Bnma MaTeMaTHKa

TEMA 1. BUSHAYEHWUU IHTEMPAJ

JEKIISA Ne 1

Busnauenuit  inmezpan. TloTykHUM 3aco00M JOCHITKCHb Y
MateMmarturl, (I3HII, MeXaHIl Ta IHOAX JHCOUIUIIHAX € BH3HAYCHHIH
IHTeTpalx - OJHC 3 TOJOBHHX IOHATH MAaTeMaTUYHOTO aHami3y. 3a
JOTIOMOTOIO BH3HAYCHOTO 1HTerpasia OGUHCIFOIOTh IUTOMIHMHH, SIKI OOGMeKeH1
KPHUBUMH; JOBXKUHH AYT; 00'eMH T1T; podoTa; MBHAKICTD; JOBKUHA IULIXY;
MOMEHTH 1HEPIIii Ta 1H.

OGuricrieHHs IO KPUBOMHIIHOT Tpanerdi. Hexait Ha Biapizky [a;b]
saiaHo HernepepeHy Qyukiio y = f(X) (puc. 1.1). IosHaumvo uepes m 1 A il
HaliMeHIIle 1 HAliOUTbIIe 3HAYESHHS HA IHOMY BIAPI3KY. PoziG'emMo BiApizok [a;b]
Ha N YacTWH TOYKAMH AUCHHA a = Xg, Xq,X9,..., Xo_1, %, =D, Takumu, mo
X <X <X <..<X, 1 IOKIIEMO X —X=A4A%, X —X=4%, ..,

X, — X, 4 = AX, . Ilo3HaunmMo, gaji, HaiMeHIIe i HalfoUTbIIe 3HAYCHHS (YHKIUI
(X Ha BLAPI3KY [X, Xq] Hepes My 1 My, Ha BIAPIZKY [x4, xo| dYepes MpiAd,..., HA
BUPI3KY [ X,_4,X,] depes myi1Adf,

CxiameMo cyMIl: S, = MyAX; + MpAX, +...+ M AX, = Zn: ma4x ;
i=1

— n
Sn =M Ax + MoAx, +..+ M Ax, = > M, 4% .
i=1

y AO Kn—1 Cn
y=f(x)
Ki 1C "
Kok T M
Cao /N1 2 Bg
m | my|M;
A B
0 ho=a x4 % eer Xp1 X=b "X
Puc. 1.1

Cymy S, Ha3HBaIOTh HHKHBOIO 1HTETPATbHOIO CYyMOIO, a CyMy Sn -

BEPXHBOIO 1HTETPAIBLHOIO CYMOIO.
Axmo f(}) > 0, To HIDKHS 1HTErpaTbHA CyMa YHCEJNHHO JOPIBHIOE
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Bnma MaTeMaTHKa

mwiomunl  Boucanoi  crymuyactoi  girypu  ACoN1CiNy...CrqNiBA,
OOMe)KCHOI BITHCAHOKO JIAMAHOIO, BEpXHS IHTEIpaJbHA CyMa YHCCIBHO
JIOPIBHIOE TUTOIMHMHI omucyBaHoi crymudactoi (irypu AKoCiKj...C,BA,
0OMEKCHOI OMHCYBAHOKO JTAMAHOO.
BimsHaumMo AesKi BIACTHBOCTI BEPXHBO1 1 HIDKHBOI IHTCTPABHIX CYM:
- ockimbku M <M; ams Oyme-skoro i=1,n, 1o S <S5 (3HaK
PIBHOCTI MOXKIHBH T1bKH B pasi f(x) = const.);
- OCKUIBKH mzm, mz=m,.,M =m, ae m - HaliMeHIlIc 3HAYCHHS
f(x) ma [a;b], T0 S, >m(b-a);

- ockuku M;<M, M,<M,.. M, <M, pe M - HaiiGu1bmmIC

sHavyenns f(X) wa [a;b], To Sn< M(b-a).

O6'eqnaBIin 1 HepiBHOCTI, Maemo: M(b-a)<§ < Sn<M (b-a).

SAxmo f(X) > 0, To ocTaHHs HEPIBHICTh Ma€ MPOCTHUl T€OMETPUUHHI
amict. Tak m(b — a) 1 M(D — @) BiAMOBIAHI TITOINI BIIUCAHOTO 1 OMHCYBAHOTO
npsaMoKyTHHKIB A CoBoB 1 AAqCrB.

[TpoAOBKUMO PO3TIBIA MOTNEPEAHBOr0. Y KOKHOMY 3 BIAPIZKIB [Xq,
X4, [X1, X2l, .- [Xn1, Xn], BI3BMEMO TOUKY, SIKY MO3Ha4YHMO &4, &5,....&n

(puc. 1.2), 1 o6umemmo 3HaueHHs pyurwi (&), (5),....T(&,).

y
. But Ao |y=f(x)
B, h = | Co-s

fa

/ 1

En
Olx=a & X1 & % ... %1 %=b

X

Puc. 1.2

CkiazeMo cyMy :




Bnma MaTeMaTHKa

Si = F(E)MXq + F(5) WG +..+ T(5,) A%, = 3 F(&5) A%
i=1
Llst cyma HazHBaeThCs 1HTETpaJbHOIO cymoro ams (pyukmi f(X) Ha Biapi3Ky
[a;b].

OCKUIBKH TPH JOBUIBHOMY & , SIKe HANCHKHTH BLAPI3KY [ X_1,% ],

6yme M < (&5 )<M, 1Bci A% >0, 10 MAxX < (& )A% < M, A% .
Orxe, Zn:mA)q Szn:f(;‘i)AxiSZn:MiA)q, abo §n£Sn£§n.
i=1 i=1 i1

IeoMeTpuUHUIA 3MICT OCTaHHBOI HepiBHOCTI TipH f(x) > 0 momsirae y
ToMy, 1m0 (irypa, IUoma SKoi JOPIBHIOE S, oOMeXeHa TaMaHOIo, sKa
MICTHTHCS MK BIUCAHOKO 1 OTIMCYBAHOKO JIAMAHUMH.

CymMma S, 3anekuth BiA TOTO, SIK TIOJ17EHO BIAPI30K [«;b] Ha Biapizku
[ %_4,%] 1BixTOTO, SIK Y34TO TOUKY & V IBOMY BLAPI3KY.

[NosHaumMo uepe3 A% HaHOUTBINY 3 OOBXKHH BIAPI3KIB [xp, x1],
[x1, x2],--s[xn1, xn]. PosrmsiHemo Oyap-sike mideHHS Biapizka [a,b] Ha
BLAPI3KA [x;4, x], me i=1,n, Taki, mo mMaxAx — 0. OueBnaHo, mo mpU
OPOMY YHCIO N Y AUTCHHI OPAMy€e€ A0 HECKIHYeHHOCTI. I KOKHOTO
JIUTCHHS, B3SBIIW BIATIOBITHI 3HAYCHHA ¢ , MOXKHA CKJIACTH IHTETpaIbHY

cymy
Sh =2 (& )ax; . (1.1)

PosrmsiHeMo JesiKy TOCTITOBHICTh AITEHHS Biapizka [a,b], y saxiii
maxAx — 0, mpu 0poMy N—> o0 1y KOKHOMY JUICHHI GepeMo BIAMOBIAHI

& . IlpumycTiMo, Mo 1 BIOPSAKOBAHA IOCJIAOBHICTH 1HTETPATEHUX CYM

* * . n

S, mpsamye 1o mesoi rparmmi:  lim § = lim > f(&)4A% =S.
N—co N—co f
m;xAx -0 m:xAx ol=1

BusHaueHmii iHTerpan. fkmo mpH OyAb-IKMX AUICHHAX BIApi3Ka

[a,b] Takux, mo maxAx — 0, 1 mpu Gyab-sikoMy BHOOpPI TO4OK & Ha

BUApI3KaxX [x_4, x] 1iHTerpampHa cyma (1.1) mpsmye mo ommiei 1 Tiel K
rpaHdIi S, TO W TPaHHUISL HA3HBAECTHCS BH3HAYCHHM IHTETPAIOM BiJ
¢dyukii f(X) Ha BiIPI3KY [4;b] 1 Mo3HAYaeTHCS

? f (x)dx (1.2




Bnma MaTeMaTHKa

n b
Takuv umrom: S=  lim > f(&)aAx = [ f(x)dx.
R’ZXOAO\)Q -0 i=1 a

Yucna a 1 b BIANOBIAHO € HIGKHS 1 BEpXHS TpaHuIy 1HTerpany, ¢pyukms f(x)
€ miaiHTerpaibHor0 (yukmiero, f(X)dX - mmiHTerpambHEM BupaszoM, [a,b] €
BIJPI30K IHTeTPyBaHHA, X - 3MIHA IHTCTPYBaHHS.

Omke, sxmo Ams ¢yukigi f(X) rpanuns S icHye, To (yHKUII €
IHTEIPOBAHOIO HA BIAPIZKY [a,b].

3ayBaKMMO, IO HIDKHSA 1 BEPXHS IHTCTPATbHI CYMH € OKpeMi BHIIAAKH
inTerpanbHoi cymu (1.1), Tomy, sikmmo f(x) 1HTErpoBaHa, TO HIGKHS 1 BEPXHS
IHTErpajibHl CYMH MPIMYIOTh JO TIEl K TpaHHIl S, TOMY MOMKEMO

n b n b
samucat:  lim Imax = [ f(x)dx; lim  FTM;aAx = jf(x)dX.
i=1 a N—o0 i=1 a
max Ax; —»0 max Ax —0
SAxmo moGyaysatu rpadik mmHTErpambHoi Gpyukiii y = f(x), To y
pasi f(X) > O BusHaueHuii iuterpan (1.2) Oyde 4HCenbHO IOPIBHIOBATH
IUIOIHHI KPWUBONIHIMHOI Tpamemii, OOMeKeHOI BKa3aHOK KPHBOIO,
mpsMuMu x = a, x = b1 Biccro Ox.
3ayBayKCHHA!

- BU3HAUCHUIA THTETPaJ He 3aJIe)KUTh BT 3MIHHOI IHTeTPYBaHHA

b b b
[f(x)dx=] f(t)dt=..=] f(z)dz;

- 3MIHa MICIFIMH TPAaHUIb IHTETPYBAHHSA 3MIHIOE 3HAK BU3HAYCHOTO
IHTErpay Ha MPOTUIIEKHUI

If.f(x)dx:—?f(x)dx;
a b

- sxmo a = b, To nms 6y ap-sxoi pyuxii f(X) Mmae micue
a
| f(x)dx=0;
a

- GesmocepeHe OOYMCICHHA BH3HAYCHOTO IHTEIPaly AK TPaHHII
IHTETPAJTBbHOI CYMH NOB'I3aHO 3 BeJIMKHAMH TpyIHoInamu. Tomy mam Oyae
mojaHo Meto, Biakputhii HetoToHoM 1 JleiiGHineM, KU BHKOPHCTOBYE
rHOOKHH 3B'S130K MK IHTETPYBAHHSIM 1 AU(ePEHIIIOBAHHSIM.
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JEKIISA Ne 2

OCHOBHI BJIACTHBOCTI BU3HAYEHOTO 1HTEIPAIV:
- CcTajMii MHOXHHK MOJKHA BHHOCUTH 34 3HAK BH3HAYCHOTO
IHTeTpany:

b b
| Af (x)dx= A f(x)dx, me A= const;
a a

- BU3HAYUCHUIT 1HTCTPaJ Bl anreOpaidHoi CyMH JeKUIbKOX (yHKIii
JIOPIBHIOE anmrebpaivHiif cyMi iHTerpamiB Bix mux ¢yukmiif. Tak, y pa3si 1Box
(QyHKIII:

b b b
TCR () + fo(x))dx= | fr(x)dx+ [ fo(x)dx;

a a a
- skmo Ha BUAP3Ky [ab], me a < b, ¢ynxmi f) | ¢

b b
3a10BOIBHMOTH HepiBHOCTI f(X)<¢(X), To | f(x)dx< [o(x)dx.
a a

QOBGQGHH}I. Posrmaaemo p13HI/H.[EO
n

b b b
[p(x)dx—[ f(x)dx = [((x)— f(x))dx = mxliﬁ_)o_q((p(é‘i )= F(GiNax.

Tyt xoskHa pisaund @( & )— (5 )=0, A% >0. Omke, KoXKeH WicH

CYMH JOJATHUIA, TOJaTHA BCSL CYMa 1 J0JaTHa ii TpaHmIis, ToOTo
b
[(p(x)— f(x))dx>0, 3Bigku

b 2 b b
Jp(x)dx—[ f(x)dx=0,a60 [@(x)dx> | f(x)dx;

- sikmo M1 M - Halimenme 1 HaliGitbre 3HaueHHs QyHKii f(X) Ha
BUApI3KY [a;b] ia < b, To

b
mb-a)< | f(x)dx<M(b-a).
a
Josenenns. 3a ymoBoro m < f(X) < M. Turerpyemo 10 HepIBHICTS!
b b b
Jmdx < | f(x)dx< [ Mdx, ane
a

a a

tfmdx:m(b—a), ?de: M(b-a).
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[Micas miAcTAaHOBKH IMX PIBHOCTEH Y MOTICPSIHIO HEPIBHICTh MAEMO
OIyKaHe,

- sxmo ¢yukms f(X) HemepepsHa Ha BiApi3ky [a,b], To Ha 1BOMY
BIJPI3KY 3HAWIEeThCH Taka Touka & | mo OyAe MpaBHIBHOIO PIBHICTH

b
[ f(x)dx=(b-a)f(&).

Lo BIacTHBICTH BU3HAYCHOTO IHTETPANy 1HOI MOJAIOTH K TEOpeMy
mpo Horo cepeaHe 3HAYCHHS.

Hosenennsa. Hexaif a < b. Sxmo m 1 M HaliGigeine 1 HaliMeHIe
sHaveHus Qyuxmi f(X) Ha BiLApisky [a,b], To Ha miacraBi BractuBocTi 4
MaeMo:

ms1/(b—a)lj)f(x)dst .

3BiAcH BHpa3, AKHWI PO3TAIIOBAHO BCEpeIOMHI HEPIBHOCTI, Oyae
jgopiBaroBatH 4. To6to M < u < M. Omke, npu JesKoMy 3HAYEHHI

£e(a,b), 6yzemo matn p= f(&), abo
lf) f(x)dx=f(&)(b-a);
- 718 Oy Ab-AKHX TpaI)OX 4yrcen a,b 1 ¢ cripaBeMBa PIBHICTh
? f(x)dx:f f(x)dx+? f(x)dx,
a a c

SIKITO TITBKH BCl I IHTETPAIH ICHYIOTb.

JloBelcHHS CIUPAEThCAd HA BIACTHBICTH IHTCTPANBHOI CYMH, SKY
MO>KHA PO3IUTHTH Ha OKPEeMi YaCTHHH.

Ob6uncaeHHs BH3HA4YeHOro iHTerpaiay. Popmyiaa HeroTona-Jleii-

b
onina. Hexaii y BU3BHAUeHOMY 1HTETpa J' f (X)dX HKHS TpaHHIE a CTama,
a
a BepxHsi rpanums b Oyae sminroBatmch. Toml Oyae 3MIHIOBATHCS 1
3HAYCHHS THTETpajy, TOOTO 1HTeTpai € (PYHKIIEFO BEPXHBOI TPAHUIIL:

@(x):ff(t)dt.

Axmo f(t) > 0, To O(x) YncenbHO TOPIBHIOE IO KPUBOIIHIHHOI
Tpaneuii aABx (puc. 1.3). O4eBUIHO, IO U IUIOIIA 3MIHIOETBCS 3AJIEIKHO
B 3MIHH X.
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y=f(x+/x)
y f(§) V=)
AY ®(x)4 4D
of 2] X & x+/x X
Puc. 1.3

Teopema. TToxiana Big ©(x) mo x popisHioe f(X).
[JoBenenns. /laMo apryMeHTY x l'IpI/IpiCT Ax, Tom

X+AX X+AX

DX+ AX) = jf(t)dt jf(t)dt+ jf(t)dt

[Mpupict pyHKIni CD(X) JopiBHIoe: AD = CD( X+ AX)—P(X) =

X+4X X+A4X

_jf(t)dt+j f(t)dt— jf(t)dt_ j f(t)dt.

Jlo OCTaHHBOTO IHTETPANy 3aCTOCYEMO TEOPEMY MPO MOTO CepeHe
sHayeHHT. AQ = f(E)(X+AX—X)= f(E)AX, me X<E< X+ AX.

3uaiinemo BigHomeHmst: AD /[ AxX= f(&E)Ax/ Ax=f(&).
Omre, D'(X)= lim AD /] Ax= I|m f(&). Are £—>x xomu Ax—0,

Ax—0

tomy lim f(&)=Iimf(&)= f(X). 3a ymoBoto Teopemu (yuxis f(x)
Ax—0 Eox

HemepepsHa. Takum unaoM, @'(X) = f(X).

3ayBakeHHS. 3 [OBCOCHOI TECOPEMH BHXOAMTH, INO Oyab-fKa
HenepepBHa (PYHKULT Ma€e MEPBICHY.

Teopema. ®opmyaa Herotona-Jleiibuina. Sxmo F(X) € Oyap-ska
mepBicHA Bi HeniepepBHOI ¢y HKi f(X), To cipaBeamBa dopmyna

?f(x)dx:F(b)—F(a). (1.3)

a
Hosenenns. Hexait F(X) € mesika nepsicHa Bia ¢yukimi f(X). Burue

X

JIOBEIEHO, IO (PyHKIs J'f(t)dt e Takok mepsicHoro BT f(X). Ane aBi
a

TICPBICHI BiJ oHIET PYHKINI BLAPISHMIOTHCS Ha cTtaiy BeamanHy C. OTke,

10
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X
[ f(t)dt=F(x)+C. (1.4)
a

L piBHicTs € TOTOXHICTh mpu BiamosigHoMy C. Bmsnaummo C,

a

noknasu y (1.4) x = a, tomi: | f(t)dt=F(a)+C, a6o 0=F(a)+C
a

spiakun C =—F(a).

X
Orke, J'f(t)dt:F(X)—F(a). IMokmapmu x = b, maemo
a

b
(opmyny Herotona-JleliGHia: J' f(t)ydt=F(b)-F(a).
a

[MoBepHYBIIHKCS 0 3MIHHOI X B OCTAHHBOMY BHUpa3i, Maemo (1.3).

Skmo BBecTm mosnHavenms:. F(b)-F(a)=F( X)|Z , To (opmyay
b
(1.3) MoykHa mepenmcaTu Tak: J' f(x)dx=F( X)|:1 =F(b)-F(a).
a

b AV
3HaK |a € 3HAKOM IIOJAB1MHO1 MM ACTAaHOBKH.

®opmyna (1.3) Jae mnpakTHYHO 3pYYHHH MeTOX OGUUCIEHHS
BU3HAYCHHX IHTCTpaiB y TOMY pasi, KOJTH BiJoMa ISPBICHA
MAIHTETPaTbHOL (DY HKIIII.
3aMiga 3MIHHOI V_BU3HadeHoMV iHTerpam. Teopema. Hexail mano
b
BU3HAYEHHH 1HTEeTpai J' f(x)dx, ne ¢pyuxmis f(X) HemepepBHa Ha BiAPI3KY
a

[a;b]. Beeaemo HoBy 3minHYy t 3a dpopmyroro X = ¢(1).
SAxmo a) @(ax)=a, p(f)=b; 6) o(t) i ¢'(t) HemepepsHi Ha
Buapi3ky [ «, A; B) f(@(1)) Bu3HaueHa 1 HeniepepBHa Ha [ &, ], TO

b s
[ FO0dx= [ F(p(t)p'()dt . (1.4)

Hosenenns. Skimo F(X) € nepricua ams ¢yuxiii f(X), To BuzHaueHui
1HTErpat, sikuil cToiTh mBopy4y (1.4), nae

?f(x)dx: F(x)L =F(b)-F(a), (1.5)

a BU3HAYHUIA 1HTErpan, Sikuil cToiTh mpaBopy4 y (1.4), nae

11
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p
[ Fp(t)/()dt =F (o(1)) =F(p( £)-F(p(ax)) =F(b)-F(a). (1.6)

[22
3 pirocreii (1.5) 1 (1.6) npsimye TBepmkenus (1.4) Teopemu.

3ayBakeHHA. [lpm OOYHMCICHHI BH3HAUCHOTO IHTCTpaly 3a
(dopmyoro (1.4) He TpebGa MOBePTATHCS IO MOTEPEAHBOT 3MIHHO.

r
Hpukiag. OOYHCIATH HTETPAT J' r? —x2dx.
0

PosB'sizanns. 3poGuMo 3aMiny 3MiHHOI: X = rsint, dx = rcosidt.
O6uncaumo HoBi rparumy: x = 0, ko t = 0; x = r, ko t = /2.

/12 /12
} r2—x? dx_”j VrZ —r?sin 2tr costdt =12 V1—sin2toostdt:
0

w2

joos tdt=r2/2 j(1+ooszt)dt—r /2(t+(sm2t)/2)|’”2

=ar?/4.

IHTerpyBaHHS YaCTHHAMHE Y BU3HAYCHOMY IHTEIPAJ.
Hexait y BuzHaueHomy iHTerpam (1.2) mimiHTerpagbHul BUpas
f(x)dx moskuBo momatu y Burimimi Udo, ge U= uX@ i o = v -

mudepenmiiioBan ¢yHKIII Big x. Tomi

(w) =uv+v'u.

Tf(x)dX:Tudu:uu]Z—TUdu. Aa.7)
a a a

e
Hpukaag. OGUUCAUTH THTErPa jlnxdx .
1
Posg'sizanna. Tyt u=Inx; v=x

e e
[ Inxdx = xinx; — | xdx/ x = elne—1In1 - fdx:e— X =e-e+1=1.
1 1 1

JEKIUS Ne 3

Teomempuuni 3acmocysania UHAYEH020 inmezpany
OO0unCcNeHHs IUTONMH .

- gxkmo Ha BAp3ky [ab] ¢ymrms f(X) > 0, 1o, sx BigOMO 3

12
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MOTEPETHbOTO, TUIOIIA KPHBOJIHIMHOI Tpameiii, OOMeXeHOi KpPUBOIO
b
y = f(x), Biccro Ox 1 mpsimumu x = a 1x = b, mopiBHioe S = _[ f(x)dx;
a
b
- sxmo f(X) < 0 wa [a,b], To BuzHaueHuit 1HTErpan J'f(X)dX TEX
a
BII eMHIH. 3a abCOMFOTHOIO BEIMYUHOIO BiH JOPIBHIOE IUIOM BIAMNOBIIHOI
KPHBOJIIHIITHOT Tparmeii;
- sximo f(X) ckiHueHHe YMCIIO pa3iB 3MIHIOE 3HAK Ha BIAPI3KY [a4,D],
TO Tpeba 3HaliTH cyMy aOCOIOTHHX 3HAYCHB IHTETpajiiB abo OOUHCIHUTH

b
iHTerpan S=j| f(x)|dx; (1.8)
a

Hpukaag. OGumchautn wionry S ¢Girypu, oOMeKEHOI CHHYCOII0I0
y = sinxi siccro Ox, komn 0< X< 27 .

Posp'sazanng. Ockigpku SinxX = 0, ko 0<x<rx, 1 sinx < 0, ko
7 < X< 27 (puc. 1.4), Tomy

Ay

+171 %7[

0f a2 x

AT

Puc. 14
z 27 2z z
S= [ sinxdx+ jsinxd%: [ [sinX|dx = 2] sinxdx = 2(—cosx)[; =

0 s 0 0

=-2(cosz —cos0)=-2(-1-1)=4 ox.xs.
ITomty o6macTi, o6MeskeHoi kpuBamu: Y= f1(X) 1 y= fo(X) Ta
opsSIMEME X=a 1 X=D;Tasaymosn y= f(x)> y= f,(X), kom

a< x<Db, oGuncmoemo 3a popmymnoro
b b b
S= [ f,(x)dx—[ £,(x)dx= [( f,(x)— fo(x))dx. (1.9
a a a

[HKOMH TpeDa 3HAXOMWTH TOUYKH NepeTHHY KpuBHX. [lmg mporo
POBB'SI3YEMO CHCTEMY, SIKY CKIAJAEMO 3 PIBHAHD KPUBHX:

13
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[puknax. OOoYHCcTUTH IOy (Pirypu, 0OMe;KeHOI KPHBHMHA Y = Jx
i y=x2 (puc.1.5).

y y=x

1 3 :\/;
D
/

0 1 X
Puc. 1.5

Po3s'izaHHg. 3HAXOIUMO TOUKH NEPETUHY KPUBHX:

= X7 .
y \F 3BiacH: \/;:xz;x:x“; x4—x:0; x(x3—1):0.
y:xz.
Orxke, X, =01 %, =1.

[MiacraBumMo BuzHaveH1 Bequyuund y (1.9), maemo:
1 o

S= j(&—x2 Ydx=2/ % —1/3x3‘; =2/3-1/3=1/3 ox’.
0 0

[lnoma kpwBOMHIliHOI Tpamemii y BHIAgKaX, KOJMH KpHBa Mae
piBHsIHHS ¥ mapamerpudHiii dopmi: X=¢(t), y=y(t), ne a<t<f i
p(a)=a, @(f)=Db.1li piBHsHHS BH3HAYaIOTh Aesky (yHKIo y = f(X)
Ha BIAPI3KY [a, D] 1, oTike, mioma KpHBOMIHINHOI Tpamelii Moke OyTH
obunciaeHa 3a Qopmymoro (1.9). 3pobumo 3aMiHy 3MIHHOI Y LBOMY
iarerpami; X=@(t), dx=¢'(t)dt . Tom y= f(x)= f(p(1))=w(l).

B
Omxe, S= [y(t)'(t)dt (1.10)

[pukman. OOuyucimTu Iwolomy oOmacTi, oOMexeHoi Biccro Ox i
onHiero apkoro tukmoinu X = a(t —sint) , y=a(1-cost) .
Poss'msanng. Tyt t € [0,27] . 3a popmynoro (1.10) maemo

2r 2r
S= | a(1-cost)a(1—cost )dt = a* | (1-cost)’dt =
0 0

14



Bnma MaTeMaTHKa

5 27 27 27 5 50,127 Lo
=a“( [ dt-2[costdt+ [cos®tdt)=a“(t|;"—2sint| " +
0 0 0

27
+1/2 [(1+cos2t)dt = a (27 + 1/21|2" +1/4sin 2" ) = 37a% or’.
0

[Tnoma KpHUBOIIHIHHOTO CeKTopa B MOJBIPHUX KoopauHarax. Hexait B
TIOJLIPHINA CHCTEMI KOOPAMHAT MAaeMO KpPHBY, SKa BU3HA4YCHA PIBHAHHAM

p="1(0),ne f(O) - HemepepBHa GyHKUIA, Kot o <6 < /. BusHaunMo
mwiomy cekropa OAB. obMexxeHoro kpusoro f(60) 1 pamiyc-Bekropamm
Go=a16,=p.

Po3i6'emo cexrop OAB pantyc-BekTopaMu o =6y, 8 =6,,...,
0=0,4, 0, =p Ha nuactu. [TosHaunmo uepes A0, A0, , ..., Af,
KYTH MK MPOBeIeHUMHE pafiyc-BekTopami (puc. 1.6).

n

Puc. 1.6

IosHaumMo dYepe3 p; JOBKHHY pamiyc-BeKTOpa, SKHil BIAIOBITAe
xyty 6;, 18 0, 4 <6, <6;.
PosrmaHeMo ceKkTop Kolia 3 PajiycoM p; 1 HEHTpaJbHUM KYTOM

A0, . Moro noma 6y e mopisriosatn AS =1/257 - A6, .

n n _
Cyma S =12>.p2-40 =12 .(f(6))-40  mae mwiomy
i1 E

15



Bnma MaTeMaTHKa

"cryminHyacToro” cexropa.

Lls cyMa € 1HTerpaibHOKO CYMOKO A (BYHKIML p2 =(f(6))? na
Biapisky [, ] . li rpanuus, komn max46;, —0 i N —> oo, € BU3HAYCHUI
1HTeTpal, AKuif gae wiomy cexropa OAB. Orke,

B B
S=1/2[ p*d6 aso S=1/2[(f(6))*ds. (1.11)

Hpuxman. O6umcautu mwiomy (Irypu, oOMeKeHOI JEMHICKATOIO

p=aycos20 .

PosB'sizanns. 3pobumo pucyHok ¢irypu (puc.1.7). Pamiyc-Bektop
oImicy€e O0NAcTh 3 IUIOIICO, KA JOPIBHIOE YBCPTI IIyKAHOI IUIOMI, SKIIO
KyT O 3minroethes Bin 0 o 7/4:

/4 /4
§/4=1/2] p’do=1/2a” [ c0s20d6 = a*/2(sin20)/ 27 =a/4.
0 0

Otmxe, S= a’ 0/:[.2

O=rl4

v

o
Q
=

Puc. 1.7

Jowskina jayru kpuBoi. JomxuHa ayru rnamkoi kpusoi Y= f(X) y

TIPSIMOKYTHIT CHCTeMI KOOpIMHAT. BBarkaemo, mo (yHKINA Ta {i Ieplua MoXiaHa
HeTIepepBHI HA BIAPI3KY [a ,b] .

Jlyra AB posramopana Mk mHiIME X=a i X=b (puc. 1.8).

16



Bnma MaTeMaTHKa

M, —
y A Mg y=f(x)
M Ay
1 A%
A
0] a=x X1 X%0..%.1 X ...b=X, X
Puc. 1.8

BisbMemo Ha 1y31 AB Ttoukm A,M,,M,,..,B 3 abcumcamu
a=Xy, %X, %5 o0y Xy Xy =D 1 MPOBEIEMO BIJPI3KH AM,,
M, M,,., M, B, nopkuH: SKHX MO3HAYMMO BIANOBITHO uepe3 Alq,
Al,,..., Al,. Toxi maemo mamany AM,, M, ,..,M _,B, poucany y ayry

- n
AB . Jlopxuna namanoi fopiHtoe L, =>"Al; .
i=1

Jlopxuuoo L ayrm AB HasMBAKOTB Ty TPAHMINO, 10 SKOI MPAMY€
JOBKHHA BIIMCAHOI JaMaHOI, KOJM JOBKHHA II HAHOLIBIIOTO Bi/:[pi31<a
MpSMY€e A0 HY I, a YHCIIO N HUX BIAPI3KIB NPSAMYE 10 HCCKIHISHHOCTI!

n
L=IlimL, = lim Al .
n—o n mex Al *)0,[1*)00; !

[osraummo Ay, = f(x )— f(%_¢) . Tom
Al = ()% +(290)% =1+ (ay; 1 2%)2 2.

3a Teopemotro Jlarpan:ka MmaeMo

Ay A =(F(x )= T N/ —%1)=F'(&), me x4 <& <X

Omxe, Al; =1+ ( F(& )2 A% .

TakiM YMHOM, TOBKHHA BIUCAHOI JAMAHOI TOPIBHIOE
n
' 2
Lo =241+(F(5) 4% .
i=1

3a ymoBoro, f'(X) HenepepsHa, omxe, dyukuis 1+ ( f'( x))? Tex

HemepepBHa. ToMy ICHY€ TpaHHIII HAMUCAHOI BUIIE IHTCTPATBHOL CYMH, SKa
JTOPIBHIOE BU3HAYCHOMY THTETPamy:

17



Bnma MaTeMaTHKa

L= lim Zn:w/1+(f’(afi))2A>q=?\/1+(f'(x))2dx-

max Ax; -»0,n—o0; 74

Maewmo dopMyy 1711 oGUHCTICHHS JOBXUHI Ay TH:

b b
L:H1+( f'(x))’dx abo L:_N1+(dy/dx)2dx. (1.12)

JEKIUS Ne 4

2 2 2
Ilpuknan. BusHauuTH JOBKUHY Koda X~ +Y“ =r~.
PosB'sizanns. OOUHCIMMO YE€TBEPTY YACTUHY KOJIA, SIKA PO3TAIlOBaHA

y HepmoMy KBaJpaHTi. PIBHIHHA KoJIa TYT Mae BUTIIAL Y = VI 2_x? )
pinkimt dy/dx=—-x/(r?-x?)"2,

Omxe, (1/4)L :j(1+X2 I(r?=x ))1/2dX=jr/(r2 — X2y 2dx =
0 0

=rarcsin(x/r)|, =rarcsin1=rz/2.

JosxuHa Bchoro Kosla L =27 -1 .

JloBXHHA AVIH KPUBOi, KA Ma€ PIBHAHHA V HMapaMeTpU4HIN (dopmi:
Xx=p(t); y=w(t); a<t<f.Bpaxaemo, mo i PYHKII Ta iX MOXITHI
HeMepepBHi v obiacTi BusHadeHHsa, mpuuomy ¢@'(1)=0. V mpomy pasi
MOJaHl PIBHSHHS BH3HAYAIOTHh AesSKY HemepepBHy (yukmio v = f(X), ska
Mae Hemepeprny moximay dy/dx=y/'(t)/ ¢'(t). Hexait a=¢(a),
b=@(f). Toai, 3pobusimm y iuterpam (6.12) muacranosky X=¢(t),

dx = ¢'(t)dt, maemo:

B
L= ()2 +(w/ (1)t (1.13)

[pukian. OOYHCTATH JOBKHHY aCTPOIAH. X= acos’t , ¥y= asin’t .
PosB'sianns. 3po6umo pucysok muii (puc. 1.9). OGuucmoemo 1/4
JOBKHHU, TOMY [IO KPHBa CHMETPHUYHA BITHOCHO 060X BICe KOOPIMHAT.

