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Ilepeamona

[ligpy9HuK MiCTHTH MaTepial JBOCEMECTPOBUX JIEKIIii 3 Teopil WMOBIPHO-
cTeil Ta MATEMATUIHOI CTATUCTUKU, AKI BUKIQJIATUCH JJIsI CTYJIEHTIB CIeITi-
aJbHOCTEN MaTeMaTnKa, craructuka 11 kypcy mexaniko-maremaTuaHOro da-
KyabTeTy KniBchbKoro HarionajibHOTO yHiBepcuTeTy iMmeni Tapaca IlleBuenka
npotrsirom 1988-2003 pp. O6’em maTepiany pospaxoBanuii Ha 105 akageMiaHIX
JIEKIITHUX TOJIWH, MO 3 TOJIWHY Ha THXKJIEHbD.

Ha BinmMminy Bix nomepegnbol Tpajumil [5], BUKIA CyTTEBO CHUPAETHCS
Ha MOHATTs iHTerpasy Jlebera, sik 1e 3pobieno B [4,6,7|. OcHoBHi HeOOXiHI
BJIACTUBOCTI IHTETpaJly JOBOJATHCS JJIs MOJAJBIIION0 BUKOPUCTAHHSA. be3 mo-
BeJIEHHS BUKOPHUCTOBYIOTHCS MMOYATKOBI pPe3y/bTaTh 3arajbHOl Teopil Mipu —
TeopeMa Kapareoopi ipo npojioBkenns Mipu, TeopeMa Py0Oini mpo KpaTHuit
Ta TIOBTOPHUI iHTErpaJin, TeopeMa IIpo 3aMiHy 3MiHHOI Ta Teopema Pajona
— Hikonuma nipo abcosiioTHO HerepepBHi Mipu. BijamoBigauit Kypce BukJiajia-
eThes Ha (akyJbTeTi OJHOYACHO 3 KypCoM Teopil imosipHocreii [1], ognak
JIJ1sl JOCUTh IOBHOI'O 3aCBOEHHS IIPEIMETYy BOJIOJIIHHS OCHOBAMU Teopil Mipu
He 00OB’SI3KOBeE.

Boanouac neoOXijauMu € 3HaHHS (DyHIAMEHTAIBHUX OHATH JITHIFHOT aJi-
rebpu Ta aHasizy 2] — rakux, sk 6a3uc, oproHOpMOBaHicTh, mporeaypa ['pama
— IIminra, rpanulid, psau, HeEepepBHICTL, NoxiiHa, inTerpana Pimana. s
MIOBHIIIIOT0 3aCBOEHHSI KYPCY Ta IIPYU PO3B’I3aHHI 338/1a1 KOPUCHUM € BOJIOJIIHHS
OCHOBaMU JIMCKPETHOI MaTeMaTuku [3].

VKJtajad mupo BASIHUI CBOIM BunTe M — rpodecopam Ararosio fko-
suay Jloporosuey, Muxaitiny Nocunosuay Snpenky, Anarosio Bosommmu-
posuay Cropoxojy, Borogumupy Cemenosuay Kopoutoky, FOpiro Makaposu-
1y BepesanchbkoMy — 3a IX OJIMCKYUl JIEKINT 3 MATEMATUIHOIO aHAJIZY, Teopil
HMOBipHOCTEl, MaTeMaTHIHOI CTATUCTUKN Ta (DYHKIIOHAJIHLHOTO aHai3y.



OcobnuBa nozsika perensentam pykomucy — rnpodecopam M.I. Tloprenky
ta B.B. Bysimuriny, 3a minni 3ayBazKeHHs 1 TOpaJin, AKi JJO3BOJIAIN TOJIIIIITATH
BUKJTA].

[linpyunuk BWjaHO B paMKax peaJizaliil mporpamMu €BpOMeichbKol KoMi-
cil Tempus-Tacis NP 22012-2001 "Improvement of education in economical-
statistical area in Ukraine”. Kopucrymoduch Harojomwo, JAgKyi 3a MiATPUMKY
koopauaaTopy mpoekty tpodecopy .C. CimbBecTpoBy Ta agmiHicTpaTopy
npoekty E.J[.CinbBecTposiii.







Pozmt 1

Teopiga ifimoBilpHOCTEIA

Beryn

CrBopennst Teopil fimoBipHOCTelt 1TI0B s13aHe 3 imenamu [lackass, Pepma,
[roiirenca, ko6a Bepaysmai, Myaspa (17-18 cr). L1i Bueni BuB4uasm BuaKosi
SBUINA, 10 CIOCTEPIraloThCd B a3apTHUX Irpax.

ImoBipHicHI mpobieMu Teopil MOXMOOK BUMIPIOBaHb, IMOXUOOK CTPLILOH,
CTATUCTUKU HAPOJOHACEJEHHs PO3B’si3yBajncd B npargax Jlammaca, [lyacco-
Ha, l'aycca B 18-19 cromirTax.

Y 19-20 ct. 3HaYHI JIOCATHEHHS B T€OPil IMOBIpHOCTEN Ta CTaATUCTUIL OyJin
orpuMani Yebumesum, Mapkosum, JIanynosum, ByHakoBchbKIM, 30KpeMa, y
BUIJISIII TPAHUIHUX TEOPEM.

Cyuacna Teopis iiMoBipHOCTEil Oyia crBopena B nparngx P. Miseca, C.H.
Bepurmreitna, E. Bopessi, A.M. Koamoroposa, O.4. Xinunna, B. B. 'nesenka,
I1. Jlesi, FO.B. Ilpoxoposa, Ta inmux Buerux 20 ct.



Teopiﬂ ﬁMOBipHOCTeﬁ — I1e pO3/ILJI MaTeEMAaTUKU, B IKOMY BUBYAIO-
ThCsl MATEMATHIHI MOJIEJ] BHIIAIKOBUX (CTOXACTUIHUX) SIBHIIL.

3 morJIsiTy WMOBIPHICHUKIB, BCl sIBUINA KJIACHMDIKYIOTHCS HA TaKi TPYIIH:

(n) Jlemepmirosani. 3a BUCHHSM KapTe3iaHIliB, /I TAKUX SIBUII JOCUTH
JIWIITE BKA3aTHU MOYATKOBI yMOBHU 1 M 3HATUMEMO BCe PO 1X Maii0yTHE, pO3B’si-
3yI04M BiAIIOBIIHI piBHsAHHA. Ha mpakTulli jJieTepMiHOBaHUX SBUIIL HEMAE.

(ur) Hedemepminosani nenosmoprosani. Hanpukiia i HASBHICTb XKUTTS Ha
Mapci. BucnosimoBanHs moj0 i1 iIMOBIpHOCTI He MOKHa OOTPYHTYBaTH Ha
IiJICTaB] IHIMMX CIIOCTEPEXKEHb — aJizKe el (beHoOMeH YHIKaILHUI.

(an) Hedemepminosani nosmoprosani 3 wenepedbauysaroro nosedinkom
yacmom. llpukia: /st TPOTHO3Y IMOBEIIHKHU IOCTIIOBHUX Idp YucIa T
CTATUCTUKA HE MOXKe OyTHU 3aCTOCOBaHA.

(amc) Hedemepminosani nosmoprosani 3i CTIHKICTIO 9acTOT — JIJIsT HUX Bijl-
HOCHA JaCcTOTa IOl Ma€ TEBHY T'PAHUIIO TPW HECKIHIYEHHOMY 3POCTaHHI KiTb-
KOCTi CIIOCTEPEKEHb.

SIBUIIA 3 OCTAHHBOI TPYIIH HA3UBAIOTHCS 6UNAOKOSUMU. 1X iCHYBaHHS Ha
ITPaAKTHUIN JIOBEJEHO BCHUM JIOCBIJIOM 3aCTOCYBaHb TeOpil HMOBIpHOCTEN 1 MO-
JKe OYTHU MPOLTIOCTPOBAHO JOC/IiIaAMIA BUJIATHUX MATEMATHKIB, K1 TPOBOIUIN
cepil miIKMIaHb MOHETH Ta OOYUC/IOBAIN YaCTOTH PEBEPCA:

K.Brodpdon 4000 migkumganb  gacrora peBepca—= 0.5080
K.Mopran 4800 migkmpanb  gactoTa peBepca= 0.5005
K.IIipcon 24000 migkuaanb 4gactoTta peBepca= 0.5005
B.®ennep 10000 migkugans 4vactora peBepca— 0.4979

JLnst moOytoBu Teopil IMOBIpHOCTEHl BUKOPUCTOBYBAJIMCS TaKi ITiJTXOJIH.

(1) CyG’ekTuBHuii miaxim, 3rigHO 3 SIKUM IMOBIDHICTH € HOPMOBAHOIO
MipOIO BIIEBHEHOCTI eKcIiepTa. 1 pyJIHOIN BUHUKAIOTH Y 3B’s3KYy i3 (popmaltiza-
IEIO MJIXOTY.



(2) Kinacuanwmii mijixisg BUXouTh 3 ifei cumerpii, piBrOMOXKmMBOCTI. Hepo-
3pi3HEHHI MO/il MOBUHHI MaTH OJIHAKOBY HMOBIPHICTH — YaCTO IBOT'O IIJIKOM
JIOCUTD J7Ist T100y10BU Teopil. OpHak 1eil migxia He CIPOMOYKHUN OIMucaTH
€KCIIEPUMEHT 13 HECKIHYEHHOIO KIJIBKICTIO eJIEeMEHTaPHUX IO, HAIIPUKJIAJI,
3 BUOOPOM BHII&/IKOBOI TOYKHU Ha BiIPi3KY.

(3) HacrorHe Bu3HAUeHHST HMOBIDHOCTI K I'DAHUIN YaCTOT, IO iCHY€E 3ri-
JTHO 3 IMOCTYJIIOBAHHAM CTiiikocTi gacToT. e mijkoM cripoMoXKHa KOHCTPYKITis,
OJIHAK JIOBEJIEHHs BiJTHOCHO CKJIaJIHUX TeopeM (Ha KINTAJT 3aKOHY BEJTHKUX
9HCeJT) CTAIOTH 3aHAJTO CKJIQJIHUMU JIJIsi 3aCBOEHHSI CTYICHTAM.

(4) Akciomaruanuii mixija: i3 4acTOTHOrO 03HAaYeHHs! (IMOBIPHICTH € rpa-
HUIIEIO 9aCcTOT) OTPUMYEMO TIEBHI BIIACTUBOCTI HMOBIpHOCTEIH, aJie He J0BOJIH-
MO 1X, & IIPOCTO MOCTYJIIOEMO K aKCIOMH 3 ypaxXyBaHHAM CTIKOCTI 9acTOT.

Ocranniit, akciomarwaamii miaxin, #Hagexuts A.M. Koamoroposy
(Die Grundbegriffe der Wahrscheinlichkeitstheorie, Berlin, 1933) i choromui
€ 3araJbHOBU3HAHUM IIPU TIOOY/IOBI Teopil IMOBIpHOCTEIA.

fAx ke oOrpyHTYyBaTH akciomu Teopil iiMoBipHOCTE#l 7 BusiBiaserbces, j1o-
CATH BKA3aTHW Ha TaKi BJIACTUBOCTI BITHOCHOI “acmomu sK BiTHOTIEHHS KiJTb-
KOCTI CHPUAT/IMBUX BUIPOOYBAHB JI0 KLJIHLKOCTI BCIX BUIIPOOYBAHD:

(nesid’emmnicme) Hacrora(losiabHoro BuciaosioBants)> ()

(nopmosaricmsv) Hacrora(YHiBepCaIbHOIO _BHCIOBIIOBAHHA )= 1,
aJI?Ke BOHO CIIPAB/KYEThCS B KOXKHOMY BUIIPOOYBaHHI

(adumuenicmsv) Hacrora(A abo B)=Yacrora(A)+Yacrora(b),

SIKITIO BUCJIOBJIIOBaHHS A B He MOXYTb CIPaBIKyBaTHCsT OTHOYACHO.

CrpaBeyInBiCcTh aIUTUBHOCTI 3aCBiIdye HACTYIIHA Jiarpama

OOOAOBEBAAOOOOAAABOOO
OOOXOXXXXXO0O00XXXX000



Kinbkicts cuvBomiB A ta B jopisaioe (1+2+3)+(3+1) = 6+4, kiabkicTs
o0’eayrounx cuMBoiiB X gopisaioe 1 + 5 + 4 = 10 = 6 + 4.

Otke, IMOBIPHICTD K T'PAHUIA YACTOT Ma€ OyTH Hesid eEMMHOI0, HOPMO-
6ano0 ma adumuenoto Gyrkyicto noditi (BUCIOBIIOBAHB IOJO Pe3yJIbTaTy
eKCIIEDUMEHTY ).




1. CroxacTnuHUii eKCIepuMeHT, II0/Iil Ta omepa-
il HaJ, HIMU

Teopia fimoBipHOCTEH, AK Oy/ib-AKNil IHIMI PO3/ILT YUCTOI MATEMATHKH, T10-
Oy/10BaHa aKCIOMaTWYHO, TOOTO Ma€ IeBHI OCHOBHI BI/IXIAHI I[IOHAT-
T4, aKl He BU3HAYAIOTLCA BCEPeJIUHI Teopil, Ta aKCIOMI/I, IO OB’ I3y IOTH
i moHATTs. OCHOBHUMHU MOHSATTSMU TeOpil HMOBIDHOCTEH € MOHATTS CMOTa-
CMUNH020 EKCNEPUMEHMNY, EAEMEHMAPHOL NOJTL Ta NPOCMOPY eNCMEHMAPHUL
nodit. OTKe, HACTYIIHI BUCJIOBJIIOBAHHS Ta O3HAYEHHS CJIiJT POBYMITH K IO-
sicHeHHs 200 iHTepIIpeTariii, o JieyKaTh 11038 MATEMATHKOIO.

CroxacTuyHUll €KCIIEPUMEHT — I TIeBHE BUIPOOYBAHHS, CIOCTEPEKEHHS
9K JIOCIJ], Pe3yJIbTaTH sIKMX He MOXKHA IepeI0aduTH OJHO3HAYHO (HAIPU-
KJIa/1, TiIKAIaHHS MOHETH YU TPAThHOIO KyOnKa), abo K MOXKHA Iepeadatin-
TH.

[leBunii dikcoBanmii pe3yabTaT CTOXACTUYHOIO EKCIIEPUMEHTY, SIKWUl He
MOYKHA BUPA3UTH Yepe3 CyKYIHICTh 1HIMNX Pe3yJIbTaTiB, HA3NBAETHCS eJleMeH-
TapHOoIo 1o/1ie€r0. Hampukia s, Bunajanasd MICTKA TPYU TIKUIaHHL KOCT1 — HA
BLIMIHY Bl pe3yJibTaTy, IO HOJIATae Yy BUIIAIaHHI MapHOI KIJTbKOCTI OYOK.

MHuoxKkWHa BCiX eJIeMeHTapHUX IOl HA3WBAETHCS ITPOCTOPOM €JIEMEHTAP-
HUX IO,

Otxke, 6 peayavmami nposedenms CMOTACMUYHOZ0 E€KCNEPUMENMY 306~
otcou 8100Y8aEMBCA 00HA T MINLKY 00HG EAEMEHMAPHA NOJLA 3 NPOCTNOPY ene-
MEHMAPHUL NOJI.

Tax gk y Teopil iiMoBipHOCTE#l (hizudHA TPUPOIA €JIEMEHTAPHUX MOJIIH Ta
IIPOCTOPY eJIeMEHTapHUX MOAiil HEe Ma€ CyTTEBOIO 3HAYEHHs, TO IIPOCTOPOM
eJIeMEHTapHUX IOJIi#l Moxke OyTu joBiibHA abcrpakTHa MHOYKWHA, a ese-
MeHTapHa 1oid € Oyab-akuM €JIEMEHTOM miel MHOXKUHMA.



Y Teopil IMOBIpHOCTEN MPOCTIP eJIeMEeHTAPHUX TOJIi#l TO3HAYAETHCA CUM-
BOJIOM T'perbKoro ajdanity (), a eeMeHTapHa MO — SIK W .

1.1. Ilpmkigagm cTOXacCTUYHUX €KCIEPUMEHTIB Ta BiJIIIO-
BIJTHUX ITPOCTOPIB eJIeMEeHTapHUX IO/

1. Ilioxudarmsa odniei monemu. IIpoctip ejleMeHTApHUX MOl Ma€ BUTJISII
Q = {A,P}, ockinbKu pesysbrar miKUJIaHH:, 10 BiApI3HSETHCS BiJ aBepca
abo peBepca, BBaXKAETHCS HEMOXKJIMBUM.

2. ITioxkudarns deox monem. IlpocTip eneMeHTaApHUX TO/Ii MICTATEH ITapu
MOXKJIMBUX BapiaHTIB MJIKUIaHb OTHIE] MOHETH:

Q = {AA,AP,PA PP}.

Qikcallig pe3y/abTaTy MiJIKUJIAHHS JBOX MOHET MOTPeOYE 3aJIaHHA BIOPSIKO-
BaHOI Mapy 3 JIBOX €JIEMEHTIB — pe3y/IbTaTiB MiJKUIAHHS IMepIIol Ta JIPYyTrol
MOHETH.

3. Hidxkudanmns epanrvhoi kocmi. Q0 = {1,2,3,4,5,6}, 0CKiIbKE IpabHa KOCTH
Ma€ IIMCTh IpaHeil, a ma[iHHg Ha PeOPO BBAXKAETHCA HEMOYKJIUBUM.

4. Ilidxudanmnsa monemu do nepuwozo yenixy. MoxKHa IPUITYCTATH, O YCITIX
000B’I3KOBO Mag€ BiIOYTHCS 3a AKOICh CKIHYEHHOI KiJTbKOCTI TiJIKU/IaHb, OTKe

Q= {v, HY, HHY,...HH..0V,...}.

3 TUM Ke Pe3yIbTATOM MOXKHA OTOTOXKHHUTHU MPOCTIP e/IeMEeHTapHUX IOl i3
MHOXKHUHOIO HaTypasbuux dncen N = {n, n > 1}.

3a UpUIYIIEHH, 0 € MPOTUIEKHUM JI0 CKIHYEHHOCTI KiJTbKOCTI IIiJIKH-
JlaHb, Tpeba MOCTY/IBATH, IO IPOCTIP eJIeMEeHTapHUX MOl MiCTUTh TaKOXK
touky oo = { HH..H...}.



5. Bubip 6unadko6oi mouku Ha 00UHUNHOMY 610pi3Ky. Y IIbOMY BUIIQJIKY.
2 = [0, 1], ockinbKE KOXKHa Taka TOUKA OJHO3HATHO 33A€THCS CBOEIO KOOD-
JMHATOIO 3 Biapisky [0, 1].

1.2. Bunaakosi momil

31 CTOXaCTUYHUM EKCIIEPUMEHTOM MOYKHA TIOB $I3aTU II€BHE BUCJIOBJIIOBAH-
Hsl TIPO ioro pesysbrar. OCKIIbKEU JIjIs KOXKHOI eJIeMEHTapHOI IMOJil MOXKHA
BCTAHOBUTHU, CIIpABEJJINBE JIaHE BUCJIOBJIOBAHHS UM Hi, TO JIOBIIBHOMY BU-
CJIOBJIIOBAHHIO BIJIIIOBi/Ia€ IIEBHA MHOKMHA €JIeMEHTAPHIX II0/11, a caMe: Taka
IMHOYKWHA TTPOCTOPY eJIeMEeHTapHUX IO/Iii, /IJIsT eJIEMEHTIB KOl CIIPaB/IzKY-
€ThCsl JIaHe BUCJIOBJIIOBAHHSA. BUITAKOBUME TOISAMUA HA3UBAIOMBCA NIOMHO-
AHCUHU NPOCTNOPY EAEMEHMAPHUT NOIU, OAA AKUL CNPABOHCYIOMBCA NEBHT GU-
CAOBAIOBAHHA NPO PE3YALMAM, CIMOTACTNUYHO20 EKCNEPUMEHMY.

3ayBasKUMO, M0 HE BCi MiJIMHOXKWHE MPOCTOPY €JIEMEHTAPHUX MOl 10~
BUHHI OyTH BUNaAKOBUMU 10/ 1igMu. [liiMHOXKMHE MOXKe OyTH OlIbIle, Hi2K MO-
’KHa chOpMyJIIOBaTH BUCIOBIIOBaHbL. Hanpukia, y Bunajky, koau = [0, 1],
MAa€MO He MeHIIIe KOHTHHYYyMa IiIMHOXKWIH, aJjie He OLIbIN HiXK 3JYeHHY Kilb-
KiCTb BUCJIOBJIIOBAHb (SIKIO KiJIBKICTH OYKB y BUCJIOBJIIOBAHHI CKiHUYEHHA).

1.3. BuiacTtmBoCTi KJjacy BHIAJIKOBUX MOJIiil

BnacTtuBocTi BHC/I0OB/IIOBaHb Ta JIOTIYHI omepariii HaJ HUMU IPU3BOIATH J10
HACTYIHAX BJIACTHBOCTEN KJACy BUIAJIKOBUX MOJi# — MiMHOXKHUH ).

1. Muoxkuna Q C Q ("mock Ta BidymeTbes”) € BUMAIKOBOIO TOJHEI0, sKa
Ha3MWBAEThCA YHIBEPCAIHHOIO.

2. MuokuHa &, M0 HEe MICTUTH YKOJIHOI ejieMeHTapHol nosil (“Hivoro He
BiZIOyIeThes”), € BUMIAIKOBOIO TIOJIEI0, 1 HA3MBAETHC HEMOXKJ/IIBOIO MOJIIEO.



3. dximo esleMeHTapHa MO/Iid W HAJIEXKUTH BUIIAIKOBIi 1Momil A, TO KayKyTh,
mo w cupuste A ( mosnadenns w € A ).

4. ddkmo A C B, 10 KaxyTh, mo mnoxais A cupuuanasie mogio B (abo x
MICTUTBCS B Hiif).

5. g moxii A 11 momoBHeHHsT A € BHITAJIKOBOIO IOMIEI0, SIKa IOJISATAE B
TOMY, III0 He BiOyaeTbess A.

6. s nsox mouiit A, B 1x 00’eqnannsg A U B € BAIIAIKOBOIO IOIEI0, KA,
[IOJIATAE B TOMY, 110 BinOynerbest A abo B.

7. s nBox moxiit A, B ix nepepis (abo xk nepernn) AN B € BUIAIKOBOIO
MIOJTI€I0, STKa, TOJIITa€ B TOMY, 10 BigOyayThess A 1 B omgHOYaCHO.

8. dxmo AN B = &, o noxil A, B HazuBaioThcs HecyMicHIME (a0 K Ta-
KHMH, 10 He meperuHaiorbest ). [lomil nocaimoBrocti (A, n > 1) HazuBawTHCsI
HoIapHo HecyMicHumE, Akmo A; N A; = & nna Beix ¢ # j.

9. Jduga apox mopiit A, B ix pisnung A \ B € BUIAJIKOBOIO MO0, fKa
[IOJIATAE B TOMY, IO BinOymerbest A 1 ogHodacHo He Biabymerbes B .

10. na nBox mogiit A, B ix cumerpudna pisuuiis AAB € BUIAIKOBOIO
MIOJTIIEI0, sIKa TIOJIsiTA€ B TOMY, IO 3 mojiit A, B BindymeTbcs TOYHO OfHA,
AAB = (A\B)U (B\A).

11. JInst nocaimoBrocti nofiii (A,,n > 1) ix o6’ennannsa UA,, € Bumajiko-
BOIO TIOJIEI0, sIKa II0JIsiTa€ B TOMY, IO BiIOyAeThCA Xo4da O OJHA OIS i3 i€l
ocJIiIoBHOCTI. AHaJI0TI4HO, mepepi3z NA,, € BUIIaIKOBOIO IOIIEI0, AKa [IOJIATAE
B TOMY, IO BiJIOY/LyThCs BCI MO/l i3 JaHOI ITOCJIJOBHOCTI.

12. Hexait (A, n > 1) — MOHOTOHHO HeCIa HA TOC/IIOBHICTD TO/Iiii, TO6TO
A, C Apyr, Vn > 1. Ix MomoTonmo0 Tpammeo A (mo mosHavaeThest AK A,
T A = limA,) e BunajKoBa HOJis, sKa TOJSra€ B TOMY, IO BiIOymIeThCs
OpUHAKMHI OJIHA HOJIis JAHOI MOCAIOBHOCTI (& OTKe, 1 KOXKHA, TIOUNHAIOYN 3
JIesTKOTo HOMepa), 10010 A = UA,,. Y TakoMy BHIAJKY KaXKyTh, IO HOil A,
MOHOTOHHO 30iraroTbcst 10 A.



13. Hexait (A,, n > 1) — MOHOTOHHO HE3POCTAIOYA IMOCJIIOBHICTH IIO-
Aiit, 10610 Apyy C An, ¥ > 1. Ix monoTOHHOIO rpanmieio A (mo3HadenHs
A, | A=limA,) ¢ BunajgkoBa nojisi, siKa MOJATa€ B TOMY, IO BiIOY/LyThCs
OJTHOYACHO BCi o/l mocioBHOCTI, ToOTO A = NA,.Y TakoMy BHUIAJKY Ka-
JKyTh, IO o/l A,, MOHOTOHHO 36irafThesa J0 A.

14. Jng mocigoBrocti mofiit (A,,n > 1) IX BepxXHs IpaHUIls lim A, e
BUTI&IKOBOIO TOJII€I0, SIKa MOJIATaE B TOMY, IO IIOil JTAHOI ITOCJIIIOBHOCTI BiJI-
Oy/yThCsl HECKIHUEHHO 4YacTo (a6o XK BiOymMyThCs BCi MOl 3 JIesIKOI He-
ckingennol mignocaigosnocti A, ). o mozio MokHa 3amncaTn y BATTIAIL

mAn = ﬂle Uan An

iiicHO, eeMeHTapHa IO/ W HaJeXKUTh IIPaBiii 9acTUHI TOMl 1 TIABKHU TO/I,
KOJIM JIIs JIOBLILHOrO m > 1 3HaiiaeThcss HOMEp N > m Takuii, mo w € A,
TOOTO KOJIN BiIOyAeThCsl HeCKiHYeHHa KiJIbKICTh cepell Mol A,,.

15. Jlns nocaimoBrocti mofiii (A,,n > 1) Ix HmkHg rpanung lim A, €
BUIIQJIKOBOIO TIOJII€T0, sIKa MOJISITA€ B TOMY, IO BiJIOY/LyThCs BCI MOl JaHOT 0~
CJIIZIOBHOCTI MMOYMHAIOYM 3 JiesKoro Homepa. [lio momgito MoxkHa 3ammucari
y BUTJIAIL

h_mAn = Ule ngm An

Jiiicno, egemMeHTapHa MO W HAJEKUTH MPaBiil YaCTUHI TOMl 1 TIIBKU TOJI,
KOJIN 3HaiieThcst HoMep m > 1 Takwmii, mo w € A, nupwm Bcixn > m, TOOTO
KOJIA BiZIOY/IyThCsl BCl MOl A,,, TOYMHAIOYN 3 JIeSTKOr0 HOMepa.

Bnpasa. O6unconru limA,,, imA,, y sunaaxy, xom Q = R, a moxii A, =
(—00, ay).



2. AKkcioMmm Teopil iMOBipHOCTeIi Ta BJIACTUBOCTI
IIMOBIpPHOCTI

OckibKM KJIaC BHCJIOBJIIOBaHb 3aMKHEHMIT BIIHOCHO oIlepalliii 3amepevdeHHsl,
KOH TOHKIIIT, N3 TOHKIII Ta 1HITUX TEOPETUKO-MHOXKUHHUX OIlepalliil i MicTUTh
TAKOYXK CYIIEPEYUINBI BUCIOBJIIOBAHHS, TO IIPUPOJIHO IIPUNHATH TaKi BJIACTUBO-
CTi KJIacy F BCiX BUITQIKOBUAX TOJTII.

2.1. AxkciomMu KJacy BUIIAIKOBHUX IIOIiii

Hexait ' — Ky1ac ycix BUIAIKOBUX MO Y JeIKOMY CTOXaCTUIHOMY €KCIIEepU-
MeHTI i3 mpocTopoM ejiemeHTapuux moiit €2 . Tosmi:

(F'1 —nopmosanicms). €2 € [ .

(F2 —donoenenns). 3 A€ F eunaueae, wo A € F.

(F'8 —saiuenni 06’ conanmns). SHrwo 3aivenna nocaidosnicmv A, € F, mo
UA, € F.

Knac mipmuoxun yrisepcasbnol MHOKUHA ), AKNN 38/I0BOJILHAE YMOBH
(F1) — (F3), nasuBaerbcst curma-aiarebporo (abo K o-aiaredporo) IMmiAMHOKIH
poctopy §2.

Knac F masuBaeTbcs asrebporo, skimo 3amicrb ymou (F3) Bukonyernes
caabIma yMoBa

(F3'-06’conanmns). 3 A, B € F eunausac AU B € F.

OueBuiHO, 115 BJIACTUBICTH €KBiBaJIEHTHA YMOBI

(F3"—crinuenni 06’ ednanns). 3 Ay € F k= 1,n, eunausae Uy_, Ay, € F .

.

Bupasa. Knac 2 e anrebpoio toai it Tiibku Toxi, xomm (a) 2 € A, (6) 3

A, B € 2 punimsae A\ B € 2.



Mpukmaz. Jdna nosimsuoi noxii A C Q xnac {@, A, A, Q} e anrebporo i
OJIHOYACHO 0-aJIredpoio.

JLnst o0y 0BU curma-aaredp, BUXO/ISUN 13 3a/[aHUX ajaredp, BAKOPUCTOBY-
I0Tb TAKUA METO/I.

Ozuauenns. Cuama-anzebpa [ OPOKEHA KAACOM 8UNaIKosux noditi A,
wo noznavaemovea ax = o], akwo eona € HaUMEHWO00 3 MUT, WO Mi-
cmambs et xKaac:

F = m SO, S o—anrebpa S.

Bnpasa. lle Busnauennst KOpeKTHe, OCKIILKE X09a 6 OHA TaKka CUrMa-aiaredpa
icye (kmac S = 2% yeix migmuokun (1), mpudoMmy mepepis Gyap-sKOI KiTbKOCTI
CUrMa-aJjiredp € curma-aarebporo.

Teopema (IIpo MOHOTOHHUI KJIac). SKwo KAaC MHOMCUH F MicMumy
anrzebpy A ma 3amrHenull 6I0HOCHO MOHOMOHHOT 30iotcHocmi A, T A, mo 6in
Micmumo nopodoiceny cuzma-aszebpy o2A.

JloBe/ieHHsT IPOIIOHYETHCS K BIIPABA.

Ilepury rpymy akciom Teopii I/IMOBlpHOCTeI/I MOXKHa& C(HOPMYJIIOBATH TaK:

JlaC yC1X BUIIaJKOBUX HO,ZLII/I € CI/IFMa—&ﬂFe6pOIO

Bopasa. [Josecrn, 1o 3 HaBeIeHUX aKCIOM BUIIMBAIOTH BCI BKa3aHl BUIIE BJla-
CTHBOCTI KJIacy BUIaJIKOBUX moiil. Bkasieka. 1. Akcioma F1. 2. & = Q. 5. Akcioma
F2. 6. Akcioma F3. 7. ANB=AUB.9. A\B=ANB.11.N A, =U A4,. 12
Axkcioma F3. 13. Biractusicrs 11. 14. Akcioma F3 i Baacrusicts 11. 15. Akcioma F3

1 BiactusicTh 11.

2.2. Ilpmkiaaam BUIIAAKOBUX MOJIiil Ta X KJAcCiB

1. ITiokudarna deox monem, 2 = {AAAP,PA ,PP}. Tloxii



{Tlepumii aBepc}={AA,AP}, {Xoua 6 onun aBepc}={AA /AP PA}.

2. Ilidkudarns monemu do nepwozo yenixy, Q@ = {Y, HY,.. H..HY,...}.
[oxis {ITapHa KUIBKICTh MJKUIAHB JIO NIEPIIOro YCIixy} =
{HY, HHHY,.. HH... HY,...}.

3. Bubip eunadkosoi mouxu na odunuunomy eidpisky, Q@ = [0,1]. Kiac
yCIX BHIAJIKOBUX HOJiil Mae mictury Bel inTepBaiu [0, z) Ta iX mepeTBOpeH-
H 38 JIOIIOMOIOIO OIlepalliii JOIMOBHEHHSI, 3/J1i9eHHOI0 00’€IHaHHSA Ta I1HIIHX
orepariiii, mo 30epiraloTh HaJEXKHICTD JIO CUTMAa-aJreOpu.

Bnopasa.

(1) Hexait Q2 = {1,2,3,4,5,6}. 3uaiiTu Bci esilemenTu HaiimMenIoi ajarebpu, ska
micturs monii A = {1,2}, B = {4,5,6}.

(2) Hust sivennoro npocropy §2 = {w,,n > 1} onucaru naiivenri anre6py Ta
CHATMa-aJIredpy, sSIKi MiCTSITh yCi OHOTOYKOBI MHOXKUHU.

2.3. Axciomu iiMOBIpHOCTI

Y Teopil IMOBIpHOCTEH 13 KOYKHOIO BHUIIAIKOBOIO TIOJIIEIO TTOB’ A3YIOTH YUCIOBY
Mipy i1 BiporigaocTi — iiMoBipHicTh. OCKIIBKI HMOBIPHICTE PO3IVISIAETHCS K
IpaHUIlE BITHOCHUX YacTOT, TO HAa OCHOBI HaBeJIeHUX BUIIE BJIACTUBOCTEN da-
cror (HeBLI'€MHICTh, HOPMOBAHICTH Ta AUTUBHICTD) HPUPOIHO HOCTYTIIOBATH
Takl akcloMu HMOBIPHOCTI:

Osnauvenns. Vmosiphicts P e wucio6010 dynkyicio na xaaci - 6cix eu-
nadkosux noditi 3 MaAKUMY BAGCTMUBOCTNAMU:

(P1 —meBin’emuicts). P(A) >0, VA€ F.

(P2 —nopmoBanicts). P()) = 1.

(P3 —curma-aguruBzicts).  Jlaa  dogiavnoi  nocaidosrocmi  nodid
(An, n > 1), wo nonapno necymicni (mobmo A; N A; = &,Vi # j), cnpase-
0AUBA PIBHICTD



P(UnZl An) = anl P(An)-

Qynkiiisg P Ha3uBaeThCd aIUTUBHOIO MMOBIPHICTIO, SIKIIO 3aMiCTh aKCIOMU
(P3) Bukonyerbes coabima ymMoBa
(P3" —apnruBHicts) Jaa noditi A, B, wo necymichi,

P(AU B) = P(A) + P(B).

Ba IHIyKIIi€10 HeBazKKO J10BeCTH (BIIPABa), M0 BIACTUBICTH 8 IHTHBHOCTI €KBi-
BaJIEHTHA CKIHYEHHIl aJIMTUBHOCTI:

(P3" —ckinvenna ajuTuBHICTD) Jlad d06iavH0i cinuentol nocaidosrocmi
nodit (Ag, 1 < k < n), wo nonapro necymicni,

P(U 1<k<n Ak) = Z 1<k<n P(Ak)

ﬂpyry IpyIly aKcloM Teopil HIMOBIPHOCTE MOXKHA cd)opMyJHOBaTH TaK:

"IMOBipHiCTD € CUIMa-aIUTUBHOIO HEBIJI' €MHOIO HOD-

MOBaHOI0 (PYHKIIIEI0 Ha KJIACl BCIX BUIIAIKOBUX IO

Otxke, akciomaTuka Teopil WMOBIPHOCTEIl 3BOJUTHCA O IOCTY/IIOBAHHS
icHyBaHHs iiMoBipHicHOTO ipocTopy (£, F, P), 1o Mae Taki eJIeMeHTH:

) — npocTip eeMeHTapHUX NOJiH (aGCTpAKTHA MHOXKUHA),

F — KJ1ac ycixX BHIAIKOBHUX O — MiIMHOXKWH {2, sIKi yTBOPIOIOTH CHUTMa~
anrebpy 3 BractuBoctsmu (F1 — F3), a

P — iivoBipHicTs Ha curMa-anrebpi mofiii F i3 Baactusoctsivu (P1 — P3).

2.4. BuaactuBocTi iiMOBipHOCTI

3 akciom Teopii IMOBIpHOCTEl BUILIMBAIOTH TaKi BJIACTUBOCTI AMOBIpHOCTI.



Teopema (mpo ocHoBHi BisiacTuBOCTI IimoBipHOCTEit). Cnpasediusi
MaKt 6AACTNUBOCTIS.
1. VmoBipHicTh momoBHeHHS momil A € F

P(A) =1 P(A),

ockinbku ) = AU A, ne momanku wecywmichi, otxke 1 = P(Q)) = P(AU A) =

P(A) + P(A). B

2. UvosipricTs HemoxmBol nofii: P(@) = 0, ockimeku & = (2. 3aysa-
x)uMo, o 3 P(A) = 0 He BurtumBae, mo A — HEMOXK/IIBA OIS

3. PIMOBipHiCTb BKJIaJIeHol pizauii: misg A, B € F, AC B

P(B\ A) = P(B) — P(A),

ockinbkn B = AU (B \ A), ne nonankn mecymicui: P(B) = P(AU(B\ A)) =
P(A)+ P(B\ A).

4. MonoronsnicTs iimoBipuocti: 1t A, B€ F, AC B

P(A) < P(B),
BHUBO/INTHCS 3 HEBII €MHOCTI Ta IMOIEPEHBOIO TYHKTY:
P(B) — P(A) = P(B\A) > 0.
5. Muoxnna 3Ha4€Hb TMOBIPHOCTI

{P(A), AeF} clo,1],

ockiibku & C A C {2 i Mae MicIie MOHOTOHHICTh MOBIPHOCTI



6. MmosipricTs 06’eananns 1Box momii A, B € F
P(AUB)=P(A)+ P(B) - P(ANnB),

ockimekn AU B = AU (B \ AN B), ne noJasku HecyMichi, a HMOBIpHICTD
JPYToro BU3HAYAETHCA BJIACTUBICTIO IMOBIPHOCTI BKJI&IEHOI PI3HUIL:

P(AUB)=P(AU(B\ANB)) =P(A)+P(B\ANB)
= P(A)+ P(B) — P(AN B).

7. ®opmy/ia BKIIOUYEHHI-BUKIIOUeHHs Jist o/t (Ag, k = 1,n)

P(UlskSn A =2 1< i< n P(A4) =2, 1<i<j<n Beh A

n—1
Z N P(ANANA) —...+(-1) P(AiNn..NA,).

I[Ipu n = 2 g dopmyna 30iraeTbed i3 BiacTupicTio 6, a Juid n > 2 BOHa
JIOBOJUTHCS 32 iHIYKIEIO i3 BUKOPUCTAHHSIM BJIACTUBOCTI HMOBIPHOCTI 00'€1-
nanns. JlificHo, Hexait hopMmysta cripaBeyinBa s 3aaHoro n. llosnadaoun
B = U}_, Ag, maemo

P(UI:LillAk) = P(B U An—i—l) = P(B) + P(An—i-l) _ P(B N An+1> =
Zlgkgn P(Ak) - Zl§k<j§n P(Ak n Aj) +..+ P(An+1) - P( 221(1416 N An+1))
= > 1<kant1 POAR) = D ichajan PLAR N Af) + oo = D0 cpcn P(AR N Apa) +

3BIJIKM 3a 1HIYKITIEIO JIICTAHEMO TITyKaHe TBEP/ZKEHHS.
8. HamiBaiuTusHicTh IMOBIPHOCTI:



P (U 1<k<n Ak) < Z 1<k<n P(Ak)

Hng nosenennst mosuadnmo By = Ay, By = Ag\ U?;ll A;. Toni noxii By, mo-
napHo HecyMicHI, By, C Ay 1 U 1<p<nBr = U 1<k<nAk. 3BiAcH 3a auTuBHICTIO

Ta MOHOTOHHICTIO MMOBIPHOCTEH

P(U 1<k<ndAr) = P(U 1<k<nBr) = D e, P(Br) < 3 pcr P(Ag).

9. HenepepsHicTb iiMOBIipHOCTI.

(a) dAxmo A, T A, ro P(A,) T P(A).

(6) dxmo A, | A, o P(A,) | P(A).
Hns nosenenns (a) noswaunmo By = Ay, B, = A, \ A,_1, n > 1. Toni B,
orapHo HecyMicui, UB, = A,

P(A)=> P(B,) =lim ,_ . Zkgn P(Bg) = lim o P(4,),
Jle OCTaHHA PIBHICTH BUBOIUTHCS 3 a/INTUBHOCTI, a 3012KHICTH € MOHOTOHHOIO.
Ilna nosenenns (6) sacrocyemo (a) ama monosrens: A, T A, 1 — P(A,) =

P(A,) 1 P(A) =1- P(A).

10. 3iiuenna HaIiBaJIUTHUBHICTH HMOBIPHOCTI

P(UAx) <> P(Ay)

BUILINBAE 13 HAIIIBaIMTUBHOCT] Ta HEIIEPEPBHOCT] MOBIPHOCTI:

P(U Ak) = lim n—00 = (Ulgkgn Ak) S lim N—00 Zlgkg nP(Ak)



11. ExBiBaJIeHTHICTH HENIEPEPBHOCTI B HYJ Ta CUTMa-aJUTUBHOCTI I
A IMTUBHOI MOBIPHOCTI.

Bynemo rosoputu, 1mo #MOBipHICTE P Ha Kjaci BUIIAIKOBUX MO/ [ He-
[epepBHa B HYJII, AKIIO JJjIs Oy/1b-sIKOI ITOC/III0BHOCTI ot A,, € F Taxoi, o
A, | @, mae micre 36ixuicts P(A,) | 0.

st Toro, mob aauTuBHA HMOBipHICTH P Ha curMa-aaredpi mofiit F Oyiia
curMa-aJInTHBHOK, HEOOXIIHO 1 JOCTaTHBO, OO BOHA Oyja HEIEepPEepBHOIO B
Hysl Ha [ .

HoBenennsi. ko P curma-aJIJuTUBHA, TO BOHA HelepepBHa B HYJI 3a
BJIACTUBICTIO HEIIEPEPBHOCTI HMOBIPHOCTI.

Hexait P aguTtuBHa Ha cUrMa-aJredpi Ta HemepepBHa B Hyii, a A, € F
,D;OBiJIBHi mozil, o nomnapHo HecymicHi. I[Tozaauumo B, = Ui, Ag. Tomi B, |

ta P(B,) | 0. Ockinbku BHacaimok ckimdennol agnrusrocti P(UA) =
P(Uk<nAk)+P( n) = D pen P(Ax) +P(Bn) — > 45, P(Ay), To itvosipricTs
P curma-aJuTHBHA Ha CUIMa-aarebpi f .

12. IIpojoBkenHst HenepepBHOI HMOBIDHOCTI Ha CUTMa-ajreopy.

Jlnst Toro, mob ajuruBHa fiMoBipHiCTE P Ha ayiredpi momdiit A masta mpo-
JIOBXKEHHS JI0 CUTMa-aIMTUBHOI MMOBIPHOCTI Ha IOPOJIZKEHill CHTMa-aJjreopi
F = o[2], Heobximno i mocraTHbO, MO6 BOHA Oysa HElEePePBHOI B HYJI Ha
ayrebpi /A — TOOTO 1T OyIb-sIKOI TOCiIoBHOCTI mToiit A, € 2 Takux, 1o
A, | @, nosunna maru micre 36ixkuicts P(A,) | 0.

HoBenenns. ko itmoBipHicTs P curma-auTuBHa, TO BOHA HEllepepBHA
B HYJII 38 BJIACTUBICTIO HENIEPEPBHOCTI.

Hexait fimoBipricTh P ajuTuBHa Ha ajredpi 2 Ta Herepepsua B HyJ1i. Tojti
P curva-ajmmusna Ha aarebpi A, 9K MOKa3aHO Y IONEPEJIHii BIACTUBOCTI.
3a 1i€l yMOBHU iCHYyBaHHs Ta €IUHICTH CUTMAa-aJATUBHOTO ITPOJIOBXKEHHS HA -
anredpy F CTBEpIKYeThbCst y TeopeMi KapaTeoopi 1po mpogoBKeHHs MipH,
dKa JOBOJUTHCA B Kypci Teopil Mipu Ta iHTerpaJry.



Bupasa.

(1). Hocaigosnicts nomiit A, 36iraerbes g0 rpanumi A, sxmo A = limA,, =
limA,,. Tosecrn, mo toni P(A) = lim P(A,,).

(2). Hosecrn, mo muoxkuna { P(A), A € F} C [0, 1] e samxnenoro.

(3). st mosinbnux mogiit A, B cupaseymsa nepiBHICTH

P(AUB)P(AN B) < P(A)P(B).




3. Ilpukjaaam iiMOBIPHICHUX IIPOCTOPIB

st 3acTocyBaHb WMOBIPHICHUX METOJIB Ha NPaKTHIN HeoOXiaHO OyayBaTh
Bi/IoBiiHI iMoOBipHicHI ipocTopu. ToMy po3ryIgHEMO KOHKPETHI IIPUKJIAIH Ta~
KHUX IIPOCTOPIB.

3.1. KuiacuyHe o3HaUeHHs MOBIpHOCTI

Hexait mpocrip Q = {wy,...,w,} — cKindeHnnii, a Kiac noxaiii F mictuTh Bci
i AMHOXKUHA ).

[Tpumycrumo, 1mo Bel ejieMeHTapHi Mol PIBHONMOBIpHI (PIBHOMOXKJIMBI,
CHUMeTpHYHi, craTucTuaHo HepospizHenni). Toxi ix imMoBipHOCTI MaroTh OyTH
omHaKoBUMH 1 B cymi nosuaHi cranosutu 1. Orxe, P({wi}) = 1/n, k = 1,n.
OCKIIBKI KOXKHA IO/IisA € 00’€IHaHHIM OJHOTOYKOBHUX €JIeMEHTapHUX IIOIiii,
TO HMOBIPHICTH OY/Ib-sIKOI MOJIIT Ma€ JIOPIBHIOBATH CyMi JIOJAHKIB 1/n mo Beix
m eJIeMeHTapPHUX TMOJIisIX, 110 1i CIPUSITh, TOOTO JIOPIBHIOBATH BiIHOIIIEHHIO
m/n. 3Bijcu JicraHeMo Take O3HAYEHHS.

Osnauennsi. bydemo 206o0pumu, wo 0aa 0aH020 UMOBIPHICHO20 NPOCMO-
py (2, F, P) 3i ckinuennum npocmopom esemenmaphux nodit 0 nputnsme
KJIACHIHE O3HAYEHHsT HMOBIPHOCT, AKuL0 das 6ydv-aroi nodii A C € i timo-
BIPHICD DOPIGHIOE GLOHOWEHHIO KIABKOCTNT EAEMEHMAPHULT NOJI, WO CNPUS-
toms A, do Kiavkocmi YciT esemenmaprux nodit:

P(A) = 1Al / 19],

de |o| — Kinvkicmy esemenmis (NOMYHCHICMD) MHOHCUHU.

3ayBaxkeHHsd. Ko y dhopMyTioBaHHI 3a/a4i sIBHO He BKA3aHO Ha BU-
6ip osHaueHHsi fiMoBipHOCTell, oHaK [2] < 00 1 mpuUCYTHI KJIIOYOBI CjI0Ba
BUITA/IKOBO, HABMAHHS ... — TO Tpeba 0OpaTu camMe KJIaCUIHE O3HAUCHHSI.



IIpukmaan

1. Iioxudarnsa cumempuyunoi 2parvnoi kKocmi. VIMoBipHicTb napHOT Kijb-
KOCTi o410k gopisuioe |{2,4,6}] /6 =3/6 =1/2.

2. ITidkudarmns nasmarns 060T CuMempuwHux monem. VIMOBIpHICTD X04a
6 omuroro aBepca |[{AP,PA,AA}| /4 =3/4.

3. Bunpobysarns do nepuio2o ycniry — He MOXKe OYTH OINCAHE KIACHIHIM
o3HavdeHHsaM. /lificHO, TPUITYCTUMO PIBHOMOXKJIUBICTD 3/1IY€HHOI KiJTbKOCTI BU-
npobyBanb. SIKIo crisibHa (0JHAKOBA JIJI PI3HUX €JIeMEeHTapHUX TO/Iiii) HMo-
BIPHICTD JIOJ@THA, TO 1X 3JIIYEHHA CyMa HECKIHUYeHHa, dKIIO K BOHA HYJIbOBa —
TO 1 cyMa HYJIbOBa. Y KOXKHOMY BHUIIQJIKy CyMa HMOBIDHOCTEIl eJleMeHTapHUX
nofiit He jmopiBHIOE ofuuuIi. lle cymepeunTs akcioMmaM Teopil IMOBIpHOCTEIA.

4. Ilocaidoshe nidkudarms n CAMETPUIHIX MOHET sIK MOJEJ/Ib BUIIAIKOBOIO
oykanns. [Ipoctip eleMeHTapHUX MO Ma€ BUTJISA

0 = {w = (8162...5n), €k € {+1, _1}} = {+17 _1}n’

e €, = +1, gakmo k -e BunpoOyBaHHsI 3aBEPIINIOCSI aBEPCOM, 1 € = —1 ¥y
IIPOTHUJIE2KHOMY BUIIAIKY. Beboro € 2" ejleMeHTapHUX MOJTi#, 3 HUX TTPU3BOJIATH
710 k aBepciB Ta pemTi n — k peBepciB MOJIil, MO BiIOBIIAIOTH CIIOTYYCHHSIM
i3 n enementis 1o k. Il KinbKicThb JOpiBHIOE C’f:. OcKiJIbKM MOHETA CUMETPH-
YH&, TO BCl eJleMeHTapHi IOl CJIi/1 BBayKaTH PiBHOMOXKJIMBUME, UMOBIPHICTH
KOXKHOI JIOpiBHIOE 27 ".

[Ipumycrumo, Mo 9acTHHKA B MOMEHT & 3MIHIOE CBOIO KOODJMHATY (CTpH-
6ae) Ha BesmunHy €. [losHaanmo S, = 1 + ...+ €, PE3yIbTYIOUE MOJOKEHHS
qactuakn. Tomi IMOBIpHICTD HaABHOCTI k JogaTHUX Ta n— k Big €éMHUX cTPUO-
KiB JIOPIBHIOE

P(S,=k—(n—k))=C* /2" k=0,n.



3okpema, 1ipu n. = 2m Ta k = m iMOBIpHICTb IIOBEPHEHHS B ITOYATOK MAa€
BUTJIS]T

P(Sy, =0) = 272"C3" .

5. Badava npo 36ie. HaBManHS PO3KJIaIEHO N JIUCTIB J0 N KOHBEPTIB 3
agpecamu. IIpocrip emeMeHTapHHX 1O/l 30ira€ThCs 3 MHOXKHUHOIO YCIX ITe-
PECTAHOBOK TOPSAJIKY 7, & caMe — IepeCTaHOBOK JIMCTIB IO BiHOIIEHHIO 10
MIPaBUJIBHUX aJIPEC.

Posrisinemo mogii A = {xo4a 6 oauH JMCT JIAINOB 3a MPU3HAYEHHSAM },
Ay = {k-uit suct giitmos 3a npusHadenssim . Toi 3a hOpMyYIO0 BKIIOUEHHs—
BUKJIIOYCHHS

P(A) = P(Up14r) =
> 1<i<n P(A;) =32 1<i<j<n P(ANA)+. .+ (1) P(AN..NA,) =
C,,ll(n,;!l)! _ 02 (n—[Q)! + ..+ (_1)n—10n0_' _

n  nl n n!

= —% +%—+(—1)n_1%—>1—%7 n — o0.

Bnpasa. VY rpyni n cryznentis. fka fiMoBipHicTh TOTO, 110 X04a 6 y JABOX 3 HUX
OIHaKOBI JHI HapomkeHHs ! Jasa akux n us fiMoBipHicTb He Menmna 3a 0.5 7

3.2. JIuckperHuii iMOBIpHICHUI IIPOCTIP

He 3aBxm MoKHa BBaxkaTu, IO eJeMeHTapHI 1o/l piBHOMOoKuBi. Tosi 3a-
CTOCOBYIOTH TaKe y3araJbHeHHS.

Hexait nipoctip 2 = {wq,...,wp, ...} — JucKpeTHuii (CKiHdeHHUE abo 31i-
YeHHUit), KJIAaC BUMAJKOBUX HOAIl F MicTUTh Bl miamMHOXKuUHE (2, 1 3ajaHa
neBHa iiMosipHicTh P wHa f. Toml Bu3HadeHi MMOBIPHOCTI OKPEMUX eJIeMeH-
taprux nofiit pr = P({wg}).



.

Bopasa. Kinac f = Pl TOMl ¥ TUILKW TOJI, KOJW BUMIPHI BCI OJHOTOYKOBI
muoxunn: {wy,} € F aia Beix n.

Ockimbxu s nosibiol muoxnnn A = ., ¢ +{ws}, T0 32 BIACTHBICTIO
CATI'Ma-a U TUBHOCTI

P(A) =) eaPrs Ao = P({wid).

HucsioBa nocsioBHicTs (py , k > 1) 3a0BosibHsIE yMOBHU Py, > 018 Y pf, =
1 1 Ha3UBaeTHCA JUCKPETHUM PO3IIO/LI/IOM IMOBIPHOCTEN.

Orxe, 115 KoxKHOI iiMoBipHOCT] P Ha f BU3HAYEHWI IUCKPETHUI POSITOJILT
Ha, OJHOTOYKOBUX MHOYKHHAX.

Hapmaku, Jyisi KOXKHOTO JMCKPETHOro posnomainy (px, k > 1) naBejeHa
dopmyita mist fimosipaocti P(A) 3ajae 3arajibHe O3HAUYeHHsT IMOBIpHOCTEH ¥
JIMCKPETHOMY MMOBIpHICHOMY TIPOCTOPI.

Teopema (mpo curma-aJUTUBHICTH AUCKPETHOI MMOBIpHiICHOI Mi-
pu) Jlas Kootchozo duckpemmozo po3nodiay dmosiprocmed (py) dyrryis

P(A) - Zk: wipEA P

€ adumuBHo10 UMOGILPHICTNIO MG HENEPEPEHOIO 6 HYAL, G TROMY € TMOGIPHICTNIO.
JloBeeHHsi. AUTUBHICTH € HACIIKOM aJIUTUBHOCTI CYMH.
Mozkna BBaxkaru, mo 2 = N. Hexait A,, | @. Togi a, =inf A, T oo,

P<An) = Zk:: wrpEAR Dk S ZkZan Pk — 0.

IIpuknagm.
1. Ilioxudarnnsa monemu do nepuwozo yenixy. Ilpoctip eleMeHTaApHUX TI0Tii
mae Buran ! = {w, = (H..HY), n > 1}. CuiscraBumo erementapmy



TIOJTII0 W, 3 eJIeEMEHTAPHOIO TIO/IIEI0 B cepil 3 1 MAKUIaHb MOHETH, IO MiCTUTH
n — 1 peBepc (Heycmix) Ta 1 aBepc (ycmix). Buxopsau 3 poro criiBcraBjieHHs,
OPUPOJHO mocTy oBaTh, 1o p, = P({w,}) = 27", n > 1. Ila nocsigoBHicTh
JIHCHO € TUCKPETHUM PO3TOJIITIOM.

Tomy iiMOBipHICT, TapHOI KITBKOCTI MiIKUJIAHBL JI0 YCIIXy JTOPIBHIOE
PR 272k = 1/3.

2. Ilpunycrumo, mo mpu TiIKWAJaHHI MOHETH, OKPIM BUIAJIHHS aBepcy
(A) Ta pesepcy (P), moxkimse takox naninnsg xa pebpo (O). ¥V mpomy Bu-
[aJiKy MpOCTIp eleMeHTapHuX Mot Mae Burisad = {w, = (r1...r,_14A),
r, € {P,0O}, n > 1}. 3 piBHOMOXKIMBOCTI €JIeMEHTAPHUX MOJifl BUILIUBAE,
mo P({w,}) = 37" lwmosipHicts oTpuMaTi XoWa 6 OIMH YCIiX TOPiBHIOE
%Zﬂ;;@;—lﬁ;—:k:— 21}5a MapHOl KUJIBKOCTI TJIKMJaHb JO IEPIIOrO YCIIXY —

k=1 = :

3. Hexait p, q, r — 3aaani qucsta 3 Biapisky [0, 1]. 3a skux yMoB 3HaliieThCs
fimoBipHicHuUIt poctip Ta moxii A, B Ha Hpomy Taki, mo P(A) = p, P(B) = g,
P(ANB)=r?

Posrisgmemo Taki moii:
H,=A\B, Ho=B\A, Hy=ANB, Hy=AUB.

OueBuiHO, M0 B JIOBiIIBHOMY HIMOBiIpHICHOMY mpocTOpi momil Hy morapro
necymicni, Up_ Hy = Q, o[{A, B} = o[{Hu, ..., Hy}]. Orxe, noxii H;, Mmoxua
posrignaru (1 OymyBaTn) sK eJeMeHTapHi, a JJIs I[HOTo X IMOBIPHOCT] MalOTh
YTBOPIOBATH JINCKPETHUI PO3110/1isT iMoBipHOCTEH. OCKLIBKI

P(Hy)=p—r, P(Hy) =q—r, P(Hs) =7, P(Hy) =1—(p+q—r),

TO IIyKaHa HeO6Xi,[LHa 1 JO0CTaTHA YMOBa Ma€ BUIJIA:
O<r<pr<g¢gp+q—r<l



Bopasa. Hexait (€2, f, P) — nosinbuuit imosipricuuii npocrip. Bunajkosa
noxist A nasupaerncs aromom, sxmo P(A) > 0 ra aist 6yap-sikoi nogii 3 B C A
summsae abo P(B) = 0, abo P(A\B) = 0. Aromun A, B BBaxKaioThesi 0JJHAKO-
sumn, sxmo P(AAB) = 0. [losecru taxi Tepazkennst:. (a) Slkmo A, B — artomu,
t0 a6o P(AN B) = 0, abo P(AAB) = 0; (6) Muoxkuna Bcix aToMiB Ha JAHOMY
npocTopi He Glibin HiXK 3aivenna; (B) Ienye posburrsa {2 = UnzoAn Ha MOIapHO
HecyMicHi mofii Taxi, mo A,,n > 1, e aromamu, a Ay He MICTHTL KOJIHOTO aTOMA;
(r) dns nosinbuoro uucia p € [0, P(Ag)] suaiinerses nouis A raka, mo P(A) = p.

3.3. T'eomerpuyne o3HaUeHHsS MOBipHOCTEM

Ha npuksasi 3a1a4i 1po BUIIAIKOBHUIA BUOIP TOUKM Ha BIIPI3KY [a, b) Gaunmo,
110 ICHYIOTh CTOXACTUYHI €eKCIIEPUMEHTH 3 HE3/IIUeHHOIO KIJIBKICTIO eJIeMeHTap-
HUX T0/1ii. X04a OKpeMi eJleMeHTapHI MO/l TYT BUIVISIAIOTH PIBHOMOXKJIMBU-
MU, KJaCHIHe O3HaYeHH 3aCTOCYBATH HEMOYKJIMBO — BCl IMOBIPHOCTI eJ1eMeH-
TapHUX TOJIiif MalOTh OYTH HYJIbOBUMH, TOMY IO CyMa HE3/iYeHHOI KiJTbKOCTI
JIOJJATHUX YHCeJ HeCKiHYeHHa. 1OMy TPUPOIHO TepeiTH Bij WMOBIpHOCTE
OKpPEeMUX TOYOK JI0 IMOBIpHOCTel 1HTepBaJIiB.

Hexait Q2 = [a, b), curma-asirebpa mogiit F MicTuTh Bl iHTepBasu [z, y), 1 Ha
F 3ajana Jeska fiMoBipaicTh P. [Ipumnymienns mpo piBHOMOXKJIUBICTH OKpe-
MHUX TOYOK MOKHA IPOIHTEPHPETYBATU TakK, IO HMOBIPHICTH HOTPAIISHHS
BUII&/IKOBOI TOYKHM JI0 TIEBHOT'O 1HTEPBAJLY 3aJI€ZKUTh JIUIIE Bl 1OTO JIOBXKWHU,
a He BiJI pO3TalllyBaHHS IIHOI'0 IHTEPBAJLY. 3 I[LOTO IIPUITYIIEHHS, 8/ IATHBHOCTI,
HOPMOBAHOCTI Ta HENEePEePBHOCTI IMOBIPHOCT] BUILIUBAE, IO

Pz, y)) = (y—2)/(b—a) =,y / |la,0)]-

Hiiicno, fivosiprocri P([a + (b — a)%, a + (b — a)™)) npu 0 < k <
n MaloTb He 3aJIe’KaTh B kK Ta B cymi CTaHOBUTH 1, OTXKe KOXKHA 3 HHUX



nopismoe 1/n. Beiacn P([a,a+ (b—a)X)) = £. O6upatoun nixnocsinosnicrs
k/n 1 (y—a)/(b— a), i3 HenepepBHOCTI HMOBIPHOCTI BUBOJMMO, IO

P(la,y)) = lla,y) / lla, )]

VY 3arajbHOMY BUITQJIKY 38 IIPUITYIIEHHS PIBHOMOXKJIMBOCTI IIPUXO/IUMO JI0
TAKOT'O O3HAYEHHS.

Osznavenns. Hexati npocmip Q C R e obmesiceron muoscurnon eexii-
dosozo npocmopy RY, a kaac F micmums yci nidmmosicuny § i3 susHaMerum
d-sumiprum 06’emom. Bydemo 206opumu, wo y npocmopi (2, F, P) nputins-
Mo TeOMeTPUIHe O3HAYeHHs HMOBIpHOCTEH, AKw0 0as 6cix A € F

P(A) = [A] /191,

de |o| — d-sumipnud 06’em mroorcunu, mobmo dosorcuna npu d = 1, niowa
npu d = 2, 06’em npu d = 3 i max dani.

3ayBarkeHHs . JKI0 y popMy/IIOBaHHI 3a/1adi iBHO HE BKA3aHO Ha BUOIP
o3HadeHns itMosipHOCTeit, aste ) C R? i npucyTHi KMI090Bi c/I0Ba BUNAIKOBO,
HAaBMaHHS — TO Tpeba oOpaTu caMe reoMeTpUTIHe O3HAUCHHS.

Ilpukaaan

1. Bazmaua mpo 3ycrtpid. [Bi ocobu gomoBmmcd mpo 3ycTpid Mix 12-
0 Ta 1-10 roJAMHOIO0 MOMNoJIy/aHI. BijgomMo, M0 MOMEHTH IX MPUXOJLY JI0 MiCIlsd
3ycTpivi € BUNAJAKOBUMU. [IpWimoBImM /0 MicIg, KOXKEeH 4YeKa€ Ha IHIIOTo
nporsiroM 1/4 ropuHm, a moTiM 3asuinae Micre 3ycrTpidi. fka iAMOBIpHIiCTH
TOTO, IO 3yCTPiv BimOymeTbes 7

IIpocrip eslemeHTapHUX MO Ma€ BUTJIS

Q=1[0,1] x [0,1] = {w = (w1, ws) : w; € [0,1]}.



Kitrouose cjioBo "BUITaIKOBUME’ CJIiJ] IHTEPIPETYBATH HA KOPUCTD TPUITHSI-
TTA T€OMETPUYIHOIO O3Ha4YeHHs iiMoBipHOCTeil. [losmis, mo Bimosigae 3ycrpii,
Ma€ BUTJISIT

A={w=(w1,ws) € Q:|w; —ws| <1/4}.

Tomy P(A) = |A] /9] = (1 —(3/4)*)/1 =17/16.

2. ITapagokc Beprpana. BunaikoBo 00upaeThest XoOp/ia OJUHAIHOIO KO-
na. [lomist A mossirae B Tomy, 1110 JTOBXKIWHA XOp/Iu He Tiepeputiye 1. Posrismemo
Taki MiJIxXoau 10 00YMC/IeHH WMOBIPHOCTI ITi€l TIO/Til.

(a) Xopma obupaeThbest 3a 6uUNadK06UM NoA0AHCENHAM i1 6epuiun. Braci-
JIOK 1HBapiaHTHOCTI JOBXKWHHU BiJIHOCHO TTOBOPOTIB OJIHY BEPIITUHY MOXKHA 3a-
dikcysaru. Tomy 2 = [0, 27|, MHOXKUHA eJleMEHTaPHUX MOJiH, SKi CIPUAIOTH
A, micTuTb JBi Jyru JoBKUHA 7/3, a fiMOBipHiCTE A TOpPiBHIOE

P(A) = (7/3+7/3)/2r = 1/3.

(6) Xop/a BUSHAIAETHCS 6UNAJKOBOI0 MOUKON NEPEMUNY 13 3a04HUM Da-
diycom. Tpocrip Q = [0, 1]. Crpusttors nogii A Touku pajiyca, mo 6mzK4i 10
KOJIa HI2K TOYKA HEPeTUHY 13 NePIIeHIUKYJISPHOI XOPA0I0 OQUMHUYIHOI JOBXKHI-
HU, TOMY

P(A)=1-+/3/2.

(B) Xop/a BU3HAYAETHCA 6UNAOKOBOI0 MOUKOI0 NEPEMUHY 3 NEPREHOUKY-
asphum 0o nei padiycom Beepeanni kosa. Ipocrip = [0, 1], a esxemenraphi
moziii 3 A yTBOPIOIOTE KijlbIle BHYTPIIMTHBOIO pajiyca v/3 /2. Tomy

P(A) = (1 — n(v/3/2)?) /7 = 1/4.



Pizni BignoBii Ha HaBeJeHI 3aja4i BKa3ylOTh Ha Te, IO OJIHE i Te came
“rekcToBe” (DOPMYITIOBAHHS 331891 MOYKE ITPU3BOUTH JI0 PI3HUX IMOBipHICHIX
IIPOCTOPIB i, K HACJ/IIOK, /IO PI3HUX TEOPETUKO-MMOBIpHiCHUX 3ajiad. Tomy
napaJiokc beprpana € miJIKoM ysSBHHIM.

3. 3amauya Broddona. ['onka nasmanis KuJaeThCsd Ha IJIONUHY 13 CHU-
CTEMOIO TIapaJIeJIbHUX IPAMUX Ha OJIHAKOBIH BijicTaHi 2a oaHa Bijt ojHOl. [Tomis
A mosisira€ B TOMY, III0 Ma€ MicIle IIepeTUH TOJIKH i3 OJHIEI0 3 IPSIMUX.

[Ipoctip esemenTapHuUX MO 3a1aeThesa mapamu (z, ), ge ¢ € [0,a] —
BiJicCTaHb BiJI IIEHTPaA TOJIKU JI0 HAfOgmK90l mpsmol, a ¢ € [0, 7] — KyT Mix
FOJIKOIO Ta HampsiMoM npsivux, T7ooro ) = [0,a] x [0, 7]. Ockinbku €2 € mij-
MHOYKHUHOIO €BKJIIJIOBOI'O IIPOCTOPY, & BUOIP BUKOHYETHCA HABMAHHSI, TO CJIiI
MIPUMHSATHA IeOMETPUIHE O3HAYEeHHST WMOBIPHOCTEI.

[IpumycTumo, 110 JOBYXKUHA FOJIKU HE TEPEBUIILY€E BiJCTAaHI MiXK TapaJsiesib-
HUMU TpgMuMu Ha 1tomuHi: 20 < 2a. Tomy mepeTuH rojiku i3 HalOJINKIOI0
MIPSIMOTO MOXKJIMBUI TO1i ff TiIbKY TOJ, Koy & < [ sin . OGUnCII0I09n 38 reo-
METPUIHUM O3HAYEHHSIM ILJIONLY BiJIIIOBIIHOI MHOYKWHU €JIEMEHTAPHUX MO,
3HAXO/ MO

P(A) = [[ising dp [ ma = 2l/7a.

Bingunaunmo, 1o 1eil pe3ysibTar Jia€ MOMKJIMBICTH CTATUCTHIHOTO OITIHIO-
BaHHsI YUCJIA T Yepe3 eMIIPUIHy YacToTy MepeTuHiB v,(A) 3 dopmymn m ~
2l n / av,(A).

Bunpasa. VY cdepi pagiycy R naBmanns obpano N To4ok. 3HaiiTu iiMOBIpHICTE
TOTrO, 10 BiJCTaHb JIO TEHTPY HAWOIMKYIOI TOYKYU HE MEPEBUILyBATHME I". 3a AKUX
yMOB rpanuig 1€l imosipuocti npu N, R — 00 € nomarnowo ?



4. YMOBHI MMOBIPHOCTI

YMOBHI #MOBIPDHOCTI BUKOPHUCTOBYIOTHCSA y BUIAJIKY, KOJIU B XOMi CTOXaCTH-
YHOI'O0 €KCIIEPUMEHTY CTa€ BiJIOMOIO IeBHa iH(OpMAaIlid PO HOro MpOMizKHI
pe3yJIbTaTu.

ITpuknan. Hexait y npocropi Q = {wy, ..., w, } npuitaaTo Kiacutme o3na-
wenms imosipuocreit, A, B C Q, ng = |A|, ng = |B|, nap = |ANB|. 3a
osnavennsiv, P(A) = na/n. llpunycrumo, crae Bimomum, mo nomis B Bke
BinbOynaca. Tomi KibKIiCTh yCiX MOXKJIMBHX Y HACTYITHOMY €/IEMEHTAPHUX T10-
J1ii 3MEHIUTbCS 3 N JI0 N , & TUX, M0 CIpuAioTh A, 3 na 10 nap. OTKe, B
HOBOMY (YMOBHOMY) CTOXaCTHYHOMY €KCIIEPUMEHTI ifiMoBipHicTh A crij 06pa-
TU PIBHOIO

PB(A) :nAB/nB = (nAB/n) / (nB/n) = P(AQB) / P(B)

Osnauennsi. Hexat A,B € F i P(B) > 0. YMOBHOIO HMOBIDHICTIO 710-
0ii A 3a ymosu B maszusaemves 6i0HOWEHHA UMOBIDHOCME i nepepisly 0o
UMOBIPHOCTIVE YMOBU:

P(A/ B)=P(ANB) | P(B).

Ilpukaaan.

1. Smina wancie na xowa 6 00wy wicmky npu 080T NIOKUIGHHAT KOCT,
Axwo eidoma cyma owox. VvosipricTs xoua 6 ommiel micTkn npu 2 mminkmia-
HHAX KocTi gopisaioe 1 — (5/6)? = 11/36. $Ikmio »k crae BioMuM, 1o cyma
OY0K JIOPIBHIOE 8, TO BI/IMOBi/IHA yMOBHA WMOBIPHICTH JIOPIBHIOE

{(26), (62)}] / [{(26), (35), (44), (53), (62)}] = 2/5.

2. Bubip dsox my3sie 13 xoar00u 6e3 noseprenns. VIMoBipHiCTE 0OpaTn apy-
UM Ty3a 3a YMOBH, ITI0 IIEPIIOI0 KapToio 6e3 MoBepeHHs: 00paHo Ty3a, J0PiB-
mroe 3/51, Ha BimMiny Bix 6e3ymMoBHOI iiMOBipHOCTI 4/52.



3ayBakeHHsd. Ko TekcToBe (POPMYJIIOBAHHS 3a/1ad9i MICTUTH 3BOPOT
"Bimomo, 1o ...” 100 Pe3yibTary CTOXaCTHIHOIO €KCIIEPUMEHTY, a 3ajada
MOJIATaE Y 3HAXO/PKEHHI TMOBIPHOCTI TIEBHOI TO/Iil, TO MA€ThCs HA yBa3i 3Ha-
XOJIPKEHHSI caMe YMOBHOT IMOBIDHOCTI BKa3aHOI MOJIil, 38 YMOBH, IO BiOy/1acst
HaBe/IeHa Ha MOYaTKY MOJIis.

Teopema (nipo BiacTuBocTi ymoBHOI ifimoBipHOcTi). Hezxatli B € F i
P(B) > 0. Todi

(a) P(-/ B) >0,

(6) P(/ B) = P(B/ B) =1,

(6) P(UA, / B) =>_ P(A, / B) daa nonapro necymicnux A,.

loBeeHHsi.

(a) Ba o3HAYEHHSAM BiJIHOIIEHHS HEBIJI'EMHUX YUCEJ,

(6) BummBae 3 pisnocti P(B N B) = P(B),

(B) 3 03HAYEHHST YMOBHOI IMOBIDHOCTI T& CHI'Ma-aIu THBHOCTI HMOBIPHOCTI:

P(UA, /| B) = P((UA,)NB)/P(B) = P(U(A,NB))/P(B) =
2. P(A.NB)/P(B) = P(A, / B),

ockinbku 1oil A, N B nmomapuo wecywmicni [

Hacaizok. Ymosna iivosipuicts P(A / B) sk dyukiis moail A mae Bei
OCHOBHI BJIACTUBOCTI WMOBIPHOCTEN, IO BUILIUBAIOTH 3 aKCIOM Ta BUKJIAJIE-
Hi B TeopeMi IIPO OCHOBHI BJIACTHBOCTI HMoBipHOCTEl. [lificHO, TBEpKEHHST

(a),(6),(B) Teopemy MOBHICTIO BiANOBLIAIOTH akciomam Teopil iiMoBipHOCTEl

(P1),(P2),(P3).

4.1. VmoBipHICTH mepepily BUMAJTKOBUX MOTiil

YMoBHA HMOBIPHICTH BU3HAYAETHCH Yepe3 BUXiIHY, ITOYATKOBY WMOBIPHICTD,
110 OJIHOYACHO OTHUCY€E K MPOMIYKHMI, TaK 1 3aKJIIOYHUI eTall CTOXaCTUIHOTO



ekcriepumenty. [Ipu dopmysoBanHi CKIaJIHUX CTOXACTUYHUX €KCIIEPUMEHTIB
4acTo JIII0Th 3BOPOTHUM YMHOM: CIIOYATKY 38/1al0Th IMOBIPHOCTI ITPOMIZKHUX
pe3yabTaTiB Ta YMOBHI MMOBIPHOCTI 3aKJIIOYHUX PE3YIbTATIB €KCIEPUMEHTY,
a BKe Jepe3 HUX OOYHUC/IIOI0Th CyMiCHI WMOBIPHOCTI BCIX TIO/IiA.

Hanpukna: Bubip 2 Ty3iB 6e3 MOBepHEHHSI MOXKHA OIUCATH 38 JOITOMOTOI0
fiMOBipHOCTEl BHOODPY Ty3iB UM iHIIMX KapT Ha IEPIIOMY €Talli Ta YMOBHHX
iMoBipHOCTEH BUOOPY TY3iB HA JIPYTOMY KPOIIi 382 YMOBOIO, IO TIEPIITIM 00PaHO
Ty3a 4 iHNIy KapTy. ToMy HacTymHa Teopema He € TaBTOJIOTIE0.

Teopema (mpo iimoBipHicTs nepepisy mnogiit). Heratd A, B € F i
P(B) > 0. Todi

P(ANB)=P(B)-P(A/ B).

doBenennst ouesujine [+

SayBarkenusi. Y Bunajky, ko P(B) = 0, HaBejeHna ¢Gopmy/ia TaKOXK
CIIpaBeINBA, OCKUIBKY 38 MOHOTOHHICTIO itMoBipHOCTI P(ANB) < P(B) =0,
a MpaBa YaCcTUHA 3aBXKJIU HYIHOBA.

Teopema (mpo iimoBipHicTh Tepepidy n mogiit). Hexat A, € F i
P(Ay) >0, k=0,n. Todi

P( g<hen Ar) = P(Ao) IT 1<pn P(Ax / Ao N ..M Ag—a).

HoBenennsi. Popmysia BUBOJIUTHCA 3 TEOPEMHU 11PO IMOBIPHICTE TIepePizy
MO 3a 1HTYKITI€TO.



5. @opmyiu moBHOI iMoOBipHOCTI Ta Baiieca

Posrisinemo Jiestkuil BOXeTANHUN CTOXACTHYHUN EKCIIEPUMEHT (HAIIPUKJIAT,
noc/iiioBHui BUOIp 2 Ty3iB 6e3 nosepHenHs). PiKCyr0UN pe3ysbTaT Meprioro
eramy, MU He OTPUMaEMO eJIeMEeHTapHy IOJIiI0 — TOMY IO Hapa3i HeBigomuit
pesysbTaT Japyroro erairy. OIHOYACHO IOJI, IO IOB’si3aHi 3 pe3y/abraTamMu
IIEPIIIOr0 eTalry, MaloTh BCi XapaKTEPHI BJIACTUBOCTI eJIeMEeHTapHUX IO BO-
HU TIOITAPHO HECyMiCHI Ta B 00’€THAHHI CKJIaJai0Th BeCh mpocTip ().

Osnavenns. [locaidosnicmo noditi (Hy, k > 1) nasusaemves MOBHOIO
rpymoio noAiit (rimores), axwo H; N H; = & npu i # j, ma UH, = Q. Exei-
BANEHMHE BUCA0BM06aHHA Noaszae 6 momy, wo (Hg, k > 1) ymeoproromo
posoutts npocmopy €.

5.1. Popmysia MOBHOI IMOBipHOCTI

Teopema (dopmysra noBuol iimoBipHocti). Hezat (Hy, k > 1) -
noswa 2pyna noditi. Jlrs dosinvhoi nodii A € F

P(A) = Zkzl P(A ] Hy) P(Hy).

Hosenenns. Ockibku A = U >1(A N Hy), Je nomil B npasiit gacTuHi
HONAPHO HECYMICHI, TO 3a BJIACTHUBICTIO CHUIMa-aUTUBHOCTI T3 38 TEOPEMOIO
PO MMOBIPHICTH TIEepepizy MO/

P(A) = Zkzl P(Aﬂ Hk) = Zk21 P(A / Hk) P(Hk)-

BayBaxkennsi. [Tana dpopmyiia cripaBeinBa TakoxK y Buniajky, ko P(Hy) =

0 myist esikux k, OCKUIBKY 38 O3HaYeHHAM J00yTOK () Ha Oy/Ib-SIKe TUC/IO € HY-
JILOBUM.



Ilpukaaan.

1. Bunadxosuii eubip kysi 3 eunadkoso obpanoi ypru. Maemo n ypH, y
k -it ypHi k 6i1ux Kysib Ta n — k vopaux. HaBmanus oOupaeTbes ypHa, a 3 Hel
— BUIIQJIKOBa KyJd. flka iMOBIpHICTH TOTO, 1m0 KyJisd 6ia 7 /i po3s’a3anms
MO3HAYUMO Yepe3 A BiIOBIIHY TOJIif0 Ta BUSHAYMMO TTOBHY I'DYITY 1101l Hy, =
{o6pano k -y ypuy}. Toxi 3a kiracuannM o3HadeHHsIM fiMoBipHOCTEl P(Hy) =
1/n ta P(A / Hy) = k/n. Orxe, P(A) =>_,(k/n)/n=(n+1)/2n.

2. Hxut 6isrem 0invw wacaueutl: obparutll nNepwuM 4 OCMAHHIM CMY-
denmom ¢ EK3aMeH CKIaJal0Th N CTYJEHTIB, fKi IOC/IIIOBHO 00UpalTh 6e3
IIOBEPHEHHS 110 OJIHOMY OijieTy 3 mepBicHOI 3arajbHOl KinbkocTi m. [ls Kiab-
KicTh MicTuTh k < m macauBux Oireris. [Tosmaunmo gepes A, n > 1, nomiro,
IO TIoJIATaE y BUOOPI IMIACIUBOrO OijieTta n-M cTygaeHTOM. Toji KoxKHa 3 Imap
nomiit (A, A,) € IOBHOIO TPYIOI0 MO, 3a KIACHIHEM O3HAMEHHSM HMOBIp-
Hocreit P(A;) = k/m. Tomy 3a dhopmysioro mOBHOT HMOBIPHOCTI

P(Ag) = P(Ay /A1) P(A1) + P(Ay[A))P(Ay) = k=L k 4 ke mok _ &

m—1m m—1 m

Ba ingykmieo gosoxnmo, mo P(A;) = k/m upu j < m.

5.2. ®opmyJa baiieca

Hacrymnra dopmyna mae MOXKIUBICTD IMOCTIIOBHO YTOYHIOBATH HMOBIPHOCTI
IIOBHOI I'PYIIN 110/1ii1 3a pe3yJbTaTaMU CIIOCTePEeKeHb Ha IIJCTaBl IPOMIXKHUX
pPEe3YJIbTATIB CTOXAaCTUIHOTO €KCIIEPUMEHTY.

Teopema (dopmyiia Baiieca). Hexat (Hy, k > 1) — nosna 2pyna nodii,
i BeF iz P(B)>0. Todi

P(B / Hy) P(Hy)
Z j>1 P(B / Hj) P(Hj)'

P(Hy /| B) =



JoBeneHHsi. 3a 03HAYEHHAM YMOBHOI fIMOBIPHOCTI Ta 3a (POPMYJIOI0 TIOB-
HOI fiMOBIpHOCT1

PUE B) = g - ey

Ilpukaaan.

1. Ouinka ne6idomoz2o ckaady ypru 3a KOALOPOM BUNAIKOBO 00PAHOT KYAL

YpHa MicTUTB 1 Kyiib, i3 HuX k € [0, n| 61 (rinoresa Hy,), iammi — wopHi. Bei
AIpPIOPHi MPUITYIIEHHs OJI0 BMICTY YPHU PIBHOMOXKJIUBI. 3 YPHU HaBMaHHS
oOpaHo KyJIi0, BOHa BUABU/IacA 0171010, AK Tpeba 3MIHUTH WMOBIPHOCTI TiroTe3
IOJTIO0 CKJIaLy YpHH 7

Hexait A — nosiist, 1mo noJisirae y Bubopi 617101 Kysai. 3a yMOBOIO PiBHOMO-
»umBocti rimores P(Hy) =1/(n+1), P(H,/A) = Zkk({?,g/%((?;gill)) — (iil)

2. Bidcomox supobruymea bparxosaroi npodykyii 00no20 3 060x 3a600i6.

Ha punKYy mpemcraBiieHO TPOJIYKITIIO ABOX TeseBi3iitHIX 3aBoiB. [leprmmit
npoaykye 10000 TeneBizopiB Ha pik, apyruit — 80000. Ilepruit 3aBog mae 2
poIeHTN OpaKoOBaHOI IPOIYKIIil, Apyruii — 0.5 nporenTta. Hapmanns obpamnmit
TEJIEBI30D BUSBUBCS OpakoBaHuM. fKuit 3 BUPOOHUKIB € JijIs HHOI'O HAMOLIBIIT
iMoBipHUM 7

[Toznaummo depes Hy, k = 1,2, rinmore3y Mmoo MoOXo/XKEHHs TejeBizopa 3
k-ro 3aBoxy, A — mojiito, IO MOJIATAE B TOMY, 1110 HABMAHHsI OOpaHUil Te1eBi30P
€ OpakoBanum. Tosi

P(H;) = 10000/(10000 + 80000) = 1,9,

P(H\/A) = soariassstssrs = 1/3, P(Hy/A) =2/3.



6. HeszaaexxHl BunaakoBi moJil

VY Teopil fiMOBIpHOCTE!l BUKOPUCTOBYETHCS crieluivHe MOHATTS HE3aJIeZKHO-
CTi, iK€ MOXKHA Ha3BaTH CTATUCTUYHOIO He3asekHicTio. [lofil BBaxKaoTh He-
3a/IE2KHUMHM, AKINO HagBHA iH(OpMAaIlisd PO OJHY 3 HUX HE 3MIHIOE IIAHCIB
JIJIST 1HIIIO].

Osnauenns. Hexali A,B € F i P(B) > 0. Ilodia A ne 3anesrcumo 6id
nodii B, axwo P(A |/ B) = P(A).

BukopucroBytoun O3HAYEHHS YMOBHOT MOBIpHOCTI
P(A /) B) = P(AN B) / P(B), orpumyeMoO eKBiBaJieHTHe, ajie OLIbII 3a-
rajibHe Ta CUMeTPUYHE O3HAYEHHS IOIIapPHO]I HE3aJIeZKHOCTI.

Osnauenns. /[6i nodii A, B Ha3u6atomvcs HE3ATEKHUMA, AKULO

P(AN B) = P(A) P(B).

SayBaxkeuns. [Ipu dbopmysoBanHi CKIQJIHUX CTOXACTUYHUX EKCIIEPU-
MEHTIB 9aCTO BKa3yIOTh IMOBIPHOCTI Pe3yJ/IbTaTIiB OKPEMUX 1X €TalliB, & TAKOK
MIOCTYJTIOIOTH HE3aJIeXKHICTD MO/ 3 pisHux eraris. Tomy HaBejieHe O3HAYEHH S
He3aJIe2KHOCTI BUKOPUCTOBYETHCS IK IMEBHA TeopeMa PO WMOBIPHICTE Tepepi-
3y He3aJIe;KHUX MOJIi#, IO J03BOJIsi€ OOUUCIUTH HMOBIPHICTD II€pepisy.

Ilpukaaan.

1. Ilosmopne nidkudannsa rxocmi. Hexait momist A, mossirae y BuiiajiaH-
Hi micTku y k-my migkumanai. Tomi KjaacudHe o3HAYEHHSA HMOBIpHOCTEl 3BO-
JITHCS JI0 MOCTyoBaHHs ToToxkHOCTI P(A; N Ag) = 1/36. ExsiBasentanm
mijxozoM € mpuitHATTS piBnomoxksmsocti P(Ay) = 1/6 Ta mocrysoBaHHS
He3aJIeKHOCTI Momiik Ay.

2. I100ii, wo nos’asami i3 KoopduHamamu 6unadkosoi mowky 6 Keadpami.
Hexait 2 = [0, 1]%, npsamokyrauk A = A; X Ay. 3a yMOBU BUIIaIKOBOCTI 3TiJIHO



3 reoMeTpuIHIM O3HadeHHAM iMoBiprHocTi P(A) = |A| /|| . fAkmo ) mocry-
JIOBATH BUIA/IKOBICTH BUOOPY KOYKHOI KOOD/JMHATH TOYKH Ta HE3ACIKHICTD
KOOpJMHAT, MaeMo ekBiBasenTHui Bupa3 P(A) = (|A;| /1) x(|A2| /1) = |A] /1.

BnpaBa. Ckinbkn icnye nap He3aleKHUX HOJIH y #IMOBIpHICHOMY TPOCTOPI 3

IIPOCTOIO KIMBKICTIO €JIEeMEHTAPHUX IOJ1i IPU KJIACUIHOMY O3HAUYEHHI IMOBIpHOCTEM
0

6.1. IleperBopeHHS He3aJIE2KHUX MO

Teopema (Ipo mepeTBOPEeHHSI HE3AJIEXKHUX MO/Iiit).

(a) Josinvra nodia A ne zarestcums 6id ) ma .

(6) Swxwo nodii A i B nesanesicni, mo A i B maxootc resanesicii.

(8) Hrwo nodia A me 3sansescumv 6id By ma 6id By, npuvomy
Bi N By =3, mo A i By U By makootc He3a.neHCHI.

(2) SAxwo nodis A ne zanesrcumv 6id By ma 6id By, npuuwomy By C B,
mo A i By \ By makooic ne3anestcns.

JloBeneHHsI.
(a) P(ANQ) = P(A) = P(A) P(Q).
(6) P(ANB) = P(B\ ANB) = P(B)—P(ANnB)= P(B)—P(A)P(B) =
P(A)P(B).
(8) P(AN(B1UBy)) = P((ANB;)U(ANDBsy)) = P(ANB,)+ P(ANBy) =
P(A)(P (Bl) + P(By)) = P(A) P(B1 U By).
P(A)(P(Bz) P(By)) = P(A) P(B;\ By) &

Bipasa. [Josectu, mo nogis A He 3a1e;kuth Bij cebe caMoi To it TiIbKK TOI,

xomn P(A) € {0, 1}.



Binbmr 3arajibHe MOHSTTS HE3aJ€KHOCTI CTOCYEThCsT MMOBIPpHOCTEH OHO-
YaCHOI OABU JIEKIJIbKOX IIOMIii.

Osznauenns. [100ii 3 nocaidosnocmi (Ax, k = 1,n) nasusaromvca He-
3aJIEXKHUMHU B CYKYITHOCTI, AKWO 0as 006iavhux namypasohuxr m € (1,n], i
dosinonur Hamypasvhur 1 < ky < ko < ... <k, <n

P(Ag, N A, N . NAy,) = H1<  P(AR).
<i<m
Bopasa. O6uuciuru iiMoBipHicTb 00’€IHAHHS HE3AIEKHUX Y CYKYITHOCTI O/’
gepe3 IMOBIPHOCTI OKPEMUX TOJTITA.

6.2. Ilpmkiaan BepHinreiina 3ajie2KHUX y CYKYITHOCTI Be-
JUYUH

OueBuIHO, 110 3 HE3AJIEXKHOCTI B CYKYITHOCTI BUILIMBAE MONTAPHA HE3aIe2KHICTD
noziit 3 mocsimorocti (Ay, k = 1,_n) — TOOTO HE3AJIEXKHICTH KOXKHOI IMapu TOo-
aiit (m = 2). Ipukiaa C.H.BepHuiureiina cBigauTh, 1110 obepHEHEe TBEDIZKEHHS
XUOHE — 3 NONAPHOT HE3ANEHCHOCTNT HE BUNAUBAE HEZAAECHCHICTNG Y CYKYNHO-
cms.

Posrasunemo npasuabaIii rerpaeap i3 4 rpausyu. I[lepmri tpu modapbdboBa-
HO B CHHIM, KOBTHII Ta YepPBOHUI KOJIBOPHU BimoBigHo. OcTanHs IpaHb PO3-
JilleHa HA TpU DPiBHI YacTuHU, dKi Texk modapboBaHi B CUHIl, KOBTUN Ta
YEePBOHUN KOJLOPH BiTIIOBITHO.

Terpaep naBMaHHs JIKWHY/IN 1 BiH BIIaB Ha OJIHY 3 IpaHeil.

Hexait C, 2K ta Y — BumaikoBi 110/1i1, 9Ki MOJIATAIOTH Y TOMY, 0 Ha HUZKHIH
rpaHl TeTpaeapa MPUCYTHIN CHHIH, KOBTUIl Ta YEepBOHUII KOJIP BLJIIOBLIHO.
Tomi

P(C)=P(EK)=PH) =2/4=1/2,



P(CN2K) = P(2KNY) = P(CNY) = 1/4 = P(CNZKNY) # 1/8.

Orxke, nozii C,2K,Y HezayiexkHi mormapHo, aJjie 3aJeKHi B CYKyITHOCTI.




7. JluckpeTHi BUNAAKOBI BEJIUMINHNI

[ToHSTTS BUNIAIKOBOI OJIT JI03BOJIsiE BUBYATH SIKICHI (JIMXOTOMIYHI) HAC/I KN
CTOXaCTUYHMX eKcriepuMeHTiB. Ha nmpakTuili BaykK/ImBO BUBYATU TaKOXK KLIbKi-
CcHI pe3yJsibTaTi (HAIPUKJIA: KIJIBKICTh aBEePCiB IPH 2 MiAKUIAHHIX MOHETH).
Mt BU3HAUEHHS TakKol KiJIbKOCTI HEOOXiTHO KOXKHIN ejieMeHTapHiil 1o/l mo-
CTaBUTH y BIAMOBITHICTH TEBHE YNCJIO — KITBKICHUAN PE3yIbTaT eKCIIEPUMEHTY,
TOOTO BU3HAYUTHU (DYHKIIIO HA MIPOCTOPI ejeMeHTapHux noiit. Tomy posriis-
HEMO TaKe O3HAYEHHS.

O3znadvenHs. /[nCKpeTHOIO BUIAIKOBOO BETUINHOIO HA3UBGEMbCA 81000pa-
orcenna € 1 Q0 — R, wo mae cKinvenHy ab0 3AT4eHHY MHOHCUHY 3HAYEHD
Q) = {¢(w), we Q} = {x1,.2,,..}, npuromy 0 KOAHCHO020 MONHCAUBO20
HaA%ENHA Ty, NPoobpas {w : {(w) = x,} € sunadrosoto nodiero, mobmo

{w:é(w) =z,} € F,Vz,.

Ocranus ymMoBa (BUMIPHICTB) € CYTTEBOI, TOMY IO HpH 11 HOPYIIEHH]
HMOBIDHOCTI JesIKUX BUCIOBJIIOBaHb I10/10 3HAYEHb (DYHKIIT £ He Moy O OyTn
BU3HAYEHNMU.

VY nogasbiiomy OyjieMo BBaXKaTH, MO BCl HABeJIeH]l BUllle 3HaYeHHs {T, } €
DIBHUMU.

7.1. Posnomij JucKpeTHOI BUIIAAKOBOI BEJIMYNHU

Osnadvenns. Posnoninom duckpemnoi sunadkosoi seaununu &(w) 3i 3na-
YeHHAMU {Tp} HA3UBAEMBCA NOCAIO0BHICML UMOSIPHOCTMET

(pn =P =x,), n>1).



st mmoc1iioBHICTD € HEBi'€MHOIO 1 B CyMi CTAHOBUTH 1, TOOTO € JIUCKpe-
THUAM PO3IIOJILIIOM IMOBIPHOCTEIA.

SayBakenHs. OcCKibKE apryMEHTOM OV/Ib-SKOI BUITAIKOBOI BEJIMYIUHN
¢(w) 3aBXKIU € eJeMeHTapHa MO/ W, TO MPH 3allUCy BHIAIKOBOI BEJMIUHI
Ieft apryMeHT 9acTo He BKa3yIoTh 1 IpocTo nuinyTh & . Kpim Toro, mpu 3ammcy
MOBIpHOCTEI IO/, TTOB’I3aHUX 13 BUIIAIKOBOIO BEJIMINHOO, IJIsi CKOPOUIEHHSI
4acTO OIIyCKAIOTh BKa31BKY Ha €JIeMEHTapHY IOJIIO:

{E=2} ={w:{w) =2}

3okpema, 3a JJOMOBIICHICTIO BUpa3 BUrIAny P( = x) Tpeba po3ymiTi sk
P({w: &(w) = z}).

Posnogin nuckpeTHux BUNAIKOBUX BEIUINH YACTO 300PaKyIOTh y BULJISII]
TaOJIMITL

f Ty X2 ... Tp ...
P pr ps ... pno ..

Teopema (mmpo posmnozain dyHKIIT Big quckpeTHOol Besmuannm). He-
zatl & — duckpemna 6unadkosa GeAUNUNG 3 PO3NO0JLAOM (Py) MG 3HAYEHHAMU
{z,}. Todi das dosinvrol Pynruyii g

P(g§) e B)=)

n:g(zn)EB Pn-

JloBeneHHs € HAC/IIIKOM 300parKeHHs

{9(&) € B} = U, 4@nenlé = 230



7.2. ImamKaTopHa BHUIIAJKOBA BeJIMYMHA

Oszuavenns. Hexait A — sunajikosa nojis. [T [maukaTropHOIO BeJIMIMHOIO
14 Ha3MBAETHCS ABO3HAYUHA BUIIAIKOBA, BEJIMIIHA,

l,we A

1A(w):{07w¢A

Bopasa. losectn, mo: 14 g =1alpg, laug=1a+1p—14n B, 1y A, =
> 14, mns nonapuo mecymicaux A, 14 =1 — 14, 14 =lim1, , akmo A, T A
abo A, | A.

7.3. IIpocra BmmaJjKoBa BeJIMYMHA

OsHaveHHs. /Juckpemna 6unadkosa GEAUMUNG HAZUGAEMBCA TIPOCTOIO
BEJIMINHOIO, AKUWO 60HA MAE CKIHYEHHY MHONCUNY 3HAMEND.

OueBuiHO, MO cyMa, J00YyTOK Ta (PYHKIIT BiJ| IIPOCTUX BEJIMYUH € TIPOCTHU-
M.

dkmo £ — mpocra BUIIAJKOBA BEIUYHHA 3 MHOXKUHOIO PISHUX 3HAYEHD
{z1,...,xp}, T0 C) = {€ = x1} € F yTBOPIOIOTH MOBHY I'pyIy ojiil i Mag

MicIie 300parkeHHs
n
= Trlo, .
3 E e TRACK

7.4. Cxema cTOXaCTHYHMUX BUNPOOyBaHb BepHYyJLTi

BHavHa KIJIBKICTh IUCKPETHUX PO3IOIIIIB OB’ si3aHa i3 TAKOIO CXEMOTO BHITPO-
OyBaHb.

Oznauenns. Cremoro BunpoOyBanb Bepryit nazusaemwves cmoxacmu-
YHUT eKCNEPUMEHM, UL0 3600UMbBCA 00 NOCAIJOBHOCTNI



(a) nezanresrcrur y cykynnocmi unpobysany,
(6) KoorcHe 3 AKUT € UTOMOMINHUM — 3AKIHYYEMBCA 00HUM 13 080T PE3YAb-
mamis: Ycnix abo HeYcnir, npuvomy
(8) tdmosipricmv yenizy He 3aseacumv 610 Homepa 6unpodYEaHHs.

st mobymoBu fiMOBIpHICHOTO TTPOCTOPY, AKHH Bifmosigae cxemi Bepryi-
JIi, MMO3HAYUMO 4Yepe3 N KiJbKiCTh BHIIPOOYBaHb, p — HMOBIPHICTH yCIiXy B
OJIHOMY BHUIIPOOYBaHHi, ¢ = 1 — p — #MOBIpHICTH HeycHiXy. AKIINO OTOTOXKHM-
TN 3HavdeHHd 1 3 ycmixoM Ta ( i3 HEycHixoM, TO eJleMeHTapHa IO/l MaThMe
BUIVISA

w= (W1, .., wn), wr € {0,1}.

OTzke, mIyKaHuii IpOCTIp eJleMeHTapHUX IO/ € JUCKPETHUM, MHOXKUHA
esemeHTapHuX moxaiil mopisaioe 0 = {w} = {0,1}", curma-anredpa momiit
MICTHTH yCi MIMHOXKWAHU: [ = 29

s Bimmykanns iimosipraocTeit 3adikcyemo Touky € = (g1, ..., &,) € {0,1}"
Ta POBLJIAHEMO OJHOTOYKOBY OO

{e} ={w:w=¢e} =N {w:wp =€}

3a yMOBOIO MO/l 111/ 3HAKOM TIepepi3y He3aseKHi B CYKYITHOCTI, OCKIIBKHI
CTOCYIOTBhCA PI3HUX BHUIPOOYBaHb. KpiM TOro, IMOBIpHICTDL PE3yJIbTATY €) Y
k-my BUNIpOOYBaHHI JIOPIBHIOE

l—eg

P({w : wi, = ex}) = plie,=1} + ql{e,=0}y = P™*¢q
3Bigcu

Plw:w=¢}) =[lios PHw:wr =&}) =
HZ:I pskql—ek — pun(e)qn—yn(s),



Jie pyHKITisS

va@) = wp={k:wi =1}

k=1
30ira€ThCsl 3 3arajbHOK KIJbKICTIO YCIIXiB B  eJIeMeHTapHifl 1ol
w= (w1, ...,wp). AK B yeIKOMy IUCKPETHOMY HMOBIDHICHOMY IPOCTODI, HMO-
BipHICTH Oy/ib-AKOI O/l JOPIBHIOE CyMi IMOBIpHOCTEH CHIPUATIUBAX €JIEMEH-
TapPHUX IIOJIIA.

7.5. BiHomiaJibHMIT PO3IOIiT

O3nauenHs. /luckperna BUMAIKOBA BeJIUYINHA & MA€ OIHOMIANLHUT PO3-
nodia i3 mapameTrpamu n Ta p, nosHavdeHus £ ~ B(n,p), SKIIO BOHA 30Ira€ThCst
3 3araJIbHOIO KiJIbKICTIO yCINXiB y cxeMi BUIpoOyBanb BepHysuii 3 n BUpoOy-
BAHHAMU Ta WMOBIPHICTIO YCIIXY p B OJIHOMY BUIIPOOYBAHHI.

Mg obumnciaenust po3noainy € 3ayBayKuMO, 10 3a O3HadeHHAM &(w) =
Vn(w), e byHKIo v, BUSHAYEHO BHIIE TIpu onucanHi cxemu Beprysut. Tomy

P =k) =2, =t PU@}) = 20 c(0)=k prrlgrvele) =
{w: E(w) =k} p* "7

OCKiIbKE KiTTBKICTh eJleMeHTapHuX mofiit y mofii {£ = k} gopiBHIOE Kisib-
KOCTi criotydenb (k-eJleMeHTHUX T1IMHOKIH MHOXKUHE 3 1 esieMentis) CX| to
OCTATOYHO Ma€EMO

P(E=k)=pa(k) =Cyp" 1 —p)"™" k=0,n.

[MocminosHicts (p,(k), k = 0,n) HasuBaeThCst GIHOMIAIBLHIM PO3IIOJILIIOM
IMOBIpHOCTEIi.



Bnpaga. (3azaua Banaxa npo cipuukosi Kopooku). OuH MaTeMaTuK 3aBKI1
HOCUTBH i3 cODOIO M0 KOpOOIl CIpHUKIB y KOXKHi#l KurieHi. KoxKHOro pasy Ijisi BH-
iMaHHs CIpHUKa BiH HABMaHHsI OOMpAaE KHUINEHIO. 3HAWTU WMOBIPHICTH TOTO, IO Y
MOMEHT, KOJIM BIiH BIeEpIIe BUTATHE MOPOXKHIO KOPOOKY, IHIIAa MICTUTHME TOYHO K
CIpHUKIB.

Teopema (npo BJsiacTuBOCTiI GiHOMiaIbHUX iMOBipHOCTEIt). Bitomi-
aavii dmosiprocmi pp(k) ne cnadaroms npu k < np + p, ma ne 3pocmaromo
npu k > np+p, momy HatbLALUL IMOBIPHE 3HAYEHHA OIHOMIAALHO20 PO3NOJIAY
dopierroe k = [np + p).

HoBeaentsi. O0YNCINMO TOCIIOBHI BlIHOIIEHHS

pu(k) [/ pu(k —=1) =14 (np+p—k) / k(1 - p).

[IpaBa wactuna menmia 3a 1 Tofi i TibKK TOL, KOJX k > np + p, 3BiAKN
BUILIMBAE IIyKaHUI BUCHOBOK [-]

Bopasa. V gxkomy Bunaaxy HaiGLIbm iMOBIpHE 3HAYEHHS OIHOMIAJIBHOTO PO3-
TOJTLTY JTOCATAETHCS § JIBOX TOUKAX !

7.6. T'eomerpmYHMIT PO3IIOILT

OzuavenHs. /[uckperna BUNIAIKOBA BeJIMINHA £ MAE 2e0MEMPUUHUT PO3-
nodia i3 mapamerpom p, mozHadeHHs ¢ ~ G(p), gAKIMO BOHa 36iraeThes i3
KUIBKICTIO BUIIPOOYBaHb JIO TEPIIOrO YCIIXYy B HECKIHYEHHiil MOC/IiIOBHOCTI
BUIIpOOyBaHb Bepnysuii 3 iMOBIpHICTIO yCHiXy p B OJHOMY BUIIPOOYBAHHI.

3a BJIACTHBICTIO HEIIEPEPBHOCTI HMOBIPHOCTI, MMOBIPHOCTI MO y cxemi
i3 HeOOMEKEHOIO KiJIbKICTIO BUIPOOYBaHb € rpaHudHuMu npu N — oo Jjisd
cxemu i3 N BunpoOyBanusmu. Tomy s koxuoro 1 < k < N

PN(g - k) = Zwk+1,..wN €{0,1} PN({(O...Olwk+1, ...,(.UN)}) =
Py(Uey s on efony1(0--01wpyr, ;wn)}) = Py ({(0..01)}) = ¢*'p.



Ot2ke, TeOMETPUYHMI PO3IIOJILT IMOBIDHOCTEH Ma€ BUIJISIT

PE=k)y=1-p*'p, k=12,..

7.7. HeraruBHuii reoMeTpUYHNI PO3MOIiJI

Oznavenns. /[uckperna BuraIkoBa BeIUInHA £ MAE HE2AMUBHUT 2€0Me-
mpuuHull po3nodia i3 mapamerpamu p, r, nosHadents & ~ G(p,r), KO BOHA
30iraeThcs 3 KiJIbKICTIO BUITPOOYBAHD JI0 1'-T'0 YCIIXY B HECKIHYEHHIH ITOCTi/I0B-
HOCTI BUIIPOOyBaHb BepHysuii 3 iIMOBIpPHICTIO yCIIiXy p B OJTHOMY BHIIPOOYBaHH.
Posnonin mae Burian

PE=k=C (1-p)'p, k=12,

JliticHO, KOXKHA CHPULATINBA eJIleMeHTapHa II0isl JOBXKUHU k MicTUTb k — 1
HEYCIIXiB Ta 1 YCIXiB, IPUIOMY OCTaHHIM Mae OyTu ycmix. Tomy HMOBIpHICTH
Taxoi nosii gopisioe (1 — p)k~"p", a 3araibHa KiTbKicThb iX 36iraeThcs 3 Kijlb-

KicTiO po3Mminienb r — 1 ycnixy Ha nepmux n — 1 Micril.

7.8. T'inepreomeTpudHUil PO3IIOIiT

Posriasgnemo Takmit croxacTudHHil eKcuepuMmeHT. B o3epi miaBae Bchoro N
pub, i3 HEUX N WIyK, a iHmd — kapaci. Pubaska BuwioBuB m pub. /luckperna
BHUIIAIKOBa BeJIUINHA &, 10 JOPIBHIOE KiJIBKOCTI IIyK Y BHUJIOBI, Ma€ 2inepeeo-
mMempuuHull po3nodia i3 napamerpamu N, n, m.

st oOunc/ieHHs PO3MOJIIIY BEIUYUHE £ TPUIMEMO KJIACHIHE O3HAYCHHS
WMOBIpHOCTEN Ta 3ayBazKMMO, IO KiJTbKICTh BCIX eJIeMEHTapHUX MO/l J0PiB-
nioe C' — KiIbKoCTi crocobiB obparu m pud i3 3araspHoro ynciaa N. Kias-
KICTh eJleMeHTapHUX IOJiil, IO CIPULAIOTH OJT {f = k}, oueBuiHO, IODiB-
HIOE 32 OCHOBHUM IpasujioM Kombinaropuku CF C~F — 106y TKOBI KigbKoCTi



c1rocobiB obpaTu k IIyK i3 3arajbHOI KIIBKOCTI 1 Ta m — k Kapacis i3 KiJIbKOCTI
N — n. OTxe, rinepreoMeTpUIHUN PO MAE BUTJIS/T

_ Ckogh

SayBakenns. fxio npoiaTepuperyBatu N dK 3arajbHy KiJbKICTb BU-
pOoOiB, 110 BUTOTOBJIEH] Ha IIIIPUEMCTBI, 1 — K KLJIBKICTh OpaKOBaHUX Cepe/l
HUX, m — 9K 00’eM BUOIpKOBOI mapTil, mo Oy/a nepeBipeHa Bi/lJIiioM KOHTPO-
JIIO SIKOCTi, TO BUIAJIKOBA KiJbKICTh BUMBJIEHUX OPAKOBAHUX BUPODIB MATH-
Me TinepreomerpudHuit pos3noiii. Ileit hakT BUKOPUCTOBYIOTH, 30KpeMa, pu
CTATUCTUIHOMY KOHTPOJII KOCT1 IIPOJIYyKIIiT

Bnpasa. Haii6inbm iMoBipHE 3Ha4YeHHSA Kk TOPIBHIOE
(n+1)(m+1)/(N+1)—1~nm / N. Bkasiska: BiIHOIIECHHS MOCJIiIOBHIX
imosipuocreit mae Bursan (k+ 1)(N —n—m+k+1)/(n —k)(m — k).

7.9. Posnoxgia Ilyaccona

OsHauenHs. /[nckpeTHa BUIIAIKOBa BeJn4unHa Mae posioir [lyaccona 3
napamerpoM A > 0, nosnadenns & ~ I1(\), axmo
n
P =n)= )\—' e n=0,1,2..
n!

HopMmoBaHicTh 1yaccoOHIBCHKIX IMOBIpHOCTEH BUILIMBAE 3 (POPMYIU PO3-
kiraay B pan Teitmopa dyskiii exp(A). Posnonin [Tyaccona mupoko Bukopu-
CTOBYETHCS B TeOpil HMOBIpHOCTEI Ta CTATUCTHUII JI/IS MOJIE/TIOBAHHS BUIIA/I-
KOBHX IIOTOKIB IIOJIilf, TAKUX 9K KiJIbKICTh TeeOHHNX BUKJINKIB 38 IMeBHUI
4Jac, KUIbKICTh 3aXBOPIOBaHb 3a MePiojl, KIIbKICTb BUIAJKOBO OOpaHUX TO-
JOK y 1IeBHOMY 00’eMi Torro. OIHOYACHO BiH € TPAHUIHUM JIjIst OIHOMIAIHHOTO
PO3IOILITY.



7.10. I'panmuni treopemn Ilyaccona i MyaBpa-Jlaniaca

CxeMmor0 cepiit BunmpoOyBaxb BepHyIi Ha3suBaeThCA MOBIiHA OC/IIIOBHICTD
BUNPOOYBaHb, y sKiil B n-iii cepii (miAHOCTIIOBHOCTI) MICTUTBCS 1 BUIPOOY-
BaHb BepHysuii 3 iIMOBIpHICTIO yCHiXy p, B OJITHOMY BHIIPOOYBaHHI.

Teopema (rpanuuna Teopema Ilyaccona). Poszasnemo cxemy cepid
sunpobysansy Bepnyani, 6 Axil n-ma cepia Micmums n 8uNpodysans i3 UMo-
BIPHICTNIO YCNITY Dy TlO3HAWUMO V), — KIADKICTD YCNITIE Y N-10 CEPTi.

Hpunycmumo, wo odnouacro n — oo ma p, — 0 max, wo np, — A > 0.

Tooi
k

A
lim ,, oo P(vp, = k) = il e VE=0,1,...

JloBeieHHst.

Plv, = k) = C% pk (1 — po)"* = apy, @ (1 — nenyn,

k! n
ae app = (1= pp) *I]1cicp(1— %) — 1, n — 00, 38 ymosoio. Kpinm Toro, npu
KOXKHOMY ikcoBaHomy k Mae wmiciie 30i1:KHICTD

(npp)* — AE, (1 —22u)n — e~

n

IMpukaan. 3a 1 xeuauny cepBep BukoHas 2000 3’emHaHb y Mepexi, 3
imogipuicTio 0.001 koxkHe 3 Hux OyJio TIepepBane, He3asIeKHO Bij immux. To-
Jii IMOBIpHICTD TOrO, IO IEepepBaINCcA TPUHANMHI 2 3’€THAHH, HAOJIMAKEHO
nopieHioe P(vigg0 > 2) &~ 1 —e 2 — %6_2 ~ 0.594.

Bopasa. /losecrn, mo npu np = A cymMa MOIYJIB PI3HUIB MizK IMOBIpHOCTSIMI
P(v, = k) Ta ix rpanuasuMu 3HadennsMu He nepesuitye 207 /n.

Teopema Ilyaccona mie y BUMajKy, KoM UMOBIPHICTB YCIIXY P, IPSAMYE
JI0 HyJid. Y cxeMi, KOJIM BOHa BiJJIlJIEHA Bij HYJIs, CJIiJI 3aCTOCYBaTH TaKy
TPAHUYHY TEOPEMY.



Teopema (siokasibHa rpanumvdHa teopema Myaspa-Jlamiaca). Pos-
2AAHEMO cTEMY cepill sunpobysarnsy Bepnyait, 6 Axil n-ma cepia Micmumos n
8UNPOOYBAND 13 UMOGIPHICMIO Yenizy P, ¢ = 1—p. [lodnavumo v, — Kiabkicmo
yenixie Yy n-id cepii.

IIpunycmumo, wo wucia n i k 00HOUACHO NPAMYIOMD 00 HECKIHYEHHOCT]
MaK, Wo HOPMOBAHE Ma UeHMPosaHe 3navenns k € obmescenum:

Tnr = (kK —np) //npg = O(1), n, k — oo.

Todi mae Micue acuMnNmMOMuUYHa eK8iIBarenmHicMb (Mobmo 6i0HOWENHA
npasoi ma 4i6ot wacmun npamye 0o 1):

de pynxuin
1 i

w(ﬂf)zmexp(—g), z €R,

€ MaK 36aHOI0 CMAHIAPTMHON HOPMANLHON UWLAGHICTNIO PO3NOJIAY.
JoBeaeHHs: TeopeMu cruupaerbesa Ha dpopmysry Cripiinra

nl = v2mn(n/e)".

3ayBaxkKuMO, IO B JIaHIfl TpaHUYHINl cxemi omHOYacHO n — 00, kK — 00,
n —k — oo, npudomy ¢ = (k —np)/n = O(1/4/n). Tomy 3 Bupady mis
GiHOMIaJILHOrO PO3MOJILLY #iMoBipHOCTEH Py (k) mizcTanoBkoo k = n(p + €)
JicTaHeMO

In (v/27 npq pa(k)) = 3 Innpg+ (n+ 3)Inn —n—



(k+i)nk+k—(n—k+i)In(n—k)+n—k+klnp+ (n—k)Ing+o(1) =

llnnpq—l—lln ( nlnn —

Rrenaa)
—n(p+e)Inn(p+e)—n(g—e)Inn(g—e)+n(p+e)lnp+n(g—e)Ilng+o(1l) =
—n(p+e)In(l+¢e/p) —n(g—e)In(1 —¢/q) +o(1) =
—n(p+e)(e/p— (e/p)?/2) — nla —e)(—¢/qa— (e/a)*/2) + o(1) =
—ne —ne? /p + ne? /2p + ne — ne? /g + ne? /2q =
—ne?/2pq + o(1) = —22, /2 + o(1), n — ocold
Teopema (iHTerpanpHa rpannvyna teopema Myaspa-Jlamiaca). 3a

NPUNYULEHD NOKAALHOL MEOPeMU 0af 6CIT a < b mae micuye npu n — 00
3014CHICTD

Vp — NP
Pla< —— <b) — ®(b) — P(a),
( b ) = @(b) — ®(a)
de O(x f o(y)dy — cmandapmua Hopmaavra Gyrkyis po3nodiay.

rZLOBe,Z[eHHﬂ TeOpeMU BUILIMBAE 3 JIOKAJIbHOI I'paHUYHOI Teopemu MyaBpa-
Jlamnaca, OCKiJIbKK 3a TeOPeMOIO IIPO PO3IOILT (PYHKIINI BiJl IUCKPETHOI Be-
JIMIUHT UMOBIPHICTD y JIiBifl YacTWHI JTOPIBHIOE CyMi

np+by/npq 1
n k)= Al n
Zk: (k—np)/\/nPq € (%b)p (k) Zk np+a./npq (v7pg po(k ))w/npq

IO € iHTerpaJbHOI0 CYMOIO JIJIs f y)dy O
3ayBarKnMo, 10 iIHTerpajibHa, TeopeMa € HaCJIIKOM ORI 3arajibHOl KJla-
CUYHOI TIEHTPAJILHOI TPAHUYHOI TeOpeMU, TKa Oye pO3TJIsSIaTUCT HUXKYIE.
Ilpukaan. lpu 720 nigkumgaHHAX TpajibHOI KOCTI PO3IJISAIATUMEMO SK
yCIix BUNaJdaHHs IricTku. [Ijs1 Takol cxemu BunpodbyBanb bBepmysuii



np =120, /npqg=+/720-1/6-5/6 = 10,

i cripaBe IMBa HAOJIMKEHA PIBHICTD

P(90 < w7y < 150) = P(—3 < 2202120 < 3) = §(3) — B(—3) ~ 0.997.




8. 3arajbHe O3HAYEHHH BWIIAJKOBOl BEJUYMHU
Ta BEKTOPa

s bopmymoBaHHS 3arajbHOTO O3HAYEHHS CJIiJ] CTPYKTYPYBATH KJIAC MHO-
JKMH y IPOCTOPIL 3HaYEHb BUIIAIKOBOI BEJIMYNHU.

8.1. DBopeaeBa curma-ajredopa, bopejseBl MHOXKUHUI

Posriisinemo Ha 4nciiosiit oci R Kiac HarmiBinTepBaJiB
J(R) = {[a,b), —o0 <a <b< oo}

Cxkinvenni o0’eiHaHHSA HECYMICHUX HAIBIHTEPBAJIB yTBOPIOIOTH aIredpy
MHOXKWH

AR) = {A =Up_[ar,br), —00 < a; <b <a <..<b, <oo}.

Haraaemo, 1mo nepepisz 6y/ib-9KOTr0o Kjacy o-ajaredp 3aBxK/Iu € g-ajredpoio,
sJKa HA3UBAEThCS HANMEHITIO 0-aJredpoio 3 JAHOIO KJacy.

OsnauvenHsi. bopeseporo curma-anredporo B(R) nasusaemovesa natimen-
wa o-anzebpa, sxa micmumo aneebpy A(R), abo o waac I(R), wo exsi-
sasenmno. Inaxwe xadrcyuu, o-anzebpa B(R) nopodocena anzebporo A(R):
B(R) = o[A(R)].

Byov-axui enemenm B € B(R) nasusaemuvces 60pesieBor0 MHOKIHOO, 460
otc OOPETIBCHKOI0 MHOYKITHOTO.

Bnopasa.

