+ VT -V = (1 4V - Va) = (14 Vi — Vo)

§ 3.10. KBa3iniHiuHl PIBHAHHA 3 YAaCTHHHAMM IIOXi{HUMH
NepHIOro MOPAAKY

Y manomy maparpadi posragaemo pisusmns (2.10). Byaemo mpumyckaTn, mo PYHKITI a;,
b BusHAYeni B obracTi G, G C R**+1,
Teopema 3.10. Hexain a;,b € CHG), « = 1,...,n. Toxi MHOXKHHA DO3B'A3KIB DIBHAH-
HA (2.10) Moxke 6yTH onmcaHA GOPMY.I0I0

D(ur(T1,. . Tpy ), .y U (21, .oy T, u)) = 0, (15.10)
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de & — nenepepeno Judepenyitiosrna Gynrkyia, a Uur(T1, ..., Tn, W), .oy Un(T1, ..., Ty, U)
HE3AAEHCHT NEPULT THIMESPAAYU CUCTEMY 36UNATHUL JUDEPEHYLAALHUT PIBHAHD

dx dx, d
1 = i - ¢ . (16.10)
ay(T1,. .., Tpn,u) an (21, . Tp,u)  b(X1,. . Ty, u)
Josedenna. Bymemo mykarn po3s’a30k pisaanasa (2.10) B HeABHOMY BUTIAIL
Vizy,...,xn,u) =0, (17.10)
oV

ae dysaxknia V Mae HenepepBHL YaCTUHHI TOXITHI 32 BCIMA apryMeEHTAMU, TPUIOMY Ju #0y
u

JAesTKi 06JACTI 3MIHU 3MIHHUX X1, . . ., Ly, U. BPAXOBYIOUH Te, IO U 3AJCKUTE BIL T1, ..., Ty,
npoaudepenniroemo (17.10) 3a x; :

oV N E{K du 0
ox; ouw Ox;

3Biacu
Ju oV /oV

- = —- —, 1=1,...,n.
ow; ox;/ ou’ B

. , Jdu . o . A
[Tigcrasagoan ul 3HAYCHHA 57 B piuannaA (2.10), oTpuMacMO JIHITHE OAHOPIAHC DIBHAHHA
2

3 TaCTUHHUMI IIOXi,[(HI/IMI/I

T
oV oV
; ai(xy, ..., Ty, u)a—il +b(1, ..., T, u)E = (18.10)

o0 HeBlgoMol dyHKI V.

3 Buseenns cruissignomenss (18.10) Bummmsae: axmo (17.10) Buswauae u(ry,...,x,) IK
po3B’a30Kk piBusHHEA (2.10), To cniBBiAHOWeHHA (18.10) MOBHHHO 3aJOBOJLHATHCA TOTOXK-
HO 33 X1,...,2T, OPW YMOBI, IO 3aMiCTh U HiACTABJIECHO WOTO 3HAYEHHS, BU3HAUCHE (HOPMY-
goo (17.10). fAxmo mu O6ygeMo BuMaraTu, mob ImyKkaHa (yHKIA V' 3a10BOILHAIA CIIBBIA-
somenas (18.10) TOTOKHO WOXO Ty, ..., Ty, u, TO (18.10) BUABUTHLCA JIHIMHEM OJHODPITHAM
PIBHAHHAM 3 YaCTUHHUMU HOXITHUMU IEpPIIOTO HNOPAAKY 3 HIyKaHoio dyukiicio V 1 n + 1
He3AICKHUMHA 3MIHHUMY L1, . . ., Ly, . O4eBHIHO, KOXKXHUA PO3B’A30K piBHaHHd (18.10), akun
MICTHTE 3MIHHY U, OyAy9M OPUPIBHAHMM IO HyJd, JACThb CHiBBigHOmeHHs Buraaay (17.10),
AKe BU3HAYATUMe QYHKINIO U Bif Z1,..., Ty, 1 ug GYHKIIL 6yge po3B’s3koMm piBHaaHA (2.10).

Hexant wui(x1,...,2n,u), ..., Un(T1,...,Tpn,u) — HE3ATENKHI TEPII IHTErpaTm CHCTe-
vn (16.10). Toxi muoxmHa po3s’askis pisaarHg (18.10) omucyeThea hOPMYJIO0

V==o(ui(z1,. .., Tny ),y un (T, .., T, u)),
ne ¢ - poBimpHa HemepepBHO AmdepenmiiosHa ¢yukimis. [loexemo, mo dopmymra (15.10)

omucye Bei po3s’sskm pismanna (2.10). Hexait u = ug(ry,...,T,) — AKUH-HeOY AL PO3B’A30K
piBusgrHa (2.10). Beegemo mosnadeHHs

up(z1, .. Ty uo(Ty, oo ) = Uk, .. xn), k=1,...,n.
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Tomi

oY, Oup  Ouy Jug .

