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NEPEAMOBA O OPYroro BUOAHHSA

Ilpu HanucaHHI [pyroro BUAAHHS aBTOPH: IparHyau
COPUATH MiABHUIEHHIO PiBHA (D)yHIaMEHTANbHOI MaTeMaTUIHOT
NiAroTOBKU CTYAEHTIB 3 MIACWIEHHAM il NPUKIALHOTO €KOHO-
MIYHOrO CIIPAMYBaHHA.

ImaBu | — 4 3a3Hany He3HAUHUX 3MiH, MOB’A3AHUX 3
BK/IIOUEHHSAM JONAaTKOBUX TEOPETHYHUX BiJIOMOCTEH, OMHAK
CTPYKTYpa LMX rnas 36epernacs KOJUWHBOO, KINbKICTb 3a1a4
INS PaKTUYHUX 3aHATh Ta iX HyMepalis, a TakoX {HAMBiLy-
anbHI 3aBJAaHHS 3aJMUIMIUCA HE3MIHHMMH, 1o 3abesneyye
CNaAKOEMHICTb MEPLIOro i APYroro BUAAHb.

[ctoTHe po3wupeHa rasa 5 “Jlesiki 3aCTOCYBaHHA Ma-
TEMATHKU B €KOHOMILI”, fe 3HaYHO 30iNbIIEHO KiNbKICTh 3a-
a4 eKOHOMIYHOro 3MicTy 3 po3B’sS3KaMH i JJI CaMOCTIHHOrO
po3B’a3aHHA (ix kinbkicts BigrosigHo S0 i 100). Yei 3anmaui
MatoTh Bifnosiai. Kpim Toro, po3pobaeHo iHAMBiAyanbHe 3aB-
JAHHS 3 3aJja4aM{ eKOHOMIYHOTO 3MICTY, B IKOMY MiCTHTBLCS
wicTs 3ana4 B 31 BapiaHTi kokHa. HaBeneHo 3pa3ok BUKOHaH-
HSl UBOTO 3aBIAHHS.

s Ouiblu 3pyYHOTO KOPUCTYBAaHHA HaBYalIbHUM 10-
CIOHMKOM HaBENEHO TPHU AOJATKM 3 OCHOBHMMU (opMynamu
eJIEMEHTApHOT MaTeMaTHKy, IU(epeHLiaNbHOTO Ta iHTerpalb-
HOro uMciaeHHA. Takok A 3py4HOCTI O 3MICTY BHECEHO He
TiILKM HOMEpM CTOpiHOK, a #H HoMepH 3ajad
(B nyKax), L0 Ha HUX PO3TALIOBAHI.




NEPEAMOBA [O TMNEPLIOrO BUOAHHA

IMepexin 10 pUHKOBUX BiAHOCKH NPUBIB 10 HEOOXiIHOCTI MIATOTOBKM €KO-
HOMICTIB, KOTpi 6 JOCKOHAJIO BOJIOAINH MAaTeMaTHYHHM anapaToM €KOHOMidHHX
J0CKeHb Ta BMIJIM 3aCTOCOBYBATH HOro Ha npakTtuli. @PyHAaMEHTalbHY OCHO-
BY B MaTeMaTH4Hill MiAroTOBLI €KOHOMICTIB cknajae kypc “‘Bulila maremaruka.
3aranbHUit Kypc™.

MeTa HaBYAILHOTO NMOCIGHUKA — JOHOMOITH THM, XTO BUBHAE AUCLIMNIIHY,
OCMMCJIUTU OCHOBU MareMaTHYHOT TeOPii it 0BONOAITH HABUUKAMMU 1T 3aCTOCYBaH-
HS IO PO3B’3yBaHHs Pi3HOMAHITHUX NPUKIAJHNX 3a0a4 B EKOHOMILli, MNaHyBaHHI
Ta yrnpasjiHHi BAPOOGHUUTBOM, Y (piHaHCOBIH | KOMepLIFHIN RifANBHOCTI.

OCOBNHUBICTIO 1ILOMC HABYANLHOTO NMOCiOHMKA € HOro TOYHA BIAMOBIAHICTHL
nporpami 6akanaBpchKoi NiArOTOBKY 3 Kypcy “Bulua MmareMaruka. 3arajbHui Kype™,
a 1o6ip Marepiany 34iiCHEHO TaKUM YMHOM, W06 Y HalH6inbW nocTynHiH ¢opmi
NpOLIOCTPYBaTH OCHOBHI MaTeMaTU4HI 111€7 Ta MeTOAM, KOTPI HailbibuI edeKTHB-
HO 3apeKOMeHYBajIU cebe B EKOHOMIYHKX AOCIIIDKEHHSX, | HABYUTH CTYACHTIB BU-
KOPHCTOBYBATH X Ha MPAKTHLL — IPHU PO3B’A3aHHI KOHKPETHHX EKOHOMIYHUX 3a1au.

Lo HaByanbHOro NociGHMKa yBiHILNM AK METONMYHI BKA3iBKM 0O NpaKTHY-
HMX 3aHAThb, TaK | IHAMBIAYyaNbHI 3aBIAHHS 3 3arajIbHOTO KypCy BUILOT MaTeMaTHKH.

HasuanbHuit nociOHUK MICTUTEL N’ ATh [NaB.

[nasu 1 — 4 TIPUCBAUEH] BIANOBIIHUM PO3MiNaM 3araibHOro Kypcy BULUOT
MaTeMaTHKH:

1. BextopHa anrebpa Ta aHajliTHUHa reoMeTpis.

2. BuzHauHuky i Marpuni. CucTeMu NiHIAHMX PiBHSARD.

3. JudepeHuianbHe YUCIEHHS.

4. InTerpany, nudepeHuiaibHi PiBHAHHS | pany.

Lli rnaBu MalOTh HAaCTYINHY CTPYKTYpY: NOCHIIAHHSA Ha JITeparypy, o 103-
BOJISIE BUBYUTH OCHOBHUI TEOPETUUHUH MaTepiasl; CTUCI TEOPETHYHI BIAOMOCTI |
PO3B’s3yBaHHA TUIOBUX MPUKIALIB; NUTAHHSA Ul camonepeBipky; Habopu 3anau
AJISt IPaKTHYHUX 3aHATH - K ayOUTOPHHX, Tak i JOMALUHIX; iHAMBILyalbHe 3aB-
JaHHA; 3pa30K BUKOHAHHSA {HAMBINYaLHOTO 3aBAAHHS,

TeopeTHuHi BIZOMOCTI, L0 HABOAATLCA, HOCSTD JIMiLE AOBIAKOBHH Xapak-
Tep; PO3B’A3KK THIOBUX APHKNAMLIB IMIOCTPYIOTH HARGILI palioHanbHi npuiio-
MM | METOAY PO3B’A3aHHsA; B HaOOopi 3a1a4 ANA NPAKTUYHHX 3aHATh € LOCTaTHA 1X
KiIBKICTb ANA pO3YMiHHS i 3aCBOEHHA Kypcy. 3anmaui B Habopax HyMeEpYlOThbCs Y
Me’kax Iiaem, nepiua uM¢pa Bianosigae Homepy rmiasil. B kiHui po6oTH HaBereHO
BIAMOBIAI 10 3a/1a4 32 MaBaMy. [HAUBIAYyaNbHE 3aBAAHHs MICTU1b MEBHY KiJILKICTb
3a8a4, kokHa 3 sikux Mae 31 BapianT. Homep Bapianra nns caMocCTIHOrO po3B’s-
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J3HHS BIAMOBIAAE NOPALKOBOMY HOMEpY CTYAEHTa B )KypHani rpyny. HaBeaennit
3Pa3ok BHKOHaHHs IHAMBIZAYAJILHOFO 3aBAaHHA N0MOMAra€ CTYAEHTY MPH BHKO-
HAHHI 3aBJaHb Ta 0(OPMJIEHHI 3BITY.

[MaBa 5 Mae NpUKIaAHKIH XapakTep i MPUCBAYEHa 3aCTOCYBAHRAM 3arajlbHOIO
KMPCM BHLIOI MaTEMATHKH B eKOHOMiLli. MeToto 11 € BUpoO/IeHHs HABUIOK MaTeMaTHy-
HOTO J10CIDKEHHS TIPUKIAAHNX IPOGTeM B eKOHOMILL, BMIHHS TIEPEeKIacTH 3MiCTOB-
HY NMOCTAHOBKY EKOHOMIYHOI 3aa4i Ha MaTeEMaTU4YHY MOBY; BUKOPUCTOBYIOYH MaTe-
WATHYHI METOIM OTPUMATH 1T P03’ 530K | HaTH 1OMY EKOHOMiYHY iHTepNpeTaLito.

[1aBa S MicTuTh Taki posninu:

|. EkoHOMIiuHI 3a7a4i, NOB’s3aHi 3 BUKOPUCTAHHAM JIIHIHHOT (PyHKLLIOHaTb-
-21 3371eKHOCTI.

2. EkoHoMiuHi 3aaadi, MOB’A3aHi 3 BHKOPUCTAHHAM PiBHAHb KPHBUX ApYro-
O NIOPAIKY.

3. ExoHOMi4Hi 3afa4i, Lo 3BOAATLCA A0 CUCTEM JliHiHUX HepiBHOCTEH.

. EkoHOMIiuHi 3anayi, B IKUX BHUKOPUCTOBYETHLCA TEOPis MATPHLID.
. ExoHoM14Hi 3aa4i, WO 3BOAATHCA KO CUCTEM NIHIHHUX PIBHAHD.

6. ExoHoMiuHi 3a1aui, NOB’s3aHi 3 MOCHIAOBHICTIO Ta 11 rPaHHLIEIO (€1eMEeHTH
MareMaTHKH (iHaHciB).

7. EkoHOMiuHi 3a1a4i, B AKHX BUKOPHCTOBYETLCSA NMOHATTA MOXIAHOT.

8. ExoHOMiuHi 3aa4i, B AKX BUKOPHCTOBYHOTbCA (hyHKLUiT 6araTbox 3MiHHUX
Ta X YaCTHHHI MOXifAHI.

9. EkoHoMiuHi 3apadi, 110 3B0AATHCS [0 OOUHCIEHHS BUZHAYEHHX iHTErpastiB.

10. ExoHOMIiuHi 3a1a4i, Lo 3BOASTLCA A0 AMepeHLiabHUX PiBHAHb.

B o3Hauenux posninax HaBeAeHO HeoOXiAHI TEOpeTHYHI BiAOMOCTI, No-
CTaHOBKH €KOHOMIUHMX 3a/ay i 3anuc IX B MaTeMaTH4Hiil (GopMi, a Takox po3-
B'A3aHHA 3a/la¥ eKOHOMIYHOTO 3MICTY PO3MIAHYTHMM Yy miaBax | — 4 meTona-
MH, 110 PO3BMBA€ HABUUKH 3aCTOCYBaHHA MaTeMaTHUHUX 3HAHb B NIPaKTHUHNX
cuTyauisx. Jlibpano 3apadi ana camoctiiiHoro po3s’asaHHs. Bei 3anaui 3abes-
7@4eHi BiANOBIAAMU AJIA CAMOKOHTPOIIIO 0i€PXKYBaHUX PO3B’A3KIB.

Cnin BIA3HAUMTH, WO Y [NIaBi 5 HABEAEHA JOCTATHLO BEAMKA KifbKICTh NpH-
SIATHHX 3a]a4. IO BUPILIYIOTLCS METOAAMU, BUKIAAEHUMH B 3arallbHOMY Kypci
BHLUIOT MAaTeEMaTHKHK.

3 iHIIMMH YHCIEHHIUMH 3aCTOCYBAHHAMU CTYAEHTH 03HAHOMJIATBLCS Y CrieLl-
IATLHHX KypCax BULUOT MaTeMaTHkH, -o 0a3yloThesl Ha BUBYEHOMY 3arajbHOMY
KYPCI | BHKOPHUCTOBYIOTh ClELliajibHi METOAM PO3B’A3aHHA.

TakuM 4HHOM, JaHUH HaBuanbHUA NOCIOHMK MOXKE 6yTH BUKOPHCTAHHUI K
J0BIAHHK, PO3B’A3HHUK i B TOM e 4ac sIK 3aJa4yHHK, 110 HAATO 3PYYHO Ms CTy-
JEHTIB | Hafa€ iM LWUUPOKI MOXKJIMBOCTI 111 aKTHBHOT CaMOCTiHHOT poGoTH.
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MTPOrPAMA KYPCY

1. BektopHa anrefpa ta aHaiTHYHA reoMeTpis.

Bekropwu. Jliniiisi onepauii Hax BexTopamu. Po3knan BexTopa 3a 6azucom.
JliniiiHa 3as1exHICTb 1 iHIHHA He3anexHicTb BekTopiB. CkanapHuit 100yTOK Bek-
TopiB. BekTopHuii 106yTOK BekTopiB. MimaHuii 10OyTOK BEKTOPIB.

Ipama ninia B R 2 Pisui Buau piBHSHb MpAMOT. BifcTaHb Bifl TOUKY IO MPAMOT.

ITnowwmna i npsima B R3. Pisni tdopmu 3apanbA. KyTd Mik MIoumiydHamy,
NpAMUMY, TPAMOIO Ta TOLIMHOK. BifcTaHb MiX TOYKAMH, TPIMUMH Ta [IOLLH-

Hamu B R>. YmoBu napanesbHOCTI Ta NEPHEHAUKYIAPHOCTI NPIMUX, TUIOLLMH,

npamMoi Ta mowuHy. OCHOBHI 3aaui Ha MpsAMY Ta MJIOLIMHY.

Kpusi npyroro nopaaxy. Ilouarra npo nosepxHi apyroro nopsaaky. Cucre-
MU MiHIHUX HEpiBHOCTEIA.

2. BuzHaunuk i Matpuli. CHCTeMH NIHIRHUX PiBHSHb.

Bu3sHauHUKU #-rO mopanky. MiHopu i anrebpaiuni nonosHeHHs. Bractu-
Bocti BuzHauHukiB. Marpuui. OcHoBHi o3HauenHs. Jil Hag MaTpuusamu. MHoro-
YleHH BiA Martpuub. TpaHcnoHyBaHHA MaTpHlk. ObepHena marpuus. Paur mar-
puui. EnemenrapHi neperBopeHHs MaTpUilb.

Cuctemu NiHifiHUX anredpaiuHux piBHAHL. OcHOBHI 03HaueHHs1. Ksagparni
cucremu. Marpuunuii criocib pos3s’azauns. [lpasuno Kpamepa. 3aranbhi cucre-
MU m PiBHSAHDb 3 1 HEBIAOMUMH. YMOBa cyMmicHOCTI. OAHOpPiAHI CUCTEMU PiBHAHb.
Kpurepiit HeTpuBiansHoi pa3r’s3HocTi. OyHAaAMEHTATIBHI CHCTEMU PO3B A3KIB.
Meton [Caycca po3B’s3aHHA CUCTEM JIHINHUX PIBHAHD.

Brachi BexTopH i BlacHi 3Ha4eHHA MaTpulb. KBaapatnuHi popmu.

3. TudepeHuianbie YUCNEHHS.

3.1. 36ixuicT B R .

['panuus nocninosHocTi. l'eoMeTpruHa iHTepnperauia. BractusocTi rpa-
Hulb. HeckiHueHHO Masti i HECKIHUEHHO BEJHKI MOCTiIJOBHOCTI.

3.2. I'panuus i HenepepBHicTb QYHKLIH oaHieT 3MIHHOT.

[Monsarra ¢ynkuil. Knacudikauis ¢pynxuiii. ['panuus gpynxuii B Touul. [eo-
MeTpuyHa iHTeprpeTallis. HeckiHueHHO Mani i HeckiHueHHO Benuki yHkuii. [To-
PIBHSHHS HECKIHUEHHO MAJIUX.

Henepepsuicts. O3Hauenus. BnacturocTi HenepepsHUX yHKU{H. Baxiugi
rpaHuui.

3.3. JudepeHuianbhe uucneHHs $pyHkuUil oquiel 3minHof,

MNoxinHa. O3Hauenus. [eomerpuunuii amict. [TpaBunia oOUUCIEHHS TOXIAHHX.
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Tabnunus noxigHux. QudeperuiioBHicts ynkuii. Iudepenuian ¢yukuii. I1pa-
BHIa obuucnenns. [Moxigni Buwnx nopaakis. Teopemu npo audepeHuilioBHI
¢ Hkuil. Ipasuno Jonurans. @opmyna Teitnopa. Exctpemymu ¢ynkuiit. ocai-
IKeHHA QYHKUIH 3 JOMOMOTOO MOXiqHUX.

3.4. 36ixHictb B R".

I'panuus i nenepepsHicTs B R” . 36ixHicTh nocninoBHocti B R".
BHyTpiliHi i rpaunuHi Touky. Binkpuri i 3aMKHeHi MHOXHHY.

TouaTrs GpyHkuii 6aratbox sminaux. [paHuus, HenepepBHicTb GyHKLUIT 6a-
raTbOX 3MiHHHX, BIACTHBOCTI.

3.5. JudepenuianbHe yucnenHs QyHKUif 6araTbox 3MiHHHX.

Yactunni noxinui. [Tosuuii audepeian. YacTuHHi noxinHi Ta audepertiia-
M BUUIMX nopsakis. [Toxinua 3a nanpsimom. Tpanient. Ix snactusocri. Excrpemy-
Mu dyHKLil 6arateox 3MiHHUX. HeobxigHa yMoBa; IOCTATHI YMOBH €KCTPEMYMY.

MeTo) HaliMeHIIMX KBaapaTiB. YMOBHHUI ekcTpeMyM. MeTon MHOXHUKIB
Marpanxa.

4. Inrerpanu, AndepeHUianbHi pIBHAHHA | pAlM.

4.1. Interpanu.

HeBusHauenuit inTerpan, #oro BIaCTHBOCTI, Ta6MULA OCHOBHHX (OpPMYN
iHTerpyBaHHd. 3aMiHa 3MiHHOI Ta iHTerpyBaHHs YaCTHHaMU. [HTerpyBaHHs aes-
KHX K1aciB QyHKuii.

Busnauenuit interpan. OcHoBri BnacTiBocTi. ®opmyna HutotoHa - Jleii6-
Hiua. OGuMcneHHs BU3HauYeHOTO iHTerpana. HabnuxeHe obuUcneHHs BUZHAYEHO-
ro interpana. HepnacHi interpanu. ITOHATTS Npo KpaTHi iHTerpau.

4.2. IndepenuiansHi piBHAHHS.

[ToHATTA npo andepeHUianbHi piBHAHHA. JudepenLianbHi piBHAHHA nep-
LIOTO MOPAAKY | MeTOAN TX po3B’si3aHHA. JudepeHuianbHi piBHAHHA BULIMX MO-
pazkiB. JIiniliHi qudepeHuianbHi piBHAHHS 31 cTanumu xoediuieHramu. Cuctemu
JiHIHUX qudepeHliianbHUX piBHAHD 31 cTanuMu koedinienramu. JIiHiiHI pi3Hu-
ueBi PiBHAHHA 3i cTannMu koedilienramu. 3anaua Kouui,

4.3. Pagn.

Yucnosi psau. OcHOBHI 03HaueHHs. 36kHICTb paLy. BnacTusocti 361xHMX
paais. FapMoHiunmii psa. O3Haky 361KHOCTI PARIB 3 1ONATHAMH uNieHaMH. 3Ha-
KO3MiHHI psaau. AGCoNtoTHa it YMOBHA 361KHICTb.

Creneuesi paau. Teopema Abens. O6nacTb 361XKHOCTI CTENEHEBOTO PAAY.
Pan Teiinopa.




[TIABA 1. BEKTOPHA ANIFEBPA TA AHAJTIITUYHA MEOMETPISI
(1, m.3. § 3.1-3.44]

1.1. Bexmopua anzebpa

Bexktop 4B — ue Hanpas/ieHuil BiApI3oK, IOBXHHA KOO @ HA3UBAEThCA

MOAYNIeM BEKTOPa; MUIYTh g =‘?z‘=|,_4~1§' .

JiBa Bektopu 4B i BA Ha3uBarOTHCA MPOTHIEKHUMU, AKILO ISl HUX CApa-

BEJUIHBA PIBHICTh 4B =-BA.

JBa koniHeaphi (napaneibti) BEKTOPH « | b BINPIZHAIOTHCS CKANSPHUM
MHOXHNKOM A:b=41 a.

PoskaganHs BekTOpa 3a KOOPAMHATHUMHU ocaMu Ox , Oy , O- 3anucyeThes

y BUDIALL a=Xxi +y [ +zk ,ab0 a =(x, v, z) L€ X,V.I — npoekuil BeKTopa

a Haoci Ox,0p,0z; [, j, k ~ ondHUYHI BEKTOPH (0OPTH), WO 36iratoThes 3a
HAMPAMOM 3 UMMy ocsiMud. [Tpoekuii x, ¥, Z Ha3UBAIOTHCS KOOPAMHATAMM BEKTOPA.

- 2 2 2
JloBkuHa BEKTOpa ¢ BU3HAuAETheA 32 HOPMYINO0O la‘ =yxT T+

Axwo @, f .,y — kyrd Mix BekTopoM « i ocamu Ox, Oy, Oz, 10 cosa
cos [, COS ¥ Ha3sMBAIOThCA HANPAMHUMH KOCHHYCAMHM BEKTOpa « 1 OG4HCHO-

X Yy
10ThCs 32 JopMyNIamMy cos o ='~:~; COS 3 = 155 COSY = r=7.
al i

a
Skuwo BixoMi koopauHatTi To4ok A(x,y;.5) | B(x,¥2,27), TO

AB=(xy~x1,y3~Y1.32- 71 ).

Mpukaan 1. 3agano Touku A4(2,~1,3) 1 B(1,1.-2). 3Halitn !Té‘

Poss’maamns. AB=(1~2.1-(-1), -2-3)=(-1,2, -5);

lﬁl:«/1+4+25=\/§5,




Axino 1sa sextopH a =(x1,y1,71) 1 b=(x,, )1, ) KOniHeapHi, To ix xo-
SPIHATK NPONOPLLiiiHi, T06TO
i

il N
X V2 22
KoopauHary Touku M (x, y, z), 110 AiIUTh HanpaBneHui Biapizox AB y
BMmOMY Bi;IHOWEHHI A, BU3HAYAITECS 33 GopMYIaMu
_xtAn o n+Ay  _atin
1+4 1+4 1+
Craaspuum 100yTKOM JIBOX BEKTOPIB @ i b HA3MBAETBCA YUCIO, LIG
220.3110€ J00yTKY NOBXKUH LMX BEKTOPIB Ha KOCHHYC KyTa MK HUMH:

N e T -~
(a ,b):a -b =Ia llb lcos(a ,b).
SIK110 BEKTOPH 33a1aHi CBOIMH KOOPJMHATAMH, TO
a-b= X[ Xy +YiyY2 t 212

MNpoexkuis BekTopa @ Ha BEKTOp & Ta KyT MK HHMH BH3HAYAIOTHCA 3a

dopaynamu

-~ a-b a-b
nppa == COSQ =T
2| 5]
Npuxkaaa 2. 3naitu (2:{+E,Z—3E'), AKUIO ic_{lzl,

Po3B’si3aHHs1. BHKOPHCTOBYIOUM BIACTMBOCTI TA O3HAYEHHS CKAJPHOTO 10~
| Oy, MaeMo
- .- > - - e —-
(Ra +b,a-3b)=2a,a)-6(a,b)+(b,a)-3(b,b)=
V3

=2l;|2—5|;[-|3lcos(ZTg)—3lglz :2—10cos%—3-4=—10—10—2—=

5

=—‘10(1+—2—) .
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Ypukaan 3.V 1pukyTHuxy 3 BepmnHamu A(2,-1,3), B(~-2,2,5),
C(1, 2, 3) 3HaWTH KOCHHYC KYTa NpH BEpIUUHiI A .

Po3s’sisauns. AB =(-4,3,2), E=(—l,3,0),mni
—4(-D+3-3+2.0

JEa? +32 422 (D)2 + 32 ~/— f

BexTopHuUM A06yTKOM g axb 1Box BEKTOPIB d i b uasuBaethcs TPeTiii

—_—
cosp=cos (AB , AC) = ~ 0,763 .

BEKTOp C , LI 3a/I0BOMBHSE HACTYIHIM YMOBAM:
—_— —| |~ —./\-—o
1. lc |='a”b|sm¢ ,o=(a,b).
2.¢cla, clb .
3. Bextopu a , b , ¢ yTBOPIOKOTh NpaBy Tpiiky.
Skmo BeKTOpPH 3ajgaHi CBOIMH KOOpAMWHATaAMH a =(x1,yl,z])

= (%, 12,77), BexTOpHUik 106YTOK 3HAXOLHMO 3a JOTIOMOTOK) BH3HAYHHKA

i 7k
xb=x » 2
X2 V1 22

an q

BU3HaYHKKOM APYrOro HOpHAKY Ha3MBAETLCA YUCIIO, 10 JO~

azy an
piBHIOE @)1d22 — @243, TO6TO

qyp a2
=Qap1922 ~ Q1291

41 92
ne ayq,413,021, 02 — DEAKi yucha.

BuznauHukoMm TPETLON0 NOPAAKY HA3UBAETHLCS YUCIIO A, mo oBUUCIIOETS-
Cs 3a MpaBHIIOM

ar a2 a3
A=lay ayp ay|=
‘ asy 43 433
= daya033 + a1p023A3) + A13031033 — Ay3d)d3] — 411933433 ~ 412021433 -
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AnrebpaiyHuM JONMOBHEHHAM A,j enemMeHTa g, (j —HOMEp panka, j —

HOMED CTOBIILIA) BU3HAYHUKA A Ha3WBaEThcs N0OYTOK (.— 1)'” Ha BU3HAYHUK JpY-
roro nopsaaky (MiHop M , enemenra a, ), LUO OIEePXKYEThCS 3 A LIISAXOM BUK-

peC/IeHHs PAjKa i CTOBILS, HA MEPETHHI AKUX 3HAXOAUTHCS ENEMEHT.
- 1+ ) ’
A, =0)""M,.
OcHOBHa BIAaCTHBICTb BU3HAYHUKIB (PO3KIaNaHHsI BUSHAUYHHUKA 32 e/leMEH-
TAMM AOBLILHOIO psfy, TOOTO psiaka abo CTOBMISA): BU3HAYHHK JOPIBHIOE CyMI
no0yTKIB €eMeHTIB pAxy Ha Ix anrebpaiuHi JOTIOBHEHHS.

Ipukaag 4. O6UUCIUTH BU3HAYHUK TPETHOTO NOPAIKY

2 3 1
A=-2 2 5
I 1 -3

LIAXOM pO3KJiallaHHA 3a CJICMCHTAMU NEPLIOro psajaKa Ta 6C3HOCCPCHHBO.

Po3B’s13aHHd. Po3knaBiiv BU3HAYHHK 32 €JIEeMEHTaMH1 EepIIOro psaaka, oT-
PHUMAEMO

2
A=2(-pi! |

+ (_1)1+3

2 } +3(=1i*2

2 |=20¢-3)-5)
-3 1 )77

=3((-2)(-3)-5)+(-2-2)=2(-11)-3-4=-29.
Ty % BianoBiak oTpuMaeMo Ge3MocepesHbO:
A=2-2-(-3)+(-2)1-14+3-5:1-1-2-1-5-1-2-3(-2)(-3) = -29 .

Mpuxnaa 5. O6uucnutu ruiowy tpukytHuka ABC, ne A(2,-1,3),
B(-2,2,5), C(1,2,3).

Po3B’sa3aHHs. Bpaxyemo, o ;=E=(—4,3, 2),

b =AC =(-1,3,0). Toni
i
;xl—;= -4

-1

=—6i —2] —9% ,

W L ]
< b =

3BIAKH

l;x5’=w/36+4+81:\/121=1]; S:%‘;x3‘=%11=5,5(m.0u.).
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MiwaHnum Ao6YyTKOM TPHOX BEKTOPiB @, b, ¢ B O3HAYEHOMY MOPSIAKY
Ha®UBAETbCA CKASPHUM 100y TOK BEKTOPHOTO NOOYTKY NEPLIMX [BOX BEKTOPIB Ha

TpeTiii: (a xb)-c =(a ,b,c ) .
SIKWO BEKTOPHM 3aJaHi cBOiMH koopamHaramu a =(x;, ¥, 2|),

b =(xy, ¥2, 23), ¢ =(x3, ¥3, z3) , MiluaHuit 0OYTOK 3HAXONUTHCA 32 (POPMYIOIO

XN oz
(a Xb) Cc = XZ Y2 Zp
X3 Y3 I3

p—

Moayns Mimanoro A06yTKY TPbOX BEKTOPIB a, b, ¢ nopiBHIOE 00’eMy
napanejeiinena, MoOyIOBaHOTO Ha LIMX BEKTOpax fK Ha CTOPOHax, TOOTO
. ) - , o li{— — —
‘(a xb)-c ‘:V.O6 €M Iipaminn V:g’(a ,b,c )’

'VMOBa KOMIUIAHAPHOCT] BEKTOPIB @, b ,c 3anucyeThes y BUDIAL

DI 4 B
(a,b,c):() abo Xy Vo ZIp =0.
X3 Y3 Z3

TMpuxnan 6. 3anaHi BeplIMHU TpukyTHOT mipamian A(3,2,1).
B(~2,1,-2), C(-1,2,3), D(l,-2,3).3naiiTi ii 06’em.

Po3B’s13aHHS.
a=AB =(-5,-1,-3), b =AC =(-4,0,2), c =4D =(-2,-4,2).

-5 -1 -3
(@xb)c=|-4 0 2 |=-48+4-40-8=-92.
-2 -4 2

D 1 46
Otxe, 06’eM TPUKYTHOT nipamigu V' = e | -92 | =3 (xy6. om.).
BropanxoBaHy CyKyMHICTb # AiHCHHX YMCEN HA3MBAIOTh 1 -BHMIPHMM

BEKTOPOM d = (al s ,...,an), yucna a, (i =1, n) — KOOPAMHATU BEKTOPA.
CykynHicTh YCiX # - BUMIpHMX BEKTOPIB Ha3MBAETbCA M -BUMIDHHM BeK-

TOopHUM npocTopoM. Ilo3HaueHHs R”.
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—_— — —

CucTeMa BEKTOPIB X| , X3 ,..., X,, Ha3WBAETLCH J1iHiAiHO 3a/1€5KHOI0, KOJIM

XHY¥OTS TaKi He BCi PiBHI HY/IO YHCHa O ,0 ,...,0,, , L0 Ma€ Micue CMiBBigHO-
WeRAS

Y npoTuie)XHOMY BUTAJKY JaHa CUCTEMa BEKTOPIB Ha3MBA€ThCA JIHIHHO
me3a1exHOK, TOOTO 03HaueHa PIBHICTL MOXIIMBA JIMIIC Y BHNAJKY, KOJIH BC

2 =0
Byab-saki » niHiliHO He3ajJexHUX BEKTOPIB YTBOPIOIOTh Oazuc
&-BEMIPHOTO TIPOCTOPY.

basucoMm y mpocrtopi R! (Ha npsamiit) € 6ynb-akuil HEHyILOBUH BEKTOD;
Gaxmcom y npocrtopi R 2 (Ha IIIOLKHI) € IBa HEKOJTiHEapHUX BEKTOpH; 6asucom y
mpocTopl R 3e TPM HEKOMILIAHAPH! BEKTOPH.

Hexaii BexTopu ;; , Za; ej yTBOpIOKOTL Gasuc y R” . Toni Gyan-akuii
WETOp 2 € R" moxe 6yTu po3KkianeHuii 3a uuM 6a3ucoM, To6To

a=)a, e,

M=

>

1

e @& — nesKi YHCiIa, KOOPIUHATH BEKTOpA.

3

Npuwnan 7. [Tokasary, w0 BekTopH
a=(1,-1,2), a=(2.2.-1), a5 =(2.1,0).
yTmoprotoTh Gasuc B R .

Po3B’sizanHs. Bpaxosyrouu, 1o 6asucoM B R Se TPpH HEKOMIUTaHAPHI BEK-
TOPH. PO3B A3aHHS 3BOIUTHCS A0 NEPeBipKH BUKOHAHHA YMOBM KOMIUIAHAPHOCTI
"=\ BEKTOPIB:

1 -1 2 '
';.:2.,21;)= 2 2 —1|=11-(-1)-2+2(2-4)=1+2-4=-120.
2 1 0 .

Takum YHHOM, BEKTOPH HEKOMIUIAHAPHI, YTBOPIOIOTH O6azuc B R 3
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1.2. AHanimu4Ha 2eoMempis

Hagenemo ocHOBHI Buju piBHSIHL NPAMOT HA MJIOILMHI :

1) Ax+By+C =0 —3araibHe piBHAHHS NpIMOi ;

2) y =kx+b — piBHAHHS NpAMoOT 3 KyTOBUM KoedilieHToM ; kK =tga , ne
Q - KYT MiX TIPSMOIO i I0[JaTHAM HanpsMoM oci Ox ;

3) y—yg = k(x —xg) —piBHAHHA NPAMOT, 1110 MPOXOAHTE Yepes 3a1aHy TOU-
Ky (xo , yo) Y 3a1aHOMY Hanpsami ;

4) A ( x- x0)+ B ( y- yo) = ( — piBHAHHA NPAMOT, 1110 IPOXOANTH Uepe3 TOU-
Ky M ( Xy, Yo ) nepHeHAUKYIAPHO 10 BEKTOpa n = (A , B ) {mo HOpPMATLHOIO BEK-
TOpa) ;

5 X% _ Y%

m

— PIBHSHHA NpAMOT, 1O NPOXOIUTE depe3 TOUKY

My(xg,y9) napanensHO HanpPsAMHOMY BEKTOPY §=(m,n) (xaHOH1UHE
PiBHAHHN);

X . e .
6)— +% =1 ~ piBHAHHA NPAMOI Y BiJpi3Kax, @ i b — BENNYWHH HanpsAMJIe-
a

HUX BiIpi3KiB, 110 BiITHHAIOTLCS NPAMOXO Ha KOOPAMHATHHX OCHX ;
x-x -
7 L _JY=Nn
X=X V2=

ToukH M (x;, 1) 1 Mo(xp, ¥2).
Sxuio 3a1aHO 3arajibHe piBHAHHSA NPAMOI, TO ii KyToBUi KoedillieHT BU3Ha-

— PIBHAHHA NPAMOI, WO NPOXOAUTH Uepe3 ABi 3a/aHi

A
yaeTbed 3a Gopmynoro k = "3
Sxmo ky, ky — KyToBi KoedillieHTH JBOX NPAMUX, TO KYT ® MDK HUMH
ky ~k
BU3HAYaETLCA 32 Gopmynow tg® = —2——L  (k -ky #-1).
1+ k] k2
‘YMoBa napanenbHOCTI ABOX MPAMUX © k) = k5 .
. 1
VMoBa NepneHaNKYIAPHOCT] IBOX NPAMUX ©  ky = T
1
SAxwo 3anade pisHAHHA nipamoi L@ Ax+ By +C =0 iTouka Mo(xo ,yo),

14




TO Bi/ICTaHBb Bifl i€l TOUKH HO HaHOI NPAMOT 0GUUCTIOETHCA 33 OPMYNOIO
,Axo + Byo +C ,

p(MO9L) =
\/A2 +B?

Npuknax 1. 3apani Bepwuuy tpukyTHuka A(-2,-3), B(S, 4),
C (-1, 2). Cxnactu piBHAHHA Mefiann AM .

Po3s’sizanns. Touka M - cepenuna cropeHu BC, Tomy

Xp+xe 5-1 +y, 442
=_B_2_(=__2__—_2; sz_BE_.yLz__z.__—_:;; M(2,3)
BukopucTOBYIOUH PiBHAHHSA NPSMOT, U0 TPOXOAUTH Hepe3 TOMKU A 1 M,
. . x+2 _ y+3 .
3HaWOAEMO piBHAHHSA MediaHu AM : 242 = ‘3::? , 38Kk 3x—-2y=0.

Hpuxnan 2. CknacTH piBHAHHA NPAMOI, 10 NPOXOAHTH 4epe3 TOUKY
M(1,2):

a) TaTouky N (3, 5);

6) napanenbHO BEKTOpPY S =(0,-1);

B) MEPNIEHMKYNADHO 10 BEKTOPA 11 = (3,-5) .

Po3p’szanns. Ciuafaoud piBHAHHA npsaMoi , Tpeba nepenycim Bubparu
TOM BUMIAA PIBHAHHSA, KU LUBKALIE MPUBOANTh 0 METH.

a) BuxopucraeMo piBHSHHSA NpPAMOI, IO MPOXOAUTH 4Yepe3 NBi TOUKHM
X=X _ YN
X=X Y-y
x-1 y-2  x-1 y-2

Maemo: 31 5-3° 5

;0 3x-2y+1=0 .

7% _r7ho
m n

6) BukopucTaeMo KaHOH{YHE PiBHAHHA NPAMOI

Maemo: tl=-y—_?—; x—1=0.
0 -1

B) BukopucraemMo piBHAHHS NpsMoT, 3a1aHOT TOUKOIO Ta HOPMANbHUM BEK-
TOPOM : A(x—x0)+B(y—y0)= 0.
Maemo  3(x-1)-5(y-2)=0; 3x-5y+7=0.

15
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Hpuxnan 3. 3uaitta Bigctane p(Ly, Ly) Mix npamuMu
Lj: 3x-4y+5=0,
Ly: 6x-8y-13=0.

3 -4 5
—_——— .
6 -8 -13
11106 3HaiiTH BincTaHb MK NPAMUMH, Bi3bMEMO Ha OJIHIN i3 NIPAMHUX HEAKY
TOUKY i 3nalimeMo BincTaHp Bif Hei no npyroi npamoi. [oxnasmy, Hanpuknag, y

nepwomy piBHAHHI x=1, oTpumaemo y=2. Taxum uuHOM, TOuKa

* Pose’szamnn. Li|L,, 6o

M(1, 2) e L; BuxopuctoByroun GopMyiy Ais BU3SHAUEHHs BiICTaHi Bil TOUKH
J0 OpAMOT, OIEPKYEMO

\ '6~1—8-2—13|_§_

Li,Ly)= =
p(Ly,Ly) e es m

Hexaii 3a1aH0 3aranbie piBHSAHHS APYroro cTeneHs 3i 3MiHHUMY x i YV,

2,3.

