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IlepenmoBa

Hapuasibuuit 110ciOHMK HalMCaHO Ha IiJCTaBl JOCBI/ly BUKJIQJAHHS [IPAKTHU-
YHOIO KYypCy MaTeMaTHIHOIo aHaJi3y Ha (paKyJabTeTi MaTeMaTUKu Ta iH(pOopMa-
TUKK 1 pizuko-rexuivHomy daxkyabreri [Ipukapriarchbkoro HalioHaAJLHOIO YHIBEP-
cutery iMmeni Bacung CredaHuka mjs CTYJIEHTIB MATEMATUIHUX Ta TEXHITHUX
HAIIPAMIB I1JITOTOBKH.

MaTepiaJ nepiiol 4acTruHu HOCIOHMKA OXOILIIOE €JIEMEHTH TeOPil MHOXKUH, I'Da-
HUIIIO ITOCJIIOBHOCTI, FPAHUIO (DYHKIII B TOUIII, HellepepBHICTHL PyHKIIT Ta Jude-
peHIiajibHe YrCaeHHs (DYHKIT OJHIET 3MIHHOT pa30M 13 3aCTOCYBAHHSIM ITOX1IHOT
byHKIIT J10 PO3B’si3yBaHHs 3a/1a4.

Ha nouarky KoxKHOro naparpady mnojaTbcs KOpOTKI TEOPETUUHI BiJIOMOCTI 3
KOYKHOT T€MHU, 1K1 MICTSTh OCHOBHI O3HaUYeHHs, (DOPMYJIIOBAHHS BaXKJIMBUX TEOPEM
Ta OCHOBHI popMmysn. aji momiieHo BIpaBu st po3B s3yBanHsg. JIpyra yacTuna
KOYKHOT'O Tlaparpady MICTUTh MTOBHE PO3B’si3yBaHHsI BUOPAHWX BIIPAB.

Marouu HaBuaJibHUI HOCIOHUK 31 3pa3KaMy PO3B’si3aHUX IPUKJIAJIIB, BUKJ/Ia/a4
MOYKe 30CEpeJINTU yBary CTYJEHTIB Ha PO3B’sI3yBaHHI OLIbIN CKJIQTHIIIMX 3a7ad.
HastBricTh TeoperuvdHOro MarepiaJjiy Ta MPUKJIAJIB PO3B A3yBaHHS 32184 JOIOMO-
JKe CTYJICHTY OTPaIlbOBYBATH MaTepiasl MOCIOHUKA CaMOCTIHHO.

Cutijt 3a3HaYNTH, 10 JIJIsT JOCKOHAJIOTO BUBYEHHST MaTepiaJy mepej THM, K Mo-
YUHATU PO3B’s3yBaTu BIPaBu, HEOOX1IHO JI0OpEe 3aCBOITU TEOPETUUHUI MaTepiaJl
3 koxkHOI Temu. IloTiM posibpaTn HaBeJeHl BIPaBU 3 PO3B’sI3KaMH 1 000B’I3KOBO

3aKPINUTU 3HAHHS PO3B S3YBaHHSM BIIPAB JIJIsi CAMOCTITHOIO BUKOHAHHS.



PO3/11JI I. ExemenTu teopii MHOXKUH. /lificHI

qncJjia

§1.1. ITorarra mHOxKMHU. Oneparrii Haa MHOXKMHaMu. BiacTuBocTi

MuoxkuHa — ojiie 3 OCHOBHUX MaTeMaTUIYHUX IOHATDL, SJKe He BU3HATAETDHCS
yepes HPOCTil MOHATT. [HIUMU CJIOBAMU, MHOHCUHA — 11€ CYKYIIHICTh IIEBHUX
00’€KTiB, SIK1 BOJIOJIIOTH OJIHIEIO 1 Ti€ K BjacTupicTio. OO'€KTH, 1110 YTBOPIOIOTH
JIJaHy MHOXKWHY, Ha3UBAIOThCH 11 eAeMEeHTNAMU .

AKIo eeMenT r HaJgeXuTh MHOXKWHI A, TO mo3HadaoTs © € A. Ao eme-
MEHT I He HAJIeXKUTh MHOXKUHI A, T0 nosnavaiors = ¢ A.

Muoxkuna, sika He MICTUTb »KOJIHOI'O €JIEMEHTa, HA3UBAETHCS TLOPOHCHBOIO
MHOHCUHOI0.

MuokunHa 3a/1a€ThCsi JIBOMa CIIOCODAMM:

1) uepesiikom i1 esiemMenTiB;

2) 3a3HAYCHHIAM XapaKTEePUCTUIHOI BJACTUBOCTI €JIEMEHTIB MHOKUHH.

Muoxkunu, ejleMeHTaMu SKUX € YUC/Ia, HA3UBAIOThCS YUCAOBUMU MHOHCU-
namu. Hanpukman, N = {1,2,...,n,...} — MHOXKMHA HATYpaJbHUX quces], Z
— MHOXKUHa numx uncena, Q = b p € Z,q €Ny — MHOXKMHA paIllOHAJILHUX
qucesi, [ — MHOXKUHA IppalioHa/JbHUX dKuces, R — MHOXKKUHA, JIACHUX YUCEI.

Muoxkuna B Ha3UBAETHCS NEOMHOMCUHOMN MHOXKUHA A 1 3a0UCYETLCS

B C A, gK10 KOXKeH eJleMeHT MHOXKUHU B € ojHo4acHo ejeMeHTOM MHOXKUHU

A, T06TO

BCA«= (reB=x¢cA).



§1.1. Ilonamma mmoocunu. Onepauii nad muosrcuramu. Baacmusocms 7

Muoxxunn A ta B nasupaioThcst pieHumu i 3anncyiors A = B, gakmo A C B
i B CA.

06’cdnanmam npox Mmuoxkun A ta B nasupaerbcsa muoxkuna C, sKa MICTUTD
Bcl esementu MHOXKMH A Ta B, 1 He MicTuTh HiKMX IHIIMX ejeMeHTIB (JuB.

puc. 1). [Tosnataernes

C’:AUB::{x: x € A abo a:EB}.

Puc. 1. 06’ednarna mmoocun A ma B
Ilepepizom npox muoxkun A rta B nasubaerbest muoxkuna C, sika MICTUTH
BCl criyibHl esieMenT MHOXKUH A Ta B, 1 He MICTUTH HIKHMX IHIINX €JICMEHTIB

(nuB. puc. 2). [Tosnauaernbest

C:AHB::{:U: xeAixEB}.

Puc. 2. Ilepepiz mmoorcun A ma B
Pisnuuero nsox muoxkui A ta B nasubaeThes MHOXKHHA, C, IKa, CKJIaIa€THCS
3 yCiX eJIeMeHTIB MHOXKUHU A, 1110 He HaJiexKaTh MHOXKUHI B, 1 He MIiCTUTE YKOHUX

inmux esementis (nuB. puc. 3). [loznataernes

C’:A\B::{x: $€Aix¢B}.

Puc. 3. Pisnuusa muoorcun A ma B



8 POBALJI I. Eaemenmu meopii muootcun. itichi wucaa

Adxmo B C A, ro pisuunst A\ B HasuBaeThcsi donogHeHHAM MHOXUHU B 10

muoxkunn A i nosnauaerbes CaB abo B (nus. puc. 4).

Puc. 4. Jonosnuenna muoocunu B do A
Cumempuuroro piznuuyero Mook A ra B nasubaerbest muoxkuna C, sika,
CKJIAJIAETHCSA 3 YCIX eJIeMEHTIB MHOXKHUHE A, 10 He HaJIekaTh MHOXKUHI B Ta 3
YCIX eJIeMEHTIB MHOXKWUHKM B, 1110 He HaJiexkaTh MHOXKUHL A, 1 He MICTUTH YKOJHUX

iHImMx ejgementis (juB. puc. 5). [Toznavaernbes

C=AAB:== (A\B)u(B\A).

Puc. 5. Cumempuuna pisnuys mmoocur A ma B

Jlexapmosum dobymrom jBox MHOKMH A Ta B HazsuBaeThcss MHOXKWHA,

C, sKa CKJIAJIAEThCsl 3 BIOPAJIKOBaHUX nap ejementis (r,y), pe © € A, y € B.

[Toznagaernes
C:AXB::{(:U,y): re Al :UGB}.
BaacTuBocTi onepairiiii HaJa MHOXKMHaAMU
I.1) AUB = BUA (komyraruBHicTh 00’€/[HAHHS ),

)
2) (AUB)UC=AU(BUC)=AUBUC (acoujaruBHicrb 06’e/iHanH s ),
3) (Ac B)= (AUB = B),
4) AUA=A,
5) Aug = A.
I1. 1) AN B = BN A (koMmyraTuBHICTH IIepepisy ),

2) (ANB)NC=ANn(BNC)=ANBNC (acouiaruphicrsb nepepisy),



§1.1. Honamma mmoorcunu. Onepayti nad mmoocunamu. Baacmusocmi 9
3) (ACB)=(AnB=A),
4) ANA=A,
5) AN@ = @.
IIT. 1) (AUB)NC =(ANC)uU (BNC) (mucrpubyruBHicTsb nepepisy Bij-
HOCHO 00 €THAHHS),
2) (ANB)UC = (AUC)N(BUC) (muctpubyTuBHicTh  00’€iHAHHS

BIJIHOCHO 11epepizy ),
(

3) (A\B)NC = (ANC)\ (BNC),
4) AUB=ANB,
5 ANB=AUB

Bnopasu

1. 3a gomomororo kpyriB Eitnepa-Benna Ha 1I0muHI nepeBipuTH, M0 ST

mHOXKUH A, B, C' BUKOHYIOTHCS HACTYITHI BJIACTUBOCTI:

) A\ (ANB)=A\B,  2)(AUB)\B=A\B,
3) (AUB)\(B\A)=A, 4)A\(B\C)=A\((AnB)\ ().

2. JloBecTu BJjIacTUBOCTI:

1) (B\C)\(B\A) € A\C, 2) A\C C (A\B) U (B\C),

3) (ANC) U (BND)C (AUB) N (CUD),  4) A\(B\C)=(A\B)U(ANC),
5) (A\B)\C = (A\C)\(B\C), 6) (A\B)NC =(ANC)\B,
) (AN B)\C = (A\C) N (B\C).

3. BuaiiTn 00’ eHAHHS, TepepPi3, PI3HUIIO Ta CAMETPUIHY PI3HUIIO MHOKIH A

ta B :

1)A:{x: —1<x<5}, B:{x: —2§x§5},
2)A:{x: x2+3:1:<0}, B:{x: x2—2x—3>0},
2 —1
3)A={x: m<0}, B:{x: L 21},
1:—41 $1+2
4)A:{x: cosxzé}, B:{a:: Sinx<§},
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5) A:{a:: 3< |z — 4 33}, B:{az: 32| >7},
3
6) A= {x: log: (x—§> > 1}, B= {g;: 32m—6-3x+820}.

4. Buznaunru i 300pasuru Ha mwiomuni muoxuan AUB, ANB, A\ B, B\ A,

SAKIIO:

1)A:{(x,y)€R2: x2+y2§1}, B:{(x,y)ERZ: xyzo},
2)A:{(5L’,y)ER2: y>\/5}, B:{(x,y)GRQ: x2+(y—1)2§1},
B)A:{(a:,y)ERQ: :c3>y3}, B:{(x,y)GRQ: x2>y2},
4)A:{(x,y)€R2: x:y}, B:{(x,y)ERQ: m+|y\g1},
5)A={(x,y)eR2: §>§}, B={(z,y) cR: 5(:>O,y>0},
6)A:{(x,y)€R2: 2“1:y2—|—4}, B:{(x,y)ERQ: yZQ"”l}.

5. 3uaiiTu o0’ejHanns 1 nepepiz MuokKun X,, n € N, gkio:

1 1
1) Xn:<——; —), 2) X;, = (3n—2;3n+1),
n n
n n n
Xn = ; ,  4) X =10 :
3) 2n +1 n—i—l) ) (0 n+1
1 2n—1 11
5) Xn:{_ﬂ & ]7 6) Xy = {——; —].
n n n n

ITpuknaau po3B’sa3yBaHHS BIPaB

2.5. 3a O3HAUEHHSM PIBHUX MHOXKHH ITOTPIOHO JIOBECTH CIIPaBEJIJIMBICTD JBOX

(ANBN\C C (A\NCON\B\C) 1 (AAO)N\(B\C) C (A\B)\C.

Orxke, 3 ogHOrO 60Ky, st JoBlibHOrO enementa ¢ € (A\ B)\C maemo 3a
O3HAUEHHSM pisHuIl MHOXKHUH, 0 © € A\B i x ¢ C.

3Bijicn

((:ceAixgéB) i (x¢C)):><(x€Aix¢C) i (xgéB)>:>



§ 1.1. Honamma muoocunu. Onepayii nad muooicunamu. Baacmusocmi 11

— <(a: e A\C) i (z ¢ B\o)) — (a: c (A\C)\(B\C)).

3 inrmmoro 60ky, st gosiibaoro enementa x € (A\C)\ (B\C) maemo, 1o
<(xeA\C) i (xgéB\C)) — ((:ceA i2¢C)i(xd B abo xEC’)) —
:>((a:€A i dO) i (ng)) — ((:UEA i ¢ B) i (x¢0)):>

— (;c e (A\B) i (z ¢ 0)) — (:1: c (A\B)\o).

OmKe, piBHICTH JOBejeHa. W
3.3. CrnouaTky pO3B’sS2KEMO HEPIBHOCTI, SIKI BHU3HAYAIOTH XapaKTEePUCTUUHI

BJIACTUBOCTI ejeMenTiB MHOKUH A Ta B :

2 50+ 6 —9)(x —
T x + <O{:>(x )(x —3)

< 0.
r—4 r—4

3a MeToJIOM iHTepBaJiB pO3B’a3KaMu Iiel HepiBHOCTI € & € (—00;2) U (3;4).

x_1>1¢:
T+ 2 T+ 2

> 0.

3a MeToJI0M 1HTepBasiB O3B A3KaMu JlaHol HepiBHOCT] € T € (—00; —2).

Orxe,
A= {a: eER: x€ (—oo;2)U(3;4)}, B = {SU eER: x€ (—oo;—2)}.
3BlJICH, 38 O3HAYEHHSIM Ollepalliil HaJl MHOXKUHAMU MaEMO:
AUB = {:E eER: z € (—00;2)U(3;4)},
ANB = {xE]R: T € (—oo;—Q)},
A\B = {x eER: ze€[-2;2)U (3;4)}7
B\A =g,

AAB = (A\B)U (B\A) = {x cR: z€[-22)U (3;4)}. >
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§ 1.2. BepxHg Ta HU>KHA Mexka MHOXXWHU. MeToa MaTreMaTudIHOL

iH Iy KITil

Henopoxns muoxkuna E #Ha giiichiit oci R HaszuBaeTbhcss obmeosrcernoro 3sep-
xy (3nu3dy), skio icuye yucio M € R (m € R) rake, mo jyisi BCix ejiemeHTis
x € E Buxonyerbcs nepishicts * < M (x > m). Hucna m i M nasuBaioTbes
BIJMTOBIJIHO HMYKHBOIO 1 BEPXHBOIO MEXKaMW MHOYKWHMU.

Muoxkuna F Ha3HMBaETbCsI 0OMEHCEHOI0, FKINO BOHA € 0OMEKEHO0 1 3BepXy
1 3HUZY.

KoxHa HeropoxHsi oOMexkeHa 3BepXy (3HM3Y) MHOXKMHA Mae HAMEHIITy BepX-
HIO (HAHOLIBITY HIKHIO) MEXKY.

Haiimentie 3 qucer, 1mo oomexxye muoxkuny FE C R 3Bepxy, Ha3WMBaETHCS MO-
YHON B8EPTHBLOIO MeHCeo MHOXKUHK F 1 1no3nadaerbes sup £. [HmmMmu ciaoBa-

MHU:

1) (Vx € E){x < M},
2) (Ve >0) (I’ € B){2' > M — ¢}.

M =sup E :=

Haiibinbie 3 unces, 1mo oomexxkye muoxkuny E C R 3HKM3y, Ha3UBAETHCsI MO-
YHOM HUHCHBLOW MmedHcero Muoxkunn F 1 nosunadaernca inf E. InmmMu ciosa-

MMU:

1) (Vo € E){x > m},
2) (Ve >0) (32" € E) {2/ <m +¢}.

m=inf F =

BayBaxkMMO, 110 SKINO MHOXKWHA F HeoOMexeHa 3Bepxy (3HU3Y), TO BBaXKa-
OTh, 1110 sup £ = +o0 (inf £ = —00).

Ak sup £ € E (inf E € E), 10 iforo Ha3suBaioTh HAKOLIBIINM €JeMEHTOM
abo marcumymom (HaMEHIINM eJeMEHTOM a0 MiHIMYMOM) MHOKUHN .
[Tosrauarors Biamosigno max K = sup £ abo min E = inf F.

Makcumy™m 1 MiHIMyM MHOXKUHU € TOYHOIO BEPXHBOIO 1 TOUYHOIO HUYKHBOIO Me-
JKaMU, OJlHAaK 13 ICHYBaHHS TOUYHUX MeXX He BUIUINBAE 1CHYBaHHS MaKCUMyMY 1
MiHIMyMYy MHOXKWHU. ¥ ButaJiky, ko [ C N, To icnye min F/. Ha 1iit BiacTu-

BOCTI I'DYHTYETHCsSI TPUHIAI MATeMaTHIHOT 1HIYKIUT: Akuwo meepdacernns A(n)



§1.2. Beprma ma HudicHa medca muodicun. Memod mamemamuyuroi indyxyii 13

npasusvre das n=1 (n = mng) ma i3 NPUNYWEHHA NPABUNLHOCTIE UbO2O MEEp-
doncenms das n =k > 1 (k> ng) sunausae oz0 npasuivricmov das n =k + 1,
mo A(n) npasusvne das 6ydv-axoeo n € N (n > ng).
Omxe, MeToJI MaTEeMATUIHOT 1H/LyKI[1 TTOJIsITa€ Yy BUKOHAHHI HACTYTHUX KPOKIB:
1) mepesipuTu, 1u npaBuibHe TBepKenns A(n) s n =1 (n = ng),
2) npunycruru, mo A(n) npasuibhe juisi no =k, ne k> 1(k > ng),
3) sosectu npasusbhictb A(n) st n = k41, BAKOPUCTOBYIOUH IIPUITY [IIEHHS,
4) 3pobUTH BUCHOBOK, IO 3TiIHO 3 MPWHIMIIOM MAaTeMATHIHO! 1HYKIIil TBep-

mkertst A(n) npasuibhe st Oyp-sikoro n € N (n > ng).
Bnopasnu

1. 3uaiiTu TouHl MexKi MHOXKUHKA F, SIKIIO:

1) E={(-1)" (1—%): n €Ny,
z)E:{n13@+w—n%: neN}
3)E:{4m?2n——tn?: mEZ,nEN},
4)E:{mﬂjn mEN,nEN},
wE:{mﬁm/ mezneN}

2. 3uajity inf F, sup £/, min E, max E, akmo:

1) B = (01), 2) E=Qn V3]

3) B =[2;3]\Q, HE={zecQ: Vr+2<4},
5) E={z: |z—2|—|z—3] <1}, 6) E={x: sinz — cos2z > 0},
7)}3:{3712 ; neN} 8) E ﬁM+2'nEZ}

9) E:{(_Ti) +1+(2_1) ; nEN}, 10) E:{1+Sm§: nEN}.

3. Jlna Beix narypagapnux uncesa n € N jgosecrn, mo:
1) n® + 5n ginursest na 6,

2) n?(nt — 1) pimmrbes na 60,
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3) 5" + 113! jinmrnes na 17,
4) 7" — 42" jinurbes na 33,

5) 23" + 1 pinureea na 3" i ne gimmThea na 372

4. Jlns Beix HaTypaJbHuX duces n € N jjoBecTr HACTYIIHI PIBHOCTI:

1
1) 1+2+...—|—n:@,
2) 12492 Jrn2_n(n+1)(2n+1)
= G ,
(n+1)2

3) 1P+ 4+. . 4nd="
4) 1+2+.. . F2vt=2"—1,
5) 1-242-5+...4+n(Bn—1)=n*(n+1),

\/2+\/2+ +\/_—20082+1,

!
7) (a+0)" = ZCS nhpE e C’ff: = k'(+—k)" (6inom Hptorona),

1N\ /1 1 9
8 (1—=)(1—=) ... (1- _nte
4 9 (n+1)2 2n + 2
1 1 1 n

4.5 5.6 (n—|—3)(n—|—4%:4(n—|-4)’

1 1
10) arctg 5 + arctg 3 + ...+ arctg 53 =
n

n+1

5. JlopecTn HEpiBHOCTI, BAKOPUCTOBYIOUM METOJ| MATEMaTUIHOI 1HJTYKIIii:

D) o+ x4+ ..o 4| < x| + |2 + ... 4 |20, n>2,

2)1+1+1+ t Lo
22 32 T p2 T n’

n+1\"
3 I <

L 1+ +1>\/_ > 9
— +t—=+ ...+ —F= n, n =2,
2B NG

1+
5 (1+2)">14+nx, o> -1, ©#0, n> 1, (epiBaicts Bepuysmi),
n

w

6) |sin xk’ < Zsinxk, aKkio Bel o € [0;7] 1 n > 1,
SR | 1
7) L

1 3
L2 < ,
2 14 2n T \3n+1

1 n _1 n+1
9) <1+—) < <1+ ) :
n n+1




§1.2. Beprma ma HudicHa medca muodicun. Memod mamemamuyuroi indyxyii

15
10) (2n)! < 22(n))2, n > 1.

IIpuknaaum po3B’a3yBaHHS BIIPaB

2.7. OcklIbKE MHOXKMHA F/ CKIaa€Thesl 3 €JIeMEeHTIB

{1 2 9 8 k2 }
5729725 3k2 427 J7

ToO min E = 5 a orxke, infFE = T Hopegemo, mo max F/ He icaye. ko
k2

T = ———, TO

T3k 42

(k+1)2 k2 4k + 2

N _ _ 0.
TR TSR 1212 3212 Bh+1)2+2)Bk212) g

OtXKe, KOXKEH HACTYIHUI eJIeMeHT 11i€1 MHOXKUHU OLIBIIMNI 32 TOIepe THii.

1 , :
[Tokaxxkemo, 1o sup £ = 3 st noBinbHOTO uncia N € N BUKOHYEThCsST HEPIB-
) n? - 1 Tl n? 1 2 <0 )
HicTh ——— < —. Milicho, ——— — = = ——————— 1 JIJ1s1 JIOBLJILHOI'O
32 +2 3 3n2+2 3 3(3n2+2) A
2

n 1
e > 0 icave ng € N, g skoro ——2— > — — ¢. 3incu
YO o= A 32 +2° 3 .

2 2
3en? > 3(1 —3¢), n> Q(l — 3¢),
TOOTO

2
ny > g(l—Se). >

4.8. Jloejiemo piBHICTH

(-8 o) 25

T o+ 2

3a JIOIIOMOI'0I0 METO/ly MaTeMaTudHOl 1HJIYKII.

[IepeBiprmo mpaBuJibHICTH piBHOCTI pu N = 1 :

A1) 1 3

— 1 — — = — — pIBHICTH OYEBUJIHA.

[Tpumnycrumo, 1110 piBHICTH IpaBUIbHA st N = k, TOOTO

= (1) (1) (1 ) -

2k +2
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JloBeemMo cripaBeJInBICTh PIBHOCTL jist 1 = k + 1 :

o= (=) (=) ekg) - ()

k2 1 k+2 (k+2°-1  (k+1)(k+3)  k+3
_2k+2'( _(k;+2)2) T 2(k+1) (k+2)?2  2k+D(k+2) 2k+4

OtKe, PIBHICTD CIIPABXKYETHCS JIJIsl JIOBLILHOTO HATYpPaJbHOIO YUCIa 1. B

5.5. Jloesemo nepiBHicTh Bepuyiii jisa n = 2. Maemo:
(1+z)2=1+22+2>>1+2z.

Orxe, JUist N = 2 HEPIBHICTH BUKOHYETHCSI.

[Tpunycrumo, 1o HEPiBHICTH BUKOHYETHCS It 1. = k, TOOTO:
(1+2)" > 1+ ka.
BuKoOpuCcTOBYIOUM IIPUILYITICHHS, JIOBEJIEMO HEPIBHICTD jijit n =k + 1 :
I+ =0+ 0 +2)> 1 +kx)(142) =

=1+ (k+Dz+kx®>14+(k+ 1.

[Ilo it Tpeba Oyno noBecTH. B

§1.3. ITonsarTa Bimobpakenns (dyHukiii). Buau Bimobparkenn

Bidobpascernnam MHOXKMHE A B MHOXKHHY B Ha3MBAa€TbCs BIAIOBIIHICTD
Mixk A ta B, jjst s1KOT KOXKHOMY ejieMeHTy r € A BiJloBijae €uHuil ejeMenT
y € B. Ilosnavaors f: A— B abo y= f(z), ne v € A, y € B.

Bimobpaskennst f : A — B wacro HasmBaioTh ymruyicro 3 MHOKWHE A
y MHO)KuHYy B. Muoxuny A upu 1poMy Ha3suBaioTh 004ACMIO 6U3HAYUEHHS
byuknii y = f(x) 1 nosnavaiors D(f). doslibhuit eemenT © € A HAa3UBAETHCA
npooopazom abo HE3ANEHCHOIW 3MIHHO010, & Y = f(x) HasuBaeThCst 0O6pPa3OM
ejeMeHnTa T abo 3HaweHHaAM GYHKULE Y TOUI .

Axkmo A CR i1 B C R, ro Bijoopaxkennst f : A — B nasubaeTbcst PpyHruyi-

€10 01ticHOt 3MIHHOTL.
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Obpasom mmooscurnu M C A npwu Bijobpaxkenni f : A — B Ha3MBaeThCst
muoxkuna f(M) = {f(x) S M} Muoxuna E(f) Ha3suBaerbCs MHOMCU-
HO10 3HaueHdb Gyukiil f: A — B.

Bigobpaxennsi f : A — B HasuBaeThcsi tH’ekmusHum abo iH’eKyiero,
SIKITIO PI3HUM eJIeMeHTaM MHOXKUHU A CTaBUTBLCS Y BIIMOBIIHICTD PI3HI €JIEMEHTH

MHOXKUHKA B, T0oOTO:

(V1 € A) (Vo € A) : {xl £ 1y = f(21) # f(a;Q)}.

Bimobpaxenns f : A — B masuBaeThcs crop’ekmusHum abo crop’exuiero,
SIKIIO TTPO00pPas OY/b-sIKOTO eJIeMeHTa MHOKUHU B € HelmopoyKHbOK MHOXKWHOIO.

Bigobpaxennsi f : A — B HasuBaeTbcsi biekmueHum abo OieKyier0, SKIIO
f € crop’€KTUBHUM Ta 1H €KTUBHUM OJIHOYACHO.

Akmo f : A — B e GiekTuBHUM BigoOparkeHHsiM, TO JIJisi HbOTO ICHY€ Tak
3BaHe obeprene eidobpasicenns f' : B — A, dKe BU3HAYAETHCA YMOBOIO
f~Hy) = z. Obepuene Binobpazkenns HASUBAECTHCA TAKOK 00ePHEHO010 ByHKi-
ero i nosnavaernhes y = f (), ne v € B, y € A.

Cynepnosuuyieto Bimobpaxens (dyukmiii) g : A - Bi f : B — C
HA3UBAETLCs BijoOpaxkennst f o g : A — (C, sKe BuU3HAYAETLCS PIBHICTIO
(fog)x) = f(g(x)), ne x € A. Cyuepnosuuito dynkuiii f ra g HasuBaroTh
TakoxkK ckaadenoro Gynkuieio y = f(g(x)), ne x € A, y € C.

Oynkiil f : A — B 1a g : C — D Ha3MBalOTHhC TMOMOHCHIMU, SKIIO

A=C1 f(z) = g(x) nug nosimbHOrO eementa x € A.
Bnopasu

1. ®ynxkuio f : Z — N zagano cuissijnomennam f(n) = 1+n?. Busznauuru:
1) f(0), f{0}), F({5:6}), F({=1;1}),

2) {20, 1 {BY), f({10;25)), fH({50;51;52}).

2. Hexaii f(x) = sinx. 3uaiiru:

D FE0n, o), Ao, £([5:]).
2) f7H{0D), f7H(=1;-0,5)), f71([0,2)), f7([0;0,5]).
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3. Yu € Binobpaxenns f : Z — Z i g : Z? — 7? inexIi€io, CIOp €KI€I0 i

OIEKIIIEI0, SIKITO:

1) f(n) =n+(=1)",  g((m;n)) = (n;m),

2) f(n) =2—n, g((m;n)) = (m+1;n — 2),
3) f(n) = (=1)", g9((m;n)) = (m+n;m —n),
4) f(n) =n?, g((m;n)) = (m; —n),

5) f(n) =n*+n3, g((m;n)) = (—m; —n).

1) f(z) =]z + 2|, 2) f(x) = ax® + bz + ¢,
3) f(x) =va?+1, 4) f(z) = cos 2z,
5) f(x) = arctaz, 6) f(x) = 7
7) f(x) =zsine, 8) f(x) =In(|z|+ 1),
)

5. 3HaiiTu 0b6J1acTi BUSHAUYEHHS JAHUX (DYHKIIIH:

1)y 1 2) _\/ r—1
YT e el YTV s+ 6
3) y = \/siny/z, 4) y = log, logs log, ,
1 x —2
5) y =lg(sin(x — 3)) + V16 — 22, 6) y = —— + arccos ,
7 ns— S (i) + ——
= arcsin ———, = y/cos(sinzx) + ——,
Y 2 +sinz Y V| — =
9) y = arcsin(z? — 5z + 7), 10) y = 3arecos(i=2),

6. 3HAlTH MHOXKWHY 3HaYEHb JAHUX (DYHKITII:

1
1) y=2% xel[-3;2), 2) y=logyx, x¢€ [3—2;64},
1
3 — 4 = -

s s . 11
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ITpuknaam po3B’sa3yBaHHS BIIPaB

3.3. Bigobpaxenns f(n) = (—1)" ue € ciop’eKTuBHEM, 60, HAIPUKJIA/L, TIPO-
obpa3 uucja 2 € MOPOKHbOI MHOXKHUHOIO.

He Oyne e BijoOparkeHHsI iH €KTUBHUM, 00 B3gBIIK N1 = 1 1 no = 3 Mae-
MO, 10 My # Ng, oguak f(ny) = f(n2) = —1. OueBuyHo, Mo BijOOParKeHHs
f(n) = (=1)" He € 6GieKTUBHUM.

Bigobpaxenuns g((m;n)) = (m + n;m — n) He € ciop’ekruBaum, 60, Ha-
npukaan, (3;2) € Z2, oanak mpoobpas napu (3;2) € HOpOKHLOIO MHOKHHOIO.

m+n =3, 5)

[le BumIMBaE 3 TOro, MO PO3B’I3KOM CUCTEMU € 4nucJia m = — Ta
m-—n=2 2
1. . (9 1 9
n =g, iros <§,—> ¢ 7°.
3 inmmoro 6oKy, Bii0OparkeHHsT € 1H €KTUBHUM, 1€ BUTIJIIMBAE 3 TOTO, 1110 PO3B’si-

m—+n=a, 1
30K CUCTEMU eJIMHIUI (BU3HATHUK =—-2#0).
m-—n=>0 1 -1

3 momepe HiX MipKyBaHb CJIJIYE, 10 BijloOparkeHHsI He € OlekIlien. b

r— 2
5.6. 3naitgemo 00acTh BU3HAUEHHS (DYHKINI Y = ——— + arccos
V4 — 22 x

Bona Oyjie criBiajiari i3 MHOXKUHOIO PO3B’sI3KiB CUCTEMU

)
—2 <z <2,
4 — 2% >0, —2<x <2,
—= ¢ 1<, =
—1 <2<, N r>1.
x 2>0,
\ T

Orxe, D(y) = {x : x €[l 2)} — obstacTh BU3HAYECHHs JlaHOl (DyHKIHT. B

6.3. Oyukuist y = {x} = x — [z] HA3UBaETHCA TPOOOBOIO UACTUHOWIO UTHCIIA
x. Tomi jig joBlibHOrO JAiiicHoro uucia © € R Gygemo maru, mo {z} € [0;1).

Omxe, obsracTio 3HaYEHD JAaHOT (PYHKIIT € MHOXKHUHA:

By)={y: yeoin} »
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§ 1.4. EnemenTapHi pyHKIIii. AjreOpudHi i TpaHCHeHIeHTHI DYyHKIIII.

BuaacrusocTti

Jlo MHOXXHHM OCHOBHUX €JIeMEHTapHUX (DYHKINN JiifiCHOI 3MIHHOI HaJIeXKaTb
taki dyHkiil: 1) crasa, 2) crenenesa, 3) MokasHukoBa, 4) jorapudmidna, 5) Tpu-
roHoMeTpudHi, 6) 0OepHEH] TPUTOHOMETPUIHI (DYHKITIT.

Eaemenmaproro gynxuiero niiicHol 3MIHHOI Ha3MBAIOTH TaKy (DYHKIIIIO,
sIKY MOXKHaQ, OTPUMATU 3 OCHOBHMX €JIEMEHTAPHUX (DYHKIIH IIJIsIXOM 3aCTOCYyBa-
HHsI CKIHYEHHOI KIJIbKOCTI apuPMETUIHUX Ollepalliil Ta omepariil cynepro3uiii
dyHKIII.

Muoxkuny ejgeMeHTapHUX (DYHKIIIA MOJIISIOTH Ha TaKi ITAMHOXKIHU:

n

1) mHOXHMHA MHO20uwAeHi8 P(r)=ay+ax+ ...+ ax" = E apzt, ne
_ k=0
ar (k= 0,n) — crani aiitcui uucna, x € R;
P(z)

Q(x)

2) MHOXKMHA payionaavhur Gynryit R(z) = , e P(z), Q(x) — 3a-
nani muorousienn, Q(z) # 0;

3) MHOXKWHA IPPAUIOHaAAbHUL PyHKrYid, T06T0 GYHKIN, siKi He € pario-
HAJIbHAMY,

4) MHOXKWHA anzebpuvnur ynuruit y = f(x), SKi 33J0BOJLHSIIOTH PiBHSI-
witn "+ (@)Y Pt (@)Y + pa(x) = 0, e pr(x) (k= T,7) - sasani
MHOI'OUJICHH;

5) MHOXKUHA mpancyendenmuur Gynryit, To6ro QyHKI, sKi He € ajre-
oprannmu. o HEUX HaJeKaTh, HAIPHUKJIA, TOKA3HUKOBI, JOrapudMidHi, TPUTo-
HOMETPUYHI Ta 00epHEeHI TPUIOHOMETPUUIHI (DYHKIII.

I'pagpixom dyukuii jgiiicaoi 3minnoi f : R — R nazuBaeTbcs MHOXKWHA
I'={(z,y) €eR*: z€R, y= f(r) € R} Touok ma mnomumi. I'padixom Moxe

OyTH Jiesika KpuBa.
Bopasnu

1. [TobymyBaTu rpadiku GyHKIIIH MIsIXOM 3cyBY abo jedopMaliii mpocTiimmx

eJIeMeHTapHUX (PYHKILIN:
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1) Yy = (ZE—$0) =+ Yo, kzla ':CO:_la y0:_27
1 s

2) y=asin(wz + ¢), a=2, Ww=g 9=

3) y =log,(kx +b), a=10, k=10, b=2,

k
4) y= +yo, k=-1, xo=1, yo=2,
T — Xy 1

5) y = karcsin(z +b), k=2, b:§,
1 s

6) y=a (wa:Jrgp),a:l,w:—,gp:Z.

2. 3acTOCOBYIOUM IIPABUJIO JIOJaBaHHS Ta MHOXEHHs rpadikis, moOympyBaTu

rpadikyu HACTYITHUX (DYHKIIIA:

5) y = sinx - sign(cos x),

2) y=1+x+¢€",
4) y = sign(sinx),

6) y = sin* 2 4 cos’ .

3. IlobyyBaru rpadiku HacTynHUX QyHKIIII:

| sin x|

1) y=

3) y = |sin|z|],

sinx

)

5) y=lz+3|+ [z -2
7) y = |2° — 4]z + 6],
9) y = |arctg(z — 2),

2) y={z},

1 |z+2]
4) y=|= +1
2 )

6) yv=|lgl|z||,

8) y = arccos(cos 2x),

1
10) y =sin (arcsin : ; >

4. Posp’s3aTu ippallioHaJIbHI PIBHSHHS 1 HEPIBHOCTI:

1) 52 + 35z —

2 x2 —5xr + 6+

24+ T —1=4,

Sr — 22 —6=0,

)
)
3)
)
)

Ve+2+vVer+1+ve—1=v72,
4) VT + vV +5+2vV2? +5x =25 — 2z,
5 Ve + 14+ V7T —x=2,
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6) \/x+\/6x— —I—\/x—\/6x— > V6,
7 YErd

1 Y
8) V2 —:E—|—3—\/ 2 —x—52>2
)

9) Ve +3+vVer—2>\V2zr+4

\/x4—2x2+1>1—a¢.

5. Posp’si3aTn TpaHCIEeHIeHTHI PIBHAHHS Ta HEPIBHOCTI:

1 1+lgx — 101,

)

2) x%log, 27 -loggx = = + 4,

3) O ,5+logs cos x + \/_ 90 5+logg sm:c

4) (\/_ 3+ 2)COS.’E (\/ﬁ o 2)0051‘ _ QSinx . 3cosx’
) tg

-2 (l-31- k%)

d

ﬁa

6) $0,5log0)5 z—3 > 07 53—2,5log0)5 33,
) |w— 1 s | — 1P,
1
8) tgx +ctgz > V3 +
)

9 log; cosx < log1 tgx,
2—-3
10) logzx |g| > 0.

IIpuknaau po3B’sa3yBaHHS BIIPaB

| sin z|

; € MHO>XKUHAa
Sl x

D(y):{x: r € R\ {mn, nEZ}}.

sin &

dkmo sinz > 0, tobro € (2mn; © + 27n), (n € Z), o y = — = 1.
. sinx
si
dAxmo sinx < 0, robro x € (—7 + 27n; 2mn), (n € Z), 10 y = — mk
sin

Orxke, MOYATKOBY (DYHKIIIIO MOXKEMO TEPENUCATH Y BU/IL

—1, saxmo = € (—m 4+ 27n; 27n), (n € Z),

y:

1, akmo x € (2mn; 4+ 2mn), (n € Z).
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[I'padik dbyHkIil 300parkennit Ha pucyuky 6. »

ty
— R —)
—T O ™ T
——— S

| sin z|

Puc. 6. I'pagpix dpynruii y = — .
sinx

23

4.6. 3 ypaxyBaHHsIM TOTI'O, IO IT1JIKOPEHEB] BUPa3W 1MOBUHHI OyTH HEBIJI €MHU-

MU, IIiJIHeceMO O0U/JIBl YacTHHU HEPIBHOCTI J10 KBajpaTy. Toi oTpruMaeMo CUCTEMY

HEPIBHOCTEI:

(
2462 —9>0,

3
x —/6x —9>0, x> -,
3 — 2
6x—9>0, lz —3| >3 —x.

Vi —6z+9>3— .
\

Ocrannst cucreMa pIBHOCHJIbHA 00’ € IHAHHIO JIBOX CUCTEM:

3

- <xr<3

p =TS

T > 3,

r—3>3—ux.
3BIJIKM BUILIUBAE, 10 T € [%, +oo). >

5.7. Jlnst po3B’sizyBaHHs HEPIBHOCTI

|$ . 1|1g2:c—1gx2 > |$ . 1‘3
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PO3IJIAJIAEMO JIBA BUITAJIKU:

0<|z—1]| <1,

lg?z — 2lgx < 3,

|z — 1] > 1,

gz —2lgx > 3,
60 ipu £—1 = 1 HepiBHICTH HE BUKOHYETHCS, 8 PO3B 30K piBHsHHA T—1 = —1 He
BXOJIUTH B 00J1aCTh BU3HA4YEHHs Jiorapudmiunol ¢gyukiiil. Kpim Toro, npu z = 1
BUpa3 B JIIBI 9YacTUHI HEPIBHOCTI HE Ma€ 3MICTY.

BpaxoBytodun MOHOTOHHICTH TOKA3HUKOBOI (DYHKIIIT, OTPUMYEMO:

4

0<x <1,
( 0<z <1, Tl1<r<2
JLl<z<2, | —1<lgz <3,
\lgzx—2lga:—3<0, — x > 2,
x> 2, lgx > 3,
gz —2lgz —3 > 0. x > 2,
lgr < —1.

3BiJICK OTPUMYEMO, IO

1
= (1—0; 1) U (1;2) U (1000; +00). >

§ 1.5. Haiinpocrin BiactuBocTti dyHKIIiii. JlociikeHHs HA

MOHOTOHHICTh, IAPHICTH, MEPIONYHICTD

Oynkuis f: R — R nasubaerbest obmescenoro 3eepxry (3Hu3y) Ha MHO-
xkuni £ C R, gakmo muoxuna f(E) obMmexena 3sepxy (3uusy). Aximo dyukiis
oOMezkeHa 1 3BepXy 1 3HM3Y Ha MHOXKWHI F, TO BOHA HA3UBAETHCS 0OMEHCEHOIO
Ha F. B nporunexnomy Bunajsiky, GyHKIsS [ € Heobmedrceroro Ha MHOXKNHI

E.

Oyukuis f: R — R na muoxkuni E C R nasupaerbest:
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a) Hecnadroo, skio Vry, o € B 11 < x9 = f(21) < f(x2);

0) Heapocmarwworo, sikio Yy, xo € B x1 < 19 = f(x1) > f(29);

B) cnadnoro, skio Vo, xe € B 11 < 10 = f(x1) > f(22);

r) apocmarouoto, sikiio Vry,xe € B 11 < 19 = f(21) < f(x2).

Oynukiist f(x) HA3UBAETHCST MOHOMOHHOMO Ha MHOXKUHI E C R, gKio BoHa
Ha Il MHOXKWHI 3a/0BOJILHSIE OJ(HE 3 IOIEPEeIHIX BU3HAUYeHb. B ocTaHHIX JBOX
Bunakax Gyukiist f(r) Ha3UBaETHCS CMPO20 MOHOMOHHOIO.

Oyukiisa f: EF — R nazuBaerbcs naproro (HenapHoro), siKIio:

1) obusacts Busnadennst dbyukuil D(f) = E € cuMeTpuvHOO BIJJHOCHO HyJIsl,

2) muist oBibHOrO * € D(f) BUKOHYETHCST PIBHICTH

Bynb-gaky dbyukiio, Busnadeny npu r € R, MoxkHa MomaTu y BUTIAL CyMU
napHoi i HemapHol (PyHKIILI:

flz) = /() +2f(—37) ARG —Qf(—fv).

Oynukmig f: R — R nasuBaerhes nepioduuroro, SiKIno
T #0: f(z+T)= f(x), Yo € D(f).

[Ipu npomy uncio T unazubaeThes mepiodom dyukuii f(x). Baysaxkumo, 1o
axmo 1" e nepiogom Gyukuii f(x), To st goBiabuoro uncna n € 7 seauuuna nl
TakoXK € nepiogom yukiil f(x). Haiimenmne 3 goparanx qucesn T Ha3HBAETHCS

ocHoBHUM 1epiojom dyukiii f(z).

Bnopasu
1. Hosectu, 1mo yHKIis:
1
1) y = — obmexena suusy na inrepsasi (0;1),
x
2) y = —3" obmexena 3Bepxy Ha MHOKHHI R,
3y y— ST i R
= ——— obmerkeHa Ha MHOXKHHI R,
Y % + 3t
4) y = —sin — ne Gyje 06OMeKEHOI B XKOJHOMY OKOJi Touku & = (.
r x
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2. 3HaiTh MPOMIKKN MOHOTOHHOCTI (DYHKITIii:

1
1) y=a"—5x+7, 2) y=—
1 x4+ 2
3 — 4 = —
Jv=T"g V= s
5) y = 10%7, 6) y={z},
)y =[], 8) y = sin(arcsin z).

3. JlocainuTy HACTYIHI (DYHKIIT Ha MAPHICTD:

3, .2
1)y:a:—|—x 2) y =19 — 22,

xr+1"

a®+1 1+
3 =x- 4 =1
Jy=a —— ) y=logg T—.
5) y:5cosx+‘x‘? 6) Yy = [ZU],

7) y = log, (:c+ x2+1), 8) y = sin®x 4 cos 3,

333—1'2

9) y =sin : 10) y = arcsin(sin x).

r—1

4. IlopaTu y BUrJIs/ii cymMu 1mapHoi 1 HerapHol (DyHKIINH 3ajaH] PyHKIIT:

1) o* 4223 — 322 4+ 1, 2) y=(v+1)°
pNED S VR .

