IIepBicra dyHKINI

B niit gacTuHi JIEKIIHHOro MarepiaJjy OCHOBHOIO Oyjie 3ajada, oOepHeHa JI0
3aJladl BIIIIYKaHHS OX1JIHOI, & caMe BiJIIIIyKaHHsI HeBiJloMOl (DYHKINT 3a 1T 10Xi-
JIHOTO.

Po3p’si3k0M KOXKHOT Takol 3ajia4i € GyHKIist (MepBicHa), sika MoJaeThest B CKiH-
YEHHOMY BUIVIsJIl Yepe3 ejieMeHTapHi (PpyHKIT 1 10XijiHa $IKOI Ha 11eBHOMY 3a/jia-
HOMY IPOMIXKKY JIOPIBHIOE ITOYATKOBII (DyHKIIIT.

Bajiaua BBAXKAETHCsI PO3B’sI3aHOIO, SIKIIO 3HAIIEHO BCl PO3B’si3KK (HEBU3HAE-
Huii inTerpad). [luranus icHyBaHHsT pO3B’sI3Ky HE BUHWKAE, SKINO 3HANEHO XOU
OJIHY TIepPBICHY. Y MPOTUJIEXKHOMY BUTAJIKY TEPEBIPAETHCA YMOBa HAJIEXKHOCTI TO-
4aTKOBOI (PYHKIIIT J10 KJacy (PyHKIIIH, IHTerpyBaHHs SKUX € MOXKJIUBUM.

TaxuM 9mHOM, HaHBaKJIUBIIIMMHA € METOIM IHTErPYBaHHS 1 BUIIIEHHS KJa-

ciB (pyHKIII, EPBICH] SIKUX MMOJAI0THCSI B CKIHYEHHOMY BHJII Uepe3 eJeMeHTapHI

JyHKIIiT.

§1.1. HeBusHavueHmii iHTerpaJ

Osnauvenns 1.1. Qynruyia F(x) 6 danomy npomioicky X nasusacmuces nep-
gicnoto pymnxyii f(x) abo inmeepasom 6id f(x), Axwo Ha 6CLOMY ULOMY NPO-
mioiexy f(x) e noxidnoro daa F(x), abo, wo odue i me oic, wo f(x)dr e daa

F(x) dugepenuiarom, mobmo cnpasediusi cnissionouernma:

F'(z) = f(x) abo dF(z) = f(x)dz.



2 lepsicna dynruyii
Binmykanus j7s hyHKINT BCiX 11 MEpBICHUX HA3UBAETHCA 11 tHMe2pYy8aHHAM

1 € OJTHIEIO 3 OCHOBHUX 3aJiad 1HTerpajJbHOro UUCIeHH.

Teopema 1.1. Hrwo 6 deaxomy (ckinuennomy abo HECKIHYEHHOMY, 3aMKHE-
nomy abo 1i) npomioicry X dynruia F(x) e nepsicnoro das f(x), mo i Pynruyin
F(x)+ C, de C — cmana, maxooic 6yde nepsicnor. Hasnaku, xoorcna dynryia,

nepsicna daa f(x) 6 npomioicky X, mooice bymu 306pasicena 6 maxiti Gopmi.

Hosedenns. Ouesuano, mo (F(z) + C)/ = F'(z) = f(x).

Hexait reniep ®(z) € Oyjip-sikoro nepsicuoto Jyisi f(x) dyHkiieo, Toji B 1po-
MikKy X BukoHyerhcs pisaicts O'(x) = f(z).

Ockinbku dynkuii F'(z) ra ®(x) B 3ajanoMy mpoMi>kky X MarTh OJHY 1 TY

’K MOX1JIHY, TO BOHU BIIPI3HAIOTHCS HA CTAJY

1o it Tpeda Oysi0 JOBECTH. ®

B cuny miei reopemu Bupas F'(x) + C, ne C' = const, siBiisie 06010 3araibHuUil
BurJIsiyl ByHKII, sika Mae noxigay f(x) abo mudepennian f(x)dzr. e Bupas
HA3UBAETHCS HEBUIHAYEHUM THMEe2parom Gynryii f(r) 1 mosHaIaAETHCT CUM-
BOJIOM /f(x)das

Bupas f(z)dxr nasuBaerhcs nidinmeepasvrum supadom, a f(x) — nidin-
meeapanvHor GYHKUIEO.

s HeBU3HAYEHOTO 1HTerpasia BUKOHYIOThCS HACTYITHI BJIACTUBOCTI:

1) d/f(a;)d:c = f(z)dx.

2) Ocxkiavku F(x) — nepsicna das F'(x), mo

/ F(a)dz = F(z) + C afo / dF(z) = F(z) + C.

Tabauiigd oCHOBHUX iHTErpaJiiB

Jlist 3ammcy TadJ/iMil OCHOBHUX 1HTErpaJiiB BUKOPUCTOBYEMO (DOPMYJLY

/f(m)dx = F(z)+ C,



§1.2. Hafinpocmiwi npasuaa iHmMe2pyeaHHA

BBaXKalO4H, IO iHTerpaJs Takol (pyHKIIT iCHYE.

1) /O-dx:C;

2) /1-da::ac—l—C;

) xu+1
3 dr = +C, —1);
) [atde = s -)

4) Cif In|z| + C;

/1 5 = arctgz + C;
= arcsinz + C';
/\/l—x
/axdx— : /exd:r:ex+0;
Ina
/smxdaz-—cosx+0
/cos =sinx + C
d :—ctgx-i—C;
sin
—tgx+C’;
shx =chx+ C,

/Chx—sha:+0

= —cthe + C;

o/ G
R
o
/G

= th C.
/ch2m v

§1.2. HaiimpocTini nmpaBujia iHTerpyBaHHS

1) fAxwo a = const, mo
/af(x)da::a/f(a:)dx

[HiticHo, jindepeHIioodr Bupas3 clipaBa, OTPUMAEMO

d[a/f(x)da:} zad{/f(a:)dx] = af(x)dz



4 Iepsicna dynruii

TOOTO TIell BUpa3 € nepsicHow jiist audepentiana af (x)dz
OTke, cTaauil MHOYKHUK MOXKHA BUHOCHTH 33 3HAK HEBU3HAYCHOIO IHTErpaJa.

2) ()% oo = [ f)o = [ gajar

Hudepennirooun BUpa3 cpaBa B IIONEPe/IHIl PIBHOCTI, OTPUMYEMO:

d[/f(az)da:i/g(a:)dx} :d/f(:v)dxid/g(a:)da:: (f(z) £ g(x))d,

TOOTO 1Iell BUPa3 € MEepPBICHOO JIjIsI OCTAHHBLOI'O JiuepeHIialy.

Orke, HeBU3HAUEHWH iHTErpaJt B cymu (pisuunii) qudepenniaiis piBauii cymi
(pisuuIi) iHTerpaJiB BiJi KOXKHOTO JudepeH iaga 30KpeMa.

3) Arwo /f(t)dt =F(t)+C, mo /f(ax +b)dx = éF(aJJ +0)+C.
, LF(t) = F'(t) = f(t). Ane roni LF(ax+0b) = F'(az +b) - a =
a-flax+b)i - [iF(aaz+b)} flaz+b). Orxe, LF(az+0b) niiicro € nepsicuoo

Miiicao

st byskiil f(ax + b).

3okpeMa,

SKIO a = 1, To/f(a:—i—b)dx:F(x—l—b)—l—C,
gxio b= 0, 1o /f(aa:)dleF(ax)-l—C.
a

IIpukaang 1.1. Obuwucaumu iwmezpani

1) /65(3 —x+5)dsc

Poss’sa3anma. BI/IKOpI/ICTOByIOqI/I BUITE BUBEJIEH] MTPaBUJIa, OTPUMAEMO:
1) /(6:15 —z+5)d /6x3d:c— xdm+/5dx—
:6/x3d:r:—/xd:1:+5/dx:—:1:4—x—+53:+0

xﬁ—gl’6+0_ 22 — :c\6/5+0.



§1.3. 3aming SMIHHUL Y HEGUSHAMEHOMY THIME2PAN] )

3ayBaK1Mo, 1110 Ha OCHOBI BUBEJIEHUX IPABUJ MOYKEMO IPOJIOBXKUTU TaOJIHITIO

OCHOBHUX HEBHU3HAYEHHUX 1HTEIrPaJiB:

d
16)/ v =1In|x —a|+ C;

r—a

dx kg 1 .
e R P R

18) /sinmxda::——cosmx+0, m # 0;
m

1
19) /cosmxda::—sinm:erC’, m # 0;

m
dx 1 dx T
20) /m—g/\/ﬁd(ﬁ—arCSlna‘i‘C,

S|

21>/ dx 1 dx 1 ; :U+C
——=— | —— = — arctg — :
a4+ @) 14+ (£)2 a & ’
dz 1 dx dx 1 T —a
22) [ ——=— - =1 C.
)/3132—&2 2a</x—a /x+a> 2amx+ajL

§1.3. Samina 3MiHHUX y HEBU3HAYEHOMY iHTErpaJri

Teopema 1.2. Axwo sukonyemves cni6sioHOULEHHS /g(t)dt =G(t)+ C,

mo /g(w(x))w'(aj)dx:G(w(az))JrC, npu  Ymoei, w0 6ci NidiHme2panvii

bynruli € nenepepsHuMU.