SIKE He MICTUTh 100YTKY 3MIHHHUX : Ax?+ By2 +Cx+Dy+E=0.

Sxwo UbOMy pIBHSHHIO BIAMOBifa€e NiHig HA IUIOUIMHI, TO ue einc, abo
rinep6ona, abo napabosna. [{ns nobynosu kpuBot 3a il pIBHAHHAM HEOOXIAHO BUAI-
JIATY HOBHi KBaAPATH BiIHOCHO KOXKHOT 31 3MIHHUX X 1 J , 11O MICTATLCS B PIBHAHHI
y IpYroMmy CTereHI.

SAKWo npu UBOMY BUXiJIHE PIBHSAHHA MEPETBOPIOETHCA N0 BUFIAILY

2 2

XX - . : ;

( 0) + =Y0) =1, 1o ue eainc 3 ueHTpoM y Touul Oqixy, » MBOCAMHU
5 b2 P 10, )0

a
a, b, aocicumerpii napanensti ocam Ox i Oy
Axuio  BHUXiAHE pIBHAHHA NEPETBOPIOEThCS OO  BHUMISAAY

(-x)*  (-y0)*

=11, To ue rinep6osia abo cnpaxeHa il 3 UEHTPOM Y TOULL
a

O, (x,,,) i XapakTepUCTHYHUM TPAMOKYTHHKOM 3i CTopoHamu 2a Ta 2b . [liaro-
HaJi I[bOro NMPAMOKYTHHKA € aCUMIITOTaMu rinepGoIy.
SKkmo BUXiAHE PIBHAHHA NEPETBOPHETHCA OO0  BHIIALY

(y—y0)=2p(x—x0)2 abo (x—x0)=2q(y~y0)2, To ue mapaGoyim TUny

y= +x2 abo x = iyz 3 BepunHaMu BTodui Oy (xg, yg ), AKi CHMETPHUHI BiHOC-

HO MPSIMUX BIANOBIIHO X =X) Ta y=Yg.
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OcHoBHI BHAM PiBHAHbL IUIOLIMHY :
1) Ax+By+Cz+D=0 - 3aranbHe PiBHAHHS NIOMMUHH, BEKTOP

n=(48,C ) — BEKTOp, HOpMaJjibHUM 10 Hi€l MIOIWUHN (MEPpIEHAUKYNIPHHUE) ;

X z . ..
2) —+ 4 +—=1 —piBHAHHA IMOIMHY y Bifipi3kaX, xe a, b, ¢ — HJOBXHUHH
c

a b
~EIPAMIIEHUX Bi[PI3KiB, WO BIATHHAIOTHCS MIIOIHMHOW Ha KOOPAMHATHHX OCHX ;

3) A(x-xp)+B(y—yo)+C(z-20)=0 — piBHsHHA NIOWUHK, WO NIPO-
L IHTB 4epes 3aAaHy TouKy M, (xo Y0 zo) NEPHeHIUKYISPHO N0 HOPMATbLHOIO
}KTOpa n =(A,B,C) ;
X=X Y=y -7z
4) vy —x1 ¥2-3M 2z —z;|=0 — pIBHAHHA ITIOWHKHH, LLO POXOANTE He-
X3=X V3TV 23— Z
T€3 TPH 3aJaHi TOYKH Ml(xl >N ,Zl), Mz(X,'z %) ,32), M;(X} > V3 ,Z3) .
YMoBa mnapaienbHocTi aBox muownH Ax+B1y+Ciz+D=0 |
4 _B _G
{:x+Byy+Cyz+ Dy =0 mMae BUmIAg — = —— =—=, & YMOBOK NepreHu-
4 B G
3 IAPHOCTI LIMX TUIOLIMH € PIBHICTD
A1A2 + B]B2 +C1C2 =0
Kyt mMix 1BOMa 3a1aHUMU TUTOLMHAMY BU3HAYAEThCA 32 (HOPMYNOO
A1A2 + Ble +C1C2

\/Alz + Blz + C12 \/Azz + Bzz + C22

cosp =

Bincrans p(Mg, Q) BiA Toukn Mo(xo,yo,zo) 10 maowuHu Q:
}Ax0+Byo+C70+D|

Ax+By+Cz+D=0: My,
p(Mgy, Q)= Por o

Mpuknan 4. Hamvcaryt piBHAHHA NJIOLIKMHM, U0 THOXOAUTHL YEPE3 TOUKY
. AS
/102, 3,-1) nmapanensHo miouwMHi Sx—y+3z=5.,:.
Q;. n‘

Po3p’azanns. CKopuCTaBIIVCE PiBHAHHAM nnoui'v;ﬂh\ IIPOXONUTE Ye-
£<3 3aaHy TOYKY, 3aITHLIEMO A(x 2)+ B(y 3)+ C(z +1 ﬁ‘é paneanocn
\

g

L
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TUTOILMH BUIUIMBAE, IO HOPMAJIbHU BEKTOP n =(A, B,C)=(5,—1, 3), TOMY
PIBHAHHSA Ui€l MNOLKWHU Ma€ BUNTAL
5(x-2)-(y-3)+3(z+1)=0 abo Sx-y+3z-4=0.
Ipuxnaa 5. Hanucartu piBHAHHSA MIOWMHY P, 10O NPOXOXUTH Yepes TOUKH
M{(1,1,1) i M,(0,2,1) napanensHo sektopy a =(2,0,1).

Po3s’si3anns. 3Haiinemo Mle; MM, =(-1,1, 0). 3a HopmansHukH
BEKTOP /10 TIOLIMHH BI3bMEMO BEKTOp 7 = M My xa:

-, —

iT ok
n=l-1 1 0|=i+j-2k=(1,1,-2).
2 0 1

CxopucTaeMOCh Jalli piBHAHHAM TIOIIMHH, 3afaH0i Toukoto M, (1,1.1) i

HOPMaJIbHUM BEKTOPOM n (1, 1 ,—2) :
(x-D+(y-1)-2(z-1)=0; P: x+y-2z=0

IIpuxnan 6.3agaHa wiowuHa P: ~2x+y—z—-1=0 itouka M (1,1, 1).

Hanucaru piBHAHHS TUIOWMHK P’ , 110 MPOXORUTL Uepe3 TOYKY M napasienbHo
[UIOLWKHI P

Po3p’sa3anns. CKOpHCTAEMOCH DIBHAHHAM IJIOLUMHM, IO MPOXOAMThL ye-
pe3 TOYKY, NepleHAUKYISPHO OO HOPMallbHOTO BekTopa. Yepes Te , 110 P’“P , 1X
HOpMaJIbHi BEKTOPH PiBHI: n_,; = ”_1; =(-2,1,-1);

2(x-D+(y-D-(z-1)=0; P =2x+y-z+2=0.

[Ipu po3s’asanHi 3afa4 HA NpaMy aidilo B npocTopl CKOPUCTAEMOCH Ha-
CTYMHUMH 1 PIBHAHHAMH :

1) X=X _Y~Yo _Z7%
m n p

— KaHOHiUYH1 piBHAHHS mnpaAMoi, e

(X, Y, Z0) - 3aMaHa TOUKa, @ BEKTOP s =(m,n, p) — HANPAMHHUI BEKTOP
npAMofd ;
x—x - z—z
2) L _Ymn 1
X2=X V2= Z27Z
IBi 3afaHi Toukd M| (x;, 1, 21) 1 My(X, ¥2, 22);

— piBHAHHSA NPAMOT, LIO MPOXOAUTE Yepes
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X=xqg+mt,;
3)y=yo+nt;
z=zy+pt
- napamMeTpuUHi piBHAHHA MPAMOT B pocTopi, e ! € R — nesakuii napamerp ;
Aix+Byjy+Ciz+ D) =0;
{A2x+ Byy+Cyz+ Dy =0
- 3arajibHi piBHAHHA NPAMOI, 110 BU3HAYEHA MEPETHHOM JIBOX MJIOUIMH
Kyt mix npamumn A A LA il R A £ AR
m m Pi my ) P2

obuncnoeThes 3a popmyIoro
nymy +nny + prpa
2 2 2
\/ml“ +ny +P12 \/m% +ny +p§
YMOBM MapasiebHOCTI Ta MepreHINKYASpHOCTI UHUX NPAMUX BIANOBIAHO

cosQ =

m h
APy mymy +mny + p1pp =0.
my m P

Binctaue p(M, L) Big Touku My no npsmoi L,

xX—x -y _zI—z <
LI A . L rouka A(x s))el, S ={m,n,p) BH3HA-
15 V1571 , P

e L:
m n p
Mg S|
4aeThes 3a popmynowo p(My, L) = __l:__ .
S

L X—X - -z . )
Ulo6 3HalTH TouKy nepeTHy npsamol 0 Y7o, O i nnowm-
m n p

HH Ax+By+Cz+ D=0, cnig po3s’sa3ary CMiNbHO Ui TpW PIBHAHHSL.

x=-12 y-9 =--1

IMpuknan 7. 3HaiiTH TOUKY NEPETUHY NPAMOI 2 3 I 1 1110~

wuH 3x+S5y-z-2=0 .
Po3B’azanus. [IprBeeM KaHOHIUHI pIBHAHHSA NPAMOT 10 MapaMeTPHUUHOTO

BHIMIIALY !
x=4r+12, y=3t+9, =z=t+1].
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IlincTaBnMO 11i BUpa3y  PIBHAHHA IUIOLIMHHA Ta OTPHUMAEMO
3(41+12)45(3¢+9)-1-1-2=0,
3BIKK 1=3.
3anani npsMa Ta MJIOLMHA NMEPEeTHHAIOTLCA B TOVLI 3 KOOpIUHATAMH

x=4-3+12=24, y=3-3+9=18, z=3+1=4
Ilpuxnan 8. I[Ipama L 3anaHa 3arajJlsHUMU PIBHAFPAMY
x+y—-z =0,
2x-y+ 2=0.
HanwucaTtu KaHOHIYHI piBHAHHA Li€i npsMol.

Po3B’sazannsi. KaHoHiuHi piBHAHHA IpAMOT:

XX _Y—Yo _Z~"Z20
.m n P
3naitnemo Touxy A(xg,¥g,zp) € L . 3 Li€to METOIO 3aJ1a€MO OJIHY 3 KOOD-
nuHart, nanpuknag x = 0, a ABI iHII] OTPUMAEMO 3 CUCTEMH PiBHSHb, 110 OJiEpKa-
Ha 3 gaHol npu x = 0. CucreMa HabyBae BUIIIAAY

y-z=0; z=2;
<
-y+2=0, y=2.
Maemo: A(0,2,2)el.

— —

3a HanpaMHuMH BekTop S Bi3bMEMO BekTOp S =njxng,

Je ;{ =(1,1,-1), ;,; =(2,-1, 0) - HOPMaJbHi BEKTOPH IUIOLIKH, JIiHI€KO Me-

PETHHY SKUX € 3a7aHa Ipsama.
Taxum UHHOM,

i7 ok
S=[1 1 -1=-7-2]-3k=(-1,-2,-3)
2 -1 0

1 KAHOHIYHI PiBHAHHA NPSAMO]

x—0=y—2:z—2.L: %: _

-1 -2 =3’




3AITUTAHHA 1 3ABJAHHA JJI51 CAMOIIEPEBIPKH

1. 1llo Ha3uBaeThLCS CKANSPHUM 100YTKOM ABOX BEKTOPIB?

2. Yomy nopiBHIOE cKasIIpHUi 100YTOK ABOX BEKTOPIB: CKAJISIPY UM BEKTOPY?

3. Sx obuucnuTH ckanapHuit 106yTOK IBOX BEKTOpPIB, LIO 3aJaHi CBOIMM
1.20paUHaTamMu?

4. 3a Axoro (popMyrol0 MOXKHA 3HAUTH KYT MiX IBOMA BEKTOPaMH, 3a1aHUMHU
-3J1MH KOOpAUHATaMHU?

b 5 Jlaiire O3Ha4EHHsS BEKTOPHOTO NOOYTKY.
6. Ik oOUMCAMTU TIOILY TPUKYTHHKA, B SKOTO BiJOMi KOOpIWHATH
h BCpLINH?
7. Ulo ssnsie cobolo Mimanuii 106yTOK TPHOX BEKTOPIR 3 reOMeTpUYHOT
TO9KH 30py?

8. Sk 3’ACyBaTH, 44 HAJICKUThL TOUKA AaHI! NpAMii?

9. ll{o Ha3uBa€ETHCS KYTOBUM KOe(iLlieHTOM MpAMOI Ha MIOLUUHI?

10. HaBeniTh xaHOHI4HI piBHAHHA efinca, rinepbosy i napabon.

11. BkaxiTb reoMeTpuyHuii 3MicT BestuunH A, B 1 C B 3araJbHOMY piBHAHHI
TIOIMHM.

12. Lo sB.1€ co600 HANMPAMHUKE BEKTOP MPsAMOT JiHIT B MpocTop1?

1.3. 3adayi Ons npakMuYHUX 3aHsIMb

V¥ 3agagax 1.1 — 1.6 06uHCcIMTH BU3HAYHHUKH APYTOTO | TPETHOTO MOPSIAKIB:

-1 4 at+b a-b cosa -—sina
1.1. 2. . 1.3.| .

-1 2 a-b a+b sinag  cosa

2 =21 3 4 -5 2 3 4
1413 4 2|. 1.508 7 -2}. 1.6/1 2 5

-1 ¢ 1 2 -1 8 4 1 6

| V¥ 3apauax 1.7 — 1.9, EHKOPHUC [0BY OUM BNACTUBOCTI BU3HAYHHKIB TPETHOTO
NOpAJKY, AOR2CTh HALTYIiHI TZTOXKHNCTI.
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c

aq+bx a—-bx ¢ a b ¢
L7.|ay +byx ay~byx cy|=-2x|la, by ¢
;tbx a3-byx o a3 by
a b ax+by+q aq b ¢
1.8 )ay by ayx+by+cy|=|ay by .
a3 by ax+byytez| |a3 by oo

1 a bc
1941 b ca|=(d-a)c—-a)c-b).
1 ¢ ab
1.10. 3anano BekTOpU ;;=(4,—2,—4) i a_2.=(6,~3, 2). O64UCANTH :
a) a;-ap 6) (2a —3;2’)(;]@2;2’); B) (al—a—2)2:
r) '2a1—a2] ; 1) npLay €) P 4 :

—

€) HanpsAMHI KOCUHYCH BEKTOpA 4 ;

—_—N
w) np -, o-(a aj—2ay);  3) cos (aj , a)-

—

1.11. Bu3nayuTH 3HAUEHHA ¢, 32 AKOTO BEKTOPHM b=a|+aa, Ta

=a;- a2 OynyTb NepNEHANKYIAPHI, AKILO ‘al ’ ‘

1.12. 3HaiiTu BexTOp @ =(x, ¥, z), AKWO BigOMi ABI HOro koopauHa-

TMy=2, z=-3 Ta JOBXHHA l;‘:\/ﬁ

—

1.13. 3HalTH KyT, yTBOPEHUI ONMHUYHUMM BEKTOpAaMH [} i [ , A0 Bifo-

MO, 110 BEKTOPH ¢ = i{ + 21; Ta p = 57{ - 4]—2' nepreHAMKyISpHi.

1.14. 3anani sextoput @ =(3,—5,8) i b =(~1, 1,~4) . 3uaiiru [Z+B

i|a-5). '

1.15. 3HaliTd KyT MiX AiaroHansaMu napanesaorpama, No6ygoBaHoro Ha Bek-

Topax @ =(2,1,0) i b =(0,-2,1).
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1.16. 3HaiiTu BexTOp b , KONiHeapHul BekTopy a =(2, 1,—1) i Takui, Wwo
3ANOBONBHAE YMOBI a -b =12,

1.17. 3apaHo BexTOpH Z;:(3,—1, 2)i ;;:(1, 2,~1) . 3HaifTi Koopau-

MaTH BEKTOPIB a)c_l-l.xt—l—z‘ ; 0) (221’+;2’)x;2’.

1.18. O6uucnuTd nnouwy TPHUKyTHUKA 3 BepuuHamu A(1,1,1),
B(2,3,4), C(4,3,2).

1.19. V ‘tpukytuuky 3 Bepmunamu A(1,-1,2), B(5,-6.2),

C(1, 3,—-1) 3Haittd BUCOTY h=lﬁ‘.

1.20. Bu3HauuTH 3Ha4YeHHA « i [, 3a AKMX BEKTOp ai +37 + ﬂz Oyne
XDJlIHEAPHUM BEKTOPY axb,sKuo a = (3, -1, 1), b= (l, 2, 0) .
1.21. 3anano sextopu a; = (1, -1, 3), @ =(=2, 2,1), a3 =(3, -2, 5).

Obuucnutu (a;, a3, az).
1.22. O6uucauty 06’em napanesneninesa, nodyI0BaHOrO Ha BEKTOPAX :
a)a=2i+j-k, b=i+j+3k, c=3i-4j +2k;

6) a=3i+6j -8k, b=-=2i+4j-6k, c=5i+2j k.
1.23. 3HaiiTi BHCOTY Napanenenimena, noGyIoBaHOrO Ha BEKTOpax
7 :?—57+Z, b= 4;+2E, c =;—7—E, AIKLLO 3a OCHOBY B3ATO rapale-

aorpam, nobyIoBaHuii Ha BEKTOpax aib.

1.24. Obuucnutu 06’eM TeTpaeapa 3 BepludHaMH B Toukax A(2,-3,5),
B(0,2,1), C(-2,-2,3), D(3,2,4).

1.25. V rerpaenpi 3 sepuiyHaMu B touykax A(1,1,1), B(2,0,2),
C(2,2,2), D(3,4,-3) obuuciury BUCOTY h=‘ﬁ‘.

1.26. TlepeBipuTH, Yu KOMIUTAHAPHI 3a/laHi BEKTOPH :

a=-2+j+k, b=1-2j+3k, c=14i-13] +7k.

1.27. Hanucaty piBHAHHS TIPAMOT, NPUBECTH HOTO J10 3aralbHOTO BUITIALY,
10 piBHAHHA Y Bipi3kax Ta noOynyBaTd mpamy, SKIo :

a) npsAMa L 3ajaHa TOYKOIO MO(— 1, 2)eL i HOpMaJIBHHUM BEKTOPOM

n=(22);
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6) mpama L 3agaHa Toukoro Mg(—1,2) Ta HaNpAMHHUM BEKTOpOM
s=(3,-1);

B) mpsiMa L 3agaHa nBoma cBoimm Toukamu @ M (1, 2) i M,(-1,0).

1.28. 3amanamnpama L: —2x+y—-1=0 i touka M (-1,2).

Tpeba :

a) obuncnuty Binctaws p( M, L) Bintouxy M po npsamoi L

0) HanucarTy piBHAHEA NIpAMOi L', 110 MpOXoauTh uepes Touky M nepren-
AMKYASPHO 10 3a/laHol npaMoi L |

B) HANMUCATH PiRHAHHA NpsAMoi L". O NPOXOAUTH Yepes Touky M mapa-
JIeNbHO 3anaHid npsaMiid L .

1.29. 3HalTH'PiBHSAHHA NpsAMoI, 1O NpoXoauTh uyepes Touky A(1,-2) i
TOUKY MEPETUHY NpAMUX 2x+3y—-4=0, 3x-5y+13=0 .

1.30. Hanucaty piBHSHHA NPAMOI, WO NPOXOAUTL yepes Touky M (1., 2)
Ta BIATHHAE HA KOOPAMHATHUX OCAX BIAPI3KH PiBHOT IOBKHHH .

1.31. 3apado TpukyTHuk 3 BepuinHamu A(1,2), B(-2,4), C(4,8) .
Hamucarut piBHAHHS CTOPiH LbOTO TPHKYTHHKA .

1.32. 3apaHo croponu TpukyTHUKa: x+3y—-8=0 (A4B), y—x=0 (BC),
Tx+5y—8=0 (AC).3HailTi piBHAHHA BUCOTH LILOIO TPUKYTHHKA, [IPOBENAEHOT
3 BEpUIMHU B .

1.33. Hanucary piBHAHHS TMAOCWMHY, WO NPOXOAUTHL Yepes TOUKY
M (1, 1, 1) napanensHo BexTopam a—; =(0,1,2), E; =(-1,0,1).

1.34. Hanucatu piBHAHHA MJOLIMHM, 1O MPOXOLUTH Hepe3 TOYKHU
M(1,2,0) i M,(2,1,1) napanenbHo BeKTOpy a =(3,0,1) .

1.35. Hanucaty piBHAHHS TLIOILMHY, WO MPOXOAUTL Yepe3 TPH 3aJaHi Tou-
ku M (1,2,0), My(2,1,1), M3(3,0,1).

1.36. 3naiity Bincraue p (P;, Py) Mix aBOMa napajiejlbHUMH IIOUMHA-
ma: Pp: 2x-y+z-1=0; P —4x+2y-2z-1=0.

1.37. O6Guucnutu o6’em nipamiau, mwo oOMexeHA NNOLKMHOIO

P: 2x-3y+6z-12=0 i koOpAMHATHUMH IJIOLIHHAMH .
1.38. Hanucatu piBHAHHS MIOLWMHY, 1O MPOXOAUTE Yepe3 TOYKY

My(1,7,-5) iBinTnHae Bi oceil koOpAHHAT JOAATHI Ta piBHI BiApi3Ky.
2x- y+2z-3=0;

1.39. [lpaMa L 3afaHa 3aranbHUMH PIBHAHHAMU L :
X+2y—- z-1=0.

Hanucary wid diel npaMoi KaHOHIYHI PiBHAHHA .
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1.40. Hanucaru piBHAHHA NPAMOT, 1O NPOXOANTb yepe3 Touku M (1,—2, 1)
MH(3,1,-1) .

1.41. 3agana nuiowmHa P:x+y—z+1=0 inpsama L: %:—;—::TH )
3HalTH TOUKY NEPETHHY NPAMOT | TIOLIMHY .
1.42. 3uajiTy BiacTaHb MiXk napanensHAMH APSAMUMH
Ll:x—2:y+lzi’ Lzzx—7:y~l::-—3
3 4 2 3 4 2

1.43. 3Haiit Bigcrans Bin Touku A(2, 3,—1) no 3agaHoi npamol
L.{Zx—2y+ s+ 3=0;

3x-2p+2z+17=0 .
-1.44. BCcTaHOBUTH THI KPUBOT APYTOTO MOPSIKY, MPHUBECTH 3a1aHE PIBHSAH-
HA 10 KAHOHIYHOTO BUMMAAY, 3pOOUTH PUCYHOK |

2
a) 4x% +3y -8x+12y-32=0 ;
6) 16x% -9y —64x~18y+199=0 ;

2
B) 2y —12y-x+14=0.

1.4. IHdueidyansHe 3agdaHHs 1

3apaua 1. 3apadi BexkTopH ;:(al,az,cg), E—'—(bl.bz,b}),

. Z(Cl,Cz,C:;) .
By3Hauutu ;

1) noexuHy sexropa a: ’ a

>

2) ckanspHuil nobyTok (Z‘ E) .

3) KOCMHYC KyTa MiX BeKTopamu a |

b
4) BekTOpHUil 100yTOK a xb ; la xb ’ ;
5) MitaHuii 1oGyTOK BeKTOpPIB @ , b, ¢ ;
6) 4K KoJliHeapHi BEKTOPH a 1 b ;

7) 4 KOMNJaHAPHi BEKTOPH a , b , ¢ .
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NRBEFSETEBBES
nlnjalnlmjs:;a;almjnlalaiQJQJQIQIQJQI‘HQI‘M

]
»

Q] 8| a]a|

24.
25.

A AN o

=(2,3, ),
=(2,3,1),
=(1,5,2),

=(1,-1,-3),

=(3,3,1),
=(3,1,-1),
=(4,3,1),
=(4,3,1),
=(3,2,1),
=(3,7,2) .,

=(1,-2,6).

=(6,3,4),
=(7,3,4),
=(2,3,2),
=(5,3,4),

=(3,10,5),

(-2,-4

Il

i
A~ AN AN S S S
[

1’273) H

1l

2,3,2),
4,0,3),

i}

h

2,3,0),

Il

1’_2) ’

:—3) >
(35 1’—1) ’

37_2$ 3) >

5,-3,2),

BapianTu 3aBaaHb

b=(-1,0,-1),
E::(z 3, 4)
b=(~-1,1,-1),
Z:(z 3, 1),
b=(1,-2,1),
b=(-2,-1,0),
E=(L—2J),'
b=(6,7.4),
b=(1,-3,-7),
b=(-2,0,-1),
b=(1,0,1),
b=(-1,-2.~1),
b=(-1,-2,-1),
b=(4,7,5),
b=(-1,0,-1),
b =(-2,-2,-3),
b=(4,3,1),
b=(1,0,-1),
b=(-2,3,0),
b=(-1,2,1),
b=(4,6.4),
b=(1,-2,4) .,
b=(-4,1,5).,
b=(2,-1,1),
b=(-2,-5,3),
26

Al ol ol el alolalale]la]lolalo]nln] ololalololo]ola;alal

=(2,2,2) .
=(3,1,~1) .
=(1,1,1) .
=(2,3,4)
=(1,1,1) .
=(5,2,-1) .
=(2,2,2) .
=(2,0,-1) .
=(1,2,3)
=(2,2.1) .
=(2,-6,7) .
=(2.1,1) -
=(4,2,4).
=(1,-1,1) .
=(4,2,4) .
=(2,4,3).
=(6,7,4) .
=(8,3,-2) .
=(2,1,-6) .
=(4,2.0) .
=(2,-1,3) .
=(1,-1,2) .
=(0,2,4) .
=(~2,-2,1) .
=(-1,0,2).



6. 7 =(-3,1,0), b=(1,6,5) ¢c=(1,1,0).
2. a=(1,3,7), b=(-1,3,5), ¢=(=6,0,2) .
28 a=(-4,-3,0), b=(3,2,-1), ¢=(-3,2,2).
29. 4 =(0,6,-3), b=(-1,6,0), ¢ =(4,4,2).
30. @ =(0,-5,4) , b =(4,-1,-2), c=(5,0,4).
51.a=(-3,3,1), B =(1,0,-3), ¢ =(2,1.6) .

3agaua 2. 3apaHo npami /| Ta /[, i Touka M.

3HalTy :

1) kyToBuii koediuieHT npsamMoT /| i Binpis3ok, AKuii BiATMHAE LA NPAMA Ha

. OpIMHAT ;

2) piBHAHHA npsAMUX /| Ta [, y BiApi3Kax ;

3) Touky N nepeTuHy npamux /i [ ;

4) piBHAHHA NPAMOI, o NPOXOAUTS Yepe3 TOUKY M napanensHo npamiit /5 ;
WepreHAUKYISIPHO 10 TIpaMol [ ;

5) Bincraus Big Toukn M no npsimot L1 p(M, ).

Vei pesynbTaTH iTIOCTpyBaTH rpadidHo .

Bapiantu 3aBxaHb
Lt 5x+3y+8=0. L: x-4y+20=0; M(7,-2).
L0 3x+2y+2=0, [: 4x-3y+31=0. M(6,0).
St o x=5y+9=0, L 3x+2y+10=0; M(7,3).
I * 5x+2y+13=0, [,: 2x~5y+11=0; M(6,4).

Ax+y+10=0, /[ : 3x+7y-5=0; M(5,-4) .
L Sx+2y+17=0, l: 2x-3y+3=0; M(5,2).
o 9x=5y+17=0, [ 4x+y+14=0; M(8,4) .

L 3x-2y-16=0, L x+7y+10=0; M(-10,3) .
i 2x+43y-15=0, Iy: 3x-Ty-11=0;  M(-5,-4).

© % N O B L
_

10. ;. x-7y+8=0, ly: 2x+5y-22=0; M(~-4.-7).

1. 4 3x-8y+6=0, L: x+2y-12=0; M(-8,-3).

12. 4y 2x=-3y+17=0, [: 4x-y+9=0; M(6,-2).

13. 2 3x-y+10=0, L S5x+2y+2=0; M(3,10) .
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14. f;: 1lx+6y+9=0, L 3x-py+16=0; M(5,-4) .
15. 40 2x+3y-5=0, [: 3x+y-4=0; M(2,3).
16. f;: 3x-2y+7=0, L : 5x+y+3=0; M(1,4) .
17. 5y 2x=-3y+5=0, L: 2x+5y-12=0; M(3,-4) .
18. 51 4x-3y+5=0, L: x+4y-13=0; M(-2,-3).
19. 4, 3x+y-7=0, ly: 2x-3y-1=0; M(-5,-8) .
20. ;1 2x+5y-14=0, Ih: x-3y+4=0; M(-4,~-4) .
20 0 Sx=2p+12=0, L 4x+3y+5=0; M(-7,-8).
22,0 4x+y-13=0, L x-5y-8=0; M(-4.7) .
23. 4 3x-2y-13=0, [: 2x+7y+8=0; M(-1,9) .
24. 0 2x-3y+3=0, L : 3x+y-12=0; M({-5.-6) .
25. 0 dx+y+5=0, ly: Sx-2y+16=0 : M(4.-5) .
26. Iy Sx+y-7=0, It 3x-2y-12=0; M(-6,8).
27. Ly 2x-3y-5=0, L: 4x+y—-17=0; M(-5,-2).
28. 4 : 8x+3y-4=0, [: 2x+5y-18=0, M(8.3).
29. L 2x-3y+13=0, L : 2x+7y-8=0, M(7,4) .
30. ;: Sx+y+7=0, Iyt Tx=-2y+20=0; M(5,-6).
31,0 x+2y-3=0, Lt 3x-4y+11=0; M(2,9).

’ 3anaua 3. 3anaHo piBHAHHS MIOWMHK A, npamol L; i Touka M.
3HaiiTu:

1) piBHAHHS MUIOWHMHK P , IO MPOXOANTD Yepe3 TOUKY M napanenbHo no-
wuHi A ; '

2) piBHAHHA MIOWHHH P3, 1O NPOXOLNTL Hepes TouKy M nepreHankynsp-
HO A0 NpaMoi L ;

3) piBHsiHHs npsMol L, , 1O NPOXOANTD Yepe3 Touky M neprneHanKyaspHo
10 nuowuHY A

4) piBHsAHHS NPAMOI L3, 1O NPOXOAXTE Hepe3 TOUKY M napanenbHo npamii Lj ;

5) Touky N nepeTuHy npsimoi [; i naownun A

| 6) BincTans Bim Toukn M no mnowman Py p (M. Py) -
7) BincTaHb Bin Touku M no npamoi Ly : p(M,L}) .
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(% 2

Bapiantu 3aBaaHb

S5x~3z+2=0,
x=3y+2-+4=0,
2x-3y+7z=0,
Ix+y-2z=0,
4x-2y+z=0,
5x+3y-6=0,
x+3y-z=0,
2x~5z+3=0,

3x-4y-4-=0,

4x-3y+1=0,

x+2y=-3z4+4=0,L;:
2x—y+22—3=0 ‘Ll :T

dx—y+z+1=0,L;:

S5x+2z-3=0,

6x—-5y+2=0,

L[.'x.—z-:—y—=£,
3 -1 1
L Xoyml_z+2
0 2 -3
2 =z
Ll :£="—y+ =,
3 -1 4
fXoloy _zd
2 =2 1
e S A S
1 2 -3
IR AL
-3 2 5
L,:x+2=—y—=:—_1
3 -1 2
Ll.x+1:y_-:_:_’
4 2 3
Ll :1-——")’]:2_1
2 3 1
x—-l_y+l_i
3 1 2
L11x+2:i:£
2 -1 1
x-1_y =-+4
3 —
x y+2 z-1
- 2
x+3_y _z
4 -2 1
- 1 =
Ll-'x l:y+ _ +2
2 -1 3
-4 z-1
L= 2 i
1 2
29

M(0,2,3) .
M(1.0.-3)
M(-4.5.0)
M(2.-1.0) .
M(3,0,~2) .
M(=2,1,1).
M(0,0,4) .
M(1,-1.0) .
M(O,S,S‘).
M(0.,0.4) .
M(1,=2.1) .
M(=1,0,3).
M(0,2,-1) .

M(,-1.2).

., M(2,3,0) .

M(2.5,1) .




18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31

4
3y+sz-4=0, L 2P2-2r*4_ 2
2 3 1
3x-4y+5=0, lex+2=2)-=-z—_—1,
3 4 -2
- +3
x-3p+2z-1=0, 0, 22232
0 -1 4
y-2 z+l
Ix+y-3z=0, L:2=2T22E10
y ! T

3 +2z-5=0, L,:

2 -5 4
Iy 42 0 I x+l _y-1 =z
—z= —— = —
Y Ty T
x-3y42z-1=0 0, X2 -¥¥3_ 2
0 -1 4
dx—y-2z43=0 L Xl o¥¥2_2
34
Sx+3z-7=0, [ X2l Ztl
12 3
x+2y—6=0, 1,:5=2F3_ 271
4 1 s
x-5 y z
Sx-y+2z=0, L;: ==
0 3 1

2x-3y+z+1=0,L;:

3 2 -
¥42y-3z=0, 1, X421z
1 1 3
x y+l z-1
3x~4z+11=0, Lji==——= .
s 2 1
dx43y-9=0, [ X3-Y _Z¥3
1 -2 -
30

M(0,-2,3) .
M(1,0,-4) .
M(1,2,3).

M(0,3,4) .
M(-1,2,-1) .
M(1,0,2)..

M(1,3,2) .

M(1,0,-1) .
M(2,-3,0).
M(3,0,-2) .
M(1,2,-1) .
M(O,1:—2) .
M(2,0,1) .

M(2,9,0) .

M(1,-2,1) .



3agaua 4. 3HaliTH 06nacTk po3B’A3KIB CHCTEMM JIiHIHHHUX HepiBHOCTEH .

{2)(1- Xy 56;
1

10.

13. 3

16.

19.

22.

x1+4x258.

2x1—3x2 $—13;
> 6;
< 16.

X+ X
\4x1 + X9

3x1+ b%) 28;
2% -3x, <6 ;
~.)C] >0, X2 >0.

X — X Sl;
X +2x, £1;
\XIZO,X2 >0.

xp+3x, <2
3x) - x, 26
3x) +4xy 20
| % 20,x; 20.

2%~ xp <12
X+ x3%56;
x +3xp 21,
x 20,6y 20.

3x1+2x236;
=X —xy <1;
X] ZO, k%) >0.
2x1+3x2 S8,

3x1 +2)C2 37;
k.?Cl .>_O,X2 >0.

Bap

5

11.

iaHTH 3aBAaHbL

2XI—XZ24;
’ 2JC1—X2S8.
23 + 5%, <10 ;
.92x +x < 6
x1+2x22 2.

3x) - X 2-3;
2x-3x 5 6;
XIZO. X3 20.

X +xy <15
xl—X2S1;
x120,x220.

X +2x) 26,
31+ xp 28
xp— %y <3
x20,x,20.

2x;— X326
X +3x, 26
x1—2x2 >8;

x| ZO,X2 20.

3x+5x9 <15
5x +2xy <10 ;
Xy 20, X) >0.
4x)+5xy <14
6x1+2x2 SlO,

\leO,xZ >0.

31

3x+2x, 28
3. 3x1 +2)C2 <6.

23~ 3%y <13 ;
6. X+ X2 < 6 N
(4x— X2 16.

xp+x0 % 1;
9, 9 xl—x2 .<_—1;
1x120,x,20.

3x+2x7 <6
x) + X221;

x20,x20.

.

xp+2x <14
—5x +3x, <15
4x; +6xy 224 ;

x20,x5 20.
[ X +2x, <10 ;
Xy +2xp 2 2
2xp+ x5 <10

leO,X2 >0.

2Xl +3X2 <12 N

X]ZO,Xz >0.

3.X]+2XZ <7;
4x; +5x, 24
X1 20,x2 >0.

)
&




2x; +3x, 28 ;
25. 3x| +2XZ <17 N
x120,x 20

X|+x2 5;
28. { ¥ —xp < -1
% 20,xy 20,

x| —2xy 54
31, 42x+ x5 £8;
XIZO,XZ ZO

—2X2§‘2;
26. 12x +3x, < 65 27,
leO,xZZO

~QX2 <2;
29, Y +2xy 24 30.

X]ZO,X2 20.

2x - 3xy -2 ;
3 +2x5 2 5
X1 ZO,Yz >0

“‘x‘+2’(2S2;
Xy + X326

Xy 20, X3 >0 .

3apaua 5. Hanucaru poskian Bextopa X 3a 6asucom pP.q.r.

=

=(_27 4a 7) )

b
=

=(6,12,-1)
=(1,-4,4),

»
=

=(-9,5,5),

=

=]

=(13,2,7),
¢ =(-19,-1,7)
=(3,-3.4),

oF!

o o® NS e
=l o=}

=l

=(3s3’—l) ’

11. ¥ =(6,5,-14) , ]
12. x =(6,-1,7),
X =(5,15,0) ,

=(-5,-5.5),

BapianTun 3aBaaHb

p=(0,1,2), ¢=(1,0,1),

p=(4,1,1), ¢=(2.0,3).
P=(-2,0.1), ¢ =(1.3.~1)
B=(5.1,0). 2]=(2.—1,'3),
B=(0.1,1), g =(-2.0,1),

p=(1,0,2), g=(0.1,1),

p=(3,1,0), ¢=(-1.2,1),
10. §=(—|,7,—4) b

=(-1,2,1) ,4 =(2,0.3),

=(1,1,4), ¢=(0,-3,2),

=(1,-2,0) , g =(-1.1,3),

=(1,0,5), 4 =(- 2) .
32

p=(1.3,0), g=2.-11), 7
(2.1,-1), ¢ =(0,3,2),

r=(~1,2,4) .
r=(0,-1,2).
r=(1-1,1) .
F=(=1.2.1) .
F=(0,4.1).
F=(1,0.-1) .
F=(3,1.0).
r=(2,-1.4) .
r=(-1,0,2).
F o= 1,-1) .
=(2,1,-1) .
=(1 0.4) .
=(0,-1.1) .