3 = 4 = —1

) Yy ; —t—5 — Hy=ve-1l

5) y=cosx+2° —2r + 1, 6) y=3".

5. Busnauuru, ski 3 HacTynHux (QYHKIIH € 1MeploJMIHUMU, 1 BKa3aTu TXHIi
epioj;

1) y = cos 3z, 2) y =sin <2:U+17T—2>,

3) Yy = COs4 x 4+ Sin4 x, 4) y = QCOS (21;4-%)7

5) y=[x], 6) y = {z},
2T 2T

7) y:singcosg, 8) y = cosa?,
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9) y = ctg (2mz + 3), 10) y = tg(v3z + 3).
6. Jloectn, 110 nepionn (pyHKIT

k p
flx) = E a; sin n;x + E b; cosm;x, n;,m; €N,
i=1 =1

k p

f(x) = Zai tg n;x + Zbi ctgm;x, n;,m; €N,

i=1 i=1
BU3HAYAIOTHCs BIJIIIOBIHO 3a (bopMyIaMu

27 7

T = o T= .
HCA(ny, ..., ng,m, ..., myp) HCA(n1, ..., ng,my, ..., my)

7. Jdosectu, 1o nepiojn pyHKILi

k

k
f(x) = Zai sinnz, 1 f(x)= Zbi tgn;x,
i=1

1=1

ne ng=—, (i=1,k) i p;,q; € N, Busnauarorscs BiAnosiHO 32 (hopMmyamu:

_ HCK(Ql?QQ?"'?Qk) O _ HCK(QI)QQ?"'aqk) g
HCO(p1,p2, - \ok) HCI(p1,p2, - - -, k)

8. Bukopucrosyioun dopmysin 3 Biipas 6-7, JloBeCTH 11€PIOJIMUHICTb 3a/[aHUX

T T

¢yHKIII# 1 BKa3aTu X OCHOBHI IIepiojiu:

1) y =sin2z +cos3z, 2) y = cosx + sin 2z,

3) in = + sin — 4) t 4—tx+t4x
= sin — + sin — = — —
5) y:tg:z:+2tg§, 6) y =sinx + cos 3z — tgbx.

IIpuknaau po3B’sa3yBaHHS 3314

) 3 + 222 )
1.3. BayBaxkumo, 1mo ¢yukiia y(zr) = 2T 341 > 0 jura posBlibHoro r € R.
x
Orxe, BOHA € OOMEXKEHOIO 3HU3Y.
3 iHImI0T0 OOKY
3 + 222 3 222

— <
2 + 3zt 2+3$4+2+3x4 -
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2 9++/6
N :\[,

3 6
2\/;-$2

KpiMm x # 0. SayBakKMo, 0 B OCTaHHI#l HEPIBHOCTI MU CKOPUCTAJIUCH TUM, IO

X

<
- l—l—%x‘l

_I_

<

DO o
o
DO | QO

1+ 22> 2.
. 3 : 9+ V6
Ockisbku y(0) = 5» TO VIS JOBUIBHOTO r€R maemo, mo 0 < y(z) < 6\/_’
, 3+ 222 . : :
10610 QyHKIis y(r) = ——— € 00MeKeHOI0 Ha BCii 4nC/IoBiHi oci. B
2 + 324
a’ +1
3.3. Obusactio BusHaueHnsi pyHKI §y = T - - € MHOXKMHA
a J—

Dly)={z: z € (~00:0) U (0:+00)}.

AKa CUMETPpHUYHa BiﬂHOCHO HYJIA.

Haui
a’+1 14+ a” a® + 1
y(—a) = () s = () e = S ()
T+1
Orxke, pyHKINSA Yy = T - @t € mapHoo. M
a’ —

5.3. Bukopucraemo oznauenus nepiojguaHol GpyHKIii. Po3p’skemMo piBHAHHs
cos*(x + T) +sin*(x +T) — cos* x — sin*z = 0

BlHocHO 1.

Orpumaemo:
1 —2cos*(z + T)sin*(x +T) — 1+ 2cos’ xsin*x = 0,
L. L.
— 5 sin (2x 4+ 2T) + 5 sin 20 =0,
(sin2z — sin(2z + 27")) - (sin 2z + sin(2z + 27)) = 0.

3BIIKNI

sinT - cos(2¢ +T) - sin(2z + T) - cos T = 0.

B pesysibTari 3acTocyBaHHSA (POPMYJIN JIJI CUHYCA TOJBITHOIO KyTa, OTPUMYE-

MO PIBHSTHHSI

sin 27" - sin(4x + 27") = 0,
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T
SHKOFOT:§—|—7TTL,7”L€Z.

4

Orxke, Gyukmis y = cos?z + sinz e nepiognuHO0 3 OCHOBHEM IEPIOIOM

§ 1.6. I'panumg amcJioBOi MOCJIiIOBHOCTI. BitacTuBoCTi 30i>KHIX

MMOCJILZIOBHOCTEM

Yucsio a € R HasuBaerbesi epanuyero wucaoeoi nocaidosenocmi {z,},
SIKIT[O

(Ve > 0)(3N(e) e N)(Vn > N(e)) : {|zn — a| < e},

1 mo3HavYaeThCd lim x,, = a.
n—oo
[TocaitoBHOCTI, $IKI MalOTh CKIHYEHHY IDAHUINIO, HA3UBAIOTHCS 30IHCHUMU, A
MIOCJTITOBHOCT1, TPAHUI IKUX PIBHA HYJIIO — HECKIHYEHHO Maaumu. [locminos-
HOCT1, sIKI HEe MalOTh CKIHUYEHHOI I'PAHUIN, HA3WBAIOTHCSA po3bistcHumu. Cepe

PO3OIXKHUX TOCJIJIOBHOCTEH BUJIILISIOTh HECKIHYEHHO 8EAUKT TLOCAT008HOCTNA.

ITocnitoBHICTD {a:n} HA3UBAETHCI HECKIHYEHHO B8EAUKO0M0, STKIIO
(VE > 0)(3N(E) e N)(Vn > N(E)) : {|z.| > E}.

AKio, MOUMHAIOYHY 3 JIESIKOIO HOMEPA, YJIEHH HECKIHYEHHO BEJIMKOI I0CJIJ0BHOCTI

nojaTHi (Big'eMHl), To B TaKOMY BUmaJKy lim x, = 400 ( lim z, = —oo).
n—oo n—oo

[Mocaigosricts {x,} HasuBaeThCsi 0bMedHcenor0 36epxy (3HuU3y), SKIIO:
(3M eR)(YneN): {z, <M}, ({z,> M}).

AKIo Moc/TiIoBHICTH OOMEXKeHa, 3BepXy 1 3HU3Y, TO BOHA HA3UBAETHCA 0bMe-

HCEHO0I0.
BaacTuBocTi 30i>KHIUX ITOCJI1JOBHOCTEI

1. 30ixkHa TOC/IIOBHICTD Mag JIMIIIe OJHY IPAaHUILO.

2. dxmo icaye lim x, = a, Toal ajst poBlabHOrO uncia ¢ € R ichye
n—oo

lim (cxn) =c- limz, =c-a.
n—oo n—od
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3. ko icHyoTh rpaHuIii hm Tp=a i lim x, = b, Toail iICHYIOTH HACTYITHI
n—oo

I'paHMUIIL:

a) lim (ajniyn) = hm T, £ lim vy, = a £ b,

n—oo n—oo

0) lim (z, - y,) = hm x, - limy, =a-b,

n—oo n—oo n—oo
lim z,
. In n—00 .
B) lim — =—"—"—=—, ge lim y, #0.
n—00 1Yy, lim y, b n—00
. n—oo . .
4. dxkmo lim z, = a 1 Aag BCIX N, HOYMHAIOYHM 3 JIETKOTO, BUKOHYETHCS
n—oo

uepiuicrb x, > b (x, <b), o a >b (a < b).

5. dxmo lim z, = a, lim y, =
n—oo

a 1, TIOYMHAIOYHN 3 JIEIKOTO 1, BUKOHYETbHCS
n—oo

HEPIBHICTD Ty < 2p < Yy, TO lim 2,

= a (Teopema 1po TPHU MOCJIOBHOCT).
n—oo

Bopasnu

1. /JoBecTu 0OMEXKEHICTb YKMCJIOBUX IIOCJIJOBHOCTEI:

2

n 3n+1

1) oy = 55—, 2) xp = 5——,
)= g )=
1—2n

3 n: _].n 1 9 4 n: .
) x, = (—1)"sinmn ) x 13

2. Kopucryiounch 03HaUE€HHAM I'PAHUIN TOCIIOBHOCTI, JTJOBECTH, IO:

1 1
1) lim nt = —
n—o0 2n 2

vn2+3 n—1

3) lim — 2 =1, 4) ] —0
) Jim — o 4 lim oo =0,
An 41

5) lim + =1, 6) lim a=1, a>0,

n—oo  4n n—00
1

7) lim {/n = 1, 8) lim — sin = = 0.

n—oo n—oo M 2

3. BeranoBuTn, gKi 3 HaBeJIEHUX MOC/IIOBHOCTEN € HECKIHUEHHO BEJTMKAMH, a

AKl — HECKIHYCHHO MaJIUMMU:

1
1 n— "1 2 n — 37
) x p )z, =n
S+1
B)xn:n+ 4) x, =/n?—1—/n?+2,
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(—1)"n? 3"+1
8) ¥p = ———,  6) xp = ——,
)= )=y
1 1 ™
7 n— T, 8 n— 5
)@ = ) x ~ cos
4. JloBecTn HACTYIIHI PIBHOCTI:
..n .ooa”
Ve =0 ?) i =0
nk
3) im — =0, a>1, 4) limn-¢" =0, |q <1,
n—oo q" n—00
. log,n , I
5)7}1_{20 - =0, a>1, 6)71113)10%—0.
5. O06UuCANTH IpaHuIll YUCIOBUAX MOCIIIOBHOCTEII:
D= 0=
= Bk -2)(Bk+1) "= (5k = 3)(5k +2)

1
B)x”:;(Qk—l)(QkJrl)’ 4)x“22k(/€+1(/@+z)’

a 1 a k
V=) B e TG s O T 2 G R T O

k=1 k=1
n 1 n
Z —k Z
6. O0umcauTH rPpaHUI]l YUCIOBUX IIOC/ILIOBHOCTEI:
. 3% —-5n+5 . VNP —6—+vn2+5
1) lim : 2) lim :
n—00 n2 — 6 n—o00 /39 — 1 — ‘5/?15 +9
n2 n3
; _ ; 2 _ 2 _
9 Jim () 9l (VR Vi

5) lim (\3/n+8— 3n—8), 6) lim (\/(n+3)(n+1)— n(n—i—l)),

n—oo

) n2+1_ n2—1 . 2n+3+3n+2
7) lim , 8) lim —————,
n—oo \/m24n—n—1 n—oo 20 4+ 7 .3"
2" 437" 1-242-34+... 1
) lim = 10) lim +2-3+. . +n(nt >’

n—oo 27" — 3”7 n—00 oIn3 +1
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(n+3)+ (n+2)! (n—1!+ (n+1)!

11) lim 12) lim

n—oo (n + 3) — (n +2)! n—oo  nl(2n—3) '
1+i4+.. . +1L 1—24+3—44+...+2n—-1)-2
13) lim — 2 ¥ 14) lim AL ST Gl Bkl
n—)ool—{—§—|—,__—|—2—n Nn—00 n
124224+ n? , 2 4 2n
15)3% n3 ’ 16)1}% n2+1+n2+1+"'+n2+1 ’
Vn? 4+ /5 1 24 +a"
17) lim ntt V5 18) lim — 0@ T g < 1

n—soo 14+b+b24+...+0b"’
(12+22+...+n2 n)
(n+1)(n+2) 3

n—=00 23/n3 — /dn’

. 2narctgdn .
19) Mim — s 20) Jim

IIpuknaau po3B’sa3yBaHHS BIIPaB

2.2. 3adikcyemo noBuIbHE Uncygo € > 0 1 moKaxXeMmo, 110 iCHY€e TaKuii HoMep
N(g), mo st BCiX 4ieHiB MoCJaiIoBHOCTI 3 HOMepamu 1 > N (€) BHKOHYETHCsI
HEPIBHICTH

2n* +1 2

—Zl<e
3n2—-—2 3 c

Posp’sixkemo 1110 HEPIBHICTH BIJIHOCHO 7N :

2n? +1 2’ ‘ 7 ’ _
— == E.
3n?2—2 3 In? —6
3Bijicu, BpaxoByoun, mo n € N, oTpuMaeMo
9¢ 3’
7 2 [T 2
60 n>1/—-+=. Toxi N(¢) = —4—.
a0 n>y gz t3 Toni Ne) = 14/ 5. 13
o y 7+2' 2241 2‘<
T>KeEe, AKIIO 7 - - TO HEPIBHICTbH — = € BUKOHYETBHCA
R TS Y 3n2—2 3 Y

JIIS IOBLABHOTO Harepes 3ajaHoro ducia € > 0. »

2.7. BukopucroBytouu ¢gpopmyiy 6inoma Hbiorona jjis n > 2, maemo

n= (14 ¥ =1)" = (14 (V=)' -

n(n—1)

(V=) (Y1) > S

=1+n(yn—-1)+
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—1
3sigcu n > %ai, ne ap, = Yn— 1. Toxni

n

n o 1 o’
> — — — 0.
n—1_ 2n “ 97

1
Ockimpku  lim
n—,oo N —

BuIIMBae, mo lim «, = 0, robro lim /n=1. »
n— 00 n— 00

=0, TO 3 BJIACTUBOCTI & JAJd T'PAHUI IMOCJIITOBHOCTI

5.1. OckijibKu

1 1 11
(Bn—2)3n+1) 3\3n—-2 3n+1)’

TO
o 1 1 N 1,71 1 1 1 1
n = =-(1—- |7z S — =
n=3 Grogern 30 1)) e )
_11 1+1 1+ N 1 1 _11 1
3 4 4 7 77 3nm—2 3n+1) 3 In+1/)"
Orxe,

! I 1 1 1 1 >
im x, = lim = [ 1— = —.
n—00 n—oo 3 3n+1 3

6.8. Ilogiinmo uncesbHUK 1 3HAMEHHUK JIpo0y Ha 3" 1 CKOPUCTAEMOCH BJia-
CTUBICTIO 3 B) JIJIsl TPAHUIN YacTKU mocigoBrocTeit. Tomi

o on+3 |y gnt2 8- (%)” 49
lim ——— = lim —%—— =
n—oo 24+ 7 .30 n—00 (%) + 7

8- lim (2)"+9

2 n
= .nﬁoo2n = | lim <—>:O‘:g. >
lim (3) + 7 n—oo \ 3 7
n—oo

6.17. Jlyisi 3HAXOJPKEHHS I'PAHUI J@HOI 1OCJIJIOBHOCTI CKOPUCTAEMOCH THUM,

mo lim /n = 1. Toxui

n—o0

VM (v/n)” + /5 1
lim = lim
n—00 9 n/n,?, o n/4n n—00 2. (%)

Ockinbku lim /a =1, ge a > 0, To

n—00

o Lt V5
m =

n—00 92 — C/z_l

+
()

w
I
=
N
3
1
13
[\
|
§
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§ 1.7. MonoTonni nocuigoBHocti. Kpurepiii Kormi

[TociosricTh {x,} HA3UBAETHCS 3POCMAIOWO010 (CNAOHOI0), SKINO JIJIsT JIO-
BLILHOTO HOMepa 1 € N BUKOHYEThCsI HEPIBHICT Ty, < Tpi1 (T, > Tpyq). [Hocui-
noBHicTh {7, } Ha3UBAETLCS HECNAOHOMO (HE3POCTNAIOUO010), KO JIISA JTOBLIb-
HOro HoMepa 1 € N BUKOHYEThCsI HEPIBHICTD T) < Tpy1 (T, > Tpyq). 3pocratoul
Ta CHaJHI, HECIaIHl Ta HE3POCTAIOUl MOCTIIOBHOCTI HA3UBAIOTLCI MOHOMOHHU-
MU.

Ao nocuigoricrs {x,} € 3pocrandon (cnaHo0) 1 0OMEKEHOI 3BEpXy

(3HU3Y), TO BOHA Ma€ CKIHUCHHY TPAHUIO, IPUIOMY

nh_)rglo x, = sup{x,}, (nll_{glo x, = inf{z,}).

Ao nociigosuicrs {x,} € 3pocrawdoro (cnajHow) i HEOOMEKEHOIO 3BEPXY
(3HUM3Y), TO IpaHuIs HieT OCJIOBHOCT] JOPiBHIOE +00 (—00).

Kpumepiti Kows. [Tocninosnicts {x,} € 361:kH010 TOl 1 TLILKK TOJI, KOJIK

(ve > 0)(3N(e) € N) (v > N(£)) (vp € N) i {|ensy — 2] <},

1\ 7
JLj1st MOHOTOHHOI 1 OOMEXKEHOT 110C/11I0BHOCT] {(1 + —> } CIIpABEJIJIMBUMHU €
n

HACTYIIHI IPpAHUILL:

1 n
1) lim (1+—) —e, je e =2, T18281828...,
n

n—oo

n—oo

k n
2) lim (1+—> = kez,
n

_ I : .
3) lim (1+—> =e, Jge {p,} — uuciaoBa 1OCJIOBHICTH Taka, IO

n—oo p’fL

lim p, = +o0.
n—oo

Bopasu

1. Jljig janux nocsiijiopHocreit Busnauutu Homep N, 1MOUYMHAIOUM 3 KOO Iii

ITOCJI1JJOBHOCTI € MOHOTOHHUMM:

1) z, = n® — 49n — 50, 2) v, = —

n
100 2\"
B an=nt——. na=(1-7).
n
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5) 2 = — 6)
= T00n2 n

3
7 x, =(—1)" <2+ﬁ>’ 8) x, =

35
- Lty
T n4+1 n+2 7 2n
10 11 n+9
1 3 on —1°

2. Josecru 36ixkuicTh nocaigosrocti {z,}, gkimo

1 1 1
2) L + L + + L
Ty = ,
241 2241 2" + 1
3) L + L + + L
Ty = )
54+1 5242 5 4+ n
1 1
4) x, =1 ot
)@ R A R
5) 1 1 1
xn: - 9 ZC:,
Az, A€ T
1 5 1
6) xn:§(1+xn_1+:cn_2>, e x1 =0, T2 =5

3. Bukopucrosyioun kpurepiit Kori, joBectu 3012KHICTH 110CJI1JIOBHOCTEI:

- " sink
) an =Y arg", ne la| <M, |g| <1, 2) xnzz2_k,

k=0 k=1

& cos k! n cos k!
3 n — 3 4 n
Ty )= 2 R D

4. O0UYuCaUTH TPAHUII YUCTOBUX MOC/IIOBHOCTEH

1 n
1) li 1+ —
>ng£>lo< +4n)’
2n +5\"
3) li
ML%(zn_g)’
n?—2n+1\"
5) li
Vi (Geratt)
+1\ T
/"L n
7) 1i
>n:nso(n+2) ’
n>+3n \"
9) li —_
)nl—>rgo<n2+4n+3)’

) 2

9 5n
(1-3)
n
n®—3 w
<n2—|—5> ’

6) lim V/2n + 5,
n—oo
. 1
\/3+ —,
n
37+ 1\
3n '

4) lim

n—oo

8) lim

n—oo

10) lim

n—oo
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ITpuknanu po3B’sa3yBaHHS BIPaB

n

1.2. dAxmo z, = —, TO
n
3n+1 3n
Tppl — Ty = ———— — — =
3 1 3" 3
(n+1)° n n2 \ (14 1)
1
npu n > W, TOOTO MOYMHAIOYN 3 1 = D.
_ 4
Orxe, TOCTIJIOBHICTD Xy = — € MOHOTOHHO 3POCTAI0IOI0, IIOUMHAIOH 3 115~
n

TOrO HOMepa. b

2.3. Ockiybkn

1 1 1 1
.an _xn: + +...+ + -
! <5+1 52 + 2 5" 4+ n 5n+1+n+1)

1 1 1 1
— e = >0
<5+1+52+2+ +5n+n> Bt 1
TO MOCiIOBHICTE {Z;,} € MOHOTOHHO 3POCTAIYOL.

[Tokaxkemo, mo {x,} € obmexenoio 3sepxy. Hiitcho, must posiibnoro n € N

OTPUMAEMO
T I N
Ty = -4+ =4+ ...+ ==
541 5242 54n 5 52 50
1 1\"
B0
— — T

Orxe, 32 TEOPEMOIO TTPO T'PAHUIIO MOHOTOHHOI MOCJIJIOBHOCTI OTPUMYEMO, IO
nocsiosuicTs {x,} € 36ikHo010. P>

3.3. Hexaii € > 0 — 3ajane ¢dikcoBane ancyo. 3a kpurepiem Kot orpuMyemo

cos 1! cos n/! cos(n + p)!
oy =zl = | S ) -
cos 1! cos n! cos(n + 1)! cos(n + p)!
_< - + ...+ n >‘—T +W§
1 1 1 1 1—-3%)" 1 05 1

S5n+1+5n+2+"'+5n+p:5n+1' 1_1 <5n+1'124.5n<5’

5
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1
AKIo 1 > logy s
£

1
Orxe, N(eg) = [log5 4—] >
€
4.5. BukopucroByoun BjIacTUBIiCTh 3) JIJisi MOHOTOHHOT HOC/IIIOBHOCT], OTPU-

Ma€MO:

— enooon?intl — 7Y — >

<1_ . )(ﬁyyg(#ﬁig N Lo

InguBigyasbHI 3aBAaHHsa 10 po3aiay 1

Bamaua 1. [osecru, mo lim a, = a (3naiitu N(c)).
n—oo

3n — 2 3 4n —1
11 ay= 22 4=2 1.2 4y = ——— 4 =2
om— 1 2 on + 1
n+4 7 om—5 2
13.ay,=——. a=—. 4. a,=—" a=-=
= o1 CT 3 B T !
™ — 1 4n? + 1 4
15 a, = Ca=T. 16.a, = — "~ 4=—=
=1 =32 ry 173
9—n’ 1 4dn — 3
17.ay,= ——o, a=——. 18. a,=—— a=2,
T T e ST
19 1 — 2n? 1 110 5%0) 5
. . n == —) == __- - - a/n = - , a/ == - .
T YT T n+ 1
n+1 1 on + 1 2
11l.ap = ———, a = —=. 112. a4y, = ——, a ==,
R I =3, 5 Y73
1 — 2n? 3n?
1.13. ap = m, a= —2. 1.14. Ap = 2——’]12, a= —3.
n 1 3n3
115. a4y = ——, a=—. 1.16. a, = . a=3.
T T3 s ¢
4+ 2n 2 5n + 15
1.17. n — 9 —_ — . 1.18- n — 9 — _5.
=1 g YT 73 =" °
3 —n? 1 om—1 9
1.19. a,, = , 4= —=. 1.20.ap = ———, a= —=
14 2n? 2 2 —3n 3
3n—1 3 4n — 3
121.a, = ——=, a=2, 1.22. a, = L a=
st ‘T R V|
1 — 2n2 1 5n + 1 1
1.23. a a=——. 1.24. ay = ———, a = —.
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. 2 2n 1
25. a4, ==———, a=—=.
3+ 4n 2
1

197, a, = T~ 3

6—n
302 4 92 3
129, a, = 2 T2 -2
dan= s 0T
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23 —4n
1.26. a, = , a=4.
2—n
2
198. 0, = 2" T3 49
n+5
2 — 3n? 3
1.30. a4, = ——, a=—-.
=y YT

Sagaua 2. OOUUCIUTH I'PAHUII [TOCIIOBHOCTEIA,

2.13.

2.15.

2.17. lim

2.19. lim

2.21.

2.23.

2.25.

2.27.

lim (3=n)*+ (3+n)?
n—oo (3—n)2— (3+n)?
g Bt —(2-n)
n—oo (1 —=n)3 — (1+n)3
. (6 —n)? —(6+ n)Z.
n—oo (6 +m)? — (1 —n)?
. (1+2n)3 — 8n?
n—oo (1 + 2n)? + 4n?

lim (8 —n)”

m < I
n—oo (n 4 3)" — (n+4)

n—oo (3n, —1)* + (2n + 3)
(2n +1)° 4 (3n + 2)°
n=oe (2n43)° —(n—7)°
on+1)° — (2n +3)°

)

. 4 . 4
29, Jim =0 = (2=n)
n—oo (1 —=n)* — (14 n)4
N4 4
04, Jim U= Z (40
n—oo (1 4+n)3— (1 —n)3
3 P
2.6, lim (PH D — (L
oo (n—1)% — (n+1)?
: (3 — 4n)?
2.8. 1
nooo (n — 3)3 — (n + 3)3
12+ (n—1)%— (n+2)3
210, i D A2 = (4 2)
n—o0 (4 — n)3
1)° 2)°
212, fim N 1D
n—o0 (n 4 4)° 4+ (n + 5)
)= (n—1)*
2.14. tim ED (07D
n=oo (n+1)" 4+ (n —1)
3 3
2.16. Tim A6 Z(n 1)
n=o (2n +3)" + (n +4)
2 2
518, lim (n+ 10)3 + (3n+ 1??
=00 (n+6)" — (n+1)
3 3
2.90. tim 1D Z (02
n=o0 (3n +2)" 4 (4n + 1)
3 _1)\3
292, tim =1
n—oo (n+1)° —nt
D' —(mn-1"
2.24. T "D — (7D
n=o0 (n+1)" 4+ (n —1)
3 3
2.96. tim D 0=
n= (n+ 1)+ (n— 1)
3 3
208, fim WY F D)
n—00 n° — 2n
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1)* —1)° 2)? — (n — 2)°
229 tim "IN FOZDT g gy gy, (RED (0227
n—00 nd+1 n—00 (n_|_3)
Bagada 3. O0uncjnTu IPAHUI TOCLIOBHOCTENA.
31, Qi YO VOt 3.9, qim Yo Lloveit]
s (n 4 /n) VT —n+n? oo N/3n3 34 VNS + 1
Vnd+1—+vn—1 . vn2—14+Tn3
3.3. lim — : 3.4. lim - .
n—ooy/pd+1—+/n—1 n=sooy/nl24n+1—n
. V/3n—1—-+125n3 +n . n/n—V2mnb +n?
3.5. lim . 3.6. lim :
n — 00 %—n n — 0o (n—|—(‘/ﬁ)«/9—|—n2
3.7, qim YE2Z Ve E2 38 L YL t2tVn-2
.'n%mm_m. .'nﬁwm_}_,/n_zi
omP—Vndh+1 AN +2—v8n3+5
3.9. lim : 3.10. lim :
n— 00 \/4nb 4 3 — n = oo vn+T7—
o nV3n+14+v8nt —n2+1 . V/n+3—vn?2-—
3.11. lim . 3.12. lim - . :
n=oo  (n+/n)vVh—n+n? n—o0y/nd —4 —~/nt+1
\/m>D _ -3 3 . 2
313, lim 5= Toovnoo 314, Tim — V10
% \/nd+3++4/n—3 n—003n —/9Ind + 1
o VAn+1— V23 + . nvTn—+8Ind —1
3.15. lim ) 3.16. lim .
n—oo  Wn—+nd+n n—=00 (n+4y/n)vn?—>5
3 2 6 —
317, fim Vo T EVRPEd 318, fim VoAt V-4
n—oo /b +5+/n n—00y/nb+6—+/n—6
2 _ W3 _ ¥R3
319, lm -V 390, fim YH3-VERAS
n—oo/nS +n3 +1—5n n—oo v/n+4—+v/nd+5
. nV/1ln+/25n* — 81 Vn?—+/n?2+5
3.21. lim : 3.22. lim
n=oo(n—"7yn)vVn?—n+1 n—oo /pT — \/ﬁ
VnT4+5—+yn—->5 , Vn?+2—
3.23. lim 3.24. lim :
n—o0y/nT +5 —|—\/n— ”—>00n—\/n4—n+1
Vn+2—vnd+ . nVTln —/64n5 +9
3.25. lim 3.26. lim :
n—=o0y/n+2—vnd®+ n=oo (n—/n)V11l + n?
_Vn+ —\/n2— . Vn¥+6—vn—6
3.27. lim - - : 3.28. lim -
n—o0ynd+3+vnd+1 n—=00y/nS+6++/n—06
.onP—vnd+1 . Vn+1—vnd+1
3.29. lim 3.30. lim

n—oo\/pb 42 —n

n—oo/n4+1—vnd+1
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Baga4a 4. O0uncanTH IPAHNI] MTOCIOBHOCTEN].

4.1.

4.2.

4.3.

w

4.4.

4.5.

4.6.

4.7.

4.8.

4.9.

4.10.

4.11.

4.12.

4.13.

4.14.

4.15.

4.16.

4.17.

4.18.

4.19.

nli_)moon(\/n2+1—\/n2—1>.

S (Vi =2) =t =),
Jim (= /0 =5)

Tim_ [\/(n2+1)(n2—4)— n4—9]
- VnP —8—n n(n’+5)

Tim_ (m . n)

Tim (n+ /4= )

Tim_ [\/(n Tt ) -V —1)(n+ 3)].
Jim ot (Vo= = v =5)
Tim n (m _ 2n>.

Tim_ (W— m>

[ ﬁ}
m \/n (n—1) 3)

i

Tim (V2430 -2 - \/797—3)

lim v/n (W— \/T—B)

- V(05 +9) —/(n* = 1) (> +5)

ik

nli_}m@( n(n+5) nT;

Tim v/n?+ 3 (\/n3 12— /md — 1).
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3 2 _ 1
420, lim V(3 +1)(n2+3)—+/n(n +2).
n — 00 2\/ﬁ
4.21. lim [\/(nQ T2+ 2) — /(2 —1) (2 — 2)]
n — oo
5 1 2_1)— 4
4.22. lim \/(n +1)(n ) —nyn(n +1).
n — oo n
1 1) — /16 _
423t YA D 1) — Vet — 1
n — 0o n
4.24. lim [n— n(n— 1)}.
n — oo
4.25. lim n? (\3/ n?(nb+4) — \/(n8 — 1))
n— oo
4.26. lim [n\/_— Vn(n+1 n+2)}
n — oo
4.27. lim /n (W — Y- 1)).
n — oo
4.28. lim v/n +2 (\/n—|—3 — \/n—4).
n— oo
4.29. lim n (\/n4 +3—/nt— 2).
n— oo
4.30. lim v/n(n+1)(n+2) <\/n3 —Vn3 — >
n — oo

Sagada 5. O0UnCIUTH T'PAHUII TOCTIIOBHOCTEIA.

1 2 3 —1 2 1)! 2 2)!
5.1. lim T 5o lim 2nA D4 Cnt2)
n — 0o n2 n2 n — 0o (2n—|—3)!
1 A (2n—1 2 1 gn+l n+1
53 fm |3t @rol) Zndl) o o 2 43T
n — 00 n-+1 2 n — 00 2n 4 3n
142 1 2n — 1
55 lim LT2T3t et 5.6, lim ot o+ @n=1)
n — oo 9n4_|_1 n — oo 1+2+...4+n
1 2n — 1 1+4+ .. — 2
5.7. lim 3+ 4020 )—n. 5.8. lim tat .+ Gn )
n — 0o n+3 n — 0o 5n4+n_|_1
1) — 2)! —1)! !
59 fim D (0t 2) 510, ljm P D+ Bt 1)
n — oo (n+ 3)! n — oo (3n)! (n—1)
on _ gntl l+34+5+..+5
511. lim ——— . 5.12. lim g +3
n — oo 21l 4 HnA2 n—>001—|— —|—52—|— —}—5—n
1—3+..+(4n—3)—(dn—1 1-24..+(2n—1)—2n
513, lm Lot tUn=3)—Un-) o +o+@n-1)—2n
n—oo  \nZ4+l4+vnZ+n+1 n =00 Int +1
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5.19.

5.17.

5.19.

5.21.

5.23.

9.25.

5.27.

5.29.

lim Vit 45— V3nt 42
noool+34...4+2n—1)
n+ 2
[1+2+3—l—...—i—n

lim

n — oo

lim
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2

3

|

2—5+..+2n—(2n+3)

|

I1+2+...+n

lim )
n—oo m—n?+3

lim 3+3+2 +1+2n
n—-o0o\4 16 064 . 4n

: [1+5+...+(4n—3) dn+1
lim —

) 2 4T

lim

n—>002”—7n_1.
3+6+9+ .. —|—3n
n2 +4

lim
n — o0

)

qn _ 9n
lim

n— oo 3N 1_|_2n

(5 13

0.16.

6 36 6" '
. 2n+ 1)+ (2n+2)!
im .
n—oo (2n 4 3)! — (2n 4 2)!

2 _

lim n®++/n—1
noo0024+74 ...+ (bn—3)
) 24+4+...4+2n
lim )
nsool4+34+..4+(2n—1)
1-24+3—4+...— 2n
3+ on+2
: n!+ (n+2)!
lim )
n—o(n—1)+ (n+2)!

1. 7 +§+ 2"+ 5"
co\10 "~ 100 10m™

lim
n — oo

0.18.

2.20.

0.22.

5.24.

lim
n — oo

2.26.

2.28.

2.30.

Baga4a 6. O0uncanTy IPaHKIl TOCIIOBHOCTEN],

1
6.1. n

)

6.3.

6.5.

6.7.

6.9.

6.13.

6.15.

6.17.

6.4.

6.6.

6.8.

6.12.

6.14.

6.16.

6.18.

3n2—6n+7
32 +20n —1

> 3n+1

> —n+1
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6.19.

6.21.

6.23.

6.29.

6.27.

6.29.

n — oo

. (

(

o2+ 21n — 7)2"“

2n2 + 18n + 9

3n? — 5n

3?2 —-5m—+7

(
(
(

z+3
™n® + 18n —

)TL+1

2 + 11n +

ﬁ+n+12

nd + 2
2n%+2n+3

on?+2n+1

n2

> 371,2—7

15 n+2
i)

6.20.

6.22.

6.24.

6.26.

6.28.

6.30.
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PO3IJI II. I'paaumnsg pyHKII B TOYII].

HenepeppHicTb PyHKITII

§ 2.1. O3HayeHHd rpaHumil yHKIT B To4ni. O JHOCTOPOHHI T'PaHUII

Hexait dynkuis  f(r) sBusnauena wna inrepsani (a;b) KpiMm, MOXKJIMBO,
camol Touku xog € (a;b). Hucno A nasupaerbcsa epanuuero dymruii f(r) 6
mouys T, siKIO Jisi Oyjb-sikoi nocsigosuocti {z,}, =, € (a;b), =, # xo,
takol, mo lim z, = xy, nocaigosuicts {f(x,)} 36iraernes no uncaa A, To6TO

n—oo

lim f(z,) = A. VY rakomy pasi zanucyors lim f(x) = A,
n—00 T—Tq

[le o3HaueHHsT HA3UBAETHCS O3HAYECHHSIM I'paHuill pyHKIil B Touui 3a Ietine
a0b0 “MOBOIO IIOCJIIJIOBHOCTEH .

Osnadennst rpanuii GyHKIHT B Toulli 3a Kowsi abo ‘Moo € — ¢ dopmy-

JIOETHCST HACTYTIHUM YHHOM: YUCJI0 A Ha3HBAEThCsl epanuyero ynuryii f(r) 6

Moyl T, AKIIO:
(Ve > 0)(35(e) > 0)(Va: 0 < |z — 0| < 0) : {]f(:c) A< g}.

BayBaxkumo, 110 o3HaueHHs 3a [eitne 1 3a Kol € ekBiBaJeHTHUMHA.

DOynukiis f(x) HABUBAETHCA HECKIHYEHHO 8EAUKOI0 TIPU T — T(, SIKIIO JIJIsI
JIOBLILHOIO sIK 3aBrojiHo Besimkoro uucyua M > 0 icaye Take 6 > 0, 1o Juist BCixX
3HAYEHD T, 5Kl 33JI0BOJIbHSIOTH HepiBHicTh 0 < |x—x¢| < 6§, Mae micie HepiBHiCTh
|f(x)] > M. Tlosnauaerncst xh_)rgcl f(x) = occ.

0

Dynkiisi () HABUBAETHCSH HECKIHYEHHO MAAOI 1IPU T — X, SIKIIO 11

TpaHuIlsd B TOUIN Xy JOPiBHIOE HY/I0, ToOTO lim () = 0.
T—XTq
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Heckinuenno maJi GpyHKINT BOJIOIIIOTH TAKIMU BJIACTUBOCTSIMMA:

1) asirebpaiuna cyma i 100y TOK CKIHYEHHOT KiJIbKOCTI HECKIHUEeHHO MaJiuX Dy H-
KIIiil € HeCKIHUeHHO MaJia (PYHKITiS.

2) 100y TOK 0bMexkeHOT QYHKIT Ha HeCKiHIeHHO MaJly € DyHKIisi HECKIHYEHHO

MaJla.

1
a(z)

3) gKkio a(xr) — HECKIHYEHHO MaJia, TO — HECKIHYEHHO BeJIMKa (DyHKIIisI
npu ymosi, mo «(x) # 0, i HaBnaku.

Ao Mmaemo x < xg Ta & — To (& mpsiMye J0 T( 371iBa), TO YMOBHO THUIIYTh
r — x9 — 0. Anasioriuso, sKIo & > Xy Ta T — Xy (T OpsaMye J0 T Crpasa),
TO mo3HaYaloTh  — xo + 0. Bignosinmi rpamumi  lim  f(z) i lim f(z) na-

z—x9—0 r—x9+0

suBaroThest rpanuieo ysknii f(x) 31iBa B Touni Ty (Ai60CMOPOHHBLOIO 2pa-
Huyero) Ta rpanuieio dyukuii f(z) copasa B Touni xy (npasocmopornvoio
2PaHUYE).

st icuyBanns rpanuii Gyl f(z) B TouIl o HEOOXIIHO 1 J0CTATHBO, 1100
BUKOHYBaJIaCh PIBHICTH

lim f(x)= lim f(z)= A.

x—xo—0 r—xo+0

SIKIIO OJHOCTOPOHHI I'paHMIll Pi3Hi, ab0 Xo4a O OjHA 3 HUX HE ICHYE, TO He

ichye i rpanuns Gyukiil f(x) B Touni xg.
Bmpasu

1. ChopmymnoBaTu Ha “MOBI € — ¢ TakKi TBEPKEHHS:

1) lim f(z)=b 2) lim fx) ="
3) lim f(x) = b, 1) lim_f(x)=b,

5) Jim f(x) =D, 6) lim f(z) = oo,

7 lim f(z) = —co,  8) lim f(x) = +oo,

0) lim f(x)=o0c,  10) lim f(z) = —oc,

rx—a—0 z—a—0
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11) lim f(x) = 400,

rz—a—0

13) lim f(z) = +oo0,

rz—a+0

15) lim f(z) = oo,

T—00

17) lim f(z) = +o0,

T—00

19) lim f(z) = —o0,

T——00

21) lim f(z) = oo,

r——400

12) lim f(z) = oo,

r—a—+0

14) lim f(z) = —o0,

r—a+0

16) lim f(z) = —oo,

T—00

18) lim f(x) = oo,

T—r—00

20) lim f(z) = +o0,

T——00

22) lim f(z) = —oc.

Tr——400

2. Kopucrytounch o3nauennsim rpanuill gyskiiii 3a Korri, jjoBectu, 11o:

: . 3x+5 3
D lim(8z —5) =1, 2) i s Ty
1— 1522 — 22 — 1
3) lim ———— = —2, 4) lim ——— =T =g,
r—1 x—1 az—% x—g
. 22 —25 . 1
e O By e =T
2 2422 -3
7) lim sinz = i, 8) lim el —4,
TG 2 r——3 r+3

. , ™
9) lim a®* =400, a>1, 10) lim arctge = —5

r—400 T——00

3. Kopucrytounch o3nauennsim rpanuni gpyskiiii 3a l'eitne, jjoBectu, 1110

) . 2xr+3 5
D= = 2 ) M=

22 -9 b2 —4x+3
Hlim=—g =6 Hlm—re— =3

) ) T 5
5)}311){1[\/:1:—1—3—2, 6)}:1—>I%\/m_§

4. Kopucryrounch 0O3HaYeHHIM I'PAHUI PYHKIIT B TOUIIl, BCTAHOBUTH, U Ma-

I0Th JlaHl PYHKIT 'paHMIll Y BKa3aHUX TOUYKAX BiJIHOCHO 3aJIaHUX MHOXKWH:

1) f(z)=|z], z0=2, A=(1;2),
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2) f(x)=[z], 20=3, A=R,
42, 0<z<l,
3 fay=q T TSI 21 A=,
r*—1, akmo 1 <x < 2,
r+1
Y f)= 21
1
5) f(x):sing, rg=0, A=R\{0}.

5. BeranoBuTu, BUKOPpUCTOBYIOUHM O3HaUYeHHsI rpanuill pyHKIil B Touri 3a Ko-

xg = +00, —00, 00, A=R\{1},

i, s1Ki 3 JlaHuX (PYHKIIH € HECKIHYEHHO MaJIiMU YU HECKIHYEHHO BEJIMKUMU Y

BKa3aHUX TOYKaX:

2 —1
1) f(x):—(x_1)2, ro=—1, xy=o00, xp= 1,
1
2) f(z) =sin xg=—1, xp= 00,

x+1’
3)f(x):\/x2+x—\/x2—x, 10=0, zy=o00,
1

4) f(z) =xcos—, xy=0, x§=00.
T

IIpuknaaum po3B’a3yBaHHS BIIPaB

1.10. Ockinbku z — a — 0, TO KOPUCTYIOUUCH O3HAYEHHSIM I'PAHUI (PYHKIIT

3a Ko, moxkemo 3amucaru, 1o

Jim, 1) = o0

«f ’(Vs >0)(3F>0)(Ve: a—d<z<a): {f(x) < —5}.

Omxke, B npaBiii yacTuHl MaeMO O3HadeHHs JaHol rpanuii 3a Ko abo na
“MoBl € — 07, >

2.8. st Toro, 1mob JIOBECTH CIPaBeJ/IMBICTh PIBHOCTI, OTPIOHO JIJIsi JOBI/Ib-
woro uucyita € > 0 BrazaTu Take 6(¢) > 0, MO gK TITBKA BUKOHYETHCS yMOBA
0 < |z + 3| <6, ro mae micre wepisaicTh | f(2) — (—4)| < . B namomy Bunajky
OTPUMAEMO

(x +3)(x — 1)
x+3

2+ 2x — 3 |
—_|_4 —
r+3

+4‘:|x—i—3|<5.

[loknanaroun & = €, MaTuMeMo: JiJist JIoBiIbHOTO € > () icHye § = €, 1Mo JjIsd
Beix = rakux, Mo 0 < |r 4 3| < §, BUKOHY€ETHCsT HEPIBHICTH

2 +2x—3

4
r+3 +

< e,
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2 +2r—3 ,
a 1e o3Havae, 1Mo ducio —4 € rpanuneo Gyl f(r) = —233 B TOMII
T
Tog — —3. >

. 22 -9 .
3.3. Oyuknis f(x) = 5 BUSHAYCHA y TIPOKOJIEHOMY OKOJIi TOYKH & = 3.
a:' —_

BubGepemo jioBlIbHY nocuijouicrs {x,} raky, mo lim x, =3 i x, # 3, jus
n—o0

2
-9
noslibnoro n € N. Toui f(z,) = I 5 A n € N. O6uucauMo rpaHuIio 1o-
xn -
craigosrocti {f(z,)} :
lim D29 gy @ =@ s
n—oo T, — 3  n—x Ty — 3 n—00

Ockisibku {x,} — J10BLIbHA HOC/IIOBHICTD, sIKa IIPAMYE JI0 YUCJIa 3, TO 3 O3Ha-

yeHHs rpanuill pyHKIl 3a [eitne orpumaemo, 110

lim =6. »

4.3. Adximo x upsimye jio 1 zuiisa, Tooro * — 1 — 0, TO

lim f(zx)= lim (z+2)=3.

z—1-0 z—1-0

Axmo z npsmye no 1 cupaa, TooTo x — 1+ 0, TO

lim f(z)= lim (2> —1) =0.

z—1+0 rz—14+0

JloBeieMo, BUKOPHUCTOBYIOUN O3HAUECHHs rpaHulll ¢pyHkil 3a Ko, npaBuib-
HiCTH 1UX pe3yJibrariB. Bubepemo jioBijibHe € > 0 1 po3riisiHeMo abCOJIFOTHY Be-

muauny pisaumi f(z) — 3 npu ymosi, mo x — 1 —0:
z+2-3| =]z -1 <e.
OTxe,
(Ve>0) 3 =e)(Vo: 1—d<a<1): {|f(:zs)—3| <g}.