[Ia Teopema Ge3mocepeHHO BUILIUBAE 3 MPABUJIA JIMMDEPEHITIIOBAHHS CKJIaIe-
HOT pyHKITIT
d

- Gw(r) = G'(w@)w'(2) = g(w(z) - (2),

gAKMo Bpaxysaru, mo G'(t) = g(t). dAkmo Tenep Bij 00MBOX YaCTHH B3ATH He-

BU3HAUYEHUI 1HTErpaJ, TO OTPUMAEMO TOTPIOHY PIBHICTH
G(w(x))+C = /g(w(x)) W (x)dw.

IIpuknan 1.2. Obuuciumu inmezpan /sinchos xrdx.

Poses’saszarns. Ockinbku dsinx = cos xdx, TO

/Sin3:z:cos xrdx = /sin3 zd(sinz) = |t = sinz| =



6 llepsicna dynxuii

t4 4
:/t3dt:Z+C:SIZx+C.

§1.4. Meroa iHTErpyBaHHsS YaCTUHAMU

Hexait U = f(z), V = g(x) — api dbyskuii, siki MaooTh HelepepsHi HOXijiHi
U' = f'(z) i V' = ¢(x). Toni 3a npaBuiom judepeHiioBants J00YTKY OTpUMa-
€MO

d(UV) = UdV + VdU.

st Bupazy d(UV') nepsicua Oyze pisnoro UV, Tomy mae micie dhopmyiia;

/UdV:UV—/VdU.

[Is1 popmysia Bupaxkae 1mpaBujio iHTErpyBaHHs dacTUHAMU. BoHa 3BOJIUTH 1H-

rerpysanns upasy UdV = UV'dx no inrerpysanus supasy VdU = VU dx.
ITpuknam 1.3. Ob6uuciumu inmezpan / xcosxdr.

Posg’szanms. BukopucroByoun (hbopMyJly IHTErpyBaHHSA YacCTHUHAMU, OTPU-

Ma€MO:

U=ux, dU = dx,
/:z:cosxd:c: =
dV =cosxdx, V =sinzx

= zrsinxr — /sina:dx =xsinx 4+ cosz + C.

[ToBropHe npaBmJiO IHTErpyBaHHS YacCTHHAMHU I[PUBOJUTH 0 y3araJbHEHO!
dopmynu inTerpyBanns yactunamu. Hexait pyuknil U Ta V' Marorh moxijaHi BCiX

mopsiJIkiB 710 (1 + 1)-ro mopsiJIKy BKJIFOUHO:
U/, V/, U//7 V//, o U(n), V(n), U(n+1), V(n+1),
TOJIl OTPUMAEMO

/ UVt dy = / Udv™ =gy — / Vau = v — / UV dg.

AnaJjioriuuo

/ UV dy = g'ye—b / UV Dy,



§1.4. Memod inmezpysannsa 4acmuHamy 7

/U”V(n_l)dx _ U//V(n—Q) _ /U”’V(n_Q)dx,

/ UnV'dy = UMY — / UtV da.

[TomuoXKUBIIK 11I piBHOCTI modeproBo Ha +1 Ta —1 1 gomaBIIKM 1X, OCTATOYHO

OTPUMAEMO

/ vt = gy®™ — gy L gty 4

+(—1)”U(”)V+ (_1)"+1/U("+1)de.

OcobsinBO 3pyYHO KOPUCTYBATHUCH 111€10 (DOPMYJIOI0, KOJU OJHUM 13 MHOXKHHKIB
MiJIIHTerpaJibHOTO BUpa3y € MHOTOo4IeH. AKino U — MHOro4JieH n-ro crernexs, To

Ut = 0 1 aust inrerpasia BUILIMBAE OCTATOUHUIT BUPA3.
IMpukaamx 1.4. Obvuciumu inmezpan /x3 In® z dz.

Poseg’azarnsa. 1locnigoBHO BUKOPUCTOBYIOUN METOJT IHTETPYBAHHS JaCcTHHA-

MU, OTPUMAEMO:

U=z, dU =22z, 1 1
/sr:glnz:z:dx: r :—:c41n2a:——/:z;31n:cdsc:

dV =a¥de, V=2 4 2
U=lnz, dU=%]| 1 1 1
= e ‘Z :—x4ln2:z:——x4lnx+—/x3d:c:
AV =atde, V=2 | 4 8 8
1 1 4
:Zx4ln2x—§x4lnx+§—2—|—0.

IIpukaam 1.5. Busecmu pekypenmmuy dopmyasy oaa inmeezpaia

dx
I, = | ————.
/ (22 + a?)"

Poses’azanns. Orpumaemo

_ 1 _ ___ 2nxdx 2
]n _ U= (x24-a2)n dU = (x24a2)n 1| _ ey I 271/ ( X dr —

| av = da, V= (2 +a?)" 22 + a2)nt



8 llepsicna dynxuii

x i / dz 2 2/ dx
= ————+2n | ———= —2na =
(22 + a2) (22 + a2)" (22 + a2)

L 2
— m + 2n[n — 2na ]n+1-

3BijcH
x 2n — 1
I, 1= I,.
" 9na?(a? + a?)" o

§1.5. InTerpyBaHHd pallioHAJbHUX BUPAa3iB

I. IIpocTi npobu Ta ix iHTerpyBaHHs. OCKIJIbLKY BlJl HEIIPABUJILHOIO pPa-
IIIOHAJBLHOrO JPO0y MOXKHA BUJIJIATH I1JIy YaCTUHY, IHTErPyBaHHsI sIKOT He BUKJIH-
Ka€ TPYIHOIIIB, TO MU PO3TJISIHEMO OJIpa3y CIOCODU 1HTErpyBaHHS NPABUILHUX
panionajbaux Jipobis. Cepej nux JpobiB BUJLIAIOTHCA IPOCTI JPOoOU YOTUPHOX

TUIIIB:

A A M N M N
1 )t Y )
224+ pr+q (22 4+ px + )™

r—a’ (x —a)"’
B mux apobax A, M, N, p,q — niiicHi 4ncia i BBaxKaeThcd, 1Mo 2 + pr 4 ¢ He Mae
2 2

JICHUX KOPEHiB, TOOTO % —q <0 abo q— % > 0.

n,m=273,...

PosrisineMo iHTerpyBaHHsI KOXKHOTO 3 HaBEJIEHUX MPOCTUX JIPOOIB.

1) A/ d =Aln|z —a| + C,
T —a

dx A 1
2>A/f;ra%:—k_1xx_@kr+a

B 3) i 4) inTerpyBaHHS MOJErTIYETHC MIJISXOM BUJJICHHS IOBHOTO KBAJIPATY

B SBHAaMCHHUKY:

2 2 9 2
2 2 P p p ( p) D
— 9.0, v _ g _£
rT+pr+q=1x+ 5 x + 1 +q 1 a:+2 +q 1
. p_ - - p? :
3pobumo 3aminy 33—1—5—2?, de =dt, a = q—z, TOJTI
M
22+ pr 4 q = 1> +ad?, M:c+N:Mt+N—Tp.
Orxke, y BUNAJKy 3) OygeMo MaTu
M
Mz + N MH(N—TP> M [ 2tdt
—dr = dt = — | ——+
x>+ pr+q t?2 + a? 2 | t?2+a?



§1.5. Inmeepysannsa payionasoHUT 8UPA3LE 9

Mp dt M 9 9 1 Mp t
N — — —— = —In(¢ — (N —— tg—+C =
( 2)/t2+a2 5 n( +a)+a< 5 ) arcte — +

st ipocroro jipody 4) 1 2K cama HiJICTAaHOBKA JIACTb TaKUil PE3yJIbTar:

/( Mz + N dx_/MH(N%)dt_

x? + pr 4 q)™ (t2 + a?)m

M / 2tdt Mp / dt
N——7) [ 5———.
t2 +a?)m 2 (t* +a?)m

[lepunii 3 iHTErpaJsiB 00UNCIIOETHC JIETKO:

M [ d(t?+ a?) M
/t2+a2 =[t*+a°=U| = /
1

1 1
— _ C=— . C.
2(m - 1) CpUm-1 + m—1 (t*+ a?)m1 +

I , Mp / dt
0 roro inrerpasa — — ———————— 3aCTOCOBYEMO PEKYPEHTH
APy D > AR YEMO DEKyDeHTHY

¢dopMmyJly, BUBEJICHY B LOLEPEIHLOMY Haparpadi.

Bkin, mob oTpuMaTi OCTaTOYHMI pe3yJibTaT, [IOBEPTAEMOCH JIO 3MIHHOI T,
20 +p

2
I1. Po3knaa mpaBujIibHUX APO0OiB Ha ITPOCTI.

3aCTOCOBYIOYM 3BOPOTHIO 3aMiHy t =

P(x)
Q(x)

Teopema 1.3. Koowcruti npasusvruti payionasvbrut opio MODICE OYmu

306pastcenut y 6uAA0L cymu npocmux dpooie.