Smaxommmo  dx/dt=-3acos’tsint,  dy/dt=3asin’ cost.

IMapamerp t Oyae 3minroBatuch Bia 0 1o 27 . Omxe,

18



Bnma MaTeMaTHKa

72
(1/4)L= | (9a® cost-sin’t+9a® sin*t.cos?t)V? .dt =
0

37| (cos?tsin2t)" 2t - 3a”f2\cost sintldt = 3/2a sin?(7/* =3a/2
0 0

JosxuHa actpoinn L = 4(3/2)a=6a.

JoBKMHA JYTH KPHBOi Y TIOJHIPHIM CUCTEM1 KOOPIUHAT. Y MOSAPHUX
KOOpIMHATAX MaeMo piBHsAHHS KpuBoi p= f(0), ne p - momsipuwmii
paaiyc, & - moxapHmii KyT. 3amimeMo (GOpPMYIH IIEPEeX0oAy Bl MOISIPHOL 10
OPSMOKYTHOI CHCTEMH KOOpPOHMHAT. X = pcosf, y=psing. SHxmo
3aMICTh o TIACTABEMO Horo BHpa3 depes ¢, MaeMmMo PiBHAHHA
x= f(8)cosd, y=f(0)sing. 1li piBHSHHS MOXKHA POBTILSIIATH SIK
mapaMeTpuyHl 1 A7 OOYHCIECHHA NOBKUHH AYTH 3aCTOCYBaTH (GopMyIH
(6.13). as uporo 3HalineMo mOXIiTHI Bi X 1y 3a mapameTpom O :
dx/dé = f'(8)cosd - f(6)sing, dy/dd = f'(6)sind+ f(&)coss .

Tomi (dx/d@)? +(dy/da)? =[ f (A% +[ F(O)?=(p' ) +p>.

62
L= [y(p)?+p%do. (1.14)
01

[pukian. 3naiiTn qoBKUHY Kapmioima p=a(1+c0sb).

PosB'sizanns. 3pobumo pucyuok miuii (puc. 1.10). Jlinis cumerpuuna
BigHocHO oci Ox. 3minroroun tomipuuit kyr ¢ Big 0 mo 7, mMaemo
MOJIOBUHY TIyKaHOi ToBxkuHu. TyT p'=-asing . Orxe,

Ay Ay
a a
2a
> 7 > 0
_a\
-a
Puc. 1.9 Puc. 1.10
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Bua matematuka

b=2"(a2(1+co030)2+a23in20)"2C0 =2a”(2 +2co030)1"ci0 =
0 0

= 4a’(‘)c03(0 /2)CO = 8a3<n(0/ 2)]6) =8a.

O6umncneHHs 06'emy Tina 3a naowamu napanenbHUX nepepisis.

Hexali maemo feske Tino T. MpunycTumo, WwWo Bigoma naowa 6yab-
AKOr0 rMepepi3y LbOro Tifa MAOWMWHOW, AKa neprneHAnKynapHa fo oci Ox
(puc. 1.11). La nnowia 3anexuTb Bif NOMOXEHHA CIYHOT NAOWMUHKN, TOBTO €
yHKuiewo Big x: 5 = 3(x).

Mpunyctumo, wo 3 (X) € HenepepBHa (YHKLiA Bif X, | BU3HAYMMO
06'em Tina T. [MpoBegemo NAoWNHN X=X0=a, X = Xi,
X=x2,..,x=xn=b . Lli nnowmnHn po3i6'loTb TiNO Ha wWapn. Y KOXHOMY
NMPOMIDKKY Xi_1<X<X Bi3bMEMO [OBifIbHY TOUKY " i AN KOXHOIO
3HayeHHa i = 1, 2, .. , n nobyayemo UMNIHAPUYHE TiNo, TBipHA AKOro
napanensHa oci Ox, a HaNpAMHa € KOHTYpOM Mnepepisy Tina T NAOWKUHO
X =~ .O6'eM TaKOro efleMeHTapHOro LuNiHapy 3 naoueto ocHoeu 3 (M ),
je Xi_1<”™< xi, i Bucotoro ~x popiBHoe 3("i) ™ . 0O6'em ycix

n

uuniHgpie byge yn=" 3(»

Puc. 1.11

FpaHnusa Wiel cymMu (AKWO BOHa icHYe), konu Tax"x ® 0 i
n® ¥ Ha3MBaeTbCA 06'€MOM fAaHOro Tina:
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Bnma MaTeMaTHKa

n

V= lim S(£)Ax .
1

n—comex Ax —0iZ
Ob'em V sBmie co0ol0, OYEBHAHO, IHTErpaibHy CyMy JUIs
HenepepBHoi (yHKIT S (X) Ha BiApisky A< X<b, Tomy 3amucaHa BuIle
TpaHHIA ICHY€ 1 JOPIBHIOE BU3HAYCHOMY 1HTCTPaIy

b
V = [§(x)dx. (1.15)

Hpukiag. O6umcuTi 06'eM Girypu, sxmo S(X) =x°, xe a< x<b.
Posg'sizanns. Cxopuctaemoch opmyioro (1.15), mictanemo

b b
V:szdx:1/3x3‘ —(b®-2a%)/3 or’.
a a
O6’eMm Tisma obepTaHHs. SIKIO TiIO yTBOpeHe OOEPTAHHIM KPUBOI

f(X) HaBromo oci Ox. [Tnoma xoma S=7Yy? =7( f(x))?. [TlizcraBuMo Leit
Bupasy (1.15), maemo:

b 2 b 2
V=x]y“dx=x] fo(x)dx. (1.16)
a a
Hpukaag. 3ualith o0'eM Tima, YTBOPEHOTO OOEpTAHHIM JiHII
y =ae*’(®® napkono oci Ox, 1e xe[0;a] .

Posg'sizanns. Cxopuctaemoch dopmyoro (1.16), maemo

a a

V= ﬂ_J'(aex/Za )2dX: ﬂaZJ'ex/adXZ ﬂaBGX/a
0 0

OO0uNCIeHHS IO IOBEPXH] TLIA 00ePTAHHSL.

::ﬂa3(e—1) or’.

Hexali kpuBa, ska 3alaHa Ha BiIpisky [a,b] HemepepsHOrO
¢yukimiero y= f(X)>0, obepraerbcs HaBkomo oci Ox. IlepeTHemo

MOBEPXHIO 00CpTaHHS JBOMA IUIOIIHAMH, SIK1 IIPOXOAATH Yepe3 TOUKH X 1.x
+ dx, mapamemsHo (OyZ. 3aMiHHMO YTBOPEHY MK TepepizaMu (irypy

3pi3aHAM KOHYCOM, TBIpHA sikoro gopiBHIoEe dl =4/1+( y’)2dX, a paxaiycu
ocHoB gopiBHiotoTh f(x) Ta f(X+dx). Sxmo Bucota koHyca dx AocuTh

Mana, To mwioina dS GiuHoi moBepxHi i€l GIrypH JOPIBHIOE MO G14HOT
TMOBEPXHI 3p13aHOTO KOHyCa, TOOTO MaeMo Au(epeHIiat IO

dS=2x f(x),/1+(y’)2dx

[HTeTpYIOUH, 3HAlIEMO BCIO IIIOIY MOBSPXHI 00SpTaHHI:
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Bnma MaTeMaTHKa

szzan(x),/n(f'(x))zdx. (1.17)

Hpuknan. OO6YHCIATH IOy TOBEPXHI YacTHHH Tapaboloina,

YTBOPEHOTO 00EPTAaHHIM HaBKoJI0 oci Ox mapabomu y2 =2x, 0<x<4.

mMaeMO y:\/ﬂ,y’:\/;i; 1+(yr)2:\/?
X

4
3a opmyoro (6.17) 3Haxoaumo S= 271_‘-\/5(, / 1 szdx =
X
0

1 2 3 4_52p
=2ﬂj\/1+2XdX= gp(1+ 2x)? | = = ORI
0

JEKIUS Ne 5

Dizuuni 3acmocysants eUIHAUEHO20 iHmMezpay

OBuncIeHHd PoOOTH.

Hexait ma giero cuwmm F = F (x) MmarepianbHa Touka pyXaeThest
V3I0BK NpSAMOi JIHIL. SKOI0 HampsAM PyXy 30ITaeThes 3 HANPAMOM CHIIH,
TO poboTa 4, BUKOHAHA WI€I0 CHWIOK MPH MepeMINICHHI TOYKH Ha BIIPI30K
[a; b], oGuucmoeTses 3a Gpopmynoro

A:?F(x)dx. (1.18)

[pukinax. OouncMTH PoOOTY, AKY Tpeba BHKOHATH, OO TIIO MacH
m TMTHITH 3 TIOBEPXHI 3eMITi BEpTHKAIBLHO Bropy Ha BUCOTY h, skimo pamiyc
3emmi gopiBHIOE R.

Po3p’ s3anHd. 3riaHO 13 3akoHOM HproToHa, cuna F mputsaranus Tina

. mv
3emutero TopiBHIOE F =¥ —
X

e M - maca 3eMii; y - TpaBiTalliifHa cTana; x - BIACTaHb Bif IICHTpa TLIA 10
nentpa 3em. [oxnagemo crany ymdM =K, Tom F (x) = kx_z, neR<x <R+

h. ITpu x = R cuna F (R) mopiBaioe Bazi Tina P = mg, T06TO Lz =P,
spinku k= PR, F(x)= PR?x72. 3a dopmymnoro (1.18) maemo

R+h R+h
= X “dx=-PR*Xx = .
A=PR? 24 R2x! PR
R R R+h

22



Bua matematuka

O6uncneHHs TUCKY PigWHW  Ha BepTUKanbHY nNnacTuHy. Tuck P
PiAVMHN Ha 3aHYPEHY TOpPU30HTaNbHY MNACTUHY BU3HAYalOTb 3a 3aKOHOM
Mackansa:

P=ypn)i3, (1.19)
fe 3 —nnowa nnacTuHu; ~ - rMnbuHa 3aHypeHHs; y - TyCTUHa PiguHu i g -
NMPUCKOPEHHA BifIbHOTO MafiHHA.

AKLWO B PiAUHY NNaCTUHY 3aHYPUTU He TOPU3OHTANbHO , TO Ti Pi3Hi
TOYKM  fleXXaTUMYTb  Ha  pi3HUX rambuHax i dopmynowo  (1.19)
KOpPUCTYBaTUCb He MOXHa. [poTe AKWO naacTuHa AyXxe mana, To Bci 1i
TOYKW NexaTb Ha MaiXe OfHil rnMbuHI 3aHypeHHs. Lle gae 3mory 3HaiTu
OudepeHLian TUCKY Ha enemMeHTapHy NouWy naacTUHMU, a NoTiM TUCK Ha
BCIO MOBEPXHIO.

Mpuknag. 3HaliTU TUCK PIAVUHU HA BEPTUKANbHO 3aHYPEeHWUii B PiAnHY
niBKO/NO, AiamMeTp AKOro AopisHioe 2K i 3HaX0AUTLCA HA MOBEPXHI PigUHN.

Po3B'A3aHHA. Hexail eneMeHTapHa naowia 3Haxo4MTbCA Ha FMOKHI X
(puc. 6.12).

0 Y.
Puc. 6.12
BBaxawuun i1 nNpAMOKYTHUKOM 3 OCHOBOWO 2y i BucoTow 0,

3HaligeMo 3a 3aKOHOM lackans gudepeHLian TUCKY:

6P =y ax2y6x =2y axn/p2- x26x.0OTxe,
3
P=2ypag{K2-x26x=-2ya(K2- x2)2
o] 3

HeBnacHi iHTerpanu. Bwu3HayeHuil iHTerpan 6yfo BBEAEHO Ha
CKIHYEHHOMY NMPOMIXKY Bifj HeMmepepBHOT 06MeXeHOT PYHKLIT.

AKWo xo4ya 6 ofHa 3 LMX YMOB NOPYLIYETbCA, TO HaBeAeHe BULLe
03HAYeHHS BU3HAYEHOrO iHTerpany cTae HeNpPUHATHUM. Hanpuknag, Konm
HEeCKiHYEHHWIA MPOMIXKOK iHTerpyBaHHs ab6o [1 4acTMHHMX Bigpi3KiB
CKIHYEHHOT JOBXUHW iHTerpanbHa yHKLis HeobMexeHa.

Y3aranbHOOUYM NOHATTS BW3HAYEHOrO iHTerpany Ha Ui BUNagKw,
NpUXo4MMO [0 HEBMaCHOro iHTerpany — iHTerpany Big QyHKUiIT Ha
Heo6MeXXeHOMY NPOMIKKY abo Bif HE0OMeXeHOT iHTerpanbHOT yHKLIT.

HeBnacHi iHTerpanu nepworo pogy. Hexali dyHkuis | (X) BU3Ha4yeHa
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Bnma MaTeMaTHKa

Ha MPOMDKKY [a; +00) 1 iHTerpoBaHa Ha Oy Ab-sIKOMY BLAPI3KY [a; b],
Je —oo <a<Db<+ow.Toal, KO ICHYE CKIHUCHHA TPAHHIIS
b
lim [ f(x)dx, (1.20)
b+ 5
ii HA3UBAIOTh HEBJACHUM IHTETPAIOM MEPIIOTo POy 1 HO3HAYAIOTh TaK:

+o0
| f(x)dx. (1.21)
a
+o0 b
Takum urHOM, 3a ozHavennsam | f(x)dx= lim | f(x)dx.
a b—>+0 5

Y upomy Bumaaky iuterpan (1.21) HasuBaroTh 30UKHHM, a
migiHTerpanbHy ¢yukmito f (x) - iHTerpoBaHOI0 HA MPOMUKKY [ a;+00) .
Axmo sk rpanuns (1.20) He icHye abo HeCKIHYEHHA, TO 1HTErpaji
(1.21) Ha3MBaETHCS TAKOK HEBIACHUM, ajie po30uKHUM, a pyHkus f (x) - He
IHTETPOBAHOIO Ha [ a;+w0) .
AHANOTTYHO BU3HAYAETHCA HEBIACHHMM 1HTCTpajd Ha IMPOMDKKY
b b
(—oo;b] @ [f(x)dx= lim | f(x)dx.
—0 a—>—0 g
HesnacHuit iHTerpai 3 1BoMa HeCKIHUCHHHMH MEKAMH BH3HAYAETHCS
PIBHICTIO

Trooax= [ FOadxr [ f(x)x, 1.22)

Jie ¢ - AoBlIbHe milicte uncao. OTke, 1HTErpanI mBopy4 y Gopmym (1.22)
icHye abo € 30LKHHM JHIIe TOHi, KOMH € 30DKHUMH OOWABa IHTETPAH
mpaBopyY.

3 HaBeACHOTO MPAMY€, IO HEBJIACHUWI I1HTETpall He € TPaHULCo
IHTeTPaTBHUX CYM, a € TPaHHUICI0 BH3HAYCHOTO IHTErpajy 13 3MIHHOKO
ME3KEI0 IHTeTPYBaHHS.

A
Y

y = (x)

v

0 a b x

Puc. 1.13
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Bnma MaTeMaTHKa

3ayBaxkenns. Skmo ¢yukuis f(x) HemepepBHa 1 goJaTHa Ha
mpOMDKKY [a; +0) 1 1HTerpan (1.21) 361raerThesi, TO IPUPOTHO BBAKATH, IO
BIH BIIOMBA€ TUIOIMY HeoOMexeHoi obmacTi (puc. 1.13).

. +odx
Hpuknan. OGUUCIMTH HEBIACHUMM  iHTerpan | 5 abo
1 1+x

BCTAHOBUTH HOTO PO3OLKHICTB.
Po3B’si3anus. 3a ¢popmyroro (1.20) maemo

+o gy b dx

: . b
| = lim | =limarctgx, =
1 14x%  botoq 14X b+ )41

T v

= lim (aragb—-arctg1)=—-—=—.

lim (arctg a1) > 4-1

OTiKke, 1HTErpan 301TaeThest 1 AopiBHIoE 77/ 4 .

SIkmo mocTaTHBO 3HATH, 30OLKHHN YU HI HEBIACHHWI 1HTETpad,
3aCTOCOBYIOTH HACTYITHI O3HAKH 301KHOCTI!

Osnaxa 1. Slxkmo Ha mpoMmikky [a;+o0) ¢dyuxmi f () 1 g ()
HeTlepepBH1 1 3a70BobHsOTh YMOBI 0< f (x) < g (x), To 13 36GLKHOCTI

+o0
iHTerpaiy Ia(x)dx (1.23)
a
+o0
BUILTUBAE 301KHICTD 1HTETPATY | f(x)dx, (1.24)
a

a 13 po36ikHoCTi 1HTerpany (1.24) pumniBae po3OiKHICTS iHTerpaity (1.23).
HaBeneHa o3Haka Mae MpOCTHI TeOMETPHYHHUIA 3MicT. SKIo mioma
O1LTBMIO] 32 PO3MIPAMH HEOOMEKEHOT 00JIACTi € CKIHYCHHE YHCIIO, TO IUIOIIA
MEHIIoi 067aCTi € TaKoK CKIHUCHHE YHCTIO; SKINO IUIOMA MCHIIOI 061acTi
HECKIHYCHHO BeJIMKAa BCIMYHHA, TO IUIOMA OUIBIIOl OGNACTl € TakKoxK
HECKIHYCHHO BCITUKA BEIHUMHA.
Hpuxiaan. Jocmiantu Ha 301KHICT 1HTETpaIH:

te xdx |t 2+sinx+Inx
| - ;| Ix dx
Tyx>+5 2 X

, ) ) X 1 o dx
PosB’ ssanns. Ockimeku ais yeix xe€ [ 1;40) O0<—=<—,a | —

Vx® +5 x° 1 X

361iraeThes (TepeBipTe CaMOCTIHHO), TO 3a 03HAakor 1 MaHWii 1HTerpald TaKoXK
361ra€eThCs.

Jpyruii inTerpan po36iraerses, 60 i ycix x€ [ 2;+00) , Maemo:
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Bnma MaTeMaTHKa

2+sinx+Inx 1 o dx
——>—>0, a |

Vx Vx 2 Jx

€ Pos0LKHUM (TEpeBIpTE

CaMOCTIIHO).
Osnaxa 2. SIKIIO ICHY€ TPAHUTIS
lim 1) _ k0 <k <, (F(x)>0,g(x)>0),
x—>0 g(X

To obuasa interpamu (1.23) 1 (1.24) aGo omHouacHO 30iraroThcs, abo
OJTHOYACHO PO3OITarOThCA.

Lls o3Haka 1HOAI BHSBIIETHCA 3PYUHILIO, HUK o3Haka 1, 6o He
noTtpebye nepeBipku HepiBHocTi 0< f(X) < g(X).

Mpukaag. JocmauTu Ha 301KHICTh j In((>¢ +2) /(% +1))dx..
1

+o0

PosB’ s3anHs. OCKUBKA | X e 6wy i
1 x2
i IOE+2)10¢ +1) In(1+1/0¢ +1)) i UOET)
X—>+00 1/X2 X—>+00 1/X2 X—>+00 1/X2 ’

TO MAHWIA THTETPaj TaKOK 301TaeThCA.

JEKIUS Ne 6

B o3nakax 11 2 po3rmsiiaiuch HEBIACHI 1HTETPATH BiJl HEBLT EMHUX
(QyHKIA. Y BHMAOKy, KOTH MiTIHTeTpadbHa (PYHKIIA € 3HAKO3MIHHOIO,
cripaBeJIMBA TaKa O3HAKA.

+o0
Osnaxa 3. Sixmo interpan | |f(x)dx (1.25)
a
+o0

36iraethbes, To 36iraeThed i inrerpan | f(x)dx.
a

. .. ™143sinx
Ipuknaza. Jocmautu Ha 301KHICTD j 43dx.
2 X
Posp’sianus. Tyt mmiHTerpambHa (GyHKIIS 3HaAKO3MIHHA. OCKUTBKA
1+3sinx| 4 T4 . . . .
———|<—, a j—dX € 30LKHMM 1 JopiBHIOE 2 (TEepeBIpTe

CaMOCTIHHO), TO JaHuil THTETPa TEXK 301raeThes.
Craig 3ayBakuT, IO 13 30LKHOCTI 1HTerpany (1.24) He BumImBae,
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B3aram Kaxkyuu, 30DkHicTh 1HTerpany (1.25). Il oGcraBuHa BUMpaB.Iye€
Takl o3HavyeHHs. Skimo pazom 3 iHterpanom (1.24) s6iraerbes i 1HTErpan
(1.25), To inTerpan (1.24) HazuBaroTh abGCoOTHO 30DKHUM, a (yHKIO f(X)
— abCOIIOTHO THTETPOBHOIO HA TIPOMUKKY [a; +00).

SAxmo inTerpan (1.24) 36iraerses, a interpai (1.25) posbiraerscs, To
interpai (1.24) HazuBaroTh YMOBHO (a00 HEAOGCOIFOTHO) 301KHEM.

Temep ozHaky 3 MokHa mepedpasyBaTH Tak. aOCOMIOTHO 30LKHHIA
IHTETPA 301Ta€eThC.

OmKe, O714 3HAKO3MIHHOI (PYHKIII BHKJIAACHI TYT MIPKYBaHHS JAfOTh
3MOTY BCTAHOBHTH JIMIIC aGCONFOTHY 30LKHICTH 1HTerpany. SKkmo x
HCBJIACHUIA 1HTETPal 301Ta€Thc YMOBHO, TO 3aCTOCOBVIOTH OLTHIN TIHOOKI
O3HAKH 301KHOCTI.

+o0 H

Hpukaag. JocmauTu Ha 301KHICTh jﬂdx (a;b=0).
2 2

0 b +x
Po3B’ s13aHHs.
e dx 1,. X sinax 1
| ——— = limarctg 5 =z, Os‘ 5 2‘3 R
0b%+x? b asiw D 2b b2+ x2| b2+x

+o0
TO 3a 03HaKOO 3 iHTerpan | dx 36iraeTbcs.

0 |b% +x
OmKe, 30iraeThcs, NMPHUOMY aOCONMFOTHO, 1 MaHWH IHTeTpal, a
dyuxmis  f(x)=sinax/(b’ +x°) ma mpomikky [0;®) € aGcomoTHO

2

IHTETPOBHOIO.

Hernacwi inTerpamnu apyroro poay. Hexait pyuxmis f (x) BusHauena Ha
mpoMiKKY [a; D). Touky x = b HazBemo ocoGmuBoro TouKoro, sikmo f (x)
—oo mpu x — b—0 (puc. 1.14).

vA

>o|l- - -"==—----=

=V

0 a b-s

Puc. 1.14
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Hexait ¢yuxuis f (x) iurerpoBHa Ha Biapisky [a; b — ¢] npm
JoBibHOMY ¢ > 0 Takomy, mo b — ¢ > «; Toml, fAKIIO ICHYE CKIHYEHHA

b-¢
TPaHHI lim | f(x)dx, (1.26)

g0 g
il HA3WBAIOTh HEBJIACHHM 1HTETPATIOM JPYTOro PoAy 1 MO3HAYAIOTH TAK:

a
VY 1poMy BHIAAKY KaxKyTh, mo 1HTerpal (1.27) icuye abo 30iraerses.
SAxmo x rpanun (1.26) HeckiHueHHa abo He icHye, To iHTerpan (1.27)
TAKO’K HA3MBAIOTh HEBJACHHUM IHTETPAJIOM, ajle PO3OIKHUM.
AHAJIOTIYHO SIKINO X = ¢ - 0COQJIMBA TOUKA, TO HEBIACHII{ 1HTETPAI
BI3HAYAETHCS TAK:

? f(x)ax= lim b]gf(x)dx. (1.27)

b b
[ f(x)dx= lim | f(x)dx. (1.28)
a 0a1¢
Axmo f (x) HeoOMeXkeHa B OKOJI SIKOi-HEOYIb BHYTPILIHBOI TOUYKHU

4
c e(a;b), 1o 3a yMoBH icHyBaHHS 060X HeBracHUX iHTerpams | f(Xx)dx i
a

| f(x)dX 3a BU3HAYECHHAM OKJIAAIOTH:
4

b c b
| f(x)dx= | f(x)dx+ [ f(x)dx. (1.29)
a a c
Haperuri, sikmio @ Ta b - 0coGAMBI TOYKH, TO 32 YMOBH 1CHYBaHHS
d b
o6ox wmepnacHux iHterpamie | f(x)dxi [ f(x)dx 3a Bu3HAUEHHIM
a d

TIOKJIaJaroTh.

b d b
[ f(x)dx= | f(x)dx+ | f(x)dx, (1.30)
a a d

Jie d - ToBiIbHA TouKa 1HTEpBady («; b).

2
pukaag. OGUUCIUTH HEBIACHHI IHTETPAT jdX/ Va-x° .
0

2 2-¢
Po3B’ s13anHs. jdxlﬂ: IirTS j dX/\/4——:
0 Y0

=limarcsin(x/ 2) \;’g = Iimarcsin((2—g)/2):%.

e—0 e—>0
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OTKe, IHTETpal 30LKHIHIA.
3ayBakeHHA. O3HAKH 301KHOCTI I HCBIACHUX IHTCTPAB JPYTOTO
POAY aHANOTTYHI PO3TIHYTHM BHILIC.

1
pukaag. JocmauTu Ha 301KHICTh IHTErpat jdX/ (\/; +5x).
0
Posp’si3anus. Jlauuit inTerpan 36iraerbes, 6o aas yeix Xe (0;1]
1
maemo 0<1 /(\/;(+5X4 )< 1/\/)_(, a 1HTerpaa jdX/ JX € 36ikEmM
0

(mepeBipTe caMOCTIHHO).

1
Hpukaag. Jocaiautu Ha 3015KHICTb 1HTETPal jdX/ sinXx.
0

Posp’sianns. Oywkmi:  f(x)=1/sinx ta g(Xx)=1/xmaroTh
ocobmuBicTh y Toull x = 0. OcKuUTbKHI IIrTS f(x)/g(x)= IirTgx/ sinx=1, 1
X X—>
1

IHTeTpal jdx/ X Po30ITaETheA, TO NAHUI IHTETPal TAKOK PO30ITaeTheA.
0
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TEMA 2. 3BUYAWHI QUPEPEHL|IAJIbHI PIBHSIHHS

JIEKIIS Ne 7
1. Hownsrrs aubepenmanpioro piHsuusi. Hexait ¢pyuxmst y = ()

BIATBOPIOE KIUTBKICHHIA O1K esAKoro ABUINA. Po3risaatoun Horo, He 3aBKIH
MOXHa Ge3MocepeTHbO BCTAHOBUTH XapaKTep 3alle’KHOCTI y BIA x, alle
MO>KHA BCTAHOBHTH 3aJISKHICTh MK BEIMUHHAMH X 1 ) W MOXITHAMH BiJ
mwx y,y,..y"
[pukmag. 3 AesKoi BUCOTH MOYHHAE NMAJATH TLIO, SIKe Mae Macy /.
[NoTpiOGHO BCTAaHOBHTH, 3a SKHAM 3aKOHOM Oy e 3MIHIOBATHUCS IIBUIKICTH U
MAJIHHA I[bOTO TiNA, SKMIO HAa HBOTO, OKPIM CIHJIM TSOKIHHS, BIUIMBAE
raJbMyFo4a CUJIa OTIOPY MOBITPS, MPONOPLiiHA MBUAKOCTI (3 KoedilieHTOM
mpomopiritaocti K> 0), To6T0 TpeGa 3Haiitu v = f(1).
PosB'sizanns. 3a apyrum 3akoHoM HeroToHa
mdo/dt =F,
Je d o /dt e npuckopenns pyxomoro Tifa, a F - cuna, Airoua Ha TUIO Y HATIPSIMKY PyXY.
Ls cuma cximagaeTbesl 3 IBOX: CHIIM TSDKIHHA - MY 1 CHITH omopy HoBITPA - Ko . OTxe,
mdo /dt = mg —kwv.
CxJanu piBHICTH, siKa 3B'sI3ye HeBigoMy ¢yHKIi0 v 1 il moxiaay do /dt,
T00TO AupepeHmIaTbHE PIBHAHHS BITHOCHO HEBIIOMOI (DYHKIIL U .
BusHaueHHS:
- PIBHSHHS, SIKE 3B'S3y€ HE3ANEKHY 3MIHHY X, IYKaHY (YHKIIIO

, TOOTO HammcaTu Au()epeHIiaTbHe PIBHIHHS.

y =10} 1ii moximui Y, y",..y"  HasuBaroTs JTH(epeHITATBHIM.
CuMBomvHO qu(epeHIiaTbHe PIBHAHHSI MOKHA 3aIACATH TaK:
FOxy.y,y...y")=0.

SAxmo mrykana ¢yekmis y = f(x) € GyHKIS OTHIET HE3aTEIKHOL
3MiHHOI, TO JauepeHIaNbHE PIBHAHHSA HA3WUBAIOTH 3BHUaitHuM. J[am
OymeMo 3aliMaTHCA JHIIe 3BHYAiHAMY TU(epeHIIaTbHIMHA PIBHAHHAME,;

- TOpAOOK JU(PEPCHINATBHOTO PIBHAHHA BIAMOBITAE TOPSIKY
HaBHINOI MTOXITHOI, KA € ¥ PIBHSAHHI.

Opuknax. Pisusaas Yy — 2xy2 +5=0, € gupepeHIaTbHUM
PIBHSHHSIM  mepimoro  mopsiaky; piBusHHs Y +ky' —by=sinx ¢
JudepeHIIaTbHIM PIBHAHHAM IPyTOTO MOPSAAKY 1 T. 1.

- PO3B'I3KOM aGo 1HTErpaioM JuepeHIiaTbHOTO PIBHSIHHS € OYIb-
ska GyHKIis y = f(X), sika, 6yay4u mACTaBISHO Y MOYATKOBE PIBHIHHS,
MePETBOPIOE HOTO B TOTOYKHICTb.

Hpuknaa. PosrasHemo audepeHiiaabie piBHIHHA Y X— X - y=0.
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Horo po3s's3skoM GyayTh yci GYHKIN Y = x? +Cx, me C - noBinbHa crama
pemmuuHa. Crpapal, AU(epeHIIFOroYH (HYHKIIFO y:X2 +CX, 3HaxXoaUMO
y'=2x+C . IligcraBuBinn BUpasH y 1 V' y MOYATKOBE PIBHSAHHSI, MAaeMO
TOoTOXKHICTh (2X+C)X— x? - x> -Cx=0;

- 3aranbHUM PO3B'I3KOM IH(EPEHINATEHOTO PIBHAHHS MEPIIOTo
mopsiaky € ¢yurms y=@(x,C) abo @(x,y,C) =0, sxa 3aA0BOIBHSIE
JuepeHIaTbHOMY PIBHSHHIO IPH Oy Ab-SKOMY BiToMoMy 3HadeHHi C,;

- MOYATKOBa YMOBA ¥ = )y IPH X= Xg, A¢ (xp, Vo) HANEKHTH OOIACTL
BU3HAYCHHS P1BHSAHHS,

- YaCTHHHUM pPO3B'SI3KOM € Oyap-ska ¢yakmis y= ¢x,Co) abo
@(x,y,C,) =0, sxa yTBOPIOETHCSA 13 3aTANIBHOTO PO3B'A3KY 1= ¢(x,C), AKIIO
B OCTAHHBOMY JOBUIBHI cTamiii BemmumHi C HaTaeThes BigoMe 3HadeHHST C
= (Y, AKe BIANOBIAA€E MOYATKOBII YMOBI.

Hpuknan. st qudepenmianbHoro piBsaus dy/dX = —/x zaranbHumM
posB'szkoMm Oynme ¢yukmis y = Clx. (IlepeBipte camocrtiiiHo). 3HaiigemMo
YaCTHHHUI PO3B'A30K, KU 3aT0BOJBHSIE MOYATKOBI! YMOBL: Yy =1, Kom
X = 2. [TiacraBumo 11 3HaueHHS ¥ opmyay y = Colx, maemo 1 = Cy/2, abo
Co = 2. OmKe, MyKaHUM YaCTHHHUM PO3B'si3koM Oyae yHkuisg y = 2/x. Le
€ PO3B'130K Tak 3BaHOI 3aaa4i Kormi.

Teopema icHYBaHHS 1 €IHOCTI PO3B'A3KY. SIKIO Yy PpIBHSHHI
y =f(xy) ¢yuaxwms f(x,y) 1 ii vactunna noxiaua Of /0y wHenepepsHi y

Jeskiit o6nacti D wHa mnommui Oxy, skl HaJNe:KUTh JOBUTBHA TOYKA
(%;Y¥g), TO ICHYe enWHMI PO3B'I30K LBOTO PIBHAHHA Y=¢(X), SKHi

3a70BOJBHSIE MOYATKOBIH YMOBI: ) = }p, KOJH X =X{.

