PAIN ®YP’E
§1. OproronajabHi cucreMn PYHKITii

Ozuauennda 1. [Jei pynwuii p(x) ma Y(x), eusnaveni na 6idpisky |a,bl,
NA3UBAIOMBCA OPMOLONAALHUMY 1A YbOMY GIOPISKY, AKULO

/bcp(x)ib(fﬂ)dx =0.

Posruisinemo cucremy dynkiiii {@,(z)}, Busnadenux Ha Binpisky [a,b] Ta

IHTErpOBHUX Ha, HHOMY Pa30M 13 CBOIM KBaJIPATOM.

Oznauennda 2. Cucmema gynxuit {pn(x)} nasusacmvea opmozonanvroo,

AKULO OYOb-AKE 061 PyHKULI 3 ULET cucmemu € NONaApHo 0PMO20HANLHUMU, TOOMO

b
/gon(zc)gom(x)da::(), (n,m=0,1,2,..., n#m).

a

BpaxoBytounu 1ie 0O3HaueHHsd, OYJeMO BBaKaTH, IO JJIsd JOBLJIbHOI (DYHKII

©n(x) 3 OPTOTOHAIBHOI CHCTEMU BUKOHYETHCS yMOBA

b
/gpi(x)daj =\, > 0.

a

Ao A, = 1, (n = 0,1,2...), o cucrema dyukuiii {p,} Hasupaerbes HOP-
MaJbHOIO. ZIKINO I yMOBa HE BUKOHYETHCS, TO MOXKHA HEPEiTH 10 CUCTeMU
en@ L oa moke 6
, Y€ HOPMaJILHOIO.
Van

[IpukiajioMm OPTOrOHAJIBLHOI CUCTEMH € CUCTEMa TPUIOHOMETPUUHUX (DYHKI

{1, cos x,sin x, cos 2x, sin 2z, . .., cosnx, sinnx, ...} Ha ByIpi3Ky [—7, 7], 6o:
™ ™
/cos nxdx = 0, /sin nxdx = 0,
-7 -7
™ ™
/ sin nx cosmxdx = 0, / cosnx sinmaxdr = 0
—T —T

st n# m. OnHak, OCKIIbKN

s s s

/dx = 2, /COS2 nxdr = m, /sin2 nxdr =,

—T —T —T



TO 15 cucTeMa He Oyjie HOpMaJibHOIO.

BpaxoByrouu Bullle HaBeJeHe 3ayBaKE€HHs, MOXKEMO MEPETBOPUTH MOTIEPETHIO

TPUT'OHOMETPpUYIHY CUCTEMY OO BUJY

1 cosxz sinx cosnx sinnx
) ) AR} ) )
o r NN
siKa, BXKe € HOPMaJIbHOIO.

Hexaii na Bijpisky |a,b] 3ajana JioBlibHA OpTOrOHAJIbHA CUCTeMa (DYHKII
{on(x)}. Oyukuist f(xr), Bu3HAUEHA Ha BIAPI3KY [a, b], po3KiajaeThes B psiJ| 3a
yHKIIAMU ©,, BUJY

f(z) = copo(x) + cro1(x) + ... + cppn() + ... (1)

st Bu3HavyeHHs Koeili€HTIB 1bOI'0 PO3KJIALY TTOMHOXKUMO O0M/JIBl YaCTUHU PO3-

KJIATy Ha @, (x) 1 mpoiHTerpyeMo oOW/IBI YacTWHE PIBHOCTI B MeXax BiJl a J0

b
/f T)om(x f; / z)om(x)dz.

3BijicH, BPAXOBYIOUM OPTOrOHAJBHICTD cucremu {p,}, oTpumyemo
b
1
= )\—/f(x)gpm(:v)dx, (m=0,1,2,...) (2)

Ozuauenns 3. Pad (1) 3 xoedivienmamu (2) nazusaemoca y3a2aibrenum
padom Dyp’e 3adanoi pynryii, a cami xoepiuiechmu Vi yzazasvbHeHuMU Koepii-

enmamu Dyp’e sidnocno cucmemu {@,(x)}.

