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IlepeamoBa

Jlanwit NiAPYYHUK OXOTLTIOE BeCh MATEPia TporpaMu 3 BHUINOI Ma-
TEMATUKH JIJIS CTYJAEHTIB €KOHOMITHHUX Ta 1HXKEHEPHO-€KOHOMIUHIX
crieriasibHOCTEN. Bir CKIaaeThCs 3 TPhOX YACTHH. Y TEPIIii JacTH-
HI PO3TIANAI0THLCA AHAMITHYHA FeOMEeTPis, eIeMeHTH JiHifHOoT aarebpu
Ta MaTEMATUYHUN aHaai3. pyra dacTuHa MpUCBSIYeHa Teopii iIMOBIp-
HOCTell Ta eJeMEeHTaM MAaTeMATHIHOI CTATHUCTHUKH. Y TPETil JacTH-
Hi PO3IVIAHYTO Pi3HI 3aJa4l MATEMATHIHOTO MPOrpaMyBaHHs (3aaadi
onTuMmizarnii).

Vi Tpr 9acTHHE TiApYYHMKA MOOYIOBAHI 33 TAKHM IIPUHITAIIOM:
CIIOYATKY JAETHCS KOPOTKUHM BUKJIAL TEOPETUYHONO MATEPIaTy JAaHOl
TeMU, STKUH LIIOCTPYETHCST KOHKPETHUMY TTPUKJIAJAMEU; TOTIM TTPOIIO-
HYIOTBCST 3aJIa9l /I ayJIMTOPHUX 3aHATH (no3HaveHi jitepowo "O"),
caMocTiitEux 3aHaTh (jitepa "C") i ns poMarmHboro 3aBaaHHsS (J1i-
Tepa " IL”)-

Samadi migibpano Tak, mob CTYIeHTH He TITBKU (hOPMATLHO 3aCBO-
TAu T 9u AT MaTeMaTHdHl (haKTH, & 3MOIJIM 3aCTOCYBATH OTPHUMAHI
3HAHHA Y CBOEMY TIOJIAJIBIIOMY HABYAHHI Ta HACTYITHIE poboTi.

VY KHM3I 0YaTOK PO3B’sI3yBaHHS TPUKJIAJIIB TT03HAYAETHCS CUMBO-
JIOM <, 3aKiHYeHHsd — b.

Tpere BumaHHs BiAPIZHIETHCT BiJI ABOX MOMEPEIHIX THUM, IIIO BW-
NPABJIEHO OMUCKH Ta HETOYHOCTI, & TaKOXK Jero 30i/bineHo obesr 3a-
Jad 1 BOPaB.



Tema 1. BigHomieHnHs, Ipomopiril, BiAcoTKH,
apudmMernyHa Ta reoMeTpuYHA nporpecii

BingxoirenuaMm gucern a i b Ha3uBaeTLCA YaCTKa, Bl OlIEHHS ¢ Ha
b. TTo3Ha4aoTL BIOHOMIEHHST CUMBOJIOM % abo a : b. dxmo a : b=t
roa=0bt,b=a:t.

ITpormopriiero HasnBaeThCA PIBHICTH MBOX BifHOIEHL § = & abo
a:b=c:d.

Yucna a 1 d — xkpaiinl 4ieHn npomopiil, dncaa b i ¢ — cepemni
YJIEHH TTPOITOPIIil.

OcHoOBHa BJACTUBICTE TPONOPIHI: ad = be.

3 npomnopmil § = & MOXKHA OJEP:KATH HOBI IPOMOPIII, sTKi HA3HBa-
atb — c4d; 9y 2 = 4, 3) eph — oot

JOTBCA TIOXITHAME BiJ JaHoi: 1) . = o =2y
T.II.

Hexait maemo a8l mpomopitii: ¢ : b =d:erab: c=e: k, Toni
a:b:re=d:e:kabo g = g = . OcTamHsa PiBHICTh HA3UBAETLCS
noABOEHOIO ITporopiieio. Iloxigmowo Bix Hel €, HATPUKIAL, gjr'gig = 2.

AxIo BeAWYWHN T Ta Yy 3MIHIOIOTBCS TaK, IO IXHE BIIHOIIEHHS
SAIAMIACTLCS HE3MIHHUM, TO BOHU HA3UBAIOTHCS TIPAMO MPOTIOPIi-
HUMMH. Y 1HOMY BUIAJKY BEJUYUHHU Y TA 2 3B’si3aHi PIBHICTIO % =k,
abo y = kx, ne k — KoedilieHT TIPOTIOPIHHHOCTI.

Ko BemunHu = Ta Y 3MIHIOIOTHCS TaK, 10 IXHIH 706y TOK 3a/1u-
MAETHCA HE3MIHHUM, TO BOHH HA3WBAIOTHLCS ODEPHEHO MPOMOPIIiii-
HUMH. J[J19 TaKuX BEJMYMH NpaBuibHA PIBHICTE yr = k abo y = %,
k — crana.

AXITo YMCI0 ¢ HOAIIATH v BIAHOIIEHH] M @ 7, TO AICTAHEMO JHCIa

TIpukuasm 1. 3nafitu 2 3 nponopril (20 + 2z) : (20 — 22) =3 : 2.

< 3riHO 3 OCHOBHOK BJIACTHBICTIO ponoprii Maemo (20 + 2x)2 = (20 —
22)3 abo 40 + 4z = 60 — 6. 3Biacu onep:kyemo, mo 10z = 20 abo z = 2. >

ITpukiazm 2. Bigomo, mo 4 :5: 2 =3 :y : 7. uaittu z 1 y.

83 _— 15
4 T 4

b d

< 3 mponoprii 4 : 5 = 3 : y 3HAXOAUMO Y = , a 3 TIPOTOPIIT

4:7=3:73unaxomumo v = LT =28 »
IIpukgan 3. Bizowmo, mo 14 em? 3amiza Basknrh 109, 2 1. CKinbku rpa-

MiB BaJKUTH KYCOK 3aJ1i3a 06’eMoM 42 cum>?



< Ockinmbku Bara 3aji3a OpsiMo MPOMOPIiHa #oro o6’emy, To 14 : 42 =
=109,2: x, 3BiAKH © = 421% =327,6 . >

ITpukiazm 4. 3yGuare xoneco 3 8 3ybugmu pobutsh 95 00epTis 33 XBUIH-
Hy. Ckinbku 00epTiB 3a XBUIHHY 3pOOUTH KOJIECO, siKe 3UETITeHe 3 TePIIAM
i mae 20 3ybuis?

< Ockinbku 9uciao o6epTiB 32 XBUJIMHY JIBOX KOJIC, 3YEIIEHUX OJHE 3
OOHUM, 0DepHEeHO TpomopIiitHe YHCIy IXHIX 3ybmiB, To 8 : 20 = z : 95,

3BLOIKH T = w = 38 obepTiB. >

Bi,ZLCOTKOM (TIPOTIEHTOM) JIESTKOTO UHCA HASHBACTHCS iy TAC-
THHA {0ro 1 MO3HAYAETHCA CUMBOJIOM %.

PoaragremMo Tpu ocHoBHI 3a1a9i HA BiICOTKH: 3HAXOMKEHHSI Bij-
COTKa BiJ] JJAHOTO UHCJa; 3HAXOKEHHS THCIa 33 HOT0 BiJICOTKOM; 3HA-
XOJZKEHHST MTPOTEHTHOTO BiIHOIIIEHHS YHCET:

1) p% Big uncna ¢ gopiBHIOE 135

2) ko p% Bij Yucia ¢ JOPIBHIOE G, TO ¢ = 10}%;

3) mporenTHe BifHomenHs dnces ¢ i ¢ gopisuioe £ - 100%.

IIpuknazx 5. 3uaitru 19% Big gucna 80.

< OCKiJIbKI/I 1% Big ymcsa 80 mopiBHIOE ﬁ - 80, To 19% Bim uncsa 80
JOPIBHIOE 100 19=15,2. »

IIpukiaz 6. Binomo, mo 5% BKJIaAy B OIIaI0aHK CTAHOBIATL 170 rpH.
Yomy HOpiBHIOE BKJIAL!

< QueBuaHO, 0 1% BKIALY CTAHOBUTD
pisaroe 120 - 100 = 3400 rpm. >

ITpukaanm 7. fdxuii BincoTok ckaagae uncno 270 six 30007

3000 270 27010007 _ g7 1o

< CxJ1aeMo IpomnopIiio a5 = ; BBIIKHA p = <5550

BukopucroByBarumenmo HOSHaHeHHH. P — ocroBHa cyma, abo Karri-

170

“£= T'PH., TOMY B€Ch BKJIaJ, 110~

tan (mo9aTKOBA KIMBKICTh IPOIIEH, TTO3UIEHNX, B3ATUX Y TO3UKY ab0
iHBecTOBaHUX (BKJIAJEHNX) Kyau-HeOy/Ib); T — CTaBKa BijgcoTka (mpo-
nenTa) 3a pik (piuHwmit MOKa3HWK); ¢ — 9ac (TPUBAMICTL KPEAUTy abo
CTDPOK BKJIQJly B pokax); I — BesmanHa MPUOYTKY 3 KAMITAJIY Y IPOIIO-
RUX OQMHHUIAX (IIpOCTi mporenTn ); S — 3arajbHA CyMa (OCHOBHA CyMa
ITROC TPpUOYTOK ), sIKA BUHUKJIA HA KiHEIb 00YMOBJIEHOTO TIPOMIKKY
qacy.
Bigomo, mo nmpocTi BiACOTKHM 3HAXOAATHCA 38 (DOPMYJIOI

I = Prt,



a 3arajbHa cyma S = P + 1.

Ilpukaam 8. Bank nas no3uky B po3mipi 20000 rpu. acomiamnii mianpu-
eMUiB Ha 6 Micanip 31 craBroto 6% piunux. Busnauuru: 1) npocri BigcoTku
(mpubyToK 3 KamiTany); 2) 3araibHy cyMy (MalibyTHIO BAPTICTS).

<4 Maemo: P = 20000 rpu., r = 0,06, + = 0,5 poky. Toui: 1) [ = Prt =
= 20000-0,06-0,5 = 600 rpu.; 2) S = P(1 + rt) = 20000(1 + 0,06 -0,5) =
= 20000(1 4 0,03) = 20000 - 1,03 = 20600. >

V 3asa4ax Ha IPOCTI BIACOTKU CTaBKA BIJICOTKA T ODYMCIIOETHCS
BiAHOCHO OCHOBHOT cymu P. IHKo/M yroja Ipo HAJAHHS TO3UKK YKJIa-
JAEThCA 3& JOIOMOIOI0 AUCKOHTHOTO BeKcead. Y IILOMY BUIAIKY
miHa, Ky Tpeba CIIATATH 38 KOPUCTYBAHHS MTO3UKOI0, HA3HUBAETHCS
AUCKOHTOM. J[MCKOHT MAPaxOBYETbCST K BIJCOTOK BiJ 3aBepIIeHOl
BapTocTi. I1i BiICOTKY HABMBAIOTHCS CTABKOIO AMCKOHTY 1 IO3HATA-
oTbest 6ykBoio d. IlpocTuit auCKOHT D BU3HATAETHCS (HOPMYJIOIO

D=S-d-t,

ne t — TpUBATICTh Yacy (Micsiii UM pokw), HA KU TO3WYEH] IPOIIi.

ITpukiam 9. Pepmep y34B M03UKY Ha 9 MicsiiiB I BuaB 6aHKy JTUCKOH-
THHI Bekcenb Ha 1000 rpusens. CTaBka AucKoHTY gopisaioe 8%. Busnauuru
OPOCTUHA JUCKOHT.

< Maemo: S = 1000.; d =0,08; t = 19—2 = % poky. Toni D = Sdt =
= 1000-0,08- % = 60 rpu. OCKiTbKHU BEKCEb CKIAICHU BiTHOCHO 3aBepiire-
Hol BaprocTi y 1000 rpH., To ¢dpepmep orpumae Tinmbkir 1000 — 60 = 940 rpH.
IIs1 cyma Ha3MBAETHLCA BUPYYEHOIO CYMOTO BeKces, ab0 BUPYYKOTO, [T0-
3HaYaeThCs JiTeporo B 1 Bu3Havaerhes pisaictio B = S(1 — dt). >

ITpukiam 10. Ha paxyHok 10 omaa0aiky BHECeHO cyMy m IpH. CKilb-
KM rpoiei 6yae Ha paxyHKy 4epe3 t POKiB, AKIIO PaxyHOK 30LIbIIYETHCA
33 pix Ha p%?

< Yepes pik cyma Ha paxyHKy jopiemopatume m(1 + 742); depes mpa
poku — m(1 + 5=) + Em(1 + 5) = m(1 + 55)%; uepes Tpu poku —
m(1+ £5)% i r.a.

Orxe, uepes ¢ POKiB cyma Ha paxyHKy cranoputume my = m(l+ 25)".
Ile € dbopmyna ckIagHAX BiACOTKIB. >

ApudMerndHO0 IPOrpeciero HA3NBAETHLC YUCI0BA TOCIII0B-
HiCTb {ap,n > 1}, y SKOT PI3HAISA MK KOXKHUM WJICHOM, TTOUHHAIOIH
3 APYTOrO, 1 IOMEPEIHIM € CTATIOI0 BETUIYNHOIO.

3 IBOTr0 O3HAYEHHS BUILIUBAE, 10 Gpi1 = Gn +d, n € N.



Yucno d HasupaeThcd pisHUIIElo apudmerndrol nporpecii. Akimo
d > 0, 7o apudMeTHIHyY TPOrPECII0 HABUBAIOTH 3POCTAYUOK), a MPH
d < 0 — cmagnoro.

SaranbHuii YeH apudMeTnIHO! IPOrpecil 3HAXOAUTHCS 33, (hop-
MYJIOIO Gy, = a1 + (n — 1)d.

Koxunit wien apndgpMeTHIHOI TPOTpPecil, TOYMHAIOYN 3 JIPYroro,
JOPIBHIOE CepeIHbOMY apU(MMETHIHOMY JIBOX CYCIAHIX 3 HUM UJIEHIB,

TOOTO
ak—1+agpy L

2
JlaHe CriBBiIHOTIIEHHS HA3UBAIOTH XaPaKTEPUCTUYHOIO BJIACTUBIC-
TIO apuOMETUYUHOT TTPOrPecit.
Cyma n nepimux 4jieHisB apudMeTrndHOl TPOrpecil 3HAXOAUTHCS
32 hOPMYIIO0

ajp. = 22.

(a1 + ap)n o S — (2a1 + (n — 1)d)n.

Sn = 2 2

Bigomo, mo ai + am = ap +aq, ne k+m =p+q.

IIpukmaam 11. Ilpu ginendi ges’sITOro 4jaeHa apu@MeTHIHOI ITporpecit
Ha APYTUA YieH 9acTKa JOPIBHIOE &, a TPW JAUIEHHI TPUHAIIATOTO YIeHA
Ha TMOCTHH YieH YacTka J0piBHIOE 2, a ocrada — 5. 3HaiiTu neprmit wnen i
PI3HUITIO TTPOTPECl.

<4 Maemo 22 =5, 43 =2 (ocrada 5), TOOTO ag = Sas, ajz = 2ag + 5.

a2 cas
Toxi
a1 + 8d = 5(ay + d), 4a, = 3d,
a1+12d:2(a1+5d)+5 a1 = 2d — 5.

3Bigcu BUILIUBAE, O a1 = 3, d = 4. >

IIpukaam 12. [lianpueMcTBO pO3MIOYAIO BUKOPUCTOBYBATH HOBE 00JIa-
AHAHHA BapTicTio 3 MuH. 700 Tuc. TPH., BAPTICTH OOJAIHAHHS 3MEHIIYETHCS
(uepes aMOPTU3AIII0) KOKHOrO poKy Ha 150 Tuc. rpuBeHb. 3HaliTu BAPTICTH
nanoro obnagHanHa depes 10 pokis. IIpu BapTocti 400 Tuc. rpuBeHs 0614~
IHaHHS OylIe HeMpUAaTHUM IjIs BUKOpucTtands. Komu e Hacrade?

< 3rigHo 3 yMOBOIO 331241 BapTicTh 00MAMHAHHS 3 KOXKHIUM POKOM 3MEH-
uryBaTuMeThes Ha 150 Tuc. rpH., ToMy iioro BapTicTh (y TUC. TPH.) 3 POKaMu
purisggarame Tak: 3700 — 150, 3700 — 2 - 150, 3700 — 3 - 150, 3700 — 4 - 150,
... abo 3550, 3400, 3250, 3100, ...



JlaHa MOCHIIOBHICTH YTBOPIOE apudMeTHYHY mporpecito 3 a; = 3550,
d = 3400 — 3550 = —150. Tomy a1 = 3550 + (10 — 1) - (—150) = 3550 — 9-
150 = 2200 Tne. TpH.

3 pienocti 400 = 3550+ (n—1)(—150) 3naxoaumo 150n = 33001 n = 22.
Omxe, nane obJaTHAHHA MOXKHA BUKOPHUCTOBYBATH 22 POKH. D>

TeoMeTpuuHOIO TPOrpPeCci€ld HA3UBACTHLCA UYUCJIOBA IIOCJIIIOB-
Hicts {bp,n > 1} HEHyJIbOBUX UHUCET, Y AKOI YaCTKa Bl JLICHHS
OVIb-sIKOrO WIeHa, MOIHHAIOYN 3 JIPYroTo, Ha IMOIEperHiil € CTaao
BEJIAIMHOIO.

TeomeTpuany mporpecito MoxHa 387aTH (POPMYJIOO

bn+ 1
br,

=q¢, ¢#0. neN,

e ¢ — BHAMEHHUK TeoMeTpuvHol mporpecii. I'eomerpuyna mporpecis
HA3UBAETHCS 3POCTAI0YU0I0, AKIIO || > 1,1 — cnaauomo, axmo |g| < 1.
@opmyJia 3araJbHOTO YJI€HA TEOMETPUYHOI TPOTPecii Mae BUT-
itz
bn == blqn_l.

XapakTepucTuYHa BJIACTUBICTH FeOMETPUYHOI IPOrpecil Taka:
2 _
bn - bnfl bn+1'
Cyma n meprmx 4jeHiB reoMeTpHYHOl Iporpecil 3HaxX0IuThC s
32 hOPMYIIO0
bi(1-4")

S, = ———= abo Sn:m.
l—g¢q l—q
agmo ¢#1 185, =nby mpuqg=1.

Maemo Takox biby, = byb,, axmo k+m =p +r.

Axmo |g| <1, To npu Heobmezkernomy 36ibIIeHH] T (N — 00) CyMa
S, TIPIMYE 0 JHUCIa f’%q, sIKe HA3WBAETLCSI CYMOIO HECKIHYEHHO
CIIAJHOT TEOMETPUYHOT NMPOTPeECil i To3HAYACTLCsT OYKBOIO S, TOO-
TO
=T

ITpukiam 13. 3uaiity YUCAO YMeHIR PeOMETPUYIHOT Tporpecii, B KOl
nepini 4nen nopisuwe 3, npyruit — 12, a ocrannwift — 3072.

S



< 3rizgHo 3 ymoBow by = 3, be = 12, a b, = 3072, TobT0

b1 =3,
b1q = 12,
big" ™! = 3072.

3 Ipyroro piBHAHHS OAEPKYEMO, IO ¢ = 4, a TOMY TpeTe PIBHSIHHSA
HabyBae BUMILLY 3-4""1 = 3072 abo 471 = 1024, To6To 47! = 4°, 3BimKN
BUIIMBaE, Mo n —1=5in==6.>

Ilpukaam 14. TleperBopuru HEeCKiHUYEHHUH nepioauvHuii JeCATKOBUI
Jpi6 0,4(13) y 3pnuaitawii.

< Ockinbku

4 13 13
0,4(13) = —+ ——+ ——— + ...,
(13) 10 1000 100000 ’
TO 3BIICH BUILJIMBAE, MO TCTA MEPIIOTO TOMAHKA MAEMO CYMY HECKiHTeHHO
CTIAIHOT TeOMEeTPUIHOL Tporpecii 3 by = % ig= ﬁ.
Tomy
13
4 1000 4 13 409

0,4(13) = — _4, B _ 409
e T e W T Rl T M

Bopasu

O1. 3uafity T 3 TPONOPILl:

Dx:5=(x—6):3; 2) (3,22 —2): (1,7 +1)=3:4.

O2. IloginuTu 125 Ha YOTUPK YACTHHU TaK, IMOO TEpIia YacTuHa
BigHOCHIACH MO APYTOl, sTK 2 : 3, Apyra A0 TPETLOl, K 3 : 5, a TpeTd
IO 9ETBEPTOI, K 5 : 6.

03. Cnogarky miny Ha Topap suu3uar Ha 20%, a TOTIM HOBY LiHY
nigsummn Ha 20%. Ak 3minunacd modaTkoa miHa?

04. Tlepme 3 Tprox uncen ckaagae 25% sia npyroro ta 30% six
TpeTboro. CKiAbKK BIACOTKIB CKAAIAE TPETE YUCIO Bix gpyroro?

O5. Ilpubyrok ckiamgae %5% ninp ropapy. CKINBKM BiICOTKIB
CKJIaJaE 11e Bijg cobiBapTocTi ToBapy”?

06. Tlpr BUKOHAHHI KOHTPOJLHOI POOOTH 3 BUINOI MATEMATHKH
12% crymenTis 30BCiM He posB’azaan 3ama4l, 32% po3B’d3aad 3 IO-



MWIKaMu, a pemrta 14 crygenTis po3s’g3aiu NpaBuibHO. CKUIBKH
CTYIEHTIB y IpyIi?

O7. Hina 60 npumMipHUKIB 11€pHIOro TOMY 1 75 IPUMIPDHUKIB APYTro-
ro Tomy migpydnuka ckiagae 405 rpu. Ipr 15% 3nuKii ma neprimit
roM 1 10% sumkii Ha apyruit Tpeba samnarut 355 rpu. H0 ko, Bu-
3HAUUTHU I[IHY KOXKHOI'O TOMY.

08. Omanbank pumiagye mopigro 3% sig BHeCKy. Yepes cKLIbKK
POKiB HasiBHA CyMa IEDPEBUIIYBATHME TIOJIBOEHY IIOUATKOBY !

089. SIky cymy Tpeba iHBeCcTyBaTH Biapasy Ha ymosax 6% plunmx,
o6 yepe3 § MicsdIliB 3 MOMEHTY 1HBECTYBaHHS OTPUMATH MalbyTHIO
BapTICTh, 1110 CTAHOBUTL 9828 piunux?

010. Iianpuemers BUAaB OAHKY 8-MICAYHUIA BEKCEIb HA CYMY
12000 rpu. Craska muckonTy mopisHioe 9%. HeoOxinHO BU3HAYHUTH:
1) aKky cymy Bim oTpmMmae y O6aHKy; 2) 9Ky CyMy BIH CILIATUTL OaH-
Ky B KiHI 8-MICAYHOrO CTPOKY TIpW HOraireHHi 60pry; 3) dKky cymy
3apobuTh 6aHK Ha mif yromi?

O11. Bigomo, 1m0 cyMa n IEpPIIUX YIeHIB AesdKkol apudMeTuaHOol
nporpecii S, = 4n? — 3n. 3HANTH TP NEPIINX WIEHH L€l IPOrpecii.

O12. Typucr, niiHIMAaIYUCh, YTOPY, 34 MEPIIY T'OJUHY TPORIIOR
800 M, a 3a KOXKHY HACTYIIHY TOAUHY TPOXOIUB Ha 25 M MeHIIe, HiXK
3a HOMEpPeIHI0. 3a CKUILKY TOIMH Bia mocdarde mosHauku H700 m?

013. Obmagnannga Baprictio 20 THCAY TPHUBEHL YHACTLIOK €KC-
Iyaramil Brpadae KOXKHOIO POKY 2 THCAYl FPUBEHD. 3HANTH BAPTICTh
1bOro obJTaHAHHS Yepe3 5 POKIB, & TAK0XK CKLIBKY POKIB JOILIBHO 1€
obJiagHAHHS BUKOPHCTOBYBATH, SIKIIO TPH BAPTOCTI 4 THCSIYl TPUBEHD
obJ1a/IHaAHHS BUKOPUCTOBYBATH HEJOIIBHO.

014. Tpu siknx 3nadennsax ¢ uucaa 271, 4, 4272 Gynyrs noci-
JOBHUMU YJIEHAMEU apupMeTUIHO! Tporpecii?

015. Cyma mepiiux TpboxX WiICHIB FeOMETPHYHO! IPOrpecil 1opis-
Htoe 21, a i1 3HaMeHHuK — 2. 3HAHTH CyMy NEPIUX II'SITH YJIeHIB Tiel
mporpecil.

016. Tpu umcia, Tpere 3 IKWX JOPiBHIOE 12, YTBOPIOIOTL TEO-
MeTpUYHY Tporpecito. dAxmo 3amicTs 12 B3ati 9, To 1M Tpu YuCIa
YTBOPIOBATUMYTL apUPMETHIHY TTPOTPECito. SHANTH 11 ducia.
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017. Koxnoro micsis ciM’st saocutsh 100 rpuBeHb Ha paxyHOK B
omaabalKy 3 METOIO HAKOIIMYEHHS I OlepyKaHHs IpUOYTKY B PO3Mipi
3% 3a koxen micanp. 3HafiTu: 1) CyMy HAKONIMYEHb UEPE3 7h MICAIIB;
2) 6esmocepenubo micast 10-ro BHECKY.

C1. Poboumit nennp ckopormau 3 8 no 7 rogun. Ha ckinbku Big-
coTKiB Tpeba 3OUILITUTH IPOAYKTUBHICTEL TTPALl, 06 TPHU TUX CAMUX
PO3MiHKaX 33 BUKOHAHY poboTy 3apobiTHa IiaTHs 3a pobounit seHb
spocsa Ha 5%7

C2. B anTUKBApHOMY MAaTa3MHI IPOJIABAACH HOPOTa KAPTUHA, KA
JIOBrO He 3HAXOIWIa TTOKyNis. BJacHUK KapTHHU PO3NOPSIUBCS 3HU-
JKyBaTH BapTicTh KapTuau Ha 10% B ocTaHHi# /eHb KOXKHOIO MiCAIs.
Yepes niBpoky xapTuHy npoyasu. Ha ckiibKy BiJICOTKIB, ¥ TOPiBHSH-
HI 3 TOYATKOBOIO BAPTICTIO, 3HU3MJIACH BAPTICTE KAPTUHUNT

C3. 3naiiTy 1ije gofaTHE YHCIO N 3 PIBHAHHS

8+ 3n
(3+6+9+...+3(n—1))+(4+5,5+7+...+T) = 137.
C4. 3maiiTy Tpy YHCIA, SIKI YTBOPIOIOTL FEOMETPUUHY IPOrPECiIo,

SKINO TxHI 1o6yToK nopisHioe 64, a cepenne apudMeTnydne — %.

C5. Tpu uncia yTBOPIOIOTE FEOMETPUYHY Tporpecito. fAKio apy-
re 4ucjo 30UIBIIUTH HA 2, TO TPOrpecis craHe apudMETUYHO, a
SIKIIO TGS OO 3OLIBIIATH TPETE YUCIO HA 9, TO mporpecis crame
3HOBY T'€OMETPUYHON. SHAUTH 11l YUCIA.

JlomaritHe 3aBIaHHA

1. 3ralitu x, 9KI10:
Dx:(10—2)=2:3; 2) (2,52 —3): (3,5 —2)=5:9.

J2. Ha BcrynnoMmy ekszameni 3 maremarukn 15% abirypientTis me
po:a%a,}m KOmHOI 3aga4i, 144 ocobu po3B’sa3a/an 33124l 3 TOMIIKA-
MU, & YUCJ0 TUX, XTO PO3B’SI3aB VCi 337124l MPaBUIbHO, BIJIHOCUTHCS
IO 4HCIa THX, XTO He Po3B’sa3aB »koauol, sk 5 : 3. Ckigbku abiTypi-
€HTIB €K3aMEHYBAJIOCS 3 MATEMATUKHU ITHOTO JHAT

J3. AnTuKBapHM MAarasuH, OPUIOABIIA [Ba IPEIMeTH 3a 225
rpH., TpoaB ix 3 npubyTkoM 40%. CKinbKK KOIITYBAB MATA3HEy KO-
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SKHUH TIpeaMeT, [KINO BiJ meprnoro ofep:xano 25% npubyTky, a Bia
apyroro — 50%.

H4. Tloginutu yncao 121 y Bigmomenni 1 : % : %

5. Knmxxa komrysana 3 Tpa. 80 xon. CxisbKy BOHA KOMITYBa-
THMe TGI8 OBOX IOCHITOBHUX IiABUINEHL crovyarky Ha 20%, morim
Ha 25%7

6. Heobxigno orpumaru mo3uky B posmipi 8000 rpusenb Ha 6
Micsiiie. Bank mponomye AuCKOHTHHI BeKcesh 31 craskoio 12%. Bn-

3HAYUTH: 1) 3aBEPIIEHY BAPTICTh MiJIMUCAHOTO TUCKOHTHOTO BEKCEIS;

2) ckinbky KomrysaruMme Kopucrysauus 8000 rpa. mporarom 6 Micsa-
I[IB 3TiIHO 3 IIMM JUCKOHTHHUM BEKCEJICM !

J7. Bigomi gsa wnenn apudmernyanol nporpecii a1 = 7, a5 = 19.
BHafiTH CyMy CTa TIepINX UJIEHIB Ifiel TPorpecii.

8. TUaruit wien reomerpuyHol mporpecili popisuioe 324, a cbo-
Muit wieH — 2916. Srafitu nepruit wieH 1iel nporpecii.

9. Horupu uucia yrBOPHIOTL T€OMETPUYHY TPOrpecit. fAximno
10 IBOX IEPIINX HHCET AOJATH 10 1, & 10 TPeTboro i 4eTBepToro —
Bigmosinno 4 1 13, To omep:KuUMO apudMETHYIHY IPOrPecio. SHAWTH I1i
qUCIA.

J110. Cyma ujieHiB HeCKIHYEHHO CIIa/IHOI TEOMETPUYHOI Tporpecii
;LopEIoe 56, a cymMa KBaJpaTiB WieHIB i€l K Mporpecil JTOPiBHIOE
448. BuaiiTy nepIiuil WieH i 3HAMEHHUK JIAHOI pOorpecil.

JI11. Posp’sizaru pisusianst 22 + 1+ 22 — 23+ 2t — 25+ ... = 16—3,
ne |z| < 1.

J12. Koxnoro poky jleska ocoba Bkjagae no 6anky 1000 rpH.
JUIsT Hakonn4eHHst 3 (bikcopannm 8% mopiuaum npupocrom. Crimbkm
KOIITiB BoHa MaTuMe deped 11 pokis?

H13. 1) Mignpuemens B3siB y 6opr 3905 rpuBeHb 3 yMOBOIO T10-
Bepw 20 rpUBeHD y TEPITUH MICAH 1 TOAAILIINM 3POCTAHHIM IIi€]

cymu Ha 15 rpuBeHb IoMicdIlst. SIkuit TepMiH floMmy mOTpiGeH s 110-
BepHEHHsT 6opry?

2) IMlomicaune moBepHeHHst 6aHKY GOPry MiANPUEMEND 3AIACHIOE
3a apudMeTnuHO mporpeciern. Ckiabku oMy mOTpiOHO MOBEPHYTH
KOmTiB y 20-My Micdrli, AKIo #oro BHECKH ¥ 8§-My Ta 15-My micaiax
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6y 153 Ta 181 rpuBenb BigmosigHo?
Biagnosiai

01. 1) 15; 2) = 1,43. O2. 125 @. %, %. 03. 3venmmuaack Ha
1%. 04.83.3%. O5.12,6%. 06.25. O7.3 rpn. 3 rpr. O8. 23.
09. 9450 rpr. 010. 1) 11280, 2) 12000, 3) 720. O11. 1; 9; 17. O12. 8.
013. 10000 rpi.; 8 pokis. O14. 3. O15.93. O16. 3, 6, 12; 27, 18, 12.

100((1,03)" -1
017. 1) 1,03 - 1ULODT=1), 9y 100003 7-D)  1146,38. C1. 20%. C2.

47%. C3.7. C4.2,4,8;8,4,2. C5.4,8,16; =, —38, & 1. 1) 4;
2) . 2. 240. JI3.90; 135. JI4. 66, 33, 22. JI5. 5 rpu.70 xom. JI6.
1) 8510,64; 2) 510,64. JI7. 15550. J8. 4. J19. —3, —6, —12, —24. JT10.
by =14, ¢=3. JI11. 1 —I. M12.1000-1,08- 11?3;1:11 ~ 17977, 12 rpi.
J13. 1) 22 micaui; 2) 201 rph.
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Tema 2. BuzHauHUKHN ApPYyTroro NOpAaKy
i cucremMu nBOX PiBHAHB IIEPIIOTO CTETEHS
3 ABOMAa HEB1IOMMUMUN

Pozryiaremo kBagpaTHy TabAHIO 3 YOTUPHOX YUCET G11, G412, 421,

a
A:( 11 a12>. (1)
ag1 22
Jany Tabano HA3HBAIOTh MATPHUIEIO APYroro nopdaaky. ducio

011622 — G21G12 HA3BUBAETHCS BU3HAYHUKOM JPYTOTO HOPAIKY,
o Bignosiae marpuri (1). [leit BU3HAYHUK MO3HAYAIOTH CUMBOJIAME

|A], detA a6o ‘ @ an

a22

. OTke, MaeMo

asy G292
a11 G612 | 9
= a11022 — A21G12. (2)
asy G292

Yucna ai1, a12, 91, G2o HA3UBAIOTHCS €IEMEHTAMHU BU3HATHHKA.
Kaxyrs, mo enementu a1, 2o 1€XaTh Ha TOJOBHIH AiaroHasi BU3Ha-
YHUKA, & a9, 091 — HA 1M06i4uHii. ToMy, BUBHAYHUK JIPYTOrO MOPHNIKY
JOPIBHIOE PISHUIN MiXK JTOOYTKAMM €IEeMEHTIB, sTKi JI€XaTh Ha TOI0B-
Hi#t 1 mobiuHiit JiaroHaIsIX.

2 5
s 4 =2-4—(-3)-5=23.
Pozryianemo cucremy ABOX PIBHSIHD

Hampuknan, ‘

1171 + a1229 = €1, (3)
as1x1 + ook = Co

3 JBOMAa HEBIIOMHUMH 1, Zo. KoedilienTn ai1,a19,a91, 092 1 BLILHI
YIEHH €1, Co BBAXKATUMEMO 33aHUME. BBemeMo mo3HavenHs:

C1 a2
C2 Q22

a1 a12
a1  G22

a1 1

A= Al’l = A$2 = (4)

b b

a1 C2

Busnmaunuk A, ckiagennit 3 KoedilieHTiB IpU HEBIIOMUAX CHCTEMEI
(3), HA3BMBAETHCST BU3HAUHUKOM CHCTEMH. Buznadnnk Az OnepKye-
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TBCS 3aMIHOIO €IEMEHTIB IIEPIIOrO CTOBIYMKA BU3HAYHHUKA A BLIL-
HUMHU WIeHaMu cucTeMu (3), a BU3HAYHUK A, — 3aMIHOIO BiIBHUME
YjIeHaMy cucTeMu (3) eeMenTiB Horo Apyroro CTOBITYHKA.
Axmo A # 0, To cucrema (3) Mae €TUHAIE PO3B'I30K, SIKW BU3HA-
qaeThcst opmysiamu Kpamepa
Ag, A,

xr1 = A s To = . (5)

VY npomy BHNAAKY cucreMa (3) HABHBAETHCS BUIHAYEHOIO.

Axmo A = 0 i npu npboMy TpuHANMHI OJNH 13 BU3HAYHUKIB Ay,
Az, Biaminamit Big Hyss, TOo cucrema (3) He Mae po3B’si3kis ( Hecy-
MicHa).

Axmo & A = 0, ane Takox Ay = Ay, = 0, 1o cucrema (3) mae
6e3/1i4 po3B’sI3KiB. Y I[LOMY BHIAJIKY OJHE 3 PIBHIHB € HACILIKOM
JIPYTOTO i crcTeMa HA3WBAETHCsI HEBU3HAYEHOIO.

Hexait B (3) ¢1 = ¢co = 0. Toxi cucrema (3) mae BANISAT

a1171 + a12x2 = 0, (6)
a2171 + axnxy =0

1 HA3UBAETHCA OJAHOPiAHOI0. Bona 3aBx /i Mae HYJIbOBHH PO3B’SI30K

1 = 0,20 = 0. dximo A # 0, To 1eit pO3B’sI30K €IUHUNA; AKIIO K

A =0, To cucrema (6), KpIM HYJILOBOTO, Ma€ 6314 IHIINX PO3B’sI3KiB.
ITpukgazm 1. 3a gonomorow ¢popmys Kpamepa po3s’sizatu cucremy

2z 4+ 3y =0,
6z — 12y = —T.

2 3 0 3
<1MaeM0A—‘ 6 —12 ‘——42, Am—‘ 7 _12 =21,
_|2 0 |_ . s 21 _ 1 _ —14 _ 1

Ay—‘ﬁ _7 ——14.‘TO,ZL11'—_—42——§, Y= —p5 —3-
Ot3Ke, PO3B’A30K CHCTEMU T = — %, Y = % >

Ilpukaam 2. Hocninutu 3a SKUX yMOB, HAKJIAJIEHHX HA KOeDIIieHTH,
cUCcTeMa JHIHHEUX PiBHSHB

axr + 4y =2,
9z +ay =3

15



BU3IHAYEHA ab0 HECYMICHA.
< PoaryisiHeMO BU3HAYHUK CUCTEMH

_a4_2_
A—ga—a 36.

Oueruano, mo A # 0 npu a # £6, a TOMy B I[bOMY BHIAIKY CHCTEMA MAE
enuauil po3s’asok. Axmo a =6, 0o A=01

2 4 6 2
Ao = 3 6 =0 Ay_‘g 3‘_0’
TOOTO cuTeMa Mae 6e3IiY PO3B’A3KIB.
IMpua=-6 A=0,al,= g —46 ‘ = —24 # 0, 3BiAKM BUMLIUBAE,
IO CHCTeMa HeCyMicHa. b
Bopasu
O1. ObuucauTy BU3HAYHUK:
4 -1 sinff —cosf z—1 1
1 2 ; ;
)‘3 2 ) cosf sinfg |’ 3) 2 2?4z ‘
x 2x41
4) $_+1 x;rl
T+l ozl
02. Pozp’szarn piBHANHS:
2 r—4 x z+1 4sinx 1
1 =0; 2 =0; =
)‘1 4 0; ) —4 x+1‘ 0; 3)‘ 1 cos T
03. Po3p’st3atu HEPIBHICTD:
3z —3 2 r 3z
1)‘ 1‘>O, 2) 4 o < 14.

O4. Po3p’si3aTi CUCTEMY DIBHSIHD:

1){333—53/:13, 2){23:—33/:6, 3){ T —1/3=1,

2z + Ty = &81; 4z — 6y = 5; V3 — 3y =V/3;
z+y=1, 2z + 3y =1,
4){33—3/—2; 5){3x+5y—4.
O5. BusnaunTu, Ipu SKWX 3HAUYEHHAX @ 1 b cucTeMa pIBHSIHL
3z —ay =1,
6x+4y=>b:
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1) Mae equHIiT PO3B’I30K; 2) HE MAE PO3B’A3KiB; 3) Mae He3/1id po3B’sI3-

KiB.
06. TIpu srmx 3HadeHHax k OZHOPIIHA cHCcTeMa

krx+y =20,
4+ ky=0

Ma€ HEHYJIBOBI PO3B a3Ku 7
O7. 3naiiT yci po3B'd93KH KOKHOI 3 CHCTEM:
1){3w—2y+5z:0, 2){ z—3y+z=0,
z 4 2y — 3z = 0; 22 — 9y + 32 = 0;
){3$+2y+2z:0, 4){ 24y —2z=3,
5z + 2y + 3z = 0; 3z +3y+2z2=1.

O8. JIyist BUMOTOBIEHHS. IBOX BUIIB TOBapiB A i B BUKOPHCTOBY-
10Tb 500 kT cTam ta 950 KT mIacTMacu, TPUIOMY Ha OTUHHUIIIO TOBADY
A purpauarorsl0 xr cramm i 40 KT mwacTMacH, a Ha OJUHHUI0 TOBAPY
B — signosiano 20 kri 10 k1. CxijbKE OAUHUIE KOXKHOIO TOBApY Oyie
BUTOTOBJIEHO, SIKIIO TTPH TLOMY BUYEPIIAHO BCl pecypen?

C1. JlocniguTtu, npy sIKUX 3HAYEHHSX TTapaMerpa A CUCTEMA

5z + Sy =4 + Az,
Te+3y=1+ Xy

6y/e BU3HAYEHOI, HEBU3HAYEHO, HECYMICHOI; PO3B’I3aTH 11 JIJIsT TUX
SHAYEHDL A\, IPU SIKUX BOHA BU3HAUCHA.
C2. Posp’sa3aru cucreMy PiBHSIHD:
){ 2r +y — 2z =3, 2){x—3y+az:(),
3z +3y+ 22 =T, bx + 6y —z=0.

JlomaritHe 3aBIdaHHA

1. O6uncourr BUSHAYHUK: 1) ’23 :111 ‘ :
tga —1 a+b a—0b| a+1l b—c
2)‘ 1 tgo 3) a—b a+b"4) a’>+a ab—ac
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J12. Po3p’si3aTr pIBHAHHS:

333 —1 3.
1) ‘ x 22—3| 2
-4 -1 cos8r —sinbz
2) z—2 z+2 =0 3) sin8r  cosbx =0
3. Po3p’st3aTi HEPIBHICTD:
22 —2 1 1 z+5
1) ‘ e 9|79 2) ‘ 5 <0.

4. 3nafiTi Bei PO3B’A3KK KOKHOI 3 IIOJAHUX CHCTEM:
1){ 3y — 4z =1, 2){30\/5—511:\/5,
3z + 4y = 18; r—y/b="5;

3){ 3z —2y+2 =0, 4){ ar+2y—z=0,

6z — 4y + 3z = 0; 2z + by — 3z =0;
5){2w—5y:—2, 6){ z—3y+z=0,

z+4y =3; 2z — 9y + 32 =0.

5. JlocmianTu, npu sikux 3HAYEHHSX MapaMeTpa A CUCTeMa PiB-
HﬂH:BI/BHaHeHOIO, HEBU3HAUEHOIO ab0 HECYMICHOM; PO3B’a3aTu 17y
BUITQIKY, KOJIM BOHA BUSHAYCHA!

1){ Ax+(A+1)y=5, 2){ Az + (A +10)y = —1,
3z + 4y = 5; A=10)z+ A+ 1)y =2.

6. JIa Busu Gakrepiit By i Be icHyoTh y npobipil # coosKuea-
IOTh JIBa BU/H cyGerparie St i So. Cepenapo1000Be CIIOKUBAHHS CY0-
crpary S; 6akTepisMu Buy Bj CraHOBUTH a4, {1,757} C {1,2}. Hass-
Huil 3anac cyberpary S; cranoBuTh ¢, 4 € {1, 2}. fka uncenbuicrs 1o-
nyJisniit 060x BuiB OakTepiit MOXKe ICHYBATH Y NaHOMY CEPEIOBHIIN,
akmo A = ( @i an ) = ( L2 ) C = (1, ¢2) = (4000, 3000) i

as1 499 1 1
HakTepil COKUBAIOTL YBECH 3arac cybeTpaTis.

Bigmosimi
O1.1) 11;2) 1;3) -1;4) 1. 02.1) 12;2) -1;4; 3) (-1)4r + =k g ¢

Z. 03. 1)z >3;2) -1 <z < 7. 04.1) (16, 7); 2) necymicua; 3)
z=1+y/3, y € R 4) (3;-3); 5) (-T:5). 05.1) a# —-2;2)a= -2
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b#2:3)a=-2,b=2 06.k==1. O7.1)z=—2t,y="Tt 2= 4,
teR2)z=0,y=tz=31teR; 3z =2ty =1tz=—41 € R;
)z =12+5t),y=1(5-3¢t),2 =t,t € R. 08.20; 15. C1. Cucrema

BU3HAUeHA IpH A # —2; A # 10; 2 = (A+;)_(‘f\);10), Y = (A+_2§‘(;\2310). pu
A= —2inpu A = 10 cucrema mecymicra. C2. 1) x = 2852 4 = 27z

)z =3(1—-2a)t,y = (ab+ 1)t, 2 =3(b+2)t, t € R, 3a ymoBu, mo a # 1/2
abo b # —2. dxkmo a = 1/2,b = -2, 10 z = 23y — ), 2 € R, y € R.
A1.1) =5;2) —5—;3) 4ab; 4) 0. J2.1) z1 = —1/6, 22 = 3/2;2) z = 2;
e ="C "y ez A3.1)z < -32) z>-10 4. 1)z = 2,
y = 3; 2) Hecymicha; 3) x = 2t,y = 3t,2 = 0, t € R; 4) 2 = (b — 6)t,
y=0Ba—2t z = (ab—4t, t € R, agmo a # 2/3 abo b # 6 ; npm

a=2/3,b=6z:=2z+2y,z€RyeR b5 z=_Ly=-1:6)
z =0,y = t,z = 3t,t € R. O5. 1) Cucrema BusHaueHa mpu A # 3:
x = —b5,y = 5 npu A = 3 cUCTEMa HEBU3HAUYEHA; 2) CUCTEMA BH3HAUEHA
mpu A # —100: 2 = — ?’)\(;\TO?, y = 32539 nmpu A = —100 cucrema HecyMicHa.

A.6. 2000, 1000.
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Tema 3. BuzHauHUKU TPETHOTO MOPAAKY Ta I1XHIi
BaactuBocTi. CucreMu TphOX PiBHAHB IEPIIOTO
CTeleHs 3 TPpbOMa HeBigoOMUMU

Hexait 3amgana KBaApaTHa TabIUIIST (ManI/IL[H) 3 JIeB'dTH YuCe
ai1; a1z, 413, a21, a2, G23, A31, 32, 433

ail a2 a13
A= a2 a2 a3 |. (1)
a3 azz2 aszs

BuzHauHUKOM TPETHOTO NOPAAKY, IO Bianosigae tabmuamni (1),
HA3WBAETbCS YHCII0, AKe TO3HAYAEThCs cuMBotamu |Al, detA abo

ail aiz2 ai3
az1 a2 a3
az1 a3z 433

1 BU3HAYAETHCS PIBHICTIO

a1l G12 613
Q21 G2 G393 | = 411022033 + 021032013 + A31Q12023—
a31 432 033

—a31022013 — (210120433 — 432023011

Yucna ail, aiz2, a1z, ag1,. a2, 423, a31, A32, 433 HASHBAIOTHCA €Ie-
MeHTaMH BU3HATHUKA. MIeMEeHTH ¢ 11, G99, G335 PO3MIIIEH] Ha TOJOBHINK
JiaroHaJsi BU3HAYHWKA, & eIEMEHTH 13, (29, ¢3] YTBOPIOIOTEL HOro Mo~
6IYHY JiaroHaJlb.

HaramgaemMo BracTuBoCT] BU3HAYHUKIB.

Buaacrtusicts 1. Benmunna BU3HAYHUKA HE 3MIHUTHCH, SIKIIO BCi

HOro paAmKM 3aMIHUTH CTOBIUMKAMN, NPUIOMY KOXKHHUH PSI0K 3aMi-
HATU CTOBITYMKOM 3 THM CAMUM HOMEPOM.

Buaacrupicts 2. IlepecranoBka JIBOX CTOBIYUKIB abo JBOX Pdjl-
KiB BU3HaTHUKA PIBHOCHILHA MHOXKEHHIO Horo na —1.

BaacTusictb 3. Ko BU3HAYHEK Ma€ IBa OAHAKOBl CTOBITYHUKH
(psakm), TO BiH JOPIBHIOE HYJIEBI.
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Baactusictb 4. Muokenns BCIX €JIEMEHTIB OSHOTO CTOBIYHUKA
(pajKa) BU3HAYHUKA HA JOBLIBHE YHCIO A PIBHOCHIBHE MHOKEHHEO
BU3HAYHHUKA Ha I[e YHUCJIO .

Hampuknan,
Aair a2 ais a1 a2 dais
Aaar a2 @2z | = A| G21 G2 Qo3
Aaz1 azz2 ass a31 az2 a33

Buiactusicts 5. fKio Bl esieMenTy Jesikoro CroBu4uka (psixa)
JOPIBHIOIOTH HYJIO, TO 1 caM BU3HAYHUK JIOPIBHIOE HYJIEBI.

BaacTusictb 6. Sxmo BiaAmoBigHi eeMeHTH JIBOX CTOBITUHKIB
(psaKiB) BU3HAYHHUKA TPOMOPIHHHI, TO BU3HAYHUK JIOPIBHIOE HYJIEBI.

BuaacrusicTsb 7. K0 KOXKHHUI €1EMEHT 4-I0 CTOBIUHKA ( PAIKA)
BU3HAYHUKA € CYMOIO JIBOX JIOMAHKIB, TO BU3HATHUK MOXKHA TTOJATH ¥
BUIJISIJI CYMH JIBOX BU3HAYHUKIB, TIEPIIUI 3 STKUX B 4-MYy CTOBITUUKY
(paKy) Mae TIepI i3 3raJaHux JOJAHKIB, & JIPYTHil — IPYTi; eeMeH-
TH, STKi CTOSATH HA PEMITI MICISX, ¥ BCIX TPhOX BU3HAYHHKAX OJIHI ¥ Ti
cami.

Hampukaaz,
aj, +aip a2 ais ay, G2 Q13 afy, a2 ais
a’21 + (1{2,1 a22 Q23 = a’21 a22 Q23 + a’2’1 a22 4923
ab, +a¥, as2 ass ab, as2 asg ayy az2  ass

Buaacrusicts 8. SIKmo0 70 €1eMEHTIB AEeSKOro CTOBITIUKA (pajl-
Ka) ZIOJIATH BiATIOBIIHI €IEMEHTH IHIIIOTO CTOBIYHUKA (peAIKa), TTOMHO-
JKeHi Ha CIMJILHEUN MHOKHUK, TO BEJIMYNHE BU3HAYHUKA HE 3MIHATHCS.

Tumni BIACTHBOCT] BU3HAYHMKIB IIOB’SI3aHI 3 IMOHATTIMU aaredpa-
T9HOrO JIONMOBHEHHS 1 MiHOpa. IMIHOpPOM JIESKOTO eJIeMeHTa BU3HA-
JHUKA HA3UBAETHCS BU3HAYHUK, STKUH OHEPKYETHCI 3 JAHOTO BHKPE-
CITIOBAHHAM DSJIKA 1 CTOBITYNKA, HA TTEPETHHI TKUX PO3MITIEHUN 11eit
eneMeHT. SIKINo a;; — e7leMeHT BU3HAUHHMKA, TO Oro MIHOD IIO3HAHaE-
ThCA CUMBOJIOM M.

G21  G23 a1l ai2
a31 a3z a31  as2

AnrebpaiuHe JOMOBHEHHA A;; e/IeMeHTAa q;; BU3HAYHUKA JIO-
PIBHIOE MIHOPY IILOTO €JIEMEHTA, B3ATOMY 31 CBOIM 3HAKOM, SKIIO CyMa

HOMEPIB PsJiKa 1 CTOBITYMKA, Ha MEPETHHI SKWX POIMIMIEHNH eJleMeHT,

Hanpukia, Mo = s Mas =
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€ MMapHUM YHUCJIOM, 1 3 TPOTUIECKHNM 3HAKOM, — dAKIIO e YHUCI0 He-
napse, T06TO
o (1N A
A = (=) My,
Hampuknan,
a a
Agg = (—1)778 | 1L 712
Gzl  G32

Buaacrtusicts 9. Cyma no6yTkiB eneMeHTiB Oyab-sIKOo psiaKa
(cToBnumKa) BU3HAUHWKA HA IXHI asrebpaidHi JOMOBHEHHS JIOPIBHIOE

. TOOTO A23 = —M23.

BeJINYMHI BU3HAYHUKA.

Cyma x mobyTKIB ejleMeHTiB Oy/Ib-sIKOr0 psijika (CTOBITUMKA) HA
aarebpaiuHi JOTOBHEHHSI 1HIIOTO PsiKa (CTOBIYMKA) JIOPIBHIOE HyJe-
Bi.

BractusicTs 9 nminkasye 3arajbHe 03HAYMEHHST BU3HAYHUKA N-TO
nopaaky |A| marpumi

a1 aig ... Qainp
A= | @2 a2 .. am
Gpl Gp2 -.- Gnn
a CcaMe:
|A| = ai1 Ai1 + agdip + . + ainAin, 1 €{1,2,...,n},
abo

|A| = a,leU + CLQjAQj + ...+ anjAnj, j€{1,2,..,n}.

SazHaunmo, 1Mo BjacTUBOCTI 1 — 9 mpaBu/ibHI /18 BU3HAYHUKIB
OVIb-sIKOTO TIOPSIIKY.

2 3 4
TIpukuaasm 1. O6uncnautn BusHavnvk [A|=| 5 -2 1
1 2 3

< 3rinHo 3 o3HavenHsm |A|=2-(-2)-3+5-2-44+3-1-1—
—1-(-2)-4-5-3-3-2-1-2=-10. »
IIpukaazm 2. Po3skiaBmy 3a €JIeMEHTAME JIPYroro pagka (BjaacTUBICTE

1 b 1
9), obuwcnnTy Bu3HauHUK (A= 0 b 0
b 0 —b
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b 1 1 1
—0.(=1)2+1! C(_1)2+2
aMaemo  |A|=0-(-1) 0 _b‘—{—b( 1) b _b‘-{—
o3| 1 b | _ - 2
O (-1 | =h (bt =202 >
1 0 2 3
TIpukuas 3. O6uucant BU3HAYHUK |A| = g (1] Z g
5 0 0 0
< OueBRAHO, WO AAHKE BU3HAYHUK 3DYIHO OOUUC/IMTH, POSKIABIIA HOTO
0 2 3
3a eneMenTaMu "erBeproro psaka: Al =5 (=140 2 0 |=
1 4 5
_ 22| 0 3| _ _
= (=5)-2-(-1)**2| | L |=-10-(0-5-1-3)=30. »

Pozrynanemo cucremy piBHSIHD

1171 + 6122 + @133 = €y,
a1 L1 + a9 + 6233 = C2, (2)
a31%1 T 6322 + a33%3 = C3

3 HEBIIOMUMH T1, L2, T3. BBEIEMO TO3HATEHHSI:

a1l a2 @13 1 a1z a13
A=]|az axp a3 |, Ay =|c ax a3
a3z a3z 433 C3 az2 4ass

a1 €1 a13 a1l a2 €1

Dy, =| a2 c2 a3 |, Ay =]a axn o
asz)y €3 a33 a3y as2 C3

Aximo A # 0, To cucrema (2) Mae €IMHIIE PO3B’I30K, SIKUiT BU3HA-
qaeThest 32 popmynamu Kpamepa

Ay, 2y — Ay, Ay,

A: - A: T3 = A (3)

xr1 =

IIpunycrumo, mo A = 0, ajle OpUHafiMHl OIMH 13 BU3HAYHUKIB

Ay, Ay, Ay, Biaviaauit Big wyag. Y upomy BUnaJKy cucrema (2)
PO3B’SI3KIB HE Mae€.

Y Bunajky, ko A = 01 ogaovacuo Ay, =0, Ay, =0, Ay, =0,
cucrema (2) TaKOXK MOMKe He MaTH DO3B’SI3KiB; aje AKIINO CHCTeMa
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(2) 3a mux ymoB Mae xo4a 0 OZMH PO3B’SI30K, TO BOHA Mae 0e3/id
PO3B’A3KIB.

VY Bunagxy, kKomm ¢; = co = ¢3 = 0 cucrema (2) Ha3UBAETHCA
oaHopigHo. OueBHAHO, IO TaKa CUCTEMAa 3aBXKIA Ma€ PO3B’SI30K
21 =0,290 =0, 23 = 0. dxmo A # 0, To 11eit PO3B’A30K eaUHMIA. AKITO
x A =0, To ojHOPiTHA cucTeMa Mae 6€3/11Y HeHYJILOBUX PO3B SI3KIB.

ITpukiam 4. Bukopucrosyodun dpopmynn Kpamepa, poss’s3aru cucre-

My
287 — 2 + 23 = 2,
L1 — o9 — 3.1’3 = —3,
5$1 + Z2 —4$3 = 2.
2 -1 1
-3 -1 =3
< 3a do 3 L2 sy
< pMytaMia (3) MaeMo xq = 5 1 1 =5=1,
1 -1 -3
5 1 -4
2 2 1 2 -1 2
1 -3 -3 1 -1 -3
5 2 -4 5 1 2
e e e e T A s ma el T S
1 -1 -3 1 -1 -3
5 1 -4 5 1 -4

IIpukaam 5. B3yrrea dpabpuka creniaizyeTbess 3 BUINYCKY BUPOOIB
Tprox Tumis Iy, Ils i I3, BUKOpHCTOBYIOUM TPH HHOMY CHPOBHHY TPHOX
BUIIB S1, Sz i S3. HopMu BuTpaT KOXHOT CHPOBUHU Ha, OOHY Hapy B3YTTS i
obcar BUTPAT CUPOBUHU HA, ONMH J€Hb 33J3aHI TADIHIIEO

Bug Hopwma BuTpar cupoBusu Burparu cuposunn
CHPOBUHU Ha, OJHY Tapy va 1 meHb
11, | I, | I3
S1 6 4 5 2400
So 4 3 1 1450
S3 5 2 3 1550

SuaiiTi MOAEHHUN 00CAT BUIIYCKY KOXKHOI'O THILY B3YTTH.

< Hexa#t monenno ¢abpuka BUIyckae 1 nap supobis Iy, zo map Bupo-
6is Ils i 23 map Bupobis Ils. Toxi 3rigHo 3 BUTpaTaMU CHPOBUHU KOXKHOTO
BUIY MaEMO CHUCTEMY PIBHSHB
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61‘1 + 43’,‘2 + 51‘3 = 2400

4x1 + 32 + x3 = 1450,

9z + 222 + 3z3 = 1550.
Posp’sizkemo jany cucremy 3a dbopmyiamu Kpamepa :

6 4 5 2400 4 5
A=|4 3 1|=-21, A, =| 1450 3 1 |=—3150,
5 2 3 1550 2 3
6 2400 5 6 4 2400
Ay, =|4 1450 1 |=-5250, A,,=|4 3 1450 | = —2100.
5 1550 3 5 2 1550
Ome, 11 = S = 4 150, 0, = % = = 250,y = 455 =

= =7 = 100, a e o3na4ae, mo dabpuka sunyckae 150 nap B3yTTs TUILY
I, 250 map tumy Ils i 100 map Ttumy Ils. >
3x1 + x2 + 223 = 6,
ITpukiasm 6. 3’sacyBaru, 4u cucTEMA 221 — 29 — 23 = 2,
41’1 — 2.’1)2 - 2.’1)3 =6
€ BU3HAYEHON, HEBU3HAYEHOI ab0 HECYMICHOIO.

< Maemo
3 1 2
A=|2 -1 -1|=6-8-4+8-6+4=0,
4 -2 =2
6 1 2
Apy=12 -1 =1 |=12-8-6+12-4-12=-6#0,
6 —2 -2

e 03HAYAE, IO CUCTEMA HECYMIiCHA. >
Bopasu

0O1. ObuncaInTy BUSHAYHUK:

3 -2 1 2 0 5 2 1 0
-2 1 3 |; 21 3 16]: 3)|1 0 3
2 0 -2 0 —1 10 05 —1

1 1 1 2 4 -1

H'2 =3 1 |; 5| -4 2 1

4 -1 -5 3 1 5

02. He obuucroroun BUBHAYHUK, JOBECTH TPABUJIBHICTE DIBHOCTI:
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3 2 1 3 2 7 ai b1 1
| -2 3 2|=|-2 3 -2|;2) as bo cy =0;
4 5 3 4 5 11 ar +las by +1bs ¢ +les
sin?a cos?a  cos2a
3)| sin?f cos?f cos2B | =0.
sin?y  cos®vy cos2y
03. ObuucauTy BU3HAYHUK, BUKOPUCTOBYIOYHA BJIACTUBICTE 9:
2 0 b 1 1 1 0 a b
D1 3 16(; 2|z vy 2z |; 3]a 0 a
0 -1 10 2 y? 22 b a O
O4. Posr’a3ami piBHSTHHSI:
1 3 =z 1 1 1
{4 5 —-1|=0 2) 2 5—x 2| =0.
2 -1 5 8 —=x 3 3
O5. Posp’sg3aTu HEPIBHICTH:
3 -2 1 z+1 1 1
Hn 1oz -2|<1; 2 1 z+1 1 <2’ +3.
-1 2 -1 1 1 z+1
06. ObuncnuTy BUSHAYHUK:
2 3 11 5 3 5 7 2
1 1 5 2 1 2 3 4
D) -3 1 3 2 2) -2 -3 3 2
-3 1 3 4 1 3 5 4
2 -1 0 0 1 3 4 1
1 2 -1 0 1 1 2 5
3) 0 -1 2 -1 4 0116
0o 0 -1 2 000 2
O7. Posp’s3aru cucremy:
z+y+z=236, z+y—2z=36, x4+ 2y —4z =1,
DS 20-32=-17, 2) z4+2z—y=13, 3)< 2z+y—5z=—-1,
6r —52=T; y+z—x="T, r—y—z=-2
3z —y+2z=23, dr+y+2=0, 3z 4+ 2y — 2z =0,
4) 2e—y—2=2, 5)¢ xz+3y+2=0, 6)< z+2y+92=0,
do — 2y — 2z = —3; r+y+22=0 z+y+22z=0.

0O8. 3 meqgkoro UCTOBOrO MaTepiaay Heobxigno sukpoitu 200 3a-
rotosok Tuy Aq, 260 — ey Ao i 290 — tunry Asz. Tpwm npomy mo-
JKHA 3aCTOCOBYBATH TPHU CIIOCOOH PO3KpooBaHHs. KilbKicTh 3aroTo-
BOK, OJIEP:KYBAHHUX 3 KOXKHOI'O JINCTA IIPU PI3HUX CIIOCOHAX PO3KPOIO,
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HapejeHa B TabauIl

Twumn 3aroToBKN Crocobu po3KpOOBaHHS
By By B3
Ay 3 2 1
Ao 1 6 2
As 4 1 5

SHalTy CKIILKYM JUCTIB KOKHHM cIocoboM Tpeba pO3KpoiTH, 1106
OJePFKATH 3a3HaUYeHy KIJIBKICTh 3arOTOBOK.

5 2 3
C1. Pozp’sizatu piBHsinus | 4 3 1 = 0.
3 2 z+1
C2. O6uncauTn BUZHATHUK
12000
32300
043 40
005 45
00 065
C3. BusnaunTu, 11 IKUX 3HAYEHHDL 0 1 b cucTeMa PiBHSHBb
3z —2y+z =0,

5z — 8y + 92 = 3,
2r4+y+az=-1
1) mMae enuuuit PO3B’A30K; 2) HEBU3HAUEHA; 3) HECYMICHA.
2ax1 — 23x9 + 2923 = 4,
C4. 3’acyBaTu, KOJH CUCTEMA 721+ axe +4z3 =7,
53?1 + 23?2 +axr3 = 5
€ BU3HAYEHOI0, HEBU3HAUEHOI0 ab0 HECYMICHOIO.

JlomaritHe 3aBIaHHA

1. ObuncivTu BU3HATHUK:

0 -2 4 2 -1 3 0 a «a
-2 1 3 1|; 2)/-2 3 2|;: 3|a 0 a
2 3 =2 0 2 5 a a O



2 1 1 7
4413 2 1 |; b 3 —4
1 4 -3 1 3
2. Bukopucropyroun BIaCTUBOCTI BU3HAYHUKIB, JOBECTH PIiB-
HICTb:

1

0 N >~

1 -2 3 ‘ 1 0 0 Bby+vye1 b1
-2 1 —5|=|-2 -3 1 2)| Bbo+7c2 by e | =0
3 2 7 3 8 -2 Bbs +vyecz by c3
0 —a —b
Nla 0 —c|=0.
b ¢ 0
3. O6uamcmTi BU3HAYHUK, KOPHCTYIOUHCH BIACTUBICTIO 9:
1 17 -7 1 2 4
-1 13 1 |; 2yl -2 1 -3
1T 7 1 3 -4 2
4. Posp’a3aTu piBHAHHS:
3 x —4 r—3 1 0
1) 2 -1 3 |=0; 2) 0 z+1 0 =0.
z+10 1 1 0 0 z+3
5. Posp’a3aTu HEPIBHICTD:
2 z+2 -1 z+2 1 0
1 1 -2 1>0; 2) -1 xz -2 |<8
5 =3 z -3 1 z-2
6. O6umcmTi BU3HAYHIK:
2 2 11 5 3 2 11 2
1 1 5 2 11 5 1
b 2 -3 3 2 2) 1 2 3 -3
1 -3 3 4 11 3 =3
0 215 3 40 -1
01 0 4 2 01 2
3) 1 3 01 4) 011 0
0 00 2 100 2

7. Poss’sazatu cucremy:
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22 — 4y 4+ 92 = 28, 2r +y =5, 20 —y+ 2= -2,
DS Tz+3y—6z2=-1, 2)< 2+32=16, 3)< z+2y+3z=—1,

7z +9y — 92 =5; 5y —z = 10; x— 3y — 2z =3
20 +y—2=0, z—y—z=0,

H z+2y+2=0, 5) x+4y+22=0,
20 —y + 3z = 0; 3z + Ty + 32 =0;
r—2y+z=3, x4+ 3y —4z =3,

6)¢ 20 —4y+2z=5 T Ty—Tz=1,
3z —6y+32=9; 20 —y —z =15.

8. Jlist IKOro 3HAUeHH 4 CUCTeMa
3z —2y+ 2 =0,
axr — 14y + 152 = 0,
z+2y—32=0
Mag JINIIE HYIbOBUM PO3B 30K 7
9. TlianpuemcTBo BUILyCKae TpU BUIM OPOAYKIIil, BAKOPUCTOBY-
0YH CUPOBHUHY TPbOX BuiB. HeobxinHI XapakTepuCcTUKU BUPOOHUIITRA
3a1aH0 TAOIHIIEo

Bug Burparu cuposunu Sanacu
CUPOBAHEI Ha OZWHUIIIO IIPOAYKIIT CUPOBUHHK
I O, | Tl
St 5 3 4 2700
S9 2 1 1 900
S3 3 2 2 1600

SHalTH 06CAT BUMYCKY KOKHOTO BUJIY TPOAVKINI ITPH TIOBHOMY
BUKOPHUCTAHHI HASIBHUX 3alaCiB CUPOBUHMU.

Biagnosiai

O1. 1) -12; 2) 87; 3) -29; 4) 42; 5) 120. 03. 1) 87; 2) zy(y — z) +
vz(x —2) +yz(z —y); 3) 2a%h. O4. 1) x=-3;2) 2y =3; 25 = 5. O5. 1)
x>7/2;2) z e (-1;1). 06.1) —28;2) —70;3) —11;4) 0. O7.1) z = 2,
Y= i—?’,z:%; 2)1‘:42—9,y:%3,,2:10;3)1‘:22—1,y:z+1,z€R;
4) Hecymicha; 5) z = 0,y = 0,2 = 0; 6) x = 20t,y = —28t,2 = 4, ¢t € R.
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08. (40; 30; 20). Cl1.z = 0. C2. 640. C3. dkuo a # —3, To cucrema
Mae eIUHUN po3B’s30K; mpu @ = —3, b # 1/3 cucrema HecymicHa; npw
a = —3,b=1/3 cucrema mae 6e3niu po3s’askie. C4. lpu a® # 27 cucrema
BU3HaYeHa; pu a® = 27 — mecymicua. 1. 1) — 36; 2) 0; 3) 2a®; 4) 0; 5)
—236. J13.1) 180;2) 0. J4.1) 21 = —10,22 = 2; 2) 2, = 3, 25 = —1,
x3=-3. J5.1) -6 <z < —4;2)x € (—o0; —1)U(0; 1). [d6.1) 0;2) 14; 3)
—2:4)—15. 7. ) x=2,y=3,2=4;2)x =1,y = 3,2 = 5; 3) HecyMmicHa;

HYx=y=2z=05 =2y = —-3z=>51t € R; 6) necymicua;
51‘1 + 31‘2 + 41‘3 = 2700
No=L+zy=1+22€R. O8.a=5 9. 221 + 2o + 23 = 900,

3x1 + 2% + 223 = 1600;
(200; 300; 200).



Tema 4. MaTtpuiii Ta ail Hag HIMH.
Marpu4Huit MeTon po3B’d3yBaHHI
CUCTEM JIiHIlHUX ajaredpaidyHux PiBHAHB

Matpurero po3mipy m X n abo (m X n)-Marpuier Ha3uBACTbC
NPAMOKYTHA Tabsuis 3 uucen a;5,¢ € {1,2,...,m}, j € {1,2,...,n},
BUTTISALY:

a1 a2 ... Qip

a a aes a
A= 21 22 2n

Gml Gm2 --- Omn

K& CKJIQMAETLCS 3 171l PAAKIB 1 1 CTOBOYMKIB. fKINO 1m = n, TO Ma-
TPUIIA HAZWBAETHCA KBAAPATHOO; IKIIO M = 1, TO MaEMO MATPHITIO-
PSIIOK; AKIO 1 = | — MaTPHUITIO-CTOBITIHK.

Cymow A + B (m X n)-marpunb A = (a;;) i B = (b;;) nHaszu-
BaeThest MaTpuist C = (¢;;) TOrO caMoro posmipy, KOKHHIH eeMeHT
SIKOT TOPIBHIOE CyMi BiAMOBIMHUX emeMenTiB maTpuis A 1 B:

cij = ai; + b, 1€ {1,2,....,m}, j € {1,2,...,n}.
Jdobyrkom AA marpuni A = (a;;) Ha uncao A € R HasuBaeTbCs
marpuns B = (b;;), gka ofepxyerbes 3 Marpuili A MHOXKEHHAM ycix
T eeMeHTiB Ha A : bi; = Aajj;, 1 € {1,2,...,m}, j € {1,2,...,n}.

