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Y BUTJIA/Il KOHCIIEKTY JIEKII BUKJIAIEeHO OCHOBH MaTeMa-
TUYHOI cTaTucTHKU. MaTepias IOmiIeHO HA YOTUPH PO3IIIN:
«ToukoBi ominku», «IaTepBasbHI Ooninkm», «Ilepesipka cra-
TUCTHYHUX rinore3y, «HopmaabHa JiniiiHa perpecigs. Y mep-
MAX JIBOX PO3JiJIax BijoOparkeHo 3araJjibHi MOHATTS 1 MeTO-
U Teopil OIIHIOBAHHS IapaMeTpiB po3momiiiB. Tpetiit pos-
Ji7 3HAROMHUTL YHTAada 3 TEOPi€0 IMePeBipKH CTATHCTHIHUX
rirores, a YerBepruil po3ija — 3 eJIeMEeHTAPHUMU HOHSITTIMUI
perpeciifnoro aHaJizy.

Koncnekr Jiekmiit npusnadeHuii s CTYJIECHTIB HAIPSIMIB
MIITOTOBKY «CTATUCTUKA Y, «MaTeMaTHKa» Ta «IIPUKIATHA Ma-
TeMaTHKay BUIIHX HABYAJTbHUX 3aKJIaIIB.



Pozmina 1

ToukoB1 OIMIHKM

1.1 CraTncTuku Ta OIIHKN

3ajiada MaTEeMaTHIHOl CTATUCTUKA — OTPUMATHU KOHKPET-
Hi BUCHOBKHU 3 €KCIIepEeMEeHTaJIbHUX JaHuX. Buxijgnum mare-
piajioM JIig CTATUCTHYHOIO JIOC/IJIZKEHHS PEAJTbHOIO $IBHIIA
CJIYKUTh HADIp pe3y/abTaTiB CIIOCTepPeXKeHb HaJ HUM abo K
pe3yAbTATIB CIEMiaJTbHO TOCTABJIEHNX eKCIePUMEHTIB. Y BU-
MaJIKY, KOJU Pe3yJIbTATH CIIOTePeKeHb € YHCJIOBUMH, 1X MOZK-
Ha PO3TJISAJIATH 9K 3HAUCHHS BHUNAIKOBOI Bequdunu. g Bu-
[1a/IKOBa BEJIMYMHA MOYKe OyTU dK JUCKPETHOIO, TaK 1 Here-
PEPBHOIO.

Hexait B cTOXacCTUIHOMY €KCIEPHMEHT] CIOCTepPIiracThCs
JesTka BUITAIKOBa BeJTM4IHHA. [[oBTOPUMO Teii eKcriepuMeHT B
HE3MIHHUX YMOBaxX 7 pas3iB. 3 opraHizoBaHUM TaKUM UHHOM
JIOCJIJIZKEHHSM [10B’ I3aHU N-BUMIPHUI BUIIAJIKOBUN BEKTOD

X - (Xl,Xg,...,Xn),

Jie BUlaikosi Besimuunu X;, ¢ = 1, n, He3a/1ezKHi B CYKYITHOCTI
i OTHAKOBO PO3MO/TiIEHI.

w
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Oznadennd. Bunaakosuit Bektop X = (X1, Xo, ..., X,)
3i 3HAYeHHsIMH B TIpocTopi R™, yTBOpeHmit MOCIiIOBHICTIO He-
3aJIe2KHUX, OJTHAKOBO PO3IO/IL/IEHNX BUNAIKOBUX BEJIUYUH X1,
Xo, ..., X,, KOXKHa 3 IKUX Mae po3noai1 (G, Ha3UBaIOTh BH-
6ipkoio 00cstroM n i3 posmnoainy G.

[Ipoctip R", v gaxoMy BubOipka HabOyBa€ 3Ha4YeHB, OyIEMO
HA3UBATH BUOIPKOBUM IIPOCTOPOM.

Hani marumemo crnpaBy 3 BubGipkamu, po3nogiim (yHK-
1ii po3Moiy) SKUX 3ajeKaTh Bix HeBimoMoro napamerpa 6,
KU MOYKe HaDYBaTH JOBIILHUX 3HAYEHD 3 JEIKOI MHOKUHI
MOXKJIMBHX 3Ha4deHb © C R.

3asaua OIiHIOBAHHSA MapaMeTpiB po3moaiaiB. Hexaii
x = (x1, X9, ..., T,) — peamizamis Bubipkn X = (X, Xo, ...,
X,,) 3 posmoginy F(-;0). 3uadenus mapaverpa ¢ B po3momaii
F(-;0) uesinowme, i iforo HeoOXiHo orinuTH (HAGIMIKEHO BH-
3HAYNTH) 3a peaizaiieio X Bubipku X. V 1poMy ii mossirae
3aJIa4a OIIHIOBAHHS IIapaMeTpiB PO3IIO/ILIB.

CdopmyaboBaHy 3a7ad9y MOYKHA PO3LJISAIATH STK 3a1ady
BimmyKyBauHst Takol dyHKmi h @ R" — O, mo h(x) =~ 6,
Je x — peamizamis Bubipku X. 3uadenns h(x) mu it Oymemo
BUKOpHUCTOBYBaTH K . OCKLIbKEH jijisi KOXKHOI peasiizarii X
3HaveHHsI h(X), sIke BUKOPHCTOBYETHCS sIK 0, Oy/ie CBOE, OIliH-
Ky mapamerpa f MoKHa BBarKaTH BUIAIKOBOIO BEJIUIUHOIO.

Osnauenns. BopeneBy dyrkiio A(+), 3a1any Ha BUOIp-
KoBoMy mpocropi R", 31 3HaYeHHAME B © — MHOXKIHI MOKJIH-
BHUX 3Ha4YeHb MapameTpa 6 — OyneMo Ha3UBATU CTATUCTUKOIO,
af = h(X) = h(X1, Xs,...,X,) — 6openeBy byHKINO Bij
BUOIpKH 31 3HAYEHHSIMU B © — OIIHKOIO (TOYKOBOIO OIHKOIO)
mapamerpa 0.
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1.2 BJiacTuBOCTI OIIIHOK

OcHOBHe IMTAHHS 3312491 ONMIHIOBAHHS MAPAMETPIB PO3ITO0-
JiIiB — HACKLIBKH BEJMKOIO € IIOXHOKa HPH BUKOPHCTAHHI
OIIHKH 0 sx suavenns 0. Kinbkicno Mipy HOXUOKH IPHU 3aMiHi
0 ma 0 (mipy posciosanns 0 BigHocHo 0) GyIeMO ONHCYBATH
BEJIMIMHOIO

— M|0 — 62,

sIKY HA3WBAIOTh CePeTHbOKBAIPATHIHOIO MTOXUOKOIO OIIHKHT 0.

Cepes ycix OIIHOK 3 OJHIEIO 1 TI€I0 XK JUCIEPCIEIo DO naii-
MEHIITy CepeIHbOKBA/I[PATUYHY HMOXUOKY MAaIOTh OIIHKH, JIJIsI
gkux MO = 6. Ocranne BurnBae 3 piBHOCTE{T

2= M| — 6> = M(6* — 206 + 6°) = M — 20M6 + §° =
= M6? — (MA)? + (M6)? — 20M8 + 6> = DI + (M6 — 6)2.

Bigznaunmo TakoxK, Mo AKIINO M6 = 0, TO cepeTHBOKBAIPA-
THYHA TIOXHOKa, 02 MepeTBOPIOETLCA B UCTIEPCiIo OMiHKNT g,

Osnauenns. Oninka 0 napamMeTrpa 6 Ha3MBAEThCS HE3Mi-
IEHOI0, SAKIIO M6 = 6.

Haogno He3MimeHicTh OMIHKH 0 mapaMeTpa ) o3Hadae, 1o
npu 6araTopa3zoBOMy BUKOPHUCTAHHI OIIHKH 0 AK 3HAYCHHS 0,
TOOTO, IpHW OaraTopas3oBiit 3amini 6 Ha é, cepeine 3HaYUeHH
noxu6ku 6 — 0 JiopiBaioe mysiesi. HeawmimnenicTs BKa3ye Ha BiJi-
CYTHICTb CUCTEMATUYHOI TTOXUOKM.

st oniHoBaHHS mapamerpa 6 MoXKHa 3apONOHyBaTH Oa-
raro ouinok 6 3 M = 6. I3 CYKYIHOCTI TaKUX OI[IHOK IIPUPO-
JIHO BUOpATHU Ti, 1O MAalOTh HalMEHIIy JUCIEPCIIO.

OzHauennd. ZKI0 B JIedKOMY KJaci HE3MIIMEHHX OIli-
HOK IapameTpa 6, ki MaloTh CKiHYeHHI JUCIEepCil, iICHYE Taka
OIlIHKA é, 1o D6 < DO JIJIST BCIX OIIHOK 0 i3 IHOTO KJIacy, TO
KaXKyTh, IO OIIHKA 6 ¢ eeKTUBHOIO B JIAHOMY KJIACl OIIHOK.
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Iamuvu ciioBamu, jucnepcis e(peKTUBHOI OIIHKY apaMe-
Tpa B JIeIKOMY KJaci HE3MIMEeHNX OIIHOK € MIHIMaJbHOIO ce-
peJl Tucepciif BCiX OIMIHOK 3 IMHOTO KJIACY.

EdexkTuBny oIinky B KJaci BCiX He3MIIEHUX OIIHOK OyIe-
MO HA3UBATH MPOCTO eheKTUBHOIO OIIHKOW (6e3 CJIiB «B KJa-
ci He3MIIEHUX OIIHOK» ). VY JiTepaTypi 3 MareMaTHdHO! CTa-
THCTUKH 3aMICTh TePMiHY «e(EeKTUBHA OI[IHKa» MOYKHA TaKOK
3yCTPiTH TaKi Ha3BU, IK «He3MilleHa OIiHKA 3 MiHIMaJIbHOIO
JIHUCIepCieloy abo «OINTHMAIbHA OIIHKAY.

Teopema (npo eannicTs edbexTnBHOI oninKm). fximo
0i6— edekTHBHI OIIHKK MapaMeTpa ¢, To 3 iMOBipHiCTIO 1
BoHu cuiBmasaoTs: P{ = 0} = 1.

< 3a ymosow teopemu D = Df. Hexaii 6% = %(é +0).
Tomi

Do* = i(Dé + DF) + %Cov(é, f) = %(Dé + cov(8,0)).
OckinbKu
lcov(8,8)| < VDDA = D,
BUKOHYETHCS HEPIBHICTH

1 . n A R R
Do* = 5|D0 + cov(6,0)| < = (D6 + DE) < Dé.

N —

3 1€l HepiBHicTi i Toro, mo ¢ — edekTHBHA OIiIHKA, BUILINBAE,
mo DO* = DO = D@. Toni

cov(f,0) =D = DI =

:

DD

Ocrannst piBHICTb J103BOJISIE HAM CTBEPJZKYBATH, 0 BHIAJI-
koBi Beqmuunu 6 i 6 3 fimoBipricTio 1 jiHilHO 3agexkHI, TOOTO
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P{0 = kO +b} = 1 nna nesixux craanx k i b. Bpaxosyoun re,
o

DO = cov(kf + b,0) = kD = kD@,

orpumyemo k = 1. 3 yMOBH HE3MIMIEHOCT] OIIHOK BUILINBAE,
mo b= 0:

M6 = M6 = M(f + b) = M8 + b.

Taxum gnnom, P{0 =0} =1. »
Hexait X = (X, Xs,...,X,) — Bubipka 3 posmominy 3i
miaeHicTiO f(7,0), * € R, 0 € O. Iloznaunmo gepes

fx(x;0) = fx(x1,22,...,2,;0)

IIIBHICTh PO3IOJLITY BUIAJIKOBOrO BekKTopa X. [laji, y 1mpo-
My maparpadi, mpu po3riasar GyHknil fx(x, ), 6yaemo 3acro-
coByBaTH JudpepeHIiiOBaHHS 3a ITapaMeTpoM IIiJi 3HAKOM iH-
TerpaJjia, 3aJeKHOro BiJi napamerpy. Tomy OyjemMo BBazKarTu,
mo © — inTepBan Ha npamiit R, a dbyuknis fx(x,0), x € R",
0 € O, 3a10BOJIBHSIE YMOBU PETYIAPHOCTI, sIKi 3a0€3MeIyI0Th
3aKOHHICTH BKa3aHUX OIlepalliil.
Oznauenug. OyuxKIriio

I@zM(Qﬂ%&QY

(SIKII0 BOHA BH3HAYEHA) HA3MBAIOTH KIIbKiCTIO iHGOpMAanil 3a
Qirmepowm.

Teopema (uepiBuicts Kpamepa-Pao). fkuio § — nes-
MillleHa OIIHKA HapaMeTpa f i BAKOHYIOThCS YMOBH PeryJidp-
HOCTi, TO Ma€ Micie HepiBHicTL Kpamepa-Pao

A 1
DO > —, (1.1)
(0)
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ne I(0) — ximpkicts indopmarii 3a Pimepom.
<« Hexait f(z;0) >0npn z € A C Ri f(x;0) = 0 npnu
x ¢ A. Toni miabHICTH

n

fx(X, 9) = fx(Il,ZEQ, N ) 9) = H f(xm 9)

=1

posnojiny Bekropa X = (X1, Xo, ..., X,,) BiaMinna Bijg Hyist
ma MHOKHHI B =A X A X ... x A CR". Ockinbku

/fx(x,e)dx:/fx(x, 0)dx =

0 0 Ofx(x, 9) B
R™ B

B

[ 0In fx(x,0) B
_ /fo(x, 0)dx = 0. (1.2)

B

3 ymosn mHesmimenocri ouinku 6 = h(X) = h(Xy, Xo,...,
X,) BUIIUBAE, IO

M6 = /h(x)fx(x,e)dx = /h(x)fx(x, 0)dx = 6.

R" B

Tomi

0 0
%/()fxxe :%/h fXXQ
B

R

_ /h(x)amf@;;x’e)fx(x, B)dx — 1. (1.3)

B
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Binmssumn i (1.3) pismicts (1.2), moMHOXKeHY Ha mapaMeTp
0, oTpUMy€EMO

/(h(x) - 9)%9(}{’0)]3{()(, 0)dx = 1.

B

Ckopucrapmuch HepisaicTio Komri-ByHsIKOBCHKOr0, BCTaHOB-
JIFOEMO, TITO

1< /(h(x) —0)% fx(x, 0)dxx

X / (ahlfa;e(x’m)Qfx(x,H)dx = DAI(H). (1.4)

[le mOBOIUTH TBEP/IKEHHS TEOPEMH. P

3a ymoB peryisipHocti HepiBaicTh (1.1) Bu3HAYAE HUKHIO
MeXKYy IUCHEePCiit BCiX He3MimmeHnx OmiHoK napamerpa 6. Be-
JINAUHY

e(d) = ! -
1(0)D6
Ha3MBAIOTh MOKA3HUKOM edeKTHBHOCTI B po3yminui Kpamepa-
Pao. I3 (1.1) Bumusae, mo 0 < e(f) < 1 ansa Oyab-saKol Hes-
MIIIeHOI OIIHKHU IapaMeTpa 6.

Oznauennd. He3mimeny oIinky 0 napamMerpa 6 Hasu-
BalOTh edeKTuBHOI B po3yminni Kpamepa-Pao, skiino nokas-
uuk edexrusnocti e(f) = 1.

3ayBakeuud. PiBHICTD

A 1
DO = —
1(0)
Ma€ Miche TOoIi W TITHKU TOJI, KOJIN
d1n fx(x,6)

X205 — (0 (h(x) — ) (15)
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npu Bcix © € R™. [le BuninBae 3 HEOOXITHUX 1 JIOCTATHIX yMOB
nepeTBOPeHHsl B PiBHICTH HepiBHOCTI Kotri-ByHsaKoBCHKOTO.
Ocranne CHiBBiIHOIIEHHs, IPX BUKOHAHHI YMOB PeryJIApHO-
cTi, € KpurepieM e(eKTUBHOCTI HE3MIIEHO] OIiHKH.

3ayBakeHHs. 3 TEOPEMH PO €IUHICTH epeKTUBHOI OIIiH-
KN B BUILTABAE, M0 edeKTUBHA OIIHKA B po3yMminHi Kpamepa-
Pao € edpexkTuBHOIO.

3ayBakenHnd. Hepisuictb Kpamepa-Pao mae wmicre i B
JINCKPETHOMY BHIAJIKY. ZIKIMO PO3MOMIIA BUIIAIKOBOTO BEKTO-
pa X = (X1, Xo, ..., X,,) auckperHuii, 1o fx(x,0) — 1e iimo-
pipmicts momil {X = x}. Ilpn mpomy fx(x,6) > 0 aume s
CKIHYeHHOI a0o0 3JiYeHHOl MHOXKHHH TOo4uoK X € R"™. [lose-
nensst Hepiaocti (1.1) y 1bOMy BHIAJKY € HOBTOPEHHSIM JI0-
BEJICHHS OCTAHHBOI TEOPEMU 3 OUEBHIHUMU 3MIHAMU.

YacTo MOKHA POSIVISLIATH He OHY OLiHKY 0 = h(X) =
h(X1, Xa, ..., X,), nobynosany 3a ubipkoo X = (X1, Xo, ...,
X,), a mocainoBHicTh OmiHOK 6, = h, (X7, Xs,..., X)), n =
1,2,... . Y miit curyanil mpupoIHO TOBOPUTH PO ACHMIITO-
THUYHY MOBEIIHKY MTOCTITOBHOCTI OIMIHOK én

Osnaavennd. [locigoBHICTH OIIHOK én, n=12 ..., na-
pamerpa € HAa3UBAETHCH KOH3UCTEHTHOIO (CJLYIIHOI, 3MICTOB-
HOI0), AKIIO BOHA 30iraeThCs 3a AMOBIpHICTIO /10 0, TOOTO A1t
koxkHoro € > 0 P{|6, — 0 > e} — 0 npu n — oo.