4. ¥ =(2,-1,11), p=(1,1,0), ¢g=(0,1,-2), 7 =(1,0,3) .

15. % =(11,5.-3), p=(1,0,2), q=(=1,0,1), 5 =(2,5,-3) .
16. x =(8,0,5). p=(2.0,1), g=(1.1,0), r=(4,1,2).

17.5=3,1.8), 5=(0,1,3), g=(1.2,-1), r =(2,0,-1) .
18 x =(8,1,12), p=(1,2,-1), §=(3.0.2) | F=(-L.L1).
19. x =(~8,-9.-3), p=(1.4,1) .q =(=3,2.0) .r =(1,-1.2) .
20. x =(=5,9,-13), p=(0,1,-2) ,qg =(3,-1,1) , 7 =(4,1,0) .
21. x =(~15,5,6), ,3 (0,5,1), g =(3,2.~1) ,7 =(~1,1,0) .
22. x =(8.9,4) , =(1,0.1) , q—(O ~2,1), r—(l 0) .

23, §=(23,-14,—30), 5=(2,1,0), g =(1,-1,0) ,r =(-3,2,5).
2. % =(3,1,3), P=(2,1,0),g=(1,0,1), r=(4,2,1).
25. x =(~1,7,0), p=(0,3,1), g=(.-1,2),r =(2.~1,0) .
2. x =(11,-1,4) , p=(1,-1,2),9=(3,2,0) ,r =(-1,1.1) .
27. X =(-13,2,18), p=(1,1,4), g =(=3,0,2) 7 =(1,2,-1) .
28 X =(0.-8,9), p=(0,-2.1),g=(3.1.=1) ,r =(4.0.1).
29. X =(8,-7,-13), p=(0,1,5), g =(3.-1,2) .r =(~1,0.1) .
30. x =(2,7,5), p=(1,0,1), g=(,-2,0),7r =(0,3,1)
31X =(15,-20,~1), p=(0,2,1), ¢ =(0,1,=1) ,r =(5,-3.2) .

1.5. 3pa3ok eukoHaHHs iHdueidyansHo20 3agdaHHs 1

3aaava 1. 3anaHo BexTOpH a=(2,3,0), E=(1,—2, 2), ¢ =(3,2, 1).
Bumaraerbcs BUHAUUTH :

1)(2
4) ng; 'ngl ;

- —A
2)(a, b); 3) cos(a,b);

—

5) miwanuii 100yTOK BeKTOpiB ¢ , b, C ;

2o~ 33
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6) uu xojiHeapHi BexTopd a i b ;

7) u¥ KOMILIaHapHi BEKTOpH a , b, c.

Po3B’si3aHHs.

1. I;’a/a%+a22+a% =M=ﬁ§ .
2.(a,b)=aybj+ayby+asby=2-143-(-2)+0-2=—4 .

(a.b) ~4 4

ig"l’?}:m"/‘”” EVTR

—a
3. cos(a ,b)-

i j ok
- - 3 00+ 12 0] ~—- {2 3}~
4. axb=|2 3 0]= - j o+ k=
-2 2 1 2 1 -2
1 -2 2
=6i -4 ~Tk =(6,-4,-7);
@ xB| =16 + (-4 + (=) =36+16+49 =101
a a ag 2 30 2 30
5. (axb)c=|b by by|=|1 -2 2|=|-5 -6 0|=
) . G 3 3 21 3 21
2 3
= =—12+15=3
-5 -6
. . el a an as
6. YMOBa KONiHEapHOCTi BEKTOPIB @ 1 b : ——=—%=—=
by by b
2 3 - = . .
—%——#—I @ 1 b He KOJIHEapHi .
I -2 2

-

7. YMoBa koMIaHapHoCTi BexTopiB a , b, ¢
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1) PiBHAHHS TIpAMOT 3 KyTOBUM KoediuienToM: y=kx+b, 1e k - KyTO-

BHH KoeqnuleHT npaMoi, p — BiAPI30K, LUO BiITHHAETHCS MPAMOIO HA OCi OpAUHAT
+3 TOYHICTIO 1O 3HAKa) .

5) BimcTaHs Big Touku M o npsimoi L, ¢ p(M, 1)
Vei pe3ynbTaTi iM0CTPYBaTH rpadivyHo .
Po3p’si3aHHs.
TIpuBeaEMO PiBHAKHA NIPAMOT /| 0 03HAYEHOTO BUIMIAMY :
L y=-4x+8; k=-4, b=8 .
2) PiBHsiHHA npsAMoi y Biapi3kax : £+-Z—= 1, ne a i p 3TouHICTIO MO
3HaKa BU3HAYAIOTH IOBKUHU BiJPI3KiB, m: BiITHHAIOTHCS HA OCAX KOOPAMHAT ;
I :4x+y-8=0, lp: x=5y-2=0,
4x+y=8, x=5y=2
XY LD A
8/4 8 2 -2/5
a=2;, b=8, a=2; b=-04.
412, 0)ely; A,(0;8) el Bi1(2; 0)ely; B7(0;-04)el, .
3) PiBHsAHHS npaMux [ , /; YTBOPIOIOTb CUCTEMY NiHIHUX anrebpaluHux
piBHAHb. PO3B’A3aBINM L0 cUCTEMY, 3HAIIEMO TOUKY nepeTuHy /; i [ :
4x+ y-8=0;
{ x-5y-2=0.

[ToMHOXHBIIM TepLie piBHAHHA HAa S Ta CKJIABLUM JiBi 1 NpaBi HacTUHH
PiBHSHb, OTPUMAEMO :

21x~-42=0,
x=2.

2

3anavya 2. 3amavonpami /| Tta [/, i Touka M

Lo 4x+y-8=0 h: x=5y-2=0 M({-4,7)

3HalTH

1) xyroBuil koedilieHT npamol /| i BIAPi30K, AKUH BIATHHAE U NpAMa Ha
©Ci OPJIMHAT ;

2) piBusiHHA ipAaMUX [ Ta [, y Bigpizkax ;

3) Touxy N mepeTuHy npamux L i I ;

4) piBHSTHHS rPAMOT, LILO MPOXOAUTH Yepes TOUKy M napanenbHo Opamii /[,

NepreHANKYISPHO 10 TpsaMoi /1y ;

0 —————




IlincTaBUMo B Tieplle PiBHAHHS

y=2(-4)+8=0.
Touka N (2, 0) —Touxa mepeTury npamux [} i [ .
L x-5y-2=0; M(-4,7).

a) WyKaHa npsama f3 ; 13]| I .

QueBuaHo, 1O noo=n, N, L0, — HOpMaJlbHi BEKTOpH NpamMux I3 .’
3 2 3 2

I, BinnoBinHo ; ;1 =(1,-5) .
3

PiBHSAHHS NpAMOI, 110 3a1aHa TOUYKOK | HOPMAJIBHUM BEKTOPOM ;1( A.B)
AQx-x0)+B(y=yp)=0;
1(x+4)-5(y-7=0;
Li: x=5y+39=0; K,(0;78)el;.
,i 0) wykaHa npama lg; Iyl by .
3anuiuemMo piBHAHHA NpsAMOI [, AK PIBHAHHS MPAMOI, 11O NPOXOANTH Ye-
pes mBi Toukn B (2, 0); B,(0;~04) :

XX YN
. X=X Ya=n
x-2  y-0
0-2 -04-0"
L X=2_ Y
21 02
E/ =(1; 0,2), §/ — HanpsMHHMH BekTOp npamoi [/, , ane
2 2
:S'-'l,) =;I , ;1 — HOpMaJlbHUI BexTop NpsAMoi /4 . 3anuweMo piBHAHHA [y SK
2 4 4
1 piBHSHHA npAMOT, 110 3afaHa Toukow M (—4,7) [ HOpMalbHUM BEKTOPOM
n  =(1;-0,2) :
/g

I(x+4)+02(y-7)=0;
x+02y+2,6=0 ;
10x+2y+26=0 ;

ly 0 Sx+y+13=0;
Ky(-2,6;0)ely .
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5) Bincrawe Big Toukd M (xg, yo) mo mpamoi /: Ax+By+C =0 Bus-
HavaeTheA 3a Gopmynoro

[Ax0+By0+C|
pM, )=t
\/A2+B2
M(@E4,7); I x-5y-2=0;
|1-4)-5-7-2| a1
M,l)= = )
p(M. ) J1+25 426

OTpuMaHuii pe3yabTaT NpoiNocTpoBaHo Ha puc. 1.1 :

Puc 1.1

3apaua 3. 3agaHo piBHAHHA nuomuuy P . npsamoi L i Touka M :
P: 5x+3z-7=0, L : %:%1:%—1, M(2.-3.0)
3HaiiTy

1) piBHAHHA NNOIMHA P, , WO NPOXOAUTh YEPE3 TOUYKY M MapanenbHo
moIMHI P )

2) piBHSHHS IVIOIMHK F3 , 110 IPOXOIUTH YEPE3 Touky M neprneHauKynsp-
BO J10 npamoi L ;

3) piBHSHHA npsAMoi L, , 110 NPOXOAUT Uepe3 TOUKy M neprneHauKyIsapHO
30 MJIOWMHA A ;

4) piBHAHHA PAMOT Ly , LI0 IPOXOAMTL Yepes ToUKY M napanensHo npamiid Ly ; .
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5) Touky N nepeTuHy npamoi L; i naowuuu A ;
6) Bincrann Big Toukst M jo mowmnn Py p(M,Py) ;

7) BincTans Big Toukn M no npamoi Ly: p(M,Ly) .

Po3B’si3aHus. 3riHO 3 YMOBOIO ;/' =(5,0.3), E/ =(1, 2, 3), np
1 ‘1

S, —HOpMaJbHMIA BEKTOP MUIOWMHK F} | HANPAMHKIA BeKTOp pAMoi L siaro-
“1
BIIHO .

1) Bpaxomyiouu, 1O quPl , MaeMo ;’1,2=ZM, ;},2=(5\0ﬁ3).

M(2,-3.0)eh.
PiBHAHHA MIIOIIMHK, WO 3a8aHa TOUKolo M (xp, yg. Zy) 1| HOPMATBHUM
BEKTOPOM n =(A4, B, C) , ma€ surnsan
A(x—xg)+B(y—yg)+C(z—2)=0.
Ilykaue piBHanHSA : 5(x—2)+0(y+3)+3(z—-0)=0,
P 5x+3z-10=0 . -
2) Bpaxosytoun, o P31 L, OTpUMYEMO

—

np =5, np =(,2,3), M(2-30eP;;
I(x-2)+2(y+3)+3(z-0)=0,
B x+2y+3z+4=0.
3) Bpaxosytouu, wo P,.LL, , oTpumyemo
np=S,,, §,,=603), M2-30e¢L;.
PiBHsaHHA npaMoi, 3agaHoi Toukolo M (xg, Yo, Zg) 1 HANPAMHUM BEKTO-
poM §=(m, n, p),Mac BAMIAL

X=X _y-Yo _Z—7%0
m n p

5 0 3

L,: x—2=y+3_2—0’

4) 3apasaxu Tomy wo L 3“141 , OTPUMYEMO




S,,=S, S,=0,23; MQ2-30el;;

x-2 y+3 z-0
12 3
5) PiBusauHs noomuHy A 1 npsaMoi L; YTBOPIOWOTh CUCTEMY, PO3B’A30K
£x0i 1aCTh KOOPAMHATH TOUKH N TMEPETHHY NpPAMOT i MIOLINHM :

L3:

5x+3z-7=0;
x_y-l_z+1
12 3
V piBHsAHHI npsAMOT nepeieMo 10 napaMeTpHUYHOTO 3aNaHHS
S5x+3z-7=0,
Sx+3z-7=0, x=t,
f_y_l_erl_, & _ |
1 2 3 > y— 't+ >
z=3-t-1;
5.6+3(3-t-1)~-7=0,
54+9t-3-7=0,
14-1=10,
5
== .
5
xX=—,
7 >
5 17 5 17 8
=2.-=+4+1=—, N(=, —, —
Y 7 7 (7 7 7)
z=3-§—1=§—,
! 7 7
Axg+Byg+Czo+D| [5-2+0(-3)+3-0-7 3
& p(.Py) = L ] — |=r.
VA2 B +C V5240243 34
A5,
7 p(M, L)= |§. »ne A(x;, y,z1)ely.
I‘I}

3 piBHsHHA ipamoi L) Bunnusae, wo A(0,1,-1)e L;; M(2,-3,0);
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AM =(2-0, -3-1, 0+1)=(2,-41): S, =(,23);

i k
— - / -4 1] - |2 1= |2 -4| =
AM xS, =2 -4 1|= - o k=
1 2 3 1 3 1 2
1 2 3

=147 -5/ +8k =(~14,-5,8);

=196 +25+64 =285

]§L1y=m=m;

oM, Ll)=@=\[@-
J14 14

3agaya 4. [ToGynysatu 06nacts po3s’s3KiB CUCTEMH JIiHIiHUX HEpIBHOCTEH :

2x; —5xp 210,
< 3 - X+ x236a 3x1—2x2£—6,
X| == L)
a){ | 6) | 3% +5x, 215, B) {—x;+5x, < 5,
3X1+2X2S 12,
xp2 1 %20, x20.

x1+2x2 > - 2;

Po3B’sizaHHA.
a) Bynyemo TpaHuuHi npaAMi, WO BiANOBiNAIOTL JAHUM HEPIiBHOCTAM, 3a
IBOMA TOUKAMH, [0 HAJNEHKATb LM TPSIMEM :

I o 2x=5x, =-10, 4(0,2)e !y, AH(=5,0)el;
L x=3,

I3 3x+2x =12, Bi(0,6)els, By(4,0)el5

Iy x+2xy=-2, G (0,-Dely, Cy(~-2,0)el, .

KoskHa npsiMa JinuTh rIOLIMHY Ha ABi NiBIIOUMHK. Ta 3 HKX, 110 MICTHTb
MI0YaTOK KOOPJMHAT, i € 06nacTio po3B’A3KiB KOXKHOT 3 HEpiBHOCTEH (KOOpAMHATH
Touku (O(0, 0) 3a0BOLHAIOTH KOKHIH HepiBHocTi). CTpikamu MosHaveHi
MiBIUTOILMHY, AKi € 00NacTAMHU po3B’A3KiB OAHUX HEPIBHOCTEH.

[NepeTuH BiaMiu€HUX MiBMIOIUH — 6araTokyTHUK ABCD — € obaacTio po3-
B’A3kiB qaHol cucteMu (puc. 1.2).
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6) BynyeMo rpaHuYHI MpsAMi, 1O BiAMOBINAOTH JAHUM HEPIBHOCTAM :

Lo —x+x= 6, 4,(0,6)e A (-6,0)e];
ly: 3x;+5xy=15, B,(0,3)e )y, By(5,0)el;
13: Xy = 1.

Ob6nacTh po3B’A3KiB AeplIOl HEPIBHOCTI MICTUTL NI0YaTOK KOOPAMHAT, ApY-
fo1 i TpeTLOi HEPIBHOCTEH — He MIiCTHTL TIOYaTKy KOOPAMHAT (KOOPAMHATH TOYKH
0 (0, 0) He 3aJ0BOIBLHAIOTD APYTiii i TpeTiit HepiBHOCTAM) .

CrpinkamMy No3HaveHi MiBIJIOUIMHHU, TOYKHU SAKUX 3aJAOBOJILHAIOTL He-

piBHOCTAM . OOnacTio po3B’A3KIB € OIyKJla MHOTOKYTHAa HeoOMekeHa o6sacTh
tpuc. 1.3).

B) Byayemo rparuuHi npami :

L : 3x-2xy=-6, A1(0,3)el; | AH(-2.0)el;
Iy : =% +5xy= 5, Bi(0,D)ely, By(-5,0)el;;
i x= 0,
ly: x=0.

Bynyemo obnactb po3B’A3KiB KOXXHOT HEPiBHOCTI.

He icHye 0HOT TOUKM, 3arajbHOI IS BCIX MiBIMJIOLLKH, 11O BiANOBIAAIOTH
3aHUM HepiBHOCTAM (puc. [.4) .

Ortxe, obnacTb po3B’a3kiB mopoxus . Cucrema HepiBHOCTEH HecymicHa .

Puc. 1.2
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X2

Puc. 1.3 Puc. 1.4

3apauya S. Posknactu BekTop x 32 fasucom p, g, Fr ;

x=(2,5,0), p=(1,2,-1), ¢g=(3,6,1), r=(3,9,3)-

—

Po3s’s3anus. 3HalineMo koediticHTn po3knany x =ayp +ayg +ayr .
ITincTaBUMO KOOPAHHATH BEKTOPIB Y LIEO PIBHICTS :

a (1,2,-D+ay (3,6, 1)+a3(3,9,3)=(2,5,0).

3Biacu ofepKyeEMO HACTYNHY CHCTEMY PIiBHSHD
a)+3ay +3a3 =2
200 +6ay +9a3 =5

—-ap+ a3 +3ay3=0.

1
Po3p’s3aBluy cucteMy , 3Haiinemo: ¢ =1, @ =0, a3 =3

3po6uBIIK NEpeBipKy, BIEBHIOEMOCh B MPABHIBHOCTI PO3B’A3aHHS CHCTe-
MH.
TakuM YMHOM , LyKaHMil PO3KIA] MAE€ HACTYNHUN BUMIAL :

§=1-E+0-3+’}7,

J
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[TIABA 2. BABHAYHUKW | MATPUL|I.
CUCTEMMU NNIHIKHNX PIBHAHb

{1, m.1, §LI-120; m.2, §2.1-2.7]
2.1. BuanayHuku i Mmampuui

)

BusHayHHUKOM #-TO NOPAAKY HAa3UMBAKOTh YHUCIIO, IO [TO3HAYAETHCA

ay 6112 e Ay

Ay dpp - O2p
A=

Apt Ay - Qpp

1 1opiBHiOe anreOpaivHiit cymi n! unedis. KokHUM 4NeH BU3HAYHMKA NOPIBHIOE
100yTKY 17 €AEeMEHTIB BU3HAUHUKA, 1O B3ATI 110 O/IHOMY 3 KOXKHOTO PAJKA | KOXKHO-

. - f . .

[0 CTOBILST BU3HAUHMKA. 3HaK uiieHa piBuuit (—1) , e ¢ —uucno iHBepciit B nepe-
CTAHOBLI NPYrUX IHIEKCIB €JIEMEHTIB, AKIIO NEpLIi iHAEKCH 3arucaHi B HaTypasib-
HOMY HOPAAKY.

Minopom MU eneMeHTa g, BU3HAYHUKA Ha3UBAETHCH BU3HAYHUK (11— 1)-

y
o NOpAAKY, OTPUMaHUHN 3 TaHOTO BU3HAYHHKA LUJIIXOM BUKPECIEHHS psijiKa i cTo-
BILS, HA IEPETHHI SKUX CTOITh JAHUH €J1EMEHT.

A.rlreﬁpa'l'qﬂum AOMOBHEHHAM CJICMCHTA (Jlj BU3HAYHUKA HA3UBAETLCA

ancno A, =(-1)""M,.

OnHUM 3 OCHOBHMX MeTOIB OOUMCIIEHHS BU3HAYHMKIB K -TO MOPAJKY €
METOJ TIOHWKEHHS MOPAJIKY, OCHOBAHHUIT Ha TEOpEMi PO3K/IajaHHs, L0 3BOIUTh
oOuHCIIeHHs BU3HAUHMKA O O0UMCNEHHS BU3HAYHUKIB PYroro i TpeTboro mno-
pazakis. [Ipu ubOMY BUKOPUCTOBYIOTHCA i iHII BIACTHBOCTI BUSHAYHUKIB .

Teopema po3knajaHHs :

n JR—
A=Za,jAU , 1=ln,
=1
abo
n a—
A=ZCIUAU 5 jzl,n-
=1
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Martpunerw po3mipy mxn HA3UBacTbcA Tabnuus uucen dy

i=l,m , j=1, n,Buamsny

arny ayn e Qip

an ary ... Qp
A= "

At 9m2 - Apn

Kopotko:  A,n, (ay) mon -

Cymowo A+ B marpnub A=(a,) , , | B=(b,) ,,, HasuBaerbcs Mat-
puusg C=(c,) p n ,Taka, WO ¢, =ay, +b, .
NobyTrom @A marpuwi A=(a,) , , HaYUCIO o HA3MBAETHLCH MATPHULLA

C=(cy) p,p TaKa, WO ¢, =aa

y y -
JodyTkom AB marpuui A =(a,j) m,n Ha B=(b,) , ; Ha3UBAETbCA MaT-

puus C=(c ) p s, 0e

n S —
cy=2a by, s i=l,m, j=11,

k=1
TOGTO eNeMENT ¢, IOPIBHIOE CyMi HOOYTKIB BiANOBINHMX €JNEMEHTIB | -IO palKa
Marpuui 4 1 j-rocrosmus mMatpuui B.

CreneHeM f Matpuui A HAa3sHBaeThca MarpuLs
C=A"=A4-4-..-4,
k pas

ae k - uine momatue uucno; A% =E.
MHuorouseHom Bi MaTpuLli A Ha3UBAETLCA BUPA3, 10 MA€ BUMAL

P(A) = agA* + A" vy A A+ o E
Ae k — uine nomatHe 4yuco , A =E.

OO0epHeHO0 10 KBaJApaTHO! MAaTpULll A HA3MBAETLCSH MaTPHLIA A" raxa,

wo 4- A =471 A=E.
Qopmyna A5 3HaXOKEHHs obepHeHoi MaTpuL,
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Ay Ay . Ay, Ay Ay . Ay

oL A A ey 1 A An Ay
detd | .. det 4

Ay Amy o App Ay Ayn o A

Panrom matprui Ha3uBaeThcs HAUBUILKYK 3 MOPALKIB il MIHOPIB, BIAMIHHUX
mx Hynst. [loznaueHus Rg A . Biaminuuit Bin Hyns MiHop matpuui 4 , nopsanox

moro 7 =Rg A , Ha3uBaeThcsd GazHCHHMM MIHOPOM .

EneMeHTapHi mepeTBOpEHHsSI MATPHUb :

1) nepecraHoBKa psAAKiB (CTOBIILLIB) ;

2) MHOXEHHS psnxa (CTOBNLS) Ha YKCNO , BiOMIHHE Bil HyAs ;

3) moxaBaHHA A0 €JIEMEHTIB PANKa (CTOBILA) BiINOBIAHUX eJIEMEHTIB iHLIOTO

~a (cTOBMUA) , TIOMHOXEHHX HA IESIKE YKCIIO .

EsleMeHTapHI NepeTBOPEHHs He 3MIHIOIOTEL paHry Marpuui . Ha usomy 6a-

TVETHCS METON €JeMEHTAPHUX MEPETBOPEHD 1A 3HAXOMKEHHS PaHTy .

Mpuxnaa 1. 3agani matpuui :

2 1 -2 3 3 5
1 2 3

A=|3 -1|, B= , C=| 5 8|, D=|-1 2
-1 0 4

0 4 -1 3 1 -4

Yu MoxxHa AogaTu Marpuuto 4 1o Marpuui B ? Marpuwo A no marpuui C?
3uafitn  4+C ; 24-3C+D .

Po3s’a3anns. Marpuio 4 He MoXKHa AozaTy Jo Matpuui B , 60 matpuis A
Mae po3MipH 3x 2 , Matpuus B - po3Mipn 2x3 , a 10JaBaTH MOXHA MaTpHIli
J1HaKOBHUX po3Mipis . Marpuui 4 i C MaioTh 01HAKOBI po3MipH , 0TKe , X MOXKHA
10/1aBaTH .

BpaxoByroun , 110 IpK JoJaBaHHI MaTpHLIb AOAAIOTHCA BilNOBIOHI efleMeH-
TH , MAEMO

2 1 (-2 3 0 4
A+C=|3 ~1]|+| 5 8|]=| 8 7
0 4} -1 3 -1 7

OcKilbKid MHOXEHHSA MaTpHIL Ha YUC/IO € onepalis , Aka MoJfrac B ToMy ,
410 KOXKHUH eeMEHT MaTPULLi NOMHOXYETLCS Ha Le YUCHO , TO
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2 1 4 2 -2 3 6 -9
2A4=2|3 -1|=|6 =21, -3C=(-3)| 5 8|=|-15 -24
0 4 0 8 -1 3 3 -9
OTxe ,
4 2 6 -9 3 5 13 -2
2A-3C+D=|6 -2|+|~15 =24|+| -1 2|=|-10 -24
0 8 3 ~9 1 -4 4 -5

Ilpuxnan 2. 3anadi Matpuui :

1 -1 2 0
1 -1 3
A= , B=|5 7 9 -1
0 2 4 .
3 4 5 15 /

Yu icHye nobytok : AB ; BA?

Po3p’sizanns. OCKiNbKA MaTpuus A Mae posMipn 2x3 , a Marpuus B -
pO3MIpH 3x 4 , TO YHCIIO CTOBMLIB MATPHLL A JOPIBHIOE UMCHY PAIKIB MarpuL B .

orxe , A B icuye . Uncno crosnuis Matpuili B He OPIBHIOE YUCIY PAIKIB MAT-
puui 4 , omxe , B4 He icHye .

Hpuxnan 3. 3agaxi Matpuui

-1
10 -2
A= , B=}{5
3 9 -5
0

3uaititu AC ; AB .

w o N
!
i
W -

Po3B’azanns. BUKOpUCTOBYIOUM O3HaYEHHS JOOYTKY MATPULLb , 3HAXOAUMO
1
10 -2 1140-2+(=2)-3) (-5
3 9 -5 '3 3-1+9-2+(-5)-3 6
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-1 2 4
10 -2
AB= 5 6 17 |=
(3 9 —SJ
0 3 -1
(1D +0-5+(=2)-0 1:2+0-6+(=2)-3 1-4+0-7+(-2)(~1)
{3 (-1)+9-54(=5)-0 3-249-6+(=5)-3 3-4+9.7+(=5)-(-1)

(-1 -4 6
“\42 45 80)°

2
Ipukaana 4. Ilokazaty, 1o MaTpuua 4 = (3

1] € KOPpEHEM MHOIo4JICHa

f(x)=x2—3x+5, ) ’

Po3B’sizanns. [linctaBuMo B JaHuil MHOTOUNEH 3aMiCTh X MaTpPULIO A ,
TOfli OTPUMAEMO

F(A)= A% -34+5E= 2 -1y 32 Nest 9.
- 131 301 0 1)
1 -3 -6 3 50 00
= + + = .
9 -2 -9 -3 0 5 0 0
Otxe, MaTpuld 4 € KOPEHEM aHOTO MHOTOYJIEHA .

INpuknang 5. 3’acyBard , uM icHye MaTpuus , obepHena MaTprLi

1 -1 2
A=|1 1 =2} |
i1 4
{ AKILO ICHYE , 3HAUTH 11 . BUKOHATH mepeBipKy : A- A =E.

Po3r’sizanus. Ockuibku det A =12 # 0 |, To icHye 06epHeHa MaTPHLLS A7t
wo Moxke HyTH 3HaiiaeHa 3a hopmMyrnoro

Ay Ay Az

A Axp Az |,
A3 Ay Az

A—l

N det 4
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e AU - anrefpaiyHe JOMOBHEHHA EJEMEHTA Oy .

Ockinbku
A= T|=6, 4 ] P =0
A T =7 41T 137 =U,
dy==| T 2le6, am=|! P2, ag- Mo
21 14T 27 41T 23 = =
A_—l 2_0 A—l 2_4 y 1—1_2
3T, o7 27T T B T
TO
6 6 0
- 1
A" =—|-6 2 4
12
-2 2
TepeBipuMO NpaBUHILHICTbL MATPHLL A~
1 -1 2 6 6 0 12 0 0 100
AA“:%l P=2{[=6 2 4]=—10 12 0|=/0 1 0|=E.
1 IO 0 -2 2) ¢ 0 12 0 0 1

Ipnkaan 6. BUKOPUCTOBYIOUM O3HAUYEHHS PAHTy Marpuui , 3HalTH paHT
matpuui 4 :
-1

A= 2

W —

0
0
0

(9] —_ N

Po3s’sizannst. Cepenl MiHOPIB NePIIOro MOPANKY € BiAMIiHHKMIA BiX Hyns , 60
matpuus 4 Henynbopa . Cepen MIHOPIB OPYroro NOpsiKy € Takox BiAMiHHI Bix

HYJIA , HanpuKnan

2 . .
1= —5 =0 . Bci MiHOpH TPETHOTO NOPSIKY LOPIBHIOKTH

Hymo (nepesipte) . OTxe, RgA=2.
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Tpuknan 7. BUKOPUCTOBYIOUH METOJ1 €JIEMEHTAPHUX NIEPETBOPEHD , 3HAl-
“# paHr Matpuui 4 :

-1 3 4
5 1 21
A:
4 1 11
10 1 10 6 6
Po3B’si3anns.
1 -1 2 3 4 1 -1 2 3 4
A5172] 0 6 -3 -13 -19
= —_— —
4 1 1 11 Sa+(-5) Sy 0 5 -7 ~11 -I5
10 110 6 6) >3CYS Ay 11 Z10 —24 36
S4+(~10) Sy
1 -1 2 3 4 1 -1 2 3 4
0 1 4 -2 -4 0 1 4 -2 -4
SaHD SpH-D-S3 "o 5 =7 —11 -15| S-S |0 0 —27 -1 5
$2HD)53 00 0 0 0 00 0 0 0
OTpuManu TpaneuienoaibHy Marpuiio, paHr akoi 10piBHIoe 3. 3Bincu
RgA=3.

2.2. Cucmemu niHiliHux anzebpaiyHux pieHsIHb

Cucrema niHiliHUX anredpaiuHUX piBHAHb Ma€ BUIIAL,

apx;ptapxs +...+a,,,x,,=b1 )
ay Xy +apxyt..tay, X, =by;

A XL T Ao X+t dyyy Xy =bm’

#00 B MaTpuyHiii Gopmi :




b i o

pi (S

ay 4y - diy x| N

asy Aoy ... Qo X9 bz
A= "1 X = ; B=

Al Am2 - 9pp *n bm

Po3wupena MaTpuis CUCTEMU Ma€ BUIVIAL

apy agn aln bl
- al ayp .. a4y | by
A=(4|B)= "

Al A2 Ay | Dy

3rinHo 3 teopemoio Kposexepa - Kanesui , as Toro 1mob cictemMa piBHsHB
6yna cyMmicHa , HeobXinHo i JocrarHbo , 1106 Rg 4 =Rg 4.

pu uboMy , ko Rg A=Rg A4 =n, n —UNCIO HEBIIOMHX , TO CHCTEMa
Ma€ eluHUit po3B’ 30K ; Akwo Rg A =Rg 4 = r <n , To cucrema Mae 6e3iiu pos-

B’A3KIiB ; sKWO Rg A # Rg A , TO CUCTEMA HeCyMicCHa .
Po3raneMo Aeski METoaM po3B’A3yBaHHS CUCTEM .

Marpuunnii Meton: X = A7 3.
Peanisauis MeToly NosArae B 3HaX0keHHI 06epHEHOT MaTPHILL | MHOXEHHI
11 Ha CTOBIIEUb BIJIHUX YiIeHIB. BukoprcToByeThes 1is HeBupomkennx (det 4 = 0)
KBaJpaTHUX CUCTEM .
A ! . P
®opmyau Kpamepa : x, =—A— , i=1n, ne A=detAd# 0 — BUBHAYHUK

CHCTEMH ; A, ONIEPKYETHCA3 A LUMAXOM 3aMiHH i -IO CTOBIILA CTOBIMLIEM BiJIbHUX
{
ujieHiB , TakoX BUKOPHCTOBYETHCS ANl HEBUPOKEHUX KBAZAPATHUX CHCTEM .

MeToga I'aycca rpyHTYeThCS Ha HACTYMHIH TeopeMi : eneMEHTapHUM nepe-
TBOPEHHAM PAAKIB PO3UIHAPEHOT MaTPHLI CHCTEMH BiIIOBIAAE IEPETBOPEHHA Ui€!

. CHCTEMH B €KBIBAJICHTHY.

3 DOMOMOro0 eneMEeHTAPHUX NepeTBOPeHb PAAKIB PO3WMPEHOT MATPHILL
a TAKOX NepeMiHu MiCUsMM CTOBILIB, L0 BiMOBiae NEPENO3HAYCHHIO 3MiHHUA.

Marpuls A 3BoAUThCA A0 cxiguacrtoi (abo TpukyTHO1) dopmu. Lliit marpui
CTaBUTHCA Y BIAMOBIAHICTb cUCTeMa, ekBiBaseHTHa BUXiaHii. Le npamuil xii
Mmetony I'aycca. Po3p’a3aHHA OTpUMaHO! CUCTEMU 3MIHCHIOETECA 3HU3Y YBEpx
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3BOpPOTHHUIT Xif MeTony ["aycca) .

Tpuknany po3s’s3aHHA CUCTEM PIiRHSAHb MATPUYHUM METOMOM, 3a hopMy-
ravu Kpamepa i meTogom ["aycca HaBeeHO B 3pa3Ky BUKOHAHHS IHAMBIyanbHO-
~) 3aBJlaHHA 2 .

Cuctema piBHSHB HA3MBAETHCS OQHOPIAHOMO , AKUIO B =0 , TobTO CHCTE-
wMa Mac suman  AX =0 .

OnHopinHa cucTemMa 3aBXKIu CyMicHa, TOOTO Mae po3B’s3ox X =0 .

OnHopinHa cucTeMa Mae HeTpuBianbHi po3B’sA3Ku. axwo RgA=r<n,

3 1 — YKCJIO HEeBIJOMHUX . Y 1bOMY BUNAIKY cUCTeMa Mae 6e3Miy po3B’A3KiB ,
AKi 3aNUCYIOTHCS Y BUINIALIL 3aTailbHOrO Po3B’sA3Ky. PO3B’A3aHHA 0OQHOpIAHOT cuc-
TeMu 3/1ikcHIOEThCST MeTonoM [aycca .

DYHAAMEHTANBHA CHCTEMA PO3R’A3KiB OIHOPIAHOT CUCTEMHU PIBHSAHD € CUC-
“€MOI0 JIIHIMHO He3aNe)KHUX PO3B’A3KIB .

DyHIAMEHTANbHA CHCTEMA MICTHTL (71—r) PO3B’A3KiB i oaépikyerbes 3
3arajibHOro PO3B’A3KY , SKILO'BiflbHUM 3MIHHMM HaJIaBaTH IOCHIJOBHO 3HaYEH-
#@:1,0,0....,0; 0,1,0,...,0; o 0.0,0...,1.
Tpuxnan 1. 3anucaTy B MaTPUUHOMY BUIJIALI CUCTEMY PIBHAHD !

3x1+2x2— X3 =l;
X+ X3 -—X4' =2;
2xl +2x2 +3X3—X4 =5,

Po3B’si3anns. s naHoi cuctemMu

32 -1 0 1
X2

A=l1 0 1 =1}, X = , B={2
X3

2 2 3 -1 5
X4

Otxke, B MAarpUuyHOMY BUIMISIAE CUHCTEMA 3alUILETRCS TaK :

AX =18
X

32 -1 0 1
*2

1o 1 -1 =12
*3

22 3 -1 5
*4

51




IMpuxknax 2. Po3B’A3aTH OXHOPIAHY CUCTEMY , BUKOPHCTORYIOUU METON
Taycca :

2x1=3xy+x3 =03
X1 +XxXy+ X3 =0 5
3x| —2)62 +2x3 =0.

Po3B’szanHsa. Bunuiemo Marpuilio cuctemu i 6yaeMo BUKOHYBaTH ene-
MEHTapHi NepeTBOPEHHA PAIKIB MaTpULi

2 =3 1) (o 1oy (11 1y (11
A=[1 1 1[~|2 ~3 1]|~]0 =5 -1|~j0 5 1
B3 -22) 3 -22) o -5 -1) {000
RgA=r=2<n=3, n - HUCIO HEBINOMUX .
11
0 5
CraBuMoO y BiAIOBIHICTE MAaTpULi CIPOLIEHY CUCTEMY :

X +xy+x3=0;

SXZ+X3=0,

CucTemMa Ma€ HeTpHBIaNbHI

po3B’a3kd . BasucHuit MiHOp

ne Xi, X3 - 6a3dcHl 3MiHHI, x3 - BinpHA 3MiHHA ;

4
S s
X +Xxy=-Xx3; Jl 3 5 S 3

- X

5xy =-x3, [xzz__l

5

- s 4 X3
3aranbHuit po3s 30K : X| =Tgr3. Yy EmT, x3€R.

SKIO fepeno3HayuTy BilbHY 3MiHHY X3 =C, OTPUMAEMO 3aranbHuil
PO3B’A30K Y BUIJISAAI

xI:—%C; x2=——% VCeR.

TlizCTaBUBIIN OTPUMAHUN PO3B’AI0K Y CHCTEMY , MEPEKOHAEMOCH Y Tipa-
BHJILHOCTI OTPMMAHOTO pO3B’A3KY .
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Tlpuxknan 3. 3HalTH QyHAAGMEHTANBHY CUCTEMY PO3B’A3KiB OXHOpPiAHOT
ZACTEMU PIBHAHB :

X +2x +4x3 - 3x4=0;
3x) +5x) +6x3— 4xg=0;
4x; +5xy —2x3+ 3x4=0;

i 3x; +8xy +24x3 —19x4 =0 .