PozkJiaj npaBujibHOTO JIpoby Ha TPOCTi Jpodu Oe3rocepe/iHiM THHOM TIOB’ si3a-
HUl 3 PO3KJIAOM 3HaMeHHUKa ()(r) Ha mpocti MEHOXKHUKEK. ToOTO B 3araabHOMY
BUIIAJIKY

Qx)=(x—a) ... - (+pr+qg™- ...,

Je k, m — HarypaJbHI YHCIIA.
[Tepeji TvM, sIK JIOBECTH 1110 TEOPEMY, HABEJIEMO JIesIKi JIONOMIXKHI TBEP/[PKEHHSI.
a) Posrustnemo JiniitHU# MHOXKXHUK T — @, 0 BXOJAUTH B PO3KJIA] 3HAMEHHUKA

i3 cremenem k > 1 max, mo Q(z) = (v — a)*Q1(z), ne Qi(x) BxXe Ha = — a He



10 lepsicrua dynruii
Px) — P(z)
Qx) (fl_ a)*Q1()

CYyMH IIPaBUJIBHUX JPO0iB

JimThest. Togi ipid MOXKe OyTH 300paskeHuil y BUIJIsIL

Pl(l')
@—aF ' (m—a)fQi(a)

IIPOCTUM, & SBHAMEHHUK JIPYyTOro ,ZLpO6y MICTUTH MHOXKHUK L — @ MEHIIIOI'O CTEIICHS.

3 SIKUX Iepiiui apid €

JiiicHo, 11t pO3KJIay JOCTATHBO MiMibparn uncio A i muorowren Pj(x) Tak,

mob BUKOHYBaJIACh PIBHICTD
P(z) — AQ1(z) = (x — a)Pi(x).

3a Teopemoro Besy JiiBa yacTrHa 0OCTaHHBOI PIBHOCTI JLIUTHCS Ha, T —a 0e3 ocTadli,

P(a)
@Q1(a)

Buaroun A jierko 3 piHOCTI 3HajTH MHOTOWIEH P(T).

TOOTO A =

. ayBaxkuMo, 110 Tiedi 1pib mae 3mict, 60 Q1 (z) # 0.

6) Hexait Tenep x° 4+ pr + ¢ BXOAUTH B PO3KJaJ 3HAMEHHMKA i3 CTeleHeM
m > 1, robro Q(z) = (2® + pxr + q)™Q1(x), ne snoBy Qi(z) He MiMUTLCA HAa
Px) P(x)

Qz) (22 + pr 4+ ¢)"Qi ()
YKEHWH y BUIJIAJI CYMU MTPaBUJIBHUX JIPOOIB

(22 +pr+q)™m (22 + pz + q)" Q1 ()’

nepiuit 3 sKux OyJie MpocTuM JpodoM, a JIpDYTruii MICTUThH B 3HAMEHHUKY TPUUJICH,

22 4 px + q. Toui naunit api6 MoxKe OyTu 300pa-

HUXKYOI'O HA OJAUHUIIO CTEIICHS.
Jlj1s1 BU3HAYEHHS 1[bOI'0 PO3KJIaJly JIOCTATHLO Hijtioparu yuciaa M i N Ta MHO-

rouieH Pjy(x), mob BUKOHYBaJACh TOTOXKHICTh
P(z) — (Mz + N)Qi(z) = (2° + px + q) - Pi(w). (1)

Busnaunmo umcia M 1 N Taxk, mob 1{bOro pasy JiBa JacTHHA JIJIUIACh Ha
22 + pz + q. Hexait ocranamy sig minenna P(x) i Q(z) na neit Tpuaien 6ymyTh
Bij1110BiIHO Bupasu ar + 5 1 vyr+ 0. Toil Bce 3Bejierhest 10 NTAHHST, 91 JIJIUTHCs

HA TPUUJIEH BUPA3
ar + B — (Mz + N)(yr +6) = —yMa* + (o — M — yN)x + 3 — ON.
BukoHaBIm Jijienns Bupasy Ha T2 + pr + ¢, OTPUMAEMO OCTady

((py —0)M —yN + a)x + gyM — 6N + .



§1.5. Inmeepysannsa payionasoHUT 8UPA3LE 11
[TpupiBHIOEMO 001 IBa KOSDIIEHTH O HYJIsI I OTPUMYEMO CHCTEMY 3 JTBOX PiB-
HAHb JJisd Bu3Hadenna M 1 N :
(py = 0)M —yN = —a,
qyM — 0N = —p.
Busnaunnk
py—90 —v
gy —0
2
00 72(( — %) —I—p( — %) -I—q) = 0. Hagitp, skmo v =0, to d # 0,

Omrxke, cucrema Mae €IuHNE pO3B’si30K, 3 sikoro 3naxogumo M 1 N. Toxi 3

=8 —pyd+qy* £ 0,

pisrocti (1) 3Haxomumo muorowren Pj(z).

B pesysibrari Hallla TeOpeMa, JIErKO JOBOINUTHCS TMJISIXOM TTOBTOPHOTO 3aCTOCY-
BAHHSI MiDKYBaHb a) Ta 0), sike 3a6e3Metye MOCTiIOBHE BUJICHHS TIPOCTUX JTPOOIB
13 IPaBUJILHOIO JPo0y axK JI0 MOBHOTO PO3KJIALY.

Tobro, sIKIO MHOXKHUK T — @ BXOjUTh B QQ(x) Jmlie B nepuiomy crerexi, to

BPAXOBYIOUHM TBEP/KEHHS &), MU CTABUMO HOMY y BUINOBIIHICTE €IUHUIT TPOCTHI

Ay Ay,

JIpib , AIKIIO NOKA3HUK T —a € k > 1, 10 Bujlmsim npocruit Apido ————,
r—a (x —a)
. L Ap-1 .
MU JI0 3aJIUIIEHOTO P00y 3aCTOCYEMO &) 1 BUJIUMO TPOCTHl Tpi6 W, i
xr—a)t

T.JI., HOKH MHOYKHWK T — a He 3HUKHE y 3HaMenuuky. Toai Muokmnky (v — a)v
Oy/e BIAIOBIIATH CyMa MPOCTHUX JpOOIB

r—a (r—a)? =~ (z—a)k

AnaJjioriaai MipKyBaHHST BUKOPHUCTAEMO, KOJIM MAEMO B 3HAMEHHWKY TPUIJICH
2 m :
(x*+px 4+ q)™, ne m > 1. Toxi B bOMY BUIAJIKY OTPHMAEMO

M133+N1 i M2x+N2 i me+Nm
?+pr+q (22+pr+q? (2P 4pr+gm

a 11e 1 3aBepIye JOBEICHHS TEOPEMHU.

I11. MeToa HeBu3HaYeHNUX KOe@IIIEHTIB. 3Haun (popMy PO3KJIaly Ipa-
P(x)

BUJILHOTO PAIllOHAJIBHOTO JIpoby ——, jie ((x) — MHOTOWIeH N-r0 cTeneHst, Horo

Q(x)



12 lepsicna dynruyii
3aIICYIOTh CIIPaBa y BUIVISI CYMHU IIPOCTUX JIPOOIB 3 HEBIIOMUMHU KoedilieHTaMu
B YHMCEJIbHUKY KOXKHOro 3 Hux. CHIJIbHUM 3HaAMEHHUKOM JiJis BCiX Jpo0iB Oyje
muorouied Q). 3Bojsuu Bl Jpodbu JI0 CHLILHOIO 3HAMEHHUKA OTPUMYEMO 11pa-
BUJIbHUN JIpi0. ZIKIMO BIAKUHYTH 3 000X KpailHIX YaCTUH PIBHOCTI 3HAMEHHUKH,
TO OTPUMAEMO DPiBHICTH 1BOX MHOTOWIEHIB (n — 1)-ro crenens. Koedinienramn
IIPU PI3HUX CTENEHsIX T MHOTOUJIEHA CIpaBa OyayTh JIiHIAHI OJHOPIAHI MHOTOUWIE-
HU BIJIHOCHO HeBiJloMuX KoeillieHTiB, mo3HadeHux Oykpamu. [IpupiBHIOIOUM TX
JI0 BUIIOBLIHUX yucsioBux KoedinienTtis muorowiena P(x) orpumyeMo cucremy
N PIBHSIHD, 3 SIKOI Il KOeMIIEHTH OJHO3HATHO 3HAXOMATLCA. OCKIILKU Halepe
BCTAHOBJIEHA MOKJIMBICTH PO3KJIa Ly NPABUJILHOTO JPOOY Ha IPOCTI JAPOOH, TO Iist
cECTeMa 3aBXKJu Oy/e MaTH €IUHII PO3B’A30K.

xdx
(x—1)%(22 422 +2)

Pose’a3annsa. 3riHO TEOPEMIT MaEMO:

Ilpuknam 1.6. 3natmu immezpan /

T A B Cx+ D

(x —1)%(x2 +2x 4+ 2) x—1+(x—1)2+x2+2x—|—2:

B Ax3 + Ax? —2A+ Bx? +2Bx + 2B+ Cx® — 2Cx* + Cx + Dx? — 2Dz + D
B (x —1)%(x2 4+ 2x 4+ 2) '
3BijCH

(A+C)a® +(A+ B —-2C+ D)x* + (2B+ C —2D)x + (2B —2A + D) = .
Orxke, Ma€EMO CUCTEMY PIBHSIHD

,
A+C =0,
A+B-2C+D=0,

2B+ C —2D =1,

2B —2A+ D =0,
\

3 AKOl1
8 1 1 1

D:——’ = -, = =, A:—
25 25 ) 25
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Tomi

/ xdx _i/ dx +1/ dx _i/ x4+ 8 gy —
(x—1)222+22x+2) 25) o—1 5) (x—1)2 25 ) a2 +20+2

1 [ d +1/ dzx _i/d((w+1)2+1)_l/ dz+1)
25) -1 5) (x—1)2 50 (x+1)2+1 25 (:c+1)2+1_
1 11 1

7

Orxe, IHTErpAJ BT 6yﬂb—ﬂK01 palioHabHOI (DYHKIIIT BUPAYKAETHCS B CKIHUEHHOMY

BUIVISIJI — 34 JIOIIOMOI'OIO PallioHaJibHOI (PyHKIIIT, Jiorapudma 1 apKraHreHca.