Yzaranbuenuii psiyi yp’e, nobynosanuit st 3aganol Gyskiii f(z), nmos’s-
3aHuii 3 Helo Juite hopMajabHO. B 3arajbHOMY BUIAQJIKY 3B’SI30K MiXK (DYHKIIIEIO

f(z) Ta i1 y3araJbHEHUM DSJIOM TTO3HAUAIOTD

oo

f(ilj') ~ ch(pn(l').

n=0

36ixkHicTh psijty 10 GyHKIGT f(2) norpedye j104aTKOBOIO JIOCIII2KEHH S,



§2. Po3knag dyukiii B pag Pyp’e

Hexait dyukiis f(z) e nepiomuanoro 3 mepiofomM 27 1 abCONOTHO iHTErPOB-
HOW Ha MpOMiKKY [—, 7]. O6uncaumo koedinientn Pyp’e BuIy:

1 m
= —/f(u)cosmudu, (m=0,1,2,...),
m

1 ™
= —/f(U,) SinmU/dU/, (m — 17 27 e )
0
i 3a Humu ckiagemo psan Pyp’e mig byl f(x) :
% + mz::l Ay, COSME + by, SINT) (3)

Huist roro, mob jociiguru noseinky psiy (3) y Busnaveniii rouni z = xo,
PO3IJISTHEMO YaCTHHHY cyMy psijty (3) B 1iif Tour:

n
sn(xg) = % + Z(am cos mxg + b, sinmzy).

m=1

[TigcraBumo 3amicrb a,, Ta b, 1X iHTErpaJibHI BUpa3u:

1] oy
sn(T0) = - / f(u)du + Z - / f(w)(cos mu cos mxy + sin mu sin mag)du =
m=1

/ fu
sin(2n+1) 50

Ockinbku £ + Z cosm(u — xp) = — =, TO
m=1 2

1 [ sin(2n 4 1)%5%
sn(xo):;/f(u) ( , u—_chZ du.

2 sin 5

-I-Zcosm u—xo)] du.

—T

Ocranniit iHTerpas HasupBaeTbcsi iHTerpasjom Jlipixse. 3pobuBiim 3aMiny B

HbOMY © = U — X, OTPUMAEMO

/f sm n.—i—t )tdt.

S 5



T 0
Posbusatoun 1ieit iHTerpaJs Ha JiBa f 1 f , 3BeJIeMO JIpYTHil IHTerpaJ Jio Ipo-
0 —T
mixkka [0,7]. B pesysbrari orpumaemo Bupas jyisi s, (o) BujLy

s

sufen) = 3 [z +0)+ fa —1)

0

sin(n + 1)t
[

231115

dt.

Bizememo f(x) =1, roai s,(xg) = 1. 3Biacn

™

1 = E/Mdt, (4)

7
281112

Ao 0busi gacTunu piBHoCTI (4) MOMHOXKHUTH HA THCIO S), SKE € CyMOIO

pssay Pyp’e, TO OTPUMAEMO

3BlCcH

—

sulan) = So =+ [ o™ (5)

ne ¢(t) = f(xo+1t)+ f(zog —t) — 25.
dkio inrerpas (5) npsiMye J10 HyJist Ipu 1 — 00, TO Sy € cymoro psiry Dyp’e.

Oznaka [Hini. Pad Qyp’e ¢ynruii f(x) 6 mouwui xy 36icacmoca do cymu

h
So, Axwo icnye wucao h >0 make, wo f&tmdt ICHYE.
0

Oznaka Jlinmunsg. Pad Qyp’e ¢gynxuii f(x) sbizaemvea 6 mowui xg, 6
A% 6ona nenepepena, do cymu f(xg), axwo das docmamuvo masuxr t 6ukoHy-
EMBHCA HEPILBHICTND

|f (o £1) — f(o)| < Lt7,

de L © a — dodamni cmani, o < 1.

