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Ïåðåäìîâà

Íàâ÷àëüíèé ïîñiáíèê íàïèñàíî íà ïiäñòàâi äîñâiäó âèêëàäàííÿ ïðàêòè-

÷íîãî êóðñó ìàòåìàòè÷íîãî àíàëiçó íà ôàêóëüòåòi ìàòåìàòèêè òà iíôîðìà-

òèêè i ôiçèêî-òåõíi÷íîìó ôàêóëüòåòi Ïðèêàðïàòñüêîãî íàöiîíàëüíîãî óíiâåð-

ñèòåòó iìåíi Âàñèëÿ Ñòåôàíèêà äëÿ ñòóäåíòiâ ìàòåìàòè÷íèõ òà òåõíi÷íèõ

íàïðÿìiâ ïiäãîòîâêè.

Ìàòåðiàë ïåðøî¨ ÷àñòèíè ïîñiáíèêà îõîïëþ¹ åëåìåíòè òåîði¨ ìíîæèí, ãðà-

íèöþ ïîñëiäîâíîñòi, ãðàíèöþ ôóíêöi¨ â òî÷öi, íåïåðåðâíiñòü ôóíêöi¨ òà äèôå-

ðåíöiàëüíå ÷èñëåííÿ ôóíêöi¨ îäíi¹¨ çìiííî¨ ðàçîì iç çàñòîñóâàííÿì ïîõiäíî¨

ôóíêöi¨ äî ðîçâ'ÿçóâàííÿ çàäà÷.

Íà ïî÷àòêó êîæíîãî ïàðàãðàôó ïîäàþòüñÿ êîðîòêi òåîðåòè÷íi âiäîìîñòi ç

êîæíî¨ òåìè, ÿêi ìiñòÿòü îñíîâíi îçíà÷åííÿ, ôîðìóëþâàííÿ âàæëèâèõ òåîðåì

òà îñíîâíi ôîðìóëè. Äàëi ïîìiùåíî âïðàâè äëÿ ðîçâ'ÿçóâàííÿ. Äðóãà ÷àñòèíà

êîæíîãî ïàðàãðàôó ìiñòèòü ïîâíå ðîçâ'ÿçóâàííÿ âèáðàíèõ âïðàâ.

Ìàþ÷è íàâ÷àëüíèé ïîñiáíèê çi çðàçêàìè ðîçâ'ÿçàíèõ ïðèêëàäiâ, âèêëàäà÷

ìîæå çîñåðåäèòè óâàãó ñòóäåíòiâ íà ðîçâ'ÿçóâàííi áiëüø ñêëàäíiøèõ çàäà÷.

Íàÿâíiñòü òåîðåòè÷íîãî ìàòåðiàëó òà ïðèêëàäiâ ðîçâ'ÿçóâàííÿ çàäà÷ äîïîìî-

æå ñòóäåíòó îïðàöüîâóâàòè ìàòåðiàë ïîñiáíèêà ñàìîñòiéíî.

Ñëiä çàçíà÷èòè, ùî äëÿ äîñêîíàëîãî âèâ÷åííÿ ìàòåðiàëó ïåðåä òèì, ÿê ïî-

÷èíàòè ðîçâ'ÿçóâàòè âïðàâè, íåîáõiäíî äîáðå çàñâî¨òè òåîðåòè÷íèé ìàòåðiàë

ç êîæíî¨ òåìè. Ïîòiì ðîçiáðàòè íàâåäåíi âïðàâè ç ðîçâ'ÿçêàìè i îáîâ'ÿçêîâî

çàêðiïèòè çíàííÿ ðîçâ'ÿçóâàííÿì âïðàâ äëÿ ñàìîñòiéíîãî âèêîíàííÿ.



ÐÎÇÄIË I. Åëåìåíòè òåîði¨ ìíîæèí. Äiéñíi

÷èñëà

�1.1. Ïîíÿòòÿ ìíîæèíè. Îïåðàöi¨ íàä ìíîæèíàìè. Âëàñòèâîñòi

Ìíîæèíà � îäíå ç îñíîâíèõ ìàòåìàòè÷íèõ ïîíÿòü, ÿêå íå âèçíà÷à¹òüñÿ

÷åðåç ïðîñòiøi ïîíÿòòÿ. Iíøèìè ñëîâàìè, ìíîæèíà � öå ñóêóïíiñòü ïåâíèõ

îá'¹êòiâ, ÿêi âîëîäiþòü îäíi¹þ i òi¹þ æ âëàñòèâiñòþ. Îá'¹êòè, ùî óòâîðþþòü

äàíó ìíîæèíó, íàçèâàþòüñÿ ¨¨ åëåìåíòàìè .

ßêùî åëåìåíò x íàëåæèòü ìíîæèíi A, òî ïîçíà÷àþòü x ∈ A. ßêùî åëå-

ìåíò x íå íàëåæèòü ìíîæèíi A, òî ïîçíà÷àþòü x /∈ A.

Ìíîæèíà, ÿêà íå ìiñòèòü æîäíîãî åëåìåíòà, íàçèâà¹òüñÿ ïîðîæíüîþ

ìíîæèíîþ.

Ìíîæèíà çàäà¹òüñÿ äâîìà ñïîñîáàìè:

1) ïåðåëiêîì ¨¨ åëåìåíòiâ;

2) çàçíà÷åííÿì õàðàêòåðèñòè÷íî¨ âëàñòèâîñòi åëåìåíòiâ ìíîæèíè.

Ìíîæèíè, åëåìåíòàìè ÿêèõ ¹ ÷èñëà, íàçèâàþòüñÿ ÷èñëîâèìè ìíîæè-

íàìè . Íàïðèêëàä, N = {1, 2, . . . , n, . . .} � ìíîæèíà íàòóðàëüíèõ ÷èñåë, Z

� ìíîæèíà öiëèõ ÷èñåë, Q =

{
p

q
: p ∈ Z, q ∈ N

}
� ìíîæèíà ðàöiîíàëüíèõ

÷èñåë, I � ìíîæèíà iððàöiîíàëüíèõ ÷èñåë, R � ìíîæèíà äiéñíèõ ÷èñåë.

Ìíîæèíà B íàçèâà¹òüñÿ ïiäìíîæèíîþ ìíîæèíè A i çàïèñó¹òüñÿ

B ⊂ A, ÿêùî êîæåí åëåìåíò ìíîæèíè B ¹ îäíî÷àñíî åëåìåíòîì ìíîæèíè

A, òîáòî

B ⊂ A⇐⇒ (x ∈ B ⇒ x ∈ A).



� 1.1. Ïîíÿòòÿ ìíîæèíè. Îïåðàöi¨ íàä ìíîæèíàìè. Âëàñòèâîñòi 7

Ìíîæèíè A òà B íàçèâàþòüñÿ ðiâíèìè i çàïèñóþòü A = B, ÿêùî A ⊂ B

i B ⊂ A.

Îá'¹äíàííÿì äâîõ ìíîæèí A òà B íàçèâà¹òüñÿ ìíîæèíà C, ÿêà ìiñòèòü

âñi åëåìåíòè ìíîæèí A òà B, i íå ìiñòèòü íiÿêèõ iíøèõ åëåìåíòiâ (äèâ.

ðèñ. 1). Ïîçíà÷à¹òüñÿ

C = A ∪B :=
{
x : x ∈ A àáî x ∈ B

}
.

A BA

Ðèñ. 1. Îá'¹äíàííÿ ìíîæèí A òà B

Ïåðåðiçîì äâîõ ìíîæèí A òà B íàçèâà¹òüñÿ ìíîæèíà C, ÿêà ìiñòèòü

âñi ñïiëüíi åëåìåíòè ìíîæèí A òà B, i íå ìiñòèòü íiÿêèõ iíøèõ åëåìåíòiâ

(äèâ. ðèñ. 2). Ïîçíà÷à¹òüñÿ

C = A ∩B :=
{
x : x ∈ A i x ∈ B

}
.

A BA

Ðèñ. 2. Ïåðåðiç ìíîæèí A òà B

Ðiçíèöåþ äâîõ ìíîæèí A òà B íàçèâà¹òüñÿ ìíîæèíà C, ÿêà ñêëàäà¹òüñÿ

ç óñiõ åëåìåíòiâ ìíîæèíè A, ùî íå íàëåæàòü ìíîæèíi B, i íå ìiñòèòü æîäíèõ

iíøèõ åëåìåíòiâ (äèâ. ðèñ. 3). Ïîçíà÷à¹òüñÿ

C = A \B :=
{
x : x ∈ A i x /∈ B

}
.

A BA

Ðèñ. 3. Ðiçíèöÿ ìíîæèí A òà B



8 ÐÎÇÄIË I. Åëåìåíòè òåîði¨ ìíîæèí. Äiéñíi ÷èñëà

ßêùî B ⊂ A, òî ðiçíèöÿ A \ B íàçèâà¹òüñÿ äîïîâíåííÿì ìíîæèíè B äî

ìíîæèíè A i ïîçíà÷à¹òüñÿ CAB àáî B (äèâ. ðèñ. 4).

BA

Ðèñ. 4. Äîïîâíåííÿ ìíîæèíè B äî A

Ñèìåòðè÷íîþ ðiçíèöåþ ìíîæèí A òà B íàçèâà¹òüñÿ ìíîæèíà C, ÿêà

ñêëàäà¹òüñÿ ç óñiõ åëåìåíòiâ ìíîæèíè A, ùî íå íàëåæàòü ìíîæèíi B òà ç

óñiõ åëåìåíòiâ ìíîæèíè B, ùî íå íàëåæàòü ìíîæèíi A, i íå ìiñòèòü æîäíèõ

iíøèõ åëåìåíòiâ (äèâ. ðèñ. 5). Ïîçíà÷à¹òüñÿ

C = A△B :=
(
A \B

)
∪
(
B \ A

)
.

A BA

Ðèñ. 5. Ñèìåòðè÷íà ðiçíèöÿ ìíîæèí A òà B

Äåêàðòîâèì äîáóòêîì äâîõ ìíîæèí A òà B íàçèâà¹òüñÿ ìíîæèíà

C, ÿêà ñêëàäà¹òüñÿ ç âïîðÿäêîâàíèõ ïàð åëåìåíòiâ (x, y), äå x ∈ A, y ∈ B.

Ïîçíà÷à¹òüñÿ

C = A×B :=
{
(x, y) : x ∈ A i x ∈ B

}
.

Âëàñòèâîñòi îïåðàöié íàä ìíîæèíàìè

I. 1) A ∪B = B ∪ A (êîìóòàòèâíiñòü îá'¹äíàííÿ),

2) (A ∪B) ∪ C=A ∪ (B ∪ C)=A ∪B ∪ C (àñîöiàòèâíiñòü îá'¹äíàííÿ),

3) (A ⊂ B) ⇒ (A ∪B = B),

4) A ∪ A = A,

5) A ∪∅ = A.

II. 1) A ∩B = B ∩ A (êîìóòàòèâíiñòü ïåðåðiçó),

2) (A ∩B) ∩ C = A ∩ (B ∩ C) = A ∩B ∩ C (àñîöiàòèâíiñòü ïåðåðiçó),
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3) (A ⊂ B) ⇒ (A ∩B = A),

4) A ∩ A = A,

5) A ∩∅ = ∅.

III. 1) (A ∪B) ∩ C = (A ∩ C) ∪ (B ∩ C) (äèñòðèáóòèâíiñòü ïåðåðiçó âiä-

íîñíî îá'¹äíàííÿ),

2) (A ∩B) ∪ C = (A ∪ C) ∩ (B ∪ C) (äèñòðèáóòèâíiñòü îá'¹äíàííÿ

âiäíîñíî ïåðåðiçó),

3) (A \B) ∩ C = (A ∩ C) \ (B ∩ C),

4) A ∪B = A ∩B,

5) A ∩B = A ∪B.

Âïðàâè

1. Çà äîïîìîãîþ êðóãiâ Åéëåðà-Âåííà íà ïëîùèíi ïåðåâiðèòè, ùî äëÿ

ìíîæèí A,B,C âèêîíóþòüñÿ íàñòóïíi âëàñòèâîñòi:

1) A \ (A ∩B) = A \B, 2) (A ∪B) \B = A \B,

3) (A ∪B) \ (B \ A) = A, 4) A \ (B \ C) = A \ ((A ∩B) \ C).

2. Äîâåñòè âëàñòèâîñòi:

1) (B\C)\(B\A) ⊂ A\C, 2) A\C ⊂ (A\B) ∪ (B\C),

3) (A∩C) ∪ (B∩D)⊂(A∪B) ∩ (C∪D), 4) A\(B\C)=(A\B)∪(A∩C),

5) (A\B)\C = (A\C)\(B\C), 6) (A\B) ∩ C = (A ∩ C)\B,

7) (A ∩B)\C = (A\C) ∩ (B\C).

3. Çíàéòè îá'¹äíàííÿ, ïåðåðiç, ðiçíèöþ òà ñèìåòðè÷íó ðiçíèöþ ìíîæèí A

òà B :

1) A =
{
x : −1 < x < 5

}
, B =

{
x : −2 ≤ x ≤ 5

}
,

2) A =
{
x : x2 + 3x < 0

}
, B =

{
x : x2 − 2x− 3 > 0

}
,

3) A =
{
x :

x2 − 5x+ 6

x− 4
< 0
}
, B =

{
x :

x− 1

x+ 2
≥ 1
}
,

4) A =
{
x : cos x ≥ 1

2

}
, B =

{
x : sinx <

1

2

}
,
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5) A =
{
x : −3 ≤ |x− 4| ≤ 3

}
, B =

{
x : 3|x| > 7

}
,

6) A =
{
x : log 1

3

(
x− 3

2

)
> 1
}
, B =

{
x : 32x − 6 · 3x + 8 ≥ 0

}
.

4. Âèçíà÷èòè i çîáðàçèòè íà ïëîùèíi ìíîæèíè A∪B, A∩B, A\B, B\A,

ÿêùî:

1) A =
{
(x, y) ∈ R2 : x2 + y2 ≤ 1

}
, B =

{
(x, y) ∈ R2 : xy ≥ 0

}
,

2) A =
{
(x, y) ∈ R2 : y >

√
x
}
, B =

{
(x, y) ∈ R2 : x2 + (y − 1)2 ≤ 1

}
,

3) A =
{
(x, y) ∈ R2 : x3 > y3

}
, B =

{
(x, y) ∈ R2 : x2 > y2

}
,

4) A =
{
(x, y) ∈ R2 : x = y

}
, B =

{
(x, y) ∈ R2 : |x|+ |y| ≤ 1

}
,

5) A =
{
(x, y) ∈ R2 :

1

x
>

1

y

}
, B =

{
(x, y) ∈ R2 : x > 0, y > 0

}
,

6) A =
{
(x, y) ∈ R2 : 2x+1 = y2 + 4

}
, B =

{
(x, y) ∈ R2 : y ≥ 2x−1

}
.

5. Çíàéòè îá'¹äíàííÿ i ïåðåðiç ìíîæèí Xn, n ∈ N, ÿêùî:

1) Xn =

(
−1

n
;
1

n

)
, 2) Xn = (3n− 2; 3n+ 1),

3) Xn =

[
n

2n+ 1
;

n

n+ 1

)
, 4) Xn =

(
0;

n

n+ 1

)
,

5) Xn=

[
−1

n
;
2n− 1

n

]
, 6) Xn =

[
−1

n
;
1

n

]
.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

2.5. Çà îçíà÷åííÿì ðiâíèõ ìíîæèí ïîòðiáíî äîâåñòè ñïðàâåäëèâiñòü äâîõ

âêëþ÷åíü:

(A\B)\C ⊂ (A\C)\(B\C) i (A\C)\(B\C) ⊂ (A\B)\C.

Îòæå, ç îäíîãî áîêó, äëÿ äîâiëüíîãî åëåìåíòà x ∈ (A\B)\C ìà¹ìî çà

îçíà÷åííÿì ðiçíèöi ìíîæèí, ùî x ∈ A\B i x /∈ C.

Çâiäñè(
(x ∈ A i x /∈ B) i (x /∈ C)

)
=⇒

(
(x ∈ A i x /∈ C) i (x /∈ B)

)
=⇒
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=⇒
(
(x ∈ A\C) i (x /∈ B\C)

)
=⇒

(
x ∈ (A\C)\(B\C)

)
.

Ç iíøîãî áîêó, äëÿ äîâiëüíîãî åëåìåíòà x ∈ (A\C)\(B\C) ìà¹ìî, ùî(
(x ∈ A\C) i (x /∈ B\C)

)
=⇒

(
(x ∈ A i x /∈ C) i (x /∈ B àáî x ∈ C)

)
=⇒

=⇒
(
(x ∈ A i x /∈ C) i (x /∈ B)

)
=⇒

(
(x ∈ A i x /∈ B) i (x /∈ C)

)
=⇒

=⇒
(
x ∈ (A\B) i (x /∈ C)

)
=⇒

(
x ∈ (A\B)\C

)
.

Îòæå, ðiâíiñòü äîâåäåíà. I
3.3. Ñïî÷àòêó ðîçâ'ÿæåìî íåðiâíîñòi, ÿêi âèçíà÷àþòü õàðàêòåðèñòè÷íi

âëàñòèâîñòi åëåìåíòiâ ìíîæèí A òà B :

x2 − 5x+ 6

x− 4
< 0 ⇐⇒ (x− 2)(x− 3)

x− 4
< 0.

Çà ìåòîäîì iíòåðâàëiâ ðîçâ'ÿçêàìè öi¹¨ íåðiâíîñòi ¹ x ∈ (−∞; 2) ∪ (3; 4).

x− 1

x+ 2
≥ 1 ⇐⇒ − 3

x+ 2
≥ 0.

Çà ìåòîäîì iíòåðâàëiâ ðîçâ'ÿçêàìè äàíî¨ íåðiâíîñòi ¹ x ∈ (−∞;−2).

Îòæå,

A =
{
x ∈ R : x ∈ (−∞; 2) ∪ (3; 4)

}
, B =

{
x ∈ R : x ∈ (−∞;−2)

}
.

Çâiäñè, çà îçíà÷åííÿì îïåðàöié íàä ìíîæèíàìè ìà¹ìî:

A ∪B =
{
x ∈ R : x ∈ (−∞; 2) ∪ (3; 4)

}
,

A ∩B =
{
x ∈ R : x ∈ (−∞;−2)

}
,

A\B =
{
x ∈ R : x ∈ [−2; 2) ∪ (3; 4)

}
,

B\A = ∅,

A∆B = (A\B) ∪ (B\A) =
{
x ∈ R : x ∈ [−2; 2) ∪ (3; 4)

}
. I
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�1.2. Âåðõíÿ òà íèæíÿ ìåæà ìíîæèíè. Ìåòîä ìàòåìàòè÷íî¨

iíäóêöi¨

Íåïîðîæíÿ ìíîæèíà E íà äiéñíié îñi R íàçèâà¹òüñÿ îáìåæåíîþ çâåð-

õó (çíèçó), ÿêùî iñíó¹ ÷èñëî M ∈ R (m ∈ R) òàêå, ùî äëÿ âñiõ åëåìåíòiâ

x ∈ E âèêîíó¹òüñÿ íåðiâíiñòü x ≤ M (x ≥ m). ×èñëà m i M íàçèâàþòüñÿ

âiäïîâiäíî íèæíüîþ i âåðõíüîþ ìåæàìè ìíîæèíè.

Ìíîæèíà E íàçèâà¹òüñÿ îáìåæåíîþ, ÿêùî âîíà ¹ îáìåæåíîþ i çâåðõó

i çíèçó.

Êîæíà íåïîðîæíÿ îáìåæåíà çâåðõó (çíèçó) ìíîæèíà ìà¹ íàéìåíøó âåðõ-

íþ (íàéáiëüøó íèæíþ) ìåæó.

Íàéìåíøå ç ÷èñåë, ùî îáìåæó¹ ìíîæèíó E ⊂ R çâåðõó, íàçèâà¹òüñÿ òî-

÷íîþ âåðõíüîþ ìåæåþ ìíîæèíè E i ïîçíà÷à¹òüñÿ supE. Iíøèìè ñëîâà-

ìè:

M = supE :=

∣∣∣∣∣∣ 1) (∀x ∈ E) {x ≤M},

2) (∀ε > 0) (∃x′ ∈ E) {x′ > M − ε}.

Íàéáiëüøå ç ÷èñåë, ùî îáìåæó¹ ìíîæèíó E ⊂ R çíèçó, íàçèâà¹òüñÿ òî-

÷íîþ íèæíüîþ ìåæåþ ìíîæèíè E i ïîçíà÷à¹òüñÿ inf E. Iíøèìè ñëîâà-

ìè:

m = inf E :=

∣∣∣∣∣∣ 1) (∀x ∈ E) {x ≥ m},

2) (∀ε > 0) (∃x′ ∈ E) {x′ < m+ ε}.

Çàóâàæèìî, ùî ÿêùî ìíîæèíà E íåîáìåæåíà çâåðõó (çíèçó), òî ââàæà-

þòü, ùî supE = +∞ (inf E = −∞).

ßêùî supE ∈ E (inf E ∈ E), òî éîãî íàçèâàþòü íàéáiëüøèì åëåìåíòîì

àáî ìàêñèìóìîì (íàéìåíøèì åëåìåíòîì àáî ìiíiìóìîì) ìíîæèíè E.

Ïîçíà÷àþòü âiäïîâiäíî maxE = supE àáî minE = inf E.

Ìàêñèìóì i ìiíiìóì ìíîæèíè ¹ òî÷íîþ âåðõíüîþ i òî÷íîþ íèæíüîþ ìå-

æàìè, îäíàê iç iñíóâàííÿ òî÷íèõ ìåæ íå âèïëèâà¹ iñíóâàííÿ ìàêñèìóìó i

ìiíiìóìó ìíîæèíè. Ó âèïàäêó, êîëè E ⊂ N, òî iñíó¹ minE. Íà öié âëàñòè-

âîñòi  ðóíòó¹òüñÿ ïðèíöèï ìàòåìàòè÷íî¨ iíäóêöi¨: ÿêùî òâåðäæåííÿ A(n)
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ïðàâèëüíå äëÿ n = 1 (n = n0) òà iç ïðèïóùåííÿ ïðàâèëüíîñòi öüîãî òâåð-

äæåííÿ äëÿ n = k > 1 (k > n0) âèïëèâà¹ éîãî ïðàâèëüíiñòü äëÿ n = k + 1,

òî A(n) ïðàâèëüíå äëÿ áóäü-ÿêîãî n ∈ N (n > n0).

Îòæå, ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨ ïîëÿãà¹ ó âèêîíàííi íàñòóïíèõ êðîêiâ:

1) ïåðåâiðèòè, ÷è ïðàâèëüíå òâåðäæåííÿ A(n) äëÿ n = 1 (n = n0),

2) ïðèïóñòèòè, ùî A(n) ïðàâèëüíå äëÿ n = k, äå k > 1 (k > n0),

3) äîâåñòè ïðàâèëüíiñòü A(n) äëÿ n = k+1, âèêîðèñòîâóþ÷è ïðèïóùåííÿ,

4) çðîáèòè âèñíîâîê, ùî çãiäíî ç ïðèíöèïîì ìàòåìàòè÷íî¨ iíäóêöi¨ òâåð-

äæåííÿ A(n) ïðàâèëüíå äëÿ áóäü-ÿêîãî n ∈ N (n > n0).

Âïðàâè

1. Çíàéòè òî÷íi ìåæi ìíîæèíè E, ÿêùî:

1) E =
{
(−1)n

(
1− 1

n

)
: n ∈ N

}
,

2) E =
{ n

n+ 3
(2 + (−1)n) : n ∈ N

}
,

3) E =
{ mn

4m2 + n2
: m ∈ Z, n ∈ N

}
,

4) E =
{ m

m+ n
: m ∈ N, n ∈ N

}
,

5) E =
{ m

|m|+ n
: m ∈ Z, n ∈ N

}
.

2. Çíàéòè inf E, supE, minE, maxE, ÿêùî:

1) E = (0; 1), 2) E = Q ∩ [
√
2; 5],

3) E = [2; 3]\Q, 4) E =
{
x ∈ Q : 3

√
x+ 2 < 4

}
,

5) E =
{
x : |x− 2| − |x− 3| ≤ 1

}
, 6) E =

{
x : sin x− cos 2x ≥ 0

}
,

7) E =
{ n2

3n2 + 2
: n ∈ N

}
, 8) E =

{ n

|n|+ 2
: n ∈ Z

}
,

9) E =
{(−1)n

n
+

1 + (−1)n

2
: n ∈ N

}
, 10) E =

{
1 + sin

nπ

2
: n ∈ N

}
.

3. Äëÿ âñiõ íàòóðàëüíèõ ÷èñåë n ∈ N äîâåñòè, ùî:

1) n3 + 5n äiëèòüñÿ íà 6,

2) n2(n4 − 1) äiëèòüñÿ íà 60,
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3) 5n+3 + 113n+1 äiëèòüñÿ íà 17,

4) 72n − 42n äiëèòüñÿ íà 33,

5) 23
n

+ 1 äiëèòüñÿ íà 3n+1 i íå äiëèòüñÿ íà 3n+2.

4. Äëÿ âñiõ íàòóðàëüíèõ ÷èñåë n ∈ N äîâåñòè íàñòóïíi ðiâíîñòi:

1) 1 + 2 + . . .+ n =
n(n+ 1)

2
,

2) 12 + 22 + . . .+ n2 =
n(n+ 1)(2n+ 1)

6
,

3) 13 + 23 + . . .+ n3 =
n2(n+ 1)2

4
,

4) 1 + 2 + . . .+ 2n−1 = 2n − 1,

5) 1 · 2 + 2 · 5 + . . .+ n(3n− 1) = n2(n+ 1),

6)

√
2 +

√
2 + . . .+

√
2 = 2 cos

π

2n+1
,

7) (a+ b)n =
n∑
k=0

Ck
na

n−kbk, äå Ck
n =

n!

k!(n− k)!
, (áiíîì Íüþòîíà),

8)

(
1− 1

4

)(
1− 1

9

)
· . . . ·

(
1− 1

(n+ 1)2

)
=

n+ 2

2n+ 2
,

9)
1

4 · 5
+

1

5 · 6
+ . . .+

1

(n+ 3)(n+ 4)
=

n

4(n+ 4)
,

10) arctg
1

2
+ arctg

1

8
+ . . .+ arctg

1

2n2
= arctg

n

n+ 1
.

5. Äîâåñòè íåðiâíîñòi, âèêîðèñòîâóþ÷è ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨:

1) |x1 + x2 + . . .+ xn| ≤ |x1|+ |x2|+ . . .+ |xn|, n ≥ 2,

2) 1 +
1

22
+

1

32
+ . . .+

1

n2
≤ 2− 1

n
,

3) n! ≤
(
n+ 1

2

)n
,

4) 1 +
1√
2
+

1√
3
+ . . .+

1√
n
>

√
n, n ≥ 2,

5) (1 + x)n > 1 + nx, x > −1, x ̸= 0, n > 1, (íåðiâíiñòü Áåðíóëëi),

6)
∣∣∣ sin n∑

k=1

xk

∣∣∣ ≤ n∑
k=1

sinxk, ÿêùî âñi xk ∈ [0; π] i n ≥ 1,

7)
1

2
· 3
4
· . . . · 2n− 1

2n
≤ 1√

3n+ 1
,

8) nn+1 > (n+ 1)n, n ≥ 3,

9)

(
1 +

1

n

)n
<

(
1 +

1

n+ 1

)n+1

,
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10) (2n)! < 22n(n!)2, n > 1.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

2.7. Îñêiëüêè ìíîæèíà E ñêëàäà¹òüñÿ ç åëåìåíòiâ{1
5
,
2

7
,
9

29
,
8

25
, . . . ,

k2

3k2 + 2
, . . .

}
,

òî minE =
1

5
, à îòæå, inf E =

1

5
. Äîâåäåìî, ùî maxE íå iñíó¹. ßêùî

xk =
k2

3k2 + 2
, òî

xk+1 − xk =
(k + 1)2

3(k + 1)2 + 2
− k2

3k2 + 2
=

4k + 2

(3(k + 1)2 + 2)(3k2 + 2)
> 0.

Îòæå, êîæåí íàñòóïíèé åëåìåíò öi¹¨ ìíîæèíè áiëüøèé çà ïîïåðåäíié.

Ïîêàæåìî, ùî supE =
1

3
. Äëÿ äîâiëüíîãî ÷èñëà n ∈ N âèêîíó¹òüñÿ íåðiâ-

íiñòü
n2

3n2 + 2
<

1

3
. Äiéñíî,

n2

3n2 + 2
− 1

3
= − 2

3(3n2 + 2)
< 0 i äëÿ äîâiëüíîãî

ε > 0 iñíó¹ n0 ∈ N, äëÿ ÿêîãî
n20

3n20 + 2
>

1

3
− ε. Çâiäñè

3εn20 >
2

3
(1− 3ε), n20 >

2

9ε
(1− 3ε),

òîáòî

n0 >

√
2

9ε
(1− 3ε). I

4.8. Äîâåäåìî ðiâíiñòü

A(n) =

(
1− 1

4

)(
1− 1

9

)
· . . . ·

(
1− 1

(n+ 1)2

)
=

n+ 2

2n+ 2

çà äîïîìîãîþ ìåòîäó ìàòåìàòè÷íî¨ iíäóêöi¨.

Ïåðåâiðèìî ïðàâèëüíiñòü ðiâíîñòi ïðè n = 1 :

A(1) = 1− 1

4
=

3

4
� ðiâíiñòü î÷åâèäíà.

Ïðèïóñòèìî, ùî ðiâíiñòü ïðàâèëüíà äëÿ n = k, òîáòî

A(k) =

(
1− 1

4

)(
1− 1

9

)
· . . . ·

(
1− 1

(k + 1)2

)
=

k + 2

2k + 2
.
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Äîâåäåìî ñïðàâåäëèâiñòü ðiâíîñòi äëÿ n = k + 1 :

A(k+1) =

(
1− 1

4

)(
1− 1

9

)
· . . . ·

(
1− 1

(k + 2)2

)
= A(k) ·

(
1− 1

(k + 2)2

)
=

=
k + 2

2k + 2
·
(
1− 1

(k + 2)2

)
=

k + 2

2(k + 1)
·(k + 2)2 − 1

(k + 2)2
=

(k + 1)(k + 3)

2(k + 1)(k + 2)
=

k + 3

2k + 4
.

Îòæå, ðiâíiñòü ñïðàâäæó¹òüñÿ äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà n. I
5.5. Äîâåäåìî íåðiâíiñòü Áåðíóëëi äëÿ n = 2. Ìà¹ìî:

(1 + x)2 = 1 + 2x+ x2 > 1 + 2x.

Îòæå, äëÿ n = 2 íåðiâíiñòü âèêîíó¹òüñÿ.

Ïðèïóñòèìî, ùî íåðiâíiñòü âèêîíó¹òüñÿ äëÿ n = k, òîáòî:

(1 + x)k > 1 + kx.

Âèêîðèñòîâóþ÷è ïðèïóùåííÿ, äîâåäåìî íåðiâíiñòü äëÿ n = k + 1 :

(1 + x)k+1 = (1 + x)k(1 + x) > (1 + kx)(1 + x) =

= 1 + (k + 1)x+ kx2 > 1 + (k + 1)x.

Ùî é òðåáà áóëî äîâåñòè. I

�1.3. Ïîíÿòòÿ âiäîáðàæåííÿ (ôóíêöi¨). Âèäè âiäîáðàæåíü

Âiäîáðàæåííÿì ìíîæèíè A â ìíîæèíó B íàçèâà¹òüñÿ âiäïîâiäíiñòü

ìiæ A òà B, äëÿ ÿêî¨ êîæíîìó åëåìåíòó x ∈ A âiäïîâiäà¹ ¹äèíèé åëåìåíò

y ∈ B. Ïîçíà÷àþòü f : A→ B àáî y = f(x), äå x ∈ A, y ∈ B.

Âiäîáðàæåííÿ f : A → B ÷àñòî íàçèâàþòü ôóíêöi¹þ ç ìíîæèíè A

ó ìíîæèíó B. Ìíîæèíó A ïðè öüîìó íàçèâàþòü îáëàñòþ âèçíà÷åííÿ

ôóíêöi¨ y = f(x) i ïîçíà÷àþòü D(f). Äîâiëüíèé åëåìåíò x ∈ A íàçèâà¹òüñÿ

ïðîîáðàçîì àáî íåçàëåæíîþ çìiííîþ, à y = f(x) íàçèâà¹òüñÿ îáðàçîì

åëåìåíòà x àáî çíà÷åííÿì ôóíêöi¨ ó òî÷öi x.

ßêùî A ⊂ R i B ⊂ R, òî âiäîáðàæåííÿ f : A→ B íàçèâà¹òüñÿ ôóíêöi-

¹þ äiéñíî¨ çìiííî¨ .
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Îáðàçîì ìíîæèíè M ⊂ A ïðè âiäîáðàæåííi f : A → B íàçèâà¹òüñÿ

ìíîæèíà f(M) =
{
f(x) : x ∈ M

}
. Ìíîæèíà E(f) íàçèâà¹òüñÿ ìíîæè-

íîþ çíà÷åíü ôóíêöi¨ f : A→ B.

Âiäîáðàæåííÿ f : A → B íàçèâà¹òüñÿ ií'¹êòèâíèì àáî ií'¹êöi¹þ,

ÿêùî ðiçíèì åëåìåíòàì ìíîæèíè A ñòàâèòüñÿ ó âiäïîâiäíiñòü ðiçíi åëåìåíòè

ìíîæèíè B, òîáòî:

(∀x1 ∈ A)(∀x2 ∈ A) :
{
x1 ̸= x2 =⇒ f(x1) ̸= f(x2)

}
.

Âiäîáðàæåííÿ f : A→ B íàçèâà¹òüñÿ ñþð'¹êòèâíèì àáî ñþð'¹êöi¹þ,

ÿêùî ïðîîáðàç áóäü-ÿêîãî åëåìåíòà ìíîæèíè B ¹ íåïîðîæíüîþ ìíîæèíîþ.

Âiäîáðàæåííÿ f : A→ B íàçèâà¹òüñÿ ái¹êòèâíèì àáî ái¹êöi¹þ, ÿêùî

f ¹ ñþð'¹êòèâíèì òà ií'¹êòèâíèì îäíî÷àñíî.

ßêùî f : A → B ¹ ái¹êòèâíèì âiäîáðàæåííÿì, òî äëÿ íüîãî iñíó¹ òàê

çâàíå îáåðíåíå âiäîáðàæåííÿ f−1 : B → A, ÿêå âèçíà÷à¹òüñÿ óìîâîþ

f−1(y) = x. Îáåðíåíå âiäîáðàæåííÿ íàçèâà¹òüñÿ òàêîæ îáåðíåíîþ ôóíêöi-

¹þ i ïîçíà÷à¹òüñÿ y = f−1(x), äå x ∈ B, y ∈ A.

Ñóïåðïîçèöi¹þ âiäîáðàæåíü (ôóíêöié) g : A → B i f : B → C

íàçèâà¹òüñÿ âiäîáðàæåííÿ f ◦ g : A → C, ÿêå âèçíà÷à¹òüñÿ ðiâíiñòþ

(f ◦ g)(x) = f(g(x)), äå x ∈ A. Ñóïåðïîçèöiþ ôóíêöié f òà g íàçèâàþòü

òàêîæ ñêëàäåíîþ ôóíêöi¹þ y = f(g(x)), äå x ∈ A, y ∈ C.

Ôóíêöi¨ f : A → B òà g : C → D íàçèâàþòüñÿ òîòîæíiìè , ÿêùî

A = C i f(x) = g(x) äëÿ äîâiëüíîãî åëåìåíòà x ∈ A.

Âïðàâè

1. Ôóíêöiþ f : Z → N çàäàíî ñïiââiäíîøåííÿì f(n) = 1+n2. Âèçíà÷èòè:

1) f(0), f({0}), f({5; 6}), f({−1; 1}),

2) f−1({2}), f−1({5}), f−1({10; 25}), f−1({50; 51; 52}).

2. Íåõàé f(x) = sinx. Çíàéòè:

1) f({0}), f({0; π}), f((0;π)), f
([π

2
;
3π

2

])
,

2) f−1({0}), f−1((−1;−0, 5)), f−1([0, 2)), f−1([0; 0, 5]).
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3. ×è ¹ âiäîáðàæåííÿ f : Z → Z i g : Z2 → Z2 ií'¹êöi¹þ, ñþð'¹êöi¹þ i

ái¹êöi¹þ, ÿêùî:

1) f(n) = n+ (−1)n, g((m;n)) = (n;m),

2) f(n) = 2− n, g((m;n)) = (m+ 1;n− 2),

3) f(n) = (−1)n, g((m;n)) = (m+ n;m− n),

4) f(n) = n2, g((m;n)) = (m;−n),

5) f(n) = n2 + n3, g((m;n)) = (−m;−n).

4. ßêå ç âiäîáðàæåíü f : R → R ¹ ií'¹êöi¹þ, ñþð'¹êöi¹þ i ái¹êöi¹þ:

1) f(x) = |x+ 2|, 2) f(x) = ax2 + bx+ c,

3) f(x) =
√
x2 + 1, 4) f(x) = cos 2x,

5) f(x) = arctg x, 6) f(x) = x5,

7) f(x) = x sinx, 8) f(x) = ln(|x|+ 1),

9) f(x) =
1

x
, f(0) = 1, 10) f(x) = ln |x− 2|, f(2) = 0.

5. Çíàéòè îáëàñòi âèçíà÷åííÿ äàíèõ ôóíêöié:

1) y =
1

x+ |x|
, 2) y =

√
x− 1

x2 − 5x+ 6
,

3) y =

√
sin

√
x, 4) y = log4 log3 log2 x,

5) y = lg(sin(x− 3)) +
√
16− x2, 6) y =

1√
4− x2

+ arccos
x− 2

x
,

7) y = arcsin
2

2 + sinx
, 8) y =

√
cos(sinx) +

1√
|x| − x

,

9) y = arcsin(x2 − 5x+ 7), 10) y = 3arccos(1−x
2).

6. Çíàéòè ìíîæèíó çíà÷åíü äàíèõ ôóíêöié:

1) y = x2, x ∈ [−3; 2), 2) y = log2 x, x ∈
[ 1
32

; 64
]
,

3) y = {x}, 4) y =
1

5 + sin 2x
,

5) y = tg x, x ∈
[
− π;−π

2

)
∪
(
− π

2
; 0
)
, 6) y = sinπx, x ∈

[
− 1

2
;
1

2

)
.
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Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

3.3. Âiäîáðàæåííÿ f(n) = (−1)n íå ¹ ñþð'¹êòèâíèì, áî, íàïðèêëàä, ïðî-

îáðàç ÷èñëà 2 ¹ ïîðîæíüîþ ìíîæèíîþ.

Íå áóäå öå âiäîáðàæåííÿ ií'¹êòèâíèì, áî âçÿâøè n1 = 1 i n2 = 3 ìà¹-

ìî, ùî n1 ̸= n2, îäíàê f(n1) = f(n2) = −1. Î÷åâèäíî, ùî âiäîáðàæåííÿ

f(n) = (−1)n íå ¹ ái¹êòèâíèì.

Âiäîáðàæåííÿ g((m;n)) = (m + n;m − n) íå ¹ ñþð'¹êòèâíèì, áî, íà-

ïðèêëàä, (3; 2) ∈ Z2, îäíàê ïðîîáðàç ïàðè (3; 2) ¹ ïîðîæíüîþ ìíîæèíîþ.

Öå âèïëèâà¹ ç òîãî, ùî ðîçâ'ÿçêîì ñèñòåìè

m+ n = 3,

m− n = 2
¹ ÷èñëà m =

5

2
òà

n =
1

2
, i òîäi

(5
2
;
1

2

)
/∈ Z2.

Ç iíøîãî áîêó, âiäîáðàæåííÿ ¹ ií'¹êòèâíèì, öå âèïëèâà¹ ç òîãî, ùî ðîçâ'ÿ-

çîê ñèñòåìè

m+ n = a,

m− n = b
¹äèíèé (âèçíà÷íèê

∣∣∣∣∣∣ 1 1

1 −1

∣∣∣∣∣∣ = −2 ̸= 0).

Ç ïîïåðåäíiõ ìiðêóâàíü ñëiäó¹, ùî âiäîáðàæåííÿ íå ¹ ái¹êöi¹þ. I

5.6. Çíàéäåìî îáëàñòü âèçíà÷åííÿ ôóíêöi¨ y =
1√

4− x2
+ arccos

x− 2

x
.

Âîíà áóäå ñïiâïàäàòè iç ìíîæèíîþ ðîçâ'ÿçêiâ ñèñòåìè

 4− x2 > 0,

−1 ≤ x−2
x ≤ 1,

⇐⇒


−2 < x < 2,

1
x ≤ 1,

2
x ≥ 0,

⇐⇒

 −2 < x < 2,

x ≥ 1.

Îòæå, D(y) =
{
x : x ∈ [1; 2)

}
� îáëàñòü âèçíà÷åííÿ äàíî¨ ôóíêöi¨. I

6.3. Ôóíêöiÿ y = {x} = x − [x] íàçèâà¹òüñÿ äðîáîâîþ ÷àñòèíîþ ÷èñëà

x. Òîäi äëÿ äîâiëüíîãî äiéñíîãî ÷èñëà x ∈ R áóäåìî ìàòè, ùî {x} ∈ [0; 1).

Îòæå, îáëàñòþ çíà÷åíü äàíî¨ ôóíêöi¨ ¹ ìíîæèíà:

E(y) =
{
y : y ∈ [0; 1)

}
. I
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�1.4. Åëåìåíòàðíi ôóíêöi¨. Àëãåáðè÷íi i òðàíñöåíäåíòíi ôóíêöi¨.

Âëàñòèâîñòi

Äî ìíîæèíè îñíîâíèõ åëåìåíòàðíèõ ôóíêöié äiéñíî¨ çìiííî¨ íàëåæàòü

òàêi ôóíêöi¨: 1) ñòàëà, 2) ñòåïåíåâà, 3) ïîêàçíèêîâà, 4) ëîãàðèôìi÷íà, 5) òðè-

ãîíîìåòðè÷íi, 6) îáåðíåíi òðèãîíîìåòðè÷íi ôóíêöi¨.

Åëåìåíòàðíîþ ôóíêöi¹þ äiéñíî¨ çìiííî¨ íàçèâàþòü òàêó ôóíêöiþ,

ÿêó ìîæíà îòðèìàòè ç îñíîâíèõ åëåìåíòàðíèõ ôóíêöié øëÿõîì çàñòîñóâà-

ííÿ ñêií÷åííî¨ êiëüêîñòi àðèôìåòè÷íèõ îïåðàöié òà îïåðàöié ñóïåðïîçèöi¨

ôóíêöié.

Ìíîæèíó åëåìåíòàðíèõ ôóíêöié ïîäiëÿþòü íà òàêi ïiäìíîæèíè:

1) ìíîæèíà ìíîãî÷ëåíiâ P (x) = a0 + a1x+ . . .+ anx
n =

n∑
k=0

akx
k, äå

ak (k = 0, n) � ñòàëi äiéñíi ÷èñëà, x ∈ R;

2) ìíîæèíà ðàöiîíàëüíèõ ôóíêöié R(x) =
P (x)

Q(x)
, äå P (x), Q(x) � çà-

äàíi ìíîãî÷ëåíè, Q(x) ̸= 0;

3) ìíîæèíà iððàöiîíàëüíèõ ôóíêöié, òîáòî ôóíêöié, ÿêi íå ¹ ðàöiî-

íàëüíèìè;

4) ìíîæèíà àëãåáðè÷íèõ ôóíêöié y = f(x), ÿêi çàäîâîëüíÿþòü ðiâíÿ-

ííÿ yn + p1(x)y
n−1 + . . . + pn−1(x)y + pn(x) = 0, äå pk(x) (k = 1, n) � çàäàíi

ìíîãî÷ëåíè;

5) ìíîæèíà òðàíñöåíäåíòíèõ ôóíêöié, òîáòî ôóíêöié, ÿêi íå ¹ àëãå-

áðè÷íèìè. Äî íèõ íàëåæàòü, íàïðèêëàä, ïîêàçíèêîâi, ëîãàðèôìi÷íi, òðèãî-

íîìåòðè÷íi òà îáåðíåíi òðèãîíîìåòðè÷íi ôóíêöi¨.

Ãðàôiêîì ôóíêöi¨ äiéñíî¨ çìiííî¨ f : R → R íàçèâà¹òüñÿ ìíîæèíà

Γ = {(x, y) ∈ R2 : x ∈ R, y = f(x) ∈ R} òî÷îê íà ïëîùèíi. Ãðàôiêîì ìîæå

áóòè äåÿêà êðèâà.

Âïðàâè

1. Ïîáóäóâàòè ãðàôiêè ôóíêöié øëÿõîì çñóâó àáî äåôîðìàöi¨ ïðîñòiøèõ

åëåìåíòàðíèõ ôóíêöié:
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1) y = k(x− x0)
2 + y0, k = 1, x0 = −1, y0 = −2,

2) y = a sin(ωx+ φ), a = 2, ω =
1

2
, φ =

π

2
,

3) y = loga(kx+ b), a = 10, k = 10, b = 2,

4) y =
k

x− x0
+ y0, k = −1, x0 = 1, y0 = 2,

5) y = k arcsin(x+ b), k = 2, b =
1

2
,

6) y = a tg(ωx+ φ), a = 1, ω =
1

2
, φ =

π

4
.

2. Çàñòîñîâóþ÷è ïðàâèëî äîäàâàííÿ òà ìíîæåííÿ ãðàôiêiâ, ïîáóäóâàòè

ãðàôiêè íàñòóïíèõ ôóíêöié:

1) y = x2 +
1

x
, 2) y = 1 + x+ ex,

3) y = chx :=
ex + e−x

2
, 4) y = sign(sinx),

5) y = sin x · sign(cos x), 6) y = sin4 x+ cos4 x.

3. Ïîáóäóâàòè ãðàôiêè íàñòóïíèõ ôóíêöié:

1) y =
| sinx|
sinx

, 2) y = {x},

3) y = | sin |x||, 4) y =

(
1

2

)|x+2|
+ 1,

5) y = |x+ 3|+ |x− 2|, 6) y = | lg |x||,

7) y = |x2 − 4|x|+ 6|, 8) y = arccos(cos 2x),

9) y = | arctg(x− 2)|, 10) y = sin

(
arcsin

x+ 1

3

)
.

4. Ðîçâ'ÿçàòè iððàöiîíàëüíi ðiâíÿííÿ i íåðiâíîñòi:

1) 5x2 + 35x−
√
x2 + 7x− 1 = 4,

2)
√
x2 − 5x+ 6 +

√
5x− x2 − 6 = 0,

3) 3
√
x+ 2 + 3

√
x+ 1 + 3

√
x− 1 =

3
√
2,

4)
√
x+

√
x+ 5 + 2

√
x2 + 5x = 25− 2x,

5) 3
√
x+ 1 + 3

√
7− x = 2,
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6)
√
x+

√
6x− 9 +

√
x−

√
6x− 9 ≥

√
6,

7)

√
x+ 4

1− x
< 1,

8)
√

2x2 − x+ 3−
√

2x2 − x− 5 ≥ 2,

9)
√
x+ 3 +

√
x− 2 >

√
2x+ 4,

10)
√
x4 − 2x2 + 1 > 1− x.

5. Ðîçâ'ÿçàòè òðàíñöåíäåíòíi ðiâíÿííÿ òà íåðiâíîñòi:

1) x1+lg x = 10x,

2) x2 logx 27 · log9 x = x+ 4,

3) 30,5+log3 cosx +
√
6 = 90,5+log9 sinx,

4) (
√
13 + 2)cosx + (

√
13− 2)cosx = 2sinx · 3cosx,

5) tg x =
2

π

(∣∣∣x− π

4

∣∣∣− ∣∣∣x− 3π

4

∣∣∣),
6) x0,5 log0,5 x−3 > 0, 53−2,5 log0,5 x,

7) |x− 1|lg
2 x−lg x2 > |x− 1|3,

8) tg x+ ctg x ≥
√
3 +

1√
3
,

9) log 1
3
cosx < log 1

3
tg x,

10) log2x
2− 3|x|
x2 − 9

> 0.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

3.1. Îáëàñòþ âèçíà÷åííÿ ôóíêöi¨ y =
| sinx|
sinx

¹ ìíîæèíà

D(y) =
{
x : x ∈ R \ {πn, n ∈ Z}

}
.

ßêùî sinx > 0, òîáòî x ∈ (2πn; π + 2πn), (n ∈ Z), òî y =
sinx

sinx
= 1.

ßêùî sinx < 0, òîáòî x ∈ (−π + 2πn; 2πn), (n ∈ Z), òî y = −sinx

sinx
= −1.

Îòæå, ïî÷àòêîâó ôóíêöiþ ìîæåìî ïåðåïèñàòè ó âèäi

y =

−1, ÿêùî x ∈ (−π + 2πn; 2πn), (n ∈ Z),

1, ÿêùî x ∈ (2πn; π + 2πn), (n ∈ Z).
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Ãðàôiê ôóíêöi¨ çîáðàæåíèé íà ðèñóíêó 6. I

6

-
x

y

O π−π

1

−1

Ðèñ. 6. Ãðàôiê ôóíêöi¨ y =
| sinx|
sinx

.

4.6. Ç óðàõóâàííÿì òîãî, ùî ïiäêîðåíåâi âèðàçè ïîâèííi áóòè íåâiä'¹ìíè-

ìè, ïiäíåñåìî îáèäâi ÷àñòèíè íåðiâíîñòi äî êâàäðàòó. Òîäi îòðèìà¹ìî ñèñòåìó

íåðiâíîñòåé:

x+
√
6x− 9 ≥ 0,

x−
√
6x− 9 ≥ 0,

6x− 9 ≥ 0,

√
x2 − 6x+ 9 ≥ 3− x.

⇐⇒

x ≥ 3

2
,

|x− 3| ≥ 3− x.

Îñòàííÿ ñèñòåìà ðiâíîñèëüíà îá'¹äíàííþ äâîõ ñèñòåì:

[ { 3

2
≤ x < 3,

−(x− 3) ≥ 3− x,{
x ≥ 3,

x− 3 ≥ 3− x.

Çâiäêè âèïëèâà¹, ùî x ∈
[
3
2 ,+∞

)
. I

5.7. Äëÿ ðîçâ'ÿçóâàííÿ íåðiâíîñòi

|x− 1|lg
2 x−lg x2 > |x− 1|3
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ðîçãëÿäà¹ìî äâà âèïàäêè:

[ { 0 < |x− 1| < 1,

lg2 x− 2 lg x < 3,{
|x− 1| > 1,

lg2 x− 2 lg x > 3,

áî ïðè x−1 = 1 íåðiâíiñòü íå âèêîíó¹òüñÿ, à ðîçâ'ÿçîê ðiâíÿííÿ x−1 = −1 íå

âõîäèòü â îáëàñòü âèçíà÷åííÿ ëîãàðèôìi÷íî¨ ôóíêöi¨. Êðiì òîãî, ïðè x = 1

âèðàç â ëiâié ÷àñòèíi íåðiâíîñòi íå ìà¹ çìiñòó.

Âðàõîâóþ÷è ìîíîòîííiñòü ïîêàçíèêîâî¨ ôóíêöi¨, îòðèìó¹ìî:

[

[
0 < x < 1,

1 < x < 2,

lg2 x− 2 lg x− 3 < 0,{
x > 2,

lg2 x− 2 lg x− 3 > 0.

⇐⇒

[


[
0 < x < 1,

1 < x < 2,

−1 < lg x < 3,{
x > 2,

lg x > 3,{
x > 2,

lg x < −1.

Çâiäñè îòðèìó¹ìî, ùî

x ∈
( 1

10
; 1
)
∪ (1; 2) ∪ (1000; +∞). I

�1.5. Íàéïðîñòiøi âëàñòèâîñòi ôóíêöié. Äîñëiäæåííÿ íà

ìîíîòîííiñòü, ïàðíiñòü, ïåðiîäè÷íiñòü

Ôóíêöiÿ f : R → R íàçèâà¹òüñÿ îáìåæåíîþ çâåðõó (çíèçó) íà ìíî-

æèíi E ⊂ R, ÿêùî ìíîæèíà f(E) îáìåæåíà çâåðõó (çíèçó). ßêùî ôóíêöiÿ

îáìåæåíà i çâåðõó i çíèçó íà ìíîæèíi E , òî âîíà íàçèâà¹òücÿ îáìåæåíîþ

íà E . Â ïðîòèëåæíîìó âèïàäêó, ôóíêöiÿ f ¹ íåîáìåæåíîþ íà ìíîæèíi

E .

Ôóíêöiÿ f : R → R íà ìíîæèíi E ⊂ R íàçèâà¹òüñÿ:
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à) íåñïàäíîþ, ÿêùî ∀x1, x2 ∈ E : x1 < x2 =⇒ f(x1) ≤ f(x2);

á) íåçðîñòàþ÷îþ, ÿêùî ∀x1, x2 ∈ E : x1 < x2 =⇒ f(x1) ≥ f(x2);

â) ñïàäíîþ, ÿêùî ∀x1, x2 ∈ E : x1 < x2 =⇒ f(x1) > f(x2);

ã) çðîñòàþ÷îþ, ÿêùî ∀x1, x2 ∈ E : x1 < x2 =⇒ f(x1) < f(x2).

Ôóíêöiÿ f(x) íàçèâà¹òüñÿ ìîíîòîííîþ íà ìíîæèíi E ⊂ R, ÿêùî âîíà

íà öié ìíîæèíi çàäîâîëüíÿ¹ îäíå ç ïîïåðåäíiõ âèçíà÷åíü. Â îñòàííiõ äâîõ

âèïàäêàõ ôóíêöiÿ f(x) íàçèâà¹òüñÿ ñòðîãî ìîíîòîííîþ.

Ôóíêöiÿ f : E → R íàçèâà¹òüñÿ ïàðíîþ (íåïàðíîþ), ÿêùî:

1) îáëàñòü âèçíà÷åííÿ ôóíêöi¨ D(f) ≡ E ¹ ñèìåòðè÷íîþ âiäíîñíî íóëÿ,

2) äëÿ äîâiëüíîãî x ∈ D(f) âèêîíó¹òüñÿ ðiâíiñòü

f(−x) = f(x)
(
f(−x) = −f(x)

)
.

Áóäü-ÿêó ôóíêöiþ, âèçíà÷åíó ïðè x ∈ R, ìîæíà ïîäàòè ó âèãëÿäi ñóìè

ïàðíî¨ i íåïàðíî¨ ôóíêöié:

f(x) =
f(x) + f(−x)

2
+
f(x)− f(−x)

2
.

Ôóíêöiÿ f : R → R íàçèâà¹òüñÿ ïåðiîäè÷íîþ, ÿêùî

∃T ̸= 0 : f(x+ T ) = f(x), ∀x ∈ D(f).

Ïðè öüîìó ÷èñëî T íàçèâà¹òüñÿ ïåðiîäîì ôóíêöi¨ f(x). Çàóâàæèìî, ùî

ÿêùî T ¹ ïåðiîäîì ôóíêöi¨ f(x), òî äëÿ äîâiëüíîãî ÷èñëà n ∈ Z âåëè÷èíà nT

òàêîæ ¹ ïåðiîäîì ôóíêöi¨ f(x). Íàéìåíøå ç äîäàòíèõ ÷èñåë T íàçèâà¹òüñÿ

îñíîâíèì ïåðiîäîì ôóíêöi¨ f(x).

Âïðàâè

1. Äîâåñòè, ùî ôóíêöiÿ:

1) y =
1

x2
îáìåæåíà çíèçó íà iíòåðâàëi (0; 1),

2) y = −3x îáìåæåíà çâåðõó íà ìíîæèíi R,

3) y =
3 + 2x2

2 + 3x4
îáìåæåíà íà ìíîæèíi R,

4) y =
1

x
sin

1

x
íå áóäå îáìåæåíîþ â æîäíîìó îêîëi òî÷êè x = 0.
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2. Çíàéòè ïðîìiæêè ìîíîòîííîñòi ôóíêöié:

1) y = x2 − 5x+ 7, 2) y =
1

x2
,

3) y =
1

x− 3
, 4) y =

x+ 2

2x− 5
,

5) y = 10lg x, 6) y = {x},

7) y = [x], 8) y = sin(arcsin x).