O3znauennd. [locigoBHicTh OMiHOK én, n=12,..., na
paMerpa 6 Ha3WBAETHCA ACHMITOTHYIHO HE3MIIEHON, AKIIO
Mén—>9HpHn—>oo.

Osuauenusd. [locainoBHicTh HE3MINMTEHUX OIIIHOK én, n =
1,2,..., mapamerpa ¢ Ha3UBAETHCA ACHMITOTHIHO eeKTHB-
HOMO, sKo €(f) — 1 upu n — oo.

SayBakenHsd. Hagam moHdaTTsS «oIliHKa» OyIeMO BHKO-
PHUCTOBYBATH TAKOZK Y IMTUPOKOMY PO3YMIHHI K MOCTIOBHICTH
OITiHOK.
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ITpuknan (oriHka MaTeMaTUYIHOrO CIOAiBAHHS HOD-
MaIbHOrO po3moainy). Hexait X = (X, Xo, ..., X,,) — Bu-
Oipka i3 HOpMaJIbHOTO PO3MOJLIY 3 HEBIJIOMIM MaTeMaTHIHUM
CIIOMIBAHHAM @ 1 Bimomoro aucnepcieto o?. [lepesipurn nesMi-
HIEHICTh, KOH3UCTEHTHICTh Ta e(PEKTUBHICTH OIIHKU

>
i=1

a=X =

S|

napamerpa da.
3a ymosoio MX; = a, i = 1,n. Tosi, BpaxoByo4u JIiHiii-
HICTh MAaTeMaTUIHOTO CHO/IIBAaHHA, OTPUMYEMO

. 1 < 1<
MX =M E;Xi ZE;M‘X":
:%Zz:;a:%na:a, (1.6)

a Ie i o3Hauae, mo X € HeMIIIEeHO OIIHKOIO IapaMerpa d.

Ockinbku Xq, Xo, ..., X,, — He3aJeKHi Ta 0JHAKOBO PO3-
HO/IiJTeH] BUIIAIKOBl BeJIMUNHN 31 CKiHUeHHOIO Aucnepcieio o2,
TO 3Ti/THO 3 3aKOHOM BeJUKHX duces y gpopmi Heburrena jiis
Oyab-sKkoro € > 0

P{{X —a| >e} =0, n— . (1.7)

3 0CTaHHBOI'O CIIBBIIHOIIEHHSI BUILINBAE KOH3UCTEHTHICTD OITiH-
Kk X.

[TokazkeMmo Ternep, 1o X € epeKTUBHOIO OIIHKOIO ITApaMeT-
pa a. s mporo JocTarHbO MepeBipuTH BUKOHAHHS PIBHOCTI
(1.5). IlinbHicTh po3moiny BumaKoBOro BekTopa X = (X7,
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Xo, ..., X)) Mae Bursiz

fx(xia) = fx(@1, 22, ..., 2p30) =

B n (Q;Z—a)Q B
ool -5} =

1
o
1

= (2m0?) "2 exp {—@ ' (x; — a)Q} :

=1

Toui

Oln fx(x;a) 0 n 2 LSy a2 =
T_%<——ln(27m)——2($z a))—

3Bigcu BumIHBaE, Mo @ = X — edeKTHBHA OIIHKA TTapaMeTpa
a.

ITpuknan (orinka gucrnepcii HOPpMAJIbHOTO PO3IIOIi-
JIy IPU BiZOMOMY MaTeMaTHYHOMY croaiBauHi). Hexaif
X = (X1,Xs,...,X,,) — Bubipka i3 HOPMAJBLHOIO PO3MOJIi-
1y N(a,0?), i Hexaii MaTeMaTHuHe CHOIBAHHA @ — BigoOMe,
a gucnepcig o2 — mesigoma. IlepesipuTn He3MimEHICTD, KOH-
3UCTEHTHICTH Ta e(DEKTUBHICTDH OI[IHKU

. 1 n
2= (X; —a)
o n;( i —a)

mapamMerpa o2,
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HesmimenicTb OIIHKA 02 BHILINBAE 3 HACTYHHUX CIIBBi-
HOIIIEHb:

1 1 &
Me2=—-Y MX;—a)?==-) MX; -MX;)?=
o n;ﬂ (Xi —a) nE ( )

i=1
n
12:2 1 2 2
= — o = —nNo- =0".
n < n
=1

ITokazkemo, 1m0 02 € KOH3UCTEHTHOIO OIIHKOI. 3TriaHo 3
Jipyroio HepisuicTio Yebuiesa

~

. 2
P{\02—02| >5} < —
£

BuaiigeMo aucnepciio OIiHKu o2:

Do? =D <% zn:(Xi - a)ﬂ) =

1 - 2 1 2
- EZD(XZ» —a)? = EZD(XZ» — MX;)? =
=1 =1

_ % (MY = MX)* = (MY~ MX))) =
=1
1 < 20
:ﬁ (304—0'4):7.

i=1
Tomi

A 201
P{\02—02\>5}§—2—>0, n — 0o.
ne

[le 10BOAUTH KOH3UCTEHTHICTH OMIHKK 02,
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JoseneMo edeKTUBHICTD OmiHKH o2, /I Nboro mo3Hadn-

Mo 0 = ¢ i nepesipumo BukoHaHHs piBHOCTI (1.5) /I8t TITLTB-
mocti fx(x;60), x € R", Bunaakosoro Bektopa X = (Xj,
Xo, ..., X,). BpaxoBytoun pe3yibrar monepeIHboro mpuKia-
1y, MAEMO
Oln fx(x:0) _ 0 <_2 n2n) — L3, - a>z) _
00 00 2 20 —

=1

R U o VRN I 5 o VRV
— 29—1—20221:(:61 a)—292 (nZ(xl a) 9).

3 ocTaHHBOI PIBHOCTI BUILIUBAE, M0 o2 — edeKTUBHA OIIHKA
mapamMerpa o2,

3ayBarkenHs. Hagejieni y nbomy naparpadi BjIacTuBOCTI
OIIHOK MOYKHA y3araJJbHUTH HA BUMAOK, KO 6 — BEKTOPHUIA
napameTp, T00to 6 = (61,6s,... 65) € © C R°.

Bupaga. /loBecru, 1110 KOJIM JIMCIIEPCist HE3MIIIEHOT OIliH-
KH TIPAMYE 70 HYJIA HPH 1 — 00, TO I OIIHKA € KOH3UCTEHT-
HOIO.

1.3 Emnipuuna ¢yHKIiS po3HOALITY

Hexait X = (X3, Xo,...,X,,) — Bubipka i3 posnoxiny F.
[Mpunycruvo, 1o byukiis posnoginy F(x) = P{X; < x},
x € R, i =1,n, mesigoMa i 11 HeoOXiAHO OMiHUTH.

Oznauenud. EMnipuunoo yHKIIEO PO3MOILITY HA3UBA-
€ThCsT (PYHKITIS Fn BU3Ha4YeHa Ha R piBHICTIO

; 1 <&
Fn(x) = E ZH{Xi<I}7
=1

ae lix,<py — inauxarop noii {X; < x}.
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3ayBaykenud. [Ipu koxxnomy dikcoBanomy r € R emri-
puudna BYHKIS PO3MOILTY Fn(x) K (DYHKIS BUAJIKOBOTO
BekTopa (X1, Xo, ..., X,,) € BUIAJKOBOIO BEJHIUHOL.

Y mporieci modbyaoBu rpadika eMmnipudHol OYHKIT Po3Io-
Jity (a Toumime i peasisanil) MH CTHKAEMOCS 3 3a,1a9€10 BIIO-
PAJKYBaHHS TOYOK i1 cTPUOKIB — BUOIPKOBUX 3HAYEHD.

Hexait (21,29, ..., 2,) — peanizamis subipkn (X, Xo, ...,
X,). Posramyemo ncia 1, T, . . ., T, Y MOPAJKY 3POCTAHHS:
Ty Sx2) S S Ty, (1.8)

Jie T(1) — HaUMEHIIe, T(,) — HafiOibIIe cepeji 3HAYEHb 1,
T2y..., Tp.

Osnadennsa. [locnigoBHICTL YUCET T (1), T(2), - - - , T(n), AKi
3aJI0BOJILHAIOTH YMOBY (1.8), HA3UBAIOTH BapialiftHUM pPsIOM
MOCJIIOBHOCTI 1, Ta, . . ., T, 400 IPOCTO BaplallliHUM PSIOM.
Hucemo zg, 1 = 1,7, HA3WBAIOTD i-M WJICHOM BapialliiiHOTO
pany.

IToznaunmo uepes X, © = 1,n, BUNAIKOBY BeJIWUHHY,
dKa MU KOXKHiii peanizamnii Bubipku (X7, Xo, ..., X,,) HaOyBae
3HaYeHHd, IO JOPIBHIOE (-MYy WJIeHY BapiallifHOTO psiy.

Osnauennd. IlocaiI0BHICTD BHIIAIKOBUX BeJrddH X (1),
X@2), -+, X(n) HA3UBAIOTH BaplallfiluM pAJOM 110CJIL0OBHO-
cri Xy, Xy, ..., X, Ilpu npomy Xy, @ = 1, n, HA3UBAIOTD i-M
qJIEHOM BapialiitHoro psijy BUOIPKH.

Hexaii cepen 4ireniB BaplalmiiiHOro pamy (i), T(2),- - -, ZL(n)
€ 7 PISHUX YHCe], K1 TAaKOXK BIOPSAKOBAHO 3a 3POCTAHHIM.
[osmaunmo IX 21y, 2(2); - - - 2(r). llpEmycTEMO, MmO KOXKHE 3
HUX TOBTOPIOETHCS BIIIOBLAHO 71, N, - . ., N, Pa3iB, MPH 1O~

r

My OYeBHJHO, 10 »_ n; = n. Tomi peasizarioo eMmipuaHOl
i=1
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byukuii posmoginy F, () MOXKHA TOJATH y BULJISIL:

'07 xr S 2(1);
. T 2 <8< )
F,(z) = - Z ng = M2 z0) <@ < ) (1.9)
iz <z
\1, T > Z(r.

I3 BuIeHaBeIeHOTO BATLINBAE, 10 PN (DIKCOBAHWX 3HAYTE-
HHSAX BUOIDKH, Fn(x) K QYHKIIiS apryMeHTY & € TUCKPETHOO
dyuKIeo po3noaity. Po3momin (z(l-), %) , i =1,r, mo il Big-
[OBIJIA€, HABUBAETHCS EMITIPUTHIM.

Teopema (npo BiacTuBocTi eMnipuaHol byHKIT po3-
nozainy). st koxkuoro € R 3nadenus emmipuasol GyHKILT
posnoxiny F, () Mae Taki BIACTHBOCTI:

1) Bunajaxosa Benmunua nk),(x) mae GiHoMianbHUIT PO3IO-
Jin 3 mapapamerpamvu n, F(z):

P{f0) =1} =P - F@), k=T

~

2) F,(x) € He3MIIIEHOW OIIHKOI 3HAYEHHsI (DYHKINT po3-
noginy F(x): A
MF,(z) = F(z);
3) F,() € KOH3UCTEHTHOIO OIIHKOIO 3HAYEHHs! (hyHKIT pO3-
noiny F(x): nag koxkuoro € > 0

P(|E,(z) — F(z)] >¢) = 0, n— oco.

<« 3adikcyemo gosiabae x € R. Posrasimemo mocinos-
HICTH i3 N BUIPOOYBaHbL, B IKHUX 4-M YCHIXOM Ha3UBaETHCH
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nouiz {X; < x}, i = 1,n. Ockinbku X, Xo, ..., X, Hesa-

JIeSKHI Ta OJIHAKOBO PO3TO/IiJIeH] BUMAIKOBI BEJIWIUHU, TO 1A~

Ha IOCJIJIOBHICTH € CXeMOIO BHIIPOOyBaHb BepHyJLIi, npudaoMy

HMOBIPHICTD yCIIXYy He 3a/JIe:KHTh BiJl HOMepa BHIPOOYyBaHHA

i gopisnioe p = P{X,; < 2} = F(z). Bunagkosa Besnunna
n

nEy(z)=> Ifx,<z} — 1e KiTbKiCTH ycmixiB B . BUIpoOyBaH-
i=1

usx beprymai. Orxe,

P {”Fn(@ = k} =CrpP(1—p)" " =
= ChF*(x)(1 = F(x))"™*, k=0,n,

o i JIOBOIUTH 1).

Bractusicth 2) BUBOAUTHCS 3 JHHIHHOCTI MaTEeMATHIHOTO
CIIO/IiBaHHA Ta 3 (GOPMYNH I8 MAT€MATHYHOIO CIOJIBAHHS
IHIUKATOPHOI BeJIUIMHHU:

M(F, (2) ZMH{X<95} Zp p=F(x).

JToBe1eMO BIACTHBICT 3). 3a 03HAYCHHSM Bestuunna I, ()
€ BIJIHOCHOIO YaCTOTOIO YCIIXiB B N BUITPOOYBAHHSIX 33 CXEMOTO
Bepuymii. Toxi 3rigno 3 Teopemoio Bepnymii 3akony Besu-
Kux gucen F,(x) 36iraeTbes 3a AMOBIPHICTIO pa 1 — 00 J10
fimoBipHOCTi yemixy B omnoMy BumpoOyBanmi p = F(xz). Le
o3navae, mo F, () € KOH3HCTeHTHOIO OliHKo 115t F(x). »

1.4 BmubipkoBi MOMeHTH

Hexait X — Bunajkosa Besmuntaa 3 QYHKIHEID PO3IOIILIY
F(z), x € R. Haramaemo, 1o 3uaoo4u F, MOXKHA 3aIHCATH
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MaTeMaTndHe crogiBanus GyHknil g(X) y Burasmi

o0

Mg(X) = / 9(x) F(dz),

—0o0
Jle ocTaHHiil iHTerpaJ € inrerpajgom Criabrbeca. Y BHIIQJIKY,

koo g(X) = X%, a6o g(X) = (X —MX)*, k> 0, orpumyemo
BiIIOBIAHO OYATKOBI MOMEHTH My, 1 IIEHTPAIbHI MOMEHTH mg

HOPsiJIKY K BUIAIKOBOI BeJiudnHu X :

my, = MX* = / 2 F(d),
my) = M(X — MX)* = /(91; — MX)*F(dz).

Bokpema, mpu g(X) = X i g(X) = (X — MX)? orpumyemo
dopMyIn BiAIOBIAHO A MATEMATHIHOTO CIIOMIBAHHS 1 JIHC-
nepcii BuIaikoBol Bejinaunn X .

B maremaruyniii ctaTucTHIl BCi Ii YHCJOBI XapaKTepu-
CTUKM, a TaKOXK (DYHKINIO PO3IMOIIY BUTAIKOBOI BEJUINHU
X Ha3WBAIOTh TEOPETUIHUMH.

Bingzmauumo, 1mo MixK TeOpeTHYHHMH HEHTPAJLHIMH 1 10-
JATKOBUMH MOMEHTaMH iCHy€ TpocTuit 38’a30K. CrpaBi,

K
mp =M(X - MX)F = MY CLX (-MX)¥ =
=0
k
CIMX'(=MX)* " = 3 (=1)" " Clmi(m))* =

0 =0

I
.Mw

)

S|

(=D Climy(m)" " + (=D (k — 1)(m1)*.  (1.10)

@
Il
V)
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Bunumemo neit 3B430K MizK MOMEHTAMH JIJIsl MEPITAX TOTHU-
pbOX 3HAYEHDL K:
0 0 0 2
my=1, m; =0, my=mg— (my)*
2
mg = ms — 3mamy + 2(my)*,

my = my — dmzmy + 6my(my)? — 3(my)*.

Hexaii X = (X1, X,...,X,) — subipka, F,,(z), = € R,
emnipuaHa (byHKIIA PO3MOALTY, MOOYJ0BaHa 3a Peasi3allieio
x = (x1,%,...,7,) subipku X. lloznauumo vepes X Buma-
KOBY BEJIMYWHY 3 (PYHKINEIO DO3MOALITY F,. 3a o3HaveHHsIM
MOYATKOBI 1 IeHTpaJbHl MOMEHTH A-TO MOPSJIKY BHNAJIKOBOI
BesmauHu X BiJANOBITHO JIOPIBHIOIOTH

~ 1 1 &
mk(X)=MX’“:gZZZ>"i:gZ$f>
i=1 =1

ae T = my(x), 2@), © = 1,7 — MOK/IMBI 3HAYEHHA BUIAKOBOI
semmunin X, a "t — fiMoBipHocTi mux sHadenb (aus. (1.9)).
Osznauennda. Bunagkosa BemanHa

. . 1 ¢
i=1

HA3UBAETHCA BUOIPKOBHM MOYATKOBHM MOMEHTOM HODSIKY K.

3okpema, BUGIPKOBHH MOYATKOBU{T MOMEHT TIEPIIOTO TTOPSIKY

X =1, (X) nazupaerbcs BUOGIPKOBAM CepeTHiM.
O3zuauvenng. Bunaakosa Bejmumma,

~

Pl = md(X) = = 3 (X, — X)F
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HA3MBAETHCH BUOIPKOBUM HMEHTPAJTHLHUM MOMEHTOM TOPSJIKY
k. BOKppMa, BUOIPKOBUI IEHTPAJIbHUIT MOMEHT JIPDYTOTO TO-
paiky o2 = my(X) HazsuBaeThCA BUOIPKOBOIO HCIIEPCIEIO.

SayBarkeuHsd. [Ipu koxniii peasizarii x Bubipku X Mo-
MEHTH 77, MY € TEOPeTUUHUMH MOMEHTAMHU NOPAIKY k Bu-
[1A/IKOBOT BeTHIHHE X , 1 TOMY BOHH 3a/IOBOJIbHSIOTH BCl BJIac-
THBOCT] TEOPETHYHUX MOMEHTIB.

