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Ilepeamona

HaBuanbHuii TOCIOHMK NPU3HAYAETHCS IS JOMOMOTH CTYJCHTaM 3a04HOT
¢opMH HaBYAaHHS B OBOJOJIHHI IUIAHOBAM KypCOM BHIIOi MAaTEMaTHKH 1
BUKOHAHHS BiAMOBITHOI KOHTPOJIEHOT pOOOTH.

MeToaudHi BKa3iBKU MICTSATh KOPOTKHI BUKIJIA] TEOPSTUIHOTO MaTepiany Ta
MPUKIAAA PO3B 3aHHSI TUIMOBUX 33/1a4 3 KOXHOI TEMH, IO TMOBHHHO CHPHUSITH
CaMOCTIHHOMY BUKOHAHHIO KOHTPOJIBHUX POOIT.

TpuansaTh BapiaHTIB KOHTPOJBHHUX pOOIT 3a0e3NeuyroTh IHIUBITyalTbHE
BUKOHAHHS CTyJCHTaMH 3alpOIOHOBAHMUX 3aBJaHb 1 JalOTh MOXKJIHBICTH
1HJMBiAyaNnbHOT OLIHKY BUKIIaJadyeM poOOTH KOXKHOTO CTYJEHTA.

ITociOHMK MOke OYTH TaKOX BUKOPWUCTAHHH SK JTOJATKOBHMH JOBIJTHUKOBUH
MaTepial 3 BUINOI MaTEeMAaTHKH CTYJACHTAMH SIK 3a04HOI, Tak 1 o4HOi (opMu
HaBYAHHS.



1.EnemenTHu JiHiiiHOT anreopu

OpHi€0 13 OCHOBHUX i HaWOULIBII MOMMpPEHHX 3a1ad JiHIHHOI anreOpu € po3B’s3yBaHHS
CHUCTEM IiHIHHUX anreOpaiyHuX piBHSIHb. Pa3oM 3 NHTaHHSAMH CYMICHOCTI TaKHX CHCTEM
Ba)XXJIMBY POJIb BiAIrparOTh METOIM IX PO3B’sI3yBaHHS. Y 3BS3KY 13 BUBUCHHSIM TaKUX CUCTEM Ta
METOJIB 1X pO3B’A3yBaHHS BUHUKIIY MOHATTS BU3HAYHUKA 1 MATPHIIL.

1.1 Busnaunuxku 2-2o i 3-20 nopsokie

ay dpn) . ..
Yucio, mo3HaYeHEe CHUMBOJIOM A = 1 BU3HAUEHE PIBHICTIO
a a
21 422
ayy dp|_
A= =ajjax —apas) (1.1)
dz1 423

Ha3UBAIOTh BU3HAYHUKOM 2-TO IIOPSIKY.
air di2 43
Yucio, Mo3HaueHe CUMBOIIOM A =|d5| dyy do3| 1 BU3HAUCHE PIBHICTIO
a3 d3x 433
a1 412 453

=day1apa33 +a13d)3a31 +A)1d32013 —
A=lay; az ap; 1.2)

T ap3dp2a31 —ajpdp1d33 — dp3a32d)
das; d3zy 433
Ha3MBAIOTh BU3HAYHMKOM 3-ro nopsiaxy. Uucna @, aij,..., d33, 110 CKIaJal0Th BU3HAYHUK,
HaA3HUBAKOTHCA CJIEMCHTaAMH BHU3HAYHUKA. HJ'[H ITO3HAYCHHSA eJ'[eMeHTiB BHU3HAYHHUKaA

BUKOPHUCTOBYIOTHCS MOMBIMHI 1HIEKCH: 4. . wnii ingekc (i) BU3HAYae HOM SLITK -i
OpHCTOBYIOThCS TIOMBifHI iHnekcu: a; .Ile ingexc (i 3HaYac HOME a, a 2

() — Homep croBmurka Bu3HauHuKa. [IpaBa yacTuHa piBHOCTI (1.2) OOUYMCIIOETHCS 32 TAKUMHU

xE] -I%%

T00TO enementn n00yTkiB (1.2), B34ATi 3 BIAMOBIAHO BKAa3aHMMH 3HaKamu, abo 3’eaHaHi
BifIpi3kamH (TOJIOBHA i Ipyra JiaroHais), a00 yTBOPIOIOTH TPUKYTHUKH.

Jnst o0uMciIeHHsT BU3HAYHUKA TPETHOTO IMOPSAAKY MOXKHA BHKOPHUCTOBYBATH 1 Tak 3BaHE
HipaBiio Capproca”. J[nst 06G4HCICHHS BU3HAYHHKA 33 MM [PABUJIOM MPHUIHUIIEMO CIpaBa 10
BU3HAYHMKA CIIOYATKY MEPIIHH, a HOTIM IPYTHH CTOBITYMKH:

all a12 a13 all a12
a21 a22 a23 aZl a22 .
a31 a32 a33 a31 a32

a;
T |8

al 2

Toni, sk moka3aHo Ha cxeMi, nojgaHku cymd ( 1. 2) M0 He 3MIHIOIOTH CBil 3HAaK,
3HAXO/SITHCS HIISIXOM JOOYTKY €IEMEHTIB, 1[0 CTOAThH Ha TOJNOBHIH [iaroHaii Ta mapajiesbHo 1i;
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a JUUIS 3HaXOJUKCHHS JOJaHKIB, 0 3MIHIOIOTH CBiif 3HaK, TpeOa MEPEMHOXHUTH EIEMEHTH, IO
CTOSITh Ha IPYTii AiaroHaNi Ta MapaieibHo Tii:

Hpuxnao 1. OGUUCIUTH BU3HAYHUK 32 TIPABUIIOM TPUKYTHHKA.

_21 _3] _12 =2-3-(-D+(-1D)-(-2)-3+(-1)-2-1-1-3-3—-(-D - (-1 - (-1) -
—(-2)-2:2=-6+6-2-9+1+8=-2.
32 -1
Ipuxnao?2. OGuMCIUTH BU3HAYHUK 32 mpaBmiioMm Capproca.
2 -1 1 2 -1 1] 2 -1
-1 3 =2=-1 3 -2/ -1 3=
3 2 -1 3 2 -1 3 2

=2-3-(-D+(-2-(-2)-3+1-(-1)-2-1-3-3-2-(-2)-2—
--D)-(-)-(-)=-6+6—-2-9+8+1=-2.
Minopu ma ix anzedpaiuni oonosnenns. llosHaduMo depes ay; (i, j=1,2,3) enement

Bu3HauHKKa (1.2), KUl 3HAXOAUTHCS Ha MEPETHHI HOro i—To psaka i j-ro croBmumka. SIKIo B
(1.2) BukpecauTH | —if PAMOK 1 j —i CTOBIYMK, TO OJCPKMMO BH3HAYHHK 2-TO TOPSIKY, SKHI
Ha3MBA€ETHCS JOMOBHIOIOYUM MIHOPOM €JIEMEHTA d;;

j
Minop M

CJICMECHTA a

i mo3Ha4aerses M ;.

ij» B3ATHI i3 3HAKOM (-1)""/, uasuBaeTbcA anreOpaiuHMM OTIOBHEHHAM

;j 1 TIO3HAYAETBCS A 7, TOOTO

- i+
Ay=(-1)"" My, 1.3)
Teopema posxiady. BusHauHHK A JOpIBHIOE CyMi MapHUX JOOYTKIB BCiX €JIEMEHTIB
SIKOTOCH psiKa ab0 CTOBITYMKA Ha 1X anreOpaidHi JONOBHEHHS.

Jlns Bu3HauHmka A 13 (1.2) meit po3kiaz 3a eneMeHTaMu 1-ro psaka i3 BpaxyBaHHsM (1.3)
Oyne BUIIISIIATH TaK:

ayp app a3 p u
1+1|@22 423
A=lay ayy ax|=ap Ay +appAp +azdiz=ap(-1) +
dszy dsj
d3p d3zpy 433
1+2(@21 423 143|921 422
+ap(-1) +ap3(-1) = (1.4)
azp 4aszs as;  dzp
_ dy2 a3 dz1 43 dz1 422
=a —d +a
11 12 13
a3y A3z asz) a3z a3 d3p

Ilpuxnad. Po3knactu 3a eneMeHTaMu 1-To psKa i OOYUCIUTH BUSHAYHUK

2 -1 1

3 -2 -1 -2 |-1 3
-1 3 -2/=2 (-1 + =2-(-3+4)+1-1+6)+1-(-2-9) =-2.
321_1()3_1432( )+1-(1+6)+1-(-2-9)




1.2 Cucmema 3-x niniitnux pieHanb 3 3-ma HegidoMuMU

Cucrema JiHIHHUX PiBHIHD
a X, +apX, +ax; =b,
Ay X, +AypX, +ayXx, =b,, (1.5)
ay X, +ay,X, +aux; = by,
3a YMOBH, 1110 BU3HAYHUK CHCTEMH (CKIIaJCHUH i3 KOe]ilieHTIB TPH HEBITOMHUX)
a;ana;
A=la,a,ay, #0, (1.6)
a35,d5;
Mae €IMHUN PO3B 30K, 110 3AIUCYETHCS Yy BUMIISAL APOOiB:
A A A

X A Xy A X3 A @7

Uncenbuuk A; (j=1,2,3) € BUSHAYHNK A , B AKOMY j-i CTOBIIYMK 3aMiHEHHH CTOBIYHKOM
13 BIIBHUX YJICHIB CUCTEMH, TOOTO:
by ap ap ayp by oaps ay ap b
Ap=by ay ay|, Ay=lay; by axp  Az=lay axp byl
by aszy as; ay; by as; a3y as, by

TIpaBuito, 3rigHO 3 SKMM HEBiIOMi X1, Xz, X3 cuctemu (1.5) BU3HAUarOThCS y BHIISIII
npo6iB (1.7), HasuBaeThes mpaBmitoM Kpamepa.

Ipuknad. Po3s's3atu 3a npaBuinom Kpamepa cucremy piBHIHB
X —2x, +3x3 =4,
2x; +3xy —x3 =1,
3x; —x5 + x3 =10.
OOGUHUCTIOEMO BUSHAYHUKN A, A, A,, Aj.
1 -2 3
A=2 3 —1=13-14+2-(-D-3+(-2)-(-1):3-3-3-3—-(-2)-2:-1-(-D-(-D-1=-21#0,
3 -1 1

4 -2 3
A=11 3 -1=12+20-3-90-4+2=-63,
10 -1 1
1 4 3
A,=2 1 -1=1-12+60-9-8+10=42,
3 10 1
1 -2 4
A, =12 3 1(=30-6-8-36+40+1=21.
3 -1 10




63 4 21
T3 xy = =2 xy= =
-21

OTtxe, x| = —?—

s X3 =———=
1T 01

1.3 Memoo I'aycca sukniouennsa negioomux

EnemeHTapHHMU NEPETBOPSHHSIMYU CUCTEMH JIIHIHHUX PiBHSAHb Ha3UBAIOTHCS

[IEPETBOPEHHS TAKUX TPHOX THITIB:

1). I[TepectaHoBKa IBOX PiBHSHb;

2). MHO>XXEHHSI 000X YaCTHH OJHOTO i3 pIBHSIHB HA OBLTBHE YHCIIO, BIIMIHHE Bif HYJIS;

3). HonaBaHHs 10 000X YaCTHH OHOTO PiBHSHHS BIAMOBIAHUX YaCTHH 1HIIOTO,
JIOMHOXKEHOTO Ha Oy/1b-5IKE YHCIIO.

EnemeHTapHi nepeTBOpeHHS MEPEBOMSATH JaHy CUCTEMY PIBHSHB B €KBIBAJICHTHY
CHCTEMY.

Meron I'aycca mossrae y 3BeJIeHHI 3 JOIIOMOT'OI0 €JIEMEHTapHUX MIEPETBOPEHb CHCTEMH
Buay (1.5) 10 TpUKYTHOTO BUIIISY.

CkiageMo i3 KoeiieHTIiB IPH HEBIIOMUX 1 BITbHUX WwieHiB cucteMu (1.5) tabmumi A i

A
a4 4y |9 G i b,
A=|a, ay ay|, A=|a, ay axy|b, |,
as; Qs di as, Ay ay|b,

ne A HasuBaeThCs Marpuiiero cuctemu (1.5), a A - posimupeHoro Matpuieto cucremu (1.5).

ITpakTHYHO 3BOJAMTH A0 TPUKYTHOrO BHUIVILY 3py4HO He camy cucremy (1.5), a
pO3LIMPEHY MATPHIIO, 3'€IHYIOUYH MATpPUIll, 10 OTPUMYIOThCS 3HAKOM €KBIBaJIEGHTHOCTI ~.
TToka)keMo 1ie Ha TIONePEHEOMY HPHKIIAII:

1 -2 3 4 1 -2 3 4 1 -2 3 4
~0 7 -7-7|~|0 1 -1-1|~|0 1 -1-1].
0o 5 -§-2)10 5 -8§-2) 10 0 -3 3

[Mepunii psimoK TOMHOKYEMO BiAmoBiaHO Ha —2 i —3 i gomaemo 10 2-ro i 3-ro psjka.
Hami 2-ii psgok mimumo Ha 7. Jlo 3-ro psaka nogaeMo Ipyruid, MOMHOXeHHH Ha —5. Mu
OJIEPKIMO TPUKYTHY CUCTEMY, €KBiBaieHTHY (1.5)
X, —2x, +3x; =4,

X, —x3=-1,

I3 ocraHHBbOro piBHSHHS 3HAXOAMMO X3 = -1. IlimCTaBUMO e 3HAYCHHS X3 Y Ipyre
piBHsHHS 1 omepskuMO xp — (-1) = -1 a6o x, = -2. ani 3Ha4YeHHS X, i X3 migcraBiusiemo y 1-e
piBHsiHHSL. B pesynbrati x1 — 2 -(-2) +3 - (-1)=4, a6o x1 = 3.

Takum yuHOM, Xx1=3; Xxp=-2; x3=-1.



2. EleMeHTH aHAJITHYHOI reoMeTpii HA MJIOIIMHI.

2.1 IIpsaimoxymna dexapmosa cucmema KoopouHam
A JIBi  B3aEMHO  TEPICHOUKYISIPHI

y nanpasineHi npsmi OX - Bick abcrmc i OY

- Bich opaMHAT,[ /110 NEPETHHAIOTHCS B

A2(sz Yz) Touri O, ska Ha3UBAETHCA[| IMOYATKOM
KOOpJAWHAT, [13 BU3HAYCHUMHM J0JATHIMH
Hanpsmamu 1o OX Bopaso i mo OV BBepx
Big mouatky O Ta BHOpaHOIO OJMHUIICIO
BUMIpY (macmirady), YTBOPIOIOTH
MPSMOKYTHY JEKapTOBY cucTemMy
koopauHat (puc.l.1).

Haiinpocrimmmu 3amadamu, 1o

> PO3B’SI3YIOTHCS B CHCTEMI KOOPAWHAT, €

0 BiZICTaHb MiX IBOMA TOYKAMHM Ta IO

Puc.1.1 BiZpi3Ka B JAaHOMY BiIHOIIICHHI.

Bincrans d Mk Toukamu A, i A,

BU3HAYAETHCS 32 POPMYITOF0

d:\/(xz —x1)2+(y2 _)’1)2 ; (2.1)

. . . . A,C
Sxmo Touka C ginmuth Binpizok A; A, y BiIHOIIEHHI A, TOOTO o A, TO KOOPJIMHATH X
2
iy Touku C Bu3HavaThCs 3a popmynamu

Lon + Ax, ; :y1+ky2 . 2.2)
1+ 1+
3okpema, akio Touka C ainmuth Binpizok A, A, nononam, Toxni A=1 i hopmynu (2.2)
MaTHMYTh BUTJIS
X +x; Y1tV
x=r_2. =21 72 2.3
5 y=" (2.3)

2.2 PieHAHHA nPpAMOT HA NIIOWUHI
1. Pisusinns npsamoi 3 Kymosum KoeqiyicHmom Mae BUTIIS
y=kx+b (2.9)
TTapamerp k =fgo. Ha3WBAE€THCS KYTOBHM KOE(DILIEHTOM, O - KyT HaxXwWiy HpsAMOI 0
noxatHoro Hanpsmy oci OX, b - BemmunHa Binpiska, IKUH npsiMa BiaTHHAE Ha oci OVY.
2. 3acanvhe pienanna npsmoi BUSHAYAETHCS PIBHAHHAM

AX + By+C=0 (2.5)
Ie piBHsAHHS 3BOAUTHCS A0 BUAY (2.4) MIIIXOM pO3B’sA3aHHS ioro BigHOCHO y. [liiicHO
A A
y=——x—£=kx+b, e k=—-—; bz—g.
B B B B
3. PigHsanns npsmoi y 8i0pi3Kax Ha 0Csix Ma€ BUTIISL
Ti2o, (2.6)
a b
. C o .
ae a= 7 b= 5 BiJIpi3KH, 10 BIATHHAE MIPsIMa Ha OCSIX KOOPJUHAT.

4. Kym @ mioxc 06oma npamumu y =k x+b,; y=k,x+b, BU3HauaeThCs 32 HOPMYIOIO
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ky —k,

=fTh 2.7
1+kk, @17

g0

3BiJIKU BUIUTHBAIOTh:
ymoea napanenvrocmi npamux k, =k, , o Binnosinae 3HauenHo @ =0;

. 1 . . T
YMO8a nepneHOuKyAspHocmi npamux k, = ara 1[0 BiJNOBiJa€ 3HAUECHHIO ( = 5
1
SIKo npsiMi 3a/1aHi 3aralbHUMH PiBHSHHSIMH:
Ax+By+C, =0
A,x+B,y+C, =0’

. . B,-AB
TO KyT Mi’k HIMU MOKHA BH3HAYUTH i 32 TaKOIO QopMyIoo: tge = M
AA, +B,B,
5. Pignsanns nyuka npamux, 1o OPOXOITh Yepe3 AaHy Touky A (x;,y,) 3 HeBU3HAYCHUM
KyTOBHM KoedinieHToM K, Mae BUTJIS
Y=y =k(x=x,). (2.8)
dikcoBaHe 3HAUCHHS KyTOBOTO Koe(irieHTa K Buisisie i3 mydka KOHKPETHY MpPsAMY.
6. Pignsanns npamoi, wjo npoxooums uepesz 06i dani mouku A, (x,,y,) 1 A,(x,,y,) Mae
BUIJIS
Y=y _ X=X
Yo~V XX

7. Koopounamu mouku nepemuny 060x He napanenvHux npamux A;x+B,y+C,=0 i

(2.9)

A, x+B,y+C,=0 BHU3Ha4aIOTHCS SIK PO3B 30K CUCTEMH LIUX PiBHSAHHb.
8. HopmanvHe pigusanHs npsmoi Mae BUTIIS]T
xcosa+ysino—p=0, (2.10)
e p — JOBKHHA MEPICHIUKYISPA, OMYIIEHOr0 3 MOYATKy KOOPAHHAT Ha MPSMY, & O -- KyT
Haxuiy 1poro neprenaukyasapa o oci OX. I1o6 3BecTn 3aranbHe piBHAHHS Tpsmoi (2.5) mo
HOPMAJILHOTO BHJY, MOTPIOHO BCi HOTO WiIEHH [JOMHOXXHTH Ha HOPMYIOYHH MHOXHHK M = *

/A% + B?