Jdobyrkom AB (m x n)-marpumi A = (a;;) Ha (n X k)-MaTpuio
B = (b;;) nasusaerbest (m x k)-marpunsg C = (¢;;), e1eMeHT SKOI ¢,
10 CTOITh B 4-My PAIKY Ta j-MY CTOBITYUKY, JOPIBHIOE CyMi T06YTKIB
BIANOBIIHKX €IEMEHTIB i-T0 PAJKA MATpHUIl A Ta j-TO CTOBIUYMKA Ma-
Tpumi B:

cij = ajbi; + ainbo; + ... + ainby;, 1 € {1,2,...m}, 5 €{1,2,...,n}.

Marpuns A’ = (a};) Ha3MBAETHCA TPAHCTIOHOBAHOTO JI0 MATPHITE
A = (a;;), AKIIO BUKOHYETHCA YMOBR @;; = Gj; JUTs BCIX 4, J.

Ksagparaa marpuils A HA3MBAETHCsI BUPOXKEHOIO (0c0b6/1-
BOIO), AKINO 17 BU3HAYHUK |A| 10piBHIOE HYIO, | HEBUPO/I?)KEHOIO
(He0Cco6/IMBOIO) — B IHIIOMY BUNAIKY. K0 A — HEBHpPOIZKEHA Ma-
TpuIs, TO icHye i npuToMy eauHa Marpuns A~ taka, mo AAT! =
= A7'A = E, ne E — onuununa Marpung (To6T0 Ha 1T roaoBHil mi-
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aroHaJii CTOATH OJUHWIN, a BCl IHIM €JIeMEHTH JOPIBHIOIThH HYJIO).
Matpurs A~! nasuBaerbcs o6epHenoro 10 Marpumi A. Moxkaa 10-
Becry, o MaTpunsg AL 6yayerbes TaKuM UHHOM:

Al Aoy An1

|Al |Al |Al

Az Az Ana
AL = |Al |Al |Al ,

Alp Agn Ann

[A] [A] |Al

ne A;; — anrebpaiuHe JIONOBHEHHS €JIEMEHTA G5, a |A| — BU3HAYHMK
marpuni A, |A] # 0.

Bynp-axuit HeHynb0BHit BEKTOP X HAZWBAETHCH BJIACHUM BEKTO-
POM KBaIpaTHOI MaTpulli A, sIKIIO ICHY€ Take YHCIO A — BJIACHE
YHUCJIO MaTpull A, 1mo

AX =XX abo (A—-AE)X =0.

BracHi BEKTOPU 3HAXOAATHCA SIK PO3B’SI3KU OJHOPIIHOT CUCTEMU PiB-
astHb (A — AE)X = 0, sKy MOXKHA 3aIUCATH B POSTOPHYTOMY BUIVISIZI
TaK:

(a11 — )\)(IIl + ajozo + ... + a1z, =0,

ag1x1 + (G,QQ — )\)xg + ...+ agpz, =0,

a1 %1 + ap2to + oo + (Gnn — Ny =

Henynbosi po3s’sa3ku 11i€l cucTeMu iCHYIOTH TOAI # TIABKY TOI, KOJIK

det(A — AF) = 0, T06T0

all — A a9 (250D
asi aso — Ao aon, —0
an1 an2 cer Opp — A

Ile piBHAHHS HA3HBAETLCS XAPAKTEPUCTUYHUM PIiBHAHHAM Ma-
rputii A. Po3s’si3aBiu XapakTepUCTHYIHE PIBHIHHS, OTPAMAEMO BJIa-
CHI YMCJa MaTPHIl, a MCIA BOro 13 3aucanol CUCTeMU PIBHAHB — 11
HEHYJILOBI PO3B’s13KU, TOOTO BJIACHI BEKTODH.
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Ilpukiazm 1. 3najitu 3A + 2B, aKmo

2 1 - -2 1 0
A_<(] 1 —4) ( 3 2 2)'
aM 34 = 2B = 20
aemMo = _12 4 4 | TOMY
6 3 -3 -4 2
3A+QB_<03_12>+<_ 2 )
[ 6—-4 3+2 =340 -3
0-6 3+4 —-12+4 -8 /-
3 -2 3 4
ITpukaanm 2. Obuucauru ( 5 _4 2 5 >

. 3 3 4
< 3riZiHO 3 ORHAYEHHAM JTOOYTKY MATPHIlL 5 _ 4 9 5 )=

_ ( 3:3+(-2)-2 3-4+(-2)-5 ) _ ( 5 2 ) .
T34+ (-4)-2 54+ (-4-5 7 T 0 )
Ilpukaam 3. [IignpreMcTBO BUMYCKAE MPOAYKILIO Tpbox Bumis Iy, Ilo,
Il5 i BUKOPHUCTOBYE CUPOBUHY ABOX TUMIB S 1 So. HopMu BuTpar cuposunu

2 3
XapaKTepU3yIOTbCsd MaTpulero A4 = 9 2 |, me xoxHUN enemMeHT a;j,
1 4

1€ {1,2,3}, j € {1,2}, BKasye, CKiNbKYU OAMHUIL CUPOBUHU j-TO THUILY BU-
TPAYAETHCA Ha BUPOOHUIITBO ONMHMIN IPOAYKINI ¢-ro Buay. Ilnad BUIIyCKY
UpoAyKUil 3agano Marpunero-paakom ¢ = (100 80 130), sapricts oau-
HUIl KOXHOTO TUIY CHUPOBHHU — MATPUIEIO-CTOBITYUKOM B = (28)

3HaliTH BUTPATH CUPOBUHU, HEOOXIIHI [J/I5 MIAHOBOTO BUIIYCKY NPOLY-
KITiT, & TAKOX 3araJibHy BapTiCTh CHPOBUHH.

< Burparu cupounu 1-ro tuny ckaagaors 51 = 2-1004+5-804+1-130 =
730, a gpyroro — Ss = 3-100+ 2 - 80+ 4 - 130 = 980. Ile o3nauag, 1o
MATPUIIO-PALOK S BUTPAT CUPOBUHMA MOXKHA, [IOJATH Y BUIJISII

S=CA= (100 80 130) = (730 980).

— Ut N
= D W

Toxi cymapHa BapTIiCTh CHPOBUHU
30
Q=SB =(730 980) (50) = (730 - 30 + 980 - 50) = (70900).

CyMapHy BapTicTh CHPOBHHE MOXKHA OOUHMCIIUTH 1 MO-1HIIIOMY: CIIOYaTKY
OBYMCITIMO MATPHUID BAPTOCTEH CUPOBUHU HA OAMHMIIO HOPOIYKILI, TOOTO
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2 3 30 210
marpuiio R=AB=[ 5 2 ( ): 250 |, a moTiMm 3araJbHY Bap-
14 )\ 230
TICTH CHPOBUHU
210
Q=CR=C(AB)=(100 80 130)| 250 | =(70900).
230

IIpukaam 4. BuswmaunTun TOTPIOHY KiNbKICTL BHUXIJTHOrO MaTepiamy
M1, My, M3 na oguauiio kinnesoi npoaykii Iy, Ils, ITs, 14, axmo g mso-
IO CHOYaTKy Tpeba BUTOTOBUTH NMPOMIXKHY npoaykmiio Ni, No, N3, 3a ymMo-
BH, IIO BUTPATH 33JaHO BiAIOBIIHO MaTPUIIIMU

M, My M; Ny N2 N
6 3 1\ N 0 46\ IL
Al = 1 AQ = 3 2 1 H2
2 4 5 | Ny
02 3/ N 5 3 5 | I3
3 2 0 3/ I
< CKOpI/ICTaBH_II/ICb HpaBI/IJIOM MHOXEeHHA ManI/IHb, OILQp)KI/IMO
0 4 6
3 9 1 6 3 1
A= AyA = 2 4 5 | =
5 3 5 0 2 3
2 0 3

0-6+4-2+6-0 0-344-446-2 0-1+4-5+6-3
3-6+2-2+1-0 3-342-441-2 3-14+2-5+1-3
5 6+3-2+5-0 5-34+43-44+5-2 5-14+3-5+5-3
2.6+0-2+3-0 2-340-443-2 2-14+0-5+3-3

8 28 38 My M Ms
22 19 16 8 28 383 I
= . Orxe, A = 22 19 16 I, .o
3637 35 36 37 35 | II
12 12 11 3

12 12 11 114
Ilpukaan 5. Ilignpuemcrso Bunyckae dorupu pugd supobis 1, s,
II5,114 3 BUKOPUCTAHHSAM YOTHPHLOX TUINB CUPOBUHU S7,9%,S3,54. HopMu
BUTPAT CUPOBUHU 33JAHO MATPHUIEIO

St 52 S5 Sa
2 3 45 I
A= 1 2 5 6 I
7T 2 3 2 II5
4 5 6 8 I14
Tpeba 3HANTH BUTPATH CUPOBUHHU KOXKHOTO THUILY NPU 33AaHOMY TIIAHI BU-
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LYCKYy KOXKHOrO Buiy Bupobis () = (60 50 35 40).

2 3 4 5
1 2 5 6
< QueBngno, mo I =QA = (60 50 35 40) 7 9 3 9 |~

4 5 6 8

120 + 50 4 245 4 160 575

_ 180 + 100 + 70 + 200 _ 550 o
240 + 250 + 105 + 240 835 |-
300 4+ 300 + 70 4+ 320 990

IIpukaam 6. T'any3s CKI3I3€THCA 3 N MIATPUEMCTB, KOXKHE 3 IKUX BU-
[yCKae 10 OJHOMY BHIY NPOAYKIil B ofcssi z;, 4 € {1,2,...,n}, oquHUIb.
st 3abe3nevderdst CROT0 BUPOOHUIITBA MANPHEMCTBO BUKOPUCTOBYE Yac-
THHY OPOAYKIiI, ’Ka BUIYCKAETHCSI HAM CAMUM Ta iHIIUMHU TIiIITPUEMCTBA-
mu. Hexalt q;; — 1oJig IpOILyKIil 4-I0 NiAIpUEMCTBa, K3 BUKOPUCTOBYETHCH
J-M HiAIpHeMCTBOM JJid 3a0e3MedeHHs BUMTYCKY CBO€] TPOAYKILT 06cAToM T
OIVHUIID.

3uaiitu obcAT KIHIEBOTO TPOAYKTY ¥, TOOTO KiMBKICTH MPOAYKIHT 4-T0
MiATPUEMCTBA, JJId peasiizalii 103a JaHo raay3si. PozpaxyHku mpopecTu

T ail e Qg
JLJIA BUIIAJKY, kKomn X = jA=| %t o G MalOTh BiAIIO-
In dpnl -« Qpn
400 0,4 0,2 0,3
Biggo Burman X = 500 |id4=1 0,3 0,5 0,2
200 0,1 0,2 0,2
Y1
< Iloznaunmo yepes Y MaTpuiro-cTOBOIUK Y = . OuerugHo,
Yn

n
wo y; = x; — ., aiixy, i € {1,2,..,n}, abo B marpmuniit dopmi V =
=1

]7
X —AX,r06m0 Y = (F — A)X, ne £ — 00MHAYHA MATPUIIS.
JIst HATOTO KOHKPETHOTO BHIIAIKY MAEMO

1-0,4 -0,2 -0,3 400
v= -0,3 1-05 -0,2 500 | =
0,1 -0,2 1-0,2 200



240 — 100 — 60 80

= —-1204+250—-40 | =1 90 |. b
—40 — 100 + 160 20
Ipuknazm 7. 3uaitty marpumo AL, grmo
1 2 -1
A=1 3 0 2
4 -2 5
1 2 -1
4Maemo |A|=[3 0 2 |=-—4;
4 -2 5
0 2 2 -1
An =D D =4 Aa = (DT D, ‘:_8;
2 -1 3 2
1 -1 1 -1
3 0 1 2
A= 20 e A= ‘:10;
1 2
— {_1)3+3 - _
Ass = (—1) 3 0 ‘ 6.
1 4 -8 4 -1 -2 -1
Tomy A—1:—4 -7 9 5 |=| 74 -9/4 5/4]|. »
4\ 6 10 -6 3/2 —5/2 3/2

ITpukiam 8. 3uaiiT BIACH BEKTOPU 1 BIACHI YKCIA MATPHII

1 -1
A= .

< CruazeMo XapaKTepUCTHYHE PIBHSHHA MaTpuili A
1-x -1

2 4 — A
abo A% — 3\ + 6 = 0. Biacui uncna A; = 2, Ay = 3.

3anumemMo CUCTEMH PiBHSHL JIJIs1 BU3HAYEHHS BJIACHUX BEKTOpIB X 1

Xo.

=0

- . —r1 — X = 0, .
Hexait Ay = 2. Toal cucrema mae BUIIA 3BlACH
! . A 227 4+ 225 = 0 .
BUILIUBAE, IO Lo = —xq. JAKio B3gTt 1 = 1, T0 5 = —1 1 TOxi BekTOp

X1:C< ! ),CER\{O}.



—2.’151 — L9 = O,

21 + 20 =0 Ty = =211,

Jist Ao :3Ma€MO{
TOMyX2:C< _21 ),CER\{O}.

Binnosige: A1 = 2,A2 = 3; X = C( 11 ),XQ = C( -1 ), C e

2
R\ {0}.>
Poszriaremo cucremy anrebpaidHuX PIBHSIHL IEPINOrO CTENEHST

a11z1 + a1222 + @133 = ¢y,
a2171 + a22%2 + G233 = C2, (1)
asz1 T + a32X9 + as3xrz — C3.

Brismu nossauennsa

ail a2 a13 z1 cl
A= a1 axp ap |, X=| 22 |, C=]|
asi a3 a33 T3 c3

sanunemMo Jany cucremy (1) y Burnsil
AX =C. (2)

Ipunycramo, mo |A| # 0. Toxi icaye AL, Tlommoxkusimm (2) 31iBa
rHa A~!, nicramemo

ATHAX) = ATC. (3)

Ockimkn A7HAX) = (A71A)X = EX = X, 7o 3 (3) BmiumBae,
1110
X =4A"'C. (4)

®opmyna (4) mae pos3s’si30k cucremu (1), 3anncanmii y MaTpuIHii
dopmi.

AK o/IMH 3 IPUKJIAIIB 3aCTOCYBAHHS MATPUIHOTO METO/Y PO3B’s-
3yBaHHS JIHIHHUX CUCTEM PO3LJIsTHEMO MOAeJIb JleoHThEBA HGaraTo-
raJiy3eBol eKOHOMIKHK (0amaHcoBuil anais).

Meroro 6a/laHCOBOIO aHAI3Y € BiAIOBIAbL HA TTHUTAHHS, sIKE BUHU-

Ka€ B MaKPOEKOHOMII # 3B’d3ame 3 e(heKTUBHICTIO BeJIeHHs Gararo-
TaJIy3eBOr0 TOCIOAAPCTBA: SIKUM NOBHHEH OyTu obcsr BUPOOHUIITBA
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KOYKHOI 3 1 Tasty3eil, mob 3aM0BOJBHUTH BCl NOTPeDU B IPOAYKINT 18-
vol rajysi? Ilpr upboMy KOXKHA TaIy3b BUCTYIIAE, 3 OJHOIO OOKY, SIK
BUPOOHUK JeIKOI MPOAYKIII, & 3 APYTOro — sIK CIHOMKHBAY MPOAYKINL i
CBO€1, 1 BUPODBIEHOT IHITUMU TaIy3SIMHU.

Ilpunyctumo, 1110 po3TIsiIaeThCst 1 Taay3eil TPOMUCIOBOCTL, KOXK-
Ha 3 SKUX BUPOOJISE CBOIO POy KIi0. JacTuHa npoaykiiii fijie Ha CcIio-
JKUBAHHS BCepeINHI JTaHOl TaIy3l, & TAKOXK IHIMUMY TAJTy3dMU, a ApyTa
JacTUHA — 7Tt peastizanil (cnokusanHs) y HeBUPOOHUUIH cepi.

Posragremo mporiec BUpOOHUIITBA 38 JesKUI TTEPIoJT Yacy, HAlpu-
KJaJ, 38 PiK.

Beesiemo Taki mo3HateHHs: x; — 3araJbHUil (BagoBuit) o6CAr Tpo-
Ayknil 4-ol rajysi, y; — obcsar KIHIEeBOro MPOAYKTY 4-01 Tajysi s
HeBUpOOHMUOro crokubanug (1 € {1,2,...,n}), z;; — obcar npoayKuil
1-01 TaJIy3i, 110 CIOXKUBAETHCS j-0K0 TAJY33I0 B IIpolleci BUPOOHUIITBA
({z,5} €{1,2,...,n}).

Bajiancosuit npuHNIAIT 38’ I3KY PI3HUX rajy3eil IPOMUCIOBOCTI 10-
JIATSE B TOMY, III0 BaJOBUH BUIYCK ¢-01 raJiy3i ITOBUHEH JODPIBHIOBATH
cyMi oBCSTiB CIIOKUBAHHS Y BUPOOHUYIHN 1 HeBupoOHKn4i# cpepax, Tob-
TO

i =X+ Tig+ o+ Tin+yi, 1€{1,2,..,n} (5)

Jlani piBHSHHS Ha3WBAIOTBCA CINBBIAHOLMIEHHSMHU Oastamcy. Pos-
[VISIIATUMEMO BapTICHUN MiKrayiy3eBuil OaJlaHc, KOJIM BCl BEJIMYNHHU,
K1 BXOJATH 70 (5), MalOTh BApPTICHE BUPAZKEHHSI.

Beememo koeditienTin npaMux BUTPaT

ai; =29 fijyc{1,2,...n}, (6)
Zj

SIKI TIOKA3YIOTh BUTPATH MPOJAYKINI 4-01 Taay3i Ha BUPOOHUIITBO OM-
HHI TPOAYKINl 7-oi raaysi. MoxkHa BBaxKaTH, IO IPOTICOM IEsTKO-
ro IPOMiKKY 4Yacy KoedillleHTH a;; OyJAyTh CTajJuMU 1 3aJIeKHUMU
BiA TexHos0TII BupobHUIITEA. [le O3Havae JHINHY 3a/I€XHICTH MaTe-
plaTbHUX BATPAT Bijl BAJOBOIO BHUIIYCKY, TOOTO Zj; = ai;%;, {i,j} C
{1,2,...,n}. Tenep cuiseiguomenus Ganauncy (5) HaOy yTh BUTIIAILY

T = ;121 + Q22 + oo+ GinTn +yi, € {1,2,..,n}. (7)
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Posryigmarumemo BIAIOBIAHO MaTPUIII-CTOBIYUKY 0OCATIB BUPOD-
JIEHOT TpoayKuil (MaTpuig BaJOBOIO BUITYCKY), OOCATIB MpOmyKil

KIHIIEBOTO CIIOKMBAHHS (MaTPUIS KIHIEBOIO CIOXKUBAHHA) 1 MATPH-
10 KOeDIIEHTIB TpsSMUX BUTPAT!

Uat Y1 ail a1 ... Qaip

T2 Y2 a a e G
X — . , Y — ] , A — 21 22 2n

Tn Un anl1 QAap2 ... QGpn

Toni cucrema piBHsHD (7) y MaTpudHiil dhbOpMI MaTHMe BULIA
X=AX+Y. (8)

Jlane pIBHAHHS HA3HBAIOTL PIBHAHHAM JIHINHOTO MiXKraJiy3eBo-
ro 6asancy, abo mogesio JleoHThEBA.

Pigasaas (8) MOXKHA BUKOPUCTOBYBATH Y JIBOX HAIPAMKAX:
1) BimOMa MATPHUISA-CTOBIYMK BAJIOBOrO BUMOYCKY X, a Tpeba 3HalTH
MATPHILIO-CTOBIYMK KIHIIEBOrO cnoxkuBaHHa Y (3a/1a9a pO3TISHYyTa
HAMW Y TIPUKJIaT 6);
2) nuist mepiogy T (manpuksas, pik) BiIOMa MATPUIE-CTOBIUNK KiH-
LIEBOT'O CIIOXKUBAHHS 1 Tpeba 3HAUTH MATPUITIO-CTOBITUYUK BAJIOBOT'O BU-
mycky. Y Jpyromy BUNAJIKy Tpeba po3B’s3aTy cucreMy piBHSIHB (8)
3 BIOIOMUMM MATPHIEI0 A 1 MaTpUIEe-CTOBIYHKOM Y . Ilepenuriemo
piBHsAHHS (8) v BHANIAIL

(E— A)X =Y. (9)
dAxmo marpunst F — A HeBupomkena, 1oboto det(FE — A) # 0, o
X =(E- A7y (10)

Marpuns S = (E — A)™! HazuBaeThcs MaTpHUIeio TOBHUX BUTPAT;

oI Tajy3i, HeoOXimHOl Ajs 3abe3ledeH s BUIIYCKY OJWHUIN KiHIIEBOIO
npoaykry j-ol ranysi y; =1, 7 € {1,2,...,n}.
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Y BIAIOBIAHOCTI 3 €KOHOMIYHMM 3MICTOM 3aJa4i 3HAYEHHS &; II0-
BUHHI OyTH HeBLI'€MHUMH IIPH HEBiJI'€MHHMX 3Ha49eHHAX ¥; 1 ajj, 1€
{Z.7 j} C {17 27 AR n}'

Marpunio A HazuBaTEMEMO HEBiI €MHOIO 1 mucarTuMemo A > 0,

Marpurg A > 0 Ha3MBa€TbCsl MPOAYKTUBHOIO, SKIINO JJIA JI0-
BiIBHOT Marpui-cToBmanka Y > () icaye po3s’st3ok X > () piBHSHHS
(8). Y upomy BUNaKy i Mojeb JIEOHTBEBA HABUBAETHCS MTPOLYKTHB-
HOIO.

Icaye nexinpka o3Hak mpomykKTuBHocTi MaTpuii A. Oxma 3 nnx
CTBEP/KYE, 10 MATPHUIST A OIPOAYKTUBHA, SKIIO MAKCHMyM CYM eje-
MeHTIB T7 CTOBIYUKIB HE TIEPEBUIIYE OJUHUIN, NPUUOMY X0ua 6 JJist
OJIHOTO 13 CTOBIMYMKIB CyMa eJIEMEHTIB CTPOTO MEHIIA BiJ OJWHWIL,
TobTo Marpuns A mpoaykTuBHA, sKIo a;; > 0, {4,5} C {1,2,...,n},

22 22
max », a;; < 11 icHye HOMep jo Takmit, mo » |, a;, < 1.
1<i<n,;— i=1

Ilpukaam 9. ¥ Tabauni HaBeAeHO JaHi MPO BUKOHAHHS OaJIaHCy 3a 3Bi-
THUN nepiosn.

Croxupanus Kinnesuit | Basosuit
Bupobunurso Enepreruka Manro- POy KT BUITYCK
OyayBaHHS
Enepreruka 7 21 72 100
MamnHaoby1yBaHHs 12 15 63 100

O0uncauT HeoOXIAHUN 0bcar BATOBOrO BUIIYCKY B KOXKHIN rajysi, KO
KIHIIEBE CTIOXKWBAHHS €HEPIeTHYHOT rajiy3i 30LTBITUTHCS BABIYL, A MAITTHO-
OyayBaHHS 3aJUIINTLC Ha IOMEPEIHbOMY PiBHI.

< Maemo 1 = 100, zo = 100, 17 = 7, 12 = 21, 291 = 12, 295 = 15,
y1 = 72, y2 = 63. 3a dopmynow (6) 3HAXOAUMO KOe(IIEHTH NPAMHUX BU-
tpar: a;; = 7/100 = 0,07; a2 = 21/100 = 0,21; as; = = 12/100 = 0, 12;

0,07 0,21

0,12 0,15 )
Mag HeBiI €MHI eJIeMeHTH 1 330BOJIbHSIE KPUTEPIi IPOIYKTHBHOCTI, OCKL/Ib-
&k max{0,07+0,12;0,21 + 0,15} = = max{0,19;0,36} = 0,36 < 1.

Tomy A5t IOBLMBHOI MATPHUIII-CTOBIIYMKS, KIHIIEBOI'O IPOAYKTY Y MOXKHA

3HaliTH HeoOXigHui obcar BasoBoro Bumycky X 3a ¢opmynown X = (B —
A"ty

ase = 15/100 = 0, 15; 70610 MaTpHId OPAMUX BUTPAT A = (
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144
63

10 0,07 0,21\ ( 0,93 -0,21 \, o
E—A—<(] 1)‘(0,12 0,15>—<_0712 0,85 ),det(E A)=

0,85 0,21
. — . — . _ -1 _ _1 ) ’
=0,93-0,85—0,12-0,21=0, 7653 # 0; (E — A) . ( 012 0,93 >

1 0,85 0,21 144
Orxe, BexTOp BaOBOTO BUMYCKY X = 5wees 0.12 0.93 63 ) =

1 ( 0,85-144 + 0,21 - 63 ) _ ( 177,2 )
0,12-1444+0,93-63 | ~ 99,1 /)’
TOOTO BaJIOBHUI BUMYCK B eHepreTHUHil ramy3i tpeba 36imbimuru g0 177,2
YM.OZI., & B MAIMMHOOYiBHI# — 3MeHmuTH 10 99,1 ym.om. >
ITpukiam 10. Obuucnury MikraiayzeBuil Hasanc BUpoOHUITBA 1 CIIO-
SKUBAHHS MIPOAYKIIIT TPHOX Tajiy3ei, KOJH BiIOMa MaTPHUIT IPIMAX BATPAT

Ockinbku 3riHO 3 yMOBOIO Y = , 70 Tpeba 3Haltu (£ — A)71

~ 0,7653

0,3 0,1 0,0
A= 0,2 0,3 0,2 | ikiHneBuil NpOLYyKT KOXKHOI ray3i
0,1 0,0 0,1
100000
Y = 300000
200000
Eal
dMaemo X = (E—A)7Y, ne X = | 22
T3

QOueBuaHO, IO

100 0,3 0,1 0,0 0,7 —0,1 0,0
E-A={010]-[02 03 02 ]|={-02 07 -02
00 1 0,1 0,0 0,1 0,1 0,0 0,9

I

I

det(F — A) = 0,421; 0,47506 1,49644 0,33254

1
3
0
1,49644 0,21378 0,04751
0,16627 0,02375 1,11639

Toxi
1,49644 0,21378 0,04751 100000 223280
X =1 0,47506 1,49644 0,33254 300000 | ~ [ 562946
0,16627 0,02375 1,11639 200000 247030

O6csaru BupobHUIITBA TIepiol raiy3i £1 = 223280, apyrof xo = 562946
i Tperbol x3 = 247030. 3uaouu i obesaru i KoedilieHTH TPSIMUX BUTPAT,
MOXKHA, OOIUCANTY TOTOKNA MPOAYKILI BiJ 4-01 10 j-01 rasysi.
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AxImo, HANPHUKAAA, Ha OJUHUIN0 MPOAYKIIT apyrol rany3si #iae 0,1 ogn-
HUIb TPOJYKINI mepInol ramry3i, To Ha 562946 oauHUIb BCi€l MPOAYKILT Ipy-
rol ranysi surpadaerbes 0,1 - 562946 = 56294, 6 onuHUIL TPOAYKILI mep-
mol rasysi. Pemra npoaykuil neprinol rajgysi CoXKWBAETHCS v HIilE camiii:

10010 a3 = 0, mwo BUIHO 3 A.
Orxe, IPOAYKIIS NEPIOl rajy3i po3moaiaseThesa Tak: r1; = 66984, 0;
x12 = 56294, 6; 13 = 0; y; = 100000, mo pazom gae 1 ~ 223279.
[TonibHuM YUHOM MOXKHA OOYMCTUTH OATAHCOBUI PO3TIOAL TPOIYKILT
JPYTOI i TpeTwol ramysei. >

Bopasu

O1. 3ratitn marpurio A + 3B — C, axmo

a=(35)m=(3 J)e=(% )

1 2 -1 1 2
iBH&I/ITHAB,HKLU,OIl)AZ(_l 1),3:( 5 1 5);
)
4 -3 2 -1 2
NA=(12345),B=|3|:334=[ 0 -1 3 |.B={14|.
2 2 3 -1 3
1

03. 3naiitu AB i BA nn1g MaTpuIb:

DA:(? _21>’B:<(1] ?)52)‘4:(—21 :15>’B:<—35 g)

O4. 3uaitu marpuiro X , SKIIO :

B (U3 e ol (13
1)X+2A_E,A_<0 0),2)X_A T A 6E,A_<0 0).

05. BualiTi MaTpPAIIO:

1 -2 3
1)342 —24+5E, ne A= 2 —4 1
3 -5 2
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1 2 -3 1
2 ABC —3E, ne A=(10 2 |,B=|2], ¢C=

4 5 3 1
(2 0 5).

06. Tlpu BuUroTORBJIEHH] meTajseil YOTHPHOX BHOIB BUTPATH MaTe-
piajiB, poboUol CHUIN Ta eIeKTPOEHEPTil 3a8Jai0ThCA TabINIIEIO:

Pecypcn Burparu (B yM. 07.) Ha OfHY JeTalb
I 11 11 v
Marepiaan 1 3 0,5
Poboua cuma 1,5 2 3 1
EnexTpoenepris 2 1 1 0,5

ObuncauTn 3araabHl ToTpebu B MaTepianax gy, pobouiit cumi yo
Ta eJIEKTPOEHePTil g3 JJIsd BUTOTOBJEHHS 3aJaHO0l KITBLKOCTI JeTasieit
KOKHOTO Buay: 1 = 10, 20 = 2, 3 = 8, x4 = 4.

O7. Bukonarn po3paxyHOK 3apodiTHOI IJIATHI, KA ITPUTIAE Ha
KOXKHe 3aMOBJIEHHSI TIPH BUTOTOBJEHHI PI3HUX AeTajiel, AKINOo BiaoMi
MaTPUII:

1) sarpar po6oUOro 4acy B roAMHax HA KOKHOMY pobodoMy Micii
I;, j €{1,2,3,4,5}, 1 na koxxunmit Bupi6 A;, 7 € {1,2,3},

M, T, I3 T, IIj
2 1 4 5 0\ 4
1 4 2 5 2 Ay
0 1 0 3 4/ A;

P=

2) kinbkicTs BupobiB By, k € {1,2,3} (y mrykax), y KOKHOMY
samosienni A;, ¢ € {1,2,3},

Ay Ay As
/0 4 2\ B
=10 24| B
5 10/ By

3) norosuuHOl 3apobiTHOT TiaTHi (Y TPONIOBUX OJNHUIINX) HA KO-
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KHOMY pobodoMy MicITi

1,25
1,50
Y =| 1,40
1,40
1,25

O8. V HapogHOMYy TOCIOAAPCTBI € Bl Tajiysi: ITPOMUCIOBICTD
I ClIbCBKE TOCIOAAPCTBO. 3aJaH0 MATPHUIK HNpaMuUx BUTpar A =

0,4 0,5\ . . 300
( 0.3 0.2 ) i MATPUITO KIHIIEBOrO MPOJAYKTY Y = ( 66 ) Axum
TMOBWHEH OyTH 00CAT BUMYCKY TPOAYKINT KOXHOIO TATy33107

09. 3uaiiTu MaTpuIio, obepHeHy 0 JAHOI:

- 2 5 7 4 -8 —5
1)(5 7); 216 3 4 |; 3| -4 7 -1
5 -2 -3 3 5 1

010. 3nuatiTy ByIacH] YKCIa 1 BJIACH] BEKTOPU MaTpPUIIL:

o na=(42) 2a=(1 )

O11. MarpuysHuM METOIOM PO3B’I3aTH CUCTEMY:
. 20 -3y+2—-2=0, T+2y+32=25,
1){435_—1—5234_—470,. )< z4+5y—4z+5=0, 3)< 2z—y—z=1,
y== dr+y—324+4=0; x4+ 3y +4z =6.
C1. Posp’ss3atu MaTpuaHe PIBHAHHSA:
1 2 3 5 3 -1 5 6 14 16
b(s3)x=(39)2(3 2)x(75)=(5 %)
C2. V rabuii HaBeJeHO JIaHl PO BUKOHAHHS OaJIaHCy 3a 3BITHHH
nepion (B yM.IpomoBux Of1.)

T Cnoxusanss | Kinnesuit | Basopuit
ATY3b

1 2 TMPOYKT BUITYCK
Bupo6- 1| 100 160 240 500
munTso 2 | 275 40 85 400

SHafiTu HeOOXiTHMIT 00CST BATOBOTO BUIYCKY KOXKHOT TaJTy3i, AKIIO
KIHIIEBU TIPOJYKT TEPIIO] Tajay3i MOBUHEH 30LIbIUTHCT ¥ 2 pasn, a
npyroi Tatysi — ma 20 Y%.
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C3. V¥ rabjuii HaBeIEHO CKJIA/L BITAMiHIB ¥y XapIOBUX MPOAYKTAX

Py, Py, Py

Biraminn (%)
IIponykru T I n 1
P 0,5 0,5 0 0
P 0,3 0 0,2 0,1
P 0,1 0,1 0,2 0,5

1. Ckimbku BITAMIHIB KOXKHOTO BHUIY MICTUTHCST B PAITiOHI, STKWi
BKJIFOYUAE b OJUHUIE TPOAYKTY Pr, 16 oguauIb, npoaykry P 1 8 oan-
HUIL OpOayKTY P37

2. BpaxoByroun TIIBKM BapTICTh BiTaMIHIB Y KOXKHOMY TPOIYKTI
BiamosizHo 10, 20, 25 1 50 rpH. 3a OJAWHUIIIO KOKHOTO BITaMiHy, 3HANTH
BapTICTH OAWHHUIN KOXKHOTO BUIY TPOAYKTY.

3. IlizpaxyBaru BapTiCTh PaIliOHY, CKJIAJ sIKOTO HAaBEJEHO BHUIIIE.

C4. YMoBHE HapOJHE TOCIONAPCTBO CKJAJAETHCA 3 TPHOX TajIy-
zeit. KoediienTn mpsaMux BUTPAT, HEBUPOOHUYE CIOKMBAHHS 1 Ha-
TPOMAJIZKEHHST 3aaHl B TabauIl

Tanyzi Poznonin Hepupobuuue criokupaHHs
BupobuunTea | I 1T | 11T 1 HarpoMa KeHHS
I 03103 0 24
1T 0,210,203 94
11T 0,110,110,2 88

SHafTH MATPHUID TTOBHUX BUTPAT i BUIYCK HPOAYKINT KOXKHOO
raJIy33I0.

JlomaritHe 3aBIdaHHA

J1. Bratite marpumo: 1) 3A + 2B, axkmo

2 1 -1 —2 1 0
A‘(o 1 —4)’ B_<—3 2 2)’

2) 2A — B, sKmo
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—2 1
A= 4
—5 0

Y

J2. Snatitn AB, axmo: 1) A = —2 ),B
2 =3 9 —6
pa=(? ) (0 _4), 3>A(

0
1
1
; ?
B=| 2| 4HA=(4 0 -2 3 1), B=| -1

J13. O6uncmr A, axmo A = ( ; :Z ) .
4. Bratitu AB 1 BA, gakmio

2 1 —1
A_<11 1),3_ 1 1

J5. 3matitn marpumo X | axkmo XA = AX = F, A= ( ’23 ?1 ) .

6. 3ualitu MaTpuiro, obepHeHy 10 MaTPHIL:

3 -1 2 2 2 3
DA=[0 -2 1]; 294=( 1 -1 0
5 0 3 —1 2 1

7. 3uafiti BAACH! BEKTOPY 1 BIACHI YHCTA MATPHII

3 -2
A= .
J18. Po3p’si3atu MATPUIHUM METOJIOM CUCTEMY:
. 20 —4y+ 32 =1, 2 —y + 2 =2,
1){ ?;iing N - +4:=3 3){ 34242 = -2,
b= 3z —y+ 52 =2 x—2y+z=1
9. TlianpreMcTBO BUIIyCKaE MPOAYKINIO TPLOX BUAIB 1 BUKOPHUC-

TOBY€ CHUPOBUHY HIBOX THUMIB. HopMmu BHTpaT CHPOBUHW HA OJWHU-
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. 2 1
IO MPOAYKINT KOXKHOT'O BUIY 33JaHi MaTpHUIEn A = ( 1 3 Z )

Bapricts ogumnmi cMpoBHHEM KOXKHOIO THIY 3aJaHa MaTpuien B =
(10 15). ¢Iki 3aranpHi BUTpaTH BUPOOHUIITBA Ha BUroTOBIeHHS 100
OJUHANL TMPOAYKINT meprmoro Buay, 200 oquHunL TPOAYKINL JPYyroro
puay 1 150 oaunuils TpogyKOil TPeTLOro BUAY !

H10. O6uncautn moTpibHy KIILKICTH BUXIIHOTO MaTepiany M,
My, M3 ma omuauiio kinmesol npoaykmil Ily, Ilo, I5, Iy, axmo mas

IILOTO CIIOYATKY Tpeba BUMOTOBUTH MPOMIXKHY mpoaykitio N1, N, Ns,
33 YMOBH, II0 BUTPATH 33JaHO BIJATIOBIIHO MaTPUIISIMU

M, My Mj Ny N2 N
2 3 4 N 23 4 T
A = L Ay = 1 0 3 Ilo
1 0 3 No
PR N 45 0 Il;
3 4 50 T,

J11. Tany3b cKIAJAETHCS 3 TPHOX HIJITPUEMCTB, STKi BUIIYCKAIOTD
110 OIHOMY BHJY IPOIYKIl B obcssi x5, ¢ € {1,2,3}, omumrne, T06-
1ol
TO MaTpuilg BasoBoro unycky X = | xo |. Koxue mignpuemcrso
T3
raJiy3i gyis 3abe3revueHHsT CBOr0 BUPOOHUIITBA BUKOPUCTOBYE YACTHU-
HY IPOAYKINI, TKa BUPODIAECTHLCS HAM CAMUM Ta CYMIKHUMM I AIPH-
emcTBamu. Hexait a;; — 201 IpOAYKOil ¢-r0 M IIPUEMCTBA, IK& BUKO-
PUCTOBYETBCS j-UM TIIITPUEMCTBOM 115 3abe3eueHHs BUITYCKY CBOET
IpoAyKIii obcAroM x; OAUHMIL, TOOTO MATPHIS IPAMEIX BUTPAT Ma€
air a2 ais
puriaag A = | as1 asz as3
a3l as2 433
Braxkarumemo, mo ¢; — Ite KUIBKICTh TPOAYKIIL 2-TO MiATPUEMCT-
Ba, K& MOCTYIIAE JJIsI peadizalil mo3a JaHoo raay3310. Toml marpuis
Y1
Kinnesoro npoaykry Y = | yo |. Tpebda 3naiiTu:

Y3
1) MaTpUITIO KIHIEBOTO MPOAYKTY Y, SIKIIO
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300 0,3 0,1 0,2
xX=1{20],4=( 02 0,3 0,1

400 0,2 0,2 0,6
2) MATPUITKO BAJTOBOTO BUMYCKY X, SIKIIO

60 0,05 0,35 0,40

Y= 7 |, A= 0,10 0,10 0,40

30 0,20 0,10 0,20

J12. Ha nignpuemctsi € Tpu nexu. CKiIbKE TPOAYKINT CJTijl Bu-
TMYCKATH KOKHOMY TIeXy, SIKINO 3aaHi MaTPUIST mpaMux BUTpaT A i
MaTPHIlS KiHIIEBOTO TPOAYKTY Y :

0 0,2 0,1 1200

) A=(03 0 01|, Y=/ 2000
0,2 0,1 0 2400
0 0,1 0,2 1224

2 A=(01 0 03], vy=1 1632 |?
0,2 0,4 0 816

J13. € nei dbipmu, gxi BUpoOIIsIIOTE TIEBHUN TOBAP.
1) Cykynnuit npoaykT nepmoi cdbipmu gopismioe 200, a apyroi —
0,1 0,4

300, marpuris npsMux BUTpaT A = ( 0,8 0,2

) . 3HaliTy KiHIIeBUi

NPOAYKT KOXKHOI (hIpMIU.
2) Kinnepwit mpoaykrt mepiiol dbipmu popisaioe 70, a apyroi —
120. Tpeba zHaiiTn HEOOXITHUE CYKYNHUN TPOAYKT, SKIIO MaTPUIIST

A= 0,1 0,4
npsiMuX BUTPAT A = 0.8 0,2 )

Bigmosimi

o1. (990013

3
0
O3.1)AB:BA:<? _1>;2)AB:BA:< L 18>.04.
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21 -23 15
1)X:<—Ol _]6>;2)X:<—04 _66>.05.(—13 34 10);
9 22 25
1 0 10
2) | 6 -3 15 ]. 06. y; = 28, yo = 47, y3 = 32. OT.
34 0 82

1800 7T —4
(99, 6;81,90;102,55). O8. X = ( 490 > 09. 1) (_5 3 ), 2)

1 -1 1 12 17 -43
-38 41 -34 |;3) & -7 11 -24 |. O10. 1) Ay = 3,
27 —29 24 -1 -4 4

( ),X2:C<_l>,C’ER\{O};2)/\1:

2),)(2 — c*(l),o e R\ {0}. O11.

1
1) (5;—4); 2) (5:6;10); 3) (1:-1;2). C1. 1) ( —21 _31 ) 2 ( :1)) Z >

6,3 .
c2. x = [ 96 gy | 33 |9 [ 13 ): 8 469, ca
691,2 3,6 -

5

1,64865 0,64865 0,24324 120
(E—A)~' = 0,51351 1,51351 0,56757 |, X = | 200 |.[1.1)
0,27027 0,27027 1,35135 150
4 -5 2 3
(_26 ? :2);2) 4 -2 5 0]
-5 11 -6 1

re (22 )" g);@(ég);@@n.m.(g ).

17
5 2 -
z[4.AB:<f§ _12>;BA— ~1 0 2 . IT5. _,%4 _32>
: 3 2 0 ‘
2 -1 -1 4 -3
M6.1) At= | —5/3 13 1 5 -3 .
~10/3 5/3 2 66 4
,Z[7./\1:1,/\2:—1;X1:C*<1> X =C f (*ER\{O}
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A8. 1) (0;2); 2) (-1;0;1); 3) (2;-1;-3). 9. 28000. J10. A =
M, Ms M;

23 26 17\ IL 110 152,2
14 18 4 I, .,2[11.1)1/:(40 );2))(:(135,8).
13 12 31 | 1 60 92,5
13 12 31 /) 1L

1640 1910 60
J12.1) X = [ 2940 |, 2) X = | 2440 |. m13. 1) Y = ( 20 ) 2)

3116 2190
260
X= ( 410 )



Tema 5. BekTopHa anarebpa

BekTopoM Has3mBaeThCsT HANPSMJICHHH BIIPI30K y mpocTopi (Ha
IJIONIWHI ), SIKWIf Ma€ MEeBHY JOBXKUHY, TOOTO BIIPI30K, B KOO OJHA
i3 0OMeXyI0UNX HOr0 TOYO0K OepeThes 33 MOIaTOK, B
a Jipyra — 3a KiHelb. ko A — 1mo4aTok BEKTOpa,

B — fioro kiuens, TO BEKTOP MO3HAYAETHCI CHMBO-
JgoMm AB. BexTop mozHagaTHMEMO TaKOXK 1 CHMBO- A
JoM d. Josxkuny BexTOpa AB HA3WBAIOTH 1OTO0 MO/TYyJI€M 1 TTO3HA-

gaoTh cuMBosoM |AB| abo |dl.

&L

BekTop, y sikoro kiHerp 36ira€ThCd 3 TOYATKOM, HA3UBAETHCS
HyJ/Ib-BEKTOPOM 1 [O3HAMAETHCS CUMBOJIOM 0.

Bekropu @ i I;, PO3MIITIEH] Ha OAHIM mpsMiii ab0 mapale IbHIX Ips-
MIX, HA3ABAIOTHCST KOJIHEAPHUMM.

J1Ba BEKTODH @ i b HA3HBAIOTHCS. PIBHUMM, SIKIIO BOHH : 1) MaroTh
OAHAKOBI MOAyJIi; 2) KosiHeapHi; 3) HAIPAMJIEH] B onuH 6iK. Y ILOMY
BUIIAIKY OHIIYTL 4 = b.

J1obyTKOM BE€KTOpa ¢ HAa YNCJI0 A Ha3UBAETLCSI BEKTOP, J0B-
JKMHA $KOTO JIopiBHIOE |\||d], & HampsMoK 30iraeTbcs 3 HANPSIMKOM
a mpu A > 01 mpormwrexuuii tpu A < 0. Iloznauaernes 1eil BeKTOp
CHUMBOJIOM Ad.

3 JIaHOr0 03HAYEHHA BUILIUMBAE, 110 BEKTOPU 4 1 b= )\de KoJtiHeap-
Humu. [papusbhe i OGepHeHe TBEP/PKEHHST: 3 KOJIHEAPHOCTI BEKTOPIB
aib BUILIUBAE, 1110 b=)\a. -

Cymo10 BEeKTOpIiB 4 i b HA3UBAETHCS b
BEKTOp € = @ + [_)'7 [IOYATOK AKOro 36ira-
€ThCSL 3 TI0YATKOM BEKTOPA &, & KiHelb — c=a+ l_;

3 KIiHIIEM BEKTOPA l;, 34 YMOBH, IO TIOYa-
TOK BEKTOPA b IIPUK/IAJIEHO 10 KiHIsl BEKTOpa d.

Hexait BekTOp @ yTBOpIOE 3 Biccio [ KyT . Toai mpoekIiist BeKTOpa
Ha 110 BICh BU3HAYAETLCA HOpMyJIow0: np;d = || cos p.

SIKIIO TIO3HAUUTH 4epe3 G’ OPT BEKTOpa @, TOBTO BEKTOD, SKMi
KOJITHEAPHWIT BEKTOPY &, OJJHAKOBO 3 HUM HAMPSIMJIEHUH, ae Mae O/T1-
HITIHY JIOBKHHY, To @ = |a@|a’.

QL



Hexaitr 3a71aH0 TpH B3a€MHO TIEPIIEHJUKYIAPHI KOODARHATHI ocl 31
OM = 7 na oci KOOPIMHAT NPo,T = T, IPpg,T = Y, Ppp,T = # Ha-
SMBAIOTHCA IIPAMOKYTHUMH KOOPAMHATAMEH TOYKH ab0 BEKTOpa
7 = OM. Mogynbs pagiyc-sekropa |F] = /22 + y? + 22. Opuawnani
BEKTOPU KOOPAUHATHUX OCeH 4, J, k HA3HBAIOTHCS OPTAMH KOOPIU-
natHux oceit Oz, Oy, Oz sBignosigno. Paiyc-BeKTOp BUPaKAETbCS
qepes OpTH Tak: ¥ = i + yj + k.

ko BekTop AB 3ananuii KoopauHaTamu nodarky A(x1;y1; 1)
i xianst B(xo;yo; 22), To:

ﬁ = (19 — xl)'ﬂ— (yo — y1)5’+ (20 — zl)E;

AB| =\/(ws — 21)% + (o — 1) + (22 — 21)°.

Hexait o, f 1 v — XyTH BekTOpa AB 3 ocsvu KOOPAVHAT, TOMI
BEJIMYUHY

o — I Z9 — 21

_ Y= .
cosoz—ﬁ, cosﬁ—@‘—, COS’Y—W

HA3UBAKTLCA HATIPAMHUMM KOCHHYCAMM BEKTOPA Ag, IPUIOMY
cos? o + cos? B+ cos?y = 1,

TOHTO cyMa KBaJpaTiB HAPSIMHUX KOCUHYCIB BEKTODA, JIOPIBHIOE 011~
HUII.

3 TIonePeHbONC BUILJIUBAE, IO BEKTOD AB NOBHICTIO BH3HAMAETH-
CsT TPHOMA YUCIAMU: T — X1, Yo — Y1 1 2o — 21 — HOro mpoekiismu abo
HOTO KOOpAWHATAMU. TOMY 9acTo NMUIYTh ab0 KaXKyTh, IO 33/1aHO
BEKTOD AB = (z2 — 21592 — Y1322 — 21) abo @ = (z;y; 2).

dxkmo BekTOpPW @ 1 b 3aMaHi CBOIMH KOOpPAWHATAMH, TOHTO
@ = (z1;351321), b = (225 92; 22), T0:

1) d=be z1 =z2,y1 = Y2, 21 = 22;

2) @+ b= (x)+ x5 + Y221 = 2);
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3) Ad = (Ar1; Ay Az1), A ER;
Plp e TLo— YL — 21
4 dlbe =10 =2 )
Ckangapuuii 700yTOK BeKTOPIB @ 1 b — 11 YHCII0, 1110 JOPIBHIOE
o6y TKy noBxKuH |d@| i |b| Ha KocuHyC KyTa (0 MiK HUMY | TI03HAYAETHCS
CUMBOJIOM & - b:

—

@-b=|a||b| cos .

Ockisbku |b] cos p=npzb, |d@| cos @=1p;d, 10 d - b=|d|upzb= lglnp;a
BuaactuBocTi ckansgapHoro 4obyTKy:
Va-b=b-a
Na (b+d)=a-b+a-éc
3) (AG) b= - (Ab) = A\ (@ b);
H@=¢-a>0, |@=vV@; da-d=0sd="0
(BTaCTMBOCTI BUILIMBAIOTH 3 PiBHOCTI @ - @ = |@||@| cos 0° = |@|?)

5) SIKIIO BEKTOPY Yy MPOCTOPI 3a/aHi KOODIUHATAMI
(T1391521); b= (223925 22), T0 G- b = 122 + Y1y2 + 2120

a—=
. = = 7,
6) ymoBa nmepnenauKyaapHocTi: akmo @ # 0, b# O, o
alb & d-b=0abo zize+ y1y2 + 2120 = 0.

. . 7
KyTtoMm mixk BekTOpamu @ i b
Ha3UBAETLCA HAUMEHINNUN KYT (0, Ha AKUN

Tpeba MOBEPHYTH OJUH 3 IIUX BEKTOPIB 0 e @
CYMiIIleHHST 3 JIPYTHM. b
Axmo @ # 0, 57&6 TO
a-b 122 + Y1y2 + 2122
cos =

@l Vat+ oyt A Va3 + g+ 2
ITpukiam 1. 3uaiity JOBXKUHY BEKTOpa 4 = 207 + 30; — 60k i fioro
HaIpPIMHI KOCHHYCH.
< Maewmo |@| =4/202 + 302 + (—60)2 = 70;
20 _ 2. 60 _

— 2 — 30 _ 3. - = =6
cosa=zy=z;c088 =55 =5;c087= %5 ==. b




ITpukian 2. 3uaiiTé KyT MiK BEKTOpaMu
d=7+2]+3k i b=6i+4] -2k
aOckimbkn @-b=1-6+2-4+3.(-2) =8,
@ =V12 + 2% + 32 =14, |b] =/6% + 42 + (—2)% =/56 = 2V/14,
TO

8 2

b
B Vid-2/1d T

a CC052 >
=ar —.
L 7

< 3HAXOANUMO JIOBXKUHY BeKTopa a: |a| =V12+22 422 =3.

Ockimpru @° = gl 10 @ = 1(7 427+ 2k) abo @ = Li+ 2] + 2k. b
IIpukaasm 4. Jano sexropu @ = (2;2; 1), b= (6;3;2). 3uaiitu Hpagi
le;c—i‘
< Maemo

. 3_5;5_2.6+2.3+1.2_@‘
PO TE T VErzrE 3
d-b_ 26+2:3+1-2 20

H"C_I::T: = .
ST 6% + 3% + 22 7

IIpukaasm 5. Jlano tpu Bekropu ¢ = (3; —1), b= (1;-2), ¢=(-1;7).

3HaiiTH PO3KIAL BEKTOPa P = @ + b+ &3a Gasucom @ i b.
< Braxoaumo BekTop = (3+1+(—1); =14+ (-2)+7) = (3;4). Posknan
BeKTOpa P 1o 6azucy a i b mae surnsan = ad + b, ne a i f — neski aliicui

craii. Tomi (3;4) = a(3; —1) + 8(1; —2) abo { —szgﬁz—gi Posp’sa3apiu
JaHy CHCTEMY, OJIepRuUMO, mo o = 2, [ = —3. Omxke, P = 24 — 35. >

Bopasu

O1. BuafitTy Moaysb BeKTOpa @ = (6; 3; —2).

02. BuaiTun HanpaMui KOCHHYCH BEKTOP2 da = (12; —15; —16).

03. 3a JAHUMH BEKTODAME aib HO6yL];yBaTI/I TaKi BEKTOPWU:
Da+b.2)a—0b;3) b—a;4) —a—b.
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04. Jlano |d] = 11, b = 23 i |@ — b| = 30. Buaiiru |G+ b|.
0O5. Bekropu @ i b YTBOPIOIOT KYT (¢ = 60°, mpuaomy @] = 5,
|b| = 8. Bnaiitn |d + b| |d — b|.
06. 3a JaHUMU BEKTOPAMU a i b noby/1yBaTH BEKTOPH:
1) 3a; 2) 2@ + Lb.
O7. /lano BekTopu @ = (3; —2; 6) ib= ( 2; 1;0). 3naiiTn npoekrii
Ha KOOpJMHATHI 0Ci BekTopis: 1) @ + b; 2) £ 30 — l_;
O8. Jlna sikvx 3HaYeHL « 1 [ BEKTOpU 4 = —27 + 3;4— ﬂE i
b= qai— 6;—1— 2k KoJiineapHi 7
09. Jano worupu touku A(—1;5;—10), B(5;—7;8), C(2;2;—-7) i
D(5; —4;2). Tlepesiputu, mo Bekropu AB i C'D xonineapsi; 3uaiiTu,
STKWIT 3 HUX JOBINWM 1 Y CKITBKHW Pa3iB, SK BOHU HANPAMJEH] — B OJUH
YW B IPOTHIEKHI OOKH.

010. 3naiitu opt BekTOpa 4@ = (3;4; —12).

O11. Ha nnommuni 3amano gsa sexkropu p = (2;—3), ¢ = (1;2).
BuatitTr po3kia BekTopa @ = (9;4) mo 6asucy p, (j’

012. JTaro tpu BekTopu p = (3;—2:1), ¢= (—1;1;-2), 7 = (2; 1;
—3). BuatiTi po3kajg BekTopa ¢ = (11; —6; 5) o 6a3p1cy D, q, T

013. Bekropn @ i b B3a€MHO HEpIeHIUKY/IADH, 'BEKTOp € yTBO-
PIOE 3 HIMU KyTn ¢ = 7/3. 3natoun, mo |d| = 3, b = 5, |d = 8,
obumncantn : 1) (3@ — 2b) (b+32); 2) (@+ b+ )2

014. Bekropu G i b yTBOPIOIOTb KyT (0 = 7/6. Snatouu, mo |d| =

V3, |b| = 1, sHaiiTy KyT o MixK BeKTOpaMu p = d + bi g=a-— b.

015. ZLJH{ SIKOIO SHAYEHHS] (¢ BEKTOPH 4 = ol — 3j +2kib=1i+
+27 — ok B3aEMIO TepTeH Ky APHI?

016. Bekrop Z nepnedauKyJsipHAi 10 BEKTOPIB d = 3i + 2;—{— 2]2,
b= 18i — 22; — 5k i yTBOpIoe 3 Biccto Oy Tynuit kyr. 3Haiitu fioro
KOOpJIMHATH, 3Ha04u, 1o |Z] = 14.

017. O6uucanTy TpOEKIIio BeKTopa 4 = (5;2; 5) Ha BiCb BEKTOpa
b= (2;—1;2).

018. 3amano BekTop acoprumenty ¢ = (20;40;60;10) i BekTOp
uTpar cuposunu 5§ = (5;3;7;2). 3HaliTk cyMapHi BUTPATH CUPOBUHU
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019. 3uaiiTu AinHifHY KOMOIHAINIO 3T + 4? — @ BEKTOpIB @ =
(4:1;3;-2), B = (1;2;-23) i @ = (10:8;1; -3).

020. s sexTopis @ = (2;4; —3;0) i T = (—1;2;2; —5) 3naiitn
TXH] JOBXKUHU 1 KyT MIXK HUMU.

C1. BuatiTr mouaTok BekTopa @ = (2; —3; —1), akmo #oro kixenp
36iraerbes 3 Toukoro ( 1; -1 ;2 ).

C2. 3uafiTu JIOILY TPUKYTHHKA 3 BEPITUHAMHA B TOUKAX
A(1;1;1), B(1;0;0), C(0;1;0).

C3 Axy yMOBY MOBUHHI 33/T0BOJIBLHATH BEKTOPH ai b o6 BEKTOP
i+b 6yB HepHeHL];I/IKyJIHpHI/II/I JIO BEKTOPA & — b?

C4. Jlano toukn A(—1;3;=7), B(2;—1;5) i C(0;1;—5). OGuuc-
JIUTH 2@ C@ (QB? —{— Bj)

C75 Jano seprmau TpukytHuka A(3;2;—3), B(5;1;—1) i C(1;
—2;1). 3uafiTu #ioro 30BHIHIK KyT mpu BepmmHi A.

C6. Jlano BekTopu a = (1;—3;4), b= (3;—4;2), ¢ = (—1;1;4).
Ob6uucauTn Hngeri.

JlomaritHe 3aBIdaHHA

H1. Hawo touxm A(3;—1;2) i B(—1;2;1). 3uafitn KOOpAUHATH
BEKTOPIB ﬁ i m

J2. Snaiiti H&HpﬂMIji KOCHHYCH BEKTODa a= (% %; %)

A3. Hano |d@| = 13; |b| = 19; |d@ + b| = 24. 3naiitu |d — b|.

4. Bexropn @ i b B3aEMHO NepIeHANKY/IApHI, npudomy |d| =5 i
|b] = 12. Buatiru |@ + b| i |@ — b]. .

A5. Tano npa BexTopu @ = (3; —2;6) i b = ( 2;1;0). Buznaunrn
IPOEKIII Ha KOOPAMHATHI OC1 BEKTODIB: 1) g — b 2) 2d + 3b.

J6. 3naiitu opT BexTOpa @ = (6; —2; —3).

JI7. Ha momuni gano tpu sektopu @ = (3;—2), b = (—=2;1) i
¢ = (7;—4). 3naiiTn PO3KJIAI KOXKHOIO 3 X BEKTODIB, Oepyun 3a
Oa3uc JIBa IHINX. .

A8. Hamo wormpm BexTopum @ = (2;1;0), b= (1;-1;2), ¢=

=(2;2:—-1) 1 d= (3;7; —7). BraliTn poO3KIA] KOKHOTO 3 IMUX TOTH-
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PBOX BEKTOPIB, Oepyuu 3a 6a3uc Tpu iHIII.

9. Bexropnu @i gyTBopIOIOTb KyT ¢ = 27/3. Buatoun, mo |d| = 3,
16| = 4, obuncuury : 1) (3@ — 2b) - (@ + 2b); 2) (@ — b)2.

J110. Jlosecru, mo BekTop §=b - (@ - &) — &- (@ - b) nepuenauky-
JISpHUIL 10 BEKTOpA d.

H11. Nawno Bektopn @ = (4; —2; —4), b= (6; —3;2). BuatiTu:

1) (2@ — 3b) - (@ + 2b); 2) (@ + b)2.

J12. O6umcmTi KOCHHYC KyTa, YTBOPEHOTO BEKTODaMW @ =
= (2;—4;4) i b= (—3;2;6).

J13. Bekrop ¥ xosineapHuit sekropy @ = (6; —8; —7,5) i yTBO-
proe rocTpuit Ky 3 Biccio Oz. 3mawoum, mwo |Z]| = 50, 3uaiitn fioro
KOOPJIMHATH.

J14. JTano BekTopH @ = 37— 6;— E, b=7+ 4;— 5k i ¢=3i—
—47 + 12k. O6uucanru npA(a + b).

J15. 3uafitu 3arparu pobodoro gacy T 1 BapTicTh BEPOOIEHOT
npoaykuii P, skimo BigoMi BekTopu: acoprumenty ¢ = (20; 40; 60; 10)
sarpar poGouoro uacy ¢ = (5;10;7;12) i nin § = (30; 15; 40; 20).

HA16. 3naiiTn cKaaapHuil J0OyTOK BEeKTODiB @ i ?, SKIITO:

1)@ =(21-151), B = (3-1;-21);

9) @ = (1:21;-1), b = (—2;3;—5 —1).

JI17. BusHauwTH KyT MiXK BEKTOpaMH & i b, AKIIO: 1) @ =

(2:1332), b = (152 -21);2) @ = (15223), b = (3;1;51).

Biagnosiai

O1. |d] = 7. O2. cosa = 12/25, cos = —3/5, cosy= —16/25.
O4. | +b| =20. O5.|a+b| =v129 = 11,4;]a-b| =7. O7.1) (1;-1; 6);
2) (3;-5/3;2). O8.a=4,=-1. 09. Bekrop aB BABIYl mMOBIIMIL 34

Bextop CD, BoHM Hampamiedi B omuH 6ik. O10. @® = (%;—14—3;—%).
O11. 3@ =25+ 5¢ O12.7=27—37+7. O13.1)-62;2) 162. O14.a =

= arccos%. 015. o = —6. O16. ¥ = —4i — 6] + 12k. O17. 6.
018. 5 =660. 019. (6;3;0;9). 020. | = V29, |5| = V34, ¢ = 90°.
C1. (-1;2; 3). C2.+/3/2. C3.|d = |b]. C4. —524. C5. arccos (—4/9).
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C6. 5. J1. AB = (-4;3;-1), BA = (4;-3;1). 2. cosax = 3/13,
cosf =4/13, cosy = 12/13. A3.|d—b| = 22. 4. |d+b| = |d@—b] = 13.
JI5.1) (5; -3: 6); 2) (0;-1;12). 6. & = (6/7;—2/7; —3/7). O7.d = 2b+¢,
b= lzé=a-2b N8.d=2i—-3b+¢2 = —2d+3b+d,
b=23+1ie—-1d,a=3%b-1¢+L1d Mm9.1) —-61;2) 37. O11.1)
—200; 2) 129. JI12. cosy = 5/21. JI13. # = (—24;32;30). [I14. —4.
J15. T = 1040, P = 3800. JI16. 1) 9; 2) 0. JI17. 1) 90°; 2) 45°.

—
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Tema 6. ITigommuaa B mpocTopi,
pi3Hi pIBHAHHS ILJIOMIMHI

YV HeKapTOBUX NPSIMOKYTHHX KOODJIWHATAX KOXKHA TUIOIIMHA Bu-
BHAYAETHCSA PIBHSHHAM MEPIIOTO CTENEHS | KOXKHe PIBHAHHS TTEPITIOTo
CTElEHs BU3HAYAE ILJIOIIUHY.

JIOBIIbHUK HEHYJBLOBUI BEKTOD, NEPHEHAUKYJISPHUN 10 HaHOl
IJTONTUHY, HAa3WBAETHCA 11 HOPMAJAbHUM BEKTOPOM. PiBHsHH

Az — o) + By —0) +C(2 — %) =0 (1)

BU3HAYa€ IUIOIIMHY, KA TPOXOTUThH yepe3 To4dKy My(ro;yo;20) 1
HOPMAaJbHUM BEKTOpOM skol € 11 = (A4; B; C).

dxmo B piBHsEHEL (1) POKPUTH AYyKKH 1 BBECTH ITO3HAUECHHS
—Axy— Byg — Czy = D, To gicraneMo piBHAHHS

Az + By+Cz+D =0, 2)

AKe HA3UBAETHLCA 3araJbHUM PIBHAHHAM ILJIOMIWHA.
3 (2), nopinusmiu obuaei yactTuan HA —D # 0, o/lepKuUMO piBHSA-
HHH INIOMINHKA Yy Biapi3zkax

x z
4¥4li=, (3)
a b ¢

nea = —%, b= —%, = —% — BeJIMYNHN HATPAMJIEHUX BIAPI3KIB, IO

ix BiATHHAE MIOMIMHA, Ha KoopauHaTHuX ocstx Oz, Oy 1 Oz BianosigHo.
PiBHYAHHS IUIOIIMHHU, $Ka OPOXOIUTH Y€pPe3 TPH TOYKU
My(z1;591; 21), Ma(xo;yo; 20), Ms(x3;ys; 23), Mae BALIA

r—x1 Y-y =z2—2
To—x1 Yy2—y1 22—z | =0. (4)
3 —Z1 Y3 — Y1 zZ3 — <1

dAxmo B pisasiaai (2) D = 0, TO IUIONIMHA TPOXOJUTE UEPE3 MOYa-
TOK KOODIUHAT. Y BHIAIKY, KOJIU IKUA-HeOyIL 3 Koedinientis A, B



abo C' nopiBHIOE HY/I0, TO IJIONIMHA TTapaJie/ibHa O/HIN 3 KOOPJAUHA-
THUX OCelt, a caMe Til, sTKa OJHOMMEHHA 3 BIICYTHLOIO KOOPAUHATOR;
SIKIIO 7K, KpIM ToT0, i D = 0, TO II0MKHA TPOXOINTE YEPE3 IO BiCh.

Armo A = 01 B = 0, To WioMKHA NapaiejbHa KOOPIUHATHI I
ol Oxy; axmo x A = 01 C = 0, To BOHA TapaJiebHa KO-
oppuHaTHiit wrommHl Oxzz, a ipu B = 01 C = 0 — mapaJiesibHa
KooparHaTHIA mwromuni Oyz.

Bzaemmue posmimenns B npoctopi apox mwrommn Ay x+ Biy+Crz—+
+D1 =0 (P) i Asx+ Boy+ Coz+ Dy = 0 (P,) BU3HAYAETHCS IXHIME
HopMasbHUME BekTopamu 711 = (A1; B1;C), fio = (Ag; Bo; Cy), a
caMme:

)Pl ||P2<:>n1 ||’/?,Q<:>ﬁ; _Bl —Cl
) Pl P& J_n2<=>A1AQ+BlBQ+C1CQ =0;
3) Kocunyc Kyra mixk Py 1 Py Bu3Ha4aeThCsa pOPMYJIO

A]AQ + B1Bs + C102
VAZ+ B2+ CA/AZ+ B2+ C2

Cos =

Bincranb Big Touku Mi(21;y1;21) 10 TJIOMIAHA, sSIKa 33J1aHA PiB-
HSTHHAM (2), 3HAXOUTHCS 32 HOPMYIIOK

|Az1 + By + Cz1 + D)
VAZ+ B2+ CZ

ITpukiams 1. CkiaacTy piBHAHHS TUIOMIMHHE, KA ITPOXOIUTH 4E€PE3 TO-

d=

(5)

9Ky Mo(2;3;5) nepnenauKyiasipHO BEKTOPY 7 = 4437+ 2k,
< Cxopucrapmuch piBasaHaM (1), gicTanemo
Az —2)+3@y—3)+2(z—5H)=0abo 4z +3y +22 —27=0.>
IIpukaazm 2. 3 rouku Mg(2;3; —5) Ha KOOpAWHATHI [LIOMIKXHN OIIYIIEHO
nepnenauKyaapu. CrracT piBHAHHS TJIOMUHA, GKa TPOXOIUTL depe3 TXHi
OCHOBH.
< OcHOBaMU IEepIEHAVKYIIAPIB, ONYIIEHUX Ha KOOPAMHATHI TJIOIIUHHA, €
rouku M;(2;3;0), M2(2;0;—5), M3(0;3; —5). Bukopucrosyioun (HopMmyay
(4), 3anuIIeMo PIBHSAHHS IUIONIMHY, SKa [IPOXOAUTHL Yepes Touku My, Mo,
-2 y—3 =z
Ms: 0 -3 =5 |=0abo1bx+ 10y —62—60=0.>
-2 0 -5
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IIpukaasm 3. 3uaiiru Bigcranb Big Touxku My(3;5; —8) no mwiomuan
6z — 3y + 22 —28 =0.

< Bukopucrapu dhopmyay (5), aicranemo, 1mo

q= 163-35+2(-8)-28 _ 41
62+32422 7

ITpukiams 4. 3uaifiTu MHOXKHHY TOYOK, PIBHOBIAIANEHUX BiJ ABOX Ja-
X Touok M7(1;2;—3)1 M2(3;2;1).

< Posrasgaemo nosinpry Todky M (2;y; 2), 100 HAJNEKUTDH UIYKAHiH MHO-
xkuni. 3a ymosow Biacraui |[My M| i |MaM| ogunaxosi, To6To

V=124 =22+ (+3)2 =/ -3 +(y -2+ (2 - 1)
abo x + 2z =0.

Oneprkadiu, Mo MIyKAHOK MHOXKWHOIO € IUIOIIHHA, K& TPOXOJUTH 4epe3
Bick Oy. >

ITpukiam 5. 3anucary piBHSHHS TJIOIWHA, AKA MPOXOJUTL Y9E€PE3 TO-
uky M (5;4; 3) 1 BiaTHHAE HA OCAX KOOPAUHAT BIAPI3KU OIHAKOBO! BEJIXUUHH.

>

< Cxopucraemocss piBHsHHAM (3) IUIOMIMHU Yy BIAPI3Kax, B AKOMY
a=b=:24+%1 21 Koopaunaru Touku M 33/[0BOIBHAIOTH PIBHAHHS
IIyKAHO! TUIOIIWHY, TOMY BUKOHYEThCS DiBHICTh 5/a+4/a+3/a = 1, 3Binku
a = 12. Orxe, Mmaemo piBusHEsa £ +y + 2 — 12=0. >

Bopasu

‘O

1. 3uaiiTy PIBHAHHS IUIOMIMHY, SIK& MPOXOJUTL YEPE3 TOUKY
1;—1) i mae HOpMaTBHUI BekTOp 77 = (1; —2; 3).

2. 3uafiTy PIBHAHHS IUIONIAHU, sIK& MPOXOJUTH YEPE3 TOUKY
—2; —7) mapaJsienbao 1wronmHi 2z — 3z + 5 = 0.

