IaTerpaan, 3aJexxHl BiJ ImapaMerpa

Hexait f(z,y) — dyHkuis jBox 3MiHHUX, BU3HAUEHA Jijisi BCIX * € [a;b] Ta

y € Y, nupuyomy i JOBLIBHOTO Y € Y icHye iHTerpaJ

= /bf(x,y)dfc

[leit inTerpas € pyHKINE Bijl 3MIHHOT Y, Ky Ha3uBalOTh napaMmerpom. [1pu-

POJHBO ITIOCTa€ IIUTAaHHAD 3a AKNX YMOB BI/IKOHyGTbCH KOXKHE 13 CHiBBiﬂ;HOLHGHb:

1) lim f(z,y) = g(z) = lim F(y fg
Y—Yo
2) fe C[a;b]xy — F € Cy,

F'y) = jzf;(w,y)dl‘;
d ‘ b , d
4) [Fydy = [ ([ f(@.y)dy)da.

1.1. PiBHoMmipHa 30ikHiCcTh (PYHKIIIIl JJBOX 3MIiHHUX JI0 I'PAHUYHOL

dyuxkIrii

Hexait £,Y C R, f: ExY — R — dyukmis ABoX 3MIHHUX, a Yy — IPAHIIHA
o
touka MHOKMHKM Y. [losnaunmo uepes Us (yo) o {y: 0<|y—uyl| <} —

IIPOKOJIEHUI OK1JT TOUKH Y.

Osnauvenns 1. Hexali g : E — R - deaxa dynruin. Oynxuirvo f(x,y) Ha-
3UBa0OMY PIBHOMIPHO 30i0tcH0t0 wodo x € E npu y — yo do g(x) i 3anucyromo
f(z,y) y? g(x), axwo (Ve > 0)(35 > 0)(Vx € E)Vy € Y : y G(;(; (yo)) :
{If(z,y) —g(x)| <&}
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Y—=Yo
Bamuc f(z,y) = g(x) piBHOCHIBHUI TAKOMY
E

lim sup | f(z,y) — g(z)| = 0.

Y—Yo xel

3ayBaKnuMO, 1110 3 PIBHOMIPHOT 3012KHOCTI BUILJIMBAE TOTOYKOBA 3012KHICTD, aJie

HE HaBITaKU.

Teopema 1. Oyuxuisa f(x,y) npu y — yo pieromipno wodo x € E 3s6izac-
muoca do gynkuii g(x) modi 1 miavku modi, Koau g 006iALHOT NOCAI0EHOCTI
{yn} € Y\{yo} maxoi, wo y, — yo npu n — 00, GyHKUIOHAALHA NOCAIOGHICTIY

{fu}, de fu(x) = f(z,y,) s0icaemovca pisromipro na muoscuni E do epanuvnoi
dbyrruii g.
oeedenns. 1) Heobxidnicmo. Hexait f(z,y) npsmye no g(z) piBHOMIpHO

va F upu y — yo, a nocaigosuocri {f,} ra {y,} maki, sk B ymoBi Teopemu.

Badikcyemo jioBiibhe yucso € > 0 i pubepemo § = d(g) rak, 1mob

(Ve > 0)(30 > 0)(Va € E)(Vy € Y : y Us(wo)) : {If () — g(@)| < <}
OcKiIbKHA Yy — Yo, TO
(3N = N(8))(Vn > N) : {Jyn — ol < 6},
3BLICK 1 3 TOMEpeHbOT YMOBH BUILIMBAE, 110
(Vz € E)(Yn > N) : {|f(x,y.) — g(z)| <e}.

n—00
Orxe, fn(z) ? g(z)

2) docmammicmo. Hexaii st OBUILHOT mOCi10BHOCT] { Yy, }, sTKA 38/10BOJIH-
HsIE YMOBHU TeOpeMu, mocyiigosuicts f,(x) = f(x,y,) piBHoMipHO Ha E 36iracThest
1o dyukuii g(x). punycrumo, mo f(z,y) He € pisHoMipHO 36ikHO0I0 Ha E 10

g(x) upu y — yo, T06TO
(3= > 0)(¥5 > 0)(3z; € E)(3ys €Us(yo)) : {1/ (w5, y5) — g(x5)| = e}.

Hexait 0, — mocaigoBHICTDL MOZATHUX UKCceJ, 301KHA 10 Hyasd. Toml s
nocainosrocreit {y,}, {x,}, ne yn = vs,, Tn = T, BUKOHYIOTHCSI HEPIBHOCTI

0< ‘yn _y0| < 0y i ‘f(xnayn) _g(xn)‘ > €.



1.1. Pisnomipra 30icHicmod Gynryii 060T 3MiHHUT 00 epanuwHoi dynryil 3
Omxke, nociijosuicts {y,} 36iraerbest 10 Yo, a mnocaijioBuicrs fp, Je
fulx) = f(x,y,), ne 36iraerbes 10 g pisnomipno na E. Orxe, Mu upuiinum j1o

cynepednocti. Teopemy j0oBejieHO. ®

Teopema 2. (Kpumepiti Kowsi): Qyuxuia f(x,y) npu y — yo pisHoMipHo

wodo x € E 3bicacmuves do dearoi dynruii g(x) modi i miavku modi, xosu

(Ve > 0)(36 > 0)(Vx € E)(Vy,y € Yn (35(3/0)) Al f(x,y) — flx,y)| < e}

osedenns. 1) Heobxionicmy. Hexait li_{]zf/lof(a:,y) = g(r) cupaBIRKyeTbhCs
piBHOMIpHO 100 * € F. 3MiHUBIM B O3HAYEHHI PIBHOMIPHOI 3012KHOCTI £ Ha
5 TepeKoHyeMoch B icHysanHui umcia 0 > 0 Takoro, mo jang Bcix v € E ra
v,y EUog(yo) CIIPABJKYIOTHCS HEPIBHOCTI
Fay) —g@)] < 5. i |f(ey) = g(a) < 5.
3BiJICH BUILIUBAE, IO

|f(z,y) = flz,y)| <e.