(1) BopesieBuMu € Bei iHTEpBAIE Ta BIPI3KH, OTHOTOYKOBI MHOXKUHHY, BCI BiIKpH-
Ti MHOXKHHY (sIK 3/Ii9€HH] 00’€/IHAHHST BIIKDUTHUX IHTEPBAJIIB) Ta 3aMKHEHI MHOKIHN
(SIK TOIIOBHEHHS BITKPHUTHX ).



(2) Curma-asnrebpa, 1m0 HOPOJKeHa BigkpuTuMu 1miamuokuHaMu R, 36iraerbest
3 OOPEJIEBOIO CUT'Ma-aJIrebporo.

(3) Buxogsium 3 nousirrst mipu Jlebera, 1100y ryBaTn npuKJia/] HeGOpeaeBoi MHO-
JKUAHUA.

AnaJjioriato, cucreMa n-BUMIPHUX KyTiB

IR") = {A=(-00,a) =]

y n-BUMIpHOMY TpocTOpi nopokye anrebpy A(R™) ckinuennux o6’eHaHb
HAIMBBIIKPUTHUX ITapaJIEJIEINIe B, M0 He TTEPETHHAIOTHCS.

Osznauenns. bopeaesoio o-anzebporo B(R") y R naszusaemvcesa natimer-
wa cuema-anszebpa, sxa micmumos arzebpy A(R™).

Baysazkumo, mo npsiMuii 106yTok By X...x B, € B(R"), akmo By, € B(R).
JiiicHO, KJ1ac MHOXKUH

{B; € B(R) : R¥*"! x B, x R" % ¢ B(R")}

:_1(—00, ar), ar € RU oo}

MicTUTh BCl HamiBiHTEpBaJM Ta € curMa-aiarebporo, orxke, 36iraerees 3 B(R).
Tomy

By x .. x B, =j_; (R¥"! x By x R"*) € B(R").

Osznavenns. QPynxyia g : R¥ — R™ nasusaemoca Gopesesoio gynxuyicio,
AKULO

{z: g(x) € B,} € B(R"), VB, € B(R").

3okpema, Bci HemepepsHi (yHKIIT € bopenesumu. lificHo, mpoobpas Bij-
KPHUTOTO iHTEpBAJIY /I HellepepBHOI (DYHKIIT € BiIKPUTOIO MHOYKUHOIO — OT-
ke, bopesteBoio. OCKiIbKU KJIac MHOXKIH, IIPO0OpasaMu AKUX € OOpesIEBl MHO-
JKHHH, € 0-aJrebporo Ta MiCTUTh BCi BIAKpUTI HamiBinTepBasm (—o0, a), To 1eit
KJ1ac 30ira€ThbCst 3 OOPEIEBOIO T-aaredporo.



8.2. SaraJjbHe O3HAYEeHHS BI/IHa,Z[KOBO.l. BeJINMYIMHN

[cHYIOTH CTOXACTHYHI €KCIIEPUMEHTH, B PE3YJIBTATI SKUX MOYKHA CIOCTEpiraTn
HE3JIYeHHY KIIbKICTh YMCI0BUX ab0 HABITH BEKTOPHHUX 3HAYEHB. 1OMY DO3-
TJIAHEMO TaKe y3alraJIbHEHHA IMOHATTA ﬂHCerTHOI BI/IH&,}IKOBOT BEJIINYNHNA.

O3HaveHHs. BunajkoBol0  BEIUYMHOI  HA3UBGEMBCA  PYHKYIA
£ Q — R, makxa, wo 0daa dosiavhoi Oopencsoi mmoocuny B i npoobpas
{w : £(w) € B} € sunadrosoro nodiero, mobmo:

VB € BR), {w:&w) e B} eF.

OyuKIil €, 9Ki 33/I0BOJBHAIOTH HABEJIEHY YMOBY, HA3MBAIOTHCA BUMIPHU-
Mu BijiHOCHO curMa-aarebpu f . OTke, sl BUNAIKOBUX BEJIMIHH (BUMIDHIX
dbyHKIII#T) MOXKHA roBopuTH 1TPO fiMoBipHicTh noail {€ € B}.

Tyt i magam Oy/ile BAKOPUCTOBYBATUCH CKOPOYEHUN 3AINC — apryMeHT Yy
dbyuriil &(w) Gymemo omyckaru, a GirypHi TyzKKH, M0 MICTATH BHIIAIKOBL
BEJIMYWHA, O3HAYATUMYTh MHOYKUHY BIJIOBITHUX eJleMEHTAPHUX IO/l

{¢ € B} ={w:{(w) € B}.

VY3arajbHeHOI (HEBJIACHOIO) BUIIAJIKOBOIO BEJMYUHOI OYyIEeMO HA3UBATU
dbyukio 3i 3navennamu B muoxkuai R = R U {—o00, 0o}, sika 3a10Bo/IbHSE TY
caMy YMOBY BUMipHOCTI.

ITpukaanm HeMCKPETHUX BUITAIKOBUX BEJINYNH

1. Bunadxosa mowka wa 6idpidky. B ekcriepuMeHTI 3 BUOOPOM TOYKH Ha
opuHIIHOMY Binpisky maemo = [0, 1]. @ynknisa {(w) = w HaOyBaec HE3JIi-
YeHHY KiTbKICTh 3HAYEHbD.

2. Yac do sycmpiui. B 3amadi npo 3ycTpid (Ipu reOMeTpUIHOMY O3HAYEHH]
fiMoBIpHOCTEIT) Wac 10 3yCTpitil ABOX 0Ci6 Mae KOHTHHYYM MOXKJIMBUX 3HAYECHb.



Ieit vac sk yHKIs esemenTapHol nomil w = (w1, ws), 1e w; € [0, 1] — MmomenT
npuxojy Ha Micre 3ycrpidi i-1 ocobu, gopiBaioe: &(w) = max(wy,ws).

IIpuknan dyHKII, 1110 HE € BUIAIKOBOIO BEJTUINHOIO: iHIMKATOPHA BEJIH-
YMHA MHOXKHMHU, fKa He € BUIaIKOBO0 nojieo & = 1o, C' ¢ F .

8.3. Kpwurepiii BuMmipHocTti pyHKITIT

Teopema (mpo KpuTepiii BumipHocTi ckasisipaol dyHkKIil). Hezat
& — dosinvna Pynxuia, £ : @ — R. Bowna e sunadkosoro eesuuunoro modi
U miavku modi, Koau npoobpasu nanisiwmepsarie {£ < x} e sunadkosumu
nodiamu: {§€ <z} € F,Vr € R.

JoBeneHnHsi. 3 BlacTUBOCTE orepariil o649ncieHHs Tpoobpasy BUILIMBAE,
IO KJIAC

Bi={BcBR):{{cB}ter}

€ curmMa-ajredporo, OCKIJIbBKU MIPoodpa3 JIONOBHEHHS Ta 00’€IHAHHT MHOYKUH
30ira€ThbCs BiAMOBIMHO 3 JOMOBHEHHSIM Ta 00’€IHAHHSIM IPooOpasiB. 3 iHITOTro
Ooky, 3a O3HAYEHHSAM BUIIA/IKOBOI BeJMIMHU Ky1ac B MICTUTH BCl HalliBiH-
reppasin. OCKIIbKY KJIac HAIMIBIHTEPBAJIB 1IOPOJIZKYE DOpEIEBY o-aaredpy, TO

z = B(R) i mykane TBEp/ZKEHHsI € HACJIIKOM O3HAYEHHS BUIIA/IKOBOT BEJI-
quan [-]

AK HACTIIOK OTPUMYEMO TaKy TEOPEMY.

Teopema (mipo BuMipHicTh cynepnosurii). Hezati & — sunadkosa ee-
aunuHa, o g — bopeacsa dynryia. Todi cynepnosuyia g(€) e sunadkosoro ee-
AUMUHON0.

Hosenenns. O6uncmmo {g(&) < z} = {£ € ¢V ((—o0,2))} € F,
ockimpku gV ((—o0,z)) — Gopesesa MHOKMHA 33 o3HadeHHAM ¢ [



8.4. BunajakoBuii BEeKTOpP

Osnavenns. Bumagkosum BekTopoM Yy R"™ nasusaemves dymryin
& Q — R™ maka, wo das 006iavnoi bopesesoi muootcuny B i npoobpas
{¢€ € B} e sunadrosor nodierw: {w : {(w) € B} € F, VB € B(R").

Bupasa. §Ik i jgns Bunajgkosux BeamduH, gosecty, mo dyakmig € @ ) — R

€ BUIIAQJIKOBAM BEKTOPOM TOJI i TIJIBKHM TOi, KOJIM IIPO00Opa3 KyTa € BHUIIAIKOBOIO
MOMIIEIO:

{E<at={& <o, 6 <z} EF

quist Beix @ = (2, ..., T,) € R™, e &, — k-Ta xoopaunara sekropa .

Teopema (npo BuMipHicTh (yHKHIl Bi/i BUIAJKOBOrO BEKTOPA).
Hexati & — sunadkrosuti sexkmop y R™, a g : R* — R™ — bopeacsa dyrryisa.
Todi cynepnosuuyia g(§) € sunadkosum eexmopom y R™.

JloBejeHHS TITKOM aHaJIOTidHe JIOBEJIEHHIO TEOPEMU JIJII CKAJISIPHUX Be-
JIMYINH.

3okpema, KOyKHA KOOP/IMHATA BUIAIKOBOTO BEKTOPA € BUIIAIKOBOIO BEJIN-
YUHOI0, OCKIILKYM KOOp/IMHaTHE BijgoOparkenns 7 : R®™ — R memepepsue i €
OOpeJIEBUM.

Bukonyerbcs it obeprene TBEp/KEHHs: BEKTOD, YTBOPEHUIT i3 N BUIIA KO-
BUX BeJIMYUH, € BuiaJIkoBuM BekTopoM y R™. JlilicHo, mpoobpa3 n-BUMipHOTO
KyTa € IepepizoM Ipoodpas3iB KyTiB JIJId KOOPANHATHUX Bi0OParKeHb:

{E <z} =Mdb <mler.

Teopema (IIpo mepeTBOpEHHs BUMAAKOBUX BEJIWYNH). Sxwo &, 1 —
sunadkosi eeaununu, mo &, &+ mn, &€ —n, &-n, £/n, max(§,n) makooc €
BUNAOKOBUMU BEAUMUHAML.



HoBenenHst TeopeMn BUILIUBAE 3 GopesieBocTi (110 € HACTIIKOM Here-
pepBHOCTI) Bignosiguux yukmiit |z|, z +y, x —y, « -y, x/y, max(z,y) Bix
BUIAIKOBOrO BekTopa (&,n) [

Bupasa. Slkmo &, 7 — Bunaaxosi Besmunan, To {€ = 1} — BunagKosa mosist.

8.5. BumipHicTb rpaHuIli BUIIAIKOBUX BEJIMINH

Teopema (Mpo BUMipHICTh IpaHUIli BUIIAIKOBUX BeJU4YnH). Heral
(&,, n > 1) — sunadkosi seauuunu i epanuys E(w) = lim¢, (w) icnye npu
koorcHil w. Todt € — sunadkosa seaunua.

JloBejeHHSs BUILINBAE 3 TOTOXKHOCTI

{lim¢, < 2} = Uk21 Um21 ﬂnzm{fn <z —1/k}.

[i crpaBeIUBicTb OBIPYHTOBYETHCA THM, IO HPH iCHYBaHHI rpanumi lim &
BOHa 36iraeThCs 3 BEPXHBOIO I'DAHHUICIO liME, , a OCTAHHS CTPOIO MEHIIA 32
9HUCJI0 T TOJI 1 TIIBKH TOJi, KOJIHU JIJId JIeTKOro k < 00 BCi WIEHH IOCiIOBHOCTI
menti 3a x — 1/k, nounHaroun 3 jeskoro Homepa [

Hacaimok. dxmo (£, n > 1) — Bunagkosi semrauny, To imé,), lim¢,, —
TAKOK BUIAKOBI BeJIMIMHY (MOKJIMBO, HEBJIACH] ).

loBe/ieHHsT TPYHTYEThCS Ha JBOX ITOMEPETHIX TeopeMaxX 1 BUILINBAE 3
TOr0, III0 BKa3aH1 I'PaAaHUYHI 3HAYEHHS € MOHOTOHHUMU I'DAHUIISIMI BUIIAIKOBUAX
BeJIMIWH. 30KpeMa,

lim¢, = limy_ o limy, oo Max < n <N+m &, [

Buopasa.Slkmo (£
BUIIQIKOBI BEJIMIMHE, MOYK/IUBO, HEBJIACHI.

ns > 1) Bunmagkosi sesmunnu, to inf &, sup§,, — Takox



8.6. AmnpokcuMmallig IPOCTUMHU BeJINMIMHAMUI

Y HacTymHiil TeopeMi Ta B MOJAJBIIIOMY CUMBOJIOM X, | o Oy/ieMO TO3HAYATH
MOHOTOHHO HeCITa iHy 30i’KHICTb YMUCJIOBOI TOCJIiIOBHOCTI T, 7O X, TOOTO Taki
BractuBocti: (1) x, < x,41 npu Beix n ta (2) limx, = x. Ananoriunuit 3mict
MaTUMe 3aIuc T, | .

Teopema (IIpo anpoOKCHUMAIif0 BUIIAIKOBUX BEJIUYUH IIPOCTAMH).

(a) Hexati & — nesid’emna sunadrosa seaununa. Todi icnye nocaidognicmo
npocmux eunadkosur seaunun &, makux, wo 0 <&, T & npu scix w.

(6) Hexati & — dosinvha sunadkosa seauvuna. Todi icnye nocaidoeHicmy
npocmux seaununr &, makuz, wo im¢, =& ma |€,| < |&| npu eciz w.

JloBenennsi.

Posriisinemo Taky nocsiioBHicTh Jilicnux GyHKIN Ha R

al

n2™—1
on(T) = Zk _ R Len <o < prnen F 0 Lo <o

3 o3HaveHHs iHIUKATOPHOI (PYHKIIT BUBOIUMO, IO

(1) 0 < @, () <z,

(2)0<z—¢,(r) <27 mpu = < n, Ta

(3) ¢,(z) < ¢, 1 (x) mpu Beix z > 0, n > 1.

OcranHs BJIACTUBICTH MOHOTOHHOCTI € HACJIIKOM TOrO, IO MPU MIE€PEXOIi
Big po36uTTa 3 KpokoM 27" 10 Kpoky 2" ! jiBa wactuna rpadika GyHKII
¢, Ha Biapisky [k27", (k + 1)27") He 3MIHIOETLCH, a IpaBa He CIA/IaE.

3 (1),(2) i (3) ocraTovHO BHBOAMMO, IO It KOXKHOTO & > ()

0<p,(z)Tz, n— o0,

(a) Hokmamemo &, = ¢, (§). Toxi £, € 1POCTOIO BUNAKOBOIO BEJIMIMHOIO,
OCKINIbKU (p,, — OopesieBa (DYHKINA Ta Ma€ CKIHYEHHY MHOXKUHY 3HAYEHb. 3



OCTAHHBOT'O CIIBBIIHOIIIEHHS JIJISI (p,, BUILJIUBAE ITyKaHe TBep/KeHHs: 0 < &, =

©,(€) 1 € ms Beix w € Q.
(6) Busnauumo

£+ = max(£7 0)7 §_ = maX(_éa 0)

JIoJIaTHY Ta Bijf emHy dacTunn Beaudauau . [le HeBix eMHI BUTIAIKOBI BETHIH-
HU 33 T€OPEMOIO PO BUMIPHICTH CYTIEPITO3UIIII.

Hexaii fff [POCTI BEJIMYKMHMY, 110 BHACTIIOK (&) AlpOKCUMYIOTH BEJUIUHN
€" ta & Bignosiamo. Tomi &, = & — £, € MyKaHO MPOCTOIO BEJMYMHOIW,
OCKIJTbKHT

§=¢"—¢ =limg) —lim¢,, [§,|=¢& +&, <& +& =[O




9. @yHKII PO3NOIiIy BAIAIKOBOI BEJIMIYNHNI Ta
11 BJIACTUBOCTI

CykynsicTh fiMoBipHOCTEH NOAIH Burisiy {£ = £} He 3aBXK/1 MOBHICTIO OIK-
cye Benuunny & . Hanpukiam, a/ist BUIIaIKOBOI TOYKK Ha BiIPI3Ky BCi I iMO-
BIPHOCTI JIOPIBHIOIOTH HYJ/II0. TOMY B 3araJlbHOMY BUII&JIKY Ha BiJIMIHY BiJT Jiuc-
KPETHOT'0 JIJIsl BU3HAYEHH PO3II0/ILJIy BUIIA/IKOBOI BEJIMYNHN BUKOPUCTOBYIOTh
Ipoodpa3m iHTEePBaJIiB.

O3znavenns. PyHKINEO PO3MOIIY 6unadko60i seauduny & Ha3UBAEMbHCA
pynxuia Fe(x) diticnoeo apeymenmy , aka 3a0aemoes pienicmio

Fe(z) =P <x), z€R.

9.1. BuaactuBocTi PyHKIIT PO3MOIIITY

Teopema (rmpo ocHoBHi BiacTuBocTi pyHKIiT po3noainy). Hexat &
— eunadroea eeauvuna, a F' = Fe i pynwyia posnodiny. Todi ysa dynxyia

(1) necnaona: F(x) < F(y), ¥V z <y,

(2) nopmosana: F(—o0) =0, F(+o00) =1,

(8) nenepepena saisa: F(x —0) = F(z), V z € R.

BayBaxkenus. Tyt ta nagani cuvsosom F(z — () mo3HaIaeThCs TPAHAIA

F(x—0)=1lim , ¢ 4 4 < « F(y), Bigmosizzo
F(—o00) =lim y | —o F(y), F(+00) =lim y { 10 F(y).

IcuyBanus Ta enunicTs rpanunp y (2) Ta (3) Bumiusae 3 MonoronHocti (1)

dbyHKIIil po3nomaiy).
loBenennsi.



(1) HepiBHicTh € HAC/TIKOM MOHOTOHHOCTI IMOBIPHOCTI, TOMY IO IPH & <
y Mae Mmicue BrouenHs {§ < x} C {{ < y}.

(2) Bimomo, 1o rpanuiist MOHOTOHHOI (QYHKIII He 3a1eKUTh Bij BUGODY
AITPOKCUMYIOYOI TIOC/IiJIOBHOCTI apryMeHTiB. ToMy aprymMeHT y MOXKHa BBa-
xkaru 1osHadHuM. OCKiIbKU nocsiioBricTs mogiin {§ < n} MOHOTOHHO He
3pocrae npu n | —00, a N ,<0{é < n} = &, o {{ < n} | @. Orxe, 3a
HETIePEPBHICTIO TIMOBIPHOCT1

F(—o0) =lim ,, | o F(n)=1lim, | _ P <n)=P(@)=0.
Anasnoriuno, 3 {{ <n} T Q upu n | oo gicranemo
F(400) =1lim ,, } » F(n) =lim ,, 1 oo P({ <n) = P() = 1.

(3) Kuac Bimkputux HamiBinTepBasiiB (—oo,x),x € R, € HemepepBHEM
3/1iBa MO BIJHOIIEHHIO JI0 MOHOTOHHOI 306iKHOCTI: (—00,¥y) T (—00,x) tpn
y T x, ocklbku (—00, ) = U ,>1(—00, 2 — 1/n). Tomy mae micrie MoHOTOHHA
3012KHICTB:

{¢e (oot ={{<ytT{{<a} ={{e(-002)t puy Tz
Orxe, 3a HemepepBHICTIO IMOBIpHOCTEH
Flz—0)=lim, ;o F(z—21)=lm, o Pl<z—1)=
P¢<x)=F(x)

Teopema (mpo BisracTuBocTi PYyHKIIT po3nomaiity). Cnpasediusi maki
PIBHOCTNI:
(a) Pla <& <b) = Fe(b) — Fe(a),



(6) P(§ = x) = Fe(z +0) — Fe(x),
(6) P(§ 2 x) =1 — Fe(x),

(2) P(€ < ) = Fe(z +0) ,

(0) P(§ >x) =1— Fe(z+0)
JloBeneHHsi.

(a) 3 dopmym jis HIMOBIPHOCT] BKJIQJEHOT PI3HUI TOiH OTPUMYEMO

Pla<€<b)=P{¢ <bP\{{ <a}) =P <b) - P({ <a)

(6) 3i cuiBBimpomenus {§ = x} = Nysi{r <<z + %}, HeIepepBHOCTI
IMOBIDHOCTI Ta, TBEp/KEHHsI (&) JicTaHeMO

P =z)=lmP(z <{<z+1)=lim(F(z + L) — Fe(x)).

(B) € HacsigkoM o3HavYeHHsT QYHKIIT PO3MO/IiLY Ta POPMYIH Ipo fiMOBIp-
HICTB JIOTIOBHEHHSI.

(r,1) BuBonsThest 3 o3nadeHHst GyHKIIil posnojainy Ta (6).

Osuauenns. bydv-axa gynruyia F: R — R, axa 3adosorvhsae ymosu (1),
(2) i (3), nasusaecmvcsa GyHKIIEO POSMOMLILY .

Bnpasa. [osectu, mo ¢pyHKIisg pO3NOILILY Mae He OLILNI HizK 3JIYEHHY MHO-
JKUHY TOYOK PO3PUBY.

Oszuavenns. Hexatl F' — dosiavha dpynxuia poznodiay. Haseemo agnrus-
Hoto Mipoto Jlebera — Crinrheca, nopodcenoro F (abo, kopomwe, adumusroro
miporo F ), maxy dynruito F na anredpi A(R) nidmnoorcun R suzandy

A=Up_ ag, br), de —oco<a; <b <ay<..<b, <oo,



3HAYEHHA AKOT 3000EMBCA DPIGHICTNIO

F(A) =" (F(b) - F(ax)).

Teopema (mpo amumtuBHy Mipy Jlebera — Crinteeca). Adumuena
mipa F e nesid’emmoro, nopmosaroro ma crinuenHo- adumueHor GyHKYie
na A(R). 3oxpema, F nanisadumusna.

HoBenennsi. Heij'eMHiCTb € 0UeBHIHUM HACIIKOM MOHOTOHHOCTI (He-
Big'emHOCTI pupocTiB) byHKIH po3noainy F, HOpMOBAHICTH BUBOJUTHCS 3
nopmoBanocti F. JIjaa noBejieHHsT aATUBHOCTI 3ayBasKUMO, IO 3 HECYMiCHO-
cri muokud A, B € A(R) Bumimsae mnonapua HeCyMiCHICTH IHTEPBAJIB, SKi
CKJIa1af0Th 1 MHOXKUHU. ToMy cyma nipupoctiB F' Ha iHnTepBasiax 3 00’€HAa-
uust AU B nieperpyiryBaHHSIM 3BOIUTHCS JI0 CYMHU BiIIOBITHUX cyM i A Ta
B, mo i 10BOANTEH aIUTHUBHICTH. 3TiIHO 3 TEOPEMOIO IIPO OCHOBHI BJIACTHBOCTI
fIMOBIpHOCTEll HAIBaIUTUBHICTD € HACJIIKOM HEBiI €MHOCTI Ta & UTHUBHOCTI

[

9.2. HenepepsHicTh y HyJi Mipu Jlebera — CriaTbheca

Teopema (nipo HerepepBHicTb y Hysi mipu Jle6era — CrinTbeca).
Adumusna mipa F e nenepepsnoro 6 nysi na A(R), i ax nacaidok, cuema-
adumuenoto na A(R) .

JloBenennsi.

Hexait A, € A(R), A,, | @. O6epemo joBinbhe € > 0.

1. O6epemo ¢ > 0 rak, mo6 F([—c,c)) = F(—c) +1— F(c) < e. lle
MO2KJIMBO 38 YMOBH HOPMOBAHOCTI (DYHKIIIT PO3IIOMIITY.

2. IMoznaunmo B, = A, N [—c¢,c) € A(R). Toxi 3a MoHOTOHHICTIO fIMOBIp-
wocri F(A,\B,) < F([—¢,¢)) <e.




3. Ockimbru B, € A(R), To B, = U [ank, bnk), € IHTEPBAIN MOIAPHO
HecyMicHi. O6epeMo ¢ € [ank, bng) Tax, 1Moo

> (Flbw) = Flew)) < 27

Ile moxkanuBO, OCKimbKu F' HerepepBHa 3/iBa B KOXKHIN To4Ii b, oT:Ke
OCTaHHS CyMa, IPAMYE JI0 HYJS, KOJIU Cpp | by U Beix k.
Buznaunmo MHOXKUHI

Co =\ [anksen) € D= [ank, (cnr + ba)/2] C B,

3a nobyrosoo C), € A(R),
F(B\Cn) =)

4. Muoxuna D, C B, C A, 3aMKHeHa Ta 00OMeKeHa — OTKe, KOMIIAKTHA.
[Mocninosuicrs D,, C B, C [—¢, ¢| HaeXuTh KOMIAKTOBI [—¢, |, mpuaomy €
Herenrposanoo: ND, C NA, = . 3a TeopeMoIo 1IPO HEI[EHTPOBAHY ITOCJIi-
JIOBHICTH KOMITAKTHUX IIMHOKUH KOMIIAKTY (IO eKBiBaJeHTHA iCHYBaHHIO
CKIHYEHHOTO T IIOKPUTTSI BIAKPUTOrO MOKPUTTS [—C¢, ¢\ D,, Kommakry [—c¢, c])
icnye ckimdenne m Take, mo ML, Dy = @. Tomy

Mn

k:1(F(bnk) — F(an)) S 82_n.

ZZIC’k C ﬂzlek C ﬂ?lek =9, Vn > m.

5. O6unciiumo tipu n > m, k < n 3 ypaxyBaunusm toro, mo B, C B, a
Mmipa F' naniBajiuTuBHA:

F(Bn) = F(Bn \ Mgz Ck) = F(UR_1(Bn \Ci)) <

FUa(B\OW) <D F(BAC) <D e/ =

6. 3aJUIIIIOCI 3a3HATUTH, 110



F(A,) < F(A\B,) + F(B,) <2, Yn>m.

Otxe, F(A,) — 0 upu n — oo, TobTo Mipa F' HerepepsHa B HYII.

Teopema Ipo €KBiBaJIEHTHICTD HEIIEPEPBHOCTI B HYJII Ta CUTI'Ma-a U THBHOCTI
JUUTsl JJUTUBHUX Mip HaBejieHa Buie [

Teopema (mpo icuyBanuss mipu Jlebera — Crinrbeca). Hexati F —
Pynruisn posnodiny. Todi na bopencsiti cuema-anzebpi B(R) icnye eduna we-
6td’emma, Hopmosara ma cuzma-adumusra mipa F maxa, wo

F((—o0,1)) = F(x), Yz € R.

HoBenennsi. 3a TeopeMoro mpo aauTuBHy Mipy Jlebera — Crinrneca mo-
Oy/yeMoO aJINTHUBHY HWMOBIpHicTH F' Ha aJyiredpi, d9K 1e 3pobseHo Buie. Ha
mizcTasi il o-aqurusHOCT Ha anrebpi A(R) 3actocyemo reopemy Kapareosopi
PO IIPOJIOBXKEHHsT MipH 3 ajarebpu Ha nopojzkeny o-aarebpy B(R) [

Osunavenns. Mipa F na B(R), wo nobydosana 3a ocmannwvoro meope-
M010, na3usaemuvesa miporo Jlebera — CrinTbeca, axa nopodocena Gynruicio
poanodiay F.

9.3. (OOumcieHHs1 IMOBIpHOCTEI

Teopema (mpo ob4uciaeHHs: iMOBipHOCTEIl, ITOB’sI3aHUX i3 BUMA/-
KOBOIO BeJIMUMHOM). Hexal sunadkosa sesuvuna & mae Pynkyito poano-
diny Fe. Todi dan dosinvnoi bopesesoi mnoscunu B € B(R) suronyemovca
PIBHICTID

P(¢ € B) = Fy(B),

de Fy — wmipa Jlebeza — Cmiamueca, wo nopodotcerna dyrruyiecro posnodiny Fr.
JoBenenHsi. 3a o3HaveHHsIM IIyKaHa PIBHICTb Mae€ Miciie /s HalliBiH-
repBasia B = (—o0,x). 3 iHImoro 60Ky, BUpa3u B 000X dacTHHAX K (yHKIII



MHOXKWHU B € curma-ajintuBnnmy Mipamu. J[j1s J1iBol YacTWHU e BUILINBAE 3
BJIACTUBOCTEN MIpoodpasy i BijoOparkeHnHs: £ Ta 0-aJIMTUBHOCTI HMOBIPHO-
cti P, a 119 mpaBol YaCTUHU BUKOHYETLCH 38 O3HaYeHHAM. ToMy 3a TeopeMoio
Kapareoiopi ipo mpo1oBKeHHsT Mipu BKa3aHi Mipu 306irafoTbcst Ha BCiil mopo-
Jokeniit o-anre6pi B(R) [

BpaxoBytoun ocTaHHIO TE€OpeMY, JIJId CKOPOUYEHHsT PO3IIOIIIOM BUIIAIKOBOL
Besimauan § OysleMo HasuBaTH Bijnosiany mipy Jlebera — Crintbeca F: na

B(R).




10. A6GcouaoTHO HenmepepBHI BUMNAJIKOBI BeJININ-
HU

Juckperna yHKIlisT pO3MOILTY — (DYHKIIIsT PO3IIO/ILITY JUCKPETHOI BUIIAIKOBOL
BEJIMIUHN — € CTaJI0I0 B KOXKHOMY OKOJIi CBO€I TOUKM HEIlepEepBHOCTI Ta 30i-
raeThCs 13 CyMOI0 CBOIX CTPHOKIB Ha inTepBasi (—oo, z). PyHKIis po3nomity
[IPOCTOT BEJIMYUHU YUCTO PO3PUBHA Ta KyCKOBO-cTasia. /lificHO, AKIIO BUIIA/I-
KOBa BesinurHa & HaOyBae 3HaYeHb {x,,n > 1} i3 imoBipHocTssvmu {p,,n > 1},
TO 3a O3HAYEHHAM:

@ =p(U,, f=m) =X, b

Hacrymnauit Kjac MicTUTh BUKJIFOYHO HellepepBHI (PYHKITT PO3IOJILTY.

Osnauenns. Bunadkosa eesuvuna § ma i Pynryia posnodiay Fr nasu-
6a10MbCA AOCOTIOTHO HEIEPEPBHUMH, AKWO icHye He6id emmua Pynryis fe(z)
maxa, uo

Fe(x) = /_m fe(y)dy, Yz € R,

de inmezpan caid po3yMImu

(a) ax inmeepas Pimana — Cmiamoeca 0as Kyckoso-nenepeperot Gynxyii

fe(@),

(6) abo orc ax iwmezpan Jlebeea — Cminmueca das sumiproi dymxyii fe(z).

Qynryia fe(x) nazusaemuvcs MITBHICTIO POHOILY 6UNA0K060T 6EAUNUHL
§ ma dynryii posnodiny Fr.

BayBaxkenns. [Touarrsa inrerpasy Jlebera K 9acTKOBOIO BUIIQJIKY MaTE-
MATHUIHOIO CIIOJIIBAHHS PA30M i3 010 OCHOBHUMH BJIACTUBOCTSIMYU BUKJIAJICHE
HIZKYE B PO3JILIL IIPO 3arajibHe O3HAYEHHS MATEeMATUIHOTO CIIOJ[IBAHHSI.



3 HOPMOBAHOCTI Ta MOHOTOHHOCTI (PYHKIII PO3IMOMALITY BUILIMBAIOTH TaKi
BJIACTUBOCTI IIiJIbHOCTI:

(1 —meBix'emuicTs) fe(x) > 0 Ta

(2 —mopmosanicts) [* fe(y)dy = 1.

Bynp-sika HeBin'eMHa iHTerpoBHA HOpMOBaHA (DYHKIIISA € IMLIHHICTIO TEBHOT
byHKIIT pos1osiity, OCKLIbKY 3 BjacTuBocteil interpany (Pivana abo JleGera)
BUILIBAIOTH XapakTepuctudni Biractusocti (1), (2) ra (3) osnadenus Gynkiil
PO3IOJILTY.

dAxmo dyukiig posnogiay gudepeniiioia, To 3 ¢popmyaun Hpiorona —
Jeitbuina (s inrerpany Pimana) abo k i3 reopemu Pajiona — Hikogauma
(nuist inrerpany JleGera) BuruimBae, 1o MIBHICTD (Maiizke BCioju) 36iraeThest
3 MOXiTHOIO (DYHKITT PO3IOILTY

dFe(z)

fe(z) = Fi(z) = A

10.1. OO6uywncaeHHs MOBipHOCTEI

Teopema (mpo ob4ucaeHHs: iMOBIpHOCTEIl, ITOB’sI3aHUX i3 BUMA/I-
KOBOIO BEJIMYNHOI, Yepe3 i1 IiiabHICTb). JKkuwo eunadkosa seauuuna &
abcontommo Henepepena 3 wiavricmio fe(x), mo

P(t€B) = /Bff(x)dx, VB € B(R).

HoBenennsi. [llykana piBHICTH BUKOHYETHC JIjId HalliBiHTepBaaiB B =
(—00, x) 38 0O3HAUEHHSM. 3 HITIOrO GOKY, OOMJIBI YACTHHU PIBHOCTI K (DyHKIIT
MHOXKUHU B € curma-agutusauMu mipamu. Tomy 3a Teopemoro Kapareoopi
PO IIPOJIOBKEHHS MipU BOHU 36iraloThes Ha BCiii opojpKeHiit o-anrebpi B(R)

]



BopaBa. Touka r € R nasuBaeTbcsi TOUKOIO 3pocTanist (BYHKIT POZIOILITY
F, sxmo F(z +¢) > F(x — &) aua seix € > 0. IoByyiiTe npukiaj JUCKpeTHO!
yHKIIT po3HOALLY, /I SKOI MHOXKUHA TOYOK 3pocTanus 36iraerbes 3 R.

10.2. Kuaacudikarig dyHKOIA po30ogaiLy

OamowacHO 3 KacaMmu abCOIOTHO HEITEPEPBHUX Ta JUCKPETHUX (DYHKITH Po3-
110/11JTY 1CHY€ TaKOXK €K30TUIHHI KJIac CHHTYIIPHUX (DYHKIIIH PO3IOJILIY — BO-
HU € HETIEPEPBHUMMU, aJle MHOYKIWHA 1X TOYOK 3POCTAaHHSI MAa€ HYJIHLOBY JTOBXKUHY
(mipy Jlebera).

BnpaBa. @yukiis Kanropa BusHauaeThCsl Ha MILIBHINA MHOKUHI [) TOYOK iH-
TepBaJLy [0.1] 3 pPAI[lOHAJILHIM PO3KJIaJI0M y TEPHAPHIN CUCTEMI 3YUCIEHHS BUTJISTY
r=0,7..7,..2222.., 7} € {0,1,2}, dbopmymoo F(x) =, . _, 27% 1a mpo-
noBxKyeThes 3a nernepepsnictio na [0, 1]. losectu, nenepepsricts F' na D, ojno-
3HAYHICTh MPOJOBXKEHHSI Ta CHHTYISPHICTD el (DYHKIIIT.

OueBniHO, IO BKAa3aHI TPU KJIACH PO3IIO/ILIIB HE TEePeTUHAIOThCs. Buss-
JIIETBCS, IO 1X OIMyKJa 000JOHKA BUYEPITYE BECh KJac (DYHKIINH PO3IOILTY.

Teopema (Teopema JleGera mpo 306pakeHHs dYyHKIIIT PO3IIOIiILY ).
Jasa dosinvnoi ynruiis posnodiny Ficnyroms: duckpemma Fy, abcoarommo
nenepepena F, i cuneyaapra Fy dynryii posnodiay ma mpu wucaa o, 3,y > 0,
maxi, wo o+ B +v =1 ma

F(z) = aFy(x) + BF,(z) + vFs(z), Vx € R.

JloBemeHHsT HEe HABOIUTHCS.
IIpuknaaum abCoOMOTHO HEMEPEPBHUX BEJINYNH.



10.3. PiBHOMipHMIT PO3IIOIiT

Oznavennsi. Bunadkosa seauvuna & mae PIBHOMIPHUI PO3MOIIT Ha 610-
pisxy [a,b], nosnauenna & ~ U(a,b), akwo it wisvhicms € cmaroto scepeduns
Ub020 BIOPI3KY, Ma QOPIBHIVE HYAW NO3A HUM.

[le o3navae, 1Mo AMOBIPHICTH TTONIAJAHHS BEJIMYUHU B IKYCh MHOYKIHY BCe-
penHI BiJIPi3Ky SK IHTEerpaJl Bi NMIIJILHOCTI TPOIOPIIHHA JTOBXKWHI ITIE] MHO-
JKIHU 1 He 3aJ1e2KUTh BiJ 11 TOJI0YKEHHS — TOOTO BUKOHYETHCS yMOBa PIBHONMO-
BIpPHOCTI 3HAYEHDb. 3 YMOBH HOPMOBAHOCTI BUILIMBAE, IO MIJIBHICTH PO3ITOJILITY
piBHOMIpPHOT Ha [a, b] BeJimuuHM JIOPIBHIOE

1
:—]-:t a,b]s
fe(2) = s——loeay

a (DYHKIIST PO3IO/IIIYy MA€ BUTJIS,

0, z<a
Fe(z) =4 (¢—a)/(b—a), = €a,b]
1, x>b

10.4. Hopmanapuuii (I'aycciB) po3momgia

(a) O3HauenHs. Bunadkosa sesununa & Mae CTAaHIAPTHUIT HOPMAJIBHUI PO3-
o, nosuauenns &~ N(0,1), axwo i wisonicms dopienioe
1
p(r) =
V2T

mobmo GyHKuLA PO3N0iAY MAE BUAAD

exp(—z?/2), Vz € R,



3ayBazKuUMO, IO caMe TaKi MIBHICTh Ta (DYHKIA PO3IOJILIY € TPAHUYHUMA B
inTerpaJibHiil rpannyHiii Teopemi Myaspa-J/lamiaca. HYacro me#t posnomia Ha-
3WBAIOTH TAKOXK rayccoBuM posmojigom. Hopmosanicts: ®(00) = 1 € Haciz-
KOM BHUpasy uid inTterpana Ilyaccona, mo Bimomuil 3 Kypcy MaTeMaTHIHOI'O
aHaJII3Y.

(6) O3nauennsi. Bunadkosa seauvuna & mae HOPMAJBHUIA DO3MOILI 13

napamempamu i o > 0 (wo nosnauwaemvea ax € ~ N(p,02)), axwo ii

MOHCHA 300pazumu Yy 8ueaAdi MHITH020 nepemeopenna € = u+ o (, de ¢ —
CTaHJAPTHA HOPMAJIBHA 6EAUMUHA — MOOMO MGE CMAHIAPMHUT HOPMANHUL
poanodia. Illinonicms posnodiay eesuvuru & mae 6uzand

) = = g (_M)  VzeR

2ro 202

Lle pisHAHHA MOIAHCHA B3AMU 34 THULE O3HAUEHHA BEAUNUHY §.

Js obuncienns minbaocTi fe(z) 3acrocoByernes (Brpasa) nasegenuit
HI2KY€e HACJIIOK PO PO3MOJILI JIHIITHOTO ITepeTBOPEHHS BUIIAIKOBOI BEJTUYIN-
HU.

10.5. IlokasHukoBuii (EKCIIOHEHIIHMIT) PO3IOALI

Hexait BunaakoBa BesmanHa £ Mae miibHiCTh posnominy f(z) i dyHkiito pos-
noginy F(z). Suadennsa f(x) (3a mpHIyIIeHHAM HelepepBHOCTI f) MOXKHA
IHTEpPIPETYBATHU K I'DAHUIIIO

fl@)=lm; Ple<{<az+h)= lim%f:rhf(y)dy

npu h — 0 — T06TO gK "HIiIBbHICTE fiMOBIpHOCTI”.



Ha npakruni omHovacHo i3 6e3ymoBHOIO fimoBipHicTio P(x < & < x + h)
BasKJIMBE 3HAUEHHs Bigirpae ymoBHa fiMoBipaicts Pz < <z + h / € > ).
Came BOHa BKa3ye Ha 9aCTKy BIJIMOB 3a OJUHUITIO YaCy Cepel TUX TMPUJIAJIIB,
sKi He BIIMOBMJIM HA MOYATOK IOTOYHOI'O MEPIOJy, B TOH 4Yac K O6e3yMoBHa
WMOBIPHICTH 3a/1a€ YaCTKy BIJIMOB cepej yCiX HMPUJIaJIiB, IO CHOCTEPITAJIICS
i3 camMoro movaTkKy BUIIPOOYBaHb.

Tomy BifIOBITHUM aHAJIOTOM MILIHLHOCTI € (DYHKITS, 10 JOPIBHIOE IPAHUI
JJ1 YMOBHUX fIMOBIpHOCTE#

() :limhlo%P(x <éE<z+h/E>x).
3a o3HaYEHHSM yMOBHOI HMOBIPHOCTI

Ple<¢<a+h/€>a)=Pla<¢<a+h, €2a)/PE>0)=
P(e <& <z+h)/P(E > ) = (h f(z) + o())/(1 - F(z)).

3BiJICH IPUXOINMO JI0 TAKOTO O3HATECHHSI.

OznavenHs. OyHKIE€IO IHTEHCUBHOCTI He610 emHol 8unadkosoi eesuyu-
Hu, wWo Mmae wiavricmv f(z) § gynryito posnodiay F(x), nasusaemoca dyn-
KULA

AMz) = f(z)/(1 = F(x)), > 0.

3a O3HAYEHHSIM JIJIT BCIX TOYOK HEIEPEPBHOCTI X IMILIHLHOCTI
Plx<&{<z+h/&>x)=hAz)+o(h), h— 0.

Teopema (mpo oGumc/IeHHST PO3IO/iiLy Yepe3 (pyHKIHI0 iHTEeHCUB-
HocTi). Hezal sunadkosa seaununa £ neeid’emma, abcortommo nenepepena i



mae gynryito immencuenocmi N(x). Todi i1 pynryis po3anodiay ma wisoHicmo
maroms npu x> 0 cuzasd

Plz)=1— exp (— I A(y)dy) L f(@) = @) e (— I A(y)dy) |

JloBeneHHsI.
O6umcimMo iHTErpaJt

JiA@)dy = f7 (1= F(y)" f)dy = [ (1 —u)"'du = —In(1 — F(x)),

Jle BUKOPHUCTaHO 3aMiHy 3MiHHOT « = F(y) 3 ypaxyBaHHSIM TOTO, M0 MJILHICTh
f(z) e moximuoro nyist byHKIHT posmogiay F(x). Po3s’s3koM 11500 piBHSIHHS €
mykaHa piBHicTh st F'(x). I3 MoHOTOHHOCTI Ta HOpMOBaHOCTI QYHKIIT pO3-
IIO/I1JIy BUBOJMMO XapaKTePUCTUYHI BJIACTUBOCTI IHTEHCUBHOCT1

Az) >0, [;°Mz)de = oco.

. . . .o ay .
Jasti, 3aMiHOI0 3MIHHOI U = fo A(y)dy obunciumo inTerpast

Jo M) exp (= [ My)dy) dz =1 —exp (= [y My)dy) = F(t),

3BiJIKU 328 O3HAYEHHSM IJIBHOCTI JiicTaHeMO 300paxKeHHs I HIiabHOCTI [
OsnauenHs. Bunadkosa seauvuna & mae TOKA3HUKOBUIT PO3MOALT (abo
eKCITOHEHIIHHuiT posmonin) i3 napamempom A > 0, nosnauenns & ~ Exp(N),
AKUL0 BOHG AOCOMOMHO HENEPEPEHA, HEBL0 EMHA © MAE CMAAY PYHKUIIO TH-
MEHCUBHOCTNE, U0 QOPIBHIOE .
OTxke, MUIBHICTD 1 DYHKILS PO3MOLITY TOKA3HUKOBOI BEJTMIUHU JIOPIBHIO-
I0Th

f(z) =X exp(=Az), F(z)=1-—-exp(—Az), Vz > 0.



Teopema (mpo BizmcyTHicTh micJjs/il /1151 TOKA3HUKOBOTO PO3IIO-
mimy). Iokasnukosa 6unadkosa 6eAuduna & MAE BAGCTMUBICING GLOCYMHOCTII
nicaadii, moomo dasa dosiavhux t,s > 0 mae micye momorHcHicms

P>t+s/E>t)=P(E>s).

L0 saacmusicms ModHCHA NPOTHMEPNPEMYBAMU MAK: 304 YMOBU SUINCU-
B8aHHA" NOKAZHUKOBA BEAUNUNA NOGHICTNIO 3A0YBAE COE MUHYAE.

JloBe/ieHHsT € 0OYeBUTHUM HACJIIIKOM MYJIBTUILTKATUBHOCTI €KCIIOHEHTH
exp(—Ax) Ta 03HAUEHHS YMOBHOI HMOBIpHOCTI

P=>t+s/E=t)=PE=t+sE=>t)/P(E21)=
P>t+s)/ P(>t)=exp(—A({t+s)) /exp(—At) = P(§ > s) I

Bupasa. /Tosecru, 1mo B Kjaci abCOTIOTHO HEIIEPEPBHUX BEJINIUH BIACTUBICTH
BiJICyTHOCTI Tic/IsA/Iil MafOTh JIAIIE MOKA3HUKOBI BenunHU. BKaziBka: BiJICyTHICTH
nicasanii exsiBagenTHa Mynbrumtikatusocti Q(t + s) = Q(t) Q(s) s iimosip-
nocti sukupanusa Q(t) = P(§ > t), a e;juuuM HenepepBHUM PO3B’SI3KOM DiBHSIHHS

Q(t+ s) = Q(t) Q(s) e excrionenTa.
10.6. Pozmoxin Beiidyia

Ozunavennsi. Bunadrxosa seauvwuna & mae posnomin BeitOyna 3 napame-
mpamu A > 0 1 a > 0, akwo ¥ PynKyLa IHMEHCUBHOCTNI € CNENEHEB0N:

AMz) = da(Az)* .
Orxke, mpu = > 0 miibHICT Ta (hyHKIS po3nomiay BeitOyra MaoTh BUTIAL

f(@) = Xa(Az)* " exp(—(Az)"), F(z)=1- exp(—(Az)").



Oyukiisg po3nojiay BeiiOyia BUKOPUCTOBYETHCS B TEOPil CTOXACTUIHUX
MoJeeil SIK OLIBIN peaJbHA 3aMiHHMK OKA3HHKOBOI (DYHKIII PO3IOIiTY,
OCKIJIbKM BJIACTUBICTb BIJICYTHOCTI TIC/Isi/1il y OLIBIIOCTI 3aCTOCYBaHb HE €
npuitHgaTHOIO. /lificHO, O61IBIN pea/icTUYHUI XapaKTep MOBEIHKN (DyHKIIT iH-
TEHCHBHOCTI TIOJISITA€ B TOMY, I1I0 Ha MIOYATKOBOMY eTalll BoHa crajae (edekr
[MOYATKOBUX KOHCTPYKTHBHUX BIJIMOB), JIMIIE TOTIM HACTYIIA€ [EPIOJ] BiHO-
CHOI CTAJIOCT, IT0 HAPEIIT] 3MIHIOETHCS €TAIIOM HEYXIJIBHOTO 3pocTaHHs (eeKT
CTapiHH:).

10.7. Pozmnoain 'omnepra

Ozuauenns. Bunadkosa seauvuna & mae posnoaiit lommepria 3 napame-
mpamu A, 1> 01 a >0, akwo it GynKyia ivmencusrocmi € noKa3HuK08010:

Az) = X+ pexp(az), x > 0.

Posmonin T'ommepTia BukopucToByeThes y jgemorpadil K MaTeMaTHdHa
MOJI€JIb TPUBAJIOCTI YKUTTS JIIOUHU.

10.8. Pozmnozaia ITapero

QyHKIIT pO3MO/ILTY BCIX 3a3HAYEHUX BHIIE PO3IO/ILIIB €KCIIOHEHIIITHO MMTBUIKO
NpsAMYIOTh 710 1 ipu & — 00. [Ij1g HACTYyIIHOTO PO3MOJIiIy TaKa MIBUJKICTH €
CTEIIeHEBOIO.

OsHauennsi. Bunadxosa sesununa & mae posuoin [lapero, axuwo drn
deaxur A > 0, > 0 i pynxuyia poanodiay dopieHioe

1— ()™ z>1/A,
P(5<x>:{ 0, z < 1/



10.9. Posnoain Korimi

Ozunavennsi. Bunadkosa seauvuna & mae posnomin Korr, axwo i mo-
otcha 30bpasumu y euzasdi € = tg p, de sunadkosutll kKym @ € PiBHOMIPHO
posnodiserum wa 8i0pisky [—m/2,7/2].

Ockineku ¢ € [—7/2,7/2], T0

P(¢ <z)=P(p <arctg z) = ; + Larcty =,

i mMiJIbHICTD £ Ma€ BUTJIST

11
w14 a2

fe(z)

10.10. DyHKIIII Big BUIAIKOBOI BEJIMYNHNI

Teopema (rpo obumciaeHHsi po3noainy (yHKIT Bi BUIIaIKOBOT
BeInunHN). druo sunadkosa eesununa § mae Gynruio posnodiny Fe(x), a
g : R — R bopeacsa gynruyia, mo daa ecix B € B(R)

P(g(¢) € B) = Fe(¢""(B)).

de gV (-) ~ npoobpas sidobpasicera g.

JloBegeHHs  odeBW HE, OCKUIBKM 3a  O3HAUYEeHHIM  1Ipoobpasy
{9(¢) e B} ={¢ €¢I (B)}.

Hacainok (mpo 36eperkeHHs 0THAKOBOT PO3MO/IiJIEHOCT1). SKkuo 6u-
nadkosi eesuvuny &,k = 1,2, odnarxoso poanodineni, mobmo maromv o0Ha-
K061 pynkyil poanodiny, a g — bopeacsa Pynryia, mo sesununy g(&,) marooic
00HaK080 PO3NOJINEHS.



HoBenenns. dxmo F' — cruinbauii posnosin (To6ro nopozkera mipa Jle-
6era — Crinrbeca) BeamdauH &y, TO

P(9(&) € B) = F(¢"V(B)) = P(9(¢,) € B), VB € B(R).

Hacainok (mpo posmoais JiHifiHOro mepeTrBOpeHHsI BUIIAKOBOT
BeJImIuHN ). Jaa ainitnoi gynkuii g(x) = a+bx, b > 0, gynxyisa posnodiny
AHITH020 nepemeopenna ¢ = a + b mae euzand

P(¢ <z)=P(¢ < (z —a)/b) = Fe((z — a)/b),

a Y 6UNAdKY ICHYSANHA WIALHOCTL PO3N0JinY fe ICHYE WIADHICMY ATHIUHO20
nepemeoperHta,

fe(@) = b7 fe((z — a)/b).

Hosenenns. [lepma dpopmyrna odeBu iHa.
Ocrannas piBHICTH BUBOJWTHCS 3 O3HAYEHHS IILJIHHOCTI Ta 3 (OpMy/IH 3a-
MiHU 3MiHHOI B iHTerpasm y = (u — a)/b :

P(¢ <a)= [ fe(y)dy = b7 [7_ fel(u— a)/b)du O

Bnpasga.

(1). Bunasikosa sesmuuna € mae nenepepsny dynxiio posnomity F(z). Tose-
crh, o Bunajikosa esnuuna F(§) pisnomipro posnosminena na sinpisky [0, 1].

(2). Bunagkosa Beamunna £ PIBHOMIDHO PO3IOJiTeHa HA [0, 1]. Hosectn, 110
— In £ Mae TOKa3HUKOBHIT POBIIOIL.



11. MaremarnuHe cHoAiBaHHHA ANCKPETHOl BU-
1a/IKOBOI BEeJIMYNHN

JluckperHuit pos3romia abo GpyHKINS pO3IO/ILITY BHUIAIKOBOI BEJIUIUHU € J0-
CUTDb CKJIAJHUMU (PYHKIIOHAJIbHIUME XapaKTePUCTUKAMU. ToOMY JOILIHLHO PO3-
IJIAHYTH OLJIBII ITPOCTI YHMCJIOBI XapaKTEePUCTUKHU BUITAIKOBUX BejuanH. [lep-
IMa 3 HUX — MaTeMaTHU4YHe CHOJIBaHHSA abo K cepeHe 3HAYEHHs, XapaKTepH-
CTUKA ITTOJIO?KEHHSI.

Posrnsgnemo takuit mpukaan. Hexait nmpocra BunajkoBa Bemduna ( Ha-
OyBae 3HAYEHb 1, ..., T, 3 IMOBIDHOCTAMU P, ..., Pp. LIpUIyCTUMO, MIO CIIO-
CTEPIraloThCsd N Hesaseknnx peasisariit ¢y, ..., ¢, Beauauan ¢ . Tomai cykymme
CepeJIHE TUX 3HaYeHb MOXKHA IOJIATH Y BHUIJIAI

% 2 im1 i 2 k=1 L=} = 2it mi‘ynflxi)a

ne Vp(2;) — KUIbKICTh THX CIOCTEpeXkKeHb 13 9ucia n, 1Mo JTOPIBHIOIOTH T;. 3a
MPUITYIIIEHHAM CTIHKOCTI 9aCTOT, 3 FKOTO MU TOCTYJTIOBAJIN TMOHITTS WMOBIp-
HOCT1, % — P(¢ = ;) = p;i- Tomy p,, — > x; p;. O1rke, cyma B mpasiii
YACTUHI € I'PAHUYHOIO JijIs BHOIPKOBUX CepeJHIX 1 Ma€ BijirpaBaTu CyTTEBe
3HAYEHHS.

Ozuavenns. Hexatll £ — duckpemna 6unadkosa 6eAuMUHA 3 MHOHCUHOW
pisnuz snavens {x,, n > 1} ma posnodisom (p, = P(§ = x,),n > 1). Mare-
MaTHIHAM CIOJIBAaHHSM JUCKPETHO! BEJIUINHU & HA3UBAEMBCA CYMG PAOY

M¢ = Z nZlmn Pn,

34 YyMosu, wo pad 36i2aemuvca abCoMOMHO (OAA NPOCINUL BEAUNUN Ye MAK).



3ayBakeHHsl. BpaxoByloun acEMITOTUYHY BJIACTUBICTH, IO BUKJIAJICHA
y IPHUKJIaJl, & TAKOXK 3 METOI0 CKOPOYEHHSsI, MaTeMaTUIHe CIIO/IIBaHHs BUIIA/I-
KOBOI BEJIMYIHHE IHKOJIN HA3UBAIOTH 11 cepeiM (3HadenusM). Xoda 3 HABee-
HUX JaJl IPUKJIA/IiB HEBA’KKO 3POOHTH BUCHOBOK, IO CePeIHE (K 3HATEHH: )
MOKe HIiKOJIH He HabyBaTHUCH.

11.1. O6uyncjaeHHsS MaTEMATUYHOTIO CHOAIBAaHHS (PYHKITIT
BiJIl IMCKPETHOI BUMNAJKOBOI BEJIMINHN

Teopema (mpo 06YMCIEHHST MATEMATUYIHOTO CIIOAiBaHHS (byHKITIT
Bizt auckperHol Benmunnan). Hexati & — duckpemma sunadkosa eesununa 3

MHONHCUHONW PiHUT 3Hauens {T,, n > 1}, a g — dosinvna wucaosa PyHKyia.
Todi

Mg(§) = Z n>1 9(wn) P(€ = xn).

SayBakumMo, 10 Ha BiAMiHY BiJ O3HAUEHHS MATEMATUIHOTO CIIO/iBAHHS
cepeJi 3HaU€Hb ¢(T,) MOXKYTb OYTH OJHAKOBI.

JloBemeHHs.

Bunajkosa Besmunna ( = ¢(§) auckperna. [losmatmmo {z,} = {g(z;)}
MHOYKMHY BCIX PI3HUX 11 3Ha4YeHb. 1011 38 O3HAYEHHAM

Mg(&) = >, 20 P(9(§) = 2,) =
2oz P(U gy = 28 =25}) = 20 20 205 g0y) = 20 PE=35) =
Do 2 glay) = = 9(@)P(E=25) = 32, g(x;) P(§ = ;) T

Bopasa. /losectu, mo s 1iJI03HaYHOT HEBiJ[ €MHOT BETUIUHI

ME =230 P(E2n) =3 50 P(E>n).



11.2. BuaacTtuBocTi MaTeMaTUYHOI'O CIIO/IiBaHHS JIUCKpe-
THOI BEeJIMYMHN

Teopema (IIpo BJIACTUBOCTI MAaTEMATHUYHOIO CHOJiBaHHS JUCKpe-
THO1 BenuduHu). Hexad &,n — duckpemni sunadkosi seaunuru. Mamema-
muumne cnodiBaHHA MAE MAKE BAACTNUBOCTNI:

(a —nosumusnicmsv) Hxwo & > 0, mo ME > 0.

(6 —0dnopionicms) M(c€) = cME.

(6 —adumuenicmv) M(E+mn) = ME+ Mn.

(2 —monomonnicms) Hxwo € > n, mo ME > Mn.

(0 —menepepsnicmv  3nusy) SHxwo &£,, 1 npocmi  SeAUNUNHY i
0<¢,TE¢=1lim¢, > n npu seciz w, mo eparuysa lim ME, > Mn.

JloBeieHHsi.

Biacrusicts (a) oyeBujHa, OCKIIBKY BCl 3HAUEHHST £ HEBiJ| €MHI.

Tepizkennsi (6) BUILINBAE 3 O3HAYEHHSI, OCKLIbKU BeJndnHa c€ HabyBae
SHAYEHb {CT1, ..., Ty, ...} 13 TUMHI K CAMUME HMOBIPHOCTSIMH.

Hns noBesennst (B) mpumyctuMo, mo  HabyBae pisHi 3HaYeHHS {T;}, a 7
HabyBae Pi3HUX 3Ha4YeHDb {Y;}. 38 TEOPEMOIO PO OOUNCIIEHHS MaTEMATHIHO-
ro crofiBanHst (byHKINT Bl auckpernol Besmaunu (€,17), ska JOPIBHIOE CyMi

g((&,n) =&+
M(€+n) :Zi,j(xi+yj) P =x,n=1y;) =
Yt PE=zin=y;)+> v P=zi,n=1y;) =
Yurid Pl =zm=y) + 2 ,y; > P =zin=1y;) =
duTi P(E=m)+ 3y, Pln=y;) = M&+ Mn.

PiBHicTh KpaTHUX Ta MOBTOPHUX CyM BUILIHUBAE 3 aOCOJIIOTHOI 3012KHOCTI pe-
3yABTYIOUNX PAJIIB.



MonoronsicTs (r) € oueBHHUM HACALIKOM (&) Ta (B):
0 < M(§—n)=ME— Mn.

Hnst noseienns (1) 3ayBaXKuMo, M0 iCHYBaHHSI IPAHUIL BUILIMBAE 3 MOHO-
ToHHOCTI nocsiosrocti M¢, BHacaimok ().

Posriissnemo juist goBisibHOTO (hikcoBanoro € > 0 Bumajakosi momil A, =
{£, > n—¢€}. Ba ymosoro A, T Q, 3BigKu 3a HemepepBHIiCTIO HMOBIpHOCTI
P(A,) — 1. Ockinbku BeumdIuHa 7) 11pOCTa, TO il HAlbLIbIIe 3HAUEHHS M =
max 7 < 00 CKIHYeHHE 1 He 3aJIe2KUTh BiJ| eJleMeHTapHOl MO/l w.

Jlnst Beix w 3a o3HavueHHsAM A, CripaBejinBa HEPIBHICTDH

&2 (N —e)la, 2nla, —e=
n—nlg —ez2n—1zg maxn —e=n—m lz —¢,

0oT¥Ke, 38 MOHOTOHHICTIO MAaTEMATHIHOIO CIIOiBAHHSI

lim M¢, > lmM(n—m 13- —¢e) = Mp—m lim P(4,) —e = Mn —e¢,

ockinmbru P(A,) — 0. [lepexonsgau B ocrauniit HepiBrOCTI 710 rpanumi € — 0,
JIOBOJIMMO TITYKaHy HepiBHiCTH []

11.3. Ilpumkiaagm obumcjaeHHd MaTeMaTHIHOI'O CIIOJdiBaH-
He

11.3.1. ImagmkaTopHa BeJIMYMHA

M1, =1-P(A) +0- P(A) = P(A).



11.3.2. BiHomiajabHUlI PO3MOALT

Hexait £ ~ B(n,p). Togi M& = np.
Hapememo tpu criocobu ob9ucieHHs.
n ! — _
(a) ME =34 kO PP " =np3 i, = 1)!(;) ")l Pl = np.
(6) Posruisiremo reneparpucy

pz) =Mzt =) 2 pt™ = (pz + 9"

Ockinbku ME = ¢/ (2) |.=1, To ME = np(pz + q)" ! |.—1= np.
(B) Hexait x;, = ly, — inaukaroprna BeJuvInia yCuixy B k-My BHIIPOOYBaHHI
Bepuymnni. Togi Mx, =pi& =7 ,_; Xg, 0Tke ME =77 My, = np.

11.3.3. T'eomeTpmyuHUii PO3IIOALI

Hns € ~ G(p) 3a MeTOIOM reHepaTpuc
M¢ = Zk21 kg 'p= p(ZkZl qk); =p/(1 - Q)2 =1/p.

11.3.4. Poznoain Ilyaccona

Hns € ~ TI(A) 3a 03Ha‘{eHH5{M
k—1
ME =350k 5 T = = A2 ks (/\ =

Bnpasga.

(1). BmaiiTi MaTeMaTHYHE CIOAIBAHHS YHCIIa JIACTIB, IO JIHIyTH 10 ajapecara,
y 3aJ1adi mpo 36ir i3 po3miay mpo AUCKPEeTHUl iMOBIpHICHUI TMPOCTIp.

(2). Hexait P(B) > 0, a & — quckperHa BUNa/KOBa BEJIMYMHA 31 3HAUCHHSIMH

{zn,n > 1}. Busnaunmo ymosne maremaruune cnogisanns M (§/B) = M (&1g)/P(B).



Hosecrn, mo: (a) /1711 TAKOr0 MaTEMaTHIHOIO CIIO/IBAHHS BUKOHYIOTHCSI BC1 BJIACTH-
BOCTI MATEMATUYHOTO CIIO/IiBAHHS JIUCKpeTHOT Besmuunw, (6) M (£/B) = Zn>1 z, P& =

n | B)




12. 3araJjbHe O3HAYEHHA MAaTeMaTUYHOI'O CIOJII-
BaHHS

12.1. HeBia’eMmHi BunaJKoBi BeJIMYHNI

Osnauennsi. Hexatd & > 0. MaremarwdHuM CHOIIBAaHHAM HeE610 €EMHOT

6UNadK060i BEAUMUNL & HAZBEMO MOHOMONKY 2PAHULIO
M¢ = lim,, _, , M, < oo,

de &, — npocmi seaununy maki, wo 0 < & T E.

SayBarKeHHH. [cHyBaHHS BKa3aHO! IIOCJIIIOBHOCTI §,, BUIJINBAE 3 TEOPEMU
[IPO AIMPOKCUMAITI0 BUIMAIKOBUX BEJIMYMH MPOCTUMU, 8 iCHYBaHHSA CKiHYEHOI
abo Heckinvyennol rpannmi M¢E, T ME e HAcTiAKOM MOHOTOHHOCTI ITi€l TOCITi-
JIOBHOCTI.

12.2. KopekTHicTh O03HAYEHHS MAaTEMATHYHOI'O CIOiBa-
HHSI

Teopema (IIpo KOPEKTHICTh BH3HAYEHHS MAaTE€MAaTUIHOrO CIIO/i-
BaHHs#). ['parnuys lim ME, 6 03navenni mMamemamuumnozo cnodi6anms icHye
(ckinuenna abo HECKIHYEHHA) | He 3aAeHcumy 6i0 6UOOPY NPOCTNUL BEAUNUH
€, maxuz, wo 0 < & T & omowce, mamemamuune cnodiearHa 6USHAYEHE
KOPEKMMHO.

oBenennsi. [cnyBanHs rpaHuili oOrpyHTOBAHO B 3ayBazkeHHi. [l jo-
BeJIeHHsI 11 €IMHOCTI MPHITyCTUMO, IO OJHOYACHO 3 &, mpocTi Besmaman &,
taki, mo 0 < & 1 & Toni 0 < &, 1 € > &, nns koxuoro k. Orxe, 3a Bia-
CTUBICTIO (JI) HENEPEPBHOCTI 3HU3Y MAaTEMATHIHOTO CIIOJIBAHHS JUCKPETHOL



BeJIMYUHE ICHYIOTh MOHOTOHHI rpanumi lim M¢, > lim M¢&). Tepecraisioun
¢ i &, micigmu, gicranemo pismicts lim ME, = lim ME, ne 3Baxaioun na
CKIHYEHHICTh Y1 HEeCKIHYEHHICTb IuX I'paHuIlpb [

Teopema (mpo iHBapianTHe 300parkeHHsI MaT€MAaTUIHOTO CIIO/Ti-
BanHs1). Cnpasedausa pieHicmo

M¢ = sup(Mn : nnpocra, 0 <n < §).

doBenennsi.

Axmo n mpocra, 0 < n < & a0 < ¢, T €&, — npocti, TO BeTNINHA
max(n,§,) T & i Takox npocti. 3imen Mn < M max(n,&,) T ME 3a mono-
TOHHICTIO MaTEMaTHIHOTO CIIOJIIBAHHS JUCKPETHUX BEJIUYNH Ta 338 TEOPEMOIO
PO KOPEKTHICTh BU3HAYEHHS MATEMATUIHOIO CIiofiBaHHsd, oT:Ke Mn < ME.
Tomy BepxHs MexKa B IIpaBiii YacThUHI PiBHOCTI Teopemu He repesuiitye ME.

3 inmoro OOKY, Iisi BEPXHS MexKa, JIOCATAEThCs Ha AeSKiil MOC/IiI0BHOCTI 3a
O3HAYEHHsIM BEPXHBOI MeXKi 1 BiIIOBi/IHa rpaHulid He Menma 3a ME [

12.3. IuTerpoBHi HeBiJ’ €éMHi BUIIAQAKOBI BEJIMYNHUI

Oznavennsi. Hesid’ emna sunadkosa seauduna & Ha3u8aemvesa IHTEIPOB-
HOIO, axwo ME < oo.

Teopema (Ipo BJIACTUBOCTI IHTErPOBHUX HEBiJI'€MHUX BEJIMYWH).

(a) SAxwo 0 < & < ¢ i inmeeposna, mo & inmeeposna i ME < MC.

(6) Hrxuwo 0 < &, C inmeeposni, mo cyma & + ¢ maxoostc inmeeposHa i

M+ () = ME+ MC.

loBenennsi.



(a) BunsmBae 3 Teopemu mpo iHBapiaHTHe 300pazkKeHHS MATEMATHIHOTO
CITO/IIBAHHS, OCKIJIBKH BiIIIOBIIHI MHOYXKWHU IIPOCTUX BEJIMIWH € BKJIAJICHUMU:

{n : nmpocra,0 <n <&} C {n:nupocra,0 <n < (},

a omepallii 0O0YNCAeHHT MaTeMaTHIHOIO CIIOiBaHHS JIMCKPETHOI BEJIMIUHN Ta,
00YHMCIEHHSI BEPXHBOI MeXKi UMCJIOBOT MHOXKUHIA MOHOTOHHI.

(0) Axmo 0 < &, T£,0< ¢, T ¢, e &y, ¢, —mpocti, 10 0 < &, +C, TE4C,
npudomy cyma &, + ¢, € IpoCTOI0 BUIAIKOBOIO BetmanHoo0. OTKe, 3 TeopeMu
PO KOPEKTHICTh BU3HAYEHHS MATEMATUYHOIO CIIOJIIBAHHS

M(€+¢) = lim M(&, + ¢,) = lim M€, + lim M(, = M& + M < oo

3a BJIACTUBICTIO T'PAHUIL CYMU 30iKHUX YUCJIOBUX TMOCTioBHOCTE [-]

12.4. MaremarnvHe cOoJiBaHHS 3HAKO3MIHHIUX BEJIMYNH

Haramaemo, 1o 101aTHOIO Ta Bif € MHOIO YaCTHHAMUI 3HAKO3MIHHOI BETMIMHI
¢ Ha3UBAIOTHCA HEBIiI €MHI BUITQ/IKOBI BEJTUIHMHI

€+ = maX(€7 0)7 5_ = max<_€7 0)7

3 ozHaueHHa OTpEMYeMO (BIpaBa): & = (T —¢7, 6767 =0, +& = [€].
O3HaueHHS. 3HAKO3MIHHA BUNAJKO6G GEAUNMUNG & HA3UBAEMBCHA IHTE-

IPOBHOIO, AKW0 he6id emua seaununa || = E7 + €7 e inmezposnor. 3a iei

YMOS8U MATEMATUIHUM CIHOJIBAHHAM £ HA3UBAEMDCA YUCAO
ME = MET — ME.

3ayBakeHHSI. 3 TeopeMH PO BJIACTUBOCTI iIHTErPOBHUX HEBIJI €MHUX Be-
JINYUUH BUBOJUMO, IO iHTErPOBHICTH & €KBiBaJIEHTHA OJ[HOYACHIH IHTErpOBHO-
CTi BHIIAIKOBUX BEIMHNH £



BnpaBa.Bunajkosa sesmunna & iHTErpoBHA TOAI i TIILKH TOJI, KOJIA IIPH JI6-
sixomy b > 0 abcomorno sbiraersest psg I(E,h) = Y-, nh P(nh <& < nh+h).
s 36ixnicTs He 3anexkuth Big b, npuaomy ME = limy, o I(€, h).

12.5. BuacTtuBocCTi MaTeMaTUIHOIO CIIOIIBAHHSI

O3znaavueHHs. Buci06.41068aHHA U000 PE3YALMAMY CMOTACMUYHO20 eKCNe-
PUMEHMY BUKOHYEMBCA MaiizKe HAIIEBHE (CKOPOYeHHA: M.H.), AKULO UMOGID-
HICTND MHOHCUHU CNPUAMAUCBUT eACMEHMAPHUL N0 JOPI6HIOE 00UHUUL.

Teopema (IIpo BJIACTUBOCTI MATEMaTHUYHOTO CIIO/IiBaHHSI).

(1 —nopmosanicmsv) Mc = c.

(2 —uenmposanicmv) Hrxwo & =0 m.n., mo ME = 0.

(8 —nesid’ emmicmo) Hruwo € > 0 m.n., mo ME > 0.

(4 —dodammicmsv) Hxwo &€ >0, i ME =0, mo & =0 m.n.

(5 —adumusnicmov) M (& + ¢) = ME 4+ M, axwo &, — inmeeposni.

(6 —0dnopidnicmv) M(c€) = cM(§).

(7 —monomornicms) Sxwo & < ¢ m.n., mo ME < MC.

(8 —insapiarmmicmyv) Hxwo & = ¢ m.n., mo ME = M.

(9 —onykaicmo) | ME| < M |€]|.

3ayBa>kKUMoO, 1110 BJIACTUBICT JIHITHOCTI MATEMATUIHOTO CIIO/[iBAHHST T10-
JIATA€ B OJIHOPITHOCTI Ta aIATUBHOCTI.

doBenennsi.

Trep/xennst (1) oueBu/He, OCKIIBKE CTAJIA € IPOCTOIO BUIIAKOBOIO BEJIH-
YHHOIO.

[Tpu noeenensi (2) moxHa BBaxkaT, mo & > 0, OCKUIbKE B 3araJbHOMY
Bumaaky 3 & = 0 w.u.ma 3i Brmodens {€ = 0} C {65 = 0} summBae £ = 0
M.H., & TOAj 3a o3HadeHHaM ME = MEY — ME™ = 0. Hami, 30 < ¢ < €, ne
¢ — upocra, a £ = 0 Mm.H., BuBoguMo, mo ¢ = 0 m.u. Toxi ¢ = >, ckla,, e



c1=0,P(A;) =1,P(A;) =0,Vk > 1,1 M{ = 0-140 = 0. Tomy 3a Teopemoro
IIpo iHBapiaHTHe 300pakeHHsd MaTeMaTudHoro croiBanig ME = 0.

B ymoBax (3) maemo & = 0 a.u. i BHacaimok (2) M = 0. Ockinbku
& > 0, 3 HeBi'eMHOCT] MATEMATHYHOTO CHOJIBAHHS IHCKPETHOT BEJIMUMHH Ta,
TEOPEMH IIPO IHBapiaHTHE 300parKeHHsT MATEMATHIHOIO CIIOIIBAHHS IICTAHEMO
MET > 0. Tomy ME = MEY — ME™ > 0.

Hns noeenennsi (4) mpumyctumo, mo £ # 0 wmaiizke nanesne. Tomi
P(§ > ¢e) > 0 ans gesikoro € > 0, ToMy 110

{€ 201 n{¢#0} ={¢ >0} = Upso{€ > 1/}

Ockinmbku § > € 1{¢>¢}, TO 33 TEOPEMOIO IIPO iHBapiaHTHE 300pasKeHHA
MaTEMATUYIHOT'O CHO,HiBaHHH

M52M51{£25}25P(525)>0,

IO CYIEPEeYuTh YMOBI.
Hns mosenenns (5) 3ayBazkuMo, 110 y BUIAAKY HeBix' eMuux ¢, & > 0 aju-
TUBHICTDH JI0BeJIeHa BUIIe. [1s 3HAKO3MIHHUX BEJTMYNH 3aIUIIIEMO TOTOXKHICTh

T+ -+ =+ —E+0) =1

Ockimbku (z +y)t < a7 +y*, 10 0 <5 <" + (", omke n — Hesig emna
i iHTerpoBHa 3a TEOPEMOIO IIPO BJIACTUBOCTI IHTEIPOBHUX HEBIJI €MHUX BEJIN-
qiH. 3 aJUTUBHOCTI MATEMATHYHOTO CIOJIBAHHSI JJisl HEBiJ €MHUX BEJIMIMH
BuILHBac pismicts M(EF + (F —n) = M (&5 + ¢F) — My,

Orxe,



ME+)=ME+OT—M(E+()™ =
ME +¢—n) - ME +¢ —n) =
M(EF+¢T) = Mn—M(E +¢)+ Mn=
MEY + M¢t — Mé™ — M¢™ = M€+ M.

Hnsg ¢ > 0, > 0 nosezennst (6) Burmsae 3i 36ixkuOCTI 0 < £, T £ Ta
OJLHOpi,H‘HOCTi MaTEMATHUYIHOI'O CHOﬂiBaHHH ,]H/ICerTHI/IX BE€JINYNH:

M (c€) = lim M (c€,,) = limeM (&,) = cME.

Y 3araJibHOMY BHUIIQJIKY CKOPUCTAEMOCH ajuTUBHICTIO (5) Ta TOTOXKHICTIO
cf =ctet —c ¢t —cte +c ¢

Hosenenust TBepyzkenns (7). 3a ymoBowo ¢ — & > 0 M.H., TOMY BHACJIIIOK
(3) ma (5,6) MC — ME = M(C = €) > 0.

Hosenenus (8) Bunsmsae 3 TBepizkenHs (7), sKIIO f0ro 3acTocyBaTH JI0
nepiBnocteit £ < (, —& < —(.

Bracrusicts (9) orpumyemo 3 (7) Ta mepirocTeit — [€] < & < |€] [

12.6. Ilepexig mo rpaHuii IiJi 3HAKOM MaTEMAaTHUIHOI'O
CIIOJIIBaHHS

B nanomy posjiiii 30iKHICTH BUIIAIKOBUX BEJIUYUH OyJIeMO PO3YMITH K T10O-
TOYKOBY, TOOTO 3012KHICTH IIpHU BCiX w € ().

Teopema (Teopema JleGera npo MOHOTOHHY 36Gi>KHICTB).
Hezxati 0 < &, T & Todi ME, T ME < 0.

loBenennsi.



3a TeopEMOIO PO AITPOKCUMAIIIIO BUIIAIKOBUX BEJIMUYUH IIPOCTUMU 00epeMo
quist Kozkaoro n pocti 0 < (. T &, upn k — oo. Iloznatuumo

Ck = MaX, <k (nk

Toxi (;, — TpocCTi HEBi/I'€MHI BUITAJKOBI BEJIMYNHU, Ta HE CIA/IAI0Th:

Cp = 17?2)12 Cok < 17{1?’2 Cn,k+1 < nngl%gjrl Cn,k+1 = Cpr1-

Kpiwm Toro, 3 nepisuocti (,,;, < &,, Ta MOHOTOHHOCTI £,, BUBOJIUMO, IIIO

Cr=maxXp <k Cpp SMaxp, < &, = &

Tomy
anSCkSSkéf, vnﬁk‘, Yw.

[Tosnaunmo monoronny rpanumio ( = lim(,. Toxi 3 ocrannix HepiBHOCTEN
upu k — oo orpumyemo &, < ¢ < &, 3BijiKu 1ipu n — oo Maemo ¢ = €. 3a Teo-
PEMOIO IIPO KOPEKTHICTh BU3HAYEHHS MaTeMaTHIHOro crojiBanug lim M, =
M¢ = ME. Orxe, 3 THX 2Ke HEPIBHOCTEH 38 MOHOTOHHICTIO MaTEMaTHIHOTO
CIOTIBAHHST

M¢ =1lim M¢, < lim M¢, < ME,

Tobro lim M¢, = ME, nezanexxkno Bij Toro, ckinyenne ME um i [
Bopasa. [Tosenits cupasemsicTb OpMy/IH JIJIsi MATEMATUIHOTO CHO/IBAHHS
JINCKPETHOI (HE MPOCTOT) BUIAIKOBOI BEJIMIMHU.
Teopema (Teopema JleGera mpo makopoBaHy 30i>KHICTB).
Hexaii |€,)| <n, npuwomy Mn < oo.
(a —Hepienocmi @amy). Todi

n—oo



(6 —Masicoposara 36icricmyv) Hxuwo dodamroso £, — £, n — 00, mo
Mg, — M€, M|E, — €] — 0, n — 0.

SayBaxkenHs. [ljg cupaseymBocTi JriBol nepisrocti Party I0CTATHBO,

mob &, > 0.
loBenennsi.
(a) Hdosememo miBy HepiaicTh. [loznaunmo ¢, = inf >, &
3a osmavenHaM HIKHBOI rpamumi ¢, T Hm¢, i ¢, > inf ;>,(—n) = —n.

Orxke, 0 < ¢, +n T lim &, + 7. 3a auTHBHICTIO MATEMATHIHOTO CIO/iBAHHS
Ta 3a TeopeMoio Jlebera mpo MOHOTOHHY 36i:KHICTH

MIm¢, + Mn = M(Img, + n) = Mlim(¢, + n) = lim M (¢, +n) =
lim M, + Mn = imMC, + My < imME¢, + Mn,

ockinbku ¢, < ¢&,.

3Bijgcu BummmBae JiBa HepiBHicTh Pary. OueBHIHO, IO BKa3aHe JIOBEIE-
HHS CIPaBeJJINBE JIJId JIOBUIBHUX HEBiJI €MHUX BeJUYUH &, a/Ke B JIAHOMY
JIoBeJIeHHI MOoyKHa obpatu 1 = 0.

IIpaBa mepiBHicT, PaTy BHBOIUTHCS 3 JIBOI IiC/IA HiACTAaHOBKH —E, 3a-
MicTh €, 3 ypaxyBammaM Toroxmocreit lim(—¢,) = —lm¢,, lim(—¢,) =

[lepme TBepmkennst (6) BummBae 3 (a), SKIO BpaxyBaTH, mo limé, =
M§n = ¢ 3a O3HAYEHHSIM I'PAHMUII YUCJOBOI TOC/IIIOBHOCTI, 3B IKM

Mg = M lim¢, < lim M¢, < lim Mg, < M Iimg, = ME,

TOOTO BCi HEPIBHOCTI TYT € PIBHOCTSMU.
it oBeJIeHHST JIDYrOro TBepJZKeHHsI IyHKTY (6) TeopeMu 3acTOCYyeEMO
TIepiIre 10 MazKOpOBaHO 3012KHOI MOCJIiIOBHOCTI



£n=16—¢&—0, 0<&, <2n0
Bnpaga. /losecru, 1o

P(limA,) < lim P(A,) <Iim P(A,) < P(limA,).

12.7. AGcTpakTHuii interpaJ Jlebera

OsnavenHs. [urerpanom Jlebera 3a Miporo p 6id sumiproi dyrrxyii &(w)
Ha sumipromy npocmopi (S, F, [1) HA3UBAEMBCA YUCAO

/ E(w)p(dw) = p(9) / £(w)P(dw) = p(Q) Mé |
Q Q

Y npunywerti Heeid emrocmi abo inmezposrocmi £, de tumosipnicmo P na
susnauaemves ax P(A) = p(A)/u(Q). Inmezposna seauvuna £ nazusaemues
IHTETPOBHOIO 38 MipOIO 4.

Iarerpasiom Bixm & Ha MHOXKMHI A € [ Ha3uBaeThecd iHTerpas Ha ) Bifg
dyukuil €(w)ls(w).

SayBaxkenns. [urerpas Jlebera mae Bci BJIaCTUBOCTI, 110 BUKJIAJIEH] B Te-
opeMax IIpPO KOPEKTHICTh BU3HAYEHHSI MATEeMATHIHOIO CIIO/IBAaHHS, [P0 BJla-
CTUBOCTI IHTEIPOBHUX HEBIJI €MHUX BEJUYHNH, IIPO BJIACTUBOCTI MATEMaTUTHO-
ro crojiiBanHs, B Teopemi Jlebera nmpo MoHoTOHHY 30iKHiCTB, TeopeMi Jlebera
po MazkopoBaHy 30ikHicTh. Te came crocyerbes i iHTerpadis Jlebera — Crisi-
Theca Ta 3a Mipoio Jlebera, M0 pPO3IIIAHYTI HUXKIE.

12.8. ImTerpas Jlebera — CrinTbeca

Osnauenns. Hezat F — nopmosana mipa Jlebeza — Cmiamoeca na B(R),
a g(x) — bopencsa pynruyis. Inrerpan Jlebera — Crinteeca 6id g 3a miporo F



BU3HAUAEMDCA AK MAMEMAMUNHE CNOJIBaAHHA 8UNAOK080I euvumy g : () —
R na dmosipnicromy npocmopi (Q, F, P) = (R,B(R), F), mobmo ax mono-
MOHHG 2DAHULA THME2PANIE 6810 ANPOKCUMYNUUT NPOCTNUT DOPEAESUT PYHKULL
13 AMHITHUM TMPOJOBAHCEHHAM HA 3HAKOZMIHHI 6OPenest GyHKUii.

ObwuBa nosnavenns g interpany Jlebera — CrinTheca

| swirw = [ g@ris)

—00 R

MalOTh OJHAKOBHUIA 3MICT.

Iarerpasom Jlebera — CrinTheca Bifm g 3a JIOBIIBHOIO CKIHYEHHOIO MipOIO
p ma B(R) masusaerncs no0yrok unciaa ((R) mHa imrerpas 3a HOPMOBAHOIO
ipoto 4(-)/u(R).

[HI1a. KOHCTPYKIlist TAKOTO iHTErpajly BHKOPUCTOBYE MOHATTS HEBJIACHOL
GYHKINIT PO3MOTIIY - HECIaJIHOI 0OMeXKeHOI HelepepBHOI 3/iBa (DyHKIII, 1Mo
BiIpi3HAEThCA Bifl (DYHKINT PO3IIO/ILTY JIUITE BJIACTUBICTIO HOPMOBAHOCTI, TOO-
TO Ha JofaTHU MHOXKHUK. JloBomuThes, mo koxkHa Mipa #Ha B(R) mopomky-
€ThCSA IPUPOCTAMU JIedKOl HeBJIacHOI (DYHKIIT posnomity. [nrerpas Jlebera 3a
€10 WPOIO Ha3mBaeThes iHTErpasom Jlebera — CrinTheca.

Haramaemo, mo inrerpasiom Pimana — Crinrbeca Ha [a,b] Bijg KyckoBo-
HerrepepBHOI (DYHKINI ¢ HA3UBAETHCS CIILJIbHA TPAHUIS BEPXHIX Ta HIKHIX
IHTErpaJIbHUX CYM BUTJISTY

lm > gu(Fla) - Flay) = (LS) /[ L SF()

Jae a=ayg<a; <. <dapy =b— posburrs BinpisKy [a,b], a g — BiamoOBiAHO
BepxHi a60 HIKHI Mexi DYHKIIT g Ha BiApI3Kax [ay, agi1]



Teopema (mpo 36ixkHicTh inTerpasiB Pimana — Crinreeca ta Jle-
6era — Crinteeca). Hexat F — necnadna obmesrcena nenepepena 34i6a @ym-

8y 610pi3HAOMBCA 610 mouox pospusy F. Toodi inmezpas Pimana — Cmiamoveca
ma thmeepan Jlebeea — C'miamoveca 36i2aromovea:

(RS) / 9(x)dF(z) = (LS) /[ o)F(ae).

JloBeieHHsT HEe HABOIMTHCS.

12.9. IuTerpas 3a miporo JlebGera

Osnauenns. Hexatl g(x) — bopeacsa ynruis. larerpas 3a miporo Jlebera
Ha [a,b] 610 g susnavaemovca ax Hopmosanut inmeezpas Jlebeea — Cminmoveca
3a miporo JleGera (b — a)Fy(-) :

/ab g(x)dx = (b— a) /Oo 9(z)dFo(x),

—00

WO NOPoOdHCEHA PYHKUIEI PIBHOMIPHO20 PO3N0JIAY

0, z<a
Fup(r)=<¢ (x—a)/(b—a), = € [a,]]
1, x>0

SayBarkeHHsi. MoxKHa JIOBECTH, IO JIjIsI KYCKOBO-HEIepepBHUX (DYHKITi
g iTerpaJ 3a mipoio Jlebera 30iraerbes 3 iHTerpagom Pimana



12.10. Teopemu ®Py6ini Ta Pagona — Hikoanma.

Bumipaum mpocropom OyieMo Ha3wBaTH mapy, MO CKIAIAETHCA 3 aDCTPAKTHOL
MHOXKWHHY §) 3 BUJILIEHOIO curMa-aaredporo F 1T maMHOXKAH, abo XK TPiiiKy, 3
JOJIATKOBUM TPETIM eJIeMEeHTOM — MIPoIo f Ha [ .

Teopema Oyb6iHi YacTO 3aCTOCOBYETHCS JjIs OOUUC/IEHHST KDATHUX 1HTETrPa-
JTiB.

OsunavenHs. Bumiprui npocmip (2, F, [1) HA3UBAEMBCA TIPAMUM 00~
TKOM 6uMipHux npocmopie (Qx, F i, fig), k = 1,2, axwo:

(a) Q=01 x O ={w = (w1,ws), wi € U}

6) F=F1®Fs=0[{A1 x Ay, A; € F1,As € Fo}].

(B) P(A; X Ay) = Pi(A1)Py(As), VAg € Fg.

Teopema (Teopema Py6iHi Mpo KpaTHUii Ta MOBTOPHI iHTErpasm).
Hexati npocmip (2, F, ) = (1, F 1, 111) ® (a2, F2, ty) € npamum dobymmom,
a &(w) = &(wr,ws) sunadrosa seaununa wa (2, F,p) Beauwuna £ inmeepos-
Ha 36 Miporo e modi U miavku modi, koau dynruia (-, wa) 0 fy-Mmatiorce
6CIT Wy THMEZPOBHA 30 MIPOIO [4; | BUMIDHA BEAUNUHA le &(wr,wa)py (dwy) €
IHME2POBHON 34 MIPOIO [ly. Y YbOMY 6UNAIKY CNPaABedIUBa PIBHICMD

| st = [ [ [ ton,cnhn (o) | )

JloBegeHHs He HABOIUTHCS.

Osnadenns. Yuciosa dyskiis 1 : f — R #a BumipHomy mpoctopi (€2, F)
Ha3MBAETHCA CUTMa-CKIHIEHHOIO MIpOI0, AKIO ICHYE IMOCJIiIOBHICTD MHOXKWH
C,, € F Takux, 1o KoxHe 3i 3By:keHb (1(-NC,,) € miporo Ha F . Iarerpas JeGera
3a TAaKOIO0 MIpOIO [i BU3HAYAETHCHA AK T'DAHUIIS 1HTErpaJsiB 3a BLANOBIIHIMUI
3BY2KEHHSAMM.

[Ipukajom Takux Mip € ToukoBa Mipa Ta Mmipa Jlebera.



Ozuauenns. Hexai v — mipa, a |1 — cu2Ma-CKIMYEHHA MIPG HA NPOCTOPT
(Q, F). Mipa v abcomoTHO HellepepBHA 610HOCHO (1, NO3HAYEHHA V <K [1, AKULO
dan wootenoi muooicunu A € F i3 u(A) = 0 sunausae v(A) = 0.

Teopema (Teopema Pamona — Hikoguma). Hexat (2, F,p) — 6umip-
HU NPOCMIP 30 CULMA-CKIHYEHHOIO MIPOIO [4, 4 MIPa V 3a0ana Ha F i abconio-
mno nenepepena: v <& p. Todi 3natidemvea F -6umipha iHMe2posHa 36 Miporo
w pynxuia [ na Q maxa, wo

v(A) = /qu(w)u(dw), VAeF.

Qynxuia f Ha3uBaAEMBCA WIALHICTNIO MIPU V GIOHOCHO [L MaA NO3HAYAEMBCA,

an f(z) = &(z).
JloBemeHHsT He HABOIUTHCSI.




13. OO6uncieHHd MaTeMaTUYHOTI'O CIOIIBAHHSA

13.1. OOumcjIeHHsT MAaTeMaTUIHOI'O CIOAiBaHHSA (DYHKIIil
BiJl BUTIAJIKOBOI BEJNMYNHU Yepe3 i1 (pYyHKI[iI0O po3-
TTO/TLITY

Teopema (mpo 06YUCIEHHSI MATEMATUYIHOrO CIIOAiBaHHS (byHKITIT
Biz BumaakoBol Benuaunm). Hexall sunadkosa seaununa & mae Gynryio
posnodiny Fe(x), wo nopodocye sidnosiony mipy Jlebeza — Cmiamueca Fe(-)
na B(R), a g(x) — dosinvna Gopercsa Pynruisa. Bunadkosa eesunvuna g(&)
inmezposna modi 4 miavku modi, xKoau Pynruis g(x) immezposra 3a Mipoo
Fe(+), i 3a yum npunyuennam mae Micye pishicmo

o
My©) = [ g(o) dFla)
—00

3okpema, dane meepoocenna cnpasedause npu g(r) = x.

SayBaxkeuusi. ChopMyiboBaHe TBEPIZKEHHSI MOXKHA, PO3TJISIIATH SIK TeO-
peMy Ipo 3aMiHy 3MIiHHOI w Ha X 3a JOIOMOIOI0 BimoOparkeHHs & B iHTerpaJii
JleGera

[ ste@)P(s) = [ o) Feda).
Q R

JloBeneHHsi.

Hexait g(x) = Y cxlyep, npocra dyuxuis. Toai roroxuicTs (3aBXK/11 BU-
3HAYEHNX) IHTErpaJIiB BUIUIMBAE 3 JIHIHHOCTI MATEMATHIHOIO CIIOJIBAHHSI Ta
interpasy Jlebera — CrinTheca, a TAKOXK i3 TeOpeMU IPO OOUUCTIEHHS HMOBIp-
HOCT€I1, 0B I3aHNX i3 BUIIA/IKOBOIO BEJIMYNHOIO & :

o0

Mg(€) = 3" g(ce) P(E € By) = 3 glce) Fe(By) = / 9(s) dFe(z).

— 00



Hexait g(x) mesig’emua Oopesesa dynkiis. Posragnemo mpocti dynkil
gn(z) = ¢,(9(x)), me miiicui byHKIHT , BU3HAYEHI B T€OpeMi IIPO aIlPOKCH-
MAII0 BUIIAIKOBUX BEJIUINH MPOCTUMU. 3 I[i€] TEOPEMH BUILIMBAE TIOTOYKOBA,
monoronHa 36ixkHicTh 0 < g,(x) T g(x),n — oo. llykany piBHicTs mias g(x)
JIICTAHEMO T'PDAHUYHUM IIEPEXOJIOM 1 — OO 3 PIBHOCTI, IO BXKe JIOBEJIEHA JIJIs
npoctux GyHKIR g, (T), 38 Teopemamu Jlebera mpo MOHOTOHHY 3012KHICTD JJ1si
MaTeMaTUIHOTO CIIOiBAHHS Ta s iHTerpasy Jlebera — CrinTbeca. 3ayBarxKu-
MO, IIIO PiBHICTH € CIIPABEINBOIO K JIjIsl IHTEIPOBHIUX, TaK i JIJIsi HEIHTETPOB-
aux g. Tomy dynkmuil g(€) ta g(z) € iHTErpOBHIMI OTHOYACHO.

JL71s1 3HAaKO3MIHHUX ¢ BUKOPUCTAEMO JIIHIITHICTH MATEMATHIHOTO CIIO/IiBaH-
Hs Ta iHTerpasy Jlebera — CrinTheca:

oo (0.0}
My(©) = Mg*(©) - Mg (O = [ @ dR@) - [ g (@) dRo)
—o0 —o0
Bupasa. /losecru, 1o (a) jist HeBix'eMHOT BUIIAIKOBOI BEJIUUUHI
Mg = fooo(l — F¢(z))dx, (6) aust iHTerpoBHOI BeJMIUHE
e}
M¢ = [[7(Fe(—x) + 1 — Fe(x))dz.
Teopema 1po 00YUCICHHS MAaTEMATUIHOTO CIO/iBaHHS (DYHKINT Bij Juc-
KPETHOI BeJIMTINHN HaBeeHa B PO3JLJIL ITPO MaTeMaTUIHe CIIO/IIBAHHS JTUCKpe-
THOI BEJIMYUHU.

13.2. OO4wuc/iIeHHsT MAaTeMaTUYHOTO CIIOJIIBAHHA (PYHKITIT
BiJI BUIIAJIKOBOI BeJIMYNHHN 4Yepe3 11 IMIJIbHICTh
Teopema (mpo 06YUCIEHHSI MATEMATUYIHOTO CIIOAiBaHHS (byHKITIT

Bi/1 HemepepBHOI BesmmumHN). Heratl sunadkosa seauvuna £ mae wyinb-
wicmo fe(z), a g(x) — deaxa Oopencea dynryia. Bunadrkosa eeauwuna g(&)



(3%

inmezposna modi 4 miavku modi, xoau gynxuia g(x) fe(z) inmezposna sa
miporo Jlebeea na R, i mae micue momoschicms

o
My©) = [ o(w) fela) do
—00
SayBackeHHsd. Y BUIAJKY, Kol GyHKIL g(x), fe(x) KycKoBO HelepepBHi,
inrerpast Jlebera B npaBiii yacTUHI MOXKHa OOYMC/IIOBATH AK iHTerpaJ Pimana.
HoBenenns. Posrsinemo kiiac tux GyHKIHH ¢(r), 1 sKUX Ma€e Micie
PIBHICTH
o0 (©.9]
| s dFe@) = [ g(o) sele) do.
—0o0 —0oQ
3a TeopeMoro PO 00UNCIeHHs HMOBIPHOCTET, OB A3aHUX 13 BHUITAIKOBOIO BE-
JIMIUHOO, 1epe3 11 IIbHICTh, Iefl KJIac MICTATh BCi iHAUKATOPHI (PYyHKIII
g(x) = 1p(z) nys 6opeseBux B. 3a jinHiiHICTIO BiH MiCTUTH BCi TpocTi pyHKIILT
g(x). 3a Teopemamu Jlebera mpo MOHOTOHHY 301KHICTH Ta PO MAYKOPOBAHY
30i’KHICTh BKa3aHU Kjiac 3aMKHEHU BiJIHOCHO MOHOTOHHOI Ta MarKOPOBAHOI
301krocTi. ToMmy 1eit Kjrac MICTUTDH BCi IHTEIPOBHI (PYHKIIII.
OT:ke, OCTATOYHO JlaHa TeOpeMa BUILIMBAE 3 TEOPEMHU I1PO OOUNCIICHHS
MATEMATUIHOTO CIOJIiBaHHs (DYHKINT Bij BunaakoBol Bejuannu [

13.3. Ilpukjgaam obumciieHHS MaTeMaTUIHOI'O CIHOJIiBaH-
Hs
1. PiBromipnwuit posmomin: mist £ ~ U(a,b) :
M¢ = fabxﬁdz = (a+b)/2.

2. TlokasuukoBuit posnomait: st & ~ Exp(\) :
M¢ = [;%z Nexp(—Az)dz = 1/A.



3. Hopmanbnuit posnomin: s & ~ N(u, o?) :

M =Mp+o¢) =p+o0 M{ = p, ne ( — cranjapTHa HOPMAJILHA
BesmnHa, M¢ = [7 x# exp(—z?/2)dz = 0.

Hacaizmok: mapameTp (4 HOPMAJIBHOTO PO3IO/ILTY 30iraeThCs 3 MaTeMaTH-
YHUM CITOJIIBAHHAM BiJIITOBITHOI HOPMAaJILHOI BETUINHM.

4. Poznoxin Korri. Bigmosizna BumnajgkoBa BeJMYUHA HE € 1HTEIPOBHOIO,

o o 00 1 o
OCKIJIbKH IHTEerpaJ f_oo Ti12dr He € abco/moTHO 30LKHUM.




14. /Iucmepcig Ta 11 BJIACTUBOCTI

MaremaTudHe CIO/IIBAHHS BUITAIKOBOI BEJIMYMHU MOXKHA Ha3BaTH XapaKTepU-
CTHKOIO 1T "T0JI0’KeHHA”, OCKIJIbKI BOHO € MPAHUIIEIO CePEeIHIX apudMeTUIHIX
[IOCJTJIOBHUX criocTepexkenb. [lopiBHIoroun 2 jioTepeiiti 6ieTu 3 0JHAKOBUMUI
cepesrimu Burpamamu (nepmmuii Burpae 10$ 3 imosipaictio 0.1, apyruii 1000$
3 imosipsicTio 0.001), TpUXOAUMO 70 BHCHOBKY, IO OJHOTO CEPEIHBOTO JIIst
MTOPIBHAHHS BUIA/IKOBUX BEJIMIHH 3aMaJIO — HeOOX1THA TAKOXK XapaKTepUCTU-
Ka CTYIIeHs "pO3CigHHsS HMOBIPHICHOI MacCH.
Oznauennsi. Hexati sunadkosa sesuvuna & KBaJIpaTUIHO iHTEIPOBHA,

10610 ME? < 00. JTucrepcieo & Ha3usaemuvea “wucio

D¢ = M(£ — Mé)>.

Kopinw weadpamnuti o¢ = VDE naszusaemobes cepeHbOKBAIPATHIHIM
BiIXmjieHHaM &.

BnpaBa. /Iucnepcia ckinuenna tomi i TiabKm Toi, Kouu £ KBaJpaTUIHO iH-
Terposna.BkasiBka: 3a HepiBHiCTIO 2 |§ | <1+ {2 3 KBaJIPaTUYHOI iHTErPOBHOCTI
BUILJINBAE IHTEIPOBHICTH &.

14.1. BuaacTuBocTti gucrnepcii

Teopema (mpo BisiacTuBocCTi gucnepcii). 3a ymosu keadpamuunoi in-
meeaposnocmi & -

(a) D€ > 0,

(6) D€ = 0 modi G miavku modi, xKoau & = ME matioce nanesne,

() D = ME* — (M€)?,

(2) D(a& +b) = a*DE,

(d) D¢ = min.e g M (€ — ¢)?,



M¢ = arg minge rp M (€ — ¢)?.

JloBeneHHsI.

(a) BUIUIMBAE 3 TO3UTUBHOCTI MATEMATHIHOTO CIIOIBAHHST, OCKLIBKI
(€ — MR > 0.

(6) BUBOAMTHCS 3 HEBi €MHOCTI KBaApaTHIHOI (DYHKINI Ta 3 TEOPEMU [1DO
BJIACTUBOCTI MaTeMAaTHYHOTO CIIOJIBaHH:, & CaMe, 3 BJIACTUBOCTEHN HeBij eM-
HOCTI 1 JIOJaTHOCTI .

Hns noseenss (B) 069UCIMMO 3 JIHITHICTIO MATEMATHYHOTO CIIO/IBAHHS
DE = M(€* — 26ME + (ME)2) = M — (ME)?.

(r) 3a o3HadeHHAM aucHepcil Ta 3a JIHIAHICTIO MATeMATHIHOTO CIIOiBAHHS

D(a& +b) = M(a +b— M(a& +b))* = M(a& — aM§)* = a*DE.

s nosenennst (1) o6uncganmo

M(€ = c? = M(€ — M + Mg - ) =
M(€§ — M&)? + (ME — ¢)® +2M(§ — ME)(ME —c) =
M (& — M&)? + (ME — ¢)* > M(§ — M¢)? = D¢,
NIPUYIOMY PIBHICTH Ma€ Micrie Toji i TiIbKu Todi, Kou ¢ = ME [

Teopema (mmpo obuuncsaenns aucnepcii). Hexatl seauvuna & mae hyn-
k10 posanodiny Fe(z). Todi

D¢ = / (x — ME)? dFe(z) = / 2? dFg(x) — (ME)2.
Arwo icrye winvricms po3nodiay fe(x), mo

Dt — /_oo (z — ME)? fo(z)dz = /oo 2 fo(w)dz — (ME)2



JloBeJieHHsT € 0OYeBUIHIM HACJIIIKOM TEOPEMH IIPO OOTHMCICHHS MaTeMa-
TUIHOIO CIO/iBaHHS (PYHKIII Bi/l BUNIQ/IKOBOI BEJIMYNHU, & came Iy (PyHKITl

g(x) = (z - Mg§* O
14.2. Tlpukaaam ob4YMCIIEHHSA JUCHEPCil
1. Indurxamopna sesuvuna
Dly=1-P(A)+0-P(A) - (P(A))? = P(A)(1 - P(4)).

2. Binomiaavrut posnodia: § ~ B(n,p), D€ = npq.
Pozrasuemo reneparpucy

pl) =M =3 O pt"™ = (pz+ "

Ockinbku 38 OPMYIIO0 IIPO OOUNCIEHHS MATEMATHIHOTO CIOIiBaHHA DYH-
KITiT BiJ[ JUCKPETHOI BEJIMIUHI

MEE-1)=Y " k(k—1)CFprq" ™ = "(2) | sy,

TO
DE = ME( — 1) + ME — (ME)? =
n(n = 1)p*(pz + q)"~* =1 +np — (np)* = npq.
3. Posnodia Ilyaccona: § ~TI(X), DE = A.

3a 0O3HAUYEHHAM

DE = ME(§ — 1) + Mé — (Mé)? =
o bk =) e? + A= 22 =R+ x— 22 =




4. Pisnomipruti posnodia: &€ ~ U(a,b), DE = (b— a)?/12.
Dt = [P dr — (a +b)%/4 = (b— a)?/12.
5. Hokasnukosuti posnodia: € ~ Exp(X), DE = 1/)2.
D¢ = [[° a? Nexp(—Az)dz — 1/A% = 1/)°.

6. Hopmarvruti posnodia: € ~ N(u,d?), D& = a2.
Ba dopmyioro (1) mpo ucnepeiro JiHIHHOrO epeTBOpeHHs

DE=M(u+o0¢)=0’D( = o2,
ne ¢ — cranjapTHa HOpMaJibHA BEJMUUHA, JJIs TKOI
D¢=M¢ = [ xzﬁ exp(—2?/2)dx =
Jo 2y exn(—y) & =T(3)y/2=1.

Hacigok: napamMeTp 02 HOPMAaJILHOIO PO3HOJILIY 36iraeThes 3 AUCHepCi-
€10 BIJITOBIIHOI HOPMAaJILHOI BEJTUIMHIU.




15. ImoBipHicHI HepiBHOCTI

Teopema (3arasmbHa HepiBHicTs YebuiieBa). Hexal @dynryis
g: R, — Ry ne cnadae, a & > 0. Todi das dosinvroi cmanroi ¢ > 0

Mg(&)‘

P>c¢) < 20

JoBenenHsi. 3 HeBi'eMHOCTI Ta MOHOTOHHOCTI ¢ BHUBOJMMO HEPIBHICTH
9(&) > g(c)lie > ¢y, VYw € €. 3Bincu 3a MOHOTOHHICTIO MATEMATHIHOTO CIIOJ-
BaHHH JIICTAaHEMO IIyKaHy HEPIBHICTh:

Mg(§) > Mg(c)lie>ey = g(c)P(§ > ¢) O

Bnpasga.
(1) V npunymmenHi cKiH4eHHOCT] IPABOI YACTUHU JIOBEJIITH HEPIBHICTH
P(§ = z) < exp(—az) M exp(af).
(2) Josecru upu x > 0 HepiBHicTL f;o exp(—y?/2)dy < =t exp(—12?/2).
Teopema (uepiBuicTs UebureBa s auciepciii). dxwo icnye DE,
mo das dosiavHoz0 € > ()

P(|¢ — M¢| =€) < D¢/ &

HoBenenns. [3 3arayibiol nepisHocti Yebuiesa Jyisg HEBiJ €éMHOT BUIIAI-
koBoi Bemmunnn (€ — ME)? ta dyukiii g(r) = x orpumyemo

P(J — M¢| > ) = P((€ — ME)? > €%) < M(¢ — M)?/e* = De [ &2 O

Bnpasa. [Ina saxoi Bemuunu £ nepihicth Yebuinesa mepeTBOPIOETCS HA PiB-
HiCTH 7



ITpasusio 30. HepiBricts Yebuiena jiae 3arpyb/ieHy OIIHKY BiJIXUIEHHS
BUIIA/IKOBOI BEJIMYUHM Bijl CBOI'O MATEMATHYIHOT'O CIIO/IBAHHS, OCKIJIHLKU BUKO-
HYETHCH JIJTsl JTOBLIHHOTO PO3IIOJIIIY Ta HE BPAXOBY€ cIenuiky HOPMaJJIbLHOTO
posnofiy. fKimo K Benn4yuHa § Ma€ HOPMaJIbHUI PO3IOJILI, TO IpU € = 30¢
JiBa yactuna HepiBHOCTI Yeburiesa nabamkeno gopisuioe 0.003. OcranHboO
HMOBIPHICTIO YacTO MOXKHA 3HEXTyBaTu. ToMy, HAPUKJIA, y TEXHII] BBaXKa-
I0Th, 1110 BUIIAJIKOBI MOXUOKM 1P 0OPOOIIL JleTaieii 3aBXK 11 He TIePEBUIILYIOTh
3o¢. e i € npasuio 3 curma.

Bmpasa. [losectn npu t > 0 mepisnicrs P(| — ME| >t M [€]) < 1/t.

Teopema (uepiBuicts Mencena). Hexati dynruia g(x) onykaa donusy
(ax ), a eunadrosi seaununu & ma g(&) mmeeposni. Todi

g(M¢&) < My(¢).

HoBenennsi. J[jis1 1oBiIbHOI OMYKJI01 JOHU3Y (DYHKINT ¢ B KOXKHIN TOYIT
x icHy€ onopHa npama, rpadik AKOI JIEXKUTH IIJIKOM ITiJT rpadikoM QpyHKIIT:

g(x) > g(xo) + k(xo)(x — z0), Vz €R.

[TincraBumo B 1110 HepiBHiCTL T = &, 19 = ME Ta cKOpUCTAEMOCS MOHOTOHHI-
CTIO MATEMATUYHOIO CIIOJ[IBAHHS:

Mg(§) = M(g(M¢&) + k(ME)(§ — M¢)) =
g(ME) + k(MEM(§ — ME) = g(ME) [
Teopema (HepiBHicTb JIsamyHoBa). dxuo 1 < s <t, mo
(M [€]*)/* < (M [g[)"".

Hosegenns. Ockinbkn dbynkmia g(x) = #t/°, x > 0, onykia 1oHH3y, TO
ITyKaHa HEPIBHICTb BUIIMBAE 3 HepiBHOCTI Vencena



(M €] = g(M |€]") < Mg(|¢]") = M €]

Teopema (mepiBuicts Tesbnepa) fxwo wucaa p,q > 0 cnpasceni:
1/p+1/qg=1, mo

M |gn| < (M |€]P)MP (M |n]9)Ve.

Hosenenns. Ilijcraumo B enementapuy Hepishicts zy < zP/p + y?/q
supasu = = || /(M |€P)V/P 1a y = |n| /(M |n|?)'/? T8 BuKOpPHECTAaEMO MOHOTOH-
HICTH MATEMATHUYIHOTO CIIOJIIBAHHSI:

M |€n] /(M IEP)VP(M [n| )/ <
M [pM g + M [nl* fqM |n|* =1/p+1/q =11
Teopema (HepiBHicTb Korrri)
(Mén)® < M M.
HoBenenns. Bummmsae 3 nepisnocti [esnbiepa pu p = g = 2 [

SayBakumo, 1o piBHiCTE y HepiBHOCTI Ko mae micre Tomi #t TimbKm
TOJI, KOJIA 1) = ¢& MaiizKe HalleBHE JJIsd JeTKOl CTaJIol ¢, OCKIJIbKH ITpH BUOOPI

c=+/Mn?/M € crpaBeIMBa TOTOXKHICTD

M(n — c€)* = 2c(v/ ME Mn? — Mén)

Teopema (HepiBHicTb MiHKOBCBKOrO) dkuo wucaio p > 1, mo

(M€ +nlP)! P < (MIEP)? + (M [nf)' /7.



BayBaxkenns. Bemmuauny ||£]| = (M [£[F)Y/P moxma posrasaaTi sK HOp-
My VY JIHITHOMY HpPOCTOpPl IHTETPOBHUX Yy CTEIEeHI P BUMAJIKOBUX BEJIUYMH:
L,(P) = {¢: M|{|" < oo}. Hepisnicts MiHKOBCHKOIO rapaHTye HeOOXiHY
YMOBY HaIiBaUTUBHOCTI IS 1i€1 HOPMU.

HdoBenenns. Hepisnicts npu p = 1 Bxke nosejiena. s p > 1 3acrocyemo
HepiBHICTE ['estb/iepa B mIpaBiii YacTUHI HEPIBHOCTI

ME+nlP < MIENE+nP™" + Mn||€+nfP~ <
(M IEIP)MP(M 1€ 4+ nPT™")Ya 4 (M n|P)HP(M |€ + nfP*™ ) e =
(M |EPYP + (M [n|P)HP) (M |€ 4+ nP)e OO




16. CywmicHa (yHKIIig PO3IOIiIy BEeKTOpa Ta 11
BJIACTUBOCTI

Osnavenns. Hexali & = (£, ...,&,,) eunadrkosuti sexmop. CymicHOIO yH-
KILEI0 PO3IOJLITY (ab0 otc CYKyIHOIO (DYHKINEH pO3moiay) eexkmopa & Hasu-
saemvca duicna pynryia Fe(x) @ R" — R, axa 6 mowyi x = (z1,...,2,)
dopisHioe

Fe(z) = Fe(x1..wp) = P(§ < z) = P(& < 21, ...,&, < Tp).

B manomy posisii mopiBHAHHS BEKTOPIB Ta iHIII orepariii Oy 1eMo IpOBO-
JINTU TIOKOOP/IMHATHO. 30KpeMa, 3aluc r < Y eKBIBaAJEHTHUN Xj < Y NPU
Bcix k = 1,n. Banuc y T  BusHavae, mo Y | T IPU KOKHOMY k.

16.1. 3araJjbHi BJaCTUBOCTI CyMicHOI (DYHKITIT PO3TIOIiTY

Teopema (mpo BiacTuBocTi cymicHoOl dyHKIiT po3noziny). Hezxat
§ — sunadrosuti sexmop, a F' = Fy tiozo cymicna dyrryisa posnodiny. Todi us
bynryia:

(1) necnadna: F(x) < F(y) npu ecix v <y,

(2) wopmosana: F(xr) — 0 npu mingz, | —oo, ma F(z) — 1 npu
ming z; T 00,

(3) nenepepena saiea: F(x —0) = F(x) das eciz x, mobmo

liIny Tz, y<z F(?J) = F(ZE)

SayBarkeHHs. [cuyBanns rpanuns y (2),(3) BumMBae 3 MOHOTOHHOCTI

(1)



loBenennsi.
(1) BuumBaE 3 MOHOTOHHOCTI fiMoBipHOCTI, ocKinbkE {€ < z} C {£ < y},
(2) BUBOAMTBCS 3 HEllepePBHOCTI HMOBIPHOCT, OCKLIBKH
{£ <x(m)} | @ upu x(m) | —oco Tak, mo ming xx(m) | —oo, m — oo,
{{ <z(m)} 1 Q upu z(m) T oo Tax, mo ming zx(m) T oo, m — oo.

(3) moBomurbest ananoriaao: {€ <yt 1 {{ <z} upuy T x

16.2. HesBija’eMHiCTh NPUPOCTIB

Ha Bimminy Bix dbyHKIT po3Ioiay CKaJasgpHOI BUIAIKOBOI BEJIMYUHU, CYyMi-
cHa (PYHKIIiS PO3MOILTY Ma€ Ie OJHY XapaKTePUCTUIHY BJIaCTUBICTb. [l i1
dopmysoBanns nmo3HatdumMo depes I, kyr

I, = (—oo,x) = HZ:l(_Oowrk)? T = (-7717 7xn)

Jlst movaTKy MPUITYCTHMO, MO PO3MIPHICTE 1 = 2. 3ayBaKUMO, IO Ia-
pastestertiniest [a,b) = [ay,b1) X [ag,by) 300pazKyeTbesi y BUIVISL BKJIaJEHOI
PI3HUIIL BKJIaJIEHUX PI3HUIL KYTiB

[a,0) = (1L, \ ITy) \ (Ilo \ ILa),

ne Toukn b = (aq,by), ' = (as, by).

Ao BunaikoBuit BeKTOp £ Mae cymicny pyHKIIi0 po3noiny F, To 3 Bia-
CTUBOCTI IMOBIDHOCTI BKJIaJIeHOI Pi3HUIII MOAi#l Ta 3 HaBeIEHOro 300parkKeHHsI
OTPUMYEMO

P(ge[a’b)):P(genb\nb’)_P(gena’\Ha>:
P elly) — P(§ elly) — P(§ €Ily) + P(§ €11,) = Ay F,



Je 3a o3HadeHHAM Ay pF = F(b) — F(V') — F(a') + F(a).

Bupas A ) [’ HasuBaeThes P 1 = 2 IPUPOCTOM CyMicHOI PYHKIIIT pos-
HOJIITy Ha OPSIMOKYTHUKY [a, D).

V 3araabHOMY BUIAJIKY 7 > 2 IPABUJIO YePryBaHHs 3HAKIB P 3HAYCHHAX
dbyHKIHT y BepuirHax mapasesemnineia [, b) BUSHAYAEThCA aHATOTITHO.

Osuauennsi. Hezati gynryia F = F(zy,...,x,) : R* — R. [i k-m uac-
TKOBHUM IIPUPOCTOM MG [ak, b) nasusaemves pisnuuA

A[ak o) E = F(@1, s b8, ooy Tn) — F(T1, .0y ks ooy Tn),

a IPUPOCTOM Ha mapaJiesierines [a, b) — pesyavmam nocaidosHuT 4acmrosu
NPUPOCMLB
n—1
App ' = AL, A A[al,bl .

[an 17n 1

Teopema (mpo WMOBIpHICTH 3HAYEHHsI BCepeanHI mapaJiesernime-
na). dxwo eunadkosuti eexmop & mae cymicny dynryito posnodiay F, mo

P(f S [CL, b)) = A[a,b)F-

JloBemeHHsT IPOBOJINTHCA 3a IHAYKIE. [HIYKTUBHE HPUITYIIEHHS MA€
BUTLJISLT,

P({gl <€ [alabl)'--,fk € [ak,bk) }ﬂA) =
Aﬁzk,bk)'“A[lal,bl)P({gl < Ty, .0, & <z} N A),

e A — poBinbHa nogig. CripaBeInBiCTh 1HIYKTHUBHOIO IIEPEXO/Y BUILIMBAE 3
OYE€BUTHOI TOTOXKHOCTI

P({€, € o, b) } N AN B) = AL, 4 P({€, < 21} N AN B)



JUIs JIoBlIbHEX nojiiil A, B.

Teopema (mpo mpupoctu cymicuoi dyHknil posmnoainy). Hezxat £
— sunadkosuli eexkmop, a F = F; tiozo cymicna pynruyia posnodiny. Tooi
BUKOHYEMBCA YMOBA:

(4) 0as dosinvrozo napanesenineda [a,b) npupicm

Ay F = P(€ € [a,b)) > 0.

JloBemeHHsI BUILIMBAE 3 TEOPEMU PO MMOBIPHICTH 3HAYEHHsT BCepeInHi
napaJiesierninesia Ta 3 Hesij'emHocTi fiMoBipHOCTI [

Osuauenns. byodv-saxa pynryia F = F(xy,...,z,) : R" — R, axa 3ado-
soavnac ymosu (1), (2), (3) i (4), nasusaemovca cymicHOO DYHKIEIO PO3IIO-
JLTy.

Bmpaga.

(1). Hexait Gy, ..., G,, — dynkuii posnoxiny. Toxi F'(z1, ..., ) = [ [, Gr(xk)
€ CYyMiCHOIO (DYHKITIEIO PO3IIOJILITY.