3. Äîñëiäèòè íàñòóïíi ôóíêöi¨ íà ïàðíiñòü:

1) y =
x3 + x2

x+ 1
, 2) y =

√
9− x2,

3) y = x · a
x + 1

ax − 1
, 4) y = log3

1 + x

1− x
,

5) y = 5cosx + |x|, 6) y = [x],

7) y = log2
(
x+

√
x2 + 1

)
, 8) y = sin2 x+ cos 3x,

9) y = sin
x3 − x2

x− 1
, 10) y = arcsin(sin x).

4. Ïîäàòè ó âèãëÿäi ñóìè ïàðíî¨ i íåïàðíî¨ ôóíêöié çàäàíi ôóíêöi¨:

1) x4 + 2x3 − 3x2 + 1, 2) y = (x+ 1)3,

3) y =
2x + 2−x

2
+

2x − 2−x

2
, 4) y = 3

√
x− 1,

5) y = cos x+ x3 − 2x+ 1, 6) y = 3x.

5. Âèçíà÷èòè, ÿêi ç íàñòóïíèõ ôóíêöié ¹ ïåðiîäè÷íèìè, i âêàçàòè ¨õíié

ïåðiîä:

1) y = cos 3x, 2) y = sin
(
2x+

π

12

)
,

3) y = cos4 x+ sin4 x, 4) y = 2cos
(
2x+π

4

)
,

5) y = [x], 6) y = {x},

7) y = sin
2x

5π
cos

2x

3π
, 8) y = cos x2,
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9) y = ctg
(
2πx+ 3

)
, 10) y = tg(

√
3x+ 3).

6. Äîâåñòè, ùî ïåðiîäè ôóíêöié

f(x) =
k∑
i=1

ai sinnix+

p∑
i=1

bi cosmix, ni,mi ∈ N,

f(x) =
k∑
i=1

ai tg nix+

p∑
i=1

bi ctgmix, ni,mi ∈ N,

âèçíà÷àþòüñÿ âiäïîâiäíî çà ôîðìóëàìè

T =
2π

ÍÑÄ(n1, . . . , nk,m1, . . . ,mp)
, T =

π

ÍÑÄ(n1, . . . , nk,m1, . . . ,mp)
.

7. Äîâåñòè, ùî ïåðiîäè ôóíêöié

f(x) =
k∑
i=1

ai sinnix, i f(x) =
k∑
i=1

bi tg nix,

äå ni =
pi
qi
, (i = 1, k) i pi, qi ∈ N, âèçíà÷àþòüñÿ âiäïîâiäíî çà ôîðìóëàìè:

T =
ÍÑÊ(q1, q2, . . . , qk)
ÍÑÄ(p1, p2, . . . , pk)

· 2π, T =
ÍÑÊ(q1, q2, . . . , qk)
ÍÑÄ(p1, p2, . . . , pk)

· π.

8. Âèêîðèñòîâóþ÷è ôîðìóëè ç âïðàâ 6-7, äîâåñòè ïåðiîäè÷íiñòü çàäàíèõ

ôóíêöié i âêàçàòè ¨õ îñíîâíi ïåðiîäè:

1) y = sin 2x+ cos 3x, 2) y = cos x+ sin
√
2x,

3) y = sin
x

2
+ sin

x

10
, 4) y = tg x+ ctg

x

3
+ tg

4x

5
,

5) y = tg x+ 2 tg
x

3
, 6) y = sin x+ cos 3x− tg 5x.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ çàäà÷

1.3. Çàóâàæèìî, ùî ôóíêöiÿ y(x) =
3 + 2x2

2 + 3x4
> 0 äëÿ äîâiëüíîãî x ∈ R.

Îòæå, âîíà ¹ îáìåæåíîþ çíèçó.

Ç iíøîãî áîêó
3 + 2x2

2 + 3x4
=

3

2 + 3x4
+

2x2

2 + 3x4
≤
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≤ 3

2
+

x2

1 + 3
2x

4
≤ 3

2
+

x2

2
√

3
2 · x2

=
9+

√
6

6
,

êðiì x ̸= 0. Çàóâàæèìî, ùî â îñòàííié íåðiâíîñòi ìè ñêîðèñòàëèñü òèì, ùî

1 + x2 ≥ 2x.

Îñêiëüêè y(0) =
3

2
, òî äëÿ äîâiëüíîãî x∈R ìà¹ìî, ùî 0 < y(x) ≤ 9 +

√
6

6
,

òîáòî ôóíêöiÿ y(x) =
3 + 2x2

2 + 3x4
¹ îáìåæåíîþ íà âñié ÷èñëîâié îñi. I

3.3. Îáëàñòþ âèçíà÷åííÿ ôóíêöi¨ y = x · a
x + 1

ax − 1
¹ ìíîæèíà

D(y) =
{
x : x ∈ (−∞; 0) ∪ (0;+∞)

}
,

ÿêà ñèìåòðè÷íà âiäíîñíî íóëÿ.

Äàëi

y(−x) = (−x) · a
−x + 1

a−x − 1
= (−x) · 1 + ax

1− ax
= x · a

x + 1

ax − 1
= y(x).

Îòæå, ôóíêöiÿ y = x · a
x + 1

ax − 1
¹ ïàðíîþ. I

5.3. Âèêîðèñòà¹ìî îçíà÷åííÿ ïåðiîäè÷íî¨ ôóíêöi¨. Ðîçâ'ÿæåìî ðiâíÿííÿ

cos4(x+ T ) + sin4(x+ T )− cos4 x− sin4 x = 0

âiäíîñíî T.

Îòðèìà¹ìî:

1− 2 cos2(x+ T ) sin2(x+ T )− 1 + 2 cos2 x sin2 x = 0,

−1

2
sin2(2x+ 2T ) +

1

2
sin2 2x = 0,(

sin 2x− sin(2x+ 2T )
)
·
(
sin 2x+ sin(2x+ 2T )

)
= 0.

Çâiäêè

sinT · cos(2x+ T ) · sin(2x+ T ) · cosT = 0.

Â ðåçóëüòàòi çàñòîñóâàííÿ ôîðìóëè äëÿ ñèíóñà ïîäâiéíîãî êóòà îòðèìó¹-

ìî ðiâíÿííÿ

sin 2T · sin(4x+ 2T ) = 0,
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ç ÿêîãî T =
π

2
+ πn, n ∈ Z.

Îòæå, ôóíêöiÿ y = cos4 x + sin4 x ¹ ïåðiîäè÷íîþ ç îñíîâíèì ïåðiîäîì

T =
π

2
. I
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ïîñëiäîâíîñòåé

×èñëî a ∈ R íàçèâà¹òüñÿ ãðàíèöåþ ÷èñëîâî¨ ïîñëiäîâíîñòi {xn},

ÿêùî (
∀ε > 0

)(
∃N(ε) ∈ N

)
(∀n > N(ε)) : {|xn − a| < ε},

i ïîçíà÷à¹òüñÿ lim
n→∞

xn = a.

Ïîñëiäîâíîñòi, ÿêi ìàþòü ñêií÷åííó ãðàíèöþ, íàçèâàþòüñÿ çáiæíèìè , à

ïîñëiäîâíîñòi, ãðàíèöÿ ÿêèõ ðiâíà íóëþ � íåñêií÷åííî ìàëèìè. Ïîñëiäîâ-

íîñòi, ÿêi íå ìàþòü ñêií÷åííî¨ ãðàíèöi, íàçèâàþòüñÿ ðîçáiæíèìè . Ñåðåä

ðîçáiæíèõ ïîñëiäîâíîñòåé âèäiëÿþòü íåñêií÷åííî âåëèêi ïîñëiäîâíîñòi.

Ïîñëiäîâíiñòü {xn} íàçèâà¹òüñÿ íåñêií÷åííî âåëèêîþ, ÿêùî(
∀E > 0

)(
∃N(E) ∈ N

)
(∀n > N(E)) : {|xn| > E}.

ßêùî, ïî÷èíàþ÷è ç äåÿêîãî íîìåðà, ÷ëåíè íåñêií÷åííî âåëèêî¨ ïîñëiäîâíîñòi

äîäàòíi (âiä'¹ìíi), òî â òàêîìó âèïàäêó lim
n→∞

xn = +∞
(
lim
n→∞

xn = −∞
)
.

Ïîñëiäîâíiñòü {xn} íàçèâà¹òüñÿ îáìåæåíîþ çâåðõó (çíèçó), ÿêùî:(
∃M ∈ R

)(
∀n ∈ N

)
: {xn < M},

(
{xn > M}

)
.

ßêùî ïîñëiäîâíiñòü îáìåæåíà çâåðõó i çíèçó, òî âîíà íàçèâà¹òüñÿ îáìå-

æåíîþ.

Âëàñòèâîñòi çáiæíèõ ïîñëiäîâíîñòåé

1. Çáiæíà ïîñëiäîâíiñòü ìà¹ ëèøå îäíó ãðàíèöþ.

2. ßêùî iñíó¹ lim
n→∞

xn = a, òîäi äëÿ äîâiëüíîãî ÷èñëà c ∈ R iñíó¹

lim
n→∞

(
c · xn

)
= c · lim

n→∞
xn = c · a.
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3. ßêùî iñíóþòü ãðàíèöi lim
n→∞

xn = a i lim
n→∞

xn = b, òîäi iñíóþòü íàñòóïíi

ãðàíèöi:

à) lim
n→∞

(
xn ± yn

)
= lim

n→∞
xn ± lim

n→∞
yn = a± b,

á) lim
n→∞

(xn · yn) = lim
n→∞

xn · lim
n→∞

yn = a · b,

â) lim
n→∞

xn
yn

=
lim
n→∞

xn

lim
n→∞

yn
=
a

b
, äå lim

n→∞
yn ̸= 0.

4. ßêùî lim
n→∞

xn = a i äëÿ âñiõ n, ïî÷èíàþ÷è ç äåÿêîãî, âèêîíó¹òüñÿ

íåðiâíiñòü xn ≥ b (xn ≤ b), òî a ≥ b (a ≤ b).

5. ßêùî lim
n→∞

xn = a, lim
n→∞

yn = a i, ïî÷èíàþ÷è ç äåÿêîãî n, âèêîíó¹òüñÿ

íåðiâíiñòü xn ≤ zn ≤ yn, òî lim
n→∞

zn = a (òåîðåìà ïðî òðè ïîñëiäîâíîñòi).

Âïðàâè

1. Äîâåñòè îáìåæåíiñòü ÷èñëîâèõ ïîñëiäîâíîñòåé:

1) xn =
n2

2n2 + 1
, 2) xn =

3n+ 1

2n+ 7
,

3) xn = (−1)n sin πn, 4) xn =
1− 2n

2n+ 3
.

2. Êîðèñòóþ÷èñü îçíà÷åííÿì ãðàíèöi ïîñëiäîâíîñòi, äîâåñòè, ùî:

1) lim
n→∞

n+ 1

2n
=

1

2
, 2) lim

n→∞

2n2 + 1

3n2 − 2
=

2

3
,

3) lim
n→∞

√
n2 + 3

n
= 1, 4) lim

n→∞

n− 1

n2 + 1
= 0,

5) lim
n→∞

4n + 1

4n
= 1, 6) lim

n→∞
n
√
a = 1, a > 0,

7) lim
n→∞

n
√
n = 1, 8) lim

n→∞

1

n2
sin

πn

2
= 0.

3. Âñòàíîâèòè, ÿêi ç íàâåäåíèõ ïîñëiäîâíîñòåé ¹ íåñêií÷åííî âåëèêèìè, à

ÿêi � íåñêií÷åííî ìàëèìè:

1) xn =
1

n4
, 2) xn = n3,

3) xn =
n3 + 1

2n2 + 1
, 4) xn =

√
n2 − 1−

√
n2 + 2,
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5) xn =
(−1)nn2

n+ 1
, 6) xn =

3n + 1

2n − 1
,

7) xn =
1

5n
, 8) xn =

1

n
cos

πn

2
.

4. Äîâåñòè íàñòóïíi ðiâíîñòi:

1) lim
n→∞

n

2n
= 0, 2) lim

n→∞

an

n!
= 0,

3) lim
n→∞

nk

an
= 0, a > 1, 4) lim

n→∞
n · qn = 0, |q| < 1,

5) lim
n→∞

loga n

n
= 0, a > 1, 6) lim

n→∞

1
n
√
n!

= 0.

5. Îá÷èñëèòè ãðàíèöi ÷èñëîâèõ ïîñëiäîâíîñòåé:

1) xn =
n∑
k=1

1

(3k − 2)(3k + 1)
, 2) xn =

n∑
k=1

1

(5k − 3)(5k + 2)
,

3) xn =
n∑
k=1

1

(2k − 1)(2k + 1)
, 4) xn =

n∑
k=1

1

k(k + 1)(k + 2)
,

5) xn =
n∑
k=1

1

(3k − 1)(3k + 2)(3k + 5)
, 6) xn =

n∑
k=1

k

(2k − 1)2(2k + 1)2
,

7) xn =
n∑
k=1

k · 2−k, 8) xn =
1

n2

n∑
k=1

k(k + 1).

6. Îá÷èñëèòè ãðàíèöi ÷èñëîâèõ ïîñëiäîâíîñòåé:

1) lim
n→∞

3n2 − 5n+ 5

7n2 − 6
, 2) lim

n→∞

4
√
n5 − 6− 3

√
n2 + 5

6
√
32n− 1− 5

√
n5 + 9

,

3) lim
n→∞

(
n2

n+ 1
− n3

n2 + 5

)
, 4) lim

n→∞

(√
n2 + 4−

√
n2 − 4

)
n,

5) lim
n→∞

(
3
√
n+ 8− 3

√
n− 8

)
, 6) lim

n→∞

(√
(n+ 3)(n+ 1)−

√
n(n+ 1)

)
,

7) lim
n→∞

√
n2 + 1−

√
n2 − 1√

n2 + n− n− 1
, 8) lim

n→∞

2n+3 + 3n+2

2n + 7 · 3n
,

9) lim
n→∞

2n + 3−n

2−n − 3n
, 10) lim

n→∞

1 · 2 + 2 · 3 + . . .+ n(n+ 1)

2n3 + 1
,
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11) lim
n→∞

(n+ 3)! + (n+ 2)!

(n+ 3)!− (n+ 2)!
, 12) lim

n→∞

(n− 1)! + (n+ 1)!

n!(2n− 3)
,

13) lim
n→∞

1 + 1
3 + . . .+ 1

3n

1 + 1
2 + . . .+ 1

2n

, 14) lim
n→∞

1− 2 + 3− 4 + . . .+ (2n− 1)− 2n

n
,

15) lim
n→∞

12 + 22 + . . .+ n2

n3
, 16) lim

n→∞

(
2

n2 + 1
+

4

n2 + 1
+ . . .+

2n

n2 + 1

)
,

17) lim
n→∞

n
√
n2 + n

√
5

2
n
√
n3 − n

√
4n
, 18) lim

n→∞

1 + a+ a2 + . . .+ an

1 + b+ b2 + . . .+ bn
, |a| < 1, |b| < 1,

19) lim
n→∞

2n arctg 5n

n3 + 7
, 20) lim

n→∞

(
12 + 22 + . . .+ n2

(n+ 1)(n+ 2)
− n

3

)
.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

2.2. Çàôiêñó¹ìî äîâiëüíå ÷èñëî ε > 0 i ïîêàæåìî, ùî iñíó¹ òàêèé íîìåð

N(ε), ùî äëÿ âñiõ ÷ëåíiâ ïîñëiäîâíîñòi ç íîìåðàìè n > N(ε) âèêîíó¹òüñÿ

íåðiâíiñòü ∣∣∣2n2 + 1

3n2 − 2
− 2

3

∣∣∣ < ε.

Ðîçâ'ÿæåìî öþ íåðiâíiñòü âiäíîñíî n :∣∣∣2n2 + 1

3n2 − 2
− 2

3

∣∣∣ = ∣∣∣ 7

9n2 − 6

∣∣∣ < ε.

Çâiäñè, âðàõîâóþ÷è, ùî n ∈ N, îòðèìà¹ìî

n2 >
7

9ε
+

2

3
,

àáî n>

√
7

9ε
+
2

3
. Òîäi N(ε) =

[√
7

9ε
+
2

3

]
.

Îòæå, ÿêùî n >

[√
7

9ε
+

2

3

]
, òî íåðiâíiñòü

∣∣∣2n2 + 1

3n2 − 2
− 2

3

∣∣∣ < ε âèêîíó¹òüñÿ

äëÿ äîâiëüíîãî íàïåðåä çàäàíîãî ÷èñëà ε > 0. I
2.7. Âèêîðèñòîâóþ÷è ôîðìóëó áiíîìà Íüþòîíà äëÿ n ≥ 2, ìà¹ìî

n =
(
1 + n

√
n− 1

)n
=
(
1 +

(
n
√
n− 1

))n
=

= 1+n
(

n
√
n−1

)
+
n(n− 1)

2

(
n
√
n−1

)2
+ . . .+

(
n
√
n−1

)n
>
n(n− 1)

2

(
n
√
n−1

)2
.
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Çâiäñè n >
n(n− 1)

2
α2
n, äå αn =

n
√
n− 1. Òîäi

n

n− 1
>
n

2
α2
n =⇒ 1

n− 1
>
α2
n

2
> 0.

Îñêiëüêè lim
n→∞

1

n− 1
= 0, òî ç âëàñòèâîñòi 5 äëÿ ãðàíèöi ïîñëiäîâíîñòi

âèïëèâà¹, ùî lim
n→∞

αn = 0, òîáòî lim
n→∞

n
√
n = 1. I

5.1. Îñêiëüêè

1

(3n− 2)(3n+ 1)
=

1

3

(
1

3n− 2
− 1

3n+ 1

)
,

òî

xn =
n∑
k=1

1

(3k − 2)(3k + 1)
=

1

3

(
1−1

4

)
+
1

3

(1
4
−1

7

)
+. . .+

1

3

( 1

3n− 2
− 1

3n+ 1

)
=

=
1

3

(
1− 1

4
+

1

4
− 1

7
+ . . .+

1

3n− 2
− 1

3n+ 1

)
=

1

3

(
1− 1

3n+ 1

)
.

Îòæå,

lim
n→∞

xn = lim
n→∞

1

3

(
1− 1

3n+ 1

)
=

1

3
. I

6.8. Ïîäiëèìî ÷èñåëüíèê i çíàìåííèê äðîáó íà 3n i ñêîðèñòà¹ìîñü âëà-

ñòèâiñòþ 3 â) äëÿ ãðàíèöi ÷àñòêè ïîñëiäîâíîñòåé. Òîäi

lim
n→∞

2n+3 + 3n+2

2n + 7 · 3n
= lim

n→∞

8 ·
(
2
3

)n
+ 9(

2
3

)n
+ 7

=

=
8 · lim

n→∞

(
2
3

)n
+ 9

lim
n→∞

(
2
3

)n
+ 7

=

∣∣∣∣ limn→∞

(
2

3

)n
= 0

∣∣∣∣ = 9

7
. I

6.17. Äëÿ çíàõîäæåííÿ ãðàíèöi äàíî¨ ïîñëiäîâíîñòi ñêîðèñòà¹ìîñü òèì,

ùî lim
n→∞

n
√
n = 1. Òîäi

lim
n→∞

n
√
n2 + n

√
5

2
n
√
n3 − n

√
4n

= lim
n→∞

(
n
√
n
)2

+ n
√
5

2 ·
(

n
√
n
)3 − n

√
4 · n

√
n
= lim

n→∞

1 + n
√
5

2− n
√
4
.

Îñêiëüêè lim
n→∞

n
√
a = 1, äå a > 0, òî

lim
n→∞

1 + n
√
5

2− n
√
4
= 2. I
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�1.7. Ìîíîòîííi ïîñëiäîâíîñòi. Êðèòåðié Êîøi

Ïîñëiäîâíiñòü {xn} íàçèâà¹òüñÿ çðîñòàþ÷îþ (ñïàäíîþ), ÿêùî äëÿ äî-

âiëüíîãî íîìåðà n ∈ N âèêîíó¹òüñÿ íåðiâíiñòü xn < xn+1 (xn > xn+1). Ïîñëi-

äîâíiñòü {xn} íàçèâà¹òüñÿ íåñïàäíîþ (íåçðîñòàþ÷îþ), ÿêùî äëÿ äîâiëü-

íîãî íîìåðà n ∈ N âèêîíó¹òüñÿ íåðiâíiñòü xn ≤ xn+1 (xn ≥ xn+1). Çðîñòàþ÷i

òà ñïàäíi, íåñïàäíi òà íåçðîñòàþ÷i ïîñëiäîâíîñòi íàçèâàþòüñÿ ìîíîòîííè-

ìè .

ßêùî ïîñëiäîâíiñòü {xn} ¹ çðîñòàþ÷îþ (ñïàäíîþ) i îáìåæåíîþ çâåðõó

(çíèçó), òî âîíà ìà¹ ñêií÷åííó ãðàíèöþ, ïðè÷îìó

lim
n→∞

xn = sup{xn},
(
lim
n→∞

xn = inf{xn}
)
.

ßêùî ïîñëiäîâíiñòü {xn} ¹ çðîñòàþ÷îþ (ñïàäíîþ) i íåîáìåæåíîþ çâåðõó

(çíèçó), òî ãðàíèöÿ öi¹¨ ïîñëiäîâíîñòi äîðiâíþ¹ +∞ (−∞).

Êðèòåðié Êîøi. Ïîñëiäîâíiñòü {xn} ¹ çáiæíîþ òîäi i òiëüêè òîäi, êîëè(
∀ε > 0

)(
∃N(ε) ∈ N

)(
∀n > N(ε)

)(
∀p ∈ N

)
:
{∣∣xn+p − xn

∣∣ < ε
}
.

Äëÿ ìîíîòîííî¨ i îáìåæåíî¨ ïîñëiäîâíîñòi
{(

1 +
1

n

)n}
ñïðàâåäëèâèìè ¹

íàñòóïíi ãðàíèöi:

1) lim
n→∞

(
1 +

1

n

)n
= e, äå e = 2, 718281828...,

2) lim
n→∞

(
1 +

k

n

)n
= ek, k ∈ Z,

3) lim
n→∞

(
1 +

1

pn

)pn
= e, äå {pn} � ÷èñëîâà ïîñëiäîâíiñòü òàêà, ùî

lim
n→∞

pn = +∞.

Âïðàâè

1. Äëÿ äàíèõ ïîñëiäîâíîñòåé âèçíà÷èòè íîìåð N , ïî÷èíàþ÷è ç ÿêîãî öi

ïîñëiäîâíîñòi ¹ ìîíîòîííèìè:

1) xn = n2 − 49n− 50, 2) xn =
3n

n5
,

3) xn = n+
100

n
, 4) xn =

(
1− 2

n

)n
,
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5) xn =
2n

100n2
, 6) xn =

1

n+ 1
+

1

n+ 2
+ . . .+

1

2n
,

7) xn = (−1)n
(
2 +

3

n

)
, 8) xn =

10

1
· 11
3

· . . . · n+ 9

2n− 1
.

2. Äîâåñòè çáiæíiñòü ïîñëiäîâíîñòi {xn}, ÿêùî

1) xn = 1 +
1

22
+

1

32
+ . . .+

1

n2
,

2) xn =
1

2 + 1
+

1

22 + 1
+ . . .+

1

2n + 1
,

3) xn =
1

5 + 1
+

1

52 + 2
+ . . .+

1

5n + n
,

4) xn = 1 +
1

2 · 2
+

1

3 · 22
+

1

4 · 23
+ . . .+

1

n · 2n−1
,

5) xn = 1− 1

4xn−1
, äå x1 = 1,

6) xn =
1

3

(
1 + xn−1 + x3n−2

)
, äå x1 = 0, x2 =

1

2
.

3. Âèêîðèñòîâóþ÷è êðèòåðié Êîøi, äîâåñòè çáiæíiñòü ïîñëiäîâíîñòåé:

1) xn =
n∑
k=0

akq
k, äå |ak| < M, |q| < 1, 2) xn =

n∑
k=1

sin k

2k
,

3) xn =
n∑
k=1

cos k!

5k
, 4) xn =

n∑
k=1

cos k!

k(k + 1)
.

4. Îá÷èñëèòè ãðàíèöi ÷èñëîâèõ ïîñëiäîâíîñòåé

1) lim
n→∞

(
1 +

1

4n

)n
, 2) lim

n→∞

(
1− 2

n

)5n

,

3) lim
n→∞

(
2n+ 5

2n− 3

)n
, 4) lim

n→∞

(
n2 − 3

n2 + 5

)n2
,

5) lim
n→∞

(
n2 − 2n+ 1

n2 + n+ 1

)n
, 6) lim

n→∞
n
√
2n+ 5,

7) lim
n→∞

(
n+ 1

n+ 2

)1−
√
n

1−n

, 8) lim
n→∞

n

√
3 +

1

n
,

9) lim
n→∞

(
n2 + 3n

n2 + 4n+ 3

)n
, 10) lim

n→∞

(
3n + 1

3n

)3n

.
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Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.2. ßêùî xn =
3n

n5
, òî

xn+1 − xn =
3n+1

(n+ 1)5
− 3n

n5
=

= 3n ·
(

3

(n+ 1)5
− 1

n5

)
=

3n

n5

(
3(

1 + 1
n

)5 − 1

)
> 0,

ïðè n >
1

5
√
3− 1

, òîáòî ïî÷èíàþ÷è ç n = 5.

Îòæå, ïîñëiäîâíiñòü xn =
3n

n5
¹ ìîíîòîííî çðîñòàþ÷îþ, ïî÷èíàþ÷è ç ï'ÿ-

òîãî íîìåðà. I
2.3. Îñêiëüêè

xn+1 − xn =

(
1

5 + 1
+

1

52 + 2
+ . . .+

1

5n + n
+

1

5n+1 + n+ 1

)
−

−
(

1

5 + 1
+

1

52 + 2
+ . . .+

1

5n + n

)
=

1

5n+1 + n+ 1
> 0,

òî ïîñëiäîâíiñòü {xn} ¹ ìîíîòîííî çðîñòàþ÷îþ.

Ïîêàæåìî, ùî {xn} ¹ îáìåæåíîþ çâåðõó. Äiéñíî, äëÿ äîâiëüíîãî n ∈ N

îòðèìà¹ìî

xn =
1

5 + 1
+

1

52 + 2
+ . . .+

1

5n + n
<

1

5
+

1

52
+ . . .+

1

5n
=

=
1
5

(
1−

(
1
5

)n)
1− 1

5

<
1

4
.

Îòæå, çà òåîðåìîþ ïðî ãðàíèöþ ìîíîòîííî¨ ïîñëiäîâíîñòi îòðèìó¹ìî, ùî

ïîñëiäîâíiñòü {xn} ¹ çáiæíîþ. I
3.3. Íåõàé ε > 0 � çàäàíå ôiêñîâàíå ÷èñëî. Çà êðèòåði¹ì Êîøi îòðèìó¹ìî

|xn+p − xn| =
∣∣∣∣(cos 1!5

+ . . .+
cosn!

5n
+ . . .+

cos(n+ p)!

5n+p

)
−

−
(
cos 1!

5
+ . . .+

cosn!

5n

)∣∣∣∣ = ∣∣∣∣cos(n+ 1)!

5n+1
+ . . .+

cos(n+ p)!

5n+p

∣∣∣∣ ≤
≤ 1

5n+1
+

1

5n+2
+ . . .+

1

5n+p
=

1

5n+1
·
1−

(
1
5

)p
1− 1

5

<
1

5n+1
· 5
4
=

1

4 · 5n
< ε,
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ÿêùî n > log5
1

4ε
.

Îòæå, N(ε) =

[
log5

1

4ε

]
. I

4.5. Âèêîðèñòîâóþ÷è âëàñòèâiñòü 3) äëÿ ìîíîòîííî¨ ïîñëiäîâíîñòi, îòðè-

ìà¹ìî:

lim
n→∞

(
n2 − 2n+ 1

n2 + n+ 1

)n
= lim
n→∞

(
n2 + n+ 1− 3n

n2 + n+ 1

)n
= lim

n→∞

(
1− 3n

n2 + n+ 1

)n
=

= lim
n→∞

(
1− 3n

n2 + n+ 1

)(−n2+n+1
3n

)
·
(
− 3n2

n2+n+1

)
= e

lim
n→∞

−3n2

n2+n+1 = e−3 =
1

e3
. I

Iíäèâiäóàëüíi çàâäàííÿ äî ðîçäiëó I

Çàäà÷à 1. Äîâåñòè, ùî lim
n→∞

an = a (çíàéòè N(ε)).

1.1. an =
3n− 2

2n− 1
, a =

3

2
. 1.2. an =

4n− 1

2n+ 1
, a = 2.

1.3. an =
7n+ 4

2n+ 1
, a =

7

2
. 1.4. an =

2n− 5

3n+ 1
, a =

2

3
.

1.5. an =
7n− 1

n+ 1
, a = 7. 1.6. an =

4n2 + 1

3n2 + 2
, a =

4

3
.

1.7. an =
9− n3

1 + 2n3
, a = −1

2
. 1.8. an =

4n− 3

2n+ 1
, a = 2.

1.9. an =
1− 2n2

2 + 4n2
, a = −1

2
. 1.10. an = − 5n

n+ 1
, a = −5.

1.11. an =
n+ 1

1− 2n
, a = −1

2
. 1.12. an =

2n+ 1

3n− 5
, a =

2

3
.

1.13. an =
1− 2n2

n2 + 3
, a = −2. 1.14. an =

3n2

2− n2
, a = −3.

1.15. an =
n

3n− 1
, a =

1

3
. 1.16. an =

3n3

n3 − 1
, a = 3.

1.17. an =
4 + 2n

1− 3n
, a = −2

3
. 1.18. an =

5n+ 15

6− n
, a = −5.

1.19. an =
3− n2

1 + 2n2
, a = −1

2
. 1.20. an =

2n− 1

2− 3n
, a = −2

3
.

1.21. an =
3n− 1

5n+ 1
, a =

3

5
. 1.22. an =

4n− 3

2n+ 1
, a = 2.

1.23. an =
1− 2n2

2 + 4n2
, a = −1

2
. 1.24. an =

5n+ 1

10n− 3
, a =

1

2
.
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1.25. an =
2− 2n

3 + 4n
, a = −1

2
. 1.26. an =

23− 4n

2− n
, a = 4.

1.27. an =
1 + 3n

6− n
, a = −3. 1.28. an =

2n+ 3

n+ 5
, a = 2.

1.29. an =
3n2 + 2

4n2 − 1
, a =

3

4
. 1.30. an =

2− 3n2

4 + 5n2
, a = −3

5
.

Çàäà÷à 2. Îá÷èñëèòè ãðàíèöi ïîñëiäîâíîñòåé.

2.1. lim
n→∞

(3− n)2 + (3 + n)2

(3− n)2 − (3 + n)2
. 2.2. lim

n→∞

(3− n)4 − (2− n)4

(1− n)4 − (1 + n)4
.

2.3. lim
n→∞

(3− n)4 − (2− n)4

(1− n)3 − (1 + n)3
. 2.4. lim

n→∞

(1− n)4 − (1 + n)4

(1 + n)3 − (1− n)3
.

2.5. lim
n→∞

(6− n)2 − (6 + n)2

(6 + n)2 − (1− n)2
. 2.6. lim

n→∞

(n+ 1)3 − (n+ 1)2

(n− 1)3 − (n+ 1)3
.

2.7. lim
n→∞

(1 + 2n)3 − 8n3

(1 + 2n)2 + 4n2
. 2.8. lim

n→∞

(3− 4n)2

(n− 3)3 − (n+ 3)3
.

2.9. lim
n→∞

(3− n)3

(n+ 1)2 − (n+ 1)3
. 2.10. lim

n→∞

(n+ 1)2 + (n− 1)2 − (n+ 2)3

(4− n)3
.

2.11. lim
n→∞

2 (n+ 1)3 − (n− 2)3

n2 + 2n− 3
. 2.12. lim

n→∞

(n+ 1)3 + (n+ 2)3

(n+ 4)3 + (n+ 5)3
.

2.13. lim
n→∞

(n+ 3)3 + (n+ 4)3

(n+ 3)4 − (n+ 4)4
. 2.14. lim

n→∞

(n+ 1)4 − (n− 1)4

(n+ 1)3 + (n− 1)3
.

2.15. lim
n→∞

8n3 − 2n

(n+ 1)4 − (n− 1)4
. 2.16. lim

n→∞

(n+ 6)3 − (n+ 1)3

(2n+ 3)2 + (n+ 4)2
.

2.17. lim
n→∞

(2n− 3)3 − (n+ 5)3

(3n− 1)3 + (2n+ 3)3
. 2.18. lim

n→∞

(n+ 10)2 + (3n+ 1)2

(n+ 6)3 − (n+ 1)3
.

2.19. lim
n→∞

(2n+ 1)3 + (3n+ 2)3

(2n+ 3)3 − (n− 7)3
. 2.20. lim

n→∞

(n+ 7)3 − (n+ 2)3

(3n+ 2)2 + (4n+ 1)2
.

2.21. lim
n→∞

(2n+ 1)3 − (2n+ 3)3

(2n+ 1)2 + (2n+ 3)2
. 2.22. lim

n→∞

n3 − (n− 1)3

(n+ 1)4 − n4
.

2.23. lim
n→∞

(n+ 2)4 − (n− 2)4

(n+ 5)2 + (n− 5)2
. 2.24. lim

n→∞

(n+ 1)4 − (n− 1)4

(n+ 1)3 + (n− 1)3
.

2.25. lim
n→∞

(n+ 1)3 − (n− 1)3

(n+ 1)2 − (n− 1)2
. 2.26. lim

n→∞

(n+ 1)3 − (n− 1)3

(n+ 1)2 + (n− 1)2
.

2.27. lim
n→∞

(n+ 2)3 + (n− 2)3

n4 + 2n2 − 1
. 2.28. lim

n→∞

(n+ 1)3 + (n− 1)3

n3 − 2n
.
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2.29. lim
n→∞

(n+ 1)3 + (n− 1)3

n3 + 1
. 2.30. lim

n→∞

(n+ 2)2 − (n− 2)2

(n+ 3)2
.

Çàäà÷à 3. Îá÷èñëèòè ãðàíèöi ïîñëiäîâíîñòåé.

3.1. lim
n→ ∞

n
3
√
5n2 + 4

√
9n8 + 1

(n+
√
n)

√
7− n+ n2

. 3.2. lim
n→ ∞

√
n− 1−

√
n2 + 1

3
√
3n3 + 3 + 4

√
n5 + 1

.

3.3. lim
n→ ∞

√
n3 + 1−

√
n− 1

3
√
n3 + 1−

√
n− 1

. 3.4. lim
n→ ∞

3
√
n2 − 1 + 7n3

4
√
n12 + n+ 1− n

.

3.5. lim
n→ ∞

√
3n− 1− 3

√
125n3 + n

5
√
n− n

. 3.6. lim
n→ ∞

n 5
√
n− 3

√
27n6 + n2

(n+ 4
√
n)

√
9 + n2

.

3.7. lim
n→ ∞

√
n+ 2−

√
n2 + 2

4
√
4n4 + 1− 3

√
n4 − 1

. 3.8. lim
n→ ∞

√
n4 + 2 +

√
n− 2

4
√
n4 + 2 +

√
n− 2

.

3.9. lim
n→ ∞

6n3 −
√
n5 + 1√

4n6 + 3− n
. 3.10. lim

n→ ∞

√
5n+ 2− 3

√
8n3 + 5

4
√
n+ 7− n

.

3.11. lim
n→ ∞

n 4
√
3n+ 1 +

√
81n4 − n2 + 1

(n+ 3
√
n)

√
5− n+ n2

. 3.12. lim
n→ ∞

√
n+ 3−

√
n2 − 3

3
√
n5 − 4− 4

√
n4 + 1

.

3.13. lim
n→ ∞

√
n5 + 3−

√
n− 3

5
√
n5 + 3 +

√
n− 3

. 3.14. lim
n→ ∞

3
√
n− 9n2

3n− 4
√
9n8 + 1

.

3.15. lim
n→ ∞

√
4n+ 1− 3

√
27n3 + 4

4
√
n− 3

√
n5 + n

. 3.16. lim
n→ ∞

n 3
√
7n− 4

√
81n8 − 1

(n+ 4
√
n)

√
n2 − 5

.

3.17. lim
n→ ∞

3
√
n3 − 7 + 3

√
n2 + 4

4
√
n5 + 5 +

√
n

. 3.18. lim
n→ ∞

√
n6 + 4 +

√
n− 4

5
√
n6 + 6−

√
n− 6

.

3.19. lim
n→ ∞

4n2 − 4
√
n3

3
√
n6 + n3 + 1− 5n

. 3.20. lim
n→ ∞

√
n+ 3− 3

√
8n3 + 3

4
√
n+ 4− 5

√
n5 + 5

.

3.21. lim
n→ ∞

n 4
√
11n+

√
25n4 − 81

(n− 7
√
n)

√
n2 − n+ 1

. 3.22. lim
n→ ∞

3
√
n2 −

√
n2 + 5

5
√
n7 −

√
n+ 1

.

3.23. lim
n→ ∞

√
n7 + 5−

√
n− 5

7
√
n7 + 5 +

√
n− 5

. 3.24. lim
n→ ∞

3
√
n2 + 2− 5n2

n−
√
n4 − n+ 1

.

3.25. lim
n→ ∞

√
n+ 2− 3

√
n3 + 2

7
√
n+ 2− 5

√
n5 + 2

. 3.26. lim
n→ ∞

n
√
71n− 3

√
64n6 + 9

(n− 3
√
n)

√
11 + n2

.

3.27. lim
n→ ∞

√
n+ 6−

√
n2 − 5

3
√
n3 + 3 + 4

√
n3 + 1

. 3.28. lim
n→ ∞

√
n8 + 6−

√
n− 6

8
√
n8 + 6 +

√
n− 6

.

3.29. lim
n→ ∞

n2 −
√
n3 + 1

3
√
n6 + 2− n

. 3.30. lim
n→ ∞

√
n+ 1− 3

√
n3 + 1

4
√
n+ 1− 5

√
n5 + 1

.
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Çàäà÷à 4. Îá÷èñëèòè ãðàíèöi ïîñëiäîâíîñòåé.

4.1. lim
n→ ∞

n
(√

n2 + 1−
√
n2 − 1

)
.

4.2. lim
n→ ∞

n
(√

n (n− 2)−
√
n2 − 3

)
.

4.3. lim
n→ ∞

(
n− 3

√
n3 − 5

)
n
√
n.

4.4. lim
n→ ∞

[√
(n2 + 1) (n2 − 4)−

√
n4 − 9

]
.

4.5. lim
n→ ∞

√
n5 − 8− n

√
n (n2 + 5)√

n
.

4.6. lim
n→ ∞

(√
n2 − 3n+ 2− n

)
.

4.7. lim
n→ ∞

(
n+

3
√
4− n3

)
.

4.8. lim
n→ ∞

[√
n (n+ 2)−

√
n2 − 2n+ 3

]
.

4.9. lim
n→ ∞

[√
(n + 2) (n+ 1)−

√
(n − 1) (n+ 3)

]
.

4.10. lim
n→ ∞

n2
(√

n (n4 − 1)−
√
n5 − 8

)
.

4.11. lim
n→ ∞

n
(

3
√

5 + 8n3 − 2n
)
.

4.12. lim
n→ ∞

n2
(

3
√

5 + n3 − 3
√
3 + n3

)
.

4.13. lim
n→ ∞

[
3

√
(n+ 2)2 − 3

√
(n− 3)2

]
.

4.14. lim
n→ ∞

√
(n+ 1)3 −

√
n (n− 1) (n− 3)

√
n

.

4.15. lim
n→ ∞

(√
n2 + 3n− 2−

√
n2 − 3

)
.

4.16. lim
n→ ∞

√
n
(√

n+ 2−
√
n− 3

)
.

4.17. lim
n→ ∞

√
n (n5 + 9)−

√
(n4 − 1) (n2 + 5)

n
.

4.18. lim
n→ ∞

(√
n (n+ 5)− n

)
.

4.19. lim
n→ ∞

√
n3 + 8

(√
n3 + 2−

√
n3 − 1

)
.
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4.20. lim
n→ ∞

√
(n3 + 1) (n2 + 3)−

√
n (n4 + 2)

2
√
n

.

4.21. lim
n→ ∞

[√
(n2 + 1) (n2 + 2)−

√
(n2 − 1) (n2 − 2)

]
.

4.22. lim
n→ ∞

√
(n5 + 1) (n2 − 1)− n

√
n (n4 + 1)

n
.

4.23. lim
n→ ∞

√
(n4 + 1) (n2 − 1)−

√
n6 − 1

n
.

4.24. lim
n→ ∞

[
n−

√
n (n− 1)

]
.

4.25. lim
n→ ∞

n3
(

3
√
n2 (n6 + 4)− 3

√
(n8 − 1)

)
.

4.26. lim
n→ ∞

[
n
√
n −

√
n (n+ 1) (n+ 2)

]
.

4.27. lim
n→ ∞

3
√
n
(

3
√
n2 − 3

√
n (n− 1)

)
.

4.28. lim
n→ ∞

√
n + 2

(√
n+ 3−

√
n− 4

)
.

4.29. lim
n→ ∞

n
(√

n4 + 3−
√
n4 − 2

)
.

4.30. lim
n→ ∞

√
n (n+ 1) (n+ 2)

(√
n3 − 3−

√
n3 − 2

)
.

Çàäà÷à 5. Îá÷èñëèòè ãðàíèöi ïîñëiäîâíîñòåé.

5.1. lim
n→ ∞

(
1

n2
+

2

n2
+

3

n2
+ ...+

n− 1

n2

)
. 5.2. lim

n→ ∞

(2n+ 1)! + (2n+ 2)!

(2n+ 3)!
.

5.3. lim
n→ ∞

[
1+3+...+(2n−1)

n+ 1
−2n+1

2

]
. 5.4. lim

n→ ∞

2n+1 + 3n+1

2n + 3n
.

5.5. lim
n→ ∞

1 + 2 + 3 + ...+ n√
9n4 + 1

. 5.6. lim
n→ ∞

1 + 3 + ...+ (2n− 1)

1 + 2 + ...+ n
.

5.7. lim
n→ ∞

[
1 + 3 + ...+ (2n− 1)

n+ 3
− n

]
. 5.8. lim

n→ ∞

1 + 4 + ...+ (3n− 2)√
5n4 + n+ 1

.

5.9. lim
n→ ∞

(n+ 4)!− (n+ 2)!

(n+ 3)!
. 5.10. lim

n→ ∞

(3n− 1)! + (3n+ 1)!

(3n)! (n− 1)
.

5.11. lim
n→ ∞

2n − 5n+1

2n+1 + 5n+2
. 5.12. lim

n→ ∞

1 + 1
3 +

1
32 + ...+ 1

3n

1 + 1
5 +

1
52 + ...+ 1

5n

.

5.13. lim
n→ ∞

1−3+...+(4n−3)−(4n−1)√
n2 + 1 +

√
n2 + n+ 1

. 5.14. lim
n→ ∞

1−2+...+(2n−1)−2n√
9n4 + 1

.
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5.15. lim
n→ ∞

3
√
n3 + 5−

√
3n4 + 2

1 + 3 + ...+ (2n− 1)
. 5.16. lim

n→ ∞

3n − 2n

3n−1 + 2n
.

5.17. lim
n→ ∞

[
n+ 2

1 + 2 + 3 + ...+ n
− 2

3

]
. 5.18. lim

n→ ∞

(
5

6
+
13

36
+...+

3n+2n

6n

)
.

5.19. lim
n→ ∞

2− 5 + ...+ 2n− (2n+ 3)

n+ 3
. 5.20. lim

n→ ∞

(2n+ 1)! + (2n+ 2)!

(2n+ 3)!− (2n+ 2)!
.

5.21. lim
n→ ∞

1 + 2 + ...+ n

n− n2 + 3
. 5.22. lim

n→ ∞

n2 +
√
n− 1

2 + 7 + ...+ (5n− 3)
.

5.23. lim
n→ ∞

(
3

4
+

5

16
+

9

64
+ ...+

1 + 2n

4n

)
. 5.24. lim

n→ ∞

2 + 4 + ...+ 2n

1 + 3 + ...+ (2n− 1)
.

5.25. lim
n→ ∞

[
1+5+...+(4n−3)

n+ 1
−4n+1

2

]
. 5.26. lim

n→ ∞

1−2+3−4+...− 2n
3
√
n3 + 2n+ 2

.

5.27. lim
n→ ∞

2n + 7n

2n − 7n−1
. 5.28. lim

n→ ∞

n! + (n+ 2)!

(n− 1)! + (n+ 2)!
.

5.29. lim
n→ ∞

3 + 6 + 9 + ...+ 3n

n2 + 4
. 5.30. lim

n→ ∞

(
7

10
+

29

100
+...+

2n+5n

10n

)
.

Çàäà÷à 6. Îá÷èñëèòè ãðàíèöi ïîñëiäîâíîñòåé.

6.1. lim
n→ ∞

(
n+ 1

n− 1

)n
. 6.2. lim

n→ ∞

(
2n+ 3

2n+ 1

)n+1

.

6.3. lim
n→ ∞

(
n2 − 1

n2

)n4
. 6.4. lim

n→ ∞

(
n− 1

n+ 3

)n+2

.

6.5. lim
n→ ∞

(
2n2 + 2

2n2 + 1

)n2
. 6.6. lim

n→ ∞

(
3n2 − 6n+ 7

3n2 + 20n− 1

)−n+1

.

6.7. lim
n→ ∞

(
n2 − 3n+ 6

n2 + 5n+ 1

)n/2
. 6.8. lim

n→ ∞

(
n− 10

n+ 1

)3n+1

.

6.9. lim
n→ ∞

(
6n− 7

6n+ 4

)3n+2

. 6.10. lim
n→ ∞

(
3n2 + 4n− 1

3n2 + 2n+ 7

)2n+5

.

6.11. lim
n→ ∞

(
n2 + n+ 1

n2 + n− 1

)−n2

. 6.12. lim
n→ ∞

(
2n2 + 5n+ 7

2n2 + 5n+ 3

)n
.

6.13. lim
n→ ∞

(
n− 1

n+ 1

)n2
. 6.14. lim

n→ ∞

(
5n2 + 3n− 1

5n2 + 3n+ 3

)n2
.

6.15. lim
n→ ∞

(
3n+ 1

3n− 1

)2n+3

. 6.16. lim
n→ ∞

(
2n2 + 7n− 1

2n2 + 3n− 1

)−n2

.

6.17. lim
n→ ∞

(
n+ 3

n+ 5

)n+4

. 6.18. lim
n→ ∞

(
n3 + 1

n3 − 1

)2n−n3

.
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6.19. lim
n→ ∞

(
2n2 + 21n− 7

2n2 + 18n+ 9

)2n+1

. 6.20. lim
n→ ∞

(
10n− 3

10n− 1

)5n

.

6.21. lim
n→ ∞

(
3n2 − 5n

3n2 − 5n+ 7

)n+1

. 6.22. lim
n→ ∞

(
n+ 3

n+ 1

)−n2

.

6.23. lim
x→ −3

2x2 + 5x− 3

x+ 3
= −7. 6.24. lim

n→ ∞

(
n+ 4

n+ 2

)n
.

6.25. lim
n→ ∞

(
7n2 + 18n− 15

7n2 + 11n+ 15

)n+2

. 6.26. lim
n→ ∞

(
2n− 1

2n+ 1

)n+1

.

6.27. lim
n→ ∞

(
n3 + n+ 1

n3 + 2

)2n2

. 6.28. lim
n→ ∞

(
13n+ 3

13n− 10

)n−3

.

6.29. lim
n→ ∞

(
2n2 + 2n+ 3

2n2 + 2n+ 1

)3n2−7

. 6.30. lim
n→ ∞

(
n+ 5

n− 7

)n/6+1

.



ÐÎÇÄIË II. Ãðàíèöÿ ôóíêöi¨ â òî÷öi.

Íåïåðåðâíiñòü ôóíêöi¨

�2.1. Îçíà÷åííÿ ãðàíèöi ôóíêöi¨ â òî÷öi. Îäíîñòîðîííi ãðàíèöi

Íåõàé ôóíêöiÿ f(x) âèçíà÷åíà íà iíòåðâàëi (a; b) êðiì, ìîæëèâî,

ñàìî¨ òî÷êè x0 ∈ (a; b). ×èñëî A íàçèâà¹òüñÿ ãðàíèöåþ ôóíêöi¨ f(x) â

òî÷öi x0, ÿêùî äëÿ áóäü-ÿêî¨ ïîñëiäîâíîñòi {xn}, xn ∈ (a; b), xn ̸= x0,

òàêî¨, ùî lim
n→∞

xn = x0, ïîñëiäîâíiñòü {f(xn)} çáiãà¹òüñÿ äî ÷èñëà A, òîáòî

lim
n→∞

f(xn) = A. Ó òàêîìó ðàçi çàïèñóþòü lim
x→x0

f(x) = A.

Öå îçíà÷åííÿ íàçèâà¹òüñÿ îçíà÷åííÿì ãðàíèöi ôóíêöi¨ â òî÷öi çà Ãåéíå

àáî �ìîâîþ ïîñëiäîâíîñòåé�.

Îçíà÷åííÿ ãðàíèöi ôóíêöi¨ â òî÷öi çà Êîøi àáî �ìîâîþ ε − δ � ôîðìó-

ëþ¹òüñÿ íàñòóïíèì ÷èíîì: ÷èñëî A íàçèâà¹òüñÿ ãðàíèöåþ ôóíêöi¨ f(x) â

òî÷öi x0, ÿêùî:

(∀ε > 0)(∃δ(ε) > 0)(∀x : 0 < |x− x0| < δ) :
{
|f(x)− A| < ε

}
.

Çàóâàæèìî, ùî îçíà÷åííÿ çà Ãåéíå i çà Êîøi ¹ åêâiâàëåíòíèìè.

Ôóíêöiÿ f(x) íàçèâà¹òüñÿ íåñêií÷åííî âåëèêîþ ïðè x→ x0, ÿêùî äëÿ

äîâiëüíîãî ÿê çàâãîäíî âåëèêîãî ÷èñëà M > 0 iñíó¹ òàêå δ > 0, ùî äëÿ âñiõ

çíà÷åíü x, ÿêi çàäîâîëüíÿþòü íåðiâíiñòü 0 < |x−x0| < δ, ìà¹ ìiñöå íåðiâíiñòü

|f(x)| > M. Ïîçíà÷à¹òüñÿ lim
x→x0

f(x) = ∞.

Ôóíêöiÿ α(x) íàçèâà¹òüñÿ íåñêií÷åííî ìàëîþ ïðè x → x0, ÿêùî ¨¨

ãðàíèöÿ â òî÷öi x0 äîðiâíþ¹ íóëþ, òîáòî lim
x→x0

α(x) = 0.
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Íåñêií÷åííî ìàëi ôóíêöi¨ âîëîäiþòü òàêèìè âëàñòèâîñòÿìè:

1) àëãåáðà¨÷íà ñóìà i äîáóòîê ñêií÷åííî¨ êiëüêîñòi íåñêií÷åííî ìàëèõ ôóí-

êöié ¹ íåñêií÷åííî ìàëà ôóíêöiÿ.

2) äîáóòîê îáìåæåíî¨ ôóíêöi¨ íà íåñêií÷åííî ìàëó ¹ ôóíêöiÿ íåñêií÷åííî

ìàëà.

3) ÿêùî α(x) � íåñêií÷åííî ìàëà, òî
1

α(x)
� íåñêií÷åííî âåëèêà ôóíêöiÿ

ïðè óìîâi, ùî α(x) ̸= 0, i íàâïàêè.

ßêùî ìà¹ìî x < x0 òà x→ x0 (x ïðÿìó¹ äî x0 çëiâà), òî óìîâíî ïèøóòü

x → x0 − 0. Àíàëîãi÷íî, ÿêùî x > x0 òà x → x0 (x ïðÿìó¹ äî x0 ñïðàâà),

òî ïîçíà÷àþòü x → x0 + 0. Âiäïîâiäíi ãðàíèöi lim
x→x0−0

f(x) i lim
x→x0+0

f(x) íà-

çèâàþòüñÿ ãðàíèöåþ ôóíêöi¨ f(x) çëiâà â òî÷öi x0 (ëiâîñòîðîííüîþ ãðà-

íèöåþ) òà ãðàíèöåþ ôóíêöi¨ f(x) ñïðàâà â òî÷öi x0 (ïðàâîñòîðîííüîþ

ãðàíèöåþ).

Äëÿ iñíóâàííÿ ãðàíèöi ôóíêöi¨ f(x) â òî÷öi x0 íåîáõiäíî i äîñòàòíüî, ùîá

âèêîíóâàëàñü ðiâíiñòü

lim
x→x0−0

f(x) = lim
x→x0+0

f(x) = A.

ßêùî îäíîñòîðîííi ãðàíèöi ðiçíi, àáî õî÷à á îäíà ç íèõ íå iñíó¹, òî íå

iñíó¹ i ãðàíèöÿ ôóíêöi¨ f(x) â òî÷öi x0.

Âïðàâè

1. Ñôîðìóëþâàòè íà �ìîâi ε− δ � òàêi òâåðäæåííÿ:

1) lim
x→a−0

f(x) = b, 2) lim
x→a+0

f(x) = b,

3) lim
x→∞

f(x) = b, 4) lim
x→−∞

f(x) = b,

5) lim
x→+∞

f(x) = b, 6) lim
x→a

f(x) = ∞,

7) lim
x→a

f(x) = −∞, 8) lim
x→a

f(x) = +∞,

9) lim
x→a−0

f(x) = ∞, 10) lim
x→a−0

f(x) = −∞,
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11) lim
x→a−0

f(x) = +∞, 12) lim
x→a+0

f(x) = ∞,

13) lim
x→a+0

f(x) = +∞, 14) lim
x→a+0

f(x) = −∞,

15) lim
x→∞

f(x) = ∞, 16) lim
x→∞

f(x) = −∞,

17) lim
x→∞

f(x) = +∞, 18) lim
x→−∞

f(x) = ∞,

19) lim
x→−∞

f(x) = −∞, 20) lim
x→−∞

f(x) = +∞,

21) lim
x→+∞

f(x) = ∞, 22) lim
x→+∞

f(x) = −∞.

2. Êîðèñòóþ÷èñü îçíà÷åííÿì ãðàíèöi ôóíêöi¨ çà Êîøi, äîâåñòè, ùî:

1) lim
x→2

(3x− 5) = 1, 2) lim
x→+∞

3x+ 5

2x− 8
=

3

2
,

3) lim
x→1

1− x√
x− 1

= −2, 4) lim
x→ 1

3

15x2 − 2x− 1

x− 1
3

= 8,

5) lim
x→5

x2 − 25

x2 − 5x
= 2, 6) lim

x→−2

1

(x+ 2)2
= +∞,

7) lim
x→π

4

sinx =

√
2

2
, 8) lim

x→−3

x2 + 2x− 3

x+ 3
= −4,

9) lim
x→+∞

ax = +∞, a > 1, 10) lim
x→−∞

arctg x = −π
2
.

3. Êîðèñòóþ÷èñü îçíà÷åííÿì ãðàíèöi ôóíêöi¨ çà Ãåéíå, äîâåñòè, ùî

1) lim
x→1

(5x− 7) = −2, 2) lim
x→1

2x+ 3

4x+ 5
=

5

9
,

3) lim
x→3

x2 − 9

x− 3
= 6, 4) lim

x→0

5x2 − 4x+ 3

2x+ 1
= 3,

5) lim
x→1

√
x+ 3 = 2, 6) lim

x→5

x√
x− 1

=
5

2
.

