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EjgemenTn Teopii ajaropurMmib

§ 1. Mammuna Tropiara

B nomnepeiaboMy po3iiJii MU BUBYMJIM JIBA TUIIK OOYKUCJIIOBAJIbHUX
MOJIesieii: CKiHYeHHI aBTOMAaTH 1 aBTOMATHU 3 Mara3uHHOIO ITaM’ aTTIO, IKi
POBII3HAITh PEryasipHi Ta, KOHTEKCTHO-BLIBHI MOBHU BiJMOBIIHO. 3pO-
3YMLIIO, IO JTIaHI MOJIeIi MafOTh OOMeXKeHI 00YNCTIOBAIbHI MOXKJIMBOCTI
B TIOPIBHSIHHI 3 peaJIbHUMH ITePCOHAJbHUMH KOMII foTepamu. Hampu-
Kaaa, popmasibaa Mosa {ab"c™ | n > 0} He Po3Ui3HAETHCA KOJAHUM
i3 3raJlaHnnX BUIE CKIHIYeHHUX aBTOMATIB, ajle MOXKe OYTH JIEeTKO 00YN-
cJIeHa 3 JOMMOMOTOI0 KOpPOTKOI mporpamu Ha [TK.

B mibomMy po3isti MU OTIATIIEMO HOBY OOYHMC/IIOBAIBHY aJTOPUTMIUHY
MOJIeJib, sika, HasuBaeTbcs Mammuuoo Tropiara (MT). OchoBai BimMiH-
HOCTI MixK MaImnHOO TIOpIHTa Ta CKIHYEHHUM aBTOMATOM IIOJISATAIOTH
y ToMmy, 1o ctpigka MT e meckingennoro 1 MT mozke mepecyBaTuch 110
cTpiumi (um 3minyBaTu CTPiuky) B Oyab-skoMy HanpsMmky. Ile wamae
MAaIlTMHI TTOTEHIITHO HEOOMEXKEeHY TTaM dTh, Ky MOXKHa BUKOPHUCTOBY-
BaTH IIiJ 9ac 00YUCIIeHb.

MT cknagaerbcd 3 Kepyodoro IPUCTPOIO, MO MICTUTH T'OJOBKY 1
30BHIMIHBOI mam’aTi (cTpiukn). [omoska marmuan TiopiHra MoxKe pyxa-
TUCS B3/J0BXK CTPIYKU TPABOPYY abo JIBOPYY, YUTATH Ta 3aMUCYyBATH
CUMBOJIH, 1, OT2Ke, MOBOJUTHCA AaHAJOTIYHO, K 1 CITPaBXKHIN KOMII FO-
tep. Mamuna Tropinra Mae Ti K caMi 00YHMC/TIOBaJIbHI MOYXKJIUBOCTI, 10
i bararo IHIIUX KOMII'FOTEPHUX MO/IeJIeil.

Posragremo meTaabHIIIe OCHOBHI CKJIa0B1 MamuHn TropiHra.

Crpiuka BUKOPUCTOBYEThCA A1 30epeskenHst iHdopmariii. Bona mo-
JIiJIeHa, Ha KOMIPKH 1 € HeCKIHYeHHOI0 B obuaBa 60kn. KoMmipku He HO-
MepyroThed. KoxkHa KOMipKa MICTHTH €IWHUNA CUMBOJI 13 CKIHYEHHOTO
asipasity A. Byksu asndasity A = X UY U D aingarbes Ha Tpu IPYIIA.
bykeu andapity X HazuBarTbLeI sridHuMU Oyksamu abO CUMBEOAAMU
(3 HEX YTBOPIOIOTHLCS CJIOBA, AKI 3alMCAHl Ha CTPIYI Mepes] MOYaTKOM
poborn MT). Yepes Y mnosnauaeTbcst MHOXKWHA, OYKB, sIKi HA3MBaIO-
ThCsI 6UTIOHUMY OYk6amU 460 cumeonami (3 HIX YTBOPIOIOTHCS CJIOBA,
SIKi 3anmcani Ha cTpidmi micas 3asepiiertas poboru MT). D — mHOXKE-
Ha, JONOMINCHUL CUMB0AI6, 10 AKUX BIIHOCUTLCSI MOPOXKHIN CUMBOJ #.
Muoxuan X Tta Y MOXYTh MEepeTUHATHCH.

4



§ 1. MAIIIMHA TIOPIHTA 5

TomoBka mamuan TropiHTa MOXKe PyXaTHUCd B3JIOBXK CTPIYKH KOMIip-
Ka 33 KOMIPKOIO ITpaBopy4 abo JiBopyd. Kpim TOro, BoHa MOXKE YUTATH
OYKBY 3 KOMIpKHU, Ky aHaJI3y€, a8 TAKOXK BUAJASITH OYKBY 1 3alUCyBaTH
B KOMIPKY HOBY OYKBY. B KOXKe€H MOMEHT 9YacCy T'OJIOBKA PO3MIMTYETHCS
T OJTHIEI0 3 KOMIPOK CTPIYKM 1 aHasi3ye 11 BmicT. Jlapa KJiTuHKa Ha-
3UBAETHC AKMUGHON, & CAMBOJI, SKUU B HIM 3HAXOAUTHCH — AKMUESHUM
cumeos0Mm. BMICT KJIITUHOK, sKi He € aKTUBHUMH, TojioBka MT He ana-
JII3ye 1 He 3HAE, IKI CUMBOJIM B HUX PO3MIIIEHI.

['osoBka Mammam TrOpiHTa KOHTPOJIOETHC KEPYIOUYUM TPUCTPOEM,
SIKII CKJIJIa€ThCsl 31 cKiHdyeHHOI KinbkocTi cramiB. Cepen HUX € JBa
BUJILJIEH] cTaHu: nodarkoBuil 1 Kinnepuii. IloyarkoBuii cran 3a3Budaii
II03HA4YAEThCA Yepe3 s abo qo, a Kiniesuil — 4epe3 qy. Muoxkuny cranis
o3HaYnMO 4Yepe3 (). B KoxkeH MOMEHT 9acy Kepyloduil HpHUCTPiil Ie-
pebyBae B OJHOMY 31 CTaHIB, sIKi IIO3HAYATHUMEMO U€Pe3 (1,G2, - - -, n.
[TepebyBatoun B nesaomy crami, MT Bukonye jgesky jifo (HalpuKJIa,
PYXA€ThCI IIPABOPYY, MIHAIOUNA IPUA IIBOMY BMICT KJITHHOK Ha IIOPO-
KHit cuMBost #). Ilicas Toro, SK roIOBKa MPOUUTAE CHUMBOJ 31 CTpi-
UKW, KePYyounii MpUCTpiii BU3HaTae, AKY [1if0 BUKOHYBATU (AKHH CHM-
BOJI 3alIMCYBATH 1 KYIU PYXaTUC: TIPABOPYY U JIBOPYH) 1 IEPEXOIUTh
B immmit ctan. MT mMoxke BUKOHYBaTH TIMTHLKM TPU eIeMeHTapHl il 3a-
MUCYBATH B aKTWUBHY KOMIPKY HOBWIT CHMBOJI, TIEPECYBATHCA Ha OJIHY
KJIITUHKY JiBOPYY abo mpaBopyd, MEePeXoanTH B HOBUI cTaH. 2KogHmxX
inmux it M'T sBukonysatn He Moxke! Tomy Oirbnr ckaaaHl ail TOBUHHI
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BUpazKaTucs depes eaemenTapsi. i gil onucyooThes (yrkuicro nepero-
die (npozpamono):

0:Q xA—QxAx{L,R}.

Axuo st dyukiii § Bukonyerwbest §(q,a) = (p,b, R) ( d(q,a) =
(p,b,L)), To 1e o3HAYaE, 1O TepebyBalYn B CTaHi ¢, TOJOBKA aHAaJIi-
3ye 6ykBy a (T006TO OyKBa @ € aKTWBHOIO), MiHse i1 Ha b i pyxaeThes
paBopyd (BiMOBIIHO JIBOPYY), KEPYIOUHU IPUCTPIiii IpU IbOMY MTepe-
XOJIUTh 31 craHy ¢ y craH p. OnucaHuii 1mpoiec Ha3UBAETHCS MAKMOM
pobomu mawury Tropinsa. Takum amaom, MT mpairoe Takramu, Imo
BU3HAYAIOTHCST (DYHKIEIO 0.

[Iporpama MT 3amnucyerbcs y BUIVIsII HACTYIIHOI TAOJIMIIL:

ap | az| ... a; oo an |
S
q1
q; qlaa’/7 [LaR]
dm

371iBa 3aMMCyIOThCA BC1 CTaHM, KPIM KIHIIEBOTO (f, 3 MHOKUHN CTa-

HiB

Q - {S7Q17"'7Qj7"'7Qm7Qf}7

B SIKMX MOKe 3HaxojauTucd Kepyrounit npuctpiit MT. 3Bepxy — Bci 6y-
kBU 3 ajgidasity A (cepes sskux 0060B’SI3KOBO € # ), siki rosioka MT Mo-
JKe aHaJi3yBaTH Ha cTpivmi. Ha mepermHax psiKiB 1 CTOBIIIB TaOJIUIII
BKa3yIOThCA Tl TAKTH, KOTP1 TOBUHEH BUKOHYBATH KEPYIOUMIT TPUCTPII,
3HAXOAAYNCH Y BIAMOBIIHOMY CTaH1 i aHaJII3yI09N BIITOBIAHY OYKBY HA
cTpidI.

[lincymoByroun BCe BUIllEHAlIMCaHe, MallinHa TropiHra moxe OyTu
Bu3Hadena sk u'aripka MT = (Q, A, 9, s,qf), ne () — ckindenHa MHO-
»KiHa craHiB, A — ckinvennuii ayidasit, § — QYHKIIIA I€pexoaiB, s € ()
— IIOYATKOBUI CTaH, qf € () — KiHIIeBUil CTaH.

Bxidne caoso — 1ie cKiHYeHHa OCJII0BHICTL OYKB 3 ajidpapity X C
A, 3ammcampx 37iBa HaIIpaBo II0 OAHIM B KOXKHIM KIITHHIN CTPIYKH.
Bcepenmai BXigHOTO CJI0Ba MOPOXKHIX KJIITUHOK HeMmae. Bcel KITWHKM
JBOPYY 1 TPaBOPYY B KJIITUHOK, 3aITOBHEHUX OYKBaMU BXiTHOTO CJIO-
Ba W, BBAXKAIOTHCA MOPOXKHIMU, 1 B HUX 3HAXOAUTHCSI CUMBOJI #. AKIIMo
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BXIJIHE CJIOBO TIOPOYKHE, TO HA CTPIYIl BCl KJITUHKYW 3aIlTOBHEHI TTOPO-
JKHIM CHMBOJIOM .

Lt Toro mob MmosiCHUTH, 9K MallluHa TIOPIHTA [IPAaIfo€ 3 BXiJIHUM
CJIOBOM W, Bu3HaUYnMO oHATTs KoHiryparil MT. ITpunycrtumo, 1o Ha
negkoMy etari poborm MT mepebyBae B cTani ¢, 11 CTpidyKa MiCTUTH
CUMBOJIA ... HH#HT122. . . TpyHFHFH ..., e x; € A, 1 =1,...,m, i ro-
JIOBKa aHaJi3ye OyKBY xk. B Bumaaky, koau k < m, OymeMo THUCaTH:

(¢, 2122 .. . TH—1ZETht1 - - - Tm),

11100 MO3HAYUTH IF0 KOHMIrypariito. Ao xK k£ > m, TO TO3HAUNMO IO
KOH(DITypallito HACTYITHUM YHUHOM:

(@, x122 .. .o FHHE . ).
——
k—m

Takum unHOM, KoH(pIryparis — e mapa (q,w) € Q x A*. Koudiry-
pawist (¢, Z122 ... Th—1LkTh+1 - - - Trp) 1O3HAUAE TOH PAKT, MO MAIIKHA
repeOyBa€ B CTaHi ¢, i1 CTPivYKa MICTUTD CJIOBO 12 . . . Th—1LETht1 - - - Tm
1 TOJIOBKA aHaJI3y€ OYKBY T.

B:xkumBaroun 111 mo3HaveHHd, pe3ysabpTaT KoxKHOro pyxy MT moxkHa
OIKICATH HACTYIIHUM YHHOM:

o aximo 6(q,rx) = (p,a,R), To micaa oAHOTO TakTy KOHMIry-
pawist (¢, L1272 . .. LxTh41 - - - Try) 3MiHIOETHCA HA KOHMIrypariio
(p,T1T2 ... QT4 1 - - - Tpn);

o k1o 6(q, Tm) = (p,a, R), To micyast oHOrO TakTy KoHpIrypa-
mig (g, T122 . . . Tpy) 3MIHIOETHCH HA (P, T122 . . . aFf);

e ko d(q,xx) = (p,a, L), To micas ogHOrO TAaKTy KOHQIrypa-
mig (¢, 172 ... Tr—1Tf - . - Tpy) 3MIHIOETHCA HA KOHDIryparito
(p,T1T2 ... Th_1G ... Tpy);

e kim0 d(q,x1) = (p,a, L), TO MCast OJIHOTO TaKTy KOHMITrypallis
(g, x172 . .. T4y, BMiHIOETBCA HA (P, #AT2 . . . Tpy);

o B KoHDIrypanil (¢, 122 ... LTht1 - - - Tm) MT symumnse csoro
poOOTY 1 Ha BUXOJIl JA€E CJIOBO T1X2 ... Tm.

Akmo koudirypanis a; = (q,wiaws) 3MIHIOETLCA HA KOH]Irypa-

o g = (q,v1bve), TO nucarumemo a1 — . ZKiO Mum Marume-
MO IIOCJIiJIOBHICTh KOH@Irypariit aq, aa, . ..y, TAKUX, MO O — i1,
1=1,...n—1, To ntucatTumMemMo a1 = Q.

Ha mouarky poborm mammua Tiopiara mepedbyBae B MOYaATKOBOMY
CTaHl S 1 TOJIOBKA aHAJJI3Y€E TIEPITy 3J11Ba HETTOPOXKHIO KMTHHKY. Jlas
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TTOYMHAETHCS BUKOHAHHsT porpamMu podotu MT. YV Tabaniii oOnpaerhed
KJITHHKA Ha EPETUHI MEPIIOTo psijka (60 Kepyrounii mpucTpiii 3HaX0-
JUTHCSI B MOYATKOBOMY CTAHI §) Ta TOTO CTOBIIYWKA, KWl BiIOBiIa€
nepimiit OykKBi BXiJIHOT'O CJIOBA, 1 BUKOHYETHCS TaKT, BKa3aHUU B Il
kaituaIl. Taknm ynaom, MT mepeitze 1o HoBOI KoHDIiryparii. [Torim
BUKOHYIOTBCS TaKi K JIil, aJie ByKe B HOBLil KOH]Iryparlii: B TadbInIll 3Ha-
XOJIMMO KJITHUHKY, 10 BIJAIIOBi/Ia€ CTaHy KEPYIOUYOro MPUCTPOIO i OyKBI
i€l KoHdirypariil, i BUKOHYETbCA TAaKT 3 1€l KaAiTHHKHT 1 T.1 1 T.10. Ile-
pefimmosmmm B Kinnesuit cran ¢r, M'T 3ynunse csoro poboTy, 1 Ha BUXO/IL
0JIEP2KYEMO HOBE CJIOBO, dKe 3amncaHe B KoMipKax crpiuku MT micira
3aBepleHHs 11 podoru. /lane cj0BO HA3UBATUMEMO GULLIHUM CAOGOM.
Kaxxemo, 110 €060 W = T1X3 ... Ty PO3NIZHAECMBCA Mawuroro Tropi-
ns'a, aximo MT, ananizyroun w, 3ynuHsie CBOXO pobOTy B CTaHl ¢f, TOO-
10 (S, 2122 ... Tm) = (¢f,Y1Y2 - - - Yk - - - Yn). B mpormiexknomy Bunaaky
CJI0BO w He posmizHaerbes MT.

B mMoMmeHnT 3ynmHKW BcepeanHI BUXITHOTO CJIOBAa HE MOXKE MICTHU-
TUCS TTOPOXKHIX KJITHUHOK, X049a B IPOIEC] BUKOHAHHSA TPOTPAMM TaKl
KJIITUHKY BCEPEMHI IIPOMizKHOT'O CJI0BA MOXKYTh 3 IBJIATHUCS.

Mozke TpamuTHCI Tak, IO B IIpoileci 0OpoOKM BXiTHOIO CJI0BA W,
MT mikomm HE mepeiije B KIHIEBUit CTal ¢f. Y IbOMY BATAIKY KaXKEeMO,
o MT sayuraroemoes na sxidnomy cao6i w i CJIOBO HE PO3II3HAETHC
MT. dkmo dpyukuis 0 ne susnadena ua nabopi (q,a) i MT, nepeiinos-
M1 B CTaH ¢, aHaJI3ye OYKBY @ CJIOBa W, TO y ITHOMY BUMAJIKY TAaKOXK
Oy/ieMo BBarkaTH, IO CJOBO w He poamizHaeTbess MT.

1.1. IIPUKJIAJA. Hexaii mammua Tropinra 3ajana sk n'atipka MT =

(Q7 A7 57 S, Qf>7 IS Q — {87 q1, 42, Qf}7 A= {Cl, b7 07 ]-7 #}7 X = {Cl, b}7
Y ={0,1}, D = {#}, i nporpama poboru § 3ajaHa y BUTJIsIIL TaOJIAI:

) a b +

s | s,0,R |q,1,R| qo,#, L
@1 |q,0,R|q1,1,R| q¢,0,L
2| q,0,R | q,1,R| q,0,R

[TouarkoBa xoudirypariga MT ma BximHomy cyioBi aababa MaTmme
Burssis (s, aababa). IMounnaroum 3 1iel koudirypariii, pobora MT Ha
cj0Bi aababa Moxke GyTH ONMCaHa HACTYITHUM YUHOM:

(s,aababa) — (s,0ababa) — (s,00baba) — (q1,001aba) —

(g2,0010ba) — (g2,00101a) — (g2,001010%#) — (g2,0010100%#) =
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(q2,001010...04) — ...
YEHHO PYyXaTUMEThCs IIPABOPYY, MIHSIOUYHN IIPU IIHOMY ITOPOXKHI CHUMBO-
au #a 0. [ammMu cioBaMu, B ctanl g2 MT 3a1mukIioeThed Ha BXiTHOMY
cioBi aababa i mane ciaoBo He posmizHaeTbess MT.

Ha Bxigaomy cisioBi aaaabb MT npaiitoe iHIITAM YHMHOM:

(s, aaaabb) — (s,0aaabb) — (s,00aabb) — (s,000abb) — (s,00000b)
— (q1,000010) — (q1,0000114#) — (qf,0000110).

Ockinbku MT mnepeiiniiia B cTaH ¢ £, TO BOHA 3YIHHAE CBOIO POOOTY.
Bxigue ciioBo aaaabb posmiznaerness MT. Buxiguum ciiosom € 0000110,

Il 3pyunocti MT 300pakyroTh 1IOMiYeHUM OPIEHTOBAHUM I'Da-
dbom G(MT). Beprmuaamu jganoro rpada € cranu aproMara. KoxkHa
cTplika rpada Mae nozHauky Budy ,a/b; R” abo ,a/b; L”. dxmo 6(q, a)
=(p,b, R) (6(q,a) = (p,b, L)), To rpad MicTUTH CTPLIKY 3 [HO3HAYKOO
,a/b; R (BigmosigHo ,,a/b; L"), mouaTKOM SKOI € BEPIIUHA ¢, a KIHIIEM
— BepmHa p. IIpw 11boMy, SIKIIO CTPLJIKa MICTUTH JBi TMO3HAYKU BUTY
,a/b; R” 1 ,¢/b; R” (Binnosiguo ,a/b; L” 1,,¢/b; L"), T0O njist KOMIIAKTHO-
CTi 3aIKCy MUIIEMO MO3HAUKY ,,a, ¢/b; R’ (Biamosimmo ,a,c/b; L”). Kpim
TOTO, TIOO T IKPECTUTHU TTOYATKOBUH CTaH §, MAJIFOEThCS CTPLIKa 6e3 1o-
YATKOBOI BEPIIUHU, KIHIIEBOK BEPIIMHOIO SIKOI € crad §. Kinnesuii cran
[I03HAYAEThCA JIBOMa KOHIIeHTpUuiHUMEU KoJstlamu. Hanpukia, rpadp MT
3 mpukaaay L1 mae BuTIsI:

b/1;R

qi
a/0;R U/LR #/0;L

—>@ a/0;R

#/#;L

q2

)

a,#/0;b/1;R
Mosorw Li(MT), wo posnisnaemocs mawunoro Tropins'a, Ha3uBa-
€ThCSI MHOYXKWHA BCIX CJiB, Kl posmizHaioThcsa MT, TooTo

Li(MT) ={w € A" : w posnizuaerbcsa MT}.
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Jlerko 6auwnTn, 1mo B mpuksaagl [ MoBa, 10 PO3MI3HAETHCS MAIITH-
noto Tropiara L1 (MT) = {a™b" : m > 0,n > 1}.

Kaxxemo, mo dopmaabaa MoBa L posmizHAaEThCs MalinHoio Topi-
ura, skmo icuye raka MT, mo L = L(MT).

Mosorw La(MT), wo nopodocyemuves mawunoro Tiopinsa, Hazu-
BAa€ThCSI MHOXKWHA, BCIX BUXIJTHUX CJIB, 9KI YTBOPIOIOTHCA 3 BXITHUX
ciaiB mou Li(MT), mo posuiznaerbcss mammuoo Tropinra. Hampu-

Ka1aJ, B npuksadal [ moBa, 10 MOPOMKYETHCSI MaruHooo Tropinra
Lo(MT)={0"1"0:m > 0,n > 1}.

PekomenmoBana siteparypa : [I, c. 24-33], [8, c. 178-183], [T, c. 317-
329], [T, c. 312-318], [20, c. 3-6], |24, c. 76-82].

IIlntannga Ta BupaBu g0 nmaparpada 1.

1.1. JlaitTe o3HadenHsa MaImuAN TTOpiHTa.

1.2. IIlo Bu posymiere mig TakToMm podoru MT?
1.3. Omnwuimits npouec oopodoku MT BxinHOTO CiioBa.
1.4. 4k 6ynyerbcsa rpacd MT?

1.5. Hexait MT zanana gx n'aripka: MT = (Q, A,6,s,q¢), ae Q =
{s,qr}, A={0,1,#]}, a mporpama poboru J 3amana y BUTVIAL]L Tab/IHII:

0 1 +#
s|s,1,R|qr,0,R|s,#,R

Bumnucyioun na koxknomy rTakti poboru MT oxep:kany xouddiry-
pallifo, BU3HaUTE, B dke CJI0BO TepeTBopioe MT koxkme 3 HacCTymHUX
BX1JTHUX CJIIB:

a) 100; B) 0010;
6) 001; r) 0000.

1.6. 3obpasirs rpad MT 3 nonepeiHbOro IpUKJIaLy Ta BU3HAYTE MO-
BY, IO PO3TMi3HAETHCA Janoo MT.
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1.7. B gomy monsirae pobora mammunu Tropinra MT = (Q, A, d, s,qy),
e Q ={s,qr}, A={0,1,#}, a nporpama poboru § 3aJaHa y BUJIALI]L
TabJIHII:

0 1 4,
S 8707R QfalaR valaL .

1.8. Hexait MT 3amana sk n'aripka: MT = (Q, A,6,s,q5), 1e Q =
{s,q,q9r}, A = {0,1,#]}, a nporpama poboru  335aHa y BUIVISI Ta-
OJImIIIi:

510 1 "
s|s,0,R |s,1,R|q,#,L
q Qf717L Q707L QfalaL

[Ipoananizyitre pobory MT Ha HacTymHUX BXIJHHUX CJI0BaX:

a) 00; B) 10011;
6) 100; r) 111.

BBaxkatouu BXijIHI CJI0Ba 3alMCaMU HATYPAJbHUX YUCET B JIBIMKOBIH
cHUCTEeMI YHMC/IEHHS, BKaXKiTh 3arajbHy 3aKOHOMIPHICTH POOOTH MaIlIMHA
Ha YyCIX BXIJHUX CJOBaX.

1.9. Hexait MT 3o06pazkena rpadom:

a/b;R b/a;R

@m b/a;R #/b;R
#/#

a,b/b;R, #/#;L

Bapmaitte 11 sk waripky MT = (Q,A,d,s,qf) Ta BU3HAYUTE MOBY,
10 po3mi3Haerbes ganon MT.

1.10. 3naiiTu MOBY, II0 HOPO/IXKYEThCA MalIMHOI TIOpiHra 3 morepe-
JTHHOTO TTPUKJIATY.
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1.11. IlobynyBatm rpad Ta mpoaHasizyBaTh poboTy MarruHu T1opi-
ura MT = (Q,A,d,s,qr) nacmosax 1" =1...1 ne Q = {s,q1,92,9r},

n

A ={0,1,#}, a mporpama pobotn § 3ajaHa y BUTJISII TaOJIUII:

0 1 +#
s |q,1,R|q,# R | ¢,1,R
a1 | g2, 1, R | qp,#,R| q2,#, R
@ |9, ,R| ¢, 1,R | q,1,R

Ax mparrtoe maruaa Ha coBi 10000007 Axy moBy posmizHae gana MT?

1.12. (QaAa 5787Qf)7

ne Q = 1{s,q1,92,q3,q9r}, A = {a,b, #}, a nporpama poboru J 3a5aH
y BUTJISII1 TaOJIMIII:

B gomy nosisirae pobora matuuu Tropinra MT =

a b +#
s |q,a,R| q,b, R
Q| q,a,R| q,a, R | q3,7#, L
@ | q,a,R| q,b R | q3,7#,L
9 | 9,0, R | g, #, L

1.13.

a)

SHailiTu MoBy, gKy poamiznae MT, 3ajana rpadom:

0/0, b/b;R 0/0, b/b;L

\_/

a/a;R

0/a;R

&)

b/b;R

b/b;RC@ 4/ #L
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6)
0/0, 1/1;R
()75
0/#;R 0/#;L
R
ki 0/0, 1/1;L
1/#5R 1/#;L
O
0/0, 1/1;R

§ 2. Agropurmu cuatezy MT

Y oMy maparpadi Ha TpUKIa1aX MOSICHIOIOTHCSI OCHOBHI TPUMOMHT
ckaajanHs anropuTtmiB jist MT.