2) ocmamuicmo. 3 ymoBu TeopeMu Ta 3 Kpurepito Kol icuyBanus rpanui
¢yHKIIT B TOYII CJijiye, 1O JJs AOBLIbHOrO T € I icHye CKIHYeHHA T'DaHUIlAd

lim f(z,y) = g(x). Iepexogsaau B ymoBi
Y—Yo

(Ve > 0)(3d > 0)(Vx € E)(Vy,y" € YN Us(yo)) : {|f(2,y) — flz,y)| <e}
10 rpanuni npu Yy — yo 1 dikcopanomy y € YN ﬁg(yo) OTPUMYEMO, IO

(Ve > 0)(36 > 0)(Vz € E)(Vy € Y Us(yo)) : {|f(z.y) — g(x)| < <},

10010 f(2,y) upu y — yo i * € E piBHomipHO 30iraerhbest 10 dyHkuii g(z). o

Hacmainok. (Henepepenicms eparuunotr @ynruii): Hrxwo dynxuyia
flx,y) daa 6ydv-axozo y € Y e menepepsnoro 3a 3MIHHOW T HA NPOMINCKY
E = [a;b] @ npu y — yo pienomipno sbicaemocsa do dynkuii g(x), mo

g(x) € C[a;b]-
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Teopema 3. Hexatli pynruia f(x,y) nenepepsna ma npamoxymuury
M= {(z,y) €ER*: a<aw<b c<y<d}, —co<c<d< .

Todi das Koorcnozo yy € [c;d] suronyemvea cnicgidnowena

ZJloeedenns. 3a reopemoro Kanropa:
(Ve>0)(30>0)(Va', 2" € [a;b] : 2" — 2"| < 0)
(V. y" €lad : |y —y'| <o) Alf(,y) = fF=",y")| <e}.
Hexait 2’ = 2" =z, v =y, 1 ¥ = yo. Toni
(Vo € [a;0])(Vy € [e;d] = Jy — ol <) {[f(z,y) — f(z,10)] <e}.
A ne oznauae, mo f(x,y) nupamye g0 f(x,yo) piBHOMIpHO mOoM0 = € [a;b] npu

Y —Yo-®

1.2. BuaacHi iHTerpaJin, 3aJieKHi BiJ] mapaMeTrpa

Braxaemo, o f: [a;0] xY = R, (—o0o < a < b < +o0, Y CR) — dyukuis

JIBOX 3MIHHUX, IIPUIOMY JIJIsI JIOBIILHOTO Y € Y icHye inTerpast

b
F@%j/ﬂ%ww-

Oynknito F(y) HA3UBAIOTH IHIME2PAAOM, 3ANEHCHUM 610 NApamempa .

PosriisineMo psiji BjiacTUBOCTER 1IHOTO 1HTErpaJia.

Teopema 4. (I'paruunut nepexid nid 3naxom inwmezpaaa): Hezai
Yo € Y — epanuuna mouka mmoorcunu Y. Hrwo daa 6ydv-axozo y €Y dynruia
r — f(z,y) € inmeeposnoro na |a;b] i li_)rrylof(x,y) = g(x) pisnomipno wodo
x € [a;b], mo dynwuia g e inmezposnoro na [a;b] i moscna nepexodumu do

2paruyl nid 3HAKOM THME2PANA:
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osedenns. Hexait y, € Y\ {yo}, n € N1y, = yo. 3 reopemu 1 Buriubae, 1o

f(z,y,) =g(x), romy g(x) € inrerposHoo Ha BijpisKy [a;b] i mae micue piBHicTb
[a:0]

b b

/g(a:)dx = lim [ f(z,y)dx

n—oo
a a

3 roro, mo lim y, = Yy, OTpUMYEMO, 1110
n—o0

b b

/g(x)da: = lim [ f(z,y)dz. e
Y=Yo

Hacainok. Hexat yy — eparnuyuna mouka muoscunu Y. Hrxwo das 6ydo-axozo

y €Y dynruin x — f(x,y) nenepepena sionocno x wa [a;b], a das 0ydv-akozo

xr € |a;b] dynwuia y — f(x,y) monomonna wodo y 1 lim f(x,y) = g(x), de
Y—Yo

g(.ﬁlﬁ) < C[a;b]a mo
b b

lim f(x,y)dx:/g(x)dx.
Y—Yo

Teopema 5. (Henepepsnicms tHmezpana, 3aaedincrozo 6id napame-

mpa): Hexati pynwuia f(x,y) susnauena i nenepepena na MHoMCuHI
M= {(z,y) eR*: a<z<bc<y<d}, (—oo<c<d<+00).