(2)..@ynxnis F(x1,29) = 1/2 + 27~ arctan max(z;, T9) 3a10B0/bHSE yMOBH
(1),(3), omHak He € CyMiCHOI (DYHKILE PO3HOJILTY.

(3). ©ynkuis (21, 22) = min(z1+x2, 1)1, 50, 2,>0 3310B0bHsE yMOBH (1),(2),(3),
OJTHAK HE € CYMICHOIO (DYHKITIEIO PO3IOILILY.

16.3. Mipa Jlebera — CrtijiTbeCca B €BKJIIJJOBOMY IIPOCTOPI

Osnauennsi. Hexatli F' — dosiavra cymicna dynkuis poanodiny. Haszee-
Mo adumuenoro miporo Jlebeea — Cmianmoveca 6 R™, wo nopodscena F (abo,
kopomwe, adumusnoto mipoto F ), maxy dynxuiro F na anzebpi 06’ednany
NONAPHO HECYMICHUL NAPALEAENINEDIE

ARY) = {A=J_la(k).b(k)), [a(i), () N [a(i), b)) = 2.1 # 5},



3HAYEHHA AKOT 300A10MBCA PIGHICTNIO

F(A) =) Aw,om)F.

Teopema (IIpo aUTUBHY Mipy B €BKJiIOBOMY IIpocTopi). Adumus-
Ha mipa F' e nesid’emmnoro, Hopmosaroro ma criH4eHHO-aUMuUeHo0 PYHKUIEN
na A(R™). Boxpema, F nanisadumuena.

JloBenenHnst ouepuine [

Teopema (mpo HemepepBHicTb y Hyai mipu JleGera — CrinThe-
ca). Adumusna mipa F € nenepepsnoro 6 wyai na A(R™), i ax nacaidox,
o-adumusna na arzebpi A(R™).

JloBeieHHsI He BiIpi3HSIETHCS Bijl JOBEIEHHS aHAJIOIIIHOI TEOPEMU B OJIHO-
BUMIipHOMY BHTIQAKY []

Teopema (mpo mipy JleGera — CrinTbeca B €BKJiJOBOMY IIpO-
cropi). Hexati F' — cymicna dynruyis posnodiay e R™. Todi na 6Gopenesii
o-anzebpi B(R™) ichye eduna nesid’emmna, HOPMOSaHa Ma T-a0UMUEHA MDA
F' maxa, wo

F((—o0,2)) = F(x), Yz € R™.

HoBenenns. /locrarabo BusHauuTn ajauTuBHy Mipy Jlebera — CrinTbeca
Ha aJiredpi, gk I1e 3po0JIeHo BUIllEe, Ta Ha IijcTaBi 11 0-aIUTUBHOCTI 3aCTOCY-
BATU TEOPEMY PO IPOJOBXKEHHs Mipu 3 anrebpu Ha o-airebpy B(R) [

O3zuauenns. I[lo6ydosara 3a meopemoro npo mipy Jlebeza — C'minmuveca 6
esknidosomy npocmopi mipa F nasusaemuvca mipoio Jlebera — CrinTheca, 1o
ITOPOJ/ZKEHA, CYMICHOIO (DYHKITIEIO Po3Io iy F'.



16.4. OO6unciaenns iiMoBipHOCTEl Yepe3 cyMicHY DYyHKITIIO

PO3MIOIILITY

Teopema (mpo oGumcyieHHsI IMOBipHOCTEI, TTOB’SI3aHUX i3 BUNAJI-
KOBUM BeKTOpOM). Hezal eunadkosutl eexmop & mae cymicny @yrryino
posnodiny Fe. Todi das dosinvnoi muoorcunu B € B(R™) sukonyemuvca pis-
HICTND

P(§ € B) = F¢(B),

de Fe — wmipa Jlebeea — Cmiamueca, wo nopoodicena cymicroro Gyrnkyicro pos-
nodiny Fe.

JloBeneHHsI.

Ba o3HaYeHHsIM IIyKaHa PIBHICTL Mae Micte jyist KyTiB B = (—o0, ). 3 in-
moro 60Ky, BUpa3u B 000X YacTuHAX K PYHKINT MHOXKUH B € 0-aIuTUBHUMUI
mipamu. Tomy 3a Teopemoro Kapareomopi mpo mpojioBxKeHHs Mipu BOHE 30i-
raloThCsl Ha BCilt mopojpKeHiil curma-asredpi B(R™)

Mipy Jlebera — Crintneca Fy OyneMo Ha3HBATH PO3IOJILIOM BHIAIKOBOIO
BeKTOpa .

16.5. CywmicHa MIMiJIbHICTD

Osnavenns. Bunadkosui sexmop & = (&4, ...,&,) ma Gozo cymicna @yr-
kuyia posnodiny Fe nasusaromoves abCOIIOTHO HENIEPEPBHUMHE, AKWO ICHYE He-
610’ emna sumipna Pynryia fe(r) mara, wo

Fe(z) = /( )fs(y)dy, Vo € R™.

Qynryia fe(r) nasusaemves cCyMiCHOO IIBHICTIO seauvuny & ma Gyrryii

poanodiny Fe.



3 HOPMOBAHOCTI Ta MOHOTOHHOCTI (DYHKIII PO3IOJIIY BUILIMBAIOTH TaKi
BJIACTUBOCTI IIiJIbHOCTI:

(1 —meBixg'emmicts) fe(z) > 01

(2 ~nopmosanicts) [o. fe(y)dy = 1.

Bynp-sika HeBij'emua BuMipHa HOpMOBaHA (DYHKIS € CYMICHOIO IILIbHI-
CTIO TIEBHOI CyMiCHOT (PYHKIIIT PO3IO/IiTY, OCKLIBKH 3 BJIACTUBOCTEN 1HTErpasTy
(Pimana abo Jlebera) BurmimBaTuMyTh Xapaktepuctudi Bractusocti (1)-(4)
cyMicHOT (DyHKIIIT pO3IOJILTY, a OT?Ke, MOKe OyTH o0y I0BaHa Bi/IIOBIIHA Mipa
Jlebera — CrinThbeca, 10 TOPOKEHA CYMICHOIO (DYHKITIEIO PO3IOJILITY.

Bnpaga.

(1). Hexaii cymicna dynkuis posnomainy F' mae cymicuy miibaicts f. losectn,
IO IIPUPICT Ha TTapaJiesIermine i [a, b) JOPIBHIOE IHTETPAaJIy.

ApyF = fll f;: f(z1, ..y xy)dey .. dxy,.

(2) SIkmo Bunaaxosuit exktop & = (&4, ..., &,,) Mae cymicHy miibnicts f, To Bei
Oro KOOPAWHATH MAalOTh IMIiJTLHOCTI,

fe (x) = ffooo ffooo f(x1, o1, Ty Tyt oy Ty )T d g1 d gy 1, - ATy

Ao cymicua dyHkItig posnosiny audepeniiiioBaa, To 3 hopmysiun Heio-
ToHa — Jleiibuina (mas inrerpasy Pimana) abo ) i3 Teopemu Pamona — Hi-
koguMa (s inTerpasy JleGera) BuiumBae, o CyMicHA NUIBHICTH (Maiixe
BCIOZIM) 36iraeTbes 3 MOXiAHOK (DYHKINT PO3MOJIIILY:

0 0

fe(x, ..., zn)

Fe(z1, ..., xp).



16.6. OOuymcieHHsa WMOBiIpHOCTell Yepe3 CyMICHY MHIiIb-
HIiCTH

Teopema (mpo oGunciieHHsI iIMOBipHOCTE, ITOB’siI3aHNX i3 BANA-
KOBUM BEKTOPOM, Yepe3 Horo CyMmicHy HIIbHICTD). Skuwo sunadkosud
sexmop & mae cymicny wisonicms fe(x), mo

P eB)= /Bfg(x)dx, VB € B(R").

Hosenenns. Illykana piBHicTh BUKOHYETHCS It KyTiB B = (—00, ) 3a
O3HaYeHHsM. 3 iHITOTO OOKY, OOM/IBI YACTHHU PIBHOCTI sIK (DYHKITIT MHOKUHI
B e curma-ajmutuBnuvu Mipamu. Tomy 3a TeopeMoio Kapateoiopi 1mpo mpo-
JIOBZKCHHSI MIpH BOHH 36iraorbest Ha Beiil mopopkeniii o-anrebpi B(R™) [

Hacainok (npo egunicts cymicHol minbHocTi). Cymicha wiaviicmo
BU3HAMAEMDCA CYMICHOI PYHKULEN PO3N0JIAY 00HOZHAYHO 3 MOYHICTIO 00
pienocmi matiorce ecodu 3a mipoto Jlebeza.

HoBenenns. ko byHKIl f;(z) 0HOYACHO € IIIIBHOCTIMHU, 3 O3HAYE-
HHsI Ta MOMEPETHBOT TEOPEME BUBOJMMO, IO

[5(fi(2) = folx))dz =0, V B € B(R).

O6epemo BE = {x : (fi—f2)*(x) > 0}, Ta migcTaBuMo B OCTAHHIO PiBHICTD.
Ba Biactusictio inrerpaiy Jleera orpumaemo L(B*E) =0 [J

16.7. ®@yHKIIil BiJ BUIIaIKOBOTO BEKTOPAa

Teopema (mpo o6uncIeHHsI HIMOBipHOCTE Ta MATEMATUIHOTO CIIO-
AiBaHHs QYHKIII BiJ BUIIAJKOBOTO BEKTOPA). K0 6unadkosutl 6eKmop



& mae cymicny Pynryito posnodiny Fe(x), a g : R* — R™ 6openesa Pynryis,
mo

Py©) eB) = | gy V) VB € BEY)

My(e) = [ gle) dFe(o)

Y sunadky ichysanna cymicroi wiavhocmi ui inmeepasu Jlebeza — Cmia-
MBECA MONHCHA 3AMIHUMU HG 810N06I0HE iHmezpany 3a Mipoto Jlebeza i3 cymi-
CHON ULLADHICTIO.

JloBe/1ieHHsI MOBHICTIO aHAJIOTIYHE JIOBEJICHHIO TEOPEMHU 11PO OOUNCICHHS
fiMOBipHOCTEll, MOB’3aHUX i3 BUIIAIKOBOIO BEJIMIUHOIO T4, MPO OOYMC/ICHHS
MaTeMaTHIHOTO CIOiBaHHA (DYHKINI Bi/l BUIIAIKOBOI BeaunanHu []

ITpuknan. Touku &, 7 BUNAIKOBO OOpAHO HA OJUHUYIHOMY Bipi3Ky. fKa
fivosipmicTs moxil {€ - n < 1/2} 7 3 ymMoBH BHIAIKOBOCTI pOOMMO BHCHOBOK,
mo Bekrop (£,7) piBHOMIpHO posnojienuil Ha KBagparti [0,1]2, TobTo Mae
cymicny minbmicTs f(2,Y) = 1(54)e0,12-

[Mosnauumo B = {(z,y) € [0,1]* : z -y < 1/2}. Tonui

P(&-n<1/2)=P((&n) € B) = [ f(z,y)dvdy =

1/2+ [} de/2x = (1+n2)/2.



17. YYmcioBi XapaKTepUCTHKN BUMOAJIKOBUX Be-
KTOPIiB
OBHa‘IeHHH. Maremarrnunnm CHO,ZLiBaHHHM BUIIa/IKOBOI'O  BEKTOpPa

€ = (&,...,§,) Hasusaembca 8eKMOp, CKAGIEHUT 3 MAMEMAMUYHUL CNOJi-

sanb Koopduram & :
Mé = (M§17 RS Mgn)a

3G YMOBU, U0 OCTNAHHI BUSHAYEHT KODEKHO.

3ayBakeHHs. MaremaTuvne CHo/liBaHHS BUIIAIKOBOIO BEKTOPa Ma€ BCi
OCHOBHI BJIACTUBOCTI MATEMATHIHOTO CIIOIBAHHS — ITO3UTUBHICTH, MOHOTOH-
HICTb, JIIHINHICTH TOIIIO.
17.1. KosBapialiig Ta KopeJsIiigd BUMAJKOBUX BEJINYIUH

Ozuavenns. Hexat &,1 — xeadpamuuno inmezposti seaununy. Ix KoBa-
PIaAIliEI0 HA3UBAEMBCA YUCAO

Cov(¢,n) = M(§ — M&)(n — Mn) = M&n — MEM,
wWo € CKiHYeHHuM 3a nepisnicmio Kow:

Cov(&,m| < \/M(§ — ME*M(n — Mn)? = v/DE Dn = o¢o,.

Koedirmiearom kopessiil sunadkosuxr seauvwun &,1n HaA3u8aEMBHCA 6€3P03-
MIDHA BEAUNUHE
_ Cov(§,n)

P(ﬁa"’)) -

0¢Oy

AKQ 6HACAI00K nepierocmi Kowi nabysae 3navens 3 inmepsaay [—1,1].



Beauvuunu &, 1 nasusaromocea HekopeaboBanumu, axuo Cov(E,n) = 0.

Bopasa. Busegits i3 nepisaocri Komi, mo pisaicTh p(f , 77) = 41 mae mice
Toi i TibKK TO, KoM 1) = @ F bE musa gesikux cramux a, b > 0.

AKIo mpocTip KBaIpaTUIHO iHTEIPOBHUX IEHTPOBAHUX BEJIAYIMH

LY(P)={¢: ME& < oo, ME =0}

PO3IJISIATH K Iib6epTiB mpocTip 3i ckaagpauM J00yTroM (€, 1) = MEn, o
€112 = DE i p(€,n) = cos(€é An). HekoperoBaHicTh BeIMYMH IHTEPIIPETYEThCS
dK 1X OPTOrOHAJBHICTH y JAHOMY ITPOCTOPI.

17.2. KosBapiamiitHa MaTpuIlsd BUMNaJIKOBOTO BEKTOPa

Osuauenns. Hexat £ = (£, ...,&,) sunadkosutl eexmop. Hozo KoBapia-
MIHHOIO MATPUIICIO HA3UBAEMBCA MATMPULA

COV(&) = (COV(gi,gj), Z:.] = 17_”)

Teopema (mpo BJiacTuBOCTi KoBapiartiiinol marpwuiii). Kosapiayitina
MAMPUUA BUNAIKOB020 BEKMOPA CUMEMPUYHE MG HEBID EMHO BUSHAUEHA.

Hosenennsi. Cumerpuanicts ouesnana. Hepin'emua BusHadenicrs (To6To
HeBin emuicTh KBagparundaux Gopm Cov(€)c > 0, Ve € R") Bummbae 3
HacTymnHoi Teopemu [

Teopema (mpo aucnepciro JdiHifiHOT popMu Bij BUIIAIKOBOTO Be-
kTopa). Hexat & = (&,,...,§,) eunadkosull 8exmop i3 K06apiayitinolo Mma-
mpuuero Cov(§), cmana ¢ € R™, an=ddE =Y 1, k&) ainitna dopma 6id &.
Todi

Dn = dCov(§)c = Zz ; ciCov(&;, &)

doBenenns. [linnecemo 710 KBapaTy Ta CKOPUCTAEMOCH JIHIHHICTIO Ma-
TEMaTUIHOI'O CIIO/IIBAHHSI:



Dn = M(n— Mn)* = M(3 cu(§) — ME,))* =
MZ” ci(&; — Mfi)cj(fj - ng) - Z” CiCOV(§i7§j)Cj o

Teopema (11po KoBapiamnifiHy MaTpuIlio JIHIHHOIO TePeTBOPEHHS ).
Hexati & = (&, .., &,) sunadxosut sexmop i3 Kosapiayitinoro mampuuero Cov(§),
mampuys C € £(R™,R™), a

n= Cg = (Zkzl cik§k7 i = 17m)
610nosidne Athitine nepemsopenns €. Todi
Cov(n) = C Cov(¢) C".

HoBenennsi. O6uuncmmo 3a o3HadeHHsaM KoBapiarii nf pf giniiinicTio Ma-
TEMaTUIHOI'O CIIOIBAHHSA

Cov(n)i; = M(n; — Mm)(nj - Mnj) =
M (32 1, Cin(&p — M&) X2 Cu(§ — M) =
) k)l CirCov(&y, §)(C"); = (C Cov(§) C');; 1




18. He3zaJjexxHl BUIIaIKOBI BeJIMYNHUI

Koxkna BunajikoBa BeJIMIrHa MTOPOJIZKYE ITEBHI BUITAJIKOBI T0/Ii1, IO € TTPO0Opa-
3aMu OOpeIEBNX MHOKIH.. He3ameKHiCTh BUIIAIKOBUX BEINYNH O3HATAE, IO
BCl TaKi IOPO/KEH] IOJil He3aJIeKH.

OsnavenHsi. Bunadrosi seaununu (&, ...,§,) He3amIeXKHI B CYyKyITHOCTI,
AKW0 BCT NOPOOAHCEHT HUMU BUNAOKO0ETE NOJLL HE3AAEIHCHT 8 CYKYNHOCTE, MOOMO

ons dosinvruzr By, € B(R)

P& € By, &, € Bo) = [ Péx € By.

18.1. Kpurepiit He3aJ1€2KHOCTI BUIIAIKOBUX BeJIMYNH

Teopema (mpo KpuTepiii He3aJI€XKHOCTI BUIMAJIKOBUX BEJIUYUH).
Bunadxosi seaununu (€4, ..., &,,) nedanesicri 6 cyxynnocmi modi i misvku mo-
o, woau ixr cymicna Pynkuia  po3nodiay  Po3NGOGEMBCA  OAA  BCLT
(21, ..., ) € R™ y dobymox

F(gl,...,.gn)(xb -'-,Jln) = P(§1 < Iy, ,{n < xn) =

n n
P, <) = H Fe (z).
Hk:l (é'k: k) k=1 fk( k)
HoBenenns. [losnaunvo (%) piBHSHHS B O3HAYEHHI HE3aJe:KHOCTI. Po3-

TVIAHEMO KJlaC MHOXKWH
T:{Bl < %(R) : (*) V By = (—OO,.Tk>,l€ = 2,”}

3 TeopeMu IIPO NEPETBOPEHHS HE3aIEKHUX I10/1iil BUIJIMBAE, IO Kjac BT Mi-
CTUTHh MHOXKHHY R Ta 3aMKHEHHIl BiIHOCHO BKJIAJIEHOI PI3HUII Ta 00’€THAHHS



MHOXKHH, sIKi He IepeTuHaioThest. KpiM Toro, 3a ymoBoio (—oo, z1) € B st
Bcix 1. Tomy B7 micturs anrebpy A(R), sxa mopomKyerbes HamiBiHTEpBa-
JIAME 34 JIOOMOTOI0 BKa3aHUX OTEpAIliii.

3 BJIACTUBOCTI HEIIEPEPBHOCTI HMOBIPHOCTI BUILIUBAE, IO KJ1ac B 3aMKHe-
HUH BisiHOCHO MOHOTOHHOI 36ikHOCTI. MiiicHo. 3 Bi(m) € B% ta Bi(m) T By
BUBOJIUMO, 1110

P(€ € By(m) X (—00,x3).. X (—00,2,)) — P(§ € By X (—00,x3).. X (—00, 1)),

P& € Bim) [[_ P& <a) = P& € BY ] Pléx < z),

3BiIKN By € B7.
Otxe, 3a TeopeMoro 1po MoHOTOHHUI Ki1ac B = B(R).
JaJi, mo3HaIumMo

5={Bs € B(R) : (x) VB; € B(R),VB = (—o0, 1), k =3,n}.

Kirac 8% micturs Bei inTepBasm (—00, T2) 3a JOBEJICHUM BHUIle. 3BiICH aHATIO-
rigso oBouMo, 1o B3 = B(R).IToroprooun e MipKyBaHH:, 3a IHIYKIIE0
JIiCTaeMO TIyKaHe TBep/izKeHHs [

Buopasa. /luckperni sunaaxosi semuaunn (£, ..., €, ) He3aIexkKHi B CyKyTHOCTI
TOJII ¥ TIBKHU TOM1, KOJIU JJISl BCIX X1, ...Tp

P(§1 =T1,.., &, = In) = szl P(fk = $k)

Teopema (po Kpurepiii He3aae>KHOCTI aBCOTIOTHO HellepepBHUX
BesimunH). Hexatl sunadkosul eexmop & = (&, ...,§,) MAE CYMicHy wiib-
nicmo  fe(z1,.2,). Beavwurnu (€q,...,&,) He3arescni 6 cyxynnocmi modi
MIALKU MO0JT, KOAU

fe(@r, ) = [T feo ().



loBenennsi.
3a yMOBHU abCOJTIOTHOI HEIIEPEPBHOCTI YMOBA TEOPEMHU PO KPUTEpiit He3a-
JIEZKHOCTI BUIIQIKOBUX BEJINYNH €KBIBAJIEHTHA PIBHOCTI

azil Tn n Tk
/_Oo--/_oo fe(yrs - yn)dys . dy, = szl /_OO fe, (yp)dyx =
— / . / szl fe, (yp)dyr...dy, Vz), € R.

3Bijcu 3a O3HAYEHHSIM CYMICHOI IILIBHOCTI Ta 3 HACHIAKY PO €INHICTD
CYMICHOI TIJILHOCTI BUBOJUMO COPMYJIbOBaHE TBEP/KeHHs [

Brnpasa.Slkmo sunazkosi sesudunu (€5, ..., §,,) He3amexHi B CyKynHOCTI Ta
MAalOTh IMJIBHOCTI, TO yTBOPEHUil HUMU BEKTODP abCOJIOTHO HEIEPEPBHU, a HOro
CyMiCHA IMJIbHICTH 30iraeThcsa 3 J00yTKOM MIiJIbHOCTEH KOOPIMHAT.

18.2. IleperBopeHHs He3aJIe?KHUX BEJINYIUH

Teopema (Ipo mepeTBOPEeHHsI He3aJIEXKHUX BeJu4dnH). Hexal eu-
nadkoss seaununy (&, ..., E,) HE3ANLHCHT 6 CYRYNHOCTI, G §i....gn — Oopercsi
pynryii. Todi 6unadkosi esuMUHU

(91(61); - 9n ()

HE3ANEHCHT 8 CYKYNHOCNS.
JloBeneHHsI.
O6uunciumo pu By, € B(R)

(91(51) € By,...,gn(&,) € Bn) =
P(&, € 91 (Bl) &, € 92_1)(371)) =
[T} P(& € gy V(By) =TT}, Plaw(&y) € Br) O



Teopema (Ipo BEKTOPHiI MEpPETBOPEHHSI HE3aJIEXKHUX BEJIMYNH).
Hezxati sunadrosi seaununy (&, ...,€,) Hezareacni 6 cykynnocmi, a
f:RF 2R, g:R* = R — opencsi dynruyii. Todi sunadkosi seausur

f(€17 "'7619)7 g(gk-l-l? 7€n)

HE3ANCIHCH]T.
oBesienHsi. 3a 03HAUEHHSIM HE3aJI€2KHOCTI JOCUTDH JIOBECTH, IO

P((&1,-&) € B, (€441, -80) € C) = P((&1,6x) € B) P((§441,-€0) € C)

s Beix B € B(RY), ¢ € B(R™F). la pismicts jyig IpAMOKYTHUKIB
B = Hle B;, C =[], Ci BunuBac 3 o3nauenns nesaaeskuocti. s muo-
wxun B, C' i3 Bignosinanx anre6p A(RF), A(R™F), mo e 06’euannsivu npsi-
MOKYTHHKIB, BUBOJMMO 11 3 auTuBHOCTI fiMoBipHOCTi. Hapemri, mis dopeite-
sux B, C nrykaHa piBHICTB ClpaBe//InBa, OCKLIBKH BiIITOBITHI K/IACH MHOYKIH
B, C 3amMkHeHi BiTHOCHO MOHOTOHHOI 3012KHOCTI 38 BJIACTHBICTIO HETIEPEPBHO-
cTl IMOBIPHOCTEIA.

Bnopasa.

(1) BuaiiT DYHKIIIO PO3IOALITY MAKCHMYMY Ta MiHIMyMY HE3aJI€2KHUX OJTHAKOBO
PO3IIOIiIEHIX BUIIAKOBUX BEJUYUUH Yepe3 1X CIJIbHY (PYHKINI PO3IIOJILITY.

(2) Bunasaxosi seqmuunu &;,&, ~ FErp(l) Hezanexxni Ta MaoTh oJHAKOBHUI
IIOKa3HUKOBUI po3noin i3 napamerpom 1. Jlosecru mo Besmunan (a) min(&y, £,)
Ta | — &,| nezanexui omuaxoso posnositeni, (6) &, /(&+E,) Ta &, +&, nezanexi.
SHaATH BiAIOBIAHI CyMICHI POSIOMIIN. Y3araJbHUTH Il TBEPIKEHHSI Ha BUIIAIOK 77
HE3aJIEKHAX OJJHAKOBO PO3MOJIIEHIX MOKA3HIKOBUX BETHINH.

(3) Bumazxosi Bekropn (£, ...€,,) 3 RY HasupaoThes He3aIesKHIMI B CyKYITHO-
CTi, KO JUIg JoBinbHUX B) € ‘B(Rd), k = 1,n, sunaaxosi noxii {£, € By} €



He3aJeXKHUMH y CYKyImHOCTI. /loBecTn TeopeMu Mpo KpUTEPiil HE3AJIE2KHOCTI BUIIAI-
KOBUX BEKTOPIB, KpUTEPiil He3aeXKHOCTI abCOIFOTHO HEIEPEPBHUX BEKTOPIB, PO
IIEPETBOPEHHS HE3aJIE2KHIX BEKTOPIB.




19. MaremaTrudHe CIOIIBaHHA TO0YTKY He3aJie-
KHIX BeJIMYNH

19.1. MaremaTnyHe cooAiBaHHs JIOOyTKY

Teopema (mIpo MareMaTu4dHe CIIOJiBaHHS J00YTKY He3aJIeXKHUX
BEJIMYMH). STKwo seaununy £,1 He3aACHCHT MaA THME2POGHI, Mo JobYmoxk

&n e inme2posHuUM 1
Mén = ME M.

JloBeneHHsI.
(a) Hexait £ = 14, n = 1. Toxi nmoxuii A, B nesasexHi i

Mén =M 1415 = Mlanp = P(AN B) = P(A)P(B) = M¢ Mn.

(6) Hexait Benmumnn &, 7 mesanexni i mpocti, § = Y 214, = > y;ls,.
Tozi 3a 03HAYEHHSAM HE3AJIE?KHOCTI BUNAKOBUX BemuuH noiil {§ = x;} = A,
i {n = y;} = B, nesanexui, a BUIaJKOBa BeJauduHa &7 JOPIBHIOE X;y; Ha
MHOKFHI ejleMeHTapHUX Tofiit A; N B;.3a TeopeMoro mpo 00YHCICHHA Ma-
TEeMATUIHOI'O CIOJIBaHHSA (DYHKINI BiJl JTUCKPETHOI BEJTMYUHU JJIA (DYHKITT

9((€,m) =&n

M(ﬁﬁ) = Zi,j TiY; P(g = T4, 1] = y]) = Zi,j x’lyJP(AZ n BJ) =
> i Ty P(A)P(By) = Y2, P(A:) 35 y; P(B;) = ME M.

(B) Akmio &, > 0, 32 TEOPEMOIO PO APOKCUMAIIIIO BUMAIKOBUX BEJTMINH
pocTuMu Mooy ryeMo mpocti anpokenmMytodi Bemanan 0 < &, 1&,0<n, T n.
Toni 0 < ¢,m,, T &n, npudomy &,,,n,, He3asIexKHi 3a BusHadeHHIM &, = ©,,(£),
Np = ©n(N) Ta 32 TEOPEMOIO PO TEPETBOPEHHS HE3ATCKHUX BEJIMIHH.



3 TtBepmkenns (6) Ta 3 Teopemu Jlebera mpo MOHOTOHHY 301KHICTD i3 PiB-
Hauua M¢E,n, = ME, Mn, TpaHUIHUM IEPEXOJIOM JICTaHEMO NIyKaHy piB-
HICTb.

(r) Jnst 3HAKO3MIHHUMX iHTEPOBHUX &, 7) 38 TEOPEMOIO IIPO EPETBOPEHHS
HE3aJIC’KHUX BEJINYNH BEJIUYUHA §i, nT meszanexni. Tomy 3a miniitnicTio

Mén=MEnr =&t =&y +&6n) =
MEYMnt — Me Mn* — METMn~ + M& My~ = MeMn &

19.2. JImcnepcisg cymMu He3aJIe2KHUX BeJIMINH

Teopema (mIpo gucnepcio cymMu He3aJIeXKHUX BeJauduH). Heral eu-
nadxosi seaununy (&1, ..., &,) nonapro nesanesrcri. Tods

p(Y &)=Y D

HoBenennsi. O69umcmMo 3a O3HAYEHHSIM JIUCIEPCil Ta 3a JHIHHICTIO Ma-
TEMaTUIHOIO CIIOIBAHHS

D (X5 &) = M (Ci (6 — M&) = T, M(& — ME)(E; — M&;) =
Z”(M(fzgg) - Mszfg) Zz:J(M(fzfg) - Mszfj) =
Zz(Mff - (Mfi)z) = ZZ:l Dg,,.

Jie TIpHU § 7 j BUKOPHMCTAHO TEOPEMY IIPO BJIACTUBOCTI JUCIEPCIl Ta PO MaTe-
MaTUYIHE CIIO/IBaHHS JOOYTKY He3aJIe’KHUX BeTmdInH [

IMIpuknazn. O6uncienns nuctepcii Hinomianbnoro posmnosiny. Hexait x, =
ly, — inJuKaTOpHA BeJIMYNHA YCHiXy B k-My BuirpoOyBanHi Bepnyri. 3a yMo-
BOIO IIi BeJIMIuHN He3asexkHi. Tozi 3arajibHa KiIbKICTh YCIXIB JOPIBHIOE £ =



Zgzl X, OT2Ke 3a (POpMyJIOIO PO JucHepciio inauKaTopHol Beanunun DE =
> k1 Dxp = np(1 — p).

Bopaga.
(1). dns nezanexxuux &, ) obuucauru D(EN).
(2). Bunajkosi Besmanun £, ..., €, He3amexkHi Ta OJIHAKOBO PO3IOJIEH], IpU-

qomy M (&, — ME;)? = 0. Mosectu, Mo BUITAKOBI BeTUMUHE [ = %Zzzl &, Ta
> or_1(&x — p)? mexopembosani.




20. Pozmnoais cymn He3a1exkHuX Beandni. 'ama-
PO3MOILII

20.1. Pozsmnoais cymu He3aJIeXKHUX BeJIMYUH

s obuuciennsa (byHKITT PO3IOILTY CyMU HE3AJIEKHUX BEJIUYUH JIOBEJIEMO
JeMy.

Jlema. Hexail BunaikoBi Besmauam €, 1) He3a €K HI Ta MatOTh (DYHKIIIT PO3-
nojiny Fg, F,. Toxni nis noBinbHOl MHOKMHU B € ‘B(RQ)

o0

P(&meB) = [ Fi(B) dR),

— 00

ne By, ={z: (z,y) € B} — nepepi3 Muoxkunu B Ha piBHi y.

JloBeneHHsi.

(a) s mpsimokyTHuKiIB B = C' X D miykaHa piBHICTH BUILIMBAE 3 He3a-
nexuocti §,n ta 3 Toroxuocti (C' X D), =Cupuny € D ta (C x D), =@
npu y ¢ D, sBiaku F¢(By,) = Fe(C)l, ¢ p i

(e}

P((¢.n) € B) = / F(O)l « p dFy(y) = F(C)F,(D) = P(¢ € C,y € D).

—0o0

(6) Ockinbku Bigobpaxkenus B — B, € ajuTuBuiM BIAHOCHO 00’€/[HAHHS
[IOTIAPHO HECYMICHUX MHOXKHWH, 8 OOMJIBI YaCTUHU PIBHOCTI JieMu — JIiHiiiHI 3a
B, T0 Il pIBHICTb 3a/IMINAETHCS CIIPABE JINBOIO JIJIst MHOKHH 3 anreGpu 2A(R?).

(B) Hapemri, 3 Teopemu JlebGera mpo MOHOTOHHY 301KHICTbL JIJIS TPABOI
YaCTUHU Ta 3 BJIACTUBOCTI HEIIEPEPBHOCTI MMOBIPHOCTI JJI JIIBOI BHBOJIMMO,
10 KJ1ac OOPEIEBNX MHOXKWH, JIJIA SKUX PIBHICTH JIEMH Ma€ Miciie, 3aMKHEHU



BITHOCHO MOHOTOHHOI 30ikHOCTI. ToMy 3a TeopeMolo PO MOHOTOHHUIT KJIac
JlaHa piBHICTb BUKOHYeTbest jiisd Beix B € B(R?) [
OznavenHs. 3ropTkoro GyHKINH posnoaity F, G nasusaecmuvesa dymnryis

F«xG(a) = / F(a—y) dG(y).

Teopema (npo MYHKIIIO PO3MOITY CyMU He3aJIEXKHUX BEJIMYNH ).
Hezati sunadkosi seauvunu €,m nezanescni ma maroms Gynrkyii posnodiay
Fe, F,. Todi gyrxuia posnodiny Fey, cymu & +n dopisrioe 320pmui

F§+77:F§ * F’I'

JloBeneHHsi.

Hexait B® = {(z,y) : x +y < a}. Togi P((+1n < a) = P((¢,n) € B?)
1 nepepis By = {z : © < a —y}. icag nigcranoBku B y momnepeHio JgeMy
OTPUMYEMO

P(E+n<a)=P((&n) € B*) = [ Fe(By) dF,(y) =
f_ooooFﬁ(a_y) an(y) :Fﬁ*Fn(a) o

Hacnizok (mpo BJI1acTMBOCTI 3ropTKM).

(a) 3eopmra Pynrkuit posnodiay € Gyrkyicto poanodiny.

(6) 3eopmka € KOMYMaMUEHOW Ma ACOUIAMUBHON ONEPAYIEN.
oBenennst ouesu e [

Bopasa.

(1) Hust He3aesKHUX JIUCKPETHUX BUIAJKOBHUX BeJH4uH &, 1)

P+n=a)=>, P=12)P(n=a-ux),



Jie CyMa HOIIUPIOETHCs Ha MHOXKHMHY 3HAUYEHb BEJIMUUHU & 1 HA3MBAETHCs 3rOPTKOIO
JIICKPETHUX PO3NOALIB Besmaus & Ta 1).
(2) Ao &, n — He3aeKH] BesmunHu 3 po3noiaamu [lyaccona 3 napamerpamu
A, i Bignosigno. Toai cyma € + 1) mae posmnogin Ilyaccona 3 mapamerpom A + fi.
O3znaveHHd. 3ropTKOIO HIIILHOCTEN po3noiny f,g wasusaemovcs hym-
KULA

sl = / " A=) sl

Teopema (IIpo HIIBHICTH PO3TOAIy CyMH HE3AJIEXKHIUX BEJIMYUNH ).
Hezxati sunadkosi seaununy &, 1 He3a.0exCHE Ma MAOMb WLAOHOCTNT PO3NOJLAY
fe, fu- Todv winvrnicmov posnodiny feyy, cymu &+ n icruye i@ dopierioe s2opmui
.f £ * .f n-

JoBenenHs. 3aMiHOIO MOPSJIKY iHTErpyBaHHs 3a Teopemoio Dyoini 1mpo
KpaTHHUIl Ta MOBTOPHI iHTerpaju JOCUTH NEPEeBIpUTH, IO TpHU Bcix a € R
CITPaBEe MBI TOTOXKHOCTI

a

Fexby@) = [ Fela-v) abys) = [ Fela—1) o)y =

—00 —00

/_Z (/_;y fﬁ(m)f”(y)dx> dy = /_Z /_Z Fe(@) fo(y) Loty < o da dy =

/_: /_: fe(u = y) f(¥)1lu < o du dy = /_Zo fex fo(u) du,

Jie BAKOPHCTAHO TAKOXK TeOpPeMY ITPO OOUMC/IEHHS MATEMATUIHOTO CIIO/IIBAHHS
dyHKIIT Bij HemepepBHOI BEJIMYUHN 4Yepe3 i1 MIJIBHICTh Ta 3aMiHy 3MiHHUX
u=2x+y, y=1yy KpaTHoMy iHTerpadi [

Bnpasga.



(1) Bunagkosi Besmansu &, ..., &, , 1) HE3AJIEKHI y CyKYITHOCTI,
P, =0) = P(§, = 1) = 1/2, a ) pisaomipso posnoginena na [0, 1]. Tosecrn,
mo & =Y 7 27%¢, + 27" Takox pisnomipro posnonirena na [0, 1].

(2, Po66inc) Bunagkosi sesmannn &, ..., €, He3anexHi y cykyusocri, a ¢, =
& + .. + &, — ix wacrunni cymu. Josecru, 1o

P(Cl < 21, 7<n < xn) > szl P(Ck < xk), V.TI, vy Ty

(3) Bunajikosi Besimunun &1, ..., €, He3a/€XKHI y CyKyIHOCTI Ta PIBHOMIDHO PO3-
noxiseni na [0, 1]. Toni minbuicts cymu &; + ... + &,, nopisHioe

tn(®) = Gy ico(—LCh(max(z - k, 0))" .

(4) Bunazaxosi Besmunnu £, £, He3a/leKHI Ta MAIOTh TOKA3HUKOBHIl PO3IOALT
Exp(\). Toai pisaung ¢ = &, — &, mae posnoain Jlamnaca 3i minshicrio fo(x) =
shexp(—Alzl).

20.2. Pozsnoainm Epaanra, I'ama ta xi-kBaapar

Teopema (mpo posnozain Epianra). Hexat seauvwunu (§,, n > 1) ne-
3GNEIAHCHT 8 CYKYNHOCTI, 00HAKOBO PO3NOJIAEHT T MAOMb NOKAZHUKOBUT PO3-
nodin 13 napamempom X. Todi cyma ¢, = & + ... + &, mae posnodia Eparanea
nopadky N 3 WILAGHICMIO:

ful@) = X(A2)" texp(—Az)/(n — 1)!, z > 0.

JloBeieHHst.
Ba ymosomwo fi(z) = Aexp(—Az),z > 0.
Tyt Ta Hzkae npu x < 0 Bei minbhocTi f,(x) = 0.



Ockinbku cyma ¢, = (,,_; +&, = (§+ ... +&,_1) +&,, MicTuTh He3aIeKH]
JIONAHKU 3a TEeOPEMOIO IIPO BEKTOPHI IEPETBOPEHHSI HE3aJEKHUX BEJINYNH,
i3 TeopeMm TIPO MILIBHICTH PO3MOITY CYMHU He3aJIeXKHUX BEJINIUH JTICTAHEMO
PEKYpEeHTHE PiBHIHHS

f() (fnl*fl f fnlx_ )fl(y)dy:
Jo faoa(z —y) Aexp(— dy— I3 faz1(y) Aexp(—Az + Ay)dy.

[lepexomgan g0 dyukuiit g,(z) = f.(z)exp(Azr), BuBogumo mpu n > 2
PEKYPEHTHI PIBHAHHS

gn(x) = Afox gn—l(y)dy7 gl(l') =\, Vx>0,

3BIJIKM 38 1HTYKITE€I0 3HAXOIUMO

gn(x) = AAz)" 7/ (n = 1)), fu(z) = A(Az)" " exp(=Az)/(n — 1) T

dAximo 3aMiHuTH B O3HaYeHHI po3nojiny Epjanra daxropiag Ha MOBHY
rama-QyHKIIIO

T(a) = /0 " 2 exp(—2)de,

OTPUMAEMO OLJIBIN 3arajbHy CiM'I0 PO3IOJIIIIB.

Ozuauennsi. Hesid’emna sunadkosa seauvuna ( Mmae raMa-po3ToOi i3
napamempamu A, > 0, nognavenns ¢ ~ L'(\ «), akwo it wisvricms dopie-
HI0E

f(z) = A(Az)* T exp(—=Az) / T'(a), z > 0.

IIpu o = n € N rama-posnozin 36iraeTbes 3 posmojiiom Epranra.



Teopema (mpo iHBapiaHTHICTH ramMa-po3IOALIiB BiTHOCHO 3rop-
Tku). Hexal sunadrosi seaununy (; ~ I'(A, ) i (4 ~ [(\, ) nesaneorcni.
Tooi ix cyma mae 2a.ma-po3nodia

¢+ ¢ =T\ a+p).

JloBeneHHsi. 3a TEOPEMOO PO MILIBHICTH PO3MOIIIY CYMU HE3AJTEKHUX
BEJIMYNH

foor6(@) = fo, * fe,(w) =

/Om Ay)* exp(—=Ay) Az — Ay)” !t exp(—Az + Ay)dy/T(a)[(8) =

= AP 2871 exp(— ) /01(1 —t)*"'t""dt / T(a)T(B)

= A A\z)* P Lexp(=Az) /T(a+6), >0,

Jie 3pobJIeHo 3aMiHy ¢ = y/x Ta BUKOPHUCTaHI O3HAYEHHSI Ta BJIACTHBICTH TIOBHOI
Gera-dyuknii B(a, §) = T'(a)T'(8)/T(a+ 5) O

YacTKOBUM BHIIQIKOM raMa-pO3TOJILITY € PO3MOJILT Xi-KBaJIpaT, SKUAW IIH-
POKO 3aCTOCOBYETHCS B CTATUCTHIII.

Teopema (mpo xi-kBagpar posmnoxin). Hexad (,, n > 1) nesane-
OHCHI 6 cykynHnocmi cmandapmmi nopmanvii seaudunu: ¢, ~ N(0,1). Cyma
Keadpamie

Xa=Ci+ .. +¢

mae 2ama-po3nodia I'(1/2, n/2), axui nasusaemvces xi-keadpam po3nodiiom
i3 M CMynenamy ce0000u.

Hosenenns. Ilepesipumo crouarky, mo (2 ~ I'(1/2,1/2). 1la pismicTs
€ HACJIJIKOM TeOpeMM IIPO OOYUC/IeHHS PO3MOoiry (YHKINI BiJl BUIIAIKOBOI
BEJINYUHA



P(G} < z) = [V9. S exp(—y?/2)dy = 2 [/* <= exp(—y?/2)dy =
Jo 7=u u? exp(—u/2)du = g Jo (4/2) _1/2 exp(—u/2)du/2.

Orxke, ipu n = 1 Teopema noBejena. OCKIIBKE BeTUINHA ( i He3aJlezKH1 B
CYKYIIHOCTI, TO JIOJJAHKHU B CyMi X2 1= X2+ Ci He3aJlezKH1 38 TeopeMOIO 11PO
BEKTODHI IlepeTBopeHHst He3asiesknux pejuand. dkmo x2 ~ T'(1/2,n/2), T
32 TEOPEMOIO TIPO IHBAPIaHTHICTh IaMa-pPO3IOJILIE BiIHOCHO 3rOPTKH X2 1 =
I'(1/2,n/2) +1(1/2,1/2) ~ T'(1/2,n/2 + 1/2), mo K0BOAUTH TeOpeMy 3a iH-
Jaykiiero [

Bopasa.

(1) Bunaakosi semumnn , ~ I'(A\, o),k = 1,2, nesanexui. Tosecru, 1o
sesmaunu (q + (o i (q/ (¢; + (,) nesanexui, Ta 3HARTH X POZMOILNIH.

(2) Hosectu dopmysny JliyBiuist iepeTBopeHHs] KDATHUX IHTErpaIiB

I J fla + +xn) -l ponldr..dx, =

F(al .T(an) a1+...+an—1
I'(a1+-.. Jran) fO dy



21. HopwmajgbHi BUaJIKOBI BEKTOPH

Y nanomy po3ijii, K i B IHIINUX, BCI BEKTOPH PO3IJIAIAIOTHCS TK BEKTOPU-
croprurku. CuMBOJI ' O3HAYAE TPAHCIOHYBAHHS BEKTOPIB Ta MATPUIIb.

Osnadenns. Bunadkosut eexmop ¢ = ((y,...,(,) Hasusaemovca
N-6UMIPHUM CTAHIAPTHIM HOPMAJIBLHIM BEKTOPOM, nognaserhns ¢ >~ N, (0, 1),
AKUWO 8UNATKO08T BEAUNURY (1, ..., ,, € HEBANEIHCHUMU 6 CYKYNHOCTL CMaHIap-
MHUMU HOPMAALHUMY BEAUNUHAMU.

3ayBakeHHsI. 3 TeopeMu PO KPUTEPiil HE3aIe2KHOCTI abCOIOTHO Helle-
PEPBHUX BEJIMYUH Ta 3 O3HAYEHHsI CTAHIAPTHOI HOPMAJILHOI BEJIMIUHU BUILIN-
Bag, 110 BEKTOP ( € CTaHIAPTHUM HOPMAJILHUM TOMl i TIILKU TOi, KOJIU HOro
CyMiCHa MIIJIBHICTH Ma€ BUTJIS,

few) =TI, 7= e(=al/2) =
1

-n m —-n 1
= (2m)"Pexp(~3 Y, o}) = (2m) " exp(~ ).

Osuavenns. Bunadrosut eexmop & = (&4, ...,&,,)" nasusaemoca
N-8UMIPHUM HOPMAJBHUM BEKTOPOM, AKWO U020 MONCHA 300pasumu Yy 6u-
24801 NMHITH020 HEGUPOOHCEHO20 NEPEMBOPEHHA CINAHIAPMHO20 HOPMANLHOZ0

sexmopa ¢, moomo axku,o oas deaxuxr eexmopa m € R™ ma nesupodorcenoi

mampuyi A € £,(R™) suxonyemoca pienicms € =m+ A .

SayBakenns. MoxkHa po3r/isiJIlaTu y3arajabHeHI HOpMaJIbHI BEKTOPH, JIJIsT
SIKUX MaTpuIld A € BUpo/izKeHo. BoHI He € aDCOTIOTHO HellepepBHIME, OTHAK
BIJIITOBi/THE 3BYKEHHS Ha IMAMPOCTIP MOBHOTO PAHTy B¥KE € HOPMAJbHUM Be-
KTOPOM MEHIIIOI PO3MIpHOCTI. BifbIIicTh i3 HaBeJeHNX HUKYe BJIACTUBOCTER,
3a BUHATKOM (hOPMYJIN JIJIsl TIIJIBHOCTI, MAIOTh MICIIE 1 JIJIsT y3araJbHEeHIX HOP-
MaJIbHUX BEKTOPIB.



21.1. CywmicHa IIJIBHICTH HOPMAJBLHOI'O BEKTOPA

Teopema (Ipo cymicHy HIJIbHICTE HOPMAJIBHOTO BEKTOPA). Bunad-
xosutl 6ekmop & € N-BUMIPHUM HOPMAALHUM 6EKMOPOM Modi T MisbKky Modi,
K0AU 1020 CYMICHA WILADHICMG MAE 8UAAD

felw) = (2m) 7 fdet V]2 expl(—( — m)'V (& — m), 7 € R,

de m € R" a mampuuysa V € £,(R") e cumempuunoro dodamno 6usna4eroo.
Axwo E=m+ A, (=~ N,(0,1), mom=m,V =AA"

O3zHaveHHS. AKuo0 cymicha wisbHicmd 6unadko6020 6eKmopa & Mae Ha-
sedenutll suwe suzand, bydemo nucamu § ~ Ny(m, V).

SayBakenns. Ocranne no3HAYCHH [/ BUNIQJIKY, Koum =01V = [ —
OJIMHUYIHA MATPHIIA, BiIOBIIa€ 38 O3HAYEHHSIM CTAHIAPTHOMY HOPMAJILHOMY
BEKTODY .

loBemenns.

Heobxionicmo. Hexait £ = m+ A (, ne ( ctangapTHUIT HOPMAJIbHIIT BEKTOD
idet A #0.

Jlnsg obuncienHs MiJbHOCTI £ PO3IVITHEMO N-BUMIPDHUI KYyT

I, = (—o0,z) = H

3a TeopeMoIo 1MPo 0OUMC/IEHHsT IMOBIPHOCTEM, OB I3aHUX 13 BUIIAIKOBOTO

n
k:l(_oo7 l’k)-

BEJIMYMHOIO, Yepe3 11 MILIbHICTD

Fe(z) = P(( <a)=P(m+A(ell) =P €A, -m)) =

/ fe(y)dy = / fe(y)dy =
yeA—1 (Il —m) y: m+Ay€ll,



/n fe(A™ (w—m)) |det A7"| du,

Jle BUKOpHUCTaHa 3aMiHa 3MiHHOT 4 = m + Ay 3 skobianom |det A~ . 3pigcu
3a O3HAYEHHAM CYMICHOI HILIBHOCT1
fe(u) = fo(A™H(u —m)) |det A_l‘ =
Idet A|™* (2) "2 exp(—%(A_l(u —m)Y A~ (4 — m)) =
(2m)™ [det V|~ exp(—g (u— m)'V " (u— m),
ze Bpaxosano susHadenns V = AA’ ta pismicrs |det A| = |det V[V . Cume-

TPUYHICTH V' 0YeBUIHA, JIOJATHA BU3HAYEHICTH BUILIMBAE 3 HEBUPOKEHOCTI
marpumi A Ta pisrocti Ve = dAAc = [¢A]* > 0 Ve # 0.

Jocmammnicme. Hexait Bektrop m € R", marpung V' cumerpudna jg0J1aTHO
BU3HAUYEHA, & BUIMAJIKOBHUI BEKTOP £ Ma€ HaBEJEHY BUINE CYMICHY HILJIHHICTD.
Bobpazumo marpuio V' y surisai V= A A’ i3 1egKo0 HEBUPOIZKEHOIO Ma-
Tpureo A (e MOXKIMBO Hic/s 3BeieHHs V' 10 JiaroHasbHol dhopmu). Posris-
Hemo Bumnakopuit Bektop ( = —A"tm + A7 = my + A€, Toai anasoriuno
JIO HaBEJIEHUX BUINE MipKyBaHb

fe(z) = f&(Al_l(.’E —my)) |det A1_1| = fe(Az +m) |det A| =
(2) 12 exp(—'x/2),

T06TO ( — cTaHIAPTHUN HOpMaIbHUN BeKTOp 1 £ = m + A ( 3a o3HaueHHAM (

]



21.2. IlapameTrpu po3moAi/ly HOPpMaJbHOIO BEKTOPA

Teopema (mpo iHTepmpeTarjifo mapamMeTpiB HOPMaJIBLHOTO PO3MO-
aimy). Hexati nopmanvrutd sexmop € ~ Nyp(m, V') . Todi

ME&=m, Cov(§) =V.
HoBenennsi. O4eBuIHO, IO 3 JIHITHICTIO
ME=Mm+A() =m+AM{=m+ A0 =m.

Jauti, 3a TeopeMoIo IIpO KOoBapialliiHy MaTPHIO JIHIFTHOTO IepeTBOPEHHS
BUII&IKOBOT'O BEKTOPA

Cov(&) =Cov(§ —m) =Cov(A¢) = ACov(()A' = ATA' =V [

21.3. HopwmajabHuii BeKTOp Ha MJIOIIAHI

Teopema (mpo HIiABHICTH HOPMAJIBHOI'O PO3IIOiIY HA MJIOMINH]).
Jlas d06iavH020 HOPpMaALHO20 6ekmopa Ha naouwuni £ = (&1,&9) = No(+) ichy-
10Mb N AMD CMAAUT [y, [ty € R, 03 >0, 02 > 0, p € (=1, 1) maxi, wo cymicna
WIABHICMD JOPIGHIOE

fele) = !

a 2wo1094/1 — p?

1 T, — 2 T1 — Uy To — Ty — 2
exp —— g ( 1 ,U1) — 2 1 — Mg T2 — Mo 4 < 2 N2> :
( _p) 01 01 09 09

npuvomy ME, = py, DE, = 02, k = 1,2, a xoediyienm ropeasuii misrc &1 1
&, dopisHioe




p(&1,&2) =Cov(§y, &) /o102 = M (& — piy) (&g — o) /0102 = p.

HoBenennsi. Byb-sKa HEBUpO/KEHa CHMETPUYHA JIOJATHO BHU3HAYEHA
2
MaTpuig 2 X 2 Mae BUDJIAL V = < 71 p01202 > , e o > 0, |p| < L.
PO102 (o)
3 dhopmysin obepTaHHs MaTPHIL
B O ]
L—0p PO
Ta 3 TEOPEMU IIPO CYMICHY MIJIbHICTh HOPMAJHLHOTO BEKTOPa 3HAXOIMMO IITY-
KaHy dopmyiy s miabHocTi. [lomasbine BuIimBae 3 TeopemMu 1po iHTED-
IpeTaio mapaMeTpiB HOPMAJIbHOIO PO3IOIiIY Ta 3 O3HA4YeHHs KoedillieHTa
Kopesdrii [

Buopasa. Hexait (£,,&,) ~ Ny 3 M, = 0,D¢, = 1, p =Cov(&,,&,). Hose-
cru, mo: (a) P(§; - & < 0) = (arccosp) / m, (6) minbuicts Bigpomenns &, /&,
nopismoe \/1 — p2/ m(1 — 2pz + 2?).

Teopema (po He3aJEXKHICTh KOOPAUHAT HOPMAJIbHOI'O BEKTOPA).
Hezati & = (£1,€,) =~ No(m, V). Beauwunu &, i &y nezanrearcni modi i misvku
modi, koau Cov(&y, &) = 0.

JloBeneHHsI.

HexkopenboBanicTh He3aI€KHUX BEJUYWH JIOBEJICHA BUIIE AK HACTIIOK Te-
OpeMH IIPO MaTeMaTHUYIHEe CIO/IBAHHS JOOYTKY He3aJIeKHUX BeJTUINH.

Hagnaku, 3 HEKOpPEILOBAHOCTI BEJIMYMH BUBOIUMO, IO KOeMIIieHT Kope-
gsiil p = 0. 3 TeopeMu PO MIIBHICTH HOPMAJIBHOTO PO3IIOJILITY Ha TIIONTNHI
BUBOJIMMO, IO I MUIBHICTH PO3MAIAETHCA B JIOOYTOK MapriHaJbHUX OJTHO-
BUMIDHHX IIiIbHOCTEN. TOMY ITyKaHe TBEp/2KEHHS BUILIMBAE 3 TEOPEMU 11DO
KpUTEPiil He3a/Ie2KHOCTI abCOIOTHO HellepepBHUX BeaunanH [

Brnpasa. Hexaii (£;,¢,) HopMaabHuii BEKTOp Ha IUIONMHI 3 HYJIBOBUM CEpe-
mmim, npuaomy Cov(€y,€,) < 0 Hosecrn, mo



P(flz Iy, 522 552) S P(flz £E1) P(§22 x2>7 VIEkZ 0.

21.4. JliniiiHi mepeTBOpeHHsT HOPMaJbHIX BEKTOPIiB

Teopema (mpo JiiHilHI MepeTBOpeHHsI HOPMAJIbHUX BEKTOPIB).

(a) Hrxwo & ~ N,(m,V),cmara a € R™, i nepemeopernns T € £,(R")
nesupodoicerne, mon =a+TE ~ Ny(a+Tm, TVT).

(6) Sxwo ¢ ~ N,(0,1) cmandapmmuui nopmasvHudl 6€KMOp, & MAMPUUA
U — opmonopmosara, mo eexmop U =~ N, (0,1) meorc cmandapmuuiti nop-
MANOHUY.

(6) rwo nopmanvri sexkmopu &, ~ Ny, (mg, Vi), k = 1,2 nesanesrcni, mo
craadenutd numu exmop (&1,€5) >~ Ny, yn, MAKONC € HOPMANDHUM.

loBenennsi.

(a) Hexait £ = m + A (, ne BekTop ¢ — crangapTHuit HopMaabHuit. To

n=a+T¢=a+Tm+TAC.

Ot2ke, 3a O3HAUECHHSM HOPMAJIHLHOTO BEKTOPA

n =~ Ny(a+Tm, TA(TA))= N,(a+Tm, TVT").

(6) Bunmsae 3 (a) Ta 3 O3HAUEHHS CTAHJAPTHONO HOPMAJILHOTO BEKTODA,
ockimbru MU( =UMC( =0, Cov(U¢) =UIU =1

(B) Hexait &, = my, + Ax(y, ne (, — cranmapTai HopMasibHi BekTopu. Tosi
BEKTOpHU () = A,;l(f p — My) 3HOBY HE3aJIEXKHI 33 TEOPEMOIO I11PO IEPETBO-
DeHHsI He3aJIe’KHUX BeJINIrH. 3a o3HauYeHHsSIM BeKTOD ((;,(,) € CTaHIapTHUM
HOPMaJIbHUM, OCKIJIBKH HOr0 KOOpJAWHATAMH € He3aJeyKHi CTaHapTHi HOP-
vasbai Besmauan. Otxe, (£1,€,) € HODMAJIBHIM BEKTOPOM SIK HEBHPO/2KEHE
niniftre nepersopenus ((y,(y) [

BnpaBa. Hexaii f (xl, arg) MJIBHICTH JBOBUMIPHOTO HOPMAJILHOTO PO3IIOJILITY
3 HyJIbOBHUMHU CEPEIHIMM, ONMHUYHUMH JUCHEPCIIMHU Ta PISHUMHU KODPEJIANIAMU .



Josectn, mo BunajakoBuii BekTop 3i mimbnictio (f1(x1,22) + fa(x1,22))/2 ne €
HOPMAJbHUM, OJHAK MOr0 KOOPANHATH HOPMAJIBHO PO3IOJIiIeHi.

Teopema (mipo 36epexKeHHsI HOPMAJIBHOCTI PO3MO/LITY).
Hexati T € £(R",R¥) daa deaxozo k < n, i rang(T) = k.

Hruo € ~ N,(m, V), mo TE ~ Ni,(Tm, TVT).

doBenennsi.

Hexait £ = m + A (, ne Bekrop ( — cranjapTHuii HopMmabHuIi. Tosi
n=T¢=Tm+T¢(=Tm+ B € R* ne B=TA, rang(B) = k.

Ockinbku poamiphicTs siipa Ker(B) = {x : Bz = 0} mopisaioe
n—rang(B) = n — k, T0 B 1[bOMY HiJPOCTOPi iCHYe OpTOHOpMOBaHUIT Oa-
suc {exi1, ..., e, } po3mipuocri n — k. Hexaii {eq, ..., e} fioro ponosuents 10
opToHOpMOBaHOro H6aszucy B R", mo icaye 3a Teopemoro ['pama — [IImigra. To-
i marpurg U = (ey, ..., €,) € OPTOHOPMOBAHOIO 1 32 T€OPEMOIO 11O JiiHiiTH]
IepeTBOpeH sl HopMaIbHUX BeKTOpiB BekTop § = U~I( = (04, ...,0,) € cran-
JIADTHUM HOPMAaJIbHUM. 3ayBazkKUMO, IO

BU = (Bey, ..., Be,) = (Bey, ..., Beg, 0, ..., 0)
3a oznavennam U. Tomy

n=TE=Tm+ B(=Tm+ BU U =Tm+ (Bey, ..., Bey, 0, ...,0)0 =
(Bela "'7Bek) e(k) = Nk(Tm> ')7

ockinpku BekTOp O(k) = (04, ...,0)), M0 yTBOpEHWii k HE3ATEKHUMU B CyKY-
ITHOCTI CTAHJAPTHUMHU HOPMAJILHUMK BEJIUYUHAMU, € CTAHIAPTHUM HOPMAJIb-
HUM k-BuMipHuM, a rang(Bey, ..., Bey) = k. Kopapiariiina mMarpuiig BeKTOpa
T¢ 06UMCITIOETHCA 3a TEOPEMOIO IPO KOBapialliiiHy MaTpPHITO JiHIHHOTO Iepe-
TBOPEHHS BHUIAIKOBOTO BEKTOpA:

Cov(TE) =TCov(§)T =TVT'



BupaBa. dkio (), — Hesasexkui HOpMaJIbHI cTaHJApTHI BeJmanHu, a KyT 0 He
3aJ1e2KUTh BiJl HUX Ta piBHOMIpHO posnopinenuii ua [0, 27|, To Beanuuna (; cos 6 +
(, sin @ Takoxk cragapTHA HOPMAJIBHA.

21.5. He3agexHicTh 1 HEKOPEJIbOBAHICTh HOPMAaJbHUX Be-
JUYUH

Hacainok (mpo He3zanexxHicTh JiHiliHUX HOPM HOPMAJIBLHOTO Be-
ktopa) Hexal £ ~ N,(m,V), i ¢c,d € R", rang(c,d) = 2. Jlasa moeo, wob
At opmu € 1 d'E Oyau nezaneschi, neobxiono i docmammnbo, wob oHU
OYAU HEKOPEALOBAHT

Cov(d¢, d'€) = Vd=0.

JoBeneHHsi. 3a TEOPEMOIO TIPO 30epeKeHHsT HOPMAJIbHOCTI PO3IIOJILITY Be-
krop ('€, d'§) € HOpMATIBHUM BEKTOPOM Ha IutoruHi. ToMy TBep/zKeHHsT Te-
OpeMH BUILIMBAE 3 TEOPEMU IIPO HE3AIEKHICTH KOOP/MHAT HOPMaJbHOI'O Be-
KTOpa Ha TJIOTUHI.

Hacaigok (mpo HOpMadbHICTH CyMU He3aJIEXKHUX HOPMAaJIbHUX
BekTOpiB) Hexai &, ~ N,(mg, Vi) — He3aresrcHi Hopmasvhi 6unadkosi ee-
kmopu. Todi cyma &, + &5 >~ N,(my + mo, Vi + V) meorc mae nopmanrvhud
P03N0JIN.

JoBenenHsi. 3a TeopeMOO PO JIiHIIHI TIepeTBOPeHHsS HOPMAJbHUX Be-
KTOopiB, (B), ckiaajgenuil Bekrop (£;,&,) € HOpMmasbuuMm. Tomy fforo Jimifina
dopma &; + £, € HOpMAJIBHIM BEKTOPOM 3a TEOPEMOIO 11PO 30€perKens HOP-
MaJIbHOCTI po3noiry. OCKiJbKY KoopauHaTH &, HE3aJIeXKHi i HeKOpeIhoBaHi
3 KoopAmHaTaMu &, TO

M (& + &) = my + my,



Cov(&; + &;) = Cov(€;)+Cov(&y) = Vi + Vs,

OTZKe, PO3IO/ILT HOPMAJIBHOTO BeKTopa &1 + &y ~ N, (my + mo, Vi + V3) [

BnpaBa. Y3arajbHennit HOpMaJIbHUN BEKTOD BU3HAYAETHLCS sIK JIHIHE 116~
persopenns £ = m + A ( cranmapTHOro0 HOPMAJBLHOTO 3 JOBLILHOI MATPHUIEIO
A € £(R™ R"™). Hosectu, mo: (a) posnogin £ oJHOZHATHO BU3HAYAETHCS BEKTO-
pom m ta marpuneto V. = AA’, (6) Teopemy 1po inTeprperaitiio napamerpis, (B)
TeopeMy PO JiHifiHi nepersopenusi, (r) Teopemy PO 30€peKEHHs HOPMAJbLHOCTI
POBIOJILIY JIJIsl KJlacy y3arajbHEHHX HOPMaJIbHUX BeKTOpiB. Bkasieka: nexait 1" —
HyJIbOBE TIPOJIOBXKEHHsI Ha, R"™ MaTpHIli OpTOHOPMOBAHOTO GA3UCY MTPOCTOPY BJIACHUX
sexTopis marpuni A. Tomi AT" = 0, imemnorentna marpunga J = TT' micrursb
n—rang(A) = n—rang(V') nepmux ojuHUIb Ha JiaroHai, IPUYOMY JIjis KOKHOTO
e # 0 marpuna A+ €T nesupomxena. Orxe, sekrop £, = m~+(A+eT)( = E+eT'¢
€ n-pumipauM HopMasbhmM, §, — &, — 0, i ockimeku ME, = m, Cov(E,) =
(A+eT)(A+eT) =V + &2J, to posnomin &, =~ N,(m,V + £2J) nosmicrio
BU3HAUAETLCS Mapamerpamu € Ta m, V. Hapenrri, rpanuia P(€ € T1,) = lim._
P&, € 11,) sanexurs mame Big m, V a x.



22. 30ixkHICTh 3a HMOBIPHICTIO Ta 11 BJIACTUBO-
CTIi.

Osuauenns. [locaidosnicmy eunadkosur éeauvun (€, n > 1) 36iraeTbest
3a itMoBipHicTIO do seaununu € (nosnavenns &, —t €), axwo daa xoorcnoeo
e>0

P(1€, =&l =€) — 0npun — oo.

BayBarkennsi. dkimo oanouacno &, —F n, o P(ln—§&| > ¢) = 0 nna
Bcix € > 0, 3BigKu 1) — & = 0 M.11., TOOTO rpaHuUlld 3a UMOBIPHICTIO BU3HAYEHA,
OJHOBHAYHO 3 TOYHICTIO JIO PIBHOCTI Maiizke HalleBHE.

Bnpasa. /losenits, mo Kiaac ycix BUNAJAKOBAX BEJUYNH i3 MeTpukoio JIesi

p(&;n) =inf(e > 0: P(|{ —n| =€) <¢)

€ IMMOBHUM METPUYIHUM IIPOCTOPOM, 3017KHICTH B IKOMY € 3012KHICTIO 38 HMOBIPHICTIO.
Bkasiska. SIkmo P(|§ —n| > ¢) <, o p(§,n) < max(e, ). 3siacn

p(&,m) = inf(max(e,d) > 0: P(|{ —n| 2 6) <¢).

Tomy p(€,,,€) — 0 Tomi it Tinbku Toni, komm lim P(|€,, — &| > 6) = 0, V6 > 0.
8 mepinocri P(|€ —n| > e+6) < P(|¢—¢| > ¢) + P(I¢ —n| > ¢) Buumsace
HEpIBHICTb TPUKYTHUKA. JIOBEI€HHS TOBHOTH CIIMPAETHC HA MOXKIUBICTD BUI1ITEHHS
3 MOCJIIOBHOCTI, 10 € (DYHIAMEHTAJIBHOIO 38 HMOBIPHICTIO, ITi/IITOC/IIIOBHOCTI, siKa
dyHIaMeHTaNbHA Mafi?Ke HaIeBHE.

22.1. BuaactmBocTi 30i>KHOCTiI 3a iIMOBIPHICTIO

Teopema (mpo BiacTuBocTi 36iKHOCTI 3a iimoBipHicTO). Herad

& =7 &



(a) rwo f € C(R), mo f(&,) =" f(€).

(6) Axwpo |€,| < ¢, mo ME,, — ME.

(8) Hrwo V(x) dodamna nenepepsna dynruyia, V(x)/x — 0o npu x — o0,
ma sup,, M V(|,]) < oo, mo ME, — ME.

JloBeieHHsI.

(a) Has mosinmbroro v > 0 obepemo ¢ > 0 Tax, mob P(|¢| > ¢) < 7.
[Toznaammo

wes (f) = sup | (z) = f(y)]

lz| < e |z—y| <6

MOJTyJIb HeriepepBHOCTi MYHKIUT f vy §-0KoJIl Bifpiska [—c¢, ¢]. 3 HenmepepBHOCTI
f Ta KomIakTHOCTI Bijipiska BumBae, mo wes (f) — 0 upun § — 0, ockinbkn
HernepepBHa (DPYHKINA PIBHOMIPDHO HemepepBHa Ha KoMmmakTi i nmpm 6 < 1 3a
O3HAYEHHIM

We,s (f) < Sup|ac|,|y| <c+l, |Jz—y| <6 |f(l') - f(y)| i 07 6 — 0.

Tomy st gosinbraoro € > 0 3mHaitnerses 6 > 0 take, mo w.s (f) < €.
3 ocrauEbOi ymoBu Ta 3 npunyieHs |, —&| < § 1 |€| < ¢ BuBomMMO, 10
|f(&,) — f(&)] < e. Orxke, 3a Bkazamum BubopoM § > 0 Mae Miclie BKIIOYEHIS

{I7(6.) = F(O =z e} C{le] > U {[E, = €] =6},

i 3a HaIIBaJIUTUBHICTIO IMOBIPHOCTI

P(|f(&,) = f()l Zz ) < P(IEl > ¢) + P(I€, =& 2 0) <

Y+ P(l§, — & >0) <2y



JUI JIOCUTh BEJIMKHUX N, Jie Y JIOBLIbHA JI0JaTHa cTaja. loMy JiBa JacTHHA
[IPSMY€ 10 HyJIsl IPA 1 — 00.

(6) Hexait dynkmisa g € C(R), Taka, mo g(z) = 0 npu |z| < ¢ ta g(z) > 0
npu |z| > c. Toni 0 = g(£,) =% g(£), orxe, g(§) = 0 Ta [¢] < ¢ maiixke
nareste. Tomy my1s KoxkHOTO € > () 3 iMoBipHicTIO | cIpaBemynBa HEPIBHICTH

€, — &l S e+2c e, ¢ > e

1 3 MOHOTOHHOCTI MaTeMaTUIHOTO CIOIIBAHHS OTPUMYEMO
lm oo M€, — €| < e+ 2clim oo P(|¢, — €| > €) = €.

3BaxKar4u Ha JIOBUILHICTD £ > 0, 3BiJICH BUBOIUMO IIIyKAHE TBEP/ZKCHHSI.

(B) Hexait 7.(z) — memapHa HernepepBHa (dbyHKIIsI, sika pu & > 0 10piBHIOE
T.(z) = min(z, ¢ max(c+ 1 — z,0)). SayBazkumo, 110

(1) 7e(z) =z, Vx| <e,

(2) Te(x) =0, V]z| >c+1,

(3) |Te(z)| < ¢, T € C.

OTke, 3riJHO 3 JOBEJICHUME BIACTHBOCTSME (a,0)

Tc(gn) _>P Tc(g)’ MTC(§n> =v MTC(§)7 n — o0.

Hosraummo e(c) = sup, > . #/V (x). Toxi e(c) — 0 mpu ¢ — oo 3a ymoBoio.
Kpiwm Toro, 3a Bracrusictio (1) ta o3nadenusam £(c)

1z — Te(z)] < 2| lig>e < ele)V(|z]), Yz € R,

Mauni, 3 nenepepsuocti V punusae 36ixknicts V (|€,]) —F V(|€]), sBiaxu 3a
niBoro HepisricTio Pary (10 BUKOHYETHCS JIJIs OBITBHAX HEBII€MHUX BEJIN-

an V(&)
MV(jél) = Mlim, . V(&,]) < lim, ., MV(]&,]) < oo,

—n—00



Tomy 3 o3HaYEHHS T, Ta IMOIEpPEHIX OIIHOK JiCTaHeMO HEPiBHICTh
limy, oo [ME, — ME| < Timp oo M€, — 7(&,)| +
limy, oo [MTe(€,) — MTe(€)] + M |7(6) — €] <
e(c)sup,»1 MV (I€,[) + 0+ e(c) MV ([]).

Bubopom ¢ npaBy dacTuHy MOXKHA 3pOOUTHU K 3aBTOJHO MaJioio [
Bnpasga.

(1) Hocnimosuicts Bunajkopux seanuun (£,, n > 1) obmexena 3a iMOBipHi-

n?
ctio, To6TO0 lim, o0 SUP,,>q P&, = ¢) =0, an, —P 0, n — oo. Hosecru, 1o
Entln =7 0.

(2) Hexait £, —F &, n, =¥ n, a f € C(R?). Hosecru, mo f(&,,1n,) —F

f(&n).

22.2. Tunri Buanm 3012KHOCTI BUIIAJIKOBUX BEJINMYNH

Osnauenns. [locaidosnicms eunadkosux eeaudun (€,,n > 1) 36iracrbes
3 imoBipHicTio 1 do seaununu & abo o 36iracThest Maiizke HALIEBHE (N03HaYe-
yun €, —F1E), anuso

P({w: 3 im0 §,(w) =&(w)}) = 1.

Osnauenns. [locaidoswicms eunadkosux seaunun (€, ,n > 1) 36ieac-
mwca 0o eeaununu £y cepeHboMy nopadky q (nosnavenns &, —11E), axuwo
ME, — & — 0 npu n — oco. B6isrcricms y cepednvomy nopadky 2 Ha3uGaE-
MBCA MAKOHC 30THCHICTNIO Y CEPETHBOMY KBAIPATHIHOMY

Teopema (mpo criBBigHOIIEHHS MiXK pi3HMME ButaMu 36i2KHOCTI).
Sasorcou cnpasediust maki IMNATKAUTE MIHC 8udamu 301oCHOCTI

Pl= P<+=L <<= L;,q>1



Bopasa. Hasezith npukiaiay, Jjis sKUX HIT IMIUTIKaIil € xubuumu. BrasiBka.
Hexait (2, F, P) = ([0,1), ®B[0,1), L). Toni

(P i Pl) é-n = 1w€[\/ﬁ\/ﬁ) mod 1> (P Sid Ll) gn = n21w€[1/(n+1), 1/n)-
JloBeneHHsI.
Ba oznauennsam 36ixHicTs £, —1 € 3 imoipnicTio 1 ekBiBaseHTHa TaKOMY
TBEPJIZKEHHIO

dJO0eF :PO)=1, Vwe O,Ve >0
AN = N(e,w) < 0 : €, (w) — &(w)] < e.

Orzke, BumaakoBuit Homep N (w) = sup(n : |§, —§&| > €) — ckinvennuit
MailzKe HalleBHe.
Tomy immmixanis Pl = P summsae 3 P(0) = 0 Ta BKIIOYeHHs

{I¢, — ¢l >elcOu(ON{n<N.(w)}) |OUDG, n— .

Hpyra immutikaiisg P < Ly € HacaimKoM 3arajbHOl HepiBHOCTI Yeburena
3 dbyHKIi€O ¢(2) = T Ta BUIAAKOBOIO BeqndnHowo |€,, — |

P(l§, =&l >e) <M, — & /e —0, n— 0.
HapemTi, immikania Ly <= L, € HaciaiakoMm nepisnocti Jlgmynosa
Mg, — & < (Mg, — €)' D

3ayBakeHHs. Teopema Jlebera mpo mazkopoBany 30iKHICTH, Teopema Jle-
Oera 1mMpo MOHOTOHHY 30i’KHICTBH, Ta TeOpPeMa IPO BJIACTUBOCTI 301KHOCTI 3a
MUMOBIPHICTIO JIAIOTH JIOCTATHI YMOBH JIJIS CIIPABEIINBOCT] THIMUX IMILTIKAITIA:

P1:>L1, P—= L.



22.3. Kpurepiit 30i2kHOCTI Maii>ke HaleBHe

3a 03HaYEHHSIM TOCIIOBHICTD BHUIIAJIKOBUX BeswduH (€, n > 1) 30iraerbes

Maiizke HalleBHE 0 BEJIUIUHU £, SIKIIO MOis

n?

A={31limé, =&} = M1 Uzt Nnzm{l€, — & < 1/k}

Ma€ OIMHNYHY fiMoBipHicTh: P(A) = 1.

Teopema (mpo kpurepiii 36ixkHOCTI Maiixke HamneBHe). [[0cAid06-
nicmo (€, n > 1) s6icaemuvces matiorce nanesre 0o seauyuny € modi G misvku
modi, Koau

SUP k>n €, — €| =7 0.

Hosenenns. [Tosnaunmo Ay, = Npsm{l€, — & < 1/k}.

OckinpKn 1 o/l MOHOTOHHO He 3POCTalOTh 3a Kk, T0 Up>1 Ak, | A upn
k — o0 i 3a BiactusicTio HemepepsHocTi iimMoBipHOCcTi P(A) = 1 TOmi # Tinb-
ku 1o, Ko P(Up>1Agy,) = 1 maa xoxworo k. Tak gx Ay, MOHOTOHHO
He CHAJAIOTh 3a M, TO OCTaHHdA PIBHICTH eKBiBaJdeHTHA lim,, ..o P(Agy,) = 1
JIsT KOsKHOTO k. 3a o3HadeHHsIM 3012KHOCTI 3a HMOBIDHICTIO 1€ TBEPJKEHHS
eKBIBaJIEHTHE YMOBI T€OpEMU, OCKLJIbKA

Bnpasa.
P . . P1 -
(1) Hosectn, mo 3 &, —* & pummsae 36ikuicTs &, —° § a1d geskoi
ITJIITOCJI JIOBHOCTI N, — OQ.
(2) 36ixkuicTs &, — & Mae micne Tomi i TLIBKYM TOJI, KOJU KOXKHA IiJITOCTi-

JOBHICTb (f k > 1) MICTHTD I IIOC/IIOBHICTE, MO 30iraeThbea 1o & Maiike

ng?
HalleBHE.



(3) ¥V nuckpeTHOMY HMOBIpHICHOMY ITPOCTOPI 3012KHICTH Maii’Ke HalleBHE eKBiBa-
JIEHTHA, 3017KHOCTI 38 HMOBIPHICTIO.

(4, Teopema €roposa) fAkmo &, —P1 ¢ n — 00, 10 aus xKoxkmoro € > 0
sHafizersea nopis A raka, mo P(A.) > 1 — ¢ ra §,(w) — &(w), n — oo,
piBHOMIpHO 3a w € A..

(5) Bunajxosi sesmuunu (§,, n > 1) Hesasexui, oJHAKOBO PiBHOMIPHO PO3-

n’
nogiseni wa [0, 1]. Tosectu, mo muoxkuna {&,, n > 1} mimsua B [0, 1] maiike

HalleBHE.




23. 3aKOH BeJUKUX 4YunuceJa

OsnavenHs. /s nocaidosnocmi sunadkosur seausun (€, n > 1) eu-
KOHYEMBCA 3aKOH BEJIUKHUX GHCEN, AKWO YacmuHHi cymu S, = & + ... + &,
300080A4DHAIOMD 2PAHUYHE CNIBELOHOULEHMH.A

(S, — MS,) /n—"0, npun — oco.

Y BUDAJKY O/THAKOBO PO3IOJIIIEHNX BUNAIKOBUX BesmuuH MS, = nME,,
TOMY TBED/IZKE€HHs 3aKOHY BEJIMKUX YUCE]I eKBiBaJeHTHE 3012KHOCTI 3a iIMOBip-
HICTIO CepeIHIX apupMETUIHUX

S, /n—f Mg, npu n — oo.

23.1. Teopema YebuimeBa 1mpo 3aKOH BEJIUKNX YNCEJT

Teopema (Teopema HebuirieBa npo 3aKOH BEJIUKUX UUCE).
Hezati sunadrosi seauvuny (€, n > 1) nonapro nesanrescui i

D(E,) = o(n), n — oo.

Todi dasn nocaidoswocmi (€, n > 1) cnpagdrcyemves 3aK0H GEAUKUT YUCEN.
JoBenenHsi. 3 yMOBI T€OPEMU BUILIMBAE OLIBIN CHJIbHE TBEPKCHHS —
3012KHICTh [EHTPOBAHUX Ta HOPMOBAHUX CyM S, 1O HYJS B CEPEIHBOMY KBa-
nparmanomy. [ificHo, 3a TEOPEMOIO PO UCHEPCiio CyMU HE3aJEKHIX BEJIU-
g Ta 33 TeopeMoro IITosbIg IPo IPaHUINo BiIHOIIEHHS ITOC/IiIOBHOCTE

lim M((S,, — MS,) / n)? =1lim DS, / n® =

lim Z:Zl D¢, / n? =lim D¢, /(n® — (n — 1)?) = lim D€, /(2n — 1) = 0.



3aBepIirye JIOBEJIEHHSI TEOPEeMU 3aCTOCyBaHHs iMILTiKaril L, = P, 1o
ba3yeThbcs Ha HepiBHOCTI Yebwuiesa Jijisd JIUCIIEPCIii

P(|S, — MS,| > ne) < DS, / n?*— 0

SayBakenns. OcraHHs yMOBa TeOpeMHU Ha JUCIEPCil JI0MaHKIB BUKOHY-
€ThCs, 30KpeMa, AKINo auctepcii DE,, oomexkeni. Hampukmnas, 17 ogHaKOBO
PO3IIOJIJIEHNX BEJIUYWH JIUCIEPCI] HE 3aJIeKaTh BiJ N, OTKe, 3aKOH BEJIMKUX
YHCeI BUKOHYEThCS.

Bnpasga.

(1) Hexaii (,,, n > 1) nesasexui JoaTHi BUNA/KOBI BeJIMIUHY. 3HARTH yMOBH
30i2KHOCTI 3a HMOBIpHICTIO BeIMIuH A/ szl &

(2) Besuunu (&, n > 1) nesanexkui ta P(§, = +n®) = 1/2. Jlnga axux «
Ma€ MiCHe 3aKOH BEJINKNUX YNCEJI ?

n?

n>1)-
TaKa II0CJIIIOBHICTh BUIIQJKOBUX BeJauduH, mo sup D, < 0o rta juist koedirienTis

(3 — Teopema Bepumrreiina npo saxon semukux umcen). Hexait (€,

Kopestsitit im0 SUP (&, 445 §x) = 0. Tozi 1151 HeT BUKOHYETHCs 3aKOH BETMKUX
qucell.
Posrnsnemo nesiki 3acrocyBanns 3BY.

23.2. Teopema Bepnysii

Teopema (Teopema BepHyiti po acMMOTOTUKY BifHOCHOI 4YacTo-

™). Hexal v, — Kiavkicms ycnirie y nepuus n sunpobysaHHAT HeCKiHYeHHOT

nocatdosrocmi sunpodysans Bepryaii 3 tMOGIPHICMIO YCTITY P Y KOHCHOMY.
Todi
vn [ n—" p.
JloBemeHHsT BUBOIMMO 3 TIOJIAHHA V,, = EZ:1 Xj, A€ JTOTAHKHU X~ 1HJIU-
KaTOpH YCIIXiB — HE3aJIEXKHI 1 OJITHAKOBO PO3IO/IiJIEH] BUITAIKOBI BEJIMINHH,



Mx;, =p, D(vn/n)=p(l—p)/n—001

23.3. Ilominommu Bepuinreiina

Ha mouatky 20 ct. C.H.Bepmrnreiin 3ampornonyBaB KOHCTPYKTUBHE JTOBEJICHHS
3HAMEHHUTOI (aJjie He KOHCTPYKTUBHOI) Teopemu Beitepuirpaca npo Hab/iKeH-
Hsl HenepepBHOI (yHKIT nmoinomamu. [le moBesieHHs BUKOPUCTOBYE OCHOBHI
ifel moBeJIeHHS 3aKOHY BEJIMKHUX YHCEI.

Osnauenns. [losinomom Bepuireiina nopadky n das gynruii f € C|0, 1]
HA3UBAEMDBCA NOAIHOM

B,(f,z) = Z::o f (S) Ck 2%(1 — )" *, z € [0,1].

Teopema (Teopema BepHinreiina nmpo piBHOMipHe HaGJIM>KEHHS
HenepepBHOl dyHkuiil). drxwo f € C[0,1], mo B,(f,z) — f(x) npu
n — 0o pisnomipno 3a x € [0, 1].

JloBenennsi.

[MosHaunmo v, (x) — KIIbKICTH yCHiXiB y MOCJTIZOBHOCTI 3 m BUIIPOOYBAHE
Bepuysii 3 imoBipaictio yenixy x. Tomi v, (x) Mae 3a o3HadeHHsIM GiHOMIAb-
HUI PO3IIOJILI 3 MapaMeTpaMu N, T, i 38 TEOPEeMOIO PO OOYNCIEHHS MaTeMa-
TUYHOTO CHOJiBaHHS (DYHKIIT BiJl TUCKPETHOT BEJTMIMHE

By (f,x) = M f(vn(z) / n).

IToxmamemo

ws(f) =sup |,y < 5 [f(2) = F(W)], L(f) = sup[f(2)].



Buxopucraemo iznel noBesens myHkTiB (a) i (6) Teopemu 11po BracTHBoCTI 30i-
JKHOCTI 3a MOBIPHICTIO:

1) — 1(0)| < ws) 4 2200) Lt 1
3B1IKI
Balf,©) — £(2)] < ws(f) +2L(f) P ( @)y 5) <

ws(f) +2000) D) 157 = ) 2 LD <

ws(f) + 2L(f) / 4né* < 2e,

PIBHOMIDHO 3a ', IIOYMHAIOYN 3 JIEAKOrO 7, AKIIO O6paTh cTaly o Tak, Imob
ws(f) < e anst mamepes 3a1aHOTO J1OBiBHOTO € > 0 [

3ayBarkenns. [IIBuKicTh 30i:kHOCTI B Teopemi Bepuimreiina MmoxHa yTo-
YHIOBATH 3aJIEXKHO BiJI I0JATKOBUX Biactusocreit pyukil f. Hanpukiaz, s
f € C1]0, 1] maemo w;(f) < D§. Obuparoun § = 1//n, aicranemo

|Bu(f,x) = f(x)| < D§ + E [ né* = O(1//n)

PiBHOMIPHO 3a .

Bnpasa.

(1) Yszarasbautu Teopemy Bepinreiina Ha dyHKIIT 6araTboX 3MIHHUX 3 KJIacy
c([o,1J").

(2) Hosecru, mo gus f € C(R,) max micie 36iKHicTh

() 7, (2] ) K = 1), = o0



PIBHOMIPDHO Ha KOXKHOMY O0OMeKeHOMY iHTepBaJi. BkaziBka: JliBa 9acTUHA JOPIBHIOE
Mf((& + ... +&,)/n), ne &, nesanexui ta MatoTh posnoain [lyaccona II(x).

(3) Iepersopennsm Jlamtaca nenepepsuoi oomexenoi dyuknii f € Cp(Ry)
nazuBaeTbes Gynkuisa p(p) = fooo exp(—pt) f(t)dt sinp € R,. Tosecru dbopmymry
obepueHHs Yimjepa:

: )"t a\" (n—1)(n
f(s) =lim, % (2)" ptnh(z),

e go(k) (p) — k-ra noxigna . Bkasiska: 3BeCTH BeJMYHMHY IiJ 3HAKOM T'DAHHUIL JIO
surasy M f(s(§,+...4E,)/n), ne &, nezanexni Ta MaloTh HOKA3HUKOBHIT PO3IOJILI

Exp(1).

23.4. Metoa Moure-KapJo

3aKoH BEJIMKNX YNCe/] MOXKHA 3aCTOCYBATH IO IHIIOIO PO3IIAY IPHUKJIAIHOI
MaTeMaTUKU — JIO0 HaOJMKEHOTO OOYHCJIeHHs iHTerpaJiB. B ocHOBI MeTojy
MonTte-Kapiio 1eXXuTh 3aKOH BEeJIUKHX YHUCE] Ta TeOpeMa IIPO OO0YNC/IEHHS
MaTeMaTHIHOTO CIOJiBaHHA (DYHKINI Bi/l BUIAIKOBOI BEJTUIHHU:

I= / f(@)dz = M (@),

Jle @ — pIBHOMIpHO posmojineHa Ha [0, 1] BUMaIKOBa BEJIMIMHA.

Teopema (npo Habsm>KeHHs iHTerpasy meromom Monre-Kapiio).
Hexat gynruin [ € Ly]0, 1] inmeeposna 6 keadpami, (g, k > 1) — nocaidos-
HICMb HE3ANEAHCHUT PISHOMIPHO podnodirenux wa [0, 1] sunadkosux seauwum,
a I, = f(ag). Todi mae micue 36iocnicmo

(h+..+ L) /n—>FI n— oo



Hosenennsi. Bunajkosi semumaunu (I, k = 1,n) € Hesajexuumu B cy-
KYITHOCTI, OJIHAKOBO PO3IO/IJIEHUME 38 TEOPEMOIO PO IIePETBOPEHH He3aJle-
JKHUX BEJIMNH, Ta MAIOTh CKiHYeHHI MaTeMarndHi criogiBanust [ = M f(ay) i
Jmctepcii s? = fol f?(x)dx — I2. Tomy njisi HUX BUKOHYETHCS 3aKOH BEJUKHUX
qrce1. Bisbime Toro, MoXKHa OIIHUTH MBUJIKICTH 3012KHOCTI B CEPETHHOMY KBa-

_hteAIn\2 _ 2/
APATIIHOMY M(I =1 )2 — 5% /n = O(1/n) O . .

Ha Bigminy Bij cxeM HaOJIMZKEHOrO OOYHMCIICHHS 1HTErpaJiB i3 peryJspHo
poamimernmu Bysiaamu Meton Monre-Kapiio € 36iKHIM TaKoXK 1 J1j1s pO3pUB-

HUX DQYHKITH.




24. 30ixkHICTh 3 iMOBipHIcTIO 1 Ta 11 BJIACTUBOCTI

[MocaimoBHicTs BUNaaKOBUX BewdwnH (£, ,n > 1) 36iraerbes 3 iMosipricTo 1
JI0 BEJIMYMHY &, AKIINO HOis

A={3lm¢, =&} =Nz lim,_ {|&, — & < 1/k} =
U lczlm n—>oo{|§n - €| > l/k}

Mae opuHuYHy iMoBipHicTh: P(A) = 1. 36ixkmuicTh Maiizke HalleBHE IO3HAYAE-
Thea K &, —FL €.

Ticauit 3B’5130K MixK IpaHUAISIMIA BUIIAIKOBAX BEJIUYUNH Ta MOCIiI0BHOCTEI
BUIIA/IKOBHUX MO/l BiloOparkae TaKOXK TaKe TBEPJ/I?KEHHS.

SayBarkeHHsI (IIPO BEPXHIO I'PAHUIIO BEJUYUH Ta MoAii). /s xo-
IHCHO20 € MAIOMD MICUE EKANOUEHHA

{lim,, .o¢, > e} C lim, o {&, > ¢},
limy0o{€, 2 €} € {limnoo, 2 €}

JificHO, gKIIO BEPXHS I'PAHUIIA YUCJIOBOI MOCJIIIOBHOCTI OibIna 3a €, TO
1151 TIOCJTJIOBHICTh HECKIHIEHHO YACTO ITEPEBUIILYBATUME PIBEHD €.

3 ypaxyBaHHSIM 3ayBasKeHHsI BarKJIMBe 3HAUEHHsI JIJIs JTOBEIEHHS 3012KHO-
CTi Maiiyke HalleBHE Ma€ HACTYITHE TBEP/IZKEHHS.

24.1. Jlema Bopens — Kanresti

Teopema (stema Bopessi — Kanresti). Hexati (A,, n > 1) dosiavra
nocaidosricms 6unadkosuxr nodil.

(a) Hrxuwo pad Zn21 P(A,) abicaemvca, mo P(limA,) = 0.



(6) Hxwo nodii (An, n > 1) nezanresicni 6 cyrxynmocms
i pad Y., -, P(A,) posbicaemvca, mo P(limA,) = 1.

Hosenenns. [losnaunmo B, = Uy>mA,. Toni By, | Nyp>1 B, = limA,,.
3a BiacTmBicTIO HemepepsHoCTi itMosipHocti P(limA,) = lim P(B,,).

(a) 3a BIACTUBICTIO HAIIBAUTUBHOCT] HMOBIPHOCTI

P(By) < > s P(Ay) — 0,m — oo,
K 3JIAIIOK 361KHOrO Py, O 1 TOBOJIUTH Ieil TTyHKT.

(6) O6unCaAMMO 3 BJACTHBOCTI HEIEPEPBHOCTI HMOBIPHOCTI, BPAXOBYIOUH
O3HaYeHH: He3aJIe?KHOCTI Ta TeopeMy IIPO IIepeTBOPEeHH: He3aJIe?KHUX IO,

P(B,,) = limy_o P(UY_ A) =1—1lim y_o P(NY_ A,) =

n=m

vV

1—lim yooo H P(A) =1 —lim y_oo HNi (1— P(A,))

L lim y_oexp(— Y P(A))=1-exp(=Y . P(4)=1,

OCKIJIbKH OY/Ib-sIKII 3a/IUIIOK PO30IZKHOTO PsILy PO30iraeThes, i cripaBeInBa
esleMeHTapHa Hepiuicth 1 — 2 < exp(—x) [J

Bnpasa.

(1) fAxmo ans pesikoi moaii A pan Y o, P(A, N A) posbiraerses, To
P(limA,) <1 — P(A).

(2) Bunaskosi sesmaunu (£, ,n > 1) HesajexHi 0JHAKOBO DPOBNOJLICH] i
MEF = ME < oo. Hosecrn, mo P(€, = o(n), n — oo) = 1 Toxi it Timekn
Toxi, ko M |€;] < oo.

(3) Bumamkosi semunnu (£, ,m > 1) Hesanexkni ofHAKOBO pO3mOJiIeHi i
ME, = 0. (a) Ixkmo M |£,|% < oo, 10 P(|€,| = o(n*/*), n — o0) = 1. (6)
dkmo M exp(a&;) < oo, To P(§,, = o(lnn), n — c0) = 1.



24.2. HepiBuicth Kosimoroposna

Hepisuicts Kosmoroposa € 3acobom j1oBejieHHSA 30iKHOCTI Maiizke HalleBHE,
TaK caMo, sik HepiBHiCTH Yeburesa BUKOPUCTOBYETHCH JIJI BCTAHOBJICHHS 30i-
2KHOCTI1 3a MMOBIPHICTIO.

Teopema (uepiBaictb Konmoroposa). Hezadi (), , k = 1,n) nocaidos-
HICTD HE3AAEHCHUT Y CYKYNHOCTL 8UNGOKOBUT 6esudur maxa, wo ME, =0,
D¢ < o0, a Sy =& + ... +&. Todi daa xoorcrozo € > 0

P(max 1< k <n |Sk| Z 5) S DSn / 62.
oBenennsi. PosriigsaeMo BUmaIKoBi mo1il
A= {max 1<k <n |Sk| > 6}, Ak = {|Sl| <eg, .., |Sk,1| <g, |Sk| > E}.

Toni AiNA; =@,i# j,ta A=U}_ A, 3Binku 14 = Y ;_, 1a,. Bigzuauuwmo,
IO /It BCIX eJIeMEHTapHUX IO cipaseanBa HepiBmicTs | S| la, > €lg,.
Tomy 3a MOHOTOHHICTIO MATEMATHIHOTO CIIOiBaHHS

DS, = MS?> MS?1, Zk:l MS21y,

& % _ " 2
Zkil M(Sp + S, — Si)? 14, = Zkil MS21 4, +
Zkzl M(S, — Sp)? 14, +2 Zkzl MS1,, (S, — Sk) >
Zk:l M621Ak + 0+ 22 B MSklAk M(Sn = Sk) =
22 P(Ay) = €2P(A),

Jie BUKOPHUCTaHI HEeBiJ[ € MHICTD JIPYTOro JIOJIAHKY, Ta He3aJIe’KHICTh MHOKHUKIB
Skla, 1.5, — Sg. HiiicHo, mepmuit 3 HUX € QYHKI€IO Bif nepmux k J01aHKIB



§1s -, &gy @ apyruit gopisaioe &4 + ...+ &, 1 MICTUTD JIuIIe pemTy JOo1aHKiB,
TOMY He3aJIe?KHICTh BUIIMBAE 3 TEOPEMU IIPO BEKTOPHI IIePETBOPEHHS He3aJ1e-
Kunx Bemani. KpiMm Toro, Apyruit 3 MHOXKHHKIB € TIEHTPOBAHUM 38 YMOBOIO:
M(S,, — Sk) = MS,, — M Sy, = 0, orke, MareMaTH4IHE CIIOJIBAHHS JTOOYTKY,
IO JOPiBHIOE MOO0YTKOBI 33 TEOPEMOIO ITPO MaTEeMATUYIHE CIIOJIBAaHHA J00YTKY
HEe3aJIe’KHUX BeJIMINH, € HYJIb0BUM []

BnpaBa. Hexaii g — HeniepepBHa Hecla iHa OIyKJa JOHU3Y (DYHKILisI, & HOC/Ii-
JOBHICTH (§ k) 3aJI0BOJIbHSIE YMOBH TeopeMu Ipo HepiBHicTb Kosmoroposa. Tozi jiBa
wacTuHa i€l Hepisaocti He nepesurye M g(|Sy,])/g(€)




25. Ilocnmjaennii 3aKOH BeJUKNX YHCEJI

OsnavenHs. /s nocaidosnocmi sunadkosur seausun (€, n > 1) eu-
KOHYEMbCA TIOCUICHUN 3aKOH BEJIMKUAX UUCENT, AKWO iT YACMUHHI cCymu Sy, =
&+ ... + &, 3adosoavrarome epanuite cniesioHOWEHHA

(S, — MS,) / n—"10, upu n — oo.

AK i ayig 3aKOHY BEJIMKUX YUCEs, Y BUMAJIKY OJTHAKOBO PO3IOJIIEHUX BH-
I1aIKOBUX BEJIMIHUH 1€ CIIIBBIIHOIIEHHS eKBiBaJIeHTHe 301>KHOCTI cepeIHIX apu-
dMeTuIHIX

S, [ n =P Mg, mpu n — oo.

25.1. 3araabHa Teopema KojmMoropoBa mpo IIOCHJIEHMIA
3aKOH BEJIMKHNX YHCEeJI

Teopema (Teopema KosiMoropoBa mpo mocujieHuii 3aKOH BeJiu-
kux uucest). Hexat (€, ,n > 1) nocaidosnicms He3a1exHCHUT Y CYRYNHOCTI
sunadkosux seaunun maka, wo DE, < 0o ma

Z . D¢, / n? < .
Todi dasn nocaidosnocmi (€, ,n > 1) mae micye nocusenutll 3aKOH 6EAUKUL
yucen.
JoBenenHs. He obmexxytoun 3arajbHOCTI, MOXKHa BBaxKaTH, mo ME, =
0. [ificno, B 3araJbHOMY BHUI&JIKY JOCUTH PO3IVISHYTU IOCIIIOBHICTH He3a-
nexkaux Beqmuun & = £, — ME, i3 Tumum x mucnepcisvu. OuesuHO, 10
TBEPJZKEHHS [OCH/ICHOTO 3aKOHY BEJMKHUX 1uces g &, i & 36iraioThes.

n



[Mosnaunmo (,, = maxi< g <on |Sk|. s Kokuoro k 3maiiierbcsa enunmii
HOMep n Takuii, mo 2" ! < k < 2", npudomy k — 00 Tozi it TIIBKK TOM, KOJIK
n — o0. [Ipu Takomy BrOOPI /1 BCix k Mae Miciie HEPIBHICTD

1Sk / k| <¢, /277
Tomy jist 36izkH0CTi S}, / B —F1 0 nocrarubo, 1mo6

¢, /2" =10, n — oo.

i 3ajanoro € > () po3ryissHEMO BUIIAIKOBI MOl

An(e) ={¢, / 2" 2 €}.

3a nepisnicTio Kosmoroposa

Z@ P(A,(e)) = Z@ P( max |Sy| >e2") < Z@ DSgn [220e? =

1< k <2n

2"21 Zk < 2n Dg,, /2" =™ Zkzl D&y Zn: 2n > k 27" <
272) " DEJK < oo

Otxe, 3a emoto Bopenst — Kanrenni (a), P(limA,(¢)) = 0 mnsa koxHOro
e > 0. 3rigHo 3 3ayBayKEHHSIM [1PO BEPXHIO T'PAHUITIO BEJUYUH Ta TO/Iii

{lim (¢, / 2") > e} C limA,(e), romy P({lim (¢, / 2") = €}) =0 Ve > 0,

3BiAKH lim,_ (C, / 2") < € Maiixe HameBHe I KOXKHOTO £ > 0.

Tomy ocTaHHs BepXHs IpaHung Hyabosa, (, / 2" —F1 0 i Bukonyerbca
MOCUJICHAI 3aKOH BEJIMKIX YUCEJI, sIK TOKa3aHo Buiie [



25.2. Teopema Bopens

Teopema (Ipo acUMNTOTUKY M.H. BiTHOCHOI 4acToTH ycIixy). He-
xal V, — KIADKICG YCNITI6 Y NEPULUT N BUNPOOYBAHHAL HECKIHUEHHOT NOCAT-
dosnocmi sunpobysans Bepryani 3 1MOBIPHICMIO YCnizy p y Koochomy. Todi

P

vn /=1 p.

JloBeIeHHST BUIUIMBAE 3 300DAKEHHS Vy, = % 1_ 1 Xp, A€ JOJAHKH — IHJIH-
KaTOpH YCIIXiB — He3aJeKHI B CYKyIHOCTI i ojfHaKoBO posnojiieni, My, = p

]

25.3. Kpurepiii KoamoropoBa i 0JHAKOBO PO3IO/IiJjIe-
HUX BeJUYNH

Teopema (kpurepiii Kosimoroposa mocujaeHOro 3akoHy BeJIUKUX
aucedt). Hezxat (€,, n > 1) nocaidosnicms HE3ANEHCHUT 6 CYRYNHOCTE 00N~
K060 PO3NONACHUT BUNAOKOSUT 8eAUNUH, Sy =& + ... + &,

Jlas mozo, wob icnyeana cmana a maxa, wo S, / n —1
docmammvo, wob M || < co. V uvomy sunadky a = ME,.

JloBeieHHsI.

Hocmamuicme. (1) Tosmauumo &, = &, 1. | <n}, & = &, — &, Hexait

S!S o3madalorh cymu Biamosiganx Besuani. JloBememo, mo Tpu JI0AaHKA
B IIPaBiii YaCTUHI TOTOXKHOCTI

(Sp— MS,)/n=(S,—MS,)/n+S!/n—MS!/n=a,+0b,—c,

a, HeobTioHo i

30irafoThCsl Maiizke HalleBHE JI0 HYJIS.
o / o
(1a). Bumaskosi Besimuanun (€, ,n > 1) He3ameKHi 38 TEOPEMOIO 11DO T1Epe-
TBOPEHHs He3aJIe’KHUX Berndni. JJoBememMo, 1o BOHY 3a/10BOJIbHSIOTH YMOBA



Teopemu KoJiMoropoBa 1mpo mocusieHuil 3aKoH BeJIMKUX ducesi. st mporo o6-

YUCIMMO 3 YpaxyBaHHSIM OJHAKOBOI posmojiaeHocti Beamans (€, n > 1)

S st D&M <o M(E,)2 /2 =3 sy MEL Lye <y /1? =
D1 e MEL Ly <n) = Dot 77 2oims MET Lipmr1< iy <y =
> k1 ME} 1gmic ey <y PR X ME Lgmi< e, <iy 2 <
2> ko1 M & | Lip—1< i) <iy < 2 M [&] < o0,

e BUKopHcTani Hepiprocti ] / k < || Ha BETAAKOBUX TIOMiAX
{k—1<|&| <k}, mo e monapuo mecymicanyu. Otxke, 3a Teopemoro Kommvo-
roposa (S!, — MS!)/n = a, — 0 maiixke Hanesue.

(1b). Haui, 3uaiigemo

anl P(&;?’, #0) = an P(|€,| >n) = Zn21 P(|&| >n) =
2@1 Zan M1k<|£1|§k+1 =
D es1 Mk Lgecie<hrry < Dist M & Lkt j<hrny < M & < oo
3a sremoro Bopens — Kamreni (a), P(lim{¢ # 0}) = 0, To6To0
P(lim{¢’ = 0}) = 1, sBimen S/ / n = b, — 0 maiixe Haneswxe.
(1c). Hapemri, 3a Teopemoto I1ITosibIst Ta 3a yMOBOK OJHAKOBOI PO3IIO/Ii-

JIEHOCT1]
lim MS;, / n =lim M¢, /1 =lim M&, 1 |5, =

BHACJIOK Teopemu JleGera mpo MazkopoBaHy 301KHICTD Ta 32 IPUILYIICHHIM
M |&| < oo. Otxke, ¢, — 0. HJocrarnicts g0Be/ieHa.
Heobxidrwicmo. (2) 3ayBakumo, 1o



lim 5" = hm(%) — lim (" —1 i_l ) =a —a =0 wmaiizke HAaIIEBHe.

Posrusemo nesaneskui mogii A, = {|€,,| > n}. Ockimbku limA,, C {lim(¢,/n) #

0}, To P(limA,) = 0 i 3a emoro Bopens — Kamresi,(6), HacTynHumit ps, Mae
30iraTmcs

00 > 51 P(An) =35 P&l > n) =225, P&l > n) =
Y ons1 2en P <& <k +1) =
Dokt M E Ly <hrny = D o1 M€ — 1) i<y <niny = M 16| — 2,

Jle BUKODHCTaHI O/IHAKOBa PO3IO/IIICHICTh BUMAJKOBUX BEJIHMIHH &,, Ta OUe-
BuyiHa HepiBHicTb K 1gpcie <kt = (|€1] — 1) L{k<ie,|<kt1}, IO BUKOHYETHCS
JUTs BCix estemenTtapuux noaiit. Otxe, M |&| < oo i BHACTIIOK (a) OTprMy€EMO
a=M¢ L

Buopasa. (Xayciopd) Hexait (&,,,
BO PO3IOJiIeRnX BuaakoBux Bemaun, ME, = p, ME < 00, S, =& +...4+ &,

n > 1) IIOCJIi JOBHICTD HE3aJIE?KHUX OTHAKO-

Toni S, — nu = 0(n1/2+§), n — 00, Mailxke HalleBHe, /i1 KozkHOro 0 > 0.



26. 30ixkHicTh DYHKIIT B OCHOBHOMY

OsHauenHsi. Bushauumo kaac y3araabHeHUX (DYHKIIH PO3IOILTY
Mor = {G ‘R — [07 1]7 GT, G(l? — O) = G(l?), Vo € R}

Teopema (mpo xapakTepusaniio OyHKIiii po3noaiay B Kjaci y3a-
rasibHeHUX). Qynxuia G € My, € Pynruiero posnodiay modi G miavky modi,
koau 0 = G(—o00), G(o0) = 1.

HoBenenus ouenune: Jyist Hecraauol dyukiii ymosa G(R) C [0, 1] eksi-
BasienTHa 0 < G(—00), G(00) < 1, 3BimKu 3aMiHOO HepiBHOCTEIl Ha PIBHOCTI
OTPUMYEMO.YMOBY HOPMOBAHOCTI (DYHKIIIT PO3IOILITY.

Osuavennsi. Hexal G, (G,, n > 1) C My ysaranbheni HyHKIHT po3IIo-
niny. Bydemo zoeopumu, wo mae micue 36ioicicms B ocosHomy G, —© G,
akuwo Gp(x) — G(x) daa K02HCHOT MOUKU T, WO € MOUKOI0 NENePEPSHOCTNIE
npasoi wacmuny (mobmo G(z +0) = G(x)).

BnpaBa. Muoxuna Touok nmenepepsaocti dbynknii G € My, Bcroau minbHa B
R, ockisibKy 11 JOMOBHEHHsI He OLIBIT HiXK 3J/1YeHHe.

Teopema (mpo 36i>KHiICTb B OCHOBHOMY Ta Ha IiJbHiil MHOXKWHI).
Hexat D C R scr00u wiavha mmoscuna.

(a) Hrxwo G, (Gp, n > 1) C My, deaki ysazarvoneni dynryii posnodiay
ma G, () — G(x) daa eciz v € D, mo G,, =° G, n — oo.

(6) Axwo (G,, n > 1) C My deaxi yzazarvreni Pynruii posnodiay i

das ecix x € D dcnye lim, o Gy (), mo das deaxoi yaazarvnernol Gymruii

poanodiny G € M1 mae micye 36icnicms 6 ocrosromy G, —° G, n — oo.
JloBeneHHsI.
(a). Hexait x — Touka Henepepsuocti G (). Ockiibku MHOKUHA D TiijibHA,
TO icHYyfOTB TocioBHocTi o) T @, x| x, x!)  a! € D. Toni 3a MOHOTOHHICTIO



G(2),) = lim, oo Gn(2),) < lim

m

Moo Ga(@) < limp_oo Ga(2") = G(2").

m m

Gn(z) <

Nn— 00 —

[Tepeitemo B nux HepiBHOCTSX J0 rpamum x,, Tz, i | x :
G(z) <lim, ., Gu(z) <Tlimy, o0 Go(z) < G(2),

o 1 JI0BOUTH ().
(6) Busnaunmo npu y € D ta x € R dynxmii

H(y) =limG,(y), G(z) =sup(H(y), y <z, y € D).

3 o3HaYeHHsI BEPXHBOI MeXKi Ta 3 MOHOTOHHOCTI H BUBOIMMO, IO JIJIsI BCIX
y<z<g y,z€D:

H(y) < G(z) < sup(H(2), y < @, y € D) = H(z).

Oynknis G(x) € y3araabHeH0I0 (DYHKIIEI PO3IIOILLY, OCKLIIBKE BOHA € HECIIa-
nHOM0, HabyBae 3HadeHb i3 [0, 1] Ta HenepepsHa 3iiBa. [lificHO, MOHOTOHHICTE
G Ta BKJIIOYEHHS MHOXKUHU 3HadeHb 110 [0, 1] € oueBuHIM HACITIIKOM Bi/IIO-
BiJIHUX BjacTuBOCTel (pyHKINT H, a ocTaHHI cIIpaBesIuBi, OCKLIbKN 30epira-
I0ThCA TIPU OOYUCJIEHHI TOTOYKOBOI rpanuili B o3unadvenni H. J[ng nepesipku
HEeIIepEPBHOCTI 3J1iBa 3HAIIEMO 3a O3HAUYEHHSIM BEpXHbOI MexKi y, € D, vy, T x,
raxi, mo H(y,) 1 G(z). Tori 3 H(y,) < Gl(yn +2)/2) < G(x) orpumyeno

G(z) < G(x —0) < G(x) i G(z — 0) = G(z), orke, G € My;.
Hexait © — Touka menepepsuocti G(z), a x,,, xi € D, zi, <z <zl Toxi
G, — %) < H(zp,) = limy oo Gn(7,) < lim,,_  Gn(z) <
"t m)-

Ty oo G(2) < limp oo Gn(2") = H(z") < Gz’

m



Ob6epemo B nmx HepiBHOCTAX X, | =, zlh | &, m — 00 :
G(z) <lim, ., Gn(z) < limy, o0 Gn(z) < G(z),

spigku lim G, (z) = G(z) O

Bnpasga.

(1) HaBectu npukia mocsioBHOCTI (DyHKIIH pO3IOLILY, siKi 36iraroThCsi B OCHOB-
HOMY 1 He 30irafoThbCsi TOTOIKOBO.

(2) Knac My 3aMKHEHUIT BIIHOCHO 361KHOCTI B OCHOBHOMY.

(3) Hosectu, wio 3i 36ixuocti dyukuii posnoginy B ocuosaomy F, —© F 10
HerepepBHOI (byHKINT posnoaiay F' Bunmmsae piBHOMIpHA 3a T 301KHICTD.

(4) Hexait F},, F' — dbynxuii posnoziny i Fj, = F Jlosecrn, o icaye iinoBip-
nicamit npocrip (€2, F, P) ta unajkosi sequuunu &, , & Ha HboMYy 3 DYHKIISMU
postoginy F,, F' signosiamo Taki, mo &, —1 €, n — oo.




27. Crnabka 30i>KHICTH (PYHKIIIA po3moaiIy 1 Bu-
MaIKOBUX BeJIMINH

Osnavenns. Hexat &, (€, n > 1) — nocaidosnicms 6unadkosur eauyun
i3 pynruiamu posnodiny F, (F,, n > 1) eidnosidrno. Bydemo 206opumu, wo
Ma€e Mmicue cabKa 30iKHICTD

¢, -"e¢ F,-5"E

?

AKWO  OAf  KOXHCHOT Henepepsnoi  obmeorcenoi  dynkuii g (nosnauenms
Vg € Cy(R)) s6izatomves mamemamuyuni cnodiearms

Mg(€,) — Mg(§), n — oo,

abo oHC THMeE2PaU

/:g(x)an(x) . /_Zg(m)dF(x)’ o

OueBnaHO, 10 0OMIBA O3HAYEHHS €KBIBAJIEHTHI.
[Tosuaunmo Cl(B) —3amukaunns, Int(B) —sayrpimuicts Mmuoxuau B C R.

27.1. OgHO3HAYHICTL CJIa0OKOI I'PaHUII]

Teopema (Ipo OAHO3HAYHICTH CJIAOKOI rpaHuili).
(a) Sxwo F,G — ¢ynxuyii posnodiny i

| s ar@ = [ g o)

—00 —00



das ecix g € Cp(R), mo F = G.
(6) Caabra epanuys Gynkyit po3nodiay 6usHaena 00HO3HAYHO.
JloBeeHHsI.
(a) Busnaummo BijcraHb BiJ TOYKU 0 MHOKHHU

p(z,A) =inf yea |z —yl.
s dysKIig HeBij'eMHa Ta HellepepBHa 3a X, IO € HACJIJIKOM HEPIBHOCTI
TpUKyTHUKA Jyisd Biacrani: [p(x, A) — p(y, A)| < |z — y|. Tomy bynkuis
gm(z, A) = exp(—m p(zx, A)).

HerepepBHa 1 o6MezkeHa 3a x. 3a o3HavdeHHAM 3amukanus p(z, A) = 0 rozi i
tineku Togi, Ko x € CIl(A). 3Bincu BuMBAE, 110

Im(z, A) | loyay(z), m — oo.

[MixcraBasitoun g = gy, y piBHICTH yMOBH (a), 3 Teopemu Jlebera mpo mazkopo-
BaHy 3012KHICTb IIpH M — OO JIICTAHEMO

F(CU(A)) = [Z Loy (x)dF(z) =lim s [T gim(2)dF (z) =
M oo [0 gm(2)dG(z) = [72 Loy (2)dG(z) = G(CI(A)).

[lepexongan 10 JIONMOBHEHB, MPUXOIUMO JIO BUCHOBKY, 10 F' i G 36iratoTbcs
Ha BIIKpUTHX MHOXKHHAX, 30KpeMa Ha iHTepBasax (—oo, x). OTxe, Bimmosiaai
PYHKIT pO3MOJIIITY OJTHAKOBI.

(6) sIxkmo F, =" F i F, =" G, To, oueBnIHO, BUKOHYETHCS yMOBa
nyHKTY (a), 3rigHo 3 gkum F' = G [J

Bopasa. Hexait F,, dyHukIiist po3no/iiay JUCKpeTHOT BeJIMIUHHA, 10 PIBHOMIPHO
posnoginena na muoxuni {0, 1/n,2/n..., (n—1)/n}. Bnaiitu caabky rpanumo F,.



27.2. BuaacrtuBocTi cj1adKol 301>KHOCTI

Cnabka 301KHICTD € ¢J1a0II0I0 38 BXKe BiaoMmi BUIM 30i:KHOCTEIA.

Teopema (mpo cmiBBizHOIIEHHSsT ci1abKol 36i>kKHOCTI Ta 36i>KHOCTI
3a iiMmoBipHnicTio). Jrwo &, —F & mo €, =W €.

JoBeneHHsT TeopeMy € OYEBUIHUM HACJIIKOM MyHKTIB (a),(6) Teopemu
PO BJIACTUBOCTI 301?KHOCTI 3a WMOBIPHICTIO

9(&) =" 9(8), Mg(&,) — Mg(6),

Jle TIepllie CIiBBIHOIIEHHsI € HAC/IIJIKOM HemepepBHOCTI g Ta (a), a apyre —
obmezkenocti g (a orxke i g(§,)) Ta (6) [J
Bnpasga.
(1) Hexait £, —" €, a dynxnis g € C(R) nenepepsna. JTosectn, 1o
9(&,) =" 9(8).
(2) Hexait g € C[0, 1]. O6uncimn rpanuimo
iy, oo [ - [y 9 (Y T120) day..dy.
Teopema (1mpo BsracTMBOCTI caabkoi 36ixkuocti). Hezxati F,, -V F.
(a) /Tas dosinvhoi muoocunu B € B(R)
F(Int(B)) < lim

— 00

Fo(B) < Timy_.o Fy(B) < F(CU(B)).

(6) fArxwo F(OB) = F(CU(B) \ Int(B)) =0, mo lim,_.«, F;,(B) = F(B).

JloBeneHHsI.

(a) Hosememo mpaBy HepiBHicTh. Bukopucraemo hyHKIHO g, i3 Teopemn
PO OJTHO3HAYHICTH CJIA0KOI rpaHulli Ta Teopemy Jlebera mpo MOHOTOHHY 30i-

JKHICTD:
o0

— 00



(e.9]

Tm e / om(@, B)dFs(z) = / gm(@, BYAF(z) | F(CI(B)), m — oo,
—00 —00
Jle BUKOPUCTaH1 CHiBBiIHOMEHHS (2, B) | 1, ¢ ciB) = 1z e B-
s ToBeJieHHS JIiBOI HEPIBHOCTI MepeiiieMo JI0 JIOIMOBHEHbD:

lim F,(B) = 1 — Iim F,(B) > 1 — F(CU(B)) = F(CI(B)) = F(Int(B)).

(6) 3 ymoBu Bumtusae, mo F(CIl(B)) = F(B) = F(Int(B)), Tomy 3 TBep-
JoKeHHs (a) JicTaneMo

F(B) < lmF,(B) < TmF,(B) < F(B)

1o i joBouTh 30ixkHicTh F,(B) no F(B) [

27.3. EkBiBaJIeHTHICTH 301KHOCTEN CJIaOKOl Ta B OCHOB-
HOMY

Teopema (mpo eKBiBaJIeHTHICTb cJIaGKOI 361>KHOCTI Ta B OCHOB-
vomy). Hexat (F,, n > 1) nocaidoswicms dynruit posnodiay. /Tas mozo,
wob F, =" F, neobxiono i docmammvo, wob F, —° F i F 6yaa dynruiero
P03n001INY.