Tenep st joBuibHOTO € > 0 pO3rJIsiHEMO a0COJIFOTHY BEJUYUHY PI3HMUIIL

f(x) — 0 upu ymosi, mo x — 1 +0:

22 =1 -0/ =z —1)(z+1)| <3z -1 <e.
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Basin x 6mm3bkuM 10 1 cipaBa TakKuM, IO BiJICTaHb BiJl T 10 —1 € MEHIIOI0
3a 3. Toxl Bijcranb Bl 10 1 € menmoro 3a 1.

3 ocraHHbol HepiBHOCTI MaeMmo |z — 1| < % Bizbmemo d = min {%, 1}, TOJIL
(V> 0)(30 > 0)(Yo: 1<z <1+0): {\f(x)| < g}.

3ayBaxKMo, 10 3BUYAHOI I'paHuIll B To4ll * = 1 He icHye, 60O

lim f(z) # lim f(z). »

z—1-0 z—140

§ 2.2. BiactuBocTi rpaHuili QyHKIIT B TOYIII

dxmo dbyuknii f(z) ta g(r) MaoTh CKIHYeHH] IpaHuil B TOYII Xg, TO BUKO-
HYIOThCA TaKl TBepJKeHHs:

1) lim (f(2) & g(x)) = lim f(z) + lim g(z),

T—X0

2) i f(2) - g(x) = im f(x) - I o),
T—T0 T—T0
3) x]l_gclo (c- flz)) =c- mh_glof(x), Je ¢ = const,
4) Jim (f(2))" = (lim f(x))",
lim f(x)
(33) x> .
5) li 1 0
) a:l—gslo g(x) ]1m g(x)’ xl_glog(aﬁ) 70,
6) 9}51;0 Vfx) = xlggo f(x),
7) lim & = oo, lim o 00, lim(c-z) =00, lim € 0, 1e ¢ = const,
x—0 r—00 C T—00 T—00 I
0, gkmo 0 < c <1,
8) a) lim ¢" =
T—=+00
400, gkmo ¢ > 1,
0, KO ¢ > 1,
0) lim ¢ =
T——00

400, gxkmo 0 <c <1,

9) a) lim (logcf(x)) = log, (Ih_gslof(:v)),

T—T0

400, gkmpo 0 < c <1,
6) limlog, x =

x—0
—00, Ko ¢ > 1,
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_ —o0, skmo 0 <ec <1,
B) lim log,x =
ree +00, ko ¢ > 1
, .

Hnst  Toro, 100 OOYUCAMTH TPAHUIO MHOIOYJIEHA N-TO  CTENeH:d
P.,(x) = ag + a1z + ax® + ... + a,a" upm x — T, TOCTATHLO 3HANTH
fioro 3HaYeHHs B TOYIl T = Ty, TOOTO :CILIIQ} P,(z) = P,(zo).

0
P(x)
Q(z)

npuaomy P(xg) # 0, 3HaX0uThCst GE3MOCEPEIHBO:

['panuug panionanbuoi dynkuil R(x) = , e P(x), Q(x) — muorouseny,

. P(x
lim R(z) = ﬁ Q(z0) # 0,
xhjgslo R(z) =00, P(x9)#0, Q(z) =0.
dkmo P(xg) = 01 Q(xg) = 0, To BracTuBicTb 5) MPO I'PAHUIIO YACTKH
JBOX (DYHKIII 3aCTOCYBATH HE MOYXKHA. B TaKMX BUMAJIKAX MAaEMO HEBU3HAUEHICTh
BUTY % J1jist POBKPUTTSI TAKOT HEBU3HATEHOCT] MOTPIOHO YMCETbHIUK 1 3HAMEHHUK

npoby nofiauTy Ha Bupas (v — xo)¥, ne k = min{ky, ko}, k1 1 ko — kparnoCTi
Kopensi Ty muorowienis P(x) i Q(x).
apx” + a1z M+ ...+ a,
= il
box™ + blllfm_l + ...+ b,
. o .
T — 00 (HEeBU3HAYEHICTH BUJly — ) YMCEJIbHUK Ta 3HAMEHHUK JIAHOIO JIpPOOy Jii-
00

s sHaxoypkenns: rpanuii yHkmil R(x) pu

aaTh Ha ¥, e k — Haibiabie 3 qnces m ta n.

B zarajbHOMY BHITaJIKy

)
00,  AKIO N > M,

xh_)rgo R(z) = < Z—g, SAKIO M = N,

\0, AKIO N < M.

AHajioriuHuit MeToJ| 3aCTOCOBYETHCS 1 JIJIsl 3HAXORKEHHSI I'PAHKI Bij Jpo0y,
[0 MICTUTH 1PPaIlOHaJIbHICTD, P T — OO.

st Toro, 100 PO3KPUTH HEBU3HAUEHICTD %, B fAKIil YMCEIbHUK 1 3HAMEHHUK
MICTSATH 1pPaIliOHAJIBHICTD, T030YBAIOTLCS 1pPAIlOHAJBLHOCT] IIIJISIXOM IIepeBejie-

HHs1 11 3 49mMceJbHUKA B 3HAMEHHMK abo HaBmaku. [HOJI ippaljioHaJhbHUI BUpa3

3BOJUTLCS JIO PAIlOHAJILHOIO IMIJISXOM BBEJICHHSI HOBOI 3MIHHOI.



§2.2. Baacmusocmi epanuii Gynkyii 6 mowyi ol

[Tpu 3HAXOJPKEHH]I IpaHUIll 3yCTPIYalOThCsi HEBU3HAUEHOCTI BUJLyY 0O — OO Ta

0 - 00, sKl 3a JIOIOMOI'OIO BIJIIOBIIHUX [E€PETBOPEHD

1

) = gla) = T (i f0) = o0, tim o) = ¢ )

f(d?)g(;t) T—Io T—Xo
T x . .
f@%9®%=48=5ﬁj (}gf@%ﬂlgggw%=%>,
g @ ’ ’
0 00

3BOJISATHCS JIO HEBU3HAUYEHOCTEH BUjy — abo —.
0 00
Bmpasu

1. Kopucryounch HaBeJICHUMHU BJIACTUBOCTSIMM, OOUMCJIUTU TPAHUI Paliio-

HAJIbHUX (PYHKIIIH:

3

} e = 20-+9) 2 iy =2
x4 r—2 o2 —dx+1
s e Y e
o2t =322 — 1 o3 —3x+2
o) I —— Rl e

4 .3 2_3 2 3 _ .2 3r —3

7)limx T+ x T + 7 8)limx T°+ o

=1 o —ax2—x+1 =123 — 222+ — 1’

T—2 z—1

2 1 x? —4x + 6 x—4
9) li 10) li :
) lm(Qx—x2+x2—3x+2)’ ) 1m<x2—5x—|—4+3x2—9x—|—6>
2. 3uaiiTu rpaHuIl (PYHKIINA, sIKI MICTATD 1ppallioHAJbHICTD:

, x—1T o Var4+1-1
1) lim ——, 2) lim ,
=0 /22 4+ 16 — 4

Vo +1 x

3) lim : 4) lim ,
)x+4vx+1 )wmvx—1+&x+1
1 —+1—a? 2
5) lim 5 - ., 06) limu,
z—0 T =1 Jxr — 1
Vi+r—1 m_ 1
Dlim YT g im
z—0 T z—1 g — 1
yy — 1 +Vy—1-1
0) lim V2 10) tim Y4 VY .

y=1 ¢y — 1 y—1 /2 — 1
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3. ObuncauTn rpanuill (PyHKIH B HECKIHYEHHO BIIJAJEHNX TOUKAX:

22— 9 22 +5
1) i 2) i
R P [ o
13 23 33 2 2 120 -3 20
B)Iim(x+)+(a:+)+(x+)’4)hm(x+)(33 )’
r—00 x3+6 2-500 (422 + 19)30
, x2 . >+ 22
9 Jim (v 55 o (25 - 5)

. V912 +4 . \/4x+\/4a:+\/4:c
7) lim 8) lim

T—00 Tz —3 ’ T—r00 vV 9x -+ 8 ’
BRVA ) S Y , 3r—5
9) lim 10) lim

700 V83 +1 )93%00:15+\3/27x4—|—17
11) lim (vVa — 7 — vV + 3), 12) lim (v/z(x + 2) — x),

T—00 T—00

13) lim (\/x2+x—1— \/x2+x—|—1), 14) lim (\/:1:4—|—9x2—|—2— \/x4—9x2—2),
T—00 T—00

15) lim z(v/ 23 +8 — Va3 —8), 16) lim (V23 + 322 — /22 — 27).
T—00 T—00

IIpuknanu po3B’sa3yBaHHS BIIPaB

1.7. YucesbHUK Ta 3HAMEHHUK JIAHOI'O PAIllOHAJBHOTO JPOOY MPAMYIOTH JI0

) 0
Hyjass upu r — 1. OT)Ke, MAaeMO HEBU3HAUEHICTH BUJLY 0 B npoMmy BUIAJKY
PO3KJIaJIeMO MHOTOUJIEHN B YNCEJIbHUKY 1 3HAMEHHUKY Ha MHOXKHUKH, cepeJl TKUX

MICTUTBCsT MHOXKHUK T — 1. OTprmaemo

' — 2%+ 2% — 3 + 2

S —1 —1)(x —2
lim = limle (@ )+ (@ (@ ) —
r—1 -2 —x+1 r—1 2?(x—1)—(z—1)
. 3 _ 3 _ _
:lim(x D)(z° +x 2):limx l+z—-1_

=1 (x—1)(x2 = 1) =1 (x —1)(x + 1)

(x — 1) (2® + 2+ 2) ¥ 2+ x +2 5
= = 11m — =
a1 (z—1)(x+1) =1 x+1

X

vVr—1+vr+1
upu r — 0. B jlanoMy BulajiKy JIOIHOBHUMO 3HAMEHHUK JIPO0yY J10 hOpMYyJiu cyMu

2.4. YucenbHUK 1 3HAMEHHUK JIPOOY MPsAMYIOTH JIO HYJIS




§2.3. Ilepwa ma dpyea susnavwni eparuyi. Hacaidxu

93

ky6is Bupasom +/(r — 1)2 — Va2 — 1+ /(z + 1)?

3MIHMJIOCS, JIOMHOXKMMO Ha HEIIOBHUI KBaJpaT 1 Yuce/IbHUK JiaHoro jipody. Tosui

. [I1ob 3HavenHst BUpa3y He

€T
Lim

xHO\/x—l—l—\/x—l—l
VBT VT YT
Ho(\/x—1+¢x+1(\/7 \/7+W)
i P12 Ve -1 e+ 1))
2

z—0 X

= lim (Va1 VR Y =5 .

x2+x- 22
1

3.6. Akmo x — 00, To Bupasn 5 1 MpsAMYIOTH JI0 HECKIHYEHHOCTI,
x — x

TOOTO B PE3Y/IbTaTI OTPUMAEMO HEBU3HAUEHICTH BUJLY 00 — 00. 3BEJIEMO IIi JIpoOH

J0 CILJILHOTO 3HAMEHHUKA!

. a2’ . (x2+a;)(x+1)—x2(x—2):
a0 \ x—2  x+1

T—00 2 —x—2
o2 o — a3+ 222 ) 472 + x
= lim = lim —
200 2 —x—2 roco 2 —x — 2

x2(4+%)
x—)ooxg(l_l_l) x—>ool_%_%

T x2

§ 2.3. Ilepma Ta apyra Bu3HavHi rpanutti. Haciaiakn

B 6ararpox BUNa Kax OOYUCIEHH TPAHUI (PYHKIIT B TOUI 3PYTHO TPOBOJIH-
T, BAKOPUCTOBYIOUH JIBI BaXKJIMBI PpOPMYyJIu:
sin x

lim
z—0

=1

Y

. 1

lim (1 —I—ZL‘)I =e,

z—0

sIK1 Ha3UBAIOTHCA BIAIOBITHO NEPULO0 ma 0py2010 8U3HAYHUMUY 2PAHUUSMU..

: 0
3ayBaKuMo, IO TIepIlia BU3HAYHA T'PAHWI PO3KPUBAE HEBU3HAUEHICTH —, 4

JIpyTa BU3HAYHA T'PAHUI — HEBU3HAUEHICTH 1°°.



o4 PO3BJIIJT 1. I'panuus dpynrxuii 6 mowuyi. Henepepsenicmo dymxuyii
3 BU3HaYHUX T'PaHUIbL MO>KHa JIETKO BUBECTHU HaCTyHHi HaCﬂirZ[KI/I:
tgx

arcsin x arctg

lim —— =1, lim — =1, lim = 1;
z—0 g x—0 x x—0 x
1\" 1 1 1
lim (1 + —) = e, lim 0g,(1+7) = ,
T—00 €T z—0 T Ina
T—1 1 F—1
lim ¢ =lIna, lim (1+2) = L,
x—0 T z—0 T
ge a >0, a+# 0. 3okpema, Ipu @ = € OTPUMAEMO:
In(1 T—1
g 2D
z—0 T z—0 T

[Ipu 3Hax0/KeHHl I'paHulll BUpa3y [f(x)}g(x), ne dyuxuii f(x) Ta g(x) Bu-

3HAUEHI B JIESIKOMY OKOJI TOUYKHU X(, nipuuomy f(x) > 0, nojamo ioro y Burjsii

[f(l‘)}g(x) _ 6g(:v) lnf(;v).

Axmo dyukiii g(z) ra In f(x) mators ckinuenni rpanuni lim g(x) = b i
T—To

lim In f(z) = Ina, TOo 3a HemepepBHICTIO TOKA3HUKOBOI Ta JOrapugMivaHOI

T—X0

dbyHKIIT Magmo

lim [f(a;)]g(w) = a’.

T—Xq

B okpemux Bumajikax, siki BIIIIOBIIAI0OTh KOMOIHAI[ISIM:

l)a=1,b=%+00, 2)a=0,b=0, 3)a=+oo, b=0,

x .
rOBOPSATh, 10 BUPA3 [f(a:)}g( ) aBisie cOBOI0 HEBM3HAYEHICTH sy 1%, 0V, oo?,

3a paxyHOK LEePEeTBOPEHHSI [ f (x)}g(x) = 9@ @) 1§ yepusnauenocti 3B0AATHCS

10 HeBu3HaueHocti By 0 - 00, sIKy BMieMO poskpuBatu (juB. §2.2).
Bopasu

1. BukopucroBytouu iiepiily BU3HAUHY I'DAHMIIO Ta HACJIIJIKM 3 Hel, 3HalTu

rpanutll PYHKINR B TOUIIL:

sin 2x 2) lim arcsin 3z

1) Li ’
) lim z—0 arctg 7Tx

20 tg 3z’




§2.3. Ilepwa ma dpyea eusnaywni epanuyi. Hacaidku 25

sin <a: — %) gind &
3) lim ——~, 4) lim —2,
r——% T+ 5 =0 P
5) Tim — 2sin 3z 6) lim cOs 3T — Cos 7x7
z—0 sin 62 — sin 2z’ =0  arctg 3x?
7) lim sin 2z — arctg 3x | ) lim 1— Cosaj. —tg’x
z—0 3tg dxr — Jarcsinx z—0 x-sinx
9) lim sin(;z: — 2)7 10) lim COS T — COS a’
=2 10 — 8 r—a T — a
sin (CL‘ — %) 1 — to2
1) lim ———2, 12) lim &
a—2 1 —2cosx t=7v2cosx — 1
COS (:U — 2{)
lim <2xt x — >, 14) lim :
13) T & COS T ) T oS T — \/Tg
inb 2
15) lim ——m — 16) lim -

=0 /x +4 x—>0\/tg4T—\/_
V4 +sine — /4 —sinx V1 —arcsinz — /1 + arctg 2z

17) lim . 18) lim
20 arctg 2 v—0 /T F arctg 3z — /1 + arcsin 6z’
. Vcos 3z — v/cos 5x . ctgla+2x) — 2ctg(a+ x) + ctga
19) lim 20) lim :
2—0 1 —costz 2—0 x2

2. BUKOpMCTOBYIOUM JIPYTy BU3HAUHY TPAHUIIO Ta HACJIJIKYU 3 Hel, 00UNC/INTH

rpanuill PyHKIN:

2

43
1 3\ =
: . 3 22 i — —
1) fi (L =207 ) g (1-7)
_ 20 — 1 =l ) =5 v
) m (2) 0 ()
2 6 log,(1+ 8
5) lim (20N 6) lim 0831 +82)
z—oo \ 12 — 2+ 3 x—0 T
' 53x_1 . 672x_1
) P Tx 8) any 3z’
. 6233_1 . €5x_63m
N him 1 10) lim ——
_ In(z?+7 7
11) lim —— 12) lim n(z” + 7z + ),

s—elny — 1’ r——1 r+1
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In(22? — 3z — 8)

13) I ,
) lim p—

rz—3

15) lim z (In(z +5) — Inz),

rT—r00
PR 2—x 2
a +a — 2a
17) lim 5 , a>0,
r—0 X

1 ;/ 1+ 3z
lim — In ,
=0 22 1—2x

3. Suaiiti rpanuii QyHKIIA:

19)

1) lim arccos (\/ 2 4 x — x),

Tr—400
. . tg? 3z
3) lim (sinx) :
T
. sin3x \ ©
5) lim ,
z—0 tg 3x
e —cosTx
7) lim ,
z—0  sindx
. sinx — sin x cos 6x
9) lim o :
z—0 e —1

In(1+42z+2%)+In(1—22+32?)
212 ’

14) lim

z—0

~ chx -1
16) lim —
r—0 €T

~ ch4x —1
lim ——,
z—0ch3x — 1

V1i+z22 -1

e2r? — 1

Y

18)

20) lim

z—0

1
T

2) ilir(l) (cosx)=,

4)hm(1+sm3xﬁﬁﬁg)

z—0

6) lim 252"
) G sin 4x2

2
e — cosdx

8) li
) ey In(1 + x sin 2x)’

. Incosb6bx
lim

10 _
) z—0 In cos 4x

4. 3HaiiTi rpaHUIll TOKA3HUKOBO CTElIeHEeBUX (DYHKITIMA:

)

( 1 1)m
siIn — + cos — | ,
T x

1 3z
5) lim ,
) =0 (sin2 :C)

7) lim (1 — cos Qx)tgzx,

x—0

9) lim (ctg’ :U)Sinm,

z—0

22 —4 \*!
S5r2 4+ 1 — 2 ’

)tg2 x

2) lim

T—00

4) }Clir(l) (sinx

. T sin 3z
6) Jim, (02 (5 =)

. 2sin?
8) lim (tg3w)™"" ",

)

10) lim (1 — sin )"
T
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ITpuknaam po3B’sa3yBaHHS BIIPaB

, 7 , 7T .
1.12. 3pobumo 3aminy x — 1= t. Toui sikmmo r — 7k TO HOBa 3MiHHa t — (.
Orxe,

. 1—tg’x o 1—tg? (t+73)

lim = lim —

=T \/2cosx —1 10 QCos(t—i—%)—l

cos (2t + % —2sin 2t
= lim ( 2) = lim i =

A () (VEeos (1) 1) 0 VEeon [0+ §) -1

. =4t (V2cos (t+3)+1) . —4t(V2cos(t+7T)+1)
= lim = lim . =
t—0 —2t t—0 4

2.17. Jljst 3Haxo/pKeH s rpaHuill PYHKIIT CKOPUCTAEMOCH HACJILJIKOM 3 JIPYyrol

. . . a*—1 :
BU3HAYHOI IpaHuIli, a came lim = Ina. Toxi orpumaemo
z—0 x
. a2+x + a2—x o 2a2 . CL2 (CLI + a~ % — 2)
lim 5 = lim 5 =
z—0 €T z—0 i
2 z —z)2 2 x 2
) a(az—az) . a a® —1 91 9
= lim = lim — - =a‘ln“a. »
z—0 2 z—0 % X

4.7. Maemo HeBusHadenicts By 0°. BHKOPHCTOBYIOUN IPABHIO PO3KPUTTH

TaKOI'O BUJLY HeBI/ISHaHeHOCTi, 3allUIIeMO:

. to? lim tg? z-In(1—cos 2z
lim (1 — cos2z)® * = e=—0 ( ) =
z—0
2 _ 2 _ -1
lim 22-In(2sin® z) lim z2-1n 222 In 227 = —t, 2% =e )
= @ez—0 — ez—0 = —
?=1e!, t— +o0
: 1 _ |
= lim (—=te™" )| =—= lim — = 1.
t—+o00 2 2 t—+oo el

3ayBaxK1Mo, 1110 IIPU 3HAXOJIZKEHHI 111€] IPaHUIl MU CKOPUCTAJIICA (POPMYIaMU

. tgx ... Ssinx

lim ——— =11 lim
=0 z—0 X

=1. »
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§2.4. O-cumBoJiika. IlopiBHsaHHS DyHKITIH

Hexait Touka a = xg abo € ojnum i3 cumsoJiB g — 0, g + 0, 400, —00, 0.

Axmo icayrors koncraaTu ¢ > 01 0 > 0 taxi, 1o

(Vz: 0<|z—a| <9): {’f(:v)} <c- }9(33)‘},

TO KaxKyThb, 110 byHKIist f(x) € obmearcenoro nopiensamo 3 g(r) upu x — a.
Mosnauators f(z) = O(g(z)) npu = — a.

Slkmo f(z) = O(g(z)) upn x — a i g(z) = O(f(x)) npu = — a, To KaxKyTh,
mo f(x) ra g(x) € pynryiamu 00no2o nopadky upu T — a.

drmo f(z) Ta g(r) B gesskOMy TPOKOJEHOMY OKOJII TOUKYM @ BiIMIiHHI Bij
HyJId, 1 iCHy€e TpaHuIs glﬂlir(llg—i =C#0, 10 f(x) =O* (g(:z:)) Ipu T — a.

Adxmo f(x) =e(z) - g(z), e ilir(ll e(x) = 0, 1o KaxyTh, 1110 f(T) € HecKiH-
YEeHHO MaA010 NOPieHAHo 3 ¢(r) npu x — a. B TakoMy BUIAJKY [MO3HAYAIOTH
F(2) = o(g(x)) mpw = — a.

Baysaxkumo, 1o skio ¢(x) # 0 B AeIKOMY TPOKOJIEHOMY OKOJII TOUYKH @, TO

[IoIIEpEeJHIO YMOBY MO2KHa 3allMCaTHW HACTYIIHMM YHMHOM:

im @
i@
Orke, SKIIO iﬂ% =0, o f(z) =o(g(x)) npu x — a.

Cumsom O, OF, o Ha3uBalOTLCI cumeosamu Jlarnday.

dkmo f(z) = o(g(z)) npu © — a, i byukuil f(z) Ta g(r) € HecKiHUeHHO
MaJuMK 11pU T — a, 10 f(T) € HeckinuenHo Maa010 6uuL020 NOPAIKY 6i0-
nocrno g(x). dxmo f(z) = o(g(x)) npu = — a, i f(z) Ta g(r) € HecKiHUEHHO
BEJMKUMU [IpU & — @, 170 f(T) Mae HudHcHul nopsadox 3pocmarHs 6i0HOCHO
g9(@).

. o ()
dkmo f(x) ra g(x) e HeckinueHHO MadVMK IpH & — a, 1 lim

r—a (g(gg))n

c#0, 10 f(r) € HECKIHUEHHO MAAO0I0 NOPAIKY T NOPIBHAHO 3 PYHKUIEI

= C, J1e

g(z).
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Oyukiil f(x) ra g(r) Ha3MBalOTLCs eKk8i6AAEHMHUMU TIPU T — a,
SIKIIO B JIGIKOMY HPOKOJIEHOMY OKOJII TOukM @ icnye dynkiia (xr) raka, mo
f(z) =¢(@) - g(z) i lim p(z) = 1.

Tr—a
Aximio g(x) # 01 f(x) # 0 B JesKOMY HPOKOJEHOMY OKOJIL TOUKHU @, TO yMOBa

ekBiBasienTHOCTI dyHKIiil f(x) Ta g(x) piBHOCHIBHA YMOBI:

limM:limM:L

e g(a) e f(2)

Bnopasu

1. Hexait * — a. Hosecru, mo:

1) 32* —52° —22° + 2 — 6 = O(z*), a= +oo,
T +5 (1)
=0|—-|, a=+4o0,

1 — 422 x
3) 3v — 2> =O(x), a=0,

)
)
4)xsm\/_—0(§> a=0,
)
)

DO

5) x4+ ?sine = O(z%), a = 4o,

arctg x 1
6 1+$2—O<P>, a = —+00,
3 1
7 \/x2+3:1:+3—x—|—2+0 ,  a= 400,

)
8) 2x+lnx+smaz—0(aj), a:+oo,
9) :Csm— =O(|z]), a=0,

10) \/:E4—|—x3—|—1—x2:0(x), a = +00.

2. Hexait x — a. Hdosectn, mo:

1) sinz —z =o(x), a=0,

)
2) e —x—1=o0(x), a=0,
3) (1+x)"=1+nx+o(x), a=0,
_ 1
4) 2’ =0 — |, a=+oo,
T
5) In(lnz) =o(lnz), a= oo,
1
6) 227" =0(=), a=+oo,
T

=o((x+2)?%), a=-2

8) 2% =0 (e"), a=+oo,
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2
9) 1—cosx—%:0(m2), a=0,

1
10) lnx:0<—>, p>0, a=0.
xP

3. Hexait x — a. /losecTn, 1mio:
1) x ~sinx ~ tgax ~ arcsinx ~ arctge ~e* — 1 ~1In(l+z), a=0,
2) (1+2)*—1~ax, a=0,

N VIto—1~2, a=0,

n

4) \/:z:+ T+vVr~Jr, a=0,

\/:C+ T+ ~\r, a=-+oo,
1
6 \/:E2—|—a:—|—1—x~§, a = +00,

)
)
N3 +x-2"+lnr+1~3" a=+oo,
)
)

9

8) e —1~nx, a=0,
— ~ 7, a= 400,

10) 2* + 2(Inx)*? ~ 22, a = +oo.

4. Buznauuru nopsiiok Majocti neckinuenno majol Gynkuil f(x) Bignocno

HeckinyeHHo MaJol Gyukiil g(x) npu z — 0 :

1) lim

3) lim

1) f(z) =cosz — Jcosx, g(x)=1In(1+ Jx),

2) f(z) = ln(cos 2r), g(x)=eV" —1,

3) f(z) = g(x) = sinz(1 — cos4x),

4) f(z) = g(a: — In /1 + 423 sin’

5 f(x) = ln(l +2?) — 23/(er = 1)2, g(x) = .

5. Kopucrytounch BjaacTuBicTIiO €KBIBaJEHTHUX (DYHKIIIH, 3HANTH rpaHUII:

sin 2x ) lim 25 _ 1

2—0 3sin 2z

z—0 arctg bx’

V2cosx — 1 0 /T — y/arccos
, im

= 1 —tg’a r——1 vr+1 ’
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v1i+xz—1 Inx

5):18% m_l’ G)ilgr%l—l"
7) Tim arcsin(2 — x) + arctg(z — 2)37 3) lim 23— V1423 +1
oy 72— 4 70 In(cos 2z)

V1+4sin?z —1
9) lim Y- T 2oL

. arcsin 3z — Sarctg 2z + 32°
: 10) lim
=0 In(1 4 322)

=0 In(1 + 2 +sin®z) — 3ze®

IIpuknaau po3B’a3yBaHHS BIIPaB

1.10. CkopucraeMocsi O3HAUEHHsIM, HABEJCHMM Ha [OYATKYy maparpada.

Ockinbkn

3
Vat+ad+1—a* = vt :
Vat 4+ a3+ 14 22

TO TIPA & — +00 OTPUMAEMO OIIHKY

2?4+ 1 2?41
| <l
Vat+ 3+ 14 22 2z

Omke, B OKOJII HECKIHYEHHO BIJIJIaJI€HOI TOUKM ICHY€e crajia ¢ = 1 Taka, 1110

BUKOHYETHCS HEPIBHICTH

‘\/x4+a:3+1—:r32’ < |x|.
Toni Vat+ a3 +1—22=0(z) npu & — +oo. »

3.7. PosriisinemMo rpaHuliiio:

. 42+ Inx+1 , 2\ Inz 1
lim = lim (14+2-(=) + —|—¥ =1,

T—+00 37 T—+00 3 3
|
6o lim ——==0 i lim —— —0.
r—+00 (5) r—+00 3

Orxke, 3*+2-2"+Ine+1~ 3" upu x — +00. P
4.2. PosrisineMo rpaHuIio BULy

In(cos 2z) In(1 — 2sin® z)

li = 1li
:Ulg(l) (6% _ 1)” xlg(l) ( ?’/?)\Ef_l . \3/5>n

In(1—2sin® 2) ) .
e (=2sinx) 0 _2gin’x —2x?
= lim = lim =

=0 (V)" =0 (Va0 (V)
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. =222
Axmo n =6, To lim 5= —2.
z—0 ﬁ

Omrxe, dyukiisi f(z) = In(cos2x) e HeckinueHHO MaJI0K0 6-r0 TOPSJKY M0

piBusino 3 gyukiieo ¢(z) =eV" —1 upu v — 0.  »

§ 2.5. O3nauyenHs HenepepBHOCTI yHKIIT B Touli. HaiimpocTimnti

BJIACTHUBOCTI HemepepBHUX (PYHKITii

DOynkuist f(x) Ha3MBAETHCS HENEPEPEHOIO 8 MOYYUT T(), AKIIO BUKOHYETHCSI
PIBHICTD

lim f(z) = f(zo).

T—Xo

[um camum BuMaraerbes jis Gynkiil f(x) BUKOHAHHSA yMOB:

1) icuyBanust dyukuil f(x) B oKoJi TOUKH (),

2) icuyBanHs rpanuii GYHKIIT B TOYI T,

3) piBHiCTH rpaHuli i 3HaUeHH QYHKIIT B TOUI Zp.

Ao ojHa 3 yMoB 1nopyiiyerhest, 1o dbyHkIiist f(x) Mae B TOUIl X( PO3PUB,
a TOYKa T HA3UBAETHCS TOYKOI PO3PUBY.

Osnavenns Henepepsrocti Gyukiil f(x) B Touni xy MoxHa ¢HOpMyIOBaTH
B IHIWX TE€PMIHAX.

Dynukiist f(x) HA3BMBAETHLCSI HENEPEPEHOI0 8 MOUUL T, SIKIIO HECKIHIEHHO
MaJIOMYy TIPUPOCTY apryMeHTa B TOYIIl X BIAMOBIIAE HECKIHIYEHHO MAJNI MPUpICT

dbyHukiii, TodTO:

i 1) = i, (1o 81 fa) =0

Oynknisg f(r) HA3UBAETHCA HENEPEPEHOI0 8 MOYUTL T, AKIIO:
(Ve > 0)(35(c) > 0)(Var: |2 — xo| < 6) : {|f(a:) ~ flx)| < g}.

Oyukuist f(r) HA3UBAETHCS HENEPEPEHOIO 8 MOYUYUTL T(, AKIIO Jjisi OYjib-AKOT

nocyigosaocTi {x,} Takoi, mo lim x, = xy, Bianosiana nocaigosuicrs { f(x,)}
n—oo
npsimye jio f(zg), T06TO

lim f(z,) = f(zo).

n—oo
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Oyukiis f(r) HA3UBAETHCS HENEPEPEHOI HA NPOMIHCKY X, SKIINO BOHA €
HEIIEPEPBHOIO B KOXKHIN TOYI LBOI'O IPOMIXKKA.

HaijtnpocTinii BacTUBOCTI HellepepBHUX (DYHKIIIH:

1) dxuo dbyukuii f(z) ra g(x) wvenepepshi B Touni xg € X, to f(x) £ g(x),

f@)-9(@),

2) dxumo dyukuis f(x) € Henepepsroio B Touni xy € X, a dyukuis x = g(t)

(9(xo) # 0) Takoxk € HemepepBHUMHI B TOUI Ty € X.

e HenepepsHoto B Touni tg € T 1 g(ty) = xg, 10 f(g(t)) TakoxK € HenmepepBHOIO B

touri tg € 1.
3) Koxna enemenrtapha QyHKIIiST € HETEPEPBHOIO B CBOIi 00J1aCTI BU3HAYEHHSI.
BmipaBu

1. Kopucryiounch o3HaueHHsIM HeIepepBHOCTI Ha MOBI “& — 07, noBecTn Here-
PEPBHICTH OCHOBHUX €JIEMEHTAPHUX (DYHKIIIN.

2. Hocuaijuru va nenepepsuicrs dyukiii f() B 3ajaHux TOUKax T

1) f(z) =52 —1, x
3) f(z) =sin2z, xzp=

2, 2)flx)=vVe+1, xy=3,
: 4) f(x) =3" zp=1

NE

3. JlocaiguTy Ha HelepepBHICTH 3aJiaHl (PYyHKIIT B 00/IacT] BU3HAYUEHHSI:

1) f(z) = 2% + 20+, 2) [(@) = 50,

3) f(z) = 2° + 8, 4) f(x) = signz,

5 fe) = o2 — o3, 6) f(@) = 1],

7) f(z) = sin 2%, 8) f(z) = cos*z,

9) f(x) = 2° + 3sin4z, 10) f(z) = = - sign x,
11) f(z) = z[z], 12) f(z) = sign(cos T),
13) f(x) = [2] cos 27, 14) f(z) = S”;m ,
15) () = o5 16) f(x) = (=1l

4) Jocnimutn Ha HemepepBHiCTH ckiajgeny dyukiio f(g(t)), amo:

1) f(x) = 2* + 2z, g¢(t) = cost,
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) flx) =3 g(t) = ctg2t,
) f(z) =signw, g(t) =t*+1,
4) f(z) =2 +1, g(t) =signt,
) f(x) =1+z—[z], g(t) = signt,
) f(z) =signz, g(t)=1+1t—[t].

Ilpuknanu po3B’sa3yBaHHS BIIPaB

1. Posruistnemo rpuronomerpuuny dynkuiio f(x) = cosx. Badikcyemo jo-
BlibHEe T € R 1 ¢ > 0. Tojai 3a o3HaueHHsIM HelepepBHOCTI (QPYHKINI Ha MOBI
“e — 0”7 maemo:

[f(2) — f(z0)| = | cosa — cos xo| = |—2$inx_x0 gin LT

2 2

x + X x — X <|x—x0|

- 2

OcKIIbKH |Sin <1, a |sin JUIsl moBiabHOrO © € R, TO

1
|f(x) = f(xo)] §2-§\x—x0\ = |z — x| <e.
3BijicK BUILINBAE, 110 MOXKHa ToKaacTu §(e) = €. Togi
(Ve > 0)(Fd(e) =¢)(Va : |x — x| <) : {] COS T — €os xp| < 6}.

Ockisibku Touka o € R — jgoBlibHa, To dyHkiis f(x) = cos T € HenepepBHOIO
Ha BCiit obJiacTi BUBHAYEHHs . P>

3.16. dxmo cosmx € [0;1), To wx € [— T —|—27rn;g—|—27m} 1 mx #£ 2mn,

2
n € Z; sxmo costx € [—1;0), To wx € (g+27m;377r—|—27m), n € Z; SKIo
cosmr = 1, 1o mx = 2wn, n € Z. 3 uporo BuIIMBaE, 1O Ko [cosmx] = 0,
TO T € {—%+2n;%+2n} ix # 2n, n € Z; skuo [cosmz] = —1, 10
T € <%+2n;g+2n>, n € Z; skuo [cosmx] = 1, o x =2n, n € Z. Toui
f(x) = (=Dlkeosm™l =19 = 1 ko z € [—%+2n;%+2n} i x # 2n, n € Z;
flx) = (=)™ — (—1)) = —1, s z € (% + 2n; g + Qn] abo © = 2n,
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Orxe, 3a 0O3HAYEHHSIM HEIIEPEPBHOCTI JaHa PYHKINS € HellepepBHOIO Ha iHTep-
BaJlax ( — % + 2n; Qn), (Qn; % + 277,), (% + 2n; g + Qn), je n € Z. Ha kinngsx
IUX 1HTepBaJiB (DyHKIIiA Oy/e MaTu pO3puB. P

4.3. Hexait ty € R, Toxi Hajamo niii rouni jgosiasnoro npupocry At. O6uu-

caIMO BifmoBigamit npupict dbynxmii ¢(t) = t2 + 1. Maemo:
Ag(ty) = (to + At)* + 1 — 15 — 1 = t2 + 2t At + At* — 15 = 2tgAt + At

3Bijicn sicraHeMo, 1o Alimo Ag(to) (2tpAt + At?) = 0.
—

= lim

At—0

Otxe, bynxmia ¢(t) = t? + 1 € HemepepsHOIO B J0BLIBHIN Toumi ty € R, a
oT:Ke, 1 Ha Bciit MHOXKKHI R.

Ockinmbkn g(t) > 0 aaa gosiabnoro t € R, ro f(g(t)) = sign (12 +1) = 1 s
noslibaoro t € R. Orxke, dyukiisa f(x) = signx € HelnepepBHOIO B JIOBLIbHI
rouni xg = ¢(ty), a orxe, 1 jyist jgosiibHol Touku = € R. Ba Biacrusicrio Here-
pepBHOCTI cKiajenol dbyHKiil orpumyemo, mo byakiia f(g(t)) = sign (12 + 1) e

HeIlepepBHOIO Ha BClii MHOXKWHI JIACHUX Ynucesa. B

§ 2.6. OgHocTOopoHHA HemepepBHIcCTL pyHKITI. Kiacudikaris Todok

pPO3pUBY

Oyukiio f(x) Ha3uBaETHCS HENEPEPEHOIO 34164 (cnpasa) 8 Mouui I,
SKIIO

def

f(zo—0) = lim f(z)= f(x0),

z—x9—0

flao+0) < lim f(z) = f(xo).

r—x0+0

st wenepepsrocri dyukuii f(z) B Touni xy HeobxijHO 1 jocTaTHbO, 100

BOHA OyJ1a HelepepBHOIO 1 3JIiBa 1 clIpaBa B IIiif TOUIIl, TOOTO

f(zo—0) = f(zo+0) = f(x0).

Hexaii zy — Touka pospuBy dyukiil f(x). Toxui nst Touka Ha3UBAETHC:

1) mouxoro ycysnozo pospusy, sikino f(xg—0) = f(xg+0) # f(xo),
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2) mouxoto pospuey I-20 pody, sKIO iCHYIOTH CKIHYEHHI TIpaHWI]

lim . f(x) i lim . f(x), onnak xoua 6 ojHA 3 HUX HE PiBHA 3HAYEHHIO (DYHKIIT
—xo+

T—To—

f(zo). B mpomy Bunajky semwauna |f(zo + 0) — f(zo)| (|f(z0) — f(zo — 0)])

HA3UBAETHCS cmpubrom Pynryii cnpasa (3aiea) B TOUIN Xo;

3) moukoro pospusy II-20 pody, sikiio xoua 6 0JjHA 13 'PAHUIIH

lim f(x) piBHa HeckinuenHnocti, abo He icHye.

z—xo+0

Bopasu

1. 3HaiiT TOYKU PO3pUBY (DYHKIIN 1 BCTAHOBUTH X THIIL:

.

sin(x — 1)
1) f(x):< ?, AKIIO T ?é 1,
\2, AKIo T = 1,
-
3) J(x) = ——4-
sin 4x
) () = T
—1
7 f) ==
1
9) f(z) = T4t

lim (),
x—)xo—O
4
erxr — € =
1 T, AKINO X 07
2) flw)=q ¢ Te~ .
1, gakmo x = 0,
\
|z + 3]
4 p—
) fla) = S,
x4+ 3
6 p—
) f((]f) xg . 47
1
8 = arctg ——
) f(@) = arctg ——
CcoS T
10 = .
) f(x) cos

2. Jlocaijuru pyHKIIT HA HENEPEPBHICTD 1 BUSICHUTH XapaKTep TOYOK PO3PHU-

BY:
3z, gkmo 0<x <1,

1) f(z)=
3+ x, akmo 1 <z < 3,

|z]
3 —
) f(@) arctg x’

T+ 2

5) flx) =

3490

3, axumo —1 <2 <2,
2) f(z)=

3+ x, gakmo 2 <z < 6,

4) f(x) = In(sinx),

6) f(z) = 3,
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e’ —1
: sk r < 0, \/ _
ni@=q £ 8) flw) = +—_312
VT - ,  skmo x > 0,
2337 _LUl 1
9) f() = = 10) f() = (2—2)77.

3. [Mipibparu uncia a ta b, 106 koxua 3 pyukiiii f(z) B obiaacri Bu3SHAUEHHST

OyJ1a HelepepBHOIO:
(

1 £ 0
T Sin —, FKIIO T ,
1) flz) =1 v
@ sgkmo x = 0,
p
cos4z, akmo x < 0,
2) f(z) =S
a(x® —4), axmo x >0,
>1—cos:v
> fAKmo x # 0,
3) flay=q %
@ gkmo x = 0,
p
In(1 —In(1 —
n(l+2) — In( x), skio T # 0,
4) f(x) = 4 v
\ax—i—b, sikio = 0,
(
(z —2)3, axmo z <0,
5)f(x):<a33+b, sk 0 <z < 4,
\\/5, KO X > 4,
(2 cos T 3
. 27 HKH_LO[UE|:——;—7Ti|,£E7£O,SC7é7T,
sin & 2 2
6) f(z) = [ a, gakimo x =0,
\b, SKINO & = 7.

4. Jlocsijiutu Ha HenepepBHiCTH yHKIT 1 100y tyBaTu ix rpadiku:
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3) f(z) = [111:1:], 4) f(x) = {xz},
5) f(z) = {cosz}, 6) f(z)={lnz}.

Ilpuknanu po3B’sa3yBaHHS BIIPaB

1.2. Hexait g € R 1 xg # 0. Posrusinemo npupict GyHKIUT B TOYI Xy :

1 _ 1 1 _1
6170+A$ —e zg+Az er — e o

Af<x0) = 1 T T

1
6170+AI + 6_10+A1¢ 6% + e_%

1 1 1 1 1 _ 1
61:0+A;c (6w0+AJ; —e ;L'O—i-Aa:) exo (elo — e a:0>

e70+57 4 1 e + 1
(erofﬁz — 1) (eﬁo + 1) — (e”ﬁofm + 1) (efo — 1) 2 (efofm — 6“‘20>
— 2 2 -7 2 2 :
G E) e

2 (exofmﬂ — 6”320)
lim Af(zp) = lim = 0.
A, Af(w) = fim, (e +1) (o4 +1)

Orxe, QyHKIig € HenepepBHOO B Oynb-skiit Touni zg € R\ {0}.

Tou

Posriisinemo Temnep oHOCTOPOHHI T'PaHuIll B To4UIl g = 0 :

1 1 2

., ez —e = . oer—1
lim — = lim —; = —1,
z—=—0¢ez + e 2 z—=-0¢ez + ]
1 1 2
., er—¢e = . ex—1
lim — = lim —; = 1.
2—+0 ez +e = x—+0 o2 —+ 1
1 1
. €r —€ = . .
Omrxe, Gynkiis f(z) = P € HerepepsHoIo cipasa B rouni r = 0. Kpim

Toro, Touka = 0 € TOUKOIO PO3PUBY IEPIIOro poay Iiel pyHkii. »

2.10. Obaacrio BusHaYeHHS IIET (DYHKINT € MHOYKWHA BULY

D(f) = {x: € (—o0;1) U (1;2]}.

Hexait xg € D(f), kpim x = 2. Toxi posrustnemo npupict dyukiii f(z) =
(2—2)77 B rouni z :

Af(zg) = (2 — g — Ag) T — (2 — 2g) 0T — ¢ 0FAT _ g w0l
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3 HerepepBHOCTI MOKa3HUKOBOI Ta jiorapudmivnoi dyukiiil na D(f) Burim-
BATUME, 1110 AHIEO Af(zg) = 0. Orxe, bynkiis f(x) = (2 —x)ﬁ € HENePePBHOIO
x
B CBOI#1 00J1aCTI BU3HAYEHHS.
Posriisinemo rpanuiiio jganol pyHkKIil B Touni o = 1 :
1

lim (2 —x)ﬁ — lim (1 +(1 _x))ﬁ _

r—1 rz—1

1 1
— i — -z — -1 = —
= lim (14 (1 —x)) e =

r—1

Orxke, TOuKa £ = 1 € TOYKOIO YCYBHOI'O PO3PUBY.