= + , k=1,....n 3=1,...,n.

a$]’ 833j ou 31’]'
Ockinpka GyHKII U1, . . ., U, € Po3B’askamu piBaaaEA (18.10), TO miC/s MiICTAHOBKE IX y 1€
PIBHAHHA OTPUMAEMO CUCTEMY TOTOXKHOCTEN

n

8uk 8uk

E ai(xl, N Uo)a— -+ b(xl, R ) uo)a— = 0, (1910)

j=1 i u
k=1,...,n KpiMm TOT0, QYHKIIA ug(X1,...,Ts) € PO3B’A3KOM piBHAHHA (2.10), TOMY cIIpas-
IKYETHCA TOTOXKHICTE

n
8’LLO
E a;(Z1,. . Tnyuo(21, .. "xn))——ﬁx- —b(z1, ..., T, uo(x1, ..., x0)) = 0.
j=1 J
o , ouy Oou, . . _
[ToMHOXXMMO OCTAHHIO PIBHICTH HOCTIZOBHO HA B0’ Bu 1 10JaMO 10 BIJMOBIIHUX
U U

piBaocren (19.10). BpaxoByroun osHadeHHA QYHKIIN 1 1 ix moxigeux 3a x;, OyAeMO MaTH:

- Oy,
Zaj(a:l,...,a:n,uo(xl,...,xn))—a—'— =0, k=1,...,n.
j=1 Ly

Orxe, Y1, ...,Y, € CACTEMOIO N PO3B’A3KIB JIHINHOIO OJHOPIAHOIO PIBHAHHSA 3 YACTUHHUMME
OX1JHUMU [IEPIIONO MOPAIKY

n au
Zaj(cm, . ..,mnvuo(xl, . ,xn))a_ =0
j=1 x;

3 N HEe3aJeKHUMHU 3MIHHUMHU ZX1,...,T,. LToMy, AK Bumiubae 3 § 2.10, icHye TOTOXKHA 34
Tly.e.,y Ty BAMCKHICTE MK 1, ..., Y, : '

Po(¥1,. -, %n) = 0.

Orxke, icaye Taka yskuis Po(uq, ..., Uy, ), MO MCAA NICTAHOBKHA B IO (YHKIHIO 3aMiCTh
u BUPa3y uo(Z1,...,Tn), MI OTPUMAEMO TOTOXKHUU Hyab, TOO6TO dopmyra (15.10) copasni
BU3HAYA€E 3araJbHUHN PO3B’a30K piBHsaHHA (2.10). Teopemy gosexeHo.

INpuknag 3.10. Po3w’s3aTu piBHAHHS

ou

2 2

TY— -y — +x(1+2°)=0

Vg 5, +al )

Bigmosigua cucrema 3BuYarHUX qU(EPEHIIAJLHIX PIBHAHADL
dx dy du

ry 2 a(l+2?)
Ma€ He3aJexKHi MepIni IHTerpasm
ui(z,y,u) = zy = Ch,
ug(z,y,u) = 222 + 2* + dayu = C,.
Tomy MHOXKUHA PO3B’A3KIB BUXITHOTO PIBHSHHA ONECYETHCA (POPMYJIOIO
- &(zy, 22° + 2t + dwyu) = 0,

ne ¢ — noBlIbHA HenepepBHO AudepeHminoBHa QyHKIIA.
Posriaaemo Tenep 3agady Komi qia KBa3lIHIZHOrNO DIBHAHHA 3 YACTUHHAMY HOXiTHAMH.
Bona ¢opMymoeTsCsa OITKOM aHAJOTIYHO AK JIA JIHITHOT'O OJHOPLTHOTO PiBHAHHS.
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Teopema 4.10. Hexair a;,b € CYG), i = 1,...,n, i an(2f,...,22,u%) # 0. Togi icaye
po3B’a30k 3axa4i Komi (2.10), (11.10).

