OJHOBHUMIPHI BUITAJIKOBI BEJIMYNHHA

[TousTTa moxii B Teopii HMOBIpHOCTEH SIBNIAE COOOI0 aOCTPaKTHY MOZETh MEBHOI SIKICHOI O3HAKH, IO
BiIOMBae JNUIE JBa aJbTEPHATHUBHI CY/DKEHHS: € Tofis (BimOymnacs) abo Hemae (He BimOymacs). [lomamprmmii
PO3BHTOK Teopii WMOBIpHOCTEH TOTpeOYyBaB YBEJCHHS TAaKOTO HOBOTO TOHSTTS, SK BUIAJKOBA BEIIMYMHA —
a0CTPaKTHOI MOJIEN KIJIbKICHOT O3HAKH.

1. IuckpeTHi Ta HenepepBHi BUNAIKOBI BeJINUMHU. 3aKOHM PO3MOAiTY iX iMoBipHOCTEH

PosrnsiHeMo Takuil mpocTip eneMeHTapHUX MOJii, B SKOMY KOXHiHM eneMeHTapHil moaii o, € () BiamoBimae
OJHE 1 JHIIe OAHE YUCIO X abo Habip uucen (x;,x,,...,x; ), TOOTO Ha MHOXHMHI (2 BU3Ha4YeHa meBHa QYyHKIISA ow,),
sIKa KOXKHIN eleMeHTapHill noxii o, CTaBUTh y BIAIIOBIIHICTh NEBHUHN €JIEMEHT OJHOBHUMIPHOTo npocTopy R; ado n-

BUMIpHOTO IIpocTopy Ry,
Ito ¢yHKUIiI0 HAa3UBAIOTH GUNAOKOGOIO Genuuunolo. Y pasi, Koau ofw;) BimoOpaxkae MHOXUHY () Ha

OJTHOBUMIpHUH MpocTip R, BUNAIKOBY BEMTUYHHY HA3UBAIOTh 0OHOBUMIPHOM. SIKIIO BimOOpakeHHS 3iHCHIOETHCS
Ha R,, TO BUMagKOBY BENMYMHY HA3UBAIOTH N-BHUMIpPHOIO (CHCTEMOIO N BUMAJIKOBHX BEJIWYHMH a00 N-BUMipHHM
BHIIJKOBUM BEKTOPOM).

CxemMaTHYHO OJTHOBUMIpPHY BHITaJKOBY BEIHYNHY YHAOUHIOE puc. 19.

S
rd

R,

Puc. 19
OTxe, BeNMYMHA HA3UBAETHCS 6UNAOKOBOI0, SIKIO BHACTIJIOK TIPOBEJICHHS EKCIEPUMEHTY IIijI BIUIMBOM
BUTAJIKOBUX (PaKTOPiB BoHA HAOyBa€ TOTO UM iHIIIOTO MOXKIIUBOTO YHCIIOBOTO 3HAYECHHS 3 TIEBHOIO IMOBIPHICTIO.
SIKII0 MHOXHMHA MOXKJIMBHX 3HAa4Y€Hb BHIIAJIKOBOI BEJIMYMHHU € 3YHCIEHHOIO TO TaKy BEJIMYMHY HA3MBAIOTh
ouckpemnoio. Y TIPOTUBHOMY pa3i il HA3UBAIOTh HENEPEPEHOIO.

Mpukaan 1. 3agano maokuay minux gucen Q ={1, 2, 3, 4, 5, 6, 7, 8, 9, 10}. Hasmauus 6epyTh ofHe
yucio. EnemenTapHuMu monisiMu OyAyTh Taki: MosiBa OfHOTO 3 ymcenl ofw,;) =1, 2, 3, ...,10 3 meBHOIO
HMOBIpHicTIO. MHOKMHA MOXJIMBUX 3HaYeHb o®;) € AUCKPETHOIO, a TOMY ¥ BUIIaJKOBA BEIMYMHA —

MOsIBa OJIHOTO 3 YHCET MHOKUHU Q) — OyJie TUCKPETHOIO.