4. Êîðèñòóþ÷èñü îçíà÷åííÿì ãðàíèöi ôóíêöi¨ â òî÷öi, âñòàíîâèòè, ÷è ìà-

þòü äàíi ôóíêöi¨ ãðàíèöi ó âêàçàíèõ òî÷êàõ âiäíîñíî çàäàíèõ ìíîæèí:

1) f(x) = [x], x0 = 2, A = (1; 2),
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2) f(x) = [x], x0 = 3, A ≡ R,

3) f(x) =

x+ 2, ÿêùî 0 ≤ x ≤ 1,

x2 − 1, ÿêùî 1 < x ≤ 2,
x0 = 1, A = [0; 2],

4) f(x) =
x+ 1

x− 1
, x0 = +∞, −∞, ∞, A = R \ {1},

5) f(x) = sin
1

x
, x0 = 0, A = R \ {0}.

5. Âñòàíîâèòè, âèêîðèñòîâóþ÷è îçíà÷åííÿ ãðàíèöi ôóíêöi¨ â òî÷öi çà Êî-

øi, ÿêi ç äàíèõ ôóíêöié ¹ íåñêií÷åííî ìàëèìè ÷è íåñêií÷åííî âåëèêèìè ó

âêàçàíèõ òî÷êàõ:

1) f(x) =
x2 − 1

(x− 1)2
, x0 = −1, x0 = ∞, x0 = 1,

2) f(x) = sin
1

x+ 1
, x0 = −1, x0 = ∞,

3) f(x) =
√
x2 + x−

√
x2 − x, x0 = 0, x0 = ∞,

4) f(x) = x cos
1

x
, x0 = 0, x0 = ∞.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.10. Îñêiëüêè x → a− 0, òî êîðèñòóþ÷èñü îçíà÷åííÿì ãðàíèöi ôóíêöi¨

çà Êîøi, ìîæåìî çàïèñàòè, ùî

lim
x→a−0

f(x) = −∞
∣∣∣∣ def= ∣∣∣(∀ε > 0)(∃δ > 0)(∀x : a− δ < x < a) :

{
f(x) < −ε

}
.

Îòæå, â ïðàâié ÷àñòèíi ìà¹ìî îçíà÷åííÿ äàíî¨ ãðàíèöi çà Êîøi àáî íà

�ìîâi ε− δ �. I
2.8. Äëÿ òîãî, ùîá äîâåñòè ñïðàâåäëèâiñòü ðiâíîñòi, ïîòðiáíî äëÿ äîâiëü-

íîãî ÷èñëà ε > 0 âêàçàòè òàêå δ(ε) > 0, ùî ÿê òiëüêè âèêîíó¹òüñÿ óìîâà

0 < |x+3| < δ, òî ìà¹ ìiñöå íåðiâíiñòü |f(x)− (−4)| < ε. Â íàøîìó âèïàäêó

îòðèìà¹ìî ∣∣∣∣x2 + 2x− 3

x+ 3
+ 4

∣∣∣∣ = ∣∣∣∣(x+ 3)(x− 1)

x+ 3
+ 4

∣∣∣∣ = |x+ 3| < ε.

Ïîêëàäàþ÷è δ = ε, ìàòèìåìî: äëÿ äîâiëüíîãî ε > 0 iñíó¹ δ = ε, ùî äëÿ

âñiõ x òàêèõ, ùî 0 < |x+ 3| < δ, âèêîíó¹òüñÿ íåðiâíiñòü∣∣∣∣x2 + 2x− 3

x+ 3
+ 4

∣∣∣∣ < ε,
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à öå îçíà÷à¹, ùî ÷èñëî −4 ¹ ãðàíèöåþ ôóíêöi¨ f(x) =
x2 + 2x− 3

x+ 3
â òî÷öi

x0 = −3. I
3.3. Ôóíêöiÿ f(x) =

x2 − 9

x− 3
âèçíà÷åíà ó ïðîêîëåíîìó îêîëi òî÷êè x = 3.

Âèáåðåìî äîâiëüíó ïîñëiäîâíiñòü {xn} òàêó, ùî lim
n→∞

xn = 3 i xn ̸= 3, äëÿ

äîâiëüíîãî n ∈ N. Òîäi f(xn) =
x2n − 9

xn − 3
, äå n ∈ N. Îá÷èñëèìî ãðàíèöþ ïî-

ñëiäîâíîñòi {f(xn)} :

lim
n→∞

x2n − 9

xn − 3
= lim

n→∞

(xn − 3)(xn + 3)

xn − 3
= lim

n→∞
(xn + 3) = 6.

Îñêiëüêè {xn} � äîâiëüíà ïîñëiäîâíiñòü, ÿêà ïðÿìó¹ äî ÷èñëà 3, òî ç îçíà-

÷åííÿ ãðàíèöi ôóíêöi¨ çà Ãåéíå îòðèìà¹ìî, ùî

lim
x→3

x2 − 9

x− 3
= 6. I

4.3. ßêùî x ïðÿìó¹ äî 1 çëiâà, òîáòî x→ 1− 0, òî

lim
x→1−0

f(x) = lim
x→1−0

(x+ 2) = 3.

ßêùî x ïðÿìó¹ äî 1 ñïðàâà, òîáòî x→ 1 + 0, òî

lim
x→1+0

f(x) = lim
x→1+0

(x2 − 1) = 0.

Äîâåäåìî, âèêîðèñòîâóþ÷è îçíà÷åííÿ ãðàíèöi ôóíêöi¨ çà Êîøi, ïðàâèëü-

íiñòü öèõ ðåçóëüòàòiâ. Âèáåðåìî äîâiëüíå ε > 0 i ðîçãëÿíåìî àáñîëþòíó âå-

ëè÷èíó ðiçíèöi f(x)− 3 ïðè óìîâi, ùî x→ 1− 0 :

|x+ 2− 3| = |x− 1| < ε.

Îòæå,

(∀ε > 0)(∃δ = ε)(∀x : 1− δ < x < 1) :
{
|f(x)− 3| < ε

}
.

Òåïåð äëÿ äîâiëüíîãî ε > 0 ðîçãëÿíåìî àáñîëþòíó âåëè÷èíó ðiçíèöi

f(x)− 0 ïðè óìîâi, ùî x→ 1 + 0 :

|x2 − 1− 0| = |(x− 1)(x+ 1)| < 3|x− 1| < ε.
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Âçÿëè x áëèçüêèì äî 1 ñïðàâà òàêèì, ùî âiäñòàíü âiä x äî −1 ¹ ìåíøîþ

çà 3. Òîäi âiäñòàíü âiä x äî 1 ¹ ìåíøîþ çà 1.

Ç îñòàííüî¨ íåðiâíîñòi ìà¹ìî |x− 1| < ε

3
. Âiçüìåìî δ = min

{ε
3
, 1
}
, òîäi

(∀ε > 0)
(
∃δ > 0)(∀x : 1 < x < 1 + δ) :

{
|f(x)| < ε

}
.

Çàóâàæèìî, ùî çâè÷àéíî¨ ãðàíèöi â òî÷öi x = 1 íå iñíó¹, áî

lim
x→1−0

f(x) ̸= lim
x→1+0

f(x). I

�2.2. Âëàñòèâîñòi ãðàíèöi ôóíêöi¨ â òî÷öi

ßêùî ôóíêöi¨ f(x) òà g(x) ìàþòü ñêií÷åííi ãðàíèöi â òî÷öi x0, òî âèêî-

íóþòüñÿ òàêi òâåðäæåííÿ:

1) lim
x→x0

(f(x)± g(x)) = lim
x→x0

f(x)± lim
x→x0

g(x),

2) lim
x→x0

f(x) · g(x) = lim
x→x0

f(x) · lim
x→x0

g(x),

3) lim
x→x0

(
c · f(x)

)
= c · lim

x→x0
f(x), äå c = const,

4) lim
x→x0

(f(x))n =
(
lim
x→x0

f(x)
)n
,

5) lim
x→x0

f(x)

g(x)
=

lim
x→x0

f(x)

lim
x→x0

g(x)
, lim

x→x0
g(x) ̸= 0,

6) lim
x→x0

n
√
f(x) = n

√
lim
x→x0

f(x),

7) lim
x→0

c

x
= ∞, lim

x→∞

x

c
= ∞, lim

x→∞
(c ·x) = ∞, lim

x→∞

c

x
= 0, äå c = const,

8) à) lim
x→+∞

cx =

0, ÿêùî 0 < c < 1,

+∞, ÿêùî c > 1,

á) lim
x→−∞

cx =

0, ÿêùî c > 1,

+∞, ÿêùî 0 < c < 1,

9) à) lim
x→x0

(
logc f(x)

)
= logc

(
lim
x→xo

f(x)
)
,

á) lim
x→0

logc x =

+∞, ÿêùî 0 < c < 1,

−∞, ÿêùî c > 1,
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â) lim
x→+∞

logc x =

−∞, ÿêùî 0 < c < 1,

+∞, ÿêùî c > 1.

Äëÿ òîãî, ùîá îá÷èñëèòè ãðàíèöþ ìíîãî÷ëåíà n-ãî ñòåïåíÿ

Pn(x) = a0 + a1x + a2x
2 + . . . + anx

n ïðè x → x0, äîñòàòíüî çíàéòè

éîãî çíà÷åííÿ â òî÷öi x = x0, òîáòî lim
x→x0

Pn(x) = Pn(x0).

Ãðàíèöÿ ðàöiîíàëüíî¨ ôóíêöi¨ R(x) =
P (x)

Q(x)
, äå P (x), Q(x) � ìíîãî÷ëåíè,

ïðè÷îìó P (x0) ̸= 0, çíàõîäèòüñÿ áåçïîñåðåäíüî:

lim
x→x0

R(x) =
P (x0)

Q(x0)
, Q(x0) ̸= 0,

lim
x→x0

R(x) = ∞, P (x0) ̸= 0, Q(x0) = 0.

ßêùî P (x0) = 0 i Q(x0) = 0, òî âëàñòèâiñòü 5) ïðî ãðàíèöþ ÷àñòêè

äâîõ ôóíêöié çàñòîñóâàòè íå ìîæíà. Â òàêèõ âèïàäêàõ ìà¹ìî íåâèçíà÷åíiñòü

âèäó
0

0
. Äëÿ ðîçêðèòòÿ òàêî¨ íåâèçíà÷åíîñòi ïîòðiáíî ÷èñåëüíèê i çíàìåííèê

äðîáó ïîäiëèòè íà âèðàç (x − x0)
k, äå k = min{k1, k2}, k1 i k2 � êðàòíîñòi

êîðåíÿ x0 ìíîãî÷ëåíiâ P (x) i Q(x).

Äëÿ çíàõîäæåííÿ ãðàíèöi ôóíêöi¨ R(x) =
a0x

n + a1x
n−1 + . . .+ an

b0xm + b1xm−1 + . . .+ bm
ïðè

x → ∞ (íåâèçíà÷åíiñòü âèäó
∞
∞

) ÷èñåëüíèê òà çíàìåííèê äàíîãî äðîáó äi-

ëÿòü íà xk, äå k � íàéáiëüøå ç ÷èñåë m òà n.

Â çàãàëüíîìó âèïàäêó

lim
x→∞

R(x) =


∞, ÿêùî n > m,

a0
b0
, ÿêùî m = n,

0, ÿêùî n < m.

Àíàëîãi÷íèé ìåòîä çàñòîñîâó¹òüñÿ i äëÿ çíàõîäæåííÿ ãðàíèöi âiä äðîáó,

ùî ìiñòèòü iððàöiîíàëüíiñòü, ïðè x→ ∞.

Äëÿ òîãî, ùîá ðîçêðèòè íåâèçíà÷åíiñòü
0

0
, â ÿêié ÷èñåëüíèê i çíàìåííèê

ìiñòÿòü iððàöiîíàëüíiñòü, ïîçáóâàþòüñÿ iððàöiîíàëüíîñòi øëÿõîì ïåðåâåäå-

ííÿ ¨¨ ç ÷èñåëüíèêà â çíàìåííèê àáî íàâïàêè. Iíîäi iððàöiîíàëüíèé âèðàç

çâîäèòüñÿ äî ðàöiîíàëüíîãî øëÿõîì ââåäåííÿ íîâî¨ çìiííî¨.
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Ïðè çíàõîäæåííi ãðàíèöi çóñòði÷àþòüñÿ íåâèçíà÷åíîñòi âèäó ∞ − ∞ òà

0 · ∞, ÿêi çà äîïîìîãîþ âiäïîâiäíèõ ïåðåòâîðåíü

f(x)− g(x) =

1
g(x) −

1
f(x)

1
f(x)·g(x)

(
lim
x→x0

f(x) = ∞, lim
x→x0

g(x) = ∞
)
,

f(x) · g(x) = f(x)
1

g(x)

=
g(x)

1
f(x)

(
lim
x→x0

f(x) = 0, lim
x→x0

g(x) = ∞
)
,

çâîäÿòüñÿ äî íåâèçíà÷åíîñòåé âèäó
0

0
àáî

∞
∞
.

Âïðàâè

1. Êîðèñòóþ÷èñü íàâåäåíèìè âëàñòèâîñòÿìè, îá÷èñëèòè ãðàíèöi ðàöiî-

íàëüíèõ ôóíêöié:

1) lim
x→3

(x2 − 2x+ 3), 2) lim
x→0

x3 + 3x− 5

x− 2
,

3) lim
x→1

x2 + x− 2

x2 − 4x+ 3
, 4) lim

x→−1

x2 − 4x+ 1

2x+ 2
,

5) lim
x→0

2x4 − 3x2 − x

2x
, 6) lim

x→1

x3 − 3x+ 2

x4 − 4x+ 3
,

7) lim
x→1

x4 − x3 + x2 − 3x+ 2

x3 − x2 − x+ 1
, 8) lim

x→1

x3 − x2 + 3x− 3

2x3 − 2x2 + x− 1
,

9) lim
x→2

(
2

2x− x2
+

1

x2 − 3x+ 2

)
, 10) lim

x→1

(
x2 − 4x+ 6

x2 − 5x+ 4
+

x− 4

3x2 − 9x+ 6

)
.

2. Çíàéòè ãðàíèöi ôóíêöié, ÿêi ìiñòÿòü iððàöiîíàëüíiñòü:

1) lim
x→7

x− 7√
x+ 2− 3

, 2) lim
x→0

√
x2 + 1− 1√
x2 + 16− 4

,

3) lim
x→−1

3
√
x+ 1√
x+ 1

, 4) lim
x→0

x
3
√
x− 1 + 3

√
x+ 1

,

5) lim
x→0

1−
√
1− x2

x2
, 6) lim

x→1

x2 −
√
x√

x− 1
,

7) lim
x→0

n
√
1 + x− 1

x
, 8) lim

x→1

xm − 1

xn − 1
,

9) lim
y→1

4
√
y − 1

3
√
y − 1

, 10) lim
y→1

√
y +

√
y − 1− 1√
y2 − 1

.
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3. Îá÷èñëèòè ãðàíèöi ôóíêöié â íåñêií÷åííî âiääàëåíèõ òî÷êàõ:

1) lim
x→∞

x2 − 9

(x− 3)(x+ 4)
, 2) lim

x→∞

x2 + 5

x3 − 3x2 − 1
,

3) lim
x→∞

(x+1)3+(x+2)3+(x+3)3

x3+6
, 4) lim

x→∞

(2x2 + 1)20(x− 3)20

(4x2 + 19)30
,

5) lim
x→∞

(
x− x2

x− 1

)
, 6) lim

x→∞

(
x2 + x

x− 2
− x2

x+ 1

)
,

7) lim
x→∞

√
9x2 + 4

x− 3
, 8) lim

x→∞

√
4x+

√
4x+

√
4x

√
9x+ 8

,

9) lim
x→∞

3
√

8x3 + 3
√
2x2 + x9

3
√
8x3 + 1

, 10) lim
x→∞

3x− 5

x+ 3
√
27x4 + 1

,

11) lim
x→∞

(
√
x− 7−

√
x+ 3), 12) lim

x→∞
(
√
x(x+ 2)− x),

13) lim
x→∞

(
√
x2+x−1−

√
x2+x+1), 14) lim

x→∞
(
√
x4+9x2+2−

√
x4−9x2−2),

15) lim
x→∞

x(
√
x3 + 8−

√
x3 − 8), 16) lim

x→∞
(

3
√
x3 + 3x2 −

√
x2 − 2x).

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.7. ×èñåëüíèê òà çíàìåííèê äàíîãî ðàöiîíàëüíîãî äðîáó ïðÿìóþòü äî

íóëÿ ïðè x → 1. Îòæå, ìà¹ìî íåâèçíà÷åíiñòü âèäó
0

0
. Â öüîìó âèïàäêó

ðîçêëàäåìî ìíîãî÷ëåíè â ÷èñåëüíèêó i çíàìåííèêó íà ìíîæíèêè, ñåðåä ÿêèõ

ìiñòèòüñÿ ìíîæíèê x− 1. Îòðèìà¹ìî

lim
x→1

x4 − x3 + x2 − 3x+ 2

x3 − x2 − x+ 1
= lim

x→1

x3(x− 1) + (x− 1)(x− 2)

x2(x− 1)− (x− 1)
=

= lim
x→1

(x− 1)(x3 + x− 2)

(x− 1)(x2 − 1)
= lim

x→1

x3 − 1 + x− 1

(x− 1)(x+ 1)
=

= lim
x→1

(x− 1)(x2 + x+ 2)

(x− 1)(x+ 1)
= lim

x→1

x2 + x+ 2

x+ 1
= 2. I

2.4. ×èñåëüíèê i çíàìåííèê äðîáó
x

3
√
x− 1 + 3

√
x+ 1

ïðÿìóþòü äî íóëÿ

ïðè x→ 0. Â äàíîìó âèïàäêó äîïîâíèìî çíàìåííèê äðîáó äî ôîðìóëè ñóìè
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êóáiâ âèðàçîì 3
√

(x− 1)2 − 3
√
x2 − 1 + 3

√
(x+ 1)2. Ùîá çíà÷åííÿ âèðàçó íå

çìiíèëîñÿ, äîìíîæèìî íà íåïîâíèé êâàäðàò i ÷èñåëüíèê äàíîãî äðîáó. Òîäi

lim
x→0

x
3
√
x− 1 + 3

√
x+ 1

=

= lim
x→0

x
(

3
√

(x− 1)2 − 3
√
x2 − 1 + 3

√
(x+ 1)2

)(
3
√
x− 1 + 3

√
x+ 1

)(
3
√

(x− 1)2 − 3
√
x2 − 1 + 3

√
(x+ 1)2

) =
= lim

x→0

x
(

3
√

(x− 1)2 − 3
√
x2 − 1 + 3

√
(x+ 1)2

)
2x

=

=
1

2
lim
x→0

(
3
√
(x− 1)2 − 3

√
x2 − 1 + 3

√
(x+ 1)2

)
=

3

2
. I

3.6. ßêùî x→ ∞, òî âèðàçè
x2 + x

x− 2
i

x2

x+ 1
ïðÿìóþòü äî íåñêií÷åííîñòi,

òîáòî â ðåçóëüòàòi îòðèìà¹ìî íåâèçíà÷åíiñòü âèäó ∞−∞. Çâåäåìî öi äðîáè

äî ñïiëüíîãî çíàìåííèêà:

lim
x→∞

(
x2 + x

x− 2
− x2

x+ 1

)
= lim

x→∞

(x2 + x)(x+ 1)− x2(x− 2)

x2 − x− 2
=

= lim
x→∞

x3 + 2x2 + x− x3 + 2x2

x2 − x− 2
= lim

x→∞

4x2 + x

x2 − x− 2
=

= lim
x→∞

x2
(
4 + 1

x

)
x2
(
1− 1

x −
2
x2

) = lim
x→∞

4 + 1
x

1− 1
x −

2
x2

= 4. I

�2.3. Ïåðøà òà äðóãà âèçíà÷íi ãðàíèöi. Íàñëiäêè

Â áàãàòüîõ âèïàäêàõ îá÷èñëåííÿ ãðàíèöi ôóíêöi¨ â òî÷öi çðó÷íî ïðîâîäè-

òè, âèêîðèñòîâóþ÷è äâi âàæëèâi ôîðìóëè:

lim
x→0

sinx

x
= 1,

lim
x→0

(
1 + x

) 1
x = e,

ÿêi íàçèâàþòüñÿ âiäïîâiäíî ïåðøîþ òà äðóãîþ âèçíà÷íèìè ãðàíèöÿìè .

Çàóâàæèìî, ùî ïåðøà âèçíà÷íà ãðàíèöÿ ðîçêðèâà¹ íåâèçíà÷åíiñòü
0

0
, à

äðóãà âèçíà÷íà ãðàíèöÿ � íåâèçíà÷åíiñòü 1∞.
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Ç âèçíà÷íèõ ãðàíèöü ìîæíà ëåãêî âèâåñòè íàñòóïíi íàñëiäêè:

lim
x→0

tg x

x
= 1, lim

x→0

arcsinx

x
= 1, lim

x→0

arctg x

x
= 1;

lim
x→∞

(
1 +

1

x

)x
= e, lim

x→0

loga(1 + x)

x
=

1

ln a
,

lim
x→0

ax − 1

x
= ln a, lim

x→0

(1 + x)µ − 1

x
= µ,

äå a > 0, a ̸= 0. Çîêðåìà, ïðè a = e îòðèìà¹ìî:

lim
x→0

ln(1 + x)

x
= 1, lim

x→0

ex − 1

x
= 1.

Ïðè çíàõîäæåííi ãðàíèöi âèðàçó
[
f(x)

]g(x)
, äå ôóíêöi¨ f(x) òà g(x) âè-

çíà÷åíi â äåÿêîìó îêîëi òî÷êè x0, ïðè÷îìó f(x) > 0, ïîäàìî éîãî ó âèãëÿäi[
f(x)

]g(x)
= eg(x) ln f(x).

ßêùî ôóíêöi¨ g(x) òà ln f(x) ìàþòü ñêií÷åííi ãðàíèöi lim
x→x0

g(x) = b i

lim
x→x0

ln f(x) = ln a, òî çà íåïåðåðâíiñòþ ïîêàçíèêîâî¨ òà ëîãàðèôìi÷íî¨

ôóíêöi¨ ìà¹ìî

lim
x→x0

[
f(x)

]g(x)
= ab.

Â îêðåìèõ âèïàäêàõ, ÿêi âiäïîâiäàþòü êîìáiíàöiÿì:

1) a = 1, b = ±∞, 2) a = 0, b = 0, 3) a = +∞, b = 0,

ãîâîðÿòü, ùî âèðàç
[
f(x)

]g(x)
ÿâëÿ¹ ñîáîþ íåâèçíà÷åíiñòü âèäó 1∞, 00, ∞0.

Çà ðàõóíîê ïåðåòâîðåííÿ
[
f(x)

]g(x)
= eg(x) ln f(x) öi íåâèçíà÷åíîñòi çâîäÿòüñÿ

äî íåâèçíà÷åíîñòi âèäó 0 · ∞, ÿêó âìi¹ìî ðîçêðèâàòè (äèâ. � 2.2).

Âïðàâè

1. Âèêîðèñòîâóþ÷è ïåðøó âèçíà÷íó ãðàíèöþ òà íàñëiäêè ç íå¨, çíàéòè

ãðàíèöi ôóíêöié â òî÷öi:

1) lim
x→0

sin 2x

tg 3x
, 2) lim

x→0

arcsin 3x

arctg 7x
,
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3) lim
x→−π

6

sin
(
x+ π

6

)
x+ π

6

, 4) lim
x→0

sin5 x2
x5

,

5) lim
x→0

2 sin 3x

sin 6x− sin 2x
, 6) lim

x→0

cos 3x− cos 7x

arctg 3x2
,

7) lim
x→0

sin 2x− arctg 3x

3 tg 5x− 3 arcsin x
, 8) lim

x→0

1− cosx− tg2 x

x · sinx
,

9) lim
x→2

sin(x− 2)

x3 − 8
, 10) lim

x→a

cosx− cos a

x− a
,

11) lim
x→π

3

sin
(
x− π

3

)
1− 2 cos x

, 12) lim
x→π

4

1− tg2 x√
2 cos x− 1

,

13) lim
x→π

2

(
2x tg x− π

cosx

)
, 14) lim

x→π
6

cos
(
x− 2π

3

)
cosx−

√
3
2

,

15) lim
x→0

sin 5x√
x+ 4− 2

, 16) lim
x→0

2x
√
tg 4x+ 2−

√
2
,

17) lim
x→0

√
4 + sinx−

√
4− sinx

arctg 2x
, 18) lim

x→0

3
√
1− arcsinx− 3

√
1 + arctg 2x

√
1 + arctg 3x−

√
1 + arcsin 6x

,

19) lim
x→0

3
√
cos 3x− 3

√
cos 5x

1− cos4 x
, 20) lim

x→0

ctg(a+ 2x)− 2 ctg(a+ x) + ctg a

x2
.

2. Âèêîðèñòîâóþ÷è äðóãó âèçíà÷íó ãðàíèöþ òà íàñëiäêè ç íå¨, îá÷èñëèòè

ãðàíèöi ôóíêöié:

1) lim
x→0

(
1− 2x3

) 1
x2 , 2) lim

x→∞

(
1− 3

x

)x2+3
x

,

3) lim
x→∞

(
2x− 1

2x+ 3

) 1−x
2

, 4) lim
x→∞

(
x2 − 5

x2 + 6

)x2
,

5) lim
x→∞

(
x2 + x+ 6

x2 − 2x+ 3

)5x

, 6) lim
x→0

log3(1 + 8x)

x
,

7) lim
x→0

53x − 1

7x
, 8) lim

x→0

e−2x − 1

3x
,

9) lim
x→0

e2x − 1

e5x − 1
, 10) lim

x→0

e5x − e3x

5x
,

11) lim
x→e

x− e

lnx− 1
, 12) lim

x→−1

ln(x2 + 7x+ 7)

x+ 1
,



56 ÐÎÇÄIË II. Ãðàíèöÿ ôóíêöi¨ â òî÷öi. Íåïåðåðâíiñòü ôóíêöi¨

13) lim
x→3

ln(2x2 − 3x− 8)

x− 3
, 14) lim

x→0

ln(1+2x+x2)+ln(1−2x+3x2)

2x2
,

15) lim
x→∞

x (ln(x+ 5)− lnx), 16) lim
x→0

chx− 1

x2
,

17) lim
x→0

a2+x + a2−x − 2a2

x2
, a > 0, 18) lim

x→0

ch 4x− 1

ch 3x− 1
,

19) lim
x→0

1

2x
ln 3

√
1 + 3x

1− x
, 20) lim

x→0

√
1 + x2 − 1

e2x2 − 1
.

3. Çíàéòè ãðàíèöi ôóíêöié:

1) lim
x→+∞

arccos
(√

x2 + x− x
)
, 2) lim

x→0
(cosx)

1
x ,

3) lim
x→π

2

(sinx)tg
2 3x, 4) lim

x→0
(1 + sin 3x)

1
arcsin 2x ,

5) lim
x→0

(
sin 3x

tg 3x

) 1
x

, 6) lim
x→0

ln cos 2x

sin 4x2
,

7) lim
x→0

e7x − cos 7x

sin 5x
, 8) lim

x→0

e6x
2 − cos 4x

ln(1 + x sin 2x)
,

9) lim
x→0

sinx− sinx cos 6x

e2x3 − 1
, 10) lim

x→0

ln cos 6x

ln cos 4x
.

4. Çíàéòè ãðàíèöi ïîêàçíèêîâî ñòåïåíåâèõ ôóíêöié:

1) lim
x→0

(
5− 2x

3 + 2x

)x
, 2) lim

x→∞

(
2x2 − 4

5x2 + x− 2

)x−1

,

3) lim
x→∞

(
sin

1

x
+ cos

1

x

)x
, 4) lim

x→0
(sinx)tg

2 x,

5) lim
x→0

(
1

sin2 x

)3x2

, 6) lim
x→+0

(
tg
(π
2
− x
))sin 3x

,

7) lim
x→0

(1− cos 2x)tg
2 x, 8) lim

x→+0
(tg 3x)2 sin

2 x,

9) lim
x→0

(
ctg2 x

)sin 5x
, 10) lim

x→π
2

(1− sinx)cos 3x.
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Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.12. Çðîáèìî çàìiíó x− π

4
= t. Òîäi ÿêùî x→ π

4
, òî íîâà çìiííà t→ 0.

Îòæå,

lim
x→π

4

1− tg2 x√
2 cos x− 1

= lim
t→0

1− tg2
(
t+ π

4

)
√
2 cos

(
t+ π

4

)
− 1

=

= lim
t→0

cos
(
2t+ π

2

)
sin2

(
t+ π

4

)
·
(√

2 cos
(
t+ π

4

)
− 1
) = lim

t→0

−2 sin 2t√
2 cos

(
t+ π

4

)
− 1

=

= lim
t→0

−4t
(√

2 cos
(
t+ π

4

)
+ 1
)

2 cos2
(
t+ π

4

)
− 1

= lim
t→0

−4t
(√

2 cos
(
t+ π

4

)
+ 1
)

− sin 2t
=

= lim
t→0

−4t
(√

2 cos
(
t+ π

4

)
+ 1
)

−2t
= 2 lim

t→0

(√
2 cos

(
t+

π

4

)
+ 1
)
= 4. I

2.17. Äëÿ çíàõîäæåííÿ ãðàíèöi ôóíêöi¨ ñêîðèñòà¹ìîñü íàñëiäêîì ç äðóãî¨

âèçíà÷íî¨ ãðàíèöi, à ñàìå lim
x→0

ax − 1

x
= ln a. Òîäi îòðèìà¹ìî

lim
x→0

a2+x + a2−x − 2a2

x2
= lim

x→0

a2 (ax + a−x − 2)

x2
=

= lim
x→0

a2
(
a

x
2 − a−

x
2

)2
x2

= lim
x→0

a2

ax
·
(
ax − 1

x

)2

= a2 ln2 a. I

4.7. Ìà¹ìî íåâèçíà÷åíiñòü âèäó 00. Âèêîðèñòîâóþ÷è ïðàâèëî ðîçêðèòòÿ

òàêîãî âèäó íåâèçíà÷åíîñòi, çàïèøåìî:

lim
x→0

(1− cos 2x)tg
2 x = e

lim
x→0

tg2 x·ln(1−cos 2x)
=

= e
lim
x→0

x2·ln(2 sin2 x)
= e

lim
x→0

x2·ln 2x2
=

∣∣∣∣∣∣ ln 2x
2 = −t, 2x2 = e−t,

x2 = 1
2e

−t, t→ +∞

∣∣∣∣∣∣ =
= lim

t→+∞

(
−1

2
te−t

)
= −1

2
lim
t→+∞

t

et
= 1.

Çàóâàæèìî, ùî ïðè çíàõîäæåííi öi¹¨ ãðàíèöi ìè ñêîðèñòàëèñÿ ôîðìóëàìè

lim
x→0

tg x

x
= 1 i lim

x→0

sinx

x
= 1. I
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�2.4. O-ñèìâîëiêà. Ïîðiâíÿííÿ ôóíêöié

Íåõàé òî÷êà a = x0 àáî ¹ îäíèì iç ñèìâîëiâ x0 − 0, x0 + 0, +∞, −∞, ∞.

ßêùî iñíóþòü êîíñòàíòè c > 0 i δ > 0 òàêi, ùî

(
∀x : 0 < |x− a| < δ

)
:
{∣∣f(x)∣∣ ≤ c ·

∣∣g(x)∣∣},
òî êàæóòü, ùî ôóíêöiÿ f(x) ¹ îáìåæåíîþ ïîðiâíÿíî ç g(x) ïðè x → a.

Ïîçíà÷àþòü f(x) = O
(
g(x)

)
ïðè x→ a.

ßêùî f(x) = O
(
g(x)

)
ïðè x→ a i g(x) = O

(
f(x)

)
ïðè x→ a, òî êàæóòü,

ùî f(x) òà g(x) ¹ ôóíêöiÿìè îäíîãî ïîðÿäêó ïðè x→ a.

ßêùî f(x) òà g(x) â äåÿêîìó ïðîêîëåíîìó îêîëi òî÷êè a âiäìiííi âiä

íóëÿ, i iñíó¹ ãðàíèöÿ lim
x→a

f(x)

g(x)
= C ̸= 0, òî f(x) = O∗(g(x)) ïðè x→ a.

ßêùî f(x) = ε(x) · g(x), äå lim
x→a

ε(x) = 0, òî êàæóòü, ùî f(x) ¹ íåñêií-

÷åííî ìàëîþ ïîðiâíÿíî ç g(x) ïðè x→ a. Â òàêîìó âèïàäêó ïîçíà÷àþòü

f(x) = o(g(x)) ïðè x→ a.

Çàóâàæèìî, ùî ÿêùî g(x) ̸= 0 â äåÿêîìó ïðîêîëåíîìó îêîëi òî÷êè a, òî

ïîïåðåäíþ óìîâó ìîæíà çàïèñàòè íàñòóïíèì ÷èíîì:

lim
x→a

f(x)

g(x)
= 0.

Îòæå, ÿêùî lim
x→a

f(x)

g(x)
= 0, òî f(x) = o(g(x)) ïðè x→ a.

Ñèìâîëè O, O∗, o íàçèâàþòüñÿ ñèìâîëàìè Ëàíäàó .

ßêùî f(x) = o(g(x)) ïðè x → a, i ôóíêöi¨ f(x) òà g(x) ¹ íåñêií÷åííî

ìàëèìè ïðè x → a, òî f(x) ¹ íåñêií÷åííî ìàëîþ âèùîãî ïîðÿäêó âiä-

íîñíî g(x). ßêùî f(x) = o(g(x)) ïðè x → a, i f(x) òà g(x) ¹ íåñêií÷åííî

âåëèêèìè ïðè x→ a, òî f(x) ìà¹ íèæ÷èé ïîðÿäîê çðîñòàííÿ âiäíîñíî

g(x).

ßêùî f(x) òà g(x) ¹ íåñêií÷åííî ìàëèìè ïðè x→ a, i lim
x→a

f(x)(
g(x)

)n = c, äå

c ̸= 0, òî f(x) ¹ íåñêií÷åííî ìàëîþ ïîðÿäêó n ïîðiâíÿíî ç ôóíêöi¹þ

g(x).
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Ôóíêöi¨ f(x) òà g(x) íàçèâàþòüñÿ åêâiâàëåíòíèìè ïðè x → a,

ÿêùî â äåÿêîìó ïðîêîëåíîìó îêîëi òî÷êè a iñíó¹ ôóíêöiÿ φ(x) òàêà, ùî

f(x) = φ(x) · g(x) i lim
x→a

φ(x) = 1.

ßêùî g(x) ̸= 0 i f(x) ̸= 0 â äåÿêîìó ïðîêîëåíîìó îêîëi òî÷êè a, òî óìîâà

åêâiâàëåíòíîñòi ôóíêöié f(x) òà g(x) ðiâíîñèëüíà óìîâi:

lim
x→a

f(x)

g(x)
= lim

x→a

g(x)

f(x)
= 1.

Âïðàâè

1. Íåõàé x→ a. Äîâåñòè, ùî:

1) 3x4 − 5x3 − 2x2 + x− 6 = O(x4), a = +∞,

2)
7x+ 5

1− 4x2
= O

(
1

x

)
, a = +∞,

3) 3x− x2 = O(x), a = 0,

4) x sin 3
√
x = O

(
x

4
3

)
, a = 0,

5) x+ x2 sinx = O(x2), a = +∞,

6)
arctg x

1 + x2
= O

(
1

x2

)
, a = +∞,

7)
√
x2 + 3x+ 3 = x+

3

2
+O

(
1

x

)
, a = +∞,

8) 2x+ lnx+ sinx = O(x), a = +∞,

9) x sin
1

x
= O

(
|x|
)
, a = 0,

10)
√
x4 + x3 + 1− x2 = O(x), a = +∞.

2. Íåõàé x→ a. Äîâåñòè, ùî:

1) sinx− x = o(x), a = 0,

2) ex − x− 1 = o(x), a = 0,

3) (1 + x)n = 1 + nx+ o(x), a = 0,

4) xp · e−x = o

(
1

x2

)
, a = +∞,

5) ln(lnx) = o(lnx), a = +∞,

6) x13 · 2−x = o

(
1

x

)
, a = +∞,

7) (x+ 2)3 sin2
1

x+ 2
= o

(
(x+ 2)2

)
, a = −2,

8) xlnx = o (ex) , a = +∞,
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9) 1− cosx− x2

2
= o

(
x2
)
, a = 0,

10) lnx = o

(
1

xp

)
, p > 0, a = 0.

3. Íåõàé x→ a. Äîâåñòè, ùî:

1) x ∼ sinx ∼ tg x ∼ arcsinx ∼ arctg x ∼ ex − 1 ∼ ln(1 + x), a = 0,

2) (1 + x)α − 1 ∼ αx, a = 0,

3) n
√
1 + x− 1 ∼ x

n
, a = 0,

4)

√
x+

√
x+

√
x ∼ 8

√
x, a = 0,

5)

√
x+

√
x+

√
x ∼

√
x, a = +∞,

6)
√
x2 + x+ 1− x ∼ 1

2
, a = +∞,

7) 3x + x · 2x + ln x+ 1 ∼ 3x, a = +∞,

8) enx − 1 ∼ nx, a = 0,

9)
x3 + 3x

x+ 3 cos x
∼ x2, a = +∞,

10) x2 + x(lnx)2012 ∼ x2, a = +∞.

4. Âèçíà÷èòè ïîðÿäîê ìàëîñòi íåñêií÷åííî ìàëî¨ ôóíêöi¨ f(x) âiäíîñíî

íåñêií÷åííî ìàëî¨ ôóíêöi¨ g(x) ïðè x→ 0 :

1) f(x) = cos x− 3
√
cosx, g(x) = ln(1 + 3

√
x),

2) f(x) = ln(cos 2x), g(x) = e
3
√
x − 1,

3) f(x) = ex − 1, g(x) = sinx(1− cos 4x),

4) f(x) = tg x, g(x) = ln
√
1 + 4x3 sin5 x,

5) f(x) = ln(1 + x2)− 2 3
√

(ex − 1)2, g(x) = x.

5. Êîðèñòóþ÷èñü âëàñòèâiñòþ åêâiâàëåíòíèõ ôóíêöié, çíàéòè ãðàíèöi:

1) lim
x→0

sin 2x

arctg 5x
, 2) lim

x→0

25x − 1

3 sin 2x
,

3) lim
x→π

4

√
2 cos x− 1

1− tg2 x
, 4) lim

x→−1

√
π −

√
arccosx√

x+ 1
,
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5) lim
x→0

3
√
1 + x− 1

16
√
1 + x− 1

, 6) lim
x→1

lnx

1− x
,

7) lim
x→2

arcsin(2− x) + arctg(x− 2)3

x2 − 4
, 8) lim

x→0

x3 − 5
√
1 + x3 + 1

ln(cos 2x)
,

9) lim
x→0

√
1 + 4 sin2 x− 1

ln(1 + 3x2)
, 10) lim

x→0

arcsin 3x− 5 arctg 2x+ 3x5

ln(1 + x+ sin2 x)− 3xex
.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.10. Ñêîðèñòà¹ìîñÿ îçíà÷åííÿì, íàâåäåíèì íà ïî÷àòêó ïàðàãðàôà.

Îñêiëüêè √
x4 + x3 + 1− x2 =

x3 + 1√
x4 + x3 + 1 + x2

,

òî ïðè x→ +∞ îòðèìà¹ìî îöiíêó∣∣∣∣ x3 + 1√
x4 + x3 + 1 + x2

∣∣∣∣ ≤ ∣∣∣∣x3 + 1

2x2

∣∣∣∣ ≤ |x|.

Îòæå, â îêîëi íåñêií÷åííî âiääàëåíî¨ òî÷êè iñíó¹ ñòàëà c = 1 òàêà, ùî

âèêîíó¹òüñÿ íåðiâíiñòü ∣∣∣√x4 + x3 + 1− x2
∣∣∣ ≤ |x|.

Òîäi
√
x4 + x3 + 1− x2 = O(x) ïðè x→ +∞. I

3.7. Ðîçãëÿíåìî ãðàíèöþ:

lim
x→+∞

3x + x · 2x + ln x+ 1

3x
= lim

x→+∞

(
1 + x ·

(
2

3

)x
+

lnx

3x
+

1

3x

)
= 1,

áî lim
x→+∞

x(
3
2

)x = 0 i lim
x→+∞

lnx

3x
= 0.

Îòæå, 3x + x · 2x + lnx+ 1 ∼ 3x ïðè x→ +∞. I
4.2. Ðîçãëÿíåìî ãðàíèöþ âèäó

lim
x→0

ln(cos 2x)(
e

3
√
x − 1

)n = lim
x→0

ln(1− 2 sin2 x)(
e
3√x−1
3
√
x

· 3
√
x
)n =

= lim
x→0

ln(1−2 sin2 x)

−2 sin2 x
· (−2 sin2 x)

( 3
√
x)

n = lim
x→0

−2 sin2 x

( 3
√
x)

n = lim
x→0

−2x2

( 3
√
x)

n .
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ßêùî n = 6, òî lim
x→0

−2x2

( 3
√
x)

6 = −2.

Îòæå, ôóíêöiÿ f(x) = ln(cos 2x) ¹ íåñêií÷åííî ìàëîþ 6-ãî ïîðÿäêó ïî-

ðiâíÿíî ç ôóíêöi¹þ g(x) = e
3
√
x − 1 ïðè x→ 0. I

�2.5. Îçíà÷åííÿ íåïåðåðâíîñòi ôóíêöi¨ â òî÷öi. Íàéïðîñòiøi

âëàñòèâîñòi íåïåðåðâíèõ ôóíêöié

Ôóíêöiÿ f(x) íàçèâà¹òüñÿ íåïåðåðâíîþ â òî÷öi x0, ÿêùî âèêîíó¹òüñÿ

ðiâíiñòü

lim
x→x0

f(x) = f(x0).

Öèì ñàìèì âèìàãà¹òüñÿ äëÿ ôóíêöi¨ f(x) âèêîíàííÿ óìîâ:

1) iñíóâàííÿ ôóíêöi¨ f(x) â îêîëi òî÷êè x0,

2) iñíóâàííÿ ãðàíèöi ôóíêöi¨ â òî÷öi x0,

3) ðiâíiñòü ãðàíèöi i çíà÷åííÿ ôóíêöi¨ â òî÷öi x0.

ßêùî îäíà ç óìîâ ïîðóøó¹òüñÿ, òî ôóíêöiÿ f(x) ìà¹ â òî÷öi x0 ðîçðèâ,

à òî÷êà x0 íàçèâà¹òüñÿ òî÷êîþ ðîçðèâó.

Îçíà÷åííÿ íåïåðåðâíîñòi ôóíêöi¨ f(x) â òî÷öi x0 ìîæíà ñôîðìóëþâàòè

â iíøèõ òåðìiíàõ.

Ôóíêöiÿ f(x) íàçèâà¹òüñÿ íåïåðåðâíîþ â òî÷öi x0, ÿêùî íåñêií÷åííî

ìàëîìó ïðèðîñòó àðãóìåíòà â òî÷öi x0 âiäïîâiäà¹ íåñêií÷åííî ìàëèé ïðèðiñò

ôóíêöi¨, òîáòî:

lim
∆x→0

∆f(x0) = lim
∆x→0

(
f(x0 +∆x)− f(x0)

)
= 0.

Ôóíêöiÿ f(x) íàçèâà¹òüñÿ íåïåðåðâíîþ â òî÷öi x0 , ÿêùî:

(∀ε > 0)(∃δ(ε) > 0)(∀x : |x− x0| < δ) :
{
|f(x)− f(x0)| < ε

}
.

Ôóíêöiÿ f(x) íàçèâà¹òüñÿ íåïåðåðâíîþ â òî÷öi x0 , ÿêùî äëÿ áóäü-ÿêî¨

ïîñëiäîâíîñòi {xn} òàêî¨, ùî lim
n→∞

xn = x0, âiäïîâiäíà ïîñëiäîâíiñòü {f(xn)}

ïðÿìó¹ äî f(x0), òîáòî

lim
n→∞

f(xn) = f(x0).
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Ôóíêöiÿ f(x) íàçèâà¹òüñÿ íåïåðåðâíîþ íà ïðîìiæêó X, ÿêùî âîíà ¹

íåïåðåðâíîþ â êîæíié òî÷öi öüîãî ïðîìiæêà.

Íàéïðîñòiøi âëàñòèâîñòi íåïåðåðâíèõ ôóíêöié:

1) ßêùî ôóíêöi¨ f(x) òà g(x) íåïåðåðâíi â òî÷öi x0 ∈ X, òî f(x)± g(x),

f(x) · g(x), f(x)
g(x)

(g(x0) ̸= 0) òàêîæ ¹ íåïåðåðâíèìè â òî÷öi x0 ∈ X.

2) ßêùî ôóíêöiÿ f(x) ¹ íåïåðåðâíîþ â òî÷öi x0 ∈ X, à ôóíêöiÿ x = g(t)

¹ íåïåðåðâíîþ â òî÷öi t0 ∈ T i g(t0) = x0, òî f(g(t)) òàêîæ ¹ íåïåðåðâíîþ â

òî÷öi t0 ∈ T.

3) Êîæíà åëåìåíòàðíà ôóíêöiÿ ¹ íåïåðåðâíîþ â ñâî¨é îáëàñòi âèçíà÷åííÿ.

Âïðàâè

1. Êîðèñòóþ÷èñü îçíà÷åííÿì íåïåðåðâíîñòi íà ìîâi � ε− δ �, äîâåñòè íåïå-

ðåðâíiñòü îñíîâíèõ åëåìåíòàðíèõ ôóíêöié.

2. Äîñëiäèòè íà íåïåðåðâíiñòü ôóíêöi¨ f(x) â çàäàíèõ òî÷êàõ x0 :

1) f(x) = 5x2 − 1, x0 = 2, 2) f(x) =
√
x+ 1, x0 = 3,

3) f(x) = sin 2x, x0 =
π

4
, 4) f(x) = 3x, x0 = 1.

3. Äîñëiäèòè íà íåïåðåðâíiñòü çàäàíi ôóíêöi¨ â îáëàñòi âèçíà÷åííÿ:

1) f(x) = x2 + 2x+ 7, 2) f(x) =
5x

9 + x2
,

3) f(x) = x3 + 8x, 4) f(x) = signx,

5) f(x) = |x+ 2| − |x− 3|, 6) f(x) = [x],

7) f(x) = sin x2, 8) f(x) = cos4 x,

9) f(x) = x3 + 3 sin 4x, 10) f(x) = x · signx,

11) f(x) = x[x], 12) f(x) = sign(cosx),

13) f(x) = [x] cos 2πx, 14) f(x) =

∣∣∣∣sinxx
∣∣∣∣,

15) f(x) =
sinx

|x|
, 16) f(x) = (−1)[cosπx].

4) Äîñëiäèòè íà íåïåðåðâíiñòü ñêëàäåíó ôóíêöiþ f(g(t)), ÿêùî:

1) f(x) = x2 + 2x, g(t) = cos t,
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2) f(x) = 3x, g(t) = ctg 2t,

3) f(x) = signx, g(t) = t2 + 1,

4) f(x) = x2 + 1, g(t) = sign t,

5) f(x) = 1 + x− [x], g(t) = sign t,

6) f(x) = signx, g(t) = 1 + t− [t].

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1. Ðîçãëÿíåìî òðèãîíîìåòðè÷íó ôóíêöiþ f(x) = cos x. Çàôiêñó¹ìî äî-

âiëüíå x0 ∈ R i ε > 0. Òîäi çà îçíà÷åííÿì íåïåðåðâíîñòi ôóíêöi¨ íà ìîâi

� ε− δ � ìà¹ìî:

|f(x)− f(x0)| = | cosx− cosx0| =
∣∣∣∣−2 sin

x− x0
2

sin
x+ x0

2

∣∣∣∣ .
Îñêiëüêè

∣∣∣∣sin x+ x0
2

∣∣∣∣ ≤ 1, à

∣∣∣∣sin x− x0
2

∣∣∣∣ ≤ |x− x0|
2

äëÿ äîâiëüíîãî x ∈ R, òî

|f(x)− f(x0)| ≤ 2 · 1
2
|x− x0| = |x− x0| < ε.

Çâiäñè âèïëèâà¹, ùî ìîæíà ïîêëàñòè δ(ε) = ε. Òîäi

(∀ε > 0)(∃δ(ε) = ε)(∀x : |x− x0| < δ) :
{
| cosx− cosx0| < ε

}
.

Îñêiëüêè òî÷êà x0 ∈ R � äîâiëüíà, òî ôóíêöiÿ f(x) = cos x ¹ íåïåðåðâíîþ

íà âñié îáëàñòi âèçíà÷åííÿ. I
3.16. ßêùî cos πx ∈ [0; 1), òî πx ∈

[
− π

2
+ 2πn;

π

2
+ 2πn

]
i πx ̸= 2πn,

n ∈ Z; ÿêùî cos πx ∈ [−1; 0), òî πx ∈
(π
2
+ 2πn;

3π

2
+ 2πn

)
, n ∈ Z; ÿêùî

cos πx = 1, òî πx = 2πn, n ∈ Z. Ç öüîãî âèïëèâà¹, ùî ÿêùî [cosπx] = 0,

òî x ∈
[
− 1

2
+ 2n;

1

2
+ 2n

]
i x ̸= 2n, n ∈ Z; ÿêùî [cosπx] = −1, òî

x ∈
(1
2
+ 2n;

3

2
+ 2n

)
, n ∈ Z; ÿêùî [cosπx] = 1, òî x = 2n, n ∈ Z. Òîäi

f(x) = (−1)[cosπx] = 10 = 1, ÿêùî x ∈
[
− 1

2
+ 2n;

1

2
+ 2n

]
i x ̸= 2n, n ∈ Z;

f(x) = (−1)[cosπx] = (−1)(−1) = −1, ÿêùî x ∈
(1
2
+ 2n;

3

2
+ 2n

]
àáî x = 2n,

n ∈ Z.
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Îòæå, çà îçíà÷åííÿì íåïåðåðâíîñòi äàíà ôóíêöiÿ ¹ íåïåðåðâíîþ íà iíòåð-

âàëàõ
(
− 1

2
+ 2n; 2n

)
,
(
2n;

1

2
+ 2n

)
,
(1
2
+ 2n;

3

2
+ 2n

)
, äå n ∈ Z. Íà êiíöÿõ

öèõ iíòåðâàëiâ ôóíêöiÿ áóäå ìàòè ðîçðèâ. I
4.3. Íåõàé t0 ∈ R, òîäi íàäàìî öié òî÷öi äîâiëüíîãî ïðèðîñòó ∆t. Îá÷è-

ñëèìî âiäïîâiäíèé ïðèðiñò ôóíêöi¨ g(t) = t2 + 1. Ìà¹ìî:

∆g(t0) = (t0 +∆t)2 + 1− t20 − 1 = t20 + 2t0∆t+∆t2 − t20 = 2t0∆t+∆t2.

Çâiäñè äiñòàíåìî, ùî lim
∆t→0

∆g(t0) = lim
∆t→0

(2t0∆t+∆t2) = 0.

Îòæå, ôóíêöiÿ g(t) = t2 + 1 ¹ íåïåðåðâíîþ â äîâiëüíié òî÷öi t0 ∈ R, à

îòæå, i íà âñié ìíîæèíi R.

Îñêiëüêè g(t) > 0 äëÿ äîâiëüíîãî t ∈ R, òî f(g(t)) = sign (t2+1) = 1 äëÿ

äîâiëüíîãî t ∈ R. Îòæå, ôóíêöiÿ f(x) = signx ¹ íåïåðåðâíîþ â äîâiëüíié

òî÷öi x0 = g(t0), à îòæå, i äëÿ äîâiëüíî¨ òî÷êè x ∈ R. Çà âëàñòèâiñòþ íåïå-

ðåðâíîñòi ñêëàäåíî¨ ôóíêöi¨ îòðèìó¹ìî, ùî ôóíêöiÿ f(g(t)) = sign (t2 + 1) ¹

íåïåðåðâíîþ íà âñié ìíîæèíi äiéñíèõ ÷èñåë. I

�2.6. Îäíîñòîðîííÿ íåïåðåðâíiñòü ôóíêöi¨. Êëàñèôiêàöiÿ òî÷îê

ðîçðèâó

Ôóíêöiþ f(x) íàçèâà¹òüñÿ íåïåðåðâíîþ çëiâà (ñïðàâà) â òî÷öi x0,

ÿêùî

f(x0 − 0)
def
= lim

x→x0−0
f(x) = f(x0),

f(x0 + 0)
def
= lim

x→x0+0
f(x) = f(x0).

Äëÿ íåïåðåðâíîñòi ôóíêöi¨ f(x) â òî÷öi x0 íåîáõiäíî i äîñòàòíüî, ùîá

âîíà áóëà íåïåðåðâíîþ i çëiâà i ñïðàâà â öié òî÷öi, òîáòî

f(x0 − 0) = f(x0 + 0) = f(x0).

Íåõàé x0 � òî÷êà ðîçðèâó ôóíêöi¨ f(x). Òîäi öÿ òî÷êà íàçèâà¹òüñÿ:

1) òî÷êîþ óñóâíîãî ðîçðèâó , ÿêùî f(x0 − 0) = f(x0 + 0) ̸= f(x0),
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2) òî÷êîþ ðîçðèâó I-ãî ðîäó , ÿêùî iñíóþòü ñêií÷åííi ãðàíèöi

lim
x→x0−0

f(x) i lim
x→x0+0

f(x), îäíàê õî÷à á îäíà ç íèõ íå ðiâíà çíà÷åííþ ôóíêöi¨

f(x0). Â öüîìó âèïàäêó âåëè÷èíà |f(x0 + 0) − f(x0)| (|f(x0) − f(x0 − 0)|)

íàçèâà¹òüñÿ ñòðèáêîì ôóíêöi¨ ñïðàâà (çëiâà) â òî÷öi x0;

3)òî÷êîþ ðîçðèâó II-ãî ðîäó , ÿêùî õî÷à á îäíà iç ãðàíèöü lim
x→x0−0

f(x),

lim
x→x0+0

f(x) ðiâíà íåñêií÷åííîñòi, àáî íå iñíó¹.

Âïðàâè

1. Çíàéòè òî÷êè ðîçðèâó ôóíêöié i âñòàíîâèòè ¨õ òèï:

1) f(x)=


sin(x− 1)

x− 1
, ÿêùî x ̸= 1,

2, ÿêùî x = 1,

2) f(x)=


e

1
x − e−

1
x

e
1
x + e−

1
x

, ÿêùî x ̸= 0,

1, ÿêùî x = 0,

3) f(x) =
x3 − 27

x2 − 9
, 4) f(x) =

|x+ 3|
x+ 3

,

5) f(x) =
sin 4x

x
, 6) f(x) =

x2 + 3

x2 − 4
,

7) f(x) =
|x− 1|
x2 − x3

, 8) f(x) = arctg
1

x+ 2
,

9) f(x) =
1

1 + 2
1
x

, 10) f(x) =
cosx

| cosx|
.

2. Äîñëiäèòè ôóíêöi¨ íà íåïåðåðâíiñòü i âèÿñíèòè õàðàêòåð òî÷îê ðîçðè-

âó:

1) f(x)=


3x, ÿêùî 0 ≤ x ≤ 1,

3 + x, ÿêùî 1 < x ≤ 3,

2) f(x)=


x3, ÿêùî − 1 ≤ x ≤ 2,

3 + x, ÿêùî 2 < x ≤ 6,

3) f(x) =
|x|

arctg x
, 4) f(x) = ln(sin x),

5) f(x) =
x+ 2

3 + 2
1
x2

, 6) f(x) = e
1

x−3 ,
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7) f(x)=


ex − 1

x
, ÿêùî x < 0,

√
x− 1

x
, ÿêùî x > 0,

8) f(x) =

√
x+ 3− 2

x2 − 1
,

9) f(x) =
23x − 1

x
, 10) f(x) =

(
2− x

) 1
x−1 .