Josedenns. 3rigHo 3 ymoBamu i Teopemoio 14.7 B oxoui Toukn (z¥, ..., 2% uY) icaye n mesa-

JEXKHUX TMEPIIMX IHTErPAMB Uy (L1, ..., TnyU),y ..., Un(Z1, ..., Tn,u) cucTemu (16.10). Bisbme-

MO y Iilf cuCTeMi mepImX iHTerpatiB 3a JOBLTBHI cTaTi TOYaTKOBI 3HaYenua (Ty,..., T2, u°)
3 oxory Touxu (x,...,20, u%); na cucrema mae BuTIAL
— 70
ltl(Il,---,xn_l,CUn,U)— 1>
—0 (20.10)
Up—1 (1'17 o3 Tp—1yTn, U) =T,-1,

) , ;)
Un (T1, e T 1, Ty W) =T

0

n

Migerasamo B imrerpasu (20.10) samicTh 2, MOYATKOBE 3HAYCHHA X
YUMO Yepe3 U;; MAaeMo:

1 PE3yIBTATU MO3HA-

0 - :
WilZ1y oo, o1, T, W) =Ty, t=1,...,n—1,
{ (1 ' ) (21.10)

o (o 0 LN L —
Un (T 1y e ooy Ty 1, Ty W) = Ty

Ha migcrasl saysaxeHusa 4.7 axobian cuctemu (21.10) BIAMIHHAM Bif HyJs B OKOIL TOY-
ku (29, ..., 20 uY); orme, il MoxHA PO3B’AIATH MOJO 3IMIHHUX Ty, ..., Ty 1, %. OTPEMACMO

po3s’a30x cucremn (21.10)

{l‘i:wi(flov"-,_fr?—]axnvﬂo)v i=1,...,n—1,
u = d)(”flo, - ,TT?_I,JZ,,,,HO),

Y mowaTkosi snavenns T\, ..., T

0
n

Y, u% Higcrasumo y mi Gpopmy-
0

AKUN HAOyBae IIPA &,, = T
U 3AMICTD X, “IACAOBC 3HAYTCHHA X
OTpuMaemMO BUpa3Kn BUIVIAILY

1 3aMIHUMO Ty, ..., Ty _1, U

BIJIMIOBLIHO HA U1, ..., Uy,

(22.10)

Jlerko 6aunmTu, mo dopmyan (22.10) € pesyapbTaTOM pO3B’A3yBaHHA  CHCTe-
mu (21.10) moa0 1, .., Tn_1,U.
Poarmsaemo gynkmio u(zy, ..., 2,), 1Ka BUI3HAYACTHCA HEABHO (MOPMYJIOI0

V(zy, . xn, ) = w(ur(@r, ..o, t)y oo un (T, - oo Ty u)) —
—plwr(ui(zy, ..., &Tn, ), .o un (T, .y Ty 1)),

Wn-1(ur(z1, ..., Zn, ), .. un(T1, ..y &n,u))] = 0. (23.10)

[Tokaxkemo mepmt 3a Bce, mo pisHgrHA (23.10) Bu3HAYAE U AK OJHO3HAYHY, HENEPEPBHO IN-
(bepeHninoBHY (MYHKIIO Big 3MIHHUX T1, ..., T, B OKOJIi TOYKH a:(l), ey x?l. Mas uporo mocra-

THBO HOKaBaTI/I, 1o
oV
(Z) s
U/ (9,...,20 u0)
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O64YrCaInMo 110 IOX1THY:

n n—1
oV Oow Ou; Ow; Ou,;
ﬂgz—[—i:l%au Zawzzauj ou

OckiabKn
_ — - — 0 — \ . —
w(ula e 7“%) - ¢(U1, SR aun—bajn?Un) = Un,
TO .
(80«)) (&u) {0, i=1,....,n—1,
8ui (w‘f,.‘.,ma,uo) 8’&7; (w?,...,r%,uo) 17 t=n.
Ananorivao

OUj /(29,20 u0) 0, i#7.

Jami, KopuCcTYIOYUCh pe3yabTaTaMi I0BeJeHHa TeopeMu 14.7, MAaTUMeMO

<8ui> {0, i=1,...,n—1,
ou (w?,...,m%,uo) - 1, t=mn.

(5)
au -
u (29,...,29 u0)

i popmyaa (23.10) BusHadae u AK QYHKIIIO Big T1,...,2,. OueBnino, GyHKIA u, AKa BH-
3HadaeThCA popMyaoo (23.10), e poss’sskoM piBaanaa (2.10). Haperuri, terko 6auuTu, mo
BOHA 33J0BOJIbHAE HOYaTKOBY yMoBy (11.10).

Omrxe,

CnpaB,zn apn xr, = TO dynkmil u; 06epTaTLCA B U;, ¢ = 1,...,n, 3ULAHO 3 PIBHOCTSI-
u (21.10); dyskmil wi, ..., Wy_1, W Big OUX apryMeHTIB Ha migcrasi pisaocren (22.10)
JAIyTh BIATOBLIHO X1, ..., Tn—1,U% I MA OTPUMAEMO:
0y
w1,y a1, Zy) = @(T1,. .., Tno1).