3 ypaxyBaHHSIM OCTAHHBOT'O 38y BazZKE€HHSI, HAITPUKJIA,T, MOYK-~
HA CTBEPJZKYBATHU, IO JIJid BUOIPKOBUX MOYATKOBUX 1 IEHT-
PaJLHIX MOMEHTIB BUKOHYIOThCH criBBianomenus (1.10). 3o-
KpeMa, Ma€ Miclle TOTOXKHICTh

. 1 <& _
02 =ity — ()’ = -3 X7~ X*.
=1

Takoxk BiI3HAYMMO, 110 TIEHTPAJIbHI MOMEHTH € 1HBapiaHTHU-
MH BiJIHOCHO 3CYBiB, TOOTO JIjis JIOBLJIBHOI CTAJION C

k

:%Z (Xi—c)—%Z(Xi—C) : (1.11)

Teopema (mpo BiacTUBOCTI BUOIPKOBOTO CepegHBO-
ro). Hexait X = (Xj, Xs,..., X,,) — Bubipka 3 po3nozminy
3i CKiHYeHHOIO JmcIepcieio, 9Ky HosHadmMo depes o2. Tomi
orinka X MaTeMATHIHOrO crnomiBanus a = MX; € He3Mirme-
HOI0, KOH3UCTEHTHOIO Ta €(DEeKTUBHOIO B KJAcl BCIX JIHIHHUX
OIIHOK, TOOTO OI[iIHOK BHIJISILY

5 = i OéiXi,
=1
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n

Je aq,Qa, ..., &, — JAOBLIBHI cradi Taki, mo Y o; = 1.
i=1

<« Heawuimenicrs i KOH3UCTEHTHICTD OMiHKE X BHILIHBAE 3
pisnocri (1.6) i cuisignomenus (1.7) Biamosigmo.

Tloenemo, 1o Bubipkose cepenne X € edeKTHBHOIO OIliH-
KOIO ITapaMeTpa a B KJaci BCIX JIHIHHUX OIMIHOK. I mboro
JIOCTATHBO TOKA3aTH, IO

Df = Dzn:aiXi = iafDX,- e zn:aﬁ,
=1 =1 =1

e 02 = DX, nabyBae CBOro MiHIMAJILHOTO 3HAYEHHS PN
o = %, T00TO KOTM 6 = X.
JLnst 3HAXOZKEHHS YMOBHOT'O MiHIMYMY (DyHKITIT

n
glon, o, ... ) = Za?
i=1

Ipu yMOBI
n
Yot
i=1

ckJtazieMo yHkitio Jlarpanxka

L(ag, g, .y A) :Zn:af+)\ zn:ozi—l ,
i=1 i=1

ge A — MmHOXKHEK Jlarpanrka. 3amumiemMo HeOOXimHI yMOBH
iCHYBaHHS YMOBHOTO €KCTPEMYMY:
L S
%zQaijL)\:O, 1=1,n,

n
oL
i=1
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Po3p’sa3aBiin 110 cucreMy, 3HAXOJUMO A = —% ia = %,

i = 1,n, i mepexonyeMocs B TOMY, IO HPH IHX 3HAUEHHAX
aprymenTiB dbyHKIs g(aq, g, . . ., ;) Ma€ YMOBHUIT MiHIMYM.
>

Teopema (npo BaacTuBocTi BuGIpKOBOI aucmepcii).
Axmo X = (X, Xo, ..., X,,) — BubipKa 3 po3nomaity 3i cKin-
YeHHOIO AHCIIepCiero 02, To BUOIPKOBa IUCIepcisa o2 — 3MiTTTe-
Ha KOH3UCTEHTHA OILHKA 02.

<« BpaxoByioun Te, 1o orinka o2 iHBapiaHTHA BiTHOCHO
3cyBiB (quB. dopmyry (1.11)), 30Kkpema, He 3MIHIOETbCS TIPH
BimaiMaHHI Bin X; iX cmiabHOro cepeanboro a = MX;, MoxKHA
BBaxKkaTH, mo a = MX,; = 0. Toxi

R 1< _ 1 < _
Mo2=M|[=-) X?—X?|=-) MX?-MX?=

1< _1 2 —1
=Y DX, DX =-no* - = ="""o? %7,
n n

- n n
=1

T06TO 02 — 3MillleHa OIIHKa JJIg JUCIepCii.

[Tokaxkemo, 1110 02 € KOH3UCTEHTHOIO oninkoio. /loBeneH-
Hsl MPOBEJIEMO JIJIsI BHIIQJIKY, KOJIU iCHYIOTH MOMEHTH JIAHOI'O
PO3MOILIY 10 YeTBEPTOIrO MOPSIIKY BKJIIOUHO. 3TiAHO 3 JIPY-
roto HepiBaicTio Yebuiena

. -1 Do2
P{ ot — L2 > 5} <27 (1.12)

n - g2

Jl1s1 3HAXOIKeHHS JUCHepCil OLIHKH 02 CKOPUCTAEMOCs (Pop-
MYJI0T0

Do? = M(02)? — (Mo?)2.
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2
1 & _
(i) -
n 2 n
:% <fo> —2X2%ZX§+X4,
=1 i=1

TO BUKOHYETHCS PIBHICTH

2
. 1 i
M(0?)” = =M (Z Xf) -
i=1

2 e _
— M| XY Xx? MX*?, 1.13
S (w3) + 113

=1

OckinpKu

st meprroro pomanka y dopmyi (1.13) maemo

M (i)@) =M <2X4+ZX X2> =

i#£]

=Y MX! 4+ MXMX; =

i=1 i#£j

—Zm4+20 o = nm) +n(n — 1)o*. (1.14)

i#]
Cupoctumo apyruit qoganok y dbopmyai (1.13):

) ({5 )
((ZX2+2X Xk) fo>

J#k
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i=1 j#k

= M <ix§ix§> oM (inZXij
j=1 =1

BpaxoBytouu Te, 1110

MY XX, =) MX;MX, =0,

i ik i ik
OTPUMYEMO
XY XX =
i=1 j#k
= ) MXPX;X) +2) XPX;=0.
ij ik, 7k i#j
3Biacu

M (}’(Zi)(f) S (ix;i;(g) _
i=1 j=1 =1
= %M (ixﬂZx;x;) =
i=1

i)
— i( 0+ ( . 1) 4)
= —5 (nmy +n(n o).
AHaTOTI9HO MOYKHA MMOKA3aTH, IO

4

- I m$ + 3(n — 1)t
M4 e 4

nA (Z Z> n3 '

i=1

) |

(1.15)

(1.16)

[Tincrasusimn (1.14), (1.15), (1.16) y (1.13), orpumyemo

nmg +n(n —1)o*

M(02)2 = n2

2(nmf +n(n —1)o?) N mf — 30

ns n3
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m? — 304 omd —50*  my+3(n—1)o*
:0_4+ 4 . 42 + 4 (3 ) ]
n n n

. ” 2
Ockinpku Mo? = 02 — 2, 0OCTaTOYHO BUBOJUMO

~ o my—ot  2(mY—20%) mY- 30t
Do? = - + :
n n? n3

[lincrapupmu Bupas aisa Do? y apyry HepiBHicTh UeOuiena
(1.12) i nepeifmosinyu 10 rpaHuIli IPU 1. — 00, BCTAHOBJIIOEMO,
o BUOIPKOBA JUCIEPCia 02 € KOH3UCTEHTHOIO OIHKOIO JIJIs
o »

3ayBakeHHd. 3 TEOPEeMHU BUILIUBAE, MO OIMIHKA

=1

€ He3MIIIeHoIo i KOH3UCTeHTHOIO ONIHKOIO nucrepcii o?. [i na-
3UBAIOTh BUIIPABJIECHOIO BUOIPKOBOIO JIUCIIEPCIEIO.

Cupasi,
2 n A n n—1, 9
MS* = Mo? = o =o0°,
n—1 n—1 n
2
DS2:(n—1)2D02—)O, n — o9,
n_

a 1e it 03HaYa€ He3MileHicTh i KoH3nucTeHTHICTD S2.

SayBakenud. MoxHa 10BecTH, 110 BUOIPKOBI MOYATKOBI
1 IeHTpaJbHi MOMEHTHU € KOH3UCTEHTHHUMMK OIIHKAMHU BiAIO-
BIJTHUX T€OPEeTHYHUX MOMEHTIB, SIKIMO TIIbKKA BOHU ICHYIOTb.
Ojmax 1 oriuku, Kpim X, € 3mirmenumu.
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1.5 MeToa MOMEHTIB

Metox MOMeHTIB O6YB 3alpPONOHOBAHUN aHTIHICBKUM CTa-
tuctukoM K. IlipcornoMm i € omaNM i3 TIepIUX 3araJbHUX MeTO-
JIIB OI[IHIOBAHHS HEBIIOMUX IapameTpiB po3mojiais. [leit me-
TOJI, TIOJISITAE Y HACTYITHOMY.

Hexaii X = (X1, Xs, ..., X,,) — Bubipka 3 posuoziny F(-,0).
Poznomin F(+,0) 3amekuTh BiJ HEBIIOMOTO BEKTOPHOTO apa-

merpa 0 = (01, 6,, ..., 0,), akuii HabyBae 3HAYEHD i3 MHOKUHN
© C R*. HeoOxigno 3naiiTn OmiKy mapamerpa  3a peasisa-
niero X = (1, T, ..., &,) BUOIpKE X.

Bynemo BBaxKaTH, M0 /1714 JAHOTO PO3NOJLIY ICHYIOTH ep-
i S MOMEHTIB, sIKi, O4e€BUIHO, € (DYHKIIAMHI BEKTOPHOT'O apry-
MeHTYy 6:

g = () = / A 0), k=T.s.

Posrisguaemo BuOIpKOBI MOMEHTH
1 n
iy = (X) = = ) XF.
n
i=1

Haramgaemo, mo BHOIpKOBI MOMEHTH M) € KOH3UCTEHTHHMH
OIiIHKAMHM BIIIOBITHUX TEOPETHYHUX MOMEHTIB my. Ile o3Ha-
qae, M0 MPU BEJUKOMY 00CsI3i BUOIPDKH 1 3HAYEHHS OI[IHOK
my = my(x), 1e x — peanizaiis Bubipkn X, € GJIU3bKUMHA JI0
BIIIOBLIHAX MOMEHTIB 1y.

3riIHO 3 METOJOM MOMEHTIB B SIKOCTI TOYKOBOI OIIIHKHU
0 = (01,05, ...,0,) Bexropuoro napamerpa 6 6epyTh OLIHKY,
3HAYEHHS KOl JIJid JOBLIBHOI peasizaiii X Bubipku X oTpu-
MYIOTh SIK PO3B’SI30K CHCTE€MU PiBHSHB
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MozkHa moKazaTu, 110 3a YMOBH HelepepPBHOI 3a/1e2KHOCTI PO3-
B'A3KY Ti€i cmcteMu Bim My, k = 1,s, OIiHKa, OTpEMaHa Me-
TOJIOM MOMEHTIB, € KOH3UCTEHTHOIO 1 Ma€ aCHMIITOTHIHO HOP-
MaJIbHUN pO3MOALT, TOOTO 11 PO3MOILI IIPH N — 0O TPSMYE 0
HOPMAaJIbHOI'O.

IMpukaazn. 3HafiTH OMIHKE IapaMeTpiB a Ta 02 HOpMaJlb-
HOTO PO3IOILITY

f(z;a,0%) = ﬁexp{—%}.
2

J111 HOpMAJIBHOT'O PO3IOLITY 3 HapaMeTpPaMu a Ta 0~ Teope-
THYHI MOMeHTH My (a, 0%) Ta My (a, 0%) BiANOBLIHO JOPIBHIOIOTH

ml(a7 02) = a, 777,2(@, 02) = mg(a7 02)+(m1(a7 02))2 = 0'2+CL2.

Hexait x = (21, 29, ... x,) — peanizaiis Bubipku X i3 pos-
noziny N(a,o?). Toxi

n n
. lz . 12 2
mp = — Xy, mo = — l'i.
n < n <
=1 =1

[IpupiBHIOIOUM 3HAYECHHS BUOIPKOBUX MOMEHTIB 1M Ta 1My
JI0 BIJIIOBIIHUX TEOPETHUHUX MOMEHTIB M (a, 02) Ta my(a, 0?),
OTPUMYEMO CHCTEeMY DiBHAHB

3=
&
I
8

@
Il
-

3=
N

=

Il

Q
no

+

=)
“w

3BIAKHY 3HAXOAMMO 3HAYEHHH OI[IHOK

2
n n n
Iy ey (L
a = — Zi, o7 = — XT; — — Z; .
i=1 =1 =1
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OTzKke, OIIHKAMU METOLY MOMEHTIB JJIsI MATEMATHYHOLO @ 1
JmcTIepcii 02 HOPMAaIBHOTO PO3TOILIY € BilIMOBiTHO BHOIpKOBE

cepenHe
1
X == Z X;

1 BEOIPKOBA JTHCIEPCIsT

N 1< _
2 == X2 X2

N

1.6 Metoa MakKCIMaJbHOL
IIpaBa0II01I0HOCTI

OytHuM 13 HafOLIBII YHIBEPCAJIHHUX METO/IIB OIIHIOBAHHA
mapaMeTpiB PO3IO/ILIIB € MeTO], MAKCHMAaJIbHOI IIPaBIoo1i6-
HOCTi, 3aIPOIIOHOBAHMUI aHIIiCEKUM cTaTucTHKOM P. Dirre-
poMm.

Hexaii X = (X1, Xs, ..., X,,) — Bubipka 3 pozunoziny F(-,0),
e 0 = (01,0s,...,05) € © C R*. Ilapamerp 6 — HesigoMmuii,
1 floro HeoOXiaTHO OWIHMUTHU 3a peanisaniero X Bubipku X. fx
i pamime, gepe3 fx(x;0) = fx(x1,22,...,2,;0) Gymnemo mo-
3HAYATH HIIJILHICTH PO3IOJILLY BHIIAQIKOBOI'O BEKTOpa X Y BH-
aJKy, KOJU BiH aDCOTIOTHO HenepepBHUil, i IMOBIpHICTH TO/TiT
{X = x}, akmo BekTop X — AUCKPETHHIA.

Oznauenusg. OyHKIIEO MPaBAONOAiOHOCTI BUOIipKkH X =
(X1, X, ..., X,,) 6ymemo nazupatu BUnaakoBy dbyHkIio L(6)
aprymenty 6 € © C R®, no BusnadaeTbcs piBHICTIO

L(0) = fx(X;0).

Meros MakcuMaJbHOT HPABIONO/IOHOCI TOJISATAE B TOMY,
o 3a OIiHKYy mapamerpa 6 Bubupacrbcs oninka 0 = (6,
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0o, ..., 0,), 3HAUeHHs KO IpH KOXKHiil peanizarnii X Bubip-
Kk X mMakcnmizye dyHKIo0 nmpagomnogionocti L(6):

A

L(0) = max L(x,6).

ToukoBa orminka, 3HaiieHa y TAKUH cI0ci0, HA3UBAETHCS OIIH-
KOI0 MaKCHMAJILHOI TIPaBIONOI10HOCTI.

Bigznaunmo, mo dynkmii L(0) i In L(0) mnocsararors Haii-
OLIBIIOr0 3HAYEHHS B OJHIN 1 Tiif camiii Toumi. A 3HAXOAUTH
TOYKY, B sKiii dbyHkiis In L(0) nocsrae HafiblibImoro 3sHaveH-
H¢, 9aCTO 3pYUHITIeE.

Jlorapudm Bij GyHKIT TpaBa0NoAiOHOCTI HA3UBAIOTH JIO-
rapupMigHo0 (HYHKINEIO TPABIONOII0HOCTI.

Axmo dyukuis L(0) nudepenniiioBra npu 6yab-skiii pea-
gizamii x Bubipku X i makcumym L(6) mocaraetbest y BHY TPIII-
HIl TOYIl MHOXKWHEA ©, TO 3HAYEHHS OIIHKA MaKCHUMAaJIbHOI
PABIONOMIOHOCTI 3a0BOJIbHSIE DiBHSAHHS (HEOOXiHI yMOBH
eKCTpEMyMY )

JOln L(6) —
—_— 7 =1,s. 1.1
7, 0, k=1,s (1.17)

Pingmns (1.17) nHa3uBaioTh PIBHAHHAME IPABIOMOAIOHOCTI.

MozkHa moKa3aTH, Mo 3a yMOB peryasapHocTi yHKIil fx (X;
0) oriHKa MaKCHMAaJIbHOI MPABIONOMIGHOCTI én € KOH3WUCTEH-
THOIO, aCHMITOTHYHO €PeKTUBHOIO i Ma€ aCHUMITOTUIHO HOD-
MAaJbHUHN PO3IOILI.

Ilpuknaa. 3HaiiTu OMIHKY MaKCHMAaJIHLHOI ITPaBIOINOIi0-
HOCTI HMOBIPHOCTI p yCcHixXy y cxemi n BunpobyBanb Bepryii.

Posrnsuemo subipky X = (Xi, Xo, ... X,,) i3 muckpeTHoro
posnoniny (0;1—p), (1;p) (X; — imgukarop ycuixy B i-My BU-
upobysanti Bepuysuni). Jlast 6yap-skol peasizanii X Bubipku
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X dyuknig npasgonogiorocti L(p) mae Burism:

n

Lip) =] [p" (1 =p)' "

i=1

SHalmoBIM

n

InL(p) = Z (zilnp+ (1 — ;) In(1 —p)),

i=1
OTPUMYEMO PIBHAHHS MPAaBIONOIIOHOCTI

dln L(p) - <xz 1- $z)
— = — — =0
Op 2 p 1l-p

=1

Po3B’s13k0M 1150TO pIBHSAHHS €

. 1L k
p:E;%:E,

jte k — xinpkicTs ycmixiB B cxemi Bepuysuii. Heckiagao me-
PEKOHATHUCS B TOMY, IO P € TOYKOI0 MakcuMmyMy GyHKIil L(p).
Takum auHOM, OIIIHKOI MaKCUMaJILHOI ITPABIOMOAIOHOCTI fIMO-
BIPHOCTI p € BiIHOCHA YAaCTOTa YCINXiB B 7 BUIPOOYBAHHMIX.