, B3THH 13 3HAKOM, MTPOTIJIC)KHUM 3HaKy BilbHOTO wieHa C, TOOTO:

Ax+By +C _

447 +B?
9. Biocmans d mouxka P (x,y,) 6i0 npsamoi (2.11) 3nHaiinemo, skmo B (2.11) 3amicTs

ODKYYMX KOOPIMHAT X 1y MiICTABUMO KOOPJIUHATH X,, Vo TOUYKH P i omepikaHe 4uCiO Bi3bMEMO
3a aOCOIIOTHOIO BETUUHHOIO, TOOTO :

_ Axo+B)/o+C‘:‘A"0+By0+C‘
Ja2+8 | 2B

0. (2.11)

d (2.12)

Ipuknad. 3anano Bepmnau TpukytHuka ABC: A (4; -1); B (-3; 2); C (1; 3). 3uHaiiTu:

a) JOBXKHHY cTOpoHH AB;

0) piBusiHHs cTopin AB i BC;

B) KyT Mix npsmumu AB 1 BC;

r) piBasiHHs Megianu BM i Bucotu AD;
) JIOBXKUHY BUcOTU AD.

Po3zs’sizanns

a) noxuHy AB obOuncimroemo 3a ¢opmynoro (2.1), a came: d=\/(—3—4)2 +(2-(-1)?
=/49+9=4/58;
11



06) pIBHSHHSA  CTOpiH AB i BC 3HaxoAuMo 3a  ¢opmynoo  (2.9)

LH: x—4 =-7y+1)=3(x-4)=>3x+7y-5=0 — 3arampHe piBHAHHA AB;
241 -3-4
y—2 x+3

= =>4 y-2)=4x+3)=x—4y+11=0 — 3aransHe piBHsHH1 BC;
3-2 1+3

B) KyT Mixk npamumu AB 1 BC 3naxomumo 3a ¢popmoioro (2.7). [lns uporo piBHAHHS AB i

BC 3anumemo y Burisiai (2.4), To0to y =— gx + > iy= Zx +];T1 BiZITOBITHO.

7
1.3 1.3

Tlo3raurmo klz—g,kZ:%.Tomtg 0= 4 1 (33) _4 37:%.3Biz[cn(p:arctg 0,76;
i S
4 7 28

r) mexiana BM ninute cropony AC nmomosnam. OTxe, 3Hal1eMO KOOPJHHATH TOUKU M, 5K

cepeaunu croponu AC 3a popmymnamu (2.3)

x:E:E;y:_l-‘_S:l,OT)KeM E;1 .
2 2 2 2
5
-1 '3
Toxi 3rizHo 3 (2.9) %z75:>—1l(y—1):2x—5:>2x+11y—16:0 - piBHSHHS
-1 4,5
2

Memiand BM.

Jnst 3HaxoKeHHs piBHSHHS BHCOTH AD 3ammmemo piBHSHHS IMydka MPSMHX, IO MPOXOASATH
yepe3 Touky A. Lle Oyzne

y+l=k1(x-4).
I3 1160r0 My4Ka BUIIINMO Ty MPSIMY, sika Oyne neprneHankyaspHa npsamiit BC. kp = 1/4 - xyroBuit
. . 1
koedimient BC. I3 yMOBHM HepHEHAUKYIAPHOCTI ABOX MPSIMHX 3HAXOAUMO K, = — PR =4,
2

Tomi y+1=—-4(x—-4)=4x+y—-15=0 — piBusuus AD;

) UTS 3HaXO/KEeHHS ToBkuHH AD 3Benemo piBHAHHS BC 10 HOpMaibHOTO BHIY.

Hopmyrounii MHOXXHUK M = — 17 . Toxi 3rigHo 3 (2.12) Bincrans d Big ToukH A 10 npsiMoi
Al
1.4-4.(-1)+11 19

BC, a6o x AD, Oyze takoro: d = = .
g —r |
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3. EneMeHTH BeKTOPHOI aiareopu

3.1 Ckanapu i eexmopu. /lii Ha0 éexmopamu

CKaﬂprHOIO BEJIMYMHOIO 200 CKaJIXIPOM Ha3UBAETLCA BCJIIMYMHA, AKa XapaKTCPUYETHCA
CBOIM YHCJIOBHM 3HA4Y€HHSM y BUOpaHiil CHCTEMi OINHHIIb.

BeJ'II/I'-H/IHa, sAKa pasoM i3 CBOIM YHCJIOBUM 3HAYEHHSIM XapaKTCpU3YETLCS HAIIPAMOM,
HAa3UBAETHCS BEKTOPHOIO 200 BEKTOPOM.

[Mo3HauaeThest BEKTOP OOHMM i3 cuMBoiiB: AB abo a .

—

Ilix Momymem (HOBXHHOIO) BeKTOpa (I pO3YMIIOTH YHCeNIbHE HOro 3HaueHHs, 0e3

BpaxyBaHHsA HalpsAMy, TOOTO |a| =a - ugucno. Bekrop O, y sxoro |0/=0, Ha3uBaeThCs

Hy/IbOBHM. HanpsMoK HyJIb0BOrO BEKTOpa JAOBIIBHUIA.

JlBa BexTopM @ i D HasMBalOThCA PIBHUMH, AKIIO BOHM PO3TANIOBAHI HA MapanenbHHUX
IpsAMHUX 200 TaKUX, IO CIIBNAJAI0Th, MAIOTh OJJHAKOBY JIOBKHHY 1 HAIIPSIMOK.

PiBHI BekTOpH He pO3pi3HAIOTHCs. L{e 3yMOBIIIOE TIOHATTS BiIBHOTO BEKTOPA, 10 AOIYCKAE
HOro mapayenbHUN MepeHoC B OYAb-sKy TOUKY IPOCTOPY 13 30€PEIKCHHSIM JOBKHHH 1 HAMTPSMKY.

JlBa BexTOopH @ i b Ha3MBaIOTHCA KONiHEAPHMMM, SIKIIO BOHM JIEXKATh HA OHil i Tiil xke
npsMiii abo Ha mapanenbHUX IPSIMHX.

Tpu Bextopu @ , b, C Ha3MBAIOTHCA KOMIIAHAPHMMH, SKIIO BOHM JIEXKaTh B OJHIil
IJIOMKHI a00 B MapaieIbHUX IUIONIMHAX.

-

Hooasanus eexmopis. Cymoto BekTopiB & +b + ¢ Ha3mBaeThcs BeKTOp S , AKHiT 3aMHKae
IIPOCTOPOBY JIaMaHy, MOOYJOBaHY Ha LIUX BEKTOpax. 30KpeMa, B Mapajiesorpami, ooy 0BaHOMY

Ha BekTOpax & i b, omHa BekTopHA miaroHams € cyma & +b, a mpyra e pismmma a — b
JJAHUX BEKTOPIB.

Mnuoowcenns éexkmopa na ckansap. JJoOyTkoM BEKTOpa |a| Ha CKaJIsip K Ha3UBA€ThCS BEKTOP

Ka , kil Ma€ JOBXUHY K |a| i HampsIM OAHAKOBHUit 3 A , sikiio K > 0 i mpoTWiexHuit 3 a4 ,

skiio K < 0.
Ipoexyis éexmopa Ha sicy. SIKIO BEKTOP A YTBOPIOE KYT @ 3 Biccro OX, TOAI MPOCKIIis

— —

a

—

BEKTOpa ( Ha L0 Bich BU3HAYaeThCs hopmyroro /1P, d = |d| coso.

J11s1 KoNiHeapHUX 1 KOMIUTAHAPHUX BEKTOPIB MAIOTh MiCIIe TaKi TBEPPKSHHSI:

JIBa HEHY,THOBUX BeKTOpH @ i b KoniHeapHi TOMi i TUNBKHM TOJ, KOTH BOHU

npomnopuioHansHi, T06T0 b = K @ (K — cxansp).

Tpu HEHYNBOBHX BEKTOpH &, b,C koMmianapHi Toai i TiNBKH TOMi, KOJIM OAMH i3 HUX €

TiHIHHOIO KOMOIHAIII€I0 TBOX IHIINX, HAPUKIAM, C = Kd + M8 , e K 1 M CKaISIPH.

13



3.2 IIpamoKkymui Koopounamu mouxu i 6eKmopay npocmopi

Hexait nano tpu B3aeMHO
\ MePIECHANKYISIPHI KOOPAWHATHI
z oci (puc.3.1) i3 cmiibHEM
mouatkom O 1 jgaHa TO4YKa

© M (X, Y, Z). Bexkrop OM =r
HA3UBAETHCS paniycom-
BektopoM Touku M. TIpoexmii

r pazniyca-BeKTopa rma oci
4 koopauHat  OA=x, OB=y,
OC=z, Ha3HBAIOTHCS
e B HPSIMOKYTHUMH KOOPJHHATAMH
toukn M(X,y,z), abo Bekropa

=
<

A r=0M. Monynb abo ITOBKHUHA

X Puc.3.1. paziyca-BeKTopa r=0OM

BH3HAYa€ThCcs (SIK  JllaroHaNb
MPSIMOKYTHOTO Maparenerninena) 3a GpopMyso

M= ry? ez, @)

OnuHUYHI BEKTOPH KOOPAWHATHHUX OCEH i—,],E Ha3MBAIOTHCSl OPTaMH, Yepe3 sKi pajiyc-
BEKTOpP BH3HAYA€THCS TAK:
r=xi+yj+zk. (3.2)
s BexTopa E, IO 3a/laHui KOoOpAUHATaMu modatky A(X, .Yy, ,Z;) i kinos B(xz, Y2 ,22),
Horo mpoexkuii Ha oci KoopauHaT OyIyTh TaKi:
npy AB =X =x, —x;
npy AB=Y =y, =y ¢. (3:3)
npy AB =7 =z, — z;
VY upomy Bunagxy popmynu (3.1) i (3.2) 3anucyroTscs Tak:
|AB| = IXZ4Y7 422 = (%, =%, P +(y, =y, F + (2, -2, (3.4)
AB=XT+Y]j+ZkK. (3.5)

SIkmo mo3Hauntn 4epes o,f,y(0<o,B,y <) KyTH, sIKi YTBOpIOE pajiyc-BeKTop I 3

KOOPAWHATHUMH OCSIMH, TO OyZIeMO MaTH

x=ﬂcosa;y=ﬂcos,8;z=ﬂcos;/_ (3.6)

COSx,COS [3,COSy Ha3MBAIOThCS HANPSIMHUMU KOCHHYCAaMHU pajiyca-BeKTopa [, IMpuiomMy
i3 (3.1) i (3.6) BumMBac, 110
cos® o +Cos® f+cos’ y =1, (3.7)
TOOTO CyMa KBaJIpaTiB HANPSIMHUX KOCHHYCIB IOPIBHIOE 1.
TakuM 9HHOM, PaiiyC-BEKTOP I i noBinbHmit BEKTOP AB IOBHICTIO BH3HAYAIOTHCS CBOIMHU
KOOpAMHATaMH, o BUIUIMBAE i3 popmyn (3.2)-(3.6). A ue o3Hauae, 10 NPEICTABICHHS riAB

¢dopmymnamu (3.2) i (3.5) piBHOCHIBHE 3anEIcaM r= {X, Y, Z}, AB = {X Y, Z}
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3.3 Ckanapuuii 006ymox 060x 6eKmopie

CxamsipauM 100YTKOM IBOX BEKTOpiB a i b HasuBaerbcs umcio d-b, mo mopiBHIOE
I0OYTKY JOBKHHH LUX BEKTOPIB Ha KOCHHYC KyTa MiXK HUMH, TOOTO

=‘§‘-‘B‘C08(p, (3.8)

e ¢ = 4(5,5)- KYT M BEKTOpaMH aib.
I3 popmynu (3.8)

abl}
{on]

cos ¢ =

, 3.9
a (3.9)

(=g

. - . . T ce . .
3B1JIKM BUILIMBAE, 10 JIBA BEKTOpH a 1 b NEPHNCHAUKYIISAPHL , TOOTO @ =-—, TOAl 1 TUIbKHU TOA1,

komu a-b =0.
SIKIo BeKTOpH aib 3amauis KOOpZ[I/IHaTHII/I q)ole TOOTO

—

a= {ax,ay,az}a&)a a|+a J+a k
Bz{bx,by,bz}aﬁob:bxi+byj+bzk,

TO TEPEeMHOKYIOUHM iX sIK MHOTOUWICHH 1 BPaxOBYIOYH, IO CKalsApHi mH00yTKH opTiB i, j,K

(3.10)

3aJI0BOJIBHSIIOTH CIIBBIHOIIEHHSIM - j = j-k=k-i=0,ai-i=j-j=k-k =1, onepxumo
a-b=a b +a, b +a,b, (3.11)
TOOTO CKaJsIpHUI TOOYTOK JIBOX BEKTOpPIB JOPIBHIOE CyMi MapHUX HOOYTKIB 1X OZHOWMEHHHX
xoopauHat. 3 ypaxyBaussaM (3.11) 1 (3.1) popmymna (3.9) HabyBae BUTTIALY
i.b ab, +ab, +a,b,

COS(p_ ‘b‘ \/a +a +a? \/b2+b2+b2'

(3.12)

Ipuxnad. 3HalTH KYT MiXK BEKTOpaMH a= {2,—1,3} ; b= {1,2,1}.
Ha ocHogi (3.12) maemo
2-14(-1)-2+3-1 2-2+43 3

N el I e E )
3Biaku ¢ = arccos(0,3273) ~ 70°6'.

cosQ = ~0,3273,

SKio BeKTOpH aib KOJIiHeapHi, TO Ma€ Miclie yMOBa b =ka. Toxi 3rizno 3 (3.10)
. b, b, b
(b,,b,,b,)=k(a,,a,,a,), mo exsisanentno by=Kkay, by=kay, b,=ka,, abo a—x = a—y = a—z —ymosa

X y z
. . z.7 . T .
napanenbHocmi 080x 6ekmopig. SIKIIo BEKTOpH a i b mepneHauKyIapHi, To0To @ = PR TO i3

(3.12) BunnuBace a,b, +a b, +a,b, =0 — ymosa nepnenouxynaprnocmi dsox sexmopis.
3.4 Bexmopnuii 000ymox 060x eekmopw

Tpiiika HEKOMIIIAaHAPHUX BEKTOPIB a b i ¢ masusaeTbes IpaBolo (200 YTBOPIOE IIPaBy
TpiiiKy), SKIIO HAHKOPOTIINH LUIAX Bif a 110 b i3 KIHII BEKTOpa C CIIOCTEpIiraeThesi NPOTH

TOJMHHUKOBOT CTle'IKI/I SIkmo Takui pyx BII[ a Z[O b 3 KIH]_[H BCKTOpa C CHOCTCplFaCTLCﬂ 3a

TOOIWHHHUKOBOIO CTleKOIO TO Tmea BeKTOplB a b i C' HAa3WBA€ETHCS JTIBOIO.
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BekTopHUM NO6YTKOM BeKTopa ¢ Ha BekTop D HasMBaeThes Takmii TpeTiif BeKTOp
C=axb (puc.3.2), sxnit BU3HAYAETECS TAKHME TPHOMA YMOBAMH:

1) Momyns BeKTOpa C WYHCENBHO IOPIBHIOE IUIOMII MapajiesorpaMa, moOyZOBaHOTO Ha

BEKTOpax ai Z , TOOTO ‘6‘ = ‘éx 6‘ = ‘ﬁ‘ ‘6 sing — mnoma OABC;

- -

2) BeKTOp C NepHeHAMKyIspHHi 10 BekTopiB @ i b, To6To [0 mMIOmMUHH
napanenorpama OABC;

3) Ko BekTopu & , b, ¢ HexomiHeapHi, TO BOHH YTBOPIOIOTh MPaBY TPiliKy BEKTOPIB.

ol

C

(=

Puc. 3.2
0 Ey A

BexropHuit 100yTOK Ma€ Taki BIACTHBOCTI:
1. axb =—-\bx é:), TOOTO TIPU TIEPECTAHOBII MHOXKHHKIB 3HaK BEKTOPHOTO IOOYTKY
MIHS€TBCS Ha TIPOTHIICKHUH.
2. ax (5 + 6>: axb+axc — PO3MOAIIBHUI 3aKOH.
3. fAxmo a || b, To6T0 KyYT =0, T0 @ x b =0, 30kpema a x a =0.
Ha ocHOBi 03HayeHHs BEKTOPHOTO JAOOYTKY JUIS OpTIB z,;,ic. MaroTh  MicCIe

CITIBBIHOIIIEHHS.

ij:—(ixf)zlz; jle:—(Iij):T; IZXT:—TXIZ):I. (3.13)

Sxkmo BexTopu Zi b wmarote xoopmuHaTHY dopmy (3.10), TO TIEpPEMHOXMBIIH iX
BEKTOpPHO i3 BpaxyBaHHsM (3.13) oxepxumo:

_ - Ja, a| Ja, a| a, a,
daxb = b, b, —jbx b, +kbx o,| (3.14)
a60 3rigHo 3 (1.4)
i j kK
dxb=la, a, a, (3.15)
b, b, b,
13 popmynu (3.14) BummmiBae piBHICTh
o la,al [aal |aal
‘éxb‘ :bybz L +b*by , (3.16)
y Yz x Vz x My

sIKa TEOMETPUYHO XapaKTepHU3ye KBaJpar IUIOLII mapajesnorpaMa, modyJoBaHOrO Ha BEKTOPAax

a i b 3sigcu nnoma TpuKkyTHHKA:

-

1

Sonc ==
OAC 2

axb|.

(3.17)
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3.5 Miwanuii 006ym0k mpbox 6eKmopie

— -

[Tz Mimanum (260 BEKTOPHO-CKATAPHUM) 100yTKOM BeKTOpiB & , b i ¢ posymitoTh
YHCIIO:

(axb)-c==v, (3.18)

sIKe TOpiBHIOE 00'eMy mapaienerinesa, mooya0BaHOrO Ha IUX BEKTOPAX, 3BEICHUX JI0 CIIJIBHOTO
MOYaTKYy, sIK Ha CTOPOHAX 1 B3ITOMY i3 3HAKOM +, SIKIIO LI BEKTOPH YTBOPIOIOTH MPaBy TPiliKy Ta
i3 3HAKOM — , SIKIIIO BOHU YTBOPIOIOTH JIBY TPIHKY.

