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IlepeamoBa

HapuajbHuil MOCIOHMK HAIIMCAHO HA IiJICTaBl JOCBIJy BUKJIAJIAHHS IIPAKTHU-
YHOT'O KypCy MaTeMaTHYHOIO aHaJidy Ha (paKysabTeTl MareMaTuku Ta iHdopMa-
TUKH 1 (pizuko-TexHiuHomy (axyabreri I[pukapnarchbKoro HalioHaJbHOIO YHIBEP-
CUTETY JJIsl CTYJICHTIB MaTeMaTHIHNX Ta TEXHITHUX CITeIiaJbHOCTEH.

MarepiaJi 11’101 4aCTUHU 1TOCIOHUKA OXOILJIIOE HMOHATTS KPUBOJIHIHHUX 1HTE-
I'paJiiB IepIIoro i APyroro pojy Ta MeTOJIB iX OOYHUCJIeHHsI, BJACTUBOCTI Ta 3a-
CTOCYBaHHSI KPATHUX IHTErPaJiB, JIOC/IPKEHHsT HEBJACHUX KPATHUX IHTErPaJIiB,
BJIACTUBOCT1 Ta 3aCTOCYBaHHS TMOBEPXHEBUX IHTETPAJIB, & TaKOXK 3aCTOCYBAHH
OCHOBHWX IHTerpaJibHUX (POPMYJI Ta €JIEeMEHTIB TEOPiT MoJIsi.

Ha nouarky koxkHOT'O naparpady 10J1al0ThCsd KOPOTKI T€OpeTudHi BlJIOMOCTI
3 KOXKHOI TeMH, AKi MICTATb OCHOBHI O3HAUYEHHS, (POPMYJIIOBAHHS BaXKJIUBUX Te-
opeM Ta OcHOBHI ¢qopmysu. Jlayi nowmimieHo Brpasu jijiss po3B’sizyBaHHs. JIpy-
ra JacTHHA KOXKHOTO Taparpady MICTUTH ITOBHE PO3B sI3aHHS BUOpPAHWX BIIPAB.
B Kifami Ko:KHOTO PO3JIiIy HOoaHl iHIUBIIya bHl 3aBIaHHs.

Matouu HaBuaJibHUi IOCIOHUK 31 3pa3KaMy PO3B’sI3aHUX TPUKJIAJIB, BUKJIa/1a4
MOYKe 30CEpeJINTU yBary CTYJEHTIB Ha PO3B’sI3yBaHHI OLIbIN CKJIAHINIMX 3a7ad.
HasiBHicTh T€OpeTuyHOTO MaTepiaJjly Ta IMPUKJIaJiB PO3B I3yBaHHS 33184 JIOTTOMO-
JKe CTYJICHTY OTPaIlbOBYBATH MaTepiasl MOCIOHUKA CAMOCTIHHO.

Cutijt 3a3Ha9UTH, 10 /IS JOCKOHAJIOTO BUBUEHHS MaTepiajy nepej THM, SK 110-
YUHATH PO3B’si3yBaTH BIPaBU, HEOOX1THO JI0OpEe 3aCBOITU TEOPETUUHUI MaTepiaJl
3 koxkHOI Temu. IloTiM posibpaTn HaBeJeHl BIPABU 3 PO3B sI3KaMH 1 000B’I3KOBO

3aKPINUTH 3HAHHS PO3B’S3yYBAHHSAM BIIPAB JIJIsi CAMOCTITHOIO BUKOHAHHSI.



PO3/11JI I. KpuBoJiHiiiai iIHTerpaJin.

3acTocyBaHHS

§ 1.1. KpuBoJiHiiliHi iHTerpaJjiu mepiioro pojiy

Hexaii dyuxmis f(z,y) Busnavena ma mpoctiii razakiii aysi (AB), sxa 3a-
r=z(l),

JIaHa [IapaMeTPUIHO ne | € [0; L], npudyomy 3a napamerp [ B3sTO
y=y(l),
nosxuny jyru (AM), ne M — jposiibha rouka jyru (AB), rooro L = [(AB).

Posrsinemo noBisibie posobutts gyru kpusoi (AB) roukamu A;, i = 1,n,
IPUUIOMY TOYKH IOy OyJeMO HyMepyBaTh B HalpsiMi Bij Touku A 1O TOUKH

B: A= AyA,... AL A, ... Ay = B. B makomy Bumnajky Bigpizok [0; L]

po3i6’erbest sHavenusivu [; = [(AA;) i = 1,n, na vacrunkn: 0 = [y <l < ... <

i <lipi<...<l,=0L.

n—1

Cruajiemo cymy S = Zf(iU(Ti),y(Ti))Ali, ne Al =l — Ui, 77 € [l i),
i=1
T, — JIOBLILHO BUOpane, ¢ = (0,n — 1, IKy Ha3UBAIOTh tHME2PAADBHON CYMOIO

ons pynruii f(xr,y) no dysi (AB).

Ao npu npsimyBanui A = max Al; 10 HyJIs1 iHTErpabHa CyMa Ma€ CKiHYeH-
HY IpaHuIio I, Mo He 3aJe:KuTh Bij crocody momiay kpuBoi (AB) i Bijg Bubopy
rouok A¥(z(7;),y(7;)) na wacrunkax (A;A;11), ¢ = 0,n — 1, To BoHa HABMBAETHCSE
KPUBOAIHITHUM iHMe2Parom neputozo pody 6id dynruii f(r,y) no dysi

(AB) i nosHavaeThCs

I:/f(x,y)dl.
(AB)



§1.1. Kpusoainiting inmeepasu nepuiozo pody 7

n—1
Ouxe, [ fay)dl =l S fa(r). y(r)AL o [ fla)dl fenye,
A—0 —
(AB) = (AB)
To dyukiio f(r,y) HA3UBAIOTL tHMeeposHoto Ha dy3i (AB).

3ayBaXKuMoO, 1[0 B HABEJICHOMY O3HAUYECHHI HE BIJIIIPAE POJIb HAIIPSIM, 3a SIKUM
MOKe OyTH mpoBejiene inTerpyBants. fximo jayra kpusol (AB) He 3aMKHeHa i i

(AB) ra (BA) posymitu pisui HalpsiMJIeHi KpUBi, TO

/ F (2 y)dl = / f(y)dl
(AB) (BA)

3a aHAJIOrIE0 MOXKHA BU3HAYUTH MTOHSITTS KPUBOJIIHIAHOTO iHTErpaJia mepioro

pojy Bij dbyukiil f(x,y, z) mo mpocToposiii kpusiii (AB) :

/ f(z,y, z)dl = }\iLI(l)Zf(x(Ti),y(Ti),Z(Ti))Ali.
o i=0

Cyma S ¢ interpamphoro cymoro s dyukimil f(x(l),y(l)) onmiel aminuoi [

L
wa Bispisky [0; L]. Tomy, k1o icuye BusHaUeHUil iHTErpas / f(x ))dl, To
0

icHyBaTHMe 1 KPUBOJIHIHHUI IHTerpaJ / f(x,y)dl, npuaomy

(AB)

/ F(y)dl = / F((0), y(0))dl
(AB) 0

[Ts1 piBnicTs cupapiKyerbesi, 30kpema, st dyukuii f(z(l),y(l)), nenepeps-
Hol Ha Biipisky [0; L]. Kpusosinifinuii inTerpast neprioro pojy icHye i Tosi, KoJm
dbyukuist f(x,y) e HenepepBHOIO B jlesiKiil obacti, sikiit Hagexuts jyra (AB).

z = p(t),
y = (1),

to <t < T, 1 dyuxmil ¢(t), ¥(t) nenepepsHi pazom i3 cBoimu moxigaumu @' (t),
Y(1), mpuomy A = A(g(te), 9(to)), B = B(p(T), $(T)). Toxi

Hexaii kpusa (AB) 3ajaHa mapaMeTpUIHO DIBHSIHHSIM

[t = [ .00V GO+ @GP,
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Hexaii kpusa (AB) 3a/jaHa B J€KapTOBiii cHCTEMI KOODJIUHAT SIBHO PIBHSHHSIM
y = g(x), x € [a;b], npugomy dynkuig g(x) e menepepsHoiO Ha [a;b] pasom 3i

ceoeto noxijo ¢'(x). Toui orpumaemo, 1110

/ f(z,y)dl = /f(:l?,g(a?))\/l + (¢'(x))%dx.
(AB) a

Awnagioriuno, skmo kpusa (AB) 3anana piBuanusm x = h(y), y € [e;d], i

dbyukiit h(y), h'(y) e nenmepepsauMEU Ha BipisKy [c;d], TO

d
/ F(ay)dl = / F(h(). )T+ (7 (g) Py,
AB) c

Hexait kpusa (AB) 3ajaHa B 1OJSIPHIH CUCTEMI KOOPJMHAT DPIBHSAHHSIIM

r = r(p), ne ¢ € |o; B]. dAxmo r(p), r'(p) € nenepepBEUMI DYHKIIAMEI 115

BCiX ¢ € [a; B], TO cipaBenBa Gopmyia

8
/ f(%y)dl:/f(?“(@) cos @, 7(¢) sin )/ (r())? + (r'())de.

BayBaxxnmo, 110 sIKITO B monepenix gopmyrnax B3saru f(x,y) = 1, o

/ dl = |(AB),

(AB)
TOOTO OTpuUMaEMO (POPMYJIN it OOUMCJICHHS JOBXKUHKM JIyI'M KPHUBOI B PI3HUX
BUIMAJIKAX.
dAximo kyckoBo-riajka ayra (AB) CKIATAETHCS 13 CKIHIEHHOT KUTBKOCTI TTPO-

crux roagrux jayr (A;A;41), 1 =0,n— 1, 10

/fmydl Z/fa:y

A Az+1

BayBaxxnumo, 10 HaIaJI, je HeoOXiaHo, nyry interpysants (AB) OGymeMo mo-

snaudaru depes (I).



§1.1. Kpusoainiting inmeepasu nepuiozo pody 9
Bnopasnu

1. O6uncauTu gaHi KpUBOJIIHIAHI iHTErpan MepIioro poiy:

dl
) | ——— ne |
Va2 +y?
(AB)
A(0; —1) 5o Touku B(3;1);
2) [ ydl e (0) = {(0.9) y = cosz, 0 < w <
(™)
3) / (3z + 4y)dl, ne (AB) — Bigpizok mpsimoi, 1o crosydae Touku A(1;2)

AB) — Bigpizok mpsamoi 3y — 2x + 3 = 0 Bij TOUKH

(4B)
Ta B(4;3);

4) /(y —x)dl, pe (T') — nyra kpusoi y = % sig roukn (—1;—1) 10 Toukn

(1)
(2;8);

5) /(:U—H/)dl, ne (I') — rpukyrauk 3 Bepumnamu O(0;0), A(1;0), B(0;1);
@)

6) /xle, se (T) — sepxust nojosuna kosa % + y? = 9;
T)

7) /ny dl, ne (I') — gaBepTs eminca 922 +4y?> =4, £ >0, y > 0;
T)

) 3 r = a(t —sint),
8) /y dl, pe (I') — apka nukJIOTIHM 0<t<2m;
& y = a(l — cost),

9) /(x—l—y)dl, ge (I) ={(z,y) : x =acost,y =asint, 0 <t < §};

10) /(m2+y2) dl, ie (I') = {(x,y) : © = a(cost+tsint), y = a(sint—tcost),

wN
winy

11) [ (5 +y3)dl, ne (D) = {(z,y): 25 +y5 = ad};

)
_ x =acht,

12) /xy dl, pe (I') — jpyra rinepbosin 0 <t <ty
y = asht,

)
13) / Va2 +y2dl, ne (I') — xono 22 + y? = ax;
)
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/2212 ..
14) / eVT Y dl, ne (I') — KoHTYp KpMBOJIiHIHHOIO cekTopa, oOMerKeHoro
@)

T
Z;
15) /xdl, ne (I') — Bepxust nosiosuna kpusoi 7 = 1+ cosp, 0 < ¢ < 7;
)
16) /(m2 + ) dl, ne (T') — nyra norapudmiunoi cuipaii r = ae? Big Toukn

()
A(a;0) mo touku O(0;0);

KpUBUMU T = a, @ =0, ¢ =

17) /xdl, ne (T') — wacruna sorapudmiunoi cuipas r = ae?, k > 0, mo
I)

3HAXO/IUThCS BCepeJInHI KpyTra 7 < a;

18) / ly| di, ne (T') — myra nemmickarn Bepuymni (22 + 92)? = a?(2? — y?);
)

19) /(:z:2 + 9?4+ 2%)dl, ne (I') — wactuma reumnToBOI Jimii = acost,

()
y=asint, z=10bt, 0 <t < 2m;

20) /:I;‘le, ne (I') — koso, 1O YTBOPIOETHCsT TIpw mepeTuHi cdepu

()
22 + 9> + 2% = a® monmnow = + vy + z = 0.

2. O0uKCIUTH JIOBXKUHK 38/ JaHIUX KPUBUX:

8

=2(ve* — 1 —arctgve* — 1), 0 < x < 2;
a(t —sint), y = a(l —cost), 0 <t < 2m;

x = a(cost +tsint), y = a(sint — tcost), 0 <t < 7;
r=ap, 0 <@ < 2m;

)

)

)

)
5) r=a(l+cosyp), 0 < o<
)

) a

) x =3t, y =3t 2 =213 Big Toukn O(0;0;0) mo Touxu A(3;3;2);
)x=etcost, y=etsint, z=¢e" pn 0 <t < +00;

10) 22 + y* = ez, Y _ tgE By rouku O(0;0;0) so rouku A(xo; yo; 20)-
T c
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IIpuknaau po3B’a3yBaHHS BIIPaB

1.7. Jlnst crportieHHst 004KC/IeHb 3alUIIeMO TapaMeTpUiHe PiBHSIHHS 3a1aHO0-

. T = % cost,
ro eJlca:

s
a ymooio r =0, y > 0, tom1 0 <t < —.
Yy = sint. 2

Omrxke, 3a GOPMYIIO0 3BEJIEHHST KPUBOJIHIAHONO 1IHTErpaJa, J0 3BUIaiHOTO ¥

BUITAJIKY MTapaMeTPUIHO 3aaHO1 KPUBOI OTPUMAEMO

2

xr = 5 cost,
2 . 4
xydl = Yy = sint, :§

()

4
cos’ t sin t\/ cos2t + 9 sin? tdt —

o
SIE]

0<t<

ol

z cost = z,
4 4 5
§/c082t\/§+50082td(cost) =1t =0,z =
0
1
Y U=z  dU=dz,
224 = + 22dz =
D dV =z

%—l—szz, V=

4JK /G ) )——/N[_:;_@ _

hf

_ 2 ‘/_ 2 ‘/_ 2
27 / + 2%dz — / +zdz

(%+22)3

3BljcH

,/ 22dz = — ——i<§ §—|—22+§1n<z+\/§+z2>)’;>=
:\/5( 9 2

8. V5+3\ V5(21vV5-8). V543
— — —1In ) = In :
5vV5  5v5 75 2 675 2
1.18. Ilepeiizemo 10 MoggpHOL cucTEeMU KOOpJAUHAT. 1o/ PiBHAHHS JEeMHICKA-

™ BepHy/ii MaTuMe BUTJIAN 7' = a+/COS 2, Jie ¢ € [— T+ g+ ﬂn} n € 7
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Tomi
=r(p)cosp, y =1(p)sinp, r(p) = ay/cos 2,

/|y|dl = d—q cos? 2 + sin? 2g0d ady -
I) B cos 2¢ \/€os 2p

0
d
:a2<—/singp cos 2 m /smgp cos 2¢ - \/COSSOTQO_{_

I

f d
+/Sing0 cos 2¢ m /smgp cos 2¢p - —cof2¢> =

3n
4

5T

INE

0 s

:a2(_/sing0d90+/Sing0d90+/511190d90_/3m90d90> -

_% 0 L‘%’T s
9 0 T T 5“ 9
:a<cosg0 W , oSy, +cosg0 >:2a 2-+2). »
! (
T = (P(t%
2.9. lns napamMeTpuyHO 3aJaHOl MPOCTOPOBOI KPHUBOI { y = (t), Je
z = A1),
\
to <t < T, BUKOPUCTOBYEMO HACTYIHY (DOPMYJTY JIJIsT OOUMCJICHHS JOBXKWHU TIi€l
KPUBOLI:
T
L= [ a= [ VOGP Vo
AB
B namomy sunajaky ¢'(t) = —e 'cost—e 'sint, ¢¥'(t) = —e 'sint+e ' cost,

N(t) = —e ! Toui

+00
L= / e '/ (cost +sint)2 + (sint — cost)? + 1dt =
0

= /et\/coszt+281ntcost+Sin2t+sin2t— 2costsint + cos?t + 1dt =

0
+o0 b
V3 / e~ 'dt = /3 lim /e_tdt =3 lim (—e’+1) = V3 (rimoxr). »
b—+o00 b—+o0
0 0
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§ 1.2. KpuBoJtiHiiiHI iHTEerpajm Apyroro poay

Hexait Gynkuii P(x,y) 1a Q(x,y) € Bu3HaUeHUMU Ha HElEPEPBHiH He3aMKHE-
Hiit mpocriit kpusiit Bursany (AB) = {(z,y) : © = ¢(t), y = ¥(t), t € [to; T]},
A = A(p(to), ¥(to)), B =B(p(T),¥(T)).

Posrusnemo fnoBlbae posburTst kpusol (AB) Ha n 9acTHHOK ToUKamu A =

Ao, Ary ooy Ay A, ... Ay = B. Tlpu isomy posoutTi Bijipisok [to; T'] mominm-
ThCd HA YACTUHKU TOUkKaMu t;, 1 = 1,n: g <1 <... <t <t <...<t,=
T.

Hexait (x;,y;) — koopjunaru rouku A;, x; = @(t;), yi = ¥(t;), Ar; =
Tip1 — Ti, Ay = Vi1 — Yin Aty = tipn — 4, A = miaxAtZ-, T € [tistiy], T

— JioBlIbHO BuOpane. CkJjajgemMo iHTerpaJibHi CyMu

[y

n—

5= 3 Plelr) o)Az, S, =3 Qolr), () Aus

1

Il
o

fKimo icHye ckindeHHa TpaHung lim S,, sgka He 3aJeXXUTh HI BiJ CIOCOOY
A—0

posburts (AB) Ha dacTuHu, HI BiJl criocoby BUOOPY T;, TO i1 HABUBAIOTH KPUGO-

ATHITHUM THME2Pasom 0pyzo020 pody 6id ynkuii P(x,y) no dysi kpueot

(AB) 3a abcuucoto i MoO3HATAIOTH / P(z,y)dx. dxmo icaye ckinuenHa rpa-

(AB)

Hnng lim Sy, To 11 Ha3WBaAIOTL KPUBOAIHIUHUM tHMeE2parom 0pyz2020 pody
A—=0

610 Pynxuii Q(r,y) no dysi kpueoi (AB) 3a opduramoro i MO3HAUAIOTH

/ Q. y)dy.

(AB)
SarajpbHuil KPUBOMIHIAHWI IHTErpas APYroro POy MO3HATAIOTH

/ P(x,y)dx + Q(x,y)dy.

(AB)
[Tpu nbomy
/P(x,y)d$+62(:v,y)dy= / P(z,y)dz + / Q(z,y)dy.
(AB) (AB) (AB)

ObunceHHsT KpUBOJIHIAHUAX IHTErPAJIiB IPYTOTO POIY 3BOJUTHCS JI0 00UnCIIe-

HHSI BU3HAUYEHUX 1HTErpaJiiB.
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Hexait dyuknii P(x,y), Q(z,y) HemepepsHi M0 HemepepBHiil He3aMKHEHiil
npocriit kpusiit (AB). PosrusinemMo Tpu BUIa KK 3a/[aHHsT KPUBOI:

1) sikio kpusa (AB) 3ajata napaMeTpuvHO Ha Bipisky [to; 1] piBHsHHSAME

z = (1),

y = (1),

i dbyukii ¢'(t), ¥'(t) e HemepepBHUME, TO BUKOHYETHCSI PIBHICTD

T
/ P(z,y)dz + Q(z,y)dy = / (Pp(t), ¥ ()¢ (t) + Qp(t), ¥ (1)) (1)) dt;
(AB) to
2) axmmo kpuBa (AB) B JeKkaprToBiil cucreMi KOODJMHAT 3aJ[aHa PIBHAHHIM
y=g(z), x € [a;b], i dynkuis ¢'(x) € nenepeppHOIO, TO
b

| Pz Qs = [ (Pla.gla)) + Q. gl@)g (@) da
(4B) a
3) sikio kpusa (AB) B nosisiphiil cucremi KoopJMHaT 3a/iaHa PIBHAHHSAM T =
r(v), ¢ € [a; B], i byukuisg 1'(p) € mHenepepsHOO It @ € [ov; 5], TO
B

/ P(x,y)derQ(w,y)dy:/(P(T(w) cos i, (i) sin ) X

(AB) o
X (r'(p) cos p—1(ip) sin @) +Q(r(p) cos @, () sin ) (r' (@) sin p+7() cos @) ).

BaacTuBocTi KpuBOJIIHITHOTO iHTErpaJa JIpyroro poay

1. /O-da::/O-dy:O.

(AB) (AB)
2. /dm:xB—xA, /dy:yB—yA-
(AB) (AB)

3. dkuo npsima (AB) napaseibha jio oci Ox, 10 / Q(x,y)dy = 0; sk
(AB)
npsama (AB) mapagesnbna g0 oci Oy, T0 / P(z,y)dx = 0.

(AB)
4. dxmo a,b € R, 10

/ (aP(z,y) + bQ(z,y)) dz = a/P(x, y)dx + b/Q(m,y)dm,

(AB) (AB) (AB)
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IIpW YMOBI ICHYBaHHs IHTerpaJiiB y MpaBiii YaCTUHI PIBHOCTI.

[ieto BIacTUBICTIO BOJIOIIOTH 1 KPUBOJIIHIIHI iIHTErpaJjn JPyroro poay 3a op-
JIMHATOIO.

5. dxmo C' — nosigbHa TOUKa KpuBol (AB), To

/P(w, y)dr + Q(z,y)dy =

(AB)

— /p(x, y)dz + Q(z, y)dy + /P(x, y)dz + Q(z, y)dy,
(AC) (CB)

[IPpU YMOBI, 1110 ICHYIOTH iHTerpaJju B 00MJIBOX YaCcTUHAX PIBHOCTI.

6. CupaBejiyiuBa piBHICTD

/P(aj, y)dr + Q(z, y)dy = — /P(fc, y)dz + Q(z,y)dy.
(AB) (BA)
3ayBaxkKMo, 110 JIOJATHIM HaIpPsSIMOM IIPOCTOI 3aMKHEHOI KPHBOI BBaXKalOTh
TOI, IPU PyCl B3I0BXK SIKOrO 00J1aCTh, 00OMEXKEHa, JIyTol0, 3aJIMIIAETHCs 31iBa.
7. dxmo dbyuxmii P(x,y) 1 Q(x,y) HemepepBHi Ha KyCKOBO-TJIAJIKIH KpUBiii
(AB), 10
)/P(x,y)dx+62(x,y)dy <ML,
(AB)
e M = max /(P(z,y)*+ (Q(z,y))?, L — nosxkuua nyru (AB).

(z,y)€(AB)
8. dxmo bynxuii P, Q, P, i Q) nenepepsni B samkneniit obiacri (D), mo

obmexkeHa KyckoBo-riakuM koutypoM (I'), To icuye Touka M (T, 7) € (D) raka,

[0 BUKOHYETHCST PIBHICTH

[ Plais + Qs = D (@(w.5) - Piw)
()
ne D — noma obmacti (D).
Hexait B mesikiit 38°a3miit obmacti (D) 3amani 18l Henepepsui Gyukiii Pz, y)
i Q(z,y). Posrusinemo kpuBosiniiinuii inrerpad / P(x,y)dx + Q(x,y)dy, ne

(AB)
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A, B — nBi noButbHi Touky i3 (D), a (AB) — J0BiIbHA KYCKOBO-TJIAJIKA KPHBA,
o crnosiydae A ta B i noBuicTio slexuth B obsacti (D).

Teopema 1. /lasa mozo, wob kpusosinitinul inmeepas dpyz020 pody He
aaneocas 6id dopmu dyzu wmezpysanna, Heobxidno i docmamuvo, u0b eupas
P(x,y)dz+Q(x,y)dy 6ys 6 obaacmi (D) dugepenuiarom 6id desaroi 00mo3naunoi
Pynruii dsox sminnux F(z,y).

IIpm BukoOHaHHI yMOB TeopeMu 1 ClipaBeJJINBOIO € PiBHICTD

(rB,YB)

/ P, y)de + Q(z, y)dy = F(rp,ys) — Flaaya) = F(z,y)
(AB)

(Taya)

Teopema 2. /Iaa mozo, w00 y 6citi ooaacmi (D) eupas P(x,y)dx+Q(x,y)dy
6ys nosrum dupepenyianom, Heobxidno i docmamnuvo, wob 6UKOHYEANACH YMOBA
P, =Q,.

Teopema 3. Jlaa mozo, wob xpusoriniGnud Hmeepas 0pye202o pody

/P([C, y)dr+Q(z,y)dy ne 3anescas 6id gopmu dyeu inmezpysanna, Heobriono

(AB)
i docmammnwvo, wob P, = Q.

Teopema 4. Jlrs mozo, wob wpusosmmitinud inmeepas 0py2020 pody

/P(:c,y)d:c+@(x, y)dy no samrnenomy xoumypy (I') 6 00noss’asnit obaacmi

(4B)
(D) 6ys pisnut nyao, nesarescno 6id Gopmu 3aMEHEHO20 KOWMYDPA, HEOOTIOHO

i docmamnvo, wob BUKOHYBAAACH DPIGHICND Pz; = Q. daa dosinvnoi mouru 3

oonacmi (D).
Bopasu

1. O6uncnvTn KPUBOJIIHIAHI IHTErpaJjn IPyroro poiy:
1) /(x2 — 229)dx + (y* — 2zy)dy, ne (I') — napabona y = 2%, = € [—1;3];

()
ydxr + xdy

22 +1?

—

e () ={(z,y): y=22-3,0<x <2}k
(T)

3) /(x2+y2)dil?+ (2* —y*)dy, ne (T) —xpuba y=1—[1—z|, 0 <z <2
@)
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2 2
4) /(m +y)dx + (x — y)dy, ne (I') — emninc xz L HaNpsiMi 0OXO.Ly

9
()

IPOTH TOJMHHUKOBOI CTPLIKH;
5) /23: dy — 3ydzx, ne (I') — kouryp rpukyrhuka 3 sepimnamu A(1;1),

(T)
B(3;5), C(4;7) 3 nampsiMoM 00X0jTy TPOTH MOJUHHUKOBOI CTPIJIKH;

6) /4x siny dx + y cos® 2z dy, ne (I') — Bigpisok upsamoi Big Touxku A(0;0)

)
1o Toukn B(3;6);

—x _y _ o2 2 .
7) /x2+y2dx_x2_‘_y2dy’ He (F)—{(Z’,y) L +y _4}7

)
8) /ydx + 2z dy, ne (I') — kouTyp pomba 3i cropoHamu § + % = =+1,
I)
3 5= +1 B Hanpsmi 00X0/y IPOTH TOJAUHHUKOBOI CTPLIKY;
dr +d
) ﬁ, ne (I') — kouryp kBajpata 3 Bepmuaamu y toukax A(1;0),
z Yy
I)

B(0;1), C(—1;0), D(0; —1) B Hampsimi 00X0/ly TTPOTH TOJMHHUKOBOI CTPIJIKM;
10) /arctg dy — dz, ne (OmA) — qacruna napabomn y = z2, (AnO) —

(OmAnO)
BIJIPI3OK MPSAMOI Y = ]

11) /xdy—ydx, ae (T) ={(z,y): v =acos’t, y =asin®t, 0 <t < 27 };

12) /(:J:er)da:, e (I ={(z,y) : x=2acost—acos2t, y=2asint—asin 2t,

()
0<t< 7}
13) /xdy ydx, ne (I')={(x,y) : x=a(t—sint), y=a(l—cost), 0<t<2n};
@)
dat 3at?
/fcdy ydz, ne (I') = {(x,y) r=TE Y=o e [0;+OO)};
@)
T T
15) /(y+x)dm—(aj—y)dy, ne (') —mernst kpusol r = a cos3p, ¢ € [_E; E]’
(1)

a > 0, 10 nepeTuHae MoJISIPHY BICh 3 JIOJ@THIM HANPSIMOM OOXOJly KOHTYpA;
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16) /nydx + (y* — 23 dy, ne (') — xpusa r = a(1 + cos p), ¢ € [0;27], 3
)

JIOJIATHIM HalPsiMOM 00XO0J1y KOHTYPA;

2 2
xy“dr — x*yd
17) / Y x2+y2y Y B3JIOBXK KOHTYDPY IIpaBOl TeJIOCTKUA JIeMHICKATH
T)

r = a,/Cos 2 B JIOJIATHLOMY HaIlpsiMi 00X0Jly JIyI'M KPUBOT;

18) / zy’de + y2idy — za’dz, ne (AB) — Biapi3ok mpsAMOI, IO CHOJyYaE

(AB)
roukn A(3;—1;1) i B(—2;2;5);

19) /xydx+yzdy+zxdz, Je (F):{(x,y,z) . x =cost, y =sint, z =1,

20) /yzda:+xzdy+xydz, e (I)={(z,y,2) : x=acost, y=asint, z=Fkt,

(I)
0<t<2n}.

2. TlepekonaBiuch, MO MijiHTerpaJbHUil BUpa3 € MOBHUM JudepeHiiiajiom,

ODYMC/INTU HACTYIIHI KPUBOJIHIAHI IHTEIPaAJIK:

(2:3) (2:3)
1) / x dy —y dx; 2) | (x+y)de+ (z —y)dy;
(—1;-2) (0;1)
(L;1) (6:8)
rdr +ydy
3) | (w—y)de—dy); 4) | —F—=;
V2 + y?
(1;—1) (1,0
(3;0)
5) / (z* + day®) do + (62%y* — 5y*) dy;
(=2-1)
(2;) )
6) / <1 — y_2 cosy) dx + <simg +2 COSy) dy.
x x T x
(L)

3. Busznauntn, um € jganumii BUpa3 MOBHUM JIu(EPEHIIAJIOM JeIKOol (pyHKITI
JIBOX 3MIHHUX. ZIKIIO TaK, TO 3HAUTH IO (DYHKIIIO.

1) (:L‘2 + 2xy — y2) dx + (:1:2 — 2y — y2) dy;
ydx xdy

322 — 2zy + 3y 322 — 2wy + 3y2;
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3) % dx + d—y;
/ yx T
Y (\/1—|—x—2—|—y2 224 y2) du + 2y dy;
5) (oo = +2) ) do+ (e =) +1) dy
6) (y + In(z + 1)) dx + (g; +1-— ey) dy:
7) (eCCer + COS(x — y)) dx + (ea:+y _ COS(;U . y) 4 2) dy;
)

4. Hosecru, mo sikiio f(u) — wenepepsua dyukiist i (I') — KyckoBo-ruakuit

3aMKHEHUI KOHTYpP, TO

/f(x2 + ) (@ dr + ydy) = 0.

@)
dex — xd
5. OuinuTu Mojay/b iHTerpaia Ip = / :g y2 5 1 [oKazaTu, 10
w RZ(SU + zy + y?)
r2+y’=
R—+00

IIpuknanu po3B’sa3yBaHHS BIIPaB

1.10. Konryp inrerpysatus (OmAnQ) 300paxkenuii Ha puc. 1. 3a BiacTusi-

CTIO O JIJIs1 KPUBOJIHIMHOTO 1HTErpaJa JIPyTroro pojy 3aIluliemMo:

/arctggdy—dx: /arctggdy—dac—l— /arctgydy—da:.
x x x

(OmAnO) (OmA) (AnO)
Y
1 Afy=27
n
m
O 1 X

Puc. 1
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Ob6uncIMMO KOXKEH 3 IHTerpaJIiB crpaBa:

1
/ arctgg dy — dx = /(2:13 arctgr — 1) dz =
x
(OmA) 0

1 1 1
2d
:Q/xarctgxda:—/dx:%—1—/1x+§2:
0 0 0

7
= Z—2+arctga:

—_

™
0o 2
0
/arctggdy—dx:/(arctgl—l)dx:1—%.
x
1

(AnO)

Orxe,

/ arctggdy—dx:z—l. >
T 4

(OmAnO)

1.16. Kpusa inrerpyBantst r = a(l + cos @) 300paxena Ha puc. 2.

vl

r = a(l + cos

3

2
Puc. 2

Qopmynan mepexojry Bij MOJAPHOI CHCTEMH KOOPJAUHAT JI0 JEKApTOBOI MaTH-

MYTb BUIJIAL

x = a(l 4 cosp) cos p,
( ) cos p 0< <o

y = a(l + cos p) sin ¢,
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Toni dr = —asin (1 + 2cos @) dp, dy = a(cos @ + cos2¢) dp.
Orxe,

21

/a:y2d9: + (y* — 2% dy = a3/ (— a(1 4+ cos p)® cos psin® p(1 + 2 cos ) —
() 0

2

—(1 4 cos p)? cos 2¢(cos ¢ + cos 2¢p)) dp = a’ /(1 4 cos @) (1 + 2 cos @) x
0
2m
x cos ¢(1 — cos® ¢)d(cos ) — a’ /(1 4 cos )? cos 2¢(cos @ + cos 2p)dy =
0
2m
= —a? /(cos 2 cos @ + cos® 2p + 2 cos? @ cos 2¢ + 2 cos  cos? 2+
0

2w
1 4
+Cos3g00082g0+cos2g000822¢) dp = —a3</ +0203 songJr
0
2 2
1 2
+/(1+C082¢)C082gpdgp+/#COSQZQOCZ@) _
0 0
2 2m
1 4 1 4 5
:_az»,(”/mdw/md@) _ 5o,
2 4 2
0 0

3.5. B namomy Bumnajiky
P(x,y) = " + cos(z — ), Q(x,y) =" — cos(x —y) + 2.
[IepeBiprmo ymoBu Teopemu 2:
P =e" 4 sin(z —y), Q,=e"" +sin(z —y).
Orxe, P, = @Q),, T00TO BUpa3

(e"™¥ + cos(z — y))d:c + (" — cos(z —y) + 2) dy

e nopuuM Judepeniiaiom B obiacri (D) = R2.

21
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3HaiileMo mepBicHY BiJi IbOro audepeHIiaia;
F(x,y) = / (e"™ + cos(z — y))dz = " +sin(z — y) + C(y).
3BijcH
F,=Q(z,y) =" —cos(z —y) +2=¢e"" —cos(z —y) + C'(y).
Toni C'(y) =21 C(y) =2y + C. Orxke,
F(x,y) =" +sin(z —y) + 2y + C

€ 1epBICHOIO (DYHKIIIEIO JIJId 3aJIaHOIO JudepeHiiaia.  »

4. Tlepesipumo, mo supas f(z? +y?)(z dz +ydy) € nopnum audepenmianom.

Maewmo
P(z,y) = of(2* + %), Qz,y) =yf(a® + 1)
Tomi
P/ — / 2 2 . 2 — 2 / 2 2
y = o f (2" +y7) - 2y = 2zy f (2" +y7),
Q, =yf (" +y*) - 20 = 2ayf'(a” + ).
Orxe, P, = Q) B obnacri (D), obmexeniit 3aMKHEHUM KyCKOBO-TJIQ IKUM

kouTypoM (I').
Toni 3a Teopemoio 4, BpaxoByioun Henepepsuicts dbynxnii f(2? + y?), orpu-
Ma€EMO, 110
/f(fc‘2 +y?)(zdr +ydy) =0,
()

1o i Tpeda Oys0 joBECTH. B>

§ 1.3. BacTocyBaHHS KPUBOJIIHIHINX IHTETrpaJIiB

Hexaii wa miomuni 3amana MarepiajbHa HemepepBHa mpocTa Kpuba (AB) i

o(x,y) € rycruroro po3nojiay Macu B3j0BxXK Jayru (AB). Tomi macy jiyru Kpuoi



§ 1.3. 3acmocysanna KPUSOAHIGHUL IHMELPANLE 23
(AB), momentn ineprii I, I,, crarnuani momentn M,, M, BimHOCHO BiIIOBII-
HUX KOODJMHATHHUX OCeil 1 meHTp Mac (Z.,¥y.) MarepiagbHOl jqyru Kpusol (ADB)

00YUCIIIOITHCH 38 POPMYyJTaMU:

(AB) (AB)
Le=—, Ye =
m m

3ayBaxKuMo, 1110 B HoOIepeHix (OpMyIaX BUKOPUCTOBYIOTHCS KPUBOJIIHIHHI
IHTETPaJIU TEPITOTO POJTY.
Axuio marepiasbha kpusa (AB) 3ajana B nupocropi i o(x,y,2) € rycTuHomO

PO3IIOIY MacC B3JIOBXK M€l JIyr'd, TO BLANOBIIHI (DOPMY/IN MATUMYTh BUIJIAI

m = /g(az,y,z)dl,

Jle MOMEHTH 1HePIlil TPOCTOPOBOI KPUBOI Ta 11 CTATUIHI MOMEHTH MTyKAIOTHCS BlJI-
HOCHO BiJITOBITHUX KOOPJMHATHUX TJIOIIUH, & TOUKA (L¢, Ye, Zc) — MEHTP MAC PO~

CTOPOBOI KPUBOI.
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Kpim Toro, st mpoctopoBoi kpusoi (AB) MOXHA 3HANTH MOMEHTH iHEpITii
BIJIHOCHO KOODPJIMHATHUX OCEil Ta IOYaTKy KOODJIMHAT 3a BIJIIOBIIHEMU (DOPMYJ/Ia-
MU

If:/w+%mm%@% @zjﬁﬂwmm%a%
(AB) (AB)

L=/@“ﬂ%@&@%
(AB)

h= (@4 + eyl
(AB)
st obuncyienss mwiori mwiockol ¢birypu (D), ska oOMekeHa KyCKOBO-TJIa/I-

kum KoHTypoM (I'), MoxkHa BEKOpHCTOBYBaTH (hOPMYJIH BHILY

1
Dz/xdy:—/ydxza/a:dy—ydx.
()

() ()

BayBaxKuUMoO, 110 1epily (OPMy/Ly MOXKHA JIE'KO BUBECTH 3 BJIACTUBOCTI 8
(muB. §1.2) muist KpUBOMHIRHUX IHTErpaJiB JIpyroro pofy, Bassum Q(x,y) = x,
P(x,y) = 0, apyry — 3B P(x,y) = —y, Q(x,y) = 0, a Tperio — B3sBIIH
P(z,y) = -y, Qz,y) = z.