A 5%
/1 \\ Mo (2;1)

N

Puc. 2.1

-
>

X
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L1 TeopeMa 3a mporpaMoro MoJaeThes Oe3 JoBeAeHHA. PosrisiHeMo
ii reomMeTpuuHy imoctpamito (puc. 2.1). B ocTaHHbOMY TPHKIIA/I1 3araibHui
inTerpan y = C/x TeoMeTpPHYHO 300paXKyeThCs CiIMeHcTBOM rimepboi, a
YACTHHHUI 1HTEIrpaj, BH3HAYCHUIl MOYATKOBOIO YMOBOIO, 300paKyeThCS
OJTHIEIO 3 IHX T1epboJI, SIKa MPOXOAUTD Yepes TOUKy Mp(2;1).

ePEHIIAIBH] PIBHIHHS IEPIIOTO MOPSJIKY:

- audepeHIIaTbHI PIBHIHHA 3 BITOKPEMITFOBAaHUMH 3MIHHUME. [1{06

sHalitn posB'szok piBHsHHA Y = f(X)g(y), Tpeba oOunBi iioro yacTuHu
TMOMHOXKHTH (MOJUTATH) HA Takuil BHpa3, o0 B OJHY YAaCTHHY PIBHSAHHA
BXOMHIA TITBKH 3MIHHA X, a B JAPYIY - TUIBKH 3MIHHA ), a TOTIM
TPOIHTETPYBATH OOM/IBI HOTO YACTHHH.

3anucasiiu 3a1aue piBusaas y Bura: dy/dx = f(3)-g(y),
micraemo dy/g(y) = f(x)dxi [dy/g(y)=] f(x)dx.

Po3B'a3yrour piBHSAHHSA 3 BIJOKPCMIIOBAHHMH 3MIHHHUMH, Tpeba
maM'siTaTH, MO BIJ AUTICHHS 000X YaCTUH PIBHSHHS HA BUPA3, IKUU MICTHTh
X1y, MOKHA "BTpaTUTH" PO3B'SI3KH, IO IEPETBOPIOIOTH Iiei BUPa3 y HYIb.

[puknaan. Poss's3atu piBHsHHS XYY +1=Y.

PosB'sizanns. 3anuimemo piBHIHHS y BACIIl xy(dy/dx) = y —1.
TMocmI0BHO NMOTITHBIIY OOHIABI YACTHHHU PiBHIHHS HA X() — 1) 1 MOMHOKHBIIH
Ha dXx, micranemo ydy/(y — 1) = dx/x
3MiHHI BIAOKpeMIleHo. [IpoiHTerpyeMo 0OH/IBI YACTHHHI PIBHAHHS

[ydy/(y—1)=[dx/x; [dy+[dy/(y—1)=[dx/X;
y+In|y-1EIn|x|+InC; (y-1)e¥ =Cx.

OcTaHHA PIBHICTh, fKA BCTAHOBIIOE BHUIJLI 3aJEKHOCTI MDK
3MIHHHMH X, ¥, 1 € 3aTaJbHAM PO3B'I3KOM Au()epEHIIATbHOTO PIBHIHHS.

Buxonyrouu aiaenus, npunyckanu, mo X=0 1 y# 1. To6ro Mormu
"prpatuti” po3s'sku x = 01y = 1. [Tiacrasmsroun x = 01y = 1y BuxiaHe
PIBHSIHHSI, IEPEKOHYEMOCH, 10 ¥ = 1 € Hioro poss'szkom, a x = 0 Hi.

Judepenmanse piBusiaas Y = f(ax+by+¢), ae o, b1 ¢ - mam
YyHcia, 3aMiHOF0  U=ax+by+C  3BoauThcs 00  PIBHAHHA 3

BIJOKPCMITFOBAHUMH 3MIHHAMH.

Hpuknax. Po3s’ssatu pisusaag Y = ( X+ y)2 .

Posp’ szanms.  IlokmamemMo X+y=U, Tom U =1+y  abo
ﬂ:1+u2, 3BLIKH du =dx. | du =[dx. arctgu=Xx+c, TobTO
dx 1+u? 1+u?
arctg(x+y)=x+c;
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- oxHopinHI audepeHIaNbHI PIBHAHHA. JudepeHIiambHi PIBHIHHS,

SKI MOKHa 3ammcatd y Burmsim ' = f(y/X), Ha3uBarOTh OTHOPITHUMI.

OmHopigHe PIBHAHHSA 3BOJUTHCA [0 PIBHAHHA 3 BIIOKPEMITFOBAHHMH

3MIHHAMH 3aMIiHO¥O y = tx, e HOBY 3MIHHY t po3rismaroTs SK (YyHKIUIO X.
[pukaaa. Po3s'sa3atu qudepeHiiianbHe pIBHIHHS

dy/dx=xy/(X* +y?).
PosB'sizanns. 3pobumo 3aminy y = X, Tom ' = t'x + t. [TizcraBumo y
piBrsHES: t'X+1= xtx /(32 +t%x?) abo t'x=t/(1+t?3)-t .

3Bizcn t'x=-t> (1 +t2 ) . Posmimumo 3minsI: (1 +t2 )d’[/’[3 =—-dx/ Xx.
[poirTeTpy€eMO OOUIBI YACTHHH
J'dt/ts +.|'dt/t :—J'dX/ x; =1/t +In|t|=-In| x| +nC .
[MoBepHEMOCS 0 TOYATKOBUX 3MIHHUX
-1/20¢ 1 y*)+In|y/x|]=—In| x| +InC;

) ) 20002
micos motenuioanns Y/ xe X ) =C/x. Slkmo x#0, 10
PO3B'I30K JaHOTO Mi(ePeHIaTHOTO PIBHAHHI MOKHA 3aIHCATH V BHTIIAMI

y=- Cex2 1(2y2).

- mHiiHI gudepeHmianbHl piBHAHHA. [ndepeHmiadbHl PIBHIHHA

MEepIIOTO HOPAAKY, SKI MAalOTh BHTIIST
dy/dx + P(x)y = Q(X),
e P 1 Q(Y - Biaomi HemepepsHi GyHKIIL B X (abo cram), € THIHHUM
BIAHOCHO y 1 y'. 3arampHuil PoO3B'30K JIHIHHOTO PIBHAHHS OyIEMO
myKaTH Y BUISAL A0AATKY JABox ¢yHKmiA Bix x:  Y=u()o(X);
y =uv+o'u.
[MigcraBuMo I BUpasH Y IOYATKOBES PIBHAHHS, MATHMEMO
uv+o'u+Puo=Q abo u(v'+Pv)+ou' =Q.

BuGepemo ¢yurmio o Takoro, mo 0'+Po=0. Ile piBHIHHI 3

. . . . — | Pdx
BLOAOKPEMIIOBAHUMH 3M1HHUMMH. IHTeI‘py}O‘{I/I HOoro, J1ICTaHEMO U = C1e '[ .

Hexait Cy =1. TlincTaBumo 3HaiieHy (YHKINO V TEePeJOCTAHHE PIBHIHHS
(BBaxkaroum, mo v'+ v P = 0), maemo: vu'=Q ado du/dx=Q(x)/v(x),
ssimen U = [Q()dX/v(X) +C .

[MiacraBumo U | v mo mykawoi pyHKIIi y. OCTaTOYHO:

y=0(x)- (QM)dx/v(x) +C).

Hpukaan. Poss'szaru pisusaas dy/ dx—2y /(x+1) =(x+1 )3 , Ie
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X#—1. 3HailTd YacTHHHE PIIUEHHS 34 MOYATKOBHMH YMOBaMH. Yo =3,
ko X =0, To6T0 po3B’ s3aTH 3amauy Kommi.

Posg'sizanns. Hexait y = uv, toai
dy/dx=u(dov/dx) + (du/dx) o .
[TigcraBuMo 1l BUpas3H Y HOYATKOBE PIBHAHHSI, MATHMEMO
u(do/dX) + (du/dx) o —2un/(x+ 1) = (x + 1)°, abo
u(do/dX) —20/(x+ 1)) + o (du/dxX) = (x + 1)°
Ovyukiiro v BuzHauNMO 3 piBHsiHHS d 0 /dX— 20 /(x+ 1) = 0.

BimoxpeMiroemMo 3MiHHI i 1HTErpyeMo Horo jdu/ L= ZI dx/(x+1), 3BigKu

In|v|=2In|x+1], a0 v = (x+1)°.

OVHKLIO U BU3HAYHMO 3 PIBHIHHI
vdu/dx = (x+1)%,a60 (x+1)%du/dx=(x+1)>
fdu=[(x+1)dx, 3izkm u=1/2(x+1)*+C.
OT)Ke, 3araJbHUHA pOSB'}ISOK IMOYaTKOBOTO piBH}IHH}I MaTuME BUTJIAA
y=(x+1)*/2+C(x+1)2.

Z[OBiJ'II)Ha cTajla 4YaCcTHHHOTIO pOSB'}ISKy, SAKa 3aA0BOJIBHAE IMOYaTKOBO1
YMOBI1, 3HAXOAUTHC: 13 3araJIbHOTO pOSB'}ISKy:

3=(0+1)*/2+C(0+1)?, C=5/2.
OTKe, MaeMO Iy KaHUI YaCTUHHUI PO3B'I30K:

y=(x+1)*/2+5/2(x+1)2.

JEKIUS Ne 8

Hpukaazn. Poss'szatu pisasass md v /dt = mg — ko .

Posg'sizanns. Ile piBHSHHSA OyJ0o CKIAQAEHO BHINE 1 € JIHIHUM.
[NepenmumemMo HOTO TAKUM YHHOM:

do/dt+ ko/m=g.
Hexait v = x()y(t). Tom do/dt = y dx¥/dt + x dy/di. TTincraBumo 1o
PIBHICTD V PIBHSHHS:
ydx/dt + xdy/dt + xyk/m= g, abo
X(dy/dt + ky/m) + ydx/dt = g.

Bizsmenmo ¢yuxiro (i) taky, mo6 dy/dt + yk/m= 0.

3iacu dyly = —kdt/m, e audepeHiianbHe PIBHSHHSA TEPINOTO
MOPSIIKY 3 BIIOKPEMITIOBAHUMHE 3MIHHUME. [HTerpyemo iioro: Inly| = —tk/m.

: —kt/
Buxonaemo MOTEHINIOBAHHA Y =€ m .
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Tenep 3naiinemo x(1): e Mdx/dt=g aco dx=ge"’ ™dt .
Inrerpyemo: X=gfe’ Mdt; x= e/ Mgm/k+C.

Ocratouno: v(t) = (¢¢/Mgm/k +C)e™'™ = Ce™'™ + gm/k .
Tyr C - moBimbHA cTama, SIKY 3HAXOAUMO 3a HMOYaTKOBOI YMOBH. U = Uy,
romut= 0. Tom vy, =C+gm/k ,C=p,-gm/k.

[Mlykany 3anexuicts 0 (1) - MBHAKICTh BUIBHO TAJarO4MOro Tija,

o0umcroeMo 3a (HopMyJIor0
—K/m

v=(y,-mg/k)e +mg/k.

[ndepeHmanpae piBHAHHA B TOBHUX AN()epeHITIANAX.

Pieusiaus Bugy P(X,y)dx+Q(x,y)dy=0 2.1
Ha3HBAETHCS PIBHAHHAM y MOBHHX Mu(epeHIIataX, SKIMO IOoro YacTHHA,
sika posramoBaHa miBopyY (2.1), € moBHuM qudepeHIianioM aeskoi yHKIi
u(x,y), Tobto

ou ou
du(x,y) = P(Xx, y)dx+Q(x, y)dy = —dx+—dy.
(x,y)=P(xy) (x, y)dy x>y y

VY 1poMy BHNAAKY 3arajbHUil 1HTerpai piBusaHHs (2.1) Mae BUTIIIq
u(x,y)=C, ne C — goBinbHa crana. Just Toro mo6 piBusiaus (2.1) Gyio
PIBHSHHAM B IOBHHX AM(epeHniagax, HeoOXiTHO 1 JOCTaTHBO, MO0

OP(X.Y) _ 6Q(X.Y)
y  ox

3'scyeMo  METOAMKY  IHTETPYBaHHS  PIBHSAHD B HOBHHX
mudepeniganax. SAxmo mas piBastaas (2.1) ymoBa (2.2) BUKOHYETHCS, TO
HeBiqoMa (GyHKIs U(X,Y) 33aJ0BOJIBHSIE PIBHOCTSIM:

2.2

-%=ﬂxw; 23)
ﬂ = Q(x,Yy). (24)
Ty

Iurerpyroun piBHICTh (2.3) 3a 3MIHHOIO X, BH3HAYAMO (YHKIIIO
U(X,Y) 3 TOYHICTIO 10 AOBLIbHOI AuepeHinitoBroi GpyHrmi @ (y):
u(x,y) =[P(x,y)dx=F(xy) +¢(y), (2.5)
qe F(X,y) - mnepBicha ¢yukmis ams  P(X,Y) 3a 3MIHHOIO X.
Judepeniiroroun piBHICTh (2.5) 3a 3MiHHOIO ) 1 BpaxoByroun (2.4),
JUCTAEMO PIBHSHHS IS 3HAXOKeHHS PYHKIT @ (Y):
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76F(a);’Y)+%p:Q(x,y). (26)

[puknan. [poiHTerpyBaTH PiBHAHHSA
(3y2 +2xy+2x)dx+(6xy+x2 +3)dy=0.
Po3B’si3anHs. YV JaHOMY BUIAJKY:

P(Xx,y)= 3y2 +2xy +2X, Q(x,y):6xy+x2 +3.

. oP Q )
Ockumbkn  ——=—=06y+2X, T0 [gaHe PIBHSIHHSI € IIOBHHM
oy O
Jqudepenianom aeskoi Gyuxini u( X,y) , mpuaomy
ou

ou 2
T =3y2 4 2xy+2X, — =Bxy+X° +3.
: y Xy 5 xy

[HTErpyroUn Tepliiie PIBHSIHHS 33 3MIHHOIO X (BBAYKAIOYH 3MIHHY ) CTAaJIO0¥0),
MaEMo
u(x, )+ (¥) =137 + 20+ 2)dx+ p(v) = 3y + X2y + 32 +0(y),
e @(Y) - noButbHA nudepeHiiiioBHa (QYHKIUS B V.
JupepeHIirolour OCTaHHIO PIBHICTh 3a 3MIHHOIO ) TIOBHHHIL
(muBuChH (2.6)) matu Q( X, Y) , To6TO
au

—=£(3xy2 +x2y+x2+qp(y)) :6xy+x2+ d—gD:Q(x,y);omce,
oy oy dy

Bxy + X + c:j—qp=6xy+x2 +3, abo ((jj—¢:3;3si;[m @(y)=3y+Cyq, Tomy
y y

u(x,y) = 3xy2 +x2y+x2 +3y+Cq.
3aranpHUI 1HTETPA 32JaHOTO PIBHAHHS BHPAKAETHCS PIBHICTIO

3xy2+x2y+x2+3y:C.

JlndepeHIanbpH1 PIBHIHHS BUIIMX MOPSAKIB:

- mudepenmiamse pisasaas Y = f(x) . 2.7

Le waiimpoctime audepeHIaTbHe PIBHAHHA N-TO TMOPSAKY.
3HailfieMo 3arajJbHUil 1HTeTPa HbOTO PIBHAHHI.

[HTerpyeMo 3a 3MIHHOIO x OOWIBI YACTHHH PIBHAHHA (2.7), Maroun

X
a yBasi, mo Y™ =(y" VY to6r0; Y™ = [ f(x)dx+Cy,
X0
e xp - JOBUIbHe (pikcoBaHe 3HaveHHSI x, a (y - craja IHTeTpPyBaHHS.

36



Bnma MaTeMaTHKa

X X
Turerpyemo mie pas: y(n2) = J' ( J' f(X)dx)dx+C(x—x)+C5.
Xo Xo
IMpomowkytoun mam (micas N IHTETPYBaHb), 3aMUINEMO OCTATOYHO
BHPA3 3arajbHOTO 1HTErpaiy:

y=C, (X- %) /(n- N+ Cy(x- %) 2/(n- 2)1+ .+ C, .

[I{o6 3HaiiTu yacTuHHE pileHHs audpepeHmianbHoro piBHsHHS (1.7), sike
3aJI0BOJIbHSIE TIOYATKOBUM YMOBaM (T0GTO po3B’ s3aTh 3aaady Komm):

Yoo Yoi Ve =Yoo ¥ O =y,

X=Xg

X=Xg X=Xp

— — v — yin-1
Joctateo B3aTH C, =Yy, Cl1=¥p,...C1=Yy .
Hpuknax. 3HaliTé 3aradbHuil 1 YaCTHHHHN PO3B'M30K PIBHAHHS
y" = sinkx, sikuif 3a10BOJIbHSIE TIOYATKOBUAM yMoBaM (3aga4a Komm):

y|x:0 =0 ’ y’

wo=1"

X
Posp'sazanns. y’:jsinkxdx+C1 =—(coskx—-1)/k+C,,
0

X X
y= —j((coskx— 1)/ k)dx+jC1dx+ G, , abo
0 0

y=(-sinkx)/ k? +x/ k+C;x+C,.
[[fo6 3HaliTH YACTUHHHUI PO3B'SI30K, JOCTATHRO BU3HAYUTH
BianoBiaHi 3HaueHHT Cq1 Cs.
3 ymoBH y|X:0 =0 3Haxomumo C, =0.
! — —
3 ymoBH Y ‘x:o =1 snaxommmo C,=1.

Orxe, IyKaHWH YaCTHUHHUI posB';IsoK samaul Ko Mae BUTIIAI
y=-sinkx/k?+x(1/k+1);

- audepeHIaIbHI _PIBHIHHI TOr0_IOPSIIAKY, SKI _JOIVCKAKTH
sHokeHHs mopaaky:.  d2y/ dx® = f(x,dy/dx) ; (2.8)
d?y/dx? = f(y,dy/dx). (2.9)

Piusians (2.8) Mae Bupas, skuil He MICTHTH SIBHO INyKaHOT (PyHKINT
y. PiBustanst (2.9) Mae Bupas, skuil He MICTUTh SIBHO HE3aJI€3KHOT 3MIHHOT X.
TocmiJoBHICT PO3B)I3KY TAKUX PIBHSHB PO3LISTHEMO HA TPHKIAJAX.

Hpuknan. Poss'szaTu qudepeHmiaibHe PIBHIHHS JPYTOTO TOPSIIKY

d%y/dx® =1/ay1+(dy/dx)? , ze a=0.

Posg'sizanns. lle piasiHES nepmmoro Tumy (2.8). Iloznaummo
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noxizny: dy/dx = p, ze p = p(x). Tomi d?y/dx?=dp/dx.
[MigcraBuMo I BHpasW y MOYaTKOBe Iu()epeHINATBHE PIBHIHHS.
BoHo mepeTBopHTBCH Ha AuepeHINalbHe PIBHAHHA ICPLIOTO HOPAAKY

BigHOCHO p(x): dp/dx=1/a1+ p? ue e PIBHSIHHSI 3 BiIOKPEMIFOBAHUMHE

3MIHHHMU dp/+/1+p? =dx/a. Ipoiuterpyemo fioro

fdp/y/1+p? =1/afdx.

ITics inTerpyBanHs, MaeMo: IN| p+4/1+ p’ |= x/a+C,, abo

p+y1+p? =exp(x/a+Cy); 1+p? =exp(x/a+Cy)-p;

1+ p? =exp2(x/ a+C,)-2pexp(x/ a+Cy )+ p?.
3eiacu p =(exp2(x/a+C,)-1)/(2exp(x/a+C,)), abo
p=1/2(exp(x/a+C,) —exp(-x/a-C,)) .
OcranHIll BHpa3 BU3HAYA€ TNepOOIIYHAN CHHYC!
p=sh(x/a+Cy).
Aune p = dy/dx, 3HOBY MaeMo muepeHIaIbHE PIBHAHHS NCPLIOTO HOPAIKY
3 BIIOKPEMIIFOBAHUMH 3MIHHHMH, To6To dy / dx =sh(x/a+C,),

TICIIA THTeTPYBaHHA SKOTO OCTATOYHO 3HAXOIMMO IIYKaHY (HPYHKIIFO
y=ach(x/a+C,)+C,.

JEKIUS Ne 9

Hpuknag. Poss'zatu  audepeHmjanbie  PIBHSHHS — JAPYroro

3 . .
nopsaky Y°YY' +1=0. 3Haiftu yacTHHHHN PO3B'SI30K 32 IOYATKOBHMH

ymosamu: Y(1)=1; y'(1) =31,5, T06T0 po38’ a3atn 3amauy Komri.
Posg'sizanns. [le piBHsSHHS (He MICTHTH SIBHO 3MiHY x ) Ty (2.9).
[Mozuauumo noxiauy: dy/dx=p, ne p = p(y),

Toxi d’y/dx’ =dp/dx abo (dp/dy)-(dy/dx)= p(dp/dy).

[MigcraBuMo I BUpasW y MOYaTKOBe Iu(pepeHINATbHE PIBHIHHS.
Bono mepeTBOpUThCS Ha AnepeHLiabHe PIBHAHHA MNEPINOTO MOPAAKY 3

BIIOKPEMITIOBAHHMHU  3MIHHUMH y3p%dp/dy+1=0; BIOKPEMITIOEMO

aminei: p2dp=—y >dy, inTerpyemo | p’dp = - y3dy .
[Ticas iHTETpy BAHHS MAEMO p’/3=0,5/y* +C,, a6o p=31,5/ y° +3C, .
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Ockinpku p=Yy =dy/ dx, ocraHHe PIBHAHHA MEPEMAIIEMO Y BUTIIII
y =(1,5/y*+3C,)"°.
3a mouarkoBuMu yMoBamu: x = 1; y'(1)=31,5. Omxe,

Y15 =315+3C, . 3simu C, =0

Takum YHHOM, 3HOBY MaeMoO Tu(epeHIlaIbHe PIBHAHHS MEPIIOTO HOPSAKY
3 BIIOKPCMITFOBAHHMH 3MIHHAMH:

y =(15y7°)",
SIKe pOSB'}I3y€MO 3a BiI[OMI/IM METOJOM.
dy — (1,5)1/3 y—2/3dx; J'y2/3dy — (1,5)1/3J'dx;

vy 1(273+1)=(1,5)"3x+C; 3/5y%°=31,5x+C.
JoBinbry cranmy C 3HAXOJUMO 3a TMOYATKOBHUMHU yMoBamu. X =1;
y(1)=1.0mxe, 3/5=31,5+C .3pimu C=3/5-31,5.
OcTaToyHo MaeMoO YHJaCTHHHEC piH.IeHH}I JaHOTO Z[I/I(I)epeHI.[iaJ'IBHOFO
PIBHSIHHSI, SIKE BIAMOBIJA€ MOYATKOBUM YMOBaM, TOOTO O3B’ sI3aiii 3a1a4uy
Komi: 3/5y°% =(1,5)"3x+3/5-(1,5)"3.
Jlimitmn audepeHIanbHl PIBHIHHA APYIOTO IOPIAKY 13 CTAIHMH

Koe(iIeHTaMH:

Yy +a)y +ay=f(x), (2.10)
ne ag =0, a4, ap - AIACHI YHCTIA.
SAxmo f(x) = 0, To piBHAHHA € oxHOpigHuM, a sikimo f(x)=z0 -
HCOTHOPITHIM.

BusnaveHHs. 3araJbHUM PO3BSI3KOM  JIHIWHOTO — OJHOPIIHOTO

JuepeHINaTbHOTO PIBHAHHS JPYTOTO MOPSAKY

ay"+ay'+a,y=0 211)
e pyaxus y= F(x,C,,C, ), fxa 3alexuTh BII ABOX AOBLTHHHX cTamux Cy

1 Cy, 1 IepeTBOPIOE PIBHAHHSA Y TOTOKHICTD MPH OYIb-SIKUX 3HAYCHHAX IHUX
CTaJNHX.
Po3B's13ku  MHIHHOTO OJHOPIAHOTO IH(EPEHINATBHOTO PIBHSIHHS

(1.11) mykaemo y Burmsim Yy = e,
IMigcraBumo y pisusiaHs (2.11): y= e y=ke® i y =K%,
Tlictanemo (agk? +ak +a, )€™ = 0. Ockimsku €% #0 , To
agk? +ak+a, =0. 212
OcraHHe PIBHAHHA HA3HBAIOTh XapaKTEPHCTUYHHM. 3100yAeMO Horo
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KopeHi: K, = (—a1 i,[af —4a0a2)/(230) .

byap-aka GyHKLISA Y, = ne ki - KOpiHb XapaKTepHCTHYIHOTO

piBasiHHS (2.12), € po3B'13KOM OJHOPIAHOTO AU(EPEHINATHHOTO PIBHSIHHSI
JPYTOTO MOPSAIKY 31 CTAMMHE Koe(IIlieHTaMH.
3aranpHuil po3B's3ok AudepeHmambaoro piusHus (2.11) 3anexutsb

B AuckpumiHanta D = a12 —4a,0, HOTO XapaKTepUCTHYHOTO PIBHSHHS 1
3aIMCY€E€ThCA TAKAM YHHOM:
sxmo D >0, 10 y=Ce" +Cre"* | 1e ky #ky: kiiky € R;
sxkmo D=0,10 y=(C, +C,x)e™, ne k; =k, =k ; k ¢ R;
skmo D <0, o y=(Cyc0s/fx+C,sinx)e™, ne kip=atiff -
KOMIUTEKCHI ynca; ol f ¢ R.
Hpukaaza. Po3s's3aTu piBHIHHS:
1) y'+y-2y=0; 2) y'-4y'+4y=0; 3) y"+2y'+5y=0.
Poss'ssanns: 1) XapakrepucTHYHE PIBHAHHS Ma€ BUTIIS
k?®+k-2=0.
KopeHi uporo pisnstHHs: K, =(-1 +1+8)/2, ki=11ky,=-2.

arabrmii poss'sok. Y =C,e* +C,e 2% ;
2) XapakTepucTUiHe PiBHSIHHI MA€ BUTIS
k?-4k+4=0,a60 (k-2)?=0.
Kopeni mporo piBHSHET: Ky =K, =2,
SarambHuit po3p'mok: Y=(C,+C, X)ezx X
3) XapakTepucTUyuHe PIBHSIHHS Ma€ BHIL
k?+2k+5=0.
KopeHi uporo pisastHHs: K, =—1 +1-5=—1+2i.

BaraaeHmii poss'asok: Y = (C, c0s2x+C, sin2x)e * .

Hpukaan. 3HaiiTu 3aranbHuii 1 yacTuHHUM po3B's3ok (3agaua Korim)
qudepeniganbaoro piBHsHHS "'+ 9y = 0, siKuii 3a10BOTBHSIE OYATKOBUM
yMOBaM:

3.

Y, =0, Y

. )
PosB'sizanns. 3anuineMo xapaktepuctuine piBHsHHS: K +9=0.
3HaifneMo ioro xopeH1: Kq=3i, kK, =-3i . 3anumemo 3aradbHHI 1HTCTPAT.

x=0 =

y=C,0083x+C,sin3x. Jlam 6ygemMo mykatH iforo 4YaCTHHHHIA
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posB';IsoK. INomepenHpo 3HalAeMO OXITHY BLA 3aTaTbHOTO PIIHCHHS.
y'=-3C, sin3x+3C, cos3x.

Cram C; 1 ', BH3HAYA€EMO 3 CHCTEMH PIBHSIHB, AKY (POPMYeMO MUIIXOM
MACTAHOBKH MOYATKOBHX YMOB Y 3arajbHUI 1HTETPAl 1 MOXITHY Bl HHOTO!

0=C, cos0+C, sin0; C,=0;
3=-3C,sin0+3C,cos0; |3=3C,; C,=1.
OTXe, YaCTHHHMI PO3B'I30K JaHOTO TH(PEPEHINATLHOTO PiBHIHHS
(piennst 3aqaui Korn) Mae Burisig; y = Sin3x.
BusHadeHHs. 3arajqbHAM PO3B'I3KOM JHINHOTO HEOIHOPITHOTO

Ju(epeHLiaIbHOTO PIBHSHHS IPYTOTO HOpSAKY 13 cTamMu KoedimieHTaMu
(1.10) € cyma Oyas- SIKOTO 4ACTHHHOTO PO3BYI3KY LbOTO PIBHSHHSI ) 1

3araJjbHOTo Po3B }ISKY y BII[HOBII[HOFO OI[HOplI[HOl"O Z[I/I(i)epeHHIaJ'IBHOFO

piBmstaEs (1.11). Omke, y = Yy + ) € 3aradbHEM pPO3BI3KOM

nqudepentganbaoro piasas (1.10).
PosristHeMO Taki HeOJHOPITHI PIBHAHHS, 1€

f(x)=PR,(x)e™; (2.13)
f(X) = (P,(X) 00S X+ Q( X) sin A)e™. (2.14)

Tyt P,(x) 1 Q,(x) € MHOTOWIEHH 7 - TO 1 M- 10 cTenens. Posrisinemo (2.13).
MoskuBi Takl YaCTUHHI BUITATKU
a) YHCIIO ¢ He € KOPEHEeM XapaKTepUCTUYHOTO piBHsHHS (2.12).

Tomi Y* =R, (x)e™, ne R,(x) - MHOrowieH cTemeHs n 3 HEBIIOMHMH
Koe(iIeHTaMH;
0) YHCIO & € OMHOKPATHUM KOPEHEM XapaKTEPHCTHYHOTO P1BHSIHHS

(2.12). Tomi y* = xR, (x)e™

B) YHCIO ¢ € JBOKPATHAM KOPCHEM XapaKTCPUCTUYHOTO PIBHSIHHS
(2.12). Tomi y* = X°R,(x)&”.

[pukaan. Po3s'sa3aTu piBHAHHS

y' -7y +6y=(10x-7)e".

Posp'sisaHHs. 3HalileMO 3araibHHA PO3B 30Ky  OZHOPIZHOTO
muepeniianbaoro piBHSHHES Y —7Y +6y=0. CrnagemMo i po3s’ smkeMo
iioro xapaxrepuctimuse piBusHET: k2 —7Kk+6=0; ki =1, k, =6 . Otxe,
;: Ce” +C2€6x. Tenep posrsTHEMO MOYATKOBE HEOTHOPITHE PIBHIHHS.
Tyr mpasopyu f(X)=P( x)e™ . Yucio o« = 1 € xopeHem
XapaKTepPUCTUYHOTO PIBHAHHSA 1 YACTUHHHM PO3B'30K IIYKAEMO V BUIJLAAL
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y =x(Ax+B)e*,a6o y =(AX +Bx)e", mo Bianosiac Bmagxy 6).
Buaiinemo: (Y ) =(A4x% +(24+B)x+B)e*;
(Y ) =(A4x% +(44+B)x+2A4+2B)e” i macTaBuMo iX V MOYATKOBE
PIBHAHHS:
(( AX® + BX) + (4AX+2B) + 2A—7( AX® + Bx) - 7(2Ax+B) +
+6( XA+ Bx))e* = (10x-7)e*.
ITicns TOTOKHMX IIEPeTBOPEHb YACTHHHM, SKAa CTOITh JHBOPYY, 1

BpaxoBytoun, mo ¢ #0, maemo: —10AX—-5B+2A=10x-7.
CritazaeMo CHCTEMY JIHIHHUX PIBHAHB 3 TOTO)KHOCTI MHOTOUICHIB!

-10A=10; A=-1; A=-1;
= =
-5B+2A=-7,; -5B-2=-7; B=1.

OTke, YACTHHHHUI PO3B'A30K Mae BUrIAA. Y = (—X+1)xe*.
OCTaTOYHO 3aIHCY€MO 3aTalbHIN PO3BUI30K V BHIIAL Y=Y+ Y, .

To6To y=C,e* +C,6™* +x(1- X)€"

JEKIISA Ne 10

Posrisremo (2.14). MoskiiBi TaKl YaCTHHHI BUIIAIKH.

a) SIKIIO YHCIO « + iff He € KOPEeHEM XapaKTePHCTHYHOTO PiIBHSIHHS,
TO YaCTHHHHHN PO3B'I30K Tpeba MIYKATH Y BATISI

y = (u(x)cos fx+uv(x)sin fx)e™

Jie U(X) 1 0 (X) — TOBHI MHOTOYWIEHH 3 HEBLAOMHMH Koe(iIieHTaMu (MICTSTh
BC1 CTETEH] X) CTEMIHb SIKUX JOPIBHIOE HAWBUINOMY CTEMIEHIO MHOTOYWICHIB
P,(x) 1 Q,(x);

) AKIIO YMCIIo & + iff € KOPeHeM XapaKTEPHCTUYHOTO PiBHAHHS, TO
YACTUHHUI PO3B'I30K Tpeba MYyKATH Y BUTISIL

y* = x(u( x)cos Sx+v(x)sin fx)e™ .
BaypaenHs. UaCTHHHIIT Po3B'I30K ¥ He 3MIHIOE CBOEi (JOPMIL, KOIH
f(x) mae Burmam: f(x)=P,(x)e™cosfx abo f(x)=Q,(x)e™ sin/x.
SAxkmo: B(x)=M, Q. (x)=N1a=0,(MiNeR),
TO YaCTHHHUMN PO3B'I30K MIYKAEMO Y BUTIISIL y =Acos X+ Bsin i,
ko i He € KOpPeHeM  XapaKTepUCTHYHOTO  PIBHAHHA 1
y =x(Acos/X+Bsinfx), xomi fi € KOpeHEM XapaKTePHCTHMHOTO
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piBuasiaas. Tyt 4 1 B HeBigomi uncia (koe(iiieHTH).