PosriisinemMo J1iiBOCTOPOHHIO TpaHuiio MYHKINT B TOUII T = 2 :

lim (2—2)77 =0=f(2-0),

rz—2—0

Omxe, B Tourni x = 2 DyHKISA € HEIEPEPBHOIO 3J1iBa. P
3.3. 3uaitnemo rpanuiio GyHKIl B Touii xo = 0 :

. 1—-coszx 2 sin? %
lim ——— = lim ——= =
x—0 22 z—=0 4. IZ

1
5
Orke, iy Toro, mob jaHa (pyHKIidA OyJia HelepepBHOI, HEOOX1IHO 1 JlocTa-

THBO, 1100 a = 5 >

§ 2.7. BnactuBocti dpyHKIIiil, HemepepBHUX Ha Bijpi3ky. PiBHOMipHA

HeIlepepPBHICTh (PYHKITIT

Oyukiist y = f(x) HasuBaerbcs HenepepeHolo Ha 6idpisky |a;b], sikio
BOHA € HellepepBHOIO y KOXKHIN Touni inrepsasa (a;b), HenepepsHa 3/1iBa y TOUII

b 1 HenepepBHa ClipaBa B TOYIN a.

Iepwa meopema Betiepuwmpacca. dxio dyukiis y = f(x) nvenepepsua

Ha BLIPI3Ky [a;b], To f(x) € 0bMmexkeHOw Ha 1bOMY BijIPI3KYy.

pyza meopema Betiepwmpacca. ko byukiis y = f(x) Henepeps-
Ha Ha BIAPIBKY [a;b], To f(z) Ha 1pOMY BLIPI3KY J0CSITae CBOrO HAHOLILIIOTO

max f(x) i maitmenmoro min f(z) sHauens.
x€[asb] z€[asb]
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Iepwa meopema Boavuyano-Kowi. dAximio Gyuxiis y = f(x) € nenepeps-
HOIO Ha BIPI3KyY [a; b] i Ha KiHlsix 11bOIO Bijipiska HAOyBAE 3HAYEHD PI3HUX 3HAKIB,

TO BCepeJHI 1[Oro BijipisKa icHye npuHaiimi ogaa Touka ¢, mo f(c) = 0.

ZJlpyea meopema Boavuaro-Kowsi. MHOXUHOIO 3HAUYEHb (QYHKINT

y = f(x), nenepeprroi Ha Binpisky [a;b], € Bigpizok [ min f(x); max (a:)]
x€la;b] x€la;b]

Oynknis y = f(x) HA3UBAETHCA PIBHOMIPHO HENEPEPEHOI0 Ha NPOMIKKY

X, gKImo

(Ve > 0)(Fd(e) > 0)(Va', 2" e X . |2' —2"| < 9): {‘f(x’) — f(@")| < 5}.

Teopema Kanmopa. ko Gynkuis y = f(r) € HenepepBHOO Ha Bipi3Ky

[a; b], TO BoHA Ha 1LOMY BiJIPI3KY € PIBHOMIPDHO HEllEPEPBHOIO.

Teopema npo icnysarns obeprenoi Pynruii. Axmo Gyukuis y = f(x)
€ 3pOCTarvoi0 (CIaJHo0) 1 HellepepBHOW Ha BiIPisKy [a; b, To icHye obepHena
byuknia x = f~(y), gxa e HenepepsHOIO 1 3pocTaiodolo (ClajHo0) Ha BiAPI3KY

[c;d], ne ¢ = min f(x), d = max f(x).

x€|asb] x€a;b]

Bnopasu

1. Busnauuru, uu € oOMexkeHuMu JiaHl PyHKIIT Ha BKa3aHUX ITPOMIXKKaX:

fle)==, we i)

—_

)

2) f(z) =Inwz, xc[2;€?,

3) flx) =27 z€[-3;+00),

4) f(z) =sinz, =z € (—o0;+00),

5) flo) =2"+1g(1 +2?), =z €[0;1],
6) f(z) = arctgx + ™%, x € [0; +00),
7) f(z) =In(sinz), x € (0;7),

8) fla) = 7. @ €l-11]

9) f(x) =tgx —sinz, z€ [0; ﬂ,

10) f(x) =3"%" x¢€ [O;%}

2. Ywu mae jane piBHAHHS KOpPEHi, IKI MICTATHCS Ha 3aJaHOMY BIJIPI3KY:



§2.7. Baacmusocmi pynruil, nenepepsnus na 6idpisky. Pienomipna nenepepsnicmv Gyrruii

1) 2° =152 +2=0, [0;1], 2)2°+62x—-8=0, [1;1,5],
3Nat—3r—1=0, [1;2], 4)z*—42+1=0, [0;1],
5 at— 20 —2=0, [~1:0], 6)z+e* =0, [-1;0],

) )

7) tgx — cosx = 0, [O;E}, 8) Inz = arctgx, [1;2],

i
) Infz —z+2=0, [34], 10)2®=e"+2, [-2-1]

3. 3uaiiti GyHKIIT, 0bepHEeH] 10 TaHuX:

1) y = 2% 2) y =2z —x*,
b
Ny=""""" ad—be£0, ) y—z+[a,
cr +d
5) c [ﬂ' 3 } 6) 2x
=sinx, x€ |=;=7 =
y Y 2’32 ) y 1—'—3’;2’
Ty =tguz, xe(g;§7r>, 8) y =cosx, x € [0;2m],
x, gakmo x € Q,
9) y = 10) y = (1 + 2*) sign .

—z, skmo r € R\ Q,

71

4. JlocsijiuTu Ha PIBHOMIPpHY HENEPEPBHICTH B 3aJlaHUX 1IPOMIXKKAX HACTYIIHI

DyHKIT:
D) f@) == wel-Ll 2 f@)=lhe ze(©l),
3) fz) =a® =2z — 1, (—2;5], 4) f(x) =z, x€[l;+00),
5) f(¢) =sin—, @€ (0:1) 6) /() =sin’x, « € [0;+00),
7 J(@)=sina®, weitoo),  8) fla)=sinvr, @€ [0i400),
9) f(z) =sin(sinz), x € [0;400), 10) f(z) =sin(zsinz), x € [0;+00).

5. Merojiom iHTEpBaJIiB PO3B’I3aTH HEPIBHOCTI:

1 2 3 2¢ — 1 2
1) + <2 gy L T
r—1 x+1 x

D(x? —2x—3
(ix_—i—l)zix_ 5)(;:6 — ;) <0, 4) sin bx cos 2x < sin 4x cos 3z,

Y

r—2 = x

3)
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712 5)° 2

5) 2+ tg2x + cos 2z < 0, 6) ([1+-+—5)(1-= 1—-—)>0,
r x T x

7) 2sin’z — 3cosx < 0, 8) log%(x2 — 1) +log z(5— 1) <1,

2—-3
9) logy |72 — 5z + 6] < logy |1 — |, 10) log,, (2—|9:13|> > 0.
aj J—

Ilpuknanu po3B’sa3yBaHHS BIIPaB

1.5. Ockinpku bynxnii y = 2% 1a y = lg(1 + 2?) € nenepepBHUME B KOXKHifl
rouni Biyipizka [0; 1], To 3a BaacrusicTio HenepepsHux Ha Bijpisky [0; 1] dynkiiii
oTpuMaeMo, mo dynxma y = 2% + lg(1 + 2?) e menepepsnomo na Bigpisky [0;1].
Toni 3 mepmoi Teopemn Beitepmrpacca summsarnme, mo y = 27 + lg(1 + 22)
e obmexkenoio Ha Bijpisky [0;1]. Kpim Toro, BoHa € MOHOTOHHO 3pOCTAIOUOIO SIK

CyMa, MOHOTOHHO 3pOCTalounx (PyHKINH Ha MboMy Bijipisky. OTxke,
1<2" +1g(1+2%) <2+1g2,

ne x € [0;1.  »

3.4. 3a o3HaueHHsIM ILJIOI YaCTUHU BIJI & Ma€EMO, IO JJjsi JOBLILHOI'O

renn+1], (neZ):
flx)=z+n=y, ye2n;2n+1].

3Bijcu BummBatuMe, Mo T = y —n = [ y), akmo y € [2n;2n + 1], ge
net. »

4.4. Teopemy Kanropa 3acrocyBaru HEe MOXKEMO, TOMY CKOPUCTAEMOCH O3Ha-
YeHHsIM pIBHOMIpHOI HerepepBHOCTI (BYHKINT Ha mpoMixKKY. Hexait € > 0 — 3agane

dikcosane uuncio. Toui, sikio 2" — 2| < § pos posinbuux ', 2" € [1; +00), To:
)= £ = |V — | = | W VIV (VP + Vol + )
@2+ T+ (22

|x/ _x//‘

- {”/(x’)2+\?/a:’:v”+ 3 (33//)2'
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Ockimbkn 2’ ta @ — pisnii 2/ > 2" > 1, roui /(2/)2 + Va'z" + /(") > 3. B

TAKOMY BUIIQJIKY

|x/ —:C’/‘

Fa') = F ") < E=

Orxke, 6 = 3¢ pua posinbnux ', 2" € [1;400), 1m0 1 J0BOAUTH PIBHOMIpHY

<2
3—.

HenepepBHICTb (YHKII ¥ = /2 Ha npomixky [1;+00). B

4.7. Hexait x, = \/27mn, —\/—+27m e n € N. Toml

™

2mn — (% + 27m)
V2rn + \/% +2mn

2

< &£
221

|z, — x| < — 0

npu n — 4o00. Hauni

[f(@n) = fla)] =

sin(27n) — sin (g + 27m) ‘ = 1.

Toni jst € € (0;1), sike 6 mMu we B3sim 6 > 0, icayBatumyrsh ' € {z,} Ta

" e {x]} raki, mo |2' —2"| < 6, a |[f(z') — f(2")| =1 > . Orxe, dbyukuis

y = sin z? He Gyze PIBHOMIPHO HEIEPEPBHOIO Ha MPOMIKKY [0;+00). »

InauBigyasbHi 3aBAanHs 10 po3aiay 11

Bamaqa 1. [loBecru BUKOHAHHS HACTYIHUX piBHOCTEH (3Haiitn (e)):

9272 _ 2 gy —1
L1 lim Ao —3 19, fim X Z4r 1
r— -3 2.CU+3 z—1 Qx—].
_9 42— 14
13 lim S Eor—2 o 1.4, lim — r+6_ 4
r— —2 :g—i—z z—3 QCL'—?)
-1 —xr—1
15 lim v fr-l_ o 16, lim o —r—l_ o
x> —1/2 x+1/2 ro1/2 x—1/2
922 — 1 322 — By — 2
1.7. lim 2’ — 6. 18 lim 22— 2= _ o
r— 1/3:1:+1/3 r—>2 T —2
_ _ 2
1.9. lim ¢t —2e-1_ 110, lim 8L o
r—>-1/3 x+1/3 ro-1  x41
2_ 4 202 -9
L1l fm LA ES 112, Lm X tdr—2_ o
r=3  x—3 z—1/2 x—1/2
2 2 _
113, fjm O Zorfl 114 lim 0E AT g

r—1/3 = —1/3 r—-7/5 x+T7/5
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20 +13x+21 1

1.15. lim -
— —7/2 204+ 7
2
1
117, fim e tr—l_ o
r—1/3 = —1/3
222 — 21z — 11
119, lim —— =07 = —93
r— 11 21;—1511 .
2
191, lim L TTH0_ g
x— =7 .%'-i—?
) 622 — o —1 5
123, lim —_—*7°_ 2
r—-1/3 3xr+1 3
2_4 12
195 lim or 40z 128 o
r— 8 2LE—8 5
202 _
197 lim 2L TOTH2 g
e—1/2 x—1/2
2
1 _
199, lim ¥ F1w=6_ .4
r—>1/3 x—1/3

27 — 9z + 10 1

1.16. lim —
x—5/2 20 — 5 2
2 _ _
118, fim T ro39 o
r—s—12  x+1/2
5x2 —24x — 5
1.20. lim 2% L9 _ 9.
xr— D 2:U —65 8
2 _
199, lim =2 5% =° _ 4.
T :;;2+4 15
124, lim T2
T — —b T+ 5
_5lr 41
196, lim 2% oz 410 o
x — 10 2517—1710 6
198 lim S0 g
x— —6 r+6
1522 — 27 — 1
130, lm v 2ol o
r—>-1/5 x+1/5

Bagaya 2. [osectu, mo dyukiis f(z) HenepepsHa B ToUIl x( (3HaiiTu 0(¢)):

2.1. f(x) =52 — 1, x9=6.
2.3. f(x) =322 — 3, xy=4.
2.5. f(z) = —22° =5, 29 =
2.7. f(x) = —42® — 7, my=
2.9. f(z) = =52 =9, x9=
2.11. f(x) = —32> +8, xp=
2.13. f(z) =224+ 6, zy=
2.15. f(x) =42° 4+ 4, 29=9
2.17. f (x) =522+ 1, 2o=7
2.19. f(x) =32 =2, 290=5
2.21. f(z) = —22* — 4, 29 =
2.23. f(x) = —42* — 6, 9=
2.25. f(x) = —42* — 8, 9 =2
2.27. f (z) = —22* +9, xp=4
2.29. f(z) =32*+7, 29=6

2.2. f(x) =42® — 2, x9=5.
24. f(z) =22% — 4, z9=3.
2.6. f (z) = —32° — 6, x9=1.
2.8. f(x) = —ha? —8, xp=
2.10. f(x) = —42> +9, 29 =4
212. f(x) = —22* + 7, 1y=6
2.14. f (x) = 32>+ 5, x9=
2.16. f (z) = 52° 4+ 3, zy =38
2.18. f(v) =42 — 1, 2y=6
2.20. f(x) =22° =3, xg=4
2.22. f(v) = —32* -5, xy=
2.24. f (x) = =52* =7, x5 =
2.26. f (z) = —32> -9, 29=3
2.28. f () =222 +8, 19=5
2.30. f(z) =42 4+6, zo=7



4.5. lim

4.7. lim

Indusidyaavhi 3a6danns do posdiay I1

Bamaua 3. O0uncaIuT IPAHMIIL:

(2 =22 —1) (z+ 1)

3.1 xlinil x4 + 422 —25
33 lim O T3TH2)

x—>—1x3+2x2—x52'
(:L‘2—|—2x—3)

3.9. )
Bt x3 +43x2 + 3z
37 lim (1+2)” — (14 3x)
250 ; T+ '
—3xr —2
39. lim — "2
x—>—1x3—:(:3—22
3.11. lim —— _2x+ .
r—1x° —x°—x+1
313, lj oA 5742
P | \ x3—23x—2 '
x° + bxr°+ 8x + 4
3.15. L
Fote 431 322 — 4
517 limx3—6x2+12x—8
Tz o2 3 —3x244
519 1 3 —3x —2
.19, lim .
-1 (22 —x — 2)?
3_3r—2
321, lim — =
r——12 1—29514—1
J/‘ P
23, 1
323 xgn12x4—2x2—1
20 —x — 1
3.25. lim ——— "
T 1T ;—Q%Q—xl—Z
3.27. lim ———
r——12 2—1—2:{4—1
3.29. lim ——

Bamaua 4. O0UncaIUTH IPAHMIIL:

vV1+2x—3

4.1. xhin4 N
) vVr—1
4.3. lim

x%lwg/gﬂ_l.
v —6+2
x— —2 x3+8

VI+2xr —5
V-2

r—8

3.2.

3.4.

3.6.

3.8.

3.10.

3.12

3.14

3.16

3.18.

3.20

3.22

3.24.

3.26. 1

3.28.

3.30.

4.2.

4.4.

4.6.

4.8.

. lim

. lim

. lim

. lim

. lim

3 —3x—2
x + 22 )
) (2x2—x—1)
lim )
x—>1x3+2x2—x—22
(x3—2:p—1)
-1 420 +1
o2 —2r+1
lim —m—.
t—=12202 —x —1
3+ 5x+Tr+3
im )
=133 +4x2 4+ 5+ 2
2422 —5r+3

z—1 x3—4x2—x—{—1'
z*—1

lim
r— —1

1274 — 2 —1°

x5 —bx?2 4+ 8x —4
x3 —3x2+4

) 23 4+ 5r2 + 8x +4

lim

x> =223+ 722+ 162+ 12°
3 —3x—2

Tr— 2
2 —2r+1

sl —x2 —x+1
) 24+ 3r+2
lim

co—1a3 4+ 222 —x —2
2+ 2x—3

im .
x —-3 :153 + 4%52 + 3z

— (1
lim (1+x)°— (14 3x)

z—0 2+ o )
. B+ Tx2+ 152+ 9
lim

-3 13+ 8x2 + 21z + 18"

r —2

. VvV1i—x—-3

hm —_— .
xr — —8 2—|—\?/E
vVer+13—2vxe +1

22 -9

6]
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V8 +3x+x2—2

4.9. lim
x—0 ;U—}—xQ
3/
4.11. Iim \/E !
r=1y/T+x -2z
Var — 2
4.13. lim )
T=22\24x -2
v9zxr — 3
4.15. lim )
r=3\3+x— Vi
16z — 4
4.17. lim

eI+ — 2
Va/d-1/2

419. lim
33—>1/2\/1/2—|—x—\/2x
ol b /216 — 1/4
' 'x—>1/4\/1/4—i—x—\/2x
97 + x — /27 —
423, fim VAT VAT —w
1—2 2 _ (1
4.25. lig Y20 +322 — (1 +2)
x—0 \?/E
4 _
4.27. lim \/E 2 .
v =16 3/(\Jx — 4)2
—9
4.29. lim \/——.
r—4/x2 — 16

Bagaua 5. O0uuc/IUTU I'PAHUILL:

In (14 sinz)

5.1. lim .
T —0 2s1r154x
5.3, lim oL — %
r—0 sin3x
5.5. lim 1o
eootg(m(24 )
! 1 —cos®z
o J:ILHO 4{62
5.9. i 2 -1
im ——
z—=01n(1+2zx)
In(1 —
511, lim =7
z—=0sin(m(x 4+ 7))
5.13. lim 9ln(l — 2:6).
x—0 4arctg3x
5.15. lim Sin 7z

x—>0x2—i—7rx

V22T +x — /27T —x
x + 2v/at .
419, 1; Vitar—+v1—=z
12, lim .
t—=0/ 1+ -1 —=x
Vo —1

4.10. lim

x—0

4.14.

4.16.

4.18. lim

4.20. lim
x—>1/3\/1/3—|—x—\/2x
oVl r—v1—x
4.22. lim )
xr—0 \7/5
V84 3x — x2 — 2
Va+ a3
VI+2r -5
Jr—2
Jr —6-+2
13+ 8
10— 2 — 61—z
2+ '

lim
z—0

4.24.

4.26.

4.28. lim

4.30.

.1 —-cos10x
5.2, llm ————

z— 0

5.4. 1i
xlino cos Tx — cos 3z

5.6. i 22
11m
z—0 tg[27r(:c +1/2)]

53 i arcsin 3z
im
s T T — 2
arctg2z
5.10. im —
z—0sin(2r(z 4+ 10))
2
512, Jim S8 F5T/2)teT
=0 arcsin 2z2
i 1—+v3zx+1
5.14. lim )
z—0cosm(z+1)/2]
V44 —2
516. llm ——8M8M8M—.

r—0 Jarctgx




Indusidyarvmi
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2sin|m(z + 1)]
In(1 + 2z)
519, lim YA *— 1
z = 0sin[m(x + 2)]

1 — +/coszx

5.21. lim :
=0 zxsinw

. e4x -1
5.23. lim

5.17. Iim

z—0

z—0sin(m(x/2+ 1))
sin® x — tg2x
9.23. :

x—0 $4

5.29. lim

5.18

5.20.

5.22. 1

5.24

0.26

05.28.

5.30. lim

21
6.1. lim )
rt 113-32308 3x
6.3. lim 5
r—=7m  sin®7Tx
1
6.5. lim — oo
r—1 tg°mx
29
6.7, lim STt
T —T (x — 7T)4
. cosbx — cos3x
6.9. lim —
6.11. lim o™
r—28in 8mx
Va?— —1
6.13. lim Y& —3v+3 -1
vl 5r—3 St gxazj
6.15. lim 33
z—1 tgmx
) In2z —Inn
6.17. lim — )
z—7/2sin(bx/2) cos x
6.19. I -
.19. lim )
r— 7 sin Hx — sin 3z ,
6.21. 1i 1-27
21. lim ,
v —22(\/2x — /322 — bx + 2)
) tgmx
6.23. lim )
x— 21+ 2
. 1 —2cosx
6.25. lim ————

r—7/3 m—3x

COS 2L — COS T

. lim
z—0
lim

z—0

1 —cosx
sin[5(x + )]

e —1
. arcsin2x
im ——— In 2.
r—0 273 ]
! 1 —cosz
' :CILHO (6335 — ]_)2
arcsin 2x

Y :
ajlino ln(e — .TC) —1

. In(2®+1)
lim )
=01 — a2 +1
2(e™ — 1)

r=03(y1+x—1)

Viz—x+1-1

6.2. lim
v 1 — s}g%x
6.4. lim ———.
x —7/4 (7T — 4:6)2
6.6. lim @
r—m/2 tgx
oVl —z+1-1
6.8. lim )
z—1 tgﬁx
) sin 7x — sin 3z
6.10. lim 3
T — 27 1 e(g —267)T
n(b — 2z
6.12. lim )
r=24/10 — 3x — 2
x2 — 72
6.14. lim — )
r—71 SN
6.16. lim 2,_16.
T — 4 811n7r:v
6.18. lim 8%
z — /4 COS 2T
0,2
6.20. lim 29— 200
r—2 SIn27wx
3/
6.22. lim \/5 1.
=15y —1
6.24. lim L2 50@/2)
Tr — T T —251'/' 2
6.26. lim arctg(:c _ x)
T — 2 sin 37x

7
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1— 22

6.27. lim — )
a—1 sin 7w

_ /10 =
6.20. Tim ° L

r—1 sin3nx

Bamaua 7. O0uucauTy rpaHuiii:

2

gcos*r __ q
71 lim —.
x—n/2 Insinzx

_ In (ZC — 2 — 3)
7.3. lim — ,
z—28in (mx/2) — sin [(x — 1) 7]
etg2x — e sin 2z
7.5. lim .
r—7n/2 sinr—1
sin (\/2:1:2 —3x—5— \/1+:1:)

7.1 :
771:1213 In(z—1)—In(z+1)+1n2
_ In(4x — 1)

7.9. lim )

z—1/24/1 —cosmx — 1

gsinmzr _ 1

7.11. i .

e s In(x3 — 62 — 8)
7.13. lim 81037 5)

3 2
vV1+1 —1
715 lim Yo v
r—=1 14+ cosnx
In(2z —
717, lim 27 = 5)

z— 3 esinmc —1

sin2x __ ets 2z

e

7.19. i
xi>r7£l/2 In(2z /)

V2T =20 5
7.21. lim 3 :
z—1 o — 1
(23 — 73) sin 5x

7.23. lim

)
xr =T esmm_l

. Incos2x
7.25. im ———.
r— 7 ln cos4x

2_ .2
a® v —1

7.27. llm ————.
v e tgIn(z/a)
729, lim —nlcostz/a) +2)

T — am aa2772/a:2—a7r/x _ gor/z—1

Bamauya 8. O6uncauTy rpaHuii:

6.98. 1im “25T/2)
x—1 1 — \/5
6.30. lim SM07
r—m tg3x
2
T ) N
7 — 1/2 esinTx _ 6—8111371'3:
—to 2
74, lim 8% %82
z—2sinln (z — 1)
i In sin 3z
76. lim ———.
z—7/6 (6x — )
2
78 lim T2
z—2mtg (cosx — 1)
. arcsin (x 4 2)/2
7.10. xlgriz S g
, In cos 2z
712. lim —m8—.
T (1 — 7r/gj)2
) Incosx
2
716, 1im —Co5@/2)

7.18.

7.20.

7.22.

7.24.

7.26.

7.28.

7.30.

T — T esinx _ esin4m'

) )
esin 6 _ esin 3z

lim
z—7/3 logscosbx
tg(ex+2 . ex2—4)

lim
T — —2 tgr + tg2

. In(2 4 cosx)
lim : )
T — 7 <3sm:1: _ 1)2
. tg (z + 1)
lim —; :
r— —1 pVai—424+6 _ o
Insinz

v 7/2 (20 —m)?
3/ 2
sin(e V1" /2 e v+

r -3 arctg(z + 3)
Gl
e Beos(32/2) _ 1
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2v _ K3z
8.1. lim ’ >
z—02x — arctg 3z’
6230 7 2x
3. llm ——
xlino sin Sx — 32x
8.5, lim o =0
z—0arctgx + o3
35x Qx
8.7. lim —
r—0x — sin 9:63
12$ X
8.9. lim o
z—0 2arcsmx —x
3or _ 9Tz
8.11. lim
r — 0 arcsin 2x —x
4r — Qi
8.13. im —
z—0tg3r —x
102:1: 7 x
8.15. lim )
x—02tgr — arctg x
73:0 329:
8.17. llm —
x—0tgw + a3
3296 796
8.19. lim )
r—0arcsin 3xr — dx
45x 9—2x
8.21. im —
z—0sing — tgwd
5290 2396
8.23. lim
z—0sinx + 81?{1:32
X 2 X
8.25. lim )
z—0arctg2xr — Tx’
3596 2— Tx
8.27. lim — 8 .
=0 2r — tgw
2x — 7
8.29. lim

9:%0$—}—th2

Bamaga 9. O0uncanT rpaHnI:

9.1.

9.3.

9.5. 1

9.7.

9.9.

et t+e T =2

lim —5 )
z—0 S €T
x>+ 1

im —— .
r——1sin(z + 1)

V1+tgr — /1 —|—smx

:v—>0 CE'

o V14 zsinx —1
lim > :
z—0 er” — 1

) 1 —2cosx
lim

v — /3 sin(m — 3z)

8.2.

8.4.

8.6.

8.8.

8.10.

8.12.

8.14.

8.16.

8.18.

8.20.

8.22.

8.24.

8.26.

8.28.

8.30.

3x __ 6721
lim
z—02arcsine — sinx
53: 3z
e
lim
r—=0sin2r —sinx
6230 . 6335
lim 5
x—0 arctg r—2x
-2z
—e
lim
z—02arctgr —sinx
Tx — —2x
e e
lim —
z—0sing — 2x
651‘ . eac
lim
x> 0arcsinx + o3
et —e "
lim
x—0tg2x —sina
et _ et
lim
z—0sin3r — sinbx
4z . 2x
lim
z—0 Qt%x — smx
e
lim
z—02sinx — tgr
3x _ 2:E
lim )
z—0sin3r — tg2x
eac 396
lim )
z—0sin 3r — tg2x
x —2x
el —e
lim —.
r—=>0x +smx
2x x
. —e
lim — —
r—08In2r —sinx
23:5 . 32x
lim

2502 + arcsin 23

1+ xsinx — cos2x

9.2. lim —
z—0 . tSln €T
94. lim SeT T e
c—alne —Ina
et — P
9.6. lim
z—0sinazr — sin Sz
2P (e —e)
9.8. zhgng g
1— 22
9.10. lim

s> 1sinmx
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) SINX — COS X
lim
r—m/4 Intgx
1 — cos 2z + tg’x

9.11.

lim
z—0

9.13.

I (2 D52,
015, lim @)+ (z—h)—

2lnx

h—0 h2

. esin 20 esSin
lim
z—0

9.17.

tgx

919 lim S0 (x 4+ h) —sin (x — h).
h—0
aw+h _i_axfh

. — 2a”*
1 )
"y h?
3
N/ -2
9.93. lim Y2 ¥ ~2
r—3  SINTT
lgx —1
r—10/r —9—1
veosx — 1
sin?2r

1 —sin®z

9.21.

9.25.

9.27.

lim
x—7/2

9.29. 5
COS* T

agaua 10. O0uncauT rpaHuii:

10.5.

. ctgdx
1+ Slnxcosax> &

1 + sin x cos Sx

I (14 /)1

1/(z sm7rx).

10.7. lim (1 -

10.9. hm (cos )
z—0

10.11. lim (te (= wer
1l (tg (5 -0))

COs ech) €T

10.13. lim (2 _ 5arcsinxs)
z—0
10.15. lim (2 _ esmx>ctg7rx
x—0 /1 (1—|—t 2( /3))
2\ 1/In T
10.17. lim (2 e g |
z—0
. 9 \1/Incosz
10.19. lim (2 _ gin ) |
z—0

Y

x>0. 9.16.
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a® — ab
lim
r—b ﬂf—b

sin2x — 2sinx

9.12.

9.14.

x In cos bz

9.18.

9.20. lim

lim ———

x—>01—COS\/_

9.22.

2sin’x +sinx — 1

lim
r— /62 Sll’l X —

z+1
9.26. lim SR

9.24.

3sinx +1°

0 1In (1+avT+aer)

) sin bx — sin ax
9.28. lim

z—0ln(tg (/4 + ax))’
logax — 1

lim
r—3

9.30.
tgmx

10.2. lim (cos \/E) e
x—0

2/sinx

10.4. lim (2 _ 3”‘?@%)

z—0

4
. | (5_ )
x—0 COS T
) 9 3/x
10.8. lim (2— arcsin f)

10.10. hm
=0

1 / sin? 3z

1/Incosx

1 + sin® 3x )

(1+
10.12. lim (1 — xsin x)l/ln(Hm )
z— 0

10.14. Tim (2 — cos 3)t/ (1),
T —

10.16. lim (cos:z:)l/ln(HSian).
z—0

10.18. lim (3 — 2cosz) "%,
z—0

10.20. limO /2 = cosz.
T —



10.21. lim

10.23.

10.25.

10.27.

10.29.

Indusidyaavhi 3a6danns do posdiay I1

r—0

5 ctg?x
(-25)
COS T

(1 + sin x cos 2:1:) 1/ sina®

lim .
r—0\ 1+ sinxcos3x
1 1/1‘3

- 6

lim (1 + —arctg ﬁ) :
r— 0 3

. l+a-3° 1/tg2x
lim { ————— )
z—=0\14+2. 7%

lim (1 — Incos x)l/tgzx.
x— 0

Bagaua 11. O6uncIuTI rpaHny:

) sin 2x Lo
11.1. lim )
x—0 x
sin 4x 2/(z+2)
11.3. lim ( ) )
r— 0 x
11.5. lim (cosz)™*®.
x —
x/(x+2)
11.7. lim (1]“(“‘”))
r— 0 ox
3 (8z+3)/(1+x)
. e’ —1
11.9. lim ( 5 )
x—0 €T
. 24x
11.11. lim (Sm6x>
z— 0 2x
) sin 2x v
11.13. lim -
z—0 \ sin 3x
3 z+2
1115, Tim 518
z—0\ 322+ 10
2233 1 z+1
11.17. lim < >
z—0 x
11 cos? x
1119, lim (22 T8 .
r—0\ 122 + 1
In (1+;U2) 3/(z+38)
11.21. lim 5
z— 0 x
, arcsin '\ 7 @+
17.23. lim
z—0 x

9 cosec?x

10.22. lim (3— ) .

x—0 COS T

) o\ 1/(1—cosmx)
10.24. lim (2—&) .

r—0

1+t 22\ /7"

10.96. lim [ - 18T oSS .

z—0 \ 1+ tgzrcosdx

10.28. lim (1+ tg2y)"/ ()

10.30. lim (1 — sin 5

2 X
11.2. lim ( +x>
r—=>0\3 —=1x
23 _ cos?(m/4+x)
11.4. Iim ( )
r— 0 €T
2 4 ?+3
11.6. lim (x + )
r—=0\ x+2
24z
11.8. lim (ﬂ)
z—0 x
2 COSx
11.10. lim <x+ >
z—=0\1x+4
2 6/(1+37)
. e’ —1
11.12. lim ( 5 )
xr—0 €T
. T z+2
1114 lim (tg (x+§>) |

11.16. lim (sin (z + 2))¥ @)

z—0
4/(x+2)

11.18. lim

11.20. lim

11.22.

11.24.

81

oy x) 1/In(1+tg?32)
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4

11.25. lim (e* + 2)" .

z—0

(e*—1)/x
11.27. lim ( g (Z _x)>

1+ 8=
2+ 11z

11.29. lim ( )1/(‘%2“)

z—0

Sagaua 12. O0uncauT rpaHuii:

3p — 1\ Y (Ve-1)
12.1. lim < )
r—1 :U—|—1
op 13 V(¥F1)
12.3. im ( >
x—1 T
_ 7\ V/(Va-2)
12.5. lim (2;(; 7)
z=8\ v +1
op 13 V(¥ED)
12.7. lim ( z >
x—1 T
12.9. lim (cosx)Ctg2ff/Sln3x
T — 27 -
— 6
12.11. lim (6 x) .
T — 3 3
12.13. lim (3 — 22)%7% |
xr—1 tgﬂ
— 6
12.15. lim (9 2”3) |
xr— 3 3

12.17. lim (271 — 1)V,
r—1
12.19. lim (2! — 1)<3w—1>/(m—1>
r—1
12.21. lim (2633 2 _ ) (32+2)/(z~2)
xr — 2
2 _ 1/In(2—x)
12.23. lim ) .
x—1 €T
sin(mz/2)
12.25. lim (2 — 2) We-o |
z—1
1 in(g-&-Q%
12.27. lim (x +
z—1 20
ln(;c-l,-l)
1\ -2
12.29. lim (-)
rx—1\2x

11.26. lim

11.28. lim

11.30. lim

12.2.

12.4.

12.6.

12.8.

12.10.

12.12.

12.14.

12.16.

12.18.

12.20.

12.22.

12.24.

12.26.

12.28.

12.30.

z—0

sin 522\ ¥/ #+6)

( sin x ) '

5 tgzl’

(- as)
CcOS &

: 2 2x+1
arcsin” x
arcsin? 4z

z— 0

z—0

lim
Tr—a

sin 2\ /@
sin a '

(cos :1:) 1/(x—2)

lim
z—2 \CcoS 2

lim (tgaz)l/cos(?’”/‘l—x)_

x— /4

tg%
(-3
a

1 / sin? 2z

lim
T —a
lim (cosx)
T — 27
: oo/ sind
lim (cosz)&®/ s,
x— 4T

5
lim (cosz)@@esnz,
T — 47

lim (sin m)ﬁtgﬂf'thx.
x— /2
1 (t x> 1/(z—7/2)

lim (1 + cos3z)™".
x— /2
sin(z—1)

I — 1)) e I=sin@—D
lim (M) |

r—1 J;_l
lim

(t x)l/cos:c
x— /2 Cg2 )

sina) /)
sin 3 '

18sinx
lim (sinx) e .
x— /2

< ; ;1;)1/(:05(93/2)
C g4 .

lim
r— 3

lim
xr — T
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Bamaua 13. O6uncanTy rpanmniii:

13.1.

13.3.

13.5.

13.7.

13.9.

13.11.

13.13

13.15

13.17.

13.19
13.21

13.23

13.25

13.27.

13.29

14.3.

lim
n — oo

lim
xr — e

Inr — 1 sin ix

x—e '

. ( In tgl' )1/(LB+7T/4)

lim _— )
r—n/4 \ 1 — ctgr

.79

. S _9
sin 3wz \ ™ (2-2)
sin '

<2 B E)Sinmc'
3

sin T

lim (14 ¢e%) ==
z—1

. arcsin (r —
lim -
x— 3 sin 3mx

X . :z:2/a2
SIN Y — Sl a
r—a '

1/tgx

lim
xr— 2

lim
xr— 3

. lim (arctg
z—1

. lim
Tr — a

lim (sinx 4+ cosx)
x—7/4
. lim (arcsinz)®™.
Tz —1

. lim (ln2 ex)l/(x2+1).

z—1
23— 1 /e
(=)
tg(z—2)

. lim (cosmx) :
T —2

. lim
r—1

lim (cosz +1)™7.

x— /2

. lim
r—1

3))9”28.

224+ 2x —3 /@)
22 +4x -5 '

Bamaua 14. O6uncanTy rpaHuiii:

13.2.

13.4.

13.6.

13.8.

13.10

13.12.

13.14.

13.16.

13.18.

13.20.

13.22

13.24

13.26.

13.28

13.30

li tgx)"8”,
i, (8)

lim (sin x)?’/(l”).
T — 2

lim (sinz)%/™.
x—m/6

<1 + az) =/

2+ x

. lim - )
r— 1\ sindnrx

z2—72 /16
lim (sin2z) =—=/4 .
x—7/4

. . x\ sin(z—m)
fim (cteg)
. ( /—x T 2) 1/x
hm 5 i .
r—2 xé —4

lim (tgzx)sin(w/8+x) .

x—m/8

lim
r—1

lim (z + sinz)™" ",
xr— T

. m /arctgx
' ac11£>n1 (\/E—i_ 1) e

esinﬂ'x .
r—1

241
1)
lim (arcsinz + arccos z)
r—1/2

. sin(mx/4)
. xhinl (\‘75 +x— 1) .

2

1+ cosmz\”
tg’ma '

. lim
r—1

. lim
r—1

14.1. limo V4 cos 3z + zarctg (1/z).
T —

142, lim /3sinz + (22 — 7)sin ———.
x— /2 xr—T
2n —‘sinn | 144 lim tgx cos (1/x) + g (2—|—x).
Jn— =7 ) lg (4 + )

1/x

83
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e/ 4 sin - - cosn V2+nd—V2n3+3
14.5. lim nTt1 14.6. lim Y= Z VAT ES
n—oo  1+4cos(1/n) n—oo  (n+4sinn)y/Tn
Vtgr+ (4w —7) cos n
14.7. 1i i 14.8. i in\vn2+1- :
z Efrl/zl lg (2 + tgo) s 0o (sm e n2+1>
, n? —/3n® -7 . 3sinn++n-—1
14.9. lim ) 14.10. lim )
n—oo (n?2—mncosn—+1)y/n n—oo  n4+/n+1
1— J 1
14.11. lim (1 — cosn) \/ﬁ 14.12. lim In [ 2 + \/arctga: - sin —
n—oo /2n+1-—1 z—0 T
14 cosmx
14.13. lim 14.14. lim
:c—>2\/4—|—(x—|—2)smm n—ooy/pt — 3 +sinn
2 3n? + 2 Jtgr arctgs + 3
1415, qim YOETCSnA VIR e VieTarcs, 43
n = 0o nb + 1 r—=02—1g(1+sinx)
1 1
14.17. lim 4/arctga - sin? — 4+ 5cosz. 14.18. lim 4/4cosx + sin — - In (1 4 ).
z— 0 €T z—0 €T
1 2+1In (e + xsint
14.19. lim \/2 cos?z + (e* — 1)sin—. 14.20. lim ( , ) :
x—0 x z—0 COST +sInx
: 2 1 s
14.21. lim In {(ex — cos x) cos — + tg (x + —)] .
z—0 €T 3
cosz +In(1+x)4/2+ cosd COS 2T
14.22. lim . 14.23. lim .
x—0 24 e” r—19 4 (e\/aj—l _ 1) arCthé_J_rl
. , _ cos (1 + x)
14.24. lim 4/ (es® —1)cos— +4cosz.  14.25. lim :
z 0 x =0 (2+sins)In(l+az)+2
2
14.26. lim i’/lg (x +2) +sin V4 — 22 cos il :
r—2 T — 2
2 + cos T sin -2 —1 1
14.27. lim 2o 14.28. lim tg cos T +sin * coS vt .
r—7r/2 3+ 2rsinx r—1 r+1 r—1
_ 1 . sinz + sin7z - arctg L
14.29. lim 4/x ( 24sin— |+4cosx. 14.30. lim
z—0 T z—1 1+ cosx




PO3IJI III. Iloxigua 1 andpepeniiaa pyHKIIII

OJHIET 3MIHHO]I

§3.1. Iloximaa dyHKIIT B TouIli. 'eomerpuunnii Ta izmdamii 3micTt

Hexait dynknist y = f(x) Busnavena na inrepsani (a,b) i xg € (a,b). Io-
xionoto gynruii f(xr) y Touni xy HABUBAIOTH CKIHUEHHY I'DAHHUINO (SIKIO BOHA
icaye) BigHomennst npupocry dyukuii Af(zg) = f(xo+Az)— f(zo) no npupocry
apryMmenta Ax, Ipy yMOBI, 10 IPUPICT apryMeHTa IPSMYE 0 HyJIsd, TOOTO

Az) — A
o) o= Jim HEEEEI0 = py S0

QynkIig, gKa Mae CKIHUeHHY TOXiJIHY B TOUIl g, Ha3UBA€ThCs dugeperiyi-

tioenor0 B 11iii Touni. [Ipupict gudepeniiiitoBaol B Touni £y GYHKIIT Mae BUTISLT
Af(zo) = f(z0)Ax + a(Az)Ax,

ne o Azx) — neckinyenno masa gyukiist npu Az — 0.
3ayBaxK1Mo, 110 HellepepBHICTh (PYHKINI B TOUI Xy € HeOOXITHOI yMOBOIO 11

JnubepeHIiitoBHOCT] B I1iif TOYIII.

q ) ) . Af (330)
KIIO ICHY€ HECKIHYEHHa I'PaHUILs lim
Axz—0 AJZ

y = f(x) mae B ToUni Ty HECKIHYEHHY MOXIJIHY.

, TO KaXXyTh, 110 (DYHKIIIs

[Moxijguy Gyukuii y = f(z) B rouni zy nozuadarors ojuM i3 cumpouis f'(zg),

df (o) dy(wo)
dz dr

BukopucroBytoun o3HaueHHsI OJHOCTOPOHHIX Tpanuih (nuB. §2.1) mMoxHa

abo y' (o),

O3HAUYUTU IIOHATTSI OJJHOCTOPOHHIX 1OXIJIHUX.
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Jlicocmoponnboto (npasocmoponnvoro) noxionoro dyuxuii f(x) B To-

qlll £( HA3UBAEThCS CKIHYEHHA I'DAHUIIS

f(xog—0) := lim m (f’(:l:o +0) := lim M) .

Az——0 Az Az—+0 Az

Axmo Taka rpanuig piBHa £00, TO FOBOPATH, IO B TOYI T( iCHY€ HECKiH-
deHHa JIIBOCTOPOHHS ([IPABOCTOPOHHS) MOXiJHA.
BayBaxkuMo, 1o (yHkiis y = f(x) Mae MOXiHy B TOYI g, SKIINO ICHYIOThH

Ta JOPIBHIOIOTH OJHA OJHIN OJIHOCTOPOHHI TMOXiIHI B TOYI X, TOOTO

f(wo) = f'(wo —0) = f'(w9 +0).

Di3unHUT 3MICM NOXIOHOL: TIBUJIKICTL 3MIHK (DYHKIT B TOYI .
TFeomempuunuti 3micm noxidnoi: noxigua dyukuil y = f(x) B Touni
Ty JIOPIBHIOE KYTOBOMY KOeMIIEHTY JHOTUYHOI Jji0 rpadika (yHKINT y TouIi

M(x(b f(x()))7 TOOTO
f/<.CE'()) = tg a,
Je « — KyT, dKHil yTBOpIo€ jotuuna jio rpadika ynkmil y = f(x) B Touni

(xo, f(x0)) 3 momarniM Hanpsimom oci Oz (juB. puc. 7).
yl

Yo —-—-———

|
|
|
l
i) X

O

Puc. 7. T'eomempuunut 3micm noxidnoi
3 reoMeTpuIHOro 3MICTY MOXIJIHOI BUILIMBAE, IO PIBHAHHS JOTUIHOI JIO I'pa-

dika Gyuxiil y = f(x) B TOUNl T( 3AIUCYETHCS TAKUM THHOM

y — f(xo) = f'(z0)(x — ).
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k1o HenepepBHa B TOUII (¢ (DYHKINST Ma€ HECKIHYEHHY TIOX1JIHY, TOJI JIOTH-
qHoI0 10 rpadika Gyukuil B rouni M (xg, f(xg)) € npsama x = x.

st nopmadti (mpsiMol, sika Ipoxo/uThb depes Touky M (xg, f(xo)), neprnenu-
KyJISIPHO JIO JIOTUYHOT) PIBHSIHHST Ma€ BUIJIsijL

1
f'(x0)

Baysaxumo, 1o ko f'(xg) = 0, 10 HOpMAJUIIO € UpsiMa T = T(, & SIKIIO

Yy — f($0) = - (ZU - ﬂfo), f/(x()) 7é 0.

bYHKIIS B TOUI T MA€ HECKIHYEHHY HMOXIJIHY, TO HOPMAJLIIO JI0 KpuBoi y = f(x)
B TouIll Zg € npsma y = f(zp).