Kpupostiniiini iHTerpaju JApyroro pojly 3acTOCOBYIOTb TaKOXK Jijisg 004n-
cJeHHsT pobOTHM 3MIHHOI CHMJIM B3JIOBXK KpUBOJIiHIiHOTO 1uIsixy. Pobora cuiin
ﬁ(aj, y) = P(x, y)Z+ Q(x, y); [IpY EepPeMileHHl MaTepiaJbHOl TOUKU OJUHUIHOL

macu 3 Toukn A B 10Ky B B370BXK jyru (AB) 009uCII0EThCs 3a (OPMYJIO0
A=/PWMM+Q@w@-
(AB)
3ayBaxkumo, 110 1oji0Ha (opMy/Ia Ma€ Micle Jijisg O0UUCIeHHsT POOOTH CUJIN
npu TepeMilennl MaTepiajJbHol TOYKU B3/I0BYXK MPOCTOPOBOI KPUBOI.
Bopasu

1. 3uaiiTi Macy, po3MOJIIEHY B3JIOBXK 3a[aHOI KPUBOI 3 TYCTHHOW 0(X,Y) :

1) y=2a° x€ll;2], olz,y) = zy;
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2) y=Inz, z€[2;3], o(z,y) =%

3) KoHTypa TpuKyTHuHKa 3 BepmuHamu B Toukax A(0;0), B(2;0), C(0;3),
_r_ Y.

4)y:ach£, x €[0;a], o(x,y)=—, k>0
a Yy

ot

? oy
Tl o1 a0y 20,
I = aCco

(@]

)

) $3t, y=asin’t, t € 0; 277] Q(x,y):k\xm, k> 0;
7) x =acost, y=bsint, te[0;2n], olx,y)=l|yl;

)

)

8) r=a(l+cosp), ¢€l[0;2n], o(r,¢) =kr, k>0

9) r =a\/cos2p, p€E [—%;%}, o(r,p) =kr, k> 0;
t* t3

10) x =t, y=5 =3 t€10;1], olz,y,2) =/2y.

2. 3HailTH MOMEHTH 1HepIil 3aJaHuX OJHOPITHUX MaTepiajabuux Kpuux (1) :

1) (T)={(z,y): 2z +y =14, 1< x < 3} Bigaocuo oci Oz;
2) (T) ={(z,y) : y=+z, 4 <z <9} signocno oci Oux;
) (D) = {(m,y) : x = a(t —sint), y = a(l —cost), 0 < t < g} BIJIHOCHO

oci Ox;
4) () =A{(z,y) : \/5+\/§:\/E, 0<zx
5) (0) = {(z,y) : 25 +ys =as, >0,y
3. BHaﬁTH KOOpﬂHH&TI/I L[eHTpa, MaC ﬂaHI/IX KpI/IBI/IX:

1) y=chz, 0<2<In3, o(z,y) =1

< a} BigHocHO oci Ox;
> 0} Binnocuo oceit Ox ta Oy.

)
Y4+ yP=4, x20,y=0, olw,y)=1;
) =as, ©20,y20, o(z,y) =1
)\/5+\/§:\/5, oz, y) = 1L;
5) x = a(t —sint), y=a(l —cost), 0 <t <2m, o(z,y) =1,
) x =2cost, y=2sint, Ogté%, o(z,y) =1;
Jr=a(l+cosp), 0<p<m ofr

)

)

S
I
\.)—‘

8) x =cost, y=sint, z=mt, 0<t<2m, o(r,y,z)=1;
0<t<m olx,y,2)=kz, k>0
10) # = e’ cost, y=ce'sint, z=¢€', —c0o<t <0, o(z,y,2) = 1.
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4. 3uaiitu miornry irypu, oOMeKeHol JaHUMU KPUBUMMU:
1) kouTypom TpukyTHEKa 3 BepimHamu A(1;2), B(3;4), C(2;5);
2) kourypom uorupukyrhuka 3 Bepumnamu A(5;1), B(4;4), C(1;5),

D(-2;1);

v

3 2. v =% 8wy =1 (dirypa JOTHKAETHCS JI0 MOYATKY KOODJMHAT);

5) & = acos’t, y = asin’t;

D

T (2 cost + cos2t), y = a(2sint — sin 2t), t € [0; 27];

-J

x cost —cos2t, y =2sint —sin2t, t € [0; 27];

8) r = ay/cos 2.

5. Buaiitu poboty cun F(x,y) 3 mepeMilents ouHIIHOT MACH B3/IOBXK JTAHOT

)
)
2
)y
4) x = acost, y = bsint;
)
)
)
)

kpuBoi (I') :
1) ﬁ(x, y) = 2zyi+a®;, (I') — upsma, mo cnonyuae Touku A(1;1) ta B(2;7);

2) F(z,y) = (x+y)i —xj, ([) — kono a2 + 4% = 4; )

3) F(x,y) = yi— 2], (I') — Bepxust nonosuna eninca % +Y BiJI TOUKH

A(2;0) sio rouku B(—2;0); !

4) F(z,y) = (x — y)i + (22 +y)j, (I') — KOHTYp TPUKYTHUKA 3 BCpIIMHAMN
A(1;2), B(3;3), C(1;5);

5) ﬁ(:z:, y) = (v — y),;’+ z7, (I') — xoHTYp KBajpaTa, OOMEKEHOTO MPSIMUMH
T =23, y==+3.

6. SuaiiTu poboTy HPYKHOT CUJIM, HALPABJICHOI JI0 HOYATKY KOOPJAMHAT, BEJIK-
YHHA FKOI € MPOIMOPIIIHHOIO BlJICTaHl MaTepiaJbHOI TOUKH BLJI TOYATKY KOOPJUHAT,
SIKINO 111 TOYKA ONUCYE B H&Hp?IQMi, IIPOTHJIE?KHOMY XOJly TOJMHHUKOBOI CTPIJIKH,
JIOJATHIO YBEPTh eﬂinca — + Z—2 =1.

7. Touka macoio m HepeMlLL[yeTbCH B cujioBoMy ToJii no Jy3i (AB) kpusoi
f(z,y) = 0. Buaiiru pobory 1noJIs, AKINO B KOXKHIi foro rouni (z,y) cuia, mo Jie

Ha, OJMHUINIO MacCH, CIIPAMOBaHa JI0 MOYATKY KOOPJMUHAT 1 38 MOJIYJIEM JIOPIBHIOE

BIJICTaHI TOYKH Bl TOYATKY KOOPJMWHAT.
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IIpuknaau po3B’a3yBaHHS BIIPaB

1.8. Ockinbku rycruna matepiambuoi kpusoi o(r,p) = ky/a(l + cosp),

k,a > 0, To maca 1€l KpUBOI 00UUCITIOETHCsT 38 (POPMYIIO0

kv/a(1 + cos p)dl,
()
e (0)={(r,¢): r=a(l +cosyp), 0 < p < 2r}. Toui

21

m = /k\/a(lJrcosgo) : \/a2(1+cosgo)2+azsin2gpdg0 =

27 27
:ak\/a/\/l—I—COSgp-\/2(1-I-COSQO)d(,OZCLk\/%/(l-l-COSQO)d(p:
0 0

2w

= akv/2a(p + sin @) ;= 2makv2a (mMac. og.).  »

3.10. 3a ymonoiw o(x,y, z) = 1, Tomy 3ajana Kpusa € oHOpigHO0. Criouarky

3HaijleMO Macy KpUBOL:

m = /dl = / Vet (cost —sint)? 4 e (sint 4 cost)? + e dt =
(4B) -~

0

0
= /et\/2(0082t+sin2t)+1dt:\/g/etdt:

—00

—\/_ lim ¢

a——00

= /3 lim (1 —e%) = V3 (mac. of1.).

a——00

Tenep 3HaitjieM0 craTudHi MOMEHTH KPUBOI BIJITHOCHO BiJIIIOBIIHUX KOOP/IMHA~

THUX IIJIOIIIVH:.

0 0
M,, = /a:dlz\/§/62tcostdt: V3 lim /thcostdt:
a——00
(AB) —00 a

/3 1 e (2 cost + sin t)
= im

a——00 5

5 5

_ 3 lim (2 62“(2cosa+sina)> B 2\5/5;

a——00
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0

0
M,. = /ydl:\/g/e%sintdt:\/g lim e?sint dt =

a——0oQ
(AB) —o0 a
_ /3 Jim e*(2sint — cost) _ /3 lim (_1_€2a(251na — COS“)) _ _ﬁ;
a——00 5 a——00 5 5 5
0
M,, = /zdl \/_/ e dt = /3 lim /e%
a——0o0
(AB) a
1 0
=3 lim —e* :ﬁ lim (l—eza):\/—g.
a——oo 2 a a——00 2

B pesyabrari KoopAuHATH EHTPA Mac MATUMYTh BUTJIS

M,, 2 M,. 1 M,, 1
= yC = m = —— ZC = .

m 5
Orxke, MEHTP Mac JAHOI I[POCTOPOBOI  KPHUBOI 3HAXOJMTHCS B TOYIL
C(Q' L 1) >

5 52/

4.8. Qirypa, obMexkeHa KPUBOIO T = a4/C0os 2, 300pakeHa Ha puc. 3. s
O0UMCJIEHHS ILJIOII] IJIOCKOT (PirypH CKOPUCTAEMOCH (POPMYJI0I0 S = / xdy. Toui

()

2¢
—2/ \/COS 2 cos ¢ - ( ?/?;WsmgoJr Vcos?gpcosgp)

M:\

s s

:2a2(/COSQgpcoszgodgo—/sianosingocosgpdgo) =

1+ cos 2 1 [
:4a2</cos2cp-$d¢—§/sin22gpdgp) :2a2(/0082g0d90+
0

0 0

cos 2 dp +

+ /(Cos2 2 — sin? 2¢) dgp) = 2a2(

0

cos 4 dgo) =

o
|
o\
1

jus

1 1
= 2a° (— sin 2¢ + — sin 4@0) )
0

5 1 =a*(xB. o1.). »
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b3

= a\/cos?2

3T

2

Puc. 3

5.5. Pobory cunmu F'(z,y) 3 nepeMinients OJUHITHOI MACH B3JI0OBXK 3a/IaHOTO

kouTypa kBajpata (I') (muB. puc. 4) obunciaroemo 3a HopmyJIomw:

A:/(:c—y)derxdy.

(T)
C - B
3
A
-3 0 3|2
Y
=3
> A
Puc. 4

Tomi

Az/(m—y)daz+xdy+/(a:—y)d:c+xdy+
(AB) (BC)

—l—/(x—y)dx-l—:cdy—l—/(x—y)da:—l—xdy:]1—|—Ig+13—l—14.
(CD) (DA)
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Ob6YnCINMO KOXKHUI 13 KPUBOJIHIMHUX IHTErpaJiiB 30KpeMa.:

(4B)

(BC)
Ig = /(CE
(CD)
14:/(x—y)da:+xdy:
(DA)

(x+3)dr = (%

3
3
11:/(:U—y)dx+xdy:/3dy:3y‘ 3:18;
=3

—y)dx+xdy:/(x—3)dx: <——3$>)_3:18;

-3
—y)d:zf+3:dy:—3/dy:—3y‘3 = 18;

2 3
+3:c)‘ =18,

Omxe, A = 72 — pobora 3aganoi cumn F(z,y) 10 nepeMimentio oquunanoi

macu B308K Konrypa (I').  »

InauBigyasbHI 3aBAaHHs 10 po3maiay 1

1. O6uncanTu KpuBosiHiitHuil iHTerpai B30k npsamol (L), mo 3’eaHye To-

yku A ta B:

1) /xydl, A(—1;-1), B(1;1);
(L)
3) /a:del, A(0;1), B(2;2);

2): B(2;4>§

dl
% NI

7) /(x2 —y)dl, A(0;0), B(1;2);
(L)

0) / (2 + ), A(3:2), B(4;4);

/x ydl A(2;—-1), B(4;0);

(L)

2) /x\/gdl, A(0;0), B(4;2);
(L)

1) / dl
20 — vy
(L)

dl
6 . A0
)<L/> Vartytrd

8)/x+ydl A(2:—4), B(0: —3):

, A(0; =2), B(4;0);

0)7 B(h 2);

yidl, A(=1;3), B(=2;4);

—l A L 9)-
\/_ (1;1), B(3;2);
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13)/ 2T 01 A(2:—4), B0 —3): 14) /(x—y2)dz, A(0;0), B(4;3);

7 3T +y
dl
15) | ydl, A(2;0), B(4;2); 16) | ——. A(0;-2), B(4;0);
/ [
17) /(:U+y)dl, A(0;1), B(2;3); 18) /(\/E%— Vy)dl, A(1;1), B(2;0);
(@)
19)/xily A(1;-3), B(1;-1); /\/ﬁdl A(2;4), B(0;1);
/ Ydl, A(2:3), B(8;1); 22) /(:c —A)dl, A(2;0), B(4;2);
(L)
W ALO). Bs: 2 [l A00), B3
(@)

/ VE=dl, A(0;—1), B(2:—5).

2. O6umcnnTy KpuBOiHIHMI iHTerpas B3M0BXK ayru (L) :

1) /(22 — Va2 +y?)dl, ne (L) — nyra kpuBol x = cost, y = tsint,

(L)
z=1, (0<t<2m);

2) /(332 + 2)4dl ne (L) — xono 22 + y? = a?;
(L)

dl .. .
, sie (L) — Bigpisok npsimoi y = x — 2, 1o 3’ejuye Touku A(0; —2)
r—Y
(L)
ra B(4;2);
2 2
/:z: y)dl, ne (L) — koo (x—g> —I—y2:a—;
2 4
(L)
VY2 + 22dl, pe (L) — xono y* + 2% = ay, (a > 0);
(L)
/xdl e — nyra mapabomm y = w2 Bim Toukm A(2;4) 1m0 TouKm
(L)
B(1;1);
22 P
7) /xydl, ne (L) — useprb eﬂinca — + e 1, 110 MICTUTBCS B 1IEPLIOMY
(L)

KBaJIPAHTI;
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2

/ 22dl, ne (L) — Bepxus nososuna Kosia 22 +y> = a® mix roukamn A(a;0)

(1)

Ta B( 0);
%

2
3

E )dl, ne (L) — actpoina % 4y

a(sint —tcost), (0 <t < 2m);

—a;
(L)
/ 2 4+ 92dl, ne (L) — napamerpuuno 3ajana kpusa x = a(cos t+tsint),
(L)
y = a(sint
11) /(:C—l—y)dl, ne (L) — kouryp TpukyTHuKa 3 Bepumaamu O(0;0), A(1;0),
(L)
B(0; 1);

12) /(\7_ —3y)dl, ne (L) — acrpoina x = cos®t, y = sin®¢;
(L)

13) / ly|dl, ne (L) — nemuickara (22 + y?)? = a®(2® — ?);
(L)

14) /(952 + 9% + 22)dl, ne (L) — nyra xpusoi © = acost, y = asint, z = bt,

(L)
(0 <t <2m);

15) /azyzdl, ne (L) — aBepTh KOJIA 24P+ 22 =R P+ =
(L)

JIEXKUTH B MEPIIOMY OKTAHTI;

16) /:1:\/3;‘2 — y2dl, ne (L) — nonosuna nemuickaru (z2+1y%)? = a?(x® —y?),

x = 0;

R2
I? 1o

17) /(:L‘+y)dl, se (L) — useprb kona 2 +y*+ 22 = R% y = x, 10 JexuTh
(L)

B IIEPIIIOMY OKTaHTI;

1) / d (L) i / int, = — bt
e — Jlyra KPUBOI I = @ COS = asint, z = bt;
2yt AV P Y ’ ’
(L)
19) /:L‘ydl, ne (L) — kouryp npsimokyTtauka 3 Bepummaamu O(0;0), A(4;0)
(L)

B(4;2), C(0;2);
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20) / ydl, ne (L) — nyra napabomn y? = 2px, 10 BiATHHAETHCA TAPabOIOIO

(L)
x? = 2py;
2 2

21) /(x +y)dl, ne (L) — npaBa HeJIOCTKA JIEMHICKATH 77 = a° €08 2(;

(L)
22) / V2y% + 22dl, ne (L) — xono x° +y? + 22 = a®, x = y;
L)

L z=1 (0Kt <),

32
V2

23) /(x +y)dl, ne (L) — myra kpusoi © =t, y =

(L)
24) /\/952 +y2dl, ne (L) — xono x? + y? = ax;
(L)

25) /del, ne (L) — mepmra apka nuksoign ¢ = a(t—sint), y = a(l —cost).
(L)

3. ObuncauTn KpuBoiHifinuil inTerpan B3moBx ayru (L) :

1
1) /y i dr — %dy, ne (L) — Bigpisok npsivol Big rouku A(1;2) g0 Toukn

Y
(L)
B(2;4);
2) /(x + y)dx — zdy, ne (L) — nyra xpusoi y = z* Big Toukn A(—1;1) g0
(L)

troukn B(1;1);
3) /yda: + zdy + xdz, ne (L) — myra kpuBoi x = acost, y = asint, z = bt,
L)

0<t < 2m,
(x + y)dx — (x — y)dy, ne (L) — namana OAB, ne O(0;0), A(2;0),

—

5) /(:132 —y)dx — (x — y*)dy, ne (L) — ayra xpusoi x = 5cost, y = 5sint
(L)

By roukn A(5;0) g0 rouku B(0;5);
6) /(Qa —y)dx — (a—y)dy, ne (L) — neprira apka nukaoin © = a(t —sint),

(L)
y = a(l — cost);
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2 2
r2dy — y*dx
7) / % Y , e (L) — myra kpusoi = acos®t, y = asin®t, 0 < t < g;

8) /(ﬂc2 +y)dx — (y* + x)dy, ne (L) — namana ABC, ne A(1;2), B(1;5),
(L

C(3;5);
9) [ ydx + zdy, ne (L) — nyra kpusoi x = Rcost, y = Rsint, 0 <t < g;
(L)
10) /($2 +yH)dr — (2* —y*)dy, ne (L) — sigpizox npsimoi sig Touxn A(0;2)
(L)

10 Touku B(2;0);
11) /:Uda:—ydy+(sc+y—1)dz, ne (L) — Bigpizok mpsimoi By rouku A(1;1;1)

(L)
1o Toukn B(2;3;4);

12) /($2 —y*)dx, ne (L) — pyra xpusa y = 22 Big rouxn O(0;0) 10 Touku

(L)
A(2;4);
13) /gd:c + zdy, ne (L) — xpuBa y = Inz Bim Toukn A(1;0) mo Touxm
x
(L)
B(e; 1);
14) /(x2 + 9*)dy, ne (L) — xomryp uorupukyrinka ABCD, ne A(0;0),
(L)

B(2;0), C(4;4), D(0;4);
15) /(xzy — 32)dr + (y*r + 2y)dy, ne (L) — nyra xpusoi z = v/3cost,

(L)
y = 2sint sig rouku A(v/3;0) 0 rouku B(y/—3;0);

16) /(acy — 2%)dx + xdy, ne (L) — nyra xpusoi y = 2% Bix Touku A(0;0)

(L)
1o toukn B(1;2);
17) /(x2 —22)dx + (y* — 2zy)dy, ne (L) — nyra kpusoi y = x% Bij Toukm

(L)
A(—=1;1) no rouku B(1;1);

18) /yda:+ Edy, ne (L) — nyra xkpusoi y = e~ Big Toukn A(0; 1) mo Touxn
Y

(L)
B(—1;e);
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dxr — xd
19) /%, ne (L) — kouryp rpukyrauka ABC, e A(1;0), B(1;1),
x Yy

20) /%daﬁ — zdy, ne (L) — nyra kpuoi y = Inz Big toukn A(1;0) mo
x

(L)
roukn B(e?;2);

21) /sin ydz+sin xzdy, ne (L) — Bigpizok npsamol Big Touku A(0; 7) 10 ToUKH

(L)
B(m;0);

22) /(y2—22)dx+2yzdy—a:2dz, ne (L) — pyra kpusoi x = t, y = 1%, 2 = 12,

4. O6uucanT podbOTy CUIOBOTO MOJIS F3 nepeMilieHHsIM MaTepiaJibHOT TOUKK
B3/10BK Jiinil (L) Big Touku A g0 Touku B :
1) ﬁ ze¥i + xyj, ne (L) — kpusa y = 22, A(0;0), B(1;1);
) F = (2 +2)i + (y* + 22)j, se (L) ~ upsava, A(—2;0), B(0;1);
) Fyit (y— )] a0 (L) wpusay=a— ", A(~a:0), B(0:a)
) F=yi+1Inzj, ne (L) — npsma, A(2;0), B(i?; 1);
5) F= (22 +y2)i 4+ y%J, ne (L) — npsma, A(2;0), B(0;2);
) F = (2% + 20y)i + («* +4°)], ne (L) — wpupa y = 2, A(0;0), B(1;1);
) F = 2%yi — 2y*], ne (L) — xpusa 22+ 42 =4, A(2;0), B(0;2);
) F = (2% = 2y)i + (y> — 22), ne (L) — npama, A(—4;0), B(0;2);



36 PO3BJIJI 1. Kpusoainiting thmezpasu. 3aCmocy6aHa

9) F=(x—y)i+j, ne (L) — Bepxus sactuna kpusoi 2+ 42 = 4, A(2;0),
B(—2:0);

y+ 2)k, ne (L) — npsva, A(2;3:4), B(3;4;5);

7o e (L) xpusa y = 207, A(0;0), B(1;2):

)
)
12) F = (z+y)i+ (x —y)j, ne (L) — xpusa y = 22, A(—1;1), B(1;1);
)
)
)

_|_

13) F = yi — 2}, ne (L) — xpusa 22 +3y? =1, A(1;0), B(-1;0);

14) F = (x2—2xy);+ (y2—2xy)j', ne (L) —xpusa y = 22, A(—1;1), B(1;1);

15) F = (2% 4+ 2y)i + (v + 22)J, ne (L) — xpusa y = 2 — %2, A(—4;0),
B(0;2);

16) F = zyi + (1 —1y)7, ne (L) — kpusa y = cosz, A(0;1), B(%5;0);

17) F = 4% — 2%], ne (L) — xpusa 22 + y> = 9, A(3;0), B(0;3);

18) F = zyi, e (L) — kpuBa y = sinz, A(m;0), B(0;0);

19) F = 2zyi + 2], ae (L) — xpusa 22 +y2 =1, A(1;0), B(0;1);

20) F'= —2i+yj, ne (L) — xpusa x> + %2 =1, A(1;0), B(0;3);

21) F = (x+y)i+2x), ne (L) — sepxnus uactnna kpnsoi z24+y% = 4, A(2;0),
B(-2;0);

22) F = (22 — 2y)i + (4> — 22)], ne (L) — upsama, A(—4;0), B(0;2);

23) F = (z+y)i+ (1 —1y)J, ne (L) — kpusa y = sinz, A(0;0), B(%;1);

24) F = —yi+xj, ne (L) — xpusa y = 23, A(0;0), B(2;8);

25) F = a%yi — yj, ne (L) — upsima, A(—1;0), B(0;1).



PO3IJI II. KpaTHi iHTerpaJjm

§ 2.1. Iloagiiini iHTerpaJm

Hexait B obmacti (P) Busnauena ¢ynkiisa f(x,y). Posio’emo 1o obmacts ci-
TKOIO KPUBUX Ha CKIHYEHHY KUIbKiCTh obsacreit (P), ..., (P,), miong skux piBHi
Py, ..., P,. Bobunacri (B;), i = 1,n, subepemo josiabhy touky (&,m:), 1 = 1,n.
Buauenns Gyskmii f(&;,7;) TOMHOXKEMO Ha Moy P, i ckaajgeMo cymy BHLY

n

o= Z f(&,mi) P, siky OyJieMO HA3UBATH THMEZPAALHOIW CYMO10 Jijist DYHKITT
i=1
f(x,y) B obmacri (P). Iosnaunmo depe3 A Haiiblnbimmit i3 giamerpis obsiacreii

(B), i=Tn.

n
AKimo icuye ckindenna rpanuis I = }\im Z f(&,m;)P;, To aucno I nasua-
—0

1=1

€ThCs N008ItHUM iHmezpasom Pynkuii f(x,y) 6 obaacmi (P) i mosnavae-

1= [ rwyap
(P)

OyHKIis, JJIs sIKOT ICHYE 1HTerpaJi, Ha3WBAETHCSA THME2PO6HO10 B 00JACTI

(P).

ThCA CUMBOJIOM

HeoOxinnoto ymoBoto icHyBanHs mojsiiiHoro interpada &byskiii f(z,y) B
obacri (P) e 11 obmexkenicth B 1iit obiacti. B cymporuBHOMy Bumajky mpu
JOBUIBHOMY po30uTTi obsmacti (P) Ha YaCTHHKE MOXKHA 34 DPaxyHOK BHOODY

T090K (&;,7;) 3p0o0OUTH iHTErpabHy CYMYy SIK 3aBIOJIHO BEJUKOIO.
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AHAJIOrYHO 10 3BUYAKHOIO iHTErpaja BBOIITHCST HUMNCHA 1 6EPLHIA CYMU

Aapby " n
=Y mB S=Y WP,
i=1 i=1

jge m;, M; nosnadaiorh BiAIIOBIIHO TOYHY HUXKHIO T4 TOUHY BEPXHIO MEXKY (DyH-
kil f(z,y) B koxkHiil 3 obmacreit (F;). [pu 3amanomy crocobi po3buttst obacti
(P) ma 9acTHHKH, HE3aJEeKHO Bij BUOOPY TO90K (&;,17;), Oy/e BUKOHYBATHCH He-
PIBHICTH

s<o<S.

Omxe, HrKkHs 1 BepxHsi cymu JlapOy €, BiIITOBIIHO, TOUYHOIO HUKHBOIO 1 TOTHOIO
BEPXHBOIO MEXKaMU JIJIsI IHTErpaJbHAX CYM.

st cym JapOy crpaBejinBi BJIaCTUBOCTI:

1) npu nodarvwomy dpobaenni wacmunor (P;) i3 dobasaannam noeux Ainii
nodiny wuosicna cyma apby ne 3MEHWYEMbCA, @ 6EPTHA — He 30LABULYEMBCA;

2) wootcna nustcna cyma Japby ne nepesuusye xoorcnol sepruvoi cymu Japby,
Hasimv Axwo 6 6ona 6idnosidana inwomy cnocoby posbumma obaacmi (P) na
YACMUHKY.

Bupasu I, = sup{s} i [* = inf{S} nazuBaiorhcs HustcHiMm i 8epTHim
twmezpaaom lapby, npu mpomy s < [, < I* < S.

Teopema 1. /lrs ichysanms nodsilinoz2o iwmezpara neobxiono i docmammnvo,
wob

}\IE)%(S T S) = 07

abo
n
I P =
lim szPZ 0,
1=1
de w; = M; — my; — woausanna gynruii f(x,y) 6 obaacmi (P;).
Knacu iHTerpoBHUX (pyHKITii

1. dxmo dyuknis f(z,y) e HenepepsHOWO B 0OsacTi (P), To BoHA B 11iit 061acTi

€ IHTerPOBHOIO.
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2. dxmo oomexena byuknia f(x,y) B obmacti (P) mMae po3puBm JIHIIE O
CKIHYEHHI KIJIbKOCTI KPUBHUX ILJIOIIEIO HYJIb, TO BOHA € IHTEI'POBHOIO B I1iit 0OJ/1acTi.
Teopema 2. /laa mozo, wob dynxuia f(x,y) Oyra inmeeposroro 6 00aacM

(P), neobxidno i docmammvo, w6 I, = I*.
BiactuBocti inTerpoBHux (QyHKIIHM 1 MOABIHUX IHTErpaJIiB

1. dxmo 3minuTu 3Hadenns inTerposroi B obsacti (P) dyukuii f(z,y)
B3/10BK Oy/b-s1k0T kKprBoi (I') 3 muomiero mysb (106 3minena (yHKIA 3anTia-
Jach 0OMEXeHO0), To HoBa (dyHKIIis € iHrerposoio B (P) 1 nojsiitnuii inrerpas
i€l dyukiil mo obsmacti (P) mopiBHIOE MOABIHHOMY iHTErpasy BiJl MOYATKOBOI
dyHKIIT 110 111t )Ke 0bJiacTi.

2. dkmo obmacts (P), B saxiit 3amana bynkmia f(x,y), kpusowo (I') mromiero
HYyJTb PO3KJIaJacThesd Ha JjiBi obmacti (P') i (P”), To i3 imTerposrocti byHKIil
f(z,y) y Bciii obnacri (P) caigye 1T inrerposnicts B (P') i (P”), 1 naBnaku, i3
inrerposrocti dyukmii f(z,y) B obmacrax (P') 1 (P”) caigye i1 inTerpoBuicTs B
(P). Ilpu 11poMy BUKOHYETHCsI PIBHICTE

e

P//

3. dkuo nomuoxkuru inrerposuy B (P) dynkuito f(x,y) na crany k, To

dbyukiis kf(x,y) € TakoK IHTErPOBHOW, i BUKOHYETHCST PIBHICTD

//kfxydP k//fxy

4. fdximo B obacri (P) iHTerpoBHi cbyHKLm f(z,y) 1 g(x,y), To inTerpoBHOIO

e dynkiis f(x,y) £ g(z,y), npudomy

// (v, ) + g(z,y))dP = //fxydPi// 9(z,y)d

5. HKLuo jist inrerposuux B (P) (:byHKLuH f(x,y) ra g(x,y) BUKOHY€ETHCsI

wepisuicts f(z,y) < g(z

,Y), TO
/ / f(,y)dP < / / gz y)dP
(P) (P)
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6. fdxmo dbyuknis f(z,y) inTerposna B (P), To € inTerposuoo B (P) i dbyn-

kuis | f(z,y)|, npuaomy

’//f(x,y)dP‘ g//}f(:v,y)‘dp
(P) P

7. dxmo imrerposna B (P) dynkma f(x,y) 3am0BOJNbHIE HEPIBHICTDH

m < f(z,y) <M, 10

mP < //f(:c,y)dP < MP.
(P)

3ayBaxkKuMo, IO SIKIIO PO3JILIUTHA BCl YACTUHKM OCTaHHLOI HEpiBHOCTI Ha P,

TO

JI fz,y)aP

(P)

< < M.
" P

J fz,y)dP

[Tosnaunmo dYepe3 [ BEJTWMIHHY i 2 . Toni //f(x,y)dP = uP, 5e
(P)

m < p < M. Hucno p Ha3UBAETHCA CePEOHIM 3HAUEHHAM N0061TUHO20
inmeepaaa Gynxuii f(r,y) no obaacmi (P).

Ao st Gyukmit gox 3Minaux f(2,y), BU3HAYEHOI B IPSIMOKYTHiil 00/1acTi
(P) = [a, b; ¢, d] icuye nopsiitauii inTerpas // f(x,y)dP i st KO>KHOTO CTAJIOTrO

(P)
d

3HAUeHHs X 13 [a;b] icHye 3BUYaiiHmil iHTErpas / f(z,y)dy, To icuye moBropHuii

c

b d
iHTerpa /dx/f(x,y)dy i BUKOHYETHCST PIBHICTH
a C

[[ st - / da / F(@, y)dy.
(P) a c

AnajiorivHo MOXKHA, JOBECTH, IO

//f(x,y)dP: /ddy/bf(x,y)dx.
(P) c
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Posryistremo tenep obnacts (P), obMexkeHy 3HU3Y 1 3BEpXY JIBOMAa HellepepB-
auMu KpusuMmu y = yo(x), vy = Y(x), a < x < b, a 3 6OKiB JBOMa IPIMUAME
r = a, x = b dxmo just Gynkuit f(x,y), Busnauenoi B obsacri (P), ichye

MOJIBIMHUI 1HTETrpaJ // f(z,y)dP, i npu KoxxHOMY (DiKCOBAHOMY 3HAYEHHI T

(P)
Y(x)
i3 [a;b] 3Buuaitauit inrerpan I(x) = / f(x,y)dy, To icnye TakoX MOBTOpPHWUIL
Yo(x)

Y(x)

b
iHTerpas / dx / f(z,y)dy i BUKOHYETHCS PIBHICTH
a

" [ s /dx/m

Ao obaacTb (P) Ma€ BUTJIAT KpHBOJIiHiﬁHO’l' Tparellii, 0OMeXKeHOol KpUBUMU

r=ux0(y)ix=Xy), c<y<d upavmumu y = ¢ i y = d, T0 cripaBei/IiBa

d X(y)
//f(:v,y)dP:/dy / f(z,y)dz
¢ zo(y)

(P)

IIPU YMOBI, 110 PA30M 3 TOJIBIfiHUM 1HTErpaJjoM iCHY€E IPU KOXKHOMY (PIKCOBAHOMY

dopmyiia

3HAUYeHH] Y 3BUYANHUI 1HTerpaJ 1Mo 3MIHHIN .

Y BUNAJIKY CKJIQJIHOTO KOHTYpa 00J1acTh (P) po30uBaeThest Ha CKIHIEHHY KiJlb-
KiCTh 9aCTUHOK, 1110 IJ1a/a0Th 1] PO3IJISIHYTI BUIIE BUNAJKKA. Lol HIyKaHuit
IHTerpaJl 3alUCyeThCs Y BUTJIAJI CYMU IHTETpaJiB Mo KOXKHIi 13 oOJacTei.

Hajani jurst mosnavenHs 1moJBiitHOrO iHTErpaJia, BAKOPUCTOBYBATHUMEMO MO3HA~

YEHHA

/ f(x,y)dzdy.

3aMiHa 3MIHHUX y TOABIMTHOMY IHTerpaJi

Pozrisinemo noxsiitauit interpast / f(z,y)dxdy, ne obnacts (P) obmexena

(P)
KycKOBO-TyiaJikuM KoHTypoM (I'), a dyukuis f(x,y) HenepepHa B 1iil 0bJacTi
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abo JIOIyCKa€ PO3PUBU B3JOBXK CKIHUEHHOI KIJILKOCTI KPUBHUX, 30epiraiouu Nnpu

IIbOMY OOMEXKEHICTb.

: x =z(§,n),
[Ipunycrumo, mo obnacts (P) 3B’s3ana dopMyraMu 3 Jle-

y=y(&n)
skoto obactio (A) na miomuni EOn. Toxi cnpasemBa dhopmyiia

[[ sty = [[ st n.vien| o] dcan
(A)

(P)

ox Oz
D(z,y) | % oy

ae J(&,n) = m = g_g ; — dKOoDOlaH Tepexo/ry.
U

Orxke, JJ1 TOro, 1mod 3AificHUTH 3aMiHy 3MIHHHX B IIOJIBIiHOMY iHTerpadii,
11oTpibHO He TibKK HijcrasuTu y dhyukiio f(x,y) samicts T Ta Yy BUpa3u, 3aJie-
»KHI BiJl HOBUX 3MIHHUX, aJie 1 3aMIHUTH eJleMeHT IOl drdy eJleMeHTOM ILIOII]
B KPMBOJIHINHIN cucremi KOOpAMHAT ‘J(f, ?7)‘ dédn.

BokpeMa, HoBiiiHuii iHTerpa y 1oJspHUX KOOpuHarax (T, @) Marume Bu-

// f(x,y)dxedy = // f(rcos,rsing)rdrdp.

(P) (A)

TJISI]T

Brpasu

1. O6umcaurn inrerpad //xydxdy, (P)={(x,y) : 0<z<1,0<y<1},

(P)
PO3IJISIJIAI0UN HOT0, sIK IPAHUINO IHTErPaJbHOI CyMHU, po30UBal0Il 00IaCTh 1HTE-
() J .. :
I'pyBaHHS Ha KBaJ[PATUKU NPSIMUMU T = —, Yy = =, 4,5 = 1,n, i Bubupaioun
n

3HAUEHHS MiIIHTerpaJbHol (DYHKIIT B IpaBUX BEPXHIX BEpIINHAX IUX KBaJIPaTiB.
2. Cxyacty HIKHIO s 1 Bepxio S cymu dapby ans dynxniil f(z,y) = 22 +1°
B obsacri (P) = {(z,y) : 1 <z < 2,1 <y < 2}, po3bupaioun OCTaHHIO Ha,
KBaJipaTl OpamMumua r = 1 + %, y=1+ %, i,7 = 0,n — 1. YoMy piBHi rpanumi
[UX CyM TIpH 1 — 007
3. Omucaru obOJacTh IHTETPpYBaHHS JJIsI 3aJaHUX MOBTOPHUX IHTErpaJiB Ta

O0YnCAUTH 1X:
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2 6 J a b
T
1 d —; 2 d dy;
Juf it e
1 2 0 0
2 2 3 3
3) /dx/(2x2—|—xy2—|—3y) dy; 4) /dy/ dr__
| (+y)*
0 2 0 1
3 4 s a
5) /dx/(x4—|—y2) dy; 6) /a’gp/r2 cos? dr
1 0 0 0

4. {kunit 3HaK MalOTh HACTYIIHI IHTErpaJIu:

1) / [ a? 47 dody, (P) = {(z.9) s la] + o] < 25
/ V1 y?dzdy, (P)={(z,y): 2* +y* <9};

//arcsmx—i—y dxdy, (P)={(z,y): 0<2z <1, -1<y<1—=z}

5. BukopucroBytoun Teopemy npo cepejiie (BaacTuBicThb 7), ONiHUTH IHTErpa-

// dzdy , (P) =A(z,y) « ||+ [y| <16}

64 + cos? x + cos? y

// 4 +sinay) dedy, (P) = {(z,y) : 2°+y* <4}
//a: — ) dzdy, (P) = {(z,y): 2*+y> — 2z < 0};

— 1
//sm v yil drdy, (P) = {(x,y): 2% +y* < 16}.
+y?