3. Ïiäiáðàòè ÷èñëà a òà b, ùîá êîæíà ç ôóíêöié f(x) â îáëàñòi âèçíà÷åííÿ

áóëà íåïåðåðâíîþ:

1) f(x) =


x sin

1

x
, ÿêùî x ̸= 0,

a, ÿêùî x = 0,

2) f(x) =


cos 4x, ÿêùî x ≤ 0,

a(x2 − 4), ÿêùî x > 0,

3) f(x) =


1− cosx

x2
, ÿêùî x ̸= 0,

a, ÿêùî x = 0,

4) f(x) =


ln(1 + x)− ln(1− x)

x
, ÿêùî x ̸= 0,

ax+ b, ÿêùî x = 0,

5) f(x) =


(x− 2)3, ÿêùî x ≤ 0,

ax+ b, ÿêùî 0 < x < 4,

√
x, ÿêùî x ≥ 4,

6) f(x) =



x cos x2
sinx

, ÿêùî x ∈
[
− π

2
;
3

2
π
]
, x ̸= 0, x ̸= π,

a, ÿêùî x = 0,

b, ÿêùî x = π.

4. Äîñëiäèòè íà íåïåðåðâíiñòü ôóíêöi¨ i ïîáóäóâàòè ¨õ ãðàôiêè:

1) f(x) =
[
x2
]
, 2) f(x) =

[
cosx

]
,



68 ÐÎÇÄIË II. Ãðàíèöÿ ôóíêöi¨ â òî÷öi. Íåïåðåðâíiñòü ôóíêöi¨

3) f(x) =
[
lnx
]
, 4) f(x) =

{
x2
}
,

5) f(x) =
{
cosx

}
, 6) f(x) =

{
lnx
}
.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.2. Íåõàé x0 ∈ R i x0 ̸= 0. Ðîçãëÿíåìî ïðèðiñò ôóíêöi¨ â òî÷öi x0 :

∆f(x0) =
e

1
x0+∆x − e−

1
x0+∆x

e
1

x0+∆x + e−
1

x0+∆x

− e
1
x0 − e−

1
x0

e
1
x0 + e−

1
x0

=

=
e

1
x0+∆x

(
e

1
x0+∆x − e−

1
x0+∆x

)
e

2
x0+∆x + 1

−
e

1
x0

(
e

1
x0 − e−

1
x0

)
e

2
x0 + 1

=

=

(
e

2
x0+∆x − 1

)(
e

2
x0 + 1

)
−
(
e

2
x0+∆x + 1

)(
e

2
x0 − 1

)
(
e

2
x0+∆x + 1

)(
e

2
x0 + 1

) =
2
(
e

2
x0+∆x − e

2
x0

)
(
e

2
x0+∆x + 1

)(
e

2
x0 + 1

) .
Òîäi

lim
∆x→0

∆f(x0) = lim
∆x→0

2
(
e

2
x0+∆x − e

2
x0

)
(
e

2
x0+∆x + 1

)(
e

2
x0 + 1

) = 0.

Îòæå, ôóíêöiÿ ¹ íåïåðåðâíîþ â áóäü-ÿêié òî÷öi x0 ∈ R \ {0}.

Ðîçãëÿíåìî òåïåð îäíîñòîðîííi ãðàíèöi â òî÷öi x0 = 0 :

lim
x→−0

e
1
x − e−

1
x

e
1
x + e−

1
x

= lim
x→−0

e
2
x − 1

e
2
x + 1

= −1,

lim
x→+0

e
1
x − e−

1
x

e
1
x + e−

1
x

= lim
x→+0

e
2
x − 1

e
2
x + 1

= 1.

Îòæå, ôóíêöiÿ f(x) =
e

1
x − e−

1
x

e
1
x + e−

1
x

¹ íåïåðåðâíîþ ñïðàâà â òî÷öi x = 0. Êðiì

òîãî, òî÷êà x = 0 ¹ òî÷êîþ ðîçðèâó ïåðøîãî ðîäó öi¹¨ ôóíêöi¨. I
2.10. Îáëàñòþ âèçíà÷åííÿ öi¹¨ ôóíêöi¨ ¹ ìíîæèíà âèäó

D(f) =
{
x : x ∈ (−∞; 1) ∪ (1; 2]

}
.

Íåõàé x0 ∈ D(f), êðiì x = 2. Òîäi ðîçãëÿíåìî ïðèðiñò ôóíêöi¨ f(x) =

(2− x)
1

x−1 â òî÷öi x0 :

∆f(x0) = (2− x0 −∆x)
1

x0+∆x−1 − (2− x0)
1

x0−1 = e
ln(2−x0−∆x)
x0+∆x−1 − e

ln(2−x0)
x0−1 .
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Ç íåïåðåðâíîñòi ïîêàçíèêîâî¨ òà ëîãàðèôìi÷íî¨ ôóíêöié íà D(f) âèïëè-

âàòèìå, ùî lim
∆x→0

∆f(x0) = 0. Îòæå, ôóíêöiÿ f(x) = (2−x) 1
x−1 ¹ íåïåðåðâíîþ

â ñâî¨é îáëàñòi âèçíà÷åííÿ.

Ðîçãëÿíåìî ãðàíèöþ äàíî¨ ôóíêöi¨ â òî÷öi x0 = 1 :

lim
x→1

(2− x)
1

x−1 = lim
x→1

(
1 + (1− x)

) 1
x−1 =

= lim
x→1

(
1 + (1− x)

)− 1
1−x = e−1 =

1

e
.

Îòæå, òî÷êà x = 1 ¹ òî÷êîþ óñóâíîãî ðîçðèâó.

Ðîçãëÿíåìî ëiâîñòîðîííþ ãðàíèöþ ôóíêöi¨ â òî÷öi x0 = 2 :

lim
x→2−0

(2− x)
1

x−1 = 0 = f(2− 0),

Îòæå, â òî÷öi x = 2 ôóíêöiÿ ¹ íåïåðåðâíîþ çëiâà. I
3.3. Çíàéäåìî ãðàíèöþ ôóíêöi¨ â òî÷öi x0 = 0 :

lim
x→0

1− cosx

x2
= lim

x→0

2 sin2 x2
4 · x24

=
1

2
.

Îòæå, äëÿ òîãî, ùîá äàíà ôóíêöiÿ áóëà íåïåðåðâíîþ, íåîáõiäíî i äîñòà-

òíüî, ùîá a =
1

2
. I

�2.7. Âëàñòèâîñòi ôóíêöié, íåïåðåðâíèõ íà âiäðiçêó. Ðiâíîìiðíà

íåïåðåðâíiñòü ôóíêöi¨

Ôóíêöiÿ y = f(x) íàçèâà¹òüñÿ íåïåðåðâíîþ íà âiäðiçêó [a; b], ÿêùî

âîíà ¹ íåïåðåðâíîþ ó êîæíié òî÷öi iíòåðâàëà (a; b), íåïåðåðâíà çëiâà ó òî÷öi

b i íåïåðåðâíà ñïðàâà â òî÷öi a.

Ïåðøà òåîðåìà Âåé¹ðøòðàññà. ßêùî ôóíêöiÿ y = f(x) íåïåðåðâíà

íà âiäðiçêó [a; b], òî f(x) ¹ îáìåæåíîþ íà öüîìó âiäðiçêó.

Äðóãà òåîðåìà Âåé¹ðøòðàññà. ßêùî ôóíêöiÿ y = f(x) íåïåðåðâ-

íà íà âiäðiçêó [a; b], òî f(x) íà öüîìó âiäðiçêó äîñÿãà¹ ñâîãî íàéáiëüøîãî

max
x∈[a;b]

f(x) i íàéìåíøîãî min
x∈[a;b]

f(x) çíà÷åíü.
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Ïåðøà òåîðåìà Áîëüöàíî-Êîøi. ßêùî ôóíêöiÿ y = f(x) ¹ íåïåðåðâ-

íîþ íà âiäðiçêó [a; b] i íà êiíöÿõ öüîãî âiäðiçêà íàáóâà¹ çíà÷åíü ðiçíèõ çíàêiâ,

òî âñåðåäèíi öüîãî âiäðiçêà iñíó¹ ïðèíàéìi îäíà òî÷êà c, ùî f(c) = 0.

Äðóãà òåîðåìà Áîëüöàíî-Êîøi. Ìíîæèíîþ çíà÷åíü ôóíêöi¨

y = f(x), íåïåðåðâíî¨ íà âiäðiçêó [a; b], ¹ âiäðiçîê
[
min
x∈[a;b]

f(x); max
x∈[a;b]

f(x)
]
.

Ôóíêöiÿ y = f(x) íàçèâà¹òüñÿ ðiâíîìiðíî íåïåðåðâíîþ íà ïðîìiæêó

X, ÿêùî

(∀ε > 0)(∃δ(ε) > 0)(∀x′, x′′ ∈ X : |x′ − x′′| < δ) :
{∣∣f(x′)− f(x′′)

∣∣ < ε
}
.

Òåîðåìà Êàíòîðà. ßêùî ôóíêöiÿ y = f(x) ¹ íåïåðåðâíîþ íà âiäðiçêó

[a; b], òî âîíà íà öüîìó âiäðiçêó ¹ ðiâíîìiðíî íåïåðåðâíîþ.

Òåîðåìà ïðî iñíóâàííÿ îáåðíåíî¨ ôóíêöi¨. ßêùî ôóíêöiÿ y = f(x)

¹ çðîñòàþ÷îþ (ñïàäíîþ) i íåïåðåðâíîþ íà âiäðiçêó [a; b], òî iñíó¹ îáåðíåíà

ôóíêöiÿ x = f−1(y), ÿêà ¹ íåïåðåðâíîþ i çðîñòàþ÷îþ (ñïàäíîþ) íà âiäðiçêó

[c; d], äå c = min
x∈[a;b]

f(x), d = max
x∈[a;b]

f(x).

Âïðàâè

1. Âèçíà÷èòè, ÷è ¹ îáìåæåíèìè äàíi ôóíêöi¨ íà âêàçàíèõ ïðîìiæêàõ:

1) f(x) =
1

x
, x ∈ [1; 2],

2) f(x) = ln x, x ∈ [2; e2],

3) f(x) = 2−x, x ∈ [−3;+∞),

4) f(x) = sin x, x ∈ (−∞; +∞),

5) f(x) = 2x + lg(1 + x2), x ∈ [0; 1],

6) f(x) = arctg x+ esinx, x ∈ [0; +∞),

7) f(x) = ln(sin x), x ∈ (0; π),

8) f(x) =
x

4− x2
, x ∈ [−1; 1],

9) f(x) = tg x− sinx, x ∈
[
0;
π

4

]
,

10) f(x) = 3tg x, x ∈
[
0;
π

6

]
.

2. ×è ìà¹ äàíå ðiâíÿííÿ êîðåíi, ÿêi ìiñòÿòüñÿ íà çàäàíîìó âiäðiçêó:
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1) x3 − 15x+ 2 = 0, [0; 1], 2) x3 + 6x− 8 = 0, [1; 1, 5],

3) x4 − 3x− 1 = 0, [1; 2], 4) x4 − 4x+ 1 = 0, [0; 1],

5) x4 − 2x− 2 = 0, [−1; 0], 6) x+ ex = 0, [−1; 0],

7) tg x− cosx = 0,
[
0;
π

4

]
, 8) lnx = arctg x, [1; 2],

9) ln2 x− x+ 2 = 0, [3; 4], 10) x2 = ex + 2, [−2;−1].

3. Çíàéòè ôóíêöi¨, îáåðíåíi äî äàíèõ:

1) y = x2, 2) y = 2x− x2,

3) y =
ax+ b

cx+ d
, ad− bc ̸= 0, 4) y = x+ [x],

5) y = sinx, x ∈
[π
2
;
3

2
π
]
, 6) y =

2x

1 + x2
,

7) y = tg x, x ∈
(π
2
;
3

2
π
)
, 8) y = cosx, x ∈ [0; 2π],

9) y =

x, ÿêùî x ∈ Q,

−x, ÿêùî x ∈ R \Q,
10) y = (1 + x2) signx.

4. Äîñëiäèòè íà ðiâíîìiðíó íåïåðåðâíiñòü â çàäàíèõ ïðîìiæêàõ íàñòóïíi

ôóíêöi¨:

1) f(x) =
x

4− x2
, x ∈ [−1; 1], 2) f(x) = ln x, x ∈ (0; 1),

3) f(x) = x2 − 2x− 1, x ∈ [−2; 5], 4) f(x) = 3
√
x, x ∈ [1; +∞),

5) f(x) = sin
1

x
, x ∈ (0; 1), 6) f(x) = sin2 x, x ∈ [0; +∞),

7) f(x) = sin x2, x ∈ [0; +∞), 8) f(x) = sin
√
x, x ∈ [0; +∞),

9) f(x) = sin(sin x), x ∈ [0; +∞), 10) f(x) = sin(x sinx), x ∈ [0; +∞).

5. Ìåòîäîì iíòåðâàëiâ ðîçâ'ÿçàòè íåðiâíîñòi:

1)
1

x− 1
+

2

x+ 1
<

3

x
, 2)

2x− 1

x− 2
≤ x+ 2

x
,

3)
(x+ 1)(x2 − 2x− 3)

(x− 1)(x− 5)(2x− 3)
≤ 0, 4) sin 5x cos 2x < sin 4x cos 3x,
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5) 2 + tg 2x+ cos 2x < 0, 6)

(
1 +

7

x
+

12

x2

)(
1− 5

x

)2(
1− 2

x

)
> 0,

7) 2 sin2 x− 3 cos x < 0, 8) log 1
3
(x2 − 1) + log√3(5− x) < 1,

9) log2 |x2 − 5x+ 6| < log2 |1− x|, 10) log2x

(
2− 3|x|
x2 − 9

)
> 0.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.5. Îñêiëüêè ôóíêöi¨ y = 2x òà y = lg(1 + x2) ¹ íåïåðåðâíèìè â êîæíié

òî÷öi âiäðiçêà [0; 1], òî çà âëàñòèâiñòþ íåïåðåðâíèõ íà âiäðiçêó [0; 1] ôóíêöié

îòðèìà¹ìî, ùî ôóíêöiÿ y = 2x + lg(1 + x2) ¹ íåïåðåðâíîþ íà âiäðiçêó [0; 1].

Òîäi ç ïåðøî¨ òåîðåìè Âåé¹ðøòðàññà âèïëèâàòèìå, ùî y = 2x + lg(1 + x2)

¹ îáìåæåíîþ íà âiäðiçêó [0; 1]. Êðiì òîãî, âîíà ¹ ìîíîòîííî çðîñòàþ÷îþ ÿê

ñóìà ìîíîòîííî çðîñòàþ÷èõ ôóíêöié íà öüîìó âiäðiçêó. Îòæå,

1 ≤ 2x + lg(1 + x2) ≤ 2 + lg 2,

äå x ∈ [0; 1]. I

3.4. Çà îçíà÷åííÿì öiëî¨ ÷àñòèíè âiä x ìà¹ìî, ùî äëÿ äîâiëüíîãî

x ∈ [n;n+ 1], (n ∈ Z) :

f(x) = x+ n = y, y ∈ [2n; 2n+ 1].

Çâiäñè âèïëèâàòèìå, ùî x = y − n = f−1(y), ÿêùî y ∈ [2n; 2n + 1], äå

n ∈ Z. I

4.4. Òåîðåìó Êàíòîðà çàñòîñóâàòè íå ìîæåìî, òîìó ñêîðèñòà¹ìîñü îçíà-

÷åííÿì ðiâíîìiðíî¨ íåïåðåðâíîñòi ôóíêöi¨ íà ïðîìiæêó. Íåõàé ε > 0 � çàäàíå

ôiêñîâàíå ÷èñëî. Òîäi, ÿêùî |x′ − x′′| < δ äëÿ äîâiëüíèõ x′, x′′ ∈ [1; +∞), òî:

|f(x′)−f(x′′)|=
∣∣ 3
√
x′ − 3

√
x′′
∣∣ = ∣∣∣∣∣

(
3
√
x′ − 3

√
x′′
)(

3
√
(x′)2 + 3

√
x′x′′ + 3

√
(x′′)2

)
3
√

(x′)2 + 3
√
x′x′′ + 3

√
(x′′)2

∣∣∣∣∣ =
=

|x′ − x′′|
3
√

(x′)2 + 3
√
x′x′′ + 3

√
(x′′)2

.
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Îñêiëüêè x′ òà x′′ � ðiçíi i x′ > x′′ ≥ 1, òîäi 3
√
(x′)2 + 3

√
x′x′′ + 3

√
(x′′)2 > 3. Â

òàêîìó âèïàäêó

|f(x′)−f(x′′)|< |x′ − x′′|
3

<
δ

3
= ε.

Îòæå, δ = 3ε äëÿ äîâiëüíèõ x′, x′′ ∈ [1; +∞), ùî i äîâîäèòü ðiâíîìiðíó

íåïåðåðâíiñòü ôóíêöi¨ y = 3
√
x íà ïðîìiæêó [1; +∞). I

4.7. Íåõàé xn =
√
2πn, x′n =

√
π

2
+ 2πn, äå n ∈ N. Òîäi

|xn − x′n| <

∣∣∣∣∣ 2πn−
(
π
2 + 2πn

)
√
2πn+

√
π
2 + 2πn

∣∣∣∣∣ ≤ π
2

2
√
2πn

→ 0

ïðè n→ +∞. Äàëi

|f(xn)− f(x′n)| =
∣∣∣sin(2πn)− sin

(π
2
+ 2πn

)∣∣∣ = 1.

Òîäi äëÿ ε ∈ (0; 1), ÿêå á ìè íå âçÿëè δ > 0, iñíóâàòèìóòü x′ ∈ {xn} òà

x′′ ∈ {x′n} òàêi, ùî |x′ − x′′| < δ, à |f(x′) − f(x′′)| = 1 > ε. Îòæå, ôóíêöiÿ

y = sinx2 íå áóäå ðiâíîìiðíî íåïåðåðâíîþ íà ïðîìiæêó [0; +∞). I

Iíäèâiäóàëüíi çàâäàííÿ äî ðîçäiëó II

Çàäà÷à 1. Äîâåñòè âèêîíàííÿ íàñòóïíèõ ðiâíîñòåé (çíàéòè δ(ε)):

1.1. lim
x→ −3

2x2 + 5x− 3

x+ 3
= −7. 1.2. lim

x→ 1

5x2 − 4x− 1

x− 1
= 6.

1.3. lim
x→ −2

3x2 + 5x− 2

x+ 2
= −7. 1.4. lim

x→ 3

4x2 − 14x+ 6

x− 3
= 10.

1.5. lim
x→ −1/2

6x2 + x− 1

x+ 1/2
= −5. 1.6. lim

x→ 1/2

6x2 − x− 1

x− 1/2
= 5.

1.7. lim
x→ −1/3

9x2 − 1

x+ 1/3
= −6. 1.8. lim

x→ 2

3x2 − 5x− 2

x− 2
= 7.

1.9. lim
x→ −1/3

3x2 − 2x− 1

x+ 1/3
= −4. 1.10. lim

x→ −1

7x2 + 8x+ 1

x+ 1
= −6.

1.11. lim
x→ 3

x2 − 4x+ 3

x− 3
= 2. 1.12. lim

x→ 1/2

2x2 + 3x− 2

x− 1/2
= 5.

1.13. lim
x→ 1/3

6x2 − 5x+ 1

x− 1/3
= −1. 1.14. lim

x→ −7/5

10x2 + 9x− 7

x+ 7/5
= −19.
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1.15. lim
x→ −7/2

2x2 + 13x+ 21

2x+ 7
= −1

2
. 1.16. lim

x→ 5/2

2x2 − 9x+ 10

2x− 5
=

1

2
.

1.17. lim
x→ 1/3

6x2 + x− 1

x− 1/3
= 5. 1.18. lim

x→ −1/2

6x2 − 75x− 39

x+ 1/2
= −81.

1.19. lim
x→ 11

2x2 − 21x− 11

x− 11
= 23. 1.20. lim

x→ 5

5x2 − 24x− 5

x− 5
= 26.

1.21. lim
x→ −7

2x2 + 15x+ 7

x+ 7
= −13. 1.22. lim

x→ −4

2x2 + 6x− 8

x+ 4
= −10.

1.23. lim
x→ −1/3

6x2 − x− 1

3x+ 1
= −5

3
. 1.24. lim

x→ −5

x2 + 2x− 15

x+ 5
= −8.

1.25. lim
x→ 8

3x2 − 40x+ 128

x− 8
= 8. 1.26. lim

x→ 10

5x2 − 51x+ 10

x− 10
= 49.

1.27. lim
x→ 1/2

2x2 − 5x+ 2

x− 1/2
= −3. 1.28. lim

x→ −6

3x2 + 17x− 6

x+ 6
= −19.

1.29. lim
x→ 1/3

3x2 + 17x− 6

x− 1/3
= 19. 1.30. lim

x→ −1/5

15x2 − 2x− 1

x+ 1/5
= −8.

Çàäà÷à 2. Äîâåñòè, ùî ôóíêöiÿ f(x) íåïåðåðâíà â òî÷öi x0 (çíàéòè δ(ε)):

2.1. f (x) = 5x2 − 1, x0 = 6. 2.2. f (x) = 4x2 − 2, x0 = 5.

2.3. f (x) = 3x2 − 3, x0 = 4. 2.4. f (x) = 2x2 − 4, x0 = 3.

2.5. f (x) = −2x2 − 5, x0 = 2. 2.6. f (x) = −3x2 − 6, x0 = 1.

2.7. f (x) = −4x2 − 7, x0 = 1. 2.8. f (x) = −5x2 − 8, x0 = 2.

2.9. f (x) = −5x2 − 9, x0 = 3. 2.10. f (x) = −4x2 + 9, x0 = 4.

2.11. f (x) = −3x2 + 8, x0 = 5. 2.12. f (x) = −2x2 + 7, x0 = 6.

2.13. f (x) = 2x2 + 6, x0 = 7. 2.14. f (x) = 3x2 + 5, x0 = 8.

2.15. f (x) = 4x2 + 4, x0 = 9. 2.16. f (x) = 5x2 + 3, x0 = 8.

2.17. f (x) = 5x2 + 1, x0 = 7. 2.18. f (x) = 4x2 − 1, x0 = 6.

2.19. f (x) = 3x2 − 2, x0 = 5. 2.20. f (x) = 2x2 − 3, x0 = 4.

2.21. f (x) = −2x2 − 4, x0 = 3. 2.22. f (x) = −3x2 − 5, x0 = 2.

2.23. f (x) = −4x2 − 6, x0 = 1. 2.24. f (x) = −5x2 − 7, x0 = 1.

2.25. f (x) = −4x2 − 8, x0 = 2. 2.26. f (x) = −3x2 − 9, x0 = 3.

2.27. f (x) = −2x2 + 9, x0 = 4. 2.28. f (x) = 2x2 + 8, x0 = 5.

2.29. f (x) = 3x2 + 7, x0 = 6. 2.30. f (x) = 4x2 + 6, x0 = 7.
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Çàäà÷à 3. Îá÷èñëèòè ãðàíèöi:

3.1. lim
x→ −1

(
x3 − 2x− 1

)
(x+ 1)

x4 + 4x2 − 5
. 3.2. lim

x→ −1

x3 − 3x− 2

x+ x2
.

3.3. lim
x→ −1

(
x2 + 3x+ 2

)2
x3 + 2x2 − x− 2

. 3.4. lim
x→ 1

(
2x2 − x− 1

)2
x3 + 2x2 − x− 2

.

3.5. lim
x→ −3

(
x2 + 2x− 3

)2
x3 + 4x2 + 3x

. 3.6. lim
x→ −1

(
x3 − 2x− 1

)2
x4 + 2x+ 1

.

3.7. lim
x→ 0

(1 + x)3 − (1 + 3x)

x+ x5
. 3.8. lim

x→ 1

x2 − 2x+ 1

2x2 − x− 1
.

3.9. lim
x→ −1

x3 − 3x− 2

x2 − x− 2
. 3.10. lim

x→ −1

x3 + 5x2 + 7x+ 3

x3 + 4x2 + 5x+ 2
.

3.11. lim
x→ 1

x3 − 3x+ 2

x3 − x2 − x+ 1
. 3.12. lim

x→ 1

x3 + x2 − 5x+ 3

x3 − x2 − x+ 1
.

3.13. lim
x→ −1

x3 + 4x2 + 5x+ 2

x3 − 3x− 2
. 3.14. lim

x→ 1

x4 − 1

2x4 − x2 − 1
.

3.15. lim
x→−2

x3 + 5x2 + 8x+ 4

x3 + 3x2 − 4
. 3.16. lim

x→2

x3 − 5x2 + 8x− 4

x3 − 3x2 + 4
.

3.17. lim
x→2

x3 − 6x2 + 12x− 8

x3 − 3x2 + 4
. 3.18. lim

x→ −2

x3 + 5x2 + 8x+ 4

x3 + 7x2 + 16x+ 12
.

3.19. lim
x→− 1

x3 − 3x− 2

(x2 − x− 2)2
. 3.20. lim

x→2

x3 − 3x− 2

x− 2
.

3.21. lim
x→− 1

x3 − 3x− 2

x2 + 2x+ 1
. 3.22. lim

x→ 1

x2 − 2x+ 1

x3 − x2 − x+ 1
.

3.23. lim
x→ 1

x4 − 1

2x4 − x2 − 1
. 3.24. lim

x→− 1

x2 + 3x+ 2

x3 + 2x2 − x− 2
.

3.25. lim
x→ 1

2x2 − x− 1

x3 + 2x2 − x− 2
. 3.26. lim

x→−3

x2 + 2x− 3

x3 + 4x2 + 3x
.

3.27. lim
x→− 1

x3 − 2x− 1

x4 + 2x+ 1
. 3.28. lim

x→ 0

(1 + x)3 − (1 + 3x)

x2 + x5
.

3.29. lim
x→ 1

x2 − 1

2x2 − x− 1
. 3.30. lim

x→−3

x3 + 7x2 + 15x+ 9

x3 + 8x2 + 21x+ 18
.

Çàäà÷à 4. Îá÷èñëèòè ãðàíèöi:

4.1. lim
x→ 4

√
1 + 2x− 3√
x− 2

. 4.2. lim
x→ −8

√
1− x− 3

2 + 3
√
x

.

4.3. lim
x→ 1

√
x− 1

3
√
x2 − 1

. 4.4. lim
x→ 3

√
x+ 13− 2

√
x+ 1

x2 − 9
.

4.5. lim
x→ −2

3
√
x− 6 + 2

x3 + 8
. 4.6. lim

x→ 16

4
√
x− 2√
x− 4

.

4.7. lim
x→ 8

√
9 + 2x− 5

3
√
x− 2

. 4.8. lim
x→ 0

√
1− 2x+ x2 − (1 + x)

x
.
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4.9. lim
x→ 0

3
√
8 + 3x+ x2 − 2

x+ x2
. 4.10. lim

x→ 0

3
√
27 + x− 3

√
27− x

x+ 2
3
√
x4

.

4.11. lim
x→ 1

3
√
x− 1

√
1 + x−

√
2x
. 4.12. lim

x→ 0

√
1 + x−

√
1− x

3
√
1 + x− 3

√
1− x

.

4.13. lim
x→ 2

3
√
4x− 2

√
2 + x−

√
2x
. 4.14. lim

x→ 1

√
x− 1

x2 − 1
.

4.15. lim
x→ 3

3
√
9x− 3

√
3 + x−

√
2x
. 4.16. lim

x→ −2

3
√
x− 6 + 2

x+ 2
.

4.17. lim
x→ 4

3
√
16x− 4

√
4 + x−

√
2x
. 4.18. lim

x→ 8

√
9 + 2x− 5
3
√
x2 − 4

.

4.19. lim
x→ 1/2

3
√
x/4− 1/2√

1/2 + x−
√
2x
. 4.20. lim

x→ 1/3

3
√
x/9− 1/3√

1/3 + x−
√
2x
.

4.21. lim
x→ 1/4

3
√
x/16− 1/4√

1/4 + x−
√
2x
. 4.22. lim

x→ 0

√
1 + x−

√
1− x

7
√
x

.

4.23. lim
x→ 0

3
√
27 + x− 3

√
27− x

3
√
x2 + 5

√
x

. 4.24. lim
x→ 0

3
√
8 + 3x− x2 − 2

3
√
x2 + x3

.

4.25. lim
x→ 0

√
1− 2x+ 3x2 − (1 + x)

3
√
x

. 4.26. lim
x→ 8

√
9 + 2x− 5

3
√
x− 2

.

4.27. lim
x→ 16

4
√
x− 2

3
√
(
√
x− 4)2

. 4.28. lim
x→ −2

3
√
x− 6 + 2
3
√
x3 + 8

.

4.29. lim
x→ 4

√
x− 2

3
√
x2 − 16

. 4.30. lim
x→ −8

10− x− 6
√
1− x

2 + 3
√
x

.

Çàäà÷à 5. Îá÷èñëèòè ãðàíèöi:

5.1. lim
x→ 0

ln (1 + sin x)

sin 4x
. 5.2. lim

x→ 0

1− cos 10x

ex2 − 1
.

5.3. lim
x→ 0

3x2 − 5x

sin 3x
. 5.4. lim

x→ 0

1− cos 2x

cos 7x− cos 3x
.

5.5. lim
x→ 0

4x

tg(π(2 + x))
. 5.6. lim

x→ 0

2x

tg[2π(x+ 1/2)]
.

5.7. lim
x→ 0

1− cos3 x

4x2
. 5.8. lim

x→ 0

arcsin 3x
√
2 + x−

√
2
.

5.9. lim
x→ 0

2x − 1

ln(1 + 2x)
. 5.10. lim

x→ 0

arctg2x
sin(2π(x+ 10))

.

5.11. lim
x→ 0

ln(1− 7x)

sin(π(x+ 7))
. 5.12. lim

x→ 0

cos(x+ 5π/2)tgx
arcsin 2x2

.

5.13. lim
x→ 0

9 ln(1− 2x)

4 arctg 3x
. 5.14. lim

x→ 0

1−
√
3x+ 1

cos[π(x+ 1)/2]
.

5.15. lim
x→ 0

sin 7x

x2 + πx
. 5.16. lim

x→ 0

√
4 + x− 2

3 arctgx
.
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5.17. lim
x→ 0

2 sin[π(x+ 1)]

ln(1 + 2x)
. 5.18. lim

x→ 0

cos 2x− cosx

1− cosx
.

5.19. lim
x→ 0

√
1 + x− 1

sin[π(x+ 2)]
. 5.20. lim

x→ 0

sin[5(x+ π)]

e3x − 1
.

5.21. lim
x→ 0

1−
√
cosx

x sinx
. 5.22. lim

x→ 0

arcsin 2x

2−3x − 1
ln 2.

5.23. lim
x→ 0

e4x − 1

sin(π(x/2 + 1))
. 5.24. lim

x→ 0

1− cosx

(e3x − 1)2
.

5.25. lim
x→ 0

sin2 x− tg2x
x4

. 5.26. lim
x→ 0

arcsin 2x

ln(e− x)− 1
.

5.27. lim
x→ 0

tg x− sinx

x(1− cos 2x)
. 5.28. lim

x→ 0

ln(x2 + 1)

1−
√
x2 + 1

.

5.29. lim
x→ 0

tg(π(1 + x/2))

ln(x+ 1)
. 5.30. lim

x→ 0

2(eπx − 1)

3( 3
√
1 + x− 1)

.

Çàäà÷à 6. Îá÷èñëèòè ãðàíèöi:

6.1. lim
x→ 1

x2 − 1

lnx
. 6.2. lim

x→ 1

√
x2 − x+ 1− 1

lnx
.

6.3. lim
x→ π

1 + cos 3x

sin2 7x
. 6.4. lim

x→π/4

1− sin 2x

(π − 4x)2
.

6.5. lim
x→ 1

1 + cos πx

tg2πx
. 6.6. lim

x→ π/2

tg3x

tgx
.

6.7. lim
x→ π

sin2 x− tg2x

(x− π)4
. 6.8. lim

x→ 1

√
x2 − x+ 1− 1

tgπx
.

6.9. lim
x→ π

cos 5x− cos 3x

sin2 x
. 6.10. lim

x→ 2π

sin 7x− sin 3x

ex2 − e4π2 .

6.11. lim
x→ 2

sin 7πx

sin 8πx
. 6.12. lim

x→ 2

ln(5− 2x)√
10− 3x− 2

.

6.13. lim
x→ 1

√
x2 − 3x+ 3− 1

sin πx
. 6.14. lim

x→ π

x2 − π2

sinx
.

6.15. lim
x→ 1

35x−3 − 32x
2

tgπx
. 6.16. lim

x→ 4

2x − 16

sin πx
.

6.17. lim
x→ π/2

ln 2x− ln π

sin(5x/2) cos x
. 6.18. lim

x→ π/4

ln tgx

cos 2x
.

6.19. lim
x→ π

eπ − ex

sin 5x− sin 3x
. 6.20. lim

x→ 2

ln(9− 2x2)

sin 2πx
.

6.21. lim
x→ 2

1− 24−x
2

2(
√
2x−

√
3x2 − 5x+ 2)

. 6.22. lim
x→ 1

3
√
x− 1

4
√
x− 1

.

6.23. lim
x→ −2

tgπx

x+ 2
. 6.24. lim

x→ π

1− sin(x/2)

π − x
.

6.25. lim
x→ π/3

1− 2 cos x

π − 3x
. 6.26. lim

x→ 2

arctg(x2 − 2x)

sin 3πx
.
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6.27. lim
x→1

1− x2

sin πx
. 6.28. lim

x→ 1

cos(πx/2)

1−
√
x
.

6.29. lim
x→ 1

3−
√
10− x

sin 3πx
. 6.30. lim

x→ π

sin 5x

tg3x
.

Çàäà÷à 7. Îá÷èñëèòè ãðàíèöi:

7.1. lim
x→ π/2

2cos
2 x − 1

ln sin x
. 7.2. lim

x→ 1/2

(2x− 1)2

esinπx − e− sin 3πx
.

7.3. lim
x→ 2

ln
(
x− 3

√
2x− 3

)
sin (πx/2)− sin [(x− 1) π]

. 7.4. lim
x→ 2

tg x− tg 2
sin ln (x− 1)

.

7.5. lim
x→ π/2

etg 2x − e− sin 2x

sinx− 1
. 7.6. lim

x→ π/6

ln sin 3x

(6x− π)2
.

7.7. lim
x→ 3

sin
(√

2x2 − 3x− 5−
√
1 + x

)
ln (x− 1)− ln (x+ 1) + ln 2

. 7.8. lim
x→ 2π

(x− 2π)2

tg (cos x− 1)
.

7.9. lim
x→ 1/2

ln(4x− 1)√
1− cos πx− 1

. 7.10. lim
x→ −2

arcsin (x+ 2)/2

3
√
2+x+x2 − 9

.

7.11. lim
x→ 3

2sinπx − 1

ln(x3 − 6x− 8)
. 7.12. lim

x→ π

ln cos 2x

(1− π/x)2
.

7.13. lim
x→ 2

tg ln(3x− 5)

ex+3 − ex2+1
. 7.14. lim

x→ 2π

ln cosx

3sin 2x − 1
.

7.15. lim
x→ 1

3
√

1 + ln2 x− 1

1 + cos πx
. 7.16. lim

x→ π

cos(x/2)

esinx − esin 4x
.

7.17. lim
x→ 3

ln(2x− 5)

esinπx − 1
. 7.18. lim

x→ π/3

esin
2 6x − esin

2 3x

log3 cos 6x
.

7.19. lim
x→π/2

esin 2x − etg 2x

ln(2x/π)
. 7.20. lim

x→ −2

tg(ex+2 − ex
2−4)

tgx+ tg2
.

7.21. lim
x→ 1

√
2x + 7−

√
2x+1 + 5

x3 − 1
. 7.22. lim

x→ π

ln(2 + cos x)

(3sinx − 1)2
.

7.23. lim
x→ π

(x3 − π3) sin 5x

esin
2 x − 1

. 7.24. lim
x→ −1

tg (x+ 1)

e
3
√
x3−4x2+6 − e

.

7.25. lim
x→ π

ln cos 2x

ln cos 4x
. 7.26. lim

x→ π/2

ln sin x

(2x− π)2
.

7.27. lim
x→ a

ax
2−a2 − 1

tg ln(x/a)
. 7.28. lim

x→ −3

sin(e
3
√
1−x2/2 − e

3
√
x+2)

arctg(x+ 3)
.

7.29. lim
x→ aπ

ln(cos(x/a) + 2)

aa
2π2/x2−aπ/x − aaπ/x−1

. 7.30. lim
x→ π

tg(3π/x − 3)

3cos(3x/2) − 1
.

Çàäà÷à 8. Îá÷èñëèòè ãðàíèöi:
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8.1. lim
x→ 0

72x − 53x

2x− arctg 3x
. 8.2. lim

x→ 0

e3x − e−2x

2 arcsin x− sinx
.

8.3. lim
x→ 0

62x − 7−2x

sin 3x− 2x
. 8.4. lim

x→ 0

e5x − e3x

sin 2x− sinx
.

8.5. lim
x→ 0

32x − 53x

arctg x+ x3
. 8.6. lim

x→ 0

e2x − e3x

arctgx− x2
.

8.7. lim
x→ 0

35x − 2x

x− sin 9x
. 8.8. lim

x→ 0

e4x − e−2x

2 arctgx− sinx
.

8.9. lim
x→ 0

12x − 5−3x

2 arcsin x− x
. 8.10. lim

x→ 0

e7x − e−2x

sinx− 2x
.

8.11. lim
x→ 0

35x − 27x

arcsin 2x− x
. 8.12. lim

x→ 0

e5x − ex

arcsinx+ x3
.

8.13. lim
x→ 0

4x − 27x

tg3x− x
. 8.14. lim

x→ 0

ex − e−x

tg2x− sinx
.

8.15. lim
x→ 0

102x − 7−x

2tgx− arctg x
. 8.16. lim

x→ 0

e2x − ex

sin 3x− sin 5x
.

8.17. lim
x→ 0

73x − 32x

tgx+ x3
. 8.18. lim

x→ 0

e4x − e2x

2tgx− sinx
.

8.19. lim
x→ 0

32x − 7x

arcsin 3x− 5x
. 8.20. lim

x→ 0

e2x − e−5x

2 sin x− tgx
.

8.21. lim
x→ 0

45x − 9−2x

sinx− tgx3
. 8.22. lim

x→ 0

e3x − e2x

sin 3x− tg2x
.

8.23. lim
x→ 0

52x − 23x

sinx+ sinx2
. 8.24. lim

x→ 0

ex − e3x

sin 3x− tg2x
.

8.25. lim
x→ 0

9x − 23x

arctg 2x− 7x
. 8.26. lim

x→ 0

ex − e−2x

x+ sin x2
.

8.27. lim
x→ 0

35x − 2−7x

2x− tgx
. 8.28. lim

x→ 0

e2x − ex

sin 2x− sinx
.

8.29. lim
x→ 0

e2x − ex

x+ tgx2
. 8.30. lim

x→ 0

23x − 32x

x+ arcsin x3
.

Çàäà÷à 9. Îá÷èñëèòè ãðàíèöi:

9.1. lim
x→ 0

ex + e−x − 2

sin2 x
. 9.2. lim

x→ 0

1 + x sinx − cos 2x

sin2 x
.

9.3. lim
x→ −1

x3 + 1

sin(x+ 1)
. 9.4. lim

x→ a

tgx− tga

lnx− ln a
.

9.5. lim
x→ 0

√
1 + tgx−

√
1 + sinx

x3
. 9.6. lim

x→ 0

eαx − eβx

sinαx− sin βx
.

9.7. lim
x→ 0

√
1 + x sinx− 1

ex2 − 1
. 9.8. lim

x→ 0

x2 (ex − e−x)

ex3+1 − e
.

9.9. lim
x→ π/3

1− 2 cos x

sin(π − 3x)
. 9.10. lim

x→ 1

1− x2

sin πx
.
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9.11. lim
x→ π/4

sinx− cosx

ln tgx
. 9.12. lim

x→ b

ax − ab

x− b
.

9.13. lim
x→ 0

1− cos 2x+ tg2x

x sin 3x
. 9.14. lim

x→ 0

sin 2x− 2 sin x

x ln cos 5x
.

9.15. lim
h→ 0

ln (x+h)+ln (x−h)−2 ln x

h2
, x>0. 9.16. lim

x→ 1

1− x

log2 x
.

9.17. lim
x→ 0

esin 2x − esinx

tgx
. 9.18. lim

x→ 1

2x − 2

lnx
.

9.19. lim
h→ 0

sin (x+ h)− sin (x− h)

h
. 9.20. lim

x→ 0

√
x+ 2−

√
2

sin 3x
.

9.21. lim
h→ 0

ax+h + ax−h − 2ax

h2
. 9.22. lim

x→ 0

1−
√
cosx

1− cos
√
x
.

9.23. lim
x→ 3

3
√
5 + x− 2

sin πx
. 9.24. lim

x→ π/6

2 sin2 x+ sinx− 1

2 sin2 x− 3 sin x+ 1
.

9.25. lim
x→ 10

lg x− 1√
x− 9− 1

. 9.26. lim
x→ 0

3x+1 − 3

ln
(
1 + x

√
1 + xex

) .
9.27. lim

x→ 0

√
cosx− 1

sin2 2x
. 9.28. lim

x→ 0

sin bx− sin ax

ln (tg (π/4 + ax))
.

9.29. lim
x→ π/2

1− sin3 x

cos2 x
. 9.30. lim

x→ 3

log3 x− 1

tgπx
.

Çàäà÷à 10. Îá÷èñëèòè ãðàíèöi:

10.1. lim
x→ 0

(
1− ln

(
1 + x3

))3/(x2 arcsinx)
. 10.2. lim

x→ 0

(
cos

√
x
)1/x

.

10.3. lim
x→ 0

(
1 + x · 2x

1 + x · 3x

)1/x2

. 10.4. lim
x→ 0

(
2− 3arctg

2
√
x
)2/ sinx

.

10.5. lim
x→ 0

(
1 + sinx cosαx

1 + sinx cos βx

)ctg3x

. 10.6. lim
x→ 0

(
5− 4

cosx

)1/ sin2 3x

.

10.7. lim
x→ 0

(
1− ln

(
1 + 3

√
x
))x/ sin4 3

√
x
. 10.8. lim

x→ 0

(
2− earcsin

2√x
)3/x

.

10.9. lim
x→ 0

(cosπx)1/(x sinπx). 10.10. lim
x→ 0

(
1 + sin2 3x

)1/ ln cosx
.

10.11. lim
x→ 0

(
tg
(π
4
− x
))ctgx

. 10.12. lim
x→ 0

(
1− x sin2 x

)1/ ln(1+πx3)
.

10.13. lim
x→ 0

(
2− 5arcsinx

3
)(cos ec2x)/x

. 10.14. lim
x→ 0

(2− cos 3x)1/ ln(1+x2).

10.15. lim
x→ 0

(
2− esinx

)ctgπx
. 10.16. lim

x→ 0
(cosx)1/ ln(1+sin2 x).

10.17. lim
x→ 0

(
2− ex

2
)1/ln(1+tg2(πx/3))

. 10.18. lim
x→ 0

(3− 2 cos x)−cosec2x.

10.19. lim
x→ 0

(
2− 3sin

2 x
)1/ ln cosx

. 10.20. lim
x→ 0

x2
√
2− cosx.
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10.21. lim
x→ 0

(
6− 5

cosx

)ctg2x

. 10.22. lim
x→ 0

(
3− 2

cosx

)cosec2x

.

10.23. lim
x→ 0

(
1 + sinx cos 2x

1 + sinx cos 3x

)1/ sinx3

. 10.24. lim
x→ 0

(
2− ex

2
)1/(1−cosπx)

.

10.25. lim
x→ 0

(
1 +

1

3
arctg6

√
x

)1/x3

. 10.26. lim
x→ 0

(
1 + tgx cos 2x

1 + tgx cos 5x

)1/x3

.

10.27. lim
x→ 0

(
1 + x · 3x

1 + x · 7x

)1/tg2x
. 10.28. lim

x→ 0

(
1 + tg2x

)1/ ln(1+3x2)
.

10.29. lim
x→ 0

(1− ln cosx)1/tg
2x. 10.30. lim

x→ 0

(
1− sin2

x

2

)1/ ln(1+tg23x)
.

Çàäà÷à 11. Îá÷èñëèòè ãðàíèöi:

11.1. lim
x→ 0

(
sin 2x

x

)1+x

. 11.2. lim
x→ 0

(
2 + x

3− x

)x
.

11.3. lim
x→ 0

(
sin 4x

x

)2/(x+2)

. 11.4. lim
x→ 0

(
e3x − 1

x

)cos2(π/4+x)

.

11.5. lim
x→ 0

(cosx)x+3. 11.6. lim
x→ 0

(
x2 + 4

x+ 2

)x2+3

.

11.7. lim
x→ 0

(
ln (1 + x)

6x

)x/(x+2)

. 11.8. lim
x→ 0

(
tg4x

x

)2+x

.

11.9. lim
x→ 0

(
ex

3 − 1

x2

)(8x+3)/(1+x)

. 11.10. lim
x→ 0

(
x+ 2

x+ 4

)cosx

.

11.11. lim
x→ 0

(
sin 6x

2x

)2+x

. 11.12. lim
x→ 0

(
ex

2 − 1

x2

)6/(1+x)

.

11.13. lim
x→ 0

(
sin 2x

sin 3x

)x2
. 11.14. lim

x→ 0

(
tg
(
x+

π

3

))x+2

.

11.15. lim
x→ 0

(
x3 + 8

3x2 + 10

)x+2

. 11.16. lim
x→ 0

(sin (x+ 2))3/(3+x).

11.17. lim
x→ 0

(
22x − 1

x

)x+1

. 11.18. lim
x→ 0

(
x4 + 5

x+ 10

)4/(x+2)

.

11.19. lim
x→ 0

(
11x+ 8

12x+ 1

)cos2 x

. 11.20. lim
x→ 0

(
x3 + 1

x3 + 8

)2/(x+1)

.

11.21. lim
x→ 0

(
ln
(
1 + x2

)
x2

)3/(x+8)

. 11.22. lim
x→ 0

(
cos

x

π

)1+x
.

17.23. lim
x→ 0

(
arcsinx

x

)2/(x+5)

. 11.24. lim
x→ 0

(
arctg 3x

x

)x+2

.
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11.25. lim
x→ 0

(ex + x)cosx
4

. 11.26. lim
x→ 0

(
sin 5x2

sinx

)1/(x+6)

.

11.27. lim
x→ 0

(
tg
(π
4
− x
))(ex−1)/x

. 11.28. lim
x→ 0

(
6− 5

cosx

)tg2x

.

11.29. lim
x→ 0

(
1 + 8x

2 + 11x

)1/(x2+1)
. 11.30. lim

x→ 0

(
arcsin2 x

arcsin2 4x

)2x+1

.

Çàäà÷à 12. Îá÷èñëèòè ãðàíèöi:

12.1. lim
x→ 1

(
3x− 1

x+ 1

)1/( 3
√
x−1)

. 12.2. lim
x→ a

(
sinx

sin a

)1/(x−a)
.

12.3. lim
x→ 1

(
2x− 1

x

)1/( 3
√
x−1)

. 12.4. lim
x→ 2

(cosx
cos 2

)1/(x−2)

.

12.5. lim
x→ 8

(
2x− 7

x+ 1

)1/( 3
√
x−2)

. 12.6. lim
x→ π/4

(tgx)1/ cos(3π/4−x).

12.7. lim
x→ 1

(
2x− 1

x

)1/( 5
√
x−1)

. 12.8. lim
x→ a

(
2− x

a

)tgπx
2a

.

12.9. lim
x→ 2π

(cosx)ctg2x/ sin 3x. 12.10. lim
x→ 2π

(cosx)1/ sin2 2x.

12.11. lim
x→ 3

(
6− x

3

)tgπx
6

. 12.12. lim
x→ 4π

(cosx)ctgx/ sin 4x.

12.13. lim
x→ 1

(3− 2x)tg
πx
2 . 12.14. lim

x→ 4π
(cosx)

5
tg5x sin 2x .

12.15. lim
x→ 3

(
9− 2x

3

)tgπx
6

. 12.16. lim
x→ π/2

(sinx)6tgx·tg3x.

12.17. lim
x→ 1

(
2ex−1 − 1

)x/(x−1)
. 12.18. lim

x→ π/2

(
tg
x

2

)1/(x−π/2)
.

12.19. lim
x→ 1

(
2ex−1 − 1

)(3x−1)/(x−1)
. 12.20. lim

x→ π/2
(1 + cos 3x)secx.

12.21. lim
x→ 2

(
2ex−2 − 1

)(3x+2)/(x−2)
. 12.22. lim

x→ 1

(
sin (x− 1)

x− 1

) sin(x−1)
x−1−sin(x−1)

.

12.23. lim
x→ 1

(
2− x

x

)1/ ln(2−x)
. 12.24. lim

x→ π/2

(
ctg

x

2

)1/ cosx
.

12.25. lim
x→ 1

(2− x)
sin(πx/2)
ln(2−x) . 12.26. lim

x→ 3

(
sinx

sin 3

)1/(x−3)

.

12.27. lim
x→ 1

(
x+ 1

2x

) ln(x+2)
ln(2−x)

. 12.28. lim
x→ π/2

(sinx)
18 sin x
ctgx .

12.29. lim
x→ 1

(
1

x

) ln(x+1)
ln(2−x)

. 12.30. lim
x→ π

(
ctg

x

4

)1/ cos(x/2)
.
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Çàäà÷à 13. Îá÷èñëèòè ãðàíèöi:

13.1. lim
x→ e

(
lnx− 1

x− e

)sin π
2ex

. 13.2. lim
x→ π/4

(tgx)ctgx.

13.3. lim
x→ π/4

(
ln tgx

1− ctgx

)1/(x+π/4)

. 13.4. lim
x→ 2

(sinx)3/(1+x).

13.5. lim
x→ 2

(
sin 3πx

sin πx

)sin2(x−2)

. 13.6. lim
x→ π/6

(sinx)6x/π.

13.7. lim
x→ 3

(
2− x

3

)sinπx
. 13.8. lim

x→ 1

(
1 + x

2 + x

)(1−x2)/(1−x)
.

13.9. lim
x→ 1

(1 + ex)
sinπx
1−x . 13.10. lim

x→ 1

(
tg9πx

sin 4πx

)x/(x+1)

.

13.11. lim
x→ 3

(
arcsin (x− 3)

sin 3πx

)x2−8

. 13.12. lim
x→ π/4

(sin 2x)
x2−π2/16

x−π/4 .

13.13. lim
x→ 1

(
arctg

x− 3/4

(x− 1)2

)x+1

. 13.14. lim
x→ π

(
ctg

x

4

)sin(x−π)
.

13.15. lim
x→ a

(
sinx− sin a

x− a

)x2/a2
. 13.16. lim

x→ 2

(√
x+ 2− 2

x2 − 4

)1/x

.

13.17. lim
x→ π/4

(sinx+ cosx)1/tgx. 13.18. lim
x→ π/8

(tg2x)sin(π/8+x).

13.19. lim
x→ 1

(arcsinx)tgπx. 13.20. lim
x→ π

(x+ sin x)sinx+x.

13.21. lim
x→ 1

(
ln2 ex

)1/(x2+1)
. 13.22. lim

x→ 1

(√
x+ 1

)π/arctgx
.

13.23. lim
x→ 1

(
x3 − 1

x− 1

)1/x2

. 13.24. lim
x→ 1

(
esinπx − 1

x− 1

)x2+1

.

13.25. lim
x→ 2

(cosπx)tg(x−2). 13.26. lim
x→ 1/2

(arcsinx+ arccosx)1/x.

13.27. lim
x→ π/2

(cosx+ 1)sinx. 13.28. lim
x→ 1

(
3
√
x+ x− 1

)sin(πx/4)
.

13.29. lim
x→ 1

(
x2 + 2x− 3

x2 + 4x− 5

)1/(2−x)

. 13.30. lim
x→ 1

(
1 + cos πx

tg2πx

)x2
.

Çàäà÷à 14. Îá÷èñëèòè ãðàíèöi:

14.1. lim
x→ 0

√
4 cos 3x+ x arctg (1/x).

14.2. lim
x→ π/2

√
3 sin x+ (2x− π) sin

x

2x− π
.

14.3. lim
n→ ∞

2n− sinn
√
n− 3

√
n3 − 7

. 14.4. lim
x→ 0

tgx cos (1/x) + lg (2 + x)

lg (4 + x)
.
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14.5. lim
n→ ∞

e1/n + sin n
n2+1 · cosn

1 + cos (1/n)
. 14.6. lim

n→ ∞

4
√
2 + n5 −

√
2n3 + 3

(n+ sinn)
√
7n

.

14.7. lim
x→ π/4

3
√
tgx+(4x−π) cos x

4x−π
lg (2 + tgx)

. 14.8. lim
n→ ∞

(
sin
√
n2+1·arctg n

n2+1

)
.

14.9. lim
n→ ∞

n2 −
√
3n5 − 7

(n2 − n cosn+ 1)
√
n
. 14.10. lim

n→ ∞

3 sinn+
√
n− 1

n+
√
n+ 1

.

14.11. lim
n→ ∞

(1− cosn) 3
√
n√

2n+ 1− 1
. 14.12. lim

x→ 0
ln

(
2 +

√
arctgx · sin 1

x

)
.

14.13. lim
x→ −2

√
1 + cos πx

4 + (x+ 2) sin x
x+2

. 14.14. lim
n→ ∞

n
3
√
n4 − 3 + sinn

.

14.15. lim
n→ ∞

3
√
n2 + cosn+

√
3n2 + 2

5
√
n6 + 1

. 14.16. lim
x→ 0

3
√
tgx arctg 1

x + 3

2− lg (1 + sin x)
.

14.17. lim
x→ 0

√
arctgx · sin2 1

x
+ 5 cosx. 14.18. lim

x→ 0

√
4 cos x+ sin

1

x
· ln (1 + x).

14.19. lim
x→ 0

√
2 cos2 x+ (ex − 1) sin

1

x
. 14.20. lim

x→ 0

2 + ln
(
e+ x sin 1

x

)
cosx+ sinx

.

14.21. lim
x→ 0

ln

[(
ex

2 − cosx
)
cos

1

x
+ tg

(
x+

π

3

)]
.

14.22. lim
x→ 0

cosx+ ln (1 + x)
√

2 + cos 1
x

2 + ex
. 14.23. lim

x→ 1

cos 2πx

2 +
(
e
√
x−1 − 1

)
arctgx+2

x−1

.

14.24. lim
x→ 0

√
(esinx − 1) cos

1

x
+ 4 cos x. 14.25. lim

x→ 0

cos (1 + x)(
2 + sin 1

x

)
ln (1 + x) + 2

.

14.26. lim
x→ 2

3

√
lg (x+ 2) + sin

√
4− x2 cos

x+ 2

x− 2
.

14.27. lim
x→ π/2

2 + cos x sin 2
2x−π

3 + 2x sinx
. 14.28. lim

x→ 1
tg

(
cosx+sin

x−1

x+1
cos

x+1

x−1

)
.

14.29. lim
x→ 0

√
x

(
2+sin

1

x

)
+4 cos x. 14.30. lim

x→ 1

sinx+ sin πx · arctg1+x
1−x

1 + cos x
.
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îäíi¹¨ çìiííî¨

�3.1. Ïîõiäíà ôóíêöi¨ â òî÷öi. Ãåîìåòðè÷íèé òà ôiçè÷íèé çìiñò

Íåõàé ôóíêöiÿ y = f(x) âèçíà÷åíà íà iíòåðâàëi (a, b) i x0 ∈ (a, b). Ïî-

õiäíîþ ôóíêöi¨ f(x) ó òî÷öi x0 íàçèâàþòü ñêií÷åííó ãðàíèöþ (ÿêùî âîíà

iñíó¹) âiäíîøåííÿ ïðèðîñòó ôóíêöi¨ ∆f(x0) = f(x0+∆x)−f(x0) äî ïðèðîñòó

àðãóìåíòà ∆x, ïðè óìîâi, ùî ïðèðiñò àðãóìåíòà ïðÿìó¹ äî íóëÿ, òîáòî

f ′(x0) := lim
∆x→0

f(x0 +∆x)− f(x0)

∆x
= lim

∆x→0

∆f(x0)

∆x
.

Ôóíêöiÿ, ÿêà ìà¹ ñêií÷åííó ïîõiäíó â òî÷öi x0, íàçèâà¹òüñÿ äèôåðåíöi-

éîâíîþ â öié òî÷öi. Ïðèðiñò äèôåðåíöiéîâíî¨ â òî÷öi x0 ôóíêöi¨ ìà¹ âèãëÿä

∆f(x0) = f ′(x0)∆x+ α(∆x)∆x,

äå α(∆x) � íåñêií÷åííî ìàëà ôóíêöiÿ ïðè ∆x→ 0.