IV. BuninenHd palfioHaJbHOI YaCTUHM iHTerpaJia. Icuye crocio, 1o Ha-
nexuth marematruky Ocrporpajicbkomy M.B., 3a J01MOMOr00 siKOro 3HAXO [PKEHHST
1HTerpaJia BiJl IpaBUJILHOTO PallioHAJILHOIO JIpoby 3HAUHO cpoilyeThbes. Leit cro-
i J103BOJIsIE areOpaTIHUM IIJISTXOM BUJLINTH PalllOHAJIbHY YaCTUHY 1HTErpaJia.

Bake BiJIOMO, 110 pallioHaJIbHI YJjieHU B iHTerpaJii OTPUMYIOTHCS 1IPU 1HTErpy-
BaHHI mpoctux Jipodis 2) i 4). B mepmomy Bunajky iHTerpas ogpasy MOXKHA 3a-

MACATH Y BUTJIS]I
A A 1
———dr = — . +C.
/ (x — a)* (k—1) (z—a)k !
Busnaunmo Ternep, sKuil BHUIJIS Oyje MaTw pallioHaJbHa YacTWHA IHTerpaJa
Mz + N 2

/ 5 dz, (m>1,q—p—>0).

(22 + px + q)™ 4

Ha mepmmomy Kporii, sKIO BHKOPHCTAEMO 3aMIHy T —+ g =1 1 peKypeHTHY

dopmyity, OyemMo Maru
/ Mz + N p M'x + N’ N / dx
xr = 07 )
(2% + px + q)™ (% + px +¢)" ! (% + px +q)" !

ne M', N'1 o — neaki crasi Koedinienru.

Hauii B 1iit popmysii 3aminumo m Ha m — 1. dkmo m > 2, 1o OTpHMaeMo
/ adr M"x + N

dr =
(22 + px + q)™! (22 + px + q)™2 6/ $2+px+q)m2

Ieit mporec BuIiIeHHS PaAIiOHAJLHOI YaCTUHU 3aCTOCOBYEMO JOTH, IOKH B

OCTAHHLOMY IHTErPaJli He OTPUMAEMO CTEIHb T2 + P + ¢, AKWUil PIBHUH OJ[MHNII.

O06’eHaBIIN Tenep BCl KPOKH, OTPUMAEMO:

Mz + N R(z) dx
5 dx = 5 _1—|—)\ -,
(22 + px + q)™ (22 + pz + g™ z? +pxr+q




14 Iepsicna dynruii

ne R(x) — MHOTOWIEH MEHIIOTo cTemeHs 3a m — 1, A — crasa.

P(x)
Q(x)

B 3arajgbnomy BUIIAJIKY MpaBUIbLHUN Jpio MOKHA 300pa3UTH Y BUTJISAJIL

/

Ile cuiBBijiHOIIEHHS Ha3UBAETHCA popMysio0 OCTporpajicbKoro.

P1 (I)
Q1(x)

BUIIE palfioHaabHUX JacTrH. OTXKe, BOHA € IPABUJILHUM JIPOOOM, BHAMEHHUK KO-

T

P( Pi(z) Py(z)
Qlx i

@) " Qo)™

;dx:

ParmionaJibHa gacTuHa, iHTErpaJia, , YTBOpPEHa BiJI JIOJaBaHHS BUILICHUX

ro Qi(z) = (x —a)f 1 ... (2 +pr+q)" ' ... pib, aKuil 3HAXOAUTHCS TIi
: : : A
IHTEIPAJIOM TaKOXK € IIPABUJIBHUM 1 yTBOPIOETHC Bl j1o/laBatHsi JpobiB e
r—a
Mx + N
., 10610 Qa(7) = (w—a) ... (2 +pxr+q)-... Ouesnmno, mpo

' +pr+q
Q(z) = Qi(z) - Qa().

Hudepenniroroun odu Bl dactuau popmysin OCTporpasicbKoro, OTpIMaEMO

-

Baysaxkumo, 1mo muorowrenn @Q1(x) i Qa(x) Moxyrh OyTé 3maiimeni i 6e3
poskiiasy Muorowiena Q(x). [ificro, ockinbku noxigua Q'(z) micTuts Bei mpocti

MHOXKHUKHY, HA $IKI PO3KJIAIAETHCst (Q(T), 3 IOKA3HUKAMU Ha OJ[MHUII0 MEHIIUMU,

10 Q1(z) = HCI(Q(2), Q'(z)). Toxi Qs(z) = gl((z)).

st snaxokentsi Py(x) ta Po(x) BUKOPHCTAEMO METOJ HEBU3HAUEHUX KO-

edimientis. Hexaii ny,ng,n — Biamosigni creneni muorowienis @Q1(x), @Qa(x) i
Q(x), Tobro n = ny +ny. Toxi creneni muorounenis P(z), Pi(z), Py(z) 6yayTh
BIIOBIIHO He Buile duces 1 — 1, ny — 11 ng — 1. TligcraBumo samicrs Py(z) Ta
Py(x) muorowienu crenenst ny — 1 1 ng — 1 3 6ykBennumu koedirierramu. Bebo-
ro 1ux KoedinieHTiB Oyae ny + no = n. Bukonaemo judepenniroBants opmyJin
OcrporpajcbKoro, Toi

P(z)  Pl(z) Qi(z) — Pi(z) - Qi(x) | P(z)

Q) Q@) T @)
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[Tokaxkemo, 1m0 mepiuii Jpib cnpaBa MOYXKHA 3BECTH JI0 3HAMEHHUKA (7).

Miiicuo,

Pl(x)- Qu(z) — Pi(z) - Qi(z) Pl(@) - Qalw) — Pi(w) - L&

Qi () Qu(7) - Q2()

_ Pi(x) - Qo(x) — Pi(x) - H(x)
Q(x) ’

Jie ducesibHUK MHOrOWIeHa H () Haiiio jisurbest Ha 3namenauk Qq(x). Toxi

Pi(z) - Q) — Pi(z) - H(z) + Py(x) - Qi(z) = P(x).

3BLJICH MAEMO CUCTEMY N PIBHSIHD JIJIsI BA3HAUEHHS 1 HEBIJIOMIUX KOEMII[E€HTIB.

Busnaunuk 1iel cucreMu BIAMIHHUI Bl HyJIist, TOOTO BOHA MA€ €JUHKUI PO3B’SI30K.

§1.6. InTerpyBaHHd JedIKUX BUPA3iB, AKi MICTATh PaJINKaJIN

I. InTerpyBaHHSd BUpPa3iB BUIY R(m, v /ﬁ—]t?). Buiie My HaBIMJIMCH 1H-
TerpyBaTi palioHajbHl gudepeHniain. B 1mogaibiioMy OCHOBHUM CIIOCOOOM iH-
TerpyBaHHs TUX abO IHIINX KJAacCiB JudepeHtiaaiB Oyae BiIIyKAHHS TaKUX IIiJ-
cTaHoOBOK t = w(x), sKi 3BojMsM O MmijfiHTErpajbHUl BUpa3 O PAIiOHAJBLHOTO
Bujty. Tojii BUKOpucCTaBiM OOEpHEHY 111JICTAHOBKY, 1HTErpaJ MOXKHa, BUPA3UTH B
CKIHIEHHOMY BUIVISAL y (DYHKIIAX, 3aJ€KHUX Bl 3MIHHOI T.

Hexait 3amano / R (:13, \ ii—ig)dm, e R — osnagae palioHabHy (DYHKIIIIO

BIJT IBOX apryMeHTIB m — HaTypaJbHe UUCI0, «, 3,7, — cTaJi.