Poznin 2

InTepBajabHl OIIIHKNI

2.1 IlongaTTda mpo iHTEepBaJbHE
OI[IHIOBAHHH

JIist OIHIOBAHHS HEBIIOMUX HapaMeTpiB PO3IMOIILIIB 10-
PsiJ1 i3 PO3TJIAHYTHMHI BUIIE TOYKOBUMU OIIHKAMH BUKOPHUCTO-
BYIOTbCS TaKOXK 1HTepBaJbHI OMiHKH. Ha BiAMiHY BijT TOUYKOBOI
OIIHKH, iIHTepBaJIbHA OIIHKA JI03BOJISAE€ OTPUMATH HMOBIPHICHY
XapaKTepUCTUKY TOYHOCTI OIIHIOBAHHS HEBIJIOMOTO TapaMeT-
pa.

Hexait X = (X1, Xs, ..., X,,) — Bubipka 3 poznoginy F(-,0).
Buauenns napamerpa f € R B posnoziai F(+, 6) wesigome i iio-
ro HeOOX1JHO OIIIHUTH.

O3sHaudenHsd. [HTEPBATBHO ONIHKOK (HAIIHHUM iHTepBa-
JoM) napamerpa 6 3 pisnem naaiitnocri 1 —a nasusaerncs Bu-
HAJIKOBUI 1HTEPBaJI (91,92) e (91, 0y € dyuknigMu BubIpKH
X, gkuit 3 UMOBIpHICTIO 1 — v MICTUTH 3HAYEHHS OIIHIOBAHOT'O
napaMerpa 6, To6To

P{f <0 <b)=1-a. (2.1)

31
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MmoBipHICHOIO XapaKTEePUCTUKOIO TOYHOCTI 1HTEPBAILHO-
T'O OMIHIOBAHHS TapamMeTpa f € BUNAIKOBA BEJININHA

l:éQ_é17

AKa JIJI5T 6}@5—;{1{0'1’ peauqizarii X Bubipku X € JOBXKHUHOIO iHTEeP-
Basy (01,6,).

B nesikux curyanigx (HAIPUKIIA, TIPA PO3LISAI JTUCKPeT-
HUX BUIIQKOBUX BeJMYUH) 3aMicTh piBHOCTI (2.1) BraeTbes
JITTIE OTPUMaTH HEPIBHICTH

P{é1<9<é2}21—a,

T06TO OOYIyBATH IHTEPBAJIBHY OIIHKY TTapamMeTpa f 3 piBaeM
HaJIIHOCTI He MeHIIuM, Hizk 1 — «. IHKoIM BUHHKaEe moTpeba
OIIHUTH MMapaMeTp € TLIbKH 37iBa abo TiIbKK crupasa. [lpu
IHOMY, SKIIO

P{f, <0} =1—aq,

To iHTepBas (f1,00) HA3WBAIOTH MPABOCTOPOHHIM HAaiiHUM
IHTepBAIOM, & Y BHINAIKY, KOJIH

P{0 <6} =1—aq,

inTepBai (—oo, ) HA3UBAIOTH JIBOCTOPOHHIM HATIHHIM iHTED-
BaJIOM 3 piBHeM HafiitHOCTI 1 — «.

3ayBakeHHd. [lougarTd iHTEepBaIbLHOI ONIHKH TPUBiaJIb-
HO TIOTIUPIOIOTHCS HA BUIMAJIOK BEKTOPHOTO Tapamerpa 6 =

(601,0,....0,) €O CRe.

2.2 3araapHuii MeToa OMOPHUX
BeJINYUH

3araJpHUM MeTO/0M MOOY/I0BU 1HTEPBAIBHUX OIIHOK JIJIs
f € meroy omOpHUX BenWUWH. BiH mossdrae y 3HAXOIKEeHHI
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onopHoi BunakoBoi Bemaunu surasiny h(X;0) = h(Xq, Xo, ...
X,; 0), mo Mae Taki BJIACTHBOCTI:

1) Bona € dbyHkiier BubipKu X Ta HEBIOMOrO IapaMerpa
0,

2) Mae MOBHICTIO BIOMUIT PO3MOILT,

3) MOHOTOHHO 3aJIeXKUTh Bif 6.

Buxoagau 3 BiIOMOTO PO3MO/ILTY IIi€l BUMAIKOBOI BEJTTIHU-
HU, 3HAXOIATH TaKi 3HAUYEHHS hq, ho, IO

P{h, < h(X:0) < ho} =1 —a, (2.2)

IIPH BCiX MOXKJIMBUX 3Ha4YeHHsX 6. [laji, 3 ypaxyBaHHAM BJIac-
TUBOCTI 3), PO3B’I3yI0Th BiTHOCHO O HepiBHICTH y hirypHUX
JyZKKax Bupady (2.2) i, TakuM GHHOM, 3HAXO/(ATH BUIIAIKOBI
BEeJIUINHHA él, é2 TaKi, 110

P{0, < 0 < 0,} = P{hy < h(X;0) < hy} =1 —a.

Orxe, (él, ég) — HIyKaHui HaJidHui inTepBaJ s 6 3 piBHeM
HaxiiHocTi 1 — a.

SKIMO PO3MoAiaA OMOPHOI BEJIWYNHH JIAITE ACHMITOTHIHO
HaOJIMKAETHCA JIO BiJIOMOTO, TO, PO3TJILA/Ial0ul BUOIPKY BeJIH-
KOro obeary n, BIANOBIIHI aCHMITOTHYHI HaJIMHI iIHTEepBaJIN
OYIyIOTh, BUXOAAYN 3 HAOIUKEHUX PiBHOCTEI

P{hl < hn(X, 9) < hg} ~1-—a.

2.3 Jlegki coemiajbHi poO3MOIian

Hwukde OyayTh BU3HaUEH] JedKi creniaabHi pO3IOILTH, gKi
MalOTh BazK/JMBe 3HAYEHHsI B MaTeMaTHUYHIH cTaTUCTUI 1 BU-
KOPHCTOBYBATUMYThCA HaMu y maparpadi 2.4 npboro posjiiy
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JUts TOOYTOBY IHTEPBAJIBHUX OIMIHOK IMapaMeTpiB HOPMAJIbHO-
IO PO3MOILITY, a TAKOYXK Yy HACTYIMHUX PO3TiIaxX JAHOI ITpalli.

Osznadennd. BunajkoBa BeJMYMHA Y2 Ma€ X>-pO3MOILI
abo posmnomina [lipcona 3 n cTymensaMu ¢BoOOIU, AKIIO i1 MOXK-
Ha MOJAaTH y BUIJII]

Xn = in,
=1

jie X1, Xo, ..., X,, — He3aJIe2KHI B CYKYIIHOCTI CTaHIapTHI HOP-
MaJIbHI BEJIMYMHN.
[TIiabHICTH PO3IOJLY BUNIAIKOBOT BeIMYUHH X2 38/1a€ThCs

dopmy010:

ne I'(p) = [tP~te~tdt, p > 0, — ramma-dynkuia Eitnepa.
0

3HaiineMo MareMaTH4He CIOMIBAHHS Ta JAUCIEPCIO:

My? = Mzn:XE = Zn:MXE =n,
=1 =1

Dy2 = Dzn:)(f = zn: DX} =) (MX}— (MX})?) = 2n.
=1 =1

=1

Osznauvenndg. Bunaakosa BeJtn4unHa T, Ma€ t-po3moIia abo
posnoai CThIoJEHTa 3 N CTYIEeHAME CBOOOIH, AKIIO 11 MOXKHA,
TOJIaTH y BUTJISI

X

V/n'

Tn =
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ne X — cranjapTHa HOpMaJbHa BeJIMYUHA, 8 Y2 — He3a/1exKHa,
B mel Besmunna 3 Y2-pPO3MOIIOM Ta 1 CTYHEeHSME CBOOOII.

[MuibHICTL PO3LOJILILY BUIIAIKOBOT BEJUYUHU T, MAE BUI-
JISLT;

fr(2) =

n+1 2 _nT-&-l
ey (1+£)  seR
F% n

T (5) v/an

MozkHa MmoKa3aTu, IIo

Dr, = , n>2.
n—2
OsnadenHda. Bunagkosa Beananna ¢y, ,, Mac F-posnomin
abo posnoxin Pimepa 3 n,m CTymeHIMH CBOOOIH, AKIIO 11
MOYKHA TTOJATH Y BUIJISIIL

2
b = Xn/ T
n,m 2 I
X/
ae x2, X3 — HesasexkHl BeJHUIHHA 3 X -pO3IOJALIOM Ta 1, m
CTYIIEHSIMU CBOOOIH BiIIOBIIHO.
it posnozisy Pimepa

F(n-gm) n%myg x%71+ . 0
f(bn,m(x) - F(%)F<%) ('m-l—nx)‘?‘*7 )
07 x < 0
M(bnm m , m> 2,
’ -2
2m? -9
D¢n,m = m (m tn ) m > 4
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Teopema (npo BuOipKOBi MOMEHTH HOPMAJILHOI BHU-
6ipkn). Hexaii X = (X1, Xs,..., X,,) — Bubipka i3 po3nointy
N(a,o?). Toni Bubipkose cepenne X Ta BUIPaBJIeHa BUOIPKO-
Ba aucrepcia S? — Hezasmexwi. Jlo Toro x, BequmunHa X Mae
posmoniit N <a, %), a BenmuuuHa (N — 1)5—3 — x2-poznonin 3
n — 1 cTyneHssMu cBOOOIH.

[Tepin HizK JIOBOJAMTH II0 TEOPEMY, HAraJIA€MO JIesIKi 110~
HATTH 3 JIHITHOT ajaredpu.

Marpuiig A po3mipy n X n HA3UBAETHCS OPTOTOHAJIBHOIO,
AKIIOo BoHA Hermpomkerna ta AT = A~!, ne AT — rpancnono-
pana Marpuig. Lle piBHocHabHO ToMy, o AT A = AAT = E,
a |det A| = 1 3 onasiy Ha piBHICTD

(det A)? = det Adet A = det A" det A = det(ATA) = 1.

n

3
dAxmo ||x]| = (Z x2> — eBKJI10Ba HOpMa B R™, 1o || AX|| =

(A
=1
x|l Crpanai,

|Ax| = (Ax)TAx = x" AT Ax = x"x = ||x]|.

Hexaii renep X = (X3, Xy, -, X,,) — Bubipka 3 posnoziry
N(0,0?). Toni

fx(x) = fx (21,22, 3,) = (270°) "2 exp {_T;ZI?} —

_n 1
— 2ro?)F oxp { 5 P}

a mra BumankoBoro Bektopa Y = ¢(X) = AX + ¢, BHKO-
pucTaBiiy BijioMmy popmyJry

Fx(y) = fx(g7'(y)) - g1 (y)
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(Jp — sxobian BimoOpazkenHst h, TOOTO BU3HAYHHK MaTPHUIL
n
<%) ), OTPUMYEMO
Y1/ i5=1

Fy(y) = fx(A7H(y —¢)) = fx(A"(y —¢)) =

_n 1
— ro®) Fexp {147y I} -
— (2702)" 2 _ 1 _ 20
~ (roy) Fexp{ Ly —clt | -

L {2 o9

202

Takum 4ymHOM, KOMIOHEHTH Y7, Ys,...,Y, BHIIQJIKOBOIO Be-
kropa Y Hesajexui i Mmaiorh posnogin N(c;, 0?). Biibure To-
ro, skmo Z = X +d,ayY =g(Z) = AX+d)+c =
AX + (Ad + ¢), 10 fy(y) = fx(y — (Ad + ¢)). Orxe, Mu
JIOBEJIM HACTYIIHE TBEPIZKEHHS.
Teopema (mpo OpTOrOHAJIbLHE IIEPETBOPEHHS HOP-
ManbHOro Bektopa) Hexait X = (X1, X, ..., X,,) — Bunaj-
KOBHUiT BEKTOD, KOMIIOHEHTH SIKOTO He3aJIeKHI Ta HOPMAaJIbHO
posnojieni 3 oanaxkosoto qucnepcieio 02, a Y = (Y1, Ya, ...,
Y,) = AX + ¢ 3 oproronanssow Marpuneo A = (a;;). Toxi
Y1,Ys5, .. .Y, HezamexKmui Ta MaiOTh HOPMAJILHIHE PO3MOILI 3
n

MaremaTHdHIM cnogisanaam MY; = >~ a;;MX, + ¢; Ta muc-
j=1

nepciero o2,

JToBeieMo Temep TeopeMy Mpo BUOIPKOBI MOMEHTH HOD-
MaJIbHOI BHOIPKH.

« [lobynyemo sIKy-HeOy/Ib OPTOrOHAJbLHY MaTpHUIio A 3
MEPITAM PIIKOM

o)
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i mokaagemo Y = (Y1,Y5,...,Y,) = AX. Toxi 3a Teope-
MOIO TIPO OPTOTOHAILHE TEPETBOPEHHS HOPMAJILHOTO BEKTOPA

BUIIQIKOBI BeJIMYUHU Y7, Yo, ...,Y, He3ajexHi i HOPMaJIbHO
n

posnoiseni 3 maremarmynuM cuogiBanusm MY, = a ) a;j
Jj=1

Ta puctepcieo o2, OcKiIbKE MaTpuig A opToronaabHa, IpH
1 > 1 maemo

n n
DNIEDY 0
V/n 4 J A Jig )

J=1 J=1

a TOMy
MY, = ay/n, MY = MY; = ... = MY, = 0.
Posrisinemo Bunagkosy seamdnny -5 >0 VP = Y (%)2
i=2 i=2

[Ia Bemumnna Mae Y2 —Ppo3IOIia 3 n — 1 cTymeHaMH cBoboIH,
AK CyMa KBa,ZLpaTiB n— 1 CTaHAAaPTHUX HOPMaJIbHUX BEJIMYHH.
3 piBHOCTI

X:%(%%%) (Xl,Xg,...Xn)T:%.

_ n
BUILIIMBAE, IO BANAAKOBI Besmannn X Ta 5 » . Y7 Hesamex-
=2

. . S . o2
i, mpuIoMy BHOIpKOBe cepenne X mae posnogin N (a, 2~ ).
s Toro, 1100 3aBepIIUTH JIOBEJIEHHS TEOPEMH, JIOCTATHHO

n

nokasatw, mo (n — 1)S? = 3 V2, a me HeBaxKKo mepesipurn
i=2

3 OIVIZIY Ha OPTOrOHAJIBHICTH MATpHIl A:

(n=1)8* =3 (X = X = 3 XP—nX = | X|P - ¥ =
=1
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n n
=[AX|P=ye =) YP-ve=) V2 e
i=1 =2

Teopema (npo cratuctuky CThIOAE€HTA Bi/l HOPMAaJIh-
HOl BubGipkm) Hexait X = (X;, X,,...,X,,) — Bubipka i3
posnominy N(a,c?), a S* — punpasiena BubGipKoBa JuCIIC-
cig. Toxl BUIIaIKOBA BEJIUIHHA,

X—a

Tn—1 = \/ﬁ g

Mae posnoii CreiogerTa 3 n — 1 cTymneHaMu cBoOOIH.
<« BunajikoBy BeqTmIuny 7,1 3alUNIEMO Y BATJISIL

X —a X—a X—a
Thoq1 = \/ﬁ _ a/\/n _ a/\/n

S \/52/0'2 B \/(”_012)52/(71_ 1)

3 Teopemu mpo BUOIPKOBI MOMEHTH HOPMAJIBHOI BUOIDKY BHUII-

: X—a (n—1)5? 1
JHBAE, MO BUNAIKOBI BETHIMHI =% Ta ~— 5 — He3aJIexKHI,
JI0 TOTO 2K, BOHH MalOTh CTAHIAPTHUN HOPMAaJILHUI PO3MOILIT
Ta X2-po3noiin 3 n — 1 cTymeHsmMu cBoboIn Bianosigno. Ile it
03HAYAE, IO BUIMAIKOBA BEINYNHA T,_1 Ma€ po3momait Crbio-

JierTa 3 n — 1 cTyneHamMu ¢BoOOIH. B

2.4 IuTepBaJIbHI OIIHKHN IIapaMeTpiB
HOPMAaJIbHOTO PO3IIOIiITY

Hexait X = (X, Xs,...,X,) — Bubipka 3 HOpMAJBHO-
ro posnoainy N(a,o?). Posragnemo pisni BapianTé mooymo-
BHU IHTEPBAJbLHUX OIIHOK JJI¥ MATEeMaTHYHOTO CIIO/IiBAaHHS G 1

nmcrepcii o2,
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Hagnifinuii inTepBana ajid MaTeMaTUYHOTO CIIOAiBaH-
Hd TIpU BigoMmiii mucrnepcii. ToukoBoO OIIHKOI MaTeMaTH-
HOTO CIIOJiBaHHA € BUOGIpKOBe cepeqne X. 3a TeOpeMOIO IIpo
BHOIPKOBI MOMEHTH HOPMAJIbHOI BUOIPKH I BUIAIKOBA BeJIH-

. 2
qrHa Ma€e po3nomia N <a, %) Tomy BUmagkoBa BeIMINHA,
X—a X—a
Z =h(X;a) = —F—==+v/n———
(X;a) = — NG Vn—
Mage cTanaapTHuil HFopmaabauit posnomia N (0, 1). e o3nauae,
1100)

P{—t< \/EX

— < t} = Fy(t) — Fy(—t) = 2Fo(t) — 1,

o

t
ne Fy(t) = \/%771' i exp{—é}dz — dyuxuig posnogiry N(0,1).