Çàóâàæèìî, ùî íåïåðåðâíiñòü ôóíêöi¨ â òî÷öi x0 ¹ íåîáõiäíîþ óìîâîþ ¨¨

äèôåðåíöiéîâíîñòi â öié òî÷öi.

ßêùî iñíó¹ íåñêií÷åííà ãðàíèöÿ lim
∆x→0

∆f(x0)

∆x
, òî êàæóòü, ùî ôóíêöiÿ

y = f(x) ìà¹ â òî÷öi x0 íåñêií÷åííó ïîõiäíó.

Ïîõiäíó ôóíêöi¨ y = f(x) â òî÷öi x0 ïîçíà÷àþòü îäíèì iç ñèìâîëiâ f ′(x0),
df(x0)

dx
àáî y′(x0),

dy(x0)

dx
.

Âèêîðèñòîâóþ÷è îçíà÷åííÿ îäíîñòîðîííiõ ãðàíèöü (äèâ. §2.1) ìîæíà

îçíà÷èòè ïîíÿòòÿ îäíîñòîðîííiõ ïîõiäíèõ.
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Ëiâîñòîðîííüîþ (ïðàâîñòîðîííüîþ) ïîõiäíîþ ôóíêöi¨ f(x) â òî-

÷öi x0 íàçèâà¹òüñÿ ñêií÷åííà ãðàíèöÿ

f ′(x0 − 0) := lim
∆x→−0

∆f(x0)

∆x

(
f ′(x0 + 0) := lim

∆x→+0

∆f(x0)

∆x

)
.

ßêùî òàêà ãðàíèöÿ ðiâíà ±∞, òî ãîâîðÿòü, ùî â òî÷öi x0 iñíó¹ íåñêií-

÷åííà ëiâîñòîðîííÿ (ïðàâîñòîðîííÿ) ïîõiäíà.

Çàóâàæèìî, ùî ôóíêöiÿ y = f(x) ìà¹ ïîõiäíó â òî÷öi x0, ÿêùî iñíóþòü

òà äîðiâíþþòü îäíà îäíié îäíîñòîðîííi ïîõiäíi â òî÷öi x0, òîáòî

f ′(x0) = f ′(x0 − 0) = f ′(x0 + 0).

Ôiçè÷íèé çìiñò ïîõiäíî¨ : øâèäêiñòü çìiíè ôóíêöi¨ â òî÷öi x0.

Ãåîìåòðè÷íèé çìiñò ïîõiäíî¨ : ïîõiäíà ôóíêöi¨ y = f(x) â òî÷öi

x0 äîðiâíþ¹ êóòîâîìó êîåôiöi¹íòó äîòè÷íî¨ äî ãðàôiêà ôóíêöi¨ ó òî÷öi

M(x0, f(x0)), òîáòî

f ′(x0) = tgα,

äå α � êóò, ÿêèé óòâîðþ¹ äîòè÷íà äî ãðàôiêà ôóíêöi¨ y = f(x) â òî÷öi

(x0, f(x0)) ç äîäàòíiì íàïðÿìîì îñi Ox (äèâ. ðèñ. 7).

6

-
α

x

y

y = f(x)

O

y0

x0

Ðèñ. 7. Ãåîìåòðè÷íèé çìiñò ïîõiäíî¨

Ç ãåîìåòðè÷íîãî çìiñòó ïîõiäíî¨ âèïëèâà¹, ùî ðiâíÿííÿ äîòè÷íî¨ äî ãðà-

ôiêà ôóíêöi¨ y = f(x) â òî÷öi x0 çàïèñó¹òüñÿ òàêèì ÷èíîì

y − f(x0) = f ′(x0)(x− x0).
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ßêùî íåïåðåðâíà â òî÷öi x0 ôóíêöiÿ ìà¹ íåñêií÷åííó ïîõiäíó, òîäi äîòè-

÷íîþ äî ãðàôiêà ôóíêöi¨ â òî÷öi M(x0, f(x0)) ¹ ïðÿìà x = x0.

Äëÿ íîðìàëi (ïðÿìî¨, ÿêà ïðîõîäèòü ÷åðåç òî÷êó M(x0, f(x0)), ïåðïåíäè-

êóëÿðíî äî äîòè÷íî¨) ðiâíÿííÿ ìà¹ âèãëÿä

y − f(x0) = − 1

f ′(x0)
(x− x0), f ′(x0) ̸= 0.

Çàóâàæèìî, ùî ÿêùî f ′(x0) = 0, òî íîðìàëëþ ¹ ïðÿìà x = x0, à ÿêùî

ôóíêöiÿ â òî÷öi x0 ìà¹ íåñêií÷åííó ïîõiäíó, òî íîðìàëëþ äî êðèâî¨ y = f(x)

â òî÷öi x0 ¹ ïðÿìà y = f(x0).

Òåîðåìà ïðî ïîõiäíó ñêëàäåíî¨ ôóíêöi¨. ßêùî ôóíêöiÿ y = f(x) ìà¹

ïîõiäíó â òî÷öi x0, à ôóíêöiÿ z = g(y) ìà¹ ïîõiäíó â òî÷öi y0 = f(x0), òî

ñêëàäåíà ôóíêöiÿ z = g(f(x)) ìà¹ ïîõiäíó â òî÷öi x0, ïðè÷îìó

z′(x0) = g′(y0) · f ′(x0) àáî
dz

dx
=
dz

dy
· dy
dx
.

Íàâåäåíå ïðàâèëî îá÷èñëåííÿ ïîõiäíî¨ ñêëàäåíî¨ ôóíêöi¨ çàñòîñîâó¹òüñÿ i

äëÿ êîìïîçèöi¨ äîâiëüíî¨ ñêií÷åííî¨ êiëüêîñòi ôóíêöié. Íàïðèêëàä, äëÿ ñêëà-

äåíî¨ ôóíêöi¨ z(y(x(t))), äå x(t), y(x) i z(y) � äèôåðåíöiéîâíi ó âiäïîâiäíèõ

òî÷êàõ ôóíêöi¨, ìà¹ ìiñöå ðiâíiñòü

dz

dt
=
dz

dy
· dy
dx

· dx
dt
.

Òàáëèöÿ ïîõiäíèõ îñíîâíèõ åëåìåíòàðíèõ ôóíêöié

�ç/ï Ôóíêöiÿ y = f(x) Ïîõiäíà ôóíêöi¨ y′ = f ′(x)

1 C, äå C = const 0

2 xα, α ∈ R αxα−1

3 ax ax ln a

4 ex ex

5 loga x
1

x ln a

6 lnx 1
x

7 sinx cosx
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�ç/ï Ôóíêöiÿ y = f(x) Ïîõiäíà ôóíêöi¨ y′ = f ′(x)

8 cosx − sinx

9 tg x 1
cos2 x

10 ctg x − 1
sin2 x

11 arcsinx 1√
1−x2

12 arccosx − 1√
1−x2

13 arctg x 1
1+x2

14 arcctg x − 1
1+x2

15 chx sh x

16 sh x chx

17 thx 1
ch2 x

18 cthx − 1
sh2 x

Îñíîâíi ïðàâèëà äèôåðåíöiþâàííÿ

Íåõàé U òà V � ôóíêöi¨, ÿêi ìàþòü ïîõiäíó â òî÷öi x, c � ñòàëà. Òîäi:

1) c′ = 0; 2) (U ± U)′ = U ′ ± V ′;

3) (c · U)′ = c · U ′; 4) (U · V )′ = U ′V + V ′U ;

5)

(
U

V

)′
=
U ′V − V ′U

V 2
; 6) (U(V (x)))′ = U ′(V (x)) · V ′(x).

Âïðàâè

1. Âèêîðèñòîâóþ÷è îçíà÷åííÿ ïîõiäíî¨, çíàéòè ïîõiäíi ôóíêöié:

1) y = 3x2 − 5x+ 6 2) y =
3
√
x2 − 2,

3) y = cos2 3x, 4) y = 5x−6,

5) y = log3(2x
2 + 7), 6) y =

1

x2 + 1
,

7) y = cos2 x− sin2 x, 8) y = tg2 x,

9) y = 7x
2−3x+7, 10) y = ln(4x− 7).
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2. Çàñòîñîâóþ÷è ïðàâèëà äèôåðåíöiþâàííÿ òà ôîðìóëè ïîõiäíèõ îñíîâ-

íèõ åëåìåíòàðíèõ ôóíêöié, çíàéòè ïîõiäíi íàñòóïíèõ ôóíêöié:

1) y =
3

7
x4

3
√
x2 − 2x2

√
x3, 2) y =

4√
x
− 6

3
√
x
+

1

x
,

3) y = 2x2+sin4 x+2 sin2 x cos2 x+cos4 x−4x+7, 4) y =
3x2 − 2x+ 5

1− 2x2 − x
,

5) y = cos(sin2 x) · sin(cos2 x), 6) y =

√
x+

√
x+

√
x,

7) y =
2 + 3x2

x4

√
1− x2 + 3 ln

1−
√
1− x2

x
, 8) y = 23 sinx−sin 3x,

9) y = 3x cos3 x− 3 sin x+ sin3 x, 10) y=log2(log3(log4 x
2)),

11) y =
x

2

√
x2 − 4− 2 ln(x+

√
x2 − 4), 12) y = ln

√
1− sinx

1 + sinx
,

13) y = arctg
1−

√
1− x2

x
, 14) y = 10arctg

3(2+
√
x),

15) y =
2 sin x

cos4 x
+

3 sin x

cos2 x
− 3 ln

1 + ctg x
2

1− ctg x
2

, 16) y =
arctg x− arcctg x

arcsinx
,

17) y =
5
√
x4 · x+ 3

x2 + 4
· sin3 x · cos2 3x, 18) y =

ln2 cosx

ln2 sinx
,

19) y = 2arcctg

√
1 + x

1− x
− ln

√
1 + x+

√
1− x√

1 + x−
√
1− x

, 20) y = x|x|.

3. Ñêëàñòè ðiâíÿííÿ äîòè÷íî¨ i íîðìàëi äî ãðàôiêà ôóíêöi¨ y = f(x) â

òî÷öi x0 :

1) y = x3 + 2x2 − 4x− 3, x0 = −2, 2) y = 3
√
x− 2, x0 = 1,

3) y = arctg
1

x
, x0 = 1, 4) y =

x2

x− 2
, x0 = 3,

5) y = e1−x
2

, x0 = −1, 6) y = ln
x3 − x2 + 4

x3 − x+ 4
, x0 = 0,

7) y = 4 tg x− sinx

cos2 x
, x0 = 0, 8) y = x lnx, x0 = e2,

9) y = 3x
2−1, x0 = 1, 10) y = (x+ 2) 3

√
9− x, x0 = 1.

4. Çíàéòè êóòè ìiæ êðèâèìè â òî÷êàõ ¨õ ïåðåòèíó:

1) y = 4x2 + 2x− 8, y = x3 − x+ 10, 2) y = sin x, y = cos x,

3) y2 = x, x = y2, 4) y = lg x, y = ln x,

5) y =
1

x
, y =

√
x, 6) y = ex, y = e2x,
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7) y = chx, y = 2ex, 8) y =
√
2x, y =

x2

2
,

9) y = log2(x+ 14), y = 6− log2(x+ 2), 10) y =
3
√
4x, y = 3

√
3x− 2.

5. Âèêîðèñòîâóþ÷è ãåîìåòðè÷íèé çìiñò ïîõiäíî¨ ðîçâ'ÿçàòè íàñòóïíi çà-

äà÷i:

1) Ñêëàñòè ðiâíÿííÿ äîòè÷íî¨ äî êðèâî¨ y = x3 + 3x2 − 5, ÿêà ïåðïåíäè-

êóëÿðíà äî ïðÿìî¨ 2x− 6y + 1 = 0.

2) Â ÿêié òî÷öi íîðìàëü äî ïàðàáîëè y = x2 ïåðïåíäèêóëÿðíà äî ïðÿìî¨

y = 4x+ 1?

3) Â ÿêié òî÷öi äîòè÷íà äî ãðàôiêà ôóíêöi¨ y =
x+ 7

x− 2
óòâîðþ¹ ç âiññþ

Ox êóò 135o?

4) Çíàéòè ðiâíÿííÿ ñïiëüíî¨ äîòè÷íî¨ äî ïàðàáîë y = x2 + 3x + 9 òà

y = x2 + 5x− 2.

5) Íà ãðàôiêó ôóíêöi¨ y = x2 − 4x + 2 çíàéòè òî÷êè, äîòè÷íi â ÿêèõ

ïðîõîäÿòü ÷åðåç òî÷êó M(4; 1).

6) Ïðÿìi y = −x i y = 5x− 6 äîòèêàþòüñÿ äî ïàðàáîëè y = x2 + ax+ b.

Çíàéòè çíà÷åííÿ êîåôiöi¹íòiâ a òà b, à òàêîæ êîîðäèíàòè òî÷îê äîòèêó.

7) Äëÿ ÿêèõ çíà÷åíü a ïðÿìà y = ax+ 9 ¹ äîòè÷íîþ äî ãðàôiêà ôóíêöi¨

y = 2x− x2?

8) Ïðè ÿêèõ çíà÷åííÿõ ïàðàìåòðà a ãðàôiêè ôóíêöié y = x2 − 6ax i

y = −2x2 − 3 ìàþòü ñïiëüíi òî÷êè, ÷åðåç ÿêi ïðîõîäÿòü ¨õíi ñïiëüíi äîòè÷íi.

Çàïèñàòè ðiâíÿííÿ öèõ äîòè÷íèõ.

9) Çíàéòè âñi äiéñíi çíà÷åííÿ ïàðàìåòðà a, ïðè ÿêèõ ãðàôiê ôóíêöi¨

y = x3 − 27x+ a äîòèêà¹òüñÿ äî îñi àáñöèñ.

10) Çíàéòè ïëîùó òðèêóòíèêà, óòâîðåíîãî âiññþ àáñöèñ i äîòè÷íèìè, ÿêi

ïðîâåäåíî äî ãðàôiêà ôóíêöi¨ y = x2 + 2x+ 10 iç òî÷êè M(0; 6).

6. Ðîçâ'ÿçàòè çàäà÷i, âèêîðèñòîâóþ÷è ôiçè÷íèé çìiñò ïîõiäíî¨:

1) Çíàéòè øâèäêiñòü çìiíè ôóíêöi¨ y = x3+x2−3x+2 3
√
x â òî÷öi x0 = 8.

2) Ðóõ ìàòåðiàëüíî¨ òî÷êè îïèñó¹òüñÿ çàêîíîì s = t3+2t2−3t+5. Çíàéòè

øâèäêiñòü ðóõó òî÷êè â ìîìåíò ÷àñó t = 3 c.
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3) Ñíàðÿä âèïóùåíî âåðòèêàëüíî âãîðó çi øâèäêiñòþ 360 êì/ãîä. ßêà áóäå

øâèäêiñòü çà 5 c? Äî ÿêî¨ âèñîòè äîëåòèòü ñíàðÿä?

4) Ïðÿìîëiíiéíèé ðóõ äâîõ òië çàäàíî ðiâíÿííÿìè s1(t) = t3−4t2+24t−7,

s2(t) =
2
3t

3 + 2t2 − 8t − 3. Çíàéòè ïðèñêîðåííÿ ðóõó òië ó òîé ìîìåíò, êîëè

¨õíi øâèäêîñòi ðiâíi.

5) Òiëî ìàñîþ m = 4 êã ðóõà¹òüñÿ ïðÿìîëiíiéíî çà çàêîíîì s = t2− t
2 +1.

Îá÷èñëèòè êiíåòè÷íó åíåðãiþ òiëà ÷åðåç 3 c ïiñëÿ ïî÷àòêó ðóõó.

6) Îäíà ñòîðîíà ïðÿìîêóòíèêà ìà¹ ñòàëó âåëè÷èíó a = 4 ñì, à äðóãà

çðîñòà¹ çi ñòàëîþ øâèäêiñòþ 2 ñì/ñ. Ç ÿêîþ øâèäêiñòþ çðîñòóòü äiàãîíàëü

ïðÿìîêóòíèêà òà éîãî ïëîùà â ìîìåíò, êîëè b = 24 ñì?

7) Ðåáðî êóáà çðîñòà¹ ðiâíîìiðíî çi øâèäêiñòþ 2 ñì/ñ. Ç ÿêîþ øâèäêiñòþ

çðîñòà¹ îá'¹ì êóáà â òîé ìîìåíò, êîëè ðåáðî êóáà äîðiâíþ¹ 10 ñì?

8) Ðàäióñ êóëi çðîñòà¹ ðiâíîìiðíî çi øâèäêiñòþ 5 ñì/ñ. Îá÷èñëèòè øâèä-

êiñòü çìiíè îá'¹ìó òà ïîâåðõíi êóëi â ìîìåíò, êîëè ¨¨ ðàäióñ äîðiâíþ¹ 60 ñì.

9) Ïðèñòàâëåíà äî âåðòèêàëüíî¨ ñòiíè äðàáèíà, äîâæèíà ÿêî¨ 5 ì, ïàäà¹,

êîâçàþ÷è âåðõíiì êiíöåì ïî ñòiíi, à íèæíiì � ïî ïiäëîçi. Ç ÿêîþ øâèäêiñòþ i

ïðèñêîðåííÿì îïóñêà¹òüñÿ âåðõíié êiíåöü äðàáèíè ó òîé ìîìåíò, êîëè íèæíié

êiíåöü, ïåðåìiùàþ÷èñü çi ñòàëîþ øâèäêiñòþ 2 ì/ñ, ïåðåáóâà¹ íà âiäñòàíi 4 ì

âiä ñòiíè.

10) Â öèëiíäðè÷íèé áàê, ùî ìà¹ 6 äì â äiàìåòði, íàñîñ ïîäà¹ âîäó. Âèñîòà

ïiäíÿòòÿ âîäè çðîñòà¹ íà 1 äì çà ñåêóíäó. Çíàéòè øâèäêiñòü çàïîâíåííÿ áàêà.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.3. Âèêîðèñòîâóþ÷è îçíà÷åííÿ ïîõiäíî¨, äëÿ äàíî¨ ôóíêöi¨ îòðèìà¹ìî:

lim
∆x→0

cos2(3(x+∆x))− cos2 3x

∆x
=

= lim
∆x→0

(cos(3x+ 3∆x)− cos 3x)(cos(3x+ 3∆x) + cos 3x)

∆x
=

= lim
∆x→0

−4 sin
(
3x+ 3∆x

2

)
· sin 3∆x

2 · cos
(
3x+ 3∆x

2

)
· cos 3∆x

2

∆x
=
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= − lim
∆x→0

(
3 sin(6x+ 3∆x) · sin 3∆x

3∆x

)
= −3 sin 6x. I

2.1. Ç òàáëèöi ïîõiäíèõ îñíîâíèõ åëåìåíòàðíèõ ôóíêöié i ïðàâèëà çíàõî-

äæåííÿ ïîõiäíî¨ âiä ñóìè ôóíêöié, îòðèìó¹ìî:

y′ =

(
3

7
x

14
3 − 2x

7
2

)′
=

3

7
· 14
3

· x
11
3 − 2 · 7

2
· x

5
2 = 2x3

3
√
x2 − 7x2

√
x. I

2.5. Çà ôîðìóëîþ ïîõiäíî¨ âiä äîáóòêó ôóíêöié òà ïðàâèëîì âiäøóêàííÿ

ïîõiäíî¨ ñêëàäåíî¨ ôóíêöi¨ îäåðæó¹ìî:

y′ = (cos(sin2 x))′ · sin(cos2 x) + cos(sin2 x) · (sin(cos2 x))′ =

=− sin(sin2 x) ·2 sin x ·cosx · sin(cos2 x)−cos(sin2 x) ·cos(cos2 x) ·2 cos x · sinx=

= − sin 2x
(
sin(sin2 x) · sin(cos2 x) + cos(sin2 x) · cos(cos2 x)

)
=

= − sin 2x · cos(cos2 x− sin2 x) = − sin 2x · cos(cos 2x). I

3.6. Çíà÷åííÿ ôóíêöi¨ â òî÷öi x0 = 0 áóäå ðiâíå íóëþ. Äàëi, çà ïðàâèëîì

çíàõîäæåííÿ ïîõiäíî¨ ñêëàäåíî¨ ôóíêöi¨ îòðèìó¹ìî:

y′(x) =
x3 − x+ 4

x3 − x2 + 4
· (3x

2 − 2x)(x3 − x+ 4)− (3x2 − 1)(x3 − x2 + 4)

(x3 − x+ 4)2
=

=
x4 − 2x3 + x2 − 8x+ 4

(x3 − x2 + 4)(x3 − x+ 4)
.

Çâiäñè, y′(0) =
1

4
.

Îòæå,

y =
1

4
x � ðiâíÿííÿ äîòè÷íî¨, ïðîâåäåíî¨ äî êðèâî¨ â òî÷öi x0,

y = −4x � ðiâíÿííÿ íîðìàëi, ïðîâåäåíî¨ äî êðèâî¨ â òî÷öi x0. I
4.2. Íàãàäà¹ìî, ùî êóòîì φ ìiæ êðèâèìè y = f(x) òà y = g(x) â ¨õ

òî÷öi ïåðåòèíó M(x0, y0) ââàæà¹òüñÿ âåëè÷èíà êóòà φ ìiæ äîòè÷íèìè, ïðî-

âåäåíèìè äî äàíèõ êðèâèõ â òî÷öi M. Âiäîìî, ùî òàíãåíñ êóòà ìiæ êðèâèìè

îá÷èñëþ¹òüñÿ çà ôîðìóëîþ:

tgφ =

∣∣∣∣ f ′(x0)− g′(x0)

1 + f ′(x0) · g′(x0)

∣∣∣∣ , 0 ≤ φ ≤ π

2
.
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Òî÷êàìè ïåðåòèíó êðèâèõ y = sin x òà y = cos x ¹ Mn

(
π
4 + πn, (−1)n

√
2

2

)
,

n ∈ Z.

Çíàéäåìî êóòîâi êîåôiöi¹íòè äîòè÷íèõ äî êðèâèõ ó îòðèìàíèõ òî÷êàõ:

y′1(x) = cosx, y′1

(π
4
+ πn

)
=

(−1)n
√
2

2
;

y′2(x) = − sinx, y′2

(π
4
+ πn

)
=

(−1)n+1
√
2

2
.

Òîäi ç ôîðìóëè äëÿ îá÷èñëåííÿ êóòîâîãî êîåôiöi¹íòà ìiæ êðèâèìè â òî÷öi

ïåðåòèíó îòðèìó¹ìî

tgφ =

∣∣∣∣∣
(−1)n

√
2

2 − (−1)n+1
√
2

2

1 + (−1)n
√
2

2 · (−1)n+1
√
2

2

∣∣∣∣∣ = 2
√
2.

Îòæå, êóò ìiæ êðèâèìè y = sin x òà y = cos x â òî÷êàõ ïåðåòèíó

Mn

(
π
4 + πn, (−1)n

√
2

2

)
, n ∈ Z, áóäå îäíàêîâèì i ðiâíèì arctg 2

√
2. I

�3.2. Ïîõiäíà âiä ïîêàçíèêîâî-ñòåïåíåâî¨ òà îáåðíåíî¨ ôóíêöié.

Ïîõiäíà âiä íåÿâíî¨ òà ïàðàìåòðè÷íî çàäàíî¨ ôóíêöié

Äèôåðåíöiþâàííÿ ïîêàçíèêîâî-ñòåïåíåâî¨ ôóíêöi¨. Ïîõiäíà

ïîêàçíèêîâî-ñòåïåíåâî¨ ôóíêöi¨ y = (f(x))g(x), f(x) > 0, çíàõîäèòüñÿ çà

ôîðìóëîþ

y′ = (f(x))g(x)
(
g′(x) ln f(x) +

f ′(x)g(x)

f(x)

)
.

Öþ ôîðìóëó ìîæíà âèâåñòè òðüîìà ñïîñîáàìè:

1) ïðîäèôåðåíöiþâàòè ôóíêöiþ y = (f(x))g(x) ñïî÷àòêó ÿê ñòåïåíåâó (ââàæà-

þ÷è g = const), à ïîòiì ÿê ïîêàçíèêîâó (ââàæàþ÷è f = const) òà ðåçóëüòàòè

äîäàòè;

2) çàïèñàòè ôóíêöiþ ó âèãëÿäi y = eg(x) ln f(x) i ïðîäèôåðåíöiþâàòè ¨¨ çà ïðà-

âèëîì âiäøóêàííÿ ïîõiäíî¨ ñêëàäåíî¨ ôóíêöi¨;

3) ïðîëîãàðèôìóâàòè îáèäâi ÷àñòèíè ðiâíîñòi y = (f(x))g(x). Â öüîìó âèïàäêó

îòðèìà¹ìî, ùî

ln y = g(x) ln f(x).
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Òîäi, äèôåðåíöiþþ÷è îáèäâi ÷àñòèíè îñòàííüî¨ ðiâíîñòi, ìà¹ìî

y′

y
= g′(x)f(x) +

g(x) · f ′(x)
f(x)

,

çâiäêè i âèïëèâà¹ íàâåäåíà ôîðìóëà.

Îá÷èñëåííÿ ïîõiäíî¨ îáåðíåíî¨ ôóíêöi¨. ßêùî íåïåðåðâíà i ñòðîãî

ìîíîòîííà â äåÿêîìó îêîëi òî÷êè x ôóíêöiÿ y = f(x) ìà¹ ïîõiäíó f ′(x) ̸= 0,

òî îáåðíåíà ôóíêöiÿ x = g(y) ó âiäïîâiäíié òî÷öi y ìà¹ ïîõiäíó, ïðè÷îìó

g′(y) =
1

f ′(x)
àáî x′y =

1

y′x
.

Îá÷èñëåííÿ ïîõiäíî¨ ôóíêöi¨, çàäàíî¨ ïàðàìåòðè÷íî. Ïîõiäíà

ôóíêöi¨, ÿêà çàäàíî ïàðàìåòðè÷íî ñèñòåìîþ ðiâíÿíü

x = φ(t),

y = ψ(t),
äå φ(t) i

ψ(t) � äèôåðåíöiéîâíi â òî÷öi t ôóíêöi¨, ïðè÷îìó φ′(t) ̸= 0, îá÷èñëþ¹òüñÿ

çà ôîðìóëîþ

y′(x) =
y′t
x′t

=
ψ′(t)

φ′(t)
.

Äèôåðåíöiþâàííÿ íåÿâíî çàäàíî¨ ôóíêöi¨. Ïîõiäíà äèôåðåíöiéîâ-

íî¨ íà äåÿêîìó iíòåðâàëi ôóíêöi¨ y = y(x), ÿêà çàäàíà íåÿâíî ó âèãëÿäi

ðiâíÿííÿ F (x, y) = 0, çíàõîäèòüñÿ ç óìîâè
d

dx
F (x, y) = 0, ïðè÷îìó ïðè âiä-

øóêàííi ïîõiäíî¨ ôóíêöi¨ F (x, y) òðåáà ìàòè íà óâàçi, ùî ôóíêöiÿ y çàëåæèòü

âiä x. Ïîõiäíó âiä íåÿâíî çàäàíî¨ ôóíêöi¨ îòðèìó¹ìî â ðåçóëüòàòi ðîçâ'ÿçàííÿ

çíàéäåíîãî ðiâíÿííÿ âiäíîñíî y′.

Âïðàâè

1. Çíàéòè ïîõiäíó âiä ïîêàçíèêîâî-ñòåïåíåâèõ ôóíêöié:

1) y = xx, 2) y = xx
x

,

3) y = xe
2x

, 4) y = (ln x)x
2+1,

5) y = xsin
2 x, 6) y =

(
arctg2 x

)arcsinx
,

7) y = (tg x)cosx, 8) y = (x2 + 1)3
x

,

9) y = (sh x)2
x

, 10) y = x2 · x19x.
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2. Êîðèñòóþ÷èñü ïðàâèëîì äèôåðåíöiþâàííÿ îáåðíåíèõ ôóíêöié, çíàéòè

y′x :

1) x = y
√

1 + y, 2) x = esin y,

3) x = 2cos y, 4) x =
2y

2 + ln y
,

5) x = cos
(
y + 3y

)
, 6) x = y2 +

1

3
y3,

7) x = arcsin
y + 1√

2
, 8) x = 3y − cos y

3
,

9) x = log2(tg y + 2), 10) x = 3arctg
(
2y
)
.

3. Çíàéòè ïîõiäíi âiä ïàðàìåòðè÷íî çàäàíèõ ôóíêöié:

1)

x = 2t− t2,

y = 3t− t3,

2)


x =

1

t− 1
,

y =
t2

(t− 1)2
,

1 < t < +∞,

3)


x =

1

2
ln ctg t,

y = tg t+ ctg t,

0 < t <
π

2
, 4)


x =

cos3 t√
cos 2t

,

y =
sin3 t√
cos 2t

,

0 < t <
π

9
,

5)


x = ln cos t,

y = ln cos
t

2
,

0 < t <
π

4
, 6)

x = 2(t− sin t),

y = 2(1− cos t),

7)


x = arcsin

t√
1 + t2

,

y = arccos
1√

1 + t2
,

8)

x = e2t cos2 t,

y = e2t sin2 t.

4. Ñêëàñòè ðiâíÿííÿ äîòè÷íî¨ òà íîðìàëi äî êðèâèõ, çàäàíèõ ïàðàìåòðè-

÷íî:

1)

x = 2t− t2,

y = 3t− t3,

â òî÷öi t = 1,

2)


x =

2t+ t2

1 + t2
,

y =
2t− t2

1 + t2
,

â òî÷öi t = 0,
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3)

x = a(t− sin t),

y = a(1− cos t),

â òî÷öi t =
π

2
,

4)

x = a(cos t+ t sin t),

y = a(sin t− t cos t),

â òî÷öi t = π,

5)

x = cos3 t,

y = sin3 t,

â òî÷öi t =
π

4
,

6)

x = t cos t,

y = t sin t,

â òî÷öi t =
π

4
,

7)


x =

3t+ 1

t2 + 1
,

y =
2− t

t2 + 1
,

â òî÷öi t = 0,

8)

x = 12 cos t,

y = 6 sin t,

â òî÷öi t =
π

6
,

9)

x = a(2 cos t− cos 2t),

y = a(2 sin t− sin 2t),

â òî÷öi t =
π

2
,

10)


x = a

(
ln tg

t

2
+ cos t

)
,

y = a sin t,

â òî÷öi t =
π

2
.

5. Ñêëàñòè ðiâíÿííÿ äîòè÷íî¨ i íîðìàëi äî êðèâî¨, çàäàíî¨ íåÿâíî, â òî÷öi

M(x0; y0) :

1)
x2

100
+
y2

64
= 1, M(6; 6, 4), 2)

x2

2
+
y2

18
= 1, M(1; 3),

3)
x2

9
− y2

4
= 1, M(3; 0), 4) y2 = 4x, M(1; 2),

5) x
2
3 + y

2
3 = 1, M(−1; 0), 6) x5 + y5 − 2xy = 0, M(1; 1),
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7) y = 2 ln(x+ 5), M(−4; 0), 8) x2(x+ y) = a2(x− y), M(0; 0),

9) 4x4 + 6xy − y4 = 0, M(1; 2), 10) xy + ln y = 1, M(1; 1).

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.6. Ïðîëîãàðèôìó¹ìî îáèäâi ÷àñòèíè ðiâíîñòi y =
(
arctg2x

)arcsinx
. Òîäi

ln y = arcsin x · ln(arctg2x) àáî ln y = 2arcsinx · ln |arctg x|.

Ïðîäèôåðåíöiþâàâøè îáèäâi ÷àñòèíè îñòàííüîãî ñïiââiäíîøåííÿ, îòðèìó¹ìî:

y′

y
=

2√
1− x2

· ln |arctg x|+ 2arcsin x

arctg x
· 1

1 + x2
.

Îòæå,

y′ = 2
(
arctg2x

)arcsinx( ln |arctg x|√
1− x2

+
arcsinx

(1 + x2)arctg x

)
. I

3.4. Âèêîðèñòîâóþ÷è ôîðìóëó ïîõiäíî¨ ïàðàìåòðè÷íî çàäàíî¨ ôóíêöi¨,

ñïî÷àòêó îá÷èñëèìî x′t i y
′
t :

x′t =
3 cos2 t · (− sin t)

√
cos 2t+ 2 sin 2t·cos3 t

2
√
cos 2t

cos 2t
=

cos2 t(sin 2t cos t− 3 sin t cos 2t)√
cos3 2t

=

=
cos2 t · (sin t− 2 sin t cos 2t)√

cos3 2t
=

cos2 t sin t · (1− 2 cos 2t)√
cos3 2t

.

y′t =
3 sin2 t cos t

√
cos 2t+ 2 sin 2t·sin3 t

2
√
cos 2t

cos 2t
=

sin2 t(3 cos 2t cos t+ sin t sin 2t)√
cos3 2t

=

=
sin2 t · (cos t+ 2 cos t cos 2t)√

cos3 2t
=

sin2 t cos t · (1 + 2 cos 2t)√
cos3 2t

.

Òîäi

y′x =
sin2 t cos t · (1 + 2 cos 2t)√

cos3 2t
·

√
cos3 2t

cos2 t sin t(1− 2 cos 2t)
=

=
sin t

cos t
· 1 + 2 cos 2t

1− 2 cos 2t
=

sin t+ 2 sin t cos 2t

cos t− 2 cos t sin 2t
= − tg 3t. I
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4.10. Ç óìîâè îòðèìó¹ìî, ùî x0 = x
(π
2

)
= 0 i y0 = y

(π
2

)
= a.

Äàëi îá÷èñëþ¹ìî ïîõiäíó âiä ïàðàìåòðè÷íî çàäàíî¨ ôóíêöi¨:

y′x =
y′t
x′t

=
a cos t

a
(

1
tg t

2

· 1
cos2 t

2

· 1
2 − sin t

) =
cos t

1
sin t − sin t

=
cos t · sin t

cos2 t
= tg t.

Îñêiëüêè lim
t→π

2

tg t = ∞, òî x = 0 ¹ ðiâíÿííÿì äîòè÷íî¨, à y = a � ðiâíÿííÿ

íîðìàëi, ïðîâåäåíèõ äî çàäàíî¨ êðèâî¨ â òî÷öi t =
π

2
. I

5.8. Â öüîìó âèïàäêó x0 = 0 i y0 = 0. Ç óìîâè ìà¹ìî íåÿâíî çàäàíó

ôóíêöiþ F (x, y) = x2(x+y)−a2(x−y). Ç ôîðìóëè
d

dx
F (x, y) = 0 îòðèìà¹ìî:

3x2 + 2xy + x2y′ − a2 + a2y′ = 0,

çâiäêè

y′ =
a2 − 3x2 − 2xy

x2 + a2
,

i y′(0) = 1.

Òîäi, âèêîðèñòîâóþ÷è ôîðìóëè ç ïàðàãðàôà 3.1 äëÿ çíàõîäæåííÿ äîòè-

÷íî¨ òà íîðìàëi, ïðîâåäåíèõ äî êðèâî¨ â òî÷öi, ìà¹ìî, ùî y = x i y = −x ¹

âiäïîâiäíî ðiâíÿííÿìè äîòè÷íî¨ òà íîðìàëi, ïðîâåäåíèìè äî êðèâî¨ â òî÷öi

M(0; 0). I

�3.3. Äèôåðåíöiàë ôóíêöi¨. Ãåîìåòðè÷íèé òà ôiçè÷íèé çìiñò

Äèôåðåíöiàëîì ôóíêöi¨ f(x) â òî÷öi x0 íàçèâà¹òüñÿ âèðàç

df(x0) := f ′(x0)∆x = f ′(x0)dx,

äå x � íåçàëåæíà çìiííà.

Îñêiëüêè äëÿ äèôåðåíöiéîâíî¨ ôóíêöi¨ ¨¨ ïðèðiñò â òî÷öi x0 çàïèñó¹òüñÿ

ó âèäi

∆f(x0) = f ′(x0)∆x+ o(∆x),

òî df(x0) � öå ëiíiéíà âiäíîñíî ∆x ÷àñòèíà ïðèðîñòó ôóíêöi¨ f(x) â òî÷öi

x0.
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Ãåîìåòðè÷íèé çìiñò äèôåðåíöiàëà. Äèôåðåíöiàë ôóíêöi¨ f(x) äî-

ðiâíþ¹ ïðèðîñòó îðäèíàòè äîòè÷íî¨, ÿêà ïðîâåäåíà äî ãðàôiêà öi¹¨ ôóíêöi¨ â

òî÷öi (x0, f(x0)), ÿêùî íåçàëåæíà çìiííà îòðèìó¹ ïðèðiñò ∆x (äèâ. ðèñ. 8).

6

-

}
dy

y0

y0 +∆y

x

y

y = f(x)

O x0 x0 +∆x

Ðèñ. 8. Ãåîìåòðè÷íèé çìiñò äèôåðåíöiàëà ôóíêöi¨ â òî÷öi

Ìåõàíi÷íèé çìiñò äèôåðåíöiàëà. Âèðàç dS(t0) = υ(t0)dt îçíà÷à¹

øëÿõ, ÿêèé ïðîéøëà á ìàòåðiàëüíà òî÷êà çà ÷àñ ∆t, êîëè á ðóõàëàñü ðiâíî-

ìiðíî ç ïîñòiéíîþ øâèäêiñòþ υ(t0) = S ′(t0).

Ôîðìà äèôåðåíöiàëà ôóíêöi¨ f(x) â òî÷öi x0 ¹ iíâàðiàíòíîþ. Òîáòî, ÿêùî

f(x) ¹ äèôåðåíöiéîâíîþ â òî÷öi x0, òî df(x0) = f ′(x0)dx â îáèäâîõ âèïàäêàõ:

êîëè x ¹ íåçàëåæíîþ çìiííîþ, i êîëè x = x(t) ¹ äèôåðåíöiéîâíîþ â òî÷öi t0

ôóíêöi¹þ, äëÿ ÿêî¨ x(t0) = x0.

Îñíîâíi âëàñòèâîñòi äèôåðåíöiàëà

Äëÿ äîâiëüíèõ äèôåðåíöiéîâíèõ ôóíêöié U(x) òà V (x) ñïðàâåäëèâi ðiâ-

íîñòi:

1) dc = 0, äå c = const,

2) d(α1U ± α2V ) = α1dU ± α2dV , äå α1, α2 � ñòàëi,

3) d(UV ) = V dU + UdV ,

4) d

(
U

V

)
=
V dU − UdV

V 2
, V ̸= 0.

Ïðè ìàëèõ ∆x ñïðàâåäëèâà ôîðìóëà ∆y ≈ dy, òîáòî

f(x0 +∆x) ≈ f(x0) + f ′(x0)∆x.
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Çàóâàæèìî, ùî îñòàííþ ôîðìóëó çðó÷íî âèêîðèñòîâóâàòè äî íàáëèæåíèõ

îá÷èñëåíü çíà÷åíü ôóíêöi¨ â çàäàíèõ òî÷êàõ.

Âïðàâè

1. Çíàéòè äèôåðåíöiàëè íàñòóïíèõ ôóíêöié:

1) y = x6 + x3 − 1

x2
, 2) y = (x2 − 3x+ 1)5,

3) y =
cosx

1 + x2
, 4) y =

x4 − x2 + 1

x4 + x2 + 1
,

5) y = ln
(√

2 cos x− 1 +
√
1 + 2 cos x

)
, 6) y =

arccosx√
1− x2

+ ln

√
1 + x

1− x
,

7) y =
5
√
2x− 1 ·

√
3 + 2x

(4x+ 5)2 · 3
√
1− 5x

, 8) y = 2 ch3
x

6
+ 3 sh2

x

6
,

9) y =
sinx

2 cos2 x
+

1

2
ln
(
tg
(x
2
+
π

4

))
, 10) y =

x5 · 5x

xx
.

2. Çíàéòè äèôåðåíöiàëè ñêëàäåíèõ ôóíêöié, ÿêùî U = U(x), V = V (x),

W = W (x) � äèôåðåíöiéîâíi ôóíêöi¨:

1) y = U · V ·W, 2) y = arccos
U

V
,

3) y =
1

3
√
U 2 + 3V 2 + 5W 2

, 4) y = ln
U · V
W

,

5) y =
U 2

V 2
+ aW , 6) y = ln

√
U 2 +W 2,

7) y = cosU · sinV + ln cosW, 8) y = arctg
U + V

W
,

9) y =
sin2 U

sinV 2
+ ctgW, 10) y = cos(sin2 U) · sin(cos2 V ).

3. Îá÷èñëèòè äèôåðåíöiàëè ôóíêöié â òî÷öi M0(x0; y0) :

1) (x+ y)2(2x+ y)3 = 1, M0(2;−3),

2) x4 + y4 = 6x2 − 4y − 33 = 0, M0(1; 2),

3) 2(1 + xy)−
√
xy2 + 2 = 0, M0

(
1

2
; 2

)
,

4) ln
√
x2 + y2 = arctg

y

x
, M0(1; 0),

5) ey + xy = e, M0(0; 1),
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6)

x = a(t− sin t),

y = a(1− cos t),
M0

(
a
(π
2
− 1
)
; a
)
,

7)

x = cos3 t,

y = sin3 t,
M0

(√
2

4
;

√
2

4

)
,

8)

x = t2(t− 1),

y = t2(t− 2),
M0 (4; 0) ,

9)

x = et

2t− 1
3

,

y = (t+ 1)2et,
M0

(
− 1

3
√
e
;

4

9 3
√
e

)
,

10)

x = arctg t,

y = 1
1+t2 ,

M0

(
−π
4
;
1

2

)
.

4. Çà äîïîìîãîþ äèôåðåíöiàëà îá÷èñëèòè íàáëèæåíî çíà÷åííÿ ôóíêöi¨

y = f(x) â òî÷öi x :

1) y = 4
√
x, x = 81,256, 2) y = cosx, x = 149◦,

3) y = tg x, x = 44◦, 4) y = e1−x
2

, x = 1,02,

5) y = (x− 5)(x− 6)2(x− 7)3, x = 7,02, 6) y = arctg x, x = 0,98,

7) y = arccos x, x = 0,03, 8) y = lg x, x = 102,

9) y = ctg x, x = 45◦10′, 10) y = cos x, x = 60◦30′.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

2.7. Âèêîðèñòîâóþ÷è âëàñòèâiñòü iíâàðiàíòíîñòi ôîðìè äèôåðåíöiàëà,

ìîæåìî çàïèñàòè:

d(cosU · sinV + ln cosW ) = d(cosU · sinV ) + d(ln cosW ) =

= d(cosU) · sinV + d(sinV ) · cosU +
1

cosW
· d(cosW ) =

= − sinU · sinV dU + cosV · cosUdV − tgWdW. I
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3.10. Ñïî÷àòêó çíàéäåìî ïîõiäíó âiä ïàðàìåòðè÷íî çàäàíî¨ ôóíêöi¨:

y′x =
y′t
x′t

=

(
1

1+t2

)′
t

(arctg t)′t
=

− 2t
(1+t2)2

1
1+t2

= − 2t

1 + t2
.

Äàëi, îá÷èñëèìî çíà÷åííÿ ïîõiäíî¨ â òî÷öi M0

(
−π

4 ;
1
2

)
:

y′x

(
−π
4

)
= − 2t

1 + t2

∣∣∣∣
t=−1

= 1.

Îòæå, dy
(
−π
4

)
= dx � äèôåðåíöiàë çàäàíî¨ ôóíêöi¨, îá÷èñëåíèé â òî÷öi

M0

(
−π

4 ;
1
2

)
. I

4.7. Âèáåðåìî x0 = 0, òîäi ∆x = 0,03. Ôîðìóëà äëÿ íàáëèæåíîãî îá÷è-

ñëåííÿ çíà÷åííÿ ôóíêöi¨ y = arccosx â òî÷öi x0 +∆x ìàòèìå âèãëÿä:

arccos(x0 +∆x) = arccos x0 −
1√

1− x20
∆x.

Ïiäñòàâèâøè â îñòàíí¹ ñïiââiäíîøåííÿ âiäïîâiäíi çíà÷åííÿ x0 òà ∆x,

îòðèìà¹ìî

arccos 0,03 = arccos 0− 1√
1− 02

· 0,03 = 1− 0,03 = 0,97. I

�3.4. Ïîõiäíi òà äèôåðåíöiàëè âèùèõ ïîðÿäêiâ

Ïîõiäíîþ n-ãî ïîðÿäêó (àáî n-îþ ïîõiäíîþ) i äèôåðåíöiàëîì n-ãî

ïîðÿäêó (àáî n-èì äèôåðåíöiàëîì) ôóíêöi¨ f(x) â òî÷öi x0 íàçèâàþòü âiä-

ïîâiäíî âèðàçè

f (n)(x0) :=
(
f (n−1)

)′
(x0) = lim

∆x→0

f (n−1)(x0 +∆x)− f (n−1)(x0)

∆x

dnf(x0) := d
(
dn−1f

)
(x0) = f (n)(x0)dx

n,

ïðè óìîâi, ùî ôóíêöiÿ f(x) ¹ (n − 1)-ðàçiâ äèôåðåíöiéîâíîþ â îêîëi òî÷êè

x0, à x ¹ íåçàëåæíîþ çìiííîþ.

Îñíîâíi ïðàâèëà îá÷èñëåííÿ ïîõiäíèõ i äèôåðåíöiàëiâ âèùèõ ïî-

ðÿäêiâ . ßêùî ôóíêöi¨ U(x) òà V (x) ¹ n-ðàçiâ äèôåðåíöiéîâíèìè, òî âèêî-

íóþòüñÿ íàñòóïíi ñïiââiäíîøåííÿ:



�3.4. Ïîõiäíi òà äèôåðåíöiàëè âèùèõ ïîðÿäêiâ 103

1) (α1U ± α2V )(n) = α1U
(n) ± α2V

(n), äå α1, α2 � ñòàëi,

2)
(
U · V

)(n)
=

n∑
k=0

Ck
nU

(n−k)V (k) � ôîðìóëà Ëåéáíiöà, äå Ck
n =

n!

k!(n− k)!
.

ßêùî äëÿ ôóíêöié U(x) òà V (x) iñíóþòü äèôåðåíöiàëè dnU i dnV, òî

1) dn
(
α1U ± α2V

)
= α1d

nU ± α2d
nV, äå α1, α2 � ñòàëi,

2) dn
(
U · V

)
=

n∑
k=0

Ck
nd

n−kU · dkV, Ck
n =

n!

k!(n− k)!
.

Ïðè îá÷èñëåííi ïîõiäíèõ âèùèõ ïîðÿäêiâ âiä åëåìåíòàðíèõ ôóíêöié âè-

êîðèñòîâóþòü íàñòóïíi ôîðìóëè:

1) ((ax+ b)µ)(n) = anµ(µ− 1)(µ− 2) · . . . · (µ− n+ 1)(ax+ b)µ−n,

2)

(
1

x± a

)(n)

=
(−1)nn!

(x± a)n+1
,

3)
(
ax
)(n)

= ax lnn a,

4) (lnx)(n) =
(−1)n−1(n− 1)!

xn
,

5)
(
loga x

)(n)
=

(−1)n−1(n− 1)!

xn ln a
,

6) (sin ax)(n) = an sin
(
ax+

πn

2

)
,

7) (cos ax)(n) = an cos
(
ax+

πn

2

)
.

ßêùî ôóíêöiÿ çàäàíà ïàðàìåòðè÷íî ðiâíÿííÿìè

x = φ(t),

y = ψ(t),
òîäi ïîõi-

äíi
dy

dx
,
d2y

dx2
, . . . ,

dny

dxn
îá÷èñëþþòüñÿ âiäïîâiäíî çà ôîðìóëàìè

dy

dx
=
y′t
x′t
,

d2y

dx2
=

(
dy
dx

)′
t

x′t
, . . . ,

dny

dxn
=

(
dn−1y
dxn−1

)′
t

x′t
.

Âïðàâè

1. Çíàéòè ïîõiäíi n-ãî ïîðÿäêó äàíèõ ôóíêöié:

1) y =
2x

(x− 1)(x+ 2)
, 2) y =

1

x2 − 5x+ 6
,

3) y =
x− 2
3
√
1 + x

, 4) y =
3√

1− 2x
,
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5) y = ln(5x− 6), 6) y =
x− 1

x2 − 5x− 14
,

7) y = cos 5x · sin 6x, 8) y = cos3 x,

9) y = ln(x2 − 5x+ 6), 10) y = ln
x2 − 4

x2 − 6x+ 9
.

2. Çàñòîñîâóþ÷è ôîðìóëó Ëåéáíiöà, îá÷èñëèòè ïîõiäíi âêàçàíîãî ïîðÿäêó

íàñòóïíèõ ôóíêöié:

1) y =
x2

2− x
, n = 12, 2) y = x3 cos 5x, n = 8,

3) y = e2x sin 3x, n = 5, 4) y = x sh 3x, n = 98,

5) y = x3e−3x, n = 12, 6) y =
e3x

x
, n = 9,

7) y = x2 sin 3x · cos 5x, n = 5, 8) y = x4 ln(x2 − 4x+ 3), n = 8,

9) y = x3 log2 x, n = 10, 10) y = e−x cos2 x · sin 3x, n = 8.

3. Äëÿ ôóíêöié y = f(x) çíàéòè äèôåðåíöiàëè âêàçàíîãî ïîðÿäêó:

1) y = x5+6x4−3x3+2x−8, n = 4, 2) y =
1
4
√
x
, n = 5,

3) y =
x4

1− x2
, n = 6, 4) y = x2 lnx, n = 5,

5) y = sin x · cos 2x · sin 3x, n = 10, 6) y =
x+ 2

(x− 1)2(x+ 3)
, n = 8,

7) y = e3x sin2 x, n = 5, 8) y = sin4 x+ cos4 x, n = 7,

9) y = ln
x2 − 9

(x2 − 1)(x2 − 4)
, n = 6, 10) y = e2x sin

(
3x+

π

6

)
, n = 12.

4. Îá÷èñëèòè ïîõiäíi äðóãîãî ïîðÿäêó äëÿ ôóíêöié, ÿêi çàäàíi íåÿâíî:

1)
x2

4
− y2

9
= 1, 2) y2 − 3xy + x2 = 2,

3) cosecx · sin y = 5, 4) ln(x2 + y2) = x− y,

5) ex + x = ey + y, 6) ex+y = x2 − y2,
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7) ln
√
x2 + y2 = arctg

y

x
, 8) y2 = cos(2x+ 3y),

9) e2x = (x+ y)2, 10) tg x · tg y = x2.

5. Çíàéòè ïîõiäíi òðåòüîãî ïîðÿäêó äëÿ ôóíêöié, ÿêi çàäàíi ïàðàìåòðè-

÷íî:

1)

x = 2t3,

y = 3t2,

2)

x = a cos 3t,

y = b sin 3t,

3)

x = e−4t,

y = e4t,

4)

x = t12 + 5,

y = t24 + 4,

5)

x = e−2t cos t,

y = e−2t sin t,

6)

x = ln tg
t

2
,

y = cos t,

7)

x = 2cos
2 t,

y = 2sin
2 t,

8)

x = ctg t+ t,

y =
1

sin t
,

9)


x =

et

1 + t
,

y = (t− 1)et,

10)

x = ln sin t,

y = ln sin 2t.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.7. Ïåðåòâîðèìî äîáóòîê òðèãîíîìåòðè÷íèõ ôóíêöié â ñóìó:

y =
1

2
(sin 11x+ sinx) .

Òîäi çà ïðàâèëîì âiäøóêàííÿ ïîõiäíî¨ n-ãî ïîðÿäêó âiä ñóìè i ôîðìóëîþ

ïîõiäíî¨ n-ãî ïîðÿäêó âiä ñèíóñà çàïèøåìî:

y(n) =

(
1

2
(sin 11x+ sinx)

)(n)

=
1

2

(
sin 11x

)(n)
+

1

2

(
sinx

)(n)
=

=
1

2
· 11n · sin

(
11x+

nπ

2

)
+

1

2
sin
(
x+

nπ

2

)
.



106 ÐÎÇÄIË III. Ïîõiäíà i äèôåðåíöiàë ôóíêöi¨ îäíi¹¨ çìiííî¨

Îòæå, y(n) =
1

2

(
11n · sin

(
11x+

nπ

2

)
+ sin

(
x+

nπ

2

))
. I

4.6. Çàñòîñîâóþ÷è ïðàâèëî âiäøóêàííÿ ïîõiäíî¨ ïåðøîãî ïîðÿäêó âiä íå-

ÿâíî çàäàíî¨ ôóíêöi¨, çàïèøåìî

(
ex+y − x2 + y2

)′
x
= 0,

çâiäêè

ex+y(1 + y′)− 2x+ 2y · y′ = 0.

Îòæå, y′ =
2x− ex+y

2y + ex+y
.

Òîäi

y′′ =
(2x− ex+y)′x(2y + ex+y)− (2x− ex+y)(2y + ex+y)′x

(2y + ex+y)2
=

=
(2− ex+y · (1 + y′)) (2y + ex+y)− (2y′ + ex+y(1 + y′)) (2x− ex+y)

(2y + ex+y)2
.

Ïiäñòàâèâøè â îñòàííþ ôîðìóëó çíàéäåíó ïîõiäíó y′, îòðèìà¹ìî

y′′=
(4y+(2−2x−2y)ex+y)(2y+ex+y)−(4x+(2x+2y − 2)ex+y)(2x−ex+y)

(2y + ex+y)3
.

Îòæå,

y′′ =
8(y2 − x2)− 4(y2 + x2 + 2xy − 2y − 2x)ex+y

(2y + ex+y)3
. I

5.3. Ñïî÷àòêó çíàéäåìî ïîõiäíó ïåðøîãî ïîðÿäêó y′x âiä ïàðàìåòðè÷íî

çàäàíî¨ ôóíêöi¨:

y′x =
y′t
x′t

=
4e4t

−4e−4t
= −e8t.

Òîäi

y′′x2 =
(y′x)

′
t

x′t
=

(−e8t)′t
−4e−4t

=
−8e8t

−4e−4t
= 2e12t.

Îòæå,

y′′′x3 =
(y′′x2)

′
t

x′t
=

(2e12t)′t
−4e−4t

=
24e12t

−4e−4t
= −6e16t

� ïîõiäíà òðåòüîãî ïîðÿäêó âiä ïàðàìåòðè÷íî çàäàíî¨ ôóíêöi¨. I
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�3.5. Òåîðåìè ïðî ñåðåäí¹ äëÿ äèôåðåíöiéîâíèõ ôóíêöié

Òåîðåìà Ðîëëÿ . Íåõàé ôóíêöiÿ f(x) íåïåðåðâíà íà âiäðiçêó [a; b], äè-

ôåðåíöiéîâíà â iíòåðâàëi (a; b) i f(a) = f(b). Òîäi iñíó¹ òî÷êà c ∈ (a; b) òàêà,

ùî f ′(c) = 0.

Òî÷êà, â ÿêié ïîõiäíà ðiâíà íóëþ, íàçèâà¹òüñÿ ñòàöiîíàðíîþ.

Òåîðåìà Ëàãðàíæà . Íåõàé ôóíêöiÿ f(x) íåïåðåðâíà íà âiäðiçêó [a; b]

i äèôåðåíöiéîâíà â iíòåðâàëi (a; b). Òîäi iñíó¹ ïðèíàéìi îäíà òî÷êà c ∈ (a; b)

òàêà, ùî
f(b)− f(a)

b− a
= f ′(c).

Ôîðìóëó ç òåîðåìè Ëàãðàíæà íàçèâàþòü ôîðìóëîþ ñêií÷åííèõ ïðè-

ðîñòiâ . �¨ çàïèñóþòü ùå â òàêîìó âèãëÿäi:

f(x0 +∆x)− f(x0) = f ′(x0 +Θ∆x)∆x, 0 < Θ < 1.