6. BMlHI/ITI/I NMOPSIOK IHTErPYBAHHS B 3aJaHUX MOBTOPHUX 1HTErpaJiax:

4 T—x 1 1—y
Y [ar [ fapds 2 [dy [ fey)ds
0 g L
2 0 1 x?
3)/daj / f(x,y) dy; 4)/dﬂj f(x,y)dy;
0 0 3
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iy [ S 6) [ du / F(x,y) dy;

/1
4—292 0
V2az 3

dx/fxydy, 8)/

1

V2ax—1x2
3 10—y

dy X,y daf—l—/dy / f(z,y) dx;

1 '
/d a:yder/ /
0

7. 3anmucaTy MOJIBIHMI iIHTErpaJt / / f(z,y) dedy y BUTISII TOBTOPHOTO JTBO-

w\\] O\g O\w

0[]
[

(P)
Ma CIIOCODaMM 3 PI3HUM IOPSIIKOM IHTEIPYBaHHS, AKIIO:

1) (P) — rpukyrnuk 3 Bepmmaamu O(0;0), A(2;1), B(3;5);
2) (P) — rpanemnis 3 seprmmaamu O(0;0), A(1;0), B(2;1), C(0;1);

)

3) (P) — xpyr 2° + y* < y;

4) (P) — ximbue 1 < 22 +9%2 < 9;

5) (P)={(@y):1<r<2 ~<y<a)

6) (P)={(z,y): —\/1—y*<ax<1—y, 0<y<1};

7) (P) obmexena kpusumu 4> = ax, x° +y> = 2ax, y =0, a >0, y > 0;
)~

co

) (P) — mapaJiesiorpam 3i cropoHamut y =, y == — 3, y = 2, y = 4;

(
(
(
(
(
(
(
(

9) (P) obmexena kpusumu 2 + y* = az, > +y*> = 2ax, y = 0, a > 0,
> 0;

10) (P)={(z,y): ¥’ <o +2,y >}

8. O6umcuTy no/BifiHI iHTerpasu mo obacti (P), oOMexeHill JTaHUMI KPHU-

BUMMU:

1) //xy2 dedy, y* =4z, v =1;
(P)

2) //(:CQ—I—yQ)dxdy, y=x, t+y=2a, x=0, a>0;
(P)
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3) //a:ydxdy, r4+y=2, 22+y* =2y, = >0;

(P)

4) // vyl dedy, o +y* < 4;
(P)

) //wzdxdy, 2] + |y <9
(P)

6) //:cda:dy, (P) — tpukyTauk 3 Bepmunamu A(1;1), B(2;7), C(4;5);

/ VA+22dedy, VP —a® =4, v=2, t=0, y=0, y>0;

// e"Vdrdy, y=e", v=0, y=2;

//:dedy, y=0, x=a(t—sint), y=a(l —cost), 0 <t < 2m;

0) //ydxdy, =0, y=0, x=acos’t, y=asin®t, 0 <t <

(P)
9. O6uncinTy MOJBINHI IHTErpaJu 3a JOMOMOIOI0 HEPEXO/Ly 0 MOJISPHOT CH-

b0 | 3

CTeMHu KOOpJuHAaT:

// T -|—y )dxdy, (P)={(z,y): $2+y2 < 20z}

2 2
//COS vy dxdy, (P)Z{(x,y): %<x2+y2<w2};

NeEaw

5) / Va2 +y?dedy, (P)={(z,y): 2z <a2®+y° < 6x);

(P)
)/ V9 —a? —y2dedy, (P)={(z,y): 2°+y* < <y < V2ah
(P)
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dxd
// xgi;/ 5o (P)=A{(z,y) : 4o <2’ +y° <9z, 2 <y < 2z}

// dxdy, ne (P) obmeskena nemuickaroio Bepnynni (22 + y?)? = 2azy.

10. O6qI/ICJmT1/I MO/BIMHI IHTErPaJIn 3a JOIOMOI0I0 3aMIHU 3MIHHUX:

// v?y? dedy, ne (P) obmexena kpusumu 2y = 1, xy = 3, y = z,

y = 2x x >0, y > 0;
// r — 2y)dxdy, ne (P) — mnapajenorpam, OOMEXKeHWH MPIMUME

x—i—yzl r+y=32x—y=1, 20 —y =4;

1
3) // xydzxdy, ne (P) obmexena kpusumu zy = 1, xy = 3, x +y = 5

s}
x+y:?

4) //(x + )z — y)*dady, ne (P) — kBagpar, oOMexKeHHil HpIMEME
r+y=1x—y=—1, x+y:3, r—y=1;

// dxdy, ne (P) obMexxena kpusumu 3> = 2x, y? = 3z, xy = 1, 2y = 3;

/ —d:z:dy, ne (P) obmexena kpuBumu xy = 1, xy = 2, y = 2x,

Yy = 535
11. O6umcauTy nOABIAHI IHTErpaJIn:

// x + y) dxdy, ne (P) obmexena kpusowo x2 + y* = x + v;

/ / 2] + [y])? dzdy, ne (P) = {(z,9) - || + y] < 4}

// \/1 - — — —dxdy, ne  obmacte  (P) obmexkena  esincom

l’

4

y__
9

7

// z+y) dxdy, ne (P) obmexena kpusumn y° = 2z, z+y = 4, v+y = 9;
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5) / [ cos( + )| dady, s (P) = {(z,y): 0 <z <m0 <y <)

(P)
6) [[ Vo= sy, ne (P)= () : el <1, 0<y <2}

12. O6uuncanTn MOABIHHI IHTErpaJin Biji PO3PUBHUX (DYHKIIIIA:

/ / sen(a® — o + 2) dedy, ne (P) = {(x,y) : o+ < A}
//ny}dwdy,ﬂe() {(z,9): 0<2<2,0<y <2}

/ V 0y — 22 dedy, ne (P) ={(z,y): —2< 2 <2, 2° <y<4}.

13. ,ZLOBGCTI/I mo sxmo dyukia f(x,y) € HemepepBHOW, TO (DYHKIIis

r+y—§
Uz / 3 / f(&,n) dn 3am0BONbHSIE PIBHSIHHS
0 E—x+y
0*U  0*U
o2 6—y2 = f(z,y).

14. Bupectn dopmyity jjst 00UMC/IeHHS / f(x,y) dxdy, B y3arampreHnx

) . .
HOJIIPHUX KOOpJiMHaTax x = ar cos® ¢, y = brsin® ¢, je a,b, a« > 0 — dikconani

cTaJl.
IIpuksiaau po3B’s3yBaHHS BIIPAB
5.4. Oymaist f(r.y) = s 2 —y+1 > :
4. Oynxuis = 8in —————— € HelepepBHOI0 1 0OMEKEHOI B 00J1a~
YHKIL Y e pep

cri (P) = {(z,y) : 2* +y? < 16}. Maemo, 1o
— 1

“1<sins 4T
2492+ 1

Toii 3a TEOPEMOIO ITPO CEPEJIHE MOKEMO OILIHUTH 3a/[aHIi TOABIHKI IHTEerpaJI.

2
— 1
—167 < //sinwdxdy < 167,
ZC2 +y2 + 1
(P)

ne 16w — miomma obmacti (P).  »

Orxe,
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8.7. 3aymana obyiacTh iHTErpyBaHHs 300paskeHna Ha puc. 5. Toji

(P)={(z,y): 0< <2, —V4+22<y<V4+ 22}

3BejieMO TOABIHHMI 1HTErpaJ 10 MOBTOPHOTO 1 00YMCINMO #0r0:

2 Iiz? 2
VA+xz2
/\/4+x2da:dy:/dx / \/4+x2dy:/\/4+x y‘ . dr =
—V4+a?
(P) 0 —V4+a? 0
2 . )
T 8 §
—2 [ 2(4 —) —2(8 —)——. >
/+:z: sc+3 . +3 3
0
3

Puc. 6
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9.7. IlepeitieMo 10 HOJISIPHOI CUCTEMU KOOPJIMHAT 32 JOIIOMOIOIO 3aMiHK 3MiH-
X =T COS P, . , , .
HIX Toxi B HOBI#t cucTemMi KOOPAWHAT OTPUMAEMO 00JIACTH 1HTE-
Yy = rsinp.
I'PyBaHHS BUJLY

(P) = {(r,(p): %g @ < arctg2, 4cosp < r < 9COSQO},

siKa, 300pakeHa, Ha puc. 0.

Orke, 3a POPMYJIOI0O 3aMiHKM 3MIHHUX B IIOJ[BITHOMY 1HTerpaJii 3allKilIeMo:

T
dxdy T = TCOoS, — < p < arctg 2,

// 2 = 4 J(r,p)=r|=

(2% +y?) y=rsing, 4cosp <1 < 9cosy,
arctg2 9cosy arcth arctg 2

1 [9cose 1 1 1 1

do [ D= LA AL Ly

/90_/ " /7“2 4cosg0S0 2/ 81 16/ cos? N

ISE

T 4cosp T
B 1(1 l)t arctg 2 1(2 1 1+1)_65
- AP 818 8116/ 2592°

2

2\81 16
11.3. ObmacTpb inTerpyBaHHs:

: : T = 21 cos ¢, . : :
3pobuMo 3aMiHy 3MIHHUX Toni B HOBI#l cucTemMi KOOp/IMHAT

y = 37 sin @.

00JIaCTD iHTeFPYBaHHH MaTuUMe€ BUJI:

ObuncauMo gKobiaH Iepexoiy /0 HOBOI CHCTEMU KOOPIUHAT:
2cosp —2rsin
J(r,p) = i - 6r(cos® ¢ + sin? @) = 6r.
3singy  3rcos

Orxe,

27 1
T = 27 Ccos ©,
//\/1————da:dy— v :/dgp/\/l—r2-67’dr:
y = 3rsinp / ]

21 1

—S/dgp/md(lr2)—27\/m’;dg0—477. >

0 0
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§ 2.2. IlorpiiiHi iHTErpam

Hexaii B nmesikiit mpocroposiit obmacti (V') sanana dbyukiis f(z,y, z). Posi-
6’emMo 00J1aCTh 3a, JIOTIOMOI'OI0 CITKU TMOBEPXOHb HA, CKIHUYEHHY KLJIBKICTh YaCTH-
wok (V1), (Va),..., (Vy), mwo mators Bijnosini o6’emu Vi, Vo ... V,. B me-
xKax i-ro ejementa (V;) BisbMeMo MoBLIbHY TOUKY (&, 1;, (;) 1 3HaYeHHS DYHKITT
B it rouni f(&;,m;, (;) nomuoxkumo Ha o6’em V;. Ckiiagemo iHTerpajibHy Cymy

n
o= 2]0(51'777@‘7{2‘)‘/2"

ﬁl_(H_LO IcCHy€ CKiHYeHHa rpaHuns [ 1€l cyMu mpu IpAMyBaHH] JI0 HYJIs Haii-

Oluibioro 3 jiiamerpis Beix obsiacreit (V;), TO BOHA HAa3UBAETHCsl MOMPITHUM

inmezpaaom Pynruyit f(x,y,z) 6 obaacmi (V). [losnauaernes

I = E&)J = ///f(:c,y,z)dv = ///f(m,y, z)dxdydz,
(V) (V)

Je A — MakcuMaJibHui 13 jiamerpis obsacreit (V).
CxiHueHHa T'PAHUIlST MOXKe ICHYBATHU JIKIIe JJjis1 ooMexkenol GpyHKIi. Jjs iH-
TerpaJbHUX CYM 34, aHaJIOTIEIO JI0 TMOABIMHNX 1HTErpasiB MOXKHa, BBECTH HWKHIO 1

BepxHIio cymu ap0Oy:

S:i’:mi%7 Szzn:MiV;,
i=1 i=1

ne m; = inf{f}, M;=sup{f}.
(V2) (V2)
Teopema 1. /lra icnysanmus nompitinozo inmezpana 6id gynxuii f(x,y, 2)
no obaacmi (V') meobxidno i docmammuvo, wob ukonyeaiacy 00ua i3 060T Ma-

CMYNHUL YMOB:

1) lim(S — s) = 0,

n
2) limeiV; =0, de w; = M; — m; — woausanna dynrkuii f(x,y,z) 6
A—0 1

oonacmi (V).
Teopema 2. Byodv-axa nenepepsna ¢ymnxuia f(x,y,z) 6 obaacmi (V) € in-

meepoeHoto.
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Teopema 8. Bydv-axa obmescena dynwuia f(x,y,z) 6 obaacmi (V), eci
PO3PUGU AKOT AEANCAMB NA CKIMYEHNIT KIALKOCTI NOGEPTONL 00 €EMOM HYAL, €

IHME2POBHOI0 8 ULl 00AGCINI.
BiacTtuBocTi iHTerpoBHuX (pyHKII Ta MOTPIMHNX IHTErpaJiB

1. IcayBannsa 1 3HaUeHHS MOTPIfHOTO IHTerpaJsa He 3aJe;KUTh BiJ 3HAYECHD,
1o npuiiMae miginTerpaibia Gyakiisa f(x,y, z) B3I0BXK CKIHYEHHOT KiJTHKOCTI

1HOBEPXOHb 00’€MOM HYJIb.

2. dxmo (V) = (V') + (V"), To

// = [ e s ]

V//

MpUIOMY 13 ICHYBaHHS 1HTErpaJa 3J1iBa BUIJIMBAE ICHYBaHHS 1HTErpaJiiB CIpaBa, 1
HaBIIAKH.

3. dxkmo k = const, To

///k-f(x,y,z)dv = k// f(x,y,2)dV,
(V) )

NPpUIOMY 13 ICHYBaHHS 1HTerpaJia clipaBa BUILJIMBA€E ICHYBaHHs 1HTerpaJia 3JiBa 1
HaBTIAKMN.
4. dxmo B obsacri (V) inrerposui (byHKLLi'I f(z,y,2) 1 g(z,y,z), 10 inTe-

rposroOtO € dyukiia f(z,y, z) £ g(z,y, z), npudomy

{V/)/(f(xaya g(z,y,2))dV = ///f:cy dVi/// o

5. fAkimo s iHTErpoBHUX B O6.)IaCT1 (V) by Kt f(x,y,z) Ta g(x,y,2)

BUKOHY€EThCs1 HepisHicTs f(x,y,2) < g(z,y, 2),

[[f o < ffi:

6. YV BunaJky iHrerpoBHocTi yHKIT f (a:,y, z) B obusacri (V') inTerpoBHoOIO

TakOXK B Tiiit obsacti € dyukiia |f(z,y, z)|. [Ipu npomy mae Mictie HepiBHICTD

‘///f” dV‘ ///\fxy, V.
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7. dxkmo inrerposua B obmacti (V) dbyukuis f(z,y, z) 3a10BoJbHSIE HEPiB-

wicte m < f(x,y,2) < M, 1o

mV < ///f(x,y,z)dV <MV,
(V)

] t@p2av v,
(V)

Y Bumajiky HerepepBHOCTi byHKI f(x,y, z) nomnepegHio (GopMysTy MOXKHA,

/] / Flay,2)dV = £(7,5,5)V,
(V)

ne rouka (T,7,%) € (V).

abo

Jgem < u < M.

3alUCaAT y BUJI

Hexait ¢ynkuisi f(r,y,z) Bu3HaueHa B NPSIMOKYTHOMY HapaJiejiernime]i
(T) = la,b;c,d;e, f], axuit mpoekryerhest Ha wiomuuy yOz B NPAMOKYTHUK
(R) = ¢, dse, f]. dxmo mas dbyskmil f(x,y,z) icaye norpiiinuii interpad
/ / / f(x,y,2)dT 1 jus koxkuOro dikcoBanoro sHadenuss = i3 [a,b] s
(1)

byukiil f(z,y, z) icaye noasiitauit inrerpan I(z) = //f(x,y,z)dR, TO ICHYE
(R)

b
TaKOK ITOBTOPHUI 1IHTErpaJ / dx // f(x,y,2)dR, i BUKOHY€ETHCs PIBHICTD

a (R)

///f(x,y,z)dT:/bdx//f(g;’%z)dR.
v o ()

f
dkmo npunycruTu icHyBaHHSI 3BHYAMHOrO iHTErpasa /f(:z:,y,z)dz 11

(&
Oyib-sikux (bikcoBaHux 3Ha4eHb T € [a,b] 1 y € [c, d], To

b d

///f(x,y,z)dT/dx/dy/ff(x’y’z)dz_
(T)

a c e
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Omxke, 00UKC/IEHHS TOTPIRHOIO 1HTErpasa 3BOAUTHCA 10 OOUNCIeHHS TOBTOP-
HOT'O 1HTerpaJa.

OueBnjiHO, MO 3 ICHYBaHHS MOTPIHHOrO iHTErpaJsa 1 3BUYAWHOIO iHTErpaJa
f

/f(:z:,y, 2)dz BUILIUBATHME DIBHICTH

///f(x’y’z)dT: //dxdy/ff(w,y,z)dz,
@) ©) g

ne (Q) = [a, b e, d.

Hexait tisio (V) obmexxene 3Hu3y 1 3BepXy BIJIOBIHUMU [OBEPXHIAMU

(&

z = z(z,y) i z = Z(x,y), mo npoekTyoTbes Ha mwionway xOy y birypy
(P), sxa obmexkena koutypoM (I') mromero mysnb; 3 6okis Tino (V) obmexene
MUTIHAPUIHOK TIOBEPXHEO0 3 TBipHUME, Tapaseabaumu oci Oz, i kpusoio (I),

dK HanpsaMHaoo. Tomi

Z(zy

///f(x,y,z)dV://dxdy /
(V) (P) 2o0(z

Y)

)
flx,y,2)dz,

pU [ILOMY BBarKalOThCS BU3HAYEHUMU BIJIITOBLHI 1HTETPAJIH /// fx,y,2)dV i

V)
Z(z,y)

/ f(x,y, 2)dz.

Zo(l',y)
Aximo obacts (P) € KpuBOJIHINHOI Tpaleliern, 0OMEKEHO TBOMa KPUBUME

y=1yo(zr)iy=Y(z), xo <x < X, manpamumu r = x¢ i = X, To nornepeHs

dopmyJia nepenuieTbes y Buii

X Y (x) Z(x,y)
///f(fc,y,Z)dV=/dﬂf / dy / flz,y,z)dz.
(V) T plr)  zo(ey)

3ayBaXKnUMO, 110 MEPECTABJSIOYN 3MIHHI 1 BPaXOBYIOUN ICHYBaHHST BIITOBII-
HUX 1HTerpaJiB, MOXKHA, BUBECTHU 1HINI (DOPMYJIN 3B’SI3KY IOTPiiiHOTO iHTErpasa 3

MOJIBIIHAM Ta MOBTOPHUMH IHTErpajiaMi, 3aje2KH0 B Bursiy obsacti (V).
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(V) =A{(z,y,2) s a<2<b, »(r) <2< Z(@), wle,z) Sy< Yz, 2)}h

(V) =A{(z,y,2) : ¢
(V) =A{(z,y,2) : ¢
(V) =A{(z,y,2) : e

(V) ={(z,y,2) s e<z2</, mol2)

MOXKHA, 3allUCaTH BiIOBIIHI (POPMYIIH:

///fxy, Ydxdydz /bdx

// flx,y, z)drdydz =
(V)

NN
< N
NN
S &
& B
SRS

n
N
N
o
S

o
O

\&

N

—~
~—

b

2)
dz / fx,y, 2)dy,

dy [ dx / fz,y,2)dz,

d Z(y)

/// f(x,y, 2)dxdydz = /dy dz
V)

// f(m,y,z)da:dydz_/ /dx /
(V)

// f(x,y,z)d:cdydz_/

(V) e yolz)

—~
~—

o

2)

~

Y)
Y)
f(x7 y7 Z)d$7

(2,2)
f(x,y, z)dy,

y
dy flx,y,2

3amina 3MiHHUX Yy HOTpiI‘/’IHomy iHTerpaJIi

Posrisinemo norpiitnuit inrerpad // f(z,y, z)dxdydz, ne obmsacrs (V)

(V)

oOMeXKeHa MoBepxHel 06’eMoM HyJb, a ¢yHkmisa f(z,y,z) HemepepBHa B Iiii

objiacTi abo Mae PO3pHMBU HA CKIHYEHHIH KiJBbKOCTI IIOBEPXOHb 00’ €MOM HYJIb,



§2.2. Ilompiiini inmeapanu 55

3aJIUIIAIOIICH TIPH ITboMY 0bMezkeHow. [Ipumycrumo, mo obiacts (V) B mpocTopi

Yz 1oB’ga3aHa (popMysIaMu

= x(£,1,Q),
y(€,m,Q),
z(§,1,Q)

3 gestkoio obstactio (V') B mpocropi €n¢. Toxi cnipaseymsa dhopmyiia

/ / f(x,y, 2)dedydz = / / F@ (€, ) y(€m, ), (€, )T (€., O)ldEdndc,

o\

\

Jx Oz Ox
9 In 9

ne J(&,n,() = DEnd = | 76 5 o SAKOOIAH Tepexo/Ly.
9 on o¢

Pozriasgaemo okpeMi BUIAIKK (DOPMYJIN 3aMIHU 3MIHHUX:

1) morpiiiauii iHTErpas y NUIHAPHIHEX KoopauHaTax (1, @, 2)

T =TCosp,
// flz,y, z)dxdydz = | y =rsingp, | = // f(rcosp,rsing, z)rdrdpdz;
Z2=2z '

2) morpiiinuii iHTerpad y cepuanux koopauuarax (r, @, 0)

xr =rcospsinb,

// f(z,y,2)dxdydz = | y = rsinpsinf, | =
J

z=1rcosf

= // f(rcossinf,rsin @sin 6, cos 0)r? sin Odrdpds.
")

Bmpasu

1. BukopucToByUn T€opemMy 1po CepejiHE, OMIHUTH i lHTeraJII/I

22 y2 22 :C2 y2
1) ///GV 2T T2 dedydz, (V) = {(a:,y,z) D — + + 1}
(V)

2) ///(x—l—y—z—l— 10)dzdydz, (V)= {(z,y,z) : 22+ y? 4+ 22 < 9};
V)
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V)
1<z <4}
dxdydz
4 // . (V) ={(z,y,2): 2*+y*+2° <9},
Y e R TEP A CER: 1= A }

2. 3BecTr MOTPIHUIT iHTErpaJ / / f(x,y, z)drdydz 10 MOBTOPHOTO MO 3MiH-

(V)
HUX T, Y, Z Oy/b-sIKHME TPHOMAa 3 MECTH MOXKJIUBUX CIIOCODIB, sKio obaactb (V)

oOMeXKeHa, TAHUMHI [TOBEPXHIMU:
Ne=0,z=1,y=0,y=1—2, 2=0, c+y+2=1;
xz y2 2
3) Oy—O z=0,2=1 y=1, z =>4+ y>
4 2+ +22=1, 22+’ +22=16,2=0,y=0, 2=0, (=0, y=0,
2 0);
5)2=0,y=0,2=0, =4, y =16 — 22, 2 = 2% + 12

3. O6uucsuru norpiiini inrerpasu no obuacri (V'), obOMexeHiii noBepxHsimMu:

) ///xy Bdedydz, z=zy, y=x, t =1, 2 =0;
(V)

2) ///xdxdydz, > +y’=1,2=0, z=23;
(V)

3) ///xyzdazdydz, 2+’ +22=12=0,y=0, z2=0;
(V)

4) /// ryzdrdydz, vy =22, x =%, z=uzy, 2z =0;
V)

5) /// Va? + y2dadydz, 22 + g2 =22, 2 =1;
(V)

6) ///xy\/gdxdydz, 2=0, z=vy, y=2a% y=1;
(V)

7) /// zdrdydz, 2* = g(af +9%), 0< 2 < 2;
V)
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8) /// ryzdrdydz, 22 +9y° 4+ 22 = a3z, 22+ > + 22 =ay, 2 > 0;
V)
9) ///(x2+y2+z2)dazdydz, Pyt +22=9 2P+ 22 =22 1> 0;

10) /// Adrdydz, 2 +y* + 22 =16, 2%+ ¢ + 22 = 8z.

(V)
4. O6unCAUTU TOTPIHHMI 1HTErpaJ, MepelInoBIIn JO MUIIHAPHIHIX abo cde-

pHUYIHNX KOOPpAHHAT:

1) /// Vot +y? + 22dadydz, (V) = {(z,y,2) : 2?2+ >+ 22 <z}
(V)

2) ///(x2+y+z2)2dxdydz, (V)={(z,y,2): 2+ 22<1, 0<y<1};
1
/// Fo)dndydz, (V) = {(r,0,2) 1 5( +4) <2 <2},
/// Pdrdydz, (V) = {(z,y,2) : 0 <2< 1,0 <y < VI—a?

\/:U2+y < V2 —a? -y}
///:E + y*)dxdydz, (V):{(:E,y,z): 4<x2—|—y2+z2<9,z>0};
/ / / v? + y*)dadydz, ne (V) obmexkena nopepxuamu x> + y? = 4,

22 + y? —9, z2=0,z=1, =0, y=0;

7) ///zﬂﬁ + y?dxdydz, ne (V) obmexena mosepxusmu y = 0, z = 0,

2 =2, 2° +y* = 2x;

// Va2 +y? + 22dxdydz, (V) ={(z,y,2) : 2?4+ y*+2* <z};

/// vyzdedydz, (V) = {(z,y,2) 1 2®+y*+2° <23z, 2> +y°+22<2y,

/ / / dxdydz, ne (V') obMerxkena nopepxuamu 2 +y? =4z, w*+y*+z2 =16,

V)
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5. Bukonasmm Bi,D;HOBi,D;Hy SaMiHy 3MIHHMX, OOUMCJIUTH MOTPIHI IHTErpaJIin:

/// Vi Rt (V)= (02 T S <)

/// 2dxdydz, ne (V) obmexena nopepxusaMu z = ay?, z = by, y > 0,

z—aza: z—ﬁx z=h, h>0,0<a<b 0<a</p

3) / / / ryzdxdydz, ne (V') posmimena B mepiuioMy OKTaHTI i oOMexKeHa Mo-

2 2 .2
BEPXHAMU 2 = +y, x+y,xy—4 zy =9, y=2x, y=3z.

6. O6uvcnTy noTpiitHuii iHrerpaJ /// y"2Pdrdydz, ne (V) = {(x,y,2) :

2+ + 22 <1}, m, nip—uin HeBl,ZL '€eMHI 4uncia.
Ilpuknaau po3B’ss3yBaHHsS BIOPaB

3.7. Obnacts interpyBanns (V') 300paxkena Ha puc. 7. [Ipu mpoekryBanni Ha
momuny Oy yropuThea Kpyr 2 4 y? < 9.

Orxe,

V)={(z,y,2) : —=3<2<3, —V9—22<y<V/9— 22, %\/x2+y2<2<2}-

Toji noTpiiinnii iHTErpaJ MOXKHa 3BECTHU JIO TTOBTOPHOT'O 1 OOYUCIUTH HOTO:

3 V9—22 2 3 V9—a22
///zda:dydz:/dx / / zdz——/d:z: / z2i _ 2dy:
(V) R RN v O A
3 Vo—22 3 9—x2
:%/dx (4—g(x2+y2)>dy:/daz / (4—g(x2+y2))dy:
-3 922 -3 0

3

S R O R Y (e P

dx = 3costdt, t1 =0, ty,=

3 .
0

|
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(14 cos2t)®dt = 12 [ (1 + 2cos 2t + cos® 2t)dt =

o
NIE]
o
NIE]

= 48/0084 tdt = 12
0

us

%
| At 3t 1 :
:12/<1+20082t+—+308 )dt:12(§+sin2t+§sin4t)‘ — 9. »
0
0

Puc. 7

4.10. Ilepeiimemo g0 mumisgpuaaoi cucremu koopuuat. Tomi obmacts (V') B

HOBI# crcremi KoopauHAT (7, (p, 2) MaTuMe BUTJISI]IL;

(V') = {(r,gp,z) : —g << g, 0<r<4dcosp, 0 <2< \/16—7“2}.
KOODJMHAT OTPUMAEMO:

4cos V16—1r2

T =T CoS P,
///dxdydz: y=rsing, J(r,p,z)=r :/dgp / dr / rdz =
V)

3a GopMyJIOI0 TTIepexoy 10 MUJIHIPUIHOT CUCTEMI

NE]

z =z, -3 0 0
2 4cosp 3 4cos
Vi
= /dgp / rz‘ dr = /dgo rv 16 — r2dr =
0
- 0 - 0
5 4cosp 3
1 1 4cosp
:—§/dgp / V16 — r2d(16 — r?) = —= [ /(16 — 12) . dp =
—3 0 —3
64 ; 64 / 64 ; 64
= —— [ (]sin® | — 1)dp = 5 /(— sin® p)dy — Y sin® pdy + 37 =
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0

64 64 64
=3 (1 — cos?® p)d(cos ) + E/ (1 — cos® p)d(cos ) + 37
-z 0
64 64( 1 4 )0 +64< 1 >§ 64(3 D>
= —7m — —|( cosp — = cos cos ¢ — = cos® T —
37 g\ T T g\ T3t Y T
5.3. Ockinbku obsacrs (V) po3wmiimieHa B MepIioMy OKTaHTI Ta 0OMEeXeHa
22 + 42 22 + 42 .
MOBEPXHAMHA 2 = 5 , 2 = = , vy = 4, my=9 y =2x 1y = 3z,
TO 3pOOUMO 3aMiHy 3MIHHUX SE— =&, 2y =1, = = (. Toxi B mpocropi En¢

2 _|_ 2
obmacts (V') marume BUrsi

no_ ) 1 1
(V)—{(ﬁ,n,C)-2<C<3,4<n<9,g<§<§}.

(

4 —
77 = &
3 cucremu { xy =1, 3HANIEMO 3aJIeXKHICTh 3MIHHUX X, Y, 2 Big &, 1, C.
=
Toui
( 1,1 ( 1,1
r=mn2("z, xr =mnz( 2
< y:n%g%, a6o < y:néc%,
= &g +nQ), 2=+ 0.
Ob6uncaIuMo KOobIaH Mepexoy /10 HOBOI CUCTEMM KOOPJIUHAT:
11 3 1
0 %C 272 —%C a2

(¢t +¢) &¢ +C) En(—¢2+1)

_1—1 ~1 1—1 ~1 _1 —2
=7¢ n(¢ +C)+4C n(¢ +C)—277(C +1).

Orxe,

1/ _|pmmenv=n .
xyz drdydz = _
V) 2=+ Q) JEn,¢) =g +1)

1

jdéjdn/ ECHHO) - 5 (C +1)d¢== ]dggdn/ £(C3 4207 + Q)d¢=
! 1 4

1
5 5
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/ﬁ§/3g +m@+§ﬂdn— /ﬁ€/355§+2m yi:

e [ S e

1
5

:65<185 QIHS)(E_i):WB(l% 21113) >

65 /185 3
_ 121 )
( ns )& 16\ 72 1 925) " 320\ 72

16\ 72

(S NI

§ 2.3. HeBoiacHi oaBiiiHI i OTPiiiHi iHTEerpaJm

Hexait obmacts (P) na mionmui € neobmexenoro i dbynkmis f(z,y) € Heme-

pepsHoio Ha (P), Tomi

[[ sty =t [ [ 1Gaizay,
(P) (Pn)

ne {(P,)} — moBlIbHA TOCTIIOBHICTH OOMEXKEHNX 3aMKHEHUX KBaJIPOBAHUX 00JIa-
creit, mo micTatbest B obsacti (P).

Ao rpanuiigd B npaBiit 4acTUHI ONEPEJIHBOT PIBHOCTI ICHYE 1 HE 3aJIeXKUTh
Bl Bubopy mnocrigosrocti {(F,)}, To BiAmOBiHUI iHTErpan HA3UBAETHCS 361-
HCHUM NOOISITUHUM HEBAACHUM THIME2PAAOM NO HEOOMEIHCEHIT 0baacmi.
Ko rpaHung piBHA HECKIHYEHHOCTI abo He iCHYe, TO MOJBIHHMI HeBJIACHMI 1H-
TerpaJl Ha3UBa€TbCs PO3OLHCHUM.

3a aHaJIOTIE€I0 MOXKHA BU3HAYUTH TOTPIHI HEBJIACH] IHTErPaJIn BiJl HElepepB-
HOT (PYHKIIT 110 HeOOMEeXKeHi1l TPHOXBUMIPHIN 00J1aCTi.

Posrisinemo Bunaiok, koun byukiis f(x,y) HermepepBHa B obMexeHiil 1 3a-

MKHeHii obmacti (P) Beiomn, 3a BuaaTkoM Toukn M (a,b). Toni

/ / f(2,y)dzdy = lim / / f(z,y)dady,
e—4+0
(P) (P)\(U:)

ne (U:) — miocka o61acTh JiaMeTpoM &, 1o MicTUTh TOUKy M .
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AKimo icHye cKiHYeHHa IpaHUIld B IOMEPeHIi PIBHOCTI, TO BIAIOBITHUI 1HTE-
IrpaJl Ha3UBAETHCA 301HCHUM NO00BITUHUM HEBAACHUM tHME2Pasom 6id He-
obmedcenot Pynruii 6 obaacmi (P). dAxkiio rpanuisi piBHa HECKIHUEHHOCTI
abo He iCHYe€, TO MOJBIMHUI HeBJACHUI iHTErpaJ HA3UBAETHCS PO3OIHCHUM.

AHaJIOrYHO BU3HAYAETHCsT HEBJACHUIT iHTerpas, skio Gyukiis f(x,y) mae
JIIHIIO PO3PUBY.

3ayBaxkKuMo, 1110 OHATTS HEBJIACHOIO IHTerpaJia BiJl pO3PUBHOI (PYHKIIII JIEIKO
MEePEHOCUTHCS HA BUIAJIOK TOTPIMHUX THTETPAJIIB.

Hepnachui mojsiitai abo moTpiitHi iIHTerpaJu Bijl HelepepBHOI (PYHKINI MOXKHA,
ODYHMCJIIOBATH 3BEJICHHSIM JIO MOBTOPHUX I1HTErpaJiB MpPHU YMOBI, IO BiJIMOBIIHI
MOBTOPHI 1HTErpaJn BiJ 3a7aH0l (PYyHKIIT ICHYIOTh.

3aMiHy 3MIHHUX Y 301>KHMX HEBJIACHUX 1HTerpaJiaX Bij HelepepBHUX (PYHKIL
BUKOHYIOTH 3a aHaJIOr€I0 JI0 BjacHUX iHTerpaJiB. Harnpukiaj, npu odunciienti
HOJIBIiHMX 301’KHUX HEBJIACHUX IHTErpaJiB BUKOPUCTOBYIOTH MEPEXiJl 10 IOJISIP-
HOI CUCTEeMW KOOPJMHAT, a Yy 30I>KHUX MOTPIHHUX HEBJIACHUX IHTErpaJiax MOXKHa

HEPEXOJUTH JIO HUJIIHJIPUYHUX 200 chepUIHUX KOOP/IMHAT.
Bopasu

1. [Hocnijuru Ha 3012KHICTH JaHI HEBJACHI IHTErpaJii 0 HEOOMEXKEHUX

obJIacTIAX:
// sy, (P)={(n)s a3 Ly > 1)

// dxdy (P) = {(z,y): 22+ 4% > 1};

(22 + y?)"

3) // cos(z® 4+ y*)dxdy, (P)={(z,y): >0,y > 0};

0 [[ Yty (P)= ()i ez 1 1<y <1y,
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dmdy
COS(L’COS?}
dd, P = , : + 21;

dxd
//|x‘ - p>0,q>0, (P):{(fﬂay)i|x\+\y\>1};

P fyle

i /// e i ddydz, (V) ={(z,y,2): >0,y >0, 2> 0};

/// o (V) ={(z,y,2) : 2> +y* + 2% > 1};

(22 4+ y? + 22)"

63

dxdydz
“”/X/u V) = (@) el 4ol 4> 1) p > 0,
)

[P+ |yle + [=]"
q>0,r>0.
2. [Hocaigutn Ha 30LKHICTL JaHl HEBJACHI 1HTErpajd Bl HEOOMEXKEHUX
dyHKIIIH:
dxdy
P)={(z,y): 22 +y%> <1},
/]:ﬁ+wy+y (P)={(z9): > +4* < 1}

dzd
// o (P)={(ey): yl <a? 2ty <1

72 + 92

dxd
//Ix\ L >0, g>0, (P)={(z.y): o]+ |yl <1}

Pyl

dxdy

5) //ln Vot +yidedy, (P)={(x,y):2*+y* < 1};

// dzdy (P) = {(z,y) : 2% +y? < 1};

(1 — a2 —y?)P
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dxdyd
/// i n>0, (V)={(z,y,2): 22 +y*+ 22 < 1};

(22 + y? + 22)n

dxdydz
/// y V)= {(e5,2): 2] <1, [yl < 1|2 < 1}

(x+y—2)?

/// Hy_dedydza (V) =A{(z,y,2) : ||+ [yl +[2] < 1}.

(22 + 9%+ 22)n

3. O6‘H/ICJII/ITI/I 3aJaHi HeBJIACHI IHTerpaJu:

dedy, (P)={(z,y): 2*+y* < 1};

[
// dxdy (P)={(z,y): 0< 2z <1, z4+y>1};

x-l—y

3 //ﬁfd—y_y (P) = {(x.y) : a*+ 3 < 1}:

—Q?