— -

Sxmo BekTopu @ , b i ¢ 3amani cBoiMu KoOpaAMHATAMH, , TOBTO € = {cx,cy,cz} aaib

MmaroTh Burisiz (3.10), To

aZ

b,|. (3.19)
CZ

I3 mimanoro noOyTky BHWILIMBaE HEOOXiIHA 1 JOCTAaTHA yMOBa KOMIUIAHAPHOCTI TPHOX

—

BekTopiB @ , b i c:

(axb)-c=0. (3.20)
I'eomeTpu4HO 1€ 03HAUaE, O 00’ €M Mapajeernineaa T0piBHIOE HYIIO.
06'eM mipamiau, moOYA0BaHOI HA BEKTOpax d , bic:

V., =%

nip

(axb)c. (3.21)

N =

Ipuxnao. JlanO TpU BEKTOPH a= {1;3;—2};6 = {—l;l;—l} ic= {0;1;2}. 3Haiitu a-b ;
@- KyT MiX ai b;|2x b, (; xb)c.

Po3é’azannsn

Ha ocrogi (3.11) a-b =1 (-1)+3-14(-2) - (-1) = -1+3+2 = 4;

4 4
3rimHo 3 (3.10), (3.11) i (3.1) cOSp = ——~ = —— @ = arcco
J4.3 A J42

s 4
Jaz

3a dopmymoro (3.16)

e [3-2° |1 -2 |1 3 )
‘axwzz + =(-1)% +(13)* +(4)* = 26. 3muu1bxb‘zvﬁé.
1 -1 -1 -1 |1
~ 13 -2
3rimno3 (3.19) (@ xb)c=|-1 1 -1 | =2+2+0+0+1+6=11.
0 1 2
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4. EnemenTu aHaiTUYHOI reoMeTpii y nmpocTopi
4.1 ITnowyuna y npocmopi

1. 3acanvue pisusanns niowunu. Hexait y mpocTtopi, TOOTO y HPsSMOKYTHiH cuctemi
koopauHat OXyz, 3amano miommHy P (puc.4.l) ii nposineHOIO TOYKOIO M (X,V,Z,) 1
HEHYJIBOBUM BEKTOPOM N= {A, B, C}, MepHEeHANKYISIPHAM 10 i€l IuromuHu. Bexrop N
Ha3WBAETHCS HOPMAJIBHUM BEKTOPOM IUIOMMHM. Bisbmemo Ha mrommHi P Obkydy TOuky
M(X,y.Z) i yTBOPUMO BEKTOp W = {x—xo,y—yo,z—zﬂ}. O4eBUIHO, IO TPU OYIb-SIKOMY
posTanryBaHHI Touku M Ha muromuHi P BekTopn N i M—M OyIyTh B3a€MHO NEPHEHANKYIISIPHI.
Tomi 3rigHo 3 ymoBoo (3.11) ix ckanspHuil 10OyTOK Oy/Ie TOPiBHIOBATH HYIIO, TOOTO:

A(x—xg)+B(y —yg)+C(z—25) =0, abo

Ax + By + Cz+ D =0, oe D=-Ax,-By,-Cz, . (4.1)
PiBHstHHS (4.1) HAa3UBA€THCS 3arajbHUM PIBHSHHSM IUTONIMHU. B 3a5exHOCTI Bijl 3HaYeHB

A,B,C,D mommuHa Moxe 3aiiMaTé pi3Hi HOJOXKEHHS B cucTeMi koopauHat OXYzZ .

A

N={AB,C }

Pucd4.1

\4

2. Pisnanna naowunu y 6iopizkax na ocsx. PiBHAHHA (4.1) 3BOAWTBCS MO PIBHSHHS Y
BiJpi3Kax:

X z
,+Z+7:1, (42)
a b c
D D D . ..
ne a=-— Z;b =— E; c=-— c BiJIPi3KH, SIKi BIITHHAE IUIOIIMHA Ha KOOPIHHATHUX OCSIX.

3. Pisnanns niowunu, wo npoxooums uepe3 mpu mouku. Hexall Ha momuHi P 3amaHo
TP TOYKH My (X1Y1Z1), M2 (X2¥2,22), 1 M3 (X3Y32Z3). , IKi He JexaTh Ha ofHii mpsamii. Taki
TPH TOYKH OJIHO3HAYHO BH3HAYAIOTH IIOLINHY.

PosristHemMo Ha mioniuHi P 10BiibHY TOuky M (X, Y, Z) 1 yTBOPHMO BEKTOPH

MlM :{X_Xl;yl _Y1;Z_21}; M1M2 :{Xz =X Y, Y 2, _Zl}'

W ={X; =X, ¥Y5— Vi, Z;—2}. Ll Bekropm mexaTh Ha IUIOmMHUHI P, OTXe BOHM
komrutaHapHi. Toxi 3rigHo 3 yMoBOIO (3.20) KOMIUTAHAPHOCTI TPHOX BEKTOPIB MOXKHA 3aIHCATH:
. X=X Yy=» z—Z4
(MIM X Mle)' MM, =0, abo |xp —x; yy -y 23 —2|=0, (4.3)
X3 =X V3=V 2372
110 i BU3HAYA€E PIBHSHHS IUIOIINHH, KA TIPOXOAUTh YePe3 TPU TOUKH.
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4. Kym misc 06oma nnowunamu. Kyt mix nsoma miomunamu  Ajx+Biy+Ciz+D;=0 ta
AxxtByy+Cyz+D,=0  Bu3HauaeThbcss K KyT MDK  1X  HOPMaJbHHMH  BEKTOPaMHU

N1={4,,B,,C,}, N, ={4,,B,,C,} 3a hopmymnoro (3.12), To610
N,-N, AA, +BB,+CC,
NJN,|  JA?+B2+c? JAZ+BZ+C,>

VYmoBu HapaHeJ'ILHOCTi i HepHeHI[I/IKyJ'ISIpHOCTi JABOX INIOIIHWH BHU3HA4YarOTbHCSA YyMOBaMU

cosQ =

4.9

napajeabHOCTI 1 MepIeHJUKYISIPHOCTI iX HOPMaJIbHUX BEKTOPIB N1 i NZ , TOOTO:
Al Bl Cl .
— =—=— — YM06a napaieibHoCmi,
AZ BZ CZ
A Ay + BBy +CC, =0 - ymosa nepnenouxynaprnocmi.
5. Biocmanw 6i0 mouxku 00 naowunu. SIKII0 3a1aHo piBHIHHSA iomuHu Ax+By+Cz+D=0
i Touka My (Xo, Yo, Zo) 11032 Hero, TO BigcTans d B ToYkn Mo 0 1i€T IUTOMIMHN BU3HAYAETHCS 38
¢dopmyIoro:
i |AXy + By, +Cz, + D
VA® +B?*+C?
Ipuxnao. 3naiitTu Binctanb Touku Mo(4;3;0) 10 MIOMIMHM, SKa MPOXOOUTH Yepe3 TOUKH
Mi(1;3;0); M2 (4;-1;2) i M3 (3;0;1).
Pose’azanns

(4.5)

3Haitnemo 3a Gpopmyoro (4.3) piBHSIHHS IUIONMHA
x-1y-3 z-0 [x-1y-3z 42
0=4-1-1-32-0=3 -4 2/=(x-1) 31
3-10-3 1-0| |2 -3 1
=(x-1)(-4+6)-(y-3)(3-4) + z (-9+8) = 2x-2+y-3-z =2X +y-z-5.
OTxe, piBHSHHSA TUTonHd MiMoM3 € 2x+y—-z-5=0.
3a popmynoro (4.5) 3HaliaeMo BiACTaHb Bifl TOYKA Mg 0 IUIOIIUHA

2:4+1:3-1-0-5 _
d:\ |_8+3 5.6 _
Va+1+1 Jo oo e

3
2 -3

32
-(y-3 +z
(y )21

-4

4.2 IIpama y npocmopi

1. Kanoniune pisnanusa npsamoi. Ilpsma L y mpocTopi OZHO3HAYHO BH3HAYAETHCS TOYKOIO
Mo(Xo0;¥0Z0) 1 HampsIMHAM
BEKTOPOM S ={m,n, p},
mapanenbHUM — Tpsimid L
(puc.4.2). Bizbmemo Ha

Puc. 4.2 . .
mpsimii L Gbkydy TOUKY
M(x,y,z) i  yYTBOpHUMO
> BEKTOP

MM = {X=Xy;y—Yo:Z—2,}

X

. 3a ymoBoro Bektop M, M

napajenbHuid BekTopy S . Tozi 3 yMOBH mapajenbHOCTi ABOX BEKTOPIB BUILIMBAE PIBHSIHHSI

X=X _YV~=Yo _Z7 20 (4.6)
m n p '

SIKE Ha3UBAETHCS KAHOHIYHUM piBHS{HHS[M l'IpS[MO'f.
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2. Iapamempuuni piensinna npsamoi. Skmo B (4.6) KOXHE i3 CIIBBIIHOIICHb MPUPIBHATH
nmapameTpy t 1 BHpasuTH X, Y, Z, TO OAEP)KUMO IapaMeTPUIHI PIBHSIHHS MPSMOI:

x=mt+ X,
y=nt+y 4.7
z=pt+z

3. Pignanus npamoi y npocmopi, Aka npoxooums yepes 06i 3adani mouku M (x,,¥,,2,),
M, (X;,Y;,2;) . Taka npsima Mae BUTIISA:
X—X - z—z
0 _ Y—=JYo — 0 ) (48)
X1=X 1= JYo “Z1~%0
4. 3acanvue pignanna npamoi y npocmopi. BOHO BU3HAYa€THCSI CUCTEMOIO PiBHSHB JBOX
HenapaieJIbHUX IUIOIIHH:

A1x+Bly+CIZ+D1 = 0,

Ayx +Byy+Cyz+ Dy =0, (4.9

3  HOPMAalbHMMH  BeKTOpamMu N1 = {Al,Bl,Cl }, No = {Aszzscz}- Taki  nnomuHM
MIEPETUHAIOTHCS 110 MIPSIMil, pIBHSIHHSA K01 € (4.9).

Sxmo i3 (4.9) BUKIIIOUNTH MOCIIOBHO OIUH pa3 y, ApYTiil pa3 x (BBaXkato4u Z TOBITBHOIO
CTaJIOK0), TO OJIEPKIMO CUCTEMY PIBHSHB:

xX=mz+a

y=nz+b’ (4.10)

10 BU3HAYa€ PIiBHSIHHS MPSAMO] y Ipoekuisx. [{e piBHAHHS MOXKHa 3anmcaTé B KaHOHIUHIN (opmi
x—-a_ y-b z-0

m n 1
5. Kym miorc 0soma npamumu. SIKIo 1Bi mpsiMi 3a1aHi CBOIMH KaHOHIYHUMH PiBHAHHIMUI

X=X _ Y=Y _ZI-%, X=X Y=Y, _1I-7
m, n b m, n, P,

3 HaIpAMHUMHU BEKTOpaMU Si ={m1,n1, pl};Sz ={m2,n2, pz}, TO KyT ¢ MK LUMH IIPAMUMH

BHU3HAYAETHCS SIK KyT MK IXHIMHI HaIIpSIMHUMH BEKTOpaMH, TOOTO, 3rigHo 3 (3.12)
S1-S» mm, +nn, + p,; p,
‘Sl -‘S 2
YMOBH TapaienbHOCTi 1 MEpHeHIUKYJSPHOCTI JIBOX MNPSIMUX BHU3HAYAIOTHCS YMOBAMH
MapajeIbHOCTI i IEPIEHANKYISPHOCTI iX HAIPSIMHHUX BEKTOPiB, TOOTO
ml _ nl _ pl .
— = — = — — YM06a NapaneIbHOCmi
m2 n2 pZ
m,m, +nn, + P, P, =0 — ymosa nepnenduxynaprnocmi.
Ipuxnad. 3agaHo xoopauHatH Tphox Touok Mi(2;-1;3), My(1;2;-1) i M3(-3;2;1). 3uaiitu
PIBHSIHHS IIPSAMOI, sIKa TPOXOAHUTH Yepe3 TOUKy M3 mapanensHo mpsiMiid M1Mp, a Takok KyT Mix
npsimuMu MiM; 1 MiMs.

cosp =

= : (4.12)
JmZ+nZ 4 p? - \/mZ +nZ + p2

Po3s6’sazanns.
3HaiiaeMo piBHsIHHA npsaMux MiM; i MiMs. 3a dopmysioro (4.8)

X=2_y+l_2=8  x=2_yil_z-8 iy

1-2 241 -1-3 -1 3 -4
x—2 :y+1:z—3:x—2:y+1:z—3_piBHHHHﬂMlM&
—3-2 2+1 1-3 =5 3 )
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S,-S, (1)(-5) +3-3+ (-4)(-2) _ 5+9+8 22 1

COS @ == < = = = = ,
R SN S e R & SN e NP NP NP
¢ = arccos \/;% ~arccos 0,69991~45°30".

PiBHAHHSA NPAMOI, 1110 TPOXOAMTH Yepe3 ToUKy M3 napanienbHo npamiin MiMa, Oyzne npsma
= .. x+3 -2 z-1
3 HAIPSIMHUM BEKTOpOM S mpsmoi MMy, To6To 1 = yT = 4

4.3 Ilpsama i nnowuna y

npocmopi
L g 1. Kym midic npamoro i niowunoio.
Ymosu napanenvnocmi i

P 0 nepneHoOuKyIsPHOCME NPIMOT i
j » NAOWUHU.
L Hexaii momuna P i npsima L, 1o
i meperuHae (puc..4.3) 3amaHi cBoiMHK
. PIBHSHHIMHA Ax+By+Cz+D=0 i

X=Xy Y=Y _2—1
Puc. 4.3. m N n - p ’

2

Bigomo,

o rocTpuil Kyt ¢ Mix mpsmoro L i
UIOIMHOK0 P € KyT Mix mpsimoro L i ii
mpoekiiero L3 Ha mmommay  P.

ITo3naunmo uepe3 6 rocTpuii KyT MDK HOPMAaIbHUM BEKTOPOM N= {A; B;C} wiomuHu P i
HaNpsIMHIM BEKTOPOM S= {m; n; p} npsmoi L. Ockimeku @ +6 =90°, T0 0=90°-6, Tomy
sin ¢ =sin(90° — @) =cos 6. fxmo 6 >90°, Tomi Sing =-cos@, abo SN = ‘COSG‘ B Oynb
-5

SIKOMY BHIagKy. Ane C0SH = , TOMy KyT MDK HpPSMOIO 1 IUIOIIMHOIO BH3HAYA€ThCS 32

N|-

(hopmyoro

N-S Am+Bn +Cp

Sin(p:‘l\—l‘ ‘§‘ B JAZ+B2+C? - /m? +n? + p? '

(4.12)
SAxmo npsima L mapanensHa rutommHi P, Toai Bekropu Nis$ HEePIeHANKYISPHI, TOOTO
N-S= 0, abo
Am+Bn+Cp=0, (4.13)
1110 BU3HAYAE YMOBY NAPANENbHOCHI NPAMOL | NAOWUHUL.

Sxmo x npsma L neprienaukynsipHa 1o wiomuHu P, To Bektopu N i S napaembHi i Mae
Miclie CHiBBiIHOLIEHHS
A B C
m n p’
IO € YMOGOI NEePREHOUKYAPHOCIIE NPAMOI | NAOWUHIU.

(4.14)
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2. Touxa nepemumny npsamoi i RIOWUHU.

1106 3HAWTH TOYKY MEPETHHY MPSAMOI i IUIOMIMHH, MOTPIOHO MapaMeTpUYHI PIBHSIHHSI
npssmoi (4.7) miACTaBUTH B 3arajbHE PIiBHSAHHS IUTOMKHK (4.1) 1 po3B’si3aTH HOTO BIIHOCHO
HeBigoMoro mapamertpa t. 3Haiinene 3HadeHHs t=tp morpiOHO mixcraButu B (4.7). Oxmepxkani
3HAYCHHS X0,Y0,Z0 € KOOPJMHATAMH TOYKH MIEPETUHY HPSIMOI 1 TIOIHHH.

Ilpuxnad. 3HAWTH TOYKY TEpeTHHY IUIOMUHA 3x—5y+6z+8=0 3 mnpsamor, Mmo
MPOXOIUTH Yepe3 Toukd M (3;-1;2) i My(-2;3;5).

Po36’azanns.

3HaiiieMo piBHSIHHS MPSIMOI, 0 NPOXOAUTH depe3 Touku Mj i My 3a dopmymoro (4.8) i

3aIMIIeMO HOro B TapaMeTpuuHii Gpopmi

X=3 _y+l_2-2 x-3_y+1 z-2 .
-2-3 341 5-2 -5 4 3
pinon S0t Y222 ¢ a0 x=oBt+3 y—dt-1 z7=3+2 -

-5 4 3
napameTpuuHi piBHIHHI MiMp. IligcraBumo i 3HaueHHs X,Y,Z B pIBHAHHS IUIOIMHHU |
PO3B’SKEMO HOro BiIHOCHO mapamerpa t.
3(-5t+3)-5(4t-1)+6(3t+2)+8=0;
-15t+9-20t+5+18t+12+8=0 = -17t+34=0 = t=2.
MigcraBumo t=2 y napameTpuyti piBHsAHHSI M1M).
X=-5-2+3=-7; y=4.2-1=7; 7=3-2+2=8.
Omxe, npsima MM, niepeTuHae mwionmHy y Touti Mo(-7;7;8).
Ipuxnad. 3agaHo koopauHaTy Bepiuuu mipamiqn ABCD: A(2;4;-3); B(-1;0;3); C (1;-1;3);
D(2;1;3). 3uaiitu:
1) JOBKHHY peOpa AB;
2) KyT Mixx pebpamu AB i AD
3) piBHsHHS wionHE ABC
4) KyT Mk pebpom AD i rpannio ABC
5) oty rpani ABC

6) 00”eM mipamian

7) piBHAHHS npsiMoi AB

8) PIBHSIHHSI BUCOTH, OIyIIeHO] i3 BepiunHu D Ha rpans ABC
9) BifcTass Bix BepumHu D 1o rapai ABC

Poss’sazanns
3HaiiieMo KOOpANHATH BEKTOPIB KB,KC,E , SIKi OyIyTh BUKOPHCTaHI B O0OUNCIICHHSIX.
AB ={-3-4,6}; AC ={~1-5/6}; AD ={0,-3,6}. Toni:
1) moskuHa pebpa obuncIoeTsCa 3a hopmyioro (3.4), TodTo

‘E‘:mzﬁ;% |AD| =

AC|=+1+25+36 =/62; |AD| =\/9+36 = /45 ;

2) KyT Mix pedpamu ABi AD obumcmoethes 3a dhopmymoro (3.12). OTxe:
AB-AD (-3)-0+(-4)(-3)+6-6 12+36 48 16

4B-|aD| 6145 T3.305 3305 /305

cosp=

. 16
a 3BiZICH @ = arccos .
+/305
3) piBusaHsa miomuan ABC 3Haiinemo 3rimHo 3 (4.3), SK pIBHSHHS IUIOLIMHH, IO
poXoAuTh 4depe3 Tpu Toukun A, B, C, abo Tpm komrutamapHi Bektopu AB 1 AC i