SayBakeHHs. 3 TeopeMu NPO 301KHICTH B OCHOBHOMY Ta Ha IIJIbHIM
MHOKIHI BUILIUBAE, 10 I'PAHUIE B OCHOBHOMY (DYHKIIH PO3IOILITY 3aBXK/I1
Hase)KUTh Kjaacy Mop.(Bupasa) Oxnak 151 rpanuiis He 000B I3KOBO € (hyH-
ket posnoginy. Hampuknan: F,(z) = 1, <, — 0,n — 0o, Vz, me 0 € My;.

JloBeneHHsI.

(a) Heobziowicmo. Hexait F,, =W F. Jlna 10BiibHOT TOYKKM 7 Hemepeps-
Hocti byl F(z) ta mag muoxkuan B = (—oo,z) maemo 0B = {z} Ta



F(0B) = F(x 4+ 0) — F(xz) = 0. Tomy 3a TeopeMOI0O IIPO BJIIACTHBOCTI CITAOKOT
s0izknocti F(x) = F(B) = lim F,(B) = lim F,(x), mo i goBoauTs 36ikHiCTH
B OCHOBHOMY.

(6) Jdocmammicme. Hexait F,, —© F i F e dynkmieio posmnominy. Obe-
pPeMO BCIOH MIIbHY MHOXKHUHY D To9oK HemnepepBHOCTI dyHKIT F. 3 ymMoBH
HOpMoOBaHOCTI F' 3HaiiimemMo ajs 3ajaHoro € > 0 crayni —c¢,c¢ € D Taki, mo
F(—=c)4+1— F(c) < e. Posrasinemo po36uTTs

—c =ay < a1 < ... < ap = c BiApizka [—c¢, ] Toukamm ar € D i3
JiaMerpom § = maxy |ax — axi1| . Hexait g € Cy(R). Tlokmagemo

m—1
95(@) = 9(a) Luy <o <apprs L(g) = suplg()].

3 HenepepBHOCTI (DYHKIIT ¢ BUILIMBAE, M0 BOHA PIBHOMIPHO HellepepBHA Ha
BIAPI3KY [—¢, ¢], ToMy MOmy/h HemepepBHOCTI

wg,c(é) = Sup|m| <ec |g(.17) T gé(x)| — 0

pu 0 — 0. Ormirnmo

<

e \ | s@ar - [ g@are)

—00

+ limy, o +

it \ /| SIR(E) / NELC

e /| _19(0) = 052 4F, () + T / l9(2) — g5(x)| dF )+

|z|<c

<

ity \ /| o () - /| _ wladFe)



L(g)im, oo (Fp(—¢) + 1 — Fy(c) + F(—c) + 1 — F(c)) + 2w, o(6)+
Moo [S°7 glo) (Fularsn) — Fa(a) = Flage) + Fla)| <
2L(g)(F(—c) + 1 — F(c)) + 2w, .(8)+
Z::_Ol |9(a)] Timp—co (|Fu(anss) = Flapsa)| + [Falar) — Flax)]) <

2L(g)e + 2wy () + 0,

OCKINbKH 3a ymoBH 30izku0CTi B ocnosromy Fp,(ay) — F(ay) y KoXKHiit ToUIi
ap € D. IlpaBy gacTuHy OCTaHHBOI HEPIBHOCTI MOXKHA 3pOOUTH BHOOPOM € 1 O

AK 3aBTOJIHO MAJIOIO.
Otxe, [gdF, — [ gdF upu g € Cy(R) ta F, =" F [




28. CJiabka KOMIIAKTHICTbH

Oznauenns. Hexat I C My, dearudi xaac y3azarsvmenux Gynkuit pos-
nodiny. Kaac MM nasueaemsves KOMIAKTHUM B OCHOBHOMY, AKUL0 0Ydo-AKa
nocaidosnicmy (Gp, n > 1) CIM micmums 3601CHY 6 0CHOBHOMY NIONOCAL-
dosHicmb:

Gy, k>1)C(Gp, n>1), G —° G, ngp — oo,

oA dearoi yaazasvrenol gynryii posnodisy G € Mo;.

28.1. Teopema Xesuti ITPpO KOMNAKTHICTH B OCHOBHOMY

Teopema (Teopema XeJi1i Ipo KOMIAKTHICTH B OCHOBHOMY ). Kaac
YciT y3azasvrenur Gyrryit poanodiay My € KOMNAKMHUM 6 0CHOBHOMY.

JloBeneHHsI.

Hexait (G,, n > 1) C My;. [osmaunmo Ky = N muOXKMHY BCiX HATy-
pasbuux uuces, D = {xy, ..., Ty, ...} 37i9eHHY IJIbHY MHOXKHUHY Ha THCJIOBIi
oCi.

Posrsremo wucosy mociinosuicts {Gp(x1), n € Ko} C [0,1]. Tak ax
[0, 1] — koMmaxT, TO 3HallyThCs HeCKiHUeHHA T nocsinosricts K C Ky Ta
qucao g Taki, mo Gp(r1) — g upu n — 0o, n € Kj.

Anasnoriqno, po3riagHeMo oCTiIoBHICTE { Gy (22), n € K1} C [0, 1] 1 moby-
Jryemo tinoctiosaicTs Ko C K1 N[2, 00) Tak, mob Gy, (x2) — go mpu n — 00,
n € Ky Ui JIesIKOTO 9UCIa o.

[Tpomosxkyroun 3a IHIYKITEIO, 3HANIEMO BKJIa/IeHI HECKIHYEHH] TTiITOCTi-
posrocti K; C K1 N [j,00) Ta gucna g; Taki, mo G,(x;) — g; upu n — oo,
n € K;. 3ayBazKuMo, IO OJHOYACHO IIPH KOXKHOMY ¢ < j Ma€ Miclie 306i2KHICTb



Gn(x;) — ¢g; mpu n — oo, n € K;, ockinbku K; C K;, a gosinbpna migmocii-
JIOBHICTH 30i2KHOI ITOC/IIIOBHOCTI 30ira€ThCs 10 Ti€l 2K IPaHMUII].

3a giaroHaJbHEM MeToJ0M KaHTOpa BH3HAYMMO JiarOHAJIBHY IOC/IiI0B-
HICTb

K= {minKj, j > 1}

Ockinpkn 3a mobyoBoro min K; > j, To nociigosricTs K HecKiHdeHHA.
Kpim toro, K C K; 3a BunATKOM Ilepmux j eseMentis. [lificHo, 1s Beix
Tax gk Oyab-siKa IiIIOCTiI0BHICTE 30i2KHOI TTOCIIOBHOCTI 30iraeThes J10

Tiel x rpanuni, To G, (z;) — g; upu n — 0o, n € K BxKe /I KOKHOIO j.
3acTocyBaBIIU TeopeMy PO 30i’KHICTH B OCHOBHOMY Ta Ha IMiJIbHIi MHO-

JkuHl, TyHKT (6), IPUXOAMMO JI0 BUCHOBKY, IO JIJIS JIESKOI y3arajJbHEHO!

dynukii posnoniny G mae micne 36ixknicts G, —© G O

28.2. Teopema IIpoxopoBa 1mpo c/1abKy KOMIAKTHICTh

Osnauennsi. Kaac § ¢pynkuit po3nodisy Has3usaemves ciabKo KOMITa-
KTHUM, AKWo 6ydv-aka nocaidosnwicmv (F,, n > 1) C § micmums ciabko
3010tCHY NIONOCATO08HICTND !

I(Fo, k2 1) C (Fp, n2 1), F, =" F,

de F — desaxa yHKINA pO3IOILILY.

3ayBazKnUMO, 110 3aMKHEHICTh MHOYKUHU § HE TIepe10adaeThCst, TOOTO BKJIIO-
qeHHs F' € § MoxKe He BUKOHYBaTHUChH.

Cumsosiom F([—c,¢)) = F(—c) + 1 — F(c) GyaeMo 103Ha9aTu 3HAYECHHS
mipu Jlebera — Crinreeca F' Bim momoBHeHHs iHTepBamly [—c, c).



Teopema (Teopema IIpoxopoBa npo Kkpurepiii c1a6K0l KOMIAKTHO-
cti). Knac§ Pynruit posnodiay e caabro komnarxmnum modi & misvku modi,
KOAU

lim .o sup p ¢ 3 F([—c,c)) =0, abo lim . inf p ¢ 5 F([—c,c)) = L.

SayBaxkenns. Bimomomy pociiicbkkomy maremaruxy FHO.B.IIpoxoposy Ha-
JIEXKUTH JIOBEJIEHHS OLIBIN 3araJilbHOr0 KPUTEPIO CJIa0KOI KOMIIAKTHOCTI KJla-
ciB IMOBIpHICHUX DO3IIOJILJIIB Ha MOBHOMY MeTpudHOMY Ipoctopi. Hasemene
TBep KenHs it R Oysio Bijome pamirie.

JloBenennsi.

ExBiBasieHTHICTD JBOX HABEJIEHUX YMOB € OUE€BUTHUM HACIIJIKOM (hOPMYIn
upo fiMoBipaicTs gonosHenus F([—c,c)) =1 — F([—c¢,¢)).

(a) Jdocmammicmeo.

Hexait 901y, — Bu3HaUeHU BHUIIE KJAC y3araJbHeHNX (DYHKIINH PO3IOILIY.
Ockinbku § C My, To 3a TeopeMoro XeJsIi Ipo KOMIAKTHICTb B OCHOBHOMY
JTst KOKHOI nocimoBHOcTi (Fyy, n > 1) C § 3Haiizemo ysaragbHeHy (DYHKI0
posnoiny G € My ta mianocmigosuicts (F,,, k > 1) C (F,, n > 1), raxki,
mo F,, —© G. Hexait D — minbHa MHOKHHA TOYOK HemepepsrocTi G. $Ikiio
—c,c € D, 10 3a o3Ha4YeHHAM 30i>KHOCTI B OCHOBHOMY

G(—c)+1—G(c) = lim oo (F, (—c) +1 = F,, (¢)) =

im g0 Fr, ([—c,c)) < supp ¢ 3 F([—c,c)) = 0, c — oo.

Otrxe, dyuknis G — vHopmoBana: G(—oo) = 0, G(oco) = 1. Ockineku G €
Mo1, To G € PyHKIEIO PO3ITOJILITY BHACTIIOK TEOPEMHU IIPO XapaKTepH3aliio
yHKIIIH po3IoiIy B KJaci y3arajJbHeHHX. ToOMY 38 T€OPEeMOIO IIPO eKBiBa IeH-
THiCTH c1abKkoi 36ixHoCTi Ta B ocHoBHOMY 3 Fy, —© G Bmumsae F,, —" G.
Otxe, kK1ac § € cIa0KO KOMITAKTHIM.



(6) Heobzidnicmo.

[Tpumyctumo, mo ymosa [Ipoxoposa He BUKOHaHa, TOOTO BIAIIOBiIHA Ipa-
mnng € > 0. Ockinbku dynkunia e(c) = supy ¢ 3 F'([—c¢, ¢)) He 3pocrae 3a ¢, T0
BOHA He MEHIIa 3a CBOIO PAHMUIII0 IIPU ¢ — 00, To6TO £(¢) > ¢ npu Beix ¢. 3a
O3HAYEHHSIM BEPXHBOI MeXKi B £(c) it KoxkHOTO 1 > 1 3Haiimerbes F), € §,
taka, mo F,([—n,n)) > €/2. 3a o3nadeHHAM C1abKOI KOMIIAKTHOCTI § 0bepe-
Mo (B, k>1) C (F,, n>1) rak, mo6 F,, —" F, ne F — nesxa dynxiia
posnosiny. Hexait —c, ¢ — Touku nerepepsaocTi F. OCKIJIbKE 38 TEOPEMOIO
IIPO eKBiBaJICHTHICTH cIabKol 3012KHOCTI Ta B OCHOBHOMY [, —O F, 10, 1o-

YUHAIOUA 3 Ny > ¢, MAEMO [—¢, ¢) D [—ng,ng) 1 3a o3HaUeHHsIM 3012KHOCTI B
OCHOBHOMY

F(—c¢)+1—F(c) =lim goo(Fr,(—c) +1 — Fp, . (c)) =

m joo Fi ([—c,¢)) > lim . F, ([—nk, k) > €/2 > 0.

CHpsIMOBYIOYH TYT ¢ — 00, OTPUMYEMO CYIIEPEYHICTD 3 YMOBOI HOPMOBAHOCTI
byl posnominy F(—oo) +1— F(oco) >¢/2> 00

Jlema (mpo BepxHi Me)Ky Ta I'DAHUII0 MOHOTOHHOI MOCJIiJOBHO-
cri). Hexat wucrosa nocaidosnicms €,(c) maka, wo

(a)en(c) | 0 npu ¢ — oo das Koorcnozo n, ma

(6) lim,, o €n(c) — 0 npu ¢ — oo.

Todi sup,,>, €x(c) — 0 npu ¢ — oo.

JloBeneHHsI.

[Tpumycrunmo, M0 TBep/KEHHsT JIeMU He BUKOHYETbCA. OCKLIbKI (DYHKITisA
SUp ,,~1 €n(€) He 3pocrae 3a ¢, To Bl 1T 3HAYEHHST He MeHIm Jeskoro § > 0 i
TUIST KOSKHOTO 71 3HAHIETHCST 1y, TAKE, 110 En,,(m) > /2. llocainoBuicTs n,, HE
MOKe OyTH 0OMEeXKeHOIO, IHAKIIE N, = k [jIs HeCKIHIeHHO! KiJIbKOCTI HOMEpiB



m, iex(m) > 6/2, mo cynepeunts ymosi (a). Toxi mis kKoxkHOrO hiKCOBAHOTO
¢, HOYMHAIOYHN 3 M > ¢ BHACJIJOK MOHOTOHHOCTI (a) MaeMo &,(c) > g,(m) i

M ,008n(€) > M oo, (€) > M oo, (M) > 6/2.

Lls mepiBHicTh cynepeunts ymoBi (6) [

Teopema (po Kpurepiii c1abKOi KOMIIAKTHOCTI ITOCJIi/TOBHOCTI).
IHocaidoswicms (Fp, n > 1) dynkuit posnodiay € crabko Komnaxmmor mods
1 miavku modi, Koau

lim oo limy, oo F,([—c,c)) = 0.

JloBeieHHst.

Heobxionicmo oueBujiHa, OCKLIBKU BEPXHSI I'PAHUI HE OL/IbINA 38 BEPXHIO
Me€XY, a OCTaHHS IPAMy€e J0 HyJd 3a Teopemoio [Ipoxoposa mpo kpurepiii
c1abKOT KOMITAKTHOCTI.

s moBenenus docmammocmi 3aCTOCYEMO JIEMY TIPO BEPXHI MEXKY Ta Ipa-
HUII0 MOHOTOHHOI TIOCJIJIOBHOCTI JI0 HOCTiIOBHOCTI €, (c) = Fy([—c¢, ¢)). YMo-
Ba (a) jiemMu BUILIMBa€ 3 HOpMOBaHocTl (yHKHifl posmoginy F,, ymosa (6)
30ira€ThCs 3 YMOBOIO T€OPEMH, a TBEPJKEHHs JieMu € ymoBoio IIpoxoposa
cimabkoi kommnakTaocTi. ToMy 3acrocyBanns Teopemu IIpoxopoBa 10BOIUTD
cJ1a0Ky KOMITAKTHICTH TOC/IiIOBHOCTI []



29. XapakTtepuctmaHi pyHKITIl

[TeperBopenns Pyp’e MUPOKO 3aCTOCOBYIOTHCS B MaTeMaTU4Hiil (dizuil, Te-
opil mudepeniiaabHUX PIBHAHDb Ta IHIMAX PO3JJIAX MaTeMAaTUKH. ¥ Teopil
WMOBIPHOCTEN TIe TIOHATTS BiJIOMe 9K XapaKTEepUCTHIHA (DYHKITIS.
Ozuavennsi. Hexati & — sunadrosa seauvuna, a F — it ¢pynxuisa posno-
diny. XapaKTepuCTUIHOI (DYHKINE sesuvuru & ma @ynkuii poanodiay F
HA3UBAEMBCA MAKA KOMNACKCHOZHAYHA GyrKuLa ditichoi aminnoi t € R :

o0

oelt) = M exp(ité) = / exp(its) dF(z) = v, (t).

— 00

PiBHicTh mocepenuti BUILIABAE 3 TEOPEMH IIPO OOUNCIEHHST MATEMATHTHO-
ro crojiiBaHHsg (PyHKIIT Bij BUIIAIKOBOI BEJTMUNHU.

B ocraHHBOMY O3HauYeHHI Ta HaJaJi MaTeMaTUdIHe CIOojiBaHHs (IHTerpas
JleGera) BiJi KOMIUIEKCHO3HAYHUX BEJIMUNH BU3HAYAETHC 3a JIHIAHICTIO!

M(§1 + i§2) = M§1 + iM§2-

Bl‘[paBa. ,ZLOBGCTI/I, 10 JJ1dd KOMIIJIEKCHO3HaYHUX BEJIMYNH

29.1. OgHO3HAYHICTHL BLINOBiIHOCTI

Teopema (mpo oHO3HAYHY BiAMOBiAHICTH MiXK (DYHKIISIMH PO3-
MOy Ta XapakrTepucTudHuMu QGYHKIigMu). Bidnosionicmo miorc
PyYnKUIAMU PO3NOJILAY MG TAPAKMEPUCTNUNHUMY GYHKUIAMYU € 63AEMHO 00HO-
3HAYHO10.



3ayBakenHd. [cayoTs popmysin obepranHs /s XapaKTePUCTUIHUX (DYH-
KIIiif, 3 IKUX MOYKHA STBHO 00IUCITUTH (PYHKITIIO PO3IIO/ILTY 32 11 XapaKTepucTu-
gHoto dyukiieo. Hanpukiaam, aad Bcix a < b, IO € TOYKaAMU HEIepepBHOCTI
dyHKIT po3nogiay F), ciipaBeinBa TOTOXKHICTh

b 00
F(b) — F(a) = L lim da:/ exp(—itx — %) pp(t) dt,
27T € J’ 0 a —00

Jie abcooTHA 3012KHICTH KPATHOTO iHTerpasty npu € > () 00yMoBjieHa 0OMeKe-
HICTIO XapaKTepucTuIHOI (DYHKIII. 3ayBaykKnuMo, 110 Taka 301KHICTh pu € = ()
MOK€ TIOPYIIIYBATHCH.

JloBejieHHsT TeOpeMH.

[Ipumnyctumo, mo dyukiii posnomaity F, G MaiOTh OJIHAKOBI XapaKTepu-
cruuani GyHKUil: ¢p(t) = ¢o(t) npu Beix t € R. Iosmatnmo kinac OyHKIii

6 = {g € Cy(R) : /_ Z g(z)dF(z) = /_ : g(z)dG(:r)} .

3a mpumyiieHnasM, KoxKHa rapMoHika exp(itz) € & npu t € R. Kirac & e niniii-
HUM, TOMY BiH MICTUTD BCl TPUTOHOMETPUIHI TOJTIHOMU
g(x) = > cpexp(ityz). Kpim Toro, 3a Teopemoro Jlebera mpo MazKopoBamHy
301KHICTH Kiaac & 3aMKHEHNI BiTHOCHO 0OMEKeHOI IOTOYKOBOI 3012KHOCTI.

BacrocoByioun Teopemy Croyna — BeiiepiiTpaca npo HaOJ/IMXKEHHsT Helle-
pepBHOI 0O6MexKeHOT PYHKITI HOJIHOMAMH, J0BeIeMO, Mo Kaac & MicTUTH yci
dinitHi mHerepepsHi dynkmil. iiicho, Hexait g € Cy(R) Ta g(x) = 0 npu |z| >
¢ — 1. ObepeMo TPUTOHOMETPUIHHIA OTHOM ¢, Takuii, mo |g(x) — g-(z)| < e
npu |z| < ¢, mo mae mepiof 2¢. [Ticas nepioaudHoro npogoBKenHs oro Ha R
orpumyemo byHkIo g € Cp(R). Ba paxyHOK BUGOPY ¢ PI3HHILO

‘/ng /gdG’ / ng—/ gdG| <
|z[<c |z|<e




[ —ge>dF\ ; \ [ —ge>dG\ ;
|z|<c |z]<c

‘/gde—/gEdG' + ‘/ gng—/ gEdG’ <
|z|>c |z|>c

2 + 0+ (F([=¢,d) + G([=¢, ) (sup g + €)

MOKHa 3pOOUTHU SK 3aBrojHO MaJjioio. Tomy g € &.

OckinbKN KO2KHA HellepepBHa obMeKeHa (PyHKIIisl € 00MezKEHOIO TTOTOYKO-
BOIO rpanureio GiHiTHUX HermepepBHUX obMekennx dyHKIN, T0 & = Cy(R).
3Bizcu Ta 3 TEOpEMH NPO OJHOZHAUHICTH CJIAOKOI IPAHUI, IYHKT (&), BHBO-
mumo, mo F = G [

Bnopasa.

(1) dxio € — niio3HavYHa BULIAIKOBA BEJIMUUHA, TO 11 XapaKTepucTuIHa (DyHKITs
¢(t) mae nepion 2w i P(€ =n) = (2m)~" [7_exp(—itn)p(t)dt.

(2) Hexait Bunajgkosa Beqmunna & iHTerpoBHa B OyIb-skiit cremeni i ME" =
(n+ k)!/k! nna nesixoro k Ta seix n > 0./losectn, mo posnofia { BU3HAYAETHCS
OJTHOBHAYHO Ta 30iraeTbcs 3 posmoaiioM Epianra.

29.2. BuiacTtmBoCTI XapaKTepUCTUIHOI (PYHKITIT

Teopema (IIpo OCHOBHI BJIACTUBOCTI XapaKTEePUCTUIHOI PYHKITIT).
Hezxati ¢ — xapaxmepucmuuna gynryia. Todi sukonyromves maki 8.4acmueo-
cmi:

(a —nopmosanicmv) p(0) =1 i |p(t)| < 1, Vt € R,

(6 —anmucumempia) p(—t) = p(t),

(6 —menepepenicmsv) p(t) nenepepsna 6 nyai Ma PIGHOMIPHO HenepepeHa,



(2 —nesid’emna susnavwernicmv) oaa dosisvruzr ditichux ty, ..., t, ma Kom-
NAEKCHUL Cq, ..., Cp, CNPABEOAUBH HEPIBHICTIVD

Do oG et =) 2 0.

BayBakennsi. Teopema Boxnepa-Xinauna cTBepizKye, M0 Oy Ib-AKa KOM-
IUTeKCHO3HATHA (DYHKIIisI JiHCHOT 3MIHHOI, 10 3a/10BOJIbHsIE yMoBH (a)-(T), €
XapaKTEPUCTUIHOIO JIJIsi TIEBHOI (PYHKITT PO3IOJILTY.

,ZLOBe,ueHHH TEOPEM.

(a) ¢(0) = [7°_dF(z) = F(R) = 1 3 ymoBu nopmoBsanocti dbyHKILi pos-

oIy, \gp )| = ‘f exp(itz)dF (z) ‘ [22, lexp(itz)| dF (z) = 1.

(6) ¢(—t) = %, explite)dF(x) = [, xplit)dF(x) =
s exp(it:v)dF(x).
(8) [o(t) — w(s)] < J°o, lexp(itz) — exp(isz)| dF (z) =
I |eXp((t—s))—1|dF()—>0,t—s—>O,
3a Teopemoro Jlebera mpo MaxkopoBaHy 306iKHICTH, OCKLIbKE |exp(ihz) — 1| <
2 ta |exp(ihz) — 1| — 0 mpu h — 0 JyIst KOXKHOTO .
(r) Cyma 3 yMOBH JIODIBHIOE

f—oooo ZZ, j =1 Ckc_jeXp(i(tk - t])x)dF(fL') =
S22 I ewexp(itya)|* dF (z) > 0O

BnpaBa. fkmo Bunajikosa semania  Ma€ MIBHICTE Ta IHTErPOBHA, TO ‘gpg (t
1 ms Beix t # 0.
Teopema (PO BJIACTUBOCTI XapaKTEePUCTUIHOI DYHKIIIT).

(a) g0a+b£(t) = exp(ita) gpf(bt).

)| <



(6) Hxwo &, n nesanescni, mo ¢y, (t) = e(t) o, (t).
(8) SArwo & inmezposna, mo pe(t) =1+ it M& + o(t), t — 0.

(2) Hrxwo & xeadpamuuro inmezposna, mo
Qe(t) =1+it ME — 382 ME + o(t?), t — 0.

(d) Ba ymosu inmeeposrocmi abo k6adpamuwnoi iHmezposHocmi 6i0no6io-
HO

M¢ = —igy(0), ME* = —y(0).
(e) Sxwo & ~ N(p,0?) nopmasvra 6unadkosa 6eaununa, Mo
©e(t) = exp(itp — o®t*/2).
(orc) Hrwo £ ~ TI(X) mae posnodia I[Tyaccona 3 napamempom A, mo
pe(t) = exp(A(exp(it) — 1)).

JloBeneHHsI.
(a) Ba MyJILTUILTIKATUBHICTIO €KCIIOHEHTH Ta O/[HOPIIHICTIO MATEMATHIHO-
'O CHO/iBaHHS

Parpe(t) = Mexp(it(a+ b)) =
M exp(ita) exp(itb§) = exp(ita)M exp(itb§) = exp(ith)pe(at).

(6) 3a TeopeMoIO PO MEPETBOPEHHST HE3AIEKHIX BEJIMIHH BUIAIKOBI Be-
mrauHn exp(ité) 1 exp(itn) Takox Hesasmexkui. Tomy



Pern(t) = M exp(it(§ + 1)) = M exp(it) exp(itn) =
M exp(it€) M exp(itn) = pe(t)p,(t).

BHACJIJIOK TEOPEMH [P0 MaTeMaTUIHe CIOJIBaHHS JO00YTKY HE3aJIeKHUX Be-
JIMYINH.

(B) 3 emementapuol nepiBaOCTi |exp(itx) — 1 —itx| < 2|tz|, Vix € R,
BUILIMBAE, IO JI0 IHTErpasy

gof(t) —1—idt M¢ [T exp(itw) — 1 — it
t ) t

dF (x)

MOKHa 3aCTOCyBaTH TeopeMy Jlebera mmpo markopoBaHy 30i2kHicTb 1pu t — 0,
Tomy mo [ 2|x|dF(x) = 2M |€] < co. Ockinbku miginrerpaasna byHKIis
B IIPaBiil 9aCTHHI MOTOYKOBO MPSMYE JIO HYJIsA, TO IIPABa YACTUHA MPAMYE J10
nysas upu t — 0, 3BiAKHN JicTaHeMO ITyKaHe CIiBBIIHOIIEHHS.

(r) AHAJIOri9HO 3aCTOCOBYEMO HEPIBHICTH
lexp(itz) — 1 — itz + t22%/2| < |tz|* no inrerpay

/°° exp(itx) — 1 — itz + t?2%/2

v dF (z) =

(pe(t) — 1 — it ME+2MEY/2) / 2.

(n) Bummsae 3 dbopmynu poskiasy B ps Teiisiopa B ool Hy/s fude-
pentifiosrol GyHKITT @, (t) Ta TBepLKenb (B) Tm (T).
(e) Axmo ¢ ~ N(0,1) crammapraa HOpMaIbHA BEIXINHA, TO

(t) exp(—— + itx)dx
<P< /—27T / P )



(L) [ exp(—@ - ity/21d0 = exp(~L)
exp(——=)— exp(—(x — i x = exp(——).
2 27 J oo 2
VY 3arajJbHOMY BUIAJIKY JOCHTH 3acTocyBaru (a) /1o o3HadenHs & = p+o(.
(>x) 3a dbopMyII0I0 PO OGIMCIICHHST MATEMATHIHOIO CIIOIBAHH (DYHKIIT
BiJI IMCKPETHOI BeJINIMHU

we(t) = ano exp(itn)\" exp(—A)/n! = exp(A(exp(it) — 1))

Bnopasa

(1) Bunaskosa sesmunna € 3 posnogiiom P(§ = 4+2n) = C'/(n?Inn) ue inre-
IPOBHA, OJIHAK 11 XapaKTepucTuIHa (QyHKIlisA TudepeHItiiioBHA B HY/II.

(2) Axmo xapakrepucTudHa QyHKILisS o () BunaykoBoi Besmuunu & Mae MOXi-
JIHY TAPHOTO MOPSIIIKY 270, TO BUITAKOBA BEJTHUINHA 62" IHTErpoBHa.

(3) Hosecru, mo (a) xapakTepucTuydHa (byHKIIsI BUIAKOBOI BEJMYUHN 31 MI1Tb-
nicrio Komi (7(1 + 22))~! nopismioe exp(— |t]), (6) mns HesamexkHuX OIHAKOBO
po3nojiaennx BunajkoBux Besmunt €, ., 31 mubnicrio Kol HOpMoBaHa cyma
(&1 + .. + &,)/n mae Taky ) caMmy HIIbHICTB, (B) JJIs BKAQ3aHOI IOCJIIOBHOCT] He
CIPABJIKYETHCS 3aKOH BEJINKUX YHCEJI.

(4) XapaxTepuctuuna byHKIs piBHOMIpHOTO po3Nojilty Ha [—a, a] nopisnioe
sin at

at

(5) Axmo Bemmaa & Mae rama-posmoair I'(A, ), ro @, (t) = (1 —at/\) 7.

(6) 3a o3HaueHHSIM BUIaIKOBa BeqnmdnHa £ cuMerpudHa, skio & ta —& MaoTh
omHAaKOBI (OyHKINI posnomiay. JloBecTu, Mo CHMETPUYHICTL €KBiBaJIEHTHA IiHCHO-
BHATHOCTI XapaKTEePUCTUIHOI (DYHKITII.

(7, C.H.Bepumreitn). Skmo sesuunnu &, 1) He3a/€XkKHi, OJHAKOBO PO3IOJIEH]
i kBasipaTnuHo iHTerposHi, npuuomy & + 1) Ta £ — 1) TakoK He3zasexHi, TO &, 1) —
HOPMaJIbHI BUITATKOBI BEJITMYNHUA.



29.3. Teopema Jlesi

Teopema (Teopema JIleBi mpo kpwurepiii cirabkol 36ikHO0CTi). He-
zati (F,, n > 1) nocaidosnicmv $ynkyit po3anodiay 3 TapaxmepucmuiHuMy
dynruLAMUY ©,,.

Jlaa mozo, wob masa micue caabka 36iocnicmo F, =W F, n — oo, do
deaxoi pyrruii posnodiny F, neobxiono i docmammnvo, w06 rapaxmepucmusmi
Pynruii p, (t) sbizasuco npu koorcnomy t € R do dynwuii p(t), axa nenepeps-
HA 6 HYAl. Y UboMy 8unadky @ € rapaxmepucmuumnoto Gynryiero oaa F.

JloBeneHHst.

(a) HeoOxiHicTh BUILIMBAE 3 O3HAUEHHS CJIa0KOT 3012KHOCTI, TOMY IO Tap-
moniku exp(itx) € Cy(R) € menepepBHuMU OOMeKeHUMU (DYHKIIAME TIPU KO-
xHOMY t € R.

(6) Hocrarricrs. Hexait ¢, (t) — ¢(t), n — oo, Vt, ne dyuxris ¢(t) neme-
pepBHA B HYJIL.

Hoseemo criouartky, 1mo mnocuaigoBricrs (F,, n > 1) € ciabko KomIa-
KTHOIO.

Hexait a > 0, b = 2/a. BpaxoBytoun o3HavYeHHsI XapaKTePUCTUIHOI (BDyH-
KIIil, abCOTIOTHY 3012KHICTh KpaTHOrO iHTerpaJy Ta reopemy Pyoini npo Kpa-
THUI Ta MOBTOPHI iHTErpaJIu, 00IUCIAMO

1 a(l—son(t))dt L[ (/_Oo(l—exp(itx))an(x)) dt =

%), =5 .

% /: </_C;(1 = exp(itm))dt) dF,(z) =
/Z <1 B “2?) dFn(z) 2 /| - (1 - Sijjx) dF,(z) >




CupaBe[yIUBICT 1IUX HEPIBHOCTE! BUILINBAE, MO-TIEPIIE, 3 HEBII €MHOCTI

sin ax
1 —

>0,
ax

ockinbku [siny| < |y|, a mo-apyre, 3 orinkn

1
< —<

sin ax

1
5 Viz| > b=2/a.

ax

3 orpumaHOl HepiBHOCTI Ta 3 Teopemu Jlebera nmpo MazkopoBaHy 30iKHICTD
3HaXO/IUMO

_ - 2 &
T P[5, 0)) < T / (1= o, (£))dt =
a

—a

%/ (1= (t))dt — 0, a— 0, b— oo,

—a

ockinbku dyHKIig ¢(t) menepepsra B Hy/Ii Ta ¢(0) = lim, o ¢,,(0) = 1. O1-
’Ke, BAKOHaHA YMOBa TEOPEMHU I1PO KPUTEPIiit cIabKOT KOMIIAKTHOCTI ITOCJIiIOB-
HoCTi pyHKIIIH po3noiny, i nocainosHicTs (F,, 7 > 1) € cj1abKo KOMITAKTHOIO.
3a o3HaYeHHSIM CJIa0KOI KOMIAKTHOCTI 3HAMAEMO ITiIIOC/IiIOBHICTD
(Fn,, k>1) C (F,, n> 1), Ta dyukniio posnoginy F Taxi, mo F,, —" F.
Hexait ¢ — xapakrepuctuana ¢ynkimig F. Toai BHAC/IIIOK B2Ke J0BEIEHOTO
TBEPJIZKEHHs HeoOxiHocTi ¢,  — ¢p. OTke, ¢ = limp, = limyp, = pp €
XapaKTePUCTUIHOIO (DYHKINE (yHKIIT posmnoiry F.



JHosenemo, mo F, —" F. Ilpunyctumo, mo 1g 36iKHiCTh He Mae MicIid.
Toxi 3a o3HaveHHIM C1abKol 36iKHOCTI 3HAHIYThCs € > 0, dynkuis g € Cyp(R)
Ta HECKIHYEHHA IiJIIOCiIOBHICTD N, TaKi, IO

> e, Vm.

\ | s@apn@)~ [ g@ar)

— 00

Ockimpku (F,,,, m > 1) C (F,, n > 1) e nignocaigoBuicTio ci1abko
KOMITAKTHOT MHOXKHUHH, TO 3HAMIETHCs CJAa0KO0 30iKHa ITi/IITiIIOC/I1I0BHICTh

(F,

Nmy

k>1)C(F,,m>1), F, —"G,

e G — neska dyukiisg po3noiay. OcKiIbKN P, — P 10 Pg = P = P
Otxke, G = F 3a TeopeMoOI0o PO OHO3HAYHICTH BIMOBITHOCTI MiXK (PYHKITisI-
MU PO3IO/ILITY Ta XapaKTePUCTHIHUMU (DYHKIIAMEU. AJie B IIbOMY BHUIIAIKY

Jo 9(@)dF () = [, 9(2)dG(x) = limy—oo [7 g(x)dF,,, (),

IO CYTIEPEYNTh HEPIBHOCTI, gKa OTPUMaHa BUIIE: BiJCTaHb MiXK ITPaABOIO Ta
JIIBOIO YaCTWHAMU TIOBUHHA OyJia 6 OyTH He MEHIIOIO 3a €.

Orxe, Bin cynporusnoro F,, —"W F [

Bopasa.

(1) Hexait Besimunun &, MaoOTh XapakTepuCTHYHI DYHKIHT ©,,, (0, IPHIOMY
f; 0, (t)dt — fab @(t)dt,n — oo, mua Beix a < b. Tosecrn, mo &, —V €.

(2) Bunaaxosi semaannu (€, n > 1) ta € Taxi, mo |,,| < ¢, [£| < ¢ nna peskoi
craJiol ¢, Ta M{ﬁ — M, n — oo, npu seix k > 1. Jlosecru, mo £, =" e

(3) Bunasgkosi BesmauHI (f n > 1) He3aJIE2KHI OJITHAKOBO PO3IMOJIIIEH] Ha

n?

sigpisky [0,1) i |M exp(2miké,)| < 1 ana seix k € N. Hosenits, mo S, =
(& + ..+ &,)(mod 1) —W \, ne BesmumHa Y PIBHOMIDHO PO3IOJileHA Ha [0,1).



(4) Hexait £ — joBlIbHA BUNIAJIKOBA BEJMYMHA 3 XaPAKTEPUCTUIHOIO (DYHKIIEIO
P¢, a Beqmauan (7 He 3amexars B § i Maors mimsrocti (1 — cosTx)/ (mTz?),
z € R. (a) O6unciuru xapakrepucruini ynkuii ¢ (t) = (1= |t| /T)1y<z- (6)
Busectu 3Bigcn cnabky 36ixmicts € + (p —W €, T — oo. (8) Hosectn dopmyiy
obepTaHHs s TOYOK HernepepBHOCTI (byHKINT posnoairy & :

Fe(b)— Fu(a) = — lim [ da /_ exp(ita)(1 = 1] /T) elt) e

T T—00 @

Teopema (1po m06yTOK cJjiaGko 36iKHOT mocJigoBHOCTI 3i 36i-
xKHO10). Hexat (§,, n > 1) nocaidosnicms 6unadkosur seiunun maka, wo
£, =" & n— 00, a wucrosa nocaidoswicmy a, — a. Todi

ané, =" at.

Hosenenns. [losnaunmo ¢, — xapakrepuctudny GyHkmio &,. OcKiabku
HOCJIJIOBHICTh (DYHKIIN po3noxity F), Bemmunn &, ciaabko 30iraeTbes, TO BO-
Ha c/labKo KoMItakTHa. Tomy 3a Teopemoio [Ipoxoposa mpo kpurepiit crabkol
KoMIakTHOCTI sup,, F,([—¢, ¢)) — 0, ¢ — 0o. 3Bigcu

|90n(t) - gpn(s)| <
f|m\>c |eim - eisxl dF,(z) + flzlﬁc |6im - 6isgﬁ' dF,(z) <

2sup,, f|x|>c dF () + supy, <. €™ — 7| f|x|§c dF,(z) <

2sup,, F.([—c,c)) + SUD| ) <c ‘ei(t_s)x — 1} —0, [t—s|—0.

Orxe, dyHkIii @, (t) € piBHOMIpHO 32 1 1 ¢ HellepepBHUMHU.
Tomy 31 36ixkmocti ¢, (t) — ¢(t) Ta 3 ominkn



[ (ant) — plat)| < o, (ant) =, (at)] + |p,(at) — p(at)|

BUILTHBAE 301KHICTD ¢, (ant) — p(at), mo 3a Teopemoro JIeBi mpo Kpurepiit
cJ1a0KOT 3012KHOCTI JOBOJAUTD ITyKaHe TBEPIKeHHS [-]

Bopasa.

(1) dosenits, mwo a, + &, =" a+ &.

(2) JoBeiTh, 10 B HOIEPEHIX TBEP/ZKEHHI Ta TeopeMi MOCJiI0BHICT CTAJINX

Qp — G MOXKHa 3aMIiHUTU Ha IIOCJIiJIOBHICTH BUIIAIKOBUX BEJIMYUH 1), — ),

29.4. CywmicHa xapakTepucTu4iHa pYyHKIId Ta cjaabKa 30i-
>KHICTH BEKTOPiB

OznavenHs. CyMiCHOIO XapaKTepUCTUIHOI (DYHKINEI 6unadko6020 6e-

kmopa £ = (&1, ...,&,) Ha3usaeMbCA MAKQ PYNKULA BEKMOPHOLO APLYMEHMY
_ d.
t = (t1,...,tq) € R :

@e(t) = M exp(it'€) = M exp (ZZ=1 itkﬁk) .

Cywmicna xapakTepucTuvdHa (DyHKIlisT Ma€ TakKi K BJIACTUBOCTI, IO 1 3BU-
JaiiHa XapakTepucTudaa (hyHKIA. 30KPeMa, BIJMOBIIHICTh MiXK CyMiCHUMUI
PYHKIIAMI PO3IOIIIY Ta CYMICHUMU XapaKTEPUCTUIHUME (DYHKITISIMEA € B3a-
€MHO OJITHO3HAYIHOIO.

OznauenHs. Bunadkosi d-eumipni sexmopu &, caabko 3012a10mbCAa:

é-n —W éa ARWO Mg(gn) - Mg(f) dan 6CiT g€ Cb<]Rd)

Teopema (Teopema JleBi mpo kpurepiii ciiabkoi 36i>kHOCTi Buma-
KOBUX BEKTODIB). [locaidosnicms d-8umiprur 6unadkosux exmopie caabko
s6iecacmuvcea £, —V €,n — 0o, modi i mirvku modi, Koau nomoukoeo 36iea-
10MbCA 6L0N0BIOHT CYMICHT TAPAKMEPUCTIUYHT OYHKULT
0, (t) = p(t),n — 0o, Vt € R4, do epanuui o(t), wo nenepepena 6 Hy.ai.



JloBejeHHs TIOBHICTIO aHAJIOTIYHE JIOBEICHHIO JIJIsi CKAJIIPHOTO BUIIAJIKY.

3BijICU BUILINBAE TAKE TBEP/ZKCHHSI.

Teopema (mpo Kpurepiii caabkoi 36i>KHOCTi BUIAJKOBUX BEKTO-
piB). [locaidosricmo d-6umipnur 6unadkosuxr 6eKmMopis cAalko 30i2aemuvca
£, =" &,n — 0o, modi G miavku modi, xKoau oas dosinvnozo t € RY caabio
s6iecacmucea ainitina gopma t'E, —W €.

oBeenHs.

Hexait ¢, — cymicHi xapakrepucTuuHi yHKIT BeKTOPIiB &,,, . 3a Teo-
penmoio Jlesi mpo Kpurepiii ciabkoi 36ixkHocTi pH KoxKHOMY t € R? 36i:KHiCTS
t'E, =" & n — oo, exBiBaJIeHTHA 36iKHOCTI XapaKTepUCTUIHUX (bYHKIIif
M exp(is t'€,) — Mexp(is t'€) mua Beix s € R. Ocranus juiie hopMoio
3aImucy BiJIpi3HsAeTbCA B 301KkHOCTI @, (5t) — ¢(st), Vs € R. Hapernri, 3a Te-
opemoio JIeBi mpo KpuTepiit crabKol 36ixKH0CTi BUIAKOBIX BeKTopis &, —"W &
ToIi i TiNbKK TOM, Koum @, (st) — p(st), Vs € R, Vt € RY, ockinbKu MHOKHHA
{st, se R,t e R} =R [

Bnpasa.

(1) Hexait £, =" & € R a dynknia g € C(R?) nerepepsua. Tosectu, mo
9(€,) =" 9(6).

(2) Hosecrn, 110 cymicHa xapakTepucTuaHa QyHKIIisSE HOPMAJILHOTO BUIIAIKOBOTO

sexropa § =~ Ny, (m, V') nopismioe @, (t) = exp(it'm — t'Vt / 2).



30. KiacuvyHa 1ieHTpaJibHa 'PaHNYHA TeopeMa

Y 1eHTpasibHiil rpaHuYHIf TeopeMi JOBOJIUTHCS, MO EHTPOBAHA Ta HOPMOBA-
Ha CyMa He3aJIe’KHUX BEJIMYUH CJIa0KO 30ira€ThbCs JI0 HOPMAJILHOI BEJIMIUHU
JIJIS IPAKTUYHO JIOBLIBHUX PO3IIOJILIIB OKpeMux J1ojaHkiB. [leit kiac Teopem
€ TiJICTaBOIO JIJIS MHUPOKOTO 3aCTOCYBAHHS HOPMAJLHOIO PO3IIOJIIY B CTATH-
CTHIII.
Teopema (kJlacM4YHa [EHTPAJbHA FPAHNUYHA TeOpeMa).

Hezxaii (€,,, m > 1) nocaidosHicmsd HE3AAEHCHUT Y CYKYNHOCTME 00HAKOBO PO3-
NOJLACHUT GUNAOKOBUL BEAUNUH 3T CKIMUYEHHUMU CEPEOHIMU Ma QUCNEPCLAMU:
H= Mfl? 02 = Dfl? a Sn = 61 +..t fn' Toor

(Sp — MS,)/\/DS, = (S, —nu)/ov/n =" ¢~ N(0,1), n — co.

Hacaimok. Ockijbku 30i12KHICTH B OCHOBHOMY BUILIABAE 31 C1a0KO1 30i-
JKHOCTI, a HOpMaJibHa (DYHKIIis PO3IMOJILIY HelepepBHa, To Jiid Bcix x € R
Ma€ Mmicrie 30iKHICTh (PYHKIH POo3IoIiay

Sp —np | 1
P(l—<1) — d(z E/ exp(—= y*)dy, n — oo.
(o <n o= [ o5 1)

30oKkpema, 3BiJICH TPpH JOBLILHOMY PO3II0/I1/1l OKPEMUX JIOJIAHKIB 38 1IpaBI-
JIOM 3 curma Jjis JOCUTH BEJIMKUX 1 BUILTHBAE HAO/IMKeHa PIiBHICTH

P(|S,, — nu| < 30v/n) ~ 0.997.

Hosenenns. Pisnocti MS, = nu, DS, = 0°n € O9eBUIHAMI HACIi IKa-

MU HE3aJIE?KHOCTI Ta OJTHAKOBOI PO3MOJIIEHOCTI JOJAHKIB, 38 JIHINHICTIO Ma-
TEMATUIHOTO CIIOJIIBAHHSI Ta 38 TEOPEMOIO PO JIMCIIEPCIIO CYMU HE3AJIEKHIX
BEJINYUH.



Hexaii ¢ — xapakrepuctuuna ¢yskiis &;. Tozi 3a Teopemoro 11po BracTu-
BOCTI XapakrepucTuaHoi GyHkil, myHkTa (a) ta (6):

pn(t) = M exp(it((Sn — nu)/ov/n)) =
exp(—it n p/o\/n) @, (t/oy/n) = exp(—it n p/ov/n) ¢"(t/ov/n).

Bukopucraemo poskiiaj y psj Teiopa JjiorapudMivaaol (pyHKINT Ta TBEp-
JKeHHs (T') TeOpeMHM MpO BJIACTUBOCTI XapaKTepUCTUIHOI DyHKIII:

Ing(s) = In(1+ (¢(s) — 1)) = (p(s) — 1) = (¢(s) — 1)*/2+ o(s?) =

isp — 82y /2 4+ S22 /2 + o(s?) = isu — s°0%/2 + o(s?), s — 0.

3Bijgcu
Inp,(t) = —itn p/ ov/n+

n (it p/ovn—o*t® | 20°n+o(1/n)) = —t> / 2 + o(1), n — oo.

Orxke, @, (t) — exp(—t? / 2) = ¢.(t). Bacrocysanns reopemnu Jlesi mpo
KpuTepiit cjabkol 3012KHOCTI JOBepIINye AoBeaeHHs []

Bnpasga.

(1) Bunasikosi sesmuunu (€, n > 1) nesanexwi, omaaxoso posnosiieni, P (€, =
0) = P(&, = 1) = 1/2. [losecrn, mo cyma pagy y -, 27", piBHOMIpHO po3mO-
ninena na [0, 1] -

(2) Bunaaxosi senmaunu (€,, n > 1) mesanexkni, ojHaKoBO posmHojineni 3i

no
mimbuicrio Komti (7(1 + 22))™!. Buaiitu rpanudnumii posmois st HOPMOBAHIX

MakcHMyMiB 1! maxj<g<n -

(3) Bunakosi BesimauHu (f n > 1) He3aJIE2KH1, OJTHAKOBO PIBHOMIPHO PO3IIO-

n’
JineHi Ha iHTepBaJi [0, 1] (a) BHaiiTn Take mepeTBOpPeHHs 10Oy TKIB szl &, SKe



6 csabko 36irasiocs 10 CTaHIapTHOI HOPMAJIbHOI BHIIAKOBOI Beamdaunu. (6) O64un-
CJIMTH IPAHUYHU IPH 72 — OO PO3MOLI BEJIMYHUH 1 MiNy <<y &}

(4) BuBecTn 3 KJIaCHYHOI IIEHTPAIBHOI IPAHUYHOT TEOPEMHE JIJIsl [IyACCOHIBCHKUX
BeJITIHH TOTOXKHICTB lim,, o exp(—n) > p_,n*/kl = 1/2.




31. 3araJjgpHa rpaHmvHa TeopeMa g CTaHIap-
THUX cepiii

31.1. CranmapTHi DOCJJiIOBHOCTI cepiii

OsznauenHsa.  [lodsitina  nocaidosnicmd — 6UNGOKOBUT — 6EAUNUH
(Cos kB = 1,kn, n > 1) nasusaemuvca CTaHIAPTHOIO MOCTIIOBHICTIO cepiii,
AKUWO BUKOHYIOMBCA YMOBU:

(1 —nesanexcricmy) eunadkosi eesununu 6 xoschit cepii (Cp, k = 1, ky,)
HE3ANEHCHT 8 CYKYNHOCIL,

(2 —yenmposanicmsv) M(,,. =0, Vk, Vn,

(3 —nopmosanicmv) 3ADC,, = 02, i S, 02 =1,

(4 —pisnomipna maricmy) maxi< i < k, 02 — 0 npu n — o0o.

Ipuknan. fdxmo (€, ,n > 1) 3aJ0BOIbHAIOTH YMOBH KJIACHTHOI 1T~
TpaJbHOI TPAHMYIHOI TEOPEMU, TO MOCJIIOBHICTH

Cok = (& — 1) / ov/n, k=T,m,

€ CTaHapTHOO ToctioBHicTIO cepiii (Bmpasa).
Hexait (C,,, k= 1,k,, n > 1) — crangapTHa mOC/IiI0BHICTE cepiii. Bree-
MO TaKi IMO3HAYEHHS

G =3 G pult) = Mexp(itc,),

k=1

3a aJIUTUBHICTIO MATEMATUYIHOTO CIIO/IBAHHS, TEOPEMOIO PO JIUCIIEPCIIo
CyMHU He3aJIe’KHUX BEJIMYNH Ta TEOPEMOIO ITPO BJIACTUBOCTI XapaKTePUCTUIHOL



dbyukii, myskr (6),

kn

M¢, =0, D¢, =1, 0,) =[] eu(®).

k=1

31.2. JlomomixkHi jileMu

JloBejienHs 3araJibHOT TPAHUYHOI TeopeMu 0a3yeThCs Ha TAKUX JIEMaX.
Jlema 1. Inga crangapTHOI HOC/IiIOBHOCTI cepiif BUKOHYEThCH CITiBBiIHO-
IIIEeHHS

e, () = S () = 1) = 0, n — oo,

k=1
HoBenennsi. 3 enemenraproi uepisuocti |exp(iz) — 1 —iz| < 2%/2 Ta 3
yMoBH neHTpoBaHocTi M(,; = 0 o3HaUeHHs CTaHJAPTHUX cepiil jiicTaHemMo

Bokpema, |p,(t)] > 1/2, nounHaoo4m 3 JesdKOro n npH BCiX k, OTKe KO-
PEKTHO Bu3HaveHa JiorapudMiuna HYHKITS Ha KOMILJIEKCHIN TIJIOMUHI SIK Bil
@i (1), Tax i Bim @, (t). 3 ypaxysammsam mepismocti [In(1+ 2) — z| < |2|* ma
IONepPeTHBOI HEPIBHOCTI OIIIHIMO

e, = 32" (el 1) =

k=1

> e - ) + D] £ 327 o) — 1 <

k=1
ko 4 4 4 2 e g 4 2
E k_lt oo <t MaX Oy E k_lonk:t mkaxank—>(), n — 00

Jie BpaxoBaHe TaKOYK O3HAYeHHS CTaHIapTHUX cepiiil]



JIema 2. (a) [Ipu koxkuHOMY 1 pyHKIIT

kn kn
Gn(‘r) = Zk:l MCikl{an <z} — Zk:l /( )yQ ank(y)

€ (byHKIIIMU PO3IIOILTY.
(6) dutst BCix obMmerkeHnX 6opeseBUX QYHKII ¢ BUKOHYETHCS TOTOXKHICTh

o0

S Me, g(an)Z/ 9(y) dGn(y).

k=1
—00

loBenenHsi.

(a) Monoronnicte G, (z) oueumna. HopmoBaHicTh BUILIMBAE 3 TeOpeMu
Jlebera mpo MOHOTOHHY 301:KHICTH Ta HOPMOBAHOCTI (3) cTaHIAPTHOI HOCJIi-
JOBHOCTI Cepiii:

] _ Nke g 2 _
limg oo Gn(x) = > 0y limg oo M(plie, < o) =
kn 2 kn _ kn 2 _

et MG =202 DGy = 242 o0 = 1.

Hemnepepshicts G,, 371iBa TaKOXK BUBOIUTHCS 3 TeopeMmu JleGera mpo MoOHO-
TOHHY 3012KHICTE, 3 ypaXyBaHHAM HelepepBHOCTI 37iBa GyHKIIT 1¢ < 4:

o k'ﬂ . kn
lim Gr(y) = 3" lim MCulic, < =D, " MCylic,, <« = Gala).

ylz

(6) IosHaunmo vepe3 & kiac 6opeseBux QYHKIH ¢, /I IKUX BUKOHYE-
TBCsl TOTOXKHICTH TBep/KeHHs (0):

6 = {g S MG g(Cu) = /

— 00

(e}

) dGn@)} .



3 osnauenns G, summusae, mo g(y) = 1, « , € & npu goBinsHOMY - € R.
3 jimifinocTi & BuBOAMMO, 10 14 € & I KOXKHOI MHOXKHHE A 3 ajarebpu
A(R). Kpim Toro, 3a Teopemoro Jlebera mpo MOHOTOHHY 301:KHICTH T& TeOope-
Moo Jlebera 1mpo MaxkopoBaHy 3012KHICTH JIJIS MATEMATUYIHOIO CIIO/IIBAHHS Ta,
ans interpasy Jlebera — Crintheca kaac & 3aMKHEHUI BiTHOCHO MOHOTOHHOL
Ta MaxkoposaHol 30ikHocti. Tomy, 30kpema, kiaac {B € B(R) : 1z € &}
3aMKHEHWI BIJIHOCHO MOHOTOHHOI 3012KHOCT1 TIOJIiif, 3BIIKK 38 TEOPEMOIO I11PO
monoTonnui kitac 1g € &, VB € B(R). 3a miniitaictio & micTuTs Bei mpocti
dyHKIII, a 3a Teopemoio Jlebera mpo MarKopoBaHy 3012KHICTH — BCi 0OMeXeHi
bopesiesi [

Jlema 3. Busnaunmo mpu Koxkuaomy t € R dyHKILO

(exp(itx) — 1 —itz) / 2, © #0,
ft(x):{—ﬁp/z, z=0.

Tomi
(a) fi(1) € Cp(R), Vt € R.

(6) st BCiX ¢ BUKOHYETBCSI TOTOKHICTD

k=1

S (o) = 1) = / " @) dGa(a),

ne dyHKIl posnomiay (, BU3HaUEHI B j1eMi 2.

JloBeneHHsi.

(a) Brurouenus f; € Cp(R) oueBnmne, ockinbku 3uadenss f;(0) € mpoos-
JKEeHHsIM O3HadeHHsd f; 3a HemepepBHicTIO B Toumi x = (.

(6) 3acTocyemo ToTOXKHICTH Jtemu 2 110 GyHKIGT g(z) = fi(x) :

/ T @) d6u) = Y ME, fG) =



S M{exp(itCu) — 1~ itC) = S (p(t) 1),

OCKiJIbKM 3a o3HaueHHaMm z2f;(r) = exp(itz) — 1 — itx, i 3a BIacTHBOCTIME
cTaHmapTHOI noctinosHocTi cepiit M ¢, = 0 [

31.3. 3araJgbpHa rpaHUYHA TeopeMa JIJisi CTAaHJApPTHUX ce-
piii
Teopema (3arajibHa rpaHHYHA TeopeMa [IJisl CTAaHIAPTHAX Cepiii).

Hexati ((py k=1, k,, n > 1) — cmandapmua nocaidoswicms cepiti 6unadko-
sux seaunun. Ipunycmumo, wo nocaidosricmys Gyrkuil pos3nodiny

k
_ Z e 2
caabro sbicaemuca: G, —" G do deaxoi dynxuii posnodiay G.
. . . kn .
Todi mocaidosnicmv cym C, = Y iy Cop —7 ¢ crabro 36izacmuvca 0o
s8unadkosoi sesunuru 13 TAPAKMEPUCTNUYHOI DYHKULEN

oc(t) = exp ( IR dG<x>) |

de gpynxuia fi(z) = (exp(itz) — 1 — itx) / 22
JloBenennsi.
Qyukmia G, € QyHKINE PO3MOILTY 3a JIEMOIO 2.
Ockinbru f; € Cy(R), To 3i 36ixnocti G, =" G Ta nem 3, 1 BuBogUMO,

110
k

()= [ @) dG(a) =l () = 31" (u(®) — D+



/ft ) dGn( /ft ) dG(z) — 0, n — oo, Vt.

Orxe, @,(t) — @ (t),n — oo,Vt € R. @ynxnisa ¢.(t) nenepepsna B HyI,
TOMY IO IHTErpaJI 11l 3HAKOM eKCIIOHEHTH HellepepBHUi B HyJIi 3a ¢ 3a Teope-
Moo JleGera po Mazkoposany 36iKHICTH, ocKiIbKY | fi(z)| < 1 npu |t] < 1 Ta
fi(z) — fo(z) = 0 mpu t — 0 mus Beix z.Tomy 3a Teopemoro Jlesi mpo Kpu-
Tepiii craGkol 36izxHOCT @, (t) € Xapakrepucrmarow dynkuieo i ¢, =" {
]




32. IlenTpajbHiI rpaHUYHI TeopeMU JJisi IOCJIi-
JMOBHOCTEI cepiii

32.1. Teopema Jlingebepra it cTaHJAPTHUX cepiit

Teopema (meHnrpasibHa rpannvyHa Teopema Jlingebepra s cran-
mapraux cepiit). Hexad (C,y, k = 1,k,, n > 1) — cmandapmna nocaidos-
HICMD Ccepill BUNAOKOBUL BEAUMUH, U0 3a0080AbHAE YMO8Y Jlindebepaa:

kn
L(e) =), MG Licul2ep — 0, n— 00, ¥ e >0.
Tooi

Cn =0 G =" ¢ = N(O,1).

SayBaxkennsi. MoxkHa J0BecTH, 1110 yMOBa JIiHgebepra € HeoOXiTHOIO JI/Ist
ACUMIITOTHIHOI HOPMAaJbHOCTI CYMH CTaHJIAPTHUX CEPIi.

HoBenennst teopemu. JlocuTh OIMIHUTH B yMOBaxX 3arajibHOT IPAHITHOT
TeopeMH I CTaHJAPTHUX Cepiil Mpu KoKHOMY € > 0

n

Gu(—2) + 1= Gale) =Y

kn 9 kn, 9 kn ”
Zk:l Mgnk - Zk:l Man 1{an <et = Zk:l Man 1{an < —e}U{Cpr > €} <
kn
Zkzl MGk Ll 23 = La(e) = 0,
OTZKe, Gn(—S) — 0, Gn(e) — 1, Ve > 01 Gn —>O G, e G(x) — 10<x €
PYHKITIEIO PO3MIOILTY.



Tomy 3a TeopeMoIo PO eKBIBAJIEHTHICTD ¢IabKOl 30i7KHOCTI Ta B OCHOBHO-
My G, =W G. Otke, 3rigno i3 3araabHOI0 MPAHIYHOIO TEOPEMOIO IS CTaH-
naptanx cepiit ¢, —" ¢, me rpannaHa XapakTepucTHIHa (YHKITs JTOPIBHIOE

pelt) = exp / " hi(@) dG(@)) = exp(f:(0)) = exp(~£/2)

i € XapaKTepUCTUIHOK DYHKITEI0 CTAH/IAPTHOTO HOPMAJIHLHOTO PO3IIO/ILTY. 3BijI-

CH 33 TEOPEMOIO IPO OJIHO3HAYHY BLIIOBIIHICTD MiXK (PYHKIIAMU PO3IOILITY
Ta xapakrepuctnaauMu dyskigvu ¢ ~ N(0,1)

32.2. Teopema JIamyHoBa Ay CTAHOAPTHUX CePiii

Teopema (LeHTpajbHA rpaHUYHA TeopeMa JlsmyHoBa /Jisi CTaH-
maptaux cepiit). Hexatd (¢, k = 1,k,, n > 1) — cmandapmna nocaidos-
Hicmo cepiti 6UNAOKOBUL 6EAUNUH, U0 3A40080ALHAEC YMOGY JIAnyHosa:

kn
36>0: L2 = Zk_l M|¢ 27— 0, n — oo

Tooi
Cn = Tita G =" ¢ = N(0,1).
HoBenenns. Orninumo npu Beix € > 0 nmokasuuk JIirgebepra
kn
Ln(e) = 35t MG Licul > e <

0
i M (M) 1,05 9 < e0L2H 0,

&

ToMy 3 ymoBu JIsmyHoBa BurinBae ymona Jlinjedepra, a orzke, i aCUMIITOTH-
YHa HOPMAaJIbHICTH [-]



32.3. Teopema Jlingebepra st 3araJbHUX cepiit

Ozuavenns. [lodsitina nocaidosHicms 6uNaOKOBUL BEAUUUH
(&, k= 1,kpn, n> 1) nasusaemsves 3araibHOO TOCTIIOBHICTIO Cepiil, Axuo:
6UNGIK0BT BEAUMUHY 6 KOHCHIT Ccepli = HE3ANEHCHT 6
1 d s k= 1k,
CYKYNHOCMI,
. . . kn
(2) CrYromos M&nk = Mpk> My = Zkkzl Mok
) — 2 2 — n 2

(3) enyromo Dgnk =O0uk » On = Zk:l Onks

(4) max 1<y <k, 02 /02 — 0 npu n — oo.

Teopema (meHTpasibHa rpaHumvdHa teopema Jlingebepra mist 3a-
ranbHux cepiit). Hexat (£, k = 1,k,, n > 1) — 3a2aavha nocaidosnicmo
cepitl BUNAIKOBUL GEAUNUH, UL0 3a0080AbHAE YMOGY Jlindebepea:

1 kn, 9
L,(e) = =2 M & — i) (e =i > cony — 0, . — 00,Ve > 0.
n

0 _ I, 5
Todi cymu &, = Y 3", € NICAA YEHMPYSAHHA MA HOPMYBAHHA € ACUMNIMO-
MUYHO HOPMAAOHUMU

w
(&n = tn) / 0n =" ¢ = N(0,1).
oBenennsi. Po3ryigHeMo 1o/IBIiHY MOC/IIIOBHICTh BUTIAIKOBUX BEJIUYINH

Cok = (St = Hnk) / O

Tomi (,,;, € CTAHIAPTHOIO MOCJIJOBHICTIO Cepiif, OCKIJIbKY 3a O3HaYEHHAM
3araJbHIX Cepii

i kn
Mgnk = (Mgnk - Mnk)/o-n - 07 Zk:l Dan - Zk:l 0-72119/0-37, = 17

2 2
MaXi< g <k, DCp, = MAX1< k <k, Onp/0n — 0, n— 00.



Hamni, mokazuuku B ymosax Jlinjebepra mis ¢, Ta £, 30iraroTbcs, a Be-
JIMIUHA

_ kn, _ T
Co = Dy Cor = (&, — ,) / 0. ToMy TBepIZKEHHS TeOpEMU BUILIABAE 3
IEHTPAJIBLHOI TpaHndHOl Teopemu JIinaebepra Jird crangapTaux cepiit [

Hacainok (menrtpasibHa rpanm4aHa teopema JlingebGepra s 3a-
raJbHUX cepiit). ko Bemannn B KOXKHIN cepil (€, k = 1,k,) onrakoso
PO3IIOILIEH] Ta,

o 2 _
B oo M s = pimal" 0t L s e mom) =0, Ve >0,

To ymoBa JliHnebepra BUKOHy€eThCS.

Hiticuo, Bci k,, momaHKiB B mpaBiil YacTHHI BU3HAYEHHs TOKa3HUKa Ly, (€)
3 ymosu Jlingebepra Ta B cymi Jijist TUCIIepCii 02 € OJ[HAKOBAMH, TOMY BHDa3
y qiBiif dacTuni ocTaHHBOT YyMOBH 30iraeThes 3 Ly, (e).

Bunpasa.Bunagxosi senuunn (€, k > 1) nesanexui, P(§, = +x5) = 1/2.

Ba AKEX yMOB icuytots b, — 00 Taki, mo byt Y, _ & —V ( ~ N(0,1) ?

32.4. Teopema JIgnmyHoBa /g 3araJbHHUX cepiil

Teopema (1eHTpasibHA rpaHuYHa TeopeMa JIsimyHoBa [Jist 3arajib-
Hux cepiit). Hexat (€, k= 1,k,, n > 1) — 3azaarvra nocaidosricmv cepiii
BUNAJKOBUL BEAUNUH, U0 3a0080AbHAE YMOBY Jlanynosa:

1 Fn
36>0: L2 = =5 2 M 1€, — o270 — 0, n— oo
n

. . . _ —kn
Todi uenmposani ma wopmosani cymu &, = Zkzl & ACUMNMOMUYHO HOD-
MANOHL:



(&n — ) [ on =" (= N(0,1).

HoBeneHHs, sk i BUllle, CIIUPAEThCs HA craHgapThi cepil (. = (&, —
:unk:) / On L]

Hacuaimok. Ymosa JIsmyHoBa BUKOHYETHCsI, KOJIU BEJIMIUHU B KOYKHIll ce-
pii (£, k = 1, k,) oamakoBo posmosiieni, a ix MomenTn M lﬁnk|2+5 HOPSAJIKY
2 + 0 obmexeHi.

Jliitcro, y TakoMy BUTIaIKY Bei gomanku B cymi L2+ oamaxosi Ta obmexken,
TOMY CyMa 3pOCTa€ siK k,, Y TOI Jac K 3HAMEHHUK Mag€ IMOPSI0K k:fﬁ‘;.

Brnpasa. Posrismemo nocainosnicts cepiit (€, kK = 1,_71, n > 1) sunau-
KOBUX BesIn4uH i3 posnosiiom [lyaccona 3 napamerpom 1/m Beepeuuni n-oi cepil.
JloBenmiTh, M0 BUKOHAHI BCi yMOBU Teopemu JIsamyHOBa, 3a BUHATKOM yMoBH JIsiry-
HOBA, TIPUYOMY T[EHTPATbHA TPAHUTHA TeOpPEMa TaKOXK He BUKOHYETHCS.

32.5. I'panuyna teopema Ilyaccona jjisg ctraH1apTHUX ce-
piii
['panmvarM PO3MOILIOM IEHTPOBAHUX Ta HOPMOBAHUX CYM HE3AJIEIKHUX Be-
JIMYWH MOKe OyTH He TLIbKA HOPMAaJbHUI PO3IOJILII.
Teopema (rpanu4ana reopema Ilyaccona). Hexati (C,, k = 1,k,, n >

1) — emandapmma nocaidosricmov cepili 6UNAOKOBUL BEAUNUH, WO NPYU JeAKO-
my a > 0 3ado60svHA€E YMOBY

kn
Pae)=) MGy Lc,—a >} — 0, 1 — 00, Ve > 0.

. k .
Todi ¢, =Y iy Cow =" ¢, de eparunna zapaxmepucmuuna Gynryis

. (t) = exp((exp(ita) — 1 — ita) / a®)



€ xapaxmepucmuunoro Gyrkyiero sunadkosoi sesuvuny C 13 poznodisom I1y-
accona 3 napamempom X = 1/a® ma muoscunoro snauens
{na—1/a, n=0,1,...}

JloBeneHHsI.

Ak i B nenTpasibHiit rpannaHiit Teopemi JIingebepra s cTaHIAPTHAX Ce-
piit, moBomumo, mo G,, —° G, ne G(z) = 14 < , € GYHKIIE PO3NOILTY cTaaol
a.

3Bincu 3a 3araJIbHOI0 IPAHUTHOI TEOPEMOIO JIJIs CTAHIAPTHUX Cepiit

lim ¢ (t) = exp(J= fi(z) dG(x)) = exp(fi(a)) = ¢c(D),

Jie IIyaCcCOHIB PO3IOJLI IpaHulli ( BU3HAYAEThCA 3 PO3KJIAy y psaj Teitiopa
excrionentu Bin fi(a) = (exp(ita) — 1 — ita) / a* :

oolt) = ano exp(it(an ;!1/a)) a " exp(—a-2)E

32.6. llenTpaJjibHa rpaHUYHA TeopeMa JJisi BUIIAJKOBUX
BEKTOPIB

Teopema (IleHTpajbHA TPAHUYHA Teopema JJis BUIIAJKOBUX Be-
kropiB). Hexati (1, k = 1,k,, n > 1) — nocaidosnicmov cepiti 6unadkosux
sexmopie y RY maxa, wo

(1) sexmopu (1, k = 1, k,) nesanesicii 6 cyxynmocmi 6 Koscniti cepii,

(2) ichyromo cepedni my, = Mn,, ma kosapiauitni mampuyi Vpp =
Cov(Mp)

(8) cymapnri nokasnuky m, = ZZL Mk, Vi = Zzil Vi Matoms 2paru-
ui: my, — m, V, — V npun — oo,

(4) max <y, Vot — 0, Vt € R? npun — oo.




Hxuwo surxonana ymosa Jlimdebepaa:
kn,
Lu(e) = Zk:1 M| = i | Lyjin—maill = e} = 0, m — 00, Ve >0,

Mo cymu ecepeduni cepidi 1, = ZIZ’;I Nk CAGOKO 3012a10MbCA 00 HOPMANDHO0
8EKMOPA:
n, —" £~ N(m,V), n— oo.

Josenenns. Hexait t € R? dikcoane. Jlosenemo 36ixkHicTb JIiHiAHOT
bopmu t'n, —W €. 3ayBazkumo, Mo 3a TEOPEMOIO 1IPO JIiHifiHi IepeTBopeHHs
HOpMaJIbHUX BeKTODiB t'€ ~ N (t'm, t'Vi).

Posrisgmemo mocaifoBHICTh BUIIATKOBAX BEJIAIIH

gnk = t/nnkv gn = Z

Toni ME, = t'm,, — t'm Ta 3a Teopemoro mpo aucrepcito miniitnol dopmu Bif
BuIaIKOBOro Bekropa DE, . = t'V,it. Tlosnauumo

02 = t'Vpt, 0> =t'Vt.

kn

Y
kel fnk =1 M-

Tomi 3a ymoBoro

kn kn
D¢, = Zk:l Dy, = Zk:l EVort = 9721? ‘9721 — 6%, n — oo,

[punycrumo, mo 6 = 0. Toxi DE, — 01 &, — ME, —12 0. Tomy
¢, —% t'm. Ockinbku 3i 36iKHOCT] 3a HMOBipHiCTIO BHILIMBaE ciabKa 30i-
xHiCTh, TO £, = 'y, =" t'm = £ ~ N(t'm, 0), mo A0BOAUTH 36IKHICTD
niniitaol dopmu t'n,, 3a yMOBH 3pOBJIEHOTO MPUITYTIEHHS.

OT2Ke, MOKHA BBazKaTH, IO «92 > O.ZTOm HOCTINOBHICTD (£,,;) € 3arajbHOIO
HOCJIIOBHICTIO cepiit, ockinbku 67 > 6°/2 > 0, HOYNHAIOUN 3 I€SKOTO HOMEDA,
Ta



maxy<p, D&/ DE, = maxy<y, t'Vart /02 — 0, n — o0,

Perra yMOB B 03Ha4YeHH] 3arajbHUX cepiit Burinae 3 yMoB (1-3) Teopemu.
ITokazuuk 3 ymoBu Jlinjgebepra B 1eHTpasibHiit rpanndniit Teopemi Jline-
Gepra jist 3araJbHUX cepiii (€,,;,) Mae BATJIAL

kn 2
Li(e) = gr 2242y M 1&r — MEwI™ Lgie,—nenyl > e 6,y <

kn
7 2km1 MlImak = msl PN Lgimmmon 1 = < 0,y <

It §~Fkn 2
< /5 2okt M — mnkl|* L, —moel > 8y = 0, . — 00,
ockinbru 0 < § = €0/2||t]] < &0, /||t||, nounnaroun 3 neskoro Homepa. Ot-
e, 3a [EHTPAIBHOIO I'PAHIIHOIO TeopeMoto Jlinebepra /st 3araabHuX cepiii
&, — t'm,)/0, =W ¢ ~ N(0,1). Tomy 3a TeopeMoio 1Ipo JOGYTOK CJIaOKO
3012KHOI ITOCIIOBHOCTI 31 3012KHOIO

£, —tm, =0, (£, —t'm,)/0, =" ¢ ~ N(0,6%).

Ockinbru t'm,, — t'm, o &, =W t'm + 0 ~ N(t'm, 6*) = N(t'm, t'Vt).
OTke, 1 B JaHOMY BUIIaJIKy KOKHa JIiHiftHA hopMa Bij cyMm 7, = Zz’;l Mk
c1abKo 30iraeThes:

t'n, =V t'¢ ~ N(t'm, 'Vt), n — oo, Vt € R

Tomy 3a Teopemoro JleBi mpo Kpurepiii cjaabKol 30iKHOCTI BHIIAIKOBUX
BEKTODIB Mae Micie c1abka 36ixuicTs 1, —" € [

Teopema (kJlacMYHA EHTPAJbHA FPAHNYHA T€OpeMa [ijIsi BUIA/I-
KOBUX BeKTOpiB). Hexat (v,, n > 1) nocaidosnicms nezareocnur y ciy-
Kynnocmi 00naxo6o posnodisenur sunadxkosur eexmopic y RY, Mry, = m,

Cov(y,) =V, an, = 5= > i1 (y — m).



Todi m,, ="V ¢ ~ N(0, V).

Hoseneuns. [Toknanemo 1, = %(’yk —m), k= 1,n Ta 3acTocyemo s
1€l MOCIi TOBHOCTI IEHTpaIbHy TPAHIYHY TEOPEMY /IS BUIIAIKOBUX BEKTOPIB.
YMoBa He3aiexKHOCTI (1) BUKOHYETHCS 38 TEOPEMOIO 11PO NIEPETBOPEHHST HE3a~
JIe’KHUX BesinauH. Beamannuu 3 ymMoBu (2) n0piBHIOIOTE My, = 0, Vop =V /n,
TOMY BUKOHYE€ThCs ymoBa (3). [Hasi, mae micie 1 ymosa (4):

max <, t' Vot =t'Vt /n — 0, n — oo.

HapermmTi, mokaszuuk 3 ymosu Jlingebepra mpsaMye 0 HYJIs 3a TEOPEMOIO
Jlebera nmpo MOHOTOHHY 30i’KHICTb, OCKIJIbKU 3 YpPaxyBaHHSIM OTHAKOBOI PO3-
IIOJI1JIEHOCTI

Lin(e) =n M0y |1? 1gn, ) > e =
My = ml? Ly, —mii 3 eymy L 0, 1 — 0.

Otxke, mrykaHa 3012KHICTb BUILJIMBAE 3 [EHTPAJIbHOI I'DAHUYHOI TEOPEMU
JIJIS BUTIQIKOBUX BEKTOPIB [




33. Bumaakosi 6iiykaHHsI Ta reHepaTpucu

OsnavenHs. Bunajgkosum 6aykanasm (¢, n > 0) wa Z Hazusaemves
NOCAO0BHICTND CYM HEZANEHCHUT Y CYKYNHOCTE 00HAKOBO PO3NOINEHUT ULAO-
gnawnux eunadkosur seauvun (§,, n > 1):

ni

Cn = Z:zl ék

3a o3HaveHHaM (, = 0.

Bemmuuny (,, MOJKHa TPaKTYBaTH fAK IOJIOKEHH: YaCTHHKI B MOMEHT Ja-
Cy M, AKIIO BOHA B KOXKHHI MOMEHT k CTPHOKOM 3MINLyeThCs 3 MOTOYHOIO
HOJIOYKEHHA (,_; Ha BeJUIHHY &, TOOTO

Ck = C—1 + &k

[MocaimoBHicTb TOUOK (1, (,,) POSIVISIAETHCS K TPAEKTOPisS YaCTHHKUA B KO-
OopJImHATaX Jac — HPOCTIip.
OznauenHs. B momenm n > 1 eidbysacmuvcsa nosepuentsd 6 0, Axuio
PeANI3YEMBCA N0JiA
U, ={¢, =0}
Y momenm n > 1 sidbysaemuvcs nepine noepuerds 6 0, Axu,o cnpasdrcye-
mucea nodis

Fn = {Cl 7& Oa "'7Cn—1 7& Oa gn = 0}

Oznauenns. [losepnenns 6 0 6idoydemovces Kosu-nebydo, AKULO PEaNi3Yy-
emuvcea nodis

U= Unzl Un.

Teopema. CrpasemmBa piBHICTE



U=Ui1Un =U,s1 Fay

TOOTO ITOBEPHEHHSI KOJIM-HEOY/Ib € Te caMe, 1110 IIOBEPHEHHST KOJIM-HeOYIb BIIep-
1Ie.

JloBenenHnst ouepuane [

Ha nozxii U BuzHadeHuit gac 10 MEPIIOTO MOBEPHEHHS

r=inf(n >1:¢(, =0),

a came: T(w) = n Ha eJleMeHTApHUX TOJiaX w € F),. Bymemo BBaxkarTu, mo
T = 00 Ha jonopHeHH] U. 3a 03HAUYEHHSIM

U={r <o}

33.1. PekypeHTHICTH

Osnadenns. Bunadrxose bayxanna (C,, n > 0) nazusaemvca peKkypeH-
tanM, axwo P(U) =1, moémo P(T < o0) = 1.
Jlns anasizy peKypeHTHOCTI OJIyKaHHsI BBEJIEMO TaKi MO3HAYEHHS

n=PUp), fn=P(F), uo=1, fo=0.

Teopema (mipo piBHsSIHHS BiTHOBJIEHHST). M MOGIPHOCIE NOSEPHEHHA Uy,
ma UMOBIPHOCTE NEPULO20 NOBEPHEHHA [, € po3s’askamu npu n > 1 PIGHAHHA

61OHOBACHHA .
Uy = E Uy
n k1 fk n—=k;
de 3a o3naverHAM ug = 1.
Oszuavenns. [Ipasa wacmuna pieHAHHA GIOHOBAEHHA HA3UBGEMBCA 3TOP-

TKOIO MOC/IOBHOCTEH Uy, Ma fr.
Hosenenns. Ockimpku {¢, =0} C {7 < n}, o



{¢. =0} ={¢, =0, 7<n}.

Bpaxosytoun, 1o mogii {7 = k} nonapro HecywmicHi, 3BIICH OTPUMYEMO

U = P((, =0)=P((, =0, 7 <n)=
e Pr=k, (=0)=F0, P(r =k (= =0)=
S P(r=k) P(éy + ..+ &, =0) =
Sr P(r=k) P& +..+&,_,=0) =
> het P(Fx) P(Cog = 0) = Yy fr tnoi.
Tyt BuKopucTana He3aJeKHICTh IOIiit
{r=k}={¢G#0,...¢4_1 #0,(, =0} a

{¢, — ¢ =0} = {0 + .- + &, = 0}, gKa BUIIMBAE 3 TEOPEMH IIPO
BEKTOPHI [IePETBOPEHHS HE3AICKHUX BEJUUUH, 8 TAKOXK OJJHAKOBA PO3IIO/ILIe-
HICTBH BUIIQKOBUX BEKTODIB (&1, ...,&,_1) Ta (§4yq, -, &,) B

33.2. TI'eHeparpuca I0OCJIiJIOBHOCTI

Osuauenns. Hexat (a,, n > 0) wuciosa nocaidosnicmo. i renepaTpu-
COI0 HAZUBAEMDCA CYMA CMENEHEE020 PAJY

A(z) = Z s anz".

BayBarkeHHs. fKimo nocainosHicTs (a,, n > 0) obMmexkeHa, TO reHepa-
TpUCa BH3HAYEHA BCEPEIHUH] OMUHIYHOroO Koa {2z : 2] < 1}.



Teopema (npo reneparpucu iiMmoBipHOCTeil MTOBEepHEHHS). /A4 KO-
orcnoeo z € 7 3 |z| < 1 eenepampucu

3a0060AbHANOMD p’iGHﬂHHﬂ

u(z) = 1+ u(2)/(2).

oBenennsi. [lTomHOXKIUMO n-Te piBHsIHHS BiJIHOBJICHHS Ha 2" Ta J0/IaMO
pe3yJIbTaTH:

ZnZl Up2" = U(Z) —-1= Zn21 z" Z::l fk Un—k =
Doy fuz® ank R =300 fud® ano 2"uy = f(2)u(z)

AbcommorHa 3012KHICTD PsA/IiB 00y MOBJIEHA 0OMEXKEHICTIO TOCILIOBHOCTEH Uy, fr

]

33.3. Kpurepiit peKypeHTHOCTI

Teopema (po Kpurtepiii peKypeHTHOCTI BUIIAIKOBOT'O OJIyKaHHS ).
Bunadrose 6ayxarnsa (¢, n > 1) na Z pexypenmue modi 4 misvky modi,
KOAU

ano P(¢, = 0) = co.

Hosenenns. Ockineku f(1) =) o, fo = P(7 < 00), 10 f(1) =1 Toxui it
TLIBKU TOJIi, KON OJIyKaHHS PEKYypPEHTHE.

3 inmoro 60Ky, 3a TeopemMoo Abesist po cyMy psiLy i3 HEBiJI' EMHUMHU KO-
edimientamu (uu 3a Teopemoro Jlebera mpo MOHOTOHHY 3012KHICTE) Ma€ MicIie

n



roroxkHicTh u(1—) = u(1) < co. Tomy 3 Teopemu PO rerepaTpucy HMOBIp-
nocreit moBepuenus npu 0 < z T 1 gictanemo

u(l) =14 u(l1)f(1).

Orxe, TBepmxenna f(1) <1rtau(l) =), . u, < 0o eksiBazenTHi [J

33.4. Baykanusa Bepnysti

ny, N> 1) na Z nasu-
n > 1) makumu, wo

Osuadenns. Bunadkosum 6iaykannsm Beprymii (¢

saemuvca baykarnna 3i cmpubkamy (€,

P(t,=1)=p=1-P{,=-1)=1-q

Teopema (ipo pekypeHTHicTh 6i1yKanHs Bepruyiui) Baykarns bBep-
WYL perypermmue modi U miavku modi, koau p = 1/2.
HoBenennsi. 3a ¢hopmysoro CripJiHra MaeMo

Ugp, = Cyr p"(1 — p)" = (4p(1 — p))"*/v/7n, n — oo,

ae dp(l1—p) <lupup#1/2r1adp(l—p)=1mupup=1/2 1
Teopema (mpo iiMoBipHOCTI HoBepHeHHs). /s 6aykarns Bepnyani
UMOBIPHOCTNE NEPULO20 NOBEPHEHHA OYOIL-KOAU MaA 8 MOMEH 2N JOPIBHI0INOMD

2
(T <o) p—=al, fan = 5—7Con1(p0)

HoBenennsi. Oounciimmo 3a GopMy/Iol0 po3KaamLy B psii Teiyiopa mpn
|z| < 1 reneparpucy

u(z) =) ZCon(pa)” = (1 dpg2®) V2,



3BIJIKM 33 TEOPEMOIO IIPO T'€HEPATPUCH HMOBIPHOCTEN TOBEPHEHHS
f(2)=1-1/u(z) =1 = (1 —4pgz?)*/2.
3Bijcu npu z T 1 micranemMo HepIny TOTOXKHICTH
P(r <o0)=f(1=) =1-(1—4pg)"? =1~ |p—q|.
Jpyry TOTOXKHICTH OOYUCTIOEMO 32 O3HAYEHHAM I'€HEPATPHUCH 3a JIOTIOMO-

rof0 po3KJIay B psj1 Teitopa yHKITIT
(1 _ 4pq22)+1/2.




34. T'innsgcti npoiiecn

lNnnsgcruit mporec € cTOXacTUIHOIO MOJEJITIO TAKUX SBUII, IK CIIOHTAHHE PO3-
MHOXKEHHSI YaCTUHOK, 3POCTAHHS TOMYJISIIiN, TOMUpeHHs iH(heKIil ToIO.
[IpumycTnmo, 1o B MOYATKOBUIT MOMEHT HasBHA OJIHA YacTUHKA. BoHa yKu-
Be IEBHUI BiJPi30K vacy, MOTIM T'MHE Ta OJHOYACHO IOPOJKYE 3aMicTh cebe
BUIA/IKOBY KLJIBKICTh TAKMX CAMUX YaCTUHOK. Ll yacTMHKM yTBOPIOIOTH TEp-
111e IMOKOJIiHHS HaIma kiB. KoxKHa 3 HOBOyTBOPEHNX YaCTUHOK €BOJIIOIIIOHYE 38
TaKUMHM 2K TTPABUJIAMU, YTBOPIOIOYH JIPYyTe MOKOJIHHA 1 Tak jaji. [locrymoe-
ThCst, O MO (110710 Jacy 3arubesi Ta KIbKOCTI HAIAJIKIB), siKi OB si3aHi 13
PI3HUMM YaCTUHKAMU 3 OJIHOTO UM PI3HUX MOKOJIIHb, HE3AJICKH] B CYKYITHOCTI.
Osznauenns. Hexvat (&, k > 1,n > 0) nodsitina nocaidosnicmv re-
BANEHCHUL Y CYKYNHOCTE 00HAKOBO PO3NONACHUT HEBID EMHUT UYIAOZHAYHUL
sunadkosux eesuyuH. [IIISCTUM IPOIIECOM HA3UBAEMBCA NOCAIIOBHICMb 6U-

nadkosuz seauvun (C,, n > 0), wo 064uUCAIN0MBCA PEKYPEHMHO

b om
Co=1, Cn+1:2k:1£k> n > 0.

Benmuuna ¢, 3ajae 3arajbHy KUJIBKICTh YaCTUHOK Y N-OMy IOKOJIHHI, & &
IHTEPIIPETYEThCS K KiJIBKICTh HAIIA/IKIB k-0T YACTUHKU 3 N-OTO MOKOJIIHHSI.

3MicT OCTAaHHBOIO PIBHSHHS OYEBU/IHUI: 3arajbHa KiJIbKiCTh YaCTUHOK Ha-
CTYITHOTO TIOKOJIIHHS JIOPIBHIOE CyMi KLIBKOCTEH BCIX HAIIQIKIB BCIX HASIBHUX
YaCTUHOK IOTIEPETHHOTO MTOKOJIIHHS.

3ayBazkKuMO, IO 3a O3HAYEHHSIM 13 BUPO/KCHHS TOIYJISIl Y N-MYy ITOKO-
qinHi: ¢, = 0 BUIUIMBa€ MOBHA BUPOJZKEHICTH mporiecy: ¢, = 0, Vk > n.

s anasizy TiIIgcTUX MPOIECiB BUKOPUCTAEMO METOJ TeHEPATPUC, SIKi €
JINCKPETHUMU aHAJIOTAMHU XapaKTEPUCTUIHUX (DYHKITIH.



34.1. TI'enepaTpucu BUNAJIKOBUX BEJINYINH

Osunauenns. Hezali v neeid’emmna 4inosnauna 6unadkosa 6eAUMUNG 3
posnodisom p, = P(v = n), n = 0,1,... Tereparpucoio BUIAIKOBOI BeJIN-
YUHU ¥V HA3UGAEMDCA 2CHEPAMPUCH NOCAIO08HOCTL Dy,

QDV(Z) = Zn>0 2"pn = Mz2".

Ocranus popMyJia € HACJIIKOM TEOPEMHE PO O0UUC/IEHHSI MATEMATHIHOTO
cro/iiBaHHsA (DYHKIIT Bijl JIMCKPETHOT BEJTUIUHH.

Teopema (IIpo BJIACTUBOCTI reHepaTpuc).

(a) Pad ¢, (2) abcomommo 36icacmuves npu |z| < 1 ma 00nosnawno eusna-
yae po3nodii Py,

(6) v,(1) = 1.

) el = 7 s ] = 1

(2) ¢, (1) = Mv.

(9) HAxwo seaununu &, n — nesanexchi, mo pe . ,(2) = pe(2)p,(2).

(e) Hxwo seaununy (£,, n > 1) ma v — nesanesicni 6 cykynnocmi, a
seAUNUNHA ( € CYMON 8UNAJK0B8020 YUCAQ V 6unadkosur dodankie &, 6u2aady

C = Z::l gk: = Zk21 ék 1{k < v},

Mo i1 2eHEPAMPUCA € CYNEPNOZUYIEN 2EHEPATMPUC

0c(2) = 0, (pe(2)).

JloBeieHHsi.
(a) Bumummsae 31 36i:kHOCTI psaiy » . p, = 1, OJJHOBHAUHICTH € HACJIIIKOM
dopmyan obepTaHHs



pn = (2m)71 [T exp(—int)p, (exp(it))dt.

OcraHHsI BUBOJUTHCS 3 OPTONOHAJIBHOCTI rapMOHIK exp(int) y mpocropi iHTe-
IPOBHUX 3 KBajpaToM QyHKIiil Lo[—m, 7.

(6), (B) oueBuIHi.

(r) mpu z € (0,1) HoXimHy MOKHA BHECTH IIiJ{ 3HAK CYMH Dsijly, OCKIJIBKH
PsiJL i3 TTOXiAHUX 30iraeTbesi aOCOIIOTHO:

o (2) = Zn 0 nZ" lp, = Mvz"!.

CupsimoBytoun 0 < z T 1, 3a Teopemoio Jlebera nmpo mMoHOTOHHY 30iKHICTD
JiCTaHEMO TITyKaHy PIBHICTD.
(1) Bumusage 3 TeOpEMH PO TIePETBOPEHHS He3aIeKHIX BeJIMTrH 2° Ta 27,
Ta 3 TEOPEMH IIPO MaTeMaTUIHE CIIOIIBAHHSA JO00YTKY HE3AJIEKHUX BEJTUINH.
(e) 3a o3HAUEHHAM

Pel2) = M2C =3 o M21gy gy = Do MZETT- 1001y, gy =
Zkzo M 51+ 1{1/: K= Zkzo M zé1++Eg Ml{u:k} =

Zkzo(Mzgl)k Plv=Fk) = Zkzo(%(z))k Pv=k)=
Zkzo u Pv=k) |U:SD5(Z) = 90;/(905(2')),

Jle BUKOPUCTAHO HE3AJIEXKHICTh cyMu &; + ... + &, 1 noxil {v = k} Ta nomepe-
IHIA IIyHKT, BHACJIIIOK SIKOTO M€HEePATPUCA CyMH HE3AJICsKHUX y CyKYIIHOCTI,
OJTHAKOBO PO3TOJII/IEHNX BEJIUIUH JOPIBHIOE BiIIIOBIIHIN CTENEH] TeHepaTPUCH
OJIHOI'O JOJAHKY.

SayBarkenHst. TBep/KeHHS (€) 3aJUIIAETHCS CIPABEJIUBIM JIJIsT JIHCHO-
SHAYHUX BEJIMYWH &,,, SIKINO TIJIbKI KOPDEKTHO BU3HAYEHO II€PETBOPEHHSI

gpg(z) = Mz%,



30KpeMma Jiis jiificanx &, Ta upu z = exp(it), t € R. JlificHo, xapakTepucTudHa
dyHKITIS cyMu HE3AIEKHUX BEJTUIUH TAKOXK JOPIBHIOE JOOYTKOBI XapaKTepu-
cTUIHUX (PYHKIIIH JT01aHKiB []

Bnpaga.

(1) JoBecTn METOIOM reHEPATPUC, MO CyMa HE3aJIeKHUX BEJIMYUH 13 PO3IOJi-
mamu [lyaccona 3noBy mae posmomin Ilyaccona.

(2) Hosectu, mo KijbKicTh ycmixiB y BHIAJAKOBOMY YHC/I BUIPOOYBaHb Bep-
HYJUT, K€ He 3aJIEXKATh BiJl Pe3yJIbTaTiB OKPEMUX BHUIIPOOYBAHb Ta Ma€ PO3IIOJILI
[Tyaccona, Tek Ma€ IyacCOHIBCHKHI PO3MOLI. 3HANTH TapAMETP I[HOI0 PO3MOJILITY.

34.2. T'eneparpmuca TIJIJISICTOTO ITPOIECY

Teopema (mpo reneparpucu risuiscroro nporecy). Hexat (¢, n >

. N 1 . s
0) - eianacmuti npouee, p(z) = M 251 — zenepampuca wucaa Hawadxis odwiei

wacmunku, ©,(z) = M2% — 2enepampuca KiAbKOCME “ACTUHOK T-20 NOKONI-
nnA. Todi daa ecizx n > 0 :

(a) SOn—&—l(Z) = gOn(QO(Z)), SDO(Z> =z,

(6) ¢n11(2) = @(pn(2))-

loBenennsi.

(a) € OYEeBUJIHUM HACJIKOM O3HAUEHHSI Ti/UISICTOrO TPOIECY Ta TeOPeMU
PO BJIACTHBOCTI TeHeparpuc, nyHKT (e). HezamexkHicTh KITBKOCTI J0AHKIB
¢,, Ta caMWX JOJAHKIB &, BUIUINBAE 3 TEOPEMHU IIPO BEKTOPHI IEPETBOPEH-
H$I HE3AJICZKHUX BEJINYINH, OCKUIbKYU BeJUuuHu (, OymayeTbcs 3a 3HAYEHHSIMU
(&' kE>1,m <n—1), mo me 3armexars Big (£, k > 1) 3a ymMoBu Hesase-
JKHOCTI B cyKynHocTi Benumuud (£, k> 1,n > 0).

(6) 3 momepeHLOro TBEP/ZKEHHSI 3a 1H/LYKIIEI OTPUMYEMO



Jie B IIpaBiit 9acTuHI MiCTUTHCH N-KpaTHa cyneprio3utlis. O4eBuHO, M0 0CTa-
HHsI [IOCJIJIOBHICTD 38/I0BOJIbHsIE TOTOXKHICTH (6) [

34.3. Kiacudikaris Ta BJIACTABOCTI T1JIJIICTUX ITPOIIECiB

OznaveHHsi. KputuaauM MOKa3HIKOM [ 26AAACTM020 NPOUECY
(¢, n > 0) nasusaemvesa cepedns Kiavkicmv nauyadkie 00HIET YaCmUNK.:

p= Mg

Lianacmutl npouec Ha3UBGEMBCA
(a) cyOrpuTHaHUM, Axwo 4 < 1,
(6) KpuTUIHUM, AKWO U = 1,
(B) CYyNEepKpUTHIHIM, AKWO [t > 1.
OszHadeHHs1. VIMOBIPHICTIO BUPOIKEHHST Y N-MY NOKOMNHI HAZUBAEMBCA
YUCAO
Tn = P(Cn = 0)7

a UMOBIPHICTNIO BUPOOHCEHHA — 2PAHUUA
7 =limm, = P(U, >0{¢, = 0}).

BayBarkenHsi. OCKiIbKE 3a 03HAYEHHsIM rijuiscToro nporecy {¢, = 0} C
{1 = 0}, 0 {¢,, = 0} T U, >0{¢, = 0} i 3a nenepepsmicTio itmoBipHOCTI
T, T .

Teopema (mpo NMOBIpHICTH BUPOIXKEHHSI TIiJIJISICTOrO MPOIECY ).
Axuwo ziasacmudl npoyec

(a) cybrxpumuunut abo (6) kpumuynud, Mo UMOSIPHICD BUPOINHCEHHSA,

= 1.



(8) as cyneprpumurnozo npouecy Gmogiphicms T < 1 € edunum po3e’ss-
KOM DIBHAHHA

™= ()
na inmepsani [0,1).
HoBenenns. Ockinbku 3a o3nadennsM remeparpucn ¢, (0) = P((, =
0) = m,, TO 3 TeOpPeMHU PO IE€HEPATPHUCH TLLIACTOrO Iporecy, MyHKT (6),

OTPUMYEMO PEKYPEHTHE PIBHIHHS

T+l = <P(7Tn);

npuaomy 7o = 0. llepexomsgyam TyT mo rpaHuUI mpm n — 00, 3 HENEPEPBHO-
CTi (p pOOMMO BHCHOBOK, IO IIMOBIPHICTH BUPOJIZKEHHS T 3aB¥XKJU € KOPEHEM
PIBHSIHHS

p=o(p), p=>0.

Ockimbku (1) = 1, a dysKIig ¢ gk cyma psay i3 HeBix eMHUME Koedilli-
€HTaMU OITyKJIa JOHU3y Ha R, TO 1aHe DIBHAHHS 3aBXK/JIU Ma€ He OLIbIre 2
KOpPEHIB, OJIUH 3 SIKUX JIOPIBHIOE 1.

JoBeemo, 110 WMOBIPHICTH T € HAWMEHIINM 13 MOXKJIUBUX HEBIJI €MHUX
KopeHiB. /[lificHo, AKINO p — AKHUIICh HEBiI €eMHUIT KOPiHb, TO p > mo = 0. Tomi
3a IHJIYKIII€I0 P > T, OCKITBKHA 3 P > TM,_1 Ta 3 MOHOTOHHOCTI ( BUILJINBAE
HEPIBHICTH

p=¢(p) > o(Tp_1) = Tp.

Orxe, m = lim 7, < p, M0 i JOBOAUTH MiHIMAJIBHICTD 7.
B ymoBax TBepmkenns (a) maemo ¢'(1) = u < 1, Tobro B JiBOMYy OKOJI
OJIMHHUITL



e(z) =14+ (z—1Dpu+o(|z—1]) > 2.

Ockinbku 3 p < 1 Butiusae ¢(0) > 0, TO 3 OIYKJIOCTI (o pOOUMO BUCHOBOK,
mo p(z) > z npu Beix z € [0,1). Orxke, Hajimenmmit Kopinb p = 1, Tomy i
m=1.

Y Bunajky (6) npsma z € goTudHoo 10 rpadika ¢(z) y Touni z = 1. Tomy
3a OIYKJICTIO ¢ 3HOBY ¢(2) > zmpu z € [0,1) fap=1, 7 = 1.

Otxe, y Bunakax (a) i (6) miniMaabHuil KOpiHb piBHsHHA p = ©(p), p > 0,
JnopisHioe 1 1 3a jioBejieHUM BHIlE T = 1.

(B) 3a ymoBu p > 1y JiBOMy OKOJI OfMHHMIL

w(z) =14+ (z—1Dpu+o(|z—1]|) < 2

Onnouacuo ¢(0) > 0. Tomy 3 HellepepBHOCTI ¢ BUILINBAE ICHYBAHHS KOPe-
Hs piBHstHEA p = @(p), p € [0,1), a 3 onykiocti — ioro exuuicTs (1 — iHmwi
kopinp) [J

Teopema (mpo cepeaHio YnceabHICTh MOKOIiHD). Hexat ((,, n > 0)
eianacmut npovec, W, = MC,. Todi cepedna wuceavbHicmsd n-20 NOKONIHHA
dopisrioe

P = 1",

npuMoMy

(a) dan cybrpumuunozo npoyecy i, — 0,

(6) das kKpumuunozo npouecy , = 1,

(8) 0as cynepkpumuwHo20 NPOYECY H,, — 0O.

HoBenennsi. 3 BiaactuBocTi (I') TeHEPATPHUCH Ta 3 TEOPEMH 11DO TeHepa-
TPHUCHU TJLISICTOTO TIPOIECY O6YUCTUMO

b = P (1) = (9(0(2)) =1 = (1)@ (0n(1)) = prpe.
3Bijicu 3a ingykniero p, = p" L



35. I'panmuana teopema Penbl 3 Teopil HaJiiiHO-
CTi

Ha BijMminy BijI eHTpaIbHOI FPAHUYHOI T€OPEMHU, B TEOPIl HAIITHOCT] PO3TJIs-
JIAIOTHCA TPAHUYHI TeOpEeMU JIJIg CYM BUIAIKOBOIO YHCJIa HE3AJIEKHUX BeEJIH-
gnH. Taki cymu MOKHa IHTEPIPETYBATU K Yac JIO0 BiIMOBM BHCOKOHA/IiIHOL
CUCTEMH, siKa TEePIOJINTHO BiTHOBIIOETHCA. [Ipyn meBHUX MPUITYIIEHHSX I0JI0
POBIOJILTY YKCIa JIOJaHKIB (KUILKOCTI BIJIHOBJIEHD JI0 BIJIMOBH) BUABJIAETHCA,
0 TPAHUYIHUN PO3IIOIIT CYM € MOKA3HUKOBUM 1 BUBHAYAETHCA BUKJIIOUYHO Ma-
TeMaTUIHUMU CIIOiBAHHSIMH OKPEMUX JIOIAHKIB.

Teopema (teopema Pensi). Hexat seauwunu (§,, n > 1) nesaneocni
8 CYKYnHoCMi Heeid emui odnaroso poanodineni, p = ME, < oo, © He 3a-
AEAHCAMDB 610 6UNAOKOBOT GEAUMUHU UV, UL0 MAE 2COMEMPUUHUL PO3N0JIA 13
napamempom 0

Plv=n)=0(1—-0)""1n>1. Hosnawumo ¢ = ,_, &.

Todi das ecix x> 0

PO ¢ /u>x) — exp(—z), § — 0.

SayBakenns. Zkio iHTepupeTyBaTn MMOBIpHICTD yerixy 6 — gK iMOBIp-
HICTH BIJIMOBH 3a TIE€PioJT JI0 BiIHOBJIEHHH, I/ — K KiJBKICTh BiJTHOBJIEHDH CUCTE-
MU JI0 BUXOMY 3 JIaJdy, & &, — fK IHTepBaJsl MiXK IIOCJIiIOBHUMU BlTHOBJ/IEHHAMH,
TO cymMa ( JIOPIBHIOE Yacy JIO IEpINol BiJIMOBU CHCTEMU.

HoBenenns. [losuaunmo ¢(t) — xapakrepuctuany (yHKIIIO BUIATKOBOI
BEJIMYMHY &;,. 3a TEOPEMOIO IIPO BJIACTUBOCTI XapaKTEPUCTUIHUX (DYHKIIIN

o(t) =1+itu+o(t), t — 0.



leneparpuca Beamaunn v jopisuioe ¢, (z) = 0z/(1 — z(1 — 0)). Tomy 3
TEOPEMH 11PO BJIACTUBOCTI MeHEPATPHC, IYHKT (€), AicTaneMo mpu z = exp(it)

M exp(it¢) = 1, (M exp(ité,)) = 0p(t)/(1 — @ (t)(1 - 0)).

[lincraBumo B mio dopmyay t = sf/u — 0, 6 — 0, Ta BUKOPUCTAEMO
poskia ¢(t) B okouti HyJIst

limg_.o M exp(is ¢0/p) = limg_o Op(s6/1) /(1 — ¢(s0/p)(1 — 0)) =
limp_00- (1 4+ 0(0)) / (1 — (1 +ip s8/p)(1 —60)+0(0)) =
limg_ 8 / (6 — isf + o(8)) = 1/(1 — is).

['parmuna yHKIS HellepepBHA B HYJIi Ta € XapaKTEePUCTHIHOIO (DYHKITI-
€10 BeJIMYMHM T 3 MOKA3HUKOBUM PO3IIOJLIOM Ta OJUHUIHUM ITapaMeTpoM. 3a
Teopemoto Jlesi mpo kpurepiit ciabkoi 36izknocti (8/u =W T O

Ilpuknan. [lnanoBuit peMOHT Mepe:Ki 3B’ 3Ky BUKOHYETbHCS IOPIYHO de-
pe3 350-380 mHIB mic/Ig TOTEPEIHHLOTO PEMOHTY 3 OTHAKOBUMH HTMOBIPHOCTSAMUI
JIJIS JTHS 3 1IbOr0 NMPOMIXKKY. BiipeMoHTOBaHa Meperka BUXOJIUTH 13 Jiajly Ha
inTepBaJii Mizk pemMorTamMu 3 iMoBipHicTio 0.01. fka iiMoBipHicTb 6€3BiIMOBHOT
pobotu 3a 10 pokiB (mepiosiB MIAHOBUX PEMOHTIB) 7

3a Teopemoro Pennl

P(¢ > 10 % 365) = P(0.01 7555773 > 0-10) = exp(—0.10) =~ 0.904.

350+380)/2



36. Jlanirorn MapkoBa

CrenjaapHnii KIac 3a/I€;KHAX BUIMAIKOBUX BeIUYIuH OyB posragaayTuit A.A.
MapkoBum Ha 1odaTky 20 CT. Ipu JOC/TIZKEHHI HEOOXiTHUX YMOB Y II€H-
TpaJIbHill rpaHUYHiil TeopeMi. 3roJIOM BUSBUJIOCH, IO MOJIEJb MapPKOBCHKOI
BAJIEZKHOCTI € IJIKOM CAMOJOCTATHBOIO 1 MOYXKe OYTH 3aCTOCOBaHA B PI3HUX
MIPUKJIAJIHIX TaIy3dX Teopil IMOBIpHOCTEI.

Posrisinemo mocstiioBHicTs Bunaakosux BemdauH ((,, t = 0,1, ...), B sKiii
inyiekc t OymeMo iHTeprpeTyBaTH AK dac. 1o 1moiil, Mo BiI0yBAIOTHCA B MO-
MeHTH § < t, MOXKHa& IHTEPIPETYBaTU AK MUHYAE BIITHOCHO CY4acHO20 MO-
MeHTY ¢, a mojil y MOMeHTH § > t — gK Mmatioymme. MapKoBchKa 3a/I€2KHICTh
O3HAYAE, M0 MAUOYMHE YMOBHO HE 3ANENHCUMD 610 MUHYA020 3G YMOGU 6100-
M020 CY4aCcHO20 — TOOTO 3aJIEYKHICTD BiIOYBAETHCSA BUKJIIOYHO Yepe3 CyJacHe:

P(Maiibyrre N Munysne / Cygacue) =
= P(Maii6byrre / Cyuacue) - P(Munymne / Cyuacue)

3 0o3HaYeHHS YMOBHOI HIMOBIPDHOCTI BUBOJIMMO, IO I PIBHICTH €KBiBaJI€H-
THa

P(Maiibyrae / Munysne N Cygacue) = P(Maiibytre / Cyuache).

Osnauenns. [locaidosnicmo sunadkosur seauvunr (C,,t = 0,1, ...) i3 duc-
kpemnum npocmopom 3navenv E = {i, j, ...} nasusaemuvcsa ogHOpIIHUM JTaH-
morom MapkoBa, axwo oas ecixz t > 1, ig, 41, ...,4-1,%,] € E suxonyromovca
PIBHOCTL

P(Ct—f—l =J /CO = 1o, "'7Ct—1 = it—th = Z) =

P(Ct+1:j/gt:i):P@l:j/Cozi)'



[Teprma 3 mux piBHOCTEl BU3HAYAE BjIacHE MAPKOBCHKY BJIACTUBICTD, a JIPY-
ra — OJJHOPIIHICTH 3a YACOM.

Ilpuknagm.

1. Hesaneorchi 00naroso po3nodineni seauruHry, — JJIs HIX YMOBHI WMOBIPHOCTI
30irafoThcs 13 6e3yMOBHUM.

2. Cymu He3anencnux 00naKo80 po3nodiseHur eeausut (BUNAIKOBI OIyKaHHS).
Jj1st HUX CIIpaBeIINBa TOTOXKHICTD

Ct+1 = gt + ft+1;

Jie cTpuboK &, | | He 3aJIeKUTh BiJl HASIBHOTO HOJIOKEHHS (;, OCKLIBKH OCTAHHE OJIHO-
3HAYHO BU3HAYAETHCs HonepeHivu crpubkamu €, § < t. Tomy ymoBHa iiMOBIpHICT

P(Ct+1:j /COZ iO? GEED Ct—lz it—la Ct: Z) =
P(i+¢&.,1= 7 /Co= 10y, (1= it-1, (= 1) =
Pii+&,=5)=Pi+&,,=7 /(=1

30iraeTbcs i3 6€3yMOBHOIO.
3. Pexypernmmi nocaido8Hocmi BUTTISIITY

Cer1 = Q(Cmftﬂ)

i3 mezanexkuumu (&, t > 1) Ta Gopesesumu ¢ € Janmoramu MapkoBa 3a Takux
caMuX MipKyBaHb, IO 1 B TIONIEPETHBOMY ITYHKTI.

4. Cepii yenizie y cxemi Beprysni. dkmo ¢, € {0, 1} pesyabrar k-ro Bunpoby-
BaHHs BepHyJuIi, TO JIOBXKMHA Cepil YCIiXiB y MOMEHT 72 BUSHAYAETHCS SIK

¢, =inf(k>0:(, ,=0)

Ta 33JI0BOJIbHSIE BimmoBimae MapKoBCchbKe PEKypPEHTHE PiBHAHHS.



5. Modeawv wepeu. Hexait ( ,, — BUIAJKOBA KUIBKICTb BUKJIUKIB, IO HaIINAIIIN
JI0 cepBepa Ha iHTepBaJI [k, k + 1), KOXKHUH BUKJIUK OOC/IYTOBYETHCS 32 OIMHUITIO
qacy, IPUUIOMY Yy BHUIIQJIKY 3afHATOCTI cepBepa BUKJIUKU CTAIOTh Y Uepry. AKImo fn
— KIJIbKICTB 3asBOK Yy CHCTEMi B MOMEHT 71, TO MApPKOBCHKA BIACTUBICTH € HACJIIIKOM
PiBHSIHHSA

€ny1 = max(§, —1,0) + oy
6. Ianacmi npouecu.
Bupasa. Bunanxosi semunnn (€,,t > 0) nesanexui i P(§, = +1) = 1/2.
Hosecrn, mo nocuigoesicts ¢, = (§; +&,,1)/2,t > 0, ne € manuorom Mapkosa.

36.1. Ilepexinna marpuinsg 3a OAUH KPOK

Os3nauveHHsi. Marpurero mmepexiIHnX IMOBIPHOCTE 3a OIUH KPOK Map-
KOBCHKO20 NAHUI020, HA3UBAEMBCA MATPUUA

P=(py, i,j €E), pij=P((1=7/C=1).

[MouarkoBuii po3noiI aanytoea dopisuioe q; = P((y = 1).
SayBakeHHs. 3 BJIACTUBOCTEH YMOBHOI IMOBIpHOCTI BUILINBaE, IO Ie-
pexijiHa MaTpUIld 3aBXKJIU € CTOXaCTHUYHOIO MaTPUIEI0, TOOTO 3aJ0BOJIbHSIE

YMOBHI
pij = 0, Zj c pPii = 1.

Teopema (IIpo po3II0ia TPAEKTOPiil MAPKOBCHKOTO JIAHITIOTA). /44
ecix t > 1, ’L'(),'I;b --';it—lait eFE

P(CO =00, ey Ct—l =141, Ct - it) = iy Digiy Pivig---DPip_vi-

JloBeieHHsI BUIUIMBAE 3 TEOPEMH 11PO HIMOBIPHICTH Tepepisy n moiiit (Bu-
pa3 depe3 YMOBHI HMOBIPHOCTI) Ta 3 MApKOBCHKOI BJIACTHBOCTI JIAHITIOTA,



P(Ni_o{¢, = is}) = P(¢o = i0) [Tocy P(Cs = is/ M5 {¢, = ir}) =
P(Co = Z'0) Hs:l P(Cs = iS/Cs—l = Z's—l) []

36.2. TImoBipHocTi mepexoay 3a t KPOKiB

OsHavenHsi. VIMOBIpHOCTSIME TIEPEXOY 3a t KPOKIB HA3UBAIOMBCA YMOE-
N1 UMOBIDHOCTN

ng_ (Ct_]/CO_Z)

Teopema (mpo #imoBipHOCTI mepexoay 3a t KpokiB).
(a) Jns scix t,s > 1 ma ik € E cnpasedausi pishanmns Koamozoposa —

Lj@’nM@Ha
t+s s

(6) Mae wmicye momootcnicmo
t) ® . _ t
p® (p”,z,]GE)—(P),

de npasa wacmura € cmynernem nopadky t mampuui P.

HoBenenns. (a) Cymy iimMoBipHOCTEH BCIX TpaeKTOpiil MOBXKUHE T + §
BULTISATY (4,81, .y 441, Jy J1s -5 Js—1, k) 38 TEOPEMOIO TIPO POBIIOLT TPAEKTOPIi
MapPKOBCHKOI'O JIAHIIOIa MOXKHA IOJATH SK IIOBTOPHY CyMy — CIIOYATKYy 34,
3MIHHUMU J1, ..., Js_1, JIaJI 38 3MIHHUMU 11, ..., i;_1, & IIOTIM 3a j

()R Y S e
D, . . . . DiiyPivig---Piy_1j Pjji---Pjs_1k =
sy Ut—15 Jy J1seee5Js—1

Z‘j (Zila'“ritl pulp?&’LQ.pZtlj) (Zjlp..,.jsl p]‘]lp‘]81k> ‘



@ p) pinnosigHo
ij 1 Djp BLL JTHO.
(6) Y marpuuniit popmi piBusaHns (a) Mae Bursy P = P P) 3pin-
cu (6) BuBOAMTBCA 3a inmykmielo, ockimpku P = P [
Bak/MBOIO BJIACTUBICTIO MAPKOBCHLKUX JIAHIIONIB € €ProjyHa BJIACTHU-
BicTb. Bona mosigrae B Tomy, 1o mporiec 3a0yBae”’ CBiif MOYATKOBHUIl CTaH i

3 IJIMHOM 4Yacy [ePEeXOJUTh Yy IIeBHUN CTaIllOHAPDHUIT PEZKIM.

3a Ti€ro K TEOPEeMOIO OCTaHHI JIBi CyMU JIOPIBHIOIOTH P

36.3. Eproamuna Teopema Jisd JiaHIOTiB MapkoBa

Teopema (eproanuna reopema Kosimoroposa s janugoris Map-
koBa). Hexat sanuyroe Maprosa (¢, t = 0,1,...) 3adosoavnac ymosy Koamo-
20po6a

¥>0 Ir>1,3AcE:p)) >¢ VieE.

Todi das eciz i,j € E ichye 1 He 3arescumd 610 i 2paHus

lim t—00 pg) = Ty,

npuvomy (m;, j € E) € duckpemnum posnodisom imosiprocmets na E.
Ieti posnodia Hazusaemwves epzodudHUM PO3NOJIAOM MAPKOBCHKOZ0 NAH-
U020, 1 € PO36 AIKOM NHITHOT CUCTNEMU DIGHAND

7Tj :Zie Eﬂ'ipij, VJ € E.

oBeienHs. ( ©

[Tozrauanmo mg-s) = MiNep Pij) < MaXiep P;j’ = MJ(S)'

3 piBagab Kosmvoroposa — Yenvena mpu ¢t = 1 BUBOAUMO, IO

mg-s) = min p

() _
ie B Y

o ; (s‘— 1)
= min 3, pipy;

o ) (s—1) (s—1)
> min doppimy =my



. . S
Amnasoriaao OTpI/IMyGMO MOHOTOHHICTD M (s) | 3a aprymenTom s.

Hexait g;; = pm —¢edj;. Toni ¢;; > 0, Z]GE ¢;; = 1 —€ 3a ymoBoro. 3amnmuime-
MO pisHuINo piBHAHL Kosmmoroposa — HernMeHna B TOUKax ¢, k Ta CKOPHCTAEMOCST
THM, III0 MaTPHUIA HEPEXiTHUX IMOBIPHOCTEH € CTOXACTHIHOI MATPHUIIEIO:

T t—r
pZ(J ZhEE(pzh _pl(ch)) p](’bj )_

r T U= t—r
ZheE<p£h>—p££> (prg " —my ") =

ZheE(]?gz) — E0p — pkh + e0p) (phtJ ") m§t—r)) _
= t—r) i .
2 e (din = Gin) (p;lj V= mg. DED S (pgzj ) m( ") <

et (M — ) = (1~ Y i),

J

[lepeitaemo B 11iit HEpiBHOCTI 10 BEPXHBOI MeXKi 3a i, k, Ta 3HAIIEMO BEPXHIO
OITIHKY

MY —ml? <1 —e) (M7 —ml).

J

AHAJIONYHO BUBOIUTHCS OIIHKA 3HU3Y

MO —ml > (1 - )M —ml).

J J

3 nux HepiBHOCTEN 3a IHIYKINEO JIicTaHEMO

’M;t) —mt?

) <(1-9ot/7 50, t— oo

Ilozmaunmo

~—hmM )—hmm()

t—o0 t—o0



. . . . .ot t
['panumi TyT icHYIOTH Yepe3 MOHOTOHHICTH TOCIifoBHOCTEH M J( ) ( ) , & piB-

HICTHh € HACJIKOM IOIepeHbOI HEPIBHOCTI. 3a IE XK MOHOTOHHICTIO T €

[mg.t), M j@], TOMY 3 O3HA4YeHH: mg-t) < pg-) < M](t) BUBOJMMO, IO

Py = <(1-9t7,

J

< ‘M;t) —mt®

()

3BiaKy limy_, oo pij = Tj.

Ockinbru D iy = limy oo D75y pm) < 1 mig posinbHOro N, TO

ZjeE m; < 1.
[lepeiizemo mo rpanumi npu t — 0O B HEPIBHOCTI

(t+1) (t) (t)

Ta obepemo N — oo. Orpumaemo HepiBHOCTI ) > > T; Pjk. KOH xoua
6 oaHa 3 1MX HEpiBHOCTEH Oysia CTPOro, To 1X cyma Texk Oyiaa 6 cTporowo
HEPIBHICTIO

Y oker Tk > D ke ZjeE Tj Pjk = ZjeE Ti Y kem Pik = ZjeE U

3BigcH Bij cyIpOTHBHOTO JicTaHEMO IIyKaHy CHCTeMy DiBHAHB Jid m; [



37. Ilpomec Ilyaccona

Bume mMu posrisgam JIdIne MoC/IiIOBHOCTI BUITAIKOBUX BEJIUYWH, IO CIIO-
crepirajuch y juckperni momentu 4acy. IIporec Ilyaccona e momemtio g
BUIIA/IKOBUX MOTOKIB MO, AKi BiIOYBaIOThHCA B HerepepBHOMY [aci. Hampu-
KJIaJI, JJIsi TIOTOKY BUKJIMKIB, IO HAJIXOAATH JI0 TeJIeOHHOI CTAHIII Y1 Mepe-
JKE€BOT'O CepBepa.