Osnaka /[lipixse drxwo dynruia f(x) nepiody 21 € Kyckoso moHomom-
noto ma 6i0pisky [—m, T 1 mae 6 Hvomy He OLAbUL, HINC CKIMYEHNY KIALKICTY

mouox pospusy, mo it pad Qyp’e sb6izacmuvca do cymu f(xg) 6 Kooscnit mouyi
f(20+0)+f(2z0—0)
2

HENEPEPBHOCTNEL T DO CYMU 8 KOIUCHIT MOYUL PO3PUBY.



§3. Bummayiok HemepiogudHOl (PyHKITI1

Axmo dyuknig f(x) e HenmepiognvHOI0, TO 3aMiCTh HEl PO3IISTAEMO JIOMO-
MixkHy dyuKiio f*(x), gxa pieaa dyskmii f(x) Ha mpomixkky [—m, 7|, a Ha
iHIy YacTUHY JIHCHOT OCl PO3HOBCIORKYEMO [*() 3a 3aKOHOM 1EPIOJUIHOCTI.
Osnak mpu 1poMmy BBaxkaemo, 1o f*(—mw) = f*(r), mobro f*(x) = f(x) nus
Bcix € (—m, .

Takum wuHOM, 70 mobymoBanol Gbyukii f*(z) 3 mepiogom 27 MoOXKHa 3a-
crocyBaTi poskyian B psiyi @yp’e. fAKio ropoputu mpo mMpomizKok (—m, ), TO
koedilleHTH pO3KJIaLy HyKarThes 3a 3ajaHot0 dyukiieo f(x).

Omxe, B 3araJbHOMY BUIAJIKy TpuroHoMerpuaauit psig Oyp’e 30iraeThes B
npoMikky (—7,7) jgo dysknii f(z). Ilpu 1pomMy ocKiIbKE HOT0 eJleMeHTH MafoTh
nepios 27, To Bil 36iraeThea Ha Beiit Aifichiit oci. Moro cyma S(x) e nepiogumanomo
3 mepiojlom 27, aje He cmiBnajae 3 QyHKie f(x) mosa Mexamu MPOMIXKKa

(—m, 7).

§4. Pan Pyp’e y BUnajJikKy A0OBiJIBHOTO IIPOMIXKKAa

Hexait dbyuxiis f(x) samana wa npomikky |[—[,1] moiibHOI qoBxuau 21,
l

(I > 0). dxmo 3pobutu 3aminy —y, (—m <y <7), TO orpuMaEeMo (DYHKIIIIO
T

f(ly), JIO SIKOI MOYKHA, 3aCTOCYBaTH po3kJjiajl B psiji Dyp'e:

™

l o
f(%) - % + ;(an cos ny + b, sinny),

Je
1 l
a, = —/f(—y> cosnydy, (n=0,1,2,...),
s s
1 [/l
b, = —/f(—y> sinnydy, (n=1,2,...).
T T
Aximo noBepHyTHCH 10 3MIHHOI 7, B3ABIM Yy = TE, TO
flz) = %+; (ancosnlﬂ—%bnsin@),
ae

1
X/f(x)cos#dx, (n=0,1,2,...),

-l

an:



nmx

bnz%/f(x)sianx, (n=1,2,...).

BayBaxxnumo, 1o mpomikok [—[, [] moxke 6yTu 3aminenuii mpomikkom [0, 2{].

Toji dpopmyiiu s Bijnykanus koeditientis psigy Pyp’e MaTuMyTh BUIJISL:

nmx

1
anzi/f(x)cosde, (n=0,1,2,...),

§5. Po3kuiaa dyukiiii B pag Pyp’e
Jguine 3a cuHycamm abo 3a KOCUHycamMu

Axmo f(x) e napHoto (YHKINE Ha BiJIPI3Ky [—7, ], TO B TAKOMY BUITAJKY
nooyTok  f(x)sinnx e wenapuowo dynkmieo i b, = f(z)sinnxdx = 0,
(n=1,2,...).