AM = {x -2y—4;z2+ 3}; ne M(X, y, z)— 6ixyda Touka miomman ABC. Otike,
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X—=2 y-4 7243 [x-2 y-4 z+3
-1-2 0-4 3+3=|-3 -4 6 |=(x-2)(-24+30)-(y-4)(-18+6)+

1-2 -1-4 3+3 |-1 -5 6
+(z+3)(15-4)=6x-12+12y-48+117+33=6x+12y+112-27=0 - pipusauust mionwHn ABC;

4) Kyt MK pedpom AD i rpanHio ABC BusHauaetbes 3a ¢opmynooo (4.12), B skiii

N = {6 1211} HOopMasbHHH BekTop Twiomuan ABC, a S=4D . OTxe,

N-E _ 6-0+(-3)-12+6-11 30 10
T J36+144+121-45 3J5.4/301 /1505

=0,25777,

sinp =

@ =arcsin ~arcsin 025777 ~ 14°57';

10
V1505
5) morma rpaHl ABC obuncmoetses 3a ¢dopmynoro (3. 17) yepe3 BEKTOPHHUI 100yTOK

BEKTOPIB AB i AC TOOTO 3r1zu—10 (3.16) L1epe3 JTOBKUHY BEKTOpa N

-4 6" |-3 6 |-3 -4
+ + —\/36+144+12 = \/301 .
5 ¢ |-1 6 |-1 -5 KoL

S psc ZE‘A_B.XA—CE‘ :2\/

6) 06’em mipaminu DABC o6uncmroemo 3a popmynamu (3.19) 1 (3.21)

-3 -4 6
V=t é 1 -5 6=ilg(90+18—54—24)=é-30=51<y6.on.;
0 -3 6

7) piBHsHHS psiMoi AB 3Hax0muMO 3rigHO 3 GopMyIoro (4.8) sK piBHAHHS MPSIMOT, IO

MIPOXOIUTH Yepe3 1B TOUKH A i B, oTxe:

x—27y—4iz+32x—27y—472+3.
-1-2 0-4 3+3 -3 -4 6 '
8) KaHOHIYHE DIBHSAHHS Iy4Ka MpPAMUX IO MPOXOIATh 4epe3 Touky D srigno 3 (4.6)
MAaTHMYTb BHIJISLI

x=2 y-1 z-3

m n p
I3 uporo my4ka mpsMHUX BHAUIMMO Ty, sika Oyae nmeprneHaukyisipHa no miomuan ABC. Ymosa
MePHEeHANKYIIPHOCTI MPAMOI 1 IUIOIMHM -- II€ yMOBa IapaJeIbHOCTI HANPSIMHOTO BEKTOpa

psAMOi gz{m,n, p} 1 HOPMAJIBHOTO BGKTOpaN:{QIZ;I 1} mromuan ABC. OTxe, 3rigHO 3

(4.14)
E: E 1 abo m=6, n=12, p=11. Tomi — 2 =2 -1 =22 _ Oyne piBHAHHS BHCOTH,
m n p 6 12 11

omymieHoi i3 BepmmHu D Ha rpans ABC;
9) Biacranb Big Touku D no rpani ABC 3Haxomuthes 3a popmyiioro (4.5)
2-6+1-12+3-11-27| [12+12+33-27] 30

V301 - V301 3ol
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5. EneMeHTH MaTeMaTHYHOI'0 aHAJI3Y
5.1. Bcmyn 00 mamemamuunozo ananizy

Honammas yuxuyii i pynkuionanvHoi 3anexcnocmi

OCHOBHUMH TIOHATTSMH MaTEMaTUYHOTO aHANI3y € MOHATTS (YHKIIl Ta (YHKIIOHAIBEHOI
3angexnocti. Lli MOHATTS mOB‘s3aHi i3 3MIHHUMH BeIHYUHAMH, SIKI MOXYTh OyTH SK
He3aJISKHUMH, SKUM HAJalOThCs IEBHI JOIMyCTHMI 3HAYCHHS, TaK 1 3aJle)KHHMH, IO HOBHICTIO
BU3HAYAIOThCS HE3AICKHMMM BenuuuHaMu. Hanmani OyneMo MHO3HAYaTH HE3aIeKHY 3MiHHY
OYKBOIO X 1 Ha3UBATH ii apryMEHTOM, a 3aJIeXKHY 3MIHHY OYKBOIO ) i Ha3MBaTH 11 QyHKIII€IO0.

O3HauyenHs. 3MiHHA BEJIMYMHA ) Ha3UBAETbCA (YHKIIEI 3MIHHOI BEIHMYMHH X, SKIIO
KO>KHOMY JIOITyCTHMOMY 3HAUCHHIO BEJIMYMHU X 33 IEBHUM NPABUIIOM a00 3aKOHOM CTaBUTHCS Y
BIINOBIAHICTH OfHE 200 JEeKiNbKa IIIIKOM NEBHUX 3HAYCHD BEJIMYUHH ).

Toit daxT, mo y € GyHKIISA Bif X, TO3HAYAETHCS TAK:

y=f(x) (5.1)
MuoxuHa X THX 3Ha4YeHb apryMEHTy X, npu skux (yHkmis y = f (X) BU3Ha4YeHa abo iCHYe,
Ha3MBAETHCS 0071acTIO Bu3HaueHHs QyHkuii (OBD).

Muoxunoio X MoxyTs GyTu: intepsan (a, b)= {x\a <X< b}; Binpizox [a, b]= {x\a <x< b};
HamiBiHTEPBAIH [a, b) = {x\a <X< b} , (a, b]= {x\a <x< b}; HECKIHUCHHI  IHTepBAIU
(o0, @)= {x—0 < x<a}, (b, )= {Xp < x<o0f, (o0, 0) = {X|—0 < x <0}

DyHKITIST HA3UBAETHCS 33aHOIO SIBHO, SIKIIO 11 TipaBa YaCTHHA HE MICTUTH 3aJIC)KHOI 3MIHHOT,
HANpPUKIAL: Y =Sin2X + X7,

OznaueHHs TpaHuii QyHKIil. Crocobu 00UnCIeHHS TpaHuIi (HYHKIIII.
CchopmymroeMo fesiKi TOHATTS, AKi OyyTh Haalli BAKOPHCTAHI.
OKOJIOM TOUKH X, Ha3MBaeThCs OyIb-SKHH iHTEpBal (a, ﬂ), 10 MICTUTB TOYKY X,, TOOTO

a<X,<p.

O - OKOJOM TOYKH X, HA3MBA€ThCAi MHOXKMHA THX 3HA4YeHb X, AJTA SKHX CIpPaBENINBA
HEPIBHICTh ‘X—Xo‘<5, TOOTO, 3BiICH BUIUIMBAE, IO O - OKUT TOUKH X, € IHTepBal
(X, =8, X, +J) i3 menTpom y Toumi X, i pamiycom & > 0.

Touka X, HA3MBAETHCSA TPAHMYHOIO TOYKOIO a00 TOYKOIO 3TYIIEHHS UYMCIOBOI MHOXKHHH
X = {X}, SKIIO B OyIb-sKOMy i OKOJNI MICTATbCS BiAMIHHI Big X, 3HaueHHs X i3 X . Cama

TOYKA 3TYIICHHS NIPU [IbOMY MOXKE Hajexxatd X abo Hi.
Hexait B obmacti X 3 IpaHHYHOIO TOYKOIO X, 3aJaHa JesKa (yHKIiL f(x). Hac Gyne

I[IKaBUTH MOBeiHKa 1€l QyHKUIT Mpy HAOMMKEHHI X 10 X, , TOOTO X —> X,.

OsznauenHsi. Unciio A Ha3MBaeThCs TPaHULICIO (QYHKIIT f(x) IpH X, IPAMYIOUYOMY 10 X,
(X > X,), AKIIO (yHKI[s BU3HAYCHA B AESIKOMY OKOJI TOYKH X, (33 BHHSTKOM, MOXKIHBO, CAMOT
TOYKH X,) 1 fAKIIO Ais OyAp-KOro SIK 3aBrOAHO MaJoOro Hamepea BH3HauyeHoro & >0

3HaiineTsest Take O >0 (B 3aralbHOMY BHUIAJKY 3aleXHe Bif &), MO IS BCIiX X, IO BXOASATH B
obnacTp Bu3HAaueHHS OYHKLII (32 BHHATKOM  X;) 1 TakuX, LIO 3aJOBOJIBHAIOTH YMOBI

‘ X=X, ‘ <0 , Ma€ MiCIe HEPIiBHICTh ‘ f(X)— A‘ <eg.
IMo3Havatots 1e Tak: lim f(x) = A
X—>Xg
1 3HaXOKEeHHS rpaHuNb QYHKIIT HAM 3HATOO0MATHCS HACTYITHI O3HAYCHHS Ta TEOPEMU:

1.Heckinuenno mani ma HecKinueHHo GenuKi QyHKyii.
1.1 ®ynkuis f(X) HasMBacThCs HECKiHUEHHO MaIOO TIPH X —> X, Akmo lim f(x)=0.

X=Xy
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1.2 Oyuxuis  f(X) Ha3MBACTHCA HECKIHUEHHO BEJMKOIO MPH X —> X,, AKIIO
lim f(x)=c0,a6o lim f(x)=—o0.
X=Xo X=Xg

1.3 ®yuxuis f(X) HasuBacThCs OGMEKEHOIO MPH X —> X,, AKIO iCHYE TaKe JOTATHE
4ycino A, o IS BCIX 3Ha4eHb X 3 JEAKOTO OKOLY TOYKH X, BHUKOHYETBCS
HepibHicts | f (XX <A.

1.4 JloOyrok oOmexeHOl mpH X — X, (QYHKIIl Ha HECKIHYEHHO Mally NpU X —> X,
byHK1i€r0 € QyHKIiA HECKIHUEHHO Maja IpU X —> X,

1.5 Sxmo f(X) Ta g(X) € HEeCKIHYeHHO Mali mpu X — X,, To iX cyma Takox Oyzne
HECKIHYEHHO MaJIOI0 TPU X —> X,

1.6 Sxuo f(x) € QyHKIiZ oOMexeHa Ipu X — X,, a g(x)f HECKIHYCHHO BEJIMKa TpH

f(x)

9(x)

1.7 Sxmo f(x) € QyHKIig oOMeKeHa Impu X —> X, a g(x)— HECKIHUYEHHO Majla Tpu

f(x)

g(x)

1.8 Sxmpo f(X) € (yHKIIiS HECKIHYEHHO BeNHMKa IpU X —> X,, TO

X = Xy, To lim =0

X—Xg

X=X, 70 lim

X—Xg

=00

ﬁ € QyHKIiA

HECKIHYEHHO Mana (IpH X —> X, ). SKio x f(X) € QyHKIISN HECKIHYEHHO MaJa IIpH

N
(%)

X%, i f(x)#0 mpu x#X,, T0 € (yHKIis HECKIHUEHHO BelIUKa HpH

X=X,

2. Apugpmemuuyni 0ii Hao epanuysamu.
Sxmo lim f(x)=A, lim g(x)=B, ne A i B ckinuenni uncna, To
X—Xg X—Xg

21 lim [f (x)+ g(x)] = A+ B(['panuris anreGpaidHoi CyMH CKIHIEHHOTO YnCiIa QyHKINT

JTOPIiBHIOE CYMi I'paHUIb [UX QYHKIIIH).
2.2 lim f(x)-g(x)= A-B (I'pasnus 106yTKy CKiHYeHHOro umcia dyHKILi JOPiBHIOE
X—Xg

OOYTKOBI rpaHuIlb HUX QYHKILiH)
. f(x) A . . .
23 lim 8 = 3 (B # O) (I'pannig gacTku 1BOX (YHKIIH JOPIBHIOE YaCTIi TPAHUIb
x-% (X
nuX (YHKIIN, 32 YMOBH, 1[0 TPaHUIIS AUTFHUKA HEe TOpiBHIOE 0).
Crany MOKHa BHHOCHTH 32 3HAK TPaHHMIIL.
. sin
3. Ilepwa sadxcruea epanuys: lim——=1.
x—=0 X

. 1Y
Jpyea sadxcausa epanuys: I|m£1+ f) =e.
X—>0! X

Posxpumms negusnauenocmeli.
: , - f(x) .
Tpu mocnimkenni rpanuip [iM —— MOXyTh TPAITUTUCH TaKi BUMAIKU:
X—>Xg g(x)

lim f(x)=oo, lim g(x)=c0 a6o lim f(x)=0, lim g(x)=0.

X—>Xg X—>Xg X—>Xg X=Xy

HesBaxkaroun Ha Te, 1110 rpaHuili 060X QYHKI[iH BiIOMi, CKa3aTH HIOCh MEBHE PO FPAHUIII0
1X BITHOIICHHS, HE 3HAIOYHU 3a SKHM 3aKOHOM IIi (QyHKI{ 3MiHIOIOTBCS, HE MOXHA. [l TOTrO,
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1100 0XapaKTepH3yBaTH LI0 IPAHULIIO, BBAXKAIOTH, 10 KOJIH f(x)—> o i g(x) — 0 IpH X —> X,

. f(x . .
abo f(X)—>0 i g(x)—>0 opu X —X,, TO BHpPa3 —— MpPEACTABIIAE€ BIANOBIIHO

9(x)
. o] . .
HCBU3HAYCHICTH BI/IZ[y — 3.60 6 Kle TOI'O HCBHU3HAYCHOCT1 MO)KyTL 6yTI/I BI/I,Z[y o0—00, Ta
o0

0-oc0. OOUABI 1i HEBU3HAYCHOCTI 3BOMATHCS O ABOX MOMEPEIHIX, TOMY MH PO3IJISIHEMO JIHIIIE

. f(x . . .
IUTAHHS JTOCHIIKEHHS BUpas3y ( ) , BPaXxOBYIOUH 3aKOHH 3MiHH (yHKIIIN f(X) 1 g(X). Take
g(x

JOCII/DKEHHST Ha3WBA€ThCS PO3KPUTTSM HEBHU3HAYCHOCTI 1 IMOJSATae BOHO Yy 3HAXOMKCHHI
BIIOBIHOT TPaHUI LIHOTO BUPa3y. SIK 11e poOUTH, MOKaKEeMO Ha MPUKIIagax.
Hpuxaao 1.
. o 8x%+2x-1
3uaittu rpanumo M ————.
10 5+ 8X + 4x

. N . )
Konu X — o0, TO 1oCiPKyBaHHIH BUpa3 MPEICTaBIIsIE COO0I0 HEBU3HAUYCHICTh — .
o0

Jnst Toro X, 1100 3aCTOCYBAaTH TEOPEMY IPO FPAHHULII0 YaCTKH, HEOOXITHO, 11100 1 3HAMEHHHK,
1 YHCEeNbHUK MajM CKiHUYCHHY I'PaHULIO 1 IPH [[bOMY IPaHHUIS 3HAMEHHHKA HE JOpiBHIOBana 0
HyJeBi. B naHoMy BUMajKy Ll TeopeMa He MOXKe OYTH 3aCTOCOBAaHA , OCKUIBKH MPH X —> 00 SIK
YHCENbHUK, TaK 1 3HAMEHHHK MPAMYIOTh 10 oo . TakuM YHHOM, MH MAEMO BiIHOLICHHS JBOX
HECKIHYEHHO BENMHMKHMX (pyHKLiH. [ po3KpUTTS HEBH3HAUCHHOCTI NEPEeTBOPHMO (PyHKIII Tak,
o0 MokHa OyJlo 3acTOCyBaTH TeOpeMy NpO rpaHuii. [ 1bOro 4MCENbHUK Ta 3HAMEHHHK
MTOJITMMO Ha HaWOIIBIIY CTEMiHb X (B JAHOMY BHHIAAKy X~ ). ToIi MU OTpUMaeMo:

8+gfi
8x*+2x-1 ~ x x?
~=
5+ 8%+ 4x j;+§+4
x* X

Tenep mpu BiAImIyKaHHI T'paHHIl OTPUMAHOTO BHpa3y MOXKHA 3aCTOCYBaTH TEOpEMY IIPO
TPaHUINIO YaCTKU, OCKUIBKY 1 3HAMEHHUK, 1 YACEITbHUK MAIOTh CKIHYCHH] TPAHUILI:

. 2 1 .
lim{ 8+ ———-|= (3a TeopeMOIO MPO IPaHHUIIO CYMH (YHKILii)
X X

X—>o0!

=Hm8+mng—ﬁm££=8+0—0=8,

X—>00 X—0 X X—0 X2

. .1 .1 .
(ockimpku lim = =0; lim—- =0, a rpanurs cTanoi € cama cTana).

X—0 X X—0 ¥

2

|im(3+§+4)=|im32+|im§+|im4:0+0+4:4
X

X—>»0! X X—»0 X X—0 X X0
OCTaTOYHO MU OTPHMAEMO:
2 1

2 _ 8+*—72
"m8x+2x1:|.m X X

x>0 548X+ 4x*>  xow 5

=(3a TeOpeMOIO PO IPAHUIII0 YACTKH)

+—+4
x> X
. 2 1 . .2 .1
“m@+*—7J lim8+lim = —lim =
X X X X% xom X xo® X2
=~ § O\~ (3a TEOPEMOIO TIPO TPAHMIIIO CYMH) = 8 =
|im[7+,+4] lim >+ lim > + lim 4
X X2 X x>0 X X0 X Xow®
_8+0—0:2.
0+0+4
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Ipuxnao 2.
8

3HaWTH TPAHHUIIO Ilm

r.2
7x* +2x-8 lim XX X
S 3x3 —2x2 411 xow 3_ 2 11
~t
X X

(ducenbHUK Ta 3HAMEHHHK MO Ha x3)
lim *+tim 2~ lim ©

_Xxom X xoo X xaaox3 _ 0+0—0_

e 2 .11 3- N
im3—fim = +lim— 5~ 0+0

X—»00 X=X X—0 ¥

Ipuxaad 3.
NA+Xx -2
< .
IIpn X — 0 i YUCENBHUK , | 3HAMEHHHUK NPSIMYIOTH 110 HYJIS:

3Haiitu rpanuimo lim
x—=0

Iim(\/4 +X— 2): (\/Z - 2)= 0 (3aMicTb x MiCTAaBIAEMO 3HAUCHHS, IO SIKOTO BiH IPSIMYE),
x—0

limx=0

x—0

i MH OTPUMYEMO HEBH3HAYCHICTh o [Ilo6 po3kputH ii, mepeHeceMo ippalioHaNIBHICTD 3

YHUCCJIIbHHUKA B 3HAMCHHHUK. I[Hﬂ ObOT0 YHUCCIBHUK 1 3HAMEHHUK JOMHOXHUMO Ha +/ 44+ X+2:
Virx-2 (Varx-2Varx+2) 4+x-4 _ x 1
X x(\/4+x+2) x(\/4+x+2) X(W4+Xx+2) JAd+x+2

Tenep 3amicTh X cTaBuMO ( — Te 3HAYCHHS, 10 SIKOTO BiH MPSIMYE .
Toxi orpumaemo:

VArx-2_ 1 11
HO X Ho\/4+x+2 \/Z+2 4

Hpuknax 4.