Po3p’sizaHHs.
12 4 -3} (1 2 4 -3} (1 2 4 -3
Ll3 5 6 -4 10 -1 -6 5| 10 -1 -6 5
4 5 -2 3]0 -3 -18 15[ {0 0O 0 O
38 24 -19) {0 2 12 -10/) {0 0 0 O

Rg A=r=2<n=4 cucrema Mae HeTPUBIaNbHi PO3B’A3KH .
1 2

Basuchuit minop [ _4

—x2—6X3+5.X'4=0, )C2=—6JC3+5X4,

:;+2x2 +4X3—3X4 =0; {x1+2x2 =—4X3+3X4 )
o
x = —4X3 +3JC4 —2(—6){3 + 5JC4) = —-4X3 + 3.X'4 + 12)(33 —10X4 = 8)(?3 —7)C4 ) -
Xy = ‘—6)C3 + 5X4 y
fx, = 8X3 —7JC4 5 !
{xy =~6x3 +5x4.
3aransHuil po3s’azok: X1 =8x3~7xy,  xp =-6x3+5xy, X3, X4 €R.
IlepenozHaupmMo 3MiHHl x3=C|, x4 =C5 .
3aranbHuii po3B’A30K :

z :8C1—7C2, JC2="6C|+5C2, X3=C|, X4=C2 VC],CzeR.
Toxnapmu C) =1, C, =0 ta C; =0, Cy =1, 3 3aranbHOr0 po3B’sA3Ky
2y €MO (YHIAMEHTaJIbHY CUCTEMY PO3B’A3KIB :

xj= 8, x=-6, x3=1, x4=0;

xl=~7, Xy = 5, JC3=0, X4:1‘
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Maemo hyHaaMeHTalbHy cucTeMy po3s’s3kiB @ {(8,-6,1,0), (-7,5,0,D
3ayBaxcuMo, 10 HaBelieHa 00UHCII0BAJIbHA NIPOLEyPa FraycCOBHX BHK-
JodeHb Moxxe 6yTH opMarizopaHa 3a AOTIOMOrOI0 TIPOCTUX MPaBUII .
HazpeMo 3MiHHY, 10 BUKJIIOYANACc , PO3B’A3YBAABLHOIO , Koe]illieHT nr
Hill — PO3B’A3yBaJIbLHUM €JIEMEHTOM, PSIOK i CTOBMELL MATPUL, B AKMX PO3MILLL-
HMI pO3B’A3yBaibHHUI1 €IEMEHT — PO3B’ A3YBAILHUMH .
TlepepaxyBaHHS eneMeHTIB pO3LIMPEHOT MATPULI NTPY BMKOHAHHI elleMer-
TapHUX MEepPeTBOPEHb BUKOHYETHCS 33 HACTYHUMH NPaBUIamMy |
1) eneMeHTH po3B’A3yBaJILHOrO PAAKA i BCiX BUIIE PO3TALIOBAHMX PANKIE
3aJIMILAIOTLCS HE3MIHHUMY |
2) eJeMEHTU po3B’sA3yBaJIbHOrO CTOBIMUS , O PO3TALIOBaHI HMXKY:
PO3B’A3yBaNBHOIO eleMeHTa , 00epTAIOTECA B HYJI ; |
3) yciiHui eneMeHTH MaTpUIL 0GYUCIIOIOTHLCS 32 IPABUJIOM NPSIMOKY T~
HUKA : [epeTBOPIOBAHUIH €jleMeHT JOPIBHIOE pi3HULI NOOYyTKIB ene-
MEHTIB royioBHO! i mo6iuHoT giaronaneit ( puc. 2.1) .

©o o o o o o o© l

208, -
o o 0.3 o o o©
he e A

Puc.2.1

[Mpu posrasazni npuknamie 2, 3, a Takoxk 3a1a4 3 , 4 iHAUBiAyalbHOIO 3aBAak
HA 2 BUKOPUCTOBYBajacs came Taka Npoleaypa NepeTBOPeHHs PO3MWINpPEHOT Mat-
puui. JloTpuMaHHS 03HaYEHHUX MPaBUI MOJErILYE NPOLEeC 0OUHCIEHb | BUKOPHC-
TaHHs ofuycmoBaNbHUX 3ac00iB ANA PO3BR’A3aHHA 3a4ad .

MeTton noBHoro BukJw4eHnsi (meron Kopaana — I'aycca) nonsrae s

TOMY, LI0 B PE3YNbTaTi NePeTBOPEHDL PO3ILUPEHOT MaTPULLi B Hili BUAINAETHCS Ma-
roHajibHa niaMarpuus i ToAi po3B’sA30K BUXIAHOT CUCTEMH BUITMCYETHCSA IPOCTO
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MeToa NOBHOr0 BUKJIIOYEHHS npaLroe 3a HACTYNMHHUMMU IpaBUaMu:

1) npu3Ha4YaeTHCA PO3B’A3YBAILHHUIA efleMeHT ; HuM Byne koediuieHT npu
HEBIZOMIN , IO BUKJIOYAETHCS |
2) eneMeHTH po3B’A3YBAJILHOTO pAIKa 3aJMILAIOTHCS HE3MIHHUMY ;

~

3) ycieneMeHTH po3B’s3yBaNLHOIO CTOBMLSA (OKpiM PO3B’A3yBalNLHOIO €lle-
MEHT2) 3aMiHIOIOTbCS HYJIAMH | 3aMILAIOTHCA TAKUMK IO KIHLSA nepe-
TBOPEHB ;

4) yci iHWI eNeMEHTH MaTpPHLi MEpPepaxoBYIOTLCS 33 NPABUIOM [IPAMO-

KYTHHKa .

Ipuxnan 4. Po3B’s3aT¥ cHCTEMY PiBHSHL METOIOM IOBHOIO BUKJIIOUEHHA:

X{+2%y +3x3 ~x4 =1;
321 +2x3 + x3—-x4=1;
2x 4333+ X3+x4 =15
Sxp +5x9 +2x3 =2,

Po3p’sizaHus. CKOpl/lCTaCMOCb AJTOPUTMOM METOY IMOBHOTO BUKITFOUEHHS

3 -1 3 -1 -4 0 4

-1/1 -4 -8 -4 -8

1|1 -1 -5 0 12 -10] 2
-5 -13 J Lo o 12 -1 2

10 -1 0 6 0 0 -
-0 2 4 -1[1|~|0 12 0 14
0 0 [6]-5 0 0 6 -5

3a BUITAAOM OCTaHHLOT MaTpPHLi, 3aMUCYEMO 3arajbHUi po3B’ 30K CUCTe-

Wi pIBHAHD © X ! + 5x X L 7
i e T
6 6

=———X4, X -l+£x ne x4 — Oyap-Ake
6 6 P66t

IiiCHE YUCHO .
MeTon noBHOro BHKNIOYEHHA MOKe OyTH BUKOPHCTAHHH g obepHEHHs
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MaTpuub (BIZOMHMIl TAKoXK MiJl Ha3BOK METOA eJleMEHTAPHUX NEPETBOPEHb)
Jnst paHot matpuui 4 #-ro nopsaky OyayeTbest NPAMOKYTHa MaTpHLa (A ] E
PO3MIpY 1% 2n , 00 AK013aCTOCOBYIOTbCS EPETBOPEHHS 32 AJITOPHTMOM TOBHOTO

BHKJIIOYEHHS , B pe3y/IbTaTi YOro MaTpHL TIPUBOAUTLCS 4O BULIALY (E B) , X

B=A". He 3aBXA1 MOKAMBO , AKLIO MaTpuLUs 4 HEBHUPOIXKEHA .

HMpuknan 5. BUKOPUCTOBYIOUYM METO1 MOBHONO BUK/IIOUEHHS, 3HAHTH MaT-
puLio, obepHeny mMatpuui A -

~1 N W
SN

Po3p’sa3aHHs.

0 0) (23 4/ 1 00) (20 -14] 4 -6 0
1 o|~jo{1] 6/-1 2 0|~j0 1 6 |-1 2 0}
0 1) {0 2 -4{-4 0 2 0 0 [=16]|-2 -4 2

<

1
4

3 471
2 5)0
7 6|0

-32 0 0(-92 40 28 I 0 0 92/32 -40/32 --28/32
~ 0 -16 0 28 -8 ~12]-~70 1 0 -28/16 /16 12/16
0 0 -16| -2 -4 2 001 2/16 416 -~ 2/16
IIpaBopy4 Bix BepTHKaNLHOT PUCKU OTpHUMaH oGepHeHy MaTpuLito. OTxe .
23/8 ~10/8 -7/8 -23 10 7
A= -1a8 4 6i8|=-1| 14 -4 —6

8
1/8 2/8 -1/8 -1 -2 1
MoxHa nepeBipuTty, wWo A-A =4 4=E.

VYBeneMo MOHATTA BAACHOTO BEKTOpa i BIaCHOTO 3HAY€HHSA ManPlLli A.

Byﬂb-}lKI/Iﬁ HCHyJ'IbOBI/l]?l BEKTOP X HA3UBAETHLCA BJIACHHM BEKTOpPOM KBaj-

patHOl Marpulli A4, SKUIO 3HaiimeThcs Take uucno A, mo Oyne BUKOHYBaTHCS
PIBHICTB

Ax =Ax .
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Uucno A Ha3MBAETHCA BJIACHUM 3HAYEHHAM MATPHL A , 11O BiANOBiZae

AIACHOMY BEKTOPY X .
HagezneHy piBHICTb MOXHA 3aMK1caTH y MAaTPUIHOMY BHUIIISILI
AX =4AX

&0

’ (A-AE)X =0

TAKHM UHHOM , BACHI BEKTOPU 3HAXOAATHCA 3 PO3B’A3KY OXHOPINHOT CHCTEMH
NBHAHB

(4-AE) X =0,
M0 MOXKHA 3aMHCaTH B PO3TOPHYTOMY BHIISII TaK :
(a“ —/1) X|+dgxg+o.tay,x, =0;
anyx1+(ap-A)x)+..+ay,x,=0:

anlxl"'an2x2+"'+(am1"’l)xn =0

HeHynboBi po3B’A3KM Ui€i CHCTEMHU iCHYIOTb TOAI i TilbKM TOMI, KOJIK
*t(A-AE)=0, T0b6TO

a11~/1 an A,
az ap-A .. ay _0
ayl a,n a,m—i

OcTaHHE PiBHAHHSA HA3UBAETLCS XAPAKTEPUCTUYHHM PiBHAHHAM .

P03B’s13aBIIH XapaKTePUCTHUHE PIBHAHHA, OTPUMAEMO BIACHI 3HAYEHHA
WATPHIL , a MiCNs UbOTO i3 3arMcatol CHCTEMH PIBHSAHD — il HEHyNbOBI PO3B’A3KH,
00670 BlIaCHi BEKTOpH.

Ipuxnan 6. 3HaiiTy BnacHi 3HaYeHHs | BAACHI BEKTOPH MaTpHLL

1 2
A=
21
Po3s’sizanns. CkiangaemMo XapakTrepucTHUHe PIBHAHHA
-4 2|
2 1-A )

203KPUBLIM BU3HAUHUK, OTPUMAEMO PiBHIHHA A-24-3=0.
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3HaXoAMMO BNIACHi 3HaueHHa 4 =3, Ay =-1.
3anmMiueMO CHCTEMY PiBHAHbL AN BU3HAYEHHA BIACHUX BEKTOPIE
7Dy 22

(1—2‘))61 +2X2 = 0,
2x1+(1-A)x, =0.

Beaxaemo 4; =3 . Cucrema npuiimae Burnsn

= {—x1+x2=0, = {xl=x2.

=2x1+2x,7=0;
2)61 *23&'2 =0 )

Braxatoun x, =1, onepxyemo PyHIaMEHTANbHY CHCTEMY PO3B’A3KiB OHOPIIHOI
1 . -
CUCTeMH : [ =[1] . 3sizen 3P =C(1,1), C=0.

AHanoriuxo, npufimaloun A, = -1, 3HaxonumMo

= {X1+XZ=0, = {x|=—x2.

2x1+2x5=0;
2x1+2x2 =0,

-1
Ipuiimatoun x; =1 , 3HaX0AMMO E2=( 1] \ f(2)=C(—1,1), C=0.

Otxe, MaeMo : A,=3, A,=—1; ¥V =c(,1), ¥ =C(-1,1)
C#0.

3AIIMTAHHA | 3ABIAHHA 7151 CAMOIIEPEBIPKU

1. 3anuiuiTh 3aranbHUil BUTIAL CUCTEMH /1 JIIHIHUX PIBHAHB 3 /1 HEBiIC-
MHMH .
. 3anuwits popmynu Kpamepa .
. llo HazuBaeTbCa MaTpULElO ?
. Sk MOMHOXHUTH IBi MATPHLL ?
. JaiiTe 03HAUEHHA PaHTy MaTpHLL .
. Haiite o3HaueHHa obepHeHol Marpull .
. Slxa cucteMa NiHifiHMX anrebpaiuHuX piBHAHD HA3UBAETHCH CYMICHOI ~
8. Chopmymoiite Teopemy Kponekepa - Kaneni .

NN N
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2.3. 3adavi Ons npakMuYHUX 3aHsAMb

V 3agaudax 2.1 — 2.3 0O4UHUCIUTH BUSHAYHUKH :

31 -7 2 2 2 33 23 -1 4
. 00 20 0 3 -1 2 1 2 35
=l 31 -4°5 22 3 -1 6 2.3. -1 2 0 1
2 3 0 1 2 1 58 1 1
2.4, 3apasi Matpuui
2 0 -1 1 23 60 00
A=[4 3 5|, B=|-3 41, C={2 -2 1
0 7 -4 5 -7 4 3 45
3Haiith : a) 24A+3B-C 6) A-B+2C .
VY 3amavyax 2.5 —2.9 BUKOHATH BKa3aHi Aii :
1
.. ol 0 2 -1(3 0
5.1 2 2 3) IR 2.6. [3 5)(6 J.
1
30 0= 1, Ly 0 1 oY
=702 -1 0 2 -2 [_]]. 2.8. [2 0] . 2912 0 3
3 01 5 0 0 0 1
V 3anauax 2.10 —2.13 3HaiiTn MaTpuUi , oGepHEH] JaHUM , AKIIO BOHU ICHY-
2Th . [lepeBipuTy BUKOHAHHS piBHOCTI : A ATV =E.
[_1 ZJ (1 3) P2
210.a) A= , 6) A= . 211, A=j0 -2 1
-3 5 2 4
, 5 0 3
2 -1 3 2 1
2. 4=14 2 5. 2.13. A=|1 0 2
6 1 =2 3




V 3apayax 2.14 ~ 2.16 3Haliti paHr MaTpuui A4 METOROM eJeMeHTapH:
NepEeTBOPEHS !

1 -2 -1 0 1 -1 1 -1
214. A=|4 3 7 11]. 215. 4=[2 0 1 3}

5 1 6 11 3 -1 2 2

12 -1 2

01 23 .
216. A=[1 2 -1 0

13 11

25 01

V sanavax 2.17 — 2.19 po3p’43aTd CUCTEMHM , BAKOPHUCTOBYIOUH (OpMY:IR
Kpamepa :

2% -3x,+ x3= 5
[ X1+2JC2 =8;

2.17. 2.18. ¢ ¥ +4x~ x3=-3;
3x +4x; =18 .

3x1+2x2+3x3 = 1.

2X1+3X2+ X3=1;
2.19. 3% — xp +2x3 =1 ;
kx1+4x2— X3=2.

V 3anauax 2.20 ~ 2.22 po3B’43aTH CUCTEMHU , BAKOPUCTOBYIOYM MATPUYHHE
cnociob :

x1~2x2+x3=0; 3x1+x2+ X3 = 2’
2.20. 12X~ Xy =1, 221, 4 X = 2%y +2xy=~1;
3¢ +2x) —x3 =4 . 4x 3%y - x3= 5

3x1+ Xy — X3=2;
2.22.{ X~ X+ x3=2;
x1+2x2+2x3=7.

V 3agauax 2.23 — 2.27 f0CHiAUTH CUCTEMY Ha CYMICHICTb 1 y BHMAIK
cyMicHocTi po3B’sa3aru 11 . Bukopucraru Meton I'aycca (abo MeTos1 MOBHOTO BHE-:
JIIQUEHHA) *
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Xy +3x)— xy=3;
! 2 3 r)C']'("ZXZ'F X3=~1;
2Xl+ XZ+2X3=5;

[ )
3]
N
)
Y
PN

2x1+3x2+5x3= 3
x| — x2+3x3=3; 3 5 6 -7
" _ L X +2Xp +0x3 = .
3x +4xy ~Tx3=0.

2x1+3xy—x3+ x4=2 ;
X|~ Sxp+3x3~ x4=1; ! 27 4

2125,92x —10x; + 3x4=0; 2.26.
4x) =20xy +6x3 +x4 =2,

x1+2x2+x3— X4 =1 5
3x; +5x3 =3,

k.Xf]'i‘ x2—2x3+2x4=1.
X+ Xy — 3)6'4"‘4)65:0;

227, X+ xZ*X3+2X4— x5=];
2x; +2xy +x3— x4 +3x5=0.

V¥ 3agauax 2.28 ~ 2.30 po3s’A3aTH OJAHOPI[HI CHCTEMH PiBHAHB . Bukopuc-
~at1 MeToz Taycca (a60 METOA NOBHOTO BUKIHOUYEHHS) |

X1 +2x2— 3X3 + X4 =0 5
2.29. 2.X1 +4XZ— X3 — X4 =0;

3x1+6x2-4x3 =0.

28 2 +xy—x3 =0
o xl—x2+x3=0.

2% +3x5 ~4x3 =0 ;
x| ~2xy +3x3=0;
230.
3+ xp— x3=0;
Sx;+4x; =5x3=0.
V¥ 3apauax 2.31 — 2.32 3naliTh $pyHIaMeHTaIbHY CUCTEMY PO3B’A3KiB :
251+ xp—4x3=0;
2.32. 3% +4x;— x3=0;
Xy +3xy+3x3=0.
V 3apauax 2.33 — 2.37 3HaiiTy BnacHi BEKTOPH 1 B/IaCHI 3HAUEHHS MaTpHLi 4:

Xj+ X +3x3 —2x4+ x5=0;
231
3x; +2x7 +3x3— x4 +2x5=0.

:.33.A=(1 —1j. :z.34.,4=[3 —2)
2 4 4 =3
11 -1 I -2 2 2 -1 2
235 4= 0 1 0|.236 4=|-2 -2 4|.237. 4= 5 -3 3
111 2 4 -2 -1 0 -2
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2.4. IHduegidyanbHe 3ag0aHHA 2

3agaua 1. O6UUCIMTH BU3HAYHUK YETBEPTOIO MOPAIKY .

BapianTn 3aBaann

-8

-4 7

3

-6

-3 5

2

-2 0 4

~1

-9
10

-4 3

-2
-5

-3
-3

™

3

5
4
12

-7 -5 15

3

-4

2 0

0

-3 3

2 3 4
2 589
8

1

4 3 3 3

4 3 21
3 407
2 4 6 8

ol

-3 1
-4 2

1

2

I1.

5 43 2
4 2 2

14.

1

323 4
2 4 53

o e e

e

e T

13.
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3apaya 2. 3HaiiTh 3HaueHHst MHOrousieHa f(x) npu x=4 ,ne A4 -

3ajaHa MaTpuusg .

1. f(x)=x*+d4x+1,

1 2 3
A= 0 0 -21.

-1 0 1)

3. f(x)=3x*-x-1,

1 -2 2
A={2 0 3
0 1 0

5. f(x)=3x2+2x+1 ,

1 -1 0
A=|0 2 =3
4 0 -1

{ 7. f(x)=x2+6x-7,

0 2 3
A={0 -1 2
4 -2 0

9. f(x)=5x>+x-6,

1 -2 1
A=|3 0 -4
0 5 -1

/

BapianTi 3aBaaunn

2. f(x)=2x*-3x+5,

5 1 0
A=|0 -2 3
2 0 -4

4, f(x)=2x2—x+3 ,

0 2 0
A={1 0 -2
0 3 1

6. f(x)=-2x>-2x+5,

A= 0

L O N
[

8. f(x)=3x2+2x-3,
2 —_
A=|0
0

S »now

I
1
4

10. f(x)=-—4x2—x+5 ,

5 6 0
A=|-1 0 3
0 2 -1
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1 -2 3
1=(2 1 -1
0 2 4

's. f(x)=3x2—x+5 .
0 01

1=|-1 2 3
01 4

17, f(x)=x*-4x+3,

12. f(x)=x%—5x+3

1 =23
A=12 -4 1
3 -5 2

14. f(x)=x>+2x-2

3 2
A=10 -1 2
0 1 0

1 -1 2
A={2 0 O
0 3 -1

5

L]




21 f(x)=x>+3x-4
-1
0

S
A=|1
3 0

S N -

23. f(x)=x%+6x~4

1 -1 2
A={3 0 4
0 2 -3

25. f(x)=6x*-Tx+2
-1 1 0

A= 0 2 3
-1 0 -1

27. f(x)=2x*=3x+1,

1 -2 -3
A=({0 2 4
0 -4 0

29. f(x)=2x>-4x+5 ,

0 0 -2
A= 1 -1 2
-1 2 3

3L f(x)=3x%-5x+4,

3 0 2
A=15 3 1
0 -1 -2

22, f(x)=2x*+3x-5 |

1 -2 -3
4=14 0 -1
32 0

24. f(x)=5x2-2x+7 .

-1 21
A= 3 0 4.
0 -1 0

26. f(x)=-3x%+x+2 ,

2 -1 3
A={-4 0 2
0 -1 0

28. f(x)=—4x*+x+1,

2 1 0
A=|1 3 -1
0 -4 2

30. f(x)=5x*—4x+1,

2 -4 1
A=y 0 -1 2
-1 2 3
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{

3agaua 3. Po3B’sa3ary 3ajaHy cUCTEMY PiBHSHb TPhOMA METOAAMM :
1) maTpuunum MeTonoM ; 2)3a popmynamu Kpamepa ; 3) metonom 'aycea .

BapianTn 3aBlaHb

XI—QXZ + X3 =-2; 4x1+4x2 +3X3= 5;
] 5x1+4x2—x3: 0; ’ 2. 92x) — X+ X3= 7,
3+ xp+x3= 2. 3x;42xp — x3=-4.
3xj— xp— x3=1; Txp—4xy +x3=T7; \
30X +3xy42x3= 6 4.9 xp+ xp-x3=1;
2x; —4xy — x3=-3. 2x) 2x9~x3=2 .
x1+2x2— X3:—1; 4X1— x2—3x3_—_5;
3 2x1+3x2+4x3 =—1; 6 . xl+2x2_2x3 =0 ;
3X1-X2— X3 = 4. 3x1—3x2+4x3=10.
2x) +3xy —2x3 =-1; X| = Xy +2x3=3;
T 3x - X +2x3= 3 8. 12x;+ x5 ~3x3=0;
4xl+2x2— X3 = 0. x1—2x2—x3=5.
3y + xp-x3=8; X +2x7 #3x3=6;
9, {3x— xp+x3=4; 10. 44x; —2x5 =2x3 =0
x1+2x2—x3 =4. 3Xl+ XZ—3X3= 1.
i 2x1— Xy +3xy=1; Xj— Xp+x3= 1:
" I <3x=2xp— x3=0; 12. $4x; ~-3xy —x3= 2
J ‘3)([— X2—3.X'3 =9, 4xl+2x2 + X3 =-8.
2+ Xy x3=-3; X+ X+ x3=-4;
3 3x1+2x2+ X3 = 2; 14. 3x1——x2—2x3: 3;
4x1—— Xz—2X3: 0. 3x1+2x2+x3: 6.




=ad

15.

17.

19.

21

23.

25.

27.

29.

4xl-+- Xy — JC3—“—‘—1;
3x1+2x2— X3 = 1
x1—3x2+2X3= 0.

'3x1 + X3 —2X3 =-2;
2x)— xXp+ x3=-1;
k2)&'] +3x2 — 2X3 =6 .
2X|—“ Xy + X3 = 3 )
3.X1+ Xp— X3 = 2

\4x1 +2x2 —5)&3 =-7.

3x1 +2)C2 —-3X3 =-1;

,14xl—5x2— x3 = 0;

X+ xp— x3 = 0.

(2x1 +Xy —Xx3 = 1,
3x1+2x2—-3x3 =-2:
4x; +4xy —5x3= 0.

3.X1 +3X2 +2.X3 =2;
4x1 + X)+ X3 = 2;
5x1 -—3X2 —‘2X3 =-2.

( X+ xp+ X3=—2;
Sxp+4xy+ x3= 0;
6x;— xy—2x3=~2.

X+ xp-2x3= 6;
2x +3xy =Tx3=16;
5x1+2x2+ X3=16.

16.

18.

20.

22.

24,

26.

28.

30.
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Xy +2x2—3x3 =0;
2x1+3x2+3x3 =2;
3X1 +2X2—SX3 =8.

5x1+3x2+4x3 =6,
3x1+ X+ X3 =1;

4x - 2xy— x3 =1.

X+ x5 =5x3=0;
2)51'— Xy+ X3 =5 5
4x1—3x2—2x3 =4,

xl—3x2— X3 =~'1;
4x1+ x2—3x3= 1;
le— .X'2—4)C3= 0.

2.\'1—3)62— X3=—2;
3% —4xy +2x3 =1 ;
2x1— )C2+3X3= 6.

3y —dxy—-x3= 2;
2)(?1-3)62—)63: 1 5

| X1 —5xp+x3 =12

( x1+3x2—x3 =10 ;
6x; —3xp—x3= 3 ;

X+ X +X3 = 0.

X;+2xy +3x3 =8 ;
—-x1+2xy +3x3=8;

—x1—2x2+ X3 =0.



1

X1+ X+ X3 = 6;

2X1+ %) +3X3 =13 N

X| +2x2 +3X3 =14.
3apaua 4. JlocniIUTH CYMICHICTb CUCTEMM , | Y BUNAAKY CYMICHOCTI 3HaM-
TH 3arajlbHUi pO3B’A30K Ta OAUH YaCTUHHHUIL pO3B’A30K CUCTEMH . BukoHaTH ne-

PEBipKY NPaBMIBLHOCTI HaCTUHHOTO PO3B’SI3KY .

BapianTn 3aBxaHb

X+ 2.X'3— Xq = 0,
3x1+ Xy +6X3 —3JC4 = 3 )
4x1 — X9 +SX3 —4X4 =-3 ;

2xp+xp +4x3-2x4 = 3.

X+ Xy ~3x3 =-1;

‘ x) —3xy =3x3 +4xy =-1; 4
2x; +3xy —6x3— x4=-2; '
2xp— xp —6x3+3x4 =2,
3x;— xp=Sx3+5x4= 1;
2x1+ xp=5x3 =-1;

)y -2x +Sx4= 2 6
X+ Xy -3x3-— x4=-1.

x|+2x2—3X3—6x4= 4;
x| —4xy —3x3 =-8;

x| ~2x) ~3x3-2x4 =— 4

2x1 —SXZ *6.763 —3X4 =-10.
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2X1+ X9 — X3—4X4 =—4;

3x1 - 2x2+ X3

3x|— X2+2X3 = 1;

X +2x+ x3-2x4 = 1.
1 2 3 4

3x; —2x9 —3x3 +3x4 =4,
X +2x) -2x3-2x4 = 4;
X|— Xp—2x3+ x4=-2,
2x+ X9 —dx3— x4= 2.

2xp+ Xo+ x3+2x4= 3

()

x1+2x2— X3+ Xg =—

3

x| +3xy - xg= 0;
3x; +4xy +2x3 = 6.
2X1+ Xy — Xy =7;

X =3x9 +x3-3x4 =0
2x2+ X3—2X'4 -_'—2,

3x1— X3— X4 =9.




o 2%~ Xo+ X3-5x4=,2; 2x;—xp — 2x4 =4
X +2xy ~5x3 - 2x4 =-10; X +Xy —3x3— x4=2;
3x) - 5x, + x3= 0; 10. 3xp+xy—5x3-3x4 =6
X+ Xp=3x3-2x4=— 6. X - X3— x4=2.
X+ X3+ x3-=5x4= 0; 2+ xp+2x3— x4=1;
3x - dx3— x4 =-4; 2x) = 3%y +2x5 +3x4 =-3;
1. 12. 9
2x) — 3%y —3x3 = 0; 3xp= xp+3xy+ x4 =-1;
| Xp+2x9 —2x34 x4 =4, Xj— X+ x3+ xg4=-~1.
[ X+ x9+ x3-3x4=-1; (3%~ 3y~ x3-3x4=-3;
2x 4%y~ x3 =1; 2x; =Xy — 2x4=-3;
13. % 14.
3x)—=5x;— x4 = 0; X[ +Xy =3x3~ xg4= 3
[4x1 ~6xy =3x3-2x,4 =3 . (2% +xy ~4x3 ~2x4 = 3.
Xp+ Xy +x3 =-2; 2% +3xy ~2x3— x4=1;
2x(+ Xp+x3~x4=-1; X +2x— x3—- xy=1;
15, (3% +2xy+ x4= 3; 16. 12x;— x5 —2x3+2x4=-3;
(3% = 2xy - x3=9. | X+ Xp— X3 = 0.
[ x(+2x) +3x3~2x4= 6 X+ Xp— x3— x4=-1;
2x) — X3— X4=-2; 2x) =3xy —2x3+3x4 = §;
7. 3xp+ xp - 2x4= 0, 18 1 X|— Xp— X3+ x4= 3,
X|~ Xy +2x3-4x4= 4. I+ Xy —3x3-2x4=-1.
2x1+ X3 +x3— x4=2; Xp+2xy— 3xy3+ Sx4= 1;
3xy+2xp ~x3-2x4 =13 Xy +3xy ~13x3-22x4 = -1
19. X~ Xp+x3+ x4=0; 20. 3x+5x+ x3— 2x4= 5;
2x) +3xy —x3-3x4 =2. 2x)+3xp+ dxz— Txg= 4.
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2X1~ X+ X3— Xy = 1;
3X4= 2,
X3+ .X4=—-3;

2X1 - X3 =
3x1 -
\2x1 +2x2 —2X3 + SX4 =-6.

rle + Xp— X3 ~3X4 =2 N
4xl+ X3—-7X4=3;
2X2 —3X3+ X4 = l;

2x; +3xy —4x3 —2x4 =3.

x) —4xy +2x3 =-1;
2x) =3xy— x3-=Sx4=-T7;
3x = Txy+ x3-5x4=-8;

Xp— x3— x4=-1.

L

X|— X+ X3— X4 =—2;
xl+2x2—2x3— X4-—"‘——5',
ZX]— x2—3x3+2X4=— 1;

Xy +ZX2 +2x3 -—6X4 =-10.

2x(+ Sxg+ x3+4+3x4=2;
4x;+ 6xy+3x3+5x4=4;
dxp+14xy+ x3+Tx4=4;
2x;— 3xp4+3x3— x4=7.

5
7,
6x; —3x) +7x3+ 8xy4=9;
8x; —4xy +9x3 +10x4 =11.

il

2x] - X3+ 3.X3+ 4X4
4x —2xy +5x3+ 6xy4

i

22,

24,

26.

28.

X1 —ZXZ +3X3—4X4 ‘—:41
X — X3+X4='-3:
x1+3x2— 3X4= 1;

—'7.7C2 +3X3+X4 =-3.

X+ 3x3+5x3-2x4= 3;
2xp+ Txy +3x3+ x4= 5;
X+ S5xy—9x3+8x4= 1;
Sx;+18xy +4x3+5x4 =12,
2x1+ 3x9— x3+ x4=1;
8x) +12x9 —9x3 +8x4 =3 ;
4xp+ 6xy +3x3-2x4 =3 ;
2x;+ 3x9 +9x3-Tx4 =3 .

dxj+ x5 -2x3+ x4= 3
X| =2x3— x34+2x5= 2
2xp +5xy — x4 =-1;
3xp +3xy— x3-3x3= 1.

X+ 3%y —2x3+2x4 =4 ;
Sxp+4xy+ x3+3x4=-5;
2x+ xp+ xz+4xy = 2
3xp+2x94+ x3+ x4 =-3.




3agaua S. 3uaiiTi BNacHi 3HAUYEHHS i BNACHI BEKTOPH MaTpuLi .

BapianT 3aBaanb

-4 4 0

[qn}

(ea]

J

-1

-3 5
-3

3

12.

15.

laz}

-6 ~6

7

21.

-7

5

-1

20

1.

-1

-2 4

14.

17.

4

-1

20.

10.

13.

16. | 4

19.
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22.

0 -4
1 -4 0f. 23,
1 -2 -2
30 0
1 2 -1 26.
1 -1 2
1 -1 1
11 -1, 29,
0 -1 2
4 -3 -3
2 1
11 2

4
2
\—6

2

1
-3

-6 2 1 -1
-3. 24.11 2 -1
9 0 0 1
6 I -1

.27.12 5 =2
1 -1 4

1 7 -4 -2

0]. 30. | -2 5 =24,

-4 0o 0 9

2.5. 3pa3ok auUKOHaHHs iHOugidyanbHo20 3a80aHHs 2

3agaya 1. O6YMCAUTH BU3HAYHUK YETBEPTOrO MOPSAAKY !

2
0
1
l

-1
-2
2
2

Po3B’a3anus. BukopucraemMo MeTol NOHMKEHHS NMOPAAKY , OCHOBAHHH
Ha 3aCTOCYBaHHI TeOpeMH pO3KJIaJaHH BU3HAYHUKA 32 €NEeMEeHTaMH [esIKoro
panka (crosnus) . [Ipw uboMy 3azpaneriibs , BAKOPUCTOBYIOYHM BJIACTUBOCTI
BM3HAYHWKa , 00epTaEMO B HYJb yci, OKpiM ONHOro , e1eMeHTH HOro JesaKoro
panka (CTOBIILS) .
BUKOHaEMO , HANPUKNAJ, , HACTYTHI IEPETBOPEHHS.

Jpyruii pagok MOMHOXKUMO NochifoBHo Ha (—1), (—=2), 3 i xogamo mo

AepILOro, TPETHOTO, YETBEPTOrO PALKIB BiANOBIAHO.
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OTpI/IMaHHﬁ BU3HA4YHUK PO3KIAAEMO 3a CIEMEHTAMH APYTroro CTOBMUA *

102 1
210 -2 b2
= =(1*%-3 1 6
301 6

41 4
401 4

Hani 3H0B 06epTaeMo B HyJb yCi €IeMEHTH NEepIIOro CTOBIILS, OKPIiM ejle-
MEHTA B JTIBOMY BEpXHBOMY KYTi, i Micist bOro 06UUCITIOEMO BU3HAUHMK JPYrore
nopsaKy abo BUKOPUCTOBYEMO 115 0GUMCIIEHHA OTPUMAHOT0 BU3HAYHUKA TPETHO-
TO NOPALKY TIPABUIIO TPUKYTHUKIB :

1 2 1
79
A=10 7 9|= =63 .
-7 0
0 -7 0

OO64MCNEeHH 32 MPaBUIOM TPUKYTHHKIB Ma€ TakUiH BUITIAL

1 21
-3 1 6|=4-3+48-4-6+24=63.
4 1 4

Bignosias : A=63.

3agaua 2. 3uHaliTi 3HaueHHs MHorounena f(x) npu x=A , ne 4 -
3aJaHa MaTpHLA :
1 -2 -3
| f(x)=2x2+3x-5, A=[4 0 -1].
3 2 0 )
Po3s’nzanng. f(A)=2A2 +3A-5E, ne E — oQMHUYHA MaTpuLA

TPETHLOrO NOPALKY :

1 -2 -3\ {1 -2 -3 1 -2 -3 1 00
f4)=214 0o -1}{4 0o -1|+3|4 0 -1|-5[0 1 0Of=
32 0J13 2 0 3 2 0) (o 01
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(-16 -8 -1 3 -6 -9\ (=5 0 0
ol 1 —10 —12]+l12 0 3|+l 0 -5 0 |=
11 -6 =11} 19 6 0 0 0 =5

16 -8 -1} (-2 -6 -9
=2] 1 -10 —12{+/12 -5 -3|=
n -6 -11) (9 6 -5

-32 -16 -2 -2 -6 -9 -34 -22 -11
=] 2 =20 -24|+]12 -5 -3|=| 14 =25 -27
22 -12 =22 9 6 -5 31 -6 =27
Zagaua 3. Poss’s3zatd 3agaHy CHCTEMY TpbhoMa METONAMU :
") MaTpUYHUM METONIOM ; 2) 3a Gopmynamu Kpamepa ; 3) MeToaoM laycca :
3x1+2x2— X3=—3 ’ i
11;
0.

Il

le - X3 +2X3

—x+3x+ X3

1. Po3p’A3aHHA cCHCTEMH MATPHYHHM METOAOM
3anuiieMo CHCTEMY PiBHAHb Y BUMIs L MATPUUHOIO piBHAHHS A X = B, 21e

32 -1 x| -3
A=l 2 -1 2|, Xx=|x|, B=|11
-1 3 1 X3 0

I3 MaTpuuHoro piBHAHHA AX =B=> X =A"'B.
Po3B’430K MaTpuuHiIM METOAOM MOXNUBUIA , ako det 4 =A #0 , To610
AKIO MaTpuLs A HEBHPOJKEHA !
3 2 -1 0 11 2
A=l 2 -1 2= 0 5 4/|=(-D
-1 3 1 -1 3 1

1n 2
=—(44-10)=-34 20,
5 4

T06TO iCHYye €nyna obepHeHa MAaTPHLA , OTXKe , | EOUHUI PO3B’AIOK CHCTEMH .
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3HailinemMo ob6epHeHy MaTpuilo A1

. | Ay Ay Ay

_] ~

A —XA=X Ay Ay Axn |,
A3 Ay Az

re A, =(-1)"-M, , 1<i, j<3.

3Haiinemo anrebpaiuHi JOMOBHEHHS

-1 2 2 2 2 -1
Au= | 5 157 Aw=— P A= | | 4|73
2 -1 3 -1 3 2
Ay =— =-5, Ayy = =2, =— =-11.
S 11 27 o 1[ 2 | 3\
2 -1 3 -1 3 2
A31= 1 2 =3, A32 =— 2 5 =—8, A33-— 5 1 =—7,
-7 =5 3
g1
A4 2 _3
34
5 —-11 =7

IMepeBipMMO MpaBUIBHICTS 3HAXOMKEHHS 00EPHEHO! MaTpHLUi LJIAXOM Ne-

peBipKU BUKOHAHHS PiBHOCTI A A'=E

3 2 -1 -7 -5 3 -
A4 =] 2 -1 2 (——I—\J -4 2 _8l=
-1 3 1 s —11 -7
~34 0 0 1 00
=——| 0 -34 0 |={0 1 O|=E
0 0 -34] Lo 0 1
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ITepeBipka nmokasye , 10 06epHEHa MaTpHL 3HalHAEHa BIPHO :

-7 -5  3Y\(-3 21-55+0
Xeatpaotloa 2 —gll11|==L] 12+2240]=
34 34

5 11 -7/l o0 —15-121+0
~34 1
=—| 34 |=|-1
34
~136 4

X1=1, x2=—1, X3=4.
IlepeBipka NpaBHJILHOCTI PO3R’S3KY .