Orxe, psajg Pyp’e naprol HYHKIHT MICTUTH JINIITE KOCUHYCH:

3 |
|
5 =3

f(x) ~ % + nz_:lan COS NT.

Ockinbku f(x)cosnx mpu 1poOMy € HapHO (BYHKIHE, TO
2
a, =— [ f(x)cosnzdr, (n=0,1,2,...).
7T
0

dxmo f(z) e memapuowo dyukiieo wa [—m, 7|, To f(z)cosnx € HEmapHOO
™

i a, = % [ f(x)cosnzdr =0, (n =0,1,2,...). Orxe, pag Pyp’e HemapHol
—T

yHKIIT MICTUTD JIKIIIE CUHYCH:

flz) ~ Z b, sin nx.
n=1

Ockisibku f(x)sinnz upu npoMy € napHo (yHKILE, TO

2 71—
bnz—/f(x)sinnxdx, (n=1,2,...).
7r
0



Axmo dyukiia f(z) samana jgume B npomixkky [0, 7], To mpogoBXKyoUn Ii
mapHuM ab0 HEMApPHUM YHHOM Ha BiIpizok [—m, 0], orpumaemo poskiias dbyHKII
B psiji Pyp’e BIAMOBIIHO 33 KOCHHYycaMi ab0 3a CHHYCAMHU.

Anajioriuni MipKyBaHHST MOXKHA 3acrocyBath j0 yHkiii f(z), 3amanol Ha

npomixkky [0, ].

§6. Ilounenne mudepeHIiiroBaHHA Ta iHTEerpyBaHHA paxy Pyp’e

Hexaii ¢dyukuisi f(z) € abcotoTHO 1HTErpoBHOW Ha Bijpisky |[—m,w]. Pos-
riistHemo 11 psiy; Dyp'e:

o0
flz) ~ % + Zan cos nx + by, sin nz.

n=1

Beegemo B posraisan qua x € [—m, 7] dbynkuio F(z) = [ [f(:c) — %} dr, ska €
0

HemepepBHOIO 1 Mae nepion, 2w, 60 F(w) — F(—n) = [ f(z)dz — mag = 0.

Omrxke, Gynkiis F(x) posknagaersest va [—m,m] B psij Oyp’e:

A o0
F(z) = 70 + Z A, cosnz + By, sinnz,
n=1
e
1 1 sinnzx|" 1 i
A, =— | F(x)cosnzdr =—F(z) — — | f(x)sinnzdz,
m m no | onn
-7 -7
Tobro A, = —%.
0 o0
Anasioriuno orpumaemo, mo B, =% i 40 = — Y A, = 3~ b,

n
B pesynbrari, migcraBuBmu Bel 3uadenns Ag, A,, B, B IDOYaTKOBUI D,

OTPUMAEMO

= a, sinnz + b,(1 — cos nx)
oy -3 tenr b

n=1
3BLIKNI

ag - .
/f(a:)dx = /Ed:c + Z /(an cos nx + by, sinnz)dx.
0 0 0

n=1



OueBu/THO, MO JIJIA JIOBLIBHOTO MPOMIXKKa [T1,Xs], e —7 < o1 < 29 < 7

BUKOHYETHCS (hOpMYyIIa

/f(x)dx = /% dx + Z /(an cos nx + b, sin nz)dx.
I T n=1 I

Omrxe, iHTerpas Bij GyHKINT f(T) OTPUMYETHCsT MOUIEHHUM IHTErDYBaHHSIM
psany Oyp’e.

Posryisiremo renep Ha Bifpisky |[—m,m| Henepepsry dyukiio f(x), mo 3a-
noBodibtsie ymoBy f(—m) = f(m) 1 mae noxigny f'(x) (3a BuHATKOM CKiHUEHHOT
KijabkocTi Touok). Bpaxkaemo, mo f'(x) e abcomorHo iHTErpoBHOIO Ha |[—T, 7.