’-8
3naiity rpanumo lim ———.
2 x2 — X2
Sk 1 B momepeAHbOMY MPHKIALi, IPU X —> 2 1 YHCENbHHK , i 3HAMEHHUK MPSIMYIOTH IO
HYJIS:
lim(x®-8)=(8-8)=0;
lim(x* ~8)=(8-8)
lim(x> —x-2)=4-2-2=0;

X—2
. 0 S .
OTXKE€, M 3HOB MAa€EMO HCBHU3HAYCHICTh 6 . HpI/I PO3KPUTTI L1€1 HEBU3HAYCHHOCT1 MU 6y[[€M0

CIHMPaTHCh Ha Te€, IO MNpPH BiUIYKaHHI T'PaHMI f(X) opu X —>a 3a O3HAYECHHAM He

BUMAraeThcs, MO0 3HAYCHHS X =a BXOJWIO B 00JacTh BU3HaueHHA ¢yHKIIl. Lle mae Ham
MOKJIMBICTH ITOJIINTH YHCEIBLHHK 1 3HAMEHHHK Ha X —a.

JIJ1st bOTO YHCEBbHUK X° —8 PO3KPHBAEMO SIK PI3HHIIIO KYOiB JIBOX YHCEII:
a®—b® =(a-b)(@® +ab+b?). 3HaMEHANK TaKOX PO3KTATAEMO HA MHOKHHUKH. [T IIHOTO

1241442 143,

TIpupiBHIOEMO #oro 1o 0 i 3HaXoquMo KopeHi: X° —X—2=0; 2 5

X, ==1; X, =2;3Bimxku X° —x—2=(Xx+1)(x—-2)
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x*-8 . (x=2)(x* +2x+4) _Iimx2+2x+4

Tomi lim = = = (migcraBiusgeMo X =2
2 x2—x—2 2 (X—2)(X+1) -2 X+1 ( )
12y
3
Ipuknad 5.
. . sin2x
3Haiitu rpanumio lim———.
x=0 §in 3X

3ayBa)xMMO, 110 NMPU BHU3HAYCHHI I'PaHUIl TPUTOHOMETPUYHOI (PYHKILIi MOXKHA HE3aJICKHY
3MiHHY 3aMiHUTH i TPaHUYHUM 3HAYCHHSM, SKII0 BOHO HAJICKUTH 00JIacTi iCHYBaHHS (QYHKIIII.

Tak, limsinx=sina, ame limtgx He icHye, OCKUIbKM HOMY HE MO)KHA HPHUITUCATH

X—a X %%

KOHKPETHOTO YHCJIOBOTO 3HAYEHHS.

CKOpHUCTYBaBIIUCh 3ayBa)KCHHSM, IIJCTaBUMO 3aMiCTh X IHOro rpaHHyYHe 3HAa4YeHHs. Mu
OTPUMAEMO:

fim SIN2X _ limsin 2x _sin2.0

x-05in 3x IxiirgsinSX sin3-0

. 0 - .
TOOTO MaEMO HEBU3HAYEHICTh o CkopucTaeMoch ISl PO3KPUTTS Li€l HEBU3HAYEHOCTI MEPIIO0

. sinx . .
BayKJIMBOIO I'PaHHUILIEIO lim——=0. JI71s1 IbOTO MOATMMO 1 TOMHOYXKUMO YHCEIIbHUK Ha 2X, a
Xx—0

X
sin 2x
. . sin2x_ . 2X 2y . 2X
3HaMeHHHK — Ha 3x. Toxai mu orpumaemo: lim — =lim—-— = (ckopouyemo sipib —
x>05in3x x>0 3x  sin 3X 3x
3x
i . sin
sin 2x lim 'Y
~ N 22X 20 y
Ha X 1 BUHOCHMO CTajly 3a 3HaK rpanui) = — lim — =— -
3 x>0 Sin 3x 3, Sinz
lim——
3x 50 7

3pobreno  3aminy
2X=y,x>0=>y->0
X=2,x>0=>z->0

3acTocyBaBUIM Temep [O YHCENbHHKAa 1 3HAMEHHHMKA TMEpIly BAXJIWBY TPaHHIIO, MH
MPUIIEMO J10 TaAKOT'O BUPa3y:

sin 2x

IimsinZX_EXLo 2x 20y 21 2

0sin3x 3 lim sin3x 3 lim sinz 31 3
-0  3x a0 7

Ipuxnao 6.

2x+1
. . (x+3
3Haiitu rpanumio lim| —— .
x—>o| X — 2

. X+3
B unpomy mnpukiaai ocHOBa CTemeHs —2%1 Ipu X —>00, a TMOKa3HUK CTeleHs
X7

(2X+1)7>oo, TOOTO Mae Micue HeBH3HaueHiCTh Buay 17. Jlnsg poO3KpUTTS Ii€i

HEBU3HAYCHOCTI CJIiJ| CKOPUCTATHUCS JPYTOI0 BXKINBOIO TPAHUIICIO
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Iim(l+ l) =e
X—>o0! X

IHOnI TyXe KOPUCHUMHU MOXYTh OYyTH HACII/IKYU 3 Li€l TpaHuLi

Iing(1+x)§:e Iim(1+;j =e"(k=0) Iim[l—%j =e™ (5.2)

X—>0!

Ta MPEeACTaBJICHHs il B 3aralbHOMY BUTJISII:

1 u(x)
i = — 5.3
u(lemm(1+ u(x)) e (5-3)

Jna Toro, mo0 3BeCTH WIyKaHy TpaHHLIO0 10 Bumy (5.3), cKopHCTaEMOCS CTaHAAPTHUM
crIoco0OM BHJIIJICHHS B OCHOBI CTETICHS OAWHHUILL:
Xx+3 x-2+2+3 (x-2)+5 5

= =1+ .
X—2 X—2 X—2 X—2

. . 5
Temep, 106 orpmMmaru rpanumio Bumy (5.3), moTpiOHO migHECTH [1+—2 JI0 CTEHCHS
X —
(X - 2) 1 BUKOHATH HEOOXiIHI ITepeTBOpeHHs. B pe3ynbrati ogepximo:

2x+1

2x+1 ><;2‘2><+1 x-2 |52
TR [ P [ P .
X—2 X—2 X—2

OcraTouHo, Buxos4d i3 (5.2) 1 (5.3) Ta TeopeMH PO TPAHMITIO CTETICHS, OAEPKUMO
2x+1

X2 x-2 jm 2+
lim| 14— —e' a2 — g5 —gl0
X—>0) X—2

Lo rpaHuIi0o MOXKHA BimUIykaTH i iHIIMM criocoOooM. [lominmmo ducensHUK 1 3HAMEHHUK
OCHOBHM LIYKaHOI TpaHMI Ha X'

2x+1

2x+1 — Xeso0) -li 392 6
lim{ X*3) Cpm| x| == X L L
x| X — 2 e - 2x+1 im2H @22 ah

abo
1 10

) X+ 3 2x+1 ) 2x+1 ) 2[E+2]+1 . 1 . "
lim =lim 1+ ——| =limQl+a)?" =lim|0+a)* | (+a)® =e".
x—0\ X — 2 X—>00 X—2 a—0

a—0

3pobneno 3aminy

5
——=a=>X=—+2
X—=2 a
Ko X —> o, moa —> 0
Hesusnauenicts 0-00, mo Bummsae i3 ymo f(x)—>0, g(x)—>o, abo f(x)—> o,

. ., ® 0
g(x) — 0 npu X — X,, Ha ocHOBI TBeppKeHHs (1.8) 3BOAMTHCS 10 HEBU3HAUCHOCTEH — abo — .
o0
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AHAJIOT{9HO HEBH3HAYEHICTh BUIY ©0—00, IO BHIUMBAcE i3 crisBimmomenns f(x)—g(x),

skio f (X) —> 0, g(X) — 00 1mpu X — X, 32 JOIMOMOT 010 anreGpaiyHuX NepeTBOPEHb 3BOJUTHCS

. o0
0 HCBU3HAYCHOCT1 BUY — .
o0

5.2. Iloxiona pynkuii. Ocnoeni npasuna oughepenyirosanns

Henepepsricmo ¢ynxyii

OsHavenHs. [IpupocToM ekl 3MIHHOI BETMUNHI Ha3UBAECTHCS PI3HULL IOMIXK HACTYITHUM
i TIonepeAHIM 3HAUCHHSIMH Li€1 3MiHHOT.

[pupict He3anexHOI 3MIHHOI (apryMeHTy) MO3HA4aeTbest AX, a mpupict ¢QyHKIIT - Ay.
TakuM 9MHOM X+ AX - NPUPOLICHE 3HAYCHHS apryMeHTY, a Y+ Ay - NPHUPOILCHE 3HAYCHHS
¢dyHKIIIT.

y y= f(X) Sxmo npu neskomy X (Puc. 5.2) AX >0 i
npu 1poMy touka M'—>M, a Ay -0, T0
KaxyTb, mo QyHKOia Y= f(X)an JTaHOMY
3HAYEHHI X € HeMepepBHOIO.

M Ay Osuauennsi Oynxiis  y = f(x), ity

c BH3HAUCHA HAa MHOXMHI X, Ha3HMBa€ThCA
AX HENepepBHOI Impu X — X, (abo B Toumi

X =X,), AKIIO (YHKIIisI BU3HAUCHA NPH X = X,
Puc. 5.2 (X1 S X) i mpupict ¢yHKuii Ay y Toumi X,
NpsMy€ OO0 HyNs, KOIH HPHUPICT apryMeHTy
AX, = X— X, TIpSIMY€ 110 HyJIsl, TOOTO
Aljl'l]o Ay, = Alxilnjo[f (%, +4ax) - f(x)]=0.

O3navennss  Dyskuis Yy = f(X) HA3MBAETHCSI HEMEPEPBHOIO B TOYIl X = X, SAKILIO f(X)
BU3HAYEHA IIPU X = X; 1 Ma€ MicIe piBHICTh
lim f(x)= f(x,).
X%
O3nauenns DyHkmis y = f(X) HAa3MBAETHCSl HEMIEPEPBHOK Ha JICAKIA MHOXKHUHI X , SKIIO
BOHA BH3HA4YeHA 1 HemepepBHa B Oynb-akiii Tounmi X € X, ToOTO I Oymp-sikoro X e X

CIIpaBeJIMBa PiBHICTh
lim Ay = lim [ f (x + Ax) — f (x)]=0.

Touku, B SIKHX MOPYIIYETHCS HENEPEPBHICTh (DYHKIIIT, HA3UBAIOTHCA TOYKAMH PO3PHUBY i€l
¢dyHKIII.

Hexaii pynkmis y = f(X) BH3HAYCHA 1 HellepepBHa Ha MPOMiKKY X . Bi3bMeMo nesky Touky
X € X. Hagamo 3HaueHHio X mpupict AX#0 (mo He BHBOAMTH iforo 3a rpanumi X ), Toxi
dynkiis y orpumae mpupict Ay = f(x+Ax)— f(x).

O3navennsi  [loxigHoto ¢yHKIil Y= f(X)Ha31/IBa€TLC$( rpaHuIsl (KOO BOHA ICHYE)
BIJJHOLIICHHS PUPOCTY (PYHKLIT IO IPUPOCTY HE3aIeKHOI 3MIHHOI, KOJIU IPHPICT He3aJenHOT
3MiHHOI IPAMY€ 10 HYJIS:

y'=lim 2y = lim M.Homaqemm noxizHoi: Y’ ﬂ, f'(x).

A0 AX M0 AX dx

CeoMeTpuyHHUii 3MicT NOXigHOI: moximHa OGYHKIIT Y = f(x) B Oymp-skili Toumi X e X
IOPIiBHIOE KYTOBOMY KOe(illieHTy (TaHI€HCY KyTa HaXWiy) AOTHYHOI, MPOBEACHOI JO KPHUBOI
y = f(x) B naniii Touni x. (Puc. 5.3)
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ExoHoMiuHMii 3MicT MOXiAHOI: MoXigHa 00°‘eMy BHPOOJEHOI MPOAYKLIl M0 Yacy u’(to) €

MIPOAYKTUBHICTb Ipalli B MOMEHT {.

Sxmo GyHKIi Y = f(X) Ma€ B TOUIll X CKiHYEeHy HOXiJHY, TO KaXyTb, [0 BOHA B ITii TOUII]

mudepeHnifioBHa.

Hexaii ¢pynkmii U = u(x) Ta V= V(X) nmudepeHiiioBani B T. X. Tojl cripaBeIMBI HACTYIHI

piBHOCTI:
r

(cu) =cu

’

%, Xy +Ax
Tabauusa noxiTHux
Ne DyHKILis TToxigHa
3/m y y'
1 c 0
2 X 1
3 X" nx"*
1 1
4 ™ -z
X X
1
5 Jx —=
2./x
6 a” a“lna
7 e* e’
1
8 log, x
xlna
1
9 In x —
X
10 sin x COS X
11 COS X —sinx
1
12 tgx 5
COS” X
1
13 ctgx -—
sin” X
. 1
14 arcsin X >
1-x
1
15 arccos X - A
1-x
16 arctgx 1 5
1+ X
1
17 arcctgx — 5
1+X
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Teopema (T1po MOXigHY BiJ CKIagHOT (YHKIIIT).

Hexaii dynxuis U=g(X) mae B meskiit Tourni X, moximmy u'=@'(x,) i nexaii dymxuis
y= f(u) Ma€ y BIINOBIAHIA TouwLi U, :(p(XO) HOXiZHY Y, = fu'(uo). Tomi cknagHa QyHKIis
y= f((p(x)) B JIaHill Touli X, Takox Oyle MaTH IOXiJHy, IO JOPiBHIOE TOOYTKOBI HOXiTHHX
dynxuiit f(u) i (x):

!

[ (@G = £ (olxs )k (%)

abo, kopotiue, Y, =Y, -U,

(ITigxpecnuMo, 10 CHMBOI fu'(go(x0 )) O3HaYa€ MOXigHY QYHKIIT f(u) 1o i aprymeHTy U (a He
1mo X)). 3 ypaxyBaHHSM ITiel TeopeMu (GOpMYIH TaOIHIlI MTOXITHUX MPUHMYTh JETI0 iHmuit

! ’
BurIsAA. Tak, HATPUKIIA (u“) =nu""u,a (sin u) =CoSu-U; iT.m.

lpuxnao 1.
y =sin®x

B mpomy mnpukmami pomb  QyHKIT u(x) Bimirpae sinx: u=sinx, y=u?; Toxmi
!

y' = (u 2) =2u-u,; =(u; o3Hadyae, 10 MOXiqHY Temep Tpeba 6paTu Bix GyHKIUT U

’
110 3MiHHi# X) = 2U-(sin X) = 2sinX-COS X.

Ipuknao 2.
y =sinx?

Tenep ponb U Gyzne BimirpaBaTi X? (apryment pyHkuii Sin x).
’ ’ U
y=sinu(x); y'=(sinu) x = (sinu) -u; =cosu-(x?) =cosx? - 2x = 2xcos x*
Tpeba BigMiTUTH, IO “TIHOWHA BKIAAEHHS (TOOTO KUTBKICTH OIEpaIliil B3ATTS QYHKIIT Bif
¢yHK1iT) MOXKe OyTH TOBiBHOI. PO3riIssHEMO 1ie B HACTYITHOMY NPHKJIAII.

Ipuxnao 3.
3Haiitn noxigHy QyHKmii

y = sintgv/3x + e,
Ie moxigHa BiJl CyMH TBOX CKJIATHHUX (DYHKITIH

u =sintg+/3x Ta v =e*"x,
Haranmaemo, 1o moxijgHa Biji cymu 1BoX QYHKIIH JOPIBHIOE CyMi MOXITHUX IUX (yHKIi:
U(x)£v(x) =u(x)£Vv(x).
Po3risiHeMo 1i moXigHi OKpeMo:

u =sintg/3x.
1106 mobymyBaTH If0 GYHKITIO U , MF OBHHHI 3HAHTH CIIOYATKY TakKi QyHKIIi:

@ =3X

W
a):tgylztg\/aztg\/&
u =sinw =sintgy =sintg./p =sintg/3x

TakyM YMHOM MU MA€EMO TPH MPOMDKHI QyHKIIIT.
1106 3HaifT! moxigHy Bif U 1o X, HaM Tpeba WTH Terep Big U 110 ¢

u'= (sin(tg J&)) =sin(w(x)) » =
32



= (sin w(X))'w o, =cosa(x)-w, =

X

(miacTaBAsSEMO 3aMiCTh @ i1 3HAUCHHS)

¢ ’ 1 ’
=cos(tgy)-(igw) , -y = cosligy)— V=

(migcTaBIsIEMO 3HAYCHHS I/ )

_cos(tgf) \/7 (f)xzcos(tg\/;)-

= costg/3x -
9 coszﬁ 2F

SIK1I0 K BIIKMHYTH BCi Il MPOMDKHI (YHKITIT, TO OMEPAIlit0 3HAXO/PKEHHS MOX1THOT MOXKHA
OyIo 6 3amucaTy HabaraTo KOMITaKTHiLIIe:

(sm(tgr)) _cos(tgr) (tgr) —cos(tgr)

= costg/3x -
9 oszﬂ 2F

Tenep Bi3EMEMO HOXlL[Hy Bl,Z[ APYroro 10J4aHKy:
V= earccoslnx

KOpHCTy}O‘lI/ICB Ha6yTI/IM IIOCBiL[OM, MU OJipa3y MOXKEMO HaIlUCATH:

' ' 1 ' 1 1
earccoslnx — earccoslnx . (arCCOS In X) — earccoslnx ’(_ J (In X) — earccoslnx . [_ J =
( ) vV1-In%x Vi-In®x) X

l ! r_
m.(\/;)w.%_

r Vo) -

(3x) —cos(tgr ) oc? H 2\1ﬁ

OcTraTo4yHO MU OTpUMAEMO!

. 3COS(tg\/§) - earccoslnx
243xc0s%/3X  xa/1—In? x

Ipuxaad 4.
3naiiTn noxinHy QyHKmii

y =./3+arctg3x - 8"
e moxigHa Bix 100YTKY IBOX (QYHKIIiM:

u=./3+arctg2x Ta v=_8"",

J1uist 11 3HaXOKEHHS Tpeba CKOPUCTATHCH (HOPMYIIO0

'
() =uv+uv'.
3HalieMo noxiaHi Big U Ta V.