Òåîðåìà Ëàãðàíæà iëþñòðó¹ òîé ôàêò, ùî â iíòåðâàëi (a; b) çíàéäåòüñÿ

òî÷êà (ìîæå áóòè i íå îäíà), â ÿêié äîòè÷íà äî ãðàôiêà ôóíêöi¨ f(x) ïàðà-

ëåëüíà õîðäi, ùî ñïîëó÷à¹ òî÷êè (a; f(a)) i (b; f(b)).

Òåîðåìà Êîøi . Íåõàé ôóíêöi¨ f(x) òà g(x) íåïåðåðâíi íà âiäðiçêó [a; b] i

äèôåðåíöiéîâíi â iíòåðâàëi (a; b), ïðè÷îìó g′(x) ̸= 0 äëÿ äîâiëüíîãî çíà÷åííÿ

x ∈ (a; b). Òîäi iñíó¹ òî÷êà c ∈ (a; b) òàêà, ùî

f(b)− f(a)

g(b)− g(a)
=
f ′(c)

g′(c)
.

Çàóâàæèìî, ùî òåîðåìà Ðîëëÿ ¹ íàñëiäêîì òåîðåìè Ëàãðàíæà, à òåîðåìà

Ëàãðàíæà ¹ íàñëiäêîì òåîðåìè Êîøi.

Âïðàâè

1. Ïåðåâiðèòè âèêîíàííÿ óìîâ òåîðåìè Ðîëëÿ äëÿ ôóíêöié:

1) y = cos 3x, 2) y = x2 − 6x+ 5,

3) y = x3 − 4x, x ∈ [−2; 2], 4) y = 1− (x− 1)
2
3 , x ∈ [0; 2],

5) y = |x− 1|, x ∈ [0; 2], 6) y =
2− x2

x4
, x ∈ [−1; 1],
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7) y = 3
√
(x− 8)2, x ∈ [7; 9], 8) y=(4x+2)(2−x)−6, x ∈

[
0;

1

2

]
,

9) y=

x+3, ÿêùî − 3≤x≤−1,

x4, ÿêùî − 1<x≤0,
10) y =

x+1, ÿêùî − 1 ≤ x < 0,

ex, ÿêùî 0 ≤ x ≤ 1.

2. ×è ìîæíà çàñòîñóâàòè òåîðåìó Ëàãðàíæà äî äàíèõ ôóíêöié, i ÿêùî

ìîæíà, òî çíàéòè òî÷êó c :

1) y =
√
2x4 + 2x, x ∈ [0; 1],

2) y = x− x3, x ∈ [−2; 1],

3) y = 5
√
x4(x− 1), x ∈

[
− 1

2
;
1

2

]
,

4) y = x+ sinx, x ∈
[
0;
π

2

]
,

5) y = 2x2 − lnx, x ∈ [1; e],

6) y =
x

lnx
, x ∈ [e; e2],

7) y = 0, 1x+ e
x
2 , x ∈ [0; 2],

8) y =

x
2, ÿêùî 0 ≤ x ≤ 1,

4x− x2 − 2, ÿêùî 1 < x ≤ 2,

9) y =


3− x2

2
, ÿêùî 0 ≤ x ≤ 1,

1

x
, ÿêùî 1 < x ≤ 2,

10) y =

x, ÿêùî 0 ≤ x < 1,

1

x
, ÿêùî 1 ≤ x ≤ 4.

3. ×è ìîæíà çàñòîñóâàòè òåîðåìó Êîøi äî äàíèõ ôóíêöié, i ÿêùî òàê, òî

çíàéòè âiäïîâiäíó òî÷êó c :

1) f(x) = 2x3 + 5x+ 1, g(x) = x2 + 4, x ∈ [0; 2],

2) f(x) = sin x, g(x) = cosx, x ∈
[
0;
π

2

]
,

3) f(x) = x2, g(x) = x3, x ∈ [−1; 1],

4) f(x) = ex, g(x) =
x2

1 + x2
, x ∈ [−2; 2],

5) f(x) = sin x, g(x) =
3
√
x2, x ∈ [−8; 8].
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4. Âèêîðèñòîâóþ÷è òåîðåìó Ëàãðàíæà, äîâåñòè íåðiâíîñòi:

1) | cosx− cos y| ≤ |x− y|, (∀x, y ∈ R),

2) | arctg x− arctg y| ≤ |x− y|, (∀x, y ∈ R),

3)
x− y

x
< ln

x

y
<
x− y

y
, (∀x, y : 0 < y < x),

4)
y − x

1 + y2
< arctg y − arctg x <

y − x

1 + x2
, (∀x, y : 0 < x < y),

5)
x

1 + x
< ln(1 + x) < x, (∀x > −1),

6)
x− y

cos2 y
< tg x− tg y <

x− y

cos2 x
,
(
∀x, y : 0 < y < x <

π

2

)
,

7) ex > 1 + x, (∀x > 0),

8) x < arcsinx <
x√

1− x2
, (∀x : 0 < x < 1),

9) (1 + x)α ≥ 1 + αx, α > 1, (∀x > −1),

10) (1 + x)α ≤ 1 + αx, 0 < α < 1, (∀x > −1).

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

2.3. Ôóíêöiÿ y = 5
√
x4(x− 1) ¹ íåïåðåðâíîþ íà âiäðiçêó

[
− 1

2
;
1

2

]
. Çíà-

éäåìî ¨¨ ïîõiäíó:

y′ =
1

5
· 4x

3(x− 1) + x4

5
√

(x4(x− 1))4
=

1

5
· x3(5x− 4)

5
√
(x4(x− 1))4

=
1

5
· 5x− 4

5
√
x(x− 1)4

.

Çíàéäåíà ïîõiäíà iñíó¹ â óñiõ òî÷êàõ çàäàíîãî âiäðiçêà, êðiì x = 0. Ïðè

x = 0 ìà¹ìî, ùî lim
∆x→0

5
√

(∆x)4(∆x− 1)

∆x
= ∞. Òîäi óìîâà òåîðåìè Ëàãðàíæà

ïðî äèôåðåíöiéîâíiñòü ôóíêöi¨ íå âèêîíó¹òüñÿ.

Îòæå, çàñòîñóâàòè òåîðåìó Ëàãðàíæà äî ôóíêöi¨ y = 5
√
x4(x− 1) íà âiä-

ðiçêó
[
− 1

2
;
1

2

]
íå ìîæíà. I

3.4. Ôóíêöi¨ f(x) = ex òà g(x) =
x2

1 + x2
¹ íåïåðåðâíèìè íà âiäðiçêó

[−2; 2]. Ïîõiäíi f ′(x) = ex òà g′(x) =
2x

(1 + x2)2
íå ìàþòü îñîáëèâèõ òî÷îê

âñåðåäèíi ïðîìiæêà (−2; 2), òîáòî ñàìi ôóíêöi¨ ¹ äèôåðåíöiéîâíèìè â

ïðîìiæêó (−2; 2).
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Îäíàê, g′(x) = 0 â òî÷öi x = 0, ÿêà íàëåæèòü ïðîìiæêó (−2; 2). Îòæå,

óìîâè òåîðåìè Êîøi äëÿ çàäàíèõ ôóíêöié íå âèêîíóþòüñÿ. I
4.6. Ïîêëàäåìî f(x) = tg x, òîäi f ′(x) =

1

cos2 x
. Âèêîðèñòîâóþ÷è òåîðåìó

Ëàãðàíæà, ìà¹ìî:
tg x− tg y

x− y
=

1

cos2 c
,

äå c ∈ (y;x) : 0 < y < x <
π

2
.

Îñêiëüêè c < x i c > y, òî cos2 c > cos2 x i cos2 c < cos2 y, òîìó

1

cos2 c
<

1

cos2 x
, i

1

cos2 c
>

1

cos2 y
.

Çâiäñè
1

cos2 y
<

tg x− tg y

x− y
<

1

cos2 x
,

òîáòî
x− y

cos2 y
< tg x− tg y <

x− y

cos2 x
,

äå 0 < y < x <
π

2
. I

�3.6. Ôîðìóëà Òåéëîðà

Ôîðìóëà Òåéëîðà äëÿ ôóíêöi¨ f(x), ÿêà âèçíà÷åíà â îêîëi òî÷êè x0 i

n-ðàçiâ äèôåðåíöiéîâíà â îêîëi öi¹¨ òî÷êè, ìà¹ âèãëÿä:

f(x) = f(x0)+
f ′(x0)

1!
(x−x0)+

f ′′(x0)

2!
(x−x0)2+. . .+

f (n)(x0)

n!
(x−x0)n+rn+1(x),

àáî

f(x) =
n∑
k=0

f (k)(x0)

k!
(x− x0)

k + rn+1(x),

äå Pn(x) =
n∑
k=0

f (k)(x0)

k!
(x− x0)

k íàçèâà¹òüñÿ ìíîãî÷ëåíîì Òåéëîðà, à rn+1(x)

� çàëèøêîâèì ÷ëåíîì ôîðìóëè Òåéëîðà.

Çàëèøêîâèé ÷ëåí çàïèñóþòü ó ðiçíèõ ôîðìàõ, òîáòî:

1) rn+1(x) = o
(
(x− x0)

n
)
� ôîðìà Ïåàíî,
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2) rn+1(x) =
f (n+1)(x0 +Θ(x− x0))

(n+ 1)!
(x− x0)

n+1, 0 < Θ < 1 � ôîðìà Ëà-

ãðàíæà,

3) rn+1(x) =
f (n+1)(x0 +Θ(x− x0))

n!
(1−Θ)n(x− x0)

n+1, 0 < Θ < 1 �

ôîðìà Êîøi.

4) rn+1(x) =
f (n+1)(x0 +Θ(x− x0))

n!p
(1−Θ)n+1−p(x− x0)

n+1, 0 < Θ < 1,

p > 0 � ôîðìà Øëåìiëüõà-Ðîøà.

ßêùî x0 = 0, òî ôîðìóëà Òåéëîðà ìà¹ âèãëÿä

f(x) =
n∑
k=0

f (k)(0)

k!
xk + o(xn).

Îñòàííÿ ôîðìóëà ðîçêëàäó ôóíêöi¨ f(x) íàçèâà¹òüñÿ ôîðìóëîþ Ìàêëî-

ðåíà iç çàëèøêîâèì ÷ëåíîì ó ôîðìi Ïåàíî.

Çàóâàæèìî, ùî ó âèïàäêó ïàðíî¨ ôóíêöi¨ îòðèìà¹ìî ôîðìóëó

f(x) =
n∑
k=0

f (2k)(0)

(2k)!
x2k + o(x2n+1),

à ÿêùî f(x) ¹ íåïàðíîþ ôóíêöi¹þ, òî

f(x) =
n∑
k=0

f (2k+1)(0)

(2k + 1)!
x2k+1 + o(x2n+2).

Íàâåäåìî ðîçêëàäè äåÿêèõ åëåìåíòàðíèõ ôóíêöié çà ôîðìóëîþ Ìàêëî-

ðåíà iç çàëèøêîâèì ÷ëåíîì ó ôîðìi Ïåàíî:

1) ex = 1 + x+
x2

2!
+ . . .+

xn

n!
+ o(xn) =

n∑
k=0

xk

k!
+ o(xn),

2) (1 + x)µ = 1+µx+
µ(µ−1)

2!
x2+. . .+

µ(µ−1) · . . . · (µ−n+1)

n!
xn+o(xn) =

= 1 +
n∑
k=1

µ(µ− 1) · . . . · (µ− k + 1)

k!
xk + o(xn),

çîêðåìà

1

1 + x
=

n∑
k=0

(−1)kxk + o(xn),

1

1− x
=

n∑
k=0

xk + o(xn),
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1√
1− x

= 1 +
n∑
k=1

(2k − 1)!!

2k · k!
xk + o(xn), äå (2n−1)!!=1 · 3 · 5 · . . . · (2n−1),

3) ln(1+ x)=x−x
2

2
+
x3

3
− . . .+(−1)n−1x

n

n
+ o(xn)=

n∑
k=1

(−1)k−1xk

k
+o(xn),

4) ln(1− x) = −x− x2

2
− x3

3
− . . .− xn

n
+ o(xn) = −

n∑
k=1

xk

k
+ o(xn),

5) sinx=x−x
3

3!
+
x5

5!
−. . .+(−1)nx2n+1

(2n+1)!
+o(x2n+2)=

n∑
k=0

(−1)kx2k+1

(2k + 1)!
+o(x2n+2),

6) cosx=1−x
2

2!
+
x4

4!
−. . .+(−1)nx2n

(2n)!
+ o(x2n+1)=

n∑
k=0

(−1)kx2k

(2k)!
+ o(x2n+1),

7) shx=x+
x3

3!
+
x5

5!
+. . .+

x2n+1

(2n+1)!
+ o(x2n+2)=

n∑
k=0

x2k+1

(2k + 1)!
+o(x2n+2),

8) chx=1+
x2

2!
+
x4

4!
+. . .+

x2n

(2n)!
+ o(x2n+1)=

n∑
k=0

x2k

(2k)!
+ o(x2n+1).

Âïðàâè

1. Ðîçêëàñòè ôóíêöi¨ çà ôîðìóëîþ Ìàêëîðåíà iç çàëèøêîâèì ÷ëåíîì ó

ôîðìi Ïåàíî:

1) f(x) =
1

3x+ 5
, 2) f(x) =

1

2− 5x
,

3) f(x) =
1√

1 + 4x
, 4) f(x) = e3x+2,

5) f(x) = (x− 3)
√
1− x, 6) f(x) = x ln(3x+ 2),

7) f(x) = ln
1− 2x

1 + x
, 8) f(x) = ln(x2 − 5x+ 6),

9) f(x) = cos2 x+ xex
2

, 10) f(x) = 34−5x,

11) f(x) = ln(3− 2x− x2), 12) f(x) =
x+ 3

x2 − 3x+ 2
,

13) f(x) =
4x+ 7

x2 − 5x+ 4
, 14) f(x) =

x2 + 4x− 1

x2 + 2x− 3
,

15) f(x) = x sh 4x, 16) f(x) = chx · sh 2x,

17) f(x) = x cos2 6x, 18) f(x) = sin x · cos 3x,
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19) f(x) = cos3 x · sinx, 20) f(x) = cos 2x · cos 4x.

2. Ðîçêëàñòè ôóíêöi¨ â îêîëi òî÷êè x0 çà ôîðìóëîþ Òåéëîðà iç çàëèøêî-

âèì ÷ëåíîì ó ôîðìi Ïåàíî:

1) f(x) = cos(5x− 3), x0 = 1, 2) f(x) = xe−x, x0 = −1,

3) f(x) = ln(2x+ 1), x0 =
1

2
, 4) f(x) =

2x− 1

x− 1
, x0 = 2,

5) f(x) = ln(x2 − 3x+ 2), x0 = 3, 6) f(x) =
x2 + 3x

x+ 1
, x0 = 2,

7) f(x) =
5

6− x− x2
, x0 = 1, 8) f(x) = ln(1 + x− 6x2), x0 =

1

3
,

9) f(x) =
1− 2x2

2 + x− x2
, x0 = 1, 10) f(x) =

3x− 1

x2 − x− 6
, x0 = −1.

3. Çà äîïîìîãîþ ôîðìóëè Ìàêëîðåíà iç çàëèøêîâèì ÷ëåíîì ó ôîðìi Ëà-

ãðàíæà îá÷èñëèòè íàáëèæåíî (ç òî÷íiñòþ äî 10−3):

1) 3
√
9, 2) 4

√
90, 3) e

1
3 , 4) cos 85◦, 5) ln 1,4,

6) sin 73◦, 7) 6
√
734, 8) 3

√
130, 9) arcsin 0,4, 10) arctg 0,3.

4. Çàñòîñîâóþ÷è ôîðìóëó Ìàêëîðåíà iç çàëèøêîâèì ÷ëåíîì ó ôîðìi Ïå-

àíî, îá÷èñëèòè ãðàíèöi:

1) lim
x→0

ex + e−x − 2

x2
, 2) lim

x→0

x− sinx

ex − 1− x− x2

2

,

3) lim
x→0

ex − 1

2x(ex + 1)
, 4) lim

x→0

ln(1 + x2)

cosx− e−x2
,

5) lim
x→0

1

x

(
1

x
− ctg x

)
, 6) lim

x→0

ex sinx− x(1 + x)

x3
,

7) lim
x→0

(
1

x
− 1

sinx

)
, 8) lim

x→0

1− (cosx)sinx

x3
,

9) lim
x→+∞

(
6
√
x6+x5− 6

√
x6−x5

)
, 10) lim

x→+∞

((
x3−x2+x

2

)
e

1
x−
√
x6 + 1

)
,
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11) lim
x→0

− arctg x+ arcsin x

x2
, 12) lim

x→0

ln(1 + x3)− 2 sin x+ 2x cosx2

arctg x3
,

13) lim
x→0

ex −
√
1 + 2x

ln cosx
, 14) lim

x→0

3 cos x+ arcsin x− 3 3
√
1 + x

ln(1− x2)
,

15) lim
x→0

cosx−
√
1− x2

sinx− x
, 16) lim

x→0

cosx−
√
1− 2x− x

x2 tg x− e−x3 + 1
,

17) lim
x→0

ex − x
√
1 + x− 1

sinx · chx− shx
, 18) lim

x→+∞

√
ex
(√

ex + 1−
√
ex − 1

)
,

19) lim
x→+∞

x

(
1− x ln

(
1 +

1

x

))
, 20) lim

x→+∞
x

3
2

(√
x+ 1 +

√
x− 1− 2

√
x
)
.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

2.5. Çàóâàæèìî, ùî ðîçêëàä ôóíêöi¨ f(x) çà ôîðìóëîþ Òåéëîðà â îêîëi

òî÷êè x0 çàìiíîþ x− x0 = t çâîäèòüñÿ äî ðîçêëàäó ôóíêöi¨ g(t) = f(x0 + t)

çà ôîðìóëîþ Ìàêëîðåíà.

Îòæå, äëÿ ôóíêöi¨ f(x) = ln(x2 − 3x+ 2) ââåäåìî çàìiíó x− 3 = t. Òîäi:

ln(x2 − 3x+ 2) = ln((t+ 3)2 − 3(t+ 3) + 2) = ln(t2 + 3t+ 2) =

= ln(t+ 1)(t+ 2) = ln

(
2(t+ 1)

(
1 +

t

2

))
= ln 2 + ln(1 + t) + ln

(
1 +

t

2

)
.

Çà ôîðìóëàìè ðîçêëàäó äëÿ ln(1 + t) ìà¹ìî:

ln(t+ 1)(t+ 2) = ln 2 +
n∑
k=1

(−1)k−1tk

k
+

n∑
k=1

(−1)k−1tk

2k · k
+ o(tn) =

= ln 2 +
n∑
k=1

(−1)k−1

k

(
1 +

1

2k

)
tk + o(tn).

Ïiäñòàâèâøè t = x− 3, îòðèìà¹ìî îñòàòî÷íèé ðåçóëüòàò:

ln(x2 − 3x+ 2) = ln 2 +
n∑
k=1

(−1)k−1

k

(
1 +

1

2k

)
(x− 3)k + o

(
(x− 3)n

)
. I

3.3. Ñêîðèñòà¹ìîñü ôîðìóëîþ Ìàêëîðåíà iç çàëèøêîâèì ÷ëåíîì ó ôîðìi

Ëàãðàíæà äëÿ f(x) = ex :

ex = 1 + x+
x2

2!
+
x3

3!
+ . . .+

xn

n!
+ rn+1(x),



� 3.6. Ôîðìóëà Òåéëîðà 115

äå rn+1(x) =
eΘx

(n+ 1)!
xn+1.

Ç öi¹¨ ôîðìóëè ïðè x =
1

3
äiñòàíåìî:

e
1
3 = 1 +

1

3
+

1

2!
· 1

32
+

1

3!
· 1

33
+ . . .+

1

n!
· 1

3n
+ rn+1,

äå rn+1 = rn+1

(
1

3

)
=

e
Θ
3

(n+ 1)!
· 1

3n+1
.

Ùîá îá÷èñëèòè íàáëèæåíå çíà÷åííÿ e
1
3 ç òî÷íiñòþ äî 0,001, âèçíà÷èìî

ñïî÷àòêó, ñêiëüêè äîäàíêiâ ó ôîðìóëi äëÿ e
1
3 ïîòðiáíî çàëèøèòè. Äëÿ öüîãî

ðîçâ'ÿæåìî íåðiâíiñòü

|rn+1| <
3

(n+ 1)!
· 1

3n+1
< 0,001.

Îñêiëüêè

|r4| <
1

33 · 4!
=

1

27 · 24
> 0,001, i |r5| <

1

34 · 5!
=

1

81 · 120
< 0,001,

òî ó ôîðìóëi äëÿ e
1
3 ïîòðiáíî âçÿòè ï'ÿòü äîäàíêiâ. Òîáòî

e
1
3 = 1 +

1

3
+

1

2!
· 1

32
+

1

3!
· 1

33
+

1

4!
· 1

34
+ r5,

äå |r5| < 0,001.

Îòæå, e
1
3 = 1,396 ç òî÷íiñòþ äî 0,001. I

4.4. Îñêiëüêè

ln(1 + x2) = x2 − x4

2
+
x6

3
− x8

4
+ o(x8),

cosx = 1− x2

2!
+
x4

4!
− x6

6!
+ o(x7),

e−x
2

= 1− x2 +
x4

2!
− x6

3!
+ o(x6),

òî

lim
x→0

ln(1 + x2)

cosx− e−x2
=

= lim
x→0

x2 − x4

2 + x6

3 − x8

4 + o(x8)(
1− x2

2! +
x4

4! −
x6

6! + o(x7)
)
−
(
1− x2 + x4

2! −
x6

3! + o(x6)
) =

= lim
x→0

x2
(
1− x2

2 + x4

3 − x6

4

)
x2
(
1
2 −

11
4!x

2 + 119
6! x

4
) = 2. I
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Iíäèâiäóàëüíi çàâäàííÿ äî ðîçäiëó III

Çàäà÷à 1. Çà îçíà÷åííÿì ïîõiäíî¨ ôóíêöi¨ çíàéòè f ′(0) :

1.1. f (x) =

 tg
(
x3 + x2 sin 2

x

)
, x ̸= 0;

0, x = 0.

1.2. f (x) =

 arcsin
(
x2 cos 1

9x

)
+ 2

3x, x ̸= 0;

0, x = 0.

1.3. f (x) =

 arctg
(
x cos 1

5x

)
, x ̸= 0;

0, x = 0.

1.4. f (x) =

 ln
(
1− sin

(
x3 sin 1

x

))
, x ̸= 0;

0, x = 0.

1.5. f (x) =

 sin
(
x sin 3

x

)
, x ̸= 0;

0, x = 0.

1.6. f (x) =


√

1 + ln
(
1 + x2 sin 1

x

)
− 1, x ̸= 0;

0, x = 0.

1.7. f (x) =

 sin
(
ex

2 sin 5
x − 1

)
+ x, x ̸= 0;

0, x = 0.

1.8. f (x) =

 x2 cos 4
3x +

x2

2 , x ̸= 0;

0, x = 0.

1.9. f (x) =

 arctg
(
x3 − x

3
2 sin 1

3x

)
, x ̸= 0;

0, x = 0.

1.10. f (x) =

 sinx · cos 5
x , x ̸= 0;

0, x = 0.

1.11. f (x) =

 x+ arcsin
(
x2 sin 6

x

)
, x ̸= 0;

0, x = 0.

1.12. f (x) =

 tg
(
2x

2 cos(1/8x) − 1 + x
)
, x ̸= 0;

0, x = 0.

1.13. f (x) =

 arctgx · sin 7
x , x ̸= 0;

0, x = 0.
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1.14. f (x) =

 2x2 + x2 cos 1
9x , x ̸= 0;

0, x = 0.

1.15. f (x) =

 x2 cos2 11
x , x ̸= 0;

0, x = 0.

1.16. f (x) =

 2x2 + x2 cos 1
x , x ̸= 0;

0, x = 0.

1.17. f (x) =

 ln cosx
x , x ̸= 0;

0, x = 0.

1.18. f (x) =

 6x+ x sin 1
x , x ̸= 0;

0, x = 0.

1.19. f (x) =

 ex
2−cosx
x , x ̸= 0;

0, x = 0.

1.20. f (x) =

 ex sin
5
x − 1, x ̸= 0;

0, x = 0.

1.21. f (x) =

 3x
2 sin 2

x − 1 + 2x, x ̸= 0;

0, x = 0.

1.22. f (x) =


√
1 + ln

(
1 + 3x2 cos 2

x

)
− 1, x ̸= 0;

0, x = 0.

1.23. f (x) =

 ex sin
3
5x − 1, x ̸= 0;

0, x = 0.

1.24. f (x) =

 2tgx−2sin x

x2 , x ̸= 0;

0, x = 0.

1.25. f (x) =

 arctg
(
3x
2 − x2 sin 1

x

)
, x ̸= 0;

0, x = 0.

1.26. f (x) =

 e
sin
(
x
3
2 sin 2

x

)
− 1 + x2, x ̸= 0;

0, x = 0.

1.27. f (x) =

 3

√
1− 2x3 sin 5

x − 1 + x, x ̸= 0;

0, x = 0.
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1.28. f (x) =

 x2e|x| sin 1
x2 , x ̸= 0;

0, x = 0.

1.29. f (x) =


ln(1+2x2+x3)

x , x ̸= 0;

0, x = 0.

1.30. f (x) =

 cosx−cos 3x
x , x ̸= 0;

0, x = 0.

Çàäà÷à 2. Ñêëàñòè ðiâíÿííÿ íîðìàëi (ó âàðiàíòàõ 2.1-2.12) àáî ðiâíÿííÿ

äîòè÷íî¨ (ó âàðiàíòàõ 2.13-2.30) äî äàíî¨ êðèâî¨ â òî÷öi ç àáñöèñîþ x0 :

2.1. y =
(
4x− x2

) /
4, x0 = 2. 2.2. y = 2x2 + 3x− 1, x0 = −2.

2.3. y = x− x3, x0 = −1. 2.4. y = x2 + 8
√
x− 32, x0 = 4.

2.5. y = x+
√
x3, x0 = 1. 2.6. y =

3
√
x2 − 20, x0 = −8.

2.7. y =
1 +

√
x

1−
√
x
, x0 = 4. 2.8. y = 8 4

√
x− 70, x0 = 16.

2.9. y = 2x2 − 3x+ 1, x0 = 1. 2.10. y =
(
x2 − 3x+ 6

) /
x2, x0 = 3.

2.11. y =
√
x− 3 3

√
x, x0 = 64. 2.12. y =

(
x3 + 2

) / (
x3 − 2

)
, x0 = 2.

2.13. y = 2x2 + 3, x0 = −1. 2.14. y =
x29 + 6

x4 + 1
, x0 = 1.

2.15. y = 2x+
1

x
, x0 = 1. 2.16. y = −2

(
x8 + 2

)/(
3
(
x4+1

))
, x0=1.

2.17. y =
x5 + 1

x4 + 1
, x0 = 1. 2.18. y =

x16 + 9

1− 5x2
, x0 = 1.

2.19. y = 3
(

3
√
x− 2

√
x
)
, x0 = 1. 2.20. y = 1/ (3x+ 2), x0 = 2.

2.21. y = x
/ (
x2 + 1

)
, x0 = −2. 2.22. y =

(
x2 − 3x+ 3

) /
3, x0 = 3.

2.23. y = 2x
/ (
x2 + 1

)
, x0 = 1. 2.24. y = −2

(
3
√
x+ 3

√
x
)
, x0 = 1.

2.25. y =
1 + 3x2

3 + x2
, x0 = 1. 2.26. y = 14

√
x− 15 3

√
x+ 2, x0 = 1.

2.27. y = 3 4
√
x−

√
x, x0 = 1. 2.28. y =

(
3x− 2x3

) /
3, x0 = 1.

2.29. y = x2
/
10 + 3, x0 = 2. 2.30. y =

(
x2 − 2x− 3

) /
4, x0 = 4.

Çàäà÷à 3. Çíàéòè äèôåðåíöiàë dy :

3.1. y = x arcsin (1/x) + ln
∣∣∣x+√x2 − 1

∣∣∣ , x > 0.
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3.2. y = tg
(
2 arccos

√
1− 2x2

)
, x > 0.

3.3. y =
√
1 + 2x− ln

∣∣∣x+√
1 + 2x

∣∣∣ .
3.4. y = x2arctg

√
x2 − 1−

√
x2 − 1.

3.5. y = arccos
(
1
/√

1 + 2x2
)
, x > 0.

3.6. y = x ln
∣∣∣x+√x2 + 3

∣∣∣−√x2 + 3.

3.7. y = arctg (shx) + (shx) ln chx.

3.8. y = arccos
((
x2 − 1

)/(
x2
√
2
))

.

3.9. y = ln
(
cos2 x+

√
1 + cos4 x

)
.

3.10. y = ln
(
x+

√
1 + x2

)
−
√

1 + x2 arctg x.

3.11. y =
ln |x|
1 + x2

− 1

2
ln

x2

1 + x2
3.12. y = ln

(
ex+

√
e2x−1

)
+arcsin ex.

3.13. y = x
√
4− x2 + a arcsin (x/2) . 3.14. y = ln tg (x/2)− x/ sin x.

3.15. y = 2x+ ln |sinx+ 2 cosx| . 3.16. y =
√
ctg x−

√
tg3x

/
3.

3.17. y = ln

∣∣∣∣∣x+
√
x2 + 1

2x

∣∣∣∣∣ . 3.18. y = 3

√
x+ 2

x− 2
.

3.19. y = arctg
x2 − 1

x
. 3.20. y = ln

∣∣x2 − 1
∣∣− 1

x2 − 1
.

3.21. y = arctg
(
tg
x

2
+ 1
)
. 3.22. y = ln

∣∣∣2x+ 2
√
x2 + x+ 1

∣∣∣ .
3.23. y = ln

∣∣cos√x∣∣+√
xtg

√
x. 3.24. y = ex (cos 2x+ 2 sin 2x) .

3.25. y = x (sin ln x− cos ln x) . 3.26. y =

(√
x− 1− 1

2

)
e2

√
x−1.

3.27. y = cosx · ln tgx− ln tg
x

2
. 3.28. y =

√
3+x2−x ln

∣∣∣x+√3+x2
∣∣∣ .

3.29. y =
√
x− (1 + x) arctg

√
x. 3.30. y = x arctgx− ln

√
1 + x2.

Çàäà÷à 4. Îá÷èñëèòè íàáëèæåíî ç äîïîìîãîþ äèôåðåíöiàëà:

4.1. y = 3
√
x, x = 7, 76. 4.2. y =

3
√
x3 + 7x, x = 1, 012.

4.3. y =
(
x+

√
5− x2

)/
2, x = 0, 98. 4.4. y = 3

√
x, x = 27, 54.

4.5. y = arcsin x, x = 0, 08. 4.6. y =
3
√
x2 + 2x+ 5, x = 0, 97.

4.7. y = 3
√
x, x = 26, 46. 4.8. y =

√
x2 + x+ 3, x = 1, 97.

4.9. y = x11, x = 1, 021. 4.10. y = 3
√
x, x = 1, 21.
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4.11. y = x21, x = 0, 998. 4.12. y =
3
√
x2, x = 1, 03.

4.13. y = x6, x = 2, 01. 4.14. y = 3
√
x, x = 8, 24.

4.15. y = x7, x = 1, 996. 4.16. y = 3
√
x, x = 7, 64.

4.17. y =
√
4x− 1, x = 2, 56. 4.18. y = 1

/√
2x2+x+1, x = 1, 016.

4.19. y = 3
√
x, x = 8, 36. 4.20. y = 1

/√
x, x = 4, 16.

4.21. y = x7, x = 2, 002. 4.22. y =
√
4x− 3, x = 1, 78.

4.23. y =
√
x3, x = 0, 98. 4.24. y = x5, x = 2, 997.

4.25. y =
5
√
x2, x = 1, 03. 4.26. y = x4, x = 3, 998.

4.27. y =
√
1 + x+ sinx, x = 0, 01. 4.28. y = 3

√
3x+ cos x, x = 0, 01.

4.29. y = 4
√
2x− sin (πx/2), x = 1, 02. 4.30. y =

√
x2 + 5, x = 1, 97.

Çàäà÷à 5. Çíàéòè ïîõiäíó:

5.1. y =
2
(
3x3 + 4x2 − x− 2

)
15
√
1 + x

. 5.2. y =

(
2x2 − 1

)√
1 + x2

3x3
.

5.3. y =
x4 − 8x2

2 (x2 − 4)
. 5.4. y =

2x2 − x− 1

3
√
2 + 4x

.

5.5. y =

(
1 + x8

)√
1 + x8

12x12
. 5.6. y =

x2

2
√
1− 3x4

.

5.7. y =

(
x2 − 6

)√
(4 + x2)3

120x5
. 5.8. y =

(
x2 − 8

)√
x2 − 8

6x3
.

5.9. y =
4 + 3x3

x 3

√
(2 + x3)2

. 5.10. y =
3

√(
1 + x3/4

)2
x3/2

.

5.11. y =
x6 + x3 − 2√

1− x3
. 5.12. y =

(
x2 − 2

)√
4 + x2

24x3
.

5.13. y =
1 + x2

2
√
1 + 2x2

. 5.14. y =

√
x− 1 (3x+ 2)

4x2
.

5.15. y =

√
(1 + x2)3

3x3
. 5.16. y =

x6 + 8x3 − 128√
8− x3

.

5.17. y =

√
2x+ 3 (x− 2)

x2
. 5.18. y =

(
1− x2

)
5

√
x3 +

1

x
.

5.19. y =

(
2x2 + 3

)√
x2 − 3

9x3
. 5.20. y =

x− 1

(x2 + 5)
√
x2 + 5

.
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5.21. y =
(2x+ 1)

√
x2 − x

x2
. 5.22. y = 2

√
1−

√
x

1 +
√
x
.

5.23. y =
1

(x+ 2)
√
x2 + 4x+ 5

. 5.24. y = 3
3
√
x2 + x+ 1

x+ 1
.

5.25. y = 3 · 3

√
(x+ 1)

(x− 1)2
. 5.26. y =

x+ 7

6
√
x2 + 2x+ 7

.

5.27. y =
x
√
x+ 1

x2 + x+ 1
. 5.28. y =

x2 + 2

2
√
1− x4

.

5.29. y =
(x+ 3)

√
2x− 1

2x+ 7
. 5.30. y =

3x+
√
x√

x2 + 2
.

Çàäà÷à 6. Çíàéòè ïîõiäíó:

6.1. y = x− ln
(
2 + ex + 2

√
e2x + ex + 1

)
.

6.2. y = e2x(2− sin 2x− cos 2x) /8.

6.3. y =
1

2
arctg

ex − 3

2
.

6.4. y =
1

ln 4
ln

1 + 2x

1− 2x
.

6.5. y = 2
√
ex + 1 + ln

√
ex + 1− 1√
ex + 1 + 1

.

6.6. y =
2

3

√
(arctg ex)3.

6.7. y =
1

2
ln
(
e2x + 1

)
− 2arctg ex.

6.8. y = ln (ex + 1) +
18e2x + 27ex + 11

6 (ex + 1)3
.

6.9. y =
2
(√

2x − 1− arctg
√
2x − 1

)
ln 2

.

6.10. y = 2 (x− 2)
√
1 + ex − 2 ln

√
1 + ex − 1√
1 + ex + 1

.

6.11. y =
eαx (α sin βx− β cos βx)

α2 + β2
.

6.12. y =
eαx (β sin βx− α cos βx)

α2 + β2
.

6.13. y = eax
[
1

2a
+
a cos 2bx+ 2b sin 2bx

2 (a2 + 4b2)

]
.

6.14. y = x+
1

1 + ex
− ln (1 + ex) .

6.15. y = x− 3 ln
[(

1 + ex/6
)√

1 + ex/3
]
− 3 arctg ex/6.
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6.16. y = x+
8

1 + ex/4
.

6.17. y = ln
(
ex +

√
e2x − 1

)
+ arcsin e−x.

6.18. y = x− e−x arcsin ex − ln
(
1 +

√
1− e2x

)
.

6.19. y = x− ln (1 + ex)− 2e−x/2arctg ex/2 −
(
arctg ex/2

)2
.

6.20. y =
ex

3

1 + x3
.

6.21. y =
1

m
√
ab

arctg

(
emx ·

√
a

b

)
.

6.22. y = 3e
3
√
x
(

3
√
x2 − 2 3

√
x+ 2

)
.

6.23. y = ln

√
1 + ex + e2x − ex − 1√
1 + ex + e2x − ex + 1

.

6.24. y = esinx
(
x− 1

cosx

)
.

6.25. y =
ex

2

[(
x2 − 1

)
cosx+ (x− 1)2 sinx

]
.

6.26. y = arctg
(
ex − e−x

)
.

6.27. y = 3e
3
√
x
(

3
√
x5 − 5

3
√
x4 + 20x− 60

3
√
x2 + 120 3

√
x− 120

)
.

6.28. y = − e3x

3 sh3 x
.

6.29. y = arcsin e−x −
√
1− e2x.

6.30. y = −1

2
e−x

2 (
x4 + 2x2 + 2

)
.

Çàäà÷à 7. Çíàéòè ïîõiäíó:

7.1. y =
√
x ln

(√
x+

√
x+a

)
−
√
x+a. 7.2. y = ln

(
x+

√
a2 + x2

)
.

7.3. y = 2
√
x− 4 ln

(
2 +

√
x
)
. 7.4. y = ln

x2√
1− ax4

.

7.5. y = ln
(√

x+
√
x+ 1

)
. 7.6. y = ln

a2 + x2

a2 − x2
.

7.7. y = ln2 (x+ cosx) . 7.8. y = ln3 (1 + cos x) .

7.9. y = ln
x2

1− x2
. 7.10. y = ln tg

(π
4
+
x

2

)
.

7.11. y = ln 4

√
1 + 2x

1− 2x
. 7.12. y = x+

1√
2
ln
x−

√
2

x+
√
2
+ aπ

√
2

.

7.13. y = ln sin
2x+ 4

x+ 1
. 7.14. y = log16 log5 tg x.
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7.15. y = log4 log2 tgx. 7.16. y = x (cos ln x+ sin ln x) /2.

7.17. y = ln cos
2x+ 3

x+ 1
. 7.18. y = lg ln (ctgx) .

7.19. y = loga
1√

1− x4
. 7.20. y =

1√
2
ln
(√

2tg x+
√
1+2tg2x

)
.

7.21. y = ln arcsin
√

1− e2x. 7.22. y = ln arccos
√

1− e4x.

7.23. y = ln
(
bx+

√
a2 + b2x2

)
. 7.24. y = ln

√
x2 + 1 + x

√
2√

x2 + 1− x
√
2
.

7.25. y = ln

(
arccos

1√
x

)
. 7.26. y = ln

(
ex +

√
1 + e2x

)
.

7.27. y = ln

√
5 + tg (x/2)√
5− tg (x/2)

. 7.28. y = ln
lnx

sin (1/x)
.

7.29. y = ln ln sin (1 + 1/x) . 7.30. y = ln ln3 ln2 x.

Çàäà÷à 8. Çíàéòè ïîõiäíó:

8.1. y = sin
√
3 +

1

3

sin2 3x

cos 6x
. 8.2. y = cos ln 2− 1

3

cos2 3x

sin 6x
.

8.3. y = tg lg
1

3
+

1

4

sin2 4x

cos 8x
. 8.4. y = ctg 3

√
5− 1

8

cos2 4x

sin 8x
.

8.5. y =
cos sin 5 · sin2 2x

2 cos 4x
. 8.6. y =

sin cos 3 · cos2 2x
4 sin 4x

.

8.7. y =
cos ln 7 · sin2 7x

7 cos 14x
. 8.8. y = cos (ctg 2)− 1

16

cos2 8x

sin 16x
.

8.9. y = ctg (cos 2) +
1

6

sin2 6x

cos 12x
. 8.10. y = 3

√
ctg 2− 1

20

cos2 10x

sin 20x
.

8.11. y =
1

3
cos

(
tg

1

2

)
+

1

10

sin2 10x

cos 20x
. 8.12. y = ln sin

1

2
− 1

24

cos2 12x

sin 24x
.

8.13. y = 8 sin (ctg 3) +
1

5

sin2 5x

cos 10x
. 8.14. y =

cos (ctg 3) · cos2 14x
28 sin 28x

.

8.15. y =
cos
(
tg 1

3

)
· sin2 15x

15 cos 30x
. 8.16. y =

sin
(
tg 1

7

)
· cos2 16x

32 sin 32x
.

8.17. y =
ctg

(
sin 1

3

)
· sin2 17x

17 cos 34x
. 8.18. y =

5
√
ctg 2 · cos2 18x
36 sin 36x

.

8.19. y =
tg (ln 2) · sin2 19x

19 cos 38x
. 8.20. y = ctg (cos 5)− 1

40

cos2 20x

sin 40x
.

8.21. y =
√
tg 4 +

sin2 21x

21 cos 42x
. 8.22. y = cos (ln 13)− 1

44

cos2 22x

sin 44x
.

8.23. y = ln cos
1

3
+

sin2 23x

23 cos 46x
. 8.24. y = ctg

(
sin

1

13

)
− 1

48

cos2 24x

sin 48x
.
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8.25. y = sin ln 2 +
sin2 25x

25 cos 50x
. 8.26. y =

3

√
cos

√
2− 1

52

cos2 26x

sin 52x
.

8.27. y = 7
√
tg (cos 2) +

sin2 27x

27 cos 54x
. 8.28. y = sin 3

√
tg 2− cos2 28x

56 sin 56x
.

8.29. y = cos2 sin 3 +
sin2 29x

29 cos 58x
. 8.30. y = sin3 cos 2− cos2 30x

60 sin 60x
.

Çàäà÷à 9. Çíàéòè ïîõiäíó:

9.1. y = arctg
tg x− ctg x√

2
.

9.2. y = arcsin

√
x− 2√
5x

.

9.3. y =
2x− 1

4

√
2 + x− x2 +

9

8
arcsin

2x− 1

3
.

9.4. y = arctg

√
1 + x2 − 1

x
.

9.5. y = arccos
x2 − 4√
x4 + 16

.

9.6. y =

√
2

3
arctg

3x− 1√
6x

.

9.7. y =
1

4
ln
x− 1

x+ 1
− 1

2
arctg x.

9.8. y =
1

2
(x− 4)

√
8x− x2 − 7− 9 arccos

√
x− 1

6
.

9.9. y =
(1 + x) arctg

√
x

x2
+

1

3x
√
x
.

9.10. y =
x3

3
arccosx− 2 + x2

9

√
1− x2.

9.11. y =
1

2
√
x
+

1 + x

2x
arctg

√
x.

9.12. y =
3 + x

2

√
x (2− x) + 3 arccos

√
x

2
.

9.13. y =
4 + x4

x3
arctg

x2

2
+

4

x
.

9.14. y = arcsin

√
x

x+ 1
+ arctg

√
x.

9.15. y =
1

2

√
1

x2
− 1− arccosx

2x2
.

9.16. y = 6arcsin

√
x

2
− 6 + x

2

√
x (4− x).

9.17. y =
x− 3

2

√
6x− x2 − 8 + arcsin

√
x

2
− 1.
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9.18. y =
(1 + x) arctg

√
x−

√
x

x
.

9.19. y =
2
√
1− x arcsin

√
x

x
+

2√
x
.

9.20. y =
2x− 5

4

√
5x− 4− x2 +

9

4
arcsin

√
x− 1

3
.

9.21. y = arctg x+
5

6
ln
x2 + 1

x2 + 4
.

9.22. y = arcsin
x− 2

(x− 1)
√
2
.

9.23. y =
√
1− x2 − x arcsin

√
1− x2.

9.24. y =
√
x+

1

3
arctg

√
x+

8

3
arctg

√
x

2
.

9.25. y = arctg

√
1− x

1−
√
x
.

9.26. y =
(
2x2 + 6x+ 5

)
arctg

x+ 1

x+ 2
− x.

9.27. y =
x

2
√
1− 4x2

arcsin 2x+
1

8
ln
(
1− 4x2

)
.

9.28. y =

(
2x2 − x+

1

2

)
arctg

x2 − 1

x
√
3

− x3

2
√
3
−

√
3

2
x.

9.29. y =
(
x+ 2

√
x+ 2

)
arctg

√
x√

x+ 2
−

√
x.

9.30. y =
√
1 + 2x− x2 arcsin

x
√
2

1 + x
−
√
2 ln (1 + x) .

Çàäà÷à 10. Çíàéòè ïîõiäíó:

10.1. y =
1

4
√
5
ln

2 +
√
5 th x

2−
√
5 th x

.

10.2. y =
shx

4 ch4 x
+

3 sh x

8 ch2 x
+

3

8
arctg (shx) .

10.3. y =
1

2
ln

1 +
√
thx

1−
√
thx

− arctg
√
thx.

10.4. y =
3

8
√
2
ln

√
2 + thx√
2− thx

− thx

4
(
2− th2 x

) .
10.5. y =

1

2
thx+

1

4
√
2
ln

1 +
√
2 th x

1−
√
2 th x

. 10.6. y = −1

2
ln
(
th
x

2

)
− chx

2 sh2 x
.

10.7. y =
1

2a
√
1 + a2

ln
a+

√
1 + a2 thx

a−
√
1 + a2 thx

. 10.8. y =
1

18
√
2
ln

1 +
√
2 cthx

1−
√
2 cth x

.



126 ÐÎÇÄIË III. Ïîõiäíà i äèôåðåíöiàë ôóíêöi¨ îäíi¹¨ çìiííî¨

10.9. y = arctg

√
sh 2x

chx− sh x
. 10.10. y =

1

6
ln

1− sh 2x

2 + sh 2x
.

10.11. y = 4

√
1 + thx

1− thx
. 10.12. y =

shx

1 + chx
.

10.13. y =
chx√
sh 2x

. 10.14. y =
sh 3x√
ch 6x

.

10.15. y =
1 + 8 ch2 x · ln (chx)

2 ch2 x
. 10.16. y = −12 sh2 x+ 1

3 sh2 x
.

10.17. y = − sh x

2 ch2 x
+

3

2
arcsin (th x) . 10.18. y =

1√
8
arcsin

3 + chx

1 + 3 chx
.

10.19. y =
1√
8
ln

4 +
√
8 th x

2

4−
√
8 th x

2

. 10.20. y =
1

4
ln
∣∣∣th x

2

∣∣∣− 1

4
ln

3 + chx

sh x
.

10.21. y = −1

4
arcsin

5 + 3 chx

3 + 5 chx
. 10.22. y =

1− 8 ch2 x

4 ch4 x
.

10.23. y =
2

sh x
− 1

3 sh3 x
+

shx

2 ch2 x
+

5

2
arctg (shx) .

10.24. y =
8

3
cth 2x− 1

3 chx · sh3 x
.

10.25. y =
1

2
arctg (sh x)− sh x

2 ch2 x
.

10.26. y =
3

2
ln
(
th
x

2

)
+ chx− chx

2 sh2 x
.

10.27. y = − shx

2 ch2 x
− 1

sh x
− 3

2
arctg (sh x) .

10.28. y =
shx

2 ch2 x
+

1

2
arctg (shx) .

10.29. y =
1

2

[
shx

ch2 x
+ arctg (shx)

]
.

10.30. y = − chx

2 sh2 x
− 1

2
ln
(
th
x

2

)
.

Çàäà÷à 11. Çíàéòè ïîõiäíó ïîêàçíèêîâî-ñòåïåíåâî¨ ôóíêöi¨:

11.1. y = (arctg x)(1/2) ln(arctg x) . 11.2. y =
(
sin

√
x
)ln(sin√x)

.

11.3. y = (sin x)5e
x

. 11.4. y = (arcsin x)e
x

.

11.5. y = (lnx)3
x

. 11.6. y = xarcsinx.

11.7. y = (ctg 3x)2e
x

. 11.8. y = xe
tg x

.
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11.9. y = (tg x)4e
x

. 11.10. y = (cos 5x)e
x

.

11.11. y = (x sinx)8 ln(x sinx) . 11.12. y = (x− 5)chx .

11.13. y =
(
x3 + 4

)tg x
. 11.14. y = xsinx

3

.

11.15. y =
(
x2 − 1

)shx
. 11.16. y =

(
x4 + 5

)ctg x
.

11.17. y = (sin x)5x/2 . 11.18. y =
(
x2 + 1

)cosx
.

11.19. y = 19x
19

x19. 11.20. y = x3
x · 2x.

11.21. y =
(
sin

√
x
)e1/x

. 11.22. y = xe
ctg x

.

11.23. y = xe
cos x

. 11.24. y = x2
x · 5x.

11.25. y = xe
sin x

. 11.26. y = (tg x)ln(tg x)/4 .

11.27. y = xe
arctg x

. 11.28. y =
(
x8 + 1

)thx
.

11.29. y = x29
x · 29x. 11.30. y = (cos 2x)ln(cos 2x)/4 .

Çàäà÷à 12. Çíàéòè ïîõiäíó:

12.1. y =
1

24

(
x2 + 8

)√
x2 − 4 +

x2

16
arcsin

2

x
, x > 0.

12.2. y =
4x+ 1

16x2 + 8x+ 3
+

1√
2
arctg

4x+ 1√
2

.

12.3. y = 2x− ln
(
1 +

√
1− e4x

)
− e−2x arcsin

(
e2x
)
.

12.4. y =
√
9x2 − 12x+ 5arctg (3x− 2)− ln

(
3x− 2 +

√
9x2 − 12x+ 5

)
.

12.5. y =
2

x− 1

√
2x− x2 + ln

1 +
√
2x− x2

x− 1
.

12.6. y =
x2

81
arcsin

3

x
+

1

81

(
x2 + 18

)√
x2 − 9, x > 0.

12.7. y =
1√
2
arctg

3x− 1√
2

+
1

3
· 3x− 1

3x2 − 2x+ 1
.

12.8. y = 3x− ln
(
1 +

√
1− e6x

)
− e−3x arcsin

(
e3x
)
.

12.9. y = ln
(
4x− 1 +

√
16x2 − 8x+ 2

)
−
√

16x2 − 8x+ 2arctg (4x− 1) .

12.10. y = ln
1 + 2

√
−x− x2

2x+ 1
+

4

2x+ 1

√
−x− x2.
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12.11. y = (2x+3)4 ·arcsin 1

2x+3
+
2

3

(
4x2+12x+11

)√
x2+3x+2, 2x+3>0.

12.12. y =
x+ 2

x2 + 4x+ 6
+

1√
2
arctg

x+ 2√
2
.

12.13. y = 5x− ln
(
1 +

√
1− e10x

)
− e−5x arcsin

(
e5x
)
.

12.14. y =
√
x2 − 8x+ 17 arctg (x− 4)− ln

(
x− 4 +

√
x2 − 8x+ 17

)
.

12.15. y = ln
1 +

√
−3 + 4x− x2

2− x
+

2

2− x

√
−3 + 4x− x2.

12.16. y =
(
3x2−4x+2

)√
9x2−12x+3+(3x−2)4 arcsin

1

3x− 2
, 3x−2>0.

12.17. y =
1√
2
arctg

x− 1√
2

+
x− 1

x2 − 2x+ 3
.

12.18. y = ln
(
e5x +

√
e10x − 1

)
+ arcsin

(
e−5x

)
.

12.19. y = ln
(
2x− 3 +

√
4x2 − 12x+ 10

)
−
√

4x2 − 12x+ 10 arctg (2x− 3) .

12.20. y = ln
1 +

√
−3− 4x− x2

−x− 2
− 2

x+ 2

√
−3− 4x− x2.

12.21. y =
2

3

(
4x2 − 4x+ 3

)√
x2 − x+ (2x− 1)4 arcsin

1

2x− 1
, 2x− 1 > 0.

12.22. y =
2x− 1

4x2 − 4x+ 3
+

1√
2
arctg

2x− 1√
2

.

12.23. y = arcsin
(
e−4x

)
+ ln

(
e4x +

√
e8x − 1

)
.

12.24. y = ln
(
5x+

√
25x2 + 1

)
−
√

25x2 + 1arctg 5x.

12.25. y =
2

3x− 2

√
−3 + 12x− 9x2 + ln

1 +
√
−3 + 12x− 9x2

3x− 2
.

12.26. y = (3x+ 1)4 arcsin
1

3x+ 1
+
(
3x2 + 2x+ 1

)√
9x2 + 6x, 3x+ 1 > 0.

12.27. y =
1√
2
arctg

2x+ 1√
2

+
2x+ 1

4x2 + 4x+ 3
.

12.28. y = ln
(
e3x +

√
e6x − 1

)
+ arcsin

(
e−3x

)
.

12.29. y =
√
49x2 + 1arctg 7x− ln

(
7x+

√
49x2 + 1

)
.

12.30. y =
1

x

√
1− 4x2 + ln

1 +
√
1 + 4x2

2x
.
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Çàäà÷à 13. Çíàéòè ïîõiäíó:

13.1. y =
x arcsinx√

1− x2
+ ln

√
1− x2.

13.2. y = 4 ln
x

1 +
√
1− 4x2

−
√
1− 4x2

x2
.

13.3. y = x
(
2x2 + 5

)√
x2 + 1 + 3 ln

(
x+

√
x2 + 1

)
.

13.4. y = x3 arcsinx+
x2 + 2

3

√
1− x2.

13.5. y = 3arcsin
3

4x+ 1
+ 2
√

4x2 + 2x− 2, 4x+ 1 > 0.

13.6. y =
√

1 + x2 arctg x− ln
(
x+

√
1 + x2

)
.

13.7. y = 2arcsin
2

3x+ 4
+
√
9x2 + 24x+ 12, 3x+ 4 > 0.

13.8. y = x
(
2x2 + 1

)√
x2 + 1− ln

(
x+

√
x2 + 1

)
.

13.9. y = ln
(
x+

√
x2 + 1

)
−

√
1 + x2

x
.

13.10. y =
√
1− 3x− 2x2 +

3

2
√
2
arcsin

4x+ 3√
17

.

13.11. y =
√
(4 + x) (1 + x) + 3 ln

(√
4 + x+

√
1 + x

)
.

13.12. y = ln

√
x2 − x+ 1

x
+
√
3 arctg

2x− 1√
3

.

13.13. y =
1

12
ln
x4 − x2 + 1

(x2 + 1)2
− 1

2
√
3
arctg

√
3

2x2 − 1
.

13.14. y = 4arcsin
4

2x+ 3
+
√

4x2 + 12x− 7, 2x+ 3 > 0.

13.15. y = 2arcsin
2

3x+ 1
+
√

9x2 + 6x− 3, 3x+ 1 > 0.

13.16. y = (2 + 3x)
√
x− 1− 3

2
arctg

√
x− 1.

13.17. y =
1

3
(x− 2)

√
x+ 1 + ln

(√
x+ 1 + 1

)
.

13.18. y =
√
x2 + 1− 1

2
ln

√
x2 + 1− x√
x2 + 1 + 1

.

13.19. y = ln 3

√
x− 1

x+ 1
− 1

2

(
1

2
+

1

x2 − 1

)
arctg x.

13.20. y = x ln
(√

1− x+
√
1 + x

)
+

1

2
(arcsinx− x) .
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13.21. y = arctg
√
x2 − 1− lnx√

x2 − 1
.

13.22. y = 3arcsin
3

x+ 2
+
√
x2 + 4x− 5.

13.23. y =
√

(3− x) (2 + x) + 5 arcsin

√
x+ 2

5
.

13.24. y = x (arcsinx)2 + 2
√

1− x2 arcsinx− 2x.

13.25. y =

√
1− x2

x
+ arcsin x.

13.26. y = x2 arccosx− x2 + 2

3

√
1− x2.

13.27. y =

√
x2 + 2

x2
− 1√

2
ln

√
2 +

√
x2 + 2

x
.

13.28. y =
x

4

(
10− x2

)√
4− x2 + 6arcsin

x

2
.

13.29. y = arcsin
1

2x+ 3
+ 2
√
x2 + 3x+ 2, 2x+ 3 > 0.

13.30. y = x arcsin

√
x

x+ 1
−

√
x+ arctg

√
x.

Çàäà÷à 14. Çíàéòè ïîõiäíó:

14.1. y =
1

sinα
ln (tg x+ ctgα) .

14.2. y = x cosα+ sinα ln sin (x− α) .

14.3. y =
1

2
√
2

[
sin ln x−

(√
2− 1

)
· cos ln x

]
x
√
2+1.