2.1. TTPukA . TTobymysarn mamuny Tiopinra, sKa po3Mmi3HaE BCl CJIO-
Ba B aadasiti X = {a,b} i Bugasse i3 BXiHOTO CJIOBa HOTO OCTAHHIO
OYKBY.

s po3B’si3aHH4 M€l 3a1a4l ToTpibHO mepemicTuT royioBKy MT
i, octranHio OyKkBY 1 BujajauTu 1. Hexait s — cran, B sKkOMy Kepyroduii
npuctpiit MT mepewmirnnye To/IOBKY KOMIpPKa 3a KOMIpKOIO TTPaBOPYyY, He
3MIHIOIOYN OYKBU 1 3aJIUIIAIOYNCH B CTaHl S. TyT BUHUKAE HEBEIMKA
npobsiema: MT anasizye TI/IbKM aKTUBHY KOMIPKY 1 He MOYKe BU3HAUN-
TH, YW HACTYTHA KOMIpKa € MOpoKHKOI. Tomy TomoBka MT crmeprmry
Ma€ TepeMICTUTHCS IIiJ] MePIly HOPOXKHIO KOMIpKY (B Hiif 3amucanuii
CUMBOJI #), sTKa PO3MIIEHa MIC/IsT BXiTHOTO CJI0BA, & MOTIM Kepyrodnii
IIPUCTPIii, MepedyBalovul B CTAaHI S 1 aHAII3YIOUYN CUMBOJ #, Ma€ IIepe-
TN B HOBWI CTaH (1, B 9KOMY BUJAJUTH OCTAHHIO OYKBY 1 3yIUHUTH
cBo1o poboty (mepeiisie B Kinmesuit cran ¢r). Takum qunom, rpad Oyme
MaTWl HACTYITHUAN BUTJIL:

a/a,b/b;R
Y

@ #/#;L a,b/#;L
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[Ipoanamnizyemo poboty mamoi MT na BXigHmxX cioBax abb, a i mo-
POXKHBOMY CJIOBI €.

(s,abb) — (s,abb) — (s,abb) — (s,abb#) — (q1,abb) — (qy, ab).

(s,a) = (s,a#) — (q1,a) = (g7, #).

(s, #) = (a1, #)

Mwu 6admnmo, Mo Ha MOPOXKHBLOMY Ca0BI podora MT HeBm3HaueHa i
BOHA HE PO3III3HAE IIOPOKHBLOI'O Cja0Ba. B 3B’I3KYy 3 1M JOMOBUMOCH,
110 1topoxkue caoBo MT me 3minioe. Ocrarouno, rpad MaTUMe BATJISI;

a/ab/b;R
Yy

@ #/#:;L #,a,b/#;L

Taxum aunom, MT 3anaerscs ax n'aripka MT = (Q, A, 0, s,q¢), ne

Q = {s,q1,q7}, A ={a,b,#}, X =Y = {a,b}, D = {#} i nporpama
poboTu § 3aJaHa Yy BUTIA TaOJIMII:

a b +#
S S,CL,R SabaR Q17#7L

qi Qfa#vL Qf7#7L va#vL

2.2. TTPuKIA . TTobymysarn mamuny Tiopinra, sKa po3mi3Hae BCl CJIO-

Ba B asdaniti X = {0, 1} i saminioe Ha 1 KoxKHY Apyry OYKBY BXiTHOTO
CJIOBA.

it po3B’si3aHH4 1Mi€l 3a/1a4l MOTPIOHO HABYUTUCS BU3HAYATH, UN
3HaXOANTHhCcA TosioBKa MT mig OyKBOIO, siKa MICTUTHCS Ha TapHIiil 10-
3UII] BXIJTHOI'O CJIoBa. /lJIst IIbOTO PO3IJISHEMO JBa CTaHW S 1 g1, B sIKi
KepYyUnit TpucTpiit Oyae movueproBo mepexouT mpu pyci rojopku MT
IPaBOPYY i aHaJi31 c10Ba OYKBa 3a OyKBOIO, TOUYMHAIOUH 3 IIEPIIO] OY-
kBu. Takum guaom, ko MT mepebyBae B cTaHi S, TO BOHA aHaJI3Y€
OYKBY, TII0 3HAXOANTHCA Ha HEMAPHIN MO3UIIT Y BXITHOMY CJIOBI; SKIIIO
xk MT nepebyBae B crani g, TO BOHA aHaJi3y€e OYKBY, 10 3HAXOUTHCH
Ha TapHii mo3utii. JlomoBuMocs Takox, 1mo MT He 3MiHIOE TOPOXKHBO-
ro cjoBa. Orxke, HeoOxiHO Bu3HaunTn pobory MT Tak, 1mob y craHi s
rosiobka M'T He 3miHioBajia OykBH, a B cTani ¢ 3amiHoBasa 0 1 1 Ha
1. IlizrcymoBytoum Bce BuIieckasane, modymyemo rpad MT wmacrynanm
IUHOM:
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0,1/1;R

Mlykana MT 3agaerscs sk n'saripka MT = (Q, A,6,s,q¢), ne Q =

{s,q1,qr}, A = {0,1,#}, X =Y = {0,1}, D = {#} i uporpama
poboTu 0 3ajaHa y BULVISL TAOJIMIIL:

0 1 "
S Q1707R Q1717R Qf7#7L
qi1 5717R 8717R Qfa#aL

2.3. ITPukIA. IlobynyBatn mamuny TiopiHra, gdka po3Mi3HAE BCl He-
nopoxkui ciosa B andasiri X = {a,b,c} i ponucye Bkinni Bxigmoro
CJIOBa MOTO TIepIny OyKBY.

s po3B’a3anHsa JaHOl 3a7a4l HeoOX1THO BUKOHATHW HACTYITHL il

® 3araM dTaTH TepITy OYKBY;
e niepemictuTu 1oJ10BKY MT mpaBopyd mmij rmepury mopoxKHIO KO-
MIPKY 1 3amMcaTh B Hel Tieprry OYKBY.
fx mepeminTyBaTHCA TPABOPYY MU BXKe 3HAEMO 3 TTOTIEPEJTHIX TTPH-
KJj1a0iB. AJgte sk 3amnam gratu nepiry 0ykBy? Amke B MT memae inmmoi
maM’gTi, KpiM CTPiYKH, a 3amaM SiTOBYBaTH OYKBY B dKii-HEOy b KO-
MIpIIl HEMAE CeHCY: 9K TLAbKHW TosioBKa MT mepemicTuThesa mBopyd Um
npaBopyy Bijx miel kiaiTku, MT Bizgpa3y xk 3abyne jgany OykBy. Sk ke
BUiiTH 3 1i€l curyarii? CTaHIapTHUM BUPIIIEHHIM ITi€] TpobJieMn € Ha-
CTYIIHE — JIjisi KOYKHOI OYKBH Tpeba BUKOPUCTOBYBATU OKPEMY MHOXKHUHY
cTaHiB. ZKIO mepIior 6YKBOIO € a, TO MOTPIOHO MMepeiTn B CTaH ¢, B
arkoMy TosioBka MT mepeMintyeThcsa TpaBoOpyd 1 3alMCy€ BKIHII CJIOBA
OyKBY a. fKImo ) mepioro OykBoro € OykBa b, To Tpeda mepeiiTu B CTaH
G2, B SKOMY BUKOHYIOTHCA TI K caMi Jiil, TIIbKHW BKIHII CJIOBA JIOTIACYE-
Thcsd OykBa b. Y BHIIAJKY, 9KIIO 1IE€PIIOI0 OyJia OyKBa ¢, II€PEXOJUMO B
CTaH (3, B IKOMY JIOITUCYEMO BKIHTII BX1JTHOTO cj0Ba OyKBY c. Ileit mpu-
itoM OyeMO BUKOPUCTOBYBATH 1 Haa Il JIjId 3aaM ATOBYBAHHA PI3HUX
OoykB BxigHOoro cjaosa. IlincymoByioun Bce ckazane, rpacd MT moxkna
300pa3nUTN HACTYITHUM YUHOM:
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a/a, b/b, c/c;R

c/cR #/c;L

)

a/a, b/b, c/c;R

IIporpama poboru 0 mammuu Tiopinra MT = (Q, A,d,s,q¢), e
Q — {S7QI7QQ7Q37Qf}7 A= {a,b,c, #}7 X =Y = {a,b,c}, D = {#}7

3a/Ia€THCSI Y BUIJISII TaOJIMLII:

a b c +#
s |q,a,R | q,b,R|q3,c, R —
Q1| q,a,R|q,b,R|qi,¢c,R|qs,a,L
@ | q,a,R|q,b,R|q,c,R|qsb L
q3 | g3,a, R | g3,b,R | g3,¢, R | q5,¢, L

2.4. TTPUKAAI. [TobynysaTu mammny Tropinra B andasiti X = {a, b},
sKa MPAITIOE HACTYITHUM YUHOM: FKITO TePIa 1 OCTaHHS OyKBU HETIOPO-
»KHBOTO BXIJTHOT'O CJIOBA CITIBHAAl0Th, TO CJAOBO 3aJUINTAECTHCI HE3MIH-
HUM, B IIPOTUIEKHOMY BUMAJIKY 3aMIHIOE f10T0 HA MOPOXKHE CJIOBO.
Lt po3B’a3anud 11i€l 3342491 TOTPIOHO 3amaM’ gaTaTi nepiry OYKBY
BXIJTHOTO CJ10Ba, iepemictutu rojoBky MT mig octannio OyKBYy 1 MOpiB-
HATHU 11 3 mepiroro. Axmo 1 0ykBu ogHakori, To MT mae mepeiitu B
KIHIEBUI CTAH 1 3yIUHUTHU CBOIO POOOTY, B IPOTUIEKHOMY BUIIAJKY —
BU/IAJIUTU BCi OYKBU B CJIOBI. 3 MOIMEpeHHOTO IMIPUKJIALy MU ByKEe 3HAE-
MO, TIO0 JIJIT KOYKHOI OYKBYW MOTPIOHO CTBOPUTH CBOIO MHOXKWHY CTaHIB
TLIA 3araM’ STOBYBAHHS JTaHO!I OYKBU 1 MOPIBHAHHY 11 3 OCTAHHBOIO OY-
kBo1o. Hexait Takumu ctanamu aag OYKBU a OyayTh q1, B gkomy MT
3amaM’ gTOBYE @, 1 g2, B IKOMY TEPEBIPAETHCH UM OCTAaHHBOIO € OyKBa
a. Arajoriuni cranu aas OykBu b mosHaummo uepes q3 i q4. JAKImo x
B cTaHi g2 rosiopka MT anasisye OykBy b abo B crani g4 rosoka MT
aHaJizye OYKBY @, TO 1i OYKBY BUJAJISIIOTHCS (3aMIHIOIOTHCS TIOPOYKHIM
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cumBoJioMm #) 1 MT mepexoanTh B HOBUii cTaH @5, B sKOMY To10BKa, MT
IIEPEMIITYETHCH JIBOPYY Ha IIOYATOK CJIOBA, BUJAAJIIIOUN IIPU IIbOMY BCl
oykBu. Takum yunom, rpacd MT Oyiae MaTu HACTYIHUN BUIJISII;

a/a, b/b;R

#/#;L
a/cV b/l

;L
b/biR a/#;
@ # /7L
)
a/a, b/b;R

Orxxe, MT 3amaerncs gk n'aripka M1 = (@, A,6,s,q¢), 1e Q =

{s,q1,9r}, A = {a,b,#}, X =Y = {a,b}, D = {#} i uporpama
poboru ¢ 3ajaHa Yy BULIAAl TaOJIMII:

a b +#
s | q1,a,R | q3,0, R —
@ | q,0, R | qi,b,R | q2,%, L
q2 QfaaaL Q57#7L _
q3 | g3,a,R | q3,b, R | qu,#, L
q4 Q5,#,L Qfab7L —
a0 | ¢ %, L | g5, #, L | g, #, R

2.5. IIPUKJIAA. ITobyayBaru mamuny Tropinra, sika po3Ii3Hae BCi CJIo-
Ba B asdasiti X = {a,b} i Bugange i3 BxigHoro cjaosa HOro Apyry
OYKBY.

Ha mepmmit moryisaa 3qaerbed, mo taky MT mobynyBaru HaI3BU-
JaHO MPOCTO: JOCTATHRO 3MicTuTH Toa0BKY MT Ha omHy OyKBY mpa-
BOPYY, a IOTIM BHJAAJIUTHU APYry OYKBY BXiJZHOro cjoBa. Ajie BKiHII

poooru MT BuxijgHe cja0BO He MOXKE€ MICTHUTH IIPOIIYCKIB, TOMY IiCJIs
BUJTAJIEHHS JIPYTOr0 CHUMBOJY MOTPIOHO CTUCHYTH CJIOBO, TOOTO Tiepe-
MICTUTH TIeprry OYKBY B KOMIpPKY mpaBopyd. lIpore, mepemintyounch
MPaBOPYY JI0 ApYTol OyKBU, a MOTIM TOBEPTAIOYNCH HAa3a/ ] 0 MEPIIol
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OYKBU, MU BUKOHYEMO 3aiBY POOOTY: dKa PI3HUIIA YU TEPEHOCUTH TIEP-
11y OYKBY B MOPOXKHIO KOMIPKY Y1 B KOMIPKY 3 dKOI0CH O0yKBO0? Tomy
3araM’ aTOBYEMO TIEPIITY OYKBY, BUJATAEMO 1 3aTUCYEMO 11 3aMICTh JIPY-
roi OykBu. Kpim Toro, BBaxkatumemo, 1mo MT we 3MiHIOE TOPOKHBOTO
ciaoBa. OTxke, rpad MT maTtnme HACTYITHUI BUTISII:

[Tpoanasizyemo pobory MT Ha BXiJHOMY CJIOBI, IK€ MICTATH TIITBKA
ojaHy O6ykBy. AHasizyroun jgany OykBy, rosopka MT Bugaauts 11, mepe-
MICTATHCSI Ha OJIHY KOMIPKY IPaBOPYY 1 3aIuIlle B MOPOXKHIO KOMIPKY
maHy OyKBY. TakuM YMHOM, CJOBO i3 OJTHIET OYKBHU MTPOCTO 3MICTHUTHCH
Ha KOMIpKy mipaBopyd. Ile momycTtumo, 60 KOMIpKM CTPiuKW HE HOMe-
PYIOTBCSI, TOMY PO3TaIllyBaHHSI CJIOBA Ha CTPIYIll HIIK He (DIKCYeThCHd
1 TIepeMiIleHHs CJI0Ba JIIBOPYY YW ITPABOPYY HEMOXKJIMBO TOMITUTH. B
3B’{I3KY 3 IIUM He BHMaraeTbcd, Mo0 BUXiJIHE CJIOBO 00OB’SI3KOBO 3Ha-
XOJMJIOCH Ha TOMY 2K MICIIi, Jie OyJI0O BXiJTHE CJOBO: pe3yJabTaT MOXKe
3MICTUTHUCS JIBOPYY UM ITPABOPYY Bl MOYATKOBOT'O MICIIH.

IMlykana MT 3anaerscs sk n'saripka MT = (Q, A,6,s,q¢), ne Q =
{501,027}, A = {a,b,#}, X = Y = {a,b}, D = {#} i nporpasa
poboTu ¢ 3ajaHa y BULVISAL TaOJIMII:

a b +#
s | q,# R|q,# R|qr,#, R
Q1| gr.a, R | qr,a,R | gr,a,R
@ | 970, R | qr,b,R | q7,0, R

2.6. ITPUKJIAL. [lobymyBaTtn mammuy TiopiHra, dKa 3a TepIo Oy-
KBOIO HEMOPOXKHKLOTO cjioBa B ajdasiti X = {0, 1,2} Bcraniase O6ykBy
2.
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[Mlykarna MT mae cnouaTky BUBLIBHUTH Micrie g Oyksu 2. [lma
IILOTO TOTPIOHO ,,PO3TUCHYTH CJA0BO. MU MOXKEMO 3ammaMm’siTaTh Tep-
1y OyKBY, BUJAJATH, 3aMMUCATH 11 B KOMIPIIl JIBOPYY, a IOTIM y TTOPO-
JKHIO KOMIPKY 3ammcarn OykBy 2. AJjte, aHAJIOTNIIHO SIK Y IIOIEPETHBOMY
HPUKJIAIl, MOXKHA 3POOUTH Ile HPOCTile: 3amaM’ dgTaTu Iepily OyKBY,
3amncaT Ha i1 Micrie OyKBY 2, a TMOTIM TEPEMICTUTHUCS JIBOPYH 1 3amn-
CaTHU B TOPOXKHIHM KOMIPII Teprry OYKBY BXIJTHOTO CJIOBA. TakKuM 9YUHOM,
oTpuMmyemo HacTynuuit rpacd MT:

2/2;L #/2:R

Orxe, MT 3zamaersca ax n'aripka MT = (Q, A,6,s,q¢), ne Q =
{37Q17QQaq37Qf}7 A = {071727#}7 X =Y = {07172}7 D = {#} 1

mporpama poboTH 0 3aaHa y BATJISIAI TaOINIIL:

0 1 2 #
S ql,Q,L QQ,Q,L q3,2,L —
q1 — - — qr,0, R
q2 — - — qr, 1, R
q3 — — - 1452, R

2.7. ITpuknA L. [Hobyaysatu mammny Tiopinra B andasiti X = {1,2, 3},
sKa Yy HEMOPOXKHBOMY BXIJTHOMY CJIOBI 3aMiHIOE BCl OYKBU 3 Ha OyKBU
2 1 BIIOPSJIKOBY€E ITOCTIIOBHICTH OyKB 1 1 2 Tak, mob crodaTKy Oyau
3anucani Oyksu 1, a morim OykBu 2.

[MMykama MT mae BnopaakyBaTh BXiJHE CJIOBO, 3aMIHUBIIHN IIPU
1IHOMY BCl OyKBU 3 Ha OykBu 2. IlpwHnum i1 podboTn MoxKe OyTH ONH-
caHWil HACTYIMHUM YMHOM. fK 3aBxXKjam, Ha modaTrky poborn MT 3Ha-
BXijiHOrO cjoBa. B crani g; rosioka MT anaJiizye Bci 6yksu 1 cjiosa,
pPyXalodunch MPaBoOpyd JOTH, JTOKU He 3Haiite mepiry OykBy 2 abo 3. /la-
JT1 KEPYIOUWH TPUCTPIN MepPexXoanTh B CTaH (2, B dKOMY ToyioBKa MT,
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PYXaIOUNCh TPABOPY, aHAJII3YE OYKBU 2 1 3, MiHAIOYN TPU IILOMY 3 Ha, 2
TOTH, TOKW He mo0adnTh HacTymHy 1. [lic/ig 1mboro BoHa MiHAE MiCIIaMT
B CcTaHl q3 1 3 2, M0 3HAXOIUTHCA JIBOPYH, 1 3HOBY MMOBEPTAETHCS B TIO-
JATKOBUIT CTaH, TOBTOPIOIOYN Al aHAJOTITHI KPOKW aK JIOKHW BXI1THE
cjioBO He Oyze Briopsgakopane. I'padp MT mae Burms:

1/1;R

#/#;L.L

1/1;R
2,3/2;R
() .
2 2,3/2:R j 23/2%R
\M 1/2;L

[Tpoanasizyemo poboty marnoi MT wa BxigHOMy ciosi 132113,

(5,132113) — (q1,132113) — (g2,122113) — (q9,122113) —
— (g3,122213) — (5,121213) — (q,121213) — (g3,122213) —
— (5,112213) — (q1,112213) — (q1,112213) — (go,112213) —
— (q2,112213) — (g3,112223) — (s,112123) — (g2,112123) —
— (g3,112223) — (5,111223) — (q1,111223) — (q1,111223) —
= (g2,111223) — (g2,111223) — (qo,1112224#) — (gf,111222)

IMlykana MT 3anaerscsa sk n'aripka MT = (Q, A,6,s,q¢), ne Q =
{S7Q17Q27Q37Qf}7 A= {172737#}7 X = {17273}7 Y = {172}7 D = {#}

i mporpama poboru 0 3a/aHa Y BUIVISIA TaOJIMII:

1 2 3 9]
s g, 1,R|q,2,R|q,2,R —
a|lq, 1L, R | q,2,R|q,2,R|qr,#,L
Q@ | 93,2, L | q2,2,R| q2,2, R | q5,#, L
qs3 — s, 1, L — —

2.8. ITpukJiaa. Iobymysaru mammny Tropinra B andasiti X = {a, b},
sIKa TIOJIBOIOE Y BXITHOMY CJIOBi BCI BXOJI>KeHHS OYKBU .

Y monepenHix MPUKIagaX MU OQUNUIH, 10 BCTABUTU YU BUJIAJTUTH
xo049a 0 oHYy OYKBY 31 CJIOBA JOCUTH HEMPOCTO. ToMYy HOBE CJTIOBO OyIeMO
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OymyBaTH Ha BIIBHOMY MICII, a caMme, TpaBopyd BiJl BXiJHOTO, Tomepe-
THBO JOMMCABIIH BKIHII BXIJTHOTO CJIOBa AOTIOMIKHUI cuMBoa =. a4
IIHOTO B MOYATKOBOMY CTAHl § MEPEMINIYEMOCH TPAaBOPYY BKIHEIL CJIO-
Ba, MIHIEMO TepPIINii TOPOXKHIN CUMBOJI Ha = 1 MepeXouMO B HOBUH

CcTaH q1.

a/a, b/b, =/=;R

a/a’a b/b7R CL/CL, b/b, :/:;L #/G;L
@m #/=;L @
#/#;:R

#/b;L
@ #/b;R

a/a, b/b, =/=;R

JTasi HaM MOTPIOHO TTepeHOCUTH OYKBHU 3a 3HAK =, TTOABOIOIOYUM MTPH
nboMy OykBy b. [Lag 1mboro B crami g ,0iKnM0” Ha MOYATOK CJIOBA,
TIePeXoNMO B CTaH @ 1 3amaM’ sTOBYEMO TIEPITy OYKBY: AKIIO 11e OyKBa
@, TO TIEPEXOINMO B CTaH (3, IKIIO b — B q4. B cTramax q3 i q4 ,,06i:xkmmo0”
MMPaBOPYY /10 TEPIIOl MOPOXKHHKOI KOMIPKM 1 3aMUCYEMO B Hel TEPITY
OyKBY, JayO/t0I0UM 11 B CTaHl @5, SIKINO 1i€o 0ykBoto € b. [loTim 3HOBY
MTOBEPTAEMOCH JIIBOPYY /0 Ti€l OyKBU, sIKa CTaJa MEPIIO Y BXITHOMY
CJIOBI, 1 TIOBTOPIOEMO OMMCAHI BUIIE JIil 3 II€I0 HOBOIO TIEPITOK OYKBOIO.

JlaHnii MK 3aBEPIIUTHCA TOI, KOJIW B cTaHl gg TosioBKa M'T 6yme
aHaJI3yBaTH cMMBOJI =. Ha ocTaHHBOMY eTari BUTHPAEMO JOTTOMIXKHUIA
CHMBOJI = 1 EPeXoJIMMO B KIHIICBUH CTaH (.

IIporpama poborn 6 marmmun Tropinra MT = (Q, A,d,s,qy), ae
Q =1{5q1,92,43: 94,05, qr}, A = {a,b,=,#}, X =Y = {a,b}, D =
{#,=}, samaerbca y Burasii Tabuni:
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a b = +#
s | s,a, R s,b, R — q,=,L
@ | q,a,L | qi,0,L | q1,=,L | q2, %, R
Q@ | g, # R g, # R|qr#, R —
q3 | q3,a,R | q3,0,R | q3,=,R | q1,a,L
q4 | qa,a,R | q4,0,R | q4,=,R | q5,0,R
qs — — — q1,0, L

2.9. TTPUKAA. [TobyaysaTu mammny Tropinra B andasiti X = {a, b},
sIKa IIOIBOIOE CJOBO, TMOKJIABIIN MI2K HAM 1 MOT0O KOMIE€ 3HAK =.

[Is1 3aja9a Po3B’I3yEThCs AHAJIOITYHO JIO IIOIEPEHbOI: IIPABOPYY
Bi/] BXIJTHOT'O CJIOBA JOIHMCYEMO CUMBOJI =, OTIM MOBEPTAEMOCI Ha I10-
JaTOK CJIOBA 1 B IHWKJI KOTNIOEMO BCl MOTO OYKBHW B TOPOXKHI KOMIPKH
TPaBOPYU.

OaHak, TyT € OJ4Ha BiAMIHHICTH: OYKBU BXiJIHOI'O CJIOBA HE BUJIAJISI-
IOTHCH, 1 1€ TPUBOAUTDL J0 TAKOl TpobIeMu. 3alnuCaBIIN CIIPaBa KOIIIO
HACTYITHOTO CJIOBA, MU TTOBUHHI TTOBEPHYTUCH 0 BX1JTHOTO CJIOBA B TTO3U-
11110 1€l OYKBU 1 MOTIM MePEeMICTUTHCA ITPaBOPYyY JI0 HACTYITHOI OYKBH.
Ajte gk gi3HaTHCI, B 9Ky IO3UINI0 BXIJHOTO CJ0BA IMOTPIOHO MOBED-
HyTruca?! B momepeaniit 3amadi MU 3aBXKIM TOBEPTAJINCT 0 TEPIIOl 3
OYKB BXiTHOTO CJIOBA, SKI 3aJUTIAINCA, & TeIep MU He BUJIAJISIEMO OYy-
KBU, 1 TOMY HE3PO3yMLJIO, dKi OyKBU MU BXKe MPOyOJIIOBaJIM, a dKI —
Hi. Haragaemo, mo B MT koMmipkn cTpidky He HOMEPYIOTHCH, HEMAE B
MT i MunIbHUKIB, 9Ki O JO3BOJUIN BU3HAYNTH, CKITEKN OYKB MU BXKe
POy OJTIOBAJIN.