Orixe, popmy.aa (23.10) gae Ham poss’as3ok 3agaqi Komi (2.10), (11.10) i Teopemy oBegexo.

3ayBaxkenus 1.10. /[i1g goBegenus iCHyBaHHA pO3B’A3Ky 3agawi Koml Mu BUXOquaN 3 1ep-
muX IHTerpaJiB creliaJsHOro BUrIAy. Ha npakTuii Tiel ) MEeTH MOXKHA, JOCAI'TH, BAXOAIH
3 4OBLIBHOI CHCTEMH N HE3aJEXKHHUX INePIINX IHTerpaiin

Ui (21, .yt u)=Cyy i=1,...,n. (24.10)

Cxema po3B }IBYBaHHH HacTymnHa!: Hl,[[CT&B./TfI€MO y (24 10) Ty = CU , po3B H3y€MO 11 CTOCOBHO
Llsee oy Tp-1,U

(337;:(,01'(01,...,0”), izl,...,n—l, u:w(C’l,...,Cn)),
i 6yayemo ¢pyrkniro V(xy,..., Ty, u).
ITpukinag 4.10. PosrusmeMo piBEAHHA

L+ Vu—z=p)5 Ou g;‘~2.
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SHAUAEMO HOr0 PO3B A30K, AKUHN 3aM0BOJBLHAE YMOBY

Bigmosigra crcrema 3BUYAMHUX [u(pEPEHIIAJLHIX PIBHAHDL MaE€ BUTJIAL

dx _dy  du
l+Vu—z—y 1 2°

Ii nepmmmu inTerparaMu 6y 1y Th:

uy (@, y,u) = u— 2y = C,
w2, y,u) = 2V/u—w ~y+y=Ch.

OCKiIbKY Il IHTCrpATH € HEe3aJeKHUMU, TO AdA PO3B A3yBaHHA 3aja+i Ko posrisHeMo
CHCTEMY

uy(x,0,u) =u = (),

uy(x,0,u) = 2y/u —x = Cs.
3B1CU

C?
x=C) — ——42 , u =Y.

3rigao 3 popmynowo (23.10) poss’s30k gaHol sagati Kol MOXKHA 3ammucaTyt y BV

Y2

C o
Cy ~2<CJ - 4~’> =0; 20, - C2=0;

20u—2y) ~ 2yu—x —y+9y)?=0.

§ 4.10. IloHATTA Xapak TepUCTUK KBA3LIIHIMHOIO PIBHAHHA
3 YACTUHHUMMH TIOX1JHUMMU

3HOBY poaraaHeMo piBHaHHa (2.10) i mpumycTumo, mo a;,b € CHG),i=1,...,n, ne G -
gesaka obaacTs npocropy R™T. Haragaemo, mo 3rizro 3 osmadennam 1.10 Vv KOYKHIN TOII
obaracti G

T

Z(ai(xl, ey Ty u))? # 0.

i=1
Hexan v = u(xy,...,x,) — po3s’'n3ok pipHarHa (2.10), Bu3HAaweHWE B geaxin o6macti D,
D CR"® a
r1=@1(7), .. Ty = @n(T) — (25.10)
riajgka Kpusa, axa jgexnts B D. Tomi ma nigt kpusint u(pi(7),...,¢n(7)) = U(7) € dynxuieo
amimHOl 7. Iliz6epemo xpusy (25.10) Tax, mo6 ii gormusuit BexTop (¢1(7),...,¢ (7)) ¥
KOXKHIN TO4I 36IraBca 3 BEKTOPOM

(@1(21(7), - on(7), U(T)), ..y an(01(7), - - ., on(T), U(T)))
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Hnaa mboro MOBUHHI BUKOHYBATUACA PIBHOCTIL

dei(r) _

dr ai(e1(7), ..oy on(T), U(T)), i=1,...,n.

Mudepernirotoun dyuxuioo U(T), orpuMaemo

U Z”: Ou(p1(7), ..., on(T)) dpi(T)

E N =1 8:6@ dr
"L Ou(pr (7)., on(T
:Z ( oo ( )>ai(<,01(7'),...,gon(T),U(T)):
i=1 Ti
=b{p1(7),..., 00 (1), U(T)).
OcTaHHA DIBHICTH Mae MicClle Ha MACTAaBI TOro, 1O u(Zy,...,Z,) € PO3B’AIKOM DiBHAH-
Ha (2.10).