Todi pynxuia F(y) = [ f(x,y)dz e nenepepsnoro na [c;d].

a
Zlosederns. 3 TeopeMu IIPO I'PAHUYHMI HEpexiJl i) 3HAKOM IHTerpaJia Ta Ipo
piBHOMipHY 30ixkHicTb dyukuil f(x,y) upu y — yo Ha BiaApisky [a;b] maemo, 110

b b

lim f(x,y)dx:/hmfxydx—/fxyo
Y—Yo

106710 dyHKIia F(y) € nenepepsroro B Touni yo. OCKUIbKM Yy — JIOBLIBHA TOUKA

Bijipiska [c;d], To F(y) — HemepepBHA Ha I[bOMY BiJpi3Ky. ®
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Teopema 6. (Inmeeposnicms inmezpana, 3aaexHcHO20 6i0d napame-
mpa): Hdxwo gynruis f(x,y) nenepepena 6 npamorxymuury 11, mo dynryia

F(y) — inmeeposna na [c;d], npuvomy

/dF(y)dy: /ddy/bf(x,y)dw= /bdfv/df(fﬂ,y)dy- (1)

osedenns. 3 nonepennoi reopemu F'(y) nenepeprra ua [c;d], a, orxe, F(y)
iHTerpoBHa Ha 11bOMY HpoMikKy. CuiBsijgHoments (1) BUILIMBAE 3 TEOPEMHU 11PO

PIBHICTH TOBTOPHUX 1HTEI'PaJiB, K1 piBHI MOJABIIHOMY. ®
Teopema 7. (Jugepenuitiosnicms  inmeepana, 3a4eHCHO20 610
napamempa): Hexai dynwuii f(z,y) i f,(x,y) nenepepsni na npamorymmury
b
II. Todi gynxuyia F(y), susnavena ax F(y) = [ f(x,y)dz, dugpepenyitiosna na
a

[c; d], npuvomy b b
d
Flo) = 5 [ feis = [ gy 2

osedenns. 3adikcyemo josiibhe yy € [c; d]. Ba reopemoro Jlarpanzka 11po
CKiHYeHHI npupocTu Jyisi jgolibHoro h € R, rakoro, mo yo + h € [c;d] icuye

0 <6 <1 rake, 1110

Plyo+h) - Fly) _ /b Fla,mo+h) =
h h

b
x’y‘))d:p:/f;(a;,yweh)dx.

Haui, 3a Teopemoro Kanropa, bymkmis f, € pismomipno nenepepsmoro na [c; d],
TOOTO

(Ve > 0)(36 > 0)(Va', 2" € [a;b] : 0 < |2’ — 2"| < 0)

(Vy',y" € fa;b]: 0< |y —y"| <8): {If;(«,y) = f,(a", y")| < e}.
Bssisiu B nonepe;uiit nepisuocri @' = 2" =z, ¢y = yo, " = yo+0h, |h| <9,

orpuyeso, o |f}(,yo + 0h) — f1(,y0)]| < e, 10610

(Ve > 0)(30 > 0)(Vz € [a;0]) (VR e R: |h| <) :
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{ f($;y0+9f}ll) — f (@, yo) —fé(:lf,yo)‘ - 8}.

f(x,yo—i—ei;L)—f(x,yo)

Ile osnagae, 1O QYHKIsA upu h — 0 piBHOMIpHO
. : /

mozo x € [a;b] sbiraernes 10 fy(z,y0). His saBepiienns 10BeJeHHs JOCTATHBO

3aCTOCYBAaTH TeOpeMy PO TPaHuIHUMN Hepexif il 3HaKOM IHTerpaJja. @

Dopwmyay (2) HasuaoTh npasusom Jletioriua.
b

Tenep posrasineMo BUNAaJIOK, Kosiu Mexi inrerpysanns B F(y) = [ f(x,y)dz
a

3aJiexkaTh Bijl nmapamerpa. Beaxaemo, mo f(x,y) BU3HaYeHA HA HPIMOKYTHHUKY

i rpadiku kpusux r = a(y), © = B(y), (¢ <y < d), e BuxousTh 3a Mexi 11.

Teopema 8. Hexati f(x,y) eusnauena i wmenepepena wa 11, a dynryii
By)

o, B € Clpq. Todi inmeepan F(y) = [ f(x,y)dx e nenepepsnoto dynruicio na
a(y)

c; d].
oeedenns. Hexaii yy € [¢;d]. Toui st josiibHoro y € [c; d] maemo
B(y) a(y)

a(¥o) B(vo) a(yo)

BukopucToBy0OUrn TeopeMy IpO TpaHUYHHUN Tepexis il 3HAKOM iHTerpaJia,

3allUIIIeMoO
B(yo) B(yo)
i [ fag)de= [ fw)ds = F).
Y—Yo
a(¥o) a(yo)

Kpim Toro, BpaxoByioun nenepepsHicts dynkuiit a(y) ta f(y), 3anumemo

| [ swwds] < s 1£0)]- (o) - atw)] 0.
a(yo)

By)
| [ #ewds| < max £ )] 15() - Sn)] >0

B(yo)
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npu Yy — Yo-

Orxe, lim F(y) = F(yp), Tobro dbyukuis F(y) e nenepepsuoto Ha [c;d]. e

Y=o
Teopema 9. (¥Y3azaavnene npasuao Jletibniua): Hexati cnpasdocyio-
MbCA 6CL YMOBU NONEPEIHBOT MEOPEMU 1, KPIM M020, LCHYMb NOTIIHL fz; e (Ch,
o, B" € Clog. Todi pynruis F(y) dudepenuyitiosna na [c;d], npuromy
Bly)
F@w=/Jaaww+5mofwwxw—dw»fmwxw.

a(y)

Zlosederns. BpaxoByioun yMOBU TE€OPEMHU, MAaEMO, IO

B(yo) Bly) a(y)
Fo) = [ szt [ fewds- [ g
a(yo) B(yo) a(yo)
B(yo)
Tepmit 3 mux inverpasis mae noxigny [ f(x,y)dz. dus gpyroro interpa-

a(yo)
Jla 3 TeOpeEMHU IIPO cepeJHE MAEMO:.