= (\l3 +arctg 3X) (6epemo MOXigHY Bi KOPHS) =

(arctg 3x), =

1
2,/3+arctg *x

1 3arctg *x(arctgx) = (sammumocs
2,3 +arctg*x

(Temep moOXiAHY Bif cTEMEHs arctgx ) =

. . 1 2 1
B3STH MOXIZHY BiJ arctgx ) = ———"-3arctg“x- .
2./3+arctg®x 1+x?
V' = ( Sinsx) =(6epeM0  AK  TOXiAHY  BiA  MOKAa3HHKOBOI  (YHKIIi y=a")

=8""""In8-(sin5x) =8"""*In8-cos5x-(5x) =8> In8-cos5x-5=>5In8-8"" . cos5x
MixcTasmstroun i noxiaHi B popMyIry HOXiTHOT JOOYTKY, OCTATOUYHO OEPKHUMO:
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¢ 2
y’:(w/3+arct93x485‘”5*) = Sarctg"x -85 ¢ 3+ arctg®x -5In8-8"%* . cos5x

2(1+ %2 |3+ arctg®x

Ipukaaod 5.
3uaiitu moxinHy QyHkuii

y= In cos 8x
arctg/x

. . - u .
e noxigHa BijJ 9acTK ABOX QyHKIH Yy =—, ne U =Incos8x, v= arctg& i BOHa
v

3HAXOIUTHCS 32 (HOPMYJIOH0:

'

u u'v—-uv’
r_| = —
Y=\v) = v

[lykaemo moximHi U Ta V:
’
(cos8x) = (6epemo moxinny Bin

u’=(Incos8x) = (6epemo moxinmy Bix Inu) = 1
cos8x

sin8x(8x) = _85|n88x =-8tg8x.
cos8x

V' = (arctg NN ) = (bepemo moxiaHy Bix arctgu ) = %(\/; ) -1

1+(\&) 1+x 2Jx

[TixcTaBmnstroun 3HalAEH] MOXiAHI y GOPMYITy, OJEpPIKUMO:
1

—8tg8x-arctgv/x —Incos8x-—————

2Jx(1+x)

1
cosu) :_COSSX

,_uv—uv'
v arctg2+/x
_ —16+/x(1+ x)ig8x - arctg+/x — In cos8x
- 2x(1+ x)arctg >v/x '
[Ipuknad 6.
X

3HalTH MOXiMHY Bif QyHKIIT Y = X" .
Taxka QyHKIiSI HOCUTh Ha3BY MOKa3HUKOBO-CTCIICHEBA 1 B 3aTaJJbHOMY BHITAIKY

sanmcyerbes tax: Y = [u(x)]"*.

nposiorapu(pMyBaTH:
Iny =v(x)Inu(x).

Tenep 6GepeMo MOXiAHI Bif JIiBOT Ta MPAaBOI YACTUHH, 3BAXKYIOUH, IO Y € CKIaJHA
GbyHKIA X :
’

(Iny) =(v(x)Inu(x))

%.y’ =v'Inu+v(In u)' a6o

’
1

’ ’ V ’
y'=y/Vinu+—u'|.
u
IlincraBisiroun 3amicTe Y HOTO 3HAUYEHHS, OCTATOYHO OAEPKUMO:
v
y' = uv(v’ln u +fu’) .
u

IToBepHEeMoOCs 10 HAIIOTO MPHUKIATY:
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yzxﬁ ,Iny:lnxﬁa6olny=\/§Inx.
Bepemo noximmi: (In y)' = (\/; In X)
%y’ = (&) Inx+Vx(inx) ;

y' = y[llnx+\/;J
2Vx x )

CKOpOYYOUH 1 MiZICTABIAIOYH 3aMiCTh Y HOT0 3HAUYEHHS, OJePKYEMO BiIOBI/b:
Inx 1

y =[x 1),
2Jx  Vx

. K[ Inx+2
=xV —=.
! (MJ

Ipuxnad 7.
3HalTH OXITHY BiJl HEABHO 3a7aH01 QYHKIIIT

2 .
x*y® —sinxy +5=0
Haramaemo, mo ¢yHKIis 3agana HEsIBHO, SAKIIO (YHKIIOHAIBHA 3aJICKHICTh HE PO3B‘s3aHa
BiZTHOCHO 3aJIXHOT 3MiHHOI.

F(x, y)=0.

11106 B TakOMy BHIAAKY 3HAUTH HOXIAHY Y, , HE PO3B‘A3yIOUHM Lie PIBHSHHS BiIHOCHO Y ,
Tpeba B3sATH moxinHy Bin Gpyukuii F piBHsHHS M0 X, i 10 Hei mogatu moxigHy Big F mo y,
IIOMHOXEHY Ha Y, , TOOTO

F{(x y)+F/(x y)-y, =0.

3 OTPUMaHOro BUpa3y 3HAXOIUMO Y,

R
Fy

JUst HaIoro NpHKIIaay MU OTpUMAEMO: (CIIo4aTKy 6epeMo HoxinHy mo X):

'

Yy =

2xy® —cos xy - (xy) x (Temep K0/1a€MO TIOXiHY 1O Y , IOMHOXYIOUH ii Ha Y/ )
’
2 2 ' 2

+x2-3y?-y. —cosxy-(xy)y -y, =0.

2xy® —ycosxy +3x?y’y! —xcosxy -y, =0

3BifCH 3HAXOAUMO Y,
. __ 2xy° —ycosxy
Y= T2

3x°y*“ —xcos xy

71 3HAXOKEHHS TTOX1THOT MOKHA 0/Ipa3y CKOPHCTATHCh OTPUMAHOIO (OPMYIIO0

Jlyis iboro Tpeba crovyaTky Bin F(X, y) B3STH MOXIJHY 0 X , BBAXKAIOUH Y CTaJIOK0, TOOTO
F, (X, y) =2xy° - COS(X, y)- Y, @ TIOTiM B3SITH MTOXiJHY 10 Y , BB)KAIOUH CTaJIOI0 3MIHHY X :

F/(x, y)=3x"y* —xsin(x, y).

3anuIImMIocs MOaUTUTH OAEpKaHi MOXiHi:
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. 2xy° —ycos(x, y)
Vo= 3x’y? —xsin(x, y)’

5.3. 3azanvna cxema docnioscennn Qyukuii i nodyooeu zpaghixa
3pocmannn ma cnaoauus gyuxyii. Exkcmpemym pynxuyii.
Jlns nocnimkeHHs QYHKINNA HaM 3HaTOOIATHCS HACTYITHI O3HAYCHHS Ta TEOPEMHU.
Osnavennst. Oynkuist f(X) Ha3UBaETHCSI 3pOCTAIOUOI0 HA TIPOMIKKY X, SKIIO IS OYIb-SIKAX
X, , X, 3 IIbOTO MPOMIXKY i3 yMoBH X;{ X, BummmBae f(x ) f(X,)i cnagHoro, KO i3 yMOBH

X { X, summBae f(x,)) f(x,).

Teopema 1.(mocraTHst yMoBa 3pocTtaHHs QyHKIIT). Skmio noxigHa audepeHiiioBHOT QyHKIIT
JI0JIATHSI BCEPEHHI IESIKOr0 IPOMiKKY X, TO QyHKIis Ha IbOMY IPOMIDKKY 3POCTAE.

Teopema 2. (moctaTHS yMoBa cragaHHs (yHKIT). SAxmo noxigHa andepeHniioBHoi GyHKIl
Bif'eMHa BCEPEINHI ACSKOr0 MPOMIXKKY X, TO (GYHKIIisS Ha IIbOMY HPOMDKKY cHajae.

Osnauenns. Touka X, Ha3HBAcThCS TOUKOK Makcumymy dymkuii f(X), sximo B aesxomy
okoti ToukH X, BuKOHyeThes ymoBa f(X) < f(x,).

Osnauenns. Touka X, Ha3MBA€THCSA TOYKOW MIHIMyMy (QyHKIIl f(x), SKILO B AESIKOMY
OKOJIi TOUKH X, BUKOHYETHCS yMOBa f(X) > f(XO).

MakcumyM Ta MiHIMyM 00'€THYIOTb €TUHUM TEPMIHOM - €KCTPEMYM.
HeobxigHa yMOBa €KCTpEMyMY.
s Toro, mo6 ¢pyHKLig y = f(x) Maja eKCTpEMyM B ToUlli X, , He00XiqHO, 00

11 MOXi/THa B Il TOYIII JOPIBHIOBAJIA HYIIO a00 HE iCHyBaJIa.

Toukwu, B SIKHX BUKOHYETHCSI HEOOXi/HA YMOBA €KCTPEMyMY, Ha3UBAIOTHCSI KPUTUYHUMH 200
crarioHapauMH. Ilimkpecnmmo, IO mi TOYKM MOBMHHI OOOB'I3KOBO BXOAWTH B 00JacTh
BHU3HAYCHHS (QyHKIIT.

Bax/iuBO pO3yMiTH, LI0O KPUTHYHA TOYKa HE OOOB'SI3KOBO MOBHHHA OYTH TOYKOIO
exctpemymy. I1lo6 mepeBipuTH, 4YM € KPUTHYHA TOYKA TOYKOIO EKCTpEeMyMy, HOTpiOHa
nepeBipKa JOCTATHIX YMOB.

Ilepiia focTaTHA YMOBa eKCTPEMYMY.

SIKIo npu nepexoi uepes CTaliOHApHY TOUKY X, MOXiJHa f'(X) nudepeHuiioBHOT GpyHKIiT
y= f(x) 3MIHIOE CBiif 3HaK 3 IUIIOCA HAa MIiHYC, TO TOYKA X, € TOYKOI MAaKCHMYMY, SKIIO 3HAK

f’(x) 3MIHIOETBCS 3 MiHYyca Ha IUIIOC, TO TOYKA X, € TOYKOI MiHIMYyMY, SIKILO K 3HAK IOXiJHOT
f l(X) IpH IEepexozi uepe3 TOUKy X, He 3MIHIOEThCS, TO B Ll ToUlll eKCTpeMyMy HeMa.
Jlpyra 1ocTaTHsl yMOBa eKCTPEMYyMY.
Skiro mepia noxigaHa aBivi gudepeniiitosanoi Gpyukuii y = f (X) JOPIBHIOE HYJIIO B TOYLI X, , a
il Apyra moximHa B wiit Touni momaras ( f"(x,)>0), To X, € Toukoro MiHIMyMy dyHKILiT
y=1(x), axmo x f"(x,)<0, 10 X, - TOUKa MAKCHMYMY.
Cxema ociipkeHHs QYHKIIT Ha eKCTPEeMyM Ma€e TaKHi BUTIISA:

3uaxozmmo nepry noximuy dymxuii  f(x) i poss’sasyemo pisnsmus f'(x)=0.
B iHTepBanax, Ha fKi KOPEHi LbOrO PIBHSAHHS AUIATH 00JACTh BU3HAYCHHS (QYHKIIIT,
3HAXOMMMO 3Hakk mepmioi moximuoi. Sxmo f'(X)>0, To dyHkiiz B mbOMY
IHTEpBai 3pOCTaE, SKIIO0 f’(X)< 0 - ¢ynkmis cnagae. Kopeni piBHIHHS f’(x): 0,
MIPH TIEpeXO/Ii uepes SKi Mepla MoxXiJHa 3MIiHIOE 3HaK, € TOYKAMU eKCTPEMYMY.
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Onyknicms ma yenymicms gynxuyii. Touku nepezuny.
O3nauenna @yHkuis y = f(X) Ha3MBAETHCS YTHYTOIO (OMYKJIOI BHU3) Ha MPOMIXKKY X,

SKIIO Ui Oydb-fKUX IBOX 3HAa4€Hb X;, X, €X 3 IbOr0 MPOMDKKY BUKOHYETHCS HEPIBHICTH

f[x1+x2]< f(x,)+ f(x,)

2 ) 2 '
Bingmitumo, mo rpadik ¢yHKnii, yrHyToi B TOULI X, JIEKHTh HaJ AOTHYHOI, HPOBEIECHOIO 10
rpadika B ToUIi X, .
Osnauenns @yukuis Yy = f(X) HasuBaeTbCs OMyKIO0 (OIMYKIIOI Bropy) Ha IMPOMDKKY X,
AKIO U151 Oyab-sKUX JIBOX 3HAYEHb X1, X, € X 3 UBOTO MPOMDKKY BUKOHYETHCS HEPIBHICTD:
f[x1+x2]2 f(x)+ f(xz).
2 2

I'padix ¢ynxmii, omyxioi B Toumi Xo , JIOKUTH IMiJ JOTHIHOIO, NPOBEICHOIO 10 Tpadika
¢GyHKIIT B TOUI Xg .
Osnauenns Touka rpadika audepenuiiiopanoi ¢pyukuii Y= f(x), npu mepexoxi uepes

Ky rpadik 3MIHIO€ OIKJIICTh Ha YTHYTICTh (200 HAaBIAKW), HA3UBAETHCS TOUKOIO IEPETHHY.

Teopema 3. SIkiio apyra noxigHa ¢pyskuii y = f(X) nomarua (Bim’emna) B inrepsani (a,b)
To Tpadik wiel GpyHKIIT € yrHyTHM (OIMyKJINM) Ha IIbOMY iHTEPBA.

Teopema 4. SIxkmo apyra moximma f”(x) gymkmii y= f(x) obepracthest B Toumi xo B
HyJb 1 IIpU Iepexoni yepe3 I0 TOYKY 3MIiHIOE 3HAK, TO Touka (X,, f(X,)) rpadika miei
(GYHKIIT € TOYKOIO MEepernHy.

HaBeneni Teopemy HO3BONSIOTH JOCTIPKYBATH (YHKI[IFO Ha OIYKJICTh Ta YTHYTICTb.
Cxema DOCITIKEHHS Ma€ TaKWH BUTIIAM;

3HaxomMMO  Apyry moximay dymkuii  f7(x) i poss’ssyemo pismsmEs f"(x)=0,
LIYKAIOYH CTalliOHApHI TOYKH Apyroro pony. DyHKINS MOXXe MAaTH NMEPETHH TiIbKU
B LUX TOYKaX, TOOTO TaMm, Je Apyra IOXifHa o0epTaeTbcsl B HyJb, HPSIMYE 110
HEeCKiHYeHHOCTI a00 B3araji He iCHYyE.

B IHTepBajlaxX, Ha SKi KOPEHI PIBHSIHHS f"(X)z 0 nminare oOmacTs BU3HAYECHHS
GbyHKLIT, 3HaXOAMMO 3HAKM Jpyroi moximHoi. B iHTepBanax, ne f”(X) >0, rpacgik
¢yskmii yrHyTHi (OmMyKJIMH BHHU3),a I f"(X)<O rpadix QyHKIii omyKIHit
(omyxutnii BBEpX).

KopeHi piBHSIHHS f"(X)=0, NpU TIepexoAl 4epe3 sKi JApyra IOXigHa 3MIiHIOE 3HaK, €
TOYKaMH TeperuHy rpagika QyHkIii.

Acumnmomu zpaghika ¢pynxuii.

[Ipu moOynoBi rpadika QyHKIII myKe BaXIMBE 3HAUYEHHS Mae Te, sk Oyne BecTH cebe
GyHKIISE mpu X —> F00, a TaKOXK BHUIAIKH HEOOMEXKEHOro 3pOCTaHHS 32  aOCONIOTHOO
BEJIMYMHOIO 3HaueHb f(X) B CkiHueHili oOsacti Bu3Ha4eHHs. J[OCHIIDKCHHS IIUX BUIIAIKIB
MIPUBOJNTH 10 TaK 3BAaHMX ACHMIITOT, TOOTO MPSAMHX, A0 SKUX rpadik GyHKOi HeoOMEeKeHO
HaOJKY€EThCSL.

Osnauenns  Acumnrororo rpadika ¢ynkuii y = f(X) HasuBaeTbes mpsma niHis, 10 SKOI
HEOOME)KEHO HaOMIKYEThCSI TPsMyloda y HECKiHYeHHICTh rinka rpadika ¢yHkmii xoua 6 i
MEPeTUHAIOYH L0 MPSIMY HECKIHUEHY KINbKIiCTh pa3iB.

ACHMITOTH MOXYTb OyTH TPbOX BUiB: TOPH30HTAIIBHI, BEPTHKAJIbHI, TTOXIII.

Osnauenns IlpsMa X =a € BepTUKAJIBHOIO acuMnToTol rpadika pyHkuii y = f(X), sxuaio
xoua 6 OfHA 3 IPaHHIb IXILT; f(x) a6o Ixm f(x)  nopiBmioe o ( Touka X=a € TOUKOIO

X>a X<a

po3puBy )
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Osnauenns. Sxumo ¢yukuis y = f(X) 3amana misg Bcix x>M (x<M), ne M>0, TO KaxyTs,
10 mpsiMa
y=kx+b
€ moxwior acumnTororo rpadika ¢yskuii Y= f(X) opuy X > (X—>—0), KO
(YyHKIIIT0 MO)KHA TIPECTABUTH Y BUTIIAIL
f(x) =kx+b+a(x), ne a(x)—>0 npu x —+w.
Teopema 5. st Toro, mio6 rpadik GyHkuii y = f(X) MaB mpu X —> o0 (X —> —c0) mOXHIy
acumnToty Y =kx+b, HeoOXimHO i 10CTaTHBO, 1100 iICHYBAIH CKiHYEHI TPaHHUIII
- f(x .
lim f k, lim [f(x)-kx]=b.
X—>»0 X X—»0
(x—>—o0) (x—>-o0)
Ilpu k=0 oTpuMyeMO rOpPH3OHTAIbHY ACHMITOTY .
Ha ocHOBI mpoBeeHNX BHIIE AOCTIPKEHb (QYHKIIIT 3araibHy CXeMy JOCTiKEeHHs QYHKIIT
PEKOMEHIY€EThCS BECTH HACTYITHIHN MOCTiTOBHOCTI:
3HaiiTu 001acTh BU3HAUYeHHS QyHKIIi. TOYKH pO3pHBY.
JocnianTy QyHKLiI0 Ha MapHICTh, HEMapHICTh, NePiOANYHICTE (TOOTO MepeBipuTH Tpadik
Ha CUMETPHYHICTB).
3HaiiTn KopeHi QyHKUii (TOUKH mepeTHHy rpadika QyHKUIl 3 ocsmu KoopauHat). Llum
MH po30MBaEMO 00J1aCTh BU3HAYCHHs (YHKIIT Ha IHTEpBaIX 3HAKOCTAJIOCTI f(x) >0
, f(x)<0
JocnimuTu $HyHKIIIIO HA HASBHICTH ACHMITTOT.
Hocnigutu $yHKIII0 HA eKCTpeMyM. 3HAWTH 1HTEPBaIX 3pPOCTaHHS 1 cafaHHs QyHKIIII.
3HaTH TOYKH HEeperuHy 1 JOCHIANTH (YHKIIIO Ha OYKJIICTb.
[MobynyBatu rpadik GyHKIII.

. X . -
JIns npuKiazy NPOBENEMO IOBHE JOCHIUKEHHS (yHKUil f(X): 7] i mobynyemo ii
X —

rpagik, KOPUCTYIOUHCh HABEICHOI CXEMOIO:
3HaxoquMo 00nacTe Bm3HaueHHS GyHKOii. JIs ©DOro NPHPIBHIOEMO A0 HYIS
3HaMEHHUK.
2 N v f oy — 1w —
X°=1=0; x=%v1; x=-1; x=1.
O6nacth BusHauenns: X € (—oo;—1)U (=1 1) U(L; o).
JocmimkyemMo QyHKITFO HA MAPHICTh-HEMAPHICTD.
(-x) xr o f=—f6)

R Ry

CHMETPUYHHUI BITHOCHO IOYATKy KOOPIHHAT.
3HaXOMUMO TOUKH TMepeTHHy rpadika (yHKIHT 3 OCAMH KOOPAMHAT, IJs I[HOTO
npHupiBHIOEMO QYHKIIO 10 Hyst: f (X) =0.