IlizcTaBUMO OTpUMaHU PO3B’A30K Yy CUCTEMY :
3-142.(-1)-4=-3;
2:-1-(-1)+2-4=11;
~14+3-(-1)+4 =0 .

Cucrema po3B’s3aHa BipHO .
BiagnoBiab : x; =1, xp=-1, x3=4.
2. Po3p’sa3aHus cucTtemu 3a popmynamu Kpamepa

det A=A =-34+0 = icHye exuHHIi pO3B’A30K CUCTEMH .
Dopmynu Kpamepa MatoTh BUIISAA
A Ay As
= —_— X = — X7 = ——
A 3 2 A E 3 A k]
e A, i=1,3 omepKyeThcs i3 BU3HAYHUKA A CHCTEMHM LUISAXOM 3aMiHH 1 -TO
CTOBTILS CTOBILEM BiJIbHHX WIEHIB
-3 2 -1 -3 5 -1
A= 11 -1 2}=[11 -7 2|=
0 3 1 0 0 1

X
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3 -3 -1 3 -3 2

-3 2
Ap=| 2 11 29=) 2 11 A=D1 == (R12-22)=34
-1 0 1] -1 00
. 32 =3] |3 11 -3
: 1" -3
Ay=| 2 -1 Il|=| 2 5 11 =—l 5 ]|=—(121+15)=—136.
-1 3 0} -1 0 0
xl:ﬂ:ﬁizl’ et 34 Ay 136,
A =34 A =34 A =34

3. Po3p’sizanug cuctemu Meronom [aycea

3anuuieMo po3lUUpeHy MaTPULIIO CHCTEMH | NpUBEAEMO 1T IO TPUKYTHOTK
BUMISAY 32 JIONIOMOrOI0 1eMEHTapHUX MEePETBOPEHb MATPUILL, AKI BUKOHYIOTHCS

HaJl pAAKAMH

32 —1'-3) (-1 3 110) (=1 3 1!0
— { ] ]
A=2 -1 2011 ]~]2 -1 2011|~|0 5 4l11]|~

13 ti0) L3 2 -11-3) o 11 21-3
-1 0 (=13 110) (<13 110

| 1 |
i [} ]
I I 1
~10 5 4111 |~0 1 -6!-25|~]0 1 -6!-25]|~
i [} i
| I
] ]

0 1 -6]-25 s 411 ) o 0 -341-136
-13 110
|
~lo 1 -61-25
0 11 4

Rg A=Rg A=3=n, ne n —4UCNO HEBIAOMUX .
CucTema cymicHa , Ma€ EAMHNUI PO3B’A30K .

CTaBUMO Y BiZINOBiAHICTL PO3MWIMPEHiN MaTpULli CUCTEMY , EKBiBAJIEHTH)

BHXingHilt , po3B’s3aHns sAKoi 3AIMCHIOEMO 3HU3Y yBepX !
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—xj+3x+ x3= 03 ¥ =3x+x3=-3+4=1; x= 1;
Xy —=6x3=-25; &{xy;=-25+6x3=-25+24 =~1;& {x3 =-1;
X3 = 4, X3:4; X3 = 4,

3agaua 4. IIocninuTu CYMICHICTb CHCTEMH , | Y BUNTAAKY CYMiCHOCTi 3Haii-
"W 3arasbHuil pO3B’A30K Ta OIMH YaCTUHHKI pO3B’A30K cUCTEMH . BUKOHATH nie-
FBipKY MPABMILHOCTI YACTHHHOTO PO3B’S3KY :
X+ X - 7x3 —-2)C4 =-1 )
=X +2JC2 - SX3 —7)C4 =-5;
2x1+ x2—10x3— X4 = 0 s
—3x1 +2X'2+ X3 — 9X4 =-7.

Po3B’s3aHHs. 3aMuueMo po3LMpeHy MaTPHLIO CHCTEMH i 3a JONMOMOIrOI0
£1EMEHTAPHUX TIEPETBOPEHD , IO BUKOHYIOTLCA HAll PAAKAMH MaTpHlli , TpHBe-
Mo i 0 cxifuacToro BUTASAY :

11 =7 =2¢-1) (1 1 -7 =2¢{-1
—_ |12 - -7::-5~0 3 -2 —9§—6 )
2 1 =10 =1L 0| |o -1 4 31 2
-3 2 1 -91-7/ {0 5 -20 -151-10
L1 =7 23-1) (11 =7 -2}-1
01 -4 -3!-2| lo 1 -4 -31-2
o1 -4 -31-2/"lo0o 0 oio0]
01 -4 -31-2) lo o 0 010

3aMiTUMO, IO NpU ﬂpI/IBeIleHHi JI0 CXi4aCTOro BHUITIALY MOXIIHBA TaKOX
nepeMifa MiCIIMH CTOBIILIB, LIO BiTNOBifa€ NEPEro3HaYeHHIO 3MiHHUX .
Otrpumanu :

Rg A=Rg A=r=2<4= n, n —yqucno 3minHKX . 3rigHo 3 TeopeMoro Kpone-
xepa - Kanenni cucrema cymicHa ; cuctema Mae Geaniy pio3s’si3kiB , 60 » < n . Pos-
8’13aHHA 3ilfcHIOEMO MeToioM ["aycca . BasucHi 3MiHHI— Xy , X5 ;BiIbHi 3MiHHI
- X3, Xq4 .

C#aByMO y BiNOBIAHICTS MepeTBOPeHiil po3lUpeHill MaTpulli CUCTEMH
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CKOPOYEeHY CHCTEMY, SIKY PO3B’A3yEMO 3HU3Y YBEPX :

{x, +xy=Tx3-2x4 =-1; - {x] +x9=Tx3+2x4~1;

Xy ~4x3 —3x4 =-2, Xy =4x3+3x, -2,

. {xl =—X3 +7X3 +2X4 -1 =~4X3 -3)64 +2+7X3 +2X4—1 5

Xy =4X3+3X4—2,

X1 =3X3—JC4 +1;
JC2=4X3+3JC4—2, X3,JC4€R.

3anuiemo 3araJisHUil po3B’A30K Y BULALI

3xy - x4+l
4.X3 +3X4 -2
X(x3,x4)== )
X3
X4

ne x3, x4 €R.

Hexaii , manpuknag , x3 =0, x4 =0. OrpuMaemo yacTHHHHI PO3B’A30K
1
-2
x(0,0)= ,
0
0

T00T0 X1 =1, Xp=-2, x3=0, x4=0.

Ilepesipka. IlizcTaBuMO OTpUMaHui1 YaCTUHHKUH PO3B’A30K y CHCTEMY :

1-2-0-0=-1;
~1-4-0-0=-5;
2-2-0-0= 0;
-3-4+0-0=-7.
CucreMa po3B’si3aHa BipHO .
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3agava 5. 3ualitd BnacHi BekTOpH i BlacHi 3HauYeHHS MaTpuui A :

2 0 -1
A=| 1 1 -1
\~1 0 2

Po3B’sizaHHs. XapaKkTepUCTHYHE piBHIHHA

2-L 0 -1
1 i-r -1 =0.
-1 0 2-A

m3.(pHBXIII/I ‘?.HSHa‘IHI/IK, OTpPIMaCMC
(1-)(2-2)* -1)=0 ;
(1-4) (1-2) (3-4)=0 ;
(1-2)* 3-1)=0;

/11:2«221, /13:3_

MaeMo : kopiHe Ay =1 — KpaTHHil, MOKa3HHK KPaTHOCTI r =2, KODiHb

Ay =3 —npocthit, +=1.
CuicTeMa piBHAHD /1% BU3HAUEHHS BIIACHHX BEKTOPIB Mae BUMIAL

(2—/1)x, -x3=0;
X1 +(1—/1)x2 —X3=0;
- X +(2-4)xy=0.

MincTaBUMO NOCAIOBHO A| i Ay B 3anuCaHy CHCTEMY .

1. }\.1=1, r=2:

x-x3=0; -0 _
AL X —x3=9U, X1 =X3 .
xl—x3—0, = =

-xi+x3=0,
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DyHIaMeHTalbHa CUCTEMa PO3B’A3KiB OAEPKYEThCA , AKUIO BiNLHUM
3MIHHUM X;, X3 TOCHigOBHO Hajaty 3HaYeHHd Xxy=1, x3=0.
xp=0, x3=1:

0 1
Elzl . E2=O
0

Binnoeinni niHiliHO He3allexXHi BIACHI BEKTOpU

-(1) -
x ' =(0,1,0), x =(1,0,1).
Ved CyKynHICTE BIRCHHX BEKTOPIB , IO BiANOBiJAIOTh BAaCHOMY 3HAYEHHIO
A , Ma€ BUDIA]

;(M):Cl(0,1’0)+c2(1,0,1), C1,CheR, |C|+|Cyf=0.
2.h3=3, r=l:

- X -xy=0;
! 5 3 0 3{x1 +x3=0; [x =-x3 ;
X) —2Xp —x3 =V =
X —2xy—-x3=0, X —~2xy = X3 .
¥ —xy =0, 1= 2% —X3 | 2% = X3

QyHIaMEeHTaNbHA CUCTEMA PO3B’A3KIB ONEPHKYETHCS , AKIO MOKIACTH
x3=1:

X =-1; x =-1;
X -2xy3 = 1; =>9xy=~1;
x3 =1, x3= 1.

-1

E =)-1

1

R , -(3) :
Bianosiguo BnacuHuii Bektop x ~ =(—1, —1, 1) . Yea cyKynHicTs BlacHHx
BEKTOPIB , 110 BiAMOBIAAIOTh BNACHOMY 3HAYEHHIO A3 , MAE BUIIAN

-(43) _
x =C(-1,-1, 1), CeR, C=0.
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[TIABA 3. ANU®EPEHUIAJIbHE YUCIIEHHS
3.1. I'panuys i HenepepesHicmb hyHKUiT O0HIET 3MiHHOT

[2,m1.3, §3.1-3.6, 3.8-3.10]

Yucno A HazuBaeThes rpanuuero Gyukuil f/(x) ytouuwi a , konu s 6yas-
1woro £>0 3HallpeTbca Take yucno >0, Wo AR BCiX x , A0A AKHX
d< | x— ai <&, BUKOHYETBCS HEPIBHICTh If(x) - A | <ef.

VY ubomy Bunaaky nuwyts lim f(x)=4.

xX—a

Jins o6uncnenns rpannib GyHKUIH BUKOPUCTOBYIOTBCSA HACTYITHI GOPMYITH :
lim ¢=¢, ¢=const ;

lim ¢f (x) =c lim f(x) ;
lim(f(x)£e (x))=lim f(x)* lim ¢ (x) ;
m (f(x)-@ (x))= lim f(x)-lim ¢ (x);

lim f(x)
lim S ) =

X—>a

- . lime(x)£0 .
x—a (p(x) )}21 [ (x) x—>a
a

Ozuaueni ¢popMmynu MawTbh Micue, akmo I CckiHYeHHI rpaHuui
lim f(x), lim ¢ (x). ‘

I>a xX—>a

3HaXoMKeHHS IPaHHULIb 3BOANTLCS O 3aCTOCYBaHHA BKasaHUX Gopmy:a Ta
1iACTaHOBKH B OTPUMaHHI1 BUPa3 rpaHUYHOrO 3HAYEHHs apryMeHTy .

TMpuknag 1. O6uucantn lim (3—x+ 252 ).

x-2
Po3p’sizaHng.

lim(B-x+2x2)=lim 3~ lim x+2 lim x2 =3-2+8=9
x—2 x—2 x—2 x—2 ’

Tyt noxnaaHo posnucadi Bci eTanu. Ha npakTulli Bce 3BORMTBCA JO
j

Se3nocepenHboT MiACTAHOBKH x = 2 y BUpa3 (3—x+ 2x? ) i po3B’sA30K Ma€ Takui
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BHIJIAN : 1im(3—x+2x2)=3—2+8=9.
X2

OpHaK MiACTaHOBKA PAHWUHOrO 3HAYEHHS apryMEHTY HacTO NMPU3BOAHTS
JI0 HEBU3HAYEHOCTeH BUIIAAY

{%} {{3} 0.}, fo-w}, {0°), (=%, {17},

JIJIs1 pO3KPUTTS HEBU3HAYEHOCTI CHOYATKY BHKOHYIOTb IIE€PETBOPEHHS . &
TICIIS 11HOTO NEPEXONATH 10 rpanuui . [lokaxkeMo Ha NpUKIajax Aeski npuione
TaK{X NepeTBOPEHD .

x? -1
Hpuxnan 2. 3xaittu llm——i——————
1 x® +5x-6

Posss’sizannn. Tyr He MoxHa 3acTocyBati popMyny Npo IPaHULIO YacT-
KH , 60 rpanulls 3HAMEHHNKA 1opiBHIOE HyMoO. ITificTanoBka urcna x =1 mia3Has

. ) . 0
rpaHull NPU3BOAUTE OO HEBU3HAYCHOCT! THITY {6 . Posknanemo uucenbHun

3HAMEHHUK Ha MHOXHUKY i ckopotuMo Ha (x—1), (x#1):

2 — —-—
lim —* 1 _ _O_ lim (x~-D(x+1) i XL x+1 2
ol x2 4 50-6 0] xol(x=D)(x+6) xolx+6 "7

3
Hpuxnap 3. 3uaiity lim -ﬁ——i}f——

x>0 5x3 4 x2 45

. 0 . .
Posp’s13anng . TyT HeBU3HAYEHICTD THITY {——} . ¥V nopi6Hux BUMIaaKax cix
o0}

YUCENbHUK | 3HAMEHHHK TNOAIINTH Ha HANBUILMIA CTENIHL X , 10O BXORHTH B HUX

2 3 242
. 2% +3x o0 . X X ; x?
lim ————=J—}= lim —*— = lim =
x>0 5x” +x°4+5 (® x_’°°_5_£_+f__+i x—')°°5+l+~"i
x3 x3 x3 X x
__2+0 _2
540+0 5




JIng oBUHCIeHHs IPaHULb YacTO BUKOPHUCTOBYIOTh HACTYIHI IpaHuili , Lo
EA3UBAIOTH Bi/IMOBI/IHO MEPIUOIO TA APYroK BaXKJIWBUMMU IPAHHUSMH !
. sinx
lim =
x>0 X

L,
1

lim(l+x)* =e , '
x>0

1 X
lim (1+—) =e,
X—»00 X

le e — ippauioHanbHe yucno, e=2,718282....

5

Ilepiua BaxNnuBa rpaHULIA BUKOPUCTOBYETLCS MPH PO3KPHTTI HEBU3HAYEHO-

cTeit Tumy {—6} , IO MICTATHL TPUroHOMeTpUUHi PyHKLIT , Ipyra — Npy po3KPUTTi

HeBU3HAUEHOCTEN THITY {1%} .

2x-1
.| 3x+2
TMpuxaan 4. 3uaiitu lim ( x ) .

x>0 \3x+1
Po3r’si3anHs.
2x-1 2x-1 2x-1
lim (3’”2) = {1”} = lim (M) = lim (14. ! ) -
xoo\3x+1 x>0\ 3x+1 X—>0 3x+1
; _ 2x-1 2
i (1 1 )3x+1 3x+1 (2x-1) X“.Tw 3x+] 3
= [im = =
ool V35410 e e

Oyukuis @ (x) Ha3uBaeTCA HeCKiHYEHHO MAJION NpHU X —> o, SKIIO

lim a(x)=0 .
x—>da

Hexait «(x), f(x) - HeckiHyewHo Mani mpu x-—>a . Sxwo
lim 2&)

=A#0,10 a¢(x) i f(x) Ha3MBaOTL HEeCKiHYEHHO MaJIUMH OJ-
v—a B(x)
HOro mopsiaky ta numwyTs @ (x)=0(F(x)) npu x > a
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a(x)

SAkwo lim —==1,T0 (x) i f(x) Ha3MBaOTh eKBIBAJCHTHUMH 1
x—>a x)

muyth @ (x)~ f(x) npu x > a .

a(x)

Sxmo lim —(—) =0,T0o @(x) HA3NBAIOTb HECKIHYEHHO MAJ1010 BHILIOT®
xX—>da X

A

NopsiaAKyY BinHOCHO F(x) Tamuwyts a(x)=0(f(x)) npu x > a.

. alx
Skmwo lim _alx)
x>a (f(x)"
1-TO MOpAAKY BiHOCHO F(x) .
I'panuus BiJHOLIEHHA JBOX HECKiHYEHHO Manux (yHKUiH He 3MiHMTHCE

AKIO Ui HeCKIHYEHHO MaJli 3aMiHUTH eKBiBaneHTHUMH . Lleli dakT wupox:
BUKOPUCTOBYETELCS MPU OBGUUCTEHH] IPaHULb .

=c#0, TO @(Xx) HasUBalOTh HECKIHYEHHO MaJl0M®

OcHoBHi exBiBaAenTHOCTI ¢ Axwe a(x)—>0 npu x > a, TO

a(x) ~ sina(x) ~ tg a(x) ~ arcsin a(x) ~ arctg a(x)~In(1+a(x))~ *® -1,

)
o . arcsin® 3x
IIpknan 5. 3naiity lim ————— .
x—0 €0S3x—-Ccosx
Po3B’si3aHHsA. 3riHO 3 BiAOMOIO TPUTOHOMETPHUHOIO (OPMYIIOKD
€0$3x —cosx =-2sin 2xsin x. Ockinekn npu x >0 sinx~x, sin2x~2x

arcsin? 3x ~ (3x)2 ,TO

22 2 2
, arcsin“ 3x . 3x ; 3x 9
lim = lim ( ) —= (32) =
x>0 c0s3x—cosx x—0-2sin2xsinx x-»0-2-2x-x 4
OyHKLis HA3UBAETLCA HEMEPEPBHOIO B TOUL « , AKI{O BOHa BU3HAYEHA §

meaxomy oxonti Touk x =g i lim f(x)= f(a) . Axumwo ua yMora nopyuryeTscs
X—>da

TO GyHKUIA f(x) HA3UBAETHCS PO3PHBHOIO B TOULI g , @ CAMA TOYKA HAMBAETHCE
TOYKOI0 PO3PHUBY .

Axwo icHyloTb cKiHyeHHi rpaHuui  f(a+0), f(a-0), ax:
fla+0) = f(a-0), Touka x =a — TOYKa PO3PHBY ﬁepmoro pony .

Axwo f(a+0)=f(a-0)# f(a), To TOUKA x =g — TOYKA YCYBHOI®
PO3pHBY .

86




Skuo xoua 6 oaHe i3 3navens f(a+0), f(a—0) HeckiHueHHe abo He
CHYE , TO TOYKA X =d — TOYKA PO3PHBY APYroro poay .

Ipuxaan 6. 3apana ¢ynkuis f(x) = 1 . Hocniputu if Ha Heme-
5-4x-x2
2PBHICTb y TOUKAX X} ==5; xp=1; x3=2.
Po3p’szanus. ‘
xy=-5; f(-5-0) = lim S — =-o,

x> =50 5—4x~x
JE R T ———
x> -5+0  S5-4x-x

Yrouui x;=-5 dyukuis f(x) mMae po3pus Apyroro poay .

1
xy=1; 1-0= lm ——=x; .
2 fa-0) e
1
1+0)= lim ———=-—w,
f( ) x=>1+0 5—4x—x2

¥ rouui x, =1 dynkuig f(x) Mae po3puB apyroro poay .

x=2; f(2£0)= lim L1
X240 S—4x-x"  5-4x—x" |,

1
5
Touka x3 =2 —TOYKa HenepepBHOCTI , ockinbku f(2+0)= f(2).

3AIIMTAHHA T 3ABJAHHA 1J11 CAMOIIEPEBIPKH

1. Haiite o3HaueHHs ¢yHkuii . Lo Ha3zuBaeThcs 06NACTIO O3HAYEHHS
PYHKLUIT ?

2. sixa $yHKLiA Ha3MBAEThCA NMAPHOIO , HenapHoto 7 HasediTs npuxnaay .

3. Sxa ¢yHkuUis Ha3uBaeThes nepioquyHolo ? Hagenith npukiany .

4. Slxa ¢yHKUisA Ha3uBaeTbes cknagHowo ? Hasenits npukiany .

5. Sxa dyHKuUig HasuBaeTbCs eneMeHTapHoro ? Hasenits npuknamy .

6. JTaitte 03HaueHHA rpaHuLi QyHKLIT .

7. Sxa yHKLi4 HA3UBAETbCSA HECKIHYEHHO MaJIoo ?

8. Slka (pyHKIIis HA3UBAETHCS HECKIHYEHHO BEJTHUKOKO ?

9. IokaxiTh , 10 HeCKiHYeHHO Mali yHKuUil sin x , arcsin x, tgx, arctgx
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{

SIKi TOUKM Ha3WBAKTHCS TOUKAMH PO3PUBY PyHKLUIT 7
11. slxa xnacuikallis To4oK po3pusy (yHKuii ?
12. CdopmynioiiTe 0CHOBHI BAACTUBOCTI (PYHKUIN , HEMEPEPBHUY

eKBipaneHTHi mpu x— 0.

10. Chopmysmroiite 03Ha4eHHs HenepepBHOCTI (yHkUil B Touni i Ha Bigpisk

BiIpi3Ky , 1 naiiTe reomMeTpu4He TIIYMAYeHHs UM BIACTHBOCTAM . ,
\

3.2. ugbeperyiancHe YucneHHs hyHKYil oOHIET 3MiHHOT

[2,11. 4, §41-4.7, 4.9-4.14, 4.16]

Ay

Ao icuye lim ——, To LA rpaHdus Ha3MBaEThCA MOXiAHOW (YHKL
Ax—0 Ax
y=f(x) BTouwi x i moszHauaerscs y'(x), Vi, %’ f'(x).
Otxe,
. A
y’—_— llm .._y .
Ax—>0 Ax

MexaniuHuii 3MicT noxixuol : wBuakictes V npsaMonidifiHoTro pyxy TOUKE
B MOMEHT ! € NOXifiHa BIA UUIAXy S 3a uacoM ! , ToOTO gk S =S(), 10
V=80 .

TleoMeTpHYHHIT 3MicT : noxidHa B TOuUi X, JOPIBHIOE KYTOBOM:
xoediuienty noTHuHOi 1o rpadika GyHkuUii B TouLi 3 abcuncoro xq

PiBuanns Z0THYHOT 10 kpuBOT y = f(x) BTOuLi (X, Vo) Mae BUMA:

y=yo =1 "(xeXx=x0) .
Pisusanua HopmaJi (nepneHAnKyNspa 10 JOTUYHOT B TOULi JOTHKY) Mae

BUMAA p—yg =— (x—xg)-

|
f '(xo)
Onepatiis 3Hax0MKeHHs NoxifHoT HasuBaeThea AUPEPeHLIIOBAHHSAM |
OcuoBHi npaBuna pudepedtivoBanH :
.C'=0.
2 (CUY=CU'" .
.UV =02V
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4.(U-VY=UV+UV" .
5 EI_U’V—UV'
7 ———VZ .
6. (SN =/1y Ux -
Tyr C—crana, U =U(x), V=V(x).

OcHoBHi (popmysin nudepeHniloBaHHS :
1. (U%=aU%l U, aeRr.

UV
2. U) =———.
(log, U) Ulna
UI
3, (InU) =— .
(InU) U

4. (aU), =a’ Ina-U" .

5. (eu) =V U .
6. (sinU) =cosU-U" .
7. (cosU) =-sinU-U’" .

U,

8. (tgU) =
cos? U

9. (ctgU) =- u'.

sin? U

10. (arcsinU) =

1

VI-U?
1
+U?

1
+U?

11. (arccosU) =— U,

U .

12. (arctgU) = 1

13. (arccth)’=—1 U .
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[t L

A Lo’

4. (shU) =chU-U’ .
15. (chU) =shU-U'.

1

16. (thU) = s U .

ch
1

sh?U

Tyr U=U(x). Axwo U(x)=x,10 U'(x)=x"=1.

17. (cthU) =~

U,

. 1
Hpuknan 1. 3uaiiTu noxiady Qynkuii y = cos? In— .
X

Po3p’sizanns.

y’=(cos2 ln-l—) =2cos ln—l—-(~sin ln—l—)-x-(——lz—lesin2(lnlJ .
X x X x x x

Axmo dyuxnin y= f(x) mae obepHeny x =@(y), TO crpaBenIuma
, 1
dopuyna f'(x)=—— .
¢ (»)
o6 nponudepeHuiloBatd (GyHKLUitO, HEABHO 3alaHy BHUpa3oM
F(x, y)=0, neobxigno ueit Bupas npoaudepeHuiloBaTH 32 3IMIHHOIO X

BBAXAIOUHM y pyHKUie Bif x , i 3 OTpUMaHoOi piBHOCTI 3HaliTu y'.
Mpuxnax 2. 3Haiitit y', AKWQ x2 —3xy2+y2 =5 .
Po3r’sazanns.

2x~3y2—3x-2yy’+2yy'=0 ; 2y’(y—3xy)=3y2—2x ;

. 3y2 ~2x
Y =3y -

[HKonu , neput Hix qudepeHuiroBaTH yHKLiIO , cin if mponorapudmysath
a nicas UbLOro 3HANTU NOXINHY K Bift HeABHOT (yHKUIT .
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Mpukaan 3. 3Haittn ', AKuo y = x©08 3%,

cos3x |

Po3B’sizannn, Iny=cos3x Inx ; 2 = 3sin3x Inx+
¥y x

V=Y (COS3X —3sin3xin x) = x% 3x(gm—:;—x—ﬁsin 3xIn x) .
X x

Axuwo ¢yskuisa y = f(x) audepeHuiitosHa B Touli x, ToOTO Mae B Uil
.. . , Ay , .
roulii CKiHUYEHHY NOXiHY ', TO Ezy +a, ne a—0 npu Ax >0 ., 3Bincu

Ay=y"-Ax+a-Ax .

I'onopHa yacTUHa npupocTy GyHkuil Ay , niHiltHa BinHocHO Ax,

4a3uBaeThes qudeperuiasom GyRkuii i no3HadaeTses dy :

dy=y"-Ax,
0o
dy=ydx .
Cnpageanusa dopmyna
Ay=dy,
abo
Jx+Ax)~ f(x)+ [(x)Ax

#Ka 3aCTOCOBYEThCA B HAOIMMKEHUX OOUHCIIEHHSX .

Mpuknan 4. 3uaiith dy, aKkwo y=x2 tg2x .

Po3r’sa3anns.

252

V' =2xtg2x +

2
; dy=2[xtg2x+ al ]dx.

cos? 2x cos? 2x

SIkuio yHKii0 3adaH0 NMapaMeTPUYHUMHU piBHAHHAMH x=x(f) ,
v=y(t), 10

dy _y()dr_y(@)

dx x'(t) dt x'(t)
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Tpuxnan 5. 3uaittu %X, AKULO {le_t 5

d
Posp’azanng., ——="r-=—7—= +
B Asani dx x; =2t 2t 2

Hexait noxinna Bin dynkuii f(x) e f'(x) . Iloxinsa Bin wiei noxinx.

Ha3MBaEThCA MOXIJHOW APYroro NMopsiaky Bix ¢yHkuii f(x) i mo3HayaeThbt
2

f"(x) , abo ;—2— . AHaNOriYyHO BU3HAYAETHLCA MOXIAHA TPETHLOrO MOPAIKY
X

"= i T.a.

. x=x(t); .
Axmo ¢yHKUilo 33aJaH0 napamMeTpU4HO { () noxigHa apyrore

y=y(),

44y dyy
dzy_ dx:dx,

NOPAAKY

dx? dx Xt

2 e
Mpuxaag 6. 3xaiitu ﬁi_y. . AKIIO x=1 t3 ;
dx® y=t-1.

Po3p’sizanHs. BuxopucraeMo 3maiineHy y npuknaai 5 nepury moxii-
dy 1 . .
— . Toni noxigHa gpyroro NOpsaKy Mae BUDIIAL
dx 2t 2

13 13
, -+t —5+Z
2y L2072 ) 2222 1 3

dx?  d(1-1?) -2t 4 4t
BuknageMo METON PO3KPUTTS HEBU3HAYCHOCTEH 32 IONIOMOTOI0 IOXifHY
MeToa HazuBaeTbes npaBusiom JIonuTANs | IONATae B HACTYNHOMY: AKLIO QyHk .
f(x) 1 g(x) HeckiHYeHHO Mani aBo HECKIHYEHHO BENHKi NPH X —

andepenniliobni B okoni ToukM x=g , g'(x)*0 B okoni uiei Touky , icw
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—>a g'(x) x—a g(x)

lim L) _ jiy L)

= lim
xoa g(x)  x-oa g'(x)
Ils Teopema cnpaBeiMBa i NpU X —> 0 Ta AO3BOJAE PO3KPUBATH

4
f'(x) . . x) . .
Im , To icuye lim ANy CIIpaBe/UInBa PiBHICTb

. 0| . [ . .
| +erM3HAUEHOCTI THIY {6 1 {—2%. [HWmi THIH HEBU3HAYEHOCTEN 3BOASTRLCA 10
o0

IHAYEHUX , I AKUX 3aCTOCOBYETHCA NPABUIIO Jlorurans .

x? -1
Ilpuknan 7. 3vaiti lim .
x->12Inx
_x2-1 (0 2x 5
Po3p’a3aung. lim =¢—¢=lim—=1limx“=1.
x->12lnx 0 x—)lz_l x—1

X

Ipasuno Jlonutang Moxe 3aCTOCOBYBATHCS TIOBTOPHO .

3
IMpuxnan 8. 3naiitu lim 2x” +3x .
x>0 553 4 x2 45
Po3p’saA3annus.
o2 e3x o ex43 . 12x 12 2
lim 3 2 = lim = lim = lim —==
x93 530 4+ x2 45 x=o 1552 +2x 100 30x+2 x5w 30 5
3ATIMTAHHA | 3ABJAHHA /11 CAMOIIEPEBIPKH
?
} 1. JaiiTe o3HaueHHs noxiaHoi . HaBeaiThb if MexaHiuHUHA Ta reOMETPUUHHA
WICT |

2. BuseiTh (POPMYITH MOXIAHMX CyMH , 100YTKY | 4acTkH ABOX (yHKLiH .

3. Busenits ¢opmynu audepeHLiloBaHHs TPUTOHOMETPHYHUX QYHKIINA .

4. Bupenith hopmyan audepeHLiIOBAHHA CTENeHEeBOT , TTOKA3HHUKOBOT |
~aHOT oKa3HUKOBOT QYHKILIH .

5. Chopmysnioiite o3HaueHHs audepeHwiana GyHKIT .
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6. ChopmymoiiTe 03HauUeHHS MOXIAHOT | AUdepeHiiaia BUILIUX TOPSaKis
7. Sk 3HaxonaTh noxinHy QyHkuii , 3agasol Hessuo 7

8. Cdopmymoiite Teopemy Ponns . HaBenith ii reomeTpuuHuii 3micT .

9. Copmymioiite Teopemy Jlarpamka . HaBenits 11 reoMeTpHUUHUIA 3Mic

3.3. DocnidxeHHs1 hyHKUill 32 OONOMO20H NMOXiOHUX
2, m.4§4.17-420, 422)

@yukuis f(x) HasuBaeThCs 3pocTanvolo Ha iHtepBani (a, b) , s

ana VXp, X2 3 usoro iHTepBaly, Takux , WO x| <X , BHKOHYETHCHA YMC. .
J(x)<f(x2).
Axmo npu X <Xy BukoHyerbes ymona f(xy)> f(x3) | dynxe
Ha3MBA€ETHCS CHALHOIO .
Skmo f'(x)>0 ua (a, b) , To QyHKUA Ha LLOMY iHTEpBai 3pocTac
Sxwo f'(x)<0 ua {a, b) , To PpyHKUIsA Ha LbOMY iHTepBaNi cnazae .
Pynkuis y = f(x) Ma€ B TOYLlI X, EKCTPEMYM (MaKCUMyM ab0 MiHIMyM
Skio  f(xg) € HalibinbluuM abo HallMEHLIMM 3HAYEHHAM QYHKIIT B ACAKOMY
oKoui wi€ei Touky .

Oyukuis y = f(x) MOKe Maru eKCTPEMYM TiJlbky B TOUKax , e ¥' =0

HeckiHYeHHocTi abo He icHye . Taki TOUKHM Ha3WMBAIOTbCA KPUTHUHMMHU . B HID
noTH4Ha abo ropu3oHTaNbHA , a00 BepTHKaibHa , 200 HeMae NeBHOT NOTUYHOI
JlocTaTHi YMOBH €KCTPEMYyMY TOJISIFAlOTh Y HACTYIIHOMY :

Ao f(x) HenepepBHa B OKOJi KPUTUUHOT TOYkU X i audepenuiiiosks
B YCiX TOYKax LbOro OKOJY , OKPIM , MOXIIHBO , TOUKH X , 1 AKILO NPH Nepexoz.
X Yepe3 X, MOXiJHA 3MIHIOE 3HAK 3 «» HA «-», TO f(X() = Yimax 5 AKIIO Y’ 3MiHIOE

3HAK 3 «=» HA «t0, TO f(X3) = Y 5 AKWO ¥’ He 3MiHIOE 3HAKA , EKCTPEMYNY
HEMae .

Axiwo dyukuis f(x) HenepepsHa Ha BiApi3Ky [a, b ] , TO BOHA Jocara
Ha LBOMY BifIpi3Ky cBOiX HaHOiNb1IOro i HAMEHLLIOro 3Ha4eHb . J{A 3HaXOKeHRY
UHX 3Ha4eHb N0TPIOHO 3HANTH BCI KPUTHUHI TOUKN HA [a, b ] , OOYKCHITI 3HAYEHEF

J(x) BunxToukaxiBTouKax x =a, x=h Taceped 3HalineHNX 3HAUEHD BUGPa™
HaitL1bite i HaliMeHLne .
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Tpuxnan 1. 3HaiitTi HaliGinble i HaliMeHLe 3HaUeHH QyHKUIT

y=x-9x% +24x-10, 0<x<3.
Po3r’sizanusi. 3HAXOAUMO KPUTUUHI TOUKY QYHKIT :

Y =3x2-18x+24=0; x;=2, xy=4.
I3 3Haiipenux Touok Gepemo Touxy x=2, 60 2¢€[0, 3] .
O6uncmoemo f(2)=10, f(0)=-10, f(3)=28 .IlopiBntoemo uncna 10,
-10, 8 . 3naxomumo min y = f(0)=-10; max y=f(2)=10.
x€[0,3]

x€[0,3]

Kpusa Ha3uBa€THCA OMYKJI010 (YTHYTOIO) B TOULl X = X , SKIIO B IEAKOMY
KxoJTi i€l TOUKK BOHA PO3TaIIOBaHA HIDKYe (BULLE) AOTHUHOI B LM TOULL .

Skmwo B Toyli x =Xxg :

1) " <0, TO kpuBa onykia ;

2) y">0, To KpuBa BIHYyTa .

Touku , 110 BinAINSIOTE ONyKJY HacTHHY rpadika Bif yrHyTol , HA3UBAIOTHCS
TOYKaMU Meperuxy .

Heo6xinHO10 YMOBOIO TOUKH MEPEruHy € Te, 1o B Hilk y” =0, HeckiHYeHHa
a0 He icHye , a JOCTaTHHOI YMOBOIO € Te , 1O ¥” B OKOMi L€l TOUKH 3MiHIOE
3HaK .

Touku , B axux " =0 , HeckiHYeHHOCTi abo He iCHYe , HA3BEMO

KPUTHYHUMH TOYKAMH APYroro pony .
ACHMITOTOI KPUBOT Ha3uWBaeThCA mpsMa , A0 Akoi HeobMexeHo
HaOnMXkaeThCs TOUKA KPUBOT NMpH i1 BifAaneHH] M0 KPUBIH B HECKIHYEHHICT .

Axkwo lim f(x) =10, npsaMa x =@ € BEPTUKAJILHOKO ACHMITTOTOK KPUBOT
x—ra

y=f(x).
. . o S .
Skmo I ckinuenni rpanuui  lim ——==% i lim (f(x)-kx)=b, ToO
x—te0 X x—>+
npaMa y=kx+b € TIOXHIA acHUMNTOTA .
Akwo k=0, y=>b - ropusoHTanbHa aCUMITOTA .
JUist MOBHOTO nOCTimkeHHs QyHkuil | no6ynoBH 1T rpadika cnin 3naiity
1) obnactb o3HaueHHS QYHKUIT ;
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2) TOYKH PO3pUBY (QyHKIIT ;

3) cumerpito rpadika (napHicTs, HenapHictb QyHKLIT) ; |
4) nepioJYHICT5 ;

5) Touku mepeTHHY rpadika 3 0CIMH KOOpAMHAT ;

6) iHTepBaIu MOHOTOHHOCTI i EKCTPEMYMH ;

7) iHTepBaIM OIYKJIOCTI, YTHYTOCTi 1 TOUKH NEPErUHY ;

8) acUMNTOTH .

Mpuxnan 2. Jocniguty dpyHKUi0 y = 3\/6x2 ~x3 i nobynysaru ii rpagi:
Po3B’si3aHHs.
1. dynHkUisg BU3Ha4YeHa Ang Vx|

2. OyHKUIA HenepepBHA Ha Beill yuciIoBilt oci .
3. Mocnimkyemo cumeTpito rpadika

y(=x) = %/6(—x)2 —(—x)3 = %/6x2 +x7 .

Ockinbkd p(~x) = y(x), y{(-x)=~y(x), QyHKLis He € aHi napHOIO , aE
HEMApHOO .