5) //lnsin(a)—y)dajdy, (P)=A{(z,y):0< <7 0<y <z}

dzdy — () - 22 2 < 1.
6)//ﬁ, (P)={(z.): 2+ <a}:

) /// O dndydz, (V) = {(2,9,2) : —00 < 2,y, 2 < 400}
Vv

8) /// e n<l (V)={(z.y,2): 2*+y°+ 22 < 1};

(1_x2_y2_22)n’

dxdyd
///xyz, (V)={(z,9,2): 0<2<1,0<y<10<2< 1},

xpquT
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dxdydz
19) /// (22 + 2 + 22)?’ V) ={(z,y,2) s 2* +y* + 2% > 1}.
V)

4. JloBecTu, 110 GKIIO:

1) dyukuis ¢(z,y) HenepepBHa B 0OMexkeHil 0bJacTi
(P)={(r,y): a<z <A b<y< B}

2) dyukuis f(x) wenepepsHa Ha cermenti a < x < A,

3) p <1,

. p(z,y) :
TO IHTErpaJ / dx / ——————dy 30iraeThCs.
|[f(z) =yl

5. Ilokazaru, 110

- 29 _
nl_l)lil@ // sin(z” + y*)dzxdy =«

|z[<n, [yl<n

. . 9 ) o
nl_lgloo // sin(z® 4+ y*)dxdy = 0

x2+92<2mn
upu n € N.
2 2
. r~ —y .
6. Ilokazatu, mo iHTerpa / / — gy dxdy posdiraeTnhes, OJHAK 1M0-
(2% +9?)
z=1,y>1
+0o0o +oo +o00o 400

22 — 22 —
BTOPHI IHTErpaJH / dx / mdy i / dy / mdm 301raloThCA.
1 1 1 1
IIpuknaau po3B’sa3yBaHHsd BIPaB

1.5. PosrisgneMo mociloBHICTD 00J1acTei

{(P)} ={(z,9): -n<ax<n, 0<y<1}, neN

Tomi
// dxdy / / / /
(14 224 y2)m 1+a¢2+y 1+x2+y
(Pn)
, dxdy dxdy
HKmomgO,TOnEIJ{lOO// (1+ 22+ y?>)m — o9, Tom// (14 22 +y?)m

€ PO30IKHIM.
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Axmo m > 0, To BUKOHYETHCSA HEPIBHICTD:

n 1 n 1 n d
T
d < [ d
/ 2+x2 / y/ 2—|—:C2 / y/(1+a:2+y2)m
—-n 0 —-n 0 —n
1 n n d
T
< [d S
/ y/ 1+a:2 /(1+:r2)m
0 -n -n
Orxe,
+o00 1 +o00 +00
/ dx o /d / dx o / dx
eram )Y Trar S ) Tra™
—00 0 —00 —00
e m > 0.

3a o3nakoro Komii mMaemo, 1110 HeBJACHMII iHTerpaJl clipaBa B OCTaHHIN He-

1

piBHOCTI 30ira€Thest 1pu m > 37 1 HeBJIaCHUI 1HTErpaJi 3JiiBa po30iraeThes 1pu
1
" 2 dzd
. ray
Omxke, HeBIaCHUN IHTErpaJ , e (P) = x,
[ G e (P) = ()

(P)
—00 < x < 400, 0 <y < 1}, 36iraerhbest, Ko m > 5 1 po3biraeTnes, KO
m<—=. »
1

(2 +y> + 22)"
n > 0, e gogaruaoio i Buznadeno B obaacri (V'), 3a unsitkom Touku O(0,0,0).

// / dxdydz // / dxdydz
= lim ,
(22 + y2 + 22 e—0 r? 4 y? + 22)"
V)

e (Vo) = (V)\ (R.), (R.) = {(z,y,2): 2>+ 9> +z <t 0<e<1}).

x 7 cos p sin 6,

2.8. Baysaxumo, 110 miginterpaabia Gyakuis f(x,y, z) =

)

Tomy

ITepeityiemo 10 cchepudnoi cucreMn KOOPJMHAT ¢ 4y =7 sin ¢ sin 0, Je 0 << 2,

z=rcosb,
\
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Toni pu n # 0 oTpuMaEMO:

27 T 1
dzxdyd
reyes =lim [ do [ df [ r~*r?sinfdr =
(2 +y?+22)" &0
(V) 0 0 €
T 3o 3-2
ol 1 gomen
00 d¢/3—2n581n9d9 00 ”(3—271 3—2n>
0 0
1 — 3—2n 4_7T, n < §7
= 4m lin’(l) 3 82 = ;
_> PR
€ n +o00, n > 3.
Axmo n = =, 10
2
27 T 1
1 1
lim dgo/d@/—sin@drzélﬂlimlnr = +o00.
e—0 r e—0 e
0 0 €
: : 3.
Omxe 3ajiaunii HeBjlaCHUI 1HTErpaJ 301KHUN 1pu N < 5 1 1010 3HAYCHHI

47

: 3 : :
piBHE Apu n > 5 HEeBJIACHWI 1HTerpaJ € po3oixKHUM. B

1

3.4. Oynukunis f(z,y) = € HeoOMEXKeHOI Npu T = 2 Ta
V(2—1)(z—y)
y=ux,0<x <2, Bobmacri (P) ={(z,y): 0<2x<2,0<y<xa}.
dmdy . , ,
Orxe, / / NCED € TOJABIMHUM HEBJIACHUM IHTErpajioM Bijl

Heo6Me>KeH01 cbyHKun

e

r—e

O/d Ei%/m_fj(x_y) )

Toui

_ 42 22 _
5 =1°, T =39, t1 =20

=132 - 1), dx:Wdt, tg = 400
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“+00 —+00

Ny IR B Y

— — =38 lim (arctgt — — —arc =

211 ) (@112 poso \ OB T oy T 2R
0 0

8 lim ( 2arctgb b —or. »
O\ 2 oy ) T

§ 2.4. MHOrOoKpaTHi iHTErpaJm

Hexaii (E) — obmexena muoxuna npocropy R™ a (A) — n-pumipuuii (esemen-

TAPHWIL) TPSIMOKYTHUK IIOMT A, 10 MicTUTH 1110 MHOXKUHY. P03i6’eM0 mpsMoKy-

UK (A) Ha n-BumipHi npsmokyTHuKN (A;), i = 1, n, maomamu A;. [Tosnaanmo
n n

s=> A, me (4;) C (E),a S=)> A, ne (4)N(E) # @. dkmo BBectn 10
i=1 i=1

PO3IJISILy XapaKTepUuCTUIHY (DYyHKII0 MHOKIHA (F)

1, sxmo x € (F),

)\E xTr) =
() 0, gkmo x ¢ (F),

TO JIICTAHEMO § = Z inf Ap(z)A; — mmkag cyma Japby, a S = > sup Ag(z)A;
i=12€(4) i=1 2€(A;)

— BepxHst cyma apby byl Ap(z).
Muoxkuny (F) C R" HasuBaioTh eumipHoto 3a 2Kopdarom, siKIO Xapa-
KTepucTuIHa (PYHKIIIs 1€l MHOXKMHU iHTerpoBaHa 3a PiManoMm Ha n-BUMipHOMY

npsaMokyTHUKY (A) D (E). Yucno mes E = [ Ap(x)dr nasusaerncs miporo
(4)

2Kopdarna mnootcunu (E).

Hanpukiag, skimo (F) C (A) C R, 10 mes F = // Ag(z,y)dxdy 1 (F)

(4)
TOJIi HABMBAETLCA KEadPO6aH0I0 MHoAHcunoto, a axmo (E) C (A) C R?, o

mes B = /// Ap(x,y, z)dxdydz i (F) nasuBaerbcst KYOOBHOIO MHOAHCUHOTO.
(4)

Baysaxkumo, o Maoxkuna (E) C R" sumipua 3a 2Kopjanom Tosi i Tiibku
Tosii, Kot Mipa 2Kopana Mexi i€l MHOKUHY JIOPIBHIOE HYJTIO (KpUTepiii BuMip-
HocTi MHOKUHM 3a 2KopjaHom).

Hexait dyukis f(x1,29,...,7,) Bu3HaueHa Ha BuMipHiii 3a 2Kopmanom

vuoxuni (F) C (A) C R, ge (A) — n-Bumipuuii npamokyTauk. Toji, gKimo
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mes E = 0, to ¢yuKiio f Ha3uBaiOTh tHMez2posHoto 3a Pimarom mHa
mrootcuni (F), a 11 interpasom Pimana (n-KpaTHUM iHTErpajoM) BBaXKalOTh

YUCJIO HYJIb

/.../f(g;l,xz,...,xn)dxldxg...dxn:O.
(E)

Axmo mesFE > 0, ro dyukiio f(xy,...,x,) HABUBAIOTL IHIME2ZPOBHOI 34
Pimarom na mroorcuni (E) npu ymosi, mo QyHkigis
f(z1, e, ... ), axmo (1,9, ..., x,) € (E),

fl(lel, o, ... ,xn) =
0, AKIIO (1, To, ..., %,) & (F),

IHTErpoOBHA HA N-BUMIPHOMY MPSIMOKYTHUKY (A), a qucyio

/--~/f(:1:1,:r:2,...,xn)dasldxg...dmn:/--~/f1(:r:1,x2,...,xn)d:cldxg...da:n
(E) (4)

HA3WBAETHC tHMeepasom Pimana (n-xpammum inmeepasom) PGynruii
f(x1,2z9,...,2,) no muoocuni (E).

Hanpuxias, sikimo (F) — KBaJpoBaHa MHOXKUHA, TO // f(x,y)dxdy — noxsiii-

(E)
nuii interpan dyuknii f(z,y) va muoxuni (E) C R?, a axkmo (E) — xybosHa

MHOKHHA, TO f(x,y, z)drdydz — norpiitauii interpan dbyskiil f(z,y, z) Ha

(E)
muoxkuni (E) C R3.

Axmo dbyuxiis f(xq, X2, ..., 2,) HelepepBHA Ha 3aMKHEHi# BUMIpHIl MHOXKH-
ui (F) C R™, 10 BoHa € IHTEIrPOBHOO Ha Miif MHOXKMHI (JI0CTaTHS yMOBaA IHTErPOB-
HOCT1 (DYHKITIT).

Hexait 3aj1aH0 y3arajbHeHe IUJIIHApUIHE TiI0 npoctopy R™:

(B) ={u=(2,9): x € (E1), a(r) Sy < fla)},

ne (Ey) - 3amknena suMipaa Muoxkuna ipocropy R ! a a(z) i f(x) — nenepeps-

Hi Gynkiii Ha Maoxkuni (E£7). dkimo dynknis f — HenmepepBHa Ha y3arajbHEHOMY
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nutinapuanomy T (E), To

B(x)
[ swan= [ ([ repdy)s
(E) (E1)  a(z)

dxmo (E) = {u = (z,y) e R" : z € [a,0] CRY, y € (Ey(x)) C R} -

3aMKHEHa BUMIpHA MHOXWHA JIJis1 JIOBLILHOTO T € [a, b], TO

/ f(u)du = / ( / f(@,y)dy) de.
(E) a  (Eri(z))

Hexait dpynkiii

r=uz(u,v,...,w), y=yu,v,...,w),..., z=z(u,v,...,w)

HelepepBHI pa3oM 13 CBOIMM YaCTUHHUMMK IOXIJHUMHU Yy 3aMKHEHii obJiacti

(P) C R" i 3niiicH0I0TS B3a€MHOOTHO3HATHE BioOpaykenus obmacti (P) na

obiacts (P').

Ao sikobiaH 1epexojy

T, T, T,
D(l’,y, 72) y/ y/ yl
J(u7v, ’w):D(uv w): u v w 7&0

B obsiacti (P), 10 3amkHena BuMmipHa muoxkutna (E) C (P) 3 KyCKOBO-IVIaJIKOWO
mexelo OF BiobpakaeTbes y 3aMKHeHy BuMiphy muoxkuny (E') C (P') 1 ps

byukuii f(z,y,...,z), sHenepepsHol Ha muoxuui (E'), mae micue dopmyiia

/---/f(x,y,...,z)dxdy...dz:
(E)

X‘J(u,v,...,w)}dudv...dw.
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3ayBaxkKuMo, 110 i3 1€l (hopMyJin JIETKO BUBECTH (POPMYJIU 3aMiHU 3MIHHUX
JUUTSI TIOJIBIMTHOTO 1 MMOTPIMHOIO 1HTEIPaJIiB.

Hexait Gyukiuis f Busnauena y samkueniit obsacri (F) C R", n > 2 3a Bu-
HITKOM TOYOK, 10 YTBOPIOIOTH MHOXKUHY (), Ky MOXKHA OKPUTH CKIHICHHOO
KIJIBKICTIO KYJIb, CYMYy MIp SIKUX MOYKHa 3pOOUTHU K 3aBrOJIHO MaJioi, TOOTO

m(e) m(e)

(Ve > 0), 3(By), k=1,m(e)) : { By 2 (E) A mes By < g}.
k=1 k=1
m(e)
Axiio Gyukuis f inrerposna na muoxuui (E.) = (F)\ U (Bg), Ve >0, 10
k=1

BUPAa3

/f(x)da::/---/f(xl,xg,...,xn)dxldxz...d::/;n
(E) (E)

HA3WBAETHCS HEBAGCHUM KPATNHUM tHME2Pasom dynruii f no aamrxHerid
suMmipniti obaacmi (F).
Hesnacuuii kparnuii inrerpan Gyskii f mo Bumiphiit obiacri (F) Hasubae-

ThCsl 301HCHUM, SIKIO 1CHYE CKIHUEHHA TPAHUIS
lim [ f(x)dz,
e—0
(Ee)

AKY Ha3UBalOTb SHAYEHHAM HEBAACHOZ20 iHmeapa./La 1 103HAYAIOTh

/f(x)dx:ll_r%/f(x)dx
(E) (Ee)

Hexaii samknena obsiacts (E) C R" neobmexena, asie nepepis (B,) N (E) =
(E.), ne (B,) € R" — 3aMKHEHa KyJist 3 PAJIycoM 7 i 3 IEHTPOM B MOYATKY

KOOPJIMHAT, € BUMIPHOIO MHOXKUHOTO Jijist jloBlibHoro 7 > 0. Toji Bupas

/f(x)dq::/---/f(xl,xg,...,xn)dxldafg...da:n
(E) (E)

HA3UBAETHCS HEBAACHUM KPAMHUM tHMez2pasom Gyuruii [ no neobme-

atceniti obaacmi (F).
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Hemnacumit kparuuii inrerpas f mo meobMmexeniit obmacti (E) HazuBaeThes
36iocHuM, SKINO ICHye CKiHUeHHa rpanunsg lim / f(x)dzr, aky HasuBaroThH
7—00

(Er)
3HAYEHHAM HEBAACHO20 THINE2PAAG N0 HEobMmedHceH1d obaacmsi.

Orxe,

f(x)dx = lim [ f(x)dx
r—00
(Ey)
[3 posmuIsHyTHX O3HAYMEHD BUILIMBAIOTH O3HATCHHS MOBIHHNX 1 TOTPIAHIX He-

BJIACHUX 1HTErPaJIiB.
Bopasn

1. OOumcauT MHOMOKpATHUI iHTErpaJ:

11
1)//.../(x%—i—x%—l—...—i—xfl)dxldxg...da:n;

0
2) / /dxldxg cdxy, (B) = {(x1,29,...,2) @ z; = 0,1 = 1,n,
_|_

(E)
T1+ T2+ .

11 1
3) // / 1+ To+ ...+ xn)zda?ldl'g codxy;
0 0

0
4) /"'/$1d331d$2...d$n, (E) = {(z1,29,...,2y) : x; = 0,7 = 1,n,

T, < 3

r1+zo+ ... +x, <1}

1 T Tn—1
5) /dxlfdscg... /xlxg...xndxn;
0 0 0

6) /---/\/xl—I—xg-l—...—l—a:ndxldxg...dxn, (E) = {(x1,29,...,2,)
() -
r1t+zo+...+ax, <1, 2, 20i=1n}.

2. SBmaittu Mipy 3amanoro Tina (EF) 3 mpocropy R™:
1) (E) ={(x1,22,...,26) : 23+ 25+ ...+ 22 < R?} (mnecrusnumipna KyJst);
2) (E) = {(z1,29,...,2n) : x =2 0,4 =1,n, oy +20+ ... +x, < 1}

(n-BuMIpHEIT CUMILTEKC);
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3) (F) — obMexeHa IJIOMUHAMA Gj1X1 + Qo + . .. + Gjpxy, = L£h;, i = 1,n,

ailr ... QAip
mpu A=| | #0 (n-BumipHuit napajesermines);
ap1 ... Apn
I ) i . —
4) (E) = {(xl,:vg,...,xn) cx; 20, —+ =4, . +2<1,a,>0,0i= 1,71}
ap a2 an
(n-BuMipra mipaMisa);
2 a3 x2 2
il
5) (E):{(afl,xg,...,xn): ;2 0,5+5+...+5— < 5 <1,
ayp 4y ap—1 Ay
a; > 0,1 = 1,n} (n-BuMipHHIii KOHYC).
3. Hexait f(x1,x9,...,r,) — #HenepepsHa dyukiist B obmacti 0 < z; < a,
1 = 1,n. HdoBectu piBHicTb
a 1 Tn—1 a a a
/dxlfdxg... / fda:n:/dxn/da:n_l.../fdxl, n > 2.
0 0 0 0 T T

4. OOumcanTH iHTErpas
/ / dridxsy ... dz,
VA PE—

Jile (E):{(xl,xg,...,xn): v+ i+ 2 <1

5. JloBecTu piBHICTD

O/ i O/ .. O/ FEF(82) - Sty = 0/ feyr),

pu yMOBi, 10 (yHKIsS f € HemepepBHOIO.

6. Jlosecru piBHICTH

fan s [ stegin = [ 5@,

IIpU YMOBI, 1110 QYHKIS f € HemepepBHOO.

7. JloBecTu PiBHICTD

x T Ln 1
/xldxl/xzdxg.../f(xn+1)dxn+1 2—/ 2 — u?)" f(u)du,
0 0 0 0
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Je GyHKIisg f € HemepepBHOO.
ITpuknaau po3B’a3yBaHHA BOPaB

1.5. BukopucraBiiy MOC/TIIOBHE IHTErpyBaHHs (QPYHKIIIi, OTPUMAEMO:

1 1 Tn—1
/dxl/dxg... / 1Ty ... Tpdr, =
0 0 0
1 T Tn—2
ZC% Ln—1
= da:l dxg - T1X9 ... 7 0 Tpn—1 =
0 0 0
1 x1 Tpn—2 x2
= /dxl/d.fg ce / T1T9 Tn—1 7127 d.’,Un_l =
0 0 0
1 T Tn—3
1 :C4 Tp—2
n—1
= 5 d:Ul dﬂ?g . T1T2 1 Tp—o =
0 0 0
1 1 Tn—3
11
=51 dry [ dxs .. T1Ty oo Xy _odTy o =
0 0 0

1
111 1 oo 111 1 1 1
... - S . ,
6 )/QU1 T 2(n—1) 2n  27-n! >
0

2.5. 3a o3naueHHdAM Mipu 2KopjaHa Jijisd 33JJaHOI0 N-BUMIPHOI'O KOHYCa 3a-

mesE:/---/dxldxg...dxn.
(E)

mumIiieMo
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3poOuMO HACTYTHY 3aMiHy 3MiHHUX:

)
X1 = a7 SN @ sin @y . .. sin ©,_9,

To = A7 COS Y1 SIN Yy . .. SIN Y, 9,

n—2
@y =ajreospi [ [ sings, j=2n—2
=7

Tp—1 = Ap—-17T COS Yp—2,

xn — xn.
\

ObuncinMo AKOOIaH Mmepexoy:

n—2
D(zy,...,2,) n—2 -1
J(Tv P1y- -5 Pn—2, xn) - = a1as:...-Qp_-1T S11n ij-
D(r,¢1,..., 0n_2,xy) e

Toui

™

2 T 1
mes B = ajag - ... Gp-1 / dpy /Sin padpa .. . /sin”_g SOn—2d90n—2/7’”_2drx
0 0 0

0
i 27 _— n2 g j
X [ dz, = (n— 1)na1a2 R H sin’/ ™" pdp; =
Ty, J=2 0
n—3
2 1
:—Trala2.....an.2n73. ﬁ — f
(n—1)" 2 r (%)
B QW%alag-...-an B W%alag-...-an
(n— Ll (") nl(%53)

OCKLJIbKHU 3 (hopMyJin

<.
I
N
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B (ﬁ) n—3 1 »
2 L(*5+)
6. 3a GopMYJI0I0 3 HPUKIIALY 3 MOXKEMO 3alUCATH:

Tn—1

/dxl/dxg /f Ty,)dx, = /f T dajn/d:cn 1 / dzr,_o . /dafg/dxl.

Tp—1

a a B 5
/dl‘Q/dxl:w

3a MeToJIOM MaTeMaTHYIHOI 1H/IYKIIIl MOYKHA JIOBECTH, 110 TTPU N = Kk BUKOHY-

ITpu n = 3 maemo, 110

€ThCSA PIBHICTD

_ k-1
/dl’k 1 / dl’k 2. /d$2/d.’1)1 CL ZUk))' .

Orxe,

/f T, dilfn/dl‘n 1. /da;‘Q/d:zsl /f Tp) - a;fnl); 1a’a:n:
Jan | [

mo # Tpeda Oyso joBectH. B

§ 2.5. BacTocyBaHHS KpPaTHUX IHTErpaJiiB y reoMerpii
Hexait 3amane Tijio
(V) ={(z,9,2) : (z,y) € (P),0< 2 < f(z,9)} CR,
ne (P) —3aMkHeHa KBajipoBaHa 0bJ1acTh, i GyHkiist f(x,y) € HelepepBHOIO B Tiiil

V://dxdy

(P)

obsacti. Toml



7

§2.5. acmocysanna xpamrux inmeepanie Yy 2eomempii

— ob’em uminrapuanoro tita (V).

3ayBaxkKuMo, 110 I GopMysia BijjoOpaxkae reoMeTpudyHuN 3MICT I10JIBIiHOTO

1HTerpaJia.

3 nonepeHb01 (POPMYJ/IN BUILIUBAIOTH HACTYIIHI:

P = / / dxdy — momma kBapoBanoi obiacti (P),

(P)

V = /// dxdydz— 06’em kybosHoi obsiacti (V).

(V)
[Tnomma rmaskoi mosepxui z = f(x,y), ne (z,y) € (P), (P) — 3amkuena obme-

JKeHa KBaJIpoBaHa 001acTh, a GyHKISA f Mae B Iiif 00sacTi HernepepBHl YaCTHHHI

noxigmi f; i f,, obumcoeTses 3a dbopmyoro:

P [[ 1+ Gila) + Uyl oy
(P)

(

r = z(u,v),
ZKmo piBHstHEs TOBEPXHI 3aJlaHe y napaMeTpuaHoMy Bujl &y = y(u,v), e
z = z(u,v),

\
(u,v) € (P), (P) - 3amknena obMexkeHa KBajpoBana o0iacTh 1 byHKIl x,y, 2

HerepepBHO Judepentiiitori B obsacti (P), To miomna moBepxHi 009uCTIOETHCsT

3a (HOPMYJIOTO

P = // V EG — F2dudv,
(P)

e

(2,)" + ()" + (20)%,

()" 4+ (4,)” + ()%,

E
G

R, / / / / !
F=ux,2,+Y, Y+ 2, 2
Bmpasu

1. 3BnuaiiTu oI mIockux Gpiryp, oOMexKeHUX KPUBUMU:

1
1)y:_7x:07y:27y:57
xT
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2) xy =4, v +y =5;

3) 2 =2px 4%, y* = —2qxr +¢* p>0,q>0;
4) =41 —a), 2* +y* =4, > 1;
5)7’:1,7“:%(308(,0,7’21;

6) r =a(l +cosp), r=acosp, a>0;

7) (2 + ) = 2a%(2* — y?), 2* + y* > a®, a > 0;
8) (2 + v*)? = a(2® — 329?), a > 0;

9) (@*+ 9" =2 +y*, 2 >0,y >0;

10 x3+y3:aa:y,a>0;
11) 2?4+ y* =2az, 2°+y* =2bz, y=2,y=0,0< a < b;

1)y =azx, vy =br, my> =2°, ny> =23, 0<a<b, 0<m<n;

(22 + 9% — ax)? = d®(2® + %), 2* + > = a3y, a > 0;
B)ar+y=2,x+y=5,y=3x,y="x;
ry =a®, xy = 2a*, y=2x,y =3z, x>0, y>0

17 \/E \[—1\/7 \/7—2——— LY u>0,b>0:
a b

18><§>3 @) () ettty

2. llepeitmosinu 70 y3araJbHEHUX TOJSIPHUX KOOpAUHAT (7, ) 3a dhopmysia-

)
)
)
13) y* = 2z, y* = 32, y = b, y = Tr;
)
)
)
)

= arcos” ¢ .. : .
r >0, ne a,b,a — migibpani craJi i
y = brsin® p,
D
J(r,p) = Dgi’i; = aabr cos® t psin® g

— dKOOlaH Iepexojly, 3HAUTHU IO IJIOCKUX (PIryp, 0OMe:KeHUX KPUBUMMU:

5
1) (§+g) _ Y a>0,b>0,c>0;

gz by 2 C;y,
2) (¥+25_2> :§,a>0,b>0,c>0;
3)%+%j%+2%,a2>0,b>0,h>0,k>0;

r Yy x Y
4) <g+5)4§+ﬁ,x>0,y>0,a>0,b>0,h>0,k>0;
5) (5+%) :ﬁ—%,x>0,y>0,a>0,b>0,h>0,k>0;
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6)4f+4%:Lx:Qy:Qa>Qb>m
a

.’,U3 y3 .%'2 yQ
7)$+ﬁjﬁ:ﬁ,x20,y:0,a>0,b>0,h>0,k:>0;
xr oy x
8 (— —) 0,450 b>0:
) i 3 ¥ >0,a> >

12
9) (\/§+\/§) :ﬁ,a>0,b>0,c>0;
a b c2
3
10) (£+4)" -2

2 5/ 16

3. Snaiitn 00’em Tija, 0OMEXKEHOTO JIAHUMHU TTOBEPXHSIMU:
D z=2*+y*y=2%y=1,2=0;

x Yy oz
NZ1Z241 2 1 0=0.u=0 2=0:
)2+3+4 , L y Y y Z )
Narty+z=22"+9y"=1,2=09y=0,2=0;
4) 2 +y? =2, 2* +yt = 2% 2= 0;
5)z:sinly,z:o,y:x,yzo,xzw;

2 R

=yt oz
6) 5 +5+ 5 =1
N e=a+y* o=2"4+y% 20 = 2> +4° 2= 0;
8) z=a+y, (2* +y)P =22y, 2=0,2>0,y > 0;
9) z =2’ +1° z=x+y;

2 e
z :xy,xyzl,xy:4,y2=x,y2:3x,z=0;

)
)
)

13) z=e ) 2=y, 2?4+ y? = 4;
) 2+ y* + 22 =a?, 2+ 97 = alx], a > 0;
)
)

22+ y?)? 4t =

16 ZZCOST,z:O,y:xtg&,y:xtg6,0<a<ﬁ<77
2 2 2 2 2
A T xc oy
74 P R B NI A |
)a+b2 c ’a2+b2 ’ .
18)z:x2+y2,:cy:a2,xy:2a2,y:§,y:2x,z:0,
2 2 2 2
‘Y z T x Yy
19) =+ =, =+ =—+2, 2=0;
)aerbg c’aij22 a+b;2 ’
N T T\ 3 Y\ 3
20)—2—1——24‘2:1, (E> —|—<g> =1,Z 0

2

9

79
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4. BukopucToByIOUN HNEpexij 10 y3araJbHEeHUX C(PEePUIHUX KOOPIUHAT

(
& = ar cos® ¢ cos’ 0,

{ y = brsin® pcos’ 9,

z = crsin” 0,

ne a, b, ¢, o, f — BIAMOBLAHI cTAJIl, 3HAUTH 00’ €M Tljia, 0OMEKEHOTr0 OBEPXHIMMU:
2
1) (§+Q+E> :£+g,x>0,y>0,z>0,a>0,b>0,c>0,
a b c h k
h>0,k>0;
2 2,92 4
x Y 2* z '
2) (a—g—i—b—%) +2E—E,a,b,c,k>0,
x Y Z°\2 «x
3 <_ 79 _> = 7 7b7 7h>07
Natwra) ~pobe
1) (§)3+(g 3+<5)3:1, a,b,c> 0
a b c
x Yy z
5) 3—+3g—|—3—:1,x>0,y>0,z>0,a>0,b>0,c>0.
a c

5. Bmuaiitu mionty nosepxui (P), 10 BU3HAYAETHCS YMOBAMU:

1) (P) — wacruna nosepxui 22 = 1y, 1O BLITMHAETHCS TLIOMUHAMMU
r+y=1z=0y=0;

2) (ZP) —vacruna cdepu 2 +y? + 22 = 9, 10 MiCTUTHCS BCepeIuHi MUTIHIPa
x? LY
9 4

3) (P) — wacruna nopepxui Konyca x2 + y? — 2% = 0, 1Mo BUPI3A€THLCA THJTiH-
apom x2 — 2z + y? = 0;

4) (P) — wacruna wionuun = + y + 2z = 4, siKa BUPI3a€ThCs [UJIIHJPOM
22 +y?> = 4 i MicTUTBCA B IIEPIIOMY OKTAHTI;

2 = @2, mo MicTUTHCH 11034 LUJIHPOM

5) (P) — wacruna nosepxui 2+ 4> + 2
2% +1y? = +ax (3anaua Bisiani);

6) (P) — uwactuna nosepxui napabonoina x? + y?> = 2z, gKa BUpI3AETHCS
nmingapom 2 4+ y? = 1;

7) (P) — uactuna nosepxui 22 4+ y? = a?, WO BiATHHAETHCS IIONMHAME
T+ 2 =0xz—2=0,2>0,y>0;

8) (P) — wacruna nosepxui x + y? + 22 = 4, AKa BUPI3AETLCA MUIIHIPOM

v 4yt = A2 - )
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9) (P) — wactuna nopepxui (22 +y )% + 2z = 1, gKa BIATUHAETHCA MIIOIINHOIO
2= 0;

10) (P) — uwacruna noBepxHi rejiikoijia x = 1 cosy, y = rsing, z = hp, je
0<r<a 0 p << 2.

6. 3HaiiTy MJIOILY MMEepEeTUHYy MOBEPXHI r? + y2 + 22 — Ty — T2 — Yz = a’

mwionuuoo r + vy + z = 0.

7. 3HailTu 1Oy IepeTuHy IOBEepXHI + - + = 0 monmmHoio

SH N
SEN

| =

z=1-2(z+y).
IIpuknaanu po3B’a3yBaHHS BIIPAB

1.11. Ilnocka dirypa obmeskena KpusnMu 2 + y? = 2ax, 2 + y> = 2bz,

= 0,y = 7,0 < a < b 300paxena Ha puc. 8.

a b 2‘a 2‘b
Puc. 8

st cupoiiientsi 004YMC/IeHHs TJIOII] TIJIOCKOT (PIrypu 1epexojiuMo Jio HOJsIPHOT

X = TCOoS(,
CUCTEMHU KOOPJUHAT

Yy = rsin p.
Orpumaemo pirypy:
(PYy={(r,p): 0< p< %, 2a cosp < 1 < 2bcos g}

Orxe, 3a d)opMyJIOIo 00UMCJIEHHS IJIOI IJIOCKOT (PirypH OTPUMAEMO:

ISE

1 2bcos

/dgo / rdr = / ) do = 2(b* — a?) /(3082 wdp =
acos

2a cos @ 0

2bcos ¢
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1 2 1 I
=2t - o) [ Tl = (- ) + i) =

4 2 4

2.6. Ockiyibku KpuBa, siKa O00MeXye ILI0CKYy (Dirypy, Mae€ BHIJIsi

x
=+ </% =1, =0,y =0,a > 0,b > 0, To nepeitieMo Jio y3arajbHEHNX
a

= (1 —a?) (EJF}) - (m+2) (k8.01). »

Tr = ar C088 (o
I[NOJIAPHUX KOODAWHAT BUAY

y = brsin® .
Toui sikobiaH 1epexoy

J(r o) = D(x,y) _ a cos® ¢ bsin® ¢ _
7 D(r,¢) 8ar cos” ¢(—sin ) 8brsin’ ¢ cos @

= 8abrsin’ ¢ cos” ¢ + 8abr cos” psin® v = 8abrsin’ v cos” .

B Hosiit cucremi koopunar (1, ) miocka dirypa (P) Bijgodpasurbes Ha:
(P)={(rp): 0<p< 5, 0<r <1}

Topi mtora 1€l irypu oOUUCTIOETHC 32 (POPMYJIOI0

jus

3 1
P = /dgp / 8abr sin’ o cos’ @dr = 4ab/sin7 @ cos’ pdp =
0

0 0
3 sinp = t,
= 4ab/sin7 (1 — sin’ (p)gd(sin p)=1| t1 =0, |=
0 ty =1

1 1
— 4ab/t7(1 — 32 + 3t* —t%at = 4ab/(t7 — 3t + 3t —t)dt =
0 0

5 30 2 M\ p 1 3 1 1 ab
¢ (8 0 4 14) 0o (8 10 1 14) 7o e on)- >

3.18. Tino, o6’eMm sAKOro HEOOXITHO 3HAKTH, OOMEXKeHe NUJIHAPUIHUME I10-

x
BEPXHAMU TY = a2, Ty = 2a2, IJIOIIUHAMA Y = 5 y = 2z, z = 0 Ta napa-
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Gosoiom obepranns z = 2 + y?. Toxi 3a dhopMymno0 obunCIeHHA 006 €My Tina

OTPUMAEMO:
a:2+y2

= // dxdy / dz = //(x2+y2)dxdy.
(P) 0 (P)

Huist Toro, 1mob o6uncauTH iHTerpal //(:U2+y2)dxdy, 3pPOOKUMO 3aMiHy 3MiH-
(P)

TY = U, . r=u
HIUX 3BijicH

11
g:v_ = u20v-z2.
T

Orke, sTKOGIAH MEPEXOJTY 70 HOBOI CHCTEMHU KOODJIWHAT (U, V) MATHME BUTJISIJI:

1
V2,

[N

Y [ NN WO
D(u,v) %u_%v_% %u%v_% 4
Obuiactb (P) B HOBI# cucremi koopuuar (u,v) BijoOpasuThCst Ha:
(P = {(u,v) : a* <u < 2d?, %<v<2}
Orxe,
/dv/u v+ uv) /dv/ (u2+1>
1 / 1 2a° 1 /
:§/U<—E+u> y dvzé/v(—?+2a2+?—a2) dv =

157, 1 5,
T (a + 2a2> = (2a*+1) (xy6.o01.). »

5.6. [l1s1 obumcieHHs IO 3a/1aHO0l TOBEPXHI CKOPUCTAEMOCS (DOPMYJIOIO:

N / / V1 (@, 9)? + (f (2, y)2dady,
(P)

2 2
we (P)={(z,y) : * +y* <1}, flany) = =, fllay) = o, fila) =y,
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Tomi
P = //\/1+x2+y2dxdy.
(P)
. T =Tcosy, : :
[Tepeitemo 710 MoOSAPHOT cHCTEMHW KOOPIWMHAT Toni B HOBI
Yy = rsin p.

cucremi KoopuHar obsactb (P) Bijopasurhes Ha:

(P)={(r,¢): 0<p<2m, 0<r <1}

Orxe,
2 1
y=rsinp, 0<r<1 ! it
. 2W(1+r2)% 1 . 21 o
25/? d¢:§/(2\/§_1)d¢:?(2¢§—1) (xB. O1.).  »
0 0 0

§ 2.6. 3acTocyBaHHS KpPaTHUX IHTErpaJiB y (i3uIli

1. Ilenmp mac naockoi naacmunku. Hexait o(x,y) — rycruna posnoiiy
Macd TI0cKol mnactuaku (P), mo Jjexurh #a miomunai xOy. Toml koopauHaTu

nenTpa mMac niel miacrunku (rouka C(zg, Yo)) obuncaoerbest 3a hbopMyaaMu:

1
Ty = —// o(z,y)rdrdy,
m
(P)

1
Yo = —// o(x,y)ydxdy,
m
(P)

Je m = // o(x,y)dzdy — maca nacruaku (P).

(P)
BayBaXkKumo, 1110 CMamu4Hi MoMeHmu naacmunry (P) BiIIHOCHO Bijino-

BIJIHMX KOOPJMHATHUX OCell BUPaXKAIOThCA (POPMYIAMHU:

M, = / / o(x,y)ydrdy, M, = / / o(x,y)xdrdy
P) (P)
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2. Momenmu inepuii naockoi naacmunku. Hexait o(x,y) — rycruna
posnoity Macu mwiockol wiactuaku (P). Togl momenmu inepuii naacmunry

(P) signocuo Bijnosignux oceit Oz ta Oy 069UCIIOITHC 32 GhopMyJIamu:

I, = // o(x,y)y’dady, I, =// o(z,y)z*dxdy.
(P) (P)

MowmeHnT iHepriii miockol miactuaku (P) BiTHOCHO TTOYATKY KOODJNHAT BHPA-

YKAETHCsE (POPMYJIOHO:
Iy= // o(z, y)(«® + y*)dady.
(P)

3. ITenmp mac npocmoposozo miaa. Koopjunaru eHTpa Mac IpocTOpPO-

Boro tina (V) (touxa C(xo, Yo, 20)) 3 TYCTHHOIO PO3NOALTY Mach o(z,y, z) obun-

CJIIOI0THCS 38, (POPMYyJTAMMU:

1
Lo = _/// Q(xaya z)xdxdydz,
m
(V)
1
Yo = —/// o(z,y, z)ydzdydz,
m
(V)
1
20 = _/// Q(.ﬁE,y,Z)Zdﬂfdde,
m
(V)

e m = /// o(z,y, z)dxdydz — maca tima (V).
(V)

4. Momenmu inepuii miaa. Hexaii o(x,y,z) — rycruna tina (V). Toxi

MOMEHTH iHepil Tijia BIJHOCHO KOOPJMHATHUX ILIOIIMH OOYUCIIOITHCS 3a (hop-

I, = /// o(z,y, 2)2*dxdydz,
(V)

I, = /// oz, y, 2)xdrdydz,
(V)

I, = /// o(z,y, 2)y*dudydz.
(V)

MYyJIaMU:
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MowMeHT iHepIil Tija BIJIHOCHO MOYATKY KOOPJUHAT OOUUCTIOETHCS 38 (POPMY-

Iy = /// o(x,y, 2) (2% + y* + 2*)dwdydz.
V)

MowmenTu inepuii Tiia (V) BIJIHOCHO KOODJMHATHUX OCEil OOUMCIIOIOTHCS 32

JIOIO!

dopmynamu:

OueBuiHO, 110

5. ITomenuian noas msascinus. Hooronosnm morenmiasom tima (V) B

routi P(xg, Yo, 20) HA3WBAETHCS BEJIMUNHA

(0. %o, 20) /// o(z,y, z)dxdydz
7 \/x—fo (Y — 40>+ (z — 20)*

Je vy — rpaBirariiina crana, o(x,y,z) — rycruna Tina (V).

