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IlepeamoBa

HapuajbHuil MOCIOHMK HAIIMCAHO HA IiJICTaBl JOCBIJy BUKJIAJIAHHS IIPAKTHU-
YHOT'O KypCy MaTeMaTHYHOIO aHaJidy Ha (paKysabTeTl MareMaTuku Ta iHdopMa-
TUKH 1 (pizuko-TexHiuHomy (axyabreri I[pukapnarchbKoro HalioHaJbHOIO YHIBEP-
curery imeni Bacuis Credannka [yt CTYIEHTIB MATEMATHIHUX Ta TEXHITHUX
HaIPAMIB 11JI'OTOBKHU.

MarepiaJs Jipyroi 4acTUHM HOCIOHMKA OXOILIIOE I'DAHUIIO0 Ta HEIepepBHICTH
dyHKIiT 6araThbox 3MIHHUX, YaCTUHHI TOX1JHI 1 jiudepeniiiaim mepiioro Ta, BUIIuX
HOPANKIB Jiis (PYHKINT OaraTboX 3MIHHUX, HesiBHI (YHKIHT Ta JOCJIIIKEeHHS
dyHKIII# 6araThox 3MIHHUX Ha €KCTPEMYM 1 YMOBHUI €KCTPEMYM.

Ha nouarky KOXXHOI'O PO3JILJIy 10JIaI0ThCs KOPOTKI TEOpEeTUUHI BiJIOMOCTI 3
KOYKHOI TeMH, K1 MICTSITh OCHOBHI O3HaUeHH:, (DOPMY/IIOBAHHS BaXKJIUBUX TEOPEM
Ta ocHOBHI (popMmysu. aii momimeno mpuk/iagn po3s si3yBanns 3aa49. Ocranns
YACTUHA KOXKHOI'O PO3JIIIY MICTUTH 3aJadl 1 BIOpPaBU JJs CaAMOCTIHOI poOOTH.
B kinmi mociOHuKa I0jaHl BapiaHTH 1HJAUBIJIyaJbHUX 3aBJlaHb, a TAaKOXK 3pa30K
PO3B’ I3y BaHHs TUIIOBOI'O BapiaHTa.

Cuiji 3a3HAaUNTH, 1110 JIJIsI JOCKOHAJIOT'O BUBUEHHSI MaTeplaJy [mepeji THM, K I10-
YUHATH PO3B’si3yBaTH BIPaBU, HEOOX1THO JI0OpE 3aCBOITU TEOPETUUHWI MaTepiaJl
3 kKoxkHol Temu. IloTiM pos3ibpaTn HaBeeHl BIPaBU 3 PO3B sI3KaMu 1 000B’I3KOBO

3aKPIIUTH 3HAHHS PO3B’SI3YBAHHSIM BIIPaB JIJIs CAMOCTIIHOIO BUKOHAHHS.



PO3IJI I. I'paaumg dpyHKINI 6ararboxX 3MIHHAX

§1.1. OcHOBHI NOHATTH i TeopeMu

Hazsemo m-sumipHoro Toukoio M BHOpsiIKOBAHY CUCTEMY i3 M JIIHCHUX Y-
cest (T1,..., %), & UUCHA T1, ..., Ty — KOOpAuHaTamu Touku M. Muoxuny Beix
M-BUMIPHAX TOYOK HA3UBAIOTH 1M -8UMIPHUM NPOCMOPOM 1 T03HaUaTHL R™.

Yucsio o(My, M), 1110 Bu3HAUAETHCsT (DOPMYJIOIO

m

o(My, M) = Z(yz — ;) (1)

i=1

HAa3UBAETHCST 810CMaHHI0 MixK j1BoMa Toukamu My (x1, ..., X)), Ma(y1, ..., Ym)€E
Rm
[z BijicTaHb 3a/10BOJILHSIE TaKi YMOBH:

1) o(My, Ms) >0, VM, M,, (HeBig’emHuicTs);

)
2) o(My, Ms) = 0 <= M; = M>, (piBHiCTb HYIIO);
3) o(My, Ms) = o(Ms, My), VM, My, (cnMeTpuaHicTs);
4) o(My, Ms) < o(My, M) + o(May, Ms), VM, My, M3 € R™, (uepiBnicrsb
TPUKYTHUKA,).
[Ipoctip R™ € npukiiajioMm MempuuHo20 npocmopy, BijcTaHb, BBEJICHA 34,

dbopmymoo (1) — mempuroro, a BiactuBocTi 1)-4) — axciomamu mempuuro2o

npocmopy.
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Touka A(ay,...,a,) HABHBAETHCSI 2PAHUUEI0 NOCALO06HOCTNE MOUOK
{M,} ={(a},ah,...,2})}, gkimio nh_)n(;lo o(M,, A) =0.

[Tosnauennsi: lim M, = A, abo M, — A npu n — oo. Ilpu npomy mnocii-

n—oo

nosricts { M, } HasuBaoTh 36%9tcHOM0 110 TOUKE A, ab0 MPOCTO 301KHOTO.

ITiz oxosom Toukn Mo(a¥, ..., 20) Gyaemo pozymiTu Gy/ib-gKy i3 JBOX MHO-
JKUH:

DM : 20 =6 <ap <2+ 61,20 — 0 < @y < 20 + 6,0} = (2 —
o1, 20 +61; ... ;20 — 0, 20 + 6,) — BipkpuTHit npsAMOKyTHUI napaJesemnines, jie

9; € R, 9; >0, izl,—m;

2) {M : 0 < o(M, My) < 0, 6 > 0} — Bigkpura cdepa 3 HEHTPOM y TOUII
My 1 pagiycom 9. OcTanio HA3UBAIOTD ITE 0 -0K0AO0M TOUKH M.

Binmitumo, 1m0 o3HaveHHs rpanuil mocaigosaocti touok {M,} C R™ rpyn-
TYETHCSI Ha, MOHSITTI I'PAHUIN YKCIOBOI MOCJ1I0BHOCTI. BiimoBijiHO /10 03HAUEHHS
TPAHUI TUCJI0BOI MOCTioBHOCTI cainye, mo (Ve > 0) (AN(e) € N) Take, mo
(Vn > N(e)) Buxonyerbcs ymosa {o(M,, A) < e}. Teomerpuano 1e o3nauae,
1o B Oyjib-sIKOMY £-0KO0JI TOUKM A 3HAXO/sIThCst BCI Touky nocsijgosuocri { M, },
MOYMHAKYN 3 Jiesdkoro Homepa N (€) (3as1eKHOr0, B3araji Kaxydu, Bij €).

Haszsemo touky M (z1,...,T,) 6HYMPIwH®s010 MOuUKo0 mmoxrcuny D,
SIKITO BOHA HAJEYXKUTh MHOXKHHI [ pa3oM 3 JIeIKHM JOCTATHBO MAJUM 11 OKOJOM.

MHuouHY TOYOK, s1Ka CKJIAJAETHCA TLILKKA 3 BHYTPINTHIX TOYOK, OyjeMo Ha-
3uBaTU 81O0KPUMOI0 0bAGCTIO.

Touka M, Ha3uUBa€TbCA TMOYKON CRKYNYEHHSA MHOXKWHU [, gKIO B
Oy/b-sIKOMY 11 OKOJII MICTHTHCS XO4Y OJiHA TOYKa MHOXXWMHU [), BiMiHHA BiJ|
M. Touku cKym4ueHHs JJIsl BIIKPUTOI 00JIacTi, sIKl He HaJiexKaTh 1il, Ha3UBaIOTh
MeHcosuMu moukamu 1€l obdsacti. CyKymHICTh yCIX MEXOBUX TOTOK
yTBOPIOE MedHcy obaacmi. Bijkpura 00jiacTb pa3oMm 3 11 MEXKEI Ha3UBaEThCs
3amMrHEeHO10 0baacmio. MHoXK1HA TOUOK [) HAa3MBAETHCS 0OMEHCEHOIO, STKIIIO
BOHA TIJIKOM MICTUTBHCS B JIETKOMY MPSIMOKYTHOMY TapaJiesiernine/.

B m-BuMipHOMY HTpOCTOpI MOXKHA PO3IJIsgaTH HemepepBHI Kpubi. Hexaii



8 PO3JIIIL I. Dparwus dymsuii 6acamvor sminmus
1 = ©1(t),..., xm = on(t), to < t < t1, @j(t) — memepepsui byn-
kuii, j = 1,m. Toui muoxuna touok (p1(t), pa(t),...,om(t)), mo oxuep-
XKYETbCsL 1P PI3HUX 3HAYCHHSX Hapamerpa ¢, NPUMaeTbCs 3a HenepepBHY
KPUBY B m-BUMipHOMY mpocropi, sika 3’eanye touku My(pi1(to), ..., em(to)),
Mi(p1(t1), ..., pm(t1)). Axmo Bei bynkuii o;(¢) — mniniitni, KpuBa HEPEXOANTH B
npsamy: r1 = aqt+ 01, ..., Ty = Qmt+ B, J1€ KoepimenTn ay, . . . , &, He TOBUHHI
OJIHOYACHO TIePETBOPIOBATHCH B HYJb, a t € (—00; +00). Bymemo BBaxaru, 1o To-

YKU CJJIYIOTH OJ[HA 38 JIPYT'OI0 B IOPsIJIKY 3pocTanust napamerpa t. PiBHsiHHs 11psi-

2

") OUEBUTHO

MO, IO TPOXOJUTh Yepe3 asi rouku M'(zy, ... 2 )i M"(zf,... |«
Moxe Oy 3amucane y uriasai xp = o) +t(x) — ), ...,z =2l +t(x] — ),
—00 < t < 400. dkmmo t € [0; 1], To GymeMo MaTh TPSAMOJIHIAHINA BiIPi30K, 110
3’€JIHY€ 11l TOUKHU.

JIiHist, 10 CKJIAJA€ThCs 13 CKIHUEHHOrO YKCJia, MPsAMOJIIHIHHUX BiJPI3KiB, Ha-
3UBAETHCS AAMAHOIO.

Ob61aCcTh HABUBAETHCS 36°A3HO0M0, STKITO OY/Ib-51K1 11 J{Bl TOYKN MOYKHA 3’€THa-
TH JIAMAHOIO, 1110 IIOBHICTIO MICTUTHC B Iiit 00JiacTi.

Ao maemo muoxkuiy Touok {M} C R™ i koxkniit touri M (xy, ..., z,,) m0-
CTABJIEHO Yy BiINOBIHICTD Jlesike unciio u € R, 1o roBopsiTh, 1110 Ha Muoxuui { M}
Bu3HaYeHa DYHKINA m 3minauX 1 mumyts u = f(M), abo v = f(x1,...,Ty).

Hexait dyukiis v = f(M) susnavena wa muoxwunai {M} i Touka A — To-
uka ckyndenns jist {M}. Hucso b nasubaerbes epanuyero dymruii f(M)
6 mouuyi A npu M — A, axmo (Ve > 0) (39 > 0) Take, 1m0 it 1OBLIBLHOT
rouku M, sika 3aj10B0JbHsIE yMoBaM 0 < o(M, A) < §, BUKOHYEThCsT HEPIBHICTH
(M) — b <.

Ile o3HaveHHsT HA3WBAETHC O3HAUEHHSAM rpanulll MyHKIiT 3a Kowsi abo “mo-
BOIO € — 0.

Osznauenns rpanunmni Gyskil B Touni A 3a Ietine abo “MOBOIO IIOCIIIIOBHO-

creit” pOPMYyITIOETHCS HACTYITHUM YMHOM: YUCJIO0 b HA3MBAETHCS 2PAHUUEID PYH-

xuii f(M) e mouui A, sxio nis Oyb-sikoi 36ikHOT 10 A nocstiosrocri { M, }
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takol, mo M, € {M}, M, # A BignosigHa MOCHLIOBHICTH 3HAYCHD (DYHKII
{f(M,)} sbiraerbca 1o b.

[Tosnauennst: AljinAf(M) = b, abo xllgr(lll flay,...,2p) =b.
.’L'm—>am
BayBaxKuMo, 1110 o3HadeHHs rpanuti GyHKiil f(x1,..., 2, ) B Toumi A 3a Ko-

il 1 3a ['eitne € exBiBasieHTHUMA.
Teopema 1. Hexati gynruii f(M) i g(M) susnaueni na muoorcuni {M} i
nexatd lim f(M)=10b, lim g(M) = c. Todi:
M—A

M—A
. . . f(M) b
Jm (FM) £ (M) = bk, lim f(M) - g(M) =b-e. Jim ot =2
NPUYOMY 6 OCMAHHLOMY SUNAIKY NPU Yymosi, uo ¢ % 0.
Y Bumajky b = +o0o0, abo b = —oo B o3HaueHHl rpanuii GyHKIHN 3a Ko

repisaicTs | f(M)—b| < € 3amintoeTnest BigmosigHo HepisHicTio Bugy f(M) > E,
abo f(M) < —FE, ne E — jjoBlibHe Haliepe)| BUOpaHe JI0JaTHe YUCIIO.

Oyukiisgs u = f(M) HasuBaeTbcss HecKiHueHHo maaoto nipu M — A (B
Touri A), sSKIIo J\IJILHAJC(M) = 0.

0

o) obmacti D i

MoxKHa MOMUPHUTH TIOHATTA ToYKK cKymuennsa My(z?, ...
Ha TOW BHUIIAJ0K, KOJW X049 OJIHa 13 KOOPJAMHAT UM BCl KOOPJUHATH 1€l TOUYKHN
neckinvyenni. Hanpukia, Touka (400, ..., +00) € TOYKOI CKYIYEHHs JiJIs MHO-
KA D, 9KIMO B il MHOXKHHI 3HaMyThCI TOUKHA 3 yciMa SK 3aBrOJHO BeJIH-
KUMU JIoJaTHUMEU KoopjanHaTamu. Touka (ay, ..., ap_1,+00, Qi1 - - ., Q) HA3U-
BAETHCA TOUYKOIO CKYMYEHHS JJIsI MHOXKUHKA [), SKIIO B Iifi MHOXWHI € TOUYKH
M(x1, ..., Tp—1, Tk, Tht1, - - -, Tm), B AKUX T; K 3aBIOJHO OJM3LKI J10 a;, j # k
1 3 — k-Ta KOOp/IMHATA sIK 3aBIOJHO BEJIMKA.

Oyukiisgs f(M) wmae rpanunero 4mcgo b Hpu OpsIMyBaHHI BCIX 3MIHHUX
X1, ..., Ty J0 400, skmo s (Ve > 0) (A > 0) rake, Mo HepiBHICTH
|f(M) — b| < e mae micrie gK TInbkE 1 > A, ..., x,; > A. B takomy BuUmajxy
BHKOPUCTOBYIOTD mo3Hadenust lim f(M) = b.

xr1—+00

T ;>.—|—oo



10 PO3ALI 1. I'panuya dynxuyii 6a2amvbor 3MIHHUT

CumBosIoM 00 Oy/ieMO MO3HAYATH TOUKY CKYMUYEHHsI TOUOK mpocrtopy R™. B
AKOMY X04a O OjHa 3 KOOPJIMHAT PiBHA +00 UM —OQ.

st byHKIil bararbox 3MIHHUX, KPIM PO3IJISHYTOI BUIIE I'PAHUIL, [IPU OJIHO-
JaCHOMY MPsIMyBaHHI BCIX apryMeHTIB JI0 BU3HAYCHUX 3HAUYEHb, JOCUTH YaCTO Ma-
IOTH CIPaBy 3 TPAHUISIMHU JAPYTOTO POJLY, STKI OJEPYKYIOThCsI B PE3YIbTaTl PsiLy
TOCJIIOBHUX TPAHUIHUX TIEPEXOJIiB M0 KOXKHOMY apryMeHTy 30KpeMa B TOMY U1
iHmomMy mopsiiKy. Ilepina rpanuiisd Ha3UBAETLCS M -KPAMHOI0, TPAHUIIL JIPYTOrO
pPoOJly — NOBMOPHUMU.

Posrsinemo 1e mousTTs Ha npukiaai GyHKil qBox 3minaux u = f(x, y).
[Ipumnycrumo, 1o obJacTh 3MiHM 3MIHHUX T Ta Y Taka, M0 T (He3aJeKHO Bi
y) MOXKe TpHUiMATH 3HAYEHHsI B JIesKiil MHOXKWHI X, JJIT SIKOT @ CJIy>KUTb TO-
YKOIO CKYITYeHHd, ajie a He 000B’s3KOBO HaJexKUTh MHoxkuui X. | amajoriuno y
(He3aJIeXKHO BiJ| o) MOXKe NpUIMaTH 3HAUYEHHS B JesKiil MHOXKUHI Y, juist sikoi b
— TOYKa CKYIMYeHHs, ajie b He 000B I3KOBO HaJIE:KUTH MHOXKUHI Y. Taky obsactb
cumBoJiiaHO nozraunmo X X Y. dAkio auist joslibhoro y € Y icuye },‘I—)Hé f(x, y), To
g rpanung Oyje sajexkary Bij Hanepes 3adikCoBaHOro ¥ : :1813(11 flx,y) = ¢(y).

Axmo icnye rpanutsg

lim p(y) = lim lim f(z, y),

y—b y—brx—a

TO 11 HA3UBAIOTH TLOBMOPHOIO 2PAHUUEND.
MoxkHa posriisijiaTi I'paHUYHI 1Mepexojin 1 B 3BOPOTHOMY TOPSIJIKY, a caMme:
lim lim f(x, y).

r—a y—b

Teopema 2. Arxwo:

1) icnye (ckinuenna abo neckinuenna) nodeiting epanuys p = ligl f(x, v),
r—a
y—b

2) dasa dosinvrozo y € Y ichye ckinuenna 36unating 2panuLA no T

lim f(z, y) = ¢(y),

Tr—a

mo icuye noemopha eparuua lim p(y) = lim lim f(x, y), axa piena nodsitinii
y—b y—bxr—a

2PaAHULL.
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BayBaXXnUMo, 10 SKINO pa3oM 3 ymoBamu 1), 2) st KoxkHOrO © € X icHye i
CKiHUeHHA 3BUUaiiHa rpaHur o y: Y(xr) = liné f(x, y), To icaye i gpyra noBTop-
y—
Ha I'PAHULS

lim ¢(z) = lim lim f(z, y),

r—a r—a y—b
AKa piBHa TOMY 2K 9UCJIYy P. B IIbOMY BHUIIAJKY

limlim f(z, y) = lim lim f(z, y).

r—ra y—b y—br—a

KoHTpoJIbHI 3anmnTaHHA 1 3aBAaHHS

1. Cdopwmyitoiite o3nadenus rpanu dbyskiii B Touni (3a [eitre 1 3a Komi). 1o
03HA4Ya€ EKBIBAJCHTHICTD I[UX O3HAYEHL '

2. JIJist KOYKHOT'O 13 JIBOX O3HAUYEHb I'PaHuIll (PYHKIT B TOUI cHOPMYIIONTE 3a11e-
pevYeHHsT O3HATEHHS.

3. Uu moxke OyTH Tax, 110 A141£1>1Af(M) = b, J\I}LHAQ(M) =c, a ]\}.IILHA(]C(M) +
g(M)) #b+c?

4. Jlavite o3HaueHHs HeCKiHYeHHO MaJiol pyHKIl B Touni M. Hasejiith npukJia

Heckindenuo masioi gyukmil B rouri O(0,...,0).

Haiire osnavenns rpanuti dhyukimii f(M) npu M — oo.

Hagejirs upukiag dbyukiii, BiaMinuoi Bij crauol, s sikoi lim f(M) = 1.

M—o0
Haiire onadennst nopropuol rpanuii Gyukiii f(z, y) B Toumi My(xo, yo).

X NS o

Bijiomo, mo dyukuist f(z, y) mae B ganiii rouni nojsiiiny i HOBTOPHI rpaHulii.
Yu Moxke OyTH, 10 SKICh JIBl 13 HUX HEPiBHI?!

9. CdopmyioiiTe 03HAUEHHST TOBTOPHOT TPAHMIII:

lim lim f(z,y),

T—To Y—+00

lim lim f(z, y),

Y—+00 T—Tg

lim lim f(z, y).

T——+00 Yy——00
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§ 1.2. IIpukiaam po3B’sa3yBaHHA 33aJ1a4

1 1
1. osecru, o dyukuist f(z, y) = (r + y) sin — sin — € HeCKiIHUEHHO MaJIOI0

xr Yy
B Touri O(0, 0)
Poseg’sa30k. 3rijiHO 3 O3HAYEHHSIM HECKIHIYEHHO MaJiol (DYHKII, TOTPIOHO J10-

BECTH, TI10 lin% f(z, y) = 0. Bigmitumo, mo byukiis f(x, y) He BU3HAYCHA Ha
r—

y—0
ocsix koopauaar, ase rouka O(0, 0) € TOUKO CKyTueHHst Jjist 06J1acTi BUSHAYEHHST

byskiil f(z, y) 1 TOMy MOXKHa CTABUTH MUTAHHS PO MPAHUIO (DYHKIHT B TOUII
0.
Bukopucraemo o3HavdeHHs rpanuill ¢pyHkiii B Touni 3a Ko, 3agaMo J1oBiIbHE

e > 0. Toni, saxmo |z| <4, |y| <3, T0

R A |
1f(z, y)| = |a:+stm;Hsm§‘ < |z| + |y| < 26.
[Toknapmm § = %, osepxkumo | f(x, y)| < e. e i osnauae, 1o liH(l) flx,y)=0.»
r—

y—0
2. OOunCIUTH TPAHUIIIO

lim (1 + :Uy)wziw
x—0
y—2

Pose’s30%. 300pas3uMo (DyHKINO Y BATISII

2zy

“1+aw%4w“”.

Ockibku z =2y — 0 ipu © — 01 y — 2, TO

w = lim(1 + 2)

W=

lim(1 + zy) = e.
z—0 z—0
y—2
2
Haui chlg(l) " —IZ—Jy = 2 (B cuny Teopemu 1). Tomy mykana rpanund pisua e2. p»
y—2

3. Yu icuye rpanuiis
. Ty
lim 5, 2"
ey

Pose’szox. Hexait Touka M (x, y) — O(0, 0) no npawmiit y = kx, 1mo npo-

xoputh depe3 rouky (0, 0). Toai orpumaemo

. Ty . ka? k
im ——— = lim = :
. 2 1 .2 & 2 2
y_}o(%ygkx)a? +y -0 2% + kx 1+ k
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[Ipu pisanx k ojep:KUMO pi3HiI 3HAUEHHSI BUPa3y. 3BIJICH BUILIKBAE, IO I'Da-
auri garol dyukmil B Touni O(0, 0) me icaye. »

4. O0UKnCIUTA I'PAHKIIIO

. T+ 2y
lim :
M=o 22 — 2xy + 292

Poses’azox. llepeiinemo 10 MOJSIpPHOI CUCTEMU KOODJUHAT X = T COS Y,
y = rsine. Tomi

x + 2y 1 cos ¢ + 2sin 1 f(v)

)

22 —2xy + 242 reosto —2cospsing + 2sin2p 7 g(p)
e 0 < p<2m10<7r < 400.

: : 1
YMoBa, M — 00 ekBiBajieHTHa ymMoBI r — 400, Tomy — — 0. [loBejgemo
r

f ()

9(®)
sin p)? 4+ sin?¢ > 0 s o € [0, 27] i wenepepsna Ha npoMmy Bijpizky. Tomy

0OMEXKeHICTDh CIiBMHOXKHHUKA, . Ouesuno, mo |f(p)| <3, a g(¢) = (cos p—

3a mepiio Teopemoro BeliepiTpaca npo menepepsry dyukiio g(e) > a > 0.

3 2
Orxke, M < —, p €10, 2], Tomy lim Ty =0. »
9(p) o M=o 22 — 2xy + 292
5. 3HalTU IpaHMIl:
2 | 2 :
1) lim — r+y 5 2) 1im %, 3) lim Py
ﬁigﬁx Ty Ty 0o T+ Y 532 L

2

Pose’asox. 1) Ockinbku 2% — zy + y* > 2y, JJIs JOCUTH BEJMKUX T Ta Y

x4y >0, To

T+y <:I:—|-y:1+1_>0

22 —axy+y: T ay r oy

npu r — +00 i y — +oo. Tomy

) Tr+vy
lim 5 2:O.
3t eyt

2) CupaBe/inBa OIliHKa

22 + o2 1 1
oyt T a2 Y

. .4y
3BIJIKI xh_>nolo 1 1= 0.
Y—+00 Tty
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sin x

3) BukopucroBytouu re, 1o lim = 1, Maemo
z—=0 I
. sinzy
lim =a. »
z—=0 I
yg)a/

6. SHaiiTi rpaHui:
2

1) lim (2® +92%)e Y, 2) lim <&> , 3) lim($2—|—y2)w2y2.

ot e \a? +y? !
y
Poses’sazox. 1) Ilpu > 0, y > 0 orpumaemo
2 2 2 2
x x
(2% + yP)e ") = + < L

etey ete¥y et €Y
72 y?
Ockinbkr  lim — =0, lim = =0 (3a npasuiom Jlomirasus), To
z—+o00 e¥ y——+oo eY

: 2 2\ —x—y __
ngm(x +y)e =0.
y—r—+00

2) Ockinbku @2 + y* > 2zy i xy > 0, 10
Ty o 1\"
U R -
=t7) =0

3) Ockinbkn  — 0 1 y — 0, T0o MoxHa Beaxkaru, mo 2+ y? < 1.

1
Toni 3 nepiBHOCTI Z(xQ +32)? > 2%y* mMaemo

npu r — +00.

1> (22 4+ 27 > (a2 + )T+ = (@) @)
[osznaunmo 22 + y? = t. OjepKuMo

1 1
lim = (2 + y*)? In(2* + y*) = ~ limt*Int.
538 4 t—0

Bukopucraemo nipasusio JlomniraJs:

Int 1
lim 2 Int = lim — = lim - : (—2t™%) = 0.
t—0 t>0t72  t=0 ¢
Tomy lim 1"+ 4% — 1
z—0

y—0
3a TeopeMor0 PO IPAHUINO POMIXKHOT 3MIHHOT Oy/IeMO MaTH, 1110

lim (22 + )" = 1. »
z—0
y—0
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7. OOUKNCIUTH TPAHUIIL:

2 2 2,,2 1—-1
1) lim Y gy gy VYT

z—0 ,CU4 47 x—0 1'2 2
y—0 +-y y—0 +-y

Pose’sasox. 1) Bukopucraemo HepiBHICTD

1 %+ y?
< .
2?2 +y? T ot 4yt

1
Ockinbkn ———— — 400 npu z = 01y — 0, 10

2+ y
.ty
P e i
0T Ty
, 22 +1-1 ,
2) [Tepersopumo Jpi6 R , TOMHOXKUBIIYA YUCEJHbHUK 1 3HAMEHHUK
=Ty

$2y2

(V222 +1+1) (22 +y2)

Ha BUPAa3, CHPsRKEHKH j10 ducesabanka. O1epKuMo Bupas

Ockinbkn

1

1
lim = —,
N IR R

TO MEPERIIOBIIN 0 HMOJAPHUX KOOPJUHAT, OTPUMAEMO, 110

2, 2 4.2 2 2
lim f—y S TR el limr—sim2 2¢ = 0.
z—0 x4 + y2 r—0 r2 r—
y—0
Va2 +1-1
Tomy lim ny + =0. »
z—0 22 + y?
y—0
) ) ar +b )
8. O6uuciauru nosropHi rpanuni Gyl f(z, y) = Tdy B rouni O(0;0)
cr + dy
npu yMoBi, 1m0 ¢ # 0 1 d # 0 ojHOYACHO.
Poses’azor. Maemo
b a + b4
lim lim f(z, y) = lim (lim a:l:——ky) = lim lim r_ 2
x—0 y—0 x—0 \y—0 cx + dy z—0 y;(()) c+ d% C
x

Anasioriuno ojepxkyemo, o lim lim f(x, y) = =. »
y—02x—0 d

1 1
9. Yu icuytors noropHi rpanuni dyukuii f(z, y) = (r + y)sin—sin— B

"y
rouri O(0;0)7?