ITokajiemo

oax + 3 tm_aa:-l—ﬂ

T o - ) x:@(t)_ét _ﬁ
yr + 0 yr +0

t = = =
w(:c) o — yt™m

Toxi iHTErpas MepeTBOPUTLCS 0 BULIISILY /R(g&(t), ) (t)dt. Tiginrerpaabumii
BUPA3 Ma€ palioHaabHuil BUJ, OCKLIbKKH R, 0, ©'— pamionaabni ¢ynkuil. O6qm-
CJIIOIOYUH Tleil 1HTerpaJ MOoMepeIHIMI MeTOoJaMHu 1 TOBEPHYBIINCH JO 3MIHHOI ,

OTPUMAEMO IEPBICHY.
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o iHTerpaJa 1nporo BUAY 3BOJSTHLCS 1 OLIBIN 3arajbHi IHTErpaJju

[ () (2

Jle BCl IIOKa3HUKU T,S,... — pauioHajbHi. ITorpibHo 3BeCcTH BCl IOKA3HUKHU JIO

CHIJIBHOI'O 3HAMEHHMKA M, 100 IIiJ] 3HAKOM IHTerpaJia OTPUMATH PalliOHAJLHY
. . . ax.’-/ﬁ
dyHKIi0 Bl Bl pajukaJia '/ o

IMpukaang 1.7. Obuwuciumu iwmezpan / \3/(

dx
r—1)(z+1)2

Posg’azanHsa. BukopucroByioun BUIlle HaBe/eHl MipKyBaHHsI, OTPUMAEMO:

/ da _/3/x+1 de | t={H r=54
{‘/(:U—l)(x_|_1)2 r—1 x+1 dx:_(gticft)z

dt 1 t+2
/t3—1 / t—1+t2+t+1

B dt +1/d(t2+t+1)+1/ dt B
N t—1 2/ #4+t+1 2) (41248

1 1 2t +1
:—ln\:z:+1\+—ln|t2+t+1\+—arctg—++0:
2 V3 V3
1o 4+t+1 1 2t + 1
=5ln Al + arctg il + C,

20 (t+1)2 V3 V3

_ 3/z+1
Je t=4 =1

§1.7. InTerpyBanHsa GiHOMiaJIbHUX An(PEepEHITiaIiB

BinomiaabHrMu Ha3uBaOThCA Audepentiany Burasary '™ (a+bz™)Pdx, ne a,b
— OyJib-5IKi CTaJii, a MOKa3HUKU M, N, P — PallloHaJbHI Yucsa. BusicHuMO, B SKUX
BUTIAIKAX Ieil BUpa3 MOXKHA MPOIHTErPYBATH.

[lepuinii BUIIa/I0K 3pO3YMIJIUIA: SIKIIO p — IiJie, TO IO3HAYUBILN Yepe3 \ — Hali-
MEHIIIE CIIiJibHEe KpaTHe 3HAMEHHUKIB JIpo0iB m 1 1, 3poOUMO 3aMiHy B iHTerpaJii
t = Yx abo x =t

Tomi

/ ™ (a + bax™)P dx = \ / " (a + bYP - At
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€ IHTerpaJioM BiJ pallioHaJbHOI (DYHKITI.

. o .
[IepeTrBOpUMO Temep Bupa3 MiJICTAaHOBKOIO 2z = X", TOJI

1 m+1
2" (a+ ba")Pdx = ﬁ(a + bz

m+

[Toznauupim q = Tl — 1, orpumaemo

1
/xm(a + bx"Pdr = — /(a + bz)P2dz.

n

AKio ¢ — 1ije 9uc/io, To 3HOBY IOBEPTAEMOCH JIO B2KE BUBUYCHOI'O THILY 1HTE-
rpaJia. JiiicHO, SKIIO IO3HAYUTH Yepe3 V 3HaAMEHHUK JIpoOy p, TO IiJIIHTerpaJib-

Huil Bupa3 matume Buriisiyi R(z, v/a + bz). leit Bupa3 380/ Thst 10 pamioHa bHOT

dbyukmil 3aminoo t = v/a + bz = V/a + ba".

@t bz)pz“qdz?
z

TO 1IpU P+ q € 7 3HOBY MA€MO BIJIOMUIT BUIIaJI0K, OO 1ijliHTerpaJibHUI BUpa3 Mae

Aximo nepernminemo inrerpast / (a + b2)P2%dz y Burmsii / (

BUTJISI]T R(z, \/ ﬂzbz) SHOBY 1110 (DYHKIIIFO 3BOJUMO JIO PaIllOHAJILHOI I1i/ICTAHOB-

v/ a+bz
- -

KOIO t =
Omxe, inTerpaJs Bij 6iHOMIabHOTO Jindepeniiiaig IHTerPyeThCsl B CKIHIEHHO-

My BUIVISIJ, SKITO IJIAM OyJe ojHe 3 4ducea p, ¢, p + ¢, abo ojHe 3 4duces p,

m+1 m+1

: +p.
n n

IIpuknamx 1.8. Suatimu inmeepan

ST+ z
—Fdz.
VT
Posg’azanms. BukopucroByoun BUIlle HaBe/IEHI MiPKyBaHHs, 3allAIIEMO

=
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§1.8. InTerpyBanusa Bupasis suny R(z,vaz?+ bx + c). IlizctanoBku

Eiinepa

[lepeiteMo 710 posriisiy IHTErpasiB BUIJISLY /R(a:, Vaz? + br + c)dzx.
[IpunyckaemMo, 10 KBaJpaTHWI TpUYJEH IIiJI KOpPEeHEeM He Ma€ OJIHAKOBUX
pPO3B’s3KiB, 00 B TaKOMY BHUIIAJKy BIH MOXXe OyTH 3aMiHEHUI Ha palliOHAJLHUI
BUpa3. BUBYKMMO TPU 111ICTAHOBKHU, SIKi HA3UBAIOTHCs nidcmanoskamu Etiaepa,
1 32 JIOIIOMOTOIO SIKHMX 3aBXKJI1 MOXKHA, 3BECTH JI0 PaIllOHAJLHOIO IiTIHTerpaJbHuIit
BUPA3.

[leprry mimcranoBKy MOXKHa& 3acTOCOBYBaTH Toji, Koau a > 0. Tosi Bukopu-

CTOBYIOTH 3aMiny vV az? + bx + ¢ =t — y/ax abo t + /ax.

[Tignicmm obuiBl YacTUHU PIBHOCTI JIO KBaJIparTy, OTPUMAEMO
az? 4+ bx + ¢ =t — 2y/atx + ax®, bxr + 2/atr =t* — c.

3Bijicn

2 2
o brte — Vat +bt+c\/6’ Ir— 9. Vvat +bt+cfdt
b+2\/_t 2\/at + b (2+/at + b)?

Tobro B 1IbOMY BUNAJKY JIJIs BU3HAYEHHSI T OTPUMYEMO PIBHSTHHS IMEPINOIro

cremensi, i pajukai v ax? + bxr + ¢ Bupakaerncst panionasbao uepes t. Ilicis
IHTerpyBaHHs palioHaJbHOI (PYHKIIIT Bl 3MIHHOI ¢ BKIHII 3aMICTh ¢ II1JICTABJISAIOThH

supas Vax? + bz + ¢+ /ax.

Hpyra migcTanoBKa 3aCTOCOBYETHCA, AKIMO ¢ > (. B mpoMy BUTIAIKy MOXKHA

nposectu 3aMiny v az? + bx + ¢ = xt + \/c abo xt — \/c.

AKi1o 3H0BY 00MJ1BI 4aCTUHU PIBHOCTI LIJIHECTH JIO KBaJIPATY, TO OTPUMAEMO

az? 4+ bxr + ¢ = 2%t* + 2\/ext + ¢,

3B1JICH
2¢/ct —b
za+ b=t + 2\/ct, x:\/_c—,
a — t?
2 — bt t2 — bt
\/axQ—I—b:c—Fc:\/E +yea algt::2-\/E +\/Eadt.

a—t? ’ (a — t2)?
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[ligcTaBuBIM 1 3HAYEHHS B MOYATKOBHIl IHTErpaj 3HOBY OTPHUMAEMO iHTE-

I'paJi BiJl palioHajbHOl GpyHKII. B HbOMY IicJis 3HAXOJ2KEHH: [1epBICHOI poOUMO

vazr? +bx +c—\/c

3BOPOTHIO 3aMIHy t =

x
Bunajku juist a > 0 ta ¢ > 0 3BOudATbCS OJUH JIO JIPYIOIO I1i/ICTAHOBKOIO
1
r=-.
z

Tpers nijicranoska Eitjiepa 3acTOCOBYETHCS TOJII, KOJIM KBaJIpATHUI TPUUJIEH

ax? + bx + ¢ Mae pisni aificni xoperi A i p. Tomi MoxHa 3ammucaTn

az® +br +c=alr — \)(z — ).

B npoMy BunajKy nposoaumMo saminy vaz? + bx +c = t(x — \) abo t(x — p).
OO0uBI YacTUHM PIBHOCTI 3HOBY IHijHECEMO JI0 KBaJjpary. 1ol oTpuMaeMo

a(x — p) = t*(x — \). Bsigcu

A2 —
a::—a’u, Vaz? + bz +c =
2 —a

a(\ — p)t dp — 2a(p — At
t2—a ’

3ayBaXKnUMoO, 10 SIKIIO KBAJAPATHUN TPUUIEH Ma€ JiiicHl pi3Hi KopeHi A\ 1 .