4. OyHKLUIL HenepionUyHA .

5. 3HaxoAMMO TOUKH repeTiHy rpadika 3 0CAMY KOOPAMHAT .

Axuo y =0, 1o 6x% - x° =0; x=0, x3=6.8kwo x=0,710 y=0.Tow:
(0,0) i (6, 0) — rouku neperuny rpadika 3 Biccio Ox ; (0, 0) — Touka nepery+
rpadika 3 Biccio Oy .

6. 3HaxoAUMO )’ i BM3HA4a€EMO KPHTHUYHi TOYKH :
V= 12x - 3x2 _ 4x - x?
3%/(6x2 —x3)2 %/(6x2 —x3)2

4x—x2=0, x(4-x)=0, =0, x=4;
6x2——x3=0, x2(6—x)=0, x3=0,

Xy, X2, X3 — KPUTUYHI TOUKH .

’

Po36uBaemMo 0651acTh BU3HAUEHHS KPUTHUHUMH TOYKaMU Ha iHTepBasu i 3
3HAKOM MOXiMHOT B IIUX IHTEpPBanaX YCTAHOBMIOEMO iHTEPBaNM MOHOTOHHOCTI T8
eKCTPEMYMU :
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' X | (-0:0) 0 0,49 4 (4, 6) 6 (6; +o0)
; v - ) + 0 - 1) -
v 0 2%/'4_ HeMmae
~a . 7 S excmpemym N
min max TPEMYMY

TTKE , Yin =Y(0) =0,  ypa=y@)= 2%/2 .

7. 3naxomumo " :

8
L . y";é();

Yy E=ormm—m—;
3\[x“(é—x)s

x4(6 —x)5 =0, X =0, xp=06 —KPUTHYHi TOUKH IPYroro poxy .
Cxnagaemo Tabnauiio i 1OCHiIKYEMO 3HaK " NOGNN3Y KOXKHOI 3 03HAUEHHMX
TOHOK .
x| (- 0) 0 (0;6) 6 (6;+x)
}," —_ [o0) - 00 +
y ' HeMa€ TOYKU N TOUKA NEPEruHy o
neperuHy

Touka (0; 0) € TOUKOIO MEPEruHy .
8. BusHauaemMo aCUMIITOTH KpHBOI :

f&) _ lim ———-————3 6x” -’ =

k= lim =
x>t X x>0 X

= lim i}é— =-1;
x—>tw ¥ X

b= lim (f(x) k)= lim A6x2~x> +x)=
X=»te0 X—»>+eo

i Vo2 -2 + 1) QJ6:2 - *)2 - xV6x? - o3 +x7)

: 3
x=>1e0 V(ﬁxz —x%)? -x\/6x2 3yl
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2

62
. 6x2 x>+ : 5
= lim = lim 3 =
Hi‘”%/(tsxz Ay -x%/6x2 I x—)ioo:;‘/g)g _ )2 _x\/6x2 - +x_2
x i x
= lim 6 = lim 6 =E=2
x—-)iw3 36 —12¢° +x° 3 @i._x_:; +1 x—>i°°3\/16__13+1—3\ﬁ—1+1

Orxe, y=-x+2 — noxuna acuMIITOTa .
Bynyemo rpaik (puc. 3.1) :

y=2-x 1

Puc. 3.1

SAINIMTAHHA 1 3ABJAHHA 111 CAMOITIEPEBIPKH

1. ChopmynioiiTe 03HaUEHHS 3pOCTAONO] Ta CNAaAHOT Ha iHTepBani (PyHKL

2. SIki TOUKU HA3UBAIOTHCA KPUTHUHUMU ?

3. ChopmymioliTe NOCTATHIO O3HAKY iCHYBAHHSA €KCTPEMYMY B TOYLI 33
J0MNOMOrOI0 MepLlol NoXinHoT .

4. Sk 3HaXOJATH IHTEPBANIM OMYKIIOCT] , TOUKH MEPErHHY KPHBOT ?

3. SIx 3HaxXoAATh BEPTHKANBHI Ta MOXHUJi ACHMITOTH ?

6. Buknanits cXemy 3arajibHoro nociimxends gyHkuiy .
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3.4. QuepepeHyianbHe YucneHHs hyHKUIlU 6a2amboX 3MIHHUX

[2, m.8, §8.1-8.9,8.13, 8.16]

Sxuwo koxHii mapi 3HayeHb (x, y)e€ D craBUThCA Y BiAMOBimHICTBL 32
IeSKMM 3aKOHOM UYHCJIO Z, TO KaXyTh, IO Ha MHOXHHI D 3ajaHa ¢yHKLis

.= f(xs y) - N
PiBusHua z = f(x, y) reoMeTpuuHo 300paxye AesKy IOBEPXHIO .

Yucno A HasusaeTbes rpanuueto pynkuii z = f(P) nupu P — Py, AKWO

f(P)— A € HeckiHUeHHO Mana BeauuMHA TpU OyAb-SKoMy cnocobi NparHeHHs

P o .

Muwyte :  lim f(P)=A4.
P-—)PO

SAxkuio 3apaHa @yHkuis z = f(x, y) i Touka P(x, y)e D, T0 4aCTUHHI

ApUPOCTH 32 3MIHHUMM X , V i noBHMIi mpupicT QyHKUIT BU3HAYAIOTHCS
PIBHOCTAMU

sz=f(x+Axay)"f(an’) .
AyZ:f(x7y+Ay)—f(x,y) >
Az=fx+Ax,y+Ay)-f(x,5) .

| OyukuUig z=f(x, y) Ha3UBacTLCA HeMEepPepBHOKW B TOYLi, AKIIO

lim Az=0,

Ax—>0
Ay—0

. . Az
Sxuo icHye lim —X= , TO Uf rpaHUUA HA3WBAETHCA YACTHHHOIO
Ax—>0 Ax

“ noxigHow QyHkuii z = f(x, ) 32 3MIHHOIO x | MOIHAYAETHCA OAHHUM I3 CUMBOIB

Jz . , of
55 fi(xy), Sy

AHaJIOrYHO BU3HAYAETLCH YACTHHHA MOXiAHA 3a 3MIHHOIO Y .

YacTuHHA MTOXiHA 3HAXOAUTKCA 32 NpaBunamu IudepenuitopaHHs GpyHKuil
OHi€T 3MIHHOT , IPUYOMY iHIL{ 3MiHHI BBAXKAIOTbCS B AAHOMY BHIIAJIKY CTAJIMMHU .
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Tpuxnag 1. 3HalTH YacTHHHI NOXinHI QyHKUIT

u=x2y+3y3z—423 +2 .

du Ju 2 2 du 3 -
Po3g’da3aHust, —=2xy; —=x"+49y°z; —=3y" 12"
dx 4 3y Y dz Y
fAxwo Gyukuig z= f(x, y) su3nauena 8 oxonmi Toukn P(x, y) i ma

HenepepBHi YacTHHHI noxiani z§, z|

} B Ui Touui, To mpupict Az Moxm

3anucaTv y BUrasni
Az=z,(x,y)Ax+z,(x,y)Ay+abdx+ Ay,
gze a0, f—-0 mpw Ax—>0, Ay—>0.,
TonoBHa , niHiliHa BigHOCHO AX Ta Ay yacTHHA MOBHOIO MPUPOCTY

¢yHkuii z = f(x, y), Ha3uBaeThcs MOBHUM AndepeHUianoM dz uiel GpyHKuE
y Touui P :
dz=2zy(x,y) Ax+zy(x,y) Ay

abo, npuiimaroun Ax=dx, Ay=dy ,MaeMo

QyHkUifA, Wo Mae nudepeHUian y koxHiit Touui xeaxoi obnacti D
HazuBacThea audepeHuiioBHO0 B Uit oGnacTi .

HMpupict A z nudepenuiitoBHoT GyHKUIT MOXHA IPH MAJTUX 3HAYEHHSX !Axl
i |Ay l HabmbkeHo 3aminuTy AndepenuianoMm Az ~dz, 3Bigku

fx+Ax, y+Ay)Y= f(x, y)+———dx+—g—z— dy .

OctaHHg opMya 3aCTOCOBYETLCA B HAONMIKEHHUX OOUHCIIEHHSX .

Skwo z= f(x, y) — audepeHuiitoBHa PyHkuUia apryMeHTiB x Ta ¥ , a
x=x(u,v), y=y(u,v) , TO HacTHHHI NOXiAHI cknamHol ¢yHKUIT
z= f(x(u, v), y(u, v)) MaloTh BUIIAR

0z 0Oz dx Jdz Oy oz Oz é’x+5z 2y

Su 8x du Jy du’ v dx dv By dv
AHanoriyHo, 1Ko
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u=f(x,y,2), x=x{,8,..,v), y=ylt.8,..,v). z=z(L,5,.... V),
T0
du _Ju Q Ju 0"y+0"u oz
9t dx Ot 5y 2t dz It
1T 0.
dz 7z dx o’:.ﬂ

A = . , X = t), = £), O —=—-— .
ko z = f(x, y), x=@(t), y=y(t) iRl dt+5y 0

Agkmwo == f(x,y,u,v). y=y(x). u=u(x), v=v(x).,T0
dz Pz JF:z dy JZz du z dv
= + o . .

OcraHus (opmyna HazHBaeTHCA GOPMYIOI0 NOBHOT NOXiaHOT .
Skwo PyHkuis y = f(x) 3anaeTsca HEIBHO PiBHAHHAM F (x, y)=0 . T0
1
dy_ K
LA
dx £
Axkwo ¢yHkuis z=f(x, y) 3a0a€ThCi HEABHO PIBHAHHAM

F(x,y, z)=0, ro i 4acTHHHI NOXiAHI 3HAXONATLCA 32 (hopMynamMu

2z __F g: Fy
Px F; y F
i po e 3,2 3 _
puknan 2. 3HaitTh I, , I, , AKWO I +zyT -x7 =
Po3r’szanus.
F(x,y,z)=z3+zy2—x3—2 Ry =3x? ; F)', =2y7; FZII322+J/2
gz _ 3x? , oz  =2yz
Jx 3zz+y: ' cy 322+y2

Akwo F{x, y,z)=0 — piBHAHHA MOBEPXHi, TO PiBHAHHS XOTHYHOT
mwiowuHy B 104l M (xg, ¥y, Zp) i piBHAHHA HOPMAJIi MAIOTh BUITIAL
Alx—xg)+ B(y—y)+C(z—29)=0,

XX _Y~Yo_Z7%0 ’
A B c ’
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ae A:éﬁ

ox

My ¥iu

i
o:

C=

My
YacTHHHUMH MOXIAHMMH [APYroro nopsaky Bif (yHKiIT Ha3MBAIOThCS
YACTHHHI MOXiIHI Bift 1T NMepIIUX NMOXiAHKX !

a%_g_(mj 6%z ~__0"__(0"z\
3 x* ox) J

7% o ﬁz) e

8yox Ox\8y) o3¢ Iy\dy
AHANOTIYHO BU3HAYAIOTLCH | [103HAYAIOTHCA NMOXIAHI OUILI BUCOKUX
8%z 2%
OxBy dydx

MiwaHi NoxiaHi , U0 BiOpi3HATLCS MOPANKOM AU(EPEHLIOBaHHA , PiBHI MDK
c00010 33 YMOBH X HEMepepBHOCTI .
HudepeHuiany BUILKUX NMOPAAKIB BU3HAYAIOTHCA 32 GopMysIaMu

d’z=d(dz), d’z=d(d*)

nopsiakiB. TloxiaHi

Ha3uBalOThCHd MILWAHUMH TTOXITHHUMH

iT.0.

. du
Tloxinna a7 GyHKUIT u =u(x, y. =) 3a HANPAMOM [/ , 3a1aHUM BEKTOPOM

—

a= a,l + ayj + azk , o0umcaoeTses 3a hopmysor

Ju é’u Ju Ju
—_ sa+——cos,b’+———cosy,
2l dx 8y 0z
ae cosa——a—; cosﬂz—a_l; cosyzaf .
|a| |a] |4l

Benuuuna ——| BU3HAYac WBUAKICTH 3MiHM QyHKUIT B Touni M . a i 3nax
M

—3pocTanHa abo cnafaHHA QYHKLIT .

I'panient Qpynkuil u=u(x, y.z) — Ue BEKTOP , U0 BUIHAYAETHCA
dopmynoro
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[panieHT € BEKTOPOM IUBUIKOCTI HAMCKOPIWOT 3MiHK (GyHKLIT .
Ipuknaa 3. Hexail

u= x2——y +2z%% 0 M(L-1,2); a=2i~2j+k .

Suaiitu: 1) 7 ' 2) grad u|y, .

Po3p’s3anud. 1) 3HaxonMMOo NoxiaHy 3a HaNPAMOM :

Ju =2x+2z% =10; ﬁﬁu =~3y|M=3; o"ul =4zxf, =8
I x|y M 1 72|y,
I5I=\/22+(~2)2+]=3; cosazz: cosﬂ=—g: cosy-%
3 3 3
2 2
i’i =10.%+3.(_:)+g._1_="_2n
ol 3 3 3 3
) 2) 3Haxoaumo rpagieHT (yHkuii B Touui M :
gradu% =107 +3/ +8%k .
M

Qyukuia == f{x, y) mac B Todui M(xy, yo) MaKCHMYM (MiHIMyM) .
AKILO B OKoJli wi€l Touku ans Bcix Touok M(x, y), BUIMIHHUX Bin M,
sukoHyeThes yMosa f(x. ¥)< (X0, ¥o). (S(x,7)> f(x0, %))

HudpepenuilioBna GpyHkuis z = f(x, y) MOXE MaTH EKCTPEMYM Y TOUKaXx ,

ne fi(x,»)=0 i f3(x¥)=0.1li roukn nasusatoTbCa cTanionapuumn . Koxna

CTALIOHAPHA TOYKA NMePeBipAETLCA HA EKCTPEMYM 3a 10NOMOTOK HACTYMHMX
J0CTATHIX YMOB .

Hexait Mo {(xg, yo) - crauionapha touxa pyHxuil z = f(x. y) i
9%z
2x*

e
Gx0y i

A=

My

Toni, sxio AC—B2 >0, 4>0,T0 S(x0, Y0) = Zmm >
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akuo AC-B2 >0, A<0,70 f(xp, ¥o)= Zyax :
Ko AC — B% <0, TO eKCTpEMyMy HeMae :
akwo AC-B% =0, To BUMAraeThcs 10aTKOBE OCHIiIKEHHA
(excTpeMyMm Moxe OyTH , a MOXe fioro i He OyTH) .
HNpuknan 4. Jocniautu Ha ekcrpemyM QyHKUil0O z=xy (x+y=2) .

Po3p’a3aHHs. 3HAXOAUMO YaCTHHHI NOXIAHI 3anaHoi (yHKUIT :

bt 2 z
== x+y-D+xy=2xy+y -2y, zS,:———:x2+2xy—2x .
dx dy
TipupiBHIOOUM A0 HYNA YaCTHHHI NOXiAHI NEPILIOTO NIOPAAKY , ONEPHKYEMO
CHUCTEeMY PIBHSHb ISl BA3HAYEHHS CTAUIOHAPHHUX TOYOK (PYHKUIT :

2xy+y2—2y:0 :<:> y(2x+y—2)=0;
X% +2xy-2x=0, x(x+2y-2)=0.

Po3B’s13yI0UH OCTaHHIO CUCTEMY , OZIEPIKYEMO cTallioHapHi Toukn M (0, 0).
\

22
M-(2.0), M;(0.2), My| =5 = | . [epesipsemo ui TOUKM HA eKCTPEMYM 32
2 3 373 y
DONOMOroI0 A0CTaTHIX yMOB . JInsa usoro B KOXHIiil cTauioHapHilt Touut

M, (x,, y,) obuncmoemo A=AC—BZ, ae

PETAE O D B E C5 ) DR AE [EAS B )
- A xt ’ T 8xd ) - 2 ’
X Y Jy
8%z A2z FES
=277 =2 =2x+2y-2, =z =2x
ox2 M7 Gy Ey g gyt ¥

Iincrasnsioun koopauHatd Touok My . M, . M5, My . obuncmoemo
U HUX A

HMastouku M(0,0). A=0, B=-2, C=0, A=-4<0,ekcTpeMyMy
HEMaE .

Hasitouxu M5(2,0), 4=0, B=2, C=4, A=-4<0,excTpemymy
HeMae . ‘

Jns toukn M5(0.2), A=4. B=2, C=0, A=-4<0.excrpemym:
HeMace .
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i
|
i
|
1
N

Jins Toukn My 23 , A:i, BZZ, C=
3 3 3 3
ockinkku A >0, A>0 ,ToMaeMo TOUKY JIOKANLHOTO MiHIMYMY (YHKLUIT , B sIKiji

z =z z _2.. —-2.2 2_+_2.__2 -—._.E_
mnetl33) 3 303 3 27

YMoBHHM ekcTpemyMmom QyHkuil f(x, y) € excTpemym wiel pyHxuii npu

3aflaHOMYy DPIBHAHHI 3B 3Ky ¢(x,y)=0 .
JIns 3HAXOIKEHHA YMOBHOFO €KCTPEMYMY BBOANThLCS (DyHKLis JlarpaHika
L{x.y,A)=[(x,y)+Ae(x,y),
e A —MHoxHUK Jlarpamka. L dyHxuis nocaimkyerscs Ha 6e3yMOBHUIT excTpe-
MYM .
Heo0xinHi yYMOBH YMOBHOTO €KCTPEMYMY BHPaXAKOThCs CHCTEMOIO PIBHSHB |

JOx Ox Ox
A_o 00 .
oy 0y Oy
oL

2 =0,
= o(x,y)

3 IKOi MOXYTh GyTH 3HalieHi HeBinoMi Xp, Yo Ap. B€ Xp,Yo — KOOPHMHATH
TOUKH , B AKili MOXIIMBUI YMOBHHH €KCTPEMYM .
HocTaTHi YMOBH YMOBHOIO €KCTpEMYMY TaKi
2 ..
dL(xp,y0,40) >0 = My(x5,y0) — TouKa YMOBHOTO MiHIMYMY |
2 .
d°L(xg,¥0.40)<0= My(xy,yp) — TOUKa YMOBHOTO MAKCHMYMY .
Canin matu Ha yBasi, wo audepeHuianu 3MiHHUX dx i@ dy B
dzL(xO Y0, Ap ) 3aNexHi i Ug 3aNeKHICTb IUKTYETCA PIBHAHHSAM 3B’ A3KY .
Kpim Toro, ockinibkt A He € 3BMUaliHOIO 3MiHHOK . TO NPU BH3HAYEHHI

2 . .
sHaka d"L(xg,¥p,.Ag ) BenuuuHa d A 1ie BPAXOBYETHCA . TOOTO BBAXKAETHCH

2 2 2
ﬁ—de2+2 ¢ dx dy+a—'iL—dy2.
o x* Oxdy 8y2

dzL(x,y,/i)z
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Hpuknaa S. 3Haiitd excrpemym QyHKiT
2,.2
S(x,y)=x"+y
3ayMOBH x+y—1=0 .
Pozp’sizannst. Oyukuis Jlarpanxka

L(x,y,/l)=x2n~y2+/1(x+y—-l)

gi=2x+/1=0;
Ox
JiL~=2y+/1=0;
oy
oF
—=x+y-1=0.
E
A A
3BinkU x=-—; y=-— . A=-1.
TR YTTS
. 1 1
OT)Ke” x=§, y=-'£, 7\,='—'1

Toni
.2 2
L(x,y,-D=x"+y " —(x+y-1).

11 .
ITo3znayumo MO(E’E) . Jocninumo Touky M( Ha yMOBHHI1 eKCTPEMYM :

%L

6y2

5L
O0x Oy

2
ax?

=2 .
Mo

My Mo
3 piBHAHHA 3B’A3Ky Maemo , o d y =—-d x . Toni

d*L(x, y, ~1) |y, =2dx" +2d)* =4dx* >0 ,
11 - L
Touka MO(E’_Z_] — TOYKA MIHIMYMY BUX1AHOT QyHKUIT ; 3HAUEHHSA QyHKLII

B TOYU MiHIMyMYy f[%%j _—_%4,?}:% .
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Hexait noTpiGHO BCTaHOBUTH 3aleXHICTh MIXK IBOMA BEJIMYMHAMU X 1 Y,
AKINO 3afaHi pe3yNLTaTH 1 BUMIPIR Xx,, ¥, (i=1,n).
JAns po3B’sA3aHHA Takoi 3ajayi BUKOPUCTOBYETHCA METOA HAMEHIHX
kBagaparis . [Ipunyckaerses, 11O 3aJeXHICTL ¥ Bifl x Mae€ BHDIAL
y= f(x'al»aZr“-ram ) )
e a, ay,..., 4, —NapaMeTpH , IO NiAIATal0Th BH3HAYEHHIO .

3a MeTOIOM HaliMEHIMX KBALPATIB L 3HAYCHHA APAMETPIB o . 7 ..., Gy
Ja10Th MiHIMYM (yHKLIT

n
2
§= Z(yl - f(x,,c71,a2,...,a,,,)) .
=1
Swwo dyHkuia f(x, ay. dy,..., a,;, ) Mae HeNepepBH! YACTHHH1 MOX1IHI
32 BCiMa CBOIMU mapameTpamu , TO HeoOX1/1Ha yMoBa MiHiMyMy (yHKuUIT S ABnsE
c00010 cUCTEMY m PIBHSAHb 3 m HEBIJOMUMM :
oS 08 o8
—=0, =0, .., =0
J a) 0 day 17, (2

Ils cuctema HAa3MBAETHCS HOPMAJILHOI CHCTEMOIO METOAY HaliMeHLINX
KBaJpaTiB .

Jns GyHkwil y=ax+b HOopmanbHa cMCTEMa MaE BUTNAL
n n n
aXx,2 +bY x, = Zx,y, ;
i=1 =1 i=1
" i1
az X, +b-n =Z )7
i=l

1=1

Po3p’s3aBLUIM WO CHCTEMY , 3HANHAEMO a i b ,a OTKE , | 3aMEXKHICTD MDK
x 1 y ysunusai y=ax+b.

Hpuxnan 6. Pe3ynstaty BUMIPIB 3HAYSHHS 03HaKH Y TIPH Pi3HUX 3HAYEH-
HAX O3HAKM X HABEJEHO B HAcTynHiil Tabauui :

X 1 2 3 4 5
y 3,8 4.8 3,3 1,3 1,8

[Ipunyckatouu, o y =ax+b,3Haltth « 1 b 32 METOAOM HalMEHLUMX
KBaJpariB .
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Po3p’sizanns. CknaneMo cHcTeMy piBHSHD BiIHOCHO HEBIIOMUX o i b
n 1 " i
Zx,y, —aZx," -—be, =0;
1=l 1= =1

n n
Zy,—aZx,—bn =0.
1=1 =1

V navomy BHNanky n=35.
OBUUCTIOEMO CYMH :

5
Zx,y, =1.38+2-48+3-33+4-13+5-1.8=375,

=1 :

5
dxi=1+2+3+4+5=15, N

1=1

5
Sy, =38+48+33+13+18=15,

1=1
3 2
Y x;=1+4+9+16+25=55.
=1
TMincTaBUBILYM 3HAYEHHA B CHCTEMY PiBHSAHb . OTPUMAEMO
375-55a-15b=0: _ [11a+3b=15:
15— 15a- Sb=0, |

Po3as’g3aBuin cucteMy , 3Hadinemo a=-0,75 ; bh=3525 . ITicns

3a+ b=3.

NICTAHOBKU g i b BPIBHAHHA y=ax-+b,orpuMaemo y=-0,75x+5,25.
3ATIMTAHHA 1 3ABJAHHSA IS CAMOIIEPEBIPKH

1. Illo Ha3uBaeThes yHKUIEO ABOX 3MIHHUX Ta 1T o6nacTio BU3HaUYEHHS ?
Axkuit reoMeTpUUHKI 3MICT UUX MOHATS ?

2. UHlo HasuBaeTbcsa rpanuueto GyHkuil z = f(x, y) B Touui ?
3. sIk BU3HAUAETLCA HenepepBHicTs dyHkuil z= f(x, y) B Touui ?

4. BusHauTe yacTUHHI noxinHi pyHkuil == f(x, y) .
5. ChopmynioiiTe NpaBUNO 3HAXOMKEHHS YACTMHHHX MOXIIHUX (YHKUIT

u:f(x,y,z).

6. JaiiTe 03HaueHHs MOBHOro audeperuiana gynxuii =z = f(x, y) .
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7. Chopmyntoiite npaBuiio AudepeHiiloBaHHA CKNARHOT | HEABHO 3anaHOl

@yHKLITT .

8. BuzHauiTh i BKaXiTh npaBusia 3HaXOLKeHHS MOXiAHKX i nudeperuianis

BHUIHX MOPAAKIB .

9. Sk 3amaetbes ckandapHe none ? Llo wasuBaeThbCs NiHi€O piBHA i

NOBEPXHEIO PiBHA AaHOro nons 7

10. Iobynyiite noBepxHio z = x? +4y2

Ta T niHii piBHs .

11. Ik BU3HAYA€ETHCA | 3HAXOAUTHCA MOXiAHA 3 Hanpamom 7
12. 1o Ha3uBaeThCA rpamemom Q)yHKun ? Cdopmymoiite BNacTHBOCTI
rpagieHTis . Sk 3B8’A3aHuUil rpagicHT 3 NOXiZHOO 3a HanpAMOoM ?

13. Chopmysioiite HeoOXiHi yMOBH ekcTpeMyMy OyHKUIT = = f(x, y) .
14. Chopmynioiite JOCTaTHI YMOBH eKCTpeMyMY (DYHKUIT ABOX 3MIHHHX .

3.5. 3adayi Onsa npakmMuYHUX 3aHSIMb

VY 3apauax 3.1 — 3.39 suaiitu rpanuui :

2
31 lim 22
X2 x2_3
.X
3.3, lim—
Al
3 2
3.5 lim X 4+3x7+2x
=2 x?-x-6
3-—-
3.7. llm fx” -1 .
x_,_6x -S5x+1
3
39. lim — 22—
xow xd 352 41
2—
3.11. lim 5
X0 2x“ +1
3 2
3.3, lim| 2 *
x—0| 252 _1 2x+1

109

2 ..
32 Iim | 2230
x=»0 x—4
2—
3.4, fim 222+
x>l x° -x
3.6. lmg_—_l.)__zr_x_ .
x—1 x2_1
3 —
3.8, lim X **=2

x>l x3 —x? _ x4l

4 g
3.10. lim >
x—m x2 _3x 4]

1+ x-3x2

3.12. 3

lim
xo0 4 x? +3
1+x2 -1
—

3.14. lim

x>0




3.15.

3.17.

3.19.

3.21.

3.23.

3.25.

3.27.

3.29.

3.31.

3.33.

3.35.

3.37.

3.39.

Vx? 411

lim

i Vx—-1-2
im~——~

x=5 x-5

lim (Vx+a -+/x) .

X—>%0

sin 3x

lim
x—0 X
. tedx
lim g .
x—05sin Sx

. l-cosx
lim .
-0 5

tga —sina

lim
3

a—0 o

lim (JHl )x
x>t \2x —1 ’

jim (1 A0)
x—0 x
2x

lim

x50 7% _

=02 6

3.16.

3.18.

3.20.

3.24.

3.26.

3.28.

3.30.

3.32.

3.34.

3.36.

3.38.

. lim

]lm_iix_:l .

x—0 x2

P14x2 -1

l\l m >

x>0 X

im (Vx2 +1-+x2 1) .

X—>0

g kx

x—0 X

. 2arcsinx
Ihm ——— ,
A—0 3x

x>0 xsin2x

1-sin x

lim 5
x—rz [77 J
2| =-x
2

lim

-0 X

1)
lim {1—- .
{—0 N
. (2x+1 ) x
fim { - .
x—=ro \ x—]

x
lm1(3x’4> 3

x>0 \3x+2
ah

2

lim —
h—0  h

cos adx—cos fx



x+1, x<£1;

2

3.40. Hexait =
exalt f(x) {3—ax, o1

3a ymosomw axoro subopy uucna a ¢ynkuia f(x) 6yae HenepepsHoOIo °
“obynysat 11 rpadik .

V 3anauax 3.41 — 3.44 nocninuTy , B AKMX TOUYKaX i SKOTO pOAY MAIOTh PO3PUB
2aHi QyHKUIT :

sinx
34t y= . 342, y=
(x+2)* Y7
COSXx — 1
343 y= — 344 y=—7.
1+2%

3.45. JToBec! , 10 PyHKUIT /4 —x —2 i X € HECKIHUEHHO MANMMU OLHOTO 110~
paaky mpu x —> 0 .
3.46. JloBecTH exBiBaNeHTHICT HECKiHUEHHO ManiX QyHKLUiH In{1+5x) 1 e~

npu x>0 .
3.47. JlosecTr piBHocTi npu x — 0 :

x> arcsin® 3x = o(x3) : 2x% + xtg2x=o(x) .
V 3amauax 3.48 - 3.81 nponudepenuioatu gani GyHkuii :
348 y=(x? -3x+3)(x2 +2x+1). 349, y=(x+D(x-1).
x+1 x
3.50. y=—-. 351, y=
x-1 x2 41
1
3.52. y=(1—2x/2)4_ 3.53. y=vi-x2.
3.54. y:coszx. 3.55. y=3sin2x——sin3x- .
3.56. y=sinx>. 3.57. y =sin(cos x2).
3.58. y=4sin(3x +5). 3.59. y=sinVl+x?
3.60. y = (arcsin x)2 3.61. y =arctg x?.
- 1 . ]
362 y= arctg2 -. 3.63. y= aresmnx .
x 2

1-x




3.64. y=In®x. 3.65. y=log; (x> -1).

3.66. y=x*logyx. 3.67. y=x-10",

3.68. y=x-¢*. 3.69. y=¢e"cosx.
370, y=a¥F 371, y=10%"3

3.72. y = xPe'83, 3.73, y=sh’ x.

3.74. y=Inchx. 3.75. y= e’

3.76. y=x"2w 3.77. y=(Inx)*.
3.78. y =(sin x)~*, 3.79, y = x3ex2 sin2x .

3.80. y=+x+x . 3.81. y=sin? xsin x>

V 3anauax 3.82 - 3.85 sHalTu noxinHi Big GyHKLIT y, WO 3akaHa HEABHO :

3.82. X7 +y° “3axy =0 3.83. 33 3y 2ax=0.
3.84. y=cos(x+y). 3.85 y=1+xe.
Loody .
V 3apnauax 3.86 — 3.88 3naittu noxinxi . (QyHKUIH , 110 3a1aH!
napamMeTpUYHO
[x _ Bar
c=1412 - =In (1+¢2) ; -l
386, {F =10 3.87. [r=tn 1+ 3889 52
y=t+17 . y=r—arclgs . y= ar
1+0°
V 3apauax 3.89 — 3.91 3naiiti audepenuian Gyukuii ;
2 A
3.89. y—"—l+x~x2. 3.90. y=1g" x. 3.91. y=2/c0sx
3.92. y=(x-10)%  y"=7 3.93. f()=x-4x’+4; FHD=2
3.94. f(x) =1 Fr0y=2 3.95 y=(1+xarcigx : " =2
' 2
3.96. p2x2 s+ a?y? = g2p2: 4 Y 29397 y=sin(x+y); y'=1

cirl.

112

—_



X =acost ; d? . x=acos’t; dzy
3.98. . S =1 390, e —=?
y=asmnt , dx y=asin“t, dx
3
3.100. y=vx? ; dly =2

V 3apauax 3.101 — 3.109 3naiiTi rpaHuuo ¢yHKUIT . BUKOPUCTOBYIOUH
npasuno Jlonurans :

x -3a In cos x

3.102. lim

3.101. lim

X—a \/;__\/; . x—0 X
ar _ . Insin2x
3.103. lim & _—S0%¢X 3.104. lim ———
x—0 eﬂx -cosﬁx x—0 Insinx
1 N\
. 13
3.105. lim x™" D 3.106. lim (ctgx——|.
x—0 x>0 X
[ 11
3.107. lim xsin & . 3.108. lim | ————| .
X0 x ol [ x=1 Inx

1
3.109. lim (e* +x)*
x—0

V 3amayax 3.110 — 3.114 nposecTH NMOBHE AOCHIIKEHHS (QyHKUIH i
HakpecInTH rpadiky :

x X
3.110. y = 311 y=—7 3.112. V=
T+x l1-x X< -
3113 y=(x2 -1 3.114. y=—x7 ,
o

3.115. 3naiiTu kyTOBHI KoediuieHT NOTHUYHOI, npoBereHoi 40 napabonu
y= x2: 1) Ha nouatrky koopauHar ; 2) y touui (3,9); 3)yrtouui (-2,4); 4y

TOYKaxX NnepeTuHy 113 npsamoo y =3x-2 .
3.116. Hanncatu piBHAHHA LOTHYHOT i HOpMAaJi , MPOBENEHUX 0 KPHUBOT

y:x3 y Touui 3 abcumcoro 2 .

V 3apavax 3.117 — 3.121 3naliTi yacTUHHI NOXiAHI JaHuX QyHKUIH 32
KOXHOIO 3 HE3aJeMHUX 3MIHHUX :
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317, z=(5x2y-y +7)3 . 3.118. z =arctg = .
y

3.119. z=In(x+yx2 +y%) . 3.120. z=ln(x +y?) .

V¥ zanavax 3.122 — 3.125 3Haiftu nosri Andepenuiany naHux OyHkuiH :

4

1
3122, z=x*y* 3.123. z==In (x2+y?)

3.124. z =arcsin> . 3.125. z=sin (xy) .
Y
3126, u=e* 2 | x=sint, y=£; au_,
dt
2, .2 : . du
3127. u=x +y“+zy, y=e' . z=sInt; -d7.=?
2 u Oz 8z
128 z=x“Iny, x=—, =3u-2v; —_—=7 =—==?
128 Y v Y Ju Jv
3.29. z=x?y-y%x. x=ucosv. y=usinv: ii:? ﬁz:?
du ov
dy

V 3amayax 3.130 —3.133 3naiitu noxinHy & Bift QyHKUI , 3a1aHUX HESBHO
BKA3aHUMH PiBHAHHAMY :
3130, XPy-yPr=at . 3131 222 -xt oyt =4t
3.132. ye* +e¥ =0 . 3133 xy-lny=a >

2. 8%z 22

Bill NaHUX

o |

V 3apavax 3.134 — 3.137 3uafitu 3 1
dx xCy  @dy

A

QyHKUii
I .
3.134. :=§,/(x2 +y2y . 3.135. z =sin’(ax+by) .
— 2 2 _ . nx
3.136. z=In(x+4/x" +y°) . 3.137. z=y"" .
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V 3agauax 3.138 — 3.141 3naiiTk TouKH ekcTpeMyMy (yHKLIH

3.138. z=2xy=3x* ~2p2 +10 | 3139, z=4(x—y)-x2 -2 .
3140, c=x> +xp+ylax—y+1 . 3041, z=x> +33 =3xp .
V 3apauax 3.142 — 3.144 3HaiiTh yMOBHI excTpemyMH (yHKLIH
3.142. z =xy npu x+y=1.
3.143. z=x+2y npu x2+y2=5.
3.144. :=l+l npu x+y=2.
x y
3.6. UHOueidyanusHe 3ag0aHHA 3
3apaua 1. 3HaiiTi rpaHuLl (yHKUI .
BapianTn 3aBaaHb
. 2% ~3x+1 . 3x* —x% +4
1. a) lim — 3 2.a) lim -
x>0 4+2x° -3x x> wdx +4x° +1
C x?-2x-3 o ox?-3x+2
6) lim ——— 6) lim ————
x-3 X“ =5x+6 x>l x° ~4x+3
) i \/;—2 )i 2+x
B) lim ; B) lim ————;
x4 x—4 x>21-+/x+3
o Tim tgx-—3smx : Y lim sin(a+ x)—sin(a— x) ]
x—>0 X x>0 X
‘ ¥ X 7 3x
A lim | —| . 1) fim | 1+—1 .
x—o\ 1 +X% X0 X
. 6x% +5x—4 . x> +3x% +5
3. lim —5—— 4. a) lim ———,
x> 3x° ~5x+1 X—rw o x” -]
. 453 -2x?% +x ) x2 +3x-10
6) m ——————; 6) lim ————;
x>0 3x7 +2x x=23x" -5x-2
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9. a) lim

V2x+1-3

B) lim ————+

sz

r) lim :
x—0 cos x —1

3x
Sx }
Iy .
& xi‘;(mx)
22 +3x+6

. a} lim = 5 N
x— [0x? ~85x“ +3

o 3xPesx-2
o) him I R
x—>-25x"+12x+4

 Yx-2
B) lim ;

X=16 Jx —4 ’

. sindx+sin2x
r) lim " ;
x—->( X

. x+8 4x
a2 lim .
x—)oo\x+4

. a) lim 2
x—we X +56x-125

n
X =3x+2

x2—1

6) lim
x—1

x-3
lim ————=—— .
® O axal0-4
i — %
im —— -
r) x—01—-cos3x °

. x+3 3+2x
a) lim .