16 PO3ALI 1. I'panuya dynxuyii 6a2amvbor 3MIHHUT

Pose’sa3zox. Posrngnemo BHyTpinHIO rpanuiio lim f(z, y) y moBropHiit rpa-
z—0

y7#0

HUIL lir% lir% (x, y). Bamumemo f(x, y) y BUNISAIL CyMU JIBOX JOJIAHKIB:
y—0z—

11 .11
f(x, y) = xsin —sin — + ysin — sin —.
Ty y T

1 1
[Ipu dikcoBanomy y # 0 nepmmii jgogaHok xsin—sin— — 0 npu x — 0.

r oy
Y Jpyromy JIOJ@HKy J00YyTOK ¥ Sin — € CTaJiuM, BIJIMIHHUM BiJl HYJIS, SIKIIO

1 . 1 :
y # —, (n € Z), a cuiBMHOXKHUK sin — He Mae rpanuni npu z — 0 (B sk
™m x

1

3aBI'OJIHO MaJioMy OKoJii Touku x = 0 yHKIis sin — npuiimMae BCl 3HAYEHHS

: | : :
Big —1 10 1). Orke, Apyruil jgojaHoK ¥y sin —sin —, a 3HAYUTH 1 B QYHKI
Y x
: . : o1
f(z, y) ne mae rpanuni upu x — 0 i dpikcoBanomy y ue pisomy 0 i —. Takum
™

YUHOM, IIyKaHa BHYTPINIHS IPpaHuIld He ICHYe, a TOMY He 1CHY€ TTOBTOpPHA IPaHUIlsA

lim lim f(x, y). Anasoriano nokasyemo, 1o =e icaye lim lin% flx,y). »

y—0z—0 z—0y—
T
10. O6uucantn nosropi rparuili Gyukiii f(z, y) = Tyz B rouri O(0;0).
2%ty

Pose’asox. Maecmo

lim lim — s = lim <hm —) =0.
z—=0y—0 xr* 4+ y2 x—0 y;(()) T2+ y2
X

Amnasioriano ojepxkyemo lim lim 2—y =0. »
y—0x—0 xr° + y2

ayBakeHHd. B mnpukmagl 3 Oyso JI0BeJIeHO, IO TIpaHullsd (DyHKIII
flz, y) = Wyyz B rouri O(0, 0) we icaye. TakuMm 9MHOM, Ha OCHOBI TIPUKJIATIB
3 1 10 moxkHa 3poOUTU BUCHOBOK: 13 iCHYBaHHS 1 PIBHOCT1 HHOBTOPHUX I'DAHUIlb B

JIaHIfl TOUIIl ITle He BUILIMBAE iCHYBaHHs IpaHuIlll (PYHKINT B il TodIl. fAKINO XK
MOBTOPHI Tpanuili icHyrors 1 pizni (npukia 8), To i3 TeopeMu 2 BUILIUBAE, IO

rpanung f(z, y) B Touni M(a, b) me icuye.
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§ 1.3. 3aBaaHHs JIJII CAMOCTIiiTHOI poboTHu

1. losecru, o dyukuist f(x, y) neckinyenno masa B rouni O(0, 0), skio:

.TU2

9 () s ) (e )

1) f(z,y) =

2. O6UKCIUTH TPAHUIIL:

tg 2
1) lim =4 2) lim (1 + ay?) v,
z—=0 7Y z—0
y—0 y—3
b
Pyt S
: —(z*+y?) : 2 2\ ||
5) lim (z + y)e o 6) lim (27 +y7)"
Yy—o0 y—0
3. JloecTu, 1110 HE iICHYIOTH T'PAHMUII]:
2 2 1
1) hmx2+:cy+y27 2) lin% n(:n—l—y)’
12—y +y =
s1 —
3) lim in(v+y) 4) 1 royTe —l—y.

e im
=0 . /2 2’ z—0 €T
y—0 T +Y y—0 TY

4. Hosenits, mo yuknig f(z, y) = Ry Ma€ TakKi BJIACTUBOCTI:
a) nipu M(x,y) — O(0, 0) no Gyup-sikiii npsimiif, 10 TPOXOJUTH Yepe3 TOUKY
O(0, 0) rpanuts GYHKIGT JOPIBHIOE HYJTIO;
6) rpannnst dyukuii B rouni O(0, 0) He icuye.

5. O6uucsuru nopropui rpanuni lim lim f(z, y) i lim lim f(x, y), sakuo:

0 ) T—To Y—Yo Y—Yo T— X0
T+ ay+y

) f(xa y) $2—$y+y27 Lo » Yo )
sinx + vy

2) f(xay):m, ro =0, yo =0,
COST — COS Yy

3)f(x7y>: $2‘|—92 7330:07 ?JO:Oa
sin |z| — sin |y

4)f(1',y): 71:0:07y0:07
sin 3x — tg 2x

B)f(ﬂf,y): ,LUOZO,y():O,

6z + 3y
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22 + o2
6) f(z, y):m,
y
0 flay) =1
r+y

8) f(z,y) =sin7

2T

+ 3y

PO3BJIJ I. I'panuus dynkuii bazamsoxr 3MiHHUL

Ty = OO, Yo = OQ,

$0:+OO, Yo = 00O,

, Lo = OO, Yo = Q.

6. Yu icuyiors moBropui Ta mojBiiiHa rpanuni dyeKIl f(x, y) B TOUI

(370, yO)a AKHIO:
51?2

2

1) f(xa y) - 1'2;3/3’
2) f(z,y) =In(z +y), vo=1, yo =0,

Ty —

sinx + siny

07 Yo 207

3 T, Y) = , o9 =0, =0,
)f( y) 3611-3/ 0 Yo
rsin—- 4y
4 x, Yy =——"— 20=0, yo =0,
)f( y) T4y 2 02 Yo
r—y+ax+y
5! xr,y) = , o =0, =0,
)f( y) r+y 0 Yo
6) f(f,y):aTSiIl—, 'IO:Oa y():O,
2zy
0 f ) = g =0 w0 =0,
8) f(z, vy) :a:Qe_xQ_y, To = 00, Yy = 00,
9) f(.T, y) —lOgQ(.T-i—y), Ty = 17 Yo :Oa
Yy
10 ) = ) :07 :()7
x2—y2
11 = =2 =2
)f(xay) x2+2x—£€y—2y’ Lo v Yo )
x2—y2
13) f(xuy):—7 xOZOJ 3/0:0,
Ifg\ﬂg\
r- =y
14) f(l’;y):m; 29 =0, yo =0,
r—y
15 T, Y) = , g =0, =0,
)f( 3/) Tty 0 Yo
—x
16) f(x,y):yT, rg =0, yo =0,
a:2+y2
17fx7y: ,37:0, 207
) ( ) x2+y2+1—1 0 Yo
sin (22 + y?)
18) f($7y>: $2+y2 7330:07 y():O,
1 — cos (22 + 12
]‘9) f(x7y): ( y)7x0:07 y0:07

(2% + y?)(z?y?)



20) f(fl?;y)_x4+ 7 ©0=0, yo=0,
21) f(z, y) = (1erf§y2)_z21y2, z9 =0, yo =0,
22) f(z, y>_x;:_':_yy27 zo =0, yo =0,
23) f(z, y)—%, z9 =0, yo =0,
24) f(z,y) = xf?;’ zo =0, yo =0,
) e 9) =~ a0 =0, =0,

PO3/1JI II. HenepepshicTth (hbyHKINI DaraThox

3SMIHHIX

§2.1. OcHOBHI ITOHATTH 1 TeopeMu

Hexait dyunkiis m sminaux u = f(x1,22,...,%y,) = f(M) Busnauena na
vuoxuni { M} i mexaii Touka A(aq, ..., a,) — ToOUKa cKymueHHs MHOKuHE { M }
i Ae{M}.

Oynkiiist f(M) Ha3UBaETHCsT HENEPEPSHOIO B TOUIL A, SKIIO

Tim (M) = f(A). ®)

ITpupocmom (abo noserum npupocmom) byukiii u = f(M) B Touni A
nazuBaerbest Gyukiis Au = f(M) — f(A), M € {M}.

Hexait Ax; = z;—a;, 1 = 1,m, to Au = f(a1+ Dxq, ... an + Dxy) —

f(ay, ..., ay). OueBunno, mo ymoBa HemepepBrocTi dbyukiil f(M) B Touni A
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€KBIBaJIEHTHA YMOBI

lim Au=0 a6o lim Au=0. (3)
M—A Al‘l—>0
Am#—)O

Touku ckymuenns obaacti Busnadennst Gyl f(M), B IKUX He BUKOHYEThCSI
yMoBa (2) 1au (3), HABUBAIOTHC MOUKAMU PO3PUBY PYHKUYIT.

Badikcyemo Bci aprymentu dyukuii (M), KpiMm 0jHOrO, HAlpUKJIA, Tk,
B3SIBINA X; = Q;, UPH © # k. ApryMeHTy xj HaJaMO JOBLIHLHOIO MPUPOCTy Ay
tak, mob (ay,...,ap_ 1, Tk + ATk, Qpi1, .., ap) € {M}. Oyukuis u = f(M)
orpumae ipupict Ay, u = f(ay, ..., ap_1, ap+ AT, Gprt, -5 am)— fa1, ..., am).
Ieit mpupicr Ha3uBalOTL wacmurHum npupocmom dyukiii f(M) B Touni A,
1110 BiJOBiae pupocty ATy apryMeHTy Ty.

QyHKIA % HA3UBAETHCA HenepepsHoro 8 desariti mouui no 3MIHHIU X},

gakmo lim A, u = 0.

Al‘k—>0
Oyukiist f(x1,...,T,) HABUBAETHCA HENEPEPEHOI NO 3MIHHIT T) B TOUL]
A(ay, ..., ap), akmo byskiis f(ay, ..., a1, Tk, Qgi1, - - -, Q) ONHIET BMIHHOT T,

HerepepBHa, B TOUIL .

3ayBaxkuMo, 110 JIBa IOIepeHl O3HAUeHHs HemepepBHOCTI (PYHKINNR B TOUII
110 3MIHHII T} € eKBIBAJEHTHUMU.

OueBujiHO, MO SKINO (PYHKIS HelepepBHa B To4YIl A, TO BOHa HellepepBHa 110
KOXKHIN 3MIHHIH, 110 KOXKHIN Mapl 3MIHHAX, 110 KOXKHI# I'PyIl 3MIHHUX.

Oyukiist f(M) HasuBaeThesi HenepepeHoro Ha mHodcuni { M}, sxiio Bo-
Ha, HeepepBHa, B KOXKHIM TOYII I1€] MHOXKIHU.

Hexait dynkuii 1 = @1(t1,...,tk), ..., Tm = ©m(t1,...,t;) BU3HAUEH]
na muokuni {T(ty,...,tx)} C RF i koxuiit rouni T(ty,...,t) € {T}
CTABUTHCA y Bifmosimgnicts Touka M(xq,...,x,) € R™. Iloznaunmo MHOXKUHY
Bcix Takux Todok vepes {M}. Hexait na muoxuni {M} Busnadena ¢yHkiis

u = f(x1,...,2y). Toni kaxyrs, mo wa mMuOKUHI {1} BU3HAUEHA CKJaJEHA

byukiisg v = f(e1(ty, .- tk), - pm(te, .o k).
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Teopema 1 (mpo HemepepBHiCTH ckJiageHoi dyHKIl). Hexad ¢yn-
kil x1 = ©1(t1, -y tk)s s T = @ty ... tk) € HenepepenuMu 6 MOU
Aa, ... ar), a pyukuyia u = f(x1,...,2,) Henepepena y 6i0N06I0HIT MO
B(by,...,by), de by = pilay,...,a;), i = 1,m. Todi ckaadena Pynruis
u= flp1(ty, ..., tk), .., em(t1, ..., tx)) nenepepena 6 mouyi A.

Oyuxris u = f(M) HazuBaeThCst 0bmedrcenoro na muodtcumi { M}, akimo
icayfoTh craji uncsa ¢ 1 C' raxi, mo st goBuibHOT Toukn M € { M} BUKOHYETbCs
wepisnicrs ¢ < f(M) < C.

Yucsio « Ha3WBAETHCST MOYHON0 8EPITHBLON Mmedcero Pynruyit u = f(M)
na MuHOKuHl {M }, siKino:

1) (VM € {M}) Bukonyerncs mepisricts f(M) < «,

2) (Vo <«a), (IM' € {M}) raxa, mo f(M') > .

[Tosnauenns: a = sup f(M).

{M}

AHaJIOrIIHO JAEThCsI O3HAUEHHS MOYHOT HUNHCHBOT MedHCT YHKULT Ha MHO-
wuni {M}. i nosnauaiors ijr\l4f f(M).

Teopema 2 (meprira Teopema Beitepirrpaca). Henepepena na 3amrny-
mati 0OMeAHceHils MHOACUHT GYHKULA 00MEHCEHA HaA ULTE MHOACUHL.

Teopema 3 (apyra teopema Beiiepirpaca). Henepepsna na 3amknymii
0OMENCENIT, MHONCUNHT PYHKULA D0CAAE HA ULT MHONCUHL CBOIT MOUHUL MEDIC.

Oyukiiist u = f(M) HASUBAETHCS PIBHOMIPHO HENEPEPEHOIO HA MHOHCU-
ni {M}, axmo (Ve > 0) (F6(e) > 0) make, mo (VM;y, My € {M}), ski 3aj0-

BOJIbHSIOTE HepishicTb p(My, My) < §, BUKOHYETHCsI HEPIBHICTD

|f(My) — f(Ms)] <e.

Teopema 4 (Treopema Kanrtopa). Henepepshna na 3amrmenit obmestcenii

MHONCUNL PYHKULA € DIGHOMIPHO HENEPEPEHOIO.

KoHTpoJibHI 3anuTaHHd 1 3aBAaHHs

1. JlaiiTe o3HaveHHs HenepepBHOI (PYHKIT B TOYII.
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10.

11.

PO3JIJI 11. Henepepericmo dynryti 6a2amvor 3MIHHUL

. Ilo rake mosuwmit mpupict dbyukmii v = f(M) Tourmi A? dx 3amucarn ymoBu

HerepepBHOCTI GyHKIIT B TOUII A, BAKOPUCTOBYIOUH IPUPICT (DYHKINHI B TOUII?
Banuuirs npupicr Gyukiii u = zy B rouni A(1; 2) uepes upupocru Az i Ay
1T apTr'yMeHTIB.

ki Touky HaszMBalOTHCs TOUYKamu pospuBy ¢yukiii v = f(M)? Hasemith
IMPUKJIAIN TOYOK PO3PUBY (PYHKINI JBOX 1 TPHOX 3MIHHHX.

[Ilo HasuBaeTbesi YacTHHHAM mpupocroM GyHKMl v = f(M) B Toumi
Alay,...,ap)? Ak opepxkarun vacrurnuii npupicr gykuii i3 17 10BHOO
npupocTy? SamuiniTh JacTuHHi npupoctd GyHKNil v = zy B Touri A(l; 2)

Jepes3 MpUpPoOCTH 11 apTyMeHTIB.

. Cdopmyuoiite Ba o3uavenus Henepepsrocti dyukmil w = f(M) Tourmi A no

OKpEMHX 3MIHHUX 1 JOBEIITH 1X €KBIBAJEHTHICTD.

. dx now’sizana HerepepBHiCTb (DYHKIIT B TOYI 110 CYKYIHOCTI apryMeHTiB i

HerepepBHICTb (DYHKINT B Il TOUI 110 OKPEMUX 3MIHHUAX !
Cdopwmyroiite Teopemy 1npo apudMeTnyHi il HaJ HenepepBHUME (DY HKIISTMU.

HoBejiiTh 1110 TeopeMy, BUKOpUCTOByIo4uM Teopemy 1 3 pozjiiy 1.

. Cdopmyioiite HMOHATTA CKJaJieHOI (DYHKINT 1 TeopeMy IIPO HeIepepBHICTH

CKJIaJIeHOT (DYHKIIIT.

. HaiiTe o3HaueHHsT HEIIepepBHOI Ha JaHiil MHOXKUHI (ByHKIIT. Yu € GyHKITII

HelepepBHa, Ha BCiii MJIOMTUHI?

Haiite o3HaueHHs1 0OMeXKeHOI Ha JlaHii MHOXKUHI GyHKII. Yu € pyHKIlisa

sin (z + y)

obmeskenoio: a) B kpysi {(z, y) : 22 + y* < 1}; 6) na oci OX.

CdopmyitoiiTe o3HadeHHST HCOOMEXKEHOI Ha JIaHIil MHOXKMHI (DYHKIIIT.
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12.

13.

14.

15.

16.
17.

18.

19.

20.

21.
22.

Cdopwmyoiite nepiry Teopemy BeitepimTpaca mpo BJIaCTUBICTH HemepepBHOI
yHKIII.

Yu e cupapemyimBuM TBepikerns: “Hemepepsra B €-okojii Toukn A QyHKIis
u= f(M) obmexena B pOMy OKOJi"?

Yu moxke neobmexena Ha Muoxkuni { M} dyukiis OyTu HenepepBHOIO Ha, Il
MHOKUHI, AKIO: ) { M }~m-sumipna chepa; 6) {M} = {(z, y) : 2*+y* < 1};
B) {M} = {(z,y) : 2 +y* < 1}.

Haiite o3HaYeHHsI TOYHOI BEPXHBOI 1 TOYHOI HUXKHBOI MeX (DYHKIIT Ha JlaHii
x

x? + y?
Cdopmymoiire jgpyry Teopemy Beiteprinrpaca.

MHOXKUHI. Yu Mae PyHKINST U = TOYHI M€Kl Ha BClil mrommHi?

Yu crnpaseiuse tBepkenns: “Akmo byukiis v = f(M) mocsirae Ha MHO-
x)uui {M} ¢BOIX TOUHHX MeXK, TO BOHA HelepepBHA Ha Il MHOXKWHI?

Yu BipHe TBepKenns: “Henepepsua B napaJesenine/ii pyHKIS Ma€ B IIbOMY
napaJiesienine/ii MakcuMaJbHe 1 MiHIMaJbHe 3HaYeHHST !

JlaiiTe o3HaueHHs1 piBHOMIPHOT HerepepBHOCTI (pyHKINT. fK 1OB’d3aHi MiXK cO-
0010 HelepepBHICTh 1 pIBHOMIpHA HenepepBHICTh (DYHKIT Ha JaHiil MHOYKUHI?
JlaiiTe 3amepevueHHsl O3HAYCHHS PIBHOMIPHOI HEIIEPEPBHOCTI.

Cdopwmyitoiite Teopemy Kanropa.

Yu Bipue TBepkennst: “Henepepsra B e-okosi Touku M dyukiis u = f(M)

PIBHOMIPHO HemepepBHa B ILOMY OKOJII’!

§ 2.2. IIpukyiaan po3B’a3yBaHHA 3324

r—Y
23 — 3
Poseg’azoxk. lana ¢pyHkKiiisg He BU3HAUEHA B TUX TOYKAX, JI€ 3HAMEHHUK JIPO-

1. SuaiiTu TOUKU pO3pUBY PYHKINT U =

Oy piBHUII HyJst0, TOOTO Ha HpAMiit y = x. B iHmMMX ToUKaxX TMIOMUHU (DYHKIIIA

Bu3HadeHa. OCKLIBKU KOXKHA TOYKA MPSMOl Y = T € TPAHUIHOIO TOYKOI 00J1acT]

BU3HAYEHHs 1 B Hiil (QyHKIS He BU3HAUEHA, TO B KOXKHIH TOUI mpsaMmol y = x

dyHKIisg Mae po3puB. B Oy/ib-siKiii 1HIIINA TOYII ILJIOIMMHA (DYHKIIIsA HEllepepBHA.
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Ao Touka A(a; a) # O(0; 0), To

. T—y ) 1 1
lim ———5 = lim — 2 342
ysa - Y y—a L Ty +y a

Tomy Touxy A(a; a), a # 0, MOXKHaA HA3BATH TOYKOK YCYBHOTO PO3PHBY. fKINO

1 . :
noosHaunTd u(a, a) = 32 1O dbyuknis u(z, y) Oyjie HemepepBHOI B TOUIN
a
A(a; a). B rouni O(0; 0)
T — 1
aysjga: -y 5383: +ry+y
Touka O(0; 0) — TouKa HEYCYBHOTO PO3DHBY. B
2. JloecTu, 110 QpyHKIIIs
x
20,
u=flz,y)=q% TV
0, 2?4y =0

e nenepepsroro B o4l O(0; 0) 1o KoxHiit 3MiHHIN, ajie He € HellePePBHOIO B 11iii
TOYIIl MO CYKYITHOCTI 3MIHHUX.
Pose’szok. Posrusinemo wactwnumii npupicr dynkuii  f(z, y) B Touri

O(0; 0), mo BigNmOBi A€ TPUPOCTY AT apryMeHTy T :
A= f(Ax, 0) — F(0,0)=0—0=0.

OueBuHO, 1110 Alim Ayu =0, a e ozHauae, mo f(x, y) HemepepBHa B TOUII
z—0

O(0; 0) mo 3minnii x. Arasoridno oxepxkumo, mo f(z, y) HEmepepBHA B TOYII
O(0; 0) 1o y.
106 mosectu, mo dyukiisa f(z, y) He e Henmepepsrowo B Touri O(0; 0) mo

CYKYITHOCTI apryMeHTiB, BUKOpHcTaeMo mpukiaan 3 3 §1.3. B mpomy mpukiai
OyJI0 JIOBEJCHO, 1110 rpaHuld PYHKIIT U = %yyg B rouni O(0; 0) He ichye.
3Bijcu BurnBae, mo dyHKIs He € Henepepsroo B Touni O(0; 0). »

3. Jocuiguru yHKIIIO

cos (x —y) — cos (z + y)
2zy

, xy # 0,
u(z, y) =
1, xy =0
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Ha HEMepepBHICTh MO OKPeMUX 3MIHHUX i MO CYKyNHOCTI 3MIHHHX: &) B TOUII
O(0; 0); 6) B Touni A(1; 0).

Po3sg’a3ox. Bukopucropyrouu (GpopMmysty it PI3HUIL KOCUHYCIB, 3allUIEMO

dbyukiio u(x, y) y Burasa

smgcsmy7 2y 40,
u(z,y)=q ¢ Y
1, zy = 0.
a) Ockinbku
lim u(z, y) = lim Tl im Y =1 = u(0, 0),
x—0 z—=0 x y—=0 Yy

y—0
T0 u(x, y) wenepepsua B Touni O(0; 0), a oTke i HerepepBHA MO KOXKHI 3MiHHIiT
30KpeMa.

0) Posrostremo dyukiiio u(z, 0), sxa piBaa opguaumi s Beix x. Tomi dbyH-
kiist u(x, 0) B Touni * = 1 HenepepsHa, 60 igr:ll u(x, 0) = 1 = u(l1, 0). Orxe,
u(zx, y) menepepsua B A(1; 0) mo z.

Posriisinemo Tenep yHKIIIO
sin 1%, y # 0,

u(l, y) =
1, y = 0.

Ockinbkn
sin

limu(l, y) = limsin 12 = sin1 # 1 = u(1, 0),

y—0 y—0 Y

10 u(1, y) pospusHa B Touri y = 0. Ile oznavae, mo dbyukiis u(z, y) po3puBHA

B rouni A(1; 0) 1o cykynHocri aprymenris. »
_ xt 4y .
4. Hosecru, mo dyukuis u(z,y) = —; v oOMexKeHa Ha MHOXKWHI
2y Y
Q= {(z,y): 0<az?+y?*<1}. 3naiitn ii Touni Mexi Ha il MEOXKMHI.

Poseg’azok. st jnociiijipKenHs 3pydHO HEPERTu JI0 MOJISPHUX KOOP/MHAT:
x = peosp,y = psing. Toni u = p*(cos’  + sin® ) = p*(1 — Lsin®2¢).
Ockisbkn 0 < p < 1,710 0 < u <1, 10010 U(Z, Yy) OOMEKEHA Ha MHOXKUHI ).

IIpu p =1, ¢ = 0, TobTO B TOUIi 3 KoopauHaTamMu * = 1, y = 0 ¢yHKIis

u(x, y) ngocsrae cBoro Haitbinbmoro 3uaventst sup u(x, y) = 1. Ockinbku u — 0
Q
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mpu p — 0, 10 u(x, y) npuiimae K 3aBrojHO MaJi JojaTHi 3HadenHs: (Ve > 0)
(F(zo, yo) € Q) Taka, mo u(xg, yo) < €. 13 mepisrocti u(x, y) > 0 BuLIUBAE, 10
i%fu(x, y) = 0, ase u(z, y) He jocsirae CBOrO MiHIMAJIBHOIO 3HAUEHHS HI B OJIHIf
touri (2. Suauuth u(x, y) HE Mae CBOrO MiHIMAJILHOTO 3HAUCHH B (). B

5. Jlosectu, mo ¢yukiis u = x + 2y + 3 piBHOMIPHO HelepepBHA Ha BCiit
TIJIOTIIAHI.

Poss’s3ok. Jlna noBejieHHS BUKOPUCTAEMO O3HAUYEHHS PIBHOMIPHOI Here-
pepBHOCTI QyHKIHT. 3agaMo JjoBlibHe uncao € > 0. Toul st JOBUIBHUX TOYOK
Mi(z1, y1), Ms(xo, y2), 1m0 3a/10B0BHSIOTE HepiBHICTE p(My, M) < §, GyayTh
BUKOHYBATUCh HEPIBHOCTI |11 — Xo| < 0, |y1 — 2| < 0.

Orxe,
|U(M1) — U(M2)| < \xl — .ZQ‘ + Q‘yl — yg‘ <0+ 26 = 30.