TO

Vart ¥ bt e = Jale =N = = (o = Ny fa- Tk,

2 — T—p\ :

T06T0 R(2,Var? + bx +c) = R(w, a - ﬂ) 1 MU 3HOBY Ma€EMO CITPaBy 3 paHi-
111e BUBYEHUM THUIIOM 1HTErpaJia.

[Tokarkemo, 1110 1epinoi i TpeThol mijicTanoBoK Eitiepa mocTtaTHbo, 11100 IpoBe-

CTU pallioHaJII3aliIo MiIIHTErPAJHLHOTO BUPa3y Y BCIX MOXKJIMBUX Burajkax. Jiii-

CHO, AKIO ax? + bx + ¢ Mae mificHi KOpeHi, TO 3aCTOCOBHA TpeTs IiICTAHOBKA.

dkmo nificaux Kopewnis nemae, To6To b — 4ac < 0, To Bupa3
1

ar® +br 4 c = 4—((2aa¢ + b)? + dac — b2)
a

IIpU BCIX 3HAYEHHsAX 3MIHHOI T Mae€ 3HaK a. Bumajiok a < 0 Hac He 1MiKaBUTb, 00O
TOJI pajuKaJj B3araJji He MaB Ou jificHux 3HadeHb. Y Bunajky a > 0 3acToCOBY-

€ThCA IepIna mijicranoska Eitnepa.
dx
r+vVari—x+1

IIpuknan 1.9. Obuuciumu inmezpan /
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Pozs’saszanms. ng 3amaHoro iHTErpaJjga BUKOPUCTOBYEMO TIEPITY TiICTAHOB-

Ky Eitnepa:

/ dx Vit —z+1=t-u, _/2t2—2t+2dt_
dt

$+‘/$2_$+1: x_tQ—l dl,:2.t2—t+1 t(2t_]_)2

(2t-1)2

2o 3 3 3 3 1
= [ (2= dt=2mlt| - 2t —1] -2 —— +C
/(t 2t—1+(2t—1)2) nffl =5 ol AT

net=x+va2—x+1.

T2t-1

§1.9. Inmri cmocobu 3HAXOMXKEHHS IHTEerpaJiiB, IO MICTATH PaJuKaJI

Var? +br +c

B GaraThox BHIIaJIKax MiJICTaHOBKK Kitjgepa npuBomgaTh 10 OLIBII CKJIAIHUAX
BUIIA IKIB. TOMYy pO3rJisiHeMO iHII CIIOCOOM OOYMCJICHHS TaKUX IHTErpaJiB.
' 6 iny Y = ax?+b iy =Y. Paui
Jlist 3pydHOCTI 3pOOMMO 3aMiHy =ar"+obr+c1y= . PanlonaJibHa
byukiis R(x,y) Moxe OyTH 300payKeHa y BUTJISA] YACTKH JIBOX TLTUX MHOTOMIIE-

HiB BigHOCHO T Ta Y. 3amintorodn Bciogu y? na Y mm ssegemo R(x,y) no supasy
P P.
R(z,y) = ) £ Bloly
Ps(z) + Py(x)y

[ToMHOXKUBIIY THCETHHUK 1 3HAMEHHUK TIHOTO J1po0y Ha Bupa3 Ps(z) — Py(x)y

e P(z), (i =1,4) — uini Muorowenmy.

i 3HOBY 3aMintoroun y? Ha Y, npuiizemo 10 HoBoi hopmu zanucy g R(x,y) :
R(z,y) = Ri(z) + Ra(x)y.

[aTerpas Bij mepiioro JojaHKa MU BXKe BMIEMO 3HAXOJUTH, TOMY PO3TJIAHE-

MO CIIOCOOM 3HAXO/PKEHHs IHTerpaJa Bij| Apyroro gojanka. [loMHOXKuBIIM 1 11011~
1

Var? +br +¢

JIMBIIA HOTO Ha Yy OTpuMaeMo Bupa3 Buny R*(z) - — = R*(x)
IHTErPYyBaHHs SIKOTO 1 PO3TJISTHEMO. !

3 pauionasibuol GyHkuil R*(x) BuiisieMo ity 4acruiy i OrpuMaHy 1paBiib-
HY JpoOOBY YacTHHY po30MBaEMO Ha MPOCTi Apodbu. B 1boMy BHUITAIKY iHTErpyBa-

HHSI OTPUMAHOI0 BUPA3y 3BEJIEThCs 10 O0UUC/IEHHs IHTErpaJiB TPhOX THUIIIB:

I / Pz) dx,
Vaz? + bz + ¢




1.9. Inwi cnocobu 3HaT00MHCEHHA iHMELPANIS, U0 Micmamb padukas vV ax? + bx + ¢ 21
D , W D

1 / Adx
) (z—a)Var+ bz + ¢

Mx+ N
111, dz.
(22 + px + q)"Vax? + bx + ¢

7ie Bci KoedillienTn JificHi, a KopeHi MHOTOUIeHa T2 +px+¢q — yaBHi. SyIHHIMOCH

Ha KO2KHOMY 3 BHHa,HKiB OKpeMO.

[. Tlograummo (st m =0,1,2,...)

v _/ ™ dx_/xmdx
" Var? +bxr +c VY

Jlerko BuBecTu pekypeHTHy opmysy jiist Takux inrerpaJis. dias m > 1

BI3bMEMO ITOX1JIHY
mflyl
(xm_lv Y)/ = (m—12™ VY + x2 v =

2(m — 1)a™ %(az? + bz + ¢) + 2™ 1 (2ax + b)

2VY

m 1 m—1 m—2
:ma-x—+<m——>b-$ +(m—1)c-x

VY 27 VY VY

[TpoinTerpyBaBiiu KpaiiHi 4aCTUHU MONEPEJHBOT PIBHOCTI, OTPUMAEMO

1
2" Y = maV,, + (m — §)me_1 + (m — 1)eV—o.

1 b
Bepyun m = 1, orpumaemo V; = —vVY — 2—V0. [MTigcraBisiroun m = 2 i
a a

3aCTOCOBYIOUM BUpa3 Jijisi V], OTPUMAEMO

1 1
— _— (2ax — Y + — (302 —4 .
Vo 4a2( az — 3b)VY + = (30> — 4ac)V;

3a aHaJIOri€0 OTPUMAEMO 3araJjbHy (POPMYJIy
Vm - pmfl(SU)\/? + )\m‘/()a

1€ pp—1(x) — muorouien (m—1)-ro crenenst, a A, = const. Orxke, BCl inTerpasiu
V. 3BOISATHC 710 V).

Aximo B inrerpadi Bujy 1 Mmuorousien P(x) Oyje n-ro crenens, To inTerpas Oy-
Jie 300parkaTucs y BATJIsIIL JTiHIiHOT KoMOiHalii inTerpamis Vg, Vi, ..., V,. O1rxe,

IHTerpaJl 3allUilleTbCd y BUTJISA]

P(x) , . dx
/\/?dx_Q()\/?Jr)\ 7
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ne Q(x) — muorounen (n — 1)-ro cremensi, A = const. Muorounen Q(z) i crana
A 3HAXOJATLCA 3a METOJIOM HeBu3HadeHuX Koedinienti. dudepeniioodn odbu-
JIBl 9ACTUHK HOIEPEIHBOI PIBHOCTI 1 IOMHOXKUBIIK O0MJIBI YACTUHK OTPUMAHOI'O

criBsiromenHs #a VY , OTPIMAaEMO
1
P(z) = Q' (z)(ax* + bx +¢) + §Q(x)(2ax +b) + A

B 06u/iBox dacruHax OyjeMO MaTh MHOIOYJIEHU N-T'0 CTEIICHS.

Ileit Meroj; 3abesnedye BujJIeHHS aJredpaldHol dYacTHHU 13 IHTerpaJa

[ s
dx 1

II. InTerpau / 3BOIUTHCA MIJICTAHOBKOIO & — (v = — JIO PO3TJIs-
(x — @)Y t

HyTOT'O paHimie Bunajky. Jliiicao, maeMo

24 b 2+ (2 b)t
d:z::—t—2, aa:2+ba:+c:(aa +hato) t2+( ac +b) —l—a.