Inakrmre kaxyun,

_ o — g
P{X——t<a< X+ —=tpy=2F(t)—1
{ Vi vz } 0
Badikcyemo piBenb HagiitHocTi 1 — v 1 3HAiAEMO Take t, 100
BUKOHYBasacs piBaicrb 2F5(t) — 1 = 1 — a. Orpumyemo t =

Up—g — KBaHTUIIb piBHg 1 — § CTAHIAPTHOrO HOPMAJIBHOIO
posmnominy. Tomi

_ o — g
P{X—ﬁul_‘;<CL<X+%U1_‘;}:1—O{.

Omrke, HAOIHHWE IHTEPBAJI JJIsi MATEMATHIHOIO CIIOIiBaH-

He HOPMAaJLHOTO PO3NOALTY NpH BimoMmiit mmcmepcii o? mae

BUT'JIA
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Hanifiuunii inTepBaa ajigd MaTeMaTUIHOTO CIIOAiBaH-
He Npu HeBimoMiii mucnepcii. [Topsi 3 TOYKOBOIO OIIHKOTO
X MaTeMaTHYHOTO CIHOIBAHHS @ PO3IJIAHEMO OIIHKY S? 11Id
mucnepeii 2. 3a Teopemoio npo cTaTucTuKy CTbIoJeHTa Bif
HOPMaJIbHOI BUOIPDKM BUIIA/IKOBA BEJIUYUHA

X —a
S

Th—1 = \/E

Mae posnomia CreiogerTa 3 n — 1 crymensmu cBobomu. Ilo-
sHauuMO udepes F,  (t) dyHKII0O pO3NOALTY BETUIUHHA T, 1.
Tomi
X —a
P {—t <+/n 5 < t} =F, (t)—F,_,(-t)=

= 2}7‘7—77,71(.[;) - ]"

- S - S
P{X——t<a<X+—=<t,=2F, (tf)—1
-7 ) =20
Posp’sizagimn piBusiaas 2F, (1) —1 =1—«, 1e 1 — a —
piBenb HagiftHOCTi, OTpUMy€eMO ¢ = t;_a(n — 1) — KBaAHTHID
pisasa 1— 5 posuoginy Creiojenta 3 n—1 crynensamu cBobo/ .
Tomi

_ S _ S

TakuM 4YmHOM, HaIIfiHMI iHTepBaJ AJId MATEeMaTHUIHOTO
CIIOJIIBaHHS HOPMAJIBHOT'O PO3IIO/ILIY IIPU HEBLIOMI guctiepcil
Mage BUTJIST;

(X — %tl_g(n —1), X+ %tl_g(n - 1)) :
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Haniiiauii inTepBan ajas aucnepcili mpu BimoMomy
MaTeMaTI/I‘-IHOMy criomiBaHHi. Haiikpaimoio ToOIKoBOO OIiH-
KOIO mlcnepcu o? npu BiIOMOMY MaTeMATHYHOMY CIIOJiBaHHI
aeo?=1 Z( —a)? (nuB. npukiaau naparpadgy 1.2). Pos-
TJITHEMO BI/IHa,ZLKOBy BEJINYUHY

. " )
o2 Xz —a
n— = E — .
o ; o
=1
[Is1 BumaAKOBA BEeJIMYWHA € CYMOIO KBJIPATIB N CTAHIAPTHHX

HOPMAJLHIX BEJHYIHH i TOMY Ma€ Y -pO3HOMIiaI 3 N CTyHeHAME
cBobomu. Toni npu 3ajanomMy piBHI HajdifinocTi 1 — o MaemMo

2 2 2
o o o
l-a=Plol<o’ <o}l =Pln— <n— <n— =
2 2 2
o5 o o7
2 2
o o
=F2|(n=|—-F:|n=], (2.4)
X7 2 X3 2
o3 o

ae Fy2 (t) — dyHKIisg x*-po3moiny 3 n cTymeHsMn ¢BOGOII.
Bubepemo o? i 03 rax, 106

o « o Q@
Felns|=1-5, Fel|lns | =<2
"\ oy 2’ "\ o 2
OTpumaemo
2 2
52 no o2 no
1 .2 ’ ) )
Xl—% (”) X% (n)

ze X% a (n) Ta X% (n) — KBaHTI/LHi x? po3moiy 3 n cTyneHsaME
CBO60;LH piBHSI 1 — $ Ta g BiANOBIIHO.
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Orxke, HAAIHMIT iIHTEPBAJ 11 JUCITEPCiT HOPMATHLHOTO PO3-
MOy TIPH BIIOMOMY MaTeMaTHIHOMY CIOJ/IIBAHHI @ Ma€ BUT-
JIAT:

no? no?
2 » 2
Vs () X5(n)

Hanpitianii inTepBan ajg aucmnepcii mpu HeBigomo-
My MaTEMaTUIHOMY CHOAiBaHHi. TOUYKOBOIO OIIHKOIO JIHC-
nepcii o2 nIpu HeBIIOMOMY MaTeMaTHIHOMY CIIOAIBAHHI € BU-
npasJeHa BUOipKoBa gmcrepcia S2. 3a TeopeMoio mpo BHOIp-
KOBI MOMEHTH HOPMAaJIbHOI BUOIPKY BUIMAAKOBA BEJIWIMHA

2 & Xi- XY
-0 =2 (R
Mae Y2-posnonin 3 n — 1 crymenamu csoboau. Toxi
1—azP{a%<a2<0§}:

:P{(n—l)i—z<(n—1)i—j<(n—l)s—z}:

2 01
52 S?
= FX3171 ((n — 1)0_—%> — in—l ((n — 1)0_—§> .

Mexxi maaifinoro inrepsaay oi i o3 BubepeMo Tak, 1mob

S? a 52 a
F o —1)—=]=1-—= F —1)—= | = —.
Xnt ((n )U%) 27 e ((n )05) 2

Orpumaemo

) (n—1)5? ,  (n—1)5?
Ol =5 2= a
X1_%(n - 1) X%(n - 1)
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Takum ynnowm, Ha IIHIH IHTEPBAJI /14 JTUCTEPCiT HOPMaJIb-
HOTO PO3MOJITY MPU HEBIJIOMOMY MaTeMaTUIHOMY CITOTiBaHHI
Ma€ BUTJIS;

(n—1)S* (n—1)5?
A -1 -1

Bupaga. [To6yryBaTu 1iBOCTOPOHHI Ta MPABOCTOPOHHI HA/Tili-
Hi IHTEepBAJIN JJTA MapaMeTPiB HOPMAJIBHOTO PO3IMOILTY.



Pozmin 3

IlepeBipKa cTaTuCTUYHUX
rirnoTe3

3.1 3agadi mepeBIpKU CTATUCTUIHIX
rirore3

B 1pomMy po3/iijii po3riisilacThes 11 OJuH KJiac 3a/a4d Ma-
TeMaTHYHOI CTATUCTUKHU, OB’ A3aHUX 3 EPEBIPKOI0 CTATUCTHU-
YHUX rinores.

Y Teopil mepeBipKH CTATUCTUYHHUX TIMOTEe3 MPUAHATO HAC-
TYIIHI O3HAYEHHd Ta JOMOBIeHOCTi. CTATHCTHIHOIO TIOTE3010
Ha3WBAETLCA JIOBLIbHE MPUITYIIEHHS MPO PO3MOJILT BUIIATIKO-
BOI BEJIMYUHH, SKE IEPEBIPIETHCA 3a pPe3yJibTaTaMH CIIOCTe-
peXKeHb I1i€l BestmanHu. ['i1oTe3u MO0 PO3MOIILIIB, IKi OJHO-
3HAYHO 1X BU3HAYAIOTH, HA3UBAIOTHCA ITPOCTAMU, Y TPOTHIEK-
HOMY pas3l — cKJagHuMH. ['inoresa, gKa miaadrae nepeBipiii,
Ha3WBAE€THCA OCHOBHOIO UM HYJIBOBOIO 1 mo3HadaeThes Hy. [i-
oTe3a, 1o cyrnepednTsb Hy, Ha3UBaETHCs AJBTEPHATUBHOIO YU
KOHKYPIOIOU0IO rinore3010. Bona nmoznadaernscsa Hy. [Ipasuio,

45
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3a 9KHM IPUIMAETHCA PIlIeHHd Ha KOPHUCTh OAHIET 13 BKa3a-
HUX TiMOTe3, HA3WBAETHCA CTATUCTUIHUM KPHTEPIEM.

Hexait X = (X1, X5, ..., X,,) — Bubipka i3 posnominy G,
CTOCOBHO SIKOTO BUCYBA€ThCA TinmoTe3a Hy mpu aJbTepHaTUBHIMN
rinmore3i H,. [lepesipka rinoresu Hy 3BOAUTHCs JIO HACTYII-
HOTO. 3a peaJizari€ro X Bubipkun X MiPaxXOBYEThCs 3HATEH-
Hs JesKol bopesierol dyHKIl h(X), 3a1aH0T HA BHOIPKOBOMY
npoctopi R”. g dyHKIS HA3UBAETHCI CTATUCTUHKOIO KPUTe-
pito. Bona BubupaeTbcs Tak, mob 3a mpunyiienns Hy pos-
nogin Besmanan h(X) 6yB Bimomum. Hexait D — muoxkuna
3Ha4YeHb craructuku h, a Dp C D — Taka MHOXKHUHA, 1110, y
BUNAJIKY icTUHHOCTI H(y, IMOBIPHICTDH MOTPAILISHHS 3HAYCHH S
BunaikoBoi Beamannn h(X) B Dy 1OpiBHIOE Halepe1 3a/1aH0-
MY 9HCIY @, sKe Ha3UBAEThCsd PIBHEM 3HAUYIIOCTI KPUTEPIIO,
TOOTO

Py, {h(X) € Dy} = a. (3.1)

[Ipu 11boMy piBeHb 3HAYYIIOCTI (v BAODMPAETHCS JJOCTATHHO Ma-
JIUM, 100 3a mpunyineHns Hy mofio, dKa IoJsira€ B TOMY,
mo h(X) € Dy moxkua 6ys0 6 BBAyKATH TAaKOIO, 10 B OJHO-
Pa30BOMY EKCIIEPUMEHTI IPAKTHUIHO He BiadyBaeThcs. Ko
migpaxoBaHe 3a peasizanieto Bubipkn 3uadeHHs h(X) BCe K
noTpanujio B 00JacTh Dy, TO 16 MOYXKHA MOSICHUTH THUM, IO
HYJbOBA TinoTe3a xubHa 1 ToMy 11 Tpeba BIIXWIUTH. Y MBOMY
BHUIAIKY MPpUHMaEThCs albTepHaTHBHA TiroTe3a Hy. Y BUMaI-
Ky, Ko/ 3HadenHs h(x) we norpanusio B Dy, rinoresa Hy ne
BiIXUJISIETHCSL.

Muoxuna Dy, Ha gKiil BiAXUISETHCT HYJIbOBA TiNOTE3a,
HAa3UBAETHCA KPUTHIHOIO 00JACTIO CTATHUCTUKH KPHTEpPilo. ¥
3araJJbHOMY BHIIQJIKY 3 KPUTUYHOIO 001acTi0O D) CTATHUCTUKA
KPUTEPII0 MOXKHA 10B’43aTU KPUTUUYHY 00/1aCTh BUOIpKU

Wiy ={x€R": h(x) € Dy}.
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[Ipu morpamrsani peasizanii X Bubipku X y KpUTHUHY 00-
Jgacth Wy, HyJIbOBa TinoTe3a BiAXUISETHCHA, Y TPOTUICKHOMY
BUIIJIKY — He BLIXUJIAETHCS.

SayBakeHHdA. Y 3B’43KYy 31 CTATUCTUIHUM XapaKTepoM
MepeBIpKHU TimoTe3 3ayBaxkKuUMo Take. [lepeBipka rimore3m Hi
B dKOMY pa3l He € JIOBeJIeHHdM TOrO, 10 BOHA ICTUHHA YU
xubna. Hepnaua y sBiaxuiaenni Hy o3nauae juiie e, 10 HEMAaE
JOCTATHHBO BArOMUX IMiACTAB IS Biaxuaenns H.

[Ipu BuKOpHCTaHHI OY/b-IKOTO CTATUCTUYHOIO KPUTEPIIO
MOXKJINBI IOMUJIKH. PO3pI3HAIOTH IIOMIJIKI JIBOX BHJIIB.

Oznauennd. [lommika, sika mojsirae B TOMY, IO TiloTe-
3a Hy BIAXUISIETHs, KON BOHA CHPAB/IZKYETHCS, HA3UBAETHCH
MOMUJIKOIO TIEPIIIOTO POJLY.

Oznauennd. [loMmmnika, ska mojsrae B TOMy, IO TillOTe-
3a Hy He BIIXWMJISE€THs, KOJIM [PABUJBHOIO € ajbTepHATUBHA
rinore3a Hy, HA3UBAETHCH TOMUIKOIO JIDYTOTO PO/LY.

VIMOBIpHICTD HOMIIKH MEPIIOro POy CIIBIATAE 3 PiBHEM
3HAYYIIOCTI KPUTEPIIO (v i TOMYy MOKe OyTH 3po0JieHa K 3aB-
IOJIHO MaJI0k0. VIMOBIpHICTD HOMHJIKE JIPYTOT0 POJLY JAOPIBHIOE

B =Py {h(X) e D\ D)} =Py {X eR"\ W,}.

Oznauennd. [loryxXHicTIO KpUTepilo Ha3UBAEThCA HMO-
BIPHICTH BIJCYTHOCTI IIOMHMJIKH JIPYIOI'O POy, TOOTO HIMOBIp-
HicTH BiaxmiaenHs xubnol rinore3u Hy:

Binzrauumo, 1mo i piBeHb 3HATYIIOCTI, 1 MOTYKHICTh KPHU-
Tepilo OJHOYACHO MOHOTOHHO (y HANPSIMKY 3POCTAHHS) 3aJie-
»KaTh Bif KputuaHoi obaacti Wy Bubipku X. 30Kpema, Ipu
Wi = @ fiMOBipHICTb TOMUJIKH HEPIIOr0 POJLY HYJbOBA, JIPY-
rOTO POy JOPIBHIOE OJMHUII, & MOTYKHICTH — HY/IboBa. [Ipn
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Wi, = R"™ mae micne mpoTusiekne: MOXUOKa MEPIIOTO POy
1 TOTYKHICTH OJHOYACHO JIOPIBHIOIOTH OJMHMUIIN. ToMy 331249y
BUIITYKYBaHHS ONTUMATBHOTO KPUTEPII0 MOYKHA 3BECTH JI0 38~
JTIadi YMOBHOI ONITUMI3aIlll, dKa MMOJIATAaE Y 3HAXOIKEeHHI Hali-
OLIBbIIOT MOTYKHOCTI TP OOMEZKeHHI Ha HMOBIPHICTD TOMMUJI-
KH MEPIIOTO PO/LY.

3ayBarkenHs. Koxken kpurepiii mepeBipKru CTaTUCTHIHOL
rimore3n MoxkHa 3agasatu napow (h(X), D), mo yTBopeHa
CTATHCTHKOK KpuTepito h Ta 11 kputnaHowo obnactio Dy (abo
K KpuTudHOoo obsactio Wy, Bubipku X).

3.2 Haiibigpnr moTyKHi Kpurepii

Hexait X = (Xi,Xs,...,X,) — Bubipka i3 HeBizoMoro
posmoiay F', cTOCOBHO 9KOI0 BHCYBa€ThCs rimore3a Hy mnpu
aJIbTepHATHBHIN rinore3i H.

Oznauennsg CtaTucTUIHUR KpUTEPiil i3 KpUTUIHOIO 0OJIa-
ctio W) Bubipku € HaltOLIBIT TOTYKHUM KPHTepieM pIiBHSA «,
SKIIO HOT0 piBeHb 3HAYYIIOCTI JTOPIBHIOE (v, TPUIOMY JTOBLIb-
Huit Kpurepiit i3 kpuruanow obdjactio Wiy i piBHeMm 3Hady-
IMOCTi v Mae He OIIbITY MOTY KHICTD, HixkK W)

Pu{XeW,} <Pp{XeW;}

Baga4a BiANTyKyBaHHS HAWOILIBIN TTOTYKHOTO KPUTEPIIO He
3aBXK/IM Ma€ Po3B’s30K. OJIHAK Y BHIAJKY IIPOCTUX OCHOB-
HOI Ta aJbTEePHATHUBHOI rinoTe3 HAUOLIbIIT NOTYKHUH KpUTepiit
icaye. [IpumycTuMo, 1O OCHOBHA TiOTe3a Ta aJbTepHATHBHA
riore3a € TPOCTUMU:

H()IF:G07 HliF:Gl,

je obuasa posnomian GGy ta (G7 MOBHICTIO BE3Ha4eHI 1 abCo-
moruo menepepsri. Hexait Gx;(B) = Py{X € B} (B —



3.2. Haii6igpmr moTy»KHI KpaTepii 49

Oyap-sika GopeseBa miaMHOXKUHA R™) — po3moia BUIaIKOBO-
ro Bektopa X, mo Biamosijgae posmomiiny G;, ¢ = 0,1. Toxi
icHye miJIbHICTD [g; > 0 Taka, 1o

Gxa(B) = / 11 () Gx.0(dx)- (3.2)
B
Ho roro x, sunaakoBy seauuuny lo;(X) mMoxHa nojaru y
BUIJIsI/Il BIIHOIIIEHHS TTPAB/I0IOAIOHOCTEH
LX)

0(X) = 75

ne L;(X) — dyukuig npasaonoaiéuocti ubipku X, sika Bij-
nosizgae posnoginy G;, ¢ =0, 1.