Ilpuknan 2. BumiproeTscsa cuiia CTpyMy 3a JOIOMOTOI0 aMiepMeTpa. Pe3ynbTaTé BUMipIOBaHHS, 5K
NPaBUIIO, OKPYTJIOIOTH 10 HAHOMMXK40i MOAIKYM Ha INKaji JJsl BUMIpIOBaHHS cHiM cTpyMy. IloxnOka
BUMIpIOBaHHSI, 10 BHHUKAE BHACIIZIOK OKPYTIICHHS, SIBJIsSiE COOO0 HETIePEPBHY BUITAKOBY BEJTHUUHY.

BumnaakoBi BeTMYMHM MO3HAYAIOTh BEIMKUMHM JIiTEpaMH JIATHHCBKOro andasity X, Y, Z, ... abo Manmumu
rpeubkumu  OykBamu  &,77,6,..., a IX MOXIMBI 3HAQYEHHS — MAJUMH X, ), Z, .. . Y TOJAJIbIIOMY

BUKOPUCTOBYBAaTUMEMO JIATUHCHK] OYKBH.

JJis onycy BUTIAIKOBOI BEJIMYMHN HEOOX1IHO HABECTH HE JIMIIE MHOXXHHY MOXJIMBUX 11 3HaYeHb, a 1 yKa3aTH, 3
SKHUMHU HMOBIPHOCTSIMH 1151 BEIMYMHA HAaOyBa€ TOTO UM 1HIIOTO MOYJIMBOTO 3HAUCHHS.

3 Li€0 METOIO BBOJISITH MOHATTS 3aKOHY PO3IO/IITY HMOBIpHOCTEH.

CriBBiJHONIICHHS, IO BCTAaHOBJISE 3B’S30K MK MOXXIMBAMH 3HAYCHHSMH BHIIQJKOBOI BEIMYMHU Ta
BiJNIOBITHUMH 1M iIMOBIPHOCTSIMH, HA3UBAIOTh 3AKOHOM PO3NOOINY BUNAOKOBOI GeIUUUNHUL.

3aKOH pO3MOAiTY IUCKPETHOI BUIAAKOBOI BEIMUYMHH X MOXKHA 3aJ1aTH B TaOJW4HINA Gopmi ado 3a JONOMOIOI0
HMOBIPHICHOTO MHOTOKYTHHKA.

VY pasi TabauuHOi GopMHU 3amuCy 3aKOHY TMOAAETHCS MOCHIJOBHICTh MOXIIMBUX 3HAYCHD BUITaIKOBOI BEIMYHMHU
X, po3MillIeHUX Y IOPAIKY 3pOCTaHHs, Ta BiAMOBITHUX 1M IMOBIpHOCTEH:

X= X X1 X2 X3 | e Xk
P(X: x,-) =
Di

J41 D2 P3| e Px




Ockinbku BunaakoBi nofii (X = xj) i (X = xp) € Mixk coboro HecyMicHUMH (X =x,) N (X =x,) =, i # m; i, m=

k
1,2, ...,K) 1 yTBOpIOIOTH IOBHY TPYITY (U(X =X ) =" Q) , TO HEOOXITHOIO € TaKa yMOBa!
j=1

k k

2 P(X=x,)=%p =L (61)

j=1 j=1

PiBHicTh (61) Ha3MBAIOTH YMOB0I0 HOpMYBAHHA NS AUCKPETHOI BUMAAKOBOI BenmduHU X. HaBeneny Ta0mnwmirto

HAa3HUBAIOTh PAOOM PO3NOOITNY.