Orxe, nrykana KpuBa MOBUHHA OYTH TAKOW, 1100 PIBHIAHHA

ry = (,01(7'>, sy Ty = 99?1(7-)3 U= U(T)

BU3HAYMAMA TPACKTOPI CUCTEMU 3BUYMANHUX AU(epeHiaIbHuX PIBHAHDL

quj

=a;i(®1, ..., Tn, ), t=1,...,n,
I ai(ay U, W), @ n
du
— =b(x1,...,Tn,u). 26.10.
7= = b(an u) ( )

Osnavennsn 3.10. Cucrema piBHAHBE (26.10) HA3HBAETBHCA XAPAKTCPHCTHIHOK CHCTEMOIO
piBHAHHA (2.10), a I TpaexkTopil y HpocTOpl 3MIHHHUX X1,...,Tn,U — XapaKTePHCTHKAMU
IBOTO PIBHAHHA. :

3aysaxumo, mo cuctema (2.10) € me uwuM iHmmM, ax cucremoro (26.10), samucanow y
cumeTpu4HiA dopmi. Ockinbku cuctema (26.10) € AMHAMIYHOIO, TO 3riAHO 3 BIACTUBOCTAME
TPaEKTOPINM TAKMX CHCTEM IapaMeTp T Ha XapaKTePUCTHLI piBHaAaHA (2.10) BU3HAMEeHUE JuITC
3 TOYHICTIO 4O JOBLIBHOL cTajol. KpiM Toro, 3rifHo 3 HAIMMMHT TPUMYUIEHHAME MO0 (DYHKIIIN
a;, b 3agaga Komi gns cucremu (26.10) Mae equnuil HOIPOOBKYBAHUN PO3B A30K.

Teopema 5.10. Axmo nosepxaa S : u = u(xy,...,x,), v € CH(D), y npocropi 3minEmX
T1,...,Tn,u TAKa, Mo Aka 6 He Oyaa touka (29, ...,2%, u%) € S, xapaxTepucruka piBuaAHHA
(2.10), axa npoxogurs depes toury (z9,...,29, u%), rornxaersca go S y mikr Toumi, To S €
IHTerpa.IpHOX0 noBepxHero piBHAHHA (2.10).

0 H i 0 0 0 0 _ 0 oy : i S.P
Hosedenns. Hexan (z9,...,x0,u"), u® = u(zf,...,z0) - nosinbma Touka mosepxmi S. Poa-

TIAHEMO XapaKTePUCTUKY
Ty ;gol(T),...,xnzapn(r),u:U(T) (27.10)
piBEAnHA (2.10), AKa IPOXOAUTDH Yepe3 M0 TOYKY; TOGTO IPH TeAKOMY T = Tg

©1(70) = x?, - -aSOn(TO) = :1;2, U(to) = uo.
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Noruara miomuHa 10 mosepxHi S y Toumi (29, ...,29,u") mae piBHAHEA
n 0 0
B ou(z3,...,x;) 0
u—ug = (x; —x)).
: dx;
=1
3a yMOBOIO TeOpeMH XapaKTepHCTHKa NOTHKaeThcs A0 mosepxui S y rowumi ¥, ..., 20 uP.

i / / / o , .
e osmagae, mo BexTop (¢} (70), ..., ¢ (70), U (70)), AOTHYHUA 1O XaPAKTEPUCTUAKH, JCKUTh
Yy BKA3aHIN TIOMWHI, TOOTO

2L ou(2?, .., ad)
Z it 1317' n)tpi(’/"o) = U'(19). (28.10)

Ockimbkn gyuxnii (27.10) € poss’asxom cucremu (26.10), To

‘10«/1'(7-()) - ai(@l(TO), R "ID’rr(T(‘))v U(T())) - ai(xcl)a v ,332, 'LLO>, 1= 13 <N,
U'(10) = b(01(70), - - -, 2n(70), U(70)) = b2, ..., 22, ). (29.10)
3rigao 3 (29.10) pismicrs (28.10) MoxkHA IIEpenucaTH TakK:

™

ou(z9,... 20
g a; (29, ... 20 u®) ( 1{’\)7‘. ) =b(2Y,.. ., 20 uY),
i=1 o

T06T0 ynkmia v = u(xy,...,r,) 3agoBoabuge pipaaraa (2.10) npm vy = 29, ..., a, = 2.
Ocximpxn (29, ..., 2% u%) — nosirbra Touxa moBepxHi S, To dyHKUIA u = w(xy,...,x,) €

poss’saakoMm piBranaHsa (2.10) I TeopeMy IOBEICHO.