Teopema (kpurepiit Heitmana-Ilipcona). Hexait npu
3amaHomy pieai 3uadymocti a € (0,1) icaye crana [, Taxa,
110

PHO{l01(X) Z la} = Q.
Toxi kpurepiii BigHomeHHs npasaonoaiorocteii (Ig; (X), [ly, 00))
13 KpUTHYIHOIO 00JIaCTIO BHOIPKHU

Wi={xeR": lnx) >}

€ HaUOLIBIT MOTYKHUM KPUTEPIEM PiBHS (.
<« PosrisineMo IoBLIbHIN KpUTEPiit i3 KpUTHIHOIO 001aCTIO
Wi 1 piBHEM 3HAYIYIIOCTI (v:

PHO{X € Wk} = GX70(W]€) = Q.
O6uuncmMo Horo moTyKHICTh 3 ypaxyBanHaM dbopmyin (3.2):

PHl{X - Wk} = GXJ(W]C) =
=Gx (Wi \ W)+ Gx 1 (W, N W}) =
= Gx (Wi \ Wy) + Gx 1 (Wy) — Gxa (Wi \ Wy) =
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= / lo1(x)Gx o(dx) + Gx 1 (W) — / lo1(x)Gx o(dx).
Wi\Wy Wi\Wi
3a osHaueHHAM KpuTudHoi obsacti W) mnpu Bcix ¢ € Wy
BHKOHYETBHCST HEPIBHICTH [y (x) > l,. e o3nagae, mo gxmo
x & Wi 1o lp(z) < l,. Toni
PH1 {X S Wk} < ZQGX@(W]{ \ W]:)—F

+ Gx 1 (W) — L.Gx oWy \ Wy) =

= laGX,g(Wk) + Gx’l(W,:) - laGX,()(W]:) =

=aly +Gx 1 (W) —aly, = Gx1(W)) =Py {X € Wi}
Teopemy moBesieHo. »

IIpukaan (BiaurykyBauHs HAfiGiIbII MOTY2>KHOTO KPH-
repiro). Hexaii X = (X1, Xy, ..., X,,) — Bubipka i3 HOpMAJIb-
HOT'O PO3MOJIIY 3 HeBi;LOMHM MaTeMaTUIHUM CHOJAIBaHHA @ 1
Bimomoro amcnepciero 2. TlobyayBaTn HaibGLILIT TOTYXKHMI

KpUTepiil I BUMAJKY ABOX ITPOCTHX OCHOBHOI 1 aJbTepHA-
THUBHOI TiHOTE3

Hy:a=a9, H|:a=ay,

Je ag 1 a1 JedKi 33 aHl 3HAYEeHHSI.
g Bu3nadgeHocti Oy/1eMO BBaxKaTH, 10 g < aq.
BigHomennas HpaB,ZLOHO,ZLi6HOCTefI MAa€ BULJISLIT

o[ 25

202

{ _ (Xi—ap)? }
202
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= exp {— L (X —ar)” — (X, — a0)2)} —

202 4
=1
n

= exp {Ti? Z(al —ap)(2X; — (a1 + ao))} =

i=1

_ n _on .
= exp {E(al —ag)X — W(a1 — ao)} :

ne X — Bubipkose cepenne. HepiBHicTb
n _ n
l01(X) = exp {ﬁ(al —ag)X — T(G% - ag)} >y

eKBiBaJIeHTHA HEPIBHOCTI

X — ag o vn
NG > > J(ar —a0) Inil, + %(al — ap). (3.3)

3 TeopeMu npo BUOIPKOBI MOMEHTH HOPMAaJIbHOI BHOIpKHU
BUILJINBAE, 110 BUIIAIKOBA BEJIUYNHA

X—ao
g

Z =

y JiBiii gacruui HepiBrocTi (3.3), 3a npunymenns Hg, Mmae
cTanjapTHUil HopMaabHuil po3nojait. [IpaBy dacTtuny Hepis-
HocTi mosHadumo depe3 C. Posp’asasmm pisuaung Py {Z >
C} = a, orpumyemo C' = uy_, — KBaHTWIb PiBHSA 1 — v PO3-
noxiay N(0,1). Toni cramna l,, anst skoi

Pu,{lnn > .} = «,

SHaXOAUTbCA 3 YMOBU

n
Il + Y2 (a) — ag) = ur_a
nl, + o (a1 —ag) = wy

vn(ar — a)
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i BoHA JOPIBHIOE

TaKuM IHHOM, MU 3HAHIILIN CTATY [, I/ TKOI
P {lo1(X) > 1o} =P {Z > w0} =«

i, or:ke, Kpurepiit (7, [u1_q, +00)) i3 cTATHCTHKOW Z Ta KPH-
THYHOIO 0671acTi0 D) = [U1_o, +00) € HAHOLIBIT MOTYKHAM
KPUTepieM PiBHA « JjIs IepeBipKHU rinore3n Hy mpu aabTep-
HATUBHIN rinores3l H;.

3.3 llepeBipka rimoTe3 IIpo 3HAYECHHS
ImapaMeTpiB 1 Ha/iiiHI IHTEpBaJIA

Hexait X = (X1, Xs, ..., X,,) — Bubipka 3 posuoginy F(-;6),
SIKUI 3a/1€2KUTh Bifl HeBioMoro napamerpa 6. Posrisaemo ri-
noresy Hy : 6 = 0, 1e 0y — rinoreTnydne 3HaAYEHHS TapaMeTpa,
0. AnprepHaTUBHOIO OyIeMo BBaxkaTu rimoredy Hi : 0 # 0.
HeobOxiguo 3a peaJsizamniero X BubGipku X 3poOHTH BHCHOBOK
mpo rinore3y Hy, a caMme: BIIXHIATH 11 91 Hi.

[IepeBipky rinore3u Hy MOXKHa IIPOBOJIUTH, OA3YIOUNCH HA
IHTepBAJILHUX OILIHKAX HEBIIOMOro mapamerpa 6.

Mixx 3HAXO/IKEHHSM 1HTEPBAJILHUX OIIHOK MMapaMerpiB i
IIepeBIPKOIO TIMOTe3 MPo iX MOXKJ/IWBI 3HAYeHHd iCHYE TiCHMI
B3aeM03B’s130K. Lle, 1o cyTi, aBa pi3Hi crocodu hopMyITIOBaH-
Hd ofHiel i Tiel :x 3amaui. Haniitau#t inTepBas A1 HeBLIOMO-
ro napamerpa MOXKHA PO3LJISIATH K MHOKUHY TPUAHATHUX
3HAYEHb JIjIg HOTrO TIMOTETHYHOrO 3HAYEHHS, a JIONOBHEHHS
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IBOT'O IHTEPBAJIY — AK BI/IMOBIHY KPUTUYHY 00JIACTD JIJI HY-
JILOBOI Tinore3u. TobTo, /s nMepeBipKky TinoTe3u nMpo 3HaYeH-
Hs HEBLJIOMOTO MapaMeTpa JOCTATHHO TMOOYIYBATH HaTifHII
IHTepBaJI IJId HapaMeTpa 1 IepeBipUTH, 9 HOTPAILISE B HHOTO
rinoTeruvyHe 3HaYEHHs HapaMeTpa.

[IpoitocTpyemMo ckazane, PO3LIAHYBITH HAIAHUNE iHTEP-
BaJI (él,éz) g mapamerpa 6 3 pismem magiitmocTi 1 — a.
Bynemo BBakaTm, 1o meil iHTepBasa MOOYIOBAHO 3arajJbHUM
MEeTOJIOM ONOPHUX BeuuuH. Tomi 11 Oyab-gaKol peasizarii x
BUOIpKM X BUKOHYETHCS CHIBBLIHONIEHHS

0, < 0 < 0y < hy < h(x;0) < hy,

ne h(x;0) — suadenus geskoi onopHol seananan h(X;0), a
hi, ho — 3Hadenns, 3HaiijieHi 3 yMOBU

P{hl < h<X79) < hg} =1-oq.

Toai h(X;6y) ta Dy, = D\ (hy, ha) € BIAIOBIIHO CTATHCTHKOIO
KPHUTEPI0 Ta KPUTHIHOK 00JIACTIO JJI HEpPEeBIpKHU TilloTe3n
Hy : 0 = 6y npu 3amanomMy piBHI 3HAYYIIOCTI (v i TPU AJIbTEP-
naTuBHiil rinore3i Hy : 6 # 0y. lle o3nagae, mo y BUMAIKY,
ko h(x;00) € Dy (aGo 0y & (0y,0,)), rinoresa Hy Bixxu-
JII€ThbCd 1 NpuiiMaeThbcd aJbTepHATHBHA rimore3a Hi.

Ha zaBepmenns, 1 rinore3u Hy po3riasHeMO IIIe JIBa Ba-
pianTu anbrepHaTuBHUX rimore3: Hi : 0 < Oy, H : 0 > 6.
Kpurepii 3 anprepuarusumMmu rimorezamn H{ ta Hi nasm-
BaIOTHCA OJTHOCTOPOHHIMU — JIIBOCTOPOHHIM Ta ITPaBOCTOPOH-
HiM Bignosigno. fxmo anbrepHaruBmoio € rimoresa Hi, TO
OCHOBHA rinore3a Hy BIIXWIAECTbCA YV BUNAJIKY, KOJU TilOTe-
THYHE 3HaYeHHs 0y HEeBIJIOMOro mapameTpa ¢ He MOTpaILIE Y
JIIBOCTODOHHIN Ha iiiHUH 1HTEpBAJ (—oo,ég) Juist 0 3 piBHEM

HagiiinocTi 1 — a; gKIo ajgprepHATHBHOL € rinore3a H', To
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H, BinxunasieTbes y BUMAIKY, KOJTH 0y He TIOTPAILISE ¥ BiAmO-

BITHWT TPABOCTOPOHHIH HAAIHWI iHTEpBAJT (él, 00).
3ayBarkenHd. Hasejeni y npoMmy naparpadi MipKyBaH-

HsI TIONMMUPIOIOTHCSA HA BUMAJ0K BEKTOPHOTO mapamerpa 6 =

(601,0s,....0,) €© CRe.

3.4 IlepeBipKa rimores 1po
3HAUEeHHs ITapaMeTpiB
HOPMAaJIbHOTO PO3IIOILITY

Hexait x = (x1,%2,...,2,) — peanizaris Bubipkn X =
(X1, X, ..., X,) i3 posunoginy N(a,c?). Ilobyayemo Kpurepii
JIJIsl IePeBIPKH Pi3HUX BapiaHTIB rinore3 PO 3HAYEHHS MaTe-
MATHIHOTO CHOMIBAHHA @ i gucmepcii o2.

IlepeBipka rimoTe3mu npo 3HaYEHHSI MAaTEMATUIHOTO
croAiBaHHsg nmpu Bimomiit aucnepcii. [lepesipumo rimore-
3y Hy : a = ag upn anbrepuaruBHiii rinore3i Hy : a # ap.
To4KOBOIO OMMIHKOI0 HEBIIOMOro MaTEeMaTHYHOIO CIIOIIBAHHSI
a € BubGipKoBe cepegae X . 3 TeopeMu MPO BUGIPKOBI MOMEHTH
HOPMAJIbHOI BUOIPKH BHILIUBAE, IO BEJIHINHA

X —
7— ywX=%,
g

3a npunyienns Hy, Mae cranapTHUl HOPMaJIbHUIT PO3TOILT
N(0,1). e o3navae, mo

PHO {|Z’ > U1,%} =qQ,

/€ Uj—g — KBAaHTHJIb piBag 1 — < cTanjapTHOrO HOPMATHLHOTO
PO3MOTLTY.
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Toni kpurepiit s epeBipku rinore3n Hy npu ajbrepHa-
TUBHIH Tinore3i H noJisirae B ToMy, 110 rinore3a Hy Biaxuisi-
€ThCs, AKINO 3HAYCHHS |Z |, MiIpaxoBaHe 3a PeATi3AleI0 X BH-
Oipku X, mOTpaILige y KpUTUIHY 001acTh D) = [ul_%, +00),
1 He BIAXUJILEThCA y nporuiaexknomy pasi. [lpu npomy, iimo-
BipHICTH MOMUJIKHU TIpU Bijxuaeuui Hy 10piBHIOE (.

ko agprepnaTnBHOIO € rinore3a H| : a < ap un HY :
a > ag, TO KpUTUIHA 00JIACTh CTATUCTHKH Z Ma€ Burjan D) =
(—00, Uug] w1 DY = [u1_q, +00) BigmosimgHo.

IlepesBipka rimore3u 1mpo 3HaYEHHA MAaTEMATUIHOTO
cnofAiBaHHdA Tpu HeBimoMiii mucnepcii. Tlepesipumo Te-
nep chopmysIboBaHy BHINe Tinore3y H( npu ajgbrepHaTHBHIH
rinoTesi H, y BUNAJKY, KON JHcIiepcid o2 mesimoMa. Llopsan
3 TOYKOBOIO OIIHKOK X MaTeMATHYHOIO CIOJIIBAHHS (4 PO3-
rasgHeMo ominKy S? m1a aucnepcii o2, 3rigHo 3 TeopeMoro mpo
craructuky CTbIOJEHTa BiJ HOPMaJIbHOI BHOIPKH, BUIIAIKOBA,
BEJINYHHA

- X — ap
Tpo1 = Vn—g—,
S
3a rinore3u Hy, mae po3noain CrbiogenTa 3 n — 1 cTryneHsMu
cBobou. Tomy

Py {|Tna| > tia(n —1)} = a, (3.4)

aetya (n—1) — xBanTnIb pibna 1 —§ posnoainry CTeromenTa
3n — 1 cTyneHssMu cBOOOIN.

Taxum ynnom, Kpurepiit 3 piBHEM 3HAUYIIOCTI (v JIJIsd TIepe-
Bipku rinore3u Hy npu ajabTepHATUBHIN rinore3i H; moxna
copmymoBaTH Tak: rimoresa H( BIIXHUJISETHCS, SKIMO 3HAa-
9eHHd |7, 1| moTpanige y Kputudiy obsacth Dy = [t _a(n —
1), 400), 1 He BIAXUASIETHCS Y TPOTHIEKHOMY Pasi.

VY BUIAKY, KOJIU aJbTEPHATHBHOIO € OjHA 3 rimore3 Hi :
a < ag, H : a > ap, kpuruana o0JacTh CTATUCTHKH Z €
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Bianosigno oxmiero 3 obracreit: D) = (—o0,t,(n —1)], D} =

[tl,a(n - 1), +OO>
ITeperipka rimore3u mpo 3HaYeHHS AucHepcii mpu
BiloMomMy mareMaTmdHOMY cnozaiBamui. [lepeBipumo ri-
noresy Hy : 0* = o2 npu anwrepraTupHiii rinoresi H; : o2 #
0(2). Hexait maremaTuane croaiBanus a — Bigome. Haiikparoio
TOYKOBOIO OIIHKOIO HEBiToMOi fucrrepcii 0 mpn BijoMoMy Ma-
N n
TemMarnHOMy cnoaiBanmi a € 02 = = > (X; —a)?. 3a rinoresn
i=1
H, BumaikoBa BeJMUnHA,

2 o’
Xn =M=
09
Ma€ x2-po3nomisi 3 n cTyneHsME cBOOOIH, 9K CyMa KBaJpaTis
N CTaHAAPTHUX HOPMaJIbHUX BEJIUYUH. TOMy

P, {x3(n) <2 < g} =10,
abo
P {2 € Dik =, Dy = 0,33 ()] U s (m), +o0),

Jie X?y(n) — KBaHTHJIbL PIBHA Y PO3HOILITY X2 3 N CTyICHAMH
¢BOOOIH.

Om:ke, KpuTepiit 3 piBHEM 3HAYYIIOCTI (v [IJIg MEPEBipKH
nepesipku rinore3n Hy mpu ajgbrepHaTHBHIN rimore3i H; no-
JIATA€ B TOMY, IO TinoTe3a H(y BIIXMIAE€ThCA, AKIMO 3HATEHHS
CTATHCTUKH X2 TOTPAILIAE Y KPUTHIHY 001acTh Dy, 1 He Bij-
XUJIAETHCH Y HPOTUIEZKHOMY pasi.

SIKIo anbTrepHATHBHOW € rinotesa Hj : 0% < of abo rino-
teza H| : 02 > 0(2), TO BIJIIOBI/IHI KpUTHYHI 00/1aCTI CTATUCTH-
ki x2 suraggaiors Tak: D, = [0, x2(n)], D} = [x3_,(n), +00).
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ITeperipka rimore3um nmpo 3HaYeHHd Aucnepcii mpu
HEBiJOMOMY MAaTeMATUYHOMY chojiBauHi. [lepesipumo
Tenep Tinore3sy Hy mpu aapTepHaTWBHIN Tinmore3l H; y BuU-
HaJIKy, KOJIH a — Hebigome. ToYKOBOIO OIIHKOIO jauciepcii o2
IpU HEBLIIOMOMY MaTeMaTUYHOMY CHOJIBAHHI € BUIIPaBJIEHA
BubipkoBa aucnepcis S2. SIkimo cupasazxyeThea rinoresa Hy,
TO 32 TEOPEMOIO TTPO BUOIPKOBI MOMEHTHU HOPMAJIbHOI BUOIpKHI
BHIIATKOBA BEJTUINHA

XZ—1 =(n— 1)_2
99

Mae x2-posnoain 3 n — 1 crymenamu csoboxu. Toxi

PHo {Xifl € Dk} = @,
Dy, = [0, x& (n — )] U [xi_a(n — 1), +00).

Taxum ynHOM, NpaBUIO NEepeBipku rinore3un Hy mpu ajib-
TepHATUBHiil rinmore3i H; MoxkHa chOpMyIIOBATH TaK: Iirmore-
3a Hy BIIXUIAETHCA, AKINO 3HAYCHHA CTATHCTHKE X2 TOTPall-
JIT€ Y KPUTUUYHY 007acTh Dy, 1 He BIIXUILETHCS y IIPOTH-
JiezkaoMy pasi. [lpu npoMy, HMOBIpHICTH HOMUJIKH IIE€PIIOTO
POy JIOPIBHIOE (.

[Tpu anbTepHaruBhiii rinoresi H| : 0% < o2 uun H{ : 0* >

02 KpUTHYHA OOJACTH CTATHCTHKH KPUTEPIIO € OJHIEI 3 006-

I

sacteii D), = [0, 32 (n — 1)), D = [3_o(n — 1), +00) simo-
BiJIHO.