Orxe, gkmio paxyBatu £ > a it >0, To

dx th=lat
/ (r — a@)fvaz? + br + ¢ N _/ V(aa® +ba + o)t + (2aa + b)t +a
I11. Po3risiHeMO CIIOYaTKy OCOOIHMBHI BUNAJOK, KOJMH TPUUICH ax’ + b + ¢
JINTIe MHOMKHUKOM @ Binpisuserhcs Big Tpuaiena 2 + px + ¢. Tomi mykammii

Mx + N . :
s— dx. Voro jierko 300pasutu y BUIJIsiii
(ax? +bx +¢)7%

IHTerpaJj Mae BUIVISL /

CYMU JIBOX 1HTeIpaJiiB:

M 2ax + b Mb dx
a 2m+1 dZIZ' + (N - ) 2mt1 )
2a ) (ax? +bx+c)™ 2a (az? + bx + )2

3 sKol nepimii Geperncs Iijgcranoskowo t = ax? 4 bx + c.
st obumcienust pyroro inTerpaJja 3pyIHo 3acTOCYBaTH MiICTAHOBKY Abests

Y’ ar + &
t=(VY) = = 2___
( ) WY Va2 +bx +c

[ligmicmm Kpalini YaCTHHKHU PIBHOCTI JO KBaJpaTy i MOMHOXKHUBIIK Ha 4Y, oTpu-

MaeMmo crissijgnomenns 4t2Y = 4a’z? + 4abx + b?, axe BigniMemo Bij piBHOCTI

4aY = 4a*x? + dabx + 4ac. Toni orpumaemo 4(a — t3)Y = 4dac — V?, 3Bijkn

ymo_ 4ac — b? m_ 1 '
4 (a —t2)m



§1.9. Imwi cnocobu 3HAT00NCEHHA THME2PAAIS, U0 MicmAamb padukan  ax? + bxr + ¢ 23
Hudepennirooun Terep piBHicth tVY = ax + 37 3Hailj1IeMO
VYdt + t*de = adx,

dx dt

3B1JICH = B pesyabrari orpuMaeMo

VY a—t%
dx 4 " —
Y2m2+1 = (4—CLC — bQ) (Cl — t2) Ldt.

dx 4 " m—
= (m) Ja-era

SIKUM JIEI'KO 3HAUTU.

Orxe,

B zarasbHoMy BUNaJKy BBaxkaeMo, o ax’ + bx + ¢ = a(z®* + p'x + ¢'), ne

p' # p, ¢ # q. Toni inrerpas Buy 111 moxkua 3naiiTH 34, 10IOMOIOIO I ICTAHOBKH
_pt+v

t+1

, Jle ducsa 4 1 v € po3B’sa3KaMyu KBaJPaTHOIO PIBHSAHHS

(p—p)+2(q—q)z+ Pq—pd) =0.
ut + v

t+1
Ta 1i100pl 3HAYEHb 4 Ta V TakuX, 1100 koedilienTu 1pu 3MinHiil ¢ OyJin piBHi

Lle BumnBae 3 NiACTAHOBKY T = B MHOTOUJICHN 2 +pr+q i 22 +p'v+¢

HYJTIO, TOOTO
/

q—q _pa—pd

5 H V=
p—0Dp p—0Dp
[Ticig mpoBeieHHA JaHOI MiICTAHOBKU OTPUMAEMO 1IHTErpaJl

/ P(t)dt
(2 + N /a2 + 5

ne P(t) — muorotwren crenens 2m — 11 A > 0.
P(t)

HHS TIEPBICHOI JI0 3HAXOJKEeHHs 1HTerpaJiiB BHUILY /

w+v=-2-

Ha, TTPOCTI ;Lp061/1, 3BEeJIeMO 3a/lav1y 3HaxoJ>Ke-
At + B
(2 4+ Nk at> + B

Posknasium 1pi6b

k=1m.

s Bunagky k = m Maemo

/ At + B ﬁ_é/ atdt +B/ dt
(2 + N /at? + 3 a ) (82 + N/t + B (22 + N /at? +
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é/ atdt |U=yat?+ 8 _é/ Udu B
2+ Nm/at2+ B | atdt = UdU (@Jr)\)m.(]

= — — — IHTerpaJi BiJ| palioHaJbHOT (DYHKIIII.
R e

— at
B / < = v- at?+f | _
2 + \)m at? + dt _ _du
m (a — U2) . . . .
= Ba (5= a2 £ rad)m dU - imTerpaJ BiJi palioHaJbHOI (DYHKIIII.
x4+ 3
IIpukaan 1.10. Obvucaumu inmeepan / dx.
P Y PR s |
t
Pose’asanns. B 3apanomy inTerpaJi mpoBejieMo 3aMiny x = N;_:rly. Toumi
Papaqo WEAFDEFQut(pty) 29t (vt 1)
B (t+ 1)2 ’
3BI1JIKI

2uv+ (p+v)+2=0, p+v=0, p-v=-1.

t—1 2dt
Orxe, p =1, v = —1. Maemo © = ——, dr =

1 —(t 1) TOJI1

/ x+3 J / 8t dt n 4 dt
T = .
(22 —x+ DVl +zx+1 (24 3)v3t2 + 1 (24 3)v3t2 + 1
8t dt 3t2+1
/( = ‘\/3752 —U‘ V8arctg i + (Ch,

22 4+3)V32+1 8

/ 4 dt _‘U_ 3t |
(12 +3)V3t2 + 1 3t2 41
_18/ w1 3v3+2V2U
B 27 —-8U2 /6

3v/3 — 2v2U
§1.10. Inrerpasm, mo micrare audepenniaau R(sin z, cos z)dx

+ Cs.

Hudepeniiiaim Takoro BUIY 3aBXK/M MOXYTb OyTHU 3BejleHl JI0 pallioHaJILHOT
dbynxuii mgcranopkoo ¢ = tg 3, —m < x < m. JliiicHo,

2tg % 2t 1—tg®5 1—+¢
1 2z 1442 CBTTT 2 T 142
+tg?l 1+ +tg?l 14

sinx =



§1.10. Inmeepasu, wo micmamo dupepenyiary R(sinx,cosz)dx 25

2dt

= 2arctgt, dve = ——
x arctgt, dx T

TOJI1

2t 1—¢*\ 2dt
R(sinzx,cosx)dr = R ( )

1+t 14+¢2) 1+4¢2

Orxe, iIHTErpaJu BUILY / R(sin x, cos x)dx 3aBx/u 6epyThCs y CKIHYEHHOMY
BurisAl. Jlana mijicTaHOBKa HAa3MBAETLCA YHIBEPCAABHOMN NIOCMAHOBKOM 1 B
JIeTKUX BUIAJIKaX MTPUBOJIUTD JIO I'POMIZJIKUX 1HTETPAJIIB.

OnHak, MOXKHA PO3TJISTHYTH OKpPeMi BUIAIKH, BUKOPUCTOBYIOUH SKi BJACTHCSI
JIEIO CIPOCTUTU 3HAXOJIKEHHs 1HTerpaJiiB, 10 MICTATb JaudepeHiiagm BUILY
R(sin x, cos x)dz.

Haramaemo jeski BijoMocTi 3 Kypcy ajrebpu. fkimo misa abo jgpoboBa pa-
mionasbHa Gyukiis R(U, V) He 3MiHIOE CBOTO 3HAKY TIPH 3MiHI 3HAKY OJHOTO i3
aprymentis, wampukaag U, tobro skmo R(—U,V) = R(U,V), To BOoHA MOXKe
6yTu 3Beaena jio surasy R(U, V) = Ry(U?, V), mo micturs napui creneni U.

Axmo wasuaku, npu 3mini 3uaky U dyukuis R(U,V) rakox 3minioe

snak, Tooro R(—U,V) = —R(U,V'), To BOHA 3BOANTHCSA J10 (DYHKIT BUTIISIILY

R(U,V) = Ro(U%, V)U. lleit daxT BunampBae 3 ToTNepegHix MipKyBaHb, sSKIIO
. R(U,V)

po3IUIstAaTH (PYHKIIIO U

Braxkaemo renep, mo R(U, V') He 3MiHIO€ CBOTO 3HAKY MPH OJHOYACHI 3MiHi
suakis U ra V, ro6ro R(—U,—V) = R(U,V). B ubomy Bunajiky, saminoroun U

U‘./v, oymemo matu R(U, V) = R(% -V, V) =R (%, V). 3a BJIACTHUBICTIO

byl R, axmo 3minutu sumaku U Ta V) To R*<%,—V> = R (%,V)
a ToJi, K MU 3HaeMo R* (%,V) = Rj (V,V2). Orxe, g audepenmiaia

R(sin z, cos x)dr MOXJIUBI TPU BUITAJIKH.

Ha

[. Hexait R(sinx,cosx)dzr 3MiHIO€ 3HAK IPH 3MiHI 3HAKY Sinx, TOJI
Y p y 9 KH
R(sinz, cos v)dx = Ry(sin? x, cos x) sin xdx = —Ry(1 — cos® x, cos x)d(cos ),

1 palioHaJi3allis IHTerpaJa JT0CATaEThCA 1ICTaHOBKOIO t = COS .
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[1. Amasoriuno, sikimo R(sinx, cosx)dx 3MiHIOE 3HAK MPU 3MiHI 3HAKY COS T,

TO

2

R(sinz, cos v)dx = Ry(sinz, cos’ x) cos zdx = Ry(sinz, 1 — sin® x)d(sin z),

1 pallloHaJI3alls IHTerpaa JOCATaEThCA MICTAaHOBKOIO ¢ = Sin .