€
[T106 |u(M;) —u(Ms)| Gysio menium 3a €, JOCTATHBO B3sATH O < 3 [3 o3Ha4eHHs!
pIBHOMIDHOI HeMepepBHOCTI BUILIUBAE, 1110 u(Z, y) PIBHOMIDHO HEIEPEPBHA HA BCiii
IJIOIIIMHI. P
3 3
: : . . : x°+y
6. Jocnigurn Ha piBHOMIpHY HemepepBHiCTh GyHKIIO u(T, y) = R HA,
ey
vuoxkuni Q = {(z, y): 0 < 2? +y? < 1}.
Po3e’s30%k. 3a O3HAYEHHSIM TYT CKJAJIHO MEPEBIPsITH Ha PIBHOMIPHY Hele-
pepBHicTh. O0sacThb () He 3aMKHEHa, TOMY He MOYKHa BUKOPUCTATU TeopeMmy Kan-
Topa, aje u(x, y) MoxHa 1o HernepepsHocTi joo3uaanT B Touri O(0; 0). Ilepe-

JIITOBIIM JI0 TIOJISIPHOI CHCTEeMH KOOPJMHAT, MaeMo u = p(cos® ¢ + sin? ©), TOMY

u— 0 mpu p — 0. Orxke, 1in(1) u(zx, y) =0.
T—
y—0

u(z,y), (z,y) # (0;0),

0, (z,y) = (0;0).
Oynxuisa u*(z, y) nenepepsua B kpysi Q = {(x, y) : 0 < 2?2+ y? < 1}. 3a

Posrsiremo dyuxiio v*(x,y) =

teopemoro Kanropa u*(z, y) pisHoMipro memepepsHa. Tomy wu(z, y) piBHOMIpHO

HerepepsHa B mpokosienomy kpysi Q = {(z, y): 0 <z?+ 3> < 1}. »
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§2.3. 3amadi i BmpaBu AJid CAMOCTIiiHOI poboTu

1. Buaiitu TOUYKKM PO3pUBY (DYHKIILIA:

1
u=——— 2) u=1In(4—a*—y
) u x2+y12, Ju=1In(4—z"—y"),
X
) u :p2—|—y2—22’ ) u smy,
5>u:SIHZESIHy.
Ty

2. Jlocnigits dyuknio u(x, y) na senepepsuicts B Touri O(0; 0) i B Toumi

A(zx, y) 10 KOXKHII 3MIHHI 1 O CYKYIHOCTI 3MIHHUX, SIKIIIO:

/ x2y2

TV w g £,
u={ 2 +y! A(1; 2),
0, 2t +y' =0,
/ $3 2
4—y4’ at+yt #0,
Nu=L T +TY A(107% 1079),
0, 2t +y! =0,
(x2_ 2
2—@/2’ 2?4+ y* #0,
Nu=< T°+Y A(0; —1),
|1 v’y =0,
Loaty#0,
Hhu=¢ T+Y A(0; 1),
\0, r+y=0,
(sinx + siny Tty 20
Hu={ Tty A3 —3),
\1’ x+y=0,
(cosx — cos Yy 20
y L =Y )
6) u =< =y Ai(Gs §), Ag(m; ).
07 x—y:(),
(

3. Yu obmerkeni mgaHi GyHKIIIL:

1) u=a?—y? B xpysi {(z, y) : 2% +y? <49},

2

2) u = 2% — y? 3z08Hi kpyra {(z, y) : x*+y? > 49},
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2 b2
3)U=%le/lx2+y2#o,a,b€R,
e +y
4)u:cos(x—|—y)—cos(a:—y) ——
: Ty
5)u:sm(ac—|—y)—sm(w—y) —
LY
Inx —1
6)u:unpﬂx7§y?
r—y

4. JlosejiiTh oOMexkeHicTb (pyHKIIT HA BKa3aHil MHOXKUHI, 3HAMITh 11 TOYHI

MexK1 Ta BCTAHOBITH, UM JIOCAra€ (PYHKIIiS CBOTO HAMMEHIIOIo 1 HaibLIbIIIOro 3Ha-

YeHb:
22 — 42
1u:—HI/I$2—|—2 0,
) R p y: F#
2) u = 372& na Muokuni {(x, y) : 0 < 2% +y? <9},
:1;‘4-%;
3) u=——- fHyt#£0
) u el L +y' #0,

4) u = xye ™ na muoxkuni {(z, y): x>0,y > 0},
a(z? + y?) + b2?

5 =
A N

npu 22 +y* + 22 #£0, a > b,

5. Kopucryrmounch o3HaUeHHAM PIBHOMIPHOI HENEPEPBHOCTI, JTOBEIITH PiBHO-

MIpHY HelepepBHICTb (DYHKIIT HA JIaHIl MHOXKIHI:

1) u = ax + by + ¢ na sciit momuni R?, a # 01 b # 0 oxHouacHo,
2) u=2%+9y? B kpysi {(x, y) : 2> +y*> <1},
)u=+/2%+y?+ 2% B R,
)

u=12%— 93 B xBagpari {(z,y): 1<2<2 0<y<1}.

> o

6. JlocsijiuTu QpyHKINIO HA PIBHOMIPHY HEIIEPEPBHICTH Ha 3a/IaH1il MHOXKWHI:

1)U—MHaMHO)KI/IHi {(z,y): 0<a2?+y* <25}
_I2+y2 » Y) - Y )
Vot 4y
9) y= VI Y (2, y): 0<a? 442 <1),
) u 21 na MuooxkuHi {(z, y) r*+y* <1}
222
3) u = na Muokunax 2 = {(z,y) : 1 < 2?2 +y* <2} i Qy =

xt+ oyt
{(z,y): 0<a*4+y* <1},



224y — 22
Yu= 557

T2+ Y+ z

i Qe ={(z,y,2): 0<a®+y?+22 <1072},

1 :
5) u = xsin— na muoxkuui {(z, y): 0<z <1, 0<y<1}.
Y

na muoxkunax 1 ={(z, y, z) : 1072 <2 +y*+ 22 <100}

PO3/IIJI III. HactuaHA]I DOXI1IHI 1

andpepeHIfiitoBHICTL (PYHKITIT

§3.1. OcHOBHI NOHATTS i TeopeMu

Hexait M (z1,...,%,;,) — BHyTDIlIHS TO4YKa OOJacTi BU3HAYEHHST (DYH-
kil f(x1,...,2,). Hagamo upupocry Axy 3wminniit xp rak, mob Touka
M(xq, ..., x-1, 2 + ATk, Tpt1, ..., Ty) HaJEKaJA 00JIACTI BU3HAUCHHS (DYH-
kil f(x1,...,2,). Posrugnemo wacruunuit npupict el GyHKIGT B TOUI
M (xq,...,xy), MO BANOBLIAaE TPUPOCTY Axj ApTyMEHTY Tj

Apu= f(x1,..., k1, Tk + ATk, Tpi1, -« Tin) — f(T1, 0 T).
Binnormenns AAx;U e dynkmieo oamiel 3Minnol Axp mpu dikcoBaHiit ToUI
k

M(xy, .. Ty oo, T
Jacmurnoro noridnoto Gyukuili v = f(r1,...,T,) 10 aprymeHry Ty B
Touri M Ha3MBAIOTL IPAHUITIO
A u
lim =2
Azp—0 A.ka

IIpU YMOBI, 110 BOHA 1ICHYE.
Hacrunua 1oxijiHa M03HAYAETHCS OY/Ib-SKUM i3 CUMBOJIIB:

o oy OF

3_1‘1«( ’ 8xk(M)’ Uy, (M), [, (M).
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Posrisinemo nosunii ipupicr Au= f(z1+Axy, ..., xn+Axy,)— f(21,. .., )
byukiil f(x1,...,T,) y BHyTpimHii Touni M (zq,. .., x,) obaacri BU3HAYCHHS,
Au — dyukiis aprymentis Axy, ..., Ax,,. Oyukuis v = f(x1,...,T,) Ha3UBa-
eTbes dugepenyitiosnoro 8 mowui M (zq, ..., x,,), 9KIIO i1 TOBHUI MPUPICT B

I1if TOYIl MOXKHa TIOJATH y BUTJIsIIL
Au = AlASIZl + AQAZCQ + ...+ AmASEm + Oélel + ...+ OémASIZm, (4)

ae A;, 1 =1, m, — nesiki aucia, «; — QyHKIT aprymedTis Ax;, HECKIHIEHHO MaJil
opu Ax; — 0,...,Ax,, — 0 i piBui mymio opu Az; =0,...,Ax, = 0.

YuoBy judepentiiioprocti (4) MOKHA MOIATH 1 B iHIIH ekBiBageHTHIH (hopmi

Au= A1Azxy + ...+ A Az, + a(p), (5)

e po= (Az)?+ ...+ (Azy,)? — sigcrans mixk Toukamu M (zq, ..., Zn),
Mi(z1 + Axq, ...,z + Axy,), a(p) =o(p) upu p — 0, «(0) =0.

Teopema 1. frxwo dynxyia u = f(x1,...,2,) Jupepenyitiosna 6 mouyi
M, mo eona nenepepena 6 Uil mouug.

ObepHena TeopeMa HeBipHa, TOOTO HellepepBHICTH (PYHKINI B TOUI € TIIHKU
HEOOX1JIHOI0 YMOBOIO JTU(EpPEHIiIOBHOCTI.

Harajiaemo, 1o jyist dyukuii v = f(x) icnyBanus 10xijHoi B To4li ) €
HEOOXIJIHOIO 1 JIOCTaTHBOIO YMOBOIO JudepeHIiiioBHocTl (PyHKIIIT B TOUII.

Teopema 2 (HeoOximHa ymoBa audepeHIiiioBHoCTi). drwo dynryia u
dugpepenuitiosrna 6 movwui M, mo Goana MGE 6 ULl MOoYUL YaCMUHHE NOXIOHL 1O

U

KoorcHomy apeymenmy. Llpu yvomy 8_(M) = Ay, k=1,m, de Ay — wucaa 13
Lk

pienocmi (4) wu (5).
YumoBy gudepentiitoBHocTi (4) MOXKHA 3aMUCATH Y BUTJISII

0 )
- a%(M)A:In b 2 M)Ay + Az + .+ A,
1

Au(M)
0T,
ObepHena TeopeMa He BipHa, TOOTO ICHYBaHHSI YaCTUHHUX IOXIJIHUX HE 3a0e3-
neuye judepeHiiitoBanocTi PyHKIII.

Teopema 3 (moctaTHs ymoBa audepeHiioBHOCTI). drxwo dynruyia

u = f(x1,...,2m) = f(M) mae wacmunni noxioni no xoHcHoMy apeymenmy
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X1, ..., Ty 6 deakomy okosr mouwku M 1 ui wacmunHi Noxioni HenepepeHi 6
mouut M, mo ua pynwkuia dupepenuitiosna 6 mowui M.

3ayBaXKuUMO, 1[0 HEIEPEPBHICTh YaCTUHHUX IMOXIJHUX € TLIBKHU JIOCTATHBOIO,
aJle He HeoOxiJIHOI yMoBow judepeniiioBaocTi GyKIil. Oyakiis Oyue jgude-

PEHIIIHOBHOIO B TOYII, SIKIIO 1T PUPICT B Iifl TOYI MOXKHa 110jiaTn Y (hpopmi

ou ou
Nu(M) = Z=(M)Az; + .+ 5 (M)A + o(\/Aa? + ...+ Aa2,).
Oynxuis u = f(z,y), BusHadena B jeskiii obmacrti D C R?, zanae B D

noepxuio S. dAkmo u = f(x,y) nudepenniitora B Touni My(xg,y), TO B TO-
ari No(zo, Yo, f(zo,v0)) icuye pormuna muiomuHa o nosepxui S (rpadika miei

bYHKIIT), TPUIOMY PIBHSHHST JIOTUIHOI TUIOMINHA 3alUCYETHCS Y TAKOMY BUTJISII

ou @

5 (Mo)(@ — o) + ay(MO)(y — o) — (u— f(zo,90)) = 0.

BekTop 1 HOpMaJii JI0 JIOTUYHOI ILJIOIIKUHE, TOOTO

il = {%(MO),(;—;(MO),—I}

HA3WBAIOTH 6EKMOPOM HOPpMaai (abo HOpmaaaro) 10 mosepxai S B Toui
No(zo, yo, f (0, Y0))-

Teopema 4. Hexati gynwuii v1 = ©1(t1, -5 tk)s- s Tm = ©m(ty, .-, k)
dupepenuitiosni 6 mouyi A(ay, ..., ar), dynruia uw = f(x1,...,Tm) dupepen-
witiosna y 6idnosionit mowyi B(by, ..., by), de by = @i(ay,...,ax), i = 1,m.

Todi crxaadena pynruia uw = f(o1(t1, ... tk)s s om(ts, ..., tk)) dupepenyitios-

na 6 mouyi A(ay,...,a,) @ i wacmunni norioni 6 il Mouyi GUPANCAOMBCA
dopmyramu
ou of 0y of Hpo
o (A) = 2=(B) 2 =(A) + =(B) 5 —=(A) + ...
Of 0 0¢m, («  ~—~ Of . 0p; .
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Iepwum dugpeperuiarom dyukmii v = f(x1,...,T,) B Touni M Ha3uBa-
€TbCs JiHiHA QyHKIIS aprymenTis Axy, . .., Ax,, BULISILY
ou ou
du = — M)Az + ... + —(M)Ax,,.
89@'1( ) ! a%m( ) "
Hwudepenmian dr; nezanexuol 3minnol x; piBamit Az;. Tomi audepentias
byukuii v = f(x1,...,2Ty) B rouni M MoxHa 3anmcaru:
ou ou
du = —(M)dx1 + ... + —(M)dx,,. 7
LM+ o+ (M) )

Ao aprymenTu ; He He3aJiexKH1 3MiHHI, a judepeniifioHi QyHKIIl, TO
dx; — nudepenniamu OYHKIIH ©; = @;(t1, ..., ), ane Gopmyrna (7) mMae Toit ke
BUTJIsIJI, 10 1y BUIAJIKY, KOJIM X; — He3aJexkHl 3MinHi. Taka BjacTuBiCcTh Jiude-

peHIiaga Ha3uBAETHCA tHBAPIAHMHICMIO hopmu nepuwoz2o dudeperuiana.

KoHTpoJIbHI 3annTaHHA 1 3aBIaHHHA

1. Jaiite o3mauenus gacturnol noxignol Gyukml v = f(xq1,...,x,) 00 apry-
MEHTY ; y BHYTPIIIHIN TOUIi 00JIaCTi.

2. Haitre o3nauenus jiudepeniitoBocTi GpyHkiil B janiit Touni. JosejiTh ekBi-
BaJIeHTHICTH yMOB Judepentiiiiopanocti (4) 1 (5). Josemits qudepeniiiiiopricts
dbyukIil u = x1x2 B Toumni (0;0), 306pasusim npupict QyHKIIT B 11iil TOUI Y
BUTIIS L (4).

3. HoBemiTh,Io JudepeHIiiioBHa B jgaHii Touni pYHKIsS HellepepBHa, B il TOUII.
[TpusejiiTh pukJIa/,110 0OEpHEHE TBEP/XKEHHSI HEBIpHE.

4. CdopmyoiiTe TeoOpeMy PO JAOCTATHI yMOBU JuEPEHIIHOBHOCTI.

5. Hexaii nana gpyuxkiiis

0, Ha ocsaX KOOPJUHAT,

u(z,y) = .
1, B IHMMX TOYKAX TJIONIMHY .
Bona mae raki siacrusocri: u,(0,0) = u,(0,0) = 0 B Oymb-sikiit Toui
ou ou
M(z,0), ne x # 0, = 0, a 5, 1° icuye; B Oyb-sikiit rouni M(0,y),
£ Y
ou ou . : ou  Ou
y # 0, — = 0, a — He icHye B IHOIUX TOYKAX IJIONHUHE — = — = ()
Oy ox ox oy
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(obrpynTyiiTe 10 BIACTHBICTH). Paszom 3 M (yHKIIS pO3pUBHA B TOUIN
0(0;0) (mosicuith woMy), a 3Ha4YUTH 1 He udepeHiiiioBHa B Tiil TOUII.
[TosicuiTh 111030pHE “ipoTUpPivdUs’ 1LOIO PUKJIAJLY 3 TEOPEMOIO 1IPO JIOCTATHI
yMOBHU JInpePeHIiHOBHOCTI.

6. Axwmit reomerpuanmit 3mict gudepentiitoprocTi hyrKIil B Touni? laiTe o3na-
YeHHS JOTHIHOI ITOMUHN 10 moBepxHi u= f(x,y) B Touri M (zo, yo, f (0, %0))-
Hamumnite piBHIHHS JOTHYHOI IJIOIMIWHY B il TOYII.

7. o rake jgudepennian dbyuxuii v = f(x1,T2,...,%y) B ganiit rouni? Bij
SIKUX apT'yYMEHTIB BiH 3aJI€KUThH !

8. dAkwuit reomerpuanmit 3mict audepeniiana dyHkiil B Touni M (z,y)?

9. o posymieMmo mij] iHBapiaHTHICTIO (pOpMHU HEpIIOTo Audepeniiaa?

§ 3.2. IIpukyiaau po3B’a3yBaHHA 3324

1. Hosectn, mo (pyHKITIsT

3 3
r°+y 9 9
Y x+ 07
u = x? + 12 v 7
0, 2 +y* =0

B rouri O(0;0) Mae gacTuHHI TOXiHI, ajse He qudepeHiiioBHa B 1miil Tod.
Poses’azok. Ockimbku Ayu(0,0) = Az, Ayu(0,0) = Ay, To
Au Ayu

A A ~ 1= w00, fim Z0r =1 =1,(0,0).

Orxe, dynknis Mae gacturni nmoxigui B rouri (0;0). Hosememo, mo u(x,y)
ue judepenniitosaa B rouni O(0;0). Ipunycrumo uporuiexue. Topi Au(0,0) =
u(Az, Ay) — u(0,0) moxna nonaru y suram Au = u,(0,0)Ar + u (0,0)Ay +
o(p), ne p = V/Ar*+ Ay? Ockimbku u,(0,0) = u,(0,0) = 1, To iz ymosn
nbepeHIiitoBHOCTI MAEMO

Ax? + Ay?
———=Ax+ A
A Ay z + Ay + o(p),

abo

Ax3 + Ay
u—A:{:—Ay:o(\/A:U?JrAﬁ).

Ax? + Ay?
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o(v/ 22+ y?)

[Tokazkemo, 1110 B HAIIOMY BHIIAAKY 1ie He Tak. [iiicHo, B3ssim Ay = kAx, k # 0

Tyt — 0 mpu Az — 0, Ay — 0 He3aJeKHO OJiHE BiJ JIPYTOTo.

MaEMO
Axd + Ay —(k* + k)
li ————— —Ar—Ay ) VAR + Ay =—— &
timy (S s =87~ ) VATERR = G ke

TOOTO TpaHuUIlst B3arasi e icaye. Qe mpumyenss, mo GyHKIiisa u(x, y) B TOUIl
0(0;0) nudepenniitosra — HeBipHe. B
2. Jloectu, 1mo pyHKIiis

(2% + y*) sin v’ +y* #0,

u(z,y) = 22 +y
0, 2+ =0

27

mae dacrurni noxijni B okosii rouku O(0;0) 1 gudepenniitosna B niit o4, aje
qacTuHHI ToXiHi pospusai B Touri O(0;0).

Pose’saszox. Y Bcix Toukax, kpim O(0,0), yacTunHi HOXijHI 00UUCTIOIOTHCST
3a MpaBUJIaMi OOUMCJIEHHS MOXIJIHUX, HE BUKOPUCTOBYIOUN O3HAUEHHST YaCTHHHOL

noxiaoi. Tomy

1 1 2z
/ . . 2 2 . R pu—
u,(x,y) = 2xsin N " + (27 +y7) cos - 21y ( 2(22 + y2)3/2>

1 T 1
= 2 sin — CcOS ———,
/x2+y2 /.Z'Z _|_y2 /l‘2+y2
pu 22 + 3% # 0.
B rouri O(0;0) st hopmysia Brpadae cence, aje 1e we o3uadae, 1mo u..(0,0) He

icaye. st snaxomkennst u.,(0,0) BUKOpHCTAEMO O3HAYMEHHST TACTHHHOT TTOX1THOI.

Yacrunuuit npupicr 1o x

1
A,u(0,0) = Az?sin Ar
‘ . Agu(0,0) . - / _
3sijcu AlsleEOA—x = Alggo Az sin A 0, ro6ro u,(0,0) = 0. Anaso-

riuno ofepxkyemo, mo wuy(0,0) = 0. Hosegemo, mo bynxiia u(z,y) andepeni-

jfiopra B Touri O(0;0), TobTO

Au(0,0) = u;(0,0)Az + u, (0,0) Ay + o/ Ax? + Ay?),
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ne o(y/Ax? + Ay?) — 0 upu Ax — 0, Ay — 0.
BesmnocepeamiM 00URCIEHHSIMI OJIEPAKYEMO

1

VAZ2 + Ay?

Au(0,0) = (Az? + Ay?)sin

3 ymoBu nepeHIiitoBHOCTI MaEMO, 110

1
(Az? + Ay?)sin TR Ay = o(v/ Az? + Ay?).

[Tepesipumo, un o(+/Ax? + Ay?) — 0 npu Ax — 0, Ay — 0. [iiicho

1
lim o(\/Az2 + Ay?) = lim (Az? + Ay?)sin =0
S S VAT AP

Takum aunom, u(x,y) mudepenriiiopa B Touni O(0;0). Hosegemo, 1o

T 1
ul,(x,y) pospusaa B Touri O(0;0). Ockinbku cos HEe Mae

rparuni ipu © — 0, y — 0, To v/ (z,y) pospusna B Tourni O(0;0). Ananoriuno

sHax0MMO Uy (7, y) B okoui Toukn O(0;0) i nokasyeMo, 10 BoHa Ma€ PO3PUB Y
i TOYI].
[eit npukJ/aj MOKa3ye, M0 YMOBa, HEIIEPEPBHOCT] YACTUHHUX ITOXIIHUX JTOCTA~

TH JUIsd JudepeHIiiioBHOCT] GyHKIIT, aje He HeoOXiaHa. P

§3.3. 3aza4i i BnpaBu AJig CAaMOCTiiHOI poboTu

1. BuaiiiTh YacTUHHI MOXIIHI TaKUX (DYyHKIII:

X

Dou=a*+9y*+ 327", 2)u=uayz+ =, 3) u = sin(zy + yz),
Yz
4)u= cosx’ 5) u = tg(z 4 y)expr, 6) u = arcsin L,
) T\ ~?
7) u = arctg =, 8) u = zyln(zy), 9) u= <—> :
2 Y
10) u = zv, 11) u=av, 12) u = 2¥y*2".

2. Yu icnye wacrunna noxigna ul(0,1) dyuxmii u = /1 — 22 — y27
3. Hocaigith, un Mae dyukiist u(x,y) vacrunni noxijni B8 rouni (0;0) i um

nudepenIiitoBaa BoHa B Il TOYI, SIKIIO:



36 PO3IJI 111, Yacmunni noxioni 1 dudepenuitosnicmo Gynruii

1) u= a2+ 92, 2) u=~zt+y
3) u = Yy, 4) u = v/ y?a?,
5)u:4x4+ 4’ 6)U:3$3+y3,
) u=/2*+y4 8) u= /a3 + y3,
1

e 22442 $2+ 2 0’
9) u= V7 10) u = /xsiny,

0, v’ +y? =0,
11) u = Yz thy, 12) u = Yytgw,

:134+y4 9 .763—I-y3

y & + 2 07 T T + Yy #07

13)u: JJ2+ 2 y# 14)u: \x\+|y| ‘ ‘ |‘

0, 4+ y? =0, 0, 2| + |y| = 0.

4. CkyaiTh piBHAHHS JOTHIHOI IIONUHA J0 moBepxHi 2z = f(x,y) B Touri

N (o3 y0; 20), AKIILO:

1) z ==y, N(1;0;0), 2) z=z+y>, N(0;1;1),
3
3) z=a+y°, N(1;-1;0), 4) 2z =sin(zy), N(l;g;g),

5) z=¢e"", N(1;-1;1).

5. Hu € wiomuna z = 0 poruunoo B rouni O(0;0;0) :

1) s1o mapabosioina obepranns z = x2 + 32,

2) 10 KoHyca 2z = /2% + Y2,

3) 1o rinepbositHoro mapabosoina z = xy?

6. 3naiiaiTe vacTurni moxigni cknagernx Gyuxii (f(u,v) 1 g(u,v) — mde-

PeHIIHoBHI ):
1) u=flz+ya°+y°), 2)u=f(§,%),
3) u=f(zr—y,zy), 4) u = f(zy)g(y=z),
5) u=(f(z—y)"“ ", 6) u=f(z—y’y—a°, zy),
Nu=f(vVa2+ 2, V2 + 22, \/W)



PO3IJI IV. Iloxigna dyHKINI 3a HAIIPIMOM.
I pagient

§4.1. OcHOBHI NOHATTS i TeopeMu

Hexait f(M) susnauena B jeskiit Bizkputiit obnacri D C R3. Posrasmemo
ToBLIbHY TOUKY My € D 1 Oyb-sKy HalpsaAMJIeHy TpsaMy £, 10 TPOXOIUTh depes
o 104Ky, Bubepemo posinbhy Touky M (x,y, z) € {. Hosxuny Bigpizka MM
BI3bMEMO 13 3HAKOM ILIOC, sIKINO Haupsam MoM cuoiBnajae 3 nanpsmom £ 1 3i
3HAKOM MIHYC B IHIIIOMY BHUIIQJIKY.

Ao icuye rpanuiis

lim f(M) — f(Mo)
M= M, MoM ’

T0 i1 HA3MBaOTh NOxidHoM0 610 Pynruii (M) no nanpamy ¢ (abo B3IOBK

of (Mo) _ Of(wo, o, 20)
or ol

[s1 moxijHa XapakKTepusye “MBUJKICTL 3MiHN QYHKIHI B Touni M( 3a Halpsi-

. Of of Of

MoM ¢. HacTunHi noxijgHi ——, —, —
M 5 By’ B2

MOM KOOPJMHATHUX Oceil. fKINo Bich ¢ yTBOPIOE 3 KOOPAUHATHUME OCSIMU KYTHU

oci /) 1 no3HavaoTh

MOYKHa PO3TJIAAATHA SK MOX1JIHI 3a HaIpsi-

a, 3,7, TO pM iICHYBaHHI HEMEPEPBHUX YACTUHHUX MOXIIHUX B Toumi My mMaemo

O f(z0,Y0,%0) _ 0 f (x0,40,20) cos 0 f (x0,40,20) cos -+ df (x0,Y0,20)
ol ox y 0z

cosy. (8)

dAxio

Of (xo,v0,20)  Of(wo,v0,20) , Of(wo,y0,20)
ox — oy = b, Bl =C (9)
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OJIHOYACHO HE PiBHI HYIIO, TO (8) MOXKHA MepernucaT

acosa+beos S+ ccosy = Va2 + b2+ 2x

b
cos o + cos 3 +

a c
v ( cos 'y) .
Va2 + b+ c? a? + b2 + 2 Va2 + b2+ c?
Hpobu B jiy’KKax MOYKHA PO3TJISIIATH STK HAITPSIMHI KOCUHYCH JIESIKOTO BEKTOPa,
g. Tomi

of ~

50 = |g] cos(g,£). (10)

BekTop, 1m0 mae mpoektii (9) Ha KOOpAUHATHI OCi, HA3UBAETHCS J'PAdieHMOM
Ppynryii f(M) B rouri M.
Bin Bu3Havae HaIpsM HafOLILII HIBUIKOINO 3pocTaHHst (DYHKINI, a HOTo JT0B-

JKUHA JIA€ BEJIMUUHY BIIIIOBLIHOI MTOX1JTHOI.