03. BuaiiTy PIBHAHHS IUIOIMIMHE, SIK& MPOXOAUTL YEPe3 TOUKY
My(3;4; —5) mapaneabHo 10 1BOX BEKTOPIB a1 = (3;1;—1) 1 do =
= (1;-2;1).

O4. 3uaiiTy PIBHAHHS IUIOIMIMHY, SIK& TPOXOJUTL YEPE3 TOUKY
My(2; —1;5) mepneHaAuKyJIsIpHO 10 TWIOmNH 3z — 2y + 2 + 7 = 0 i
Sr—4y+3z2+1=0.

O5. 3naiiTu PIBHAHHS ILIOIIMHA, KA HPOXOIUTH YEPE3 TOUKH
Mi(2;—1;4) i M5(3;2; —1) mepneHguKyJaspHO 10 IUIOIIMHE T +y+
+z—3=0.

06. 3uaiiTy PIBHAHHS IUIOIMIMHE, SIK& TPOXOJUTL YEPE3 TOUKY

M,y

=
oa‘oG

—
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My(2; —3; 3) mapasenbro wiontuai Oy,

O7. 3uafiTy PIBHAHHS IJIONIAHYA, KA MPOXOIATL Uepe3 TOUYKH
M1(7;2;—3) 1 Ms(5;6; —4) napanensao oci Oz.

0O8. Obuuciauru ob’em mipamian, sika oOMeXKeHa ILIOIIHMHOI0 24—
—3y + 62 — 12 =0 1 KOOpPAMHATHUMU TLIONINHAMH.

09. 3uafiTy PIBHAHHS IJIONIAHYA, KA MPOXOIATL 9epe3 TOUYKH
Mi(1;-1;0), Ma(152;3) i M3(5;—1;1).

010. 3uajiTi KyT MIXK ILIOMIHHAMHE
1) 2x—3y+32—1=0 i1 —2x4+3y—32+5=0;

2) 3x—4y—2—1=0 1 2z+3y—62—2=0.

O11. O6umciuru Bimcranb d Big Touku My(—1;1;—2) mo mio-
MUHKA, $KA TPOXoAuTh depe3 touku My (1;—1;1), My(—2:1;3) i
Ms(4; —5; =2).

012. 3uajiTy BiACTaHL MiXK TapaJeIbHUMY IIOMUHAMY 5 + 3y —
424+ 15=0115z 4+ 9y — 122 —5=0.

Cl1. 3uaiitv piBHAHHS IUIOIIMHH, $IKA IPOXOOUTL UEPE3 TOUKY
My(0;0; a) mepnenaukyastpao 10 mwionwH ¢ —y — 2z = 01 2y = x.

C2. 3uaiiTy piBHAHHS ILIOIIMH, SIKI MapaJIeIbHl 10 IIOIMUHE 21 +
2y 4+ z — 8 = 0 i 3HaxongTHCS HA BigcTani d = 4 Big Hel.

C3. 3najiTi piBHSHHS ILIONIWHA, KA IPOXOINTH UE€pPe3 TOUYKH
Mi(2;3;4), My(—1:1;0) i napanenbua sekropy @ = (1;1; —2).

C4. 3najiTy pIBHSAHHS ILJIONIMHH, KA MPOXOJNTL Uepe3 TOUKY
neperuny miommH 2z + 2y +z — 7 = 0, 2z —y + 32 — 3 = 0,
4dx 4+ 5y — 2z — 12 = 0 i wepe3 rouku M7(0;3;0), My(1;1;1).

C5. BuaiTi piBHAHHSA [JIONIMHU, TOYKH $IKOI OJIHAKOBO BljijlaJieH]
Bia rouok P(1;—4;2) 1 Q(7;1;—5).

JlomaritHe 3aBIdaHHA

J1. BuaiiTy piBHAHHS IJIONIWHA, STK& MPOXOJUTH YEpe3 MOYaToK
KOOP/IMHAT 1 Mae HOpMastbHuii BekTop 7 = (5;0; —3).

2. Jano rouku Mi(3;—1;2) 1 Ms(4; —2; —1). Buatitu pipHsaH-
Hsi IUIOIAHY, KA [IPOXOJIUTH Yepe3 TOUKY M| IEPIEHANKYISPHO 0
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BekTopa M M.

J13. BuaiiTy PiBHAHHS IJIONIMHY, AKA TPOXOJUTE Yepes3 T0YaTOK
KOOpL];—I/IHaT TIEPIEHINKYAAPHO 10 ILIOMWH 22 —y+3z = 0, z+2y+2 = 0.

J4. BuaiiTy piBHAHHS IJIOMIUHA, K4 TPOXOJUTE 9€Pe3 JIBl TOUKH
Mi(1;—1;-2) i My(3:1;1) nepneHAnKy/IsSpHO [0 IJIOMMHK & — 2y +
3z—o5=0.

J5. 3uafitn pIBHAHHS TUIONIAHHU, sTKA TPOXOAUTH Uepe3 TOUKY
My(—5;2; —1) mapasenbro mwiommsi Oyz.

J16. 3uaiiti PIBHAHHS TJIONUHU, $KA TPOXOJUTH UEPE3 TOUKH
M (3;—2;5) i My(2;3;1) napasensho oci Oz.

JI7. 3naiiTy BemuyunHY BiApI3KiB, dKi BIATVHAE IIOIIUHA 32 — 41—
—242+12 =0 ua KOOPJMHATHUX OCSX.

J18. 3HaiiTu piBHYHHS TJIONIUHU, $Ka MPOXOJUTH UYEPE3 TOUKY
My (2;——3; —4) 1 BIATMHAE HA KOODAMHATHUX OCAX BIJPI3KM OJHAKO-
BO1 JOBXXHWHH.

J19. Ha oci Oy sHaiiTi TOUKH, sTKi 3HAXOAATLCA Ha Bincrami d = 4
BiﬂTMHLHHH z+2y—22—-2=0.

J110. Cryractu pIBHAHHS MHOMKHHK TOYOK, PIBHOBIIJAIEHUX Bij
wromumH £ + 5y —22—3=0Tmaz+5y—2z+1=0.

J11. Yepes minito nepernny mwiommu £ +y — 2z + 5 = 0 ta 22+
+y +2-3=0 MPOBECTH TIOUIUHY, NEPIEHIUKYISPHY 0 TIJIOMIHHK
3r—y+2z—11=0.

H12. 3uaiity BigcTanb Mixk mwiomuHamMu 22 + 2y — z — 15 = 0 i
4z + 4y — 2z + 11 =0.

J13.3naliTn piBHAHHS IUIONIMHY, IO TPOXOIUTEL YEPE3 TOUKH 1)
My(2:151), My(=1;2:1) i M3(252;1); 2) Mi(1;1;-3), My(2;0;-3) i
Ms(1;—1;—1).

J14. 3uafity TOUKy nepeTuny WiomyH £ + 2y —z —2 =10, 3z —
y—z—3=0iz+2y+2z—-4=0.

J15. Bnaditu Bigcrans Big Touxu My(2;1; 1) no muommmm z +y —
z+1=0.
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Bigmosimi

O1l.2—2y+32+3=0. 02.2x—-32—-27=0. 03. z+4y+7z+16 = 0.
O4d. z+2y+2—-5=0. O5.4e—-3y—2—-7=0. 06. z—3 = 0.
O7.y+42+10=0. O8. V =8 09.zr+4y—42+3 = 0. 0O10.
)g=72 ¢=7/2. Oll.d=4. 012. Y% Cl.2z+y+z2=a. C2.
20+ 2y+2=20,2x4+2y+z2=—-4. C3.8x—10y—z=—-18. C4.2—2=0.
C5.62+5y+72—-27=0. H1.52—32=0. 2.z —y—32+2=0.
3. 72 —y—52=0. 4.4 —y—22—-9=0. O5.2+5=0. 6.
Se+y—13=0. A7.a=-4,b=3, =1/2. A8. z+y+2+5=0. HO9.
P(0;7;0), Q(0; —5;0). d10.x+5y—22—1=0. J1l.z+y—2z+5=0.
J12.d=41/6. O13.1) 2 —1=0;2) s +y+2z+1=0. J14.(¥;2;1).

J15. 1/3/2.
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Tema 7. IIpssma B mpocTopi.
Bzaemue po3milieHHs IpPsaMOI Ta IJIOMIMHU B IIPOCTOPI

Pipugnag mpgmol B TPOCTOPI, KA MPOXOAUTL UePe3 TOUKY
Mo (z0; yo; 20) mapaneabHo BEKTOPY 8§ = (m;n;p), MalOTh BUIIAL;

T—To _ Y~ Y _

m n p

Z — 20

(1)

Pigasnas (1) Ha3MBAIOTHLCAd KAHOHIYHUMM PIBHSHHAMA IPAMOI,
a BeKTOp § = (m;n;p) — HAIPAMHUM BEKTOPOM TTPSIMOI.

ITapameTpuyHi piBHAHHESA TPAMOT OJIEPIKYIOTHCS, KO TTPUPIB-
HATH KOXKHE 13 cnipigpomens (1) no mapamerpa t:

r=mt+xy, y=nt+yy, 2z=pt+z, teR (2)
PiBHsgiHHA npaMol, sdKa NOPOXOAUTb Yepe3 OB TOYKM
M, (z1;591521) T Ma(x2;y2; 22), Taki:

r—o Y- -2 (3)

T2 — 21 Y2 — Y1 Zg — 21

3arajsibHe PiBHAHHS TIPAMOT:

{ Aiz+ Biy+Ciz+ Dy =0,

AQQT + Bgy + CQZ + D2 = 0. (4)

Kyt mixxk apoma npamumu Ly 1 Lo, gKi 3a/1aH] KAHOHIIHUMH PiB-

HAHHAMUT
w—xlzy—ylzz—zl (L1) 36—372:9—312:2—22 (Lz)
my nq 1 ’ mo 19 D2 '

BU3HAYAETHCS (POPMYJIOD

m1my + ning + p1p2 ) (5)

coS g = :
Vm? +n? + ph/m? + nl + pl

yMOBa napaJjenbHocTi nupsamux Ly i Lo:

m_m_ P "
me  Ng P2’

65



YMOBa HEPHeHUKYIdpHoCTI npamMux Ly 1 Lo:
mimao + ning + p1ps = 0. (7)

Bincrann Big Toukw Mi(x1;y1;21) mo npamol L, ska Bu3HaYeHa
piBasHEAME (1), 3HAXOIUTHCS 38 HOPMYIOIO
Y1—Yo Z1—%¢0

— - 2
] \/‘ wlmwo Y1 nyo ‘ 4 - )
B Vvm? 4+ n? + p?

HeobxinHoo i 10CTaTHBROIO YMOBOIO HaIeKHOCTI mpsamux Ly i Lo
OJHI# IIOMINHI €

Z1—%0 T1—%0
P m

_l’_

T1— T2 Y1 — Y2 21 — 22
mq ny P1 = O (8)
mo no D2

SIKIO BeM9mMHu My, mi, P He TPONOPIHIHI BeIUIuHAM Mo, Mo,
P2, TO yMOBa (8) € HeoOXIAHOO 1 IOCTATHBOI YMOBOKO TIEPETHHY JIBOX

OpSAMUX ¥ TPOCTOPI.
T—%o _ Y—¥Yo _ 2—z0

Kyt ¢ mixx npsvoro 2 =5 (L) i mwromuHO0

Az +By+ Cz+ D =0 (P) obuancaroerbes 3a GOPMYIIO0

Am+ Bn+Cp

sinf = ;
VA2 + B% 4+ C?/m? +n? +p*’

yMoBa napaJjenbrocTi npamol L i maomunu P:
Am + Bn+ Cp=0; (10)
YMOBa TIePIeHINKYAIpPHOCTI Tpgmol L 1 nomman P:

A_B_C

m n D

(11)

JL1st 3HAXO/XKEHHS] TOYKH [EPETHHY MPAMOI 1 TommHu Tpeba, 3a-
MUCABIIY TAPAMETPUYIHI PIBHAHHS IPSIMOT, TICTaBUTH (2) y PIBHSHHS
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wiomuiu Az + By+ Cz+ D = 01 3uaiiTu 3Bijcu t. dxmo nizcrasurn
fioro B (2), TO OJEPKUMO KOOPIAUHATH TOUKU IIEPETUHY.
ITpukiam 1. CxiacTu KaHOHIUHI PIBHSIHHS IPSMOI, K3, IPOXOIUTD dYe-
pe3 Touky Mo(2; 1; —3) napanensuo npsuift L=+ = ytS = 2l
< Cropucraemocs pisaaaaaMy (1), Jie 33 BEKTOp § MOXKHA, B3sTH BEKTOD
31 = (5;2; —1) — HanpsAMHUN BEKTOD 38,1aHOI IIPAMOL.
Maemo
z—2 y—-1 243
5 2 -1
IIpukaam 2. 3paiiTu napaMeTpHYHI PIBHAHHS NPAMOL, SKa IPOXOIUTE
gepes Touku Mi(2;—5;1) 1 Ma(-1;1;2).
< 3rigHo 3 (2), MaeMo

x—2 :y—(—5):z—1 6o x—2:y+5:z—1.
1-2 1-(-5) 2-1 —3 6 1

IIpupiBusBImE HaHi CHiBBIIHOIIEHHS 10 {, OJEPKUMO IITYKaHi TapaMeTpUYHi
piBHsiHHS npsaMoOl: x =2-—-3t, y=-5+6t, z2=1+¢t teR. >
ITpukiasn 3. 3uaiiT KyT MiXK OpAMUMA

{2m+3y—4z—520, {m—y+22—420,

z—y+z2=0; 2xr4+y—2-5=0.

< 3anuIneMo CrovYaTKy KaHOHIYHI PIBHAHHS JAHUX TIPSIMUX, & TOTIM CKO-
pucraemoch dopmyoro (5).

L1 3HAXOMKEHHS KAHOHITHUX PIBHSHD POl MpsiMol PO3B’ siZKeMO CH-
cTeMy PiBHSIHB 3a TpaBuioM Kpawmepa:

‘ 5+4z 3 ‘ ‘ 2 544z
—z -1 1 —2z
—5—z2 z —5—62
Tr = = =1 + =, = = =
2 3 =5 50 ¥ 2 3 -5
1 -1 1 -1
=1+ gz; NOKJaBMHA £ = f, JiCTaHeMO NMapaMeTpUYHi DIBHAHHS TPAMOL

x=1+4+1t,y=1+46t, z = 5t, a, 0TKe, KAHOHIUHI PiBHIHHS

z—1 y—-1 =z

=% "5

Ananoriyno 3HaX0JUMO KaHOHIUYHI pIBHAHHSA JPYTrol NpAMOI:
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=3—t, y=—1+5¢t 2 =3¢ —= =
x LY +5t, 2 =3t — 3

3rinHo 3 dopmysnon (5), MaeMo
1-(-1)4+6-5+5-3 44
cosp= = = 0,9445;
VIZ+62 +53/(-1)2 +52 + 32 /3562
0=19°11". >

ITpukiam 4. 3uaiiTy BiACTAHD MiXK MUMOOIYKHUMH MPSIMUMEA
r—3 y+1 =2-1 . z+2 y z-3
T 2 T Y T2 Tt
< 3HaIeMO CIOYATKY PIBHSAHHS ILIOIINHE, SIKA IPOXOAUTh Y€PE3 MEPIILY
OpsMY i mapaJjeibHa Jpyriit npaviit. CKOPUCTAEMOCS PIBHSIHHSAM TLIOIMIMHH,
AKa MPOXOMUTh depe3 Touky Mq(3; —1;1) i HopMasbHUIl BeKTOD AKOl 7 =
(4; B; C) nepueH ukyIspHAR 10 HAIpaMHUX BekTopis §; = (—1;2;—1) i

§y = (2;3; —1) 3aaHUX MPSIMUX:

Az -3)+Bly+1)+C(z—1)=0,
715 e24438—C=0;

—-A+2B-C =0, _ _ )
94+3B_C=0, D= 340=-T4
Alx —3)—-34A(y+ 1) —TA(z—1)=0aboxz— 3y — 72+ 1=0.
Tenep 3Haiinemo BiAcTaHb Bid OyIb-siKOT TOYKW APYTol IPsIMOI, HAIIPU-
Kaag, Touku Mo(—2;0;3) 10 1aHOT IWIOMIMHK:
_l-2-3-0-7-3+1] _|-22 22

V(3202 VB9 VB9

18§ e —A+2B—C=0;

Bopasu
O1. CxnacTy napaMeTpudHi PIBHAHHS IPAMOT, dKa IPOXOJIATH de-
pe3 aBi sagani Toukn M (1;1; —2), Mo(3;—1;0).
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02. Jlano Bepmmuau tpukyTHmka A(1l;—2;—4), B(3;1;-3) i
C(5;1;—7). CxacTn mapaMeTpuvHi PiBHSHHS HOr0 BUCOTH, OIyIIe-
HOT 3 BepIMHE B Ha MPOTH/IEXKHY CTOPOHY.

03. 3uafiTy KaHOHIYHI PIBHAHHS TIPSIMOI, sIKa IPOXOIHTDL depes
tTouky My(2;3; —5) mapasesbHo IpsaMiit

3z —y+22z2—-T7=0,
z+3y—224+3=0.

O4. 3uaiiTu KaHOHIYHI Ta NapaMeTPUYHI PIBHAHHS MTPIMOT

2043y —2z—4 =0,
3z —by+224+1=0.

O5. JloecTu TepIieHINKYJISPHICTE IPAMUX
v _ oyl _ 2. 3r+y—52+1=0,
=2 3 2z + 3y —82+3=0.
06. 3naiiTn: 1)

CTPHIT KYT MiX HpHMI/IMI/I
y+2 z z+2 _

— A y—3 _ z+£5.
1 - -1 _\/ﬁ’ 1T 1 V2
2) BIICTaHL MK HapaJeIbHAME HpS{MI/IMI/I
r—2 y+1 z x _ y-‘r? -I-

0O7. Jlano TOJIKI/I A(21 1; 1) B(2;3;3) i 0(3 3 2) Cknacru pis-
HHHST TPAMOT, KA MPOXOIUTH 4epe3 TOUKY A MepIeHIuKyAIpHO 10
BekTOpie AB i A

O8. Jlosectu, mo mpsima £ = 3t — 2, y = —4t+1, 2z = 4t —5
mapaaenbHa miaommuHl 42 — 3y — 62 — 5 = 0.

09. CkpacTn piBHAHHSA TPAMOL, K& TPOXOJUTH UEPe3 TOUKY
My(2; —3; —5) mepneHauKyAsSpHO 10 TwiomuHu 6z — 3y — 5z + 2 = 0.

010. /I sKoT0 3HAYEHHST 17 TPSMa ‘”H = me z+3 napaJesib-
Ha TomwmHl £ — 3y + 62 +7=07

O11. /Tna axwux spadeas A 1 B mnompna Az + By +32—5=10
HNePHeHUKYIsApHa J10 npsaMmol x = 3+ 28, y =5— 3¢, z = —2 — 247

012. 3naiiT TOUKy IepeTHHy IpaMol § = yT_l = zgil 3 TUIOIIH-
Howo z + 2y + 3z — 29 = 0.

C1. 3uaiiTn PIBHAHHS TpAMOl, KA TPOXOJUTH UEPE3 TOUKY
My (a; b; ¢) mapanenso oci Oz.
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C2. 3uaiity PIBHAHHS TJIONWHE, SK& TPOXOIUTH YE€PE3 TOUKY
My(—1;2; —3) nepuenukyisipuo /1o mpsamoi £ =2, y — z = 1.

C3. 3uaiiTy piBHAHHS IJIOIIMHEI, SKa IIPOXOJUTE YEPEe3 NapaJiesib-
i mpami 452 = ¥ = 251 x;—lzy;l:g

C4. 3naiitu poeknio Touku M (1;2; 8) ma npamy 5+ =

C5. Cxnactu piBHAHHS TpaekTopil Touku M (x; y, ), HK;,, BuU-
o 3 Touku A(4; —3; 1), pyxaernbes 31 meuaxicTio v = (2;3; 1).

C6. 3uatitu kyT Mixk npamow x = 2z — 1, y = —2z + 1 i npsaMoro,
SIKa, TIPOXOJINTH 9epe3 MoYaTok Koopaunaar i uepes rouky Mo(1; 1; —1).

= Z.

C7. 3uafiTk KyT M) TPIMUMHA
r—y+z—4=0, r4+y+z—4=0,
2r+y—224+5=0; 2r+3y—2—6=0.

JlomaritHe 3aBIaHHA

1. CkracTu KaHOHIUHI PIBHAHHS TPAMOL, SKa TTPOXOIUTDH Uepes3
rouxy My(2;0; —3) napasensro: 1) oci Ox; 2) oci Oy.

J2. Ckmactu napaMeTpudHi piBHSHHS TPAMOI, $Ka TPOXOIUTD
qEPE3 TOUKY My(1; —1; —3) napasenbro: 1) BekTopy @ = (2;—3;4);
2) mpsimiit "’T—l = y4i2 = %; 3) mpawmiit x = 3t — 1, y = —2t + 3,
z =5t + 2.

3. Yepes rouxku M (—6;6;—5) i My(12; —6;1) nposejeHa npsa-
Ma. SHAATY TOUKH IEPETHHY Ii€l IpaMOl 3 KOOPAMHATHUMY ILIOMI-
HaMHU.

4. CkiacTu KaHOHIYHI PIBHAHHA NIPAMOL

x—2y+32—4=0,

{ 3z +2y—5z—4=0.

5. Jlosectn mapagenbHicTh npamux £ = 2t + 5, y = —t + 2,

z=t—Ti
z+3y+z+2=0,
{ r—y—3z—2=0.

Z16. JloecTn nepneniuKy/IsapHiCTh TPAMUAX

z+y—3z—1=0, 2r+y+22+5=0,
2r —y—92 -2 =0; 20 — 2y —z+2=0.
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. =1 _ y+tl _ 2z
J7. Buaite Touxy meperuny npamoi L= = Y52 = £ i mromunn

20+ 3y +2—1=0.
8. Cknactu piBHAHHS TJIOMIWHA, TK& TPOXOJNTHL 9E€PE3 TOUKY

My (1;_—2; 1) nepneHAMKYIApHO 10 TPSIMOT
r—2y+z—-3=0,
z+y—2z+2=0.
9. Tns sxoro snavenna C' npsava
3z —2y+z2z+3=0,
{ 4r —3y+4z+1=0
napaJjeabua mwiomusi 2z —y + Cz — 2 =07
J10. 3waiitu npoexuito Touxu P(2;—1;3) ma npamy = 3t,
y=>5ft—"17, z=2t+2.
J11. 3uafiTi PIBHAHHS IJIONMHY, sKA HPOXOJUTH Yepe3 TOUKY

My(1;2; —3) mapasesbHO 10 TpaMUX

x—1 _ y+l _ z—7 x+5 _ y—2 _ 243
2 ~— -3 3 3 T =2 -1
J12. 3uaiity piBHAHHSA IUIOMIMHY, SIKA IPOXOAUTL UEPe3 IPAMY

ol —u=2 _ 2 MEPIEHANKYIAPHO JI0 TJIOMMHYA 3% +y — 2 + 2 = ().

3 1~ 4
H13. 3uatitn KyT MiXK TPIMOTO xT_l =¥ = & i oo z+
+2y+224+3=0.
J14. 3naiitu Bincrans Big Touku My (1; —1; —2) 10 mpsamol
y+2 _ 2—8

R -
J15. Yepes touky My(—1;1;2) nmposectn npsaMy, NEPHIEHIAKY-
JSIpHY 710 Tioman 22 —y + 2z = 0.

J16. Bamucaru pIBHAHHS OPAMOI, IKa IPOXOAUTL UEpe3 TOUKH

2:1;3) 1 My(1;1;2).

z+3
3

M,y

~_~
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Bigmosimi

Ol.z=t+3,y=—-t—1,z=t. 02.x =3t+3,y = 15t+1,2 = 19¢t—3.

03.22=02 =25 Od.o=t+1,y=-Tt,z=—-19t—2. 06. 1) 60°;

2)/3/14. O7. 55t ==L — 221 09, 222 = 148 — 25 010.m = -3.
O11. A = -3, B =9/2. O12. (6; 4; 5). C1. 25¢ = ¥=b = 22¢ (2,
Y+ z+ 1 =0 |piBHsHES npaMOL catif 3amicaTn y Baranl 252 = y1;1 = 3|

C3.2+2y—22=1. C4.(3;-1;1). Co.2=4i+2,y=-3+3t,z=1+¢.
C6. cosp = 1A/3. CT7. cosp = 11/26.

Jq1.1)2=2 =% =23, 9y 222 V23 J12. 1) g =2+1,y=-3t—1,
z=4t-3x=2t+1L,y=4—-1,2=-3;3)x=3t+ 1,y = -2t — 1,
— . A . 0)- . 9. -2 _ y+1 _
z=5t—3. 3. (9;-4;0), (3;0;-2), (0;2;-3). [Hd4. 232 =¥ =2
7. (2;-3;6). A8. z+2y+3z=0. O9. C=-2. [110. (3;-2;
4). I11.9z+ 11y +52—16=0. J12.z—5y—22+11=0. d13. ¢ = 0°.

1 _ y=1 _ z=2 -2 __ y—1 _ z-3
Jd14.7. I15. &5 = 4= = 222 J116. 272 = Y= = 228
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Tema 8. IIpama Ha miIOmIUHI

Hagenemo pisui piBHAHHS IpsAMOl HA ILJIOIIWHI:

1) piBHAHHS TTPAMOT, Ka TPOXOIUTH depes Touky Mo(zg; yo) mep-
HeHIUKyIapHO 10 BekTopa 71 = (A; B):  A(x —x9)+ By —yo) = 0;

2) pIBHSIHHSI TIPSMOI, siKa TPOXOJUTH depe3 TouKy Mo(xo;yo) i
napajiejbHa BeKTOpy § = (m;n): L= = LU0,

3) zarajbHe piBHsHHS Tpsimoi: Az + By + C = 0;

4) mapaMeTpudHi PIBHAHHS TTPAMOT

r=zg+mt, y=yo+nt, teR;

5) piBHAHHS TPSAMOT, siKa TPOXOIUTHL depe3 apl Touku Mq(x1;y1)

Mo (20;4);  EoEL — yTmL

; T2—T1 Y2y’
6) piBHAHHS IPAMOI y BIAPI3Kax Ha 0CAX KOODIWHAT:
z ¥ —
. a + b 1’
e (a;0) 1 (0;b) — ToUKM TIEpeTHHY TPAMOT 3 OCSIMH KOODIUHAT;
7) piBHAHHS TIpAMOl 3 KyToBUM Koedimientom:  y = kz + b,

ne k — taHrenc KyTa MixK npsaMoto 1 Biccto Oz (KyToBuit KoedirieHT);

8) PIBHSIHHSA MPSMOT, SIKa IIPOXOANATEL uepes Touky Mo(zo; yo) 1 Mae
KyToBuit koeditient k:  y — yo = k{x — zo).

VYMOBE HAPaJIeIbHOCTI JBOX TIPSIMUX:

1) ﬁ—; = g—;, ne 1y = (A1; By), nio = (Ag; By) — BEKTOpH, NepIeH-
IUKYJIAPHL 0 IPAMUX;

2) BL =M ne 51 = (mi;n)
JeBHI TIPIMUM;

3) k1 = ko, ne ki, ko — XyTOBI KOeIIIEHTH TPAMUX.

—

S5 = (me;n2) — BEKTOPH, Napa-

YMOBE MepHeHUKYJISIPHOCTI JBOX MPAMUX:

1) A1As + B1Bs = 0, ne = (Al;Bl), 7lg = (AQ; BQ) — BEKTOPH,
NEePIEHIUKYIAPH] 10 TIPAMAX;

2) mimg +ning =0, ne §1 = (my;n1), 52 = (Me;n2) — BeKTODH,
MapaJseNbHi 0 TPIAMUX;

3) kiko = —1, nme k1 i k9 — KyTOBI KoedimieHTH TpAMUX.

KyT ¢ Mix gBOMa NPAMMMHA 3HAXOJATHCA SIK KyT MiXK BEKTO-
paMu, IepHeHJUKYIIPHUMHA JI0 IPAMUX, ab0 K KYT MiX BEKTOpaMHu,
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HapaJeTbHUMEI 70 TpaMux, abo K 3a JOMOMOIOKn (OpMyIH tgy =

ko—k1 . . ..
T A€ k11 ko — KyTOBI KOeilieHTH TTPIMUX.

dAxmo npaMa 3ajaHa 3arajbHAM PIBHAHHAM, TO BicTaHb Bi

touku My(zg; yo) A0 i€l IPAMOT MOXKHA 3HAUTH 328 POPMYJIO
J = [AzotByotC]|
VAZ B2

Bicekrpucu xyrip mix npsvmumu Az + By + C1 = 01 Asx+

+Boy + C9 = 0 maroTh PIBHAHHS
Ar1z+Biy+Ch A2z+Bay+Cy _ 0.
VAT+B] VA3+B]

ITpukiam 1. 3naiitu PIBHSAHHS OPSMOI, sIKA ITPOXOIUTE YEPE3 TOUKY
(2;5) nmapasenbuo go npamol 3z — 4y + 15 = 0.

< Hexait mykaHe piBHstHESA psivol Mae surasy A(z—xzo)+B(y—yo) = 0,
ne xg =2, y9 =95,a A1 B — sesigomi. Ockinbku Hami OpaMi napaienbui,
To Txui HOpMmambHi BekTOpu 71 = (A; B) i 7iy = (3;4) konineapni, a TomMmy
MOxKHa B3aTu 7 = 71. Tomil A =3, B=—4,a, otxe, 3(x —2)—4(y—5) =0
abo 3z —4y+14=0. >

ITpukiam 2. 3uaiiTu piBHAHHS TPAMOI, KA MPOXOAUTH Yepe3 JIBI To-
gk M1(—1;2) 1 Mo(2;1).

< CkopucTaBImMCh PIBHAHHAM oo = yy;_z/ll , MCTAHEMO
abo £ = L=2 aboz +3y—5=0>

ITpukianm 3. 3araanne pisugnnsa npamol 4x — 3y + 12 = 0 nozaTu
y BUIJIsiZl DIBHsSIHHS: a) 3 KyTOBUM Koedimienrom; 6) y Biapiskax Ha ocsax
KOOPJIHHAT.

< a) Po3p’sxkeMoO naHe piBHSHHS BIAHOCHO Y, TOAl y = %x + 4.

6) Iomimumo 00uaBl YacTuHK piBHsAHHA Ha —12 1 cnpocTUMO:

Az 3=, Z4¥=1o

IIpukaasm 4. 3uaiitu Biacrans Bix Touku Mo(1;2) go npamol

20z — 21y — 58 = 0.

< Maemo

p=(=1) _ y=2
(L 1-2

g 120-1-21-2-58 |80 80
C /202 1 (—21)2 29 29

IIpukaazm 5. Jano sepmman TpukyTHuKa: A(0; 1), B(6;5) 1 C(12; —1).
Cxknacru piBHAHHS BHCOTH TPUKYTHHKA, IPOBEAEHO] 3 Bepmmuu C'.

< 3ualimemMo Cro4aTKy piBHSHHS Npsmoi AB gK npsaMol, o TPOXOAUTh

: L2=0 _ y—1 z _ y—1 — 2 H
gepes Bl Toukm: g5 = £ abo ¢ = L= abo y = 3z + 1. Ockinpkn

BHCOTA € IPSIMOIO, IO MTPOXOIUTE Yepe3 Touky C epneHauKyaspHo 10 AB,
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o P _ 1 _ 3 . .
TO 11 KyToBuUil KoediiieHT k = —33 = 3 Tomy piBHAHHS IIYKAHOI BUCOTH

Take: y — (—1) = —2(z — 12) abo 3z + 2y — 34 = 0. >

Bopasu

O1. 3uatitr Touku nepeTuny psiMol 2z — 3y — 12 = 0 3 koopau-
HATHUMY OCSIMY 1 TTOOYIYBATH IO TIPSIMY.

02. Croponn AB, BC i AC TpukyTHHKA 3aJaHi BIIMOBIIHO PiB-
uaaaamu 4z + 3y — 5 = 0, x — 3y + 10 = 0, z — 2 = 0. Suasitu
KOOPJIAHATH HOTO BEPITHH.

03. JTano upamy 2z + 3y +4 = 0. CkaacTu piBHAHHS IPSIMOT, IKa
OPOXOIUTH depes ToUKy My(2; 1): 1) mapaiesbHO 3 ME TPIMOK; 2)
TMEPTIEH UK YASIPHO 10 38aHOT TIPSIMOT.

O4. Jlano piBHSHHS IBOX CTOPIH OPAMOKYTHHUKA £ — 2y = 0, —
—2y + 15 = 01 piBagaHs onHiel 3 #oro nmiaronasneit 7Tx +y — 15 = 0.
SHAATH BEpITHHA TPSIMOKYTHUKA.

O5. Bigomi cepepman cropin tpukyTHuka: My(2;1), Mo (5;3) i
M3(3; —4). 3raliTu piBHAHHS OO CTOPIH.

0O6. 3uailTy KyT (0 MiXK JBOMA TIPAMUMU:

Doz —y+7=0,3z4+2y=0;2)3z —2y+7=0,2z+ 3y —3=0.

O7. Jlano cTOPOHU TPUKYTHUKA:
z+3y—T7T=0(AB), 40 —y—2=0(BC), 6z + 8y — 35 =0 (AC).
SHaliTi TOBXKUHY BUCOTH, TTPOBEJEHOT 3 BEPITHHEA B.

O8. 3naiiTy BijicTaHb MiX HTapaje/bHUMU OPIMUMUA 3% + y—
—3V10 =0, 62 + 2y + 5/10 = 0.

09. Jano sepmman TpukytHuKa A(1;1)
Cxractu piBusins 6icekTpucH KyTa A.

010. JJano nBi mporwmexsi BeprmHi KBagpara A(—1;3) i
C(6;2). Cknacru piBHAHRHS HOrO CTOpIH.

O11. 3nafiti PIBHAHHS CTOPIH TPUKYTHUKA, SKINO JAHO OJHY 3
fioro Bepmmnu B(—4; —5) 1 piBHarHsg aBox BucoT 5T + 3y — 4 = 01
3z +8y+13=0.

012. [Ipu sikomy 3HaYeHH] ¢ Tpu upsaMi 2z —y+3 =0, z+y+3 =
=0, ax +y — 13 = 0 nepeTnHATHCA B OJHIN TOUI?

B(10;13), C(13;6).
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0O13. 3ualiTu piBHAHHA NpPAMOl, K& BioOpakae 3MiHy BpoOxKaii-
HocTi 1 Ta OpHOI 3eMJIl IPOTATOM CIMHAIIATH POKIB, SIKIO B MEPITHL
pik 3 1 ra 6ysio 3i6pano 21 11 3epHOBUX, & B OcTaHHIN — 37 1I.

0O14. Burparu BupobrUNTRa Ha 20 OAWHHUIE TOBAPY CKIATAIOTD
2000 rpu., na 60 oguaune, Tosapy — 3000 rpr. 3HAUTH BATPATH BUPO-
6uniTea Ha 30 OJMHUIL TOBAPY 3a YMOBH, IO BUTPATH 3a/€XKATh Bijl
obcsary TpoayKIUl JHHIAHO.

O15. 3uaiiti 10BXKUHY 1 piBHAHHS BUCOTH B y TPUKYTHHKY 3
seprmaamu A(—3;0), B(2;5) 1 C(3;2).

016. Cxiacru piBHAHHS IPAMOT, 1m0 yTBopioe KyT 45° i3 mpsamoro
3z + y — 2 = 0 Ta TPOXOAUTEL UYepe3 TOUKY TEPeTHHY i€l mpaMol 3
BiCCIO OPJVHAT.

C1l. Cxnpactu pIBHAHHS TIPSAMOT, IO HPOXOJUTH UYEPE3 TOUKY
C(1; 1) i BiaTHHAE BiI KOOPAMHATHOIO KyTa TPUKYTHHK ILIOIIEN), KA
JOPIBHIOE 2 KB.OJ.

C2. Jlano pisugrns BucoT TpukyTHuka ABC: £ 4+y—2 =0, 92—
—3y — 4 =01 pepmuny A(2;2). SuatiTe piBHgAHHS HOTO CTODIH.

C3. CkaacTu piBHSHHS TPAMUX, SIKi OPOXOIATL UYEPE3 TOUKY
My(5;1) 1 yTBOPIOIOTE 3 psiMoio 22 +y — 4 = 0 kyT ¢ = 7 /4.

C4. JTauo croponu TpukyTHuka £ +y —6=0,3z -5y +14 =01
5¢ — 3y — 14 = 0. CkaacTu piBHSHHS HOr0 BHCOT.

C5. Buatity BijgcTanb Big Touku My(2; —1) mo npsimol, sika Bij-
THUHAE HA OCAX KOOPAMHAT BIAPI3ZKM BEIMIHHOIO ¢ = 8 1 b = 6.

JlomaritHe 3aBIaHHA

1. 3aditu Touky neperuny upamux 3r — 4y — 29 = 01 2z + Sy+
+19 = 0.

J2. Tano piBHAHHS ABOX CTOPIH mapasenorpama 8z + 3y + 1 =0,
2z +y—1 =01 piBHstHEs oamHiel 3 Horo miarowasei 3z + 2y+3=0.
SHaNTY KOOPAMHATH BEPIIHH IIHOr0 MAPAJIEIOrPAMAa.

3. 3ualitu KyToBU KOeMIlieHT IPAMOI, sSIKa IPOXOJUTL Uepes3
aBi 3amani Toukm: a) M(2; —5), Ma(3;2); 6) P(—3;1), Q(7;8).
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4. Jano sepmman TpukyTauka Mi(2; 1), Mo(—1; —1) 1 M3(3;2).
Ck/1acTu piBHSIHESE HOTO BHCOT.

J5. 3uaiitu Kyt Mix npsvumn: 1) 5z—y+7 = 0 ta 22—3y+1 = 0;
2)3z —2y+7=0ra2c+3y—3=0;3)y=22—-3tay=zszx+ 1.

6. Cxnacty piBHAHHA TPAMUX, SKi TPOXOAATL Hepe3 TOUKY Ie-
petuny mpamux 2z — 3y — 1 = 0 ta 3z — y — 2 = 0 mapaysenpHo 1
HNEPIEHIUKYIISPHO JI0 TIpsMol ¢y = & + 1.

7. Tano croponn tpukyTHuka: z—y+2 =0 (AB), x = 2 (BC),
z+y—2=0 (AC). BuaiiTy PIBHAHHS IPAMOL, IO TPOXOAUTE TEPE3
BepmmmHy B 1 uepe3 Touky Ha croponi AC, ska mimurhb i1 (paxyrouu
Bia Beprtu A ) y BigHOmenHi 1 : 3.

8. CxacTy piBHARHA TPHOX CTOPIiH KBaJApaTa, sKIIO BiJOMO, 110
HeTBEPTOIO CTOPOHOIO € BiApi3ok mpsamoi 4z 4+ 3y — 12 = 0, xinmi skoro
JIEXKATh HA OCSIX KOODAUHAT.

9. O6uncmuru Bigcranb Big rouku My(1;1) no npsamoi L:
T=—1+2ty=2+t.

J10. Cxmactu PiBHSAHHS TPAMOT, sIKa TPOXOJUTH YEPE3 TOUKY
My(—2;3) na ogaaxoBux BiacTanuax Bim Todok My (5;—1) 1 Mo(3;7).

J11. Tlpw sknx sHadenHax « i f opami az — 2y — 1 = 0 Ta
6z —4dy—p =0
1) MaroTh CHIBHY TOUKY; 2) mapasenbhi; 3) 30iraThes?

J12. Bamucatu PiBHAHHS TPAMOl, KA MPOXOAUTh UEPE3 TOUKY
My(2,4) ma Bigcrani d = 2 Bl IOYATKY KOODIMHAT.

J13. CkjacrTu piBHSHHS TPEMOI, KA TPOXOJUTH Y€pe3 M0YaTOK
KOOPAMHAT i pasoM 3 npamumu £ —y+12 = 0, 224y +9 = 0 yreOproe
TPUKYTHHK TLIOIIER 1,5 KB. O71.

H14. JTano tpukyTtHEK 3 Bepmuaavu A(—2;0), B(2;4) 1 C(4;0).
BHaEpiBHﬂHHH CTOpIH TpUKYyTHHKa, Memiann AF, sucorn AD i
JoBxkuHy Menmiann AK.

J15. Buaiity piBHAHHS OICEKTPUC KYTIiB Mix mpaMumu 3z + 4y—
—1=0rmadxr—3y+5=0.

J116. Tlepemezents BaHTa)Ky 3 JaHOTO MICISI 10 IEPIIOTO IIYH-
KTy,ﬂmﬁ szHaxoauThcea Ha Bifactani 200 xwm, xomrrye 400 rpH., a 1o
Jpyroro, o 3HaXoOUTLCA Ha Bigcram 600 kv — 800 rpu. 3HaliTi 3a-
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JIEXKHICTL BAPTOCTI TEPEBE3eHHd ¢ BiJ BiACTaHl x, AKIIO BapTIiCTh €
JIHIHHOIO dhyHKINEO B BiACTaH] 1 He 3aJI€XNUTh BiJl SKOCT1 JOPIT.
J17. Cymapsi surpaTtu npu BupobunnTsi 100 oguHUNL TpoayKIil
TIEBHOTO 1 Buay ckiaanaioTh 1000 rpu., a mpu BupobuunTei 200 oquHAL
— 1550 rpu. 3HadiTn HYHKII0 BATPAT BUPOOHUIITBA, BBAarXKarodud 11
JIHIHHOIO 1 BU3HAYMUATH BUTPATH BUPOOHUIITRA Ha 50 OJIMHUITL TOBApY.

Biagnosiai

O1. (6;0), (0;-4). O2. A(2;—1), B(—1:3), C(2;4). 03.1) 2z+3y—7 =
0;2)3z—-2y—4=0. 04.(2; 1), (4;2), (-1;7), (1;8). O5.7x—2y—12=10,
b +y—28=0,2x—3y—18=0. 06.a) ¢ =7/4;6) ¢ = x/2. OT.
d=1,3 08.d=55 09.70—9+2=0. 010. 3z — 4y + 15 = 0,
4z +3y—30=0,32—-4y—10=0,4z+3y—5=0. O11. 3z —5y—13 = 0,
8 —3y+17=0,524+2y—1=0. O12.a=-7. O13.y =2z +20. O14.
2250. 015.v10;3z+y—11=0. O16.2—y+2=0. Cl.2+y—2=0,
a60 (1 +v2)z + (1 —v/2)y — 2 =0, a0 (1 —/2)z + (1 +v/2)y —2=10. C2.
Tt +5y—8=0,24+3y—8=0. C3.3x—y—14=0. C4d.z—y =0,
504+3y—26=0,3z+5y—26=0. C5.d=4,4. I1.(3;-5). d2.(1;-3),
(-2;5), (5;-9), (8;-17). A3.a) k=7;6) k=7/10. J4.4x+3y—11 =0,
r+y+2=0,3z+2y—13=0. A5.1) n/4; 2) w/2; 3) arctgd/4. 6.
Tr—Ty—4=0,7Tx+Ty—6=0. A7.52—3y+2=0. I8.3z—4y—9=0,
32— 4y +16=0,4z + 3y — 37 =0 abo 4z + 3y + 13 = 0. 9. d = 4A/5.
H10.4z+y+5=0aboy—3=0. I11.1) o # 3,  — nosinbHe; 2) o = 3,
B — nosinbue; 3) o« =3, § =2. H12. 3z —4y+10 =0, z = 2. [13.
z+2y=0,23x+25y =0. Jd14. AE : 22 —5y+4=0; AD : x —2y+2 = 0;
|AE| = v29. O15. 2 —Ty+6=0,7z+y+4=0. Jd16. y = = + 200.
JI17. y = 5,5z + 450, 725 rph.
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Tema 9. KpuBi Apyroro mopsaaky

KomoMm HasmBaeThbCss MHOMKHHA TOYOK ILJIOIIHHH, PIBHOBIIIAIE-
HUX BiJT TAHO! TOYKU, K& HA3WBAETLCA ITIEHTPOM. Ao R — pazaiyc
Kosa, a Touka C(a;b) — Horo NeHTp, TO PIBHAHHS KOJIA MA€ BHUIJISI

(£ —a)®+ (y —b)? = R?. (1)

Bokpema, SIKIIO NMEHTP KoJia 30IiraeThCsa 3 MOYATKOM KOODMHAT, TO
pisasiaHs (1) HaOyBae BUTIISALY

2 +y* = R, (2)

Enincom HazmBaeThCs MHOKHHA TOUOK ILIOIMIMHMA, JIJIs SKUX CyMa
BiJicTaHe# 1o IBoX (hiKCOBaHUX TOYOK TJOMIMHY Fi 1 Fy, IKi Ha3WBa-
0Tbcst  POKyCaMU, € CTAMOI BEJUYUHOK, OLJBINO, HIXK BiICTaHb
Mixx okycamu. Bigcrans mik dbokycaMmu NO3HAYATH 4depe3 2¢, a
cTaJly 3 O3HAUEHHH ejinca — uepe3 2¢. 3a O3HAYEHHSIM @ > C.

Ao cucreMy KoopauHaT BudpaTu Tak, mob sice O mpoxonmnia
qepes F1 1 Fy, a To9aTOK KOOPIWHAT JNLTUB Binmpi3ok F) Fh HABMI, TO
PIBHSHHST €JIiTICa MaTUMe BHTJIST

2 2

€z Y

— + 5 =1, 3
ne b2 = a? — %, Pipnanng (3) Ha3HBAETHLCS KAHOHIYTHUM DiBHSHHAM
eJiinca.

Oci koopauHAT € ocsaMU CUMETpIl eJIinca, a IMOYaTOK KOOPIUHAT
— toro menTpoM cuMeTpil. Toukm, B IKUX eITC MepeTHHAE CBOI OCi,
Ha3WBaOTLCS fioro BepimuHaMu. Ha pUCYyHKY BEpIIHHAME € TOYKH
A1, Ag, By i By. HacTo ocsiMu ejtinica Ha3uBaioTh Biapisku A1 As = 2a,
B1Bs = 2b, a OA; = a — Besqmkoio niBsiccio, OB; = b — maJjioro
niBBicCIO einca.
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Yuco € = ¢/a, ne a — BeJNWKAa TBBiCh, HA3WBAETHCS €KCIIEHT-
pucurerom ejninca. Ouesuano, mo 0 < & < 1. dxmo M(z;y) —
JOBLIbHA TOYKa eJjiica, To Biapizku Fi1M = ri 1 FoM = ry Hasu-
BaroThesd pokKanbHUMU padiycamu Touku M. PokaypHi pamiycu
MOXHa obunc/oBaT 3a hopMysiaMu 11 = a6 + X, 9 = G — £

)
By(D,b) M
d
1
Al(_ 70) Y 2(@,0)
_E Fl(—C,O) O F2(C7O) E T
£ £
Bl (Ov _b)
dAxmo eninc 3agannit pipasEEaM (3) 1 a > b, To npami
r=2% xr=-4¢

Ha3MBAITHCS AI/IpeKTpl/IcaMI; eminca. BEOHH MalOTh TaKy BJIACTH-
BiCTB: AKIIO T — BiACTaHL BiJ JOBLILHOI TOUKK €JIICA IO JEesTKOrO
dokyca, d — BiACTaHL BiJ 1€l X TOYKHU 10 OAHODIIHOT 3 1M DOKY-
COM JIUPEKTPHCH, TO § = €.

Tinep60/1010 HA3UBAETHCS MHOKUHA TOYOK TLJIONIUHU, JIJId SKUX
abCoMIOTHA BeINUMHA PI3HUIN BigcTameill Bl ABOX (PIKCOBAHUX TOUOK
Fy i Fy, ki HazuBaoThest (POKYCAMHU, € CTAJIOK BEJIMIUHOK, PIBHOIO
2a 1 MeHIIoI0 2¢ — BiACTaHI MiX poKycaMmu.

Ko ocl j1lekapToBOl cUCTEMU KOOPAMHAT BUOpPaHO Tak, 1110 ho-
KyCH PO3MIIYIOThCS Ha OCi abCIUC CUMETPUYHO BiJHOCHO MOYATKY
KOOPJAMHAT, TO B Ii#l cucTeMi KOOpAWHAT PiBHAHHS Tirepbo/in Mae BU-
LTSI ) )

ZE L ()
a b
ne b = ¢ — o?. Pipnanus (4) HazuBaeTbcad KAHOHIIHUM DIBHSIHHAM
rinepbosu. Oci KOOpAWHAT HA3UBAKOTLCA OCAMH CUMETPIl TirnepboJiu,
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a MoYaTOK KOOpAWHAT — 1T meHTpoM cumeTpil. I'imepbosia mepeTrHaE
ofHy 3 oceil — Bicb z, K& Ha3WBAEThCA AIMICHOIO Biccio; Bich y Ha-

3UBAETHCsI YABHOIO BicCio rinepbosiu.
4

Y
BQ / M
1 /
0 "
42 x
B1
r=-2 =+ &

[IpaMmokyTHUK 31 cTopoHamu 2a 1 2b, po3MIIIeHNH CUMETPUTHO Bijl-
HOCHO ocel Timepbonw i sikuit moTwkaeThes 11y BeprmmHax Ap 1 Ao,
HA3MBAETHCH XaPAKTEPUCTUIHUM (OCHOBHUM ) TIPSIMOKY THHKOM Ti-
nepbosu. Jliarorasi poro NpgMOKYTHUKA € ACUMIITOTAMU Tinepdo-
J7; TXHI PIBHAHHS MAalOTh BHIJISI §f = %x, Yy = —gx. Yucno e = ¢/a,
Jle a — JificHa TBBICh, HA3WBAETHCH EKCIIEHTPUCUTETOM TirepOoJin.
OueBumHo, 1m0 £ > 1.

dAxmo M (z;y) — noButbHa TOuKa Tinepbosm, To Bigpisku Fi M =
ri, FoM = 7y HazuBawThcd (POKAJIBHUMU paglycaMu Touku M.
QPoxasbHl paglycu TOYOK IpaBol BITKM Tinepboan 00YNCIIOIOTHES 34
dopmysiamu

T =E€r—+a, To=Er—a,
dokabHl pajiycu TOYOK JiBOT BITKK — 33 (hopMyJIaMu
r=—€r—a, 7T9=—€cr+a.

Tpsmi r=—-%, T =2 Ha3UBAIOTHCSI AUPEKTPUCA-
MU rinepbosn, ska 3agana pieasaEAM (4). Koxna mupekTpuca mae
BJACTUBICTh: SIKIIO T — BIACTaHbL BiJ JOBLILHOI TOYKK Timepbosm 10
aedroro ¢okyca, d — Biacranb BiA i€l TOYKH A0 OZHOBIYHOL 3 ITIM

bOKyCOM JIUPEKTPUCH , TO 7 = E.

ITapabos1010 Ha3UBAETLCST MHOMKHHA TOUOK, JJIST KOXKHOI 3 STKUX
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BiJICTaHBL 70 JledKol (hiKCOBaHOI TOUKHW F' ILJIOIHWHU, K& HA3WBAETh-
cs (poKycom, NOPIBHIOE BiACTaHl 70 Jledkol (piKCOBaHOI MPAMOT, K&
Ha3WBAETHCH JTUPEKTPUCOIO.
[loznaaumo BiacTamnb Bia pokyca d 4\/}/
JI0 TUPEKTPUCKH uepe3 p. Beenemo ne-
KapTOBY IPSIMOKYTHY CUCTEMY KOOP-
IOUHAT Tak, 11100 Bich abCIue ITpoxo- -
nwia gepes (okyc napabosid nepreH-
JUKYJIAPHO 0 AUPEKTPUCH 1 Oynia Ha-
NpSAMJIEHA BiI JUPEKTPUCH 10 POKYCa;
TIOYIATOK KOOPAWHAT PO3MICTUMO TI0-
cepeanHl MiXK (GOKYCOM 1 IUPEKTPHUCOIO.
V wiit cucremi KOOpAMHAT JaHa 1apadoJia BUBHAYAETHCS PIBHSIHHAM

Y

ks
-}

y? = 2pz. (5)

Pisugnng (5) Ha3uBaeTHCsI KAHOHIYHUM DIBHAHHAM T1apabOJIH.

Piugnag TUPEKTPUCH Mae BT & = —é—’, a poKaJbHUI pajiyc
nosiapHOT Toukun M (x;y) mapaboau, Tobro r = FM, o6uncaoerses
3a ¢opmystoo r =z + 5.

Jlns mapabosmi 5 = 1, a TOMy 3PY4HO BBaXKaTH, 0 €KCIEHTPUCHT
napabosu £ = 1.

ITpukiazm 1. 3uaiitu KOOPAWHATH MEHTPA 1 PAOiyC KOJIa

222 + 292 — 8z + 5y — 4 = 0.

< Ioainumo piBHSAHEA Ha 2 1 3TPYIYEMO YJIeHU PIBHSAHHSA, YyTBOPHUBIIN

TP [ILOMY TIOBHI KBaJIpaTHU:
(2% —dz +4) + (y2 +5/2y + 25/16) =2+ 4 + 25/16
abo
(x—2)® + (y +5/4)* = 121/16.

Orxe, KOOpIMHATH IEHTPa KOTa a = 2,b = —5/4, a pagiyc koma R = 11/4. >

IIpukaam 2. CxknacTy KaHOHIYHE PIBHSIHHS €JIINCA, SIKWH IPOXOIUTE
qepes Touxn My (5/2;v6/4) i My (-2;v/15/5).

< Hexait mykane piBHAHHA €JIIIICA MA€ BUATIIST g—i + i’—s = 1. Ins 3naX0-

J2KEeHHS a 1 b CKOPpUCTaEMOCS THM, IO KOOPAWHATH TOUOK Mg 1 My moBuHHL
3aJI0BOJILHATH JaHe piBuanus. Orxe,
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(5/2)* . (V6/4)? (-2 (VI5/5)2
2 + B2 =1, 2 + B2 =1
25 3 4 3
whiee=b @2 5=t

3sincn 3naxomuMo, mo a? = 10, b? = 1. OTKe, piBHAHHS eJIiNCa Mae BUIVIST
2 2
. A
Tt =1p»
Ipukaasn 3. Excuenrpucurer rinep6omn gopismioe v/2. CkmacTi Ka-

HOHIvHe PIBHAHHS rinepBosH, sKa IPOXOIUTH dYepes TouKy Mo(v3;v/2).

< 3rifHo 3 O3HAYEHHSM eKCIEHTPHCHTETa MAEMO & = V2 afo 2 = 242.

Ockimpku ¢ = a? + b2, 10 a® + b? = 2a? abo a? = b%, T06TO rineptona
pisHobOiuHa. Jasai 3 Toro, mo Touka My HaJIeXKUTH rimepboi, JicTaeMo
3)2 2)2

22 22 2

Toxi 3 cucremu

a’ =b?
{ 3/a? -2/b* =1

onepxyemo a® = b%* = 1. Orxe, rinepbona mae Bursn r2 — y? = 1. >

IIpukaam 4. Ckuactu piBHAHHSA napabOJd 3 BEPLUIMHOIO B IOYATKY KO-
OPIMHAT, sIKa CAMETPHUYHE BIIHOCHO OCl ¥ 1 BiaTuHae Ha OiceKTpHC IEPIIOro
i TPeTHOrO KOOPJAMHATHHX KYTIB XOPIY JOBKHHOW 8y/2.

< Iykane pisHAHHES napabomyu 22 = 2py; piBHAHHA GiCeKTpHUCH y = .
Toukamu neperuny napabonu i gauoi Sicekrpucu € O(0;0) 1 M (2p; 2p). Jos-
JKUHA XOPJH € BLACTAHHIO Mizk Toukamu O 1 M, a Tomy 8/2 =+/4p? + 4p2,
3BigKu 2p = 8. Omxe, piBHAHES Tapaboad Mae BHTIAL 22 = Sy. >

Bopasu

O1. Cknacru piBHIHHS KOJIA, sTKE TPOXOUTh uepe3 Touku A(5; 0)
B(1;4), akiio #oro MeHTp 3HAXOAUThCS Ha npsaMiit £ +y — 3 = 0.

02. 1) 3naiiTu PIBHAHHASA KOJIA, AKE JOTUKAETLCA [0 ABOX Iapa-
JenpbHuX npamvux 2z +y — 5 =0, 2z + y + 15 = 0, npuvtomy ommiel 3
anx —y Touri A(2;1).

2) CxjyiacTu PIBHAHHSI TPSMOI, 110 MTPOXOJUThL UEPE3 TIEHTPU Kis
22 +y? =51 2% +y?+ 2z + 4y — 31 = 0. uaiiTu BigHOmEHHS PaiyciB
KL
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O3. Cknactn piBHSHHS efinca, GoOKycH SKOTO JieXKaTh Ha Ocl
abCIUC CUMETPUYHO BIJHOCHO IOYATKY KOOPJMHAT, 3HAKYHU, 1110 HOTO
MaJia Bich mopiBmioe 24, a Bigcranb mixk dokycamu 2¢ = 10.

04. JTauo eninc 922 + 5y® = 45. 3mafitu fioro:

a) misoci; 6) POKyCH; B) €KCIEHTPUCUATET.

05. Excuenrpucurer ejinca € = 2/3, dokanbhuit pagiyc TOIKY
emnca jgopismioe 10. 3HaliTu BicTaHL Bl TOUKM OO0 OZHOOIUHOL 3
M (hOKYCOM JUPEKTPUCH.

06. 1) Excuenrpucurer eninca € = 1/3, menTp #oro 36iracTbes 3
O9aTKOM KOOpAMHAT, ofauH 3 dokycie (—2;0). 3rafitu Bigcrans Bia
Touku M7 eminca 3 abCIucoo 2 10 AUPEKTPUCH, OAHOOITHOT 3 JaHUM
doKyCcoM.

2) Eninc npoxomuth depes Touku My (4; %) i M5(0;6). 3raiitu
niBoci, KoopAuHaTH (DOKYCIB 1 eKCIEHTPUCUTET eJIICa.

O7. Bamucaru piBHgHHS rinepOo/H, GoKycH Kol po3MilleHi Ha
oci abCIuc CMMETPUYHO BIJIHOCHO TOYATKY KOODJWHAT, 3HAKYU, IO
PIBHAHHST ACUMOTOT § = :I:%x i Bigcrann Mixk dorycamu 2¢ = 20.

08. Tlepekonapiuch, mo Touka M (—5;9/4) nexuts na rinepbo-

i % - %2 = 1, 3HafiTu pokajbHI pajiycu 1iel TOUKH.

09. Jlosectu, mo piHsHEs 1622 —9y? —642—54y—161=0
BU3HAYAE TimepbosIy, 3HAHTH KOOPAUHATH 11 IEHTPA , MiBOCI, eKCIIeH-
TPUCUTET, PIBHAHHST ACHMIITOT.

010. 3nafitn dbokaspHuil paiiyc Toukn mnapabon y? = 12z,
AKIIO OPAMHATA TOUKHU JOPIBHIOE 6.

O11. Cknacru piBagrHga napabonwm 3a Bigomumu dhoxycom F(7;2)
1 mupexTpucoro x — 5 = 0.

012. Bijcranb MiXK ABOMA TOPrOBHMM OPTraHI3aIlisIMU JOPIBHIOE
6 kM. 3HaiiTy PIBHAHHA MHOXKWUHM BCIX MOXKJIABAX MICIE3HAXOAKEHD
0a3, gxi o6CIAYyroBYIOTH 11l OpraHizallil, sKIO BiJIOMO, IO CyMa Bij-
crameil Bim 6asy 10 FWX MOBHUHHA OyTH CTaa0i0 Ta gopiBHioBaTH 10
KM.

C1. Tlepekonasmuck, mo Touka Mi(—4;2,4) nexuTh Ha emnc

2 2
= I N . . -
5= 1+ 35 = 1, snafitu oranbHi pasgiycu miel TOUKH.
C2. ExkcuenTrpucurer rinepbon JOpiBHIOE 3, BIACTAHL Bl TOUKH
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rinepbosu 710 nupekTpucu — 4. 3HaliTH BiAcTaHb Bil TOYKKU 10 bo-
Kyca, OJHOGIIHOrO 3 1€ JUPEKTPUCOT).

curer £ = /5, dokyc F(2;—3) i piBHSHHA BiAmOBiAHOI IUpeKTPHCH
3z—y+3=0.

CA4. Buafitu piBHgHHS Tapabosin, AKIo naHo i1 gokyc F(4;3) i
mupekTpucy y + 1 = 0.

C5. Bijcranp MiXK JBOMAa MIAIPHEMCTBAMHA, III0 BUPOOJISIOTH
ongakoBy mpoaykmil gopisaioe 400 xM. Burpatu Ha TpaHCIOPTYBa-
HHST TPOAYKIIl ePITOro 3aBOAy CKAAMATL 2 TP.OJ., & JAPYroro — 3
rp.ox. 3a 10 kM. BusHaunTu Mexy paiioHiB, Ha SKilt OTHAKOBO BUTLTHO
KYIIYBaTH IPOIYKINIO 060X 3aBOIIB.

JlomaritHe 3aBIdaHHA

1. Toura C(3;—1) € neHTPOM KoJIa, siKe BIITHHAE HA TpPsMiit
2z — 5y + 18 = 0 xopay, JOBXKUHA SKOI N0piBHIOE 6. SHANTH piBHAHHS
LIBOT'O KOJIA.

J2. CkyiacTu PiBHSIHHSL KOJIa, IEHTP SKOTO JIEKUTh HA Ips-
Miﬁ%—i—y = 0 i gKe goTMKaeThca mo0 mpamux 4z — 3y + 10 = 0,
4r—3y—30=0.

J13. Cxsacru piBHanus niamerpa kota x2 +y2 +4z —6y—17 =0,
EPIEHIHKYJISAPHOTO 10 IpsAMoi 5z + 2y — 13 = 0.

J4. Tano eninc 922 4 25y = 225. Buaiitu: a) nisoci; 6) dbokycn;
B) eKCLEHTPUCUTET; I') PIBHAHHS JUPEKTPUC.

2 2

5. 3nafiTi TouKH eninca 1‘%—0 + % = 1, BigcTann BiA AKWX OO
npasoro dbokyca gopisuioe 14.

6. Cxractu piBHAHHS Timepbou, HOKYCH K0T 3HAXOATHCS HA
ocl zﬁmc CHMETPUYHO BiIHOCHO TTOYATKY KOOPJAWHAT, AKIIO BiJICTAHbL
Mixk dokycamu 2¢ = 6 i ekcrearpucuter £ = 3/2.

7. 1) Excrienrpucurer rinepbosu € = 2, GOKATBHUN Paiyc TOU-
KW ]\4— MPOBEIEHUH 3 OHOTO 13 OKyCiB, fopisHioe 16. 3uaiitn Bijg-
cramb Big Touku M no ogHOOIIHOL 3 UM POKYCOM JUPEKTPHUCH.

2) BuafiTy piBHAHHS TinepOo/IH, KA Ma€ BEPITHHE ¥ HOKYCax, &
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. 2 2
doxycr — y BepimmHax einca 5= 4+ 4 = 1.

A8. Cxnacru pisusmnsa mapabo.u, sika mae dokyc F(0; —3) i mpo-
XOJUTEL 9epe3 NMo4aToK KOOPAUHAT, 3Haqn, 1o 11 Bicco € Oy.

J9. 1) Ha napaGoui y? = 322 3HANTH TOUKY, BiACTAHL AKOI Bij
npamoi 4z + 3y + 10 = 0 nopisHioe 2.

2) 3ualiTn piBHAHHA napaboy 1 11 IMPEeKTPUCH, KOIH BIJIOMO, 110
napabosia CUMETPUIHA BiIHOCHO oci O 1 TPOXOIUTE Uepe3 TOUKY Te-
petuny npamux ¥y =z, z +y—2 = 0.

H10. 3raiitn dokaabui pagiycu rinepboiu ‘f—; — % =1 B TOUKaX
neperuny i 3 konom z2 + 4% = 91.

J11. Bigcranp mik aBoMa IiJIPUEMCTBAMHE, IO BUPOOJIAIOTH
OIHAKOBY IpoayKIiiio, Jopisuioe 300 kM. Tpancnoprai BUTpaTn Ha me-
peBe3eHHst IpOAYKIIT Bix miampuemctra Il Basidi 6iabimi, mix Big Ils.
SHalTH CYKYIHICTH TOUOK — MKy PO3MIIEHHS CIIOXKUBATIB, SAKUM
OJIHAKOBO BHTITHO OFEPXKYBATH MPOAYKINo Bix mignpmemcts 1} Ta
1I,.

Biagnosiai

O1. (2 —2)2+(y—1)2=10. 02.1) (z+2)>+(y+1)> =20;2) z—y = 0;
V5. 03, 2o = 1. 04.2)V/5,3;6) Fi (0;—2), F>(0;2); )5—2/3 05
d—15 06 1) d=20;2) a=6,b=4, F(2v/5;0), i(~2V/5;0), e = L&
O7. 2 — L — 1. O8.7 =9/4, 7, =41/4. 09.C(2;-3), a=3, b:4,
5—5/3 II,I/IpeKTI/ICI/I 52 —1=0, 5z + 9 = 0; acuMnTOTH: 4x—3y—17 0,
4z+3y+1=0. 010.6. Oll.z = 1/4y2 —y+7. O12. &+ = 1. C1.
rm=2,670="74 C2.r=12. C3.7z% — 6zy —¢° +26x—18y—17 0.
Cd.y =1z’ —z+3. C5. (2—-52)2+y% = 2304. IO1. (z—-3)>+(y+1)2=38.
2. (a;—l) (y+2)2=16. 3. 2m—5y+19=0. JI4. a)5i3; 6)

Fi(—40), F(4;0); 1) e = 4/5; 1) & = £25/4. JI5. (=5;3V3), (=5 —3V3).
J6. 2 -4 = 1. I7.1)d = 8;2) & —L = 1. A8.2% = —12y. J19.1) (0;0)
i(18;-24);2)y? =z, x = —1. J10.61i14. J11. (x+100)%+y* = 40000.
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Tema 10. IlepeTBOpeHHS IeKapTOBUX NPAMOKYTHIX
cucTeM KOOpPAWHAT
i cipolteHHs piBHAHb KPUBUX APYTOro HOPAIKY

Tlpu mepexoai Big cucrtemu KoopamuHaT Oy N0 HOBOI CHCTEMH
2’0"y, ne manpamox oceit KoopauHaT TOM caMuii, a 3a HOBHUI moYa-
TOK KoOpauHAT B3aTa Touka O'(a;b), 3B’930K Mi’K CTApUME | HOBUMHI

KOODJIMHATAMHU JEesTKOT TOUKH TIOMIHHA BH3HAYAETHCS (DOPMYJIaMU:

y , z=2'+a, y=y +0b (1)
Yy Yy !
M
M T
l
Yy !
|
o , |
T o :
O T O T

IIpw moBOpOTI OcCeli KOOPJAMHAT HA KYT v, J€ MOYATOK KOOPJNHAT
TOI caMuii, TPUIOMY (¢ BiIpAXOBYETHCH ITPOTH TOAMHHUKOBOT CTPLIKH,
3JICXKHICTh MIXK CTADAMHU KOOPAMHATAMMU T, 1 HOBUMH z',1y’ BU3HA-
qaeThCst HOpMyTaMu:

! s 7 . '
r=zcosa—ysina, y=zsina+y cosa. (2)

ITpukiazx 1. 3pobieHo mapafienbHe TNEPEHECEHHST OCEH KOOPIUHAT,
IPUYOMY HOBUE 104aToK posmimieno B Toumi O'(3; —4). Bigomi crapi xo-
opaunaru To9kd M (7;8). 3naliT HOBl KOOPIMHATH IIIE] TOYKH.

4 Ockimpkr a =3, b=—4, 2 =7, y =&, 10 3 hopmya (1) gicraemo, o
T=2'"4+3,8=y" —4, r06r0 ' =4, y' = 12. >

IIpukaasn 2. Ha muommni Oy 3amana touka Mo(4;3). Cucremy ko-
OPJWHAT TOBEPHEHO HABKOJO MOYATKY KOOPAWMHAT TaK, Mo HOBa Bick Ox'
npoitiia yepes TouKy My. 3uaiitu crapl KoopauHATH TOYKHA M, SKIIO Bi-

<4 Ockimbku |[OM| = V42 +3% = 5, to sina = 3/5, cosa = 4/5. 3
dopmya (2) sBumiusag, Wo r = %m’ -3y, y =322+ %y’. IMoxnanaroan
=5y =5, snaxomumo . = 1, y = 7.>
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Aximo piBHIHHS
A2 + Cy?’ + Dz + Ey+ F =0 (3)

BU3HA4YAE HA IUIOIIHHI JeKY KPHUBY JPYTOro MOpsIKy, TO Iie abo eJirc,
abo rinepboJia, abo napaboa.

Hexaix -

1) AC > 0; Toxi xpuBa, sika BU3HAYAETHCSA PIBHAHHAM (3), € eJtirc;
npu A = C enilc nepeTBOPIETLCA B KOJIO;

2) AC < 0; Toxi BiATIOBiIHA KpHBA € TIIEPOOJIOI0, SIKA MOXKE BHU-
POKYBATHCS YV JIBl IPAMI, IO TEPETHHAIOTHCS |

3) AC =0 (10610 A =0, C # 0 abo A # 0, C = 0); Toxi piBHSAH-
HsT BU3HAYAE Mapaboly, sSKa MOKe BUPOKYBATHUCA V JBl MapasieabHi
IPSTMI.

Bug xpusol Ta 77 po3Minienas Ha IUIOMIHHI MOXKHA BU3HAUUTH 34
JOTIOMOTOIO YTBOPEHHSI TTOBHUX KBaJPATIB 1 MOJAJLIINM HepPeHeCceH-
HSM JIEKAPTOBOT CUCTEMHU KOODJIMHAT.

Ilpukaam 3. dky Jginito BU3HAYAE PIBHIHHS

1622 + 25y° — 32z + 50y = 3597

< HepeTBOpI/IMO piBHHHHH: YTBOPHUBUIN TMOBHI KBaapaTHl
16(x? — 22 + 1) + 25(y% + 2y + 1) = 400
abo
16(z — 1)% + 25(y + 1)2 = 400.