Teopema 6.10. Hexanu = u(xy, ..., &) - pO3B'A30K PIBHAHHA (2.10), BUBHAYCHUHN V JCAKIH
obaacti D,
ry=@1(7),.. . Ty = (), u=U(1), a<7t<p, -

po3B’a30k cucremu (26.10). Axmo kpuBa x1 = p1(7), ..., Tn = @u(7), @ < 7 < [ A€:KUTH B
D i U(7o) = u(¢1(70), - - -, ¢n(10)), TO

wlipr(T), -, ou(r)) = U(7).

Aosedenna. Hexan v(1) = u(pi(7),. .., pn(7)). Tomi

dv _ }2 8U(901(T)(,9;U- - (7)) dpi(T)

dr i dr

— z”: 8“(991(7—)7 ) @n(T))

5 ai(¢1(7), .-, n(7), U(7)), (30.10)
i=1 ot
OCKLIBKH
xl:(Pl(T),---,iEn:QDn(T),U:U(T)7 a<T<pfB -

po3B’asok  cucremu (26.10). Ame u = wu(ry,...,r,) € PO3B’A3IKOM pIBHAH-
Ha (2.10). Tomy 3 (30.10) orpumyemo, 1m0

| dv  dU

dr  dr’

3Bigen v(1) = U(7) + C. Ane U(rg) = u(p1(m0),.-.,0n(70)) = v(70). OTxe, C = 0 i
v(7) = U(r). Teopemy noseaeno.
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3ayBaxkenua 2.10. Teopema 6.10 mae mpoctuu reomerpuwdHud 3MmicT. Hexanm u =
u(x1,...,%,) — IHTErpaIbHa MOoBepxHA piBaanHA (2.10), a

Ty =p1(7)y. oy Tn = @u(7),u=U(7), -—

moro xapaktepuctuka. YmoBa U(1p) = u(pi(70), . .., ¥n(70)) 03HATAE, O TOIKA (901 (T0), - - -,
on(70), U(70)) XapaKTepucTHKH JEKUTH HA IHTErPAJIbHIH MOBEPXHI U = u(T1, ..., %y ). Teo-
peMa CTBepAKye, U0 MPHU qbOMY BCA XapaKTEPUCTHKA JEXKHATh Ha IHTErPAJTbHIH MOBEDXHI.

TakuM 9UHOM, JOBLIbHA IHTErpalIbHA HOBePXHA PIBHAHHA (2.10) yTBOpEHA ACAKOIO CiM €0
XapaKTePUCTHK.

IIpuxknag 5.10. [Jasa mHEITHONO PIBHAHHA

ou n ou 0
or Oy
XapaKTepUCTHIHA CACTEMA MAEC BUTIIAL

dx dy du
— =1 =1, = =0
dr Todr Todr

XapakTepucTUKaMI y OboMy BAnagky 6yayTs upami € =7+ Cp, y = 7+ Co, u = Cs.

§ 5.10. YsaraabHeHna 3agada Kol AJs KBa3LIIHIMHOTO
PIBHAHHA 3 YaCTUHHUMM IIOXI1J{HUMHN

Posrnsremo ciodaTky y BUNAAKY N = 2 PIBHAHHA

ou ou
Pz, y,u) 5+ Q(w,y,U)% = R(x,y,u) (31.10)

B feskin obmacti G C R3. Ik yxe 6yno cxaszanmo y §2.10, mOYaTKOBA YMOBA MU PIBHAH-
Ha (31.10) mMoxke OyTu 3anucaHa y BULIALL

u(z,yo) = () (32.10)

abo ‘
u(zo, y) = ¥(y)- (33.10)

TobTo y sakin-HeOyIb IIONIWHI, TapaTeJbHIN OQHIA 3 KoopauHaTHNX mwiommH Oru a6o Oyu

3aJaeThcA KpuBa. 3ajgada Ko noasrae y Tomy, mo6 sHANTH iHTerpaJbHy MOBEPXHIO PIBHAH-

Hia (31.10), axa NpoxXoAuTH Yepes 3anany KpuBy. OUeBUAHO, IO 33149y MOXKHA Y3ATaIbHUTH

HacTynHuM 4rHOM. Hexan y mpocropi amimHmx z,y,u 3amano riagaky kpusy [. [ToTpi6so

3HAUTH iHTerpalbHy IOBepxHIO piBHAHHA (31.10), AKa HpoXoaUTL Yepes Kpusy .
[IpunycTumo, mo kpuBa [ 3a1aHa TAPAMETPUIHO PIBHAHHAMEI

r=0p(1), y=9¢(r), u=w(r), 7€/ a/pf).
Toml yMOBY IPOXOIKEHHA IHTErPAJbHOI OBEPXHI Yepe3 KpUBY | MOXKHA 3aIHCATH TAK:

u(p(r),¥(r)) =w(r), 7€ (a,p). (34.10)
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Orixe, 3agady Komr mis piBmamgs (31.10) moxHA cPOPMYTIOBATH TAKAM YHHOM: 3HAUTH
po3B’a30K piBHAHHA (31.10), axuil 3a10BOIBHAE MOIATKOBY yMOBY (34.10). Taky samaay
Oy 1eMO HA3WBATH y3araJbHEHOIO 334a490t0 Kolr nig pIBHAHHA 3 YaCTUHHUMY IOXITHUMHA.