KoHTpoJibHI 3annTaHHA 1 3aBIaHHHA

1. MaitTe o3HadeHHs 1MOXiqHOT (PYHKIT 38 HAIPSIMOM.
2. Haiire o3HaveHHs rpajiienTa PyHKIIT B TOYIL.
3. BusnaunTu, un npaBuibHi JaHl TBEP/>KEHHI:

1) wacrunnuit npupicr A, f(My) € npupocrom dyukiii f B Touni My B Ha-

psiMi opTa j,

O f (Mo)
ov

My dyuxuit f(M), sika posrisijaerbest Ha upsmiii MM, uapadgesbniit 10

2) icHyBaHHSI TTOX1HOT € JIOCTATHLOIO YMOBOIO HEMEPEPBHOCTI B TOUITI

psiMol £,
3) sikimo dyukiis f(M) B Touni My Mae MOXiJIHY 38 HAIIPSIMOM Z, TO B I
TOYII ICHY€E MOX1JIHA 1 32 Oy/Ib-AKUM 1HIITUM HAIIPAMOM,
4) 3 icnyBanus noxignol dynkimi f(M) B Tourni My 3a Oyab-siIKUM HATPSIMOM
puiuBae Judepenniiosuicrs Gyukuit f(M) B rouni M,
5) skmo dyukiisa f(M) mudepenriiioBra B Touri My, To B 1iii TOUIl BOHA
Ma€ TOXITHY 32 Oy/Ib-sIKUM HAITPSIMOM.

4. 3acysaru xapakrtep sminu bynkuii f(zr,y) = 2%y + 2y? — 5 y Hanpami Bij
touku (2;1) mo Touku (0;0).
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5. Hosectu, mo ¢yukmia z = z° + 8x? + 8xy + y? Mae pisni nymo noxigpi B

16 64
toukax (0;0), (

37 ?) JJIA 6y,ZLb—?{KOFO HaIlpAMYy Z

§4.2. Ilpukiaan po3B’a3yBaHHA 3324
0f(My)
S ol

HalpsiMoM ¢ € JIOCTaTHBOI YMOBOKO HenepepsHocti B Touti My dyukiii f(M),

1. Yu npaBuIbHUM € TBEPJIXKEHHS: ICHYBaHHS 1TOX1THOI 3a Oy/Ib-sIKNM

sIKa POBIVISIIAETHCA B OKOJI Toukm M.

Posg’asox. Posrisnemo pyHKIIO

5, axmoy = 22, (x,y) # (0;0),

0, B IHIIMX TOYKAX ILJIOIIMHMU.

flz,y) =

[ls1 bynkmist Ha JOBLIBHIN TpsMiii, 1m0 mpoxoanTsb Yepe3 Touky (0;0) Habysae
HYJIbOBUX 3HAUYEHb, 38 BUHSTKOM MOXKJIMBO JIMIIE OJIHIET TOUKM, siKA JIEXKUTh HA
mapabosi. Tomy moxkna Brasaru okin touku O(0;0) Takwii, mo mpupict ¢yH-
kiil B Touri O(0;0) B30BK Oy/ib-sIKOT MPSIMOT, siKa MPOXOJUTH Ye€pe3 MOIaTOK
KOOPJMHAT, JOPIBHIOE HYJIIO.

df(0,0)

OTtxe, 0 0 171 Oy/ib-SIKOrO HAIPSIMKY (. Pasowm 3 TUM, KOJIA TOYKA
(x,y) pyxaerbcst no napabosi jjo rouku O(0;0), to dbyukuis f(z,y), Oyuyun
TOTOXKHO PiBHOWO 5, Mae rpanutiio B rouri O(0; 0) Takox piBHY 5, 1110 He CIiBIaa€e
i3 3HaueHHstM (BYHKIIT B o4, To0TO dyHKIist B Tourni O(0;0) mae po3pus. »

2. 3uaiitu noxigny Gymkiii 2z = 2y + ¥z B Toumi My(1;1) 3a HanpsMoMm E_:

o yrBopioe KyT 135° 3 momaraiM HampsmoMm oci Ox.

Pose’sazox. 3rijgHo dbopmyin (8)

0z(1,1 0z(1,1 0z(1,1
ZE%’ )= Zéx’ )cosonr—Z(ay7 )cosﬁ.
B mamomy Bunajnky o = 135°, 8 = 45°, % = 2xy + 1%, % = 2% 4 2xy.
ox oy
Orxe,
0z(1,1)

= (2 2 135° + (2* 4 2 45° = 0.
a0 (2zy +y7) " cos 135° + (z° + 2xy) - oS 0. »
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§4.3. 3amadi i BnpaBu AJid CAMOCTIiHOI po60oT!

1. Bnajitu noxigny Gyukuii B Touri My 3a namnpsimom £ :

1) z = yz* — xy®, My(3;1), ¢ yrBopioe 3 sojaruuM HampsamoM oci O KyT
a = 120°;

2) z = arctgxy, My(2;1), ¢ 36iraeTbca 3 HAIPAMOM GiCEKTPHCH TIEPIIOro
KOODJMHATHOTO KYTA;

3) u=ayz, My(1;1;1), £ cniBnaupsimienuii 3 sekropoM £ = i + k;

4) u = 2 +y* — 2%, Mp(1;1;1), £ upoTuiesKuo HAIDSIMJICHH O BEKTOPA
0y =—j+Fk;

5) u = 2 y+y*z+ 22w, My(2;1;1), £ yrBopioe 3 KOODAMHATHIME OCAME KyTH

BimoBiHO 60°, 45°, 60°;

6) u = In\/22 +y2 + 22, My(2;1;3), { yIBOPIOE 3 KOODJAMHATHUMHU OCSIMH
OJTHAKOBI KYTH.

2. 3uaiiti KyT MiXK TpajiieHTaMu YHKIIIN:

1) 2 = aresin ————ro y Toukax (1;1) 1 (2;3),
Va2 +y?
2) u=2"+19y° 4+ 2° y roukax (0;1;0) i (0;0;1),

3) r=y(z?+1)iu=2%+zyrouni (1;1),

)
)
)
)

Y u=ay+yz+aziv=ay?—x+zymrouni (1;1;1).
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BUIIX MOPAIKIB (PYyHKINT OaraTbox 3MIHHIX

§5.1. OcHOBHI NOHATTS i TeopeMu

YacturHi moxigai Bummx nopsaakiB. Hexait Gynkiis v = f(xy, ..., zy)
ou S
Mag HacTHHHY NOXINHY o -1 = 1, m (BoHa HA3MBAETHCH YACTHHHOIO MOX1JIHOIO
L
IEPIIIOTO MOPSIJIKY) B KOXKHIN TOUIN JeSIKOT0 OKOsTy Touku M .
ou . : —
Axio 1. mae B Touli M moxijHy 1o aprymeHty xx, k = 1,m, To ns
(3

OXi/THA HABUBAETHCS YACMUHHOM0 NOXLiIOH010 dpY2020 nopsadry (abo dpyzo10
YACTNUHHOMN MOTIOHO010) 1 O3HATAETHCS OJIHAM 13 CHMBOJIB
0%u Y, 0% f
Y

Axmo ¢ # k, To acTwHHA TOXIIHA JPYTOTrO MOPSIKY HA3WBAECTHCT 3MIULA-
H010. fKI10 1 = k, TO BUKOPUCTOBYIOTHCS TaKi IIO3HAYEHHS JIjIst JPyrol YaCTUHHOL

ITOX1JTHOL
0%u 0% f

YacTuaHl MOXiIHI TPeThOro MOPAJKY O3HA4YAIOThCS K TOXIIHI B IMOXi-

JIHUX JIPYyroro nopsiaiky i t.j. YacmunHa noxidHa n-z20 nopadxy yHKIl

f(x1,...,xy) MO AprYMEHTAX T; , Tiy, - - ., Tj BU3HATAETHCST (DOPMYIIOIO
o"u 0 < oy )
Ox; Ox; . ...0x;  Ox; \Ov; . ...0n; /)
fkmo He BCl 1HJEKCH 11,19, .. .,%, PIBHI MIXK €000, TO YaCTUHHY MOXITHY 7-TO

HMOPSIKY HA3UBAIOTh 3MIULAHOMO.
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Teopema 1. Hxuwo 6ci amiwars noxidui n-20 nopaodky GyHKYLL M -3MINHUT
u= f(x1,...,Tn) icuyromo 6 deaxomy okori mowku My i nenepepeni 6 mouuyi
My, mo sonu me 3asescamnv 610 nopadky dudeperuitosant.

Oyukmist v = f(x1,...,T,) HABUBAETHCA JTUQEPEHIIHOBHOIO N pa3 B TOUIN
My, sikio Bei gacruani noxigai (1 — 1)-ro nopsifiky audepeHIiioBHi B il TOUII.

Teopema 2. drxwo u = f(x,y) deiui dugepenyitiosna 6 mowui My(zo,yo),
mo

fay(To, 90) = fya(0, o)
Hudepentianu Burnx nmopsiakiB. Hexait dyrkmis u(x,y) audepenti-
fiopna B okoJii rouku My(xg,yo) 1 aBivi pudepenniiiopua B Touni M. [lepiuwii
nudepenitian QyHKIT

ou ou
du = - (z,y)dz + 8—y(x, y)dy

3JEKUTh Bl 9OTUPbOX 3MiHHUX T, ¥y, dx, dy. Ipyeud dudepenuian (abo
dugepenuian dpyzo2o nopsadky) B Touri M,y 03HAUAETHCS K JTudEpeHIiaa B
rouri My Bijg neproro jaudepentiaia. [lpn mpoMy MoBUHHI BpaxXoByBaTUCS TaKi
YMOBHU:

a) du po3rIsaIaeThes K GYHKIs TITbKY HE3aJeKHUX 3MIHHUX T 1 ¥, a dr i
dy po3TJIsAIAlOTHCS K CTaJl MHOXKHUKH,

6) mpu obumcenti gudepentianis Bij u), 1 u;, TPUPOCTH HEBATEKHIX 3MIHHIX

x 1y 6epyTbCsd TaKUMH, K y BUpasi jjsd du, TodTo piBHEMEU dT, dy.

Tomy
0%u 0*u 0%u
d*u(My) = e Q(Mo)df +28x8 (Mo)dxdy + 5y Q(Mo)dy a
ne dr? = (dz)?, dy* = (dy)?. Jlna spydHoCTi 3amucy BBeJIEMO CUMBOJI, SKHil
Ha3BEMO OIePATOPOM YaCTUHHOI TMOXI1THOT MO 3MIHHIN T} : 8(; Binmnosinno ore-

paropom 3mimramnol oxianoi (k+()-ro nopsiiky [ pazmo x; i k pa3 mo x; Ha3zBeMo

ot o\ 7 0\
8xf@x§-:<6a§i) (&Uj)

CHUMBOJI
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0 : . :
a cuMBOJI d = a—dx + a—dy — oriepaTopoMm judepeniiiajia PyHKIT JBOX 3MIHHUX.
L Yy
ist ocranuboro oneparopa Ha u(x,y) Jae mepiwii gudepeniial
ou ou
du = —dx + —d
Ox oy Y

Llugeperuian n-20 nopadky d"u BU3HAYAETHCA 1HIYKTUBHO 38 (DOPMYIIOIO
d"u = d(d" ).

Hnst nudpepentiiana n-ro mopsiaky byHKINT w(x,y) chopaBejmBa onepaTopHa

dopmyiia .
d"u = <%da¢ + %dy) u,
jge d' = <%d$ -+ agdyyl — omeparop n-ro jgudeperiiaia. JAkmo x 1y He
He3aJieXKHl 3MIHHI, a (ybyHKHﬁ, mudepentiioBri (moTpibHy KilbKicTh pasiB) 1o
HEe3aJIeKHUX 3MIHHUX L1, ..., 1, TO APYruil audepeHIias Mae BUTIISIL:
2
dPu = (%dx + a%@) U+ %d% + g—Zde,

ne dx, dy, d*xz, d*y — mudepentiaam mepioro Ta JAPyroro TMopsaKis (GyHKIif
x(ty, .. tk), y(t1,...,tk). Y Bunajky OOYHKIIH M HE3aJeKHUX 3MIHHUX
u = f(x1,...,2,) audepeHiag n-ro MOPsAKY BH3HAYAETHCS 1HIYKTHBHO

p¥ BUKOHAHHI YMOB, aHAJOIYHUX yMoBaMm a), 6) jyuist judepeHiiaia mepiioro

nopsky. Oneparop audepeniiaia Mae BUIJIA

0 0
d=—dr, + ...+ ——dm,,,
6:(:1 Tt +8xm v

1 clipaBeJiJIuBa OllepaTopHa PIBHICTD

0 0 "
d"u = (a—xldﬂfl + ...+ Mdl’m> Uu.

Teopema 3 (dopmyna Teitnopa). drwo dynwuia u = f(xy,...,2,) Jdu-

depenyitiosna n + 1 pas 6 deaxomy €-oxoni mouxu My(xd, ... 20, mo das
6yov-axoi mouwu M (2 + Axy, ..., 20 + Axy,) i3 yvozo oxoay mae micue pic-
HICTND

1
f@Y 4+ Az, .02 4+ Axy) — f(28, .. 20) = du(My) + ngU(MO) +...+
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1

) (1)

1 n
—f‘;d U(M()) +

de N — deaxa mouka, uo narescums eidpisky MoM, dx; = Ax;, i =1, m.
Dopmyita (11) nasuBaerbes gpopmyaoro Tetaopa. Ilpu n = 0 i3 (11) omep-
)yemo popmyiy Jlarpan»ka CKiHYEHHUX NPUPOCTIB JiJist PYHKINT Hararhox 3MiH-

nux. Bupas
1

HAa3UBAETHCT MHO20uAeHom Tetaopa. f(M) — P,(M) = R,y — 3aauwxro-

1
CES 1)'d”+1u(N) — BAJIUITKOBHI *JIEeH,
n .

anucanuit y popmi Jlaeparatca. 3anumkoBuil wien Moxke OyTH 3alucaHuii 1 y

euti waen dhopmyan Teityopa, R, 1 =

gopmi Ilearo: R, .1 = o(p). Popmyiia Teitsopa i3 3auiikoBuM 1ieHOM y (Hop-
Mmi [Teano moxke OyTH 3amucana Ipu CJaabIINX YMOBaX, Hi2K y TeopeMi 3, 30KpeMa
dbyukiist u = f(xy,...,T,) noBunna OyTu n—1 pa3 qudepeHIiioBata B JestKOMY

g-okoJi Touku M, i qudepenniiioBana n pa3 B camiii Touri M.

KoHTpoJibHI 3anuTaHHd i 3aBOaHHA

1. Bigomo, mo dyukuis v = f(x1,...,2,) Mae BCl 4acTuHHI 110XiJHI N-T0 110-
paaky B Touni M. [Ilo MoxkHa cKazaTu npo iCHYBaHHS JYaCTHHHUX ITOX1THAX
HUKYIOr0 MOPpsiiKy B Touti My 1 B okoui 1miel Toukn?

2. Hosemits, 1o ko GyHKIisa u = f(x1,...,T,) Ma€ B JIETKOMY OKOJI TOUKH
My Bcl yacTHHHI MOXiIHI 0 N-TO TMOPAAKY 1 Il YaCTUHHI MMOXiHI HemepepBHi
B Touri My, To ¢dyukiis judepenniiioBana n pa3 B Hiil TOYII.

3. o Take muorounen Teitnopa? YoMy AOpiBHIOIOTH YaCTUHHI MOXITHI BiJl MHO-
rounena B, (xy,...,T,) B roumi My?

4. Kosn 306epiraerbcs iHBapiaHTHICTL (OpMHU Jpyroro gaudepeniiaia (pyHKIT

u= f(z,y), akmo x = x(t1,...,tm), y =y(ty, ..., tm)?
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§5.2. IIpukyiaan po3B’a3yBaHHA 3324

1. Hosecru, 110 yHKIList

0, 2?4y =0

mae B Touri O(0;0) 3Mimani 9acTUHHI MOXiAHI APYTOro MOPSIIKY, aje TP MHOMY
Fes(0,0) # £,0(0,0).

Pose’azox. Cuouarky obuucaumo fr(x,y). ¥ Beix roukax, kpim O(0;0) mo-
’)KHa  1e  3pobutu, 0OesnocepeHb0  JudepeHIiondn 10 T (DYHKIIO

2
xe —
u(x,y) = xy——=—. OnepRumo
(#,9) = 2y 2 Oepmmny

2 2 2 2 2 2
T*—y 22(2° +y°) — 2z(2° — y°)
frle,y) =y——5 +yz — =
r? 4y (2% +y?)
i y2 n 4:(;3/2 yx4 — y5 +4x2y3
=y yx =
x2+y2 ($2+y2)2 (:132+y2)2

npu 22 + y* # 0.
Buaitzemo f1(0,0). Ockinbku A, f(0,0) =0, ro f1(0,0) = 0. Tus 3naxo/pxe-
nns f (0,0) morpioro matn f;.(0,y) B rouni y # 0. Ouesnyno, mo f,(0,y) = —y

d
st Beix y # 0. Orxke, fr(0,0) = d—f;((), y)| = —1. Ananoriuno mykaemo
Y y=0
) oy ) (2) - @ -y 2 - yle Ay
T,y) =2x T = ;
y\ s Y 22+ 42 Yy (22 + 2)? (22 + 12)?

npu z° +y* # 0, f,(0,0) = 0.
Hna seix x # 0 maemo, mo fy(z,0) = z. Orxe, f,;.(0,0) = 1. Toxi

f2(0,0) # £3,(0,0). »

2. Jlosecru, mo sikio dyukuis f(x,y) audepenniiiopua B onykiiit obuaacri
G, 111 wacrunni noxinmi f(z,y), f,(v,y) oomexeni B niit obnacti, To f(z,y)
piBHOMIpHO HernepepBHa B obsacti G.

Pose’asox. Hexait |f,(v,y)| < C, [f,(x,y)| < C, C = const, y onykniit

: . . € .
obsacri. 3ajgamo jioBiibHe € > 0 1 mokaagemo 0 = —. Hexait M;(z1,y1),

2C
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Ms(x9,y2) — O6yab-saki Toukn obnacti G, mis skux p(My, M) < 0. I3 o3nadenus
OIYKJIOCTI CJTijIye, 110 Biapisok Mj M, moBHicTio JekuTh B G (jJ1s HOTO JTIOCUTH
e Bubparu masum), tomy jo pisauni f(M;) — f(My) moxua 3acrocyBaru

dopmyny Jlarpanxa:

f(My) — f(My) = fL(N)(21 — 22) + f,(N) (31 — y2).

Ockinbku p(My M) < 0, To |xy — 29| < 1 |Jy1 — | < 0.
Orxe, |f(My) — f(My)| < 2C§ = e. 3rigHo o3HAUEHHST PIBHOMIPHOI Hele-

pepBHOCTI 1e o3Havae, mo f(x,y) piBHOMIpHO HemepepBHa B obsiacti G. B

3. Josejirs, 1110 yHKIis

3 3
z°+vy 9 9
Y x + 07
0, 22+ =0

PIBHOMIPHO HellepepBHa Ha BCIH TJIOMNHI.

Pose’sa3ok. CriouaTky mokaxkemo, 10 jgaHa (GyHKIS Mae 0OMeXKeHl 1moxijIHl

', u! na Beiit miuommni. diiicno

Uy, Uy,

;L zt + 32%y? — 2293
T (xZ + y2)3
npu 2%+ y% # 01 w,(0,0) = 1.

u

[Tepexossiun 710 MOJSAPHUX KOOPJUHAT T = P COS (0, Y = P Sin ¢, OJIEPKUMO
u, =3 cos” @ sin’ o + cos? ¢ — 2 cos @sin®

upu p # 01 u,(0,0) = 1.

3Bijicu BuiHO, 10 Ul (x,y) oOMexeHa (DYHKIA Ha BCiii mromuui. AHAIOrTHO
nokasyemo, 1o u (r,y) oomexena. Oynknia u(w,y) ne judepentifiopna B Todni
0(0;0), ToMy HE MOKEMO BUKOPUCTATH TOMEPE/THIN TPUKJIA. AJe TpOCTi MipKy-
BaHHs JIO3BOJISIIOTH JIOBECTH PIBHOMIpHY HemnepepBHICTb. Axino Touku My 1 My
raki, mo rouka O(0;0) He siexkurhb Ha Bipisky MjMsy, 10 MOKHA BUKOpUCTATH
dopmyny Jlarpamxka. Akmo xx Touka O jexKuTh Ha Bijipisky My Ms, To pizHuig

u(My) — u(Ms) moxe GyTu olliHEHA CyMOIO JIBOX PI3HUID

(u(My) — u(M3)) + (u(Ms) — u(My)),
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npuuomy Mz Bubpana Tax, 1mob rouka O He jexkaJja Ha Bijpizkax My Mz, MyMs.

Koxny 3 pi3HHUIb MOXKHA OIIHUTH 3 Jionomoroio ¢opmynu Jlarpanxka. B obox
€

punajikax ojgepxkumo |u(My) — u(Ms)| < e, axmo p(My, My) < § = 10 he

C' = const, mo sanosombuse ymosam |uy| < C, |uy| < C. Ile i gosoguts, mo

u(x,y) piBHOMIDHO HellepepBHA Ha BCIil MJIONMHIL. B

§5.3. 3azma4i i BmpaBu AJid CAMOCTiTHOI pobGoTu

1. JocaijiTh Ha pIBHOMIPHY HeIlepepBHICTH TaKi (DyHKIIII:

1) u = sinx cosy, 2) u=e @)
2 _ .2
rm—Y 2, .2
——, T 1Y #07
3) u=x%+y? 4)u= z? + y?
0, v’ +y? =0,
23+ P 4yt £ 0
T X y Y
5)u=<{ rt+y
0, ot +yt=0.
2
. %7 $2+y27é07
2. Yu icnye f; (0,0), sxmo f(z,y) = L~ TY
0, 22 +y? =07

3. Hosesnite, mo sxmo dyskiia v = f(z,y) Mae B JedKOMY OKOJi TOYKH
My (0, y0) wactunni noxigni fi(z,y), f,(z,y), fi,(r,y) i smimana wacrunna

OXi/THa HemepepBHa B Touti M, TO B I1iii TOUI icHY€E 3MilTaHa YaCTUHHA ITOX1THA,

o (T0, Yo) 1 cnipasesymsa pisnicts fi (2o, o) = £, (0, Yo)-



PO31JI VI. Jlokaanpuuii ekctpemyMm (pyHKITI

0araTboxX 3MIHHUX

§6.1. OcHOBHI NOHATTH i TeopeMu

O3navyeHHd 1 HeOOXiAHI yYMOBHU JIOKAJIBHOTO eKcTpemywmy. Hexait
byukis v = f(M) BusHauena B jeskomy okosii touku My. Kaxyrb, 1o
byukuis v = f(M) mae B rouni My saokasvrullt makcumym (MiHIMYMm),
SIKIITO 1CHY€ Takuii okia Touku My, B sskomy npu My # M BUKOHYETHCsI HEPIBHICTD
f(M) < f(My) (f(M) > f(My)). Axmo dynkuis mae B Touri My nokagbHAit
MaKCUMyM abo MIHIMyM, TO KaXXyTb, II0 BOHA MAa€ B Il TOYII A0KAALHU
excmpemym (abo IPOCTO excmpemym).

Teopema 1 (HeobxigHa ymoBa ekcrpemymy). Hdrwo gynruyis u = f(M)
mae 6 mouut My roxasrvrutd excmpemym 1 6 uith Moyt 1CHYE Yacmurta noTioHa
no ap2yMenmy Ty, mo %(Mo) = 0.

Hacaigok. dxwo dynxyis w= f(M) mae 6 mouui My sokarvrud excmpe-

MYM 1 dupepenuitiosna 6 it mowy, mo

ou ou
du(My) = —(My)d oo+ —(My)dx,, =0
u(Moy) 8:61( 0)dxy + +8xm( 0)dx
npu 6Yov-AKUT 3HANEHHAT UDEPENUIANIE HEZANCHCHUT SMINKUT dT1, . . ., dTy,.

Touku, B g9Kux nepimmnii gudepentiag (HyHKINT JTOPIBHIOE HYJII0, HA3UBAIOTDH

moykamMu MOHCAUBO20 EKCIMPEMYMY abo cmauionapnu./w,u modyramu.
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Jl1s1 3HAXO/XKEHHST TOUOK MOXKJMBOIO €KCTPEMYMY MOTPIOHO pO3B’s3aTH CH-

cTeMy pIBHSIHD

él(xl,...,l'm) = 0,

(X1, Tm) = 0.

\
Axio pyHKIS Mae eKCTpeMyM, TO YaCTUHHI MOXiJIHI B Il TOYII MOXKYTh HE

icayBatu. Toukm, B AkmX (DYHKIS BHU3HAUEHA, ajie Xoua O OJHA 3 JaCTHHHUX
MOX1THUX He 1CHYE, TAKOXK € MIJIO3PLINMA Ha, €KCTPEMY M.
KBagparuyuni dpopmu. OyHKIlis BUIIsiLy
m
2 2
Qx1,...,2py) = a12] + a1221T2 + . .. + G T), = E ;i Tixj,
ij=1

J€ @jj — 4ucjla, UIPUYOMY G;; = Gj;, HA3UBAETHCS KEAOPATMUYHOIO0 HOPMOIO0 Bl

BMIHHUX Z1,...,Ty, & MATPHAILI

(CLH alm\

a1 ... Qo9m

\aml oo Qmm )
— Mampuuero Keadpamuwroi opmu.

Busnaunukn

(51 = dai, (52: - an g ey 5m: ‘A|,
a2 a2
HA3UBAIOTHCSA KYMOSUMU MIHOPAMU MATPUIll A.

Ksagpatunana dhopma Ha3uBaeThcst dodammo eudnaxeroro (6i0’emno eu-
3HAYEHO010), SIKIIO JIJIsT JOBITLHUX 3HAYEHb 3MIHHUX I, ..., T, OJHOYACHO HE
PIBHUX HYJIIO, BOHA HpuiiMae Jojarhi (Bij eMHl) 3HAYCHHSI.

Kpajiparnuna ¢popma Ha3UBAETHCS 3HAKOBU3HAUEHOM0, SIKIIO BOHA abo J0-
JIaTHO ab0 Bl €MHO BU3HAUYCHA.