3pofuMo napasieibHe nepeHeceHHs oceil koopauuar y Todky O'(1;—1):
r—1=2o;y+ 1=y Toxui B HOBI# cuCTEM] KOODAWHAT PIBHAHHS MATHME
BUTJISII: % + % =1 (puc. 1).

Orxe, Maemo enine 3 niocavu a = 5, b = 4. >

IpuxkJiaz 4. dxy ninito Busnauae pisusanns 122 — by’ —z+2y—1= 07

< IlepersopuMoO naHe PIBHSIHHS, YTBOPHUBIIY IIOBHI KBAJADATH:

(@ —dr+4)— Lty -6y+9)—1+1—-1=0;

IMics mapareabHOro NepeHecenns ocell koopaunat: £ —2 =z, y — 3 =1/,
. . 12 2 )
JICTaHeMO DiBHAHHA “- — % = 1. OTxe, 337aHa KpUBa, € Tinepbo0m0.

Acmvnroramu mi€l rimep6osn BiAHOCHO HOBHX Oceil € mpami 4’ = i%m’ (puc.
2). >
IIpuknan 5. dxy ninito BusHavdae piBaaurs 2z% — 4z + 2y — 3 = 07
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< [lepenmuimumo JaHe piBHSHHSA ¥ BUTJISAIL
20z —4z+ 1) +2y —5=0abo (z — 1) = —(y — 5/2).
ko 3pobuTH napasenbHe nepenecerHs oceil x — 1 = ', y — 5/2 =14', 10

nicranemo napabony (puc. 3): ¢’ = —z'?. >
iy Uy
Y
!
z
=i — b
[ Puc. 1
Puc. 2

K10 KpUBa JIpyroro MOpsIKy 3aJ/1aHa PIBHAHHAM
Az? +2Bzy+Cy? + Dz + By + F =0
3 B # 0, 70, 3aCcTOCYBABIIN TIEPETBOPEHHS IIOBOPOTY OCEH KOOPJNHAT
3 BUKOpUCTaHHAM popMyr z = 2’ cosa — ' sina, y = 2’ sina+
+4/ cos o, e o BU3HaUAeThes 3 piBHARHS tgZa — (C — A)tga — B = 0,
JicTaHEMO PIBHAHHS BUTISILY:
Az + Cy? + D' + By + FL =0.
3ayBakenHst. OCKiJIbKY B TEPETBOPEHHI 0cell KOOpAUHAT 6epyTh
yYacTDb Sin v 1 oS &, TO, 3HAIOYN tgay, MOXKHA 3HANUTH Sina 1 €Os & 3a
dopmysnamu:  sino = — lga . a= !

: COS Q¥ = ——F—=—.
+/1+tg%e’ +/1+tg%0

IIpuksam 6. 3eecTu 10 KAHOHIYHOTO BUMVIALY PIBHAHHS
522 + dzy + 8y? + 8z + 14y + 5 = 0.
< IleperBopuMo gaHe PiBHAHHS, 3pOOUBIIHN IOBOPOT OCEH KOOPIN-
HAT Ha KyT &, IKI BU3HAYAETHCA 3 PIBHSAHHS:
2%tg?a — (8 —=5)tga —2=0 abo 2tg’a — 3tga —2 = 0.

BBigcn 3Haxomumo, o tga = 2 1 tgae = —1/2. Bizememo ofHe 3 1ux
3HaYUeHb, Hanpukaal, tga = 2. Toxai
. 2 2 1 1
sino = =+, cosa= = +—=.
+v/1+22 + 5’ +v/1+22 + 5
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Ockinbkr MOXHa Oparn OyIL-gdKe 3 IIX 3HaYIeHb, TO BI3bMEMO Sin o =

2. = L — Lyt 9. —
75 cosa = . 3pobuBIM TEPETBOPEHHST T = \/g(x 2y, y =
%(Qx + 9'), 3BemeMo Halle PIBHAHHS 10 BUTJISILY:

2 2 36 .. 2t —
] 9z'> + 4y —i—\/ga: =Y +5=0
abo

2, 4 2 1
9@' + ﬁx') —I-.4(y’ — my') = —b.
VTBOPHBIIHN TIOBHI KBAJIPATH, JiCTAHEMO PIBHAHHS

9"+ F) + 4y - M) _9/4

AKe TIC/Is IepeTBopeHHs 2’ + % =I,y — \/— 1y, Habyne BUIISITY

9z2 + 49> = 9/4 abo ‘T’T—i— s =1
Ile piBugnHs einca (puc. 4).>

/@l
Q2
-%

Qi

Puc. 3
Puc. 4

ITpuknan 7. fdxa giHig BU3HAYAETHCA PIBHAHHEAM Ty + 22 — 4y—
—8 =107
3amuieMo piBHAHHS Y BUIVISIL:
2(y+2)—4y+2)=0 ado (z—4)(y+2)=0.
3Bifgcu BUILIUBAE, 1110 PIBHAHES BU3Hadae A8l npami z—4 = 0iy+2 =
0, omra 3 gxwx mapaJjeabHa oci Oz, a npyra mapagenbha oci Oy. >
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Bopasu

O1. Cucremy KOODJMHAT MOBEPHEHO Ha KYT « = 7/6. 3HaliTu
HOBI koopamHATH ToUKH My(v/3;3).

02. Jawo Touxky M(9/2;11/2). 3a uosi KoopauHATHI OCi B35TO
npami 2z — 1 = 0 (sice O'y'), 2y — 5 = 0 (8ics O'2'). Bmaditu Koop-
JIMHATH TOYKW M y HOBIif cucTeMi KOOPIAMHAT.

03. E[Ky JIHIO BU3HAYAE PIBHSIHHS:

1) 43: + 9y? — 402 + 36y + 100 = 0;

2) 2% — 9y? +2$+36y 44 = 0;

3) 6$y+8y —12x—26y+1] = 0;

4) 2% — 2zy + 9% — 10z — 6y + 25 = 0? 3pobury PHCYHKH.

Cl1. dxy nimito BU3HAYAE PIBHSIHHS:

1) 3622 + 36y — 362 — 24y — 23 = 0;

2) 22 + 4y — 4z — 8y +8=0;

) 222 — 4z + 2y — 3 =0;

4) 1422 + 24xy + 21y% — 4o + 18y — 139 = 0;
)
)

w

5) dzy + 3y + 162 + 12y — 36 = 0;
6) 922 — 24zy + 169> — 202 + 110y — 50 = 0?7 3poburH pUCYHKH.

JlomaritHe 3aBIdaHHA

1. fIKy ninio BU3Ha4ae PIBHAHHS:
1) 222 + 3y —da + 6y — 7= 0;
2) 22 — 4% — 4z + 2y — 4 = 07 [lobyaysary 1 iHil.
2. 3BecTu 10 KAHOHIYHOTO BUTJIAY 1 OOyAyBaTH rpadik Kpu-

BOT:
1) 522 —4$y—|—2y = 24;
2) 222 + dzy — y? = 12;
3

s

a: —bxy +y? —dr —dy +12=0;
5) 22 + dxy + 4y? — 20z 4+ 10y — 50 = 0;

0
)
)
)‘37‘ —2xy+3y —4x — 4y — 12 =0;
)
)
6) 22 — dzy + 49> — 6z + 12y + 8 = 0.
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Bigmosimi

Ol.2' = 3,y =3 02. 2/ = 4,y = 3. 03. 1) 22 + L2 = 1,
1”2 12 =2 =2 .
2) - -4 =1;3) & - % =1, tga = 3, sina = \/%, cosa = =
r=s@ =3y), y = B vy 2 -0 = 7y -0 =
NP =027 o=@ —y)y=H@+y) o - =5y + R =7
_ =2
C1.1) (z—1/2°+(y—1/3)>=1;2)"(2;1); 3) 22 = —y; 4) T + L =1;
=2 =2 1”2 12
5) & — i;’/E :721; 6) 42 :72—27'2,[[1 1) %2+ %2: 1; 2) Ti —1/7’22 =T.
A2. 1) S +4%=12) - - % =1,3) T+ 4 =1;4) F -4 =1
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Tema 11. 3minHi BeanunHu i QYyHKITIT

3MIHHOIO HA3WBAETHCS BEJIUINHA, STKA B YMOBAX JAHOT0 TIPOTIECY
(sBuma) nabyBae PI3HUX YUCIOBUX 3HAUeHb. CTAJIOK HA3UBAETHCS
BEJIMUMHA, KA MAE TIEBHE YUCIOBE 3HAYEHHS ab0 He3a1eXKHO BiJl yMOB
JIAHOTO TIPoIiecy, abo JINIe MpU BUKOHAHHI NeBHUX yMOB. CyKYIHICTE
yCIX MOXKJIMBUX 3HAYEHL 3MIHHOI BEIUYMHU YTBOPIOE MHOXKWHY 3Ha-
YeHb IIi€] BeANINHHA.

Hexait X — goBiabHa MHOXKHHA JIMCHUX YHCET. ZKIIO KOKHOMY
quciry £ € X IOCTaBAeHO Y BIAIOBIIHICTL TEBHE ILJIKOM BHU3HAUEHE
miicne wnesno f(x), TO KaKyTh, 1m0 HA MHOXKWHI X BU3HAYEHA UU-
ciaopa dyukmisg f. Muoxuna X HasupaeTbcs 00J1aCTI0 BH3HAYE-
HHsA, a Mpoxkuna ¥ = {y € R:y = f(z),z € X} - MHOXKUHOIO
3HavYeHb 4nca0B0l GyHKIT f. CuMBOMIYHO BYHKIINS 3alIHCYETLCA ¥
purasg f 0 X — Y, abo y = f(z), x € X. Yacro objacrth Bu-
sHavennss GyHKUI [ nosHagaroTh 9epe3 D(f), a MHOXKMHY 3HAYEHDL
— gepes E(f). Buinny 7 HasuBaTh aprymMeHToM &yHKIIL, a f(x)
— YaCTUHHUM 3HaYeHHaM Gyukiil. Halinommpenininm € aHATITH-
yHU criocib 3aaanus Gyukiil. Big nmojsrae B ToMy, 10 32 J0IOMO-
1ot (hOPMYJIH KOHKPETHO 33A€ThCS aJrOPUTM ODUUCIEHHS 3HAYEHD
byHKIIT 118 KOXKHOIO 3HAUEHHS apryMeHTa X. Y 1IbOMY BHIAJIKY T/l
D(f) posymitoTh Ty MHOXKHMHY 3HAUYeHb &, /s fKOI JaHa dopMmysia
Mag€ 3MICT.

ITpukiazm 1. 3uaiiTu 061aCTH BU3HAYCHHS | MHOXKHHY 3HAYEHb DYHKIIT

50) = i

< QueBunno, mo 1 — z© > 0, 60 iHaxkme Bupa3 Brpadae 3micT. Tomy
D(f) = {z : |z| < 1} = (-1;1). Muoxunow 3navens € E(f) = {y:y >
1} =[1;00). >

Hexait dynkuis [ : D(f) — E(f) maka, mo mas JOBUIBHAX
{z1,22} C D(f), 31 # z2: f(21) # f(22). Y upomy Bunaixy 6ynp-
SIKOMY 9uCIy iy € E(f) MOXHa TIOCTABUTH Y BLAMOBIIHICTE TIEBHE TILI-
koM BuzHaveHe yuciao r € D(f) rake, mo f(z) = y; T7vM camum Bu-
snadena Hopa byuxuia f-1: E(f) — D(f), ska nazupaerbcsa obep-
HEHO0 JI0 33J1aH01 (hyHKIIT f,

Ipukaam 2. Yu vae obepreny dbynkmig y = 2% + 17

2
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< Jns dyrkuii y = 22 + 1 obnacrio susnadenns € D(f) = (—oo, +00), a
MHOXIHOW 3HaveHb — K(f) = [1,4+00). Ockinbku qns nosinshoro y € E{f
piBusaus 2% + 1 = y Mae ABa pisHuX po3k 'a3ku z1(y) =4 — 11 22(y) =
= —/y — 1, 7o nana byHKIIS HEe Mae 0OEPHEHOT.

V Toit ke 9ac KoxHa 3 GyHKLil y; = 241, D (f) = [0, +00); ya = 2%+
1, Da(f) = (—o0, 0], Mae obepHeny, BUMIAI AKUX BiAMOBLIHO 71 (y) =y — 1
iza(y) = —vVy—1, y €[1; +00). >

Hexait 3agani yuknii f : X - Y ig:Y — Z. CrkaageHoro
dyukiiero (ab0 KOMIIO3UINEK ) HA3HBAETHC PYHKINA : A = go f :
X — 7, ska Bu3HavaeThes piraicTio h(z) = g(f(x)),z € X.

DyuKIig [ HA3WBAETHCS TIAPHOK (HETIAPHOIO), SIKIIO 1T 06J1aCTh
BU3HAYEHHs CUMeTpudHa Bignocno touku x = 01 f(—z) = f(x)
(f(~2) = —f(z)), 7 € D(f).

Oyukiia f Ha3HBacTLCAd TMEPIOAUYHOR), SKINO ICHYE I0JaTHe
yucno T (nepion dyHkuil) Take, mo s jgoBinsHOTO . € D(f):
f(z+T) = f(z). OcuoBHuM tiepiogom abo mepiogom dyHKIil Ha-
BUBAETHLCS HAMEHIIe qogaTHe YHCIo Ty, ke Mae JaHy BIACTHBICTD.

I'pacdbikom dymknil nasusaerbea muoxuua I = {(z,y) € R?:
r € D(f),y= f(z)}, ne R? - MHOMMHA TOYOK TLIOMIHHH.

ITpu mobynosi rpadikiB 4aCTO BUKOPUCTOBYIOTH TaKi IPOCTI reo-
merpuyHi MipryBanHsi. dxmo I' — rpadik dysruii y = f(x), To:

1) rpadix dyuruii y = —f(z) — m3epraibHe Binobparxkenns [
BignocHo oci Ox;

2) rpadik dbyukuil y = f(—x) — a3epranbhe BimoOpaxkenus I
BijiHOCHO oci Oy;

3) rpadik byukmil y = f(r —a) — 3cys T’ B3m0B)K oci Ox Ha
BEJIMYUHY @

4) rpadik dyurmil y = f(z) +b — 3cys I' B3noBxk oci Oy Ha
BeJIMYUHY b;

5) rpadik dyukuii y = f(kx), k > 0, k # 1 — cruck B k pasis npu
k > 1 abo posrar B 1/k pasis npu k < 1 T B3gosxk oci Ox;

6) rpadik dyukuil y = Af(xz), A >0, A# 1, — posrar B A pa3sis
npu A > 1 abo cruck B 1/A pazis npu A < 1 T B3m0BK oci Oy.

IMpukaazn 3. Yu e napuoo (Henapuow) dbynkuisa f(z) = 1git3?

z—3"
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<4 Maemo D(f) = {z € R: 252 > 0} = (—00; —3) U (3; +00) — cumerpn-
YHA MHOXKMHA BijHocHo z = 0. [Inst gosineroro @ € D(f)

fl=z)=1lg =lg s — Tl —3=-f@

—x+3 _ z-3_ (v+3 - z+3
—x—3 r+3

i, omke, f — Henapua GyHKUid. >

ITpukiasm 4. 3uaiity ocHOBHME nepiox OYHKIIL:

1) f(z) =2cos(8z+ 1) —3;  2) f(z) = sin 3L + Ttgdr.

< CKOpHCTAEMOCH THM, IO HalMeHIM Heplo,HOM dyHKIIR ¥y =
Acos(wz + @) Ta y = Asin(wz + @) € uncno To = 22, a g byHkuiit
y = Atg(wr + @) Ta y = Actg(wz + @) —uncno Ty = =

1) Ockinbku crajia € NepioAUYHOr 3 IOBILHUM nepiofoM, a cos(8z+1)
Mae Halimenruit nmepion T = 2?” = 7, TO BCA PYyHKIIA Mae OCHOBHUM Mepion
T(] - %

2) Ocuosrum nepionom mia fi(z) = sin 22 € wneno Ty = 327’75 = 10,
a gna fo(x) = Ttgdr — wweno Tp = §, a Tomy jna sananol dyskuil f
OCHOBHHM TIEPIOAOM € HaliMeHIe chuiibHe KpaTHe unces 11 i Ts, Tobro Ty =
107. >

ITpukaazg 5. [lodbyaysatu rpadgixk GyHKIGT iy = giJré

< 3anumemMo GPYHKIIIO Yy BUTJIAIL

_2Q2x-3)+7
N 20— 3 N

I'padik manol dyHKIT MOXKHA
onepKary 3 rpadika GyHKIIT

y = L, sacTocysasum nocai-
JIOBHO TI€peTBOpeHHd 3), 6) 1 4),
nea=3/2,A=7/2,b=2:p>
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Bopasu

O1. [lobyayparu MHOXKUHY 3HAYEHL 3MIHHOT BEJTUUHHU I, STKa 3a-
nama mepisrocTamm: 1) 22<9; 2) |z —4]<1; 3) (z—2)% <4
4) 22 —4r+5=0; 5) 22—3x—4<0.

02. 3naiitu obnacts BusHavenus dyukii: 1) y = —|z — 2[;
y=|t5: Dy=—Va?—dz+4 4)y=V9I—22 5)y=|z[+z;
1, x>0,
6) y = |z? — 3z — 4]; 7)y:m+sgn%,ﬂesgnx: 0, z=0,
-1, =<0
Sy={ 5 T gy lgle—2); 10)y=t=3,
3z, x>0; 2 : =1
My=vr—3+ 17176; 12) y = = + cos 2z.

03. 3uajiTy MEOXHIHY 3HadeHp bynxmii: 1) y =2 — z — 22;

2)y=sinz +cosz; 3)y= m% Hhy=lz|+1; B y= 4=,

04. JocniauTn Ha TapHIiCTh abo HENAPHICTh (BYHKIIIO:

1) f(z) =22, Y7 + 2sinz; 2) f(z) = |z] — 5e*”; 3) f(z) = 22 + 5.

O5. 3naitn ocHopuuit nepion dynkuii: 1) f(z) = 6tg32%;

2) f(z) =sin’(x —1); 3) f(x) = cos 2z cos 6.

06. 3’acysaTu, ki 3 HaBeIeHHX HUXKYe QYHKIIN MaioTL obepHe-
Hi; 3HAlTH BiamosiaHi obepreHi (pyHKIHT Ta TxHI 001aCTi BUBHAYEHHS:
D y=az+b; 2)y=In2zs; 3)y=2%2

C1. dxka 3 enmeventapuux GyHKIi# mae Bracrusocti f(1) = 0,
fla) =1, flzy) = f(z) + f(y)?

C2. JlosecrTu, mo HapegdeHl GYHKINT 3aJ0BOMLHIIOTL BiAMOBIIHI
dynxmionansni pisaanns: 1) f(z1)f(xe) = f(z1 + x2), f(z) = a®;
2) flez+2)=2f(z+ 1)+ f(x) =0, f(z) =kx +b.

C3. dxi 3 momannx HuxK4Ie GYHKIINR € TapHAIMHA, TKi HEIApHUMH,
a siki ni napuumy, Hi nenapuumu: 1) f(2) = 5% 2) f(z) = &4 3)
f@) = 2515 4) f(z) = (z — 1)’ sin® 27

CA4. Bratitu f(—4), f(1), saxmo:

2

ONIOES = FIOE { 23723;'1?" i;j
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C5. Un e ¢yuxuig f(z) = 2* 4+ 12, Busnagena Ha IpoMiKKY
—2 < x < 10, mapuotw?

JlomaritHe 3aBIdaHHA

1. 3nafitu o61acTh BU3HAYEHHs (byHKIII:

1)y =z —1g(2z - 3); 2)y= 3z —1 +\/1TI;

Ny=vz+1—-—v3—uz; 4)y—arccosx22+1

5) y = Vasin? rx; 6) y=1 ( )+\/x+2;
1

T) y=2%; 8) y = logs(2z — 6).

,Z[2 SHafiTn MHOKIUHI 3Haqub x, AKi Sa,ILOBO.HbHHIOTb HEPIBHOCTI:
D z?>16;2) 22 +3| < 1;3) 22 —-22+5<0; 4) 22— 11z +10 > 0.
3. 3nafiTh MHOKUHY 3HaUeHb DyHKILI:
1)y =1In(z+1); 2) y =vV4 — 22 3) y = V3sinz + cos z;
4)y:2+%,m21; 5)y:1f§:2.
4. [lobynysaru rpacdik dbyHKIii:
Dy=a®—4lz|+3; 2)y=3tL 1, 3)y= 2+l

r2—1

HYy=1—cosz mna |z| < 2m; 5)y= 2“0g2$|, 6) y = |logs|z| |.
5. 3urafitn ocHoBHUE TIepion yHKIL:
1) y =sin2z +sin?3z;  2) y = tg% —3tgl;  3) y =sin’ x4 cos’ z;
4) y = |sin(v2z + 1)[; 5)y:sinx—|—sin%.
6. Jlocnimuru Ha napHicTh abo HEMAPHICTH (YyHKIIIIO:

Dy=vI—z+/1+1; 2)y=arccosz—%; 3) y=In’VzZ+ 1+2);
4)y:‘%8§—ﬂ‘; 5 y = (z —1)%sin% 2.
J17. Buatitn obepreny byHKINIO i 00J1aCTh 11 BUBHAUEHHS, AKIIO
BUXijHA DYHKIS 3a/aHa HA BKa3aHOMY HpoMikky: 1)y = 2% — 1:
z, x<0,
a) r € (—oo0,—1/2],b) z €[1/2,400); 2)y= { S, 150,
J18. 3ruaiitu komnosunil fog i go f dyukuii:
1) f(z) =2 g(x) =Vz; 2) fx) =1, g(z) = 2%
3) flz) =€", g(z) = Inz.
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Bigmosimi

O1. 1) [:3: 3]; 2) (3: 5): 3) [0: 4; 4) 0: 5) [~1;4]. 02. 1) &; 2) R\ {2}:
3) R; 4) [-3; 3: 5) R; 6) R; 7) R\ {0}; 8) R; 9) (2;+00); 10) R\ {1};
11) (6;+00); 12) R. 03. 1) (—00,9/4]; 2) [-v2;v/2]; 3) (0, +00); 4) [1, +00);
5) (0, 1]. O4. 1) Henmapna; 2) napua; 3) ui napua, ni zenapua. 05. 1) 4/3;
2) m; 3) w/2. 06. 1) ddxmo a = 0, To obeprera BHYHKUIA He ICHYE; AKIIO
a# 0,10 x = yT_b ~ obeprena ¢dyHKHis i D = (—o0;400); 2) x = Lev,
D(f) = (—o0;4+00); 3) 2 = 2logyy, D(f) = (0; +00). C1. f(z) = log,z. C3.
1) Hi napua, ui Henapua; 2) nenapua; 3) napHa; 4) ui napua, ui nenapua. C4.
1) -11/17;-1/2; 2) 1/8; 1. C5. Hi. JI1. 1) (3/2;+0); 2) [1/3;5); 3) |-1; 3];
4) R; 5) Z U (0;+00); 6) (—o0;0) U (0;1); 7) R\ {0}; 8) (3; +00). Z[2 1)
(—00;—4) U (4;00); 2) (=2;—1); 3) 0; 4) (~00,1) U (10;00). JI3. 1) R; 2)
[0;2]; 3) [=2;2]; 4) (2; 3]; 5) [-3;3]. Ab. 1) m; 2) 6m; 3) 2m; 4) W/«f 5)
He icuye. J16. 1) Tapna; 2) venapua; 3) napua; 4) napsa; 5) ui napsa, i
wenapha. JA7. 1) a) y = —/z+ 1, D(f) = [-3/4;4+00); b) y = vV +1,

D) = =3/t Dy ={ [y TS0 8.1 fog=ag0f = lal

2) fog=1-2"gof=(1-2)*3) fog=z,2>0,g0f=x.
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Tema 12. I'pauniigd mocaiI0BHOCTI AifiCHUX duUCeT

IlocnigoBHicTIO fificaux yncen HasupaeThes GyaKIsa [ : N —
R, Bu3HAaUeHa Ha MHOXKWHI BCIX HaTypaabnux yuces. Yucao f(n) na-
SUBAETBCH 71-MM UWJIEHOM TIOCTLIOBHOCT] Ta IIO3HAYAETHCA CUMBOJIOM
Ty, a dopmyna z, = f(n) HasuBaeTbCa (POPMYION 3arajbHOTO
4jieHa mocaigoBHocti {x,,n > 1}.

Yucso @ Ha3UBAETLCSI TPAHUIEIO0 MOCTiAOBHOCTI {z,,n > 1},

Tobro lim z, = a, g9Kmo aasg goBlIbHOTO £ > (0 icHye HOMEp 7
n—oc

TAKWi, O TpW 7 > 7y BUKOHYETHCS HEPIBHICTH |2, —a| < &. Y
CcUMBOJIIUHIi hopmi :
ggrgoxn:a < Ve>0 dngeN Vn>ng: |z, —a|l<e.

TocaiaoBHICTE, gKa Mae€ MPaHUIo, HA3HBAETLCSA 3012KHOT0, a dKa
i1 He Ma€ — PO30IXKHOIO.

Jlerko 6aumTH, IO KOJIH YHCIO ¢ € TPAHUIEI0 TOCTII0BHOCTI
{Zp,n > 1}, T0 B nOBlNBHUIT £-0KiN (a — €;a + €) TOUKH G, B3aral
KaXKy4H, $K 3aBrOJHO Ma/uil, TOTPAILISTh BCl WIEHU IOCII0BHO-
CTi, 338 BUHATKOM 1X CKIHYEHHOT'O YUCAd. 1OMY, TKIMO IOC/IIIOBHICTD
36iraeThCs, TO BOHA MAa€ TLIBKU OJHY TPAHUITIO.

IMocninosuicts {an,n > 1} Ha3WBaEThCs HECKIHYEHHO MAJIOIO,
AKIIO nlg{.lc oy = 0. CyMa /1BOX HECKIHEHHO MaJjiuX TOCJi0BHOCTEN €

HeCKiHYeHHO MaJjok. J1obyTok obMmexkeHol TOCTiIOBHOCTI HA HECKIH-
HeHHO MaJly — HeCKIHYEHHO MaJia TOCJIiJOBHICTD.
IMocmigoBHicT {Y,,n > 1} HA3WBAETHCS HECKIHYEHHO BeJIU-
KOO, SIKITIO
VE >0 dngeN Vn>ng: |y,|> E.

3auCyioTh e CUMBOJIYHO Tak: lim y, = 00.
n—ec

Jast Toro, mob {ay,,n > 1} (o, # 0) 6yna HeCKIHIEHHO MAJIOK,
HeoOxizHo # noctarabo, o6 {1/, n > 1} Gysna HECKIHIEHHO BeJu-
KOIO.

TIpakTuaHe 0OOUUCIEHHS! IPAHUIIL TPYHTYETHCS HA TAKOMY TBEDP/I-

KemHi: gxmo lim x, = a, lim y, = b, To:
n—ec n—ec
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) VaeR: lim (az,) =« lim z, = aq;
n—od n—od

2) lim (z, £ yp) = lim z, + lim y, = a £ b;
n—o0 n—00 n—oo

3) lim (z,y,) = lim z, lim y, = ab;
n—00 n—00 —00

4) lim (I—n):@:%, b4 0.

lim
n—oc n an Yn

Jlare TBepIXKEHHSI He MOXKHA 3aCTOCOBYBATH, HAIPUKJIAI, IIPH

SHAXOIZKEHHI TPAHUI 9acTKu 22, koqu lim z, =0, lim y, = 0. VY
Yn n—00 n—00

IIbOMY BHIIQJIKY BUPa3 Z—Z Ha3WBAlOTh HEBU3HAUEHICTIO TUITY %. Icny-
I0Th HeBU3HAUeHOCTi TuIly 525 1995 0+ 00; 00 — 00 Ta immi. 3HaxopKen-
Hsl TPAHUIL TAKUX BHPa3iB HA3UBAIOTL PO3KPUBAHHAM BiIITOBITHIX
HEBU3HAYEHOCTEN.

Herusnagenocti 0- oc 1 00 — o¢ 3BOAATL 40 HEBU3HAUEHOCTI % abo

0 . . oo
o @ TIpPM PO3KPUBAHHI HEBU3HAIEHOCTI 1°° BHKOPHCTOBYIOTH TaKy

BazKJIUBY I'DaHUILIO:

n
lim (1 + 1) =e, e=2,71828... (1)
n—oc n

IIpukuaz 1. JlopecTn, mo nocyigossicTs {2+ %, n > 1} mae rpanuneno
YUCIO 2.

< Bizememo nosizmbHe £ > 0 1 BuOepeMO n HACTINLKUA BEJIHKHM, IO
BUKOHYBAJIaCh HEPIBHICTD |z, — 2| = % < e. JInsd 1poro noCuTh B3SATH N >
Lng = [%] +1 ([l] — IUIa YACTHHA YUCHA, %) IIpr Taxomy BHOGOPL N

e’ €

aicraneMo, O A BCixX n > ng @ |z, — 2| < e. Omxe, lim z, = 2. >
Nn—r o

IIpukmaasm 2. 3naiiTu rPAHAIIO:

ot +2n24+3n+4 .
Dnllj;c LA s 2)T}LH;C(\/n2+n—\/n2—n>.

< 1) Maemo neBuzHaveHicTb % IToginumo arcenbHUK i 3HAMEHHUK IPO-
6y Ha n’. Toai
nd+2n*+3n+4 n3(1+%+%+7§—3)

li =1 =
WS AP +8n7 45 e nd (44 3+ 5)

100



lim (1—{—%—{—5—2—{—5—3) lim 1+11m—+11m §2+1Lm7?—3

_ n—oc _ n—ooo n—oc _
lim (4—{—%-{—715—3) B lim 4+ lim Z + lim n5—3 B
n—oc n—od n—oc n—oc

_1+04+0+0 1
T 440+0 4

2) OueBMIHO, IO HE MOXHA BiIpa3y 3aCTOCOBYBATH TEOPEMY NpO

FPAHUIO PI3HUIE, 60 MaEMO HEBHIHAYEHICTH THIy OC — OO0. 3BEHeMO ii

0 HEBU3HAYEHOCTI THUITY %, TMOMHOXHWRINIA YHUCETHHUK 1 3HAMEHHUK Ha

Vn? +n +vn? —n — supas, cupsokennit 10 Vn? +n —vn2 — n:

lim (\/n2+n—\/n2 —n) (\/n2 +n+vn? —n) B
n—oc Vn?2+n++vn?2—n B

(02 +) = (2 = n) _

. 2n
= lim =
n—oc / 1 1
. 2 2
= lim = 11
P im /1 + + lim —% +
n—od n—oo

Baysakennda 1. MipkyBaHH#A, aHAIOTIYHI THM, STKi MW IIPOBEIH
npu obuncIeHH] rpaHuIl 1) 3 mpuKIaay 2, T03BOJSIOTH 3AIHCATH TAKy
TPaAHUIIIO :

amnm + an, m—l + ...+ ap a07 m <s,
lim = 7, m=s, (2)

n—oc  ben® +b,1n81+ .+ by o s s

n
IIpukmaam 3. 3naiitu hm (22j_1> .

< Maemo HepuzHavenicTh tumy 1°°. Tomy meperBopumo i, 3BiBIIU A0
surisay (1):

A Vs A —1 e
S = 1 =
A ( 2 + 1 A A\ e




: —n
lim Tk T

1 —(2n+1) n— 0o
={ lim {1+ —
o ( T Tons 1))
—(2n+1)
60 lim (1+ —tr)

n—oC

=e,a WILmOC gng1 = —1/2, 3rinno 3 (2). »

BayBaxkenns 2. [Ipu 3Haxomxenni rpanmmi lim u(n)”("), ze
n—oo

lim u(n) =1, a lim v(n) = oo, 3pyIHO KOPUCTYBATHCST HOPMYIIOKO
n—od n—od

lim u(n)v(n) — enlggo(U(n)—l)v(n)
n—00

N\ 2n
ITpukiasm 4. 3uaiity rpanumo lim (Z—if)
- n—oC

< Maemo weruznauenicts tumy 1°°. CKOPUCTABIIUCH 3ayBAXKEHHAM 2,
JiCTaHeMO

lim
n—oc

2n
n+2 lim (22 _1)2n lim 2F2=m=1.9, lim 22 9
— pn—ooot\ntl — gn—oo n+1 — gn—oo =e°. >
n+1

Hexait xanitan seamumnoro K imBecTOBaHo mig p BIACOTKIB Pi-
YHUX, $IKI HAPaXOBYIOTHCS METOJOM CKJAJIHUX BiJICOTKIB M pa3iB Ha
pik. Ma#iGyTas BapTicTh Kamitamy A 3a HopMysmon cCKIaIHIX BiIco-
TKIB 0OYUCI/IIOETHCS TaK:

A=K(1+ %)m

e t — KIJIBKICThL POKIB, HA AKi IHBECTOBAHO KAITAJ, & 7 = 1‘8;0. Axo
KIABKICTE 73 TIEPIOIIB HAPAXyBaHHs BIACOTKIB 33 PIK HEOOMEXEHO 3PO-
crae (n — 00), T06TO MOBa e PO HEMEepepBHE HAPAXYBAHHS CKJIa-
JHUX BIICOTKIB, TO

rt

A= lim K(1+%)m: lim K (1+%)"/T _

n—00 n—00
rt

n/r
— k| lim (1 n f) — Ko,
n

n—oc
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Jany $hopMy/Ly BHKOPHCTOBYIOTL /i ODUMCJIEHHST Ma#byTHLOI Bap-
TOCTI KaIiTaJIy IIPU HETEPEPBHOMY HapaXyBaHHI CKIaTHUX BLICOTKIB.
IIpukiazm 5. Ppomi sxmamu mix 12% piuEmX 3 HemepepBHUM HAPaXy-
BAHHSIM CKJI3JIHUX BiZcOTKiB. fka MaitbyTHst BapricTs BKIaMy 25000 rpH.,
IHBECTOBAHOTO Ha, II'SITh POKIB?
< 3a popmynoo A = Ke™, ne K = 25000, r = 0,12, t = 5, MaeMo
A = 25000 - €125 = 25000 - €76 2 25000 - 1,8221 = 45552 5 rpH. >

Bopasu

O1. 3ammcatn Hepnn I'SITh WIEHIB TOCALI0BHOCTL {Zy, n > 1},
gkmo: 1) 2, = sin % 2) 1, = n(l — (=1)"); 3) z, = LE5.
2. Samucatu HOPMYJY 3araJibHOrO YieHa IOCIiI0BHOCTI:

1.1 1.1,
3 ?’_Z =5 2)0;2;0;2;...; 3)1;0;—3;0;5;0; —7;0; ...
4) =3;9;, -1, 2, — L,
13y 5T T g ) . )
03. BukopucTOByHOUYM O3HAUEHHST TPAHWUIN TOCIZOBHOCTI, [10-

BecTH, mo: 1) hm ;Zﬁ =1; 2) nlLrgo(—l)”% =0.
04. 3Ha171T1/1 CPaHUIO: 1) nlgngc %;
2) Jim Bt o) Jim Ol o) i e,
5) Jim i?iiﬁiﬁii 6) Jim (5 + g5+ + i)
7) lim 2L 8) Lim VEunl o g) L (14 2)5
10) lim 058kl 1) hm n (Vi t 3 — v/i); 12) Tim. NETE Ry

O5. TIpupict HaCGHeHHH KpalHH cranoBuTh 3% 3a pik. 3a cKiabku
POKiB HaCeJeHHST KPaTHU [TOABOITLCA !

06. TTouarkoBa cyma BKJIa, 1y A0piBHIOE 6 MJtH. I'pH. Bank cruiadye
10% piunux. 3HafiTn po3Mip BKIALY depe3 b POKiB mpu HapaxyBaHHi
BigcoTKiB: 1) mopiuno; 2) MOKBAPTAIBLHO; 3) HENEPEPBHO.

C1. 3uaiiTy rpaHuUIlo:

. . 2 2 2 .
1) lim (H?ﬁ” — %) 2) lim 2 2edns . 3) nl;rgo( IYn+1— ¥n);

n—aoo n—od
4) lim (1 - %)n 5) lim n(ln(2n + 3) — In2n).
n—oc n—od
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C2. Jlosectu, mo TOCTiI0BHICTE Ty, = 14 (—1)", n > 1, po3bixHa.

JdowmaritHe 3aBJAaHHA

J1. Bamucary mepri n'aTh WieHis nocrigoBHocTi {xy,,n > 1},
akmo: 1) z, = 2" + 2% 2) xp, =sinwn;  3) x, =nl.

J12. 3a monoMorow o3HadeHHs. TPAHUIN MTOCII0OBHOCT] JOBECTH,
mo:

1) lim % =3; 2) lim 5 =0; 3) lim lcos =0.
n—oc n—oc ™ n—oc
J3. 3nasitu rpanmmo : 1) lim E" ; 2) lim Vg:ifl;
TLHOC n—aoo
i LE24edn. : L/n 4 m 3ESte4(2n-1),
3) lim L ) lim (207 + 25 ); 6) Jim 2GR,
6) lim (vn?2+3n—n);7) lim % 8) lim { V/n3+2n2—n);
n—oc ’ oc 1107+ o oc . :
. IL. . —9
) i (1= 0 (55)"

4. Temm indanii ckaamae 1% ®» nenb. HacKigbKM 3MEHIIATBCS
[IOYaTKOBa CyMa 9epe3 MIBPOKY?!

5. Temn induanii cknagae 6% 3a micanp. dxum nopunen Oy-
i piuHMil BIICOTOK CTABKH KPETUTY, KU BUAAETHCA OAaHKOM, 106
npuOyTOK BiJ KpeauTyBaHHs cKiuagas 12% B pik?

Biagnosiai

01.1) 1, o l,o,% 2) 2,0,6,0,10; 3) —8,11, 1 1T
02.1) z, = +1, 2) n—l—i—(—l)"; 3) xn:n(:()sin—l 4) z, =
= (=1)"22E. 04. 1) o0; 2) £2; 3) 4;4) 0; 5) £; 6) 1; 7) 1; 8) 0; 9) €”; 10)

2;11) 0; 12) 1/2. O5. =~ 23 pokn. 06. 1) (1+ ]1000) ~ 9,663 (M. TpH.);
2) 6(1+ 400)20 ~ 9,832 (M. rpn.); 3) 6e(1T 10605 ~ 9,892 (mam. rpu.) C1.
1) =1 2) &) 0:4) e 5) &,

J1.1) 24 41 , 8%, 16116,321- 2) 0,0,0,0,0; 3) 1,2,6,24, 120.

A3.1) - 1,5; 2) 1/f, 3) #:4) -4; 5) 2:6) 1,5;7) - 0,1; 8) 3; 9) 1; 10) e=?
4. 1) Q =~ Qoe 188, smenmurhes npubiusno B 6 pasis. 5. 1) ~ 64 %.

H*IS

104



Tema 13. I'parung ¢dyskiii. HemepepBHicTh

Hexait dynkuist y = f(z) BusHadena na muoxkwni X . [Ipumycru-
MO, 110 TouKa xg (g € X abo xg ¢ X ) — rpaHU<HA TOYKA MHOXHHA
X, T06TO Taka, B JOBLILHOMY OKOJI sIKOI € TOYKH JaHOI MHOMKHHU,
BiAMIHHI BiJI 2.

Ywucso b nasupaeThes rpanutiero byHKIil f npu £ — xg i 3a-
mucyerses lim f(z) = b, skmo

T—>ZT0

Ve>036>0Vee X, 0<|z —xo|<d: |f(z) —b| < e.
V BUNAJAKY, KON Xy = OC
Ilirgof(m):b & Ve>0 IA>0 VzeX, |z[>A: |f(z) — b <e.
Oyukiis [ Ha3HBAEThCHd HECKIHYEHHO MAJIOK TIpU T — Xy,

akmo lim f(z) = 0. Heckinuenno mani yHKIIl MaioTh Ti cami Bia-
T—TQ

CTUBOCTI, MO # HeCKIHIEeHHO MaJIl TTOCIi0BHOCTI.
OyHKIig [ HA3WBAETHCA HECKIHYEHHO BEJUKOIO IIPH L — X,
akmo lim f(z) = occ © VE >0 30 >0Vr e X, 0< |z — zp| < 0:
T—rT0
[/ (z)|>E.
drmo lim f(z) =0, lim g(z) =¢, 10

Jim (7() () = b 0
Tim (f(@)g(a)) = be )
fim 28 0, (3)

x—=zo g(x)  c

VY Bumaaky, koju [ 1 g € HeCKIHUYEHHO BeJIUKI TIpu & — Zg, TO bop-
mysu (1) 1 (3) me mitors. Ananoriuno me mie dhopmyaa (3) y Bunajky,
Ko [ 1 g — HEeCKIHIEHHO MaJil ipu - — Zg, a dopmyna (2), komu f
€ HeCKIHYEeHHO MaJol0, & ¢ — HeCKIHIeHHO BENUKOI0 NMPU & —> Tg 91
Hapnaky. TyT MaeMO HEBU3HAYEHOCTI THILY 0C — 00, o, g abo 0 - co.

TTpw 3HaxomKeHHl TPAHUITN BIAHOIIEHHSI BOX HECKIHIEHHO MAIUX
bYHKIIR JONUIBHO CKOPUCTATUCS TUM, 1110 JIAHA TPAHUIS HE 3MIHU-
TLCA, AKINO I HECKIHIEHHO MaJIl 3aMIiHUTH eKBiBaIeHTHuME. Haraga-
€MO, 110 HEeCKIHYEHHO MaJi Tpu = — a BYHKIIT « 1 f HA3UBAIOTHCS
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€KBIBAJIEHTHUMU, FAKINO lim % = 1. IlosnauaroTs, gammit paxT
r—a

tak: o) ~ B(x) pu x — a.

Hagenemo mnpuk/jiaiy OCHOBHHX €KBIBaJICHTHOCTEH: SIKIIO
lim a(z) =0, To  az) ~sina(z) ~ tga(x) ~ arcsinaz) ~
Tr—a

~ arctga(z) ~ In(1 + a(x)) ~ (€*®) — 1) npu z — a.

IIpukaazm 1. Hexait f(z) = 3z — 1. Kopucryooduch 03Ha4eHHAM Tpa-
HuLl BYHKIIL, JOBECTH, 110 11:1311 Bzx—-1)=2.

< 3rigHo 3 O3HAYERHAM Tpeba TOBECTH, IO

Ve>0 30>0 VzeR, 0<|z — 1| <6 |f(x) — 2| = |3z — 1 — 2| <e.

Ockinpku [3x — 1 — 2| = 3|z — 1|, ro, B3gBmM § = %, 3 HepiBHOCTI
0 < |z — 1] < § omepxyemo, mo | f(x) — 2| < € ana Gyap-skoro £ > 0, To6TO
lim(3z — 1) =2.>
z—1
216216

IIpuknaam 2. 3naiitu rpanumno lim >
_ z—2 %

< Ockinbku lim (224-62—16) = 01 lim (22—4) = 0, To MaeMO HeBU3HAME-
T2 z—2

HIiCTb TUIY %. JList 11 pO3KPUTTS TEPETBOPUMO JAaHY (DYHKINK, CKOPOTUBIIH
YUCENbHUK 1 3HAMEHHWK Ha (z — 2):

]' P
iy 2246216 _ o (@48)@=2) _ o owes _ 2T i 5
pso x2—4 79 (2—2)(z+2) P2 T+2 7!1212@—}-2) 2+2 2°

- . 229
Hpuxran 3. Buaiitu rpammo lim ==

< MaemMo HeBU3HAUEHICTD THITY %. JIOMHOKHUBIIH 1 PO3IIIWBINT HA BUPA3
crpsikenuit 3 vV + 1 — 2, robro vHa vz + 1 4+ 2, gicranemo

i (z-3)(z+3)Vr+1+2) lim (z=3)z+3)Vz+1+2)
=3 (Vr+1-2)(/z+1+2) =3 z—3
= lir%(m+3)(\/m+1+2):6-4:24. >
z—
BaxknuBy posib mipm 3HAXOAXKeHHI TPAHUIB BiIrpailoTh Taki Ba-
SKJTUBI IPDAHUTI:

lim o = 1 (4)
z—0 x
: 1 . 1\Y
lim(l+2z)e=e, lim (14+—-) =e. (5)
x—0 T—oc Yy
Kpim Toro, 1acT0 BUKOPHCTOBYIOTLCS TDAHUIIL:
T _ T 1
lim & —lna, a>0,a#1, lim?S =1 (6)
z—0 T z—0 T
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log, (1 +x In(1+ =z

im 08 ED) e w0021, m PUEED g
z—0 T z—0 T

. 42> =1

lim # =a a€eR

z—0 T
Ilpukaam 4. 3naiitu rpaHuio lim tﬁ?
< Maeno lim #5325 = hg%] Smjm im o555 -5=1-1-5=5.v

s 2245244 ¥
IIpuknasn 5. 3uafitu rpanuio TILIEC (m

< Maemo HeBU3HaUEHICTh TUMIY 1°°, Ky PO3KPUBATHMEMO, BUKOPHUCTO-
Bytoun (5):

2?2 + 5z +4 ‘ 8r —3 “
li 1+ —————-1] =1 1+ —-——| =
zi»H(gc< +x2—3;r:+7 ) zi%c( +m2—3x+7>

2 (82— 3)
2?3247 @2 3247 5
. Sx — 3 8x—3 lim 821 —3z 8
lim 1+ — = pe—ooc #2—32+7 = 8 |
z—>0C 2 —3x+7
IIpukmaam 6. 3naiiTu rpaHAIIO lin%] “rgﬂ
—_— z—> !

< MaeMo HEeBH3HAYEHICTh THITY %. Ockinpku arcsinz ~ x ipu © — 0, TO
Lim 2arcsinz __ Lim gx — % >
z—0 z—0 °F

3ayparkenns. [Ipu 3HAXOMKEHH] rpadun lim u(m)”<‘”), ze
T—>ZT0

lim u(z) =1, lim v(z) = 0o, 3py<IHO KOPHUCTYBATHUCST (BOPMYIIOO
T—ZT0 T—T0

: o(z) _ o m v(@) (@) -1)
xll}rgn u(z) em o . (8)

" . ctg?e
IIpukmaasm 7. 3naiiTu rpaHAIo hn%] (1 + mz) &,
_ z—
< OcKinbKY MaEMO HEBU3HAYEHICTH THIY 1°°, TO MOXXHA CKOPUCTATUCH
dopmyoro (8):

. ctg?z lim ctg?z(14+2%—1) lim { 2— cos? z .
lim (1 + 2?) E% — ea50 = emao( )* —oll — o b
z—0

Yucno b HazuBaeThest mpaBoto (J1iBOI0) rpaHuiero (pyHkKIl [
npu T — Ty, AKIIO
Ve>030>0VeeX, zp<z<zo+9d (xg —0<z< m0): |f(2) — bl <e

107



[IpaBy rpaHAI0 NO3HAYAOTH CI/IMBOJIOMxiixl’gl_l_Of(x) abo f(zo+0), a
JUBY TpaHuIio — cumBogoM  lim  f(x) abo f(xy—0).
x—x0—0

Jlns icaypanns rpasuni (yHkuil f npu x — xg HEoOxigHO i J10-
cratabo, mob f(zg+ 0) = f(xe —0).

QOyuknig y = f(z) 3 o6macTio Buznavenus X Ha3MBAETLCA HeEIe-
PEPBHOIO B TOYIII Z(, KO BUKOHYIOTHCS YMOBH:

a) dynxuig y = f(x) BusHavena B Touni xg, T06TO Lo € X;

6) icaye lim f(z);

T—2T0
5) lim f(z) = f(xo).
T—rT0

Ko yMoBa a) BUKOHYETBCS, TO yMOBM 0) 1 B) €KBIBAJICHTHI Ta-

KOMY:
dim Af(zo) =0,

ne Af(zo) = fzo+ Az) — f(zo) — mpupict dynkuii [ y roumi o,
IO BIATIOBIIaE TPUPOCTOBI aprymenty Az = x — xyg.

Axmo B TOUIl Xy HE BUKOHYETHCS NPUHANMHI OJHA 3 YMOB a) —
B), TO Z( HA3UBAETLCS TOUKOK po3puBy dyHKil f. [Ipu oMy pos-
PI3HAIOTHL TaKi BUIAIKU:

1) mligvlo f(z) icuye, ane dyuxiis He BU3HAUEHA B TOUIl Zg abo

lim f(z) # f(x0). Y upoMy BUNAJKY T HABUBAETHCS TOYKOIO yCYB-
T—TQ

HOT'O PO3pHUBY (DYHKITII.

2) lim f(z) ueicaye. Ao npu npoMy iCHYIOTH 06MABL 0HOGIYH]
T—>ZT0

rpanuti f(zg+0) 1 f(xg—0) (oueBuano, He piBHI Mixk coboI0), TO Xg
HA3WBAETHCS TOYKOIO PO3PUBY TIEPIIIOTO POIY.
3) V pemri BUIJKIB L) HA3HBAETLCS TOYKOIO PO3PHBY APYTOTO

poay.

. . . 8
IIpukaasm 8. Jocaiguru Ha Henepepsuicts dbyHKLio f(z) = %
y Toull xg = 2.
lim (zs+2z+1)
_ 2842241 _ 13 i 2342241 _ oo _ 13
4 Maewo f(2) = 55577 = — % ignQ 2Z—bz+4 ~ lm(e?—setd) 2
®—

Ockinbku 111112 f(x) = f(2), ro dyukuis HenepepsHa B TOYI Tg = 2. >
r—>

. . 241, <0,
IIpukaanx 9. Jocaiguru dyukuio f(z) = { 3;;!—1 ’ xx;% Ha He-
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TIEPEPBHICTL 1 BU3HAYNTH XapaKTep TOYKNA PO3PUBY.
< Oyukiia 3aJaHa pizHUME HOPMYJIaMHA Ha, Pi3HUX npomixkkax. Ha ko-
JKHOMY 3 mpoMixkkis (—o00,0) i (0, +00) BoHA sK efieMeHTapHa (DYHKIIA €
HemepepBHO. OTKe, MOXNMUBUI pO3pUB nuile B Toulli g = 0.
Maemo f(0—0) = lim (22+1) =1 = £(0), f(0+0) = lim (z—1) = —1.
x—0—-0 z—0+40

Ockimbru f(0—0) # f(040), ro dyukiis f pospusHa B ToUIl Zg = 0, KA €
TOYKOI0 PO3PHUBY IepInoro poay. Beauauny f(xg+0)— f(zg—0)=—-1-1=
—2 nazuBa0Th cTpubkoMm byHKIIT f B TOUIl Xp. >

IIpukaasm 10. Jocainuru dyukuio f(z) = 27% Ha HelepepBHICTD i
BU3HAYHTH XaPAKTep TOYKH PO3PUBY.

< Jlana ¢dbyukuig susnavena Ha mooxkuni X = R\ {0} i nenepepsua
SIK CYTIEPIO3UIlis HenepepsHuxX (GyHKIH. Y Touni g = 0 dbyskuis f ne

gusravena i f(0— 0) = lim 27% = 400, f(0+0) = lim 27% = 0.
z—0—0 z—0+0
Omrxe, 3riggo 3 kaacudiKalmielo TOYOK po3puBy TOYKA g = 0 € TOYKOIO

PO3DpUBY JIPYTOTC PoOy. >

Bopasu

O1. BukopucToByrOUYu 0O3HAYEHHS IpaHull hHYHKII, JOBECTH, 1I0:

3 _ — _14- 3 2 _ ». 4r—3 _
1) nlgri(ﬁ 5z) 14;  2) ign%x 4; 3 hm sy = 2.

02. 3nafitu rpanumo: 1) lim (% + 1) 2) hm %
z—0 51 2

. . 3

3l (s - %) 0 Jim (Fr-o)i 9) lim S
Vz2 . 9

)ig%\/%z )mlgrgo(\/x+a—ﬁ) 8) hmﬁ% 9) hr%lxscl%,

10) lim (7r :L‘) tgz: 11) hm\/_ \/l—l—cosx 12) lim arcsin(1— 2;17);

x—T)2 2 z—1/2 421
41
. — 3 x
19) lig 25 1 Jim (3553) C019) Jim (045"
i b . In(a+z)-1 . _3.3
16) llm(l + tgzﬁ) 2x; 17) ig% W; 18) TIEI(}C 1ljag+33a;3;
iV - 2 2041\", et
19) hm NS 20) TILHC}C (m) : 21) iﬂ%e _gosz

03 ,ZLocm;LI/ITH DYHKIIT Ha HEMEPEPBHICTD | BUSHAYUTH XapaKTep
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(222 +3), —co<z <1,

TOY0K pospuBy: 1) f(z) = 6 — 5z, 1<z <3,
xz—3, 3 <z < H4o0;
_ sinz g £,
) 0= 55 9iw={ 5 T 0=

04. 3anexkHicTh KINBKOCTI HACEIeHHs AedKol obaacTi Bia yacy t,
IO BUMIPIOETHCST POKAaMK, BUpazkaeTbes dbopmyroto y(t) = 10000 +
1000t — 120¢2. BuaiiTy cepeHio MIBUAKICTb 3POCTAHHS HACEICHHS 34
nepioy Bix t1 = 3 mo t9 = 5.

C1. 3najitu rpanumo: 1) lir%

3) lim 2 —g? : 4) lim —m(l—m); 5) lim zln “"H ; 6) lim —lnfcgsx;

593_1 i

3% 2%,
x ) hi% sin 3z *

52 T2 z—0 109871 T—>+00 z—0
In 5 55T - tgz.
7) hn}] Tyt S)igr%](cos x)2a7 ; 9)9611_131%(sm z)te’e, 1())1;1520’15(111 z—In(z+2)).

C2. IlipibpaTy Taki 3Ha4YeHHS ¢ 1 b, 1pu TKUX PYHKITIST
(x —1)2, £ <0,
fx)=< ax+b,0< 2z <1, €HENepepBHOI B 0OJACTI BU3HAMEHHS.

VI, ©>1

JlomaritHe 3aBIdaHHA

1. BukopucroByrouu o3HaveHHsT rpaHulll DyHKIII, JIOBECTH, II10:
1) lim(2z—1) =5 2) lim (3—-2z—2%) =4; 3) lim ;25 = —1.
r—3 z——1 z—1

. . 3z+6. . 9—z2 |

2. Buatite rpanumo: 1) hIIl o 318 2) ig% e_3
522 —32+2. i . im 2=YZ-3.
D et b (Ea) o) i

6) lim (ﬂ - x) 7) Tim (VAT + 1357 + 7 — 22%);

o0c \ 27+l

8) lim o—a— ¥z 9) lim V1= tgm Vl—l—tgx ) lim Sin2z—cos2z—1.
e z—1 ; vt sin 2z 27 /4 cosz—sinx
\/ . -8
lim 3= 5+I 12) lim Y28,
) z—4 1-v3 ) z—64 Vz—4
3. 3HalTH TPAHUIIIO: lim fgr_sinz. lim Sm4x :
A3. [ ) S0 @ 2) 70 Va+l-1’
. i 2 \. . Yrgz—1 . : 1 1 .
3) lim (8% —tgz);4) lim 2sg T )hm(.2 —4S.—2£),
g /2 \COSTT zsm )4 257 T 7—0 \ sin®x in® §
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6) lim *WE=R: 7) lim el g) lim(1 - )t

N 50 2atarctgr z1
arcsin x—arctgze 1 z+sing . sin4x .
o) limy SR 10 i HIS 1Dl
12) lim 2z tgz — —Z-).
i CcOs
z—>Z x
. 2z _ . l1-x
JI4. 3nafite rpanmmo: 1) lim ¢—=L;  2) lim (1 —42) = ;
E— z—0 % z—0

. 1/x
3) hm(l + 3tg2p)teT; 4) hm(cosx +sinz)'/%; 5) lim (%) :

r—0

im =4 7) BT im )12
6) li (1;2“‘1) lim ( + sin 7)™ 8) lim (cos 2x)°8 2T
0 s z—0
] 1
9) Jim z? (ln(l + %) ) 10) ilaO igj;;m)’

2z+1 3z
1) Gim (355)775 12) lim (522)

T—0C T—0oC
JI5. JocnignTy Ha HEMEPEpBHICTEL 1 BCTAHOBATH XapPaKTep PO3PUBIB:

1>f(w)={ T L 2>f(x)={2“1= —2<2<0,

1, r=1; ?2+2, 0<z<2;
2z, x <0,
1
3 flr)y=q 1—z, 0<2<2, 4) f(z)=arctgl;5) f(z) =25,
ﬁ, > 2

J16. ExonomicTn 1edKOro MiANPUEMCTBA BCTAHOBUIIK, IO BHTPA-
TU HA BUIOTOBJIEHHS 7: OJUHHUIb BUPOBIB BUPAIKAIOTHCS (DOPMYIION
y = 0,0012% — 0, 322 + 40z + 1000.
Buatitu: 1) mpupicT BUTpaT, KOJU KiIBKICTH BUPOOIB 3pocre 3 50 onu-
munp 10 100 opmanne; 2) cepeiHi BUTpaTH HA BUTOTOBIEHHS KOXKHOT
ojinHUII BUPODY, KOJIU 1X KiJBbKICTE 3pocTte 3 50 10 60.

Bigmosimi

02.1) 3/4;2) 0; 3) -1: 4) 0; 5) —1/v/2; 6) 4; 7) 0: 8) 2/5; 9) 3/4; 10) 1
11) v/2/8; 12) —1/2; 13) 4; 14) e=/3; 15) 1; 16) y/e; 17) 1/a; 18) —1; 19)3;
20) e%; 21) 2. 03. 1) £ = 3 — TouKa PO3PUBY LEPIIOrO pofy; 2) = = 3/2
— TOYKA PO3PUBY IEPLIOro poay; 3) £ = 0 — Touka yCyBHOIO pO3pUBY; 4)
& = —2 — Touka po3puBy apyroro pomy. O4. 40. C1. 1) In2; 2) 5/3; 3)
4(In2 —1);4) Ige; 5) 1; 6) —%; 7) %; 8) e~1/4;, 9) e71/2:10) -2. C2. a = 0;
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b:].ﬂzl)l )123)54)45) ;6) 2;7) 125 8) -2;9) —3; 10)
—V/2; 11) —1:12) 3. [13. 1) 1/2; 2) 8 )1/2 4) 1/3;5) 1/4; 6) -2; 7) 1/3;
8) 2/m; 9) 1/2 10) 1; 11) 8; 12) —2. ,2[4 1) 2In a; 2) =*; 3) %; 4) €; 5) 1; 6)
2lge; 7) e71; 8) 6_1/2; 9) 3; 10) $lge; 11) et; 12) e%. J5. 1) x =1 — Touka
YCYBHOTO po3puBy; 2) # = 0 — To4ka po3puBy nepuoro poay; 3) z = 0 —
TOYKA PO3PUBY IEPLIOrO POAY, T = 2 — TOYKA PO3PHUBY APYTOro pomy; 4)
x = 0 — TOYKa PO3PUBY LEPIIOTO POAY; 5) = N, n € 7, — TOYKA PO3PUBY
apyroro poay. 6. 1) 625; 2) 16,1.
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Tema 14. IToxigna. Texnika audepeHIiloBAHHS

Hexait na nesikomy mpowmizkky X BusnadeHna byHkiis y = f(z).
Bizsmemo gosinbuy Touky xg € X 1 HaJZaMO apryMeHTy IPUPOCTY
Ax #£ 0 Takoro, mo Touka g + Az € X. OyHKIia HAOYIE TPH TTHOMY
npupocty Af = f(zo + Az) — f(z0).

IToxiaxoro (260 MOXiIHOW NEPIIOro MOPSIKY, IEPITO MTOX1THOT)
dyukuil y = f(x), x € X, B Touni Zy HA3WBAETHCS TPAHUIIS

. Af . flzo+ Az) — f(x0)
! = _—
Flag) = [lim = lim Au : ()
Yucaa
’ _ . Af - ’ _ . Af
[leo)= Jim & 1 filw) = Jlim 5

Ha3UBAOTLCS BiANOBLIHO JIIBOIO 1 HPaBOKO IMOXiAHUMU (DYHKIIT
y = f(z), 2z € X, nTouni zq. s icnypanua noxiguoi f'(zg) dynkuil
[ B Toumi xy HEOOXiZIHO 1 JOCTATHLO, MIOO 11 JiBa I TpaBa MOXIAHI B
it roun icaysasu i 6y pisaumu, To6To f1(20) = f1 (20)-
Iloxigna GyukUil f, K& PO3MIAJACTHCS HA MHOXKHHI THX TOUOK,
e BoHA icHye, cama € ¢yuxiier. [Iporec 3HaAXOIKEHHsT TIOXIIHOT Ha-
3UBAIOTH AucpepeHIlirtoBanHaM. S0 byHKIA Mae TOXIIHY B Je-
K1t TOYIIl, TO T Ha3WBaIOTh AubepeHIIHOBHOO y 1iit Toumi (jiuB.
remy 15).

Hapememo Tabsmio MOXiAHUX OCHOBHUX ejieMEHTapHUX (hyH-

KIIit.
1) (%) = az® !t a#£0; (2) = -5, 0 £0; (Vz) = 33, > 0;
2) (a®)' =a"lna,a>0; () =¢€" reR;
3) (log,z)’' = Llog,e, a>0,a# 1,z >0; (Inz) =21 2>0;
4) (sinz) = cosz, r € R;
5) (cosz) = —sinz, z € R;
6) (tgx)'lz COSI2 5 z# 5 +nmw,n €L
7) (ctgr) = ——5—, x #nm, n€Z;
8) (arcsin z) = —(arccos z)’ = 117I2: —T<z<l;
9) (arctgz) = —(arcctgz)’ = HlIQ, r €R.
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IIpaBuna aucpepeniliroBanHa QYyHKIIH:

a) mexait C — crana i f, g — nudepenniitopri dbynkmil, TOi:
DE©)Y=0 2 (f£g9)=[£g; 3)(Cf)=0f

9 (fg) = f'g+ g5 5) (L) =Lofl g0,

6) mexait dpynxuia x = ¢(t), t € T, Mae noxigHy B TOUIi tg, &
dyuxuia y = f(x), r € X, mae noxigny B Touri xn = @(tg), Toxi
cknagena ynkuis y = f(@(t)), t € T, B Touni ty Mae MOXiAHY, AKa
JOpiBHIOE

(fle(t0))) = f'((to))¥ (to);

B) akmo ¢yukmiga y = f(z), ¢ € X, mae B ToOUll T( HMOXIAHY
f'(z0) #0, To obepnena dbynxnia z=f~(y), y € Y, axmio sona icuye,
TAKOK Ma€ TOXiMHy B Touti 1o = f (zq), mpuaomy (f~1(yo)) = m

r) AKIO HA JEAKOMY IIPOMIKKY audepeHtiiioBna byHKLIig y =
= y(x), x € X, 3ajana HedpHo piBHsiHHEAM F(z,y) = 0, T0 11 moxiaHy
y' MOXKHA 3HAATH 3 PIBHAHHS %F (z,y) =0, ne F po3risilaeTbCst STK
ckJasieHa (byHKITs 3MIHHOT T.

ITpukiam 1. BukopucroByodu 03HAYEHHS MOXITHOI, 3HAWTH TOXiIHY
dbyukuil f(z) =sin2z, x € R.

< 3rinHo 3 (1)

sin 2(z + Az) — sin 2z 2sin Az cos(2z + Azx)

. ' . _ . _
(20 = A = A% A -
in A
=2 lim 2= lim cos(2x + Az) = 2cos2z. >

Az—0 Ax  Az50

Ipukaas 2. 3uaiite noxigny GyHKIin: a) y = 282, ;0)y =tg/1 + .

ln T
< Kopucryroanch TpaBuIaMy 3HAXOMKEHHS MOXIAHUX H0OYTKy U dac-
TKH, & TAKOXK POPMYyJIaMi 3 TAOJIHII TOXITHIX, MAEMO:
,  (2%cosz) Inx — 2% cosx(lnz)’
a) y = 3 =
In" x

(2°In2-cosx — 2*sinz)Inz — 2% cosx - 1

3
In" z

x
= 5—(n2-cosz-z-Inx—sing-Inz — cosx);
zln®z
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P 1 / /
6)77’ - (iOS2 /1+.’II( 1+JJ)

Witz cosvita

Yacro mpu 3HAXOJKEHHI TOXITHUX BiJI JledkuX (DYHKIIIH 3pyUHO
crovaTKy mpoJiorapudMyBaTH JaHy (ByHKIN0, a ToTiM J1udepeHIi-
BaTH OZlepPXKAaHY PIBHICTD.

1 1
cos2v/1+ =z - N1+

Sz + 1) =

ITpukiam 3. 3uaiitu NOXiAHY CTENEHEBO-TIOKA3HUKOBOI (DYHKIIIT
y= (% +1)%.

< Ockimpku y > 0, To Iny = In(z?® + 1)*® abo Iny = 4z In(z® + 1).
[Iponudepentiitoemo TaHy pPiBHICTE, BPAXOBYIOUH Te, IO Y € (byHKme}o Bix
x: i-y’ :4111(3:2—{—1)—{—43:#2:3, y' :y<4ln( +1)+ 3 T
[igcrasusmm y ganuit supas y = (22 + 1)%*, onepxumo
y = (22 +1)% (41n(x2 +1)+ 2+1) >

IIpukaasn 4. Suaiitu noxigny y' audepenuiiiosuoi byukuii y = y(z),
3aJ]aHOl HEIBHO PiBHSHHAM x¥ + siny = 0.

+1

< Hlykany MOXiHY 3HAXOAHMO 3 PIBHSHHA %(my +siny) = 0, 3Bigku

y‘I’eTy"{‘COSy'y’:(]i: OTKe, y’: —Y

z+cosy "

Bopasu

1. Kopucryrounch o3HadeHHIM OX1IHOT, 3HANTH TOXiAHY DYHK-

mii:
1) y = 2) y = 3 3) y=v1+a22.
02. 3a 10moMOoron OCHOBHUX MPABWI IAMEPEHIIIOBAHHsT Ta Tab-
JIUTIL HOXiI];HI/IX O0YHUCTUTH TIOXIJTHY cbyHKL[iI

Dy=2 -2 t4z -5 2) y=x2+ 5 — 5 3) y =67 — 4V
3
4) ¢ = 2 cos x; 5)y:f\/%; 6)5':%—% 7)y:(1+3—ﬁ>;
_ 1+inz. _ 1. _ 2Inx .
8) y = T 9) y = —arctgr — ; 10) y = 55
11) y = 55 4+ 6% + (3)%; 12) y = logy z — 3logs .

03. 3uaiitu noxingy ckiaajeHol byHKII:

y=sinf +cos?; 2)y=+2r—sin2z; 3)y= ctg?

Wiy

115



4)y:m; 5)y=In(l4+cosz); 6)y=In %i

7) y=lInsinz — %sin2 z; 8) y = a’"%; 9) y = e¥/0 cos Z

10) y = Iny/ —4% 11) y = 2v/1 — 2% + arcsinz; 12) y = arccos ﬁ

efex

13) y = Incos(arctg ); 14) y = arcsin \“}—25
15) y = cos(z? — 2z + 1) 16) y = Inlnz.
O4. ObuncanTy MOXiJIHY CTENEHEBO-TTOKA3HUKOBOT (DYHKIIIT:
1) y = g5, 2) y = z/*: 3) y = (tg2z)<t8s .
O5. 3uatiTu noxinHy HyHKIL, 3a7aH0] HESBHO!
1) y3+23—3azy = 0;  2) sin(zy)+cos(zy) = tg(z+y); 3) 2¥ = ¢°.
C1. 3nuatitn noxizay QyHKIIL:
1)y lnx—z—#' 2) y = In(e** +Ve' +1); 3) y = arcctg1tL;

T

4) y = arcsin € e—”; 5) y = earctg\/1+1n(2x+3). 6) y =\/z + /[ +\/E;

erte~?*

Ny= em; 8) y= amtgle ;9) y =23/ \5/_+ 10) y = €% sinz cos® .

JlomaritHe 3aBIdaHHA

J1. Kopucryrodnuch 03HAUEHHAM IIOX1AHOT, 3HANTH HOXiaHy (hyHK-
mii:
1 1
Dy=7: 2y=tegr; 3)y=gm Hy=vVi+2
2. Jlns noganux HuK4Ye QyHKILH 3HANTH TTOX1JIHI:
5

2
Dy=%-%+u 29y=(1-%); y=Li+h+k
4) y = — tgu; 5)2/—60”, 6)y—1+c2(’:1flw' 7) y = 2%arctge;
8) y =zsinzlnz; 9) y = 2% + 3%; 10)y—%+7,
11)2/—\/_4- 2+(E4; 12) y = Vb — 428 + 2Inz — ctg x;
13) y = (}SS“; +xtgw.

3. 3uatitun noxigny pyHKIIL:

1) y=tg’r — 3tgx +3z; 2)y= —szfl 3) y = V/1+ cosbuz;
4 y=In(z+va2 +2?); 5)y=Intg(Z+%); 6)yzlnﬁ;

_ X _ Ve,
7) y =V4x — 1+ arcctgy/dr —1;  8) S =4t — t? + 4darcsin %;
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9y —ln(x——) 10) y=x(cos Inz+sinlnz); 11) y —logz(logg(log;x))'

12) y = 23%; 13) y = Insin /arctge3?; 14) y = 18 sin® 3z — & sm 3.
J4. 3Ha1/1T1/1 noximHy byHKIL:

Dy=2"; 2)y=2""; 3)y=(nz)® 4)y=(a+1)%%

)y =2 6)y=2"" T)y=(P+1F 8)y = (sinz) 7.
5. O6umcmaT noxigny Gynkmil y sajaniit Tou:

) f@)= gt 01=0,20=2; 2) f(t) =v1+cos? 2, t = X

3) f(t) = 1n2iE§? t=n/3; 4) f(z)= (w + a*)arctg? — az, T = a.