IMpuknan 3. 3akoH po3MOAITY AUCKPETHOI BUMAKOBOI BETMYMHH X 3aJaHO TaOJIUILIECIO

X=x; -4 1 2 5 9
P(X=x,») =
Di

01|01 |05 | ps | 02

3HaliTH HMOBIPHICTh MOXKJIMBOTO 3HAYCHHSI BUITAJIKOBOI BETUYMHU X = X4 = 5.
Po36’a3anna. 3rigHo 3 yMOBOIO HOpMyBaHHS (61) Maemo:

5
>pi=p+pP,+Ps+pP,+pPs=1->01+01+05+p,+02=1— p,=01.
i=1

3aK0oH po3MoIiTy HMOBIPHOCTEH MOXHA YHAOUHHUTH IpadidHo.

s mporo BizbMeMO cucTeMy KoopAwHAT p; O X;, BIIKJIABIIM Ha OCi aOCIMC MOJKJIMBI 3HAYEHHS BHITaKOBOL
BCJIMYMHM X;, @ HAa OCi OpAMHAT — IMOBIPHOCTI p; IIMX MOXJIMBHX 3HAa4eHb. TOYKH 3 KOOpAHHATAMH (X;; p;)
MOCTIIOBHO CIOJNyYUMO Bipi3kaMu mpsMoi. YTBOpPEHYy MpH LbOMY (Qirypy Ha3WBalOTh 1MOBIpHICHHM
MHOTOKYTHHUKOM.

Mpuknan 4. 3a 3agaauM y Ta0IU4HIA GOpPMI 3aKOHOM PO3MOJIITY TUCKPETHOT BUIIAJAKOBOI BETHUMHHU X

X=x 25 1 /35| 5 |65 8

P(szi) =
Di

01(02(01(03|02)0,1

noOyayBaTH HMOBIPHICHUI MHOTOKYTHUK.

Po36’a3anna. IMOBipHICHHII MHOTOKYTHHK 300pakeH0 Ha puc. 20

Puc. 20

CyMa opavHaT iMOBIpHICHOT'O MHOTOKYTHHKA 3aBK/IW JOPIBHIOE OJJMHULII.

2. ®yHKLis po3noairy HiMoBipHOCcTeH (iHTerpajibHa pyHKIis) Ta il BJIACTHBOCTI

3aKoH po3moaily HMOBIpHOCTEH MOXHA TOAATH II€ B ONHIM (opmi, sika mpuaaTHa i JId AUCKPETHHX, 1 Ui
HEIEPEPBHUX BUIAIKOBHX BEJIMYMH, a caMme: K (YHKINIO PO3MOIiTy HMOBIpHOCTEH BHIMaAKOBOI BenuuuHu F(x),

TaK 3BaHy IHTErpabHy (QYHKIIIO.
OyHKIII0 apryMeHTy X, II0 BU3HAYa€ MMOBIPHICTh BUMAAKOBOI Mol X < X, HAa3UBAIOTh (PYHKYIEIO pO3NOOiLy
timMogipHocmeil.

F(X) = P(X < X) (62)

L[}O (byHKI_IIIO MOXHa TIIYMAauUTH TaK: YHaCJ'Ii,I[OK CKCIICPUMCHTY BUIIAIKOBA BCIIMYUHA MOKEC Ha6y'TI/I 3HA4YCHH,
MCHIIOI'O 3a X .



Hanpukian, F(5) = P(X <5) o3Hauae, o B pe3yibTaTi eKCIIEPUMEHTY BUIIAIKOBa BennunHa X (JUCKpETHA YU

HeIepepBHa) MOKe HaOyTH 3HAYCHHS, SIK€ MICTUTBCS JIBOPYY Big x = 5, 1110 itocTpye puc. 21.
F(5)=PX<5—>

Il | I IR I — S
32-1012 3 456 X

PosrisHemo Baactusocti F(X):

1. 0<F(x)<1.

I BMacTUBICTH BUIUIMBAE 3 O3HAUCHHS (PYHKIIIT PO3MOALTY.

2. F(x) € HecrragHOO QYHKIIE, a caMe F(x,) > F(x;) , AKIIO x, > X; .

Hosenennsi. [Toznaunmo Bigmosiauo A, B, C nomii (X < Xp), (X < Xq) i (xl <X gxz). Bunanxosi nonii B1 C €
Hecymicanmu (AN C = &) (puc. 22).