Teopema npo noxriony craadenoi Gynruii. dxmo Gyukiis y = f(x) mae
NOXiJiHy B TOUIl Tg, a dyHKIis 2z = g(y) mae noxigny B Touni yo = f(zg), TO
ckaajiena Gyukiis 2z = g(f(x)) mae noxijHy B TOULl T(, HPUIOMY

2(xo) = g (o) - f'(x0) abo Z—; = j—; : Z—i

Hapeiene npaBmjio o0UnCIeHHS TOXITHOT CKJIa1eHO0I (PYHKIIT 3aCTOCOBYETHCS 1
JIJIsl KOMIIO3HIIIT JIOBIJIbHOI CKIHUEHHOI KijibKOCT1 pyHKIIi#. Hanpukia, s ckia-
nenol dyukuii z(y(z(t))), ae x(t), y(x) i z(y) — qudepeniiiiosni y Bijnosijanx

TOYKaX (PYHKIIII, Ma€ Miclie PiBHICTb

Tabaung moxiTHMX OCHOBHUX eJIEMEHTApHUX (DyHKITIH

Neg /n Pynxuis y = f(x) Hoxiona pynwuii y' = f'(x)

1 C, ne C' = const 0

2 % aeR ax® !

3 a” a*Ina

4 e’ e’

5 log, x ﬁ

6 Inzx %

7 sin x cos T
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MNeg /n Dynxuis y = f(x) Hoxiona Ppynruii v = f'(x)
8 COS T —sinx
9 tga o7
10 ctgx — Sile -
11 arcsin 117552
12 arccos x — 11_962
13 arctg x T Jrlxg
14 arcctg x i +1$2
15 chz shx
16 shz chz
17 thx Ch12 -
18 cthx — ﬁ

OcHoBHIi npaBmJia audepeHitoBaHHSI

Hexait U ta V — dyHKIl, gKi MalOTh MOXIHY B TOUI T, ¢ — cTaJa. ToJi:

1) d=0; 2) U+tU)=U0+V

3) (c-U)=c-U, 4) (U-V)=UV+V'U,

) (1) = 6 W) = U Vi),
Bopasu

1. BukopucroByroun o3HaueHHs [MOX1JIHOI, 3HANTH 1OX1JIHI DPYHKITI:

1)y =32> — 52 +6 2) y = va?—2,
3) y = cos” 3z, 4) y =59
1
— 2 —
5)y =logg(2e°+7), 6 y= 5.
7)y =cos’x —sin’z, 8)y=tg’m,
9) y = 7 3T 10) y = In(4x — 7)
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2. 3acrocoByroun npaBuia audepenIioBanag Ta, (GOPMYJIN TTOXITHIUX OCHOB-

HUX eJIeMEeHTapHUX (PYHKIINA, 3HARTH HOXIJHI HACTYIHUX (DYHKIIIH:

3 43 4 6 1
1) y = —a'Va? — 22°Va? 2)y=—— —
)y =gu Ve S aw WEETE
3r° — 2z +5
3) y = 20 +sin® 2 +2sin’ v cos® v+costr—4r+7, 4)y = lx 5 2x+
— 2% —«x

5) y = cos(sin? x) - sin(cos® x), )y = \/x +1/r+ VT

2 3 — V1 — 22
7 + ox m+31n x | 8) y:23smx—sm3x,

T
x — 3sinx + sin® 10) y=1log,(logz(log, %)),

o
11)yzfx/x2—4—21n(x+\/a:2—4), 12)y:1n\/ﬂ,
2 1+sinx

1 —+v1—2? _ 10arctg3(2+\/5)

9) y = 3x cos.3

13) y = arctg : 14) y
x
2sinx 3sinxk 1+ct arctg xr — arcctg x
15) y = — = 4 220 —31—‘(’);2 16) y = 8T AR T
costr  cosix 1 —ctg3 arcsin x
r+3 In? cos x
17) y = Vat -sin® x - cos® 3z, 18) y=——,
)y 2 +4 )y In?sin x
1 1 T
19) y = 2 arcctg e ln\/ e 20) y = z|z|.

l—z  Jitz—+Vi-z

3. CkyacTu piBHSHHS JOTHYHOI 1 HOpMaJi jio rpadika dynkunii y = f(z) B

TOYUII X :

Dy=2"+22" 42 -3, xy=-2, 2)y=vz -2, zy=1,

1 x?
3) y =arctg—, z9=1, 4)y = . Ty =3,

x a:—32 2,y

0 —

B)y=e", xo=—1, 6) y =1 19 =0,
Jy=e w Jy=h g @
T y=4tgr — Smf, xg =0, 8) y=xlnw, x¢=¢’

cos? x

2

9)y=3""1 x5=1, 10)y=(r+2)VI—2, x0=1

4. 3HalTH KyTH MiXK KPUBUMH B TOUKAX 1X MEPETUHY:

Dy=42"+2r -8, y=u2a"—2+10, 2) y =sinz, y=cosz,
)y =z, x=y ) y=Ilgz, y=haz,
1
5y = —, = /7, 6)y =e", y=e*,
x
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2
7)y=chz, y=2¢", 8) y = V2, y:%,

9) y =logy(x +14), y=06—logy(z+2), 10)y =4z, y=/3z—2.

5. BukopucroByroun reoMeTpuIHUI 3MICT MOXIJIHOI pO3B’sA3aTH HACTYIIHI 3a-
J1aqi:

1) CkyacTu piBHSHHS JOTHYHOL JIO KPUBOI Y = 23 + 32% — 5, AKa IepIeHIH-
KyJIsTpHa Jio Tipsimol 2 — 6y + 1 = 0.

2

2) B sikiit Touni Hopmasib 10 napaboiu y = 7 neplueHjuKyIsipHa J0 1psMol

y=4xr + 17
: : : r+7 :
3) B sxiit rouni jgoruuna o rpadika byHKmil y = YTBOPIOE 3 BICCIO
Oz xyt 135°7
4) BnaitTi PiBHAHHA CHILHOT JOTHYHOT JI0 napabon y = z + 3z + 9 Ta

y=12%+ 51 — 2.

5) Ha rpadiky dbyuknii y = x? — 4z + 2 3HaHTH TOYKHU, JOTUYHI B AKHX
npoxoJisTh uepes Touxy M(4;1).

6) [psmi y = —x i y = ba — 6 joTuKaoThea o napabonn y = x2 + ax + b.
SHaiiTn 3HadeHHs KoedIimienTiB a Ta b, a TaKOXKX KOOPAWHATH TOYOK JIOTHKY.

7) st sikux 3HavYeHb @ npsma y = ax + 9 € gorudnoio jo rpadika GyHKIi
y = 2x — 127

8) Ilpn sikwx 3HaueHHsx mapamerpa a rpadikn dynkniii y = z° — 6ax i
y = —22° — 3 MalOTh CIIJIbHI TOUKH, Yepe3 fKi MPOXOAATH IXHi CIIJIBHI JOTHYHI.
3amucaTy piBHAHHSA IUX JTOTUIHUX.

9) Buaiftu BCl jifichi 3naveHHst napamerpa a, npu sKux rpadik GyHKI

= 2% — 27 i ab

y=x T + a JOTUKAETHCS JIO OCl adCITHC.

10) BuaiiTu norty TPUKYTHUKA, YTBOPEHOIO BICCIO aDCIUC 1 JOTHIHUMMY, sIKi

poseieno 7o rpadika bynxmii y = 22 + 2z + 10 i3 Touxu M (0;6).

6. Posp’szaru 3aj1a4i, BUKOPUCTOBYIOUM (DIBUYHUN 3MICT 1TOX1JHOL:
1) 3uajiTu meuaKicTs sminn Gynxmuii y = 22 + 2% — 3 + 27 B Touni o = 8.
2) Pyx marepiajibHOl TOUKH OMUCYEThest 3aK0HOM 8§ = 5 +2t% — 3t +-5. 3naiitu

HIBUJKICTH PYXy TOYKU B MOMEHT 4acy t = 3 c.
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3) CHapsiji BUITYIIEHO BePTUKAJILHO Bropy 3i mBujkictio 360 kM /roj. fka Oye
mBUJAKICTL 3a D ¢? 1o SIKOT BUCOTH JIOJIETUTH CHAPSJL?

4) Tpsavosiniitnuii pyx ABOX Til 3ajaH0 piBHaAHHAME S1(t) = 3 — 412 +24t T,
So(t) = §t3 + 2t? — 8t — 3. 3HaiiTH PUCKOPEHHS PYXy Tijl y TOIl MOMEHT, KOJIK
IXHI IMIBUIKOCT1 PIBHI.

5) Tiso Macoto m = 4 Kr pyxaerThest IpAMOJIHINHHO 32 3aKOHOM § = 12 — % + 1.
Ob6uncinTi KIHETUIHY €HEPrifo Tijga depes 3 ¢ Mic/isi OYaTKy PyXYy.

6) Ogra cTOpoHA MPSIMOKYTHHKA Ma€ CTajly BeJIUUIuHy a = 4 cM, a jpyra
3pOCTAE 31 CTAJIOI MIBUAKICTIO 2 ¢M/c. 3 sIKOIO IIBUJKICTIO 3pOCTYTh JHArOHAJb
HIPSIMOKYTHHKA Ta #Oro ILJIOIA B MOMEHT, Ko b = 24 cm?

7) Pebpo kyba 3pocTae piBHOMIPHO 31 MBHJKICTIO 2 ¢M/c. 3 SIKOIO MIBUJKICTIO
3pocrae 00’eM Kyba B TOI MOMEHT, KOJin pedbpo Kyba sopiBaioe 10 cm?

8) Paniyc kyui 3pocrae piBHOMIpHO 31 mBUKICTIO 5 ¢M/¢. OOIUCTUTH TIBHI-
KiCTh 3MiHM 00’€My Ta MOBEPXHI KyJi B MOMEHT, KOJU 11 pajiiyc jiopiBHioe 60 cMm.

9) [Ipucrasiena 10 BEPTUKAJBHOI CTIHU JApabuHa, JTOBXKUHA SIKOT H M, TaJIaE,
KOB3AI0UM BEPXHIM KIHIEM 10 CTiHl, 8 HUYKHIM — 110 TiJJI031. 3 STKOIO MIBUJIKICTIO 1
IIPUCKOPEHHSIM OIYCKAETHCs BEPXHiH KiHellb JIpabuHu y TOH MOMEHT, KOJIM HUKHI
KiHeI[b, TePEeMIIaoIuch 31 CTAJIO00 MBUJKICTIO 2 M/c, mepebyBae Ha Bijcrani 4 M
B1JI CTIHM.

10) B muminagpuannii 6ak, mo mae 6 1M B giamerpi, Hacoc mojgae Bojy. Bucora

HiJIHATTS BOJIM 3POCTa€E Ha 1 JIM 3a CeKyH/Ty. SHAUTHU IIBUJIKICTb 3all0BHEHH: OaKa.
IIpuknaaum po3B’a3yBaHHS BIIPaB

1.3. BukopucToBy0UYn O3HAUEHHS [TOXIJIHOL, JIJIsi JAaHOI (DYHKIIIT OTPpUMAEMO:

cos?(3(z + Ax)) — cos® 3z

T (cos(3z 4+ 3Az) — cos 3x)(cos(3x + 3Ax) + cos 3x)

= lim B
Az—0 Az

_ ppyy, Asin (3z 4 25%) -sin 252 - cos (3w 4 2%) - cos Bt

Az—0 Ax
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sin 3Ax
3Ax

2.1. 3 TabsmIl MoxiJHUX OCHOBHUX eJIeMEeHTapHUX (DYHKII 1 TpaBuIa 3HaXO0-

= — lim <3 sin(6x + 3Ax) - = —3sinbz. »

Az—0

JIKEHHsI TIOX1JIHOI BiJl cyMU (DYHKIIIH, OTPUMYEMO:

3 wu "3 14 . 7 ;
y’:<?x3_2x§):?.g.xz_2-5-x3:2x3\/ﬁ—7x2\/§. >

2.5. 3a dopmysioro nmoxigHol Bl 00y TKY (DyHKIH Ta MpaBUIOM BiITyKaHHs

OX1JTHOT CKJIa 1eHOT (DYHKIIT 0JIepIKYEMO:

' = (cos(sin®z))’ - sin(cos? z) + cos(sin® z) - (sin(cos® z))" =

— —sin(sin® x) - 2sin x - cos x - sin(cos? ) — cos(sin’ ) - cos(cos® x) - 2 cos x - sin x =
= — sin 2z (sin(sin’ z) - sin(cos® z) + cos(sin® z) - cos(cos® x)) =
— —sin 2z - cos(cos? ¢ — sin® x) = —sin 2z - cos(cos 2z). B

3.6. 3nauenns ¢ynkmii B Touni xg = 0 O0y1e piBue my/o. JdaJji, 3a mpaBujiom
3HAXOJI>KEHHsI TTOX1JIHOT CKJIaJIeHOl (PYHKIIIT OTPUMYEMO:

?—r+4 (32 —2x)(2d —x+4)— 322 - 1)(2® — 22 +4)
3 — 22+ 4 (23 —x + 4)?

y'(x) =

zt =223 422 —8x +4
(23 — 224+ 4) (23 —x+4)

, 1
Bsijcu, y'(0) = T

Orxe,

y = 2% ~ PIBHAHHA AOTHIHO!, IPOBEEHOT 10 KPHBOI B TOYM o,

y = —4x — pIBHAHHA HOpPMaJIl, TPOBEJIEHOI JIO KPUBOI B TOYI Xo. B

4.2. Harajiaemo, mo kyrom @ mix kpusumu y = f(z) 1a y = g(z) B ix
touni neperuny M (xo, yo) BBAXKAETbCA BEJMUIMHA KYTa (0 MIXK JIOTUYHEME, TIPO-
BEJICHUMU JI0 JlaHnX KpuBux B Touri M. Bigowmo, 1mo TanreHnc Kyta Mik KpUBUMHI
0DUNCIIIOETHCS 32 (POPMYJIOIO:

f'(z0) — g'(20)

1+ f"(@o) - g'(0) |

tgp = 0<p<

o] 3
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(1)”\@>
2 )

Toukamu neperuHy KpuBux ¢y = sinx ta y = cosx € M, (% + 7N,
n € Z.

SHaiijleMo KyTOBl KOeMIIi€HTH JOTUUHUX JIO KPUBUX Y OTPUMAHUX TOUYKAX:

T > (—1)”\/5.

yy(z) =cosx, 1 (— + 7™

4 2 ’
-1 n+1 2
yo(x) = —sinz, yh (% —|—7m) = #

Toni 3 dpopmysn it 00UUCIEHHST KYTOBOI'O KOedilieHTa MiK KPUBUMHU B TOUII
[EPETUHY OTPUMYEMO

(_1)n\/§ (_1)n+1\/§

tgp = = - = 2V/2.
8¢ = | v curvs |~ 2V
2 2
Omxe, KyT MK KpPUBUMH Y = SINx Ta Yy = COST B TOYKAX IEPETUHY

M, (% +7n, (_D;\/i) , n € Z, Gyje OHAKOBUM 1 piBHEM arctg2v/2.  »
3.2. IloxigHa BiJ IMMOKA3HUKOBO-CTEIIEHEBO1 Ta 00epHEHO1 HKITI.
y

IToximua Bij HEIBHOI Ta MapaMeTPUYHO 33JJaHOI (PYHKITIN

ndepeHItitoBalHs ITOKa3HUKOBO-cTermeHeBol  (yHKMil. [loxijgHa
nokasuukoso-crenencsol bynkuii y = (f(2))®, f(z) > 0, 3naxomurbes 3a
dopmyoro

= Fr (ot ) + T4

o bopMmysly MOXKHA BUBECTH TPbOMa, CIIOCODAMM:
1) npomudepentiosaru byuxiio y = (f(2))9%) cnouarky sk crenenesy (BBaska-
four g = const), a MoTim sIK MOKa3HUKOBY (BBaXKaroum f = const) Ta pesynbrary
JIOJATH;
2) samucaru HYHKINO y BUNISL Y = e9@) W f @) § ppopudepeniiosary ii 3a npa-
BUJIOM BIJIIITYKaHHSI TIOX1JIHOT CKJIa IeHOT (DYHKIIIT;
3) nposorapudmysaru o6usi uactunu pisrocri y = (f(2))9%). B npomy Bumajixy
OTPUMAEMO, 1110

Iny = g(z) In f(z).
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Toui, nudpepenitioroun 0OUABI YaCTUHNA OCTAHHBOI PIBHOCT1, MaEMO

v _ g9(z) - f'(z)
e g (x)f(z)+ T @)
3BIJIKM 1 BUILJIMBA€E HaBejeHa hpopMmyJia.
O6uncieHHd TTOX1THOI 06epHEeHOol PYHKITII. fKIOo HemepepBHa 1 CTPOro
MOHOTOHHA B JlesikoMy oKoJil Touku = (yukiis y = f(x) mae noxigny f'(z) # 0,

10 obepuena pyHkiist * = ¢g(y) y BiAnoBiAHINA TOUN Y Mae noxijgHy, IPUIOMY

1 1

/ /
g(y) = abo 1, = —.
f'(x) e
Ob6uncaenHa mnoxigHol yHKINI, 3agaHOl mapamMerpudHo. [loxinHa
. = (1), .
DYHKILT, AKa 3a1aH0 TAPAMETPUTHO CHCTEMOIO PiBHANL 4 (pii ne o(t) i
y =(t),

¥(t) — nudepenuiitopui B Touni ¢ dyukinii, npuaomy ¢’ (t) # 0, 00UUCTIOETHCA

3a (POPMYJIOIO

oy Y V()

(1)
ndepeniiroBanaga HesgsBHO 3aaaHol GyHKIII. [loxigra andepeniion-
HOI Ha JiesikoMy inrepBasi ¢ynkiii y = y(x), gKka 3ajJaHa HESBHO y BULJISAI
piBugnnst F(x,y) = 0, 3HaX0/UTHCsI 3 YMOBU %F(ZL‘, y) = 0, npudomy npu BijI-
nykanui noxijgaoi pyukuil F'(x,y) rpeba maru Ha yBasi, 10 PyHKILs Y 3aJ1eKUTh

Bij x. [loxigHy BiJl HESIBHO 3a1aHOT (DYHKINT OTPUMYEMO B PE3YJILTATI PO3B’ I3aHHA

3HaMICHOrO PIBHAHHSA BIIHOCHO Y.
Bnpasu

1. 3HaliTH MOXiJHY BiJl MOKA3HUKOBO-CTEIIEHEBUX (DYHKITINA:

1)y =", 2) y=2a",

3)y = P 4) y = (In x)xzﬂ,

5) y = xsm%‘", 6) y = (arctg2 )arcsmx,
)y = (tgz)™*, 8 y= (2 +1)",

9) y = (sha)*, 10) y = 2* - 2"
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2. Kopucryouuch mpaujiom jindepeHIiitopanis odepHeHnx (PyHKINNR, 3HAWTH

/

Y
1)z =y/1+y,
3) @ = 2,

5) & = cos (y +3Y),
y+1

\/§ )
9) = logy(tgy + 2),

7) x = arcsin

2) v = Sy

2
4) x = i :
24 Iny
2 13
8)37:3y—CO§y,

10) = = 3arctg (2).

3. 3uaiiTi MoxXiHI BiJl TApaAMETPUYIHO 33 aHuX (DYHKIIH:

4

r =2t —t°,
1) <
\yzSt—t3,
11 tgt
r = =lInctgt,
3) {2 0<t<g,
y=tgt+ ctgt,
>
x = Incost, T
5) < 0<t<—,
1 t 4
= In cos —
\?J 5’
r . ¢
r = arcsin ,
7) < \/1+t2
1
= arccos ——,
\y \/1-|-t2

4. CkyiacTi piBHSHHSI JOTHUYHOI Ta HOpMaJl IO KPUBUX, 3aJJaHUX [TapaMeTpU-

qHO:
4
r =2t — t?,
1) < B Touni t =1,
ly =3t -1,
(24
T =,
2) < B 21ttttz B Touni ¢t = 0,
\y_ 1+t27

( 1
TS
2) < 2
( cos® t
x = ,
4) 4 Vv cos 2t
.3
st
\ Vcos 2t
(
xr = 2(t —sint),
6) <
|y =2(1 — cosi),
(
r = e cos’ t,
8) <
v = e? sin®t

1 <t < +o0,
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)
r = a(t —sint), -
3) < B TOull t = 5

|y = a(l — cost),

xr = a(cost + tsint),

4) 4 B Touni t = m,
|y = a(sint — tcost),

r = cos®t,

_ s

5) < B TOYIT t:Z’

\y:singt,

)

r =tcost, T
6) < B TOYIT t:Z’

\y:tsint,

([ 3t+1

T= e
7) < _th_t B Tounl t = 0,

\y_t2+1’

(

xr = 12 cost, T
8) < B TOYIII tza,

\y:6sint,

,

xr = a(2cost — cos2t), P
9) < B TOUI t = BL

|y = a(2sint — sin 2¢),

t
x:a<lntg§+cost>, _ T
10) B TOYIN § = 5

Yy = asint,

5. CkutacTu piBHSHHS JIOTUYHOI 1 HOpMaJIl JI0 KPUBOI, 3a/1aH0T HESIBHO, B TOUYII

M(xo;yo) :

T Y Xz )

D 100 T 64 ’ (6;6,4), 2) 2 * 18 ’ (1;3),
l’2 y2 )

35 - =1 M@3o0), 4) 2 =4z, M(1;2),
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TVy=2In(z+5), M(—40), 8 2*(z+y)=da*(x—vy), M(0;0),

9) 4ot + 6y —y* =0, M(1;2), 10)zy+Iny=1, M(1;1).

IIpuknaau po3B’a3yBaHHS BIIPAaB

) arcsin x

1.6. IIponorapudmyeMo oOMABI YACTUHN PIBHOCTI Y = (arctg% . Tonmi

Iny = arcsinz - In(arctg’r) abo Iny = 2arcsinz - In |arctg .

[IponudepenniroBaBiiyn 0OK/IBl YaCTUHM OCTAHHBOI'O CIIIBBIJIHOIICHHS, OTPUMYEMO:

Yy 2 2 arcsin 1
= = —— - Inlarctgz| +

Yy A1 =22

arctgr 1+ a2

Orxe,

y/ —9 (arcthx) arcsin x (111 \arctg £U| I arcsin x ) '

V1 — 22 (1 + x?)arctgx

3.4. Bukopucrobyrouu (GpopmyJly HOXIJIHOI lHapaMeTpuiHo 3a/1aHol (PyHKII,

CIIOYATKY OOUUCIUMO Ty 1 ¥

2sin 2t-cos® ¢

3cos’t - (—sint)v/cos 2t + Toveosar cos®t(sin 2t cost — 3sint cos 2t)

I‘; = =
cos 2t cos’> 2t
_ cos’t- (sint —2sintcos2t) cos’tsint - (1 —2cos2t)
Vcos3 2t Vcos3 2t .
. . win3
;- 3sin’ t cos tv/cos 2t + % B sin®#(3 cos 2t cost + sin t sin 2t) B
Y= cos 2t N cos> 2t -
_ sin®¢ - (cost + 2costcos2t)  sin®tcost - (1+ 2cos2t)
Vcos3 2t cos? 2t '
Tomi
, sin®tcost - (14 2cos2t) cos? 2t B
Yo = vcos3 2t cos?tsint(l —2cos2t)

sint 1—|—20082t_sint—|—2sint0052t_ to 3t >
"~ cost 1—2cos2t cost—2costsin2t g ot
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T , s
4.10. 3 yMOBH OTPUMYEMO, IO Ty = T (5) =0iy=y <§> = a.

JaJjii 00unc/II0eMo TOXiIHY BiJl MapaMeTpUIHO 3a1aH0l (DYHKIIIL:

/ yfs acost cost cost-sint
=— = = = =tgt
Yz / 1 . D) gtl.
Ty 11 1 int — —sint cos-t
a 7 51 sin sint
tg5 cos®g 2

Ockinpkn lim tgt = 0o, To x = 0 € pIBHAHHSM JOTUIHOI, & i = @ — PIBHSIHHSI
t—7Z
2

. .. . . ™
HOpMaJIl, IPOBEJICHUX JIO 3aJIaHOI KPUBOI B TOUII T = 5 >
5.8. B mromy Bumagky g = 0 1 yp = 0. 3 ymMOBM MaEMO HEsIBHO 3aJIaHy

d
byuknio F(z,y) = 2?(x+y)—a*(z—y). 3 bopmy.in d—F(:c, y) = 0 orpumaemo:
T
3% 4+ 2zy 4+ 2%y’ — a* + a*y' =0,
3BI1JIKU

,_a,2—33:2—2$y
v 22 + a?

9

i /(0) = 1.

Toji, BukopucroByouu dpopmy/in 3 naparpada 3.1 Jijisi 3HAXOJPKEHHS JIOTH-
YHOI Ta HOpPMaJil, IPOBEJIEHUX JI0 KPUBOI B TOUIll, MAEMO, 10 Yy = T 1 Yy = —T €
BIJIMTOBITHO PIBHAHHAMMU JOTUYHOI Ta HOPMaJIl, TPOBEAEHUMH 0 KPWBOI B TOYII

M(0;0). »

§3.3. Iudepenuian pyukirii. 'eomerpuanmii Ta HismIHMn 3MiCT
Tugepenuyiarom Pynxuii f(r) B TOUIl T( HASUBAETHCS BUPA3

df (zg) := f'(x0)Ax = f'(x0)dz,

Jie x — HesaJiexKHa 3MIHHA.
y B/
Af(zo) = f'(z0)Az + o(Ax),
to df (zg) — ne Jiniiina Bijgnocno Az wacruna npupocry Gyukuii f(z) B Touni

Zg-
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TFeomempuunutl smicm dugdepenyiana. Tudepennian dbyuxnii f(x) jpo-
PIBHIOE LIPUPOCTY OPJMHATH JIOTHMYHOI, sIKa 1IpoBejieHa J0 rpadika miel pyHKIl B
rouri (zo, f(zo)), sKIIO He3ageKHA 3MiHHA OoTpUMy€e npupict Ax (nuB. puc. 8).

Y

Yo + Ay

Yo

O

Puc. 8. Teomempuunut samicm dugepenyiana Gynryii 6 mowyi

Mexaniunut amicm dugepenuiana. Bupas dS(ty) = v(ty)dt osnauae
IIJISIX, AKWil Ipoiinuia 6 MaTepiagbHa TouKa 3a dac At, Kooy 6 pyxagach pPiBHO-
MipHO 3 TocTiitHo0 mBHKicTIO U(t)) = S'(t0).

Dopwma judepentiana ynkiii f(x) B Tourni xy € inBapianTHo0. To6TO, AKIIO
f(x) € mudepenniiiosroro B Touni g, To df (xg) = f'(xo)dr B 06UIBOX BUNAKAX:
KOJIM T € HEe3aJIeXKHOI0 3MIHHOIO, 1 Kosn © = x(t) € pudepenniiioBoio B rouni ty

dbyukiero, s kol x(ty) = .
OcHoBHI BJjlacTuBOCTI AudepeHIriaia

Huist josiibhux judepeniiiionux Gynkuiit U(x) ta V(z) cupaseiusi pis-
HOCT!I:

1) de =0, ge ¢ = const,

2) d(aqU £ V') = aqdU £ aedV, nie oy, ag — cradi,

3) d(UV) = VdU + UdV,
9 d(g) _yaw-vaw o,

V V2 ’
[Ipu mamux Ax cnpasegnusa dhopmyna Ay ~ dy, ToOTO

f(zo + Ax) = f(xg) + f'(x0) Az,
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3ayBakKnMo, 110 OCTaAHHIO (DOPMYITY 3Py THO BUKOPUCTOBYBATH JI0 HAOJINYKEHIX

00uKc/IeHb 3HaYeHb (DYHKIIIT B 3aJaHIUX TOYKAX.

Bnopasu

1. 3naittn gudpepeniiiagm HACTYTTHUX (DYHKILII:

1
_ 6 3
Hy=2z"+ux ~ o
3) y = COS T
YT T

2) y = (2 — 3z + 1)°,

5)y=In(v2cosz —1+V1+2cosz),

 V2r—1-v3+22

7))y = )
VY= o V=5
9) sinx L+ 1l (t (:U i 7T)>
pr— —n J— J—
Y 2cos2xr 2 & 2 4/))’

4) _x4—:L'2+1
YT 2
6) arccos x 1 1+2x2
= ——+1n
Y V1— 22 1—a

x x
8) y=2ch®= +3sh*=
5.533
10)y::[j .
xl‘

2. Buaittu gudepenniaaun ckaagenux byuxuii, skimo U = U(z), V =V (z),

W =W (x) — nudepenniiioui dyHKII:

Ny=U-V-W,
3) y = 1
SR/ TEE Ve Ve

U? W

5) Y= W—i_a )

7)y=cosU -sinV + Incos W,
sin? U

9) y = e + ctg W,

U

2) y = b

)y arceos v,

u-v

4) y=In——

Jy =t
6) y=In\ U2+ W2,

U+V
8) y = arctg I;[L/ ,

10) y = cos(sin* U) - sin(cos? V).

3. O6uucauru judepenniamu dyukuiil B rouri Mo(zo; yo) :

)
)
3)
)
)

5) e/ +xy =e,

1) (z+y)*Q2z +y)* =1,
2) ot +y* = 62 — 4y —

1
214+ zy) — Vay?+2=0, M, (5;2) ,

4) In\/2?2 +y? = arctgy, My(1;0),
x
MO(O7 1)7

M0(27 _3)7

33:07 MO(172)7



§3.3. Tupepenuian pynruyii. Teomempuunut ma Gizununuti smicm 101

(

6) r = a(t —sint), M, <a (Z_ 1) ;a),

>y:a(1—cost), 2
x = cos’t, 2 /2
y = sin®t,
= t2(t — 1),
8)< My (4;0)

- 1+t2 ’

(Y
xr = arctgt, 1
My (=L 2
4’2

4. 3a jgonomoron judepenniaia O0UMCIUTH HAOJIMKEHO 3HAUYeHHs (DYHKII]

y = f(x) B Touni z :

1)y =z, x=81,256, 2) y =cosx, x=149°
3)y=tgr, x=44° Hy=e"", =102,
5)y=(x—5)(r—6)>*(x—7)3 x=702  6)y=arctgxr, x =098,
7) y = arccosz, x = 0,03, 8) y=1lgz, x=102

9) y =ctgx, x =45°10, 10) y = cosz, x = 60°30".

IIpuknaau po3B’a3yBaHHS BIIPAaB

2.7. BukopucroByioun BjacTuBicTh iHBapiaHTHOCTI (bopMmu Judepeniiiadia,

MO2KEMO 3alluCaTu:

d(cosU -sinV +1Incos W) = d(cosU -sin V') + d(Incos W) =

= d(cosU) -sinV +d(sinV) - cosU + ~d(cos W) =

COS

= —sinU -sin VdU + cosV - cosUdV — tgWdW. »
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3.10. CriouaTky 3HaifgemMo MOXiAHY BiJI MapaMeTPUIHO 3a,aH0T (DYHKIIIT:

1 / 2t
oy (), w2

zp  (arctgt), Rz

_1
1-+¢2

HaJii, obuncgnMo 3HaUeHHs moxijgHol B Touri M (—%; %) .

,<7r)_ 2t
L\TL) T T 1y

Orxe, dy <_Z> = dx — mudepenniag 3a1aH01 PYHKINT, OOIUCTEHUI B TOUI

t=—1

4.7. Bubepemo zg = 0, rogi Az = 0,03. Qopmyna jjs1 HaAOIUKEHOTO 0OUN-

CJIeHHs 3Ha4YeHHst PYHKIT ¢ = arccos r B TOYII To + Ax MaTuMe BUIJISL:

1
arccos(zo + Az) = arccos g — ———=Au.

— 2
V1—1xj
[TijicraBuBIIM B OCTAHHE CHIBBIJIHOIICHHS BIJIIOBLAHI 3Ha4YeHHs To Ta A,

OTPUMAEMO

1

arccos 0,03 = arccos 0 —

§ 3.4. IloxigHi Ta AudEepeHIiaJan BUIMNX TOPIIKIB

IToxidnoro n-z20 nopsadky (abo n-oo NoxiHO©) 1 dudpepenyiarom n-20
nopsadky (abo n-um andepeniiagom) byl f(z) B ToUl Ty HA3MBAIOTH Biji-

MIOBIJTHO BUPa3u

/ (n—1) _ f£(n-1)
f(n)(xo) = (f(n—l)) (SC()) _ AI;IEO f ($0 -+ AAI'; f (960)

d" f(wo) = d(d" " f) (o) = ) (wo)da",

npu ymoBi, mo dyukiia f(z) € (n — 1)-pasis jaudepenniiioBHo0 B OKOJI TOUKK

To, & T € He3aJIeXKHOI0 3MIHHOIO.
OcHosHi npasuaa obvucaerHns noxridHux i dugeperyianrie UUWUL NO-
paodxkie. Axmo Gyukuil U(z) ta V(x) € n-pasis judepeHiiioBHuMI, TO BUKO-

HYIOThCS HACTYIIHI CIIBBIJIHOIIEHHS:



§3.4. Hoxioni ma dudepenyiasu SUWUT NOPAJKIG
1) (mU £ OQV)(") = U™ & a2v<“>, Jie ap, (ig — CTaJIl,
2) ZC'k U=y )~ popmyaa JleiiGnina, e Ch =

103

n!

Kl(n— k)

Axmo na cbyHKuH/I U(z) ta V(z) icayors mudepenniamu d"U i d"V, to

1) dn(OélU + OéQV) = O(ldnU + Oégdn‘/, Je 1, g — CTaﬂi,

n k n—k k k n!
2) d"(U-V ;;Cd U-dv, CF= =1

[Tpu obuuceHH] MOXiIHUX BUIKMX OPsJIKIB BiJ| €JleMeHTapHUX (DYHKIIIH BuU-

KOPUCTOBYIOTH HACTYTIHI (DOPMYITH:

1) ((az +by")"™ = a"u(p—1)(n—2) ...+ (= n+1)(az + by,

(n) —1)*n!
2 (55) “arer

T+ a)n—i—l )

3) (ax)(n) =a"In" a,

4) (Inz)™ = - :
m _ (=) (n—1)!
1 —

) ( ©8a x) 2"Ina ’

6) (sinax)™ = a"sin (ax + %),

7) (cosaz)™ = a" cos (aw + %)
z = (1),

dxmo dbynkiist 3a1aHa 1aApaMeTpUIHO PIBHIHHIME

y = (1),

Cdy Py d"y

JIHI Tu) da2 T g 00UHMCJIIOIOTHCA BIIIOBLJIHO 3a hopMyJiaMu
/ 1 N/
y oy ey (3) ry (5
W _Y y_ t Yy _ t
de x,  da? x T dan T}
Bmopasu

1. BHaiiTn moxXijiHl N-ro NOPSJIKY JaHuX (PYHKIIIA:

1)y = 2x %) y = 1
YT D@ +2) YT —5r+6
r—2 3

3 — , 4 =,
V= V=

TOJIl TIOXI-
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z—1
)y =In(5z =6), )y x? — 5x — 14
7) y = cos5x - sin 6, 8) y = cos’ x,
9 22— 4

2. BacrocoByoun gpopmysty Jleitbrina, 00UnCaTH MOX1IHI BKA3aHOTO MOPSIJIKY

HACTYITHUX (DYHKILIN:

l)yZQ—x’ n =12, 2) y=acosbr, n =S8,
3)y =e*sin3x, n =05, 4)y=xsh3x, n =098,
3z
5)y =2 n=12, 6)y:€—, n =29,
x

7V y=a?sin3z-cosbe, n=>5 8 y=a'ln(x*—4z+3), n==,,

2

9) y = 2°logyx, n = 10, 10) y=e “cos”"x -sin3z, n =38,

3. s dbyukmiit y = f(x) sunaiitu gudepeniianm BKa3aHOTO MOPSJIKY:

1
1) y = 2" +62*—32°+22—-8, n=4, 2)y:4—\/§, n=~>5,
A
3)y:1_—g;2’ n = 6, 4)y =2*Inz, n=-75,
2

5) y =sinz - cos2x -sin3z, n =10, G)y:(x—?)j(x—i—i%)’ n =3,
7)y=e*sinx, n=25, 8) y =sin*z +costz, n=7,
9)y:ln(x2_1)(x2_4), n = 6, 10)y=e sm(Sx—i—E), n=12.

4. O6uncanTy MOXIHI APYTOTO MOPSAKY JJst (DYHKIIIH, siKi 3a/1aH] HESIBHO:

1)%—%:1, 2) y* — 3y + 2 = 2,
3) cosecx - siny = 5, 4) ln($2 +y2) =T —Y,

5)6x+$:€y+y, 6)€x+y:$2—y2,
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7) In\/x? + y? = arctg y, 8) y* = cos(2x + 3y),
x

9) e* = (x +y)?, 10) tgz - tgy = 2.

5. 3HaiiTn MoxiiHI TPETHOTO MOPSAIKY [Jist (DYHKINH, Kl 3a/JaHl mapaMeTpu-

YHO:

( 4

r = 2t3, T = acos 3t,
1) < 2) <

\y:3t2, \y:bsin3t,

( 4

r=e ¥ r = t2 45,
3) 4 4) 4

\y:€4t, \y:t24_{_4’

( (

r = e % cost, r=Intg -,
5) 1 6) < 2

= e 2tsint, |y = cost,

( 4

z = 208"t T = ctgt+t,
7) < 8) < 1

— 2sin2t —
>y t 3 Y sint’
e

T = , x = Insint,
9) 1+t 10)

v = (t — 1)@t, y = Insin 2¢.

ITpuknaam po3B’sa3yBaHHS BIIPaB
1.7. IleperBopuMO JIOOYTOK TPUTOHOMETPUIHUX (DYHKIIIH B CyMy:
1 . :
V=3 (sinllz +sinx).

Toal 3a mpaBUIOM BIIIIYKAHHS IOXIJHOI M-T'O MOPSIAKY BiJi CyMH 1 (pOpPMYJIO0

MOX1JTHOT 1-TO TIOPSIAKY Bl CUHYCA 3alUIIEMO:

1 (n) m 1 (n)
y(”) = <§(sin 112 + sin x)) = (sin 11x) + §(sin ZU) =

1
2

1 1
:§-11”-sin(1la}+%>—|—§sin(ac—l—%).
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1
Orxke, y™ = 5 <11” - sin <11x + n77r> + sin (:1: + ng)) >

4.6. 3aCTOCOBYIOUN IIPABUJIO BIIIITYKAHHS IOX1IHOI [I€PIIOTO HOPSIJIKY BiJl He-

SIBHO 3a/1aHO01 (PYHKIIIT, 3aIIUIIEeMO

(" —a? + yQ); =0,

3BIJIKU
(1 +y)—22+2y-y =0.
2x — ety
O _
TKE, Y 2y + ety
Toui

p_ (2w — )2y 4 ™) — (20 — ") (2y + "),
i (2y + evTy)?

2—e™-(A+y)Qy+e™) - QY+ +y)) (20— )
(2y + ert¥)? '

[TizcrapuBmm B ocTanuio (hopMyIsly 3HaiIeHy MOoXiyiny 4, OTpuMaeMo

p (Ay+(2—22—-2y)e")(2y+e"Y) — (o4 (2042y — 2)e"Y)(2x —e" 1Y)
- (2y + evtv)3 '

Orxe,

) = 8(y* — a*) — 4(y* + 2° + 2xy — 2y — 2x)e" Y
(2y + er*v)3 '

>

5.3. CniouaTky 3HaHIEMO MOXIJIHY MEPIIOro TMOPSJIKY Y. BijJ mapaMeTpudHo

3aJ1aHO0T (DYHKIIII:

/_y_é_ 4€4t __€8t
Yo = T, —de it '
Tomi
8t 8t
"o (y:/n);f . <_€ )2 - —38e o 2612t
Yor = rh —demdt —4e~4t
Orxe,
12 12
7/ (y;c/?){t . (26 t);f _ 24e ! — _6 16t
x3 T - = —0€

) —4e~4t e 4

— 1OX1JIHA TPETHhOIO HOPsJIKY BiJl HapaMeTPUYHO 3a/1aH01 PYHKIET. P
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§ 3.5. Teopemu ipo cepeaHe aJjig audepeniiiioBHUX yHKITI

Teopema Poans. Hexaii dynxiis f(x) nenepepsha na Bijpisky [a;b], jnu-
dbepenuiitosua B inrepsasi (a;b) i f(a) = f(b). Toui ichye Touka ¢ € (a;b) raka,
mo f'(c) = 0.

Touka, B sIKiil 1TOXi/{HA PIBHA HYJIIO, HA3UBAETHCA CMAULOHAPHOIO.

Teopema Jlazpansca. Hexaii dynkiist f(x) menepepBHa Ha BiIpisky |a;b)
i qudpepenniiiopua B inrepsasi (a;b). Toui icHye npunaiiMi ojHa Touka ¢ € (a;b)
TaKa, Mo

Qopwmyiy 3 Teopemu Jlarpanka Ha3UBaOTh GOPMYAOI0 CKIHYEHHUL NPU-

pocmise. li samucyioTh me B TAKOMY BHTJIAIL:
flxo+ Az) — f(zg) = f'(xo+ OAZ)Az, 0<O < 1.

Teopema Jlarpansa Liocrpye Toit dgakr, mo B intepsai (a;b) suaitjerncs
Touka (Moxke Gyru 1 He ojHa), B siKiii jorudna jio rpadika dyskuii f(z) napa-
JesibHa Xop/, 1mo crnogydae touku (a; f(a)) i (b; f(D)).

Teopema Kowsi. Hexait byukuil f(x) ta g(x) nenepepsni Ha Bijgpisky [a;b] i
madepentiiiopui B inrepsaii (a;b), npuaomy ¢'(x) # 0 miist JOBLIBHONO 3HAUEHHST

z € (a;b). Toni icuye Touka ¢ € (a;b) Taka, 1O

f) = fla) _ f'(¢)

g(b) —gla)  g'(c)

SayBaxkumo, 1o Teopema Posuist € nacsijikom teopemu Jlarpan»ka, a reopema

Jlarpam:xa e nacjigkoMm Teopemu Ko,
Bmpasu

1. [lepeBipuTu BukoHaHHsi yMOB Teopemu PoJuist juist pyHKIIII:

1) y = cos 3z, 2) y = 2° — 62 + 5,

3)y=a—4dr, xc[-2:2], 4)y:1—(9:—1)§, x € [0;2],
2 _ 2

5)y=|r—1|, z€l02], 6)y———, wel-11],

X
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1
Ny=+/(x—28)?2 xe€l7;9], 8) y=(4"+2)(2—x)—6, =z € [0;5},
r+3, gxkmo —3<r<-—1, r+1, akmo —1 < x <0,
9) y= 10) y =
2t akmo — 1<z<0, e’, akmo 0 <z < 1.

2. Yu moxxHa 3acrocyBaTu TeopeMy JlarpamxKka g0 JaHUX (DYHKIIN, 1 SKITO

MOXKHa, TO 3HAUTU TOYKY C :

1)y =v2zt+ 22, = €[0;1],
Ny=z—2° z¢e[-21]
11
3 :5 4 —1, €|:__,_:|7
Jy=vaiz—-1), = 53
4) y =z +sinz, xe{o;g,
5)y =22 —Inx, z € [l;e],
6)y:ﬁ, r € [e; e,
Ny=01z+ez, xc0;2],
;
x2, akmpo 0 <z <1,
8) y = <
dr —2? =2, akmo 1<z <2,
\
r3_ 2
x, gkimo 0 <z <1,
—, akmmo 1 <z < 2,
\ 1
x, gkmo 0 <z <1,
1O)y: 1
—, gkmo 1 <ax <4,
x

3. Uu moxkna 3acrocyBaTn Teopemy Korri 10 ganux yHKIIIH, 1 IKIIO Tak, TO
3HAUTH BIJIMOBIIHY TOUKY C :

1) f(z) =22"+50+1, glx)=a"+4, xe[0;2]

2) f(z) =sinz, g(zr)=cosz, z€ [O; 5],
3) fz) =2% g(x) =2 , L€ [—1;1],

) fa) = gla)= g we 22,
5) flz) =sinz, g(z)=Va2, ze[-88]
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4. BukopucroByioun Teopemy Jlarpan»a, JJOBECTH HEPIBHOCTI:
1) \Cosx—cosy\ < |.I'—y‘, (\V/$,y€R),

2) |arctgx — arctgy| < |z —vy|, (Vz,y € R),

B)x_y<hq£<x_y7 Vx,y: 0 <y <ux),
x Y Y
4) iy;; < arctgy — arctgx < iy%;, Vr,y: 0 <z <y),
5 <In(l+z) <z, (Yo>-1),
) T stz <z (Vo>-1)
6)33_29 <tgat—tgy<x_2 ; (Va:,y:0<y<x<z>,
cos™y cos® 9

e >1+xz, (Vx>0),
_r
V1—a?
9 1+x)*>14ax, a>1, Vz>-1),

8) v < arcsinx < (Vz: 0<x<1),

10)(1+2)*<1l+ar, 0<a<l, (Vz>-1).