Bly)
ijwAf@WWxm@_ijﬂ&meéewwﬂﬂwﬂ
B(yo

Tomy moxijHa Bij gpyroro inrerpaja npu y = yo jgopisuioe 5 (yo) - f(B(yo), Yo)-

AHaJIOri9HO JTOBOIMMO, IO IOXIJHA BiJI TPEThOro iHTerpaJa Oyje pIBHOIO

—a'(yo) - f(a(yo), vo). ®

1.3. PiBHOMipHa 30i>KHICTh iHTErpaJIiB

Posryiganemo BUIa 0K HEBJIACHUX IHTErpaJiB, 3aJeXKHUX BiJl IapaMeTpa 1 BH-
BEJIEMO TIOHATTsI PIBHOMIPHOI 3012KHOCT]I HEBJIACHUX 1HTErPaJliB.
Hexait f(z,y) susnauena na muoxuni {(z,y) € R? : z € [a;+00), y € Y},

Y C R i gzt Oyap-sikoro ¢y € Y icHye inTerpad

umsz@ww.



1.8. Pisnomipra 3610CHICMY 1HME2PaNLE 9

Inrerpan [(y) HasuBaeThesi HeaacHuMm itnmezpaaom I-20 pody, 3ane-

HCHUM 610 napamempa. 3rijHO 3 O3HAYCHHSIM 3alUIIIEMO, 1110

+00 t
/f(w,y)dxztggnm/f(x,y)dfc-

t
Orxe, inrerpan F(t,y) = [ f(x,y)dx e dynkiieo aBox 3MiHEWMX, sKa s

a
dikcosanoro yy € Y sb6iraernes o 1(y) npu t — 400,

Osnavenns 2. Hesaacnut inmezpans 1(y) mnasusaemocs pisnomipro 36i-

t—+o00
otcnum wa mnoorcuni Y, axwo F(t,y) = I(y), mobmo
Y

t

(Ve > 0)(3to > a)(¥t > to)(Fy € Y) - {‘/f(a:,y)dx‘ =

a

3po3yMiJIo, 110

t——+00

F(t,y) ? I(y) <= lim sup’/f(:v,y)dx‘zo.

t—400 yEH

Posriisinemo jiekijibka 03HaK piBHOMIPHOT 301>KHOCT1 iHTEIpaJia.

Teopema 10. (Kpumepiti Kowsi): Inmezpan 1(y) € pisnomipno 30ixcrum

HA MHONMCUHT Y M0odi & minvbku modi, KoAU

(Ve > 0)(3to > a) (W, 1" € (ty: +00))(Vy € Y) - {) /f(x,y)da:’ < 5}.

ZJlosedenns. Crupapej/IuBiCTh IIHOIO KPUTEPII0 BUILIUBAE 3 TEOPEMHU — KpPHUTE-

pito Komii piBHomipuoi 36ixkuocti dyukuil f(z,y), 3acTrocoBaHol jio iHTerpasa
¢

F(t,y) = [ f(z,y)dz. e
a

Teopema 11. (Osnaxa Betliepuwwmpacca): Hexati daa 6ydv-axux 3navens

x € [a;+00) ma y €Y cnpasdocyemocea nepienicmo | f(x,y)| < p(x) ma inme-
+00 +00

epan [ p(x)de — s6icnud. Todi I(y) = [ f(x,y)dz — pisnomipno 30iocrud
a a

Ha MHOACUNT Y.
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Jloeedenns. CrnpaBeyinBICTh TBEP/PKEHHSI BUILINBAE 3 MOMEPETHLOT TEOPEMHA 1

’/f(fay)dx‘ < /go(x)dx.o

t’ t
Teopema 12. (Osnaxa ipixae): Hexat dynxuii deox sminnux f ma g

HEPIBHOCTI

GU3HAYUEHT Ha MHOdMCUNT [a; +00) X Y, npuvomy:
t

1) iwmeepan [ f(z,y)dx pienomipno obmescenud, mobmo
a

3K >0tz a)tvy e W) {| [ raas] <

2) dan dosinvnozo y € Y Pynxyia g(x,y) momomonna na [a;+00) i
T—+00 +0o
g(x,y) = 0. Todi inmeepan [ f(x,y) - g(x,y)dz pisnomipno 30icnud na
Y a
Y.

Teopema 13. (Osnaxa Abeas): Hexvat pynxuyii dsox smimnux f ma g eu-
aHaveni Ha MHodcuni [a;+00) X Y, npuvomy:

1) inmezpan ff(x,y)dac pieromipno 36iocrut wodo y € Y;

2) dns %09%67;1020 y €Y dynruia g(x,y) monomonna no x ma |a;+00) i

PIGHOMIPHO 00Medcena Ha [a;+00) X Y, mobmo:

t

(IM > 0)(Vz > a)(Vy € Y) : {‘/g(w,y)dm‘ gM}.