A=(X<x)—>

C=(x;<X<x,)
—  B=(X<x)>¢

X1 X2

b N

Puc. 22

Toxi momito A moxna 3amucati Tak: A = BUC (A =B + C).
3a GopMyIor0 T0oMaBaHHA U HECYMiCHHUX BHUITAIKOBHX TIOJIi MaeMo:
P(4) = P(BUC) = P(B) + P(C) a6o P(X <Xp) = P(X < X1) + P(X; < X < x). (63)
3BijicH Ha MiICTaBi O3HAYEHHS iHTErpansHOi Gyukiti F(X), mictaemo
F(x2) = F(X1) + P(x; <X <xp)
abo F(x,)—F(x;)=P(x; <X <x,)>0. (64)
Otxe, F(%,)—F(x)=0—>F(x,)>F(x).
I3 npyroi BaactuBocTi F(X) BUIUTHBAIOTH HABE/ICHI J1aJli BHCHOBKH:
1. IMOBipHiCTH TOTO, IO BUMAAKOBAa BeauuuHa X HaOyJe MOXJIMBOTO 3Ha4YeHHSA X =Xe[o;B], MOpiBHIOE
OpUpOCTY iHTerpasibHOT PyHKii F(X) Ha IbOMY IPOMIXKKY:
Pla<X <B)=F(B)—F (). (65)
2. Slkuio BumNajKoBa BelMYMHA X € HENEPEepPBHOI, TO WMOBIPHICTH TOTO, IO BOHA HAOyJE€ KOHKPETHOIO
MOJKJIUBOTO 3HAYCHHSI, 3aBXK U JIOPIBHIOE HYJIIO:
P(X =x,)=0.
I cnipaBi, noknasmm B (65) a=x;, B=x,+Ax, aicraneMo P(x; <X <x; +Ax)=F(x;, +Ax)—F(x;) .
Ko Ax —0, maemo: lim P(x, < X <x; +AX) = Alxig)(F(xi +AX) —F(x,)). (66)

Ockinbku npu Ax —0 X =Xx;, T0 P(X =x,;) = F(x,)—F(x;) =0, 1mo i notpi6HO OyJI0 HOBECTH.
OTxe, Ui HeTIEPEePBHOT BUIAAKOBOI BETMYMHU X CHPaBIXYIOTHCS TaKi piBHOCTI:

Pla< X <B)=P(a< X <B)=P(a< X <B)=P(a< X <B). (67)
3. Ikmo X € |—oo; oof, BUKOHYIOTBCS [IBA MOJ1aHi JaTi CITBBiTHOIIEHHSI.

1) lim F(x) = lim P(X <X) = F(~o) =P(X <-x) =0.

Ockinbku mojtist X < — oo TOJIATae B TOMY, 1110 BUIIJIKOBA BEJIMYMHA Ha0yBa€ 3HAUCHHS, K€ MiCTHUTHCS JTIBOPYY
BiJ — 00. A Taka IOIis € HEMOKIMBOIO ().

2) lim F(x)=limP(X <x)— F() =P(X <) =1

Momiss X< o0 momsirae B TOMy, IO BHUIAJKOBAa BEIHMYMHA X HAOYBa€ YMCIIOBOTO 3HAYCHHS, SIKE MICTHTHCS
JiBOpyY Bix + . [1g momis € BiporigHoto (Q2), ocKimbkn OyIb-ske auciao X = X <oo,
I3 X BOX CIiBBiHOIICHL BUTUIMBAE BUCHOBOK: SIKIIIO MOXKJIMBI 3HAUCHHS BHIIQJIKOBOT BETUUMHK X HAJICKATh
o0MeKkeHOMY MPOMIXKKY [a; b], To
F(x)=0 mmm x<a
F(x)=1 gns x>b. (68)



Ipukian 5. 3aKoH po3MOALTY TUCKPETHOT BUTIAAKOBOI BEIMIMHU X 3a7]aHO Ta0JIHAIICIO:

X=x; -4 -1 2 6 9 13
P(XZx,-)Z
Di

61,0201 (03|01|02

[To6ynyBatu F(X) Ta 1i rpadik.
Po36’azannsa. 3riguo 3 Bmactusoctsamu F(X), micraeMo HaBeIeHi ali CIiBBiIHOMIIEHHS.
DF-4)=P(X<-4)=0;
2) F(-1)=P(X<-1)=P(X=-4)=0,1;
FR)=PX<2)=P(X=-4)+P(X=-1)=0,1+0,2=0,3;
4)F(6) =P(X<6)=PX=-4)+PX=-1)+P(X=2)=0,1+0,2+0,1=0,4;
5 F9) =PX<9)=PX=-4)+P(X=-1)+P(X=2)+P(X=6)=0,1+02+0,1+0,3=0,7;
6) F(12) =P(X<13)=P(X=-4)+P(X=-1) +P(X=2)+P(X=9)=0,1+0,2+0,1+ 0,3+ 0,1 =0,8;
N FX)k>3=PX>13)=P(X=-4)+PX=-1)+P(X=2)+P(X=9)+ P(X=13)=0,1+0,2+0,1+0,1+0,3 +
0,1+0,2=1.
Kommnaktro F(X) MOkHa 3amucatu B Takii ¢popmi:
0, X < -4,
01 —-4<x<-1L
03 -1<x<2
F(x)=P(X <x)=404, 2<Xx<6;

0,7, 6<x<9
0,8, 9<x<12;
1,  x>12.
I'padik Gpynkuii F(X) 300paxeno Ha puc. 23.
Fx)}
L i B A—

O by "—’
-t | | 5
~—=e [0 | : l :

4 1 0 2 6 9 13 X
Puc. 24
IMpuknang 6. 3akoH po3noALTy HeNepepBHOI BHIIAJAKOBOI BeTWYMHH X 3aJaHO (YHKIIEID PO3MOMILTY
HMoBipHOCTEH
0, X <=3
2
X+
F(x)= 37 3ox<4
49
1, X >4,

ITobymyBatu rpadik ¢pyukmii F(x) i obuncoutn P(—1 < X < 2).
Po3e’azanns. F(X) rpadiuno 300paxxeHo Ha puc. 25.
Fn

19

F(2)
P(-1<X<2
— 5




BukopucroByrouu (65), 06uncanmo :
(x+3)f|  _(x+3?| _25_4 _21_3
49 | 49 49 49 49 7

X=2 |x=71

P(-1<X<2)=F(2)-F(-1) =

3. HlinbHicTh iMoBipHOCTEH (TMepennianbua Gpynkuis) f(X) i ii BaAacTuBocTi

Jls HemepepBHUX BUIAJIKOBHUX BEIUYWH 3aKOH PO3IMOJITY HMOBIPHOCTEH 3pydYHO OMHCYBAaTH 3 JOIOMOTOIO
IIJTBHOCTI HMOBIPHOCTEH, SIKY T03HAa4Yat0Th f (X).

ineHicmio timogipHocmeli HENCPEPBHOI BHITAJKOBOI BENIMYMHM X HA3UBAETHCSA TMEpIIa IOXigHA Bif
iHTerpanpHoi QyHKii F(X):

F(%) =A1Xim F(x+Ax)-F(X) _ F(x) = dF(x), (69)

0 AX dx
3BLAKH dF(x) = f(x)dx.

Ockinmbku P(x <X <x +Ax)=F(x +Ax) — F(x) ~dF (x) = f (x)dx, T0 106yTok f(X)dX — iiMOBipHiCTH TOTO, 1110
BHIIAJKOBA BETMYHHA X MICTUTHMETHCS y IPOMIXKKY [X, x + dx], me dx = Ax .

I'eomerpuyno Ha Tpadiky miisbHOCTI HiMoBipHOCTI (X)X BimmoBigae rroma MPSIMOKYTHHKA 3 OCHOBOKO OX i
Bucotoro f(X) (puc. 27a).

S &) P(x<X<x+dx)

Puc. 27a

Baacrusocri f(X)
1. f(x)=0. Ils BIacTUBICTh BHUIUIMBAE 3 O3HAUEHHS IHIITLHOCTI HMOBIpHOCTI 5K Teproi moxiguoi Bim F(X) 3a

ymoBH, 110 F(X) € HecmaaHo0 BYHKIN€KO.
2. Ymoea nopmyeanis HETIEPEPBHOT BUITAIKOBOI BETUUNHU X

T f(x)ox =1. (70)
JloBenenns.
[ t)dx= [dF(x) = F( %, = F(o0)~ F(-o0) =1.