ITpuknaaum po3B’sa3yBaHHsd BIIPaB

2.3. OyuKIig y = f/m € HelepepBHOIO Ha BIJIPI3KY [— %; %} 3Ha-
fijieMo 11 oX1IHY:
;1 (e —-1) 42 1 2P(Bz—4) 1 br—4
5 Y- 5 el 5 Y-t
3Haifijiena 1oxijiHa iCHy€e B yCiX TOYKax 3a/aHoro Bijpiska, kpiMm x = 0. [lpn

. B A1)
x = 0 maemo, mo lim

» T Ax—0 Ax
po upepeHIiioBHICTb (DYHKINT HEe BUKOHYETHCA.

Y

= 00. Toji ymosa Teopemu Jlarpanrxa

Orxe, zacrocysatu Teopemy Jlarpamxa g0 dynkmil y = v/x4(z — 1) na Bijg-

11
pi3Ky [— 5; 5] He MOXKHa. W 2
3.4. Oyukuii f(r) = €" 1a g(x) = 11 5 € HeNepepBHUMU Ha BijJIpisKy
x
2z
[—2;2]. Toxigni f'(z) = €* ta ¢'(z) = Tt HE MAIOTh OCOOJMBUX TOUOK

Beepeimai npomikka (—2;2), Tobro cami (yHKIil € judepeHniioBHuME B

poMikKy (—2;2).
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Opnax, ¢'(x) = 0 B rouni = 0, sika HaJekuTh npoMixkKy (—2;2). Orxe,

ymoBu Teopemu Ko jijist 3ajjanux pyHKIIH HEe BAKOHYIOThCs. B>

1
4.6. IToxnagemo f(x) = tgx, roui f(x) = 5— Bukopucrosytoun Teopemy
cos? x
Jlarpam»ka, Maemo:
tgx —tgy 1
r—y  cosc’

ae c € (y;x) : O<y<x<g.

2

Ockinmpku ¢ < o i ¢ >y, To cos’>c > cos’x i cos? ¢ < cos?y, ToMy

1 - 1 ) 1 - 1
, :
cos’c  cos?x cos?c  cos?y
3BlcH
1 tgxr —t 1
_ tmrotey 1
cos?y xr—y cos® x
TOOTO
x — xr —
2y <tgzr —tgy < Qy’
cos?y cos® x

s
;[e()<y<x<§. >

§3.6. ®opmyaa Teiisopa

Dopmyaa Tetinopa s Gyuxiil f(x), sika BU3HAYEHA B OKOJI TOUKHU T( 1

n-pasiB JudepeHIiiioBHa B OKOJI i€l TOUKU, Ma€ BUIJISI;

" " ) (
£@) = £+ 20 @) 1 T g L e ),
abo "
n k 0
f@) =3 L ),
k=0

" (k)
ne P,(x) = Z fk—('il?o)(x — 20)" nasuBaerhest muorounenom Teiinopa, a 7,41 ()
k=0 ’

— 3aJIMIIKOBUM djeHOM (popmysin Teiisopa.

SauIKOBUil 9JIeH 3aMnCyOTh y Pi3HUX dopmax, ToOTO:

1) rps1(z) = o((z — 20)") -~ dopma Ileato,
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FO) (20 + O (2 — x0))

2) rpi1(x) = CES] (z —20)"™, 0< O <1 - dpopuma Jla-
rpaHxa,
(n+1) _
3) () =L ““Z?@ ") (1 0yi(r— m). 0<O<1 -
dopma Kori.
F (20 + O(x — 20))
4) rp(z) = (1—-0)"" Pz —x)"™ 0< 0 <1,

nlp
p > 0 — dopma [Hlneminnxa-Pora.

Axmo xg = 0, To popmyiia Teitsiopa Mae BUTIISIT

n e
=31 fmxk+o@ﬂ)
k=0

k

Ocranns dopmyia posknary Gynkuil f(xr) nasupaerbes gopmyaoro Maxao-
pena i3 3ajmikoBuM djienoM y dopwmi Ileano.

3ayBaXKuUMo, 10 y BUIAJIKY TTapHOI (PYHKIIT OTPUMAEMO (DOPMYITY

n F(2R)
f(z) = Z f(2—l<;()('))x2k + o(z2m),
k=0 '

a sikiio f(z) e HenapHoto (yHKILE0, TO

~ [P0) g

it o™,
—0

fx) =

k
Hagenemo poskiiajn jesikux ejaeMeHTapHux (pyHKIii 3a (gopmynon Makiio-

peHa i3 3aJjiuikoBuM 4jienoM y dopwmi I[eano:
2 n n k

1) e :1—|—:L‘—|—§—|—...—|—H—|—0(x): H—l—o(x),
k=0
—1 —1)-...-(p—n+1
2) (1—|—x)“:1+,ux+%x2+---+u(u ) " (u )xn—l—o(x”):
~p(p—=1) (k1) n
—1+Z o z¥ + o(z™),
k=1
30KpeMa
1 - k, .k n
= Y1 o),
k=0
1 - k n
=20 + o(z"),
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11_ = =1+ :1 (2;_‘]{1!)”:& +o(x"), je 2n—1)1=1-3-5-...-(2n—1),
3) In(1+ ) :x—%2+%3— +(—1)”1x—; + o(z") kzn; (_1);_1xk+0(:lf”),
4)ln(1—x):—x—%2—%3— —;n—l—o(x”)—kzn;%k+0(x”),

5) Sinx:x—z—?+§—?—. . .+%+ (2*"+2) —kzn;((;z):xi];l +o(a™?),
6) cosle—ﬁ—?—i—i—?— % i 0($2n+1) :kno (_é;:;% T O(x2n—|—1)’
7) th:x+§—j+§—?+. .+ (;;j:)' ( 2”H)::O (25_]{:11)' +o(z*""?),
8) chx:1+;—?+i—j+. : .+(§Z! + 0(:1:2”+1):kn0 é:;l + o(z*"*1).

Bopasu

1. Poskiiacru ¢dyHkuiil 3a dopmysoro Makiiopena i3 3aJMIIKOBUM YJIEHOM Yy

dopwmi Ileano:

1) f0) = 5

3) f(@) = <=

5) J(@) = (& VI,
) fe) =l

2

9) f(z) = cos®x + we"

11) f(z) = In(3 — 22 — 2?),

do + 7
x?2 —bxr+4’

15) f(x) = xshdx,

13) f(z) =

17) f(x) = x cos® 6,

6) f(z) =xIn(3z + 2),
8) f(z) = In(2? — 52 + 6),

10) f(x) =3,

x4+ 3
R0 = m gy
2? + 4 —1
W@ = s

16) f(z) = cha - sh 2z,

18) f(z) =sinx - cos 3z,
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19) f(z) = cos’ z - sinz,

113

20) f(x) = cos2x - cos4dzx.

2. Poskynacru yHKINT B OKOJII TOUKH X 3a ¢gopmyoro Teitjiopa i3 3a/uIKo-

BuM udjienoMm y gopmi [leano:

1) f(z) = cos(bx — 3), zp=1,
3) fz) =In(2x + 1), xp= 5
5) f(z) =In(2? =32 +2), x¢=3,
5)
7) f(x):m, zo = 1,
1 — 222
9) f(x>:2_+_aj—_xxg7 .T():].,

2) f(z) =xe™™, x9=—1,
20 — 1
4 = =2
)f('r) x_la Zo 5
2%+ 3z
= =2
6) f(x) QZ'—l—l ’ Zo )
1
8) f(x)zln(1+x—6x2), $0:§,
3r —1

3. 3a gonomoroio gpopmysn Makjopena, i3 3aanmkoBuM aieHoMm y dhopwmi Jla-

rpanyka o0UnCANTH HabuzKeHo (3 Tounicrio jo 1073):

1) V9, 3) €1,

6) sin 73°,

2) /90,

7) /734,

8) V130,

4) cos 85°, 5) In14,

9) arcsin 0,4,  10) arctg0,3.

4. 3acrocoByioun ¢popmyay Makiopena i3 3aJuimkoBuM 1jienoM y gpopwmi Ile-

aHO, OOYMCJIUTY I'PAHUILL:

e’ +e =2
x2

3) lim -
im ———
z—0 2z (e + 1)’

1) lim

)
z—0

.1 /1
5) im — | — —ctgx |,
=0 \X
1 1
7) lim (— — — >,
z0 \x  sinw
9) lirjp (\6/ 26+ 25—/ xﬁ—x5>,
T—+00

In(1 2
4) lim n(—+$)2’
z—=0cosxy —e "
e’sine — x(1+ )

6) lim

)
z—0

l‘g

1 — (cos x)n

8) lim

)
z—0

x3

((+

10) lim

T——+00

2, T\ 1
—r = )er—

61>
2 )



114 POBJIIJT 1. Ioxidna @ dugpepenyian dynryii ooniei 3minnoi

— arctg x + arcsinx In(1 + 23) — 2sinx + 2z cos 2

11) lim , 12) lim :
2—0 x2 2—0 arctg a3
et —1+2x . 3cosx +arcsinx — 3v/1+x
13) lim : 14) lim :
z=0  Incosx pray In(1 — x2)
. cosx —+1—a? cosx —+1—2x —=x
15) lim . : 16) lim — - ,
20 sinr — x =0 xftgr —e 41
—xv/1 —1
17) lim & — 2Vt 18) lim Ve <\/e”3 F1-—er — 1),
z—0 sinx - chx —shz’ T—+00
1 3
19) lim @ (1 —zln (1 + —)) 20) lim (x/:ch T+vz—1- 2\/§>.
T—+00 €T T—+00

IIpukjaau po3B’a3yBaHHA BIIPAB

2.5. 3ayBaxkumo, 10 poskia Gyukuil f(x) 3a dhopmynowo Teitsiopa B ool
TOUYKHU T( 3aMIHOI0 T — T = € 3BOJUTLCA 10 po3kiay dbyukiuil g(t) = f(xg+1t)
3a dopmysioro MakiiopeHna.

Otxe, aua bynxmnii f(z) = In(2? — 3z + 2) BBegemo saminy = — 3 = t. Toxi:
In(z? =32 +2)=In((t+3)?=3(t+3)+2) =In(t* +3t +2) =

t t
=In(t+1)(t+2)=1In (Z(t—l—l) <1+§>> =In2+In(1+t¢t)+In <1+§) :
Ba dopmynamu poskiany s In(1 + t) maewmo:

k ltk n (_1)/€—1tk

In(t+1)(t+2) ln2+z T

+o(t") =
k=1

- (1 21k> t* + o(t").

[ligcraBuBmm t = x — 3, OTPUMAEMO OCTATOUHMI PE3yIbTAT:

In(z? — 3z + 2) =1n2+zn:¥ (1+%) (z =3 +o((x—3)"). »
k=1

3.3. Cxopucraemoch popmysoo MakopeHa i3 3aJUIIKOBUM 4JIEHOM Yy (hopMi
Jlarpanxa just f(z) = e” :
2 QT?’ "

i
e’ =ltot ottt +H+T”+1(x)’
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o +1
ne rop(z) = mxn

3 niel dpopmysn npu r = 3 JliCTaHEMO:
1 1 1 1

1 1 1

W=

€

o
3

B 1 e 1
A€ Tni41 = Tntl § _(n—l—l)!.B”H'

[I1o6 obuncimT Habm»keHe 3Ha4deHHs e3 3 TouHicrio g0 0,001, BuzHaYMMO

. . . 1 .
CIIOYATKY, CKLJIbKU JIOJIAaHKIB Y (pOpMyl st €3 moTpibHo 3agumuTu. s nporo

PO3B’SI)KEMO HEPIBHICTH

3 1
runl < gy g < 0,00
OcklJbKu
4| < ! ! > 0,001, 1 |r5| < ! < 0,001
’]" = 7" oy
S5y T o700 00 L IS 3T T a0 S

: 1 : :
TO y opMyJi Jijisd €3 ToTPIOHO B3sITH 11'ATh JlojaHKiB. ToOTOo

L 1 1 1 1 1 1 1
e’ = +§+5'?+§'§+Z'§+T5,
ne |rs| < 0,001.
Orxe, ei = 1,396 3 Tounictio no 0,001. »

4.4. OcKlJIbKHA

A

In(1 2 — 2 <o 8
n(l+az)=x 2+3 4—|—0(::r;),
1 R A 7
cos T = —a—kz—a—ko(x),
4 6
-z 4 2 :U__:U_ 6
e’ =1 JJ—|—2! 3!—|—0(x),
TO
In(1 + 2?)

lim = =
z—=0cosxr —e "
L x2—%4+§—%8+0(x8) B
—hH(l) x2 x4 26 7 2 x4 20 6\
20 (L= g+ 5 — o) — (12 + 5 — 5 +o(a9))
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IanguBigyasabHI 3aBganHs 10 po3aiay 111
Bagada 1. 3a oznadenusimv noxijguol dyukinii suairu f/(0) :

tg (x3+x251n2), x # 0;

T

1.1 f(x) =
0, z=0.
arcsin (22 cos &) + 2z, z #0;
0, x=0.
arctg (zcos =), x #0:
1.3. f(z) = 8 ( ) 7
0, x=0.
In (1 —sin (2®sind)), =z #0;
0, x=0.
. . 3
sin (xsin=), x # 0;
L5 f(x) = ( ‘”) 7
0, x=0.
14+ In(1+22sind) —1, x#0;
1.6. f(z) = \/ ( ) 7
0, x=0.
sin (exz sing _ 1) +x, x#0;
1.7. f(z) =
0, x=0.
r2cosE 4+ 2z £0;
18. f(z) = e 2 7
0, x=0.
arct <x3—x3 sin i), x # 0;
1.9. f (z) = 8 5 7
0, x=0.
sinx - cos2, x#0;
1.10. f (x) = o
0, »=0.
x + arcsin (2%sin &), 2 #0;
L11. f(x) = ( m) 7
0, z=0.
t (2x2 cos(1/8z) __ 1+ .I) . x#0;
112 f(2) =4 s

0, ==0.

arctgr -sinL, x #£0;
113, f (z) = gu-sing, =7
0, x=0.
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202 + x2cos &, x #0;

1.14. f (z) = o
0, z=0.
z?cos? L,z £0;
1.15. f(x) = “ 7
0, z=0.
202 + 2% cosi, x#£0;
1.16. f (x) = “ 7
0, x=0.
In cos x
— o T 07
1.17. f (z) = v 7
0, z=0.
6r +xsint, x#0;
1.18. f (x) = v 7
0, x=0.
e””z—cosm7 T 0;
1.19. f (z) = v 7
0, x=0.
.5
e’ — 1, x #0;
1.20. f(x) = 7
0, x=0.
3¢%sing 1422, x#£0;
1.21. f(x) = 7
0, x=0.
14+ 1In(1+322cos2) -1, z#0;
1.22. f (x) = \/ ( x) 7
0, x=0.
3
ersing, . T 07
1.23. f(z) = 7
0, x=0.
2tga:_2sin:c
=, T 7#0;
1.24. f (x) = o 7
0, x=0.
arctg (3 — 22sind), =z #0;
1.25. f (z) = (3 ) 7
0, z=0.
esin(x% sin%) 1 4 5132 o # 0:
1.26. f(x) = ’ ’
0, x=0.
/1 —2x3sin2 — 142, x#0;
1.27. f (z) = \/ v 7

0, x=0.
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2 || o34 1 .
z2el |sm?, x # 0;

1.28. f (z) =
0, z=0.
ln(1—|—2:c2+x3) l‘;’éo
1.29. f (z) = g ’ ’
0, z=0.
Ccos £—cos 3T
-z o T 0’
1.30. f(z) = v 4

0, ==0.

Bamaqa 2. Ckuacru piBHsiHHst HOpMadi (y Baplanrax 2.1-2.12) abo piBHsHHS

notuarol (y Bapiantax 2.13-2.30) 10 jaHol KpUBOI B TOUIN 3 aOCIUCOIO X

21.y= 4z —2%) /4, my=2. 22.y=22"+3w—1, xy=-2

23.y=x—2°, xy=—1. 2.4.y=a2>+8/x — 32, =z =4
2.5.y:x+\/ﬁ, xo = 1. 2.6.y:\?7p—20, To = —8.
1+ x
2.7,y = = 4. 2.8. y =8y/x —T0 = 16.
Y 1 — \/57 Zo Y \/_ y Lo

29.y=222—3x+1, z0=1. 2.10.y:(x2—3x+6)/x2, xo = 3.
211y =7 -3z, 29=064  212.y= (2" +2)/(2a* —2), x0=2.

29 6
2.13. y = 2% + 3, xy—= —1. 2.14.y=5”4—+, 2o = 1.
] r*t+1
215, y=2x+—, x9=1. 2.16.y:—2(a:8—|—2)/(3(x4—|—1)), ro=1.
X
0+ 1 20 +9
217 y= —— = 1. 218, y = —— = 1.
(T L YT om0

219.y =3 (Vz —2vx), zo=1. 220.y=1/(Bz+2), z¢=2.
22l y=xa/ (2*+1), my=-2. 222.y=(2"—3z+3)/3, x=3.

2.23.y:2$/(562+1), xo = 1. 2.24.y:—2({7§+3\/§), xo = 1.
_1+3x2

2.25.y=———, x9=1. 2.26. y = 14\/x — 152 + 2, x= 1.
34 x2

2.27. y=3Vxr — ez, x9=1. 2.28. y = (3z —22%) /3, xp=1.

2.29. y = ac2/10 +3, x9=2. 2.30. y = (x2 — 2x — 3) /4, xo = 4.

Bamaua 3. 3uaiitu gudepentian dy :

3.1. y = zarcsin (1/x) —|—ln’x+ Va?— 1‘ , x> 0.



Inodusidyasvni 3aedanmsa do posdiay 111 119

3.2y =tg <2 arccos \/1—72:102) , x>0.

33.y = VI+ 20— In|z+ VT+2a].

3.4.y = 2larctgV/a2 — 1 — Va2 — 1.

3.D. Yy = arccos ( /\/m)
3.6.y—xln‘x+\/x27‘ ZL‘2+

3.7. y = arctg (shz) + (shz)Inchz.

3.8. y = arccos ((:U2 — 1) / <x2\/§>) :
3.9.y=1In <C082 x + \/m> :

3.10. y = In (:1: +vV1+ 3:2> — marctgﬂs.

2

1 1
3.11. y = el B M 3.12.y:hl(ex+\/62x—1>+arcsinez.

1+22 2 1422
3.13. y = x4 — 22+ aarcsin (z/2). 3.14. y = Intg (x/2) — z/sinz.

3.15. y = 2x + In |sinz + 2 cos z| . 3.16. y = /ctgx — \/thx/B.
Vaz+1 2
317,y —In | LV 2 318,y — ¢/ L2
2z T —2
r? —1 1
3.19. y = arctg 3.20.y =In|z* — 1| -
3.21. y = arctg (tgg - 1) . 3.22.y=1In ‘Qx + 2/ x2 +x+ 1’
3.23.y =1n }Cos \/E‘ + atg /. 3.24. y = e” (cos 2x + 2sin 2x) .
1
3.25. y =z (sinlnx — coslnx) . 3.26. y = (vx —1-— 5) e?Vil
3.27. y =cosz - Intgx — lntgg. 3.28. y = V3+x2—zln ‘x—l— V 3—|—3:2) .

3.29. y = o — (1 + x) arctgy/z. 3.30. y = xarctgzr — In/1 + 22

agaua 4. O0uncanT HAOJMKEHO 3 JOIOMOTO0 JT(epeHIiaa:

41.y =z, x="1,T6. 42.y= /a3 + 72, x=1,012.
4.3,y = <x+ 5—;1:2) /2, r—=0,98 44 y— /T, =27 54

4.5. y = arcsinz, x = 0,08. 4.6. y = m, x =0,97.
A7 y =z, T =26, 46 48 y=+r2+x+3, x=10T.

49.y =2, z=1,021. 4.10. y =z, x=1,21.
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411. y = 2?Y, x=0,998.

413. y=2°% =
415.y=2", x

= 2,01.
= 1,996.

417 y=+V4x —1, x =256.
4.19. y = /x, x=8,36.

4121, y=2a', =«

4.23. y = V13,
4.25. y = V2,

= 2,002.
x = 0,98.
xr=1,03.

4.27. y=+1+z+sinz, z=0,01.

4.29. y = v/2x —sin (72/2), = =1,02.

Bamaua 5. 3HaiiTu MOXigHY:

2(3x3+4x2—x—2)

5.1.y =
Y 15v1 + 2
xt — 8x2
5.3 y— — %
2 (22 —4)
(1+a:8) V14 a8
0.0. Y = Tonl? :
(:1:2 — 6) 4+ :U2)3
Ty = 12025
4 + 373
0.9.y = o
xy/ (2 + :z:3)2
6 3
— 2
513,y — 1T
o 21+ 222
V(1 + a2)°
0.15. y = 573
V2zx+3(x—2)
5.17. y = 5 .
x
(29:2 + 3) V2 —3
5.19. y = = .

4.12
4.14

4.16.
4.18.
4.20.
4.22.
4.24.
4.26.
4.28.
4.30.

.y:\?/;?, xr=1,03.

Ly=+/z, x=28,24.

y= /v, x=717064
yzl/\/2a:2+x+1, x =1,016.
y=1/Vz, =416

y =iz —3, x=1,T8.

y =21, x=2997.

y =zt x=3,998.

y =3z +cosx, x=0,01.

y=+vax2+5 x=107.

0.2. Yy = =
54 _2x2—x—1
W,
2
T
5.6. Yy = —————.
Y 2v1 — 324
(2 —8) Va2 —38
0.8,y = 603
3 1+£U3/42
0.10. y = ( x3/2)
(m2—2) V4 + 22
5.12. y = Y )
vVr—1(3x+ 2
0.14. y = 4;2 )
64 823 — 128
516, y = — 7 .
V8 — 3
5 1
5.18. y = (1 —a?) (/a3 + —.
T
r—1
0.20. y =

(22 +5) Va2 +5
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91 + 1) Va2 — |-
521, y = 22t )2:(: L 522.y=2 Ve
T 1+
1 NES 1
5.93. y = D594 y—3YrtrTl
(x+2)Va?+4x+5 x+1
1 7
5.95. y = 3. o] LT 526 y= —— L
(x —1) 6va?+ 2z +7
NCE 249
5.27.y:fx—+. 598,y = 2
v +ax+1 21 — 2%
3)v2r — 1 3
529 y— 3 V21 5,30, y = SLEVE
2517—"7 \ T +2

Bamaya 6. 3HaiiTi MOXiHY:

6.1. y:x—ln<2+e‘”+2\/e2x—l—ex+1>.
6.2. y = **(2 — sin 2z — cos 2z) /8.

1 e’ —3
6.3.y:§arctg 7
6.4 111+2$
4.y = n .
R Y R T
ver+1—-1
6.5.y =2ve*+1+In :
ver+1+1
2 3
6.6. y = -1/ (arctge®)”.

6.7.y = 3 In (62”3 + 1) — 2arctge”’.

18e%% + 27e% + 11
6.8. y=In(e"+ 1)+ ¢ e: :
6 (e + 1)

2 (v27 — 1 — arctg /2% — 1)

6.9. y= :
In 2 : .
vitet —
6.10. y=2(r —2)v1+e*—2In :
Y ( ) vi+er+1
e™ (asin Sz — [ cos fr)
6.11. y =
a? 4 32
6.12. y = e (P sin fr — a cos 5:6)
a? 4 32
613,y — oo 1+a60826x+2bsin26x
SR D 2 (a2 + 402
6.14. y = — —1In(1 .
Y x+1+ez n(l+e?)

6.15. y =z — 31In {(1 + ex/6> V14 ex/ﬂ — 3arctg ™S,
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8
6.16. yZZU—f—m.

6.17. y = In (ex + Ve — 1) + arcsine” ”.
6.18. y = x — e “arcsine® — In (1 +v1- 629”) :

2
6.19. y = 2 — In (1 4 €*) — 2e~*2arctg e®/? — (arctg e“”/2> :

23

e
6.20. y = .

1 a
6.21. y = t mro =
= ()

6.22. y = 3eV* (\/3 :U2—2\‘75+2>.
V1+er +e2r —et — 1

n .
V1+et +e2r —er 41
: 1

6.24. y =™ | x —

6.23. y =1

CoS
6.25. y = % {(xQ —1)cosz + (z — 1) sinaj} .

6.26. y = arctg (ex — e_x) :
6.27. y — 3eV7 (\/ﬁ — 592t + 200 — 60v/a2 + 1208/z — 120) .

€3x
6.28. y = — .
Y 3sh®x
6.29. y = arcsine © — /1 — e27,
1

6.30. y = _5612 (m4 + 222 + 2) .

Bamaya 7. 3HalTH MOXiIHY:

71.y=+xln (\/E—l—\/aﬂ—a) —Vzr+a. 72.y=In <a: +vVa?+ x2> .

2

x
73. y=2vx—4In(2+ Vx). 74 y=In—.
y =274l (2+ Va) VA
7.5.y=1n<\/5—|—\/33—|—1>. 7.6.y:1na2+x2.
a’ —x
7.7.y =In? (z + cosx) . 7.8.y =1n® (1 +cosx).
2 T T
7.9.y:1n1_x2. 7.10.y:lntg(z—|—§>.
1+ 2x 1 r—/2 V3
711y =1Iny/ : 712.y=2+—=1In +a" .
’ b 1 ’ V2o w2
7.13. y = Insin 1 7.14. y = logs logs tg .
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7.15.
7.17.

7.19.
7.21.

7.23.

7.25.

727y =

7.29.

y = log, log, tg x.
20+ 3

y = Incos .
x+1

= log, ——.
Yy g T

y = Inarcsin \/1 — 27,

y=In (bx + Va2 12a?).

f 5+ tg (g;/z)

\/g—tg(x/2)
y=Inlnsin(1+1/z).

3amada 8. 3HaiiTu HOXiJIHY:

1 3
81y—sm\/_—|— sin” x.
3 cos bx
83 v — to ] 1+1sm 4x
oY= gg3 4 cos 8

8.5,y =
y 2cos4dx
87 = cosln7 -sin? 7z
Y= 7 cos 14z
2.0, " ( 2) . 1 sin® 62
= ctg (cos -
y=o8 6 cos 12z
811 1 tl +1sm 10z
11. y = = cos - — )
Y73 59 ) 710 cos 20z
1 sin? 5z
8.13.y =28 tg 3 -
y= sm(c & )+5cosl():c
8.15. y = COS (tg 3) - sin? 15m.
15 c?s 30x )
ct in“17
817, 4 = g (sm ) sin® 17x
17 cos 34x
tg (In2) - sin 192
8.19. )
4 19 cos 38
321y — yfigd 4+ 2l
S Y= VIS 21 cos 42z
293 | 1+ sin® 23z
23.y=Incos = + ———.
4 3 " 23 cos 461

cossin 5 - sin? 2z

7.16.

y=2x(coslnz +sinlnx) /2.

123

7.18. y =lgln(ctgz).
1

7.20. y = Eln(ﬂtg T4/ 1+2tg2x> :
7.22. y = Inarccos /1 — ez,
- \/x2 1+ 2v2

Hy=h T A
7.26. y =1In (e +Vv1+ e%) .

Inz
728 y=In ————.
Y= M (1/x)

7.30.

y = Inln®In® 2.

1 cos? 3x
R.2. y = In2 — -
y=oos 3 Sm6x
1cos?4
S 4 y—ctg\/_ cos” 4x
S Sln 8t
6.y — sin cos 3 - cos? 2z
O T indr
3.8 (ctg2) 1 cos? 8z
8.y = cos - — )
4 8 16 sm 16z
1 cos? 10z
8.10. y = tg 2 — .
I= Vs 20 sm 20x
819 | 1 1 cos? 12z
A2,y =Insin—- — — .
y= 2 24 sin24x
814y = cos (ctg 3.) - cos? 14z
2813111283:
sin (tg 1) - cos? 16z
8.16. y — ( g7),
32 sin 32x
8.18. y V/ctg2 cos? 18:1:.
36 sin 36x
1 cos?20z
20,y = ct ) — — )
8.20.y = ctg (COS ) 40 sin40x
1 cos? 22z
8.22. y = In13) — — )
y = cos (In13) 44 sin 44x
894 ¢ 1 1 cos? 24z
24,y = sin — | — — )
J= o8 13) ~ 48 sin48z
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8.25. y =sinln2 +
8.27. y = \/tg (cos2) +

8.29. y = cos®sin 3 +
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8.26. y = \3/ cos V2 —

8.28. y = sin y/tg2 —

sin® 25x
25 cos 50z
sin® 27z
27 cos bdx’
sin® 29z
29 cos 58z’

Bamaya 9. 3naiiTu MoxijHYy:

9.1.

9.2.

9.3.

9.4.

9.5.

9.6.

9.7.

9.8.

9.9. vy

9.10

9.11.

9.12.

9.13.

9.14.

9.15.

9.16.

9.17.

x
.Y = — arccos T —

tgx — ctgx

V2
VT2

Vo '
2+az—x2+§arcsin

V1i4+22 -1

X

x2—4

Vit +16

¢§ 3z — 1
Y= 3 arctg

\/6:1:'
B r—1 1
¥y= r+1

— —arctg x.
y=5(z—4)

2
2
(1 + ) arctg /x
— x2 +

y = arctg

Y = arcsin
2z -1
YT

Yy = arctg

Y = arccos

1
—1In
4
1
1

3zy/x

2 + 22

3

1 +x
= t .
Y 2\/EjL or ¢ gVe

3
+x\/:r:(2 — x) + 3 arccos
2

y:2

4+ 2t 4
Y= 5 arctg — + —.
T 2 T

Yy = arcsin 4 /L + arctg /.
r+1

B 1 1 arccos T
J= 212

2
6
yzGarcsinﬁ— —;x

r—3
2

X

y:

8.30. y = sin® cos 2 —

8r — 22 — 7 — 9arccos
v 1— 22,

/e

1 cos? 26z
52 sin 52x
cos? 28

56 sin 56z
cos® 30x

60 sin 60z

20 — 1
5

r—1

x(4— ).

6x—x2—8+arcsin@/g—1.
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(1 + z)arctg /x — \/5

9.18. y =
x
0.19.  — 2y/1 — x arcsin \/x N 2 |
x NZ
2r — 5 9 —1
9.20. y = x4 b — 42— x? + 2 arcsin 4/ = 3
5) 1
9.21. y = arctgz + 611’1 ; j_r 1
1’ J—
9.22. y = arcsin ——— .
’ (r—1)V2
9.23. y = /1 — 22 — x arcsin \/1 — 22,
1
9.24. y = /T + = 3 arctg\/_Jr 3 arctg \/2_
v1ii—=x
9.25. y = arct :
y = arctg 7— 7

1
9.26. y = (23:2 + 6x + 5) arctg x_+2 — .
x

T
9.27. y = —————arcsin2z + = In (1 — 42%) .
1 x?—1 x3 3
9.98. y= (22> —x+ arct — xT.
y < ) ° x\/_ 23 2
9.29. y = (z + 2v/x + 2) arctg NG — V.

9.30. y = vV 1+ 22 — z? arcsin 193\/_ —V2In(1+2).
T

3amada 10. 3uaiiTi noxinHy:

1 | 2 ++5thz

10.1. y = n .
Y 45 2 —+/5thax
shz 3shx 3
10.2. y = + + —arcteg (shzx).
4 4ch*z  Sch’z 8 g g( :1:)

1. 14+ +th
10.3. y = = ln * L arctg vVth z.

1—\/tha;‘
\/_+thx thz
104. y = —.
f YV thr  4(2—thlz)
1 L 1+v2th 1 L
10.5. y——thx V2 iy 10,6,y:__1n(thf)_%
\f 1—\/§thaj 2 2)  92sh
10.7 1 atVitdthe | 1 1+\/§cthx
Aoy =

n . 10.8.
2av1+a? a—+1+a2thx v 18\/_ —V2cthz

125
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v/sh 2x 1. 1—-sh2x
10.9. y = tg —m8 —. 10.10. y = = Iln ——.
y arcgchx—shx Y 6 n2+sh2x
1+thax shzx
10.11. y = 4 . 10.12. y = .
Y 1 —thz Y 1+ chx
1013, y = D7 10.14, 5 = 137
ey \/Sh2$'2 Y \/ch6:z:2.
1+ 8ch 1 h 12sh 1
10.15. y = —- 62 3;12 n(chz) 10.16.y:—;T323+.
c sh”
h 3 1 3 h
10.17. y = _2Sch§ +garcsin (tha). 108,y = — arcsinlj?)%.
1 4—|— thx 1 1 h
10.19. y = v8thy 10.20.y:—1n‘th ’——m?’JrC r
f Tz \/_thx 4 shx
1 5+ 3chz 1 —8ch’z
10.21. y = —— in ——. 10.22. y = ———
Y 4 aresin 3+5chx 4 4ch*
2 1 sh 5)
10.23. y = — + + —arctg (shx) .
4 shxr 3sh®z  2ch?z 2 8 )
8 1
10.24. y = — cth 22 —
Y 3 3chaz-sh®z
1025 5 = = arctg (sha) —
25. y = —arctg (shz) —
Y 2 & 2ch?z
3 T chx
10.26. y = 21 (th—)—l— ho—
Y 2 " 2 e 2sh? x
shz 1 3
10.27. y = — — - = t hax).
Y 2ch’z  shuz Qarcg(s 2
10.28 e L ety (sha)
28y = —arctg (shz).
4 20h2 2 &
h
10.29. y = = [S ’ + arctg (sh:c)] .
2 |ch?z
chz 1 T
10.30. y = — — ~In(th —)
YT o 2\

Sama4a 11. 3HaiiT MOXiTHY MOKA3HUKOBO-CTEIIeHEeBOI (hYHKITII:

11.1. y = (arctg z) /2 marctea)
11.3. y = (sinz)™

11.5. y = (Inz)”

11.7. y = (ctg 3z)*

11.2. y = (sin )" ™"V

x

11.4. y = (arcsinz)*

11.6. y = z™"7,

gx

11.8. y = 2
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11.9. y = (tgx)™" . 11.10. y = (cos 5x)*
11.11. y = (zsin z)3Esne) 11.12. y = (z — 5)™" .
11.13. y = (2 +4)"™". 11.14. y = 2.

1115, y = (22 = )™ 11.16. y = (2! +5)"5".
11.17. y = (sinz)™/”. 1118, y = (2* + 1)
11.19. y = 19°" 2. 11.20. y = 2°° - 2%,
1121, y = (sinvz)* . 11.22. y = 2

11.23. y =2, 11.24. y = 2% - 5%,
11.25. y = 2" 11.26. y = (tg )™/
11.27. y = 2" 11.28. y = (5 + 1)
11.29. y = 2" - 29°, 11.30. y = (cos 220/

Bamaua 12. 3uaiiTu moxigHy:

1 2 2
12.1.y:—(562+8)\/:c2—4+x—arcsin—, x > 0.
24 16 x

dor + 1 N 1 ; dor + 1
arctg ———
1622 +82+3 2 ° \/5

12.3.y =2z — In (1 +V1- 6433) " arcsin (e 2“7) .

12.4. y = /922 — 122 + Sarctg (3z — 2) — In (3:1:—2+\/9:E2—12:c+5).
1+ v2z — a2
r—1

12.2. y =

12.5. y = 2x — x?

2 3 1
12.6. y = x—arcsin— + — (1:2 + 18) vaz—9, z>0.
81 r 81
1 dJr—1 1 3z —1
12.7. y = —= arct — - :
aes V2 +3 32 —2x + 1

T
128. y =3z — In (1 +V1- 6633) — e 3% arcsin (e?’z) :
12.9. y =1In (4:(:— 1+ /1622 —8x+2> — /1622 — 8z + 2arctg (4o — 1).
14+ 2v—x — a2 4
vV —x — 12

20 +1 +2x+1

12.10. y = In
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2
12.11. y = (22+3)"*-arcsin 5 3 3 (42°+120+11) Va2 +3z+2, 22+3>0.
T+
T+ 2 1 T+ 2
1212, y = + arct
YT i Az 6 V2 Vo) V2
12.13. y =5x — In (1 +V1- 61037) — e "% arcsin (e5x) .
12.14. y = \/x2—8x+17ar0tg(x—4) —In (5(;—4+ \/x2—8x+17>.
L B At
1915,y —m EVIIFA T2 T
2—ux 2—x
1
12.16. y = (3x2—4x+2) \/93:2—12:U+3+(3x—2)4 arcsin Ey—Y 3z —2>0.
aj —_
12.17 Loaretg Pt 71
17. y = —arc :
Y V2 & V2 oo 22 —21x+3
12.18. y = In (e&’" + /el — 1> + arcsin (6751) :
12.19. y = In (29@' — 3+ V/4z2 — 122 + 10) — V422 — 122 + 10 arctg (22 —3).
1++v/—3—4x — 22
12.20. y =1 3 —4x — 22
J-y="mn - x+2\/ e
2 1
12.21. y = 3 (4x2 — 4z +3) Va? -z + (2z — 1)* arcsin 97 1 20 —1 > 0.
19.99 20 — 1 n 1 ; 20 — 1
22,y = arctg ———
Y= 4 413 V2 & V2
12.23. y = arcsin (6*45”) + In <e4x + v edr — 1) :
12.24. y = In (53: + /2522 1 1) — /2522 + 1 arctg 5z.
1+ +vV—-3+ 12z — 922
12.25. 922 + In .
T v 31— 2
1
12.26. y = (3z + 1) arcsin 57 1 + (32* + 224+ 1) V922 + 6z, 3z +1>0.
x
1 2z +1 20 +1
12.27. y = —= arct :
Y R R R PR P
12.28. y =In <e3x + v/ ebr — 1> + arcsin (6_3$) :
12.29. y = /4922 + larctg 7x — In <7:1: + /4922 + 1) .
1 1 \/1 422
12.30. y = ~/1 — g2 + In Y2

X
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Bamaua 13. 3uaiiTu noxigHy:

131y = 0T /1 - 22

V1 — 22
T V1 —4x2
13.2. y =41In — -
14+ V1 — 422 T

133,y = (2% +5) Va? + 1+ 3 (2 + Va2 + 1),

2
2
13.4. y = 2% arcsin = + ‘ ;_ v 1—22

+ o422 + 22— 2, 4z +1>0.

3
13.5.y=3 I
Y arcsin - )

13.6. y =1+ 2?arctgx — In <a:+ 1+9:2).

+ V922 + 242 + 12, 3z +4>0.

13.7. y = 2 arcsin

3r +4
13.8.y:x(2x2+1)\/aj2+1—ln<aj+ :z:2+1).
V1 2
13.9.y:1n<a:+ x2+1)—i.
x
3 4o + 3
13.10. y = /1 — 3z — 222 + arcsin .
=V 2v/2 V17
13.11.y:\/(4+a:)(1+:z:)+31n(\/4+a:+\/1+x).
vVt — 1 2x — 1
1312y = YT | Barctg 22—
x V3
1 2?41 1 3
13.13.y:—1ngj ’ +2 — arctg V3
12 (22 +1) 2v/3 202 — 1

4
13.14. y = darcsin 5 3—1—\/4:L’2—i—12x—7, 21 + 3> 0.
X

2
13.15. y = 2arcsin 5 +4/922+62—3, 3z+1>0.

x+1
3
13.16. y = (2+32) Vo — 1 — éarctg\/x — 1.

1
13.17.y=5(:1:—2)\/:13+1+1n<\/:1:+1+1).
1. Va2+1—2x
13.18. y=v22+1——=In )
Y 2 Var+1+41
1319, y = ¢/F -t L, 1 "
. . = In —_ = — arc xZ.
Y c+1 2\2 21 &

1
13.20. y = z1n (\/1—x—|—\/1+:c> +§(arcsinx—x).
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13.21.

13.22.

13.23.

13.24.

13.25.

13.26.

13.27.

13.28.

13.29.

13.30.

POBJIIJT 1. Ioxidna @ dugpepenyian dynryii ooniei 3minnoi

Inx
=arctgv/12 —1 — ——.

3
+ V2?4 4x — 5.
x4+ 2
2
y=+/(3 —)(2+x)+ 5arcsin e
y = (arcsinz) 4 2v/1 — x2 arcsin x — 2.
V1 — 22

Yy = ——— + arcsinz.
x

2
2
y = x? arccos r — a ; V1— a2
42 1 V2 4+ Va2 +2
= — n .
Y x? V2 x
Yy = z (10—x2) \/4—x2+6arcsing.

4

1
y:arcsin +2\/a:2—|—3x+2, 20 +3 > 0.
2r + 3
— /x + arctg \/z.

y = 3arcsin

T
r+1

Yy = x arcsin

Bamaua 14. 3uaiiTu MOXigHY:

1
14.1. y = In(tgx + ctg ).

Sl ¢«

142. y =xcosa+sinalnsin (z — «).

1

14.3. y = —— [sin Inx — (\/5 — 1) . COS ln:z:} x‘/iﬂ.

3/_2\/5

COS T
14.4. y = arctg < ) .

145 y =3

14.6. y = (a® + 62)_1/2 - arcsin (

\/cos 2x

sin & sinx

cos? x costx’

Va2 + b2 sinx)
7 .

7" (3sin3x + cos3z - In7)

14.7. y =
Y 9+ 1’7
148 | sin x
L. y=1In .
Y cos T + v/ cos 2x
14.9 ! [ tg (acosz) + ltﬂ
9. y=————|arctg (acosx alntg —| .
Y a(l+a?) s &9



Inodusidyasvni 3aedanmsa do posdiay 111 131

14.10 1 1 N 11 1+sinx
10,y = — — —In—.
i 3sin®z sinz 2 1-—sinx
t
14.11. y = (1 4 2?) e¥ei&e, 1412, y = SBTTT
1l —xctgx
1 2rsin§ VVat+1—a?
14.13. y = —— arctg ’ n2. 14.14. y = arctg v x) x>0.
2sin § 1 — a2 x
67 (sin4x-ln6—4 cos 4 V2t
14.15. y = (sin 42 In 5 €os x) 14.16. y = arctg gx.
16+1In"6 1 —tga
2 si 5" (2sin 2 2z - In b
14.17. y = arctg ———nl 1418, y = O (2sin vrcosiye )
V9 cos?x — 4 4+ 1In“5
2 + th 37 (4sindz + In3 - cos 4
14.19.y:1n—\/_+ L 14,90, y — o (Asindr & A z)
V2 —tha 16 + In* 3
47 (In4-sin 4z —4 cos 4x) COS T x
14.21. y = . 1422,y = —2cosxr—3Intg —.
Y 16-+1n%4 Y sin? x & 2
5% (sin 3z -In 5—3 cos 3z) s .
14.23. y = . 14.24. y = x—In(1+¢e*)—2e 2arctge?.
y 971005 Y (14€7) g
1495, 4 = 27 (sinz + co2sa: -In 2) 14,26, y = In (ctg.x + ctg 04).
1+1In"2 sin «
14.27. y =222 4 3500
sin*x  sin“x 2
COS ¥ 4 2tg (x/2) + 1
14.28. y = : + arct :
Y 3(2+sinz)  3/3 & V3

3" (In3 - sin 2x — 2 cos 27)

14.29. y =
Y n’3 +4
1. 1+4cosx 1 1
14.30. y = =1 — — )
4 2 nl—cos:z: cosr 3cosdx

Bamaua 15. Buaiitu noxijgny y. :

( (
- 3§t§17 r=V1-1t,
15.1. ¢ 15.2. ¢
\y:SiH(%—I—t). \y:tgw/l_kt_
( (
T =2t — t2, x = arcsin (sint),
15.3. ¢ 15.4. <
\ y=3 (11_t>2 | y = arccos (cost).
( (
r=1In(t+vVit2+1), x =2 — t2,
15.5. ¢ ( ) 15.6. <
| y=tVI2+ 1. | y=arcsin (t —1).
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(

15.7. <

15.9. ¢

\

15.11. <

15.13. <

15.15. <

15.17. <

15.19. <

15.21. <

15.23. <

15.25. <

15.27. <

L V= arcsin

POBJIIJT 1. Ioxidna @ dugpepenyian dynryii ooniei 3minnoi

T = ctg (2e!),
_ t
> y=In(tge").

x = arctg e!/?,

y=+ve + 1.

1
Vi-tt’

r = In

1—¢2
1+¢2°

x = arcsin (\/1 — t2) :

2

y = (arccost)

xr = (1 +C082t)2,

__ cost
Y= sin?¢”
_ 1
T = arccos i,
y = Vt? — 1+ arcsin 1.
x = arcsin v/,

y =1+t
xr=1tVt:+1,

y=In 1+\/t1+t2'
r=1In (1 — t2) :

y = arcsiny/1 — ¢2.
v =1n /im0

y = 3tg*t + Incost.

xr = Intgt,

1
sin’ ¢’

y:

15.8.