6. Jlosecru, mo dbynxiis f (2) = m 3a/T0BOJIbHSAE PIBHIHHS
fx/4) =3f(x/4) =3.

J7. 3uaiitu noxigai byHKIH, sIKi 3a/1aHl HEABHO:
Da?+ay+y>=6; 2)e¥ —eTHay=0; 3)x=y+ arcctgy;
4) e"siny — e Ycosz = 0.

Bigmosimi

02.1) (z—2)%2) (1 - %)% 3) 3%/96_2 - %\/w_g 4) ;r:(22(:os;r:—
—asing): 5) 22 0) b+ 4 T) —hz (14 97) 8) 2

4z/-cos?
9) ol ;; 10) A0=elno)te Tltelna)). 19y 52154+ 62 In6 — 5% In 5;

Tt 2(emte—")2 ;

. 2z
12) Llog, e — 2logse. 03.1) 1 (cos —sin); 2) 22;:“8;“”2%' 3) —S& 5,

sin? £
4) %; 5) —tgZ; 6) —2—z; 7)ctgr-cos’z; 8) Slngﬁcosxlna

9) L w/a(cosz_sm 2); 10) =&; 11) 2\/1—m2' 2\/1_- 13) &5
14) —222:15) 2(1 — z) sin(a? — 22 + 1); 16) 7i—. O4. 1) 17 x

sinz\. 1 xlflnz ct 4ctgg _ Intg2e
X(COSQ?]H.T—}— ): 2) z / 2 ) (th.%’ &% (sin4x 2sin® § /°

)
o5, 1) ay—=z> . 2) _ycosQ(ery)( (wy) sm(zy)g 3) y>—zylny

y2—ax’ z cos?(z+y)(cos(zy)—sin(zy) 22—zylnz”

C1.1) ““) P 2) A 8) —rlos 4) i

e4z+1
5) arctg\/m 6) 1+2/a+ 4/ oo 7y e
(22+3)(2+1In(22+3))\/1+In( 2w+3) 8/y/7 1v/z- \/H\/:r 71n2m=
8) e 9) o
ge™**) 15(z2+4) {/(z—5)2 Tt rd!
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10) €% sinz cos3 z(1 + ctgzr — 3tgz).
T 1) 5o 9) bt 8) — gt 4) kg A2 1) (a2 — 1)
2 ‘ . .

2) o® — 2wy 3) — TR 4) —tgPu; 5) — IR, 6) — AR
7) 2’”(1n2&rctgx + 11;2)5 &) sinzlnz + zcoszlnz + sinz; 9) 2:5' +3*In3;
10) 255 11) 3 2313 L+ L 4428 12) SO — 2405 4+ 24
13) cosx—i—wsmwlnx +tgx+

z cos2 0052 .
2sin6x . ) 1

A3. 1) 3tgle; 2) 555 3) - i+cos6a)? e

T — —_ (l?2 a2
5) Colsw; 6) (123 : 7) V42wz L. 8)\/%—1; 9) ﬁ 10) 2 cosln x;

1 . 3 . ctg {/arctged= e®®
11) 2 logg x logg(logg ) In2In31In5* 12) 22 3%In21n3; 13) (1+e6%) %/(arctge“)w

14) sin® 3z cos® 3z. J14. 1) ’“’2+1(21na: +1); 2)2” - 2(In’z +Inw+ 1);
3) (In2)® (= +1Inlnz); 4) 2 {/(z (m s 1n<;r_+1>) 5) 2un o1 x

xInz; 6) 2V 122 +1Inz); 7) (22 +1)5n= (M +cosz - In(z? + 1));

z2+1
8) (sinz)°**® (cos® x — sin® ¢ Insinz). J5.1) —1;-1/9; 2) —/7/6;
. it 2z+y. + 1 . e®sinyt+e ¥Ysinz
3) 16; 4) Bt O7.1) —25% 2) — eyHy 3) Ll ) - ey
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Tema 15. dudepenmniana ta ifioro 3acTocyBaHH4.
IMoxigui Ta gudepenniaanm BUINX TOPSIIKIB

®Oynkuig y = f(z), » € X, nasusaerbes audepeHIiioBHOIO B
TOHIII g, AKINO 17 TpupicT Ay MOXKHA TOJATH Y BUTISA

Ay = AAz + a(Az)Ax, (1)

ne A = const, a lim a(Az)=0.
. Az—0
Tlonoswa miniitna gactuua AAx npupocty Ay HazuBaeThCsa qudpe-
peHIiagoM 1iel GpyHKINT B TouIl Zg, 0 Bianosigae npupocty Az, i
[IO3HAYAETHCS CUMBOJIOM dy, TOHTO

dy = AAz. (2)

Jnsg Troro mo6 dbyuxuis y = f(x), x € X, 6yna mudepenniios-
HOIO B TouIll o € X, HeoOXiaHOo 1 J0CTATHRO, MO0 iCHYBa/Ia IOXiTHA
f'(z0); mpu oMy mpasuibHO € piBHicTs A = f'(20). e mo3Bosse
Ha3UBATH JAUMEPEHIITOBHOIO Oy/ib-sKy (DYHKINIO, SKa Ma€ MOXiTHY.

Bupaz nns nudepenitiana Mae BUTISIT

dy = f'(zo)dz,

ne dr = Az. 3 dopmymu (1) summmsae, mo komu f'(zg) # 0, To
npu Az — 0 mpupict dyHKI Ta ii nudepennian y ¢ikcosaHiit ToUI
€ eKBIBAJICHTHUME HECKIHIEHHO MAJUMU, IO JTO3BOJISE 3AMUCATH Ha-
GJI2KEHY PIBHICTD
Ay ~ dy
abo
f(zo + Az) — f(z0) = f'(w0)d,

S (o + Az) = f(xo) + f'(z0)dz. (3)

®opmyna (3) mo3BOJSTE BUKOHYBATH HAOJUXKEHl O0YMCIEHHS, 3HAXO-
gstau mpm Maaux Az 3HadenHs GyHK [y Toumi zg + Az, AKIIO
Bigomi sHavennst f(zg) 1 f'(zg).
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Ipuknazm 1. 3uaiitu audepentian GyHKUIT y = % + arctgs.
< Maemo
dy = (2 +arctgs) do = (=5 + kg - ) do = _%. >

TIpukias 2. SHaiiTu Hab/KeHe 3Ha4eHHA GyHKIGT f(x) = et e
rx=1,2.

2 Ockinbku f'(z) = €2 *(2z—1), 10 3rixH0 3 Gopmyow (3), 16 7o = 1,
Az =0,2, maemo f(1,2) = f(1)+ f/(1)-0,2=¢l" 1 +e!71(2-1)-0,2=
=e’+e%.0,2=14+0,2=1,2. >

IToxiguow apyroro mopanky sBia dynkuil y = f(z), x € X,
Ha3MBAEThCA TOXiJAHA Bij 11 meprol moxiaHoi, To6To

y'(z) = (y'(2))".

Bzarasi, NOXiZHOW0O N-ro NopanakKy (abo n-o10 moximHOW) Ha3H-

BAETHCsT TIOXIHA BT moxinHOT (n — 1)-10 TOpsKy, TO6TO
y(n)(x) = (y(n—l)(x))l’ n€4{2,3,..}.

YacTo BUKOPUCTOBYIOTH IMl€ Taki MO3HAYEHHS JJIsl MOXIIHOI 7-T'0

HOPSAKY::

opu

dxm dxm
OyHKIIIA, 10 Ma€ IOXIAHY HMOPAIKY 1 Ha MHOXKHHI X, HasuBae-
ThCs 1 pa3iB audpepeHIifioBHOO HA 11t MHOMKUHI.
Hagenemo dopmysnu g NOXiHUX 7n-TO TOPLJKY BiJl JedKHUX
OCHOBHUX eJIeMeHTapHuX HyHKIIIH:
1) (a:o‘)( ) =afa—1)..(a—nh-1)x* " «aceR, x>0

2) (a®)™ —a’”lna a>0, a#1,zreER; (e*)") =e* 2 c R;
3) (sinz)™ = sin(z + ), zeR;
4) (cosz)™ = cos(z + &), TeR

Axmo dyukuil v = u(z) i v = v(x), ¢ € X, € n pasis gudepen-
uitopaumm, o 1 gyukuii Cu (C — crana), u + v, uv TakoXK N pasis
JuhepeHIiitoBHI, IPUIOMY

(Cu)™ = Cul™,
(u £ )™ = 4™ L),

(uww)™ = uMy 4 nu—Ny + —n(gl_l)u(”_g)v@) + ..+
_l_wu(n_k)v(k) + . + uv<n>
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@opmysy ans obunciennst (uv)(™ nasusaors dhopmydioro Jleii-
OHIIa i 3ammucyroTh y BUTIIS/I]

k=0

. n! n-(n—1)-...-(n—k+1
ne u® =y, v® =0 i Ch = Eln—k) (k~(k)71)-(...~2-1+ :

Ilopsia 3 cumBoamu dy 1 dx As TO3HAYEHHS AUQepeHIialiB Br-

KOPUCTOBYBATHMEMO TAKOXK CUMBOJN 0y 1 dx. Posryanemo mudepen-
mian Big gudepenniitopnol dynkmii f. Maemo §(dy) = o(f'(x)dx)
= (f'(z)dz) 6z = f"(z)dzdz. dxmo dx = dz, To §(dy) HasmBaeTLCH
audepeHIiagoM APYroro nopaaky abo apyrum audyepeHiia-
JIOM i TIo3HAuaEThCH cuMBosioM d2y. Otxe, d’y = f"(x)dx?. Anamo-
riYHO BBOJUTBHCS HMOHATTS JTuhepeHIiaja n-ro MOpsaKy Jdsd n pasin
mudepentiitopnol byuxmil ¥ = f(x), £ € X, a came:

0"y = 8(d" " y)lsu=as

abo
d"(y) = £ (z)da"

IIpukaazm 3. 3najitu ¢, axkmo y = In{x + /1 + z2).
< Maemo

r_ 1 oy 1 . _ 1

YV = oivite ( Tvltw ) 4+ 1+z2 (1+ 2142 2.2:) T V1422t
!

TO/lil/”:< - 2) = 1+z2 (Vita?) =

— % >
1+ (1422)3 )
Ipuknazx 4. 3naiitu 3" Big QyHKIIl, gKa 381808 HEABHO (DOPMYJIONO
Va2 +y? = ae?™8e . a > 0.

< Jludbepenmniooan piBHHHHH ske BusHavae dbyHruio ¥y = y(z), x # 0,

: ztyy’ _  arctg? yw atyy  _ _yla—y : r_
JicTaeMo \/W = ae e Y abo WesTer iy et 3eincu z+yy' =

x—l-y

oy —y i, oTxe, y' ,Hn(bepeHm}OIOqH ITI0 PIBHICTH i BUKOPHCTOBYOUH
3HalileHe 3HAYEHHA ,ZLJISI y', JicTaemo

w0y e—y) ==y )e+y) _ 2=ytay) _ 2(=vteitl) 21y

(z—y)? (z—y)* (z—y)* (z—y)*

ITpukaazm 5. 3uaiitu ;prrnﬁ augepentian QyHKIil ¥y = 37%.
<4Maemo ' = —-3"%In3, 9" =3~ (ln3) a TOMy

d*y = y"(z)dr? = 37*(In 3)%dz?. >

Yy . D>
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Bopasu

0O1. 3uaiitu audpepenmian ganol GYHKI Ipy JOBLILHAX 3HAYEH-
HAX apryMeHTy & 1 TP JOBLIBHOMY #Horo mpupocti Az = dz:
1) y=zva®— 22 +a’arcsin —5; 2) y=sinz —zcosz + 4;
3) y =marctgr —Inv1+22; 4)y=zlnzr—z+1; 5 e¥=z+y;
6) y = 2—1/cosx. 7) y = x\/f 8) y = (COSJ})Sinx.
02. 3natit dy(zg), sxkmo: 1) y=1Inz +e %, 29 = 1;
2) y = arctge®, xg = 0; 3) y =rcosTL, xy = 2.
03. 3nafiTy HaOIMKEHe 3HAYCHHSI (byHKml f vy moumi xg, sKIIO:
1) fz)= ¥z, 0=0,95; 2) f(z) =cosz, xo=45"20';
) f(x) =arcsinz, z9=0,49; 4) f(z) = %202 2, =1,05;
5) f(z) =

L=5 mp = 2,037,
4. 3Ha1/1T1/1 HOXIJTHY BKA3aHOTO TIOPSAKY 7 B DYHKIII:
y=2>—3x+2,n=2:2)y (x+10)6,n:3; 3)y:x3lnx,n:4;
4) y=(1 + 2)arctgr, n=2;5) y=e2*"1, n=2; 6) y=2%, n=2.
O5. 3uafiTi 3aralbHUR BUpa3 J1Jist HOXII];HOI TMOPSIIKY 71 PYHKIIII:
1)y =ze"; 2) y = £=; 3) y =sin* z + cos* z; 4) y = 2% Inz.
06. 3nafitu qucbepentiian JApyroro nopsiaky yHKILi:
= ;2)y231;‘” 32y +y?=1; 4) y=1In(z+ Va2 +4).
C1. Buatitr qudeperitian pyHKIIL:
1) y = arctge®®; 2) arctg? = In /22 + 42
C2. 3uaiitn HAOUXKEHE 3HAUEHHS NPUPOCTY (DYHKINT y = sinx
mpu 3umini 2 Bix 30° no 30°17. Yomy nopismoe sin 30017
C3. Hosecru, mio:
1) dyuxuis y = v2z — 22 3a00BOJILHSAE plBHHHHH Y3y +1=0:
2) dyuknig y= e+ 2e* 3anoBoabuse pisasaus 4" — 6y"4+11y'—6y =0.
C4. 3a dopmynoro JletibHina 3HANTH TOXIAHY BKA3AHOTO TTOPSIIKY
n Bix dymxuii: 1)y =a%z3, n=2; 2)y=2’lnz, n=3.
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JlomaritHe 3aBIdaHHA

J1. 3natitu gudepentian dynxmii: 1) ¢ =
2)y=Incosz; 3)y=arctgvdzr—1;, 4)y
5)y =" 6) y=(1+3)"

2. O6umcauTi HabIHKEHO:

1) arcsin0,05; 2) arctgl,04; 3)1In1,2; 4) /15,8.
3. 3nafiTi noxinHy BKa3aHOTO HOPANKY 7 Bl PyHKIII:

an\*—‘

1)y——2n—3 2 y=a%€*n=3; 3)y=zcosz,n=2;
4) y=a’sin3z, n=2;5)y =€ cosx, n=4;6) y=e"sinz, n=3;
Tarctgy=2+y,n=2;8)y=zlnz, n=3; 9) y=sin’z, n=2.

4. 3rafiti TOXiIHY TOPSIKY 7 Big DyHKILI:
1) y = In(2z + 3); 2) y = cos? ; 3) y = sin 3z cos 2x;
Hy=r1 5 y=3"

5. 3nafitn nudepeHiian BKa3aHOro n-To MOPSIKY BiJ dyHKIii:
Dy=a*n=4 2 y=tgr,n=2; 3)y=€lnz, n=23;
4) y = zsinz, n = 10.

6. Josectu, mo dyHxiig y = €* cos T 3aJI0BOJILHAE DIBHAHHS
Yy 4y = 0.

7. 3a dopwmynoro Jleitbnina sHaliTu moxigHy 3-ro NOPS/IKY Bif
dyukuii: 1) y = z3e®; 2) y =2?sin L.

Biagnosiai

01. 1) 2va? — 22dz; 2) zsinzdr; 3) arctgrda; 4) Inzdr; 5) L

6) —21/cose p gsinede, 7y 4vVa—3 (1nm+2)dw 8) (cosz)*#(cos x In(cos ) +

tgzsinz)dr. O2. 1) <dw; 2) idx; 3) —Zdz. O3. 1) 0,983; 2) 0,703; 3)

0,512 4) 0,995; 5) 0,3557. O4. 1) : 2) 120(z + 10)*; 3) &

4) 7355 + 2arctgr; 5) 4271 6) 2”((Inz + 1) + 1). 05. 1) €"(z + n);

2) (-1 ((w+1)"+1 + o 11)”+1) 3) 4"~ cos(4a¢+n ); 4) 2‘7—1%"—712

06. 1) 372 1n9(2221n 3 — 1)dz?%; )2 2%)sing 2205z g2 3)
24y

4) —de . C1. 1) 2e2do . 2)

2 2.
Gz 4
dz. C2 Ay &~ 0,00025; sin 30°1' ~

1+e%z ¢
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0,50025. C4. 1) a® (22 In® a+6z-1n a-+6)z; 2) 2. JT1. 1) C=29 9y _terdy;
3) Mjfw =: 4) fjg; ; 5) 8 * (g coszlnz + sinz)dr; 6) (1+ 1)*(In(1 +
3) — o4q)de. A2. 1) 0,05; 2) 0,805;

3)0,2;4) 1,9938. 3. 1) = 1)4 : 2) e%(2% + 62 + 6); 3) —2sinz — z cosz;
4) 2sin 3z + 12z cos 3z — 9z sin 3z; 5) —4e? cos z; 6) 2e*(cos z — sin z);
7) —2LE0 8y =20 9) 2c0s 20 JId. 1) LoD
2) 27~ ¥ cos(2z + 2); 3) 2= sin(5a + &) + Lsin(z + ”2—”) 4) %2;)2%
5) 3*In" 3. [I5. 1) 24dz*; 2) 25’;0“37‘2“2; 3) e*(lnx + 2 — 2% + Z)da?;
4) (10 CoST — a:smm)dww J7.1) e®(2® + 92% + 18z + 6),
2) 5 (6a? cos £ — Gazsin £ — 22 cos Z).
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Tema 16. 3acrocyBanHd IOXiTHOT A0 3aaa4 reoMeTpii,
dizuku Ta ekonomiku. IIpasuiao Jlomiranag.
®opmyana Teitnopa

Axmo kpusa samana pisasaaaM y = f(z), z € X, to f'(zg) = tga,
o € X, Ze o — KyT, yTBOpPEHUil 3 J0JaTHUM HanpsMkom oci Ox
JOTHUYHOIO JO KPHUBOI B TOUIN 3 abCIuCon Ig. PiBHIHHS JOTHYHOT
sio xpueoi y = f(z) B Touni Mo(wo; f(x0)) mae Buris

y — f(z0) = f'(z0)(z — z0). (1)
HopMmannaio 1o kpuBoi HA3UBAETHCT IPSIMA, KA TEPIEHINKYJIAP-
Ha JI0 JIOTUTHO! 1 TPOXOMUTL Uepe3 TOUKY MOTHUKY. PiBHSIHHS HOPMAJT
Ma€ BUIIST
1
y— f(zo) = — (z — @0). (2)
f'(@o)
Kyrom wmix asoma kpusumu y = f1(z), z € X, 1y = folz),
x € X, » Touni ixusoro nepernny Mo(zo; Yo) HA3HMBAETHCA KYT MiXK
JOTUYHUMHE JI0 X KpuBux y Toulll My. Ile#t KyT 3HAXOIUTHCS 3a

dbopmysiown
_ f3(wo) = fi(zo) (3)
1+ fi(zo) (o)

AxIo mpu OpAMOMIHIHHOMY PYCl TOYKH 33JaHO 3aKOH PyXy
y=f(z), € X, To MBUIKICTIO PyXy TOYKH B MOMEHT Uacy g €
HOXiHA BiJ ILIAXy 110 gacy, To6to v = f'(zg).

Hexait byukuis y = f(x), x € X, BU3HaUa€ BUTPATH BUPOOHUIITBA
onHOPigHOI mpoxyknii obcary z. Toxi f'(z) mae rpammuni BuTpaTn
BUPOOHUIITBA TIPOIYKIIT 1ILOTO OBCSTY.

Jlts OIIHKY 3aJeKHOCTI MiXK BEJTMYMHAMHU B €KOHOMII YacTO BH-
KOPUCTOBYETBCS TTOHATTS €1aCTHIHOCTI pyHKIT (260 BLAHOCHO! MOXi-
qu07). I'panunns BIAHOMIEHHS BIAHOCHOTO TPUPOCTY MYHKIUT /10 BigHO-
CHOT'O TIPUPOCTY apPryMEHTY, KOJIM OCTAHHIHM IIpsAMYe 10 HYyJIs, Ha3UBa-
€ThCsT eJTacTUYHICcTI0 DYHKIUT 1 mo3HavaeThCst cumBosiom Fy(y) abo

E.(f), Tobro

Eg(y) = lim (

Ar—0

tgy

Ay ATN o, DAY T AY Ty
y T _A;:rgny A;v_yA;:rgnAx_yy '
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Orxe,

z
Ex(f) = 5= ['(@). (4)
f(z)
IIpukaam 1. CxacTu piBHSHHS JOTHYHOI 1 HOpMAaJI OO KPUBOL
2% + 2zy? + 3y* = 6 B Touni Mo(1;—1).
<4 3 piBHSHHA KpPUBOI 3HAXOAUMO TOXinHy: 2z + 2y% +4zyy’+ 1243y’ =0,
2 —1)2 .
TOOTO y’ = m TOLLI Yy ( ) = % = i Pignauna JOTH-
aHoi, srigmo 3 (1), Take: y + 1 = H(z — 1) abo  — 4y — 5 = 0. Pipusinnus
HopMmaJi, sk putBae 3 (2 y+1=—4(z — 1) afodx+y—-3=0.1>
Ilpukmaam 2. 3Ha#TH KyT MixK KPUBUMHE ¢ = 2° i i = z%
< Posp’a3apimm cuctemy
y = a3,
y %

aicraneMo TouKy neperuny kpusux Mo(1;1). 3uaiigeMo 3Ha4eHH TOXLIHUX
fil@) = (2*) = 322, fi(z) = (& "= =2 y rouni o = 1 i nizcraBumo y
Jopuyny (3):
(=%)-31
1+3.(-3)

tge = 5 == =1,

>—-\t\7

1
)

0610 ¢ = w/4. >

Ipukaamg 3. Tino pyxaeTbca NpAMomiHifiHO 3a 3akonom S(t) = t2+
+4t + 1. 3uaiitu foro MBUAKICTL ¥ MOMEHT 4acy tg = 4.

< BuaiigemMo mBuakicTb y Gyab-skuii Mmoment dacy & S'(t) = 2¢+4. Toxi
’U(t()) = S,(tg) =2.444=12. >

ITpukiam 4. O6car npoaykuii u, sika supobiena 6puraow pobiTHH-
KiB, MOKHA onmcarn pisHsHEAM u = — 3¢% + 242 4+ 100t + 50 (oz.),
1 <t < 8, et — pobouuit yac y rogunax. OOUUCAUTH TPOLYKTUBHICTD
MpAarl, MBUAKICTE 1 TeMII 11 3MiHH Yepe3 FOAMHY IIC/Is MOYATKY poborn i 3a
rofauHy 10 11 3aKiHYeHHs.

< IIponyKTuBHICTD TIPalll BUPAKaEThCA MTOXiTHOIO

2(t) = u'(t) = =242 + 15t + 100 (oz./ron),

a MWBKAKICTH 1 TeMN 3MIHM IPOAYKTHBHOCTI — BiANOBLAHO moxiaHowo z'(t) 1
norapudmiunoto noximuow T, (t) = (Inz(t))': 2'(t) = —5t + 15 (oa./rog?),

_ 2@ _ —5¢+15 _ 26
Lt =S = “3t2+15t+100 26140 (oz1. /rom).

¥ 3agani momeHTH £ = 11t = 8 — 1 = 7 BiADOBLIHO MAEMO:
z(1) = 112,5 (oa./ron), 2'(1) = 10 (ox./ron?), T(1) = 0,09 (ox./rox )
i 2(7) = 82,5 (om./ron), 2'(7) = —20 (ox./ron?), T.(7) = —0,24 (ox./rox).
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Omxke, 10 KiHIST poOOTH MPOAYKTUBHICTH TPAIl iCTOTHO 3HUKYETHCST;
npu OLOMy 3MiHa 3Haky 2z’ 1 7, 3 mmoca Ha MIHyC CBIJIATH ITPO Te, IO
30LIBIIEHHS TPOAYKTHBHOCTI Ipall B mepii roguan pobodoro JaHs 3MiHIOE-
ThCA 11 3HMXKEHHAM B OCTaHHI TOAWHHU. >

AXIo po3rasmaTH MPOCTY ABOCEKTOPHY MAKPOEKOHOMITHY MO-
&b, TO HAIlIOHAJBbHUY JTOXOJ & € CYMOIO CTIOKUBAHHS € 1 3801113,/ 12KEHD
$ (3201Ma/PKEeHEST 3BHYANHO BTLIIOITHCS Y KalllTAJOBKIAIEHHAX abo
iHBecTHIisAX):

r=c+s. (5)

V cBOIO Yepry CHOXUBAHHS 1 32013 2KeHH € DYHKIIAME HAIIOHA b-
HOTO J0X01My, To6TO ¢ = ¢(z), s = ().

Jutg aHai3y TOro, sTK 3MIHIOETBCS CIOXKUBAHHS 1 32013 PKEHHS
npu 361TbITEHH] (3MEHIIEHH]) HAIIOHAJBHOIO JIOXOIY, BUKOPHCTOBY-
€ThCSL NOHATTS TPAHUYHOT CXMUJIBHOCTI A0 CIIOXKHBAHHS |1 rpa-
HUYHOI CXMJIBHOCTL JI0 3a0IIa/[>KEeHb, SIKi BU3HAYAIOTHCS BiJIIIO-
BinHO sik ¢ () 1 §'(x).

Axmo npoaudepentioatu (5) Mo 2, BBaXKAWOYH ¢ 1 § DYHKIIAME
x, To mictapeMo 3B'a30K Mix ¢ (z) 1 §'(z), a came 1 = /(z) + §'(z).

IIpukaam 5. Hexaft 3amesxkHicTh CTOXWBAHHS BiJ HAIIOHAJIBLHOIO IO~
xomy Mae suris c(z) = 0,012% + 0, 2z + 50.

Tpeba 3HANTH rpaHUYHI CXHUILHOCTL OO CIOXKHBAHHS 1 3401 IKEHHSI,
SKINO HalOHAJBLHUI 10X01 ckiaazae 30 onIuHuIb.

< Maemo ¢ (z) = 0,02z + 0,2. Toai ¢/(30) =0,02-30+0,2=0,8;
as(30)=1-(30)=1-0,8=0,2.

Or2xe, Mpu 3aaHOMY piBHI HAITIOHAIBHOTO JOXOAY CYCILIBCTBO CXUTBHE
npoimatu fioro. CupaBmi, SKINO HAIIOHAJBHUAN J10X0 301/IBIIYETHCA HA OJH-
HUIO Big piBHsg y 30 ox., cioxkupanHs 3poctae Ha 0,8, a HA iHBeCTYBaHHS
BUTpadaeTbes juiie 0,2 OauHMII.

IIpukaam 6. Burparu BUpoGHUIITBA 3a€KATH Bil 00CATY MPOIYKIIT
x 3a popmynow y = 100z — %. 3HaiiTu TPpaHWYHI BUTPATH, SKIIO OOCAT
ckaagae: 1) x = 5 opunnip; 2) z = 10 oouHUID.

4 Maemo y'(z) = 100 — %. Beinen y'(5) = 100 — 2 = 97,5;
y'(10) = 100 — % = 90. e o3nauag, mo npu obcasi § OAUHALD TPOLYKIILT
BUTPATH JJIS BUTOTOBJICHHS HACTYIIHOI IIOCTOI OAMHMIN IPOAYKINI CKAALYThH
97.5; npu 06c¢s13i BupobHUITBA ¥ 10 OIMHNIIE BOHU CKJIaIa10Th 90. >
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Ilpuknazm 7. 3uaiitu enacruaHicTs (byHKui'f Yy = 33: — 6, akmo x = 10.

< 3rigHo 3 (4) E.(y) = iy’(x) = -3 = . Toxi mpu z = 10
E.(y)= % = %. Ile o3mauae, M0 KOMHA % 3pOCTae Ha 1%, TO ¥ 3POCTAE HA

2%. v

Hexait npu £ = a dyuknii f i ¢ obuasl HecKiHIEeHHO MaTi abo
HeckiHYeHHO Bejuki. Toxl IXHe BIAHOIIEHHs He BH3HAYEHE B TOYIN
T = @, | B IBOMY BUI3JKy KAaYKyTb, 1[I0 BOHO € HEBU3HAYEHICTIO TH-
my % abo 2. BHAXOIKEHHA TPaHMIl IHOTO BiHONIEHHST HASHBAETHCS
PO3KPUBaAHHAM HeBU3HaUYeHOCTI. IIpocTum 1 epeKTUBHUM METOIOM
PO3KpUBAHHS TaKWX HEBW3HAUeHOCTEN € TpaBuJio Jlomiramsa. Hexait
dbyukuii f1g: 1) nudepentifioBri B JessKOMy OKOJTi TOUKH @, 38 BHHSI-
TKOM, MOXKJIMBO, CAMOI TOYKHU @, npuuomy ¢ (z) # 0y 1poMy oKoi;
2) 0/IHOYACHO € HECKIHTIEHHO MAJIUMK ab0 HECKIHIEHHO BEJNKWMHU B
Touni a; 3) icuye liII(ll g :gg = b, moxuBo it Heckindenna. Toji icuye

]gr Erg IPUYOMY

lim
r—a

M — lim L '<3’) _

ITpukinan 8. 3uaittu hm W

< MaeMO HeBMIHATEHICTh 6' Ha nigcrasi dopmynu (6)

- 2z
lim 2o ; (€2 1Y’ — Lm Qlezm _ 211m0e —2
250 AT gyg (ArCiRe) T g0 ey s  limines 8
ze/?
IIpuknan 9. 3uaiitu hn(}C el
< Magmo HeBU3HAMEHICTh BATIIAAY <. BukopucToByioun Tpudi mpasuio
/2 @
. . ze®/2 1. e” (1—1—5) .
Jlonirans , onepxumo:  lim 257 = lim — 28 =
1 w/2(2+£) @
) 1. 242 12
= Jm =g lim Tor = lim g =00

Hepuzrauenocri sursity 0-00, 0o —00, 00, 00® i 1%° 3a gonomororo

BiITIOBIHUX IIEPETBOPEHDL 3BOAATBLCS 10 HEBU3HAUEHOCTI % abo %
TIpukuas 10. 3uaiitu lim (sin z)*
—_ 0
) . ) . lig 1nsin =)
< Maemo lim (sin z)* = lim ()% = Jim * n6ine) — go5o 1/
z—0 z—0 z—0
1 eona

lim =iee —— — lim -ZCOS T
= ex—0 1/z —e w~>05m:c :eO:]_D
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dxmo dymkuis y = f(z), x € X, mae noxinui mo (n + 1)-ro
MOPSIAKY BKJIIOUHO B AEAKOMY OKOJI TOUKH @, TO JIJI OYIb-sIKOrO 2 3
LIBOTO OKOJIy TPaBWibHOW € hopmyJia Teitmopa

f"(a)

fx)=f(a)+ . (x —a)+ 51 (x—a)?+...+
(n)
0 a4 R, )
ne Ry(z) = %(m — a)""! ¢ - jesika Touka 3 iHTepBaTy 3

KiHisMu ¢ 1 . 3okpema, npu ¢ = 0 Mmaemo dpopmysty MakJjiopeuna

! " (n)
10, 10 s, 100

f(x) = f(0) +

IIpukaazm 11. IMogatu dbyukuio f(z) = a*,a > 0,a # 1, y Buraani
MHOTOJICHA, TPETHOTO CTEHEHS BiTHOCHO Z (POZKIACTH B OKOJI TOYKH Tg =
0).

< Cxopucraemocs: dhopmysnoto Maksopena (8) 3 n = 3. Maemo
fl@)=a*, [f(O)=1, f'(z) =a%lna, f'(0)=Ina,

f'(z) =a*In®a, f'(0)=1na, fO(z)=0a*In*a, FfO0)=1’aq,
artomy a*=1+zlna+ z212r!‘2a + z3g,‘3a + Ry(z). >
2 3
puknan 12. Kopucryouncs dopmynon e =~ 14+ + & + &,
sHalTH /€.
aMaemo e=e/2ml+i4 4+ A=

=1+0,5+0,12500 + 0,02083 = 1,64583. >

2" + Rpa1(z). (8)

Bopasu

o

1. CxiacTu piBHSHHS JOTUYHOT i HOpMAJ 110 KpuBoi z° + zy+

+y® = 0 B Toumi My(1;—1).

02. CriracTy piBHAHHS JOTUYHOI J0 Tirnepbo/in % — % =1, mpo-
Begenol B Toumi Mo(—9; —8).

03. 3amucaru PIBHAHHS JOTHYHHX A0 JiHI zy = 4 B TOYKaxX
r1 =1, o = —4 i 3HalTH KyT MiX gotunaauMu. [lobyaysarr KpuBy i

JOTHYHI.
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O4. 3uaiiTy KyT MIXK JIHIAMUA:

Dy=1+4sinz, y=1; 2) 22+ y? =5, oy =4z

O5. 3akoH pyxy IpH IPAMOJIHIHHOMY DyCi TOUKH 33a/]aHO PIBHS-
HHAM S = g + 25in 2t (¢t — B cexynmax, S — B Merpax). 3Haiftn
MIBUJIKICTE PYXY B KIHI JIPYrol CEKYHIIH.

06. O6csar nmpoxykiil u (yMm.0/1.) Iexy BIPOIOBK JTHS € (PyHKILIEIO
uw = —t3 — 5t + 75t + 425, ne t — wac (rog.). 3HAHTH IPOJLYKTHBHICTE
npar Jepes JIBl TONWHU IMIC/Is TT0YaTKy poboTH.

O7. Oynkuis cykKynHuUX BUTpaT Mae Buraan y = 6lg(l + 3x).
SHafTH HYHKINO TPAHNIHIX BATPAT.

0O8. Banexnicrs Mix BurTpartamu supobuuiirea C (rp. o1.) i 06-
CSIPOM BHUTOTOBJIEHOT MPOAYKIT = (ox.) BUpaskaeTbes dyukiieo C =
10z — 0,0423. BraiiTu cepeyui Ta TpPaHHUYHI BUTPATH, AKIIO OBCAT
MIPOJYKIIIl CTAHOBHTE H O,

09. BamoBuit TpoAyKT JesdKOl 00JaCTi 3MIHIOETLCS 3a 3aKOHOM
x = 10041, a KIIBKICTL HaCEIEeHHS OMUCYEThCs hopmystoro L = 120+
2t, ne t — vac. 3HaWTH MBUIKICTb 3MIHU YACTKHU BAJOBOTO IPOLYKTY
00J1aCTi, 110 TPUIIAIAE HA KOXKHY 0CO0Y.

010. 3anexnicTs MiX coOBIBAPTICTIO OAUHUIY TPOIAYKIHL ¢ (TnC.
I'PH.) 1 BUIYCKOM TPOAYKIUT 7 (MJIDA. IPH.) BUPAYKAETHC DYHKITEO
¢ = —0,5z + 80. 3HaliTn eIaCTHYHICTL COBIBAPTOCTI IIPH BUIIYCKY
npoaykiil obesrom 60 MJpa. TpH.

O11. 3uasite enacruanicts byuknii y = €. Busnauurn moka-

3HUK €JaCTHIHOCTI /T Bunaskis: 1) x =0; 2) z = 2.
20+4p>

012. Oynxuig npono3unii Ha JesKuil Toap s = 5 T T0p DyHKITIST
pdp? . . . .
nonury d = %. BHafiTy 1iHy piBHOBArym, TOOTO LIHY, KOJIK II0-

AT 1 TTPOMO3UTTisl 3PIBHOBAKYIOTLCA, & TAKOXK €JACTUIHICTEL TONUTY
1 IpoHO3uIil JJs Iiel IiHH.

0O13. 3a npasuom JlomiTaas 3HARTH TPAHUITO:
1) lim 1ncxosx; 2) lim mfarctgac; 3) Lim 7r—2arctgcc: 4) lim et—e”% |

z—0 z—0 z3 r—oc 1n(1+%) ’ 70 Sinz-cos

. tgz _ oz . 1 . _
5) lim & e . 6) lim —2% - 7)) lim (z"e %);
) 70 tgr—z ) 70 Insinx* ) J‘,HJrOO( )

8) lim (7w — 2arctgz)lnz; 9) lim< L — L) 10) lim xzex%;

00 z—>1 \71 Inz z—0
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11) lim z5"%;  12) lim (%)tgx.

z—0 z—0

0O14. Bukopucroytoun dopmyiy Teitnopa, nogaru GyHKI0O Y
BULJISIII MHOIOYJIEHA,:

1) f(z) = 2* — 52® + 2% — 3z + 4 3a crenensmu © — 4
2) f(z) = (z? — 3z + 1)% 3a crenensmu x;
3) f(x) = xe” 3a cremensaMu .

015. Hexait f(z) = 2% — 325 + 22 4 2. 3natiru Tpw nepmi urenn
posksagy dyukuil f 3a dopmynow Teinopa mpu zg = 1. Iligpaxysa-
i Habsmkeno f(1,03).

016. Bukopucroytoun nabsmxkeny dopmyay e ~ 1+ + L,
3HANTH —4\1/—6 Ta OIHUTH MOXUDKY.

017. BanexuicTs Mixk BuTparamu supobaunTea C' 1 06cATOM TIpO-
nykmii  BusHagaeTses dynkiiero C = 30z — 0, 0823, BnaiiTu cepeini
i rpaanYHi BUTpaTu npu obcasi npoaykuil: 1) z = 5 ox., 2) x = 10 ox.

018. OyHKIIT JOBrOTPUBAJJIOrO HOMUATY d 1 MPOIO3HUIILT § BiJ IiHK P
HadTH Ha CBITOBOMY PHMHKY MaloTh BiamosigHo Buriad d = 30 —0, 9p,
s=16+1,2p.

1) BHafiTk €JACTUYHICTE TIONUTY B TOYII PIBHOBAYKHOT IIIHH.

2) 9k 3MIHEUTBHCA PIBHOBAXKHA IIHA Ta €JACTUIHICTH IIONUTY TIPH
3MEHIIEHH] nponosunil HadTr Ha pUHKY Ha 25% 7

019. BagexnicTs 06CAry BUILYCKY OPOIYKIND ¢ BiJ KamiTalbHUX
BUTpAT k BU3HAYaeTheH MyHKIEI iy = ko In(44-k3), ne kg — mogarkosi
KaMTaJbHI BATPATH. 3HANTH IHTEPBaJ 3MIHT k, HA SKOMY 301IbITeHHST
KaIlTaJbHUX BATPAT HeeeKTUBHE.

C1. Josectu, Mo JOTAYHI 10 JHIT ¢ = % v TOUKaXx i1 mepeTuny
3 OCSIMM KOOPJMHAT NapaJsie/ibHi MixK coboio.

C2. 3ualiTu KyTH, HiJ SKUMY IePETUHAIOTHLCS 3aJaHl KPHUBI:

2% +y? = 8Sax, y? = 507
C3. Oyuknil momury d = % 1 mpomro3umii s = p+ 0,35, 1e p —

nina ToBapy. 3HaliTu: a) niHy piBHOBArHM, TOOTO MiHY, MPU AKi# TOTAT 1
POTO3UIIist 3PIBHOBAKYIOTHCST; 6) €TACTUYHICTD TIOMATY 1 TPOMO3UTIT
I 1€l HKY; B) 3MIHY J0XOMy npu 30LabImenHl miny Ha 5% Bia minu
PIBHOBATH.

C4. SuaiiT TpaHMUI:
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H _q . : _ coszT. : 1/x.
1) }gr%)(x sinz)Ilnz;  2) IEI’;I/Z(W 2x)c8®, 3) mlgrgox :

. 1/, : 3/x2. : x 1w
0 dim (a4 2% 5) im(cos 2007 6) lim (7 + 0

: _ tg ZE : gy L2
7) llir%(3 2¢)'82:  8) ili%( L) o7

C5. Jins dyuuii y = (1 4+ z)® 3anucaru dopmyry Makmopena.

JlomaritHe 3aBIdaHHA

1. Cxractn piBHAHHA NOTHYHOI i HOpMaJi 10 rpadika dyHKii
y = f(x) B maniit Toum, axmo: 1) y = 23 + 222 — 4z — 3, z9 = —2;
2) y:el_f”Q, xg=—1; 3) %_,_31472:17 My(3;1).

J2. 3rafiti KyT, M SKAM IepeTHHaIOThCS JIiHil:
Dy=(r—-22iy=4z—224+4;2)y=sinziy=cosz, z € [0,2n].

J13. Bakon pyxy TOUKH B3aoBxK mpamoi S(t) = 6t — t* (S Bupa-
JKAEThCA Y METPax, t — y CeKyH/ax). 3HaHTH IBUIKICTL PYXy TOUKH
mput=11it=3.

J4. 3naiitu enacruaicts cymu ta pisumi dbysxmiit u(z) i v(x),
reX.

5. ©yuknii monuty d i TpOmO3uINl $ BiA IIHK P BAPAKAIOTHCS
piBHocTsME d =7 —pis=p+ 1.

BuatiTu: a) miny piBHOBaru; 06) eJ1aCTUYHICTD IIONUTY 1 TPOMO3ALIT
NI i€l 1iHn; B) 3MiHy noxoay (y Bimcorkax) mpu 306iTbIIeHH] TiHK
Ha 5% Bl pIBHOBAXKHOI.

6. Oyuxiis nonuty d 3amaetbes dbopmysion d = doe_kpz, Ie
dg ik — Bigomi Beamunbn. [Ipu SKHX 3HAUEHHSX IIHK p HOOHT Oye
ernactuannM (By(d) < —1)7

7. 3uaiitu enactuaHicTh GyHKIIT ¥ = 5 In . Obuncauru 3Hae-
HHST [I0KA3HUKA enacTaaHocTi s 1) 2 = 10; 2) £ = e.

J8. Hexait supobunua dbyuxiist y mae surisn y = 300/z — 4z,
e F KINBKICTh TPOMYKIUT, Z — BKJAJEHa Ipans (YUCeJbHICTh IIpa-
I{BHUKIB).

SHalTH TpaHWYHY TMPOAYKTHBHICTL TIpari mpun 1 = 1, 2o = 9,
z3 = 100, =4 = 2500, z5 = 22500 1 mpoBecTn BiATOBITHUNE €KOHOMI-
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yHUH aHaJIl3.

o .. : z443z—4
9. Buatite rpanumi: 1) ilﬂm1 T
et —esinz : cos7zx, Incos 5z . z—sinx .
) hr% z—sinx °* 3) xggl/Z cos b 4) :1,;0 2 5) hr% 2e* —32 212"
tgac arctge | : ﬁ 3 1 _ 1 .
) hr% sinz—x cosz 7) xgrfoc et 8) ig% x?2 sin?z /?
. 2 .
9) lim (z—1)"% 10) lim(cosz)/%"; 11) lim (tgz)®s®.
3110 x—0 x—7m/2—-0

J10. Barmucaru dbopmyny Teimopa st dyHKIUT f B ToUI Zg:
1) f(z) =23 +32% - 22+ 4, 29 = —1; 2) f(z) =2, mo=—1;
3) flx) = =, o= —1.

J11. Hexait f(x) = 28 — 227 + 52 — 2 + 3. 3maiiru nepmti tpu
wienn posknaty dbyHkIil f 3a gopmymow Tefopa npu 29 = 2. 06-
yncsutr Habmmkeno f(2,02) 1 f(1,97).

Binnosinai

Ol.z2+2y+1=0,22—y—-3=0.02.2—y+1=0.03.y = —4x +8,
y=—1z-2 ¢ = arctg15 04. 1) 7/4, 37r/4' 2) tgpr = 3; tgps = —3.
05. 16+ 2 ~ 16, 18/. 06. 43 o /roz, O7. 2 lge. 08.9 rp.ox; 7 rp.om.
09. y(t) = 112°0°f§t= y'(t) = (60+t . 0 10. E,(¢)|y=60 = —0,6 (npu BU-
nycKy npoaykmil Ha 60 MapA.rpH. 361msIenHsa #oro Ha 1 BiACOTOK Beae 10

3HHKeHHs cobiBaprocti Ha 0,6 Bimcorkis). O11. E,(y) = 5z; 1) 0; 2) 10
012. py = 5, E5(s) = 0,7; E5(d) = 0,67. 013. 1) 0; 2) 1; 3) 2; 4) 2; 5) 1;
6) 1;7) 0; 8) 0; 9) L; 10) oo; 11) 1; 12) 1. 014. 1) (z — 4)* + 11(z — 4)*+
+37(z — 4)? + 21(x — 4) — 56 2) 2% — 92% + 30z* — 452° 4 3022 — 9z + 1;
8) w+ 5+ 5+ o+ gy + oz 015, f(z) = 1-6(z — 1) + (z —
102+ .., f(1,03) ~ 0,82. 016. 0,78, 5 < 0,01. O17. 1) Ceep = 28,
Crp = 24; 2) Ceep = 22, Crp = 6. O18. 1) pg = 2, |E, (d)| = 0,25.
2) PisnoBaxkHa miHa 3pocte Ha 50%, €1acTHYHICTh HOIKTY 32 abCOIIOTHOIO
BENTMUWHOI 301TRIHTHC pubinsuo Ha 71%. 019. (2;4+00). C2. 7/4,
m/2. C3.a) p=2;6) Ep(d) = _(I,Jr;;%: Ep(s) = 23%: Ep(d)lp=2 =
-0,3; & ( )| p=2 = 0,8; B) 3pocrae Ha 3, 5%. C4.1)0;2)1;3) 1;4) 2; 5)
e5; 6) €%; 7) 1; 8) Ye. C5. 1+1,x+a<‘” Ug2 4 +w +
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o(z™. 1. )y —5=0,24+2=0;2)22—y+3=0,2+2y—1=0; 3)
z4+y—4=0,z—y—2=0. 2. 1) arctg:E; 2) arctg2y/2. 13. 3/; —21/. 4.
Ey(utv) = (v £v'). d5.a) 3 rp.ox.; 6) E,(d) = —0,75; Ey(s) = 0,75,
B) 1,06%. 16. p > ﬁ JI7.1)1ge; 2) 1. 8.y (1) = 146,y(9) = 46, y(100) =
11, y(2500) = —1, y(22500) = —3, T006TO IpHu NOAAJLIIOMY 30OLIbIIEHH]
[IEPCOHAJY BUPOOHHUIITBO MPOAYKIIIT 3MEHIITYBATHMETBCH. 19.1)7/3;2)
1;3) -7/5; 4) -25/2; 5) 1 6) 2: 7) 0; 8) -1/3; 9) 1; 10) €~1/2; 11) 1. JT10. 1)
(x+1)2=5z+1)+&2) —1—(z+1)—(z+ 12— ... — (z+ )"+ o(z"); 3)
T+ 84 20+ 204 o(a®). T f(z) = 321+ 1087(z — 2) + 1648(z —
22 & .., £(2,02) ~ 343,4; £(1,97) ~ 289, 9.
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Tema 17. 3acTocyBaHHSI MOXITHUX 0 AOCJIIIXKEHHS
dbyukuiit Ta nobygosu rpadikis

Oyukuis y = f(r), ¢ € X, HaBUBAETHCS 3POCTAIOYOI0 (CIIa-
AHOI0) Ha inrepsasi (a,b) C X, axmo 3 HepiBHOCTI 21 < T, J€
{x1,22} C (a,b), Burmeae mepiuicts f(x1) < f(z2) (f(z1) >
[(2)).

®Oynkuig y = f(z), r € X, Ha3UBaeTLCT HECHagHOI (HE3PO-
crarouor) Ha intepsasi (a,b) C X, skmo 3 HepiBHOCTI 21 < Z2,
ne {z1,z2} C (a,b), Burmsae wepisricts f(z1) < f(z2) (f(z1) >
1(22)).

dxmo dyukmia [ mudepennifiopna Ha inTepsaii (a,b) i f'(z) > 0
(f'(z) > 0) npu Beix z € (a,b), To dbyukiisa f 3pocrae (we cnamae) na

(a,b); axmo x f'(z) <0 (f'(z) <0) npu scix z € (a,b), To f cmagae
(me 3pocrae) Ha npomy iHTepBasi. 3aznaunmo, o gkmo f'(z) = 0,
x € (a,b), To Ha BOMY iHTepBaJi DyHKIIA € cTaaow. ToMy B mpocTux
BUNAIKaX 00J1aCTh BU3HAUEHHS (DYHKINT MOXKHA pO30UTH HA CKiHUYEH-
He YHCJIO TIPOMIXKKIB MOHOTOHHOCTI. Koxuuit 3 inrepsagis MoHo-
TOHHOCTI OBMEKEHUH KPUTUYHUMU TOYKAMU — TOYKAMU, B AKUX
f'(z) =0 abo f'(z) ne icaye. Toukn z, y sxwnx f'(z) = 0, Hasuparo-
ThCH CTAIIOHAPHUMM.

dAxmmo icHye Takuit OKiJl TOYKM zg € X, 10 /s BCAKOI TO-
UKW T # Ty IBOrO OKOJIy BHKOHyeThcst HepimicTb f(x) > f(xg)
(f(z) < f(xp)), TO TOUKA Z(j HABMBAETHCS TOYKOK JIOKAJTHHOTO
MiniMmymy (Makcumymy) dbyuknil y = f(x), a uncao f(xg) — mini-
myMoM (makcumymom ) i€l pyHKil. Toukn MiHIMyMY Ta MAKCHMYMY
HA3WBAIOTLCA 11 TOUKAMU €KCTPEMYMY.

Heo6xigni ymoBu ekcrpemymy. Hexail Touka zy € TOUKOIO
exkcrpeMyMy GyHKHil f, Tomi B mi#t Toumi abo f'(zg) = 0, abo f'(xg)
He icaye. OTKe, eKCTPeMYME (DPYHKIMI CII ITYKATH CEpel KPUTUIHUX
TOYOK.

HocraTHi yMOBU eKCTpeMyMy andpepeHniioBHol pyHKIIT.
Hexait dyuxiis y = f(x), x € X, qudepeHIiioBHA B IEIKOMY OKOJI
TOUKY Tg € X, MOXKJIHBO, KPIM CaMoT TOYKY, B AKiil BOHA HETIEpEepPBHA.
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Toji Touka zg 6y/e TOUKO JIOKAJIBHOTO MAKCUMYMY, SIKITO ICHYE OKig
TOUKY Zg, B gxomy f'(x) > 0 npu © < zo 1 f'(z) < 0 npu = > x.
dxmo x f'(z) <0 mpu x < z¢ i f'(z) > 0 npu z > xy, TO TOUKA Ty
Oyae TOYKOIO JIOKAJLHOTO MIHIMYMY.

Aximo ¢yHKIia f Mae B TOUI £g TEPINY 1 APYry HOXIAHY, IPHIOMY
f'(xo) = 0, a f"(xg) # 0, To TOUKA T( € TOUYKOW MAKCHMYMY IPH
f"(zg) < 01 Toukoro minimymy mpm [ (xg) > 0. dxmo x f"(zg) =0,
7O Tpeba MPOBOIUTH HOAATKOBI JOCJIIIKEHHSI.

I'padik mudepenmiitoprol dbyukiil y = f(x), r € X, Ha3uBaeTbCs
OIYKJIUM BHHU3 (Bropy) na inrepsani (a,b), SKImo Biw po3Mimnenuit
Buine (Hukae) Oy/Ib-sIKOI JTOTUIHOI 70 HBOI'O B JIOBUIBHIH 010 TOUI.

Axmo dyukiis f apiul HemepeppHo audepenmiiiopra Ha (a, b) i
f(z) >0 (f"(z) <0), To i1 rpadik € onykaum BEU3 (Bropy) HA IIHO-
My iHTepBaJai. Y TPOCTUX BUMAIKAX OOJACThL BU3HAUEHHST (DYHKIIT f
MOXKHA& PO30MTH Ha CKiHYEHHEe YMCI0 IHTEPBAMIB 13 CTAJIUM HAIPAM-
KOM OIYKJ0CTI. KOoXHUI 3 1uX iHTepBaIiB OOMEXKeHUIl TOYKAMU, R
sakux f’(z) = 0 abo f’(z) me icaye. Toura (xzg, f(xg)), B AKiii Ha-
IPSIMOK ONYKJIOCTI rpadika dyHKINT 3MIHIOETLCT HA TPOTUIEKHNH,
Ha3MBAETHCS TOYKOK EePETruHYy.

HeobxinHow yMOBOIO iCHYBaHHS TOUKM TleperuHy xg GyHKIUT f €
pisricts f"(z9) = 0 abo re, mo f"(xg) He ichye. dxmo x dyHKIIA
[ € nudepeHIiitoOBHOW B TOYIN Xg 1 Ma€ APYry HOXIIHY B JIESKOMY
71 OKOJIl, MOXKJIUBO, KPIM CaMOl TOYKH Tg, 1 TIPU IIEePExXoial depe3 Hel
JIpyra TMOoXiTHA 3MIHIOE 3HaK, TO B Toull (g, f(z¢)) rpadik dyHKIil
Ma€ MEePETrrH.

Tlepex nobynoBoto rpadika dyHKINT HEOOXiIHO BUSACHUTH, YA Ma€
DYHKITST BEPTUKAJBHI, TOPU30HTAIBHI Ta MOXUI aCHMITOTH. ZIKIIO
OIS TedKOl TOUKH po3puBy a yHKIE [

lim f(z) =o0c abo lim f(z)= oo,
z—a—0 z—a+0
TO OpPSIMYy Z = @ HA3WBAKTh BEPTUKAJIBHOK ACHUMIITOTOIO rpadika

bynxuil f.
Jlast Toro, mob npama y = kzr + b 6yma acuMnToToo rpadika
dyukuil f npuw r — +oc (nmpu r — —00), HEOOXITHO 1 TOCTATHBO,
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A CON <1im M:k;);

z—+oc T—>—0oCc I

lim (f(z) —kz) =b ( lim (f(x)—kac):b).

T—-+00 T——00

Axmo k = 0, TO MaEMO TOPU3OHTAIBHY aCUMITOTY, a nipu k # 0 —
TTOXUJTY.

Jnsa mobymosu rpadika dyskiil y = f(xz), 2 € X, 3 HENEPEPBHOO
JIPYTOT0 TIOXITHOIO (CKpi3k B ofmacTi BU3HAUEHHsT (DYHKIIT, MOXK/THBO,
KPIM CKIHYEHHOTO YUC/IA TOUYOK) CMIOYATKY 3'SICOBYIOTDH JedKi 0COOJIH-
BOCTI (bYHKIIII: CUMETPII0, NEPIOUYHICTE, CTAIICTD 3HAKY, HYJII, TOUKH
NEPETHHY 3 OCAMM, TOUYKH po3puBy i T.i. [loTiM, BHKOpPHCTOBYHOUH
TepITy i Ipyry TOXiAHI, 3HAXOMATL TOUKH €KCTPEMYMY 1 TIeDeTruHy,
IHTepBaJI MOHOTOHHOCTI # ONMyKJIOCTi, & TAKOXK aCHMIITOTH.

ITpukiazm 1. 3uaiity iHTEpBaId MOHOTOHHOCTI PYHKIIIT

f(x):{ﬁ’ x<e,

T > e.
< Oynkiis audepenIiiioBHa Ha BCil 9UCIOBIH oci, TprdoMy
N 0, r <e,
f (Z‘) - 1-Ingx >
T r -~ el

Ockinbru f'(z) < 0, 2 € R, 0 f e nespocrarouoto Ha R. 3ayBakumMo, IO
Ha inTepBai (—oo;e) f € cranoro, a Ha (e; +00) — cnagae. >

Ilpukaam 2. JlocaiauTu Ha eKCTpeMyM (DYHKIIIIO

f(x) = 22° — 1522 + 362 — 14.

<Maenmo D(f) =R, f'(z) = 62> — 30z + 36, ato f'(z) = 6(x —2)(z — 3).
3siacu Bunsmsae, mo f'(x) = 0 npu x; = 2, x2 = 3, ToHTO MagMo ABi
KPUTHYHI TOYKH 1 3aJAIIIIOCS TICPEBIPATH, Y1 € B IUX TOYKAX CKCTPEMYM.
Jis Iboro MeToIoM iHTepBaJiB BU3HAYUMO 3HAK IIOX1IHOT

Orxe, y Touni 7 = 2 ¢yHKUig f Mag MAKCUMyM, a B TOUIl To = 3 —
MiHIMYM, OPHYOMY fmax = f(2) = 14, fmin = f(3) = 13. >

IMpukaang 3. Pyuxuis nosrux suTpat Mae purian K (z) = 2% — 6x2+
+15z, ne x — obcar BUpOOHUITBA. SHANTH, IPU AKOMY 00CA31 BUpOOHULITBA
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cepenni BUTparu OyayTh MIHIMATLHUMU.

< Cepenni surparu f(x) = @ = 2% — 62 + 15. Toai f'(z) = 22 — 6
i f'(z) = 0 mpu g = 3. Ockinbku f'(z) = 2 > 0y 6y/b-AKOIO Z, TO
i f”(3) > 0, a ue o3Havage, WO cepeiHl BUTpATH MiHIMAIBHI mpm Zg = 3 i
BOHH CTaHOBIATEL f(3) =32 —6-3+15=6.>

IIpukaam 4. Bupobuuk peasizye CBOIO IPOLVKIIIO 3a IIHOIO P TPH.
38 OAMHWIKD, a BUTPATH IIPU IBOMY BH3HAYAIOTHCA 3ajexxHicrio S(z) =
ar + Ar® (a < p, A > 0). 3HaiiTu ONTHMATLHUE I BUPOGHUITBA 0GCAT
BUILYCKY NPOAYKIII i npubyToK, sikuii #1OMy BiAIOBiIaE.

< IToznauumo obear Bupobienol npoaykuil yepes z. CkiaageMo (hyHKIO
npubyrxy C(z) = pr — (ax + A\z?), ne pr — moxon Big peamizamii TpomyKIii.
Maemo C'(z) = (p — a) — 3\22, C'(x) = 0, Tobro (p —a) — 3\x? =0, z1 =

p—a

= 3 )\ . Lo = (npyruit KOpiHB He TIXOAUTDL 34 3MICTOM 3a/a4i).

SuafigeMo Apyry HMOXiAHY 1 BU3HAYKMMO 11 3HAK y CTAIIOHAPHIA TOYI.
C'"(z) = —6Az, C"(z1) = —6A = —64/ @ < 0, a 1e o3HaAuaE, IO

B Touni 1 byHKIig C Mag€ MAKCUMYM, IPUIOMY

3
a — (p—a)Vp—a
Crax = C(z1) =p ( = +>‘< 3/\)>_W'D
IIpukaam 5. Hexait ana gaedxoro ToBapy (pyHKIII TOTUTY 1 TPOMO3UIIiT
MarTh BIAIOBIAHO BUraan p = —3xy, + 80, p = 9 + 8, me x1 — KinbkicTh

TOBAPY, IO BLAHOCUTHCSA O MOIUTY, L2 — JO MPOMO3UIli, p — mina. KoxHa
OIMHMIIA IPOAYKIII 0OKIAJAE€THCS TOSATKOM t. SIKy BEJIMYMHY [IOLATKY Tpe-
6a BCTRHOBUTH, OO HAOXOMZKEHHS B Ka3HY OyJIH MaKCAMAJIbHUMHE?

< st Toro mo®b BpaxyBaTH MOAATKU, JOCHTh ¥ PIBHOCTI, sIKa BH3HAYAE
TIPOTIO3UITII0, 3AMIAUTH P Ha p — t, OCKLTBKH II0 CYMY PeaNbHO OJEPIKYE
BUpOGHUK. OTKe, MOXKHA [MEPENUCATH JaHy PIBHICTD ¥ BUTIISAI p—t = T2+ 8
abo p = xo + 8+ ¢.

V Touli piBHOBAr“u x; = Zo = %, TOOTO KOJH IIOIUT JAOPIBHIOE MPO-
TMOBHIIT, OEPIKYEMO, O 4 © —3z + 80, Tyt nigi wacTuHn piBHI, TOM
i, ozepayemo, mo § gyt Ty c piBHi, TOMY

6yayTh piBHEME 1 TpaBi, TobTo —3x + 80 = + 8 + ¢ abo = = 18 — 0, 25¢.

Binomo, mo cymapauit nogarox T = tz, T=#(18 — 0,25t), T = 18¢—
—0,25t%. MakcumyM niel ¢yHKIT i Tpeba 3naiTH.

Maewmo T'(t) = 18 — 0, 5¢. [lpupiBugsiim el BUpa3 10 HyJist, 3HAXOIUMO
crarioHapHy Touky: 18 — 0,5t = 0, tg = 36.

Ockinsru T (t) = —0,5 < 0, 10 B maniit Touni dpyskuis T Mae MaKCH-
MyM, Thax = T(36) = 18- 36 — 0,25 - 362 = 324.
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Omxe, ReMMUNHA TOJATKY, 3 TOYKU 30pYy YPsdy, TOBWHHA CKJI3IATH 36
(rp. ox.) 3 omMHUII TOBApy. >

IIpukaasm 6. 3ualitu Haiibinbiie i nalimenine 3uadents Gyuxiii f(z) =
223 — 32% — 362 — 8 na Bigpizky [0;6].

< 3HalaeMo CIOYaTKy KPUTHYHI TOYKH ;, © € {1,2,...,n}, Oysruii f
1 posryigHemo Ti 3 HEMX, fKi HajgexaTh BiApizkosi [0;6], a gasl 3HAXOAUMO
sHadenns GyHKUIl f y IMX ToYKax 1 Ha KiHngx eiapizka. Haitbinbme 3 aux
€ HafOLIbIINM 3HaYeHHAM (DYHKINI HA JAHOMY BiApi3Ky, a HaiiMeHIIe — Ha#-
MEHIIUM 3HadeHHAM QYHKIII Ha TaHOMY BiApI3KY.

Orxe, f'(x) = 62% — 62 — 36 = 6(x +2)(z — 3) 1 f'(z) = 0, koo T1 =
—2, 2 = 3. Touka xz = 3 Hanmexxkutsh Biapiskosi [0;6]. Toai f(3) = —89,
f(0)y = =8, f(6) = 100. 3Bincu BUILIHBAE, IO

max_ f(z) = f(6) =100, a min f(z)= f(3)=-89.>
z€[0;6] z€[0;6]

Ilpukaan 7. Kanitan B 1 Muapza. TpH. MOXHA IHOMICTMTH B GaHK IIia
50% piuamx aBo IHBECTYBATH ¥ BUPOOHUIITBO 3 OYIKYBAHOK €(PEKTHBHICTIO
B po3Mmipi 100% i BuTpaTaMu, fKi BupazKaloThCa 3asnekHicTio ax’. Ilpuby-
TOK OIOJATKOBYETbCs B po3Mmipi p%. TIpu saKux 3HAYEHHSAX P BKIAAJCHHS Y
BUPOGHUITBO € e(DEKTUBHIIINM, Hi3K YHCTe PO3MINIEHHS KAIITAIY B OaHKy?

< Hexait z(mspa. rpu.) iHBecTyeThcd y BUpoOHULTBO, a (1 — ) (Mipz.
I'pH.) po3Miulyerbed mia Bincorku. Toai kamitasn, sskuii po3mimnenuit mi Bij-

COTKH, 9epe3 pik gopisaoBarave (1 —z)(1+ 15000) 3 3¢, a kanitam, BKIa-

2 2

/:Le};m‘i y Bupobuunreo — {1+ 1188) = 2z. Burparu BUpOOHUIITBA CKJIAIAI0TE

azr®, a TOMy npubyrox (z) = 2z — az?. Ilogarku 3 i€l cymMu CKIaIyTh
(2z — ax®) 55, Toxi umcrmit npubyTok gopiBHosarume (1 — £5)(2z — ax?).
Barasnbna cyma gepes pik 6yme A(z) = 2 — 3o+ (1 — £5)(2z — az?) =
=3+(2(1-55)— g)x a(1-:55)z?, 1 rpeba 3HaliTy MaKCHMAJIbHE 3HAICHHS
niel byrkmil #a Biapisky [0; 1]. Maemo A'(z) = 2(1— &) — 2 —2a(1— L)z
)-3

o0/~ 2 100
i1 A(z) =0npu zg = 2;11?117

So —
7L) -
Ockinbru A’ (z) = —2a110

— 155) < 0, To B Toum o dbyskuiz A mae

MaKCHMYM.
OueBuyiHO, 1O HEOOXIZHOW YMOBOIO HATEKHOCTL Zg Biapisky [0;1] e
0<2(1-:5)—2 < 1abop<25.

Omrxe, gxo p > 25, To BUTijHiNIEe He iHBECTYBATH BHUPOOHUIITBO,
a pO3MICTHTH Bech KaliTajJ I BiAcoTkH B OaHKy. fAkmo p < 25, To

2(1—-2)—3)?
Alzo) =3+ % > 2 = 4(0), To6TO BKIAJEHHS Y BUPOOHHUITBO €
BUTIAHIININM, Hi*K 9UCTe PO3MIIIEHHS TIi1 BiICOTKH.

IIpukJaay 8. IIposectu noBHe Jgocmimpkents Gyukil f(z) = T
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ta nobyaysaru 11 rpadik.

< PyukIisg BU3HAYeHa i HemepepBHA Ha BCifi YMCJIOBif oci, mapHa i 10-
narHa. e oznauae, mo ii rpadik cumerpuunuil Bignocuo oci Oy i nexxurh
1 —z2/2
=

. . . = . 2
pute oci Oz. Ockinbku k = zhﬂnéc Lz =0,b= zl;rréo \/%e 27/2 = q,
To npsAMa Y = () € rOpH3OHTANLHOI0 ACHMIITOTOLO. O6umenumo nepury moxi-
aay f'(z) = \/%—ﬂe*r 12(—x) = —zf(x). 3sincu omepxyemo, mo f'(z) = 0,
ko z = 0, 60 f(z) > 0,z € R. dkuio z < 0, o f'(z) > 0, a gkmo
xz > 0, o f'(x) < 0. Orxe, B Touni £ = 0 byHKIIA Mae MaKCHMyM
Jnax = f(0) = =€ = 0,4.

st BigmyKaHHs NPOMIXKKIB ONYKJ/IOCTI GyHKIINT 3HANHAEMO APYTy MOXi-
mmy f'(z) = f(2)x®>—f(z) = f(z)(x?—1). Y Tourax 1 = —1izy = 1 apyra
noxigna popisuioe Hymo. Ha intepeanax (—oo; —1) 1 (1;00) apyra noxigza
f"(z) > 0, Tobro rpadik onykmmii BaM3, a Ha imrepram (—1;1) f7(x) < 0,
To6To rpadik onyksuit Bropy. 3sizcu Bummmsae, mo Touku (—1; f(—1)) i
(1; f(1)) € Toukamu nepernny rpadika yHKIil.

I'padix pyHKINT Mag BATIIST

Y

-1 0 1 N

1. 3uaiiTy iHTEPBAJIN MOHOTOHHOCTI (DYHKITII:
D flx)=2*—-222-5;2) f(x) =z —¢€% 3) f(z)=222—Inuz;
f(x) =22 —2cosz, x € [0;27]; 5) f(z) = 23 + 622 + 9z — 4.
02. 3uaiitu exkcrpeMyMu (DYHKIIT:
=20° — 3% 2) f(2) = %A 3) f(2) = o —In(l +a);
1—(z—2)¥%.5) f(z) = ta®— 2l 423+ 1;6) flz) = ze v,
03. 3uaiiTu maidinpe i HaiMeHIe 3HaYedns dyHKIL:
z) =2 — 222 + 5ma [-2;2]; 2) f(x) = 2° — 5zt +52° + 1 na
3) f(z) = 222 wa [0;1]; 4) f(z) = 27 ma [-2;3)].

Ilignpuemcrso BupobJisie T OJUHUIB TPOAYKIET 3a Micdllb.
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SamexHICTH (HIHAHCOBUX HATPOMAJKEHDb HinpueMcTsa [ Bij obcary
BHIIYCKY IIPOAYKIIil Bu3Hauaerses hopmyiowno f = —0,0123+3002—500.
SHafTH, TPH SKOMY O0CS31 BUMYCKY TPOAYKITI (hiHAHCOBI HArpoMa-
JIKEHHS 3MEHIIYIOThCS.

O5. Hexait Bupobunua pyHKIlst [ 3a0€KUTh JUIIE BiJl YUCETBHO-
cti mepconany dipmu i mae suran f = 6z — 0,22, e f - Bumyck
OPOAYKIIil, £ — YMCJIO TPAITiIBHUKIB.

SHANTY YHCEBbHICTE IITATY, TPU SIKifl BUIIYCK HMPOJYKINL J0CSTrsde
Ha6IIBIIOrO 3HAYEHHS.

06. Binomo, mo dynknig goxony P(z) = 162 — 22, a dynkiis
BUTPAT Ha BUPOBHEITBO IpoayKmil S(z) = 2+ 1, 1e 2 — obear Bupo-
6erol mpoaykmil . [ligmpueMcTBO Cladye MOAATOK ¢ 3 OAWHMIN IIPO-
aykmii, a romy dbyukiis npubyrky w(z) = P{x) — S{x) — tz. dxum
noBuHeH OyTH TIOJATOK t, 106 BEIMYWHA CyMapHOro nojarky T = tx
Oys1a HalbIIBINOW?

O7. Oyrkiisg nopuux surpar mae surisn f(r) = 23 — 622 + 15z,
ne x — obesr Bupobiienol npoaykiil. [Ipu sskomy 06cst3i BUpOOHUIITBA
cepenui surparu S{z) = f(z)/x 6yayTs minimasbHUMEA?

O8. Yucno 8 mogaTy y BUIVISIAL JBOX IOJAHKIB Tak, 06 cyMma
IxHix Ky6iB Oy/1a HaiiMeHIIIo0.

09. TIposecTu noBHE JOCiKeHHS Ta nodyayBaTu rpadik byH-
KIMI:

1) flo) = 2515, 9) f(a) = Fg; 3) f(2) =da® —a' = 3;
Yy=22+m3 B)y=2"—-12224+361; 6)y=(2+2)e "

010. 3nafiTy iHTEPBAIH OIYKJOCTI 1 TOUKMU IEPErnHy rpachika
bynxmii: 1) f(z) =2° — 622 +x;  2) f(z) = 23 — 622
3) f(z) =222+ Inz;  4) flz)=e ",

C1. 3nuafitu Haitbinbre 1 Hafivene 3Hadenns Gyskuil f(z) = 2%
Ha npomixkky [0, 1; 00).