X—oo\ X

X=>e0 4x3 +1

0.01x° —4x? +21

7x3 —5x2 +2x+3 )
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. a) lim 3

0. a) lim

Vi+x+x? -1 ]

B) lim

x—0 X

. cosdx-1
) lim ———— ;

x—0 xsin2x

2x
. x-1
a) hm(———-—] .
X —>00 x+6
x>~ 2x+7
Xx—rw 3X -«-xz—l ’
. x3+3x2+2x
6) lim ————— .
Xx—-2 X" —-x-6
x2

B) lim ———— ;
x>0x2 142

2

r) lim

x—0 ]6x2 ,

3
X

a) lim (Y+7x)~ .
x—0

2% —x7 44y

8. 2) lim ———
x—oe 3x° +x° +1
3
T I-x
9) lim ————

X=l x*~6x+5

Jx+3-2‘

3

B) lim

x>t x-1

Sin 6x +sin 2x

lim
) x—0 Sx

' X7 2+5x
o) lim .
X—ro\ X

6x2 +5x-~2 )
2

x=o x% +2x+15




x~2
6) lim 3
X2 x —3,\+2
, -J2-x
B) lim — .
x>0 <X
. 3
sin” x
r) lim —— :
x—=05x“ sin 2x
-4’
) lim|l-—1 .
) XD 3xJ
4_
ll a) [im dx —3x+5

X—>® —le +2x-1

. x*-x-2
6) lim ———

x—>-1 x” +1

i Ye-1
B) V-1

. arcsin(l—2x)
r) lim =
x_}l 4x° -1
2

) 3x—2) 2
R x_l_l,nw 3x+1

5x2 —3x+2

13.a) lim
x—o0 2x% +4x +1

16x* ~13x-3
6) lim ——5——;
x=1 2x* +3x-5

. PN+x-Y1-x
B) lim —————
x>0 22X
sin3x

lim —p=———r=
" xTOw/x‘rZ -w/E

o)
x“ =9
6) lim 5 ;
x>3x% —2x-3
ol x=l-x
B) lim ———rm——
x—0 X

1-cosx )
5

r) lim
x—0 Tx

) y (7X"1) 2x
8 x-l-l-:}uo 2x+1 )

1-4x3

12. a) lim

xo® 2+ x+x° +8x°

3x+6

6) lim 3
x—-2x> +8§

o A+x? -
B) lim —————— ;
x—0 X
. sin 5x
r) lim :
x—{ +1 -1

i-x

o) lim (1-4x) ©
x—=0

-3 +12
14.2) lim ——————

x—w  2x° +149
—2x

6) hm-—i-————
x22x°-5x+6

8) lim :
x—=041+3x -1
arcsin3x

r) lim —=———pr;
)x—>0\/2—x—\/§
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15.

X
-3

) lim (x ) 3
X—>0 X

X ¥ ~7x
a) lim ———3 .
x> 1—5x3

2x3~3x2+x
6) hm*—z—————— ;

x=>1 x“~4x+3

2—Vx—3
B) lim :
x—7 x - 49
sin? 10x

r «(liocosin 1

5-x} 3x-1
‘<~>€0‘\1— -

)

a) lim (

26°+5
a) lim
x—se0 TXD + x° +4

& 1 x+6
m
) o, x’ ~2x—15 "

’ Vx24+9-3
m .
») x=20+/x% 42525

tgx +1g2x
ry lim ————— ;
x—0 Sin3x

L lim

3+x2—5x+3
a) lim 3
x—w X7 —x° —x+1

-6x+38
6) lim :
x—2 x2 -8x+12

3
2x—x

. (x3+2
x——)oo\x3~—1 - ’

16.

18.
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_2.
x

) lim(1+6x)* .

x>0

x4+2x2——3
6) Jlm-———%—— :
x=1 X ~3x+2

)i Vx-3~1
B) lim =——:
x>4x+5-3

i 5in9x +sinilx
r 2T
) xl—l—% Sx

35
o lim (1+6x)>
X ()

5x3+4x2+5x+1

a) lim
X—a«  3x7 ~3x+2
2

2x* +5x -3

6) lim
) x° -9

X—-3

\/ ~3
B) lim ————

X—5 ‘c —6x+5

. 1-cos8x
r) hm s
x—0 3x

2
x“+1
) x% 41
a} lim 5 .

\—»w\ x-

x3+4x +5

.a) lim —

X— 2X° ~—.>,\+21

2 S
8) lim x“-3x-10
=5 x2_25



\/1+x+x2 —\/]-—x+x2

B) lim 3 ;
x—0 X" -Xx
~ 1—4Jcosx
r) lim——=—;
x—>0 X
. x=3)*
2 xlinw(x+2) '
21. a) lim —2x+17 ; 22
x—w 24 x +024x—17
x +2x
6) lim ———;
x=>-2x°+5x+6

. S5—-+x+12
B) lim ————;
x—>13 x°-169

Ji+xsinx ~1 ‘

r) lim 3
x>0 X

6) lim
. )x—>~2 x3+8

B) lim ;
) x>6 X—6

. 1
r) hm( ;
x—0\ Sih X

2x% +1

X—0c0

2 3x
2x +3W
1) lim [ .
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. a) lim

i x—8
m =
) x—>643x -4

Jl+tgx—J1—tgx )

r) lim ;
Xx—0 Sin x
) i (2+x *
o) lim .
Xx—oo\ 3+ X
X -3x% 41
. a)y lim 3 3

2
x—odx’ —x" +x

3—45+x
6) lim ——=—==—

x—4 1~ JS—x ’

. x2 -6x+8
B) lim —5——
x—>4x° -5x+4

l—cos3x

r) lim
)x—>0 3x2

. x—6 2x+3
a) lim )
X0\ X +1

s
X ext+7

x—m 17+3x°

. x2-5x+6
6) lim —5——————
x—2x°-Tx+10

i Vx-3-1
im ~—m——
2 x4 Vx+5

. l-+ycosx
ry lim —————

x—0 8xsinx

l. 9x ) 5x
AR COr g B

>




(’—5x3 x3—7x2+3

25.a) lim P 26.a) lim —F———— .
\—)oo2+7x+8x x—wo 5x" —6x +1
o i X —3x-2 5 i x2+_)x~—10
m-— 6) lim
X2 X=2 *(-—»231’2—5)6 2

V3x+3 -3  Vx+13-2xs1

lim —=————" . lim
®) x—2 \/2x+3—ﬁ ’ ®) ,\'l—>3 x2—9
ln 1gx - sinx . 1-cos? 4x
n 50 v(l-cost) r ,\I_TU 19x° ’
2 y ox+11 x+3 =2x
X+ :
a) lim (,\ | ) o) Iim | —= .
X—® -’+x) X=X +1
' 5 3 2 —6x% +1
27. a) lim ﬁ—i{c—ﬂ- ; 28.a) lim T3
X—>oo ()]+6x — x> X 6 — Tx ~ 8x?
- ) 5x“—24x~5
6) lim 27 )x+10; 6) lim ———m— -
X225 2x~5 x5 x=3
)k Virx® -1 y lim ‘**-—LTX
B = . B 5
):‘ETO 5x% + x4 x4 =5~ x
) i Jeosx —1 . ) i 7x?
r) lim : r) lim ———— .
x—0 8x2 x.»()l—cos4x
2
X X
x+6)g" o[ x*+5
A) lim . n) lim | ———1{ .
X\ X+ 7 x—o| ¥ -5 )
% @ I xt <35 12y o i X -6t -
29, a) Im 3T 30.a) lim ;
X—cc 1+5x2—4x4 o0-2) X~>or 8x2-1
8x7 ~1
B lxm—“i-— X -2+
0) 1 6x° ~S5x+1 ; 6) lim — :
X 3 x—>»l x'—-x
T3 o VXTI 42
B) fm ———— - B) m :
) x—10 x-10 ) X—=0 \/x2+9——3
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1
r) lim( - —ctgx) ;
x>0\ Sinx

8x
) lim( ad
A X\ 2+ X '

Loy l+x—x> '
31, a) lim —5———;
7 =300 5%° — 6x% + x
. x-2-2
B) him ;

xo6 X—0 ’
2

/
X2 x
x) llmt 2
x—ol x“+5

I 1—-cosdx
im ————— .
r) x—0l—cos2x

o (x+3) 2
o lim .

X\ X =2
. X2 +2x+1
6) lim ———;
x—-1 X +x
i [-coslOx
im———
) x—0 sz ’

3apaua 2. [IpoandepenuitoBat 3agaHi PyHKuil.

Y nynkrax a), 0), B), r), ) 3HAWTH MOXiaH! y’=d— .

d
y IyHKTax €), €)3HalTu y'=;¥ i
X

dy
X

d2y

_dxz'

Bapiantu 3aBaaHb

I 3
1. a) y=(1+5——] :
X

arccos x

| ) 0) V= ———;
| ) V1+2sinx

B) y= ln(ez" +1) - 2arctg(e®) ;

Sinx

l‘) y:.,\ 5
2.8) y=Q2+x)13-x;

6) y = In(arcsin5x) ;

) e*siny-e ¥ cosx=0;

2
e) y=e* ;
)jx=2t" ;
€
ly=3t3.

1) xy= arctgﬁ ;
¥

e) y = (arcsin x)2 .




’ =3cos! ;
B) y=In(x+V4+x?); C){x o

y=3sinr .
r) y = (arctgx)™; -

\/2x2—2x+1 . -2

3.a) y=X 7T N Inx+e ¥ =5
x
ctg— 2
6) y=3 *; €) y=(1+x") arctgx ;
=t-sint
B) y=arcsin(Inx); €) {x -
y=1-cost
2
N y=x*;

4. a) y=5\/x+\/; ; 1) 343 =siny ;
]; e)y=\}1+x2 N

6) y = arcsin ad
\/1+x2
PP
B) y=+Inx+1+In(Wx +1) : €) {x~—t ot

y=sin7‘t

3
r) y=(arccos x)* ;

5. a)y:———zz, H)X=y+ar0th’§

6) y=V1+cos’x ; e) y=tgx;

:I —_—
B) y=In . > y=12—l,
1
r) y=x¥ ;
6. a) y:x‘\lxz—-l . H) x3:x—y ,
x+y .
6) y=sin*x+cosx : e) y=xe* ;
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3
’ x=t
B) y=In 1+2x : €) )
1-2x y=Inte.

r) y=x‘/;;
AL
’, a)y=[ T J ; n) e +e’ -2 -1=0;
I-x
. 3 2 .
0) y=sinx-cos’ x* ; . e) y=e " ;
,/ 2 : x=tcost ;
B) y:ln——x—ﬂ ; E){ .
x+1 y=tsint .
L
r) ylenx;
ﬂ 8. a) y=\/x+2J;; o) xsiny+ysinx=0 ;
6) y = arctg X ; &) y=cig ¥ ;
I-x
1+sin x x =arcsinf ;
B) y=lIn — 3 €)
1-sinx y=v1-1? .
r) y___xlnx;
3 2 4, 4_ 22
9. &) y=g=—— 1) x"+y =x7y°;
P Jx

f . oX
6) y =arctgy4x® -1 ; e) y=arcsinz;
2
[ — x=In(l+¢7) ;
B) y:ln(sinx+ l+sin2xJ ; €) { ( )

y=t2

1
D y=(nx)*;

4
lO.a)y=(1~2\/;) : 1) 3*+3Y =cosy :
6) y:sin\ll+x2 ; e) y =arccos2x ;
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Jx=e'3'
B) y=In arccos 2x ; €) 3
ly=e
r) y=(sinx)‘/; ;
1.2) y=37+5%3 ; \ n) y=>Sx+arctgy ;
6)y=arcsinz: e) y=-— > ;
x x+3
x x=Int ;
B) y=2Inx; €) 1
y=—
-2
r) y=(sin3x)* :
x3
12.a) y= —==; a) sin(xy)+casy=0Q ;
a A
3Wi-x
2
.ox7 =1
6) y = arcsin—s— . e)y=\/4-—x2 )
x
X = arctgt ,
V1-x? s
B) y=In ; €) /2
3x y=—
L 2
r) y:x51112x :
2 1
13. a) y== - ) y"'zxsiny .
2x-1 x
) y = Jarctgx —arcsinx , e) y =4/tg3x ;
3 X=Cos2 ;
B) y=x3 lnx——)i— ; €) [
3 1y=sinzt .
3

) y=Q2x+D* ;
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x+2
14. a) y=51/Y :
x-2

6) y =sin?(x>) ;

B) y=3\/}n2x+5:
2 SInX.

r y=(x"+4)°"M%;

15. a) ,V'—"‘LS-——I;(;
10x 4x

2
6) y=xarccosx —v1-x-;

1
B) y=51ntgx+lncosx ;

{5
ny= x+5)"°

1
16.2) y = ——— ;
x—Vd+x°
1
5) y=arctg’ = ;
x
B) y:ln7sin2x:
r) y=(cosx)SIllx;
17. a) y=——iL—4,
(x"-x+1)

6) y= sin3(cos4x) ;

1
y=—
B) In°x’

‘+5) .
r) y=x5|n(1+ ) ;

125

2

) xlny+y—=3 ;
X

&) y=eV*;

{x=5t4+t;
€)

y=Int

A) ysiny—cos (x—yj=0.

2
e) y=xe* ;

x=cos ¢ ;
€) 3

y=sin’t.

) x+\/5+y=5 ;

e) y= —
1+x°
|x=a(-sm¢) ;
€) 4 )
[y =a(-cost).

n) x2—2xy+y3 =13

e)y———1 ;
T+x
{x=arctgt ;

y=In (1+12) .




18.

19.

20.

"

x“+7

a) y=——
Y dx
arcsin x
0) y=-— ;
arccos x
1 x2—2x+1
B) y=<hn—m——

> x“+x+1
r) y:(x2+3)5x 5
a) y=—g—
x“(x—=2)

0) y:xln[2x+—1-J ;
2
B) y = (arcsin x + 2x2)7 )
_ (.2 sinx .
I‘) y_(x +7) )

a) y:(\/;Jr%Jm;

_ cos x
) y=—
Insinx
2
B) y:e*x -Inx ;
r) y=(cosx)"¥;

a) y=x®J4-x?;

0) y=sinx-e®*;

B)y:ln(l-r ! j:
cosx

i
r) y=x*:

1) x2+3xy+y3+1=0 ;

€) y:xll—x2 arcsinx :

Jx:lnt;

€) 3

.

1) y¥ =3y +10x=0 ;

e) v=logyx ;

ix=2cost ;
€) .
|y =sint

n) y=cos(x+y) ;

e) y=ln(x+\/1+x2) :

x=Int;
€) 1
y=-
!

1) x-y+Tcosy=0;

e) yzearcsinx :
x=62’ :

€

"o
y=e



1) 5% 45Y =554

X
22. =
a) ¢ 3\'X2+1

6 _Insinx o x
)Y Incosx ’ €) y_xz—l ;
2sin? x sze—t :
B)y= : e)
cos2x [y=t3

r) y= (x2 +2)3cosx;

X

.a) Y E———m——
V49 + x*

3cosx 5
0) y=—=—; e) y=v2x—-x~ ;
) cos2x Y

B) y=ln(3+x+\/6x_+:2—\; e) X=arccos—\/7;

/ y=vit-1?

2 .
8) xy"—ylnx=3;

o
(5%

\

1
ry y=(arctgx)* ;

24.2) y=x"x-8 ; n) e+ =Txy ;
0) y=sinx-e®" ; e) y=cose® +sine” ;
1 x=2cost ;
B) y=In [+ [ : .
cosx ) y=sin¢
1
F) y:x‘/;;
5 Ax?
25.8) y=——+ ; 1) x+y+7Tcosy=0;
5[ 3 7
x
6) y= sin«/; : e) y:earcsmx :



27.

B) y =log,(Inx) ;

!
r) y=(cosx)* ;

a) :5—"'\/}-‘
y S_J; »

SINX—COSX

6) y=

sinx+cosx

B) y=ln(\/;4j\/x+l);

r} y=(sin POLERS
5
v1-8x*
3
6) y=3 1+tg(x+—l—i ;
x)
B) y:zvsnu .
1
2
r) );:xx“
.a) y= \/x\/’; ;
6) y =arcsin -

1+ x*

B) y=log5(x+\lx2 +9J ;

r) y=(x°+4)%;

1) x+y+e¥ - arctgx =0 ;

e) )):e'dl'CCOSX :
'x=cos2¢ ;
d 7
|y=sin3t .

a) (x+y)cosx+sin(xy)=0 :

(7T
C)y=Kx+\/x“+]/| .
[x=(l+cost)r

|
€) 5
ty=( —cost)r? .

a) sin{x+y)=cos(x+y):
e) y=logyx ;

| l+l3

X =

€) 1+¢
1t

1+¢

W

7




29.a) y=3 1 ;
«/§+1

6) y—arccoszvx :
w2
2
B) y:lndx———;
\/1—9):4
r) y=(tgr)";
30.2) y=xvl-x*;
Insin 3x
o) y=—""—""
Insin x

B) y=In’(l+cosx)

r) y = xSnx ;

313) J/:x2-31/l-rx;
6) y=cos*(5x+2) ;
x
B) y=——=5——;
sin{x“ +3)
1
r) y=(sinx)¥ :

a) arctgy=x+y .

e) y=In(Sx+9) ;

x=t-sint ;
€)
y=cost .

Y

~.2 — X

n) 3y‘x=e*;
x-3

e) V= ;
) x+4

a) 5y3x:cos(xy) ,
e) y=In(10x+1) ;
jx:1+sint;

© [y = —CO0Ss/

3agaua 3. 3naiiTy rpaHuLl, BHKOPHUCTOBYIOUM Npasuno Jlonurans .

—X

1.,a) lim :
a—>0 X-SIn X

)

e\
2. a) lim —3;
X—>w© X

J 865l

BapianTu 3aBaanb

. no
6) lim M
=0

3

6) lim y4+ina
A->0)




(93]

8. a) lim

a) lim :
x—>0 SsIn"x

a) lim

X—a xX—qa

. e*+sinx-1
. a) lim .

x—0 In (] + x)

. ex +e—x
. a) lim _
X—>we —¢

Insin3x

X

7. a) lim ————;
x->0 Insinx

In tg7x

x—0 Intg2x

x—arcsinx

’

»

sinx-—sina

x-—sinx

9. a) lim ——:

x->0 x

X —arctgx )

10.3) lim 3
x—>0 X

, 2 oy
.a) lim x“e
X—ow

1

—_—

et — e’

a) lim
x—0

AaX
37 ~-

13.a) lim —

Xx—0

14. a) lim

5. a) lim o2l
.a) lim Y

Xx—0

a

sinx

7.\

)

x—>0 arctgx

1

6) lim x!*.

x-=1
x
2

g

m ) E3
) to —
)hm[g4]

Xx—1
1

6) lim (ctgx)nx
X0

1 tgy
6) lim [—) _

x—0\ X
6) lim (ctgx)>"”,
x—0
1
6) lim x.
X—>w
) 1 2x--rm
0) lim (tgx) .

T
X—>=
2

1
0) lim e =D .
o0
6) lim (sinx)*®*
Xx—=0

6) lim (arcsin x)'8*
X0

i : 14
6) lim (€Y+x) x".
x=0

4
=Y

6) lim (cosx)*

pid
X —p—




[l

16.

17.

19.

20.

21.

22,

23.

24.

25.

26.

27.

]
a) lim —;

e 3x1
a) lim :

x—0 sin5x

Inx

.a) lim

x_)01+2lnsmx

e -1

a) lim

x—0 Sin7x

>

~COoS ax
a) lim —————
x—=0 I—cos bx’

Inx

a) lim

x-0 Insinx’

a) lim
) x>l clg 7x’

a) lim 2x=D.
x—>1 tg%x

In(x-a) '

a) lim
x—aln(e® —e?)

a) llmﬂi'

x—0Ctgx’

tgx
tg 3x’

a) lim
T

X—>—

2
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3

6) lim (cos2x)*
x—0
A
2
6) lim (cos5x)*"
x—0
1
6) lim (Inx)*.
X—>+o0

nx

6) lim(2-x) 2

x—1
7

6) lim x*!.
x—l

9

2
6) limx* 1
x—1

1
t
6) hm( gx)
x—>0\ X

6) lim, (tgx)'8%*
x—)—}

7\

6) lim (Cos_j .
X—>00 X
6

6) lim xl+2lnx.
X—>+0

1
6) lim (ctg2x)nx.
x—+0
1

6) lim (Smx]"“’s" .

x>0\ X




~

In )
28.2) lim f; 6) lim (¥ + 0)l/*,

X—>© x—0
-x
29.2) lim —— 6) lim (7 —2x)°®*,
x—>1 T
X—)E'
. Xxcosx-—sinx y
30.a) lim ————; 6) lim (x+29)V*,
x—0 X X—0
gx _ ¥ . 1)
31.9) lim —"%; 6) lim | 55— .
x—=0 tgx—x x—owl x°+5

3apana 4. Jlocninuti dyHKuUil MeToaaMu audepesLianbHOro YUCIeHH Ta
noGynyBary ix rpadikn .

BapiauTu 3aBnaun

1. a)y=x2+z; 6) y=e /¥,
X
28) y=—g—; 6) y=x~In(x+1).
x° -4
2_ 4
3, a)y=6L§.L; 6) y=In(x2+1).
2
4, a)yz_x_23c_+_2; 6) y=xsinx.
x~—1
1
5.a) y=—; ; 6) y=Insinx.
x°+3
4
6. a) y=2 1L, 6) y=1%
X
‘-3
7. 8) y= ; 6) y=x2e™™
8. a) y=—75—; 6) y=x-e*
_4 -
16
9.a) y= 5 ; 6)y=x+—]-Eﬁ
x“(x~4)
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|

10.

I1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

24.

25.

a) y= ;
5+x2

2 1
) y=x"+—;
xZ

3

s

a) y=
3~x2

a) y=x2-1)(x-2);

a) y=l+4x2;
x

a)y y=x+ ‘.
Y +2’

a) y= B
x3_]! V»

1
a) y=—+-—73;
x4
l .

x3

®|w x|

a) y=

ay y=2+ 212 ;
x° -4

a) y=(* -1
a) y=2x4—x2+1;

a) y=x5—x3—2x;

X
La) y=x+——rj;

3x-1

a) y=—5;
xJ

a) y=——75—;

133

X

6) y= xze_ .

X

6) y:x3e_ .

1 \

-1

6) y=

6) y=Incosx.

X

6) y=x+e .

1
6) y=e¥ +x.

6) y= e2x—x2

x2

6) y= .
)y 2Inx

1 >
6) y=—x"-Inx.
)y 2x nx
6) y=xlnx.

6) y=x21nx.
2

x
6) y=—
Inx

6) y= .
)y 12

6) y=1+2x2—x4.
6) y=x4—2x2+3.

6) y=2x> +3x% 5.




26.a) y= ;
x2
3
27.a) y= 22x :
+1
2
28.2) y=FD7
x-2
29.a) y=16x (x-1)°;
30.2) y=x+ ;
30.a) y x+2
. 16
3la)y=— ;
x*(x—4)

6) y=2x3+9x2+12x.

1 4 3 7
6) y=—x"~-2x" +—.
) y=gr 4
2 1
6) y=§x3+—5x2—1_
2
x
6) y=—-.
x—1

6) y=2—3x3 +xt

6) y=2x3-3x% +1.

3agaya 5. 3anano pyHkuio z = f(x, y ). [lokazati , WO BOHA 3a]10BOJIb-
HA€ [JAaHOMY PpIBHAHHIO ; TNEPeBipUTH CNPaBeIJIUBICTL pPiBHOCTI
5%z B b2z
Ox8y Jydx’

BapianTu 3agaaHb

1z 170z =z
I. z=yln(x2—y2); P ;737
y
2 ~—~_x_2_+.£+l__1_- xz 0‘)2+y2 oz —-_x_3.
"2y2xy’ Jx sy 'y’
3. z=x-arctg—y—; xﬁz+y—é£=z
X Jx y
52 52,
4. z=In(x*+y?); o"xi ﬂy; =0.
2 2
5. z=arctgl; ﬁi+-a—z—=0.
2 2
x ox° Oy
6. z=In(x’ +xy+y%): x§i+y§i=2
X ¥y
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¥
7. z=xy+xeX,;
8. z=In(Wx+4y);
9 z=\/;-sin—)i;
x
x
10. z=¢V ;
1. z=x7;
, X
12. z=eVIny;
l3.z=7r\/2;
y
4. z= x2+y2,
15, z=-22 ;
X=y

17. z=¢e*cosy;

18. z=¢"7;

19. z=x-InZ;
X

3

20. z=lnZ+x —y3;
y

x—ﬁ—z+ —5—z-—x +z
Sx yo”y— yre
22 dz 1
dx yo”y\ 2
Jz Jz 1
X—ty—=—z,
ox Jy 2
2x§2+y§-i=0
x
xoz, oz
y éx Inx 8y
z dz z
X—— Y=
dx " Py iny
x~5_2_+y__{=0
Ox ly
o:V (o:Y
+]—1 =1
Jdx Jy
o2z ) %z 0"22_ 2
ox*  9xdy gy* x-y
—iﬂ—az:l.
dx By
2, 52
7= 2,
axt Jdy
2 3%z 5 5%
77V o770
dx Jy
oz Oz
X——+y—=2z
dx "~ Oy
Jz  Jz _,. 3 3
-2z ,P% -
EIAR eI A G
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22, z= eE sin[—75~Z] ;
4 2

23. z=xV -y~

2. 7=
25. z=¢e";

26. z=2. ‘
X

2 2
27, z= 222,

xX=y

28. z = arcsin

s

x+y

29. z=(x2+y2) tgf—;
y

30. z==—-+arcsin(xy);

31. z=arctg]x+ ;

2

z oz
=(l+ylnx)—.
yo”xﬁy (I+y x)é’x
6z ozY |
_.z_+._z :._.exsinzz.
dx Oy 2 2
xﬁz+yé7_=(x+x+lnz)-z,
x T Oy
oz éz
X—+y =2z,
Ox oy
2 2 2,
x262—2 i +2 L= foxyz=
ox* Ix0y %
2 2 2,
252_2 5Z+y2ﬁ"—0
Ax Ixdy Ay

dz oz
X—+y—=

dx Jy
xé—i-i-yé’z =2z,

ox oy
xzf——xyaz +y2 =0

ox oy

3%z _
Ox0y

3.7. 3pa3ok eukoHaHHs iHOueidyansHO20 3ae0aHHA 3

3anava 1. 3naiiTy rpanuui GyHkuii :

Loa) i 4x3—-2x+1
ca) lim ———;
x->o<75~-6x2-—x3

. Cos 2x—cosdx
r) lim ————————— .
x—=0 x-sinx ?
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x2
6 | 2x? + 4x ) i x2+3
im —5—; a) lim
x>-2 x*—4 x>w| X2 =2
i Jx-3
B) lim R
x—>9 x—9 a

Po3s’si3anusa.

4_£+L
. 453 ~2x+1 {oo} i JUC 4
im ———s—x=4—/= lim =—4.
D) x5m 5-6x2—x>  |®) x5 _i_é_l
x3 X

. w .
Maemo HeBH3HAUEHICTH THIY {_} , 00 YNCENBHUK | 3HAMEHHMK nparuyTb
o0

10 HECKIHYEHHOCTI , KO X TIPAMYE [0 HECKiHUEHHOCTI .
JinnMo YNCeNIbHMK | 3HAMEHHHK Ha BIlni CTeNiHbL x , OAePIKyEMO HacT-
Ky QyHKLi#H , 110 MatOTh CKiHYEHH] FPaHuLi NpH x — o . ToMy 3acTOCOBYEMO 710
HHX TEOpEMM NPO TpaHnLi .
2x2+4x_{0}_ , 2(x+2) 2 -4

0

6) lim ———= = lim = lim = =
)x—>—2 x> -4 xo-2 (x=2)(x+2) «H-2 (x-2) -4

0
TyT HEBU3HAYEHICTb TUITY {6 OEPKYETHCS 32 PAXYHOK TOTO , IO B YH-

CENIBHUKY | 3HAMEHHHMKY MHOrO4IE€HH 06epTaloThcd B HyIb npu x — —2 . Posk-
NaBIIY YHUCENbHNK | 3HAMEHHHK Ha HAHOpOCTIIUi MHOXKHUKH i CKOPOTHURWIM Ha

MHOXKHUK (X +2), ofiepkyeMo HacTKy “0e3 HeBH3Ha4eHoCTi” , 10 AKOT 3aCTOCO-
BYEMO TEOPEMY MPO MPaHULI0 YACTKH .

B) Cnocif [ :
y [~3_{0} ’ Jx-3 ’ ] 1
m =NTT T am = lim =—.
x»9 x=9 (0] x50 (Wx-3)(Wx+3) <59 Vx+3 6

Bupa3s y 3HaMeHHUKY 3anyicany y BUrisai:

(=9 =(x)2-32=(Jx=3) (Jx +3) .
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Cnoci6 2 :

y Jx-3 {o} y (Wx -3)(/x +3) y x-9 N B

im ——=y=r=lim ——=—"=lim = lim =—.

x=9 =9  10] x50 (x-9)Wx+3) xo9 x-NWx+3) x-9x+3 6
TyT YUCCJIBHUK l 3HAMCHHHUK [TOMHOXXHUIN Ha Cnpﬂ)KeHl/lﬁ ‘{HCCHbHHKy BHU-

pas .

. 3x
= lim —————=2lim =2 lim —=
x—0 X sinx x>0 X x—>0 X

0

N lim —————— =
x—0 X sinx

&
cos2x —cosdx _{0} . 2sin3x sinx sin3x
=2:3=6.
Bupas y uucesIbHUKY NepeTBOPEHO BiAMOBIAHO A0 (OPMYJ TPUTOHOMETPIT .

Jani ckopucranuch TUM , o sin3x~3x npu x —>0 .

. 243
n lim|— ;
x-»0l x° —
2
x“+1 2 . ®
npu x — © 5 —1; x“->®,0mKe MaEMO HEBH3HAUEHICTb TURY {17} .
x“ -1

IepeTBopuMO BHpa3, 1O PO3TALIOBAHUIA i1 3HAKOM rpaHuLi, Tak, 106 ckopuc-

X
| TaTHCA JPYroI0 BAXTUBOIO rpaHuuelo :  lim (1 +—) =e.

X—>® X
2 2 2
X X
o (X243 o (x*-2+2+3 , s Y
lim | = =lim|————| = lim 1+ > =
x>l X7 ~2 X—>00 x“ =2 X —> @ x“ -2
5 2
x .
¥2_2 | x¥*-2 52 5 lm —
5 5 lim 2x x'ml—j
= lim |11+ 3 =et%x -2 = =g,
X —> © x“=2

[TomiTuMO , 110 BUpa3 , AKKii po3TallOBaHKH B OCHOBI, MOxHa Gyno 6 nepe-
TBOPHTH TaKHM YHHOM :

x%+3 X% +3 5

3 =1+ 3 -1=1+ 5 .

x“=-2 x“ -2 x<=2
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3apaua 2. [Tponudepenuitoraru 3anani Gynkuii . ¥V nynkrax a), 6), B),

r), ) 3HANTH MOXinaHi y'=—@— ; Yy TNyHKTax €), €) 3HalTu y’:ﬂ i
dx dx
V= d’y . :
dx?
12
3 X+
a)y:(17+7j ; ny =22,
N x xX=y
6) y = arctg——— | e) y=1In(4x-3) ;
\/1+x2
t"l int
8= x =sin ;
B) y=7 ¥ €) {
y=1-C0st .
3
) y=06x) " ;
Po3B’sizanns.

a) 3acTocoBYIOMM TPaBMIO AV(EepPeHLIIOBAaHHA CKNaaHol (PyHkuii , cTene-
HeBOT (DYHKUIT Ta CYMH , OlepPIKYEMO

12y
y':[(17+—§4—) J =((17+3x 12y =12.(17+3xH 1743074 =
X

N 1
=12-(17+—’4—J 3.(-4) x5 =148 ~[17+i4j .
X xb X

6) 3acTocoBylOUH NPABUIO AH(EPEHLIIOBAHHSA CKIAAHOT (yHKIUIT Ta YacT-
KM , 3HAXOAUMO

y'=[arctg X }: ! ( X J‘:
\/l+x2/ 1[ X 2 \/l+x2
+
\/l+x2

Pl a2 —ye 22X

1+ x2 _ Wi+x? 1 _1+x2——x2_ 1

— 2 - 2 "
I+x°+x I+x 1+2x J1+x2 (-1+2x2)\/1+x2
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B) 3aCTOCOBYIOUHM NpaBUIIO audepeHLiIOBaHHA MOKA3HUKOBOT Ta CKIaAHOI
dbyHKUi# , MaeMO

! 1

1 1 4 | tg—
tg— tg— tg— Y.
y=7%|=7 x.]n7(tg_l_) _7%% qn7 ] 1'(_%]:'“7 ln17_
¥ cos® — * x2 cos? =
X x

r) Jns andepeHLiloBaHHS NOKa3HUKOBO-CTeNeHeBoi (hyHKUii BUKOPUCTO-
Byemo JorapudMiuHe audepeHuitoBanHs . [Iponorapudmyemo obunsi wactuan
BUXiJHOTO BHpa3y :

3
y=(5x)">
Iny= x> InSx.
Bepemo Bix 060X 4acTUH MOXiAHY MO x :
-l—-y' = 3x? 1n5x+x3l5 ;
y Sx

2 = 3% Insx+x2 =x2(31n5x+1) ;
y

’ 3
¥ =y x*BInSx+1)=(5x)" -x}(3In5x+1) -

x) s qudeperiuiroBaHHs QyHKLUIT , 3a1aHOT HesBHO , GepeMo MoXiaHi Bix
000X 4acTHH 1o 3MiHHi} x , BBaXatoun , 1o y € ¢yHKuieo Bid x: y=y(x) .
s5_Xx+y
x-y’
oy ()= p) =G p)(1-y)
spd.y=UdY y - y)a-y ;
(x-y)
X-y+yx=yy-x+xy'—y+yy
(x-») '

. 2y +2x)
sy*-y =y_£v;
(x=y)

syt-y'=

3BiJICH 3HAXOAUMO

5p%-y(x-y)? =2y +2xy"
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Yy (x-y)t-2x)=-2y ;
' 2y
y = 4 7.
2x=5y " (x-y)

' 4 8In(4x-3)
‘=(In2(4x-3)) =21In(4x~3 =
&) ¥ =(In®(4x=3)) =2In(4x=3)—— ="

1
y”=(y')' =(8[n(4x_3)J' =84-xig4(4x—3)—41n(4x~3) _
4x -3 (4x—3)2
[-In(4x-3)
(4x-3)2

=32

€) lna dyHKuii , 1o 3aaHa napaMeTpUUHO :

@ _yid i
de  xidt x;
Sy (_d_x]'d, (fiz]
d2y__ dx _ dxz _ dxt )
dx*  dx  xdt X}

x =sint N
y=t-cost ;

dy _d(t—cost) 1+sint
de  d(sint) cost °
d l+sint cost-cost+sinz(1+sint)
dzy_ cos? cos ¢ _COSZI‘+Sint+Sin21‘_
it d(sint) cost cos’ ¢
_ l+sint
cos’¢
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3apaua 3. 3daiiTi rpaHuli , BUKOPHCTORYIOUM npasuno Jlonurans :
1

lim ; 6) lim (e +2x)3% .
=0 sinx—x X+

S x X
4 —e

Po3B’si3aHH1L.
) 0 .
a) MaemMo HEeBH3HAUCHICTL THIY 6 . 3actocoytoud Tpudi npasuno Jio-

nuTang , OACPXKYyeEMo

) snx _ x M oosx e . smxcos2 =M ¥ginx—g"
lim ———— = lim ————————— = lim =
x—0 Sinx—x 50 cosx-1 Xx—0 —sinx
i &M% cos® x + M ¥ 2cos x (- sinx) — "™ cosxsin x — e¥"* cosx — &*

im =
x—>0 ~COSXx
_140-0-1-1 -1

-1

6) MaeMo HeBU3HAYEHICTb THNY {ooo} . [TepeTBOpUMO BHPAa3, WO CTOITh
Mix 3HAKOM IpaHuLi , JUIS 4Or0 CKOPHCTAEMOCH OCHOBHOIO JIOrapH(pMIiuHOIO To-

ToxHicTIo 0 %84 b < p -

N 1 I

i
Ty ——In(ef+2
(ex+2x)3x =eln(er+2x) 3% _ g3x (em+2x)
Orxe,
1 X2y

' i " i1m ln(e3+2z)
lim (e +2x) =e'7** X
X—>+o0

In(e* +2x)

V¥ Bupasi lim
x—3-+00 3x

Byemo ripasusio Jlonurang :

. 0
Ma€MO HEBU3HAYECHICTD TUITY {—} . 3acToco-
o0

— (e +2)
x x
i In(e +2x)= lim £ +2x _
X—>+00 s x>+ 3
1. e"+2 1 . * 1
== lim ——=— lim =—
3xo4w ¢ +2x 3 xo4m 42 3
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OcTaTOYHO ONEPKYEMO !
11
lim (¢* +2x)3 =e3 =3e .

X—>+0o0

3anaua 4. Jocniauty 3anany GpyHKLUiO MeTOAaMHM JudepeRLianbHOTO Ykc-
JienHs i noGynyBatu i1 rpadik :
x2

a) y=x(x+1) ; 6) y=1—"

Po3s’sazanng. a) Obnactb BU3HAYEHHS PYHKUIT y = x(x +1)3 — BCS YMC-

noBa npaMa Ox , T00To xe R .
DyHKLiA He € ani TapHOI0 , aHi HeNapHOIo , TOOTO

y(-x)=—x(—x+l)3¢{ y(x) 3
) -y(x).

JIns 3HaXOMKEHHS TOUOK nepeTury rpadika QyHkuil 3 ocAMH KOOPAMHAT
noknagemo x=0 =y=0; y=0 =>x=01i x=-1.

dyHKLig HenepioauyHa .
3Haxo[uMO {HTepBAIN MOHOTOHHOCTI QYHKLIT Ta EKCTPEMYMHU !

Vo= (x+ 1P 43x(x+1)2 = (x4 D2 (x+143x) = (x+ )2 (4x +1) ,

. 1
yY=0mpux=-1 1 x= e Tonansiue po3s’a3aHHA MOXkHA OQOPMUTH y BHI-

nsal Tabauii :

x (— ©;— 1) -1 1 1 1 {1
oL - LI
‘ ’ 4 4 L 4 L]

¥y - 0 - 0 +

27
Y \ 0 \ 256 e
eKCTpEMYMY min
HEMAe

3HaxoAMMO IHTEPBANN BrHYTOCTI | OMYKJIOCTI Ta TOUKM Neperuny rpadika
(yHKLIT :
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Ty =2(x+ D(Ax+ D)+ (x+ D24 =2(x +1)(4x+1+2x +2) = 6(x+1)(2x +1) ;
1 1

y'=0 npu x;=-I, x2=—5;

y'>0 npu xe(- oo;——l)U(~—;—;oo) , Tpagik dyHKUiT BTHYTHI ;
" 1 H ren ~
y'<0 npu x e[—l;——z—] , rpadik GpyHKUIT onyKIKi ;

1
Touku X1 = -1, xp =-5 € TOUKaMH TIEPETHHY .
AcumnroTu rpadika ¢pyHkuii . BepTHkanbHEX acHMOTOT Hemae , 60 yHk-

uis BU3Havena Wwid BciXx x e R . [Toxuni acumntoTy

. f(x) .

y=ke+b, k= lim —-=_, b= lim [f(x)-kc]
x>t X X—>to0

Y Hawomy npuknaai

n:
k= lim A7 lim (x+l)3==ioo_
Xyt X x—>tw !