6. Hexait FF' = {F,, F,, F.} - cuna npursramns MaTepialbHOI TOUYKH
My(z0, Yo, 20) Macoro mg marepiaspaum Tiom (V). Tomi ckmanosi i€l cuin

ODYHMCIIIOIOTHCs 32 (POPMYyTaMU:

= vmy /// \/ o(x,y, z)(x — x)dudydz |

96 —20)* + (¥ — yo)* + (2 — 20)2>3

= ymy ///\/ o(x,y,2)(y — yo)dvdydz |

3
(2 =202 + (= 0)2 + (= — 20)?)

— vmy /// \/ o(z,y,2)(z — zo)dxdydz |

(=m0 + (v = w)? + (2~ 20)2)

ne o(x,y, z) — rycruna Tima (V), v — rpaBiTamniiina craJa.



§2.6. 3acmocyeanna kpamrux inwmeepasie Y Pizuyl 87

Bnopasnu

1. Buaiitn macy marepianbnol miacruuku (P), 00MeKeHOl 33/ JaHUMU KPUBU-
MU 1 38J[aHOI0 TYCTHHOIO PO3NOJiTy Macu o(x,y):
Day=2*2+y=2a,a>1,olx,y)=1;
y=r+4dy =4-2,y=0920 o(,y) =y;

4) 2% + 42 :4xx+y =4y, x>0,y > Og(a:y)—x

y =4, Q[Uy —k\/x2+y k> 0;

.I
2 y ? y
6) —+>—=1,—+=>=1 = 422 4 9y?;
5+ 1875 , o(z,y) = 4x” + 9y~
Na*+y =12"+y"=9,2=0,y=0,2>0,y >0, o(z,y) =2 +y;
8) x5 +ys =as, x>0,y>0, o(x,y) = 1;
9) (z* +y°)* =2d°zy, >0,y >0, o(x,y) = 1;

Yy
2. 9 5 2

Y _Z Yy 2
10) <a2+ﬁ _g_ﬁax>oag($ny>_x

2. 3BnaiiTi KOOpMHATH [EHTPa MaC OJfHOPIIHOI MaTepiaabHOl miactuhu (P),

1O BU3HAYA€THCsAA YMOBaMMU:

1) (P) obmexxena kpusumu y? = 4 + 4, y*> = —2x + 4;

2) (P) obmerxena kpusumn y = 22 y =22% v =1, v = 2;
3) (P) obmexkena Kpupumu y = 12, y* = x;
4) (P) obmexena kpusumu /z + /y =1, x =0, y = 0;
5) (P) obmexena kpuBumu y = +/2x — z2, y = 0;
3 2 2
6) (P) obmexena kpupumu 3 + y3 = a3, x > 0, y > 0;
T Y\ xy
7) (P) obmexkeHna KpUBOIO (— + —) =—;
a b 2
8) (P) obmexkena kpusoio r = a(l + cos);
9) (P) obmexkena KPUBOIO T = a4/ COS 2¢, I << E;

4 4
10) (P) obmexkena nepiiioro apkoo kol x = a(t—sint), y = a(l—-cost),

(
y=0,0<t< 27,
3. 3majitu MoMenTH iHepIil ogHopigHOT dirypu (P):
1) BigHocHO oceit KoopauHatr, KO dirypa (P) obMmexeHa KpUBHMH

(r—a)l+(y—a)iP=a* r=0,y=0,0<z<a;
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2) BijtHOCHO Oceit koopuHar, Akio (P) obMexKena KpusuMHu 4> =4x, x+y =23,

y=20;
. r Yy
3) BIIIHOCHO 1OYaTKy KOOpjauHAT, sikiio (P) obmexeHa npsMuMu B + 3= 1,
r = 0,y=0;
4) BijIHOCHO Oceit koopauHar, sikiio (P) obMexena kpusumu ry =a’, zy=2a>,

r=2y,2x=y, x>0,y >0;

5) Bi,ZLHOCgIO oceil KOOpMHAT 1 MoYaTKy KoopauHat, gkio (P) obmexkeHa ejii-
ncom — + % =1;

6) BIILHOCHO noJtioca, aKimo (P) obmexena kpusoo 7 = a(l 4 cos ¢);

7) BimHOCHO oceil KoopgmHar, skio dirypa (P) obmexkena KpuUBOIO
ot +yt=a*(@® +7);

8) BisHocHo nosoca, axmo (P) obmexena kpusoto (22 + y?)% = a?(x? — 3?).

4. Buaiitu macy risa (V), 0OMeXKEHOro JIaHUMU TIOBEPXHSIMU 13 I'yCTHHOIO
posnojiy Macu o(x,y, 2):

NO0<e<L,0<y<1,0<2<1, 0(,9,2) =2 +y+z;
2) 22 + 9y 4 22 =4, o(z, y,z):22—\/x2+y2+22);

3) 2 +y? =2z, 2 +y* + 22 =3, o(z,y,2) = 1;

W

)
)
)2 =2y, y+z2=1,2y+2=2 o(z,y,2) = y;
5) 2+ P+ 22 =4, 2 =0, o(z,y,2) = V22 + 32 + 22;
6) 22+ 9y’ + 22 =4, 2 +y* + 22 =4z, o(x,y,2) = kz, k>0,
5. 3BuaiiTu KOOpJMHATH HEHTPa Mac ojHOpijaHOro Tijia (V') obmexkeHoro 3a-

JTAHUMHY TTOBEPXHSMU:
1) z=0, x2—|—y2—2x 2 =2+

S+ +Z—1x—0y—02—m

r=a? 4y P =dr,x =1, 2=0;

2)
3)
4) 2=y, v=51y=5,2=0;
)
)

D) 2 = x+y r+y=a,z=0,y=0,2=0;
6 z:—2x—|—3y—12—0 r=0,2z=0;

2 y2 2
Nt gt s=la=0y=02:=0
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8) ? + 22 =da* y* + 22 =d% 2 >0
1
9) 2 =2z, 2* =20, v ==, 2 = 0;
2 .2 209 2
m)6;+%+%9 :ﬁg >0,y>0,2200a>0b>0 ¢>0.
a c abc

6. 3uaiiTi MoMenTH iHepril oxHopigHOrO TiMa (V):

1) BigHOCHO KOOpJMHATHUX TuiomuH, sKimo (V) obMexkeHe mOBepXHIMYU
x z
§+%+Z:1’ r=0,y=0,2z=0;
2) BigHOCHO KOOpAMHATHUX TwiomuH, Ko (V) obOMexeHe MOBEPXHEIO
2 2
x z
— + y_ + — = 17

3) BIIHOCHO KOOPJMHATHWX TILIONMH, KO (V) oOMex)eHe MOBEPXHSIMU

2132 y2 22 SUQ y2 T

R T
b2 ez b2 a’
4) BiJHOCHO KOOpJMHATHUX IIoNMH, sKiio (V) obMexkeHe [OBepXHIMU
z? N vz
a? b2 2 ’
5) BIIHOCHO KOOpJAMHATHUX Twion(H, skiio (V) obMmexeHe [TOBEPXHEIO
2 2 2 2

2.9 2
X Yy z X ] "
(Gp*a) —2tp- =

6) mijgnocro oci Oz, sikmo (V) obmexene nosepxusamu 2 + y2 + 22 = 2,
w4yt =2% 2> 0;
7) Bijmocno oci Oz, sxio (V) obmexkene nopepxuamu z= x> +y?, v+y==+1,

r—y==xl, 2=0;

8) BimuocHo oci Oz, skmo (V) obmexene noepxusivu z = 0, y = =a,
hooo o
it )

9) Bignocno oci Oz, sxio (V) obmexene nosepxuero (z% + y? + 2%)3 = a°z;

10) BimmocHo mouaTKy KoopamuHat, sKimo (V) obMmexene moBepxHEO
(22 + y% + 22)% = a®(2® + 7).
7. 3HaiiTu HHIOTOHOBHII MOTEHIAI MaTepiajbaoro Tina (V) y 3amamiit Touri

M()I
2y
1) (V) — ommopiane tino, obmexene enincoiiom — + = + wo 1,
a
b >0, My(0,0,0);
2) (V) — Bepxust nojiosuna ojHopi ol kyii 22 + y? + 22 = a?, My(0,0, 2);

3) (V') — opmopigauit konyc 3 pajiycom ocaoBu 1 i Bucorow h, My(zo, Yo, 20);
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4) (V) — cchepuunmii map a® < a2 +y2+22 <82, o(z,y, 2) = f(\ /22 + y2 + 22),
My(0, Yo, 20).-

8. Ilpsimuii Kpyrosumii MUJIIHAP, PaJiyc OCHOBH SIKOTO @, a BHUCOTa b, IIJIKOM
3aHypeHuil B piauny rycrunu o(x,y, 2) Tak, 10 HEHTP HOro 3HaXOUThCs Ha Ik~
OunHi h 1miJl IOBEpXHEIO BOJU, a BICh IUJIHJIpa YTBOPIOE KYT (@ 3 BEPTUKAJLIIO.
BusHauuTy TUCK PIJIMHU HA HUXKHIO 1 BEPXHIO OCHOBU IUJIIHJIPA.

9. BuszaunTi, 3 KO0 CHJIOI NPHUTATYE OfHOpimHMH mmwnaap x? + y? < a?,
0 < z < h, marepianbry Touky M (0,0,b), gKIIO Maca IUIIH/PA JOPIBHIOE M, a
Maca MareplajgbHOl TOUYKH My .

10. 3 aKoio cuyolo TpuTArye ogHopiana Kynd 2 + y? + 22 < R? macoio M
marepiaibry Touky A(0,0,a) macoo m.

11. 3HaiTu cuiIy, 3 SKOI OJIHOPIIHKI KOHYC 3 pajilycoM OCHOBH R Ta BUCOTOIO
H npursrye marepiajibHy TOUKY OJMHUYIHOI MACH, 1110 MICTUTbCs B OO BEPILKHI.

12. 3 sKo010 cuJjIo npuTdarye ojHopijauuit nuiinap o2 + y? < a?, 0 < 2 < h,

ryctutoo o(x,y, z) marepiaabiy Touky A(0,0, z) oguHIYHOT MaCH.
ITpuknaau po3B’sa3yBaHHsS BOPAaB

2.6. Ockinbku mwiocka iacruika (P) € OjHOPIJIHOW, TO BBaXKAEMO, IO
o(z,y) = 1. Ilnocka dirypa (P), neaTp mac skol moTpibHO 3HaiiTu, 306paxkeHa,

Ha puc. 9.

Puc. 9
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§2.6. 3acmocyeanna kpamrux inwmeepasie Y Pizuyl

T = 1 cos’ p,

Ilepeitnemo 710 y3arajgbHEeHUX MOJSAPHUX KOODJAUHAT
y = rsin® .

Topi B HOBI#T cucremi KoopHaT (T, ) miocka (dirypa (P) Bijobpasurbes Ha:

(P)={(r): 0<p< 35, 0<r<a).
a SIKOD1aH Mepexoy
D(z,y) cos’ sin® NCN
J(r, o) = = = 3rsin® p cos” p.
D(r, ) —3rcos® psing 3rsin® pcos @

CriouaTKy 3HaIeMO Macy 3aJaH0l MIaCTHHKN:

NIE]

sin? 2pdp =

S
[SIE

[ 3 3
m = /dgp/Sr sin? o cos® pdr = §a2/sin2 @ cos? pdp = gaQ
0

3, [1—cosdy 3 1 3ra?
8" / > YT 16" (90 T ‘P> ‘O 32

0
JaJti 009MCII0EMO CTATHIHI MOMEHTH TIIIOCKOI TtacTuaky (P) BiHOCHO ocei

ISR

KOOD/IMHAT:
3 a
M, = /dgp/3rsin2go(3082¢ -7 sin® odr = a
0 0

3 | sin® ¢ cos® pdp =

o
oly

(1 — cos? p)? cos? pd(cos @) =

QOJ
o\mm

3
= —ag/sin4 @ cos” pd(cos ) = —
0

(COSQQO — 2cos* ¢ + cos® ) d(cos ) =
1 8
375" ) 105

M, = /d /37“sm @ cos® ¢ - 1 cos® pdr —CL3/SH1 ¢ cos® pd(sin ) =
0 0

o
SIE

[SIE

3 2 1
—a? (COZ LA 5cos590 + ?(3087 gp) ‘
0

0
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0
Toui
xO:My:%CLS:Q%a yonxZ%agz%Ga.
m g—gaQ 3157 m %ga 3157
256 256

Orxe, TOUKA, C<3157Ta’ S 15n ) IIEHTD Mac TIIOCKol tiactuaku (P).  »

6.10. Bes 3menmennst 3arajibHOCTI BBaxKaeMo, 1o o(z,y, z) = 1, OCKiIbKE

tizo (V) 3a ymMOBOIO ojtHOpijTHE.
(

xr =rcosypsinb,

Ilepeiinemo 1o cdepuunoi cucTemMu KOOpJAUHAT { y = rsinpsinf, 3 AK0OI-

z =1cosb,
\

anom mepexony J(r, p,0) = r*sin6.

Tosi tizio (V') B HOBIiii cucTeMi KOOpMHAT BiIOOPA3UTHCS HA:
VY={(r,p,0): 0< <2, 0<0<m 0<r<asinb}.
Bpaxosyioun nepexij 10 ¢pepuaHol CuCTeME KOOPARHAT, 00UUCII0EMO MOMEHT
inepuii Tiia (V') BIIHOCHO HOYATKY KOOD/[MHAT:

x =1rcospsinb,

= rsinpsinf,
Iy = ///(x2 + 92 + 2%)drdydz = Y i =

z =1cosb,

J(r,,0) =r*sinf

27 T asinf 27 T
= ///T2-7’281n9d90d9d7’ = /dso/dQ / rdsin Odr = %/ /sm 0do =
(V/) 0 0 0 0

ord® [ (1—cos20\° 5 f
_ 7ra/ L cosay dQ:ﬂ/(l—3C0829+SCOS229—008329)CZ9:
5 2 20

0 0
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s

)

Ta 3 T 3 1
=50 ((9 — §Sln 29) + 5/(1 + cos 40)db — 5/ (1 — sin 2(9)d(sm 2(9))
0 0
wa® n 3 w2a® >
=—(n+=7| = .
20 2 8

7.4. JIns1 3pydHOCTI MOBEPHEMO CHUCTEMY KOODJIMHAT TaKUM UUHOM, 1100 BiCh
Oz cucreMu KOOPJUHAT X1Y121 Ipoxoauia depes Touky My(xo, Yo, 20). Toi HbIO-
TOHOBMH 1IOTEHIIaJ 0OYKCII0EMO 3a (DOPMYJIOIO:

(anyOVZO) - ul O 0 d /// \/ \/xl +y1 + Zl) 2d$1dy1d21,
L1

+ 2 + (21 — 20)

a?<ri+yi+27<b?

ne d=/xt+ 2 + 2.
[Tepeitnemo o cepuanoi cucremn Koopauuar. Tomi 0 < 0 <, 0 < ¢ < 27,
a<r<b Jr e 0)=r’sinb.

Otxe,

b 2 ™
sin 0d6
uleo, o, 20) = /TQf(r)dr/dgo/ VT —2rdcosO+ &
a 0 0

b

b ™
7 _ 5 2 2
:27T/?“2f(7“)\/r rddCOSH—I—d dr = = rf(r)(r+d—|d—r|)dr=
r

a 0 a

(

4 r)dr, skmo r < d,

47rfb7“f(7“)dr, SKITO T > d,
b
Jr2i(

\

ge d= /2t +y2 +22. »

InguBigyasbHI 3aBaanHs 10 po3aiay 11

1. SMiHUTH TOPSIJIOK IHTEIPYBaHHS B MOBTOPHKUX 1HTErpaJiax:

1) /;dyﬂij f(z,y)dx +[dy/iy f(z,y)dx
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=
=
1y - g =
\d/ x .dy \.d) .x./ .o~ y /m'&\ .~ N
> = 3} E) = = = = ~ < & =
= > = H 2 = = R S = =
~ S - — = 8 g ) < < = oy
~ o K o ~ ~— S— N = ~—
~= o — — o |
< =) =) | i~ = = 0/1_ + © = = =
ﬁ/ ﬁﬁ ﬁ .% + s 0/1, Vi~ + 2 - NS —— N —
i i
— — = + > = + +
s+ o+ =T % 8 ¥ % 3 2 § 4
S 8 8 g = ~ =S > = N S =
o = e ~— - P - ) S~ B ) >
= — — S— S - > ~ e >
) Um ya p(.J\ /%\ 8 o r(J\ o 2M_¢ r(xj\ ) (x\
N~— N~—
S s & .08 &2 & & .. F = .=
— o~ ~ — AN~ —
Ml TSt Y~ /f_17/0 — m— ,/f R T T— T T— o TT—
o
i
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.dy;
= . > = - = = . g =S > -
= = = ) = OO = = = =
/W\ \w h o r(J\ Uw O/Aﬁ,A /mww\ \w (x\ s o - ?J.w
S~ x./ p=N ~ < x./ . S— (\ /y (x\
o S d
.w 1/Mu . | _ n/r../o 2/@ d — MUQ/O m/O 0/1 9_~ o
S — ~ = > > = — > T g d g
_ 3 — S 3 + | 3 o i x S
+ ve— _ — f/l N— _ JMU + S~ f/l el 3 N— _
=i + T = = + = +
o — -
p.(M\ = s - p.(M\ = E =
- ~ o L o
= p.(xJ\ = , = o4 =

2. O6uncyuru noaBiitai iHTerpaan o obsracti (D), oOMexeHi# KpuBUMHU:

/1
V2
1
25) /d:c
0

24)

Indusidyarvri saedannsa do posdiay 11
/0
(2+
VY
!
/0
—VY
0
dy/f(x,y)deJr
Yy
%
dy/f(x,y)diwr
0
4—
(
dy/f(x,y)d$+
0
O/
23) /d:z:/f(a:,y)dy+
0 0
Y
O/
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// (122%y* + 162%y)dady; (D) : x =1, y =22, y = —/7;
// (92%y* + 482%y°)dwdy; (D) : v =1, y=+/2, y = —
// (362%y* — 962%y°)dwdy; (D) : v =1, y =z, y= —1%
// (18x%y? + 3223 dady; (D) : z =1, y =23, y = —/x;
// (272%y* + 482°%y )\ dady; (D) : x =1, y =%, y= —/x;
// (18x%y? + 3223y )dady; (D): x =1, y =z, y= —
// (18x%y* + 322°%y)dady; (D) : z =1, y =23, y= —/7;
// (272 + 482%y*)dady; (D) : v =1, y = /z, y = —a*;
//4xy+3:1: Ydzdy; (D) : z=1, y=2a% y=—/x;
//12xy+9x Ydxdy; (D): z=1, y=+/z, y=—

// (8zy + 92%yH)dxdy; (D) : 2 =1, y= ¥z, y = —2°

12) //(24xy +182%*)dxdy; (D): x =1, y =23, y=—¥/x;

13) //(12xy + 272%)dxdy; (D) : x =1, y =22, y= —¥/;

// 8xy + 182%y*)dxdy; (D) : z =1, y = Yz, y = —a%;

// fcy+—xy>dxdy; (D):z=1, y=2° y=—/z;



Indusidyanvri 3aedanna do posdiny 11 97

// —ay + 92%y )d:z:dy; (D): x=1, y =z, y=—a>
// 24ry — 482y )dady; (D): x =1, y =22, y= —/7;
// (6zy + 242%y*)dedy; (D) : x=1, y=+/x, y = —

19) //(4xy +162%y*)dxdy; (D): v =1, y = Jx, y= —2°
// day + 162°y daxdy; (D) : x =1, y =23, y= —/x;
// d4xy + 162%y>)dady; (D) : v =1, y =22, y = —/x;
// (4ay + 172%y*)dady; (D) : z =1, y =z, y = —
//xy 4%y dady; (D) : x =1, y =23, y= —/7;
//4xy+17x Ydzdy; (D): z=1, y=+x, y=—12°

// 6:1; y)dxdy; (D): x=1, y=2% y=—/.

3. O6qI/ICJIHTH no/iBiitHi inTerpasm no obsacti (D), oOMexeHiit KpUBUMU:

1) //ye?d:cdy; (D):y=In2, y=1n3, =2, v =4;
2) //ygsin%dxdy; (D):z=0, y=+r, y:g,
//ycos:vydxdy, (D) :y L y=m, x=1 x=2;

// e T dzdy; (D): x2=0, y=2, y=u;

//ysmxydxdy, (D) :y L y=m, x=1 1 =2;
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1
19) // Sye'drdy; (D): y=1n3, y=1n4, x = n

(D)
14 2
2 3 3

(D)

PO3JIJI 1I. Kpamni inmeepasu

2 Ty (0 T

—_— N D . = = —_ = —

6) //y COSdedyu( )i x=0,y 279 9
(D)

7) // dye*Ydxdy; (D) : y=1n3, y=1n4, z =

1
_737:1;
2

8) //4y2sinxyd9:dy; (D): =0, y= T Yy =

27
T 1
9) //ycostydxdy; (D) : y=5 y=m =7, x =1
(D)
10) //er_?dwdy; (D):z=0,y=2, y= g;
// 12y sin 2zxydxdy; (D) : y % Yy = g, r=2 r=3;
//y cos2dzdy; (D): z =0, y =7, y=x;
//ye4da:dy, cy=In2, y=In3, xr=4, v =8;

// 4y*sin 2zydady; (D): z =0, y=V2m, y = 2x;
// 12y cos 2zxydxdy; (D) : % Yy = g, r=1, x=2;
// e 2dxdy; (D): x=0, y=+2, y=uz;

//ysmxyda:dy, (D):y=m, y

I
DO
A
8

I

I
8

I
\‘P—‘

18) //y cos 2zydxdy; (D) : 2 =0, y= X y:g;

|
8
I
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1
21) //ycosxyda:dy; (D):y=m, y=3m, T=3, x=1;

// Yo% dudy; ( ).fc=0ay:1’y:§5

3
//ysm2:1:ydxdy, (D): y= g’ y = _W’ =

1
_7 l‘
2 2

//y coszydxdy; (D) : x =0, y=+/7, y=2;

//Gyeddxdy, D):y=In2 y=In3, x =3, x =6.

4. O6q1/ICJ1MTM norpiiti inrerpasu no obsacri (V'), obmexkeniit moBepxHsimu:

///2ye”ydxdydz V):z=0,y=1y=2z,2=0,2=1,

///:U2zsin(xyz)dxdydz; V)y:z=2,y=mz=12=0,y =0,

3) ///yQCh(Ql'y)dl’dde; V):x=0,y=-2,y=4z,2=0, 2 =2;
4) ///SyQZeQxyzda:dydz; V):z=-1,y=2,2=1,2=0,y=0, 2 =0;
///xsh 3xy)dxdydz, (V):x=1,y=2zx,y=0, 2=0, z = 36;

///yzcosxyzdxdydz Vy:ax=1Ly=mz=2 =09 =0,

///y cos dxdydz (V):x:O,y:—l,y:g,z:O,z:—WZ;
///$zs1n Jdzdydz; (V) @ 2 = 1,y = 2m, 2z = 4,2 = 0,

? ///ye Ydrdydz; (V):2=0,y=-2,y=4dx, 2=0,z=1;
V)
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10) /// 2p°2e™dadydz; (V):o=1,y=1,2=1,2=0,y=0, 2 = 0;

12) ///xsth (xyz)dzdydz; (V) : z=2,y=1,2=1,2 =0,y =0,

///yzcos d:cdydz V) : x =3y =12z = 2mn,z = 0,

y =0, z—O
///y cos dxdydz (V):z=0,y=—-1,y=x,2=0, 2 =277

///szsh xyz)dxdydz; (V) @ oz = 1,y = =1,z = 1,z = 0,

y=20, z=0;
///y cos(ray)dzdydz; (V): 2 =0,y=1,y=2x, 2=0, 2 = 7%

1 1
///szsh 2eyz)dxdydz;, (V) @ x = 2,y = 3% = 5% = 0,

y—Oz—O

///xzsm Jdzdydz; (V): z=1,y=4,z=m2=0,y =0,

///ych xy)dzdydz;, (V): z=0,y=—-1,y=x,2=0, 2 = 2;

///yzch xyz)dxdydz; (V) :z=1Ly=1,2=1,2=0,y =0,
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///y cos dxdydz V):xz=2,y=2,y=0,2=0, z =m;

///yzcos dxdydz V) : 2 =99y =12 =2m,2 = 0,
y—Oz—O
») ///x2 sin(may)dudydz; (V): =1,y =2z, y=0,2=0, 2= 4.

5. O6uunciuru norpiitauit inrerpas no obsacri (V'), obmexeniii noBepxHsimu:

1) ///xdxdydz; V):y=10z,y =0,z =1, z = a2y, 2 = 0;
V)

dxdydz x Yy z
2 (V)i =4+=4+=-=1,2=0,y=0, z =0;

///15y + 2% dxdydz; (V) : z=x4y, v+y=1,2=0,y=0, 2= 0;

///3x—|—4ydmdydz WV):y=a,y=0,2=1, 2=5(*+22), 2 = 0;
///1+230 drdydz; (V):y=92,y=0,2=1, 2 =/7y, 2 = 0;
(V)

6) ///(27+54y3)dxdydz; V)iy=2,y=0,2=1, 2= /vy, 2 =0;
V)

7) ///ydxdydz; (V):y=1bz,y=0,z2=1, z = xy, 2 = 0;
(V)

dxdydz Yy
8 (V) = ——1 =0,y=0, z=0;
)///(1+1—x6+§+§)5’(> 683 T HYTRS
V)

9) ///(3;c2+y2)dxdydz; (V):2=10y,z+y=1,2=0,y=0, 2 = 0;

10) ///(15:{: + 302)dzdydz; (V) : 2z = 5(x*> +3y?),2 = 0,y = =,

y=0,z=1;
V)
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2 ///(1+2$3)dxdydz; (V):y=36r,y=0,z=1, 2= /7y, 2 =0;
V)
'3) ///medxdde; (V):y=56x,y=0,2=2, 2 =2ay, z=0;

dxdydz Y
14 ~V;— ——1 =0,y=0, 2 =0;
)///(1+%+§+§)6’( g tg Ty hr=0y=02
V)

15) ///(:E2—|—3y2)d:1:dydz; V): z=10z, z24+y=1,2=0,y=0, 2 =0;

/// 60y +902)dzdydz; (V) :y=a,y=0,2=1, 2 = 2> +y? 2 = 0;
/// —x—I— dxdydz; V):y=9z,y=0,z=1, 2z = /oy, 2= 0;

///1+2x dedydz; (V):y=4z,y=0,z=1, z = /zy, 2 =0;

(V)
19) ///Bdeajdydz; V):y=2x,y=0,x=2,z=2ay, 2=0;
V)

dxdyd
20)/// S (V) st =1a=0,y=0,2=0;
1+£+£+£) 2 4 6

/// ?dedydz; (V): z=10x +3y), v +y=1,2=0,y=0, 2 = 0;
/// 8y+12z)dzdydz; (V) :y=2,y=0,2 =1, 2 = 322+2y% 2 = 0;
///1+2\/_da:dydz V):y=x,y=0,z=1, 2= /ry, 2 = 0;

///x+ydxdydz (V):y=z,y=0,z=1, 2= 302> +60y?, 2z = 0;

dzdyd
/// T o (V) : —+y—|———1sc—0 y=0,z=0.
(1+2+Y4+2) 6 4 16

6. 3HaI/ITI/I IJIOIILY TIJIOCKOT (pirypu, oOMe>KeHOT 3a/[aHuMU JIHIIMU:

3
l)y=—, y=4e", y=3, y=4;
X

=14/36 — 3%, x=06— /36—y
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3) 2* +y? =72, 6o =2’ (y <O);
4) 2 =8 —y* x =2

B)y:%,y—&a y=3, y=2_8;
6)?;:?,?;:%,:6—16;
) x=>5—y° v=—4y;
8) #” +y° =12, -6y =2”, (y <0);
9) y = V12— 22 y=2V3— /12— 22 2 =0, (x = 0);
10)y=¥,y—;,x—9,
11) y = /24 — 22, Qf/gy:ﬁ,x:O, (z > 0);
12) y =sinz, y =cosz, x =0, (z > 0);
13) y =20 — 2%, y = —8u;
14) y = V18 — a2, y = 3v2 — /18 — 2%
15) y = 32 — 2%, y = —4ux;
16)y:§,y—56 y=2, y=>;
17) 2 + 4> = 36, 2v3y = 2%, (y > 0);
I
19)y:6—m,y:m,x:0, (x = 0);
20) =2 —a? y=z— 2

4 f 2
21)y:\/§,y:E,x:16,
22)y=§,y:7e“’,y—2,y 7
23) = 27 — y*, v = —6y;
24) v = /T2 —y?, 6z =y", y=0, (y > 0);
25) y = V6 —22 y=6-6—2?

T
) y*—2y+2>=0, ¥’ —dy+2” =0, y=—=, y=V3z;
V3 T

2)x —4:(:+y =0, x2—8x+y220, y=0, y=——7;

V3
3yt —6y+a*=0, Y  —Sy+a2*=0 y:i Yy = V3x;
) \/g? )

)

) =24y =0, e*—de+9y*=0, y=0, y =x;
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5) > —8y+2° =0, y> — 10y +2° = 0, y:%, y:\/gx;
P —dr+yP =0, 2 —8r+¢y*=0,y=0, y=ux;

)
)
Ny —dy+a2°=0, ¢y  —6y+2°=0, y=ux, y=0;
) 2”
)

V3
20) 22 —22+1y2 =0, 2 — 62+ =0, y=0, y = x;

21) ¥ — 2y + 22 =0, ¥’ —dy+2°=0, y==z, y = 0;
22) 2 =20 4+1y* =0, 22 —dx+y* =0, y=0, y = V3z;
23) P —6y+a2?=0, v  —8y+a*=0, y=x, y=0;
24) z* — Az +y* =0, x2—8x+y2:O,y:O,y:\/§x;
25) > —dy+22=0, vy  —Sy+2°=0, y==x, y=0.

8) 22 =20 +12 =0, 22— 100+ =0, y=0, y = V3z;
9) 4> — 6y +2° =0, y> — 10y + 2° = 0, y—x y=0;
10) 22 =22+ =0, 22 -4z +¢4* =0, y = —, =\/§x;
) v y’ y \/gy
1) y» —2y+2°>=0, ¥’ —dy+2> =0, y =3z, 2 =0;
x
12) 2% — 2z + =0, z? — 6z + 2:0, = —, :\/gx;
) v y y="5 Y
13)y —dy+22=0, y* — 6y + 2> =0, y:\/gx, x =0;
14)33—2:c+y =0, x2—8m+y2=0,y=%,y: 3x;
x
) P —2y+22=0, Y —6y+22=0, y=——=, £ =0;
) y* =2y y~ — 6y V=7 )
16) 22 =20 4+12=0, 22 —dx+4>=0, y=0, y = —;
) y y y xy 7
17) 3 =2y + 22 =0, > — 10y +2° =0, y = —, y = V3u;
) y* =2y y y y \/gyx
18) 22 =22+ ¢y* =0, 22 — 6 +y* =0, y = O,y:7;
19)y 4y—i—a:2:,y2—10y+x2:O,y—x,y—\/_x
)
)
)
)
)
)

8. Ilnacrunka (D) 3ajana KpuBuME, 1110 11 0OMEXKYIOTh, (i — MOBEPXHEBa I'y-
CTUHA. SHAUTH Macy MJIACTHHKH.

1) (D): z=1,y=0, y’ =4z, (y=0); p="72"+y;

=Ty
7
3) (D): x=1, y=0, y* =4z, (y = 0); M—%+5y,
2r + 5y

4) (D) : 2?4+42=9, 2®+4*=16, =0, y=0, (x >0,y >0); p=—=
) (D) 2”+y =9, z°+y , ©=0, y=0, (z>20,y=>0); p L
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5) (D): x=2, y=0, y* =2z, (y>0); u:%ﬁjLzy;

6) (D): 2®+12>=1, 2>+y>=16, 2=0, y=0, (z >0, y > 0); u=%;
7 (D): x=2y=0, y2=g, (y = 0); u=%x2+6y;

8) (D) : 2*+y*=4, 2*+y*=25, x=0, y=0, (x>0, y <0); M:%;
9 (D): x=1,y=0, y" =4z, (y>0); p=z+3y"

10) (D) : 2*+4y*=1, 22 +¢y*=9, =0, y=0, (x>0, y < 0); M:%;
11) (D): =1, y=0, y* =, (y > 0); p=3x+06y*%

12) (D) : 2% 4y?=9, a?+y?=25, =0, y=0, (x <0, y > 0); u:%;
13) (D): x=2,y=0, 9222, (y = 0); p =21+ 3y*

14) (D) : a?+y? =4, a*+y?=16, 2=0, y=0, (x <0, y > 0); MZH;
15) (D)5 o= 5, y =0, 4P =80, (4> 0) = 7o+ 307

16) (D) : 2*+y*=9, 2*+9°=16, 2=0, y=0, (z <0, y > 0); M:nglzf,
1) (D): o= 1, y=0, ¢ = 4o, (5> 0) = Ta+2y

18) (D) : a*+y*=1, 2’ +y*=16, =0, y=0, (z >0, y > 0); _5213;,
19) (D): 2 =2, y=0, y* =2z, (y > 0); M:%xz+%;

20) (D) : 2*+y?=1, 2> +y*=4, 2=0, y=0, (x>0, y > 0); :;12;2;
21) (D): =2, y=0, y* =2z, (y=0); M—%ﬁ+y,

22) (D) 22y =1, 2 +9y*=9, 2=0, y=0, (x>0, y < 0); u—jf_;y%
23) (D) x=2,y=0, yz_g’ (y = 0); u=77x2+8y,

24) (D) : 2> +y*=1, 2> +y*=25, 2=0, y=0, (z >0, y < 0); M:;_Tty?;

25) (D): z=1, y=0, y* =4z, (y = 0); p=6x+3y”.
9. ITnacrunka (D) 3ajana HEPIBHOCTSIMU, [i — OBEPXHEBA I'yCTUHA. SHAUTH
Macy IIJITaCTUHKHA.

1) (D): 2%+

2
<1 op=y%
2 2
2
2, y=20, y< oz p=1vy7

2) (D): 1< 3

©|&wq>|@

(4
+o<
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2 2

Ty A
25) (D): —+ =<1, p=2a".
) (D) o+ o2 p=u
10. Braiiti 06’em Tia (V'), 0OMEKEHOrO TIOBEPXHSIMU:
9

1) z = 9—x2—y2,§:x2+y2;
2) 2 =7,50/9 — a2 —12, 2=285—2%—y*

2 1 .2
3) z=V4—a?—y? z= sc—l—yj

255
4)z:\/64—a:2—y2,z:1, 2 +y* =60, (2 +y* <60);

16

5),2:\/5—:52_?,2, 22 =2 +y;
6) z =322+ 92, z=10—2° —¢*

2 1,2
T z2=+/25—a2—12, 2= x;gy;
8) z=+/100 — 22 —y?, z =6, 2° +y* =51, (2% +y* < 51);

23

9) 2 =10,5v/22 + ¢, 2= — — 2% — 9%

N
[
S
[—

]
K

= [N}
I
l Ny
@\.I\D
N
I

=

[\)

_|_

Ny

[N}

2. 2 =15, 2%+ y? =45, (x2+y2<45);

49 — a2 — g2, 2 =3, 22 +y* =33, (2* +y* < 33);

36 — a2 — g2 2z =2, 2% +y* =27, (22 +y* < 27);
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11. 3majitu o6’em Tina (V), 0OMeXKEHOTO MOBEPXHIMHU:
1) 2 =2—12(z* + y?), 2z = 24z + 2;
2) z=10((x — 1)* + y*) + 1, 2z =21 — 20u;
3) z=10(z* + y*) + 3, z = 16z + 3;
4) 2=2-20((z + 1)?> + y?), z = —40z — 38;
5) z =4 — 14(2* + %), 2 =4 — 28xz;

) 2 =28((z + 1)*+ %) + 3, 2z = 56z + 59;

) 32(z* +y?) + 3, z =3 — 64x;

) z2=4—6((x — 1) +4?), 2 =122 — §;
) 2 —

12) 2 =2 —18((z + 1)* + y?), z = —36z — 34;

13) z = —16(z* + y*) — 1, z = —32x — 1;

14) 2 =30((z + 1)* + y*) + 1, 2z = 60z + 61;

15) z = 26(z% + y?) — 2, z = =52z — 2;

16) z = =2((x + 1)? + ) — 1, 2 = 4o — 5;

17) 2= =2(2* +9y?) — 1, 2= —4y — 1;
=26((z — 1)+ ¢?) — 2, 2z =50 — 52z;

19) z =30(z* + y?) + 1, z = 60y + 1;

20) z = —16((x + 1)> +y?) — 1, 2z = =32z — 33;

21) z =2 — 18(2% + 3?), z = 2 — 36y;

22) z=24((x +1)* + y*) + 1, z = 48z + 49;
23) z = 22(x? +9%) + 3, z = 3 — 44y;

24) 2 =2 —4((x — 1)2+¢?), z =8z — 6;

25) z =4 —6(z> +9°), 2 =12y + 4.