[puraaz. Poss'ssaTu pipasHas Y + y = 25( X— 1) cosX.

PosB'sizanns. PosrmsiHemo opHopiaHe Au(epeHIalIbHE PIBHSIHHS
y"+y=0. Horo xapakTepucTHYHe pPiBHIHHA k2+1=0:k =i, k = —i.
Otke: f= 1; a = 0. 3aranpHuii po3B'I30K 0THOPITHOTO AU(EPEHIIATBHOTO
piBasiHHS "'+ Yy =0 | Mae BUTIIST

y= C,cosx+GC, sinx.
YacTuHHHI PO3B'I30K MYKAEMO Y BHIIISLIL
y =e*((Ax+B)cosx+(Cx+D)sinx) .
3naiinemo (y ) i(y )
( y* Y =e((A+C)x+A+B+D)cosx+(C+D-B+(C—-A)x)sinx);
(y ) =2€(Cx+A+C+D)cosx+(C-B-A-Ax)sinx) .
IMigcraBuMo 11 BUpasH y OYATKOBE PIBHAHHS!
2e"((Cx+A+C +D)cosx+(C - Ax—B- A)sinx) +
+ e (Ax+B)cosx+(Cx+D)sinx)=25(x—1)e*cosx. € =#0.
3 yMOBH PIBHOCTI KOe(iIIE€HTIB, SKI BIANOBAAIOTH COSX 1 SINX MBOPYY 1
MPaBOPYY OTPUMAHOT TOTOKHOCT1, MAEMO!
2(Cx+A+C+D)+(Ax+B)=25x-25;
2(C-Ax-B-A)+(Cx+D)=0.

3Biacu (3 piBHOCTI KOe(IIIEHTIB NPU BIAMNOBIAHUX CTEMEHSX HEBIIOMOTO

X), CKJIAQNAEMO CHCTEMY 4YOTHPbOX PIBHSHb 3 YOTHPMA IIYKAHHMHU
Koe(IIlieHTaMH:

2C + A= 25, A+2C =25,
2A+2C+2D+B=—-25, {—2A+C:O:A:5,C:10.
_2A+C =0, < (2B-D=10,

2C-2B-2A+D =0, {B+2D:—55:B:—7,D:—24.

CrcTeMy po3B’I3YEMO 3a METOIOM alTeOpaivHOTO CKIATAHHS.
Ote, 4 = 5, B = -7, C = 10, D = —24. 3naiigeHuii YacCTHHHHI PO3B'I30K

Mae Bursi. y = e ((5x—7)cosx+(10x—24)sinx).
OcCTaToYHO 3aAIIEMO 3aTaIbHUIM PO3B'A30K MOYATKOBOTO PIBHAHHS:
y=C,cosx+C, sinx+e*((5x-7)cosx+(10x—24)sinx).
3ayBakeHHA. SKmo 3ycrpiinocs audepeHmIadbHE PIBHIHHSI THUIY
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(210), sixe wHe mamamae mix posrastuayTi (2.13) ado (2.14), To Tpeba
3aCTOCYBATH METOJI Bapiallli JOBITbHUX CTAITHX.

Mertox apianii JoBiTbHIX cTamix. Hexail y = Coyy (x)+Coyy(x) €

3arafibHUN PO3B SI30K OMHOpPIAHOTO audepeHianbioro piBHHHS (2.11),
BIATOBITHOTO HEOAHOPIAHOMY Au(epeHIiatbHOMY piBHsHHIO (2.10).

Posrmaremo ¢yHkmiro y =C, (x) Yy (x) +C, (x) Vs (x) , (215
me Cy (x) 1 G, (x) HeBioMI (VHKINI BIA HE3aTICKHOI 3MIHHOI, SAKHMH
samiero C; 1 C, y 3aralbHOMY PO3B’ 3Ky ; . MeTon Bapiamii JOBUTEHIX
cramux mojsirae y madopi B (2.15) HeBimomux ¢yHkmii tak, mob y(x)
Oyna poss'sizkom piBusHHA (2.10). [lnst uporo 3HaiijeMo MOXIIHY:
V' =G (x) e () +Cr ()" () + G (x) 02 (%) + Gy (x) 32" (%)

1 HaKJIagemo Ha C, (x) 1C, (x) TaKy YMOBY, 00
C'(X) Y (¥)+C,' (X) Yo (x)=0. (2.16)

3 ypaxysanmiM (2.16) »' =C,(X)y," (X)+C, (X) y,' (X) -

OcTtaHHIO PIBHICTB AudepeHnioemo:. 3" =C,' (x) ' (x) +
+C ()" () + Gy (%) 12" (%) +Co (x) 15" (x) -

Bupasu y(x), y'(X) i y"(X) miacrasmmo y (2.10):

Ci(X)(3ys" (X) +ary,' (X) +a,y; (X)) +
+Co (¥) (3 Y2" (X)+a ¥, (X) +a,, (X)) +
+C' (X) ¥, (X)+C, (X ¥,' (X) = T (X).

OCKUIBKH Yy (x) 1 ¥ (x) € PpIICHHIMH  OJHOPIIHOTO
Jqudepeniianbaoro piasiHHs (2.11), To 3 0OcTaHHBOrO Ma€eMoO!

C' (X)) v (X)+C, (X)) y,' (x) = f(X). (2.17)

PiBusansg (2.16) 1 (2.17) o6’ eanyemMo B cHCTeMy ABOX PIBHSIHB 3
qBoMa Hepigommmu: C,' (x) 1 G (x) . Tlicast po3B’sizaHHS CHCTEMH
otpmmaemo.  C,' (x) = gp(x) N % (X) = l//(X) , he audepeHmanbHi
PIBHSHHS [EPIIOrO TOPSAKY 3 BITOKPEMIFOBAHUMHU 3MIiHHEHME. OTKe,
C,(x)=lp(x)dx+C;, C, (X) =y (x)dx+C;.

Pimenns (2.15) Habepe Buriay:

y(X) =y, (X) @ (x)dx+ v, (X) [y (x)dx+C]y; (X)+Coy, (X) = ¥ (X)+y(x)-
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3ipKy A0 KOHCTaHT MOXKHA He ITHCATH, TOOTO , TYT y(x) cHiBIagac 3

3aranbHUM pimmeHHsM piBHsHHs (2.11).
Opukaan.  3walitm  3araJbHUN  PO3B'SI30K  HEOJHOPIAHOTO

JH(pepeHIiaTbHOTO PIBHSHHS PYToTo mopsaky. y'+4y=c0s ' 2x.
Posp'sok. y"'+4y=0; k? +4=0; ki, =%2 .
3araipHUl PO3B’ 130K OAHOPIIHOTO PIBHAHHS Ma€ BUIIIST
y=C,sin2x+C, cos2x.
3arajpHUll PO3B’ A30K JaHOTO HEOTHOPLAHOTO PIBHSAHHS IIYKAEMO Y
BUTJTAL y=Cy(x)sin2x+C, (x)cos2x.
Jda1 sHaxomkenHa C, (x) 1 C, (x) 3a BHUKJIAICHOIO BHIIE
METOMKOIO CKIIAJa€MO CHCTEMY PIBHSHB!
C,'(x)sin2x+C,' (x)cos2x=0,
C,'(x)(sin2x)'+C," (x)(cos2x)' = cos ' 2x.
[Micas audpepeHIIFOBaHHS:
C,'(x)sin2x+C," (x)cos2x =0,
2C," (x)cos2x— 2C," (x)sin2x = cos ' 2x.
sin2x  cos2x
2c0s2x  —2sin 2><J

BusHaunuk miei cuctemu: A =

To6to A#0. Cucrema Mmae eauHuii  poss smsox:  C' (X) = % :
C,'(x)= —%thX. Inrerpyroun octanne, Maemo: Cq(X)= [=dx=
Cy(x) = —%Ithxdx: %In|0052)4 +C,.

Omke, y=C,sin2x+C, 0052x+§sin2x+%0052xln|0052x[ -

OIYKaHHH 3aradbHUll po3B’ 30K JaHOTO PIBHIHHSL

3ayBakeHHd. MeTox Bapiamii JOBUIBHHX  CTalHX  MOKHA
3aCTOCOBYBATH A JIHIHHUX JU(epeHIIATbHUX PIBHAHD JPYTOTO TOPSIKY,
KOIH ay, a4 1 a, € QYHKIIAMH B He3aJIe:KHOI 3MIHHOI.

CuctemMa mudepcHINaTbHUX PIBHAHB. Y 0ararboX HAyKOBO-
TeXHIYHUX 3aJadax OyBae MOTPIOHO 3HATH He OIHY, a BiApasy KiJIbKa
HeBigOMUX  (yHKIIN, SIKI  TOB'S3aHI MK CODOKO  KITbKOMA
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OuQepeHIiaTbHAMI PIBHAHHAMEA. [X CYKYIHICTh 1 YTBOPIOE CHCTEMY
JuepeHIIaTbHIX PIBHIHb.
PosrisHeMo HalimpocTimy HOPMalIbHY CHCTEMY PIBHSHB!

dX1
—=f(t,%xq,%),
p 1(t,x1,%2)
dX2
—= = f5(t,X1,X%).
p 2(t,x1,%2)

TyT 3MiHHI X, X, € QYHKIIAMHU BiJ He3aIeKHOI 3MIHHOT T .

Jng  1HTerpyBaHHS CHUCTEMH 3aCTOCYEMO METOJ BUKIFOUCHHS
3MiHHOI. PO3rIsiHEMO e HA MPHKIAL.

Hpukman. Po3p’s3aTH HOpMaJIbHY CUCTEMY PIBHSAHb:

dx dy

—=—7xX+y;, —=-2x-5y.

dt y at y
Po3B’ si3anus. [poaupepeHinioemMo 3a 3MiHHOTO 1 Tiepiiie piBHSIHHS:

X'=-TX+Yy .
[MizcTaBHMO B Iie PIBHSHHS 3HAYESHHS MOXITHOT Y’ 13 APYTOroO PiBHSHHS:
X' =-7X +(-2x-5y).
3HaloBIIM 3 TMEPINOro PIBHSHHS 3HAYeHHS Y= X' +7X 1 MACTABHBIIH

#oTO B OCTaHHE PIBHAHHSA, JicTaHemo: X' +12x +37x=0.

Maemo miHIlTHe ogHOpiTHE AH(epeHmiaTbHe PIBHAHHA APYTOTO TOPIIKY 13

CTAINMHA KoediIeHTaMH. Horo XapaKTepHUCTHIHE PIBHSHHS
2 : -, = H

k®+ 12k+ 37 = 0 Mae KOMIUICGKCHO-CIIPSDKCHI KopeH1: K, = - 6% 1.

3aranbHe pilleHHS Ma€ BUIIAL X =€ O (Cqcost+C, sint).
Ockinbkn Yy =X +7X, 10 y= (€ *(C, cost+ C, sint))'+
+7¢ ®'(C, cost + C, sint)= e°'((C, +C, )cost +(C, —C, )sint).
3aranbHuil po3B’ 30K JAHOI CHCTEMH:
x=e%(C, cost+C, sint),
y=e%(Cy +Cy)cost+(Cy —Cy)sint).

Juma  cucremnm  muepeHIIaTbHUX  PIBHAHb  MOJKHA  TaKOXK
posB’ sa3yBath 3agady Komn. To6To 3HAXOOMTH il YaCTHHHMI PO3B 30K 3a
JAHUMH MOYATKOBHMH YMOBaMH.

3ayBakeHHS. TeMma audepeHUIATPHAX PIBHAHb HE OOMEXKYETHCS
POBIISIHY THM BHUILE. MY ii TITBKY 37eTKa TOTOPKHYIHCA.
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JIEKIIS Ne 11

Komnnexcni uucna. OmmH 13 CcHocoOIB MOOYJOBH MHOKHHH
KOMIUIEKCHHX YHCEN TMOJSITae B TOMY, MI0 MHOXKHHY TIHCHUX YHCEN
PO3LIMPIOIOTh  TIPUEAHAHHIM 10 MHOKHHH [IHCHHX YHCEN HOBOTO
YUCIOBOTO 00'€KTa — KOPEHS P1BHSIHHS

X% +1=0.
Jlo6yTa "posinpena” MHOKHHA Ma€e HA3BY MHOYKHHA KOMILUTEKCHHUX YHCET.
AKcloMaTHIHa OOV 10BA MHOKMHI KOMITICKCHIX YHCEL.
KoMILTeKCHI YHCIa He € YUCIIaMU B €JIEMEHTAPHOMY 3HAYEHH] I[OTO
CTOBa, IO 3aCTOCOBYIOThCS TPH MIAPAXYHKAX 1 BHMIPIOBAHHSX, a €
MaTeMaTHYHHMH 0O0'€KTaMM, $KI BH3HAYAIOTECA MOJAHHMH  HIDKYE
BIACTHUBOCTSIMI.

KoMmnekcHe 4ucIo MO3HAYAXOTh CUMBOJIOM a + bi, ne a 1 b - milicui
YHUCHA, SIK1 HA3UBAOTh HOTO MIHCHOKO | YSIBHOIO YaCTHHAME 1 MO3HAYAOTh o
= Rez b= im z BianosiaHO, a CHMBOI i, BU3HAYEHHUI YMOBOIO 2=,
HA3UBAIOTh YSIBHOK OJUHHIIEIO.

3BUYAIHO KOMIUIEKCHE YHCIO HaWYacTillle IIO3HAYAIOTH OHIECIO
OykBoro: Z= a + bi.
KommrekcHi wmenma zy=a,+bi 1 Z,=a,+b,i BBaxaroTscs

PIBHMMM, SKIO PIBHI IXHI AificHi &, =&, i ysaBHI dactmHE b, =Db,.
KommnekcHe umcino z = a + bi BBakaerbcsl piBHMM HyJIO, SKIO Horo
JuiicHa 1 ySBHA YacTHHU JIOpiBHIOOTH Hymo (a = b = 0). KommiekcHe
yncio Z = g + bi mpu b = 0 BBaskaeTbcs TakmM, IO 30ITA€THCA 3 TIHCHAM
yucnoM a (@ + 0i = a),a npu a = 0 BBaKaeTbCs CYTO YSIBHUM 1
mosHa4aerkes bi (0 + bi = bi).

CyMOI0 KOMIUIEKCHHX wuHcen Zj=a;+bji 1 zZ =a,+bi e
KOMIUICKCHe YHCJIO Z, AIfiCHA YacTHHA SKOTO TOPIBHIOE CYMI MIMCHHUX
YacTHH, a yABHA YaCTHHA - CYMI1 YABHUX YaCTHH, TOOTO

z=(a;+ay)+ (b +b)i.

[Ipo umcno Z xaxkyTh, MO HOTO OJEpaiW BHACTIAOK JOJABaHHA
KOMIUICKCHHX YHCEN Zy, 1 Z, 1 3allUCYIOTh Z=2Z+Z,. Yucna z 1 %
Ha3HBAIOTh JOJaHKAMM.

BuacTHBOCTI omiepaltii JoJaBaHHS KOMIDICKCHUX YHCET:

1) acomatuBHICTb: (Z +2Z, )+2Z; =Z +(% +Z3);

2) KOMYTaTHBHICTS. Zy +Z, =Z, + Z;.
KomitekcHe — umcio  —a—bi  HasHBaeThCs — NMPOTHIICKHHAM

KOMIITIEKCHOMY  YHCIY a+bi. KoMmmrexcue qucio, MPOTUTICIKHE
KOMIUICKCHOMY YHCIIY Z, IIO3HAYA€ThCA —Z. CyMa KOMILIEKCHHX 4YHcelT Z 1
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—2 nopiBaroe Hymo (Z+(-2)=0).

Pi3HHI KOMIUTeKCHHX umcedl Zj=a;+bji 1 Zy,=a,+bi €
KOMIUIGKCHE YHCJIO Z TaKe, IO YTBOPEHO CYMOIO YHMCIA Zy 1 4Hcria
HPOTHIICIKHOTO 25

z=z1+(-z)=(a—a)+(b-b)i,
TOOTO KOMILIEKCHUM YHCIOM, MIfiCHA 1 VSIBHA YaCTHHH SIKOTO JOPIBHIOIOTH
BIJMOBITHO PI3HUIN JIMCHHUX 1 VSIBHUX YACTHH 3MEHIIYBAHOTO 1 BIT€EMHHKA.
I[lpo wumcmo 2z xkaxyTh, MmO HOTO [ICTadM BHACTIIOK BLIHIMAHHS
KOMIUIEKCHOTO YHCITa 7, BIA KOMIUIEKCHOTO 4YHCIAa 7y, 1 3alHCYIOTh
z=2z-2,.

JJoOYTKOM KOMIUICKCHHX 4HMcenl Z;=a;+bi 1 Z,=a,+bi €
KOMIJICKCHE YHCIIO;

z=(a,-bb,)+(ab, +1ab))i .

IMpo uHCHO Z KaXKyTh, IO HOro MICTATM BHACTIAOK MHOKEHHS
KOMIUTeKCHOTO YHCJA Z; HAa KOMIUICKCHE YHCIIO Zp, 1 3alMCYIOTh Z=ZZ, .
Yucna 74 1 2, Ha3UBaIOTh CIIIBMHOKHHUKAMH.

BiacTHBOCTI oniepaliii MHOKCHHS KOMIUICKCHUX YHCEL:

1) acomarusHicTs: (212, )23 = 2((%,Z3);

2) KOMYTaTHBHICTS. ZiZ, = 2,Z; ;

3) MoaBaHHS 1 MHOKEHHS KOMILIEKCHUX YHCEN 3B's13aHI PABUIOM,
SIKe HA3HBAEThCS 3aKOHOM JUCTPHOYTHBHOCTI MHOXKEHHS BITHOCHO
JOAaBaHHA: (Zy+2Z )23 = 2123+ Z,Z;.

YacTkolo [OBOX KOMIDICKCHHX umcen Z 1 Z (Z, #0) e Take
KOMIUIeKCHe YHCIO Z, IO Z; =ZZ,. YacTKy KOMIUIEKCHHX YHCCT
Z,=a;+bji 1 zZ, =a, + bi obuncmoroTh 3a hopMyoIO

2 W2 C a2 W2
z=( @, -bib,)/(a; +by ) +(aby —ab, )i /(a; +b3 ).
Ilpo wmcao Z KaxyTh, MmO HOTO MICTANH BHACIIIOK JUTCHHA
KOMIIICKCHOTO YHCIIA Z4 HA KOMIUICKCHE YHCTIO 2o, 1 3alACYIOTh Z=Z/ Z, .

Uncio Va’+b?  masusaroTh MOJyJeM KOMIUIEKCHOTO —YHCia
Z=a+Dbi 1 nozHauarots [z Moaym ABOX OyIb-SIKHX KOMILIEKCHUX YHCET
Zy 1 2% (am1 4YacTKH BBaXKaeTbcsd, mo Z, #0) zamoBoibHSFOTH
CITIBB1AHOIIICHHS

1Z2+2 2z |+ 2], |z2-2Plz -]z,
lzzHzllzl, |2/ zHzl/ |z, |2 HZ Hz[".

KommuekcHe 4mcino a — bi Ha3suBaroTh KOMIIIEKCHO CIIPSIZKEHUM 3
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upciioM Z= a + bi 1 mosHavarots z .

TeomeTpiine 300pakeHHI KOMIIIEKCHOTO Ymcaa. [1oai0Ho 10 Toro,
SIK FIHCHI YACIAa MOKHA 300pakaTH TOUKAMH YHCIIOBO1 MPSIMO1, KOMITIEKCHI
YHcla MOJKHA 300paKaTH TOYKAMH IUIOIIMHH. MOXKIHBICTh TaKoOTO
300pakeHHS IPYHTYETHCS HA OTOTOXKHCHHI MHOKHHH KOMIUICKCHHX HHCEJ
a + bi Ha MHOKUHI nap miicHuX umcen (a,b), Kl B MPIMOKYTHI CHCTeM1
KoopauHAT OXy MOYKHA TPAKTYBAaTH K KOOPAWHATH TOYOK IUIOTIHHH.

Jlami, 3 KOYKHOFO TOUKOIO A KOOpAUHATHOI Iotmau () MOKHA 3B's13aTH

—_—
Bektop OA | SIKHif BUXOUTH 3 MOYATKY KOOP/IUHAT 1 3aKIHUY€ThCS Y Touln 4.
ToGTo KOKHe KOMIUIEKCHe 4YHCIo a + Di MOKHA TEOMETPUUHO

—_—

inteprnperyBatu sk Bektop OA 3 koopaunatamu (o;b) (puc.2.2).

—

Koopnunatu Bextopa OA TipH oMy 6YIyTh TAKUMHE K, K 1 KOOPAMHATH
Toukm A, a came (a;b).

y y
A(a;b
b (a;b) b 4
r
@
0 a X 0 a X
Puc. 2.2 Puc. 2.3

TpuronomerpuiHa Qopma 3ammcy KoMILIeKcHoro umciaa. Kpim
anrebpaidHoi (POPMH 3amiCy KOMIUICKCHOTO YHCJA 3aCTOCOBYIOTH TaKOXK
IHINY, SIKa HA3WBAETHCS TPHTOHOMeTpH4HORO. Hexail KoMmiekcHe dYHCIO

—_—

z=a+bi #0 3o0paxyerbcs Bextopom OA 3 koopaunatamu (a;b) (puc.

2.3). lo3HayuMo TOBKHHY BEKTOPa OA OyKBOKO . I =| 6&| ,
a KyT, SIKUi BiH YTBOPIOE 3 JOJaTHUM HampsiMoM oci Ox, - depe3 ¢ (KyT ¢
BB@KAECTBCSI BHMIPSHAM Y pagiaHax). CKOPUCTABINNCH BH3HAYCHHSMU
¢yukiit sSing=b/r, cosp=a/r , xomiekcue uncio Z= a + bi moxna
3aIUCATH Y BHTIIAL

z=r(cosp+ising), (2.18)

e r=«v a2 + b2 , A KYT ¢ BU3BHAYAETHCA 3 YMOB!

sinp=b/va?+b?; cosp=a/va®+b?; tgqp:E. (2.19)

a
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Bupaz (2.18) mae HazBy TpuroHoMeTpuuHa (opMma 3amucy
KOMIUICKCHOTO umcia. JIiicHe Yucio I' € MOAyJIeM KOMIUIEKCHOTO YHCIa 1
TO3HAYAETBCA |Z], a KyT ¢, BUMIpSIHHI B pagiaHax, - HOTo apryMeHTOM 1

Mo3Ha4Ya€Thea Argz.

SIKIIO KOMIUIEKCHE YHCIO He JOPIBHIOE HYJO, TO MOJIYJb iforo
JoAatHuii; sikimo x Z = 0, To6to @ = b= 0, To it Moaysb fioro AOpIBHIOE
Hy 0. Moy s Gy Ib-SIKOTO KOMIUIEKCHOTO YHCTIA BU3HAYEHO OTHO3HAYHO.

SIKIIO KOMIUIEKCHE YHCJO He JOPIBHIOE HYJHO, TO HOro apryMeHT
BusHa4yaeTbes Gopmynaamu (2.19) 3 TounicTiO A0 KyTa, KpaTtHOTrO 27. SIKIIO
z= 0, 1o r = 01 apryMeHT KOMIUIEKCHOTO YHCIIA, IO JOPIBHIOE HYIIO, HE
BI3HAYEHO.

3BUYAlHO UL TOTO, MO0 VHUKHYTH HEOJHO3HAYHOCTI, SIKA BHHHKAE
OpH  OOYHCIEHHI ApPTYMEHTY KOMIUIEKCHOTO YHCJA, BHKOPHCTOBYIOTH
OOHATTS ~ TOJNOBHOTO  3HAYEHHS apIyMEHTy KOMIUIEKCHOTO — HHCIA
(mosHaueHHA argz), BBakaroud, WO argze(-z;z]. AprymeHT

KOMIUIEKCHOTO YHCJIa BIANOBIJAae CHIBBIIHOINEHHO. Argz=argz+2zK,

ke Z (Z—MHOXHHA IUIAX YHCE).

Hexaif 7; 1 2 - OBa KOMIDICKCHI YHCIa, IO BIAMIHHI BL HYJH,
3ampcaHo B TPHTOHOMETPHIHIH (opMi:

z, =1,(Cospy +ising,), z,=r,(CoSp, +ising,).

[JoOGYTKOM JBOX KOMIUICKCHHX YHMCEN Zy 1 Zy € KOMIUICKCHE YHCIIO,
MOJYJTb SKOTO JOPIBHIOE JOOYTKY MOIYJIB CITIBMHOKHHKIB, a apTYMCHT -
CyMi apTYMCHTIB CIIIBMHOKHHKIB!

212y = 1y1p[C0S( 1+, ) +isin( g + )] .

YacTkol0 OBOX KOMIUICKCHHX YHCEN Zy 1 Z, IO He JOPIBHIOKOTH
HYJIO, € KOMIUICKCHE HHCJO, MOAYJIb SKOTO JOPIBHIOE YacTIl MOYJIB
JITCHOTO 1 UTHHUKA, a apTyMEHT — PI3HHLI X apTYMCHTIB!

2/ Zy =11/ 13[COS( 1 —pp ) +isiN( 1 — 2 )]

HatypanpHuil cTemiHb KOMIDIeKCHOTO uHcaa. CremeHeM n
KOMIUTCKCHOTO YMCJIa Z HAa3HBA€ThCS KOMIUICKCHE YMCIO W, 3HalizeHe

BHACIIIOK MHOKEHHS YHCIa Z CaMoTo Ha cebe N pasis: W=2-Z-....Z2=2" .
3a (opmymoro Myaspa:
Z" =r"(cosng+isinng).
KopiHp # -TO cTemeHd 3 KOMIUIGKCHOTO umciaa. KopeHeM m -ro
CTEIeHS 3 KOMIUTCKCHOTO YHCTIa Z HA3UBAETHCS Take KOMIUIEKCHE YHCIO W,

N -if CTeIHb AKOTO JOPIBHIOE Z W' = Z.
Kopiab N -ro cremeHs 3 KOMIUIEKCHOTO 4YHCJIA Z TO3HAYAETHCS

cuMBoOJIoM Nz . Ha BIAMIHY BLJ KOpeHS 3 MIMCHOTO YHcia, KOPIHB N - TO
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CTeIeHS 3 KOMIUIGKCHOTO YMCIIa BH3HAYaeThcsl HeoJHo3HauHo. CaMe B
MHOKHHI KOMIUICKCHHX YHCeN ICHY€ PIBHO N KOPEHIB N -TO CTemeHA 3
JAHOTO KOMIUIEKCHOTO YHCTIA.

VYci KopeHl N -TO CTeleHS 3 KOMIUIGKCHOTO 4YHCTa Z, JAHOTO B
TPUTOHOMETPHUHIH (popMi, 0OUHCITIOIOTE 3a (PopMyIIor0

Yz =Yr(cos(p+27k)/ n+isin(p+27k)/ n),
ne k=012,..n—-1.

['eoMeTpU4HO BC1 KOpPEHI 77 -TO CTENEHS 3 KOMIUICKCHOTO YHClIa Z
300paKYIOTBCS TOUKAMH, IO JIeKaTh HAa KOJMI 3 IIGHTPOM B MOYATKy
KOOpAMHAT, PaIiyC SIKOTO TOPIBHIOE Vr , 4 IeHTpaJbHI KyTH MDK
paniycamu, MpOBEJEHUMHE Y CYCITHI TOYKH, TOPIBHIOIOTE 27 /N .

Hpukaag. OGUHCAUTH KOPEHI YeTBEPTOTO cTemnets 3 yucna (—1).

Posg'sizanns. Umcao (—1) y tpuroHoMerpuuHiii ¢dopMi MOKHA
3aIMCaTH TaK:

—1=1(cosz +isinz) .
KopeHi yeTBepToro ctenens 3 uncia (—1) - e KOMIUICKCHI YHCTIA:
Y1 =41(cos(x +27k)/ 4 +isin(z +27k)/ 4),
qe k=0,1,23. ToGTo 1ie KOMILIEKCHI YHCTA
Z,=coS(m/4)+i sin(7r/4)=\/§/2(1+i);
zZ,=0c0S(3p/4)+i sin(3p/4)=+2/2(-1+i);
7, =008(57/ 4)+isin(57/4)=~212(-1-i);

z,=cos(7r/4)+isin(7n/4)= V217 2(1-i), sxi300paxeHo Ha puc.2.4.

y
¥4 Z4
4
-1 1 x
3 Z
Puc. 24

AHaNOTIYHO V MHOKHHI KOMIICKCHHX YHCEI MOJKHA OOUYMCIHTH
KOPIHb 1-TO CTeNeHs 3 Oyap-AKoro AiiicHoro umcna. [Ipm mpomy xoua ©
OJIMH KOPIHb 3 T0JATHOTO JIfiCHOTO Yrcia Oy e MHCHIAM.
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TEMA 3. ®YHKLIT KINTbKOX 3MIHHUX

JEKIIA Ne 12

V pI3HUX PO3aiTaX MaTeMaTuKH, (i3UKH Ta THIIHX 00IacTIX HAVKH €
CIIBBITHOMICHHS, V CKJIAAlI AKHX KUTbKa 3MIHHUX BeJM4WH. Hampuknaz,
o0'eM nmmHApa OoOUYUCITIOIOTH 3a opmyroro: V = ARE-H , ne R- pamiyc
OCHOBH LWIMiHApa, /1 - Horo BucoTa. Ll dopMyna Jae mpHKIAX YHCIOBOL
(YHKIIL JBOX 3MIHHHX - PaJlyca OCHOBH 1 BUCOTH LHTIHIPA.

OG'eM NPAMOKYTHOTO Napalyienemineaa 3 pedpaMu, JOBKHHA SKHX
JOPIBHIOIO. X, ¥ 1 Z, obumcmoeThesa 3a opmymoro V =xpz. Tyt maemo
(PYHKLIFO TPHOX 3MIHHHX.

BusHaueHHs (GyHKMIE ABOX He3ale)KHUX 3MIHHMX. 3MIHHA Z €
YHCIIOBOIO (PYHKINEO TBOX HE3aJeKHHX 3MIHHHUX X 1 y, 3aJaHOI0 Ha
MHOYHHI BIOPSAKOBAHUX map uuced D, sSKIo koxHiil BOOPSAKOBaHIM mapi
yncen (x;y)eD 3a geskuM mpaBwioM (3aKOHOM) CTaBHTBCA Y

BIAMOBIAHICTD OJHE MEBHE 3HAYCHHS 3MIHHOI Z. TooTo 2= f(X)y).

MtuoskuHa D BriopsiakoBaHux map uncen (x;)) € 0671acTio BH3HAYCHHS
(yHKIIL Z, a MHOKHHA YCIX MOIJINBUX 3HAYCHb 3MIHHOI Z € MHOKHHOIO
3HAYeHb (DYHKIIII.

SAxmo ang uncnoBoi GyHKINL OHIET 3MIHHOI 00TACTIO BH3HAYCHHS €
MHO’KHHA TOYOK YHCJIOBOi 0Ci, TO OOJACTh BH3HAYCHHA (YHKINI JBOX
3MIHHHX € JeKa MHOKHHA TOYOK YHCJIOBOT IUIOIIHHH.

IMombuo mo Toro sik ¢yukmro y = f(X) reomerpuyHo moAaBANH
BIIACHHUM Tpa()ikoM V TMPAMOKYTHIH crcTeMi kKoopauHAT OXy, (PYHKIIA TBOX
aMiHHEX Z = f(x,)) y TOpsSIMOKYTHI# mpoCroposiii cuctemi koopauHat OxXyzZ
3aJa€ MHOKHHY TOYOK, KA € CBOEPLAHUM TPOCTOPOBUM TpadhikoM (GyHKIUT
z = f(x,)), axuii 3BU¥aiiHO HA3WBAIOTH MOBEPXHEIO, a PiBHICTH Z = f(Xy) aGo
F(xy,2 = O - piBHSHHSIM MOBEPXHI.

IToéepxni. HalilpocTIIIMM MPUKIaJOM IOBEPXHI € IUIOINHHA, SKa B
TMPSAMOKYTHIH MPOCTOPOBIH CHCTEMI KOOPAWHAT BH3HAYAETHCS PIBHAHHAM:

Ax+ By+ Cz+ D= 0ne (A?+B?+C220). La TOBEPXHA POSIVIIHYTA B
TeMI. KAHAJIITHYHA TCOMETPIA Y IPOCTOPI.
Hwkuye po3riafHeMO OCHOBHI MOBEPXHI JPYToTro TOPSAAKY, SIK1

HalfuacTilie 3yCTPIMAIOTHCSA V PI3HUX NPAKTHYHHX 3amadax (PI3HKH,
MEXaHIKH, apXITeKTYPH Ta 1HIIUX Taxy3dX HAYKH 1 TEXHIKH.