B zarajbHoMYy BuIra Ky, mpobJiemMa, 3 SsKO0 MU CTUKHYJIUCH, HACTY-
nHa: 9K 3adIKCyBaTH Ha CTPIUI AedKy IIO3UINI0, B IKiii MU BxKe Oy/n
i 10 9Kol mi3HilNIe MOBMHHI TOBEepHYTHCA? 3a3Buyail 1151 mpobiiemMa BuU-
piITyeThCcsd TaKUM 9YUHOM. KoM MU ONIMHAEMOCS B ITi# TTO3UITIT TePIITrii
pa3, TO 3aMiHIOEMO aKTUBHY OYKBY Ha 1T JBIAHUK — HOBUII JOIIOMIXKHUIA
CAMBOJI, IIPUYIOMY PI3HI CHMBOJIN 3aMIHIOEMO PI3HUMH ABifiHnKamn. I1i-
CJIS TIHOTO BUKOHYEMO i B IHIMMUX Micigx cTpiuku. [Ilob moTim mosep-
HYTHCS J0 HAIO1 MO3UTIIil, MOTPIOHO MPOCTO BIANIYKATH Ha, CTPIYI TY
KOMIPKY, /€ 3HaXOAuThbCcd Oykpa-aBiiiHuk. IloTiM B akTuBHIN KOMipii
MOKHa BIITHOBUTH TTOTIEPEIHIO OYKBY.

Taxkum amrHOM, OOy IyeMo M'T 3a HACTYTHUM TIIaHOM:

® CIIEepIIly 3alMCYEMO CUMBOJI = IIiCJIsi OCTaHHBOI OYKBU CJIOBA;
® TIOTIM TTIOBEPTAEMOCH T TIEPITy OYKBY BXIJTHOTO CJIOBA;
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a/a, b/b;R

Aasii 3aMiHIOEMO akKTWBHY OYKBY Ha 11 jBiiinuk (a wa A, b Ha
B), nepewmiryemocs mpaBopyd 10 Tepiiol BiabHOI KOMIpKH i
3aMMCyeEMO B Hel OVKBY, IKY 3altaM’ aTaJjIu;

MMCJIS IIHOTO TOBEPTAEMOCS JIIBOPYY JI0 KOMIPKH 3 JIBITHUKOM,
BITHOBJIIOEMO TIOTIEPEJIHIIT CUMBOJI 1 TTEPEMIIIIYEMOCS TTPABOPYU
JI0 HACTYIHOI OYKBH;

AHAJIOTIYHUM YMHOM B ITMKJI JYOJIIOEMO PEIITy OYKB BXiJTHOTO
CJIOBA;

KOJIM MW TIPOAYOJIFOEMO OCTaHHIO OYKBY BXiJHOTO CJIOBa 1 TIO-
BepHEMOCH JI0 11 JBIffHWKA, TO B KOMIpPIIl TTpaBoOpyY Oy/ie 3HAXO-
IUTHCH cuMBOJI =. Ile o3HaKa TOro, mo BXiJgHE CJIOBO IIOBHICTIO
npoayospoBaHe, 1 ToMy pobotry MT moTpibHO 3ynuHATH.

a/a, b/b, =/=;R

a/a, b/b, =/=L #/GL

-

#/=;L

&)

#/b; L

a/a, b/b, =/=;R

Takum aunom, mykana MT 3amaersea sk n'saripka (Q, 4,6, s,qy),

IS Q — {37Q17QQ7q37Q47Qf}7 A = {a’abaAaB7:7#}a X

{a7 b}7

Y ={a,b,=}, D = {A, B,#} i uporpama poboTu J 3ajiaHa y BULJIsII

TabINIII:
a b A B = +
s | s,a, R | s,bbR — — — q,=, L
@ | q,a,L | q,b,L | g0, R | q2,0,R| q1,=,L | q2,%#,R
@ | g, A R|q,B R — — qr, =, R —
q3 | q3,a, R | q3,a, R — — q,= R | q1,a,L
94 | q4,0, R | q4,b, R — — 1, =R | q1,b, L
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Pekomengosana siteparypa : (8, c. 183-185], [20O, c. 7-15], |22, c. 163
178].

Iluranaga Ta BupaBu g0 naparpada 2.

B zajiauax 2.1-2.16 nobyaysaru mamuHy TropiHra, sika po3iizHae
BCl csToBa B ajidaniTi X 1 BUKOHYE HACTYTHY POOOTY:

2.1. X — ykpaiucekuit aadapit. Jlommcye 31iBa 10 BXiTHOTO CJIOBa W

ciioo BY3 (w — BY3w).

2.2. X = {H, II, V}. Homucye crnpasa JI0 BXIJHOTO CJI0Ba W CJIOBO
THY (w — wITHY).

2.3. X = {a,b}. Baqumae B caoBi TiibKK 1epiry O6yKBy (IIOpOKHE
CJIOBO HE MIHSIE).

2.4. X = {a,b}. Banumae B CJIOBI TIMBKE OCTaHHIO OYKBY (ITOPOKHE
CJIOBO HE MIHSIE).

2.5. X ={a,b,c}. dximo BxizHE CJIOBO HE MICTUTHL OYKBU ¢, TO 3aMi-
HIO€ BCl OykBu @ Ha b. B iHIIIOMY BUIIaJIKy — BUJIA€ CJI0BO 3 OJIHI€T OyKBU
C.

2.6. X ={0,1,2,a}. 3’gacyBarn, un € BXijHe CJIOBO 3aIMCOM UNCTIA B
TpiiiKoBiit cucremi umcaennd. BigmoBiab: 1 — gkmio €, 0 — B mpoTuie-
SKHOMY BUITQIKY.

2.7. X ={0,1,2}. Bpaxaiouu BxijHe CJI0BO 3alMCOM 4UCJIa B TPiii-
KOBIii cucTeMl 4YMCJIEHHS, BUJAJUTH 3 HbOTO BCl HE3HAUYIIT HYJIL.

2.8. X ={0,1,2}. Braxkaruu BXiJiHE CJOBO 3aIllMCOM YNCJA B TPIiii-
KOBIil cucTeMi Yuc/ieHHd, 3’ CyBaTu, Y JLJINThC BOHO Ha 3. Bijosiib:
1 — axmmo manTbesa, 0 — B MpOTUIEXKHOMY BUTIQIKY.

2.9. X = {a,b}. B Henopoxx#bOMy BXiTHOMY CJIOBI MOMIHSITH MiCITsI-
MU TIEPIITy Ta OCTAHHIO OYKBU.

2.10. X = {|}. dxmo BXiJHe CJIOBO Mae HENAPHY JIOBXKUHY, TO 3aMi-
HUTH HOr0 Ha CJIOBO |, B IHIIIOMY BHIIAJIKY — HA IOPOXKHE CJIOBO.

2.11. X = {a,b,c}. dximo BXisHe CJIOBO Ma€ MapHY JOBXKUHY, TO
3aJINIIUTA B HHOMY TLILKI TPABY MOJOBUHY.
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2.12. X =0, 1}. BuznaunTu, uu BXiJHE CJOBO € CHMETPUIHUM (TI0-
niEgpoMoM), To6T0 w = w!t. Bimmosine: 1 — €, 0 — He €.

2.13. X = {a,b}. BaminuTu y BXiTHOMY CJIOBI KOXKHE BXO/[YKEHHS
oykBu b Ha ab.

2.14. X = {a,b}. Bugasmuru i3 BXiJIHOTO CJIOBA KOXKHE BXOJKEHHS
miac/a0Ba ba.

2.15. X = {a,b}. Iogsoitn KOkHY OGYKBY BXIJHOTO CJI0Ba (HATPH-
k1aj, aba — aabbaa).

2.16. X ={a,b}. O6epuyTn BXigne cja0BO (HampUKIaI, aab — baa).

§ 3. Pynkmii, uro odumncaowTbea MT

B manomy maparpadi posrigaaioTbed YHKINL, 119 9KUX ICHYE Ma-
mHa Tropinra, mo ix obounciaroe. Jlani pyHKINI BU3HAYAIOTHCI IIOBE-
minkoio MT. AprymenTn (BXimHi c/1oBa) 3’IBAAIOTHCS HA CTPIUI 0 TO-
JaTKy 00UMCAeHHS, a 3HaueHHsT (DYHKIIT /19 IIbOT0 apryMEeHTY — CJIOBO,
sIKe 3aJIAIIAETHCS Ha, CTPIYI, KO 0OYNC/IeHHS 3aBEPIIeH0. 3ayBarKn-
MO, TITO TIPU aHaJI31 Jegkux BX1IHUX caiB MT "iKom He TepexoinTh y
KIHIIEBUI CTaH, 1, 0TKe, PYHKINA MOoyKe OYTH HeBU3HAUEHA JIJIsT JIETKIX
BXIJTHUX CJIIB-apTyMeHTiB. B 3arajbHOMY BUMAJIKY KaXKeMO, Mo (DyH-
kiis f 1 (X*)" = Y™ € wacmroso eushauernoro dyrryiero, SKIO BOHA, He
BU3HAYEHA JJIsl JesIKUX HADOPIB apryMeHTiB (1, ...,Ty) € (X*)", 106-
TO KO/ 00/1aCTh BusHadeHHd [ € nigmuoxkunoo (X ™)™, fkmo obsacts
BusHavyennd f croiBmagae 3 (X*)", To Kaxkemo, mo Gynruis [ noeri-
cmio susnavena na (X )", dxmo dynknig f ne Busnayena ma Habopi
(r1,...,%p), TOo IucaTumemo f(xy,...,xy,) =T

Kazxkemo, mo wacmxoso susnauena gynxyis f: (X)) — Y™ obyu-
CANEMDBCA 3 dONOMO2010 Mawury Tropitsa

MT =(Q,A=XUY UD,9,s,qys),
SIKIIO ISt KOYKHOro Habopy (x1,...,%,) € (X*)", na axkomy f BusHa-
4eHa,
(8,21 %2 % ... % zp) = (q5,Y),

ne y = f(x1,...,2n) € Y" ax €D — cuemiaabHuil JOMOMIXKHUANK CHUM-
BOJI, AKWM PO3Mdiade BXITHI apryMeHTH; 1 Ha KOXHOMY Habopi
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(X1,...,2n) € (X*)", mas akoro dyukiis He BusHadena, MT wikogm
He TIepeiiie B KIHIeBuil cTan ¢r.

Hatani maiivacrime posrirsigarumenmo ducyosi pyuakii f: (Ng)™ —
Ng, 1e No = NU {0}

3.1. TIpukJiAz. ITokaxkemo, mo ¢dyukuis f : Ng — Ng, f(n) = 0
OOYUCIIOETHCA 3 JIOIMTOMOTOI0 JedKOl MaImuau TropiHTa.

Bpaxkarumemo, 1o HeBija €éMHI 1l 9KC/Ia, 3alicaHl B ABIMKOBI cu-
cremi umuciiennd. uaa nodbynosu MT, gka npaBuibHO 00YHUCIIIOE JIaHY
dYHKIIIO, JOCTaTHLO BU3HAYUTH cTaHu, B gkux MT 3aminioe Bci 1m-
dpu BXIAHOTO CJIOBA Ha TTOPOXKHIN cCUMBOJI, APYKYe 1tndpy 0 1 3ynuHge
poboty. I'pad mrykanoi MT mae Burss:

0,1/#;R
IR
@ #/0;R

3.2. IIPUKJIAJ. Ilobyayemo mammuy Tropinra, ska obduciioe ¢yH-
kuiio f : N — N, f(n) = n + 1 (BBaxkaemo, 10 HATYypaJbHI 4nC/IA
3a/laHl B TPIAKOBIi cuCcTeMi IUC/TIEHHS).

Hexait s — ctan, B gkomy rojioBka MT pyxaerbcd B KiHelb CJI0BA.
JIIfiTIoBIIIA 710 TIEPTITIOI MOPOXKHBOI KITUHKH, TooBkKa MT nmepexoanTs
JIIBOPYY TIJT OCTAHHIO TPy CJIOBA, 1 KEPYIOYNM TPUCTPIil TTePexXoTUTh
B cTtaH q. B crani ¢ MT nonae oquaMIio g0 Tiel mudpu, 9Ky BoHa aHa-
Ji3ye B gaHuit momeHT vacy. Cirouarky HEK € ocTaHHs nmudpa ducia.
Axmo ne mucdpa 0 abo 1, To Kepyrouwnit mpucTpiit 3aminioe i1 Ha 1 abo
2 Bigmosigno, i MT 3ynunsie pobory. Ase gaxmio maxa mudpa € 2, TO
Kepyrouunii npucTpiil 3aminioe 11 Ha 0, 1 TOJIOBKA MEPEMINTYETHCS J1BO-
pyd, 3ajmInaoyunch B cradi q. Takum anaom, Tenep MT pomaBarume 1
710 1orepeiHbol mudpu. fAxino Hero € nudpa 2, o MT minsge i1 Ha 0 1
HepPeMilLyeThCs JIBOPYY, 3aJUIIAIOYUCH K 1 J0 TOr0 B CTaHl g, TOOTO
KEPYIOUMil IIPUCTPIl MOBUHEH BUKOHATHU TY 2K CaMy Jil0 — 30LAbIINTU
akTUBHY 1uppy Ha 1. LAKIO 2K 1o/10BKa I1epeMicTu/Iacd JiBOPyd, a B
aKTUBHIN KoMipri HeMae rmdpu (a € #), To MT zamucye Tyan 1 i me-
PeXoJIUTh B KiHIeBUil cTaH (.

3ayBaxXunMo, 1110 A1 TOPOKHBOI0 BXIAHOIO CJ0BA HAIa 3aatda He
BU3HAUYEHa, TOMY Ha 1boMy cj0Bl MT MoxKe mOBOANTHCHA 9K 3aBTOJTHO.
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B marmmiit mporpami, HampuKIa1, Ha TOPOXKHLOMY BXigHOMY caoBl MT
3YNMUHAETHCA 1 BUgae 1.
['pacp MT marume BUTIIST:

0/0,1/1,2/2;R 2/0;L
@ #/#;L @ #/1,0/1,1/2;R

[Ti;r yHapHOIO CHCTEMOIO YHMCJIEHHS PO3YyMITUMEMO 3alliC HEB1T €M-
HOI'O II1JIOI'0 YKCJIa 3 JIOIOMOI'0O ,[TAJIMYO0K  : MA€ OyTU BUIIUCAHO CTL/Ib-
KU TAJUYOK, STKO0 € BEeIWdWHa Jucjaa, Hanpukaam, 2 — ||, 5 — [||||,
0 — <TmOopOoXKHIT CUMBOJJ>.

3.3. ITPukaAg. Ilobynyemo mammuy Tropiara, sgka obducaioe yH-
kiio f: Ng X Ng — Np, f(n,m) =n + m (BBaxkaemo, 1o HaTypasibHi
YUC/Ia 33JaHi B YHAPHIN cHCTeMi IHC/TeHHS).

MT moumnae aHa/i3yBaTH BXiTHE CJIOBO B KOHMITyparrii

(s,||..-|*]||.--]), abo B koudirypauii (s,*||...|), axmo n = 0.
< , N——— ——

n m m

[Mlykana mammbaa TropiHra, sika TpaBUJIbHO OOYUCTIOE JaHy DYyH-
KITiI0 JIBOX 3MIHHHUX, MOKe IIPAIIOBATH, HAIIPUKJIA, TAKAM YUHOM. K-
mo n = 0, To BoHa BujAJsI€ * 1 3ynuHsie podory. B iHIIOMYy BUIAJIKY
~ BHJIAJIAE IEPIIy [MAAUYKy |, IepeMillyeTbCsd IpaBopyd A0 * 1 Ha Ii
micni 3amucye |. Takum unnom MT = (Q,A =X UY UD,J,s,qy5), ae
Q=1{s,q,9/}, X =Y ={|}, D = {}, a mporpama poboru J 3amama y
BUIJISIJI TaOJIAIII:

| x W
S q7#7R qf7#7R T
Q7‘7R Qf7|7R o

3.4. ITPukJiAJ. Ilobyayemo mammay Tropinra, ska 00UMCIIOE YACTKO-
Bo BusHadeny ¢yukmio f: Ng — No, f(z) =z — 2.

Inest po3s’sizanHs 3ajadl Taka K gk 1 B npukiaanal 3. Hexait s
— crtaH, B KoMy rojoBka MT pyxaerbca BkiHelnb cjoBa. Jlifirmosmmm
JI0 TIePIIOol MOPOXKHBLOI KAITUHKY To0BKa MT nepexoauTs jiBopyd mij
OCTaHHIO ITMPY CJI0BA, I KEPYIOUUl MPUCTPIl TTepexXoanTh B CTaH (.
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Axmo B crani g1, MT anamizye mndpn 2, 3, ..., 9, To BOHU 3aMiHIOIOTHCS
na 0,1,...,7 BignoBiguo, i MT 3ynunsie podory. B iHImomy BUIIQIKY,
akio 1e mdpu 0 abo 1, To Kepyroumii mpucTpiit 3aMiHIOE X Ha 8 abo
9 BIATIOBITHO, 1 TOJOBKA MEPEMINIYETHCA JIIBOPYY, KEPYIOUNIT TPUCTPIif
IIPXA bOMY IIEPEXOUTh B cTaH g2, B gakoMy MT Bimaimae 1 Bia morme-
peanbol 1udpn. Ao g nudpa gopisaoe 1,2,...,9, ro MT minge i1
Ha 0,1,...,8 1 3ynmuHdge poboTty; iHakIe — 3amiatoe 0 Ha 9 1 mepemirnrye-
ThCs JIIBOPYY, 3aJUIIAIOYUCH 9K 1 0 TOIO B CTaHl ¢, TOOTO Kepyroduii
MPUCTPi MTOBUHEH BUKOHATH TY K CaMy JI0 — 3MEHIITUTA aKTUBHY IIH-
dpy Ha 1 1 T.0. AKIMO XK TOJIOBKA, MEPEMICTUBIINICH JIBOPYY, B CTaHI
qo anajizye # (me mae micre Tiabku g gucen 0 ta 1), To mogasbii
il MT nve Bu3nadeni i 10 Takux uncess MT nwe 3acrocoBHa. [Tobymyemo
rpacd manoi MT:

#/#;L n/n—2;L, n:m
W)

n/n;R, n=0,9

0/8,1/9;L

0/9;L C@

3.5. ITPukIAg. Ilobynyemo mammuy Tropiara, gka obducaioe QyH-

kiito f : Ng x Ng = Ny, f(n,m) = |n —m| (BBazkaemo, 1o marypaabhi
quCa 33JaHl B yHAPHIN cucTeMi 9uC/IeHHS).

Hexait mouaTkoBoio Koudiryparieto € (s, |...|*|...|). Ines po3s’s-
~
n m

3aHHs 3a1a4i Taka. Crneprry MT mepemintyersbes Imij mepiny maJudKy
apyroro unciaa. Jlasr mopiBHIOE UHucIa HACTYITHUM YUHOM: V CTaHaX (1
ta go MT Bijgmidae moyeproso 1o ojHiil najodni (3aminoooun | Ha %) B
060X TOCIIIOBHOCTSX | 1, BUYEPIABIIN OJIHY 13 MOC/I0BHOCTEH, POOGUTDH
BUCHOBOK, SIKa 3 HUX CKJIQJAEThCsI 13 OLIBIIOT KIILKOCTI majJaudoK. Toml
B cTaHax g3 abo ¢4 BUAAJILE BCl * 1 Ha CTpidnl 3a/HIIAETbCI N — M
MAJIMIOK, AKIIO N > m, ado m — N MaJIm4IoK, aKio n < m. 'padp MT

Ma€ BUTJISI:
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/IR /%R % /%; L */#,|/1;R
8 «/ iR @//L\) #/#:R
\_/

/R

;L
I #/;L

et C@ 4/ #|/iL

[Ipointocrpyemo pobory MT na npuksiaji. Hexait Ha BX0oai MmaeMo
csioBo | * |||. Toni:

(s, [ *[Il) = (s, [=l[) = (aqu, [ *[Il) = (g2, [x = |[) = (g2, ] **[]) =
(Q17*f*||> = (Q17***“) — (Q27**f*|) = <QQaﬁ****|) — (Q3af***‘> =

(g3; |#) — (ar, |-

3.6. ITpukiA. ITobyayemo MT, ska obunciaioe dyukiiio f : Ngx N —
N, f(n,m) = HCII(n,m).

Hexait i HeBijg'eMHI ymcaa n Ta m 3aJaHl B yHapHIN cucTemi
YHUCJICHHsI. 3HAIeMO TX HaiOIbIINi CHJIbHUN HATYPAJIbHUMN JJIBHUK,
KOpUCTYyIOUKCh ajropurmoMm Eskiina. lanuit ajropurM 0a3yeTbes HA
TaKUX PEKypeHTHUX popmystax s 3uaxokenus HC/I:

HCI(n —m,m), n > m;
HCH(n,m) =< HCI(n,m —n), n < m;
n, n=m.

[Tooynyemo MT mna simmykanas HCJI, mporec obuncienHst Ha
SKiiT 0a3yBaTUMEThCS HA MOYEPTrOBOMY BUKOPUCTAHHI IMUKJIIB MOPIBHS-
HHSI 1 BIJHIMAaHHS.

[Ipomnec mobymosu MT 6ymeMo cympoBOAKYBATH LIIOCTPAIII€I0 KOH-
dirypaniit g obuncaenns HCJI(4,6). TlogaTrkoBa KoHdiryparisa Ma-
tume Burssis (s, |||« |[[||||). Cueputy B cranax s Ta g1 nepenecemo 1ep-
Ty TAJIHIKy Ha Miciie *. B pe3ysbrari mhoro orpuMaeMo Koudirypario
(s, |[[[I[II])- Tami, BuKOpHCTOBYIOUH JOTIOMIXKHI MITKM @ Ta b B cTaHax
¢2 Ta g3, 6yzemo mopismiosar umcaa n i m. Ipu mpomy MT mpa-
IIOBAaTUMe TakK, IK OM IIpaloBaJja, JIOJANHA, AKa HOPIBHIOE Bl JOBTI
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TIOCTIIOBHOCTI 3 |, IKi Bijipa3y BayKKO TOBHICTIO MeperyisinyTu. JIro/m-
Ha BigMidaJja O II09eproBoO 10 OJHIM maJiodill B 000X IIOCJIJOBHOCTHX i,
BUYEPHABIIN OJHY i3 MOCJiJOBHOCTEI, 3podnaa 6 BUCHOBOK, dKa 3 HUX
CKJIQTAETHCS 3 O1IBINOI KLIBKOCTI MaimyvoK. Mammaa K 3aMiHIOE mepIry
MaJINYIKy APYroro umucjaa Ha b, mMoTIM 3aMIiHIOE TEPITY MaJudKy MepIo-
ro 4ucja OYKBOIO @, JlaJii 3HOBY TOBEPTAETHCA O IMAJAYOK JIPYTOro
yncsa i T.7. Ilicaga gekinbKoX TaKTiB Ha CTPIUlll BUHHKAE KOH@Irypa-
uist (g3, #faaaabbbbb|), B gKiit nepiIe YUC/IO BXKe BUYEPIAHE, & JIpyre —
me mi. Jami MT mepexoauTs B cTaH g4, B GKOMY 11 TOJIOBKaA IepeMi-
IIYEThCS TPABOPYY, BUTUPAIOYM MITKHM ¢ Ta 3aMIHIOOYM MITKE b Ha |,
[licsig bOro BoHA IEPEXOUTh B CTaH (2 JJid ITOPIBHAHHSA uuces n = 4

i m—n = 2, 3HAXOAAYNCH NIPU 1IbOMY B KoHDiryparii (gz, |||||]) mix
IEPIIO0 MAJMYKOI0 Yucaa m —n = 2. Takum 4uHOM, IiC/Id UKLy 10~

PIBHAHHST BUKOHAHO IMWKJI BIIHIMAHHS Bl APYTOTO YHUCJIA TEPIITOTO, B
pe3y/IbTaTi SKOI0 MEHIIE YUCJ/IO 1 BUTEPTO, a OlJIbIIe YKUCJI0 1M PO30UTO
Ha L 1m—n.

JlaJjii 3HOBY ITPOXOUTDH ITUKJI MOPIBHAHHSA, IKUU Ha Ieii pa3 3aKif-
YYEThCSI ,BUUEPIAHHAM” JIPYTOro 4ucjia (1o 3HaXOUThCs TTPaBOPYY),
siKe B IIbOMY BUIAJIKY € MeHIuM. [Ipu npomy ojiepkumMo KoOH@Irypariito
(q2, ||aabb#). Hacrynuuit TakT nopoaxye koudirypario (gs, [|aabb), i
IIOYMHAETHCA [UKJI BIAHIMAaHHS B1J] IIEPIIOI0 YUCJIa JIPYyroro, To0TO CTH-
paHHd BciX OyKB b i 3amina 6ykB a majgoukamu. [licisa mboro MT 3H0BY

LEePeXOAUTh B CTaH ¢o y Koudirypauii (g2, |||]). Leit npouec rpusae mo-
TH, JOKNJ 337349y He OyJe 3BEICHO J0 BAMAAKY ABOX PIBHEUX MiXK COOOI0

quces (B HAITOMY BUITQJKY MU BXKe JOCSTIN 11H0ro). Hacamkinens 1mo-
YMHAETHCS OCTAHHIN IMTUKJI TTOPIBHAHHS, B IKOMY OJHE 3 UYUCE] BUIAJIS-
erbcst, MT nepexoaurs y KiHneBuii CTan ¢f, 1 Ha CTPIYL] 3a/IUIIAETHCS
qUCI0, 3aTNCaHe B YHAPHIN cucTeMl YMCJAEeHHd, dKe 3T1THO aJTOPUTMY
Eskiina popisaroe HCII(n, m).

['pac mrykamoi MT mae Bursm:
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|/I;R a/a, b/b;R a/a, b/b;L
|/b;L

@ |/#:R /iR " C

|/a;R

*/#;R [/l #/#:L | #/#:R

a/l, b/#;L a/#, b/|;R

|/I;R

#/#;:R

BayBakKuMo, 10 9K mnepiie dnciao n = 0, To, nepebyBarodn B
koudirypanii (s,*|...]), MT nepexoaurs y Kinnesuii cran i Ha BUXOJ]
nae auciao m = HCJI(0,m), m € N.

3.7. ITPUKIAL. Ilobyayemo mammuy Tropinra, sika MepeBOINTH HATY-
paJIbHI dmcIa 3 YHApPHOI CUCTEeMU YHMCJ/IEHHS B JECATKOBY.