III. Hexait R(sinx,cosx)dr He 3MiHIOE 3HAKY TIPU OJHOYACHI 3MiHI 3HAKIB
sinz i cosx. Toni R(sinz,cosz) = Ry(tgz,cos’x) = R2<tgx, s ), TOOTO
R(sinz,cosz) = R(tgx). Omke, pamionanisamis iHTerpaa q0CAraeThes miaeTa-
HOBKOWO t =tgx, —§ < < 3

BayBaxxumo, 110 sika 6 e Oysia panjonaabna Gynkiis R(U, V), 11 3aBxu
MOYKHA 300pasuTy y BUIJIAJL CYyMH TPhOX BHpa3iB, TOOTO

R(UV)=R(-UV) | R—UV)=R(~U~V) | R(~U,~V)+R(UV)
2 " 2 - 2 '

R(U\V) =

[Tepiuit 3 jloj1aHKiB 3MiHIOE 3HAK 1Ipy 3MiHl 3Haky U, jpyruil 3MiHIOE 3HAK 1IPU
3MiHI 3HaKy V, a Tpetiii 30epirae 3HaK Ipu OjHOYACHIN 3MmiHI 3HaKiB U Ta V.
Posbusmiu Bupas R(sinx, cosx) Ha BIINOBLIHI JOJAHKK, MOYXKHA JIO TIEPIIOTO JI0-
JIaHKa 3aCTOCYBaTH MIJCTAHOBKY t = COS X, JO JIPyroro — MiJICTAaHOBKY t = sinx
1 710 TpeThoro — mijgcTanoBKy t = tgx. OTxke, Jjs1 00UMCIEHHsT IHTErpaJiB BUILY

/ R(sin x, cos x)dz jocTaTHhO POAHAJIZ0BAHUX BUILE BUIIA/IKIB.

§1.11. ImTerpyBanusa Bupa3siB sin” x cos’ xdx

. . . s .
Braxkaemo, 1110 v 1 j — pallioHaJjibHl dnciia, a T € <0, 5) SpobuBILIHN 1I1J1CTa-

HOBKY 2 = sin’ x, dz = 2sin x cos xd, IepeTBOpIOEMO BUPa3
oy u e 1 u=1
sin”  cos :z:dx:§sm z(1 —sin’z) 7 7 281nxcosxd:c—2(1—z) T 27 d.

Toumi
1 _
/sin”azcos“xd:vZE/(l—Z) T dz

1 BCce 3BOJUTHLCS JI0 1HTErpyBaHHA OlHOMIAJILHOTO JudepeHiiaia. 30KpeMma, e

—1 —1
(abo Y

iHTerpas Geperbcs y CKiHUeHHOMY BHJ: 1) sIKIIO ) € miaum



1.11. Inmeepysanns supasisc sin” x cos* xdx 27
Py D

. +v .
YUCTIOM, TOOTO, AKITO 4 abo v € HemapHe Iijae IUCo; 2) AKIMIO0 ——— — IIJIe

2
YUCJI0, TOOTO [t + UV — HapHe.
Crosin K BIJIHOCHTBCST BUITAJIOK, KOJIM OOW/IBA MOKA3HWKK (i Ta U € IIJIUMU.
B takomy Bumajiky Bupa3s sin” x cost x € palioHaJbHUM BIJJHOCHO Sinx 1 cOSI.
ko v (abo 1) — HenapHe, TO palfioHasi3allisa 0Jpasy J0CATAEThCs MiICTAHOBKOIO
t = cosx (abo t = sinx). ko obujBa 1nokasHuku v Ta [ € napaumu (abo
HETAPHUMH ), TO 3aCTOCOBYEThCS TMiICTAHOBKA ¢ = tgx abo t = ctgx.

OjHak, SIKIO MOKAa3HUKK U Ta i 00U B JOJATHI TAPHI 9KCJia, TO 3PYIHINTNM

€ IHImui crocid, B IKOMY BUKOPUCTOBYIOThCSA (POPMYJIN IMOHMXKEHHST CTEIIeHS:

, sin2x . 1 — cos 2z 9 1+ cos2x
SINE - COST = —5—, SIF=—"J——, CO8T=—"J——

2

A came, gxmo v = 2n, @ = 2m, TO OPHU V > [ 3AIUCYIOTDH

. 9n om : 2 o 2(n—m) sin 22\ *" /1 — cos 2z
sin" x cos™ x = (sinx - cos z)”"" sin r=|—— _ :
2 2
anpu v << u
. o o9m, , o  2m—n) sin 22\ >" (1 + cos2z\" "
sin™" z cos™™ x = (sinx - cos z)”" cos r=|—— —_—

2 2

B posrophyToMy BUIJIsiJIl 1iJI ITHTErPAJIOM OTPUMYEThCS CyMa, €JIeMEHTIB BHU-

. / / .
riasiy Csin” 2xcost 2z, ne v/ +p/ <nm+m = ”J“T” Ti enementn, y SIKUX XOua

6 oxuu i3 nokasHukis V' abo ' € HemapHMM YKMCIOM, JIEPKO IHTErPYIOTHCS BH-
e HaBejileHuM criocobom. Periira j10/1aHKiB PO3KJIAIAI0THCS 3HOBY 3a (popMysiaMu

IMOHM>KEHHY CTeleHs 1 T.II.

sin” x dzx
Ilpuknax 1.11. Suatimu inmeepanu: 1) / . dx, 2) /ﬁ
cos sin” x cos* x

Pose’asanns. 1) Bukopucropyown Buile HaBeeH MipKyBaHHst, 6adInMo, 1110
7
sin' x

auist byHKIl R(sinx, cosz) = BUKOHYEThCs1 yMoBa R(—sinx,cosz) =

cost x
—R(sinx, cos x). Toxi 1y1s1 3HAXOZKEHHST 33/JTAHOTO 1HTErpasa 3pYIHO 3aCTOCYBa-

TH 3aMIHYy t = COS T :

T e )3
/sm :de:_/(l cos® x)?d(cos x) = cosz

cost x cost x
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——/(t‘4—2t_2+1)dt—i—g—tJrC— L 2 sztcC
B 3t 3cosPzr  cosw '
1
2) Ockinbkn gt GyHKiil R(sinx, cos ) = ————— BUKOHYEThCA YMOBA

sin® x cos? x
R(—sinz, —cosx) = R(sinx, cosx), To 3pyvHOIO € MiJcTaHOBKA t = tgx :

d 14 ¢2
/w—x — /udt
sin® x cos? x t4

2 1 1
—t—;—@-l—C—tgx—Qctgx—gctg3x+C.

§1.12. Tummi BUNIA KU iHTErpyBaHHS

Mu BiKe 3HAEMO, AK iHTerpyiorhesa supasu suny P(r)e?dzr, P(x)sinbx dw,

P(x)cosbxdx, ne P(x) — niamit moorounen. OJHak, CJIiji BIAMITUTH, M0 JPO-

, e’ sin x COS T ,
6oBi BUpazu — dzx, dz, dr, n =1,2,3,..., y»Xe He IHTErpylOThCs B
x" x" "

CKIHYEHHOMY BU/JII.
3a JI0TTOMOTOI0 BIJIIOBITHUX PEKYPEHTHUX (POPMYJI, BOHW MOXKYTh Oy TH 3Be/IeH1
JIO TPHhOX OCHOBHUX 1HTET'PAJIiB:

dy
/— dr = T liy — inTerpajbHuii jorapudm;
ny

sin
dr = Six — iHTerpaJbHUl CUHYC;
x

COS T _ _ .
I1I. / dr = Cix — inTerpajbHuil KOCHHYC.
x

BukopucroByoouu iHTErpaJiu

inbxr — bcosbh
/eaxsinbxdx: Aomor — 08 xeam—FC,
a’ + b?

/eam cos b di — bsin bz + a cos bx e 4 O
a? + b?

JIETKO 3HAWTH B CKIHYEHHOMY B/ iHTErpaJsIn / x"e sin bx dx i / x" e cos bx dx.

A came, iHTErpy0Un X 9acTHHAMHU, OTPUMAEMO

asin bx — bcos bx
/ z"e™ sinbxr dx = " P
a? + b2
na nb
R / 2" e sin b do + poS) / " e cos br dx,
a a



§1.12. Inwit sunadxu tHmMe2PYSaHHA 29

CLQ + b2
b
_—21 7 /x"le‘” sin bx dx + % / 2" e cos ba d.
. a

i pekypenThi bopmyJin JIO3BOJISIOTH 3BeCTU iHTErpaJiu 1o Bunajky n = 0.
Axrmo mig P(...) po3yMmiTH miuii MHOTOWIEH, TO sIK 3araJibHUl PE3yJIbTaT,

MO>KHa, CTBEPJIXKYBATH, 1110 B CKIHUEHHOMY BUTJIsIJIl O€PYyThCs IHTErpaJIu
! " N SN/ / "
/P(x,e”,e“ Yo sinb'x,sinb’z, ... cosbx,cosb x,...)dx,

/ " AN/ :
ne a',a”, ..., 00", ... — craJi.

JificHo, BCce 3BOIUTBLCS JIO IHTErpYBaHHS BUPA3iB

. ! / . 1 // ! / 12 /,
2" sin® Va - sin® V'x - ... - cos™ bz -cos™ bz - ...

Ao BukopucToByBaTH (GOPMYJ/IN

, 1 —cos2bz . _ 1
sin? b’z = — > sin Va-sinb'z = §(cos(b' — 0" x — cos(t/ + 0")x)
1 iM momibmi, TO Jierko po3duTH Bupasu Ha Jgoganku Buay Ax"e™ sinbx dx,

Bx"e™ cos bx dx, siki BxKe BMIEMO IHTEI'DYBATH.