Jlerko 6aunTy, mo 3agaga Komi (31.10), (32.10) (a6o (31.10), (33.10)) € gyacTKOBUM BHU-
nankoM 3agadqi (31.10), (34.10). _

Posrasmemo Tenep ysaraabheny s3agady Komi gaa pisaseas (2.10) y BUDagky LOBLIBHOI
KUIBKOCTI 3MIHHUX X7, ...,T,. Hexan S — nosepxssa y upocropi R", Aka BU3HAYAECTHCA PiB-
HAHHAMUI

.’I}i:gOi(Tl,...,Tn_l), i-"—‘l,...,ﬂ, (Tl,...,Tn_l)ED,

ae D — nesxa o6aacTs mpocTopy R*L.
ByaeMo HasuBaTm mOBepxHIO S PEryJIAPHOIO, AKIIO BOHA HE Mae TOYUOK CaMOTepCTHHY,
w; € CHD),i=1,...,n,iBexTopn

8(;01 8SOTL
_— ... k=1,... — 1,
<a7_kv ,a’f‘k>7 5 ,

MHIRHO He3akeXHl 1aa BCiX (11,...,Th_1) € D.

Hexalt Ha peryaapHin nosepxHi S BusHadeHa GyHKIIA W (T, ..., Th_1), w € C1(D). Byaemo
HIYKaTH PO3B’A30K U = u(xy, ...,y ) PiBHAHAEA (2.10), KU1 32 40BOIBHAEC TOTATKOBY YMOBY

U(‘Pl (T].7 cee 77—77,»—.[)’ ey @'H(Tl) sy T’Il,ﬁl)) — W(Tla ey T/,,,,,]),

(T1y-- ., Tuo1) € D. (35.10)

3agaay (2.10), (35.10) GyxemMo HA3MBATH y3aralbHEHOW 3aa4010 Komm 418 KBasiIiHIHHOTO
PIBHAHHA 3 YaCTUHHUMY TOXIAHMMU. ['eomeTpuyHnn 3micT ysaraabuenoi sagaqi Ko moms-
rac y Tomy, mob y IpocTOpl 3MIHHUX T, . . ., Ty, @ Fepe3 (n— 1)-MIpHY PDCryJAApHY TOBEPXHIO
S HPOBECTH IHTEI'PAILHY HOBEPXHIO U = u(Xy, ..., &,) piBHAxHA (2.10).

3ynMHUMOCS Telep Ha po3s’aszyBamH! 3ajgaqi (2.10), (35.10). 3rigo 3 Teopemon 6.10
KOXKHA XapakTepucTuka piBHsaaHA (2.10), AKka IpoxXomuThs 4Yepe3 JOBLIbHY TOYKY HOBEpPXHI
S, IeKUTH Ha IIYKaHIM iHTerpaibHii nosepxHi. [IpoBemeMo depes KoxHy TOYKY MOBepxHI S
xapakrepucTuky pisaanas (2.10). Mapamerp 7 na HiE BubepeMo Tak, mob npu 7 = 0 BoHA
MPOXOMIA depe3 TOYKy mopepxui S. Viexan

v =@, al, 2 W), i=1,. 0, u=U(r,29,..., 2% u) - (36.10)

HEIIPOJOBXKYBAHUHE PO3B’A30K cucreMu (26.10), AKUU 3a10BOALHAC MMOYATKOBI YMOBU

0 0,0y _ 0 . _
D:(0,27,...,x,u)=a;, i=1,...,n,

0 .0 0y _ 0

U0,23,...,z,,u’) =u",

upmaomy (x9,...,20,u%) € S. Owesuano, TpaexTopia (36.10) i 6yge XapaKTepuCTHKOI pi-

BHAHHA (2.10), AKa MPOXOIUTHL Wepe3 TOYKY (a:(l),...,ac,%,uo) nosepxHi S. Toxl cyKymHiCTh

XapaKTepuCTuK

r; = @i(T,Qol(Tl, .. .,Tn_l),. ..,(pn(Tl,. . .,Tn_l),w(n,.. .,Tn_l)),
i=1,...,n, (37.10)