15.10.

15.12.

15.14.

15.16.

15.18.

15.20.

15.22.

15.24.

15.26.

15.28.

N7

Y

N7

N7

N7

N7

Y

N7

N7

r =1In(ctgt),

o 1
y= cos?t’

y = 1—t2
T =
V1-t2)
_ 42
Yy = I V1=t vtlt
— In =t
T =Ini,

x = (arcsint)”,

t

Y= e

r = arctgt,

y =In ”tljth.
r = arctg %,

y = arcsiny/1 — t2.

x = t—t2—arctg,/¥,
Yy = V't — /1 = tarcsin v/1.
T = tf_htlgt +1Inv1 -2,

Yy = \/1t_7arcsint—|—ln\/1 — 12
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15.29.

sec?t
)

X

15.30.

y=tgt-Incost +tgt —t.

Y

133
\/137# arcsint+Inv/1—12,

t
1—¢2°

Bagaua 16. Ckiacty piBHSIHHS JOTUYHOT 1 HOpMaJIi JI0 KPUBOI B TOYIIl, IO

BLJIIIOB1JIa€ 3HAYEHHIO IapamMeTpa t = tg :

16.1. <

16.3. <

16.5. <

16.7. <

16.9. <

16.11.

16.13.

16.15.

16.17.

(

T = asin’®t,
_ 3 _
> y=acos’t, ty=m/3.
r=a(t—sint),
>y:a(l—cost), to = m/3.
_ 24+t
L= T3>
)
Yy = 21t_|_tt37 tO = 1.

Y

x =t (tcost—2sint),
y =1 (tsint+2cost),

r = 2In(ctgt) + ctgt,

| y=tgt+ctgt, to=m/4.
)

T = at cost,

{
| y=atsint, ty=m/2.
(
_ ot
) T = arcsin ——s,
_ 1 _
| Y = arccos ——s, to = 1.
_ Lyt
r = R

S
y:%—i_%) t0:2

N7

) xr = a(tsint+cost),

| y=a(sint—tcost), ty=m/4.

t0=7'('/4.

(

16.2. <

\
(

16.4. <

\
)

16.6. <

16.8. <

\
.

16.10. ¢

16.12. <

16.14. ¢

Y

16.16. ¢

16.18. ¢

T = \/gcost,

y =sint, ty=m/3.

r =2t — {2,

_ 94 43 _
y=3t—1°, ty=1.
T = arcsin ———

V127
1

= arccos s, to=—1.

_ 3at
=152

__ 3at? _
y_1+t2’ t0_2

_ 142 144
x =3l 1t

y =12+ 13, t=0.

T = sint,

y = cost, ty=m/6.
v = Lt

y:%lnt’ t():l.
T = asin®t,
y=acos’t, ty=m/6.
=t

y="1, th=-1
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( (
r=1-—1t% x:ln(1+t2),
16.19. < 16.20. <
\y:t—t?’, to = 2. | ¥ =t —arctgt, to=1.
( (
r=1t(1—sint), r = Lt
16.21. < ( ) 16.22. < £
| y=tcost, ty=0. \y:tg%l, to = 2.
( (
r = 3 cost, r=t—t*
16.23. < 16.24. <
|y =4sint, ty=m/4 \ y=t>—1t3, ty=1.
( (
r =141, T = 2cost,
16.25. < 16.26. <
\y:t2+t+1, to = 1. |y =sint, ty=-7/3.
( (
r = 2tgt, r=1+1,
16.27. < 16.28. <
\ y =2sin’t +sin2t, ty=7/4. \ y=1t> ty=—2.
( (
T = sint, T = sint,
16.29. < 16.30. <
|l y=d, th=0. | y=rcos2t, ty=r7/6.

Bamaqa 17. 3uaiiti noxijgHy GYHKIN N-T0 TOPAJIKY:

17.1. y = ze™. 17.2. y =sin2x +cos (x + 1) .
de +7

17.3. y = Vel 1, 174 y= 211
2x +3

175,y =1lg(bx +2). 17.6.y = a*.

17.7. y = m 178,y =lg (v +4).

17.9. y = V. 17.10. y = %

17.11. y = 2549, 17.12. y = sin (z + 1) + cos 2a.
17.13. y = V/e2orl, 17.14. y = 45:;??.

17.15. y =1g (3z +1). 17.16. y = 7°".

1717, y = —— 17.18. y = lg (1 + 2).

9(4x +9)
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4 or + 1
17.19. y = —. 1720 y = ———.
YT YT 13 (22 + 3)
17.21. y = a3, 17.22. y = sin (3x + 1) + cos 5z.
11 +12
17.23. y = Vedor1, 1724,y = — 2%
6x + 5
17.25. y=1lg (2 + 7). 17.26. y = 2~
x
17.27. y = R 17.28. y =logy (z +5) .
1+ Tx+1
17.29. y = . 17.30. y = —————.
- YT 1T (4r + 3)

Bamaua 18. 3uaiiTu noxigHy (QyHKINT BKA3aHOTO TOPSIIKY:

18.1. y = (2x2 — 7) In(z—1), y"=? 182.y= (3 — xQ) In?z, ytl =7

In(x—1)
18.3. y = xcosa®, y'l =7 184, y = ———2, I =7
’ / IS a1
1
18.5. Y= Oggx’ y[]] —2? 18.6. y = (41,3 +5) 621‘—1—17 yV —9?
i
|
18.7. y = a’sin (b —3), y''=2 188 y=—2, ¢V =2
T
18.9. y = (22 + 3) In?z, yl =7 18.10. y = (1—|—x2)arctgx, yH =2
1
1811 y = —, 4V =7 18.12. y = (dz +3)-27%, ¢ =?
X
In (3
18.13. y = ' **:sin (24+-3z), ¢y'V'=? 18.14.y = % y! 1 =2

18.15. y = (2x3 + 1) cosz, vy’ =? 18.16. y = (x2—|—3) In(x—3), yV =7

1
18.17. y = (1—z—2?)e V2 4V =27 1818. y = ~sin2z, y'' =7
i

1819. y = (x +T)In(x +4), v =? 1820.y= Bz —7)-37%, ¢V =2
_ In(2z+5) 117

18.21. y = T y =" 18.22. y = €"/? . sin 2z, y'v =7
1

18.23. y = n_5:1:’ yHI =7 18.24. y = xIn (1 — 3x), yIV =7
x

18.25. y = (2*+3x+1)e* ™2, yV'=?  18.26.y = (52 —8) 27", y'V =7

In(z—2
%’ y = 18.28. y = e “-(cos2z—x), y'V' =7

18.27. y =
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18.29. y = (5x — 1) In*x, y'!f =7

POBJIIJT 1. Ioxidna @ dugpepenyian dynryii ooniei 3minnoi

18.

logs x
z?

v

30.y = =7

Bamada 19. 3uaiitu moxijHy Apyroro MOpsyIKY Y. B DYHKIIL, 3agaHOT

19.2. <

19.4. <

19.6. <

19.8. <

(

19.10.

19.12.

19.14.

19.16.

19.18.

19.20.

napaMeTpuIHO:
(
T = cos 2t,
19.1. <
| V= 2sec? t.
(
x = el cost,
19.3. <
| vy = e'sint.
.
r =14 sint,
19.5. <
| V= 2 — cost.
.
T =t
19.7. <
L y=1/V1—t
.
T =1tgt,
19.9. < &
\fy: 1/sin 2t.
T =\,
19.11. < vt
|y = vt —1.
(
r=Vt3—1,
19.13. <
\ y = Int.
(
r=+t—1,
19.15. <
L V= 1/\/7_5
(
T =41t —3,
19.17. <
L y=I(-2).
(
r =14 sint,
19.19. <
L Y= 2 + cost.

x=+1-—1t2
| y=1/t.

(

x = sh’t,
_ 2

>y—l/ch t.

r =1/t
_ 2
[ v=1/(1+7).
T = sint,

\(y:sect.

< r=+t—1,
L y=t/V1—-t
(

) x = cost/ (14 2cost),
| y=sint/(1+2cost).
(

x =sht,

{

\ y = th?t.
(
T = cos’ t,

$
\ y = tg?t.

(
r =sint,

$
\ y = Incost.

(
r=1—sint,
$
\ Yy = 2 — cost.
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3amada 20. Jlopectu, 1o GyHKINS 4 38 I0BOJLHIE 3a/IaHe PIBHAHHS:

20.1.

20.3.

20.5.

20.7.

20.9.

20.11.

p

T = cost,
19.21. <
y = Insint.
\
x = el
19.23. <
| V= arcsint.
,
xr = cht,
19.25. <
— Vsh?t.
\
(
x=2(t—sint),
19.27. <
> y=4(2+cost).
r =1/t
19.29. < /
_ 2
y=1/(2+1).

)
x/2’

Yy = zxe

xy = (1 - :1:2) Y.

y =He ¥ 4" /3,
Y+ 2y = €v.
y=av1—a?
Yy =x — 2x
V=g

y' = 3y°.

y = V? —cr,

(x +vy )dx—2xydy:0.

y'sinz = ylny.

T =cost+tsint,
19.22. <
| V= sint — tcost.
.
T = Ccost,
19.24. <
— aind
> y =sin” (t/2).
r = arctgt,
19.26. <
_ 42
| y=t /2.
>
xr =sint —tcost,
19.28. <
| ¥ = cost + tsint.
>
T = cost + sint,
19.30. <
| V= sin 2.

20.4.

20.6.

20.8.

zy +y = cosx.
y=2+cv1— 22

(1—2%)y + 2y = 2.

_c
Yy = coszx’

y —tgx-y=0.
y=1In(c+e"),
y =e"v.

y=x(c—Inz),

20.10.

20.12.

(x —y)dz + xdy = 0.

_ 14z
Y =1

;1492
¥ =1

137
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20.13.

20.15.

20.17.

20.19.

20.21.

20.23.

20.25.

20.27.

20.29.

POBJIIJT 1. Ioxidna @ dugpepenyian dynryii ooniei 3minnoi

_ btz
Y= 1+bz

y—xy’:b(1+x2y’).

v=yn () L

(1+e")yy' =e".

1+y*+ayy =0.

Tx
ar+1?

y=a-+
y—xy’:a(1+x2y’).

y=vVVr+ve+1,

! _ -1

_ 2z 1
y_x3+1+a:’

x (:1:3—|—1) y’—l—(2:1:3—1) y =22,

Yy = —xcosx + 3z,

xy =y + 2?sina.

y=(x+1)" (e ~1),

—ih =t (l+a)".

20.14.

20.16.

20.18.

20.20.

20.22.

20.24.

20.26.

20.28.

20.30.

y=+v2+ 3x — 3z2,

1 12z
vy = —,
y = tgln 3z,

(1+y?) dz = zdy.

y=+v/x—Inx—1,

Inz + y° — 3xy?y = 0.
y=atg\/%—1,

a® + y? + 2zvaxr — 22y = 0.
y=(r+1)e",
y — 2xy = 2xe” .
y:6:c+:c2_'_26x7

y —y = 2xe
y=1/Vsinz +uz,
2sinx -y +ycosx =
=3 (xcosx —sinz).

_ =z
Y= cosa

Yy —ytgxr = secuw.
y =282 4 cosu,
rsinz-y' +(sinx—x cosz)y=

=sinx-cosx — x.

3amaqa 21. Pozkiiactu ¢yukiiiio 3a ¢gpopmysioro Maksopena:

9

21.2. y =

2

N
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21.3. y =In(1 — 2 — 62%).  21.4. y = 2z cos® (g) — .

sh 2z 7
21.5. y = —2. 21.6. y = ——.
4 X Y 12 + x — a2
i
21.7. y = 21.8. y = In(1 + 2 — 62%).
T y = In( )
h3z —1
219y = (v —1)sinbe. 2110, y= ——
h
21.11. y = 0 212, y = ——
YT o — a2 ' 'y_m'
21.13. y = In(1 — x — 122%). 21.14. y = (3 + e %)%
215, y = TEIT 216, y = —
Aoy = . . : 'y_12—x—x2'
21.17. y = 2*\/4 — 3. 21.18. y = In(1 + 2z — 8z?).

21.19. y = 2z sin’ (g) — 2. 2120,y = (z — 1)shu.

5
2121y = ———. 21.22. y = x/27 — 2.
6+ — 22
in 3
21.23. y = In(1 + 2 — 1222). 21.24. y = 220 o534,
X
arctg x 5)
21.25. y = . 21.26. y = ————.
x 6—x— 22
21.27. y = V16 — 5z. 21.28. y = In(1 — 2 — 202?).

21.29. y = (2 — €")% 21.30. y = (v — 1) chz.



PO3/1JI 1V. 3acTrocyBaHHs IIOX1IHOI

§4.1. IIpaBuso Jlomiraaga-Beprysti

1. Podkpumms Hesu3HaveHOCcMi 8udy

ol O

JE

Teopema 1. Hexaii:
1) dyukiii f(z) ra g(x) Busnaueni B npomixkky (a;b],
2) lim f(z) =0, limg(z) =0,

3) B npomixkky (a;b) icuyiors ckindenni noxigni f'(x) ra ¢'(z), npudomy

g'(x) #0, /
. . . - f=)
4) icnye ckinuenna (a6o mi) rpanung lim ——= = K.
r—a g'(x)
Tom lim M = K.

Teopema 2. Hexaii:
1) dyukiii f(z) ra g(x) BusHaueni B mpoMixkKy [b; +00), ne b > 0,
2 B @) =0 D gle) =0,

3) B npomikky (b; +00) ichyiors ckinvenni noxigni f'(x) ra ¢'(x), npudomy

g'(x) #0,

/
4) ichye ckindenna (abo Hi) rpaHuIlst :cl—lgloo g/ég =K.
Tom lim m = K.
T—+00 g(x)

Teopema 3. Hexaii:

1) dyukuii f(x) ra g(z) Busnaueni B upomixky (a;bl,
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2) lim f(z) = 00, lim g(z) = oo,

T—a

3) B upomixkky (a;b) icuytorsb ckinvenni noxijui f'(x) va ¢'(x), upuuomy

g'(x) #0,

4) ichye ckindenna (abo Hi) rpanuis lim

r—a g’(x)
f(@)

Tom lim —= = K.

f@)

Teopema 4. Hexaii:
1) dyuxnii f(x) ra g(x) Busnaueni B npoMmikky [b; +00), e b > 0,
2) lim f(zr) =00, lim g(z)= o0,

rT—+00 rT—r+00

3) B npomixkky (b; +00) icuyiors ckinvenni noxiaui f'(x) ta ¢'(x), npudomy

g'(x) #0,

4) ichye ckindenna (abo Hi) rpaHuils xl—lgloo 7(2)
f(z)

Tom lim ——= = K.
T—+00 g(;U)

f@)

II. Posxpummasa nesusnauenocmi eudy 0- 0o, oo — oo, 1%, 0, od?.

1. dkmo lim f(z) = oo, limg(z) = 0, me a Moxe OyTH SIK CKiHUEHHE, Tak
r—a r—a

x x

f(l ) a00 @ Toui
. 9(z) f(@)

PO3KPUTTS HEBU3HAUEHOCTI By (-00 3BOIUTHCST JIO POSKPUTTS HEBU3HATEHOCTEH

00 0
— abo —.
o 00
2. dxmo lim f(x) = oo, limg(x) = oo, to pizaumo f(x) — g(x) upe-
Tr—a r—a
1

1
- ogx)  f@) : :
CTaBJIAIOTh Y BULAALT ———— . TOJl POBKPUTTA HEBU3HAYECHOCT] BUJY 0O — OO

f(@)-g(x)
0

3BOJUTBLCA O POSKPUTTA HEBU3HAUYCHOCT1 6

i pisne £00, 10 j00yTOK f(7) - g(7) NOMAOTH Y BUJIsL

0

3. Hesusnauenocri sumy 1°, 0", oo 3BomgaTsea 1o HeBuzHaueHoCTi 0 - 00 3a

JIOTIOMOTOI0 300paskeHns (pyHKIIiT ( f (:c))g(z) y Bursy 9@ mf @),
Bnopasn

1. O6uucauTu rpanuni QpyHKIH, BUKOpUCTOBYOUN HpaBuiio Jlomitaus-Bep-

HYJLTL:
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20343z -5
lim :
a—1 13 — 622+ 5

5a3 —x — 22

1)

i V21
6T — 5T

5) lim :
z—0 x

7) lim a:arcsin%x |
z—0 x CcosSxT — Sinx
1 —cosa?

9) lim ——

a0 x2sinx?

1+t
11) lim i)
v 1 —2cos?

e’ —2cosx +e "

13) lim : ,

2—0 Tsinx

In(z -2
15) lim In (=~ 3)
—ch

17) iy S22 = b2

=0  sinx
19) I arcsin 2x — 2 arcsinx7

z—0 IB

2. O0YUCTUTH HACTYITHI I'PAHUIIL:

_ 1
1) lim ( —tgx),
z—1 \ COST
1 x
3) lim ([ — — —
) o1 (lna: 111:1:)’
1 1
5) lim ([ ———— — — ).
a—0 \ xarctgx 22

8=

7) lim (1+2x)-,

r——400

9) lim (tgz)™*,

T—7
: 2 ’
11) lim <—arctgx> :
r—+00 T

POBJIIJT 1V. 3acmocysanha norionoi

r—1

lim

2) r—lgn — 1’

Inx

4) lim :
=1y —1
er +sinx — 1
In(1+ x)
. dtgdr —12tgx
lim — -,
r—03sindxr — 12sinx
In(sin 3
10) Tim (26I037)
z—0 In(sin 7x)
4sin’x — 6sinx + 2
13°

4

6) lim

9

s)

12) lim ——; :
e—% 3sin”x + Hsinx —

1) 1 vain(lnx)
im :
z=+00 2x +5 - Inzx

In(1 — cosx)

16) lim
z—0  Intgax
18) lim cos(sinx) — cosx

z—0

Y

rl

ot =1
lim )
r—0 lnl’

20)

2) lim

x—0

1 1

xr sinz-cosx /)’
1

(a:—x2ln(1+—>>,
x

1 1

xr et —1)

sin

8) lim ™%
z—0

4) lim

r—400

6) lim

z—0

10) lim (sinz)"®”,
T

1

Sln T l—cosz
X

12) lim

x—0
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1 Jj
13) lim (ln —) : 14) lim Inz-In(1l —x),
z—+0 X z—1-0
. U g . ln(l—x)
15) 1 tg —— 16) lim (t :
5) Jc—l>r—i¥loo(g2$—|—1> ’ 6) xl_{%(gll?) 7
tgx) = 1
17) lim (ﬂ) , 18) lim a*,
x—0 €T r—+00
19) lim (1 — 10%)"8", 20) lim % '
z—0 z—+0

ITpuknanum po3B’sa3yBaHHS BIIPaB

1.7. BukopucroBytoun Teopemy 1, MOXKEeMO 3allucaTh

, r arcsin® z 0 _ (z arcsin® z)’
lim . = [=| = lim . .=
r=0xcosx —sinx  |0| 2-0(xcosx —sinx)
22 2 arcsin x 2 arcsin x 1 2z
arcsin” r + ——7—— 0 —(1+ 2)+ 3 0
. V1—x2 . V1—z2 12 1-2
p— hm - L = |[—] = hm z - — |2 =
r—0 COSX — T SINT — COS X 0 z—0 —Ssinx — T COSX 0
2v/1—x2+42x arcsin x 1 1 8z arcsin x 20242
iy VI I+ rp) + i T oy — 3
70 —2cosx +xsinx '
0

BayBaxkKMoO, 0 MalOId HEBU3HAYEHICTb —, MU IIOBTOPHO 3aCTOCYBaJU IIPa-
0
Buso Jlomrang-bBepuymn Tpuai.  »

2.5. 3aCTOCOBYIOUN TIPABHUJIO PO3KPHUTTSI HEBU3HATEHOCTI 0O — 00, OTPUMAEMO

_ 1 1 . x —arctgx 0
lim (| ——— :|oo—oo|:hm—:_

=0 \ x arctg x 22 -0 z?arctgx 0
1
MO Sk e, A v _ 9=
2—0 2 arctg x + 11‘; 20 2(1 + 22)arctgr +x |0
. 1 1
= lim =—. »

z—04rarctgxr +3 3

2.17. Kopucryemoch 1MpaBujIoM PO3KPUTTs HeBU3HAUYeHOCTI 1°° :

1 .
= z—sinx cosx
. tg:U = . L]n(tgi) O . tg% z2 cos? x
lim | — =lime:2""\"s ) = |=| = lime 2z =
z—0 xT z—0 0 z—0
. r—sinx cos . xf% sin 2z O . 1—cos 2z O
= hm €222 sinzcosz — hm € z2sin2z — |—| = hm € 2zsin 2z+222cos2e — |—| =
z—0 x—0 0 z—0 0
2sin 2z O 4 cos 2x
— llm eQSin 2x+8x cos 22—4x2 sin 2z — | = = llm 612 cos 2 — 24 sin 22— 82 cos 2z — \S/E >

r—0 0 x—0
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§4.2. Kpurepiii crajgocTi Ta MOHOTOHHOCTI (pYHKIIT Ha BIAPI3KY

Oyuknis f(r) HazuBaeThes 3pocmaroworo (cnadrnoro) na (a;b), skio jist
JIOBUIbHUX 3Ha4YeHb T1,To € (a;b) Takux, mo 3 < Ty, BUKOHYEThCs HEPIBHICTDH
f(z1) < fza) (f(z1) > f(22)).

Oyuknis f(x) HazuBaeThes Heapocmarwor (necnadrnor) ua (a;b), skio

JUIst JIOBLIBHUX 3HAYEHb T1, Lo € (a;b) Takux, Mo T; < T2, BUKOHYETLCS HEPIB-
miets f(x1) > f(22) (f(71) < f(22)).

Teopema 1. Hexait dynuxiis f(x) BusHadena i nenepepsua Ha Bipisky [a; b]
i Mae Ha npoMixkky (a;b) ckinuenny noxigny f'(x). Hust Toro, mo6 f(x) 6yna
na (a;b) cranor, HeoOxigHo 1 jgocrarubo, mod f'(x) =0 B (a;b).

Teopema 2. Hexait Gynkuis f(x) nenepepsua Ha Bijpisky [a;b] i judepeniri-
ifiopua B inTepsasi (a;b). s roro, mob f(x) Oyna HecmaaHoo (HE3POCTAIOUOH)
Ha [a;b], Heobxigwo 1 jocrarubo, mob f'(z) >0 (f'(x) < 0) na (a;b).

Teopema 3. Hexait byukuia f(x) nenepepsua Ha Bijpisky |a;b] 1 nudepen-
nifiopra B inrepsasi (a;b). dust roro, mob f(x) Oysa 3pocTaiouoio (CrnaHo) Ha,

[a; b], HEOOXiHO 1 IOCTATHBO, 06 BUKOHYBAJIUCH YMOBH:

1) f'(x) 20 (f'(x) <0) na (a;b),
2) ne icuye inrvepsana (a; ) C (a;b) Takoro, mo f'(x) =0 wa («; ).

Bopasu

1. 3HalTu TPOMIKKHU MOHOTOHHOCTI JIaHUX (DYHKIILIH:

1)y =a*— 2z, 2)y:x+1,

3) y = 32% — 927 — 27z + 30, 4)y=g+§§z,

5) y = arcsin(2 + x), 6) y =V —2(x—3),
7)y:£, 8) y:sinx—?)sing,
v=ita 0y ="



§4.2. Kpumepiti cmanocmi ma mMoHOMOHHOCTE GyHKuii Ha 610pisky 145

11) y = (22“:—1)(233—4)2, 12) yzcos:c—?)cos%,
13) tg — 14) y = sinz - sin 2
= arc = sinz - sin 2z
y g 1 _ x27 y Y
= (xt+3)?2—+/(x—3)% 16) y = cos 3z — 3cos,
1 2
17) y = 18) y = xe™™ ™
)y sinx + cosz’ Jy =t
19) n L= 20) tg 22
= arcsin = arc :

2. Tlpu sikomy 3Ha4YeHHI apaMeTpa a (PyHKIlis:

1) f(x) = 32® + ax + 3 3pocrac na R,

2) f(z) = Vaa® — 1222 + 6z 3pocrae ua inrepsaii (0; +00),

3) f(z) = i 1:(:3 + (a — 1)x* + 2 + 4 3pocrac na R,

4) f(z) = (a — 1)2* — 62> + 6(a + 1)z + 7 3pocrac na R,

5) f(x) = 22° — 3(a + 2)a* + 48azx + 62 — 5 3pocrac Ha R,

6) f(r) = (a — 2)z*—120*+6(a + 5)+3 monorounna ua inrepsasni (0; +00),
7) f(z) = (a — 3)2* 4+ 63V/72% 4+ 12(a + 3)z — 4 3pocrae na R,

8) f(x) = (a—1)2*+62°4+3(a—4)z+2 Monoronna na inrepsasi (—o0;0),
9) f(x) = ax + cosx 3pocrae na R,

10) f(x) = 2z + 4 arctg 3z 3pocrae Ha R.

3. JloBecTn HacCTyIHI HEPIBHOCTI:

l)e*>1+x, Vr#0,

2
2) —x <sinx <z, Vze (O; Z),
T 2

$3

3)x—E<Sinx<x, Vo > 0,

1 x 1 r+1
4) <1+—) <e<<1+—) , Vo >0,
X X

5) 2 —1>a(z—1), Vx>0, a>1,
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3

6)tgr >+ —, O0<a<~—
Wi Wi X
g 37 )

3 3
7) T = <arctga:<a:—g, Va € (0;1],

8) Vr—vx—1<1, Vx>1 neN,
ZL’Z
9)6x<1+x+?e”, Vx> 0,
2 :CS

S P .
10) e™* > T+ 6 Vx>0

4. 3’sacyBaTh, IpH IKUX 3HAUEHHAX & JaHi PIBHOCTI € TOTOXKHOCTSIMU:

1) arcsinx 4 arccos x = g, 2) arcctg x = arctg i,
3) arctg x + arctg 11—;3 = %, 4) arctg x + arctg 1 = arctg 1 J_r i,
5) arctgx = T 18b1"csin A 6) arccos x — arctg vi-a =
2 2 1+ 22’ T ’
1 7 . 2
7) arctg x + arctg — =5 8) 2arctg x + arcsin it

9) 1+ sinx = 2cos’ <z — §>7 10) QCtg<E—x) sin? <z—m> =2cos’ z—1.

4 2 4 4

5. 3’gcyBaTu, 91 ICHYIOTb IPOMIXKKH, B IKUX JaHi PYHKIIT € CTaJIUMHU, 1 3HAUTH

3Ha4YCHHA IIUX CTaJINX:

2) tg®x + ctgx —

3 5
1) cos(m + 3z) cos 2x — cos <77r - 3$> sin 22 — 2 sin® 7%
1
sin®z - cos? x’
il —|—x> sin (E — 3:) + sin?
3 3 ’

3) sin(
-6 6 3
4) sin” x + cos x—Z(cos

5) arctg x — arcctg

: 2
2x—smzx) ,

l—=x 1
6) arctg x — arccos

1+ 2z’ V1+ 22
7) arcctg x — arc arcctg x + arc
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9) 2arccos x + arccos(22z? — 1), 10) arccos x + arcsin /1 — z2.

TIpuK/IaM O3B I3y BAHHs BIPAB
1.11. 3naiiziemo moxiany dynkmii y = (227 — 1) (27 — 4)
y= (@ 1) (@ ) (29D 1) =
=22 In2.2(2" —4)* +2(2° —4) - 2°n2(2* —1) =
=2"In4(2" —4)(2-2* —4-.2" - 1).
[pupiBHsEMO OTPHMANY TOXIHY 10 Hys:
(2 —4)(2-2* —4-2"—1) = 0.

Toui 2 —4 = 0 abo 2-2% —4-2% — 1 = 0. 3Bijgcu OTPUMYEMO KODPEHi J[BOX

PIBHSIHD:

2+6

1 =2, x9=log, = logy(2 + V6) — 1.

BinkiageMo oTpuMaHl TOYKM Ha JIHCHIH Ocl 1 JTOCHIUMO 3HAK IOXIJTHOI Ha

KOXKHOMY 3 TPhOX OTPUMAHUX IHTEpPBaJiB (JuB. puc. 9).

log,(2 +1/6) — 1 2 T

Puc. 9. Jlocaidoicenna noxionor 3a0anoi Gynsyii 6 ompumanus npomincras

Tomi o/ (x) > 0 s Beix © € (—o0; logy(2 + v/6) — 1) U (2; +00), ¥/(x) <0
s seix @ € (logy(2 +/6) — 1; 2).

Omrxke, GyHKIST Yy = (225”— 1) (25”—4)2 € MOHOTOHHO 3POCTAIOY0I0 Ha KOXKHOMY
3 mpoMizKiB (—00; logs(2 + v/6) — 1) i (2; +00) Ta MOHOTOHHO CIAJHOI HA
npomizkky (logy(2 +v6) —1;2).  » ,

3.6. Posrusinemo dynkuio f(z) =tgr —x — %, se x € (0; 2) . Buaitgemo
1T 10X THy:

1

cos? x

f'(x) =

—1 -2 =tz — 22> 0, Vxe((); g)
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23
Omrxe, dyukuist f(r) =tgr —x — — 3pocTae Ha npoumizkky (0; Z) . Ockisb-
3
x
ku f(0) =0, ro f(x) > 0 mus jgoBiabHOIrO T € (0; %) abo tgxr > x + 3 >

2
4.8. Posriganemo dyukiio f(z) = 2arctg x + arcsin er, AKa BU3HAYCHA,
x
npu r € R. 3naiigemo i1 noxijgHy:
2 1 2 — 2x°
fi(x) = 3 T ' NZ
1+ 1 42 (14 2?)
(T+a2)?
_ 2 1ga? 2o 2 1 — g2
1422 1—2? (14222 1422 11 —a2 )

3ayBaKuMo, 10 (PYHKIA Mae CKIHIeHHY MOXI/IHY Y BCIX TOYKax 00JacTi BH-

3HaveHHs, kpim r = 1. Kpim Toro,

[Ipu = € (—o0; —1) U (1; +00) f'(z) = 0, ToMy Ha KOXKHOMY 3 TIPOMIXKKIB

dbyuxnis f(z) e cranoo. dxkmo z = —/3, 1o f(—/3) = —r. Hexaii temep
r=+/3, rom f(V3)=m.
Orxe,
. 2T .
2 arctg x + arcsin a2 —m, Vr € (—o0; —1),
. 2 _
2 arctg x + arcsin e hakis Vr € (1; +00). »

§4.3. Excrpemym ¢byHKIil B Touri. JloctaTHi yMOBH

Touka () HA3UBAETHCS TOUYKOI JAOKAABHO20 MAKCUMYMY (MIHIMYMY)

bynkuil y = f(x), saxumo icnye Takuit okis uiel Toukn U(xg), 1mo

(Ve € Ulxo)) - {f(z) < flzo)} ({f(2) = f(20)})-

Touku Mmakcumymy i MiHIMyMy (DYHKIIT HA3UBAIOTHCS MOYKAMU eKCMPEMY-
MY PYHKULT.
Heobxidna ymosa excmpemymy. B Toukax, Mijo3piinx Ha €KCTPEMYM,

noxizna Gyukuii f(x) popisuioe nyio abo ne icuye.
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Touku, B IKMX 1MOX1jiHA PiBHA HYJIIO 800 HE ICHYE, HA3UBAIOTHCA KPUMUYHU-
Mmu. Touku, B SIKMX 1OX1JiHA PIBHA HYJIIO, HA3UBAIOTHCS CMAUIOHAPHUMU.

ocmammi ymosu execmpemymy. 1) dxio dbyukuisa f(z) nudepeniiiion-
na B okosii U(xg) 1 npu nepexoi yepes Touky xq 11 noxijgua f'(x) 3miHioe 3HaK,
rooro f'(x) > 0 (f'(x) < 0) mia x < xy B Mexax okouy U(xg) i f'(z) < 0
(f'(x) > 0) gost © > xy B Mexkax okosy U(zg), TO Ty € TOYKOIO JIOKAJBHOIO
Makcumymy (minimymy) dynkiii f(x).

2) dkmo dysknis  f(x) asiui  gudepennifiona B okoni  U(zg) i
f(xg) = 0, f"(xg) < 0, TO Xy € TOUKOW JIOKAJILHOTO MaKCUMyMy (yHKIIT
f(z); axkmo f'(xg) = 0, f"(xg) > 0, To Ty € TOUKOIO JOKAJHLHOTO MiHIMYMY
byuxuii f(z).

3) Hexait dynkuis f(z) e n-pas audepenniiioron B okosmi U(zg) i
fl(xo) = f(xo) = ... = fO U(xg) = 0, ane f™(xg) # 0. dAxmo wucio n
e mapunm, 10 npu f(29) < 0 TOUKA T € TOUKOI JIOKAIBHOTO MAKCAMYMY,
pu f(”)(xo) > (0 TouKa T( € TOYKOIO JOKAJHLHOTO MIHIMyMYy. ZKIO 1uuciao n €
HelapHUM, TO eKCTPEMYMY B TOUIl Xy HE ICHYE.

BayBaxkKuMmo, 110 JIPpyra 1 TpeTss yMOBa, €KCTPEMyMy 3aCTOCOBHA JIMIIE JI0 J10-

CJIJIPKEHHS CTaIlllOHAPHUX TOYOK.
Bmpasu

1. Hocaijiutu Ha eKCTpeMyM HACTYIHI (PYyHKIIT:

22 — 37 + 2

1)y =2a"— 62" + 9z — 4 y="F—F——
12

3)y:H, 4)y=avr —1,
x

5)y = Val+ Va2 —4dr +2, 6)y=e"+e™,

1

7)y=+z+Inx, 8)y:arctgx—§ln(1—|—x2),

9) y = x — arcsin z, 10) y = cosz + 5 o8 2,
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1

11) y = cosz + ,
COS T

13) y = €” cos z,
15) y = logs x — 6log: v — 15log; =,
17) y = logy x + log,, 2,

19) y = |2 — 4o — 12|,

2. JloBecTn HACTYITHI HEPIBHOCTI:

1) lasinx + beosz| < v/a? + b2,

2
3)1§M§1,
23 322 —x 42
2v/3 23

5) — V2 < _ < V9
) o sin® 7 — sin z 5

POBJIIJT 1V. 3acmocysanha norionoi
12) y = |z|e 1o~
) Yy = ‘IE‘G )
2 —=x
4)y=zx"",

T
16) y = 2x + arccos 2

18) y = 3% — 15 - 3% 427 - 3",
1—=x 9
20) y =1 -
Jy=Imn 5
2>1<x2—x—|—1 <3
3" 2 +ax+1"

4) \/xQ—\/ﬁaH—lzg,

13
6) 1<sin? 2x—2sin23:+3§z,

—n Nk n 1 cos 2
72 < YT 1 450,450, neN, 8) - < 5 o
T+ a 4 7 1+ 3sin“zx
1 1
9) T < sin® x4 cos® x < 1, néeN, 10) 3 < sin*x + costx < 1.

3. 3HaiiTi KpUTUIHI TOUYKN DYHKITI:

Dy =(z—1*e-2)(z—-3)"
-3
3) y:\/gcongrsing—xQ :

5)y=e"+2cosx+e ",

In" 2
Ny=——o7ofy
x
9) y = In(2* + 1) — 2arctg ,

2)y2x33 (.I‘—l)z,

4) y = (¢ = 8)e™™,

a3+ 222 +4x + 4

61:

6) y = :

8) y = sin2x + 2 cos <g—x>,

10) y = |2* — 7z + 10|

4. BnaiiTn BCl 3HAYEHHST 3MIHHOI T, TIPU SIKUX CBOTO HAWOLILINONO 3HAYEHHST

HaOyBae PpyHKIList
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X

- — 2 — x€2—|—x—x2
oL )y ,

1)y
3) y =4 +sin’?2z — 2sin’z,  4) y = sin 6z — V/3 cos 6z,

1
5) y = arcctg (5 sin x), 6) y = arcsin(sin® z),

1 — a7 2|

7) y = arcsin : 8) y = arccos

1+ 22 1+ 22

5. 3HalTu BCl 3HAYEHHSI 3MIHHOI T, P SIKUX CBOIO HAHMEHIIOIO 3HAYEHHSI

HaOyBa€ (PyHKITist

_ —2x - . 2
1) y=>5c+e ™, 2)y—10g%(3 r —z°),
3) y =2xInz — x1n49, 4)y=9"—2-3"-3,
4(2 —
5) y =2cosx + , :L‘E(O; E), 6) y = ( .cosx) ZCE(O; E)
2cosw 2 sin x 2

ITpuknaam po3B’sa3yBaHHS BIIPaB

1.15. Obuactio BusHaveHHst jaHol yHKILT € MHOXKuHA 3HaveHb & € (0; +00).

SHailj1IeMo HOXiJHY:

/ 1 1 15
'— (100% 2 —61og2 —151 ):12.——121 - - =
Y (og5x 6logsz—15logy x| =3logsx - —— 85T n5  znb

3
= xln5(log§x—4log5x—5).

[TpupiBHsBIIM MOXIAHY JIO HYJIs, 3HANWIEMO TOYKHU, MiJI03PiJIi HA €KCTPEMYM:

3
m(log%x —4logsx — 5) =0,

3B1JICH

10g§:€—410g5:6—5:0.

Beismu 3aminy logs x = t, oTpuMaeMo KBajparHe piBHaAHHS 12 — 4t — 5 = 0.

1
Otke, t;1 = 5 abo ty = —1, 3BiaKH 1 = 3125 abo xy = o
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st pociimKedHst (DYHKIT Ha €KCTPEMYM BUKOPHCTAEMO MEPINY JOCTATHIO
yMoBYy. st boro BijiKJ/aeM0 3HailjieH] TOUYKKU Ha JIRCHIR OCl 1 JOCILIMMO epIy
noxiHy (DYHKIHT BeepeinHi OTpuManux mpoMixkkis (puc. 10).
Ipu z € (0; %) U (3125; +00) noxigua Gyukuii ¢’ (x) > 0, npu = € (%, 3125)
noxigna dysxuii y'(z) < 0.

0 3 3125 @

Puc. 10. Hocaidocenna norionoi gymxuii y = logg T — ﬁlogg x — 15logs x
_ . . . . . . 1
Orxe, £ = 3125 € TOUKOIO JIOKAILHOIO MiHIMYMY 1 Ymin = ¥(3125) = —40, v = ¢

€ TOYKOIO JIOKaJbHOI'O MAaKCUMYMY 1 Ymax — U (%) = 8. >
202 + 1+ 1

32—z BU3HAYEHY 1 HEIlepePBHY IIPH
e —

2.3. Posmisinemo dynkiio f(x) =
x € R 1 3naitjgeMo 11 moxijiHy:

o) = (296 —|—:c—|—1) _ (dx 4+ 1)(32* —x +2) — (6x — 1)(22° + = + 1)

322 —x 42 (322 — x 4 2)?
1202 — 42?2 +8x + 322 —x+2— 1222 — 622 — 6+ 222+ x + 1
B (3x2 —x 4 2)? -

—5a® +20+3  Sx*—2x—3

B2 —z+2?  (B2—z+2)?

[IpupiBHABIIM TOXiIHY /10 HYJIdA, 3HAHIEMO CTalllOHAPHI TOYKH:

522 — 22 —3 =0,
3

3BlIKN 1 = 1 abo z9 = —r

JocyiuMo 3HaK IOXIAHOT Ha, ITPOMiIXKKax (—oo; —%) : (—%; 1) i (1; +00)

w+\-ﬁi

(muB. puc. 11).

[S2{[JC

. . . v ee 2 .
Puc. 11. Jocaioocenns noxionoi dynxuii f(x) = % 8 OMPUMAHUT NPOMINCKAT

Toui
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B 5 2024+ +1 2 . I 202 +x+1 2
axopyrouu, mo lim ——=—-1 lim —— = —, orpuma-
Dy, 322 — 212 3 evie3al—g+2 3 P
€MO, 1110
2
1<2:z: +:c+1<1. >
23 T 3x2—x+2
5.5. 3HaiieMo MoXiIHY 3a/1aH01 (DYHKIIII:
1 ' sin x
y =|2cosz+—— | =—2sinz+ :
2Cos T 2cos?x
[IpupiBusiBimg i1 710 HyJst, 3HAKIEMO KPUTUUHI TOYKH:
sin x sinz(1 — 4 cos®x
—2sinx + ——— =20 ( ):0.
2cos?x 2cos?x
. . 5 T ™
3eijgcn sine =0 abo 1 —4cos“x =0. Orxe, x =7n abo r = — + —, n € Z.

4 27
[3 31i4eHHOT KiJIbKOCTI KpUTHYHUX TOHOK Bubepemo x = 7 € (0; %) 1 goCIi -

MO 3HAK TOX1JHOI B OKOJI BUOpaHoi TouKu. Tomi mpu = € (0; %) noxijHa pyHKI1

y'(z) <0, anpu z € (%; Z) noxigua Gyuxnii y'(z) > 0.

T 3\/5 ) .
OrKe, Ymin = Y 1 = 5 a 3HAUEHHSI 3MIHHOI X, IpK SIKOMY JiaHa (PyH-
. . ) ) T
KIlisi Ha0yBa€ CBOI'O HAiIMEHIIOIO 3HAUEHHs B IIPOMIXKKY (O; %) piBHE 1 >

§4.4. Exkctpemym yHKIIII Ha BiApi3Ky. 3ajadi HA HaubiabIIe i

HaMMEHIIIe 3HaAYeHHdA

MakcuMmy™m Ta MiHIMYM (QYHKINI Ha BiAPI3KY HA3UBAETHCS BIJINOBIIHO HaTi-
biavwum it HAUMEHWUM 3HAGYEHHAM PYHKIN Ha I[bOMY BiJIPI3KY.

Axmo f(x) € HenepepsHOW Ha BiIPI3Ky [a; b], TO cBOrO HaUbLIbIIONO 1 HAali-
MEHIIIOr0 3Ha4YeHHs (DYHKIIs Jocsarae€ abo B KPUTHUHUX TOUYKAX, ab0 Ha KIHIAX
BIIPI3KA.

st Binykanust Haiibiibioro i naitmeninoro suadenns dyuxuil f(x), nene-
PEPBHOI Ha BiJPI3KY [a; b], BUKOPHCTOBYIOTH TAKUII AJrOPUTM:

1) sraxousttb noxijny Gynkiii f(x);

2) IPUPIBHABINU MOXIIHY JIO HYJIs, [IyKAOTh KPUTHIHI TOUKH, 110 HAJEKATDH
Bipisky [a; b;

3) obuucsoTh 3HadeHHs GyHKIIT f(Z) B IMX KPUTHUHUX TOUYKAX;
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4) obunciooTh 3Hadennst dyukuil f(x) Ha Kinngx Biapiska [a; bf;
5) cepej 3HaiijleHux 3HadeHb (DyHKIIT BUOUPAIOTH MAKCUMAJIbHE m[ax] f(x) ra
x€la; b

MiHIMaJIbHE m[inb] f(x) snavenns dbyukuii f(r) Ha jaHoMy Bijpi3Ky.
z€la;

3ayBakKnuMo, 1110 Teil aJropuT™M He 3aCTOCOBHUN B TOMY BHUIAJIKY, KOJIA KlJIb-

KICTh KPUTHIHHAX TOYOK Ha [a,b] € HeCKiHUeHHO.
Bnopasu

1. naitTn HalbLIbINE 1 HaliMeHIIe 3HaUYeHHsT (DYHKIIT Ha BiJIPI3KY:

) y=32*-5x+1, x¢c]0;4],

1
2)y=x+—, x€0,01; 100],
x

5)y=a?—4r+6, € [-3;10]
6)y=|2*—5r+6|, xe|[-1;4],
) y=+Vb—4x, ze€l[-1;1],

8) y=x+ 2z, z€l0;4],
s ﬂ}

) y=sin2e 2, re| 5T
Jy=sin2z —z, =« 5 5

10) y = |2 =2 — 6| —2°, € [-6; 6],

11) y =tg’x + 16 cos’z, x € {_g; g}’

11

12) y PR x € [—1; 1],

13) y =15 —3cosz +cos3x, € [0; g])
1 T
14) y = 5 COSOT + CcoST, T € [6; w],

3 9
15)y=|o* +o|+|2* =32 +2|, z€ [—5 —},
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343

16) y = —2; 1
)y 1D3 ) LE’G[ ) ]7
17)y=2-2% —15-22" 4 24.2"  x € [-2; 2],
(x+4)?
18) y = ~———— e[-7:1
)y .ZU—?) ) X [ 9 ]7
19)y=1+4sinz — 2z, x € [0; 7],
20) y = ||2* — 4] = 5|, =€ [—4;4].