O3sHaveHHs. BumajiKoBuM IPOIECOM HA3UBAEMBCA CIM A 6UNAOKOBUT G-
auun (E(t) = E(t,w), t € R), wo sanesrcamsv 6id diticrozo napamempa t. /s
KootcHot enemenmapnoi nodii w diticna dynryia (E(t,w), t € R) nasusaemoca
TPAEKTOPIEIO NPOYECY.

Ak 1 3aBxK/ M B Teopil HMOBIpHOCTEH, APTYMEHT w y MO3HAYEHHI ITPOIECY
9acTO HE BKa3yEThCS.

3BUYAITHO OIIUC BUIIAIKOBOTO MIPOTIECY MMOYNHAETHCS 13 33/ IaHHs KIacy Horo
MOYKJIMBAX TPAEKTOPIA.

OzuavenHs. JliquibHUM IPOTIECOM, @O0 2#C TOUKOBUM IIPOIEcOM Ha R
Hasusaemves sunadkosull npouec v(t), t € Ry, makud, wo

(a) v(0) =0,

(6) € Kyckoso-cmasum i HeNEPEPEHUM 3416G 3a T NPU KOAHCHIT W,

(6) mae odununni npupocmu: v(t+0) — v(t) € {0,1}, Vi, w.

OznauenHs. CToxacTUIHUM OTOKOM 1n00it Ha Ry nasusaemovces 006inab-
HA 3POCMAIUA HEOOMEINHCEHA NOCALIOBHICMD 00AMHUT BUNGIKOBUT BEAUMUM:
0<7T1<T9< ... <Tp < ..., lim7, =00 M.H.

Teopema (mIpo BiAIOBiAHICTL MiXK MOTOKOM Ta JiYUJIBHUM IPO-

1ecoM). Ichye 83aeMHO0-00HO3HAUHA 6I0NOGIOHICIG MIHC CINOTACTUYHUM
nomoxamu (Tp, n > 1) ma aivuasvrumu npouecamu v(t) na Ry. [z 6idnogio-



HICMY 360aeMbCA HOPMYAaMU

v(t) =) Ly =Hn21:m <t}

T = mf(t >0: V(t) = n)

JloBenmeHHst i CKiHUEHMX ITOC/IIJIOBHOCTEH OYeBHUJIHE, IS 3JIIYEeHHUX
OTPUMYETHCA TPAHUYHUM TIEPEX0JIOM 3i cKindeHux [-]

Osuauenns. Hezaii £(t) — sunadrosuii npovec. Hozo mpupocrom Ha [s,t)
HA3UBAEMBCA BUNAJKOBA BEAUNUHI,

§ls, 1) = &(t) — &(s).

OsnaveHHsi. Bunadkosutl npoyec £(t) mae HE3aMEKHI IPUPOCTH, AKULO
onsa dosiavruxr 0 < t; < tg < ... < t,, 6uNaAdK06s GeAUNUHY

E[t1,t2), Elt2,t3), ..., E[tn-1,1n)

He3aJIeZKHI B CyKYITHOCTI.

Osunavenns. Bunadkosut npoyec &(t) mae OTHODPITHI TIPUPOCTH, AKULO
Pynruia poanodiny npupocmy E[t,t + h) sarescumod auwe 6id h i He 3ase-
orcumnv 6id t € Ry

BayBaxkennsi. Cam npupict £[t, ¢ + h), 3Buvaiino, Moxke 3aj1eKaTu Bif t.
Tak, HanpukJiai, IPUPOCTU HA OJMHUIHUX IHTEPBAJIAX MOC/IIIOBHOCTI CyM He-
3AJIE2KHUX OJTHAKOBO PO3IIO/ILIEHUX BEJTUYNH € HE3AJEKHUMU Ta OTHOPITHUM,
OJTHAK PI3HUMU — aJizKe BOHH 30irafoThCsl 3 BiJIIIOBIIHUM JIOJaHKAMU.

37.1. IlIpomec llyaccona Tta iioro posmomaia

Osuauenns. Bunadrosut npouec v(t), t € Ry, nasusaemuvcs mporecom
[TIyaccona, Axwo 611



(a) € atvuavrum npoyecom,

(6) mae nesanesrcni npupocmu ma 00HOPIOHE NPUPOCTA.

Teopema (mpo posmnogin nporecy Ilyaccona). Hexat v(t) — npouec
ITyaccona, axuti ne € momostchum nyaem. Icnye cmanra 0 < A < 0o, maxa,
wo oas ecixt >0, n >0

Mv(t) = Xt, A =lim h_,O% P(v(h) =1).

OsuauvenHns. [lapamemp A\ naszusaembvcs IHTEHCUBHICTIO npouecy Ilyac-
COHa.

SayBakenns. T'Bep/2KeHHST TEOPEMU 3aJIUIMIATHCSA CIIPABEJIMBUMU, SKIIO
samicTh ymMoB (6),(B) Ha TPAEKTOPiO B O3HAYEHHI JIUMILHOTO TIPOIECY BUKO-
HYETHCI TaKa aHAJITHIHA YMOBa OP/IMHAPHOCTI:

(0) P(v(h)>1)=o(h), h — 0.

oBenennsi. [Toznaaumo

Hexait t,s > 0. Ockinbkn Beqmaunn v(t) = v[0,t) ta v|t,t + s) He3amexKH], a
Iporiec — JIYUJIbHUN, TO
po(t+s)=Pv(t+s)=0)=
=P(v(t)=0, v[t,t+s)=0) = P(v(t) =0) P(v[t,t +s) =0) =
= P(v(t) = 0) P(v[0,0 + ) = 0) = po(t)po(s),



Jle BUKOPUCTaHa TaKOXK OHOPI/IHICTH IIPUPOCTIB.
Orxke, dyukiis po(t) MyJIbTUILIKATUBHA. 3 MYyJIbTHILTIKATHBHOCTI BUBO-
JIIMO, IO

po(1/n) = (po(1)V™, po(m/n) = (po(1))™/".

OCKUIbKE TIPOTIEC He BUPOJZKEHHi, TO po(m) < 1 1 Jeskoro m, oTke
po(1) < 1.4kmio po(1) = 0, To po(t) = 0 mpum Beix ¢, 1 P(v(h) > 1) =1Vh > 0.
Y 1boMy BHIQJIKY 3 HE3aJIEXKHOCTI Ta OJIHOPIJIHOCTI MPUPOCTIB OTPUMYEMO
P(v(1) > n) =1 mig BCiX n, MO CYIEPEUNTh CKIHYEHHOCTI IIPOIIECY.

Otxke, crama A\ = —Inpg(l) ckinuenna ra jgomarna. Ockiabku po(r) =
exp(—Ar) jyist Beix parionasbaux 1, dyHKINS po(t) HE 3pocrae i po(0) = 1,
To 15 (YHKIA HerepepBHa B Hysi. Toxi 3 MmysbruiutikatuBaoCTi po(t + h)
po(t)po(h) BummBae HemepeprHicTh crnpasa. [lepexoasgan g0 rpanumi r | t,
Jicranemo po(t) = exp(—At) mas Beix ¢ > 0.

Hosenemo, 1o 3 ymoB (6),(B) B 03HAYEHH] JIIIHILHOTO TIPOTECY BUILIABAE
yMoBa op/rHapHocTi (0) 3ayBakenHusi. 3a gosexenum suie P(v(h) > 0) =
1 —po(h) = 1 — exp(=Ah) < M. Ockimern v(h) = Yo  vi(h), ne monankm
ve(h) = v[kh2™™, (k 4+ 1)h2™") He3zaseKHl B CyKyIHOCTI, OJHAKOBO PO3IIOJIi-
JeHl 1 3a yMOBOIO (B) He IEPEBUINYIOTH 1, MOYMHAIOYH 3 JIESIKOTO 7, TO HPU
BukoHaHHI ymoBu v(h) > 1 npunaiimHi 2 i3 HEX Gy/yTh JOJIATHUMH,

P(v(h) > 1) < limyoo P(U; < j{vi(h) > 0, v;(h) > 0}) <
limy, o0 2(2" — 1) (P(vo(h27™) > 0))* < A%h2 = o(h), h — 0.

Orzke, ymOBa (0) BHKOHAHA.
Bpaxosyioun, 1o mporec v(t) — JHmiIbHAil, 3ammmeMo s n > 1



{v(t+h)=n}={v(t)=n, v[t,t+h)=0}U
{vit)=n—1, v[t,t+h) =1} J{v(t + h) =n, v[t,t + h) > 1}.

Tax gk Tpu mojil B mpaBiii YaCTUHI MOMMAPHO HECYMICHI, 3 He3aJIe’KHOCTI
Ta OJIHOPITHOCTI MPUPOCTIB OTPUMYEMO

pa(t + 1) = pa(t)po(h) + pu-1(t)p1(h) + O(P(v[t,t + h) > 1)) =
Pn(t)po(h) + Pr_1(t)(1 — po(h) — o(h)) + o(h), h — 0,

Jie aBidi BUKopucTana ymosa (0) opunaprocti. [Ticas migcranosku po(h) =
exp(—Ah) = 1 — A+ o(h) B ocraHHE PIBHSIHHS MAEMO

(Pa(t + 1) = pa(t))/h = =A pu(t) + A pp-1(t) + 0(1), B — 0.
Orxke, dyHKIT p,, TudepeHIiitoBHi Ta 38 0BOJIbHAIOTH PIBHAHHS

P (t) = =A pp(t) + XA pu_i(t), pa(0) =0, ¥n > 1.

BukopucroByoun iHTerpyoUnit MHOKHUK exp(At), st byHKIi ¢, (1) = exp(At)p,(t)

BUBOJIMUMO CUCTEMY piBHHHI)

quq(t) =A Qn—l(t)y Qn(o) = 07 n > 17

3BIJIKU 3 ypaxyBaHHSAM JIOBEJIEHOI BuUIlle PiBHOCTI ¢o(t) = 1 pekypeHTHO 061u-
cmoeMo ¢, (t) = (M) /nl, p,(t) = (M) e /n!l [



37.2. TpaekTopii nponecy Ilyaccona

Teopema (mpo BiacTuBOCTi TpaekTopiii nponecy Ilyaccona). He-
zatd (Tp, n > 1) — cmozacmuvwnut nomik, wo nos’adanutd 3 npouecom I1y-
accona v(t), 1 0, = 7 — Tp1, n > 1, de 79 = 0. Todi sunadkosi seaurunu
(On, n > 1) nezanresicni 6 cyxkynHocmi i maomov 00HAKOSUT NOKA3HUKOSU
P03n00dia 13 napamempom A, Axutl doOpi8HIOE THMEHCUBHOCTNT NPOUECY.

HoBenennsi. i1 BUnakoBoi BeInanan 01 = 71 3a TEOPEMOIO 11PO PO3-
ozt mporiecy Ilyaccona maemo

P(0, >t) = P(11 > t) = P(r(t) = 0) = exp(—A\t),

OT2Ke, PO3IOJIi 01 — MOKA3HUKOBHIA 13 mapamMeTpoM .
Hns 0 < x < y 00YnCIUMO 3 YpaxXyBaHHSIM HE3aJIEKHOCTI IPUPOCTIB

P(x <7y, T9 <y) = P(v[0,2) =0, v[z,y) >2) =
P(v[0,z) = 0) P(v[z,y) > 2) =
exp(—Az)(1 —exp(=A(y — z)) — A(y — ) exp(—=A(y — 2))) =
exp(—Az) — exp(—Ay) — A(y — ) exp(—Ay)).

3Bizicu 3HAXOAUMO CyMICHY IMILILHICTH BEKTOpa (71, T2)

9 0

f(Tl,Tz)(‘/I" y) agaip(’rl <z, T2 < y) -
By oz )~

(P(to<y)— Pz <711, T2 <y)) =

Pz <71, 7o <y) = N exp(=Ay) L o<z <y

Otxke, cymicHa xapakTepuctuina (hyHKIIis iHTepBaJIiB MizK CTPUOKAMU JI0-
PiBHIOE



P(01,00)(t5 8) = M exp(itt + isfy) = Mexp(i(t — s)71 +isT2) =

[ dy [ dz exp(i(t — s)z +isy) A exp(—Ay) = 2= 2.

Bupaz y npagiit yactusi € cyMiCHOIO XapaKTEePUCTUIHOIO (DYHKITIEIO JIBOX
He3aJIeXKHUX 0JTHAKOBO PO3IIOJILJICHIX MOKA3HUKOBUX BEJIMIUH 13 ITapaMeTPOM
A. ToMy 3a TeopeMoIo PO OTHOZHAYHY BiJIIOBIIHICTE MiK (DYHKITIIMEA PO3ITO-
JILUTY Ta XapaKTePUCTUIHUMU (DYHKIIAMU BeJuduHH 07,05 € MOKa3HMKOBUMHU
OJIHAKOBO po3moiseHnmu. JloBeaeHHs /i HACTYIHUX #,, MPOBOIUTHCS aHa-
Jioriguo [

Bnpasga.

(1) HosexiTh, 1o JivnibHUil HPOIEC, yTBOPEHUIT CTOXACTUIHUM IIOTOKOM CyM
HE3AJIE?KHUAX OJIHAKOBO IMOKA3HUKOBO PO3IIOMIIEHIX BUIAIKOBUX BEJIMYMH, Ma€ He-
3aJIe2KHI Ta OJHOpiJHI npupocTtu, To6To € mnporecom Ilyaccona. BkaziBka: ckopu-
cTaifiTech BJAACTUBICTIO BiJICYTHOCTI MCJIsIIil TIOKA3HUKOBOTO PO3MOJILITY.

(2) BuseaiTh nocuienuit sakon sesuxux uucest: v(t) / t —PL Xt — o0.



38. IIpomec HapoakeHHs Ta 3armodesi

[Tpornec [Tyaccona € MOJETIO IPOIECY YUCTOIO HAPOJIZKEHHS, IKIIO MUTTEBHT
[IPUPICT IHTEPIPETYBATH AK HAPOKEHHsI HOBOI YACTHHKM B momyJsiii. [Tpo-
1IeC HAPOJIXKEHHsI Ta 3aru0eii J03BOJISI€ MOJIETIOBATH CUTYAIl, KOJIU OJHOYA-
CHO MOXKJIMBOIO € TAaKOXK 1 3arnbesib 4acTUHOK. Lleii mporiec € y3arajgbHEHHAM
MMOHATTH JiaHIfora MapkoBa Ha HellepepBHUI Jac.

OsnavenHsi. Bunadkosut npouec (X, t € R,) i3 duckpemnum npocmo-
pom s3navens E = {i, j, ...} nasuseaemocs 0JHOPIIHIM MAPKOBCHKUM IPOIIE-
COM, AKWO OAA 6CIT N > 1, 1o, 01, ...,ln_1,1,] €E B, 0 <ty < ... <t, 1 <t<
t 4+ s sUKOHYIOMBCA PIEHOCT

P(Xt+s :j /Xto = io, "‘?th—l = in—l; Xt = Z) =

P(Xiys =3 /Xy = 1) = P(Xs = j [Xo = 1) = pis(s).

Ax 1 gna nanmoris Mapkosa, mepira piBHICTH BijloOpakae MapKOBCHKY
BJIACTHUBICTDH TIPOIIECY, IPYTa — OJIHOPIIHICTD 38 9aCOM, a TPeTd BU3HATAE NMO-
BIPHOCTI Iepexoy MPOIECy 3a IPOMIZKOK 9acy s i3 cTaHy i 10 cTaHy j. Vmo-
BIDHICHI BJIACTUBOCTI IpOIeCy BU3HAYAIOTHCS MOBEAIHKOIO DYHKILH p;j(s).

Osnauenns. Bunadrosut npouec (X, t € Ry) nazusaemucs mporiecom
HapOJZKEHHS Ta 3arudesii, AKuL0:

(1) 6in € 00HOPIOHUM MAPKOBCOKUM NPOUECOM 13 MHOHCUHONW 3HAYEHD
E =17,

(2) dasn desrux nesid’emmuur wucea A; (IHTEHCUBHOCTE HADOJKEHD ) @ L
(inrencuBnocreit 3arubesi), i > 0, cnpasedausi indinimesumarvhi 306pasice-
HHA ONA UMOBIPHOCTEL 00UHUYHULT CMPUOKIE

P(X,=i+1/Xo=14)=Nh+o(h), h—0, Vi >0,



PXp,=i—-1/ Xo=1)=ph+o(h), h —0, Vi > 0.
(8) dmosipHocmi tHWUT CMPUOKIE € HECKIHYEHHO MANUMU:
P(Xn—i| >1/ Xo=1) =o(h), h — 0

Hacaigok (npo #iMOBipHiCTH HEBUXOY MPOIECY HAPOIXKEHHSI Ta
zarubesi). 3 ymos (1)-(3) nonepednvozo 03nauenta GUNAUBLE 300PAAHCEHNIA

P(X,=1/Xo=1)=1—ah+o(h), h—0, Vi >0,
de cyMapHa THMeEeHCUBHICTD
a; = >\7, =+ My

1 30 03naveHHAM [t = 0.
loBenennsi.

PXp=i/Xo=1i)=1-P(|Xp,—i|>1/ Xo=1)—
PXp=i+1/Xo=49)—P(Xp=i—1/Xo=1) =
1— (N +up))h+o(h), h —0.

OueBnyiHO, 10 1iput ¢ = () OCTAHHIN TOMAHOK Y JIBIH YaCTHHI OCTAHHBOTO
PIBHSIHHS BiJICYTHI, TOMY JIjI CIIPABEINBOCTI 300paskeHHs B JIAHOMY BUIIA/I-
Ky CJLJ TIOKJIacTH Lo = 0.

Osnauennsi. Yacom repebyBaHHs npouecy 6 cmani Xo = i HA3UBAEMBCA
8UNGIKOBA BENUMUNA

7 =1inf(t > 0: X} # Xj).

Teopema (mIpo TpaekTopii mporecy Hapoa»KeHHs Ta 3arubesi). He-
zal (Xi, t € Ry) npouec napodcenns ma 3azubeni, w0 MaE HENEPEPEHT
CNPasa mpaeckmopii, a T — wac nepebysanms 6 cmant Xog = t. Todi daa ecix
1>0,7#1



P(r<t/ Xo=1)=1—exp(—ast),
P(r<t, X;=j/ Xo=1) = (1—exp(—ajt)) pij,

de cmozacmuuna mampuua (p;j) Mae 8ueaid

Dij = pifai, j=1i—1
0, lj—il#Li#0

SayBarkeHHs . TBep/KeHHST TEOPEMU MOXKHA ITepedOPMY/IIOBATH TaK: dac
rnepebyBaHHS B MOYATKOBOMY cTaHi Xg = ¢ Ta IOJIOXKEHHS IPOIECY IiC/Ist
MIEPIIIOTO CTPUOKA HE3aJIEXKHI, Yac MepedyBaHHI Ma€ TOKA3HUKOBUI PO3IIOILIT
i3 mapamMeTpoM a;, a IOJIOXKEHHsI IIiC/Id CTPUOKa 30ira€ThCs 31 CTAHOM ITiCJIst
Iepexoay Ha OIWH KPOK BKJAJIEHOTO JIaHIiora MapKoBa, MO Ma€ MaTPHUITIO
nepexiiHuX IMOBIpHOCTElT 3a onuH KpoK (pyj, 4,j > 0).

Hacainok. Hexaii (¢,,, n > 0) sanmor MapkoBa 3 MaTpUIIErO epexiHIX
iMoBipHOCTElt 38 OUH KPOK (p;j, ¢,j > 0), Bunaaxosi Beaumaunu (6,,n > 0)
upu dikcoBanux ((,,, n > 0) He3a/I€XKHI B CYKYITHOCT] 1 MAIOTH TIOKA3HUKOBHI
PO3IIOJILI i3 mapaMeTpoM ¢, BiIIOBiIHO, IpUYOMY T, = 0o + ... + 0,. Toxi

IIporec
Xt: E nzoén ]'Tn_1§t<Tn7

€ TIPOIIECOM HAPOJIZKEHHsI Ta 3arude’ii, Mo Mae BKa3aHi B O3HAYEHHI iH]IiHITe-
3UMAaJIbHI 300pa’KeHHs.

JloBejieHHsT TeOpeMH.

[Toznaummo

tne = k27", T, =1Inf (t > 0: X, # Xo) .



Ockinbku {t,} C {tnt1x}, TO moCHiOBHICTD T, He 3pocTae. TpaexTopil
nporecy X; HaOyBalOTh IIJINX 3HAYEHb Ta HelepepsHi cupasa. Tomy 3Haiiie-
Thest M.H. gofaTHe €(w) > 0 rtake, mo X,.s = X, misa Bcix s € [0,¢). 3
HETIePEPBHOCTI TPAEKTOPiil MpOoIlecy clipaBa BUBOJAUMO, IO 3 iMOBIpHICTIO 1
X, = X, nounHaioun 3 JIesIKOro HoMmepa, oTxke 7, | 7, X, — X, n — oo.
Tomy 3a HemnepepBHICTIO WMOBIPHOCTI

Pir<t, X;,=j/Xo=1)=lm oo P(1, < t, X, =7/ Xo=1).
K i BuIE, MO3HAYUMO
pij(t) = P(X: =j / Xo =1).

Hexait
i . . .
A ={Xo=1, Xt,, =1,..., Xz, =1},

kn(t) = [t 2"] = sup(k : tox < t).

Jnsa qacy nepebyBanHs 00UuCIUMO 38 (POPMYJIOIO IIPO IMOBIPHICTD IEpe-
pi3y N TOJIiiT Ta 38 MapKOBCHKOIO BJIACTUBICTIO IIPOIIECY

Pir>t/ Xo=1d)=lim oo P(1, >t/ Xo=1) =
lm oo P(AL 4o / Xo=1) = lim oo [[20 P(X,, =i / AL ) =
lim oo [I9 P(Xs,, = i/ X0,y = 1) = Hm oo (pis(277)) P =
lim , oo(1 — ;27" +0(277))2 " = exp(—t a;),

Jle BUKOPDUCTaHUI HACIIAOK PO IMOBIPHICTH HEBUXOJLY IIPOIECY HAPO/ZKCHHA
Ta 3arudesti. [lepime TBep/iKeHHST TOBEIEHE.
Ko K j # i, TO AIMOBIpHICTb BUXOJLY JIOPIBHIOE



Plra<t, X, =j [/ Xo=1)= "D P(rp = tuy, Xo, =5 ) Xo=1) =
e P4 N { X, =3} Xo=1) =
v P(X,,, = /4, )T P(X, =i/AL, ) =
Yol P(X,,, = J/thk L =1) é:f P(X,, =i/X,,,, =1i) =
S i (2 (pis(27)F = py(27) (1 - (pm-<2—“>>kn<t>) / (1= pu(2™)).
['panurio 1pyroro MHOKHUKA B MpPaBiil YacTUHI OOYUCICHO BUIIIE:
i pooe(1 — (pis(27™))%2®) = 1 — exp(—t a;).

3 osHaveHHs p;;, yMOB (2),(3) Ta HaBeJEHOrO BHUIE HACIIAKY PO fIMOBID-
HICTH HEBUXO/Ly IIPOIIECY HAPOJKEHHs Ta 3arubesi p;;(h) oTpuMyeMo TakoxK

Mmoo pii(27°) / (1= pu(27")) = pyj-
[e moBOMUTE JIpyTe TBEP/KEHHsT Teopemu [

Hacrynma Teopema Jae MOXKJIMBICTH OOYMCINTH HWMOBIPHOCTI IIEPEXOJLy
yepe3 iH(IHITE3UMAJIbHI XapaKTEPUCTUKN \;, ft;. 3ayBazKUMO, IO /I Oy/Iib-
SIKOT'O TI0YATKOBOTO po3nofiay qx = P(Xo = k) 6e3ymMoBHUIT pO3MI0IiT IIpoIiecy
BU3HAYAETHCA 33 (POPMYJIOI ITOBHOI HMOBIPHOCTI

P(Xth):ZkzOP(Xo:k)P(XtZJ/XOZk):Z i, pr;j(t)-

k>0

Teopema (mpo cucremy audepenmiaabaux piBHsHb Kosamoropo-
Ba). Hexat (Xy, t € Ry) e npouecom napodscerns ma 3azubeni 3 ihdinime-
BUMANOHUMY TAPAKMEPUCTRUKAMU (i, [L;), TPULOMY ACUMNMOMUYHE 300Da-
HCENNA 6 YMOGL (3) 03HANEHNA € PIBHOMIPHUM 3G, 1.



Todi posznodin npouecy pr(t) = P(X; = k) npu dosisvnur nowamrkosux
ymosax € dudpepenuyitiosnoro dyrruiero wacy t ma sadosorvrnae npu k > 0
360pomny cucmemy dugeperuiavrur pisHanb Koamozoposa

PR(t) = M1 Peo1(t) + gy P (t) — (A + ) pie(2),

de 3a osnavennam A_qy = 0, g = 0.
JloBeneHHsi.
s Beix 7,k mpu h > 0 3a 03HaAYEHHAM YMOBHOI IIMOBIPHOCTI

P(Xy = j, Xepn = k) = pi(O)P(Xen = k/Xe = j) = p;i(t)pju(h).
Tomy 3a hopmysI0i0 TTOBHOT MOBIPpHOCTI
pk(t == h) = P(Xt—l—h = k’) =
P(Xt:k—l, Xt+h:k)+P(Xt:k+1> Xt+h:k)+
P(Xt:k, Xt+h:k)+P(|Xt—k| > ]_7 Xt—l—h:k) —
Pr-1(t) Pe-1,k(h) + Pr41(8) Prr1,k(R) + pi(t) Prw(R)+ 22, k=1 Pi(O)pin(R).
3a yMOBOIO
sup j,k:|j—k\>1pjk(h) < sup P(|Xn —j| > 1/Xo = j) = o(h),h — 0.
Tomy ocranHiil JOJAHOK y monepeHiit cymi gopisuioe o(h).
[TizicraBuMo B mepiini JiBa JOJaHKK 300pazkeHHs 3 yMoBH (2), a B TpeTiii —

300pazkeHHs 3 HACIIKY [P0 WMOBIPHICTH HEBUXOJLY IIPOIECY HAPOJKEHHS Ta
3arnoeri:



pr(t +h) = pe1(t)(Me—1h + 0(h)) + pey1(t) (pgsrh +o(h))+
Pe(t)(1 = (A + p)h + o(h)) + o(h), h — 0.

3Bigcu

t+h)— t
Pr( })L Pi(t) = Pr—1(t) A1+ P (t) /‘k+1—pk(t)()\k+uk)+7, h— 0.

OckisbKy TpaBa YacTuHa Mae rpaHuilio npu h — 0, To dyHKIil py(t) au-
depeHnrtiiitoBHi Ta 3a0BOJBHSAIOTH CUCTEMY T epeHIliajlbHIuX piBHAHDL KoJI-
MOTOPOBA.

ITpu k = 0 3a ymoBoIo B mpasiit yactuni BigcyTHI 10MaHKA 3 pg_1(t) Ta L.
Tomy cain BBazKkarn, mo A1 = 0, gy = 0.

Osznauenns. [Touamxosut posnodia q, = P(Xo = k) nasusaemvcs cra-
IIOHAPHUM pO3IoJIoM npouecy, axuo P(Xy = k) = ¢ daa eciz t > 0,
k> 0.

Teopema (11po piBHSIHHS [iJisl CTaiOHAPHUX iMoOBipHOCTeit). He-
zatl (X, t € Ry) € npouecom wapodsrcerns ma 3azubeni 3 iHdiHimesumans-
Humu Tapaxmepucmuramu (N, [1;), npuwomy 3006pascenns 6 ymosi (3) € pie-
HOMIDHUM 30 .

IIpoyec (X, t € Ry) wmae cmayionaprudi posnodia (qe,k > 0) modi 4
MIALKU MOJL, KOAMU CUCTNEMA DIBHAHD

o(h)

Th-1Ak—1 + Tht1 fgs1 — Te(Ak + ) =0, £ >0,

mae po3e’asox (mg, k > 0) y xaaci duckpemuuz po3nodinie Umosiprocme.
L]eti po3e’ssox 36i2aembes 31 CMAUIOHAPHUM DO3NOJIAOM. @ = Tg.

HoBenennsi. HeoOxiHiCTh € HACIIIKOM TEOPEMU 11PO CUCTEMY JIhepeH-
MiaJIbHUX pPiBHAHL KoMOroposa, OCKIJIbKH MPHU BHOOPi CTAIIOHAPHOTO PO3-
HOJILIY sIK TTOYATKOBOrO (DYHKILT pi(t) = 7 crasi i MaroTh HYJIBOBI TOXiJIHI.
JlocTaTHiCTh HE JTOBOIUTHCSI.



Teopema (mipo icHyBaHHs crarfioHapHuX iMoBipHOCcTeit). Cucmema
PIBHAHD 13 MEOPEMU NPO PIGHAHHA OAA CMAUIOHAPHUT LMOGIPHOCTET MAE HE-
HYAbosull po3e’a3ok (T, k > 0) y Kaaci duckpemnux imMosipHICHUT Po3N0JiaiG
modi 1 miavku modi, Koau 30i2aemues paod

6:2k209k<oo7 Hk:Hk_l a

. b
=0 ;1 q

i y eunadky 36i0tcHoCMi cmayionaprut po3nodii Mae 8uzad
oBenennsi. [loznaaumo
Ok = Tpy1 Mgy — ThMk, kB 2> 0.

Toxi 3 ypaxyBanuaM KpaitoBux ymMoB Iipu k = ( cucrema piBHAHB i3 Te-
OpPeMH IIPO PIBHSHHS JIjIs CTAIllOHAPHUX IMOBIPHOCTElN €KBiBaJI€HTHA CHCTEMI
00 =0, 0py1 =0k, k>0.

Orxke , 3 7} = Z;lm_l PEKYPEHTHO OTPUMYEMO Tj, = Bpmg.

Axmo 6 = 0o, 3 nux piBHOCTEl AicTaneMo 7, = o = 0. Y IPOTHIEKHOMY
BUITQJIKy 3HAXOINMO ITyKAHUN PO3MOJILT 38 O3HAUEHHSIM 0.

Teopema (PO €proANYHICTH MPOIECy HAPOJXKEHHs Ta 3arubeti).
3a ymosu icHysarHA cmayionaprozo posnodiay (mk,k > 0) npouecy napo-
dotcenns ma 3az2ubeni oan ecix i,k > 0 ichye eparuys

im oo pir(t) = mp.

JloBemeHHsT HEe HABOIUTHCSI.



39. Cxkanaaunii mporec Ilyaccona

Ha BinMiny Bij 3BU9aiftHOrO, IPUPOCTH CKJIaTHOTO Tiporiecy [lyaccona ne 060-
B’SI3KOBO € OJINHUIHUMH.

Osuauenns. Hexat (£, n > 1) nocaidosricmo nezanesrcnus y cyrynio-
cmi 00HaK060 Po3n0dinenur 6uNadKosuT seuvun, a v(t) — nedanescrud 6id
nux npovec Ilyaccona 3 napamempom A. Ckiaaguum mnporecoM Ilyaccona, wo
NOPOOHCYEMBCA NPOUELCOM V MG cmpubdkamu §,, HA3UBAEMBCA UNAOKOBUL
npouec

v(t)
g(t) = Zn:l fn = Zn>1 gn 1n < v(¢) t > 0.

3a o3HaueHHSAM, TpackTOPiT mporecy (1) KycKoBo-cTaJIi, HellepepBHi 3J1iBa,
iX cTpubKE BiOYBAIOTHCSI B MOMEHTH CTPHOKIB mporiecy v(t), a BeJnauHun
CTPUOKIB 3a/]al0ThCS ITOCJIIIOBHICTIO &,,.

ITpuknaan. Posrisinemo Mojiens crpaxoBol ipMu, sKa PEryaspHO OTPHU-
My€ BiJl 3acTpaxoBaHMX OCI0 CTpaxoBi mpemil 3 IHTEHCUBHICTIO ¢ 3& OJMHU-
II0 9acy, Ta MPOBOJUTH CTPAXOBl BHUILIATH BHIAJIKOBUX 00’'emiB (£,,n > 1)
y MOMEHTH CTPaXOBUX BUIAJIKIB, 10 yTBOPIOIOTH CTOXACTUIHUI MOTIK, MOJE-
JboBaHuii nporecom [lyaccona. dAkmo movarkoBuii crpaxoBuit gpou dgipmu
JIOPIBHIOE &, TO HA MOMEHT Yacy ¢ cTpaxoBuil (hOH]I CTAHOBUTHME

n(t) =+ ct = &(1),

ne £(t) — ckomaaamit nporec [lyaccona. Bumankouit mponec 7(t) HasuBaeTbCs
KJIACHIHUM IIPOIECOM PU3HUKY.

Teopema (IIpo BJIACTUBOCTI CKJIAHOIO ITyaCCOHIBCHKOTrO IpOIie-
cy). Craadnut npoyec ITyaccona mae we3arescri ma 00HOPIOHT npupocmu,
npuxomy oaa ecix u € R

M exp(iué(t)) = exp(At(p(u) — 1)),



de p(u) = M exp(iu€,) zapaxmepucmuuna GyHryis cmpubra.

JoBenennsi. HezajiexkHicTh Ta OJHOPIIHICTH IIPUPOCTIB € HACIIIKOM BijI-
MTOBITHOT BJIACTUBOCTI 11poriecy [lyaccorna, oCKLIBKM TTPUPICT MPOIECy Ma€ BU-
LIS

v[s,t)
f[S,t):Z gy(s)-f—ny t28207

n>1
ne BesmauHu V(s), v[s, t),&, He3alexKHl B CYyKyIHOCTI.
Bupaz s xapakrepuctudnol (pyHKIIT BUBOJIUMO i3 T€OPEMU 11PO BJIACTHU-
BOCTI TeHepaTpHC, MyHKT (e), mpu z = exp(iu) :

M exp(iug(t)) = @, (M exp(iug;)) = @, ¢ (p(uw)) =

Z nzo@(?ﬁ))"%e—& = exp(Atp(u) — At),

Jie BUKOPUCTaHa TaKO0XK TeopeMa, IIpo po3mo/iii mporecy Ilyaccona [-]

Bnpasa. 3naiitu posnogin ckiaguaoro nporecy Ilyaccona, sikio gomanku &,
MalOTh ITOKaA3HUKOBUU PO3IIOILII.

3a 10IoMOro0 rpaHUuYHOr0 MEPEXOAY 31 CKJIaIHOrOo mporecy Ilyaccona mMo-
JKHA OTPUMATHU HEIlePEPBHUIL IPOIEC 13 He3aIeXKHUMU Ta, OHOPIIHIMI IPUPO-
cramu. JI1s NbOro po3riIgHeMo MPOLeC i3 MAJIUMU CUMETPUYHUMUI IIPUPOCTA-
mu: P(§, = £¢) = 1/2, ¢ — 0, Ta 0JHOYACHO 3 BEJIMKOIO KiTbKICTIO CTPHOKIB
38, OIMHUINIO Yacy: A — 00. 3a TEOPEMOIO IIPO BJIACTUBOCTI CKJIQJIHOTO IIyacCoO-
HIBCHLKOIO TIPOIECY XapaKTEPUCTUYIHA (DYHKIIis TAKOIO MPOIECY MA€ BUIJISL

M exp(iu€(t)) = exp(At(cos(eu) — 1)).
Ins icmyBanns i1 rpanumi pu € — 0, A\ — 0o obepemo \ ~ £~ 2. Tozi
lim . o, A—oo M exp(iué(t)) = exp(—u’t/2),

TobTo cnabka rpanuig £(t) HoBUHHA MaTH HOpMabHUit posmoain N (0,t).



40. BinepiBcbKuii mmpoiec

Ha nmouatky 20 ct. Hopbept Binep moOymyBaB MaTeMaTudHy MOJIETb JIJISA IIPO-
1ecy XaoTuIHOro remaoBoro (BpoyHiBebKOro) pyxy MiKpOYACTHHOK Y DijiMHI.
[eit mporiec xapaKTepU3yEThCs HEIIEPEPBHICTIO TPAEKTOPI, HE3aIEKHICTIO Ta
OJIHOPIIHICTIO IIPUPOCTIB, HYJIHOBUM CEPEIHIM 3MIIIEeHHIM 3a OyIb-sIKhil dac
Ta Judy3iiHIM XapaKTepoM pPyXy, IO MPOSBJIAETHCA BUKJIIOYHO Y 3MiHAX Ce-
PETHBOKBAIPATUIHOTO BIIXUJIEHHS YaCTUHOK BiJl TOYATKOBOTIO MTOJIOYKEHHST

Oz3nauenns. Binepiscbkum, a60 BpoyHIBCHKUM npouecom Ha3ueaemuves
sunadkosuti npoyec w(t), t € Ry, axud

(a) mae nenepepeni mpaekmopii,

(6) mae nesanesrcni npupocmu ma 00nopIOHi npupocmu,

(6) w(0) =0, Mw(t) =0, Dw(t) < oco.

40.1. Pos3nomij BiHEPIBCBKOTO MPOIECY

Teopema (mmpo posmozia BiHepiBcbKkoro mporiecy). Hexat w(t) — 6i-
nepiscokut npouec. Todi icnye cmana o > 0, maka, wo oaa écix t > 0

w(t) ~ N(0,0%t), Mw(t) =0, Dw(t) = o*t.

SayBarkenusi. [Ipu BukoHaHHI pernTn NpuUITynieHb YMOBY (&) Herepeps-
HOCT1 TPAEKTOpPiil B O3HAYEHHI BiHEPIBCHKOTO IMPOTECY MOYKHA 3aMIHUTHU HA
O1IBII TIPOCTY AHAJITUIHY YMOBY

P(lw(h)| > €) = o(h), h — 0, nist koxHOTO € > 0.
HoBenenns teopemu. Hexaii ¢ dikcoBane. Posrisgaemo mipupoctu

Wn = w[t(k —1)/n, tk/n).



3a ymosu (6) BunajkoBi Besmuman (wni, kK = 1,m) HesasmexHi B CyKyInHOCTI
Ta, OJJHAKOBO PO3IOJLTIeH], Wy = w(t/n).

Jlema 1. 3a npunyiiens (6), (B) HemepepBHicTh TpaeKTOpiii mporecy w(t)
eKBiBaJICHTHA YMOBI, 10 ¢POPMYIHOBAHA B 3ayBasKEHHI.

HoBenennsi. HenepepsHicTb TpaekToOpiil mporiecy Ha KOMIIAKTHOMY iHTEP-
Baui [0, t] ekBiBasieHTHA PIBHOMIpHIi HellepepBHOCTI, sKa, B CBOIO YepTy, €KBi-
BaJICHTHA 3012KHOCTI J10 HYJ1 MO/LYJIs1 HeIlepepPBHOCTI:
max<g<n |Wni| = 0 npu n — oo, To6TO

P(max j<g<p |wnk| > €) — 0, n — 00, Ve > 0.

3rifiHo 3 HE3aJEXKHICTIO Ta OJIHOPIIHICTIO IPUPOCTIB
P(max<g<n |wnk| < €) = exp(—n In P(|w| < €)).

Tomy 36iKHICTH JI0 HYJIA MOJIYJI HENEPEPBHOCTI €KBiBaJCHTHA CITiBBiJI-
womtennio In P(jw,1| < €) = o(1/n), n — oo, mo BHACIIIOK 300pasKeHHs
In(l1+4¢) =¢e+o(g),e — 0, eKBiBaJIEHTHO CIBBIHOIIEHHIO:

P(jwni| > €) = P(lw(t/n)] = €) = o(1/n), n — ool

Jlema 2. Icuytors €, — 0 Taxi, mo nP(|w,i| > €,) — 0, n — 0.
HoBenennsi. 3rigHo 3 jiemoo 1 Jjist KOXKHOro € > (0 cupaBe/IuBe CIIiB-
BiIHOIIIEHHS
P(lwn1| > ¢€) =o(1/n), n — oo.

Buxopsau 3 HbOro, MoOYILyeEMO HECIAIHY MOCTIIOBHICTD Ny > k Taky, 110

nP(|wn,| > 1/k) < 1/k



JUIsE BCIX 1 > ny 1 mokagenmo &, = 1/k mua ng < n < ngyq. HocaimoBuicTs
€y, € MIYKAHOIO, OCKIJIBKU IIPHU Mg < N < Mgy

nP(|wn1| > e,) = nP(|lwm| > 1/k) < 1/k — 0, n — ool

Jlema 3. 3a ymoB Teopemu

(a) @yukiia 02(t) = Dw(t) aguTuBHa i He crajae,

(6) 0?(t) menepepena,

(B) 0%(t) = ot ma Beix t > 0 Ta geskoi crajnoi o > 0.
JloBeneHnHsi.

(a) 3a o3HavYEHHSIM

w(t +s) =w(t) +wlt,t + s),

Jie BEeJIMYWHU B TpaBiil dacTwHi He3aexkHi. ToMy aJUTUBHICTH BUILIUBAE 3
TEOPEMU TIPO JUCIIEPCIIO CYMU He3aJezKHUX BEJUYNH Ta 3 OJTHOPITHOCTI TPU-
pocTiB. MOHOTOHHICTE € HACJIIIKOM HEBiI' €eMHOCTI JIucIepcil

o2(t+ s) = a*(t) + o*(s) > a*(1).

(6) 9Ixk6u MonoronHa rpamuis limy, _, go2(h) = § > 0, To 3 MOHOTOHHOCTI
suimBaso 6, mo o2(h) > ¢ npu Beix h > 0 ta 0(1) = no?(1/n) > nd — oo,
o cynepednts ckindennocti aucrepcii (B). Tomy 6 = 01 0%(h) — 0, h —
0, 3BiIKN]

o2(t+h)—o*(t) ==+ o*h) — 0, h— 0.

(B) Tosuaunmo o2 = ¢%(1). 3 aAUTHBHOCTI Ta HOPMOBAHOCTI BUBOJMMO,
10



o?(m/n) = m/n Dw(1l) = (m/n)o? nia marypansaux m, n.Ilepexogsuu TyT
70 rpanuni m/n T ¢, 3 HEIEPEPBHOCTI JicTaHeMO ITyKaHy piBHiCTH [

MozkHa BBaxKaTH, Mo o> > () — iHaKIIe IpoIec € TOTOKHIM HyJIeM Maiizke
HaIlEBHE.

[Toznaummo

Bunajkosi Besimaunu (€, k = 1,n) He3aJeKHI 38 TEOPEMOIO 11PO [IEPETBODE-
HHsI He3aJIe2KHUX BEJIMIKMH, OJHAKOBO posnojiieni Ta |€, .| < &,. PosrisHemo

cyMn
gn = Zk:l gnk'

P(¢, # w(t)) < P(Upmi{€u # wnr}) <

Z:_l P(lwpg| > en) = nP(|wn1| > €n) — 0, n — o0,

3 HepiBHOCTI

Ta jiemu 2 BuBomuMoO, 1o &, — w(t), n — oco.
[oznauumo o2 = DE,,. Ila nucnepcia icuye ta obMexKeHa, OCKIIbKE

D¢, = ZZ:1 D¢, < ZZ:1 Mﬁik < ZZ:1 Mw?lk = o’t,

Jie BUKOpHCTaHa jema 3(B) Ta OHAKOBA PO3IOIIICHICTh BEUIUH Wy 1 Wpy.
(a) Hpumnycrumo, mo lim, 02 = 0.Toxi &, — ME, —F 0 no nesxiit
minocigosrocTi, orke w(t) — ME, —T 0. Ockinbkn Bemunna w(t) e same-
JKUTH BiJL n, TO qucsioBa nocaigosuicrs ME, nosuuHa 36iratucs, tomy w(t) €
crajsioro Maiizke naneste. Ile cynepednts HeBUpOKeHOCTI W (1) — K IIOKA3aHO

sume, Dw(t) = ot > 0.



(6) Orxe, lim , . 02 > 0, 3Bigku o2 > 0> > 0, NOYMHAIOYM 3 JIEAKO-
ro HoMepa. BpaxoByioun ojHAKOBY DPO3IOJIJIEHICTH BEIUYIHH &, MiIpaxye-
MO TOKa3HUK 3 ymoBu Jlinjebepra mias 3araiabHOI mocaigoBHOCTI cepiit (€,
k=1n,n>1):

Ln(g) = %M(gnl - M&nl)zllﬁnl—anﬂ > eon < 22
o 0
[MOYMHAKOYN 3 JIESIKOT0 HOMepa, OCKIIbKT &, — (. AHAIOTIYIHO MMepeBipsaeThCst
yMOBa PIBHOMIPHOI MaJIOCT1 B O3Ha4YEHHI1 3ara/ibHUX IIOCJLJIOBHOCTEI cepiii.
Otxke, BHACTIZOK IeHTpaIbHOI Ipannydnol Teopemu JIiHgaebepra s 3a-
rajibHEX cepiii Mae Mmicie cnabka 36ixuicts (£, — u,)/0n = ¢ ~ N(0,1),
ne p, = ME,,. Obuparoun mioc/1i/IoBHiCTb HOMepIB, JJ1s Kol 0, — b > 0, 3a
TEOPEMOIO TIPO JO00YTOK CJIaOKO 3012KHOT TIOC/IJIOBHOCTI 31 30i2KHOIO JTiCTAHEMO
£, — 1, =" bC. BBigcu 3a Teopemoro Jlesi mpo Kpurepiit ciabKoi 36ixKHOCTI
BUBOJIMMO iCHYBaHHS I'PAHMIN XapPAKTEPUCTUIHUX (DYHKITI

2
4En126n >ef — 0,

lim,, oo M exp(is(&, — p,)) = lim, . exp(—isu, )M exp(isg,,).
3 iHmoro 60Ky, rpaHUIs

lim,, o M exp(is,) = M exp(isw(t))

icaye, ockinbknm €, —F w(t), ax moxazano sume. OTxe, icHye rpanms lim,, oo i1, =

. Tomy
M exp(isw(t)) = lim, .., M exp(isu,) lim, . M exp(is(,, — u,))

= exp(isp)py ¢(s) = exp(isp — s°b?/2),
To6T0 Ww(t) =~ N(u,b?). Ockimbku Mw(t) = 0, Dw(t) = o*, T0 w(t) =~
N(0,0?t) 3a TeopeMoIo 1Ipo iHTEpIIpeTalliio HapaMeTpPiB HOPMAJIBHOTO PO3IIO-
iy [



40.2. BuactuBocTi TpaeKTOPiii BIHEPIBCHKOT'O IIPOMECY

Teopema (IIpo BJIACTHBOCTI TPAEKTOPiil BiHEepiBCHKOToO mporecy).
(a) P(3w'(0)) =0,
(6) Varpyw = lim S lw[EL, £)| = oo wmatiorce nanesne,

(6) Timy (wl5t, £5))" =7 o2

Josenenns. Beazkarnmemo, mo o2 = 1.

(a) MMosnauumo ¢, = (w(27") — w(27"))/27". Bunajkosi seuaunu C,
HEe3aJIE’KHI 38 BJIACTUBICTIO He3a/IesKHOCTI TpupocTiB. OCKUIBKY 38 OIHOPI THI-
crio pupoctis (, ~ w(27") /27" ~ N(0,27"/272"), 1o pax

Yons1 PUCI >m) =30 5, 2(1 = ®(m27?)) = 0o

posbiraeThbest s Koxkaoro m > 0. 3a semoro Bopesst — Kanresui, myskr (6),
P(lim,{|C,,| > m}) = 1, Vm. Orxe, lim|(,| = oo, i rpanung lim, ., ¢,
He icHye Maiike HaneBHe. OCKiTbKI

¢, = 2w(2 ) /27t —qp(27™) /27", TO
{Flim, oo ¢,} D {3 limy_o w(h)/h} = {3 w'(0)},

1 IMOBIPHICTb OCTAHHBLOI MO/III JIOPIBHIOE HYJIIO.
(6) Ilozmauamvo
2n

W = wl(k = 1)27"k27), Cu=) fwl.

Toni ¢, T ¢ < Varpyw < oo. Kpim Toro, wy, ~ N(0,27"),ToMy BunaIKo-
Ba BemmauHa 1 = 22w, ~ N(0,1). Ockimbku Bemmauan (Wng, k = 1,2")
He3aJIeZKHI B CyKYITHOCTI Ta OJIHAKOBO PO3IIOJILIEH], TO 38 TeOPEMaMu PO Iie-
PETBOPEHHS He3aJIeXKHUX BeJIMYUH Ta [IPO MaTeMaTHIHe CIOIBaHHs J00yTKY
HE3aJIEZKHUX BEJIMINH



M exp(—s(,,) = (M exp(—s [wn[))*" =
(M exp(—s27"/% 222wy [))*" = (M exp(—s27"/* [n])*" =
(1 — 5272 M |n| + 0(27?))*" — 0 Vs > 0.
Tomy P((,, < 00) | P(¢ < 00) = 0.
(B) Hexaii (1, k > 1) mociiioBHICTh HE3aJIEXKHAX CTAHIAPTHUX HOPMAJIb-

Hix BesmauH. OCKUIBKE (W, 1 < k < 2™) He3asexKHi 1 0/IHAKOBO PO3IO/IiIEH],
npugomy Beamuannn 22w, ~ n, ~ N(0,1), To

P(| S (wn)? = 1] 2 ) = P(|27 S8, (2w = 1| 2 )
— P ‘2-"25;1773 _ 1‘ >¢) =0

3a TeopeMoro YeGuIleBa PO 3aKOH BEJMKUX UUCE], OCKIIBKY 7)o HE3aJIeXKHi
oHAKOBO posnomineni, Mn; = 1 [J







Pozaia 2

MareMaTn4YHa CTATUCTUKA

Beryn

ITepsicua 3amava maremarnanol craructuku (MC) e B meBHOMY cerci o6ep-
HEHOIO JI0 OCHOBHOI 3aJiadi Teopil #MoBIpHOCTEl. Y Teopil WMOBIpHOCTEN MU
IIOCTYJIIOBAJIA ICHYBaHHS TEOPETUYHO NOGHICTI0 6U3HAEHO020 TIMOBIPHICHOTO
IIPOCTOPY Ta BUBOJMWJIA Ti UM 1HIN BJIACTUBOCTI MO 1 BUIAIKOBUX BEJIUTHH.
O/Hak HaMaraHHs 3aCTOCYBATHU I€BHY HMOBIPHICHY MOJIE/Ib Ha MPAKTHIN Ya-
CTO CTUKAETHCS 3 TIEI0 0OCTABUHOIO, 10 T€OPETHYHUI (rimoreTuaHuii) posro-
JILJT TIOJIifl Ta BUIIAIKOBUX BEJIUYUNH € HEBIJIOMUM. SIKHANROIIbIITe MOYKHA ITPHITY-
CTHUTH, 10 el PO3IIOJLIT MICTUTBCS B JIESIKOMY BIJIOMOMY KJIACi (HAIIPHUKJIAJ, €
HOpMasibHUM ). ToMmy HeoOxijiHy iH(OPMAIIiIo TIPO TeopeTuIHi HMOBIPHOCTI J10-
BOJIUTBCSI OTPUMYBATHU 3 TOI'O K CAMOI'0 CTOXACTUYHOI'O €KCIIEPUMEHTY, IIPO-
BOJSAYH CIIOCTEPEXKEHHS HaJ| WOT0o MPOMIXKHUMH pe3yabTaTaMu. Hampukiias,
TakK, dK 1e pobuocs y dgpopmysi Baiieca B Kypci Teopii iMoBipHOCTEI!.

MaremarndHa CTaTUCTUKA — IIe PO3/IiJI MaTeMaTUKU, SIKUil 6a3yeTbcs Ha
Teopil fiMoBipHOCTEl Ta Tpu3HAUEHUN 7 (POPMY/TIOBaHHS 1 JOBEJICHHS CTa-



TUCTUYHUX BUCHOBKIB IIPO BJIACTUBOCTI HIMOBIPHICHOI'O IIPOCTOPY 3a& Pe3ysb-
TaTaMU CIIOCTEPEXKEHb HaJI BIMOBIJIHIM CTOXACTUIHUM €KCIIEPUMEHTOM.

VYMOBHO KOXKE€H BUCHOBOK ITPO HMOBIPHICHUI NMPOCTIp MOYXKHA, BiJIHECTHU JIO
OJIHI€1 3 JIBOX TPYIIL:

(1) BUCHOBOK IIPO KiAbKICHe 3HAUEHHS JIESKOI BEJIMINHA (I1apaMeTpa.),

(2) AKicHul BECHOBOK PO MEBHUIA ITapaMeTp YU BJIACTUBICTH IMOBIPHICHO-
T'0 TTPOCTOPY.

Biamosizao Bci 3amadi koxkaOro posaiiy MC moxkHa po30duTH Ha

(1) 3aj@4i CTATUCTUIHONO ONIHIOBAHHSI, IO CIIPAMOBAHI Ha MOOYI0BY Kijlb-
KIiCHUX OIHHOK HEBLJIOMUX ITapaMeTpiB,

(2) 3aa4i IepEBIPKU CTATUCTUIHNX TIOTE3, B SKUX BCTAHOBJIIOIOTHCS SKi-
CHI BJIACTUBOCTI WMOBIPHICHOTO ITPOCTOPY.

Ilpuknaan.

1. CroocrepiraeTbcst MOCIiIOBHICTE BuipoOyBanb beprysuii. Tpeba Kinbki-
CHO OIIIHUTH HMOBIPHICTDH yCIIXY B OJJHOMY BHUIIPOOYBaHHI.

2. IIpoBoagThCs MiIKUIAHHS MOHETH. 3a PE3yJIbTaTaMU CIIOCTEPEKEHb He-
00XiTHO 3pOOUTH AKICHUI BUCHOBOK IIPO BIJIHOCHY CHMETPII0 MOHETH.

MaremaTrdHa CTATUCTUKA MICTUTH BEJUKY KiJIBKICTh CIHEIaJbHAX PO3JIi-
aiB. Cepej HUX:

(a) menapamempuuna cmamucmuka — K HeBiIoMl “lapaMeTpu’” BUCTYTIA-
I0TDh 3arajbHi (PYHKIIT PO3IOIiIY;

(6) meopia ONMUMAAOHUT HE3MIWEHUT OUIHOK, JIe B KJIACI HE3MIIMIEHUX
OITIHOK JIUCIIEPCis PO3TJIATAETHCA TK Mipa IKOCT1 1 3HAXOIUTHCS BUTJIST, OIITU-
MaJIbHUX OITIHOK;

(B) meopis ouiHoK MAKCUMAADHOT GEPO2IOHOCMI, JIe TIPOIIOHYEThCST YHIBEP-
CAJILHUI METOJI JIjIs TI00Y/I0BU JIOCUTD SKICHUX CTATUCTUYHUX OIIHOK ITapane-
TpiB;



(1) cmamucmuuni 6UCHOBKY OAA HOPMAALHUL CTOCTMEPEHCEHD, IO TPYH-
TYIOThCS Ha CIEIaJbHUX BJIACTUBOCTIX BHOIPKOBUX CTATUCTUK;

() peepecitinui anania, B SKOMY BUBYAIOTHCS 32141 BCTAHOBJICHHS (DYH-
KIIIOHAJIBHOI 3aJ1€?KHOCTI MiK YMCJIOBUMHU 3MIHHAMH B yMOBaX HasBHOCTI CTO-
XaCTUIHUX ITOXUOOK;

(e) darxmoprui ananis, ge AHATIBYETHCS 3aJI€XKHICTD MiXK CTOXACTUIHUMU
AKiCHUME (hpaKTOPaMIU;

(3k) HenapamempuuHa nepesipra 2inomes, sika MICTHTb KJIACHIHY 3aady
PO BIIIOBIIHICTD CIIOCTEpEYKEeHb Hamepes, 3a/iaHiil (QyHKIT po3noIity;

(3) napamempuuna mepesipka 2inomes, e NEPEBIPSIIOTHCS TPUILYIIIEHHS
IIO/I0 3HaYEHb TapaMeTpiB;

(i) meopis matbiALW NOMYNCHUT KPUMEPIis, B AKiil BUBYAIOTHCS OIITH-
MaJIbHI MIPOIETYPHU MEPEBIPKU CTATUCTUIHUX KPUTEPIIB;

(K) nocaidosnudl cmamucmuynul aHai3, B SKOMY CTATHCTUYIHI BUCHOBKH
pobIsITHCsT OGe310cepeTHBO B IIPOIIEC HAJIXOIKEHHs CIIOCTEPEeKEHb;

(J1) meopia NAGHYSAHHA CMAMUCTIUYHO20 EKCNEPUMERMY, JIe TPOIOHYIO-
ThCS PAIOHAIBHI CXeMH 300py CTATUCTUYIHUX JAHUX JI/I TX MOIAJIBIIO0T 00po6-
KW, 3 YpaxXyBaHHAM JIIMITIB 9H 3aTpaT Ha KOYKHE CIIOCTEPEZKEHHS

TOIIIO.

Y cBoIO "epry, MaTeMaTuIHa CTATUCTUKA € TEOPETUIHOIO OCHOBOIO JIJTS Ta-
KUX JIUCIUILUIIH, SK NPUKAGOHG CMaAmucmuKa, O6loMempura, COuionoezis, me-
THOMEMPUKA, AHANL3 OGHUL, EKOHOMEMPUKA, PIHAHCOBULT AHAAL3 Ta THIIAX.
[i pesynbraTn BHKOPHCTOBYIOTH HpH PO3POOIH KOMIT'FOTEPHIX CTATHCTHIHAX
makeriB, Takux 9k SAS, SPSS, MS Statistics Toro.

3BazKardu Ha CyTTEBO BUIILY TEXHIUHY CKJIQIHICTH TEOpPeM MaTeMaTHIHOI
CTATUCTUKN B TIOPIBHAHHI 3 KYpCOM Teopil MMOBIpHOCTE, JiesTKi 3 HaBeJIEHNX
HIKYE JIOBEJIEHb CHUPAIOThCA Ha I'PAHUYHO CIPOIIEHI YW HaBITh HE TOYHO
copmyapoBani npunymenng. Omgaak Tpeba MaTu Ha yBasi, IO B KOXKHIN i3



PO3IVITHYTUX CXEM iCHYIOTH TOYHO chOPMYJIbOBaHI Ta JOBe/IeHI MaTeMaTUIHi
TBep RKeHHs. OTKe, OCHOBHA MeTa JJAHOI'O PO3/ILITY IOJISATAE B TOMY, 1100 J1aTh
IIlepBiCHE ysaBJIEHHS IIPO METO/IN Ta Pe3yIbTaTH MaTeMaTHYHOI CTATUCTUKH.




1. Craructuaauii mpoctip, Bubipka. CraTtucTtn-
KW Ta OI[IHKN

Oszuavents. CTaTUCTUIHUM [IPOCTOPOM HA3UBAEMBCA MPIUKG
(Qa F; <P97 96@))7

WO CKAGIGEMDCA 3 MAKUL EAEMEHMIB!

— Q) — npocmip eaemenmaprux noditi 0eAK020 CMOTACMUYHOL0 EKCNEPUMEHITLY;
~ F C 29 - cuema-anzebpa sunadkosur nodit — nidmmoscun §1;

— (Py, 0 € O©) - deaxa napamempusna cim’s dmosiprocmets wa F;

— © — napaMeTpUYIHUNA MPOCTIP — MHOHCUHA D0BLALHOT NPUPOIU.

BBaxkaerbes, mo Bui 3ajiexkHOCTi iimoBipHOCcTeilt  Py(A) Bim momiit
A € F upwn 3ajiaHoMy 3HadYeHHI mapamerpa ) MOBHICTIO BifoMuUil, y Toii dac
sIK caM TrapameTp 6 — HeBiTOMUil CTaATHCTHKY.

Haitaacrime © C R? T06To iHMOBIpHICHWI PO3NOLT Ha [ BBAKAETHCA
BIJIOMUM TIOBHICTIO 32 BUHATKOM d YHCJIOBUX MapaMeTpiB — KoopJauHaT 6. Y
IIBOMY BHII&JIKY T'OBOPSTH PO apaMeTPUUIHYy CTATUCTHUKY. SKINO K MHOXKUHA,
© € miAMHOKIHOIO (DYHKIIOHAIBLHOTO IPOCTOPY (HAIPUKIIAL, IPOCTOPY BCIX
hyHKIL pO3IOILIY), TO MOXKHA TOBOPUTHU PO HENAPAMETPHIHY CTATUCTHUKY.

OzuaveHHs. Jxuwo £ — 6unadkosa 6EAUYUHA HA TMOBIPHICHOMY NPOCTIOPT
(Q, F, B), cumsonrom

Myf = /Q £(w) Py(dw)

6ydemo mosnanamu mamemamusne cnodiearnna & (abempaxmuud inmezpas
Jlebeza) 3a timosipnicmio Py.

CrarucTuvHi BUCHOBKHU PO HMOBIpHICTH Py Oyaemo pobutu Ha mijcra-
Bl cIlOCTepeKeHb, TOOTO 3HAYEHDb IIEBHUX BUIIAIKOBUX BEJIMYUH, BEKTOPIB Ta
inmux (YHKIIH Bl eleMeHTaApHUX TO/Tiit.



1.1. CrarucTudHa BHOipKa

Oznavenns. Cmamucmuyhoro BUOIPKOIO HA3UBAEMbCA Q0GIALHA GUMID-
na pynryea X @ Q — S 31 3HaAUEHHAMY Y BUMIPHOMY BUOIPKOBOMY IIPOCTOPI
(S, X, N), de:

— S — deska muootcuna (BubIpKOBUIA IPOCTIp ),

— Y — cuema-anrzebpa niOMHONMCUH S,

— A — deara cuema-CKIHYEHHA MIPDA HA .

BeakaeTncs, mo 3nadeHHs X (w) = & € BIIOMHM JJIs CTATHCTHKa (CIIO-
CTepiraeThes) 1 MOKe BUKOPHCTOBYBATUCH JIJIsi OTPUMAHHST CTATHCTHIHIX BH-
CHOBKIB.

Hagnani B gkocTi BUOGIpKOBOrO MpOCTOPY Oy/le BUCTYIATH IEPEBAYKHO €B-
kiaigie mpoctip S = R" i3 Gopesnesoro curma-anrebpoo ¥ = B(R), Tomy mif
BHOIPKOIO CJIiJT PO3YMITH 3BUYANHUIN BUIIAIKOBUI BEKTOD, MO CIOCTEPIra€THCs
B CTOXaCTUYIHOMY €KCIePUMEHTI. ¥ OiJbINOCTI BUNAJKIB B IKOCTI Mipu A BU-
crynae abo TOUKOBa Mipa — BIJHOCHO Hel KOXKHA OJIHOTOYKOBA MHOXKWHA, MAE
OfIMHUYIHE 3HAYeHHs Mipu (y BUIAJKY JuCKpeTHO! Bubipku X), abo K Mipa
Jlebera, sikmo S C R™ i Bubipka X Mae cyMicHY HIJIBHICTS.

IIpuknan. [loOymoBa CTATUCTUYIHOIO BUCHOBKY TTPO CUMETPUIHICTH MOHE-
TH 3a pesysbratamu cepil 3 1000 minkugans. Hexait Bubipka MicTUTH pe3yiib-
TaTU KOXKHOTO 3 HiJKHJaHb, TOAi BuGipKoBuil npoctip S = {A, P}, Ina
napaMerpusaiil 3aaa4i nosnaudnmo 6 € © = (0, 1) fimMosiphicTh aBepcy npu
ogHOMYy TinKuaaHHi. Toml iMOBIpHICTL Py 3a/1a€ PO3IO/ILT BEKTOPA 1HIMKATO-
piB ycmixiB y cxemi BunpodbyBanb Beprysuti 3 mapamerpamu n = 1000, p = 6.

L1t I0/1aIbIIIOro BUKOPUCTAHHS HATaJa€MO TaKe BayKJIMBE TOHATTS 3 Te-
opii Mipm.

Osuauenns. Mipa p na desarxomy sumipromy npocmopi (S, ) abcororHo
HelepepBHA G10HOCHO CUZMA-CKINYEHNOT MIPU A, (nognavenns (<< X), AKwo



das dosinvrol muoorcunu B € 3 i3 \(B) = 0 sunausae u(B) = 0.
3a Teopemoio Pajsiona — Hikoauma 151 BIaCTUBICTh €KBiBaJeHTHA, ICHYBAH-
HIO BUMIDHOI iHTerpoBHOI 3a Mipoto A dyHKIil f(x),z € S, Takoi, mo

/f , VB € X.

Qynruyia f = du/d\ nasusaemovcea MigbHICTIO MipH [ 610HOCHO .

Y JlesdKUX PO3/IiIaxX CTATUCTUKU BUKOPUCTOBYETHCA YMOBA, ITiIIIOPSIKOBa-
Hocti. Bona mosigrae B ToMy, 1o po3Io/Iiji BUOIPKHU € a0COIIOTHO HEIICPEPBHIM
(Mae MIBHICTL PO3MOJIILY ) BIIHOCHO JIeAKOT (hiKCOBAHOT Mipu A Jijist KOXKHOTO
3HaYEeHHs Mmapamerpa 6 :

Pg(X S ) <K )\(), Vo € O.

Y Oyab-AKOMY BUIAJIKY /I 3J9EHHOT0 apaMeTPUYIHOrO MpocTopy O Taka

Mmipa 3aBxku icuye. JlificHo, qoBibHA Mipa 31 3/li9eHHOI MHOYKUHKA WMOBIpHI-

CHHUX Mip (,ue, 9 E ©) abCoJIIOTHO HellepepBHA BIHOCHO Mipn

A= pco 2 "@pu,, ne n(f) — Homep enementa 6 y mocuizosHoCTI ©.
HpI/IKJ'Ia,I[ CriocTepiraerbcst pe3ysibTaT MiIKUJIAHHT HECHMETPUIHOI MO-

HETH 3 HEBIJIOMOIO WMOBIPHICTIO aBepca. ¥ IIbOMY BUIAIKY

QO={AP}, F=2% S=Q, ¥ =F, - ToukoBa Mipa,
P{A}) =1-P({P})=0€0=10,1].

1.2. ®DyHKIig BiporigHocTi

Osnauennsi. Hexati X : 2 — S — subipka 3t 3HAMEHHAMU Y SUMIDHOMY
npocmopi (S, L, A), axa 3a0080avnae ymosy nidnopadkosarocmi. OyHKILEO



BipPOTiTHOCTI HA3UBAEMBCA ULALHICTG PO3N0JLAY BUOLPKU BIOHOCHO (Pikco8a-
HOL MIDU A Y 6UOIPKOBOMY NPOCMOPL:

dP(X € )
L(z,0) = —————~
('Z‘7 ) d)\(.) (x)7
mobmo maxa uMIpHG 3a T PYHKULA, wo oaa ecix B € ¥ i ecix 0 € ©

Py(X € B) = / L(z,0) Adz).

B

Jns abcosmorHO HerepepBHOI BUOIpKM Mipa A € Mipoio Jlebera, dyHKIis
BiporiHoCTi siK DYHKINS T € MIJILHICTIO PO3IOILTY:

Py(X € B) = / L(z,0) dx,

B
a JIs JINCKPETHOT BUOIpKM A — TOUKOBa Mipa, (pyHKIlig BiporigHocti € jiuic-
KPETHUM PO3IIO/IIJIOM IMOBIPHOCTEI:

P(XeB)=)_ L(z,6).

r€ BNS

Osnavenns. Bubipkosoro dyHKItieo BiporianocTi (eMmipuanoo dyH-
KIIIEI0 BIPOTIIHOCTI) HA3UBAEMBCA SUNAIKOBA BEAUMUNHA, W0 OMPUMYEMDCH
8 PE3YALMAME NIOCMAROBKY Y PYHKUIIO GIP02IOHOCTNT 3AMICTNG AP2YMEHMG
x € S 3Hauenmna subipku AK 8uNAdK068020 8EKMOPA

L(X,0)=L(x,0) | »=x -




1.3. KparHi Bubipknu

Yacro y cTaTuCTUIll BAKOPUCTOBYETHCSI cXeMa, OaraTOKpaTHUX CIIOCTEPEXKEHb.
OsunavenHsi. Bumipnut npocmip (S, ¥, \) = (R,B,v)" € n-kpaTHum
OpsMUM JI00YTKOM 8uMmiprozo npocmopy (R, B, v), axuwo

S=R'={z=(x1,...,7,), Tx € R},
S =8B8..8B= 0B x..x By, B,cB, k=1,n),

a MIPa XN =0 X ... X U 6USHAYAEMDCA HA NPAMOKYMHUKAT 4K 006YMOK
A(B;1 X ... X By) = v(By)..v(B,).

Hanmpukaaz, (R*,B(R"), L,) = (R, B(R), L,)", ne L, — n-BumipHa Mmipa
JleGera (moskuHa, morma, 00’eM...).

Osuauenns. Hexat subipxosuti npocmip (S, X, \) € n-kpamuum nps-
mum dobymrom (R,B,v)". Bunadkosuti sexmop X : Q@ — S mnazusaemocsa
KpaTHOIO BUOIpKOIO, Axuwo X = (£, ...,&,) cKaadaemovea 3 HE3ANCIHCHUL Y CY-
KYnHocmi 00naxoso posnodinenur seaunurn &, k = 1,n, 3i aHauenHnaMU 1y
npocmopi (R, B, v), mobmo

Py(X € By x ... x By) = H:_1 Py(&, € By), VB, €8, 0 € ©.

Ozuauenns. Yucao n nazusaemvces o0’emom Bubipku X.

Axmo X — kparna BuOipka, 11 (QYHKIA BipOriIHOCTI TO3HAYAETHCA SK
L,(X,0), ne n — 06’em BubipKu.

Oz3HauenHst. PyHKIIIEIO BIPOTiTHOCTI CIIOCTEPEXKEHD JId KPATHOI BUOIPKU
HA3UBA€ETHCH IMIJIBHICTH PO3IOJIITY CHOCTEPEXKEHHS £, BIIHOCHO MipH v

.0) = =),



TOOTO Taka BUMipHa QyHKIIS f, 110
Pi(é € B) = [ f(u.6) vidy), VBB, W €O,
B

Teopema (mpo dyHKIif0o BiporigHocTi kparHoi BubGipku). Herad
X = (&, .-,&,) € xpamnoto eubipkolo, wo micmums cnocmepedcerns &y, 31
anavernamu 6 npocmopi (R,B,v). punycmumo, wo &, maromov @ynryiio
sipozionocmi cnocmepesicens f(y, 0).

Toodi pynruyis eipozidnocmi eciel subipxu X dopienioe dobymrosi

L(z,0) = szl F(25,0), = (21, .., T0).

JloBe/ieHHsT € MpsAMUM HAC/IIIKOM TEOpPeMHU I1PO KPUTepiil Hesa e:kHo-
cTi abCOIIOTHO HEIePepPBHUX BEJIUYUNH, OCKIJIbKM BHOIPKOBHiII BeKTOp X =
(&4, ...,&,,) yTBOpEHHIT caMe He3aJIeZKHUME OJTHAKOBO PO3IO/IIIEHIME BEJITIN-
namu [-]

1.4. CraTuCTUKN Ta OMIHKU

OsznavenHs. CTaTUCTUKOIO HA3UBAEMBCA O0GIALHA GUMIPHA HYHKULA
(ckansapra wu sexmopna) 6id subipru: T = T(X), axa ne micmumos 3nawers
Hesidomoz0 napamempa 6.

MHoxWMHA 3HAYEHD CTATUCTUKY € MOBLIbHAM BuMipHiM 1poctopoM (T, A).
Haitwqacrinte ne eskiinis npoctip (T, A) = (R™, B(R™)).

BayBaxkennsi. CiioBoMm "craructuka’ OyIeMO OJHOYACHO BU3HAYATH K
camy dyHKIoHAIbHY 3ajexuicTs T'(x) 1 S — Y Bix Bubipku, Tak i i1 3Have-
g I'(w) = T(X(w)) : 2 — T, aKe OTPUMY€ETHCS TC/IS M ICTAHOBKH BUOIPKI



x = X(w). Toune TaymadeHHs] BUILIUBATHME 31 3MICTY BiJIOBiIHOTO apry-
MEHTA.

OsnauenHsi. O1iHKO0 Hegidomoz0 napamempa 0 € © nasusaemuves 6ydv-
AKQ CMAMUCTNUKA 31 3HOYEHHAMU 8 NAPAMEMPUYHOMY npocmopt ©.

[To6 mijikpecTy crerjaabHuil XapakTep OIIHKH, 9acTo 11 300pazKatoTh y
Buriadi . O4ueBuIHO, OIIHKA € 3ac000M JIJIsi IIPOTHO3YBaHHS, TIepeI0aueHHs,
OIIHIOBAHHS 3HAYEHHS HEBIJOMOTO mapamerpa  Ha IiJICTaBl CIIOCTEPEXKEHb.

Osznavenns. Hexat © C R?. InrepsaibHOO OIIHKOIO_HEeGidoMO20 napa-
mempa 0 wnasusaemuvca napa RE-snaunuzr cmamucmusk (91,92) MaAKUT, U0
91 < 92 Mmatiotce Hanesre.

SayBakeHHS. JKIIO IpU KOKHOMY 7, CIIOCTEPIra€ThCs KpaTHa Budipka X
06’eMy n, a c11oci0, IKUM yTBOPEHA OIHKA, OJIFH 1 TOi camuil (He 3a7eKUTh B
06 emy BUOIPKHU 1), TO HOHATTS “OIiHKA” BUKOPHCTOBYIOTH TAKOXK y IIHPOKOMY
PO3yMiHHI SIK “TOC/IIOBHICTB OIIHOK ', IO YTBOPEHI 3a OJHUM IIPABUJIOM DU
PI3HUX 3HATCHHAX 00’emy Bubipku. [loc/tiIoBHOCT] OIIHOK TTO3HAYAIOTHCS STK
0.

ITpuknan. Bubipkose cepedhne € KITACUIHOIO OIIHKOIO MTOJIOYKEHHS 1 JIOPiB-
HIOE CEePEIHHOMY apuMETUIHOMY CIIOCTEPEXKEHDb, fKi YTBOPIOIOTH BUOIPKY.
Ognak akKTUIHO 1€ € MOC/IIOBHICTh OIIHOK, OCKILJIBKHU MPU KOKHOMY 3Ha-
JeHnHi 06’eMy BUOIDKM MAE€MO OKPEMY CTaTHCTUKY.

1.5. BuacTtuBocCTi OIiHOK

Besnepeuno, sikictsb Ti€l un iHmIol OniHKN MOTPEOYE MOPIBHIIBHOTO aHAJIIZY.
JList IOpiBHSAHHS OIIHOK YN 1X TOC/IiIOBHOCTElH OY/IeMO BUKOPUCTOBYBATHU TaKi
MTOHATTH.

Hanasi mrs nBox BuajkoBux BequwduH &, 17 3anuc & ~ 1) O3HAYAE, MO I1i
BEJIMYNHUA MAIOTh OJTHAKOBI (DYHKIIIT PO3IOILTY,.0TKe, 1 0JIHAKOBI MTOPOJIZKEH]



mipu Jlebera - CrinTheca.

Cumsosiom N (p1, 0?) 1103HAMATIMEMO BHIIQIKOBY BEJIMYUHY 3 HOPMAJILHIM
PO3IOJILIOM Ta CEPEAHIM (i 1 TUCIIEPCIEIO o?.

OznauenHs. Ouinka 6 nasusaemyves HEIMIMIEHOIO, AKUWLO i1 MaMeMAM -
yHe cnodisartA 30120EMBCA 3 MOYHUM 3HAYEHHAM O

M,9=6, Voco.

Oznauenns. Ouirka 0, HaA3UBGEMBCA ACUMITOTHIHO HE3MIIIEHOIO, AKULO
MAE MICUE ACUMNMOMUYHEG 30THCHICMY cepeonix

Mgfén—>9,n—>oo, Vo € ©.

Oszuavenns. Ouinka 0, Ha3UBAEMbCA KOH3UCTEHTHOIO, AKULO 80HA 30i-
20EMBCA 30 UMOBIPHICMIO A0 ICTMUHHO020 3HAYeHHA 0

gn—>P99,n—>oo, Vo € ©.

Oszuavennsi. Ouinka 0, Ha3uBGEMBCA CTPOTO KOH3UCTEHTHOO, AKULO 60-
Ha 30teaembves 3 imosipricmio 1 0o icmunHo20 3HaverHs 0

/H\n—>P91 0, n— oo, VO € O.

SayBarkenns. HaBejieHi BJIaCTUBOCTI CTOCYIOTbCs OITIHOK [ JJISI 3HAYEH-
Hs HEBiIoMOTO ImapameTpy 6. YV BHIIaJIKy, KON Ieil IapaMeTp — BEKTOPHHUIA,
JIOIIBHO PO3IJISIATH TAKOXK OIIHKW T JIJIst 3HAUEHb Jiesikol byHKIl 7 = 7(6)
Bij napamerpa 6. Ccopmy/boBami BUIlle O3HAYEHHS TONUPIOIOTHCS TAKOXK i
Ha Jay cxeMy, fKino 3aMinnTtu 6 wa 7(6), a 6 na 7.

OzuaveHHs. [Hmepsasvha 0UiHKa (51,52) nesidomozo napamempa 0 € ne-
3MIIIEHOIO OIHKOIO PIBHS P, AKW0 048 6cixz O € ©

~

Py(0, < 6 <8,) =p.



Oszsnauennsi. Ouinka 0, napamempa 6 Ha3uBaeMbCA ACUMITOTUTHO HOP-
MAaJIbHOIO, AKWO 3HATIEMbCA YUCA08A HOPMYIOUA NOCAIO0EHICL ¢y = Cp(0)
maxa, o Mae micue ciabka 30iKHICTh

n(0, — ) =2 ¢ ~ N(0,1), n — oo, V0 € ©.

SayBakeHHs1 (Mpo moGyA0BY iHTepBaJIbLHOI OLiHKM). fIKINO OIiHKA
0,, € ACUMIITOTUYIHO HOPMAJIBHOIO, & ¢, R 4/1/0, TO 38 TEOPEMOIO PO JOOYTOK
cJIAOKO 3012KHOI ITOC/IIIOBHOCTI 31 301:KHOIO

Vi, — ) =" o¢ =n =~ N(0,0%), n— .

Y mpoMy pasi BemdiHa 0 HA3MBAETHCHA ACHMITOTHIHOIO JUCIEPCIEI0 OIIHKH
0,,. Ictunne 7i snavenus o = 02(f) e Bigomoo dynkimieo napamerpa 6. 3i
c71a0KOI 3012KHOCTI BUILIUBAE, IO PO3IOII HOPMOBAHOI BEJIMIUHU \/ﬁ(ﬁn —
0)/0(6) HabMMKaAETbCA JO PO3IOJLY CTAHIAPTHOI HOPMAJBLHOI BEJUINHH (.
Obepemo 1 3a1aH0r0 Biporigmoro pisns p € (0,1) 3nadenis x, Tak, 1mob

P([¢] < xp) =Dp.
J7st 3HAXO/PKEHHS ) JOCUTH YHCEJIbHO PO3B’S3aTH DIBHSHHS
®(zp) = (1 +p)/2,

ge ® — crammaprHa HOpMaJibHa (QYHKIS posnoaity. Toai mpu BeIUKHX 7
HaOJIMKEHO

Py (\/ﬁ

8.—6] [o(6) <w,) ~ P(| <) =p

[Tpunycrumo, mo dyHukiiist o(f) HerepepBHa, a OmiHKa §,, — KOH3UCTEHTHA.
3 nux npuIyIeHb BUIIBAE 36ixKHicTh 3a invosiphictio o (6,) —f o(6). Tomy



~

MozkHa HabsmKeno 3aminntu o () na o(6,) g 3HakoM iMoBipHOCTi i cTBEp-
JOKyBaTH (BHACILIOK TEOPEME IIPO JI0OYTOK CJIabKO 3012KHOI MOCJII0BHOCTI 31
0, —0
TexK Mae iMoBipHicTb p. OTXKe, BJACTHBOCTI aCUMITOTHYHOI HOPMAJIbHOCTI
Ta KOH3MCTEHTHOCT] Jal0Th MOXKJINBICTH HAOJIMKEHOI IIOOYI0BU IHTEPBAJIbHUX
ACUMIITOTHIHO HE3MIINEHNX OIIHOK PIBHA P JUIA HEBIJIOMOTO ITapaMeTpa, IIo
MalOTh BHUIVIA,

3012KHOI0), 10 IIPH BeJIUKUX N 1oiist {1/n / U(/H\n) < x,} HabJIHKEHO

Py (ﬁn — 2,0(0,) /1 < 0 < 0, + 2,0(0,) /\/ﬁ> ~p, V0 € O.

~

Osnauenns. Ouinka 0, Ha3uBaAEMBCA JOKAIBLHO HE3MIIEHOO, JOKAIb-
HO KOH3MCTEHTHOIO MOow0, AKWO 6i0n06idHa 8AACMUBICMY SUKOHYEMBCA He
oas ecix 0 € O, a auwwe das 8Cix 3navensv napamempa 6 i3 desxozo oxony
ICMUHH020 3HAYEHHA.



2. OminoBaHHs IMOBIPHOCTI yCITiXy y cxeMi Bep-
HYJLI1

Posrisinemo crarucruanuii npocrip (2, F, (P, 6 € ©)), B sskoMmy

QO = {a) = (wl, ...,wn), wg € {O, 1}} — {O, 1}717 F = 21’2’
Pe({w}) — gvn(w)(l _ e)n—un(w),

Jie PYHKITisS

Un(w) = vp((wr, .ooywn)) = {k:wp, =1} = Zn W

k=1

3aJ1a€ KiTbKICTh yCHiXiB (OJMHUIL) B ejeMeHTapHiil mogil w. Jaxuit mpoctip
BiJIIIOBi1a€ 3a/a4i, B sIKiif IPOBOIATHCS N BUIIPOOYBaHb bepryiii 3 HEBiOMOIO
HMOBIpHICTIO p = # ycIiXy B OKPEMOMY BHIIPOOYBaHHI.

[Ipurtyctumo, 1o crocrepiraloTbest pe3y/ibTaTu BCiX BUIIPOOYBAHb:
(S, X) = (Q, F), A — ToukoBa Mipa Ha HmiaAMHOXKHHaX §) i kparHa Bubipka mMae
BurIgS X = (Xq5 - Xn), A€ Xx(w) = l{w, = 13 = wi — iHgEKaTOp ycmixy B
k-my BUNIpOOYBaHHi.

3a yMOBOIO BUIIAJIKOBI BEJUIMHU (X1, ..., X,,) HE3AJIEXKHI B CYKYIHOCTI Ta
OJTHAKOBO PO3IIOJIiJICH],

P@(Xlzl)zea P@(Xlzo):]-_ea M0X1:0.

Posriisinemo orinky

PN Uy, 1 n
en - ; - Ezkzl Xk>

sika 30ira€ThbCs 3 BiJIHOCHOKO YaCTOTOIO YCIIXIiB B €JIeMEHTaPHIiHl mosil.



Teopema (rpo ByiacTuBOCTi BitHOCHOT yacToTn). Bidnocha wacmoma
Yycnizy y cremi sunpobysans Bepryani:
(1) mae Ginomiarvruil poanodia:

Py(0, = k/n) = C*6"(1 — 0)" %, k =0,n,

(2) e neamiwenor oyinko dmosiprocmi yenizy 6,

(8) € KoH3uCMEHMHON0 T CMPO20 KOHZUCTNENMHOIO OUTHEKOO,

(4) € acumnmomuuro HOpMaAbLHONW 3 acumnmomuynoto ducnepcicio O(1 —
0).

loBemenHns.

(1) TeepzKeHHsT € HACIKOM O3HAYEHHsT 61HOMIAIBHOIO PO3IOJILITY, OCKIIb-
KW YUCE/IbHUK UV, B O3HAYEHHI /Q\n € KIJBbKICTIO YCIIXiB y 1 BHIIPOOYBaHHSIX
Bepnysuii 3 imoBipHicTio ycmixy 6.

(2) HeawmirmeHicTh BUBOJAUTHCS 3 JITHIHHOCT] MATEMATUIHOTO CIO/[IBAHHS Ta
3 bopMysIH jII MATEMATUIHOTO CIIOMIBAHHS 1HIUKATOPHOI BEJTUINHN

Meén:lz" Mxk:%z:::ﬁ:@, Vo € O.

n k=1

(3) BayBaxKumo, 110 4acTOTa YCIIXy

n
V=)
n k:le

€ CYMOIO HE3aJIe2KHUX Y CYKYITHOCTI OJTHAKOBO PO3IO/IICHIX BEJUYUH. 34 JTi-
HI{HICTIO MAaTEMATHIHOTO CIIOJIiIBAHHS Ta TEOPEMOIO ITPO JIUCIIEPCII0 CYMU He-
3aJIeKHUX BEJIMINH

Myv,, = nb, Dyv,, = nf(1 —0).



~ ~

Bsigcn Dy, = My(6,, — 0)?> = nd(1 — 0)/n*> — 0, n — oco. Tomy
gn —L2 0 orxe, gn ) Binpbme Toro, 3a kpurepiem Kosnmoroposa nocu-
JICHOTO 3aKOHY BesuKHX uuces O, —1 My x = 0.

(4) Ha mincrasi 306pakenHst myHKTY (3) i3 KJIaCHIHOI MEHTPAJIBHOI Tpa-
HUYHOI T€OPeMU BUBOIUMO, IO

V(0 —0)/\/0(1—0) =

(Vy — Mvy,)//Dv,, =%V ¢ ~ N(0,1), n — oo,

3BLIKHI
V@, — 6) =" \/0(1 = 0)¢ = n~ N(0, 6(1 — ), n — oo.

Otxke, oIliHKA /H\n € ACUMIITOTUYHO HOPMAJTLHOIO 3 aCUMIITOTUYHOIO JUCITEPCIEI0
(1 —0)

SayBakeHHs. BiacTuBicTh acUMITOTUYIHOT HOPMAJIBHOCTI MOYKHA BUKO-
pucTaTH JJist HOOYIOBU iHTepBaIbHUX OIiHOK mapamerpa . Hexait p € (0,1)
— mesikuit Biporigmmit pisens (manpukiaz, p = 0.99). BusHatmmo snadenns x,
tak, mob P(|¢| < z,) = p, gk 1e 3po6/IeHO B PO3ALI PO BIACTHBOCTI OIIHOK
y 3ayBarKeHHi PO MOOYJIOBY iIHTEPBAJILHUX OIIHOK.

(a) Cneyiarvrutd memoo.

3 acUMIITOTUYHOI HOPMAJILHOCTI BUBOAUMO, IO OIS

{Valp o] VoI 0 <)

[PU JIOCUTH BEJIMKUX N HAOJIMKEHO Mae fMOBIpHiCTH p. Po3B’s3ytoun Hepis-
micrs (0, —0)* < 6(1 — 6) x2 BigHOCHO 6§, POGUMO BECHOBOK, IO 3 HAIECDET




3aJIaHOI0 MMOBIPHICTIO P HEBijloMuil napaMerp ¢ HaJIeKUTh iHTEpBaJy 3 KiH-
IAMEI

(n@n+x§/2 ixp\/ngn(l —5n)+x§/4> / (n+a2),

KW € HAOJIMKEHO 1HTEPBAJBHOIO HE3MIIIEHOIO OIIHKOIO PiBHS P.
(6) Sazanvrut nabaudcenuts memoo.

Baminnmo muOKHEK 6(1 — 6) y HepiBHOCTI /N

En—e‘ < 2,,/00—0),

sIKa BIJIOYBA€THCS NP BEJIUKUX N 3 IMOBIPHICTIO p, HA BEJIMIUHY /én( I = /én)
[Is1 3aMiHa BHOCHTB IMOXUOKY JIPYTOrO MOPSJIKY MaJOCTi, OCKIJIbKU OIIHKA /H\n
€ KOH3UCTEHTHOIO, a 3aMIHIOBaHUIl BHpa3 BILIMBAE JIUIIE Ha ACUMIITOTHUYHY
jucnepcito. Tomy Hab/IMKEHO OTPUMYEMO IHTEPBAJIBHY OIIHKY PIBHS P

Py (5n — 2,0/ 0n(1 —6,)/n < 0 <0, + 1,\/0,(1 —En)/n) ~p, V0 € O.



3. Emnipuyna OyHKISA PO3MOALITY

Posriisinemo cratucTudHuMii IpocTip, B SKOMY CIIOCTEPITA€ThCA KpaTHa BUOIp-
ka X = (&,...,§,) 3i cnocrepexxennamu &, k = 1,n, 10 MaOTh HeBiJOMY
dyuxiio posnoginy F(zx) = P(§, < x). Y 1poMy BAIAJIKY IapamMeTpoMm 0
CTATUCTUIHOTO IIPOCTOPY € JIOBiIbHA (DYHKITS po3oiiny F.

Oznavenns. Emiipuaaoo GyHKITE PO3TOIIILY HA3UBGEMBCA CiM A CIMa-

mucmux
A 1 n

Fn(a:) = — Zk:l 1{§k <z}, TE R.

OyHKITiA F\n(a:) OyIyeTbCs JIUINE 38 3HAYEHHSIMU BUOIPKU Ta 3aJIaHUM ap-
IYMEHTOM T, € KyCKOBO-CTAJIOI0 Ta Ma€ HPUPOCTH BeJIMIUHU 1/m y TouKax
&, k =1,n. Ilpu xoxuiit dgikcopaniii eJeMeHTapHiil MO/ W BOHA € JMCKDe-
THOIO (PYHKITIEIO PO3IIOJILITY.

3.1. 3araJjpHi BJIaCTUBOCTI

Teopema (mmpo BiactTuBocTi eMuipuaHol pyHKILT po3nogity). Jis
kootcnozo x € R anavenns F,(x) emnipuwnoi dynruii poanodiay:
(1) mae Ginomiarorutl po3nodia:

Py(Fy(x) = k/n) = CEF*(z)(1 - F(2))"™*, k=0,n,

(2) € rnesmiwernorn ouinkoo 6i0nosion020 3HAUEHHA MeoPenUYHOL PYHKYIT

P03N00iNY: R
My Fy(z) = F(x),

(8) e cmpozo Kon3ucmenmmo10 OYIHKONW OAA Ub020 SHAYEHHA:

Fo(z) =™ F(z), n — oo,



(4) € acumnmomuuro HOPMAALHOIO OUTHKOIW 3 ACUMNIMOMUYHOI0 JUCTED-
ciero F(z)(1 — F(z) :

Vi(Fy(z) — F(z)) =" 7~ N(0, F(z)(1 - F(z))), n — oo.

loBemeHnHns.

Badikcyemo . PosrisHemo moc/1itoBHICTS i3 1 BUIPpOOyBaHb, B AKUX k-M
yerixoM HasuBaerTbest mofis {§;, < x}. OCKiIbKN BeIMUIuMHE &), HE3aJeXKHI B
CYKYIIHOCT1 Ta OJHAKOBO PO3IOJIi/IeH], TO JaHa IMOCJiJIOBHICTb € CXEMOIO BU-
npodyBanb Bepryiiii, mpudomMy WMOBIPHICTE YCIIXy He 3aJIE2KUTh BijJl HOMepa
BUIIPOOYBaHHsA Ta JopiBHioBaTnMe 0 = P(&, < x) = F(x). 3a o3HaueHHAM Be-
JINYNHA F\n(m) 36iraTuMeThCs i3 Bi/IHOCHOIO 4acTOTOO ycmixiB. ToMmy Bci BKa-
3aHi BJIACTUBOCTI eMIipuydHOl (DYHKINI PO3MOJITY BUILIUBAIOTH 13 HABEIEHOI
BUIIE TEOPEMHU 1IPO BJIACTUBOCTI BIJIHOCHOI YACTOTU — YaCTOTHOI OITIHKU WMO-
BipHOCTI ycrixy y BunpoOyBanusax Bepmysuii [

3.2. PiBHOMIipHIi 3a = BJIaACTHUBOCTI

Emnipuana dyHKIisg posmomiay ﬁn(x) € BHUIIQJIKOBUM IIPOIECOM: BOHA, OJTHO-
JaCHO € PYHKINEIO eJleMeHTapHol ol w € ) Ta uucaoBoro aprymenra r € R.
Y Teopil BUIIAIKOBUX IIPOIECIB JIOBEIEHI TaKi TEOpEeMHU.

Teopema (Teopema I'miBenka — Kanresuti). Sxwo meopemuywna ¢dym-
kyis posnodiay F(x) nenepepena, mo

~

sup, ¢ g |Fn(®) — F(z)| =70, n — oo.

,Z[OBG,Z[GHHH HE€ HaBOJUTLHCHA.



Teopema (Teopema KoJsiMoropoBa mpo BiJXWJI€HHs €MITipUYHOT
dyHKIil po3noainy). Hxwo meopemuywna Pynruis posnodiay F(x) nene-
pepemna, mo:

(a) posnodia cmamucmuru Koamozoposa:

%, = \/n sup, cR ﬁn(a:) — F(x)

HE 3aAEHCUMD 610 8Uu2AAdY HesldomoT dyrruii F,
(6) mae micue caabka 36iorcHICMY

= w
¥, — %, N — 00,

NPUYOMY PO3NOJIA 2PAHUYHOL BEANUNUHU MAE BULAAD

“+o0

Py(x<z)=K(z) = Z (—1)" exp(—2k2z?), = > 0.

k = —
JloBemeHnHs.
(a) st crpoIteH st IPpUIyCcTUMO, 1o ¢yHKiis ' crporo monotorHa. Tosi
KOPEKTHO BuU3HadeHa obepHeHa 10 F' dyHKIig

FY(w) = sup(z : F(z) <u), 0<u <1,

npugomy F(FY(u)) = u.(Bupasa. [l nectporo MoHOTOHHNX F 01HO3HA-
YHO BU3HAMEHWil HerepepBHuil 3isa Bapiant F(71).)

Bpobumo zaminy sminnoi £ = F(Y(u),0 < u < 1, B o3Ha"enHi emmipumol
dyHKIIIT po3noiTy

= 1 n 1 "
-1 — E
E (FEY () = - E - 1{51c <FEO@w} T 5 L2y L) < us



OCKIJIbKH 338 MOHOTOHHICTIO Ta O3Ha4YeHHSIM oOepHeHOI (DyHKIIT Mae MicIe To-
toxkmicts {€, < FY(u)} = {F(§,) < u}. Bunasxosi sesmaunn o, = F(&,)
He3aJIe2KHI 38 TeOPEMOIO TTPO TIEPETBOPEHHS He3aJIeKHUX BEJIMYNH, T PIBHO-
MipHO po3nojiieni Ha Biapisky [0, 1]:

Fy(F(&) <u) = Fyl& < FTV(w)) = F(FTD(w)) = u, Yu € [0,1].

Ilicnst anajioriuHOl 3aMiHM B O3HAYEHHI CTATUCTUKH KojmMoroposa micTa-
HEMO

~

Hn = /N SUp, ¢ (0,1)

By(F(w)) = F(FCO(w)| =
Vnsup, (0,1) ‘% D b= Yon<up — u‘ :

OTKe, OO >, OJIHOZHAYHO BU3HAYAETHCA PIBHOMIPHO PO3IIOIIIEHUM
BUIIAJIKOBUM BEKTOPOM (Qvp, ..., (t,) 1 HE 3aJI€KUTH Bij F.

(6) O6unciieHHsI TPAHUYIHOTO PO3MOAUTY craTucTuku Kosmoroposa cru-
pa€eThCs Ha IEHTPaJbHY I'DAHUYHY TeopeMy Teopil BUIIQIKOBUX IIPOIECIB —
CYy9aCHOI'O PO3JILITY Teopil MMOBIpHOCTE! 1 BUXOIUTH 3a MeXKi JJAHOTO Kypcy [

Teopema Kosmoroposa j1ae MOXKJIMBICTD OOYUCIUTU HAOIMMKEHY iHTEP-
BaJIbHY HE3MIillleHy OIiHKY PiBHS P JJisg DYHKINT PO3IOIIITY

Py({F,(x) -z, /v/n < F(z) < Ey(2) + 2, /v/n, Yz € R}) ~p,

Jie T, — po3B’a30K piBHsAHHA K (7,) = p.

JLnst OL/IbIT TOYHOTO OIHIOBAaHHA 3aMicTb K CJIij BUKOPpUCTATH TOYUHUI
BUpas [ (PYHKIHT PO3IOALILY CTAaTUCTUKH 3¢,. Bin 6ys snaiinenuii B. C. Ko-
POJTIOKOM.

BupaBa. 3naiitu po3nois cTaTHCTHK 31, .



4. Bapiamiiinuii paa. KBaaTni

Y nporieci mobymoBu rpadika eMiiprudaHOl (PYHKINT PO3TOIiLTY MU HacaMIepes
MaEMO BIIOPsJIKYBATU TOYKHU 11 CTPUOKIB — BUOIPKOBI 3HAYCHHST
(5]@7 k=1, n)

Osnavenns. Bapianiitnum pagom subipku X = (&, ..., &,) HaA3u6aI0OMBCA
6ubiproci anauenna &, k = 1,n} = {&, k = 1,n}, wo enopadkosani 3a
3POCMAHHAM: §(1) < 5(2) <. < §(n).

O3HavyeHHs . k-0t TOPSIIKOBOIO CTATUCTUKOIO HA3UBGEMbLCA k-1 esemenm
k) Baplayitinoeo pady.

Hanpukiag, Bapianiiinum psagom subipku {3,2,5} € {2,3,5}.

SayBakeHHs. KO BUOIPKa CKIAIAETHC 3 HE3AICIKHIX Y CYKYITHOCTI
OJIHAKOBO PO3TOJIL/ICHNX BEJIMYUH, IKi MalOTh HENEePEPBHY (DYHKIIO PO3IO/Ti-
ay F, To 3 imoBipHicTIO 1 BCi HEpiBHOCTI B O3HAYEHHI BapialliifHOroO Py €
CTPOTUMU:

HiiicHo, 3a HAIBaIMTUBHICTIO TMOBIPHOCTI
P9(Ui;éj{£(i) = f(j)}) = Pg(Ui;ﬁj{fi = fj}) < Zi;ﬁj Py(&; = fj) =0,

OCKisibKH 11pu b > 0

Po(§; = 53) < ZnGZ Py([&:/h] = [f;/h] =n)=
> nez(F(nh 4+ h) — F(nh))? < sup ,ez(F(nh+ h) — F(nh)) — 0, h — 0.

Hagasti OyneMo mpuilyCKaTu BUKOHAHHS YMOGU HENEPEPEHOCTE (PyHKULY

P03n001LNY.



4.1. Posmnoaij nopsiIKOBUX CTATUCTUK

Teopema (po (pyHKIHIO PO3IIOIiLY MOPSIIKOBUX CTATUCTUK). He-
zat eubipra X = (&4,...,&,) ckaadaemovea 3 ME3AACIHCHUT Y CYKYNHOCTNI,
00HAK0B0 POZNONINEHUT BEAUNUN, AKL MAIOMb HENEPEPSHY PYHKYI0 PO3NO-
diay F(x). Todi

Polew <z)=3 . CiF(@)(1-F@)", 1<k<n,

doBeneHnHns.
Posrnsgaemo 1i103HaYHY BUNIQIKOBY BEJIITIIHY

Un(®) = nby(x) = Y0 Lig,<a)-

K mokazaHO B PO3IIi PO eMIIpuvIHy (DYHKIHIO PO3IOJILILY, sl BEJIMYUHA, JIO-
PIBHIOE KIJTBKOCTI yCHIXiB Y n BUIIpoOyBaHHAX Bepnysuii 3 iMOBipHICTIO ycImixXy
F(z), axmo k-it yenix inTeprnperysatu gk mofio {&, < x}. 3a o3HaYeHHIM
TTOPSIJTKOBUX CTATUCTUK

{€wy <z} ={vnlz) > K},

OCKITIBKH 1HTEPBAJI (—00, ) MICTUTH k-Ty MOPSIAKOBY CTATUCTUKY TOJI i Tih-
KHJ TOJIi, KOJIX BiH MICTUTD IOHaiiMenHIIe k crioctepexkenb. Tomy TyKaHuii Bu-
pa3 BUILIHBAE 3 POPMYJIH JJist GIHOMIAJBLHOTO PO3IO/IITY BEJIMIUHU V(L) Ta
PIBHSIHHS

Po(€y <) = Po(vn(z) > k) = S Po(vn(z) = i) =
> i O Fi(2)(1 = F())" O



Teopema (npo eMmiipuyHUii PO3MOJii ITOPSIKOBUX CTATHUCTUK).
Hezati X = (&4,...,€,) — xpammua 6ubipka 3 nenepeperoto Gynxyicto posnodi-
2y F(x) okpemuz cnocmepeocens, a seaununa & ne sareocums 6id (&, ..., E,)
i Mae maxy camy Pynryito poanodiay. Todi

(a) Py(§py <& < Epyny) =1/(n+1), k=0,n,

(6) Po(§ <&y) =k/(n+1), k=0,n,

de 3a oznanennam &gy = —00, {4 1) = OO

SayBakenns. Jlany Teopemy MoO)KHaA iHTEpIpeTyBaTH TaK: BapialliiiHmii
psiji 00’eMy n po30OUBaE YUCIOBY Bich Ha n + 1 iHTEpBaJI, siKi € PIBHOWMOBIp-
HUMH JIJIsI HACTYITHOIO HE3aJIE?KHOTO CIIOCTEPEKEHHSI.

doBemeHnHns.

(a) 3a dopmyoo mpo HMOBIPHICTH BKJIAJICHOT PI3HUII MOl Ta 3a Teope-
MOIO TIPO (DYHKIIIIO PO3IOJILITY MOPSATKOBUX CTATUCTUK JIJIsT KOYXKHOTO X

Pe(f(k) <z < i) = P9({€(k) < $}\{§(k+1) <z})=
Po(Ery < ) = Po(§ogr) < ) = CF F*(z)(1 = F(x))"".

Ockinbku Bunakosi Bektopu & Ta (&), §(x41)) HE3aIEXKHI 3a Teopemoio
PO BEKTOPHI ME€PETBOPEHHS He3aJIeXKHUX BEJIMYUH, TO IX CyMicHa (YHKIIis
PO3IIOJILTY PO3MAIAEThCst B JOOYTOK i BHACHiIOK Teopemu PyOini mpo KpaTHuUit
Ta MOBTOPHI iHTerpasn

[e.e]

Pf)(g(k) <g< f(k—H)) = / dFd:(:)/ dF(f(k)af(kH))(xk?xk-i-l) =
00 T <T, T<Tpy1

/ dFe(z)Py(§y < T < Eitn))-

—00

Otxke, 3a TeOpeMOIO PO (PYHKINIO PO3IOMIIY MOPSIIKOBUX CTATHCTUK



Py(§ry < € < Eeny) = [0 (O FH(2)(1 = F(2))"7%) dF(2) =
fol Ckuk(1 —u)"*du = C* B(k,n — k) =

n

CFT(k+ 1)l (n—k+1)/T(k+14+n—k+1)=1/(n+1),

Jle BAKOpHCTaHa 3aMiHa 3MiHHOT © = F'(x) Ta o3HaveHHsT MOBHOI GeTa-(yHKITI.
(6) /lana piBHICTH BUILIHBAE 3 MOIEPETHBOIO TBEP/ZKEHHs Ta 3 (hOpPMYJIH

Po(§ <&y = S Py <E<E&upy) =75 O

4.2. BekTop paHriB, CyMiCHU PO3MO/iJI IIOPSIIKOBAX CTa-
TUCTUK

Osnauenns. Hexati X = (§4,...,&€,) — kxpamna subipka 3 sapiauiinum
padom (§1)---€ ). Panrom cniocrepezenns vy nagusacmuvca nomep k-20 cno-
cmepestcenna &y ckaadi eapiayitinoeo pady: &, = &. BexTopom panrie
HA3UBAEMBCA 6UNaIK06Ull 6exmop v = (V1,...,Vy), WO CKAGOEHUT 3 pan2is
cnocmepescers, moomo 3a0080AbHAE YMOBY:

(6(1/1)7 ooog g(un)) = (617 a00g gn)

[HmmMu cyioBaMu, BeIMYInHA Uy, 30iraeThest 3 MicieM k-ro CIocTeperKeHHsI
y BUOIpIIi 3a IMOPSIAKOM 3pOCTaHHSI, e HaiiMeHmuil € nepmuM. Hampukian,
st BuOipku (3,9,2,5) BesqmuauHa 1v; = 2, OCKIIBKH 1-€ CHOCTepeXKeHHs 3
3HAXOJUTHCs Ha 2-My Micii y BapiariiitHomy psii (2,3,5,9).

SayBakeHHsI. 3a yMOBH HelepepBHOCTI GyHKIN posmoaity F BexkTop
PAHTiB BU3HAYEHUN OJIHO3HAYHO 3 IMOBIPHICTIO OJWHUIIS, OCKLIBKK BCl 3Ha-
YeHHsI TOPSIKOBUX CTATUCTUK € PIisHUMHU Maike Haresne. Hamami Oymemo
[IPUITYCKATH, IO IsI YMOBA BHKOHAHA.



OueBnHO, 10 BEKTOP paHriB HabyBae 3HadeHb y npocropi I, yciz nepe-
cmanosok poamiprocms n. Ilosnadanmo gepes m~ 00EpHEHY 710 T IEPECTAHOBKY.
Tosti 3a 03HAYMEHHSAM CIIPABEJTUBI TOTOXKHOCTI

é.k = £(Vk)’ gu; = g(k)? {V = 7T_} = {gwl < £7r2 <...< gwn}'

Teopema (Ipo po3mo/isi BEKTOpa paHriB). Bexmop panezis picHomipho
poanodinenuti Ha I1,.

loBemeHHs.

fK ykazaHO BUINE B JIOBEJIeHHI Teopemu KoJsiMoropoBa mpo BiIXuIeHH:
eMIipuaHOT (QYHKIIT PO3HOJILILY, BUNAJAKOBI Besmuuun oy = F(£,) HezasexHi
B CYKYIIHOCTI Ta PIBHOMIPHO po3smojijieni Ha Biapisky [0, 1].

[IpunycTumo st cupoiienss, 1mo GyHKIlis F crporo MmonoronHa. Hexait
7w = (71, ..., ) € I,,. Tomi

P@(l/ = 71'_) = P0<€7T1 < gﬂ'g <..< é-ﬂ'n) =
Po(F(&r,) < F(&r,) <. < F(&r,)) =
Py, < Oy < .. < ip,) = Pplag <ag < ... < ) =

fol dxz,, Oxn dz,_1... foxz dry =1/ n!,

Je mepeIoCcTaHHs PIBHICTH BUILIMBAE 3 TOIO, IO BHUIIAIKOBI BEKTOPHU

(Qryy eey Qr,)) Ta (@i, ..., Op) MAIOTH OJHAKOBI CyMicHI (DYHKIII PO3IOILILY, IO

JIOPIBHIOIOTH JIOOYTKOBI 1 piBHOMIpHUX (DYHKIIIH PO3MOILITY, Ta 3 TEOPEMU 1IPO

00YHC/IeHHST IMOBIPHOCTEM, 1TOB’I3aHUX i3 BUMTAIKOBUM BeKTOpOoM. OQ4ueBUIHO,

0 MHOXKUHA BCiX obepHeHnx mepecraHoBok {7, 7w € II,} 36iraerbes 3 11, [
Teopema (Ipo cyMicHUIT PO3HOAiJ ITOPSIIKOBUX CTATUCTUK). [Ipu-

nYcmumo, wo GyYHKYia po3nodiay cnocmepescerv F mae wiavnicms f. Todi



CYMICHA ULNDHICTD BEKMOPA 8APLAUITH020 DAY (f(l), ...,§(n)) dopieHioe

f«f(l),...,,f(n) (1717 ceey xn) =n! f($1)f(xn)111 < xp <..< Tpt

JloBemeHHs.
3a BIACTUBOCTSAME BEKTOpa PaHTiB

Py(€1y < @150, € () < Tn) =
Yorem, Fol§ay < T, €y < Tp, v=T) =
Yorer, Folry <1,y &n, < Tp, &py <Epy < <6 ) =
n! Py(& < 1,8, < Xn, & <&y < ...<E,) =

f - fquh_n’yn@n n! f(y1)--f(Un) 1y < ys << ya@Y1---AYn,

Jie TepeIoCTaHHs PIBHICTH BUILIUBAE 3 TOTO, IO BUIIAIKOBI BEKTOPHU
(Erps o &r,) Ta (&4, .o, &) MAIOTE OJTHAKOBI cyMicHi DyHKIIT pO3HOIiTy, 8 0cTa-
HHsI PiBHICTH € HACJIIJKOM T€OpeMH IIPO OOYUC/IeHHs HMOBIpHOCTEH, OB 32~
HUX 13 BUIIAIKOBUM BEKTOPOM, depe3 foro CyMicHY MIIbHICTL. 38 O3HAYEHHSIM
CyMiCHa MIIJIBHICTH BEKTOPA MOPSIKOBIUX CTATUCTUK JIOPIBHIOE IIIHTETPaJIhb-
Hiit PyHKIIT B IpaBiii YacTuHi, 10 306ira€Thbes 31 BKa3aHOO B (hOpMyJIIOBaHHI
Teopemn [

Bnpasa.

(1) Smaittn cymicHy minbHicTs MOpaAKOBHX cTaTHCTHK (1), (1), J < K-

(2) BuaiiTu dyHKIIIO PO3IO/AiTY, MaTeMaTHIHEe CIIO/IBAHHS Ta JIUCIEPCII0 PO3-
maxy €y — §(1)-

(3) Hexait X = (&, ...,&,,) — KpaTHa BubipKa 3 HerlepepsHOIO (bYHKIIEIO PO3IO-
ainy F' ciocrepexxens. JloBecTH, M0 CTAaTHCTUKA (F(f(k))/F(f(kH)))k, 1<k<n,
He3aJIeXKH1, Ta 3HAUTU 1X PO3IOJILI.



4.3. TeopermynHi KBaHTHWJII

[Ipu o6y 10Bi BipoOriIHMX 1HTEPBAJIIB MHUPOKO 3aCTOCOBYIOTHCA TaKi YIHCJIOBI
XapaKTePUCTUKN (DYHKITIN PO3TIOILITY.

Osnauvennsi. Teopemuynum ksantuiem pishs p € (0,1) das eunadkosoi

seauvuny € 3 pynxyicro posnodiny F nasusaemves wucao x,, axe € po3e’as-
KOM DIBHAHMA

F(zp) =p = P(§ < xp).

Axmo dyukiig F' merrepepBHa i cTPOro MOHOTOHHO 3pocTae Ha R, To KBaH-
THJIb OY/Ib-sIKOTO PiBHA BU3HAYEHUI OJIHO3HATHO. /lasii mpuiryckarumMeMo, 1o
111 YMOB& BUKOHAHA.

YacTkoBuMU BUNIAIKaMU KBAHTHJIEH € TIOHATTS MeJlilaHd Ta KBapTHUJIEH.

OsHauenHsi. Teopemuynoro MeIiaHO, HUKHIM Ta BEPXHIM KBapTHIEM
HA3UBAIONBCA 610N06I0HO KEAHMUNT 1 /2> T1/4, T3/4-

Ilpuknaa. ns cragaapTHOrO HOPMAaJIbHOTO PO3IIOIILITY

(I1/4, T1/2, $3/4) ~ (—0674, 0, +0674)

Bnpasa. /losectu, mo Teoperudna mMeiana m = I /2 € aDCOIIOTHUM IEHTPOM
HOJIOXKEHHS IHTEerPOBHOI BUIAAKOBOI BeuauHn &, TO6TO

m =argmin, ¢ g M| —al.

4.4. EmMnipmyHi KBaHTUJII

BpaxoBytouu TeopeMy 1po eMITIipUIHUN PO3IIO/IiT MOPSATKOBUX CTATUCTHUK,, ITPHU-
XOJIMMO JI0 BUOIPKOBHUX aHAJIOTIB KBAHTUJIIB.

Osnavenns. Hexati X = (&4,...,§,) — 6ubipka 3 HE3GAIHCHUT Y CYKY-
NHOCMI, 00HAKO0BO PO3NONAEHUL BEAUNUH, G (f(k), k=1,n) - i sapiayitnud



PAO.
Emmnipraanm kBanTuiem (BubipkoBuM KBantuiem) pieus p € (0,1) nasu-
8GEMBHCA CTATHUCTUKA

Cnp = & (lnpl)-
BubipKoBoIO MeJIiaHOI0 HA3UBAEMbCA CTATHCTHKA,
P { E(n/241) AKUO T — HenapHe,
" Emy2) T Emyat1))/2, axwo n — napwe.

Hukuilt Ta BepxHiii BUOIpKOBHIT KBAPTHIL JOPISHIOE & (1/a)) M &((35/4))
610n0610H0.

Posmaxom Bubipkm Hazusaemovcesa 6idcmans Mix HATOIADWUM Ma HATMEH-
WUM CNOCINEPENCENHAM, TOOMO CIMAMUCTIUKA &y — &(1).-

3ayBakeHHS. Y MPUKJIAJIHINA CTATUCTHII JIJIsI CKOPOYEHOT'O OMUCY BHOIP-
ku X = (&,...,&,) BUKOPHUCTOBYETBCS IMOHATTS sNWK 13 Bycamu (whisker-
box). lle m’sripka crarucTuk

€y < E(tnsay < Min < iy < Emys

sK1 300pazKyIOTh Y BUIVISl TOPH30HTAIBLHO PO3TAIIIOBAHOTO SANTUKA MTMPUHOIO
Ean/a) — E(n/a)) (MI>KKBapTUILHUNA PO3MaX) 13 BUILICHUM IEHTPOM 1M, Ta
BycaMH 3/1iBa i cupasa MHUPUHOI &, 1) — §1) Ta §(n) — §(30/4)) BLALOBIIHO.

4.5. KoH3UCTEeHTHICTh BUOIPKOBUX KBaHTUJIE

Teopema (Ipo cTPOry KOH3UCTEHTHICTh BUOIPKOBUX KBAHTUJIEH ).
Hexat dynryia posnodiay F(x) nenepepena i cmpoeo MOHOMOHKO 3pOcmae
na R. Todi subiprosuti kK6anmud Cpo = E(pap) € CMPO20 KOHZUCTEHMHOI



OUIHKON ONA MEOPEMUNHO20 KEAHMUNAL To. S0KPEMG, UE CNPABEIAUBO ONA
6UOIPKOGOT Medianu ma 6ubIPKOBUT Keapmu.ied.

oBenennsi. R

Hexait, sk i Bure v,(x) = nF,(x) — KUIbKICTb CHIOCTEPEXKEHb, MEHIIIX 38
z. Toxi 3a 03HAYEHHSIM TTOPSIKOBUX CTATUCTHK

{Cna < 2} = {E(fnap < 7} = {¥n(@) 2 [nal} = {Fo(2) = [nal/n}.

OckiIbKE TIpU KOYKHOMY € > () BHACTIZOK 3ayBaXKEHHs 1IPO BEPXHIO IPAHUIIIO
BEJINYNH Ta MO/

{ h—mn—woCna < ZTa — 6} - mn—wo {Cna < ZTa — ‘5}?

hmn—>oo{77n Z 6} C {hmn—wonn 2 5}’
TO 38 MOHOTOHHICTIO MMOBIPHOCTI

P9 ({ h—mn—>oo<na < Zo — E}) S PG (mn—»oo {Cna < To — 6}) =

n—oo n

= (T tFuea -2 2 ")) = A (B (Fiea - o) 2 11) <
0

n
[nal
Tyr BuKOpHCTaHa 301KHICTDH ]:"\n(:ca —¢) — F(xz4 — €) maiizke HaneBue 3a
BJIACTUBICTIO CTPOr0l KOH3UCTEHTHOCTI eMITIPUYIHOT (PYHKITT PO3IoIity, 1 36i-
Kuicte [na/n — «, Ta BpaxosaHa HepiBHiCTH F(z, —¢) < a = F(x,) 3a
YMOBOIO CTPOTrol MOHOTOHHOCTI F.

Orxe, lim,, (.o = To — € Maiizke HaneBHe. 3 1oBlIbHOCTI € > 0 3BiAcu
BUBOJIUMO, 10 lim > 1, Maiike HalleBHE. AHAJIONYHO JIOBOIUTHCS
HEPIBHICTH lim,, o Cro < T4 Maiizke HaneBHe [

<P, ({mn_}ooﬁn(xa —¢) > 1}> =Py (F(za—¢)/a>1)=

Nn—00 Cna



4.6. AcuMnOTOTMYHA HOPMAJILHICTH BHOIPKOBUX KBaHTU-
Jen

Teopema (IIpO ACUMIITOTUYHY HOPMAJIbHICTh BUOIPKOBUX KBAHTH-
aeit). Hexat ¢ynruis posnodiny F(x) mae wisonicms f(x), cmpozo mono-
mowHo 3pocmae wa R, mae keanmuis x, pisha o € (0, 1), npuwomy dyrruia f
Henepepena ma 0o0amma 6 Moyl To. 100t 6ubiprosul Keanmuav Cpo = &
€ ACUMNMOMUYHO HOPMAALHON OUIHKOW OAA T,

\/E(Cna _ iI?a) —W n= N(07 02)7 n — 00,
e ol =a(l—a)/ fA(z)

nal)

loBeieHHs.