12. 3uaijitu o6’em Tina (V'), 3a1aH0r0 HEPIBHOCTAMM:

2 2 2 2
1) 1<a? + 97 + 2% < 49, —\/x;y <z< x;}”’,—my 0;

/N
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2
2)4<x2+y2+2’2<64 \/ 3y —V3xr <y <0;

:):2+y x
3)4< P+t + 22 <64, 2 <y <0;
) y 3 T/

2+y T
DA< +yP +22<36, 22—/ ° 0<y < ——;

2 2
5)4<x2—|—y2+,z2<36,z2 x;;)y,—\/ic Yy < < V3

2

6) 25 < 2% + y* + 2% < 100, x“’ —\/§x <y < V3

1< +y*+ 22 <

sﬁ

2, 9 x2+y
8) 25 <z +y + 22 < 121, 51 <z2<0,0 éyé\/g:c,
2 2 1 .2
9)4<x2+y2+z2<64 x+y <z < x+y,x<y<0,

2 2
10) 16 < 22 + 12 + 22 < 100, \/ xgy,ﬁxgygo;

11) 16 < 2° + 3> + 2° <

12) 16 < 2° + 3> +2° <64, 2 > \/ 7 <y < —V3z;

2
13)4<x2+y2+z2<49, z 2= x;ﬁ—)y , ¥y <0, y\\/§x;
x2—|—y

14) 36 < 2% + y* + 2° < 121,

€T
15 4<£U2—{— Q—I—z2< <z < “ y < —=;

2
16) 36 < 2% + 1> + 2° < 144, x+y <0, y >3z, y> —
V3
2 2 2
17) 9 < a2+ 42+ 22 < x+y <z < x+y,0<y<—az,

2, 2 332"‘3/2
18) 36 < 2412422 < 144, <z< , 0<y < —V3m;
2 \/_ T
19) 36 < 2% + % + 2 , V3xr < —
) Y \/ y < 7
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x? + 42 x x
21) 9 < a? + P +2° <64, 2 > y>-——, y< ——;
) 99 ) \/§7 \/§7
x? + y? T x
22) 49 < 2® + P + 22 < 144, 2 < — Y= oy >
Y 99 ) \/§7 \/g?
2 2
23) 9 < a2+ 12+ 22 <81, 0< 2 < x;ly,ygo,yg%,
2, 2 2 P4y x
24) 49 < 2% + ¢ + 2% < 169, o <z<0,y>0,y>\/§,
2, .2, .2 r? + y? r? + 52
25) 16 < 2% +¢? + 22 < 100, — T <2< = 0<y<w

13. Timo (V') 3amano moBepxHSAMHE, sIKi 00 0OMEXKYIOTH. 3HAUTH Macy Tija,

gkio o(z,y, z) — TyCTHHA Tija.

1) 64(z" +4°) = 2, 2+ =4,y =02 =0, (y >0,z > 0);
5

ol y.7) = 1 +47);

) P+ Y+ =4+ =1, @4y < 1),z =0 (z > 0);
o(z,y, z) = 4]z|;

3)x2+y2:1,x2+y2:23,3::0,y:O,z:0,(x>O,y>0),
o(z,y, z) = 10z;

2 2 16 , 2 4
4) =7 4+ y :Ez,x + :?z,x:O,y:O,(x>O,y>0),

o(z,y,z) = 80yz;

Bty =10y =42 2=0,y=0,(xz >0,y >0,z >0);
o(z,y, z) = 20z;

6) 36(z* +9°) = 2%, 2*+ ¢y = 1,2 =0, 2 =0, (z > 0,z > 0);
ofw,9,2) = 2 + 97

6
7) a:2—|—y2—|—,22:16, x2+y2:4, (x2+y2<4'

N~—
o
Yo
I
=
N
N~—
I
>
N

8) x2+y2:4, x2+y2

=82, =0,y=0,2=0,(z =20,y > 0);
o(z,y,z) = du;

2
9) ¥ + y* = 2

25°
o(r,y,z) = 28wz;

10) 2+ +22=4, 2+ =24 2=0,y=0, (t>0,y >0, 2> 0);
o(z,y, z) = 62;
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11) 25(2? 4y = 2%, 2’ + =4, 2=0,y=0,2=0, (x> 0,y >0, z > 0);

o(x,y,2) = 2(2* + ¢?);
12) & + P+ 22 =9, 2%+ ¢ =4, (@ +9° <4),y =0, (y = 0);

o(z,y,2) = |z;

13) 2 +y* =1, 2°+y* =62, 2 =0,y =0, 2=0, (z >0,y > 0);
o(z,y, z) = 90y;

4) & +y = Pty = Sow =0,y =0 (@ >0y > 0)

o(x,y,2) = 14yz;
15) 2+ + 22 =4, 2°+9y*=92%, 2=0,y=0, (z=0,y>0, 2> 0);

o(z,y,z) = 10z;
16) 9(z°+y°) = 2%, 2’ +y* =4, 2=0,y=0, 2=0, (x =0,y >0, 2 > 0);
5
o(r,y,2) = g(w2 +);

17) 2 +y° + 22 =4, ¥ +y* =1, (¥ +¢° < 1); ola,y,2) = 6|2];
18) 2+ =1, 2° +9y* = 2,2 =0,y=02=0, (x >0,y > 0);
o(,y,z) = 10z;

2

z
19) 2 +¢y* = —, 2* + 1 =

o v =0y =0 (zr>0y >0

z
=
o(r,y,z) = 10zz;

20) 22+t + =4, 2P+t =422 =0, y=0, (t>0,y>0,z>0);
o(x,y,z) = 10z;

21) 16(z*+3*) = 2%, 2*+9y* =1, 2=0,y=0,2=0, (x >0,y > 0, 2 > 0);
o(x,y, z) = 5(z* + y°);

22) 2+ y* + 22 =16, 2* +yP =4, (¥ +y* <4); o(z,y, 2) = |z2|;

23) 24y =4, 2+ =42, 2 =0,y=0,2=0, (z >0,y > 0);
olry2) =By

1) o 4y = Sty =
o(z,y,z) = 10zz;

25) eyt =1 2ty =22 2=0,y=0 (2 >0,y >0,z >0);

o(z,y,z) = 32z,



PO3/I1JI III. IloBepxHeBl iHTErpaJjmn

§ 3.1. IloBepxHEBi iHTErpaJu MepIiuoro pojy

Muoxuny (S)={(z,y,2): x=x(u,v), y=y(u,v), z2=2z(u,v), (u,v) € (P)},
Jie PyHKIIT 2, ¢, 2 HellepePBHI Pa30M 3 YaCTUHHUMU HOXIJTHUME IIEPIIOTO HOPSIJIKY
y 3aMKHeHiil KBajposaniit obnacti (P) ta A%+ B2+ C? >0, ne
’

/ / /
Yy 2y 2, Ty T, 2
/
v

/
u
A= , B = , C=
/ Z, > xl Z/
yU v [ v
HA3UBAIOThH 24a0K010 NOBEPTHEND.
BexkTop Buy
v 7k
/ / / — 7 z 1.
Ty Yy 2y —AZ+B]+C]€
/
v

St
I

/ /
2 y’l} ZU

HA3UBAETHCS BEKMOPOM HOPMAAL, 10 33JIA€ BEPXHIO (30BHIIIHIO) CTOPOHY IMO-

. S+ H o _—) . _
BePXHi . [Iporunexxunit BeKTOp —171 3aJ1a€ HUAKHIO (BHYTPIIIHIO) CTOPOHY IO
Bepxai (S7). B Takomy Bumajiky noepxus (S) HasUBaE€ThCs 080CMOPOHHBOIO.

JoBxxuHY 1 HAPsIMHI KOCHHYCH BEKTOPa HOPMAaJIi 7 00YMCIIIOI0TH BlJIITOBIIHO

3a (POpPMYyJIaMU:

7| = VEG — F?,

T A
cosa = cos(, 1) = ————,
VEG — F?

o B
cos 8 = cos(n, j) = \/ﬁ’
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C
VEG — F?’

ne BE=af +yl+ 27, G=al+yl + 27, F=wa,+yy, + 2.2

cosy = cos(7, k) =

Hexaii B Toukax gesKol JBOCTOPOHHBOI TIIAJIKOI (200 KYCKOBO-TIIAJIKOI) TOBEPX-
Hi (S), 0OMeKeHOT KyCKOBO-TJIQJIKUM KOHTYpPOM, Bu3HaueHa (byHKIs f(z,y, z).
Posi6’emo mosepxHio (S) 3a JOMOMOTOIO CITKM KYCKOBO-TJIQJIKUX KPUBUX HA Ta-
cruaku (S1), ..., (S,) 1 BubepeMo B KOXKHIil 3 JACTUHOK JIOBIIBHUM IHHOM TOYKY

M; (i, i, zi), i = 1,n, Ta 06uucaumo 3uavenns f(x;, y;, z;). Ckuajgemo cymy Bu,iy
n

o= E f(xi,ys, 2i)S;, ne S; — mnoma nosepxwi (S;).
i:1 . . . .
Ko icHye cKiHYeHHa TpaHUIld 1€l CyMH IIPU NPAMYBaHHI MAKCAMAJLHO-
ro 3 jiiamerpiB A obsacreii (S;) 70 Hysis, TO BOHA HASUBAETHCI NOBEPTHEBUM

inmezpaaom nepuwozo pody 6id dynruii f(r,y,z) no nosepxni (S) i uo-

I://f(x,y,z)dS.
)

Axmo dynkuist f(x,y, z) BU3HAUYEHA 1 HellepepBHA Ha TUIaJIKiil TOBEpXHi

3HaAYa€ThCA

(S) = {(xvyaz) T = :C(U,’U), Yy = y(uav)v Z = Z(uvv)v (uav> < (P)}v

TO BUKOHYETHCS PIBHICTD

// f(x,y,2)dS = //f(x(u,v),y(u,v),z(u,v)) vV EG — F?2dudv,
(5) (P)

LIpU YMOBI, 1110 iCHY€ X04a O OJiuH 3 IHTerpaJiiB.
Bokpema, KIo moepxHio (S) 3amano piBuguuaM 2z = 2(x,y), (z,y) € (P'),
ne (P') — upoeknisi nosepxui (S) na mionny Oy, To nonepejHs hopmysia

MepenuIIeThes Y BUI

[ swwds = [[ 1@ s@in i G + () dody
(S) ()

[Toni6ui GopMyIH MOXKHA OTPUMATH, SIKITO MOBepXHs (S) 3a7a€ThCsT PIBHSIH-

wam ¢ = x(y, 2), (y,2) € (P") abo y = y(z,2), (x,2) € (P").
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3ayBaxkuMo, 110 OCKLILKU MOBEPXHEBUI 1HTErpaJj IepIIoro Pojy 3BOJAUTHCS
JIO O0YHMCJIEHH IIOJ[BIHOIO 1HTErpaJia, TO BJIACTUBOCTI MOJBIHHOIO 1HTErpaJa 3a,

AHAJIOTIEIO TIEPEHOCATHCs 1 Ha MOBEPXHEBUIT iHTerpas nepiioro pojy (aus. § 2.1).

Bopasnu

1. ObOumcanTH MOBEpXHEBI IHTErPaJId MEePIIOTO POJIY:

1) // zdS, ne (S) — wacruna nosepxui 2 + 2% = 2z, Mo BuUpizaeTLCA 110

(S)
BEPXHEIO 2z = \/x2 + y?;

// 1+ n Q,Ae (S) — gacruna wonwan x +y + 2z =1, x,y,2 > 0;
T+ z)

3) //(m+y+z)d8, ne (S) — nosepxnst 2 + y* + 2% = a?, 2 > 0;

/ / xyzdS, ne (S) — wacruna nosepxui mnapabosioiga  obepTaHHsi

2z = 2% 4+ 2, mo MicTuThCA MixK WIOmMUHAME 2 = 1 i 2 = 3;
5) / / 2dS, ne (S) — wacTuHa OBepXHi rinepbositHOTO Mapabosoina 2z = xy,

(5)
AKa BUpi3aeThesd IMmiHapoM x2 + y? = 4;
2 2 2

6) // V2 4+ y2dS, ne (S) — OGiuHa MOBEpXHS KOHYyCA % - % — ;_2 = 0,

b,
(xy+yz+zx)dS, ne (S) — yacTuna KOHITHOI TOBEPXHI 2 = /&2 + Y2,

0< 2
7)

@\//\

10 BUPI3a€ThCA IuinapoM 2 4 y? = 2x;

8) // ydS, ne (S) — wactuna nmosepxui mumngpa x = 2y*> + 1, y > 0, mo

BUPI3AEThCA TOBEpXHAME T = y° + 22, v =2, x = 3;

9) // zdS, ne (S) — yacTuHa MOBEpXHI reJiKOIa T = wcosv, Yy = usinv,

z—vO 0<v<L2m;

10) // QdS ne (S) — uvacruHa 1OBEpXHI KOHyca T = 7 COS@sinaq,

s
y:rsmgosmoz,z:rcosoz,Oéréa,0<¢<27,0<a<§.
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2. 3HalTH PIZHUINO MIXK JIBOMA IHTErpajamMu

L = //(x2+y2+22)d5 i I ://(x2+y2+22)d5,
(5)

(S1)
ne (S) — nosepxns chepu x2 + y? + 22 = a® i (S]) — nosepxns oxTaepa
|z| + |y| + |z| = a, Buucanoro B cdepy.

3. Hosectu dopmyny Ilyaccona
1
// flax 4+ by + c2)dS = 2w / fuv/a? + b% + c?)du,
(9) -1

ne (S) — nosepxust chepu 22 +y? + 22 = 1.
4. OO6uncaUTHU IHTErpaJs
F)= || sy
w2y 22=t?
22 + 2, akmo  z = /2?2 + 2,
0, AKImo 2 < /a2 + 92

5. OO6uucauTu iHTErpaJ

Fo) = [ fay.2as

T+y+z=t

1 —22 —y?— 22, axkmo 224y + 22 <1,

ne f(x,y,z) = ’ ’ =7 Tobynysaru
0, akio o2 +y? + 22 > 1.

rpadik dyukmii u = F(t).

6. OOumcanTy iHTErpas

Fla,y, = 1) = / / £(6,m, O)dS.
(S)

ge (S) ={(&n,¢): =2+ m—y)*+(C—2)* =1},

1, axmo &2 +n?+ (2 <a
flzy,2) =

0, axmo & +n*+¢* > a’,

BBAXKAIOUH, MO 7 = /22 +y2 + 22 > a > 0.
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Ilpuknaau po3B’sa3yBaHHs BIPaB

1.4. Ilpu npoekryBanui noepxHi (S) wa miomuny rOyY yTBOPIOETHCS KiTbIE

(P)={(x,y): 1 <2 +y* <9}

// TyzdS = // vy(2® + y*)V/1 + 42 + dyPdady =
(s) (P)

x=rcosp, 0

Toui

'

<2
r < 3,

NN

3
m, J(r,p)=r .
(r:¢) :/dgp/r481ngpcos<p 1+ 4r2rdr=
y=rsiny, 1 /

2w

l\DlH

2

27
/dgp/r sin ¢ cos v/ 1 + 4r2d(r? /smgod sin ¢ / \/l—l—Trd
0

OckinbKn /sin pd(sin @) =

0
21
. =0, To //xyzdSzO. >
0 (5)

1.10. OckinbKy 9acTUHA MMOBEPXHI KOHYyCa 3ajlaHa B MapaMETPUIHOMY BHJI

2

(
T =T Ccospsinaq,

¢ y=rsingsine, TO nykaemo Besmunny dS = EG — F2drdy.

Z =Tcosq,
\
Tomi
E = (20)*+ (y.)* + (2)* = cos® psin® a + sin® psin® a + cos’ a = 1,
G = ()’ + (y,)* + (2,)* = 1’ sin” psin® a + r? cos® psin® a = r?sin’ o,
F=uxx —I—yry(p + Z:nz('p — —rcos psin psin® a + r cos psin psin® a = 0.

Orxe, VEG — F2drde = Vr?sin?adrdy = rsinadrdyp, 60 3a yMoBoIo

-
O<oc<§.
3BlacH
xr=rcospsina, 0< ¢ <27,
//zzdS: y=rsinpsina, 0<r<a, |=
(S) 2 = T CosqQ, 0<oz<g
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27 a 5 2
, cos” o sin « a
= [do [ r?cos?a-rsinadr = ———— [ rt| dy =
4 0
0 0 0
a* cos? asin mat 5,
= 1 -27‘(':7COS asina. P>

3. Banumemo mijginTerpanbny dyukiio f(ar + by + c¢z) y Burias

ar + by + cz
ax + by + cz) = a?+ b2+ 2 -
flaz + by +cz) = f(V/ WWHQ)

1 MpoBejieMO 3aMiHy 3MiHHUX, BUOpaBIu 1IomuHy ax + by + cz = 0, sk objacthb

ar + by + cz

Va2 + b2+ c2

HOBYV IIPDJAMOKVTHYV CUCTEM KOO rZI;I/IH&T OTpUMaeEMO mo OrZI;I/IHI/I‘{Ha chepa S —
y p yTHY y KOOp , OTp , depa (

3MIHU 3MIHHUX ¥, W, BBAXKAIOYUH, 1110 U = . Bubpasiiiu Takum 4nHOM

{(x,y,2) : 22+y*+2% = 1} nepersopurnes B opunnuany chepy (S) = {(v, w,u) :
v? +w? +u? =1}, romy dS = dS'.
Tomi

// flax 4+ by + cz)dS = // f(vVa?+ b+ c2u)dS.
(5) (5")
3 pisusinnsa v? + w? + u? = 1 orpumaemo, mo v? + w? = 1 — u?. Bagsmm

v w
V1—u? V1—u?
v=+v1—u?cosp,

(S") y Bursni ¢ w =+/1—ulsing, |u] <1, 0 <o < 2m,

= COS (©, = Sin ¢ OTpPUMAEMO TapaMeTpUIHe PIBHIHHS chepu

(

u=u,
\
Tomi
2 2
U U . 1
E =)+ W)+ (u,)* = 1_—u20082g0+1_u2 sinp 41 = Tt
G = ()’ + (w,)?+ (u,)? = (1 —v’)sin® o+ (1 — u’) cos’ o = 1 — v,
uyv1 — u? uyv1 — u?
F=vv +ww, +uu = ——— cospsinp — sin ¢ cos @ = 0.
e e 1T =2

e
Orxe, VEG — F2 = 1.
3BljCH
1 2
//f(ax + by + cz)dS = /du/f(\/a2 + b2+ 22u)\/ EG — F?dp =
(5)

-1 0
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1 2m 1

:/du/f(\/a2+b2+z2u)dg0:27T/f(\/a2—|—52+zzu)du,

-1 0 -1

1o i rpeda OyJ10 jjoBecTu. P

§ 3.2. IloBepxHeBi iHTErpaJjm ApPyroro pomay

Hexait (S) — rmajika abo KyCKOBO-TJIa iKa JIBOCTOPOHHS TIOBEPXHs 1 3adiKco-
BaHa OJHA 3 JBOX 11 CTOPiH, IO PIBHOCUJIBHO BHOOPY Ha IMOBEPXHI BU3HAYEHOI
OpleHTAITIl.
J1isi BUBHAUEHOCT] IPUILYCKAEMO, 1110 TI0BEPXHsI 3ajlaHa piBHsiHHAM 2= z(T,Y),
npudoMy Touka (x,y) 3miHioeThesa B obsacti (P) na miommui xOy, oOMexeHiit
KYCKOBO-TVIQJIKUM KOHTYpoM. Tojii BUOIp MOXKJIMBUII 110 BEpXHiil aboO 10 HUXKHI
CTOPOHI TOBEepXHi. Y MEepIIOMY BHIAJKY — I HAIpsM 00XO/y 00JacTi IPOTU Io-
JIMHHUKOBOI CTPIJIKU, Y JPYTOMY — 3BOPOTHUI HAIIPSM.
Hexait y Toukax nosepxui (S) Busnauena dyuxiis f(x,y,z). Posib’emo no-
Bepxuio (S) ma gacruaku (Si),...,(S,) 3a JOMOMOTOI0 CITKH KYCKOBO-TJIA KX
KpuBKX 1 Bubepemo B koxHii dactunmi (S;) Touky M;(x;, y;, z;). Criagemo cy-
n

My BULJISLly O = Z f(xi,yi, 2zi)D;, ne D; — nyoma npoexkuil yacrunku (S;) Ha
i=1

wiomuay Oy .

AKimo icHye cKiHYeHHa IpaHUIld IHTErpaJbHOI CYMU ¢ IPH YMOBI, IO MAKCH-
MaJibHUI 3 jiaMeTpiB A obsacteit (S;) TpsiMye JI0 HYJIST, TO BOHA HA3HBAETHCSI

nogeprHesuM tHmMmezpasom 0pyzoz2o pody 6id dynxuii f(r,y,z) no eu-

bpaniti cmoponi noseprui (S) 1 MO3HATAETHCS

= / / oy, 2)dady.
)

OpHak B IHTErpaJiax TaKoro BHJLY CJIJI KOXKHUI pa3 3ayBaKyBaTH, 110 sIKiit
CTOPOHI TIOBEPXHI OepeThcs iHTerpaJ, 00 B TAKOMY BHUIIAJIKY 3HAK IHTerpaJia MOXKe

3MIHIOBATUCS.
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3a aHAJIOTIEI0 MOXKHA BUSHAYUTH TOBEPXHEBI IHTErpaJju APyroro pojiy BUIJISALY

[ r@ats i [[ sy
(S) (S)

B zaraipHOMY BUNA/IKY MOBEPXHEBHI IHTErPAJI JIPYTOTO POJIY 110 BEPXHiil (30B-

HirmHiit) croponi nosepxui (S™) sanmcyerbes y Bui
// P(x,y,2)dydz + Q(z,y, z)dvdz + R(z,y, z)dzdy,
(S)

ne byukiil P(x,y, z), Q(x,y,z) i R(x,y,z) HenepepsHi Ha mosepxHi ().
3ayBaxKuMo, 10 clipaBeinBa (popMyJ/ia 3B’s3Ky MiXK OBEPXHEBUME 1HTErPa-

JIaMU TePIIOoro 1 JAPYroro pojiy BUIJISLY

// P(x,y,2)dydz + Q(x,y, 2)dzdz + R(x,y, z)dzdy =
(5%)

— // (P(x, y,z)cosa+ Q(x,y, z)cos B+ R(x,y, z) cos 7) ds.

(5)
Hexait nosepxuto (S) 3agano sBauM piBasHHAM 2 = 2(2,Yy), (z,y) € (P'),
( T = u,
TOJ1, IO3HAYUBIIU § 1 = v, OTPUMAEMO
| z= z(u,v),

E=1+(2)" G=1+(z)% F=2z

x Y

VEG=F2 = \J1+ ()’ + ()",

i j k
A=|10 2 |=—2i—2j+k
01 z

B rakomy BuiiaJiky

// P(x,y, 2)dydz + Q(x,y, z)dxdz + R(x,y, z)dxdy =
(5%)
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dS
// P(x,y,2)z, — Q(x,y,2)2, + R(x,y, 2) =

\/1+ ()2

/ / (0,9, 2(2.9)) 2, — Q (@, 2(2,9)) 2 + R (2., 2(2.9) ) dedy.

SayBa}KI/IMO, MO MOYXKHA OTPUMATH aHAJOridHi (GopMysH, AKIO moBepxHio (.S)

3aj1aH0 piBmsnmaM © = x(y, 2), (y,2) € (P") abo y = y(z, 2), (x,2) € (P").
Bopasnu

1. OO6uncanTy MOBEpXHEBI IHTErpaJi JIPYroro pojLy:
1) //(y —2)dydz + (z — x)dzxdz 4 (x — y)dzdy, ne (S) — 30BHIMHA cTOPOHA

(S)
MOBEPXHI KOHYCA, 2+ y2 = 22, 0<2z<3;

/ / zdxdy, nme (S) — 3OBHINHS CTOPOHA TOBEPXHI  EJIICOIIA

/ / yzdydz + xzdrdz + xydxdy, ne (S) — 30BHINIHSI CTOpOHA MOBEPXHI

(S)
rerpaejipa, ooMmexkenoro momuHamu x =0,y =0, 2 =0, x+y + 2z = a;

// xdydz + ydxdz + zdxdy, ne (S) — 3oBmimmHsg cropona cdepu

(5)
2?4yt + 2 =
) // 22 dydz + y*dedz + 2dxdy, ne (S) — 3oBuimms nopepxus miscdepn

(S)
2"‘3/ +Z —CL /O

/ / dydz dxdz d:z:dy i L
, je (S) — BHyTpimHSI CTOpOHA eJincoia
z

dxd
8) // L y, ALS (S) — BHYTPIINIHS TTOBEPXHS C(bepl/l 72 + y2 + 22— a2;
Z



§3.2. Hoseprnesi inmeepany dpyzozo pody 121

// z2dydz, ne (S) — soBHIMHS cTOPOHA MOBEPXHI YacTHHW MapabosIoiia

z = 4(x —|—y),x>0,y>0,z<1;

10) / f(z)dydz + g(y)dxdz + h(z)dzdy, ne f(z),g(y), h(z) — nenepeps-
(5)

Hi byHKIil 1 (S) — BHYTpIMIHSA CTOPOHA MOBEPXHI MapaJesiernine/a 3 BUMipaMu

0<r<a,0<y<b,0<z2<ec.

IIpuknaau po3B’sa3yBaHHS BIIPaB

22 P 22
1.2. Eaincoin — 5 + 7 + — = 1 jgurbed mommbaoin z = 0 Ha JBl 110-
. \/1 ;132 y2 ( ) ) \/1 I’Q y2 (
BepxHl z = ¢ — — — == (BepxHs 4YacTHHA) 1 2 = —C — — — == (HWXKHA
b a? b2 b a? b2

qacTuHa).

OckiJbKH 1HTErpaJ 6epeThbes 10 30BHIIIHINA CTOPOH] eJIIIColIa, TO TO3HAUNBIIH

22 2
(S+) = {(ﬂf,y,Z) ER3: Z:C\/l_g_ﬁv (:Cay) S (Pl)}7
- 3 r? y? /
(5) = {@y.2) €R: 2= —e\[1= 5 =& (my) € (P) ],
/ 0 Y
e (P = {(x y) € R*: 2+ﬁ<1} OTPUMAEMO:
// dwdy—//zdxdy+//zdxdy—// \/1——— —drdy+
() (5+)
T = ar cos ,
y = brsin p,
// \/1————dxdy—20//\/1————da:dy— J(r,p) = abr, | =
a? a?
0 << 2m,
0<r«<l

21 1

2m 1
= 2abc/dg0/ V1 —rirdr = —abc/dgo/ V1—r2d(l—1r?) =
0 0

0 0
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2b 4 b
_ f;)c (1= 1)/ 1= 7] g = 270
0

1.10. IToBepxnuga napadsiesemninena 0 < x < a, 0 <y < b, 0 < z < ¢ ckinagae-

ThCA 3 MIECTU YaCTUHOK:

Ob6uncnimMo JaHnii TOBEPXHEBUI 1HTErpaJ 0 KOYKHI 13 9aCTHHOK 30KpeMa:

/ f(x)dydz + g(y)dxdz + h(z)dzdy = // h(c)dxdy =

— /adx/bh(c)dy = —h(c)ab,

0 0
// f(x)dydz + g(y)dzdz + h(z)dzdy = // h(0)dxdy =
(S2) (52)

a b
_ O/ d 0/ h(0)dy = h(0)ab,

/ / f(@)dydz + g(y)dzdz + h(z)dzdy = / / g(b)dadz =

(S3) (S3)

/adx/cg(b)dz = —g(b)ac,

/ f(z)dydz + g(y)dxdz + h(z)dxdy = //g(O)dxdz =
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a C

= /da:/g(O)dz:g(O)ac,

0 0
// f(x)dydz + g(y)dzdz + h(z)dxdy = // fla)dydz =
(S5) (S5)

b c
—!ﬁa/ﬂww—#m%a

// f(x)dydz + g(y)dxzdz + h(z)dxdy = // f(0)dydz =
(S6) (S5)

— /bdy/cf(O)dz: f(0)bc.

Orke, TPOCYMYBABIIH IHTErpaJjin Mo KOXKHii 3 yactuaok (5;), i = 1,6, oTpu-
Ma€EMO:
// f(x)dzdz + g(y)dzdz + h(z)dxdy =
(S)
= —h(c)ab+ h(0)ab — g(b)ac + g(0)ac — f(a)bc + f(0)bc =
e ({210, 2O =o0) M= B0

a b c

§ 3.3. BacTocyBaHHS MOBEpPXHEBUX IHTETPAJIiB

1. Hexaii (S) — marepiajibHa MOBEpxXHsi, 0OMEXKEHA KYCKOBO-TJIQJIKUM KOHTY-
5= / / as
(5)

2. Hexait (S) — marepiajibHa MOBEPXHST 3 TOBEPXHEBOIO TYCTHHOWO 0(T, Y, Z) B

pom. Toji popmyiia

MO3HAYAE TLJIOMLY TToBepxHi (S).

JOBLIbHIH Touri (2, Y, 2) € (S). Toai Maca moBepxHi 06UUCTIOETHCs 38 (POPMYJIOIO

m = // o(x,y, 2)dS.
(S)
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3. Crarnuni momentn mosepxti (S) BIHOCHO BiIIOBITHUX KOODIMHATHUX

o Oxy, Oxz 1 Oyz 069UCTIOITHC 33 (POPMYTIaAMU:

M, = // zo(v,y,2)dS, M,. = //yg(x,y, z)dS,
(S) (S)
M,, = // zo(x,y,2)dS.
(S)

4. Koopsmuaru nenrpa mMac nosepxti (S) o04ucIi00Thes 33 (hopMyIamu:

_ M, _ M, _ My
r = Y y = Y Z = *
m m m

5. MowmenTu iHepriii moBepxui (S) 3 MOBEpXHEBOW TYCTHHOW 0(T,Y, 2) Bijl-

HOCHO BinoBijiHux koopjunaraux o Ozy, Oxz 1 Oyz 009UCIIOITHCS 34

I, = //z2g(x,y,z)d5, I, = //yQQ(x,y, 2)dS,
(S) (S)
]yz - //x2g(a:,y,z)d5
(S)

6. MowmenTu ineprii nosepxui (S) 3 MOBEPXHEBOW I'YCTHHOI o(X, Y, Z) BiJIHO-

dopmynamu:

CHO BijioBiHuX KoopanuaTHux oceit Oz, Oy, Oz 009uCIIOI0THCs 3a (HOPMyTaMu:

I, = //(y2 + ZQ)Q(x,y,Z)dS, I, = //(x2 + ZQ)Q(x,y,z)dS,
(5) (S)

L= [[ @+ oty as
(S)
7. MowmenTu inepriii moBepxui (S) 3 MOBEPXHEBOIO TYCTHHOKO (T, Yy, Z) BiJIHO-

CHO TTOYATKY KOOPJAMHAT OOUMCIIOETHCS 38 (DOPMYJIOO:

Iy = / / (22 1+ + 2)o(z,y, 2)dS.
(S)
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8. Hexait F' = {F,,F,,F.} — cura nupuraramms MarepiajbHOl TOUKH
Mo(xo,y0,20) Macoro myy MarepiajbHOO TOBepxHEID (S) 3 MOBEPXHEBOIO

rycrutoro o(x,y, z). Toui ckiiaioBl Hiel cujim 06UUCIIOIThCs 33 hOpMyJIaMu:

. (x — :Uo)g(:lz, y,2)dS
- //¢ Pt (- 20)

$—$

mo (y —wo)o(x,y, 2)dS |
B // \/ ((z = 20)2 + (y — 90)? + (2 — 2)2)"

. (z — ZO)Q(:L', y,2)dS
- //V - )+ (2 — %))

Jle v — rpaBiTaliiina craJa.

9. Hexait tino (V') obmexene KyckoBo-riiajkoio mosepxueio (S). Tomi 06’em

I[HOT'O TiJia MOXKHA OOYUCJIIOBATH 34 OJHIEIO 13 YOTUPHOX HACTYITHUX (DOPMYII:
= // xdydz, V = // zdydz, V = // ydydz,
(5) (5) (5)

V= %// xdydz + ydxdz + zdxdy,
(S)
Jie KOKHUI 13 iHTerpasiiB 6eperhest mo 30BHiMTHI cropoHi moepxHi (.5), mo obme-
xye Timo (V).
3ayBaxKuMO, 110 BBOJSAYM HALIPAMJIIOYI KOCUHYCH COS (v, COS 3, COS7Y 30BHI-

HIHBOT HOpMaJil 10 1oBepxHi (S), ocranHio MdOPMVYIIY Ui OOUYKUCAeHHs 00’ eMY Tija,
pit ) Yy 4 y

MOXKHa, IIEPEIINCATHU Y BI/I,ILiI

1
— g// (xcosa + ycos S+ zcosy)dS.

Bopasu

1. 3naiiTn Macy mMarepiajbHOI TTOBEPXHI 13 3a/1aHOI0 TTOBEPXHEBOIO T'YCTUHOTO

o(z,y, 2): .
1)»2::6;y,0<z<1,g(ﬂf,y72)=zs
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2) &+ +2°=9,220, o(x,y,2) =
3) ' +yi+2=a’, 520, y=0, 2

0, o(z,y,2) = Vo + y*

4) 2az = x* —y?, wo Bupizaerncs nuinapom 2+ 1% = a?, o(x,y, 2) = k2|,
k> 0;

5) |2 <2, [yl <2, |2 <2, o(,y,2) = ky/ayz], k> 0.

2. 3HaiiTi KOOPAWHATH IEHTPaA Mac 33/aH0l MaTepiaJbHOl TTOBEPXHI:

\\/OJIN

1) omHOpifHOT YacTHHU KOHYCA 2z = /a2 + Y2, 10 BUPI3AETHCS MOBEPXHEIO

2?4+ y? = 2x;

2) oHopinoi nosepxui 2 = /a2 — 12 —y2, x>0,y >0, z+y <

3) OJIHOPITHOI YACTUHY TTOBEPXHI 2 = 22 + y?, 0OMesKeHOT TIJIOMUHOI 2 = 2;

4) ostHopi ol wactunn oepxni 4 — 2z = 2% + 3%, z > 0;

5) xoniunoi nosepxui 22 = 22 +y*, 0 < 2z < 1, AKIIo TycTUHA y KOXKHiH TOUI
Iporopiiiiina 11 BlJICTaHl B1J OCl KOHYCA;

6) osHOpiHOrO cermenTa noBepxHi cdepu pajiyca R, 3 HEHTPOM B 10YaTKY
KOOPJIMHAT, 10 BIATHHAEThCA mionmuaoo z = H, H >0, 2 > H.

3. 3HaiiTi MOMEHTH 1HEePIT OAHOPIIHOT MaTepiajabHOT MOBEPXHI:

e+y+z=1,2>20,y>0, 2> 0, BITHOCHO KOOPINHATHUX TLIOIINH;

2) wacrunu chepu 2 +y>+22 =4, 2z > 0, 1o MicTUTLCSA BeepeuHi UTiHIPa
22 + y? = 2z, Bigocuo miommun Oyz;

3

4

0<e<2,0<y<2,0<2z< 2, BIIHOCHO TOYATKY KOOPJUHAT;

konyca z = /a2 + 4%, 0 < 2z < 3, Bignocno oci Oz;

6) murinapa z? +y?> = R?, 0 < 2 < H, BiJHOCHO TI0YATKY KOODJMHAT;

)
)
5) #* +y* + 22 =4, 2 > 0, signocno oci Oz ra wiomunn Oxy;
)
7) 2* +y* =4z, 0 < 2 < 2, Bigocuo oci Oz;

)

8) wacTmHH UWIHApa z2 + Yy = ax, MO MICTUTbCA BcepeluHi cdepn
2 — 42 O
x —|—y +22=ua BIAHOCHO TIomuun Jxz.
4. 3 SKOIO CHJIOI0 HPUTIIYE OJIHOPIJIHA KOHIYHA IMOBEPXHS T = 7T COS (Q,
y = rsinp, z=7r,0< ¢ <21, 0 < b < r < a, I'yCTUHA 0y MaTepiajbHy

TOYKY MacCoOIO M, PO3MIIIEHY Y BEPIIAHI €] TTOBEPXHI.
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5. 3HafiTn moTeHmiaJd omHOpimHOI cdepmunol moBepxui x? + y? + 22 = a?

ryctuad 9y Ha TouKy Moy(xo, Yo, 20), TOOTO OOUMCTUTH IHTETrpAJT

- (éf VA e ) e e

r

6. 3a JIOIOMOIOI HMOBEPXHEBOIO 1HTErpaJa 3Haiit 06’eM Tiaa, 0OMEXKEHOIro
IOBEPXHSIMU:

1) x22+y2+z2:4, 3z = 22 + ¢?;

2

2) %Jr%—l,y:z,z: :
Ny=a* y=1,2+y+2=4, 2=0;
4 2?4+ yt=4—2z, 22 =2+ 2%+ 9%
5) 2 +4y? =1—2, 2=0;

x=acosUcosV +bsinUsinV,

6) 4 y=acosUsinV —bsinU cosV, 2 = *+c;

z =csinU,
\
4
x=UcosV,
7) < y=UsinV, U>0, 2=0, 2=0, a>0;

z2=—U+acosV,

Y

x = (b+ acos)cosy,
8) 4 y = (b+ acos)sin g, 0<a<b.

z = asiny,

ITpuknaau po3B’sa3yBaHHsd BOIPaB

2.4. OcKiNbKY TOBEPXHST OJTHOPITHA, TO BBaXKaeMo, 1mo o(z,y, z) = 1.

3HaifemMo Macy mMarepiajabHOl MTOBEPXHI:
m = // ds = // \/1 +(2)2 + (2))2dady,
(5) (P)

1
A 222—§($2+y2), Z;U:_xﬁ Z:/y:_ya (P):{(.T,y) $2+y2<4}
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Orxe,

X =T COS P,

Yy = rsin @,

2w 2
m://\/l—l—xQ—l—dexdy: J(r, o) =r, :/dgo/\/1+r2rdr:
(P) 0 0

Y g [VTERa e = L [T - v

O0uKC/II0EMO CTATUYHI MOMEHTH MaTepiajbHOI MOBEPXHI BIJIHOCHO KOOP/IMHA~

THUX IIJIOIIIWH:

M,, = //zdS //( x+y)\/1+x—2+y2dxdy:

T = TCOoS,
Yy = rsin e, o 2
=1| J(r,p)=r, :/dg0/<2—%r2) V1 +r2rdr =
0 < < 2m, 0 0
0<r<?
2 2
=27 2/7“\/de—%/7“3de =
0 0

2

=2 (5\/5—1 i/rJrl DV1+7r2d(1+77%) | =
0

B 1 2y/(@+r2)512 1 20/ +r2)32)

2”( (V5 -1) - ¢ ‘ 173 ’0 N

— o (%(5\/5 1) - 1—10(25\/5 1)+ é(5\/5 - 1)) _

1 1

—27r<10\/_——f+ \/——— 1—0—5):
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T =T COoS P,
Yy = rsiny,

Myzz//de://xmdxdy: Jr,p)=r | =
(S) (P) 0 < < 2m,
0<r<2

2

o 2 2
=/dgp/r2008g0\/1+r2dr:/czosgodgp/TQ\/(lJrﬂ)dr:
0 0 0

0

2

/rzx/l + r2dr = 0.