S0 HemepepBHA BUITAKOBA BENWYKMHA X BH3HAYCHA JIMIIIC HAa MPOMiXKY [&; b], To yMoBa HOpMyBaHHS Mae
TaKWUil BUTJISLI:

| f(x)dx=1. (71)
3. IMOBIipHICTh MOMNaaHHsA HETIEPEPBHOT BUITAIKOBOT BEJIMUMHH B iHTEepBai [a; B] 00UHCIIOETHCS 32 HOPMYIIOH
B
Pla< X <B) = f(x)dx. (72)
JoBenenHsi. 3a BaacTUBICTIO QYHKIIT po3noiity iWmMoBipHocTei (67)

P(a<X <B)=F(P)—F(c).

3anexHicTh (72) MoxHa moaaTh Tak: P(a<X <f) = ?f(x)dx = l}dF(x) =F(x)[ = F(B)-F(a).

4. OyHKIISA po3MoaiLTy TMOBIPHOCTEH HENIEPEPBHOI BUTIAIKOBOT BETUIHMHHA MA€ BUTIIT

F(x)= [/(x)dbx. (73)



Tosenennst. [ f(x)dx = [dF(x)=F(x)[, = F(x)~ F(-0) = F(x).

—o0 —00

SIKII0 MOKITHBI 3HAYEHHSI HETIEPEPBHOI BUIIAIKOBOT BEIMUMHU HAJIEXKATh JIHIIE iHTepBay [a; b], To

F(x)=[f(x)dx. (74)
Mpuknan 7. 3akoH po3MOALTY HETIEPEPBHOT BUMAAKOBOI BETMUMHN X TaKHA:
0, Xx<-1
3
F(x)= D™ g x<s,
64
1 X>3.
3HaiTH f(x) i noOyayBaTH rpadiku ¢byHKIin f(x), F(x). OObuucnutu
P(0 < X <2), ckopucrtasiiuch (65) i (72).
Pose’azanna.
0, x<-1

f(x)=F'(x)= 6_3:1(X+1)2' —1<x<3

0, X<3.
I'padiku dynkiiit F(X), f(X) 300paskeno BiamoiaHo Ha puc. 276 i 28.

F) A

P(O<X<2)

Puc. 276
ImoBipHicTh moaii 0 < X <2 o0uuciaumo 3a (65):

PO<X <2)=F(2)-F(O)=2 -1 _26_13.
64 64 64 32
Jaui 3rigHo 13 (72) Maemo

; %3 33 3 (x+1)°
P(0<x<2):£f(x)dx:£&(x+1)2dx:a£(x+1)2dx:6_4( 3)

2
27 1 26 13
, 64 64 64 32
IMpuknan 8. 3akoH HenepepBHOT BUMAIKOBOI BEIMYHHU X 3a/1aHO Y BUTJISIIL
0, X <0;

f(x)= %sin X, 0<x<m;

0, X > T.

3naiitu F(X) i moOynyBaru rpadiku dynkuiit f(x), F(X). O6unciut P (% <X< gj

Po3eé’azanns. 3riguo i3 (74) maemo:

0
OTxe, pyHKLIS po3noairy HMOBipHOCTElH Oy/ie Taka:

F(X)=If(x)dx=I% Sindx:%jsindx:%(—cosxﬁ):%(—cosx+1):—1_czosxl
0 0



0, X<0;

F(x)= %(1—cosx), O<x<m

1, X > T.
I'padiku dynkuiit f(x), F(X) 300pakeni BianosiaHo Ha puc. 29 i 30.
S
— .
0 T Tox |O T ox
2
Puc. 29 Puc. 30

IMOBIpHicTb MO — < X <~ MOKHa 0GYHCIHTH 3Ti/IHO 3 (65) a6o (72). 3actocyemo opmymy (72):
P 6 2

v B BB

T
=—C0S—+C0S—=——
4 6 2 2 2

NI

P(£<X<£j=jsinxdx=—cosx
6 4

z
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