BusHaueHHs TmoBepxHI apyroro mopsaaky. [ToBepxHero apyroro
TOPSOKY HAa3WBAETHCSH MHOXKHHA TOYOK, MPAMOKYTHI KOOPIWHATH SKHX
3a0BOJILHAIOTH PIBHAHHSA BHAY
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Ax? +By2 +Cz? +Dxy+ Exz+ Fyz+Gx+Hy+Kz+L =0,

Jle mpuHaitMHi ouH 3 Koeimientis 4, B, C, D, E, F BiaMiHHHIT BIT HY IS

[loBepxHS Apyroro mMOpAAKY AK TCOMECTPHYHHM OG'€KT He
3MIHFOETBCS, AKOIO BI[J 3aJaHOI MPAMOKYTHOI CHCTEMH KOOPIUHAT MepelTH
10 1HIIOT.

IcHye cmcTeMa KOOpAWHAT, B AKIH 3arajbHe PIBHAHHA MOBEPXHI
JIPYTOT0 MOPSIAKY Mae HaltpocTimuii (KaHOHIYHUI) BHIIIAT.

Jo moBepXoHB APYroro MOPAAKY HajleKaTh. WHIIHIPHYHI I
KOHIYHI  TOBEpXHI, TOBEPXHI obepTaHH, cepa, eTIIICOIT,
OJTHOTIOPOKHUHHUYM Ta IBOTIOPOKHUHHHMN TINMepOOIOiaM, eTNTHYHHI Ta
rinepbomyHMt nmapadoroigu. Po3risiHeMo Il MOBEpXHI Ta iXHI KAHOHIYHI
PIBHAHHAL.

Humsagpuusai moBepXHI. L{MTHAPHYHOO TOBEPXHEIO HA3HBAIOTH
TOBEPXHIO 0, YTBOPCHY MHOKHHOFO MPAMUX (TBIPHUX), SKI MePETHHAIOTh
3aaaHy JiHio L (HampsMHYy) 1 mapajiesibHi 3adaH1i MPsMIii.

Hexaii 3agano piusuus f(X,y)=0, ske B muommui Oxy

BU3Hauae [Oesky mHiro L. /laHe PpIBHSHHS 3aJOBOIBHSIOTH TaKOXK
KOOPAHWHATH BCIX THX TOYOK MPOCTOPY, B AKUX JABI HEpIl KOOPAWHATH X 1y
301raroThcs 3 KOOPIHHATAMH Oy Ib- K01 TOUKH JiHii L, a TpeTs koopauHaTa
Z - JOBUTbHA, TOOTO THX TOYOK MPOCTOPY, AKI NPOCKTYIOTHCH Ha
maonuay Ox)y B Toukd mH1i L.

Bci Taxi Touku nexath Ha npsiMiii |, sika mapanenbna oci OZ 1
nmepeTuHae mHIO L. CYyKyOHICTD TaKUX MOPSAMUX 1 € IHIHIPHIHOO
MOBEPXHCIO 0.

Slkmo Tovka He JeKUTh Ha TIOBEPXHI o, TO BOHA HE MOKe
MPOEKTYBAaTHCS B TOUKY JiHII L, TO6TO KOOpPOMHATH TaKOi TOUKH PIBHAHHA
f(x,y)=0 He 3a10BOIBHSIIOTS.

Amnanoriudo piBusiaas f(X,2) =0 BH3Ha4ae y mMPOCTOP! LUMHAPUIHY
MOBEPXHIO, TBIPHI sIKO1 mapaiesbHi Bici Oy; piusiaust f(),2) =0 BuzHauae y
TpocTOp1 MIUTIHAPHIHY TIOBEPXHIO, TBIPHI AKOI MapaerbHi oci Ox.

Ipukaagm:
2

— MOBEPXHIA o, KA BU3HAYAETHCA plBH}IHH}IM X +y2 =9 , €

OITIHAPUYHOIO 1 HA3HBAEThCA MPSAMHM KPYTOBHM IHTIHAPOM (pHC.
3.1, a). II TBipHi mapanembHi oci OZ, a HanpsMHOIO miHiecro L B
mwiomuHI Oxy € KOJIo;

—  TOBEPXHS, SIKA BH3HAYAETHCS PIBHSAHEIM X / 16+ 2 /9 =1 (mimis L),
€ WITTHAPUYHOIO 1 HA3UBAEThCS emnTHaHuM mimHapoM (puc. 3.1, 6);
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—  TOBEPXHS, SIKA BH3HAYAETHCS PIBHSAHEIM X / 16— y? /9 =1 (mimis L),

HA3UBAETHCS rinepOomyHuM umHapoM (puc. 3.1, B).

4 24
I
! : o i : [
| |
I I
I I
L P
P I - I N
____7:_0____; ____7)(0___3_;
L 3 I
3 | 4
I I
/ | / |
I I
X I x !
I I
a 6 B

Puc. 3.1

[oBepxHi o6eprannsd. [loBepXHIO, YTBOPEHY OOCpPTaHHAM 3aTaHOL
miockoi kKpuBoi L HaBKomo 3amamoi mpsiMoi (0cl oGepTaHHs), SIKa JEKUTH B
IUTOIIMHI KpHBOi L, Ha3HBaroTh MOBEPXHEIO 0OCPTaHHS.

[Ilo6 mictartn pIBHAHHA TOBCPXHI OOCPTAHHA KPHBOI HABKOJIO SKOI-
HeOyAb KOOPAMHATHOI ocl, Tpeba B PIBHAHHI KPHBOI 3QJIMINUTH Oc3 3MIHH
KOOPIHHATY, SIKa BIAMOBLAAE 0Cl 00epTaHHs, a IPYTy KOOPAUHATY 3aMIHHTH
Ha KBaJpaTHUN KOPIH 13 CYMH KBaJpaTiB JBOX IHIOHX KOOPIMHAT, B3ATHI
13 3HaKOM ,Tutroc” aGo , MiHyC” .

lpuxnag. 3HalfTH pPIBHAHHA TOBEpPXHI OOepTaHHA cmimca

x2 -|—4y2 =4, z=0 wnasxkomo oci Ox.

Posp’si3anus. Y pIBHSHHI eminca Tpeba 3aiMIIuTH Ge3 3MIHH
KOOPAWHATY X, a 3aMiCTh KOOPAWHATH y WIICTABHTH B PIBHAHHA

2 2.
vy +ze
2, 52 2 2,2

X +My +72)=4 a6o X° [4+y +7° =1.

OTpuMany emmncoin ooepTaHHS.

Komniusni mosepxHi. KOHIYHOFO TIOBEPXHEFO HAZHBAETHCS MOBEPXHS,
YTBOpEHa MHOKMHOKO TPSMHX, IO MPOXOJATH 4epes 3aJaHy TOUKy P 1
mepeTHHaOTh 3agany mHit0o L. Tlpu wmpomy miHis L  HasuBaerbcs
HaNpsAMHOFO KOHIYHOI MOBEPXHI; TOUKA P — ii BePIIHHOIO; KOXKHA 3 TPAMHUX
|, iK1 yTBOPIOIOTH KOHIYHY MOBEPXHIO, — TBIPHOIO.

Hpuxaan. PiBHsSHHS KoHIYHOI moBepxH1 (puc. 3.2), BepIIHHOIO
skoi € touka O (0; 0; 0), a wnHanpsmuoro muiero L € emmc

X2/9+Z/4=1, y=5, macsurmig X°/ 9+2°/4—y*/25=0.
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Puc. 3.2

Chepa. Cdeporo HasHBAFOTP MHOKHHY BCIX TOYOK HPOCTOPY,
PIBHOBIITATICHHX Bi 337aHOI TOUKH, SKY HA3HBAIOTh HEHTPOM. Biapizox, mio
CHIOJIY4aE TISHTP cepH 3 il JOBUTHHOIO TOUKO0, HA3UBAETHCA PalycoM ChepH.

Emincoin. EmmncoinoM Ha3WBaeThCA MOBEpXHS, SKa B JCAKIH
MPSIMOKYTHIH CHCTEM1 KOOPAHHAT BH3HAYAETHCS KAHOHIYHUM PIBHSIHHIM
2 1a®+)y?I10*+Z22/c? =1,
Bemmunau a, b, ¢ HazuBaroThCs mBociaMu emincoina (puc. 3.3).
SAxmo Oyap-aKi aBI MBOCI PIBHI MDK C000I0, TO TPHOCHHIT CIIIMCOiR
TICPETBOPIOETECS B CIIIICOIT 00epTaHHs, a SKIIO BCl TPHU MIBOCI PIBHI MDK
coboro, —y ciepy.

Puc. 3.3

OIHOMOPOKHUHHHIA TIepOoJIoi. OIHOTIOPOKHUHHUM
TiMepOoIoiIOM HA3HBAETHCS MOBEPXHS, AKAa B JCAKIH MPAMOKYTHIM CHCTeMI
KOOPAMHAT BU3HAYAETHCS KAHOHIYHUM PIBHSIHHIM

“la*+y 1P -2/ =1.
Bemmunsu a, b, ¢ HazuBaroThes Horo mBocsamu (puc. 3.4).

[IBOTIOPO KHIUHHHIIT rinepboIois. JIBOTIOpO;KHUHHUM

TiepOoI0iIoM HA3HBAETHCS MOBEPXHS, SIKA B ISSKIH MPSIMOKYTHIH cHcTeM1
KOOPIWHAT BH3HAYAETHCS KAHOHITHAM P1BHIHHIM
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1a®+y? I10* -2 1c?=-1.

Bemmunsu a, b, ¢ HazuBaroThes Horo mBocsamu (puc. 3.5).

Puc. 3.5

Emnruaamii napaboJIoi. Emnoruuanm napabonoigom
Ha3WBAa€ThCA TMOBEepXHSA, fAKa B JeAKIH NOPAMOKYTHIHf cHcTeMI
KOOpAWHAT BH3HAYAETHCSA KAHOHIYHHM PIBHAHHAM

2 1a*+yIb? =z,

Bemmunau a 1 b HazuBaroThes tioro mBocsmu (puc. 3.6).

loepboniyamit  mapabonoin. [imepbomiyamM mapabomoigoM
HA3UBAETHCA TMOBEPXHS, sKa B JesKIH NPIMOKYTHIH CHCTEMI
KOOPJAUHAT BU3HAYAETHCS KAHOHIYHHM P1BHSHHSIM

*la*-y*Ib*=2z.
s moBepxust mae ¢opmy cigma (puc. 3.7). Beauuunu a 1 b
HA3MBAIOTHCS HOTO IMBOCIMHU.

Puc. 3.7

Jlimiiuacti moBepxHi. [loBepXHi, TBIPHI SKUX € TPAMI IIHIi,
HA3WBAIOTHCS JIHIMYACTUMH. TakKUMH TOBEepPXHAMH € IMIIHAPWYHI,
KOHIYHI, OJHOTIOPOKHIHHI T1epOoI0oiau i rinepbomitHI mapabo ToiTH.
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JEKIS Ne 13

Buiie 6yJo po3risiHyTO JAeKIIbKa OBEPXOHD APYTOro MOPSAKY. Yci
BOHH € (QYHKIISIMH JBOX HE3ale)KHUX 3MiHHEHX. [lepelizemo 10 ix
JOCTIKeHHA MeToJaMH TH(epeHIabHOTO YHCICHHS.

OCHOBHI NOHATTA Teopil PYyHKIIH OTHIE] 3MIHHOL - TaKi, K TPaHHIA
(yHKWI{, HemepepBHICTh (yHKIII, audepeHmiifoBaHiCTh 1 1H. -
y3aradbHIOIOThCH I (YHKINM JBOX 1 OIIBIIOTO HYHCIA He3aJe/KHUX
3MIHHUX.

I'pamui 1 HemepepBHICTh (VHKINN ABOX HE3aJSKHUX 3MIHHUX. Y
MPSIMOKYTHIH ~ cucTeMi koopauHat Ox) BHOPSAKOBaHA mapa duceln (x;))
BU3HAYA€ TOUKY. MHOKHHY yCIX TOUOK IUIOIMUHH, KOOPAUHATH SKUX (x;Y)

3a/T0BOJTBHAIOTH HEPIBHICTB. (X — Xg )2 +( Y=Y ) <R? (CN))]
Ha3HBAFOTh BIAKPHTHM KOJIOM.

MHOXMHY YCIX TOHYOK IUIOIIMHH, KOOPAHHATH SIKHX 3aJ0BOJBHSIIOTH
HEpIBHICTB. (X — X, Y +(v -V ) <g? 3.2
Ha3HBAIOTh £- OK0JIOM ToUKH AMy(xg; Vg ) . BiacTanb 6yab-1Koi TOUKH 3 ¢ -
oxoly 1o Touku My(xg; vy ) MeHma Big € >0 .

Hexaif D - ngeska MHOKHHA TOYOK KOOPOMHATHOI IUIOIMHH Ox).
Touky Mg(xg;yy) HA3WMBAIOTh BHYTPIIIHBOKO TOYKOKO L€l MHOMKHHH, SKILO
BOHA HaJIe)KUTh MHOKHHI D pasoM 3 1i ¢ - okosioM. MHOHHY, SIKa CKJIAJAETHCS
TUTBKH 3 BHYTPILIHIX TOUOK, HASUBAIOT GIOKPUMOIO 0GIACHIO.

Touky My(xy;)y) HA3HBAOTh TOUKO 3TVIICHHS MHOXWHH D,
SIKOIO B KOYKHOMY 11 & - OKOJIl MICTHTECS X0o4a O OJHAa TOYKa MHOKHHH D,
BIAMIHHA Big TOUkH My ToUYkH 3TyIMeHHS BIOIKPHTOI 0OMACTI, AKI He
HaJeXKaTh ilf, HA3HBAFOTHCA MEKOBHMH TOYKaMHU 1€l oGiacti. MHOXHHA
YCIX MEXOBHX ToUoK oGuacti D yTBoproe Meky obmacTi.

Bigkpury o61acTh pa3oM 3 CBOEH0 MEYKSIO HA3HBAIOTD 3AMKHEHOIO
obnacmio.  Tak, wMexkero Bigkpuroi obmacti  (3.1) € Komo

2 2 2

(x—x0)" +(y—19) =R".

Hexait z = f(Xy) - geska ¢yHKIS ABOX HE3ATEIKHUX 3MIHHHX,
BH3HaYeHa Ha Biakputiit obaacti D, 1 M(a,b) - Touka wiei odaacTi.

KaxyTtb, mo ¢yuxins f(Xy) Mae rpanuiero 4ucio A, Koam 3MiHHI X 1
y TPSAMYIOTH BUAMOBITIHO 0 YHCEN o 1 b, KO A GYAb-SIKOTO CKUTBKH
3aBrogHo Majoro umciaa ¢ >0 smHalimerbes Take uucio S(e&) >0, mo
HepiBHicTh | f(x,y)—A|<& BuKOHYeTbCS AmS BCIX 3HAYEHb X 1 Y, SIKI
Haneskatb D 1 3amoBobHsrOTh HepiBHOCTSIM: O <|x—al|<d; O0<|y—-b|<s .

Kaxytp, mo ¢yuxims f(Xy) vHenepepsHa y touti A (e,b), skmo
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BHUKOHYETHCA HEPIBHICTh

lim f(x,y)=f(a,b) abo limf(x,y)= f(a,b).
M—Mg x—a
y—b

VY iHIOMY BUTIAAKY KaXKyTb, o ¢yHKs f(XY) y Toumm A/ Mae po3pus.

Hpuknag. Oyakmsa z= X2+ y2 - HemepepBHa y Oyab-aKiit o6macTi
wionmHA Oxy.

Hpuknag. Oyuxms z=(2y)/( x?+vy?) BusHaueHa YCIOIH, KpPIM
touku x = 0; y = 0. V miit To4ui BoHa Ma€e po3pUB.

PosrisHeMO 6e3 moBeIeHHS deAKi BayKIMBI BIACTHBOCTI (PYHKINI
JBOX S3MIHHHX, HENICPepBHOI V 3aMKHEHI CKiHUeHHIM oOmacti. Lli
BIACTHBOCTI AHAJIOTIYHI BIACTHBOCTSIM HEIepepBHOI HA BIAPI3KY (BYHKIUI
OJIH1€1 3MIHHOI.

Baactusicts 1. Slkmo ¢yukims Z = f(X)) Bu3HaueHa 1 HemepepBHA Y
3aMKHeHII cKindeHHiit 061acti D, To 3HaiineTses xo4ua 6 omua Touka NOG,Yo) € D
TaKa, Mo U YCIX [HIMIX TOYOK 067acTi OyAe BUKOHYBATUCH HEPIBHICTD.

f(xg,39)= f(x,y)1 xo4ua 6 ogHa Touka P(Xy,y1)e D Taka, mo amt ycix

IHITHAX TOYOK 061acTi 6yAe BUKOHYBaTUCh HepiBHICTDE f(xq,11)< f(x,v).

Snauenns ¢ymxmi f(xp,)p)=A € HaliOuUBIIMM, a 3HAYCHHSI
f(x;,»1)=mM - HaliMeHIIIM 3Ha4YeHHSM ¢yHKIII f(X,)) ¥ 06macti D.

Buactusicts 2. Skmo ¢ymkumst f(x)) HemepepHa y 3amKHeHiit
ckinveHHiit o6nacti D, a A/ 1 M- HaliGubIne 1 HaliMeHIe 3HaueHHs QyHKIi fCY)
y it 0b71acTi, To AT OYAb-AIKOTO YHMCHA A , ke m < 4 < M, 3HalineThcs Taka
touka N'(x",)" )e D , mo 6yze BuxonyBatucs pisicts f(x ,) )= p .

YactunHa moxigHa. Hexaii Z = f(x,y) - nesika GyHKIIS ABOX 3MIHHHEX,
BU3HaUcHa V BiOkputTidt ob6aacti D, 1 Hexaif Touka M (xg;)p)eD (puc.

2.8). PosrmsiHemo mmiHiro PS nepetuny moBepxui Z = f(x,)) miomutoro y =
Vo, sika mapaienbHa wiouHl OXZ. OCKUIbKH Y Iill TUIONIMHI ) Ma€e cTale
3Ha4YeHHs, TO Z B3AOBK KpuBoi PS Gyze sMmiHroBaTHcA BiA 3MiHH x. [lamo
He3aJekHill 3MIHHIN x mpHPICT Ax ; TOAl Z MAaTHMe TPHUPICT, AKHH 3BYTh
YACTHHHHAM IPHPOCTOM Z MO X 1 MO3HA4aroTh uepe3 A.Z (Ha puc. 2.8 me

BAp130K SSy), Tak mo: A,.z= f(xg+4x,y5)— F(x5,30) - 3.3
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Puc. 3.8

AHanoTIYHO, SKIIO X Ma€ cTajle 3HA4YCHHS], a y OJepXKye TPHPICT
Ay ,T0 Z MaTHMe TIPUPICT, KUl HA3WBAIOTh YACTHHHUM HMPUPOCTOM ZTIO V 1

no3HavaroTh yepes A,Z (Ha puc.3.8 ue Biapizok 777):

A,z=f(xg,y0 +4Y) - T(x0,30) - (34

Ipupict A,z GyHKUISL omepkye "B3AOBK JIHII" NEPeTHHY MOBEPXHI
7= 1(x,y) 3 mIoImHUHOO X = Xy , siKa mapajeibHa miomai OyzZ.

SIKIMo OJHOYACHO AaMO apTyMEHTy x MPHUPICT Ax, a apryMeHTY y
mpupict Ay, TO Z MaTHMe HpHPICT AZ, SAKWH HA3HBAIOTh IOBHHUM
mpupocToM (YHKIN Z Az=T(xg+ A, yg+4v)— f(xg,35) - 3.9
Ha puc.3.8 me Bimpizox QQy. Tpeba 3ayBakuTH, INO, B3arajl KasKydH,
TMOBHUIl TPHUPICT HE JOPIBHIOE CYMI YaCTHHHHX TPHUPOCTIB, TOOTO

Az#AZ+AZ.
Opukmag, z=xy. Tym Az=(x+4x)y—xy=yax,
Az=(y+Ay)x—xy=x4y, Az=(x+A&)(y+A)—xy=yAc+xAy + AcAy .

Skmo x = 1; y = 2, A=02; Ay=03. Maemo: Az, =2.0,2=04;
Ayz:1-0,3 =03; Ax-4y=0,2.03=006. 4z=0,4+0,3+0,06=0,76.
Tobto: A,z=04; Ayz:0,3; Az=076 , ane sz+Ayz:0,7.

AHaTOTIYHAM YWHOM BHM3HAYAIOTh YACTHUHHI H TMOBHI MPHPOCTH
(yHKUIH Oy Ab-IKOTO YUCIIA 3MIHHIX.
CriageMo BigHOmeHHS A.Z 1o Ax , sike npH (IKCOBAHHX Xp 1 Vo €
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(yHKIIeto pupocTy Ax . SIKmmio icHye TpaHHIA
lim( F (o + 4x,0) = T (x,30)/ 4,

TO KaxyTh, mo ¢yukmis f(X)y) Mae yacTHHHY TOXIAHY 3a HE3aJEIKHOFO
o abo

3MIHHOIO x B Toumi M (Xg,Vq), 1 3amucytote f/(xg,)q), abo Z.
ozl 6)(‘M ,a60 of (xg,y9)/ Ox.
AHAJIOTTYHO, MPHITYCTUBLIH IO X = Xy, MOKHA PO3IITHY TH IPAHMIIO
lim (f(xo,v0 +4v)— f(x0,00))/ 4.
Ay—0

Skmo ms TpaHUI ICHYe, TO KaxkyTh, mo ¢yukims f(Xy) mae
YacTHHHY TIOXITHY 3a He3ale:KHOI 3MIHHOKO ) B Toumi M (xg,)g). Lo

YACTHHHY TOXiTHY To3Ha4aroTh f(Xg,)p), abo Z;‘M , @0 oz/ 6y|M , abo

of (x0.0)/ Oy -
KaxyTp, mo (yHKINSA Mae YaCTHHHY TOXITHY V BIJKPHUTIH obmacTi
D, siximo BoHA Ma€ YACTHHHY TOXITHY B KOKHIN TOYIN i€l 001aCTi.
UactuHHY TOXIAHY (QYHKIII TPHOX 1 OUTBIIOTO HHCAAa 3MIHHHX
OGYHUCIIOIOTH 32 THMH CAaMUMH MpaBHJIAMHU, IO i 3BHYaifHy HOXITHY.

Opuknaxn. 3uatita 0z/ 6X 1 6z/ dy , sxkmo z=x"(x>0).

PosB'sizannsi. YacTHHHY TOXIAHY 3a 3MIHHOK X 1€l  (PyHKIi
OOYHCITFOIOTH TIPH ¥ = CONSt, ToOTO BOHA € TMOXITHOIO CTEMCHEBOI (hYHKIIL:

ozl ox= x> 1.
YacTHHHY MOXITHY 33 3MIHHOYO ) Mi€l ()YHKIIT OOUMCIFOIOTH MPH X =
const, To6To BOHA € IOXiHOKO MOKA3HUKOBOI pyHKIii 6z/ dy =x” -Inx.

[osHwmit midepenmiang. 3 BU3HAYCHHS MOBHOTO MPHPOCTY (PYHKIUL Z
=f(xy) y Toum My(xy,q ) (3.5) maemo

Az=f(x+Ac,y+Ap)—f(x,p). (3.6)

IMpunycrumo, o f(x,y) vy mosumsHii Toum N (x,)), sika HaleKUTH

obnacti D, Mae HemepepBHI YaCTHHHI TOX1THI. 3'5ICYyeMoO, SKHil BUpa3 Mae

Az yepes vactuHHi noxigHi. Just wporo y mpasiit yactusi (3.6) qomamo 1

BiaHIMeMO f(XY + Ay):

Az= f(x+Ac,y+ Ay)— f(x,y+4y)+

+Hf(x,y+4y)- f(x,p). Q.7

Bupas f(xy + 4y) - f(X)y)) MokHa posrismaTH SK PI3HHIEO ABOX

3HAYEHb (PYHKINI OJHIET 3MIHHOI ) (3HAYEHHS X 3aHINAETHCS CTAJHM).
3acTOoCOBYFOUHM JI0 L€l pi3HHULI TeopeMy JlarpaH:ka, MaeMo

flxy+ay)-f(xp) = Ayt (x.p1)/ oy, (3.9
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JIe )1 po3TammoBaHo MUK v 1y + Ay. Tak camo
f(x+Ax, y+Ay)— f(x,y+A4y) = Axf (x,,y + Ay )/ ox, 3.9

JIe X1 pO3TaIIOBaHO MK x 1x + Ax.
Onepskani Bupasi (3.8) 1 (3.9) miacraBumo y (3.7), MaTuMeMO

Az = Ax0f (xq,y+ Ay ) Ox+ Ayof (x,y, )/ Oy (3.10)
3a MpUINymeHHAM, 0 YaCTHHHI MOXIIHI ICHYIOTh 1 HeTIePePBHI, MAaeMO !
iim  of (xq,y+4y)/ ox=0f(x,y)/ ox, @11
Ax—0,4y—0
iim  of(x,yq)/ oy =of(x,y)/ oy 312
Ac—0,40—>0

(ToMy 1O X1 1 ¥4 po3TaIOBaHI BIMOBLAHO MDK x 1 x + Ax, y 1y +A4y, T0
romt Ax —0 1 Ay — 0 BemMumHHM x4 1 31 IPAMYFOTh IO X 1 ¥ BIATIOBIAHO).
3a BuzHavyeHHsM rpanuil, piBHocti (3.11) 1 (3.12) MoxkHa mepenmcatu y
BUTJIA1
N (xq,y+4v)/ ox=0f (x, )/ dx+yq,
of(x. 1)/ dy=0f(x,¥) Oy +72,

KOmH Ax 1 Ay OpAMYIOTH IO HYTS BSUUHHH ¥4 1 ¥p TEX MPAMYIOTH JI0
Hyst. OcTaHHE Jae MOXKTUBICTD TiepenucaTu Bupas (3.10) y Burmsai:

Az= (0 (x,y)/ &x)Ax +(Of (x,¥)] Oy )Av + y1Ax + o Ay . 3.13)
CyMa OCTaHHIX JBOX WICHIB I€l PIBHOCTI € HECKIHYCHHO MAaJoko
pemmuuHoto. 3 piBHocti (3.13) Bumnmeae, mo xomu ¢yukms f(xy) mae
HenepepBHI YACTHHHI TOX1THI B JaHIi To4Il, To BOHA AudepeHmiiioBaHa y
uilt Touw i Mae nosHui udepenmian: dz= f (x,y)ac+ f (x,y)ay.

PiBHICTB 3.13) MOYKHA nepenucaru y BUTTISLTL
Az=dz+yAx+y,4y 1 3 TOYHICTIO OO HECKIHYCHHO MAJMX BHIIOTO
MOPSIIKY MAaEMO TPHOIU3HY PIBHICTh AZ~dZ. (3.14)

[Mpupoctn HezameKHHX 3MIHHHX Ax 1 Ay € mudepeHIiataMu

He3aJiesKHIX 3MIHHUX X 1V, SIK1 TIO3HAYaloTh BLAMOBIAHO Yepe3 dX 1 dy. Tomi
BHpAa3 MOBHOTO Au(epeHIaay MaTHMe BUTIIST
dz=(of /ox)dx +(of /oy )dy . (3.15)

JIEKIIIA Ne 14
Ipuknaz. 3HaiiTy noBHHiT xudepermian GpyHKii Z=Sin>(Xy).

Posg'szanus., dz= %(si n*( xy))dx+%(si n(xy))dy =
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= y2sin(xy)cos(xy )dx+ x2sin(>y)cos( xy )dy =
= (ydx+xdy)sin(2xv) .
3ayBaxkenns. PiBuicTh (3.14) BHUKOPHCTOBYIOTH i HAOIIKEHUX
oGuucrieHpb 3HaueHb GyHkii Z = f(xy). Jas uporo Bupas (3.6) nepenucyrotsb
y Burisimi f(x+ Ac,y+ Ay)= f(x,y)+ 4z, (3.16)
a motiM, Maroun Ha yBasi (3.14), 3amicte Az miactaBumo y (3.16) Bupas
(3.15) 1 matumemo hopMyay A1 HAGTIDKEHUX OOUUCTIEHb!

f(x+ax,y+4v)~ f(x,p)+ fi(xp)ac+ £ (x,0)4ay, (317

SIKA MAa€ TOYHICTh A0 HECKIHYEHHO MaJHMX BHIIOTO MOPSAKY MAaloCTi
BITHOCHO /x 1 Ay.

[puknaz. 3uaiitn HaGmwKene sHavenmHs (2,73)%%" .

Posp'ssanna. PosrimgHemo ¢yHkmiro z= X’ . 3HaiizeMo ii TOBHEI
mudepermiar dz= yx* TAx+x¥ Inxay .

Tyt xg=e; y3=3,; 4x=0,011 Ay=001. O6uncmoemo moBHHIt
mudeperniar dz=3-¢%-0,01+¢°-Ine-0,01=¢(0,03+0,0272) =
=¢”.0,0572=0,4232.

Tom, BpaxoBytounm, Imo e=x2,72, waemo. (2,73 )3’01 ~
~ e° +dz~ 20,1236 +0,4232 = 20,5468 .

Tounmii pesyabrar: 20,5518. Otmxke, moxubka TOpIBHIOE OIH3BKO

0,005.
YacTuHHI MOXiAHI ckIagHoi ¢vHEMI. [IpumycTiMo, mo B piBHAHHL
z=F(u,) (3.18)
3MIHHI U1 U € HeTlepepBHUMH (HYHKILIMH He3aleKHUX 3MIHHIX X1
u=gp(xy), v=yw(xy). (3.19)
3BuyaifHo, Z MOKHA MOJATH U Ge3mocepeHBO Yepe3 x 1 ) TaKHM
ypaoM: Z=F(p(X,Y), w(XY)), (3.20)

aje 1ie MOYKe MPU3BECTH 0 AYKe CKIATHOI (hyHKIL.

[Mpunycrumo, mo ¢yukimi F(U, 0), ¢(Xy), y(x,)) MaroTh HemepepBH1
YACTHHHI TOXIJHI 3a BCIMA CBOIMH apTyMeHTaMH. [locTaBUMO 3aBIaHHS:
obuucnutu 0z/ 0y 1 0z/ OX, BiamroBxyrounck B piHsHb (3.18) 1 (3.19).

Jlamo apryMeHTy x TpHpICT AX, 30epiraloudm 3HAYEHHI §
HesMminanM. Tom, BpaxoByroun piBHsHHA (3.19) 3MiHHI U 1 O ofAep:kaTh
mpupoctd AU 1 AU .

62



Bnma MaTeMaTHKa

Ane, SKIO 3MIHHI U 1 0 oJepskaTh mpupoctd AU 1 Ay, TO
¢yukiist z=F(u,0) oaepxuth TpUpiCT AZ, SKull OOYHCIIOIOTH 3a
dopmyoro (3.13):

Az=(0F / odu)Au+(eF [ ov)Av+yAUu+y,AD .
Posmimivo yei wieHn miel piBHOCTI Ha AX :
Azl Ax=(0F fou)Au/! Ax+(F [ dv)A vl AX+y,Aul AX+y,A0! AX.
Skmo AX—>0, o Au—0 1 Av—->0 (U1 v HemepepsHi). Tom 1
1 —0, ¥, > 0. 3pobusmu rpanmyHMit nepexix, komn AX — 0, Maemo:
IIm Az/ Ax=0z/ ox; llm Au/ Ax=0u/ox; llm Ao/ Ax=0v/dX;

Ax—0 Ax—0 Ax—0
Imy,=0; llmy, =0 1, omxe,
Ax—0 Ax—0
0zl ox=(cF fou)(oul ox)+(oF / dv)(ov ! ox). 3.21)
AHAaJIOTIHHI IEPETBOPEHHS 3 APTYMEHTOM V JIA€:
ozl oy=(cF /ou)(oul dy)+(oF 1 dv)(dv /! dy). 3.22

Just Bumaaky Oimbmmoro umcia aminHux ¢dopmynun (3.21) 1 (3.22)
3BHYANHUM YHHOM Y3araibHIOIOTh.
[oexa moxigHa. Skmo Maemo ¢yukio Z= F(Xy,u,v), ae y, U, 1 v
Y CBOKO UYepry 3aJIe’aTh Bi/J] OJHOTO apTyMEHTY X'
y="1(x), u=p(x), v=y(x),
T0 (GakTHIHO Z € (PYHKIIE0 TUIBKH OTHIE] 3MIHHOI X, MOKHA CTaBHUTH
MUTaHHS TPO BU3HAYeHHS TmOBHOI moximHoi dz/dx. I1s moxiguna

oGuncmoeThest 3a popmyoro (3.21):
dz/dx=0z/ox+(oz/ oy)(dy/dx)+(0z/ du)(du/ dx)+

+(oz/ ov)(do/dx), (3.23)
Je OX/ Ox=1,aTak K Y, U1 v - € PYHKIIT OJHOTO X, TO YACTHHHI MOXI1/THI
MepPeTBOPIOIOThCSL v 3Buuaiini. OcTaHHsS (opMyia Mae HaA3BY MOBHOI
MOXI1THOI.
Hpuknan. 3uaiitn dz/ dx, sxmo: Z= X2+ y1/2 , y=sinx.
Posw’ssamms. 0z/ Ox=2x, 0z/dy=1/(2\/y), dy/ox=cosx.