0

2T

= (sing)|

T =T COS Y,
Yy = rsin g,

M= [ [ yas = [[/TFaF Pdudy = | sr. ) =r. | =
(5) (P) 0 <o < 2m,
0<r<?

2w

2 2 2
— /dcp/?“QSiHQO\/l—l—TQd?“:/SingonO/TQ\/(l-l—?“z)d?“:
0 0 0

0

= (—cosy)

2
2
/7“2\/ 1+ 7r2dr =0.
0
0

Otxke, TEHTp Mac MaTepiaJbHOI
255 — 11
C (O; 0; f—) >
25v/5 — 5
3.5. Ilosepxnsa a2 + % + 22 = 4, z > 0, npoexTyerbed Ha mommay Oxy
nocky obnacth (P) = {(z,y) : 22 + y? < 4}.

IOBEPXHI  MICTUTBCA B  TOYIIl

s crporreHdss o0YKCIeHb B CUJIY OJHOPIAHOCTI IOBEPXHI BBaXKaEMO, IO
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MowmenTu iHepiiii BijHOCHO oci Oz 00YHCTIOEMO 32 (POPMYJIOIO:

I—//x +4%)dS = //x + 9 \/1—l— (2;)*dzdy.

OckinbKn 2z, = i , 2y = Y , TO
4 — a2 — 42 4 — a2 — 42
2 2
_ 2 2 z Y .
[Z—//(x —|—y)\/1+4x2y2+4x2y2dxdy
(P)
2//( 2_|_ 2) dﬂfdy L =TCoSp, 0<90<27T7 J(’r‘,gp)_ﬁ
P 4—a? —y? y=rsinp, 0<r <2
2 2 p 2 a4 2) 2 a4 2)
rdr —r —r
=2 /d /7“2 =—27T/7’2- =27T/4—7’2—4 =
O/QOO V4 —r? / V4 —r? 0( >\/4—fr’2
2

—27‘((\/—77“‘—8\/—77“2‘)—27(( 10 16)—6347T.

MowmenT iHepiiil BijHOCHO miomuan Oxy 009rcII0eMo 3a (POPMYJIOI0:

Iy, = // 22dS = // \/1+ (2! )2dxdy.

. - / /
[TijcraBusiinu 3amicrb z=+/4—x2—y?, 2z = ) 2= :

OTPUMAEMO
9 2
. 2 2 x Yy .
Izy—//(él—x y>\/1+4x2y2+4a:2y2dxdy
(P)

:2/ mdxdy: r=rcosp, 0< o< 2m, J(rp) =r, _
<r<2

y=rsingp, 0<r

2

27 2
:2/d¢/v4—r27“dr:—2%/\/4—r2d(4—r2):
0 0

0
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4 —r2)312 32
:—4W¥‘:—ﬂ. >

3 o 3
6.6. Hexait ¢ > 0. B momuni xOy maemo, mo U =01 0 <V < 27w, Orxe,
na Oy maemo kpyr z2 + y? < a?.
Bassum z = +c¢, orpumaemo, mo U = :I:g 10 <V < 271 Orxke, Ha

IJIOMUHAX 2z = +¢ MaeMo kpyru x2 + y? < b2,

B pesyisibTari orpuMaeMo MHOXKUHY 3Minu 3minaux U ta V' Buay

(P):{(U,V)ERQ: —ggUgg, o<v<27r}.

SayBaxkKuMo, 10 9KIIo a > b, 1o upu z > 0 ONMHUIHUN BEKTOP HOpMAJ 71

. =

B KOXKHII TOYIl BEPXHBLOI YaCTUHU OITHOI OBepXHi 3 Biccio Oz yTBOPIOE TOCTPHii

KyT, IKIIO @ < b — TO Tymnuii KyT.
st o6uucsienns 06’emy V' rina (V) ckopucraemocs: hpopmyJioro

1
V= g//(:pcosoz—i—ycosﬁ—I—zcosv)dS.

OCKIJIBKHE T1JIO OOMEXKeHe TPhOMa MOBEPXHSIMHU, TO

1
= g(//(:ccosoz+ycosﬁ+zcosv)d5+//(xcosoz+ycosﬁ+zcos'y)d5+

(51) (52)

-|—//(xcosoz—|—ycosﬂ—|—zcosy)d5>,

(S3)

ne (S1), (S9)— Bepxusi 1 HuKHst ocHOBU (KpyT pajiyca b), (S3) — 6iuHa moBepxHsi.

Ha mosepxni (S7) maemo, 1o

// xcosa + ycos B+ zcosy) dS—c//dxdy,
ne (P) = {(m,y) c a2+ y? < b?}, 60 cosa =0, 0086:(), cosy = 1.
Orxe, //(:1: cos o + g cos 3 + zcosy)dS = whc.

(51)
Anasioriuno, na nosepxui (S3) maemo, 1o cosa =0, cosf =0, cosy = —11

//(xcosoz +ycos B+ zcosy)dS = c//dxdy = 1b’c,
(S2) (P)
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ne (P) = {(z,y):2° +y* < b*}.

O6unciuMo Terep HAIPSMHI KOCHHYCH HOpMaJii 71 Jijist ToBepxHi (S3):

Ao Yy 2y _ —asinUsinV —bcosU cos V' ccosU _
vy 2y acosUcosV + bsinUsinV 0
= —ccosU(acosU cosV + bsinUsin V),
B 2y Ty _ ccosU —asinUcosV +bcosUsinV _
2y Ty 0 —acosUsinV + bsinU cos V
= ccosU(—acosUsinV + bsinU cos V),
O Ty Yy _ —asinU cosV+bcosUsinV  —asinUsinV —bcosU cos V _
T —acosUsinV+bsinUcosV  acosU cosV+bsinU sin V
= (b — a*)sin U cos U,
T
e 0 < U K 5
Akio a > b, ro C < 0 1 ockisibku cosy > 0, 1o cosy = NoE +_§2+02.
Axmo a < b, o C' > 0 1 ockiibku cosy < 0, T0 cosy = NoE +_§2+02.

3 Toro, mo dS = VA% + B2 + C? dUdV, maemo

//(:Ucosoz+ycosﬂ+zcosv)d5 = —//(xA+yB+zC’)dxdy:

(S3) (P)
= // (ccos U(acosU cosV + bsin U sin V))* + ccos U(a cos U sin V —
(P)
—bsinU cos V)? + (a* — b*)csin® U cos U) dUdV =
5 2m
= dU/ (aQC cos® U cos? V + cb? cos U sin® U sin? V + a*c cos® U sin® V+
_g 0
+b*ccos Usin? U cos? V + (a® — b?*)csin® U cos U) dV =

2m
dU/ (azc cos® U + b?ccos Usin? U + (a* — b*)esin® U cos U) dV =

0

\w\ﬂ

INIEY



§83.4. Ocnosni inmeepasvii Gopmysu 133

3
— 4ra’c.

% 27
:CLQC/dU/COS UdV = 2ra’csinU
_z 0

2

Omrxke, npu ¢ > 0 orpuMaemo

L 9 2 2 4 ) b
V:§(7rbc—|—7rbc—|—47rac):§7rc a +5 .

3a anajiorieto, sk ¢ < 0, To

4 v
V = —3me <a2 + 5) :

OT)KG7 B 3araJibHOMY BHUIIQJKY MO2KEMO 3allnCaTu, 110

4 v’
V= §7T|C| (a2 + 5) .

§ 3.4. OcHoBHI iHTerpaJbHi popmyn

Dopmyaa I'pina. Hexait (D) — KyckoBo-T1aika 00JIaCTh, 3a/1aHa Ha, TLIOIINHI
xOy 1 oOMeXkeHa 3aMKHEHUM TPOCTHM KycKoBo-Tuiajkum Kourypom (IM). fkio
bynxmit P(z,y), Q(z,y), P,(r,y) i Q,(z,y) e nenepepsuumu B obnacti (D), To
Mae micie popmyiia,

/P(fc,y)dx + Q(z,y)dy = // (g—g - %D) dzdy,

() (D)
pu yMOBI, 10 Hanpsim 00xoy kouTypa (I') € momarniv, To6TO Tpu pyci B3IOBK
KOHTYpa HaiibamKaa qactuna obmacti (D) sanumiaerhes 37iBa.

[1s1 popmynia HasuBaeThbes gopmyso ['piHa 1 xapakTepusye 3B’ si30K KPUBO-
JUHIHOTO 1HTEerpaJa JPYyroro pojy 3 MOJBIRHUM IHTEIPAJIOM.

Dopmysaa Cmoxca. Hexaii KyckoBo-Tyiajika JBOCTOpOHHsT moBepxHs (5)
0OMesKeHa, 3aMKHEHUM MTPOCTUM KYCKOBO-IyiaiKiuM KOHTYypoM (I'). fkimo dyskiii
P(z,y,z), Q(r,y,2) 1 R(x,y,z) HeuepepsHi pazoM 3 YACTUHHUMHU [OXIJHUMU
P(r,y,2), Plz,y,2), Q,(r,y,2), QLx,y,2), R (z,y,2), Ry(z,y,2), T0 mae

micie dpopmyJia;

/ P(x,y, 2)de + Q(r.y, 2)dy + R(z,y, 2)d= =
(I')
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= //(R'y — Q)dydz + (P, — R,)dxzdz + (Q), — P,)dxdy,
(S)

abo

/P(x, y,z)dx + Q(z,y, z)dy + R(z,y, z)dz =

= // ((R, — Q.)cosa+ (P, — R.,)cos 3+ (Q, — P,) cos~y) dS,

Je Hanpsim 0bxogy kKourypa (I') e gogarnum.

151 bopmysia HazuBaeThest popmysioro CTOKCa 1 XapaKTepu3ye 3B’ 130K KPUBO-
JIIHIAHOTO 1HTEerpaJia 3 MOBEePXHEBUM IHTETPAJIOM.

BayBaxknmo, Mo KO moBepxHs (S) mapasenbra g0 mwiomman Oy, TO
/R(x, y,2)dz = 0 i3 dopmynu Crokca orpumyerbest opmyita ['pina.

@)
Dopmyaa Taycca-Ocmpoepadcvrozo. Hexaii  dynkuii  P(z,y, z),

Q(z,y,z) 1 R(x,y,z) HeuepepsHi pasoMm 3 yacTuHHUMU HOXijgHumu PL(z,y, z),
Q,(v,y,2), R.(x,y,2), y samkneniit obnacri (V), mo obMerkena KycKoBo-TIal-

KOIO JIBOCTOPOHHBOIO ToBepxHeio (5). Tomi mae micie dhopmyiia:

///(P; + Q, + R)dzdydz =
(V)

= [[ Py gz + Qo oz + Ry, 2dedy.

(5)
///(P; +Q, + R.)dxzdydz =
(V)

= // (P(x,y,2)cosa+ Q(x,y, z) cos B+ R(x,y, z) cosy)dS,
()

Jle IOBEPXHEBUl iHTerpaJl JIpyroro pojly 0epeThes 10 30BHIIIHIM CTOPOHI TTOBEPXHI.

abo

st bopmysa HazuBaeThesa popmyiioo [aycca-Ocrporpa chbKoro i xapakTepu-

3y€ 3B’430K IOTPIfIHOIO iHTErpaJa 3 IOBEePXHEBUM 1HTErPaJIOM.



§83.4. Ocnosni inmeepasvii Gopmysu 135
/ / /)

BayBaxumo, mo axmo P, + @, + R, = 1, To orpumaemo dbopmyiy jgis 061m-

cyientst 00’emy 3aanoro Tija (V) 3a JI0MOMOro0 MOBEPXHEBOIO iHTErpaJsia, HaBe-

JileHy B § 3.3.
Bnopasnu

1. Bacrocopytoun ¢gopmyny ['pina, oduucanTu 2KpHB(2)ﬂiHi1‘/’IHi iHTerpaJIn:

x

1) /(a: +y)dr — (v — y)dy, ne (I') — enxinc — + % = 1;
()

2) /(x +y)?dx — (2* +y*)dy, ne (') - xonryp TpukyTHuka ABC 3 Bepu-

()
wamu A(1;1), B(3;2), C(2;5) B 101aTHROMY HAIPSIMI;

3) /xy2dy — 2*ydx, ne (T) — xomo a2 + 12 = a?;

(I)
/ (cos 2xydx + sin 2xydy), ne (I') — koo 2% + y? = 4;
(I

5) [ € ((1 —cosy)dz — (y —sin y)dy) , e (I') — koHTyp, 110 06MEKYE birypy

)
= {(

J:0< <m0y <sinx};

x,
/ esiny — ny)dr + (e cosy — n)dy, ne (AnO) - BepxHe MiBKOJO
AnOA

x? + y = ax Bijg Touku A(a;0) no rouku O(0;0), OA — Bigpizok oci Ox.
2. 3acrocoBytoun dpopmyny CTokca, OOUUCIUTHA IHTETPAJIN:

1) /(92 —22)dx + (22 —2H)dy + (2* —y*)dz, ne (I') — neperun nosepxmui Kyba

3
0<x<a,0<y<a,0<z<anﬂomHH010x—l—y—l—z:§a;

2) /yda: + 22dy + 2%dz, ne (I') — o0
2 =/3;

™)
2yt + 2=
3) /(y+z)d:c+ (x4 2)dy+ (z+y)dz, ne (I') — ko0

& r+y+z=0;
22 +y? =1,
4) /(y —z)dr + (z — x)dy + (x — y)dz, ne (I') — eninc
r+z=1;

()
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2?4 y? = R?,
5) /x2y3da: + dy + zdz, ne (I') — koso Y
o) z =0
6) /(?J2 - ZQ)dﬂU + (22 — :UQ)dy + (:132 — y2)dz, ne (') — koHTyp, 10 OXOILIH0E
()

qactuny chepu 22+ 32 +22=1,2>0,y >0, 2 > 0;
7) / yzdr + 3xzdy + 2zydz, ne (OA) — kpusa x = tcost, y = tsint,

(04)
z=1%, 0<t<2m, 0(0;0;0), A(27;0;472);

8) /(y + 2)dz + (z + z)dy + (v + y)dz, ne (') — eninc x = asin’t,

I)
y = 2asintcost, z = acos’t, 0 <t < 7, B HAIPAMI 3pOCTAHHS TapaMeTpa t.

3. Bukopucrosytoun ¢opmyrny Faycca-Ocrporpaichbkoro, 00UncanTn gaHi mo-
BEPXHEB] 1HTEIPaJIu:
1) // ?dydz + y*drdz + 2*dedy, ne (S) — soBuimms nosepxus cdepu

()
2?4yt + 2 = a?

2) //(:z:—y+z)dydz+(y—z+:c)da:dz+(z—x+y)d:cdy, ne (S) — zoBHinHS

(5)
cTOpoHa HoBepxHi |z —y+ 2|+ |y — 2+ x|+ [z —z+y| = 1;

/ / 22 dydz + y*drdz + 22dxdy, ne (S) — soBHimEs cropona rpamuii Ky6a

< a, 0<y<a, 0<z<a;
4) // xdydz + ydrdz — zdxdy, ne (S) — BHyTpilIHS YacTHHA MOBEPXHI

()
z=1—yx?+y? 0< 2<1;

5) // vdydz + ydadz + zdxdy, ne (S) — nosepxna nmmingpa r2 + y? = a2,

(5)
<z <K
T
// 2dydz+yzdxdz+z2d:cdy, ne (S) — moBepxHst KOHyca _+ﬁ__2 =0;
c
(5)

// 23 cosa + 1 cos B + 27 cos v)dS, me (S) — nosepxus cdepn

()
2?4+ y* + 2* = R
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8) // wdydz + y>dedz + Z*dxdy, e (S) — BHyTpiNHS MOBEPXHS YACTHHE

(S)
napabosoina z = x2 4 y?, Mo BiATHHAECTHCS TIONHHO© 22 — 2 = 0;

9) // ((z"—y”) cos a+ (z" —2") cos B+ (y" — ") cos 7) dS, ne (S) — Bepxus
(5)

noJioBnHa nosepxui chepu 2 4 y? + 22 = R?;
10) // ydydz + zdxdz + xdzdy, ne (S) — moBepxHs mipamian, oOMeXeHa

(5)
mwionuuamMu r +y+z2 =4, x =0, y=0, 2 =0.

4. dxiit ymoBI moBuHHA 3aJI0BOJBHsTH udepentiiiopna dyukiis F(z,y),

11100 KPUBOJIHIAHMI IHTErpaJ

/ Fz,y)(yde + zdy)
(AmB)

He 3aJiexKaB Bl (DOPMU NIISIXY 1HTErpyBaHHS !

5. 3HaliTH 3HAUEHH: IHTerpaJia,

I = / (a:cos(ﬁ, x) + y cos(7, y))dS,
()
ne (I') — mpocra 3aMkHena Kpusa, 10 0O6Mexkye cKindenny obiacts (S) 1 7 —
30BHINTHS HOPMAJIb JI0 HEl.
6. Jloectu, 1110 00’€M TijIa, YTBOPEHOI'O IIpU 0OEpTaHHI HABKOJO oci Ox 1po-

croro 3amkueroro koutypa (I'), poswmimienoro y Bepxwiit mismiomuni y > 0, pis-

V= —W/yzd:r:.

()

7. Hosectn, 1mo 06’eM KoHyca, OOMEXKEHOTO IJIaJKOK KOHIYHOIO ITOBEPXHEIO

HUM

F(z,y,z) =0 i mwiomuuowo Az + By + Cz+ D = 0, nopiHioe
1
V=-SH
3 Y

qe S — ILJI0Ia OCHOBH KOHYCa, PO3MIINIEHOI B JaHiii mionmil, H — Bucora KoHyca.
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8. Hosectu, mo sikimo U = U(z,y, z) — rapMoniuna GyHKIIis Beepeanti cdepu

(S) paaiyca R 3 menrpom B Touri (g, Yo, 20),

432// (2,9, 2

9. Jlopectu jpyry dopmyay I'pina B npocTopi

AU AV u  ou

/ / drdydz = / / on 91 4s.
U V U Vv

(V) (S)

ae rino (V') obmexene nosepxueto (S), 7 — 30BHIiIIHS HOPMaJb J10 OBepxHi (5)

U(ZUO Yo, Zo

i byuxmiit U = U(z,y,2), V = V(x,y,2) asiul qudepenIiiioBui B 3aMKHeHii
obmacri (V).
10. ,ZLOBeCTH, o sko U — rapmoniuna (pyHKIis B CKIHYEHHIN 3aMKHEHI

obmacti (V'), obmexkeniit 3amMkHeHO™O MoBepxHeo (S), To cnpaseuBi GopMyJTH:

//—dS—O
o I () (5 (20 o= ff s

30BHIITHST HOPMAJh J10 moBepxHiit (5).
11. JIosecTn, 1o sKIIO d)yHKLLiH U = U(x,y,z) — rapmoniuna (GyHKI[sT B

ckinvenniit 3amkueniit obuacri (V') obmexeniit riia koo nosepxueo (), 1o

i) 10U
Ulz.y,2) //( cos(7, 1) SN an>d5

Je 7 — paJilyc-BEKTOp, IO CIOJIydae BHYTPIIIHIO TOUKY (z,y,z) obmacri (V) i

—

JoBLIbHY TOuKy (€,m,() nosepxui (S), r = \/(§ —x)224+n—y)P?+ ([ —2)?2n

— BEKTOD 30BHIIHBOT HOpMaii J1o mosepxHi (S) B Toumi (£,7,().
IIpukiaagu po3B’a3yBaHHs BIIPaB

1.6. Konryp inTerpyBanus 300paxkenuii Ha puc. 10. Obmacts (D) obmexena
BEPXHBOIO YaCTHHOIO KoJa T2 + y2 = ax i Biccto Ox. Haupsiv 06xoiy KOHTYpa,

(I'), mo obmexye obmactsb (D) € gomaTHiMm.
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Y

a | <« n
2
(D)
€T
0 a '
3 A
Puc. 10

Toni P(z,y) = e"siny —ny, Q(x,y) = e“cosy —n, P,(z,y) =e"cosy —n,
Q. = e cosy.

Orxe, 3a dpopmysioro ['pina 3anumiemo

/ (e”siny — ny)dx + (e* cosy — n)dy = // ndxdy,

(AnOA) (D)
e (D) ={(z,y):0< x<a, 0<y<Var — 22}
3BljiCH
X = rCcos,
y = rsing, 5 acosg 5
n o|@COS®P
ndxdy = J(r,p) =, =n [ dp rdr = 5 r ‘0 dy =
(D) 0< <3, ! 0 !
0<r<acosyp

[NIE
|

N

S

S

) 3 ) 3 2
1 2 1
= _n; /0052 wdp = n;z / i CQOS Spdgp = —nZ (90 + 5 sin 2g0> ‘
0

0 8
0

2.7. dxmo t 3minoerbes Big 0 g0 2w, 1o (OA) oOMexye JacTuHy MOBEPXHI
konyca o2 + y? = 22, 0 < z < 472,

Toi
P(:L‘,y,z) =Yz, Q(x,y, Z) = 3Juz, R(m,y, Z) = 2wy,

/ / /
Py(.flf,y,Z) =% PZ(CC,y,Z) =Y, Qx(x7y7z) - 32:7
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Q.(x,y,2) =3z, R,(v,y,2) =2y, R(x,y,2)=2x.

3a dhopmysioro Crokca 3annmemo

I= / yzdxr + 3xzdy + 2xydz = //(—x)dydz + (—y)dzdz + (—2z)dzdy,
(OA) (S)

ne (S)={(z,y,2): 2> +y*>=2%0< 2z <4n}.

3a nmpaBuioM OOUUCIICHHS TTOBEPXHEBOTO 1HTErpasia JPYyroro pojy 3aluiinemMo

I= //(:Uz; +yz, + (—2z))dxdy,

ne 2=/ +y? 2=

Orxe,

={(z,y) : 2> +y*<4n*}.

72 12
I://( - — 2\/x?2 + dxd / 22 + y2dxdy =
T e y?) dwdy— va? + y*drdy

2w 2w
x=rcosp, 0<o<2m, J(rp)=r,
= 7 7 (r.¢) :—/d¢/r2d7":
y=rsing, 0<r <2 0 0
2w 2
1 NEL 87r 16 4
S dp = dp = —— >
3/T 0T Ty )T T

0 0

3.8. 3a dopwmyioo [aycca-OcTporpacbKoro, BpaxoByOUHn, 110 IOBEPXHEBUil
iHTerpaJ 0epeThbes 10 BHYTPIIIHINA OBEPXHI YaCTUHU 11AaPadOJIoLia, 10 BiJITHHAE-

ThCs TJIOMUHOIO 2 = 24, 3alUIIeMO

I = // 23 dydz + yPdrdz + 22dedy = ///(33:2 + 3y? + 22)dxdydz,
(5) (V)

ge (V) ={(z,y,2): 2 +y* <2, 2 +y* < 2 < 2z}
3BijcH,

I= // dxdy / (322 + 3y* + 22)d= // (32(9&2 + ) +22>

x2+y? (D)

2x

e dxdy =
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= // (6z(2* + y°) + 42® — 4(2* + y°)?) dady,
(D)

pe (D) = {(z,y): 2* +y* < 2z},

141

[I[o6 obuucauTy MOABIMHME IHTErpaJ, mepeiteMo JI0 MOJSIPHOI CUCTEMHU KO-
T = 1 COoS,

OpJuHAaT (r,) = r. Toui B HOBIil cucremi KoOpjUHAT 0OJIACTD
Yy = rsin g,
inrerpysanus marume urysy (D) = {(7“, ©) —g < p < g, 0<r < 2cos go}.
3Bijicn
5 2cos
I = /dgp / (67“4 cos o + 4r° cos? ¢ — 4r5) dr =
- 0
; 6 2 2
CoS ¢
:/ —r5cosgp—|—fr COos go——r6 dp =
5 3 0

[SIE

NI

192 128 352 [
—~cos’ p + 16 cos’ p — ——cos’ p | dp = /COS6gpdg0:
5 3 15
0

NIE

IE]

4 44
—1—/ 1 + cos2¢ 3dgp—ﬁ (14 3cos2p + 3 cos? 2¢p + cos® 2¢)dp =
0 0

[SIE

s
s

Y R TSR
=1 %) 2smgp

1
0 +g/(1+cos4¢)d90+§/(1 — sin® 2@)61(51”290)) -

0 0
O)

=Tl g tgletsinde )| 45 |sin2p—osin®2p
_#(m 3 M5 un
“1s\2 4" T 15T 3"

InauBigyasbHI 3aBganHsg 10 po3aiay 111

[SIE

1. O6umncanTy moBepxHeBHil inTerpan mo moepxui (5), ae (S) — wactuna

IJIONIUHY, 1110 3HAXO/IUTHCS B MEPIIOMY OKTAHTI.



PO3JLI 1.

1) //(7z—|—2)d5, () : x+y+§:1;

//4a:+7y+2z+ 1)ds, (S): 2z+= +2z—1
// T+ y 4 22 + 2)dS, (S): —+ Spr=1;
//1+y+112 S, (8): =1,
// — 224 4)dS, (9): 21 + 2 +Z:1
//x+3yd5 S): —+2y+z—1
//3:1:+22d5 (S) : ——I— +§:1,

//2x—y+32—1)d$ (S):x—l— -I-gzl
//7x+9de S)::E+ + 2z =1
//:1:+2y—z+1)d5 (5): T+E+2=1,
//7de ) x+ = +4z—1

// Tr + 4y + 22+ 1)dS, (9): —+2y—|—z—1

// br +y+4z+ 1)dS, (9): —+ +§:1,

//7:1:+y+zd5 (S): xz+= +z:1;

(5)

lloseprrest inmezpant
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16) //(3x—i—2y)d5, (S):z+y+22=1,

17) //(1+is+z)2, (S):rz+y+z=1,

18) // br —2y+4z+1)dS, (5): —+4y+—:1;

3
19)//95—22(15 )::L'—l— +Z:1

20) // 9z + 5y + 22)dS, (S):3x+y+g:1;

21) //3x+yd5 S) 2w + 2 +Z:1
22) //x+y—2,zdS (S): x+= +Z:1;
23) //a:+2z+2d5 () g+ 24z=1

24) //x—|—2y+22d5’ (S): 8z + 2 -I-gzl

//x—2y+zd5 (S5) : 21 + 2 +z—1

2. O6qI/ICJmTI/I
1) KOOpjMHATH 1EHTPa Mac OJHOPiHOrO napabosoina 2z = 4 — (22 + y?),

pPO3TaIOBAHOrO HaJI IomuHow Oxy;

/ / 2dS ne (S) — gacruna napabosoina 4z = 2?2 + y? MiXK TUIOIMHAME
y =0, z
3) macy niBC(bepI/I 22+ 9?4+ 22 = R%, (2 > 0), gKimo nosepxuesa IyCTHHA
2z
r,Y,z) = 45
o(z,y,2) = 5

4) Macy WacTumE rinmepbosiunoro mapabonoina 2z = x? — y?, 0OMexKeHoro

muringpoM 2?2 4+ y? = 1, axmo o(x,y, z) = |z|;
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5) // zdS, ne (S) — menmmii cerment mincdepr z = /25 — 22 — 32, obMme-

JKEHUH IJIoMKuHOI0 2 = 4;

6) KOOpJMHATH TEHTPa MaC OJHOPIIHOI MIONMHE 2 = X, OOMEXKEHOI IJIOIIH-
Hamu r +y =1, x =0, y = 0;

7) // xyzdS, ne (S) — mapabonoin z = 22 + 9%, 0< 2 < 1;

(5)
8) // Va2 442 + 22dS, ge (S) — wacruna konyca z = /22 + 42, w0 Mi-
S

CTUTBCS BCepeanHi muminapa 2 + y? = 2a;
9) // 2dS, ne (S) — wactuna nosepxni 12+ 22 = 2az, (a > 0), mo Bupizana
(S)

MOBEPXHEI0 2 = \/m;
10) // ydS, ne (S) — niBcdepa z = \/R2 — z2 — y?;

2 2 2
x Y z
11) momenT iHeprit emncoma -+t 2 + — = 1 Bignocno oci Ox;
12) mMacy 9acTHHU MOBEPXHI 2 = Ty Bcepem/IHl nuningapa 2 4 y? = 1, gaximo

moBepxHeBa ryctuna o(x,y, 2) = z? + y?;

13) KoopjMHATH HEHTpa Ma ojHopiHol niscdepn z = y/R2 — 22 — y2;

14) wmowment imeprii BimHOCHO oci Oz  6GiYHOI MOBEpXHI  KOHyCa

2ty
15) /(:c )dS, ne (S) ~ chepa 22 + y? + 22 = R%;
(S)
22y 22
16) mMomeHT iHepriil emncoma — + 5] —|— — = 1 Bignocno oci Oz;

17) macy, posmojiieny mo HOBerHl Kyba, —1 <<, —1<y<], -1 <2< 1,
Ao o(z,y,z) = /|zyzl;
18) //(JU +y + 2)dS, ne (S) — Bepxusa uacruna chepu 2+ y? + 22 = R

(5)
19) wmoment imepmii  BigHocHo oci  Ox  gacruHE  mapabosoina

20 = y? + 22, 0O6MEKEHOro IIIOMINHO T = 1;
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20) macy cdepn x? + y? + 22 = R?, akimo nosepxHesa ryctuna o(x,y, z) =
2 4y

21) macy napaboJiiuHOT 06OJOHKK 2 = %(332 + %), (0 < z < 1), gxuo 1o-
BepxHeBa rycruna o(x,y, z) = 2;

22)  momenT  iHepiii  BigHOcHO oci  Ox  wactuHu  mapabosioina

1
7= :1:+y) 0<z2<1;

23) // xdS, ne — vactuna chepn 22 + y? + 22 = R?, MO J€KUThH y

HemeMy OKTaHTl

24) // y*dS, ne (S) — miBcdepa z = \/R2 — 2 —y?

// 27 ne (S) — muninap 2 +y? = R?, obmexenuit momunamu 2 = 0,

z=H, 7“ — BiJICTaHb BiJI OBEPXHI JI0 MOYATKY KOOD/IMHAT.
3. Ob6uucsuru noBepxHesuii inrerpas 1o nosepxti (.5) :

1) / / zdxdy, ne (S) — 30BHINIHS CTOPOHA TPUKYTHUKA, YTBOPEHOTO MEPETHU-
(S)

HOM ILJIOIUHU T — Y + 2 = 1 3 KOOPJIMHATHUMU TJIOIIUHAMU;

2) / / xdxdz, ne (S) — 30BHIIHSA CTOPOHA TPUKYTHWUKA, YTBOPEHOTO MEPETHU-
(9)

HOM IIJIOIMUHA T — Y + 2 = 1 3 KOOPJIMHATHUMU TIJIOTIUHAMU;

/ / yzdydz, ne (S) — 30BHilIHs CTOPOHA HipaMij, 0OMEXKEHOT IJIOIIUHAMU

z =0, y—O r=0,z+y+z2=1;
// r — y)dxdy, ne (S) — BOBHIIIHS CTOPOHA KOHIYHOI TOBEPXHI

z? + 12 —z, (0<2<1);
5) //(Zx—y—i—z)dxdz, ne (S) — 30BHIIIHS CTOPOHA TPUKYTHUKA, YTBOPEHOTO
()

LEPETUHOM IUIONMHKA & + Y + 2 = 5 3 KOOPJMHATHUMU ILJIONMHAMMY;
6) //(:C +y+ 2)dxdz, ne (S) — 30BHIIIHS CTOPOHA TPUKYTHHUKA, YyTBOPEHOTO
(5)

HNEPETUHOM TUIONUHU & + Y + 2 = 3 3 KOOPJIMHATHUMU TIJIOITTHAMMY;
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/ / xdydz, nme (S) — BHyTpIIHS CTOpPOHA BEPXHHOI TMiBChEpH

4yt + =4, 2 >0;
/ / (2% +22)dydz, ne (S) — zoBHimma cropona Ky6a, 06MEKEHOIO MIOH-

HaMHx:() y=0,2=0, =1, y=1, z=1;
/ / zydzdy, ne (S) — 30BHIIMHSA CTOPOHA TPUKYTHHKA, YTBOPEHOTO MEpe-

TUHOM HJIOH_[I/IHI/I T+ Y+ 2 =2 3 KOOPJMHATHUMH TJIOMINHAMMY;
10) // y?dxdz, pe (S) — sosuimus cropoua uactunu chepu x2+y? + 2% = 4,
(S)

10 JIEYKUTH Y TIEPIIOMY OKTAHTI;

11) / / ydydz, ne (S) — 30BHIlIHS CTOPOHA TPUKYTHUKA, YTBOPEHOIO Iiepe-

TUHOM HJIOIHI/IHI/I r —1y+ 2z =1 3 KoOp/IMHATHUMH TLJIOMUHAMU;

12) / / xydrdz, ne (S) — 30BHIlIHS CTOPOHA HipamijK, 0OMEXKEHOT MIOTIK-

HaMHx—O y=0,2=0, rv+y+z2z=1;
13) // xrdydz + ydrdz + zdxdy, ne (S) — 3oBHimHA cTOpoHA Kyba, obMexe-

(9)
Horo miomuuamu * =0, y=0, 2=0, 2 =1, y=1, 2z =1;

) 22 2 z2
14) z*dxdy, ne (S) — 30BHIIIHS YacTHHA emncoma — + 5 " + = =1

15) //(:1: + y)dydz, ne (S) — 30BHilIHSI CTOPOHA TPUKYTHUKA, YTBOPEHOIO

IIePETUHOM IJIONMHA T + Y + 2 = 3 3 KOOPJANHATHAMU ILJIONMHAMMY;
16) / / xzdxdz, ge (S) — 30BHIIIHS CTOPOHA TPUKYTHUKA, YTBOPEHOTO epe-
()

TUHOM TIJIOTIUHA X + Y + 2 = 3 3 KOOPAUHATHUMHU TIJIOTITUHAMMU;

17) / / 2?y?2dxdz, ne (S) — 07ATHS CTOPOHA HIKHBOI HOJOBHHE chepn

18) // zdzdy, ne (S) — zomimmus cropona chepu 2+ y? + 22 = 9;
(S)
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19) // xzdrdz, ne (S) — 30BHINHSI CTOPOHA MpaMii, 0OMEXEHO! IIOTIH-

namu =0, y=0, 2 =0, v +y+ 2 =1;
20) / / yzdydz, ne (S) — 30BHIIMHSA CTOPOHA TPUKYTHUKA, YTBOPEHOTO TIE€PE-
(S)

TUHOM IIOMMHNA & + Y + 2 = 4 3 KOOPJMHATHUMH TUIONMHAMY;
21) / / ydrdz + zdxdy, ne (S) — 30BHiNHSI cTOpOHA Kyba, 0OMEKEHOTO TILIO-

(5)
nuHavMn ¢ =0, y=0, 2 =0, =2, y=2, 2 =2;

22) / / T + 2)dydz, jge (S) — 30BHilIHSA CTOPOHA HIpaMijK, OOMEKEHOT 1110~

mMHaMH:U:O y=0,2=0,z4+y+2=1;
23) // y — z)dydz, ge (S) — 30BHiIHS CTOPOHA KOHIYHOI MOBEPXHI

z? + 12 —z, (0 <2< 2);
24) // 22dydz, ne (S) — sosuimmus cropona yactunn chepn 22+ + 2% = 4,
(S)

10 JIEXKUTH Y TePIIOMY OKTAHTI;

25) / / z — x)dxdz, ne (S) — 30BHINIHA CTOpOHA KOHIYHOI MOBEPXHI

4y =2% (0<2<3).
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§4.1. OcHOBHI XapaKTEePUCTUKN BEKTOPHOTO MOJIS

Hexait koxmniit Touni M(z,y,z) € (V) C R® sinnosinae sekrop @(M), To
KaXKyTh, 10 B obsacti (V') 3ajano eexkmopme nove.

[IpuknagaMyu BEKTOPHHUX IOJIIB €:

1) esiekTpuUTHE MOJIE EJIEKTPUTHUX 3aPsAJIB, SKE XapaKTePU3YEThC B KOXKHII
TOUIl BEKTOPOM HAIPYKEHOCTI E,

2) moJie TSKIHHS, CTBOPEHE CHCTEMOIO MAC, sIKe XapaKTepU3yeThCsl y KOXKHIil
TOYI[l BEKTOPOM CHUJIW TSI>KIHHSA F , 11O JII€ B I[1#f TOYIIl Ha OJWHWIIO MACH;

3) ToJie MBUIKOCTEH Y MOTOIN PIJIUH, B IKOMY KOXKHIil TOUII BiIIOBIIA€ BEKTOP
[IBUIKOCTEI [7 ,

4) MaruiTHe 10Jie, CTBOPEHE CJICKTPUIHUM CTPYMOM, SIKE XapaKTePU3YEThCs y
KOXKHIN TOYIl BEKTOPOM MAarHITHOI 1HTYKIT1 H.

Braxkaemo, 1110 3ajiaHe BEKTOPHE I0JIe BUJLY

i(x,y,2) = P(x,y,2)i + Q(z,y,2)j + R(x,y, )k,

ne P, @), R — ckaxapri QyHKIIT, K1 € TPOEKIISAMI BEKTOPHOTO TOJIS U Ha Bijl-
HOBIJIH1 KOOPJAMHATHI OCI.