Ksamparuana hopma Q(z1, . .., T,,) HABUBAETHCS 3HAKO3MIHHOM, SKITIO BO-

Ha NPUIMAaE K JOJaTHI TakK 1 BiJI €éMHI 3HAYCHHSI.
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Baysaxnwmo, o Q(0,0,...,0) = 0.
Kpurepiii CunbBecTpa /i 3HAKOBU3HAYEHO1 KBaAPAaTUIHOI (popmu.
as mozo, wob keadpamuuna dopma 6yaa dodammo eusnavwena, Heobridno i do-

Cammvbo, uob yci Kymosi MiHopu ii mampuui 6yau dodammi:
01 >0, 60 >0, ..., 9, >0,

a oaa mozo, wob weadpamuuna dopma byaa 6id emno eusdnavera, HeoOTIOHO 1

docmammbo, wob 3HaKU 20A06HULT MIHOPLE Y4EPLYBAIUCA, NPULOMY
01 <0, 09 >0, 63<0, 04 >0,....

JlocTaTHI YMOBH JIOKAJBHOTO eKcTpemymy. lpyruii qudepeniian yH-

Kiii B Touili My MOXKHa 3alucaT y BUIJISII

m
0%u

0%u

Jie YacTUHHI 10xijHi gpyroro nopsijiky ———(My) — koedinienru KBajparuaHol
8$i83}j
dopmMmu, siky 3aj1a€ Ipyruii audepeHIia.

Teopema 2 (moctatHi ymoBu ekcrpemymy). Hezat dynkuia u = f(M)
dugpepenyitiosrna 6 deaxomy orxort mouku My 1 deiui dupepenuyitiosna 6 mowi
My i mouxa My — cmavionapna (df (My) = 0). Todi axwo dudepenyian dpyzozo
nopadky d*u(My) e dodammno eusnanenoro (6id’emno usnavenoro) keadpamu-
wnoto Popmoro 6id sminnur dxy, ..., drm,, mo gynkuia f(M) mae 6 mouyi My
A0KaAHUT mirimym (marcumym). Sxwo d*u(My) — snaxosmirna Keadpamumna
dopma, mo 6 mouui My dynwuia f(M) ne mae aokanrvrozo excmpemymy. Hrxuo
orc Keadpamuuna gopma keaziznarosusnavena, mo 6 mouyi My dynwuia f(M)
MOJHCE MAMU NOKGADHUT EKCMPEMYM, G MOICE T HE MAMU AOKAALHO20 EKCMpe-
MYMY.

Y BuUIaJIKy, KOJKX TeopeMa He Jla€ BIJIIOBIJI Ha MUTAHHSI 1IPO HAsSIBHICTH 4K
BIJICYTHICTb €KCTPEMYMY B JIOCJIJIXKyBaHlil TOYIl, 3aCTOCOBYIOTH 1HII KpUTEpIT.

Hanpuknaz, nia oyuxniit up = 2* + y*, us = 23y reopema “me mpaioe” B
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rouri O(0;0), onmak ui(x,y) mae B Tourni O(0;0) miniMyMm, 60 B TPOKOTECHOMY
OKOJII TOUYKHU IpUIMAE JI0JlaTHI 3HAUYE€HHsd, a B caMiii TOYIl NpuiiMae 3HAUYEHH:
pishe nys0. Oyukiis uz(x,y) B npokosenomy okosi rouku O(0;0) npuiimae sik
JIOJIATHI TaK 1 BiJI'€MHI 3HAUYEHHS, a B CaMiil TOYIll IIEePETBOPIOETHCS B HYJIb, TOMY
B Iiff TOYIll €eKCTPEMYMY HEMagE.

Bunanok ¢dyHkiii gBox 3miHHUX. BBejemo nosnaueHHs:

0*u 0*u d*u 0*u
ainl = @(Mo)a aig = 8x8y(M0)’ ag1 = 8y8x(M0)’ 22 = a—y(Mo)-

I3 kpuTepito CuiibBecTpa 1 TeOpeMu 2 BUILIMBAIOTH TaKl TBEP/?KEHHSI:

1. dxmo D = ajjass — a3y > 0, o B Touni My dbynxuis u = f(x,y) Mae
JIOKaJIbHUI eKcTpeMyM (MakcumyMm mipu aq; < 0 1 minimywm mpu aq; > 0).

2. sIkmo D = ajja9s — a2y < 0, To B Touni My dbynxuis v = f(z,y) ne mae
CKCTPEMYMY.

3. SIxkmo D = ayias — a3y = 0, To B Touni My dynxuia u = f(x,y) Moxe

MaTH JIOKAJbHUN eKCTPEMYM, a MOXKe 1 He MaTh HOoro.

KoHTpoJibHI 3annTaHHd 1 3aBAaHHs

1. /laiiTe o3HaYeHHs JJOKAJHHOTO €KCTPEeMyMY (DYHKIIII.

2. ChopwmytroiiTe 1 10BeIITH TEOpEMy TTPO HEOOXITHI YMOBH €KCTPEMYMY 1 HACJTI-
1ok 3 1iel reopemu. [Ipusenits npukiaasn dbyskmii v = f(x,y), mo B Jeskiii
rouri My fL(My) = 0, fé(Mg) = 0, a HyHKIIA B [Iil TOUI HE MA€ EKCTPEMYMY.

3. fki TOUKM HA3MBAIOTHCSI TOUYKAMHU MOXKJMBOIO exkcrpemymy?! HapeniTh mpu-
ka7 Gyl w = f(z,y), 10 Mae JOKaJbHUHA eKCTPeMyM B Jiesikiil Touri My,
npu 1pomy uy, (Mg) = 0, a uy, (My) — ne icnye?

4. fka QyHKIIST HA3UBAETHCA KBaApaTudHoio gopmoio? o rake marpullst KBa-

nparudnol ¢popmu? Bunuimith MaTpuIio KBagpaTudHol hopMu
Q(x1, 19, 13) = ax% — 4x129 + 8923 — x% + 2x311 + 39[;%.

O6uucsiTh 11 KyToBi (rosioBHI) MiHODH.
5. Cdopmymoiite kputepiit CuibecTpa. Uu € 3HAKOBU3HAUYEHOIO KBaIpaTHIHA,

bopma Q(x1, T2, 13) = 27 — 22129 + 223 + da379 + 8737
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6. BanummiTe Bupa3s s apyroro audepentniaiga Gyakmil v = f(x1,...,2,) B
touri My. Ksagparuanoro dbopmoo Bix axux sminnux € d?u(My)?

7. ChopwmyioiiTe Teopemy po JIOCTaTHI yMOBU eKcTpeMyMy. Uu € BOoHU 1 HEOD-
XIJTHUMU YMOBaMU €KCTPEMyMY !

8. CdopwmyJtoiire jgocTaTHi yMOBH JIOKAJIBLHONO MakcuMymy (MiHiMyMmy) i Bijcy-
THOCTI ekcTpeMyMy byHKIT u = f(x,y) B Touri My(zg, yo)-

9. Hagenits npukias Gyuknil u = f(x,y), mo B jgesakiit Touni My 3a10BOJIbHSIE
ymoBaM du = 0, D = 0, npudomy 1z dbyskiis B rouni My : a) Mae JokagbHUii

ekcTpeMyM; 6) He Mae JIOKAJTHHOIO eKCTPEMYMY.

§6.2. IIpukyiaau po3B’sa3yBaHHA 33aJa4

1. 3HaiAiTh TOYKN JOKAJHHOTO eKCTPeMyMy yHKIIT
_ 2 3 2
u=2x" —zy+2xz—y+y +2°.

Posg’a3ox. [l 30aX0/2KEHH TOYOK MOYXKJINUBOTO €KCTPEMyMY 3HaMIeMO da-

CTUHHI TIOX1JTH] 1 TPUPIBHAEMO 1X JIO HYJIS:

)
u, =4r —y+ 2z =0,
q uy,=—x—1+43y>=0,
\ u, =2x+22=0.

12 1 1 11
Posp’ : : M (—;—;——>, M <——;——;—)- -
03B’SI3aBIIN CHCTEMY, OJEPIKUMO 1375773 9 1757 Cko

PUCTAEMOCS JIOCTATHIMEA YMOBaMU eKCTpeMyMy. [lJist boro o0YucmMo 9acTUHHI

Moxijini JIpyroro nopaaky: uy, = 4, uy, = —1, uy, = 2, uy, = 0, u, = 2,
u’y’2 = 6y.
CxkitajieMo MaTpuIlio KBajaparudrol popmu B Toumi M
4 -1 2
A= -1 4 0
2 0 2

Tonosri Minopu 07 =4 > 0, 0o = 15 > 0, §3 = 14 > 0. Omxe byukuis u(zx,y, 2)

Ma€ JIOKaJbHUI MiHiMyM B Toqti M.
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Hocniaumo tenep Touky Ms. Marpung xsajaparuunoi gopmu d’u( M) Mmae

BUTJISAT
4 -1 2
A=1 -1 -3 0
2 0 2

3Bigcn omepxKyemo, mo 07 = 4 > 0, do = —13 < 0, 63 = —14 < 0. 3naunTth

byukuis u(x,y, z) B rouni My He Ma€ JIOKAJIBHOIO eKCTpeMyMy. B
2. 3HalT! TOUKHN JIOKAJILHOTO eKeTpeMyMy byHKmil u = 22 — 22y + 41°.

Pose’sa3ox. Obuncimmo mepiii YacTUHHL MOX1/IHI 1 MPUPIBHIOEMO JI0 HYJIsI:

u, =2x — 2y =0,

N 8~

u, = —2x +12y* = 0.

1 ) :
Posp’sizasim cucremy, ofepxyemo, o M (0;0), Mo (6, 6) — cTaIloHapHI TOUKHN.

3HaiIeMO YaCTHHHI TIOXijIH1 JIPYTOro MOPSIKY: Uy, = 2, Uy, = —2, u;’z = 24y.
B rouni My : wl, =2, uy, = =2, u’y’2 =0, D=-4<0. Brouni M : ull, =2,
u;{y:—Z, u;’2:4, D:4>0, aj; = 2 > 0.

Orxke, B Touri M; DyHKIS HEe Ma€e JIOKAJbHOTO €KCTpeMyMy, a B Touri Mo
Mag€ JIOKAJbHUAN MIHIMyM. P

3

3. 3naiiTu TOUKM JOKAJILHOIO eKkcrpemyMy byHkiii v = 32’y — 23 — y,

Poses’sa30%x. 3uaiijieMo 1epii MoxXijaHi 1 IPUPIBHIOEMO 1X 10 HYJIs:
2
ul, = —3x° + 6y = 0,
I 2 3 _
u, =3z —4y” = 0.
Posp’sizaBiiu cucremy, 3uaxogumo 1o touku M (0;0), Ms(6;3) — mimospimi
Ha eKCTPEeMyM. 3HaiIeMO JacTUHHI TOXIAHI APYTOro mopsiiKy AaHol GyHKIII:

2

zy = 0, ully = —12y%.

/!
U, = —6x + 6y, u y
B roumi Mj : a1 = a19 = a9 =0, D = aj1a99 —a%Q = 0, ToMy OTPIOHO TIPO-
BECTH IIe JIOJATKOBE JOCKeHHs oBe/ iKY (yHKIT B okoJii Touku M (0;0).

IIpu z < 0, y = 0, maemo u(x,0) = —2®> > 0, ampu z = 0, y # 0, —

u(0,y) = —y* < 0. Orxe, B 6yab-aKOMy OKOi Toukn M (0;0) bynxiia npuiivae
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SIK JI0JIATHI, TaK 1 B/ €MHI 3HAUEHHsI, TOMY B IIiif TOUIl HEMae eKcrpemyMy. B Touri
Ms 2 a1 = —18, a9 = 30, as = —108, D =64 > 0. Ockinbku ay; < 0, D > 0,

1o B To4lll Mo (DyHKIlIsI Ma€ JIOKAJLHUN MaKCUMyM. B>

§6.3. 3agadi i BopaBu AJid CaAMOCTIiiiHOI poboT!

1. 3HaigiTh TOYKN JOKAJHHOTO eKCTPeMyMy (DYyHKIIIIA:

1) u=2*—zy+9°, 2) u=a’—xy —y?,

3) u = 2? — 22y + 2y* + 2, 4)u=2"+1y° — 2% — 2wy — o
5) u=a —2y* — 3z + 6y, 6) u =2 — 22%y* + ¢,

) u=xy+ m, 8) u = " (2 — g?),

9) u = e Y (z* + 2y — 2xy), 10)u=§+1+y,

11) u = (2% 4 2y%)e "), 12) u = (z — 2y)e~ @+,

13) u=a?—2y* — 22 + 20 — 4y + 62 — 1, 14) u = 2y In (2% + %),
15) u = 20% + oy + 2° — 22y + 4z — m, 16) u=uayz(l —z—y— z),
17) u = 2° + zy — y* — 2wz — 22° — 3y — 1, 18)u:2%—|—y—2—4at+2z
19) u = (z +y + 2z)e @+,

2. Jlosesitn, mo dbyuknia u = (z —y*)(2x —y?) mae B Touni O(0;0) soKasb-
HUI MIHIMYM B3JIOBXK KOXKHOI TIPSIMOI, 1110 MTPOXOJIUTH Yepe3 M0 TOUKY, ajie He Ma€

JIOKAJILHOTO €KCTPEMYMY B caMiit TOMIIL.



PO3I1JI VII. HeaBui dpyHKIIIl

§7.1. HeaBui yHkIiii oaHiel 3MiHHOT Ta TX BJIACTHUBOCTI

Hexait 3navenmst ABOX 3MIHHUX & 1 Y 3B’s3aHi MiXK cOO0IO PIBHSIHHIM
F(z,y) =0. (12)

Kaxyrp mo B npamokyrtauky (a,b,c,d) pisusgunsg (12) Busnauae y K
byHKIIO Bl o, sKIIO jist KoxKHOTO T € (a,b) icHye ojiHe uM KijibKa 3HAYEHb
y € (¢,d), sKi pa3oMm 3 & 3aJ0BOJIbHSIOTH piBHAHHS (12), TO UM BU3HAYAETHCS

OJIHO3HAYHA UM MHOTO3Ha4Ha (DyHKINs y = f(x), 1Jist SKOT piBHICTS

F(z, f(x)) =0 (13)

€ TOTOXKHICTIO.

Teopema 1 (mpo icHyBaHHS Ta HellepepBHICTH HeIBHOI MYHKILT). He-
rail:
1) ¢ynxuyia F(z,y) eusnavwena i menepepsna 6 desxomy npamoxymnuxy D =
[xg — A,z + A, yo— A" yo + A'] 3 yenmpom 6 mouyi (g, yo);
2) F(x,y) 6 uit mouyi nepemeoproemuvca 6 nysv: F(xg,y0) = 0;
3) npu pircosarnomy x pynxyia F(x,y) monomonno spocmae (abo monomono
cnadae) i3 3pocmannam Y.

Tooi

a) 6 dearomy okonri mouxu (To,Yo) pisnanna (12) eusnavac y ax odnosnauny

Pynruiro 6id x : y = f(x);
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0) npu x = o uya Pynryia npuimae 3navenna yo : f(xo) = yo;
6) pynxuia f(x) nenepepsna.
Teopema 2 (npo audepenniitoBHicTs HesiBHOT dyHKIT). Hera:
1) ¢ynwuyia F(x,y) eusnavwena i nenepepsna 6 deaxomy npamoxymnury D =
[xg — Ao+ A, yo— A yo + A'] 3 yenmpom 6 mouui (xq, yo);
2) F(z,y) 6 uiti mowyi nepemeoprocmvea 6 nyav: F (g, yo) = 0;
8) wacmunni noxioni Fy, F icuyromy i nenepepeni 6 D;
4) nowiona F,(xo,y) cidminna 610 nyas.
Tooi
a) 6 deakomy okoai mouru (To,Yo) pienanns (12) eusnavae y A% 00HO3HAUHY
Pynruio 6id x : y = f(x);
6) npu x = xog uya Pynruia npuimae 3navenna yo : f(xog) = yo;
6) dynruin f(x) nenepepena;

2) pynxuia f(xr) mae nenepepsny noridny 6 mouyi xg.

§7.2. HesaBHi (pyHKIIil BiJ KiJIBKOX 3MIHHUX

Posriisinemo piBHsiHHs
F(x1,29,...,2m,y) = 0. (14)

[Ipu neBHUX yMOBaX MM PIBHSIHHAM BU3HAYAETHCA OJHO3HAYHA 4M DAraTo3HAYHA,
byukiis y = f(z1, X2, ..., Ty) Taka, mo F(x1, 22, ..., Tm, f(21,T2,...,Tp)) =0
€ TOTOXKHICTIO.

Kaxyrs, mo B (m+ 1)-Bumipnomy mapaseserninemi (ag, by, ..., Gy, by, ¢, d)
pisasinbs (14) BusHAuae y K OfHO3HAYHY (DYHKINIO BiJ X1, ..., Ty, AKIO JJIs
KOXKHOT TOYKU (X1,...,Ty), O MICTUTLCS B M-BUMIDHOMY LapaJiesieniie)i
(a1,b1,...,an,by) piBaauas (14) Mae oJuH 1 TITBKK OJUH KOPiHb B MPOMIXKKY

(¢, d).



§7.2. Heaeni pynxuii 610 Kiavkor 3MIHHUL o7

Teopema 3. Hexati:

1) pynruia F(x1,22,...,Tm,Y) cusnauena i nenepepena 6 (m+ 1) sumipromy
napaseseninedi D = [a:(f — Al,:v(f + Al,:cg — Al,asg + Aq, ... ,x?n — Al,x‘fn +
0 /.0 ! ; 0 ,.0 0 ,,0V.
Ay, y’ — Ay’ + A'] 3 yenmpom 6 mowui (27, x5, ..., x5, Y");
2) dymwuia F(x1,20,. .., 2m,y) 6 mouui (2, 29,..., 2% 4°) nepemeoproemvca
6 HYAb;
8) wacmunni nowioni F, | F, ... F, icuyromo i nenepepeni 6 D;
4) noziona F' ¢ mowui (29, 29 20 V) me nepemsoproemvea 6 nyaw
Y Y 142y mp Yy p p Y .
Tooi
a) 6 deaxomy oxoni mouxu (29,29, ..., 20 YY) pienanna (14) eusnavae y ax
odnosnauny dynryito 6id x1, T, ..., Ty Yy = f(T1, T2, ..., Tn);
6) npu x1 = 23,19 = Y Ty = 20 wa Pynxuyia nputimae snavenns ;
14 1 1y 42 290 m m Y Yrry, P Yo -
— £(00 0 0.
yo = f(al,zg, ... 2, );
6) pynruia f(r1,To, ..., Ty) HENEPEPEHA NO CYKYNHOCT CEOLL AP2YMEHMIE;
2) pynwyia f(x1, T2, ..., Ty) MAE HENEPEPEHI UACTNUNNT NOTIONI.

B 6ijibiin 3arajbHOMY BUIIA/IKY MOXKe OyTH 3ajiaHa CUCTEeMa PIBHAHD 13 1. PiB-

HAHb 3 N -+ M 3MIOOUME

4

Fi(zy, o Ty Y1,y Yn) = 0,

Fy(x1, .. Ty Y1, -5 Yn) = 0,
(15)

\ Fo(x, .. Zm, Y1, - yn) = 0.

Kaxyrb, mo B (n + m)-sumipnomy napasesenineai (ag, by, ..., Gy, by,
c1,dy, ..., Cy,dy) cucrema (15) BuzHAYAE Yi,...,Y, SAK OJHO3HAUHI (DYHKIII
BIL X1,..., Ty, SKIO JJIsT KOXKHOI TOYKW (Z1,...,T;,) B M-BUMIpHOMY Tapa-
aesenineni (ay, by, ..., ay,by) cucrema piBusinb (15) mae oy i TiibKu OjiHY
cucreMy pPO3B’s3KiB (Y1, .. .,Yn), MO HAJEKHUTH N-BUMIDHOMY TMapaJjeserninery
(Cl, dl, <oy Cp, dn)

B nuTanHi npo iCHYBaHHS OJHO3HAUYHUX HEABHUX (DYHKINH yi,...,Y,, IO

BU3HAYAIOTHCA CHCTEMOIO DiBHAHBL (15) BaKJIMBY pOJIb BiJirpa€ BU3HATHHK
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Ocrporpaacbkoro-fkobi

OF 0y oF,

Oyr Oya " Oy,

OF; OF, OF;
g D(Fy, ..., F,) _Now o - oun (16)

D(yla . ) yn)
oF, OF, oF,
Oy1 Oya """ Oyn
Teopema 4. Hexati:

1) eci ¢ynwuii Fy, ..., F, eusnaueni i nenepepsni 6 (n -+ m)-eumipromy
napaseseninedi D = [29 — A, 20 + Ay, 2 — Do, 2 + Ay, 28 — Ay, 20 +

A, ) — ALy + AL yd — Abys + Ay, yh — ALLyY + Al 3 yenmpom 6

mouui (29, ..., 20 0 . yY);

2) mouxa (z9,...,2%, 40, ...,94%) sadosoavnae cucmemy (15);

3) icnyromou i nwenepepeni 6 D wacmunni noxidwi gynwkuia Fy, ... F, no ecix
ap2YyMeHMAT;

4) susnawnux Ocmpozpadcvrozo-Srobi (16) 6 witi mowyi idminnut 6id Hyas.

Tooi:

a) 6 deaxomy oxoni mouru (... 20 Yy ... y0) cuemema (15) eusnauae
Yl - ooy Yn AKX 00HO3HAWHE PYHKULD 610 X1, ..., Ty,

y1 = fi(zy, . o xm), yo = fo(xr, . s xm)y ooy Yn = fu(T1, o0, Tm);
6) npu 1 = 28, o = 29, ...,z = 20 wi Gynruii nputimaroms idnoeiono
anavenmna ), ...,y

0 0 0 0 0 0 0 0 0

Yy = fl(xlw . '7xm)7 Yo = fQ(xla"' ,me), sy Yy = fn(xla"'7xm);
6) pynkuii fi(xy, ..., xm), fo(xr, ... xm), oy ful®1,. .., Tm) Henepepeni;
2) dynruii fr(z1, ..., xm), fo(T1,. o xm)y ooy fo(Tr, ..o Tm) marome mene-

PEPEHI YACTNUHHE NOTIOHI.

§7.3. ObuncieHHd TTOXITHUX HEeABHUX (DYHKITIi

Hexaii maemo pisusams (12), B skomy F(x,y) 330BONbHIE YMOBHE TEOPEMH 2.

Ao wesgsny dyukiio y = f(x) nigcrasutu B (12), TO 0MEPKUAMO TOTOKHICTD
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F(z, f(z)) = 0. Cknagena ¢yHKIis B JiBiil 4aCTUHI TOTOXKHO PIBHA HYIIO, TOMY

1 11 noxijHa piBHa HyJ0. JIudepeniiooun i1 K CKaaJieHy (PYHKIII0, MAEMO

Fi(z,y) + Fy(z,y)y, = 0. (17)
3BljcH
Fi(r,y
y, = —2l@v) (18)
F)(z,y)

ockinbku Fy(x,y) # 0.

dAxmo dbyukiis F(x,y) Mae HemepepBHI YaCTHHHI TTOXiHI JIPYTOTO MOPSIIKY,
To pudepentiongn npapy dactuny (18) i migcrapisioan 3amicTh Y., Bupas (18)
JIJid Hel, MaTUMeMO
(Fo, + Flf) s — (Fl+ Fi)Fy  2FLE — (Fy)PF — (F)°F)

" z .

. (F)? ) (F)?

Merogom MaremaTndHOl 1H/YKIT JOBOJIKMO, 110 ICHYBaHHSI HEIIEPEPBHUX Ya-
cruHHUX noxigaux Gynkiii F(x,y) mo k-ro nopsaaky skmodno (k > 1) 3abesme-
4yy€e iCHyBaHHsI HENIEPEPBHOI TOX1JIHOT k-T'0 MOPSIIKY HEesiBHOI (OYHKIIII.

Ha mpaxTumi 3pydHiiie 3HaX0IUTH MOXITHI BUIIAX TOPSIKIB HEIBHOI (DYHKIIIT
IJTAXOM TOBTOPHOTO JjinbepeHtiioBants TOTOKHOCT (17) 3 BpaxyBaHHsIM TOTO,
1o y € PyHKIEO Bij T.

[TonibHy cuTyario MaeMo i y BUMQJIKY HesIBHOI (DYHKIIT 3 OLJIBIIOI0 KIJIBKICTIO
HeBioMux. Beaxkaroun BukoHaHuMu yMoBu Teopemu 4.3, mudepentioemo (14),

HALUPUKJIAJL, 110 T1, M4 Ha yBasi, M0 3aMiCTb ¥ LijCTaBUIn f(:c/l, ey Ty
J— 1
-
Iy

Ao norpibHo 3HaiTH BCl MOXIJIHI HEPIIOTO 1 BUIIMX MOPSJIKIB, TO MPOCTi-

piBuicts (14) crana roroxuicrio Fy + Fjy, = 0. 3sincn y, =

me 3pasy paxysatu dy, d*y,.... Jdudepennitoroun (14) i Bpaxoyioun inpapian-

THICTH (POPMHU T1epIoro JudepeHiiaia, MaeMo

OF OF OF OF
—d —d oo+ —dx,, + —dy =0,
B :1:1+a$2 To + +axm:1: +8yy
3BIJIKA
OF Or
dy = —%dml — .= %x—l;”dxm.

dy oy
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3 iHIMmoro 60Ky

0 0
dy = —ydxl +... 4+ —ydxm.
8331 8$m
Ocxkinbkn dxy, ..., dx,, JOBUIBHI, TO MATUMEMO, IO
oF oF
W ow Oy _ o,
o, OF " " G T

y oy

Hudepenniomoun e pas, o0IepKIMO

O*F O*F *F
——dx, + .. dx,, +

oF
L — dy| d T
dx? * 0x10,, Ox10y ylazt...

dy

[lincraBisaioun cionu Bupas3 aiasd dy, Ta BE3HAUAIOMHM d’y, OJEPXKEMO BHpPa-
0y 0%y  O%
0x3’ Ox10xy’ O3
TPETHOTO 1 BAIUX MOPSIKIB.

. [ogibruM 9MHOM 3HAXOANMO BUPA3U JJIsi ITOX1IHUX

3U JIJI4

Hexait byukiisa F(z,y,z) B okoi Touku (X, Yo, 20), dKA HAJTEKUATH 00JIACT
BU3HAUYEHHS (DYHKIIIT, 3a/I0BOJIbHSIE YMOBU TEOPEMU iCHYBaHHS Ta, JudepeHIiios-
HocTi HesiBHOT yHKINT 2 = f(x,y), Mo BU3HaUaeThCs piBHsHHAM F(2, 9, 2) = 0.
Toni rpadik i€l wHesBrOl GyHKIHT Mae B Touti (Xo, Yo, 20) JOTUIHY TJIONMHY i

HOPMaJib, PIBHSIHHS SKUX MaIOTh BI1JIIIOBIJIHO BUIJISL

E (w0, Y0, 20) (2 — m0) + Fy(20, Y0, 20) (Y — o) + F2(20, Yo, 20) (2 — 20) = 0,

T — Xy _ Y—Y _ Z =20
Fl(ro,90,20)  F}(%0,%0,20)  FL(%o, Yo, 20)

KoHTpoJIbHI 3annuTaHHA 1 3aBIaHHHA

Haiite o3HaueHHs1 HeABHOI (DYHKIIIT OJiHIET 3MIHHOI.
HaiiTe o3HaueHHsT HEeSIBHOI (DYHKIIT KIJIBKOX 3MIHHUX.