U= U(T> 901(7'1, H '7T’n-—1)) ey (1071(7_1) .. 'aT’rL—l)7w(Tl7 .. 'aTn——l)>
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IacTh HAM ITyKaHy IHTerpajbHy NoBepxHIO piBHsaHHg (2.10), gka IpoxoauTh dYepe3 3ajaHy
ITOBEPXHIO S.
fAxmo cucrema (37.10) gomyckae ogHO3HAYHE PO3B’A3yBAHHA WOA0 3MIHHUX T, T1, - . ., Tn—1,
TOOTO
T=7(T1,...,Tn), T =7(T1,...,Tp), t=1,...,m—1,

TO QYHKIIIA

u = U(T(I’l,. . .,.Z‘n),(pl(Tl((Eh. . .>$n),. . -»Tn——l(xla- . ,.’L'n)),. N
9071(7—1(331; .. '7$7l)3 .. ~a7—n—1($1> .. -axn))v
W(T(T1, oy Tn)y ooy Tne1(Z1, -« X))

6yne pos3s’askom 3anadi Ko (2.10), (35.10).
Hpukaag 6.10. Po3s’sukemo sagasy Kol aist pIBHAHHA

ou u Ou

—r— + —— =u 0 38.10
$8x+2y8y u (y >0) ( )

3 TAKOIO IIOYaTKOBOIO YMOBOXO
u(z,y) =y, v+y=1 (39.10)

Bu6pasumm za kpusin (39.10) y = £ 3a mapaMeTp, OTpUMaeMo TaKy KPUBY Y IPOCTOPI 3MIHHUX
T, Y, u:
xr=1—-¢& y=¢§ u=¢. (40.10)

Bignosigaa xapakTepUCTHYHA CHCTeMa Jis piBHAHHA (38.10) mae BUrIA:

dx . dy u du_u
dr 7 dr 2y’ dr

Posp’azasBmu ii, oTpuMaemMo

r=Ce"", y=+C3e"+Cy u=Cze". (41.10)

InTerpanbEa moBepxXHA, AKa Jae po3B’sa3ok 3agadi Komi (38.10), (39.10), yTeopioeThca 3
KyCKIB XapaKTepPHUCTUK, AKI Ipoxoisars 4depe3 kpuBy (40.10) mpu 7 = 0. Tokmagamo4m B
piBHAHHAK (41.10) 7 = 0 i Bukopucrosyoun (40.10), TpUAEMO 4O CIiBBIJHONICHH!

Ci=1-& JC3+Cy=¢ C(C3=E¢,

3Bigku Coy = &2 — €.
Higcrasaaown srangeni C, Cy, Cs B (41.10), orpuMaemo poa3s’a3ok 3agaqi Komi (38.10),
(39.10) y mapamerpuanin dhopmi

r=(1-&e ", y=+CeT+E2 ¢ u=~Ee. | (42.10)

fIkmo BukaounTH 3 piBHAHL (42.10) mapamerpu 7, £, TO OTPEMAEMO

_
u

T 1-zx

e i € mykarmir po3s’a3ok 3aza4i Komi (38.10), (39.10).
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3ayBaxenns 3.10. Y Bunajky, KOIu HOBepXHA S CKIAJA€THCA 3 XapPaKTEPUCTHK, 324343
Komi mae, B3arasui kaxyu, 6e3Ji9 po3B’a3kiB. Po3anigHeMo fud IpOCTOTH BHOALOK N = 2.
Toxi S € xpusoro * = (1), wu = w(7). Ipunycrumo, mo kpusa S — xapaxTepuctuka il —
Takxa I'IafKa KpHuBa, IIo nepeTuHae S I XKOJHA XapaKTEpPUCTUKA, AKa meperuHac [, 1o Hel He
JOTHKAETECA. Po3riaHeMo moBepxHIO, yTBOPEHY XapaKTEPUCTHKAMHE, AKI IPOXOAATE IepPe3
TOYKH KPHBOI | 1 IPHIYCTHMO, IO 1I DIBHAHHA MOXHA 3aIHCATH Y BUDAAL U = u(Xy, ..., Ty),
ae w € CY(D). Toxi arigro 3 Teopemoro 5.10 ¢pyHKIA w(x1,...,%,) € PO3B’A3KOM 33424
Komi (2.10), (35.10). Ockinbkn icHye 6e31i4 KpUBHX, AKI mepeTHHAOTH S, To 3aga4a Kouri
Ma€ B JAaHOMY BHIIAKY 6€3J11Y PO3B’A3KIB.
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