3.5 Kpurepiit CTthlojIeHTA

Hexait X = (X1, X,,...,X,) TaY = (Y,Y5,...,Y,) —
nesasiexkni Bubipku 3 posuoaiiis N(ap,o?) ta N(ag, 0?) Bij-
noBigHO. MaremaTudni crHojiBaHHS aq,ds — HEBiAOMI, AUC-
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mepcig 02 — OIHAKOBA e OOHM/IBOX PO3MOJIITIB i TAKOXK He-

Bigoma. [Ilogo mapameTpiB a; Ta as BHCYBa€ThCs Timoresa
Hy : a1 — ay = ag, 1e ag — jgeska BigoMma craja. 30Kpema,
npu ag = 0, rinoresa Hy mosdrae B TOMY, IO MaTeMaTHIHI
CIIO/IBaHHS a1, Ay PiBHI MizK c00010, a00, 110 Te came, X 1a Y €
BHOIpKaMHU 3 OJHOTO i TOrO K HOPMAJIBLHOTO PO3MOILTY. Ab-
TePHATUBHOIO OyaeMo BBazkaTu rimoresy Hi : a; — as # ap.
Heobxinno 3a peanizamisgMu X Ta y 1ux BUOIPOK 3poOUTH BU-
CHOBOK: BIIXHJIATH YU He BUIXUIATH HYJIBOBY TilIOTE3Y.

[Tobyayemo kpurepiit CTbiogeHTa JIjIs1 HePEBIPKHU rinoTe3n
Hy. Hexait X,Y — Binnosinmi BuGipxosi cepemni nig X ta Y,
a S?, S2 — munpasseni Bubipkosi qucnepcii. Toji 3 He3amekK-
HOCTi BHOIPOK 1 TeopeMH IpO BUOIPKOBI MOMEHTH HOPMAaJib-
Hol BEOIpKY BUILINBaE, Mo Beananan X, Y, S?, 52 HezamerKHi.
o Toro , BequmunHH X,Y MAaOTh HOPMAJBHHII PO3IOILT
N (al, %) , N (ag, %) BiamoBiaHo, a BeauuuHu (N — 1)5—;,
(m — 1)5—% — posnoximm X2 3n — 1 Ta m — 1 cTyneHsMu cBo-
ooau BiamosigHo. Tomy BUIaAKOBA BEJIMINHA,

nm X—Y—ao
n-—+m o

3a npunyinenas Hy Ma€ craniapTHUil HOPMAJIbLHUNE PO3IOILT
1 He 3aJ€XKUTH BiJ CymMu

St

(n — 1); + (m — 1)522

;7
dKa 3a O3HAUeHHAM Mae Y2-posmogin 3 (n — 1)+ (m — 1) =
n+m — 2 cTyHeHIMHI CBOOOJIH.

3a oznadennaM po3nouty CThIOIEHTa BEJIMYUHA, 10 YTBO-
peHa BIIHOIIEHHIM

nm X—-Y —ag
ntm(y/(n—1)S2+ (m— 1S5/ n+m—2)

Th4+m—-2 =
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y BUMAKY icTuHHOCTI Tinore3u H(, mae po3nomin Ctbiomenta
3 n+m — 2 cryneHsaMn cBOOON 1 TOMY

PHO {|Tn+m—2| > tl_%(n +m — 2)} =,

Jeti—a (n+m—2) — kBauTuIb piBHs 1 — 5 posuojiiay Crbio-
JIGHTa 3 N+ M — 2 cTylneHaMu cBoOOIH.

Otxke, kputepiit CTbroieHTa TepeBepKHu rinore3n Hy MOXK-
Ha cpOpMYJIIOBATH TaK: rinoresa Hy BIAXHISETbCS, SKIIO 3HA-
YeHHS |Tpim—2|, TIpaxoBaHe 3a peai3aligaMu X,y BHOIPOK
X, Y BianosijHO, nOoTpaIisge y KpuTuuny obsgacrb D =
[tl,% (n+m—2), +oo) , 1 He BIAXUAIETHCI y TPOTUIEZKHOMY
pa3i. [Ipu mpomy, HMOBIpHICTH MOMUJIKY NpU BiaxuaeHui Hy
(MOMUJIKH MEPIIOro pojy) JOPIBHIOE (.

Buopasa. [looynysatu kpurepiit g, mepeBipku TimoTe-
37 PO PIBHICTH MaTEeMaTUYHUX CIO/iBaHb JIBOX HE3AJIEKHHUX
HOPMaJbHUX BHOIPOK 3 BIIOMUMHU JUCIEPCIIMU, 0 € PI3HU-
MH.

3.6 Kpnrepiit Pimepa

Hexait X = (X1, Xs,...,X,) taY = (Y1,Y,,...,Y,) —
Hesase:kHi BubipKy 3 posuojitis N(ay,o?) ta N(ag, 03) Bij-
nosinno. I[Tapamerpu ay, as, 03, 03 — Hepimomi. Ilogo aqucnep-
ciit 07 Ta 03 BUCYBaeThCA Tinoresa Hy : 0 = 02, To6TO rinore-
3a, dKa MoJisirac€ B ToMy, 1o X 1a Y € BUOIpKaMu 3 HOpMaJib-
HOTO PO3MOJILTY 3 OFHIEI i Ti€0 caMoro auctepcien. Aabrep-
HATUBHOIO Oy/eMo BBaxkaTu Tinoresy H, : o7 # o3. Heobxi-
HO 3a peaJiizalligMi X Ta y IUX BHOIPOK 3POOUTH BUCHOBOK:
BIIXWJIATH 9 HE BIIXHISTH HYJIHOBY TIOTE3Y.

[Tobyryemo kpurepiit @intepa juid nepesipku rimore3n Hy.
Hexaii S? ta S5 — punpasjeni BuGIpKOBi jucuepcii Jyis Bu-
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oipok X Ta Y BijnosigHo. Toji 3 He3asiexkHOCTI BUOIpOK BU-
nauBae, mo Bequdaunn ST, S5 Hesase:KHi. 3a TEOPEeMOK MPOo
BUOIPKOBI MOMEHTH HOPMAJIbHOI BUOIDKY BeIMIHHH (1N — 1)%
Ta (m — 1)§—§ MaloTh posmoaimm x? 3 n — 1 ta m — 1 cTyme-
HAMHU CBO60£I/I BIMTOBIZIHO 1 TOMY, V BUNAJIKY icTHHHOCTI Hy),
BiJIHOLLIEHHSI
bromr =

n—1,m—1 5,22
Mae posnoain @imepa 3 n—1, m — 1 crynensmu ceoboau. Le
O3HAYAE, IO

Py, {f%(n —1m—=1) < ¢p_1m < fl_%(n —1,m-— 1)} =
=1—aqa,
abo

PH() {gbn—l,m—l € Dk} = «Q,
Dy = [07f%(n —1m- 1)] U [fl—%(n —1,m— 1)»+OO)7

ne f,(n—1,m —1) — xBauTune piBug v posmoxiny Pimepa
3n—1, m— 1 crynensaMu cBoOOIN.

Otxe, KpuTepiit Pimepa 3 piBHEM 3HAYYIIOCTI (v TOJIATAE
B TOMY, IO AKIIO 3HAYCHHH (O, —1 m—1, HiIpaXoBaHe 33 peaisa-
nigMu X,y Bubipok X, Y BiJIIOBIIHO, HOTPAILILE Yy KPUTUYHY
obustactb Dy, TO rinoreza Hy BiAXUASIETHCS 1 HE BiIXHISIETHCS
y TPOTHIEKHOMY pasi.

BupaBa. ChopmysmoBaru kpurepiit @imepa s BUIAI-
KY, KOJU a1, Ay — BiIOMI.

3.7 Kpurepiit \*

Hexait X = (X, Xs,...,X,) — Bubipka i3 HeBizomoro
posmoiay F', cTOCOBHO SIKOTO BUCYBa€ThCs rinoresa Hy : F =
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G, ne G HaJIEXKUTH 33JaHOMY KJacy po3no/inis (3okpema, G
MOzKe OyTH MOBHICTIO BH3HAYEHUM DO3MOALIOM). [HaKIIe Ka-
KyuH, rinore3y Hy mMoxKHa copMysioBaTH Tak: X € BUOIp-
K010 3 posnoairy G. HeobxigHo 3a peanizaiieio x Bubipku X
3pobuTu BUCHOBOK 1PO rinoredy Hy, a came: BiaAxujsaTu i1 uu
Hi.

Kpurepiii y*? (rimoreTnunnii po3noaiyi Bu3HAYEHNI ).
[nest mobymoBu KpUTEpito JJid MepeBipku rinoresn Hy rpyHTy-
€THCST HA TOMY, 0 eMIIIPUIHIH PO3IOJILT Fn(x), o6y T0BaHM i
3a peaJiizanicro X Bubipku X 3 F| MaJyio BIIPIBHAETHCH Bij
posmozminty F. Cupaii, 3a T€OPEMOIO PO BAACTHBOCTI €MITi-
puunoi (pyHKIIT PO3MOgLIY, /Ui KOKHOTO x € R 3Havenuns
eMIIipu4aHOl (DYHKII pO3IOILIY Fn(x) € HE3MINICHOX 1 KOH-
3uCTeHTHOIO OIMiHKOI0 F'(x). ToMy, AKITO BBECTH BiIXHJICHHS
D(Fn7 GG) eMIipUIHOrO PO3IOLIY Bif TIMOTETHIHOTO, TPUIO-
My TakK, o0 BOHO HaOyBaJO MajuxX 3HAYEeHb, KOJU TiloTe-
3a H( CUpaBIKYy€eThCs, 1 BEJIUKUX, KON BOHA HE CITPABIXKY-
€ThCs, TO rinmore3y Hy NpUpOIHO BLAXUASATH abO He BiJIXHJISA-
TH 3aJIe2KHO BiJI TOr0, KOO 3HAYECHHS HAOYJIO BiIXUJICHHA
D(Fn, GG) 7U1st KOHKpeTHOI peastizamii X BHOIpkH X — BeJIUKO-
r0 49U MaJIoro.

Binxunenns D(Fn,G) MOKHA Oy/lyBaTH PISHUMHI CIIOCO-
6avm. Kputepiit x? nobynoBanmii Ha mijcTaBi BiXuIeHHA Fn
Bix G, 3anpononoanoro K. Ilipcornom. Ile Biaxunenns oymry-
€ThCST TaK: 00J1aCTh 3HAYEHb TOTeTUYOTo po3mnoaity G pos-
OMBAaETHCH HA CKIHYEHHY KIJIbKICTh HEIePeTUHHUX MHOYKUH
AV ES L_k, 1 9K BIIXWJICHHS PO3TIAIAETHCA

k k

- n (v (v; — np;)?

DG =3 2 (5 ) = X
i=1 " i=1 !

Jie p; — WMOBIpHICTDB TOTO, 10 BUNAIKOBa BeJIUYnHa X, HOT-
panuTh 10 MHOXKHHI A; 009HCIeHA 38 TIHOTeTHIHUM PO3I0-
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ainom G, Tobro p; = P{X; € A;} = G(4A); v, = 1(X) =

> Iix,ea;) — BUMAIKOBa BeTHYNHA, AKa TMPH KOXKHIH pea-
Jj=1

Jizamii X Bubipku X JIOPIBHIOE KiJIbKOCTI 3HAUYEHb CEpe I,
To, ..., Ty, MO MOTPAIWIN 10 A;.

n
Ao v 1
Posrignemo BumaIkoBy BeMauHy p; = 2 = - 2:1 Iix;enys
J:

i =1, k. Ilpn dbikcopannx 3nadenusx Bubipkn p; — me AMOBip-
HIiCTb TOrO, 10 BUIAAKOBA BeJU4HMHA X; IOTPAIUTL 10O MHO-
JKHHE A\;, 009HCIeHa 38 eMIIPUIHAM PO3IOILI0M Fn Linkom
AHAJIOTIYHO JOBEAEHHIO TeOPEMH PO BIACTUBOCTI €MIIipIIHOL
BYHKITT PO3MOTLTY BCTAHOBIIOETHCS, IO BUIIAIKOBA BEJIUUH-
Ha P; € HE3MIIEHOIO Ta KOH3UCTEHTHOI OIIHKOI0 IMOBIpHOCTI
P{X, € A;} = F(A;). lle o3navae, mo y BADAIKY iCTHHHO-
cti Hy 1g oIiHKa € He3MIIeHOI Ta KOH3UCTEHTHOI s P,
1 TOMY BLIXHUJIEHHS D(FH,G) y IOMY BHIIAJIKy MiHIMaJIbHe
(MOPIBHSHO 3 BiAXUIEHHSIME D(F,Z,G*)7 Kosn posmoaian G*
Biaminni Big F).
Teopema Ilipcona. fkimo cupasmkyeTbes rinore3a Hy,
TO 114 BCix x > 0
n11_>nolo P{D(F,,G) <z} =F: (v),
ae Fa (r) — dbyukmia y*-posmomniny 3 k — 1 cTymenamu cBo-
oonu.
<« [loBejiennst mpoBeieMo Jijisd Bunajiky k = 2. Y 1pboMy
BUNAJKY Vo = N — V1, po = 1 — p;. BunaakoBy Benuduny
D(F,,G) nogamo y Burisii
D(Fn, Q) = (v1 — np1)2 i (v2 — np2)2 _ (v1 — np1)2+
np1 np2 np1
(n—wv—nl—p))?®  (1—np)*  (—v1+np)
n(l —p1) npy n(l—p1)




3.7. Kpurepiii x? 63

— 2 /1 1
n Pt 1—m
2
_ (Vl - np1)2 _ vy —np
np1(1 —p1) np1(1 —p1)

OCKIIbKI BeIUYnHA V1 € CYMOIO 1 He3aJIE2KHUX OJHAKOBO PDO3-

n
TMOJLTeHNX BUNIAJIKOBUX BETUIHH: 1y = »  I1x,ea,} 111 MOMen-
i=1
T™H

Myy = " MI(x,en,) = npi,

Jj=1

Dy =Y DIixeny =npi(1—p),

j=1
3a MEHTPAJIBHOIO I'PAHMIHOIO TEOpeMoIo i BCiX x € R

xT

vy — npy 1 _2
Pl —m—————=<2) — F(r) = — [ e 2dt,
{ np1(1 —p1) } V2m

npu n — oo. OcTaHHE CHIBBIIHONMIEHHA O3HAYAE, IO I'PAHUY-

HUH PO3MOILT BUNIAIKOBOI BeIUYUHA Z,, = % criBma-
npi(l—p1

Ja€ 31 CTAaHAAPTHHM HOPMAJILHUM po3noiijaoMm. Tomi rpanmd-
HUi PO3MOLT BUMAIKOBOI BEJMYUHE 72 CHIBIAJAE 13 X2 pos3-
IOIJIOM 3 OJHHUM CTyleHeM ¢Boboau. Orke, mjisg Beix > 0

P{D(F,,G) <} =P{Z. <z} — Fp (),

IpH N — 00, a 1e i Tpeba Oy/10 JoBeCTH. P
3 Teopemu Ilipcona BummBae, 10 TPU BEJUKHX 00CATAX
BUOGIpKHU

P{D(Fy,G) 2 Xi_o(k = 1)|Ho} ~ «,
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1e o — 3ajanmii piens snadymocti, x3_, (k—1) — kpanTuian
piaa 1 — a posnominy x? 3 k — 1 crynensamu coboan. OT-
JKe KpuTepiil x? 3 piBHEM 3HAYYIIOCTI (v HOJIATAE ¥ TOMY, IO
rinmoresa Hy BIIXUIAETHCS, AKITO SHAYCHHS D(Fn, G), nigpa-
XOBaHe 3a peaJiizalieio X BUOipKu X, MOTPAILIAE Y KPUTUYHY
obaactb [x3_,(k—1),+00), i He BIIXUIAETHCS Yy TPOTUIEIKHO-
My pasi.

BayBaxkenns. Kpurepiem Y? MOKHa KOPHCTYBATHCHA Y
BUNIJIKY, Kook np; > 10, + = 1,_k dAxmo nad aedKux ¢ I
YMOBa HE BUKOHYETHCsI, TO BiAIOBIiHI MHOKUHE A; TOTPIOHO
o0’eqHaTH 3 CyCiHIMU.

Kpurepiii y? (rinorerwanuii po3noain HeBu3HAYE-
Hwuit). Hexaii posnozin G BusHAYeHH 3 TOYHICTIO 70 HEBiI0-
MOTO BEKTOPHOTO mapamerpa = (61,0s, ..., 0,), akuit Haby-
Ba€ 3HAYEHb i3 MHOKUHE © C R®. V npoMy BUIAIKY rinoresa
Hy : F(-) = G(+;0) o3nauae, mo X € Bubipkoro i3 po3nosimty,
0 HaJIeXKUTh J10 Kjaacy posnoxinis G(+;0), 6 € ©.

Ockinbku mapamerp  HeBimoMmuii, 3aMicTh HBOIO OyIEMO
BUKOPUCTOBYBATH 3HAYEHHS HOro OIHKK 0 = (él, Oy, . .. ,és),
miIpaxoBaHe 3a peasizallielo X BHOIpKH X, 1 OTXKe, dK Tilo-
reTuaHuii posrgaaru posnoiia G+ é) P. ®imep BcranoBus,
10 KOJIu Tinore3a Hy crpaB/KyeThcs 1 OIiHKa, 0 e TaKoIO, 110
11 3HadYeHHs TpU KOXKHIi# peasizaril x Bubipku X MiHiMIi3ye
BlJIXUJIEHHHA

D(B ) = S im0
i=1 npz(e)

Mizk F, i G, 10 po3moain D(FH,G) IpU N — OO MPAMYE JI0
x2-posnoginy 3 (k—1—s) crynensamu ceodonu, ae s = dim(6)
— PO3MIPHICTH BEKTOPHOTO mapamerpa 6.