['pacp MT matume BUTIISI:

n/n, =/=, |/|;R, n=0,9

@|/|;L@ @ #/#;L @ =/#;L

| #/1, n/nt LR _—
— |/#; L

n=0,8

9/0;L /1L

Imeqa po3s’a3anns 3amaxdi Taka. Crepiry 371iBa Bl YHAPHOTO 3aIUCY
qucia, nepedysaroun B Koudiryparnii (s,|...|), B cranax q1 i g2 jo-
MICyeMO JOmOMiKHM 3Hax = i nudpy 0 Ta mepexomuMo B CTAH 3.
B pesyabrari nporo orpuMyeMo koudiryparnio (g3, 0=|...]|). dami Bix
YHAPHOI'O YUC/Ia, PO3MIIIEHOTI0 IPABOPYY, BIIHIMAEMO OIUHUIO (BH1a-
JISIEMO OJIHY TAJMYKY) B CTaHi ¢4, MEPEMIIIYEMOCS JIIBOPYY Ta B CTaHi
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g6 1O TECATKOBOTO YUCJA JOJAEMO OJIMHUITIO, JIIOYN 33 TTPABUIAMU JIe-
csaTKOBO1 apudmMeruku. [licjs boro 3HOBY 110BEPTAEMOCS JI0 YHAPHOI'O
9UCJIa 1 TTOBTOPIOEMO IMUKJIIYHO BCl omepariii JO0TH, JOKHW BCl TMaJNYIKA
He Oyayrh Burepri. HacaMkinenb 3cyBaeMocst IpaBopyd, B CTaHl g4 BU-
TUPAEMO 3HAK = 1 BYITUHSIEMOCS.

Hexait maemo nBi mamman Tropinra MT) = (Q1, A1 = X1 U U
D1, 01, sg, Sn) 1 MTy = (QQ,AQ = Xo U Y5 U Do, 09, qp, qm), IIPUIOMY
BBaXKa€MO, IO BUXIIHUN ajdaBiT TepInol MaIluHN CIBIAIa€ 3 BXi-
aauM ajadasiTom apyroi, Todoro Y7 = Xo. Hexaii ui MT ob64uuciioiorh
ciosecui yukimil f1 : (X1)* — (Y1)* Ta fo @ (X9)* — (Y2)* sigmno-
BimHo. Ilobynyemo MT, aka obumciroe ix kommosuriio fo o fi. Hara-
JTAEMO, III0 KOMIIO3UIi€n (GyHKINNE f1 Ta fo HA3WMBAIOTH TaKy (DYHKIIO
f = f2o f1, mo ang KoXKHOTO T 3 00JIacTi BU3HAUCHHsT PYHKINT fi 3HA-
yennda f(x) = fo(f1(x)). llpu upomy Bumaraernbcs, mob GpyHKis fo
Oysia Bu3HaUeHa Ha 3HaudeHH] f1(T).

Mamuna Triopinra MT = (Q,A = XUY UD,J, s, qr) niasa byunkuii
f = fo o fi 6ynyerbca HacTymHMM YMHOM. Y pasi moTpedu CTaHW Ma-
man M5 mepeno3HavaeMo Tak, IIO00 BOHU BiAPI3HAANWCA BiJ CTAHIB
varmmaun MTh. Bxiguauit andasit X cuiBnajgae i3 BxigHuM ajrdaBiToMm
X1 mamman MTY, suxiganit andapit Y — 3 BUXIIHUM agadaBiToM Yo
varmuau MT5, a gonomizkuuit asidpasit D = Xo U Dy U Ds. Ilouarko-
BuM ctanom MT e nmouarkoBmii cTtaH sg Mammaun MT7, a KiHIEBUM —
KiHIeBuit ¢, Mammau MTs. Ilporpamu poborn 41 i do 00’emmyemo i
3allMCYEMO B OJIHY TabJINITIO, JOO3HAUMUBIIMT, 1110 B CTaHi S, mykana MT
MTEPEMITIYETHCA JIBOPYY 70 MMOYATKY CJI0BA 1 TTOTIM MEPEXOIUTH B CTaH
q0-

Hexait w € (X1)*. Posrasiremo mogaTkoBy KoHMIrypario (S,w).
Ockiabku § = Sg, T0 Ha modarky podboru MT upamtoe tak, axk MT7, i
akio M1, 3acTocoBHA JI0 CJIOBa W, TO Ha JeIKOMY KPOIll OyJe ojep-
KaHO KOHMIrypario (sy, f1(w)). dami B crani s, ronoska marmwuan MT
LePeMiCTUTBLCS JIBOPYY 1ij mepury OykBy ciaosa fi(w) 1 Kepyrounii npu-
CTpiif mepeiijie B cran o, TO6TO omepKUMO KoHdirypariito (qo, f1(w)).
Axmo MT, zacrocoBna g0 caosa f1(w), TO HA AeIKOMY KpOIl OTPH-
MaeMo KoHDIryparito (¢m, f2(f1(w))), gka e 3akmoanow aus MT, 6o
qf = gm. Taxum gunowm, gaxmo MT) 3acrocoBHa 10 w 1 MT5 3acTo-
coBua 10 f1(w), To i MT 3acrocosna a0 w. Mammua MT HazuBaeThCs
kommo3uriero mammua M1 Ta M5 1 no3uadaerhbesa uepes M1 o MTY.
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O3maueHHs KOMIIO3UIIT 3aIAIIAEThLCA Oe3 3minu, axito M T ta MTh
00YMCII0I0Th (DYHKITT KITHKOX 3MIHHUX. BaxkanBo jmiie, 1mod gaHi a4
M'T5 6ynm y BiATIOBITHOMY BUTJISAII MiaAroToBeH] MarmmHOo M1 .

3.8. ITPukIAL. Posragauemo MT, 3amany rpadowm:

|/I;R a/a, b/b;R a/a, b/b;L
|/b;L

R */|;R
(s)—2 / )
|/a;R

H/HR |/I;R /1 #/#L | #/#:R
#/#;L
@ #/#:R Q
qs 44
W)
|/1;L a/l, b/#;L a/#, b/I;R

n/n, :/:7 |/|7R7 Tl:@
(Y

;L s L =/#:;L
o
| #/1, n/nt LR _—

— |/#;L
n=0,8

q13 Y qi12
9/0;L |/1;L

Hana MT obumcmoe dynkniio f @ Ng x N — N, f(n,m) =
HCJI(n,m) i Bumae pe3yibTar B JeCATKOBIH cucTemi umciaenas. Bo-
Ha € Kommosuiliero MT, modynoarmx B mpukaamax B4 Ta B74.

Anasisyroun monepesHi TPUKJIAIN, Y YATATA, CKIATAETHCI BPAYKEH-
Hd, ITI0 TIpOIiec, AKuii BigdyBaeThcd Ha M T, € crioBlIbHEHUM TIePerjIsioM
1porecy 004YMCAEHHS, 9KUI BUKOHYETbHCs JIIOJIMHOIO BiJIIIOBIIHO JIO Jie-
JKOro aJropurMmy. Pazom 3 TuM po3rigHyTi MPUKJIAQIM HAMITOBXYIOThH
Ha JYMKY, o 3 gomomororo MT mokHa 3amaBaTy i 1HII BiZOMI HaMm
aaropuTMu. LliJTKOM TPUPOAHO BUHWKAE MUTAHHA: UM CTOCIO 3aaHH
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aJTOpPUTMIB 3 mortomoroo MT € yHiBepcaabHUM B TOMY CEHCI, IO OY/Th-
KU aJITOPUTM MOXKHA mogaTn TakuM dunHoMm? Ha me nurannsg cydacHa
Teopid aJTOPUTMIB A€ BIAIIOBIAbL 3 JOMNOMOI'OI0 HACTYIIHOI TIIOTE3MU:

Teza Tropiara-Yepdua. Byodo-axutl arz0pumm MOXCHA DEaNL3YEamM
Ha 610n0610HIT Mawuns Tropinsa.

[TIeprr 3a Bce 3BepHEMO yBary Ha HACTYIHY XapaKTepHY 0CODJIN-
BicTb jJaHol rirnore3u. B 11 dopmysroBanni MoBa iijie, 3 0JiHOTO OOKY,
PO 3arajbHe IOHATTHA AJTOPUTMY, sdKe He € TOYHUM MaTeMaTHIHUM
MIOHATTAM; 3 IPYToro OOKY, B IIbOMY K (POPMYJIIOBaHHI TOBOPUTHCS ITPO
TaKe TOUHE MaTeMaTUdHe TIOHATTS K MalmuHa Tiopiara. ToMmy He MOxKe
WTH 1 MOBH IIPO JOBEJIEHHST JaHOI TIIOTe3U MOAI0HO JI0 TOTO, sIK JOBOJISI-
ThCd TEOPEMH B MaTeMaTHUIll. JHAYEHHS TIMOTE3M MMOJIra€ caMe B TOMY,
10 BOHA YTOYHIOE 3arajbHe, ajle PO3MINBYACTE MOHATTS ,,0yIb-IKOTO
AJITOPUTMY~ 3 JIOIIOMOIOI0 IIJIKOM TOYHOIO MATEMATHIHOTO IIOHSITTS
MT. Takum 9uHOM, TEOpis AJIOPUTMIB OI'0JIOIIYE 00’€KTOM CBOIX J10-
caiKeHb Mammuau Tropiara. Termep Bxke CTalOTh KOPEKTHUMU MTUTAHHS
MOXKJIMBOCTI YW HEMOXKJIMBOCTI MTOOYIOBU AJTOPUTMY JIJIsd 3aJ1a4l TOTO
YU 1HITIOTO TUTTY.

CrpaBedIuBICTh TIMOTE3W MATBEPIKYETHCS MPAKTUKOIO, siKa, K
BiToMoO 3 binocodii, € eauAUM KpuTepieM icTuaU. Bel BigoMmi aaropu-
TMH, Kl OyJIM HPUIYMaHl BIPOJIOBXK 0araTbOX TUCAYOJITH iCTOPil Ma-
TEeMAaTUKHU, MOXKYTh OyTu 3ajaHi 3 jormomororn MT.

PekomenmoBana siteparypa : [I, c. 33-45], 8, c. 186-194], [T, c. 324
333], [T, c. 319 323|, [24, c. 83 86].

IIlntannga Ta BupaBu g0 nmaparpadpa 3.

3.1. JlaliTe o3HAa4YEHHS YaCTKOBO BH3HAa4Y€HOI PYHKIIII, 110 00YUCIIIO-
erbca MT.

3.2. 1o Bu posywmiere mig Kommozuiieo MT?

3.3. Ilobymysatm mammny TropiHra, 1o o09uC/IIO€ YUCTOBY PYHKITITO
f i Nog — Ny, aprymenTn gKoi 3a7aHi B TPIKOBi# CHCTEM] INUC/ICHHSI.

6) f(z) =0;
SRIOES N
6) f(z) =2+2
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0 f) =2
r) f(z)=2-2+1;
,H) f(:U):910°33—|—2.

3.4. llobymysaru mamuny Triopinra, sika o64uC/IIO€ 9uC/IOBY (DYyH-
xmito P i (No)* — No, PH(x1, 29,13, 14) = 15, 7e i = 1,2, 3,4 (BBaKa-
€MO, 1110 apPryMEHTH Tj 3aJIaHi B yHAPHIN cucTeMi IUC/IEHHS ).

3.5. Ilobymysatm mammuy Tropiara, mo ob6YHMCIIOE YaCTKOBO BU3HA-
geny uncsiaoBy dyukimio f : (Ng)? — Ny, aprymenTn sikoi 3ajaHi B
VHApPHIA CUCTEM] YUCIEeHHI.

r—1y, T > Yy
a) f(xay) — {O, xSy;
=Y, T2y
6) f(z,y) N o<y
B) f(z,y) = zy;
r) f(z,y) = min{z, y};
n) f(x,y) = max{z,y};
e) f(z,y) =[]
e) f(z,y) =z —y[]]

3.6. Ilobymysarm mamunay Tropiara, mo oO6YMCII0€ YaCTKOBO BU3HA-
veny uncaoBy dyukiio f : Ng — Ny, aprymenTn gKol 3a1aHi B yHApPHIi
CUCTEMI IUCJIEHHSI.

2) fx) = {%, r — TapHe

T, r — wHemapHe;

6) f(x) =I[5]

3.7. llobymysaru marmuny TropiHra, sika 0OOYHC/IFOE YaCTKOBO BU3HA-
weny umcyoBy dyukmio f : (Ng)? — Ny.

a) f(z,y) == +y;
6) flz,y)=z—y.
BBaxkaemo, Mo apryMeHT & 33/IaHU# B Y€TBIPKOBIN CUCTEMI YHCITE-

HHS, a Y — B TPIHKOBI# cucremi. Pe3yabrar orpuMaryu B 4eTBIPKOBIMA
CUCTEM] IUCJIEHHS.
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3.8. loBeaiTh, Mo PpyHKITIA

fp(z) =

1, 9xkmo x AlIUTHCI Ha P

0, 9KIo x He JIJIUTHCA Ha P
obuncaroeThes Jiesikoro MT.

3.9. Ilobymysatm mamuHy Tropiara, sika OOYHCIIOE CJA0BECHY (yH-
kiio f: {a,b}* — {a,b}".

a) f(w) =wab;
6) flw)=w';
B% flw) = ww;

r) f(w) = wwh.
3.10. IlobynyBaru mammuy Tropinra, gka [MepeBOAUTb HATYPaJbHI
4uCa 3 TPIHKOBOI CUCTEMU YUCJIEHHS B yYHAPHY.

3.11. Ilobynysaru mammuy Tiopiara, gka IepeBOJAWTH HATypaJbHI
Yucia 3 YeTBIPKOBOI CUCTEMU YUCJIEHHS B JIBITKOBY.

3.12. Tlobynysarm mammuy TiopiHra, dka TepeBOAUTH HATYpPaJIbHI
qucia 3 JABIAKOBOT CHCTEMW YWCIEHHS B YeTBIpKOBY (IMijiKa3ka: Bpa-
XyiiTe, 10 B ABIMKOBOMY UHCJII MOYKe OYTH HemapHa KiTbKICTh OYKB).

3.13. Ckopucrasiuch Kommo3urtieo MT, nobyayitre mamuny Tropi-
HT'a, IKa 33 3alMCOM YHMCJa B YHAPHIN cUCTeM] YUCAeHHS BU3HAYAE, YU
€ 1e uncyo crernenem 3 (1,3,9,27,...). Bianosigs: 1 akmo Tak, 0 — B
IPOTUAEKHOMY BUTIAIKY.

§ 4. PexypcuBHi dyHKIIII

Byan-gaxkuit aJrOpuTM CIIIBCTAB/IAE JTOMYCTUMUM BXITHUM JTAHUM Pe-
3ysabTaT. e o3Ha4vae, 110 3 KOXKHUM aJIIrOPUTMOM OJIHO3HAYHO 3B’d3aHa
dyHKIA, 9Ky BiH o0umciioe. B mpomy maparpadi po3riasgaTuMyThesd
aJTOpuUTMIUHO obumcatoBani ¢ynkiii. Mu mobymayemo kimac Bcix dyH-
KITif TAKOTO BUY 3 JOTTIOMOTOIO TIIBKWA TPHOX HAWTPOCTIMNUX (DYHKITIHI
1 TppOX omepariii Haa TakuMu QyHKIIMHA. Jlanwmii miaxia mo dopma-
Ji3alil IOHITTY aJropuTMy HajaexkuThb L'epento. OcHoBHa iges ['eneiis
roJisirajia B TOMY, 00 ojep2kKaThu Bcl obdncoBaHl QyHKITII 13 HEBEJH-
KOl KLIbKOCT1 06a30BUX (DYHKITIH 3 JIOMTOMOTOI HANITPOCTIMNUX aJrOpH-
TMIYHUX 3aCO0iB.
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Hazsemo wHafimpocTimmuMm Taki QyHKITII:
o nyab-dyukiioo: O(x) =0, z € Ng = NU{0};
e (dymxkio HacrymHocti: S(z) = x + 1, € Ny;
e byukIil npoexryBanuga: P'(z1,22,...,%i,...Tn) = Ti, T €
Np.

o nanux dyHKHil OyaeMo 3aCTOCOBYBATH HACTYIIHI Oolleparrii.
Kowmno3zuia. Hexait m, k € N1i3agano gucnosi dyskmii g : Nj* — Ny
ih;: N’g — No, ge 1 = 1,2, ..., m. Buzaauumo dyukmio [ : ng — Np
3a IPABUJIOM

f(?’l,l, e ,nk) = g(hl(nl, “e ,nk), cee hm(nl, ce ,nk))
Kaxkemo, mo ¢pynxyia f odeporcara 3 donomoz0t0 onepayti KomMnosuyti 3
pyrruits g i hy, ..., hy,. @yaxnio f nozaaunMo gepes go (hi, ..., hy).

IIpumiTuBua pekypcisa. Hexait £ € Ny i 3agano gucsioBl dyHKIil
g: Nf - Noih: Nl§+2 — Np (y sunajgky, ko k = 0, dysKkiiis
g OTOTOXKHIOETHCSA 3 YUCJIOM 13 MHOXKWHN Np). Busnaunmo dynkiiio
f: N’g“ — Ny 3a mpasuIom

f(ny,...,nk,0)=g(ny,...,nk),

fny,....,ng,m+1)=h(ny,...,ng,m, f(ny,...,ng,m)),m > 0.

B mpoMy BHmagKy Kaxkemo, mo dynruia [ ompumara 3 Gyrruiti g
1 h 3 donomozoto onepayii NPUMIMUGHOT PEKYPCIi.

Kaac npumimusno pexypcusrus (hyrrxiil BU3HAYAETHCST HACTYTHIM
IHUHOM:

e maitmpocrimi dyuknii O, S'1 P € npuMIiTUBHO peKyPCUBHUMU

dYHKIISIMU;

° ﬂKmog:NgzéNOihi:N]8—>N0,,uez': 1,2,...,m, € upumi-
TUBHO PEKYPCUBHUMU PyHKIIAME, TO O (hi, ..., Ay, ) TAKOK €
IPUMITUBHO PEKYPCUBHOIO (DYHKIIIEO;

® SJKITO g : ng — Ngih: N’8+2 — Np € mpumiTUBHO peKyp-

cuBHUME PYHKIIAME, TO dyHKIA f, ogep:kana 3 g i h 3a 10-
IIOMOT'OIO OIlepaliil TPUMITUBHOI PEKYPCIil, TAKOXK € ITPUMITUBHO
PEKYPCUBHOIO;

® IHITMX MPUMITUBHO PEKYPCUBHUX (DYHKITI HE iCHYE.

[HmIMMET croBaMu, (pYHKITIO HABUBAKOTH NPUMIMUGHO PEKYPCUBHOIO,
SKITO 11 MOYXKHaA OJepXKaTh 3 HANTPOCTIMMX (QPYHKINN 33 JTOMOMOTO0
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CKIHYEHHOI KIJTHKOCTI 3aCTOCYBaHb Onepaliit KOMIO3UINT Ta TPUMITUB-
HOI PeKypCil.

4.1. ITpuxnag. Josecru, mo dpyukuis Ok(ni,ne,...,ng) = 0 € upu-
MITUBHO PEKYPCUBHOIO.

Jany yHKIT0 MOXKHA 300pa3uTH Y BUTJIAII KOMTIO3UIIT TBOX Hali-
[POCTIIINX IPUMITUBHO PeKypcuBHUX QyHKIIi. /ificHo,

k
Ok<n1, no,... ,nk) = O(Pl (nl, no,... ,nk))
Taxum uunoMm, byuknis O = O o PF € npuMiTHBHO PEKypPCHBHOIO.

4.2. ITPUKJIAA. Ilokazaru, mo pyHKIil Sf(nl, ey My ) = Ni+1
met=1,...,k, € IpUMITUBHO PEKyPCUBHUMU.
O yukITil Sf MOKHa BU3HAYUTU IK

SF(ni,ng,....ng) = S(PE(ny, ... 0, ... np)).

O1xe, dyHKIisA Sf = So Pf € NPUMITUBHO PEKYPCHUBHOIO, 00 BOHA
ofiep:KaHa 3 MTPUMITUBHO PEKYPCUBHUX (DYHKIIIN 3 JTOTTOMOTOIO OTIepaIrii

KOMIIO3HIII].

4.3. ITPuKAAJ. Hosecru, mo crasi gyuknii C¥(ny, na,...,ni) = a, ne
k,a € Ng, € TpuMiTUBHO PEKYPCUBHUMU.

Jani PyHKINT MOXKHA 300pasuTH Y BUTVIAAI CKIHUEHHOI KiJIHKOCTI
KOMIIO3UIII# IPUMITUBHO PEKYPCUBHUX (PYHKITIi

Cf(nl,ng,. .. ,nk) = S(S .. (S(Ok(nl,ng,. .. ,nk))) .. )
N—_————

a

4.4. TIpukJia. Hokazaru, mo dynknig Suma : N2 — Ng, Suma(n,m)
= 1 + M € TPUMITUBHO PEKYPCHUBHOIO.
OyukIiro Suma MoXKHa BUSHATUTH HACTYTTHUM THHOM.

Suma(n,0) = n = P(n),

Suma(n, m+1) = n+(m+1) = (n+m)+1 = S(P5(n, m, Suma(n,m))).

Orxke, Suma € TpUMITUBHO PEKYPCUBHOIO (DYHKIIIEIO, OCKIIBKY 11 01ep-
JKaHO 3 TIPUMITUBHO PEKYPCUBHUX (DYHKITIM P11 :Ngp =2 NgiSo Pg’ :
Ng — Ny 3 momomMoror omepariii TpUMITUBHOI PEKYPCiT.

4.5. TIPUKAAM. Hosectn, mo dbynxmis Prod : N3 — Ny, Prod(n,m) =
Nnm € TPUMITHBHO PEKYPCUBHOIO.



§ 4. PEKYPCHBHI ®YHKIIII 39

®Oyurmio Prod MoxXHa 0J1epKaTh 3 TPUMITHBHO PEKYPCUBHAX (PyH-
kmiit O i Sumao (Py, PY) 3 momomororo omepariil IpEMiTHBHOI peKypcii
HACTYIIHUM YHHOM.

Prod(n,0) =0 = 0O(n),
Prodin,m+1)=n(m+1)=nm+n=
= Suma(Py§ (n, m, Prod(n,m)), P} (n,m, Prod(n,m))).
4.6. ITpukAfd. Iokasaru, mo dyuxuis Fxp(n,m) = n" € npumirus-

HO PEeKyPCUBHOIO.
QyukIito Krp MoXKHA BUBHAUATH TK

Exp(n,0) =1=5(0(n)),
Exp(n,m+1) =n™" =nn =
— Prod(P{(n,m, Exp(n,m)), P(n, m, Bp(n, m))).
4.7. IIPUKJIAA. HoBecru, mo dyHKIT
0 =0
a) Prec:Nyg — Ng, Prec(n)=n+1=4" "
n—1,n>0

. . 0, n<m
6) Minus : N3 — Ng, Minus(n,m)=n+m=7< " -
n—m,n>m
B) Abs(n,m) = |n — m| € IpUMITUBHO PEKYPCUBHUMHU.
O ito P i P?:
a) Oyukiio Prec MoxKHA 0epKaTH 3 KOHCTAHTH 1 IPOeKTyBaHHd Py :
Ng — Np 3 z1omomororo omepailii TpUMITUBHOI PEKYPCil.

Prec(0) =0,
Prec(m + 1) = m = PZ(m, Prec(m)).

6) @yukmito Minus MOKHa 0IepKaTH 3 JOMOMOToI0 pyHKIIT Prec mHa-
CTYITHUM YHHOM.

Minus(n,0) = n = Pl (n),
Minus(n,m+1)=n+-m+1)=(n+m)+1=

— Prec(P3(n,m, Minus(n,m))).

B) Abs(n,m)=|n—m|=(n+m)+ (m-=+n)=

= Suma(Minus(n,m), Minus(m,n)).
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OCKIJIBKY MeTOIO IThOT0 PO3LIY € TTOKa3aTH, 110 KJIAC MPUMITUBHO
pPeKypcuBHUX PYHKIIA € JIOCUTH IIUPOKUM, TO CJiJI JIOBECTH, IO OyJie-
Bl PYHKIII, sIKi BUKOPUCTOBYIOTHCS B MOBaX IPOTPaMyBaHHS BUCOKOTO
pIBHA, € TIPUMITUBHO PeKYPCUBHUMHU. B HacTymHmX BUpaBax depe3 1
ITO3HAYAEMO 3HAUEHHS ,icTuHa , gepe3 0 — , XuOHICTE .

4.8. TTPUKJIA. Ilokazaru, mo HACTYyITHI (DYHKITI] € MPUMITUBHO PEKYP-
CUBHUMMU.

0O,n>1
a) Neg(n) =< = —
) Neg(n) {Ln_o
Il,n>1im>1
6) And(n,m) = { e s
0, B IpOTUIEKHOMY BUMAJKY
1,n>1abom>1
0, B TpOTUIEKHOMY BUTATIKY

B) Or(n,m) =

>1
r) I f-then-else(n,m,k) = {m,n -

k, B IpOTUJIE?2KHOMY BUIIQJIKY.

IiticHo, maHl (QYHKINT yTBOPIOIOTHCSI 3 MPUMITHBHO PEKYPCUBHUX
QPYHKIN HACTYTTHUM UMHOM:
a) Neg(n) = Minus(1,n);
6) And(n,m) = Neg(Neg(Prod(n,m)));
B) Or(n,m) = Neg(And(Neg(n), Neg(m)));
r) If-then-else(n,m,k) =

= Suma(Prod(Neg(Neg(n)), m), Prod(Neg(n),k))).

Hanmamni nmucarumemo ,,x and y”, ,x or y’ Ta ,if x then y else 2”
samicth And(z,y), Or(x,y) ta I f-then-else(x,y, z) BiamosimHo.