14.4. y = arctg

(
cosx

4
√
cos 2x

)
.

14.5. y = 3
sinx

cos2 x
+ 2

sinx

cos4 x
.

14.6. y =
(
a2 + b2

)−1/2 · arcsin

(√
a2 + b2 sinx

b

)
.

14.7. y =
7x (3 sin 3x+ cos 3x · ln 7)

9 + ln2 7
.

14.8. y = ln
sinx

cosx+
√
cos 2x

.

14.9. y =
1

a (1 + a2)

[
arctg (a cosx) + a ln tg

x

2

]
.
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14.10. y = − 1

3 sin3 x
− 1

sinx
+

1

2
ln

1 + sinx

1− sinx
.

14.11. y =
(
1 + x2

)
earctg x. 14.12. y =

ctg x+ x

1− x ctg x
.

14.13. y =
1

2 sin α
2

arctg
2x sin α

2

1− x2
. 14.14. y = arctg

√√
x4+1−x2
x

, x>0.

14.15. y =
6x(sin 4x·ln 6−4 cos 4x)

16+ln2 6
. 14.16. y = arctg

√
2 tg x

1− tg x
.

14.17. y = arctg
2 sin x√

9 cos2 x− 4
. 14.18. y =

5x (2 sin 2x+ cos 2x · ln 5)
4 + ln2 5

.

14.19. y = ln

√
2 + thx√
2− thx

. 14.20. y =
3x (4 sin 4x+ ln 3 · cos 4x)

16 + ln2 3
.

14.21. y =
4x (ln 4·sin 4x−4 cos 4x)

16+ln2 4
. 14.22. y =

cosx

sin2 x
−2 cos x−3 ln tg

x

2
.

14.23. y =
5x(sin 3x·ln 5−3 cos 3x)

9+ln2 5
. 14.24. y = x−ln(1+ex)−2e−

x
2arctg e

x
2 .

14.25. y =
2x (sinx+ cosx · ln 2)

1 + ln2 2
. 14.26. y =

ln (ctg x+ ctgα)

sinα
.

14.27. y = 2
cosx

sin4 x
+ 3

cosx

sin2 x
.

14.28. y =
cosx

3 (2 + sinx)
+

4

3
√
3
arctg

2 tg (x/2) + 1√
3

.

14.29. y =
3x (ln 3 · sin 2x− 2 cos 2x)

ln2 3 + 4
.

14.30. y =
1

2
ln

1 + cos x

1− cosx
− 1

cosx
− 1

3 cos3 x
.

Çàäà÷à 15. Çíàéòè ïîõiäíó y′x :

15.1.

 x = 3t2+1
3t3 ,

y = sin
(
t3

3 + t
)
.

15.2.

 x =
√
1− t2,

y = tg
√
1 + t.

15.3.


x =

√
2t− t2,

y = 1
3
√

(1−t)2
.

15.4.

 x = arcsin (sin t) ,

y = arccos (cos t) .

15.5.

 x = ln
(
t+

√
t2 + 1

)
,

y = t
√
t2 + 1.

15.6.

 x =
√
2t− t2,

y = arcsin (t− 1) .
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15.7.

 x = ctg (2et) ,

y = ln (tg et) .

15.8.

 x = ln (ctg t) ,

y = 1
cos2 t .

15.9.

 x = arctg et/2,

y =
√
et + 1.

15.10.

 x = ln
√

1−t
1+t ,

y =
√
1− t2.

15.11.

 x = ln 1√
1−t4 ,

y = arcsin 1−t2
1+t2 .

15.12.

 x =
√
1− t2,

y = t√
1−t2 .

15.13.

 x = arcsin
(√

1− t2
)
,

y = (arccos t)2 .

15.14.

 x = t√
1−t2 ,

y = ln 1+
√
1−t2
t .

15.15.

 x =
(
1 + cos2 t

)2
,

y = cos t
sin2 t

.

15.16.

 x = ln 1−t
1+t ,

y =
√
1− t2.

15.17.

 x = arccos 1
t ,

y =
√
t2 − 1 + arcsin 1

t .

15.18.

 x = 1
ln t ,

y = ln 1+
√
1−t2
t .

15.19.

 x = arcsin
√
t,

y =
√

1 +
√
t.

15.20.

 x = (arcsin t)2 ,

y = t√
1−t2 .

15.21.

 x = t
√
t2 + 1,

y = ln 1+
√
1+t2

t .

15.22.

 x = arctg t,

y = ln
√
1+t2

t+1 .

15.23.

 x = ln
(
1− t2

)
,

y = arcsin
√
1− t2.

15.24.

 x = arctg t+1
t−1 ,

y = arcsin
√
1− t2.

15.25.

 x = ln
√

1−sin t
1+sin t ,

y = 1
2 tg

2 t+ ln cos t.

15.26.

 x =
√
t− t2 − arctg

√
1−t
t ,

y =
√
t−

√
1− t arcsin

√
t.

15.27.

 x = ln tg t,

y = 1
sin2 t

.

15.28.

 x = t2 ln t
1−t2 + ln

√
1− t2,

y = t√
1−t2 arcsin t+ ln

√
1− t2.
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15.29.

 x = esec
2 t,

y = tg t · ln cos t+ tg t− t.

15.30.

 x = t√
1−t2 arcsin t+ln

√
1−t2,

y = t√
1−t2 .

Çàäà÷à 16. Ñêëàñòè ðiâíÿííÿ äîòè÷íî¨ i íîðìàëi äî êðèâî¨ â òî÷öi, ùî

âiäïîâiäà¹ çíà÷åííþ ïàðàìåòðà t = t0 :

16.1.

 x = a sin3 t,

y = a cos3 t, t0 = π/3.

16.2.

 x =
√
3 cos t,

y = sin t, t0 = π/3.

16.3.

 x = a (t− sin t) ,

y = a (1− cos t) , t0 = π/3.

16.4.

 x = 2t− t2,

y = 3t− t3, t0 = 1.

16.5.

 x = 2t+t2

1+t3 ,

y = 2t−t2
1+t3 , t0 = 1.

16.6.

 x = arcsin t√
1+t2

,

y = arccos 1√
1+t2

, t0=−1.

16.7.

 x = t (t cos t−2 sin t) ,

y = t (t sin t+2 cos t) , t0=π/4.

16.8.

 x = 3at
1+t2 ,

y = 3at2

1+t2 , t0=2.

16.9.

 x = 2 ln (ctg t) + ctg t,

y = tg t+ ctg t, t0 = π/4.

16.10.

 x = 1
2t

2 − 1
4t

4,

y = 1
2t

2 + 1
3t

3, t0 = 0.

16.11.

 x = at cos t,

y = at sin t, t0 = π/2.

16.12.

 x = sin t,

y = cos t, t0 = π/6.

16.13.

 x = arcsin t√
1+t2

,

y = arccos 1√
1+t2

, t0 = 1.

16.14.

 x = 1+ln t
t2 ,

y = 3+2 ln t
t , t0 = 1.

16.15.

 x = 1+t
t2 ,

y = 3
2t2 +

2
t , t0 = 2.

16.16.

 x = a sin3 t,

y = a cos3 t, t0 = π/6.

16.17.

 x = a (t sin t+cos t) ,

y = a (sin t−t cos t) , t0=π/4.

16.18.

 x = t+1
t ,

y = t−1
t , t0 = −1.
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16.19.

 x = 1− t2,

y = t− t3, t0 = 2.

16.20.

 x = ln
(
1 + t2

)
,

y = t− arctg t, t0 = 1.

16.21.

 x = t (1− sin t) ,

y = t cos t, t0 = 0.

16.22.

 x = 1+t3

t2−1 ,

y = t
t2−1 , t0 = 2.

16.23.

 x = 3 cos t,

y = 4 sin t, t0 = π/4.

16.24.

 x = t− t4,

y = t2 − t3, t0 = 1.

16.25.

 x = t3 + 1,

y = t2 + t+ 1, t0 = 1.

16.26.

 x = 2 cos t,

y = sin t, t0 = −π/3.

16.27.

 x = 2 tg t,

y = 2 sin2 t+ sin 2t, t0 = π/4.

16.28.

 x = t3 + 1,

y = t2, t0 = −2.

16.29.

 x = sin t,

y = at, t0 = 0.

16.30.

 x = sin t,

y = cos 2t, t0 = π/6.

Çàäà÷à 17. Çíàéòè ïîõiäíó ôóíêöi¨ n-ãî ïîðÿäêó:

17.1. y = xeax. 17.2. y = sin 2x+ cos (x+ 1) .

17.3. y =
5
√
e7x−1. 17.4. y =

4x+ 7

2x+ 3
.

17.5. y = lg (5x+ 2) . 17.6. y = a3x.

17.7. y =
x

2 (3x+ 2)
. 17.8. y = lg (x+ 4) .

17.9. y =
√
x. 17.10. y =

2x+ 5

13 (3x+ 1)
.

17.11. y = 23x+5. 17.12. y = sin (x+ 1) + cos 2x.

17.13. y =
3
√
e2x+1. 17.14. y =

4 + 15x

5x+ 1
.

17.15. y = lg (3x+ 1) . 17.16. y = 75x.

17.17. y =
x

9 (4x+ 9)
. 17.18. y = lg (1 + x) .
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17.19. y =
4

x
. 17.20. y =

5x+ 1

13 (2x+ 3)
.

17.21. y = a2x+3. 17.22. y = sin (3x+ 1) + cos 5x.

17.23. y =
√
e3x+1. 17.24. y =

11 + 12x

6x+ 5
.

17.25. y = lg (2x+ 7) . 17.26. y = 2kx.

17.27. y =
x

x+ 1
. 17.28. y = log3 (x+ 5) .

17.29. y =
1 + x

1− x
. 17.30. y =

7x+ 1

17 (4x+ 3)
.

Çàäà÷à 18. Çíàéòè ïîõiäíó ôóíêöi¨ âêàçàíîãî ïîðÿäêó:

18.1. y =
(
2x2 − 7

)
ln (x− 1) , yV =? 18.2. y =

(
3− x2

)
ln2 x, yIII =?

18.3. y = x cosx2, yIII =? 18.4. y =
ln (x− 1)√

x− 1
, yIII =?

18.5. y =
log2 x

x3
, yIII =? 18.6. y =

(
4x3 + 5

)
e2x+1, yV =?

18.7. y = x2 sin (5x− 3) , yIII =? 18.8. y =
lnx

x2
, yIV =?

18.9. y = (2x+ 3) ln2 x, yIII =? 18.10. y =
(
1+x2

)
arctg x, yIII=?

18.11. y =
lnx

x3
, yIV =? 18.12. y = (4x+ 3) · 2−x, yV =?

18.13. y = e1−2x ·sin (2+3x) , yIV =? 18.14. y =
ln (3 + x)

3 + x
, yIII =?

18.15. y =
(
2x3 + 1

)
cosx, yV =? 18.16. y =

(
x2+3

)
ln (x−3) , yIV =?

18.17. y =
(
1−x−x2

)
e(x−1)/2, yIV =? 18.18. y =

1

x
sin 2x, yIII =?

18.19. y = (x+ 7) ln (x+ 4) , yV =? 18.20. y = (3x− 7) · 3−x, yIV =?

18.21. y =
ln (2x+ 5)

2x+ 5
, yIII =? 18.22. y = ex/2 · sin 2x, yIV =?

18.23. y =
lnx

x5
, yIII =? 18.24. y = x ln (1− 3x) , yIV =?

18.25. y =
(
x2+3x+1

)
e3x+2, yV =? 18.26. y = (5x− 8) · 2−x, yIV =?

18.27. y =
ln (x− 2)

x− 2
, yV =? 18.28. y = e−x ·(cos 2x−x) , yIV =?
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18.29. y = (5x− 1) ln2 x, yIII =? 18.30. y =
log3 x

x2
, yIV =?

Çàäà÷à 19. Çíàéòè ïîõiäíó äðóãîãî ïîðÿäêó y′′xx âiä ôóíêöi¨, çàäàíî¨

ïàðàìåòðè÷íî:

19.1.

 x = cos 2t,

y = 2 sec2 t.

19.2.

 x =
√
1− t2,

y = 1/t.

19.3.

 x = et cos t,

y = et sin t.

19.4.

 x = sh2 t,

y = 1
/
ch2 t.

19.5.

 x = t+ sin t,

y = 2− cos t.

19.6.

 x = 1/t,

y = 1
/ (

1 + t2
)
.

19.7.

 x =
√
t,

y = 1
/√

1− t.

19.8.

 x = sin t,

y = sec t.

19.9.

 x = tg t,

y = 1/ sin 2t.

19.10.

 x =
√
t− 1,

y = t
/√

1− t.

19.11.

 x =
√
t,

y = 3
√
t− 1.

19.12.

 x = cos t/ (1 + 2 cos t),

y = sin t/ (1 + 2 cos t).

19.13.

 x =
√
t3 − 1,

y = ln t.

19.14.

 x = sh t,

y = th2 t.

19.15.

 x =
√
t− 1,

y = 1
/√

t.

19.16.

 x = cos2 t,

y = tg2 t.

19.17.

 x =
√
t− 3,

y = ln (t− 2) .

19.18.

 x = sin t,

y = ln cos t.

19.19.

 x = t+ sin t,

y = 2 + cos t.

19.20.

 x = t− sin t,

y = 2− cos t.
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19.21.

 x = cos t,

y = ln sin t.

19.22.

 x = cos t+ t sin t,

y = sin t− t cos t.

19.23.

 x = et,

y = arcsin t.

19.24.

 x = cos t,

y = sin4 (t/2) .

19.25.

 x = ch t,

y =
3
√
sh2 t.

19.26.

 x = arctg t,

y = t2
/
2.

19.27.

 x = 2 (t− sin t) ,

y = 4 (2 + cos t) .

19.28.

 x = sin t− t cos t,

y = cos t+ t sin t.

19.29.

 x = 1
/
t2,

y = 1
/ (
t2 + 1

)
.

19.30.

 x = cos t+ sin t,

y = sin 2t.

Çàäà÷à 20. Äîâåñòè, ùî ôóíêöiÿ y çàäîâîëüíÿ¹ çàäàíå ðiâíÿííÿ:

20.1.
y = xe−x

2/2,

xy′ =
(
1− x2

)
y.

20.2.
y = sinx

x ,

xy′ + y = cos x.

20.3.
y = 5e−2x + ex/3,

y′ + 2y = ex.

20.4.
y = 2 + c

√
1− x2,(

1− x2
)
y′ + xy = 2x.

20.5.
y = x

√
1− x2,

yy′ = x− 2x3.

20.6.
y = c

cosx ,

y′ − tg x · y = 0.

20.7.
y = − 1

3x+c ,

y′ = 3y2.

20.8.
y = ln (c+ ex) ,

y′ = ex−y.

20.9.
y =

√
x2 − cx,(

x2 + y2
)
dx− 2xydy = 0.

20.10.
y = x (c− lnx) ,

(x− y) dx+ xdy = 0.

20.11.
y = etg(x/2),

y′ sinx = y ln y.

20.12.
y = 1+x

1−x ,

y′ = 1+y2

1+x2 .
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20.13.
y = b+x

1+bx ,

y − xy′ = b
(
1 + x2y′

)
.

20.14.
y = 3

√
2 + 3x− 3x2,

yy′ = 1−2x
y .

20.15.
y =

√
ln
(
1+ex

2

)2
+ 1,

(1 + ex) yy′ = ex.

20.16.
y = tg ln 3x,(
1 + y2

)
dx = xdy.

20.17.
y = −

√
2
x2 − 1,

1 + y2 + xyy′ = 0.

20.18.
y = 3

√
x− lnx− 1,

lnx+ y3 − 3xy2y′ = 0.

20.19.
y = a+ 7x

ax+1 ,

y − xy′ = a
(
1 + x2y′

)
.

20.20.
y = a tg

√
a
x − 1,

a2 + y2 + 2x
√
ax− x2y′ = 0.

20.21.
y = 4

√√
x+

√
x+ 1,

8xy′ − y = −1
y3
√
x+1

.

20.22.
y = (x+ 1) ex

2

,

y′ − 2xy = 2xex
2

.

20.23.
y = 2x

x3+1 +
1
x ,

x
(
x3+1

)
y′+

(
2x3−1

)
y = x3−2

x .

20.24.
y = ex+x

2

+ 2ex,

y′ − y = 2xex+x
2

.

20.25.
y = −x cosx+ 3x,

xy′ = y + x2 sinx.

20.26.

y = 1
/√

sinx+ x,

2 sin x · y′ + y cosx =

= y3 (x cosx− sinx) .

20.27.
y = x

x−1 + x2,

x (x− 1) y′ + y = x2 (2x− 1) .

20.28.
y = x

cosx ,

y′ − y tg x = sec x.

20.29.
y = (x+ 1)n (ex − 1) ,

y′ − ny
x+1 = ex (1 + x)n .

20.30.

y = 2 sinx
x + cos x,

x sinx·y′+(sin x−x cosx) y=

= sin x · cosx− x.

Çàäà÷à 21. Ðîçêëàñòè ôóíêöiþ çà ôîðìóëîþ Ìàêëîðåíà:

21.1. y =
9

20− x− x2
. 21.2. y =

x2√
4− 5x

.
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21.3. y = ln(1− x− 6x2). 21.4. y = 2x cos2
(x
2

)
− x.

21.5. y =
sh 2x

x
− 2. 21.6. y =

7

12 + x− x2
.

21.7. y =
x

3
√
27− 2x

. 21.8. y = ln(1 + x− 6x2).

21.9. y = (x− 1) sin 5x. 21.10. y =
ch 3x− 1

x2
.

21.11. y =
6

8 + 2x− x2
. 21.12. y =

1
4
√
16− 3x

.

21.13. y = ln(1− x− 12x2). 21.14. y = (3 + e−x)2.

21.15. y =
arcsinx

x
− 1. 21.16. y =

7

12− x− x2
.

21.17. y = x2
√
4− 3x. 21.18. y = ln(1 + 2x− 8x2).

21.19. y = 2x sin2
(x
2

)
− x. 21.20. y = (x− 1) sh x.

21.21. y =
5

6 + x− x2
. 21.22. y = x 3

√
27− 2x.

21.23. y = ln(1 + x− 12x2). 21.24. y =
sin 3x

x
− cos 3x.

21.25. y =
arctg x

x
. 21.26. y =

5

6− x− x2
.

21.27. y = 4
√
16− 5x. 21.28. y = ln(1− x− 20x2).

21.29. y = (2− ex)2. 21.30. y = (x− 1) chx.



ÐÎÇÄIË IV. Çàñòîñóâàííÿ ïîõiäíî¨

�4.1. Ïðàâèëî Ëîïiòàëÿ-Áåðíóëëi

I. Ðîçêðèòòÿ íåâèçíà÷åíîñòi âèäó
0

0
,
∞
∞
.

Òåîðåìà 1. Íåõàé:

1) ôóíêöi¨ f(x) òà g(x) âèçíà÷åíi â ïðîìiæêó (a; b],

2) lim
x→a

f(x) = 0, lim
x→a

g(x) = 0,

3) â ïðîìiæêó (a; b) iñíóþòü ñêií÷åííi ïîõiäíi f ′(x) òà g′(x), ïðè÷îìó

g′(x) ̸= 0,

4) iñíó¹ ñêií÷åííà (àáî íi) ãðàíèöÿ lim
x→a

f ′(x)

g′(x)
= K.

Òîäi lim
x→a

f(x)

g(x)
= K.

Òåîðåìà 2. Íåõàé:

1) ôóíêöi¨ f(x) òà g(x) âèçíà÷åíi â ïðîìiæêó [b; +∞), äå b > 0,

2) lim
x→+∞

f(x) = 0, lim
x→+∞

g(x) = 0,

3) â ïðîìiæêó (b; +∞) iñíóþòü ñêií÷åííi ïîõiäíi f ′(x) òà g′(x), ïðè÷îìó

g′(x) ̸= 0,

4) iñíó¹ ñêií÷åííà (àáî íi) ãðàíèöÿ lim
x→+∞

f ′(x)

g′(x)
= K.

Òîäi lim
x→+∞

f(x)

g(x)
= K.

Òåîðåìà 3. Íåõàé:

1) ôóíêöi¨ f(x) òà g(x) âèçíà÷åíi â ïðîìiæêó (a; b],
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2) lim
x→a

f(x) = ∞, lim
x→a

g(x) = ∞,

3) â ïðîìiæêó (a; b) iñíóþòü ñêií÷åííi ïîõiäíi f ′(x) òà g′(x), ïðè÷îìó

g′(x) ̸= 0,

4) iñíó¹ ñêií÷åííà (àáî íi) ãðàíèöÿ lim
x→a

f ′(x)

g′(x)
= K.

Òîäi lim
x→a

f(x)

g(x)
= K.

Òåîðåìà 4. Íåõàé:

1) ôóíêöi¨ f(x) òà g(x) âèçíà÷åíi â ïðîìiæêó [b; +∞), äå b > 0,

2) lim
x→+∞

f(x) = ∞, lim
x→+∞

g(x) = ∞,

3) â ïðîìiæêó (b; +∞) iñíóþòü ñêií÷åííi ïîõiäíi f ′(x) òà g′(x), ïðè÷îìó

g′(x) ̸= 0,

4) iñíó¹ ñêií÷åííà (àáî íi) ãðàíèöÿ lim
x→+∞

f ′(x)

g′(x)
= K.

Òîäi lim
x→+∞

f(x)

g(x)
= K.

II. Ðîçêðèòòÿ íåâèçíà÷åíîñòi âèäó 0 · ∞, ∞−∞, 1∞, 00, ∞0 .

1. ßêùî lim
x→a

f(x) = ∞, lim
x→a

g(x) = 0, äå a ìîæå áóòè ÿê ñêií÷åííå, òàê

i ðiâíå ±∞, òî äîáóòîê f(x) · g(x) ïîäàþòü ó âèãëÿäi
f(x)

1
g(x)

àáî
g(x)

1
f(x)

. Òîäi

ðîçêðèòòÿ íåâèçíà÷åíîñòi âèäó 0·∞ çâîäèòüñÿ äî ðîçêðèòòÿ íåâèçíà÷åíîñòåé
∞
∞

àáî
0

0
.

2. ßêùî lim
x→a

f(x) = ∞, lim
x→a

g(x) = ∞, òî ðiçíèöþ f(x) − g(x) ïðåä-

ñòàâëÿþòü ó âèãëÿäi
1

g(x) −
1

f(x)

1
f(x)·g(x)

. Òîäi ðîçêðèòòÿ íåâèçíà÷åíîñòi âèäó ∞−∞

çâîäèòüñÿ äî ðîçêðèòòÿ íåâèçíà÷åíîñòi
0

0
.

3. Íåâèçíà÷åíîñòi âèäó 1∞, 00, ∞0 çâîäÿòüñÿ äî íåâèçíà÷åíîñòi 0 ·∞ çà

äîïîìîãîþ çîáðàæåííÿ ôóíêöi¨
(
f(x)

)g(x)
ó âèãëÿäi eg(x) ln f(x).

Âïðàâè

1. Îá÷èñëèòè ãðàíèöi ôóíêöié, âèêîðèñòîâóþ÷è ïðàâèëî Ëîïiòàëÿ-Áåð-

íóëëi:
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1) lim
x→1

2x3 + 3x− 5

x3 − 6x2 + 5
, 2) lim

x→1

x− 1

xn − 1
,

3) lim
x→1

√
5x3 − x− 2x

5
√
x2 − 1

, 4) lim
x→1

lnx

x− 1
,

5) lim
x→0

6x − 5x

x
, 6) lim

x→0

ex + sinx− 1

ln(1 + x)
,

7) lim
x→0

x arcsin2 x

x cosx− sinx
, 8) lim

x→0

3 tg 4x− 12 tg x

3 sin 4x− 12 sin x
,

9) lim
x→0

1− cosx2

x2 sinx2
, 10) lim

x→0

ln(sin 3x)

ln(sin 7x)
,

11) lim
x→3π

4

1 + 3
√
tg x

1− 2 cos2 x
, 12) lim

x→π
6

4 sin2 x− 6 sin x+ 2

3 sin2 x+ 5 sin x− 13
4

,

13) lim
x→0

ex − 2 cos x+ e−x

x sinx
, 14) lim

x→+∞

3
√
x ln(lnx)

3
√
2x+ 5 ·

√
lnx

,

15) lim
x→π

2

ln
(
x− π

2

)
tg x

, 16) lim
x→0

ln(1− cosx)

ln tg x
,

17) lim
x→0

cosx− chx

sinx2
, 18) lim

x→0

cos(sinx)− cosx

x4
,

19) lim
x→0

arcsin 2x− 2 arcsin x

x3
, 20) lim

x→0

xx − 1

lnx
.

2. Îá÷èñëèòè íàñòóïíi ãðàíèöi:

1) lim
x→π

2

(
1

cosx
− tg x

)
, 2) lim

x→0

(
1

x
− 1

sinx · cosx

)
,

3) lim
x→1

(
1

lnx
− x

lnx

)
, 4) lim

x→+∞

(
x− x2 ln

(
1 +

1

x

))
,

5) lim
x→0

(
1

x arctg x
− 1

x2

)
, 6) lim

x→0

(
1

x
− 1

ex − 1

)
,

7) lim
x→+∞

(1 + x)
1
x , 8) lim

x→0
xsinx,

9) lim
x→π

2

(tg x)sin 2x, 10) lim
x→π

2

(sinx)tg x,

11) lim
x→+∞

(
2

π
arctg x

)x
, 12) lim

x→0

(
sinx

x

) 1
1−cos x

,
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13) lim
x→+0

(
ln

1

x

)x
, 14) lim

x→1−0
lnx · ln(1− x),

15) lim
x→+∞

(
tg

πx

2x+ 1

) 1
x

, 16) lim
x→π

4

(tg x)ln(
π
4−x),

17) lim
x→0

(
tg x

x

) 1
x2

, 18) lim
x→+∞

x
1
x ,

19) lim
x→0

(1− 10x)tg x, 20) lim
x→+0

xx
x−1.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.7. Âèêîðèñòîâóþ÷è òåîðåìó 1, ìîæåìî çàïèñàòè

lim
x→0

x arcsin2 x

x cosx− sinx
=

∣∣∣∣00
∣∣∣∣ = lim

x→0

(x arcsin2 x)′

(x cosx− sinx)′
=

= lim
x→0

arcsin2 x+ 2x arcsinx√
1−x2

cosx− x sinx− cosx
=

∣∣∣∣00
∣∣∣∣ = lim

x→0

2 arcsinx√
1−x2

(
1 + 1

1−x2
)
+ 2x

1−x2

− sinx− x cosx
=

∣∣∣∣00
∣∣∣∣ =

= lim
x→0

2
√
1−x2+2x arcsinx
(1−x2)

√
1−x2

(
1 + 1

1−x2
)
+ 8x arcsinx

(1−x2)2
√
1−x2 +

2x2+2
(1−x2)2

−2 cos x+ x sinx
= −3.

Çàóâàæèìî, ùî ìàþ÷è íåâèçíà÷åíiñòü
0

0
, ìè ïîâòîðíî çàñòîñóâàëè ïðà-

âèëî Ëîïiòàëÿ-Áåðíóëëi òðè÷i. I
2.5. Çàñòîñîâóþ÷è ïðàâèëî ðîçêðèòòÿ íåâèçíà÷åíîñòi ∞−∞, îòðèìà¹ìî

lim
x→0

(
1

x arctg x
− 1

x2

)
= |∞ −∞| = lim

x→0

x− arctg x

x2 arctg x
=

∣∣∣∣00
∣∣∣∣ =

= lim
x→0

1− 1
1+x2

2x arctg x+ x2

1+x2

= lim
x→0

x

2(1 + x2) arctg x+ x
=

∣∣∣∣00
∣∣∣∣ =

= lim
x→0

1

4x arctg x+ 3
=

1

3
. I

2.17. Êîðèñòó¹ìîñü ïðàâèëîì ðîçêðèòòÿ íåâèçíà÷åíîñòi 1∞ :

lim
x→0

(
tg x

x

) 1
x2

= lim
x→0

e
1
x2

·ln( tg x
x ) =

∣∣∣∣00
∣∣∣∣ = lim

x→0
e

x
tg x ·x−sin x cos x

x2 cos2 x
2x =

= lim
x→0

e
x−sin x cos x
2x2 sin x cos x = lim

x→0
e

x− 1
2 sin 2x

x2 sin 2x =

∣∣∣∣00
∣∣∣∣ = lim

x→0
e

1−cos 2x
2x sin 2x+2x2 cos 2x =

∣∣∣∣00
∣∣∣∣ =

= lim
x→0

e
2 sin 2x

2 sin 2x+8x cos 2x−4x2 sin 2x =

∣∣∣∣00
∣∣∣∣ = lim

x→0
e

4 cos 2x
12 cos 2x−24x sin 2x−8x2 cos 2x = 3

√
e. I
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�4.2. Êðèòåðié ñòàëîñòi òà ìîíîòîííîñòi ôóíêöi¨ íà âiäðiçêó

Ôóíêöiÿ f(x) íàçèâà¹òüñÿ çðîñòàþ÷îþ (ñïàäíîþ) íà (a; b), ÿêùî äëÿ

äîâiëüíèõ çíà÷åíü x1, x2 ∈ (a; b) òàêèõ, ùî x1 < x2, âèêîíó¹òüñÿ íåðiâíiñòü

f(x1) < f(x2) (f(x1) > f(x2)).

Ôóíêöiÿ f(x) íàçèâà¹òüñÿ íåçðîñòàþ÷îþ (íåñïàäíîþ) íà (a; b), ÿêùî

äëÿ äîâiëüíèõ çíà÷åíü x1, x2 ∈ (a; b) òàêèõ, ùî x1 < x2, âèêîíó¹òüñÿ íåðiâ-

íiñòü f(x1) ≥ f(x2) (f(x1) ≤ f(x2)).

Òåîðåìà 1. Íåõàé ôóíêöiÿ f(x) âèçíà÷åíà i íåïåðåðâíà íà âiäðiçêó [a; b]

i ìà¹ íà ïðîìiæêó (a; b) ñêií÷åííó ïîõiäíó f ′(x). Äëÿ òîãî, ùîá f(x) áóëà

íà (a; b) ñòàëîþ, íåîáõiäíî i äîñòàòíüî, ùîá f ′(x) = 0 â (a; b).

Òåîðåìà 2. Íåõàé ôóíêöiÿ f(x) íåïåðåðâíà íà âiäðiçêó [a; b] i äèôåðåíöi-

éîâíà â iíòåðâàëi (a; b). Äëÿ òîãî, ùîá f(x) áóëà íåñïàäíîþ (íåçðîñòàþ÷îþ)

íà [a; b], íåîáõiäíî i äîñòàòíüî, ùîá f ′(x) ≥ 0 (f ′(x) ≤ 0) íà (a; b).

Òåîðåìà 3. Íåõàé ôóíêöiÿ f(x) íåïåðåðâíà íà âiäðiçêó [a; b] i äèôåðåí-

öiéîâíà â iíòåðâàëi (a; b). Äëÿ òîãî, ùîá f(x) áóëà çðîñòàþ÷îþ (ñïàäíîþ) íà

[a; b], íåîáõiäíî i äîñòàòíüî, ùîá âèêîíóâàëèñü óìîâè:

1) f ′(x) ≥ 0 (f ′(x) ≤ 0) íà (a; b),

2) íå iñíó¹ iíòåðâàëà (α; β) ⊂ (a; b) òàêîãî, ùî f ′(x) = 0 íà (α; β).

Âïðàâè

1. Çíàéòè ïðîìiæêè ìîíîòîííîñòi äàíèõ ôóíêöié:

1) y = x4 − 2x, 2) y =

√
x

x+ 1
,

3) y = 3x3 − 9x2 − 27x+ 30, 4) y =
(x− 2)2

(x+ 2)3
,

5) y = arcsin(2 + x), 6) y =
√
x− 2(x− 3),

7) y =
x

lnx
, 8) y = sinx− 3 sin

x

3
,

9) y =
1

x
+

2

x2
− 4

x3
, 10) y =

x2 − 7x+ 6

x− 10
,
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11) y =
(
22x − 1

)(
2x − 4

)2
, 12) y = cos x− 3 cos

x

3
,

13) y = arctg
1

1− x2
, 14) y = sin x · sin 2x,

15) y = 3
√

(x+ 3)2 − 3
√

(x− 3)2, 16) y = cos 3x− 3 cos x,

17) y =
1

sinx+ cosx
, 18) y = xex−x

2

,

19) y = arcsin
|1− x2|
1 + x2

, 20) y = arctg
2x

1− x2
.

2. Ïðè ÿêîìó çíà÷åííi ïàðàìåòðà a ôóíêöiÿ:

1) f(x) = 3x3 + ax+ 3 çðîñòà¹ íà R,

2) f(x) =
√
ax3 − 12x2 + 6x çðîñòà¹ íà iíòåðâàëi (0;+∞),

3) f(x) =
a2 − 1

3
x3 + (a− 1)x2 + 2x+ 4 çðîñòà¹ íà R,

4) f(x) = (a− 1)x3 − 6x2 + 6(a+ 1)x+ 7 çðîñòà¹ íà R,

5) f(x) = 2x3 − 3(a+ 2)x2 + 48ax+ 6x− 5 çðîñòà¹ íà R,

6) f(x) = (a− 2)x3−12x2+6(a+ 5)x+3 ìîíîòîííà íà iíòåðâàëi (0;+∞),

7) f(x) = (a− 3)x3 + 6
√
7x2 + 12(a+ 3)x− 4 çðîñòà¹ íà R,

8) f(x) = (a−1)x3+6x2+3(a−4)x+2 ìîíîòîííà íà iíòåðâàëi (−∞; 0),

9) f(x) = ax+ cosx çðîñòà¹ íà R,

10) f(x) = 2x+ 4arctg 3x çðîñòà¹ íà R.

3. Äîâåñòè íàñòóïíi íåðiâíîñòi:

1) ex > 1 + x, ∀x ̸= 0,

2)
2

π
x < sinx < x, ∀x ∈

(
0;
π

2

)
,

3) x− x3

6
< sinx < x, ∀x > 0,

4)

(
1 +

1

x

)x
< e <

(
1 +

1

x

)x+1

, ∀x > 0,

5) xα − 1 ≥ α(x− 1), ∀x > 0, α > 1,
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6) tg x > x+
x3

3
, 0 < x <

π

2
,

7) x− x3

3
< arctg x < x− x3

6
, ∀x ∈ (0; 1],

8) n
√
x− n

√
x− 1 ≤ 1, ∀x ≥ 1, n ∈ N,

9) ex < 1 + x+
x2

2
ex, ∀x ≥ 0,

10) e−x > 1− x+
x2

2
− x3

6
, ∀x > 0.

4. Ç'ÿñóâàòè, ïðè ÿêèõ çíà÷åííÿõ x äàíi ðiâíîñòi ¹ òîòîæíîñòÿìè:

1) arcsinx+ arccosx =
π

2
, 2) arcctg x = arctg

1

x
,

3) arctg x+ arctg
1− x

1 + x
=
π

4
, 4) arctg x+ arctg 1 = arctg

1 + x

1− x
,

5) arctg x =
π

2
− 1

2
arcsin

2x

1 + x2
, 6) arccosx− arctg

√
1− x2

x
= π,

7) arctg x+ arctg
1

x
=
π

2
, 8) 2 arctg x+ arcsin

2x

1 + x2
= −π,

9) 1 + sinx = 2 cos2
(π
4
− x

2

)
, 10) 2 ctg

(π
4
−x
)
sin2

(π
4
−x
)
=2 cos2 x−1.

5. Ç'ÿñóâàòè, ÷è iñíóþòü ïðîìiæêè, â ÿêèõ äàíi ôóíêöi¨ ¹ ñòàëèìè, i çíàéòè

çíà÷åííÿ öèõ ñòàëèõ:

1) cos(π + 3x) cos 2x− cos

(
3π

2
− 3x

)
sin 2x− 2 sin2

5

2
x,

2) tg2 x+ ctg2 x− 1

sin2 x · cos2 x
,

3) sin
(π
3
+ x
)
sin
(π
3
− x
)
+ sin2 x,

4) sin6 x+ cos6 x− 3

4

(
cos2 x− sin2 x

)2
,

5) arctg x− arcctg
1− x

1 + x
, 6) arctg x− arccos

1√
1 + x2

,

7) arcctg x− arctg
1− x

1 + x
, 8) 2 arcctg x+ arctg

2x

1− x2
,
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9) 2 arccos x+ arccos(2x2 − 1), 10) arccosx+ arcsin
√

1− x2.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.11. Çíàéäåìî ïîõiäíó ôóíêöi¨ y =
(
22x − 1

)(
2x − 4

)2
:

y =
(
22x − 1

)′(
2x − 4

)2
+
((
2x − 4

)2)′
(22x − 1

)
=

= 22x ln 2 · 2
(
2x − 4

)2
+ 2
(
2x − 4

)
· 2x ln 2

(
22x − 1

)
=

= 2x ln 4
(
2x − 4

)(
2 · 22x − 4 · 2x − 1

)
.

Ïðèðiâíÿ¹ìî îòðèìàíó ïîõiäíó äî íóëÿ:(
2x − 4

)(
2 · 22x − 4 · 2x − 1

)
= 0.

Òîäi 2x − 4 = 0 àáî 2 · 22x − 4 · 2x − 1 = 0. Çâiäñè îòðèìó¹ìî êîðåíi äâîõ

ðiâíÿíü:

x1 = 2, x2 = log2
2 +

√
6

2
= log2(2 +

√
6)− 1.

Âiäêëàäåìî îòðèìàíi òî÷êè íà äiéñíié îñi i äîñëiäèìî çíàê ïîõiäíî¨ íà

êîæíîìó ç òðüîõ îòðèìàíèõ iíòåðâàëiâ (äèâ. ðèñ. 9).

-

xlog2(2 +
√
6)− 1 2

+ − +

Ðèñ. 9. Äîñëiäæåííÿ ïîõiäíî¨ çàäàíî¨ ôóíêöi¨ â îòðèìàíèõ ïðîìiæêàõ

Òîäi y′(x) > 0 äëÿ âñiõ x ∈ (−∞; log2(2 +
√
6)− 1) ∪ (2; +∞), y′(x) < 0

äëÿ âñiõ x ∈ (log2(2 +
√
6)− 1; 2).

Îòæå, ôóíêöiÿ y =
(
22x−1

)(
2x−4

)2
¹ ìîíîòîííî çðîñòàþ÷îþ íà êîæíîìó

ç ïðîìiæêiâ (−∞; log2(2 +
√
6) − 1) i (2; +∞) òà ìîíîòîííî ñïàäíîþ íà

ïðîìiæêó (log2(2 +
√
6)− 1; 2). I

3.6. Ðîçãëÿíåìî ôóíêöiþ f(x) = tg x− x− x3

3
, äå x ∈

(
0; π2

)
. Çíàéäåìî

¨¨ ïîõiäíó:

f ′(x) =
1

cos2 x
− 1− x2 = tg2 x− x2 > 0, ∀x ∈

(
0;
π

2

)
.
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Îòæå, ôóíêöiÿ f(x) = tg x− x− x3

3
çðîñòà¹ íà ïðîìiæêó

(
0; π2

)
. Îñêiëü-

êè f(0) = 0, òî f(x) > 0 äëÿ äîâiëüíîãî x ∈
(
0; π2

)
àáî tg x > x+

x3

3
. I

4.8. Ðîçãëÿíåìî ôóíêöiþ f(x) = 2 arctg x+ arcsin
2x

1 + x2
, ÿêà âèçíà÷åíà

ïðè x ∈ R. Çíàéäåìî ¨¨ ïîõiäíó:

f ′(x) =
2

1 + x2
+

1√
1− 4x2

(1+x2)2

· 2− 2x2

(1 + x2)2
=

=
2

1 + x2
+

1 + x2

|1− x2|
· 2(1− x2)

(1 + x2)2
=

2

1 + x2

(
1 +

1− x2

|1− x2|

)
.

Çàóâàæèìî, ùî ôóíêöiÿ ìà¹ ñêií÷åííó ïîõiäíó ó âñiõ òî÷êàõ îáëàñòi âè-

çíà÷åííÿ, êðiì x = ±1. Êðiì òîãî,

f(1) = π, f(−1) = −π.

Ïðè x ∈ (−∞; −1) ∪ (1; +∞) f ′(x) = 0, òîìó íà êîæíîìó ç ïðîìiæêiâ

ôóíêöiÿ f(x) ¹ ñòàëîþ. ßêùî x = −
√
3, òî f(−

√
3) = −π. Íåõàé òåïåð

x =
√
3, òîäi f(

√
3) = π.

Îòæå,

2 arctg x+ arcsin
2x

1 + x2
= −π, ∀x ∈ (−∞; −1),

2 arctg x+ arcsin
2x

1 + x2
= π, ∀x ∈ (1; +∞). I

�4.3. Åêñòðåìóì ôóíêöi¨ â òî÷öi. Äîñòàòíi óìîâè

Òî÷êà x0 íàçèâà¹òüñÿ òî÷êîþ ëîêàëüíîãî ìàêñèìóìó (ìiíiìóìó)

ôóíêöi¨ y = f(x), ÿêùî iñíó¹ òàêèé îêië öi¹¨ òî÷êè U(x0), ùî

(∀x ∈ U(x0)) : {f(x) ≤ f(x0)} ({f(x) ≥ f(x0)}).

Òî÷êè ìàêñèìóìó i ìiíiìóìó ôóíêöi¨ íàçèâàþòüñÿòî÷êàìè åêñòðåìó-

ìó ôóíêöi¨ .

Íåîáõiäíà óìîâà åêñòðåìóìó. Â òî÷êàõ, ïiäîçðiëèõ íà åêñòðåìóì,

ïîõiäíà ôóíêöi¨ f ′(x) äîðiâíþ¹ íóëþ àáî íå iñíó¹.
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Òî÷êè, â ÿêèõ ïîõiäíà ðiâíà íóëþ àáî íå iñíó¹, íàçèâàþòüñÿ êðèòè÷íè-

ìè. Òî÷êè, â ÿêèõ ïîõiäíà ðiâíà íóëþ, íàçèâàþòüñÿ ñòàöiîíàðíèìè .

Äîñòàòíi óìîâè åêñòðåìóìó . 1) ßêùî ôóíêöiÿ f(x) äèôåðåíöiéîâ-

íà â îêîëi U(x0) i ïðè ïåðåõîäi ÷åðåç òî÷êó x0 ¨¨ ïîõiäíà f ′(x) çìiíþ¹ çíàê,

òîáòî f ′(x) > 0 (f ′(x) < 0) äëÿ x < x0 â ìåæàõ îêîëó U(x0) i f ′(x) < 0

(f ′(x) > 0) äëÿ x > x0 â ìåæàõ îêîëó U(x0), òî x0 ¹ òî÷êîþ ëîêàëüíîãî

ìàêñèìóìó (ìiíiìóìó) ôóíêöi¨ f(x).

2) ßêùî ôóíêöiÿ f(x) äâi÷i äèôåðåíöiéîâíà â îêîëi U(x0) i

f ′(x0) = 0, f ′′(x0) < 0, òî x0 ¹ òî÷êîþ ëîêàëüíîãî ìàêñèìóìó ôóíêöi¨

f(x); ÿêùî f ′(x0) = 0, f ′′(x0) > 0, òî x0 ¹ òî÷êîþ ëîêàëüíîãî ìiíiìóìó

ôóíêöi¨ f(x).

3) Íåõàé ôóíêöiÿ f(x) ¹ n-ðàç äèôåðåíöiéîâíîþ â îêîëi U(x0) i

f ′(x0) = f ′′(x0) = . . . = f (n−1)(x0) = 0, àëå f (n)(x0) ̸= 0. ßêùî ÷èñëî n

¹ ïàðíèì, òî ïðè f (n)(x0) < 0 òî÷êà x0 ¹ òî÷êîþ ëîêàëüíîãî ìàêñèìóìó,

ïðè f (n)(x0) > 0 òî÷êà x0 ¹ òî÷êîþ ëîêàëüíîãî ìiíiìóìó. ßêùî ÷èñëî n ¹

íåïàðíèì, òî åêñòðåìóìó â òî÷öi x0 íå iñíó¹.

Çàóâàæèìî, ùî äðóãà i òðåòÿ óìîâà åêñòðåìóìó çàñòîñîâíà ëèøå äî äî-

ñëiäæåííÿ ñòàöiîíàðíèõ òî÷îê.

Âïðàâè

1. Äîñëiäèòè íà åêñòðåìóì íàñòóïíi ôóíêöi¨:

1) y = x3 − 6x2 + 9x− 4, 2) y =
x2 − 3x+ 2

x2 + 2x+ 1
,

3) y =
ln2 x

x
, 4) y = x 3

√
x− 1,

5) y =
√
x2 +

√
x2 − 4x+ 2, 6) y = ex + e−x,

7) y =
√
x+ lnx, 8) y = arctg x− 1

2
ln(1 + x2),

9) y = x− arcsinx, 10) y = cosx+
1

2
cos 2x,
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11) y = cos x+
1

cosx
, 12) y = |x|e−|x−1|,

13) y = ex cosx, 14) y = x2e−x
2

,

15) y = log35 x− 6 log25 x− 15 log5 x, 16) y = 2x+ arccos
x

2
,

17) y = log2 x+ logx 2, 18) y = 33x − 15 · 32x + 27 · 3x,

19) y = |x2 − 4x− 12|, 20) y = ln
1− x

1 + x
− 9

8x
.

2. Äîâåñòè íàñòóïíi íåðiâíîñòi:

1) |a sinx+ b cosx| ≤
√
a2 + b2, 2)

1

3
≤ x2 − x+ 1

x2 + x+ 1
≤ 3,

3)
7

23
≤ 2x2 + x+ 1

3x2 − x+ 2
≤ 1, 4)

√
x2 −

√
2x+ 1 ≥

√
2

2
,

5) −2
√
3

9
≤ sin3 x− sinx ≤ 2

√
3

9
, 6) 1≤sin2 2x−2 sin2 x+3≤ 13

4
,

7) 2
1−n
n ≤

n
√
xn + an

x+ a
< 1, x>0, a>0, n∈N, 8) −1

4
≤ cos 2x

1 + 3 sin2 x
≤ 1,

9)
1

2n−1
≤ sin2n x+ cos2n x ≤ 1, n ∈ N, 10)

1

2
≤ sin4 x+ cos4 x ≤ 1.

3. Çíàéòè êðèòè÷íi òî÷êè ôóíêöié:

1) y = (x− 1)2(x− 2)(x− 3)3, 2) y = x3 3
√

(x− 1)2,

3) y =
√
3 cos

x

2
+ sin

x

2
− x− 3

2
, 4) y = (x2 − 8)e−x,

5) y = ex + 2 cosx+ e−x, 6) y =
x3 + 2x2 + 4x+ 4

ex
,

7) y =
ln2 x

x
, 8) y = sin 2x+ 2 cos

(π
2
− x
)
,

9) y = ln(x2 + 1)− 2 arctg x, 10) y = |x2 − 7x+ 10|.

4. Çíàéòè âñi çíà÷åííÿ çìiííî¨ x, ïðè ÿêèõ ñâîãî íàéáiëüøîãî çíà÷åííÿ

íàáóâà¹ ôóíêöiÿ
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1) y =
x

x2 + 4
, 2) y = xe2+x−x

2

,

3) y = 4 + sin2 2x− 2 sin2 x, 4) y = sin 6x−
√
3 cos 6x,

5) y = arcctg

(
1

2
sinx

)
, 6) y = arcsin(sin2 x),

7) y = arcsin
|1− x2|
1 + x2

, 8) y = arccos
2|x|

1 + x2
.

5. Çíàéòè âñi çíà÷åííÿ çìiííî¨ x, ïðè ÿêèõ ñâîãî íàéìåíøîãî çíà÷åííÿ

íàáóâà¹ ôóíêöiÿ

1) y = 5x+ e−2x, 2) y = log 1
2
(3− x− x2),

3) y = 2x lnx− x ln 49, 4) y = 9x − 2 · 3x − 3,

5) y = 2 cosx+
1

2 cos x
, x ∈

(
0;
π

2

)
, 6) y =

4(2− cosx)

sinx
, x ∈

(
0;
π

2

)
.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.15. Îáëàñòþ âèçíà÷åííÿ äàíî¨ ôóíêöi¨ ¹ ìíîæèíà çíà÷åíü x ∈ (0; +∞).

Çíàéäåìî ïîõiäíó:

y′=
(
log35 x−6 log25 x−15 log5 x

)′
=3 log25 x ·

1

x ln 5
− 12 log5 x ·

1

x ln 5
− 15

x ln 5
=

=
3

x ln 5
(log25 x− 4 log5 x− 5).

Ïðèðiâíÿâøè ïîõiäíó äî íóëÿ, çíàéäåìî òî÷êè, ïiäîçðiëi íà åêñòðåìóì:

3

x ln 5
(log25 x− 4 log5 x− 5) = 0,

çâiäñè

log25 x− 4 log5 x− 5 = 0.

Ââiâøè çàìiíó log5 x = t, îòðèìà¹ìî êâàäðàòíå ðiâíÿííÿ t2 − 4t − 5 = 0.

Îòæå, t1 = 5 àáî t2 = −1, çâiäêè x1 = 3125 àáî x2 =
1

5
.
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Äëÿ äîñëiäæåííÿ ôóíêöi¨ íà åêñòðåìóì âèêîðèñòà¹ìî ïåðøó äîñòàòíþ

óìîâó. Äëÿ öüîãî âiäêëàäåìî çíàéäåíi òî÷êè íà äiéñíié îñi i äîñëiäèìî ïåðøó

ïîõiäíó ôóíêöi¨ âñåðåäèíi îòðèìàíèõ ïðîìiæêiâ (ðèñ. 10).

Ïðè x ∈
(
0; 1

5

)
∪(3125; +∞) ïîõiäíà ôóíêöi¨ y′(x) > 0, ïðè x ∈

(
1
5 ; 3125

)
ïîõiäíà ôóíêöi¨ y′(x) < 0.

-

x1
5 3125

+ − +

0

Ðèñ. 10. Äîñëiäæåííÿ ïîõiäíî¨ ôóíêöi¨ y = log35 x− 6 log25 x− 15 log5 x

Îòæå, x = 3125 ¹ òî÷êîþ ëîêàëüíîãî ìiíiìóìó i ymin = y(3125) = −40, x = 1
5

¹ òî÷êîþ ëîêàëüíîãî ìàêñèìóìó i ymax = y
(
1
5

)
= 8. I

2.3. Ðîçãëÿíåìî ôóíêöiþ f(x) =
2x2 + x+ 1

3x2 − x+ 2
, âèçíà÷åíó i íåïåðåðâíó ïðè

x ∈ R i çíàéäåìî ¨¨ ïîõiäíó:

f ′(x) =

(
2x2 + x+ 1

3x2 − x+ 2

)′

=
(4x+ 1)(3x2 − x+ 2)− (6x− 1)(2x2 + x+ 1)

(3x2 − x+ 2)2
=

=
12x3 − 4x2 + 8x+ 3x2 − x+ 2− 12x3 − 6x2 − 6x+ 2x2 + x+ 1

(3x2 − x+ 2)2
=

=
−5x2 + 2x+ 3

(3x2 − x+ 2)2
= − 5x2 − 2x− 3

(3x2 − x+ 2)2
.

Ïðèðiâíÿâøè ïîõiäíó äî íóëÿ, çíàéäåìî ñòàöiîíàðíi òî÷êè:

5x2 − 2x− 3 = 0,

çâiäêè x1 = 1 àáî x2 = −3

5
.

Äîñëiäèìî çíàê ïîõiäíî¨ íà ïðîìiæêàõ
(
−∞; −3

5

)
,
(
−3

5 ; 1
)
i (1; +∞)

(äèâ. ðèñ. 11).

-

x−3
5 1

− + −

Ðèñ. 11. Äîñëiäæåííÿ ïîõiäíî¨ ôóíêöi¨ f(x) = 2x2+x+1
3x2−x+2

â îòðèìàíèõ ïðîìiæêàõ

Òîäi

ymin = y

(
−3

5

)
=

7

23
, ymax = y(1) = 1.
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Âðàõîâóþ÷è, ùî lim
x→−∞

2x2 + x+ 1

3x2 − x+ 2
=

2

3
i lim
x→+∞

2x2 + x+ 1

3x2 − x+ 2
=

2

3
, îòðèìà-

¹ìî, ùî
7

23
≤ 2x2 + x+ 1

3x2 − x+ 2
≤ 1. I

5.5. Çíàéäåìî ïîõiäíó çàäàíî¨ ôóíêöi¨:

y′ =

(
2 cos x+

1

2 cos x

)′
= −2 sin x+

sinx

2 cos2 x
.

Ïðèðiâíÿâøè ¨¨ äî íóëÿ, çíàéäåìî êðèòè÷íi òî÷êè:

−2 sin x+
sinx

2 cos2 x
= 0 ⇐⇒ sinx(1− 4 cos2 x)

2 cos2 x
= 0.

Çâiäñè sinx = 0 àáî 1− 4 cos2 x = 0. Îòæå, x = πn àáî x =
π

4
+
πn

2
, n ∈ Z.

Iç çëi÷åííî¨ êiëüêîñòi êðèòè÷íèõ òî÷îê âèáåðåìî x = π
4 ∈

(
0; π2

)
i äîñëiäè-

ìî çíàê ïîõiäíî¨ â îêîëi âèáðàíî¨ òî÷êè. Òîäi ïðè x ∈
(
0; π4

)
ïîõiäíà ôóíêöi¨

y′(x) < 0, à ïðè x ∈
(
π
4 ;

π
2

)
ïîõiäíà ôóíêöi¨ y′(x) > 0.

Îòæå, ymin = y
(π
4

)
=

3
√
2

2
, à çíà÷åííÿ çìiííî¨ x, ïðè ÿêîìó äàíà ôóí-

êöiÿ íàáóâà¹ ñâîãî íàéìåíøîãî çíà÷åííÿ â ïðîìiæêó
(
0; π2

)
ðiâíå

π

4
. I

�4.4. Åêñòðåìóì ôóíêöi¨ íà âiäðiçêó. Çàäà÷i íà íàéáiëüøå i

íàéìåíøå çíà÷åííÿ

Ìàêñèìóì òà ìiíiìóì ôóíêöi¨ íà âiäðiçêó íàçèâà¹òüñÿ âiäïîâiäíî íàé-

áiëüøèì i íàéìåíøèì çíà÷åííÿì ôóíêöi¨ íà öüîìó âiäðiçêó.

ßêùî f(x) ¹ íåïåðåðâíîþ íà âiäðiçêó [a; b], òî ñâîãî íàéáiëüøîãî i íàé-

ìåíøîãî çíà÷åííÿ ôóíêöiÿ äîñÿãà¹ àáî â êðèòè÷íèõ òî÷êàõ, àáî íà êiíöÿõ

âiäðiçêà.

Äëÿ âiäøóêàííÿ íàéáiëüøîãî i íàéìåíøîãî çíà÷åííÿ ôóíêöi¨ f(x), íåïå-

ðåðâíî¨ íà âiäðiçêó [a; b], âèêîðèñòîâóþòü òàêèé àëãîðèòì:

1) çíàõîäÿòü ïîõiäíó ôóíêöi¨ f(x);

2) ïðèðiâíÿâøè ïîõiäíó äî íóëÿ, øóêàþòü êðèòè÷íi òî÷êè, ùî íàëåæàòü

âiäðiçêó [a; b];

3) îá÷èñëþþòü çíà÷åííÿ ôóíêöi¨ f(x) â öèõ êðèòè÷íèõ òî÷êàõ;
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4) îá÷èñëþþòü çíà÷åííÿ ôóíêöi¨ f(x) íà êiíöÿõ âiäðiçêà [a; b];

5) ñåðåä çíàéäåíèõ çíà÷åíü ôóíêöi¨ âèáèðàþòü ìàêñèìàëüíå max
x∈[a; b]

f(x) òà

ìiíiìàëüíå min
x∈[a; b]

f(x) çíà÷åííÿ ôóíêöi¨ f(x) íà äàíîìó âiäðiçêó.