+0o0o
Todi inmeepan [ f(x,y) - g(x,y)dz pisnomipno sbiocnuts na muoscuni Y.
a

HoBejieHHst OCTaHHIX JIBOX TEOPEM IIPOBOJMUTHCS 38 TIEI0 K CXEMOIO, 110 1 JI0-

BejieHHsT o3HakK Jlipixse Ta AGess s 3BUYAHUX HEBJIACHUX 1HTEIPAJIiB.

1.4. BiiacTuBOCTiI HeBJIACHUX IHTErpaJiiB, 3aJI€>KHUX BiJ] MapamMeTpa

Hexait dyukuist f(x,y) Busnadena na muoxuui [a;+00) X Y, Y C R, a ne-

+00
sracuuii inrerpan I(y) = [ f(z,y)dz.
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Teopema 14. (I'panuunuti nepexid nid 3naxom inmeepana): Hexal:

Y—=Yo
1) dasn dosinvnozo b > a : f(x,y) = g(x), de yo — epanuyuna mouka
[a:0]
MHOIACUNY Y
+00
2) inmeepan I(y) = [ f(x,y)dz pisnomipno s6iochuts na mmoscuni Y.

Too ’

+00 +00
lim I(y) = li dr = dx.
lim I(y) = lim [ f(z,y)d / g(x)dx

osedenns. Jlosesemo cnodaTky, mo ¢(x) HeBIacHo iHTerpoBHa Ha [a; +00).
3 yMOBH 2) T€OpEeMH OTPUMYEMO, IO JIJIst JIoBlIbHOTO € > 0 icHye uncio ty > a

Take, mo s AoBiabanx t' > to, t” >t 1 s Beix y € Y Bukonyerncs ymosa

o
‘/f(x,y)da:‘ < €.
v

3B1JICH 1 3 TEOPEMU IIPO IPAHUYHKI IIepexijl IMij] 3HAKOM 1HTerpaJia, 3ae2KHOI0
BIJI ITapaMeTpa Ta yMOBHU 1) BUILJINBAE

lim fxyd:c—‘/ d$’<€

y—>yo

3a kpurepiem Kormi 3012KHOCTI HEBJIACHOrO iHTerpaJja OTPUMAEMO 1HTEIPOB-
wicth GyHkiil g(x) wa [a; +00).

Hexait {t,} — goBlibHA MOCHOBHICTL Taka, MO t, — —|—oo n — 0o0. Pos-
risireMo yHKIioHabHy nocainosuicts {1, (y)}, ne I, ( f f(z,y)dx. Tocai-
nosuicrb {I,(y)} piBHOMIpHO Ha MHOXKUHI Y 36iraeThbest J10 lHTera.Ha I(y), roui

JIst Koxkaoro n € N Maemo:

ty, ty, t

lim I,(y) = lim [ f(x,y)dx = / lim f(z,y)d /9

3

Y—Yo Y—Yo Y=o
3Bijcn
tn +00
yl—>nylo (y) yl—g}o nl—{go (y) nl—g)lo/g(x) xr /g(l’) T

0 1 JOBOJUTH TEOPEMY. @
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Teopema 15. (Henepepenicmsv nesaactozo inmezpaaa): Hexat:

1) pynruia f(x,y) nenepepena na |a;+00) X [¢; d];
400
2) imwmezpan I(y) = [ f(z,y)dx pisnomipno 36icnuti na eidpisky [c;d].
a
Todi inmezpan 1(y) e nenepepsnoro dynryicto na [c; d).
oeedenns. s josiibuux 3naden b > a 1a ypg € [c;d] maemo, 110

Y—Yo
X :; X . TO 13 Irorepe HbOI TEeoOpeEMU BUIIJINBAE O
f(z,y) f(x,y0). Ton pe/ D , 101
[a;0]

+00

lim /(y) = lim f(xydx—/fa?yo )dz = I(yo).
Y=o Y=o

[Ilo it Tpeba Oyn0 KoBeCcTH. ®

Teopema 16. (InmezposHicms HesaacHo20 thmeepaaa): Hexat:

1) pynxuia f(x,y) nenepepena na |a;+00) X [c;d];

2) inmeepan I(y) = Jrfoof(x,y)dx pisHomipno 30ioicnut na 6idpisky [c;d].
Todi 1(y) inmezposra Ha C[Lc; d|, npuwomy

/df(y)dy = /ddy 70f(fc,y)dw = 7oodfr/df(x,y)dy

oeedenns. 3 reopemu 15 BuiuBae, mo I(y) € HENEpPepBHOIO Ha BijIpi3Ky

[c; d], orxe, € IHTErpoBHOIO Ha HbOMy Hosenemo piBHicTb. st pyHKITIOHATIBHOL

nocaigosrocti {1,(y)}, ne L( ff x,y)dr MaeMo

/dln(y)dy— /ddy/tnf(fv,y)dﬂf = jdx/df(ﬁlf,y)dy

Ockinbku Ha [¢; d] mocainosricts {1,(y)} pisromipro 36ikHa 110 I(y), TO mij
3HAKOM iHTerpaJia, 10 CTOITh 3JliBa, MOXKEMO 3pOoOuTH I'PAHUYHUI 1epexijl 1pu

n — o0o. OTxke,

d

d tn d +00
lim /I )dy = lim dx/f(x,y)dy: /dx/f(x,y)dy. o
n—o0 n—oo
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Teopema 17. (Jugepenuitiosnicms nesaactozo iwmeepanaa): Hexrai:

1) Ppymruii f(x,y) ma f,(x,y) nenepepeni na [a;+00) X [c; d];
400
2) iumeepan 1(y f f(z,y)dz 36icnut na [c;d];

+00
3) inmezpanr [ f,(x,y)dx pienomipno 30iocnui na [c;d]. Todi ymwuin I(y)

a
dugpepenuyitiosna na [c;d], npuvomy

+00 +00
d /

tn
Hosedennsa. dxmo I,(y) = [ f(x,y)dx, ne t, — +00 npu n — 00, TO

a
tn

I(y) = [ fi(x,y)dz. Ockinbku nocnigosuicrs 1,(y) 36ixkna Ha [¢; d] 1o Gynkuii
a
I(y), a nocaigosnicrs dbyukuii I, (y) piBroMipHO 36iKHa Ha [c;d], T

t

I'(y) = ( lim In(y))/: lim I} (y) = lim [ f xyda:—/f (z,y)dx. o

n—oo n—oo n—oo
¢

HoBejieMo Teriep Teopemy 1IpPO IHTEIPOBHICTH HEBJIACHOI'O 1HTErpaJa B3J0BXK

HECKIHYEHHOTI'O TTPOMIXKKa 3MIHI IapaMeTpa ¥.

Teopema 18. Hexaii:

1) ¢pynwuia f(x,y) nenepepsna na mmoorcuni [a;+00) X [¢; 4+00);
+o0o
2) daa dosinvrnozo n > c: F(y) = [ f(z,y)dx — pisnomipno s6iscnui na

a
5 ];
“+00

3) dan dosiavnozo b > a dynkuisn ®(x) = [ f(x,y)dy e pisnomipno 36i-
C
orcnoto wa |a;bl;
+0o0 +00 +o0o +00

4) 86iorcnudi odun i3 inmeepanie [ dy [ |f(z,y)|dx abo [ dz [ |f(z,y)|dy.

+00
Todi 30ioicni i dopienioromy o0dnomy dea inmeepaav | F(y)dy i [ ®(x)dx

+00 +00
Aosedenns. Posrusinemo inrverpan [ dz [ f(z,y)dz, ¢ < n < +oo. 3as-
a C
Jsiku ymMoBaMm 1), 2) 1 TeopeMu 11po iHTErPOBHICTH HEBJIACHOIO IHTEIPaJIa OTPUMY-
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n +0o0 +00 n
[ [ t@wao= [z [ gy

JloBesieMo, M0 MOXKJIUBHUI TpaHUIHUN TIepexiT il 3HAKOM 1HTerpaJia, B OCTaH-

€MO, 1110

1
Hiit pisnocti ipn 1 — 4o00. Qyuknis O(z,n) = [ f(x,y)dy 3 ymosn 3) pisHo-

C
MIpHO 36iraeTbecs J10 CID( ) Ha npoMixkKy [a;b] npu 1 — 400, ge b > a. Inrerpad
+00 +00
f O(z,n)de = [ dxff x,y)dy — piBHOMIPHO 301KHHUIT 1010 1) Ha [¢; +00),
a a
OCKLTBKH 33 03HAKOIO Beiiepruirpacca Maemo

sup [ ®(z,n)| < wpu/nyuy</foyu%

c<n<+o0o c<n<+o0o
400 +00
a [ dx [ |f(x,y)|dy — 36ixKnuii 38 MPAUIYIIEHAAM.
a C

OtkKe, 3a TEOPEMOIO PO I'PAHUYHMI [TepexiJi i)l 3HAKOM 1HTerpaJia MaeMo

+00 +00 +00 +00
li = =
#%/mmm:/ggwmm:/m/mwm,

1o 1 JIOBOJUTH TEOpeMy. ®
b
Oyukuio [(y) = [ f(z,y)dz, ne f(x,y) susnauena na muoxuni [a;b] x Y i
a
JTsT KOYKHOTO (BiKCOBAHOTO 3HaueHHst y € Y zamana dyukiia f(x,y) — 400 npu

r — a+0, HABUBAETHCS HEBAACHUM THMEZ2PAAOM 0PY2020 POOY, 3ANAEHCHUM
1
6td napamempa. 3a JIOIOMOIOIO 3aMiHU T = a + n el 1arerpadt Apyroro pouy

3BOJIUTHCA JIO0 HEBJIACHOI'O 1HTerpaJia, IIepiioro pojy, To0To:

b 400
~ [sewde = [ flas ) g

Toxi Ha 1€ iHTerpaJ MOXKYTh OyTH IHOIIMPEHI OCHOBHI TEOPEMHU IIPO I'DAHM-

YHUM TIepexi/i M) 3HaKOM HeBJIACHOTO 1HTerpaJia, Mpo YMOBU MOT0 HEMEPEePBHOCTI,
PO 1HTETPOBHICTE Ta AU(EPeHIIHoOBHICTL 3a TapaMeTPOM.

laTerpan Buy

“+00 b +00
!fuwwx!}uwwx+/fmwa
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Jie TIepIuii JI0JaHOK € IHTerpaJioM BiJi HeoOMeXKeHOl (PYyHKIIIT, a JIpyruii — iHTerpaJ
[-ro pojiy, HABUBAETHCS PLBHOMIPHO 30THCHUM, $IKIIIO PIBHOMIPHO 301rafoThCsI

obu/jiBa 1HTErpaJu, 10 CTOATH CIpPaBa.