C2. Biuni cTopoHn i MEHIIIA OCHOBA TPAIEIil JOPIBHIOIOTL 10 cM.
Suafitu i1 6lIbITY OCHOBY Tak, 106 Iwioma Tparenil 6yra HalblIh-

TTOTO.
C3. Baza cupoBuHM TAIPUEMCTBA, SKe HeoOXiIHO 30y1yBaTH HAJL
piukom0, 3HaxonuTLCsa y Touli A ma Bigcrami AA; = a Big piukwy,
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OyHKT 36yTy — y Touni B Ha Bincrani BB; = b Big piuku. Bigomo, mo
A1 B1 = ¢. Pozpaxysaru, B sKiil TOUI HaJ PIYKOI0 CJIiT PO3MICTATH
HiITPUEMCTBO, 1106 TPAHCIOPTHI BUTPATH OyJIM HANMEHITUMH.

C4. Kapruny, sucoTa skoi 1,4 M, TOBICWIN Ha CTIHY Tak, 10 11
HUKHIN Kpait € Ha 1,8 M BuIle Bij oka crocrepirada. Ha gkiii Bigcrani
Bijl CTIHM TIOBHHEH CTATH CIOCTEpirad , 1mob sikHAWKPAIE OIVISHYTH
kapTuHy (TO6TO KyT 30py Mae OyTu HaibLIbmmM) 7

C5. Bigomo, 110 IpOrHo30BaHa IIHA IMAKETA AKINH Mae BHIVIAD
C = C’oﬁ, ne Cy — HOMIHAIbHA IiHA TaKeTa, T — BiIHOCHHUI
npubyToK KOpIOpalil, ¢ — 4YacTka npubyTKy, sika iijile Ha BHUILIATY
JUBITEHNIB, T, — HaliedheKTUBHINA CTaBKa, 32 sIKOK MOXKHA PEIHBE-
CTYBaTH JIABIJIEHIH.

Posragnarornes gpa makeTw akmiil OQUMHAMYIHOr0 HOMIHATY 3 TaKH-
vr xapakTepuctukaMu: 1 = 0,2;79 = 0,4; 91 = go = ¢. Binowmo, mo
re = 0, 5. laBecTop npomas nepmuit maket akiiit 1 kynue apyruit. [pu
AKX 3HAYEHHSIX ¢ 1151 OTIEPAITis JACTh HAHOLIBIM TpubyToK?

C6. TlpoBecru 1OBHE JOC/KEeHHA Ta nobyayeBaTu rpaik dbyH-
kuii: 1) f(z) = 2% —3z; 2) y = x — 2arctgz.

JlomaritHe 3aBIaHHA

1. Jocnigure Ha MOHOTOHHICTE byHKIHIO: 1) f(1) = + cosx;
2) f(z) = 4z — 23; 3) f(z) =2sinz + cos 2z, x € [0; 27);

4) f(z) =1In(z + V1 + z2?); 5) f(z) =v2r — 22, €[0;2];
6) f(x) = z3e7.

2. Bigomo, mo dynkiis cepennix surpar II(z) = z, a dyHK-
uist monnty p(x) = 10 — 3z. BHafiTu, npu sKOMY 06CH31 BUPOGHUITEA
npubyTok BupobHUKa Oyie HaiibinbmuM. (Bpaxysaru, 1o nosHi Bu-
rpatu K(z) = zII(z), cymapuuii suropr U(z) = z(x), a npubyrok
Z{x) =U(x) — K(x)).

J13. Hexait dbynxuia goxony P(z) = 100z — 22, a dyHKIig BuTpar
S (xg3—37x2—|—169x—|—4000, Jle T — KiTbKICTh peaIi30BaHoro TOBapYy.
Jocrignte Ha MakenmyM dyukiio npubyrky I(z)= P(x)—S(x).

J4. 3aranbna sapricts BUPOGIEHNX & ONUHUID TPOAYKILi f(z) =
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100000 + 1500z + 0,222, CxisbKy OAMHUITE TPOAVKIIL 2 CIiJ BHIy-
cKaTy, o6 cepensd BapricTs onumum npoaykiii S(z) = f(z)/x 6yra
MiHIMaIBHOIO?!

J5. Bnaiitu excrpemymu hyHKI: 1) fx) = %4 — 3
2) f(2) = 1523 3) f(z) = x —arctg2z; 4) f(z) = (£ —2)*(2z + 1);
5) f(z) = 2°+ 5zt + 5z — 2.

6. Tlpn axomy 3HaxenHi a bynxnisg f(x) = asinz + é sin 3z mae
ekcrpemyM nipu x = 7/37 Ile 6yme makcumym um MiHiMym?

7. Citroro nopxkunow 120m Tpeba 00ropoauTu npuierty no 6y-
AHHﬁpHMOKyTHy JIISTHKY HafO1ABII0T o, 3HalTH PO3MIpH Ja-
HOl JiJIAHKH.

J8. Yucso 10 momaru 9K CyMy ABOX AOJAHKIB Tak, mob Txwiit
106yTOK 6yB HANGIIBIIIM.

9. Ha napaboni y = z
y =2z —4.

2 3maiiTu TOYKY, HAHOIMKYIY 1O TPSMOl

J110. Bagosx npamol AB mpoxonnTs 3aizuuis. Ha sigcrani [ i
nyHKTyY B 3naxomuthbes nyHKT C, 3 sKOro Tpeba mepeBe3TH BAHTAXK Y

nyukT A. Hexait 3 C MoxkHa 110 OpaMiit JicTaTHCh 10 JOBLILHOI TOYKHA
M zamizauii. Ilo gxiit Tpaci Tpe-
pact b B M A

6a 1epeBo3uTH BaHTaXK 3 MyHKTY C 110
3aJI3HAIN, & a1l 3aJi3HATIEI0 JI0 TYHKTY
A, mo6 TpacmopTHi BUTpaTh 6yIu Hall-
MEHIITUMU, SKIIO TTepeBe3eHHs 1 TOHHU C
BAHTAXKY aBTOTPAHCIOPTOM BTPUYI J0-
pOKHe, HixK 3aTI3HUIEI0. BBAKAETHCS, 1110 TPAHCIOPTHI BUTPATH IPO-
TOpIIiftHI BiAcTaH].

J11. Buadity naibianm Ta HaiMeHIn 3HaveHss pyHKIIL:
D) fle) =2+ yx, z€[04];  2) f(z) =€ —e™™, ze€[-21];
3) fx)=ze /2, 2R 4)y=2% z€[-3;3];
5) y = 2z° — 1522 + 36z — 18, z € [1;3].

J12. Buaiity JASHKE ONYyKI0CTI rpadika KpuBol:
1) f(z) = 2® + 52 — 6; 2) f(x) = ze”; 3) f(x) = 2
5 f(z) =2 -3z — 2.

J13. 3uaiiti TOUKYU Meperuny KpUBoi:
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)y =(2-5)°3+42;2) y = (1—4)°+4a+4; 3) y = +362% —22° —z*.
J114. HpOBeCTH TIOBHe JOCTIIXKeHHS Ta mo0yaysaru rpadik dpyH-
kuii: 1) 92 =23 2) 2= (z+3)% 3 y= elng.

T

4)y—‘°’+4, By= Vi-a%  6)y=L+4s”

Biagnosiai

01. 1) Cnazae va (—o0; —1) i (0;1); 3pocrae Ha (—1;0) 1 (1;+00);

2) 3pocrae Ha (—o00;0), cnamgae Ha (0;4+00); 3) cmamae va (05 %) 3POCTAE
Ha (3;+00); 4) cnanae Ha (0; 2) i (52;2n), 3pocrae Ha (5; 2X); 5) 3pocrae
Ha (—o00;—3) 1 (—1;00), cnagae va (—3;—1). O2. 1) Ymax = y(0) = 0
Ymin = Y(1) = —1; 2) Ymax = y(O) =4 Ymin = ¥(=2) = §; 3) Ymin =
y(0) = 0; 4) Ymax = y(2 ) 5) Ymax = Y(1) = &, Ymin = ¥(3) = =%
6) Ymax = Y(%2) = F5¢7 %, yuin = y(— L) = —Lze 12, 08, 1) M = 13,
m=42M=2m=-10;3) M =1;m=23/5;4) M =27, m = -8.

O4. Binbuie 100 oauannb. O5. g = 20, fiax = 800. O6. tg = 8, g = 2,
Max = 7, Tax = 16 [3nafitu z (1pu BizoMomy t), AKe peasizye eKCTpeMyM
11, i mocmianTy Ha excrpemym T = T'(x))]. O7. zp = 3, S(xo) = 6. O8. 41 4.
09. 1) D(y) =R\{0}; Ymax =¢(1) = Z. Ymax =9(=3) =5 ymin =y(2) =%
neperus upu & = 9/7; x = 0 — BEPTUKAJIbHE ACUMIITOT, i = %x—{—l — TOXHUJIA
acunrrrora; 2) D(y) = (—00; =v/3) U (=v3;V3) U (v3;00), Ymax = y(—3)
= —9/2; Ymin = y(3) = 9/2; neperun npu r = 0; * = +/3 — BepTHKAILHI
acuMOToTH; y = z — noxuiaa acuMnrora; 3) D(y) = R, ymin = y(0) =

=3, Ymax = y(—V2) = y(V2) = 1; nepernn mpu 71 = —%Z, 3y = ¥;
acumnror Hemae; 4) Pyukuis cnagae va (—o0; —%), 3pOCTaE Ha (—%; +00);
Ymin = y(—1) = —1: onykna BaM3 Ha (—00;00); 5) dyHKUiA 3pocTae Ha

(—00;2) 1 Ha (6;00), ciagae Ha (2;6); Ymax = Y¥(2) = 32, Ymin = y(6) = 0;
onykJa Bropy Ha (—oo;4), onykia BHU3 Ha (4; 00); TouKa neperuny (4; 16);
6) npasobGiuna acummrora y = 0; dyHkuis 3pocrae Ha (—oo; —1), cuagae
Ha (—1;00); Ymax = y(—1) = 2; onykaa Bropy Ha (—o0;0), onyk/aa BHU3
a (0; 00); Touka neperuny (0;2). 010. 1) OnykaicTs Bropy Ha iHTe€pBaJjax
—00; —V/3) i (v/3;00); onykmicrs Buw3 wHa imteppami (—v3;V3); 212 =
+/3 — aBerpen TOYOK mepernHy; 2) ONyKIicTh Bropy Ha inTepsafi (—oo;2);
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OIYKJICTh BHU3 Ha iHTepBadi (2; 00); Touka neperuny (2; —16); 3) onykiicTsb
sropy Ha (0;1/2), onykiicts Bau3 Ha (1/2; 00); Touka neperuny (1/2;1/2—

In2); 4) onykyaicTh Bropy Ha (—% %) ONYKJICTh BHHU3 HA —00; —%) i

_ _ 1
(%; 00); TOIKH HepeFI/IHy< \/7 e~1/2)4 (%, 12y, C1.m = (%) /e-
20c. C3. Ha Bincrani a+b Big Toukn A, abo a+b Big Touku Bi. C4. 2, 4. C5.

g= \/; a2 0,61 [mocniguTu Ha excrpemyM dyukiio f(g) = Cy — C1)]. C6.
1) D(f) = R; Ymax = y(=1) = 2, Ymin = y(1) = —2; neperun mpu z = 0;
acumnror Hemae; 2) D(y) = R; ymax = y(—1) = 7/2 = 1, ymin = y(1) =
1—7/2; neperun upu z = 0; y = 2 +7 — noxuni acumnroru. JI1. 1) 3pocrae
Ha (—00; 00); 2) cnazae Ha (—00; —%) i (%, +00), 3pocTae Ha (—%; \%)
3) spocrae wa (0; %), (5;22) i (32;2x), cnamae ma (£;2) i (32 38);

4) 3pocrae Ha (—o0; 00); 5) 3pocrae Ha (0;1), cuagae Ha (1; 2) 6) 3pocrae
Ha (—o00;0) 1 (0;3), cnagae wa (3;00). 2. Znax = Z(—) 2 N3. z =
23, T,y = 11(23) = 1290. JT4. 2o ~ 707, S(zy) ~ 1782.8. JI5. 1) fm
F(3)==27/4;2) fmax = f(0) =1;3) fmin = f(%) = % Za Smax = f(_%) =
—5 5 4) Ymax = ¥(1) = 3, Ymin = ¥(2) = 0; 5) Ymax = y(-3) = 25,
Ymin = y(—1) = =3. 6. [Ipu ¢ = 2 makcumym. JI7. 30 x60. 8. 51 5. 9.
(1; 1). J10. IIyukr M noBuHeH 3HAXOAUTUCH HA BlacTani 4ll\/§ BiJ OYHKTY
B.OMIlL.1)M=6m=0;2) M =e2—e 2 m=e?*-e43) M= ﬁ,
m= —ﬁ; 4 M =8, m=1%;5) M =10, m=5. 112. 1) Onykua sropy Ha
(—00;0) i Ban3 Ha (0; 00); 2) onykJa Bropy Ha (—oo; —2) i BHW3 Ha (—2; 00);

T, T

3) onykaa Buu3 Ha (—o0;0) i (0;00); 4) onykaa sropy Ha (—oo;00). J113.
1) (5;2); 2) (4;20); 3) (—3;294); (2; 114). I14. 1) CumerpudHa BiIHOCHO
Oz, D(y) = [0;00), BepXHsI YACTHHA OIYKJA BrOPYy, a HHMKHS — OIyKJA
BHU3, 00KIBI YaCTUHU JOTUKaIOThe B Tould (0; 0); 2) rpadik anamorivamit
rpadiky B 1), ane 3cynytuit Ha 3 omunanni Biso; 3) D(y) = (0;00); Ymax =
y(e) = 1; acumnrorn — oci Oz 1 Oy; 4) D(y) = (—o0;0) U (0; 400); Ymin =
y(2) = 3; * = 0 — BepTUKAJbHA ACUMOTOTA, ¥ = T — TOXWJIA ACHMIITOTA;

5) D(y) = (—o0; 00); cnagae Ha (—o0;00); (0;1) 1 (1;0) — TOYKH neperuny;

y = —x — noxuia acumnrora; 6) D(y ) = R\{0}; Ymin = y(1/2) = 3; neperun
3,

npu = — # x = 0 — BepTUKAIBHA ACUMIITOTA.
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Tema 18. HeBuzmauenuit inrerpasn. Haiinpocrimri
MEeTOU iHTerpyBaHHS

Oyukiis F HasupaeThes nepBiCHOKO 11 QyHKINT f, 3agamol Ha
nesxiit muoxkuni X, akmo F'(z) = f(x) nng scix ¢ € X. dxmo F i ®
— nBl epBicHi Auist onmi€l 1 Tiel camol dyukiil f, To ®(x) = F(z)+ C,
ne C = const, x € X. Hasnaxku, gaxmo F — jedka mepsicHa s
dynkuil f, o F(z) 4+ C, C € R, z € X — cykynuicTs ycix 17 nepsi-
CHUX, Ky Ha3WBAaIOTH HEBU3HAUEHUM I1HTETPAJOM B GyHKIIT f i
nosHavaoThL cuMBonoM [ f(z)dz. OTke, 3TiIHO 3 O3HAYEHHAM

/f (z)+C, zeX, (1)

e F' — omna i3 mepsicaux ans dyukmil f, a C — nosineHa crama 3 R.
Hepuznagenuit iHTErpan Mae Taki BJIACTUBOCTI:

/

10 (J f@)ds) = 1), d(f f() ) ()

20, [ Fl(z)dx = F(z )+C de = F(z)+ C;

3% [(af(z)) x—aff a€R;

4 [(filz )ifQ dx—ffl )dz £ [ fa(z)

50. Slkmo [ f(z)dz = F(z) + C, to ffax—i—b)d 1F(az +
b) + C;{a,b} CR,a #0;

69, dxmo [ f(z)dz = F(2)+C i u=¢(x), o [ f(u)du= F(u)+
C.

dAxmo ckopucraruchk dopmysor (1) i Tabuiero TOXiTHIX OCHOB-
HUX eJIeMEHTapHUX (DYHKINH, TO 071epKUMO TaBIUII0 OCHOBHUX 1H-
rerpaJsiB. Koxxna HacrynHa dhopMysia IpaBrjibHa HA TPOMIXKKY, IO
HaJIeXKUTh 0071aCTI BU3HAUEHHS TJIHTErPAJIbHOT (DYHKIIL.

l.f:vo‘dx:f;:ll—i-(?, a# —1.

f‘%zlnlx!—l—C z # 0.

fatdz=£-+C, a>0, a#1, [e*dr=e"+C.
[sinzdz = —cosz + C.

fcos zdx = sinz + C.

.fqu =tgzr + C.

[==]

R
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dx

qsz = —ctgr + C.
8. j Sy =1In|tg? | +C.
9. f cosx =1In | tg(% + %) | +C.
10. [ -2 2+a2 = larc‘cgE +C, a#0.
11. f ’I‘Z a = 1Il| :L‘+a | +C.
12. f =arcsinZ 4+ C, |z|<|al.

13f ln|a:+\/w2—a |+C, |z |>|al.

4. f m—ln|x+\/w2+a | +C.

3HAXOYKEHHST HEBU3IHAYEHOTO IHTETpasia 38 JOMOMOTOK) Tab THII
ocHoBHUX iHTerpasis i Bracrusocreit 3% i 4° mazmpaiore Gesmoce-
peaHiM IHTerpyBaHHSIM.

Npukaas 1. 3uaiity interpan [ = [ (2% — 222 + 4z — 6)dz.

< CKOpPHCTABIIUCH BIACTUROCTAMI 1 TabJIHICIO 1HTErpaJiB, JiCTaHeMO,

moI—fx5dx—2fx2dx+4fxdx—6fdx—g——m +2¢* -6z +C. >

Mpukaay 2. 3uaiity inrerpan [ = | T/J;—zdx

5 1 2
42 — 242 — 23 4+ 2473

< Maemo T = ]

:f;p%dl‘—l—QfZ_%d.’E:

2
T3

3 4 1
=425 + 625 +C. >
Npukaas 3. 3naiity interpan [ = | ctglzdz.

< TIposiBmm O4eBHIHI IepeTBOpeHHs, omepxuMmo, mo I = |ctg’r =

cosz __ 1—sin®z _ 1 -1

sinZ x sin?z ~ sin’z

= - [de=—-ctgz —z+C.>

SIH T

Npukaas 4. 3uaiity interpan [ = | Qi%dm.

2 _ (2®42)-2 _ _
2422 2422 1 2+w2 = [dx 2f2+z2 -

< Maemo T =

=z — \%arctg\% +C=x— \/§al"ctg\/i§ +C. >
IIpukiaz 5. 3uaiitu interpan I = [ 3*#2%dz.

< Queruano, mo I = ‘3212$ = 9%2% = 18"

= [18dz = &+ C. >

IIpuknam 6. Hexalt ams gesxol dpipMu BiOMI IpaHMYHI BUTpaTH
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fl(z) = 2% + 3z + 5. Tpeba 3Haii™V CyMapHi BUTpPATH 3a yMOBH, IO TIO-
YaTKOBI BUTPATH ILOpiBHIOBaJH/I 90 ym.om.
d Ockineku f(z) = [ f'(z)dz, T0 Mmaemo, mo f(z) = [(2? + 3z +5)dx =

+3:r: +5z+C. ,ZLHH 3Haxomkenns C' ckopucraemocst T, mo f(0) =90.
Tom ¢ 4+ 2.0245.0+C =90, C = 90.
Orxe, cymapHi sutpaTu f(z) = % + 222 + 52+ 90. >

Bractusicrs 69 103BOJIAE 3HAYHO POSIMIMPUATH 3aCTOCYBAHHS TAb-
JIUIT] 1HTErpaJIiB 3a AOMOMOTO0 MiABEIeHHS DYHKINN I 3HAK gude-
peHtiaa.

Npukaas 7. 3uaiitu inrverpan I = [(5z + 3)%dx.

< 3poGuBmn BiAnOBiHI nepeTBOpenns, AicTanemo [=|dz = +d(5z+3)|=

L (52 +3)%d(5x +3) = B2 L o= G2t L oy
Npukaay 8. 3uaiity interpan [ = | ]“dem.

© = dlno|= flnadlz = 2+ o
Npukaas 9. 3uaiity inrerpan I = [(2® — 3z + 1)3(2z — 3)dz
< Ockinbku d(z® — 3z + 1) = 2z — 3)dz, t0 T = [(2* — 3z + 1)3d(

3z +1) = L3 L oy

< Maemo [ =

ITpukiam 10. 3uaittu piBHAHHS KPUBOI, SKA MPOXOJUTEH Y€Pe3 TOUKY

1. m 1
A(2 2) 1 014 AKOIL KyTOBI/II/I KOQ(bIU,lGHT y KOKHIH 11 TO‘{HI ,ILOplBHIOG \/?x?

< BI‘I,ILHO 3 yMOBOIO i reOMeTquHHM 3microM moximHOT Maemo: y'(x) =

= \/1_ Tomy y(z f T = arcsinz + C OckinbKy IIyKaHna KpHBa

MIPOXO/IUTE YePe3 TOUKY A( ) TO § = arcsin 3 L1 C, abo T=%+C,

C =% — %= 7% Orxe, piBHaAnua HlyKaHm KpI/IBOI y = arcsmm +3.>
Bupasu

O1. 3uaiitu inrerpan: 1) [(3z+2)dz; 2) [(22* —62° 4 322+ 7)dx;
8_
3) [(Vz)’dz; 4) f%dt; 5) [ L\/%Hdm; 6) Qde 7) [ tgtzda;
8) [ 0) [2sin®Lda; 10) [ gy 11) [

-cos? z(1+x?) cos 2z+sin? '}
12) [ #2525 da; 13) [ A= 14) [ VB = 2adx; 15) [ S5t du;

) [tgzdz; 17) [ cos(l — 2z)dx; 18) [ 22vz? + lda;
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19) [ 27" zdz; 20) [ 21 [(@t +2VT + e+ L+ p)de
22) [ :L’4+x2+§;r\/5+ V2 g 23) [ %dm
O2. Jlna dyuxnil f 3HaliTi Ty HepBicHY, SKa 33JI0BOJbHSIE YMOBY
F(z0) = yo, sixkmo: 1) f(z) =z, 20=9, yo = 5;
2) [(xz) =g, 20 =1, 90 = 3.
03. 3uaiiT GYHKINO CIIOXKUBAHHS [, SKITO TPAHWIHA CXATBHICTD

JI0 CIIOXKUBAHHSI BUpaXKaeThes pisaictio f'(y) = 0,5+ %, e y — Ha-

IIOHAJIBHUHM JOXOM, & CHOKHUBAHHSA CKJIAJA€ 85 YM.OZ., KOJW HAaIio-
HaapHUH noxon nopisuioe 100 ywm.om.

0O4. 3uaiity PIBHAHHSA KPHUBOI, K4 TPOXOIUTH UEPE3 TOUKY
A(1;0), a xyToBmit KoedilieHT HOTHYHOT 10 Hel y KOXKHIH 1T Todr
JopieHioE 2x — 1.

C1. 3naiiTu iHTErpAT: 1) [ 5822, gy 2) je% L gy
COS3 T sim°x
3) (llerx dz; 4) f3’§+édm 5) [ 1di ) fsz\/mdx
7) [ cos ?xdm, 8) [(2tgr + 3ctgz)?da; 9) [ %2 ) dz;
) [ t5zdz; 12) [ cos(sinz) cos zdz.

JlomaritHe 3aBIaHHA

1. 3uaiiTu iHTErpalI:

1) [z/zdz; 2) f% Vli;fdx; 3) fir‘rzdac 4) [ e3*3%dx;

2 2
5) f(f_ %) de; 6) [ Cde; 7) [ At2da: 8) [ S 2 da;

9) fm 10) [ e®sine®dz; 11) f\/smwcosa:dx 12) | mgﬂdm

) Sz 2\/_—1—33\/_ f+ )dx 17 f s’z gy 18) [ 2324 dg.
J2. 3nafity cymapHuit J10X0/1 p, AKIIO BI,ZLOMI/H/I IPaHUYIHUI JT0XO
p'(z) =9 — 6z, ne z — xinbKicTh BUpoGIeHOl poaykil, 1 p(0) = 0.
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Bigmosimi

O1. 1) 322+ 22+ C; 2) 22° —ab + 2% + 72 + C; 3) 23/x + C;
t\3/_+C 5) 22° Yz — 2m\/_+2\/_+0;6)x—arctgx+0, Ntgr—z+C;
8) tgx - ctgm—i—C 9) x —sinz + C; 10) In | z | +2arctge + C; 11) tgx + C;
12) 32— 2( ) L0 13) VA F 1405 14) - Y2 oy L
2
16) —ln|(‘0<r|+C' 17) ——su1(1—2;r: )+ C; 18) 24/(z2 +1)3 + C
19) 21n2+0 20) 15 arcsin 3% +C; 21) £ +%m3/2—|—%m4/3+1nm—;+6”; 22)
——I—x—l—ln:L’ 22~ 1/2— 3 32 4C; 23) 2® +arctg z+C. O2. Dy = 2Va3-13;
)y—ln|x|+3 03 fly )—O5y+02\/_+33.04.y:x2—x.C1.
1) —tgx—ctgz+C; 2)6 +e *+C; 3) tarctgz® — LIn(z'+1)+C; 4) 3ln(
9) — sarctgZ + C; 5) tarcsinz? + C; 6) —2\/1—m2——\/ (arcsinz) +C
7) +sin3z + C; 8) 4tgm—9(:tgm—x+0 9) In|lnx|—{—C 10) e® + 2 4 C;
11) —3—x+arctgx+0, 12) sin(sinz)+C. Ja1.1) 2 2\/_—6—0 2) Qar(’qur—

z+C;3) arctgm—x—§+0; 4) 3+m1§23+0 5) ——2x+ln|x|+C
6) 212;%—6—0; 7) arctgr — L + C; 8) L(tgz +2) + C; 9) ﬁarcsmx—i—C,

10) —cosez+C- 11) 2 sinm\/sinaH—C'lQ) LIn[lz®+1]]+C;13) 21/(Inz)*+C;
14) - L _—4C;15) 3 Fms F0i16) 272+ 2573 — 2z + 2223 4+ C; 17)
—ctgx —x +C; 18) &- — 7+arctgx+C. J2. p(x) = 9z — 3z2.
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Tema 19. 3amina 3MiHHOT B HEBU3HAYEHOMY iHTErpaJi.
IaTerpyBaHHS YacTUHAMU

SaMira 3MIHHOT B HEBU3HAUEHOMY IHTETPasl TPOBOIATHLCS 38 J10-
TIOMOTOIO TI1JICTAHOBOK JIBOX BHJIIB:

1) z = @(t), te ¢ — MOHOTOHHA, HEMEPEPBHO TU(EPEHTIHOBHA
dbyHKIg HOBOI 3MIiHHOI ¢; hOpMYy/Ia 3aMiHK y 1IHOMY BUIMAJKY TaKa:

/ f(@)ds = / o) (o) (B

2) v = (z) , e v — HoBa 3MiHHa; GOPMYJIA 3aMiHK 3MIHHOI TIpH
TaKl{ M1JICTaHOBIIL

[ Hs (1o = / f(w)do

Npukaas 1. 3uaiity interpan | = | f —

a4 Maemo T = f t(?ztdt1 =2[#4 =

T dr = 2tdt|=

=2.1In |t+l|+C In |

f+1|+C’ >

= : _ Inz+2
IIpukmaasm 2. 3naiitu inTerpan I = s mdx.
< OueBumno, MO I:‘lnx:t, %dx:dt‘: I %dt = [t2dt+2 [t~ 2dt =
=212 +4t2 + C = 2V + 4Vt + = 2(VInz)® + 4VInz + C. v

Npukaas 3. 3naiity inrerpan [ = | \/edfi_l.

< 3aiicHuMo 3aMminy 3MIHHOT Tak, o6 no3byTucs ipparionansrocti. To-

T \/ T 1=t, e"=t>+1, _ 2tdt |_ 2dt
oI = dz 2f t2+1 -

—1=t2, e®dx=2tdt, 21| 2+t

= 2arctgt + C = 2arctgy/e® — 1+ C. >
fArmo u i v — HenepepBHO AU epeHIliioBH] hYHKIIT, TO TPaBUIb-
Ha Taka (HOopMysIa IHTErpyBaHHS YACTHHAMMN:

/udv =y — /vdu.
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3a JI01OMOrOI0 L€l popMyIIH BHAXOIKEHHS IHTErpaa [ udv 3B0-
IUTHCS 10 3HAXOJpKeHHs 1HTerpaa [ vdu. Ii sacrocyBanHst moIiIbHE
y BUNAJKY, KOJIM OCTAHHIK iHTerpas abo npocrimuii 3a BUXigHuii, abo
noai6uu#t 710 Hporo. Ilpw npomy 3a u Geperhbecss Taka PYHKIIA, sdKa
npu AuEPeHIiOBAHHI CIIPOIIYEThCS, a 38 dv — Ta YaCTUHA MiJiHTe-
FPaJIbHOTO BUPa3y, IHTErpaJs Bijl AKol BiloMui abo Horo MOXKHA, JIEFKO
3HalTH.

Hanpuxnan, 1asg iHTErpadiB BUTIAILY
[ P(z)e**dz, [P(z)sinazdz, [ P(z)cosazdz, ne P — MHOroues,
3a u Tpeba Oparu P, a 3a dv — BignosigHo Bupasu e**dz, sinazdz,
cos axdr; mis inrerpanis surany [ P(z)Inzdz, [ P(x)arcsinzdr,

. [ P(z)arcctgzdz 3a u GepyTs Bignosigno dbyukuii Inz, arcsinz,...,

arcctge, a 3a dv — Bupaz P(x)dx.

Npukaan 4. 3uaiity inrerpan I = [ zsin zdz.

< CKOPUCTABITHUCH PABUJIOM 1HTErDYBAHHS YACTUHAMU, JICTAHEMO

= dv = si dx,
= —zcosx +sinz + C. >
pukaaz 5. 3uaiitu inrerpan [ = [ arctgedz.
u = arctgr, dv =dz, 2
< Maemo I = dzg ’ ’ :marctga:——le—‘Zl:
du=7%, v==z 14w
1+z2?
= zarctgr — 2 In(1 + %) + C. »
Npukaas 6. 3uaiity inrerpan I = [ e cosbadz.
< IIpoinTerpyBaBIiiy ABa pa3u YaCTHHAMU, OJIEPKYEMO
u = e**, dv = cosbzdx, | . .
T= du — aede. o — sinbe =+e"sinbr — & [ € sinbadr =

b

_ u=e®**, dv=sinbzdz,|_ 1 _az . _a_ " a oz B
= | duaeeeta, vecoste | = 5€"" sinbz — 5 (=G cosbr + & [e* cosbrdr) =

. 2 -
= %e‘“’ sinbx + b%e‘”“’ cosbx — ¢z 1, 3BiIKK 3HAXOMMMO, IO

J — @acos Zgi—ll;sin be e 1+ O >
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Bopasu

. Buxopucropytoun dhopMmysy saMimu 3MIHHOI, 3HAlTH iHTe-

Ipa:
1) [sin $dz; 2) fm@,w' [ V5 —6zdz; 4) [tgzdz;5) [e™® ,
) f\/g il fxm [ £2de . 9) [ VI cosZa- coststxdx;

\/W
f?’x 4d D [ \/T (nincranoska r = 1); 12) 1"f§2;
fa:QeZ‘” +1dx, 14 ) [ e sinzdz; 15) fml/%

02. 3acTOCOBYIOUH IHTErPYBAHHS YaCTUHAMY, 3HAHTH IHTErpa:
1) [ ze**dz; 2) fxg cos zdzx; 3) fexsinxdx' 4) f(lnx)de 5) [ zde .

. sin? z*
6) [ %; ) [ % 8) [zarctgzdz; 9) [cos(lnz)dz;

10) [z27%dz; 11) [In(2? + 1)dz; 12) [zIn1tLdz.
03. 3uaiiTi iHTErpaj, 3aCTOCOBYIOYM CIOYATKY 3aMiHY 3MIHHOT,
a MOTIM IHTerpyBaHHS JaCTHHAMMU:

1) [evede; 2) [sin {zdz; 3) f%gﬁd 4) [z Inzdz;

5 [ a\r;;i_ifda:; 6) [arctgy/2z — 1dz.
C1. 3uaiitu inrerpam: 1) fsn\l/i_d 2) f%dw;

In{t
farcsm\/_d 4) fm/xdfﬁ f\/1+€x; f m:gfi)rd

JlomaritHe 3aBIaHHA

,Z[l Buaiitu inTerpan: 1) [ e *%dz; 2) f\/g 5 3) J 515(;8(:20xé‘,rdx

sinxdr . br—2 . eTdy .
f (1 5) j]V1+2amx 2+4d$ 7) Lf$V531T= 8) 2 few:
farli z-dr; 10) f a:QZiUza:lesdx'

2. BHaHTH inrerpai: 1) [ 2Zdz; 2) [ arcsinzdz;
3) [In(2® 4+ 1)dz; 4) [ 24 5) [sin(lnz)dz; 6) [ z(arctgs)?dr;

cos?

7) fa;?)i)da:; 8) f@dw; 9) [(2? =2z +3) cos zdz; 10) f%dm;
11) [eVZdz; 12) [sin/zdz.
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Bigmosimi

01.1) 2c0s§+0' 2) Lttghr+C; 3) —%(5—61:)%—1—6' 4) —In|cosz|+C;

5) —%e’z +C;6) L armm\/——Q—C 7) ln‘%‘—l—c 8) 2(:/(e* +1)3 —

Vver + 1)+, 9) 2(14-cos? ar:) (3—2cos? 2)+C; 10) "ln( —4)—In m‘+(]
11) YL L 0;12) Lin(1+2%) + C; 13) Le2° 1 4 05 14) e~ 57 4O 15)

2(- 2+lnx)\/l+lnm+C 02.1) 1 2gﬁ(m——)—l—C 2)m sinz + 2z cosx —
2Sln$+C 3) 1 (smx—cosx)—i—C 4) z((In|z| - 1)+ 1)+ C; 5) —zctgz +
In|sinz|+ C; 6) 21+ zarcsinz + 41— 2+ C; 7) —%(sm - +ctgm)+C
8) iaretgw———!—C 9) 2 (sm(lnm)+cos(lnm))+€ 10) =22+l 4 0 11)
zln(z? +1) - 2z + 2arctgr + C; 12) z— 152 In 2 1. 0. 03.1) 2eV7 (VT —
1)+C;2) 3((2— V/a?) cos §/z+2 Yxsin {x)+C; 3) zarctgz — 5 In(1+z%) —
5(arctge)? + C; 4) 2?3 (ln|x|—§)+0; 5) 4v2+1x—-2v2 -z arcsin § +
C: 6) zarctg/2x — 1 — ¥22=L + . C1. 1) —3cos {/z + C; 2) +(2Inz +
5%+ C; 3) (\/_ — /1= arcsin /z) + C (migcranoska arcsin/z = t);
4) larctg¥r—% + ( (migcranoska Va2 —a? = t); 5) In \/—V}j::ﬁ + C; 6)
Ln® tgm—}—C. A1.1) —te 3¢+ (C;2) —/3-22+C;3) In | sin2z | +C; 4)
2eV=+C;5) =1+ 2cosz+C; 6) 3 In(z2+4)—arctgZ +C; 7) In | 1+\/T|
+C (migcranoska \/x2 +1= t)- 8) In(2 + €%) + C; 9) 1 arctg® z + C; 10)
In(z? — 2z + 5) + Larctg &L + C. 2. 1) —% + C; 2) zarcsinz +
V1—224C;3) zln(z? +1) 2m+2arctgw+0; 4) ztgr+1In| cosx | +C; 5)

2(sinlnz — coslnz) + C; 6) & H (arctgz)? + zarctgr + 2 In(1 + 22) + C; 7)
Inzg(mln?)— 1)+ C; 8) (ln(lnx) —)Inz+C;9) (2% — 22+ 1) sinz + 2(x —
1) cosz+C; 10) 2y/z arctg /z —In(14+2)+C; 11) 3e V# (Va2 -2z +2)+C;
12) 2sin/z — 2\/zcos/z + C.
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Tema 20. InTerpyBaHHI OCHOBHUX KJACIB
ejileMeHTapHUX pyHKITiH

1. IarerpyBanud paiioHaJbHUX Ap06iB. [HTErpyBanHs 10-
1 i Pr(z) _ am 2M+-+aiztag e
BIILHOTO PaliOHAIEHONO Jipoby Qule) = b oribiatb 3 AHCHIME
kKoedilieHTaMy B 3araJbHOMY BHUIIQJIKY TPOBOIUTHLCS TAKUM YHUHOM.
1) dxmo m > n, Tobro mpi6 Z—m HeMpPaBUILHUI, TO CJIJT CIIOYATKY
n

BUJIATH LTy YACTUHY, TOJABIIN HOTO ¥ BUTVILIL
P () P ()

ne Ry, 1 P. — mHOrownenu cremnediB m — n > 0 1 r BIAIIOBIIHO,
IpUYIOMy T < 1, TO6TO Api6 L = NPABAILHIHA.

2) dx Bumusae 3 Qopmysu (1), oneparis BUAIIEHHS LLIOT Ya-
CTWHW 3BOJUTDL iHTErpyBaHHs JOBLIBHOTO PaIiOHAJBHOTO Hpoby 110
iHTerpyBaHHsS MHOI'OUJIEHA | TPABUIBHOTO PAIliOHAJIBHOTO Jpody.

InTerpyBanasa NTPAaBUIBHOTO PAIIOHAJILHOTO Ipo0yY 5:1 ,r < n,3a
JIOTIOMOT'OK0 PO3KJIAJy B CyMy Ha#mpocTimux npobis 3BOAUTHCS J0
imTerpyBants ApobiB BUMIALY —“— , (x—Aa)’c ; IQBf;E(iq ; (xQza]j)—;fq)l . e
{k,1} C{2,3,..}; A,B,C,a,p,q — craui, mpmaomy p? — 4q < 0.

JLast Toro, mo6 mofaTe TpaBUIbHUY PaIliOHAIBHU Jpi6 5:1 y BU-
ISl CyMu HafimpocTimmx ApobiB, crodarky Tpeba POo3KJIACTH 3Ha-
MEHHVK JIpoby (), HA TTPOCTI MHOKHHUKH, TOOTO TIOJATH ¥ BUATJISIT

Qu(z) = (z —a)f - (@ +pz + ),
ne p? — 4q < 0, a I0TIM 3aIIHCATH PO3KJIAL,

= Rymn(z) + z € D(Qn), (1)

Pla) _ A 5 )
T T T o Ty
Bz + Cy Box + C» L Bz+C o
(@ +pr+q) (2% +pr+g)! 22 +pz + g

Koediuientn A;, B; i C; y po3kaai (2) BU3HAYAOTHCH IPHPIBHIO-
BAHHAM KOeMpINIEHTIB MpU OLHAKOBUX CTEIEHAX £ y MHOTOUneHa P,
i MHOTOUJIEHA, STIKUIT OJIEPKYETHCST B YHCEIBHUKY MPAaBOl dacTHHU (2)
HiC/Is 3BEJeHHA 11 10 CIILIBHOTO 3HaMeHHUKA (MeTOo/] HEBUBHAYEHUX
koedirienTin).
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HpI/IK.]'Ia,I[ 1. Buaiitu inrerpan I = [ 925

< pi6 m € TPaBUJBbHUM, HOTO PO3KJIa I HA CYMYy HAKIpPOCTIIINX

IpOBIB MAE BULIA), ——5—— g = A_21 + A2 4 % + GztD
z2 (z—1) (z2+z+1) z T z—1 z24z+1

3BOAYM TPABY YACTUHY JI0 CIHLIBHONO 3HAMEHHUKA 1 MPUPIBHIOIOYY YH-
CeNbHUKHU, OiCTAEMO
1=Ai(z - D)@ +z+ D)+ Asx(z - D)(?+z+1)+ Bz (2> +z+1) +
+(Cz + D) 2% (z —1).

3BifcH, IPUPIBHIOIOYN KOSDIIIEHTH Npu ONHAKOBUX CTENEHAX X, OIep-
KYEMO:

2 | 0=4 +B+D-C, B- %,c: -1
22 | 0=B-D, D:%.
1‘1 (]:_AQ:
1‘0 1:—A1,
Orxe,
1 _ 1+1 1 1 z—1
x5 —z2 2z 3 x—-1 3 a224z+1’
a TOMY
T:—f +1 dxl L —zﬁ_xil de=1+1Inlz—1]-1% 3@11 dx+
+1
f2+w+1 3 z2+z+1

_;+l 1n|$_1|_6 fMl+1 f%:
(++2) +(#)

=ltllmz-1-%hn@E@+2+1)+ \/Lgarctg%%1 +C. >

2.IHTerpyBaHHsI TPUTOHOMETPUIHUX (PYHKIIII.

a) Inrerpanu BurssgmLy f sin™x cos™x dr .

dAximo mpuHaiMHL ofHe 3 uncea m abo n — HemapHe J0aTHe IIije
YHUCJI0, TO BiAMENIIOYA BiJT HETTAPHONO CTEeeHsT OJJUH MHOXKHUK i BU-
PaXKAIOYH 34 10TOMOT0I0 popMy.n sin? £4cos? 2 = 1 mapHuit cTemin,,
AKUM 3aIUANIABCA, 9epe3 Apyry (byHKINIo TPUXOIUMO 10 TaOJIUIHOrO
IHTErpaJa.

D=

03

o _ sin® z dz

pukaas 2. 3uaiitu [ = [ TR
1—cos’z

aMaemo T = [ S022 g dp = — CE L deosz =
f Veosw f cos® z,
_1 9
=— [cosTsx dcosz + [coss x dcosz = —3LB2L 4 5“‘)1545 2+ C =

= —% Veost z + % Veosltz +C. >

Aximo » m 1 n — napHi HeBia eMH] I 9HCIa, TO CTEeIleHl 3HHKY-
IOTELCS 38 JTOIIOMOTOI0 MIEPEXOAY [0 HOABINHOrO apryMenTy 3a (hopMmy-
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JIAMM:

9 1+4+cos2z . o 1—cos2z . .
cos" T =——"——, sin g =————, sinz cosT =7 sin 2z.

Npukaas 3. 3uaiity interpan [ = | sin®x cos? x dx
a Ockinbku sin' z cos? 2 = (sinz cosz)? sin® z = L sin® 2z(1—cos 2z) =
l—cosdx sin® 2z cos 2z TO

— 1 29, _ L 2 _
=g sin” 2z — g sin” 2z cos2r = L 16 <
_ _l : _ 1 _ sindxy _
=& [(1—cosdx) dz [ sin® 2z cos2z dwg— 7 (z — o822

L 2% sinday 1
(x T0) — 35 sin"2x 4+ C. v

[sin®2z dsin2z = L
6) Inrerpanu Burnsagy [ sinmzcosnzdz, [ cosnzcosmzdr,
[sinmz sinnzdr. s ob4aucienHs IHTErpaiB JJaHOrO BANISLY 3a-

CTOCOBYIOTH TPUTOHOMETPUUHI (HDOPMYIIH:

cosacos B = % (cos(a — B) + cos(a + fB));
sinasin g = 3 (cos(a — B) — cos(a + f));
sinacos B = 3 (sin(a — B) + sin(a + B)).

Ilpukiazm 4. 3uaiitu [ = f cosbx cos Tx dr.
+(cos 2z + cos 12z) ‘:

< Maemo I = ‘cos Sz cosTx =
Lsin2z + & sinl2z +C. »

1 [cos2zdr+1 [cosl2zdr =1
B) Interpasu surasany [ R(sinz, cosz) dz , ne R — panioHans-

Ha QYHKITIS JIBOX 3MIHHUX, 3BOJSATHCH JI0 IHTErPaIiB BiJl pallioHaJbHOI
yHKIil HOBOro aprymenTa t mijicranoskoio tgs = t . Ilpu mpomy

BHUKOPHUCTOBYIOTHCSI (hOPMYJIH
: _ 2t _ 1-#2 _ 2dt
sinz = {7, COST = 157, d:;: =1
T

HpI/IK.]'Ia,Z[ 5. 3uaiitu iHTeraJI I= f dcosz13sinzt5 "
dt

< IToknanemo tgZ =¢. Toni T = 2
rH\ gz ;L f (4 1—t§+3 2t2+5)(1+t2)
+t +t
ft2+6t+9 = 2f t+3)2 = _t+_3+c_ tg3+3 +3 +C >
dAximo i IHTErpaJioM Sinz ¢ €08z MICTAThCS TLILKU B IMapHUX
CTETEHSX, TO 3PYYHIIIe BUKOPUCTOBYBATH MiJICTAHOBKY tgx =t

3. IHTerpyBaHHd JAedKUX ipparioHaIbHUX (1)yHKU,lI/I.

mi
a) Imrerpasmu puraany [ Rz, (Ziiﬁ}) R ((cl:fis) ) dz,

ne R — panionaJsibHa bYHKIS CBOIX apryMeHTIB T, Y, ..., U; M1, Ny,
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. My, Np — LI 9HCT8, O0YACTIOITHCS 38 JOIOMOI0I0 MiACTAHOBKHI

Zg‘fig = 1%, ne s — CHlILHUI 3HAMEHHUK Ipo0iB 7}—11, R %f‘
HTH — [ Vmdz
Hpuxmaz 6. 3uaiitu inrerpan [ = [ =5,
< Maemo
S =t, 5 2 6t° dt t> dt (#*+1)—1
T= e de = 6t°dt|= [ Gty = 6 [Ll=6 [t td=

—6fdt—6fm—6t—6arctgt+C:6\‘V_—Garctg\%?wLC.v

6) 3naxonxkenns inrerpanis Tuny [ R(z, Vaz? + bz + ¢) dz,
ne R — panionasbua QyHKINS IBOX 3MIHHAX, TPOBOIUTHCS 38 JIOTIOMO-
TOI0 TPUTOHOMETPUIHNUX THACTAHOBOK TAKWM YHHOM. 3a JOTIOMOTOTO
BUILJIEHHS HOBHOFO KBQJIpaTa B KBaIPATHOMY TPWYJIEHI 1 HACTYITHOL
3aMiHul U = m+ - BUXiHul 1HTerpaﬂ 3BOJINTHCA JI0 iHTErpaJIa OJHOTO
3 rakux Tpox tumis: 1) [ R(u, Va? — u?)du; 2) [ R(u, vVa? + u?)du;
3) [ R(u, Vu? — a?)du. Ocransi inTerpamm 3a ILOHOMOFOIO Hi/ICTaHOB-

K¥ Biamosigao: 1) u = asint, 2) u = atgt, 3) u = 3BOJATLCS JIO

smt
inrerpana sursiny [ R(sint, cost) dt.
Npukaas 7. 3uaiity inrerpan [ = | —V‘ILIQ dx.
x = asint, Va2—a?sin?t ay/1-sin?t sm2t
dMaemo I'=| o " =[¥Y"————acostdt = [ V7

X costdt = a [ < tdt—afl Sin g — g [ L

sint sint

+acost+C = aln‘t

—a [sintdt = aln|tgk|+

+a cos(arcsin §) + C. >

sint
arcsin £

Bopasu

O1. 3uaiiTu iHTErpaT:
1) [ 7@,;);;,3)@- 2) [ &P dn;3) [ 4) [ 25) [y
6) [ ri:  7) [ B de.

02. 3uaiiTu iHTErpaT:

1) [(14+2cosz)?dz; 2) [sin'zcos' zdx; 3) [ cos” zdx; 4) [ ig;fd:c
5) [sin3zcoszdr; 6) [sinlOzsinlbzdz; 7) ~do

3—2sinxz+cosx i

8) [sin®zdz; 9) [sin®xcoszdz.

03. Bnafitu inrerpar: 1) [ %dw; 2) [ ﬁ
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z2d . s . \/7
) [ \/ﬁ 4) [ T dT; 5) [ V3 + 2z — 2%dz.
1

O4. Jyst byskuii f(r) = g—5.57 3Halitu Ty nepsicuy F, ska
3a/10B0IbHSIE ymMoBy F'(0) = —1.

C1. 3uafitu iHTErpas: ) [5 227 e tldr; 2) f ((xxllg)df:

3) J (xj&n \ iﬁdw 4) f%dﬁv; 5) fsm zdx; 6) 2+‘é’fnx;
cx \/_ . T . .

7) [ 8) [ L dy; 9) [ sin? 2ada; 10) | e

JlomaritHe 3aB/IaHHSA

H1. 3uaititu inrerpan: 1) [ %dx; 2) [ mgfgz 3) ;fidft;;

5430245247 2dr . do . 2043
) [ 5) [ 2553 0) [ s 1) sl
2. 3uaiiTu iHTErpaJI:
1) [(1 —sin2x)%dz; 2) [sin?zcos zdz; 3) [sin?xcos® zdz;
4y cos® wde 5) [sin3zsinbzdz; 6) [ sinzsin2zsin3zdz.

,ZLSS.IHBEaﬁTH inTerpadt:
224 — 22da;
4) fﬁdx 5) [ %\/Stdw; 6) [ ode: 7) [ E—da.

x dr . dx .
D I mtm? | gamm® J

Bigmosimi

T— z2 z—1)8 z‘z
01D WS D § 4 e 405 ) o s

ﬁgarctg%—{—C 4) —%—#arctg\/i_—{—C: 5) 1ln 2+2—{—C’ 6) 3 iin

C; 7) In|2? — 4] — ln‘;ri +C.02.1) 3x+4s1nx+s1n2x+0 2) & —

sin4x | sin8x 5 1 .
s + n8r + C;3) sinz—sin® 242 sin®z—1 sin Tr4+C;4) oy Teosz+C;

5) — & (cosdx+2cos2z)+C; 6) — %+s“‘5”+0, 7) arctg(tg——l)—l—C;
8) l81n23: — &sindz + C; 9) Sm L+ C.03. 1) 2B +1)2 + C;

1

2) 6(= — £+f—1n( +f))+c 3)\/(—;72)+C:4) — aBx

w+2‘+

x (cos(arcsin £) — W) + C; 5) 2arcsin 251 — le=lvsize—s? VBt2e—a? |~
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04. F(z) = Larctg(2tg%) — 1. C1. 1) 2> — Inlz| + £ In|2® — 1| + C;

2) 1n|x+3|+m+0 3) %4<x+1) +C; 4) — 2142z -2 +

5arcsin’”—\7§1+0; 5) gx—i sin 2z + 55 sin 4z + C; 6) =2 5 arctg gi/z—H +C;

7) 222 + 6z —barctg Yz + C; 8) z + 4V +z +2ln|VT+z — 1| + C;

N _ - Cz°(z

9) £ L sinde + 0 10) ji=n =VEZ L0 1L 1) W Cnlel,
2

2) 2L %i—;i% — 4\1/—amctgm\'/*'—1 +C; 3+ 11n|’”_2 — arctgy + C

4) gz +3m+3ln(m +2)+ Jsarctg £+ C; 5) 2+ 3 In [z=3]— § In |a—1|+C6)
% w+3 +C; ) In|z—2|+Injz—5|+C. O2. 1) +cos2zx — 51“84’3-5-0;
z; ]lx_6 _ 51114:1: 4 Sin” 2z sm 21 +C 3) sm3z _ sm z +C, 4) _ .1 —SIHZL’+C;

s

TS n2x——s1n8x+C 6) 24cos6m— = cosdr — §cos2z + C. JI3.
1) 2z 2\/23: +1-3)+C32) ;7210 3) 2arcsin§—%sin(4 arcsin 2)+C;
) In

‘— 2arctgy/z + C; 5) In \/—ﬁ:\/—ﬁ — 2arctg iﬁ +C; 6)

T — 2\/_+21n(\/_+1)+0,7) 82—z +:/(2-2P -2 /2-z)5+C.
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Tema 21. Buznaueununit iHTerpasa i merogu itoro
obuncisiennsa. HesnacHi iHTerpaau

Hexaii [ - dyuKiig, gxa HemepepBHa HA BiAPI3KY [a;b], 1e a < b,

i F' — nesixa 17 nepsicHa Ha [a; b], Tobro F'(z) = f(z), x € [a;b]. Ilin
b

BusHadenuM interpaioMm [ f(z)dz Bin dymkuii f mo Bimpisky [a;b]

a
po3yMieMo Bianosinnuit mpupict i1 nepsicuol F'(b) — F(a), To6To

/ f(z)dz = F(b) - F(a), (1)

abo

b
/f(x)dx = F(1) :

®opmyna (1) masusaerhest popmysioro Herorona — JleiiGHi-
na. Yucaa ¢ i b Ha3MBAOTL BIAIOBIAHO HUXKHBOIO 1 BEPXHBOIO MEXKEIO
iHTErpyBaHHS.

OCHOBHi BJIACTUBOCTI BU3HAYEHOI'0 iHTerpaJa:

ff dx——ff a < b; .Ff(x)dx:O;

c

2)ff(x)dx=ff<x>dx+ff<x>dx, <e<b

a

o

)f(Af( )+ Byg(z )da:—Aff d:E—i—beg(x)dx

ne Al B IOBUIBHI CTaJII;
4) sxmo m < f(z) < M ua [a;b], To

b

m(b— a) < /f(a:)dx < M(b—a).

a
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3amina 3MiHHOT y BU3HAYEHOMY iHTerpaJsi. SIKmo (hyHkiris
[ HemepepsHa Ha [a;b], a dynkuis £ = @(t) HenepepBHO AudeEpeHTH-
fioBua Ha [o; 8], mpuuomy a = p(a),b = ¢(f5), To

b B
/ f(@)ds = / Flet)g (Bt (2)

IHTerpyBaHHsa YacTUHAMMU. K0 QYHKINT 4, ¥ Ta IXHI T0XigH]
u’ 1 o' menepeprui Ha BiAPIsKY [a;b], TO

b b

/ udv = uv Z— / vdu. (3)

a a

1
Mpukaas 1. O6uncaury inrverpan I = [(22° + 1)dz.
0
4 3rigHo 3 BASCTUBOCTAME BH3HAUEHOTO iHTerpaIa

1 1 1 1
I:20fx3dx+0fdx:2ﬁ—4O—i—x‘O:Z(}I—%)—i—(l—O):%+1:%.[>

i

b
Npukaas 2. 3naiity interpan [ = | sin® x cos xdz.
0

%: (sin%)3 _ sing _
o 3 3
1 @
IIpukgaan 3. 3uaiity inrerpan [ = [ { +e‘§§.
0

< Cxopucraemocst (bopMyIor0 3aMiay 3minHoT (2):

+3
sin” z
. D

ol

z
<4 Maemo [ = fsinzxdsinm:
0

I— e* =t,x =Int, x|(] 1 _j tdt _j, at
| dz =4, t|1 e | Js T P
€
= arctgt| = arctge — arctgl = arctge — §. >
1

0
Mpukaas 4. O6uncaury inrverpan I = [ xe?® dx.
S

< 3a gonomoro Gopmyad (3) oaepKyeMo, I0:
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u=2x,dv=e> dz

I= 1 2z

170 on
= -5 e’ dr =
du=dz,v=75e 2f—1

1 1 1 _ 3-=¢®
T T AT e T e P

672 _ 2z

=1.0e?0—(-1) e

1 1

2 1

Buiue npu o3nadeni inrerpana | b f{z) dz mu npunyckasu, mo:

. . . a . . ’ )

a) IPOMIZKOK inTerpyBanns [a; b] ckinuenuuii; 6) niainrerpansua bys-

Kiis [ BU3HaueHa 1 HenepepsHa Ha [a; b]. Takwit inrerpan wacTo Hazu-
BalOTh BJIACHUM.

AXIo K TOpyIUIyeThCsd MPUHANMHI OJHA 3 IIUX YMOB, TO CHMBOJI
b
[ f(z)dz nasuators HeBAaCHUM iHTErpasom. 3’sCyeMO 3MICT 1[BO-
a

TO TIOHSITTS JIJTsT IBOX HANUTPOCTIIIMX BUIIAIKIB.
IuTerpanu 3 HeCKiIHUEHHUMU MeyKaMu. AKIIo yukiis f we-
nepepsHa 1pu ¢ < < 400, TO 3a O3HAYCHHAM

b— 400

+oc b
/ F(x)dz = Tim / () da. (4)

Axkmo icHye CKiHYeHHA TPaHUIS B TpaBiit gacTuri (4), TO HEBJIACHWI
iHTerpal HasHBaEThLC 30I2KHUM, SIKINO XK I TPAHUIS He icHye abo
HECKIHYEeHHA, — PO30iKHUM.

Apanoriuno 03HavYaeTLe IHTErpall

fh f(z)dz = agr_noofhf(x)dx
Ta IHTErpaJ o '
oc c b
+f f(z)dz = al}r_nooff(x)dx + biigl [ f(z)dz, c€ (asb).

Iurerpanu Big HeoOMexkenux yHKMIf. fAxmo dyukmia f
HenepepsHa pu a < - < b1 f(b) = 00, TO 3a O3HAUECHHAM

b—p

b
/ fla)de= lim | [(z)ds. (5)

=040
a

dxmo icHye cKiHueHHA TpaHWIs B mpasiit gactuni dopmynun (5),
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TO HEBJIACHUI IHTErpa HA3HUBAETLCA 30IXKHMM, AKINO K 1151 TPAHMAIIS

He icaye abo HeCKiHYEeHHA, TO — PO3GIXKHUM.
AHasoriuHo BU3HAYAETHCST HeBJIACHUH iHTerpas upu f(a)

VY Bunagky, Koau ¢ € (a;b) — Tourka pospusy 1 f(c) = 00, TO

/bf(x) de = lim C/_Mf(x) dx+ygg%/bf(x) de.  (6)

= Q.

=040
c+v

+oc
Npukaas 5. O6uwncaury inrerpan [ = [ 1% > a0 OBECTH HOTo po3-
—0

Gi2KHICTB.
< Ockinbky migiaTerpanabua QYHKIA TapHa, TO

o0 b b
I1=2 dz _ — 9 lim 4z — 9 lim arct x‘ =2 lim (arctgb—
‘(( 1422 b—>+ooof 1422 b—+oo & 0 b—>+oo( &

—arctg0) = QbLiinoo arctgh=2 5 = 7. >

1
pukaas 6. O6uucanry inrerpan | = | dTJU abo gosecTu Horo posoi-
0

KHICTh.
< Maemo 3rigHo 3 O3HAYCHHAM
1 1
T= lim [9 = lim Inz| = lim (Inl-Inv)=— lim Inv= +oo,
v—=040;, 7 v—0+0 v v—0+0 v—0+0

TOOTO JaHMI iHTErpas po3diraeTbes. >

Bopasu

O1. Obuuciurr inTerpas:

2 1 1 3
d de__. 1+tg?
1) lf(g:2_|_#)dx 2)0f o 3)0f xf+1= 4) Imgx—’)gdx
7
Fd ; z 2 d
5) {H\/;a:ﬁ; 6) Ofln(x—i—l)dx 7) Ofa: coszdz; 8) [
1 I bl 4
Zmd 3 d 1+\/§
9) Ofﬁeg 10) Oftg zdr; 11) lfcgssi_gi 12)[ Y da
6



EIRN I f

13) L 14) [ arctgzdz; 15) “_dz; 16)
) zlnz Of 5 1+v/z (1/2)8 \/_(1+\/_)
In5 1 2 /4 /2

17) [ ze~®dz; 18) [ 24 . 19) [ RUSVER D) f e?® cos zdx.
0 0

213242

7

0
02. Obuucauru inTerpan abo BCTAHOBUTH HOTO p0361)KH1CTI>

“+o00 o0 “+o00o “+o00o “+o00o

dzx

lfd_g; 2) fd—m; 3 we® dz; 4) {x% o) | e

&l»—*

+o0 toad 2 e d 2 1
arctgrar (U CC X . .
1f ]f fx = 9) Oflnx dz; 10) of
’ d 2 d
C1. O6uncimrr iHTErpas: 1) 1f(1+\%)2; lf imi :

o221

3 2 1 \/5 2 n
f 224207 —a =1 g ) Ofxel’ dz; 5) [ cos? Ldz;
—7

xr

f V3 — 2z — z?dz, (nigcranoska x + 1 = 2sint); 7)

€

POl

6 d 2 d 400 3

2f Y o2 2) { (@_1)2 ) 1f P! dx;
+f T sinxdz; 5) i Zpde , 6) Tﬁd‘”
5 s R $2+1: / $2+x .

JlomaritHe 3aBIdaHHA

1. Obuwcauru inTerpas:

1 1 % ) .
‘({‘ x:gi’Q 6) -({'ewdil; 7) _0f$COS xrdx 8) g'arclsfmmdx
Iné 0 1
“ver—2 .. d . 2
JQede, 10) fgx/zt,f%—m 1) [ 5eds; 12)
n —
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cos zdzx.

f

C2. O6uucaury inTerpas abo BCTAaHOBUTH HOro po36iKHICTE:

el/edg .

T2



2 1
13) [ Edz; 14) fxarctgxdx; 15
1

6 4
d . dr .
) [ 10 [ A

4 1 e? w/2
17) IIL‘%—’;H 18) fegwe —: 19) fx Inzdx; 20) [ ctgxlnsinzde.
3 0 /6
2. Obuncauru inTerpaa abo BCTAHOBUTH HOro Po3OIXKHICTE:
+oc d +oc d oc +oc dn +oc d
dzx . dx . —z . z xdx
1) 1f a@; 2) 1f 4z 3) Ofe dz; 4) 1f Tiezi 5) Zf (@?+5)’
2
z dx 4 1 dx s ; dx s dx
6) OIWS 7) of COS 32537 8){ OIS_:,; 10) Lm2+21~+2'
Bignosiai
O1. 1) Z;2) 7. 3) In(1+v2); 4) 2553;5) 2—1In2; 6) 2In2 — 1;

7) I —2;8) ln%;Q)%(arctge —1):10) L 1“2 :11) 4—2¢/8; 12) 7;13) In2;
14) & —In2; 15) 2In2 - 1; 16) 3 - gn+6arctg2, 17) 1—Li(n5+ 1);
18) In 2; 19) 2; 20) €2 02. 1) 1; 2) posGiraerses; 3) 55 4) In2; 5) CH

1

6) T + 1n2 7) $;8) 2 ) 2(In2 — 1) 10) p0361Fa€TbCH Cl 1) 2ln$ — 1

2) 1731041 i) § (@ - 1) 5) 35 6) m 7) 5(eF ~1). C2. 1) 62,
2) posbiraerbest; 3) p0361Fa€TbC$I 4) ; )p0361raeTbcs{ 6)1-7. O1.1) &
2) 2:3) 1;4) 21+1n2); 5) 2—2:6) In 2 7) 5—1; 8) mv/2—4; 0) 41

10) 2;11) Z:12) e — y/e; 13) 1n(e+1) 14)7 — 1;15) 2(3—1n 3); 16) 242

17) ln— 18) arctge—5;19) § (56 —2); 20) —%In® 2. J12. 1) posbiraernes;
2) ﬁ, koma i > 1 po361ra€Tb(:51 mpu n < 1; 3) 1; 4) Z; 5) 1; 6) 6;
7) posbiraerbes; 8) 15 9) 3/2; 10) =
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Tema 22. 3acTocyBaHHE BU3HAYEHOTO iHTerpaJa

1. Ilmoma mtockol ¢dirypu. Ilioma dirypu, obmexenol rpa-
dikom nenepepsrol byukuil y = f(z) (f(z) > 0), « € [a;b]. nBOoMa
npssMuMu £ = ¢ 1z = b i Biccro Oz (twroma KpUBOTIHIAHOT Tparerii),
00UNCTIOETBCST 38 (POPMYJIIO0

b
S:/f(x)dx. (1)

Ilnomia dirypu, obmexenol rpadikamu HernepepBHUX (YHKIR

y = filz) iy = folz), fi(z) < fo(z), o € [g;0], 1 nBoMa npammmvm
T = @, T = b, BUBHAYAETHCS 32 POPMYJIOD

b
5 = / (fol) — fu(a))da. (2)

ITpukimam 1. O6uncauru wionty (irypu, obmMeskenol mapabosion
y =2% — 2z i npamow y = 2 — z.

< 3naiigemo abCIUCH TOYOK NEPETUHY JIiHIN, pO3B’sI3aBIIM CUCTEMY PiB-
HAHB

y =z2 -2z,
y=2—nx.

Maemo 72 — 22 = 2 — x; Y
1‘2—1’—2:0,1,’1:—1,1}222. Y= 2 _ 9y
3rigHo 3 Gopmyiorw (2), MaeMo

2
S=[(2—z—2%+2z) dx = 2

21

2 x

= [(24+z-2Ydx= -10

-1 ) y=2-z
:(2m+§—%) _1:4,5(KB.OIL)
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TukoM 3pyuHO BUKOPUCTOBYBaTH hopmMym, aagoridni (1) i (2),
aJie BIIHOCHO 3MIHHOI ¥ (BBazKa4M T PyHKIHIE BT ¥), 30KpeMa,

d
5= / (o) — Fr())dy. 3)

Y dopmysnax (1) — (3) Mexki iHTErpyBaHHS MOXYTH OYyTH 1 HECKIH-
YeHHUMU.

ITpukiazm 2. 3ualitu nnorty dirypu, 06MekeHOl KPUBOIO Y = ;17, Biccio
Oz i npamoro x = 1, 1 Ka JIeXKUTH Ipapiie i€l mpaMol.

T

< IMlykaHa MmI0Ia BUPAXKAETHCS HERITACHUM iHTETrpaioM

b—+oo ) T bstoo x'l1l  botoo
1

iy Fd 1.0 1
S= / = dim [ D= m (D))= m (~zD=1 >
1
2. JloB>kmMHa Ayru KpUBOi. JAKINO IVlajka KpHUBa 3aJlaHa PiB-
nsmnam y = f(x), £ € X, To nopxuna £ 7 gyru, sKa BLANOBILAE
x € [a;b] C X, nopieaioe

L= F V14 f2(x)de,

ne a1 b— abcimcu KiHnis zLny.
dAxmo nyra 3amzana mapaMeTpUIHAMU PiBHAHHAME T = I (f)
y=y(t), «a <t <8, 10

B
C= [/ (@) + (y'(t))2dt.
3/2

ITpukiaanm 3. 3uaiitu JoBXUHY HaniBKybiuHol napaboau y = x
ToukamMn 3 abcnucamu £ = 01 x = 4.

MizK
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Y 3

2 = 2 aMaemo y = z2, ¢ = a3,
! . A
:{,/1+%mda:: 4.2(14 22)3 -
0 7 - 2 (10v10 - 1). »

3. O8’em Tina. fdximo wioma S nepepisy Tijia IIONIMHOK), Tep-
HNEH UK YJIApHOIO 10 oci Oz, € HelepepBHOW (DYHKINEH HA BIJIPI3KY
[a; b], To 06’em Tina obuncIOeTHCS 38 (BOPMYJIOI0

V= be(x)dx

Ao M MaeMo TiIo O6epTaaHH$I, TO S 3HAXOMUTHCS JTOCTATHBO
npocto. Tak, gKIMo KpUBOJIiHIMHA Tpalelis, oOMeXeHa KPUBO y =
= f(z), a < = < b, obepraeThest HaBKoao oci Oz, To S(x) = 7f%(x),
x € [ayb], i

_ﬂ.ff

ITpuknan 4. O6unciutu 06’em Tma yTBOpeHOFO 0bepTaHHAM HABKOJIO

oci Oz birypu, obMeskenol Kpusumm ¥y = 22 1 y = /7.
< 3HalizeMo abCIMCH TOYOK IEPETUHY KPUBUX, PO3B’SA3aBINN CHCTEMY

PiBHSIHL y =1
y =V

Maemo 2% = /z; 21 =0, 12 = 1. VoL
1 1

Toi V =mn Of(\/E)Qda: -7 Of(w2)2 dr =

= fdx—wfx‘%ix- 1 Y=vE
0 z
2|1 51 1 1 3 ol 1 2

— oz 2| _ 1 _ 1 _ 3¢

—7r20 T 0_7r2 T = 35 b

4. PobGora 3minHOl cusau. Pobora swmimmol cunmu f, mo gie
B3710BK oci Oz Ha BIAPIZKY [a, b] BUPAKAETHCST IHTETPAJTOM

Aff

ITpukaan 5. dky pobory Tpe6a BUKOHATH, 1100 PO3TATCHYTH LPYKUHY
Ha 4 cM, AKIO BT HaBaHTaxkeHHs B 1 H Bora posraraerbes Ha 1 cm?

< 3rigno i3 3akonom ['yka, cuina f H, ska po3rarye npyxuHy Ha T M,
popisaoe f(z) = kz. Koediulent nponopiifinocti k 3HaligeMo 3 yMOBH:
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f(0,01) =1 H , rofro k- 0,01 = 1, 3Biaku k = 100. Orxe, f(z) = 100z.

Tomy
0,04 0,04
A= [ 100zdz = 50z%| = 0,08( JIx). >
0 0

5. BukopuctaHHg BU3IHAYEHOTO IHTErpajila B €KOHOMIIII.
PosrsaemMo 3a/1a9y PO 3HAXOXKEHHS KAMITaIy (OCHOBHUX (DOH/IIB)
3a BIJOMMMHM YACTMMU iHBeCTUIIAME. [ yncTuMy inBecTuiisgmu (ka-
MITAOBK/IAJIEHHAME ) PO3YMIIOTL 3araabHi IHBECTHUIIl, 31HCHIOBaH] B
eKOHOMIIIl TTPOTSTOM NMEBHOTO MPOMIZKKY 4acy (Hafiuacrime poky) 6e3
iHBeCTUNii, SKI WAYTHL Ha 3aMiNIeHHs OCHOBHUX hoHAIB (KamiTasy).
OTxe, 38 OMUHAIIIO YACY KaTiTaT 30LIBITYETHCS HA BETUIUHY YHCTHX
IHBECTHIIH.