Tomi
f(z) = / )+ F0).
0

i psit Dyp’e st f(x) orpumyernes i3 pagy Pyp’e bynknii f/(x) Bumy
o0
flx) = Z a,, cosnx + b, sin nx

n=1

34, JIOIIOMOI'OIO [TOYJIEHHOT'O 1HTerpyBaHHs, 60
T
/ ]' / ]'
ag = — fi(x)dr = ;(f(ﬂ) — f(=m)) =0.

Omrxke, psaj Qyp’e st noxiyguol f/(x) moxe Oyru orpumanuii i3 psiy Pyp’e

st f(x) 3a JOMOMOrol0 MOWIEHHOTO JiuePEHIIIOBAHHS.

§7. Ilpukiaaam po3kJjajaiB dpyHKIl B paag Pyp’e

Posknactu dyukii B psaag Oyp’e Ha BIIMOBITHOMY TPOMIXKKY:
1) f(z)=2* x€(-mm);
2) f(x)=ax(mr—x), z¢€(0,m).

Poses’sa3ox

1) Buaiigemo cnioyarky koedinienru poskiaiuy B psij Oyp’e dynkuii f(x) =
x? na npomikky (—m, )

K 3

s T 3

—T

™
-7



™

1

a, = — [ x*cosnxdr =

T
—T

2> =U, cosnxdr=dV
dU = 2zdzx, V = suns

n

™

. T .
1 2%sinnz 2 _ r=U, sinnxdr=dV
=———| —— | zsinnzdr = cosne | =
s n . ™ dU =dzx, V =-=22
—T
T i
21 2 4.(=1)"
= —5-cosnx| —— [ cosnrdr=———";
™ . ™ n

—T
b, =0, (60 dynkuis f(r) = 2 € napuoio mjs josiasHoro x € (—m,7)).

Orxke, poskiaa GyHKIN B psga Oyp’'e MaTrme BULTISI:

2 0 —1)"
x2:%+4;(n2) cosnr, x € (—m, 7).

2) Ckopucraemoch dhopmyJion poskJiaty dyHkiii B psjg Oyp’e Ha JI0BlIbHOMY
npomizkky. Ockinbku f(0) = f(m) =0, ro [ = . Toxui:

21 T

1 2 2 2 3\ |7 2
aozz/f(x)d:p:;/x(ﬂ—x)dx:; (%—%) 0:%,
0 0
] 21 5 s
an:7/f($)COSnledx:—/(WQZ—ZL‘Q)COSandZL‘:
m
0 0
mr—a?=U, cos2nrde=dV| 2 5. sin2nx|”
_ o = —(mx — z°) -

dU = (7 — 2z)dx, Vo= S T 2n |,

1 f m—2x=U, sin2nxdx =dV

—— [ (m — 2z)sin2nx dx =

™ dU = —2d$, V = _cos2ingc
0
1 m 1 o 1 |
=5 (m — 2x) cos 2nx ) + — cos 2nx dr = 27m2(_7r — ) = _ﬁ;
0
2 -
1 2
bn = 7 / f(x)sin _n7lrx dr = — /(ﬂ'.ﬁU — 2%) sin 2nx dr =
0
0 0

2 5 08 2nx|”
=——(rzx—=x
7T(7r ) 2n |,

rx — 2% =U, sin 2nx dx = dV

dU = (r — 2z)dx, V =52




™

1
+— /(7r — 2x) cos2nx dr =
™

0

m—2x =U, cos2nrdr =dV

dU = —2dx, V=2

s

B 1
©2mn?

(m — 2x) sin 2nx

1 1 2
+ — [ sin2nxzdx = 5 (—COS n:c)
0

o Tn? ™ on
0

Omrxe, poskian dyuknii f(z) = z(m — x) B pag @yp’e va nmpomixkky (0, )

MaTHUM€ BUIJIAT:

2 0 1
r(m—x) = % — ZECOSan, x € (0,m).
n=1