3a  ¢dopmyroro  (3.23) wmaemo: dz/dx=0z/0x+0z/oy-dy/dx=
= 2x+1/(2]y)cosx = 2x+ cosx/(2y/sinx) .
TloBuuit mudepenmian ckaagHoi GyHKINI.

IMiacrasumo Bupazu (3.21) 1 (3.22) y ¢opmyny (3.15) mosroro
mudepeniiana. Maemo dz =((0F / ou)(ou/ dx)+(oF / dv)(ov ! ox)dx+
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+((8F 1 0u)(dul by)+(8F 1 dv)(dv 1 dy)dy .

[Micas BiANOBITHUX MEPETBOPECHB:
dz=(oF / ou)((ou/ ox)dx+(ou/ oy)dy)+
+(0F 1 ov)((ov/ ox)dx+(ov/ oy)dy - (3.24)
Ane: (ou/ ox)dx+(ou/oy)dy=du, (ov/ ox)dx+(ov/ oy)dy=dv. (3.25)
PiBHicTb (3.24) 3 ypaxyBauHsiMm piBHocTelt (3.25) MoKHa epenucaT Tak:
dz=(6F /ou)du+(oF /dv)dv ,abo dz=Z,-du+Z, -dv. (3.26)
Posrmsimaroun (3.15) 1 (3.26), MoskeMo cka3aTu, M0 BHPa3 MOBHOTO
mudepeHmiama (YHKIIT ASKUTBKOX 3MIHHHUX Ma€ TOH e BHIJIAL, TOOTO
(opma audepeHiiana IHBApIaHTHA, UM € U | U He3aJeKHUME 3MIHHUME ab0

(PYHKIISIMH He3ale/KHIX 3MIHHUX.
[pukian. 3naiiTn moBHUI TudepeHmian CKIaTHOl (YHKIII:

z=u%° , e u:xzsiny iv=x%".

Posg'sizanns. 3a popmyoro (3.26) maemo
dz = 2uvdu + 3u?v?do = 2uv®( 2xsinydx + x2cosydy ) +
+3u20%(Bx2e’dx +x°e’dy).
OcraHHIl BHpa3 MOKHA TICPCTBOPUTH 10 BUTTHAY
dz = x'? sinye3¥ (13sin ydx+ x(2cos y + 3siny )dy).

ToxiaHa (QVHKINI, 3aaHOT HEABHO.

Posrmsiaemo ¢yukiiro F(xy) = 0.

Teopema. Hexait ¢yukuis y Bix x mava wesisHO 1 F(XY), F.(XYy),
F, (XY) - HemepepHi QyHkwi y nesxiii obmacti D; xoopmunatm (XY)
JoBiIbHOT Touku M € D 3amoBonbHsiroTh piBHsHHIO F(XY) = 0, kpim TorO,
y mitt Toumi F(x,)#0. Tomi: y, =—F.(x,y)/ F/(x,y).

[JoBencHHsa. Hexall nOeskoMy 3HAUCHHIO X BIONOBIAA€ 3HAYCHHS
¢dyuki y 1 opu mpomy F(y) = 0. Jlamo HezamexHiit 3MiHHI x mpUPICT
Ay . OyHKLIA y MaTUMe TpHPICT Ay , TOOTO 3HAUCHHIO apTyMeHTy Ax+X
BIANOBIae 3HaueHHs: QyHKINT Ay +y . Ockuibku F(Xy) = 0 Gyaemo maTu
F(ax+x, Ay+y)=0.0mxre: F(ax+x, Av+y)—F(xy) = 0.
3miBa MOBHUI TMPHUPICT (PYHKINI ABOX 3MIHHUX, KU MOKHA MEepelMUCcaTH
tak (qus. Butne): (OF / ox)Ax+(OF /o)Ay +y Ax+ vy, A4y =0,

Je ¥y 1 Y, OpSIMYIOTH MO HYJS, KoMH Ax 1 /Ay TpAMyIOTh 10 HYILL
Po3zaimimMo ocTaHHIO PIBHICTh Ha Ax 1 o0umciaumMo Ax/ Ay :
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Ayl Ac=—(OF [ ox+y ) I(OF T ov+y,).
Cropsmyemo Ax o Hyms. Toxi, Maroun Ha yBasi, IO IPH IBOMY ¥4 1 ¥
TEX TOPSIMYEOTH 10 HyJs 1 o OF /Oy #0, y rpaHuiy MaTHMEMO!
yve=—(F 1 ox)I(F /dy). 3.27)
Ortixe, IOBEITH ICHYBaHHS MOXITHOL V. BiA (PYHKIII, 387aHOI HESBHO,
1 3HaM QopMyIy AT {1 OOUHCIICHHS.
[puknan. PiBHaaHSA X%+ y2 —1=0 Bu3HaYac y K HeSIBHY (PyHKIIIO
Biax. TyT F(xy) = x2+y?—1; oF [éx=2x; oF 1oy=2y.
Otike, 3a popmyroro (3.27): dy/dx=-2x/2y=-x/y.
Posrmsisemo dyuxiito F(Xy,z) = 0. (3.28)
Sxmo koskHIN mapi Uhced x 1 y Y AedKiif obJacTi BIANOBIAA€E OTHE
abo JeKiIbKa 3HAaYeHb Z, SKi 3aJ0BOJIGHSIOTh OCTAHHE PIBHSHHS, TO BOHO
HESIBHO BU3HAYAE OJHY 200 ASKUTbKA OTHO3HAYHHUX (PYHKIII Z BIT X 1 ).

Hpukaag. PiBHAHHS ¥2 + y2 +7Z2-R?=0 HesBHO BU3HAYAE ZIB1
HeTepepBHl (YHKINT Z BT x 1 ), SIKI MOKHA BHUPA3HTH SIBHO, PO3B'S3aBIIN

JaHe PIBHAHHSA BigHOocHO Z Tobro Maemo: Z:\/Rz—xz— y2 1

z=—R?2-x?-)?

3HalfieMo JacTHHHI MOXITHI (PYHKIILI Z O X 1 y, M0 BH3HAYAETHCA
piBuasiaEsM (3.28). Komu mykaemo 0z/ OX, BBakaemo y ctaaum. Tomy TyT
MO3KHA 3acTocyBaTi popmyny (3.27), SIKIIO He3aJIEKHOIO 3MIHHOO BBAKATH
x, a pyHxmieto 2 Omxe: Z, =—(0F / dx)/(OF /1 0z). (3.29)
Taxk camo 3Haxoaumo: Z, =—(0F / dy)/(0F / 0z). (3.30)
[Mpunyckaerbest, mo OF / 6z#0.
AHAIOTIYHO BU3HAYAEMO YACTHHHI TOXITHI HCABHUX (QyHKIIi
O1TBIIIOTO YHCIa 3MIHHUX.
Hpuknan. OOYHCIATH YaCTHHHI MOX1THI (PYHKIIL

e?+x%y+z+5=0.
PosB'ssanms. TyT: F(x, v, 2) = e? +x%y+2z+5=0;
OF lox=2xy; oF lay=x?; OF loz=e"+1.
Omxe: 0z/ ox=—(2xy)(e* +1), 8zl oy =—(x?)I(e* +1).
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JEKIIA Ne 15

YacTuHHI TOX1/THI BUIUX mopsyakiB. Skmo ¢yukimis Z = f(x,y) mae B
YCIX TOYKAX JesKoi BLAKPUTOi obmacti D wyacTHHHY TOXIAHY 3a OTHIEO 13
3MIHHHX, TO IS TIOXITHA caMa € (PYHKIIERo BII IUX 3MIHHUX 1 MOKE, B CBOIO
Yepry, MaTH YacTHHHI MOXIJHI MO IMX 3MiHHEX. [ manoil (yHKII Z =
f(x,y) 1 mOXioHI € YACTHHHUMHE TOX1AHUMHE APYTOTO TOPSIIKY.

Taxk, po3riasiHeMO TPaHHIO'

lim (fe(x+ax,y)— f(xy) A= T (x,y).
Ax—0

SIKINO 11 TPAHUI ICHY€, TO KaXyTh, MO (YHKINA Ma€ APYTY YaCTHHHY
MOXIAHY 3a 3MiHHOIO x. L{fo moxigny mosHauaroth f.(x,y), abo % f I ox?,

abo 0%z/ox? | abo Z.. AHaJOTIYHO BM3HAYAIOTb IMOXIiJHI fy"x, fx"y, fJ’,'y.

TTox1mm fx"y 1 fy"x HA3UBAOTh MIIMMAHUMH YACTHHHUMH 10 X1THUMH.
TMoxiaH1 APyroTO MOPIIKY MOYKHA 3HOBY mu(epeHIioBaTH. MaTHMo
YACTHHHI TOXITHI TPEThOTO MOPIAKY, IX Oyae, OUYSBUIHO, BXKE BICIM:
%zl ox3, 3%zl oxdn? | 8%zl oxdyoz, ...
Braram, yacTHHHA TOXIAHA #-TO TOPSOKY € TepIia MOXIAHA BIT
noxigHoi (N-1)-ro mopsaky .
Hpuknan, O6uncmur 8°z/(2x°dy) , AKmo Z:yzex -i—xzy3 +4.
Poss'azanns. TTocaiioBHO MaeMo:
0zl ox = y2e" +2x°; 8%z/ ax? = y%e" +2)°%; z/(ax’dv)=2ye" +6)2.
[MpupoAHO TOCTABUTH 3alHTAHHS, YH 3aJ€XKHTh Pe3yabTar
muepeHIIOBAHHA BIJ MOCTJOBHOCTI AU(ECpPCHINIOBAHHA IO PI3HHX
3MIHHHX, TOOTO UM OVYIyTh, HANPWKIAA, TOTOXXKHBO PIBHUMH MOXIJHI

& f I Oxoy) 1 & f I OyOx) . Ha ue 3amuraHHs BIAMOBIIA€ TEOPEMA.
Teopema. fxmo ¢yrKmisa z = f(xy) 1 ii yacTuHHI moximHi f,, fy’,

fy, f). BU3HAYEHI 1 HEMEPEPBHI B ACAKOMY OKOII 1 B camili Touui M(XY),

1o B Hill 0% f /(8xdy) = & f I(dvox).

EOBGQGHH}I. POSFJI}IHGMO BI/IpaS
A=(f(x+Ac,y+ )= F(x+Ac,p) - (F(x,y+4)— T(x,p))..

Sximo BBeeMO TOoMOMIKHY (DYHKINO (X ), BU3HAYEHY PIBHICTIO
p(x)=f(xy+a)-f(xy),
To A Mo>kHa 3ammcatu y Burmial: A =@(x+ Ax)—p(x).

OcKuThKH NpHNyCTHIN, o f] BH3HauYeHa y okom Toukd M(x,y), To,
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omxke, @(x) aupepeHiniioBaHa Ha BIAPI3KY [x,x+Ax]; ame Tomi 3a
Teopemoro Jlarpamka Maemo A4 = Axp'(xy), Ae x4, 3HAXOAUTHCI MIXK X Ta
x+dxc. Ane ¢'(xq)=fi(x,y+4y)— fi(x,0).

Ockinbku fy, BusHaueHa B oxomi Touku M(x,y), To f, nudepenuitiosana

Ha BIAPI3KY [y, ¥ +/y], ToMy, 3aCTOCYBaBIIM A0 OCTAHHLOI PI3HUI 3HOBY
Teopemy Jlarpamka (Mo 3MiHHIHN V), MATEMEMO

foCep,y+4) = (x0,0) = DI (x0,04)
Jie yq 3HaXOAMThCA MUK Y 1 y+ Ay .

Omxe, movaTkoBwmii Bupas 4 popisaroe: 4 = AxAf [ (xq,y1) . (3.31)
Sxmo B movyatkoBoMYy BHpa3l A TepecTaBUMO CepelHl WICHH 1
BHUKOHAEMO 3 IIMM BHPa30M aHAJOT1YHI NIEPETBOPCHHS, TICTAHCMO
A= e (x2,02), (3.32)
Ie (xp,V,) Jesika TOYKa B OKOM TouKH M(x,)).

UYactunu, sIKi posramoBaHi mBopy4 y piBHocTsix (3.31) 1 (3.32),
JOPIBHIOIOTh A, OTKe, YACTHHH, SKI PO3TAalIOBaHI MPaBOPYY, TEXK

mopiBHIOOTE A , ToGTO: AXAE | (xq,¥1) = A (x2,52)
sk fo (g, 1) = f0(x0,02).
[epeiinemo o rpanuui, komn Ax — 0 1 Ay — 0, Mmaemo
im 2 (x,q)= 1im f.(x5,1,),
Jxs0 xy( 1y1) Jvs0 yx( 2y2)
Ay—0 Ay—0
Ockimbky moximui fyj, 1 f), menepepsHi y Toum M(x,y) 1 ii oo,
TO
iim 2 (x,0)=f0(x,p) 1 0im f(xp,00)=f.(x,y).
Pl xy( 1)1) xy( ») Paald) y( 2:¥2) y( y)
Ay—0 Ay—0
Taxum wumom: i (x,y)= f/ (x,y), mo i Tpeba Gy1o A0BECTH.

Hpuknan. z=¢€"siny. Jlosectu Z, =Z, .
Pose'ssanns. 0z/ Ox =€ siny; 0%z/ éxdy =e*cosy;
ozl By =€*cosy; 0°z/ dyox =e*cosy.

Orxe, Z, =Z, .
ExcrpeMyM QvHKINT 1BOX HesaneHUX 3MIHHHUX. Hexaif yHKIIA Z =

f(xy) Bm3HaveHa v BLAKpHTIit obmacti D 1 Touka M (xg,1p) €D . Kaxyrs,
mo ¢yuks f(x,)) mae y Toum M Makcumysm (MiHIMYM), SIKIIO 1ICHY€ TAKU

67



Bnma MaTeMaTHKa

& okin ToukH M (xg,Vg ), IO ATA YCIX TOUOK LBOTO & - OKOJIY BHKOHYETHCS
HEPIBHICTh

flry)<flx.0)  (F(xp)>T(x0.00))-
MakcuMyM 1 MiHIMYM (PYHKII{ HA3HBAIOTh €KCTPEMYMAaMH.
JlaHe Buille BU3HAYEHHS MakcumMymy (MiHIMyMy) (VHKIND MOXHA
niepedpasyBaT TakuM dyiHOM. Hexalt x=xp+Ax, y=yy+4y; Toai

f(x,y)— F(x0.30) = f(xg+ ¢,y +4y)— F(x0,10) = 4F .
Axmo Af < 0 (Af > 0) mag BCix IOCTaTHBO MaUX MPUPOCTIB
He3aNeKHNX 3MIHHUX, To ¢VHKIA f(x,)) mocsrae y toum M(xg,)p)

MaKCHMYMY (MIHIMyMY).

i ¢opMmymroBaHHA HepeHOCATh Oe3 3MIHH Ha (YHKLII OyAb-IKOTO
Yyca 3MIHHHX.

HeoOxinHI YyMOBH ICHYBAaHHA eKCcTpeMyMy. SKmo B TOUI
M(xq,vo) $yHrmis z = f(Xy) gocsrae ekcTpeMyMy, TO KOKHAa YaCTHHHA
MOX1THA TIEPIIOTO MOPSIAKY B Z MPH [UX 3HAYCHHSIX apTYMEHTIB TOPIBHIOE
HY IO, a00 He ICHYE.

Touxn, ne z, =0 i Z,=0 (abo He icHY€), HA3MBAKOTBHCA

KpHTUYHUMH (CTamioHapHHMH) Toukamu ¢QyHkmi z = f(xy). Orxe,
KOOPAWHATH KPUTHIHHX TOYOK 3HAXOTHMO 13 CHCTEMHU
z, =0,
; (3.33)
z, =0.

JoctatHi yMoBH icHyBaHHS ekcrpemyMmy. Hexaii B oOmacti, sika
MICTUTh KPUTHUHY TOUKY M (Xg,Vq), GyHKIIA Z = f(XY) Mae HemepepBHI

YACTHUHHI NOXIAHI Zyy, Zyy, Zuy. OOUHCAMMO iX, IO3HAYUBIIN;
XX Xy Yy

Zo(X0,Y0) = A; Zy(%,¥0) =B Zjy (%, %) =C.

Tomi ¢GyHKIIA V KPUTHIHIH TOUI Ma€:

MakcuMyM, skimo AC -B*>01i4<0; (3.34)
MiHIMYM, Ko AC -B*>01i4>0; (3.35
Hi MakcuHMyM | Hi MiHiMyM, skmo AC — B? <0 (3.36)
HEBH3HAYEHICTh  (MOTPIOHI  JOJATKOBI  JOCIHIMKEHHS),  SIKIIO
AC-B?=0. (3.37)

Hpuknan. Jocmiantu Ha eKCTpeMyM (QYHKINFO Z= X+ y3 -3xy.
Posp'asanHg. 3HalizeMoO KPHTHYHI TOYKHM, BHKOPHCTOBYIOYH
HCOOXITHI YMOBH SKCTPEMYMY
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ozl ox =3x% -3y =0,
ozl dy=3y? -3x=0.
3Biacu Maemo aBi kpuriysi Touku: M(1,1) 1 N(0,0).

3HalfIeMo YaCTHHHI TIOXITHI JPYTOTO TOPSIKY :

0%zl ox? =6x, 8%zl oxdy=-3, 8°z/ v*=6y.
OOYHCIIMO Il TIOXITHI Y TICPIIiii KpUTUYHIHM TOIN
A=0%z/x? =6; B=0%zloxdy| =-3; C=0%z/8% =6;
M M M

AC-B*=36-9=27>0; 4>0.
3a pocratHiMu ymoBamu (3.35) y Toumi A/ dyHKIS gocsrae
MIHIMyMY
z(11)=1+1-3=-1.
O6unCIIMO ¥ ApYTiif KPUTHYHINA TOYIl YAaCTHHHI MOXIAHI APYTOTO
nopsiaky, maemo: A =0, B=-3,C=0; AC-B*=-9<0.
Otike, 3a (3.36) y Toumi N(0,0) pyHKkIns He Mae eKkcTpeMyMy .

JIEKIIA Ne 16
Haifbursmie # HaliMeHIne 3HaYeHHS (DYHKIIII.

Posrmsimaemo HemepepBHy ¢yHKmio zZ= f(X,y) B 3aMKHeHid 1
obmeskeHilt obmacti D . 3a anamoriero 3 QyHKIEO OMHIET 3MIHHOI BOHA B
it obacTi gocsarae HAWOLIBIIOro 1 HaliMEeHINOTo 3HAYeHb. TOYKH, SIKI IM
BIJTOBIJAFOTh, MOKYTh OYTH BHYTPINIHIMH, abo MekoBUMH. 11106 3HaiiTh
iX, Tpeba cmovyaTKy 3HAWTH BC1 CTAl[lOHAPHI TOUYKH, PO3B A3aBIIH CHCTEMY
piBHsiEb (3.33) 1 00uncIUTH 3HAYeHHS (YHKINT B THX TOYKAX, SIKI HAJIEKATD
D . Totim gocmimxyemo (VHKINIO HAa eKCTpeMyM Ha Mexi obmacti D
IUIIXOM 3BeleHHS JaHoi (yHKmII A0 (YHKIIL oxHIE] 3 He3aleKHUX
sminEuX. Cepen 3M00YTHX 3HAUCHb JaHOI (DYHKIII BecepeIHHI 1 HA MEKI
obnacti D BubGupaemo HaliGimbIe 1 HaliMEHIIE 3HAYEHHSI.

lpuknan. JocmiautH Ha HaliOukIme i HaliMeHINe 3HAYCHHS
PyrKuito Z= xy — y* + 3x + 4y y 3aMKHeHiii o6macti D, Merxa sixoi: X = 0,
y=0, x+y=1.

PosB'sizanns. 3podumo pucyHok Aanoi obmacti (puc.3.9). 3'icyemo,
YW € CTAI[lOHAPHI TOYKH, SIK1 JIe)KaTh ycepeauHi obnacti D, To6T0 B Mexkax

é=y+3=0, } y:—3,

AAOB. Maemo: Z’yzx—2y+4=0. :x:—10.
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MV

0 172 1N\

Puc. 3.9

Po3B'i3yroun cHcTeMy pIBHSAHB, 3HAXOJHWMO CTAaLlOHAPHY TOYKY
M(10, =3). 1Ig Touka jJexurh 3a Mekamu obGjacti D, omke, ii He
POBIILAAEMO.

Jocmmxyemo pyukiro Z = f(X,)) Ha Mexi o6nacti D:

- Ha ctoponi O4 (y = 0, 0<x<1) dyuxuwis z = 3x. s dpyHKmis
ofHiei 3MiHHOI Z, =3, Z, # 0, ToMy CTAaLIOHAPHUX TOYOK (PYHKIMST HE MAe.
V roukax O 1.4 signosigdo z(0,0) = 0, z(1,0) =3;

- Ha cropori OB (X = 0, 0<y<1) ¢ymkuin z = —° + 4y,
Z,=-2y+4 . 3HaxoquUMO CTALIOHAPHY TOYKY 3 piBHAHHA —2y + 4 = 0;

Maemo y = 2. Omre touka M4(0,2) ve Hamexxuth oGnacti D. 3Hauenms
¢dyuki y Toum B(0,1): z(0,1) = 3;

- Ha cTopoHi AB (y = —x + 1) dyHkmiz z = -2¢ + 2¢ + 3. Ll
dbyukmis oxmiei 3miHHOi. Z, =—4x+2 1 Z,=0, maemo x = 1/2, ToG1O
cramonapaa touka M(1/2,1/2) wnanexxuts mexi obmacti D. 3nHaueHns
¢dyuxi B Hidt 2(1/2,1/2) = 3 5.

[MopiBHrOIOYN Bcl OOUMCIICHI 3HAYCHHS (PYHKIII, pOOHMO BHCHOBOK,
Mo HaWOIIbmoro 3HaueHHS (YHKIS  jgocarae y  Ttoum M.
Z‘M =2(1/21/2)=35, a natimenmoro y touty O: Z‘o =z(00)=0 .

JoTHyHa njomMHA 1 HOpManb 0 HoBepXHi. Hexalt  3amano
TMOBEPXHIO (PYHKIIIETO

F(xy,z)=0, (3.39)

ska audepeHmiioBana B Toumi Mg(xg,V9,Zp), DO HANCKHUTH LIl

TMOBEepXHI, MPUYOMY He BCl YaCTHHHI MOXIAHI B TOYIN My AOPIBHIOIOTH
' 2 ' 2 ' 2
Hymo, o610 (Fy (Mg ))” +(Fy(Mg )~ +(Fz(Mg))” =0.

PosrusHeMo noBUbHY KpuBY L, sika mpoxoauTh uepes3 TOUKY Mo,
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nexuth Ha mnoBepxHi (puc. 3.10) 1 zamaerbcs piBHsHHSIMEU: X = X(1),

y=y(t), z=2Zt), ae Touw My BianoBigae mapamerp tg.

)|
<y

Puc. 3.10

OCKUIbKH KpUBA JISKUTh HAa TOBEPXHI, TO KOOPIUHATH ii TOUOK
3a7I0BOJIBHSIFOTH PIBHSHHS
F(Ox(t), y(t),z(t))=0. (3.39)
JuepeHIiroroun 0CTaHHIO PIBHICTD, MAEMO!
dF oFdx oFdy oFdz_,
dt oxdt oy dt oz dt

Ll piBHICTS TIOKA3Y €, IO BEKTOPH

i ={Fx (Mo ); Fy (Mg ); F2(Mo)f i §= {X(to); ¥'(to); Z(to)}
OPTOTOHANBHI, TPHYOMY APYTHH 3 HUX € HAMPSIMHHM BEKTOPOM JOTHUHOI
Jio kpuBoi L y Tourn M.

Kpim Toro, 3 piBaocti (3.40) BumimBae, mo MOTHYHI A0 BCIX
KPHBHX, SIKI HPOXOJATh Yepe3 TOUKYy My 1 Jexkath Ha moBepxHi (3.38),
OPTOTOHANBHI IO OJHOTO i Toro camoro Bekrtopa N. Toal BCl I AOTHYHI
JeKaTh B OJHIM 1 TIM caMiil IUIOINHMHI, KA HA3HBAETHCSI JOTHIHOIO
TDIOMIHHOO A0 MOBEPXHI B TOUII M.

3ualiieMo piBHSHHS AOTHYHOI TWIOMUHH. OCKUTBKA s TUTOIIHHA
MPOXOTUTE Yepe3 TOUKY My TepleHIUKYIMpPHO 10 BekTopa N, To il piB-
HSHHS Ma€ BUTIAT,

Fx(Mg ) (x-x0)+Fy(Mg)(y-yo)+F2(Mg)z-25)=0. (341)
Hopmammo 1m0 moBepxHi B To4ll My HA3WBAOTh NpPSIMY, SKa
MePHeHAUKYJBIPHA 0 JOTUYHOI IUIOIHHH B IiH TOMII.
OCKUTbKH HOPMaJlb TPOXOAHTh Yepe3 TOUKY My 1 Mae HAnpsSMHUN
BEKTOpP N, TO KAHOHIYHI PIBHSIHHS HOPMAIl MAOTh TAKHI BULIIS
¥~X _ Y=Y _ 7%
Fx(Mg) Fy(Mg) Fz(Mg)

(3.40)

(3.42)
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SIK1mo piBHSHHS MOBEpPXHI 3adaHo B siBHilt dopmi Z= f(X,Y), To,

moknaBom F(X,y,z)= f(X,y)—z=0, mcrasemo:
Fx(Mg) = fx(x0.¥0), Fy(Mo)=fx(X0.¥0). Fz(Mg)=-1,

to/mi piBustHHS (3.41) 1 (3.42) HaGepyTh BUTITAAY:

fx (X0, Yo )(x—x0 )+ fy(X0. Yo (¥ -y0)—-(2-2)=0; (343
¥~X¥ __ Y=Y _Z7Z7%
fu(X0.¥0) fy(x.¥0) -1
SayBakerts 1. Mu posrisiHy i Bumiafok, ko ¢yakmis F(X,y,z)=0
sudpepermitiosaria b ot Moi (Fx(Mo))? +(Fy(Mo ))? +(F3(Mg ))* 0.

SIkmo 1 yMOBH He BHKOHYIOTHCS B AedKiil Toum (il Ha3HBAaroTh
0COOIIHBOKO), TO JOTHYHA Ta HOPMaJb B TaKi{ TOULI MOXYTh He 1ICHYBATH.

SayBaxkennst 2. Skimo moBepxust F(X,y,2) =0 € moBepxHero piBHS A1

(344)

Jeskoi QyHkmi U=u(X,¥Y,z), To6to F(X,y,Z)=u(xYy,z)-¢c=0, To0
BCKTOP
f=1{Fy; Fys Faf={uyuy;uzf
Oyae HapSMHUM BEKTOPOM HOpPMAJI A0 i€l HOBSPXHI PIBHS.
pukman. Hamcatu piBHAHHS HOpMai W JOTHYHOI TUIOIIUHHU 10O
eJnIcoina 2x% + y2 +72°=15 8 toumm My (1; 2; 3).
Po3B’ sisanus. Crxopucraemocs piasausME (3.41) 1 (3.42). Maemo:
F(x,y.2)=2X +y*+2°-15=0; Fy =4x; Fy =2y;
F, =2z,
Fx(Mg)=4; Fy(Mg)=4; F;(Mg)=6.
OTKe, MyKaHI PIBHAHHA HOpMajl Ta JOTHYHOI IUIONIMHH MArOTh
BIAMOBITHO BHTIIST
x-1 y-2 z-

3., B o
2 2 50 Mx-1)+4(y-2)+6(2-3)=0.
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TEMA 4. KPATHI IHTEIPAJIA

JEKIIA Ne 17

Iloosiiinuii  inmezpan. [loHATTa moxBiiiHOTO I1HTerpany. Hexait
¢yukumis Z= f (X, y) BH3HaUYeHa B 3aMKHeHii oOMesxeHil obnacti D c R, .

BpakarumeMmo, mo Mexa obmacti D ckmagaerbes 13 CKIHUYCHHOTO YHCIA
HEeIICPEePBHUX KPHUBHX, KOXKHA 3 SIKHX BH3HAYAEThCS (PYHKLIEIO BHAY

y = f(x) abo X =p(y).

Puc. 4.1

Po3i6'emo o6macts D Ha wacturu D; (puc. 4.1), 4xi He MaroTh
CIUTPHUX BHYTPIIIHIX TOYOK 1 IO SIKHX JOpIBHIOIOTh AS, i =12 .., n.
VY xosxHilt o6macti D; BizbMeMo AoBuUTbHY Touky P (&;7;) it Ha moBepxHI

BiAmoBinae Touka A (& ;7,;<, )1 YIBOPHMO CYMY

=3 (EmAS, @)

SIKY HA3BEMO 1HTerpajbHOI0 cymoro At ¢yukmi Z= f(X y) mo obxacrti
D . Hexait A = 1rr_|axd( D; ) - HaliGuTeIImit 3 miaMeTpiB obnacteit D .
<i<n
Skmo iuterpambHa cymMa (4.1) mpu A — 0 Mae CKIHYCHHY
TPaHUIO, SIKA HE 3aJCKHUTh HI BLI crmocoOy po3ouTrsa odmacti D Ha
obmacti D;, Hi Big BUGOpPY Touok P B HHX, TO LM TpaHHL HA3HBAETHCS
TMOIBIMHAM 1HTETPAIOM 1 TO3HAYAETHCH OJHAM 3 TaKHX CHMBOIIB!

11 F(X%y)dS abo 11 f(x,y)ddy.
D D
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Taxum unsom: 11 f(X,y)dxdy = lim % f(&,m)AS . 4.2
D A—-0j=1

VY upoMmy Bunaaky ¢yukuis f(X,y) HasuBaeTbcs 1HTErpoBHOIO; D -
00JAacTO THTETPYBAHHS, X, V - 3MIHHUMHE 1HTerpyBanus; dS (aGo dxdy) -

€JIEMEHTOM IUIOI.
JlocTaTHS YMOBa ICHY BAHHS IO ABIMHOTO IHTETPAILY.
Teopema. Sxmo ¢yukmis f(X,y) HemepepBHa B 3aMKHeHIH

obmeskeHiit obmacti D |, To BoHa iHTerpoBHa B Iiiit 001acTi.

JloBeJleHHSI TeopeMH BHXOJHTH 3a MeEXI TNPOrpaMu, alie
CKOPUCTAEMOCSI HACTYNMHHM. [lOpIBHIOOYHM BU3HAYEHHS MOABIHHOTO
IHTETpaNy 4.2 i BU3HAYECHHS BH3HAYEHOTO 1HTerpay

b n
[ f(x)dx = Iir’gz f(& )Ax, GaumMo, MO KOHCTPYKTHBHO Il O3HAYCHHS
a A0y

[UIKOM aHAJIOTIYHI: B 000X BHIMAAKAX PO3TILAacThes aesika pyHkuis f, ane
B MepmioMy BHNAAKy e (VHKOIA OXHIEI 3MIHHOI, BH3HAUYCHa Ha
OJHOBHMIpPHII o6macTi - BUIPI3KY [a; bl € R, a B apyromy - me ¢yHkmist
JBOX 3MIHHHX, BU3HAaUYcHAa Y JBOBUMIpHil o6macTi D R, .

B 06o0x Bunmagkax o61acTh BU3HAUCHHS PO30HBAIOTh HA YACTUHH, B
KOXHIM 3 AKX OepyTh MOBIIBHY TOYKY 1 B HIill 3HAXOZATh 3HAYCHHS
¢yuxmii. [Ticag mporo 3HalieHe 3HAYCHHA (YHKINI MHOKMMO Ha MIPY
BIJMOBITHOI YACTHHH OOJIaCTI BH3HAUCHHS. Y BHIAAKY OJHI€l 3MIHHOL
Takolo MIpolo Gyia JOBXHHa AX BLIpi3Ka [X;X 4], a y BHmagky aBox
3MIHHEX - Iomia A§ o6umacti D, < D .

HacTymHi KpokH 3HOBY OJHAKOBI. YTBOPIOIOTH 1HTETPAIbHI CYMH 1
3HAXOJATH iXHI TPaHUI, KO Mipa YaCTHH 00JacTl BU3HAYCHHA PAMYE 10
HYJI.