4.9. TTPUKJIAA. oBecTH, 10 HACTYIHI PYHKIII € TPUMITUBHO PEKYP-
CUBHUMMU.

1.n=m

E = ’

1
6) Gr(n,m) = { e
0,n<m

1,n>m
0,n<m

B) Geq(n,m) = {
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1.n<m

r) Ls(n,m) = { ’

0,n>m

1,n<m

n) Leq(n,m) = { ’

0,n>m

JlaHl QyHKINT yTBOPIOIOTHCA 3 TPUMITUBHO PEKYPCUBHUX (DYHKITIMA
TaK:

1) Leg(n,m) = Neg(Gr(n,m)).
4.10. ITpurJIAa. dosectn, 1o mis Koxuoro k € N dbyHKITis
Max®(ni,na, ..., ng) = max{ny,na, ..., ng}

€ IPUMITUBHO PEKYPCUBHOIO.

IoBenemo maHe TBepiKeHHsT iHayKIiiero mo k. Ina k = 1 TBep-
nkenns sipue, 60 Maz!(ni) = Pl(n1). [pumyctumo, mo reepKeHHs
BUKOHYEThCA A1 k — 1 1 moBememo s k:

MazxF(ny,...,ng) =

= if ng > Max* ' (ng,...,np_1) then ny else MazF=1(

ny,... ,nk_l).
4.11. ITPUKJIAJI. 3acTocyBaTu Olepaliio IPUMITUBHOI PEKYPCil JI0 Ipu-
MITHBHO pekypcuBHuX PyHKIINR g : Ng — Ng i A : Ng — Np.

a) g(n) = 3", h(ni,n2,n3) = 4nz + ng;
6) g(n) = 2", h(n1,n2,n3) = 3"ni' (BBAzkaemo, mo 0° = 1).

f(n,m+1) = h(n,m, f(n,m)) = 4m + f(n,m)
Fn2) = 4-1+ f(n1) =4 4 3"

f(n,3)=4-2+ f(n,2) =4-2+4-1+3"

JToBesieMo 1HJYKITIEIO 1O 1, IO

fnym) =4((m—1)4...+2+1) 430 =40 0¥ 0y 1) 4 30 —
=2m(m — 1) + 3™,

[IpumycTumo, 10 TBEPJKEHHsI BUKOHYETbCS it m = Kk, TOOTO
f(n, k) =2k(k—1)+ 3™
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Hnsa m =k + 1 maemo f(n,k+ 1) =4k + f(n, k) = 4k + 2k(k —
D4+3"=2k2+k—-1)+3"=2(k+ 1)k + 3".
Takum ynHOM, It OYIb-9KUX 1, M € Ny

f(n,m)=2m(m—1)+3"

Qynxiig f orpuMaHa 3 IPUMITUBHO PEKYPCUBHHUX (PYHKIINR g i h
3 JIOIIOMOT'OIO0 Omepalill IIPUMITUBHOI PeKypcll 1, 0TKe, € TPUMITHBHO
PEKYPCUBHOIO.

6) f(n,0) =g(n) =2"

(n.m +1) = h(n.m, f(n. m)) = 3"(f(n, m))"
(n,1) =3"(f(n,0))" = = 3n2™’

( ) — 3n(3n2n ) _ 3n3n2 2n3 — 3n—|—n2 2n3
f(n, 3) — 3n(3n—|—n 2n )n — 3n—|—n2—|—n32n4
JToBegeMo 1HAYKITIEIO IO 1M1, mo

f(n,
f
f
f

n(n —1)

f(n,m) — 3n—|—n2—|—...nm2n —3 2n
HpHHyCTI/IMo mo TBep,szeHHﬂ BUKOHYEThCA JIjid m = k, ToOTO
n( —1)
f(n,k) =3 on*

g m = k + 1 maemo

nf-1) 2(n —1)
fln, k1) = 3"(f(n, k)" = 37(37 7 2 = 313 on**
== 371—1— 2( _1) an — 3n2—n—|;1n_k1+2—n2 2nk+2 — — —n(nk+1 L 2n

Takum amHOM, 1 OyAb-aKuX N, m € Ny

n(n —1) m41

f(n,m) =3 »-1 2"

Hama dyuKIig f orpuMaHa 3 MPUMITHBHO PEKYPCUBHUX (PYHKITIHA
g Ta h, i TOMy € IPUMITUBHO PEKYPCUBHOIO.

Minimizaiist. PosryisinemMo 4acTkoBO BuU3Ha4YeHY (PYHKIIIO 7 3MiHHUX

f(x1,...,xy). Busnaunmo dpynkuio g(x1,...,T,) HACTYIHAM YHHOM.
Sadikcyemo 1eBHi N — 1 3HAYEHHST APIYMEHTIB L1, ..., Li—1, Titl,---LTp
dbyukuii f Ta posrssineMo piBHAHHSA f(XT1,. .., Ti—1,Y, Titls .-, Tn) =
x;. Ob6uncmoBatumemo 3HaueHHSA f(T1,...,Ti—1,Y, Titl,...,Tpn) I
y=20,1,2,....

PozriigneMo HacTymHI BUTIQTKA:

e suauenns f(x1,...,%i-1,0,%41,...,%,) HE BUZHAUEHO;
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e suaveHus f(T1,...,Ti—1,Y, Titl,--.,Tp) A1ay =0,1,...,a—1
BU3HAUEHl, aJieé BOHW BIJAMIHHI BiJg x;, a 3HAYEHHI
flxy,...,x-1,0,Tiy1,...,Ty) He BU3HAUEHO;

e snavueHusa f(T1,...,Ti—1,Y,Titl,...,Ly) BU3HAUEH] JJIs BCiX

y € Np, ajie BoHM BiAMIHHI Bij ;.

B ycix nux Bunajkax suadeHus GyHxiil g(xi,...,T,) BBAXKAIOThH
He BuU3HavYeHMM. IHaKIme, Hexail

a=min{y € Ng | f(x1,...,%i-1,Y, Ti+1,---,Tn) = T;}.

Y 11bOMYy BUIIQJIKY 3a3Ha4Ye€HUN MPOTEC 3YIMUHSAETHC 1 Jla€ HaliMeHTITnit
PO3B’SI30K y = a PIBHAHHA f(T1,...,Ti—1,Y, Titl,-..,Tn) = i, AKWI
€ 3HadeHHsIM PYHKIUT g(21,...,Ty) = a. SHavenns GyHKIT g s 3a-
manol (pyHKINT f 3a1€KuTh Bijl 3HAYEHD IIAPAMETPIB X1, ..., Ty, TOMY
PYHKIISA g € 9aCTKOBO BU3HAYEHOIO (DYHKITIEO 3MIHHUX X1, . . ., Ty. Ka-
JKYTh, M0 PYHKIS ¢ oTpuMana 3 GYHKIN f 3 I0IOMOTOI0 onepaii
MIHIMIZAULE 30 3MIHHON T;.

QyuKIio [ HABUBAIOTL YACMKOSO PEKYPCUSHON, AKIITO BOHA MOXKE
OyTH yTBOpEHa 3 HANUMPOCTIMUMX (PYHKIN 3a JOTTOMOTO CKIHYEHHOI
K1JIbKOCT1 3aCTOCYBaHb Ollepaliiii KOMIIO3UIlll, IPUMITUBHOI PEKYPCIl Ta
MiHiMI3aIii. Beiogm Bu3HavYeHI 9aCTKOBO PEKYPCUBHI (PYHKINT Ha3MBa-
IOTHCA 302aAbHOPEKYPCUSHUMU.

4.12. TIpukyaAa. Posrnsuemo dynkniio f : Ng — Ny, f(z) = = + 2.
3a JormoMororo onepariii Minimizaril BusHaunmo dyskiio g @ Ng — Nj.
st iboro po3risiHeMo piBHAHHA Y + 2 = x. bauumo, mo pysKIig g
He BU3HaueHa, ko £ =0 abo x = 1,1 g(x) =z — 2, gk x > 2.

4.13. IIPUKJIAL. HoBeaemo, 1110 9acTKOBO Bu3HadeHa PpyHKITs g : Ng X
Ng — No,

L2

g(z1,2) = 1 _ :z:lm%(m

€ JaCTKOBO PEKYPCHUBHOI. 3aCTOCYEMO OIlepallifo MiHiMi3arli 3a 3MiH-
HOIO To JI0 UPUMITUBHO pekypcusnol (yukuii f(x1,xs) = (1 + x1)xs.
B pesyabrari orpumaemo pisastaHEA (1 + 21)y = x2. OTKe,

T2, T1 = Ov

L2
9(561,5132) =140, z2 =0, — 2012 °

. 1 — x5
Ta 331#0@262#0,
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B manomy maparpadi Mu moKaszaJm, 10 KJaac JaCTKOBO PEKYPCHB-
HUX (DYHKITIH € TOCUTH MUPOKUM. [ [OHATTS 1acTKOBO PEKYPCUBHOI (DY H-
KIil — OJlHe 3 OCHOBHUX LOHATH Teopil asropurmis. Moro 3nadenns €
TaKUM. 3 OJJHOI'0 OOKY, KOXKHA CTaHJIaPTHO 33/1aHa YaCTKOBO PEKYPCHUB-
Ha PYHKITS € 00YnC/II0OBaHA 3a IEBHOIO MPOIEeypPoIo, dKa BIIIOBIIAE
IHTYITUBHOMY YSIBJIEHHIO aJTOPUTMY, & 3 1HIOTO — gKi O /10ci He OyIy-
BAJINCS KJIACU TOYHO BU3HAUEHWX AJITOPUTMIB, 3aBXK/IN 3 sICOBYBAJIOCH,
IO 9MCJIOBI (PYHKINT, IKi OOYMCIIOBAINCA 3a aJTOPUTMaMU IUX KJjla-
CiB, Oy/TM 9aCTKOBO PEKYPCUBHUMU. TOMY 3araJbHOTPUNHATOIO € TaKa
HAyKOBa TIIIOTE3a:

Teza Yepua. Kaac as20pummivno 00%UCAOBGHUT 4AGCTMKOBO BUSHA-
YEHUL YUCA0BUL PYHKULT 30120€MBCA 3 KAACOM YCIT 4GCMKOBO DEKYD-
CUBHUL PYHKULT.

Y dopmynmroBaHHS i€l TE3W BXOAWTH IHTYITUBHE TOHATTS 00YM-
CJIIOBAHOCTI, TOMY 11 He MOYKHa HIl JIOBECTH, Hl CIIPOCTYBATU B 3ara/ib-
HoMaTemMaTuuHoMmy 3HadeHHi. [le bakT, HA KOPUCTH AKOI'O CBIIYUTH Oa-
raTopiyia MareMaTudHa mpakTuka. [IpoTe ciipaBe mmBoio € HACTYyITHA
TeopeMa, JOBeJIeHHsl KOl guTad Moxke 3uaiitu B |I|:

4.14. TEOPEMA. Qynruyia ¢ 064ucaosarnoro 3a Tropins'om modi © misb-
KU modi, KOAU 80HA € YACTMKOBO PEKYPCUSHONO.

Pexowmenosana siteparypa : [8, c. 195-202], [T, c. 333-354|, (T4, [T,
c. 323-327], |2, c. 194 207).

IInTanna Ta BupaBsmu mo maparpada 4.
4.1. JlaiiTe o3HAYEHHST MTPUMITUBHO PEKYPCUBHOI PYHKITIT.
4.2. OnumniTk onepaliito MiHiMi3allil YaCTKOBO PEKypPCUBHOI PYHKIIII.

4.3. 4k mow’ss3HaHI YacTKOBO peKypcwuBHI PyHKINT 1 Marmmman Tropi-
Hra?

4.4. Joectu, 1110 HacTyIHI DYHKIIT O/THIET 3MIHHOI € IPUMITUBHO pe-
KYPCUBHUMU:

2) f(n) = 3n+4;

6) f(n) =2"+n*

B) f(n)=nl;
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r) sg(n) = {0’ =Y

1, n>0.

4.5. Hopectu, mo macrynai oyskml [ : Ng — Np € npumiTuBHO
PEKYPCUBHIMU:

a) f(n,m) = min{n, m};

6) f(n,m) = max{n,m}.

4.6. 3acTocyBaTH OIepallif0 MPUMITUBHOI pekypcii 10 yHKIR ¢ :
No — Ngih: N} — Ny. Bamucarn pesyasryrody dymkmito f : N3 — Ny
AHAJIITUYHO.

a) g(n

= 2" (nl,ng,ng) = 3ng + ns3;

) =
6) g(n) = 2012n2012 h(ni,n2,n3) = dng + ng;
B) g(n) = (nl,nz,ng) = 2n1 + dns;
r) gn) = 2012” h(nl,ng,ng) = 5™Mnl! (sBamaemo, mo 0V = 1);
1) g(n) = 2" +n?, h(ny,n2,n3) =ny + 3ns;
e) g(n) =1, h(nl,ng,ng) = n3(sg|n1 + 2 — 2ns|).

4.7. 3acrocyBaTru omepariio MiHimizamil go dyskmil f 3a Bcima 1T
aMminaumu. Ilogaru Buxigni PyHKINT ¢ aHAJITHYIHO.

a) f(n)=2;

6) f(n)=[3];

B) f(n,m)=mn+m;

D) flnm) =2 —n - m;
n) f(n,m) = Plz(n7m)7
e) f(n,m)=max{n,m};
e) f(n,m)=min{n, m};
x®) f(n,m)=mn-+m.

4.8. 3acTocyBaBIIU OIEPALii0 MiHIMI3aIIl 10 BiAIIOBIIHOI IPUMITUBHO
pekypcuBHOil GyHKIHT f, moBecTH, 1110 PYHKINS § € YaCTKOBO PEKYPCHUB-
HOIO.

a) g(n) =3 —mn;

6) g(n) = 5;

B) g(n,m) =n —2m;
r) g(n) = 37;

n) g(n,m) = I
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4.9. JoecTn, M0 3aCTOCYBABITN OJWH Pa3 OTEPAINo MIHIMI3AINI 70
BCIOJIM BU3HAYEHOI YMCJIOBOI PYHKIIT, OTPUMAEMO (DYHKIIIIO, dKa BU3HA~
JeHa IIPUHANMHI B OJHII TOYII.

4.10. Hapectn mpukaan eyukii f : Ng — Ny, 3acTocyBasimm 10 sTKOT
oTIepaIlifo MiHiMi3aIli ABiYi, OTPUMaEMO Hije He BU3HAUEHY (DYHKITIO.

4.11. CdopmyroBaru HEOOXiJIHY 1 JIOCTATHIO YMOBY TOI'O, 110 (DYH-
KIIisI ¢, orpuMana 3 GYyHKIHI f 3 JomomMoroio omepariii Minimizarii, €

a) BCIOINBU3HAYEHOIO;
0) Hige He BU3HAUEHOIO.

§ 5. HopmauabHi aaroputMmu MapkoBa

B maromy maparpadi po3risggaeTbed e OJIMH BaXKJIUBUM TI1X1JT /10
YTOUYHEHHS TMOHATTSA aaropurmy, pospobaennit A.A. Mapxkosum. Hop-
masbHi agropurvMu Mapkosa (HAM) 6a3yroTbest Ha mepeTBOPEHH] CJTiB
B JIEIKOMY CKiHYeHHOMY aJ/1(paBiTi B BIJAIIOBIIHOCTI 3 IEBHUM YMHOM BHU-
snadennmy npasuwiamu. B HAM BukopucroByeThcst TIABKU OJHA, €Jie-
MeHTapHa /sl — MiJCTaHOBKA, sIKa, BU3HAYAETHCSI HACTYIHUMU UMHOM.
Hexait A = {a1,a9,...,a,} — andasir. dxmuo « i f — ciaoBa B andasiti
A, 1o Bupasu a — 1 a — [ HA3UBAIOTLCI  (POPMYAAMU NIOCTIAHOSK
6 angascimi A (BBaXKaeMO, 10 CUMBOJIA — Ta —> He HaJIeXKATh aidaBiTy
A). IIpm nbomy opmysia o« — 8 HA3UBAETHCA 36UNATHONO POPMYAOIO
nidcmanosku, a popMysIa o — B — 3aKAI0UHON0 HOPMYAOIO NIOCTAHOG-
xu. Cama MiacTaHOBKA (AK Jis) 337a€ThCad (POPMY/IOI0 ITiICTAHOBKH 1
3aCTOCOBYETHCsI 710 CIiB w B asdasiti A. CyTb oneparii o — 8 (v +— )
MOJISITA€ B BIAITYKAHHI B CJIOBl W HANJIIBIMIOTO BXOJ2KEHHS IM1JIC/I0BA (¢ 1
3aMiHi #toro Ha coBo (. [Ipu 1mboMy iHII 9aCTHHT CI0BA W 3AJIUIITAOTH-
cd HE3MIHHUMH. KITO JTiBa YacTUHA (POPMYJIH MiICTAHOBKN BXOANUTH Y
CJIOBO W, TO KaxKyTh, IO JaHA (POpMYAG € 3aCMOCO6HO0I0 D0 CA0BH W.
B iHImomy BUIIaIKy KazKeMo, M0 (hopmyia NidCMaro8Ky € HE3GCMOCO6-
1010 00 CA06a, W, 1 B TIbOMY BUIAJIKY ITiICTAHOBKA HE BUKOHYETHCSI. AKITO
npaBa YacTuHa (GOPMYJIH IMiJICTAHOBKU — TIOPOXKHE CJIoBO (sike B HAM
HE [TO3HAETHCH HIAKUM CHMBOJIOM), TO IMiJCTAHOBKA (¢ — 3BOJUTHCH 0
BUJIAJIEHHS ITJICJI0OBA (v B CJIOBI w. fZIKmo B JiBiit wactuHi hopmy/n
M CTAHOBKH € IMOPOXKHE CJIOBO, TO IiJCTAHOBKA — (3 HOJSITA€ B JOIIN-
CYBaHHi 3/iBa 0 CI0Ba W CI0Ba (3. 3ayBarKMUMO, IO 3TiTHO O3HATEHHS
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dopmyaa 3 TOPOXKHBOIO JIIBOIO YACTUHOIO 3aCTOCOBHA 10 OYIh-AKOTO
CJIOBA.

5.1. TIpukJiAJl. Hexait ayna ciis B andasiti A = {a,b, c} 3amani Ha-
CTYIIHI IT1ICTAaHOBKH:

a) ab — ac;
6) abc — ba;
B) ba —;

r) b— c.

3acTocyeMo KOXKHY 3 HUX JI0 cioBa abbacba.

Il 3acTocyBaHHA MapKiBCHKOI IIiJICTAHOBKM 0 CJIOBA W HEOOXi-
JIHO 3HATKU HaljIiBiIlle BXOJ2KEHHSI B W JIIBOI YaCTUHU IIIJCTAHOBKU. Y
BUIAJIKY &) CJIOBO ab TiabKU pa3 BXOAUTH y ¢a0BO abbacba, Tomy B pe-
3yJIBTATI TiJICTAHOBKU OJIEP:KYEMO €JI0BO acbacba. Ockinbku cioBo abe
He € Tica0BOM cioBa abbacba, ToO mijcTaHOBKA 3 TIYHKTY 0) € HE3aCTO-
COBHOIO /10 JIAHOT'O CJIOBA. ¥ IIYHKTaX B) Ta I') JIBl 4aCTUHY I111CTaHOBOK
BXOJISITH JIeKiJIbKa pa3 y cjioBo abbacba, a Tomy 3acTOCOBYEMO IIijiCTa-
HOBKH /IO IIEPIIIOI0 BXOJ2KEHHsI 1X y BXijHe cj0B0o. OTpUMaEMO CJIOBa
abcba 1 acbacba BiAIOBLIHO.

5.2. ITPUKJIA/T. 3acToCyBaTh KOXKHY 3 IMiJICTAHOBOK 13 MOMEPEIHBOTO
TPUKJIaIy 710 caoBa abbacba MakcuMasbHy KLTBKICTH pa3iB.

3acTocyBaBIIIM OJMH Pa3 IiJICTaHOBKY ab — ac jio cjoBa abbacba,
0JIEPXKKUMO CJIOBO acbacba, sike B:Ke He MICTUTBH IijcjioBa ab, a Tomy
JaHa MiCTaHOBKa JaJjli € He3acTocoBHOW. IligcTanoBKa 3 MyHKTY 6) €
HE3aCTOCOBHOIO 710 caoBa abbacba. Ilicast mepioro 3acTocyBaHHS 1Ii/1-
ctaHoBKU ba — g0 cioBa abbacba orpumyemo ciaoBo abcba, 10 IKOTO
e pa3 MOXKHA& 3aCTOCYBATHU JaHY IIJCTaHOBKY. OCTATOYHO OJIePKYE-
MO CJIOBO abe, 10 SIKOIrO BxK€ HE3aCTOCOBHA, IiJCTAHOBKA 3 IyHKTY B).
OckinibKH MijicTaHOBKa b —> ¢ € 3aKJII0YHOI0, TO BOHA 3aCTOCOBYETHCSI

Hopmanvrum anrzopumom Maprosa nasusaerbes mapa (A, P), ne
A — andagit, a P — ckimveHHa BIOPSIKOBaHA MOCTIIOBHICTE (hOpMYII
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M JCTAHOBKU:

y
a; — B
) Qo — /82 3

(k= Dk

sIKa Ha3UBAEThCs creMmot0 nidcmanosor. I1Ipu 1iboMy BBarKaeThCsl, 110 B
P Bupiseno neaky minMmHoXkuny Pp C P 3akmiounnx (popMyst mijcra-
HOBKI.

Pobory HAM wmo:kna ommcaru mHactymHuM umHoM. Hexait 3agano
nesike BxijiHe cyioBo w (y HAM He Bak/IuBO, j1e caMe BOHO 3aITUCAHO).
Jasmi Bci bopMyaIHM CXeMU MiJICTAHOBOK TPOTJISIAIOTHCS 3BEPXY BHU3,
0bMpaeThes Tepia 3 POPMyYJI, sTKa 3aCTOCOBHA J0 CJI0OBA W, 1 BUKOHYE-
ThCs I1JICTAHOBKA BiIIIOBIIHO 10 3HAiaeHol (popMy/in IijgcraHoBKu. B
pe3yJIbTaTi OJIePXKY€EThCsd HOBe €jioBO V. IloTiM Ti 2K cami fil BUKOHY-
IOThCsI 3 c10BOM V 1 T.7. [Ipu 1nipomMy 3ayBakmumo, 110 Ha KOKHOMY KPOIIi
dopmynan B P 3aBXKIM TPOTJISAAAI0THCS 3BEPXY BHU3, MTOUYNHAIOYN 3 TIEP-
1ol popmyanu! fkimo Ha TeproBoMmy Kpoiii 6yiIa 3aCTOCOBAHA 3BUYIANHA
dopmysta macranosku, To pobora HAM mpooBKy€eThCst, SIKIO 2K — 3a-
KJIFOUHA POpMyJIa, TO micsd i1 3acrocyBanns podora HAM synuHseTh-
cs 1 ofieprKaHe CJI0BO HABUBAETBCA GULIIHUM CAOGOM aDO PE3YALMAMOM
sacmocysanns HAM do exidnozo crosa w. Y BUMAAKY, IKIIO HaA JeAKO-
MY Kpori KoxkHa 3 popmys cxemu P € HE3aCTOCOBHOIO JI0 IIPOMIXKHOIO
cioBa, 7o pobora HAM Takox 3ynuHAE€THCS 1 BUXIAHIM CJIOBOM BBaXKa-
€TbCd JaHe TPOMIXKHE CJ0BO. B 000X PO3TJISHYTUX BUITAIKAX KaXKyTh,
mo HAM szacmocosnuti do 6xi01020 caosa w.

5.3. ITPukJIA/l. 3acrocyBaru koxen 3 HAM

ab — ba ) ba —
ba — ab — ba

a)

B andasiti A = {a,b} no ciaosa abbbbaa.

a) Cuepily 3acTOCOBYEMO IEPILY IiJCTAHOBKY MaKCHMAJIbHY MO-
JKJMBY KiJbKicTh pasziB: abbbbaa = babbbaa =- bbabbaa =- bbbabaa =-
bbbbaaa. Ilotim 3actocyemo 10 cioBa bbbbaaa mincranoBky ba —
bbbbaaa = bbbaa = bba = b. B pesymbraTi omepKyemo cJOBO b.
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OcCKUIbKYM KOXKHA 3 (POPMYJI CXeMM a) € He3aCTOCOBHOIO JI0 CJIOBa b,
to HAM 3acrocosunii 10 caosa abbbbaa.

6) 3acrocyemo HAM no ciosa abbbbaa: abbbbaa = abbba = abb =
bab. OcKiIbKH MU BHKOPHCTAJIU 3aKIOYHY IIiICTAHOBKY ab — ba, TO
pobora HAM 3ynuHsieThCs i aJropuT™ 3 TMYyHKTY 0) 3aCTOCOBHUI J10
cjioBa abbbbaa.

[Ipore mozxe TpanuTucs Tak, o HAM Hikomm He 3yIHHUTHCS, TOO-
TO Ha KOXKHOMY KPOIl JI0O TMTPOMIKHOTO CJOBa 3aCTOCOBHA 3BUYANHA
dopmyna. B npoMmy BuUMaIKy KaxkyTh, 1m0 HAM e nesacmocosnum do
6101020 CA06G W ADO 3AUUKANEMBCA HA 6TI0HOMY cA06t w. Dbaacmb

sacmocysanns HAM — 11e MHOXKHHA, BCIX CJIB, JI0 SIKMX 3aCTOCOBHUIA
maamit HAM.

5.4. ITPUKJIAL. Busaaunmo obracts 3acrocyBants HAM BigHoCHO aJi-
dbasity A = {a, b}:

a—a

b—a

[Tepma dopmysna 3acTocoBHA 0 OY/Ib-AKOTO BXIJHOTO CJIOBA, SIKE
MICTUTHUTBH X04a O 0JiHYy OYKBY @, IIPUYOMY BOHA HE 3MIHIOE JIAHOI'O CJIO-
Ba. Tomy Ha Takmx ciaoBax HAM 3amukaoerhest. AKIo K y BXigHOMY
cjioBl HeMae OyKB a, aJie € xo4a 6 ojHa OykBa b, Toji mepiia popmyJia
He OyJie 3aCTOCOBYBATHCS, a BlJApa3y BUKOHYETHC JPYIa IIiJICTAHOBKA
i HAM 3ynunuth cBoro pobory. /lo MOpOKHBOTO BXIJTHOIO CJIOBA KO-
>KHa POopMyJIa MiACTAHOBOKH € HEe3aCTOCOBHOIO, a ToMy HAM 1o mhoro

3acrocopHuii. Orxke, obsacTs 3acrocyBanHs jgaHoro HAM — Bci ciosa
b" (n > 0).