SIKIIO MO3HAYMTH KalliTaJl, AKUi 3a1eKuTh B gacy ¢, yepes K (),
a gucTi inBectunii — depes I(t), To onmcaHe BUINE MOXKHA 3alUCATH Yy
surtsil I (t) = d[;gt).

Yacro BuHEKaE HEOOXIIHICTE 3HANTH NPUPICT KAMTAIY 3a Iepios
gacy BiZ t; 10 to, To6TO Besmunny AK = K (ts) — K (t1). dxmo cko-

PHUCTATHCST O3HAYEHHSIM BHU3HAUYEHOIO 1HTETpasia, TO JaHy BEJUIHHY
to
MoxkHa nogatu y suranl AK = [ I(t)dt.
t1
ITpukiam 6. Hexail umcti iHBECTHUIIT BUSHAYAIOTHCS (POPMYIION

I(t) = 7000+/t. Tpeba 3HAHTH IPUPICT KAIITaLy 33 TPH POKH.

3 3/2 3
aMaemo AK = K(3) — K(0) = [ 7000v/2dt = 7000 22| =
0 0

3
= 7000 2 - (3%/2 — 03/2) = 7000 - 2 - 3v/3 = 7000 - 2 - /3 ~ 24248, 71 1>

dyukiieio Kob6a-Iyrnaca Ha3uBaeThess BUPOHHUYA (DYHKIIIS,
sIKa OTIHUCYE 3aJIEXKHICTh 0OCATY ¢ BUIYCKY TIPOJIYKIIT Bijl BUTpAT Ka-
MTaay 1 1 BATPAT TPYAOBUX PECYPCIB X2 1 dKa Ma€ BUTVISAN ¢ =
box?m%_a, ne bg > 0 — mapameTp IPOAYKTUBHOCTI KOHKPETHOI TEXHO-
qorii, @ € (0,1) — yacTKa KamiTaay B JOXOI.

AxIo BBAXKATH, IO BATPATH KAINTAAy CTaJl, & BUTPATH TPYIO-
BUX pecypciB 3a1exaTs Bia gacy, To ¢(t) = (at + B)e"t, ne «, B, v —
napaMeTpy 3a/a4i. ¥ 1bOMY BUIAAKY 0OCAT MPOJYKINI, sIKa BUMNYCKa-
€ThesT 3a TPOMiXKOK dacy Bijg t = 0 go t =T, nopiBHIOE
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Q= f(at + B)ertdt.
0

ITpukiazm 7. 3uaiitu obcar mpoaykiiil, Bupobiaenoi (hipMoio 3a 4 poku,
axmo dynxnia Ko6ba-lyraaca q(t) = (1 + t)e®
4

1 4
<Maemo @ = {(1+t)e3tdt = %{ (1+t)de3t = ((1+ 1) 3t| Ofe?’tdt) =

3
= L(5e?—1-be[f) = He - 1= et §) = H(He -3 = Yo -3

~ 2,53 10°. >
Hocmimkyodan KpuBy JIopeHIia — 3a1eXXHICTh BiJICOTKA JIOXO/IiB

Bia BigcoTka Tmx ocif, siki #ioro mMarorh (kpusa OBA), MI MOXKEMO

OTIHUTH Mipy HEPIBHOCTI mpu PO3MOMLAL J0X0iB HaceseHHs. [Tpu

PIBHOMIDHOMY PO3IOMLII JOXOIIB

kpuBa JlopeHia BUPOIKYETHCS 100 (1)%(IBCTRA).. .. ... A

- HaCeJIeHH s
B npamy (Gicexkrpucy OA), Tomy
BijiHOMIEHHS TLTOMN pirypr OAB

Mik GicekTpucoro OA 1 KpuBOTO B

JlopeHria 710 IJIOII TPUKYTHHUKA c o=
L. L. 100 (1)%(JacTKa)

OAC (koedinient xkiHi) 0 A

XapaKTepu3ye Mipy HEPIBHOCTI
B PO3IOJILIT TOXO/IiB Hace/TeHHSs.

IIpukaam 8. Binomo, mo kpuea JIopeHIa BU3HAYAECTHCST PIBHIHHAM

y=1-—+1—2z2, e ¥ — 9acTKa HACENCHHS, Y — YACTKA JOXOJIB HACETCHHS.
O6uncmuTy Koedimient Jxini.
< Ouesngno, koediient JIxini (1uB. pUCYHOK)

_ S _ S _ . _ 1
K= SAOOAABC =1- Szgig 1 —2S0pBAC, OCKITBKA SaoAc = =
1

1
SOBAC’:f(l—\/l—wz)dx:fd.’li—f\/l—$2d:1?_$‘ —f\/l—x2d,r—
) 0
x = sint, dr = costdt

1 zl0 1 T2
=1-[V1—122dr = =1— [ cos®tdt =

0 0

t 10 w/2

w/2 ) -
=1— f 1+C§s2tdt:1_%(t+ s1n22t)0 —1—
0

1/m
2
Tomy K=1-2(1-3)=1-2+5 =2 -1~0,57.



JlocuTh Besivke 3HaueHHsI K BKa3ye Ha Te, M0 JIOXOIU cepes HaceJeHHs
PO3MOALAIOTECA HEPIBHOMIPHO. >

Tlpw 3HaXO/KEHH] €KOHOMIUHOT e(heKTUBHOCT] KaIiTaJI0BK/Ia/IeHb
BYCTPIYAIOTHCI 3318491 AMCKOHTYBAHHS, TOOTO BU3HAYUEHHS ITOYAT-
xoBoI cymu K depes dac t 3a Bigomoroo 17 KiHIEeBOO K; BEINYMHOIO
MpU BiJOMIiM BIACOTKOBIM CTaBII P.

Axmo sigcorku npocri, To Ky = Ko(1+7t), ne r = 55 — maroma
BigicoTkoBa craBka. Toxi Ky = 15; 7- ¥ BUIAJKY CKJIAJHUX BIJCOTKIB
K; = Ko(1 +rt)t i Tomy Ko = w{(iﬁ)t ITpu HemepepBHOMY Hapaxy-

BaHHI BijncoTkiB kinnesa cyma K; = Kge™. dxkmo cyma K; Takox
e dyuxuiero gacy f(f), To IMCKOHTOBaHA CyMa 1O MOMEHTY 4acy t
cknage Ko = f(t)e "

IloBHa juckoHTOBaHA CyMa 3a yac t 0OUNCTHETHCS 338 GOPMYIIOD

K, = ftf(T)e_”dT.
0

IIpukaazm 9. Suaittu auckourosany cymy Ky npu f(t) = Ko(1+kt), ne
Ky — mo4JaTkoBi KamiTaJOBKIAAACHHS, k — IIOpiYHA YacTKa 1X 301IBIITEHH].
Tammavm cioBaMu, TIpy 3aJaHUX BEJMYHHAX p 1 k Tpeda OHNUTH, IO BU-
rigHinre: HAPOUIYBATH KAIiTAJIOBKJIZIEHHS YU BKJACTH 1X OTHOPA30BO IIPHU

BiJICOTKOBIii CTaBIl, KA HAPAXOBYETHCSI HEIIEPEPBHO.
t

t
aMaemo Kq = [ Ko(1+kr)e™""dr = =Kot [(1+kr)de "™ =
0 0

¢
=Ko ((1 +kr)e T~ [ ke”ch) =Ko ((1 + kt)e=kt — 1+
0

+§e*7"r|6>: _% ((1 + kt)e—kt — 1+ ée,” _ é) _

=Ko (2(1+5) - L1+ kt+ E)e ).

3 onepxanol GOPMYJIA MOXKHA 3pOOUTH NIEBHI BUCHOBKH:

1. Yum BUImIA BIiICOTKOBA CTABKA P, a4 OTKE, 1 1, TUM MEHIIA JUCKOHTO-
BaHa cyma K4, TOMY BHIIANA J0XOM, SIKAH OOUWCTIOETHCSA K PISHHIE MiXK
CYMOIO IIIOPITHO 3POCTAIOYUXK KA TAIOBKIIAAEHD 32 ¢ POKiB 1 BemuuanHoio K 4.
Axmo posrnsgaru Kg ik AHCKOHTOBAHUM J0X0I, TO 301LIBIIEHHS BiICOTKO-
BOI CTABKY 3HUKYE PEHTAOE/BHICTE PO3MIIIEHHS KAIIITAY.

2. 30inblIeHHEsT IHTEHCUBHOCT] IMOPIYHUX KalliTaloBKIaJeHb k NpHUBO-
JUTL J10 306inbmenns K.

3. IIpu He3MiHHUX p i k IUCKOHTOBAHMI JOXOI 3pOCTAE 31 301IbITEHHAM
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HPOMIXKKY 9acy * (Klibkocti pokis). >
dxmo f(t) — BeMYMHA HEEPEPBHONO JTOXOJHOIO HMOTOKY, TO 3a-
TaJILHII JOXOM, STKUit OAepKYEThCS 3a IMepio dacy Biat = a go t = b,
b

oGuncoersest 3a popmynown P = [ f(t)dt

a
IMpunyctumo, mo f(t) — BeIUYMHA HEEPEPBHOTO JIOXOAHOTO IO
TOKY, 1 JIOXO/I, IKW# BiJl HHOI'O OTPUMYIOTH, Opa3y K BKJAJIAIOTL 3
BiJICOTKOBOIO CTABKOIO " BIJICOTKIB 1 HElepEPBHUM HApaXyBaHHsIM. 10-
Il BapTicTh depe3 T pOKiB CTaHOBUTHME

PT—ff r(T- tdt—e”Tff e Tidt.

MaitbyTHst BapTiCcTh HeHepepBHOFO ,ILOXOILHOFO TIOTOKY — IIe 3arajib-
Ha CyMa BCIX KOIITIB, sTKi OTPHUMAIOTh BiJl HEIEPEPBHOTO JOXOIHOIO
noToKy (yoxox 1 BijicoTkoBuit npubyTok) depe3 T' pokis.

Bopasu

O1. Obuucanru Hﬂomy d)lepI/I obMeXeHoT JTiHigMu:

1)y:4_$7y_072) a2+y2 _1 3)$y—4$—17$—4y:0a
=0;6)y=ze " y=0,

4) :I;y:6,33+y—7—0; 5) y =
20N y=mmy =5
02. BuafiTy JOBXKUHY YT KPUBOT: 1) y? = 23, mo BigTHHAETHCH
mpamoto z = 5;2) y = In(sinz), 2 <z < Z:3) y=e", 0<z<InT.
03. O6uucauTn 06’eM Tija, YTBOPEHOTO MPU 00EPTAHHI HABKOJIO

BmHOBmHoT oci ¢irypu, oOMeKeHOT KPUBUMHU:
2

1
T+z?>

1) ‘22 — bQ =1, y = £b, naskono oci Oy;

2) y?> =23, 0 < 2 < 7, maskoso oci Oz;

3y = stx 0 <z <27, y=0, vasxoso oci Ox;
4) y = (7 — xi) x > 1, naskoso oci Ox;

5) y=ze %, x>0, HABKOJIO ii ACHMITOTH ;

6) y=—, =2, £ =3 maskono oci Oz.

04 Yueri iHBecTHIIl BH3HAYAIOTHCA 3a dopmysnow I(f) =
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=7000+/t. BuafiTu 3HAUEHHS £, IPH SIKOMY TIPUPICT KaliTasy CKIaje
50000 rpm.

05. 3naiiTn JUCKOHTOBAHUI JOXOMA 38 TPW POKHU IIPH BiICOTKOBIH
crasii 8% I HOYATKOBUX BKJIAJEHHAX B 10 MIIpJL. TpH., AKIINO Tepeida-
4aeThCs 30LIBITYBATH MIOPIYHO KAINTAJOBKJIAJEHHS HA | MADI.TPH.

O6. Buaiity cepenuiit yac, 3aTpadeHnit HA OCBOEHHS OJIHOTO BU-
poby B nepioj oceoenHst BupobHuirrea Bij 100 1o 121 Bupoby, akiio
byHKIII, SKa ONMUCYE 3MIHM 3aTpaT 4dacy Ha BUTOTOBJIEHHS BUPOODY,
Ma€ BUIJIST T = %, Jle © — TOPSIIKOBUiT HOMep BUPODY.

O7. HIBuakocTi 3MiHM BUIATKIB TA [OXOAY MiJNPUEMCTBA IIi-
CJIS TTOYATKy HOTo MIsTBPHOCTI BU3HAYAJUCS BIAOBIIHO (hopMyIaMu:
S'(t) =5+ 2t%/3 1a P'(t) = 17 — t?/3, ge S'1 P muMipioBamcst Mimn-
HoHAMU T'PUBEHD, & t — POKaMHU. BU3HAYNTH, 9K JOBIO MJIPUEMCTBO
6ys0 npubyTKOBUM, Ta 3HANTH 3aranbHuil IpUOYTOK, OJIEPKAHWHE 3a
el Jac.

O8. Binowmo, mo kpuBa JIopeHita BU3HAYAETLCS PIBHAHHAM Y =
= %xz + %x. Suaiitr koedimient JkiHi, a TAKOXK YaCTUHY TTOJATKY,
Ky cm1aayiorh 20% naibiaHimoro naceaenHs.

0O9. Bejmunna HENEPEPBHOTO JOXOMHOIO TIOTOKY BU3HAYAETHCS
dbopmymoro f(t) = 5000e%%4, e ¢ — wac (y pokax). 3HafiTi 3araib-
HUM JOXOJT, STKUH MOXKHA OTPUMATH 3a II'9Th HMEPIINX POKIB pobOTH
TiATPUEMCTBA.

010. Komnanis moBuHHA 00paTH OHY 3 JABOX MOXJIUBUX CTPATE-
riit poseurky: 1) BRIacTu 10 MIH. TpH. ¥ HOBe OOJAJHAHHSA 1 OJep-
KYBaTU 3 MJIH. TPH. IpHOYTKY KOKHOI'O pOKy mporsaroMm 1() pokis;
2) sakynuTd HA 15 MJIH. IPH. JOCKOHAJIIIE 0O THAHHS, fKE IACTh
3MOTY OJIEPXKYBATH H MJIH. I'PH. TPUOYTKY IIOPOKY MPOTATOM 7 POKiB.
Sxy crpaterito po3BuTKy Tpeba obparTr KOMIIAHII, SKIIO MiHIMaIbHA
06JiKoBa mopiuHa cTaBKa cTaHOBATL 10%7

C1. Obuucanru wiotty birypu, oOMeReHOT JIHIsIME:
ef,y=e % r=1; 2 y>=2—-2 1=4
ﬁ,yz%; 4y =20, 22 +y> =41, >0,y > 0.

C2. O6uucauTu JOBKUHY IYTH KPUBOT:

)y=1—Incosz Binz =010 v=F;

)

y:
3)y=
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2) x =elcost,y =e'sint Bint=0m0t=Inm.

C3. O6uucaurn o6’em Tija, yTBOpeHOro mpu obepranHi HaBKOJIO
BiAmOBIIHOT OCi cblrypn obmexxeHol kpusumMu: 1) 3 +y3 = af Hap-
KOJIO oci 5 2) ¢y = 1+7 HABKOJIO 11 ACUMITOTH.

C4. IIsuzkicts pyxy Toukn v = 0, 1te~%92¢ (m/c). Bnaditu misx,
IPOWICHU#H TOYKOO BiJI MOYATKY PyXY J0 MOBHOI 3ynuHKu (v(te) = 0).

C5. JIBi TOYKH PYXAKTHCHA B3JIOBK OJHIET IPSIMOT: TIEPIIa, 31 B I-
kictio vy = 3t2 — 4t(m/c), apyra 3i meuaxicTio ve = 4(t + 3)(m/c).
K10 B TOYATKOBUI MOMEHT BOHU OV Pa30M, TO B STKWiT MOMEHT i
Ha gKiit BigcTanl Bl MOYATKY PyXy BOHH 3HOBY OYJyTb pasom?

C6. Bnaiitn cepenne snavenns surpar K(z) = 322 +4x+1, Bupa-
JKEHUX Y TPOIIOBUX OAWHUIIAX, SIKIIO 0OCAT MPOAYKINl £ 3MIHIOETHCS
Bia 0 mo 3 oguuunb. Bkazaru obcar mpoaykiniil, Tpu IKOMY BUTPaTH
Hal0yBalOTL JIAHOTO CEPENHBOIO 3HAUEHHS.

JlomaritHe 3aBIaHHA

1. Obuucauru wiotnty birypu, o6MeRKeHOT JIHIsIME:
Dy’ =2pz,c=h 2y’ =2 y=8z=03)y=3" y=2—1%
— 1 . — — _ m. — —z?
4)y—m lnx,me(1,6],5)y—tgx,y—0,m—%,G)y—xe z,
y=0,2>0;TYy=€e* y=e
J2. ObuncinTu NOBXKUHY OYTH KPUBOI:

2 oxr=1.

1) y=2Vz3 Big =0 no z=11; 2) x:4ly2 — %lny Bix y=1 mo y=e;
N y=“A"pinz=0m 2 =14 2 = csint, y = e cost,
0<t<T.

3. O6uucaurn 06’eM Tijga, YTBOPEHOTO MU 00EPTAHHI HABKOJIO
BiAmoBigHOI oci dirypu, 06Me>KeH0'1' marigvu: 1) ey =4, 2 =1, 2 =4,
y = 0 maBkoso oci Ox; 2) y?> =z, 22 =y HABKOJIO oci Ox; 3) y =

.’,CS
5 42+ 2, y = 2 HaBKOJIO ocl Oy 4) y = L, y = L mapxosao oci
Ox; 5) y= x3/4, y = x HaBKOJIO oci Ozx.

4. EaekTpomoi3a, mo BUXOAATL 13 3AMIZHUYHOI CTAHINI, 1me 3
npuckopernuam a = f(t), ne t — gac nepebysanHs B 10po3i. Burparn
enekTpoerepril (B kKBT-rof) Ha pyX €JIEKTPOIOI3aa 3a4ar0Thes hop-
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t
mysoto M = [ f(7)dr. OBuucinru BATPATH €JEKTPOEHEPTil BIIPO-
0

JIOBYK TIEPIIHAX TPLOX TOMUH PYXY, Ko f(t) = tet”.

5. dky pobory Tpeba BUKOHATH JJId TOTO, OO TIIO Macud m.
[ /JHSATH 3 TOBEpXHi 3emIi, pazgive sgkol R, na sucory h? YoMy nopis-
HI0€ poboTa, KOJU TiI0 Biagansernes y neckingennicrs? (Bxasziska:

2 . .
ckoprcTaThca tum, mo cana F(z) = mgls, ne x — sigcrans rina
R+-h
Macu m i nenrpa 3emni, a A = [ F(z) dz ).
R

6. IIponyKTHBHICTH IIpalli POOITHUKA BIIPOJOBYK JHS BU3HAYA-
erbes chopmyitoro f(t) = —0,00625¢2 +0,05¢ 40,5 (rp.ox./roxr.), ne t
— gac Bijg nouarky poboru, 0 < t < 8. Bmaiitu dynkmio u(t), t € [0,8],
ska mae obcsr npoaykiil (y BapricHoMy Bupasi) 1 Horo BeqUYHHY 32
pobounii meHsn.

7. BapTicTh nepese3enns O/HIE] TOHHE BAHTAXKY Ha OJIMH KLJIO-
MeTp (Tapud nepesesenHs) 3a/1a€ThCst DYHKINEW f(1) = ;74?2 (rp.om.
J®M). 3HafTU BUTPATH HA [IEPEBE3EHHST OJIHIET TOHHY BAHTAXKY HA Bijl-
cTadb 20 KM.

JI8. Bmafitu cepeyue 3mavenHs surpar K(r) = 622 + 4z + 1,
BI/IpﬁHI/IX y TPHBHIX, SKIIO 00CAT MpoaAyKil z 3MiHoeTbest Bij 0 110
5 ofuHUIb. Brazaru obcsir TpoAyKIil, Ipu SKOMY BUTDaTH HaOyBarOTh
JIAHOTO CEPENHBOIO 3HAYEHHS.

9. Buaiite wac, 3a IR TIIPUEMCTBO OJIEPKUTH MAKCHMATh-
HHﬁTmA6YTOK, i 3Ha#TH TIeit TpUbyTOK, AKIIO TPAHUYHUN JIOXOJ CTa-
HoButh P'(2) = 10 — 2+/x, a rpanuuni surparu — S'(z) = 2 + 2¥x.
Bpazkaerbcs, 110 T BUMipIoeThess pokamu, P i S' — man.rph.

J110. Kpusa Jlopenna Bu3HauaeThes piBHSHHEAM gy = 0, 9452+
+0, 06x. 3uaiitr koedirient JxkiHi, a TaKoXK YaCTHHY IOZATKY, SAKY
cmaaytork 50% HaceTeHHs.

JI11. Hexait f(t) = 5000e%% — pepmumnra mOXOJHOTO MOTOKY,
SKU MaTUMEMO Bix poboTu mimnpueMcrsa. 3HaiiTH MaibyTHIO Bap-
TICTH ILOIO JOXOZHOTO MOTOKY, AKINO PiYHa BiJACOTKOBa CTaBKa — 12%
1 BIICOTKK HApPaXOBYIOTbCS HEMEPEPBHO IIPOTITOM II'SITU POKIB.
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Bigmosimi

O1. 1) £; 2) rba; 3) 8In2; 4) 33 - 61In6; 5) 7 6) 2; 7) T — L. O2.
1) £2;2) In3;3) 4/2+1n w. 03. 1) Sﬂ?)ﬂ; 2) %5; 3) n?; 4) 4

5) 2m; 6) /6. O4. to = (10,71)>/3 ~ 4,86. 0O5. Ky = 30,5 Mapa.rpu.
2

(f(t) =10+ t, r = 0,08) 06. t(jep = 57,2 XB (l‘,cep = ﬁ ft(l’)d.’l)
1

07. 38,4 mymn.rpa. O8. K = 19/60; 4,8%. 09. 27675 rpu. 0O10. P, =
8,964 M.HH rpH.; P = 10,17 mun.rpH. — Apyra crpareris gomiibHima. Cl.
1) e+1-2:2) 8\/_ :3) -1, 4) L (arcsin 2 —arcsin 2)—201In 2. C2.1) 23;
2) \/i(w—l) Cs3. 1) —m3 2) 5 C4. 250 m; C5.2) ¢t = 6c, S = 144m.
C6. K(g)_lﬁ 5—5/3 J1. 1) 24/2phh; 2) 19,2; 3) &;4) 2;5) In2; 6) £
7) L= T2, 1) 74; 2) L(e? +1); 3)6;1;4)f(ﬂ/2 1). ,2[3 1) 127;
2) f’;’f 3) sin] ;4) 227 5) %. A4. (¢° —1)/2 xBr-rox. 5. mgp:, mgR.

6. u(t ff Ydr, u(8) &~ 4,533 rp.ox. A7.10In11 ~ 23,98 rp.ox. 8.

K(¢) =61, E = #— ~ 2,846, 9. g = 8 pokis, 7(xg) = 16 MuH.TpH.
JT10. K = 0,314; 26,5%. JT11. 37 546,648 rpi.
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Tema 23. @yukiii 6araTbox 3MiHHUX: O3HAYEHHH,
TPAHUIA Ta HEMEePEPBHICTH, moxigHi i gudepeHIiaan

Ak BifoMo, Oyb-gKU# YIOPSiIKOBAHUI HADIp 3 N AilicHUX vuces
X1y..., %Ly TO3HAUAETBCS (Z1;...;%n) abo0 M(x1;...;x,) 1 HasuBa-
€TBCST TOYKOI M-BUMIPHOTO apudmerrndnoro mpocropy R™; gucia
%1,...,%T, HA3WBAIOTHCA KoopamHATamMu TOUKH M (x1;...;%,). Bia-
cranb Mix Toukamu M (zq;...;2,) 1 M'(2);. .. 2],) BusHA"TacTHCS 32

dbopmysiown

(M, M) = /(a1 =22+ o+ (am — 2, )2
Hexait D C R™ — 3amama MHOKHHA TOYOK N-BUMIDHOIO apudmMe-
THYIHOTO TIPOCTOPY. AKImo KoxHiMA Touri M(x1;...;z,) € D mocras-
JIEHO Y BLANOBIIHICTE NEBHE IILJIKOM BU3HaueHe aiicue yucio f(M) =
f(x1,...,2,), TO KaKyTh, 110 Ha MHOXKHUHI D 3a/aHa IUCI0BA (DyH-
kmig f: D — R Big n 3MIHHEX X1, ..., %y. MHOXKrHA D Ha3WBaETHCS
obmactio BusHadeHHs, a MHOKuHA B = {u € R |[u = f(M),M € D}
— MHOXKHHOIO 3HaUYEHL PyHKIIT f.
Bokpema, npu n = 2 GyHKIN0O 180X 3MinEUX 2 = f(2,¥y), (1;y) €
D, MoxxHa POSMASIATH 9K (DYHKIIIO TOYOK IJIOIIUHNA B TPUBUMIDHOMY
npocTopi 3 (hikcoBanow cucremor xoopauHar Oryz. I'padikom miel
DYHKIIT HA3MBAETHCST MHOKHUHA TOUIOK
T ={(z,y,2) € R®| 2= f(x,9). (z;9) € D},
FK2a BU3HAYAE, B3ATaJ KayKydH, JedKy IOBEPXHIO B R3.
IIpukaasm 1. 3uaiitu obnacTs Bu3HadYends GYHKUI v = arcsin(x + y).
< @yukuia pusnadena mpu —1 < x4y < 1. Orke, 061a0TH BUIHAYEHHSA
€ MHOXUHOIO TouoK (z;y) € R2, Aka mexxurh Mix npavumu  +y = —1 i
r+y=10p

IIpukaazm 2. Hexait f(z,y)= % Suaiitu f(3; —2),f(y,x),f<1 1).

zty
2_(_9\2 2_
< Maemo: f(3;—2):%=—%; f(y,x):yw

1(&3)= OEORI-EE

r’y L.k zYy

z y
Hexait ¢dyukitis f BusHAYeHa B JEIKOMY OKOJ TOYKH g, MOXKIN-

BO, 3& BUHSITKOM caMmol Touku My. Yucso b Ha3UBAETHCS IPAHUIICIO
dynkuil v = f(M) npu npamysanni Touku M (r1;L2;...;Ty) 10 TO-
uku Moy(ai;a9;...;a,), AKIIO 1s qoBiAbHOTO £ > 0 icHye Take § > 0,
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o 3 ymosu 0 < p(M, My) < § BuruBae
|f($1,$2,,, xn)—b| < E.

IIpu 1bOMY 3aIUCYIOT! b—Mll_g\l/Iof( )= x}%%f(xla ey X))
rn—an

2
ITpukaan 3. 3’acysaru, uu Mae QYHKIISA © = 2 Y IpaHWIe NpU

z—0,y—0.

< Hexaii Touxa M (x; y) npamye 10 rouku Mq(0; 0) POSFJIHHQMO 3MiHY
2 2, .2
iy B310BK TpaMol ¥ = kx. Toxi micTaemo, 1o hm ”“’2 > = lim 2=k 2z —
+y 0 TRz

s

y—>0
. — 2 — 2 - - - -
= hn%] % = % Pesynbrar Mae pi3ui 3HaYEHHS B 3aJI€KHOCTI BiI BU-
r—>
6panoro k, i ToMy (OYHKIIS TpaHUIl HE Mag. >
Oyuxnizs v = f(M) HasuBaeTbCs HEMEPEPBHOIO B TOMII

My, sxwmo: 1) f susnadena B tourni My; 2) icuye lim f(M); 3)
M— Mg

lim M) = f(My).
Jim F(M) = f(0o)
OyHKIIIST HA3MBAETbCS HEMMEPEPBHOIO B 00J1aCTi, SKIIO BOHA He-
mepepBHa B KOXKHIH Touri miel obaacti. Aximo » Toumi My npuHaimMoi
onHa 3 ymMoB 1) — 3) nopynryerbes, To Touka My HA3UBAETHCS TOUKOKO

pospuBy GyHKIIT f.

Ipukaaz 4. 3uaiity TOIKA po3pusy DYHKI 1 = il

20F3y+4°
< DyHKIIiA HE BU3HAYEHA B TOUKAX, B AKUX 3HAMEHHUK JOPiBHIOE HYJIEBI.

Towmy Bei Touku npamol 2z + 3y + 4 = 0 € Toukamu i1 pospusy >

Hexait (2%;...;2%...;2%) — noBinbHo dikcosana Touka 3 obnacti
Bu3HadeHHs1 GyHKIT v = f(z1,...,zy,). Hagapmm 3HaUeHHIO 3MIHHOT
x, npupocry Az, k € {1,...,n}, po3rasHeMo rpaHuIio

0 0 0 0 0 0
lim flag, ..z + Dzg, oo ) — fa7, ..o 2y, ..., 1)
Azp—0 Az .

Ila rpamung (Ko BOHA iCHYE) HA3WBAETHCS YACTUHHOIO IIO-
XigHoo 1-ro nopanky Bin PyHKIIT [ mo 3MIiHHIA Z; B TOYI
(z9;...;20) i mosEaTaeTHCS CMMBOTOM 8‘9—“ abo fy (z9,...,29).

O6UnCIIOIOTHLC JACTHHHI TOXIAHI 3a 3BHYAMHUMHE IPABIIAME 1
dopmynamMu IrhepeHIiioBaHHs, a1e TP IBOMY BCl 3MIHHI, KPiM I,
PO3MIAAAIOTLC K CTAJI.

Ilpwukian 5. 3uaiity vacTurHl noxiaHi GyHKUIl 2z = 92’ —
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< Bpaskaroun y crammu, gicranemo 95 = = 27" ~¥]n2. (2x) = 2z vHlgzin 2.

Baxaioun z crasum, ofiepKuMO 3 —” 2‘"” “¥ln2-(-1) = —22°¥In2. »
YHacTUHHUMHI HOXi,Z[HI/IMI/I 2—1‘0 nop4aaKy Bim (pyHKINT u =
f(x1,...,2,) HA3WBAIOTbCA YACTHHHI MOXiAHI BiA 1T YaCTHHHUX TIO-

XITHUX TepImoro nopsaaky. lloxinul apyroro mopsaky O3HAYAIOTHC i
MTO3HAYAITHCS TAK:

0 Ou 8%u
() = T8 = ornir )

2
9 <8“> __Qu = (@1 Ty @), {kym} C {1, ).

O0xm \ Oxp, 0x1, 0%,

AHaJOMYHO 03HAYAIOTLCA 1 TTO3HAYAIOTHCH YACTHHHI OXIHL 110-
PSLIKY BHIIOTO, HIXK JIPYTHM.

Pesyaprar 6araroxparHoro gudepeHiioBanus GyHKII 10 PI3HUX
3MIHHHX He 3aJI1€KATh Bl YeproBOCTI JMbepeHIoBAHHS 33 YMOBH,

MO OJiep2KaHi MPH MBOMY 3MIiITaHl YacTHHHI MTOXiTHI HeHepepBHl
IMpuknazn 6. 3uaiitn gacTuHHL ;prrl moxigai pyHKHil 2 = 22"y,

a Maemo (npuknazx 5) 22 =27 Pytlzn 2 %f, = 9"y In2,
ILH(bepeHm}o}qu [IOBTOPHO, ,m(:TaHeMo % = 88 (2”” “v+lzin2) =
=27 =¥+1zn2. In2- 2z 4+ 27 ¥+ In2 = 22" v+ 1n 2(22 In 2 + 1);
8‘12% = 8%(2“7 “yHlgin2) = —22" vtlgin? 2
Lo = 2(—2" vIn2)=—2"""VIn2-22-In2 = -2 ¥Hizln’2
Or=2(—2"vIn2)=2"""VIn 2. v

IToBuum mpupocrom ¢yHukuii v = f(z1,...,2,) B TOUN
Mo(x(l);xg;...;xg), KU BIAMOBIMAE TPUPOCTAM apryMeHTiB Aq,
Axo, ..., Az, HA3HBAECTLCS PI3HALS

Au= f(z + Az, 25+ Az, ..., 20 + Axy) — f(29,29,...,20).

n

Oyuxuig v = f(M) nasuBaerbea aucepeHIiiOBHOIO B TOYII]
My, SIKITO CKPI3b B OKOJII €T TOUKM TMOBHUI pupicT MYHKINT MOXHA
MOJIATH Y BUTJIS I

Au = A1 Az + AsAxs + ... + A Az, + 0(p),
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e p = JAZZ+ ..+ Ax2, Ay,..., A, — 4ucTa, He 3aMeXHI Bix
Az, ..., Azy.

Hudepenniamom 1-ro nopanaky du hpyHKuii v = f(r1, zo,
.. .; Tp) HA3UBAETLCA BUDA3

du = A1 Az + AoAxo + ... + A, Az,

Judpepeniiiany Heza e KHUX 3MIHHUX 33 O3HAUEHHSIM OEpyThCs

piBHEME TX TpupocTaM : dx1 = Az, dre = Azs, ..., dz, = Ax,.
Jlast nucbepentiiaga du mpaBuiibHA hopMyJia
ou Ju Ju
du=—dz; + —dxo + ... + —dz,.
oz ! 09 2 or,

Ao p mocraTHRO MaJie, TO A JudepeniitosHol dyHKINT mpa-
BWJIbHA opMyJIa;
Au =~ du

abo
fad4+ Az, 2+ Axy, .. 20 + Azp) =
~ 0 ,.0 0 0 .,.0 0
~ f($1,$2,... 7mn) +df(m1,x2,... 7mn)'
TIpukunasm 7. O6uncauT HAGTIKEHO V/(4,05)2 + (3,07)2.
< [ITykane 3nagenns mogaMo K 3uadenus Gyl f(z,y)=+/22 + 32

npu x =g+ Az, y =yg+ Ay, ne zg =4, yo = 3, Az = 0,05, Ay = 0,07.

Maemo f(4,3) = V42 + 32 =5, Af(x,y) =~ df (z,y) = sz—\/%‘ii’;Af(4,3) ~
224y

L0.0543:0.07 ~ 0,08. Orxe, 1/(4,05)2 + (3,07)2 ~ 5+ 0,08 = 5,08. >
Judepenniamom 2-ro nopaaky d’u pyskiii u = f(z1,...,
%p) HA3WBAETHCs Audpepentian Big i1 audepenmiana 1-ro mopsjky,
POBIIIAAYBAHOIO K (BYHKINST 3MIHHHX X1, ...,L, OPH (DIKCOBAHUX
SHAMEHHAX dT1, .. ., dT,: du = d(du). AHajoriymo BUSHAYAETHCS JTH-
epenrian 3-ro nopaaxy d*u = d(d?u). Bzarani, d¥u = d(d*~'u).
Hudepentian k-ro nopsiaky byl u = f(21,...,%n), A€ L1, .- .,
Ty — HE3aJEXKHI 3MIHHI, CUMBOJIIYHO 3aIIUCYETHCS Y BUIVISIL POPMYJIH

0 0
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siKa (DOPMAIBLHO POSKPUBAETHCSA 38 OIHOMHUM 38KOHOM.
Bokpema, y Bunagxky QyHKIIT 1BOX 3MiHHUX u = f(%,1y), MaeMo

0%u 0% 0%
d*u = —dz’® + 2 dzdy + —=dy?;
U, axg d.’l? + 8x8y X y+ 8y2 y ]
P &Py Pu Pu
d*u = —dz? dz?d dzd AL
U amgdw —i—3828 T y+3882xy+8 y©.

ITpukiasm 8. 3uaiitu audepenmnianu 1-ro Ta 2-ro MOpsakiB QYHKIIT
u = e,

du _ Lay . du _ Ly | o B%u _ pxy 2.
4 Maemo Z2 = e*¥ - y; oy =€V w oz = ey
8%y _ zy . Y — LY . 8u _ zy . .2
5eoy = €Y zy + e = e™(1 + ay); a7 =€V T,
a ToMy

du = ye™Vdx + ze®¥dy = ¥ (ydx + zdy);
d*u = ¥ (y?dx® + 2(1 + ay)dedy + 2°dy?) >

I'pagienT byHkuil v = f(x1, 92, x3) — 1€ BEKTOP, 0 BU3HAYA-
du Ou JOu

eTpest opmynoo gradu = ( 5=, 75-, 5, |- Bil BU3HAUaE HAIPAMOK
HARTIIBHIIONO 3POCTaHHs DYHKITIL.

Ipukaan 9. Hexait v = 27 — 323 + 222z1, Mo(1;—1;2). 3naiiru
gradu(Mo).

< Maemo 8‘9,7“1 =2xr + 2$§ 8‘9;‘2 = —3xo, 5()9;2 =4xix3.

- Ou(M, _ Ou(My) _ Ou(Mo) __ _
Tozi 24M0) = 214292 = 10, 2400 = _3.(~1) =3, 2400) — g.1.9=3,

8:[2

a ToMy gra w(Mo) = (10;3;8) = 10i + 37 + 8k. >

Bopasu

O1. 3rafitu obnacTh Bu3Hadenusa pynkmil: 1) z = mey
_ 2 ) _ : . _ y
2) z=1—22+/y% — 1; 3)u—21J14(351n\/3:j+—y27 4)u—ln\/;.
=y

02. Hosecru, mo ana oyuxuil f(z,y) = =T, He icHye rpannui
mpu z — 0, y — 0.
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2

03. 3uaiiTn rpaHuIo: 1) lir%(l + zy) <>ty

y—2
) tim(1+0%?) 07 8) lim B 4) lim (o +yP)e ()
y—0 y—a y—+oc
0O4. 3Ha171T1/1 YACTHHHI TOXUTHI TepImoro mnopsiaky QyHKIL:
1) z =23y — y3u; 2)z-“+9'
3) u = (5z2y—y>+7)3; 4) z = In(z++/ 2% + y?); 5) z=Intgy;
KA
6) 712( ) ) u=+\2%+y>+ 2% 8) u = x¥/%;
9) z = arctgyv/a¥; 10) z = p?sint .
O5. 3uatiTu noBHuit gudepeHiian byHKI:
1) z = 5 In(z? + y?); 2) z = sin zy;
3) u—xyz 4) z = e*Y(z cosy + ysinx).
06. O6qI/ICJH/ITI/I HaOJIIKEHO:
1) (2,01)%03; 2) +/(1,02)3 + (1,97)3.
O7. Jlng nacrynuux HyHKIINH 3HANTH BKa3aH] TTOXi/IHI:
1) z= e, &?zgy; 2) z = arctg lxjxyy %;

2

B o=in@+y?), b Zm Gx 0= (1) 5 S 0

O8. 3uaiiTu udepeHiianu 2-ro TOPsSAKY (byHKmH
1) z =23 +32%y—4>2) 2 = cos(z+y); 3) 2 = (z+y)e™¥; 4) u = ™=,

09. Binoma supobumda dbynxmia z = In(z3 + 2°), mo nae same-
JKHICTB MiK 00CIroM BUPOOHUIITBA z 1 pbakTOpaMu BUPOOHUIITBA I i
y. SuatiTu: 1) 3aKOH 3MIHM BUPOGHIUOT (DYHKIHT BITHOCHO KOXKHOTO 3
dakTopie T Ta y; 2) e1acTHIHICTL QYHKIIT 00 KOXKHOTO 3 PakTOPIB
Ta Koedimientn enactruapocti mpu £ =1, y = 1.

010. 3nuatity rpajieHT i floro MoaysIh Y BKazaHiit TouI:
1) z=(z—y)*, Mo(0;3); 2) z =" +y* — 2%, Mp(1;—1;2);
3) z=4—x2—y? My(1;2).

C1. Hosectu, 1o HacTYIHI (DYHKIN 3310BOIBHAIOTE BiAMOBIIHE
PIBHSHHSI:

oz __ 0:

1) z= cos(:z:2 +y2)= yﬁT Loy =
2) z=ev, 5% +y% =0;

— g 20%z.
3) z = sin(z — ay) + cos(z +ay) =a’535;
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4) U= /2+y +227 8x2+81/2 +8z2 -

C2. Oynxmia f(z,y) = 20z + 10y — 22% — 4y? + 6zy Bupaxae
3aJIEKHICTL 00cAry BUpObHUIITBA Bijg (hakTopis BupobuunTsa X 1Y,
sIKI HasIBHI B KIJIBKOCTI BLAIOBIIHO T 1 ¥ OJMHANL. JHAATY TDAHUYIHI

npoayktupHOCTi (hbakTopis X Y.

JlomaritHe 3aBIaHHA

1. 3uaiitu obsacThk Bu3HAUEHHS (DYHKIII:
Dz=z+y 2)z= ﬁ_y; 3) z=x+ a2 —y?% 4) z=arccosZ;

5) z=\/r—\/y; 6)z=Inz—Insiny; 7)u:ﬁ+%+%;
iz —y?

8) z = ctgn(z+y); 9)z= =y 10) 2= arcsin(2y(1+z2)—1).
1) lim 2= ‘xy+ i 2)

lim sin xy

z—0
y~>0 y—0

1
3) lim(coszy)=*?; 4) lim(jz[+y); 5) lim tg;y

J12. 3ualiTu rpaHuIo:

y—0 y—0 yHO
3. 3uatitu yacrunmi moxigni ¢dpyHKIl:

1) 2= —2—:2) z2=2"""%;3) z = Insin(z — y); 4) z = (1 + 2%)¥;

/$2+y2 !
z
- : — ro—TY. - y. _
5) u = (%) ;6) u=gze ™, 7) z=arctg 2; 8) z = zye™?
HA4. Jlng sacrynaux GyHKIIE 3HARTH JudepeHIia i Tepioro

—

2
apyroro mopsaakis: 1) z = 23yt 2) z = (%) 0 3) z = 2%,
Hu=zy+yz+zz; b)) u=sin{z+y+2).
1,02

H5. O6uncinru mabmokeno: 1) /3,952 4 3,152; 2) arctggiss 205
BUXOJISI9H 13 3HAUEHHS DYHKINT 2z = arctg% mpuzr =1 y=1.

J6. 3ualitn BesMYMHY | HaIpAMOK TpajieHTa: 1) u = zyz B
rouri My(2;1;1); 2) u = tge —x + 3siny —sin® y + 2 4 ctgz B TowI
Mo(%: 53 5)-

J7. 3rmaditu: 1) 3akon 3Mminu BupobHuIol GyHKIIT 2 = f(z,y) 1m0-
JI0 KOJKHOTO 3 (DAKTOPIB Z Ta ¥; 2) eNaCTHYHICTh BUPOOHNYOT (DyHKIIT
IIO/I0 KOXKHOTO 3 (hbakTopie Ta KoedimieHTn eacTuaHocTi mpu x = 1,
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y = 1. PO3TIsSIHYTH BUNIQJIKH:
a) fz,y) =€, 6) f(x,y) =2° —y> + 6zy + 39z + 18y — 20.

Bigmosimi

01-1){($y)€R2|1‘7éy}2){($y)€R2||$|<1|y| 1}
3) {(z,y,2) € R® | 22 +y —z2>0} ){(wy)€R2|my>O} 03. 1) 2.

2)1;3) a;4) 0. O4.1) 22 = 3%y —y%; 22 = o7~ 3y’x; 2) u—%—;’—z g =
-%+1.3) g——30xy(5m y—y*+7)%, &—3(593 y—y° +7)2(52% — 3y?);

4) 9z _ 1 9z _ y . 5) Bz _ 2 9z _ _ _ 2z .
Bz /2+y >y z24y? +z [z24y2’ ER ysinzf’ Oy y sm%’
9z _ Y 9— 9z _ 1q9-% _ ou __ y

6) ﬁ - z23 * 1113, 82 z3 * In3; 7) dx \/x2+xy2+z2’ ﬁ a \/w2+y2+z2’

ou __ . ou __ ¥ 1 Hu _ E ou __ ¥ . 9z __

%——m,g)a—; %.732 ,8—5—;.%'2111]},8—7:——2%1)211137,9)6—;—

ﬂ\/z_y 82 — Vzvlnz. 10) B8z —
2z(1+zv): 2(14ay) 2]

1) % 2) (zdy + ydz) cos vy; 3) x*¥ " (yzdz + 2z Inxdy + Ty lnzdz);

4) e*TY(((x+1) cos y+y(sin z+cos z))dz+ (x(cos y —sin y) + (y+1) sin z)dy).

2psin? o, g—; = 4p?sin® pcosyp. O5.

06. 1) 8,29; 2) 2,95. O7. 1) 2y°(2 + ay*)e¥ ; 2) 0; 3) 55 = — ey,
8%z _ 2 8%z _ 2(z—y?), 4\ 8%z _ 6y° 8%z _ 4 82_2
tety =~ 5 = et D) B = T gy = i 5p = 2 OB

1) d*z = 6((z + y)dz? + 2zdxdy — ydy?); 2) d*z = — cos(m + y)(dz + dy)?;
3) d*z = % (y(y® + 2y +2)dz? + 2(z + y) (vy + 2)dzdy + (2 + 2y + 2)dy?);
4) d*u = e’”yz((yzdx+zmdy+mydz)2 + 2(zdxdy + xdydz + ydzdz)). 09. 1)
z 1'2 A —_ 5153 — -
g_z = w?’?:l—2y : g_y = 36:3211 2) Ey(2) = Sizzﬁ .In(z3£r2y 3y Ey(2)|11) = 133
E (Z) = 3+2y3 ‘In(z 3+2y Ik Ey(Z)|(1,1) = In3 010. 1) gra;iu = —
|gra§u|—6\/_ 2) graéu-?z —27—4/9 |gra§u|—2\/_ 3) ?iu:
—27 —4;,|graéu =2v5. C2. &L =204z +6y; § Bf =10— 8y+6m JI1.
1) R*; 2) {(z,y) € le#—w};?)){( T,y) € ]R2||y|§|l’|}=4){( T,y) €
R? | Jy| < |zf,z # 0} 5) {(z,9) €R* |z > 0,y > 0,2% > y}; 6) {(z,y) €
R? |2 >0,2mn <y <2r(n+1),n € Z}; 7) {(z,9,2) e R® | z > 0,y >
0,2 > 0}; 8) {(z,y) e R* |z +y #n,n €L} 9) {(v,y) € R? | 2* +4?
Ly < dns # 0.y 4 0110) {(r) €8 |0y < ). J2.1)
2)1;3) e /% 4 3.1 = S T g
VL) T 0 L I B s e

2¢In2- 28", g—; = —In2-2¢"¥; 3) 2 = ctg(z — y), g—; = —ctg(z — y);

292 <
1) -1
2) =

Oz
oz
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4) 22 = 3ay(1+ 2*W 1, 82 = (1+ 2% In(1 +2%); 5 :5()

z

m=-i() =0 ) ;) 2 = e-wu—ww B = g2emen,
7) 22 = el g; = 2+y2,8) 22 = yerV(14ay), & —;r:e’”y(l—{—xy). J4.

1) dz = 3x2y4dm+4m3y3dy d’z = 6xy2( 2dx2+4xydxdy+2x2dy }i2)dz =
— A (yde—zdy), d®z = % (3y2da? —dyzdedy+22dy?); 3) dz = 279 In 2(ydz+
xdy), d?z = 2%¥1n 2(y? In 2dz? + 2(1 + zy In 2)dzdy + 2% In 2dy?); 4) du =
(y + 2)dz + (2 + z)dy + (z + y)dz, d*u. = 2(dzdy + dydz + dzdz); 5) du =
cos(z +y + 2)(dz + dy + dz), d?u = —sin(z + y + 2)(dz + dy + dz)%. 5.
1) 5,05; 2) 0,82. zne 1) gradu = 7 + 27 + 2k, |gradu| = 3; 2) gradu =

i+ 37, lgradul = Y. I7.8) 1) 22 = ye'v, 82 = ze™; 2) Ey(2) = ay,
E(z)|( ):1'E()_my Ey(2)|11) = 1; 6) )&_3@« + 6y + 39,
92 = _9y+62+18;2) Ey(2) = zg_yéi”;xﬁ%;i’?ﬁfgy_Qw By (2|1 = 1,116;
By(2) = mptroeetsnrrisyos Bu(@lan =0,512.
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Tema 24. ExcrpemyMm ¢dyHKIIT 6aratbox 3MIiHHUX

Oyuxuig v = f(M), M € ), Mmae JOKAJIBHUIN MaKCUMyM (Mi-
uimym) y rourti My(z?;...520) € Q, axmo icaye Taxuit oxin U(My)
rouku My, mius Beix To9ok M (x1;...;%,) IKOTO BUKOHYETBCS HEPIB-
wictes f(My) > f(M) (f(My) < f(M)). Makcumym abo minimym
DYHKIIT HABUBAECTLCS 11 €EKCTPEMYMOM.

Heobxigna ymoBa ekcTpemMyMmy. ko nudepentifioBaa ¢pyn-
ks f gocsarae ekerpeMyMmy B Touli My, To B Iiif TowI

af

(Mg) =0, ke{l,2,...,n, (1)
axk

abo df (Mg, dx, .. .,dx,) = 0 s scix dzq, ..., dzy,.

Touku, B AKUX BUKOHYETHCA yMOBa (1), Ha3MBalOTHCS CTAI[iOHAP-
HuMu Toukamu byuaxiii f. Ormxe, daxmo My — TOUKa €KCTPEeMYy-
My, To abo My — cramionapHa TOuka, abo B i Toull bYyHKIA He
JnchepeHIiiioBHA .

HocraTtui ymoBu ekcrpemymy. Hexait My(z?;. .. ;20) — cramio-
HapHa TouykKa QyHKUIT [, mpryomy 119 GYHKINS ABITl gudepeHmifioBHa

B Touml My. Tomi:

a) axmo d>u(My, dz, ... ,dz,) sk bynxuis dzy, . . ., dz, Mae cTa-
N 3HaK Tpu Oyab-aKuX Habopax 3HAYeHb dIi,...,dT,, SKI He H0-
PIBHIOIOTH OJIHOYACHO HYJIHO, TO dyHKIist u = f(M) mae B Toumi My
eKCTpeMyM, a caMe MakcuMyM 1pu d2u(Mg, dz1, . .., dz,) < 0§ wmini-
My™ mpu d2u(Mg, dzy, . .., dz,) > 0;

6) axmo d*u(My,dz1,...,dr,) € 3HaKo3MiHHOIO yHKIIEHO d1,

..y Ay, TOBTO HAOYBAE SIK JOJATHUX, TAaK 1 BiJA'€MHUX 3HAUYEHB, TO
tTouka My He € Toukow ekcrpemymy byukmil u = f(M);

B) axmo d?u(My,dz1,...,dz,) > 0 abo d*u(My,dz1, ..., dx,) <0,
NpUYUOMY ICHYIOTH Taki HabOpu 3HaYeHb dXq,...,dT,, 110 HE JOPiB-
HIOKOTH OJJHOYACHO HYJTIO, /15T SIKUX 3HAUEHHS TPYTOTO T epenTiara
JopiBHIoE HyseBl, To dyukiist u = f(M) y rouri My Moxke MaTH
eKCTpeMYM, aje MOXKe 1 He MaTh #oro.
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VY Bunagky yHKII IBOX 3MIHHUX JIOCTATHI YMOBH €KCTPEMYMY
MOXKHa CHOPMYJIIOBATH TIO- iHmOMy Hexait My(zo;y0) - cramionapHa
rowra dymenii 2 = £(z,) | A = 2 (20, 10), B = (0, 30).

C = 7 §(x0,y0) A = AC — B?. Tonui:

1) sikmmo A > 0, To My — Touka ekcTpeMyMy, npuaoMy ipu A < 0
— TOUKA MaKCHUMyMy, ipu A > (0 — MigiMyMmy;

2) sikmo A < 0, 7o B ToUIi Mj eKCTpeMyMy HEMaE.

Y sunagky A = 0 dyukmis f y cramionapsiit Touri My mMoxe
MaTH eKcTpemMyM abo Hi.

ITpukiazm 1. 3uaiitu ekcrpemyM OyHKIH 2 = l:Uy—i—(47—x—y) (%—}-%)

. 9z _ _ 1, 2 47, Dz _ _ 1 4l
a4 Maemo: 5z — " 12Y 3Tt 35 = y ac+ .
KOPUCTAaBIINUCH HEOOX1IIHOIO YMOBOIO EKCTPEMYM 3HaXO,ZLI/IMO CTalllOHapH
C 6 y yMY, ¥

L2447 _

12y 32+ 5 =0, g [8afy=188,
“Ty-Lariiog A a+6y=141.
HapHa Touka My (21;20).

SualigeMo 3HaYCHH ApYTHX MOX1THUX Y TOqui My:
5%z _ 2. 1. 1.
Ti(Mo)=-2; ZEMo)=~3; ZE(Mo) =1

2
roni A =AC - B? = (—%) (—%)—(—11—2) = % -5 >0.
Ockinbru A < 0, o B Toui My (21; 20) byHKLig Mae MaKCUMyM
Zmax = 2(Mp) = 282. >

Ilpukaam 2. Oipma xo4ue OCBOITH ABA PUHKM, OJIVH 3 HUX BHYTPIIIHIMA,
a gpyruii 3oBHimmHik. Bigomo, mo dyHKIIT nonuty 10piBHIOIOTH BiAIOBIIHO
p1 =500 —x1, po = 360 —1, 522, a nosui surpatu C' = 50000+ 2021 + 202>,
Ie 1 — KiThbKICTh OPOOYKIINL, gKka iine HAa BHYTPIIIHIA PUHOK, a T2 — HA
30BHIMIHIA puHOK. ZIKy IIHOBY NOJITHKY NOBHHHA NpOBOIuTH (bipMa, 1100
npubyToK 6YB MaKCUMaJbHUAN?

< TloBHHET HOXOA Y BUIQJKY IEPIIOTO PHUHKY JOPIBHIOE P = x1p; =
21(500 — z1) = 500x; — 22, a y Bunaaxy apyroro — Py = Taps = 22(360 —
1,5z9) = 360xs — 1, 522. Tomi nmpubyTox I(z1,z2) = P+ Py — C = 500z —
22 4+ 360x9 — 1, 525 — 50000 — 2021 — 20z, To6TO II(71,T9) = 48021 — 2% +
340z — 1,523 — 50000. Jamy dbynkuito i Tpeba T0CTIUTH Ha eKCTPEMyM.

3 HeoOXiTHOT YMOBH €KCTPEMYMY O,ZLep}KY€MO jice] gg =0, M =0 abo
480 — 221 = 0, 340 — 325 = 0, To6r0 3¢ = 240, 23 = 0.
CxopucTaeMoCcst JOCTATHBOK) YMOBOIO eKCTpeMyMy:
821l _ -2 a2l _ 0 o2l -3
8z3 P Oz 0xs o3 ;

TOYKY: 3eincu ¢ = 21, y = 20; crario-
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A =(-2)-(=3)—0% =6 > 0, a ue osHavae, wo B Touwi Mo(240; 23°)

dyukuis I mae MakcumyM, 60 %ng =-2<0.

Orxe, Ha BHYTpIIHLOMY pUHKY Tpeba npomaru 240 oj. nmpoaykuil 3a
nigow p; = 500 — 240 = 260 rpH., a2 Ha 30BHIMIHBOMY — ?’g—a OJI. 34 IIHOIO
p2=360—1,5- ?’g—a = 180 rpu. ITpubyTox npu upomy ckiazne 11(240, %) =
26866, 67 rpu. >

Oyuxuig v = f(M) mae ymoBHUiI MakcumyM (MiHiMyMm) y
rourti Mo(zY;...;2Y), axmo icmye takuit okin Toukm My, ansa Beix
TOYOK $TKOT'O, 10 3aJ0BOJILHAIOTL PIBHAHHS 3B SI3KY

(M) =0, ke {l,...,m}, m<mn,
BUKOHY€EThCs HepiBHicTs f(My) > f(M) (f(My) < f(M)).
3aaua 3HAXO/KEHHS YMOBHOTO €KCTPEMYMY 3BOAUTHCS JI0 AOCITI-
MKEHHS Ha 3BMYaiinmii ekcrpemyM pyHKIT Jlarpamn>ka

m
L(wl,...,$n;A1’..-7Am) = f(m:l?"'?xn) +Z Ak(pk(m:l?"'?xn);
k=1

Aies k€{1,2,...,m}, Ha3uBaThCT MHOXKHUKaMu Jlarpau>ka.
Heobxinni yMOBH eKCTpEMyMY BHPasKaIOThCA TAKOIO CHCTEMOIO 71+
M PIBHIHB:

OL(N) .
o1, =0,7€{l,...,n},
or(N)Y=0, ke {l,...,m}, (2)

N = (215505 A5 o5 A,

3 SKUX MOXKHA 3HANTH HEBIAOMI T1,...,Zn] Alye--y A, € L1, . .-, Ty
— KOOPJAWHATH TOYKH, B SIKiif MOXKJIUBUNH YMOBHHI €KCTPEMYM.
JlocraTHi yMOBM yMOBHOI'O €KCTPEMYMY TOB’SI3aHI 3 BUBUYEHHSAM

3HaKy Apyroro audepentiana gyukmil Jlarpanxa d2L(x), ..., 2%; A,
ey A sday L dey) A koskmOT cncrtemu sHagernb 1Y, ..., 10 AL
., A2 onepsxanoi 3 (2) 3a ymoBm, mo dri,dxo,. .., dr, 3300BOIb-

HSAIOTH PIBHSIHHS

n

0 0
3 Opr(ay, - Tn) do; =0, ke{1,2,...,m}, (3)
=1 Oz;
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upu dz? 4 dzd + - + dr2 # 0. Oyukuis [ Mae yMOBHUII MaKCHMyM
y Toumi Mo(x?; ...; 22), axmo ana popimbHUX 3Hauensb dT1, . .., Ty,
K1 38JJ0BOJIBHAITE YMOBH (3) 1 HE JOPIBHIOIOTHL HYJIIO OJHOYACHO,
sukonyerbea Hepinmaicts d2L(29, ..., 2% A9, LAY dry, L day) <
0, i ymMoBHutt MiHiMyM, KO 3a tEX yMoB d2L(z, ..., 20 AV, ... A0
dzry, ..., dzy) > 0.

Y Bunagxy $ynkuil z = f(z,y) 3 piBusgEEAM 3B’53Ky @(z,y) =0
dbyuKIig Jlarpamka Mae BUTIISI

L(z,y,A) = f(z,y) + Ap(z, ).
Cucrema (2) CKIQJIAETHCA 3 TPHOX PIBHAHb:
(%—O 25—0 o(z,y) = 0.

Hexait My(zg;y0), Ao — Oyb-skuit pO3B’s130K 1€l cucremu i

0 Op(Mo) Op(Mo)
ox Jy
A= _ | 9e(My)  9L(Moro)  92L(Moo)
Oz 8z2 8x0y
dp(Mo)  92L(Mo\o) BQL(MO,/\O)
Jy dx 0y oy?

dxmo A < 0, To dbynkuisz z = f(x,y) mae B Toumi My(xg,yo)
YMOBHHH MakCUMyM; AKIO A > () — TO yMOBHHH MIHIMyM.
ITpukiam 3. 3uaiitu yMoBHUN ekcTpeMyM bVHKLI z = z + 2y upu

2% +y? =5.
1 Cxmagemo dbynknio JJarpamwka: L(z,y, A) =z + 2y + A(z? +y? — 5).
Maemo % =1+ 2z, % =2+ 2)\y, a Tomy cucrema (2) HabyBae BUTIALY
(1422 = 0,
242y = 0,
22 4+y? = 5.
Hana CI/ICTeMa Mag IBa po3B’a3kmM: 11 = —1, y1 = —2, A\; = % To = 1,
Y2 =2, A2 = 2
Ockimrn % =2, 2L =0, 2k = 2), 10 d*L = 2)\(da® + dy?).

IIpu A1 = % d?L > 0. Tomy cbyHKLuﬂ Ma€ yMOBHME MIHIMYyM y TOYII
Mi(—1;-2)izmin = —5. lpu Ag = —% d’L < 0, a e 03HaYaE, MO GYHKIILA
Mae yMOBHUH MakcuMyM y Touli Mo(1;2) 1 zmax = 5.

TTokaxkemo, siK 11€ ,ILOCJIi,IL)KeHHH MOXKHA TTPOBECTH IIO-iHIIIOMY.

Hexait ¢(x,y) = 2% + y? — 5. Toai 8—f = 2z, g—‘g = 2y. OueBunHO, MO
Bp(=1,-2) _ Bp(=1,-2) _ O L(—1,-2,3) _ 4. 8°L(=1,-2,3) _ (.
Oz = -2 Ay =—4, Az2 ==1 Oz By = =0
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0 -2 -4

2
PLCL 2D —qamomy A=—[-2 1 0 | =20>0,
-4 0 1
T00TO GyHKIiA Mae ymMOBHMHA MimiMyMm y Toumi Mip(—1;—2). Ananoriubo
0 2 4
JUIST TOYKH M2(1;2)i/\2:—% A=—-12 -1 0 =-20<0,
4 0 -1

mo6T0 M2(1;2) € TOuKOW YMOBHOIO MaKCUMYMY. >

ITpukiaam 4. @ipma-mMoHonogicT BUpOOIse ABA BuaM TOBapiB S7 1 So
Yy KUIBKOCTSX BIiAMOBIZHO X1 1 Zo. @yHKuisz BUTpar Mae Burisy C =
10z1 +z129+ 1022, a GYHKIIT IOOKTY A1 JaHKX TOBAPIB MAIOTEH BIiAIIOBIIHO
Burssin p1 = 50 — 1 + x2 1 po = 30 + 221, — x2. Kpim Toro, dipma 38's-
3aHa OOMEKEHHSAM T + T2 = 15. 3HaliTH MakCHMAIbHUNE TpUOYTOK, AKHH
onlepKUThL (ipMa npu peastizanii Tosapis Sy i Ss.

< Bimomo, mo npubyrok {z1,z2) = P + Po — C = p1x1 + pae — C =
(50 —x + :Ug)m + (30 + 21 — .’L’2)$2 —10x1 — 2122 — 1020 = 4021 — .T% +
2x129 + 2020 — x%

Omxe, Tpeba pocaizuTu Ha ekcrpemyM dyHkuito Iz, x2) = 40z, —
22 + 22129 + 2029 — 23 32 yMOBH, WO T1 + 22 = 15.

3 yMOBH 3B’SI3Ky X1 + T2 = 15 BUpPA3UMO Io 4Yepe3 I 1 HiACTABUMO Y
dyukuio 7T 29 = 15— x1: IT= 40z, — 22 4+ 221(15 — 1) +20(15 — @1) —
(15 — x1)? = 80w, — 427 + 75.

JHocigumo dbyrkuio IT Ha 6e3yMOBHAN (3BUYAAHNINA) KCTPEMYM.

Maeno IT (z1) = 80 — 8z . IlpupiBHABIIN IO TOXITHY 0 HYJIA, JICTAHE-
mo, o z§ = 10. Ockinbku ﬁ”(;r:l) = —8 <0, 10 y wiit Touri z¥ dynxuis I
NOCSATAE MAKCHMYMY, TIPHIOMY [limay = fI(IO) =80-10—4-10% + 75 = 475.

3siacu Bummsae, mo bysxuia I1 mae MakcuMmyM y Touni Mo(10;5) 1
Ilax =475, 1>

Axmo dbyukiis f audepeniiitoBaa B obMexkeHi# 3aMKHeH i 00J1a-
CTi, TO BOH& JOCATAE CBOTO HAMOLIBLIOro (HAMMEHIIIOr0) 3SHAUYEHHST a00
B CTaIliOHAPHIN TovIl, abo B ToUIl Mexi 0b1acTi.

Bopasu

O1. 3ualitn ekcTpeMyMH PYHKIIHA IBOX 3MIHHHIX:
1) z = 2%+ 2y + 4% — 3z — 6y; 2) z =y — y> — x + 6y;
3) z = 2zy — 4z — 2y; 4) z = 23 + 9% — 15zy;
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5) z = 2% + 3zy® — 5lz — 24y + 1; 6) z = 2% + y> 4+ zy — 42 — by.

0O2. Hepenuka dipma Bupobiisie 18a BUIE TOBAPIB S1 1 S9 1 mpogae
7x 3a minoto 1000 i 800 rpu. BiamosigHo. OyHKINA BUTPAT MA€ BUIJISI
C = Zx% + 22129 + x%, e 1 1 £o — obCcAru BUIYCKY TOBapiB S1 1 S
BIJITOBITHO.

SuaifiTy Taki 3HAYEHHS X1 Ta Lo, TPU SIKUX IPUOYTOK, KU OJep-
KUATH dipMma, 6yIe MaKCHMAILHIM.

0O3. 3naiity yMOBHI eKCcTpeMyMu PYHKITIH:
1) z=azy3aymoBn 22 +3y—5=0;2) 2=z +y upu #—i—

1 _ 1.
o2 9
3) z= %—i—inpux—kyzQ; 4) z = zy® npu x + 2y = 1.

O4. Bupobunua ¢GyHKINS O49 JaHOT (hipMM Mae BUDMISI ¢ =
4129 + w%, e x1 — KammTaJ, xo — Ipald. Burpartr Ha OJWHUITIO Ka-
HiTady CKJIAJAIOTL 1 I'P.Of., & Ha OQMHUIO Ipall — 2 I'p.oia. 3HalTh
PIBHI BATpAT Ha KamiTasJ 1 Tpario, 32 skuX BUIYCK HPOIYKILI 6yie
MaKCAMAJbHUM, AKIIO T1 + 2z9 = 105.

O5. Peaxiig Ha IH'€KINO T OOUHHUIL JeIKHX JKIB OIHCYETHCS
bynxmieo y = x%(a — x)te”!, me t — gac 3 momenty i'exmii. Kou i
TP §IKIiT 1031 JTKIB peakilist 6y/1e MaKCHMATBLHOIO!

06. Bugarku mianpreMcTBa 38 TEBHUH Iepio OMUCYIOThCA (DyHK-
nieio f(z1,z2) = 20+12(x1 +22) + IZE@ + ﬁ + %. SuaiiT 3HaYeHHA
T1 1 o, 38 AKHUX I BUAATKK OyAyThL HaliMenmmMmu. BusnauynTy Koe-

dbimienTu enactuunocri f opu xy =1, o0 = 1.

C1. 3uaiitu HaibiabiIe i HafiMeHITe 3HAYEHHS DYHKINI B 3a0aHIik
obnacti: 1) z = 22 4 2zy — 4z + 8y B NPAMOKYTHHUKY, OGMEKCHOMY
mpavuvu £ = 0,y =0, 2 =1,y =2;2) z =22+ 3y +2—y B
TPUKYTHHKY, obMexxeHoMy npavumu £ =1, y =1, z +y = 1.

C2. ®ipma peasizye 4aCTUHY TPOAYKII HA BHYTPIIIHBEOMY DHH-
Ky, & 1Hmy i1 9aCTUHY €KCIOPTY€E. 3B’S30K MiXK IIHOK HAa OIUHUITIO
MPOAYKIT p1 Ta 71 KIABKICTIO X1, IO TPOJAECTHCT HA BHYTPINTHBO-
My DHHKY, MOXHAa OMUCATH piBHAHHAM p1 + 1 = 5H00. Amasori-
9HO JI7IsT €KCIIOPTY IIHA Po 1 KIMTBKICThL o 3B’d3aHI CIIiBBIIHOMIEHHSIM
2po + 3xo = 720. Burparu #a BUpOBHUIITBO BCiET TPOAYKIIIT Omucye-
Thea pynkmiero ¢ = 50000+ 2(x1 +x2). Ky HIHOBY MOMITHKY TOBUHHA
npoBoaUTH (hipMa, 106 0lePKATH MAKCUMAJIbHUE IpHOYTOK !
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JlomaritHe 3aBIdaHHA

1. 3rafiti ekcTpeMyMyu DYHKIIH 1BOX 3MIHHEX:
Dz=2>—oy+y>+9z2—6y+20; 2)2z=2%+8y°— 6xy+ 1;
3)z=322 — 23 + 3y +4y; 4) z=ay?(1 —x —y); 5) 2 = 3z + 6y —
x? — 2y + 2.

2. TlinnpuemcTeo BUPOO/Isie ABa BUAM IPOAYKIil S1 1S9 y Kijb-
KOCTSIX 1 1 o Bianmosigwo. [lina oguanil nponykiii Buay S1 JOPIBHIOE
8 rp.oJ1., a oauHuUll nponykuil Bugy So — 10 rp.ox. OyHKINS BUTPAT
C = x% + 2120 + x% SuaiiTu, Tpu TKUX L1 1 Lo IpUOYTOK OyIe Ma-
KCUMAJBHUM.

3. 3rafiTi yMOBHI eKCTpeMyMH DYHKIIIH:

Dz=2>+y’ —ay+z+y—4mpux+y+3=0;
2)z:$?}g4npux2+y2:1; 3) z=2z+y upu 2> +y% = 1.

4. Suafitu Haitbinemn 3Havenns GyHKIT 2 = £ — 2y + 5 B obna-
crsx: 1) 2>0,y>0,z4+y<1; 2)2<0,y>0,y—z<1.

5. 3matitn Halibinbme i nafiMenIe 3Ha"weHHS DYHKIT 2 = x? +
y? —zy—r—yBobmacriz>0,y>0, z+y<3.

6. IlianprueMcTBEO BAKOPUCTOBYE /IBa BUJIM CHPOBUHU Y KLIBKOCTI
11 o onUHUIL. BapTicTh oAnHUIN CHPOBUHM CKJIaae Binmosinno 1 1
2 rpu. s npugbanns cuposunau sumiaeno 10000 rpu. 3HaiTu onTH-
MaJjibHI BUTPATH CUPOBHHM, IO MATh 3a0e3MeYUTH TIITPUEMCTBY
MaKCUMaJIbHUE TPUOYTOK, AKIIO BiJIOMO, 1110 CyMapHUil npubyToK Ru-
paxaeThesa popmyston ¢ = 2z + 10z — a:%

7. Peaxniss R(x,t) HA 7 OAMHWIL JIKIB HA MOMEHT Yacy t OIW-
cyerbest anexuicrio R(xz,t) = z%(a — z)t2e~t. Tlpu sikift Kinbkocti
JIKIB peakiiist Oy/e MakcuMaJpHOW? Ko HacTaHe I MaKCHMaJibHa
peaxitisi?