[Mozuauumo G, = /n((,q — Ta) / O

TBep/2KeHHS TEOpPEMU BHILJIUBATHME 3 TEOPEMHU ITPO JIOOYTOK CJIAOKO 30i-
JKHOI TIOCJTIJIOBHOCTI 31 3012KHOI0, AKIIO JOBECTH, IO
B, =" 8~N(0,1). R

Hexaif, six 1 Bume, v, (x) = nFp(x) = Y 0 lie, < a}-

Sk mokazaHO B JOBEJEHHI TeopeMu PO (PYHKINIO PO3IOILTY TOPIIKOBUX
CTATHCTUK, Ma€ Micre TOTOXKHICTb {§ ) < 2} = {vn(z) > k}. Tomy

PO(ﬂn < y) = P@(C—na < T +y0/\/ﬁ) =
Py (o)) < Ta +Y0/v/1) = Po(§(jnag) < 2n) = Po(Vn(2n) = [na]),
e 2z, = To +yo/\/n= x4+ 0(l),n — 0.
[MocsimoBHICTb vy (2,) € CYMOIO HE3AJIEIKHUX Y CYKYITHOCTI, OJTHAKOBO PO3-
HOJILIEHUX 1HIAUKATOPHUX BUIAJIKOBUX BEIUIUH X,p = lf¢, < 2,}, IO yTBO-

PIOIOTH 3arajibHy IIOCJIJIOBHICTH cepiii BUIMAJKOBUX BEJIUYWH, OJJHAKOBO PO3-
[IOJIIEHUX y KOXKHifl cepil Ta oOMexkeHux. ToMy BOHU 3a/I0BOJIBHSIOTH YMOBU



IEHTPAJIBLHOI TPaHNYIHOI TeopeMu JIsamyHoBa /j1d 3arajibHUX cepiil 3rigHo 3 11
HacaigkoM. OTxke, Ma€ MicClle aCUMIITOTUYHA HOPMAJILHICTH
Yo = Wnl2n) — mp)/sn =W B~ N(0,1),
ne my = Movyp(2,) = nF(2,), 82 = Dovn(2n) = nF(2,)(1 — F(z)).

3 dopmymm Teitopa ta pudepentiitoBaocti F'y Todri x, 0OTpuMyeMo

F(z,) = F(za) + f(za) yo/vn+o(1/v/n) =
=a+yy/a(l —a)/n+o(1/y/n) = a, n — oo,

3BIIKHI

m, = na +yy/na(l —a) +o(yv/n), s2=na(l—a)+o(n).
Bokpema, TOCTiI0BHICTD ¥, = ([na] — my,)/s, — —y, n — 0.
3BiJicH BUBOJAMMO I'DaHUYHE CIIBBIIHOIIEHHS

Py(B, <y) = Po(vn(zn) = [na]) = Py(7,, > ([na] —my)/s,) =
Po(Vp = Yn 2 0) —=noo Po(B+y >0) = Po(8 > —y) = Pp(B < y).

OcranHs PiBHICTH BUILIMBAE 13 cUMETPil HOPMAJIbHOrO po3mnoaiay. OTxke,
Mae Mmicme 36ixHicTs B ocHoBHOMY (3, —C© 3, i 33 Teopemoio PO eKBiBaseH-
THICTB cj1a0KoI 30iKHOCTI Ta B OCHOBHOMY (3,, —" 3, mo noBoUTHL TeopeMy
(-]

Bopasa. Hexait X = (fl, e fn) — KpaTHa BHOIpKa 3 HEIIePEPBHOIO (DYHKITI-
ero posnoziny F' crocrepexens, a §),§(,) — Halivenma Ta HaiGlIbIIa MOPsIIKO-

Ba craTucTtuka. JloBecTn, Mo BeJIUINHA Qn\/ F(¢ (1))(1 —F(¢ (n))) Ma€ I'PAHUYHUMN

PO3IOLN TIp; . — 00 i3 cepesmim /2 Ta mucrepcieo 4 — w2 /4.



5. BubipkoBi momenTu. Meroa MoMeHTIB

Benuky rpymny cratucTik yTBOPIOIOTH BHOIPKOBI MOMEHTH, sKi 38 3aKOHOM
BEJIMKUX YHUCEJI € IPUPOJIHUMU OIIIHKAMU JIJII TEOPETUIHNX MOMEHTIB — MaTe-
MaTHIHUX CIIOJiBaHb CTeIeHeBUX (PYHKINHN Bi/l BUIIAIKOBOI BEJTUINHHU.

5.1. Teopernuni Ta BUOIPKOBI MOMEHTH

Osnavenns. Hexatl £ — sunadkosa eesuvuna. I (neyermpanvrum) reo-
pernaHuM MoMeHTOM nopadky k € N nazusaemuvea wucao

_ k
= M &*
[lerTpaabHIM TEOPETUTHUM MOMEHTOM NOPAJKY k Ha3u8aAEMbCA YUCAO
0 k
pr =M (€ —p)",
2

de u = p; — mamemamuune cnodicanna eeaununy £. 3oxpema, uy = o? —
ducnepcia .

3ayBakeHHS. 3HaUEHHS IEHTPAJIHLHUX MOMEHTIB BUKOPHCTOBYIOTHCS B
TeOPil PO3MOIIIIB /I O3HAUCHHST TAKUX CIEIIAJIbHIX XapaKTEPUCTUK:

ko = 13 Jo® — koedinient acumerpii (Hy bOBHIT JIJTsi CAMETPUYHUX PO3IIO-

JIITiB),
ke = i Jo* — 3 — koedinient excuecy ( i -
e = Y I necy (Hy/IbOBHil 11 HODMATBHAX CIIO
CTEPEKEHD ).

Osnavenns. Hexali X = (&4,...,€,) — subipka. (Heuyenmpanvnum) Bu-
OIPKOBUM MOMEHTOM nopadky k masusaemvea crmamucmuka



[enTpaabauM BHOIPKOBUM MOMEHTOM NOpAdky k HA3UBGEMBLCA CMAMU-

—~ I ~
:uznz _Z 1(£i_lun)k>

n =

cmura

1e i, = fiy, — BuOIpKOBe cepesne. 3oxpema, fly, = 0., — BUOGIPKOBA JIACIIEPCs.

3ayBarKeHHsI. BaK/IMBOIO BJIACTUBICTIO IEHTPAJIHLHAX MOMEHTIB € iHBapi-
AHTHICTH BIJTHOCHO 3CYBiB: BOHU HE 3MIHIOIOTHCS MIPHU OJHOYACHOMY 3CYBI BCiX
CIIOCTEpEKEHb Ha CTAJIy:

0 1 n 1 n S| n 1 n ¥
Fin = Zi:l (51 T ijl 5;) = Zi:l (é.z T ijl(gj - C)> 0

3ayBakeHHs. fK i y BUIIQJIKY TEOPETHIHUX MOMEHTIB, CIIpaBe I THBa TO-
TOXKHICTD
~2 o~ ~ \2
Op = ﬂ’2,n - (/’l’n) :

iiicno,

1 n 1 n
~2 _ - . 2 _ 2 _ ~ \2 ~ \2
O-n - n Zi:l(é-l N’n) n Zi:l 51 2(/un) + (lu’n> .

Teopema (Ipo MoMeHTH BUOIpKOBUX MOMEHTIB). Hexat
X = (&, .., &,) — kpamna subipka. Todi

- R 1
Miiy, = py, Dy, = E(:U“Zk - Ni)

Boxpema, M, = u, Dii, = o* /n. Kpim moeo,

Mo, = o, Do, =

n ——((n— )i — (n = 3)o").




loBenennsi.

HesmimenicTh HElEHTPaAJIbHUX MOMEHTIB € OYEBUJIHMM HACJIiIKOM JIiHIli-
HOCTI MaTeMaTUIHOrO CHojiBaHHs. Bupas mjst X juciiepciii BUILIUBAE 3 He-
3aJIC2KHOCTI B CYKYITHOCTI i OJIHAKOBOI PO3IO/ILJIEHOCT] CTeIeHEBUX (DYHKITii
(5?,@' =1,n) Ta 3 TeopeMHu IPO JIUCIEPCiIO CYMU He3a/esKHUX BeJMUNH:

D(7 X0 &) = 5 v, DIED = monDIEh) = £(MER - (el

Cepeae 171 BUOIPKOBOT JIUCTIEPCiT O0UUCTIOETHCS 3 YPaxyBaHHIM OCTAHHBOT'O
3ayBazKeHHd MIJIAXOM IITHECEHHS JI0 KBaJIpaTy IIiJi 3HAKOM CyMH:

- (M > i & + MZi;ﬁj &f;) / n?=
fo — pa/n — pP(n —1)/n = (uy — p?)(n —1)/n = o*(n — 1) /n.

. ) . .
IIpu obuncienHi nucnepcii o, MOXKHa BBazkaTu, 10 (4 = (), OCKIJTBKH OIliHKa

~2 . . . . . .. .

0,, lHBaplaHTHa BIJHOCHO 3CYyBIB, 30KpeMa BIJHOCHO BIAHIMAHHS Bl CIIOCTEpE-

JKeHb 1X CHIJTBHOTO cepeHboro L. Tomy:

WM (32 =M (Y& — (&) =M ((n— 1) Y& —QZKjfifj)Q -
(n—1°M (T &) +4M(T, ;&) —4n—DM(Z & ¥, . ;&¢,) =
(n—12(nud+n(n—1)c*)+2n(n—1)c* = 0=
(n— 1) [(n = Dpg + (n* = 2n + 3)0"],

— M (32)" — (M52)* = M (52)° — o4 (n —1)2/n? =
(n=1) ((n — Dpy — (n = 3)a*) / n?,



Je Bukopucrane npumnymenaa M¢; = 0 1
Bnpasga.
(1) Jlast nopmastbhoi surtaikosoi sesmamin & ~ N (1, 02)

pd, = o k=120 (k 4+ 1/2) = 021 -3 - ...(2k — 1) = 025 (2k — 1)\
(2) Hosecru, 1o

D(ﬁzn) = (Mo — ui + gy (kg py — 2ﬂk+1))/n + O(l/nz), n — oQ.

.. . . ~2 .

3 ocTaHHBOI TEOPEMH BUILIMBAE, IO BHOIPKOBA JIUCIIEPCis 0, € 3MIIEHO0I0

OIiHKOIO JITA TeopeTHdHol jucnepcii o2, ToMy 4acTo BUKOPHCTOBYIOTH i1 CKO-
pUTOBaHUiT He3MIIEeHNIT BaplaHT.

OznauenHsa. HopmoBanoio BHOIPKOBOIO JIUCIIEPCIEI0 HAZUBAEMBLCA CIMA-

mucmuxra 1
~ [ ~ \2 n o
Sp = E 3 = = o
n i — 1 i:l(gl :un) o= ©7

AKA, 0YEBUIHO, € HE3MIUEHOIO OUTHKON JUCTEPCi:
2 _ n ~2 _ 2
MSn = mMO'n =o° []

Teopema (mpo BisracTuBOCTi BUGipKOBUX MOMeHTIB). Hexai
X = (&, -, &,) — kpamna subipka.
k 3 : ) ~
(a) HAxwo M |€,|° < 00, mo neyenmpasvrud 6ubIPKOSUT MOMEHM, [y, €
HE3MIULEHOTI0 CMPO20 KOHZUCTNEHMHON OUTHKOI MEOPEMUYHO20 MOMEHMY Ly
(6) Arxuwo MEF < 0o, mo ouinku [y, € ACUMNMOMUNHO HOPMAAOHUMU

\/ﬁ( Hpn — I1) —W N~ N(0, po — ui)

loBenennsi.



Bunayjikosi Besimunnu (; = 5? € He3aJIe’KHUMHU 3a TeOPEeMOIO 1IPO 1IePeTBO-
pEeHHS He3aJIE2KHUX BEJIMYUH Ta OJHAKOBO PO3IOJIIJIEHUMHU 33 TEOPEMOIO IIPO
30epeKEeHHS OJTHAKOBOI PO3IMO/IL/IEHOCTI, OCKIJIBKY OTPHUMAaHI 3aCTOCYBAHHIM
ozi€l (cremeneBol mopsiky k) GYHKIT 10 BEJMYUH 3 OJJHAKOBUME PO3IO/IiIa-
Mu. YMOBa (&) rapaHTye cupaBeiuBicTs Kpurepioo KosimMoroposa mocuieHoro
3aKOHY BEJIMKUX YUCEJI, IO i JOBOJAUTH (a).

Hnst mosenmenHs (6) 3aCTOCYEMO KJIACHYHY IEHTPAJILHY TDAHIYIHY TeOope-
My. CKiHYEHHICTh MaTeMaTHIHUX CIIO/IIBaHb Ta JIMCIEPCiil, a TaKoK (hopMyIia
JIJIsST TACTIEPCii OTHOTO JIO/IaHKA HaBEJIeHI B TEOPEMI IIPO MOMEHTU BHOIPKOBUX
MOMeHTiB. ToMy acuMHITOTHYHa HOPMAaJbHICTH € HACJIIKOM KJIACHYHOI IICH-
TPaJIbHOI rpaHuYHOl Teopemu L]

Bnpaa. /losectn, mo BubipkoBe cepeHe it KpaTHOI BUOIPKH 3 MILILHICTIO
Kowti 1/7(14 (z —0)?) He € KOH3UCTEHTHOO OIIHKOIO MEHTPa CUMETDii 6, ocKilbKH
PO3TOJIIJI CTATUCTUKYU HE 3aJIEYKUTh BiJT 71.

BubipkoBi MOMEHTH MOXKHA PO3IVISIATH OJHOYACHO Y BUIJISAJI BUIIAIKOBO-
o BEKTOpa BUOIPKOBUX MOMEHTIB Halepes 3a1aHol po3MipHOCTI d:

!

(i 5=T0), M =

n (Mk? k= I, d)
Teopema (Hpo aCUMIITOTUKY BEKTOpa BHOIPKOBUX MOMeHTiB). He-
xatl

X = (&, .-, &,) — kpamna subipka.
(d)

(a) STruwo M|E,|" < oo, mo sexmopna cmamucmura Y

aucmenmmoro oyinkoro daa sexmopa (¥,
(6) Txuo ME* < 00, Mo 6eKkmop GUBIPKOGUT MOMEHMIE € ACUMNIMOMAU-
YHO HOPMANDHUM:

€ CMpozo KOH-

Vi@ — @) =¥ g = Ny(0, V), n— oo,

n



3 xoeapiayititor mampuyero V@ = (g 41—ty 1y, kL= 1,d).
JloBenennsi.
(a). 3 TeopeMu PO BIACTUBOCTI BUGIPKOBIX MOMEHTIB BUBOAUMO, IO
g, —70Y st Beix k = 1,d, 0 € ©. Tomy

Py(lim ﬁﬁf” = /L(d)(e)) = Pe(ﬂizl{lim Prn = g }) = 1.

(6). PosruistremMo moCJIi10BHICTD BHIIAKOBIX BEKTODIB

Bonu € Hezaie2KHUME 38 TEOPEMOIO 11PO IIEPETBOPEHHS HE3aJIeKHUX BEJIUYINH,
Ta OJHAKOBO POBIOJIJIEHIMHA, OCKIJIBKI OTPUMAaHI 3 OJHAKOBO PO3IOIIIEHIX
BEeJIMYNH 3acTOCyBaHHAM OjiHiel dynkiii. Jlana moc/iloBHICTb 3a/10BOJIbHSIE
YMOBH KJIACUIHOI IIEHTPAIBHOI TPAHIIHOI TEOPEMU /I BUIIAIKOBUX BEKTOPIB
i3 mapamerpavu m =0, V = V@ romy mo

M~; =0, Cov(y;) = (M(E) — )€ — ), k1 =1,d) =
(4 1 — ), k1 =1,d) =V,

TOMy 3a BKa3aHOIO TeOpPEMOIO
VA — D) = 23" v, =mn, oW~ Ny0, V) O

5.2. Meroa MOMEHTIB

MeTo MOMEHTIB € CHeIiaIbHIM METOI0M TOOY/IOBH OIIHOK HEBIJIOMHUX THCJIO-
BUX [TaPAMEeTPiB, KUl CHIUPAETHCA Ha ACUMIITOTHIHI BJIACTUBOCTI BUOIPKOBIX
MOMEHTIB.



[IpumycrumMo, o HapaMeTpudnuii npoctip € d-pumipanm: © C RY,
Ockinbku posnogiia Bubipku X = (&, ..., &,,) Bigomuii moBHicTIO IpU 38,18~
HOMYy 3HaueHHi § € O, To dDyHKIIT

14 (0) = M f’f

TeXK TOBHICTIO BiJIOMI.
Posriisinemo BekTOpHY (DYHKITIIO

WD) = (1 (0), k=T,d): ©— R

[Ipunyctumo, 1o icHye HenepepBHE BioOparkeHHs
Ty(p) : RT — O, sixe € obeprenmm g0 19 () , To6TO

Ty(u'?(0)) =6, V6 € ©.

[l ymoBa BUKOHaHA, 30KpeMa, 3a TEOPEMOIO ITPO OOepHeHe Bigo0parKeHHd 3

anamizy, skimo dynxmia 49 () nenepepsno mudepenmiiiosna, axobian det ‘% @ (90)‘ A

0 s gesikoro g € O i nmpoctip © 3BYKEHO 10 JIEIKOI0 OKOJIY TOUYKH 6.
OsznauenHs. OIIHKOIO METO/Ly MOMEHTIB napamempa 6 nasusaemuvcs cma-
MUCTUKG R
0, = Td(ﬁa(md))7

. . ~(d P = .

0e 6eKMOpP BUOIPKOBUL MOMEHMIE ,ufl) = (Ppps k= 1,d) micmumo 3nauenns

nepwuz d BUGIpKOBEX MoMenTiB, a Ty — obeprena do u@(0) dyrryis.
SayBarkeHHs. 3 O3HAYCHHs 00epHEHOT (DYHKIT BUILTMBAE, IO OIIHKA, Me-

TOJY MOMEHTIB 6, € €IMHIM PO3B’SI3KOM CHCTEMU PIBHSIHb METO/ILY MOMEHTIB

$D(0,) = 5.



Teopema (IIpo CTPOry KOH3WCTEHTHICTH OIIHOK METOAY MOMEH-
tiB). dxwo X = (&4, ...,&,) — kpamna subipra, My \§1|d < 00, i Ppynruyia Ty
HENepePeHa, Mo OUIHKG MEMOJY MOMEHIMIE € CMPO20 KOH3UCMEHMMHONW OUiH-
K010 dAas napamempa 6.

JoBeneHHs. 3a TEOPEMOIO PO ACUMIITOTUKY BEKTOPa BUOIPKOBHX MO-
ventis A& =Pt 1@)(9) gus eix 0 € O. Tomy 3 HenepepBHOCTI Ta O3HAYCHHST
T, BUILIHBAE, IO

O = Tu(AL") ="' () (0)) =0, n — o0, V0 € O

SayBakenHs. ko dyukiiia Ty HerepepBHO judepeHIiiiioBHa i
My€2? < 00, TO MOYKHA, JOBECTH, IO OIIHKA METO/Ty MOMEHTIB € ACHMIITOTIIHO
HOPMAJILHOIO:

V0, — ) =W 5~ Ny(0, t,V D), n — oo,

ne marpuns tq = ZTy(p), p = p ().

Ilpuknannu

1. Ouinka napamempie zama-posnodiay. Hexait X = (&,...,§,) — kpa-
THa BuUOIpKa 3 rama-posnogiiom & =~ I'(\ «a), HeBimommit mapamerp 6 =
(A, a),dim 6 = 2. Toxi

1m(8) = a/A, py(8) = /N2 + (af V)2
Ominky MeTosy MOoMeHTIB (&, /):) 3HAXOJMMO 13 CUCTEMU PIBHIHb
QA= QNP + (@A) = lia, = 5, + (1),

3BIAKH JiCTaHEMO



A=7./8 a=@) e

2. Ouinka napamempie pieromiprozo posnodiny. Hexait X = (£, ...,&,,) —
KparHa Bubipka 3 piBHOMipHEM posnojiiom &, ~ U(a,b), HeBimomuil napa-
metrp 0 = (a,b),dim 6 = 2. Toxi

1(0) = (a+0)/2, py(0) = pi(0) + (b - a)?/12.

Ouinky mMeTosy MOMEHTIB (@, b) 3HAXOIMMO i3 CHCTEME

@+b)/2=p, (b-a?/12=5,
b= fi, +V36n, @=f, — V35,

3. Ouinka napamempié A02HOPMANLHO20 Po3nodiay. BumaakoBa Beandn-
Ha & Mae JorHopMasbHuil posnofin (moswavenns & ~ LN (u,0?) ), axmo ii
JjorapudM Ma€ HOPMaJbHUN PO3MO/LT 3 BiITOBIMIHUME ImapaMmeTrpaMu: In & o~
N(p,0?).

Hexait X = (&, ...,€,) — KparHa BUOIpKa 3 JIOTHOPMAJBHUM DO3IIO/ILIOM:
&, ~ LN(u,0%) Jlns oniHKM mapaMeTpiB MeTOJOM MOMEHTIB MOYKHA CKO-
PUCTATHCA TEPETBOPEHHAM BUOIPKH 3a JOIMOMOIOI0 JIOTapudMidHOT (DYHKITII.
3a TeopeMoro PO TIEePETBOPEHHS HE3AJIEKHIX BEJIMYNH BEKTOPHA CTATHCTUKA
(ny,...,m,) 3 KoopauHaTamMu 1), = In&,, k = 1,n, 3HOBY € KpaTHOIO BUOIp-
KOIO i Ma€ HOpMaJIbHUII PO3MOoaia. BHACTIIOK TeopeMu PO iHTEpPIPETAIIO
rapaMeTpiB HOpMaJILHOTO PO3IO/ITy BUOIPKOBI CepeJiHE Ta JIUCIEpPCid Jiora-
pudMITHOrO IepeTBOPEHHS

- 1 n 9 1 n ~ \9
My = — Z ln§k7 0, = ﬁ Zkzl(lngk - /Ln)

n k=1

€ CTPOro KOH3UCTCHTHUMHU OLiHKAMH IIapaMeTpiB [, 2.



3ayBakKUMO, 1110 OJTHOYACHO 3 JIOTAPUMMITHUM Yy TPUKJIAJIHIN CTATUCTHTIL
IITIPOKO 3aCTOCOBYETDHCS IIijIa IIKAJIA TIEPBUHHUX TPAHC(POPMAITiii:

[ (e*=-1)/a, a>0,
9a(T) = 1 _
nz, a=0.
[TapameTp « miIOUpaeTbCst B 3aJIE2KHOCTI BiJI BJIACTHUBOCTEN PO3IOIIIY CIIO-
CTEPEYKEHD.
BnpaBa. 3uaiitun minpHiCTh, MaTeMaTUYHE CHOMIBAHHS Ta JUCIEPCIIO BHUIAI-
KOBOI BEJIMYMHH 3 JIOTHOPMAJILHAM PO3IIOIII0OM.




6. He3MminieHi onTuMaJjibHI OI[IHKU

YV Mekax 3aj1adi OIIHIOBAHHS HEBIJOMOTO HapamMeTpa 6 BaxKJIMBY POJIb Biji-
rpa€ yMoOBa HE3MIIMMEHOCT], OCKIJIbKU BOHA CIIPUSE 38 I0BLIbHIN AKOCTI OIIHKA
HaBiTh IIPU HEBEJIMKUX 00’€Max BUOIPKU.

6.1. He3mimieHi oI[iHKHI

Yacrto y BHUNaJKYy 0araToBUMIpHOTO HapameTpa Tpeda OIIHUTH He BCi floro
CKJIQJIOBI, a Jinie jiedki. ToMy po3ryIigHeMo 3a/1a9y HEe3MIIEHOTO OIiHIOBAHHS
JiesdKo1 (DyHKIIIT BijJl HEBIIOMOTO TIapaMeTpa.

Osnavenns. Cmamucmura T = T(X) nazusaemves HE3MINIEHOO OITIH-
KOI0 3Havenns gynkuil T = T(6) 6id nesidomozo napamempa 6 € O, aruwo
dimT =dimT

MQT = 7'(0), Vo € O.

Ilpukaazn. Jna kparnol subipku X = (€4, ...,&,,)
(a) BubipkoBa juciepcis 8i € HE3MIIEeHOI0 OIHKOI (PYHKIII ”7_102 Big He-
BioMoi sucmiepcii 02, a HOpMoBaHa BUGIPKOBa JUCIepCid $2 € He3MINeHOIo
OIHKOIO 02,
(6) cratucruxu &, Ta (&; — &,)%/2 € HeaMilEHUMU OIIHKAMU CepeJIHBOro Ta
JIECTIepCil — Xo4a He 30BCiM e(EeKTUBHUMU.

6.2. OnruMaJibHI OIIHKHI

AKImo icHYIOTH HE3MIIleH] OIMIHKHU, TO IX MOXKHa IOPIBHIOBATU MiXK CODOIO 3a
BEJIMIMHOIO CEPEJIHHOKBAIPATUIHOTO BiJIXUJIEHHS BiJl 3HAYEHHS, SIKE OITIHIOE-
ThCsl, Ta OJIHOYACHO 30Ira€ThCs i3 cepeHIM IMUX OIIHOK.



[Tosnaunmo gepes
I, ={T=T(X): MyT =7(0), V6 €O}

KJIAC yCiX He3MINeHNX OIiHOK ificHol mapamerpudHol dyukmii 7(0) : © — R.

Oszuauennda. Cmamucmuxae T € I'. naszusaemvbca ONTUMAIBLHOIO HE3Mi-
wenoro ouinkoro anavenna T(6), (abo orc HE3MIIEHOK OIHKOIO 3 PIBHOMIDHO
HAPIMEHIIIO JIUCTIEPCIE0), AKUL0 BOHA MAE HAUMEHWLY QUCIEPCIIO Y KAACT 8CIT
NHIUHUT HESMIULEHUL OUIHOK!

D@T* < DQT, VT € PT, Vo € O.

Teopema (po €auHICTH ONTUMANBHOI OUiHKM). Sdxwo T1, T — dsi
ONMUMaALHE 0uinky 0as snadenna T = 7(0), mo Ty = Ty matioce nanesne.

Joseaenns. [losnaunmo 02(0) = DyTy = DyTy. Posrisimemo oiinky
T = (11 + T»)/2. Ockinbku MyT = (MyT) + MyT5)/2 = 7, 10 T € I';, i
3a ozHavdeHHAM o2 (0)

0%(0) < DT = My(Ty — 7+ Ty —7)%/ 4=
(D@Tl -+ D@TQ + 2 COV(Tl, Tg)) / 4 =
(202(0) +2 M(Ty — 7)(Ty, — 7)) / 4 < 02(),
Jie OCTaHHsI HepiBHICTh BUILTHBa€E 3 HepiBHocTi Korri. OTke, 3a 0O3HaAYEHHSIM
onrumasbiol oninku 02(0) = DT, i mepisuicts Kormi Mae nepersopurucs Ha

piBHiCTB. 3a 3ayBakeHHSIM PO piBHICTH y HepiHOCTI Kot icHye HeBUIa KO-
Ba crasa b taka, mo Ty — 7 = b(T} — 7) m.u. Tomy

0%(0) = Cov(Ty, Ty) = b Cov(Ty,Ty) = bDyT; = bo?(6).



3Bigcu b =1 ta 17 = Ty vou [

ITpuknanm.

1. Ouinrosarmnsa GMoGIPHOCTL YCNITY 3G OOHUM CNOCTEPEHCEHHAM 3 2€0-
mempuyHum poanodinom. Hexait Bubipka X = £ MICTUTH OJIHY BHUIIAJIKOBY
BEJIMYUHY, 110 Mae reoMerpudnnii posnoii G(1 — #) i3 HeBimoMoo HMOBIp-
Hictio meycnixy 0 € (0,1). s mosimbHOl cratuctukn 1 = T(X) ymosa
He3MiIeHoCTi npu oriHoBanHl GyHKIil 7 = 7(0) Mae BUIIIsI

MyT(X)=>_ _(1=0)6""'T(n) =7(6), ¥0 € (0,1).
n >1

Hexait 7(0) = 6. Toxi 3 emunocti poskiany dyskiii 0/(1 — 0) y psn
Teitopa BUBOAUMO, IO iCHY€E €IMHA He3MillleHa OIHKA JJIs #, 10 TOro K He
myze amicroBra: T'(X) =0 npu X =1 ta T'(X) = 1 ana iammx X.

Axmo x 7(f) = 1 / 6, To HeaMmimenux oinok B3araji me iciye, OCKiIb-
ku dyukiis 1/0(1 — @) ve npunyckae poskiaj y 36izxkuuii pst Teitopa Ha
Binpisky (0,1).

2. Ouinrosanma ducnepcii' y 3a2aaoHit HopMasvHit modeni. Bubipka X =
(&4, .-, &,,) CKIIATIAETHCS 3 HE3AIEKHUX Y CYKYITHOCTI BEJIMYUH i3 HOPMAJIbHIM
posnoginom &, ~ N(u,o?). SIk 6ys1o 3’icOBaHO B TeOpeMi PO MOMEHTH BH-
OIPKOBUX MOMEHTIB, HOpPMOBaHa BUOIPKOBa, JUCIIEPCist

~ 1 n . noo_.
8721 = Zz 1(51 _ /’Ln)z - _ 10721

T n-—1 = n

€ Te3MIIIeHoI0 OIIHKOIO HeBisjoMol mucnepcii o2, 3 Tiel 3K TeopeMu BIUBOJIIMO,
110 BiJIIOBi/IHE cepeHbOKBaIpATHIHA ITOXNOKA JTOPIBHIOE

b
n(n—1)

n

Do, = ( )* D45, = ((n=1Dpg = (n = 3)o*) =

n—1



20*

n—1’

b
n(n—1)

(n —1)30* — (n —3)o?) =

Jie BpaxoBaHe CITiBBITHOIIIEHHS ug = 30* 1719 MOMEHTIB HOpMAJIBHOTO PO3IIOJi-
ny (BrmpaBa. Orpumaru ne crisignontenns mqudbepenIiioBaHHsIM XapaKTepuCTH-
9HOI (DYHKINT HOPMAJIBHOTO pO3HO,HiJIy).

OIHOYACHO POBIVISTHEMO 3MillleHy OIUHKY /IS 02 BUIVISLY ?i =132, net
— nesika ctajia. OOUnCINMO cepeTHROKBAIPATUIHY TOXUOKY

My(72 — 0%)° = My(t(s2 — 02) — (1 — 1)) =
£2Dy% + (1 — 120" = (28/(n — 1) + (1 — 1)),

Bupas y npasiit uactuni HabyBae HaMEHIIIOr0 3HAYEHHS IpK ¢ = Z—: # 1.
Otxe, HE3MIIIEHA OIIHKA 52 3 TOIJIsLY CepeHBOKBAJIPATUYHOIO BIIXUICHHS
BiJI OIiHIOBaHOTO 3HAaUCHHS 02 TipIIa 3a 3MiIeHy OIiHKY ?Z.L[e 1 He JIMBHO —
aJI’Ke MIHIMYM y KJacl BCIX OIIHOK YacTO € MEHIINM BiJl MiHIMyMy B IIEBHOMY
i JTKJIaCl.

He 3Barkaioun Ha HeraTWBHUIl 3MICT HaBeJeHUX MPUKJIAJIB, Yy OAraTrbox
cxemMax He3MIIeHi OIiHKU BCe-TaK! € JJOCUTH e(DEeKTUBHIMU.



7. HepiBuicte Kpamepa — Pao, epekTuBHIiCTD

Posrasinemo kparay Bubipky X = (&4, ...,&,,) 3 dyHKIieo BiporigHocTi

L(z,0) = szl F(2x,0), © = (z1...1,) € S, 6 € O,

ne f(zx,0) — MiTbHICTH OJHOTO CIIOCTEPEKEHHSI.

Y JaHOMY pPO3JIiJIi MPUITYCKATUMEMO, IO IMapaMeTPUIHUNA TPOCTIP €BKJIi-
nis: © C R? | a dynxmia siporiamocti L(x, ) — mudepenmiiiopra 3a mapame-
TpoMm 6.

7.1. DyHKId BIJIUBY

OsHauennsi. OyHkifieo BIUIUBY, abo YHKINE BHECKY, subipku X Ha-

BUBAEMDBCA YACMUHHA NOTIOHA 36 napamempom 0 6id aozapudma 6udiproco

Pyrruii 6ipozidnocmi:

0
UX,0)=—=1InL(X,0).
(X,0) = == L(X,0)
Y sunadky xpamioi subipku GyHKIHEO BILIUBY CIHOCTEPEXKEHHA & HA3UBA-
emvbea noxiona 3a 0 6id aozapudma GyHKULD 6IP0210HOCTT CNOCMEPENHCEHHA:

u(€,0) = %mf({,@).

3ayBaxkenns. Akmo napamerp ¢ € © C R ckangpuuii, To byHKIiA
BILIUBY € JificHOIO (DYHKINE BiJl BUNAIKOBOI BEJIUIUHU, TOOTO BUIIAIKOBOIO
BesmunHo0. dKmo ) 0 € © C R?, 1o moximHy ciim po3yMiTH SK BEKTOD,



M0 CKJIaJIeHWil 13 YaCTMHHUX HOXiTHUX (TpajieHT), a (yHKINS BILIUBY Oyjie
d-BUMIpHUM BUIIAIKOBUM BEKTOPOM:
— 0
UX,0)=(Up(X,0),k=1,d), Ux(X,0)= 8TIHL<X 0).
k
BazknuBe 3navenns Ta Ha3Ba 'PYHKIIiS BIJIUBY MOSCHIOETHCS TAKUM Mip-
KyBaHHSM. ZIKIIO IPUILYCTUTH, [0 PO3IIOJIL/T BUOIPKHU B3araJii He 3aJIe2KUTh Bi/l
HeBiZoMoro mapamerpa f (mapaMeTp He BILTMBA€ Ha PO3IOLI), TO BiAMOBiIHA
dbyukiig BBy Oyse ToToxkHiM HyseM. OHOYACHO 3ayBayKUMO, IO SKpPa3
y IIbOMY BHUIIQJKy MapHO HaMaraTHCh OIIHUTHU IapaMeTp Ha OCHOBI CIIOCTe-
peKeHb, YUl PO3IIOJILI He 3aJIEZKUTh BiJl 3HAUYEHHs TaKoro napamerpa. Tomy
BijiHOCHO "Mauti” 3HavYeHHs (QYHKIII BIUIMBY BKa3ylOTh Ha Opak indopmarril
I0JI0 TTapaMeTpa B HAgBHUX CIIOCTEPEZKEHHSIX.
Teopema (mpo dyHKIiI0O BiinBy KpaTHOl Bubipkm). Jxwo X
(&1, -, &,) — Kpammua eubipka, mo ubipKosa PyrKyia 6NAUSY OPIEHIOE CYMI
hyrKuIl 6NAUBY cnocmepedicens, Akt il Ymeopomy:

UX,00=>"" ul&0).

JloBe/ieHHsI BUILTMBAE 3 TEOPEMH TTPO (PYHKITIIO BIPOTiTHOCTI KPATHOI BU-
OIpKM Ta JIHIAHOCTI YaCTUHHOL Hoxmﬁo'l':

)
55 M L(X,0) lnH F(£,,0) =
6 n n a n
= Zk:l In (&, 0) = Zkzl 7510/ (64, 6) = Zkzl (€, )5

IIpuknann
1. ITyacconiscvka subipxa. st kparHol Bubipku 3 posnojiiom [lyaccona
P(\) Ta HeBimomMuM mapamerpom 6 = A



u(y,0) = & (6" exp(=0)/y!) = y/0 — 1, y € Zy,
UX,0)=>5_1(&/0 —1) = n(f,/0 — 1).

2. Bubipxa 3 e2ama-po3nodisy. Insa KpaTHOT BUOIDKEA 3 ramMa-PO3IIO/ILIOM
['(A, @) Ta HeBimomuMm mapamerpom 6 = (A, «)

Inf(y,0) =aln A+ (o« —1)Iny — Ay — In['(«),
ui(y,0) = a/A -y,
up(y,0) =In A +Iny — ¥(a), P(a)==2nT(a),
Uv(X,0) = n(a/A = 1i,),
Us(X,0) = (nIn X+ In[,_, & — ny(w)).

7.2. YMoOBU peryJisipHOCTi

Y manomy po3maiii OymeMo TPUITyCKATH, IO BUKOHAHI ITEBHI YMOBU PETYIISP-
HOCTI Ha (pYHKINIO BiporigHocTi Bubipku. Ili ymoBu Mu He OyneMo TOUHO Jie-
Tasai3yBaTH, OJTHAK MMO3HAYNMO 1X.

1. Muoxkuna Tux 3HaveHb BuOIpKu X, s dKUX (DYHKIS BipOTiTHOCTI
L(X,0) crporo nonatHa, He 3a7€KUTh BiJ 0.

2. Oyuknig Biporimunocti L(X, ) neivui HemepepBHO nudepeHiiiioBaa 3a
mapamMeTpoM 6.

3. @yuknist srmsy U (X, 6) inTerposra y kBagpari: MaU?(X, 0) < oo V6.

4. 3nak MOXiJTHOI 3a mapamMeTpoM f MO)KHA BHECTH IIiJi 3HAK IHTETPAJIB
MyL(X,0) 3a aprymerrom x € S Bijg dyskiil Biporigaocri L(x, ), a Takoxk
Bix 1T moxijgaux 3a 6.



7.3. BuaactuBocti dyHKMHil BBy, iHdopMmarliia 3a Pi-
IIIepOM

Teopema (mpo 1eHTpOBaHiCTh DYHKIIT BIUIUBY). 30 yM06 pezyiap-
HOCTNT PYHKULA BNAUBY UEHMPOBAHA.:

My U(X,0) =0, V0 €O.

HoBenenHsi. 3a o3HaueHHAM (DYHKIIT BIpOriHocTi

Py(XeS)=1= / L(z,0) \(dz),
s
ockinbKu Bubipka X HabyBae 3HaueHb y BUOGIpKOBOMY mpoctopi S, a L(z,0) —
i1 MIBHICTE POBIIOJIIIY BiTHOCHO MipH A.

[Mosunaummo Sy = {x € S : L(z,0) > 0} BumipHy nigMuOX)uHY BuOip-
KOBOTO TpocTopy (S, X)), sika He 3a/IeXKUTh Bij f 3a yMOBaAMU DEryJsipHOCTI.
BukopucroBytoun 1i yMOBU Ta BJIACTUBOCTI inTerpasy JleGera Bij HyIbOBOT
byHKIIII, 3 HaBeJIEHOI BUIIE TOTOXKHOCTI JICTAHEMO

0 %) 9
02%1:%/0}(:5,9) A(dx)Z%/SOL(iU,Q) Adz) =

/S <% lnL(x,Q)) L(z,0) A(dz) = M, U(X, 0),

Jle OCTAHHS PIBHICTH BUILIMBAE 3 TEOPEMU PO OOUMCJIEHHS MATEMATHIHOTO
crojiiBanHs (DYHKIIT BiJ BULIAIKOBOI BEJIMYUHN, i BAKOPUCTOBYETHCSI OU€BHTHA,
TOTOXKHICTH



aL(x,0) = (&I L(z,0)) L(z,0)

Ha MHOXKUHI S, ne L(x,0) > 0 [
Ozuavennsi. Hexat napamemp 6 € © C R — cxaraprud. [ndpopmariiero
3a Qimepom y subipui X HA3UBAEMBCA DYHKULA

I1(0) = Dy U(X,0) = MpU*(X, 6).

Jpyra piBHICTH B 03HaUYEHHI BUILJIUBAE 3 TEOPEMU IIPO IEHTPOBAHICTH (DY H-
KIIil BIIUBY Ta 3 BJACTUBOCTI JMCIIEPCil.
Teopema (npo o6uucsiennsi indopmaiiii 3a @inrepom). 3a ymos pe-
2YNAPHOCTIVL CNPABEDNUBA TOMONCHICTIVD
82 0

1(6) = — InL(X,0) = ~My=

8«92 U(X,0), V6eO.

HoBenennsi. [IpoaudepeHIirneMo TOTOXKHICTE 13 TeopeMu 11PO [EeHTPOBA~
HiCTh (DYHKIT BIUIMBY Ta BUKOPUCTAEMO YMOBH PETryYJISPHOCTI:

0= %Mg U(X,0) = (fe / Uz, 0)L(x, 0)A(dz) =

0
| 550 0Lz 0)) M) =

/ <aae (=, 9)> I &) @) = /S U(a, ) ge (x,0) A(dz) =

2

2U(X 0) + MyU*(X, 0) = ;0 In L(X,0) + I(6)

M,
"0



Teopema (upo agurusBHicTh iHdopmanil 3a @Pimepom). Truwo X =
(&1, .., &,) — KPaMMa eubipka, mo

1(6) = n i(0),

de
2(0) = Dy u(€179)

mgopmanis 3a Piwepom 6 00HOMY CROCMEPEIHCEHH .
JoBenenHsi. 3a TeopeMoIo IPO (PYHKINIO BIUIUBY KPATHOI BHOIPDKU Ta 38
TEOPEMOIO TIPO JIUCIIEPCII0 CyMU HEe3aJIe2KHUX BEJIMIUH

1(6) = DyU(X, 0) = DOZ u(é,, 0) _Zzleeu(gk,e):m(e),

Jie He3aJIeXKHICTh BemdnH u(&y, ) BUIUIMBAE 3 TEOPEMHU IIPO EPETBOPEHHS
He3aJIe2KHUX BEJIMYNH 1 BUKOPMCTAaHA, TAKOXK OHAKOBA PO3MO/ILIEHICTH ITUX
BestmauH [

Ilpukaaan.

1. Cxema Bepnyani. Hexait Bubipka X = (X4, ..., X;,) MICTUTH pe3yJbTaTi
BUIIPOOYBaHb BepmyJuti 3 HeBiIOMOIO fIMOBIpHiCTIO yemixy 6, 1e X, — iHIuKaTop
ycrixy B k-my BumpoOyBanHi. DyHKIIsST BipOTiIHOCTI OJHOTO CIIOCTEPEIKEHHST
€ MILJIBHICTIO BiJTHOCHO TOYKOBOI MipH i Ma€ BUTJIST

fly,0) =010, + (1 —0)1,0=0"(1 — )", y € {0,1},

TeopeTudHa (DYHKIIis BILTUBY JOPiBHIOE

8 _Q_l—y_ y—=0



dyHKIIiT BiporiiHOCTI Ta BILUIUBY BCi€l BUOIpKU
_ n = __ OVn n—~un _ s
L(X,0) = szl 0k (1 — )X = ¥ (1 — )", v, = Zk:l Xi:
n n ~ ~
U(Xa 6) - Zk:l U(lee) - M(Hn - 9)7 en = E?

dyukil indopmariii 3a PirepomMm MarOTh BUATTIS

) X1 — 0 ? Dox, 1 n_
A= <9(1 = 9)) “ea-op oa-o " ga-oy

2. Ioxasnurosuti posnodia. Posrnsnemo kparay Bubipky X = (&, ...,&,,)
13 [OKA3HUKOBUM DPO3IOJIIOM crocTepexkenb &, ~ Frp(f). OyHKIil BILIUBY
MalOTh BUTJIA,

0
= 5g(nd —0y) =1/0 —y,

UX,6)=  ulé,6) =n/6—nf,

a dysKIIl indgopmariii 3a Qirmepom y criocTepeykeHHi Ta y BUOIPIl JOPiBHIOIOTD

u(y, o)

i(0) = Mp(1/0 — €,)% = Do€, = 1/6%, 1(8) = n/6>.

7.4. HepiBaicte Kpamepa — Pao

Posrnsiremo 3ajady oriHIOBaHHS 3HAYEHHS JIHCHOI mapaMeTpuaHol (pyHKITT
7(0) y knaci I'; me3mimnienux ii omiHOK.

Teopema (upo HepiBHicTb Ta Kpurepiit Kpamepa — Pao). Hexad
© C R. 3a ymos pezyaaprocmi:



(a) das dosinvnoi ouinku T = T(X) € T'; npu ecix € © cnpasedausa
nepiericmos Kpamepa — Pao

de To(0) = L7(0), 1(6) - ingopmauin sa Piwepom y subipyi X,
(6) pisricmo y nepisnocmi (a) mae micye modi & MisvKy Modi, KOAU OUiH-

xa T € atnitinoro gynruicro 610 Gynruyii 6niuey subipKu.
T(X)—7(0) =c(0) U(X,0) m.n., V0 € O,
das deswol diticnot ¢(0), npuromy y 6unadky pieHocmi

c(0) = 7o(0)/ 1(0).

Oszuavennsi. Ouinka T € ', nasusaemuvea eeKTUBHOIO OIIHKOIO Napa-
mempuunol dynxyii 7(0), axwo nepiernicmv Kpamepa — Pao dasn net € piehi-
cmi0, moomo Yy 6unadky, Kol Ui OUIHKG MAE HATLMEHUE MOHCAUBE ZHAMEHHA
ducnepcii' y xaact 'y 6cix meamiuenux ouiHoxk.

Trepmxenns (6) nae kpurepiii edexrusrocti Kpamepa — Pao.

SayBakeHHs. 3 03HAYEHHS Ta €IUHOCTI ONTUMAJIHLHOI OIIHKY BUILIUBAE,
MO ehexmueHa ouiHKka € ONMUMALLHON OUIHKON CBOTO MaTEMaTHIHOTO CITO-
nmiBanHs, ToOTO Kputepiit Kpamepa — Pao € mocraTHboi0 yMOBOIO OIITHMAIH-
HOCTI JIJIsT PEryAsipPHUX CIIOCTEPEIKEHb.

3ayBaxkenns. Hepisnicrs Kpamvepa — Pao jais mucnepcii DyT mae micie
TaKOXK 1 JIJTA 3MIMEHnX OIHOK 7', IKIMO B IpaBiil yacTuHi 73 3aMIHUTH Ha
(To + bo)?, me bg(0) = Lb(6), b(0) = MpT — 7(6). Miiicro, y nanomy Bunaixy
oriaka 1’ € HEe3MIIIEHOIO JJIst 3HAYEHHS T + b.



oBesieHHst TeopeMu. 3a 03HAUEHHAM HE3MIIIEHOCT] Ta 38 TEOPEMOIO 11PO
O0YMCIEHHSA MaTEMaTUIHOIO CIO/[iBaHHs (DYHKIII BiJl BUIIAIKOBOI BEJIUIMHU

MoT(X) = /ST(x)L(:zc,@) p(dx) = 7(0), V0 € ©.

3a yMOBU peryJisipHOCTI 3 ypaxyBaHHSIM O3HaU€HHs (DYHKIII BIUIUBY Ta, Te-
OpeMU IIPO OOYHMC/ICHHS MATEMaTUIHOI'O CIIOiBaHHs (PYHKIII BiJl BHIIAIKOBOT
BEJIMYMHU 3HAUIEMO

):%fSTxL = [ T( L(x,0) p(dz) =
JsT( ) (CE 0) (dl‘) =
Ty e) e )

Jie OCTaHHsI PiBHICTDb € HACJIIIKOM TEOPEMU IIPO IEHTPOBAHICTE (DYHKIIIT BILIH-

BY.
3rigao 3 HepisraicTio Ko 3 oTpuMaHol TOTOXKHOCTI BUBOINMO

5(0) = ( Mo(T(X) — 7(0))U(X, 0) )?
My(T(X) — 7(0))* MpU?(X,0) = DyT - 1(9),

3a oznadennsM I (6). Lle moBoaurh TBepzKeHHS (a).

st Toro, mo6 nepisnicts Korni nmeperBoproBajiacd Ha PiBHICTb, HeOOXi-
JIHO il TOCTaTHBO, MO0 MHOXKHWKHW ITiJT 3HAKOM MaTeMaTHIHOTO CIIOJiBAHHS
Oy JIiHIHO MOB’si3aHl Maiike HalleBHe TPHU KOyKHOMY f. 3Bijicu BUBOIMMO
TBep/zKeHHs (6) Teopemu. Bupas i 3HAUEHHsT BIANOBIIHOI CTAIOl 3HAXO-
JUMO TICJI MJICTAHOBKU TOTOXKHOCTI KPUTEPIIO0 PIBHOCTI B OTPUMAHY BUIIE
TOTOXKHICTb:



79(0) = My(T(X) — 7(6))U(X, 0) = Myc(0)U*(X, 6) = c(0)1(6) [

BayBakenHsi. Y Bunajky, komu X = (&,...,§,) — kparna Bubipka, iH-
dbopmaris 3a Dimepom y 3HameHHuKy mopisuioe I(0) = n i(6), orke Hepis-
uicte Kpamepa — Pao nHabyBae Burismy

OszuadenHsi. kw0 nocaidosHicmy oumon T, € I'; e acumnmomummo
HOPMAALHOIO 3 ACUMNMOMUYHOI0 QUCTIEPCII0 T2, Mo6mo

VT, —7) =" 5~ N(0,02),

~92 . o . .
npuromy o2 = Oopt 3002a€MBCA 3 HAUMEHWUM MONCAUGUM 30 NEPIGHICTIIO
Kpamepa — Pao snauenmnam, mo ouyinka (1)) Ha3usaemvcs acCUMITOTHIHO
e(eKTUBHOIO.

7.5. HepiBaictb Kpamepa — Pao ajis BeKTOpHOro mapa-
MeTpa

Osznauennsi. Hezati napamemp 0 € © C RY — eexmopruti, modi ¢hyrxiyis
BNAUBY MAKOAHC € BEKMOPOM-CMOBNUUKOM

U(X,0) = <U (X,0) = 889 (X,0), i:ﬁ).

[ndopmariitnoro marpuriero 3a Pimepom subipku X Ha3uBAEMBCA KOBAPLQ-
YITHG MAMPUYA 8eKMOPHOT GYHKULE 6NAUBY:



1(8) =Cov, U(X, 0) = MyU(X, 0)U'(X, §) =
(COV(Ui(X> 9)? Uj(Xve))a 1,7 :17_d J

Ak iy ckangpHOMY BUNAJKY, MATpuUIlsd iHdopMaIiil s KpaTHUX BUOIPOK
Ma€ BJIACTUBICTH aJIMTUBHOCTI Ta IEHTPOBaHOCTI. /loBeJeHHS 1NX BJIACTUBO-
cTeil MPOBOAUTHCS ILIKOM aHAJOTIIHO, TOMY HE HaBOJIUTHCH.

IIpuknan. Posrisinemo kparuy subipky X = (&, ...,§,,) i3 HOpMAILHUX
criocrepexkennb &, ~ N(u,0?), nesimomuit napamerp 0 = (u,0?), dimf = 2.
He spaxkaroun Ha (OpMYy 3allicy, BBarKaTHUMEMO 0 He3aJIesKHOIO 3MiHHOIO.
Jlorapudm dyHKIIT BiporiHOCTI BUOIpKM Ma€ TaKWil BUTJIS

n 1 n ~ o~
In L(X,0) = —511127T02 ~ 952 B T p)? =

n n n
——In2r— —Ino? — — (32 + (G, — p)?).
5 5 572 (0n + (Hn = 1))
3Bicu 3HAXOIMMO KOOPAUHATH (DYHKITIT BILTUBY

UI(X79) = Ma

0-2
n .
Ua(X,0) = 552 t ﬁ(ai + (i, — 1)?)

3a TeopeMoIo PO MOMEHTH BHOIPKOBUX MOMEHTIB OOUHCIIIOEMO

TL2 ~ n
111(9) = FD(;un = ?

Bopasa. BuaiiiTs inmi esementu iHdopMariinol MaTpuill, SKIo BioMo, 1m0
~ . ~2 .
CTaTUCTHUKU [I,, 1 0, HE3aJIeZKHI.



Teopema (HepiBuicts Kpamepa — Pao njisi BekTopHOro mapame-
tpa). Hexatd dim© = d > 1, sukonani ymosu pe2yiapnocmi, ingopmauitina
mampuys 3a Piwepom 1(0) nesupodocena, a T = T(X) € T'; — neamiwena
ouinka cxaaaprot gyrxuii 7(60).

(a) Todi das ecix 6 € O cnpasedausa Hepiericms

MQ(T = 7')2 =Dy T > B(I(G),Tg) = 791‘1(6)79,

_ d o 2 /o o
de T¢(0) = 57(0) — sexmop-cmosnvux epadienma, Ty — cnpAvicenuli 6exmop-
PAJOK.
(6) Pisricmov y wepienocmi (a) mae micue modi i miavku modi, koau T
€ NMHITHOMW PYHKYIENW PYHKUIT 6nAuSYy 8UbIPKY

T(X)—7(0)=(0) UX,0) v, VOeO.

SayBakenns. TBepKeHHsT TEOPEMU 3aTUIMIAIOTHCS CIIPABEJIMBUMU 1 15T
Bupo/KeHol Marpuri I(6), SKio 3aMiEnTH KBaJpaTndHy GopMy B IpaBiii da-
cruni (a) Ha )

b'r
B(I1(6),79) = Sup pepa %.
loBenenHsi.
AK iy cKaJsgpHOMY BUIIQJIKY, 3 YMOB HOPMOBAHOCTI (DYHKITT BipOriTHOCTI

Ta HE3MIIEHOCT] Ha MiJICTaBl PeryagapHOCT] JOBOIMMO TOTOYKHOCTI
My U(X,0) =0, Mp(T(X) —7(0))U(X,0) = 7¢(0).

Hexait b € RY. CkaagpHo IOMHOXKHMO JIPYTy TOTOXKHICTH Ha b i cKopu-
cTraemMocs HepiBHicTio Kot Ta TeopeMoro 1mpo Juctepciio JiHiitHol ¢popMu Bij
BHIIaIKOBOT'O BEKTOPA:

(V'19)* = (U Mp(T — T)U(X, 0))* = (My(T — 7)V'U(X, 0))? <



My(T —7)2 My(VU(X,0))* = DT Dp(VU(X,0)) = DyT b'I(6)b.

3Bijcu .
b'r
DT > —é’l(z;b = 15171 (0) 7y,

Jle OCTaHHs PiBHICTB JocATaeTbest ipu b = [ ~1(0)7y. YMoBa piBHOCTI BUILIH-
Ba€ 3 BIAMOBiAHOI ymMoBHU B HepipnocTi Komri. TBepakenns 3ayBazKeHHs J7Is1
BUPOJ2KEHOT 1HMOPMAIIiHOT MATPHIIL JIiCTAHEMO MIC/Is TePEeXOo/Ly JI0 BEPXHBOI
Mexki 3a b B ocranHiit HepiBHOCTI []

Bmpasa. [losecru, mo y sunajiky sekroproi dynknii 7(0) B ymoBax nonepe-
nHboi Teopemu jiist Heamimenoi oninku T = T'(X) € I, marpuns

Cove(T(X) — 7(8)) — oI (076

HEBiI €éMHO BH3HAYEHA, 30KpeMa, Ma€ HEBiI éMHI JiaroHaIbHI eTeMEeHTH.

7.6. llpmkaajm omiHoBaHHA y cxeMi BepHyuuii

Posriisinemo 3aj1ady oIiHIOBaHH:A, B AKiil TPOBOJAATHCA N BUIIPOOyBalb bBep-
HyJ/IJTI 3 HEBIIOMOIO HMOBIpHICTIO p = 6 ycIixy B OKpeMOMY BHIIPOOYBaHHI.
[Tpunycrumo, 1o crnocrepiraerbest BUGIipka X = (Xq, -, Xp)s A€ X — IHUKA-
Top k-ro ycmixy. Po3momin Bubipku adCoIioTHO HerepepBHuii BITHOCHO TOYKO-
BOl MipH, jiorapudmivyaa HyHKITS BipOriIHOCTI Mae BUIJIST

In L(X,0) = v, (X)Inf + (n — v,(X))In(1 — 6),
ne vp(X) =D 7, Xj — 3araJbHa KUIbKICTB ycrixis. 3sigcu

(X)) n—vp(X) ve(X) n
U0 ==~ =19 T 01-0) 1-90




dyukiisa indopmariii 3a Pirrepom TOPIBHIOE
1(8) = Dyvn(X) /6?1 — 0)2 =n / 0(1 — ),
HUXKHSI TPAHUIA JJTs JUCIIepCil He3MIIMeHOol OIIHKH mapamMerpa 6 Mae BUJISI
DeT > 6(1 — ) / .
3a kputepiem ederTuBHocTi Kpamepa — Pao edpekTrBHa OIliHKa TOBUHHA,

MaTH BUI'JIAL
Vn(X) n
T — _ .
9+C(9(1—9) 1—9)

Hnst Toro, mob npasa yacruHa Gysia craructukoo (He 3asexana Bifg 6), e
enunuii croci6 obparu crany ¢ = 6(1 — @) /n. Ilpu takomy BHOODI HEPIBHICTE
Kpamepa — Pao mepeTBopioeThcst Ha PiBHICTD.

1 1

Orxe, y cxemi Beprysii Bigmocna qacrora yemixis T* = v, (X) = 230 x4,

~n
€ ONTUMAJILHOIO HE3MIIEHOIO OIIHKOI0 MMOBIPHOCTI ycmmixy 6.

7.7. Ilpukaan oliHIOBaHHS IMapaMeTPiB HOPMaJIbHUX
CIIOCTEpPEKEHD

7.7.1. OmiHIOBaHHA CcepeaHbOTO IPU Bigomiii gucrnepcii

Hexait X = (£,...,&,) — KparHa BUOIPDKA 3 HOPMAJLHUM PO3IOJLIOM CIIO-
crepexkenn: &, ~ N(u,0?), e jucuepcia o? Bimoma, a cepenne u = 0 Tpeba
ominutu. Jlorapudmivna QyHKIA BIpOriIHOCTI Mae BUTJISIT

n n 1 n
InL(X,6) = —Zln2r — 2lno® = — 3" (6 —w)’



n . =
ﬁ(:uQn - 2:un:u =+ :u2)

ne [, — BUOIDKOBE CEpEJIHE, Moy, — APYTUl HENEHTPAIbHUN BUOIPKOBUIT MO-
MeHT. 3BiJich 3HAXOAUMO (PYHKINIO BILIUBY

= —gln27r— glna2 —

n o .
U(X,0) = — (i, — p)-
o
3a kpurepiem edexkrurocTi Kpamepa — Pao ontumasibHa omiHKa (4 TIOBUHHA,
3a/I0BOJILHSATH PIBHAHHA

* iy -~

10 Ma€ micte npu Bu6opi ¢ = o2 /n. Orxke, T* = [i,, € ONTUMALHOIO OIIHKOIO
CEPEJIHBOTO TIPH BiJIOMiil Jimciiepcil.

7.7.2. OrmiHIOBaHHA AUCIIEPCIii ITPU BiJIOMOMY CepeIHbOMY

Posrisinemo Taky X HOpMasibHy kparnHy Bubiprky X = (&;,...,&,), & =
N(u,c?), ne Bijome cepeqne ju, a jucrepcid o2 = 6 ONiHIOETbCA. Y IHOMY
BUNAAKY (DYHKIIA BILIMBY Ma€ BHLJIAL,

n n . ~ 2
U(X,0) = =55 + 5 a(Han = 2inps + 7).
Bubopom muoxkHuKa ¢ = 201 /n 3abesneuyernes pismicts T — 02 = cU
y kpurepii edpekruBnocti Kpamepa — Pao, a onTtumaJibHa OIIHKA JIOPIBHIOE
BUOIPKOBIil Jirciiepcil 3 ypaxyBaHHAM BiJIOMOTO CepeTHbOTO

1 n
w _~2 o~ o 2 _ N2
T* =G = flon = Qi+ 1 = =3 (& — )™



7.7.3. OriHIOBaHHS CepeaHbOrO MPU HEBioMill mucnepcii

PoariisiHeMo HOpMaJbHy Kparhy Bubipky X = (£;,...,€,), & =~ N(u,0?),
Jie HeBijoMi 9K g, Tak i 0%, napamerp = (u,0?), a ONIHIOETLCSA cepeiHe [
= 7(0). Y upomy BHUIAJIKY KOOPJMHATH BEKTOPHOI (DYHKIIT BILIMBY MAIOTh
BUTJISL

n -
Ul(Xﬂ 9) = ;(Mn - :u)a

n n . ~ 2
~552 T 501 (B2n = 2Hnp + 17).

O6epemo BekTopHy crany ¢ = (c1,¢3) = (0%/n,0). Tomi y xpurepii (6)
HepiBHOCTi Kpamepa — Pao i1 BeKTOpHOTO IMapaMeTpa

Uy(X,0) =

T — n = ClUl(X, 9) T CQUQ(X, 9) = ﬁn — U

Mag Micre piBHicTb Jyist T* = i, TOOTO BHOIPKOBE CEPEJIHE € ONTUMAJIBHOIO
OITIHKOIO 1 IIpW HEBLAOMI Jinciiepcil.

7.8. ExcrnoneHIiiitHa MOeJIb

Hexait Q C R, X = (£, ...,&,,) — KpaTHa BubipKa, IPUHOMY MIJIBHICT OIHOTO
CIIOCTEPEYKEHHST MA€ BUIJILA

f(y,0) = exp(a(y)b(0) + c(y) + d(0)),

ne b, d — mudepentiitopi yHKIT mapamerpa 0. 3a TeopeMoio po hyHKIIO
BipoOTriHOCTI KpaTHOI BUOIPKU

In L(X, ) = A(X)nb(8) + C(X) + nd(6),
AX) = & Y alér), C(X) =0, e,



U(X,68) = A(X)nB(0) + ndg(6),
e B(0) = db(0) /db.

[Tpumycrumo, Mo BUKOHAHI YMOBHU Pery/ispHOCTI (OCHOBHA YMOBA aBTOMa-
TUYHO BUILIMBAE 3 JIOJATHOCTI eKCIOHEHIIHOT (DYHKINT Ha BCiil 4uc/IoBiii oci).
Bracninok Teopemu 1po 1meHTpoBaHIiCTh (DYHKIIIT BILIUBY 3BiJICH OTPUMYEMO

U(X,6) = nB(8)(A(X) — MyA(X)).

OckinbKu cKajsgpHa BulagkoBa BeaudnHa A(X) € cyMoo He3aeKHuX y
CYKYITHOCTI, OJTHAKOBO PO3IIOJILIEHUX BEJIMYUH, TO iH(OPMAIiiHA MaTPUIlI 34
DimepoM Mae BUTJIST

I(6) = n*B(0)8'(9) Do A(X) = n o*(0)3(0)3'(0), o*(6) = Dpal&y).

PiBnicth y kputepil edpekrusnocti Kpamepa — Pao mis ormiHioBaHHSA HeEBi-
Jomol dyHKIHT 7(0) Mae BUTTISAT

T(X) = 7(0) = nc(6)B(0)(A(X) — MpA(X)),

Ta BUKOHYETHCA TOM i Tinbku Tosi, Komm nd (0)5(0) = 1 ana seix 6. Ouesn-
JTHO, 1110 Bimosiana dyukiis ¢(0) icuye Tozi it Tiibku Tosi, Koau 3(0) # 0 V6.
Y 1poMy BUNRJKY edeKTuBHa OIiHKa (I OJHOYACHO ONTUMAJIbHA) 3HAYEHHS
7(0) icHye, mopiBHIOE

1

T'(X) = AX) = =37 a(&), 7(6) = MyT*(X) = Mya(&y),

1 Mae Jmcrepciio

D¢T*(X) = Dga(&,)/n = o*(6) /n.



8. loctaTHi CTaTUCTUKN TA ONTUMAJILHICTD

Osuauenns. Cmamucmura T = T(X) nazueaemves J0CTATHBOIO CTATH-
CTUKOIO Oasa subipku X, AKu0 6ubipkosa Gynkuia 6ipo2idHOCE MAE 8U2AAD

L(X,0) = g(T(X),0) h(X) 5(0)

0AA 0eAKUL BUMIPHUL HeBLD emnux Pynkuit g, h, j.
3ayBaKUMO, 1[0 Ha PO3MIPHICTH JOCTATHBOI CTATUCTHKU OOME:KEHHsI He

HaKJIa/IaI0ThCs, OJIHAK ITPU BUOOPI Ii€l CTATUCTUKU JIOTIIBHO MiHIMIZyBaTH 11

po3MipHicTh. B ycsikomy BuIta Ky, 10CTaTHI CTATUCTUKHU ICHYIOTh: HAIIPUKJIAT,
craructuka  T(X) = X 3aBXkau € JIOCTATHBOIO, SIKIIO 00paTn
g=Lh=1j=1.

8.1. Ilpmkjgaam JocTaTHIX CTAaTUCTUK

1. Ilyacconiscora subipra. dxmo X — kparna Bubipka 3 posmnosiiom [ly-
accona &; ~ II()), To

&k
In L(X, 0) lnH A exp —\) =

) & - ZZZI In(€!) — n,

. ~ _ 1 n
TOMY icHye cKajgpHa goctarnsa craructuka 1T(X) =i, = = > 1 &
2. Pignomipna eubipra. Axmo X — kparna subipka 3 £; ~ U(a,b), TO

L<X7 9) = (b — a)—n 1{a < miné;, max§&, < b}



OTzKe, JIBOBUMIpHA CTATUCTHKA
T(X) = (minlgkg.n gy MaAXi<k<n 5k) = (6(1),§(n)) € JTOCTATHBHOIO.
3. Hopmaavra eubipra. Axkmo X — kparna subipka 3 & ~ N(u,0?), To
n

In L(X,0) = —gln27r— gln02 ~ 52 (Fgn — 28,1+ 17) .

& = v i~ ~2
[Mapa ({,,, Hg,) YTBOPIOE JOCTATHIO CTATHCTHUKY, TaK caMo K 1 ([, 0,) —
OCKIJIBKM MiK IIIMU ITapaMHi CTaTUCTUK € 130MOP@i3M.

8.2. YMoBHUII Po3MOIij BUOIpKMI

Teopema (mpo BiacTUBICTH JOCTATHBOI cTatucTuku). Sdxwo T(X)
— docmamua cmamucmuka, mo YMosHull poanodia

P(X =2 JT(X)=t) = l(z,1)

ne 3anexcumsv 610 0.

JoBeeHHs POBE/IEMO B IPUIYIIEHH], [0 BHOIPKA € JUCKPETHHM BH-
Ia/IKOBUM BEKTOPOM. 3ayBaxKHMO, IO JaHa yMOBHA IMOBIDHICTHL JOpiBHIOE
myso (i e 3amexuts Bij ), axmo T'(x) # t. OTke, MOXKHA IPUILYCTUTH, IO
T(x) = t. 3a 03HAYEHHSIM YMOBHOI IMOBIpHOCTI

P(X =z T(X)=t)
P(T(X)=t)

By(X = /T(X) = 1) =




8.3. JlocraTHiCTH Ta ONTUMAJIBbHICTH

Teopema (npo aucnepcito GyHKIIT Bi/l JOCTATHBOI CTATUCTUKHN).
Hexati T = T(X) - docmamnsa cmamucmuka, a Ty € Ty — dosiavra Hesmi-
wena oyinka Gynryii 7(0). Todi snatidemves pymnruyis T1(X) = H(T(X))
610 docmammvoi cmamucmuryu T(X), Aka MakoHc € HEBMIWEHOW Ma MAE He
oinvwy ducnepcito, wiote Ty, npu xoorcrnomy 6 € ©.

JloBemeHHs.

Hexait Ty € ', — noBiibHa He3MileHa oliHKa. PosrisineMo yHKIT0O

My (To(X) Lirx )*t})
Py(T(X) =1)

H(t) = My(To(X) /T(X) = ) =

S D@ PX =3 /TX)=t)=" _ Ty)i(x,t),

sIKa 38 TEOPEMOIO IIPO BJIACTHBICTH JIOCTATHLOI CTATUCTUKU HE 3aJIEXKUTH Bif
mapamerpa, 6.
Buznaunmo craructuky

BoHa € He3MIIEHO0, OCKIIBKHY 3a (hOPMYJIOIO TIOBHOI IMOBIDHOCTI Ta 38 03Ha-
qenuam dyukmiit H(t) 1 l(x,t)
MyTy(X) = MpH(T(X)) = 32, H(t) Py(T(X) =t) =
> (FeesTol@) Uz, 1)) Po(T(X) =1t) =
(

S eesTo@ Y, Pi(X =2 /T(X) =t) P(T(X)=1t) =
Yowe s To(@)Po(X = ) = MyTy(X) = 7(6), Vb € ©.



Jaui, o69ucauMo Juciepcio

DTy = Mp(Ty — H(T) + H(T) — 7(9))? =
My(Ty — H(T))? + DyH(T) > DoH(T) = DyT,

OCKITbKN 3a o3HavdeHusaM H (t) maTemarndne CHoiBaHHs JOOYTKY JOPIBHIOE
HYJIIO:

My(To — H(T))(H(T) — 7(0)) =
> Mo (To — H(T)) (H(T)—7(9) Lir=sy =
> Mo (To — H(t) (H(t) —7(0)) Lir =y
> (MeTo Lyp =iy — HR)P(T =t)) (HE) —7
> (Mo(To/T =t) — H(t)) Bo(T'=1t) (H(t) —7(6)) = 0.

Omxe, DyTy > DyT' njist 1OBiIBHOT HE3MIMIEHOT OMIHKY 1, 110 i JOBOIUTH
Teopemy L[]

Teopema (Teopema Pao — Biekyesia — Kosimoroposa). fdkwo ichye
onmumanvra oyinka T* € T' o T = T(X) - deaxa docmamns cmamucmuska,
mo T* = H*(T) e sumipnoro dyrryicto 6id yiei docmammuvoi cmamucmuku.

JloBeieHHsI.

OGepeMo B TeopeMi 1po juctiepcito byHKIIT Bif JOCTATHBOT CTATUCTUKN
HeaMmireny ominky To = T, 3Bigku DgT™* > DyH(T') nyst Bumiprol dbyHKIil
H, mo nobymnosana B 1iit Teopemi, npuaomy H (1) € T';. Ograk 3a 03HaUEHHIM
orrruvasbaol omiHku Do H (T') > DyT™*. O1ke, 00uIBl HEPIBHOCTI € PIBHOCTSI-
MU Jist Beix 6 1 koxknua 3 orinok 1%, H(T) € ontumasbHO©0. 3 T€OpeMH 11PO
€JINHICTh ONTUMAJIbHOI OIiHKY BuBOAUMO, mo 1% = H*(T) m.u. anuss H* = H

]



Osuauenns. JJocmammus cmamucmuka T = T(X) na3ueaemvca MOBHOIO
CIMAMUCTUKOI0, AKUWO OAA KONHCHOT 6umiphol pynkuii ¢(-) i3 momoorcnocmet

My o(T) =0, V0 €0,

sunausae, wo ¢(T) = 0 maiizke HalleBHe.

Teopema (IIpo ONTHMMAJIBHICTH IOBHOI JOCTATHBOI CTATUCTUKH).
Axwo ichye nosna docmamms cmamucmuka, mo 008iAbHA BUMIDHA GYHKUIA
610 Hei € ONMUMANLHOIO OUIHKON CE8020 MAMEMAMUYHO20 CNOJIBAHHA.

oBenenHs.

Hexait T = T(X) — moBHa JIoCTaTHsI CTATUCTHKA, & ¢ — BUMipHa (yH-
kiisi. Busnaunmo dyukimio 7(0) = Myg(T(X)). dxmo Ty € ', — noBiib-
Ha He3MileHa OIiHKa Jyid 7 = 7(6), TO BHACIIZOK TEOPEMH IIPO JUCIEPCiIo
GYHKIIT BiJl TOCTATHROI CTATUCTUKU 3HalmeTbcsad BUMipHa GyHKIis H Taka,
mo craructuka 1y = H(T') 3uoBy € Hesmimenow, npudomy DgTy < DyTh,
V6 € ©. 3a ymosoto neamimenocri MyT) = MyH(T') = 7(0), ne 3a o3naueH-
usm 7(0) = Mpg(T). 3sigen My(H(T) — g(T)) =0, V0 € ©. Tomy 3 niosroTH
T sutmusae H(T') — g(T') = 0 a.m., 10610 17 = H(T') = ¢(T) M.1., npudomy
dyHKIF g BKe He 3a1eKUTh Bij Budbopy 1j.

Otxke, Dyg(T) < DgTy, VO € ©, VT € T';, 10610 g(T) — onrumasbha
He3Mimmena ominka mist 7(6) [

ITpuknan. Pisaomipua na [0,60] Bubipka (ichysamnna cynepedexmuenoi

ONMUMAALHOT OUTHKY 6 Hepeayaaphiti modeat). Hexait X — kparna sBubipka 3
pisHoMipHEM posznoginom &, ~ U(0,0),k = 1,n, § € © = R,. dk 3pobieHo
BUIIE B NPUKJIAJIL JIOCTATHIX CTATHCTUK, IIEPEBIPAEMO, IO B JIAHOMY BUIIAJIKY
crarucruka T'(X) = max§,, € mocraraporo. g craTucTika € 10BHO0, OCKiIb-
KM Ma€ (DYHKINIO PO3IOILTY

Py(T < x)=(x/6)", 0 <z <6, ra 3 piBHOCTE!



My o(T)=0"" f09 o(z)nz"tdx =0, VO > 0,

BuIIMBaE, mo ¢(x) = 0 Maiixke 1 Beix « > 0.

Orxke, crarncruka T(X) = max £, € ONTUMAILHOIO HE3MIIIEHOIO OIIHKOIO
coro maremarudnoro crnomiBanusg My T'(X) = 7(0) = n"—fl. Cuin 3a3nauTy,
IO JIMCIIePCis Ti€l OIiHKY JIOPIBHIOE (BIpaBa)

DT = 6°n/(n+2)(n+1)2 = O(1/n?), n — oo,

1 Ma€e CyTTEBO BUINUIT MOPSAJIOK MAJIOCT1, Hi2K rapaHTye Hepisnicts Kpamepa
Pao. Tleit dpakT nop’d3anuii 3 TUM, IO B JIaHii cXeMi He BUKOHYETbCS yMOBa
peryigprocti, Tomy Kputepiit Kpamepa — Pao ne moxke 6yTu 3acTocoBanmii.

Bnpasa.

(1) Jnst kpaTHO! HOPMAJILHOI BUOIPDKY 3 HEBIJIOMUM CEPEeJIHIM Ta BiJIOMOIO JIUC-
mepciero BUOIPKOBE CEPEJTHE € TIOBHOIO JTOCTATHBOI CTATHCTHKOIO.

(22\,ZLJ15{ IIyacCOHIBCHKOI KpaTHOI BUOIPKH 3 HeBigoMuM mapaMeTpoM ) Bubipkosa
cyma S, € MOBHOIO JIOCTATHBOIO CTATHCTHKOK. 30KPeMa, ONTHMAIbHOIO OLIHKOIO JIsl
S erd e cramnernxa 3 cxmr(S,)n T, ne mi(s) = s(s — 1)..(s — k + 1).

(3) dnst kparaOl BUbGIpKHU 3 (&) T€OMETPUIHUM PO3HOALIOM, (6) MOKA3HUKOBIM
PO3MoIiIoM BUOIPKOBA CyMa € TIOBHOIO JOCTATHBOIO CTATHCTHKOIO.

(4) Hast kparnoi subipku X = (&, ...,&,,) i3 rama-posnoginom &, ~ (A, «)
napa cratuctuk (Y .y &y Y p_y IN&;) YTBOPIOE HOBHY JIOCTATHIO CTATHCTHKY. 3Ha-
fiTi 3BizcH onruManbi oninku ars (a) A/« (6) of npu zamanomy k.

(5) Hnst kparaol Bubipku X i3 HemepepBHOIO (DYHKIIEI PO3MOJLLY CHOCTEpe-
2KeHb 11 BaplalliifHUil PsIJT € TOBHOIO JIOCTATHBOIO CTATUCTUKOIO.



9. OmiHKI MaKCUMaJIbHOI BIPOTiJHOCTI

Busnadyenns oIiHKM MaKCHMaJIbHOI BiporijiHocTi rpyHTyeThesa Ha ITPUHITN-
111 MAKCIMaJILHOL BipOI‘irﬂHOCTi —"me, Wo cnocmepi2aemuvca, € Hali-
0INDUL TMOBIDHUM CEPED YCIT MOHCAUBUT AALTEPHAMUE .

Hayati 6yemo npuiyckaru, mo Bubipka X 3a10BOJIBHSIE YMOBY I11/1I10PSI/T-
KOBAHOCTI 11 po3Moity Jiesdkiii Mipi y BHOIpKOBOMY HpocTOpi. 3a 1€l yMOBU
HOBHICTIO BU3Ha4YeHa BubipkoBa dyHKIiist Biporignocti L(X, 6). 3nauenus miei
yHKIIT 1 1al0Th KpuTepiit "HaitbiabIIol iMOBIpHOCTI”.

Osznavenns. Orninkoio mMakcuMasbhol Biporigaocti (OMB, EML) napa-
mempy 0 3a 6ubiproro X HA3UBAEMBCA CMAMUCTNUKG

@:5(}() = argmax gco L(X, 0),

de L(X,0) — subiprosa dynruyisn 6ipo2ionocmi.
Y Bunaaky kparaoi pubipkn OMB mosHadaeTbes sk /H\n, e n — ob’em
BUOIPKIU.
HeoOxinnoo ymosoro icnysanus OMDB e npumyinenns icHyBaHHS TOYKH
makcumymy. OMB BuzHateHa oJHO3HAYHO 338 YMOBU €IMHOCTI €T TOYKN.
Teopema (mpo piBHsIHHS MakKCHMaJIbHOI BiporigHocti). Sxuwo
O C RY, maxcumym 6 03naMeri OUinKU MAKCUMAALHOT 6ipo2idnocmi docaza-
EMBCA BCEPEQUHT NAPAMEMPUNHOT MHONCUHY, 6 PYHKYLA 8ipo2idnocmi dupe-

penyitiosna, mo OMDB 3adosorvHae PIBHAHHA MAKCUMANGHOL 61PO2IOHOCTIV

mobmo OMB e xopenem pynxuii enauey U(X,8) :

U(X,6) =0.



Y sunadky eexmoprozo napamempa pr8HAHHA MAKCUMYMY 61P0210HOCTMI € Be-
KMOPHUM, T NEPEMBOPIOEMBCA HA CUCTEMY PIBHAHL MAKCUMANOHOL GIPO2i-
dHoCmi OAA KOHCHOT KOOPAUHAMU 8EKMOPA- 2PAdIEHMA.

3ayBakeHHs1. [[ia npakTuianoro obunciaenna OMB sk kopens piBHsH-
e U(X,0) = 0 gacto BukopuctoByioTh Meroj, Hetorona — Padcona, skuit
CKJIAJIAETHCS 3 JIBOX €TalliB. A

(1) ObuparoTh SKych KOH3UCTEHTHY OIMIHKY Hg = 0o(X).

(2) PekypeHTHO 00YNCIIIOOTH

/ém—‘rl — /ém 4 U(X7 b\m) / I(/ém)a

ne I1(0) — dyukuis indopmarii 3a Pimmepom.
JloBenieHo, 1o 3a MEBHUX YMOB I'panuiid lim 6, icaye Ta 36iraerbest 3 OMB.

9.1. CuaiBBigHoieHHda 3 edEeKTUBHUMM OIliHKamMu. IHBa-
PilaHTHICTH

Teopema (mpo cmiBBigHomenuss OMB 3 edekTuBHUMHE OIfiHKA-
Mu).

(a) Hrxwo napamemp 0 — ckaraprud i zcuye 1020 eqbemnusua ouinka 0%,
MO ICHYE OUIHKA MAKCUMAALHOL GIPO2I0HOCTI 9 NPUYOMY 9 =0".

(6) Hxwo T — docmammns cmamucmurka i icnye OMB 0, mo ocmanna €
sumiproro dpyrkuyicto 6id T : =0 (T).

JloBeneHHst.

(a) 3a Teopemoro 1po HepiBHicTL Ta KpuTepiit Kpamepa — Pao (a came, 3a
kputepiem (6) icuyBanns 0) moxigHa 3a aprymenTom 6 Bij sorapudmidHol
yHKIIT BipOriIHOCTI Ma€ BUIJIAL,

9 .
g D L(X,0) = U(X,0) = (0" — 6)/c(9),



ne dyukuis ¢(0) = 79/1(0) = 1/1(0) uesix’'emna. Tomy sorapudmitaa dyH-
Kilisi BiporigaocTi 3pocrae npu 6 < 0 i cnagae npu § > 0. Orke, BOHA
HaOyBa€ MaKCHUMAaJbHOIrO 3HadeHHsa npu 0 = 6% 1 8% € oninkoo MakcuMaJIbHOI
BIPOT1IHOCTI.
(6) TBepKrenns BuiLMBae 3 akropusarii GyHKIIT BIporiIHOCTI 3a 03Ha-

YEHHSM JIOCTATHBOI CTATUCTUKU:

0 = arg max geco g(7(X),0) h(X) j(0) =

arg max gee g(7(X),0) j(0) = H(T'(X)),
OCKLJIBKU TOYKA MaKCHUMyMy 3a  He 3MIHIOEThCS TP MHOXKEHHI (DYHKINT Ha
noparhy craiay h(X), a Bupas3 mig QyHKIGT i1 APYTUM 3HAKOM MaKCHMYMY

sasiexkuTh Juie Big 0 ra T(X) [
Teopema (mpo iHBapiaHTHICTH OIIHKM MaKCHUMAaJIbHOI BiporigHo-

cri). Hexad ichye ouinka makcumaronoi eipozidnocmi 8 napamempa 0, a gym-

Kuia q - © — Q € 83aemmo-00no3nawror. Todi ouirka q(@) e OMB 0as 3na-
wenns q(0).

JloBeneHHsI.

[Mosuauumo uepes 6(q) dyukuio, obepueny 1o ¢(#). Pyukiiist BiporigHoCTi
JUIsl 3HadeHHA Hapamerpa ¢ Mae suriasg L,(X,q) = L(X,6(q)) i 3a ymoBu
OJITHOBHAYHOCTI

Ly(X,q(6)) = L(X,0(a(0))) = L(X,6), V0 € ©.
Tomy 3 o3navenns OMB micraemo
Ly(X, () = L(X,0) < L(X,6) = Ly(X, ¢()),

-~

LQ(Xv q) < maxygeeo Lq(X7 q(e)) < Lq(X7Q(6))>

OCKITTbKI MHOXKHHA 3HadeHb ¢(f), 0 € ©, 3b6iracrbes 3 (). Ocranni HepiBHOCTI
¢ piBnoctsvmu mipu ¢ = ¢(6). Orxe, ¢(0) ¢ OMB mis ¢(6)



9.2. Ilpukjaaam o6uYMCIEeHHS OMIHOK MaKCHMMAaJbHOI Bipo-
i THOCTI

1. Cxema Bepnyani:
argmax In L(X, §) = argmaxIn ,9Vn(X)(1 _ g)n—un(X) —

argmax(flnv,(X) + (1 —6)In(n — v,(X))) = v, (X)/n = 0,.

2. Ilyacconiscvra subipka:

InL(X,0) =W ] ezlnezz_lgk—neﬂnh(X),

~ 1 n
0, = argmaxIn L(X,0) = - Zk:l & = Hy-

3. I[okasnuxrosa eubipka (3mimenicrs OMB):

In L(X, 6) lnH 0 exp(—0¢,) =nlnf — ez

n 1

Zk 1£k Mn

BayBazkuMo, mo cyma y ,_, &, Mae posuosin Epianra 3 napamerpamu n, 0,
TOMY

0, = argmaxlIn L(X,0) =

R o] n—1
My, = / n 00 ep(—0m)dz = —" £ 00 > 10 > 0.
o = (n—1)! n—1

OT}KQ, Yy 3araJibHOMY BHUIIQJIKY HE€ MOXKHa PO3paXOBYyBaTU Ha HeBMiIlIeHiCTB

OMB.



4. Hopmasvna eubipka. 9K 1OKa3aHO BHINE B PO3JLI PO OIIHIOBAHHI
CePeHBOIO JIJIsT HOPMAJIBHAX CIIOCTEPEXKEHb,

n n no . ~
In L(X,0) — §ln27r = —§ln02 — Tﬂ(;@n — 2+ p?) =

n 2 o~ ~N2 2y _
—511’10' o 20_2(:“’271_(”71) +(:un_/1’) >_
n. 5, N o . , N, 5 N .5
—ono® = o (@ + (= p)°) < —5Ino” — o0, =
1 1
—g (11102 + ;ai> < —g (mai + a—iai) - —g(mai +1),

OCKLIbKM (yHKId Ins + ¢ naOyBae HallMeHIIOro 3HaUeHHs IpK § = a. Jlani
. . . A ~2 . ..
HEPIBHOCTI € PIBHOCTSAMU NDH U = [i,,, 0> = 0. ToMy OIliHKa MaKCHMAa/IbHOI

BiporiHocTi mapamerpa 6 = (u,0?) nopisHIOE
6, = argmaxIn L(X, 0) = (7, 02).

3okpemMa, 3a TEOPEMOIO PO iHBApPIaHTHICTH OIMIHKK MAaKCHMAJILHOI Bipori-
JTHOCTI JIJI TPAHUITHh BIPOTI/THOTO 1HTEPBAJIY 3 IIpaBU/Ia 3 CUIMa Ma€ BUTJIS]

pt30=7,+ 3\/33 .
Bnpasa.
(1) Hosecru, mo OMB nenrpa cumerpii 6 posuominy i3 minbaicrio Jlammaca
(1/2) exp(|x — 0]) s6iraerbes 3 BUGIpKOBOIO Me/IiaHOIO.
(2) Buaittu OMB napamerpis KpaTHOI BUGIPKY 3 JIOTHOPMAJILHIM DO3IIOJILIOM.
(3) Kparna Bubipka X yTBOpeHa CIIOCTEPEKEHHSIME 3 HOPMAJIbHUM PO3IOJIIIIOM
N(0,20). Oosecrn, mo OMB napamerpa 6 mae Burisi

\/1 4= ZZZI fz /n — 1 i e KoH3UCTEHTHOIO.




(4) Buaiitu OMB snauenns dynkuii 7(0) = O(—p/o) = P&, < 0) mua

Hopmasibhoi kpatnol Bubipku X = (&4, ...,&,), & =~ N(u,0?) i3 mesimomum napa-
merpom 0 = (u, o?).

(5) Buaiitu OMB 1151 HeBiZIOMOI KIIBKOCTI CIIOCTEPEXKEHb 1 33 GIHOMIAJILHOO
onHoesemenTHoIO BubipKoio X ~ B(n, p).

(6) osecru, mo OMB st Bubipku 3 pisHomipaum posnomiiom U(6, 1 + 0)

YTBOPIOIOTH I iHTEPBAJI.

9.3. VYmoBu koH3ucteuTHocti OMB

Hexait X = (&4, ...,&,,) — KparHa Bubipka 3i minasaicTio f(y, ) omHOro crocre-
DezKeHHsI.

Y nanomy po3jiiii cuMBoJioM 0y OymemMo mo3HavaTh icTUHHE 3HAYEHHS Ta-
pamerpa 6.

Pozryisinemo Taki ymosu konsucrentaocti OMB:

(c1) Hns Beix 0 # 0 sinnomenns f(y,0)/f(y,0p) He mopiBHIOE Maiixke
CKPIi3b OJIMHUIN Ha MPOCTOPi 3HAYEHDb CIIOCTEPeXKeHL Yy € R.

(c2) Tapamerpudna MHOKHHA © € KOMIIAKTHOO TiIMHOKUHOIO €BKJIIJI0-
Boro npocropy R%.

(c3) llpu koxuomy y dyukiis f(y,) € cTporo JOJATHOIO Ta HEmepepB-
HO JudepenniiioBroo 3a ¢, mpuaomy Besawanau In f(&,,0) Ta dln f(&,,0)/00
MaXKOPYIOThCS 1HTETPOBHOK BUMAIKOBOIO BEJIMIMHOIO 1) :

In f(£1,0)] <n, V0 €0,

01n f(£,,6)/00] <n, Myn < oo, Y0 € O,



9.4. Indopmamia 3a Kynpbakom

Ozuauenns. Pynxyiero indopmarii 3a Kynsbakom nasusaemoves vucao-
60 PyrKyLA
f (5 1 0)
1(0,00) = — M, In ==,
° f(&1:60)
Teopema (mpo BiractuBocTti indopmamnil 3a Kynsbakom). 3a yamos
rxonaucmenmmuocmi OMB:
(a) 1(9790) > 07
(6) 1(0,60y) = 0 modi & minvku modi, xosu 0 = 6,
(8) 1(0,0,) nenepepsna 3a 0.
oBenennsi. Po3ryisgneMo BUNIQIKOBY BEJTHYUHY

¢ = f(&1,0) / f(&1,00).

3a GopMyII0I0 TEOpPEMH IIPO OOUNCIEHHS MATEMATHIHOIO CIIOMiBaAHHS (DOYHKIIIT
BiJI BUITIAQIKOBOI BEJIMYMHY Ta 3 O3HAYEHHs IiibHOCTI f(y, f) obumcanmo

_ [ fy,0) Sdu) — ldu) —
Meoé—/f(yjeo)f(y,ﬁo) (dy) /f(yﬁ) (dy) = 1.

3 omyksiocti GyHKIT In 2z BuBogmMO ejiementapuy HepiBaicTb Inx < o — 1
npu x € R, 3BiIKM 38 MOHOTOHHICTIO MATEMATUYHOI'O CIOJIIBAHHS

1(0,60) = — Mg, InC > — Mg, (C — 1) =0.

Tak sk #epiBHicTh Inx < 2 — 1 € cTrporoo npu x # 1, TO 3a BIACTUBICTIO
[MO3UTUBHOCTI MaTEeMAaTUIHOIO CIIO/iBAHHS Bij HEBi/I €éMHOI Ta HEHYJIHOBOI M.H.
BumnakoBol Besmanan ¢ — 1 — In ¢ indopmariis 3a Kynbbakom JOpiBHIOE HYJTIO



Tozi # TimpKm Toxi, Komu ¢ = 1 a.u., Tobro Ko f(y,0) = f(y,6y) maiizke
CKpPIi3b Ha IMPOCTOPI 3HAYEHb CIIOCTEPEXKEHD.

Henepepsuicts 1(6,0,) BuminBae 3 HemepepBHOCTI MMIBHOCTI CriocTEpe-
2KeHb Ta 3 Teopemiu Jlebera 1nmpo MarkKopoBaHy 301KHICTb:

lim 1(6,,600) = — lim My, In 100 _ — My, lim In 100 _ (6, 6y),

w=ee f(fl? 90) =e9 f(gb 90)
OCKIJIbKW BEJIMIMHM T1iT 3HAKOM MATEMaTUIHOTO CIIOIBaHHSA 3a& YMOB KOH3MU-
CTEHTHOCTI He MEePEBUIYIOTH IHTerPOBHY Beanduny 21 L

9.5. Konsucreuruictrb OMB

Teopema (npo kousucrentuictb OMB). 3a ymos konsucmenmmocmi
OMB (c1)-(c3) ouinka maxcumarvnoi sipozionocmi 6, napamempa 6 3a kpa-
mroro eubipkoto X € cmpozo KoH3UCMEHMHON.

oBenennsi. 1loznaanmo

S (& bo)

Xk(0) = In D) xx(U) = eingXk(e),

e U C © — nedka nmapamMeTpuviHa i IMHOKIHA.

Baysaxumo, mo Beauanan (x,(0)), (xx(U)) mesanexui B cykymHocti Ta
OJIHAKOBO PO3IIOJII/ICH] IIPU PI3HUX k BCepeanHi KOXKHOI MOC/IiJOBHOCTI 3a Teo-
peMaM¥ I1pO TePETBOPEHHA HE3aI2KHUX BEJIMYUH Ta ITPO OOUUC/IEHHSA PO3IO-
Jity (OYHKIT Bijl BUNIAIKOBOI BEJIMYUHU, 1 38 O3HAYEHHAM

1(6,60) = Moy xa(6) > 0.

Kpim Toro, 3 ymoB (¢2)-(¢3) Buruiusae, 1o

1 (U) = x,(0(U)) = x1(0), U | {6},



ockiibKH 1pu 0 € U

X1 (U) = x1(0)] < (diamU) sup |01n f(&;,6)/00] < n diamU.
ocU

Toni 3a Teopemoro Jlebera mpo MazkopoBaHy 30i1KHICTD
Mgo Xl(U) = Mgo X1(0> = ](9,90) > 0, Vo 7é 90.
Binbire Toro, 3 yMoBI MarKOpPOBAHOCTI MOXITHOT BUILJIUBAE, IO

[ Moy x1(U) = Moy x1(0)] < My, [x2(U) = x1(0)] <
(diamU) My, supgey |0In f(£,,6)/00) < K diamU,

ne crana K = My,n < oo 3a ymosoio (c3).
Hexait ¢ > 0. BusHaunmo 3aMKHEHY i KOMIIAKTHY BHACJIIOK (€2) MHOXKHUHY

Ok)=0n{0:10 -0y >c}.

3 nenepepsHocTi dbyHKIT indopmaril 3a Kynbsb6akom Ta 3 kommakTHOCTI O(€)
BUBOJINMO JIOJIATHICTH BEJTMINHI

o = inf 0 € O() 1(9790) > 0.

Hiticao, mpu nopyiensi 1iei ymou B MHOKUHI O(£) 3Haligerbcsa Touka 6
(rpaHuyHA JIst T TOC/TIOBHOCTI MIHIMI3Y 0UOT OC/II0BHOCTI ), B siKiil 1 (6, 0p)
= 0, 110 CyIepeunTh TBEPXKEHHIO (6) TEOpeMH PO BJIACTUBOCTI iH(pOpMAIIiT
3a Kysibbakowm.

Ockinbku MHOXKWHa ©O(£) — KOMIAKTHA, TO 33 TEOPEMOIO IIPO BiIKpUTE
MMOKPHUTTST KOMIAKTY JIJTsT JIOBLIBHOTO 0 > () 3HAiIeThCs 11 CKiHIeHHE TOKPUTTS
U(8) = (U;(9), j = 1,m), O(e) = U U;(9), i3 niamerpom diam U;(0) < 4.
O6epemo 0 < a/2K. Tosi 3a HABEJIEHOIO BUIIE HEPIBHICTIO Ta 338 O3HAYEHHSIM
HIZKHBOI Mezki 1ipu Bubopi posineaux ¢; € U;



My, x1(U;(9)) = Mg, x1(0;) — [Moyx1(U;(6)) — Moy x1(0;)| =
1(6;,60) — K diamU;(6) > o — K§ > a/2 >0, Vj=1m.

OueBnamo, mo 3 BUKOHAHHA J7id BCix § € ©O(e) nepisnocreit L(X,0y) >
L(X,0) Butusae, mo makcumym dyukiil L(X, 0) 3a aprymentom 6 jocsira-
€Tbes 11038 MHOXKHUHOIO O(g), ajzke 6y ¢ O(e). Tomy 3 Teopemu 11po byHKIIIO
BiporisHocTi KpaTHOT BUOIPDKY Ta 3 O3HAUEHHS BEJIMIUH X, (0) BUBOIIMO BKJIIIO-
YeHHS

‘ < e} ={ arg maxgpeo L(X,0) ¢ O(e)} D {infgeg (&) L(())(f;)) > 1} =

{infg ce( In L((X 90)) > O} {lnfa co() In Hk 1 f(fgkk’oo)) > 0}

{infg c oc) >opoq Xx(0) > 0} = {mini<j< minfg e ;) Dpy xx(0) >0} .

Orxe, 38 MOHOTOHHICTIO IMOBIpHOCTI

PGO(ATL

‘ < 8) > Py, (miny<jc.minfg e ;) Dopey Xi(0) > 0) >
Poo (mini<jcm D opey Xx(U;(6)) > 0) =
Poy (M7 {2 Lo xa(U50)) > 0}) = 1, n — oo,

OCKLJIBKY 33 KpuTepieM KoamMoroposa mocnjieHoro 3aKOHy BEJTMKUX YHCe]T TPU
KOYXKHOMY J

1 n
n Zk:l Xi(U;(6)) =7 My, x1(U;(6)) > /2 >0, n — oo,

a CKIHYeHHUU mepepi3 MOl OJMHNIHOI HMOBIPHOCTI Ma€ WMOBIpHICTH 1.
Otxke, OMB — koHzucrenTHa.
3acToCOBYIOUN HaBEJIEHI BUINE MipKyBaHHs 0 IOJii



QHAJIOTIYHO BUBOJIMMO HEPIBHICTH

Py, (h_m

/G\n—@()} <5}) >

-
P (Hm oo (20 {3 X0 (U50)) > 0})

Jle IpaBa YacTuHa JopiBHIOE 1 3a KpuTepiem Koamoroposa mocuaeHoOTo 3aKOHY
Besukux 4aucest. [lo i goBoguTh crpory konszucrenTaicrs OMB [

9.6. AcuMNOTOTMYHA HOPMAJBHICTh Ta e(PEeKTUBHICTH

OMB

VY naHOMy PO3JILT IPHUIYCKATHMEMO, IO IapaMeTpudHa MuoxkuHa O C RY.

Teopema (mpo acumnrornyHy HOpMasiabHicTb OMB). Hexait X =
(&1, -, &,) — KpamHa subipka, wiavhicmos odnozo cnocmepescenns f(y,-) 3a-
0080ABHAE YMOBU PERYAAPHOCTNI, YMmosu Konzucmernmmuocmi OMB (c1-¢8) ma
mpuyi nenepepsro dugeperuitiosna 3a 0, npurwomy 6i0no6ioHT NOTIOHT MaIHCO-
PYNOMBCA 36 MOOYAEM THIMEZPOBHON BEAUNUHONO 1)

[0 £(£,,6)/06] <, i =T,3, Moyn < oco.

Axwo icnye cmpozo xonzucmenmua OMB 0, daa 3navenna nesidomozo
napamempa Oy, AKG € PO36 AZKOM PIBHAHHA MAKCUMAALHOT 8IP0210HOCNI, MO
UA OUIHKG € ACUMNMOMUYHO HOPMANDHOIO!

V(B — 00) =" ¢ ~ N(0, 1/ i(6p)), n — oo,



de acumMnmomuura JUCNEPCLA BUSHAYGEMBCA KIAbKICTI0 tHpopmanii 3a Di-
WePOM, U0 MICTRUMDBCA 8 0OHOMY CIOCTEPEHCEHHT:

i(0) = M, (%m f(gl,e))Q.

SayBakenns. Ockinbku moBHa iHdopwmariis 3a Pimepom y Bubipri 3a
TEOPEMOIO 1TPO I THBHICTD.iHopMariii 3a Pimepom gopisaioe I, (6) = n i(0),
TO 3 JaHOl TeopeMu BUILIHBaE acuMitoTudia edexrusnicts OMB, ockinbku
sesmanna 1/n i(6y) = 1/1,(0) 36iraeTbest 3 HANMEHIIOW MOXKJIMBOIO MEKEIO
JITs JTUCIIEPCiit He3MIIEHNX OIIHOK TapameTpa ) B Teopemi 11po HEepIiBHICTEH Ta
kputepiii Kpamepa — Pao.

JloBeneHHsI.

Posramenmo npu ¢ = 1, 3 Taki BUNAIKOBI BeIMIMHM:

UD(X,0) =09 1nL,(X,0)/000,
u(y,0) = 09 1n f(y,0)/090,
¢(8) = u®(€;,0).

3a Teopemoro 11po DYHKIIO BipOriIHOCTI KpaTHOI BUOIpKYM Ma€ MicIie aIm-
THUBHICT:

vO(X,6) =" ¢20), vi=T3,

Jie TOJAHKHU B CyMi € HE3aJIC2KHUMU Y CYKYITHOCTI Ta, OJIHAKOBO PO3IO/IL/ICHH-
M BUITQJIKOBUMH BEJIMIUHAMU, K HEBUIIAJIKOBI OJHAKOBI (DYHKIIT Bij He3a-
JIEXKHUX T& OJTHAKOBO POBIOJIIEHNX BHUITQJIKOBUX BeJUIHH ;. 3a 3po0OaIeHnM
y TeopeMi MPUITYIIeHHsIM BCI Il JIOJAHKU MayKOPYIOThCsl iIHTEIPOBHOIO BEJIN-
YHUHOIO 7).



3ayBaKuMoO, IO 33 TEOPEMOIO PO PiBHAHHS MAaKCHUMAJILHOI BipOrigHOCTI
OMB ¢ xopenem dyuxuil Bumsy U = UM, 3sincu 3a Gopiymnoo poskiary
B ps Teitmopa

0=U(X,0,) = UY(X,6,) = UD(X, 0+
(0, — o) UD (X, 8) + 0.5 - (6, — 66)2UP (X, 8,,),
ne 6, € [/G\n, 6] i 0, —P! 0, BracTinoK crporoi komsucrentHocTi OMB.

Posp’s3ytoun octanHIO TOTOXKHICTE BiTHOCHO #,, — 0, micTaremo 300pazke-

HHA -
\/ﬁ(‘gn - 80) =

A

ﬁn + (b\" — 60) 777,7

e
a :LU(U(X 0 ):LG C(l)(g )
n \/ﬁ » V0 \/ﬁ i1 K 0/

L ) R IR ) Vo
ﬁ"_ﬁzkzlck (‘90)7 Vn_%zkzl k (en)

3a TeopeMoI0 PO MEHTPOBAHICTh (PYHKINI BILIMBY Ta PO OOUMCICHHS 1H-
dbopmariii 3a Pimepom (B yMOBaX peryJssipHOCT)

M90 I(cl)(eo) = M90 u(§1> 90) =0,

Dy, ¢ (80) = Da, u(€y,80) = i(6o)-

o 1 0 o 0

OckisIbKM BeJIMIUHA C,(c ) (0p) He3asEXKHI Y CYKYITHOCTI, OJHAKOBO PO3MOJIi-

JIEHI Ta KBaIPATUIHO IHTEIPOBHI 38 YMOBAMHU PETYISPHOCTI, TO 3a KJIACTIHOIO
IEHTPAJIbHOIO TPAHUIHOIO TEOPEMOIO

an —" a =~ N(0, i(f)), n — oo.



Jlai, 3 yMOB peryJiapHOCTI Ta 3 T€OPEMH PO OOUHUCIEHHs iHpOpMAIlil 3a
DimepoM BUIIMBAE TOTOXKHICTH

M‘90 I(cZ)(€O> - Mﬁoau(é-b 00)/890 = _Mao(u(gla ‘90))2 = _i(e(J)»

JIO TOTO 2K aDCOJIIOTHA, iIHTErPOBHICTDL BKA3aHUX BEJIUYUH € HACIJIKOM YMOBU
MaYKOPOBAHOCTI.
Tomy 3a kpurepiem Kosmoroposa mocuieHoOro 3aKOHY BEJIUKUX TUCETT

B P —i(6p), n — oo.

Hapermri, 3 ymoBu MakopoBaHOCTI moxigHux Jorapudmidaol dyHKIil Bi-
POTiTHOCTI Ta 3 TOCUJIEHOTO 3aKOHY BEJIUKUX YNCEST BUILIMBAE TaKOXK OOMe-
JKEeHICTh MalizKe HalleBHe II0CIiTOBHOCTI 7,,. ToMy 31 cTporol KOH3MCTEHTHOCTI
OMB BuBommmoO, 110

(/én - 60) Tn - 07 n — 0.

Or:ke, 3HAMEHHUK y HABEJIEHOMY BHIIE 300paskKeHH] J1jIs \/ﬁ(gn — 0p) mae
I'PaHMILO N
B + (B — 00) 7, =" —i(6), n — oo.

Tomy 3a TeopeMoto Ipo /106y TOK CJIa0KO 3012KHOT TIOC/TiJIOBHOCTI 31 3012KHOIO

\/ﬁ(b\n - 00) _>W a

i) = N(0, i(6o)), n — ool

Bmopasa. [Ins kparnoi subipku 3 rama-posnogiiom I'(1,60) crocreperxens Bu-
Bectu piBHsiHH OMB Ta nmosectu, mo OMB € acuMIITOTHIHO HOPMAJIBHOIO Ta ACHM-
MITOTUYIHO €PEKTUBHOIO. SHAWTHU OIIHKY METOJy MOMEHTIB Ta JOBeCTH, 1o 11 ede-
KTHBHICTH MeHIIa 3a 1.



10. CraTucTukm BiJ HOPpMaJbHIX BUOIPOK

BaxxkmBa 0coOIMBICTH HOPMAJIBHUX CIIOCTEPEXKEHb TOJIATAE€ B TOMY, IO BU-
OipKOBe cepejiHeE Ta HOpMOBaHa BHOIPKOBa JUCIIEPCis He3aJIeXKHi I MaloTh Ha-
Tepe;T, BiJIoMi pO3IIOJIiIN.

Harataemo, 1110 OpTOHOPMOBAHOIO HasuBaeThed MaTpulida U taka, mo U ! =
U’.Vci BeKTOpH pO3IIISIATUMEMO K BEKTOPU-CTOBIUUKHU, OJHAK y APYKOBa-
HOMY BUTJISII X KOOpAWHATH Oy/1leMO BHUIHMCYBaThH B psiioK. CKaaspHUil 10-
6yTOK BEKTODIB v, f MOpiBHIOE /3, 1ie o/ — cripsizKeHuii (TpaHCIOHOBaHWIA) 10
Q¢ BEKTOP-PsIJIOK.

10.1. CrangapTHa HOpMAaJibHa BUOipKa

Teopema (11po BUGIPKOBI MOMEHTHU CTAaHIAPTHOI HOPMAJIBHOI BU-
ipku). Hexati subipxa ( = € CmardapmHuM HOPMANOHUM 6e-
§) H o 116 0
kmopom. Todi 6ubipkosi momenmu

~ 1 o _ 1 " ~ 2
Moy, = E Zk:l gk: Sp = n—1 Zk:l(Ck _ :U’n)

HE3ANEIHCHT, NPULOMY
Vi, = N(0,1), (n—1)3; ~xp,,

de x2_, — eunadkosa seaununa 3 Ti-Keadpam po3nodiiom, wo mae n—1 cmy-
niHy c60600U.

JloBeneHHsI.

Busnaunmo Bexktop ¢ = (1/4/n, k = 1,n), mo Mae oJuHUYHY €BKJIIOBY

nopmy. Tomi 71, = ('q/+/n i
(=182 =3 (G—B)=Y. G—nih=¢— (D))




Hexait (q1, ..., ¢n—1) — JIOIIOBHEHHSI BEKTOPA ¢ JI0 OPTOHOPMOBAHOIO HA3KCY
B R™, 1m0 icaye 3a reopemoro ['pama — [minra. [lozuaaumo U = (g1, ..., Gn-1,q)’
OPTOHOPMOBAHY MATPHINO 3 PATKAMA ¢, ..., ¢ _1,q , IO MOPOZKEHa M Oa-
31uCOM. 3ayBazKIMO, 110 3a OpTOHOpMOBaHicTo 3HadeHHst Uqg = (0,...,0,1) =e
€ OJIMHUIHUM BeKTOpoM. KpiM Toro, 3a TeopeMoro 1po JiHiiiHI IepeTBOPEHHs
HOpPMAaJIbHUX BEKTOPiB BeKTOp 1 = U( 3HOBY € CTaHJapTHUM HOPMAJbHUM
BeKTOpPOM. Tomy

(n=1)5 =¢C- (@) =CU—-q-¢)=
n—1
WU —q-\Un=n(I—e-en=>

38 O3HAYEHHSAM Xi-KBaJIpAT PO3IOJLILY, OCKIIBKE 7, kK = 1,n — 1, € He3aste-
JKHUMU Yy CYKYITHOCTI BEJIMUMHAMH 13 CTAHIaPTHUM HOPMAJIBLHUM PO3IOIIIOM.

3a TeopeMoI0 PO BEKTOPHI IIePEeTBOPEHHS HE3aJICYKHUX BEJIMYUH CTATHU-
CTHKa X2 _ | He 3aJIexKUTh B 1, = ¢'C = \/Nfi,,, OCKIILKU BeJIUauHH (1), .., 7,1 )
Ta 1),, He3aJIe’KHI BHACIINOK O3HAYEHHsI CTaH/IAPTHOI'O HOPMAJIBHOI'O BEKTOPA
n= (7717 t) nn)

Haperri, cepefie [i,, sK jiHiiiHe MEepeTBOPEHHS 3a TEOPEMOIO PO JIiHIiH
IIepeTBOPEHHS HOPMAJIbHUX BEKTOPIB Ma€ HOPMAaJIbHUHN PO3IOJIiJI, i3 cepemHiM
0 i mucnepciero Dji,, = n/n* = 1/n [

2 2
vy e = Xn—1

10.2. 3arajgpHa HOpMaJbHa BUOIpKa

Teopema (po BuGiIpKOBi cepejiHe Ta AuCHEPCiI0 HOPMAJIBHOI BU-

6ipku). Hexatd X = (£, ...,&,) Kpamua 6ubipka 3 HOPMAALHUM DPO3NOLAOM
cnocmepestcens £, ~ N(u,0?). Todi cmamucmuxu [, i 52 HE3ANEHCHT, NPU-

YOMY
(n—1)53

ﬁn — U
\/ET QN(O,]_), 0_2 2Xi_17



~2 1 "

n __ 2 A2
n—y =3 2 G )T =
loBenennsi.
Posrisnemo Jtiniitne nepersopenns ¢ = ((, = (&, — p)/o, k = 1,n).

BekTop ( € cranmapTHUM HOPMAaJIbHUM BEKTOPOM, TOMY IO 33 O3HAYEHHSIM
BeJIMYIUHE (&, — (1) /0 € He3aJIeXKHUMI CTAHIAPTHUMA HOpMasbHIME. OCKiIb-
KI IIEepI JIBI CTATUCTUKU B TBEP/2KEHHI TeopeMu 30iraroThCsa BiIIIOBIIHO 3
HOPMOBAHUMHU BUOIPKOBUM CEPEJIHIM Ta BHOIPKOBOIO JIMCIIEPCIE0 NIt BUOIp-
K1 (, TO IepIlie TBEP/KEHHSI TeOPEeMU € HACJIJIKOM TeOpeMHU I1pO BUOIPKOBI
MOMEHTH CTaHIapTHOI HOpMaJbHOI BuOipku. Tperda craTucTuka 36iraeTbes i3
cymoro » ;¢ 2 i Mae xi-KBajIpaT pO3NOMILT 38 O3HaueHHAM [

Bunpasa.

(1) Busectn 3 mieHTpabHOI FPAHUYHOI TEOPEMH, IO
(x2 —n)/v2n =W ¢ ~ N(0,1), n — oo.

(2) Hosectu anpokcumarito Pimepa:

V2x2 —v2n =W ( ~ N(0,1), n — oo.

10.3. Craructukn CtbiogeHTa Ta Dimepa

OszHauenHsi. Bunadkosa eeiuvumna T, Mae t-po3moiii, abo posnoaii CTbio-
JIEHTA, 13 N CMYNEeHAMU c60000u, AKWO VT MOHCHA nodamu Y 6Uu2AAdi

¢

Tp = ——

Vg

de ( ~ N(0,1) — cmandapmma HOPMAALHG GEAUNUNG, G X2 — HE3ANEHCHA 610
Hel seAuNUHa 13 Ti-Keadpam po3nodiaom Ma N CMYNEHAMU C80000U.
Bnpasga.



(1) Buxozsium 3 Bupasy Jjisi MLJILHOCTI Xi-KBaJIPaT siK YaCTKOBOI'O BULIAJIKY TaMa-
IIIJIBHOCTI, JIOBECTH, MO IIIJIBHICTD T, MAa€ BUTJISI

fon(@) = oL+ a2/n)=0FD/2, ¢, = (wn) Y20 ((n + 1)/2)/T(n/2),

npuuomy M7, =0, D1, =n/(n—2),n > 2.

(2) dosecrn, mo 7, —" ¢ ~ N(0,1), n — oco.

Osznauennsi. Bunadkosa eeauvuna ¢, ,, mac posuogin Pimepa, abo orc
Cuenekopa — @imrepa, i3 n, m cmynenamu c60600u, Axwo it MostcHa nodamu
Y 6u2aa0i

2
5 = Xn /n
nm -~ 9 ’
X / M0
de X2, X2, — HE3ANEINCHT BEAUNUNY 13 Ti-K6adpam po3nodiAoM Ma T, M CMY-
neraAMu c60600u 610N0610H0.

Bnpasa./losectn, mo miabHicTh ¢n7m Ma€ BUIJIAL

_ n/2—1 n —(n+m)/2 __ (n\n/2 n m
Fam (%) = Coma"™?7t (14 fx) , Com = (2)"?B(%. %)

Teopema (1ipo craructuky CrhIofeHTa BiJi HOpMaIbHOI BUGIpKM).
Hezxati X = (&4,...,&,) — kpamma 6ubipka 3 HOPMAALHUM PO3NOJLAOM
&, ~ N(u,0?). Todi cmamucmurka

ﬁn — K
Tn—1 = \/ﬁ =
Sn,

mae poanodin Cmuroderma 13 n — 1 cmynenem c80600u.

JloBeneHHsI.

3a Teopemo0 PO BUOIPKOBI CepeHe Ta JMCIEPCII0 HOPMaIbHOI BUOIPKH
iCJIst TIJIEHHS Ha 0 YUCeabHUK /N(fi,, — () /0 Mae crangapTHUH HOpMaJILHUIT
PO3IOJLI, | He 3a/1eXKuTh Bij 3HaMeHHUKA $,/0 = \/(n — 1)82 /o%(n — 1) ~
VX%_1 / (n —1).Tomy Becb api6 T,_1 Mae posuoxin Creogenta [




11. InTepBaJibHI OI[IHKHK ITapaMeTpPiB HOPMAaJIb-
HIUX CIIOCTepPEeXKEHb

Posrisinemo Jniime 1BOCTOPOHHI 1HTEepBa/IbHI OIMIHKN JIJIA TTapaMeTpiB KpaTHOI
nopmasibhoi Bubipku X = (£4,...,€,), & =~ N(u,0?), 0JHOCTOPOHHI OIiHKM
BUBOJIATHCS aHAJJIOTITHO.

Hwmxkue x, o3HavaTNMe JIBOCTOPOHHIN KBAHTH/IL BIPOTIIHOTO PIBHMA
1 — a a1g ctaEIapTHOTO HOPMAJIBHOTO PO3MOILITY:

P([{|<xo)=1—a, O(z,) =1—a/2.

AHaJjioriyHuit 3MICT MalOTh KBAHTUI Ype IS PO310aLTy CTBIOIEHTA, Zpq
— JUId Xi-KBaJIpaT POBIOJILITY:

JloBeleHHsT HaBEJIEHNX HUKUE OIIHOK € OYEBUIHUM HACJIJIKOM TeopeMu
PO BUOIPKOBI cepejHe Ta JIUCIEPCII0 HOPMAJIbHOI BUOIPKH, Ta O3HAYEHHS BiJl-
MOBLIHUX KBaHTUJIEH.

11.1. Ouuinka cepeJHBOro IIPU BiJOMiii aucrepcii
Ockinbky npu Bigomiit jtucnepcii o? crarucruka ¢ = v/n(f, — p)/o ~ N(0,1)

€ CTaH/IaPTHOIO HOPMAaJIbHOIO, TO

= a ~ a
P (- ot < < i+ o) = PG| S 52) = 1




11.2. Omuinka aucrepcii npu BiJIOMOMY CepeJIHbOMY
Y BUIQJIKY BiJIOMOTO CEPEHBOTO [4 JIJTSd BIJIIIOBLTHO MOM(IKOBaHOT BUOIPKOBOI
muenepcii 55 = 2377 (€, — p)? 5i cuiBinnomennsa G, /o? ~ 2 BHBOAMMO,

110
P(nff\i | Zpa < 0% < nff\i | Zn2—a) =

P(zn,2—aSX?LSZna):l_OZ/Q—OZ/Qzl—OA

11.3. Orminka cepeJHbOTO IPU HEBigoOMiil mucriepcii

3a Teopemoio 1po cratucTuky CThIOJIEHTa Bijl HOpMaJIbHOT BUOIPKM CTATHCTH-
Ka T, = \/n(f, — 1) / 8, Mae posuogin CrbiojenTta 3 n— 1 cTyneHeM cBOGOIH.
Tomy

S, s,
PA__nn—a< < _nn—oc:Pn<n—a:1_-
(Mn \/ﬁy 1, _H’—/’Ln-i_ﬁy 1,) (|T |—y 1, ) «
11.4. Omninka aucnepcili OIpy HEBIJIOMOMY CepeHbOMY
Ockinbku (n —1) 82 /02 ~x2 | , 10
P(n—138 /20 1a<0*<(n—152/ 24 19-0) =

Plzn12-0<X 1< 21a)=1—-0a/2—a/2=1-a.

Bmpasa. Hexait X = (£, ...,§,) KpaTHa HOpMajbHa BUOGIPKA 3 POBIOILIOM
&, ~ N(u,0?),® o HOpMasIbia (DyHKILiA PO3NO/LTY 3 apaMeTPaMu fi, o2 all,, 331
— BubIpKOBI cepejne Ta jucnepcis. Jlosecru, mo: (a) mis koxkuoro ¢ > 0 posmosin

npupocty Ay = @, (4, +to,) — D, (i, — to,) sanexxurs e Big t, (6) aKio

t=Yn—1av/1+1/n, To MA; = .