3ayBarKuMoO, 10 XapaKTEPUCTUKOIO BEKTOPHOI'O IOJISI U € 8€KMOPHT AIHIT —
KPUBI, Y KOXKHI# TOYII STKUX HAIIPSIM BEKTOPHOTO 110JIs 301ra€ThCsi 3 HAIIPSIMOM J10-

THYHOI JIO KprBOI. BeKTopHi JiHIT € iHTerpaJbHIMNA KPUBUMH, SIKi 3pYTHO IIYKATH

sIK PO3B’SI3KHU CHCTEMU JudepeHIliaJbHIX PIBHAHD
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dx dy dz

P(r,y,2) Qz,y,2) R(z,y,2)

st eIeKTpUYIHOrO 1 MarHiTHOIO TOJIIB, & TAKOXK I0JIst Ts>KIHHS TaKl BEKTOPHI

JIHI] Ha3UBAIOTHCA CUAOBUMU, JJII BEKTOPHOI'O MOJIS IIBUJIKOCTEH — ATHISMU
mewit.
Iupryasuyiero 6exkmopHo20 Noas U 110 3AMKHEHOMY KOHTYDPY (F) Ha3UBAa-

€ThCsl KPUBOJIIHINHUN 1HTETrpaJ JIPyTroro pojay BUTVISLY

L= /P(CE, y,z)dr + Q(x,y, 2)dy + R(z,y, z)dz = /ﬁcﬁ,
) (T)
e dl = idx —|—fdy + kdz.
Axmo o — cunose mose, TO MUPKYJISINS [ILOTO MOJS MO 3aMKHEHOMY KOHTY-
py (I') mopiBuioe poboti 3 mepeMilieHHs: TOUYKE y BEKTOPHOMY IOJi U B3J0BXK
kourypa (I'), sikuit He 060B’3KOBO 3aMKHEHWUIA.

Beqnuuna

dl

D=
il

je o — wioma nosepxui (), oOMexKeHa KOHTYPOM 0, HA3BUBAETHCS 2YCTNUHON
UUPKYAAULE BEKTOPHOTO ToJis U y Touti M.

Hexait dyukuii P(z,y,z), Q(x,y,2) 1 R(x,y,z) — HeuepepBHi 1 MaloTh He-
MepepBHI YACTUHHI TOXI/HI MepInoro mopsaKy B okousi touku My(xg, yo, 20). Toxi
TyCTHHA MUPKYJIAIET B Ii#i TOUIl 10 JOBLIBbHIN Trajkiit moBepxui (S) B Hampsimi

Hopmasii 7 = (cos a, cos 3, oS 7y) BUBHAUAETHCsE (DOPMYJIOIO

5(M0) - (R;(ﬂﬁoa Yo, Zo) - Q'z(xo, Yo, z0)> COS -+

+(P;(CU0,ZJO, 20) — R, (0, o, Zo)) cos 8 + (Q;(aj()a Yo, 20) — P, (0, Yo, Zo)) cos Y.

Orke, TycTuna mupkyssmii d(My) BUBHATAETHCS BEKTOPOM HOpMaJii 71 1 Be-

KTOPOM

—

rot @ = (R, — Q)i + (P, — R,)j + (Q, — P)k,
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KU 3aJI€KUTH BT 38[aHOTO BEKTOPHOTO TIOJIST U 1 HA3UBAETHCS POMOpom (8u-
TOPOM) TIHOTO TOJIS.

3Bijicn

—_—
d(My) = (rotu(My),n) = |rotu(My)| cos (roti, 77).
3ayBaxKuMo, 10 rot i — e BEeKTOpP, B HAIPSIMI KOO I'yCTHHA NUPKYJIAII B
sajaniit Touni Mo(zg, Yo, 20) € HaROLIBIIOLW.
BusHauuBIIM MOHSITTS POTOPA BEKTOPHOI'O MOJIsI U, MOYKHA 3aIIUCATH (DOPMYJIY

Croxkca y BekTOpHi#t hopmi

/acﬁ — //(rota', 7i)dsS.
() ()

ITomoxom eexmoprozo noas i 1depes nopepxuio (S) y HampsMi HOpMAJ

71 HA3WBAETHCs IOBEPXHEBUI IHTErPaJI IEPIIOro POJLy

H:(é)/ (P(x,y,z)cosa+ Q(z,y,2) cos B+ R(x,y, z) cos) dS:(l)/(ﬁ, n)dS,

JIe COS (v, COS [3, COS~y — HAIPSIMHI KOCHHYCH HOpPMAaJI 17.

3ayBaKnUMO, IO SKINO 3MIHUTH OPIEHTAIIO MOBEPXHI, TO BEKTOD 7 3MIHUTH
HAllpsAM Ha TPOTW/IEXKHuit. B TakoMy BUNAJKy MOBEPXHEBUU IHTErpaj 3MIHUTDH
3HAK.

Beanunna
[[ (@, 7)dS

div(My) = Jim, (S)T

ne (V) — obaacrs 3 06’emom V' | obmeskena nosepxueto (S), HazuBaeThest dusep-
2eHUIEI0 BEKMOPHO20 NOASL U 68 mouut My i xapaKTepusye pojyKTHBHICTh
IIbOT'O T10JIsI B TouIll M.

Bekrophe moJie @ nopojkye ckasisipae nosie div d. Toukn BEKTOPHOTO TOJIs,
B SIKMX JUBEPTEHIlisI T0JaTHA, HA3UBAIOTLCS dHCEPeaamu, a TOUKU, B STKUX -

BepTreHIlisl Bl €éMHa, HA3UBAIOTLCA CMOKAMU 1IHOIO TIOJIS.
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BesnocepeHbo 3 o3HaUEeHHST JUBEPreHIiil BUILIMBAE, 1110 POpMYIa st 00Un-

cJIeHHs 11 B JOBLILHIN TOYIIl Ma€ BULJIS/T

or _0Q _OR
ox Oy 0z

divi =

OsHavueHHs JUBEPrexiiil jo3BoJsie 3anucaTu popmysty aycca-OcTporpaicbKo-

/ [ @.s - / / [ divdzdya

Dizuunuti amicm popmyau Cmoxca. Lnpkysifiss BEKTOPHOTO MOJIST U 110

o y BEKTOPHiN ¢popmi

samkHeHoMy KOHTYDY (I') J10piBHIOE OTOKY POTOPa 1[OTO 10Jisi Y€Pe3 HOBEPXHIO
(9), ska obmexkena kontypom ().

Dizuuruti 3micm dopmyau Iaycca-Ocmpoepadcovrozo. 11orik BeKTOP-
HOTO TOJIsT 1 Yepe3 3aMKHEHy MOBepxHiO (S) B HANpsSMi HOPMAaJi 7 JIOPIBHIOE
MOTPIHOMY 1HTErpaJy Biji JUBEpPreHtiil horo moJist uepes obaacts (V') obmexeny

IIE€I0 TOBEPXHEIO.
BaacTuBocTi auBepreHiiii i poropa BEKTOPHOTO II0JId

1. Skmo @ = ai + bf+ ch, ne a, b, ¢ — crai, To divid = 0, rot u = 0.

2. ko W = au(z,y, z) + bv(x,y, 2), Ae U, U — BEKTOPHI T0JIs, TO
divw = adivu + bdiv v,
rot W = arot u + brot v.
3. dxmo f(x,y,z) — ckanspaa GyHKIIis, TO
div (fu) = (grad f,7) + fdivd,

rot (fu) = [grad f,u] + frotu.

4. fkmo 4 1 U — BEeKTOPHI MOJIsI, TO
div [u, U] = (¥, rot &) — (u, rot ¥),

ne [U, ¥]— BekTOpHUIL JT0OYTOK BEKTOPIB U 1 U.
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5. CrnpaBeiyiiBl piBHOCTI

divu = (V, 1),

i ]k
S L, |9 9 0
rot i = [V, 1] = o By 92 |
P Q@ R
-0 -0 =0
e V = Za— + ](9_ + k:a— — oneparop ['aminbrona.

Bopasu

1. Jlosectu Biacrusocti 3, 4 1 5 jyis JiuBEprexIiil 1 poropa JIOBLJIbHOI'O BEKTOP-
HOT'O TIOJIST .

2. 3unaiitn pOTop SaﬂaHOFO BEKTOPHOTO TTOJIS:
Y-

1)@= 7+ i k: Mo(1;1;1):;
y

y—)
2 = —1— —F \/ T k My(1;1;1
)u \/EZ \/_]—l- ()( )
3)ﬁ:yz(2x—i—y+z)z+xz(a:+2y+ 2)] + zy(x + y + 22)k;
) T=1[abl,a=a%+y* —a%k, b=1— ]+ 2k;
5) U =r1T, e 7 =xi+yj + 2k;
6) u= % ne 7= i +yj + 2k;

r
) u=(1,0), ne T =i +yj+ zk, = ai +bj + dk:
8) U= [T,E],;Ler:a:i+yj+zk:,c:ai+bj+dk:.

3. 3HalTH IUBEPTeHIlii0 BEKTOPHOTO OIS U

i = gradp, o = e

)
) ::c2y5+:cy2}+zzlg, My(1;3;—1);

)i =(z—y)(y—2)i+(y—2)(z—2)j+ (z — 2)(x — y)k, M(1;2;1);
4) @ =[0,F, T=a¥ +y%, 7= xi+yj + 2k;
)
)

—

i =rl6F], F=ai+y)+ 2k, = ai+ bj + dk:

=

4. 3HAATH MUPKYJIAIII0 BEKTOPHOTO MOJISA U B3J0BXK BKa3aHO! KPUBOI B 1014~

THOMY HallpsMI:
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1) @ = —yi+xj + ck, ¢ — crana, () = {(z,y,2) 1 22+ y> =1, z = 0};

2) U = yi — xj, (T') — 3amknena xpusa, oOMexkena JinisMu & = aCcos®
y=asin®t, >0,y >0;

3) @ =yi+zj+ak, (I') — niuist nepernny nosepxui z = 2(1 — 22 — y2) 3
mIomuHo z = 0;

4) d = yi—xj + 2k, (T') — samkHennit Koutyp o2+ 12+ 22 = 4, 2% + 9% = 22,
z > 0;

5) U = i — 2% + 22k, (I') — samkHeHa KpuBa mepeTHHy HapaboJoina
22+ y? = 1 — y 3 KOOP/IMHATHUMH TLJIONIMHAMY;

6) i =vyi+zj+ak, (T') —xomo x> + > + 22 =a®, v +y+ 2 =0;

)@= (x—22)i+ (z+3y+2)]+ 5z +y)k, (I') - KOHTYp TPUKYTHHKA 3
sepimnamu A(2;0;0), B(0;2;0), C(0;0;2);

8) = (y—a)i+(z—y)j+(x—2)k, (I') — xyra rBunTOBO MiHil T = acost,
y=asint, z = %t, Bij rouku M (a;0;0) no rouku N(a;0;b) Biapiska NM;

9) 4 = 222+ a2+ a2k, (') — samkHeHa KpuBa © = acost, y = acos 2t,
2z = acos 3t;

10) @ = grad (arctg%) , (") — samkHenuit kouTyp HaBkos10 oci Oz.

5. ObuncyiuTy MOTIK BEKTOPHOTO TOJIsT U depe3 moBepxHio (S):

1) 4= 287+ y*] + 2%k, (S) — chepa z2 + y? + 2% = x;

= 2% + 4 + 2%k, (S) — soBuimmsa nosepxua Konyca 2 + y? < —=22,

h?

u
y:x2—|—22,x:0,y:1,z:0,x20;

6) @ = zityj—2zk, (S) — zoBHimus cropona kyb6a |z| < a, |y| < a, |2| < a;
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) d = 2%+ 1) + xzk, (S) — BOBHIIH CTOPOHA YACTHHHM NapabouIoila
y =22+ 1%, 0 <y <1, po3milieHa B [EPIIOMY OKTAHTI;
8) @ = (x+ 2)i + (2 +y)k, (S) — 30BHINHEA CTOPOHA BAMKHCHOI MOBCPXH]
2 +1y?=9,2=0,2=19, 2>0;
9) @ =rot ¥, (S) — moBiNbHA 3aMKHEHA TIOBEPXHSI;

’]? — — —
10) @ = -, 7 = xi + yj + zk, (S) — 30BHimHA cTOpOHA MOBepXHI chepu
r
?+ P+ 27 = R

6. Jlosectu dpopmyiny

V3(u,v) = uV?0 + vV?u + 2VuVo,

-0 -0 -0 _, 0? 0? 0?
ﬂeV 28——|—]8—+I€a— V—VV—8x2+ay2+822.
7. Jlosectn cbopMyﬂy
_of of
grad f(u,v) = %gradu + %grad v.

8. Bupasuru rot u(x,y, 2):
a) B IUJIHJAPUIHAX KOODJMHATAX,
0) B chepruuHUX KOOPMHATAX.

9. JloBectu piBHICTD

dv  0v

2
p at—l—grad( ) + [rot U, 1],

ne ¥(x,y, z,t) — HecralnioHapHe 1MoJie MBUKOCTEH MOTOKY PiJIUHU.

/ / s = / / Vu dedydz,
(V)

ae (S) obmexye Tio (V).

10. /losectu, 110

Ilpuknaau po3B’ss3yBaHHsS BIOPaB

2.6. Ockinbku 1° = /(22 + y2 + 22)3, To BekTOpHE TNOJE @ MATUME BULJIfA

X - Yy - < =
1+ J+
VE2+y2 4223 @+ 2+ 22 (@ 4y 22

U=
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e
L Y
‘P x? ?Z - Y x? 7'2 - Y
(.9, 2) \/(a:2+y2+22)3 Q@,y,2) \/(x2+y2+22)3
z
R(x,y,z) = :
W 2) = T Ty
Toi

Njot

= —Sxy(xQ + y? + 22)_ ,

N|ot

= —3zz(2® +y* + 2°) 2,

_5
2

= —3yz(a:2 + 2 + 22) ,

_5
2

= —3zz(2? +y* + 2%) 72,

_5
2-

)
)
Q. = (y(@® +y" + ZQ)_g) = —3wy(a® + 57+ 2°) %,
)
)
> = —3yz(2® + 1y + %)

3a 03HaYEeHHSM POTOPA BEKTOPHOIO 1OJIs U 3alUIIEMO:

—

rot il = (R, — Q)i + (P. = R'a)j + (Q, — Pk =0-i+0-7+0-k=0. »
4.8. 3a o3HAUEHHSIM MUPKYJIAINI] BEKTOPHOTO IIOJISI U 3AINAIIEMO

L= / (y—x)dx+(z—y)dy+(x—2)dz = /(y—:c)dx+(z—y)dy+(:c—z)dz+
(INM) (1)

+ / (y—z)dr + (2 —y)dy + (x — 2)dz = I + Is.
(VM)

O0YnCIIMO KOXKEH 3 IHTerpaJiB 30KpemMa:

T = aCost,
27
Yy = asint, 5, . ) b _
L = :/ a“(sint — cost)(—sint) + | —t —asint | acost+
2= 2t 2
2 0
0<t<2r

2
+1la t bt b dt = 2 'n2t—|— bt t—|—ab t th dt =
PR — [qe— — — 1 P P - —
COSs 9 5 a s 5 COSs 5 COSs 1 5

0
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b2t?
——/costdt——O =

2

_ /l—COSQtd Jrab(

2w
— —ssint
0 2

272 s
0
2 P2 b2 1
—— =Tt —- == ——(2@27r + b2).

_ % Llno
- g M 0 9 2 2

st obamcsienns inrerpasa I ckiagemo piBHsaHHs mpsmoi (NM):

r—a y—0 z-b

o 0  =b
(
T = a,
3anuiieMo foro B napaMmeTpudHoMy BuJL § y = 0, Axio z 3MmiHIOE-
= —bt +b.
\
Thes BiJ, b 10 HyJsisd, To t 3Hi0eThes Big 0 0 1.
Toui
/ b2\ |1
= /(a + bt —b)(—b)dt = —b ((a —b)t + 7) ’0 =
0
b b
= b(a—b+ ) :—b(a—§> = —(b—2a)
Orxe,

1
L= —5(2a27r +b?) + g(b —2a) = —a(mra+0b). »

5.8. Ckopucraemocs gpopmyior ['aycca-Ocrporpajicbkoro. [ToTik BeKTOpHOIO
nosst @ 4epes nosepxuio (S) obmexeny 2 +y? =9, 2 =0, 2 =y, z = 0,

JIOPIBHIOE BeJIMUHUHI

= //(m +y)dydz + (z + y)dzxdy = 2 /// dxdydz,
(S) V)

ae (V) ={(z,y,2): 22 +9*<9,0< 2 <y}

Toui
y
H:2///d:cdydz:2//dxdy/dz,
V) (D) 0

ge (D) = {(z,y) : =*+y*> <9}.
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Orxe,
X =T CoS,
Yy = rsin p, - 3
H:2//ydxdy: J(r,p) =, :2/d90/7“281ng0dr:
(D) 0< o<, 0 0
0<r<3

™

=36. »
0

§4.2. CoemiajibHi BUJ BEKTOPHUX ITOJIiB

Hexait 3aj1aH0 BeKTOpHE T0JIE
i = P(z,y,2)i + Q(x,y,2)j + R(z,y, 2)k.

BekTopHe nojie 4 Ha3uBaeThcs nomenyiaassHum B obacti (V) C R3, axmo
floro MOXKHa TIOJIaTH B Iiii 00JIaCTl K T'PAJIEHT JIESIKOTO CKAJIAPHOTO TOJISA (-
u = grad ¢.

OyHKINIO ¢ B IMHOMY BUMAJIKy HA3UBAIOTh CKAAAPHUM NOMEHUIAAOM Be-
KTOPHOTO TOJIs U 1 BU3HAYAIOTH 3 PIBHOCTEI:

dp op dp
(9x - P(I,y,Z), ay - Q(xayaz)7 82 - R(Sﬁ,y,Z)

Lle piBHOCHJIBHO TBep/KeHHIO, MmO Bupa3 Pdr + Qdy + Rdz € noBaHuM mu-
depenniajiom dynknii . IleppicHa QyHKIIT (0 HA3UBAETHCI NOMEHULAABHON
Pynruiero (abo crasapHUM NOMEHUIAAOM) TIOJS U.

st Toro, mod moJie @ OyI0 MOTEeHIaJbHAM, HEOOXIIHO 1 JOCTATHRO, 1100 y

BCi#l posriisijlyBaHiit 00/1acTi BUKOHYBaJIMCh PIBHOCTI

OR 0Q 0P OR 0Q 0P
oy 0z 0z 0Ox’' Ox Oy

[Torentianabhe moJjie XxapakTepu3yeTbCsi TUM, 1110 [UPKYJISIis 110 TPOCTOMY 3a-

MKHEHOMY KOHTYPY 3aBXK]JIM PIBHA HYJIO, a KPUBOJIHIRHUI 1HTErpaJi 1Mo KpuBiit

(L), mo 3’eanye JBi Oy/b-sIKi TOYKHU MOJIsA, HE 3aJI€KUTDH BiJl (POPMHU KPUBOI.
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Cama moreHIiajgbHa (PYHKIS 3 TOUHICTIO JIO CTAJOI BU3HAYAETHCST KPUBOJII-

HIAHIM iHTErpajgoM / Pdx + Qdy + Rdz, axwuit beperbcs Bl (pIKCOBAHOI TOUKI

(L)
My no 3minnol Touku M.

Bekrophe 1oJie @ nasupaerhest bedeurposum B obiacri (V) C R3 | axino B
it obsracti rot d = 0.

BekropHe 1oJie 4 HazuBaeThest coaenoidaavrum s obiacri (V) C R? | axio
B 11t obsacri divd = 0.

Ockinpkn div @ xapakTepusye TYCTHHY JPKepes ToJist i, TO B Tiit obacTi, je
oJie U COJIeHOTIaIbHEe, HEMAE JIZKepeJI [[bOro MOJIsl.

ZAKio moste cosenoiasibHe, TO MOTIK BEKTOPa U Uepe3 Oyab-sSKy 3aMKHEHY
nosepxtio (S), 1o obmexye jaune tiso (V'), pisauit nyso. Akino B3situ Bijgpizok
BeKTOPHOI TpyOKH B sikocTi Tista (V'), MixK 1BOMa JOBLIBHUMY 11 IIepepizamu, TO y
BUIIAQJIKY COJICHOIIAJIbHOI'O II0JIS OJIEP2KUMO, IO IIOTIK BEKTOpPa Uepes IIolepevHi
1epepisu BeKTOpHOI TpyOKu 30epirae craJy Bejuduny. Lleit moTik Ha3smMBaeThCs
IHTEHCUBHICTIO TPYOKH.

BayBaxKiMo, 110 SKINO 33JlaHe CKaJsipHe mnoje ¢(x,y, 2), To Haj HUM MOXKHa
BUKOHATHU TLILKU OJIHY Ju(epeHIiaJlbHy OIlepalliio Mepiioro MopsaiKy, a caMme
grad . Ockinbku grad @ € BEeKTOpOM, TO MOXKHA BU3HAUUTH JupepeHtiaabHi
omepalll JpPyroro IMOPsJAKY 10 BIJHOIIEHHIO JI0 CKaJIIPHOIO II0JIs, a caMe
divgrad ¢ 1 rot grad ¢.

ZAximo 3aj1aHe BeKTOpHE moJie U(x, Yy, z), To BOHO JIOycKae JiBi janudeperniaibHi
omepariil mepiroro nopsaky: diva i rot @. Ockinbku div ¢ — cKaJasIpHa BEIUUNHA,
TO BOHA JIOIIYCKA€E OJIHY JiupepeHIiajbHy Olepalliio Jpyroro MOpsAJKy IO BiJIHO-
eHuo J0 nodst (x,y, z), a came grad divil. OjHak, rot @ € BEeKTOPHOW BeJiu-
YUHOIO, TOMY HaJ HEI0 MOXKHA BUKOHATHU /Bl JudepeHIiajbHi oneparii Jpyroro
MOPSIIKY O BiAHOIMEHHIO 10 u: divrotu i rot rot .

Ounepauio divgrad nasupaiorb onepamopom Jlanaaca i nosnavyaiors A,

TOOTO

divgrad o = Ap.
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3a jmomomoroio oneparopa [aminbrona omeparop Jlamiraca 3almucyioTh y BHU-

LISl

Ap = (V(Vy)) = V.
BpaxoByioun, 1110

v2=<*8 -0 Ea>2_a2 2 o

Z%+]8_y+ a9z _5x2+(9y2+6z2’
JIICTaHEMO
P 0o  O%*p
Ap = V3p = .
p=Vp 6m2+8y2+822

BayBakumo, 110 (GYHKIIIO (©, sKa 3aJ0BOJbHSE B JiesKiil 00sacTi piBHsIHHS

Jlamnaca Ap = 0, HA3UBAETHCSA 2aPMOHIYHONO B TIiii 00IACTI.

Bopasu

1. IoBecTu, 110 jlaHe BEKTOPHE I0JI€ € TOTEHIaJbHUM 1 3HAWTU HOr0o MOTEH-

aJ:
1) u= y2(20 +y + 2)i + x2(x + 2y + 2)] + 2y(z + y + 22)k;
2)17:33; y]+z3kz
)il = i R
0= i — J - :
VY2 \/(y+Z)3 Vi +2)°
4) @ = (3’2 + y?2%) i + (20%yz + 20y2%) ] + (2% + 3xy2z2)E;
o 4T - - - -
S) U= —, T=wxi+yj+ zk;

2. 4dKke 13 3aJTaHNX BEKTOPHUX IOJIB € COJICHOIIAJILHIM:
1) d= e™(—ai + yj + xyE)
2) i = xy?i + 2%y] — (2 + ¥z i
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5) @ = rot 7, ¥ = a1 + yj + 2k:
6) U= %, 7 =xi+yj+ 2k
r

3. fke 13 3a/1aHUX BEKTOPHUX IOJIIB € OE3BUXPOBUM:
1)@= (2% 4+ %) + (Y + 22)] + (2 + 22)k;

i+j+k

r+y+z

3) @ = (y+2)i+ (x+2)]+ (z +y)k;

2) il =
4) @ = 2xyi + (22 + 1)7;

4. Hexaii u, v — CKaJgpHI MOJsSA, @ — 3MIHHWIA BEKTOp, ¢ — CTAJNl BEKTOP.

Busectn dhopmynu fjis 00UMCIeHHS HACTYITHUX BEJTUINH:
1) A(uw); 2) rot rotd;
3) div grad (uv); 4) div(u grad v);
5) graddiv (u,@);  6) rotrot (u, ).
5. JHosectu, 1o s rapmonidaux B obsacti (V) GyHKIIR u Ta w MaoTh

MicCIe cbopMyJH/I

// u—dS ///(grad u, grad w)dzdydz;

// <u——w—)dS—0

// 5 dS = 2/// grad u, grad w)dxdydz, ne (S) — noBepxms, MmO
n

06Me>Kye obmacts (V).

6. Hexait @ = P(x,y)i + Q(x,y)j — BeKTOpHE T0JIe 3ajiaHe B TIIOCKii 0bJ1acTi

(D), mo obmexena kyckopo-ryajgkum kourypom (I'). Hdosecru dopmyity

// divads = /(a, i)dl,
(D) i)

ne 71 — 3oBHintHg HOpMash 70 (I7).
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IIpuknaau po3B’a3yBaHHS BIIPaB
1.5. Bpaxosytouu, 1o 7 = xt + yj + zk, BeKropHe 10Je U = — MOXKHa
3alUCATU Yy BUTJISAJ]

4x - 4y - 4z —
1+ J+ k.
22 + y? + 22)3 (22 + y? + 22)3 (22 4 y? + 22)3

BnaiigemMo rot u:

ﬁ(xv Y, Z) - (

dx 4
P(z,y,2) = (22 + 2+ 223 Qz,y,2) = (x2+y2y+ 22)3’
4z
Bey.2) = g ap
Toui

P 24xy P 24xz

y (22 + 92+ 22)8 7 (22 + 12 + 22)V
Q - 24xy Q - — 24yz

T @)Y T (24t )Y
no_ 24xz ;L 24yz

, R, = .
($2 _|_y2 _|_22)4 Y (12 +y2 —|-Z2)4
Beijien R, — Q. =0, P, - R, =0, Q, — P, =0. To6ro rot @ = 0. Orxe,
BEKTOpHE 110Jie U(T, Yy, 2) € HOTeHIIaIbHIM.

BuailjieMo ckajisipauii noreniian p(x,y, z) BeKTOpHOro nosst (T, y, z).

Ockimpxn @), = P(x,y,2), v, = Q(z,y,2), ¢, = R(z,y,2), 10 dp = U dr,
ne dF = idx + jdy + kdz.

3BijcH,
(:177y7z) (:I:7y7z) 4—)d—)
rdr
pr— _»d_’:
p(z,y,2) / udr / e
(Ian()aZO) (IanOVZO)

ne (o, Yo, z0) — dikcoBaHa TOUKA.
3 Toro, mo 72 = r?, maemo 7di = rdr. Toni
(z,9,2) (z,9,2)

( ) 4 / rdr 4 / dr 1 n 1
Tr,y,z) = — = =
Y 76 5 @2+ 12+ 222 | (32 + 42 + 22)2

(20,%0,%0) (%0,%0,20)

1 1

+
(22 +y2+ 222 (xd+ yd + 27)?
MOTEHIaN 33J[aH0r0 oyt U(x,y, z). B

Otxe, 0 = grad ¢, 1e p = —

— CKaJIApHUI
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3.5. BuaiijilemMo rot @ 3aJ]aHOTO BEKTOPHOTO MOJIs U(X, Y, 2):

i j ok
. g 9 0 (0 (x 0 [z
i o gy 0| = (5 () -5 6)
y Z
oy

A0 -%0) @0 -50)-
() () R ()

Orke, BeKTOpHE NOJIE U(T, Y, 2) HE € OE3BUXPOBUM. B>

4.3. Hexait u(x,y,2) i v(x,y, z) — i ckasspui dyskiil. Tosi

Ou-v)- N u-v)- J(u-v
grad (u-v) = ((9m )z+ (ay >]+ (8z )

= v@jLu@ i+ v%—%u@ j + U@—Fu@ k
-\ 0z Ox Oy oy J 0z 0z)

3BlcH

k

div(grad(u v))—2 vﬁ—u-l—u@ +2 va—u—ku@ +2 v@—l—u@ =
Vi6 Oz \ Oz Ox Oy \ Oy oy 0z \ 0z 0z)

Ox Ox 0x? Oz Oz ox? Oy dy dy? Oy dy oy>  0z0z
Pu  Oudv 0% Pu  Pu  *u oudv _Oudv
o T o Tl Y ((w Topt az2> T oror T fayay T

Ou Ov u(@% v 0%

2520 T\ o T o T o

) = vAu + 2(grad u, gradv) + ulAv. »

InauBigyasbHI 3aBAaHHs J10 po3maiay IV

1. O0uncauTH MOTIK BEKTOPHOTO TOJIS U Yepe3 YaCTUHY IIOIMHU 0, PO3Ta-
MOBAHOI B MEPIIOMY OKTaHTI (HOpMAaJb yTBOPIOE rocTpuil KyT 3 Biccio Oz ).

1) G=yj+zk, o:x+y+z=1;

2) U

3) U

:Uf—l—?gyj'—i—i')z/;, 0:x+2y+g:1;
2x§+yf+zg, a:x—i—%—i—g:l;
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)ﬁ:2xf+yf—22E, o: 2x+y+z=1
) U= 2xi + 3y + 2k, a:§+y+§:1;
6)U:xi—|—yj+z/€, o: 2x+3y+z=1;
)
)
)

7 ﬁ:yj—FSzl;, o g—ky—l—z:l;

2 u=x1+yj+zk, o: x4+y+z=1;
U =2x z+3y]+4zk o: 2x+3y+z2=1;
ﬁ:—xi—l—Qyj—l—zk, o: x+2y+3z2=1;

8) U= 2xz+y]+zk o :U+y+z:1'
9 :xi+3yj—|—8zk, o x—|—2y+2 1;
10) @ =2 +yj + 2k, o x+g+§:1
11) @ =2z i+3yj+z2k, o:20+3y+z=1
12)ﬁ:2xf+3yf, o: x+y+z=1;
13)ﬁ:—m;+y;+12zg, o 2x+%—|—221;
14) =i+ 3yj — 2k, o §+y+%=1;
15) =i+ 4yj + bzk, o :E—|—2y—|—§:1;
16) 4 i+ 9yj + 82k, o: x—+2y+32=1;
17) u —2i4+3yj+2:k, o x+y+z=1;
18) = 8vi+ 1lyj + 172k, o: x+2y+32=1;
19) @ = ai —yj + 62k, o x+2y+§:1;
20)ﬁ:x;+y5+22E, o 2x+%+z:1;

) S o

)

)

)

)

25) @ = 8xi + 11yf+ 172/;, o: r+2y+3z2=1.
2. ObuncuTy MOTIK BEKTOPHOTO TOJIsT U depe3 3aMKHEHY MOBEPXHIO o (HOp-
MaJlh 30BHIIITHS).
. . >+l +1l=2 2=0,
) o
2?4y =1;
3—2(z*+y?) ==z

2) i = 627 — 2yj — zk, o :
oyt =27 2> 0;
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- S - r+y=1 2=0 y=0,
3) 4 =8xi—2yj+xk, o:

> +yt =2 2=0;

L 2?2+t + 1=z,
4) U =2xi+ zk, o

2?4yt =4, z=0;

L . 4yt =z,
5) U = zi — 4yj + 2zk, o :
z=1;
2
L 9- (@ +y%) =2
6) © = (y+22)i —yj + 32k, o: 3

2yt =22 220

> e = v +y’ =1,
Niu=y+z)i+(x—2y+2z2)j+zk, o:
2+t =2 2=0;

8) U= (x+2)i+(z+yk, o:
z=x, 2=0, 2z > 0;

" S v? + 2% = 2y,
9 d=(z+y)i+y) —ak, o:
y =2
(
.- . 4 y* = 2y,
10) 4= —2xi+zj+ (x +y)k, 0 : <
> +y? =2 z=0;
\
\
. . . z =2 —4(z* +9?),
1) d=2x+vy)i+ (y+22)k, o: <

z=4(2* +y°);

\

y =2z, y=4dx,

—

12) i=(x+y)i+y+2)7+ (=+a)k o:
r=1, z=19% 2=0;

5 . . P+ +1=2 2=0,
13) d=zi— (v +2y)j +yk, o:

T+ 2y + 3z = 6;
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14) @ = zi+xj — 2k, o
z=4;

. . 6 — 22—y =z,
15) @ = 3zi — zj, 0 :
2+t =22 2> 0;

5 - S x? + 9% = 2z,
16) u=yi+ (x +2y)j +zk, o

> +y? =2z, z=0;

. . . 4yt =1,
17) 4= (2x—32)i+ (3x+22)j+ (x+y+2)k, 0 :
z2=4—x—y, 2=0;

2 2 o 4-2(z* +¢?) = 2,
18) U=zt + zj —yk, o:

2(2% + %) = z;
B B B 224y =2
19) @ = i — 2yj + 32k, o :
z = 2x;

L iyt =1,

3r+4y+z=12, z = 0;

B B B 2?4yl = 2,
21) U= 3z —y — 2)i + 3yj + 22k, o :
z = 2y;

22) 0= zi+ (Sy—x)f—zg, o:
>+ +2=2 2=0;

. . R 3x + 2y = 12,
23) U = 4dxi — 2yj — zk, o :

3r+y=6, xr+y+2=6, y=0, z2=0;

Pyt 1=z,
1
2 2
x+y 47Z ?

24) @ = (2y — 152)i + (z — )] — (@ — 3k, o :
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L y =% y=4da* y=1,
25) w = 2xi+2yj + zk, o
r=20, 2=y, 2=0.

3. O6uMCUTH UPKYJISIIIIO BEKTOPHOIO 110J1s U 110 3aMKHEHOMY KOHTYDY (L),
BUKOpHCTOBYtOUH (hbopmysty ['pina.

N = (zy+z+y)i+(y+z—y), (L): (xz—1)2+12=1

Ni=Q2y—a)i+azy;, L):x=0,y=0 z4+y=2;

) d=1—-ai+z(1+y2)), (L): 22+¢y>=1;

4 d=2ayi—(x+y)), (L):y=3, y=a>—1;

5) i = (2 — )i —2zyy, (L):y=4—2a% y=0.

O6uncanTH UPKYJISI0 BEKTOPHOTO TOJIsT U 1O 3aMKHeHOMY KOHTYpY (L),
Bukopucropyioun ¢gopmyiy Crokca.

6) @ = (r+22)i+(x+3y+2)]+6Gr+yk (L):z+y+z=2
r=0,y=0, 2=0;

Nia=(x+yi+@—2]+WG+2)k (L):z4+y+z=2 z=0,

8)ﬁ:zf—yg, (L): 2> +y*> =4, 2+ 22 =5;
9) T =a23i+j+z2k (L):a2+y*=9, z=0;
10) @ = (22 —a)i+ (¢ +22)] +32k, (L) : s 4+4y+2z =4, 2z =0,

)"zxyf%—yzf—l-zx/;:’, (L): 22 +y*=1, 2 +y+2=1;

Yi=yi+zj+ak, (L):2(1—22—y?) =z z=0;

13) @ = (2—22)i+(22—y2)j+ (2 =22k, (L) : 224y’ +2z = 6, 2242 = 2%
)i = (x—y+32)i+(y—3z+2)j+(x—3y+2)k, (L): 20+3y+6z =3,

15) @ = (x4 3y +22)i 4+ 2z + 2)j + (x — )k, (L) : 3z + 2y + 6z = 6,
r=0,y=0, 2=0;

16) 7= (x—22)i+@+3y+2)]+Gr+yk, (L): z+y+z=1,
r=0,y=0, 2=0;

17) @ = —yi+2xj+2k, (L): (z—2)2+y2=1, 2=0;
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18) G=(y—a)i+(z+y)j+yk, (L):z+y+z=1 2=0, y=0, z=0;
19) i =vyi—xj+ 2k, (L): 2> +y* =2, 2= 1;

20) @ =a%Pi+ ) +2k  (L): 2®+y2=1, 2=0.

O6uncuTH TUPKYJISIII0 BEKTOPHOTO MOJIst U 10 3aMKHeHOMY KOHTYpY (L).

21) @ =vyi+aj+zk, (L): x=2cost, y=2sint, z=3;

)ﬁ:yZ—le, (L) : x=2cos®t, y = 2sin®t, z = 0;
23) U = —xk, (L) — Bigpizok upsimol mixk Toukamu A(1;1;1), B(3;2;1);
24) @ =2yt + a2 +ak, (L):x=1>+22 x=09;
25) @ = 2% — yk, (L) — sBigpizok npsimoi mixk roukamu A(2;0;1),
B(3;2;2).

4. llepesipuTu, um Oyne BeKTOpHE IOJe U IOTEHIIAJLHAM 1 COJICHOLTHUM.
Ao nose U noreHiagbHe, 3HAWTH HOrO MOTEeHIIAJL.
1) @ = (3z —yz)i+ (3y — 22)j + (32 — xy)k:
) @ = (8% — 5yz)i + (8y — bxz)j + (82 — Bay)k;
) @ = yzi 4+ xz] + zyk:
) @i = (22 +y2)i + (y° + 22)] + (22 + ay)k;
5) @ = 6ayi + (32% — 2y)J;
) @ = (102 — 3y2)i + (10y — 322)] + (102 — 3ay)k;
) @ = (63 + Tyz)i + (6y + Txz)] + (62 + Tay)k;
) @ = (87 + byz)i + (8y + 5x2)] + (82 + bay)k;
)@= (z+y2)i+ (y+x2)] + (2 + 29)k;

Ql

) 0 = y22i + x22] + 2zyzk;
) @ = (4z — Tyz2)i + (dy — Tez)] + (42 — Tay)k;
) @ = (11z — 3yz)i + (11y — 3z2)j + (112 — 3ay)k;
13) @ = (2x + Tyz)i + (2y + Tx2)] + (22 + Tay)k;
) @ = (& —2y2)i + (y — 222)] + (2 — 22y)k;
) @ =yz(20 4+ y+ 2)i + 22(x + 2y + 2)] + zy(z + y + 22)k;
) @ = (4z — 2y2)i + (dy — Tez)] + (42 — Tay)k;
) @ = (

T+ 2y2)i + (y + 222)] + (2 + 2zy)k;
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19) @ = (3x +yz)i +(3y+:€z)j+(3z+xy)k:
20) @ = (7z — 3yz2)i + (Ty — 3x2)j + (72 — 3xy)k
21) @ = (z + Tyz)i + (y + Tx2)] + (2 + Tay)k;

2)i+ (Ty — 222)] + (T2 — 2xy)k;
23) @ = (3x 4 4y2)i + (3y + 4x2)] + (32 + 4ay)k;
24) @ = (12z + y2)i + (12y + z2)] + (122 + zy)k;
25) @ = (5x + 4y2)i + (5y + 4x2)] + (52 + 4ay)k.
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