X3

x* -

T'padix neperunae Bice OX Tinbku B oHiid Toumi X =0.

3HaXOIMMO IHTEPBAIIM 3HAKOCTAIOCTI (PyHKIIT 3 ypaxyBaHHAM 00JIacTi BU3HAUCHHS:
Xe (— o0; —l). {06 3HaiiTn 3Hak (yHKUI] HA 1LOMY IHTEpPBaJi, MiICTaBUMO B

(dyHKIIO Jeske 3HaYeHHs X 3 [[bOTO iHTepBai, HApHUKIag X = —2.

_ (2) _ -8
f(—z)_m_mw

TakuM 4MHOM, Ha iHTepBaJIi (— 00; —l) (byHKLiA Bin’eMHa.

- ¢yHKIis HemapHa, rpadix GyHKIil

1:0:x3:0:>x:0.
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(-05)° _-0125
(-05) -1 025-1

xe(-10): f(-05)= >0 ¢ynxkuis nogaTHa.

3
xe(0;1): f(05)= (O((;,)Sz)—l = % <0 ¢ynxuis Big’emHa.
2° 8

Xe (l; oo): f (— 2) = —— >0 ¢ynkuis nogatHa.

22-1 4-1
3HaX0AMMO TOYKH PO3PHBY 1 MEPEBipsAEMO HASBHICTH aCHMIITOT.

Touxu pospusy: X° -1=0=>x, =-1, X, =1
3

v

lim ——=-o
x>-1-0 % 1 -1 n

(x mpsimye 1o —1 smiBa: X >1=>x*-1>0, x* <0, — 1<O)
X —
X3
lim —— =+ L
Xx—>-140 X© —1
P E— >
-1 0

3
(tenep x mpsvye 10 —1 cnpasa: || <1=> x* 1< 0, x° <0, zxil >0)
X

3 3

. X
lim =—0;
Omxe, X—>-1-0 )(2 -1 x—1+0 X2 -1

—+00

AHAIOT4YHI JOCIIPKSHHS IPOBEAEMO IJIst TOUKH X, =1.
3 ) . X3

=—o0; lim —

Xx—>-140 X© —1

m = +00
x—1-0 XZ -1

3Bigcu BUIUIMBAE, MO psiMi X =-11 X =1 € BepTUKAIBLHUMH aCHMIITOTAMH.
IlepeBipsieMo  ¢yHKIIIIO Ha HASBHICTP IOXWINX AaCHMITOT, JUII  I[bOTO
BUKOPUCTOBYEMO TEOpEMY 5.

[lykaemo rpanumio GyHKLii mpu X — too.

3 3
lim =+0; lim ——=-o
x>0 X< —1 el |
TOOTO MOXJIMBE iCHYBaHHS OXHUJIOl ACHMITTOTH, sIKa Mae BUTIIsAN Y = kX+b .
f(x x® f(x) .. x®
) 0,

k, =lim—~=1lim =1; k, = lim =1
1 x> X X—>00 XiXZ _1’ 2 X—>—o X X—>—00 Xin _1’
Taknm anrOM K =k, =k, =1

- N (X33 x
O R e

X—>+00 X

b, = lim [ (x)—k,x] = Iim[ ZXS —xj: |im[x3x3+szo

X—>—00 x——o| Xx° —1 X—>—00 X2 -1

OTxe, icCHye MOXKJIa IBOCTOPOHHS ACHMIITOTA i BOHA Ma€ PiBHSIHHSI
y=1-x+0=X; abo y=X.
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llykaemo iHTepBamuM 3pOoCTaHHA Ta CHafgaHHs (QyHKOii 1 11 eKkcTpeMymH,
BHKOPUCTOBYIOUM s [boro mepmy moxigHy. (IlepeBipsemMo HEOOXigHY yMOBY:
Ko QYHKIIS Y = f(x) Ma€ B TOYLI X = X, JIOKaJbHHUI €KCTPEMyM, TO ii moxiaHa B
uiit Touwi qopisHioe 0 abo He iCHYE).

3 ' 2(. 2 3 4 2 4 4 2 2(y2
f’(X):[ X j :3X (X _1)_)( '2X_3X —3Xx° —2x _X — x X

i _ 3)
21 (x? -1f (x? —1f (x? —1)2 x*-1f

Ternep NpUpPIBHIOIOYM MEpIIy MOXIiAHY [0 HyJs 3HAXOIMMO CTAalllOHApHI TOYKH,
(TOYKH TiIO3PLIIi HA EKCTPEMYM):

2
7_23):0:>x2(x2 -3)=0 x,=0, X, =—3, X, =+3.
(x-1) |
Haragaemo, mo cramioHapHUMH € TaKOXX TOUYKH, [I¢ MOXiJHA HE icHye. B Hamomy
BUMAJIKY 1ie Toukn X =—1; X =1 (ane ui TOYKH He BXOAATH B 00JIACTh BH3HAYCHHS
¢GyHKIIT 1 TOCTIPKEHHIO He MisararoTs). CTanioHapHi TOYKH, po30MBarOTh 00IaCTh
BU3HAYCHHSI HAa IHTEPBAJU 3pOCTaHH (CraganHs) QyHKIIi:

(—w,—\/é)u(—\/g,—1)U(—l0)U(0,1)U(1,\/§)U(\/5,00). B kOXHOMY 3 iHTepBaliB

BH3HAYa€MO 3HAK IEpHIOl IIOXiJHOI, MIJCTABISIOYM y BHpa3 IeEpIIoi IOXiTHOT
JIOBUTbHE 3HAYEHHS apTyMEHTY 3 IbOTO iHTEpBAITy.

Tak, HanpuKIax, U1 iHTepBay |—0,—/3| OTpUMaemMo
x*(x? - 3) 4(4-3)

(x2 -1 |x=-2 T (a-1y

(sIK11o MOXinHA Bia eMHa, QYHKIIs criaae).
BpaxoByroud 3HaKM mHepuioi MOXiAHOI B iHTepBamax i OOYMCIIOYHM 3HAYCHHS
(GyHKIIT B cTAlliOHaPHUX TOYKAX, CKIIAIAEMO 3Be/IeHY TaOIHUIIIO.

f'(x)=

> 0; moxigHa monaTHa, OTKe, (DYHKIIS 3pOCTae

Tabm.1

x | (o-v3)| -v3 |43 -1 -1-0 | -1+0 (-10)

£(x) + 0 — s EN —
3

X 0 ©01) | 1-0 [ 1+0 | 03) [ 3| (B
f'(x) 0 — = =y — 0 +
(1 0 | N e | e N\ 3B

B wmiii Tabimmi 3HaveHHS (—1— O) O3Hayae, 10 OOYHCIIOETHCS 3HAUCHHS (DYHKINT
371iBa BIX TOUKH X =-1; (—1+ 0) O3Hayae, mI0 OOYMCITIOEThCS 3HaueHHS (QyHKIIT
cripaBa Bin Touku X =-1; amamoriumo mami touok (1-0) ta (1+0). Temep
BHUKOPHCTOBYEMO IEPIIY JOCTATHIO YMOBY €KCTPEMYMY: SIKILO ITOXiJHA IIPY HEepexoai
4yepes CTaliOHapHYy TOYKY 3MIHIOE 3HAK 3 + Ha - , TO B IaHiH TOUIi (X = f\/§) € max;
SKIIO (PYHKIIIS 3MIHIOE 3HAK 3 — Ha +, TO B JIaHIH TOYIII (X = \/g) € Min ; AKIO 3HaK
HE 3MIHIOETHCS, TO EKCTPEMyMy HeMa.
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[IlykaeM0 TOYKM TeperuHy 1 IHTEpPBAIM OMYKJIOCTI Ta YTHYTOCTI.

Bigmitumo 11e, mo ocKinbk GYHKI[isi CHMETPHYHA BiTHOCHO MOYATKY KOOPIUHAT, TO
JOCTaTHBO Oy10 O PO3IIITHYTH TUIBKH IIpaBy abo JiBY IiBBICi: (— 00, O] abo [0, oo).
IIpu wnpomy
KOPHCTYEMOCh HACTYITHHM TIpABHJIOM: Jiyra rpadika kpusoi y = f(X) € omyxioro na
iHTepBai (a, b), SKII0O B YCIX TOYKax IbOr0 IHTEPBAJTy BHKOHYETHCS
HepiBHICTD f ”(X)< 0 , i € yrHYTOIO, SKIIO f”(x) > 0. [le pa3 HaragaeMo, M0 TOYKH
KPHBOi, B SIKHX f"(X)z 0 abo f"(X)—)oo, abo Apyra moxifHa B SKHX 30BCIM HE
ICHY€, Ha3UBAIOTHCS KPUTHYHUMU 200 CTalliOHAPHHUMH TOYKaMH JAPYTOro poay.

ToukH HEeperuHy CIiJ UIyKaTH TUIbKU cepel] CTAlliOHapHUX TOYOK IPYroro poay, INpu
IIbOMY INIEpETHH B T. X, OyzAe TiUIbKM B TOMY BHUIIAJIKy, KOIM Jpyra HOXilHa Ipu
MepeXo/li Yepe3 M0 TOYKY 3MIHIOE CBilf 3HAK.
[lykaemo cramioHapHi TOYKH. s IIbOr0 3HAXOOUMO APYry MOXigHY 1 IIYKaEMO
TOYKH, B KUX 11 IOXiJTHA 00epTaEThCs B HYNb a00 HE iCHYE.
2
4x® —Bxx* -1 —2-2x(x* —1fx* —3x?
PR e e N
2
(¢ -1)
4x° —4x° —6x° —4x° +12x° +6x _ 2x(x* +3)
3 - 3
(x-1) (x> -1

f”(x):O:M:O; X =0;

(-1

KpiM TOro, Jpyra HoXilHa He iCHye B Toukax X, =—1 Ta X, =+1 ( ane ui Touku He

HaJIC)KaTh 00J1acTi BU3HAUCHHS (DYHKIIIT 1 IOCTIDKCHHIO HE MiIATAI0Th ).

Taxum ynHOM, CcTanioHapHO € Touka X = 0. Bona pasom 3 Toukamu —1; +1 posainse
001acTh BU3HAYCHHS (DYHKIIIT Ha iHTEpPBAIH (— 0, —1); (—l, 0); (O, 1); (1, oo).

Tenep, 100 3’ICYyBaTH, YH € BU3HAYCHA CTAlliOHApHA TOYKA TOYKOIO MEperuHy, Tpeba
BU3HAYMTH 3HAK IPYroi MOXiJHOI 311iBa i CIpaBa BiJ AOCIIHKYyBaHOI TOUKH. SIKIIO 1i
3HaKH Pi3Hi, TO CTalliOHapHA TOYKA JPYroro pojay € TOUKO MEPErnHy; SKIIO K 3HAKA
HE 3MIHIOIOTBCS, TO B JIaHill CTalliOHApHIN TOYI MepeTHHy HeMa.

Pe3ynpTaTd IOCHIIDKCHHS A 3pYyYHOCTI KOPUCTYBAaHHS JOLUIBHO 3BECTH B
TabIHIo.

Ta051.2

>

(-10)

0 (0,1)

(1 )

—~
x
=

+

0 S

—_| =

—~~]
>
—

0 N

——
w

\)Q‘
w

Il
x

I3 Tabmumi BUAHO, MO0 B KOXHOMY 3
iHTEepBaliB Jpyra IOXigHA CKiHYeHa i
30epirae CBiif 3HaK: y mHepmomy - , y
apyromy +, 'y TpPETbOMY -, B
gerBeproMy +. lle o3Hawae, mo B
iHTepBaIax (—oo; —1) Ta (0; 1) rpadik
¢yHkIii  omyknmi, a B iHTepBaiax
(-1,0) ta (L ) - yruyrmit. B Touri
x =0 apyra moxijHa JOPIBHIOE HYJCBI, i
IpU Tepexoni 3 JIpyroro iHTepBama B



TpeTiii BoHa 3MiHIO€ 3HaK. Lle o3Hauae, mo Touka X =0 € TOUKOI MeperuHy JOCHTiHKYBAaHOTO
rpadika.

[Mo6ynoBy rpadika GyHKIT MOYMHAEMO 13 TPOBEIACHHS acUMNTOT. [IpoBiBIIH
ACHMIITOTH, HAHOCHMO KOOPJMHATH TOYOK MiHIMyMYy, MAaKCUMyMYy Ta neperuny. Ilicis uporo,
KOPHCTYIOUMCH JaHUMH TaOiuip 1 Ta 2, 6yayemo rpadik GpyHKii.
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KonTtpoashi po6otu
BuByatoun Kypc BUIIOi MaTeMAaTHKH CTYAEHT ITOBUHEH BUKOHATH KOHTPOJIbHE 3aBIaHHs Nel
3 HACTYITHHUX PO3/LTiB:

Enemenmu euwoi aneebpu.

Enemenmu sexmoproi ancebpu.

Ananimuuna ceomempisi Ha NAOWUHI [ Y NPOCMOPI.

Enemenmu meopii epanuys.

Toxiona i oughepenyian ynxyii 00HOI 3MIHHOI.

Hocniooicenns ynkyiti 3a 00noM02010 HOXIOHUX.
[Tpn BUKOHAHHI KOHTPOJILHOI pOOOTH CTYAEHT OBUHEH KePyBAaTUCS TAKUMH BKa3iBKaMu:

KonTponpHy po0OTY MOTpiOHO BHKOHYBATH B OKPEMOMY 3OIINTi, Ha OOKIIAQJMHII
SIKOTO BKa3y€THCSI HOMEP KOHTPOJILHOT poOOTH, MPi3BHIIIE Ta iHILIaIM CTYy/AeHTa, HAaBYAIbHUI
mudp (HOMep 3amiKOBOi KHIKKH ab0 CTyIEHTCHKOTO KBHUTKA), JaTa BiJICHIaHHS
KOHTPOJIbHOI pOOOTH J0 YHIBEPCHUTETY Ta ajpeca CTyAeHTa.

Po3B‘s3km 3amad Ta MOSCHEHHS OO0 HUX MOBUHHI OyTH JOKITagHMMH. Y pasi
HeoOXiTHOCTI MOTPIOHO HAaBOANTHU rpadiky Ta PUCYHKH.
KonTtponsHa pobora ckiaamaeTsess 3 6 3aBHaHb. 3 KOXKHOTO 3aBIaHHSA Tpeba BHKOHATH
3a7a4y, HOMep sIKOi CITIBIIaJIa€ 3 HOMEPOM BapiaHTy.
Homep BapiaHTa KOHTPOJIFHOI pOOOTH BU3HAYAETHCS NU(paMK HABYAIEHOTO MHUPPY

(HOMepa 3aJ1iKOBOI KHIKKH) 33 TabJIHLEIO.

BapianT OcTtanHi nudpu HOMepa 3a/1iKOBOI KHUKKH
01 01 31 . 91 S 271
02 02 32 . 92 S 272
03 03 33 e 93 S 273
04 04 34 . 94 S 274
05 05 35 e 95 S 275
06 06 36 . 96 . 276
07 07 37 . 97 . 277
08 08 38 . 98 S 278
09 09 39 . 99 S 279
10 10 40 . 100 S 280
11 11 41 .. 101 . 281
12 12 42 . 102 S 282
13 13 43 e 103 S 283
14 14 44 . 104 S 284
15 15 45 . 105 . 285
16 16 46 . 106 S 286
17 17 47 . 107 . 287
18 18 48 . 108 S 288
19 19 49 . 109 S 289
20 20 50 . 110 S 290
21 21 51 .. 111 . 291
22 22 52 . 112 S 292
23 23 53 . 113 S 293
24 24 54 . 114 S 294
25 25 55 . 115 S 295
26 26 56 . 116 S 296
27 27 57 S 117 . 297
28 28 58 .. 118 . 298
29 29 59 . 119 . 299
30 30 60 . 120 . 300
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KonTpoabna podora Nel
EnemenTu niniiiHoi anreOpu. BexropHa anreOpa i aHanitu4Ha reomerpist. ['paHuIi i nmoxizaHi

Gbynkuiit. JocnimkeHHs GQYHKIIH 32 JOMOMOrO0 MOXiAHUX.

I. 3agana cuctema niniiinnx piBusinb. Po3p‘s3aTu i 1BOoMa cnocobamu:

a) MCTOOOM KpaMepa;

6) metonom ["aycca.

1 X, +2X, +4%X, =3
5%, + X, +2X; =2
3X, =X, + X, =9

X +X, —2%X, =4
33X, —2X, + X, =1
X, +3X, +5X, =8
2X, —4X, =X, =8
3%, —4X, + 2%, =—4
X, —3X, —TX; =75
3X, —=5X, —X; =-1
4%, + X, +2%; =3
2X, —3X, + X, =5
4%, + X, —5X; =2
2X, —3X, +TX; =4
X + X, = 2%, =7
11 X, +3X, +4%, =5
X, —2X, —X; =4
33X, +4X, —2%X; =7
13 2%, +3X, +%X, =0
4%, +5X, +2X, =1
TX, +3X, =Xy =2
15 2%, +5X, —3%, =-8
4%, —3X, +3X, =7
3%, +2X, +4%, =9
2%, —3X, — 3%, =-10
TX, +5X, —4X, =5
3X, — 2%, +9%x, =11
X +TX, +7X; =3

17

19
5%, +3X, —4%, =0
2%, —5X, =3X; =5

— S N S Y —
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10

12

14

16

18

20

2X, +4X, =X, =—6
{xl =X, +X; =2
3X, +2X, —4x, =4
X, —3X, +2X; =7
{?;x1 +2X, —%X; =1
2X, — X, +3%X;, =5
5%, —7X, + X, =8
{XNLXZ +3x, =2
2X, =X, +2X; =3
2%, + X, +4X; =-3
{xl +2X, 3%, =2
5%, —X, +7X; =8
2X, +3X, — X3 =2
{xl —5X, +4x, =5
X, +3X, —4X, =8
5% —X, —3%, =9
{2x1+x2 +2%X, =7
X, —5X, =3X; =2
3X, — X, +5%; =3
{ZXl -3X, =X, =4
5%, +2X, +3%X; =7
7%, —8X, + 2%, =10
{3X1 +4X, — Xy =7
2%, —3X, +5%, =0
2%, +3X, =X, =-1
{3X1 —2X, +4%X, =5
X +4X, +7X, =8
X —3X, =5%X; =-9
{le +5X, -3x, =4
4%, —3%, + 7%, =1



21 3%, —2X, +X, =0
2X, —5X, + X, =4
4%, +3X, + 2%, =7
2%, —2X, —5%X, =-10
3% +X, =3%X; =5
4x, —3X, +5%X, =7

23

25 2%, +7X, +9%, = -8
X, +3X, —5%, =9
3%, — X, —2X; =5
3%, — X, —2X;, =-10
4%, +3X, +5%, =7

27

2X, — X, +3X; =4
5% —3%, =3x; =4
X, +2X, =Xy =7

29

—~— Y S

2X, —5X, +4X, =5

22

24

26

28

30

2%, —5%, + 7%, =9
{le +2X, 5%, =4
4%, —3X, + X, =3
2%, + 5%, = 3%, =-8
{4x1 =3X, +3%X; =7
3X, +2X, +4%; =9
2%, —3x, —3x, =-10
X, +5X, —4X, =5
3%, —2X, +9%x, =-11
3%, +7X, —9%, =10
{le —3X, +X%, =0
5%, —4X, —=3X; =7
5%, +5X, = 7%, =13
2%, —3X, —4X; =-5
3X, +2X, +5%, =7

11 3anano sepumnu Tpukyrnuka ABC. 3uaiitu: ) piBusHus cropond BC TpuKyTHUKA,

b)piBusiaus menianu BM i Bucotu AD; ¢) noexuny Bucotu AD.