12. 3apgadvi mepeBIpKU CTATUCTUIHUX TIIIOTE3

Ha Bigminy Bij 3aja4 CTATUCTUYHOTO OIHIOBAaHHS, 3a/lada IEPEBIPKU CTa-
TUCTUYHOI TioTe3u moJjisirae y hopMyBaHHI JIUXOTOMIMHOIO BUCHOBKY ITOJO
BIIMOBITHOCT] HASIBHUX CHOCTEPEXKeHb (BUOIPKM) MEBHUM MPUILYIIEHHAM IIPO
X po3Moii, ToOTO PO BAACTUBOCTI itmoBipHOCTI Py. TyT 0 — icTuHHE 3HAYEH-
He napamerpa, a (P, 6 € ©) — napameTpudHa ciM’s pO3IOJLIE 3 O3HAYEHHSI
CTATUCTUIHOTO TTPOCTOPY.

JloBiibHE TPUIYIIEHHST PO PO3MOI BUOIPKYU IIPU iICTUHHOMY 3HAYEHHI
napamMerpa f Ha3UBAETbCS CTATUCTUYIHOIO TioTe3010. YacTo craTucTudHi Ti-
oTe3u (hOPMYJIIOIOTh y BULJIST

HO:GE@O,

Jie ©p C O — neBHa napamMeTpUIHa IAMHOKIHA. KINO mapaMeTpuyaHuii mpo-
cTip 30iraeThcs 3 MHOZKMHOIO BCIX MOYKJIMBUX PO3IOJILIIB BUOIPKU, TO OY/Ib-gIKa,
rirore3a Moxe OyTH 300pazkeHa y HABEJICHOMY BUTJIS.

ZK Mu nobaduMo Mi3HiIe, CTATHCTHYHI BJIACTUBOCTI (30KpeMa, sIKiCThb) BU-
CHOBKIB IT[0JI0 PO3MO/IiIYy BUOIPKHM CYTTEBO 3a/€KaTh HE TIILKHU BiJl BUIJISILY
CTATUCTUIHOI TIlTOTE3W, a i BiJl MHOXKWHN 3HAYEHb IapaMeTpa, o He 3aJ10-
BOJIBHAIOTH ITIO TimoTe3y. Tpeba MaTn Ha yBa3i, Mo BKa3aHa MHOXKIHA 3HAYEHD
He 3aB2K 11 30iraeThes 3 JOMOBHEHHSM TapaMeTPUYIHOI MHOXKHUHE O).

CTaTHCTHIHOIO AbTEPHATHBOIO HABUBAETHC TaKe MPUILYIIEHHS PO PO3-
[IOJIJT BUOIPKH, $SKe BBAYKAETHCH 3aBK/M BUKOHAHUM Y BUITAJKY, KOJHM He
CIIPAB/KYETHCSI OCHOBHA CTATUCTHYHA Tinoresa. CTaTUCTUYHI ajJbTepHATUBU
GOPMYIIOIOTH Y BUATJISII

H1 o 0 € ("':)1,

e ©; C 0. drmo 01 = O \ O, To anbTepHATHBA MOXKE He (DOPMYTIOBATHCS



sIBHO. SIKITO K Mae Miciie cTpore BK/oUYeHHsT Oy U ©7 C ©, To ocHOBHa Timo-
te3a Hy, Ha BiIMIHY BiJ| aJIbT€PHATUBHOI, HA3UBAETHCA HYIHOBOIO IIIOTE30IO0.

Osnauennsi. Cmamucmuyna zinomesa Hy : 0 € Oy nasusaemwves mpo-
CTOI0 TIoTe3010, Axwo mHuoocuna Oy = {0g} e odnoeaemermmoro, npuvomy
po3nodia Py (X € ) sidomuti nosnicmio.

Ilpukaaan

1. Hopmanvra eubipka 3 eidomoro ducnepciero. B sskocTi HeBigomoro ma-
paMeTpa HOPMAaJILHOIO PO3IOJLITY BHCTYIAE cepenme: § = u, qmcrepcig o2
BBaxKaeThes Biztomoro. [lpu dikcartil p MiabHICTh crioCTepezKeHb MOBHICTIO Bi-
Jloma, ToMy rinoresa Hy : 6 = ji, € mpocroro.

2. Hopmasvna subipka 3 mesidomoro ducnepcicro. Zkio napamerp 6 =
(i, 02), TO 1P BUKOHAHHI rinoresu Hy : @ = i, BUOIpKOBI MIIIBHOCTI MOXKYTb
MAaTHU Pi3HI AUCIEPCi], TOMY TilloTe3a He € TTPOCTOIO.

12.1. CraTucrTuka KpuUrTepito, KpUTUIHA 00JIaCTh

3BUYaiiHO CTATUCTUYHUI BUCHOBOK II[0JI0 BUOIPKU POOUTHLCA Ha IIijIcTaBl aHa-
Ji3y neBHOI (DyHKIIT Bt BUOIpKY — craructuku Kpurepito. s dyukiis 3¢(X) :
S — D € IOBUIBHOIO CTATUCTHUKOIO (BUMIDHOIO (DYHKIE B BUOIpKY) 31 3HA-
YEeHHAMU B JICAKOMY BUMIpHOMY mpocTopi D. J[jisi BU3HAYEHHHA PE3yabTaTy
CTATUCTUIHOIO BHCHOBKY MIOJO KICHOI (JMXOTOMIYHOI) BJIACTUBOCTI PO3IIO-
JITy CIIOCTEpesKeHb Ha OCHOBI 3HAYEHHS > JOCHTH PO3OUTH MHOXKUHY D =
Dy U Dy Ha 7Bl YaCTUHU f1 Y BUITAJIKY

(0) BrutOueHHs 3¢ € Dy — mpuiiMaT HYJIHOBY IilIOTE3Y,

(1) upu 3 € D; — upuiiMaTu ajbTepHATUBY, TOOTO BIIXUJISATH HYJILOBY
TirnoTesy.

Muoxkuna Dy, Ha 9Kiil BIIXUIAETHCA HYJIbOBa TilIOTE3a, HASUBAETHCI KPH-
TUIHOIO 00JIACTIO CTATUCTUKU KpuTepio. O4UeBUIHO, 0 JIOBIILHII aJIrOPUTM



JIMXOTOMIYHOTO BUOOPY Ha MijicTaBl 3HaYeHHsT BUOIpKU X MOXKHA HOJATH Y Ha-
BeJICHOMY BUIJIsA, obupatoun, nanpukiaas, D = {0,1}, Dy = {0}, D; = {1}
Ta BIJIMOBITHO KOHCTPYIOIOYH [D-3HAYHY CTATUCTUKY KPUTEPIIO.

Ha mpakrumi gacrime obupatote D = R, Dy = (—00,z), D1 = [zg,00).
Y 1pOMy BHUIAJKY CTATUCTUKA KPUTEPIIO € YNCTOBOK BEJTMINHOI), & IUCTIO T
BU3HAYAE KPUTHUYHUN PIBEHb CTATUCTUKHA KPUTEPITO.

Y 3araJibHOMY BHIQJIKY 3 KPUTHUIHOIO O0JIACTIO CTATUCTUKU [)i MOXKHA
OB’ 32T KPUTUYIHY 00JIACTb BUOIPKHU

[Ipu morpanisiHHi BUOIPKOBOIO 3HaYEHHA X Yy KPUTUIHY O0JIACTH HYJIbOBa
rirore3a BiJIKUIAETHCA, B IIPOTUICKHOMY BUITQJIKY — BIIKUJIAETHCS AJIbTEP-
HaTUBA.

OsznHavenHd. CTaTHCTHYHUM KPHUTEPIEM HA3UGSAEMBLCA NAPA
(32(X), D1), wo ymeopena D-znaunoro cmamucmuroro kpumepiio %(X) ma
it xpumuunoro obaacmro Dy C D.
Anroput™ nepesipku crarucTuyHol rinoresu Hy npotu asbrepHaTuBu Hi
3a JIOIIOMOTO10 KpUTepito (3¢, Di) BUKOHYEThCS B JIBA €TAIIN:
(1) obumcimoors 3uaventst »x = (X)),
(2) nepesipsitoTh BKIOUeHHs > € Dy, 1m0 ekBiBasentHe X € W,
(2.1) KIIO BOHO CIIPABIKYEThCS, TO Hy/IbOBa rinoresa Hy Ha mijgcrasi
criocrepezkeHb X BIIKHIA€THCS 1 NPUIIMAEThCA albTePHATUBA,
(2.0) gKIIO K Ie BKJIIOYEHHSI HE CIIPABIKYEThCs, TO HYJBOBa IilIOTE3a
H, ma mincrasi criocrepexkenb X He MOxke OyTH BIJIKHHYTa, OT2Ke, IpHUilMae-
ThCd, & ajbTepHaTnBa H; BiKMIaeThCH.



12.2. PiBeHb Ta IOTY>KHICTH KPUTEPIIO

Hagejieni Burie o3HaveHHd KPUTEPIIO MEPEBIPKU TIIOTE3U € CYTO TEXHIYHUMEI
i Oe3rocepeIHbO HE TOB’sA3aHl 3 AKICTIO CTATUCTHIHOTO BHCHOBKY. /[l Bu-
3HaYEHHA MOKA3HWKIB SIKOCTI 3ayBaxKMUMO, IO aJTOPUTM TEePEBIPKHU TIMOTe3n
CIUPUYIMHSIE JIUIIIE OJHE 3 JIBOX MOXKJIMBUX PillleHb: TPUUHATT ab0 BiIXUICHHS
HyI0BO1 rinoresn. KoxkHe 3 mux pinieHb MOKe IIPU3BECTH JI0 ITOXUOKH.

OznavenHs. [[oxubKoO MepIIOro poay cmamucmuumnozo Kpumepito Ha-
3UBAEMBCA BIOTUNCHHA HYALOBOL 2iN0ME3U 304 YMOBU, WO BOHA CNPABIHCYE-
MbCA.

[ToxubKOIO JAPYyroro pPojay HA3UBAEMBCA NPUUHAIMA HYALOBOT 2IN0MEe3U
3G YMOBU, KOAU CNPABIHCYEMBCA AALMEPHAMUBA.

Bkaszani moMuaIKoBi pilteHHs MOB’si3aHi 3 BiJITOBIIHUMU BHUIIAIKOBUMU T10-
mistmu. VIMoBipHOCTI X HOZLll HASHBAIOTHCS IMOBIPHOCTSME HOXHOOK I€p-
IIIOTO Ta JIPYTOrO POJLY.

Oznauennsi. Hexat nyivosa zinomesa mae sueand Hy @ 0 € Og, a aiv-
mepnamuea Hy : 0 € ©O1.BiporimauMm piBHEM cmamucmuuho2o Kpumepio
(32, D1) masusaemoves dynkyia 6id 0, wo 3adae Gmosiprocmi norubox nep-
wo20 pody:

PQ(Q(X) S Dl) = PQ(X S W), 9 € ("‘)0.

[Toryx)HicTIO KpUumepito Ha3usaemves Jono8HeHHA TUMOBIDHOCTNT NOTUOKU
dpyeozo pody do odunuyi (MO6GMO UMOSIPHICML NPABUALHO20 — AABMEPHA-
MUBHO020 — BUCHOBKY NPU AABMEPHAMUBT), U0 300AEMBCA PYHKYIEN:

1—Py(32(X) € Do) = Pp(%(X) € D)) =Py(X e W), 0 € Oy.

SayBakeHHsI. Y BHIIQJIKY, KOJN HYJIbOBa TIIIOTE3a € IIPOCTOIO TIIOTE3010,
Biporiznuit piBeHb 3a1aeTbea onHuM wmucsaoM: Py (X € W), ockimbku mpn
0 € ©g = {0y} posnoin BUGIpKU BiTOMUIT HOBHICTO.



nmosipuicrs Pp(X € W) nonajgannsa Bubipku y KPUTHYHY 06/IACTD AK
dyHKIA Bix ycix 0 € Oy U ©7 Ha3HBAETHCsI ONEPATHBHOIO XapaKTEPUCTUKOIO
KPHUTEPITO.

Marouyn Ha MeTi OTHOYACHY MiHIMi3aIlilo WMOBIpHOCTEl TTOXUOOK IEPIIOro
Ta JPyroro pPojiy, JJis CTBOPEHHS AKICHOIO KPUTEPio Tpeba BiIIIyKaTH TaKky
craructuky (X ), sika Gysa 6 "ayTiInBo0” 10 iICTHHHOTO 3HAYEHHST HEBIIOMOTIO
rnapamMerpa:

— IIpM BUKOHAaHHI HYJIBOBOI Timore3m HaOyBaJja O IepeBaykKHO 3HAYEHDL i3
MHOKUHE Dy (Hanpuk/Iaz, “1ocuTh noMipHUX” 3HAYEHB) — 10 3MEHIIIy€e HMO-
BIpHICTH TTOXUOKM TEPIIIOrO POy,

— [IpU BUKOHAHHI aJIbT€PHATUBU — IIEPEBAYKHO 3HAYEHD 13 JIOIOBHEHHSI
Dy = D \ Dy (mampukiaj, "HaJMIDHO BEJUKUX 3HAYEHL ) — IO 3MEHIIIY€E
WMOBIPHICTH TIOXUOKH JIPYTOT'O POJLY.

OueBniHO, 110 3a/1a4a TOOYI0BU ONTUMAJIHLHOTO CTATUCTUIHOTO KPUTEPIFO
3BOJIMTHCS JI0 OJIHOYACHOI MiHIMI3alIll iMOBIpHOCTEl ITOXUOOK IIEPIIIOro Ta JIPY-
roro poiy, abo K [0 MiHiMizalil #loro BiporiJgHOIO piBHSA MPH MaKCHMI3aIil
noryzkuocti. g 3a7ada € BHYTPINIHBO CYIEPewINBOIO, OCKIILKY 1 PiBeHb, i
HOTYXKHICTb (K 3HAYEHHSI OJHIEl ONEPATHBHOI XapaKTEPUCTHKU Ha PI3HUX
MHOYKHMHAX) OJHOYACHO MOHOTOHHO (y HAIPSIMKY 3POCTaHHSI) 3aJieXKaTh Bl
KkputuaHoi obsacti ubipku W. Bokpema, npu W = () iMoBipHiCTbL MOXMOKH
MIEPITIOTO POy HYJIHOBA, IPYTOTO POJY — JOPIBHIOE OJWHUII, & MOTYKHICTDH HY-
aboBa. [Ipu W = S mae Micrie mpoTuiie;kHa CuTyallist — IMOXuOKa IIePIIoro PoLy
1 MOTY2KHICTh OJITHOYACHO OMHUYHI. ToMYy 3a/1a9y BiINTyKaHHS OMTUMAJILHOTO
KPHUTEPIIO 3BOJAATH JI0 33/1a91l YMOBHOI OIITUMI3aIlil — 3HAXO/I2KEHHA MaKCUMyMYy
MIOTYZKHOCTI Iipu bikcallil piBHS — MaKCHMAJIbLHOI TTOXUOKH IIEPIINOrO POJLY.

Oszunauenns. Kpumepiti (3, D) mae Biporianuii pisenn «, Axwo Gmo-
7 Y



BIPHOCE NOTUOOK NEPULO20 POJY HE NEPESUUWYIOMD O
PQ(Q(X) € Dl) = PQ(X € W) < a, Vo € 0.

1 xowa 6 00na 3 UUT Hepishocmet € PiBHICMIO.

3ayBakeHHs. K0 HY/IbOBA TiIIOTE3a € IPOCTOIO TIIIOTE3010, TO B O3HA~
YeHHI PiBHA KPUTEPiI0 00OB’A3KOBO Mae Miciie piBHicTh. /[lificHo, B Takomy
BUITQJIKY MAE€MO €JIMHe 3HAYeHHs IMapaMeTpy 1 OJHy HEpPiBHICTH, dKa 3a O3Ha-
YeHHSIM MTePETBOPIOETHCA Ha, PIBHICTD.

Osuauenns. Kpumepiti (3¢, D) € He3aMileHUM KPHUTEPIEM, AKUL0 U020
NOMYANCHICTD HE MeHWA 30 1020 PiBEHD (L :

Pg(%(X) S Dl) = PQ(X € W) >, VO € 0.

Osuadenns. Kpumepit (mouniwe, nocaidosnicms kpumepiis) (3,, Di)
8102101020 PIBHA O, WO NOOYA08AHUT OAA KOHCHO20 N 30, KPAMHON BUOIPKON
00’emy N, € KOH3UCTEHTHAM KPUMEPIEM, AKULO 1020 NOMYHCHICTIL NPAMYE DO
0OUHUYL:

Py(3z, € D) — 1, n — o0, VO € 6.

OueBnIHO, MO0 KOH3UCTEHTHI KpPUTEpil € aCUMITOTUYHUME PO3B’sA3KAMU
YMOBHOI 33/1a4l ONTUMI3aIlil KpUTepito 3a piBHEM Ta MOTYXKHICTIO.



13. HenapamerpudHi KpuTepil ajid OYyHKITII
PO3MOJILITY

Posrasinemo kpatny Bubipry X = (&3, ...,£,,), B sKiit OKpeMi CIocTeperkeHHsI
MaloTh HEBiOMY HemepepBHY GyHKIIi0 posnoainy F(z) = P(§; < x). 3 dop-
MaJIbHOTO TOTJISITy JIaHa CXeMa BiJIOBigae mapaMeTpruIHOMY MMPOCTOPOBI O,
IO MICTUTH yci QPYHKIT pO3MOIiTY, & HYJIbOBa TilOTe3a MOYKE MATU BUIJIST
Hy: 0 = F. nia 3ananoi F.

13.1. Kpwurepiii y3roaxkenocti Koamoropona

[TepesipsieTbest riroTe3a y3rozKeHOCTI KPATHOT BUOIPKH 13 38/1aHO0 (DYHKITIEO
posnojity F'; To6TO NpUITyIIeH s, MO (PYHKINS PO3IMOJILITY OKPEMHIX CIIOCTEpe-
JKeHb 30iraeThbCs 3 Hallepe/l 3aJ[aHOI0 HEIePEPBHOIO (PYHKINE po3mojiry F.
Ak anprepHaTHBY OyJIeMO PO3IVIAIATH KJIaC yCiX HemepepBHUX (DYHKIIIH PO3-
nofiry, Binminaux Bim F. Kpurepiit € HenmapaMeTpuyHNM, aJi2Ke HEBLJIOMOIO €
BCst (DYHKITiST PO3IIOIIIY, & He OKPEMi TTapaMeTpH.

[TobynoBa KpuTepito rPyHTYEThCA Ha cTaTucTHil Kosamoroposa:

5in(X) = v/n sup, ¢ g |Fu(z) — F(2)],

ze

~ 1 n
Fo(z) = n Zk:l Lig, <

— eMmipuiHa (PYHKIA PO3IOJILITY.

3a Teopemoro Kosmoroposa 1po BiIXMIEHHS eMIIipUuIHOl (DYHKIIT pO3IIo-
sty (10 HaBeJIeHa BUINE B PO3JILIL PO eMITpuIHy (DYHKIIO PO3MOJILIY) pO3-
HOMIT CTATUCTUKU 3¢, (X ) 3a HyJBOBOI TilIOTE3W HE 3aJIEXKUTH Bif HeBimomol



dyukIil poznoaiiy F' Tta Mae micie 3012KHICTb B OCHOBHOMY
P(3, <x) — P(x <z)=K(z), n — o0,

ne dyHKIis posnoziay K (z) moBricTio Bioma:

K(x) = Z+oo (—1)* exp(—2k%z?).
k=—o00

Kpurepiit Kosmoroposa 3amaersbest mapowo (3¢, [Tq,00)), e KpuTuaHuii

piBeHb X, 3HAXOAUTKLCS 3a Biporigaum piBHeM « 3 ymou K(z,) = 1 — a.

HynboBa rinoresa Ipo y3roIyKeHICTh BiIXUIISETHCH, AKINO 4, > I,. PiBeHb

KpuTepito HabmKeHo (1 TuM ToYHiIIe, YnM GiTbInuit 06csar BUGIPKN) TOPIBHIOE

P32, > x) = P(sx > 24) =1 — K(z,) = a.

Otxe, n1s cKiHueHHHX n Kpurepiii Kommoroposa € HabmmkernM. Ho-
0 MOYKHA 3POOUTH TOYHUM, SKIIO JjId TOOY/IOBU KPUTUYHOIO PiBHS 3aMiCTh
K (x) BukopucTaT TOUHE 3HAUYEHHST (DYHKIHT PO3IO/IITY CTATUCTUKE .

Jns mochipKeHHsT TOTYKHOCTI KPUTEPIo MPUILYCTUMO, IO PO3TJIAIAE-
ThCd HyJsiboBa rinoresa Hy : 8 = F, ne F — rinorernvyHa (QpyHKIsS pPO3IO-
JILTY CIOCTEpeKeHb, & iCTUHHA (PYHKIIis PO3IO/ILITY Bi/IIIOBI/Ia€ ajbTepHaTHRI
H,: 60 =0, = F,. Toai noryx)HicTh KpUTEPitO JTOPiBHIOE

Py, (Jﬁsupme]R ’ﬁn@) — Fi(z) + Fi(z) — F(m)‘ > xa) >
Py, (v/nA — 3¢, > x,), ne A =sup, c g |F(x) — Fi(z)| > 0,

%, = /N Sup, c ‘ﬁn(a:) - Fl(cc)‘ —W 5

ﬁn(:v) - F($)‘ > :Ea) =



3a Teopemoro Kosimoroposa B nipumytienni Hq. Tomy
Py, (v/nA—32, > x,) — 1, oTxke, noryxKuicTh kpurepio Kosmoroposa npsimye
70 1 py KOKHii pocTiit anbrepHaTuBi. Kputepiit € KoH3ucTenTHM.

13.2. Kpwurepiii ogaopigaocTi CMipHOBa

OnHouacHo 3 BUOIpKO X PO3riIstHeMO iHITYy KpaTHy BUOIPDKY Y = (1), ..., 1)
ob’eMoM m, 1O HE 3a/eKUTh Bij X, i3 HenepepBHOIO (DYHKINEID PO3IOJILITY
okpemux crocrepexenb G(y) = P(n, < y). [lapamerpusyrodu po3IHo/IiI MOB-
HOro BekTopa crnocrepexkendb (X, Y) gk mapy dyukimiit posnominy 0 = (F,G),
POBIVITHEMO CKJIQJIHY HYJIBOBY TIIIOTE3Y OHOPIIHOCTI

Hy: F =G, F — menepepsra, X 1Y — HesasexHi
[POTH AJIbTEPHATHBI
H,: F #G, F,G — uenepeprri, X 1Y — He3ajexHi.

[Toznaummo eMmiripuvny (PyHKIIIO PO3IOJILIY JAPYrol BUOIpKu

A 1 m
Gnly) = — Zk:l Lin, <+

m

Teopema (Teopema CMmipHOBa Mpo BigxXuIeHHsI eMIipuaHux yH-
KIiil po3noxiny). 3a nyavosoi zinomesu Hy posnodia cmamucmuru Cmip-

Hoea:

~ mn
Hpm =

~

SUp, ¢ g ‘F\n(a;) — Gp(x)

m-+n

HE 3aaeancums 610 6u2AAdY He6idomoi dynryii poanodiay F = G, i daa ecix
x € R mae micue 36iocricms

P(3tym < ) — P(x < x) = K(x), n,m — oo,



de gynxuia K(x) ma cama, wo 4 y meopemi Koamozoposa npo eidrunenms
eMNIPUNHOL GYHKULL Po3N0diay.

JloBemeHHsT He HABOIUTHCSI.

Kpurepiit CmipHoBa 3a71a€Thest TAPO0 (nm, [Ta,00)), A€ KpuTuIHMii pi-
BEHb I, BU3HAYAETHCS 38 BiporiiHuM piBHeM o ymMoBoo K () = 1—a. PiBenn
KPUTEPio HAOJINKEHO JOPIBHIOE

P(Bm 2 7a) = P 2 20) = 1 - K(2a) =

st mocstiipKeHHsT TOTYZKHOCT] KPUTEPIIO MPUITYCTUMO, 10 BUKOHYETHCS
anprepHaruBa: § € Hy. Toai moryKHiCTh KPUTEPIIO TOPIBHIOE

Py (\/mm__ZLSUPxeR ‘ﬁn<x) _@m(x)‘ 2 xa) -
Py (supxeR Fo(z) — F(z) + G(z) — Gn(z) + Flz ’\/m__:'Zl‘a)

> Py (,/mman—%n—%m Za:a),;LeA:supxeR|F(x)—G(x)| > 0,

%, = /N Sup, c g

Fo(@) = Fla)| =Y »,
Y = /M SUD, ¢ p ‘@m(x) — G(z)’ —W 5

3a TeopemMoio KoJiMoroposa mpo BiIXUJIeHHsT eMIIpUuaHOl (DYHKINT PO3IIO/ILTY.
Tomy \/iinA — 3ty — 3y, —P 00, orxe, moryxmicts kpurepito CmipHOBa
NpsIMY€E JIO0 OJMHUIN NPU KOXKHIiM MpocTiit ajabrepuarusi. Kpurepiit € konsu-

CTE€HTHUM.



14. Jlesiki paHroBi Kpurepii

SHadHa KiIbKICTh CTIHKUX /10 BUIAJIKOBUX 30ypeHb KPUTEPIiB OYIyeTbCsd 3
BUKOPUCTAHHAM PAHIMOBUX CTATUCTHK.

OznavenHsi. PaHroBumu cratuctukamMu Ha3u6aomuves Koopounamuy Be-
kTopa pauris R = (Ry, ..., R,), de 3navenna Ry 3adae nomep k-z20 cnocmepe-
OHCEHHA Y BAPILAUTTHOMY PAL:

gk = g(Rk)J (517 7€n) = <£(R1)7 7£(Rn))

ITpuknan. Hexail criocrepiraerbest Bubipka X = (2,7,4,5). Toai Bapia-
mifiHuit psig mae Burisn (2,4,5,7), a Bekrop panris gopisaioe (1,4, 2, 3).

fK moKazaHo B po3IiJii PO PAHTOBI CTATUCTUKU, JIJIT KPATHOI BUOIPKU 3
HeIlePEePBHOIO (DYHKIIIEI0 PO3MOJILTY BEeKTOp R PIBHOMIPHO PO3MOJIiIeHNiT Ha,
MHOYKHUHI BCiX mepecTaHoBoK II,, mopsaky n.

14.1. Kpwurepiit omHopigHocTti BijTkokcoHa

Posrasinemo kpatny Bubipry X = (&5, ...,£,,), B sKiit OKpeMi CIocTeperkeHHsI
MaloTh HeBiZioMy HellepepBHY byHKIi0 posnozainy F(z) = P(§; < x) i oxHo-
YaCHO He3aJIeXKHY KpaTHy BUOIDKY Y = (7, ...,1),,) 31 CHLIBHOI HEIEPEPBHOIO
dyuxkiieo posnoginy G(y) = P(n, < y). st nepeBipku HYIb0BOI rinoresn
OJTHOPITHOCTI

Hy:G=F, X taY nHesanexHi,

BUKOPHUCTAEMO 00’€HaHy BUOIPKY

Z = (517"'>€n> nla"':nm)



Ta IO3HAYMMO depe3 ; paHI' j-ro crocTrepexkeHHdA y BuOipni Z. 3a HyJIbOBOI
rimore3u Bubipka Z € KparHowo 06’ema N = n—+m, ToMy BeKTOp R piBHOMIPHO
PO3IIO/IlIeHNiT Ha MHOXKHUHI TiepecTaHoBOK Iy mopsiaky N.

Buznaunmo cratucruky Bijikokcona

Snm = Z::1 Rj?

dKa 3aja€ cymapuuili panr Bubipku X B 00’e/Haniit BUOIpIi Z.

3a HyJs1b0BOI rinoresn Hy po3IOII CTATUCTUKE Sy, OJHO3HATHO BH3HAYTA~
€ThCS JIUIIEe 3HAYEHHAME 1, M. 1e 1ae MOKJIMBICTD 3HANTH KPUTUIHIIT DIBEHD
CTATUCTHUKU I 3a0e3ledeHHs 3aaH0ro BiporijgHoro piBHs «. Burisanm kpu-
TUYIHOI 00JIaCT] BUSHAYAETHCS aJIbTEPHATHBOIO.

Hexait asbrepratnBoio € Biji'emunii 3cyB Bubipku Y BijHocno X Ha BeJin-
gy A > (0, To6TO

Hi :Gly)=Fy+A), Vy e R, X taY nezanexmi.

Y mpomy pasi n, ~ & — A, oTKe, 3HAYCHHS CTATUCTUKA Sy, OYIYyTH TIEPE-
BaKHO OLJIBIITUMU y BUNIQJIKY aJIbTEPHATUBH TOPIBHIHO 3 HYIHOBOIO IITOTE3010,
OCKIJIbKH €JIeMEeHTH BUOIpKU X OTPUMYBATUMYTDL IE€PEBAXKHO OLJIBIIN paHTH.
Tomy KpUTHIHUMU JIJIsI HYJIOBOI TIlTOTE3M CJIiJ] BBAXKATH BEJIMKI 3HAYCHHS
crarucTuku. OTKe, KpuTHIHA 00/1aCTH MOBUHHA MATH BUTTIAL, [Lnm (), 00), 1€
piBeHBb T, () Bu3HAUAeThCst YMOBOWO P (S, > Tpm()) & a. 3Hax0/KeHHS
PIBHSI MOXKJ/IMBE 3 BUKOPUCTAHHSIM TaOJIUIb ab0 CIHEIaJbHIX KOMIT IOTEePHIX
IPOTpaM.

14.2. 3ayBarkeHHS IIO/I0 PAHAOMI30BaHUX KPUTEPIiB.

Ockinbku cratuctuka S, Ma€ JIUCKPETHUI PO3Mojii, To i dyHKIsS Po3-
[OJ1LJTy Ma€ JIMIIe 3JIi9eHHy MHOXKUHY 3Ha49eHb, 1 it joBiabHOro @ € (0, 1)



HEMOYKJINBO Ti/Ii6pAaTH KPUTUIHE 3HAYEHHSI Ty, () TAK, 100 32 HyJIbOBOI Ti-
[I0TE€3W KPUTEPIl MaB TOYHUI BIPOTIIHUIT PIBEHDb .

Jl1st 3a0e31eveHHsT TOYHOTO PiBHSI BUKOPUCTOBYIOTH TaKy IPOIELYyPY paH-
nomizaril. Hexait o < a < ap — HalOIMmKI 10 o IMOBIPHOCTI, JJI SIKAX
PiBHSIHHS

P(Smn > 5172) =q;, = 1727

MalOTh TOYHI PO3B’'SI3KU X;. 3reHepyeMo He3aaesKHy Bil S,,, BUIAIKOBY Be-
mraury v € {1,2} taky, mo Plv = 1) = ¢, P(v = 2) = 1 — ¢. Bu-
SHAYMMO BHUINAIKOBUI (paHIOMI30BaHWUit) KpUTHIHWUN DiBeHb () = T, =
Z11gy=1} + T2l{y—2y.Toxi 3a dpopmyroo noeHOI fiMoBipHOCTI
P(Spn = z(a)) = eP(Spn = 1) + (1 — &) P(Spn > 2) =
eaq + (]_ — 8)0&2 = Q,

AKIo obpatn € = (ap—a)/(ae—aq) € [0,1]. Orzke, pangoMizoBaHa KPUTHIHA
061acThb [2,,,00) Ma€ TOYHUi BIpOriIHUI DiBEHb (.

14.3. AcuMOTOTMYHA HOPMAJIbHICTH CTATUCTUKHN BijIKo-
KCOHAa

[Ipu BemMKMX 3HAYEHHAX BUOIPKU MOXKHA CKOPUCTATUCH ACUMIITOTHIHOIO HOD-
MaJIBHICTIO CTATUCTUKN BiikokcoHa. O6umcanmmMo

MSym =327 MR; =n(N +1)/2=n(n+m+1)/2,

DSy = MS2 — (MS,,)* =
Z?:l MRJQ' + Z;éjzl MRJ'Ri - (Msnm)2 =



Z?:1 > relly 7“]2-/N! + E;jzl > remy i/ NV — (MSp)2 =
n(N+1)2N+1)/6+n(n—1)(N+1)3N +2)/12 — (MS,,)* =
n(N+1)(N—-n)/12=nm (n+m+1)/12.
MoxkHa moBecTH, IO 33 HYJIOBOI TIlIOTE3W Ma€ Miclie cjiadka 30i2KHICTh

pu n,m — OO IMEeHTPOBAHOI Ta HOPMOBAHOI CTATUCTHKHN BilKoKcoHa 710 Be-
JIMYUHU 31 CTAHJAPTHUM HOPMAJIBLHUM PO3IOMITIOM

Sl w12 S — M8
vnm (n+m+1)/12 DSy,

%nm

—W ¢~ N(0,1).

3BijficH 3HAXOAUMO KPUTHIHY 00JIACTD JJISI CTATUCTUKHU Sy, TaK, 1M00 Bi-
poriinnii piBenb KpuTepito HabJIMKeHo 30iraBcs i3 3aIaHIM:

Tom(@) = n(n+m+1)/2 + zo/nm(n +m +1)/12,

Jie X, KBAaHTWIb PiBHA 1 — (v CTAH/IAPTHOTO HOPMAJIBLHOTO PO3IOILITY.
Akmo BukoHyeThCs asibrepuarusa Hy @ F' # G, T0 MOXKHa IMiIpaxyBaTH
MSym = 22:1 M(1+ ZZ:l,k;éj 1{§j >¢) T Z;gnﬂ 1{€j > nk}) =
n(l+n-1)/24+mP(E 2mn)) =
nn+m+1)/2—nmd, ne §d = P(& <ny) — 1/2.

Ba ymosu, mo 6 = [ F(z)dG(x) — 1/2 < 0, 3Biacu BUBOAUMO, 10

_ Sam—nn+m+1)/2 Sy —MSpm—mmd p
vamn+m+1)/12  /nm(n+m+1)/12

00, M, M — 00,

%nm

TOOTO KPHUTEPIi € KOH3UCTEHTHIM.



14.4. Kpwurepiii He3aexxkHOCTI CrripmeHa

Posrisinemo aBi kparhi Bubipkn X = (&4, ...,€,) taY = (ny,...,n,,) OTHAKOBO-
ro o6’emy n. Ilosmaammo R = (Ry, ..., R,) 1a S = (S, ..., Sp) BeKTOpH panTin
nux BuOipok. IIpm Bukonanui HysiboBol rinoresu Hy npo HE3AJIE?KHICTH
X 1Y ra nenepepBHicTb cHiibHOT DYHKINT po3noiay BekTopu R i .S nezae-
JKHI B CyKYITHOCTI Ta PiBHOMIpHO po3mo/iijieni Ha MHOXKUHI [I,, mepectanoBok
MOPSJIKY 1. 30KpeMma,

MRy =MSr,=(n+1)/2,
MRZ =537 i*(n—1)!/n!=(n+1)(2n+1)/6, DR, = (n*-1)/12,
MRyR; =3, ,il(n —2)! /n! = (n+1)(3n +2)/12, j #k,
Cov(Ry, Rj) = MR R; — MRyMR; = —(n+1)/12, j#k.
Bukopucraemo jursa nepeBipku Hy cTaTUCTHUKY, IO BU3HAYAE BUOIPKOBUI
KOeDIIIEHT KOpeJIsIIiii Mi2K BEKTOpaMI PaHTiB:
P = 2o (R — MRy,)(Sk — MSk) / Gr s,
82R = Ezzl(Rk - MRk)2: 8?5‘ = ZZ:1(Sk - MSk)2-

3a mepisnicTio Ko crarucruka p,, HabyBae 3HaUeHb i3 Biapisky [—1,1].
[Ipu noBHi#t TOTOXKHOCTI BEKTOPiB panriB R = S, 10 CBiIIUTH PO TOBHY IO~
3UTHUBHY 3aseKHicTh Mi2K X 1Y, Maemo p,, = 1, a mpu MOBHIi# TPOTHIIE?KHOCTI
P, = —1. Orxe, Besuki 3a abCOMIOTHOIO BEJIMIMHOIO 3HAYEHHSI CTATHCTUKI
BKa3yIOTh Ha 3aJIE2KHICTh BEKTOPIB PAHTIB Ta BiAIOBIIHUX BUOIPOK.

3 BHKOPHCTaHHSM TEOPEMH IIPO PO3MOJLI BEKTOPa PAHIiB MOXKHA, IIiIpa-
xysaru (Bmpasa), mo

on=0%=n(n?—1)/12.



3Bijicu 3HAXO/IMMO eKBiBajieHTHE 300paxkeHHs st ctatuctuku Cripmena

~
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[

3a HyJIBOBOI TiIOTE3U

. 12 n n+1 n+1
Mp"‘n<n2—1>zk—1M(R’“‘ 2 ><S’“‘ 2 )‘0’

5 144 n 1
Dpn — P = m Zi, =1 COV(RZ, R]) COV(SZ, SJ) — " — 1

Bunpasa. Ilepesiputu ocTanHIO piBHICTH Ha IiJICTaBl HABEJICHUX BUINE BUPA3iB

JJT KOBaplalliii paHTOBUX CTATUCTUK.

fx BimBHaUYeHO BUINE, KPUTUIHUMU JIJIsI TIIIOTE3U HE3aJIEXKHOCTI € BEJIMKI
3HAYeHHsI p,,. ToMy KpuTuaaa 061acTh KPUTEPIIo PO HE3aeKHICTh Mae BU-
risan Dy = {p : |p| > ro}. Jos 3abesnedenns piBHs o 38 HYJILOBOI rinoresu
Ipr MaJmX 00’eéMax M BUKOPHUCTOBYIOTH TaOy/IbOBaHi 3HAYEHHSI KBAHTUJICH
posnomiiy craructuku CripMeHa, a IPH BEJIUKHX N — aCUMIITOTUIHY HOP-
MAaJIbHICTh

Vn_l/p\nHWCZN((Ll):

3BiJIKH HAOJIMZKEHO 7o = To/2/v/N — 1, JI€ To/9 KBaHTWIL PiBHA 1 — /2 cran-
JIAPTHOTO HOPMAJILHOT'O PO3IIOJILILY.



15. Kpurepiii xi-kBajipat Ilipcona y moJiHoMI-
aJpHill cxemi bepryJii

Kpurepiit xi-kBajpar — HalOLIBIN yHIBEepCAIbLHUIN 3 BIIOMUX KPUTEPITB 1 MOXKe
OyTH 3aCTOCOBAHUI 0 MEPEBIPKHU TIIOTE3 I BEJIUKOI KiJIBKOCTI CTaTHCTHU-
YHUX MOJIEJIEN.

BukopucToByto4n IpyIyBaHHs CIIOCTEPEXKEHD, ab0 K Mi/IPaXyHOK eMIIipu-
YHUX YaCTOT JIJIsI IEBHOI IPYIIN MO/, JTy?Ke 9acTO BHOIPKOBHIT BEKTOP MOYKHA
spectu 10 Burasary X = (Cy,...,(,), Je OKPEMi CIIOCTEPEIKEHHsI HEe3aTIeKH] Y
CYKYIIHOCTI, OJTHAKOBO PO3IO/IiIEH] it MOXKYTh HaOyBaTU CKIHYEHHY KiJbKiCTh
i3 k pisanx 3HaueHs {1, ..., Ty }:

S
Po(Cy =) =pi >0, i =1k, Zi: pi = 1.

Taka cxema BUIIpOOYBaHb € y3arajJbHEHHAM OIHOMIiaJIbHOI CXeMU BUIIPOOYBaHb
Bepnyun, ne k = 2, i Ha3UBaE€TbCA MOJIHOMIATBHOIO CXEMOIO BUIIPOOYBaHb
Bepnysuri. [Tapamerpom y maniit cxeMi BUCTYTIa€ HEBIIOMUA JINCKPETHUI PO3-
nonin 6 = (p;,i = 1, k).

AnaJjioroM BiJIHOCHOT YaCTOTH YCIIXIB JJIs MOJIHOMIAJIHHOI CXEMH € BEKTOP
eMIIPUIHUX 9acTOT: Vp = (Up1, ..., Unk), J€ BEJIMIHHA

/V\ni — Z:zl ]-{C] =) = |{] : Cj = xz}

JIOPIBHIOE KIJIBKOCTI THX BUIIPOOYBAHD 13 3arajbHOI KiJIbKOCTI 1, IO 3aBEPIIIH-
JINCS PE3YTBTATOM ;.

Ockinbku dyHKIS BiporianocTi Bubipkn X i3 BeKTOpoM mapameTpiB 6 =
(pi,i = 1, k) mae Burmsas

Lx.0) =1 _ », = I o

,i=1k,




TO BEKTOP BIJIHOCHUX eMIIPUIHUX YACTOT U, /N 30Ira€ThbCst 3 OIIHKOI MAaKCV-
MaJIbHOI BiporigHocTi mapamerpa 6 :

k
argmax ¢ L(X,0) = argmax QZ._l Unilnp; = (Upi/n,i = 1,k) =0, /n.

s obunciienHs: yMOBHOIO MakcuMyMy Ha MuOXKuHI {6 = (p;) : p; > 0,
> p; = 1} TyT 3acTocoBaHO MeTOJ MHOXKHUKIB Jlarpanxa.

ZK1o iHTepIpeTyBaTH Ipu KOXKHOMY (DIKCOBAHOMY i mojiito {( 8= x;} AK
J-# yenix y mocaiioBHOCTI 3 n BunpoOyBaHb Bepryiui, a pemrty 3HaueHb (;
— dK HeyCHiX, IPUHIEMO JI0 BUCHOBKY, IO BEJIMINHA V,; € BIIIIOBITHOIO KiJIb-
KicTIO ycmixiB y n BunpoOyBanHsax Bepnysii. Tomy BoHa Mae GinomiasbHuit
PO3IIOJILT 13 TTapaMeTpaMu 7 1 p;, 30KpeMa,

Meij\ni = Npi, DO/V\TL’L - npz(l _pl)7

a BIJIHOCHA YACTOTA YCIHIXiB Up;/M € CTPOrO0 KOH3UCTEHTHOK ACHMITOTHYHO
HOPMaJILHOIO OIIHKOIO WMOBIPHOCTI p; 3a TEOPEMOIO 1IPO BJIACTUBOCTI BlJIHO-
crol gacroru. OCKUIBKHU Mepepi3 MmoJiili OMMHIUYIHOI MOBIPHOCTI Ma€e WMOBIp-
HicTb 1, TO BEKTOD ¥y, /N € CTPOrO KOH3UCTEHTHOIO OIHKOIO JJIsl IACKPETHOTO
posnoziny 0 = (p;, i = 1,k) :

Py(lm o0 Dn/n = 0) = Py((Vo, {lim oo Dni/m = pi}) = 1.
Emmipuyni uacToTn 3a/exKHi, IpudoMy BeKTop U, € R¥ nexuts y (k —1)-
BUMIPDHOMY IIiIIIPOCTOPI: Zle Upi = M.
15.1. Crarucrtuka Xi-KBaJapaT

Teopema (Teopema IlipcoHa Mpo ACUMITOTUKY CTATHCTUKH Xi-
kBaapart). Hexal U, = (U1, ..., Unk) — 6EKMOP EMNIPUNHUT 4ACTIOM. Y CTEMI



3 n noatHomiasvrumy sunpobysarnamu X = ((q,...,(,) ma 3 6eKmMOPoM imo-
sipnocmets 0 = (p1,...,pr) > 0 pe3yavmamis 6 OKpeMur cnocmepestceHtar.
Todi cmamucmuka Ti-Keadpam

- ko (Upi — npz')Q
Xea(m) =)

=i np;

MGOE 2PaHUMHUT Ti-Keadpam po3nodia i3 k — 1 cmynenamu ceobodu, axut He
aaneacumsv 610 po3nodiay 0 :

Xi—1(n) =" Xji_y, n— oo

SayBakenHsl. B o3HadeHHsT CTATUCTUKN Xi-KBaJIpaT BXOJATH €MITIpUYIHI
YaCTOTHU Uy, sIKI CHOCTEPIrae CTATUCTHK, Ta X OUiKyBaHi (cepejiHi) 3HAYeHHSs
np; = Mv,;. Tomy BUKOpUCTOBY€EThCsI TaKa MHEMOHIYHA (popMa it 06IrCIe-

HHA CTaTHUCTHUKH: (O )2
— /5
2 _ E
X — E Y

ne O oznadae Observed (1o crocrepiraersest), a E — Expected. (o ouikye-
THCsT )

JloBenennsi.

Posrasinemo k-BuMipHMii BUIIAIKOBHUIT BEKTOD

Di

Ta JJIA KOXKHOTO j = 1, He3aJeXKHi 0JJHAKOBO PO3IIO/IiL/IEH] BEKTOPHU

Vi = ((1{£j:xi} — i) [ Vi, Zzl,_k) .



Tosi 3a 03HAYEHHSM YaCTOT U,

n 1 1 n
n(n) = (Zj1(1{£j=m} —pi)\/n—m i = 1a’f) = %ijl Vi

i-1(n) = n*(n) = n'(n)n(n).
O6unCIMMO CepejIHE Ta KOBapIaliio OJHOrO JOJAHKY B cyMi Jyist n(n) :
Myy, = ((P0(§1 = iUz) _pi) /\/ZTZJ 1= L_k) =0,
Cov(y1) = (Mo(Lig, = oy — Pi)(Lge, =iy — P1) //PiI, 3,1 =1,k) =
((pida — pimt) /| /Pimi, 1,0 =1k) =1—q-¢,

ne I — opuamana Marpung, a Matpung ¢-¢' = (y/pipl, 4,1 = 1, k) posmipy k x k
YTBOpEHa TPSMUM JIEKAPTOBUM J00YTKOM BEKTOPa-CTOBIYMKA ¢ = (1/D;, © =

1,_k:)’ Ha CBlil TPaHCIIOHOBaHUII BEKTOP-PAJIOK.

OckisibKu BeKTOpU 7y,; HE3aJIE’KHI 1 OJHAKOBO PO3MOJLIEH], TO 32 KJacu-
YHOIO TIEHTPAJIbHOIO TPAHUTHOIO TEOPEMOIO JIJIsl BUIIA/IKOBIUX BEKTOPIB Ma€ Mi-
ciie cjiabka 3012KHICTD

3 HellepepBHOCTI KBaAPATUIHOI (DYHKIIT Ta 3 O3HaUEHHs CJIa0KO01 3012KHOCTI
BEKTOPIB 3BiJICM BUILIMBAE 3012KHICTh BUITAIKOBUX BEJTMIUH

Xi-1(n) = 7P (n) =" €, n — co.

BayBazknMo, Mo BeKTOp ¢ = (\/p;, 1 = 1, k)" opronopmosanmii. Hexait
(q1,...,Qr—1) — JOUOBHEHHs ¢ JI0 OPTOHOpPMOBaHoro Gasucy B R¥  a opromnop-
moBana Marpurig U = (g1, ..., qx—1,q)". Tomi Ug =e = (0,...,0,1)".



Posrnsgremo Bunankosuit Bektop 3 = UE. 3a Teopemoro 11po JriHiiiHi 1e-
PETBOPEHHST HOPMAaJIbHUX BEKTOpiB BeKTOp (8 = ([, ..., 8);) € HOpMAaJIbHUM.
OckinbKy 38 TEOPEMOIO TIPO KOBapialliiHy MaTPHUIO JIHIHHOTO TePeTBOPEHHST

My =0, Cov(B)=UCov(§)U' =U(I—q-¢)U" =
UU' — Uq-(Ug) =1 —e-e = (dilick, 4,5 = 1,k),

TO BUIAJAKOBI BeJIMIUHU (31, ..., B_1) € HE3AJIEXKHUME Y CYKYITHOCTI CTaHIap-
THUMHU HOpMaJbHUME BequuuHamu, a [, = 0, ockinbku DG, =Cov(B)x = 0.
O6uucmmo

E=ge=UPUs= PUUB=F=3 5 ~xiy,

3BIZIKM 33 O3HAYEHHAM Xi-KBaJIPAT PO3OJILITY 52 = Xz_l.
=2 w2
Orxe, Xj_1(n) =" X1 O

15.2. Kpwurepiii xi-kBaJapaT JJid IPOCTUX TilloTe3

[TpumyctuMo, 10 CTAaTUCTUYIHUA TPOCTIP BiINOBIIa€ HABEJIEHIN BUIIE TTOJIIHO-
MiaJIbHIl cxemi BUIIpOOYBaHb, TPUUOMY HEBIJIOMUM IMMapaMeTPOM € PO3IOJIiT
pesyJIbTaTy OJHOTrO BUIIPOOYBaHHs: 6 = (p1, ..., p). Posrisremo 3asatdy mepe-
BipKu 11pocTol rinoresn Hy, gka moJidrae B TOMy, IO Teil po3Io/Iii 30iraeTbest
3 HamepeJ1 33JJaHUM POBIOALIOM (P, ..., Pk)-

Kpurepiit y3romkenocrti Xi-KBajpaT Jid HepeBipKu rinore3u Hy Mae BH-
riaz (Xa_,(n), [T, 00)), A€ craTncTHKA Xi-KBagpaT

- ko (Upi — npi)2
Ry = 3 G op)?

np;



BU3HadeHa B TeopeMi llipcona mpo acMMOTOTUKY CTATUCTHKH Xi-KBaJIpaT, a
KPUTUYHUIN PIBEHD T, 3HAXOIUTHCSA 3 yMOBH P(x%2_; < x,) = 1—a. 3 Teopemu
[Tlipcona BumIMBaE, 10 PiBEHb KPUTEPiIO HAOIMZKEHO (P BEJIUKHX 00’e€mMax
BUOIPKI) JIOPIBHIOE (1.

Bigome emmipuusne (mozaMareMaTHdHEe) TPABUJIO: IPU OOMEXKeHIH Kijib-
KOCTi CIIOCTEPEXKeHb KPUTEPII0 Xi-KBaJIpaT MOYXKHA JIOBIPATU, KOJIU HA KO-
orcnutl pisens npunadac ne menwe 6 (12, 20, ...) cnocmepesicenn (ToOTO
Uni > 6 (12,20, ..) mis Beix 7).

Kputepiii xi-KBaJpaT € KOH3UCTCHTHUM JIJIS KOXKHOI IIPOCTOI aJIbTepHa-
tupn. JificHo, axmio rinorermdne snadenns 6 = (p;, i = 1, k) He nopisHIoe
icrunnomy 0 = (p;, i = 1,k), To

~2 ko (Uni — npy)? ko (np; — np; + Uni — np;)?
= —_— = >

Zk (npi = 1pi)?/2 = (Vi — mpi)® > nA — cxa_,(n)
i=1 np; N o

Je
k
_ g — max,(pi /5
A=Y (p—D5)°/20:>0, c=maxi(pi/P1),

a CTaTUCTUKA Xi-KBaJpaT

k
Xiq(”) = Zizl(Vm' — npi)* /np;

cirabko 36iraernes 3a npumymenmaM. Tomy X; ,(n) —F oo, n — oo, i mia
KOYKHOT'O KPUTHYIHOTO PIBHSI Lo MOTYRHICTE Ps(Xi_i(n) > 24) — 1,n — o0.
Ot:xe, KpuTepiit € KonzucTeHTHUM [

ITpuknan. /s nmepeBipKu rinore3u mpo CUMeTPilo rpasbHol KOCTi 1T mij-
kuaoThb 600 pasis. [ToOyayemo TabanIo 31 CTOBIIYMUKAMHE, sIKi BiAIIOBIIAI0TH
HOMEpaM Pe3y/IbTaTiB BUIIPOOYBaHb, Ta 3 PAIKAMU, IO MICTATh TaKi JaHi:



O — emmipuuni gacroru, 1mo crocrepiraorbest (Observed values),
E — Binnosinni ouikysani yacrorn (Expected values),

O — F — pisHuUIi eMmipuaHnx Ta OIiKyBaHUX IaCTOT,

(O — E)? / E — Biuosiuuii J101aHOK y cyMi Xi-KBaJIpar:

['panb 1 % 3 4 5 6 Y
O 104 108 97 103 94 94 600
E 100 100 100 100 100 100 600
O—-F 4 8 -3 3 -6 -6 0
(O-E)*/E .16 .64 .09 .09 .36 .36 1.70

Ba rabmmramu snaxoaumo, mo Py > 9.24) &~ 0.01. OckinbKu 3HaMeHHSA
1.70 < 9.24, To anprepHaTUBA PO ACUMETPIIO MOBUHHA OyTHU BiJIKUHYTa HA
piai 0.01, 1 npuiiMaeTbcs HY/IBOBA TIIOTE3a ITPO CUMETPIIO.

Bnpaa.Pesyibrarn nigpaxynky gacror mudp 0,1;...,9 y 10002 xecarkosux
3HAKAX YUCJIa T — 3 HaBeJCHI B TabOJmMII

0 1 2 3 4 b} 6 7 8 9
968 1026 1021 974 1014 1046 1021 970 948 1014

3a jomoMororw Kputepito xi-kpajsipar Ha piBai 0.01 mepeBipuTu rimoresy mpo
PIBHOMIPHY POBIO/IJIEHICTH JIECITKOBUX UMD TUCTIA TT.

15.3. TI'pymyBaHH4, TicTorpamMa

BHauHy KiJIbKICTh CTATUCTUYHUX BUIPOOYBaHb MOYKHA 3BECTH JIO I10JIIHOMI-
aJbHOI CXeMHU BHUIPOOYBaHb. [JIsI bOrO 3aCTOCOBYETHCS METOJ, I'PYILyBaHHS
CIIOCTEPEZKEHD .

Hns npukiamy posrisiHeMo KpaTtHy Bubipky X = (&4, ...,€,).



Hexait H = (H;, i = 1, k) — 10BijbHe BUMipHE PO36UTTS IIPOCTOPY 3HAMEHI
OKPEMUX CIIOCTepPezKeHb § ;. BusHaunmMo Ha 11boMy pOCTOPI BUMIpHY dyHkKIIiI0
g(x) = Zlei l,em,, mo HaOyBae k pi3HHX 3Ha4YeHb. ['pynosanoro BHOIPKOIO
3a po30uTTsIM H Ha3MBAETHCS BEKTOD

Bumayikosi semmaunm ((;, j = 1,7n) He3asexKHl y CyKYIHOCTI, OJJHAKOBO PO3-
noziseni 1 mabysarorb k pisHux 3HadeHb, T06To ¢ = ((y,...,(,) € BHOIPKOIO
CIIOCTEPEXKEHD i3 TOJIIHOMIAIBHOI CXeMH BUIIPOOYBAHbD.

Biamosiauit BEKTOp eMIipuaHuX 9acToT Uy = (Upg, ..., Unk) JJIsI TPYTOBa-
noi Bubipku ((;) Mae BATIAL

n n —_—
Vpi = E i L=y = E i Lg, e iy = |{J € € Hz‘}|, i =1k,
i HasmBaeThCs ricrorpamoro Bubipku X mpm posourti H. [icrorpamm dacrto
300paKyIOTh Y BUTJIsII Py BEPTUKAJIBHUX CTOBIYHMKIB, BUCOTH SIKUX ITPO-
MTOPITITHI BIJIITOBITHAM €MIIIPUIHUM YaCTOTaM.

Biamosiianit BEKTOp TEOPETUIHUX YACTOT OOUUCI/IIOETHCST I€PE3 PO3IIOILIT
CIIOCTEPEKEHbD:

pi=Po& € H), i=TFk

Cui MmaTu Ha yBasi, o Ipu 3aCTOCYBAaHHI I'PYITyBaHHs BiA0yBa€ThCS i
MiHa (hopMyJTIOBAHHS HYJ/ILOBOI rirnoresn. Tak, y 3ajia4di mpo y3ro/2KEeHICTh BU-
OipKH i3 3a,1aH0I0 (DYHKILEI PO3IO/ILIY HY/JIHOBA TIIIOTE3a MiC/Isd TPyIyBaHH
3BOJIUTHCS JI0 TBEP/ZKEHHSI, 110 IMOBIPHOCTI MONA aHHS OJHOTO CIIOCTepeZKe-
HHsI B iHTE€pBa/In po30UTTs 30iraroThbes 3 Harepe/1 3aanuMu. OCTaHHIO YMOBY
3aJI0BOJILHSIIOTH 0AraTo pi3Hur TEOPEeTUIHUX (PYHKIH PO3IOILTY.



15.4. Kpwurepiii Xi-KBaJpaT y3TOJI>KEHOCTi 3 (PYHKIIiE€IO
PO3MIOIILITY

Hnst mepeBipku ysromkenocti kparnol Bubipkn X = (&4, ...,&,,) i3 3amanon0
dyuxiieo po3noiiry F oJHOTO CIIOCTepeKeHHsT YUCJOBY BiCh pOo30MBAIOTH Ha,
k inreppasis R = UY_| A, mo He mepeTnHAOTHCS, Ta 0OGYHCTIOITD TiCTOrDAMY

n

%:Zj:ll{ejeai}: {j:¢ € A}, i=1k

CraTucTika KpUTepiio JOPIBHIOE

. k(U —nF(A)))?
Xi-1(n) = 21:1 ( nF(A(z) :

i Mae acHMITOTHYHHMI Xi-KBajpaT po3noiit x:_ ;. Teoperwdni fimosipHOCTI
F(A;) = P(§; € A;) nopismotors npupoctam dynkmii [ Ha Bignosigaux
iHTEepBaJIax.

Kpurepiit y3romzkeHocTi xi-KBaJapar i3 GYHKIHE PO3IOILITY MA€ BULISII
~2 . .
(Xz—1(n),  [#2a,00)), A€ KpuTHUHHIl DIBEHb 2, BH3HAYAETHCHI YMOBOIO
P(x?_, < 24) = 1 — a. 3 Teopemu Ilipcona mpo acUMITOTUKY CTATHCTUKH
, . . ~2
xi-KBajpaT BUIUIBAE, IO Biporimmmii pisens kputepiio P(X;_;(n) >  2,)
HaOJIMKeHO (MpH BeJUKHX 00’eéMax BUOIPKH) JIOPIBHIOE (.

15.5. Kpwurepiii xi-kBagpaT A8 CKJaJHUX Tinore3

Posriisinemo nosiiHoMiaibHy cxeMy BUITPOOYBaHb, B AKi#l PO3IOJIiI OJHOTO CIIO-
CTEPEKCHHSA 3aJICZKUTH B1JI 3HAUYCHHA BEKTOPHOT'O napaMeTpa
0O CR?:

Py(Cy =m:) =pi(0), i =1, k.



DOyukIil p;(f) BBAXKAIOTHCS MOBHICTIO BIIOMUMH 1 YTBOPIOIOTH P KOXKHO-
My 6 muckpernwii posmogin: p;(6) > 0, Ele pi(0) = 1. dx i Bume, pe-
3yJIbTaTH CIOCTEPEKEHDb IPEICTABIEHI BEKTOPOM EMINPUIHUX YaCTOT U, =
(Tnts ey Vnk)-

Posrnsgremo Bumnaiok, Ko mapaMmerp ¢ He TLIBKU HeBigoMuMii, ase it Bij-
cyTHi Oy/ib-siKi IPUIIYIIIEHHS PO Oro 3HadeHHs. 1ol crioYaTKy JI0BeJIeThbCs
BUCYHYTHU SIKECh IPUITYIIEHHS I0/I0 3HAYEeHHs § Ha IJICTaBl CIOCTEPEKEHD
(To6TO (baKTUIHO OIHUTH Tie 3HAYEHHs ), a HOTIM MEPeBIpUTH CTATHCTUIHY
rirnoTesy MmMpo BiAMOBIAHICTH iCTHHHOrO mapameTrpa itoro ominrmi. O4YeBHIHO,
IIT0 BUKOPHUCTAHHS HaBeJIEHOTI'O BUIIE KPUTEPIIO Xi-KBa/IpaT CTa€ HEKOPEKTHIM,
OCKIJIbKH TIiJICTAHOBKA 3aMiCTh 3HAYEHHS € Oro OIMIHKK 3MIiHIOE PO3IIOJILIT CTa-
THCTHKN Xi-KBagpaT X;_,(n) i, 30kpema, medopmye pisens kpurepio. K Bu-
SBJIAETHCA, I PO3B’3aHH MIPOoOIeMH icHye HeoOXiTHa MoaudiKalis Kpure-
pifo Ilipcona.

Teopema (npo acumnToTuky MoandiKOBaHOI CTATUCTUKH Xi- KBa-
apar). I[Ipunycmumo, wo

((L) mfgﬂpl(@) > 0,

(6) pi(9) € C2(©), Vi =T F,

(6) rang(0p;(0)/00, i =1,k) = d = dim© < k.

Axwo ouinxa 0,, € ouiHK010 MAKCUMAALHOT BIPOIOHOCTNT 30 EMNIPULHUMU,
wacmomamis Uy, = (Unt, -+, Unk), MOOGMO

~

0, = argmax ¢ L(v,,0) = argmax ¢4 H'—1 pimi(0),

mo MoJuPiKosana cmamucmura Ti-keadpam

~

26,) = Z’“ (Pni — npi(0))?

= py(8,)




caabro 36i2aemuves 00 8EAUNUHU 3 Ti-K6adpam po3nodiioM MG KIALKICTIO0
cmynenie ceob00u, AKA CKOPULOBAHA HA YUCAO OUTHIOBAHUL NAPAMEMPIE:

X (0n) =" Xi_1as 1 — 0.

JloBe/ieHHsT TeopeMy He HABOJIUTHCS.

MomdikoBanuit  Kpurepiii y3ro/KeHOCTI Xi-KBaJpaT Ma€ BUIJIS/T
(Ri_g1(n), [2a,0)), M€ KpUTHUHHII DIiBEHb Z, BH3HAYAETHCS YMOBOIO
P(x2_,_1 < za) = 1 — . 3 Teopemu 1po acumMnToTuKy MOAUMIKOBAHOT CTa-
TUCTUKH Xi-KBaJ[paT BHILJIUBAE, IO BipOTiHUI piBeHb KPUTEPilo HaOJIMKEHO
(mpu BesmMKHX 06’eMax BHOIPKM) JIOPIBHIOE (.

15.6. Kpmwurepiii xi-kBagpaT O{HOPiTHOCTI

Posristremo craructudni BUpoOyBaHHs, MO CKJIIAIOTHCH 13 M cepiil mosiHo-
MiabaEX BUIIPOOyBanb X = (Cy;, J = 1,7m,) 10 N, criOCTEpezKenn y s-it cepil,
s = 1, m. Okpeme BUIpoOYBaHHs B KOXKHII cepil MOyKe 3aKIHIUTHUCS OHIM i3
k pesymnbrarie {z1, ..., ) }. Crnocrepexkents 300pazkeHi MOABIHIM BEKTOPOM
eMITIPUIHUX JaCTOT

~

Up = (Vs(ng), s =1,m) = ((Ug, 1 = L_k), s=1,m),

Vg = Z:; L =y = |{] 1y = zif|, n= Z:n:l e

Yci BunpoOyBaHHs Hesajiexkni y cykynnocTi. HynboBa rimoresa moJisirae B
TOMY, IO PO3IOILJIA BCIX CIIOCTEPEYKEHb OJHAKOBI, OJTHAK MPUITYIIIEHHS I10/I0
CHIJIBHOTO PO3MOJIIY He (POPMY/ITIOIThCA. SKOM CIIbHUN PO3IOJILI CIIOCTe-
pexenb 0 = (p;,i = I,_k:) OyB BiloMUil, TO JJIs TEPEBIPKU HYJIBLOBOI 1TPOCTOL
rinore3u

Hy:Py(Cy =) =pi, Vi=1,k, Vs =1,m,



MO2KHa, 0yJ10 6 BUKOPUCTATH NIPU Ny — 00, § = 1, M, CTAaTUCTHUKY Xi-KBaJIpaT

Vsz nspz N 2 : 2 2
E :s 1 § :z— Xk—l, s = Xmk—m-

NsPi

OcraHHs PIBHICTD TYT BUILIABAE 3 aIUTUBHOCTI Xi-KBaJIpaT PO3IOJILIB BiJHO-
CHO JIOJIaBaHHS HE3AJIE2KHUX BEJIMYWH, IO € HACJIIIKOM TEOPEeMH IIPO 1HBapi-
AHTHICTH TaMa-PO3IO/ILJIIB BIJIHOCHO 3rOPTKMU.

[Ipu HEBiTOMOMY PO3MOJLI BUOIPKU, TOOTO 3a HYJIHLOBOI IIIOTE3M

Hy : Po(Cyj = m:) = Po(Cyy = 34), Vi = 1.k, Vs =1,m, V8,

JUtst boro posnominy 6 = (p;,i = 1,k) MoxkHa OOYIyBATH OIHKY MaKCU-
MaJIbHOI BIPOT1THOCTI

~ m k o
0, = argmax g H 7 =
s=1 41—

k -
arg max g Z-_lﬁ"' Inp; = (Vei / n, i =1,k),

Vei = E Vsi, I = E M.
s=1 s=1

3ayBaxkuMo, 110 (haKTUIHA PO3MIPHICTH MapaMeTpuvIHoro npocropy dim © =
k — 1, ockinbKu cyma KOOpAWHAT Kk-BUMIPHOTO BEKTOpPa € 3aBXKIU JTOPIBHIOE
OJIMHHAIIL].

Orxke, MommdikoBaHa CTATUCTHKA Xi-KBaJIpaT JJIsi TIEPEeBIPKU OHOPITHO-
CTI Ma€ BULJISI,

e

Z Z Vsz nsl/.z/”)
n s=1 =1 nsyoi/n



i 3a TeopeMoOIO PO ACUMITOTUKY MOJAUMDIKOBAHOI CTATUCTUKU Xi-KBaJIPAT
~2/n w2 2
X (0n) — Xmk—m—(k—1) = X(m—-1)(k—1)"

Kpurepiii xi-KBaipaT OQHOPIIHOCTI Ma€ BULJISL (522 (/én), [Zas oo)) , JIe Kpy-
TUIHUN PIBEHD 2, BU3HAYAETHCI YMOBOIO P(X%m—l)(k—l) < 24)=1—a. 3 re-
OpeMH IIPO ACUMIITOTHKY MOAU(IKOBAHOI CTATUCTUKHU Xi-KBaJIpaT BUILIABAE,
IO BipOri/Hil piBeHb KPUTEPilo HAOJMKeHO (IPU BEJUKIX 00’eMax BHOIPKN)
JOPIBHIOE (.

15.7. Kpurepiii xi-KkBagpaT He3aJIe2KHOCTI

Posriisiremo kparhy BUOIpKY, IO MICTUTH JBOBUMIPHI CIIOCTEPEKEHHS (Tapu
CIIOCTEPEIKEHD ):

X = ((§ms), s =T,n).

Cyw™micHuit pO3MOJII OKPEMEUX AP CIOCTEPEKEHb € HEBIJIOMUM, a HYJIbO-
Ba TiloTe3a TOJIATAE B TOMY, IO CIIOCTEPEKEHHS B Mapi € He3aJeKHUMHU. 3a
JIOIIOMOT'OIO0 TPYITYBaHHSI MOXKHA 3BECTH 3aJIady JI0 BUIAJIKY, KON MHOXKWHA
BUOIPKOBUX 3HAYEHD € CKIHUeHHOI0: &; € {x1...x%}, Ny € {Y1, ., Ym }- Y 1BOMY
BUIIQJIKY HYJIBOBA IIPOCTA iioTe3a (hOPMYITIOEThCS Y BUTISI

HO . Pe(& =T = y]) :plQJavz - L_ka \V/j = 17m7

Jle PO3IOJIIII KOOPAUHAT p;, ¢; HeBimoMi i miararoTs omin. fx6u 1mi posmo-
JIT OyJIM BIJIOMUMU, TO KPUTEPiil Xi-KBaJpaT MICTHB OM CyMIiCHI eMIriputmi
9JaCTOTH

Vij:z 1{65::01'7775:1/]-}:|{S3§s:$i7 Ns = Yj}|

s=1



1 MaB BUKOPUCTOBYBATHU CTATUCTUKY Xi-KBa/IpaT
2
~2 9 — k m (Vi — npig;)
ka,1< ) - . . :
=1 &—j=1 np;q;

Tabmmng i3 wacroramu (v45,1 = 1,k, j = 1,m) HasuBaeTbCH TAbINIEIO
CIIPsiZKEHOCTI (DAKTOPIB, 10 BILTHBAIOTH HA 3HAYEHHSI CIIOCTEPEXKEHD Y PsIIKaX
Ta CTOBITYMKAX.

IIpu mesigomomy posmoziii § = (p;q;,i = 1,k, j = 1, m) HynpoBa rinoresa
Ma€ BUTJISIT

[/ _ _ —
Hy: Po(&§y =i, my = y;) =
Pg(gl = xl)PQ(nl = yj)a Vi = 17 ka vj = 1am7

a OIMIHKa MaKCUMAaJILHOI BIPOTIITHOCTI JIJIS IOTO PO3IOILIY JOPIBHIOE
n k m Vii
0, = argmax ¢ [];_ [1;Z (pig;)"" =
ko~ PN
argmax ¢ (3_,_; VieInp; + Zj:l VejIng;) =
(Vie Voj / nm, i =1,k, j =1,m),

e
Vie — E . Vz‘j, I/.j = E ) Vij-
]:1 =1

Otxke, MoaudikoBaHa CTATUCTUKA Xi-KBaJIPAT JIJIsI TIEPEBIPKU HE3AJIEIKHOCTI
[IAPHUX CIIOCTEPEKEHb MA€ BUIVIA

2k m (Dij — Dielej/n)*
(6,) = Z:l ijl .

/V\io/]/\oj /n




QakTUIHA KIJIBKICTH IapaMeTpiB, IO Oy/au oIliHeHi, jopiBHIoE dim © =
k—14+m—1. Tomy 3 Teopemu 1Ipo aCUMIITOTUKY MO/M(DIKOBAHOT CTATUCTHKH
Xi-KBa/IpaT POOMMO BUCHOBOK, IO 3& HYJILOBOI TilIOTE3U

~2 /N
X (0n) - X?nk—l—(m—l-l—k—l) = X%m—l)(k—l)'

Kpurepiit Xi-KBaJpaT HE3aJeKHOCTI APHUX CHOCTEPE’KEHb MA€ BHIVIs]
(X2(0n), [2a,00)), Oe KpUTHUIHMII DiBeHb 2, BHU3HAYAETHCS YMOBOIO
P(X%m—l)(k—l) < Zy) = 1 — @. 3 TeopemMu Mpo aCUMIITOTUKY MOAUDIKOBAHOT
CTATUCTUKU Xi-KBa/IPAT BUILIMBAE, IO BipOriHUI PiBeHb KPUTEPiO HAOIMKE-
HO (mpu BesmKuX 06’eMax BUOIPKU) JOPIBHIOE .

ITpukiazn. Coriosiorn mpoBesr ONMUTYBAHHSA CEPE/] TPHOX I'PYIT HACEJIEHHS:
i3 cepeIHbOI0, TPOdECITHOIO Ta BUIIOIO OCBITOIO MO0 HEOOXiAHOCTI IIPOBe/Ie-
HHsI eKOHOMIuHUX pecdopm. PesynbraTn 300parkeHo y Tad/mill ClIPsyKeHocTi

Cepenns  Ilpodeciiina Buma X

Tak 40 5 35 150
Hi 160 225 65 450
by 200 300 100 600

Pesynabrar 06pobku Tabsuili 3a Kpurepiem Xi-KBaJipaT Ma€ BUTISL:

Bucnosok Ocsita O E O—-E (O-E?/E
Tak C 40 50 =200-150/600 —10 2
Tak I1 75 75 =300 - 150/600 0 0
Tak B 35 25 =100 -150/600 10 4
Hi C 160 150 = 200 - 450/600 10 0.67
Hi II 225 225 = 300 - 450/600 0 0
Hi B 65 75=100-150/600 —10 1.33

by 600 600 0 8.00



Ockinbku 3Hadennda cratuctuku 8.00 > 5.99 = 91, TO HY/IbOBa Tirnoresa
PO HE3AJIEXKHICTh (haKTOPa OCBITH Bij JYMKH 1010 HEOOXiTHOCTI pedopm
BikugaeTbest Ha piBHI 0.01 — TOOTO TMPUITMAETHCA AJTBTEPHATHBA PO 3aJIe-
JKHICTH (y JAHOMY BHUIIAQJIKY — IIO3UTUBHY 3aJI€2KHICTH BiJi PIBHS OCBITH).




16. IlepeBipka rimore3 npo rmapamMeTpu HOPMaJib-
HUX CIIOCTEPEXKEHb

Kpurepii y3romkeHocT! JIJIT HOpMAJIbHUX CIIOCTEPEXKEHb IPYHTYIOTHCA Ha CIIe-
HiaJbHUX BJIACTHBOCTSIX BUOIPKOBUX MOMEHTIB, SIKi BUKOPUCTOBYBAJINCH BUIIE
npu 11oOYI0B1 IHTEPBAJILHUX OIIHOK.

Hexait X = (£, ...,&,,) — KparHa Bubipka 3 HOpMAJbHUM PO3IIOJLIOM CIIO-
crepexkenb: &, ~ N(u,0?). Bukmajeni jani Kpurepii MicTATh Taki cTaTHCTH-
KI: 14, — BHOIDKOBE CEpeJIHE, 3,21 — BuGIpKOBa JUCIIepCist, Ta 82 — HOPMOBaHA
BUOIpKOBa JAUCIIEPCis.

Huxxue z, o3Havae IBOCTOPOHHIN KBAHTI/IL BIPOTiIHOTO piBHA 1 — v Jj1st
crapapTHOrO HOopMasibHOro posmoainy: P(|¢| < z,) = 1 — a. Anasoriunnii
3MICT MAIOTh Yo I po3mOiay CThbIOEHTa 3 M CTYHEHAME CBOOOIHU, Zp —
JUIS Xi-KBa/JIpaT PO3IOJILIY 3 7 CTyIEHSIMHA CBOOOIH.

16.1. IlepeBipka rimore3 mpo nmapamMeTpu O/IHi€l BUOIpKu

16.1.1. TinoTe3a mpo cepeaHe Npu BijloMiit gucnepcii

2 BinoMa, TO CTATHCTHKA

S = /n (T, — p) /0

Ma€ CTaHJIAPTHUI HOPMAJILHUN PO3IIOJILI 38 TEOPEMOIO TTPO BUOIPKOBI cepeine
Ta J@cHepcito  HopMaJbHOI  BuOipkm. Tomy JIBOCTOpOHHIN KpuTepiit
(|72a] , [Ta,00)) mepeBipKHu rimoTe3n Mpo 3HAYEHHSI (@ Ma€ BIPOTiAHUIT piBeHb
a. lleit kpuTepiit € KOH3UCTEHTHNM, OCKLIBKEU TIpH 0y # 6 craTncruka

dAxmo aucrepcis o

¥ = (L, — 1)/ = Vn(fi, — p+ p = ptg) /o = £o0, n — o0.



16.1.2. TinoTe3a mpo AuUCIIEPCiiO IIPU BiJIOMOMY CepeHbOMY

. . . ~2
IIpm BimoMoOMy cepeHBOMY ji BHOIPKOBa JUCIEpCis 0, € CTaTUCTUKOIO, a Be-

JIMTINHA
~2 o~ 2 _ m N2 2
=g 2= 3 (E—p /o

Ma€ Xi-KBaJpaT pO3IOJLI i3 7 CTYHEHSMH CBOOOIU 3a TEOPEMOIO IIPO BH-
OIPKOBI cepeJiHE Ta JIMCIIepCiio HOpMaJibHOI BUOiIpKH. BinmosigHo kputepiit
2 . . . LY

(X»s [#na,00)) Mae Biporiguauii piBerb . Kpurepiii He € KOH3UCTEHTHUM.

16.1.3. T'inoTe3a mpo cepeaHeE NpuU HEBiAOMIill AucIiepcii

3& TEOPEMOIO IIPO CTATUCTUKY CTI)IO,ZL@HTE% Bi,ZL HOpMaJH)HOI BI/I61pKI/I CTaTUCTHU-
Ka ~
Tpn—1 — \/ﬁ

Sn

Mae posmnoii CreiogerTa 3 n — 1 crymenem cBoboau. Tomy Kputepiit
(|Tn-1l, [Yn—1,a,00)) Iuist HepeBipKH TiOTE3U PO BHAUEHHS (4 MAE BipOTi THmil
piBenb «. Kpurepiit € KOH3UCTEHTHIM.

ITpukaan. 10 BumakoBo 0OpaHUX CTYJIEHTIB TPETHOTO KypCYy MOKA3aJIn
Taki pe3ysapTaTu TecryBannsd Ha 100-6aIbHUX BUIPOOYBAHHAX Ha MOYATKY 1 B
KIHITI HABYAJILHOT'O POKY:

N 12 3 4 5 6 7 8 9 10
Bepecenr 80 72 61 74 8 72 93 87 98 65

JImmenr 85 73 60 75 96 80 87 82 98 70
Pismgpma 5 1 -1 1 11 8 6 -5 0 5

Jlj1st mepeBipKy rinoresu npo HasBHE HOJIIIIEHHs PIBHS 3HAHDL O0YUC/IMMO
3HAYEHHA CTATUCTUKU Tg = V/10(3.1 — 0)/4.75 = 2.1 > y 191, 001 = 1.83.



Orxke, na piBui 0.01 rimore3a npo mnoJiniineHHs He MOXKe OyTH BijxujieHa —
IPUAMAETHCH.

16.1.4. T'imore3a mpo aucIiepcCiio Ipu HEBiOMOMY cepeIHbOMY

3a TeopeMoIo PO BUOIPKOBI cepeHe Ta JUCIIEPCiio HOpMaJIbLHOI BUOIPKHU CTa-
TUCTUKA,

Xn-1 = (n - 1)Sn / o
Ma€ Xi-KBaJipaT po3mnojii i3 n — 1 crymenem cBoboau. Binmosinno kpurepiit
~2 . . - . ‘o
(Xn_l, [Zn—1,a5 oo)) Ma€ BiporijiHnii piseHsb «. KpuTepiit He € KOH3UCTEHTHUM.

16.2. IlepeBipka rimores mpo nmapaMeTpu JBOX BHOIpOK
16.2.1. T'imore3a mpo Pi3HHUIIO cepeaHiX IIPU BiIOMUX AUCHEPCisIx

Hexait ojHowacHo crioctepiralorThes /Bl He3a/IexKHI KpaTHI HOpMaJjIbHi BUOIpKHI
X =(&4,..,&,) raY = (ny,...,n,,) 3 poO3UOALIAME

§1 =~ N(NMU%)? m= N(/@,ﬂ%)

3 HEBIJIOMUME CEPEIHIMU iy, [ly T BIIOMAMHE JUCIEPCIsIME 03
Hynvosa rimoresa (popMymoeThest K

Ho:pg —py = A,

ne BemunHa A Bigoma. HacTo posrisgaiorh BAMaIoK, Koau A = 0.

Hexait 1i,,, 1i,, — Biamoigai Bubipkosi cepeui mug X iY. Benuunuu i, f,,
He3aJIEXKHI 38 TEOPEMOIO [IPO BEKTOPHI MEPETBOPEHHSI HE3AIEKHUX BEJIUUUH,
h, — ty =~ N(0,02/n), ii,, — pta =~ N(0,03%/m). Tomy 3a HyJIHOBOI rinoresu

ﬁm—ﬁn—AﬁN(O,U%/n—FO’%/m),



BHACJIIJIOK TEOPEMU IIPO HOPMAJBHICTD CYMH He3aJIe2KHIUX HOPMaJIbHUX BEKTO-

piB.
Otxke, cTaTuCTHKA KPUTEPITO

~

MAa€ 3a HYJIbOBOI TINOTE3W CTaHJIAPTHUN HOPMAaJbHUI PO3IOJILI, 8 KPUTUIHA
00J1aCTH BiIIOBIIA€ BEJUKUM 11 3HATEHHSIM.

~

Kpurepiii (

¢ nm‘ , [Ta,00)) s IepeBIpKY TiOTE3M PO PISHUINO CEPEeTHIX

MAa€ BIPOTIIHUI PiBEHDb (¢ T& € KOH3UCTEHTHIM.

16.2.2. T'imores3a mpo pPi3HUIIO cepeaHiX IIPU HeBimomiii gucmepcii

Hexait, sk 1 BuINe, CIOCTEPIralOThCA HE3aJI€XKHI KPATHI HOpMaJIbHI BUOIpKHU
X =(&4,.-,&,) raY = (ny,...,n,,) 3 po3TOALIAME

gl = N(M1,0'2), U = N(M2,0'2)
2

3 HEBIJIOMUMHU CEPEJIHIMU [, [ly TA OJIHAKOBUMM HEBLIOMUMU JIACIIEPCIAMU 0~
HynpoBa rimore3a mMae BUTJIS/T

Ho:po —py = A,

Jie BeqmmanHa A BijoMma, 30Kpema, MOoxKJnBo, A = 0.

Hexait [i,, M, — Bianosimai Bubipkosi cepenni maa X 1Y, a 82, 52 —
HOopMoBaHi BubipKoBi muctepcii. Tozai 3 HesasmexxkHoCTi BUOipoK X 1Y i3 Teopem
IIPO BEKTOPHI IIEPETBOPEHHS HE3AICKHUX BEJIUINH Ta PO BHOIPKOBI cepeHe
Ta JIUCIepCito HOPpMa/IbHOI BUGIDKU BUILIMBAE, IO BEJUYUHU [, [, 52, 52

n? Sm
He3aJIe2KH1 Y CYKYITHOCTI.



TOMy BHUIIaJKOBa BEJIMYINHA

nm ~

G -0 —-A
n+m(ﬂn Ly — A) /0,

IO MA€ HYJIbOBE CEPETHE Ta OJIMHUIHY JTUCIIEPCIIO, € HOPMAJJIBLHO PO3TO/ILIEHOIO
1 710 TOrO K He 3aJeXKUTh BiJI cymMu

(n=1)5, + (m = 1)) / 0%,

sIK& Ma€ Xi-KBaJIpaT PO3IOJILT i3 n+m — 2 CTYIeHsSIMIA CBOOOIN 3a O3HAYEHHSIM
Xi-KBaJpaT PO3IMOJILTY.

Otxke, 3a HyJBOBOI rinoresn H, BHACIIOK 03HaYeHHs PO310/1ia1y CThio-
JIEHTa CTATUCTHUKA, IO YTBOPEHA BITHOIIEHHSIM:

N \/nm(n—i—m—Q) fy, — f — A
o ntm (- 15+(m-1)3,

Mae posnoaii CThIofeHTa 3 N + M — 2 CTYIEeHSIMU CBODOIN.
Kpurepiit Croionenta (|Tyim—2|; [Untm—2.a,00)) I IEPEBIPKA MiroTe3n
IIPO PI3HUIIIO CepedHiX Ma€ BIporiHuii piseHb «. Kpurepiit € KOH3MCTEHTHIM.

16.2.3. T'inmore3a mpo BigHOIIEHHsI JuUCIIepcCiii IpM BigoMux cepe-
JTHIX

Hexait omHO9IaCcHO criocTepiratoThes ABi He3aJIeXKHi KpaTHI HOpMaJIbHI BUOIpKH

X = (&§,&,) @Y = (1y,...,1,,) 3 posnoginamu §; =~ N(uy,07) i1 =~
N (pts, 03) 3 BIIOMUME CEPEIHIMU [i, [y T HEBITOMUME JUCIIEPCIAME 0F.

HyspoBa riroreza GpopMy/ioeThes K

L2 2
H0.0'2—,00'1,



Jie BifHOMIeHHs p Bijome (30kpema, dacto p = 1). Toxi 3a HynboBol rimoresn
CTaTUCTHUKA

~ no. | o3 ne:
¢n,m = 2 5 P—=
mo,, | 05 mo,,

Mae postosisi Pimepa i3 n, m cTyneHsIME CBOOOIH.
Binnosimo xpurepiit (¢, ,,, [0, Way2/p]U[wi_a/2/p, 00)) Mae pisens a, e
TPaHUT We KPUTHIHOI 061acTi obpani 3 ymosu P(¢,, ,, < wa) = a.

16.2.4. T'inoTe3a mpo BiAHOINIEHHsI ANCHEPCiii TpU HEBiIOMUX cepe-
JTHIX

IIpu HeBimOMUX cepemHiX i oOpaTh HOpMOBaHI BUOIPKOBI auctepcii. ¥ mbo-
My BHUIIQJIKy CTATUCTUKA

SRS 1 VL. SO
n-lm=1 m—1)s2 / o2 m — 1)s2
m 2 m

Mae pozio;iit Pimepa 3 n—1, m—1 crynensmu cBoboju. Bianosiino kpurepiit

(¢n—1,m—17 [07 wa/Q/p] U [wl—a/2/P, OO))

MAa€ PiBEHb (.

3ayBakenns. Ha npakrurli Bci HaBeieHi KpuTepil BAKOPUCTOBYIOTHCS Ta-
KOXK JiIist BUGIPOK, sIKi HE MAIOTh HOPMAaJILHOIO PO3IOJLITY (HAIPUKIIA, IJIst
IJIOBHAYHUX CIIOCTEPEKeHb ). [IpaBoMipHICTH TAKOrO BUKOPUCTAHHS MOXKe Oy-
TH OOrPYHTOBaHA BUXOJSAYN 3 TOTO, O BUOIPKOBI cepeiii Ta JIUCIEePCil Bee K
TaKi HaOJIM>KEHO MAaIOTh BiAIOBIIHI HOpPMaJbHI Ta IIOB’SI3aHI 3 HOPMAaJIbHIM
POBIOJILIN, OCKIJIbKI BOHU € CyMaMU HEe3aJIe’KHUX (UM YMOBHO HE3aJIe’KHUX )
BUITaIKOBUX BenduH. OCTaHHI BHACIIJIOK EHTPAIbHOI FPAHUYHOI T€OPEMU €
ACUMIITOTUYIHO HOPMaJIbHUMMA.



Ilpuknan. /ledki gaTdukyd BUITAJIKOBUX YHCEN JJIsT MOJIETIOBAHHSA CTal-
JIAaPTHOI HOPMaJIbHOI BHUIIQ/IKOBOI BEJINYNHUA BHKOPHUCTOBYIOTH aJIOPUTM: ( =
a1+ ...+ a9 — 6, 1e a; — He3aJIeXKHI BeJIMIMHN 3 PIBHOMIDHUM PO3TIOIIIOM Ha,
[0, 1]

BnpaBa. Oxnouacno cnocrepiraioTbest Bl He3asIeKHI KpaTHI HOPMaJbHI BU-
6ipku Xi = (€4, -, €y ) 3 posropianm &, =~ N(py,, 02), k = 1,2 3 nesinomumu
cepeIqHIMU [}, Ta IUCIEPCiaMu Uz. Hexait ﬁkm &\kn BHUOIPKOBI CepeJIHE Ta JTUCIIEPCist
st k-1 Bubipkn. IToznaunmo

1 n . .
Pn = ( ijl(glj - Mln)(§2j - lu2n)

n — 1)81n32n

BUOIPKOBHIT KoedilieHT Kopesiil mixk Bubipkamu X1, Xo. JloBecTn, mo craru-
CTUKa

N Hip — Hon — g + o
V&5 + 53— 250,02

Mae posnozin CreiofenTa 3 1 — 1 cryneneM cBobOJIH.



17. Haiibiabin moTy2KHi Kputepii, JJjema Heiima-
Ha — Ilipcona

Posriisinemo 3a1aqy repeBipku ctatuctTudHol rinoresn Hy : 0 € Oy npoTn ajib-
tepuatuBu H; : § € ©; Ha mincrasi Bubipku X 3i 3HaUEeHHAMHU y BHOIPKOBOMY
npocropi (S, 3, A). 4k BkKe Bijomo, KoKeH KpuTepiil mepeBipku rimoresn
OJIHO3HAYHO 3aJIa€ThCsI BHOIPKOBOIO KpUTHU4IHOIO obsacTio W € X : rimoresa
Hy Binkunaerses, skimo X € W, 1 He Binkumaerhes (IpUiiMaeThest), AKIIO
X ¢ W. BubipkoBa KpuTudHa 00JIACTH BU3HAYAETHCS Y€pPe3 CTATUCTUIHII
KpuTepiil K Taka MiIMHOXKIHA BUOIPKOBOI'O MIPOCTOPY:

W ={xe€S:x)e D},

ne #(X) = 3 — craructuka kpurepito, a Dy — 11 kpurnana obracts. Harama-
€MO, IO BIPOTJIHIIT PiBeHH KPUTEPII0 BUSHAYAETHCS HAMOLIBIIOW 3 IMOBIPHO-
creit moxubok nepmoro pory Pp(X € W), 6 € O,.

OszuauenHns. Kpumepit i3 xpumuynoro obaacmio W* e naitbliibi mnory-
KHUM DIGHA (, AKULO0 11020 6ipo2idnull pieens 00PIBHIOE L, NPUYOMY Q06LAL-
HUl Kpumepit 13 xKpumuuroto obaacmio W piehsa o mae He 0invuly nomiy-
otcHicmo, nioe W

Py(X e W*) > Py(X e W), Vb € ©,.

17.1. Kpurepiii Bi/ITHOIIIEHHs BiporigHOCTEM

SBajiava BiIITyKaHHS HAHOL/IBIT TIOTYKHOIO KPUTEPIIO HE 3aBXK/IM MA€ PO3B’s-
30K, OCKLJIBKA 9aCTO HEMOKJIMBO MaKCHUMI3yBaTU 3HaYEHHS IIOTY?KHOCT] OJTHO-
YACHO IIPH JIEKIIbKOX 3HaUeHHdAX napamerpa. OJHaK y BUIAJKY MPOCTUX Ti-
[I0Te3 Ta aJbTEPHATUB HAMOIIBII TOTYKHUAN KPUTEPIil icHYE.



[IpunycTuMmo, 110 HYyJIROBa TiloTe3a Ta il aJbTepHATHBA € MPOCTUMU Tilo-
Te3aMu:

HZQZQZ,ZZO,l

[Mosnaunmo uepes F;(B) = Py, (X € B), B € X, Bianosiaui posnojian Bubi-
pok. Ili po3moiiu BijoMi TTOBHICTIO 38 O3HAYEHHSIM ITPOCTOI TIIOTE3N.

3a ymoBu abcosiioTHOl HenepepBHOCTI F) < Fy icHye BUMipHA MIIHHICTD
mipu lo (z) Taka, 1o

Fl(B):/Bl()l(l')dFo(ZI))

JIJIA BCIX BUMIPHHX MHOXKMH B € Y BubipkoBoro mpocrtopy S. 3a 03HaAYeHHSIM
dbyuxkiii Biporignocti mipu Fi(B) marors minbrocti L(z, 8;) BigaocHo dikco-
BaHol Mipu A Ha Y. ToMy 3a TeopeMoIo Ipo 3aminy 3MiHHOI cTaructuka loi (X)
30ira€ThCs 3 EMINPUIHUM BiTHOIIEHHSM BiporiHoCTei

L(X,6y)
lo1(X) = T(X,00)

Teopema (stema Heiimana — Ilipcona). Hexatdl nyavosa 2inomesa ma
asvmepramuea € npocmumu 2inomesamu i Fy < Fy. dxwo drsa danozo eipo-
2ionozo piena o € (0,1) icnye cmana l, > 0, maxa, wo

Py, (lo1(X) > 1) = «,

mo kpumepit eidnowennsa sipozionocmets (lo1 (X), [la, 00)) 3 Kpumuwnoo obaa-
cmio

W* = {.I’ €S l()l(ZE) Z la}

€ HatbLALWE NOMYNHCHUM PIBHA CL.



SayBakeuus. OyHkiiis
P90<l01(X) Z l) = Fo({.T €S l01(x) Z l})

He 3pocrae 3a [ 1 HabyBae 3HaveHb i3 Bimpiska [0,1]. Tomy ymoBa Teopemn
MOJI0 iCHYBaHHS [, BUKOHYETbCs, SKIO BUIAAKOBa Beamanna lo;(X) € abeo-
JIIOTHO HellepepBHOIO. ZIKIO K JIjIs JAHOTO PiBHS (v yMOBa, iCHYBaHHS TOYHOT'O
KPUTUYHOI'O PIiBHsI HE BUKOHAHA, TO MOXKHA CKOPHCTATUCH PAHIOMI30BAHIM
KpHUTepieM, dK I1e ONKUCAHO BUIIE B PO3JLJIL PO PAHIOBI KpUTEPIl.

JloBeneHHsI.

Posriisinemo J1oBUIBbHMI KPUTEPIit i3 KpuTuaHoo 001acTio W piBHS ar, TOO-
TO

Py (X € W) = Fy(W) < a.

O6uncmmo #loro mMoTyKHICThH

P (X € W) =E(W)=FE(W\W* + F(WnW*) =
BW") + BE(WAW?) = AW\ W) =
F(W*) + [\ we lon (@) Fo(dz) = [\ lor (@) Fo(da) <
Fy(W*) + [, Fo(W \ W*) = l,Fo(W*\ W) =
Fy(W*) + 1, Fo(W) = I, Fo(W*) < Fy (W) + oo — Lo = Fr (W),
Jie CIIPaBeJIMBICTD IIePeI0CTaHHbOI HEPIBHOCTI € HAC/IIKOM O3HAYEeHHSI 00/1a~
cri W*, sriguo 3 gaxuM loi(x) < l, npu ¢ W*, ta lo(z) > 1, upu z € W*,

a OCTAHHsI HEPIBHICTH BUILIUBAE 3 BUOODPY l,, ocKiabku piBerb W* mopiBHioE

F()(W*) =« [



17.2. Ilpukjaaja KpuTepilo BiaHOIIEHHS BiporiJHocTeii

Hexait X = (&4, ...,£,,) — KpaTHa BEOIDKA 3 HOPMAJBHUM PO3IIO/ILIOM CIIOCTE-
pexkenb: &, ~ N(p,0?). llpunycrumo, mo aucrepcia o2 Bijoma, a HyJIb0Ba Ta
aJIbTepHATUBHA TIIIOTE3M IMI0/I0 CEPETHHOTO MAIOTh BUTJISIT

H :p=yp, 1=01

151 BU3HAUEeHOCT] Oy1eMo BBazKaTH, IO [4; > [ig-
Bianmosizni dpyHKIIT BiporigHocTe € CTpOro A0JIaTHUMH, 8 eMIIipUYHe Bijl-
HOIIIEHHA BIPOTi1JIHOCTEH TOPiBHIOE

loy(X) = L,(X,6) _ (2m0?) ™ 2 exp(— Y0 (& — py)?/20?) _

Ln(X,00)  (2mo?)="/2 exp(— 324y — Ho)?/20?)

n ~
exp (25 (11 — o) T — 5253 = 1) )

n
o
ne [i,, — Bubipkose cepejne. HepiBaicrs 1o (X) > [, ekBiBajieHTHA HEPIBHOCTI

\/ﬁ(,\ ) > g
—\MUp = Ho) Z = 1
o V(i = o)
3a HyILOBOI TIIOTE3W 32 TEOPEMOIO IIPO BHOIPKOBI cepeaHe Ta IUCIEPCIio
HOPMAaJIbHOI BUOIPKM JIiBa YaCTHHA MAa€ CTAHJIAPTHUN HOPMAJbLHHUN PO3IIOJIIIIL.
[Toznagatoun depes x, NMpaBy YaCTUHY OCTAHHBOI HEPIBHOCTI, 3BiJICH JIJI JO-
BIJIBHOIO PIBHS (v 3HAXOMMO KPUTHIHUI DIBEHD T, 3 piBHAHHA @ (1,) = 1 —«
Ta OOIUCTIOEMO

loa = exp (M(w - @(Ml - uo))) :

o
o 20



Or2xke, HANOIIBLINT TOTYKHUI KPUTEPIHT Mae KPUTUUIHY 00JIaCThb
v .
e O D

st o69mCIeH s IOTYKHOCTI KPUTEPIIO 3ayBaXKUMO, 110 B yMOBaX aJjlb-
TepPHATUBU BUGIPKOBE CepejlHE Ma€ posnomin M, ~ N(u;,c?/n). Tomy nory-
2KHICTh JIOPIBHIOE

P91 (\/Tﬁ(ﬁn - /1,0) > :L‘a) =

Py (%(H’n 1) — V/nlpg — 1) /o > xa) =

1= ®(za + vl — py)/0) =
(D(_LI + \/ﬁ(:ul - MO)/U) — 1, n— oo,

OT>Ke, KPUTEPIi € KOH3UCTEeHTHUM

Hexait o, 5 € (0,1) nanepen 3ajani crasi. 3HaiijieMo Takuil MiHIMATBHUIT
0o06’eM BUOIpKM N, MO0 KPUTEpiil piBHA v MaB MOTY:KHICTb HE MeHIy 3a 1 —
(. Jas 1nboro HEOOXiIHO 1 TOCTATHBO, MO0 MpaBa YacTUHA MTePETOCTAHHBOTO
CHIBBiIHOIICHHS Oy1a He MEHIIO 3a 1 — (3, 10610 —24 + /11y — po) /0 > x5,
ne ®(z3) =1 — (. 3Biacu 3HaxoanMO

n 2> 0%(Ta+25)” / (i = o)’

Orke, KiTbKICTH HEOOXITHUX CIIOCTEPEXKEHB 3POCTAE 31 3MEHIIEHHIM IMOBID-
HOCTEl TTOXUOOK TEPIIOro Ta APYTroro pojay «, (3, IPOIOPIiiHa JUCIEPCil CIo-
cTepezkKeHb Ta ODEPHEHO MPOIOPIliiHa KBaApaTy PI3HUIN MixK TiITOTeTUIHUMEI
CepeHIMUA.



BopaBa. O6unciutu kpurepiil BijHOmEHHsST BiporijHocTeil jiJist IepeBipKu Ii-
[OTe3H 1IPO 3HAYEHHsI IapaMerpa il KpaTHol Bubipku 3 (a) myacconosuMm, (6) mo-
KA3HUKOBUM PO3IOJIJIOM. 3HAWTH MOTYKHICTH KPUTEPIIO, MEPEBIPUTH HOro He3Mi-
IIEHICTHh T8 KOH3UCTEHTHICTD.

17.3. PiBHOMipHO HaliOIJILIT MMOTY2KHI KpuUTepil 3 MOHO-
TOHHUM BiJHOIIIEHHSIM BiporiaHocTeit

Haiibibr moTyzkii KpuTepil iCHYIOTh TaKOXK 1 JIJTst CKJIaIHUX Tinores. [l ix
OOYIOBU PO3TJITHEMO TaKe y3arajJbHEHHS MOHATTS KPUTEPIO.

OzuavenHs. PamjgomizoBanuM KputepieMm nepesipru cmamucmudHoi 2i-
nomesu nasusaemvca nape (3(X), w(t)), de %(X) - cmamucmura Kpume-
pio, a gynruia w(t) € [0,1] 3adae timosipnicmsd GLOTUAUMY HYABOBY 2IN0Me-
3y npu 3navenni cmamucmuky 32(X) = t.

[Tpu peanizarnii Takoro Kpurepioo y Bunajky, koau 7(t) = 0, npuiima-
€ThCsI HYJIbOBa, rinoresa, npu m(t) = 1 NpUiMAEThCs aJbTEPHATHBA, & IIPU
m(t) € (0,1) mast mpuiHATTS DIIIEHHS JOJATKOBO HMPOBOIUTHCS HE3AJIECIKHE
BUNpoOyBaHHs Beprysui, mob i3 fiMoBipHicTIo 7(t) BIAXUINTH HYJBOBY Tillo-
Te3y, Ta 3 iMoBipHicTio 1 — 7(t) i1 npuitHaTy.

Osunavenns. Kpumepiti (32(X), m(t), to) € mpocTUM paHJIOMI30BAHUM
KPUTEPIEM 13 KPUMUYHUM DIBHEM Lo, AKULO CMAMUCNUKA
#(X) =t ckanapna, gynxyia w(t) = 0 npu t < to, 7(t) = 1 npu t > tg, a
anavenna m(ty) € [0, 1].

Januit Kpurepiit mpuiiMae HyJIbOBY TinoTe3y npu t < tg, IpuiiMae aabTep-
HATHUBY TIpH t > to, Ta upu t = ty, BUCHOBOK PO3IrpyeThCs 3 iIMOBIpHiCTIO 7 (0)
HA KOPHUCTH aJbTEPHATHUBH.

Biporiguuit piBeHb panmoMiz0BaHOTO KPUTEPIIO 38Ja€ThCs (PYHKITIEIO
Mym (%) mpu 6 € Op, a noryxuicts — 3HadeHHIMU Mym(3¢) npn 0 € O;.



I1i 3HaYeHHST OOYUCIIIOIOTHCA 38 TEOPEMOIO ITPO OOUYUCIEHHST MATEMaTHIHOIO
criojiBaHHs (DYHKIIT BiJl BUIIAIKOBOI BEJIMINHA

jmﬂ%:/}wﬂﬁeﬁﬁiéﬂ%@MMXGM)

OueBnano, mo 3BuYaitumii crarucruanuii kpurepiit (32(X), [to, 00)) € qac-
TKOBHM BHIIQJIKOM IIPOCTOrO panjomizoBanoro Kpurepiio (3(X), w(t), to):
Jst Hporo 7(tg) = 1. 3Bijmcw, 30KpeMa, BUILIMBAE, IO HAOLIBIN TOTYKHII
KPUTEePiil y KjIaci BCiX paHI0MI30BaHUX KPHUTEPIIB PIBHA (v Ma€ HE MEHITY TI0-
TYKHICTh, Hi?K Oy/Ib-IKUil 3BUYaiiHIil KPUTEPIiil TOrO K PiBHSI.

Ha Bijminy Bij 3BUYaHUX KPUTEPITB, /I PAHIOMI30BAHUX CIIPABE/THBE
TaKe TBEPJIZKEHHS.

Jlema (mpo moGymnoBy paHaoMizoBaHOTro Kpurepito). st qoBiibHOT
CKaJISIPHOI CTATUCTUKU > Ta Jjisd jioBlIbHOrO piBHsg « € (0, 1) sHaiigersces
MPOCTHUI PAHIOMIZ0BaAaHWI KPUTEPiil 3 JeIKMM KPUTUIYHUM PiBHEM t, TaKWi,
1o fioro BiporijHuit pisens npu 3ajanomy 6 36iraerbes 3 «.

JliiicHo, 3a HaBeeHOIO BUIIE (DOPMYJIOIO TIeil PIBEHb MA€ BUIJIA

Mgﬂ'(;\f) = Pg(J/Z = ta)ﬂ'(ta) aF PQ(J/Z > ta) = q,
SIKIIO oOpaTu

to = inf(t: Py(3 > 1) < ),
7(t) = (a — Py(3 > ta)) | Po(52 = to).

Y Bumnajiky, Ko t, € TOYKOW HemepepBHOCTi: Py(3x = t,) = 0, MoxkHa
obpatu 7(t,) = 1. Y TakoMy BHIAJKY HPOCTHI paHIOMI30BaHUiT KpUTEpiii i3



KPUTUIHUM DiBHeM 36iraerhbes 31 3pudaitnum (3(X), [ty, 00)). OTxe, y Buma-
Ky HEIepepBHOCTI PO3IOJIIY CTATUCTUKK ¥ IPOCTI paHI0Mi30BaHi KpuTepil
30IrafoThCs 31 3BUTAHUMHA.

Teopema (Teopema Heiimana — Ilipcona /iy1st pas/1oMi30BaHUX Kpu-
TepiiB). Hexali nyavosa zinomesa Hy ma asvmepnamusa Hy e npocmumu
einomesamu t Fy < Fy, mobmo xopexmmo 6udHaueHo Gi0HOUEHHA 6LP0210HO0-
cmeti Loy (X). Todi das kootcrozo eipozidnoeo pisha o € (0,1) icnye npocmud
pardomizoeanuli Kpumepil 6i0HoweHHA 8ipo2idHocmer
(loa (X)), (1), t5), wo € natiisvw nomyocnum piens o. Hozo kpumunmud pi-
6eHL T 3210H0 3 AeMO10 NPO N0OYA08Y PAHAOMIZ08GHO20 KPUMEDIIO 00HO3HAYHO
3HATOOUMBCA 3 YMOBU

Mgo’ﬂ'*(l()l (X)) = Q.

Kpim mozo, nomyotcricms 4b020 KPUMEPLO He MEHWLE 3G PIGEHD (X
*
Mglﬂ' (l()l(X)) 2 Q.

JoBeneHHs1 TeopeMH IPAKTUTIHO HE BIAPI3HAETHCA BiJI TOBEIEHHS JIeMU
Hetimama — Ilipcona. Hexait (T'(X), 7(t)) — noBimpHIit panoMizoBanuii Kpu-
Tepiit piBaga «. [loznadammo

t={zeS:m*(n(r)) = n(T(x))}.

Topi pisHAIS MOTYKHOCTE TOPIBHIOE

Mo, 7" (lor (X)) — Mo, m( = Jor v 5- (T (lor(2)) — 7(T(2))) F1(dz) =
Js+ Usf(7r (lm(x)) m(T(x))) lor(x) Fo(dx) >
Js+ o s (@ (o () — w(T'(x))) 3 Fo(dx) =
te, (Moo (lor (X)) — My, (T(X))) = t7,(a = Mp,m(T(X)) 2 0,



OCKLJIBKU Biporijinuii pisens Kputepito He Oiibimmit 3a «. Ilepenocranms He-
PIBHICTh TYT € HACIIJKOM O3HA4YE€HHS IIPOCTOIO PaHJIOMI30BAHOIO KPUTEPIIO
BiIHOIIIEHHS BiporigHOCTEIl: 3 KOXKHOrO BKJIIOYeHHS © € ST BuIMBae Bimmo-
Bimo 7 (lp1(x)) = 0, To6T0 lo1(2)) Z ¥, 1 ogHOYACHO DI3HUIE i 3HAKOM
iHTerpaJy Jo0/laTHa 9 BiJI'€MHA BiJIIIOBIIHO.

TBepKeHHS OJI0 TOTYKHOCTI BUIIMBAE 31 BXKe JOBEJIEHOI BJIACTUBOCTI
Habibol moTykuoCTi. JlificHO, 3aBXK /1 BU3HAYMEHU TPUBIAIbHII PaHIOMI-
30BaHUil KpuTepiii piBHA «, Jy1st sikoro 7(t) = . OckinbKu HOro moTyKHICTh
TEXK JOPIBHIOE (v, TO TMOTYXKHICTh KPUTEPIIO BIIHONIEHHS BipOTiTHOCTEN He
MeHIIa 338 o [

Posriiinemo Temnep 3aja4dy mepeBIpKHM CKIaJIHUX rinoreld. /i ckiraannx
rirnoTe3 HAMOIIBII MOTY2KHI KPUTEPil HA3UBAIOTH PIBHOMIPHO HANOLIBII MOTY-
KHUMY KPUTEPIAMU, OCKLJIBKIA HEPIBHICTD I IOTYKHOCTI Ma€ BUKOHYBATUCH
piBHOMIpHO 3a 0 € O.

[Ipunyctumo, mo © C R. Hexait ay1s Beix map 6, 1 € © KOpeKTHO BU3HA-
4eHi BijHomenHs Biporignocreii logp (X) = L(X,01)/L(X, 6y).

OsHauenns. Bubipxa X mae MOHOTOHHE BiIHOIIEHHSI BipOTiIHOCTE, AKUL0

icnye maka diticna cmamucmuka T(X), wo das xootcnoi napu Oy < 0, € ©
anatidemuves diticna monomonno apocmaroya 3a t € R dynxyia goi(t), das
AKOL MAE MICUE MOMOHCHICTND

L(X,6,)

for(X) L(X,0,)

= go1(T'(X)).

Teopema (mpo piBHOMipHO HAGIIBII TOTYKHUM KpuTepiit). Hexad
BUOIPKA MAE MOHOMOHHE GIOHOWEHHA 8IP02I0HOCMET 6I0HOCHO CMAMUCTUKY
T(X). Todi dasn xoorcrozo 6ipozidnozo piena o € (0,1) npocmuii pandomizo-
sanuti kpumepii (T(X), 7 (t), ti), Axuld 00H03HA¥HO 6USHAYAEMBCA 3 Di6-
wanns Mo, m*(T(X)) = a, € pisnomipno natibiavw NOMYMCHUM Pi6HA ¢ OAA



nepesipku cxaadnoi einomesu Hy : 0 < 0y npomu ckaadnoi asvmepramueu
Hl 10 > 90.

JloBemeHHs.

Hexait 6y < 6;. Posrinsgnemo ciouarky npocty rinoresy H| : 6 = 6y nporu
npocrol anprepHaTuBu H) : 6 = 6;. Busnaunmo npocruii panoMizoBammit
kpurepiit Bignomenns siporiguocreit (Io1(X), 7(t), go1(ty)), me T(go1(tL)) =
7 (t%). Tomi 3 ToroxKHOCTEI

{01(X) 2 g ()} = {901(T(X)) 2 g (tn)} = {T(X) 2 t3,}

BUILINBAE, IO 1€l Kpurepiit 36iraeTbcs 3 MOOYI0BAHIM y TeOpeMi KpUTepiem
T(X),7(t),t>) i, 30KpeMa, Mae TaKWil Ke PiBeHb (.
) ) Yo ) )
3a teopemoio Heitmana — [lipcona s pamngomizoBanux KpuTepii moby-
nmosaunit kpurepiit (T(X), 7*(t),t)) € HafOLIBIT TOTYKHUM PIBHS (v JIJIS 1€~
peBipku H{ nporu H{, a HOro moTysKHicThH He MEHINA 32 PiBEHB:

M, 7 (T(X)) > a = My, 7*(T(X)).

0

Otxe, dynkuis Mym*(T(X)) ve cnagae nupu 6 > 6.

Amnagoriuno mosoxumo, mo Mym*(T(X)) ue cuagae npu 6 < 6.

Beigen Mym*(T(X)) < « mia Beix 6 < 0y, ne upu § = 0y mae micre pis-
micts. Tomy kpurepiit (T'(X), 7%(t), t}) Mae piBeHb o Jyist ePEBIPKH CKJIaIHOL
rimore3un Hy : 0 < 6.

Hexait (3¢(X), m(t)) noBinbHMIA pamjgoMi3oBaHuii KpUTepiil piBHS o JJIs
nepesipku Hy, a 67 > 6. Toxi, 3okpema, My, m(3(X)) < o i BHACIIIOK JI0Be-
JICHOI BHUINE BJIACTHBOCTI HaitbilibImoi moryzxuocti Kpurepio (1'(X), 7*(t),t))
OTPHMYEMO

M917T(%(X)) < Melﬁ*(T(X))ﬂ



TOOTO TPU KOXKHOMY aJIbTepHATHBHOMY 3HadeHHI 0 = 0, > 0y HOTY>XKHICTH
kputrepio (2(X), m(t)) He 6inbina 38 HOTY2KHICTH IPOCTOrO KPUTEPIIO
* *

(T(X),7(¢), t5) O

ITpuknan. Hexait X = (§;,...,&,) — KparHa BubipKa 3 HOpMAJILHUM PO3-
1nojiiiom criocrepexkenn: &, ~ N(u,0?) npu Bigomiit qucnepcii o2 Ta HeBino-
MOMY CepeHbOMY 0 = [i.

AK moKazaHO y HPHUKJIaIi KPUTEPIIO BiHOIIEHHS BipOriIHOCTEH, 1€ BiaHO-
IIeHHS JJOPIBHIOE

lor (X) = exp (25 (1t = o) Tl — (483 = 1))
o 20
i € 3pocravoio GQYHKIHE BIIIHOCHO CTATUCTUKA [, JJIS BCIX fi, < fi;. Kpim
TOTO, PO3IOJILJI CTATUCTUKY [, HEIIEPEPBHUIA, TOMY IPOCTHUil PaHIOMI30BaHUI
KpuTtepiit 36iraerbes 3i 3BuuaiianM. OTKe, PIBHOMIDHO HAHOLIBIIT TOTYKHIM
KpuTepieM i nepesipku rinoresn Hy : 0 < 0y mpotu Hy : 6 > 0, € 3Buvaii-
Huit kpurepiit (i, [to,00)).

Bnpasga.

(1) Crocrepiraiorbest JiBi He3ajexkHI KpaTHI HOpMaJibHI BUOGIPKH 3 BigoMumu
cepemmivu Ta Heimomumu gucnepcismu X = (§,,1 = 1,n,,k = 1,2), &, ~
N (,uk,ai). [TobymyBaru piBHOMIpHO HANUOIIBIN MOTYKHUII KPUTEPIiil BiIHOIIEHHS
BiporijHocreil mjig 1epeBipku rinoresu Hy : a% < 0’% npoTH aJbrepHarusu Hy :
0% > a%.

(2) BuaiiTi piBHOMIDHO HANGIIBIN MOTYKHUIT KPUTEPIiil BiIHOIIEHHST BipOriaHO-
creil JIsi MEpEeBIpKU TIiMOTe3U MPO 3HAYEHHsI MMOBIPHOCTI YCIixXy Jjis BHOIpKH 3
OGIHOMIAJILHOTO PO3IOJITY.

(3) BuaiiTu piBHOMIDHO HAFOLIBII OTYKHUT KPUTEPIii J1JIst TIEPEBIPKU IinoTe3u
Hy : 0 = 60y nporn anvrepnarusu Hy : 0 > 0y nna Bubipkm 3 piBHOMIpHOTrO
posnoxiny U(0,0).



17.4. IloHsATTS PO IIOCJIiJOBHUIT aHAJII3

Y HaBeJeHOMY BUINE HMPUKJIAJII KPUTEPIIO BiIHOIIEHHS BipOTriJIHOCTE CTaTHU-
CTUYHUI BUCHOBOK ITIOJIO CIIPABEJJTHMBOCTI TiIOTE3 (DOPMYJIIOETHCS OJTHOMOMEH-
THO BiJ[pa3y IicJisi OTpUMaHHs BeKTOpa crocrepekerb X = (£, ..., &,,). Oanak
IIPOBEJICHHS CIIOCTEPEXKEHb YaCTO € IIPOIECOM, IO BiI0YyBaEThCs B Yaci, 10 TO-
ro »x HebeskormToBHuM. Harpukira i, TakuMu € reo/Ioropo3BityBajibai poboTu,
Jie KOXKHE CITOCTEPeXKEHHsI MOB’si3aHe 3 OypiHHSAM HOBOI CBEPJJIOBUHU. 3 Ii€l
TOYKH 30pYy JOIIJILHUM Oy/10 O pO3IIMpPEHHs MpaBuj (pOPMyBaHHS CTATHCTHU-
YHUX BUCHOBKIB, IIIO JIO3BOJIJIO O MPUIMATH IIeBHI PillIeHHS IiC/IT OTPUMAHHS
KOXKHOT'O YepProBOTO crocTepexkKeHHd. /lany i7e10 3alrporonyBaB Ta PO3BUHYB
A.Banb y cBOIX mparlisx, 10 CTBOPUJIA OCHOBY TeOpil IMOC/IiIOBHOIO CTaTHU-
CTUYIHOTO aHaJIi3y.
st imocTpaliil po3ryIgHEMO 3314y MEePEeBIPKH ITPOCTUX TioTe3

H;:0=20,,i=0,1 gna kparuoi subipku X = (&, ...,£,,). [osnaunmo f(y,d)
IIJIBHICTh OJIHOTO CIIOCTEPEXKEHHs. 38 TEOPEMOIO 1Mpo (DYHKIIIO BipOTiIHOCTI
KpaTHOI BUOIpKHU JorapudM BiIHOIIEHHS BipOriHOCTEl TOPIBHIOE

Ln(X, 01) @ _ _ . Sy, 01)
Inloy (X) = In Z222p s = > &) =5, h(y) =In ONDL
ne momanky h(§;) Hesaseski B CyKyIHOCTI Ta OHAKOBO PO3MOIiseHi. Y Teope-
Mi 1Ipo BJacTuBOCTI iHdopmaril 3a KyabbakoM moBeaeHo, M0 3a yMOB KOH3U-
crentiocti OMB My, h(€;) < 0. Anasoriuno moxkna gosecrty, mo My, h(€;) >
0.
Haiibinbmr moryKauit KpuTepiit BiIHOIIEHHS BipOTiIHOCTEN Mag KPUTUIHY
obmacts Burssiy {lo1(X) > 1} = {S, > Inl,}.
Hexait 1151 KozxHOTO k& = 1, n 3aman0 cradi co, < 0 < ¢15. [lo3naunmo Sy, =
Z?Zl h(§;). Posrianemo ysaraibHenutt nocsiilosHuii Kpurepiit BiHONTCHHs
BIPOI'JTHOCTEIL:



(0) sixmmo {S1 € (cot, €11), -y Sk—1 € (Cof—1,C14-1), Sk < Cox} IS AESKOTO
k < n, To criocTepexKeHHs MPUITTHSIIOTHCS B TAKUN MOMEHT k, 1 IpUAMaEThCs
HYyJIbOBa Tinore3a Hy,

(1) sixmmo {S1 € (co1,¢11)s -y Sk—1 € (Cok—1,C1 k1), Sk = C1x} IS TEAKOTO
k < n, To criocTepexKeHHs MPUIMHSAIOTHCS B TAKU MOMEHT k, 1 TpUMaeThCs
aJIbTepHATUBHA rinmore3a Hi,

(n) imaxie npuiiMaeThest pireHHs Ha KOpUCTh H.