JaiiTe 03HAaUEHHS] CUCTEMW HEesIBHUX (DYHKIIIH KLJILKOX 3MIHHUX.

= w o e

. Buznauutu yu npaBusibHi JlaHl TBEP/RKEHHS:

1) koxkue piBastHHs (12) 3a71a€ X0ua 6 OjiHY HEsABHY (DYHKIIIO;

2) piBustnug y® — y = 0 3aja€ HeCKiHUEHHY MHOMKUHY HessBHUX (DYHKI
y=f(z), v €R;

3) piBuganus (12) 3ajae oaHy HegBHY (DYHKIIIO;



§7.4. Hpuraadu poss’asyeanns 3ada 61
4) piBHsIHHS 3+ y3 — 4daxy = 0 B OKOJI1 TOUKHN T() = a%, Yo = av/3 3ajiae
euHy HemepepBHy byHKII0 Yy = f(7);

5) cucrema
8z2 — 23 — 3yt =0,
23+ 5y —22+3=0
3aJia€ €uny napy dyukiiil y = y(x) ta z = z(x), HenepepBHUX B JIOCTATHBO

MaJIOMy OKOJi Toukn xo = 1 i makux, mo y(1) =0, z(1) = 2.

§ 7.4. Ilpukyiaan po3B’a3yBaHHA 3324

1. lociguryu un BusHadae pisnanusa F(x,y) = z(2? +9?) —a(z? —y*) =0
B okosi Toukn My(0;0) eauny HenepepBHy HesiBHY dyHKIio y = f(x).

Pose’azox. Oyukuist F(x,y) wenepepsra B okosi Touku (0;0) pasom i3 4da-
crunauMu noxigaumu F. = 32% + 3? — 2az Ta F, = 2zy + 2ay. Ockinbku
F;(0;0) = 0, To 3acTocoByioum Teopemy Hpo icHyBaHHs HestsHOT Gynkiii ne mo-
JKHA.

Pozrisitnemo piBHsiHHS

Flz,) =0 +ay* —a’ +ay* =0 2%z —a) +9*(r +a) =0 &

2
r-\a—2x a—xT
@gf:g@y:ix,/ :
a—+zx a—+x

gakimo ¢ > 01 x € (—a;a). dxmo a = 0, To piBHsAHHS HaOyBae BUTJISLY

z(2? + y?) = 0, Tomy He Mae posB’aA3Ky BimmocHo y. OTxe, as GYIb-AKOTO
a piBuguag F(z,y) = 0 abo He 3amae wessuol dbyukmil y = f(z), abo 3amae
OlIbIIe HI2K OJIHY TaKy (pyHKIIif0. P

2. [Tokaszaru, Mo jane piBHAHHSA B OKOJI JIESKOT TOUKKM BU3HAYAE €JIMHY HESBHY

mudepentiiiosry dyukiio z = f(z,y), Ta 3HaTH BKasaHi moBHI Audepenriadim:
THy+z=e¢ dz, d*z.

Poseg’sasox. OckinbKu JlaHe piBHSIHHS MOXKHA IEPernucaTu y BULISIII

r+y+z—e =0,10 F(2,y,2) = 2 +y+2— . lla bynxnia nenepepsna 5 R?
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z

pas3oM 3 9acTHHHEME Toxignnvn Fy =1, F) =11 F, = 1 —¢€*, npudomy F] # 0,
akimo z # 0. Touku (g, yo, 20), B gxkux F(xg, Yo, 20) = 0, icaytors. Hanpuxia,
takoto Toukolo € (1;e;1). Orke, iICHYIOTH TOYKH, B OKOJII SIKHX BUKOHAHO BCI
YMOBH TeOpeMU iCHyBaHHsI Ta JudepenIiioBHocti HesiBuol dbyukiii z = f(z,y).

3a 11i€10 TeopeMoio

F’ 1 F! 1 1
,———‘T:— ,:——y:— = ——
z, = P T z, P l_ezz>dz 1_ez(d:njtdy):>
d(1 —e?)
>z =d(dz)=d| — dr + dy) | = (dz + dy)—= =
S s = ) = (e dy)) = () )
—efdz e’ 9
= (dz + dy) = dx + dy)°. »

(1—e*)? (1-— ez)S(
3. 3uailTu PIBHAHHA JOTHYHOI IJIOIMMHU Ta HOPMAaJ JIO 3aJIaHOl IOBEPXHI
22+ y? + 22 =3 y roumi My(1;1;1).
Pose’asox. [lna nanoi nosepxui Mmaemo F(xz,y,2) = 22 +y* + 22 — 3, Tomy

F, =2z, F, =2y, F] =2z, i piusnns J0THIHOI NJONMHYU MA€ BUTJISL:
2z0(z — 20) + 2yo(y — vo) + 220(z — 20) = 0 =

=2x-1)+2(y—-1)+2z-1)=0=z+y+2=3.

PiBustHHS HOpMaJIi Ma€ BUTJISIJL;

§7.5. 3azadi i BripaBu OJisi CAMOCTIifHOT poboTn

1. Jocaiguru, qu Busnadae pisasaunas F(x,y) =0 B okoni Touku My(xo; yo)
€JlMHy HerepepBHy HesiBHY GyHKIio ¥y = f(x), sKio:

1) F(z,y) = 2° +y* — 3azy, xo=av4, yo=av?2,

2) F(z,y) =xe* —ylnz — 8, (z9,%0): F(xo,y0) =01 yo # %ln In o

2.%‘0 ’
Y )
3) F(%y) =In vy r? 4 y* — arctg z (::C()ay()) : F(x();y()) =01 yo # o,

2
. T
4) F(z,y) = 2*Iny — y*Inx, (zo,40) : Flzo,yo) =01 yj # —

5
In zj



2. IlokazaTu, mo gane piBHAHHS B OKOJII JIESIKOl TOUYKN BU3HATAE €JIUHY HESIBHY

mudepentiiioay GyHkiio z = f(x,y), Ta 3HAlTH BKa3aHi YacTHHHI MOXiTHI a0
HOBHI JiudpepeHIiiaJin:
1) 23+ 32%2 = 22y, 2, Zy,

2

cos?x 4 cos?y + cos? z = 1, 2/,

T 11[1z +6, dz, d*z,
z Yy

_ Y
z = x — arctg

)

3) 2? +y? + 22 = a?, dz, d’z,
)
) z—2x

d’z.

PO3/11JI VIII. Haii6inpIe 1 HajiMeHIe 3HAUEHHS

dbyHKIIII. Y MOBHIII eKCTpEMYyM

§ 8.1. Haiibinpmre i HaliMeHIIIe 3HAUYEeHHS (DYHKITIT

[Tpu 3Hax0>KeHHT HAKOLIBITIOrO 1 HAMEHITIOT0 3HAYEHb (PYHKIIIT KIJTHKOX 3MiH-
HUX, sIKa HellepePBHA Ha 3aMKHY T MHOXKUHI, CJI1JT MaTH Ha yBa3l, 110 111 3HAUEHHS
JIOCATal0ThCs D0 B TOUKAX €KCTpeMyMYy, abo Ha MexKi i€l MHOXKUHU. ToMy J1Jis TO-
ro, o6 3HaiiTn Haibinbie (HaiiMenine) suadennst Gyl v = f(xy, o, ..., T,)
B obJiacTi D HeoOXiJHO 3HANTH BCl BHYTPIIIHI TOYKH, I1I03PLJIl HA eKCTPEMYyM, 00-
YUCJIUTH 3HAUEHHS (DYHKIIT B HUX, SIKIIO 1€ MOXKJIMBO 1 TIOPIBHSITH 13 3HAYEHHSIMU
pyHKIIT B MEXKOBUX TOUKaX 00J1acTi, SIKIIO 1€ TAKOXK MOXKJIMBO.

B zarajibHOMY BUIIQJKY HaBITH JJId (PYHKINI JBOX 3MIHHUX 3a/1a1a, JOCJIiJIXKe-
HHST Ha, Me>K1 00J1aCT1 € JIOCUTH CKJIAIHOI0. SHAXO/XKEHHST eKCTPEMAJIbHIX 3HATEHD
CIIPOIIYETHC, SIKITO JIOCTIPKYEThCsT OMYKJIa, (DYHKITiS.

[ligmMuoxkuny D m-BUMIpHOTO MpOCTOpPY OyJeMO Ha3UBaTH ONYK.A0M0, SKITO
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T OyIb-aKnX ABOX TOUoK A Ta B mo nanexkarts D, BLIPI30K, 10 X CIIONyYaE,
TAKOK [OBHICTIO HAJIEXKUTL D.

Oyukuis z = f(z,y) 3ajana Ha ONYKJIH MHOXKUHI [ HA3UBAETHCS ONYKAOIO
8Hu3 (0NYKA010 868€PXT), SKIIO JJist OY/ib-SKUX JBOX TOUOK (X1, Y1), (T2,y2) € D

BUKOHYETHCS HEPIBHICTH

f(a:1+a:2 y1+yz) < [y, ) + f(22,y0)

2 ’ 2 2
T1+ T2 Y1+ Y2 f(x1,y1) + f(22,92)
/ 2 ’ 2 2 2

st omykisol (pyHKINT pPiBHICTH HYJIIO YaCTUHHUX TOXIJIHUX € He TIIbKH
HEOOX1JIHOIO, aJie 1 JIOCTATHBOIO YMOBOIO €KCTPEMyMY. DijibIll TOro, eKcrpeMmyMu
OIIYKJIOl (pYHKIIT € 1yI00aJbHUMU, TOOTO HafMEHIII 3HAUEHHS JIOCATal0ThCs, KOJIK

byHKIIIsT OyKJIa BHU3, HAOLIbLIN — OIyKJIa BBEPX.

§8.2. YmMmoBHuii ekctpemym. MeTos MHOXKHUKIB JlarpaHn>ka

st pyHkIil baraThox 3MiHHUX criennivHO0 € 3ajiava, KOoJu 11 eKCTpeMyM
IIYKAEThCs He Ha BCiit 0bJsiacTi BU3HAUYEHHS, a Ha, MHOXKIHI, 1110 33JI0BOJILHSIE 11€B-
Hiit ymoBi. Ijisi npocToT BUKJIAy PO3TJIIHEMO BUNAJIOK (DYHKILT JIBOX 3MIHHUX
z = f(x,y), aprymenru sikoi 33J10B0JIbHsII0TH YyMOBY ¢(x,y) = C siky Ha3UBAIOTh
PLBHAHHAM 38°A3KY.

Touka (g, yp) HABUBAETHCS MOYKOIO YMOBHO20 MAKCUMYMY (MIHIMY-
MY ), SKIIO ICHY€E TaKWil OKLJI Mi€l TOYKH, IO JJIst BCIX TOUOK (Z,Y) 3 IHOTO OKOJTY,

K1 38JI0BOJIBHSIIOTH YMOBY ¢(x,y) = 0, BUKOHYETHCST HEPIBHICTH

f(xo,0) = f(z,y)  (f(xo,00) < fla,y)).

Haitbisibin nmpocTum criocobOM 3HAXOJXKEHHS YMOBHOI'O eKcTpeMyMy (DyHKIT
JIBOX 3MIHHUX € 3BEJICHHsI JI0 3a/1a41 BIIIYKaHHS eKCTpeMyMy (DYHKIIT OJTHIET 3MiH-
Hol. fkimo piBHsinas 38’13Ky ¢(x,y) = C' BJajoCch po3B’s3aT BiJIHOCHO OJHIEN i3
SMIHHUX, HATIPUKJIAJ, Y BUPA3UTH 4epe3 T : y = (), TO MICTABJISTIOUH OJIepKa-

HUil BUpa3 y DyHKIIO ABOX 3MiHHEUX, ojepxkuMo z = f(x,y) = f(z, p(x)), TobTO
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ofepKuMO (BYHKIIO ofmiel 3minmol. [T ekerpemyM 1 Gyie YMOBHIM €KCTPEMYMOM
byukuil z = f(x,y). Biabime Toro, y Bunajky (MyHKIHT TPHOX 1 GiIbie 3MIHHUX
PiBHSIHB 3B’513KYy MOXKe OyTH KiJIbKa.

Hexait maemo dyukmito m smiannux y = f(1,...,2,). Tpeba mociiguru
Ha eKCTpeMyM 1110 (PYHKIIIIO, $KIIO 3MIHHI 3aJI0BOJIbHSIOTH PIBHSIHHS 3B SI3KY
0i(r1,...,Tm) = 0, i = 1,m, n < m. O3HadeHHA YMOBHOTO MaKCHMYMy
(MiniMyMy) JUIST 1 3MIHHUX JIA€MO aHAJOTIYHO BHMAJKY JIBOX 3MIHHWX. FKIIO
13 cucreMu PiBHsAHb 3B'$I3KY M — T 3MIHHUX MOXKHA BUPA3UTU 4epe3 periTy
3MIHHMX, TO IIJICTABUBIIA BUpa3d I [UX 3MIHHUX y (DYHKINO, 3ajad9y Ha
YMOBHHU €KCTPEMYM MOXKHA 3BECTH JIO 3a/1a4l HA 3BUYANHUN eKCTpeMyM (PyHKIIIT
n 3MIHHUX. Y OLIBII CKJIAIHININX BATIAIKAX €(PEKTUBHAM € MEMO00d MHOHCHUKLE

Jlaepanotca. Mage Miciie TeopeMa, sdKa BUPaXKae€ CyTb METOJY.

Teopema 1. Txwo moura (29,...,20) ax mouxa ymosnozo excmpemymy
pynruii y = f(x1,...,Ty) 36008604vHAEC PIGHANNA
0i(T1,...,2p) =0, j=1,n, n<m,

MO ICHYIOMb CMANALE MHONCHUKY Nj, ] = 1,1, odnouacno ne pieni nymso maki,

wo mouka (29,...,2°0 A ... AY) € mouroro excmpemymy dynruii
n

L(zy,...,xm) = f(x1,...,2p) + Z N (X1, Tm).
j=1

Oyukiio L gacTo HasuBaioTh pynryiero Jlazparnaca. L Teopema Buparkae
HEeOOTIONY YMOBY YMOBHO20 EKCMPEMYMY. 3aCTOCYBAHHS TEOPEMU MPUBO-

JIATH HAC JIO0 HEOOX1THOCTI pO3B’sI3aHHSI CUCTEMH PIBHSIHD

oL

%:0, Z:1,m,
— =0, 7=1,n.
a>\] 7] 7n

Piusinus 3 (m + 1)-ro g0 (n + m)-ro cniBoajaioTs 3 PIBHIHHAME 3B S3KY.
Exonomivni 3ajia4i 1po onTuMaibHU OO PecypCiB, BUOIP ONTUMAIBHO-
10 OpTdhEITIO MIHANX TANEPiB Ta 1H. € TPUKJIAJAME 33141 3HAXOIYKEHHS YMOBHOTO

CKCTPEMYMY.
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JlocTaTHi yMOBH YMOBHOIO ekcrpeMymy. llpunycrumo, mo ¢yukmii f i
¢, JBivi Henepepsio judepenniitosui. [InTannsg HagBHOCT] yMOBHOIO €KCTPEMYMY

3aJIEXKUTH BlJ[ 3HAKY PI3HUIIL

A:f(xl,..-,xm)_f(x(l)v"'x(r)n)

1P YMOBI, 1110 TOUKH (T1, ..., ), (27, ..., 20) 3310B00bHsIOTL PiBHSAHHS 3B 513
Ky B JIOCUTH MaJIOMY OKOJII TOYKH (:c?, e x%), mi103piyiol Ha ekcTpemMyM. Jlia

TaKWX TOYOK mpupict GyHKIIl f Moxke OyTu 3aMinennii npupoctom GpyHKIil L,
Jie BCl MHOXKHUKHU \; BBa’Ka€MO PIBHUMU )\9. B rakomy BuiaJiky npupicr HaOJ1u-
YKEHO JIOpiBHIOE JipyroMy judepentiarny (6o mepuri moxigni piBai wyso). Pizaurga
Mi’K HUMH — HECKIHUEHHO MaJia BUINOTO HOPSAJAKY, Hik dx;, i = 1,m. dpyruii
nudepenrian Gyakiii Jlarpamn:ka — KBajpaTuina (popMa BiJTHOCHO dX1, . . ., dT,,

npuydoMy Il jiudpepeHiiiaim 3aJI0BOJIbHAIOTH CUCTEMY PIBHSIHB

(D 5 dp1
——dx d ——dry, =0,
0x1 3332 Tat.. ox,,
Oon n
dxy =0
\ 81'1 8 ) &’Cm ’

Axio apyruit qudepeniiai yukiii Jlarpau>xka, sk kBajiparuyina gpopma, Ji0-
JIATHO BU3HAYEHUI, TO MAEMO YMOBHMI MiHIMYM, BiJl' €MHO BU3HAYEHUIl — YMOBHHUIA

MaKCUMYM, SKIIO He 3HaKOBU3HAYEHU, TO YMOBHOTO €KCTPEMYMY He ICHYE.

§8.3. Ilpukyiagm po3B’sda3yBaHHA 33aJ1a4

1. Buaiitu naiiblibiie 3uavennst GyHkiil z = sinz + siny — sin (z + y)
TPUKYTHHUKY, oOMexkeHoMy Biccio O X Biccio OY 1 npsimoio x + y = 2.

Pose’sas30x. Beepejiuni obsacti MaemMo

g—:cosx—cos(ery):O,
T
z

— =cosy —cos (z +y) = 0.
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Posp’s13aB1n cucteMmy, 3HAXOIUMO, 110 BCepenHl 001aCTi 3HAXOIUTHCS €/IMHA,

2 2
TOYKA, (%, g) Ha mpavux * =0, y =01 x + y = 27 nama QyHKId piBHA

o 2 3v/3
0, Tomy B TOHII <— —) HaOl/IbITle 3HAYECHHST DIBHE ——. B>

3 3 2

2. JJocaimTy Ha yMOBHHII eKcTpeMyM ByHKIHo 2 = 22 + 32, apryMenTH aKoi
3aJ10BOJIbHAIOTH pPiBHAHHA 32 + 2y = 11.

Poseg’azok. Po3p’sizkeMo PiBHSIHHS 3B’si3Ky BijiHOCHO 3MiHHOl y. Maemo
11 — 3z
2

yHKIIIsT OJHIET 3MIHHOI.

y = . Migcrapsmoun y dyukuio, ogepxkyemo z = a2 + 2(H532)2 -
Hocaigumo nany (byHKIIIO Ha €KCTpeMyM, siK (DPYHKINO BijJ OJHIET 3MIHHOI.
SHailjIeMo HOXiJIHY 1 NPUPIBHAEMO 11 JIO HYJIsI:

11-3 3
=2 +4———— v <

: 2) r—33+40z =112 —33=0

Orpumaemo, 1o x = 3, npuydomy Ie Touka Mmirimymy. Tomi y = 1.

OTrke, TOYKOIO YMOBHOTO MiHiMyMy € TouKa (3;1). B

3. JocmiauT na yMoBHMII eKeTpeMyM (byHKIHO 2z = 22 4 9%, aprymenTn skoi
3a/10BOJIbHAIOTH pPIBHAHHA 32 + 2y = 1.

Poses’asox. Cxianaemo dynkiiio Jlarpamxka
L(z,y,\) =2 + y* + A3z + 2y — 1).

3 HEOOXIJTHUX YMOB €KCTPEMYMY

oL oL oL
I +3X =0, 9y y+ 2\ =0, o\ 3r — 2y 0,

MaemMo £ =3, y =1, A = —2.
Toukoro ymosHOro ekcrpemymy moxe 6yru (3;1). [lepesipumo BukoHatHsi j10-

CTATHIX YMOB. 3HAXOIUMO, IO

2 2 2
oL, FL_, FL
Ox? Oy? Ox0y

Otrke, d’L = 2dz? + 4dy? € nomaTHO BH3HAMEHOI KBAJPATIIHOI (hOPMOIO,

Tomy B Touri (3;1) MaeMo yMOBHEH MiHIMyM. B>



§8.4. 3amadi i BnpaBu AJid CAMOCTIiiHOI po60T!

1. Hocaijiuru Ha eKcTpeMyM 3ajiaHy (DyHKIIO:

1) z =y> — a? — 27Ty + 3z + 16,

2) z = \/_( +ay +y°),

3) z = 1x+4lny+ln(7—x—y),

4) z = 21

5) z = sin(z +vy),

) 2= 1- VZTF

7) u = 2?4+ y* + 2z + 4y — 62,

8) u=a%—2y* — 22— 32 +8y+22—09.

2. 3HaiiTi yMOBHUIT €KCTPEMYM JIaHOT (DYHKIIII:

1)z—xy,HKmo——|—%—1 a>0,b>0,
a
1
2)z:—+—,HKmox—|—y—a a >0,
Y
3) u = sinxsinysin z, HKMO$+y+Z_g, x>0, y>0, 2>0,
)

4) u=ay+yz, akmo 2> +y =2, y+2=2, >0, y >0, z>0.

BapianTu inanBiayaJbHNX 3aBIaHb

1. 3nuaitTn 1 300pasuTu 006/1aCTh BU3HAYEHHST BKa3aHUX (PYHKIIIN:

3xy 2

, 2) 2= ————,
2x — by 6 — 2?2 —y?
3)2;:\/,%2— 2, 4),2:111(4—1:2—:1/2),
5) z = arcsin(z — y), 6) z=+/x2+y> -5,
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4y Y
A T Jz=3vdg—
9) 2z =+/9 — 22 — 92, 10) z = In(2* 4+ 9> — 5),
11) z = /222 — o2, 12) z = arccos(z + y),
13) z = " _::?:ng 14) z = arcsing,
15) z = In(y* — 2?), 16) z = In(2z — y),
17) z = arccos(x + 2y), 18) z = arcsin(2z — y),
19) z =1n(9 — 2* —3?),  20) 2z = /3 — 22 — 32,
1
M) r=dot+—2  929)z= ,
2z — 5y 24+ y2—5
5! V3T — 2
23) 2 = , 2) z = YL =V
4_%’.2 y2 :U2_+3_y2_i_4
7
25) z = — 7 2%) z = — 7
3+x—y x — 4y
27) z = eV 7Y, 28) z = eVE YL
1 dxy
29 Z:$2—|—y2 5 3O)Z:x2 7

2. 3HaiiTi YACTUHHI OXIAHI 1 YACTUHHI JrdepeHIiaan M0 KOXKHIi 3MIHHIA Bl

TaKuX (PYHKILIA:

1) z = In(y? — e ), 2) z = tg(x® + ¢,

3) z = arctg(z? + %), 4) z= e VY

5) z = sin %, 6) z = cos %,

7) Z:Ctg\/xy‘g, 8) Z = COS \/$2-|—y2,
)

T T
21) z =sin i y) 22) z = arcctg —,
r—=y Y
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23) z = ctg

T

Y

r—Y

25) z = In(32* — 3?),

27) z = arcsin /23y,

29) . 6cos(x3—2xy)

)

Bapionumu indueidyanronur 3aedans

24) z =sin , | Y :
T4y

26) z = cos(y* — e "),

28) z = arccos(z — y?),

30) z = e @),

3. O6uncnnrn snadenns dactuannx noxignnx f,.(Mo), f,(Mo), f.(Mo) s

sajianol byskiii f(x,y, z) B rouri Mo(zo, Yo, 20) 3 TOUHICTIO JI0 JIBOX 3HAKIB ITCJIs

KOMMU:

z
) f(x,y,z) - Wa M0(07 _17 1)7
2) f(r,y.2) =In (v +2-), Mo(1:2:1),
3) f(z,y,2) = (sinz)??, M0< ,1;2),
4) f(z,y,2) = 1n<sc +2y° = 2°),  My(2;1;0),
5) f(w,y,2) = \/ﬁ My (1505 1),
6) f(z,y,2) = Incos(x*y* + 2), MO(O;O; %),
7) f(x,y,2) =27/ x + 92+ 23, My(3;4;2),
8) f(x,y,2) = arctg(zy” + 2),  Mo(2;1;0),
9) f(x,y,z) = arcsin (%2 — z) . My(2;5;0),
10) f(z,y,2) = \/_sm— My(2;0;4),
Yy
11) f(z,y,2) = N Moy(—1;1;0),
12) f(x,y, z) = arctg %, My(2;1;1),
13) f(z,y,2) = Insin (x;2y+4), M0<1;%;7r),
14) f(z,y, = ):g+§I;, My(1;1;2),
9 ) = e e WD
16) f(z,y,2) = In(z 4+ ¢*) — Va2 — 22, My(5;2;3),
18) fla,y,2) = ————, Mo(VZV2V2),
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19) f(z,y,2) = In(z’ + Yy — 2), Mo(2;1;8),

20) f(z,y,2) = #y? My (2; 3;25),

21) f(z,y,2) =8/ a3 + 9>+ 2, My(3;2;1),

22) f(w,y,Z) :ln(%_FW_Z% M0(17171)7
24) f(z,y,2) = ze” >, Mp(0;0;1),

25) Sy ) = 2EY g (7T vE),

26) f(z,y,2) = VzIn(Va +y), Mo(4;1;4),
27) f(z,y,2) = ;C_Zy My(3;1;1),

28) f(x,y,z2) = Va2 +y? —2xycosz, M, <3; 4: g),
29) f(x,y,2) =ze ™, My(0;1;1),

30) f(z,y,2) = arcsin(xv\/7y) — y2°, My(0;4;1).

4. 3naiitu noBHi gudepeHiiagam BKasaHux yHKIL:

1) z = 203y — 4ay°, 2) z = 2’y sinz — 3y,

3) z = arctgx + /v, 4) z = arcsin(zy) — 3wy?,
5) z = bayt + 20%y", 6) z = ( — ) + 2,
7) z = In(32” — 2y%), 8) z = — 3a3y*,

9) z = arcsin(z + ), 10) z = arctg(Qx — ),
11) z = Tz°y — \/zy, 12) z = /22 + 42 — 22y,
13) z = "tV 4, 14) z = cos(3x +y) — 27,
15)z:tgijz, 16)zzctg%,

17) z = ay* — 3%y + 1, 18) z = In(z + zy — y?),
19) z = 22%* + 2° — 3%, 20) z = /322 — 2y2 + 5,
21) z = arcsin : ;r y’ 22) z = arccos ’ ; :
23) z=+/322 — 2 + 24) z = y* — 3wy — a*,
25) z = arccos(z + ) 26) z = In(y? — 2° + 3),
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27) 2 =2 —a2° —9* + 52,  28) 2 = 7w — 2°y* + bu,
29) z = eV, 30) z = arctg(2z — y).