2. llosectu, mo gkmo r+y+z = 7, (z,y, 2 # 0), T0 CupaBRKyIOTbCsI HACTYIIHI

HEPIBHOCTI:

1) cosz + cosy + cosz < 2

3) tgr +tgy +tgz > 33,

3V/3

5) sinz - siny - sinz < <

7)tgx-tgy - tgz > 33,

.y oz 1
9) sin—-sin = -sin - < —,
x 2 278

3v3

2) sinx +siny + sinz < —

4) ctgx + ctgy + ctg z > V3,

6) cosx - cosy - cos z <

o| "
w0

8) ctgx - ctgy - ctgz <

x Y 9 Z
10) tg? = + tg? 2 + te? 2 > 1.
)g2+g2+g2_

3. Posp’azaru 3ajaul Ha BIAIMIYKAHHS HAROIIBIIONO 1 HAMEHIIIOrO 3HAUEHbD.

1) BuaiiTi HajiMemiie 3HaUEHHA CyMH M-T0 Ta N-T0 crenens (m > 0, n > 0)
JBOX JIOJIATHUX 9HUCEJI, JI0OYTOK SIKUX € CTAJIOI BEJUUIMHOIO, PIBHOIO P.

2) 3uaiiTu HaiibiTbIe 3HAUEHHA TOOYTKY M-r0 Ta n-ro crenens (m >0, n>0)
JIBOX JIOJIATHUX YHUCEJI, CyMa sIKMX € CTAJIOK BEJIMIMHOI, PIBHOIO S.

3) Buaiitu HaiiblibiLy Bijcranb Big Toukun A(2; 0) 10 Touku rpadika dyHKIT

y =12 + bx — 222

4) Y nnomuui Oy nano rouku A(0; 3) ta B(4; 5). Ha oci Ox 3naiitu TouKy
C raky, mo6 nepumerp A ABC 0yB HaliMeHIINM.
5) Cepesi piBHOGEIPEHNX TPUKYTHUKIB 3 OITHOIO CTOPOHOIO @ BKa3aTH TPHUKY-

THUK HAROLIBIIOT IJIOLI].
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6) 3 ycix mpsiIMOKYTHHKIB Tiongi S 3HaWTH TOi, MepuMerp sIKOro € HaiiMeH-
ITIAM.

7) B TpuKyTHEK 3 OCHOBOIO b 1 BHCOTOIO h BIHCATH MPSAMOKYTHUK 3 HAHOLIb-
MO0 TIJIOIIETO.

2 2
8) ¥V eyinc — + = = 1 Buncatu NpSAMOKYTHUK 31 CTOPOHAMHE, MAPAJIETbLHIME

a? b2

oCi eJiirica, IJIOMIA STKOT'O € HaitbIIbIIoI0.

9) Buaiitu wHaiimennty i HafiGliabiry Bigcranb Bijg Touku A(2; 0) g0 Kosa
2+t =1

10) Ha kooppunarhiii momuni jgano roukn A(3; —4) ra B(4; —2). Touka
C' nexkurp Ha Kol x4y = ? Buaiitn KoopauHatu Toukn C, 1100 MIOIIA
A ABC' 6yna naitMeHIoro.

11) Baxon pyxy Tija onucyerbes crisignomennsm s(t) = 8 — 2t 424t — 0,53
B axuit MOMEHT 4Yacy TiJIo MaTuMe HalbIIbITy MIBUJIKICTH?

12) B nouarkoBuii MOMEHT Yacy MOYMHAIOTH PYXaTHCh JIBI TOYKH: OJ[HA 110

oci Ox 3a 3akonom x(t) = t — 2, a japyra pyxaerbcsa 1o oci Oy 3a 3aKOHOM

y(t) = V2t4 — 413 + 12 + 4¢. 3mnaiiTy HaibiNILITy i HafiMennTy BigcTaHbL MiXK TO-
ukamu 3a vac t € [0; 2].

13) € npsamokyTHUit juct )kecti podmipom 50 X 80 cM. Y 4OTHPHOX HOTO KyTax
BUPI3aI0Th OJHAKOBI KBaJApaTu 1 poOJIATH BIIKPUTY KOPOOKY, 3arMHaloun Kpail i/l
IPSIMUM KyTOM. flKa MaKCHMaJIbHO MOXKJINBA MICTKICTH YTBOPEHOI KOPOOKH?

14) 3 kpyra pajiyca R BEpi3aHO CEKTOp, 3 SKONO CKJEEHO JiiiKy y dopwmi
KOHyca. flkuit Haitblibimmii 00’eM MOXKe MaTh yTBOpeHa, Jifika?

15) Busnauutu posmipu BiIKpUTOro GaceiiHy 3 KBaJpaTHUM JTHOM i 00’eMOM
V, mo6 Ha obJinifoBaHHs 010 CTiH 1 JiHA 3aTPaTUTH siKHAfIMeHIle MaTepiaJry.

16) ¥V miBkysio pajiyca R BOucaTu NpsiMOKYTHHI MapaJiesienines; 3 KBaIpa-
THOIO OCHOBOIO HalO1IbIIIOro 00’emy.

17) B kyumio pajiyca R Bimcaru nusingap Haiblibimoro ob’emy.

18) B kyutio pajiyca R Brucatu MUIHID 3 HAKOUIBIIOK TOBHOK MOBEPXHETO.

19) HagkoJsio manol Kysi pajiyca R omucaru KOHYC HafiMEHITIOro ob’emy.
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20) BuaiiTu Ha@GLIbIMIT 06’eM KOHYCA 3 JIAHOK TBIPHOTO (.
IIpukaay po3B’s3yBaHHS BIIPaB

1.13. BukopucroBytoun HaBeJEHUI aJIOPUTM, CIHOYATKY 3HAJIEMO 11OXiIHY

dyukmii y = 15 — 3cosx + cos 3z :
Yy = 3sinx — 3sin3z = —6sinz - cos 2.

Toni 3 piBHsIHHS Sin X - cos 2x = (0 3HAXOAUMO KPUTUIHI TOUKU:

T TN
xr=mn, abo x—1+7, e n € Z.

. . .. s
Cepe1 3HalIEHIX TOUOK BUOMPAEMO JIAIIE Ti, SIKiI HAJEXKATh BIJIPI3KY [0; 5} )

T
TOOTO T = —.
4

. m
Ob6uucaumMo 3uadeHHs GyHKIIT B Toukax 1 = 0, o9 = ik xr3 = 5 ;

yan) = y(0) =13, ylas) =y(5) =15-2v2 ylay) =y(5) =1

Orxe,

min_y(x) = y(%) — 15 — 2V/2,

xTE€ [0; g}

Hﬁ(?xﬂ] y(x) = y(%) =15. »

2.6. 3aj1a4di Ha JJOBEJICHHsT HEPIBHOCTEH TICHO OB si3aH] 13 3a/a9aMu Ha, BTy~
KaHHs HalOLIBIIOr0 1 HafiMeHIIOro 3HaueHb neBHUX (PyHKIH. Posrisgnemo dyn-
kiito f(x,y,z) = cosx -cosy-cosz, gje t+y+z=m Tomi z =7 —y — z,

cos z = cos(m —y —x) = — cos(x + y). 3Bigcu
F(x,y) = f(z,y,m —y —x) = —cosx - cosy - cos(x + y).

BadikcyemMo 3MIHHY ¥ 1 JOCJIIIUMO HA €KCTPEMYM HemepepBHY 1 nudepeHiIri-

ifiopny dyukiio g(x) = —cosz - cosy - cos(z + y) :

g'(z) = (sinz - cos(z + y) + sin(z + y) - cosz) cosy = cosy - sin(2z + y).

: . ™m Yy
[Ipupisagsmu ¢ (x) g0 Hy/jds, OTPUMAEMO KPUTHYHI TOYKU T = 5 o

) ™ Y

n € Z. YMOBY 3aJ1a4l 3aJJ0BOJILHSE JIUIIE OJ[HA TOUKA T = 55
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ko = € (O; g-%), 10 ¢'(x) > 0; akmo = € (g — %; w), 10 ¢'(x) < 0.
. Y
Orxe, T = 5 T 5 € TOKOI0 MAKCHMYMyY byuxuii g(z), npuaomy

. <7T y)_-Q?J
Jmax = g\ = — =] =sIn” < - COS Y.

2 2 2
Hocrimo Tenep na ekerpemyM GyHKIHO A(Y) = gmayx = sin’ % - CoS Y :
h'(y) = sin 2 - cos 2 - cos y — sin? g siny = sin 2 - cos 3_y
2 2 2 2 2
[Tpupisasisiin  h'(y) 0 Hyssi, OTpUMAEMO KpUTUYHI ToukM Yy = 27n, i
7 n 2mn c7
=—4+—,1en .
Y 3 3 it

YMOBy 3aj1a4i 3aJI0BOJILHSIE JIUITTE OJiHA, KpUTHYIHA TOUKa Y = —. OCKIIbKM

T
3
T . T T

R (y) >0 st y € (O; g) i h'(y) < 0, skmo y € (g, 7'('), 10 Y =5 — TOUKa

3

MaKCUMyMy (DYHKIT, IPUIOMY Mpax = h(g) = %
HKmoy:g, Tong—%:%iz:w—(ery):g. Toni

T T T 1

o =1(5573) = 5

Orxe, sIKIO T + Yy + 2 = T, TO
1
COST - COSY - cosz < 3 | 2

3.9. Hexait B(x; y) — joBiibHa TouKa, gKa jexkuTh Ha koii 22 +y? = 1. Toui

y = =1 — 2. Bijlomo, mo Bijicranb Mixk jBoma Toukamu A(xy;yr) ta B(we; ys2)

obuncoernest 3a dbopmynowo |AB| = \/(x2 — x1)2 + (y2 — y1)?. Bnaiigemo jos-

JKUHY Bifipiska AB B HAIIOMY BHIIAJIKY:

g(z) = |AB| =/(z —2)2+ 1 — 22 = /—4x + 5.

Hocaijumo dbyukiio ¢(z) Ha ekcTpeMyM, 3HARIIOBIIN 1T MOXIJIHY:

2
/
r) = ——,
g ) v —4x + 5

ae x € [—1; 1]
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OcKiJIbKM KPUTHYHUX TOYOK Beepejnui Biipizka [—1; 1] Hemae, 10 061uciiio-
eMo 3navennst pynkuii g(x) Ha kinngx siapiska. Orxke,

pr— 1 :1
xg[l_agl]g(x) 3, xéfl_lffug(x) :

10670 HabiLIbIIa BijgcTanb Bijg Toukn A(2; 0) o koma x? +y? = 1 pisua 3, a

HaliMeHma — piBHa 1. B

§4.5. Onykui dyHKIIIT Ta TOYKN NEePETuHY

Oyukiis f(x), sika BusHaueHa 1 HenepepBHa Ha BLIPI3KY [a; b], HaszuBaeThest
onyxa0to eHu3 (820py) na upomixky (a; b), skmo (Vay, xe 1 x1 < T3) rpadik
dbyukuil f(x) wa Biapisky [a; b] sexkurh He Buine (He HiKue) xopau AB, ne

A(zy; f(21)), B(xe; f(x2)), T06TO BUKOHYIOTHCsI HEPIBHOCTI:

fl@) € e f o) + o f ()
T9 — X r — T
(f(x) 2 Hf(xl) + mf(@)) :

[Tpomizkkom omykocti dyukuil f(x) HasuBaeTbest Takuii npoMikok (a; b), B
sikomy yukuis f(x) onykia Buuz abo Bropy, aje f(z) He € OlyKJIO BHU3 200
Bropy Ha Olibimomy mpoMixkky (c¢; d) D (a; b).

Touxoro nepezuny byukiii f(r) HA3UBAETHCA Taka TOUYKA X(, 3J1iBa 1 cipaBa
B sikol (dynkiis f(x) onykia B pisHUX HanpsiMkKax (3JiBa — BBEpX, ClipaBa —

BHU3, a00 HABIAKH).

Teopema 1. ko dbyukuis f(z) € HenepepsHo Ha Biupisky [a; b] Ta ju-
depentiitoroo Ha inTepsasi (a; b), T0 BoHa € onyKJIOW BHU3 (Bropy) Ha [a; b
TOJ 1 TUILKY TOJI1, KOJIN:

1) f'(z) ue cuanae (me spocrae) na (a; b),

2) rpadik GyHKIT JeKUThH He HIKYe (He Bulle) Oyib-siKoT JJOTHIHOT JIO 1IHOT0

rpadika.
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Teopema 2. dxino dyuxiis f(x) e HenepepsHOO Ha Biipisky [a; b] Ta jaBiui
JudepeniioBHoo Ha inrepsadi (a; b), 10 BoHa € OlyKJIOK BHU3 (Bropy) Ha [a; D]
toai 1 rinbku Togi, komu f’(x) >0 (f"(xz) <0) na (a; b).
Heobxiona ymosa icHY8aHHS MOUKU Nepe2uHy. KO rg — TOUKa IIe-
peruny dyukiiil f(x) ra icuye f”(xg), To f"(z¢) = 0.

Tocmamnus ymosa icnysanns mouru nepeauny. dxmo f’(xg) = 01

f"(x) 3miHIOE 3HAK LpU NEPexXoii Yepe3 TOUKY T, TO Ty € TOUYKOK [epPeruHy
dbyukmil f(x).
Bnopasu

1. 3HaiiTn TPOMIXKKW OTMYKJIOCTI Ta TOYKH MEPEruHy JaHuX (PYHKIIIA:

1) y = 2* — 122% + 4827 — 50,
3) y =x +sinz,
5) y = (14 z%)e",

7)y=2r"+1Inu,

3 3

9) y = cos” x — sin” z,

11) y = cosx - sin® z,

ZL‘3

(z+2)%

VI = 2
15) y = arctg —x’
x

13) y =

17) y = In(1 + 2?),

19) y = 2x + 4 arcctg x,

) x=te, y=te

2) y = 6% — 2%,
4)y=a2° - 32 —9r +9,
6) y = 2°Inwx,

8) y=/(x+5)—V/(z - 52
10) y:cosx+4sing,

12) y = sinx - cos® z,

1
16) y = arccos —,
T

18) y = zsin(lnz),

. Vaz—1
20) y = arcsin ————
T

2. JlocaimuTy Ha OMYKJICTH MapaMeTPUYHO 3adaHi PYHKIIL:

it| < 1,2,
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3) x =acost, y=bsint, te]|0;2n], a,b>0,

4) x =acos’t, y=asin’t, tcl0;2x], a>0,

5) x =a(t —sint), y=a(l —cost), teR,
6) z =sin’t, y=cos’t, tER,

7)x =acht, y=>bsht, teR, a,b>0.

3. JlosecTu HepiBHOCTI:

l)e? < 7 a,beR,

9) <a;b>4§%(4+b4>, >0 b>0,
3)(a—|—b)lna;rb§alna+blnb, b >0,

4) arctga;b > %(arctgaJrarctgb), 0<a<b<+oo,

5) arcctga <%(arcctga+a,rcctgb), —0o<a<b<0,
6)1ga;b>%(lga+lgb), 0<a<b< +oo,

7) arcsin ath > %(arcsina + arcsind), —1<a<b<0,

2 2

b\* 1
8) (a+) §_<aa+ba>7 azoabzoaazla

b 1
9) a—2|— >§(\/5+\/5), 0<a<b<+oo,
a+b 1 T
10) ctg 5 <§(ctga+ctgb), O<a<b<§.

161
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ITpuknanu po3B’sa3yBaHHS BIPaB

V1— a2
1.15. Ob6JjiacTio Bu3HaYeHHs PYHKINI y = arctg ——— € MHOXKHUHA
x

D(y) ={z: = €[-1;0)U(0; 1]}.

BHaiigemMo Apyry MoXigHy:

y:

I STV

" 1 ' B T
g (‘—ﬁ) NVt
Axmo z € [—1; 0), 1o ¥’ (x) > 0; akmo = € (0; 1], ro y"(x) < 0. Orxe, byH-
KIlisl € OMyKJIol0 BHu3 jijisg © € [—1; 0), 1 € onykiowo BBepx st x € (0; 1].  »

2.4. Ockinbku jist jtosiabuoro ¢ € [0; 27| maemo

2'(t) = —3acos’t-sint, v (t) = 3asin’t - cost,

T 37
5; ; 7; 27r}. Orxke, mapaMeTpudHO 3a/1aHa

: : . , 7 s
dyskiiss € JudepeHniioBHOI0 Yy KOXKHOMY 3  IHTEpBaJIiB (0; —), (—; 7r>,

3w 3m C N : :
(7‘(’, 7), (7, 27r>, iy (z) =—tgt.

o 2'(t) = 0 Ha MHOXKWHI {O;

/
y//(x) _ (y/(x))t _ _ﬁ _ i ) 1 .
' (t) —3acos?t-sint  3a costt-sint

3a ymoporo 3ajgaui a > 0, Toji:
T
a) y"(z) < 0y Bunajxy, koau sint < 0, Tob6ro st ¢ € ( 5 > (7 )
37

. i ) 3T
Orke, PYHKINS OIyKJIa Bropy Ha KOXKHOMY 3 IHTEpBaJIiB (7‘(’; —), ( 5 27r)

2
T
6) y'(x) > 0 y Bunajky, kosu sint > 0, robro jst t € (0; §> U <§, 7r).
: . . T 7
Orke, QPyHKIIs ONyKJa BHU3 Ha KOXKHOMY 3 1HTepBaJIiB (0; 5), (5, 7r>.

Touok neperuny jijist jianol GyHKIl He icHye. B
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3.4. Posryisinemo ¢yukiiio y = arctg x 1 3HaiijieMo jjis Hel JIpyry HOXiJHY:

/ 1 " 2%

YTire VT T a2

Omxe, dbyHkIig € onykioio Bropy g z € (0; +00). Tom 3a o3maveHHsIM
OIyKJIOl Bropy (byHKIIT TO3HAYUMO T1 = @, To = b, e 0 < 11 < 19 < +00.

Orxe, HEPIBHOCTI

) 1
arctgar > ——— arctg xs

x r—x
arctgr; + ——
T2 — 1 T2 — 1

BIJIITOBIJATHME HEPIBHICTD

a
arctg a + arctg b.
b—a

b—a

arctgx >

b
HKHLOZU:CL;_ , TO

a+b

1 1
arctg > —arctga + 5 arctg b,

2

e 0<a<b<+oo. »

§4.6. /locaimxkennsa pyHKIIH 1 modymoBa ix rpadikis

Acumnmomoro kpusoi y = f(x) HABUBAETHCS TPsMA, JIO SIKOI HEOOMEKe-
HO HAOJIMXKAEThCS TOYKa KPHUBOI IIpU HEOOME:KEHOMY BijJlaJieHH] 11 BiJI IOYaTKY
KoopiHaT. PO3PI3HAIOTH BEPTUKAJIbHI, FOPUBOHTAJILHI Ta OXUJI aCUMIITOTH.

Bepmuxaavroro acumnmomoro rpadika Gynknil y = f(x) nHazubaeThes
npsiva T = xg, skmo lim f(x) = £oo abo lim f(z) = +oo.

z—x0—0 r—x0+0

TI'opuzornmaavhoro acumnmomoro rpadika Gyukuii y = f(xr) nasubae-

Thesl IpsgMa y = b, skmo lim f(z) = b. dkmo lim f(z) = by, 0 y = by
T—>00 T—>+00
Ha3UBAETHCS MPABOCTMOPOHHBON 20PU3OHMAALHOMN ACUMNIMOMO10. fKIo
lim f(x) = by, TO y = by HABUBAETHCS ALBOCTIOPOHHBHONO 20PU3OHINAALHOW

T—r—00

acumnmomono. Zkmo by = by = b, T0 y = b Oyme TOPU3OHTAIHLHOIO ACHMITTO-

TOIO.
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Hoxunorwo acumnmomoro rpadika byuknii y = f(xr) npu r — 400

(x — —o0) nazuBaerbes upsima Yy = k1x + by (y = kox + be), sikio ichyrorsb

IpaHuIll
. [(=) :
Jm m =k i (flr) = ki) = b
. [z :
(i 7 = i (6) ~ ) = ).

Toni npsma y = k1x + by € nNpaBowo IOXUJI00 aCUMITOTOI0 Kpusol y = f(x),
a npsima, Yy = ko + by € JIIBOIO MOXUJIOI aCUMITTOTOIO.

3ayBaxkKuMo, 110 AKIINO0 KPUBa, MA€ IPABOCTOPOHHIO TOPU30HTAJILHY aCUMIITOTY,
TO TIPABOCTOPOHHBOT TTOXHMJIOT HE ICHYE 1 HABMAKN. AHAJIOTIIHA CUTYAIIIsS 3 JIIBOCTO-
POHHIMHI aCUMIITOTaMU.

Jocaijzkenns 1 nobyosa rpadika Gyl y = f(x) IpoBOAUTLCs 3a TAKUM
AJICOPUTMOM:

1) Bu3HAUAIOTH 00JIACTH BU3HAUEHHST (DYHKIIT, TOUKA PO3PUBY i TOUKHU Mepe-
TUHY 3 OCSIMU KOODJIMHAT;

2) JIOCJRKYI0Th (DYHKIIIO HA HEPIOJUIHICTD, HAPHICTD;

3) BHAXO/ATH ACUMIITOTH Ipadika (pyHKIIIT;

D) BHAXOIATDH MPOMIXKKH OIYKJIOCTI (DYHKIIIT Ta TOUKHU IIEPEruHy;

4) pocnijKyorh BYHKINIO HA MOHOTOHHICTH Ta €KCTPEMY M;
6) 3a HEOOXIJIHOCT] 3HAXOATE JOJATKOBI TOUKHM, 10 HaJjexkarh rpadiky dyH-

KIIT;
7) micsisi BAKOHAHHS JIOCKeHHsT Oy1yfoTh rpadik QyHKITI.

Bopasu

1. Snuaittn acumnroru rpadikiB QyHKILA:

by )y 1,1

Y= 9 2 Y=o 1 -2 =3
2 —2x+3 Inx

3 = 4 = —

)y r2+4 )y x

) 3z 41 ) _ (z+2)?

Y9 T r_3
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Ny = ——
y= sinx + cosx’
9) y— VAz? + dx + 2
y_ :E2—1 9
11) y = Va? — 3,
3 — 3142
13) y = ,
)y 22—
1
15)y=u-e-,

17) y = 2x + 4 arcctg x,

19) y = 4 + arctg %,

165

.%‘2

) y=a -3+ ——
)y -

10) y = arctg(z? — 1),

1
12 y = e=,
1
14) y = cosx + :
COS
1
16) y =
)y rlnz’
18) y=e* +1,
~ 22%z] +1

20
)y e

2. IIposecru noBHe JlociijikeHHs 1 100y yBaTu rpadik HACTYITHUX PYHKIII:

4 1
1) y= 3 a? Y y=1+=,
x
2? —1 1+ 22
y=———-— 4) gy = —
)y 22 —5r +6 )y 1 — a2
2?(x — 1) x
5y = —~ /) 6) v =
V=T T e
x x
7 - 3 8 - )
)y V2 —1 )y 2 —1
9) =2 10) +et
= =x+te
Y 3r Y 3
1 10
11) y = — 12)y=(zx—3
Y= a2 T 1o )y = (v —3)Vz,
Vaz+1-—1
13) y=1In v , 14) y = Incos,
x
5)y==x 3$’ 16)y:\/8—|—x—\/8—x,
—x

17) y = Vo + V4 -z,

19) y = In(2? — 1),

18) y Inx
y - \/EJ
20) y = 9r(r=2)
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o) y = 2) y =
y - (.I' _|_ 1)27 y - 1 _|_ Z')
23) in 2" 24) 1
= arcsin = cosx — Incosx
y 1 + xQ? y Y
25) y = sin* 2 + cos* z, 26) y = sinx - sin 3z,
27) 1 — 2? 28) cos 2x
= arccos , = :
Y 1+ 22 Y7 cosw
29) ks 30) + arct
= arctg —— = x + arctg z.

IIpuknaau po3B’sa3yBaHHsS BIIPaB
72

vVt 44

caux unces. OTxKe, BEpTUKAJbHUX aCUMIITOT JJis1 Tpadika (pyHKIIIT He icHYE.

1.8. Obsactio Buznadenust GyHkmii y = © — 3 + € BCS MHOXKUHA, JT1Hi-

[ITykaemo ropu3oHTaAIBHI ACUMIITOTH:
2

lim <x—3+x—> = 400,
T—+00 T2 + 4

I ( S ) vt
m (r— — | = =
T——00 va?+4 t — 400

12 2 —t\V/12 4+ 4

t? +4 b=y+00 t?+4

, e
= lim -3+ = —3.
=00 VA2 + V4 4)

OtKe, JIIBOCTOPOHHBIO I'OPU30HTAJIBHOIO ACHMIITOTOIO € IpsMa § = —3, IIpa-

BOCTOPOHHBOI I'OPU3OHTAJILHOI ACUMIITOTU HEMAE.

IIpaBa moxuja acUMIITOTa MaTUMe BULJIA Y = kox + bo, Jie
: x—3 7 . 3 x
k2_£ﬁloo( - *x\/m)_ﬁ?ooc_;*ﬂ—“)_?’

.5172 51’52
= i 34— 9 ) = ] r_34 ) =
b2 . 11m (l’ 3 x2 1 ZE‘) . 11m ( X 3 xz 4)

. —(r+3)Varr+4+2? . ' — (x4 3)*(2* + 4)
lim = lim =

oo x? + 4 rot00 /a2 + 4(2% + (2 + 3)Va? + 4)
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—6x3 — 1322 — 242 — 36

r=+00 /22 + 4(2% + (x4 3)Va? + 4)

= lim = —3.
H*"°,/1+§(1+(1+§),/1+%>

Orxke, ipu * — 400 rpadik JaHol PYHKIHI Mae MOXUJIY aCUMIITOTY, IO

ONMMUCYEThCs PIBHAHHAM Y = 22 — 3. B
x

(1+2)(1—2x)

2.8. Jlocnikyemo (byHKIO y = 5 AOTPUMYIOUNCEH HABEJEHO-
ro aJropuTmy.

1) Obsactio BusHadeHHst JaHOT DYHKIT € MHOKMHA
D(y)={z: x € (—oo;—1)U(=1; 1)U (1;+00)}.

3HaiileM0o TOUKM TepeTuHy 3 ocamu kKoopauHat. fAkmo z = 0, To y = 0.

Orxke, rpadik QYHKINT TPOXOJUTH Yepe3 MOYATOK KOOD/IMHAT.
x

(1+a)(1—2)
€ MHOXKHMHA BCIX JIWCHUX duces, Kpim aucen +1.

2) Oynkiis y = € HenepiojinaHo, 60 00JACTI0 BU3HAYEHHS

ObJtacTh BU3HAYEHHST CUMETPUYIHA BIHOCHO HYJIsT, OJHAK

(~2) -
—r) = — :
Y 1—2)(1+2)
Omxe, byHKIS € HI TApHOIO, HI HETAPHOIO.
3) BHaiiIeMo OJTHOCTOPOHHI TPAHMUIII:
l ” +oo, i ! +
11 = 00 1m = 400
0 (14 2)(1 — 2)? " a5110 (1 + o) (1 — )2 ’
. € ) X
lim = 400, lim = —00.

r—>—-1-0 (1 + z)(1 — z)? 140 (1 + z)(1 — z)?

Omxe, © = +1 — BepTUKAJIBHHI ACUMIITOTH.

OckiabKu
T T
li =0 i li =0
rvo (14 2)(1 — 2)2 R = R S g

T0 Yy = 0 € rOpU30HTAJIBHOIO ACUMIITOTOIO.
4) BHax0 MO TOXIJIHY TEePIIOro MOpsiIKy JJist 3aaH0T (yHKIIIT:

;L x /_ (1+x)(1—x)2—x((1—.7:)2—2(1—352)) B
v = ((1+x)(1—x)2> N (14 2)%(1 —x)* -
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Cl-a2?—z(l-2-2-22) 22’4z +1

(1+2)%(1 —x)3 (1+2)%(1 —a)%

Ockinbkn 222 +x+1 # 0, To TOYOK eKCTpeMyMy s Janoi byHKIT He icHye.

Jocnijpkyemo GyHKIIO Ha MOHOTOHHICTB: siKIo = € (—o0;—1) U (=1; 1),
to Y (x) > 0; sxmo = € (1;400), To ¥ (x) < 0. Orxke, 1pu © € (—o00; —1) 12
x € (—1; 1) dyukuis 3pocrae, npu x € (1;4+00) dyHkiis cuajae

[Tobynyemo rpadik yHKINT Ha OCHOBI BXKe IPOBEJIEHUX JOCIIIKEHL 0e3
BIJIIIYKAHHST TOYOK TEPernHy Ta MPOMIXKKIB omykJjocti rpadika dyHKIil (1uB.

puc. 12).

Puc. 12. I'pagpix dynwuii f(x) = m
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InguBigyasbHi 3aBaanHsg 10 po3aiay IV

3amaqa 1. [lodyayBaru rpadiku (yHKIIIH 3a J0MOMOIro0 MOXiHOI MepIoro

HOPAJKY:

1.1,y = 22% — 92* + 122 — 9. 1.2. y = 3z — 2°.
23 — 92

1.3. y = 2%(x — 2)% L4 y=—7——+62-09.
1.5.y=2—32° — 2°. 1.6,y = (z+1)*(x — 1)~
1.7. y = 22 — 32> — 4. 1.8.y =32 — 2 — 23
3 3 2
1.9,y = (z — 1)%(z — 3)2 1.10. y = HTx—a
1.11. y = 62 — 8z°. 1.12. y = 162%(z — 1)°.
1.13. y = 223 + 322 — 5. 1.14. y = 2 — 122% — 823,
1.15. y = (20 + 1)*(2z — 1) 1.16. y = 22° + 927 + 12z
1.17. y = 1222 — 82° — 2. 1.18. y = (22 — 1)*(2z — 3)%
27(2 — 22 12 — 22
1.19. y:#_zl. 1.20. y = u.
2 (z —1)? 27(:1:§+ z?)
L2l y = ——=— 122y ==———— 5.
16 — 622 — a? (22 — 4)?
62° — 2° — 16
1.25. y = 162° — 3622 + 24z — 9. 1.26. y = — g |
-9 2 —6 2
197,y = & )1(? S 1.98. y = 1625 — 1242 — 4.
11 4 92 — 322 — 23 1)?(z — 3)?
129 y= — x8 kA VP s )1? iy

3ama4ga 2. [lobOynysaru rpadiku ippaiiioHajgbHux (QyHKIE 38 JI01MOMOIOI0

MOX1JTHOI TIEePITIOTO MOPSIKY:

21.y=1— 22— 2z 2.2,y = 2z — 3V a2
12/6(x — 2)2 128/6(x — 1)?
2.3,y = (x—2)° 24 y=— (z 1%
x? + 8 224+ 2x+9

2.5.y=1— v/ 22+ 2x. 2.6.y =22 +6—3v/(z+ 3)2
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6/6(x — 3)2 .
2.7,y = . 28.y=1— a2+ 4z + 3.
4 22 —2x+9 Y lx At
6/ 622
29.y=33(z—32—20+6.  210.y= .
9.y =3v/(z —3) xr+6 0.y NPT
2L y=de+8— 6T 2P 212 y— VO 4"
Al y =4x x . : 'y_x2—433+12'
2.13. y = v/x(x + 2). 2.14. y = Va2 + 4z + 3.
3v/6(x 4 1)?
2.15. y = — . 2.16. y = 6/(x — 2)% — 4z + 8.
AR T Y (v -2 —dw+
217, y — SO Z5F 2.18. y = 2+ {/Bu(x + 2)
. .y—$2_6$+17. A8y = x(x .
2.19.y =62 —9—9¢/(z —1)2  2.20.y = /22 + 6z +8.
3/6(x 4 2)?
2.21. y = /dx(z — 1). 222,y = — .
4 (e —1) 4 22+ 8x + 24
6:/6(x — 6)2
2.23. y = /z(z — 2). 224,y = — .
y=vale=2) Y= T 8+ 24
2.25. y =9/ (x +1)2 - 62 —6. 2.26.y=1—va2—4r+3.
6/6(x + 3)2
2.27. y=8x—16—12/(z — 2)2. 2.28.y = .
=t (z-2) YT P 1102+ 33
3¢/6(x —1)2

2.29. y = 12¢/(x +2)2 — 8x — 16. 2.30. y =

2(x2+ 224 9)

Bama4ga 3. 3uaiiTu HalOlIbIIe 1 HajfiMeHIe 3HaYeHHs (PYHKINI Ha 3aJaHUX

BIJIPI3KaX:
1 4
SLy:m%%E—&&[LQ. 3ly=4—-z——, [1,4].
- (* +3)
2(x” +
3.3.y = /2(x—2)2(8—x)—1, [0,6]. 34 y=—"""""7_ [-3 3]
3.5.y=2vx —x, [0,6]. 3.6.y = 1+/2(x—1)2(x—7), [-1,5].
10z
Toy=x—4 1,9 8y=—- .
3T y=z—4/r+5, [1,9 3.8.y 1+x?[&ﬂ

108
3.9.y=/2x+1)25-—2)-2, [-3,3]. 3.10.y=22>+ — —59, [2, 4].
X

311 Yy = 3 — T — m, [—1, 2] 312 Yy = \3/ 2332(1' — 3), [—1, 6]
N+ Tx — 7
313, = 2T T X[Lq. 314 y=a—4VT 1248, [-1, 7]

2 —2x+2



Inodusidyasvi 3aedanms do posdiay 1V 171

4x

3.15. y= /2 —2)2(5—2), [1,5. 3.16.y= ypr [—4, 2].

2 8 .
3.17.y=—3—|——+8, [—4, —1]. 3.18. y = /22%(x — 6), [—2,4].

i

—2x(2x + 3) 2(x% + 3)

3.19. y = 1, 4]. 320y =———— " [-51].
V= Y V= "mimrs 0

f 1
321,y = /2(x —1)2(x —4), [0,4. 322 y=2a>—2z+ —61 — 13, [2, 5].
x J—

3.23. y =2vr —1—2+2, [1, 5] 3.24. y = /2(x +2)2(1 —2), [-3, 4]
2

T 8 4 1
3.20. y = —?+2x—l—m—|—5, [—2, 1]. 3.26. y = 8x + ol 15, 2 2.

16
3.27. y = V/2(x+2)2(x—4)+3, [-4,2]. 3.28.y= x2—|—4:z:—|—$—_|_2—9, [—1, 2].

4 1
3.29. y = — — 8z — 15, [—2, —51 : 3.30. y = /2(z + 1)2(z — 2), [-2, 5].
T

Bagaua 4. HocaianTn nmoBeinKy (GpyHKIE B OKOJAaX 3aJaHUX TOYOK 3a JI0-

IIOMOI'0IO TTOX1JIHUX BUIIUX [TOPsiJIKIB:

41. y=a2*—4r — (2 —2)In(z — 1), 29 =2.
4.2.y =4 — 2° — 2cos(x — 2), z = 2.
4.3.y=6e""2 — 23 + 32> — 62, z9=2.
44.y=2mIn(zx+1) -2z +2>+1, 29=0.
4.5,y =2x —2® —2cos(x — 1), zy = 1.
46.y=cos’(z+ 1)+ 2> + 22, 3= —1.

47. y=2Inz+ 2> —4x+3, zy=1.

48 y=1—2r—2°>—2cos(z +1), zy=—1.
4.9.y =246z +8— 2" xy=—2.

4.10. y = 4x + 2% — 2", 29 = —1.

411. y= (z+ D)sin(zr + 1) — 2z — 2%, z9 = —1.
412. y=6e""' —3x —2®, xo=1.

413. y=22+2> — (x +1)In(2 + ), 2= —1.
4.14. y = sin’*(z + 1) — 20 — 2%, 29 = —1.

4.15. y = 2% + 4dx + cos* (v + 2), o = —2.
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4.16.
4.17.
4.18.
4.19.
4.20.
4.21.
4.22.
4.23.
4.24.
4.25.
4.26.
4.27.
4.28.
4.29.
4.30.

POBJIIJT 1V. 3acmocysanha norionoi

y = 2>+ 2In(z + 2),
y = 4dr — 2% + (v — 2) sin(x — 2),

ro = —1.

Ty = 2.
y=6e’ — 1 — 32 —6x —5, x9=0.
y:x2—2:13—26”3_2, To = 2.
y:sm(:c+2 — 2 —dr—4, xo=—2.

2

)
y = cos®(x — 1)+ 2> — 22, x9=1.
(

y=2°—2x—(x—1)lnz, z5=1.

2

y=(r—1)sin(r —1)+2z — 2", zo=1

y = 2> — 4x + cos’*(x — 2), xp=2.
y = ot 4+ 42 +122° + 24(x + 1 —¢%), x5 =0.
2)

23— 62% — 152 — 16, xy = —1.

y =sin®(z —2) —2* + 4w — 4, 5= 2.

y = 6e" T —
y =sinz +shx — 2z, x9g=0.

1)

y=-cosx+chz, zy=0.

y = sin®(x — 1) — 2* + 22, 29 = 1.

3amadya 5. 3HalWTH acCUMITOTH 1 OOy yBaTh rpadiku HyHKIIIH:

o0.1.y =
0.3. Yy =
0.0, Y =
5.7.y =

0.9,y =

5.11. y =

0.13. y =

0.15. y =

17 — 22 241
iy 5.2,y = o &
4&7—5 x2_3
34 472+ 9
iy 54y = 2 T
3x2 —14 4x + 8
43 + 322 — 8 — 2 x2—3
5.6.y=
2 — 322 3r2 — 2
212 — 6 203 + 222 —3r — 1
. 0.8. Yy = .
Tz —2 2 — 412
3 _ 22_ 4
v 5T 5.0, y = 2L — 0T+
5 — 322 3x — 2
2 — 2 403 — 31
_—. 5.12. y =
V9x? — 4 422 — 1
2 2
— 1
3T 7. 514, 3 — x°+ 16
20 +1 9r2 — 8
234+ 322 — 20 — 2 21 — 22
0.16. y =
2 — 312 Tr+9°
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212 — 1

x2—11
5.19.y =

3 — 22 —3x+2
5.21. y = s

24 —3r—1
0.23. y = 577 o

3z2 — 10

23 4+ 222 — 91 — 3
D.27. y = 577 — 3 :

—x? —4x 4+ 13
529y = ————

173

23 — 3x2 — 21 + 1

0.18. y = 3,2
212 — 9
5.20. y = ————.
Y 2 —1
22+ 2 —1
522,y = ——————.
J 22 + 1
2246z +9
24 y = ————.
4 T+ 4
22— 21 +2
526. Yy = —————.
4 z+3
32— 10
—8 — 2
5.30. y = ———.
Y 2 —4

3agaua 6. [Iposecru noHe jocijpkennst pyHKIIM 1 100y yBaTi X rpadiku:

x4+ 4
6.1. y = PR
2
6.3. y = 2 on
122
6.9. y = 9+ 22
4 — 23
6.7.y = p
2% + 1
6.9. y = =
1’2
12 — 3a?
613,y = 1o
—8x
6.15.y = .
3zt +1
6.17. y = x; |
X
8(x — 1)
B 4
2420 -7
R N

24922 -3

e |
6.2.y:—x_1 )
42

6.4.y—32_’_a32
-3 3
6.6.y:$ x1+
2 —4dr+1
6.8. y = 1
—1)?
6,10,y — = 2)
:Ul )
6.12. y = (1+—) )
T
9+ 6x — 322
6.14. y = )
Y 12— 20 13
z—1
6.16. y = 51
4x
6.18. y = ot 1)2.
1 — 223
6.20. y = -
€T
4
6'22'y:3+2x—x2'
1
6.24.y:x4_1
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2 3 — 32
4(x +1)? 3z — 2
r°—6xr+9 x> —27x + 54

3amadqa 7. [IpoecTu noBHe jocipKeHHs PYHKINM 1 100y 1yBaTh iX rpadiku:

2zt1) 62(z+1)
7.1y = (2z + 3)e 2D, 72 y=——.
y=(2r+3)e YT 0@
7.3.y=3In ’ 3 L. T4 y=(3—x)e" 2
62—33
7.5,y = : 76.y=1In + 1.
— T T+ 2
7.7 3 7 i
Ty =(x—2)". 8y=——
y=(r—2)e TPy
X
79.y=3-31 . 7.10. y = —(2z + 1)+,
Y ( n)x 7 Y (2z + 1)e
62 r+2 T
71l y=——. 7.12. y =1 —2.
YTt 2) YT
3—x
713,y = (20 +5)e 2D 714 y= =
3—x
7.15. y =2In —1. 7.16. y = (4 — x)e" 2,
X
672($+2) ZI?+3
1Ty = ——. 7.18. y =21 — 3.
YT 9+ 2) Yo
7.19 2z — 1)e2(1-7) 7.20 e
19.y =2z — 1)e : 20.y=——"3
7.21.y=2In ° 1 3. 7.22. y = —(z + 1)e" 2
6x+3 T
7.23.y = . 7.24. y =1 —1.
Y x+3 Y nx+5
7.95 91 + 3)e2@+D 796 ey
25,y =—(2x + 3)e : : 'y__Q(x—l)'
T =9 (+3)
727y =1In + 2. 7.28.y=(x+4)e :
z—3 6
799 y= 730y =In2 1.
r—3 T

3agadua 8. [Iposecru nosue jociipkenns GyHKIii 1 1o0yyBaTu X rpadiku:
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8.1.y=+/(2—2)(a?—

4o +1).

8.3.y = /(v +2)(22 +4a +1).

8.5.y=+/(x—1)(a? -2z —2).

8.7.y = /(a2

v 22(x — 2)2.

— 4z + 3)2.
8.9.y =
8.11. y = v/ a%(x + 4)%

8.13. y = v/(z + 3)x2.

8.15. y = /(x —1)2 — Va2
8.17. y = ¥/ (x — 4)(x + 2)2.
8.19. y = /(x + 1)(z — 2)2.

821. y = /(z —2)2 — /(z — 3)2.

8.23. y = +/(z — 6)x2.

8.25. y = v/x(x — 3)2.

8.27. y = {/(x + 22 — ¢/(z + 3)2.

8.29. y = v/x(x + 6)2.

3amada 9. [Iposectu nouHe jocijpKennst PyHKILN 1 100y 1yBaTh iX rpadikn:

sin x+cos ©

91. y=e

9.3. y = In(sinx + cos z).

9.5.y = eV2sine
9.7. y=1n (\/ﬁsin x)

99. y = esinx—cosm.

9.11. y = In(sinx — cos z).

8.2.y = —{/(x +3)(22 + 63 + 6).

8.4. y= /(v +1)(22 + 22 —2).
8.6.y = /(z
8.8. y = va*(z +2)2

8.10. y = /(22 — 22 — 3)2.
8.12. y = v/a?(x — 4)2.
8.14. y = ¥/(x — 1)(x + 2)2.

8.16. y = v/ (z + 6)x?

— 3)(2? — 6x + 6).

8.18. y = ¥/(x —1)2 — /(x — 2)2.
8.20. y = v/ (z — 3)a2.
8.22.y = /(x + 2)(x — 4)2.

8.24. y = Va2 — {/(xz —1)2.

8.26. y = v/ x(x + 3)2.

8.28. y = v/x(z — 6)2.

8.30. y = /(z +1)2 — /(x + 2)2.

sinx + cosx

V2

9.2. y = arctg

1
sinz 4 cosz’

94. y =

9.6. y = arctg(sinx).
1

98. y = — :
Sin X — CoS T
9.10 ¢ sinx — cosx
10. y = arctg
V2
1
9.12. y =

(sinx + cosx)?
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9.13.

9.15.

9.17.

9.19.

9.21.

9.23.

9.25.

9.27.

9.29.

—v/2cosx

y=e
y =In (—\/ﬁcosx).

—sinx—cosx

y=2e€

y = In(—sinz — cos x).

y = e—\@sinx.
y =In (—\/§sina:>.
y = ecosx—sinx'

y = In(cosz — sinz).

V2cosz
y=ce .

9.14.

9.16.

9.18.

9.20.

9.22.

9.24.

9.26.

9.28.

9.30.

POBJIIJT 1V. 3acmocysanha norionoi

y = —arctg(cosx).
1
sinz — cosx)?’

<
I
N

sin .

%

SInx — CoS X

V2

<
I
Q

R
I

ﬁ ﬁ
O O
»n »n
SR

<
I

sinx + cosx

V2

3

<
I
Q

sin x.

;

sinx + cosx

V2

<
I
&
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