5.5. ITrukJiaJl. ITobynyemo HAM, saxuit 3acTOCOBHUIT IO BCiX CJIiB B

andasiti A = {a,b}, kpim ciiB aa Ta ab.

3 ymoBu 3aa4i ButinBae, 1o HAM mae 3ammkoBaTucs Ha CI0Bax
aa Ta ab. OaHAK AJITOPUTM

aa — aa
ab — ab
He € PO3B’sI3KOM JaHOI 3a/1a4l, OCK1JIBKH BiH 3aIlMKJ/IIOETHCS HE TIAbKHT Ha,

JIAHUX CJI0BaX, aJje i Ha Oyib-sKUX IHIIUX CJI0BaX, AKi MICTATH II1J1CJ10-
BO aa abo ab. 3azBuuail 3a/1a4i TAKOTO TUMY PO3B’A3VIOTH HACTYITHUM
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YUHOM: TTOYATOK 1 KiHEIlh BX1THOTO CJIOBA W BIAMIYAIOTH CIIEIIAJTbHIMUA
MiTKaMy (HAIPUKIIAM, *W+), & TOTIM BUKOPUCTOBYIOTH (hOPMYJIH IIiJI-
CTAaHOBKH, B JIiBIil YaCTUHI SKWX BKa3yIOTHC MTOTPIOHI CJIOBA 1 1 MITKH.
Jns 3ynmuHKN aJTOPUTMY Ha 1HMIAX CJI0BAaX MOXKHA BUKOPUCTATH, Ha-
npukaag, dopmyiy *x — . Takum umaoMm, mykanuiit HAM mae Bursi:

(+a — a+

+b — b+
xaa+ — xaa+
*ab+ — xab+
* >

Undnn

IIBa HAM mag omgamMm 1 TuM ke aadasiToM A Ha3WBaIOTLCS Pi6HO-
CUNDHUMU, SAKITO X 00JIaCTl 3aCTOCYBaHb CIIBIAIAIOTH 1 HAa OJHAKOBHUX
BXITHUX CJIOBAaX BOHW BUJAIOTh OJTHAKOBI PE3y/JIbTATH.

5.6. IIPUKJIA. BusnaunuTu, uu € piBHOCHIbHUME HacTyH napu HAM
BigHocHo asdasity A = {a, b}:

a) P : {bb-mb P, {bb—>ba
6) P a — ab P, - a—b
b — aab b — ba

B) Ps: {bi—>ba +ta — a+

P6: +b — ba
— +

Posrisinemo cxemu Py i P, HAM 3 myskTy a). Y HUAX ofHa i Ta XK
06JTaCTh 3aCTOCYBaHHS — MHOXKHUHA BCix ciiB B andasiti A = {a,b}.
OsHak Jpyra yMOBa piBHOCHIBHOCTI (OJHAKOBI pe3y/IbTaTi Ha, O JHAKO-
BUX BXIJIHUX CJIOBaxX) He BUKOHYeThCst. JIificHO,

P . abbb = aabb = aaab, P> : abbb = abab.

Orxke, HAM 3 myHKTY a) He PIBHOCHUJIBHI.
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Y HAM P51 P4 obyacTi 3acTOCyBaHHS CHIBIAIal0Th I MICTSITDH TiIb-
KW €JIMHe CJIOBO — IMOPOoKHE. Ha HermopoKiixX c10Bax JaHl aJIrOPUTMU 3a-
IUKJIFOIOThCS, IPUIOMY I10-pizHOMY. OiHaK TaKa pi3Ha IIOBEJIHKA ITPU
3aIUKJIIOBAHHI He BIJIrpa€e YKOJIHOI POJIl B O3HAUYEHHI PIBHOCUJIBLHOCTI
aJTOPUTMIB. BaxkKanBO TiMBbKHU, 100 y BUMAJAKY 3YMUHKU AJTOPUTMHU
BUIaBAJIN OJHAKOBI BUXIAHI cjoBa. A JjId apy 3 MYyHKTY 6) IsT yMOBa
BUKOHYETHCS: HA €AMHOMY CJIOBI (ITOPOKHBOMY), IO SIKOT'O BOHHU 3aCTO-
cosui, HAM BuzaroTh 0fHYy 1 Ty K BiJIIOBIb — IIOPOXKHE CJI0BO. Takmm
YUHOM, JIaHl aJITOPUTMU PIBHOCUJIBHI.

B ajqropuTMiB 3 MyHKTY B), sIKi 3aMIiHIOIOTH TEPIe BXOJZKEHHS Oy-
KB b Ha ba, He CIIBIIaIal0Th 00/1aCTi 3acToCyBaHHs: P5 3aCTOCOBHUIM 10
BCixX caiB B andasiTi A, a Py 3aIlUK/II0ETLCA Ha CJI0OBaX, 9Ki He MiCTATD
Oyksu b. OrxKe, aropuTMu 3 IyHKTY B) HE € PIBHOCUILHUMMU.

Pekomenosana sirteparypa : [, c. 45-53], [B, c. 362-365], [IT, c. 354—
356], [T, c. 138-146], [20, c. 18-21].

IIutannga Ta BupaBu g0 maparpada 5.

5.1. Jlaiire o3nadennst popmyau migcranoBku B aadasiti A. fxa
dopMyia miACTAHOBKHM HA3MBAETHCS 3aKJIFOTHOIO?!

5.2. 4xi HAM nHazuBaioThCa PiBHOCUILHUME !
5.3. Hopwmasubuuit anropurm Mapkosa ({a, b}, P) 3a1a€ThCst CXEMOIO

(ba — a
bb — b .
ab —
b

3acrocyiiTe itoro jo ciaiB bbab, aaaab, bbaabba.

5.4. B ugomy nossirae pobora HAM (A, P), ne A = {a,b}, a cxema P

Ma€ BUTJISII:

a —

— baba
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5.5. Busmauntn ob6gactb 3acrocyBanag HAM 3 andasiTom
A ={0,1,2}, akio:

4 4
1 — 11—
a)P1:<2—>2 6)P22<22—>2
10— 000 — 00
(1 =0 (2 1
2—1 1—0
P Py
B) P53 00 P00 S
L0—0 L0—0

5.6. 3muaiiTu 061aCTH 3aCTOCYBAHHS Ta BU3HAYUTH, B YOMY TOJISTAE
pobora HAM ({a, b}, P), ne

a — aa
P: bb —
b— ab

5.7. Ilobymysaru HAM B andasiti A = {0,1}, akuii 3acTocoBHmii
TUTBKU JIO TTOPOYXKHBOTO ¢jI0Ba Ta cyioBa 1000.

5.8. 3i cxemnu
1—0

P: {01 —111
0—1
BUKPECJIUTHU PIiBHO O7HY POPMYIAY MiacTaHOBKH, 100 ogep:katu HAM,

SKUil 3acTOCOBHUI 10 BCix ciai B andasiti A = {0, 1}.

5.9. g xoxuol mapu HAM BuznaunTn, Uu piBHOCUJILHI BOHU Bi-
HocHo asidasity {0, 1}:

2) P {11 P EEERY
T 11— +1

o s {2 P {0
— —
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(+1 — 1 (+0 — 0+
+0 — 0+ P - <+1»—>
*1 — 6 + —

B) Ps:
*0 — 0+ 1 — 1+
* >
\%—F

5.10. 3 HAM B andasiti {0, 1}, 3aganoro cxemoro

(010 — 001
10 — 01
0101 — 0011

01 —

BUKPEC/IUTH siIKOMOra OiJiblie popMyJ1 HiJCTAHOBKH TaK, 1100 OJieprKa-
HUI aJrOpuTM OYB PIBHOCWJILHUIN JTAHOMY.

5.11. TlobynyBaru mammnay Tropinra, gka piBHOCHMJIbHA BKa3aHOMY

HAM B andasiri {0, 1}:

+1 — 0+ 01 — 01
a) P: <4+0+—10 6) P: <10+~ 10
— + —

5.12. TlpoanasizyBaTtu poOOTYy HOpMaJBLHOTO ajroputMy Mapkosa,
zajanoro Hajl andasitom A = {ay,as,...,an} 31 cxemoro

(s — #
#a — a#, nea € A
H o #

#

xab —>bxa, nea,be A

\—>>I<



54 EJJEMEHTH TEOPII AJITOPUTMIB

§ 6. CuHTe3 HOpMAJIBPHUX aJaropuTMiB Map-
KOBa

Y npomy maparpadi Ha IPHUKJIa[aX MOsICHIOIOTHCS OCHOBHI IIPUTOMU
OOy TOBM HOPMaJTLHUX aJaroputmis MapkoBa.

6.1. ITPukJIAL. IlobynyBaru HAM, skuit 3acToCOBHMI 70 BCIX CJIB B
andasiti A = {a, b, c} i Bugassie i3 BXiHOrO C/I0Ba MEPIe BXOJXKEHHS
OykBE @ (sIKITIO Take €), a OykBu b 3aMiHIOE Ha C.

Ilepmr 3a Bce 3ayBaxkumo, mo B HAM, ma BigMminy Bij MallnmHQ
Tropinra, Jerko peai3ylThCsd BCTaBKW, 3aMiHW Ta BUIAJIEHHS OYVKB.
Hanpuksa, 3amina OykBu b Ha OYKBY € 3/1fICHIOETHCS 3a JIOMTOMOTOIO
dopmysn migcTaHoBKY b — ¢, a ButasieHHst OyKBU @ peaJri3yeThCs pop-
Mys0t0 @ —. [Ipu boMy TpoMiXKHE CJI0BO PO3TATYETHCS a00 CTUCKAE-
Thed aBToMaTuvHO. [IIyKaHuit aaropuT™ CIepIny Mae Bci OyKBu b 3ami-
HIOBATHU HA C, TOMY TiepIrnoi dopmysiown mae 6yt b — c. dkiio 6yks b
y CJIOBI BXKe He 3aJIUIIUTHCS, TO MOTPIOHO BUJIAJUTH TIEPITIE BXOJXKEHHS
OYKBU @, BUKOPUCTABIIN 3aKJIOUHY ITiJICTAHOBKY @ . Takum dmHOM,
HAM marume BUArIdAn:

b—c
a —>

6.2. ITPukJiAa. Ilobyaysaru HAM, skmit ,coprye” HEIMOPOKHE CJ0BO
B andasiti A = {0, 1} (mocaimosuicTs 3 mucp 01 1) B mOpaaKy HE3PO-
CTaHHSI.

Hama 3aga9a po3s’sa3yeTbes 3 gormomoroto HAM, gaxuit MicTuTh €11-
Hy dopmyay migcranopku 01 — 10. Tana dopmyna minse micusmu 0
3 KO2KHOIO 1 JioTu, JIOKM y CJIOBI IIpaBopy4 Bij xo4da 0 ojniel nudpu
0 € mudpa 1. Popmyna crac HE3aCTOCOBHOIO, KOJW TIPABOPYY BiJ KO-
>)kHoro 0 Hema »ko0JHOI 1, TOOTO KOJIM BXiJHE CJIOBO BiJICOPTOBAHE II0
He3pocTaHHio. Hanpukian,

0110 — 1010 — 1100.

6.3. [IPUKJIA. [TobynyBatu HAM, saxwuit 3acTOCOBHUIT 0 BCIX CJIiB B
anpasiti A = {a, b} i Bujgasie ocranHo OYKBY HETOPOXKHBOI'O BXIJIHOTO
CJIOBA.

g po3B’d3aHHd 33J1a4l HOTPIOHO IOMITHTH OCTAHHIO OYKBY, I10-
CTABMBIIN MCJd Hel HOBUH cren3Hak *. Aje gk moMICTUTH 1eil 3HaK B
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KiHelnb caoBa’ PobOUThcd 1le HACTYIHUM YUMHOM: CIIOYATKY HJOTMHUCYEMO
JIBOPYY JI0 BXIZHOTO CI0Ba ¥, a mMOTIM ,eperanseMo” 11 B #loro KiHerb.
Hesaxkko mmomiTuTH, 110 ,JIepecKakyBaHHsi 3ipodyku yepe3 OYKBYy — Iie
3aMiHa IIapH *T Ha IIapy T*, 9K 3AIHCHIOETHCS 3 JOIIOMOI0I0 (DOPMYJIN
MiICTAHOBKY *X — T*. Ilicaa Toro gk * onmmHNUTLCA BKIHIL CJI0Ba, TO-
TPiOHO BUIAIUTHA OCTaHHIO OyKBY 1 * Ta 3ynuHUTH pOOOTY aaropuTmy.
Takum unaOM, O71epkyemMo HacTyrmHut HAM:

p
— X

XA — ax
< *%b — b*
ax +—
\b*|—>

[Ipoanastizyemo iioro pobory Ha cjoBi abb:
abb — xabb — * x abb — * x xabb — . ..

baunmo, 110 1€t aaTopuTM TOCTIHHO JOMHUCYE 3/iBa 31pOoUKu. Ho-
My? Haragaemo, 1o dpopmysia mijicTaHOBKY 3 IIOPOXKHBOO JIIBOIO YaCTH-
HOIO 3aCTOCOBHA, 3aBK/I1, TOMY I1epiia gpopmyJia Oyjie 3aCTOCOBYBaTUCH
HECKIHYEHHO, OJIOKYIOUN JOCTYII A0 HACTYTHUX POPMYJI. 3BIACH BUATLIN-
Ba€ MIy2Ke BaKJMBe TMPABUIO: Akxw,o ¢ HAM ¢ opmyna 3 noposicrvoio
A160M0 YACMUHON, MO 60HaA Mae micmumuca skinyi HAM. 3 ypaxysa-
HHSIM IIHOT'O aJITOPUTM TEPEIUIIeThCI TaK:

;
*xa — a*

xb — bx
{ ax —
bx —
\—)*

OHak 11e 111e He Bce: aJirOPUTM 3alMKJIFOEThCS Ha TTIOPOKHBOMY BXi-
JIHOMY CJIOBI, 60 ocTaHHs popMmyJia 3aBxkKiu Oyjie 3acTocoBHa. B domy
npuunna noMuiaku? Pia y Tim, 110 My BBe/Iu 3HaK * Jjis TOTO, 11100 10Mi-
TUTH OCTAHHIO OYKBY BXIIHOTO CJIOBA, & TMOTIM BUIAIUTH * 1 110 OYyKBY.
[MTo6 BpaxyBaTh BHUMA/I0K MOPOXKHBOTO CJIOBA, Tpebda mepe]; OCTAaHHBOIO
dopMyJIoK0 3amnucaru e oJHY (popMyJly, sdKa BUIAJISE ,,0OJUHOKY 3i-
pPOUKY i 3ymnunge ajaroputm. Takum umaOoM, octarouno HAM marume
BUTJISIT:
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(xa — ax
xb — bx
ax —
b* +—
*

— %
\

6.4. TIpuknajl. [obyaysaru HAM wman andasitom A = {a,b}, axuii
IIOJIBOIOE KOXKHE BXO/RKEHHSI OyKBM b Ta HOIKCYEe BKIiHIN cjIoBa CydiKC
baba.

Ha meprmuit morsisit, 1mob moiBoiTv KOXKHY OYKBY b, JIOCUTH 3aCTOCY-
BaTn popmysry b — bb. I11o6 nmepexoHaTHUCs, 1110 1€ HEe TaK, PO3TJISTHEMO
TTPUKJIA;

bab — bbab — bbbab — . ..

[ToMunka TYyT y TOMY, IO TICJId 3aMIHU IIEPIIOTO BXOMKEHHS Oy-
kB b Ha bb My He MOxKeMO BIAPIZHUTHU BzKe 3aMiHeHl OyKBu b Bij THX,
SK1 11e He MiHgaucd. /[ig BupiienHs miel mpodjieMu MOXKHa TTOMITATH
371iBa CHer3HakoM * Ty OYKBy b, sIKy HOTPIOHO B JaHWii MOMEHT 3aMi-
HUTH, a MICJAs TOTO K TaKa 3aMiHa BxKe 3J1ficHeHa, CIeI3HaK Tpeda
[IePEMICTUTH JI0 HACTYIIHOI OYKBH.

TakuM 9uHOM, CIIEPIITY CJIiJT PO3MICTUTH JIIBOPYY B BXIJIHOT'O CJIO-
Ba, CIEI3HAK ) a MOTIM ,JIepecKkakyBaTu’ dYepes KOXKHY HaCTyIHy Oy-
KBY, He 3MIHIOIOYH 11, AKIIO 1151 OyKBa, @, ab0 MOABOIOI0YH, SIKITIO HEO € b.
Ao npasopyd Bif * BxKe He BUABUTLCA *KOMHOI OYKBHU, TO CIEI3HAK
OTPiOHO 3aMiHUTH Ha CJI0BO baba.

Orxke, orpumyemo HacTynuuit HAM:

(xa — ax*
xb — bbx
* — baba

(7 %
[IepeBipumo iioro Ha BXijgiHOMY cJioBi bab:

bab — xbab — bb * ab — bba * b — bbabbx — bbabbbaba.

6.5. ITPUKIAJ. [Tobynysarn HAM wnay andasitom A = {a,b}, saxwuii
BUJIAJISI€ OCTAHHE BXOJPKEHHsI OYKBU b (SAKIIO Take €).
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s roro 1mo6 momicTuT * mOpyd 3 OCTAHHIM BXOIXKEHHSIM OyKBU

*

b, MOXKHa, CIIEpIINy HepPeMICTUTH * B KiHeIlb CJI0Ba, a IIOTIM IepeHecTH

* cupasa HaiiBo uyepe3 OykBu a 10 Haiibsmkuol 6yksu b. IIpu npomy
IOTPiIOHO BpaxyBaTH, 1110 BX1JHE CJI0BO MOKe He MicTUTH OYKBU b: K10
3ipOYKa 3HOBY OIMHUTBLCH HA MOYATKY CJIOBaA, TO 11 HOTPIOHO BUIAJINTHU

i 3ynuuutucs. Peasizyemo mgany iznero 3 jgomomororo Hactynuoro HAM:

(xa — ax
xb — bx
ax — *a
bx —
*
—> X

\

[IepeBipumo pobOTYy JaHOIO ajJrOpUTMY Ha BXIJHOMY CJI0BI aba:

aba — xaba = abax — abxa — abax — ...

Ak Gaunmo, 3aMicTh TOTO, IMOO pyXaTWCd cIpaBa HAJIBO 0 Haii-
oamK 101 OyKBU b, 3ipovKa moyasa ,KPYKIITH HaBKOJIO OCTAHHLOI Oy-
kBu cjoBa. Yomy? Piu y TiMm, mo mepiri a8i popMy/In, gKi mepeMilyoTh
* mpaBopyu, 3aBaxKaioTh Tperiil (popmyJii. 3ayBarKuUMO, 110 LEPECTAHOB-
Ka 1uX POPMYJI He IIPUBEJIE JI0 HOTPIOHOro pe3ysbrary, 60 Toai * moune
Loiratn” HABKOJIO Iepiiol OYKBU BXigHOro cjosBa. IloMuiika 1oJisira€ B
TOMY, L0 MU BUKOPUCTOBYEMO CIIEL3HAK * gK JJIs PYXY JHIBOPYY, Tak
1 11 pyxy mpaBopyd. II1o6 BumpaBuTH Mo MOMUJIKY, TOTPIOHO TPOCTO
BBECTH IIIe OJMH CIEIB3HAK, HAIIPUKJIAJ F£, MOMIJIUBIIN MixK ITUMU CIIeIl-
3HAKaMU 000B’d3KM: Hexail * mepeMilyeThcsd IpaBopyd, a # — JiBopyd.
3’aBUTHCA K CIEINBHAK # Ma€ TOJIi, Koau * jifife 10 KiHmg caoBa, To0To

KOJIM CIpaBa Bix * He BUABUTLC 1HIMX OYKB. OCTATOYHO OTPUMAEMO

Taxkuii HAM:
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(xa — ax*
xb — bx
* — #
a# — #a
b4t —
# —

— X

7\

6.6. [IPUKJIA. [lobynyBatu HAM, sikuit 3acTOCOBHUIT /IO BCIX CJIiB B
andasiti A = {a,b,c} 1 Bu3HAUaE KiAbKICTH pizHUX OYKB y BXIJHOMY
cyioBi. Binosije ogepKatu B yHApHIH cucTemi dnucaeHHst (HAIPUKJIAT:
aabbab — ).

i1 po3B’sa3aHHS M€l 33/1a91 CIOYaTKy BIICOPTYEMO BXiTHE CJIOBO
TaKUM YUHOM, 1006 crieprity 6yau Bl OyKBU a, moTiM — b, a BKIHII —
c. Jlam BumaanMo 3aiiBli OyKBH Tak, MO0 3aJWTINAIACh MaKCHMaJbHA
KLJBKICTBH MOTAapHO Pi3HUX OYKB. s 1MbOro cKOpUCTAaEMOCH opMyIa-
MU TIJACTAHOBKW BUAYy xx — . HacamkiHenb 3aMiHMMO BCi OYKBU Ha
naanaku. [lykaruit HAM matume Burirsn:

(ba — ab
ca — ac
cb — be
aa — a
Qbb— b
cc— c
a— |
b— |
Lc— |

Hampukitan,

aabbab — aababb — aaabbb — aabbb — abbb — abb — ab — |b — ||.

6.7. ITPukJiA 1. TTobyaysarn HAM man andasitom A = {0, 1,2}, axwii
JOTMUCYE TPABOPYY 70 HEMOPOKHBOTO BXIJHOTO CJIOBA (TPIKOBOrO Y-
cjia) 3HaK ,= ~ 1 CTLIBKM TAJUYO0K, CKLIBKY MUdpP MICTUTHL TpiiikoBe
THUCJTIO.
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Posp’stzxemo many 3amady HacTynHEMET dnHOM. CTIeprny 3a KOXKHOIO
1uporo BXiAHOrO CI0Ba BCTaBUMO najandky |. s mporo momwmimemo
3J1iBa 10 BXIJHOTO CJIOBa CIIEI3HAK *, & IOTIM IepeHeceMo Horo gepes
KOXKHY TIMdPY Tak, 00 3J1iBa Bl HHOTO 3aJauTIagacs I Indpa i Bijg-
moBigHa 11 majanyka. Hampukiam,

10 = %10 — 1| « 0 — 1|0|*

B oxepx)kanomy cja0Bi mepecTaBUMO IUMPY 1 TAJTUIKNA TaK, 1100 3JTi-
Ba OIMHUJINCS BCl OYKBH, & CIIPpaBa — MaJIUYKU, 30€pirafdu Mpu oMY
BUXIJTHUN B3a€MHUN TOPSJIOK SIK OYKB, TaK 1 MaJIMIOK:

1]0]% — 10|

Bxinni ciosa 3aMinuMo * mHa HOBUil cuensHak — 1 nepeMicTuMo Horo

JIIBOPYHY /10 TEPITOl U PH:
10||*x — 10| =— 10| = | = 10 = ||

Bci Bkazani il onmmcyoThCs HaCTynmHUM ajroputMom Mapkosa:

(«n — n|*x, ne A
n—mn|, ne A

* —r=

==
n=—>n=,neA

\—>>l<

PexowmenjjoBana siteparypa : [I, c. 354-356|, [IH, c. 146-180], [20, c. 21—
32], [22, c. 178 189).

IInTtanua Ta BupaBsu mo nmaparpada 6.

Y zagmauax 6.1-6.21 mobymysaru HAM, sxwuit 3acrocoBHuii 10 BCiX
ciiB B andasiti A 1 BUKOHYE HacCTyIIHY POOOTY:

6.1. A = {H, II, V}. Jonucye cupasa J0 BXiJIHOIO CJIOBa W CJIOBO
[THY (w — wIIHY).

6.2. A = {a,b}. Bagumae y ciosi Tiabku nepiry 6yKBy (IOpOKHE
CJIOBO HE MIHSIE).
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6.3. A = {a,b}. Bamumae y ca0Bi TIABKKN OCTaHHIO OYKBY (MTOPOXKHE
CJIOBO HE MIHSIE).

6.4. A =/{a,b,c}. 3anepioi 6yKBOIO HEMOPOKHBLOTO BXIIHOTO CJI0BA,
BCTaBJisie OYKBY C.

6.5. A={a,b}. dxmo y BxigHoMy cyIoBi € TpuHAiiMHi Bl OYKBH, TO
MiH€ MiCIgMHU IIepIii Bl OYKBU.

6.6. A = {a,b}. dxmo Bxigme cj0BO MicTUTEL Gijblle OYKB @, HiK
oykB b, TO BuJa€ BuUXiJHE CJI0BO 3 OJHIEI OyKBH @; SIKIIO OJHAKOBA
KLIbKICTh OYKB @ 1 b, TO BU/Ia€ ITOPOXKHE CJA0BO; 1HAKIIIE — CJIOBO .

6.7. A ={a,b}. V Bxiznomy csioBi BCi OykBu a 3aminioe Ha b, a BCi
(momrepenini) 6ykeu b — Ha a.

6.8. A=/{a,b,c}. Ilogsoroe Koxxny OYKBY y BXiJHOMY CJIOBI.

6.9. A = {a,b}. Jonucye mpaBopyd 10 BXIJHOTO CJIOBa CTIILKU Ta-
JINYOK, 31 CKIJIBKOX IiJIPs/] 3alMCAHUX OYKB b IIOYMHAETHCS 11 CJIOBO.

6.10. A = {a,b}. 3i BCix BXOKeHL OYKBU @ Y BXiJIHE CJIOBO 3AJIUIIAE
TIIbKU OCTAHHE BXO/[PKEHHS, SIKIIO TaKe €.

6.11. A = {a,b}. dxmo BxigHe cJI0BO MICTUTEH OJHOYACHO OYKBH @ i
b, TO 3aMiHIOE HOro Ha IIOPOXKHE CJIOBO.

6.12. A = {a,b}. dxmo BxigHe c10BO He € cmoBoM aabba, To BamimHioe
MO0 Ha IIOPOXKHE CJIOBO.

6.13. A = {a,b}. Buznauae, un BXOUTH TepIia OyKBa HETOPOKHBOTO
BXI1JHOT'O CJIOBA IIle Pa3 y Ie CJa0BO. BilImoBigb: CJI0BO a, SIKIIIO BXOIUTh,
ab0 TTOPOXKHE CJIOBO B IMMPOTUJIEKHOMY BUITQIKY.