5. O6uncanTy 3HAYEHHS TOXiIHOT CKIaHOT GyHKIIT © = u(z,y), 1e © = x(t),
y =y(t), upu t =ty 3 TOUHICTIO JIO JIBOX 3HAKIB MICJIs1 KOMMU:

. x=sint, y=1t, ty=0,

= In(e” +e7Y), =t} y=1t, ty=—1,

N

N|—

u=y", x=I{t—-1), y=-e2, ty=2,

_ —2x+42 .. _ _
= ¢’ ., r =sint, y=cost, ty=—,

)
)
)
)

5) u=ax%Y, x=cost, y=sint, ty=m,
Ju=1In(e"+e¥), z=1t* y=t, ty=1,
)
)
)

10)u=In(e™+e¥), z=t* y=t, ty=—1,

T
1) u=e""*"" x=cost, y=sint, tH= 2’
€T

12) u = arcsin—, x =sint, y=cost, ty=r,
13)u:arccos—x, r =sint, 1y =cost, ty=rm,

z? ’
14) u = , r=1-—2t, = arctgt, 19 =20,
) T y gt, to

T
Byu==, x=¢, y=2-€" t,=0,

Yy

1

16) u=In(e ™ +e %), z=13 y:§t3, to=1,

X

18) u = arcsin —, x =sint, y=cost, to=r,
Yy
2
19)u:y—, r=1-2t, y=1+arctgt, ty=0,
x
20)u:g+§, xr =sint, Yy = cost, tozﬁ,
x Yy 4

2 u=+/22+y+3, xz=Int, y=t* t,=0,
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T

22)u—arcsm@, x =sint, y=cost, ty=m,

23) u = g—%, r=sin2t, y=tgt, to:%,

M u=~/r+y+3, x=Int, y=t> to=1,

25) u = % r=¢, y=1—e* t,=0,

26) u = acsm%, r =sint, 1y =cost, ty=rm,
27) u =In(e* +¢¥), x=1t y=t' ty=1,

28) u = arctg(z +y), v=t>+2, y=4—1t* ty=1,
20) u= /22 +9y2+3, w=Int, y==t, ty=1,

)

30) u = arctg(zy), xz=t+3, y=c¢', ty=0.

6. O6uncMTH 3HAYEHHST YACTHHHUX MOX1THUX GYHKIHT 2(2, i), 3aaH0T HesB-

HO, B Jlesikiit Touri My(xg, Yo, 20) 3 TOUHICTIO JI0 JIBOX 3HAKIB I1iCJIsi KOMMU:

)2+ P+ 2% = 3zyz =4, My(2;1;1),
2) B2 +y* + 22 —axy =2, My(—1;0;1),
3)3x —2y+z=xz+5, My(2;1;-1),
4) e +a+2y+z=4, My(1;1;0),
)+ P+ 22 —2—4=0, My(l;1;-1),
)

)

)

)

(@)
@)
N
8
_|_
@)
@)
n
Ned
_|_
@)
o
n o
[(\&)
= N
|
M| o
m;
— N

vy =22 —1, My(0;1;-1),
22— 22+ 322 —yr+y =2, My(1;1;1),
w4+ P+ 22+ 202 =5, My(0;2;1),

T T
2 o\l

3r%y% + 2wy — 20%2 + 4Pz =4, My(2;1;2),
22— 22+ 22 —dr+224+2=0, My(1;1;1),

)
)
)
13) zcosy +ycosz + zcosx =
)
)
Jr+y+z+2=ayz, My(2—1;-1),
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17) 2 +y? + 22 — 222 =2,  My(0;1; 1),
18) e —axyz—x+1=0, My(2;1;0),
19) 2% + 23 + 2% — 3xyz — 2y — 15 =0, My(1;—-1;2),
20) 2% — 2zy — 3y + 62 — 2y + 222 +20 =0, Mp(0; —2;2),
21) 22+ + 22 =y —2+3, My(1;2;0),
22) 2+ + 22+ 2y —yz —4dr — 3y — 2 =0, My(l;—-1;1),
) —y? — 22 +62+22 —4dy+12=0, My(0;1;-1),

24) /22 +y? 4+ 22 =32 =3, My(4;3;1),
)
)
)
)
)
) 2°

[N}

25) 22 4+ 2y* + 322 =59,  My(3;1;4),

26) 2 +y° + 22 — 2wy — 202 = 17,  My(—2;—1;2),
27) o3 + 3ayz — 2% =27, My(3;1;3),

28) Inz=x+2y—2z+1In3, My(1;1;3),

29) 222 + 292 + 22 — 8wz — 2+ 6=0, My(2;1;1),

30 y—z+a®—4, My(2;1;1).

N

7. 3amucary PiBHAHHS JOTHIHOI IJIOINAHNA 1 HOPMaJIl J0 3aaH0l MOBEepXHi S

B rouni Moy(xo, Yo, 20) :

DS a2+ +22+62—40+8=0, My(2;1;-1),

)

2) S:a?t—4y? + 22 = —2zy, My(—2;1;2),

3) S+t + 22 —ay+32=7, My(l1;2;1),

4) S+ P+ 22+ 6y +4x =8, My(—1;1;2),

5) S 222 — 422 —4z 4ty =13, My(2;1;—1),
6) S:a?+y?+22—6y+42+4=0, My(2;1;-1),
7) S+ 2% —5yz + 3y =46, My(1;2; -3),

8) S:a?+ 1yt —wz—yz=0, My0;2;2),

9) S:a?+y*+2yz— 22 +y—22=2, My(1;1;1),

10) S:a? +92 — 22 =202+ 2r =2, My(1;1;1),
1) S:z=a?+9y>—2zy —y, My(—1;—-1;-1),
12) Sz =9y* —2* + 22y — 3y, My(1;-1;1),
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13) S:z=a?—y* - 2wy —x — 2y, My(—1;1;1),
14) S22 =2y + 22 + w2 — 4y = 13, My(3;1;2),
15) S dy? — 22+ 4oy — 32 =9, My(1;-2;1),

16) S:z=a*+y*-3zy—x+y+2, My2;1;0),
17) S 222 —y? +222 +ay+a2 =3, My(1;2;1),
18) S:a? —y? + 2% —dx +2y =14, My(3;1;4),
19) S22 +y> —22+wz+4dy =4, My(1;1;2),

20) S :a? —y? — 22+ +4x = -5 My(—2;1;0),
21) S 2 +y? —xz+yz —3v =11, My(1;4;-1),
22) S 2?4+ 2% + 22 —daz =8, My(0;2;0),

23) S 2% —y? =222 -2y =0, My(-1;-1;1),

24) St +y? — 322 + oy = -2z, My(1;0;1),

25) S :22% — P+ 22— 62 +2y+6=0, My(l;—-1;1),
26) S :a?+y? — 22 +6xy—2=8, My(1;1;0),

27) S iz =222 — 3y* + 4w — 2y + 10, My(—1;1;3),
28) S :z=a+y? —day + 3z — 15, My(—1;3;4),
29) S : z = a® + 2y* + 4wy — by — 10,  My(—T7;1;8),
30) S:z=222 -3y +ay+3x+1, My(l;—1;2).

8. 3HaiiTu 1pyri YacTUHHI MOXiIHI BKazanux yHKIi. [lepekonaTucs B Tomy,

noo_ N
MO Zyy = Zyy-

1) z = sin(z? — y), 2) z = In(3zy — 4),
3) z = arccos(2x + y), 4) z = tg g,

. (T — m
5)z:arcsm( 2y>’ 6)2:—tg<%—§>,
7) z = ctg(x + vy), 8) z = arcctg(z — 3y),
9) z = In /322 — 242, 10) z = e2"+V°
11) z = arctg(2x — y), 12) z = cos(z?y* — 5),

13) z = cos(zy?), 14) z = arccos(4z — y),
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15) z = arcsin(x — 2y),

Bapionumu indueidyanronur 3aedans

cos(3x? — y3),

— evm+y,

= arcsin(4x + y),

et Y

tg(zy?),
arcctg(z — 4y).

Dogy ¥y =2 Sy
0%u 0%u
2 2 _ _
2) x2ax2 +2y 8_y2 07 u € y7
o'u  0°u Y
3)@—'_8_?;2_0’ u—arctg;,
u  0%u _
4) CLQ@ a7 u = sin®(z — ay),
0%u 0%u Y
2 2 _ _
5) Ox2 -y ayz _07 u=y E;
ou ou x
6) :I:a—era— =0, wu = arctg—,
L Y Yy
0%u 0%u 0%u Y
7) 2’ — +2 ‘=0, u==
) xaaxQ +axy8x8y +Y oy ’ x’
u u x
8) x%era—y = 3($3 —93)7 u=In=+2" -y’
v 0%u
9)@+3—y2_0, u=In(z" + (y + 1)*),
0? 0
10) vy g +(1+y1naj)a—u 0, u=aY,
xdy T
v 0Pu  0*u 1
11) + =0, — :
oz?  0y* 022 V2t 22
Pu  O%u
192 2 _ _ pcos(z—ay)
u u u
ou ou Y
14) 2— +y— = =xln=
>x3x+y8y u, u=zlnz,



0 0
15) ya%—xa—z u:ln(;p2+y22)a
0 0
17) 2 Qx? Qxyaxé? +y° gz T2oyu=0 u=e?
o%u r+y
18 =0 = arct
) dxdy o gl—e’f?/7
19) 2 +a2“ 0 In(a® +y" + 22 + 1)
- = u = Inlx €T
852 (9%2 , ; Y . )
20 S tu=0, u=—"—
) ax+yay+u ) x2+y2’

0 (5 (5

ou ou

29) z ot 4 428 — 9
>x82$+y82y u,
o0“u  0“u

93) 9—— 4 = —

3955+ 5 = 0
, 0%u 0%u

24) 755+ 2 Y ozoy
ou PPu_ ok
Ox 0xdy Oy 0x?

26) 224 1+ 0%
Y or yaz_
10u 10°u

2

7)33(9:19 y@y
ou Ou x+

28)

NNy
u U Y

29) — —
>8g:+8y2 u’
0“u 8

ou\ >
— | = — 2 2 2
> +<8z) 1, wu \/a: + y° + 27,

X
u= (2 +y2)tg§,

__—(x+3y)sin(x+3
u = e~ (@H3y)sin(e+3y)
82

Y
+ 72 W—i—QaL‘yu—O u = xer,

+2zyu =0, wu=In(z+e?),

X

u = arcsin ,
T —I— Y
gx

x-l—y

r—Y

=V 2zy + 7,

u = In(z* — ).

10. [ocaigiuTu Ha €KCTPpeMyM Taki (PyHKIIIT:

1) z =23 + y* — 3uy,
3) — 4y,
5) z =zy(12 —z —y),

)
)

2 = 2y — 222

7
9) z = 2% + 8y°

z=ay —a® —y*+09,

— bxy + 1,

2) z =y — 2y* — x + 14y,
4) z =14 15z — 2% — zy —
6) 2 =1+ 6z — 2> — 2y — 7,
8) z = 23 + 2y° — 6xy + 5,

10) z = 323 + 3y® — 9zy + 10,

2

2y°,

7
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7)z=(xr—5)?>+y*+1,

Bapionumu indueidyanronur 3aedans

[\
co
N
|
8,
+
8
<
+
<
|
DO
8
|
=

)
x—1)% + 2%, 14) z = 6(z — y) — 32 — 33,

ry — 322 — 242, 16) z = 2® + 2y + 3> — 62 — 9y,
2?2+ 3(y + 2)?, 18) z = x\/y — a® — y + 6z + 3,
2(x +y) — 2% — 3, 20) z = 2zy — bx? — 3y* + 2,
23 4 8y — 6y + 5, 22) z = 2xy — 3x% — 23> + 10
4z —y) — 2% — 9% 24) z = yy/T — y* — x + 6y,
(x —2)% + 2% — 10, 26)z—x + 1 xy+x-|—y,

)

)

= 23 +y>—6xy—392+18y+20, 30

11. Buaiitu waiibiabine i Haitmenie 3HaveHus GyHKIT 2 = z(x,y) B obiacri

—_

13) 2 =322 +3y> - 20 —2y+2, D:

N

z

D, obmeskeHiit 3a1aHUMK JIIHISIMU:

1)z=3z4+y—2zy, D:y=zx,y=4,2=0,
r=sy—x—2y, D:z=3y=2x9y=0,
z=a?+2zy—42+8y, D:z=0,z=1y=0,y=2,
=522 —3xy+vy?, D:zxz=0,2=1y=0,y=1,

= 223 — xy® + 92, ﬁ:sz,le,yzo,y:&
)z=3x+6y—a’—ay—2vy®, D:z=0,2=19y=0y=1,
=22 -2 +4day—6x—1, D:2z=0,y=0,2+y—3=0,
0) z=2>+22y—10, D:y=0,y=a2>—4,

—zy—2x—y, D:zx=02=39y=0,vy=4,
=2 —zxy, D:y=8, y=22"
_an:07x+y_1:07

4>|© 5%

14) z = 22% + 3% + 1, D:y=14/9-2%y=0,

15) z=a?> =22y —y*+4x+1, D:x=-3,y=0,z+y+1=0,
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I\
I
8
w
+
<
w
|
w
8
=
S
8
I
=
8
I
no
<
I
|
\.H
<
|
no

24) z =2 +2xy —y> —4x, D:x=3,y=0y=a+1,
D:z=0,z=1,9y=0,y=2,
=224+ 20y —y>—220+2y, D:y=x+2,y=0 =2,
z=4—-222—y? D:y=0,y=+1—a2

28) 2 =5x? —3zy+y*+4, D:zx=-1l,z=1y=—-1,y=1,

)
35
N

I
(@)
)

Ny

I
Ne)
8

[N}

I
Ne]

Ned

[N}
+

N
8
+

o~
<

N

20) z =a? +2xy+4r—vy?, D:x4+y+2=0 =0, y=0,
30) 2 =22%y — 23y —2%y?, D:x=0,y=0,2+y=6.

12. Poss’sa3aru 3agaui:

1) 3 ycix TPUKYTHUKIB 3 OJHIEIO 1 Ti€IO CAMOK OCHOBOIO 1 OJHWM 1 THM CaMUM
KyTOM (v [IPY BEPIIMHI 3HAWTHU TOM, y sIKOI'O I1JI0MIA HAHOLIbIIA.

2) Ycepenuni Y0TUPUKYTHUKA 3HANTH TOUKY, CyMa KBaJIpaTiB BiJICTaHel sKOT Bij
10T0 BEPIINH € HAMEHIIO.

3) Mix cTopoHamu JaHOTO KyTa, IO JOPIBHIOE (v, TPOBECTH BiJIPI30K 3aBIOBKKH
¢ Tak, mob TPUKYTHWK, YTBOPEHUH HUM i CTOPOHAMH KyTa, MaB HaiOLIBITY
mionty (3Haiiru i7).

4) 3 ycix MpAMOKYTHHX MapaJieienine/iB, MOBHA MOBEPXHs SKUX JOPIBHIOE S,
3HANTU TOM, Yy KOO HaWOLIbINIi 00 eM.

5) 3 ycix IpsMOKYTHUX TapaJjesierine/iB, cyMa pebep sIKuX JOpiBHIOE L, 3HaAlTH

TOM, y AKOTO 00’'€M HaWOIIBIIHIA.



80

6)

10)

11)

12)

13)

14)

15)

16)

17)

18)

19)

Bapionumu indueidyanronur 3aedans

BusnauuTy 30BHIIIHI PO3MIPH 3aKPUTOTO SITUKA, 1110 Ma€ (POPMY IPIMOKYTHO-

ro mapaJieJieriine/ia, TOBIIMHA CTIHOK SKOI'O JIOPiBHIOE <, a 00’eM V. Tax, 1mob

Ha #OT0 BUIOTOBJIEHHS MIILJIa HaliMeHIa K1JIbKICTh MaTepiaJy.

3 ycixX KpyroBuX IMUJIHJIPIB 3 OJHIEIO i TI€I0 caMOIo IOBepxXHet S 3HailTH TOi,
(¥} M . b

[0 Ma€ HaHOLIbIMit 00’ eM.

Y mpaMuit KpyroBuii KOHyC 3 pajiiycoMm ocuoBu R i Bucotoro H Bmmcatu ma-

paJiesierines; HafibiIbIIoro od’emy.

3 ycix KpyroBux KOHYCIB 13 3aJl[aHOI0 O1YHOIO MOBEPXHEIO S 3HAWTH TOM, 110

Ma€ HaiOLIbIIuil 00’eM.

[TiBkoJ10 TIOIIINTH Ha TPU AYTH TaK, 00 CyMa CHHYCIB 1X rpajlyCHUX Mip OyJia

HaOLIBIIOIO.

Y KoJjio pajiyca R Bnucary TpUKYTHHUK Tak, 100 cyMma KBaJpaTiB foro cropin

OyJ1a HaWO1JIbIIOO.

Y Kojo pajgiyca R Bnmcarw YOTHPUKYTHUK, OJUH 3 KYTiB IKOIO JIOPIBHIOE «,

Tak, 1mob #oro mora Oysia HaitblIbIo0 (3HANTH iT).

3 yCiX TPUKYTHHUKIB 3 OJIHICIO 1 TI€I0 CaMOIO ILJIOIIEIO, 1110 JIOPIBHIOE S, 3HAWTH

TOH, Y AKOrO HANMEHIINI [IepuMeTp.

3 ycix esinciB, cyma oceil sIKMX JIOPiBHIOE 2[, 3HAWTH TOM, y SIKOrO ILIOIIA

HaOlIbIIIA.

3 ycix BO#MCaHUX y KOJIO pajiiyca R TpUKyTHUKIB 3HAWTH TO¥, 1110 Ma€ HAHOLIH-

1Y IJIOILY.

3 yciX BOHUCAHWX Yy KOJO pajiiyca R YOTUPUKYTHUKIB 3HAUTH TOH, IO Mae

HaMOLJIbITY TLJIOILY.

3 yCiX TPUKYTHUKIB 3 OJIHUM 1 TUM CAMHM IIEePUMETPOM 2p 3HAUTU TOM, 1110

Ma€ HaHOLIBIY TIJIONLY.

O06’em 1psiMOTO KPYTOBOT'O KOHYCa JIOPiBHIOE V. 3a siIKUX PO3MIPIB KOHYCa HOro

OiuHa MOBEpXHs OyJie HaliMEHIIIO0?!

Y cdepy pajiyca R BrucaTy muIiHID, 110 MA€ HAROILIBIINY TOBHY HTOBEPXHIO.



81

20) BuaiiTi TiJO HAKOLILIIOrO 06’€My, YTBOPEHOTO OOEPTAHHSIM HABKOJIO OHIET 3i
CBOIX CTOPIH TPUKYTHUKA, IIEPUMETD SKOT'O JIOPIBHIOE 2.

21) Bmaiitu Bijicrann Bijg roukn (p;4p) jo napabosu y* = 2px.
22) 3uaiiTu Bijicranb Mixk Touxoio (5;1) i kpusowo y = 3 — 1 — 2%

23) HagkoJio npsiMOoKyTHOTO napaJiesienine/ia 3i croponamu 2a, 2b, 2¢ onvcaru eJri-
ICOIJT HAliMEHIIIOro 00’eMy.

24) 3 ycix npgMOKyTHHX HapaJiesiernimnesiis, o0’eM sikux jopisaioe V, 3Haiitu Toii,
IJIOIIA, TTIOBEPXHI SIKOI'O HaliMEeHIIIA.

25) Bmaiitu BifcTans Mixk Toukon (—2;3) 1 KpuBoo y = Inx.

26) 3 ycix NpsMOKYTHHX TPUKYTHHKIB, MJIOIIA SIKUX JOPiBHIOE S, 3HAKTH TO, 1110
Ma€ HAWUMEHIIUN TTepuMeTp.

27) Y miBcdepy pajiyca R BhucaTé OpgMOKYTHHI MapaJesienines] Tak, mob #oro
00’eMm OyB HaMOLIbIITUM.

28) 3muaiiTu Bijicranb Mixk Touxoto (1;0) i kpusoto 922 + 162 = 144.

4

29) Ha kpuBiii y = — 3HaiiTi KOOpJMHATH JIBOX TOYOK, PIBHOBILIAJICHUX BiJI TOUKH
x
B(5;5).

30) Buaiitu Bijcranb Mixk Toukoio (4;1) i kpusowo y = z° + 1.

13. BuaiiTu noxijHy ckajsgproro mosst u(x,y,z) B Tourmi M 3a HaAIpAMOM

HOpMaJIl JI0 TOBepxHI S, M0 yTBOPIOE IOCTPHUI KyT 3 JIOJATHUM HAIPSIMOM OCl

Oz :

) u=4In(3+2%) —8vyz, S:2*—-27+22=1, M(1;1;1),
Nu=ay+yvz, S:dz+22%—9>=0 M(2:4;4),
)u=—2In(z? —5) —dwyz, S:2®+2y°—227=1, M(1;1;1),
4)u:ix2y—\/m, S 2% =2 4+ 4y? — 4, M( 2,%,1),
Yu=az>—/ady, S:a®—y?—324+12=0, M(2;2;4),
)u:x\/g—yZQ, S:a? 4+ =4z, M(2;1;-1),
)
)

8) u = arctg <g> —8wyz, S:a’+y’-27=10, M(2:2-1),
T



9) u=In(l+2%) —ayvz, S:40* —y*+22=16, M(1;-2;4),
Ju=+/a2 +y2—z S:a®+y? =24z, M(3;4;1),
Ju=ayy— (z4+y)Wx, S:2>—y*+22=4, M(1;1;-2),
12) u= /2y —\4—22, S:z=2"—9y* M(1;1;0),
)
)

<

13)u=(22+12+22)?, S:22—yP+2-1=0, M(0;—34),
u=In(1+2*+9°)— V22422, S:2°—6x+9y°+2% = 4z+4, M(3;0; —4).

BHaiiTu MOXi/IHY CKaJIPHOro moJsd u(x, y, z) B Touri M 3a HAPsIMOM BEKTODa

1) u= (> +y*+2%)2, (=i—j+k M(111),

16) u=a+In(22+y?), (=-2i+j—k M(2;1;1),

17) u= 2%y — /oy + 22, £=2j—2k, M(1;5 —2),

18) u = yln(1 + 2?) — arctgz, £=2i—35—2k  M(0;1;1),

)
)
)
)
19) u = z(lny — arctgz), ¢ =8i+4j+8k, M(-2;1;-1),
)
)
)
)
)

-J

20) u = In(3 — 2?) + 2?2, (= —i+2j—2k, M(1;3;2),
21) u = sin(z + 2y) + \/Tyz, =4 + 3, M(%;%T;B),
22) u = 2%’z —In(z — 1), £=5i—6j+2Vbk, M(1;1;2),
23) u =23+ Sy +22, (=j—k, M(1;-3;4),

oy u=Y"_ Y ok M(4;1;-2),

Yy x—i—\/_’
25) u= Ty +V9—2% (=-2i+2j—k M(1;1;0),
26) u=2/x +y+yarctgz, {=4i—3k, M(3;2;-1),
27) u = 2?4+ 2arctg(x —y), £L=1i+2j—2k, M(1;2;-1),
28) u = In(2? +y*) + 2yz, (=i—j+5k M(1;,—-1;2),
29)u—xy—§, (=5+j—k M(—4;3;,-1),
)

30) u=In(z++/22+42), (=-2i—j+k M(1;—34).
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Po3B’sa3yBanHga TMIOBOIO BaplaHTa

1. Bnaiitn obsmacTh BusHadenHs dbynkmi 2 = In(x? — 3y + 6).
Poses’asox. Jlorapudmiuna (yHKINS BU3HAUEHA TIIBKKA JJs JOJATHUX 3HA-
2 L 5

YeHb apryMenTy, Tomy x° — 3y + 6 > 0, abo y < ga: + 2, a 11e o3HayaE, 1110
Mexkero obJiacTi BusHadeHHst Oyjie mapaboJia.

Henepepsrua kpupa y = —z? 42 JUTUTH TTomuHy Ha jBi gactunu (Di) i

3

(Ds). ko koopuHaTH OY/b-sTKOI TOUKH, Hanpukaas 3 (D) 3aJ0BOIBHSIIOTH

. 1 - :
HepiBHICTL Y < §:U2 + 2, 1o i Bci roukn (x,y) € (D1) 3a/10BOJILHAIOTH 10 HEPIB-
HicTh. OT2Ke, 00J1aCTI0 BU3HAYEHHS 3a/1aH0I (DYHKIIIT € MHOXKMHA BCIX TOYOK, fAKi

3HAXOJATHCs 1MiJ| apabosioo (jus. puc. 1). »

y
(Dy)
3T (Dy)
-9 0 92 X
Puc. 1

2. 3HaiTi YaCTUHHI MOXIAHI 1 JacTUHHI AudepeHiagd 10 KOXKHIA 3MIHHIA BiJI

3/,
byukuii z = e~ VI
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Pozs’sa3ok. Oynkiia Bu3HadeHa Ha, Bl mromuui. [Ipn 3naxomkenni moxi-
JTHOT 110 3MiHHIH © 1HIIa 3MiHHA BBaXKAETHCs (DIKCOBAHOIO (CTAJION0), & TOMY 3aCTO-
cyBasiy Gopmysty JudepeHIiioBatis CKIaieHol pyHKIIT o/iHiel 3MIHHOT, OTPU-

Ma€eMO

0z el | Qe Vit

oz _ e_3 x2—|—5y2 (——(.CEQ 4 5y2>—§2x> - _

Ox 3 33/(22 + 5y2)2
0 . . :

[Ipr 1bOMY BpaxoByeMO 6—(—\3/ x3 + 5y?) icHye y BCIX TOYKaX IIOIIUHU, KPIM
x

0(0;0).

AHaJOTi9HO 3HAXOMMO YACTHHHY MOXIJIHY MO 3MiHHIH ¥ (B MbOMY BHMIAJKY
3MIHHA & BBayKaEThCsl CTAJION):

_ 3/x2+5y2
9z _ oVt t5y? <—1(a:2 + 592)—§1oy> __ 10ye ,
dy 3 3/ (22 + 5y?)?

Tenep 3HaAX0UMO JaCTHHHI JudepeHIiaim

. (] 2 i
dyz = gy = e~ Vo (—§($2 + 5?J2)_32J3) dy = ——C dz

x 3/ (22 + 5y?)?