1.5. InTerpanu Eiinepa

Inmeepanom Edinepa I-20 pody abo “bema-gpyrruiero” Ha3uBacTHCA 1H-

TerpaJi
1

/x 1—3361(133

0
Y npomy iHTerpasi « i f € napamerpamu, i skmo « < 1, f < 1, To iHTerpasn
B(a, 8) 6yne neBaacHuM, NpudyoMy mijiHTerpajbHa yHKIsS Mae JiBl 0cob/ MBI
Touku * =01 x = 1.
Inmeepansom Etinepa II-20 pody abo “cama-pymnruiero” Ha3uBaeThCs 1H-

TerpaJi
+00

o) = /xa_le_xdx.

0
[Ipu o < 1 inrerpan I'(«) mae jBi ocobsusi Touku x = 0 ta = +00. Hocsigumo
CIOYATKY raMa-(pyHKIIO.

1) Qynruyia I'(a) nenepepsna na (0;+00).

MiticHo
1 +00
= /xo‘_le_md:c + / e dr = I + .
0 1
Ockinbku niginrerpaiabna dbynxuis f(z,a) = % le™ e nenepepsuoo na

[0; +00) x (0;+00), 0 < 2% le™® < g%l qna x € [0;1], a > oy > 0,
0 <z le™ < g9 le™ npa x € [1;400) i @ < a; < +00, TO 3a 03HAKOIO
Beitepmrpacca inrerpamu I; ta [ piHOMipHO 306iXKHI mOM0 ¢ Ha [ap;aql]. 3
OTJISIJIY Ha JIOBLIbHICTH BHOOPY ap > 0 1 a3 < 400 OTPUMAEMO HENepepBHICTH

rama-dyukil zHa (0; +00).
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2) Qynruyia I'(a) e neckinuenno dugepenuyitiosnoro na npomiscry (0;4+00),

nPULOMY
+00

() = /:L'O‘_l In" xe "dx.
0

[le TBep/KEHHST JTOBOJANMO AHAJOTIYHO JIO BJACTHBOCTI 1), MPU bOMY BHKO-

PUCTOBYIOUM Taki OIIHKK IijinTerpanbiol dhysknii (€ >0, > 0, 7> 0) :

lln”x cxt et < gt € (056), a > o >0,

1

e’ <axMe ™ x e n+0), a<a,

‘ In" o - x“"

sIK1 BUTLJIMBAIOTH 3 PIBHOCTEM

1
lim (:1;“’2 In x) =0, lim )
r—0+ r—+oo €

3) Cnpasdorcyemvea dopmyra 36edenn
MNa+1)=al'(a), a>0.

Crpasii, HpoiHTErpyBaBIIN YaCTUHAMHU, MAEMO

+00 +00
MNa+1) = / e fdr = —x%e ™" (J)FOO + « / e e dr = ol ().
0 0

Axkmo n — 1 < a < n, TO 3aCTOCYBaBIIK TOCJIJIOBHO (POPMYJLY 3BEJICHHS,

OTPUMAEMO
MNa+1l)=ala—1)-...-(a=n+1I'(a—n+1).

[Ist piHicTh TOKA3yeE, 1m0 Jocraribo suaitn ['(«) wa npomixky (0;1), m06
obumcsinTy 11 3HAUYEHH JijIs1 JJOBLIbHOTO @ > .

Hnsg o =n € N maemo

'n+1)=nn—-1)-...-2-1-T(1) =nl,

+00
ockimpkn I'(1) = [ e *dx = —e T =1,
0
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t

Hocnigumo Tenep Oeta-dyHKIio. Bukonaemo 3aminy x = P Toni
1 1
t= —1, dv = ———dt, i Tom
l—=x (1+1)? Y

+00

400
o1 1 dt o1
po0)= | e e e | wee
0 0

AK 1 7151 rama-pYHKINT HeBaXKKO JIOBECTH, I10:

1) Qynruyia B(a, B) menepepena npu a >0 i 5> 0.

2) Oynruyia B(a, ) neckinuenno dugepenyitiosna npu o >0 i > 0.

3) Qynxuia B(a,B) — cumempuuna, moomo B(a, ) = B(S,a) das ecix
a>010>0.

4) Cnpasdocyemves gopmyara 36edenn

«

+ 5

Bractusicts 3) BuruinBae 3 o3uadenusi OGera-yHKI (moTpibHO B iHTerpasi

Bla+1,8) = B(a,8), a>0, 8>0.

3poburn 3aminy t = 1 — z). dani:

1 1

Bla+1,p5) = O/x 1—x51dx——%x(1—x %O/ L1 —2)Pdx =
1 1

_“ _ ﬂld @ 51d —gB —gB _

BO/ 1 —a)’ tde — BO/ T 3 (av, B) 3 (a+1,0)

o
Orxke, (1 - E) Bla+1,8) = 3 3BIJIKH OTPUMYEMO (POPMYILY 3BEICHHS JIJIsT

dbyuxuii B(a, 8). 3 Baacrusocti cumerpii jyist goslibaux a > 01 f > 0 maemo

bopmyity

Bla,B +1) = ﬁ Bla, ).