6.14. A = {a,b}. Ilepenocurs ocrannio OYKBY HEIOPOKHLOIO BXi-
JHOT'O CJI0BaA HAa MOro mo4aTok.

6.15. A= {a,b}. B Henopo:xxnboMy BXiJHOMY CJIOBI II€pECTABJIAE Mi-
CIISIMH TIEPINY Ta, OCTAHHIO OYKBH.

6.16. A = {a,b}. dkmo B HENOPOKHBOMY BXiJIHOMY CJIOBI CIIBIIaIa-
IOTH TIEPTIIA Ta OCTAHHS OYKBHU, TO BUJAJISIE 1Tl OYKBU, B IHIITOMY BATIQJIKY
CJIOBO He 3MIHIOE.
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6.17. A= {a,b,c}. dxuo BxigHe cI0BO HE MICTUTHL OYKBU €, TO 3aMi-
HIO€ BCl OykBU @ Ha b. B iHImoMy BuUma/JiKy BujIa€ CJIOBO 3 OJIHIET OyKBU
C.

6.18. A = {a,b}. IloxBoroe BximHe cyi0BO (J0MKCY€ CripaBa HOro Ko-
Tito0) .

6.19. A = {a,b}. Obeprae BxigHe cioso (Hanpukiai, aab — baa).

6.20. A = {a,b}. Busnauae, un € cjaoso nosingpomom. Bianosiib:
CJIOBO @, SKIIO €, 00 MOPOXKHE CJA0BO B IPOTHICKHOMY BUIIAJIKY.

6.21. A = {a,b}. Hexaii Bxigue cj0B0 Mae HenapHy n0BxKuHy. Buia-
JII€ 3 HbOTO CEPETHIO OYKBY.

§ 7. HopmMmaabHO oOumcaoBaHi pyHKITII

B nanomy mnaparpadpi posriisgarorbed YHKIN, g SKUX 1CHYE
HOpMaJibHMI ajsiropurM Mapkopa, 1o iX obduciroe. 3ayBaxKUMO, IO
Ipy aHa 3l JledKnX BXIJIHUX CJIIB aJropuTMm MapkoBa MoxKe HIKOJIH
He BYIUHUTHUCS (3AIUKJIETHCS), 1 TOMY (DYHKIIsT MOYKe OyTu He BU-
3HAYEHa 19 JeIKUX BXIJHUX CJIB-apTyMeHTIB. Y 3araJbHOMY BUITAJI-
Ky Kaxkemo, mo dyaxmig f : (X*)" — Y™ € wacmroso susnaueron
ynryiero, SIKIIO BOHA He BU3HAUEHA /I JedKNX HabOpIB apryMeHTIB
(x1,...,2n) € (X*)™, T06TO KOJIM OOJIACTH BU3HAUYEHHH [ € IiJMHO-
xkunoto (X*)". dkmo obmacts Busnavenusi f coismagae 3 (X*)™ 1o
KaxKeMo, o pyrruis [ ecrodu susnavena na (X°)". dxkmo dpyukuis f
He BU3HA4YeHa Ha HAOOPi (1, ..., Ty,), TO nucarumemo f(zr1,...,x,) =1

YHactkoBo BusHauena dyukis f : (X*)" — Y* nasuBaeThesa nop-
MANDHO 004UCAI060HO0M0, KITIO ICHYE TaKWi HOpMaJIbHUM aroputm Map-
KOBA, IO JJIsT KOXKHOTO HAOOPY (T1,...,2Ty,) € (X*)", Ha axkomy f Bu-
suadena, HAM meperBopioe BXiiHE CJIOBO T1 * X2 * ... * T, y BHXi-
nHe cioBo Y, ae y = f(x1,...,x,) € Y, a % — cueniajbHUil J10MOMI-
JKHUM CUMBOJI, 9KUH PO3JIi/Id€ BXiJIHI apryMeHTH; 1 Ha KOXKHOMY HAa0OOpi
(1, ..., 2n) € (X*)", s sgxoro GyHKIis He BusHaveHa, HAM szaru-
KJTIOETHCS.

Hazani naiivacrime posrisgarumemo aucaosi pyuknii f: (Ng)™ —
Ng, me No = NU {O}
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7.1. TIpukaajl. IMoxkaxemo, mo dyukmig f : Ng — Ny, f(n) = 0
00UNCITIOETEHCA 3 ToTToMOT010 Jedkoro HAM.

BpazkaTuMmemo, M0 4dmcja 3alncaHl B ABIMKOBIN CHCTEMI YHCJIEH-
ust. s mobymosun HAM, gaxuii obumciioe gany QyHKINO, J0CTATHBO
B MIOro cxeMy IiJICTAHOBOK BKJIIOUATH (DOPMYJIN JJI BUJTAJEHHS BCIX
oyks (mmdp 0 i 1) BxigHOrO C/I0BA 1 3aKAOYHY (DOPMYJTY /I 3aMiHK
ITOPOXKHBOTO C10Ba HyaeM. Takum unaoM, cxema HAM marnme Burasi:

0—
1 —
— 0

7.2. ITpukJiaa. ITokaxkemo, mo dyukmig f : No x Ng = Ny, f(n,m) =
In — m| € HOpMaJIbHO 0OYMCIIOBAHOI (BBaXKAEMO, 10 HEBijA'eMHl i
JHUCJIa 3AlUCaHl B YHAPHIA CUCTEM] YUCIeHHA).

Haramaemo, 1o

n—m, n>m
In—m| =
m—n, n<m

Ha mouatky poboTu BXigHe c10BO Mae BUIS ||...|*||...|. Ockigs-
—— N
n m
ki [n —m| =|(n—1) — (m —1)|, To A1 po3B’st3aHHSA 3371271 JOCUTH
OJHOYACHO BUAAJILATHI TT0 OJAHIN MaJMYIll 3/11Ba 1 cIpaBa JOTHU, JOKU B Je-
AKil YacTUHi He 3aunuThcd koauol maganaku. Otxe, HAM 3anaernca
CXEMOIO:

| % | — %
*
Hampuxmaz, || * [|[| = | ||| = *|| = [| 1 f(2,4) =[2 — 4] = 2.

7.3. TIpurkaaa. Ilokaxemo, mo dyuknis f : Ng — Np, f(n) = n
mod 4, sika, 004YKCJII0€ OCTady BiJ JiJI€HHS HATYyPaJbHOI'O 4ucjia Ha 4,
€ HOpMaJIbHO OOYMC/IIOBAHOIO (BBAaXKAEMO, IO HEBII'€MHI I 9MCiIa
3aIUCaHl B YHAPHIN crCTeMi YUC/IEHHS ).

OckinpKu ocTadul Bif JlIeHHT 9ucea n 1 n — 4 Ha 4 OgHAKOBI, TO
I 3HAXOJXKEHHST OCTadl JOCUTHh B YUMCIa BIOHIMATH 4 JTOTH, JTOKU
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HEe OTPUMAEMO HEBiJ'€eMHe Yncjao MeHire 4 — BOHO 1 Oyae NIYKaHOIo
octadero. Takmm wmuaom, cxema HAM Oyme mictutn equny (hopmysry
T JCTaHOBKU:

{1 -

Hanpuwnan, [|[[|[|I[ = [|l[| = |1 f(9) = 1.

7.4. TIPurAAI. Tlokaxkemo, mo dyukmis f : Ng — Ny, f(n) = [n/4],
€ HOPMaJIbHO OOYMCJIIOBAHOIO.

J11st 3HAXOAXKEHHS I1JI01 YaCTUHU BiJ JiJIEHHS 91Cja 1 Ha 4, JTOCUTh
CIIEPIIY IJIPaxXyBaTH, CKIJIBKKA YeTBIPOK MAJUYOK MICTUTH 1€ yYHApPHE
YHCJI0, a TMOTIM BATEPTHU MAJIUYKM, 9Ki BIANIOBIAI0TH ocTadl. Jlamni mip-
KYBaHHs peasi3ylThcs Takoio cxemoro HAM:

(][] = |
x| — *
*

(7 %
Hanpuicna, f(9) = Ti{[[[I[[| =« = T[] = [[*[ = [lx =]

7.5. [TPUKJIAJI. KoMbiHyroUn monepe i ABa MPUKJIaIN, TOKAXKEMO, IO
dbyukmis f: Ng = Ng x Ny, f(n) = ([n/4], n mod 4), ¢ HopmasbHO
O00YHMCTIOBAHOTO.

Jlerko 6aumTH, 1o mana oyHKIiS obuncaoerbecas HAM 3 cxemoro:
Alll = |
* > %
—> X

7.6. ITpukAd. Ilooyaoyemo HAM, akuit obuuciioe dyukio f: N —
N, f(n) = n+ 2 (BBazkaeMo, 110 HATYpAJbHI YUCTa 33/IaHl B TPIAKOBIi
CUCTEMI YUCTIeHHS).

st po3B’si3aHHS 3a,/1a41 CHEPINY BBEAEMO CIEIBHAK ¥ 1 mepeMicTu-
MO HOTO BKiHEIb CJIOBA, 1100 MOMITUTH HOTO OCTaHHIO OYyKBY (TpiiKOBY
mucpy). Hani momamo 2 3a npaBuiavu TpiitkoBol apudmeTuku. 1Ko
ocTaHHBOIO 1U@Poro € 0, To 3aMiHUMO 11 Ha 2 1 3yIUHUMO PODOOTY, iHA-
Kire Mingemo 1 na 0, 2 Ha 1 1 mepemMintyemMocd JIIBOPY Ja4d JTogaBanu4g 1
710 TIOTIEPETHBOT PH 3 JIOTIOMOTOI0 HOBOTO CIEN3HAKY 7 (Mph 1boMy
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BPaXOBYEMO, IIO I€I0 MUMPOI0 MOXKe OyTH 2, 9Ky Tpeda 3aMiHUTH Ha
0 i mepeMmicTUTUCA JIBOPYY s A0 aBaHHs 1).
Bci posrstayTi Ail onucyrorbes Takum HAM:

(

*(0 — Ox
x1 — 1x
*2 — 2%
Ox — 2

1x — #0
{ 2% — #1
0# — 1

1# — 2
24 — #0
#+—1

\—>>|<

7.7. IIpukJiAJ. Hexait sxignmit andasir A = {0,1,2,3}. Bpaxaioun
BX1/IHE CJIOBO 3allMCOM YMCJa B YeTBIPKOBIA CuUCTeM1 YUCJ/IEHHS, Iepe-
BECTH 1€ YUCJIO B JABIMKOBY CUCTEMY YUCJIEHHSI.

Ik Bigomo, JJIsI IIepeBeIeHHsI YNCJIa 3 YeTBIPKOBOI CUCTEMU YHCJIe-
HHSI B JIBIHKOBY, TTOTPIOHO KOXKHY YeTBIPKOBY UMDY 3aMIiHUTHU Ha TTapy
BigmoBigHMx i#1 asifikoBux mucpp: 0 — 00, 1 — 01, 2 — 10, 3 — 11,
auB. § 77 mepmroro po3ainy. Kopucryiouncs num dpaxtom, cxemy HAM
3aIUIIEMO TaK:

(%0 — 00
x1 — 01
x2 — 10
*3 — 11x
*

\—>>l<

Hexait 3agamno aBa HopMmasbHi aaroputMmu Mapkosa HAM; i HAMs
B OZHOMY 1 Tomy K ajdasiti A, axi 00UMCIO0TEH Ca0OBeCHI (byHKITT
fi: A* - A" 1a fo: A* — A* Bigmosigno. Hac mikasutumyts HAM,
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K1 00YUCTIOITD X KoMmo3uIliio fo o fi. Haragaemo, 1o KOMIIO3HUITIEO
dyukmit fi Ta fo HazsmBaoThL Taky dymkiio f = fy o fi, M0 a9 KO-
KHOTO T 3 obj1acTi BusHavdennsi yHkiii f1 suavenns f(x) = fa(f1(x)).
[Ipu mboMy BEMAraeThes, mobd GyHKIls fo Oysia Bu3HaYeHa Ha 3HATEHH]
fi(z). Buxigne ciioso HAM; moxua nozaru Ha Bxig HAMs. Take 1o-
CJIIJOBHE BUKOHAHHS aJIrOPUTMIB Ha3uBaeThca KoMmmosumiero HAM; ta
HAM, i mosaagaerbecs HAMo(HAM;). dximo 6yab-saKuit 3 aJropuTMis
3AIUKIIOETHCA, TO 3AIINKIIOBATUCST MA€ 1 X KOMIIO3UITIS.

IloBenena HacTyITHA TeopeMa: dadA 0Ydb-AKUL 080T HOPMAALHUL O/
2opummis 6 asgasimi A, axi obuucaroroms pynxuii f1 : A — A ma
fo : AY — A* sidnosidno, icnye HAM, axut obuucatoe Komno3uyito
f2 0 f1, mus. |I5]|

7.8. IIPUKJIAJ. TTobyayemMo HOpMAJBbHUN aJTOPUTM, AKUH € KOMIIO3H1-
miero Hacrynanx aBox anropurmiB HAM; i HAMs 3 cxemamvu Py i Py
BianoBiaHo BignocHo andasiry {a,b}:

(xa — ax P, : {b—>
xb — abx
* >

(— %

Cnepiry 3ayBak1MoO, 10 B 3ara/IbHOMY BUIIQIKY He MOXKHAa Oy1yBa-
TH KOMIIO3UINIO0 TPOCTUM BUMUCYBAHHAM OIHA 32 OIHOI0 POPMYJ IIi-
cramoBku 3 HAM; i HAMs. Hampukiaam, gKImo crovarky BUIHCATH
dopmymu 3 HAM, a motim 3 HAMs, To orpumaemo agropurm HAM o,
a gxmio crepmry Bunucatu dopmyan 3 HAMs, a morim 3 HAM;, To
orpumaemo ajgropurm HAMos, ski 3agani cxemamu:

4 4
xQ — @k b—
xb — abx xq — ax
Pio: < x— Por i < xb — abx
— % * =
b— — *
\ \
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Ane mi HAMjs, mi HAMy; me € xommnosuriero aaropurmis HAM; i
HAM,. Hanpukiia, A1 BXiJHOTO CJA0Ba AAd MAEMO:

HAMq5 : aba — *xaba — a * ba — aab * a — aabax — aaba

HAMbs; : aba — aa — xaa — a x a — aax — aa,

toai sk HAMo(HAM; (aba))=HAMs(aaba) = aaa.

3ayBazKnMO, II10 iCHYE 3araJjbHuii MeTo 1 1o0yaosu komo3umil HAM,
aue. [IH, ¢. 198]. OgHak meit crmocib TOCUTH TPOMI3AKUI 1 /TSI TPOCTi-
mrx HAM kpaliie BUKOPHCTOBYBATH iHIMMI TIi1X1/: HepIn 3a Bce Tpeda
3PO3YMITH, IKY 33/1a1y Po3B’sa3ye KoxkeH 3 aaroputmis HAM; i HAMs,
a MOTIM MOCJIOBHICTh IUX 3a/iad 00’€HATH B CIIJIBHY 3aJa4y 1 mody-
YBATH aJTOPUTM JJIs IET 3araabHOl 3a,/1at1.

B wamowmy npukiazii agroputM HAM; 3aminioe Koxxuy OykBy b
cmoBoM ab, a morim amaroputm HAM, Bumanse 6yksu b. 3po3ymio,
110 1oc/igoBHe 3acTocyBanHs cuepiry HAM, a morim HAMy 3aminroe
KOXKHY OyKBY b BXimHOTO caoBa OykBoio a. [llykana kommosuitiss HAM;
i HAM> zagaerncs mpocroro cxemoro HAM:

{b%a

Mu mokazaJim, Mo KJac HOpMaJIbHO OOYUCIIOBAHUX (PYHKIIIHN € J10-
cUTh MUPOKUM. [[oHATTS HOpMaIBbHO 00UYMCIIOBAHOT PYHKIIT — OHE 3
OCHOBHHUX IIOHSITH TEOPil aJropuTMiB. 3a3HAUUMO, IO 3 OJHOTO OOKY,
KOYKHa HOpMaJILbHO 009MCa0OBaHa PYHKIIIS € 00UMCITIOBAHOIO 33 TTEBHOIO
MPOIEAYPOI0, KA BIJIMOBIAAE IHTYITUBHOMY YSBJIEHHIO aJrOPUTMY, & 3
iHIIOTO — 9Ki 6 710Ci He OyayBaancd KJacu TOYHO BU3HAYEHUX AJTOPU-
TMIB, 3aBXK/IM 3’SICOBYBAJIOCS, 1110 YUCJIOBI PYHKIIT, IKi OOUUCTIOIOTHCS
3a aJITOPUTMAMHU ITUX KJIACIB, € HOPMAJbHO OOYHUC/TIOBAHUMU. ToMy 3a-
TATbHOTIPUHHATOIO € TaKa HAYKOBA TIOTE3a:

Teza MapxkoBa-Yepua. Bydv-axutl an2opumm MONCHG PEaNi3y6amil
3 donomozoro HAM.

Y dopmyatoBaHHA €] Te3W BXOANTH IHTYITUBHE TOHATTS aJITOPHU-
TMY, & TOMY 11 He MOXKHa Hl JIOBECTH, Hl CIIPOCTYBaTHU B 3araJbHOMa-
TeMaTuIHOMY 3HadenHi. ChnpaBedInBICTh TIMOTE3W TMiATBEPIKYETHCA
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TIPaKTUKOIO: BCl BIJOMI aJTOPUTMHU, iK1 Oy IPUAyMaHi BIPOIOBXK Oa-
raThOX TUCAYOJITH iCTOPIT MaTeMaTWKW, MOXKYThH OyTH 3aJaHi 3 JOTIO-
moroio HAM. IIpoTe cnpaBeinBoIO € HACTYIIHA TeOopeMa, J0BEICHH
KOl unTad Moxe 3uaiitu B [L|:

7.9. TEOPEMA. Jaa pynxuii [ nacmynui ymosu piéHOCUAbHI:

o pynxuia f e obuucarosaror za Trpinsom,
o pynxuyia [ 4acmroso pexypcusha,
o pynxuyia [ € HOPMAAOLHO 06MUCAI0BAHOI0.

Pekomenjosana sireparypa : [, c. 356-361], [IH, c. 180-186, 198-219].

IIutannga Ta BupaBu g0 nmaparpada 7.
7.1. IIlo Bu posymiere mig kommozumiero HAM?

7.2. Ilobymysaru HAM, sakwuit obuuciroe unciaoBy dyukiio f : Ng —
Np, f(n) =n mod 2, gkio apryMmesTy 3a/1aHi:

a) B yHapHiil cucremi 4nC/IeHHS;

0) B JBIWKOBI cUCTEMI YNCTIEHHS;

B) B TPIKOBI#l cuCcTeMi IHCICHHS.

7.3. Ilobynmysatm HAM, skwuit obumucitoe uncaoBy dyukiio f : Ng —
Nop, aprymMeHTHn gKOI 33/1aHl B JBIMKOBI#f CUCTEMI YMCJICHHSI.

a) f(n) =410 n;
6) f(n)=[5];
B) f(n) =[] +2.

7.4. Ilobynysatu HAM, axuit obuncaoe uncaoBy dpyukiio f : Ny X
No = Np, aprymenTn gkoi 3ajaHi B YHapHIl cUCTeMI YUC/TeHH4.

a) f(n,m)=mn-+m;

6) f(n,m)= max{n,m};

B) f(n,m) = min{n,m}.

7.5. Ilokazaru, 110 HACTYIHI YACTKOBO BU3HA4YEHI YMCJIOBI (PYHKIIIT
f : Nog — Ny, aprymenTn sskux 3a/iaHi B 94eTBIPKOBiii CHCTEMI YMCJIEHHSI,
€ HOPMAaJIbHO ODYKCJTIOBAHI:

a) f(n)=n+1;

6) f(n)=n-+2;

B) f(n)=n—2,
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7.6. Tloxazarm, mo mactymuuit HAM o6uncaioe dynkio f : Ng X
No — Np, f(n,m) = HCI(n,m), aprymMmenTn sKol 3ajiaHi B yHapHiii
CACTEMI YUCJIEHHS:

(|la — al
| % | — ax
% — xb
b— |
a—c

7\

c— |
e

7.7. A=1{0,1,2,a}. 3’acysaru, 9u € BXiJ[He CJIOBO 3aIMCOM YHUCJIA B
TpiiiKoBiit cucremi umcaennd. BigmoBiab: 1 — gkmio €, 0 — B mpoTuie-
KHOMY BHIIQIKY.

7.8. A ={0,1,2}. Beaxkaouu BXiJiHE CJOBO 3allMCOM YHUCJIa B TPIiii-
KOBI1ii cucTeMl 4YMCJIEHHS, BUJAJUTHU 3 HbOI'O BCl HE3HAUYIIl HYJIL.

7.9. A = {0,1}. Braxkaroun HEMOPOKHE CJOBO 3AMUCOM JIBIKOBOTO
quCaa, BU3HAUATH, UM € BOHO CcTemeHeM Biku. Biamosiik: 1 — aximo
e, ) — B IpOTUJIE?KHOMY BUIIQJIKY.

7.10. A ={0,1}. Braxkaroun HEMmOPOXKHE CJOBO 3AIMCOM JIBIKOBOTO
YHuC/ia, MepeBecTr Horo B YeTBIPKOBY CHCTEMY 4nCIeHHs. (3ayBarKeH-
Hsl: BpaxyBaTH, IO B JBIHKOBOMY YMCJ/Ii MOYXKe OyTH HelapHa KiJbKiCTb

mudp.)
7.11. A= {|}. llepeBecTn 4ncyio 3 yHAPHOI CUCTEMU YUCTEHHS B TPiii-
KoBy. (Pexkomenyariisi: MOXKHA Y IUKJI BUJAISITU 3 YHAPHOI'O YHC/IA 110

MaJIMYIN 1 KO2KeH pa3 JoJaBaTu 1 10 TpIAKOBOIO YUC/Ia, dKe Ha MOYaTKY
nokacTu piBaUM 0.)

7.12. Jlna xoxuol napu HAM mobyayBaru iX KOMIIO3HINT BiJHOCHO
andasity {0, 1}:

a)P1:{01—>10 P2;{1—>0
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(%0 — * P4:{1—>O
x] — 1%
* —

| — *

(40 — 1+ Py : {01%
x1 — Ox
* —

\%*

7.13. UYum e HAM 3i cxemoio P3 KOMIO3UIIEHD HOPMAJIbHUX aJITOPHU-
T™iB 31 cxemamu P i Py Bignocuo andasity {0, 1,2}7

P, - {01—>1o P, {02—>20
151

P, . 01 — 10
02 — 20

§ 8. CkiaaaHIiCTh aJrOpPUTMIB

B zaragbHiit Teopii aaropuTMIB BUBUAETHCA JIUIE TEOPETUIHA MO-
JKJUBICTb pO3B’gi3anHs 3aJ1a4. [lpyu po3riisijii KOHKpPeTHUX 3ajad He
3BEPTAETHCS yBara Ha Pecypcu 4acy i mam’siTi jJjis BIAIOBIIHUX aJIo-
PUTMIiB-pO3B’s13KiB. AJjie TeopeTndHa MOXKJJIUBICTH PO3B’SI3aHHS 3adadi
He TaPaHTYE 11 MPaKTUIHOI peasTizaliii.

Bregemo HeoOXimHI 03HAUEHHS, BIAIMTOBXYIOYNCH Bl MarmuH Tropi-
ura. Hexait mammna Tiopinra obuucsioe ciosecuy dyuknio f(w). Bu-
s3HauuMO (pyHKIi0 t7(w), 3HAYEHHs SKOI J/Is CJIOBA W AOPIBHIOE Kijlb-
KOCTi TakTiB Mamuau Tropinra 7', gki BUKOHYIOTHCS NPU OOYMCJIEHHI]
f(w), axmo f(w) Busnavene. fAxmo f(w) He BU3HAUYEHE, TO 3HAYECHHS
dbyskil tr(w) Texk BBAXKAETHCA He BusHaueHnM. OyHKIisa t7(w) Ha3M-
BAETHCA 4ACOB010 CKAAOHICMI0 mawury Tropins'a T

Axmueror sonoro apu podboTi Mammau TIOpiHr'a Ha CJI0BI W Ha3U-
BA€THhCA MHOXKMHA BCIX KOMIPOK CTPIYKHU, IKi MICTSITH HETIOPOXKHI OyKBH
a0 BIIBITYBaJIMCh TOJIOBKOIO MaIlMHKU TTIOPIHTA B IpoIeci o0UnCIeHHS.
Beenemo dyHKINIO ST (W), 3HAUEHHS SIKOT JIOPIBHIOE JTOBKWHI aKTUBHOI
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30uu 1ipu poboTi mammun Tropinra T #a coBi w, gk1o f(w) BU3HAUEHE.
B inmomy Bunmaaxy snadenns pyHkuil sp(w) #e pusnadene. OyHkmis
sT(w) HABUBAETHCA EMHICHOI0 CKAaOHICTI0 Mawuru Tropinsa T.
Beegeni dyukuii t7(w) i sp(w) € caoBecauMu. 3pydHO BBECTH J1jisd
po3nIAAy PYHKINI HATYPAJTLHOTO apryMeHTY, TOK/IaBIIIN:
tr(n) = max{tr(w)} i sp(n)= max{sr(w)}.
|wl=n |wl=n
i dyHKIil Texx Ha3uBaIOTHCd (DYHKIIAMEU 9aCOBOI 1 EMHICHOI CKJIaIHO-
cti (B Haiiripmiomy Bunajky) marmman Tropiara T

Busnaunmo pyHKIIT 9acoBOl Ta €MHICHOI CKJIQTHOCTI JJIS aJITOPH-
t™iB MapkoBa. Hexait ayiropurm Mapkosa M obuuciitoe cjiopecHy (DyH-
kiito f(w). Busraunmo dysrmio ¢y (w), 3HaUEHHS STKOT 7T BXiTHOTO
CJIOBA W JOPIBHIOE KIIBKOCTI IIJCTAHOBOK, K1 BUKOHYIOThCI B IIPOIIEC]
00UnCIEHHS BUXIAHOrO cyioBa f(w) 3 BXIAHOIO CJI0BA W, AKIIO aJarOPUTM
3aCTOCOBHUI 0 BXIJTHOTO CJIOBA W. ZKIIO »K aJATOPUTM 3aIUKIIOETHCA
HA BXIZHOMY CJIOBI w, TO 3nadenns pyHkuil £ (w) BBAKAETHCS HE BU-
sHadeHnM. OyHKIs ¢y (w) HABUBAETHCS “ACOG010 CKAGOHICTIIO AA20DU-
mmy Maprosa M.