Orxke, y BUNAJIKY, KOJIU IITYKAHY OIIHKY 0 3HaEHO, KpU-
TepieM x? 3 piBHEM 3HAUYMIOCT] (v MOYKHA KOPHCTYBATHCS Y Ta-
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KoMy bopmystioBaHHi: rinore3a Hy BIAXWIGETHCA, AKIINO 3HA-
YeHHS D(Fn, (), miapaxoBaHe 3a peasizarieo X Bubipkn X,
noTpamisge y Kpuruany obsaacts [x3_(k — 1 — s),+00), i He
BIIXMJIAECTHCA ¥ POTUIIECKHOMY Pasi.

BayBakeunus. OIiHKy 6 = (él, Oy, . .. ,és), 0 MiHIMI3y€
BI/IXUJICHHS D(Fn,G) MOXKH& OTPUMATH 4K OIHKY MaKCH-
MaJIbHOT MPaBIOMOMIOHOCTI Ay #, OOy I0BAHY 338 YACTOTAMHE
v = (v1,va,...,V). PyHKIiA TPABAOTOAIOHOCT] Ma€ BUTIIAL:

e

i=1 =1

Kpurepiit y? ak xpurepiit HezamesxnocTi. Hexait X
Ta Y — JBI JUCKpPETHI BUIAJIKOBI BEJIMYMHU, TKI MOXKYTb Ha-
OyBaTW 3HAYEHHS A1, ds,...0ds Ta by, bs,...b, Bigmosigno. 3a
pesyJbTaTaMu n cnocrepeskenb (1, Y1), (T2, Y2), - - - (Tn, Yn) BU-
naikoBoro BekTopa (X, Y') norpibuo nepesipuru rimoresy Hy :
BUNAIKOBI Beanduan X Ta Y — He3asexkHi. [lozHaunmo

pij =P{X =a,Y =bj}, i=Ts j=1r,

pie =P{X =a;} = pij, po=P{¥Y =0b}=) py.
=1

Jj=1

Toui rinore3zy Hy MoxkHa cHOpMYIIOBATH TAK:

Hy : pij = pieDej, =1, j=1,r,
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abo Tax: BuOipKa'
(X’Y) = ((leyvl)a (XQ, Yé)v cee (Xnvyn))

e BubipKot i3 posmozpiny G : ((ai, bj); PieDe;), @ = 1,8, j =
1,7, BA3HAYEHOTO 3 TOUHICTIO 70 (S+7 —2)-BUMIPHOIO BEKTOD-
HOTO TIapaMeTpa

0= (p107p207 <+ -Ds—1e;Pe1;Pe2; - - - 7por71>

s—1
(BHAYCHHSI Dgq TA Doy SHAXOIATHCS 3 PIBHOCTEH Do = 1— ) Dio,
i=1

r—1
Per =1—= 3" paj)-
j=1

Jlng nepeBipKu Ii€l rinoTe3u CKOPUCTAEMOCH KPUTEPIEM
x2. O61acTh 3HAUEHD TIIOTETHIHOTO PO3IOALTY PO3i6'eMo Ha
MHOKUHE A;j, @ = 1,8, j = 1,7, KOXKHA 3 IKUX CKJIQTAETHCS
qmite 3 onuiel Toukn (a;,b;). Hexait v;; — KiIbKiCTh 3HATEHD
cepen (x1,y1), (22,92), - .. (Tn, Yn), Mo noTpanumu g0 A;;. 3a
qacTOTAMU (V) 3HAHAEMO OLIHKY MAaKCHMAJIBHOI LIPABIONO-
JIIOHOCTI HEBiIOMOr0 BEKTOPHOTO mapamerpa . YV BHIAIKY
icruunocti Hy, dyskiis npasaonoaiorocti L(0) mae Bururs:

Loy =111Ir7 =11¢ TP
i=1 j=1

i=1 j=1

e

T

s
Vie — E Vij, Vej = E Vij.
=1

J=1

HIin 6araToBuMmipHOIO BHOGIPKOIO PO3yMieMO BIODAJIKOBAHUI Ha-
O6ip He3aJeKHUX 1 OJHAKOBO PO3MOMIIEHNX BHUIIAJKOBUX BEKTOPIB
X1, Xo, ..., X,. ¥Yci BumenaBeeni pe3yabraTy MOMUPIOIOTHCS HA, BUTIA-
JIOK OararoBuMipHOI Bubipku X.
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Tomi

S

In L(0) = Z Vie IN pia + Z Vej Inpaj =
i=1 J=1

s—1 r—1

= Z Vie hlpio + Z Vej lnpoj + Vse lnpso + Ver lnpor -

i=1 j=1
s—1

r—1
= vielnp+ Y vejInpe+
i=1 . J=1 -
+ (n — Zw.) In <1 - ZPi.) +
o =
+ (n - Zl/.]) In <1 - ZPOJ) :
i=1 g=t

[IpojudepeHIioBaBIIM OCTAHHIO PIBHICTD 33 Die, P2es - - - 5 Ds—1les
Dels Pe2y -+ -y PDer—1, OTPUMYEMO CHCTEMY PIBHSHD

s—1
n—= 3 Vie
In L(6 ie = ,
O L) v L 0, i=Ts5—1,

0 o o s—1
p’L pl 1 _ Z pi.
=1

r—1
n — Z V.j
j=1

Ol L(0)  ve;

= =0, j=1r—-1
1 ) ) .
apoy’ Dej 1 S
— 2 Pej
Jj=1
Pos3B’ga3aBmiu 110 cucteMy, BCTAaHOB/IIOEMO, IO OIIHKA MaKCH-
MaJIbHOI IpaBIOIOaAI0HOCTI mapaMeTpa ¢ Ma€ BULISII

Vie N Voj

Die = ) p'] = )
n n




68 Posmin 3. llepeBipka cTaTHCTHIHHAX TIilIOTE3
TOOTO
9 == E(Vlh Voey -y Vs—_1e; Vel Ve2y .-, Vor—l)-

Otke, y BUIIAIKY, KOJIH Tinnore3a Hy cpaBIzKyeTbCsd, pO3-
IO/ BIIXUAJIEHHH

Fn,G ZZ (v A”ﬁj-ﬁ-j)g _

=1 =1 npi.p.j

_ ni Zr: (Vij = DisPaj/n)*
i=1 ﬁioﬁoj

=1

npsMye J10 x2-posuojiny 3rs—1—(s+r—2) = (s—1)(r—1)
crynensmu csoboan. Bimnosigno 1o kpurepio 2, rinoresa Hy
BIIXUISIETDC, AKIIO 3HAYCHHS D(ﬁn, (G) morparisge y Kpu-
Tuany obmacts [xi_,((s—1)(r—1)),+00), i He BiAXUAAETHCS ¥
npoTuIekKHOMY pasi. [Ipn mboMy, WMOBIPHICTH TOMUJIKHT TIEP-
IOro POy JOPIBHIOE (.



Pozmia 4

Hopmaabna jiniiina
perpecist

4.1 Metoa HaliMeHIINX KBa/JIpaTiB

Y mporneci TpakKTHYHOTO 3aCTOCYBaHHS METO/IB MaTeMa-
THYHOI CTATHCTUKH YaCTO BUHUKAE 33/1a9a, HAUPOCTINTil Ba-
plaHT AKOI chOPMYJIBOBAHO HUMKYE.

[TpunmycTuMo, MO MiXK BeIWIWUHAMHA Y Ta & iCHY€E JiHifTHA
3aJ1€KHICTh BULY

y = o+ Pz, (4.1)

e r — JesKa HEeBUIIAIKOBa 3MiHHA, v,  — HeBimzoMi Koedi-
IIEHTH, SIKi HeOOX1THO BU3HAUNTH eKCIIepuMeHTaabHo. Ounca-
HY 3a/I€’KHICTh BeJIMYNHU Y BIJl & HA3WBAIOTH IIPOCTOIO JIiHIM-
HOIO perpecieio, a KoedimieHTn o, § — KoedilmieHTaMi perpe-
cil.

Hexait BinOyBaeThCs n He3aI€KHUX €KCIIEPUMEHTIB. Y KOXK-
HOMY 3 HUX BeJIMYMHA T HAOYBA€ JEdKUX ILIKOM BU3HAYe-
HAX 3HAYeHb T;, 1O € BIAOMHUMU 1, B3araJji KaxKydH, pi3HU-
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70 Poznin 4. HopmanabHa JTiHIiHHAa perpecis

MH JIJId PI3HUX eKcrepuMeHTiB. [[punyctumo, 1o B KOZKHOMY
eKCTIeEpUMEHT] CTOCTePITacThCcsd HOPMaJibHa BUIIA/IKOBA BeJH-

quHa Y;, ¢ = 1,n, 3 MAaTeMaTHIHAM CIIOJIBAHHSIM
MY, = a+ Bx;, i=1,n, (4.2)

i mesimomoro gucnepciero o2, TaknM YUHOM, PO3TIIATAETHCH
Bubipka Y = (Y1,Y2,...,Y}), yTBOpeHa TOCTiIOBHICTIO He-
3aJ1eKHIX HOPMAaJIbHO PO3IOILIeHNX BUIAIKOBUX BEJTUYNH 3
OJHAKOBIMH ANCIIEPCiIMHI 02 i MATeMATHIHIMHA CHOIIBAHHAMA
Bursiy (4.2).

3anurieMo piBHIHHS perpecii y Bursii

y=a-+blx—7),
e
a=a-+bz = ==Y
’ ) niZI

Ouninnmo koedinienTu a, b.

peamizarii y = (y1, Y2, - - ., Yn) MAE BUTIIAT,

- 1 (yi - MYi)Z
Lia.b.o®) = || —— S el VA G
(a,b,0%) 11 oo exp{ 53

n 1 ¢ .
= (2m0%) 72 exp 52 > (yi—a—bla; — )’
=1

OminKE TPHOX HEBITOMHIX mapaMeTpis a,b, o2 mobymyeMo Me-
TOIOM MaKCHMAJIbHOI mpasaonomgiouocti. /s Toro, mob Bii-
HIYKATH MaKCUMYM (DYHKIIT TPaBIONIoAi0HOCTI, CIIOYATKY Mi-
HIMI3yeMO KBaJpaTudny (popmy

n

Qa,b) =Y (4 —a—blz; — 7)),

=1



4.1. Meron HaiiMeHITHX KBaJIpAaTiB

a moTim, 3HaiigeMo MakcuMyM 3a 0 pyHKIil

p(0) = (2m0) "% exp {_%} :
Ie QF = mibn Q(a,b). Ockinbku

n

(a,b) Z((i—a)+(xi—i)—b(ll?i—f))2

/\/‘\
0:)
H
[y
|
o
@ |
N———
[\
_|_
(V)
[\ )
|
E
=l
\/

1 TOpiBHIOE
Q" =minQ(a,0) =} (4 — i~ b(x; — 7))* = ns;

Jife
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72 Poznin 4. HopmanabHa JTiHIiHHAa perpecis

Buaiigemo renep 3nadenns ¢, npu skomy GyHkis ¢(0) mno-
csirae MakcuMymy. 3 orrsy Ha Te, o yHKil ¢(f) i Inp(0)
JIOCATA0OTh MAKCUMYMY B OJHIN 1 Ti#t camiit TodIi, NTyKaHe
3HAYEHHsI § € PO3B’A3KOM piBHsHHS (HEOOXiIHA yMOBA eKCTpe-
MyMy ):

(Inp(6))" = 0.

CrpocTuBimm NOXi HY y TpaBiil 9acTuHI OTO PIBHSIHHS, OTPHU-

MYEMO:
_(.n QY _ on @
(Inp(0)) = < 5 In(270) 29) =5 + ke 0.
3Bijacu
) - Q" 2 2
= 2 _ — = —
=0 . s5(1 —77)

1 .=
a=Y==>Y, b=2= , (4.3)
n <

3ayBarkeHHs. MeTo1 OIIiHIOBAHHS ITapaMeTpiB, M0 MOJIs-
rae y Mimimizamii keagpatuanoi dhopmu Q(a, b), HA3UBACTHCSI
MEeTO/IOM HalMEeHIIINX KBa/IPATiB, 8 BiIIOBLAHI OIMIHKW — OITiH-
KaMM MeTO/y HaliMeHIHX KBaJIpaTiB.



4.2. BmacTHBOCTI OIIHOK METOJIY HaHMEHIITHX KBaJpaTiB 13

4.2 BuaacTtuBoCTi OIIHOK METOIY
HaliMeHINnX KBa/JIpaTiB

~

~ Jocmmumo BIacTHBOCTI MOOYIOBAHUX BHINE OIIHOK @, b,
o2. Bigznaunmo, 1o
1 & 1 &
Ma = EZMYi = EZ(@—{—Z)(% —I)) =a,
i=1 i=1
n

1 _
Mb=— ;,— o) MY, —Y) =
ns? zl<x z)M( )
1 & B .
= st 2 (z; —2)M(Y; —a) =
b — B b
T (z; —2)* = n—S%”Sf:b,

=1

a TOMY OIUHKHU @ Ta b € HeamimennMu. OCKITbKH BEJIHINHA Y

BpaxoBytoun Te, 1110

He3aJIexKHi,

S B _ 1 B
b= n—s%;(fm —)(Y;-Y) = n—s%;(%z - 1)Y;,
OTPUMYEMO
\ R . 1< oy 02
Db = n23411 ;(l’z - l’) D}/z = n23‘11 ;(ﬂfz - l’) = n_s%

3 orpuMmaHux (HopMysI A/ AUCHEPCiii OMiHKOK a,b 1 3 Japy-
roi HepisHocti YebuieBa BUILJIMBAE, IO Ii OIMIHKKM € KOH-
3UCTEHTHUMHU JIjId TTapaMeTpiB @, b BiAIOBIIHO.



74 Poznin 4. HopmanabHa JTiHIiHHAa perpecis

Hauni, posrisinemo kBagparudny dhopmy Q(a,b). Ockinbku

BunaKkoBi Bemawan U; = Y;—a—b(x; — ) He3atexHi i MAIOThH
. b .

posnogin N(0,0%), To BeMuuHA % Ma€ Y 2-po3nojin 3 n

crynenstmu cBobonu. 3anucasiu (Q(a,b) y BUTISAI

n
~ ~

Qa,b) =Y (Vi —a = b(wi — 7) + (@ — a) + (b= b)(z; — )%,

i=1
HECKJIaTHO TePEeBIPUTH, IO

n

Qa,b) =Y (Vi —a—blz; — 7))” + n(a — a)’ + nsi(b— b)* =

i=1

= no? 4+ n(a—a)® +ns (b — b)%

Tomy BeuunaN

no? a—a si(b—b
Xi_zz — 4 =Vn , ZzZ\/ﬁM
o o o

He3aJIeXKHI, IPUYOMY BEeJUYHHA X2 o MA€ X -pO3HOJLT 3 1 — 2
CTYTEHSAMU CBOOOJN, a BEJIMYUHU | Ta Ly MAIOTh HOPMaJlb-
HIU# pO3IOILI, K JiHifiHI KoMOIHAI] He3a/Ie2KHUX HOPMaJib-
HUX BeJIMYHH.

Terep, cHUPAOYUCh HA BJAACTUBOCTI X2-posnoiity (us.

2.3), 3HaliIeMO MaTeMaTHIHe CIIO/IBAHHS 1 JUCIEPCITO OMHKH
)

o2:
Mo — a*Mx2_, _ (n —2)o?

n n ’

Da2 — oD%, _ 2(n —2)o!

n?2 n? '

3 orpuManux (GOpMyJI BUILIUBAE, 110 OLIHKA 02 € KOH3UCTeHT-
HOIO, aJe 3MIIEeHoI0, 1 TOMY 3aMiCTh Hel /g OIIHIOBAHHS He-
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BiZOMOTO TIapaMeTpa o2 BUKOPHCTOBYIOTH ii He3MimeHuil Ba-
piaHT

2o 4.4
0% = _—50% (4.4)

Posrismemo BumaikoBi BeJIMUUHY £, Z9. 3 HaBeIEeHUX BU-
e (hopMyJI JIJIg MaTeMaTHIHOTO CIIOMIBAHHS 1 JucHepcii omi-
HOK G Ta b BUILIMBAE, 110 41 Ta Ly € CTAaHJIAPTHUMU HOPMaJIb-
HUMH BeJandauHaMu. Tomal BeTmdnHn

Z1 a—a
Tl = = \/ﬁ ~
Xn—a/(n —2) o
Z b—b
T2 = > 2 = Slﬁf
Xn—2/(n —2) o

3a O3HAYEHHSIM MaloTh po3moaia CThomeHTa 3 N — 2 CTYIIeHs-
Mu ¢cBODOIN i, OTKe,

P{IT| <ti_s}=1-0a, i=1,2

OcraHHE CHIBBIIHOIIEHHS T03BOJISIE K IMEPEBIPUTH TrimoTe3y
o/10 3Ha4YeHb KoedirienTis perpecii a,b, Tak i nobymayBaTu
HaJIiiiHI iHTepBaIn AJd HUX.

OrpuMani pe3yabraT cHOPMYIIOEMO Y BULISII TEOPEMU:

Teopema (IIpo BJIACTMBOCTI OIiHOK MeTOmY HaiiMeH-
mux kBagparie). Ouinkn a,b, 02 3 (4.3),(4.4) mapamerpis
a,b,0? € He3MINEHNME, KOH3UCTEHTHHME Ta He3a/eyKHIMH
MizxK coboro. Jlo Toro xk, masiiiiitni iHTepBaJmM s Koedi-
LIE€HTIB @, b 3 piBHeM HaiifiHocTi 1 — (v, MAOTh BHIJIS

. .0
a——=ti—a(n—2)<a<a+ —ntl_%(n— 2),

vn

o
81\/6

Qz§q

~

b—

ti_a(n—2) <b<b+

51\/5 2

tl—% (TL - 2)7
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e ty_a(n—2) — ksantuin pisug 1—a posnoginy Creiosenta
3 M — 2 CTYNEeHAMU CBOOOJIN.
Bupasa. [lobyaysaTu Hagilinu#l iHTepBaJI I HEBiIOMOL

nmucnepcii o2.
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