Y pazi 3acTocyBaHHSI MOCJIJOBHO 1UX (POPMYJ 3BEJICHHS MOXKHA BUPA3UTH
noBibHe 3HavYeHHs B(a, ) depes sHadenus i€l (DYHKINT Y TPAMOKYTHHKY
I={(e,8): 0<a<1 0< <1}

Buiactusocti 1), 2) BuiuimBatoorh 3 reopemu, sika 10B’s3ye inrerpaiu Eiijepa.
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Teopema 19. Jlas a > 0, B > 0 cnpasedausa prenicmo:

I'(a) -T'(B)
Ia+p8)

losedenns. 3pobumo 3aminy = = (1 + v)t, v > 0. Toui

B(a, p) =

+oo +o00
[(a+B) = j/:xa+ﬁlexdx:: (l%—u)a+ﬂy/~t“+5le“+”ﬁdt
0 0

3BIJIKH

“+o00
a—1

L a+B—1_—(14v)t a—1
['(a+ B) (1+V)a+5—/t e v dt.
0

[Ipunycrumo crnogarky, mo « > 1, S > 1 1 posryisineMo s 3uadenn t > 0,
v >0 dynxnio f(t,v) = o+t 1yele= () Ouepmpno, mo f(t,v) > 0, i Bona
€ HellepepBHOIO JIJIsd BKas3aHux t 1 v.

[arerpad

Voz—l

F(V) = / f(t,V)dt = F(Ck—f‘ﬁ) : W

€ HerepepBHOIO (pyHKII€ g v > 0, a iHTerpaJ

+00

O(t) = / ft,v)ydy =t""te /(Vt)o‘let”d(ty) = "1 ()
0 0

€ HerepepBHOIO (byHKIieo juig t > 0. Hapernri, icHye inTerpaJ

+00 +oo  +oo 00
/CI)(t)dt: /dt/f(t, v)dy = /F(a)tﬁletdtzr(a).r(ﬁ).
0 0 0 0
Orxe, CclipaBeJIMBOIO € PIBHICTD
+00 oo
/F@@:/@@ﬁ
0 0
Toji orpumaemo
+00 +oo

a—1

| P =t s [ e v = T+ 8) - Bla. ),
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r06ro ['(a + ) - B(er, 5) = I'(«) - T'(B), mo 1 joBojurh hopmysy y BUAJIKY
a>11p0p>1.
Hexait rerep o > 01 § > 0. 3a jgoBefeHnM npaBujibHOO € hopMyia

D(a+1)-T(B+1)

Bla+1,5+1) = =y

BukopucroByouu hopMyJly 3BEJIEHHS, OTPUMYEMO

«Q o Q . 5
a+ﬂ+1B(a’ﬁ+1)_a+5+1 a+f

[(a+1) = al(), T(B+1) = pr(B),

Bla+1,0+1) =

B(a, p),

Na+8+2)=(a++ 1) (a+8+1)=(a+ L+ 1)(a+ 5)(a+B).
[Tigcrapusimy i Bupasn y (3), orpumaemo Gopmysy 3B’s13Ky MIXK iHTErpajamu
Eitnepa st a« > 01 8 > 0.

Teopema 20. Jlaa 0 < a < 1 cnpasdoncyemoca opmyra donosHenma:

T(a)-T(1—a)=—

sinra



PexomengoBana jgiTeparypa

10.

Bunozpadosa U.A. 3anaan u yupaykaeHus mo MmareMarnieckomy axanusy / U.A. Bunorpa-

mosa, C.H. Onexuuk, B.A. Canoanunii. — M.: 1I31-B0o Mock. yu-Ta, 1988. — 416 c.

Hemudosun B.11. CO0OpHUK 33/1a9 U yIPaykKHEHUN MO MaTeMaTHIeCKOMY aHAJTIH3Y: Y uebHOe

nocobue / B.I1. Jemumosud. — M.: M3n-Bo Mock. yu-Ta, 1997. — 624 c.

Jlopozosuyes A. 5. Maremarudeckuii anamuz / A.¢1. JToporosres. — K.: JIu6iap, 1993. — 9.1.
- 320 c.

Jhootcenkosa JI.I. Maremaruanuit anaui3 y 3ajadax i npukiajax: Hasuaibuuii nocionuk /
JL.I. Tioxkenkosa, T.B. Kosecauk, M.4. Jlamenko, [.O. Muxamin, M.I. [lIkias. — K.: Buma
mkosa, 2002. — HY.1. — 462 c.

3aboroyvrut M.B. Maremarnaunii ananis: [Tinpyaank / M.B. 3abomnonpkuii, O.I. Cropox,

C.I. Tapaciok. — K.: 3nanng, 2008. — 421 c.

Konosanosa H.P. Maremarnanuii anasi3: npukaaqu i 3agadi: Hauaibuuii mocibHuk /

H.P. Konosasosa, T.I". Crpuxkak. — K.: JIubiab. — 1995. — 240 c.

Jlawrko I.1. Maremaruunuii ananiz / LI Jlamko, B.®. €mensanos, O.K. Bogpuyk. — K.:

Buma mkosa, 1992. — Y.1. — 495 c.

Huxoavevrutd C.M. Kype maremarunueckoro anannsa / C.M. Hukonbewkuit. — M.: Hayka,

1983. — T.1. — 484 c.

Quxmenzoavy .M. Kypce nuddepennuanbioro u unrerpaibaoro ucaucienus /| [.M. Ou-

xrenrosbil. — M.: @USMATJIUT, 2003. - T.1. — 680 c.

HIxine M.I. Marvemarnauuii ananiz: [Tigpyasuk / M.I. Hkine. — K.: Buma mkoua, 2005.
— Y.1. — 447 c.