Bubip 3naKiB cTajmx oOrpyHTOBYEThbCs KpuTepiem Kosmoroposa mocuiie-
HOT'O 3aKOHY BEJIMKHUX 4HCeJI, BHACTIIOK aKoro Sy —1 —oo, k — 0o 3a Hybo-
Boi rimoresu ta S, —F1 00,k — 00 3a ajbTEPHATHBH, BiIIOBIIHO 10 3HAKY
MaTeMaTUIHOTO CIIOJIBAHHS OJHOIO JOJAHKY. 3BIJICH BUILIMBAE TaKOXK, IO
AMOBIpHICTH 1OAIT B (N) IPsIMYy€E 0 HyJIsl IPH 1. — OO.

Ha BigMiny Bist KpuTepito BifHONIEHHS BIPOT1IHOCTEN MTOCTiTOBHAN KPUTE-
piif cimpaeThcd Ha BUITAIKOBY KITBKICTH CIIOCTEPEXKEHD

7 =min(n,inf(k > 1: Sy & (cox, c1x)))-

fAximo obparu cop = —00, k < n, ¢ = o0,k < n,icy, = Inl,, To oTpu-
Ma€eMO KpHUTEPIN BiIHOMIEHHS BIPOTIIHOCTEN K YaCTKOBUN BUIIAJIOK y3araib-
HeHoro Kpurepito. Tomy MiHiMa/IbHA cepejiHs KiJTbKiCTbh BUIIPOOYBaHb Y BChO-
My KJiaci TOC/IIOBHUX KPUTEPIiB 13 3aJaHnMu HMOBIpHOCTSME TOXHOOK «v, 3
[IEPITIIOr0 Ta JPYIroro pojy He OLIbIIa 3a BiMOBIIHY KiJIbKICTH JIJIsi IIPOCTO-
ro Kpurepito BigHomenus Biporinnocteit: inf M7 < n. OTxke, BUKOPUCTAHHS
IIOCJTIZTIOBHOT'O KPUTEPIIO0 MOXKe TTPU3BECTHU JI0 3MEHITEHHs KIJIBKOCTI CIIocTepe-
JKeHb IIpu 30epezKeHH] STKOCTI KpUTePiro

s yToOUHeHHS BJIACTUBOCTEN IOCJIIIOBHOTO KPUTEPIIO MPUITYCTUMO, IO
cTaJii cop, = Co,C1p = €1 He 3ajexkarhb Bix k Ilosmaunmo Agg momio B yMOBI
(0) kpurepito, A1x — B ymosi (1) Ta A, — y (n). 3a o3nauennsmM Bei 1 mogii
MOTIAPHO HECYMICHI Ta yTBOPIOIOTH MOBHY rpymy moiit. Hexait BunagkoBmit



BekTOp Xi = (£, ...,&,) MicTuTh mepmii k criocrepeskenn. Voro dymkiis Bi-
porignocti gopiBaioe Ly (Xg,0) = H?:l f(&;,0), a Bimmomenus BiporiHocTeit

mae Burisg Lg(Xy, 01) / Li(Xk, 6p) = exp (Zle h(fj)) = exp(Sk). Ocran-

He BesimunHa He nepesunrye Cy = exp(cg) < 1 Ha mogii Agg, 1 He MeHIa 3a
C) = exp(cy) > 1 wa momii Ay, IMosnaanvo By, 6openesi mimvmoxuan RF,
IO OTPUMYIOThC 3 Ay, 3aMiHOI0 Beqm4nH & ; Ha j-T1 KOODANHATH Y; BEKTO-
pa zx = (Y1,...,yx) € R*. Toui Ay = {X), € Bi}. I3 Brinovenns x € Biy
summsae, mo Li(xx,01) / Li(zk, 00) = exp(X5_ h(y;)) > exp(er) = Ch.
Anagoriuno, upu x, € By Maemo Ly (zx,01) / Li(xk, 0p) < exp(co) = Co.
3Bijcu

AOk/Hl ka %91 #k(dl”k <fB Co (l’kﬁO) k(dzy) =
CoP(Ay/Hy).

Hexait o, B — iimoBipHOCTI MOXMOOK MEPIIIOrO Ta JAPYroro PojLy Jjis mody-
JIOBAHOT'O BHIIE TOC/TIOBHOTO KpuTepito. Toi

= P(Up_Aw/Ho) = D5y P(Aw/Ho) <3 7p_) P(Aw/H))/C1 =
(1 =5y P(Aor/Hy) — P(A,/Hy))/Cy = (1= B)/Ch,
B =2 ko1 P(Aox/Hy) + P(An/Hy) <370 CoP(Aw/Ho) + CoP(A,/Ho) =
(]_ - O[)O().

Orxe, KpuTn4Hi 3HaYeHHS ¢; = In C; Ta MOXUOKH B IIOCJIIOBHOMY KpUTEPil
BiIHOIIIEHHS BipOTiIHOCTEl TOB’3aHi CUCTEMOIO HEpPiBHOCTEMN

a<(1-8)/Cr, B<(1-0a)C.



Posriisnemo moctiioBHnit KpUTepiit 3 rpaHUYHIMEI 3HAYEHHAMEI

Ci=0-P)/a, Co=p5/1-a)

JIJIS SIKUAX TIONIE€PEJIHI HEPIBHOCTI IepeTBOPIOIOThCA Ha piBHOCTI. Hexait a,b —
HMOBIpHOCTI TTOXMOOK JIIst IbOro KpuTepito. 1ol 3 HepiBHOCTEH 11 IMOBIp-
HocTelt moxnbok orpumyemo a/(1 —b) < 1/C) =a/(1— (), b/(1 —a) < C| =
B/(1 — a), 3BiIKM MHOXKEHHSIM Ha 3HAMEHHUKH Ta JIOJABAHHIM BHBOJIMO He-
PiBHICTH

a+b<a+p.

Otxe, st Oyb-akux 3ajganux «, § € (0,1) icaye mocminoBauii Kpurepiii
(3 rpanmuHnME 3HadeHHAME ¢; = InC)), mo mae He Gibnly 3a o + [ cymy
WMOBIpHOCTEN TTOXUOOK TEPIIOTO Ta JIPYTOTO POJLY.

it HaOJIMZKEHOrO OOYMCJIEHHsT CEepPeIHhOI KiJIbKOCTI HEeOOXITHUX CIIOCTe-
peKeHb Yy TOCJIIIOBHOMY KPUTEepPii BUKOPUCTOBYETHCS TOTOYKHICTH Basba:

Mg ST = My MQT, me — MgSl = Mgh(gl)

Ha BimMiny Bij 1o/1i0HOT cXeM# 3 pO3JiTy TJLIACTUX MPOIECIB, /i€ BUIAIKO-
Ba KIJIBKICTH JIOJAHKIB 7 He 3aJiezKajia BiJ caMuX JIOJaHKIB, Y JIaHiil cuTyartil
BEJIMYINHA T BHO 3aJIEZKUTD BiJl cCyM Si, aj2Ke BOHA OYIYETHCSA 3a IUMU CyMa-
mu. Tum He MeHie BunajKoBa nojis {7 > k}, Tak camo sk i 11 JOINOBHEHHS
{r < k} = {7 < k — 1}, BusHa4a€eThCs BUKIIOIHO BEKTOPOM (S7, ..., Sk_1) 1
3a TEOPEMOIO IIPO BEKTOPHI IIEPETBOPEHHSI He3aIeXKHIUX BeJININH He 3aJI€2KUTh
Bij BemmumaA &), Tomy

My Sy =341 Mo (h(€x) 1 (rery) = Dopsy Moh(€y) Po(k < 7) =
Mo D 1 Dok Fo(T =0) =me 3515 Po(T = j) = mg My7.



3a o3HaueHHsIM MOMeHTY T cyMa S, abo (1) Buepiie nepeBuiuia piBeHb
¢1, abo (0) Brepime craja MEHIIOI 3a ¢y, abo K (n) IOro He CTAJIOCsS Ha
inrepBasi [1,n| i mpocto Hacras dinaabHUI MOMeHT n. YK BKazaHO BHIIE,
3a 3aKOHOM BEJIMKUX YUCeJT IMOBIPHICTH OCTAaHHBOI MOJil TPAMYE 10 HYAd ITPU
n — oo. VmosipHicTs Py, (3a HyJIHOBOT IiIIOTE3M) MEPIIOT TO/IT JOPIBHIOE HMO-
BIPHOCTI 1OXUOKM MEPIIOro POy (v, & WMOBIPHICTH Jpyrol mojii 36iraeThes 3
JIOIOBHEHHSIM 10 ojmHuIi 1 — . Kpim Toro, npu Bukonanui ymosu (1) maemo
S; > ¢, a3a ymosu (0) — S, < ¢o. [Ipumycrumo, mo ocranui HepiBHOCTI €
HaOJIMKeHIMHI PIBHOCTSIMHU, TOOTO cymu S, He 3aHaJATO MepecTpuOyIOTh Bijl-
nosigni pisai. Tomi My, S, ~ ac; + (1 — a)cg. OTKe, BHACIIIOK TOTOKHOCTI
Bausna

My, 7 =~ (acy + (1 — a)co) /mg,-

Axio mo hopmysty 3acTocyBaTh JI0 CXEMHU HOPMAJIbHUX CIIOCTEPEYKEHbD 13 He-
BITOMUM cepejiHiM, MO BUKJAJEHA y TOMEPEIHhOMY HPUKIATl, TO MOYKHA
JIOBECTH, 110 MTPU MAJINX 3HAYEHHAX (v, § Ma€ MICIe nodeitina eKoOHOMLA YUCA
cnocmepestcens y TIOPIBHSAHHI 3 KPUTEPIEM BiJIHOIIEHHST BIPOT1JIHOCTEI.

Brpasa. Hexait kparna subipka X = (&5, ...,§,,) yTBOpeHa crocTepeKeHHAMN
3 TMIOKA3HUKOBUMU PO3IIOJILIaAMEA Exp(@). SHaMTH POSIIOII BUIIAIKOBOI BEJIMYUHA T
JUJIsT OJTHOCTOPOHHBOTO KpuTepito 3 ¢o = (.



18. Meton HaiiMmeHIIX KBaJpaTiB AJIsI JIHIAHOL
perpecii

Y perpeciiinomy aHaJi3i BUBYAETHCs IpoOJeMa KiTbKICHOTO BILJIUBY OJIHUX
3MIHHUX (HAIPUKJIAJ, BIJICOTKOBOIO CKJIQJly PI3HUX JIOMIIIOK y CILIaBi) Ha
YHCJIOBI 3HAYEHHST IHIMX 3MIHHUX (HAIPUKJIAJ, MinHOCTi crutaBy ). OHOYacHO
BPaXOBY€EThCSI CTOXACTUIHUN XapaKTep BEJMYNH, IO CIOCTEPIraloThCs.

18.1. Mogenp JiHiiTHOT perpecii

3okpema, B Teopil JiHIIHOT perpecii po3rsIaeThCsd MOJIEIb JiHIHHOT 3a/Ie2KHO-
CcTi . -
fj = Zi:1 0, tij + €5, 7=1n,

me X = (&, 7= 1,n) — BeKTOp crocTepexkennb (BuUbGIpKa),

0 = (6;, i = 1,k) € RF — nesinomuii BekTOp mapamMeTpis, IO IisATaE
OIIiHII, ffoTO PO3MipHicTh k < N,

marpuig I = (t;;, @ = 1,k, = 1,_n) BBarKa€ThCs BlIOMOIO,

BEKTOp € = (g5, j = 1,n) MicTUTH BUIAIKOBI HOXMOKM BUMiDIOBAHD.

[IpupojiHe npuUITyIeHHsT MOJISITa€ B TOMY, IO BHUITAIKOBI MOXUOKH €; € He-
3aJIC2KHUMH Y CYKYITHOCTI, OJTHAKOBO PO3IOJIIJICHUMI, MAIOTh HYJIbOBE CEPEJIHE
(BiCyTHSI cECTeMaTH4Ha MOXUOKa) Ta JucIepcio a2.

Vci BekTOpHU Oy/1EMO PO3IVIAJIATH IK BEKTOPU-CTOBITIMKH.

Y BekTOpHIit hopmi MOseTb JTIHITHOT perpecii Mae BUTIST

X=T0+e,
e CUMBOJI ! BU3Ha4Ya€ TPaHCIIOHYBaHHA. BeKTOp HOXI/I6OK 3a/10BOJIbHAE€ YMOBUA

Mye=0, Covge=c2I



3 OJIMHUYHOIO MaTpureio /.

s omninku mHeBigomoro napamerpa 6 K.I'aycc 3anpononysas i Bukopucran
Meros Halimenux kBajparis (MHK).

O3znaueHHs. OIIHKOIO METOJ/Ly HAWMEHIIIX KBAJIPATIB 6€KMOPHO20 Napa-
Mempa 0 HaA3UBAEMBCA CTATUCTUKA

0 = argmin ¢ g (X — T'0)>.

OueBniHO, 0 DYHKITIS 8 obuncooeThes 3a X i T, TobTo € orinkoro. IcHy-
Banug orinku MHK odeBuiHe, ockinbku KBajpaTudna (QpyHKIS HellepepBHa
Ta OOMeXKeHa 3HU3Y.

Teopema (mpo cmiBBigHOmenHs Mmixk orinkoro MHK ta OMB).
Ipunycmumo, w0 NOTUOKY €; HE3ANENHCHT Y CYKYNHOCTE T 00HAKOBO HOPMAND-
HO PO3NOAINEHI:

e =~ N,(0, o).

Toodi oyinxa MHK 36teaemvbca 3 ouinkoro Maxcumasvomoi 8ipo2i0HoCms.
JloBeneHnHsi. 3a yMOBOIO BUOIpKa

X ~T'9+ N,(0, 0*I) = N, (T'0, o*I)

€ HOPpMaJIbHUM BEKTOPOM, TOMY JiorapudMiuHa (DYHKITsS BipOriTHOCTI JOPiB-
HIOE

1
InL(X,0) = —gln27r —nlno — Tﬂ(X —T'0)%.

OueBwn O, 1110 TOUKa MakcuMmymy L(X, 0) 3a 6 36iracrbesa 3 orinkoo MHEK
]

Teopema (po piBHSIHHS MeTO/y HaMEHIINX KBaJIPaTiB).



(a) Bexmop 0 = 0(X) € R¥ sbizaemvca 3 ouinkoro memody natimenwus
Kkeadpamic modi G Mmiavku modi, Koau 6iH € po3e askom pieHanns MHK

VO =TX,

de
V=TT

— cumempuuna mampuuys k X k.
(6) Arxwo rang T =k, mo det V # 0 i eduna ouinka MHEK mae euennd

9 =VITX.

JloBeneHHsl.

HeobxiamicTh.

(a) O6UHCIMMO POJIOBHY YACTHHY IIPUPOCTY KBAJAPATUIHOT (DYHKIIT B OKOJI
rouku 6 (nudepeniian Taro):

(X =T'(0+h)*— (X -T0)*=20"T(X —T'0) +o(h), h— 0.

Axmo 6 € ToUKOI eKcTpeMyMy, TO JliBa YacTHHA He 3MIHIOE 3HAK MPH 3MiHi
3Haka h, Tomy mudepeniiana ['aTo € HyIH0BUM

di(X —T'0)* h) =20WT(X —T'9) =20 (TX — V§) =0, Vh € R,

10 1 JI0BOUTH ().

(6) 3 HemepepBHOCTI Ta HEBiJ €MHOCTI KBaJpaTHYHO! (DYHKIIT BUILIHBAE
icnyBanns xo4a 0 ojmiel TOUKHU JIOKaJbHOro MiHiMyMy. Tomy pisnsms MHK
3aBXK/IM Ma€ MPUHAMHI OIMH PO3B’A30K. 3 (&) POOMMO BUCHOBOK, IO €JIMHA
oninka MHK nopisaioe V1TX.



JlocTaTHICTh € HACTIKOM HACTYITHOI TEOPEMU.

Teopema (mIpo po3Kjajs cyMu KBaJapaTiB Bigxuiens). Hexat 6 -
ICMUNHE 3HAUEHHA NAPAMEMPa, 0 - dosinvruti po3e’asox pienanmns MHK.
Todi nosna cyma xeadpamic 6i0TUNEHD JOPIGHIOE CYME DBOX CYM KBAOPAMIB:

(X —T'0)% = (X —T'0)> + (T'(6 — 0))?,

1 Habysae Hatimenuw 020 3naverns 6 moyyi 0 = 0.
OznauenHst. Cymu 6 300pasicerii NOGHOI CYMU K6a0pami6 610TULEHD

58, = (X —T'6)%, S5, = (T'(6 — 0))?

HA3UBAIOMBCA 610N0610H0 CyMOIO KBAJIPATIB BIIXWIEHD Bif perpecii ma 3a/u-
IIIKOBOIO CYMOIO KBa/JIpaTiB.
HoBeaennsi. O6uncmmmo

(X —T02=(X-T0+T'6-0)>=
(X —T0)2+ (T'(6 — 0))2 + 2(T'(0 — 0)) (X — T'0) =
(X —T0)2+ (T'0 - 0))2+2(0 — 0)(TX — Vo) =
(X —T6)2+ (T'(6 — 0))?,

ockimbkn 0 € po3B’sizkoM piBugnag MHK [J
Teopema (mpo He3smimenictb i posmoain omninku MHK). Hexai
rang T = k 1 mae micye nopmarvra modeav: € ~ N, (0, o*I). Todi:
(a) ouinxka MHK 9 ¢ neamiwernoro oA 6, npuvomy 0~ Ni(0, o2V,
(6) cmamucmuka 5>, = SS, /(n — k) € nesmiwenoro oyinxoro dis o,
(6) cmamucmuxu SS, | 0% ma SS, | 0% nesanesicni G maromn xi-xeadpam

posnodiau 3 n — k i k cmynenamu c60b60du 6i0no06idHo.



SayBakeHHsI. BijHOIIEHHST HODMOBAHUX CTATUCTHUK 13 MyHKTY (B) Mae
posznoji Dirrepa micjsi HOPMyBaHHs Ha, KIJIHLKOCTI CTYTIEHIB CBOOOJIM 1 BUKO-
PUCTOBYETBHCS JJIsl TIEPEBIPKU TIMOTE3W PO CYTTEBICTh 3aJI€KHOCTI TEOPETU-
YHOI'O CEPEHBOIO CIIOCTEPEKEHDb BiJ] apaMeTpa, IO OIIHIOETHCS.

JloBenennsi.

§a TEOPEMOIO 1IPO JIHINHHI TIEPETBOPEHHS HOPMAJJIbHUX BEKTOPIB CTATUCTH-
ka 0 = VT X mae HopmasibHuil po3noiia, ToMy (a) BUIUIMBAE 3 PiBHSAHD

My = MVIT(T'0 +¢) =0+ V1T Me =0,

Covy(0) = VITCov(X)(VIT) = oa?VITT'V ! = o2V

Jie BUKOPUCTaHO TEOPEMY IIPO KOBapialliitHy MaTPHUITIO JiHIHOTO epeTBOPEH-
Hsl.
Trepxenns (6) € Hacaikom (B), OCKLIbKI

M52 _, = My SS, /(n—k) = c*My (SS, /o?)/(n — k) =

My (2y)/(n— k) = 0% (n = k)/(n — k) = o”.

s noeesienns (B) 3ayBaxumo, mo n X n-marpunig 11 = 7'V 1T cumerpu-
4Ha, imemnorentna: 112 = T'VITT'V-IT = T'V-WWVVIT = T'V-IT =11
ta Mae paur k. Tomy icnye opronopmoBana marpurid U, 10 TPUBOAUTS 11 10
JaroHaJbHOl MaTPUIT BUTJISTY

UNIU’ = I, (k) = (0slick, 4,5 = 1, n).

[Mosuaunmo ¢ = Ue /o. Toni ¢ ~ N,(0, I) — crangaprauii HOpMAash-
HUII BEKTOP 3a TEOPEMOIO IIPO JIHIIHI ITepeTBOPEeHHsT HOPMAaJIbHUX BEKTOPIB,



ockinmbkn €/0 =~ N,(0,]) — cranmapTHHIT HOPMAJbHUN BEKTOP 3a YMOBOI.
Jauti, 3a TeopeMoro 1po PIBHAHHA METO/LY HallMEHINX KBaJIpaTiB

=V 'TX =V I'T(T'0+¢) =0+ V 'Te.
Tomy BHACTIIOK TeopeMu PO PO3KJIAJL CyMU KBaJIpaTiB BiJIXUJIEHD
e2 = (X —T'0)2 =58, + 55, = (X = T'0)% + (T'(6 — 0))? =
(T0+e—T'O+V'Te)>+(T'O0+V~'Te) —T'0)* =
(I =T'V1T)e)? + (T'V-Te)? = (I — M)e)? + ([le)? =
(I —I)(I —M)e+ M'Tle = &'(I — M)e + £'lle.
3Bigcu
SS,/0%+ 88, /o =€ (I —M)e/o? + €'Tle/o? =
(U -MU¢ + UV =
CI(I — I(k))¢ + C/In(k)C = Z?:Hl C? + Zle C? = Xi—k + Xz:

Jie BeJIMYMHU B IIPaBiilt YaCTHHI He3aJIe2KH1 38 TeOPEMOIO 11PO BEKTOPHI 1TePEeTBO-
PEHHS He3aJIe?KHUX BeJIMYINH (; 1 MalOTh 3a O3HaYE€HHSAM BiANOBiTHI Xi-KBaJpaT
poszmoian [ R

Teopema (Teopema T'aycca — Mapkosa). Hexali rang T = k, 0 -
ouIHKa Memody HatMEHWUT Keadpamic napamempa 6, a eexmop

2 =270 cR™ m <k

nopodorcenuti ainitinum nepemsopenmam Z : R¥ — R™.



Todi ouinka z = 70 e ninitinomo HESMIULEHOI0 OUTHKON OAA Z, T MAE HaAT-
meHwy ducnepcito (mobmo Hatimenws dia20HaAbHT eAeMENMU KOBAPIGUITHOT
MAMPUL) Y KAGCE BCIT MHITGHUT 30 X HESMIWEHUT 0UIHOK 6EKMOPA 2.

JloBeneHHsI.

Hexait z = C X € n0BiIbHOIO JIHIAHOIO HE3MIIEHOIO OIHKOI Jiyist z. Tojl

MyZ=C MpyX =CT'0 =z = Z0, Y0 € RF,
3BIJIKM BUBOJMMO TOTOXKHICTH
Z =CT.
3a TeopeMoI0 IMPO KoBapialliiiHy MaTpPHINO JIHIHHOTO TepeTBOPEHHS
Covg(2) = CCovy(X)C" = CCovy(e)C' = 02CC" =
o2(ZVIT+C - ZVIT)(ZV™IT + C - ZV~IT) =
o2 ZVZ + o*(C — ZVIT)(C - ZV7ITY >
02ZV 17" = Covy(Z0) = Covy(3),

Jie HEPIBHICTh MAaTPUITh O3HAYAE OJIHOYACHY HEPIBHICTH BCIX BIJIIIOBIJIHUX JIi-
AroHAJILHUX €JIEMEeHTIB i BUKOPHCTAHO OPTOrOHAJbHiCTL Marpuib ZV 1T i

C — ZV~'T. Ocranns BUILIMBaE 3 HaBeIeHO! Buie ToToxkHocTi Z = CT' Ta
piBHOCTE!

ZVAIT(C — ZviTY = 2V Y TC' - TT'V17") =
ZV-YTC' - 7= zZV Y TC'— (CT"))=010[]
Brmpasa. Hexait X = (§;, j = 1,n) — mosibHa BEGIpKa Taka, IO M¢; =

p, DE; = o2, Cov(§;, &) = po?, j # k. Hdosectu, mo B Kiaci miniiiHux 3a
criocTepeskeHHsaME §; HaliMeHIILy TUCTepeiio Mae BUGIPKOBe cepeste i,



18.2. IlIpocra niniitHa perpecis

Posriisnemo ayist npukitagy sumaok k = 2. Hexait

0= (a,b), tlj = 1, tgj = Ty, ] =1,_n
MO,HGJIB perpeci’i MaTHUME BUTI'JIAT

§j:a+bxj+sj, ]21,_71

Matpumi 7',V 3ajai0Tbcst PiIBHOCTSAME

T:<1 1 1 1))
1 X9 ... Tp

1 z n 2 n
V=TT =n (_ = )a f:%ijl%‘v 552:%2#1“’?-

T a2
3Bincn obuncmoemo obepreny mMarpuiio V! ra ominkn MHK

V—1T2#<P—xif P—xzf p—.l'zf),
1 — X To — X Ty — X
7= (5 = LT
b= # Z;’lzl gj(xj _E)v
Azl n _2— _:—_/6 1 n ._2—_2:
@ == 8@ —aT) = —Tb+ ;= )5, (02 — (T)°)

%Z?:lgj_f/l;:ﬁn_f/gm




Ormninka b HASHBAETHCS BuGipKOBUM KoedirienTom Kopesilil BekTopis (§;),
(xj). 3a TeopeMoro po He3MineHicTs 1 posnoain ominku MHK
D(b) = 0*(V™')g2 = 0*/ng”. SKkimio crocrepexReHHs &; OTPEMAHO 3 AKTHB-
HOTO €KCIIEPUMEHTY, TOOTO CTATHCTHK MA€ MOKJIMBICTH OOMPATH TOYKH CIIO-
CTepeKeHb (xj), TO I MiHiMi3alil guctepcil oriHky b cJrij MakcuMi3yBaTh
BEJINYUHY o2

18.3. IloainomiajibHa perpecis

[Tonepeiaio 3a/1a4y JIIHITHOT allPOKCUMAIIIT CIIOCTEPEXKEeHb MOYKHA y3araJibHU-
TH, IKIIO PO3TJIAHYTH CXEMY IMOJIIHOMIaJTbHOI perpecii:

k : _
é-j = Zi:oei LU; +€j7 ] = 1777’7
ge (z;) — 3amamni Touknu croctepekens. Hespazkaroun Ha nestinifinmit xapakrep
3aJIEXKHOCTI BiJI «, JJaHa MOJE/b 3aJUIIAETHCS JIHIMHOIO 38 HEBIJIOMUM Tapa-
merpom 0 = (0, ..., 0;). Tomy mist amamizy mosiHOMIaaBHOI perpecii MOXKHA
3aCTOCYBaTHU BCl Pe3y/IbTATH PO3JILIY PO JIHIHY perpecito, sKIo BUSHAYATH
MaTpHIlio mepersopensb 1’ = (x 3'-, i=0,k, j=1,n).

[Tpumycrumo, Mo ToYKn CHOCTepe}KeHb (x;) "piBHOMIpHO po3mHOmineHi” Ha

siapisky (0, 1), To6ro 7 g :c] fo x)dx ns g € C(0,1). Toxi maTpung
V =TT’ nopisuioe V = ( gk, 0<4,1 < k;) ~ (1/(i+1+1), 0 < i,l < k).
MozkHa JIOBECTH, 0 BUBHAYHUK i€l MATPHIL JTy2Ke OJIU3bKUil JI0 HyJIsd HABITH
npu Besimkux k. Orxke, obuncienns oninku MHK crukarumerbes 3 BeTuKuMI

TPY/IHOIIAMU.
Tomy 11 TIOJIIIIIIEHHsST KOCT1 OIIIHIOBaHHA B IOJIHOMIaJbHINA cxeMi J10-



[IJIBHO PO3IVIAHYTH 11 B €KBIBAJIEHTHOMY BUTJISI1

i R
gj = Zi:[) 0; 901<£L']) +&5, 0= L,n,

ne @;(z) — aeski nosinomu crymens ¢ Big . Marpurg V' y Taxiit cxemi nHabyBae
BUIVISTY

V= (3 o) ale), 0<il<E).

s monimmenns sxocreit oniakn MHK momiromu ¢, obupaiors Tak, mod
Marpuiid V Oyiia jiiaroHaIbHO0. 3 OISy Ha 11 BUSHAYEHHS PO3IJITHEMO TaKy
6ininiitay dhopmy (ckangpHuit 1006yTOK) Bijx dyHKIHi f, g:

=37 f@) gles).

Buznaunmo pekypeHTHO MOC/IiIOBHICTE To/TiHOMIB Yebuiena
T (xka @)
polz) =1, gle) =" =) pa)—5, k> 1
’ : 2 (1, ;)
3a IHIYKIE 3 MBOr0 O3HAYEHHS] BUBOJMMO, IO JJIA BCIX 1 < k
(00 #5) = (2%, 9;) = (i, 0) (&%, 9,) / (i, 3) = 0.

Otxe, noginomu Yebuiesa monapHo oproronaabai, Marputig V = ((¢;, ¢;)dik)
e niaronaJsbHOMO 1 oninka MHK mopisaioe

G=vTx= (3" & ea)/ (pup) i=0F).

OckIBLKE KOBapialiiiiHa MaTPUILS OIIHKA 0 3a TEOPEMOIO ITPO HE3MIIEHICTh
i posnosin oninkn MHK nopisrioe fiaronanbhiit marpumni o2V ~1, To koopau-
HaTH #; HEKOpeIboBaHi, a y BUIAJIKY HOPMAJIbHUX IOXUOOK — HE3aJIeKHi.



Brpasa. Posrisinenmo siiniitiy gsoxdaktopiy Mojieds i3 Bubipkoro X = (€ g1t =
1,n.j = 1,m), mo 3a/0B0/IbHsIE PiBHAHHS

fij:/i‘i‘ai‘i‘ﬂj_“gija z=1,_nj=1,m,

Je moxubKu £;; ~ N (0, 02) He3aJIeXKHI y CYKYITHOCTI, & BEKTOP HEBIIOMHX IIapame-

2 . T . 2 ., n o m _
tpis 0 = (u, (i, i = 1,n), (8, = 1,m), 0?) raxuit, mo ) ;" o = 0, ijl B; =
0./TIoBectH, 110 BEKTOP

~ ~

b\: ()?..7 ()?’L - X..7i - 17_,n’)7 (XOJ - )?"7]. - 17m)7 82)

€ OITUMAJILHOIO OIIHKOIO JIs ), 110 CKIagaeThed 3 4 Hezae:KHuX rpyIl. TyT rpynosi
CepeJIHI CTATUCTUKU MAalOTh BUTJISA

55.. = Zj:l Z;nzl fij/nm,

~

Xie = Z;nzl §ij/m, Xej = 2;1 &ij/m,

=" S (&~ Kie— Kej+ Xo)?/(n—1)(m — 1),

i=1 £—j=1




19. KBajapaTumdHo IHTErpoBHi
CcTaIllOHAPHI BHUIIAJAKOBI IIPOIlec

Posriiganemo 3a/1a9i cTaTUCTUYHOTO MTPOTHO3Y JIJIsl CTAIIOHAPHUX BUIIAIKOBUX
IIPOTIECiB JIpyroro mopsijiky. Taki mporecu eeKTUBHO BHKOPUCTOBYIOTHCS B
Teopii nepesiadi indopmariii, (pinaHCOBIt MaTEMaTHIN TOIIIO.

[Tosnaunmo gepe3

Ly(P)={6:Q—C, M|¢| < o}

riJIb0epTiB MPOCTIP KBaIPATUIHO IHTEIPDOBHUX KOMILIEKCHO3HATHUX BUIIA/I-
KOBUX BEJIMYHMH 31 CKaagpHuM 100yTroM (£,7) = MER, ne T KOMILIEKCHO
crpsizene 110 2, i3 mopmoio ||€]|* = (&, &) = M |€]? Ta siguosixnoo cepenbo-
KBaJ[paTHIHOIO (C.K.) rparumeo & = [.i.m §,,.

Hexait G C Ly(P) — noBuibHa migvuoxuna. [losnaunmo nopojzkenuit G
JHHIAHUI TIIPOCTIp

£G)={n=Y"_a&, &€G, aeC}

Ta HOro C.K. 3aMUKAHHA
R(G) ={¢ € Lo(P), £ =Limmn,, n, € £(G)}.

Hazsemo i3omeTpi€ro miIMHOXKIH T1150€PTOBUX IIPOCTOPIB TAKY 1X JIHIAHY
6iekiito, 110 36epirae HOpMY (&, OTKe, 1 CKaISpHUii JT00YTOK ).

Teopema (11po nponoB>kenHs isomerpii). Hexat (Hy, ||-|,.), k = 1,2, napa
21A0EPMOBUL NPOCMOPIB, KOAHCHUT 3 AKUL MICTIUMD ULAOHULT NMHITHUT N10-
npocmip Ho, C Hy, Hy = N(Hok). Haa dosiavnoi izomempii nidnpocmopis



So 1 Hyy — Hoo ichye edure npodosorcenms do idomempii S © Hy — Ho,
) ’Hm: So-

JloBeneHHsI.

Hexait hl € H17 h1 =lim hlna hln € H()l.

[Toknamemo ho, = Sohi,. 3 dyHmamerTaabHOCTI hi,, BUBOIUMO (DYyHIa-
MEHTAJIbHICTD o,

lh2n = hamlly = [|So(h1n — ham)lly = h1n — hamll; — 0,
a oT2Ke, 1 30iKHICTD I1i€l mocimoBHoCTI. [lo3HATIMMO
%hl =lim hgn.

[l rpanuig BU3HAUYEHa KOPEKTHO 1 € IIYKAHOIO 130METPIEI0, OCKIIbKH 3
HETIePEPBHOCTI HOPMU BUILIUBAE TOTOXKHICTH

[Shally = lim [l gl = i [|Sohsaly = lim [[haall, = [l

a TakKoXK 1 B3a€MHa OJHO3HAYHICTL [

19.1. CramionapHi BUIaJKOBI IIPOIiecHu

Osnauenns. Hexat napamempuuna muoorcuna T = 7 abo T = R.
KpapaTnvHo iHTErpoBHUN KOMNAEKCHOZHAUHUL 6UNadko8ull npouec

(&, teT) C Ly(P)

HA3UBAEMBCA CTAIIOHAPHIM (CTAIIOHAPHIM [IPOIECOM JPYTOro MOPSJIKY, 460
ot CTAIlOHAPHUM Y IIIMPOKOMY DO3YMIiHHI), AKU0

Mgt =m, COV(gt, fs) = ’f'(t o 8)7 Vt> seT



ons deaxux komnaekcrur m, r(t), t € T. Qynkyia r(t) nasusacmves KoBa-
pialiiiHoo PYHKIIEI npouyecy.

IIpuknann

(a) Croxacruuna rapmonika. Hexaii (, KBaIpaTudHO iHTErPOBHA EHTPO-
Bama Brnagkosa semmanaa: M¢, = 0, M |¢o|> < oo, a A miiicna crana. Toi
uporec &, = (yexp(iAt) e cramionapHnM i3 HYJIBOBUM CepeJHIM Ta KoBapia-
miitroro dyukmico r(t) = M |Co|? exp(iXt).

(6) Iporec 3i ckinuennum criektpom. Hexait (¢, k = 1,n) Habip i3 nenTpo-
BaHNX HEKOPEeJbOBAHUX BHUITAIKOBUX Benmunn: M(, = 0, M( kC_l =0,k#1, a
A — miiicui cragi. Toxai mporec

&= Ceexp(id)

€ CTaIllOHAPHUM i3 HYJILOBUM CEPeJIHIM Ta KOBapiaIiitHoio (QyHKIIIE0

ot 1M ) G4
Z:zl M |C,|? exp(idg(t — 8)) = r(t — s).

Bnopasa.Hexait (En, n e Z) ITOCJIiJIOBHICTD MEHTPOBAHUX HEKOPEIbOBAHUX HOP-
mosanux sesnaun: Me, = 0, Me, &, = dppa (cx, k = O,_m) — noBinabHi cTas. Tomi
nocstiioBHicTs €, = ZZLO CkEn—k € CTAIIOHAPHOIO JIPYTOro MOPSIKY. 3HaiTh 11 KO-
Bapiaiiiny QyHKIIIO.

Osnauenns. [Ipoyec (€, t € T) € c.K. HEIIEPEPBHUM, AKULO

Mg, — )P =g — &7 —0, t—s, Vs

SayBakenHsi (mpo kpwurepiii c.k.HemepepBHOCTi). C.k. Henepeps-
HICMD CMAUIOHAPHO20 NPOUECY EKBIBANEHMHA HENEPEPSHOCTL 1020 KOBADIA-
YIIHOT PYHKULE 8 HYAL.

JiiicHo, mic/s IeHTpYBaHHS IIPOIECY



16, — &J1P = M(&, — €)(& — &) = M(I&,)P — €&, — €8, + &) =
2(r(0)— Re r(t — s)),

(1) — r(0)* = [M(&, — £)E|* < 1€, — &> r(0).

Teopema (mpo BisiacTuBoOCTi KoBapiariitnol dyHkuil). Pynkuyia r(t)
€ K0BapLayitinoIo PYHKUIEI 0eAK020 CMAUIOHAPHO20 NPOYECYy Modi U MIAGKY
modi, Koau 60HaA € A00AMHO BUSHAYEHON, MOOMO OAA DOBIALHUT N,

t, €T, ¢, € C

r(ty) = r(—t1), Zj oG r(te — ;) > 0.

JloBeneHHsI.
HeobxigaicTs BUBOIUTHCS OOYMCIEHHSAM HaBeaeHnx Gopm udepes &,

r(t) = MEE, = MEE, = MEE_, = r(~t),
Z;'L,kzl Gy r(te — t;) = Z?,k:l crCy ME, &, =
n — = n 2
MZj,k:l CCj ft,ﬁtj =M ‘Zkzl Ck ftk’ > 0.

JlocTaTHicTh BUIIMBAE 3 ICHYBAHHS BiJIMOBITHUX HOPMAJILHUX BUITAIKOBUX
MTOCJTiTOBHOCTEN, JIOBEJIEHHS HE HABOJUTHCS [

Teopema (Teopema Boxuepa mpo gomarHo Bu3HadeHi (yHKIIT).
Qynruyia r(t) € nenepeperoto dodammo 6udHnaveroro modi & misvku modi, Koau
anatidemovca ckinwenna mipa Jlebeea — Cmiamoeca F nwa R maxa, wo mae
MICUE CNEKMPANbHE 300PaAdrtCerH.A

r(t) = / exp(iAt) dF'(N), VteT.



Ozuauenns. Mipa F' na3usaemuvcs CIEKTPATHLHOIO MipOIO KOBapiariitHol
dbyHKIUT 7, a BianosinHa HeBaacHa yHKis po3noainy F(z) = F((—oo,z)) —
CHEKTPAJILHOIO (DYHKITIEIO.

JloBeneHHsI.

JlocTaTHICTD TepeBipsaeThCA OE3MOcePEeTHBO:

Za’,k:l e it = 1) = /sz,k=1 ckCj exp(iA(ty — t;))dF(A) =
n 2
/ ‘Z Ck exp(z’)\tk)‘ dF(X\) > 0.
R k=1

HeobxinnicTs moBegeMo i BUIMIQJAKY IOcigzoBHocTei: npu 1 = Z. Bin-
ITOBi/IHEe TBEP/:KEHHsT HA3MBAETHCsI TeOpeMoio [ epriioTia.

st TOBITILHOT HENepepBHOT JIOAATHO BU3HAYEHOT (DYHKITIT
r(n),n € Z, po3riasiHeEMO TaKy MOCJIIIOBHICTH (DYHKIIH aprymMenTa A € [—m, 7|

1 N _ .
() == Zmzl r(k — 1) exp(—ikA + il\) =

1 In| .
g . <1 — N) r(n) exp(—in\),

Jie 3pobJieHo 3aMiny 3MiHHOI N = k — [.

i dbyHkIil gilicHi Ta HEBiT éMHI 38 YMOBOIO J10/IATHOI BUSHAYEHOCT, B SAKiit
cain obparu ty = k, ¢ = exp(—ik\).

[TosuagupIn

B = [ e

3 ypaxyBaHHAM OPTOIOHAJIBLHOCTI TapMOHIK

/ exp(iAk) exp(—iAj)dA = 27 Oy,



00YHNCITIOEMO

T ‘ | n| +
exp(iAn)dFy(A) = | 1 — N r(n),
—T
Je ¢ = max(z,0).

Mipu Fy 30cepejzKkeHi Ha KOMIAKTHOMY iHTepBasi [—m, 7| i piBHOMIpHO

. iy .

obmexeni: Fy(R) = ST exp(iN0)dFy () = r(0) < oo. 3a Teopemoro IIpo-
XOpOBa PO KPUTEpiil ¢J1abKOI KOMIIAKTHOCTI HOPMOBaHa IIOCJIIIOBHICTh (DyH-
Kiiiit posnoziny {Fy(—o00,z)/r(0)} crabko KOMIAKTHA, OCKLIBKI BEPXHS Me-
’Ka B KpuUTepil HyJIbOBa BxkKe Ipu ¢ > 7. ToMy 3a O3HaUeHHAM CJ1aOKOl KOM-
IAKTHOCT] JJId JedKol cKimdeHHol Mipm F' Ta gedakol mimmocsigosnocti Fl,
—W F. N, — 0o0. BukopucToBytoun 1o 30iKHIiCTb y TONepe/Hiil piBHOCTI
npu N = Ni, jJgicTaHeMo IIyKaHe 300parKeHHs:

™

/Tr exp(iAn)dF(\) = lim k_,oo/ exp(iAn)dFn, (\) =

—T —T

Inl

Nk)+r(n) =r(n), Vn € ZO

lim k—00 (1 —

Teopema(Teopema XiHdynHA PO CrEKTpajbHEe 300paXKeHHsI KOBa-
pianiiinol dyHKILiT).

(a) Qynxuyia r(t), t € T, e kKosapiauitinor PynKuier c.K. HenepepeHozo
cmayionaprozo npovecy dpyzozo nopadky (&, t € T) modi 4 misvku modi,
KoAu cnpasedauge cnexmpasvhe 306pastcenns 3 meopemu Boxnepa npo doda-
muo eusnaveni gynruii. Mipa F (nesaacha dynkuyia posnodiay F) y yvomy
300paHCeHHi HA3UBLEMBCA CNEKMPANLHON MIPOIO (CNEKMpPaivHoto GyHKyieo)
npouecy.

(6) ¥V sunadxy T = 7 cnexmpanvia mipa 3ocepeddcena na 6i0pisky [—m, 7).



3ayBakeHHs.3a (HOpMYJI0I0 00EPTAHHS JIJIs XapAKTePUCTUIHUX (DYHKITIi
CITpaBeJINBa TOTOXKHICTH

1 t )
F(t)— F(s) = oy lim . | 0/ dx/ exp(—iur — *u?) r(u)du.

HoBenennst (a) € OYEBUIHUM HACIKOM TEOPEMHU IIPO BIACTHBOCTI KO-
Bapiariiitnol GyHKIIl, Teopemn BoxHepa 1mpo 10/aTHO BU3HAYEHI (PYHKIIT Ta,
3ayBarKeHHs 1IPO KPUTePiil ¢.K. HemepepBHOCTI. TBepizkennst (6) BUILIMBAE 3
teopemu ['eprioria [

19.2. Mipu 3 OopTOroHaJIbLHUMHU 3HAYEHHSMU, CTOXACTU-
YHI IHTerpaJn

OsnaueHHd. (iM A KOMNAEKCHOZHAYHUT 6UNAIKOBUT BEAUUN
(u(B), B € B(R)) C Ly(P) nasusacmvca BUIAIKOBOIO MIPOIO 3 OPTO-
FOHAJILHUMU 3HAYCHHSMU, AKWO 0as deaxol crinwennol mipu m na B(R)
(CTPYKTYPHOT MipH) 6UKOHYIOMBCA YMOBU

(a) M u(A) u(B) = m(AN B), YA, B € B(R),

(6) (AU B) = p(A) + u(B) m.n. das scix necymicnuxr A, B € B(R),

(6) M p(A) =0.
ITpuknan. Hexaii (¢, k € Z) — mOCIIIOBHICTL MOMAPHO HEKOPEIHOBa-
HUX BHUIIQJKOBUX BeJH4nH i3 myawosum cepermim. Tomi p(A) = >0, , (€

MIpOIO 3 OPTOrOHAJBHUME 3HAYEHHSIMHU Ta 31 CTPYKTYpHOIO Mipoio m(A) =

ZkeA M |<k|2 :

Mup(A) By = >  MGG=> MG =mAnB),



QJUTUBHICTD Ta IIEHTPOBAHICTDb [ OYEBUJIHI.
Osnauennsi. Hezxat (u(B), B € B(R)) - sunadkosa mipa 3 opmozorans-

HUMU BHAUEHHAMY 31 cmpykmyproto miporo m. ITosnaxumo wepes:
Hy(pn) = N(p (B) B € B(R)) — samrnernud sinitrnud nionpocmip Lo(P),

Ly(m) — ziavbepmis npocmzp KOMNAEKCHOZHAYHUL OOPene8ur PyrKuid,

WO THME2POGHI 3 ﬁsadpamww 3a Mipoto m : Hfon = f|f]2dm < 00, 3i
ckansprum dooymrom (f, g)m = [ fgdm.

TeopeMa (mpo i 130MeTp110 npocropiB H2 i L2). lenye eduna ainitina
isomempisn S : La(m) — Ha(p), maxa, wo

S(1p) = u(B), VB € B(R).
JoBenenHsi. PosryigaemMo JiHiiHI 1iampocTopu
Hoi = £(1p, B€ B(R)), Hop = £(u(B), B € B(R)).

Bxkazane B TeopeMi BitoOparkeHHs TTOPOJIzKYeE i3oMeTpito Hyy Ha Hyy, OCKITbKEI
3a YMOBOIO

1151, = m(B) = M w(B)u(B) = [lu(B)|I” = (L),

i BHACJIIJIOK OPTOrOHAJILHOCTI 3HAYEHD JIJI MTONAPHO HECyMicHUX By

Hchlgk /’chlgk ) (dz) =

/Z clp, (2 Z Glp, (x) m(dx) =
/Zk’j crCilp,n; (x)m(dr) = Z e m(By) =




Zk’ G Mu(By)u(B;) ’ZCW By,) ’ = HZCW By,) H

3a o3navenHsM interpaJy Jlebera — CrinTheca 3a Mipoo m Ta 3a O3HAYE-
HHSIM MaTeMaTUIHOTO CIIO/iBaHHs BKiageHHs Hog C Lo(m) ta Hoe C Ho(p)
€ TIJIbHUMU, OCKLIBKH I1i IHTerpaJin 30iraloThbcd 3 rpaHullsIMU iHTErpaJiB Bijl
BIAMOBIIHUX 1IpocTUX (PYHKIH. ToMy TBEp/ZKEHHST TEOPEMU BUILIUBAE 3 TEO-
PeMH IIPO TIPOJIOBXKEHHA i30MeTpil [

Osznauenns. Hexatl f € Ly(m). CroxactuamnuM inTerpanoM 6id @ynkuyii

[ 3a eunadkosoro miporo (1 3 OPMOOHANLHUMY SHAYEHHAMY HA3UBAEMLCA
anavenns domempii I(f) € Hao(p), wo ichye, edune 3a meopemoro npo i3o-
mempiro npocmopie H2 1 L2 ma no3dnavaemvcs ax

:/fdu.

SayBakenns. CroxacTutdnnii inTerpaJi € JiHINHIM, HelepepBHUM 3a f Y
MeTpuIii mpocTopy Lo(m) Ta 3a0BOJIbHSIE yMOBY

([ r8) (o)« e

JIiHifiHICTH Ta HEelepepBHICTDb € BJIACTUBOCTAMU JIHIAHOI i30MeTPil.

Ocranug piBHICTH moJsisirae B 301KHOCTI CKAJIAPHUX JOOYTKIB 130MeTpH-
YHAX €JIEMEHTIB, sIKa BUILINBAE 3 i30METPUIHOI 3012KHOCTI HOPM BiJIIIOBITHUX
€JIEMEHTIB Ta 3 TOTOYKHOCT1

Af,9)=(f+g, f+9)—(f—a f—a)=If+gll> = IIf — gl



Teopema (IIPO NPOJOBXKEHHSI MipU 3 OPTOTOHAJILHUMY 3HAYEHHSI-
mu). Hexat anzebpa mmoorcur A(R) nopodorcye cuema-anzebpy B(R). HAxwo
icnye cucmema sunadkosux eeauvun (u(B), B € A(R)), axa 3adososvnae
npu B € A(R) ymosu (a),(6),(8) 6 o3nauvenni sunadkosoi mipu 3 opmozo-
HANOHUMU BHAYEHHAMU, MO ICHYE MIPa 3 OPMOLOHANLHUMY 3HAYEHHAMU
(u*(B), B € B(R)) 3i cmpyxmypnoro mipoio m maxa, wo u*(B) = u(B)
m.n., VB € A(R).

HoBenenns. [loznaunmo
Bo={B € B(R) : inf(m(AAB), A € A(R)) = 0}.

Kiac 9B micrurs A(R). Kitac B € 3aMKHEHUM BiJTHOCHO JIOIIOBHEHD, CKiH-
yeHHuX 00’€qHaHb Ta 3JIYeHHIX 00 €IHaHb MHOYKKH, III0 IIOIAPHO HE IIePeTH-
naroreca. Orke, By € curma-anredporo i micturs A(R), Tomy By = B(R).

Axmo B € B(R), a A,, € A(R) raxi, mo m(A,AB) — 0, To

[1(An) — N(Am)||2 = M(u(An) — p(An)) (1(An) — p(An)) =
m(A,) + m(An) — 2m(A, N A,) = m(4A,AA,,) — 0, n.m — oo.

Otxe, nocimosnicts p(A,) dynmamentamabua B Ly(P), Tomy icHye iT c.K.
rpauutd pf(B) = li.m p(A,). g rpannns Bu3HaYeHa KOPEKTHO 1 33/10BOJIb-
Hs€e yMoBH (a),(6),(B), OCKITBKH Il YMOBH 36€piraloThCsl TIPU TEPEXOJIL 110 C.K.
rpannti [

19.3. Ilporecu 3 OpTOrOHAJIBHUMH ITPUPOCTAMMU

Osnavenns. Ksajparuano inrerposuuii npouyec (((t), t € T)
HA3UBAEMBCA NPOYLCOM 3 OPTOTOHAJBLHUME IPUPOCTAMU, AKULO:



(a) M([s, t)Cu, v) =0 npu 6ciz s <t <u <,
de npupict nporeca (|a,b) = ((b) — ((a),
(6) sup, < M |[s, )|’
(6) M(]s, t) =0.
Teopema (npo cnekTpalibHy (DYHKIIiIO IPOIECy 3 OPTOrOHAJIbHU-

mu npupoctamu). Hezat (((t), t € T') npouec i3 opmozonansvrumu npupo-
cmamu. Ienye necnadna obmescena pynruisa F maxa, wo

M |¢[s, 8)° = F(t) — F(s),
M(I)¢(T) = F(INJ),

oas ecix tnmepsanis 1, J, de anavenmns ynxuyii 610 inmepsany inmepnpe-
MYemves AK 610n06IOHUT Npupicm.

Osnauennsi. OQynxuyina F nasusaemves CIEKTPAIBLHOIO (DYHKIIIEIO Npoye-
cy C.

JloBeneHHsi.

Oyuxuis M |(I)|* e apurusroI0 Ha areGpi 06’ €AHARD IHTEPBAIB, 1O He
[IEPETUHAIOTHCS:

M|C(TU )= M) + () (CT) +¢(T) =
M| + M ()P + 2ReMC(I)C(T) = M IS + M ()],

OTZKe, € MOHOTOHHO HecIaHoo (yHKIieo inTepBarty I = [s,t). Tomy 3 (6)
BUILJINBAE ICHYBaHHS MOHOTOHHOI 0OMEXKEHOT (DYHKITIT

lim,_. _oo M |C[s,1)]* = F(t),



3BIJIKA 3 TOTOXKHOCTI
lim, . oo M |C[s,8)* + M [C[t, u)* = lim,, oo M [¢[s,u)[*, t<u,

BUBOJIUTHCS TIE€PIIE TBEP/KEHHST TEOPEMHU.
Hpyre BuBopuThes micss migcranosku I = (I NJ) U (1\J) i3 GirinifiHoCT
KoBapiallil Ta 3 OpTOTOHAJIBHOCTI TPUPOCTIB:

MC(I)C(T) = MC(I N T)C(T) + MC(I\I)C(JT) = M¢(I N J)C(T) =

McINICTNT) +MINJ)CIN) =MINJ)TNT)=FINJ) D

IIpuknan. fdxmo (1, k € Z) — MOCTiTOBHICTH HOITAPHO HEKOPETHOBAHIX
BUIIAJIKOBUX BEJIMYMH i3 HYJILOBUM cepejiiv, To mponec ((t) = D>, .1 €
IIPOIIECOM i3 OpTOroHaILHUME HpHpocTamu, mpudomy F(t) =3, . M 7]

Bupasa. Jlosecru, mo sinepiscekuit ponec (w(t),t € T) na inrepsani T =
0, a] € nporecom 3 oproronanbHuME TpupocTaMu. 3HalTH fiOro creKTpaibHy QyH-
KITIfO.

Teopema (IIpO BUIAAKOBY Mipy, IIOPOXKEHY BUIIAJIKOBUM IIPOIIE-
COM i3 OPTOrOHATBHUMHU TPUPOCTAMU). /A4 NPOYECY 3 0OPMO2OHANDHUML
npupocmamu ((t), t € T) icnye eduna 6unadkosa Mipa 3 OPMOLOHANLHUMU
anavernnamy i na B(R) maxa, wo

w([s,t)) = ([s,t), Vs < t.

Bionosiona cmpyxmypna mipa m € miporo Jlebeea — Cmiamwveca, uo nopo-
O0AHCYEMBCA CNEKMPANLHON MIPOIO NPOUECY:

m([s, 1)) = M |p([s, 1) = M [¢(t) — ((s)|" = F(t) — F(s).

loBenennsi.



Bunimsae 3 TeopemMu PO MPOAOBXKEHHST MipH 3 OPTONOHAJILHUMY 3HAUECH-
v, Mipa p na muoxkunax A = Up_, [ag, by) 3 anre6pu 2A(R) BusnavaeTnes
AK

n
M<A> = Zk:l C[aka bk)
JliniitaicTs Ta meHTpoBaHicTh 1 odeBuHI. CTpyKTypHA Mipa Ha aarebpi A(R)

O0YHCTIOETHCST BHACIIOK TEOPEMH IIPO CIIEKTPaIbHY (DYHKIIIIO MIPOIECy 3 Op-
TOTOHAJILHUMHU ITPUPOCTAMM:

Mup(A) pB) =My > (D) =

ZICA ZJcB )= ZIZJcAmB F(I) = F(An B)t]

Oznauenns. Hexal f € Lo(F'). Croxactuaaum inrerpanom 610 @ynryii

f 3a npouecom ( i3 0pMO2OHANLHUMU NPUPOCNAMU HASUBGEMBCA THME2PAN
306 610N06101010 BUIIAIKOBOIO MIpOIO 3 OPTOIOHAIBHUME 3HATEHHSIMUI

[rac=[ran

SayBakeHHs. 3ri/IHO 3 BJIACTUBOCTSME iHTErPAJIY 38 BUIIAIKOBOIO MipOIO
iHTerpaj 3a CTOXaCTHIHUM IIPOIECOM € JIHIHHUM Ta HemepepBHUM 3a [ i

38/I0BOJIbHSIE YMOBY
(1) (o) -



19.4. CrnekTpaJjibHe 300pakeHHsI CTaI[iOHAPHOT'O ITPOIie-
cy

Teopema (Teopema Kapynena npo crnekrpasibHe 300pa>keHHsI CTa-
rionapuoro mporiecy). Hezat (€, t € T) C Lo(P) — cmauionaprud npouec
i3 Hyavosum cepednim: ME, = 0, i xosapiayitnor dynruyiero r(t), wo mae
cnexkmpanvuy mipy F :

r(t) = / exp(idt) dF(A).
R
Poszeaanemo 2invbepmis nidnpocmip, wo nopodxrcenuts npouecom & :
Hy(§) =N(&, t€T) C Ly(P).

Ienye npoyec i3 opmozonasvrumu npupocmamu (C(A), A € R) 3i snauen-
namu 6 Hy(€), i3 mier o cnexkmpanvroto miporo F

M [Cls, )" = F(t) — F(s),

ma maxud, wWo Mae MICUE CNeKmpanrvHe 300ParHceHs

§ = / exp(iAt) dC(N), Vt € T.
R

OznauenHs. Mipa F' Ha3uBa€ThCs CIIEKTPAIBLHOIO MipOIO 1poriecy &,. fKIno

1151 Mipa abCOJTIOTHO HerepepBHa, TO 11 MIJIBHICTD [ HABUBAETHCS CIIEKTPAJIb-
HOIO TLTBHICTIO ITPOTIECY.
loBenennsi.



[Tosnaunmo gepes L (F') rinpbepTiB pocTip KOMIUIEKCHOBHATHUX HOpeJIe-
BUX (PYHKIIIH, ITI0 IHTEIPOBHI 3 KBaIpaToOM 3a Mipoio F':

La(F) = (£ : |1 = [ 1117 aF < oc).
Posriignemo fioro siniftnumii migmpoctip
HOl = £(exp(2t)\), t e T) C LQ(F)

Ba reopemoro Beiieprirpaca mignpoctip Hyp mmiinbauii y Lo (F).
Ba osnauenuam Hs (&) migmpoctip

Hyy = £(§;, t € T) C Hy(§)

€ TAKOXK IIJIbHO BKJIQJICHUM.
Posriisinemo Bimobpazkenns minnpocropy Hy, Ha Hy, 110 3a1a€Thed hop-
MYJIOTO
S(exp(ite)) =&, t €T,

JIJTst TBIDHUX eJIeMeHTIB exp(it\) Ta IPOJ0BXKYEThCST 3a JIHIHHICTIO /10 i30MOp-
dismy nHa iHII enemenTn Ho;.
OckinbKy 3a O3HAYEHHSIM KOBapialiitHol (DYHKIIT Ta CIIeKTpaaIbHOI Mipu

12/)2 Ckexp(Mtk)‘QdF(,\) —

/Zk cr, exp(iAty) ch_lexp(—i)\tl) dF(\) =

HZ ¢ exp(iAty)

/ Z,w- vt exp(iA(ty — t)) dE(X) = Zh et Tty — ) =

J



Zk’j cxe ME(ty)E() =

M |Sacw)] = | asw)|

TO BijjoOpakeHHs & € isomerpieio Hy; Ha Hoo.

3a TeopeMoro PO TPOIOBXKEHHsT 130MeTpil iCHye €IWHEe ITPOIOBXKEHHS 110
izomerpil § 3 Hy = Ly(F') va Hy = Hy(§).

3 obmezkenocti F' BUBOIUMO, MO 1(_o 4) € Lo(F'). Tloznaummo

C(t) = (-0, 1)) € H2(8).
Toumi 3a izomerpiero
M([s, t)Clu, v) = (1[37,5), L, U)) =0, Vs<t<u<uo,

M [¢[s, O = |1, o> = F(E) — F(s).

Ockimpru ME(t) = 0 1 3a mepiBuicTio Ko mMaremMarndHe CrojiiBaHHS €
HenepepBHOO GyHKIIE© HA Lo(P), To Mn = 0 as Beix n € Hay(§). 3okpema,
MC(t) = 0.

Otxe, ((t) — BUmMAIKOBUII IPOIEC 13 OPTOrOHAJIBLHIME PUPOCTAMHE Ta. 31
CIEKTPAJILHOIO Mipoio F.

Posrasuemo siniitHri miampocTip

18(F) = {g € () : 300) = [ aiac( |
st 1oBiIbHOL TPOCTOT (DYHKIIT

g()‘) = Z Ck‘l[tk, Sk)(/\)



3 JHITHOCTI & OTpUMYEMO

3() = X excltessn) = [ 3 cklin, a0 M) = [ o)),

To6TO npocti dynkuii g € L(F).

Ockinbku Kiac npoctux QyHKIN miasnuit y Ly(F), a npoctip LY(F) 3a-
MKHEHUI Yepe3 HelePePBHICTh i30MeTpil & Ta HemepepBHICTh CTOXACTUTHOTO
interpany, To LY(F) = Ly(F).

Tomy mizcranoBkoro g(\) = exp(iAt) y TOTOKHICTD
S(g) = [ g(A\)d¢(N) micraremo cuekrpasbHe 300paXkeHHs 4yt mporecy &, :

& = S(exp(it))) = / exp(iAt) dC(N), Vt € T

R

BayBakenns. Y punajiky 1 = Z cuexrpasbHa Mipa F' Ta mporec
C(A) Bocepemzkeni Ha BiApisKy [—, 7).

Bopasa. Poskian Kapynena — Jloesa — Ilyradosa.

Hexait {(t),t € [0, 1] c.x. HenepepsHuil AificHUil BUNAIKOBHIT IPOIEC 3 HY/IHOBHM
cepejiHiM Ta Koapiariitnoio dyukiieio r(t, s) = ME(t)E(s). s dynkuis nenepeps-
Ha i inrerposma 3 xkBaaparom na [0, 1]2. Tomy inTerpanbue pisnsmms ®pearombya

o(t) = )\/0 r(t, s)p(s)ds

Mae st gleskux A = A, > 0 B Ly[0,1] pose’sizku ¢, € Lo[0,1],n > 1, mo
YTBOPIOIOTH OPTOHOPMOBaHMI Ga3nuc. 30KpeMa, CIPaBeJInBe 300ParKeHH

r(t,s) = 30l1 An 0n(t)Pn(s)-



CyMy cripaBa MOXKHA& DO3IVISJIATH SIK CIHEKTPAIbLHUN PO3KJIAJ 38 JIYUIBLHOIO Mi-
poto m, 1o Mae oxuangHi crpubku Ha N. SacrocyBaBuiu J10 1BOrO PO3KJIAIY TEO-
pemy Kapynena, nobymyiite sunasxosuit nponec ¢ (t) na [0, 1] 3 oproronansuuvu
npupocTaMu Ta 3i ciekrpasibHoio dbyukiteio m. [losnaunmo ¢, = ((n+0)—((n—0)
BeJIMYMHYI HEHYJIbOBUX CTPUOKIB 1Iboro mporecy. Togi 3 Teopemu Kapynena orpumy-
€MO 300parKeHHs

=3 N0, ¢,

3 HONApHO OPTOroHa LHUMU Ta HopMoBanuMu (, € La(P).
Bokpema, st BiHepischkoro nporecy w(t) maemo r(t,s) = min(t, s), A\, =

m2(n —1/2)?, o, (t) = V2sin(n — 1/2)7t, Ta

w(t) = V2 Z:":l ¢, 7 (n —1/2) ' sin(n — 1/2)xt.




20. OnrtumanpHuTii JiHIAHANA ITPOTHO3 CTaIlioOHAP-
HUX II0CJIJOBHOCTEI

3a JIOIOMOTOI0 CIIEKTPAILHOIO 300paykKeHHs MOXKHA PO3B’SI3aTH 33J1av1y 3HAa-
XOJIZKEHHs JIHITHOI'O IIPOTrHO3Y 3 HANMEHIIIOI0 JUCIIEPCIEIO.

20.1. JlimiiiHuii nporHO3 y riJibOEPTOBOMY ITPOCTOPI

Teopema (mipo niHiifiHut Tporuos y riikbepropomy npocropi). He-
zat H — deaxuti 2invbepmis npocmip, nocaidoswicmo (£, k € Z) C H
nopooHcye 3aMrHeHUT NHITHUT NIONPOCTID

Hy = R(&, k € Z),

a eexmop € € H. Todi
(a) icnye eduna npoexyia & na Hy :

¢ = argmin , e g, [[€— 1%,

(6) npoexuin e opmozonasvroto: (§ —1g&, n) =0, Yn € Hy,
(6) enemenm ¢ € Hy dopisnioe 11y modi i miavku modi, koau

(€—=¢ &) =0, VkeZ,

(2) onepamop Ty e wiritinum i opmozonasvnum: 113 = Tl.
JloBe1eHHsI.
(a) ITosmauamvo

Ln = £(&, k| <n), n > 1. Loy = UL,.



Ba osnauenuam Hy = N(L.,), Tomy enement ¢ € Hy mopisnioe [1p€ Toxi i
TLIBKHU TOJI1, KOJIU

1€ —CII> < €= nl?, ¥ € Loo,

OCKIJIbKM 3a HEIIEPEPBHICTIO HOPMU JlaHA HEPIBHICTH MOJOBXKYETbCA 3 Lo Ha
Bech mianpoctip Hy.
Ockinbku npoctip L,, CKIHYeHHOBUMIPHUIA, TO iCHY€ €IMHUI BEKTOD

", = argmin , ¢ 1, [|€— 7|

iiicno, 3a nporemyporo I'pama — Illminra y npocropi L, icHye opTOHOPMO-
Baumit 6asuc {ey, ..., eq}. Tomy BekTOp

M = 2221(5’ er)ex

€ mykanuM, npuaomy & —1,, L L,.
Tosmaumvo a = ||€]|%, &, = ||€ — n,||*. Toxi 3 € = &€ — 1, +7,, OTpEMyeMO

2 2
”77n|| =a—&p, (6, nn) = ||77nH = a— &yp.

Ockineku L, C L, npu m > n, 10 ¢, | € = lime,, £ —mn,, Ln,. Tomy

17 = ENI* = 207 = &7 — €) = €n + Em + 26,7, — ) =

Entém+t2a—en)—2a=¢,—¢&,— 0.

OTzxke, 1moOC/TiIOBHICTD 7, pyHIaAMEHTAIbHA i Ma€ rpanuiio ¢ = l.i.m n,,
2 _ 1 2
npuaomy [|€ — ¢ = lim [|§ — 7, [|” = &.



s noBinbHOTO 1) € Lo icHYE N TaKe, MO 1) € L,,. Tomy
le—nll* =en>e=l¢ = ClI* V€ Lec

3Bijic BHACIIIOK TBEP/XKEHHS, 110 HaBeJIeHe Ha ITOYATKY JIOBEIECHHSI, BUILIN-
Bae icuyBanusa mpoekril [1pé = (.

st toBeJIeHHs €IMHOCTI 3ayBayKMMO, IO TIPU HASABHOCTI JIBOX TOYOK Mi-
HimyMmy (;,¢ = 1,2, kBagpaTrndna dopma

1€ —t¢ — Q= 8)G|° = 1€ - Gl -
2t (€~ Cay G —Co) +E21C — Gl

HabyBaJia 6 OJHOrO i TOTO K CaMOro HAWMEHIIOrO 3HAYEHHS JIJIsi PI3HUX 3HAa-
venb aprymenty t = 0,1, sBigku 2 [|(; — C2H2 =0.

Teep/xenns: (6) BumamBae 3 oproroHasbHocti & — 1, L L npu n >
k. Ockinbku mjs goBitbHOTO 1) € Lo 3HalIeThea k Take, mo 17 € Ly, TO
(€ —mn,,n) = 0 nounnatouu 3 Jesroro n, 3igku gicranemo (§ — Ip&,n) =0
npu n — oo. Haperiri, 3a HenepepBHICTIO CKAJIAPHOIO JOOYTKY II0 PiBHICTH
nosoBKyeMo Ha Hy = N(Ly).

HeobGximnicTs (B) € oueBuaHnM HacTigkoM (0).

Hns mosenennst mocrarrocti y (B) mpumycrumo, mo (£ — ¢, &) =0, Vk €
7. Toni 3a niniiinicTio Ta Henepepswicrio (£ — ¢, 1) =0, Vn € Hy. Orxe, 1jist
JoBibHOTO 1) € H))

1€ =7l = 1€ = ¢I*+ I¢ = nl* +
206 —¢, ¢—n) > €¢I,

zie piaicts (£ — ¢, ( —n) = 0 BumnBae 3 Bjtouenus ( —n € Hy.
Jinifimicrs (1) e nacaigkom (B): skmo ((i) = 1p€(4), i = 1,2, 1o



(€(1) +&(2) = ¢(1) = €(2), &) =
(€(1) = ¢(1), &) +(£(2) = C(2), &) =0, Vk € Z,

seigku Ho€(1) + Io&(2) = ¢(1) + ¢(2) = o(&(1) + £(2)).
OproronanbHicTs (1) BUBOAUTHCs 3 ToroKHOCTI Ilgn = 1, n € Hy, 3a
akoto [12n = Ty (Ilyn) = Iy = n [J

20.2. PeryaspHi cTarfioHapHi IIOCJIiJOBHOCTI

PosryisiHeMo cTanionapHy KBaJ[paTUTHO IHTETPOBHY MOCJITOBHICTE
(€,, n € Z) 3 HyIBOBUM cepeHIM 1 KoBapialiiinowo GyHKIHeo 7(n).
[Toznaunmo J1iHiiHI TiaIIpOCTOPU

L,= £, k<n), H, =X(L,) C Hy1,
L,=UL, H,=UH, H_ . =NH,.
Hexait miniitne Bimobpazkenus 1 : Lo, — Lo, BU3HAYAETHCS PiBHICTIO
Tén = én—f—l? vn <€ Z?

Ha TBIpHUX eJjleMeHTaX L., Ta IPOJIOBXKYEThCA 3a JIHIMHICTIO Ha BCl JIHIITHI

dopmu 3 L :
TZ Cngn = Z C'flé"n,—i—l'

Ockinpku mocsioBuicTs (€, n € Z) — crarmionapna, To Bigobpazkenns T
€ 13omeTpieio npoctopy L, Ha L,,1, & 32 HEIepEePBHICTIO BHACIJIOK T€OPEMU
PO TTPOJIOBXKEHH 130MeTpil — MPOJIOBXKY€EThCA 10 i3omeTpil H, Ha H, 1.



Ozuavenns. OproronajabuuM npoekropom Ho, wa H, wasusaemvcs ai-
HITHUT onepamop, wo die na eaemenmu € € Hy, 3a ¢opmynaoto

Hn€ = argmin n e Hy ||§ - 77”2 2

[eit orrepaTop icHye Ta KOPEKTHO BU3HAYEHHI 38 TEOPEMOIO 1TPO JITHIHHIIT
MIPOTHO3 y TLIEOEPTOBOMY ITPOCTOPI.

Osnavenns. Crarionapra nocaidosnicms (€
IyJISpHOTO, AKkwo N , ¢ zH, = {0}.

Teopema (IIpo CTPYKTYpPYy peryjsipHOl CTalfioHApPHOI MOCJIiJOBHO-
cri). Hexad cmauionapra nocaidosnicmov (€, n € Z) e peeyaspnoro. Todi:

(a) Brarowenwns H, C H,1 € cmpoeum (He wirvhum).

(6) Beauwunu eny1 = &, — n&,1 € Huppr mesupodorceni, nonapro
opmoz2onanvil, €, L Hpy.

(8) Mae micuye piericmo e,.1 = Te,.

(2) Hocaidosricmo (e, k < n) e opmozonasvrum 6azucom y H,.

(9) Ienyromo xwomnaexcni g, k <0, ¢o = 1, maxi, wo cnpasedause 306pa-
HCENHA PYTOMO20 CEPEINDLOZO

:E Cr € :E Chomn Ek-
& po Ok Ehtn pecn Chn Ek

(e) Cnexmpasvna mipa nocaidosnocmi (€
wiavHicmy Ha [—m, 7

ny M E 7Z) Ha3uBAEMBCA Pe-

nw N E Z) Mae cnexmpasvny

2
soy="ELIS ety

JloBenennsi.
(a) Ipumycrumo, mo H,, = H,,+1 s 1eSKOTO M.



Toni icuytors minifini dopmu 0}, = > o, k) € Ly, Taxi, mo
||€m+1 o 77::1” - Oa n — 0Q.

Tak gk T' — i3oMmeTpid, TO Ajid BEeJUYHUH 1, | = T‘lnzl € L,,_1 cupaBe;ijiuBi
CIIiBB1IHOIIIEHHSY

[€m = |l = [|TEm = )| = [|€msa = 7u]| — O

Orxe, H,, 1 = H,,, 3Binkn 3a imaykiieio H_ ., = H,,, 110 CylIepevunTsb pery-
JIIPHOCTI.

(6) HeBupomxenicts € HacmiaKoM (a), OCKIIBKHA 3 €,41 = 0 BuImBaO 0,
mo &, = 1§, € Hy, mo cynepeunts peryngpaocTi. OpTOroHaabHICTH
Ent1 L H, € HaCHiIKOM BaacTUBOCTI (6) OPTOrOHAJILHOTO POEKTOPA 3 TEOpe-
MM 1IPO JIHIAHMI TPOTHO3 y TiibbepToBoMy TpocTopi. HaperTi, 3 BKiroueHHst
€n, € H, BUBOJIUMO TIOIAPHY OPTOTOHAJIBHICTD £,11 L &,.

(B) ot moBiibHOTO 1), | € Ly q

€2 = Ml = T = )| = [€nsa = T[]

Ockinbku T' — izomerpis L, 1 #a L,, To HUXKHI IrpaHuli 3a 1), _; B 000X
JacTUHAX €] PIBHOCTI € OJIHAKOBUMU, a BiIIOBI/IHI apryMeHTH 30irafoThCs J10
BeKTOpiB, 1oB azanux sigobpazkennam 1'. Tomy T1I, 1§, = 11,,§, . i

Ent1 = gn—&-l - Hn§n+1 = T(gn - Hn—lgn) - Tﬁn.

(r) Hexaii ¢ € H,,, ¢ L &, k < n. Toxui misa aeskol mocaioBHOCTI JIiHiTi-
HUX (HopMm

na(m) = 3" exm)é € L



Mae Micre 301KHiCTh 7,,(m) — ¢, m — 00, IPUIOMY

ca(m) leall” = (a(m), €n) = (C,€n) = 0.

3Bijcu
N (m) — Wyp_1m, (M) = cn(m)en — 0,
OTKe,
C=1im pm_oo,(m) = Lim pm_ooll,_1m,(m) € H,_.

Ba ingykieo ( € H_ o, = {0}, To6To ¢ = 0. Orke, HOCTIIOBHICTD
(ek, k < n) e 6asucom. OproronasbHicTs J10BeICHO B (6).
(1) 3 momepesHBOro IyHKTY BHILUIMBAE icHyBaHHsI crasmx ¢ € C Takux,

§11(0)
——E Ck €
£o L < o Ok Eko

1e co = 1, ockizpKu 3a o3HaveHHsIM (6) Ta 3a OPTOrOHAJBHICTIO Oa3uUCy &€,

§o — €0 =111, = Z

Ck €k = &y — Coo-
k< 1 Ck EE o — Cogo

3Bigcu BHACTIIOK (B) Ta 3a O3HAYEHHSIM HemepepBHOI izomerpil T' micra-
HEeMO IIyKaHe 300pazKeHHs JJId JI0BIILHOTO N.

(e) Bupas myist criekTpasbHol IJIbHOCTI BUBOAUTHCS 3 (1) Ta 3 O3HAYEHHS
CIIEKTPAJIbHOI MipH

/7r exp(inA) f(A)dA = r(n) = ME, &, =

—T

ME Ci € E CiE; =
kSOkk—’_n jgojj



_ _ 2 -
G Mepin,g; = M |e E Cr C =
Zkgozjgo k& k4n<j |0| k<0 k Ck+n

M |€0|2 T . . 2
T/ exp(inA) ‘Zk N exp(zk‘)\)‘ d\, Vn € ZU]

—Tr
Teopema (mpo onTUMaIbHUI TPOTHO3 JJIsI PEryIsIPHOT OCJIi0B-
Hocti). Iosnavwumo wepes & = M€, Hatikpawut y cepednboksadpamusHomy
MHITHUT npoenosd 3navenna £, 3a cnocmepescennamu &, k < 0. [aa peey-
AAPHOT NOCATO0BHOCTI]
2
2
=M ’50‘ .

flzzk<ock€k+17 M& =&

JloBesieHHsI o1ueBu iHE. 3ayBaKUMO, 1110 TOOY/I0Ba ITPOrHO3Y CKJIATAETHCS
3 2-X eraliB: BiayKauHst 6a3ucy (gx), M0 MOB’sI3aHMi 31 CIEKTPaJIbHUM PO3-
KJIAJIOM IIOCJIIOBHOCTI, 1 009YHCIeHHST KOEDIIIEHTIB ¢, Ki BUSHAYAIOTHCA KO-
Bapiariitnoro gynkiiieo [

20.3. CuhekTpaJjbHuii po3B’d30K 3aJiadi JIiHITHOTO Mpo-
THO3Y

Hexait (€,,, n € Z) — noBlibHa cranionapia HOCIIOBHICTD 13 HYJILOBIM cepe-
muiM, F' — 11 cnektpasbha Mipa #Ha [—7, 7. [osraummo gepes

& =Tlo¢, = argmin - o) 1€, — 7l1° € Hz () = R(&,,n < 0)

ONTHMAJIBHUI JHIHUI TPOrHO3 3HAUeHHs &, 3a crocTepe:keHHsMu 3 Hy (€).
VBesieMo MmianpocTopu

Ly (F) = Rp(exp(in)),n € Zy),



Jie Np — omepaTop 3aMUKaHHsI JIHIHHOT 000JI0HKH y TipocTopi Lo (F).

Tosmaunmo Takox uepes Ly, Li anamoriuni Ly(F), LE(F) upocropu dyn-
KIiil Jy1st Bunaiky, Ko F — mipa JlebGera Ha [—7, 7). 4K Bimomo 3 Teopii psiiiB
Dyp’e,

Ly ={g(\) = Zn o5 Cn exp(in) : Z lea|” < 00},
Ly = {g()\) = Zn 2, O exp(inA) : Zn o |eal® < 00}

Teopema (mpo izomopdism creKTpajabHUX MPOCTOpiB). Herall cu-
KOHYEMDCA YMOBQ:
(L) cnexmpanrvha mipa F mae winvnicmo f maxy, wo

0 < inf f, sup f < oo.

Tooi
Ly(F) = Lo, Lét(F> = Léc-
JloBeneHHsI.
BasucHi ejleMeHTH y BCIX TPHOX Tap IMPOCTOPIB OJHAKOBI: I1€ MTOCIiIOBHOCTI
dbyuxiiii exp(in), ge n € Z abo Z... Tomy TOTOKHICTH IPOCTOPIB BUILTHUBAE
3 €KBIBAJICHTHOCTI HOPM, 38 SAKUMH OOUUCTIOETHCS 3aMUKAHHS:

gl = / lgf2 F(A\)dA < sup f / 192 dx = sup £ [lgll°,

lolf = [ lo F)ar =t [ 1gf dx = int 1 (gl D

4k i Bumme, cumBosiom ' mozHaYaTHMEMO i30MeTpio I i Lo(F) — Ha(§),
Mo BU3HA4YeHa B TeopeMi KapyHeHa mpo crekTpajibHe 300parkeHHs CTalfio-
HapHoro nporecy sk (exp(ite)) = &, Ta NOpPOKEHA CTOXACTUYHUM iHTe-
rpaJioM 3a BiJMOBIHUM IIPOIIECOM i3 OPTOrOHAJIbLHUME IpupocTamu: J(g) =

JaN)d¢(N).



Jlema (mIpo 3By>KeHHS:).

3a ymosu (L) kowxme 3i spymens S : Ly (F) — HF () = N(,,n € Z+) €
i30MeTpiero.

HoBenenns ouesune, ockiabku J(exp(itA)) = &, a mocsiI0BHOCTI
(exp(in)),n € Z4) € 6azsucamu B L (F) = Ly O

Teopema (mpo Kpurepiii oNTUMAaJILHOCTI CHEKTPAJIBHOIO 300pa-
xkeuHs). 3a ymosu (L) dynruia g € Ly 6idnosidac onmumasvnomy nporo-
3y: R

3(9) =&

modi 4 miavku modi, xKoau g € Ly i

™
/ (exp(iX) — g(N)) exp(inA) f(A\)dA =0, Vn <O0.
—Tr

JloBeneHHsl.

3 JleMn 1Ipo 3BYZKEHHsI BUBOJMMO, IO BKJIIOYCHHS § € L, eKBiBajeHnTHe
§, € Hy (€).

3 Teopemu PO JHHIHHUI TPOrHO3 y TiaIBOEPTOBOMY ITPOCTOPI BUILIUBAE,
mo Beqmunsa ( € Hy (€) € ontumasnbHuM JiHITHIM nporHo3oM: ( = &, Toai
I TITBKHW TOMi, KOJIN

(&1 —¢ &) =M — O, =0, Vn <0.

Ockinbkn mMae Mmictie i3omerpis S(exp(idn)) =&, S(g) = £, 10
(€= ¢ €)= [ (explin) = TO) @Bl SN

OTKe, HaBeJIeHA BUIIE HEOOXiTHA 1 JIOCTaTHS YMOBa €KBiBaJEHTHA TOTOXKHOCTI
Teopemu [



Teopema (1po 1106y,/1013y ONTHMAJIHOIO HpPOrHo3y). Hexaill suko-
HANG Y MOGA, (L). Qynxuia g € Ly 6idnosidac onmumasbHOMy Npo2HOo3Y:
I(g) = 51 modi i misvku modi, xoau suatidymoca dyuxuii f+ € Li ma-
Ki, Wo 0AA Cnexmparvoroil wiaonocmi f mae micue daxmopusdayis

R
f(A)_f_()\)7)\E[ ’ ]a
de snamennur f_(A) =1 —exp(—iA)g(A).

oBenenHsi. R

HeoOximmicts. Axmo &, — onTuMabHUN MPOTHO3 i3 BIAMOBIIHOIO CIie-
KTPaJIbHOIO (PYHKIHEI0 g, TO 3 TEOPEMH IIPO KPUTEPiii ONTUMAJILHOCTI CIie-
KTPaJIbHOIO 300pakeHHsI BUBOIUMO, 110 g € Ly (F) i

/_7r (exp(iX) — g(A)) exp(—inA) f(A)d\ =

/_7T f-(N)exp(—i(n — 1)) f(A)dA =0, Yn <0.

Busnauumo f(A) = f_(N) f(N). Toui fy € Lo, Tomy mo f_ € Ls.a
f obmexena. Ockinbku exp(inA) — 6a3uc y Lo, TO 3 OTPpUMAHUX PiBHOCTE
BUILIUBAE, IO

fr(\) = Zn 2o exp(in)) € L.

Hocrarricrs. Zxmo mis cnekrpasbroi dysKiil ¢ € Ly (F) ta dyskiii

fi € LF cupaBIKyloThCA yMOBH TEODEMH, TO 3a _TeOPeMOI0 Kapynerna mpo
CIIEKTpAIbHE 306parKeH s CTAIOHAPHOTO IpoLecy &, = 1 = ¥(9) € Hy 3a10B0J1H-
Hsi€ yMOBY (6) Teopemu Ipo JiHIiHUIT TPOrHO3 ¥y riabdepToBOMY HpocTOpi [



Teopema (IIpo 0G4YNCIIEHHS] ONTUMAJIBHOIO IIPOTHO3Y ). 3a yMmo8 me-
opemu npo nobydosy ONMUMANLHO20 NPOZHO3Y ONMUMANLHULT NPOLHO3 MAE

6u2AA0 R
fl = Zn < Obngn-i-lu

de xoegiuichmu b, 6U3HAUAIOMBCA 3 PIBHOCT
f-(A) =1—exp(—iN)g(N) =1— Zn a by, exp(inA).

JloBeneHHsI.
3a TeopeMoIo 1IPO MOOYIOBY ONTUMAJIBLHOTO IIPOTHO3Y

G(A) = exp(iN)(1 — f_(\)) = Zn _ o bnexp(iX + in).

3a BU3HAYEHHAM 130MeTPIiT

&= / "0 de() =

| X, texplito + DN KN = 3 b

Teopema (npo HarypaJyibHy (PaKTOPHU3AI{I0 CHEKTPAIBHOI IIiIb-
Hocti). Hexal sukonyemvcs ymosa:

(R) nozapugdm cnexmpanrvnoi wirvrnocmi f(A) posxaadaemoca 6 abcoaro-
mmo 30iotcnutl pad Pyp’e

Inf(A) =) apexp(ik)), A= |ax| < oo.

Todi pyrrui



J+(X) = exp(3), 5o ar exp(ikA)),
J-(A) = exp(= 22, o arexp(ikA))
300080AbHAIOMD YMOBU MEOPEMU NPO NOOYI0EY ONMUMAALHOZ0 NPO2HO3Y,
npuvomy exazani 6 it eaemenmu gaxmopudauit f+(N) eusnaueni 0onosna-
YHO.

JloBenennsi.
Baysazkumo, 1mo 3 (R) summusae ymosa (L):

exp(—A) = exp(— Y _|ax|) < F(N) < exp(D_ |ax]) = exp(A),

a TaKOXK OOMEYKEHICTh CyM

fe(A) = Zm . (:I: Zk T eXp(ik)\)) /m! <

m | —
Zm 20A /m! = exp(A) < oo,

spiaku fi € Ly, upudomy f_(N) mae surmsn 1 — > o by, exp(in)).
€uHICTh BUBHAYEHHST KOMIIOHEHT (haKTOPU3aIlil BUILIHBAE 3 OOMEXKEHOCTI
eJleMeHTiB KaHoHiuHOI daxTopuzalii Ta 3 Totoxkuocti Ly N Ly, = {c,c € R}

[

Teopema (npo moxubKy JiHifiHOro mporuosy). Hexatll eukonyemuvcsa

ymosa (R). Todi
2 1 [™
= 27 exp <% /_7T In f()\)d)\> :
JloBeieHHst.

3a 03HaYEeHHSM 130MeTPil Ta TEOPEMOIO PO TOOYIOBY ONTUMAJILHOIO IIPO-
THOBY

M

£ — &




M ’51 _21’2 = M(& _/5\1)5_1:
7, (exp(i) — BN) exp(—i) f)dA =
S £SOV = [T, Fr NN = [, exp (Ko ar exp(ik)) dA =
I explao) X o (X gso ok exp(ikA))™ / m! dX = 2m exp(ao)

20.4. IIpukjaau obYHMCIAEHHS ONTUMAJbHOTO MPOTHO3Y

1. ITporec pyxomoro cepeaaboro (MA: moving average).
Hexait criekTpasibHa MJIbHICTH CTAIllOHAPHOI IIOCIiIOBHOCTI
(&, n € Z) mae BUIJIsij

FO) = o= [Pexp(=N)E, Pe) =30 pieh,

Jie jgificHuit moyriHoM P He Ma€ KOpeHiB Ha OJUHUYIHOMY KOJi i pg = 1.

[Tozrauumo vepe3 ¢ BiAMOBiIHMIA IPOIIEC i3 OPTOTOHATLHIMEI ITPUPOCTAMHU.

Tomi BUIAIKOBI BEJIMIMHA

[T exp(in)) o
IR = LU

OPTOHOPMOBAHI:

[T exp(i(n — k)A) B
M€n€k = /ﬂ- ‘P(exp(—i)\))|2 f()\)d)\ = 6nk

O6uncImMo -

exp(inA)d¢(A) =&,

Z:;O DPkEn—k = /



0
§n = E P—kEntk-
k=—m

Orxke, BiINOBiZHA CTaIiOHADHA TIOCTIOBHICTE (£
CTIO PYXOMOTO CEPEIHBOTO.

n, M € Z) € TOCiI0BHi-

Bupasa. [Ipunycrumo, 1o BeIMYUAN B MOCTII0BHOCTI (£, N € 7)) HezamexHi
OJTHAKOBO po3mo/aiaeHi. JloBemiTs, Mo i (fn, n > 1) BUKOHYETHCS 3aKOH BEJTUKIX
qHCET.

Posriisiremo npukiiag, y sikomy P(z) = 1 — pz, |p| < 1. Bignosigaa kosa-
piariitira (yHKIS 00UIUCTIOETHCS 31 CBOIO CIIEKTPAJIHLHOIO 300PaKeHHST

r(0) = 14p% r(£l) = —p.
[MocainoBHicTh £, Mae 300pazKeHHSs

§n =€n — D En-1.
Enementu dakropuzariii crieKTpaibHOL MIIJILHOCTI JTOPiBHIOIOTH
Fo(\) = Plexp(iN)/2,
J-(A) =1/P(exp(—id)) =1+ 3, . o p"exp(—inA),
gA) ==3, 5 oP"exp(iA(—n + 1)).

OT}KG, OIITUMAJIbHUI IIPOIrHO3 Ma€ BUIJIAL

51 = _Zn > opnf—nﬂ o

2. Ilpouec aBroperpecii (AR: AutoRegression). Hexaii criekrpaibua

IITBHICTH cTarfioapHol mocainoBHocTi (€, n € Z) AOpiBHIOE

1 " k
1= e @) T 2t



Jie gificauit mosiiHoM () He Ma€ KOPEHIB Ha OJUHUTHOMY KOJIi.
Tomi BUIaIKOBI BEJIHIMHA

En = /7r exp(inA)Q(exp(—i\)) d((N), n € Z,

-7

oproHopMoBani. O6uucmMo

Z:;O Wty = /j Z:z K7 exp(i(n — k)N)dC(N\) = &,.

Orzke, mocstizioBHicTh (&, M € Z) € PO3B’sI3KOM DIBHSIHHsI aBTOPErpecii.

Posrsmemo npukian Q(z) = 1 — qz, |q| < 1, ssigku r(n) = ¢™/(1 — ¢?).
Y 1bOMy BHUIQJIKY

FO) =1/ @n|l - gexp(=iA)[),
PIBHSAHHS aBTOperpecii Mae BUTJIS]
gn - q gn—l = En.
Enementu dakropuzarii crieKTpabHOL MIIJILHOCTI JTOPiBHIOIOTH
f+(X) =1/ (2mQ(exp(i)))),
f-(A) = Q(exp(—i})) =1— gexp(—i}).

Otxke, ONTUMAJIBHUI TPOTHO3

21 =q§, U




3. IIponec i3 mpobOBO-pAIiOHATBHOIO CHEKTPAJIBHOIO IMiJIbHICTIO
(ARMA: AutoRegression and Moving Average).

Hexait criekTpasbHa MIBHICTE CTAaIiOHAPHOT TOCTiMOBHOCTI (&
JIPOOOBO-pAIiOHAILHOIO (DYHKITIEIO

n NMEZL) e
P(exp(i)))

Q(exp(iA))’

se P, () — KOMILJIEKCHI TTOJIIHOMH, 1[0 He MalOTh KOPEHIB Ha OJMHUIHOMY KOJII.
dAximo nosinom P abo (Q mMae Kopinb «, |a] < 1, To B po3kiaai f € MHOXKHHUK
exp(i\) — a. Ockinbku yukiisa f = f gificHa, TO y IBOMY PO3KJIAJI 3HA/Ie-
TBCSL TAKOXK 1 MHOKHUK eXp(—i)\) —a. 3a HasgBHoCTi Kopens |3| > 1 Binmosiui
HOPMOBaHI MHOXKHUKU TAKOXK YTBOPIOIOTH BHECOK BUTJISITY

(8 — exp(iX)) (B — exp(—iA)) = |B]* (exp(i)) — o) (exp(—iX) — @).

['pymnytoun Taki MHOXKHUKH ITOIIAPHO, MOYKHA, IPUBECTHU MILJIBHICTH JI0 BUTJISAITY

fO) = CH%:n:l(l — Qg eXP(—Z:/\))(l —@exp(@\)%
Hj:l(l — B;exp(—iA))(1 — B, exp(i}))

ne |ag| < 1, ‘ ﬂj‘ < 1, a crasa ¢ moBUHHA OYyTH JICHO. 3BiJICK BUBOINMO,
o mporiec ARMA € po3B’si3KoM pi3HUIEBOTO PIBHSIHHS

I17,0- 5,86 =TI,_ (0 - xde

3 onepatopoM A = T~! 3zpopornoro wacosoro scyBy (AE, = &, 1,
€p—1) Ta 3 OPTOrOHAJILHUME BEJIMIUHAME €, [0 BUSHAYAIOTHCS SIK

fA) =

Ae, =

= /_ " exp(ind) f-(\dC().



Tyr f_(\) Biguosinna KoMioHeHTa bakTOpU3AILi

T By ep(=id)
[Tics (1 — o exp(—iA)

=)

m l
1 — 3. exp(—iA H ay exp(—inl).
[I_,a-8e=)]],_ > akexp(=in))
OnrumasibHUi JHITHTE TPOTHO3 33/1a€ThCsI CIIEKTPAIBHOK (DYHKITIEIO

g(A) = (1= f-(N) exp(iA) O
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Cirmncok 1nmosHadyeHb

= — pIBHICTbH 32 O3HAYECHHSIM.

Gy, =~ b, — BiIHOIIEHHA TTOCIIOBHOCTEN ay,.h,, TTpsAMy€e 10 1 ipu N — o0 .

N, Z,R, R, , C — MHOXXWHI HATYPAJIbHUX, ILJINX, JIHCHIX, HEBI €eMHUX JTili-
CHUX Ta KOMILJIEKCHUX YHCEJI.

C(I),Cy(I) — mpocTopn HelepepBHUX Ta OOMEKEHHX HEIepepBHUX (ByH-
KITili Ha MHOXKMHI 1.

rang A — panr marpurni A.

P(A/B) — ymoBHa iimoBipHicTs mozii A 3a ymoBu B.

o(z), ®(z) -miabHICTH, DYHKIIA CTAHAAPTHOTO HOPMAJILHOTO POSIIOJILILY.

A(R), A(R™) — anredbpu muokue B R Ta R™, 1m0 HOpoKy0ThCs HAIIBIH-
TepBajlaMU Ta, KyTaMU.

B(R), B(R") — 6opesesi curma-anredbpu B R ta R™.

liay(w), 1p — injmKaTopHa BeamunHa HoAil A Ta IHIMKATOD BUCIIOBIIIOBA-
nnga B.

0rj = ly=; — cumBoa Kponekepa.

I = (§);) — onMHUYHA MaTPUILS.

& >~ 1 — 30ixkHicTb DYHKIIIH PO3IIO/ILITY BUMATKOBAX BEJTUIHH &, 7).

B(n,p) — BunaIkoBa BeJUYMHA, MO Ma€ OIHOMIATLHUIT PO3IIO/ILT i3 9UCTIOM
BUIIPOOYBaHb 1 Ta WMOBIPHICTIO YCIIXy P.

G(p) — BUMAIKOBA BEJIMIMHA, 1[0 MAE€ NEOMETPUIHUIT PO3IIO/ILI 3 IMOBIpHi-
CTIO YCIIXY p.

[I(\) — BunmaakoBa BeJqWunHA, MO Mae po3snoii [Tyaccona 3 mapamerpom
A

By x By — nekapTiB J00YTOK MHOXKUH.

2t = max(0,z) — jmo/aTHA YACTUHA YUCIIA L.

£%, £ — nomaTHa Ta Bim'eMHa YACTHHN BHIAJKOBOI BeJIMYUHH £.



M.H. — MalizKe HalleBHe.

M¢E — maTemaTwdHe CIIOJiBaHHs BUIIQIKOBOI BEJIMYUHA &.

D¢ — nucnepcia BUMIAIKOBOI BEJIUYUHU .

argmin F, argmax F' — 3Ha4deHHs apryMeHTy, JJjIs IKOI'O JIOCATaeThCsd Hall-
MEHIIEe YU HaOiIbIe 3uadenus GyHkiii F.

Lo(P) — mpocTip KBaJIpaTHIHO IHTErPOBHUX BUIMATKOBUX BEJIMYHH.

N(u, 0?) — BeuuuHa i3 HOPMAJILHIM PO3IIOJILIOM, CEPEIHIM 4 1 TUCTIepCiero
o2,

N,(m,V) — nopmanpanii Bektop y R™ i3 cepemniM m Ta KoBapialliifHOIO
Marpureio V.

L(R™,R™) — kyac jiHiiHEx neperBopens i3 R™ B R™.

£,(R™) — k1ac HEBUPOJZKEHNX JIHHIHIX [epeTBopeHb mpocropy R™.

U(a,b) — BunajakoBa Besm4nHa, PIBHOMIPDHO posmojinieHa Ha (a, b).

FExp()\) — BUNaIKOBa BEJIMYKMHA, 10 MAE [OKA3HUKOBUIT PO3IIO/ILI i3 Mapa-
METPOM .

['(«) — moBHa raMa-dyHKIIisI B TOUII .

['(\, @) — BumajikoBa BeJMUMHA, IO Ma€ raMa-PO3IO/IT i3 HapaMeTpaMu
A, Q.

X2 — BUINAJKOBa BEJIMYMHA, [0 MAE Xi-KBAJIPAT POZMOJLI i3 I CTYIEHAMA
CBODO/IN.

T, — BHIIAJKOBA BEJIWYNHA, MO Ma€ po3noiii CThioJieHTa i3 n CTyneHsIMI
CcBOOOIN.

frm — BUIIQJIKOBA BeJIMYUHA, 10 Ma€e po3nosir Dimepa i3 n, m crymnensaMu
CcBOOOIN.

Cov(&,n) — KoBapiallis BUIIAJKOBUX BeJIUIMH &, 7).

Cov(£) — koBapiariiiiHa MATPUIl BUIIAIKOBOTO BEKTOPA &.

I, — xyT i3 MPaBOIO BEPXHBOIO BEPIIUHOIO @.

€, —F & — 36ixHiCTb BUMAIKOBIX BEIMYMH 3a fIMOBIPHICTIO.



¢, —P1 € — 36ixkHicTbL BUNAIKOBUX BEJMYHH 3 iMOBipHicTIO 1.

¢, —T € — 36iKHiCTb BUIAIKOBUX BEIUYHH Y CEPEIHBOMY.

F, —»© F — 36ixHicTh DYHKIIH PO3MOAITY B OCHOBHOMY.

€, =" & — cnabka 361:KHICTh BANAIKOBUX BEJUYUH.

Int(B),CIl(B) — BHYTpIIIHICTb Ta 3aMUKaHHS MHOXKIHEA B.

O — mapamMeTpuYHa MHOXKWHA JIOBIJIBHOI TIPUPOJIN.

Py(+) — iimMoBipHiCHHUIT PO3IIOJILI CIIOCTEPEKEHD [IPU 3HAYEHH] TTapamMerpa 6.
X — cratuctuvHa BubipKa i3 3HAYEHHSIMA B S.

(S, ¥, \) — BubipkoBuii npocTip i3 curma-aare6poro 3 Ta Mipowo A.
F) < Fy — mipa F) abcostioTHO HellepepBHa, BiTHOCHO Fj.

X = (&, ..., &,) — kKpaTHa BuOIpKa.

(= OIliHKAa IapameTpa 6.

L(X,0) — BubipkoBa dyHKIIist BiporiHOCTI.

f(&,0) — dyHKIsA BIpONiTHOCTI OJJHOIO CIIOCTEPEIKEHHSI.

ﬁn(x) — eMmipuaHa (OYHKITST PO3IIOILTY.

& (k) — k-Ta LOpAIKOBa CTATUCTHKA.

~  ~2 . . .
U, O, — BUOIDKOBE CepeJIHE Ta BHOIPKOBA JHCIIEPCId.

=2
S —
M) ,u% — HEIEHTPAJbHUI TeoOpeTUIHUl MOMEHT Ta IEHTPAJIbHUNA TeopeTu-
YHIIT MOMEHT k-T'O HOPSIKY.

HOpPMOBaHa BUOIPKOBa, JIUCIIEPCis.

T fvy, — HEIEHTPAIbHEH BHGIPKOBIIT MOMEHT Ta, IeHTPAIbHILT BUOIPKO-
BUil MOMEHT k-TO MOPSAJIKY.

U(X,6) — BubipkoBa (yHKIIis BILIUBY.

u(§,0) — DyHKINS BIUTMBY OJHOTO CIIOCTEPEIKEHHSI.

OMB - orinka MakcUMaJIBLHOI BIPOIiHOCTI.

Hy : 6 € ©g — mysiboBa rinoresa Moo 3HaAYEHHsT HEBIIOMOro napamerpa 6.

H, : 0 € ©; — agprepHaTHBHA TiNOTE3A.



(32(X), D;) — craructuununii Kpurepiit 3 KpurnaHoo obactio D;.
(32(X), 7(t)) — panmoMizoBaHMii CTATUCTUIHUN KPUTEPIii.

MHK - meToj1 HaifiMeHITUX KBaJIpaTiB.

£(G) — niniitna obosonka MuokuHu G.

N(G) — 3amukanHs JiHIHOT 06010HKN MHOXKHUHU G.




[Ipeamernuit nokayKInk

o -anrebpa, 10 BEKTOD BUOIPKOBUX MOMEHTIB, 193
aR : AutoRegression, 296 BEKTOP paHriBs, 185, 236
aRM A : AutoRegression and Moving Average, BEepXHs IPaHMUIS IO/, 9

296 Bubipka, 172

mA : moving average, 295 BubipkoBa, mauciepcis, 191

N -KpaTHUit TpaMuit 106yTKoM, 174 BHOIPKOBa KPUTHIHA 00J1aCTh, 256

t -posmomin, 227 BubipKOBa MemiaHa, 187

abCOTIIOTHO HemepepBHa, 45,64,76,172 BUOiIpKOBa (PyHKINA BiporigmnocTi, 173
QJIUTUBHICTD, 11 BubipKOBe cepemre, 191

anntuBHa Mipa Jlebera — CrinTheca, 42 BUOIPKOBUiT KBAaHTWIb, 187
akciomaTuKa Teopil iMOBipHOCTEMH, 12 BUOIPKOBHiT KBapTWIb, 187

aKCiOMaTHIHMHN Taxim, 5
AKTUBHUN €KCIEPUMEHT, 272
asrebpa, 10

aJITOPUTM TIepeBipku, 231
ajgbpTepHaTUBa, 230
aCUMITOTHIHO edekTuBHA, 206
ACUMIITOTUYHO He3MileHa, 176
ACUMIITOTUYHO HOpMaJbHa, 176
ACUMIITOTUYHA JHcHepcis, 177
6iHoMiaapHut po3moiir, 30
onykanas Bepmysni, 141
OopesieBa MHOYXKUHA, 35
bopesieBa curMa-aJreopa, 35
6opesneBa dyHKIIisA, 36
OopeTiBCbKa, MHOXKHHA, 35
O6poyHiBchbKuit mporiec, 164

B ocHOBHOMY, 109

Bapiarmiiauit psiyt, 183

BUOIpKOBUit KoedimieHT Kopesrii, 239, 255

BuOipKOBUiT MOMeHT, 191

BUOIpKOBHil mpocTip, 172

BUMIpHUIT BiTHOCHO curMa-ajarebpu, 36

BUMIPHHUI TIPOCTip, 63

BUMIPHICTD, 27

BUIIAJIKOBA BeIUINHA, 36

BHUIIAIKOBA Mipa 3 OPTOrOHAJbHUME 3Ha-
YeHHsIMU, 278

BUIIAIKOBA TIOTist, 7

BUIIAIKOBe OJryKaHHs, 138

BHIIaIKOBHUIl BEKTOD, 37

BUIIAIKOBUI IIporiec, 152

BUIIAIKOBO, 15, 19

BuIpoOyBanHst Beprysuri, 29

BUPOJI2KeHHS, 142

BiZTHOCHA YacTOTa ycmixis, 178

BistHOCHI emmipuyni wacTtoTu, 241




BiJIHOIIIEHHSsT BiporijgHocTeit, 257
BiHepiBCchKHi TIporiec, 164

Biporiamit piBenn, 232, 233
ramMa-po3moIiI, 88

rayccoBmil po3momin, 47

remeparpuca, 55, 140

reHepaTpUca BUIIAIKOBOI BEJTMINHE, 142
reoMeTpUYHE O3HAYEHHS WMOBipHOCTEIH, 19
TeOMETPUIHUN PO3TOJILI, 31

riuiscTuit mporec, 142
rinepreoMeTpUYHAN PO3IOJILI, 32
rimoreza, 230

riroresa y3roKeHocTi, 234

rinmore3a OJHOPiAHOCTI, 235, 237
ricrorpama, 246

rpaunngna Teopema Ilyaccona, 33, 135
rpymnoBaHa Bubipka, 245

IPYILyBaHHS CIIOCTEPEXKEHD, 245
JUCKPETHA BUIIAJIKOBA BEJIUYUHA, 27
JACKPETHA (PYHKINS pO3MOmiTy, 44
JUCKPETHU WMOBIpHiCHHIT TTpocTip, 17
JUCKPETHUH po3mnomin, 17

JUCKPETHUI PO3IOIiT iMOBIpHOCTEH, 28
mucnepcis, 67

JomaTHa Ta Bim emua dactwrH, 40, 57
JOIIOBHEHHS, 8

JOCTaTHSA CTATUCTUKa, 211
€KCIIOHEHITIHUN po3Ioi, 49
eJIeMeHTapHa Tois, 6

emmiprana QYHKIS BiporigHocTi, 173
emmipuaHa QYHKIS po3momiry, 180
eMIIIPUYHIH KBAHTHIb, 187
eMImipuyHa yacrora, 21, 241

eprojmaHa Teopema Kosimoroposa ijis jian-
mroris Mapxkosa, 151

edexTuBHA OriHKa, 204

3 iMoBipHicTO 1, 98

3a WMOBipHIiCcTIO, 95

3araJibHa I'DAHUYHA TeopeMa sl CTaHIap-
THUX cepiit, 131

3arajibHa HepiBHiCTH deburnesa, 69

3araJibHa IOCJIIOBHICTIO cepiif, 133

3aKOH BeJIMKUX gucena, 99

3aJUIIKOBA CyMa KBaJpaTiB, 269

30iraeThcsa Maiizke HameBHe, 98

3ropTKa MOC/IiIoBHOCTEH, 139

3roprka (OYHKINH po3momiry, 85

3ropTKa IMJIBHOCTEN pO3MolLy, 86

3JIIY€HHa HAIliBaUTUBHICTH, 14

izomerpid, 274

IHBapiaHTHICTH BiAHOCHO 3CyBiB, 191

IHIUKATOpHA BeJIUIUHA, 28

iHTerpaJj 3a miporo Jlebera, 63

inrerpan Jlebera — Crinrheca, 62

interpaJ Jlebera, 61

inrerpan Pimana — Crinreeca, 62

iHTerpajpHa rpaHudHa Teopema Myaspa-
Jlamraca, 34

IHTErpoBHA, H7

iHTEerpoBHA 3a Mipoto, 61

IHTE€HCUBHICTBH, 154

IHTeHCUBHOCTI 3arubesi, 157

IHTEHCUBHOCTI HAPOJIZKEeHb, 157

IHTepBaJIbHA OITiHKA, 175

indopmariiitna marpurs 3a Pimepom, 206

indopmariis 3a Kympbakom, 220




indopmarisa 3a Pimepom, 202

WMOBIpHiCHMI mpocTip, 12

WMOBIpHICTD, 11

MMOBIPHICTh BUPOJI2KEHHs, 145

WMOBIPHICTh BKJI&JIEHO] pi3HMII, 12

WMOBIpHICTH JOTIOBHEHHS, 12

WMOBIPHICTD HEMOXKJIUBOI TTOi1, 12

iMOBipHiCTH 00’ €mHanHsI, 13

iMoOBipHOCTI TIepexoiy, 157

MMOBIpHOCTI nepexojy 3a t Kpokis, 150

WMOBIPHOCTI TOXMOOK TIEPIIIOro Ta JPYTOTO
poxy, 232

KBaJIpATUYHO iHTEerpoBHa, 67, 274

KBaHTWJIb, 187

KBapTWIb, 187

KIJIBKICTB ycmixiB, 30

KJIACUYHA TIEHTPAJIFHA TPAHUYHA TeOpEMa,
126

KJIACUYHA, TIEHTPAJIbHA TPAHUIHA TEOPEMa,
JJTsT BUITQJIKOBUX BEKTOPIB, 137

KJIACHYHE O3HAYEHHsT HMOBipHOCTI, 15

KJIACUYIHUHA TIiaxim, 5

KJACUYHUI TIPOIleC pu3uKy, 163

KOBapialtis, 78

KoBapiamiitna MaTpuisd, 79

KoBapiariitaa yHKIis, 275

koedirmient acumerpii, 191

koeditient ekcrecy, 191

KoedirienT Kopessarii, 78

KOMIIAKTHUI B OCHOBHOMY, 114

KOH3UCTEHTHA OITiHKa, 176

KOH3UCTEHTHUU KpUTEPit, 233

KpaTHa BUOipka, 174

KpUTepiit, 231

kpurepiit edpekruBrocTi Kpamepa — Pao,
204

kpurepiit Kommoropona, 234

kpurepiit Konmoroposa mocusiesoro 3ako-
Hy BeuKux guces, 107

kpurepiit CmipHoBa, 236

kpurepiit CrbiogenTa, 254

KPUTEPIi y3rozKeHOCT1 Xi-KBaIpar i3 (yH-
KITI€I0 po3momity, 246

KPHUTEPIil y3roJI2KEHOCTI Xi-KBajpar, 244

KPUTEPI Xi-KBaJpaT HE3aJIEXKHOCTI map-
HUX CIIOCTepexKeHb, 250

KPUTEPIN Xi-KBaJIpaT OJHOPIIHOCTI, 249

KPUTUYHUI TTOKA3HUK, 144

KPUTHYHUHN piBeHb, 231

KPUTUIHHUH 1poriec, 145

KPUTAIHA 001aCTh, 231

KpUATHYIHA 001acTh BHOipKH, 231

KyT, 35

sganmor Mapkosa, 148

nema Bopensa — Kamremmi, 104

nema Heitmana — Ilipcoma, 257

JHHIAHMN TiampocTip, 274

JIHIAHICTD, 58

JiniitHa nBoXdaKTOpHA MOIEIb, 273

JHIYMIbHUR TIporec, 153

JIOTHOpMAJIbHI# po3momii, 196

JIOKaJIbHa IpannydHa Teopema Myaspa-Jlamiaca,

33
JIOKAJIbHO KOH3WCTEHTHA, OIliHKa, 177
JIOKAJIbHO HE3MIiIleHa OIiHKa, 177
M.H, 58




Maiike HalleBHE, H8

MapKOBCHKA BJIACTUBICTH, 148

MaTeMaTUYHa CTATUCTHKA, 169, chapter.174

MaTeMaTUIHe CIOiBaHHS, 56, 57

MaTeMaTHUYHe CIIO/[IBAHHS BUIIAIKOBOT'O Be-
KTOopa, 78

MaTeMaTUdHe CIIO/[IBAHHS JUCKPETHOI Be-
JIMIUHHA, D2

MAaTPHIls EPEXiTHUX IMOBIPHOCTEN 32 OJIMH
Kpok, 149

MmemiaHa, 187

MeTO/T TeHepaTpuc, 142

MeTOJT MOMEHTIB, 194

MeTOJT HaliMEeHIINX KBaJapaTiB, 267

meron Heiorona — Padcona, 216

MI’KKBapTUJIHHUN po3max, 188

umipa JleGera, 63

mipa Jlebera — CrinTeeca, 44

wmipa Jlebera — CriaThbeca, MO MOPOIXKEHA,
cyMicHOIO (DYHKITisT PO3IOILTY, 75

MHK, 267

MHOXKMHA 3Ha4YeHb HMOBipHOCTI, 12

MoIn(IKOBaHa CTATUCTUKA Xi-KBaIpaT JIJIsT
IIepeBipKH He3aJIeKHOCTI, 250

MOIM(DIKOBAHA CTATUCTUKA Xi-KBAPAT JJIst
MepeBipKH OTHOPITHOCTI, 249

Mo iniKOBaHWI KPUTEPIH y3TOIKEHOCTI Xi-
KBaJIpaT, 247

MOHOTOHHE BiJTHOITIEHHS BiporigHocTei, 261

MOHOTOHHICTH #MOBipHOCTI, 12

MOHOTOHHICTh (DYHKIIT pO3Ioiry, 41

MOHOTOHHO 30irafThbes, 8, 9

MOHOTOHHO HeCIIaIHa, 301KHICTh, 39

MOHOTOHHA T'paHuId, 8, 9

HaBMaHHH, 15, 19

HaMOLIbIIT OTYKHMI KpuTepiii, 256

HaIIiBaJIUTUBHICTH, 13

HaIiBiHTEpBaJ, 35

He MEPEeTUHAIOTHCH, 8

HeBi eMHIiCTB, 11

HeBJIACHA (PYHKITiS PO3MOIiTy, 62

He3aJIeXKH1, 25

He3aJIeKHI B CYKYITHOCTI MOil Ta BeJIUIn-
Hu, 26, 80

He3aJeyKHI TPpUPOCTH, 153

He3MileHa oItiaka, 176, 197

He3MiIlleHa OIiHKa 3 PIBHOMIPDHO HaiiMeH-
o0 JTuctiepciero, 198

He3MilleHa OIiHKa PiBHA p, 176

He3MIMMEeHn# KpuTepiii, 233

HEKOpeIboBaHi, 79

HEMOXKJINBA, TIOJTis, 8

HelapamMeTpuIHa CTaTUCTUKa, 171

HEeIlepepBHICTh B HYyJIi, 14

HEIIEPEPBHICTH B HYJII Ta CUTMAa-aIUTUBHICTb,
14

HellepepBHiCTh iiIMOBipHOCTI, 13

uepiBuicTs [enpaepa, 71

HepisuicTs Vencena, 70

HepiBHicTh Kosmoroposa, 105

unepiBuicTs Korri, 71

HepiBuicTs Kpamepa — Pao ais BekTopHO-
ro mapamerpa, 207

uepiBuicTs JIsamyHosa, 71

mepiBaicTs MinkoBCcbKOTO, 71

HepiBHicTh, Yebumesa ajst aucnepcii, 70




HeCyMicHI mogil, 8 nominomu beprmreitaa, 101

HUXKHS TPaHUIA, 9 nojinomn Yebumesa, 273

HOPMAaJILHUN BEKTOD, 89 noJriHoMiaJibHa perpecis, 272
HOPMAJIBHUI pO3mOAiT, 47, 66 [MOJIIHOMIAIbHA, CXeMa BUIIPOOYyBaHb, 241
HOpPMOBaHa, BUOIpKOBa aucrepcis, 193 HOIIApHA, He3aJIeKHICTh, 25, 27
HOPMOBaHICTD, 11 IIOIapHa HECYMICHICTB, 8

HyJIBOBa rimoresa, 230

06’erHaHHSA, 8

0ob6’em BubipKu, 174

OJTHOPITHUIT MapKOBCHKHIT mporiec, 157
oHOPimHI mpupocTH, 153
OJTHOPITHICTH 3a YacoM, 148

OMB, 215

OIlepaTUBHA XapaKTEPUCTUKa, 232
OIITHMAaJIbHA OIliHKa, 198
OpJIMHAPHICTD, 154

OPTOTOHAJILHUI TTPOEKTOP, 288
OpPTOTOHAJIBHI mpupocTu, 280

ominka, 175

OIlIHKa MaKCUMAJIbHOI BiporijHocTi, 215

MOPOJIKeHa, curma-ajarebpa, 10

IIOPSITKOBA CTATUCTUKA, 183

IIOCUJICH# 3aKOH BeuKux gucest, 106

IIOCJTiIOBHUI KPUTEPiil BiTHOIIEHHS Bipo-
rigaHocreit, 264

MOCJIIJOBHUM CTATUCTUIHUI aHaJIi3, 263

IOTOYKOBA 30i2kHICTH, 60

MIOTY KHICTb, 232

MMOXWOKM BUMipIOBaHb, 267

moxXubKa Ipyroro pouy, 232

MOXUOKa MEPIIOro poiy, 232

IIOYaTKOBUY po3nosia, 149

paBujIo 3 curma, 70

OIlIHKa METO/y MOMEHTiB, 195 npupicr, 153

OITiHKA MeTO/ly HalMEeHIIINX KBaIpaTiB, 267 HPHPICT Ha nmapasiesenines, 73
mapaMeTpuYHuil mpoctip, 171 npupicr npouneca, 280

mapamMeTpuyIHa CTaTHCTHKa, 171 PO 3IUTUBHICTH iHdopmarril 3a Pimmepom,
nepeBipKa cTaTUCTHIHmX rinmoTes, 170, chapter.174 203

repepi3 MHOXKHAHH, 85 PO aJIUTUBHY Mipy B €BKJJIOBOMY IIPO-
mepepis, 8 cropi, 74

IIepeTuH, & npo ajutuBHy Mipy Jlebera — Crinrheca,
nepIe moBepHeHHs, 138 42

IIOBEpHEHHsI, 138 PO AITPOKCUMAITII0 BHUIIAJIKOBUX BEJIMINH
MIOBHA T'PyNa Moii, 23 npoctumu, 39

[TOBHA CTATUCTUKA, 214 [P0 ACUMIITOTUKY BEKTOPA BUOIPKOBUX MO-

MMOKA3HUKOBHi po3nomin, 49, 66 MeHTiB, 193



PO ACUMITOTHUKY M.H. BIITHOCHOI YaCTOTHU
yenixy, 107

PO ACUMIITOTHKY MOIu(iKOBaHOI cTaTu-
CTHKHM Xi-KBajipat, 247

PO ACHMIITOTUYIHY HOPMAJbHICTH BHOIp-
KOBIX KBaHTHUJIEH, 189

PO aCUMITOTHYHY HOpMaJibHicTh OMB,
223

PO BEKTOPHI IMEPETBOPEHHS HE3AJIEIKHUX
BEJIMYIWH, 82

IIPO BEPXHI MEXKY Ta I'PAHUITI0O MOHOTOHHOL
mocJigoBHOCTI, 117

PO BEPXHIO TPAHUITIO BEJIMIUH Ta MO,
103

PO BUOIPKOBI MOMEHTH CTAHIAPTHOI HOP-
MaJIbHOI BUOIpKHU, 226

PO BUOIPKOBI CepeTHE Ta, JIUCIIEPCII0 HOP-
MaJIbHOI BUOIpKHU, 227

PO BUMIDPHICTH T'PAHUIT BUMAKOBUX Be-
JTIUH, 38

IIPO BUMIPHICTh CYIIE€PIO3UIIil, 37
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