JI8. Piuni BUAATKH NiNPUEMCTB2 BUPAKAIOTHCA PYHKIIEIO
f(x1,20) =14+ 921 + 64o + % + m%. 3a SKWX 3HAUYeHb T1 1 To I
BUJIATKY OynyTh MiHIMAIbHUME! 3HAHTH KOedIlliEHTH e1acTUIHOCTI
fuopuzi=1,20 =1

9. @ipma pupimmaa mowmicaano acuraysatu 100 000 rpormrosux
OJIUHULB (rp.ox.) HA BUPOOHUNTBO mesikol mpoaykiii. Cepemast 3apo-
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6iTHa wiaTHA y Gipmi ckaagae 2000 rp.oj., a BAPTICTh CUPOBUHEA —
1000 rp.ox. Buswauntu, Ky KiAbKiCTh poOITHUKIB Z Tpeba MaTH 1 Ky
KIIBKICTH CAPOBUHHE ¥ HEOOXiIHO mpuadaTu, mob onep:KaTi HaibLIb-
mnit o6cAr TPOAYKINI 2 38 YMOBH, ITIO BiH TPAMO IIPOTIOPIHHTHY = 1 y
3 K0oedillieHTOM TTPONOPIHHHOCTI 5.

Biagnosiai

O01. 1) zmin = 2(0,3) = =9; 2) 2max = 2(4,4) = 12; 3) ne icHye;
4) Zmin = —125; 5) zZmin = 2(4,1) = —151; zmax = 2(—4,—1) = 153; 6)
Zmin = 2(1,2) = —=7. O2. 11 = 100, 2 = 300, [, = 170000. O3.
1) Zmax = z(i ) = gi, 2) Zmin = 2(2,2) = 4, zmax = 2(—2,-2) = —4;
3) Zmin = 2(1,1) = 2; 4) 2min = 2(1,0) = 0, Zmay = 2(3, 5) = 5. O4.
1 :457:r2:307qu—6300rp0n 05. xo_—a do=1. 0O6. 2y =1,
T2 = 2, minf = 92, B, (f)lay = —0,1, Em(f)|(1,1) ~ —0,22. C1.
1) minz = 2(1,0) = -3, maxz = 2(1,2) = 17; 2) minz = 2(0,1/6) =
—1/2, maxz = 2(0,1) = 2(1,0) = 2. C2. Tpeba JOCAIAUTH HA EKCTPEMYM
byukmio f = p1x1 + pexe — ¢ = 480z1 — 2% + 340z — 1, 523 — 50000, frmax =
F(240, 330) = 26866, 67, p1 = 260, p> = 190. JIL. 1) znin = 2(—4,1) = —1;

=N |

2) Zmin = 2(1, 1) = 0; 3) zmin = 2(0, %) = 3; B CTALiOHAPHIA TOYI]
(2,—%) eKcTpeMyMy HeMag; 4) Zmax = 1/64; 5) Excrpemymy semae. JI2.
Ty = 27 o = 4a ]]max = 28 I'p.OxI. rﬂ;3' 1) Zmin = Z(_%;_%) = 1497
2) Zmin = Z(_%\/Li) = —-1- 2\/§ Zmax = Z(%a_%) =1- 2\/>
3) Zmin = z(—%, —%) = /5 Zmax = z(% \/ig) =+/5. J4.1) maxz =

z(1,0) = 6; 2) maxz = 2(0,0) = 5. JAb. maxz = z(3,0) = 2(0,3) = 6;
minz = z(1,1) = —=1. J6. z1 = 9994, z» = 3. JT7. z0 = 2a, to = 2. 8.
r1 =2, 22 = 1/4 mlnf = 69, EZ‘l(f)|(1,1) ~ _07237: Ex2(f)|(1,1) ~ 0, 526.

J19. 25 npanipuukis, 50 OIMHUIL CUPOBUHM.
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Tema 25. Paau

Bupaz

al—i—ag—i-...—i-an—i—...:Zan, (1)

ne {ag, k > 1} — zajana 4ucI0Ba MOCTIOBHICTL, HABUBAETHLCI Y-
caoBuM psjgoMm. CyMmu

Si=ay, So=a1+as, ..., S,=a1+as+...+a, ... (2)

HA3WBAIOTHCA YACTUHHUMU cymaMu psaxy (1).
Ao icHye CKiHYeHHA TPAHUIlS MOCJIJIOBHOCTI YaCTUHHUX CYyM
(2) S = lim S,, To pax (1) HasHBaeTbCs 30I>KHUM, a YUCIO S —
n—od
cyMor0 psaay. dxmo x S = +oc abo lim S, me icaye, To pam (1)
n—od

Ha3UBAETHCS PO3BIXKHMM.

IIpukmaam 1. ?HaI/ITI/I CyMy psily 75 T35 + 37+ + n(n+1) + ...

< Ockinbky api6 T n+1) MOXKHA TIONATH Y BULMSAIL ﬁ = % — %H’
n > 1, TO yacTUHHA, cyMa pﬂﬂy BAMUIIETHCS TaK: S, = 112 + %3 + ﬁ + ...+

_ 1 = 1
i R B B R e R el e
Orxe, lim S, = lim (1 — =X) = 1, 10670 3amaHuit ps 36iraeThesa Ta
n—00 n—00 n+l
#oro cyma S =1. >
o
IIpukaazn 2. Jochigurr Ha 36KHICTE psaa Y. ag™ Ta y BUNAIKy 30i-
n=0

SKHOCTI 3HARTH HOTO CyMy.

1 Maemo S,=a+aqg+ag®+..+ag" 1.
fkmo ¢ # 1, 1o Sy, = 2 = 27 — 74547

0,n = 2k,
npug=1S5,=na,anpug=—-1 S, = { an = 2%k + 1 Orxe
1) npu |g] < 1 hm Sy = hm (1% —1=q") = 1%, 60 lim ¢" =
q q q n—o0
2) pm |q| > 1 hm Sy = hm (7% — 7%2q¢") =00, lim ¢" =00
n— 00 4 q n—00
3)npug=1 hm S, = lim na = oo;
n— oo

4) npu g = —1 hm S, He icHye .

n—od
Omxe, Ham psiz 36iraeTbes mpu |g| < 1 Ta fioro cyma S = T 1 posbiraerbcs

npu |g| > 1.>
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Axmo pax (1) 36iraerbes, To

lim a, =0, (3)
n—od
6iabIre Toro,
lim (ap41 + ... +a2,) = 0. (4)
n—od

Yumoru (3) i (4) € HeOOXimHUMU yMOBaMU 301:KHOCTI Psy.
IIpukaam 3. JlosecTu, MO TapMOHIYHUNA psiT

oC
1,1 1 _ 1
1+§+§+...+Z+..._n§;1Z
pO3BIraeThest, X049 HOro 3araabHU WIeH IpAMY€E /10 HYJIs [P 7. — OO.
< Tlepesipumo, au BI/IKOHYGTbCH ymoBa (4): lim (Sgn -8, =
. 1
:hm(n+1+n—+2+ .+ )anggonﬁ hm— L#£0.
Omxe, pam po3diraeTbes. >
o«C

PosrigaemMo paj Y| G, 3 HEBLT€MHUME UICHAMU, STKIH 301KHMIT
n=1
ToAl i suine TOAl, KOJU TOCJII0BHICTL HOr0o YacTHHHUX CyM ODOMe-

JKeHa 3Bepxy. 30iKHICTL ab0 po3bIKHICTH TAKOTO PIAY HaKIacTIiIne
BCTAHOBJIIOETHCS TILIAXOM TIOPIBHAHHS HOrO 3 PsiIOM, IIPO TOBEJIIHKY
SIKOrO BxKe BijiomMo. TIpu I[BOMY BUKOPHCTOBYIOTHCSI O3HAKU TIOPiB-
HAHHS.
oC oC
Hexait Y a, (A)1 > b, (B) — nBa paau 3 HeBieMHUME UJICHA-
n=1 n—
mu. Tomi: 1) axmmio a, < by, n € N, 10 i3 36ixku0cTi psiny (B) suminsae

36ixkuicTh pagy (A), a 3 posbixnocti paay (A) — po3bixkHICTL paLy
(B) ; 2) aximo hm 7= =c>0(b, > 0,n > 1), T0 06UBa psaam 36ixHi
abo poz3bixHi o;:LHOqaCHo.

Cepet 4ncI0BUX pﬂmB Ba}KJH/IBy POJIB €TaJIOHa BiJIirpac Tak 3Ba-

HWIT TapMOHIYHUHE DL Z a € R, axwit 36iraetbesa mpu « > 1
n=1

posbiraerbest mpu v < 1.

TLO‘7

[ere]

- . . 12
Ilpukaan 4. Hocmiautu Ha 36iKHICTH P T
— n—=1

. 2
4 Maemo *357 < ,;",n € N, 60 sin’n < 1,n € N. dkmo nokiIacTu

an = #57by = 3%, n € N, To 361KHICTb JAHOTO psi/ly BUILIUBAE 3 TIEPIITOT

O3HAKW MOPIBHAHHA 1 Pe3yAbTATY NPHKAALY 2. >
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Onniero 3 03HaK 301KHOCTI, IKi 9aCTO BHKOPUCTOBYIOTLCH, € O3HA-
oC

ka MasmamGepa: mexait 1jist psity » | Gy 3 J0JATHUME WIEHAMH ICHYE
n=1

dntl — | roni mpu [ < 1 pax 36iraersbed, a mpu [ > 1 — posbira-

lim
n—oc
€ThCH.

IIpuknam 5. JocniguTn Ha 301KHICTE psi % + 2% + 2% +o g+

< Bpaxosyioun Te, 10 Gn = 35, Gpy1 = 2”%11 , BHAXOIUMO

: n : 1)-27 : ntl 1

lim 22t — lim @FD2" gy ondl 1 g

n—00 n n—00 27+in noo 27 2

3a o3rakor Janambepa psap 30iraeTbes. >
oc

Ba3HauUMO, 110 3HAKO3MIHHWN DSt Y, Gp, TOOTO Takwuit, cepei

n=1

YJIEHIB KOO € 9K JIOJATHI, TaK 1 BiJl'€MHI, JOCIKYETHCA CKIAJIHIIIIE.

oC
Axmo 36iraersest pag Y. |ay|, TO Buximnmit psa Takoxk 36iraeTbes i

n=1
oc
BiH HA3WBAEThCs AGCOIOTHO 361>KHUM. 3HAKO3MIHHUN DA Y ap
n=1

Ha3MBAETLCI YMOBHO 30i>KHUM, gKIIO BiH caM 30Ira€Thest, a psii

oC
> |an| posbiraernes.
n=1
YacTo 3ycTpldaloThesd psju, 3HAKU WIEHIB SSKUX YePTYIOThCS:

pr—prtp3— .+ (=1)"pp+ ... pp>0, neN. (5)

Taki psagy HA3UBAIOTHCS 3HAKONEPEMI>KHUMHU.

Jlast pocaimskeHnsa X Ha 36iIXKHICTL 3PYyYHO BHUKOPHCTOBYBATH
o3HakKy JleiiGHila: sKIO BUKOHYIOTBCST YMOBH: 1) ppi1 < P,
neN, 2) lim p, = 0, To pan (5) 36iraeThcd, TpudOoMy HOro cy-
Ma ,ILO,IL&THani%Hog MIEPEBUIIYE TEPIITOTO WICHA DALY,

ITpukgaan 6. JocaiguTu Ha 361KHICTE s

1—f+i-Lg 4 (-pnily

4 Ocximbkn £+ > —=5,n € N, a HILH;C% = 0, TO 3riJHO 3 03HAKO
JleitbHina psa € 30iKHUM. >

Hexait dyukuil f,(z),n € N, Busnaqueni B obmacti 2. Bupas

@)+ f2(2) + ot ful@) + =) falz), T€Q, (6)
n=1
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Ha3UBAEThCA (PYHKITIOHAJIBHUM PHAIOM. JIKINO Jist g € ) 9uc/io-
oc

Buit pag Y frn{xo) 36iraeTsest, TO KaXKyTh, 0 DYHKIOHATLHUN pay

(6) 36iI‘a€TbCH R TOUN Tg. SIKITO B KOxKHIHM Touml £ € 1 C Q uucio-
Rl paju Z fn(z) 36iratorbes, To pag (6) HazsuBaeTbCsa 30IXKHUM B

obJsacTi 91
OyHKIIOHAIBHUMN Dsifi BUTIISLY

cotciz+er® + o Fepr + .= chx" (7)

HA3UBAETHCSI CTEIIEHEBUM 33 CTEIeHIME L. THCIA Coy Cly .y Cpyee - -
11e KoedillieHTn psay.

Jnsg 6yap-sikoro crenenesoro pagy (7) icaye umciao R Take, 1o
CKpi3b y cepeauni inrepsaiy (—R, R) psu (7) 36iraerbest abCoIIOTHO,
a JITs BCIX &, K1 33J0BOJBHAIOTH HEPIBHICTS || > R, cTeneHeBwii psij
(7) posbiraerbes. Y Toukax x = +R pax (7) Moxe sk 36iraTucs, Tax
i po3biratucsi. Yuciao R — 110JI0BUHA JIOBXKUHU IHTEPBAJIY 30i>KHO-
cri (—R, R) — nasmpaeThca pamiycoM 36ixkHocTi pany (7). dxmo
cepe KOeitieHTIB PIIY €g, €y -ovs Cpypy - HEMAE HYIBOBUX, TOOTO PSI
MIiCTHTB yCi TiJIi JIOJATHI CTEIeH] &, TO

R = lim [en|

n—oc |C’I7,+1|

3a yMOBH, IO 15 Tpanuns (CKiHdeHHa ab0 HECKIHYEeHHa ) ICHYE.
ITpukinasm 7. 3uaiitu 06H3("I‘B '361)KH()("I‘1 CTENeHeROTO PSIIY
r+ x + S+ m + ..
4Tyt ¢, = % Cntl = 777 3HaI/I,HeMO pa;uyc 361>KH0(:T1 pany:

R = lim =L = lim ”—H = lim (1+ 1) = 1. Omxe, psn 36iraerbes
nosoc |en+t1 _n—oc n n—o0 . n.
JJI 3HAYEHDb %, $Ki 3aJ0BOJIBHSAIOTL HepiBHiCTL —1 < 2 < 1.
Hocinumo 361 HICTE Py HA KIHIEX OPOMiXKKY. Akmo ¢ = 1, To mi-
cTaHeMO TapMOHiuHu psi 1+ % + ;—) + [1% + ..., AKHUH, SIK BIIOMO, po36iraeThest.

= 1,1 ., .
Axmo x = —1, To maemo paxn —1+ 5 — 5 + 5 — ... lleit pag sbiraerbes,
OCKIJIbKU BHKOHYIOTHCS yMOBU 03Haku Jlefibuira.
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Orxe, ofmacTs 361KHOCT cTeneHeRoTo psimy Mae Buraan [—1, 1). >

Axmo byukiisa f Heckinuenno audepenniiiosna B inTeppam (o —
R, 29+ R), T0o BOHA OHO3HAYHO PO3KIAAETHCS B 301KHUI CTETIEHEBUT
psan Teiimopa

f' (o)
1!

£ (o)

n!

f"(w0)
2!

(x—x0)’+...+

f(@) = f(zo)+ (x—x0)" +...,

(x—x0)+

AKIO Ha IIEOMY 1HTEpPBaIl BUKOHYETLCS yMoBa lim R,y1(x) =0, ne
n—00

R, 11 (x) — 3anumkosuit wien dopmyau Teitrmopa.
ITpu ¢ = 0 gicraemo psyg MakmopeHa

! " (n)
f(z)= f(0)+ @m + f2—(!0)x2 4ot fT!(O)a:” + ...

Hagenemo posknagn B paa Maxsiopena messkux (hyHKIIH:

2 "

T
—]+1‘+§+ +—+ $€R;
3 5 2n+1
T oz T T
1 = — — — — . N ) | ——— cR;
sz =g -y g e T gy e 2ERS
2 4 2n
T T z
ala—1 ala—1)..{a—n+1
(1—{—38)0‘:1—{—&:17—1—%332—#...—# ( ) TE' )x”+...,

|z] <1, € R\ N.

Bopasu
oC
O1. BuaiiTi cymy pay: D Y mryeas
oC oC n n n=l oC
2) Y monmr 3 L A X mnmen
n=1 n=1 n=1
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02. Jlocaiguty Ha 3612KHICTE PAJ:

o«C
1,23, 4 ) L.
1) §+5+§+ﬁ+'"+3nn71 +oi2) Z 2n4+1e
) B+ g+t iy T 4) E A 5) st g gt
3. Hocaigntu 3a 03HAKOIO ﬂaﬂaM6epa 3012KHICTE p;my
Ll 9 (n+1)!
Jatat- +(2n+1)'+ ) +24+ +2"n'+
2 2
3) %+2T+2—0+ +nm+ 4) O+t
) st st At + .
Bt e T e \/43
4. ZL ,ZLI/ITI/I Ha 361KHICTDL P
1) 11— : j e (3 1)"“427171 + s
2) 53— AN DS s S )" g+
3) 1,1 —1,01 41,001 — 1,0001 + ... + (— ) (1 %ﬁ+.;
D1—F -t —gr— o+

5. 3uaitu obsacti 361}KHOCT1 CTETIEHEBOTO PSIIY:

U(x—%+qﬂx—2)+ (e =2 + .

2) 1M(x —5) + 21(z — 5)2 + 34z — 5)% +

3) &4 L 44

R T B ) 0 o - JNEPP R LSy
06. Posknacru B cTeneHeBuit pst GyHKI0: 1) f( )=2%, zeR;

2) f(z) =sin?z, z€R;  3) f(x)=e*", z€R;

4) f(x) =Inz 3a crenensamu = — 1.

C1. Jocaigurn Ha 36iKHICTE P

n=1 ) n=1 3 TZLL: n=1
9 s (1) (1) + (1)
2 3 4
11 11 1 11 1 11 1
6Hﬂ%ﬁ)ﬁ+60§ﬁ«ﬁ)ﬁ+
241, 2241 | 2241
7) ST T e tea Tt
C2. Bnaittr obs1acTi 361KHOCTI CTEIIEHEBOTO PALY:
oc oc oc
1) > (-nntg® 2) > A 3) > L&
n=1 n=1 n=1"
o0 (o] .
+1)n" -3 2n—1
DR =LV
n=— n=—
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C3. PosxyiacTu 3a CTeNeHAMY T PYHKINIO:
1) () 3%, rcR; 2) f(z) =cos’z, v € R;

JlomaritHe 3aBIdaHHA

oC

1. Bratitu cymy psmy: 1) % + ﬁ + ﬁ +..:2) 1 2%
n—
2. 3a momoMoro 03HaK MOPIBHAHHS JOCAIINTH Ha 301XKHICTL
o0 .5 ’ L

P 3 dn, k0: 1) tn = S 2) = 5 8) = ke
4) ay = %.

J3. HocainuTu 3a o3uakoo Jarambepa 30iKHICTD PALY:
D2+3+S+8+ . D1+2+5+25+.

2 3
3)]4_%—’_%_542_%4_ 4)]4—%4-3#4‘4#4-..;
B t+5+ .+ +
4. JlocaignTn Ha 30i:KHICTL PAT:

Dl-—g+am—2+ 2)1—2+3—-44+5—6+..;
3) 1= e+ e = HDl-h+— 5+

JI5. Buaiit 061acTh 3012KHOCTL PsLy:

2 3 1)2 1)3
) 1425+ 20+ 204 2) le" Ll 3) gt g GEDE L @D
n

_ —1)2 —1)3 X p2
4y 2ok EoF L B p) PR

6. Poskiactu B psaa 3a CTGHGHHMI/I T byHKIII:
1) cos(z —a), z € R; 2) ze®, r € R; 3)y=sing, reR.

Biagnosiai

O1.1) ;2) 2:3) 3;4) 1. 02.1) PosGiraerses; 2) 36iraernes; 3) pos-
Giraernes; 4) 36iraerhest; 5) posdiraerbes. 03, 1) 3biraernes; 2) 36iraeTbes;
3) posbiraerbes; 4) 36iraerbes; 5) abiraerhea. 04, 1) 36iraerbes; 2) 36ira-
eThest; 3) posbiraernbes; 4) abiraethen. O5. 1) [1;3]; 2) {5}; 3) (—o0; +00);
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[~10;10). O6. 1) f(z) = i g” In"2,
2 3) fa) = o B

(2n)!

4)(=3;3); 5

fey =3

)
R 5 n=1 B
4 f@) = (e -1 - LD L g <2 <2 Cl
1) PosGiraerbesa; 2) 36iraernes; 3) 36iraerhes; 4) 36iraerbes; 5) 36iraeTbes;
6) posbiraerscss; 7) 3GiraeTbes [nopisasTA 3 pagoM = + (2)2 + (2)° + ...
C2.1) (-1,1);2) [-4,4); 3) (=3,3); 4) [-4,2); 5) (2,4).

(-1

Mgv

2

C3. 1) 1+ zlng + 228 4 283 o < 7 < oo
2) 1 — 22 2 + i,w‘l— %wﬁ—{—...,—oc < x < “oo. O1. 1) i;

2) 1. d2.1) 36iraeroca; 2) posbiraernes; 3) 36iraernes; 4) 36irae-
thed.  JI3. 1) 36iraernes; 2) s6iraerhes; 3) posbiraetbes; 4) 36irae-
TeesA;  5) a3biraerhes. 4. 1) 36iraerbes abconoTHO; 2) p036iFa€TbCH;

3) s36iraeThest ymoBHO;  4) 36iraerhes abeomorro.  JI5. 1) [ ,3); 2) {0};
3) (—00;+00); 4) [-1;3); 5) (—4;4). H6. 1) f(x) =sina z @;i;“
cosaz L 9) f(z) = zf;;i 3) fl@) = X (-1 gt

n=1
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Tema 26. TudepeHiiaapHi piBHIHHS IIE€PIIOT0 MOPAIKY

Pisnanna
F(xvyvyl) =0 (1)
abo

y,:f(xay): (2)

sike 3B’s13ye MK coDOor0 He3asieyKHY 3MIHHY I, IIYKaHY (DYHKINO ¥ i
T moxigmy 4/, HasuBaeThCa AM(pepPeHIiaJbHIM PIBHAHHAM 1-T0
OOPSKY.

Poss’siskom abo yacTuHHUM po3B’sa3koM pisHaHHS (1) abo
(2) ma mpomikky X nasmpaerbca dynkuisg y = (), gxa micas T
HiJICTAHOBKU B lle PIBHAHHS pasoM 31 CBOEK IoxinHowo ¢ meperso-
proe #oro B ToTOXHICTE cTocoBHO « € X. Pipusinnsg ®(z,y) = 0, sxe
BU3HA4YAE 1eil PO3B’SI30K siK HedBHY (DYHKINIO, HA3UBAETLCI IHTErpa-
JoM abo YAaCTUMHHUM IHTErpajioM JudepeHIiajbHoro piBHAHHS.
Ha mromuni 3 BuOpaHoi0 JEKaPTOBOI IIPIMOKYTHOIO CUCTEMOIO KOOP-
munatr pisagais Oz, y) = 0 BusHavac AedKy JMIHIIO, KA HA3HBAECTHCS
iHTerpaJbHOI KPUBOIO.

3arajibHUM PO3B’SI3KOM i epeHIiiaabHoro pisHaHHs (1) abo
(2) masmpaerncs Taka dynkuis y = @(x,C), gxka ana Oyab-sgKOro
3HavueHHs Tapamerpa C € po3B’SI3KOM IOr0 PIBHAHHS 1 OyIb-siKuit
YACTMHHMI PO3B’I30K MOKHA 300pasutu y surisami y = ¢(x, Cy), ne
Cy — koHKpeTHe 3HaueHHs1 mapamerpa C. Pisugnus ®(z,y, C) = 0,
sIKe BU3HATAE 3aTaIbHU PO3B’A30K K HEABHY (DYHKIIIO, HAZUBAETH S
3arajibHUM THTETrPAJIOM JudhepPeHIiaJlbHOr0 PiBHAHHS.

TIpomec 3HAXOMKEHHS PO3B’SI3KIB JM(EPEHIIAILHOIO PIBHIHHS
HA3WBAIOTh IHTETPYBAHHSAM IIHOTO PIBHAHHS.

Sajaua, B gkiit Tpeba 3HANTH YACTUHHUE PO3B’SI30K JUDEPEHITi-
ATBHOTO PIBHAHHS (2), 0 3370BOIbHSIE IOYATKOBY yMOBY 4(Zo) = Yo,
Ha3WBaeThes 3amadeo Korri.

Posrianemo maiinpocrinnd Tunm JndepenniaibHuX PiBHAHEL 11€D-
IMOTO TIOPSAIKY T& METOIH TX IHTerpyBaHHS.
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PiBHaHHA 3 BI/IOKPEMJTIOBAHUMU IMIHHUMHU. PiBHAHHS BUT-
JISTTY

y' = fx) g(y) (3)
abo

fi(@) g1(y) dz + fa(x) g2(y) dy =0 (4)

Ha3MBAEThCA PIBHSHHAM 3 BiJOKPEMJJIOBAHUMU 3MIHHUMH.

Ockinbku ' = dr’ TO PIBHAHHSI (3) YaCTO 3alMUCYIOTH Y BUIVIA]
x

W~ (x) olw). )

Beaxarumemo, mo byuaxiil f, fi, fo HenepepBHi Ha MEOXKUH]L X,
a ¢dyHKUIT g, g1, g2 — HENEPEPBHI HA MHOXHUHI Y .

dAxmo xomua 3 byukuii f,q, f1, f2, g1, g2 He TOPIBHIOE TOTOXKHO
HYJIIO, TO, BIJIOKPEMJIIOIOYK 3MiHHI, 3Bememo pisuanns (3') i (4) sig-
TIOBIJTHO JIO BHTJISTY

_ dy filx) ;0 g2(y)
fl@)de = guy. [t = —grg - ,
Iurerpyodn Bl 4aCTHHY WX PIBHAHB 10 T, & ITPaBi 10 ¥, JicTa-

HEMO 3araJibHi IHTerpaay X PIBHAHE:

/ f()dz = / ;(ZZ) el (3")

By, [ o0
xr =
fa(z) 91(y)
dxmo B piBusiHHI (3) dyHKIisT ¢ Mae gificHUil Hynb 79, TOOTO
g9(yo) = 0, To dbynxuia y(z) = yg € PO3B'I3KOM IBOrO PIBHAHHS.
[Tpw ginerni 060X YaCTHH BOrO PIBHSHHS HA ¢ (BimOKpeMIeHH] 3MiH-
HUX) PO3B'aA30K Y(T) = Yo MOKHA BTPATHTH. AHATOMIYHO TIpU IHTE-
rpyBaHHl piBHAHHS (4) MOXKHA BTPATHTH IHTErpaabHi JiHIT 2(y) = x¢
i y(z) = yo, me xo — aidicamit nynab GyHKUil fo, yo — AIHCHUE HyJIb
bynkii g;.
Tomy, onmepxapmm supas (3”) abo (4') Bigmosimno mas piBHAH-
ust (3) abo (4), Tpeba mepeBipUTH, UM BXOJATEH J0 HOrO CKIamy (mpu

dy + C. (4"
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BLATIOBIIHUX 3HaUEHHAX TapaMerTpa C) 3raJaHi BHUINE YACTHHHI PO3-
B'si3KkM. ZIKIMO BXOMsITh, TO BTPATH PO3B’SI3KiB Hemae. Ko k He
BXOJATh, TO iX Tpeba BkmounTn 110 ckaany (3") abo (47).

IIpukmaan 1. Posp’asatu pisussrs  z2ydz + z3dy = 0.

< BigoxpeMumMo 3MiHHI, TOAIINBINY NPaBy 1 JIBY YaCTHHY PiBHSHHS HA
2Py # 0: d—yy = —%””.
Inrerpyemo: [ % =—[% 4+ abolnly|=—-Inlz|+C1, Inlyz|=Cy.
JJis 3pydHOCT] MOTEHINIOBAHH 0JIep:KaHol piBHOCTI momamo mapamerp C
y sursai Cy = In|Cs], Co # 0 (upu npomy C7 HabyBae HOBLILHUX 3HA-
Y9eHb BiL —oc g0 +00). Tozi In |yx| = In|Cs| i, norernitowun, gicranemo
3arambunit inTerpan y surism yx = Oy, 3Biaku y = =2.

3ayBayxuMO, 1110 BuxiaHe audepeHiiajibHe PIBHAHHS Ma€, OYEBUIHO, I
po3B’si30k y = 0, AKuil He BXOAUTb B OJEpPKAHUHA 3arajbHUil iHTerpaJ,
ockinmbku Cs # 0. Beememo HoBHil napamerp , akuil HaOyBae, Ha BiAMiHy
Bix Cs, Takoxk 1 HyaboBe 3Havennsd. Toal poss’asok y = 0 BBlitae 10 ckiIagy
3araJibHOTO PO3B’A3KY Y = %, CeR. b

Ba monomoroio nijicranosku u{z) = ax + by(x) + d no nudepen-
IaJILHOI'O PIBHAHHS 3 BiJIOKPEMJIIOBAHUMH 3MIHHUMU 3BOJUTHCS JTH-
dbepennianbre pipHgans surasany 4y = f(ax + by + d), b # 0.

Opnopinaui piBuannaa. /ludepentianbie piBHgHHS 1-10 0pSI-
Ky (1) HA3MBAETLCS OMHOPITHUM, KO HOMO MOXKHA TOJATH y BA-

TJISITL
v =p(2). (5)

3a poromororo migcraHoBk £ = u(z) omHopinHe pisHsHHS (5)
3BOJINTHCS 70 PIBHAHHS 3 BiJOKPEMIOBAHUMHI 3MIHHAMM.
IMpuksam 2. Poss’sizaru pisusuna  y' = £ + cos 2.

¥
z

< Iloknagemo £ = u abo y = ux. Toxi % =u+ xz—if, o, Iicjs mijacra-

x
HOBKH Y BUXiJHE PIBHSIHHS, Ja€ PIBHSHHS 3 BIAOKPEMIIOBAHUMU 3MiHHAMHI

u+x%:u+cosu abo TG = cosu.

Bimokpemmowoun 3MiAHI Ta iHTETPYIOYH, JiCTAEMO: =<
u = [l 0y, Inftg(4+ 3)| =Injz| +1n[Ca|, tg(2+ZT)=Chz

abo u = 2arctgCz — §, C2 € R\ {0}.

Hoseprarouncy 10 byHKnil y, smaxonumo, mo y = z(2arctgCozr — 7)),

C, e R \ {0}

Ipu ginenni Ha cosu mu BTparunu poss’ssku y = x(5 + 7k), k € Z.
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Honyuarodu X 10 OJEPKAHUX PO3B’SI3KIB, 3HAXOAUMO 3aralnbHUH P03’ I30K
y surnam  y = z(2arctgCr + 5 +km), k€ Z, C€R. >

Jliniitui piBaauuda. /udepenmiaibie piBusgHas 1-ro mopgaaxy
Ha3UBaEThCA JUHIAHUM, SIKIIO BOHO MAa€ BUIJISA

Y = p(x)y + q(x), (6)

ne pigq— dyuxuil, siki HerrepepsHi Ha [a; ).

IIpu g(x) = 0 pisusuns (6) nabysae surasgny  y = p(z)y
I HA3MBAETHCS JHHIMHUM oaHOpPigHUM. Bono € piBHSIHHAM 3 Bij-
OKPEMJIIOBAHUMHI 3MIHHUMHY, 1 HOTO 3araJIbHUM PO3B’SI3KOM €

y = Cel e (7)

ne C — nosinpHa crana, a [ p(z)dz — ompa 3 nepsicHux QyHKIT p.

InrerpyBanHst AiHIHOTO HEOHOPIAHOTO piBHAHHS (6) TPOBO-
JUThCs MeToIoM Bapiartii crasoi. Ilykaemo po3’sa30k pisasiHHES (6)
V BUTJISI

y = C(x)el PO%, (8)

skuit omepyerbest 3 (7), axkmo 3aminuti cragy C Ha DYHKIHO
C = C(z). Hincrasasioun supas (8) B piBaanHs (6), JicTaneMo I
nesigomol dyukuil C = C(x) piBHSAHHS 3 BIJOKPEMIIOBAHUMY 3MiH-
HUMWU:

C'(w)el P 4 C(z)p(z)el PO = p(2)C(x)e) P4 + g(x)
abo

C'(z) = q(z)e [Pla)dz,
InTerpyrouu, micraneMo 3araabHU PO3B’SI30K
C(z) = [qlx)e I P@qe 4 Cy,

ne C1 — JoBLILHA CTasIa, a fq(x)e_fp(“’)dxdx — oHA i3 IEPBICHUX.
IMincrapnsgoun ogepxanmit upas aug C = C(z) y dopmyny (8),
3HAXO/IMMO 3arajbHuil poB’si30K piBHAHHS (6):

y = el Plo)de (01 + fq(x)e‘fp(m)d“’da:), C1 €R.

Ilpuknam 3. Posr’sizatv piBusera g cos’ z + y = tgx.
< Posrnsinemo cniovaTky BiAIOBiAHE OJHODiAHE miHiliHe pIBHIHHS
y' cos®’z 4y =0.
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Po3p’sa3yroun fioro, micranemo i#oro 3aranbHNUH poO3B’I30K:
dy _ _ _dzx dy _ dx _
y — cos?z’ f y fcost +InC, 1n|y| - th+1H|C|,

y=Ce '8 CeR.
3aranbuuil O3B A30K BUXIJTHOrO PIBHSHHS INIYKAEMO Y BULJISIIL

y = C(z)e 8% Mincrasmsoun y i y' = C(z)e 8 — C(z)e 81— g nane
PIBHSIHHSA, OIEPIKUMO

cos?x(C'(x)e 8% — C(z)e 8% L) 4+ C(x)e 8% = tgz,

cosZ z
tgr 1 : :
cos? = 1 TOA1

Clz) = [tgee'®® ——dz = [ tgze'®digr = ‘tgx = t‘: Jtetdt = [tdet =
=te! — [efdt = te! — et + Cy = '8 (tgx — 1) + C.
Orke, 3ara/pHUN PO3B’A30K PiBHAHHS Mae BUNIAL ¥ = Cre 8% 4 tgx — 1,
CieR. >
Poaragremo mesaki mafinpocTinn 3a0a4di MaKpOeKOHOMIYHOT TUHA-
MIKH.

C'(x)e '"8%cos®s = tgz. 3sigcn C' (1) = tgze

Hexait y(#) — ofcsar nmpoayKmil AesKol ragysi, kit peaai3oBaHuit
Ha MOMEHT Jacy t. BraykarumMemo, 10 BCA TPOAYKIIA Peasli3yeThCs 3a
LIHOO P, TOOTO BUKOHYETHCS YMOBA HEHACHYIEHOCT] puHKY. Toil jgoxo
HA MOMEHT 4acy t jopisHioBarume Y = py(t).

Moznaawrmo depes I(f) BeSMIUHY IHBECTHINH, SIKI HATPABJISTIOTHCS
Ha pPO3MIMPEHHsS BUPOOHUIITBA 3a 4ac f. ¥ MOJIeJi MPUPOIHOTO POCTY
BBayKAIOThH, IO MIBUIKICTH 3MIHM BUOYCKY TPOAYKINI (akcemepartist)
IPOIOPIiiiHa BEIUYIHMHI iHBECTHIT i, TOOTO

y'(t) = 1I(1). (9)

Ilpr 1ROMY HEXTYIOTH YacOM MiX 3aKiHUEHHSIM BUPOODHUIITBA ITPO-
AyKmil Ta 17 peasizaiiiero, To6TO BBayKAIOTh, IO IHBECTHUIIHHUN mar
JOPIBHIOE HYJIO.

Baxkaroun, mo BenmurHa iHBectuiiit I(¢) ckiamae dhikcopany 1a-
CTHUHY JIOXONY, JiCTaHEMO

I(t) = mY (t) = mpy(t), (10)

nie KoedilieHT mponopIiifinocTi m (Hopma iHBECTHIIH) — CTaja BeJIH-
quHa, 0 < m < 1.
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IMincrapnsour (10) B (9), gicranemo audepeHIfiatbHe PIBHAHHS
HEPITIONO TTOPSIKY
v =ky, nek=mpl (11)

Poss’sizytoun pisaganns (11), omgepxyemo %y = kdt, [ i—y =k [ dt,
Inly| = kt + In|Cy], C1 € R\ {0}. dxuo Bpaxysaru 3arybieHuit
po3B’s30K y = 0, To orpnmaemo y = CeF* C € R.

Axmo na moment gacy tg y(fo) = Yo, TO, 3aJ0BOJBLHABINH IIFO 10
YATKOBY YMOBY, MaTHMeMo 3o = Ceko, ' = ekt Tomy poss’sizkom
samadi € y = yoehlt—to).

V 3araJbHOMY BHIAJKY P € CIa HOI DYHKINEH, 60 i3 36inbIneH-
HeM obcary BUPOBJIEHOT TpoayKIil 11 TiHA 3HUKYETLCS siIK PE3YJILTAT
HACHYIEHHST PUHKY.

OTxe, MO POCTY B YMOBAX KOHKYPEHTHOIO PUHKY HaOyBae

BI/IFJTH,ILy .
y" = milyp(y). (12)

Ockinbku BCl CHIBMHOXKHUKK B Tpasiit wacruni (12) gomarwi, To
y' > 01 11e pIBHAHHS ONUCYE 3pOCTarody (byHKIIO 4. [Ipu HOCIiIKeH-
Hi bYHKIIH ¥ HA ONYKJIICTH TPUPOJHO BUKOPUCTOBYETHCS TOHSTTS
eMacTUYHOCT] (pyHKIIT.

Cupasai, 3 (12) Bumumsae, 1110

y" = mly (y+p) abo y' =mly'p(ziy + 1),
—pdy
ydp’

Ouesnano, mo y” = 0 pisnocuiske E,(y) = —1.

Omxe, sKmo nomut enactudHui, tobro |Ey(y)] > 1 (a came
E,(y) < =1), ro 3y > 01 dyukiis onykiaa BEK3. SIKIIO XK IOMAT
HeeacTuunuii, To6To |Ep(y)| < 1 (rounime —1 < Ey(y) < 0), To
y" < 0 dbyHKIis ¥ OIyKja Bropy.

ITpukiam 4. 3uaiitu obcar peani3oBaHol MPOAYKIIl y, AKIIO BiIOMO,

ockinbku E,(y)

IO TMOTMT BU3HAYAETHCS PIBHICTIO p = 2 — ¥y, HOpMa akcemeparil % = 2,
HopMa iuBecrurisi m = 0,5; y(0) = 0, 5.
< PiBusinns (12) y nanomy Bunanky mae surasg y' = y(2 — y).

Bigokpemwupiu 3MiHHI Ta M[POIHTErPYBABIINA, JIiCTAHEMO y(gﬁy) =

dt, f%:fdt, 5 /(G5 — )y = —t+ |G|, Infy — 2| - Iny| =
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=2t + In|Cy|, C1 € R\ {0}. Bpaxysasmu 3arybieHuil poss’a30K y = 2,
OCTATOYHO JiCTAHEMO y—f =Ce 2 CeR.

SIKIIO 3a10BOJLHATH TIOYATKOBY YMOBY
y(0) = 0,5, To omepKUMO

= 2
0,5-2 = C C = —3 HEeJACTHIHHH
075 ’ - . .oe TOmUT
OTxe, 0bcsar peastizoBaHol npc;;gymm
Y 3HAXOINTHCSA 3 (DOPMYIH y% = —3e 2 1
PR - _ 2
1 B1H OOPIBHIOE Y — TF3e-2 eTACTHTHUH

monuT t (1ac)

tn

I'padix miel dpyuxkIii 306paxkeHo

Ha puc. JlaHy KpuBy Ha3UBalOTh
J'IOI‘iCTI/I“IHOIO KPHUBOIO. >

Hexait Y (£) — noxom, sikuit 0JiepKaHo Ha MOMEHT 4acy t JesKOIO
rafIy33io, € cymoro inBectuiiit I(¢) i Besimanun cnoxkusanus C(t), T06-
TO

Y(t) = I(t) + C(t). (13)

Ax i pamimre B Mozesi TPUPOISHOIO POCTY, BBAXKATHMEMO, IO
MIBUJIKICTE 30LIBIIEHHS JIOXO/Y IPOIOPIiiiHA BEJIMYMHI 1HBECTHUINH,
T06TO

bY'(t) = I(t), (14)

1ie b — koedinieHT KarmTasoeMHOCTI TPUPOCTY 0XOAY (1€ PIBHOCHIBHO
(9) mpm cramiit nini p Ha TpoAyKIio 1 [ = pr)'
Busunmo noseninky dbyHKINT goxony Y B 3aI€XKHOCTI BiI 3MiHK

C.

Hexait C(t) € bikCOBAHOK YACTHHON OJEPIKYBAHOIO JIOXOIY HA
mMomenT vacy t, Tobro C(t) = (1—m)Y (t), ne m — Hopma iHBeCTHIIII.
Toxi 3 (13) i (14) BumumBae, o

Y'(t) = BY(¢).

ITpukiaazm 5. 3uaiitu GYHKIIO J0X04y Y, SKIIO BiZOMO, IO BEJIMIUHA
CNOXKUBAHHS BU3HATAETHCA QyHKIIE C = 2t; KoedIilieHT KamiTaJIoeMHOCT
upupocry goxomy b = 1/2, Y(0) = 2.

< I3 cniBBigaomens (13) i (14) ogepxKyemo, 1m0

Y (t) = %Y’(t) L2 abo Y'(t) — 2V (1) = —4t, (15)

209



Omxke, maemo miHiiine HeogHOpinHe piBHsAHHA. CIOYATKY PO3B’SIKEMO

Bi/IIOBimHe JiHiliHE OTHOpITHE PiBHSAHHS
Vi) =2Y (@), ¥=2v(), < =24,
[ =2[dt, In|Y|=2t+In|Cy], C; € R\ {0}.

BaranbHuil pO3B 30K OIHOPIMHOTO PiBHSHHS Mae Buraan Y (1) = Ce?, C €
R.

Po3p’s3Kku miHiitHOro HeomHopiaHOro pisusguus (15) myKaTHMEMO Y BH-
Wl

Y (t) = z(t)e*. (16)
Bagopoabaaodn (16) pisusuua (15), ogep:KyeMo
2 () + 22()et — 2z()e* = — 2 (t) = —4te™ 2,
dz

pi —4te™?t,  dz = —4te2dt, / z = 2/tde*2t

1 _.
z =2(te™% — /efztdt) +C =2(te? + 56_%) +C,

z=e2t+1)+C,C €R. (17)

Mincrasusum (17) B (16), micTaHeMo 3aranbHWH PO3B’A30K piBHsHHSA (15)
Y(t) = Ce* 42t + 1.

CxopucraBmmck 04aTKoBow yMoBow Y (0) = 2, orpumaemo 2 = C + 1,
C=1Tomy Y(t)=e* +2t+1.>

Bopasu

O1. Posp’st3atu piBHAHHS:
Dazy —y=0, axkmo y =4 npu z = —2;
2 x+ay+y(y+ay) =0; 3)2st% ds=(1+12) dt;
4y = (2y—|—1)ctgx,ﬂKmoy—lan:B—— 5) y' = e"tY:
6) (2 — )y’ +2xy?> =0, axmo y = 1 mpu = = 0.
02. Pozp’szarnu pipnsmEs: 1) (22 + me) dr +zy dy=0,2) y' =

g—|—sinE,5{KHLoy:gnpﬂrn:l; 3) zy cosf—ycosg—m
)2y’ =y — zes.

i~

=~ 5
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03. Posp’asaru pisuanns: 1) 3’ — %y =x; 2) y' cosz — ysinz =
sin 2x; 3) tQ% =2ts — 3, akmo s = 1 mpu t = —1; 4) ¢ + 2y = 3*
akmo y = 1 upu £ = 0; 5) 2/ — 2y = 22*, axmo y = 3 npu 2 = —1.

O4. Hexait ¢ N noreHnifinnx DOKyIIB AeKOro ToBapy. 1licaa pe-
KJIAMHOT'O OTOJIONIeHHs iHhOPMAILsS TPO JAHUN TOBAP TOINTHPIOETHCS
uepe3 CHIKYBaHHS IMOKYIIIE MixK coboro. BpaxoByrotuu, IO IIBU-
KiCTh 3MIHM YUCIa MOKYIIIIB, STKi 3HAIOTH MIPO TOBAapP, ITPOIOPIHA
SIK UHCJY TPOiH(OPMOBAHUX TIPO TOBAP, TAK 1 YUCIY HMOKYIIIB, SIKi
PO HBOT'O HIYOI'0 HE 3HAKTh, CKJIACTH MaTEeMATHYIHY MOJIEIb 3a/adi
1 BHAHTH 3aKOH 3a/IeXKHOCTI YUCIa TPOoiH(OPMOBAHUX MOKYIIIIE Bij
qacy.

0O5. 3a gkwuit qac Tino, Harpire g0 100°, oxonomurbest 1o 252 B
kiMmHaTi 3 TemMueparyporo 20°, axiio 10 60° BoHo oxostonzkyeTbes 3a 10
x8 7 ( 3a 3akonoM HrioroHa MBUAKICTE OXOJIO/ZKEHHS IIPOTIOPITiiiHa
PI3HUII TEMIIEPATYD ).

O6. TIoBHi BUTpaTH ¥ | rPaHUYHi BUTPATH 4’ BUPOOHUITBA 3B -
sami pisaicTio ' — 4y + 2 = 0. SnafiT YHKINIO y TOBHAX BUTPAT,
IO 3a/10BOJIbHSIE TO9aTKOBY yMoBy ¥(0) = 0.

O7. Enacruunicts GyHKI y = f(2) CTOCOBHO 3MIHHOI T OIHCY-
eThbest cniBeiapomennam Fy(y) = % Busmauntn camy dbyHKIio,
AKIIO 11 rpadik mpoxoauTs depes Touky My(1;2).

O8. Bigomo, 110 1iHa p HA JedKUi TOBap 3aJ€KUTh BiJ Yacy t, a
HONUT ¢ i IPOTNO3UIIS § BU3HaYaI0TLCs (hopMyamu ¢ = 4p’ — 2p + 39,
s = 44p’ + 2p — 1. BnaiiTu 9KO0 MOBMHHA OYyTH IiHA p, MO6 ITONAT 1
[POTO3HUIIist 3PIBHOBAKUIIUCE, Ko p(0) = 1.

C1. Posp’sg3aTu pIBHAHHS: 1) /zy dr + 22y dy = 0;
2)y =" sing; 3)y = THL 4)y'—L = L 5)y=ay'+y/Iny.
C2. Yepez akuit TpoMiKOK Yacy BiAOyIeThCA TOABOECHHA CYKY-

IIHOI'O CYCILJIBHOTO IPOAYKTY P, aKImo fioro ?&HO?KHi(’Tb BiJI yacy Bu-

BHAYAETHCS PIBHSIHHAM PO3IMTAPEHOTO BiATBOPEHHS H =0,1P.

C3. IlpoiaterpyBarn aucdepeHIiiagbie PIBHAHHS PO3IIUPEHOrO

BIATBOpEeHHS % = H H-Sp ne H,Sif - craii, Ta BU3HAYHTH, depe3

STKUH TTPOMIZKOK qacy BiAOyIeThCs TIOABOECHHS CYKYIIHOTO TIPOIYKTY,

sgkimo H =0,6, 5=0,5, f =1.
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C4. BanexxHicTh KITBKOCTI HACETEHHS MicTa Bl 9acy t (y pokax)
ommcyeThest mudepeniansany piBasEEAM 3 = 0, 1y(1 — 107 %y). Ye-
Pe3 CKUTBKH POKIB KIJBKICTh HaceJleHHs poro MicTa 3pocte 3 100 000
o 500 0007

JlomaritHe 3aBIdaHHA

J1. Jlnst mojasux piBHSHD 3HAHTH 3araJbHUE PO3B’SI30K 1 BUII-
JIUTU TOH 3 PO3B’A3KIB, SIKUH 3a0BOJIbHSE JAHY IOYATKOBY YMOBY:
Doy +y=0,y=4dnmpux=-2:2)yy + =0,y =4 npn z = —2;
322y +y=0y=empux=1;4) 2z =y,y=110pu z = 4;

5) 2%y +y?> =0,y =1 mpu z = —1;
6) (14+2%)y =1+9y%y=1mpuz = 0.

J2. Posp’s3ary pisnsaHs: 1) % =2_L 2)y = g—z — L
3y + %=
6) y’—e% =44 1) ey =zy+€*, akmo y = e mpu x = 1.

J3. Bratitu obcsar peanizosaHol mpoxyKiil y(¢) 1 #oro 3HaveHHST
npH ¢ = 2, AKIWO BiOMO, M0 (YHKI[S NONATY MAE BALISLL ply) =
3 — 2y, HopMa axceneparil % = 1,5; mopma imBectunit m = 0, 6;

y(0) =1
4. TIpo monut obcarom x OIUHUIL JESIKOIO TOBAPY BAPTICTIO P

33 KOXKHY OJIMHUITIO BiIOMO, IO %Z—m = x_TQOO. Buznauntu $yukiio

nonuty Burngmy p = f(x), axmo 0 < x < 200 i p =5 npu z = 190.
5. I'panuanunii npubyTok (hipMu BU3HAYAETLCS CITIBBIIHOIIEH-

wam ¢ () = 50000 — z. 3uaiitw nopHuil TpuOYyTOK BipMH, AKIIO

HYJIBOBUI BUITYCK NPOJAYKIIL Jla€ HYJIBOBUHE TPUOYTOK.

e_m2

4y +y=Inz+1; 5) 19 +ycosxz = sin2x;

T

Biagnosiai

O1.1)y=-22;2)s+y=InClz+1)(y+1);3) S =t—1+C;4) y =
2sinz—1;5) y = —In(C—e®);6) y = m 02.1) ln|m+y|+ﬁ_—y =
C; 2) y = 2zarctgr; 3) sin% +Injz| = C; 4) y = —zIn|In|z| + C|. O3.
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1)y:C’4x3—a:22; 2)y:d/%——§%i§§;3)52%—;2t2 4)y:%\763 +§e‘2‘”;

+

% = k(T —20), to = 40xB. O6.y = 7+ 1= — Ee“. or. Ex( )=
y=21+z—2%. O8.p=10-9" C1.1) 2 /y* - L

2) S (sinz —cosz) +e ¥ =C; 3) y2 =222 In|Cx|, C £ 0;4) y = Cx — 5
5 )z =Cy—1—-Inly. C2.t= 1812 7 pokie. C3. P(t) = POeHTis't,
to = 10In2 = 10-0,6931 =~ 7. C4. tg =20-In3 =20-1,0986 %122 POKHU.
O1.1) zy = C,zy = —8;2) 22+y% = C2, 224+4y? = 20;3) y = Cex, y = =
4) y = CeV®, y = eV? 2, 5) 14 i =C,y = —ux; 6) arctgy = arctgr + C,

a2
arctgy = arctgr + Z. J12.1) S2 =22In%;2) y = —2£5: 3) y = 55—

4Y)y=Inz+ % 5) y = 2(sinz — 1) + Ce™ %122 6) y = xlnﬂ' Ny =
e*(1+Inz). 3.y = 0,43 -2y) v, y(t) = 1250mr, y(2) = 1250= ~ 1,43.
4. p =100 —0,52. 5.y = 50000z — 22/2.

[
Qi
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Tema 27. Jliniitui nudepeHniaabHI PIBHAHHS IPYyTrOro
MOPAAKY

Jinitinum gudpepeHIiajbHUM PiBHAHHAM APYTOT0 HNOPA/I-
KY Ha3MBAE€THCA PIBHSIHHS BUIVISILY

y" +pla)y + qlz)y = f(z). (1)

Tyt dbyukil p, g, f 3amani i HellepepBHi Ha AeIKOMY HPOMIKKY X .
PiBusanug (1) masupaerbcst JIIHIMHUM HeogHOpiAHUM. kim0
XK f(r) =0, 2z € X T0 pIBHAHHA HA3UBAETHCS JIHIMHUM OMHOPI-
HuM. OgHopigHe PIBHAHHS 3 TIEH0 CAMOIO JiBOI YaCTUHOIO, ITT0 i JaHe
HEOHOPIIHE, HA3WBAETHC BIATIOBIAHUM ffomy.
BaxxamBow BAaCTHUBICTIO JIHIMHUX OTHOPITHUX PIBHSHL € Te, IO
3araJibHUi PO3B’SI30K TAKUX PIBHSIHHE MOXKHA TOJATH Y BUIVISII

y = Cry1(z) + Caya(x), (2)
e y1 1 yo — JMHINHO HE3AAEXKHI YACTUHHI PO3B’I3KK PIBHAHHS
y" + p(z)y + q(z)y =0, (3)

a Cy 105 — goBlIBHI CTAJI.

JIimifino HezameXHI YACTHHHI PO3B'I3KM JIIHIKHOTO OJHOPIIHOIO
PIBHSIHHST JIETKO 3HAXOAATHCS, KO KoedillieHTH pIBHAHHS p 1 ¢ €
crayiuMu, TOOTO PIBHAHHS MAa€ BUIVIS

y" 4+ py' +qy = 0. (4)

Jlns 3HAXOKEHHsT YACTMHHUX PO3B’SI3KiB piBHaHHA (4) cKaama-
I0Th XapaKTEePUCTUYHE PIBHAHHSLA

M4ph+g=0, (5)
SKe OJIEPKYEThCS 3 PiBHAHHS (4) 3aMIHOI0 B HBOMY TOXITHUX BiJL 11Ty~

kaHol pyHKIIT BIAMOBIIHUMU CTENEHsIMUA A, IpUUOMY cama bYHKITis
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3aMIHIOETBCsT ofuHuTel0. Kopeni piBHgHHS (5) 3HAXOAATHCS 32 HOop-

MYJIOKO
Mp=—-5+ \/ —q.
Axao: 1) £ — ¢ >0, To xopeni mitcui # pizni
M=-8+ B —q X=-8—\/E—¢
2) %z — ¢ =0, To Kopeni pgiifcmi it piBmi A = Ao = —§;
3) B- — ¢ <0, o xopeni koMIUTeKcHi i pi3Hi

. 2 . 2
)\1:—§+Z\/q_pf: )\2:_§_Z q_pT:

Je @ = y/—1 — ysaBHA OAWHMIA; iX 3PYYHO 3aIUCYBATH Y BUTJIAL

A :Oé-{—Zﬁ )\QZ(M_iB: O’-:_%: 6: \/q_pzz

Y 3a7eHOCTI BiJl KOPEHIB XapaKTEePUCTHIHOTO PIBHAHHS CYKYII-
HiCcTh JIHIHO He3aeXKHUX PO3B’SI3KIB PIBHSHHS (4) Mae BHIVIS:
1)y = M7, yp = eM2%; 2) yp = M7, yo = peM®;
3) y1 = e** cos fx, yo = e** sin fzx.

Ipuknazx 1. 3rafiTe 3aransrmii po3s’s30K pisasHaEs ¥y —y' — 2y = 0.

< CrnameMo XapaKTepHCTHIHE PIBHSAHHS 1 3HAUIEMO HOro KOpeHi:
M —A—=2=0, My = 2; Ay = —1. Toxi cyKynuicTh JiHifHO HE3ATEKIUX
PO3B’SI3KIB MA€ BUIVIAL: 4, = €27, ys = e %,

Omxe, 3rigHo 3 GopMyon (2) 3araibHul PO3B’A30K PIBHSHHS

Yy = C’le% + Che %>

IIpuknas 2. 3uaiitu 3araabHU po3s’a30k pisaauas y'' —y' = 0.

41 XapaxTepuctuire pipagHEg A2 — X = 0 Mae KopeHi \; =0, A2 = 1, 2
TOMY CYKYIIHICTH JMiHITHO HE3ATEKHUX PO3B A3KIB PIBHIHHS TAKA:
y1 = %% =1; y, = e*. Toxi 3aragpHUI po3s’sa30K ¥y = C; + Cae® >

TIpukaazm 3. 3HaliTy 3aranbHuit po3s’s30k pisasans y'— 10y+ 25y =0.

41 Maemo xapakTrepuctrase pipaaaag A2 — 10\ +25 = 0. Kopersuu itoro
€ A1 = X = 5. Toxi y1 = €%, y» = €%, a OTIKe, 3aTAMLHEI PO3B’A30K MAE
purnan y = (C1 + Cax)e sy,

IIpuknasm 4. 3naiiTu 3aramhHWil po3B’a30K pisaauasa ' + 25y = 0.

< Xapakrepuctiyne pipaanas A2+25 = 0 mae kopeni A\; = 5i, Ao = —5i,

a ToMy y1 = e¥%cosbr = cosbx, y» = €0

sin bz = sin 5z. 3aranbpHui
posB’s30k Mag purasan  y = Cq cos 5z + Cs sin bx. >

CrpyKTypa 3arajbHOr0 PO3B’SI3KY JIHIKHONO HEOJHOPIIHOrO piB-
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HsHAs (1) Mae BUMISA
y = Ciy + Coyz + 9, (6)

Jie § — JIesTKWi 9aCTUHHUE PO3B 130K piBHAHHS (1), a y1, yo — JUHIHHO
HEe3aJIeXKHI PO3B’SI3KU BLIIOBIIHOTO JIHIHHOTO OJIHOPIIHOTO PIBHSHHS
(3). Mu BMmieMo 3HaXOAWTH JIHIHO He3aeXKHI PO3B’SI3KN DIBHSHHS
(3), a ToMy pO3IIAHEMO, K 3HAXOAMTHCS YACTHHHHN PO3B’SI30K PiB-
HsuAst (1). Busgsngerscd, mo Ko mpaBoo IacTHHOO piBHAHHS (1)
€ abo MHOrO4JIeH, ab0 MOKA3HUKOBA (DYHKIIIHA, a00 TPUNOHOMETPUIHA
dbyHKIig cos Sz uu sin Sz, abo jinitina xoMmbinanis nux byHKIMA, TO
JaCTHHHHI PO3B’SI30K MOXKHA 3HANUTH 3a IOIOMOIOI0 METOHYy HEeBU-
3HAYEHUX KoeiIieHTiB.

a) Hexait f(z) = eP*Py(x), gme Pu(z) = apz™ + a1z 1 + ... +
Gp_ 1T + G, — MHOTOYJIEH CTEIEeHd N, a p — JAificHe 9ucjao. Y IBOMY
BUNAJIKY YaCTUHHUN PO3B’SI30K {f Tpebda MyKaTH y BUJISAI

J = Qnlz)e’"z". (7)

TyT (Qy, — MHOTOUIIEH TOTO CAMOTO CTETeHs, 1Mo # MHOTOUTeH Py,
ajie 3 HeBLIOMUMHE KOedillieHTaMU, & © — YHUCJIO KOPEHIB XapaKTepu-
cTUIHOrO piBHAHHS (5), STKI JOPIBHIOIOTH P.

6) Tlpasa wacruma piBugras (1) f(z) = eP*(P,(z)cosqx +
Py, (x)singzx), ne P, i Py, — MHOTOYIEHH CTENEeHs BIANOBIAHO N 1M, &
p i g — gificHi uncja. Y 1bOMY BUNAJKY YaCTUHHUN PO3B'A30K §f CJi
MYKATU ¥ BUIVIA]

y = a" P (Qs(x) cos gz + Rs(x) singz), (8)

ne Qg 1 Ry — MHOTOWIEHH CTENeHsd § = max{m, n}, a r — 4Mc/a0 KOPEHiB
XapaKTEPUCTUIHOTO PiBHAHHS (5), aki 36iraroTbes 3 p + qi.
Ipuknasm 5. 3uaiiTu 3aranbHuii po3s’s30K pieHsanusg ¥’ +4y = 5 sin 2z.
< KopeHsiMu XapakTepucTUYHOro piBHAHHA A2 +4=0¢e A\ = 20, Ay =
—24. JIinilino He3aJIeXKHI pO3B’I3KH BiAIOBIZHONO OIHOPIIHOrO PiBHSHHS
y" + 4y = 0 MarOTh BUIIIAL i1 = COS 2%, Y2 = Sin 27.
Ockimpru p+qi = 0+ 21 = 24, o r = 1. Kpim Toro, s = 0, 60 B
npaBi#t yacTwHi piBHAHHSA CTOITH MHOTOYNIEH HYJILOBOTO CTeneHs. 3rigHOo 3

216



(8) YacTUHHWIT PO3B’S30K HAIIONO PIBHSHHS CJILJ [IYKATH Y BHTJISAI
¥ = (Acos2z + Bsin2z)z.

IIponndepennioBaBn JaHWI BUpas3, MiJACTABAMO WOT0 B PIBHAHHS 1
npupiBHSEMO KoediieHTH pu cos 22 1 sin 2x:
i = (—2Asin 2z + 2B cos 2z)x + (A cos 2z + B sin 2x);
§"' = (—4Acos2z — 4B sin 2z)x + 2(—2A sin 2z + 2B cos 2z);
(—4Acos2x — 4Bsin2z)z + (—4Asin 2z + 4B cos 2z) + 4( A cos 2z +
+ Bsin 2z)z = 5sin 2x;

~4Asin20 +4Bcos20 =5sm2e,  {HEH A=-% B=0.

Omxe, §j = — 22 cos 2z. 3riano 3 bopmynomo (6) maemo
y = C1 cos 2z + Cy sin 2z — 3z cos 2z. o

IIpukaazm 6. Hexait dbyukuia nonury y(t) = 3p” — p' — 2p + 18, a
dbyuxuis nponozurdi z(t) = 4p” + p’ + 3p + 3. 3naiiTy 3anexkHicTH UiHE P
BiJ 9acy.

< OckizbKU piBHOBAra PHHKY XapaKTepU3yeThes pisHicTio y(t) = z(t),
TO

' —p —2p+18=4p" +p +3p+3, P +2p +5p=15. (9)

Opepzxaiu giniifine HeogHOPiAHE nudepeHTiaTbHe PIBHIHHA IPYroro mopsi/i-
KY.
Posp’siskeMo crioYaTKy BiANIOBIIHE MiHiiTHE ONHODPIAHE DIBHSAHHS
P +2p + 5p=0: A2 420+5=0, Aa2=-1%2,
p=Cre tcos2t + Cretsin2t.

YacTuHHAY pO3B 30K MIHIHHOr0 HEOSHOPIAHOrO PIBHAHHS IIYKATHMEMO
y surssnai p = A. Toni marnvemo micnst miACTaHOBKY B piBHsHHA: H5A = 15,
A = 3,ao0rxe, p= 3. Tomy 3arajbHuM po3B’s3koM piBaaHHA (9) € dyHKIis

p(t) = Cre tcos 2t + Cre tsin 2t + 3.

Ao HaM BigoMi 3HagenHs p 1 p' B moyarkosuil MoMmenT gacy t = 0, TO
mu 3moxkemo 3uadita Cy 1 Cs.

Hexait p(0) = 4, a p'(0) = 1. Toui 4 = C; + 3, p'(t) = —(Cy cos 2t +
Cosin2t)e 14+ (—2C sin 2t+2C3 cos 2t)e ¢, 1 = —C1+2C5; C1 = 1,05 = 1,
a ToMy

p(t) = e t(cos 2t + sin 2t) + 3.
Axmo x "HaM Bigomo, mo p(0) = 4, a y(0) = 16, To TOAl NOCTYNAEMO TaK:
C1=2C—1, pt)=e (20 —1)cos2t — (Cy + 2) sin 2t),
p"(t) = —e 1((4Cy + 3) cos 2t + (3Cy — 5)sin 2t),  p'(0) = 2C, — 1,
p"(0) = —4C5 — 3. Tomy
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16 = 3(—4C5 — 3) — 205 + 1 — 8 + 18,
6= —1202 -9 202;
Co=—1,C; = =3, a ormke, p(t) = e *(—=3cos2t —sin2t) + 3. »

Bopasu

O1. Posg’azaru pisusnus: 1) "’ —4y'+3y = 0; 2) y" — 4y +4y = 0;
3Ny -4y +13y = 0;4) y"+4y = 0; 5) " +4y’ = 0; 6) %—1—22—;7%5 =
0,skmo s=1,8 =1uput=0;7) ¢y + 6y’ + 9y = 0, sikmo y = 0,
y =2 mpu z = 0.

02. Posp’azaru pisngnna: 1) ¢ — 2y +y = €2%; 2) ' — 4y = 8z3;
3Ny +3y +2y=sin2z +2cos2x; 4)y" +y=1x+ 2%

5) y" — 3y + 2y = €% 6) ¥ + 4y = sinz, akmo y = 1, ¥ = 1 upnu
r=0.

O3. TlonuT i OpOIO3UIlis HA AEsIKH TOBAP BU3HAYAIOTHCS CIIiB-
Bignomennamu ¢ = 2p" —p' —p+ 15, s =3p" +p' +p+ 5, ne p -
nina rosapy, p’ — Tenjennia bopMyBaHHd 1iHK, p” — TeMI 3MIiHM 1IIHU.
SHaliTy 3a/1€XKHICTh IIHK BiJ 9acy 33 YMOBH, IO ITPOIMO3UILIS 1 TOMAT
spisaoBaxeni, a p(0) = 6, ¢(0) = 10, s(0) = 10.

C1. 3uajiTu 3aranbHi po3s’ssky pisagas: 1) y” 4+ 1 — 2y = 622,
2) y" — 3y =2 —6x; 3) ¥ + 6y + 5y = %, 4) ¢y — 6y + 25y =
2sinz+3cosz; 5) ¥y +y =ze *;6) Yy +y=sinz; 7)Yy +2¢ +y =
27+ + 2.

JlomaritHe 3aBIdaHHA

J1. Posp’sazaru pisasans: 1) y” — 4y = 0; 2) ‘22737 + 3‘2—? —4x = 0;
3) ¥+ 3y = 0, akmo y(0) = 1,4'(0) = 2; 4) v + 2y + by = 0;
5y + 6y +9y=0;6)y" +4 —y=0;7) y" + 64y = 0.

2. Posp’szaru pisuanans: 1) ¢ — 5y" + 6y = 13 sin 3x;
2) " +2y +y =€ 3)y" —y=e"% 4) ¢y — 6y + 8y = 322 + 2z + 1;
5) 2y" —y' =1, y(0) = 0, §/(0) = 1; 6) ¢ — 4y + 4y = 3¢*";
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7y =2y =3y = (z +2)e*

Biagnosiai

O1. 1) y = Che® + Cae%%; 2) y = (O + Cox)e?®; 3) y = e2*(Cy cos 3z +
Cosin3x); 4) y = C cos 22+Cy sin 2z; 5) y = C14+Che 4%, 6) s = e *(cost+
2sint); 7) y = 2ze 3%, 02. 1) y = *(C) + Caz) + €%%; 2) y = C1e?* +
Coe™2® — 223 — 33; 3) y = Cre ® + Che2® + \fcos(f —22); 4) y
Crcosz + Cycosz + o + €75 5) y = Cre*® + (Cy — 2)e”; 6) y = cos2x
s(sinz + sin 2z). 03.p(t) =5+e tcost. Cl.1)y = Cre® + Coe™®
322 =32 5;2) y = C1 +Cae® + 22, 3) y = Cre 4+ Coe 50+ €5 4) y =
e32(Cy cos4x+02 sin4x)+ 15 (14 cosz+5sinz); 5) y = Ci1+e™ (02—12—2—30 ;
6) y = (C1 — £)cosz + Cosing; 7) y = e *(Cy + Cox) + 2%~ + 2 1.
1) y = C1e%® + Coe 2% 2) = Cret + Cae 45 3) y = 1(5 — 2¢732); 4) y=

- (01 0827 + Cysin22): 5) y = (C1z + Co)e™3; 6) y = e 5 (CLeT* +
026 F): ) y = Cycos8z + C sin8z. ,Z[2. 1) y = C1e®® + e’ +
L(5cos3z—sin3z); 2) y = (Cro+Co)e “+1e%3) y = Cre®+(Co—L)e
4) y = Cre*® + Che®® + (242 + 52m+41) ‘e B) y = dez —x — 4; 6)
y =e2(Cy + Coxm) + 222, 7) y = Cre™® + Coe® + (22? + La)e’®.

I+l
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Tema 9. Kpusi apyroro nopsanky 73

Tema 10. TleperBopents TeKapTOBUX MPAMOKYTHUX CHC-
TEM KOOPJWHAT 1 CIPOIEHHS PIBHSAHL KPUBUX JIPYTO-

T'0 TOPSIKY 87
Tema 11. 3minni Benmuunny i GyHKIIT 93
Tema 12. I'panutiss ToCaiOBHOCT] DIHCHUX YHCET 99
Tewma 13. I'panung dyukiii. HemepeppricTsb 105
Tema 14. Toxigma. Texuika aucepeHIiOBAHHS 113
Tewma 15. Jludepenrian Ta iioro 3acrocypanus. IToxigmi
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Tema 17. 3acTocyBaHHS NOXITHUX [0 HOCIIIMXKEHHS (DYHK-

niit ta mobynoBu rpadikis 135
Tema 18. Hepuzuauennii inTerpas. HasimpocTimi mero-

IV IHTerpyBaHHS 146

Tema 19. 3amina 3MiHHOT B HEBU3HAYEHOMY IHTETPAJI.
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InTerpyBanns JacTHHAMEI 151
Tema 20. InTerpyBaHHs OCHOBHHX KJIACIB €JIeMEHTAPHIX

dbyHKIiR 155
Tema 21. Busnauenuit inTerpas i meroau foro obunc-

nenns. Hesmacui inTerpann 161
Tema 22. 3acTocyBaHHS BU3HAYEHOI'O iHTErpaJjia 167
Tema 23. OyukIil 6ararbox 3MIHHAX: O3HAYEHHSI, TPa-

HUIISL Ta HENEPEPBHICTD, MoxinHi i gucepenttiaim 178
Tema 24. ExcrpemyM (byHKIIT 6araTbox 3MIHHHX 187
Tema 25. Pann 195
Tema 26. JludepeHiianbHi piBHAHHS TEPIIOTO TOPSIKY 203
Tema 27. Jliniiini gudepeHIiiagbil pIBHAHHS IPYrOTo

TTOPSJIKY 214
Jliteparypa 220
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