0z 3/ 1 2 10ye~ V#*+5v°
dyz = —dy = e V&Y (—— 2 4+ by? 310>d = — dy,
V= 5, 1 y?) 10y | dy = =~ R

kpim Touku O(0;0). »
: / / /
3. O6uucanT 3HAYEHHS YACTUHHUX ITOXIJIHUX fx(MO),fy(Mo),fz(Mo) IS
. ™ . .
byukii f(z,y,2) = \/TYcosz B TOUI M0<1; 1; §> 3 TOYHICTIO JI0 JIBOX 3HAKIB
iCJIsT KOMU.
Pose’saszox. Oyukiiisi BuBHAUEHA JIJIst BCIX TOUOK (X, Y, 2), B IKUX KOOD/[MHATH
2 Ta Yy MaloTh OJHAKOBI 3HaKM, ab0 XOY OJHA 3 HUX piBHA HY/I0. Po3risHeMmo
MHOXXHWHY TOYOK 3 00JiacTi Bu3HaudeHHs Jjis skux r > 0,y > 0,z € R. Lii
. m .
MHOXKMHI HAJIE?KUTD Mo(l; 1; §> Pa30M 3 JIeIKUM OKOJIOM. HAXOJMMO YaCTUHHI

HOXI1JIHI 3a1aH01 (PYHKIIT 110 KOXKHI# 3MiHHI#, a 11OTIM 00UKMC/IFOEMO 1X 3HAUCHHS B

rouni My (1; 1; g) ;

folz,y, 2) = 2\/\/2 cos z, f’(l;ls
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1 1
f(x,y, 2) = ﬁcos 2, f;(l; 1; E) = 5008% = — =0,25,

2.y 3 4
3
fi(x,y,2) = —\/Tysin z, f;(l; 1; g) = —sing = —g ~ —0,86. »

. . . x

4. 3naiitu noBHuit gudepenian GyHkii z = arctg , [ —.

Y
Pose’sazox. Oyukiiis BU3HAUEHA Y BCIX TOUYKAX (X, Yy) MIONMHE, KOOPAUHATH
SIKX MalOTh OJJHAKOBI 3HaKM ab0 abciuca sikux piBHa HyJ110. [loBHnit nudepenitia

dyHKIIT 3HAX0UMO 38 (POPMYJIOO
dz = —dx + —dy. (19)

YHacTuHHI NOXIJIHI HIyKaTUMEMO sIK dK IOXiJHI ckJajeHol dpyukiiil. [Toximgna
\/j K 10 T TakK 1 10 Y He ICHy€ B TOYKax, abCiuca sfKUX pIBHA HYJIO, TOMY
Y
0OMEXKHUMOCHL TOUKAMHU, KOOPJIUHATH SIKUX MalOTh OJHAKOBI 3HAKM.

SHailJIeMO CIIouaTKy YaCTUHHI IOXiJIHi
0z 1 11 1 Vi 7
g " I - — ’
or 1+y 2\/% y  (r+vy) \/%\/g 2(x +y)

T

oz 1 1 ( a:) B 1 1 T y
8y_1+§ 2\/5 ) 14 2\/5 z y2 2 +y)
y y y
1o ey migcranoBku y dopmyiy (19) nae
7 \/E
dz = —*— !

do— V" gy
2 +y) " 2wty

=

2

5. O0umcanTt 3HAYEHHsI MOXIJIHOI CKJajeHol (DyHKINI % = arccos ?, e
42 . . .
r=1+Int, y=—2e " npn ty = 1, 3 TOUHICTIO JIO JABOX 3HAKIB TiCJAS KOMH.
Pose’ssox. Cxkiajgena ¢ynkiig Oyge  DyHKIIEO  OJHIET  3MIHHOI:
(1+1Int)? : :
U = arccos pa Y SuaueHHo mapamerpa ty = 1 Bigmosimae xy = 1,
—_— 67
72
Yo = —2. B okosi rouku (1;—2) dyskiis u = arccos — Ma€ HelepepsHi
. .. 42 .. .
qacTuHHI noxigni, a Gyuknii = 1 +Int ta y = —2e 1 andepenmuiiiosni B

rouni tg = 1. Y 1bOMYy BHUIIAJKY IOXIJIHY 3HAXOAUMO 33 (DOPMYJIOI0
du  Oudx N Ou dy
dt  Oxdt Oydt
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Tyr
ou 1 2T ou 1 x2
or  f1_« oy Oy fi_at \ y?)
y? 32
dZC 1 dy 2 2
- - = 2 —-_9 —t“+1 _2t — 4t —t +1.
¢ di e T (=2t) = dte
Tomi
d—u — —; . 2_:6 . 1 . # . _x_z . 4t67t2+1
dt [i1_« y t Ji_a y? ’
y? e
a
du 2

1 1 1 2 4
— ()= —————(=1)— -(— 2) g = — ~ 231 »
dt m m _ (—2) V3

6. O0uncanTH 3HAUEHHST YaCTHHHUX MOXIAHUX QYHKI 2(2, ¥), 3a1aHO01 HesiB-
Ho piBHsnHAM 42 — 3y + 2wyz — 4oz = 3 — 2% B rouni My(0;1; —1) 3 Tounicrio
JIO JIBOX 3HAKIB ITICJI KOMM.

Pose’sszoxr. Y uvomy sunagxy F(z,y,z) = 423 — 3y> + 2zyz — 4oz + 22 — 3
3aJI0BOJIbHSIE YMOBU T€OPEeMU PO ICHYBaHHS YaCTUHHUX MOX1THUX HEeSBHO 3a/1aHO1

byHKIT 2(x, y).
F, =122 +2yz — 4z, F,=-9y" +2zz, F.=2zy— 4z + 2z,

npuaomy FL(0;1; —1) = —2 # 0, orxke BijiMiHHA BiJ| HyJisI 1 B JICSIKOMY OKOJII.

Yacrunni noxijni 10 x 1 y Bij HessBHO 3aaH01 GyHKIIT Z(T, y) 3HAXOMMO 32

dopmynamu
0z  F. 122+ 2yz—4z 0z  F, -9y 422z
or  F  2ay—4r+2z’ Oy F 2axy—4w+2z

Temnep oOUMCII0EMO 3HAUEHHS [UX MOXITHUX B Touri M, :

82‘ B 12-()2+2-1-(—1)—4-(—1)_1
Oxlm, 2:0-1—4-04+2-(-1) 7
%) ~9-124+2.0-(~1

: + Sl BV

a_y‘M0:_2-0-1—4-0+2-(—1)

7. a) 3amucatu piBHSHHS JOTHYHOI IJIOMIUHA i HOPMAJI JI0 3a/1aHOT OBEPXHI

S:z=a?—y?+3vy — 4r + 2y — 4 B Touni My(—1;0;1);
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0) 3amucaru PIBHAHHS JIOTHIHOI MJIONMHE 1 HOpMAJ JIO 3a/aHOl MOBEPXHi
S:x?+y + 22+ 22 —yz=>5 B roumi My(l;—1;1).
Po3ze’sazox. a) fkio noepxus 3ajjana pipHsinusM z = f(x,y), T0 piBHsAHHS

noTuaHOl mwionwau B Touri Moy(xo, Yo, 20) /10 i€l MOBEPXHI Ma€ BUTJISA]

z— 20 = fr(x0,y0)(x — x0) + f;(xo,yo)(y — Y0), (20)

a KaHOHIYHE PIBHAHHS HOpMAJl —

r — Xy _ Y — Yo :Z—ZO
fil@o,yo) (o, vo) —1

Y HaIOMy BUINAJKY MOBEPXHS 3aJ/iaHa SBHO, & TOMY BUKOpHCTaeMO dhopmysu (20)

(21)

i (21). Juist 1pporo sHaxogumMo dacTuHHi noxijani Bijg GyHKIET z 1o x 1y

0z , 0z

/
[Tigcrapasioun B orpumani Bupasu KoopauHatu touku Mo(—1;0;1), obun-
CJIIOEMO
0z .
SE(Mo) = fi(~1,0) =2+ (~1) +3-0 4 = =6,
x
0z

—(My) = fI(-1;0)=—-2-0+3-(=1)+2=—1.
() = Jy(-10) = —2-0+3- (1) +
Orxe, z—1=—6-(x+1)—1-(y—0), abo
6r+y+2z+5=0

— P1BHAHHA JOTWUYHOIL IIJIOIMWHHU, a

200

— PIBHAHHS HOPMAJIL.
0) ¥V BUMAJKY KOJIM PIBHSIHHS IVIAJIKOI MOBEPXHI 33J]aHO B HESIBHOMY BUTJISIJI:
F(z,y,z) = 0, i Fl(zo,v0,20) # 0, T0 piBHSHHSA JOTUTIHOI IJIONMHU B TOYII]

My(zo, Yo, 20) Mae BULIs

F, (20, Y0, 20)(x — 20) + ng(ﬂfoa Y0, 20)(Y — o) + F2(20, Y0, 20)(2 — 20) = 0, (22)
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a pIBHAHHS HOpPMAaJIl —

T — X _ Y=Y _ 2= 20
Fl(%o0,90,20)  F,(%0,90,20)  F.(%o, Y0, 20)

(23)
TyT nosepxusa 3a/1aHa HESBHO
F(z,y,z) =0,

ne Fx,y,2) =2 +y*+2° + vz —yz — 5.

Orzxke 3acrocoByemo dopmysin (22) 1 (23). 3HaxoguMo JacTUHHI 110X1jiH
F, =2z + z, F, =2y —z, Fl=2z4x—y

i obumcoemo ix 3uadents B Touri My(1, —1,1) :
Fi(My)=2+1=3, F/(M)=-2-1=-3  F/(My)=2+1+1=4
[Tiscrapisiioun orpumani sHaderus y dbopmydy (22), Maemo

3(z—1)—3(y+1)+4(z—1)=0.
[Ticsist crporenb OTPUMAEMO PIBHSIHHST JIOTHIHOI TUIOTIUHNA

32 — 3y + 42 — 10 = 0.

[lincrapsioun suadenns noxigaux B Touri My(1l; —1;1) y dopmyny (23), orpu-
MaEMO PIBHSHHS HOPMaJIil

r—1 y+1 =z-1

3 3 i "

8. 3HaiiTu Jpyri YacTUHHI MOXiAHI (DYHKIT 2 = arccos \/i [Iepexonarucs B
Y

" "
=z

TOMY, IO 2, -

Po3e’sa30k. yHKIlist BU3HAYEHA Y BCIX TOYKAX IJIOHIMHE, 1110 38/10BOJIbHSIOTH

CHCTeMHU HepIBHOCTE

( (

x>0, x <0,
§ z—y <0, abo S z—y >0,

y > 0, y < 0.

\
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CrouaTKy 3HaXOAMMO IIEepIii YacTUHHI TOX1IHI BiJ (pYHKIT 2 10 KOXKHIH 3MiH-
HIii:
, 111 1y

" 12 2\@ v o 2y\/(y—a)

npu jgogarkosiit ymosi x # 0 rta y — x # 0. Ilicist cupornenb Maemo, 1o
1 T
/ — ——

z pu

v 2V y—x

( (

x >0, x <0,

§ *—y >0, abo § *—y <D0,
y >0, y < 0.

\ \

[Ipm mux ke ymoBax

, 1 1 x 1 x
Zy == = =\ ") T o\ u =
1—2 Q\F Y y\y—=z
Y Yy

3HaxoMMO Ternep JApyri 9acTUHHI TOX1TH]

P! x —a:+:c Yy — 2x

< D) — Y
o2\ y—x 2:1: 2/ y—x)? 4x«/:c(y—x)3

2

1 222 — 3zy
2,2 = —=

X
22 292,/ < )_492 x(y —z)%

" 1 1 —T 1
v = —— =
7y 21 9 /y%x (y—2)*  4/z(y—2x)®
—x+x 1
zyx = = .
29 2,/7% W z)? 4 /r(y — )3
OueBu,1HO, 0 3MilIaH] YacTUHHI 110X HI 2! oy 12 ’y’x OJIHAKOBIL. P
9. llepeBipuTn um 3a/10BOJIbHSIE PIBHIHHA
0u v O*u 4y Ou

¥ _9 _ oe
Ox? xy&vay + oy> 2?2+ y?ox

bynxmia u = In(2? + y?).
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Pozs’sa3ox. OynkKIligd BU3HAUCHA, HEIIEPEPBHA 1 Ma€ HelepepBHI YaCTUHHI TO-

XijHi y Beix Toukax miomuan, kpiMm rouku O(0;0). 3HaX0AuMO YaCcTHHHI TOXi/IHi

HEePIIOro 1 JIPyroro mopsjiKy:

ou 2z ou 2y
Ox 22+ 92 oy a2 +y?
0u dxy

Oxdy (22 + y?)?’
Pu 2@ +y?) —2x- 20 2y* —a?)

o (22 + y2)2 T @122
Pu 2@ +y?) —2y-2y  2(a* —yP)
82 (22 + y2)2 RN

[lincraBnsroun oTpuMani 3Ha9eHHsT YACTUHHUX TOXITHAX B JIIBY YaCTUHY BU-

X1JIHOTO PIBHSHHS, OTPUMAEMO

20> —a%) | 8Py 202 -y?) 8y

(x2+y2)2 ($2+y2)2 (x2+y2)2 o (x2+y2)2’

a TpaBa JacTUHa PIBHAHHS JIa€

4y 2T 81

22 + 2 22+ ¢ - (22 + y2)2°

[TopiBHIOIOUM OTPUMaHI pe3yJbTaTh, POOKMMO BHCHOBOK, IO 3ajaHa (DYHKIIis
U He 3aJI0BOJIbHSIE BUXIJIHE PIBHAHHSI. P>

10. /locaimuTu Ha JIOKAJbHUN eKCTpeMyM (PYHKINIO
z=uzy(r+y—2).

Po3ss’sa3ok. Oynkilisg Bu3HaUeHa, HelepepBHa 1 Ma€ JaCTUHHI TOXIJIHI ¥ BCIX

TOUYKAX ILJIOMMHA. SHAXOAUMO [IEePIl YaCTUHHI MTOXIIHI 38 aH0T PyHKIIT:

0 0
—Z:2xy—|—y2—2y, —Z::L'2—i—2xy—2x.
Ox oy

[IpupiBHIOIOYN 1X O HYJd, OTPUMAEMO CUCTEMY PiBHSHD

Y2z +y —2)
z(z + 2y — 2)

0,
0,
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3 SIKOI 3HAXOJIMMO KOODJIMHATH CTaIllOHApHUX TOUOK 3aanol dyukiii: Mi(0;0),
M5(2;0), M3(0;2), My (g, ;) . 106 BusicCHUTH, sIKi 3 XX TOYOK € TOUKAMU €KC-
TPEMYMY, HEOOX1/IHO BUKOPUCTATH JOCTATHI YMOBHA €KCTPEMYMY.
OrKe, JIJIsl TIOJIAJIBIIOTO JOC/IIXKEeHH 3a/1aHol (PYHKII Ha eKCTPEeMyM 3HaXO0-
JIMMO JIPYT1 YaCTUHHI TTOX1JIH]
0%z 0%z 02z

g = pegy TR gE T

[TijicraBiisitoun B orpuMaHi BUpa3u JIJist JIPYIUX YaCTUHHUX HOX1JIHUX KOOP/MHATH
3HallJIeHNX CTAI[lOHAPHUX TOYOK 1 BUKOPUCTOBYIOUH JIOCTATHI YMOBU €KCTPEMYMY,
OTPUMAEMO

Jast Touku My

0%z 02z
=~ Z(M)=2-0=0 — M)=2.042.0_-2= _9
ai (%2( 1) ; a2 8:1:8y( 1) + ;
aQZ(M) 2.0=0, A=0-0-(-2?%=-4<0
a = —_— = . = = . — |\ — = —
22 01 1 ; ;
TOMY €KCTPEMYMY HEMAE;
Juist Toukn My
0%z 0%z
=—(My)=2-0= = My)=2-242-0—-2=2
aii (%2( 2) ; a12 895(93/( 2) + ;
0%z 5
a22:—2(M2):2-2:4, A=0-4-2 =—4 <0,
dy
TOMY €KCTPEMYMY HEMAg;
Jutst Touku My -
0%z 0z
=—(M3)=2-2=4 = M3)=2-242-0—2=2
ai (9x2( 3) ; a2 &an( 3) + :
0%z 9
aggza—y2(M3):2-0:0, A=4-0-2 :—4<0,
TOMY EKCTPEMYMY HEMAE;
Juast Touku My
0?2 2 4 0%z 2 2 2
=—(My)=2-—==->0 = My)=2-—4+2-=——2=—
an 8m2( 1) 373 ; @12 8x8y( 4) + 3
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a%m4) 22 4 A 4 4 2\ 2 12>0
a = — = - —_- = — —_ — ¢ — — — [
27 gz 3 3 33 \3 9 :

TOMY MA€EMO TOYKY JIOKAJbHOI'O MiHIMYyMYy (DYHKIIIT, B siKiii

2202 2 N 8
fmin = 305 373 Y

11. 3naiiTn HaiibinbIIe i HafiMenIIe 3HadenHa GYHKIl 2 = xy — y> + 32 + 4y
B obsnacti D, sika obmexena jinismu ¢ =0, y =0, v +y = 1.

Po3seg’sa30k. 3HaXOIUMO CTAIIOHAPH]I TOUKH 13 CUCTEMH PIBHSHD

0
Z—y+3=0,
gx
P ro9 +4=0
dy Y '
Takoto Toukoio € M(—10;—3). Ila Touka 3HAXOMUTLCA MO3a ObmacTio D (us.
puc. 2).
Y
NS
A
O N

Puc. 2

Hocniaumo sHauenns bynKmil Ha Mexki obnacti D. Ha croponi OA (y = 0,
0 < x < 1) tpukyranka OAB byukiis z Mae Bumisig 2z = 3z (iHig mepe-
TrHy 1oepxHi 3 mionmuon r0z). Orxe Ha Bijpisky OA Mu Maemo crpaBy 3
dbyukiiero onniel 3minnol. st dyuknil z = 3x,2’ = 3 # 0, a 1e o3Hauae, 1110
cTarioHapHux To90K Ha Bipisky OA memae. Obuncioemo 3uaderst (PyHKINT Ha
Kiursix Bijgpiska: B rourni O, z(0) = 0, a B rouri A, z(1) = 3. Orxe, Ha BiIpi3Ky

OA naitmenmre 3aadenss GyHkmil gopisaioe 0, a Haiibiibime — 3.
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Ananoriuno wa cropori OB (z = 0,0 < y < 1) Tpukyrauka OAB maemo
bynxnio omiel smMinnoi z = —y? + 4y. 3HaX0UMO CTAIIOHAPHY TOUKY 3 YMOBH
Z =0, a ockinbku 2/ = —2y + 4, 10 3 piBugnna —2y + 4 = 0 maemo, 1O
y =2, 2 ¢ [0;1]. Bnauenua dyuxmii B Tourni O z(0) =0, a B rouni B z(1) = 3.
Omxe, Ha Bipisky OB wnaiimentne 3nadennst pyHKIil gopisuaoe 0, a Haibiabie
- 3.

SaJuIIunIocs 3HaiTH HaiblibIne 1 HaiiMeHIe 3HaUYeHHdA (PYHKIII HA CTOPOHI
AB, piBusinust sikol x +y = 1. 3Bijku 3uaxogumo, mo y = 1 —x, = € [0;1].

[TigcraBasgioun y pyHKINIO, MAEMO

z=x(1-2)—(1—2)*+3z+4(1 —2) = —22* + 22 + 3.

Toni 2/ = —4x + 2 i 3 pisusgnng 2’ = 0 BunmBae, Mo T = %

OCKIIBbKY TTOXiHA 3J1iBa BiJ 1€l TOUKHU € J0JATHOIO, a CIpaBa — BlJI €MHOIO,
10O Touka My € TOUKOIO JIOKAJIHHOTO MaKCUMyMy Ha, BLIPI3Ky AB i Z<§) = 3,9.
[TopisHioroun 3Hauennst HyHKUIT Ha KiHlsx 1pOro Bijpiska z(0) =3 1a 2(1) = 3
1 3HAYEHHSI JIOKAJBLHOTO eKCTPEMYMY, OTPUMAEMO, 110 Ha Bipisky AB Haiimemnime
3HaueHHs (PYHKIT JopiBHIOE 3, a Hafltbiibine — 3, 5.

Tenep, Bubuparoun cepeji HafMEHIINX 3HAaUeHb, 3HANJICHNX Ha KOXKHOMY BiJI-

pi3Ky, HaliMeHIIe, cepe)l HabLIbITUX — HalO1IbIe, OCTATOYHO OTPUMAEMO, IO
Zmin = 0, Zmax = 3, 9. >

12. 3 yciX TpUKYTHHUKIB 3 OJHUM 1 TUM CAMWUM MEPUMETPOM 2p 3HAUTH TOit, y
STKOT'O TLJIOIA HAMOLILIIA.

Poses’asox. Cxkopucraemoch (opmysioo l'epona Jyisi IJIONI TPUKYTHUKA,

S =/plp—a)(p—">0)(p—c), ne p — niBnepumerp. OcKiNbLKY IO — T0/ATHA
BEJIMYMHA, TO JIJIS 3PYUHOCTI BPaXyeMO Te, IO SIKII[O BOHA NpUiiMae HaiOlabIie
3HAUEHHd, TO 11 KBaJpaT TakoxK Oyie mnpuitmMmatu Haiibiibine 3uadeHHs. OTke

nocipkysarumemo gynkiito u = S? = p(p —a)(p — b)(p — ¢).
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I cnocib. 3 piBHOCTI @ + b + ¢ = 2p OfHYy 3 CTOPiH BUpPA3UMO Uepe3 iHII,

HAIpUKJIaT, a = 2p — b — ¢ 1 mijicTaBasgeMo B HaIly (PyHKITIIO

u=p(=p+b+c)p—"0b)p—oc).

Maemo yHKIIIIO JIBOX 3MIHHUX, SIKY JIOCLJIUMO Ha €KCTPEMYM.

plp—0)(p—c+p—>b—c)=0,

u/
u,=plp—c)(p—b+p—b—c)=0.

2KojiHa 3 cTOpiH TPUKYTHUKA HE MOXKe OyTH PIBHOIO MiBIEPUMETPY, TOMY MaEMO

2p —2c—b=0,
2p —2b—c=0.

3Bijicu ¢ = —, b= —.

3HaxoInMo APYTI TOXiIHI

up = p(p=0)(=2), wy =p(p—c)(=2), up. = p(2p—2b—c)(—1)+p(p—c)(-1).

2p 2p 2p? 2p 2p 2p?
HEE) PR P C U
He (3’ 3) 3 ~0 w37 3 =
2p 219) ( p 2p p p’
/!
WY, 2 ny P
“bC< 33 PeP= 3~ 513 3
4 4 4
Ockinbku A = —p* — P _P >, aj = —=p® < 0, TO MAEMO MAKCHMYM.

9 9 3 3

ObsacTb onykia, GYHKINS OIMyKJa, TOMY B Iiif TOUIl MaeMO HaibiIbIIe 3Ha-
2

pP*V3
9

Otke, HAMOLIBINY ILJIONLY NIPH 3aJIaHOMY IEPUMETPl Ma€ PIBHOCTOPOHHINA TpPU-

YeHHS Spax =

KYTHUK.
II cnoci6. Maemo piBusnus 38’93Ky a + b+ ¢ = 2p i dyukuiio u = S? =

p(p—a)(p—0b)(p — ¢). YrBopumo dyuxiiio Jlarpanxa.

L=plp—b)(p—c)p—a)+Aa+b+c—2p).
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HeoOximgHa ymoBa:

L, =p(p—b)(p—c)(=1) +A=0,
Ly=pp—c)(p—a)(-1)+A=0,
L, =pp->0)p—a)(-1)+ =0,
LN=a+b+c—2p=0.

\

3 nepimx TPphOX PIBHSHB MaEMO, 10 p — b =p —c = p — a, 10010 0 = b = c.

) . 2p
[lifcTaB/isg0oun B OCTAHHE PIBHSIHHSI, 3HAXOIUMO, 110 @ = b = ¢ = —. 3HAX0INMO
3

A=plp—b)p—o) =5

uaitgemo apyruii gudepenmian Gyukmil Jlarpanxka:

2 i iz O 2
Y

=Ly =1L5= w=pp—c), Ly.=plp-"0), Ly.=pp-a),

d*L = 2p(p — c¢)dadb + 2p(p — b)dadc + 2p(p — a)dbdc.

Hudepenniann da, db, dc p0BiABHI 1 3aJI0BOJILHSIOTH PIBHIHHS BUILY
da+db+dc = 0. 3 ocTraHHKOTO PIBHSHHS OTPUMAEMO, HAIIPUKIIaL, dc = —da— db.

[TincraBumo B npyruii qudpepeniian pyHKIl Jlarpanxka

d*L = 2p(p — c¢)dadb + 2p(p — b)da(—da — db) + 2p(p — a)db(—da — db),

2p 2p 2 2> 2p? 2p°
PL(F: 35T = “o-dadb + =-(~da? — dadb) + - (~dadb — db?) =
_

22
3ummwf—M%—%kdmm:~§MJ+M%+@%<0

— Ma€MO MaKCHUMYM.

Obnacrs onykia, GYHKINS OMyKJa, TOMY B Il TOYI[l MaeMO HailbLIbIe 3Ha-
2

p*V3
5

Omxe, HAROLIBINY IJIONLY TPW 3aJaHOMY MEepUMeTpPl Ma€ PIBHOCTOPOHHIMH

YEeHHS Spax =

TPUKYTHUK. P>
13. BuaiiTu noxigHy ckajsgproro mosst u(x,y,z) B Tourmi M 3a HaAIpAMOM
HOpMaJIi JI0 TIOBEPXHI S, 110 yTBOPIOE KyT 3 JI0jaTHIM HanpsiMom oci Oz, SIKIIO:

3
2

w= (2 +1y P+ 272, S: 2t -6+ + 22 =42+4, M(51;5).
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Pose’sazox. Qyukiis u = f(x,y,z) 3amae B obmacri U = D(u) =
{(x,y,2) € R3} nesaxe cxanapue noje. Ilopepxnsa S sagana negsHo (yHKIIER0
F(x,y,z) = 2* — 62 + 9y* + 2° — 42 — 4. Kooppunaryu BeKTOpa HOpMaJi 10
nosepxui S srijHo dbopmymu (23) pisni signosigno F (M), F)(M) ta F.(M).
Toi

F’M:2—6‘ .y F’M:18‘ — 18 F(M)=(2:—4) =6
0= @e-6)| =4 FON=18| =18 FOH=(@:-4)

SHaif1eMo JIOBKUHY BEKTOpPa HOPMAJIL:

71| = /42 + 182 4 62 = /376,

[Toxijna dyukuii f(x,y, z) 3a naupsvom £ B rouni (g, Yo, 20) 00UUCIIOETHCs 38,

dopmyitoro
6f($0,y0, ZO) _ 3f(370,y0, ZO) cos o + 8f(370, Yo, ZO) COSﬁ 4+ af(x07y07 ZO) Cos .
ol ox Jy 0z

BuaitreMo acTuHHI ToXiaHl GYHKIHT © Ta TX 3Hadenns B Toumi M :

Qul 3, 9 9 a1 _3ra 42, =2\) _

| =s@ o] =S 145205 = 1551,
ou 3. 9 9 o1 3o | 12 | m2\1

oul _9 2.2) = 252412+ 5% .21 = 3V/51,
@y‘M 2( +y° + 27) Y., 2( + 17+ 5%)

%‘ :§(w2+y2+z2)5'22) :§(52+12+52)%-2-5:15v51
ozlm 2 M2 '

Orxe,

af (M) 4 18 6 51
= 15V51 - —— +3V51 - —— + 15V61 - —— = 2041/ -—. >
ot V376 V376 V376 376
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