Bgenemo dynkmio sy (w), 3HadeHHs IKOI JOPIBHIOE MAKCUMAJIbHI
3 JIOBXKWH CJIB, sIKI BUHUKAIOTH TPU OOYMCIICHH] 3 BXIJTHOTO CJIOBA W
Buxignoro ciosa f(w), skimo f(w) susnauene. dxkmo f(w) He BusHa-
YyeHe, TO 3HAYEeHHs DYHKIHT Sps(w) Tex He BusHauene. Oyukiiis sy (w)
Ha3UBAETHCA EMHICHOI0 CKAGOHICTINO anzopummy Maprosa M.

AnaJioriuno, gk i g mamman Tropinra, 3py4Ho BBecTu (QyHKITT
HATYPaJbHOTO apryMEHTY, TOKJIaBIITH:

tar(n) = max{tyr(w)} 1 sy(n) = max{sy(w)}.
|w|=n |w|=n
i dbyHKIil Texx Ha3WMBAIOTHCSI PYHKITIAMHA 9aCOBOI 1 EMHICHOI CKJIa,/THO-
cti (B HafiripmioMy BUNaIKy) aaropurMmy Mapkosa M.

I'pannyna nopeginka GyHKIR t7 1ty (BiamoBinHo ST 1 Spr) HpH
30LTBITIEHH] PO3MIPY 7 331491 HA3BUBAETHCS ACUMNMOMULHON YGCOG0I0
(BiATIOBIIHO eMmricHor)  craadmicmio. JIas KOHKPETHUX 3a0a4 PO3TIsi-
JIAI0ThCs, K IPABUJIO, ACUMIITOTUYHI PYHKIIT CKJIaIHOCTI.

Hexait f i g — aBi dyHKIil HaTypasbHOro aprymenty. KaxyThb, 1110
f(n) = O(g(n)) (auraerncs: ,ed Bijg eH € 0 Beauke Bij 2Ke Bijg en”),
SIKITO iCHy€ Taka koHcTaHTa ¢ > 0, ¢ € R i take uncio ng € Ny, 1110
0 < f(n) < cg(n) ana seix n > ng. 3amuc f(n) = ©(g(n)) o3nagae,
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III0 iICHYIOTH TaKi KOHCTAHTH c1,c2 > 0, c1,co € R i Take ng € Ny, 1110
0 <cig(n) < f(n) < cog(n) must Beix n > ny.

Kaxyrb, mo mamuna Tropiara (aaropurm Mapkosa) po3s’s3ye
3aJlavuy 3a nosiHomianvrul wac, axmo tr(n) = O(p(n)) (tar(n) =
O(p(n))) mist aesiKOro MHOTOUYIEHA p. B IPOTUIEKHOMY BUIIAJIKY Ka-
KyTh, 10 MaimuHa Tropiara (aaroputm MapkoBa) po3s’si3ye 3a1ady 3a
EeKCNOHEHULAADHUL “ac.

Yacosa CKJIaIHICTh aJrOPUTMY BloOpazKae MmoTpioHI /1711 HOoTO Po-
6otu BuTpaTu vacy. AHajoOriuHO, K [y MammHar Tiopinra i ajaropu-
T™iB MapkoBa, I OyIb-IKIX aJTOPUTMITHUX MOJIeseil JacoBa CKJla-
JTHICTH BU3HAYAECTHCA 9K PYHKIIIS, sTKa KOXKHIM TMOCIOBHOCTI BX1THUX
JMAHUX JOBXKWHU N CTABATH y BiIMOBIIHICTH MaKCUMaJIbHUI (32 BCiMa
inauBiyasbHUMU 3aJ@9aMy JIOBXKUHOIO 1) dac t(n), akuil Burpadae
AJTOPUTM JIJIsI PO3B’I3aHHA 1HAMBIIYAJILHIX 33,129 i3 IIE€0 JTOBXKUHOIO.
[Tpo KOHKpeTHY 33/1a9y KaxKyTh, [0 BOHA PO3B’A3yETHCA 3a OJIIHOMI-
aJbHUI 9ac, AKINO iCHye ajaropuTM (Hanpuk/aa, MamuHaa Tropiara qu
aaroput™M MapkoBa), sIKUil pO3B’3y€e 10 3aJ1a9y 3a MOJIHOMIAILHUN
vac. Yepes P mo3navaerbcs KJiac BCiX 3a/1a4, 9Ki PO3B’I3yIOThCS 38 T10-
JiHOMIaJIbHUI 4Yac. B iHIIIOMY BUIIQJIKY KaxKyTh, [0 3a/a4a PO3B’d3ye-
ThCA 33 eKCIOHEHITIAJIBLHUI Jac. 3aa4y Ha3UBAIOTh 8UHCKOPO3E A3HON0,
SIKITIO HEMAE MOJIHOMIAIBHOTO aJITOPUTMY /I 11 pO3B’A3aHHH.

BpazkaeThbcd, Mo IOJIHOMIaIbHI aJIrOPUTMHU BiAIIOBIAAIOTH IIBH/I-
KM, epeKTUBHUM Ha MPAKTUII aJTOPUTMaM, a TTOJIIHOMIaIbHO PO3B’ -
3HI 3312491 BIAMOBIAIOTH JETKUM 3ajadaM, dKi MOXKYThb OyTH po3B’sd3a-
HUMU 32 TPUUHATHUN 9ac HA BXOJIaX JOBXKUHU, 1110 MA€ MPAKTUIHALN 1H-
Tepec. HacTo MoTIHOMIAILHIN aJTOPUTM CIIPABJII 33J0BOILHLIE BCl IIpa-
KTUIHI moTpedbu. B ripmomy K BUMaIKy HOr0 MOXKHA BBAYKATH TITBU/I-
KHUM JIUIIIe aCUMIITOTUYHO, a Ha BIIHOCHO HEBEJMKHUX BXO/[aX aJITOPUTM
MozKe mpamfoparu goBro. Cirij miakpecanTd, M0 KJac IIOJHIHOMIaJIbHO
PO3B’SI3HUX 3aJad He 3aJeKUTh BT TOTO, dKa caMe 3 0araThboX MO-
KIAMBUX popMaJiizaliii ajroputmy BuOpana. lleit dakT MoxKHa CTPOTo
JIOBECTH SIK T€OPeMY s OY/Ib-9IKUX O3HAYEHDb AJIIOPUTMY.

Cria 3a3HAYUTH, 10 € eKCIIOHEHINAIbHI aJrOPUTMH, 9Kl J00pe 3a-
pekoMeH 1yBaJin cebe Ha MpakTuili. Pid y TiMm, 110 9acoBy CKJa/IHICTH
O3HAYEHO IK MIPY HOBEIHKH aJTOPUTMY B HalripmoMmy Bumajiky. Ha-
CTIpaBl MOYKE BUSIBUTHCH, ITI0 JIJIsT PO3B’sI3aHHA O1/IBITOCTI KOHKPETHUX
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3aJ1aY TOTPIOHO 3HAYHO MEHIIE Yacy, 1 1me AINCHO TakK I JeIKUX JT0-
ope BijoMuxX aaropuTMiB. Hampukaaa, CUMIIIEKC-METO/, IJIT PO3B’ d3y-
BaHHS 3a/1a4 JIHITHOTO MPOrpaMyBaHHS Ma€ €KCIOHEHIIAJbHY YaCOBY
CKJIQJIHICTD, aJie JIyzKe jJobpe Ipalfoe Ha MPaKTHIIL.

8.1. ITpukaAJ. Ilobymysaru mammmy Tiopinra, gka B aadasiti A =
{0,1} nnst 6yab-sikoro ciaoBa P = pips ... p, BU3HAYAE, YN € BOHO CHU-
METPUYHAM, TO6TO P = p1pa...pp = PnPn—1-...p1 = P'. Binnosinb:
cioBo 1, gkmio cioBo P cumerpuyne, 0 — B TPOTUIECXKHOMY BUITAIKY.
OmniHnTy 9acoBy Ta €MHICHY CKJIaHICTH 1oOy1oBaHOoi MammHu Tropi-
HT Q.

['pad mykanol mammuu TropiHra Mae BUIJISI;
0/0, 1/1;R

L
() —"(e)

#/1L;R

0/0, 1/1;R
Pobora mammuun Tropinra 31ifiCHIOEThCs TUKIaMi. BIIpogoB:k mep-

IITOT'O TIMKJTY MaIllnHa TePeBIpsie, UM BUKOHYTHCS PIBHICTD P1 = Py asa
IIHOTO B CTAHI S 3alaM dATOBYETHCI OyKBa P1 1 TOJOBKA MAIuHU TTIOpPi-
HTa B cTaHaX ¢ abo @5 3MINIYETHCS TPABOPYY JOTH, JTOKN HE 3HAXOUTH
OYKBY Py 1 OPIBHIOE 11 3 p1 B cTaHax ¢ abo q4. fKimo i OykBu pisHi,
TO MallliHA IIEPEXOIUTH B CTAH (g, BUAAJISLE CJIOBO HA CTPIYI 1 APYKYE
O6ykBy 0, B IPOTUJIE2KHOMY BHUIIQJIKy MalllMHAa 3JIHCHIOE APYIUil UK.,
BIIPOJIOBIK SIKOT'O TTIOPIBHIOE OYKBU P2 Ta Pp_1 1 T. J. 3PO3YMILIO, 110 Ha-
OITBITY KiTBKICTH TAKTIB MaInHa TIOpiHTa BUKOHYE HA CUMETPUIHUX
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cJIOBaxX JOBXKWHU M. KO cuMeTpudHe cJ0BO P Mae TapHy JOBXKU-
HYy, TO OyJie TPOBEJEHO N/2 OBHUX TMKJIIB TTOPIBHAHL OYKB, BIIPOIOBK
SKUX Oyje 31iCHeHO YMCJI0 TaKTiB, dKe JIOPIBHIOE
2n+1)+5 n  (n+3)n
2 2 2
[licsis1 npOro MalmHa 3AIMCHIOE 1€ OJUH TAaKT 1 3yIUHSIE POOOTY.
Ak K cumerpudHe ¢jioBo P Mae HenapHy J0B2KUHY, TO OyJie 1po-
BeJiero (n—1)/2 moBHUX IMUKJIB MOPIBHAHL OYKB, BITPOJOBK SIKUX OyIe
3A1MCHEHO YMCJIO TaKTIB, IKe JTOPIBHIOE
2n+1)+7n—-1 (n+4)(n—-1)
2 2 2 '
Jami MT 3xificHIoe 1ie Tpy TaKTH 1 IepexouTh y KIHIIeBUil CTaH.
3 [IpoBeAeHUX BUIIE MipKyBaHb 1 aHaJ i3y rpada mamuau Tropinra
suiuBae, mo sp(n) =n+1 < 2n, sp(n) = O(n), a GyHKIig 4ac0BOT
CKJIQTHOCTI Ma€ BUTJIST

Cn+1)+2n—-2)+1)+...+5=

2n+1)+(2(n—2)+1)+...+7 =

() (3 4 1 =2k, k € N n? 4 3n + 2
n)= =

g (t)=l) 3y — 9k — 1,k €N 2
Ockinbkn ”2+§”+2 < ”2+3”22+2”2 = 3n?, To tr(n) = O(n?) i 3a1aua

PO3B’d3y€ThC 3a IMOJIIHOMiaJAbHUM Yac, TOOTO HaaexKuTh Kjacy P.

8.2. IIPUKJAM. IIpoanasnizyBatu pobory aaroputmy MapkoBa, 3a1a-
noro may andasirom A = {ai,a2,...,a,,}, Ta ouinnrTu Horo ckia-
JTHICTD:

(e — #

#a —a#, nea€ A
<#*—>#

#

xab — bxa, ne a,be A

\ — ok
Axmo P = 010y . .. by, TO 0bepHEHHSIM CJIoBa, P Ha3MBa€ThCsI CJI0BO
P’ =b,b,_1...b1. ITokazkemo, 0 AJICOPUTM 3A1ACHIOE OOEPHEHHS CJIiB
B aJipasiti A. [lificuo, Hexaii maemo gesike cjioBo P B andasiti A. Toui:
P — %P — byxby...b, — b2b3*51b4...bn — .. bgb3bn>l<
by — xbsobs ...b,xb; — ... —> b3bsa...b,xbyxb; — ... —> xb,*xbyp_1...%
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boxby — *xbyxbp_1...xboxby — #Hbpxbyp_1...%boxby — by#*by_1 .. .%
by * by —)bn#bn_l...*bg*bl — ... —)bnbn_l...bl#l—>bnbn_l...bl

O1iHrMO 9acOBYy Ta EMHICHY CKJI/IHICTD IIbOr0 ajaroputmy. OcKiab-
KW KIJTBKICTH MiJICTAHOBOK, sTKi BUKOHYIOTHCS TTPW OOYMCJICHH] BUXI1THO-
ro ciaosa P’ 3 Bxijnoro ciaosa P, 3a1eKUTb TLILKY Bijl JIOBXKUHU CJIOBA,
10 (pyHKIig 4acoBoi ckaaanocri tas(n) = tyr(w) aisg 6yab-gKOro cJjio-
Ba W JOBXKHUHU 7. 3HAUAEMO KIJIBKICTh IIACTAHOBOK IIPHU aHAJII31l CIOBa
P =010y ...b, moBxunau n. Ha mepmiomy erari aaropuT™ JOTUCYE 3JTi-
Ba /IO CJIOBA * 1 IIEPEHOCUTH 11 pa3oM 3 IepIIo OYKBOIO BKiHEIb CJIOBA,
BUKOPHUCTOBYIOUN TIPU ITHOMY 7 TACTAHOBOK. JlaJi ajJropuTM JOTHCYE
3J1iBa JIO OJIEPKAHOTO CJIOBA * 1 IEPEHOCUTH 11 3 IPYTOI0 OYKBOIO MOYa~
TKOBOT'O CJIOBA W JI0 TIOIIEPETHBO] *, BAKOPUCTOBYIOYHN 12— 1 11 ACTAHOBOK
i T.J1., JIOKHM HE OTPUMAEMO CJIOBO BUIJISIIY *bp % bp—1...% bo x by. Ilpu
LLOMY KIJIBKICTH IigcTaHoBOK gopiBHoE N+ (n—1)+...+1 = @
Jlani 3yiBa 10 CJIOBa JOMUCYETHCS I OJHA * 1 ** MIHSIE€TbCS Ha #, Ii-
CJIS YOTO PEeNTiTKa MePeHOCUThCS BKIHEIb CJI0BA, 3HUIIYIOUN TPH ITHOMY
BCl 3ipouku. HacaMkiHellb BUKOHYETHCs IT1JICTAHOBKA # — 1 aJI'OPUTM
Mapxkosa 3ynuHsie cBot0 podory. TakuM 4WHOM, Ha APYrOMY eTarll BU-
KOHY€EThCA 2 + 2n mijcranoBok. OTike,

n(n+1)

2
n“+on+4

2
3 BUBEJEHHS BUJIHO, IO * * by x by _1...% by *x b1 — c/IOBO MaKcuMaJIbHOI
noBxkuHU, Tomy Spr(n) =2n+ 1= 0(n).

Taxkum arHOM, 337Ja9a PO3B’A3YETHCA 3a MOJIHOMIAJIBHAN Jac 1 Ha-

O(n?).

JiekuTh KJacy P.

8.3. ITPUKJIA /. 3HaiTH JOBKUHY (KiTBKICTD IUdP) HATYPATHHOTO -
cJ1a, 3aIMCaHOTO B M-KOBii cCUCTEMI YUCIeHHS, TOOTO 3HANWTH PYHKIIIIO,
gKa KOXKHOMY 9ucity n = apmF + ap_1m* ' 4+ .. .aim + ag, ne ar, # 0
i0<a; <m,craBuTh y BiANOBIiAHICTH 9KCIO |aKag_1 ---ag| = k + 1.
Ockimpkn Maemo, mo mF < agm? + ap_1m* 1+ ... +aym+ag <
(m—1)ymF4+(m—1)mP 1. +(m—1)m+(m—1) = mFr -1 < mFt+1,
to k < log,, n < k + 1. Takum uunom, k = [log,, n| i HoBXKUHA HATY-
PaJbHOTO YUCIA TP, 3AMMUCAHOTO B TM-KOBI# cUCTEM] YNCJIEHH, TOPIBHIOE
1+ [log,, n] = 1+ [{22] = O(Inn). 3 ocTanuboi piBHOCTI BUIHO, 11O
ACUMIITOTHYHA, OIIHKA JOBKWHM YUCJIa HE 3aJIeXKUTh Bijl TOTO, B SAKii

cucTeM] YUCJEHHS BOHO 3allCAaHE.



§ 8. CKJIAJ/IHICTBH AJI'OPUTMIB 75

8.4. ITPuKJIAJ. TlobynyBaTn Mmammuuy TropiHra Jasd BU3HAUEHHS CyMU
qucesi, 3aJaHUX Y CIMKOBIil Ta TPIfiKOBiil crucremax dncjaeHHs (pe3yib-
TAT OTPUMATH B CIMKOBIH CHCTEMI YUCJIEHHsI) 1 OTHUTH 11 CKJIaHICTb.

+/+, n/n;R n=0,...,6 0/2;L 0/0, 1/1, 2/2;L

q1 0L q2

@ #/#;L 2/1;L

+/#;R

#/#:L +/+;L

ru @ n/n+1;R n=0,...,5 @
#/7;L 4 3
#/LR
O )

+/+, n/n;R n=0,...,6 6/0;L
Ouesuano, mo andasir A = {0,1,2,3,4,5,6,+}. Muoxxuna cra-
HIB CKJIQJIa€ThCd 3 ceMu eaeMenTin: @ = {$,q1, 42,93, 44,5, [ }. Hexaii

JIOJITAHKY BlJOKPEMJIIOIOTHCHA 3HAKOM -+, MOPOXKHI CEKIlll, K 1 paHiIe,
no3HavaruMeMo #. Ha crpidri jsiBopydY BiJl 3HaKa + PO3MIIIEHO 071~
HOK y CIMKOBI{i cuCcTeMl YUCJ/IEHHS, & IPAaBOPYyY — AOJAHOK y TPIAKOBIi
CUCTEMI YMCJIeHHd. [es po3B’a3aHHd 3a/1a49] TaKa: CIIOYaTKy B CTaHl S
[IEPEMIIITYEMOCH JI0 OCTAHHBOT'O CUMBOJIY, IIOTIM BlJI PO3MIIIEHOTO ITPa-
BOPYY TPIMKOBOTO YHCJa B CTAaHl 1 BITHIMAEMO OJWHUITIO, JIIOYNA 33
[paBUIaMK TPIMKOBOI apudMETHKHU, IIICad Y0I'0 B CTAHI @2 IEPEMIIILy-
€MOCST JIIBOPYY Ta /O CIMKOBOT'O YHCJa JIOJIAEMO OJIMHUITIO B CTaHl (3,
IifoYn 3a IpaBWIaMK CIMKOBOI apudmernku. laai moBepraemocs 10
MIPaBOr0 YWCJIa 3 JIOIMIOMOIOI CTaHy (4 1 mepexojuMo B cTaH qi. Ilo-
BTOPIOEMO BCl oTlepallil JJ0TH, JOKHW PO3MIIEeHn TpaBopyv Bl 3HAKA, +
JIOJTAHOK He OyJle BU4epIiaHo.

OminnMo CKJIAQIHICTDL JaHOTO ajaroputmy. OUeBUIHO, 110 (DYHKITIST
tr(w) 6yme npuiimMary MakKCHMaJjbHE 3HAYEHHs HA CJI0BAX W JOBKHU-
HU N BUAY: @ + 0102 ... by_o. O1iHUMO, HA CTIABKKA MOXKe 30LIBITNTHCA
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TOBXKHUHA CJ0Ba B mpoIieci gogapanis. OCKIILKT

biby ... b, = b13n_3 + b23n_4 + ...+ b,33+b,_9< 371—2’

TO TIPW JOJABAHHI ITOT0 YNCJa B JIIBY YaCTUHY 3arajbHa JTOBXKWHA CJI0-
Ba 30LILIIMTHECA He Gibmre, Hix Ha log, 3" 2 = (n — 2)log, 3. Bpaxo-
BYIOUM KpaiHI TMOPOXKHI KJITUHKHW 1 TOW (PaKT, MO KiJBKICTh ITUKJIB,
gKi 37ificHuTb, MamuHa TiOpiHra npw J01aBaHHI, He HepeBuinye 37 2,
Ma€eMO, IO €MHICHA CKJIaHICTh

st(n) <mnlog,3 —log,9+n+2=0(n),
a 9acoBa CKJIAJIHICTH
tr(n) < 2(nlog; 3 —log, 9 +n + 2)3"2 = O(n3").

Om:ke, nana MalnuHa TIOpiHTa PO3B’A3y€ 339y 3a €KCIIOHEHIIa/Ib-
HUI Jac.

Pexowmenmosana sriteparypa : [B, c. 374-384], [I3, c¢. 129-204], [T, c. 330—
353).

IIutannga Ta BupaBu g0 nmaparpadpa 8.

8.1. laiire o3HavYeHHs (ACHMITOTHYHOI) 9aCOBOI 1 EMHICHOT CKJIa/THO-
cti Mamuan Tropinra ta ajgroputmy Mapkosa.

8.2. Komm KaxKyTh, 1110 TIeBHA 38,1498 PO3B’SI3YETHCS 34 MTOJIHOMIA b=
HUiT gac?

8.3. fka 3agava HA3WMBAETHCA BaYKKOPO3B' A3HOIO?
8.4. Yu moxkHa crBepzKyBaTy, mo a) 2771 = 0(2"); 6) 22" = O(2")?

8.5. Hosectu, mo g noainoma f(n) = amn™ + ...+ a1n + ag, ne
am >0, a; € R, i =1, m, mae micue pisaicrs f(n) = O(n™).

8.6. Hosenits, mo f(n) = n®M toxi i tinmeku Toxi, Koy icHye Take
nomarae m, qas skoro f(n) = O(n™) (BBaxkaemo, mo f(n) > 1).

8.7. IlopiBHATH Yac COPTYBAHHSI MACUBY 3 1 MJIH. UHCes Ha IBOX KOM-
m’'roTepax, mepimuit 3 aknx Bukouye 100 MH. omepariiit 3a CEKyHIY, a
apyruit — 1 muaH. [Iag meprimoro KoMm'ioTepa CKJIaJAeHWH aJarOpuTM 3
ckIaIHICTIO 2n? omepariiit, a q1s apyroro — 50nlogan.
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8.8. Ilpm gxomy HaliMeHIIIOMY 3HAUYEHHI 7. AJTOPUTM, IO BUMATAE
100n? omnepariiit, epeKTUBHINIHIT 33 aJITOPUTM, 110 BUMarae 2" omepa-
miin?

8.9. Hocuiautu, koo Oyie JBIMIKOBA JOBXKHUHA YUCJIA, OJEPXKAHOIO
a) JOJAaBaHHAM, 0) MHOXKEHHSIM N TOJATHUX UUCEI, IBIAKOBA JTOBXKUHA
KOXKHOT'O 3 SIKUX He TIePEBUIIYE k.

8.10. Hexait Ai B — mq X msyimeo X mg marpuli BignosigHo. Busna-
YUTHU KIJIBKICTh apuMEeTUIHUX Ollepalliii, HeOOXiTHUX JI/Id O0UUC/IeHHS
iX MOOYTKY 3a 3BUYaAiHUM aaropurMoM. OMiHUTU CKJIATHICTD.

8.11. BwusaaunTn Haite(eKTUBHIIIY MTOCIiTOBHICTH MHOXKEHHS MATPUITh
A, B, C, axI1ro iX po3MipHOCTI BiIITOBiTHO

a) 10 x 5, 5 x 50, 50 x 1;

6) 20 x 50, 50 x 10, 10 x 40.

8.12. BusaaunTn Haite(peKTUBHIIIY MTOCIiTOBHICTH MHOXKEHHS MaTPUIIh
A, B, C, D, akio X po3MipHOCTI BiIIMOBiIHO

a) 10 x 2,2 x5, 5 x 20, 20 x 3;

6) 20 x 5, 5 x 10, 10 x 40, 40 x 3.

8.13. IlobymyBaTm mosiHOMIaABLHUN HOpMaJabHUI aaropuTM Mapko-
Ba B ajndasiti {a,b} 3 wacosoro ckmammicrio O(1), gaxuit BUgAIAE Y
BXiJTHOMY CJIOBi, TK€ MICTUTH HE MEHIIIE Hi)K TpU OyKBU, TPETIO OYKBY?

8.14. IlobynyBaru edexkTnBHI HOpMaJbHUiT ajropuT™M MapkoBa Ta
mamuny Tropinra, gxi obunciaoors Gyukiio f(n) =n — 3 marypaJb-
HUX YeTBIPKOBUX apryMeHTiB. OmMHUTH TX YacOBYy Ta €MHICHY CKJla-
JTHICTD.

8.15. Hopmasubamii asropurm Mapkosa (A, P) 3a1a€TbCst CXEMOIO

(ba#t — a#tb, ne a,b e A
xa — affax, nea € A
<#—>+

+ —

*

\—>>|<

OniauTy #10r0 YacoBYy Ta €MHICHY CKJIAHICTD.
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8.16. OmuiauTy 9acoBy Ta emHicHy ckaaguictb MT, 3amanol rpadom:

0/0, b/b;R 0/0, b/b;L

S ——C

a/a;R

b/b;R

b/b;Rc@ #/#;L

8.17. Ilokazaru, mo macrynauit HAM obuncmoe dyukiio f : Ny X
No — Np, f(n,m) = nm, aprymenTtu sKkol 3a1aHi B yHapHii cucremi
YNCICHH:

(b] — |b
al — |ba
a —

o\

* — xa
k| — *
* —
(b — |

OuinuTy f10oro 4acoBy Ta €MHICHY CKJIAQIHICTb.
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