1.A(3;1) B(7;-3) C(2;-4)
3.A(2;2) B(6;3) C(L;5)
5.A(1;-1) B(5;2) C(2;4)
7.A(1;0) B(4;-1) C(7;3)
9.A(-1;5) B(2;3) C(-2;4)
11 A(-2;-1) B(3;4) C(2;0)
13.A(3;-2) B(1;1) C(-1;5)
15. A(-4;3) B(5;-1) C(1;-3)
17.A(1;7) B(-2;2) C(3;1)
19. A(-2;-3) B(1;5) C(47)
21. A(3;-4) B(1;3) C(-1;6)
23. A(0;5) B(-4;-1) C(3;2)
25. A(3;-1) B(2;8) C(-4;5)
27. A(-5;-4) B(-1;5) C(6;1)
29. A(-2;4) B(-5-1) C(2;-7)
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2.A(8;-2) B(4;1) C(-1;3)
4.A(-6;4) B(3;-2) C(-2;7)
6.A(5;1) B(6;-2) C(-1;0)
8.A(0;7) B(-3;-1) C(1;2)
10. A(-1;5) B(0;-2) C(5;3)
12.A(1; 1) B(0;-5) C(5;3)
14. A( 1;-5) B(-3;-2) C(2;3)
16. A(-2;6) B(1;7) C(8;1)
18.A(2;-7) B(-1;4) C(0;-5)
20. A(-4;5) B(-1;-3) C(1;6)
22.A(0; 1) B(2;-5) C(-1;-6)
24. A(7;-3) B(-1;6) C(3;5)
26. A(-4;-7) B(-5;4) C(1;-8)
28.A(5;7) B(10;1) C(-1;-8)
30. A(7;0) B(-4;8) C(-1;-2)



I

MK

3amgano koopauHaty BepmuHU HipaMian ABCD. 3naiitu: 1) noxuny pebpa AB; 2) kyt

peopamu AD i AB; 3) piBusuHs mwiomnan ABC; 4) xyt Mk pedbpom AD i rpanHio

ABC; 5) miomty rpani ABC; 6) o6‘em mipaminu; 7) piBHstHHs mpsiMmoi AB; 8) piBHsHHS

BHCOTH, oIrynieHoi 3 Bepmuau D wa rpans ABC.

1

2
3
4
5.
6
7
8
9

.A(7;7;3) B(6;-5;8) C(-3;5;8) D(8;4;-1)
.A(5;6;8) B(6;10;7) C(8;3;-2) D(3;-4;7)
A(7;,-2;2) B(-57;7) C(3;2;5) D(1;1;-5)
.A(6;5;5) B(-1;-3;4) C(2;5;-8) D(-2;3;4)

A(1;8;2) B(-5-2;-6) C(-2;4;4) D(1;1;-3)

A (-3;4;5) B(4;-3;1) C(3;-3;0) D(2;-3;-4)
A(L;7;2) B(2;-5;7) C(0;5;-3) D(4;-3;2)
.A(4;-5;5) B(5;2;6) C(-1,-3;-4) D(-2;5;7)
A (3;-4;5) B(8;7;4) C(5;9;-3) D(-4;-3;-2)
10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21,
22.
23.
24,
25.
26.
27.
28.
29.
30.

A(1;8:2) B(-57;4) C(3;-2;6) D(-4;-3;-2)
A(1;0;2) B(2-1;3) C(-1;7;2) D(-34:8)
A(0;L1) B(-1;23) C(L50) D(24-8)
A(1;2;-1) B(3;5-2) C(2;0;-1) D(-3;0;-1)
A(-2;5;3) B(10;-4;1) C(5;3;1) D(42-1)
A(4;2:-1) B(2,0;2) C(5:3;1) D(-3;-7;8)
A(3;1;2) B(5-7;9) C(2;0;-1) D(-3;2;7)
A(1;1;2) B(-5;1;-1) C(3;-2;4) D(-1;-4;5)
A(7;-2;-3) B(-4;2;1) C(2;4;6) D(3;2;-5)
A(23;-4) B(57,9 C(2-24) D(912)
A(5;-2;0) B(4;3;-2) C(-1;-2;-3) D(5;-3;2)
A(0;2;-3) B(-1,5;7) C(2;-3;4) D(45;-2)
A(-2;3;4) B(111) C(4-3;2) D(0;5-6)
A(1;-5;4) B(0;6;-3) C(3;2;1) D(2;7;-3)
A(2;4;-3) B(-4,2;3) C(0;2;-5) D(1;5;-7)
A(1;-1;0) B(2;5,7) C(-7;1;2) D(4;3;-3)
A(3;1;-2) B(5-4,0) C(3;4;-2) D(1;-53)
A(5;-3;0) B(0;-1;3) C(7;2;1) D(3;-2;4)
A(T: 11 B(20;-1) C(L-2 5 D(349)
A(3;51) B(2;-4;3) C(4-3,2) D(-1;7;3)
A(4;-3;2) B(1;1;-1) C(0;2;-3) D(2;2;-4)
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IV 3maiiti rpanmmi

[NDY

-

e

e~

lim 2 —3x + 4x?

x->= 34 5x —8x?

x* +2x-15
x* +125

X% +7x-2

5x* —6x +12

X2 +X—6
x* + 27

lim

x—-5

lim

X—0

lim

X—>-3

lim

X—>00

X +3
X2 —4
X—2
7x* —49x +1
T

lim

X—>2

lim
X +1
x? -1
7x® +12x -5

lim

X—>-1

i

x2 -9

X% —3x
2% —142x% -1
lim———
xon 7412x% - x°
X2 -16

X—4
7x% +11x -2
4+T75%x- X2
x?-25

x-5

lim

x—3

lim

X—4

lim

X—00

lim

X—5

. 3> +x-6
lim ——
x>0 Gx% —12x+1
X>+X—-6

x* + 27
5x3 —2x+7
4 —7x+1
x> +X—6

x> -8

x—>-3

lim

X—00

lim

X—2

18- 47x* + x°

lim

x>0 sin 3X

lim
x—0
lim
x—0
lim
x—=0
lim
x—0
lim
X—4
lim
x—0
lim
X—4
lim
x—0
lim
x—0
lim
x—0
lim
x—0
lim
x—0
lim
x—1
lim
x—0

lim

x—0

\/3x+1—1

J4x+9-3

9x
2X

B+2x—x+4

3% —4x +1
tg4x
3X

\/2x+1—1

JB3x+4-2
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lim

X—0

lim

X—0

X—0

lim

X—0

lim

X—0

lim

X—0

lim

X—0

lim

X—>00

lim

X—>00

(
(
(
(
(
(
(

(2+x

3X+

2 x+1
3x—2j

4x -1

4x -rl]2X1

4x

X+4
X—2

1+x
2+ X

X+1
X—2

1+X

4x —1}2‘
4x+1

4x +1j2‘

jx

T

X +1Y)
)

;



3x* —75x% +12

lim 7

xon Xt 411X =7
. 5x?+13x+6
lim ————
x>-2 3x°+2x-8
. 4x*-18x+11
lim e ¢
xon %" 4+ 75x° -5
. x* -8

lim

2 X214 x—6
lim
x> 5x — x*

. X*+5x+4
A
x—>-1 x*+1

. 3-2x* +4x
x>0 24 8X° —4X
. x2-x-30
lim ———
o5 X +125

. 3+5x—x°
xon xS —12X + 5%
X2 +Xx-6
X—2 X _8

A —2x*+3
xoo o 2% + 3% -1
o2xr—x-1
[ ———
x>l 3X°—X—2

. 2x*-3x-9
lim————
x>0 4% +13X + 2
. x*-5x+4
lim ———
x4 X*—64
o1+ =7X
lm —
xom X 43X

. x* -8

lim ———
-2 X" —-6X+8

) (x+1)3—x3
lim ~————
X—>00 3X __5

o x*—Bx*+4
lim ————
x=2 X® —4x

ox* —27x% +17

lim

x—0

lim

x—=0

lim

x—0

lim

X—>-1

lim

x—0

lim
X—>—7
lim
x—>0

lim

X—>-1

lim

x—=0

lim

X—>2

lim

x—0

lim

x—4

lim

x—0

.1
sin — x
3

X
Ja+x-2
X
1-cos8x
2x?
J5+x-2
J8—x-3
3x —arctg x
5X + arcsin x
1+x-2

X+7
sin7x

2tg3x
X+1
1-\1+x+x2
arctg16x —sin 6x
X3 +sinx
2x—2 -2
Jx—1-2x-3

arcsin 4x — arctg 2x

X2 +sin 2x
J2x+1-3
arcsin 5x — arctg 3x
X +sin X

lim———

x—4

lim

x—0

lim

x—0

lim

x—0

lim

Xx—8

3-2x+1

c0s? X — C0s 2X

X2

1-1-3x2

X% —2x°

sin7x
3X
X —/8BX

8—X

lim

X—0

lim

X—0

lim

X—0

lim

X—>00

lim

X—0

lim

X—0

lim

X—»0

lim

X—>0

lim

X—»0

(
(

2X

2-5x
2x—3j

2—-X

ax -1\
4 +2



N

[ NDY

[NR

N

lim

X—00

lim

x—1

lim

X—0

lim

X—>-1

lim

X—0

lim

x—2

lim

X—0

lim

x—1

lim

X—0

lim

x—1

lim

X—0

lim
x—>—4

lim

X—0

lim

x—2

lim

X—0

lim

x—1

lim

X—0

lim

x—2

5x% +7x—2

XX —2x+5
X —7x+6
X+ 2x% —3x
(x—1)3—x3
A -7
X +1
x> —6x—-7

10x* —6x* +12x — 4

2% -7
X2 —5Xx+6
X —7x+6
12x% —3x* +6x -1
X2 —17x+2
X' —2x* +1
X -1
3x® —181x* +5
9x® +x-8
2x% —3x+1
32 —4x+1
X* —7x* —8x* +1
11+13x* —2x°
2X +7x -4
X* +6x+8

x* +8-81x°

3x% —5x*
X2 —4
x* +6x—16

x® +25x? —81

X +8-12x°
7x* —12x+5
5x% —2x -3
x* —81x* +17
1+15x +81x* - x°
X2 +X—6
x> —7x+10

lim

x—0

lim

X—>2

lim

x—0

lim

x—0

lim

x—>0

lim

x—8

lim

x—0

lim

x—0

lim

x—0

lim

x—0

lim

x—0

lim

X—3

lim

x—0

lim

x—0

lim

x—0

lim

x—4

lim

x—=0

x—3

tg 3x
sin9x

X—2

sin5x

arctg 3x

N

X

sin4x

2tg3x
J9+2x -5
Ix-2

X + arctg x

VI+x-1-x

sin

2X

5x

tgx —sinx

2

COS X — C0S 3X

sin5x —sin 4x

sin

3 x

—\4-x

3x?

XZ

x> -9

\/x+1—2

sin x

1+5x* -1

2x?

+x3

1-cosx

3x?

JLr2x-3
Jx -2

4x

arctg 2x

\/x +13 — 2\/x +1
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x> -9

X—»00

lim

X—0

lim

X—0

lim

X—>00

lim

X—00

lim

X—>0

lim

X—>00

lim

X—>00

lim

X—»0

(

(

(
(
(
(

2X —

4

2X +

2x+3
3

X2 -1Y)
X2 +2

2x3
X3 +1j

X =2

X+6
X—-3

X+4
x-1

X+9
x-3

W 2 3x°
x3+1j

jSX
j2x+1



2+8x% —x*
17 +27x - 2x*
x> —8x +15
x2—2x-3
: x* —75x° —12x* +5

[NDY

lim

X—>00

lim

x—3

lim
o0 14 X% +4% + x°
x> +5%x+6

X2 —4
X 17X+ x
e
xoo 14+ 81x" — X

. x2+2x-8

lim S———

-2 X°—-3x+2

lim

X—>-2

S

V 3mnaiitn noxigHi QyHKIIH

1

Iz

e+ _4
y =+/16 X+l/x_“ <

y =(arctg x)m

y=321+X I
BXS X

= (arcsin x)‘ﬁ

y
y:§+%+x“/x2+x—ll

y = (arcsin x)
y=Ux +x—1+sin2x
y _ (Sin \/;)arcsinx

Inx

7 8

y= +——cos® X

6X5 X
ylenx
y =Xt +x3 =5 +tg7x
y=(x+x2)X
y =4Jtg X+ 2 —arcsin 4x
y = (cos x)"™*

cos X —cos® x
2x?
K23
Jx-1
1-cos6x
1-cos 2x

B+x -5
X% —3x

arctg 3x

arcsin 7x

V2+x-2

X2 —4

y = tg x In(x +sin x)
sinxy = x’y® +2x—y
y=2xz arctg 3x
y=3x—1*Y +6

y =e9* arcsin/x
sin(x2 + y):i2

y =4/tg X + 2 In(sin 4x)
2x% + xy? =2y°

y =sin 7xJarctgﬁ
X2 —y+asinxy=1

y = 7% ctg®5x

3 3 3

x? +y2 =R?

y =1-3x ctg 4x

3,
y=sin—+x’y
X
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lim

X—»00

lim

X—>00

lim

X—0

(x+9j2x'1

X—-3

(X+6J3x+1
X+3

(X+12j3x+2
X—4

—sin4x

e

y:(2x—5)6

y- sin® x
Intg x®

_sin(x® +2)

7—(x2+3)

_x° —sin’x
arcsin 4x

3

e—X

1+ cos? x

_ 1+sin®x
1-cosx’

sin? 3x

y= arctg v/




¢

¢

y=3/sin7x + 4 + ctg4x

Inx

y =(sinx)
. 4

y =arcsinJtgx + —
X

C0S3X

y =(sin2x)
y =arctg(In x) +sin® x
y = (arcsin x)©*

y =arctg Je¥ +sin 4x

y = (arctgx)*"™*

y =+/arcsin x* + 8 — tg(In x)

COSX

y =X

y=sin*(Inx) — «/ex +1gx
y= thx

sin4x

y =arctg? VX + e

arcsinx

y=X

y =tg*(sin4x) + /In(sin x) +1

y — Xarccosx
. 3
_ 2
y =arcsin? +/x + e
y — Xarstgx
y =" 4 In?(tg 4x)

arcsin x

y =(sinx)

y =59 4 sinInx

arctg x

y =(sinx)

a9V 4 sintg 3x

y=e
y = (arcsin x)™
y= 6arcsin«/; +1g Inx

y = (arcsin x)™

y =321+ xsin?3x
\/W+ x\jy:Sy2
y:v’ﬁcoszg
xy®> +ylnx=1
yzmtgh
Xy +Inxy +y?> =4
y =321 x" sin4x
xIny+ylnx=x°

y =6 cos* 3x

X2y +eY¥ + ycosx=>5
y = x - cos? axe™
2 +3 =5

y = 7% *ctg?3x
2x2y + %[y —sinxy®
y =" 4 x—1
X+ —yInx=5
y =8 Intg/x
74150 =3

y =3 arcsin® VX
X’y +sinxy’ =8
£ *arctg 2/x

xy® +cosx’y =5
y=4J(x=2)°In®x
xy® + xe¥ =x°

y =sin? x*+/Insin x +1
e 4 x2y =7
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_ In(tgx 1)
tgx® -2

etgx

y=—-—
arcsin 4x

sin? x

= In(x* + cos X)

73><

y= ctg® sin x

3/21+ X

arctgVx

U +x-1

arcsin? X

_cos’x-1
arctgx’

VX + cos? 4x

2Inx

garcsin 4x

Y= cos® V/x

cos x*

= Insin v/x

_ sin®5x
arccos 4x

30054)(

Y= arctgIn x

4

_ Igx
In cos5x
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y=In?x+(x—4)°

y = (arcsin x)*

y=lg(x +sinx + 2) + tg? 3x

arctg x

y = (arcsin x)

y — 2Insinx + arg tg 7X3

sinx

y =(arctg x)

—sin4x

y=e + arccos? 7x

COS X

y = (arctg x)

_ 4 +arcsin? 5x
e

y = (arctg x)*"

y =In? cos 3x + arctg X

)arcsinx

y = (arctg x

y=Insin®x + «fezx +ctgx

arctgx

y = (arcsin x)

y = lgsin 4x + arcsin? 3x

)arctg X

y = (arctg x

Y =% + X —1 + 670

y _ (tg X)Slnx

: __ parctgsinx ox°
y=e 2

arcsin x

y=(tgx)

y =e*¥ Insin x
sinxy +x*y? =3

y =69 Insin 4x
x*y® +cosx’y =4
yzm&‘”zx
e”¥ tsinxy =4

y =2""*cos” xIn x
e¥ +sinx®y® =5x
y =™ Intgx
245 =T

—sin3x

y =e "> arccos’ 3x
3 44y g
y =tg2x-sin/x
xsiny —ye* =4
y= mtg(sin 2x)
XCosy — ye* =sinx
y = In(sin 3x) arctg /X
xarcsin3y — y? arctg/x = 4

y= ’XS—CUSAx In(tg 3X)

yarctgx® — x®arccosy =8

JOTHYHOI 1 HOpMaTi 10 KpuBoi y Touri M(Xo, Yo).

1

y=

_arcsintgx
cos x°

arccosx
garecosyx

Jinsinx +1

3arctgx2

= cos* 7x

Jix-4"

= arcgivx

2Incosx

Yy=—7F
sin?In x

_arcsin x°
sin® x

—C0s3x

e

Y=—"T7—
arcsin® 4x

7sin3x

Y g ix

etgx

_cos’7x
- 5tgx

2 2x-1
= X, =
(X_l)Z 0
4 2x+3,
“eoy T
6 X2 —5x+3
=——— X, =2
Xx+1
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2x-1.
=y % =1
2
_X 2x1 3; X, =2
X_
2
-2
_X >i+5; X, =0
X_
x> —3x—4
==z 1 Xo =2
2_ -
_ XT3 4; X, =1
X+2
2_
_X 5x1+6; X, =1
X_
2_ [
_ XT3 10; X, =2
x+1
x? —3x+11,
x0T
X% +3x+3
=—- X =1
X+2
x> +3x—-18
I
xP-x-2,
Co1+2x o
_2x-1 . =
(-1
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