BiacTHBOCTI MOABIHHOTO IHTETPATY:
— cramuii MHOYKHHK MOJKHA BHHOCHTH 3a 3HAK MOJBIMHOrO I1HTerpay

11 Cf(X,y)dxdy = Ctr f(Xx y)dxdy, C =const ;
D D

— moABIHHHYU 1HTerpad B CYMH JOBOX (CKIHUEHHOTo 4mcla) (GyHKINH
JIOPIBHIOE CyMi ABOX (CKIHYEHHOTO YHCJIA) TOABIHHUX IHTETPATIB Bl LUX
(pyHKIIH
[ f(xy)x g(xy)lddy = tp f(x y)ddyzx tr g(X,y)dxdy;

D D D

— gxmo B obmacti D ¢yuxma f(x y)=0, 1o tp f(X y)dxdyi O;
D

— gxmo ¢yaxmi f(x,y) 1 g(X Yy) Bu3HaucHI B OIHIH 1 Tiif camiit o6nacTi
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D f(xy)=2g(xy), o r f(X,y)ddyi 1 g(x y)dxdy;
D D

— gKmo obyacth 1HTerpyBaHHA GyHKUI f(X,y) po3duru Ha obmacti Dyi
D, abo Ha HOBUIbHE CKIHYEHHE 4HCIO 0OJNacTel, sIKi CKIAXAIOTH

obmactb D 1 saKi He MalOTh CHUTbHHX BHYTPIIIHIX TOYOK, TO
tr f(X,y)dxdy= pr f(xy)dxdy+ tr f(x,y)dxdy;
D D, D,

— sxmo ¢yuxms f(X,y) HemepepBHa B oOMeskeHIH 3aMKHeHiH 001acTi

D, ska mae momy S, o mSJ tp f(x,y)dxdyJ] MS, re mi M -
D

BIJMOBITHO HaiiMeHIIe 1 HAMO1IbIIe 3HAYCHHS I TIHTeTPAaTbHOI (PyHKINT
B obaacti D ;
— sxmo ¢yukims f(X,y) HenmepepBHa B 3aMKHEHil oOMexeHidl obxacTti

D, sxa Mae momy S, To B miit 06yacTi iIcHy€e Taka Touka (xp; }p), MO:

T F(Xy)dxdy= (X, ¥0)S.
D
Bemrauny f (%, Yo) = 1/ Spr f(X,y)dxdy nasmsatots cepennim
D

3HaueHHsM (yHkmi f (X,y) B odmacti D .

O6uncneHs moAasiiiHoro iHTerpany. OOUMCICHHS TOABIITHOTO
iHTErpany 3a Gopmyioro (4.2) sik rpaHHIl 1HTETPATIBHOI CYMH, TAK CAMO SIK 1
V BHIIAJKY BH3HAYCHOTO 1HTCTpaiy, MOB'SI3aHE 13 3HAYHHMH TPYJHOLIAMH.
o6 yHUKHYTH iX, OOYHCICHHS NOIBIIHOTO IHTETpady 3BOJATH O
OOYHMCICHHS TaK 3BAaHOTO IIOBTOPHOTO IHTETpany - OBOX 3BHYANHHX
BH3HAYCHUX IHTETPAIB.

[Mokaskemo, sk e pobuthes. [Ipunyctumo, mo mpu (v; y) €D
¢yuxmiss  f(xy)>0. Tom mnoasiiiHuii iHTerpad BHpakae 00'eM

mumHapuuHoro Tima (puc. 4.2) 3 ocHoBoto D, oOMexxeHOro 3Bepxy

moBepxuero Z= f(X y) . O6uncmumo 1eit 06'eM 3a AOTIOMOTOO METOIY
b

napanenbHux nepepizie: V = 1 S(x)dx, 4.3)
a

Je S(x) - mIoIna nepepizy Tijia MIOIHHOO, TEPIEHIUKY JSIPHOO 10 oci Ox,

ax=agTax=b- pIBHMHHS IUIOLIMH, IKI OOMEXYIOTh JAaHe Tijo. [lepen

THM, SIK OOYHCIIOBATH IUIONy 3pOOMMO MEBHI MPUIYHIEHHS BITHOCHO

obmacti D .
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%(X)

Puc. 4.3

MpunycTumo cnoyvatky, Wwo 06nacTb iHTerpyBaHHA 0 o6mexeHa
[lBOMa HemnepepBHUMMU KPUBUMU Yy =/N(X) Ta y = X) i ABOMa NpAMUMU
X = aTax = b, npuuomy n(x) < y2(x) ansa scix xe (a;b) (puc. 4.3).

MpoBegemo yepes Touky (x; 0), ae x e (a;b) , npamy, napanenbHy
Bici Oy. Lis npsma nepeTuHae kpusi n (x) Ta yL(x) B Toukax C. i C2 aki
Ha3nBaTMMeMO BifNOBIL4HO TOUKOI BX0OAY B 06nacTb 0 i TOUKOI BUXOAY 3
obnacti 0 . OpguHaTM UMX TOYOK NO3HAYMMO BIAMOBIAHO Y X Ta YBUX,
To4i X =Yi(X) , Yax ="2(X) .

BusHayeHa Takum 4mMHOM 061acTb Ha3MBAETbLCA MPABW/bHOIO B
Hanpsami Bici Oy. IHakwe Kaxyuun, 06nacte 0 Ha3MBaeTbCA NPABU/IBHOKO B
Hanpami Bici Oy, AKWoOo AOBiNbHA NPAMA, SKa NPOXOAUTL Yepe3 BHYTPILLHIO
Touky ob6nacti O napanenbHo Bici Oy, nepeTwHae Mexy 06nacTi He
6inblle, HXX Y ABOX TOYKAX.

3Haiigemo Tenep naowy 3 (x). AN LbOro NPOBeAEMO Yepe3 TOUKY
(x; 0; 0) nnowmnHy, nepneHAMKynapHy Bici Ox (puc. 4.2). Y nepepisi wiel
NNOWMHA | UWNIHAPUYHOrO Tina YyTBOplOETbeA Tpaneuis C,.M..M2C2.
Annikata 2= 1(X, y) Touku niHii MiM2 npu (iKcoBaHOMY X € (DYyHKL i€t0
nvwe Y, npuyomy Y 3MiHIO€ETbCA B MeXax Big y» =J1 (X) 4o yax = Y2(X) .

Mnowa 3 (x) Tpaneyii C,,M.M2C2 popiBHIOE BU3HAYEHOMY

w1209
iHTerpany: 3(x)=T1 2Wy= 71 I(X,y)6y. [MligcTaBmBwK 3HaligeHe
h4 H(x)
3HayeHHa 3(X) y ¢opmyny (4.3) BpaxoBytouu opmyny (4.2), gictaHemo:
bAX) It
TT 1(x,y)bxiily= T~ T I(X,y)6yHX,a60 B 3pyyHiwiin gopmi:
0 aun”x) L
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b 12
TT 1(X,y)6xby = T 6X T i(X,y)by . 4.4)

Lle i € wykaHa ¢opmyna Ana o64YMcneHHs MOABIHOro iHTerpana.
YacTuHa, fiKka CTOITb npaBopyy y ¢opmyni (4.4) € noBTOpHWIA iHTerpan. Y
NOBTOPHOMY iHTerpani iHTerpyBaHHs BMKOHYEMO CMOYaTKy MO 3MiHHIW Y
(Mpu BbOMY 3MiHHA X BB@XAETbCA CTan0), a NOTIM N0 3MiHHIN X. IHTerpan
No 3MiHHili y Ha3WBalOTb BHYTPIWHIM, @ N0 3MiHHIlA X - 30BHiWHIM. Y
pe3ynbTaTi 064MCNEHHA BHYTPIWHbLOIO iHTerpany (B mMexax Big Yi(x) fo
Y2(x)) ofepXyemo neBHY (yHKLilO Bif 0f4HIeT 3MIHHOT X. IHTerpyouun uwo
(YHKLi0O B MexXax Bif a A0 b, TO6TO 06YMCMOKOYM 30BHILLHINA iHTerpan,
[ICTAaEMO fiesiKe YMCNOo - 3HAYeHHA MOABIHOIO iHTerpany.

NEKLLIA Ne 18

3ayBaxeHHs 1. HaBefeHi TreoMeTpuUyHi MIpKyBaHHA npu
ofepxaHHi Gopmynu (4.4) 3pobneHi y Bunagky, koam i(x,y) >0,
(x,y)e 0 . Mpote dQopmyna (4.4) 3anuwaeTbcqd CNpaBeiNMBOO | B

3arafibHoMy BunagkKy. Ctpore foBefleHHs Liel popmMynu MU 0nyckKaemo.
3ayBaxeHHs 2. dkuwo o6nactb 0 obmeXxeHa AgBOMa

HenepepBHUMU KpuBuMU X =7i(y), X =" (y) i ABOMa NpAMUMUY = C, Y
= 6 (c < 6), npuuomy "i(y) <*2(¥Y) gns Bcix y € (c;6) , TOBTO AKWO
obnacte 0 npaBuabHa B Hanpsmi oci Ox (puc. 4.4), To cnpasegnvBa
hopmyna

x=Yy)

Puc. 4.4

6 W)
TT T(X,y)6x6y = T 6y T 1T1(X,y)6X. (4.5)
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TyT BHYTpPIiWHIM € iHTerpan no 3miHHili x. O6uyucnYM Moro B
mexax Big "i(y) , iM(Y) (npu ubOoMy y BBaXaeTbCA CTasolo), ficTaHEMO
esAKy (YHKLit0 Bif OfHIeT 3MiHHOT Y. IHTerpytouun noTiM U0 (PYHKLiO B
MeXax Bif ¢ 4o 6, gicTaHeMO 3Ha4yeHHA NOABIHOrO iHTerpany.

3ayBaxeHHa 3. Akwo obnactb 0 npaBubHa B 060X Hanpsmax,
TO MOABINHUIA iHTerpan MoXxxHa ob4ymcnoBaTu SK 3a opmynot (4.4), Tak i
3a hopmynoto (4.5). PesynbTaTu MaTUMEMO O[HAKOBI.

3ayBaXKkeHHS 4. AKWwo 061acTb He € NPaBUALHOI Hi B HAMPAMI OCi
Ox, Hi B Hanpami oci Oy (T06TO iCHYHOTb BepTUKa/bHI i FrOPU3OHTASNbHI
npsami, AKi, NPOX0ASYN 4Yepe3 BHYTPIWHI TOUYKM 06MacTi, nepeTnHawTh i
MeXy 6inblue, HiXX y ABOX TOYKax), TO Taky 06/1acTb HeO6XiAHO po36MTH Ha
YacTUMHU, KOXHa 3 AKMX € MPaBWUIbHOK 06M1acTio y HanpsaMmi oci Ox uu Bici
Oy.

O6uMcNYM NOABIAHI iHTErpanM No nNpaBUAbHUX 06/1aCTAX |
pojatoun pesynbtaTy (BNacTMBICTb aAMTWBHOCTI), 3HaXO4MMO LUYKaHWUi
noAgiliHWiA iHTerpan no o6nacti 0

Puc. 4.5

Mpuknag. O6nacte 0  obmexeHa enincamu X2+y2/4=1,

x2/4+y2/16 =1inpsamoro X=3/4.

Mpu iHTerpyBaHHi B Hanpsmi oci Oy 06/1acTb 0 CKNajaeTbcs 3
TpbOX YacTuH (puc. 4.5, a).

Mpwu iHTerpyBaHHi B Hanpami oci Ox o6nacTb 0 CKNajaeTbecs 3
ceMu yacTuH (puc. 4.5, 6).

3ayBaxeHHs 5. MMoBTOpHi iHTerpanu y dopmynax (4.4) i (4.5)
HasMBalwTbCA iHTerpanamum 3 pisHUM NOPAAKOM iHTerpyBaHHs. LLo6
3MIHUTW NOPAAOK iHTerpyBaHHs, NOTPi6HO Big opmynu (4.4) nepeiTun o
thopmynu (4.5), abo HaBnaku.
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Y KOXHOMY KOHKPETHOMY BMUNafKy, 3a/eXXHO Bif BUrnagy o6nacri
0 Ta migiHTerpanbHOT yHKUii 1(x,y), Tpeba obupaTu TO nopsAfoK
iHTerpyBaHHA, KW NPUBOAUTL A0 MPOCTIWUX 06UYNCAEHD.

3ayBaxeHHs 6. MpaBunbHy B Hanpsami oci Oy abo oci Ox o6nactb

0 nosHauaemo BignosigHo: O: {(] .(x) " y~ ] 2(x), a™ x"™ b}, a6bo

0: {(y- (WM™ xMy2(yy), cry” 6}

Mpuknag. O64YMcAUTU NOABIAHWMIA iHTerpan TT Xy26x6y, AKWO
0

o6nactb 0 MICTMTbLCA B NepLliii YuBepTi i 06MexeHa fiHiamm x=0, y=Xx,
y=2-Xx2.
PosB'asaHHA.
O6nactb iHTerpyBaHHAa O 3006paxeHO Ha puc. 4.6. DyHKUiA

1(x,y) = Xy2 HenepepBHa B JAaHiiAi o6nacti. OBYMCNEHHS [aHOrO

NoABIiiHOTrO iHTerpany MOXHa BUKOHaTW 3a ¢opmynot (4.4), Tak i 3a
thopmynoto (4.5).

O6nactb 0 npaBuabHa B Hanpami oci Oy, To6To
0 :{x™ yn™ 2- x2,0™ x™ i},

ToAi 3a hopmynoto (4.4) maemo:

12-x 1 y3 2
TT xy26x6y = T 6X T Xy20y = T Xx— P X 6x=
0 0 x 0 3
1i 1i 1i 67
- T (X(2- x2)3- xM)bx= — T (2- x2)36(2- x2)— T x"b6x= .
3y 61 ' 310 120

O6uncnMMo Uel iHTerpan iHWKWM CNOCO60OM, KOPWUCTYHUMUCH
thopmynoto (4.5). O6nactb 0 € NpaBWMAbHOK B Hanpsmi oci Ox, ane i
Tpeba po36usatn Ha ABi yacTuHU 0i i 02 , ockinbku niHis OAB, Ha fKili

MIiCTATLCA TOUKW BUXOAY 3 061acTi, 3a4a€TbCA BOMA Pi3HUMUN PIBHAHHAMM:
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0N {0~ xNy, 0N yn 1}, 02:{0" xM2 - y,1n yN 2} OTxe,
JaHuii iHTerpan fopiBHOBaTMME CyMi ABOX iHTErpanis:
TT Xy2cxby = TT xy2CxCy+ TT Xy2CxCy =

0 a 0
1y 2 if2-l X2y
=T Cyr Xy2Cx+ 1 Cy T Xxy2Cx=T1 y2— Cy+
00 1 X 0 2
N N n
+T2yAxA )(/)2_1@: }yzhcw 2/0 <\<2
17 *2 2 2 10 24 120

OTpumManu Toit xe pesynbTar. OueBMAHO, NPU 06YNCNEHHI BUXIAHOTO
iHTerpanay gaHomy BMMafAKy BUTiAHiIe KopucTyBaTucs gopmynoto (4.4).
Mpuknag. 3MiHATM NOPAJOK iHTerpyBaHHa Yy MNOBTOPHOMY

iHTerpani: I =1 Cyr i(x,y)CXx.
0 0
Po3B'azaHHs. TyT noTpibHO NepeiTh Bif 064YMCNEHHS MOBTOPHOIO
iHTerpany 3a dgopmynotwo (4.5) fo o6uyucneHHa faHoro iHTerpany 3a
thopmynoto (4.4). 3a gaHUMm iHTerpanom 3Haigemo o6nacte O .

Puc. 4.7

O6nacTb iHTerpysaHHs 0 o6bMexeHa niHiamu:y = 0,y = 1, x = 0,
X = a6o y = Inx (puc. 4.7). AKWO BHYTPIilIHE iHTErpyBaHHS MPOBECTU

Mo y, a 30BHIWHE —NO X, TO faHy o6nactb 0 Tpeba po3rnagatu sk
npaBunbHy B Hanpsmi oci Oy. OcCKinbKy NiHis, Ha AKIA MICTATLCA TOYKM
BXxofy B 06nacTb, faHa fBOMa Pi3HUMW PIBHAHHAMM, TO Ll obnactb Tpeba

po36uTK Ha gBi yactnuHm 0N i 02.
Maemo: 01:{0N y” 1,0~ x~ 1}; 02:{Inx™ y~ 1,1~ x™ e}.

[aHunin inTerpan gopiBHOBaTMMe CYMi fBOX iHTerpanis:
11 e 1

=71 Cxt i(x,y)Cy+ T CxT LXx,y)Cy .
0 0
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Bnma MaTeMaTHKa

JEKIISA Ne 19

3aMiHa 3MIHHEX y TojBiiiHoMY iHTerpam. Hexalt ¢pyukmst f(X,Y)
HelepepBHa B AesKill 3aMKHEHIH 1 oOMeskeHii o6nacti D 1 icHye inTerpa:

| = 1t f(X,y)dxdy . [IpunycTimo, o 3a AOMOMOTO0 (HOPMYT

D
x=xu,v), y=y(uuv) (4.6)
MH IIePeX0IiMO B IHTeTpam / 00 HOBHX 3MIHHHX U Ta v . BBaxkarumemo,
o 3 gopmyt (4.6) 0JHOZHAYHO MOYKHA BH3HAYUTH U Ta D !

u=u(xy), v=0(xy). 4.7

3riano 3 gopmynamu (4.7), koxwiit Toumn M (X y) € D craButses y
BianoBinHicTh geska Touka M™(U;v) Ha XoopAuHaTHill IUTomMHI 3
koopauHaTamMu U iv . Hexait MHOkmHa Beix Towok M7™(U;v) yTBOproe

oOMeKeHy 3aMKHeHy o6macte D”. ®opmymu (4.6) HasuBaroThes
(dopMyrTaMH TepeTBOpeHHA KoopauHat, a ¢opmymn (4.7) - dopMmyramu
0GEepPHEHOTO MePETBOPESHHSL.

Teopema. Sfxmo mneperBopeHHs (4.7) TepeBOOUTh 3aMKHCHY
obMeskeHy obmacth D B 3aMKkHeHy obMeskeHy obmacth D™ 1 e B3aemHO
ofHO3HAYHMM, 1 Axmo ¢yHkuii (4.6) MarooTh B obaacti D* HemepepsHi
YACTHHHI TOXITHI TICPINOTO HOPSIIKY 1 BITMIHHUIA BLA HY I BH3HAYHUK:

ox/ou Ox/ oV
sylou oylov’

a ¢yaxmsa f(X,y) HemepepBHa B obmacti D, To chpaBeanmBa Taka

J(up) = (4.8)

(opMyTa 3aMIHH 3MIHHHX:
tr f(xy)ddy = 17 f(x(u,v), y(u,v))|J(u,v)|dudv. (4.9
D D’

Ovyukimonanpruit BusHayHuk (4.8) Ha3MBAEThCS BH3HAYHHKOM
Sxo61 ado aroOiaHOM.

TakmM YHMHOM, BHKOHVIOWH 3aMiHy 3MIHHHUX B iHTerpam [/ 3a
dopmynamu (4.6), mu maemo ernement mwiomn dxdy B koopamHatax x, y

3aMIHHTH €JIEMEHTOM TUIOM |J(u,u)|dudu B KoopauHaTax U, v 1 crapy

oGnacTb iHTerpyBanusa D 3aMiHHTH BIAMOBITHOKO iif HOBOIO 00JIACTIO D*.

HoapiitHuit iHTErpan v MoJSIPHUX KOOPAMHATAX. PO3MIsTHEMO 3aMiHy
JEeKapTOBUX KOOPAMHAT X, ) TIOJEIPHUMH o , ¢ 33 BLAOMHMH (opMyTaMu:

X = pCoSe , y=pSing. O6uncIuMO SKOOIAH:
Ox/0p=0(pcosp)/ op=0cosy; X/ op=0(pcosp)! dp=—psing;
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Bua matematuka

ay/ po = p(o 3y )/ go =3y ; ay/ oy =pa(o 3Ny )/ gip =0 CO3y .
3HallfeHi YaCcTMHHI i NoXigHI NigCTaBUMO Yy BU3HAYHWK:
CO3y -0 3y
=0 0032y +0 3IMy =0 .
3Ny o CO3y
OTmxe, ¢opmyna (4.9) Habupae Burnagy
TT i(x,y)6xCy = 171 (I C03 [ 3IM )r6rC] . (4.10)
0 o

TyT o6nacte O pfaHa B [eKapToBiii cuctemi koopauHat Oxy, a

BignoBigHa ili o6nacte O* —y MONAPHIA cucTemMi KOOpAMHAT.
3ayBaxeHHs 1. Y 6aratbox Bunagkax qopmyny (4.10) gouinbHo
3acTOCOBYBaTW TOAi, KONW MigiHTerpanbHa QYHKLif abo piBHAHHA rpaHuui

o6nacti O MIicTUTb CyMy X2+ Y2, OCKiNbKA LS CymMa B NOAAPHUX

KOOpAMHAaTax Mae 40CUTb MPOCTWIA BUTNAL;
X2+y2=020032y +023IMy =0 2.

Puc. 4.8

3ayBaxeHHs 2. Akwo ob6nactb O (puc. 4.8, a) obmexeHa
NPOMeHAMM, AKi YTBOPIOKOTbL 3 MOMAPHOIO BicClo KyTM a Ta ~(a <) i

kpusumu O=0i(y) Ta o0 =02(y) (Oi(y) £02(*)), TO mnoONAPHi
KoopamHatn obnacti O* 3MmiHOOTECA B Mexax o(y) <o<”2(M),
a<y<”) (puc. 4.8, 6). Tomy dopmyny (3.10) moxHa 3anucatu y

BUTNALAI
b

Tr Uxy)e)xcly = 1 6] 1 T1(rC0O3] ,r3IM )rér . (4.11)
0] a "

3ayBaxKeHHs 3. Akwo obnacte O 0OXON/OE NOYATOK KOOPAMHAT,

T06T0 Touka O (0; 0) € BHYTPiLWIHLOIW TOUYKO 06nacti O ,To (4.10) MOXHa

82



Bua matematuka

3anucaTtuny BUrnagi:
i)
TT T(X,y)6x6y =T 6] T Ti(rcos] ,r3in] )rér , (4.12)
0] 0 0

e o (y) *nonspHe piBHAHHA Mexi o6nacti O*.

Mpuknag. O6uncnuTK iHTerpan 1717 (6x- 3y)6x06Y, AKWO 06/1acTb
O

O - napanenorpam, o6MeXeHuid NpsMuMn: X +y = 1, x +y =2, 2x -y = 1,
2x -y = 3 (puc. 4.9).

Puc. 4.9 Puc. 4.10

Po3Bg'asaHHA. be3nocepefHe 06YNCNEHHA LbOr0 iHTerpany Haato
rpoMisake, TOMy Lo 9K B Hanpsami oci Ox, Tak i B Hanpsami oci Oy o6nacTb
O Tpeb6a po36uTy Ha Tpu 06nacTi i 06YMCAUTM TpW NOABIAHKUX iHTErpany.

BVKOHAEMO TaKy 3aMiHY 3MiHHUX: X +y =1, 2X -y =", ToAi NpAMi
Xx+y=1Ttax+y =2 Bcucremi Oxy nepexogdatb B npamMi = 11amn=28
cuctemi Ou” (puc. 4.10), a npami 2x -y = 1T1a 2x -y = 3 BigNOBigHO B
npami n = 1 1a ~ = 3. TakuMm 4uHoMm, ob6bnacte O (napanenorpam)
nepexoauTb y cuctemi Oun” y npaAMokyTHUK O*. [lani maemo:

X+y=n, i i X=Mmn+n)/3
P03B'KeMO L0 CUCTEMY BIHOCHO X iy :
2X- y=1u. [y=(2un-n)/3
O6YMCNMMO YacTUHHI NoXigHI i chopmyemo 3a popmynoto (4.8) AkobiaH:
_1/3 13
S 2/3 -1/3

3a opmynowo (4.9) o6uncnuMo AaHuin iHTerpan y HoBil cuctemi

An, ) =-1/3, "(nmn)] =1/3.

X o1 1 1
KoopauHat: TT (6x- 3y)b6xby = 1T U gm +V)- 34(2un- Y)Hl—6|/|6y:
0 w0 3 B3
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2 3
-3T_ Cut 3uCn=u Yyuz/2) = (2- 1)49- 1)/2 = 4.
i i

Mpuknag. O6uyncnntn TT"N4- x2- y2CxCy, skwo O - Koo
o]

pagiyca P =2 3 UeHTPOM Yy NnoyaTKy KOOpAWHAT.
Po3B'ssaHHA. Ockifbku Mexa ob6nacti O B nonspHih cuctemi
KOOpPAUHAT 3afaeTbCA PiBHAHHAM p 2C0R2p+p 23IMp=4 abo p =2, 710

3a hopmynoto (4.12) maemo:

TT
0]

=1 (- TMNANT2i(4- 12)/2 = p(- 2(4- 12)32/3 )=- 16p/3.
0

Mpuknag. O6uucanTn 7T Vx2+ ¥Y2CxCy, sakwo o6nactb O
0]

obMeXxeHa Konamu: x2+y2=2x, x2+ y2=4x (puc. 4.11).

Puc. 4.11

Po3B'si3aHHA. 3HalifeM0o piBHAHHA MeXi o6nacti O B NonsApHUX
KoopguHatax: p2C032p+p 23IM2wp=2pCO3~", 3BigcM p =2co3” -
NonsipHe PiBHAHHA Masoro Kona; aHanoriyHo 3HaxoAumo, wo p = 4cO3” ¢

MonsipHe PiBHAHHS BEIMKOTO Kona. KyT Lp 3MIHIOETbCS Y Mexax Bif

8o ™ . 3MiHHa p 3MiHIOETbCA Y MeXi Big 2co3” fo 4co3”. OTxe, 3a

topmynoto (4.11) maemo:
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B 2 oot 273 .
=1 C 17 r2%r=1— p@>al-=
(0] -2 2my -"2°3
172 56 "2
[ (64c033p-8c033p)Cp=— [ co33pCp =
3-n2 3 2

56 -T2(1- =n LI,S\C(SiI'I, )= ’56{ 3up 3:ir'3£)). ,'/? :2'%4

JNNEKLLIA Ne 20
3acTocyBaHHA NOABIMHMX iHTerpanis Ao 3agay reoMmeTpil.

Nnows nnockoi' irypu. Akwo B naownHi OXxy 3afaHa ¢irypa, Lo
mMae opmMmy o6MexeHoT 3aMkHeHOT o6nacTi O, To mowy 5 uiei qirypu

3HaxoAumo 3a hopmynow: 5= 1T CxCy . (4.13)
(0]

Mpuknag. 3HainTM  naowy  Qirypn, 06MeXeHOT  AiHiAMYK
X=y2-2y,x-y=0 (puc. 4.12).
Po3B'A3aHHA. 3HalAeMO OpPAMHATY TOUYOK MEPETUHY faHUX NiHil:

[x=y2-2y,
[x- y=0.
P03B'A30K Uiel cuctemmn fgae: y1 =0, y2=3.
3a q)opMBynoro (4.13) 3Haxogumo:

y 3 3
5=1TCxCy=TCy T Cx=T1(y- y2+ 2y)Cy=T1 (3y- y2)Cy= 4,5.
0] 0 v 0 0

O6'em Tina. O6'eM LMNIHAPWUYHOTO TiNna, TBIPHI AKOro napanesbHi
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oci 02 i ake obmexeHe 3HM3y o6bnacTio O nnowmHm OXy, a 3BEpXy -
noBepxHero 2= 1(x,y), ge QyHkuia 71 (X,y) HenepepBHa i HeBif'eMHa B
o6nacti O ,3HaxofguTbcs 3a HOPMYOH
V =171 i(X,y)CxCy . (4.14)
(0]

Mpuknag. 3HakTv 06'eM Tina, 06MEXEHOro LMAIHAPOM y = X2 i
nnowunHamu: 2=0, 2=2-y (puc. 4.13, a).
Po3B'asaHHs. O6nacto O TyT € napaboniyHuii CermeHT

(pnc.4.13,6), Tomy O :{x2<y<2; -"2 <x<-72}. 3a hopmynoto (4.14):

\V \2 X y2) 2
V=17 i(x,y)Cx = T CxT (2- y)Cy = T 32y- —} Cx=
o V2 X " 2=

Nrxdo, 2 L,V 3"T2
= _/\2[/\ N + 2] N N _
Jinowa noBepxHi. HAKWO MNOBEPXHA CT, 3afaHa PiBHAHHAM
2 = T (X,y), NpOeKTyeTbCA Ha naowmHy Oxy B o6nactb O i (yHKUII:
T(x,y), 17(Xx,y), Ty\X,y) HenepepBHi B Uuiii o6nacTi, To naowy O
NnoBepxHi </ 3HaxofATb 3a (POPMY/OH0
O=T1M"NI+7rx "y "+ (iy"(x,y*"CxCy. (4.15)

e}
[JloBefeHHs. MoBTOpMMO BCe Te, WO po6WIOCH MPKU BU3HAYEHHI

noggiiHoro iHTerpany. flogamo go puc. 3.1. HacTynHe. Y Touui Mi (puc.
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4.14) mpoeneMo JOTHUHY IDTOIMHY [/, 1 HOpMamb WI ,  SIKAM
BiAnoBIgar0Th piBHsHHES (3.43) 1(3.44).
Ha mmommmi [/, BuUoimmMo TV 4YacTHHY, Iuloma ii A5, fka
HPOEKTYeThCS Ha miolmHy Oxy B 06macth A§ . CkiageMo 3 HHX CyMy:
n
A5, . I'pannipo miel cyMH, KON HaifG11pImmif 3 AiaMeTpiB (Il BeJIMIHHA
i=1
A) obmacteit AS mpsMye Ao HyIHI, a YACIO N IWX oGmacTeif mpsaMye 10
HECKIHYEHHOCTI, Ha3BeMo ILIolero moBepxHi Z= f(X,y). ToGTo
n
Q=Ilm X A45. (4.16)

A—0 i=1
N—co

O6uncmmMo 1o rpaHuIEo. OCKITEKH A, MpoeKTyeThes B A |, To
A§ = A5, C0Sy,, Ae y, KYT MIK WI i oprom x (puc. 4.14). Orxe,
Ab;, = AS / COSy, KOCHHYC KyTa MUK BeKTOpaMH OOYHCTIOETBCS 3a
dopMyIOR0.  COSY, :(WI;)/‘WIH;‘ Bekrop WI Mae 3a (hopMYyJIOFO
(343) xoopmunatu: ( f)'( (Pi) , f'y (Pi )— 1), a Bekrop k= (0,0,1).

BukoHaBmIM OGYHCICHHSA, MaeMo COSy; =1 /\/f)'( (P )2 + f'y (P )2 +1 1

BIAMOBITHO: AJ; = \/ f (P )2 + f'y (P )2 +1 45.
OcranHiii Bupa3s muactaBumo y (4.16), 3poOuMo rpaHuYHII Tepexif 1
Jictanemo Gopmyny (4.15).

Ni 2 —fey)

‘SAyi
- 1—>
"N
’ b
x
Puc. 4.14
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[puknan. 3Haiith YacTWHY IUIOMI KOHyca Z= \Ixz + y2 , sKa
BHpi3aeThes MmHEApoM X + Y —2x=0 (puc. 4.15, a).

Puc. 4.15

Po3B’ si3anHs. 3a pIBHSHHSIM KOHYCA 3HAXOTHMO YACTHHHI TIOXI1/THI:
X y
Z’X =, Z’y = ————
/X2 +y2 /X2 +y2
Obnactio iHTerpyBanHs D TyT € Komo x*+y?-2x=0, abo
(x=1)?+y*=1 (puc. 4.15/6). 3a dopmymoro (4.15) mwroma moBepxHi

JIOPIBHIOE

Q= jj\/1+x+2y X+ydxdy J_jjdxdy J2s=+2z,

ge S=x - mnoma koma pagiyca 1. [liicHo, mepeifmoBmu y
OCTAaHHBOMY IHTETpall A0 TOJIIPHOI CHCTEMH KOOpIWHAT. X= pCOS@,

. T
y=psing, dxdy = pdpde , —§<¢SE-

2co0s /2 2
Maemo: Q= \/_J' do J' pdgpzx/i | % |§°°S¢d¢:
-rf2

-7f2

=22 j cos? pdgp = /2 j2(1+oosz¢)d¢=7zJ§.

-7/2 -2
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JEKIS Ne 21

3acTocyBaHHI HOZ[BiﬁHOFO iHTeI‘DaJ'IV A0 3aJ1a4 MEXAHIKH.

Cmamuuni ~ momenmu. ILlenmp macu  niacmuny. Hexaii
MaTepiajbHa TulacTuHa B twionmmHi Oxy mae dopmy oGmacti D ; rycruna

miactuau B Toumi M (x; y) gopiBHioe ¥ =(XY), me y=(XYy) -
HenepepBHa (yHKIS B o6nacti D . PoziG'emo oGmacte D Ha uactumu
D.(i=1,2,..,n), BuGepeMo B KOKHI{ 3 HUX OOBUTBHY Touky R,(X;h, )1
HaOJMIKEHO BBakaTUMeMo, mo Maca Am; dvactman D; mopiBHIoe
(&) AS, me A - mioma obnmacti  D;. Komm BBakaTH, IO KOKHA 3
mux Mac 3ocepemkeHa B Toumi R, (X;h ) €D, To mmacTuHy MoskHa
PO3LIBILAATH SIK CHCTEMY LHX MaTeplalbHHX TOYOK. SIKIIO CKIageMo iX, To
n n
OTPUMAEMO MACy MJIACTHHH. M= 21 Aam = Z (& 148 .
= i=1
Bimomo, 1m0 CTATHYHUI MOMEHT MAaTeplaJbHOI TOYKH BIIHOCHO
JesTkol BIC1 JOPIBHIOE MOOYTKY ii MacH Ha BIACTaHb A0 Iiei oci. Omxe,
BUKOHAEMO HACTyMHe. JIOMHOKHMO KOXHY 3 €JeMeHTapHHX Mac Ha
BIAMOBITHY KOOPAHHATY, CKJIAAeMO IX 1 OTPUMAEMO CTATHYHI MOMCHTH
n n
wiactue:. M, ~ > Ey(£7)4S ; M, =Y ny(& 7 )4 BimsocHo oci
i=1 i=1
Oy 1 oci Ox BIATIOBIJHO.
[Io6 3HaiiTu TouHI 3HA4YeHHS C(OPMOBAHUX IHTETPATBHHX CYM,
nepeiiaemo B HuX g0 rpannmi npa A = max d(D;) — 0. IaTerpamsHi cymu

1<i<n
TepeiiAyTh V BIAMOBITHI TOAB1IHI 1HTETpATH:
m= [[7(x,y)dxdy ; 4.17)
D
M, = [[xy(x, y)dxdy; M, =[[yy(x y)dxdy. (4.18)
D D

Bpaxosyroun ¢opmynu (4.17) 1 (4.18), xoopauHaTu meHTpa Mac
sHaxomuMo 3a popmynamm: X, =M, /m; y, =M, /m.