Çàóâàæèìî, ùî öåé àëãîðèòì íå çàñòîñîâíèé â òîìó âèïàäêó, êîëè êiëü-

êiñòü êðèòè÷íèõ òî÷îê íà [a, b] ¹ íåñêií÷åííîþ.

Âïðàâè

1. Çíàéòè íàéáiëüøå i íàéìåíøå çíà÷åííÿ ôóíêöi¨ íà âiäðiçêó:

1) y = 3x2 − 5x+ 1, x ∈ [0; 4],

2) y = x+
1

x
, x ∈ [0, 01; 100],

3) y = 3x, x ∈ [−2; 6],

4) y = arctg
1− x

1 + x
, x ∈ [0; 1],

5) y = x2 − 4x+ 6, x ∈ [−3; 10],

6) y = |x2 − 5x+ 6|, x ∈ [−1; 4],

7) y =
√
5− 4x, x ∈ [−1; 1],

8) y = x+ 2
√
x, x ∈ [0; 4],

9) y = sin 2x− x, x ∈
[
−π
2
;
π

2

]
,

10) y = |x2 − x− 6| − x3, x ∈ [−6; 6],

11) y = tg2 x+ 16 cos2 x, x ∈
[
−π
2
;
π

2

]
,

12) y =
|x− 1| − 1

x2 − 4
, x ∈ [−1; 1],

13) y = 15− 3 cos x+ cos 3x, x ∈
[
0;
π

2

]
,

14) y = −1

5
cos 5x+ cosx, x ∈

[π
6
; π
]
,

15) y = |x2 + x|+ |x2 − 3x+ 2|, x ∈
[
− 3

2
;
5

2

]
,
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16) y =
3x + 3−x

ln 3
, x ∈ [−2; 1],

17) y = 2 · 23x − 15 · 22x + 24 · 2x, x ∈ [−2; 2],

18) y =
(x+ 4)2

x− 3
, x ∈ [−7; 1],

19) y = 1 + 4 sin x− 2x, x ∈ [0; π],

20) y = ||x2 − 4| − 5|, x ∈ [−4; 4].

2.Äîâåñòè, ùî ÿêùî x+y+z = π, (x, y, z ̸= 0), òî ñïðàâäæóþòüñÿ íàñòóïíi

íåðiâíîñòi:

1) cosx+ cos y + cos z ≤ 3

2
, 2) sinx+ sin y + sin z ≤ 3

√
3

2
,

3) tg x+ tg y + tg z ≥ 3
√
3, 4) ctg x+ ctg y + ctg z ≥

√
3,

5) sinx · sin y · sin z ≤ 3
√
3

8
, 6) cosx · cos y · cos z ≤ 1

8
,

7) tg x · tg y · tg z ≥ 3
√
3, 8) ctg x · ctg y · ctg z ≤

√
3

9
,

9) sin
x

x
· sin y

2
· sin z

2
≤ 1

8
, 10) tg2

x

2
+ tg2

y

2
+ tg2

z

2
≥ 1.

3. Ðîçâ'ÿçàòè çàäà÷i íà âiäøóêàííÿ íàéáiëüøîãî i íàéìåíøîãî çíà÷åíü.

1) Çíàéòè íàéìåíøå çíà÷åííÿ ñóìè m-ãî òà n-ãî ñòåïåíÿ (m > 0, n > 0)

äâîõ äîäàòíèõ ÷èñåë, äîáóòîê ÿêèõ ¹ ñòàëîþ âåëè÷èíîþ, ðiâíîþ p.

2) Çíàéòè íàéáiëüøå çíà÷åííÿ äîáóòêó m-ãî òà n-ãî ñòåïåíÿ (m>0, n>0)

äâîõ äîäàòíèõ ÷èñåë, ñóìà ÿêèõ ¹ ñòàëîþ âåëè÷èíîþ, ðiâíîþ s.

3) Çíàéòè íàéáiëüøó âiäñòàíü âiä òî÷êè A(2; 0) äî òî÷êè ãðàôiêà ôóíêöi¨

y =
√
12 + 5x− 2x2.

4) Ó ïëîùèíi xOy äàíî òî÷êè A(0; 3) òà B(4; 5). Íà îñi Ox çíàéòè òî÷êó

C òàêó, ùîá ïåðèìåòð △ABC áóâ íàéìåíøèì.

5) Ñåðåä ðiâíîáåäðåíèõ òðèêóòíèêiâ ç ái÷íîþ ñòîðîíîþ a âêàçàòè òðèêó-

òíèê íàéáiëüøî¨ ïëîùi.
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6) Ç óñiõ ïðÿìîêóòíèêiâ ïëîùi S çíàéòè òîé, ïåðèìåòð ÿêîãî ¹ íàéìåí-

øèì.

7) Â òðèêóòíèê ç îñíîâîþ b i âèñîòîþ h âïèñàòè ïðÿìîêóòíèê ç íàéáiëü-

øîþ ïëîùåþ.

8) Ó åëiïñ
x2

a2
+
y2

b2
= 1 âïèñàòè ïðÿìîêóòíèê çi ñòîðîíàìè, ïàðàëåëüíèìè

îñi åëiïñà, ïëîùà ÿêîãî ¹ íàéáiëüøîþ.

9) Çíàéòè íàéìåíøó i íàéáiëüøó âiäñòàíü âiä òî÷êè A(2; 0) äî êîëà

x2 + y2 = 1.

10) Íà êîîðäèíàòíié ïëîùèíi äàíî òî÷êè A(3; −4) òà B(4; −2). Òî÷êà

C ëåæèòü íà êîëi x2 + y2 =
16

5
. Çíàéòè êîîðäèíàòè òî÷êè C, ùîá ïëîùà

△ABC áóëà íàéìåíøîþ.

11) Çàêîí ðóõó òiëà îïèñó¹òüñÿ ñïiââiäíîøåííÿì s(t) = 8−2t+24t2−0,5t3.

Â ÿêèé ìîìåíò ÷àñó òiëî ìàòèìå íàéáiëüøó øâèäêiñòü?

12) Â ïî÷àòêîâèé ìîìåíò ÷àñó ïî÷èíàþòü ðóõàòèñü äâi òî÷êè: îäíà ïî

îñi Ox çà çàêîíîì x(t) = t − 2, à äðóãà ðóõà¹òüñÿ ïî îñi Oy çà çàêîíîì

y(t) =
√
2t4 − 4t3 + t2 + 4t. Çíàéòè íàéáiëüøó i íàéìåíøó âiäñòàíü ìiæ òî-

÷êàìè çà ÷àñ t ∈ [0; 2].

13) � ïðÿìîêóòíèé ëèñò æåñòi ðîçìiðîì 50×80 ñì. Ó ÷îòèðüîõ éîãî êóòàõ

âèðiçàþòü îäíàêîâi êâàäðàòè i ðîáëÿòü âiäêðèòó êîðîáêó, çàãèíàþ÷è êðà¨ ïiä

ïðÿìèì êóòîì. ßêà ìàêñèìàëüíî ìîæëèâà ìiñòêiñòü óòâîðåíî¨ êîðîáêè?

14) Ç êðóãà ðàäióñà R âèðiçàíî ñåêòîð, ç ÿêîãî ñêëå¹íî ëiéêó ó ôîðìi

êîíóñà. ßêèé íàéáiëüøèé îá'¹ì ìîæå ìàòè óòâîðåíà ëiéêà?

15) Âèçíà÷èòè ðîçìiðè âiäêðèòîãî áàñåéíó ç êâàäðàòíèì äíîì i îá'¹ìîì

V, ùîá íà îáëèöþâàííÿ éîãî ñòií i äíà çàòðàòèòè ÿêíàéìåíøå ìàòåðiàëó.

16) Ó ïiâêóëþ ðàäióñà R âïèñàòè ïðÿìîêóòíèé ïàðàëåëåïiïåä ç êâàäðà-

òíîþ îñíîâîþ íàéáiëüøîãî îá'¹ìó.

17) Â êóëþ ðàäióñà R âïèñàòè öèëiíäð íàéáiëüøîãî îá'¹ìó.

18) Â êóëþ ðàäióñà R âïèñàòè öèëiíäð ç íàéáiëüøîþ ïîâíîþ ïîâåðõíåþ.

19) Íàâêîëî äàíî¨ êóëi ðàäióñà R îïèñàòè êîíóñ íàéìåíøîãî îá'¹ìó.
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20) Çíàéòè íàéáiëüøèé îá'¹ì êîíóñà ç äàíîþ òâiðíîþ l.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.13. Âèêîðèñòîâóþ÷è íàâåäåíèé àëãîðèòì, ñïî÷àòêó çíàéäåìî ïîõiäíó

ôóíêöi¨ y = 15− 3 cos x+ cos 3x :

y′ = 3 sinx− 3 sin 3x = −6 sin x · cos 2x.

Òîäi ç ðiâíÿííÿ sinx · cos 2x = 0 çíàõîäèìî êðèòè÷íi òî÷êè:

x = πn, àáî x =
π

4
+
πn

2
, äå n ∈ Z.

Ñåðåä çíàéäåíèõ òî÷îê âèáèðà¹ìî ëèøå òi, ÿêi íàëåæàòü âiäðiçêó
[
0;
π

2

]
,

òîáòî x =
π

4
.

Îá÷èñëèìî çíà÷åííÿ ôóíêöi¨ â òî÷êàõ x1 = 0, x2 =
π

4
i x3 =

π

2
:

y(x1) = y(0) = 13, y(x2) = y
(π
4

)
= 15− 2

√
2, y(x3) = y

(π
2

)
= 15.

Îòæå,

min
x∈
[
0; π

2

] y(x) = y
(π
4

)
= 15− 2

√
2,

max
x∈
[
0; π

2

] y(x) = y
(π
2

)
= 15. I

2.6. Çàäà÷i íà äîâåäåííÿ íåðiâíîñòåé òiñíî ïîâ'ÿçàíi iç çàäà÷àìè íà âiäøó-

êàííÿ íàéáiëüøîãî i íàéìåíøîãî çíà÷åíü ïåâíèõ ôóíêöié. Ðîçãëÿíåìî ôóí-

êöiþ f(x, y, z) = cos x · cos y · cos z, äå x + y + z = π. Òîäi z = π − y − x,

cos z = cos(π − y − x) = − cos(x+ y). Çâiäñè

F (x, y) = f(x, y, π − y − x) = − cosx · cos y · cos(x+ y).

Çàôiêñó¹ìî çìiííó y i äîñëiäèìî íà åêñòðåìóì íåïåðåðâíó i äèôåðåíöi-

éîâíó ôóíêöiþ g(x) = − cosx · cos y · cos(x+ y) :

g′(x) =
(
sinx · cos(x+ y) + sin(x+ y) · cosx

)
cos y = cos y · sin(2x+ y).

Ïðèðiâíÿâøè g′(x) äî íóëÿ, îòðèìà¹ìî êðèòè÷íi òî÷êè x =
πn

2
− y

2
,

n ∈ Z. Óìîâó çàäà÷i çàäîâîëüíÿ¹ ëèøå îäíà òî÷êà x =
π

2
− y

2
.
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ßêùî x ∈
(
0;
π

2
− y

2

)
, òî g′(x) > 0; ÿêùî x ∈

(π
2
− y

2
; π
)
, òî g′(x) < 0.

Îòæå, x =
π

2
− y

2
¹ òî÷êîþ ìàêñèìóìó ôóíêöi¨ g(x), ïðè÷îìó

gmax = g
(π
2
− y

2

)
= sin2

y

2
· cos y.

Äîñëiäèìî òåïåð íà åêñòðåìóì ôóíêöiþ h(y) = gmax = sin2
y

2
· cos y :

h′(y) = sin
y

2
· cos y

2
· cos y − sin2

y

2
· sin y = sin

y

2
· cos 3y

2
.

Ïðèðiâíÿâøè h′(y) äî íóëÿ, îòðèìà¹ìî êðèòè÷íi òî÷êè y = 2πn, i

y =
π

3
+

2πn

3
, äå n ∈ Z.

Óìîâó çàäà÷i çàäîâîëüíÿ¹ ëèøå îäíà êðèòè÷íà òî÷êà y =
π

3
. Îñêiëüêè

h′(y) > 0 äëÿ y ∈
(
0;
π

3

)
i h′(y) < 0, ÿêùî y ∈

(π
3
; π
)
, òî y =

π

3
� òî÷êà

ìàêñèìóìó ôóíêöi¨, ïðè÷îìó hmax = h
(π
3

)
=

√
3

8
.

ßêùî y =
π

3
, òî x =

π

2
− y

2
=
π

3
i z = π − (x+ y) =

π

3
. Òîäi

fmax = f
(π
3
;
π

3
;
π

3

)
=

1

8
.

Îòæå, ÿêùî x+ y + z = π, òî

cosx · cos y · cos z ≤ 1

8
. I

3.9. Íåõàé B(x; y) � äîâiëüíà òî÷êà, ÿêà ëåæèòü íà êîëi x2+y2 = 1. Òîäi

y = ±
√
1− x2. Âiäîìî, ùî âiäñòàíü ìiæ äâîìà òî÷êàìè A(x1; y1) òà B(x2; y2)

îá÷èñëþ¹òüñÿ çà ôîðìóëîþ |AB| =
√

(x2 − x1)2 + (y2 − y1)2. Çíàéäåìî äîâ-

æèíó âiäðiçêà AB â íàøîìó âèïàäêó:

g(x) = |AB| =
√

(x− 2)2 + 1− x2 =
√
−4x+ 5.

Äîñëiäèìî ôóíêöiþ g(x) íà åêñòðåìóì, çíàéøîâøè ¨¨ ïîõiäíó:

g′(x) = − 2√
−4x+ 5

,

äå x ∈ [−1; 1].
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Îñêiëüêè êðèòè÷íèõ òî÷îê âñåðåäèíi âiäðiçêà [−1; 1] íåìà¹, òî îá÷èñëþ-

¹ìî çíà÷åííÿ ôóíêöi¨ g(x) íà êiíöÿõ âiäðiçêà. Îòæå,

max
x∈[−1; 1]

g(x) = 3, min
x∈[−1; 1]

g(x) = 1,

òîáòî íàéáiëüøà âiäñòàíü âiä òî÷êè A(2; 0) äî êîëà x2 + y2 = 1 ðiâíà 3, à

íàéìåíøà � ðiâíà 1. I

�4.5. Îïóêëi ôóíêöi¨ òà òî÷êè ïåðåãèíó

Ôóíêöiÿ f(x), ÿêà âèçíà÷åíà i íåïåðåðâíà íà âiäðiçêó [a; b], íàçèâà¹òüñÿ

îïóêëîþ âíèç (âãîðó) íà ïðîìiæêó (a; b), ÿêùî (∀x1, x2 : x1 < x2) ãðàôiê

ôóíêöi¨ f(x) íà âiäðiçêó [a; b] ëåæèòü íå âèùå (íå íèæ÷å) õîðäè AB, äå

A(x1; f(x1)), B(x2; f(x2)), òîáòî âèêîíóþòüñÿ íåðiâíîñòi:

f(x) ≤ x2 − x

x2 − x1
f(x1) +

x− x1
x2 − x1

f(x2)

(
f(x) ≥ x2 − x

x2 − x1
f(x1) +

x− x1
x2 − x1

f(x2)

)
.

Ïðîìiæêîì îïóêëîñòi ôóíêöi¨ f(x) íàçèâà¹òüñÿ òàêèé ïðîìiæîê (a; b), â

ÿêîìó ôóíêöiÿ f(x) îïóêëà âíèç àáî âãîðó, àëå f(x) íå ¹ îïóêëîþ âíèç àáî

âãîðó íà áiëüøîìó ïðîìiæêó (c; d) ⊃ (a; b).

Òî÷êîþ ïåðåãèíó ôóíêöi¨ f(x) íàçèâà¹òüñÿ òàêà òî÷êà x0, çëiâà i ñïðàâà

âiä ÿêî¨ ôóíêöiÿ f(x) îïóêëà â ðiçíèõ íàïðÿìêàõ (çëiâà � ââåðõ, ñïðàâà �

âíèç, àáî íàâïàêè).

Òåîðåìà 1. ßêùî ôóíêöiÿ f(x) ¹ íåïåðåðâíîþ íà âiäðiçêó [a; b] òà äè-

ôåðåíöiéîâíîþ íà iíòåðâàëi (a; b), òî âîíà ¹ îïóêëîþ âíèç (âãîðó) íà [a; b]

òîäi i òiëüêè òîäi, êîëè:

1) f ′(x) íå cïàäà¹ (íå çðîñòà¹) íà (a; b),

2) ãðàôiê ôóíêöi¨ ëåæèòü íå íèæ÷å (íå âèùå) áóäü-ÿêî¨ äîòè÷íî¨ äî öüîãî

ãðàôiêà.



160 ÐÎÇÄIË IV. Çàñòîñóâàííÿ ïîõiäíî¨

Òåîðåìà 2. ßêùî ôóíêöiÿ f(x) ¹ íåïåðåðâíîþ íà âiäðiçêó [a; b] òà äâi÷i

äèôåðåíöiéîâíîþ íà iíòåðâàëi (a; b), òî âîíà ¹ îïóêëîþ âíèç (âãîðó) íà [a; b]

òîäi i òiëüêè òîäi, êîëè f ′′(x) ≥ 0 (f ′′(x) ≤ 0) íà (a; b).

Íåîáõiäíà óìîâà iñíóâàííÿ òî÷êè ïåðåãèíó . ßêùî x0 � òî÷êà ïå-

ðåãèíó ôóíêöi¨ f(x) òà iñíó¹ f ′′(x0), òî f ′′(x0) = 0.

Äîñòàòíÿ óìîâà iñíóâàííÿ òî÷êè ïåðåãèíó . ßêùî f ′′(x0) = 0 i

f ′′(x) çìiíþ¹ çíàê ïðè ïåðåõîäi ÷åðåç òî÷êó x0, òî x0 ¹ òî÷êîþ ïåðåãèíó

ôóíêöi¨ f(x).

Âïðàâè

1. Çíàéòè ïðîìiæêè îïóêëîñòi òà òî÷êè ïåðåãèíó äàíèõ ôóíêöié:

1) y = x4 − 12x3 + 48x2 − 50, 2) y = 6x2 − x3,

3) y = x+ sinx, 4) y = x3 − 3x2 − 9x+ 9,

5) y = (1 + x2)ex, 6) y = x2 lnx,

7) y = 2x2 + lnx, 8) y = 3
√

(x+ 5)2 − 3
√

(x− 5)2,

9) y = cos3 x− sin3 x, 10) y = cos x+ 4 sin
x

2
,

11) y = cos x · sin2 x, 12) y = sin x · cos2 x,

13) y =
x3

(x+ 2)2
, 14) y =

x4

x3 + 1
,

15) y = arctg

√
1− x2

x
, 16) y = arccos

1

x
,

17) y = ln(1 + x2), 18) y = x sin(lnx),

19) y = 2x+ 4arcctg x, 20) y = arcsin

√
x2 − 1

x
.

2. Äîñëiäèòè íà îïóêëiñòü ïàðàìåòðè÷íî çàäàíi ôóíêöi¨:

1) x = tet, y = te−t, |t| < 1, 2,
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2) x =
t2

t− 1
, y =

t3

t− 1
, t < 1,

3) x = a cos t, y = b sin t, t ∈ [0; 2π], a, b > 0,

4) x = a cos3 t, y = a sin3 t, t ∈ [0; 2π], a > 0,

5) x = a(t− sin t), y = a(1− cos t), t ∈ R, a > 0,

6) x = sin2 t, y = cos2 t, t ∈ R,

7) x = a ch t, y = b sh t, t ∈ R, a, b > 0.

3. Äîâåñòè íåðiâíîñòi:

1) e
a+b
2 ≤ ea + eb

2
, a, b ∈ R,

2)

(
a+ b

2

)4

≤ 1

2

(
a4 + b4

)
, a ≥ 0, b ≥ 0,

3) (a+ b) ln
a+ b

2
≤ a ln a+ b ln b, a, b > 0,

4) arctg
a+ b

2
>

1

2
(arctg a+ arctg b), 0 < a < b < +∞,

5) arcctg
a+ b

2
<

1

2
(arcctg a+ arcctg b), −∞ < a < b < 0,

6) lg
a+ b

2
>

1

2
(lg a+ lg b), 0 < a < b < +∞,

7) arcsin
a+ b

2
>

1

2
(arcsin a+ arcsin b), −1 < a < b < 0,

8)

(
a+ b

2

)α
≤ 1

2

(
aα + bα

)
, a ≥ 0, b ≥ 0, α ≥ 1,

9)

√
a+ b

2
>

1

2

(√
a+

√
b
)
, 0 < a < b < +∞,

10) ctg
a+ b

2
<

1

2

(
ctg a+ ctg b

)
, 0 < a < b <

π

2
.
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Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.15. Îáëàñòþ âèçíà÷åííÿ ôóíêöi¨ y = arctg

√
1− x2

x
¹ ìíîæèíà

D(y) = {x : x ∈ [−1; 0) ∪ (0; 1]}.

Çíàéäåìî äðóãó ïîõiäíó:

y′ =

(
arctg

√
1− x2

x

)′

=
1

1 + 1−x2
x2

·

(√
1− x2

x

)′

=

= x2 ·
− x2√

1−x2 −
√
1− x2

x2
= − 1√

1− x2
.

y′′ =

(
− 1√

1− x2

)′
= − x√

(1− x2)3
.

ßêùî x ∈ [−1; 0), òî y′′(x) > 0; ÿêùî x ∈ (0; 1], òî y′′(x) < 0. Îòæå, ôóí-

êöiÿ ¹ îïóêëîþ âíèç äëÿ x ∈ [−1; 0), i ¹ îïóêëîþ ââåðõ äëÿ x ∈ (0; 1]. I
2.4. Îñêiëüêè äëÿ äîâiëüíîãî t ∈ [0; 2π] ìà¹ìî

x′(t) = −3a cos2 t · sin t, y′(t) = 3a sin2 t · cos t,

òî x′(t) = 0 íà ìíîæèíi
{
0;
π

2
; π;

3π

2
; 2π

}
. Îòæå, ïàðàìåòðè÷íî çàäàíà

ôóíêöiÿ ¹ äèôåðåíöiéîâíîþ ó êîæíîìó ç iíòåðâàëiâ
(
0;
π

2

)
,
(π
2
; π
)
,(

π;
3π

2

)
,
(3π
2
; 2π

)
, i y′(x) = − tg t.

Òîäi

y′′(x) =

(
y′(x)

)′
t

x′(t)
=

− 1
cos2 t

−3a cos2 t · sin t
=

1

3a
· 1

cos4 t · sin t
.

Çà óìîâîþ çàäà÷i a > 0, òîäi:

à) y′′(x) < 0 ó âèïàäêó, êîëè sin t < 0, òîáòî äëÿ t ∈
(
π;

3π

2

)
∪
(3π
2
; 2π

)
.

Îòæå, ôóíêöiÿ îïóêëà âãîðó íà êîæíîìó ç iíòåðâàëiâ
(
π;

3π

2

)
,
(3π
2
; 2π

)
;

á) y′′(x) > 0 ó âèïàäêó, êîëè sin t > 0, òîáòî äëÿ t ∈
(
0;
π

2

)
∪
(π
2
; π
)
.

Îòæå, ôóíêöiÿ îïóêëà âíèç íà êîæíîìó ç iíòåðâàëiâ
(
0;
π

2

)
,
(π
2
; π
)
.

Òî÷îê ïåðåãèíó äëÿ äàíî¨ ôóíêöi¨ íå iñíó¹. I
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3.4. Ðîçãëÿíåìî ôóíêöiþ y = arctg x i çíàéäåìî äëÿ íå¨ äðóãó ïîõiäíó:

y′ =
1

1 + x2
, y′′ = − 2x

(1 + x2)2
.

Îòæå, ôóíêöiÿ ¹ îïóêëîþ âãîðó äëÿ x ∈ (0; +∞). Òîäi çà îçíà÷åííÿì

îïóêëî¨ âãîðó ôóíêöi¨ ïîçíà÷èìî x1 = a, x2 = b, äå 0 < x1 < x2 < +∞.

Îòæå, íåðiâíîñòi

arctg x >
x2 − x

x2 − x1
arctg x1 +

x− x1
x2 − x1

arctg x2

âiäïîâiäàòèìå íåðiâíiñòü

arctg x >
b− x

b− a
arctg a+

x− a

b− a
arctg b.

ßêùî x =
a+ b

2
, òî

arctg
a+ b

2
>

1

2
arctg a+

1

2
arctg b,

äå 0 < a < b < +∞. I
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Àñèìïòîòîþ êðèâî¨ y = f(x) íàçèâà¹òüñÿ ïðÿìà, äî ÿêî¨ íåîáìåæå-

íî íàáëèæà¹òüñÿ òî÷êà êðèâî¨ ïðè íåîáìåæåíîìó âiääàëåííi ¨¨ âiä ïî÷àòêó

êîîðäèíàò. Ðîçðiçíÿþòü âåðòèêàëüíi, ãîðèçîíòàëüíi òà ïîõèëi àñèìïòîòè.

Âåðòèêàëüíîþ àñèìïòîòîþ ãðàôiêà ôóíêöi¨ y = f(x) íàçèâà¹òüñÿ

ïðÿìà x = x0, ÿêùî lim
x→x0−0

f(x) = ±∞ àáî lim
x→x0+0

f(x) = ±∞.

Ãîðèçîíòàëüíîþ àñèìïòîòîþ ãðàôiêà ôóíêöi¨ y = f(x) íàçèâà¹-

òüñÿ ïðÿìà y = b, ÿêùî lim
x→∞

f(x) = b. ßêùî lim
x→+∞

f(x) = b1, òî y = b1

íàçèâà¹òüñÿ ïðàâîñòîðîííüîþ ãîðèçîíòàëüíîþ àñèìïòîòîþ. ßêùî

lim
x→−∞

f(x) = b2, òî y = b2 íàçèâà¹òüñÿ ëiâîñòîðîííüîþ ãîðèçîíòàëüíîþ

àñèìïòîòîþ. ßêùî b1 = b2 = b, òî y = b áóäå ãîðèçîíòàëüíîþ àñèìïòî-

òîþ.
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Ïîõèëîþ àñèìïòîòîþ ãðàôiêà ôóíêöi¨ y = f(x) ïðè x → +∞

(x → −∞) íàçèâà¹òüñÿ ïðÿìà y = k1x + b1 (y = k2x + b2), ÿêùî iñíóþòü

ãðàíèöi

lim
x→+∞

f(x)

x
= k1, lim

x→+∞
(f(x)− k1x) = b1(

lim
x→−∞

f(x)

x
= k2, lim

x→−∞
(f(x)− k2x) = b2

)
.

Òîäi ïðÿìà y = k1x + b1 ¹ ïðàâîþ ïîõèëîþ àñèìïòîòîþ êðèâî¨ y = f(x),

à ïðÿìà y = k2x+ b2 ¹ ëiâîþ ïîõèëîþ àñèìïòîòîþ.

Çàóâàæèìî, ùî ÿêùî êðèâà ìà¹ ïðàâîñòîðîííþ ãîðèçîíòàëüíó àñèìïòîòó,

òî ïðàâîñòîðîííüî¨ ïîõèëî¨ íå iñíó¹ i íàâïàêè. Àíàëîãi÷íà ñèòóàöiÿ ç ëiâîñòî-

ðîííiìè àñèìïòîòàìè.

Äîñëiäæåííÿ i ïîáóäîâà ãðàôiêà ôóíêöi¨ y = f(x) ïðîâîäèòüñÿ çà òàêèì

àëãîðèòìîì:

1) âèçíà÷àþòü îáëàñòü âèçíà÷åííÿ ôóíêöi¨, òî÷êè ðîçðèâó i òî÷êè ïåðå-

òèíó ç îñÿìè êîîðäèíàò;

2) äîñëiäæóþòü ôóíêöiþ íà ïåðiîäè÷íiñòü, ïàðíiñòü;

3) çíàõîäÿòü àñèìïòîòè ãðàôiêà ôóíêöi¨;

4) äîñëiäæóþòü ôóíêöiþ íà ìîíîòîííiñòü òà åêñòðåìóì;

5) çíàõîäÿòü ïðîìiæêè îïóêëîñòi ôóíêöi¨ òà òî÷êè ïåðåãèíó;

6) çà íåîáõiäíîñòi çíàõîäÿòü äîäàòêîâi òî÷êè, ùî íàëåæàòü ãðàôiêó ôóí-

êöi¨;

7) ïiñëÿ âèêîíàííÿ äîñëiäæåííÿ áóäóþòü ãðàôiê ôóíêöi¨.

Âïðàâè

1. Çíàéòè àñèìïòîòè ãðàôiêiâ ôóíêöié:

1) y =
1

9− x2
, 2) y =

1

x− 1
− 1

x− 2
+

1

x− 3
,

3) y =
x2 − 2x+ 3

x2 + 4
, 4) y =

lnx

x
,

5) y =
3x+ 1

9 + x2
, 6) y =

(x+ 2)2

x− 3
,
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7) y =
1

sinx+ cos x
, 8) y = x− 3 +

x2√
x2 + 4

,

9) y =

√
4x2 + 4x+ 2

x2 − 1
, 10) y = arctg(x2 − 1),

11) y =
√
x2 − 3, 12 y = e

1
x ,

13) y =
x3 − 3x+ 2

x2 − x
, 14) y = cos x+

1

cosx
,

15) y = x · e
1
x , 16) y =

1

x lnx
,

17) y = 2x+ 4arcctg x, 18) y = e−x
2

+ 1,

19) y = 4x+ arctg
x

4
, 20) y =

2x2|x|+ 1

x|x|
.

2. Ïðîâåñòè ïîâíå äîñëiäæåííÿ i ïîáóäóâàòè ãðàôiêè íàñòóïíèõ ôóíêöié:

1) y = 3x− x3, 2) y = 1 +
4x+ 1

x2
,

3) y =
x2 − 1

x2 − 5x+ 6
, 4) y =

1 + x2

1− x2
,

5) y =
x2(x− 1)

(1 + x)2
, 6) y =

x

(1 + x)(1− x)2
,

7) y =
x

3
√
x2 − 1

, 8) y =
x√
x2 − 1

,

9) y =

√
x3 − 2

3x
, 10) y = x+ e−x,

11) y =
1

x+ 1
− 10

3x2
+

1

1− x
, 12) y = (x− 3)

√
x,

13) y = ln

√
x2 + 1− 1

x
, 14) y = ln cos x,

15) y = x

√
x

3− x
, 16) y =

√
8 + x−

√
8− x,

17) y =
√
x+

√
4− x, 18) y =

lnx√
x
,

19) y = ln(x2 − 1), 20) y = 2x(x−2),
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21) y =
4|x|

(x+ 1)2
, 22) y =

ex

1 + x
,

23) y = arcsin
2x

1 + x2
, 24) y = cos x− ln cos x,

25) y = sin4 x+ cos4 x, 26) y = sin x · sin 3x,

27) y = arccos
1− x2

1 + x2
, 28) y =

cos 2x

cosx
,

29) y = arctg
1− x2

1 + x2
, 30) y = x+ arctg x.

Ïðèêëàäè ðîçâ'ÿçóâàííÿ âïðàâ

1.8. Îáëàñòþ âèçíà÷åííÿ ôóíêöi¨ y = x− 3 +
x2√
x2 + 4

¹ âñÿ ìíîæèíà äié-

ñíèõ ÷èñåë. Îòæå, âåðòèêàëüíèõ àñèìïòîò äëÿ ãðàôiêà ôóíêöi¨ íå iñíó¹.

Øóêà¹ìî ãîðèçîíòàëüíi àñèìïòîòè:

lim
x→+∞

(
x− 3 +

x2√
x2 + 4

)
= +∞,

lim
x→−∞

(
x− 3 +

x2√
x2 + 4

)
=

∣∣∣∣∣∣ x = −t

t→ +∞

∣∣∣∣∣∣ =
= lim

t→+∞

(
−3 +

t2√
t2 + 4

− t

)
= lim

t→+∞

(
−3 +

t2 − t
√
t2 + 4√

t2 + 4

)
=

= lim
t→+∞

(
−3 +

t4 − t4 − 4t2√
t2 + 4(t2 + t

√
t2 + 4)

)
= −3.

Îòæå, ëiâîñòîðîííüþ ãîðèçîíòàëüíîþ àñèìïòîòîþ ¹ ïðÿìà y = −3, ïðà-

âîñòîðîííüî¨ ãîðèçîíòàëüíî¨ àñèìïòîòè íåìà¹.

Ïðàâà ïîõèëà àñèìïòîòà ìàòèìå âèãëÿä y = k2x+ b2, äå

k2 = lim
x→+∞

(
x− 3

x
+

x2

x
√
x2 + 4

)
= lim

x→+∞

(
1− 3

x
+

x√
x2 + 4

)
= 2,

b2 = lim
x→+∞

(
x− 3 +

x2√
x2 + 4

− 2x

)
= lim

x→+∞

(
−x− 3 +

x2√
x2 + 4

)
=

= lim
x→+∞

−(x+ 3)
√
x2 + 4 + x2√

x2 + 4
= lim

x→+∞

x4 − (x+ 3)2(x2 + 4)√
x2 + 4

(
x2 + (x+ 3)

√
x2 + 4

) =
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= lim
x→+∞

−6x3 − 13x2 − 24x− 36√
x2 + 4

(
x2 + (x+ 3)

√
x2 + 4

) =
= lim

x→+∞

−6− 13
x − 24

x2 −
36
x3√

1 + 4
x2

(
1 +

(
1 + 3

x

)√
1 + 4

x2

) = −3.

Îòæå, ïðè x → +∞ ãðàôiê äàíî¨ ôóíêöi¨ ìà¹ ïîõèëó àñèìïòîòó, ùî

îïèñó¹òüñÿ ðiâíÿííÿì y = 2x− 3. I
2.8. Äîñëiäæó¹ìî ôóíêöiþ y =

x

(1 + x)(1− x)2
, äîòðèìóþ÷èñü íàâåäåíî-

ãî àëãîðèòìó.

1) Îáëàñòþ âèçíà÷åííÿ äàíî¨ ôóíêöi¨ ¹ ìíîæèíà

D(y) = {x : x ∈ (−∞;−1) ∪ (−1; 1) ∪ (1;+∞)}.

Çíàéäåìî òî÷êè ïåðåòèíó ç îñÿìè êîîðäèíàò. ßêùî x = 0, òî y = 0.

Îòæå, ãðàôiê ôóíêöi¨ ïðîõîäèòü ÷åðåç ïî÷àòîê êîîðäèíàò.

2) Ôóíêöiÿ y =
x

(1 + x)(1− x)2
¹ íåïåðiîäè÷íîþ, áî îáëàñòþ âèçíà÷åííÿ

¹ ìíîæèíà âñiõ äiéñíèõ ÷èñåë, êðiì ÷èñåë ±1.

Îáëàñòü âèçíà÷åííÿ ñèìåòðè÷íà âiäíîñíî íóëÿ, îäíàê

y(−x) = − x

(1− x)(1 + x)2
.

Îòæå, ôóíêöiÿ ¹ íi ïàðíîþ, íi íåïàðíîþ.

3) Çíàéäåìî îäíîñòîðîííi ãðàíèöi:

lim
x→1−0

x

(1 + x)(1− x)2
= +∞, lim

x→1+0

x

(1 + x)(1− x)2
= +∞,

lim
x→−1−0

x

(1 + x)(1− x)2
= +∞, lim

x→−1+0

x

(1 + x)(1− x)2
= −∞.

Îòæå, x = ±1 � âåðòèêàëüíi àñèìïòîòè.

Îñêiëüêè

lim
x→−∞

x

(1 + x)(1− x)2
= 0 i lim

x→+∞

x

(1 + x)(1− x)2
= 0,

òî y = 0 ¹ ãîðèçîíòàëüíîþ àñèìïòîòîþ.

4) Çíàõîäèìî ïîõiäíó ïåðøîãî ïîðÿäêó äëÿ çàäàíî¨ ôóíêöi¨:

y′ =

(
x

(1 + x)(1− x)2

)′
=

(1 + x)(1− x)2 − x
(
(1− x)2 − 2(1− x2)

)
(1 + x)2(1− x)4

=
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=
1− x2 − x(1− x− 2− 2x)

(1 + x)2(1− x)3
=

2x2 + x+ 1

(1 + x)2(1− x)3
.

Îñêiëüêè 2x2+x+1 ̸= 0, òî òî÷îê åêñòðåìóìó äëÿ äàíî¨ ôóíêöi¨ íå iñíó¹.

Äîñëiäæó¹ìî ôóíêöiþ íà ìîíîòîííiñòü: ÿêùî x ∈ (−∞;−1) ∪ (−1; 1),

òî y′(x) > 0; ÿêùî x ∈ (1;+∞), òî y′(x) < 0. Îòæå, ïðè x ∈ (−∞;−1) òà

x ∈ (−1; 1) ôóíêöiÿ çðîñòà¹, ïðè x ∈ (1;+∞) ôóíêöiÿ ñïàäà¹.

Ïîáóäó¹ìî ãðàôiê ôóíêöi¨ íà îñíîâi âæå ïðîâåäåíèõ äîñëiäæåíü áåç

âiäøóêàííÿ òî÷îê ïåðåãèíó òà ïðîìiæêiâ îïóêëîñòi ãðàôiêà ôóíêöi¨ (äèâ.

ðèñ. 12).

–8

–6

–4

–2

0

2

4

6

8

–4 –3 –2 –1 1 2 3 4

Ðèñ. 12. Ãðàôiê ôóíêöi¨ f(x) = x
(1+x)(1−x)2

.
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Iíäèâiäóàëüíi çàâäàííÿ äî ðîçäiëó IV

Çàäà÷à 1. Ïîáóäóâàòè ãðàôiêè ôóíêöié çà äîïîìîãîþ ïîõiäíî¨ ïåðøîãî

ïîðÿäêó:

1.1. y = 2x3 − 9x2 + 12x− 9. 1.2. y = 3x− x3.

1.3. y = x2(x− 2)2. 1.4. y =
x3 − 9x2

4
+ 6x− 9.

1.5. y = 2− 3x2 − x3. 1.6. y = (x+ 1)2(x− 1)2.

1.7. y = 2x3 − 3x2 − 4. 1.8. y = 3x2 − 2− x3.

1.9. y = (x− 1)2(x− 3)2. 1.10. y =
x3 + 3x2

4
− 5.

1.11. y = 6x− 8x3. 1.12. y = 16x2(x− 1)2.

1.13. y = 2x3 + 3x2 − 5. 1.14. y = 2− 12x2 − 8x3.

1.15. y = (2x+ 1)2(2x− 1)2. 1.16. y = 2x3 + 9x2 + 12x.

1.17. y = 12x2 − 8x3 − 2. 1.18. y = (2x− 1)2(2x− 3)2.

1.19. y =
27(x3 − x2)

4
− 4. 1.20. y =

x(12− x2)

8
.

1.21. y =
x2(x− 1)2

16
. 1.22. y =

27(x3 + x2)

4
− 5.

1.23. y =
16− 6x2 − x3

8
. 1.24. y = −(x2 − 4)2

16
.

1.25. y = 16x3 − 36x2 + 24x− 9. 1.26. y =
6x2 − x3 − 16

8
.

1.27. y = −(x− 2)2(x− 6)2

16
. 1.28. y = 16x3 − 12x2 − 4.

1.29. y =
11 + 9x− 3x2 − x3

8
. 1.30. y = −(x+ 1)2(x− 3)2

16
.

Çàäà÷à 2. Ïîáóäóâàòè ãðàôiêè iððàöiîíàëüíèõ ôóíêöié çà äîïîìîãîþ

ïîõiäíî¨ ïåðøîãî ïîðÿäêó:

2.1. y = 1− 3
√
x2 − 2x. 2.2. y = 2x− 3

3
√
x2.

2.3. y =
12 3
√
6(x− 2)2

x2 + 8
. 2.4. y = −

12 3
√

6(x− 1)2

x2 + 2x+ 9
.

2.5. y = 1− 3
√
x2 + 2x. 2.6. y = 2x+ 6− 3 3

√
(x+ 3)2.
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2.7. y =
6 3
√

6(x− 3)2

x2 − 2x+ 9
. 2.8. y = 1− 3

√
x2 + 4x+ 3.

2.9. y = 3 3
√

(x− 3)2 − 2x+ 6. 2.10. y =
6

3
√
6x2

x2 + 4x+ 12
.

2.11. y = 4x+ 8− 6 3
√

(x+ 2)2. 2.12. y =
3 3
√

6(x− 4)2

x2 − 4x+ 12
.

2.13. y = 3
√
x(x+ 2). 2.14. y =

3
√
x2 + 4x+ 3.

2.15. y = −
3 3
√

6(x+ 1)2

x2 + 6x+ 17
. 2.16. y = 6 3

√
(x− 2)2 − 4x+ 8.

2.17. y =
3 3
√
6(x− 5)2

x2 − 6x+ 17
. 2.18. y = 2 + 3

√
8x(x+ 2).

2.19. y = 6x− 9− 9 3
√
(x− 1)2. 2.20. y =

3
√
x2 + 6x+ 8.

2.21. y = 3
√

4x(x− 1). 2.22. y = −
3 3
√

6(x+ 2)2

x2 + 8x+ 24
.

2.23. y = 3
√
x(x− 2). 2.24. y = −

6 3
√

6(x− 6)2

x2 − 8x+ 24
.

2.25. y = 9 3
√
(x+ 1)2 − 6x− 6. 2.26. y = 1− 3

√
x2 − 4x+ 3.

2.27. y = 8x− 16− 12 3
√

(x− 2)2. 2.28. y =
6 3
√

6(x+ 3)2

x2 + 10x+ 33
.

2.29. y = 12 3
√

(x+ 2)2 − 8x− 16. 2.30. y =
3 3
√

6(x− 1)2

2(x2 + 2x+ 9)
.

Çàäà÷à 3. Çíàéòè íàéáiëüøå i íàéìåíøå çíà÷åííÿ ôóíêöi¨ íà çàäàíèõ

âiäðiçêàõ:

3.1. y = x2 +
16

x
− 16, [1, 4]. 3.1. y = 4− x− 4

x2
, [1, 4].

3.3. y = 3
√
2(x−2)2(8−x)−1, [0, 6]. 3.4. y =

2(x2 + 3)

x2 − 2x+ 5
, [−3, 3].

3.5. y = 2
√
x− x, [0, 6]. 3.6. y = 1+ 3

√
2(x−1)2(x−7), [−1, 5].

3.7. y = x− 4
√
x+ 5, [1, 9]. 3.8. y =

10x

1 + x2
, [0, 3].

3.9. y = 3
√
2(x+1)2(5−x)−2, [−3, 3]. 3.10. y = 2x2 +

108

x
− 59, [2, 4].

3.11. y = 3− x− 4

(x+ 2)2
, [−1, 2]. 3.12. y = 3

√
2x2(x− 3), [−1, 6].

3.13. y =
2(−x2 + 7x− 7)

x2 − 2x+ 2
, [1, 4]. 3.14. y = x− 4

√
x+ 2 + 8, [−1, 7].
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3.15. y = 3
√

2(x− 2)2(5− x), [1, 5]. 3.16. y =
4x

4 + x2
, [−4, 2].

3.17. y = −x
2

2
+

8

x
+ 8, [−4, −1]. 3.18. y = 3

√
2x2(x− 6), [−2, 4].

3.19. y =
−2x(2x+ 3)

x2 + 4x+ 5
, [1, 4]. 3.20. y = − 2(x2 + 3)

x2 + 2x+ 5
, [−5, 1].

3.21. y = 3
√

2(x− 1)2(x− 4), [0, 4]. 3.22. y = x2 − 2x+
16

x− 1
− 13, [2, 5].

3.23. y = 2
√
x− 1− x+ 2, [1, 5]. 3.24. y = 3

√
2(x+ 2)2(1− x), [−3, 4].

3.25. y = −x
2

2
+2x+

8

x−2
+5, [−2, 1]. 3.26. y = 8x+

4

x2
− 15,

[
1

2
, 2

]
.

3.27. y = 3
√

2(x+2)2(x−4)+3, [−4, 2]. 3.28. y = x2+4x+
16

x+2
−9, [−1, 2].

3.29. y =
4

x2
− 8x− 15,

[
−2, −1

2

]
. 3.30. y = 3

√
2(x+ 1)2(x− 2), [−2, 5].

Çàäà÷à 4. Äîñëiäèòè ïîâåäiíêó ôóíêöié â îêîëàõ çàäàíèõ òî÷îê çà äî-

ïîìîãîþ ïîõiäíèõ âèùèõ ïîðÿäêiâ:

4.1. y = x2 − 4x− (x− 2) ln(x− 1), x0 = 2.

4.2. y = 4x− x2 − 2 cos(x− 2), x0 = 2.

4.3. y = 6ex−2 − x3 + 3x2 − 6x, x0 = 2.

4.4. y = 2 ln(x+ 1)− 2x+ x2 + 1, x0 = 0.

4.5. y = 2x− x2 − 2 cos(x− 1), x0 = 1.

4.6. y = cos2(x+ 1) + x2 + 2x, x0 = −1.

4.7. y = 2 ln x+ x2 − 4x+ 3, x0 = 1.

4.8. y = 1− 2x− x2 − 2 cos(x+ 1), x0 = −1.

4.9. y = x2 + 6x+ 8− 2ex+2, x0 = −2.

4.10. y = 4x+ x2 − 2ex+1, x0 = −1.

4.11. y = (x+ 1) sin(x+ 1)− 2x− x2, x0 = −1.

4.12. y = 6ex−1 − 3x− x3, x0 = 1.

4.13. y = 2x+ x2 − (x+ 1) ln(2 + x), x0 = −1.

4.14. y = sin2(x+ 1)− 2x− x2, x0 = −1.

4.15. y = x2 + 4x+ cos2(x+ 2), x0 = −2.
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4.16. y = x2 + 2 ln(x+ 2), x0 = −1.

4.17. y = 4x− x2 + (x− 2) sin(x− 2), x0 = 2.

4.18. y = 6ex − x3 − 3x2 − 6x− 5, x0 = 0.

4.19. y = x2 − 2x− 2ex−2, x0 = 2.

4.20. y = sin2(x+ 2)− x2 − 4x− 4, x0 = −2.

4.21. y = cos2(x− 1) + x2 − 2x, x0 = 1.

4.22. y = x2 − 2x− (x− 1) ln x, x0 = 1.

4.23. y = (x− 1) sin(x− 1) + 2x− x2, x0 = 1.

4.24. y = x2 − 4x+ cos2(x− 2), x0 = 2.

4.25. y = x4 + 4x3 + 12x2 + 24(x+ 1− ex), x0 = 0.

4.26. y = sin2(x− 2)− x2 + 4x− 4, x0 = 2.

4.27. y = 6ex+1 − x3 − 6x2 − 15x− 16, x0 = −1.

4.28. y = sinx+ shx− 2x, x0 = 0.

4.29. y = sin2(x− 1)− x2 + 2x, x0 = 1.

4.30. y = cos x+ chx, x0 = 0.

Çàäà÷à 5. Çíàéòè àñèìïòîòè i ïîáóäóâàòè ãðàôiêè ôóíêöié:

5.1. y =
17− x2

4x− 5
. 5.2. y =

x2 + 1√
4x2 − 3

.

5.3. y =
x3 − 4x

3x2 − 4
. 5.4. y =

4x2 + 9

4x+ 8
.

5.5. y =
4x3 + 3x2 − 8x− 2

2− 3x2
. 5.6. y =

x2 − 3√
3x2 − 2

.

5.7. y =
2x2 − 6

x− 2
. 5.8. y =

2x3 + 2x2 − 3x− 1

2− 4x2
.

5.9. y =
x3 − 5x

5− 3x2
. 5.10. y =

2x2 − 6x+ 4

3x− 2
.

5.11. y =
2− x2√
9x2 − 4

. 5.12. y =
4x3 − 3x

4x2 − 1
.

5.13. y =
3x2 − 7

2x+ 1
. 5.14. y =

x2 + 16√
9x2 − 8

.

5.15. y =
x3 + 3x2 − 2x− 2

2− 3x2
. 5.16. y =

21− x2

7x+ 9
.
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5.17. y =
2x2 − 1√
x2 − 2

. 5.18. y =
2x3 − 3x2 − 2x+ 1

1− 3x2
.

5.19. y =
x2 − 11

4x− 3
. 5.20. y =

2x2 − 9√
x2 − 1

.

5.21. y =
x3 − 2x2 − 3x+ 2

1− x2
. 5.22. y =

x2 + 2x− 1

2x+ 1
.

5.23. y =
x3 + x2 − 3x− 1

2x2 − 2
. 5.24. y =

x2 + 6x+ 9

x+ 4
.

5.25. y =
3x2 − 10√
4x2 − 1

. 5.26. y =
x2 − 2x+ 2

x+ 3
.

5.27. y =
2x3 + 2x2 − 9x− 3

2x2 − 3
. 5.28. y =

3x2 − 10

3− 2x
.

5.29. y =
−x2 − 4x+ 13

4x+ 3
. 5.30. y =

−8− x2√
x2 − 4

.

Çàäà÷à 6. Ïðîâåñòè ïîâíå äîñëiäæåííÿ ôóíêöié i ïîáóäóâàòè ¨õ ãðàôiêè:

6.1. y =
x3 + 4

x2
. 6.2. y =

x2 − x+ 1

x− 1
.

6.3. y =
2

x2 + 2x
. 6.4. y =

4x2

3 + x2
.

6.5. y =
12x

9 + x2
. 6.6. y =

x2 − 3x+ 3

x− 1
.

6.7. y =
4− x3

x2
. 6.8. y =

x2 − 4x+ 1

x− 4
.

6.9. y =
2x3 + 1

x2
. 6.10. y =

(x− 1)2

x2
.

6.11. y =
x2

(x− 1)2
. 6.12. y =

(
1 +

1

x

)2

.

6.13. y =
12− 3x2

x2 + 12
. 6.14. y =

9 + 6x− 3x2

x2 − 2x+ 13
.

6.15. y =
−8x

x2 + 4
. 6.16. y =

(
x− 1

x+ 1

)2

.

6.17. y =
3x4 + 1

x3
. 6.18. y =

4x

(x+ 1)2
.

6.19. y =
8(x− 1)

(x+ 1)2
. 6.20. y =

1− 2x3

x2
.

6.21. y =
4

x2 + 2x− 3
. 6.22. y =

4

3 + 2x− x2
.

6.23. y =
x2 + 2x− 7

x2 + 2x− 3
. 6.24. y =

1

x4 − 1
.
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6.25. y = − x2

(x+ 2)2
. 6.26. y =

x3 − 32

x2
.

6.27. y =
4(x+ 1)2

x2 + 2x+ 4
. 6.28. y =

3x− 2

x3
.

6.29. y =
x2 − 6x+ 9

(x− 1)2
. 6.30. y =

x3 − 27x+ 54

x3
.

Çàäà÷à 7. Ïðîâåñòè ïîâíå äîñëiäæåííÿ ôóíêöié i ïîáóäóâàòè ¨õ ãðàôiêè:

7.1. y = (2x+ 3)e−2(x+1). 7.2. y =
e2(x+1)

2(x+ 1)
.

7.3. y = 3 ln
x

x− 3
− 1. 7.4. y = (3− x)ex−2.

7.5. y =
e2−x

2− x
. 7.6. y = ln

x

x+ 2
+ 1.

7.7. y = (x− 2)e3−x. 7.8. y =
e2(x−1)

2(x− 1)
.

7.9. y = 3− 3 ln
x

x+ 4
. 7.10. y = −(2x+ 1)e2(x+1).

7.11. y =
e2(x+2)

2(x+ 2)
. 7.12. y = ln

x

x− 2
− 2.

7.13. y = (2x+ 5)e−2(x+2). 7.14. y =
e3−x

3− x
.

7.15. y = 2 ln
x

x+ 1
− 1. 7.16. y = (4− x)ex−3.

7.17. y =
e−2(x+2)

2(x+ 2)
. 7.18. y = 2 ln

x+ 3

x
− 3.

7.19. y = (2x− 1)e2(1−x). 7.20. y = −e
−(x+2)

x+ 2
.

7.21. y = 2 ln
x

x− 4
− 3. 7.22. y = −(x+ 1)ex+2.

7.23. y =
ex+3

x+ 3
. 7.24. y = ln

x

x+ 5
− 1.

7.25. y = −(2x+ 3)e2(x+2). 7.26. y = − e−2(x−1)

2(x− 1)
.

7.27. y = ln
x− 5

x
+ 2. 7.28. y = (x+ 4)e−(x+3).

7.29. y =
ex−3

x− 3
. 7.30. y = ln

x+ 6

x
− 1.

Çàäà÷à 8. Ïðîâåñòè ïîâíå äîñëiäæåííÿ ôóíêöié i ïîáóäóâàòè ¨õ ãðàôiêè:
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8.1. y = 3
√

(2− x)(x2 − 4x+ 1). 8.2. y = − 3
√
(x+ 3)(x2 + 6x+ 6).

8.3. y = 3
√

(x+ 2)(x2 + 4x+ 1). 8.4. y = 3
√
(x+ 1)(x2 + 2x− 2).

8.5. y = 3
√

(x− 1)(x2 − 2x− 2). 8.6. y = 3
√
(x− 3)(x2 − 6x+ 6).

8.7. y = 3
√

(x2 − 4x+ 3)2. 8.8. y = 3
√
x2(x+ 2)2.

8.9. y = 3
√
x2(x− 2)2. 8.10. y = 3

√
(x2 − 2x− 3)2.

8.11. y = 3
√
x2(x+ 4)2. 8.12. y = 3

√
x2(x− 4)2.

8.13. y = 3
√

(x+ 3)x2. 8.14. y = 3
√

(x− 1)(x+ 2)2.

8.15. y = 3
√

(x− 1)2 − 3
√
x2. 8.16. y = 3

√
(x+ 6)x2.

8.17. y = 3
√

(x− 4)(x+ 2)2. 8.18. y = 3
√

(x− 1)2 − 3
√
(x− 2)2.

8.19. y = 3
√

(x+ 1)(x− 2)2. 8.20. y = 3
√

(x− 3)x2.

8.21. y = 3
√

(x− 2)2 − 3
√

(x− 3)2. 8.22. y = 3
√

(x+ 2)(x− 4)2.

8.23. y = 3
√

(x− 6)x2. 8.24. y =
3
√
x2 − 3

√
(x− 1)2.

8.25. y = 3
√
x(x− 3)2. 8.26. y = 3

√
x(x+ 3)2.

8.27. y = 3
√

(x+ 2)2 − 3
√

(x+ 3)2. 8.28. y = 3
√
x(x− 6)2.

8.29. y = 3
√
x(x+ 6)2. 8.30. y = 3

√
(x+ 1)2 − 3

√
(x+ 2)2.

Çàäà÷à 9. Ïðîâåñòè ïîâíå äîñëiäæåííÿ ôóíêöié i ïîáóäóâàòè ¨õ ãðàôiêè:

9.1. y = esinx+cosx. 9.2. y = arctg
sinx+ cosx√

2
.

9.3. y = ln(sin x+ cosx). 9.4. y =
1

sinx+ cosx
.

9.5. y = e
√
2 sinx. 9.6. y = arctg(sin x).

9.7. y = ln
(√

2 sin x
)
. 9.8. y =

1

sinx− cosx
.

9.9. y = esinx−cosx. 9.10. y = arctg
sinx− cosx√

2
.

9.11. y = ln(sin x− cosx). 9.12. y =
1

(sinx+ cosx)2
.
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9.13. y = e−
√
2 cosx. 9.14. y = − arctg(cos x).

9.15. y = ln
(
−
√
2 cos x

)
. 9.16. y =

1

(sinx− cosx)2
.

9.17. y = e− sinx−cosx. 9.18. y =
3
√
sinx.

9.19. y = ln(− sinx− cosx). 9.20. y =

√
sinx− cosx√

2
.

9.21. y = e−
√
2 sinx. 9.22. y = 3

√
cosx.

9.23. y = ln
(
−
√
2 sin x

)
. 9.24. y =

√
cosx.

9.25. y = ecosx−sinx. 9.26. y = 3

√
sinx+ cosx√

2
.

9.27. y = ln(cosx− sinx). 9.28. y =
√
sinx.

9.29. y = e
√
2 cosx. 9.30. y =

√
sinx+ cos x√

2
.
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