Slkmmo miacTHHA omHOpLTHA, TO ¥(X, Y) = ¥g -

Momenmu  inepyii naacmunu. BigomMo, MO MOMEHT I1Hepuii
MaTepiajbHOI TOYKH BITHOCHO JEAKOI OCl JTOPIBHIOE JOOYTKY MacH TOYKH
Ha KBajpaT {i BIACTaHI BIX Ie€i 0Cl, a MOMCHT IHEPIii CHCTEMH
MaTeplaJbHUX TOYOK BIZHOCHO OJHIET 1 Ti€l caMoi oci JOPIBHIOE CYMI
MOMEHTIB 1HEepIil BCIX TOYOK CHCTSMH.

OTKe, MOMEHTH I1HepIii IUIACTHHH BigHOCHO oci Oy it oci Ox
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BI/ILLla MaTeMmaTukKa
HaB/IMKEHO BM3HAYATUMYThLCS 3a (popMyamm
Ay XELX(HAD)AN A XN )AN
=1 i=1

MepeWwoBWIM A0 rpaHuMLi B KOXHIi i3 cym npu J1=Tax 6(01)® 0,
1£<M [TR¥

jictaHeMo TO4YHi  Qopmynu gna  064YMCNEHHA  MOMEHTIB  iHepuil
po3rnafyBaHoi N1aCTUHM BiHOCHO KOOPAWHATHUX OCeli:

X =i y2y(x, y)oxoy, ly =iix2y(x, y)6x6y. (4.19)
0 0

3HalijemMo MOMEeHT iHepuii 10 MNacTUHW BIGHOCHO MOYaTKY
KoopAuHaT. BpaxoBytouun, WO MOMEHT iHepLil MaTepianbHOT TOUKK (X; Y) 3
Macol T BiJHOCHO NOYaTKy KOOpPAWHAT JOPiBHIOE T (X2 +Yy2). aHanoriyHo
OflIEPXYEMO, L0
lo=ii(x2+ y2)x(x, y)6x6y . (420)
0
Mpuknapg. 3HaiTM macy nnacTuHum 0 , 06MexeHoi niHisMu y = 0,
X +y =2,y = X2 9KWO0 FYCTUHA NNaCTUHU B KOXHIl Touli (X; y) LOpPIiBHIOE
y(x,y) = y2x (puc. 4.16).
Po3B'azaHHA. Ockinbkn 0: {"y <x<2-y, 0<y<1}, 710 32
thopmynoto (4.17) maemo
) 1 2y A~ 1-x2%Y
T = iix(x, y)6xby = {6y i Xxy26x =iy2x- 6y =
0 0o Yy 0o 2 Ty

=3}r(2-y)2y2-yiley =ilf2y2-~ +yiléy=" .
0 n 2 3an on N 21 120
Mpuknag. 3HaiTWM UEHTP Macu OofHOopiAgHOT nnactnHu (y = 1),

06MexXeHoT KpBo y = c03X, - < x <)X iBiccio Ox (puc. 4.17).

Puc. 4.17 Puc. 4.18

Po3B'A3aHHA. BHacnifok cumeTpii naacTuHu BigHOCHO oci Oy
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Bnma MaTeMaTHKa

MaeMo x. = 0. JIn1 3HAXOIKEHHS ), CKOPUCTAEMOCH OPYTIor 3 (opMyII

(4.18). B masomy pazi D : {0 < y <C0SX, —% < XS%} , TOMY Ma€EMO

7/2  cosx 7/2 COSZ X
HW(X ydxdy = [dx [ydy = [ ——dx=
-z/2 0 —7/2
=— ﬂf (1+ cos2x)dx —_(X+ 1 sin2x) ‘”/2 _r.
4771/2 2 /2 4 ’
72 cosx
m= dede—jcosxdx 2; y, = M,_7
-2 0 -n/2 m 8

OTxe, LEHTP MacH JaHOi IUIACTHHH MIiCTHTBCA y TOYIN 3
3
KOOPIHHATAMU (O,E).

[pukmag. 3HaliTh MOMeHT 1HepIii i, , wiacTuHd D , oOMesxeHOi
mpsvivu y = 0, x + y = 1, y —x = 1, 4KI0 TYCTHHA B KOXHIHM TOMIN
MIACTHHH JOPIBHIOE OpAuHATI miei Touku (puc. 4.18).

Po3B’ s3anus. OCKIUTbKH D:{y—1£x§1—y, 0< y£1} ,

y(X,y)=Y,T103a r[emeIo 3 (hopmy it (4.19) maemo

I, —Idyj y’dx = IyX| dy = I(y -y —yt+y)dy =

1 AN Y LT B N
g(zy -2yt )dy =2 5)0—2(4 5)=01.

Hompiinuii inmezpan. Buznayenns. Hexaii ¢yuxms f(X,y,z)
BU3HAYEHA B JesAKIH TPUBHUMIDHIN 3aMKHeHi oOMexeHili obmacti G.
Po3i6’eMo il Ha N JAOBITLHUX YacTHH 3 06’ emamu V, (i = 1,ﬁ) . MHOXHHY
IMX YaCTHH Ha3BeMo N-M pos6mrrsaM. Hexait A, =maxd,. B koxHiil 3

JOBUIBHHX YACTHH Bi3bMeMo HaBMaHHA Touky N,(X,¥;.Z ) 1 ckmamemo

oymy Vo= T F0x,Y.2) AV @421)
li HasmBaroTh IHTErpajJbHOK CYMOIO MJIM JaHoi (yHKII B 067acTiG,
CKIafeHoi MM i N-ro po30HTTA 1 [JAHOTO BHOOPY TOYOK
N e AV (i=1n).

I'paruusg BIAMOBIHOI IHTETPajdbHOI CYMH TpPH MPSAMYBaHHI 10

91



Bnma MaTeMaTHKa

HyJI HaffOUIbIIOTo 3 qiaMeTpiB /A, eleMeHTapHHX obmacteif AV, skmo

BOHAa HE 3aJeKUTh BIJ CHocoO0y po30HTTA obmacTi G Ha eleMeHTapHi
mgoGaacTi 1 BuGopy B Hux ToUoK N | HA3HBAETHCS HOMPITIHUM [HIME2PANOM
1 IO3HAYAETHCS CHMBOJIOM

n
[T f(xy,z)dxdydz= lim X f(x.,y,z )AV,. 4.22)
G 2,20 i=1
N—co
BiacTHBOCTI MOTPIHHOTO IHTETPATy CHIBIATAOTH 3 PO3TIIHY THMH
BUIIC BJACTUBOCTSAMH BH3HAUYCHOTO I1HTErpany M IOJBIIHOTO IHTeTpaa.
Mae MicTo i TeopeMa iCHyBaHHS MOTpiliHOTo iHTerpaiy. li posriamaTu He
Oyaemo.
Axmo y (4.22) noxmactu f(Xy,z)= 1, Tomi 13 BH3HAYEHHS
MOTPIHOTO 1HTerpaxy micTaHeMo (GOPMYIy A OOYHMCIEHHS 00 eMy
TinaG:

Vg =/ CJ; [ dxdydz . (4.23)

[Motpitiauit iuTerpan (4.22) Mo)KHA TIAYMAYHMTH, SK KUIBKICTh
Jiestikoi (pI3HUHOT BEJTHYHHE, PO3MO/IiIeHOl B 001acTi G .

Hanmpuxnax, B o6nacti G posmofiicHa pevOBHHA 3 TYCTHHOIO
¥(N) , Toni HaGmpkeHa Maca eteMenTa AV, mopieHIoe AM =~ y(N, )4V, a

n
Maca BChOTO TIMA, SKOMY BLANOBIgae o6macth G, M~ X Am. Iicasa
i=1

TPAHUYHOTO MePeXoay OTPUMAEMO TOYHC 3HAUCHHS BCJIUUWHHA 1 .

m=] CJ; [y(myav =] CJ; [ v(x,y,z)dxdydz . (4.24)
JEKIIS Ne 22
Ob6uucnenns  nompiiinozo  inmezpany.  Hexait — obmactb

G posraimoBaHa y TPUBHMIPHIM MNPSIMOKYTHIH CHCTeMl KoopauHaT. Boma
oOMeskeHa 3HH3Y 1 3BepXy MOBepxXHAMH Z=2Z(X,Y) 1 Z=Z(X,y), a 3
GIYHHX CTOPIH LTI HAPUIHOO MOBEPXHELO, 1 HeXall poekist o6macti G Ha
mwiomuHy Oxp yrBoproe oGiacte D (puc. 4.19), B sxiii Bu3HaueHi i

HemepepBHI GyHKII Z(X,Y) 1 Z,(X,Y).
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Bnma MaTeMaTHKa

G
0 @\:le(x,y)
a = >
= Y

Y=y ) /Ey:yﬁ)
A

b

Ve
X
Puc. 4.19

[Ipunyctumo, mo obnacth G mpaBWIPHA Y BCIX HaNpsAMKaXx.
TobTo noBiIbHA MpsiMa IEPeTHHAE ii MeKy He OIIbIN HIX V JBOX TOYKAX.
Hanpuxnan, npsimi napaienshi oci Oz, Tom Mae miciie popmya:
z(x,y)

fcf;ff(x,y,z)dV=IDde [ f(xy,z)dz. (4.25)

z(x,y)
SAxmo npu uboMy odmacth D obGMexeHa muismMu: x=a, X=D,
v=w(x) 1 y=y,(x), Toml, mpu mepexoai B MOABLHOTO 1HTETpaNa 10
MOBTOPHOTO, OTPHMAEMO Q)opMyny

¥,(X) Z,(X,y)
ij(xyz)dv de I dy | f(xy,z)dz. (4.26)
a ¥, (x) z(xy)

3rigHo 3 1M€o (POPMYIIOI0, OOYHCICHHS MOTPLHHOTO IHTETpay
3BOJIUTHCS /10 TOCTIJOBHOTO IHTETPYBAHHS IO KOXKHIH 13 3MIHHHX X, V 1

Z OKpeMo, ajie CIIOYaTKy 3a 3MIHHOKO Z, TIOTIM 3a 3MIHHOKO ) 1 30BHIIIHIHI
1HTeTpal 3a 3MIHHOIO x . [TopAmok iHTerpyBaHHA Moke OyTH 1 iHmIM. Lle
3aJIeKUTH BiJ po3ramuyBaHHi obnacti G y mpoctopi Oxyz 1 if popMu.

Hampuxnaza, G e npAMoKyTHHi napajesemie] 3 TpaHsIMu: X=a,
Xx=b, y=c, y=d, z=h 1 z=H, Tom y (4.26) Mexi 1HTeTrpyBaHHS
OyIyThb CTATNMMU:

JCJ;J f(x,y,z)dV =?dx?dyz f(x,y,z)dz. 4.27)

VY 11b0My BUIIAAKY IHTETPYBAHHS MOXKHA POBOJUTH B OYAb-SIKOMY
nopsiaky. Skmo obmacte G HempaBWibHA, TOMAI ii TpeGa pPo30OHMTH Ha
JCKUTbKa TPaBUIBHUX MigoOnacteii. OOYHCIHTH 1HTETpaiM 1 pe3yiabTaTH
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JoaaTH. Po3risiHeMo JeKijdbKa MPUKJIa/IiB.
Hpukaag. OGuucIUTH [1Txy’Zdxdydz, ne G - Ky0,
G

obmesxenunit wiomuaamu: x =0, y=0, z=0, x=1, y=1, z=1.
PosB’ sizannst. 3a dopmydoro (4.27) maemo:

1 1 1 1 1 3 1
(1] xy?28dxdydz = | xdx| y2dy| 2°dz = | xdx| y2 Z-| dy =
G 0 0 0 o 0o 40
1_ 1
0 24

11 1 5 11 y31 11 1 X2
=—/xdx] y'dy=—]x=—| dx=—|xdx=——
gpxax]ydy =g lx)jdx= o k=5

Opuknax. OGumcmmrn || [(x+y+2z)dV, xe G — mipamina,
G
oOMekeHa mromuHamu: X+y+z=1, x=0, y=0, z=0.
Pos’'ssanng. Tyt z,=0 1 Zz, =1-x-Vy; »,=01 y,=1-x.
Otike, 3a Gopmyoro (4.26) maemo:

1-x 1-x—y

IH(x+y+z)dV:}dXI dy | (x+y+z)dz=
G 0 0 0
1 1-x 2 v 1 1-x 2
:Idxf()<z+yz+z—)1 X ydy:IdxI(x+y—(x+y)z+w)dy:
0 0 2°10 0 0 2

:i((x+ Y)Y 12-(x+y)»P/3-(1-x-y)° /6‘;_x)dx:

1
=j(1/6=xX12+x13+(1-x)>/6)dx =
0
1
:(x/6—x3/6+x4/12—(1—x)4/24)‘0:1/6—1/6+1/12+1/24:1/8.

Hpuknag. OO4HCAUTH IHZXdV, ne G oOMekeHa IUIOIMHAMU:
G

x=0, y=0, z=4 i napaGomoitom z=X +y-.
Posp’sizanns. 3o0pasumo gany obmacte (puc. 4.20, a) 1
cnpoektyemo ii Ha miaommHy YOZ. Mexi iurerpyBannsa: 0<z<4;

0<y< Jz. 3a (hopmyoro (4.26) MaeMo:

Jz-y [, V2 dy—
0

1 4z g 4 |z
[If2xdv =2fdzfdy [ xdx=[dz| x?
G 0 0 0 0 0
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4z Vo, _ 24 4 54 128
Z— d /3 Z = — 23/2dZ:—22 S
=ldz ] y)yI(zyy Mo 3({ 520018
ZA4 1\4
-/
-y =~z
e
5 2 y =2 %
2
Yooz=x"+y .
a o
Puc. 4.20

Opuknax. OGumcomtn | [[zdV, me G — BepxHS mBKyIM
G
X+y +7 =R,

Pose’sizafms. V mwiomuni XOy o6mactio D e xomo X2 +y? < RZ.
3a (opmyoro (4.26) maemo:

R JRx R Xy R JR-X 2 2
Mav=ldx [ dy [ zdz=lax [ 2/2NR=X=¥ g
G R Jr 0 -R  JR % 0
? RTXZ 2_32_\2 ? 2 2 3 R? -
= | dx (RR—x -y )/2dy= | (R =x°)y-y /3)/2 dx=
2 R
= 3 J(RP=x*)*2dx=1. PobuMo 3aMiHy  3MiHHOi: Xx=Rsint;
“R

5
te[—%;%}; dx = Roostdt . Orxe, | _éj(Rz—stinzt)3’2Rcostdt:
2
2,2 2,2
=§R“ I cos“tdt:ER“ [ (3+4cos2t +cosat)/ 8dt =
2 2
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4

4 4
:%(3t+2$in2t +%sin4t) _R 3R

12 4

NY NN

3aMiHa 3MIHHUX YV TOTpiiiHOMY iHTerpam. Hexali oOMexeHa,
MpaBUIIbHA, 3aMKHeHa 00acTh G mpoctopy (X,Y,Z) B3a€MHO OJHO3HAYHO

BiAoOpakaeTbcst Ha obmacth G* mpocropy (U,V,W) 3a JOMOMOTOIO
HenepepBHUX AupepeHmiopanux GpyHrmin: X=X(U,v,w); y= y(U,v,w) 1
z=27(u,v,w) 1 sxobiaHa BigoOpaxeHHs |(U,V,W) BIIMIHHOTO BIA HYJIS.
Tobto

XX X

(uv,w)=¥, % Yw|#0, 4.28)

4, %4 Zy

MaTHMeMoO (popMyITy 3aMIHH 3MIHHHX Y TOTPIOHOMY 1HTETpaIl:

ICH f(x,y,z)dV =
=] CJ; I F(x(u,v,w), y(u,v,w),z(u,v,w))| I )(u,v,w)|dudvdw. (4.29)

3MiHHI U,V,W HA3HWBalOTh KPHBOMIHIHHAMH KOOPIHHATAMH TOUKH
(x,y,2), a Bupas ||(u,V,W)| dudwdw — ememeHToM O0G eMy Yy
KPHBOIIHIITHOMY TPOCTOPI.

IMpu posB’sizaHHl 1HKEHEPHUX 3a7ad  HAWTOINUPEHINIHM €
BHKOPUCTAHHSA IWIHAPWIHUX 1 CPepUIHNX KPHBOMIHIHHX KOOPIHHAT.
PosriHeMo ix.

Huninopuuni  koopounamu. Touka M(X,Y,Z) UPAMOKYTHOI
CHCTEMH KOOPAWHAT B UWNHIPUYHHX KOOPIWHATAX BH3HAYAETHCH 32
dopMmymamMm.  X=pCOSep; Yy=psing; z=z. Tyr. 0<p<ow,;
0<p<2r; w<z<oo (nuB. puc. 4.21).

Cepepuuni xoopounamu. Touka M (X,¥,Z) TPSIMOKYTHOI CHCTEMH
KOOPAWHAT V C(epuUYHHX KOOpIAMHATAX BH3HAYAETBCA 3a (opMyTaMHu:
X=psindcosy; y=psindsing; z=pcosd, ge 0O0<p<w;
0<@p<2r; 0<0 <z (nus. puc. 4.22).
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z z
M(x)y s Z) } (x’ y’ Z)
P
z P !
|
0 » 0 3 >
Y ! Yy
P P @ i
M (x,y) |
X ! x
M, (xy)
Puc. 4.21 Pum. 4.22

OOuncIieHHS TOTPIHHOTO IHTETpaly B UWIHAPHYHHX abo
cepUIHHX KOOpPOHHATAX PEKOMCHIYETHCSA MPOBOAMTH, SIKINO obnacth G
OOMeKeHAa LWTHAPHIYHUMH a6o CchepHIHMMH NOBEPXHAMH. Y IHOMY
BUMAJKY TOBTOpHUIi 1HTerpan y (opmynax (4.29) marume cram rpaHHIi
IHTETPYBaHHS, IO 3HAYHO CIPOILYE iX OOUHCICHHS.

JIEKIIA Ne 23
Hpukaag. OGuucIUTH HijdXdde, ne G — oOMexeHa
G

miomuuamu: x =0, =0, zZ=4 i napaGomoitoM oGepTaHus Z=X° + Yy,

BHKOPHCTOBYFOUH HIIIHAPUYHY CHCTEMY KOOpPJHHAT.
Posp’sizanns. OOUHCIUMO SIKOOIAH BITOOpPAKEHHS MPSIMOKYTHOT
CHCTeMH KOOPAMHAT Y IMTIHAPUYHY

CoSp sing O
[(p,p,2)=|-pSing pcosp 0= p; dxdydz= pd pdepdz. (4.30)

0 0 1
TyT: X'p:COSgo; yp:sinqp; Z'p:0; ){¢:—psinqp;

Y, =pcosp; z,=0; x,=0; y,=0; 2, =1.|l|=p=0.

Ockinbku obmacte G mpoekTyerbest B 00macte D Ha miomuny
Oxy (puc. 420, 6) v uBepTh Koda X +Yy° =4, To KOOPAMHATA ¢
3MiHIOEThCS B Mexkax Big 0 g0 7/2, xoopamnata p — Bix 0 mo 2.
Obnacts G oOMexeHa 3HU3Y MapadoIoiIoM, a 3BEPXY — IUIOIHHOIO, TOMY

Z = P2 z, =4 . IlincraBumo 3HalineHe v (4.29) 1 3 ypaxysaraaM (4.30)
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OTPUMAEMO!

2 2 4
iii2xCxCyC2 = BCpBCp i 2p2co3pC2= ZBC p(i]pZ(cosp)Z 2Cp =

2
=2ico3pCpip2(4-p2)Cp=2ico3p(4p3/3-p5/5) OCp =

2
=128/15.

Mpuknag. O64YUCAUTK i(i:i x2y2CxCyC2, pe C — o6nactb,

obmexeHa napabonoigom 2 =x2+y2, UWAIHAPOM X2+ y2=4 |
KOOPAMHATHOW nnowmnHow 2=0.

PosB'a3aHHA. Obnactb C npoekTyeTbcs Ha nnowmHy xOy B
obnacte O (puc. 4.23), AKa ABNse C0600 KONMO, pajiyc SKOro oguHuLA.

Tomy f[aHWI iHTerpan AOUiNbHO 064YMCMOBATM B LWNIHAPWUYHINA cUCTeMI
KoopauHat. 3a hopmynamu (4.29) i (4.30) maemo:
2K 2 p
i(i:iXZyZQ(C,yCZ = E) CopipSCp (i) co32p3in2pC2=

12« 2 p2 12« 1
=- i 3in22pCpip52p Cp=—i 3in22pCpip~Cp =
40 0 0 40
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12'[7:' , p8 2 28 2J{r , 2J{r

=—1|sin"2p~—| dp=—1sin"2pdp=4 | (1-cosdp)dp =

1) 408‘0(0250 pdp O( p)de
i 2

:4(¢—sm4¢j " _8x
4 )0
Opuknax. OGumcmnrn | ] xyz’dxdydz, me G — o6nacts,

G

0GMeKeHa JaCTHHOIO chepit X° + Y° +2Z° = 4 | PO3TAIIOBAHOKO Y MEPIIOMY
OKTaHTY.

Posp’'szanHg. Y JaHOMy BHIAAKY mepeiizeMo 10 cepHiHOl
CHCTeMH KoOpaWHAT. SIKoOlaH BiAOOpa’keHHS NPSMOKYTHOI CHCTEMH
KOOPIHHAT Y C(epUIHY Ma€ BHTILIL!

sindcosp pcosfcosy — psSindsing
I(p,p,0)=|sindsing pcosdsing  psindcose|= p°sing. (4.31)
cosd —psing 0
dxdydz = p° sinddédgd p .
Tyr: X, =SiN0COSp; X, = pCosdcosp; X, =—psSindsing;
y,=sindsing; y,=pcosdsing; y,=psindcosp; z,=00s0;
Zlg =—psing; le =0. VY masoMy TpHUKIAAlI MEKI 1HTETPYBAHHS 32 HOBUMH

3MIHHHME TaKi: OSQS%; Oéqpég; 0<p<2. Omxe

[T xyz?dxdydz = | [[ psindcosg psindsing p? cos® Gp® sindddded p =
G G*

O Ny

2 2
% sin2pde | sin®6cos® 6do [ p°d p =
0 0

x x
_ . 712 2 2 2 _
—c0S2¢(2 = p 0-%(1—005 0)cos® 0d cosd =
0

27 (05?0 cosP0\=  32( 1.1) 64
T 28 3 o __7(_?3)_@'

3aradpHy PCKOMCHIAIFO IMOJO 3aCTOCYBaHHS Tiei UM 1HIIOL
CHCTEMH KOOpAMHAT Jatéh ckiamHo. Lle zamexwurs sk B oGmacti
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iHTerpyBaHH#, Tak i Bif BUrnagy nigiHterpanbHol gyHKLil.

[edki 3acTocyBaHHA NOTPiIRHNX iHTerpanis.

O6uncneHHs o6'emy. Ak 6yno BCTaHOBNEHO BuUWe, 06'em V
o6nacti C moxe 6yTn 06YMCNEHNIA 3a LONOMOTOK MOTPIAHOro iHTerpany
3a opmynoto (4.23). Lia dopmyna 6inbll yHiBepcanbHa, HiX BignoBigHa
thopmyna, sKa Bupaxxae 06'eM Tina 3a LONOMOrol NOABIAHOrO iHTErpany.

Mpuknag. O6uncnmTn 06'em Tina, 06MEXEHOro MNOBEPXHAMMU:

2= ,2=6- X2- y2.

Po3s'a3aHHA. [lMepwa noBepxHs € KPYroBuid KOHyC 3 BicCio
obeptaHHa 02. [pyra noBepxHA € napabonoig o6epTaHHA HABKOMO BiCi

02. i noBepxHi nepeTuHalOTbCA MO NiHIT X2+ y2 =4*  aKa NPOEKTYETbCA
Ha nnownHy xOy B o6nacte O (puc. 4.24). Ockinbku obnacte O € Koo,

TO iHTErpyBaHHs BUKOHYEMO B LMAIHAPWUYHIA cUCTEMi KOOPAWNHAT:
» 2 6-p2 272 o b2
V=1i6pipbp i 62=p ip2 6p =
0 0 p A K p

2
=2xXip(6-p2-p)6p =2x

*JliHis ~ NepeTMHY  NOBEPXOHb  3HAXOAUTbCS 3 CUCTEMMW:



Bnma MaTeMaTHKa

JIEKIIIST Ne 24

3amaui Mexanikn. Hexaif pevoBHHY HeNEpepBHO PO3IOIIICHO B
TpuBHMIpHIii 06macti G 3 rycrunoro ¥(x,y,Z)=y(N). Pozmaemo G na
eJleMeHTapHI YacTHHH. Maca BIATIOBIIHOI eJIeMEHTAPHOI YaCTUHH JOPIBHIOE
dm=ydV , ne dV =dxdydz — ememeHT 0G’eMy B JeKapToBiii CHCTeMI

KoopAUHAT. EJ'IeMeHTapHi CTATHYHI MOMEHTH BiZ[HOCHO KOOPANHATHUX
IIOIMUH BU3HAYAKOTBCA piBHOCT}IMI/I

dMXy = zdm; dMyZ =xdm; dM, = ydm.
[Micma rpaHWYHOTO TepexXoAy Maca 1 CTaTHYHI MOMCHTH Tija,
SIKOMY BIATOBiAae 06nacth G, BUZHAYAIOTHCS BIAMOBITHUME (popMyramu:

mzchde; Mxy=chZ)/dV; MyZ=ICHXde; sz=fcﬁyydv. (4.34)

Koopmuaatn mnentpa Macm (X,Y,,Z,) TiTa 3aJ0BOJBHSFOTH
CITIBB1AHOIIICHHS
x::MyZ/m, yCMXZ/m,ZC:MXy/m, (4.35)
3C1IHO 3 BU3HAYEHHAM I[LOTO IOHSITT.

EneMeHTapHI MOMEHTH I1HepUli BITHOCHO KOOPJAHHATHHX OCCH
JIOPIBHIOIOTE!

di, =(y*+2°)dm; dl, = (x* + 2 )dm; dl, =(x* + y* )dm,
e y2 +7 , ¥+ 22, x? +y2 — kBazparu Biaganeit touku N(X,y,Z) Big
pianoBigHoi Bici Ox, Oy, Oz. 3rigHo 3 BUZHAYECHHIM, MOMEHTOM 1HEPINi

CHCTEMH TOYOK BITHOCHO OC1 HA3MBAIOTh CyMy JOOYTKIB MAac IUX TOUYOK Ha
KBagpaTH iX Biggam A0 oci. OTKe, MOMEHTH IHepIli BCHOTO Tijia
JIOPIBHIOIOTE!

I, :jcjaj(y2 +Z)ydv; |, :jcjsj(xz +Z2)ydV; |, =ICJ;I(x2 +y?)ydV . (4.36)
MowMeHT 1HepIIii Tija BITHOCHO MOYAaTKy KOOPIUHAT:
lo =1TI(x* +y* + 2% )yadV . (4.37)
G
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Mpuknag. 3HaWTM LEHTP Macu OAHOPIgHOrO Tina, o6MexeHoro
napa6onoigom 22 = X2+ y2 ikyneto X2+ y2+22=3.

Po3B'a3zaHHA. Maemo Tino ob6epTaHHs HaBkoso oci 02 (puc. 4.25).
Tino ogHopigHe, TOMY BisbMeMO Y(X,Y,2) = 1. Ockinbku Bicb 02 € BicClo

cumeTpii Tina, To X, = yc = 0 . OTXe, WYKAHOIO € BEIMYMHA 2C.

Ane cnovatky 3HalileMo Mpoekuito NiHil0 NepeTuHy JaHuX
MOBEPXOHb 3 CUCTEMMU:

[X2+y2+22=3,

22+22=3; 22+22-3=0;
[x2+y2=22.

2N =-1271+43=-1+2; 21=1; 22=-3.

3 LpYyroro piBHAHHA BUXOAUTbL, Wwo 2> 0. OTXe, NiHIA NepeTUHy
[LaHUX MOBEPXOHb € KONO X2+y2=2,6 fKe MPOEKTYETbCH Ha MAOWUHY

x0y B o06nactb iHTerpyBaHHa O 3 wmexamu: -72 <X<72 ;

)

-72-Xx2<y<72-x2. OCKiNbKM Tif0O Mae O0OCbOBY CUMETpitO, TO
po3rnsaHeMo il 4yeTBepPTY YacCTWMHY, pO3TalloBaHy Yy MepwoMy OKTaHTi. 3a
2 12X N3-R-y2

opmynoto (4.34) maemo: T =iii™® =4i”™ i 6 i 62 =
Gopmy (4.34) i 5 : yxz+yz
2
L R B N+ y2\ 2 L
=4i6x i "3-X-y2- +y 6y=2xi(P 3-p2-p3/3)6p =
0 0 0

=-2%((3-p2)32/3+p4/8) 72 =2%(73-5/6). Y  NOBTOpPHOMY
0



Bnma MaTeMaTHKa

IHTerpadl Iepeflin 10 IOJSPHOI CHCTEMH KOOPIHMHAT. X= pCOSg;
y=psing; dxdy = pd pde . Lleii nepexig BUKOHANTE CAMOCTIHHO.
3a (opmyoro (4.35) oGUHCINMO aHATOTIYHO CTATHYHUI MOMEHT:

Vo B3X-y
M, =iz =4ldx [ dy Iz de-
G 0 0 x2+y?
2
2 2% Xy’
=2]dx | Z dy =
0 0 x2+y2

N2- X dx—

=2 [ (3y-Xy-y* 13- (X*y+2xX°y* I3+ Yy’ / 5))
0

4 2
=— [(16-6X - X' W2-xXdx=1.
15 0
V ocTaHHBROMY IHTETPaJl 3pOOHMO 3aMIHY 3MIHHOI: x=~/2sint ,

dx:\/icostdt ,de te [0,%} .

3
Orpumaemo: | :%I(16—12$in2t—4sin4t)20052tdt:
0
47 5 5
:EI(16—6(1—0052t)—(1—0052t) (1+0052t)dt:§7z.
0

[HTerpyBaHHS TPUTOHOMETPHYHOTO BHPa3y y OCTAHHBOMY IHTETpasil
BUKOHaliTe  camoctiiiHo. 3a  ¢opmynoro  (4.35)  oOumcaroemo:

z, =Mxy/m=§n/(272'(\/§—5/6))=5/(6\/5—5). LleHTp MacH JaHOTO

Ti1a mictuthest y Toun (0;0;5 /(6\/5 -5)).
[pukmag. 3uvaiitu MoMeHT  iHepiii  oxHopigHoro (¥ =1)
MUTHIPUYHOTO TiJa, BUCOTa sikoro H | a pamyc ocHoBu R | BigHOCHO Bici,

SIKa € JlaMeTPOM OCHOBH IITIHAPA.
PosB’sizanns. Hexail Bick (JZ HampsmJieHa B3IOBXK BiCl HHTIHIPA,

OocHOBa mHWwmHApa dexkuth y twiommHl Ox)(Z=0) 1 UeHTp OCHOBHU
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Bua matematuka

36iraeTbCA 3 noyaTkom KoopauHat (puc. 4.26). MoMeHT iHepuii Tina
6yfemo WwykKaTu BigHOCHO oci Oy .

CkopucTtaemocs ¢opmyno (4.36). O6nactb O sBnAe coboto
Kono x2+y2= K2.
K 7Kk-x H
OTxe, Iy=iiCi(x2+ 22)6Y =4i6x i 6yi(x2+22)62=
0 0 0

K -K-x2
=4i6x i (x22+20/3)H6Y=4Hii/K2"x2(x2+H2/3)6x=1.
0 0 0

3po6umo 3amiHy 3miHHOI: x = K3ini; 6x = Kcosi6i ,ge i€ [0; — 2].
I =4HK2i co32i( K23in2i + H2/ 3)6i = HK4 i 3in22i6i +4 H3K3i 6i
0 0 0

3in4i

A2 5 HKkar
I_

------ i(1- co34i)6i +—H3K2
Y — 3

—, T3 HIK—=(3K2+4H2)—K2H /12

OTXe, MOMEHT iHepuii gaHoro Tina BifHOCHO oci 0y , AKa €

fiameTpom OCHOBM uuniHapa, gopisHioe (3K2+4H2)—K2H/12 .
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