TakuM YHHOM , NOXWAUX acumnToT HeMae . Bynyemo rpagik dynkuii (puc. 3.2).

’




2
G) OGnactb BM3HAUSHHs QYHKUIT Yy = ll~ txe(0; DUA ;G o).
nx

DYHKIlis HE € aHi NapHOIO , aHi HeTIAPHOIO .
3HaX0AMMO TOUKH MepeTHHY rpadika ¢yHKLIT 3 0cIMU KoopaKHaT . 3 Biccro

Oy rpadik He nepeTnHaerscs , 60 x =0 ; 3 Biccilo Ox BiH TAKOX HE MNEPETH-
HaeThes .

DyHKLIiS HenepioauyHa .

3HaX0MUMO IHTEpPBATH MOHOTOHHOCTI (YHKUIT i eKCTpeMyMmH :

2 1
| 2xlnx-x x _2xIlnx-x x(2lhx-1)

(Inx)? (Inx)* (Inx)?

1
y'=0 npu x=e2 = Je , BpaxoBytoud obnacte Bu3HaueHHs (yHkUii . [Toganb-
1Ie po3B’A3aHHSA MOXHA O(OPMHUTH Y BUMIsAL Tabauui :

¥ 0D : (1;e)| e (Ves )
3y’ - He iCHye - 0 +
He ICHy€
y N N2 7
EKCTPEMYMY min
Hemae

3HaxoAUMO IHTEPBAJIM BIHYTOCT] | OMYKIIOCTI Ta TOUKM NeperuHy rpadika
GbyHKLIT

|:2(1-1nx+xl)—l](lnx)2 -(2xInx—x) 2lnx'l
y x

X
V'= =

(Inx) *
_ 2x(lnx+1)(lnx)2 -2(2xInx-x)Inx _ 2lnx[x(lnx+1)1nx-—(2xlnx—x)]=

x(Inx)* x(Inx) s

2 Iﬁ(]nx)2+xlnx—2xlnx+xj_ 2x|(]nx)2—lnx+lj-_ 2(In2x—lnx+l)
x(Inx)? x(Inx)? In? x :

145




TOYOK Neperudy Hemae , 60 )" He 00epTAETHCS B HYNb Hi 32 AIKOTO 3HAYCHHA X :
y'>0 npu x e(1; ), rpadix dynkuii Bruyruit ; y” <0 npu x (0; 1), rpadix
byHrWiT onyknuit .

3HaxoauMo acumnroTd rpadika ¢ynkuii . Ockinmekun lim y =+ |
x—1+0

lim y=-w ,To x=1 —BeprUKanbHa acUMNTOTA. 3HAXOAMMO MOXUIi ACUMII-
x—>1-0

ToTH: y=kx+b , ne k= lim ﬂx_), b= lim [ f(x)-kx].

X—>ton X X—>tw
Maemo
. X \ 1 .
k= lim —= lm —= lim x=+wx .
X+ lnx x—->+ool X—>+0
X

TakuM YUHOM, TTOXHIIUX ACUMIITOT HEMAE .
Byayemo rpadik yHkuii 3 ypaxyBaHHsaM Toro , wo y — 0 npu x — +0 (puc.3.3).

\

)ry

L

IR OO A A |

i

LI N B O Pt

1

:

=Y

S|

Puc. 3.3
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3apaua 5. 3anano dyHkuio z = sinz(x —a y).IlokasaTu , 110 BOHA 3a10-

2 2
. d%z 0%z . . . .
BONBHAE DIBHAHHIO o > =—5 ; NePEBIPUTH CTIPABEIMBICTL piBHOCTI
ax° Jdy :
0%z 9%
8x8y Oyix ' ' .

Po3p’sizanusn.

3HaX0[UMO YacTHHHI MOXiAHi ¢yHKuil z=sin2(x—ay) :
Oz . .
a—=25m(x—ay)cos(x—ay)=sm(2x—2ay) ;
x

2,
; =cos (2x-2ay)-2=2cos(2x-2a y) ;

ox

—é—j:zZsin(x—ay) cos(x—ay)(—a)=—-asin(2x-2ay) ;

5%z

}——2—=—ozcos(2x—2ozy)(—2a)=2oz2 cos(2x-2ay) ;

y \

%z

axﬁy=cos(2x—2ay)(—2a)=—2acos (2x-2ay) ;

5%z

=-qcos (2x-2ay)-2=-2acos(2x-2ay) .

dydx

. 5%z Az 2522 5%z
3BiACH BUIHO , LIO = , ATAKOK , WO & =—">,T0670 dyH-

oxdy JOydx Ox? yz To6T0 gyk

kuis z{x, y) AiMCHO 3aA0BOJILHSE JAHOMY PIBHSHHIO .
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[TIABA 4. IHTEMPAITN, QU®EPEHL]IANbHI PIBHSTHHS | PSIOQN
4.1. Hegu3HayeHuli iHmezpain

2, m.5, §51-5.17)]

Oynkuis F(x) HazuBacrbes mepBicHow ¢yHkuii f(x) Ha idTepsani
(a, b), sxwo F'(x)=f(x), xe(a,b).

SAxmwo f(x) mae nBi nepeicHi , BOHM BiAPI3HAIOTHCA HA cTaiy . IHIMMK
cnoBaMu , akwo F'(x)=f(x) i @' (x)=/(x), 10 F(x)=@(x)+C.
C = const . 3Bincy BUILIMBAE , 11O iCHYBAHHSA OxHiel neppicHoi F(x) mna f(x)
TACHE 32 co6010 iCHyBaHHS Oe3nivi nepricHux wnsa f(x) Burnagy F(x)+C .

CyxynHicTb ycixX nepBicHux ans GpyHkuil f(x) Haidrepsani (a. b) Ha3u-
BAETHCA HEBU3HAYEHMM iHTerpajom Bif dyHkuil f(x) Ha UbOMY iHTepBai i
N03HAYAEThCA I fx)dx .

Taxum YHHOM , _ff(x) dx=Fx)+C , F'(x)=f(x).

TaGnMis OCHOBHMX HEBM3HaueHHMX iHTerpaniB

a+1

L. Ixadx:x +C, a#-1.
a+l

dx

2. [T=hlx]+c, w20,
Yo = A

3. [a¥dx —+C

4. J.exdx=ex+C )

5. .fsinx dx=—-cosx+C .

[=))

. _[cosx dx=sin x+C .

f d); =tgx+C
cos“x

=
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dx
8. =—ctgx+C .
'[sinzx

9. _[\/I‘fx_z=arcsin x+C .

10. I\/—_ arcsm—+C
1. | d

1+x

7 = arctg x+C .

i2. j. 3 =— arctg£+C.
a +x a a
13 J- dx 1 a+x

a2 - x2 2a

+C , a#0.

a—x

J‘—r;gd—:—;i x+\[x2ia2’+c.

15, [ dr=x’xa’ +C .

= In

14.

S

x“ta
dx x
16. =In|tg—|+C .
j.sinx g2
dx x T
. Injtg| =+—1||+C .
17 '[cosx g(2 4J

18. f}gx dx=—ln|cosx|+C,
19. fctg x de=In|sinx|+C .
20. [shxdx=chx+C .

21. [chxdr=shx+C .

=thx+C .

dx
22. jchzx

23. szc =—cthx+C .
sh“x
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BnacTuBocTi HEBH3HAYEHOT( iHTerpaJa :
10 ([re dx) = r .
! 20, [/ @de=f@)+C.
0 .
3. flarm+Be]dr=aff(x)de+ Blg(x)dy,  a=const i
= const (U BIacTUBICTh HA3UBAETLCS BAACTUBICTIO JiHilHOCTI iHTerpana) .
4% stxwo If(x)dx=F(x)+C Ta u=@(x), TO
[fydu=F@)+C.

| Bnactusicts 47 03nauae , LU0 BATSA (POPMYNH IHTErPYBAaHHS He 3aeXKNTh
Bill TOTO , YM € 3MIHHA IHTErpyBaHHs HE3ANEKHO 3MIHHOIO , yi Audeperuiios-

HOFO (YHKLUEO .
O6uncaeHHsT HEeBU3HAYEHOTO {HTETPana 3a A0TOMOro0 TabliLl OCHOBHUX
inTerpanis Ta Horo BNacTUBOCTEN Ha3UBAIOTL DemocepeHiM IHTErpyBaAHHAM .

Mpuxnan 1. 3naiity iHTerpanu

a)J‘de’ )IM dx B)f dx
x x2(1+x%) sin® x cos? x

Po3p’sizanusg .

N jéf_-xJﬂdxzijzdx_jx‘%dxqi’._:x 2% +hnx]4C

I<1_+231)_ IMGI“ 5;2{4 dx2 =1 arctgx+C
X (l £ x? )i x (l+x ) X I+x X
- 2 2 ’
B) [y dx= [SLEFCOS Y oo L gyf——dx-=
sin“ x cos“ x sin“ x-cos“ x cos? x sin? x

=tgx—ctgx+C .




Hpuxnan 2. 3HaitTy iHTerpaiu , BUKOPUCTOBYIOUH BJaCTHBICTh 40 npo
He3aNIeKHICTh BUMIALY (OPMYSH iHTETPYBAHHS Bill Xapakrepy 3MiHHOT iHTerpy-
BaHHA (MeTOA miABeeHHs NiA 3Hak Audepenniaia) :

B) J. Kt dx

(arctgx)2
0) |—————d
I 2 (x4+2x +l)2

a) _[cos (Bx+2)dx ;

il

Po3p’sa3anns .

a) _fcos (3x+2)dx =§J.cos(3x+2) d(3x+2)=%sin(3x+2)+C >

3
o [0’ f(arctgx)zd(amtgx)=(_arc%ﬂ”+c

1+ x?
I - X +x _ Id(x +2x2 +12) — 1 . “C
(x +2x? +1) (x +2x2 +1) 4(x" +2x°+1)

OCHOBHUMH METOAMH {HTErpyBaHH € IHTErpyBaHHA YacTHHAMM i 3aMiHa
3MiHHOV .
MeToR iHTerpyBaHHs YacTHHAMM TIOJIArac B HACTYNHOMY . SAKwo u{x) i
v(x) — nuepenuiiiopti GyHkuii , To Mae Micue gopmyna iHTerpyBaHHs yacTH-
HaMH :
Iudv =y-v- jvdu .

Hpuxaaa 3. 3nailtu [ = _[xsinx dx .

Po3p’sizanns .

. u=x, dv=sinxdx
I= jxsmx dx= =-XxCoSx+ Icosx dx=
du=dx, v=—cosx

=-xcosx+sinx+C .
Skuio nigiHTerpanbHa GyHKLIsS Mae BUITIAL
P, (x)cos ax, P, (x)sinax, P,(x) %",

TO 33 u NpuiMaloTb MHorouneH F,{x) .
Skwo nixinrerpansHa dydxuis € 1o6yrkom norapudmiynoi abo o6epHeHol
TPUTOHOMETPHYHOT (pYHKLIT TA MHOrOWIEHA , TO 38 % NPUItMalOThb Ui (GyHKLIT .
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MeToa 3aMinm 3MIHHOT 11on1sTae B TOMy , 110 AK1WO dyHKLUis f(x) Herne-

pepBHa , TO BBaXaOUN x=¢ (¢) , e ¢ (¢) ta @'(t) HenepeprHi , OlePKYEMO
[f(x)dx=[flo)]p'(1) dt.

dx
(l+x)«/; A

IMpuxnan 4. 3uaiitn [ =

Po3p’A3aHHY .
- [ dx | x=t* “er.dt_
A+xWx |dx=2t-dt| 1+
dt
=2J. 5 :2arctgt+c=2arctg\/;+C .
1+¢

TIMoxinni enemenTapHuX QyHKLI JErko o64NCIIOIOTLCS 38 AOTIOMOTOO Jig-
AKUX TIPOCTUX NpaBui , To0TO audepeHLiIOBAHHS BHKOHYEThCS Malike aBTOMa-
TUYHO . [HaKIIE 3 {HTErPYBAHHAM: TYT 3yCTPiUatOTHCH 3 PI3HOMAHITHUMHU , IHKONU
WITYYHUMH , NpUioMaMH , NpUYOMY B Gararsox BUNankax He Bilpasy BUAHO , SKuii
npuitoM npusene 10 MeTu . Kpim Toro , BaxauBuM € ToH (GakT, wo iHTerpanu ,
X04a BOHHM i iICHYIOTb , JIaJIEKO He 1S BCIX eleMEHTapHIX (yHKUii MoxkyTb ByTH
BUPaXKeHi Y BUMMAAi CKiHueHHOT koMOiHaUil eneMeHTapHUX (yHKUIHM , HAaNpHKnazn :

sin x 2 2 . ..
J dx, [COS x“dx, _[e * dx rtainmi. Taki iHTerpaau Ha3uBalOThCs He-
Y J

eJieMeHTapHUMH ao cneuianbHuMU GyHKUisMu . ToMy Ansd OBONOMIHHSA TexHi-
KOO IHTErpyBaHHS BAKIIMBO PO3PIZHATH KNACH eNeMeHTapHUX (yHKuiil , nepricHi
AKMX € TaKOXK eJeMeHTapHi QyHKUIT , a BIANOBIAHUIA NpoLEc iHTerpyBaHHA BUKO-
HY€ThCS 3TLAHO 31 CTAaHAAPTHUMMU NpaBUJIaMHK |

4.1.1. InmeapyeaHHs payioHankHux dpobis

®ynxuia Pu(%)

Ha3MBAETbCA pauioHanbHuM Apobom , skwo P, (x) i
n X

@, (x) — MHOrOuNeHU BiAMOBIAHO cTeneHiB m Ta n (3 AificHuMu koediuieHTa-

MH) . SIKIIO m < 1, TO Api0 HA3UBAETLCS MPABUILHUM , Y NPOTHJIEKHOMY BUIIa-

KY — HENPaBUAbHUM .
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LLngxoM BrAIIEHHS LIA0T YaCTHHII HEMPAaBUAbHOTO APoOy 3aKaua IHTerpy-
BaHHA 3BOAMTLCS A0 3HAXOMKEHHS MEPBICHO1 NPAaBMIBLHOrO Apody . byab-skui
NpaBuILHWIA pallioHanbHUH JPI0 MOXHA PO3KIIACTH B CYMY HAHIIPOCTIWHA 4p0dIB
BUIAALY

A A Ax+B Ax+ B

x—a’

ko ) b
CmaT et (P prtg)

ne k=2,3,..; A4, B.a, p,q—crani, npuiomy p-4g<0 .
Lle po3knanaHus 30iliCHIOETLCA CiayIoMuM unHOM . Hexail sHaMeHHMK

On(x)=b X" +b, (X" N+ b x+by
Mae JIiHCHI KopeHi ay , dy ..., d KpartHocTell s, $5 ..., Sk Ta KOMINEKCHO-CNPs-
xkeHl napu kopenis By, B..... Br. B¢ xpardoctedl 1. 12,... k.

Toui @ (¥) mae Buran :

) ‘
O (x)=b,(x—a) - (x~a;)* ~(x2+plx+ql) Lo (x2 +prx+q, Yo -

e Syt+sytots H2(0 G H )=,

Cxtap,xrg, =(x-B,)(x-B,). y=1,1.

R
Toai po3knananus 1poby Py () Ha CyMy HalinpocTimix apo6iB orpimye
=n\
BHUIJISHT
Pu(x) 4 43 A.\|
= — ottt +
Ou(x)  (x=a)"' (x-a))" x-aj
e o+
B B B
+ L, 2 - L
(x—ap)'* (x—ay)* Y—ay
C']X+ D| Cyx+ D2 c"l X+ DI|
+ = +ot— +
(x%+ x+g ) (x2+p x+qg )t X+ pixtyg
P 1 1 1 P i
ST T U O USSP STV T RO TP PRV +
Mix+ N Max+ N M, x+ N,
1 | + 2 2 T (
(P rpxrg)t Raprrg)'T T A pxg
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Koediuient 4, ,-..,B,, C,, D, ... M;, N, 3uaxonaTscsi TAKMM YHHOM .

Hicnsa npuBeieHHs 10 3arajlbHOTO 3HAMEHHHKA NPaBOT YACTHHH, OTPUMYEMO
PIBHICTb ABOX MHOTOUJICHIB . [3 L€l piBHOCTI BKa3aHi koediuieHT 3HaxoaaTh a6o
MPUPIBHIOUM KOe(DilliEHTH TIPYU OIHAKOBUX ¢TeneHaX x B 000X yactuHax (me-
Tox HeBH3HAYeHUX KkoedinieHTip) ; abo HanarouM x 3HAUEHHS KOPEHiB 3HAMEH-
HUKa , 10 OCOOIMBO 3pyYHO y BUMAAKy AIACHNX Ta Pi3HMX KOPEHIB (MeTod 3a-
OaHHSt YaCTHHHHUX 3Ha4YeHk) ; 200 BUKOPUCTOBYIOUY 0DUIBA METOIH .

4—4x3+x2+6x+1

dx
x3—5x2+6x

Ipuxnan S. O6uucnury 7 =I X

Po3e’sizanns. [TininterpanbHa QpyHkLis — HenpaBUbHAUI Apib . ToMy , noA-
iMUBIIYM YMCENBHUK HA 3HAMEHHHMK , 3anuieMo (YyHKUIIO Yy BUNIALL (BULITEHHS
LiTOT YaCTHHH)

. 4 4.3 2
X 45>+ x +6x+1=x+1+ 1

x3-—5x2+6x x3~5x2+6x .

P03KJ’13.116M0 3HaAaMCHHHK Ha npOCTi MHOXHHKH
¥ =5x2+6x=x(x-2) (x-3).

Hpi6 ——~—~1 po3knanemMo Ha Hainpocriwi (y naHoMy BMNanky KopeHi
x(x—2)x—3)
3HaMeHHMKa AfifcHi i pisni) :
) i A B C
*(x-2)(*=3) x x-2 x-3°
ne A, B. C — HeBU3IHAUEHI NOKM KOe(ilieHTH .

3Bigen  A(x-2)(x-3)+ Bx(x—-3)+Cx(x-2)=1 .

BHKOPHCTOBYIOUM METO[ 3aJaHHA YACTHHHUX 3HAYEHb JUIA 3HAXOMKEHHS
xoediuienris 4, B, C, MaeMo :

1
npu x =0 64=1, A=g;

1
[ mpu x=2  2B=1, B=-7; .

npy x =3 3C=1, C=
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TopepTarouuch 10 BUXIAHOTO iHTETpana , ONEepIKyeMO

1= [x+1+—— ! + I }dx (x+1) 6In|x'—

6x 2(x-2) 3(x-3) 2

—lln|x~2]+lln|x—3|+c :
2 3

IcToTHOIO € Ta 06CTaBMHA , WO iHTErPYBAaHHS LIMPOKHUX KIIACiB TPUTOHO-
METPUYHHUX Ta ippauioHanbHUX (YHKLiH , fAK MpaBuno, 3a JONOMOTIOI0 Crie-
HiasNbHUX MiACTAHOBOK 3BOAMTLCA 10 IHTErpyBaHHS paunioHanbHuX apobis { “pai-
ioHanizauia” miginTerpaibHoi GyHkLil ) .

4.1.2. IimezpysaHHsi mpuzoOHOMempPUYHUX hyHKYil

7
Tyt caig 3acBoiTH npuifoMu iHTerpyBaHHa (QyHKuUili Burnany

R(sin x, cos x), TO6TO pO3rIAHYTH IHTerpaiu J‘R(sin x,co8x) dx,

ae R{u, v) — pauioHanbHa QyHxuis n8ox aMiHHUX . Taki iHTerpany NpuUBOAATE-

¢ 10 iHTerpanis Bix parioHanbHol (yHKUIT HOBOTO apryMeHTy ¢ MilCTAHOBKOIO ,
AKY HAa3UBAIOTh YHIBEPCANHHOLO :

dt.

dx=

9 9

1+ 12 1+ 12 1+ [2
OnHak came BHACA1{OK CBOE! YHIBEPCAJILHOCTI LAl NACTAHOBKA YaCTO NPU-

3BOAMTD J10 CKJIAJIHUX BUKNAAOK . Binbul 3pyyHi , HANPHKNAN , HACTYMNHI MigcTa-

HOBKH :

X [
tg5=t, Tomi sin x =

a)t=cos x, axwo R(-sin x, cosx)=-R(sin x,cos x) ;
6) t=sin x , akwo R(sin x, —cos x)=-R(sin x, cos x) ;

B) t=tg x, akwo R{-sin x,—cos x)=R(sin x,cosx).
4.1.3. InmeapyeaHHs Gesikux ippayioHanbHUX yHKUil

I. InTerpan Buraany
jR{x, alaxeby g b
L cx+d c d

ax+b
cx+d

pauioHani3yeTbcs MiCTaHOBKOIO f=
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2. Iuterpan Burnagy

IR(x, \}axz +bx+c) dx

BUIiNIEHHAM TOBHOTO KBajipaTa B KBaJPaTHOMY TPHMH4JEHI i 3aMiHOIO 3MiHHOI

b .
u=Xx+ -2— NPUBOANTLCA OO OAHOrO 3 HACTYINHHX TUIIIB
a

a) IR (u, Vat-u? )du ;
6) _[R(u, \/u2~a2)du ;

B) IR(u , Vul+a? ) du .
Jins oGuucHeHHs OCTaHHiX idTerpaniB 3acTOCOBYIOTH TPUTOHOMETPHUHI

. . a
nigcTaHoBku : a) u=asinf ; 6) u =— . B) u=a@ tg t , LIO NPUBOAATH
sin ¢

iHTerpanu no BUMIALY IR(sin t,cost)dt.

3ATIMTAHHA 1 3ABJAHHA AJI51 CAMOIIEPEBIPKH

1. Copmyimoiite o3HaueHHs nepBicHOT (yHKUIT | HEBU3HAYEHOTO iHTErpana .
2. HanwwiTs TabAuLI0 OCHOBHUX iHTETpasis .
3. JloBeniTh OCHOBHI BNaCTHBOCTI HEBU3HAYEHOTO iHTerpana .

4. O6uucautn J(Sx + 1)2 d x nBoMa cnocofami : 1) 3a gONoOMoOroto Biac-

tusocti 4° inTerpana ; 2) 3a A0MOMOTrOIO BIACTHBOCTI 30 niniitrocri iHTerpana .
TlokaxiTh , 10 pe3yAbTAT ONMH | TOH XKE .

5. Busenitb GopMyiy iHTErpyBaHHsS yaCTUHAMH B HEBM3HAYE€HOMY iHTer-
padti i BKaXiTh THIH iHTETPaiB , IS IKHX AOUINBHO 3aCTOCYBAHHA i€l opmynn .

6. Busenite opMyny 3aMiHu 3MIHHOT B HEBM3HAYEHOMY THTErpani .

7. Busenith (popMyny iHTErpyBaHH HAHPOCTILINX OpOBIB .

8. Buxnanite cniocofu ofuucneHHs iHTerpanie Bin TPUrOHOMETPUYHMX
¢dyHKuii .

9. Bukunagits ciocoGu 0GUMCIEHHs IHTerpanis Bifl lesKiX ippauioHanbHuX
GyHkuii .
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4.2. BusHa4veHull iHmezpan

2, m.6,§6.1-64,68-611;m.7, §7.1-73, 7.5, 7.7, 1.8]

Hexalt ¢yukuis f(x) BuU3HaueHa Ha BiJpi3ky [a,b] i Hexait

A=y <x,<x.<..<x <x <..<x _ <x =ph -IIOBi.HbHe 030UTTH
0 1 2 7 1+1 n-1 n

LBOTO BiApi3Ka Ha » yacTHUHHUX Bigpiskie [x,—y, x,], i=1, n . BuGepemo Ha

KoXHOMY Biapisky [X,-1, ¥, ] nosinsny Touky &, i cknanemo cymy :

=\
I
M=

f(gl) A'xl » A€ Axl =X, X1

1
—

i
Yucno I, HazuBaeThCA IHTErpaabLHoI0 cymMol0 GyHKWT f(x) . Wwo Biano-

Biae naHomy posbutrio Biapiska [a, b] i BuGopy Touok &, . IlosHaunmo

A=max Ax,, i=l,n.

O3unauenHs. Ao icHye rpaHiUs iHTerpanbHOi cymu [, mpu 4 — 0 ,
AKa He 3aJIeXUTh Bif cnocoly po3butts sinpizka [a, b], Ta Bixm BuGOpy TouOK
£, , TO LA IpaHMIA HA3MBAETLCA BU3HAYECHUM iHTErpasiom Bin GyHkuii f(x)

b
Ha Binpi3ky [a, b] i no3navaeTnes ff(x) dx :

a
b n
dx=1lim [, = lim Ax, .
ajf(x) x=lim 1, l_)ogf(é,) ,

UKcA0 a Ha3MBAETLCA HUKHBOIO , HUCHIO § — BEPXHLOIO MEXKEIO iHTErPY-
b

BaHHA BU3HAYEHOTO iHTerpana . SIKiio iHTerpan If(x) d x ICHYE , TO KaXyTh ,
a

wo ¢yukuis f (x) inrerposHa Ha Binpizky [a, ] . MoxHa nokasaty , o Hene-
pepsHa Ha Binpisky [a, b] dyukuia f(x) Oyae iHTerpoBHa .
Feomerpuuna inTepnperauis : skuo f(x) >0 Hanpomixky [a, b] , T0

b
iHTerpan _[f(x) dx (a<b) ssnge coboto miouly xpuoninijinol Tpanewii —

a
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Girypu , ooMexeHol niHielo y = f(x) ,npaMuMH x=a Ta x=b ,Biccio Oy .

VY 3aranbHOMY BUMajgky BU3sHaYe€HUH iHTerpan xopieHioe anredpaiusii cymi
ol giryp , oOOMeXeHUX AiHisMU y = f(x) , x=a , x=h , y=0 , npuuomy
Mol , po3TalloBaHi BUILE OCi (x, BXOAATb B LIO CyMY 3i 3HAKOM «+» , a
IO , po3TauIoBaHi HHKYE oci Ox , — 30 3HAKOM «—» .

OcHOBHI BNaCTHBOCTI BU3HAYEHOTO iHTErpaJy:

10 [f(x)dx=0

b a
20 [fx)dx==[f(x)dx
a b
30.5IK1110 S (x) 1 g(x) interposuiHa [a, b], Cy i Cy —crani, 1o

b b b
I[C]f(x)+(j2 g(x)]d’x:cl ff(x) dx+C» fg(x) dx

a a a
( BacTuBicTh NiHifiHOCTI iHTErpana ) .

4. fAxuio f(x) interpopHa Ha [a, c] i [c, b], To BOHa iHTErpOBHA TaKOX Ha

[a, b] , npuyomy

b c b
[fx)ydx=[f(x)dx+ [f(x)dx

( BNAcTUBICTb aJIMTHBHOCTI iHTerpana ) .
3ayBaxuMO , 110 TOUKA ¢ MOXe OYTH JOBiJIbHO PO3MilleHa BiJIHOCHO To-

YK a, b-
59 Skwo m< f(x)<M wafa,b],T0

b
m(b-a)< [f(x) dx<M(b-a)
a
( ouiHKa BH3HAYEHOrO iHTErpana) .

60 . Akwo f(x) wenepepeuaHa {a, b] . To icHye Taka Touxa ¢ € [a, b], mo

b
[f(x)dx=s(c)(b-a)
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,

( Teopema 1po cepenHe 3HaveHHs ) . Yucno f(¢) Ha3MBAETHLCS CEPENHIM 3HAYEH-
Ham Qynkuii f(x) Ha [«, b].

Axwo F(x) — nepricha st f (x) . 70610 F'(x)=f(x) nHa |u. h}.
To Mae micue ¢opmyaa Helorona - Jleiidniua :

b
J.f(x) dx=F(b)-F(a)
a
OcraHHi0 QopMysy IHKONMH Ha3NBalOTh OCHOBHOIO (POPMYNOI0 aM(pepen-

UiaNbHOrO Ta INTErpanbHOro YHCHEHHs . PisHuwo F(b)— F(a) 3anucyloTs

b
TAKOK y BHIISAA F(x)‘ . '
a

I
Mpnkaag 1. O6uucnurn I:J dx .

0 l+x4

Pois’si3anHsa. Maemo

i t
2xdx d( xz)
1=4J- T =4 32
o T+x" . 5 14(x7)
OcCHOBHUMHM MeToIaMy OOUHCIICHHS BU3HAUEHOIO IHTErpaia ¢ iH1erpysam-
HA 4aCTHHAMH 1 3amiHa 3MIHHOT .

Slkwo u(x) i v(x) — HenepepBHi AHdeperLiiiOBHI (yHKUIT HA BIAPI3KY

1
=4arctg e '():4(al'ctgl —arctg () :4~§ =T

[a, b], cnpaBemnusa QopmyJsa iHTerpyBants YacTHRAMIN :

b b b
fudv=uv| ~[rvdu.
a
a a ‘
3amina 3MiHHOI y BH3HAuEHOMY iHTErpali . .

b B
[reydx=[floO1 91y dr,

ae x = @(t) («nigcranoBkan) — QyHKUis , HeNEepepBHA Pa3oM 3i CBOEIO MOXIAHOIO
@'(t) naginpizky [a, f]. ela)=a, p(LBY=b.a f[ ¢(1)] Henepepsua Ha
la. B1.

fcToTHO0 € Ta 00CTaBHHA |, IO . BUKOHABLUHN 3aMiHY 3MIHHOT y BU3HAYEHO-
My IHTErpajti, 3rooM He MOoBEepPTaloThCs A0 CTapoi 3IMIHHOT . 4 3HAXOAATHL HOBI
Mexi iHTerpyBaHHs .
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In3 x

Mpuknaa 2. O6uucnutu interpan [ = j dx .
0 ex+1
Poss’azanns.
e“+l1=t
In3 x _ 4 4
I= [ ax=| € dx=dl e
0 ex+1 x=0’ =2 2 £ 2
x=In3, r=e"34+1=4
=In4-In2=mn2-

3BincH MOXHa 3pOOMTH BUCHOBOK , L0 A1 0OYMCNIEHHS BU3HAUEHUX HTer-
pajliB 3a A0MOMOroK NEpBIiCHUX HeoOXinHO BojoaiTH MeToaaMu O6UHCIEHDb He-
BU3HAUEHUX IHTErpanis .

HesJiacui inTerpann GyBaioTh ABOX TUMIB @ a) 3 HECKIHYEHHUMH Mexa-
Mu; 0) Bin HeoOMexeHuUX GyHKUiH .

0
Hesnachuit iHTerpan _[f(x) d x BU3HAYAETLCA 32 JONOMOTOK FPaHHNYHO-
a
® b
TO Mepexony : _[f(x) dx= lim If(x) dx . SIKuo OCTaHHS rpaHULA iCHYE i €
2 b—)ooa
CKiHYEHHOIO , HEBJIACHMIA iHTEerpaj Ha3UBaETHCA 30DKHUM , Y IPOTUIICKHOMY BHU-

1]
najgky — po30iXHUM . AHANOTiYHO BU3HAYAIOTLCA iHTErpanu ff(x) dx

—o0

[f(x)ydx

Sxwo F(x) — nepsicHa ana f(x) Ha po3mIALYBaHOMY NPOMIKKY , TO .
HanpukiIam ,

0 b o
[r(x) dxzblim [r(x) dxzblim [F(b)-F(a)]=F(x)

arct,
gx dx

o0
Hpuknag 3. O6uucnuru /[ = '[
0 l+x2

.
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Po3p’sizanus.
e o]

o0
1
“farctex dx= _[arctg x d{(arctg x)= 0) arctgzx .

I=
1+_x
2 2
1 2 N (=« °
=—| lim arctg“x—arctg0 |=—| —{ =—.
(xlmarcg X g J 2(2J -

Cxema noGyoBH IHTErpajibHUX CYM JUIS BU3HAYEHOTo iHTerpana BU3Hauae
BEJIMKY Pi3HOMaHITHICTb HOro 3acTocyBaHb y 3agayax reomerpil ta ¢izuku . Ha-
BENEMO CTHUCIHIf OMIAM AeAKUX 3aCTOCYBaHb BU3HAYEHOTO iHTErpana .

1. O6uucnenns nuow nockux ¢iryp :
a) nnowy ¢irypu, obmexenol kpubumu y= fi(x) i y=f5(x)

(1)< fo(x)) ranpamumu x=a 1 x=b , 3HaxoaaTh 3a YopMyIIO0O
b
S=[lH(x)~fix)]dx ;

6) nnowa xpuBoAiHiliHOro cexropa, 0BMEKEHOTO KpUBOWO p=p (@) |

NOIAPHUMH pajliycaMn ¢ =a, @ = [ , BASHA4AETLCs iHTErpasoM

B) AKUIO KPUBA 3a/laHa MapaMeTPUYHUMH PiBHAHHAMU x =X (1), ¥y = y(!)
fy £t <t , TOo nrowa BiAnoBiAHOl KpUBORiHiHHOT Tpaneuil oGUUCIIOETHCE 32

dopmynoro
)
S= [y()x'(t)dt

h
2. loexuua | nnockoi kpuBOT 06UHCIIOETHCS 3a (HOPMYIIOI0
b
a) B NPAMOKYTHUX KOOpAMHATAX /= jds , Ae ds=4l +y'2 -dx
a
Fij
0) B MONIAPHUX KOOpAUHATaX [ = Ia’s , e ds= NP TP, do ;

a
<1<ty

B) NPH NapaMeTpUYHOMY 3ajaHHi kpuBol x =x(¢), y=y(¢)
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2! (2. 2
1=_[ds, ne ds= x’+y’-dt.

n

3. Sxuwo nyra nnockoi KpuBoi obepTaeThes HaBKOMO oci abcuuc | TO MIolLa
HOBEPXHi 06epTaHHA 06YHCIIOETbCA 3a HOPMYJIOL0

b
P=2ﬂfy ds
: )

Je Mexi inTerpyBaHHa Ta AudepeHLlian Iyru ds BM3HAYalOThCA , AK i y BUMAIKY
O6UUCIEHHS TOBXUHU TYTH .
4. O6’emM Tina , yTBOpeHHUIi obepTaHHIM KpUBOiHiiiROT TpaneLii , obMexe-

Hol niniamu y= f(x), x=a, x=b i y=0 , HaBKoJIO Oci (Ox, OBUHCTIOIOTD
3a (opmynoro

b
V=7rJ.y2 dx

a

Ilpuknan 4. 3Haliti noBxuHy kapaioinu p = a(l+cosg) .

Po3s’azaHHdA. 3 oMIfAy Ha CUMETPHUHICTL KPUBOT BilHoCHO oci abcumc

MaeMo
g 2 2
I=2_Hp +p'pdo,
0

ds=,’p2+p'z d(p=\/a2(1+cos¢>)2+azsin2(0 do= .
=a1/2+2cos¢ d¢=2acos% do;

n

x r
l=4aIcos£ do= 8asin 2 2=8a.

o 2 2 o

.3a A0oMnOMOrol0 BH3HAUEHOTO iHTerpana o6uUCIOI0Th CTATHYHI MOMEHTH i
MOMEHTH iHepLiT MocKuX ayr Ta Qiryp , IX KOOpAMHATH LEHTPA TAXKIHHA , po6o-
Ty i THCK , IIAIX , NPOiaeHNUI TiiOM npH 3aaaHiil WBMAKOCTI , Ta iHwe . [Ipu ubo-
MY BHKOPHCTOBYIOTb 3arajlbHy cxeMy noGyzoBH BU3HA4YEHOro iHTerpana i ¢iznu-
HUI 3aKOH , AKMI ONuUCye Tevilo po3misayBanoro npouecy . Hanpuknag , poGora
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3MmiHHOl cHii F = f(x), Ritouoi B HanpaMKy oci Ox Ha Biapi3ky [a, b] , Bu3Ha-
b
yaetbcsl 332 Gopmynow A4 = _[f(x) dx ; wasx , npoiineHudt TisoM 3a Bigpizok

a
yacy [#,t;] nmpu 3agaHiii weuakocti v=v(r) , Oyae nopiBHIOBATH
2
S={v(r) dt .
4] )
3acToCcyBaHHs BUSHAYEHOTO iHTErpana B eKOHOMIlli OMHUCAaHO B I . § .

3AIIMTAHHA 1 3ABIAHHA 151 CAMOIIEPEBIPKH

1. Hagenits 3afadi, O NpUBORATE A0 MOHATTA BU3HAUEHOrO iHTErpana ;
copmyoiiTe oro 03HaYEHHS .
2. CpopmymoiiTe i 1OBEAITH OCHOBHI BIACTUBOCTI BU3HAYEHOro {HTerpana .

\ a
3. Hoeenits , wo xomu f(x) — HenapHa QyHKuUis , To j.f(x) dx=0.
—d
1e f{(x) - HemepepBHa Ha Binpi3ky [~a, a] .
X
4. Toseaits , Wo ¢yHkuis F(x) = J‘ f(t) dt e nepsicHolo mna Henepeps-
a
Hoi pyHkuit f(x).
5. Busenits ¢popmyny Hetotona — JleiiGniua' s 06uHCIEHHS BUSHAYEHOTO
iHTerpana .
6. Bupenitb (hopMyny 3aMiHi 3MiHHOT y BU3HAYEHOMY iHTErpali .
7. Cropmysioiite 03HaUEHHS HEBIACHOTO iHTETpaa 3 HECKiIHYEHHUMU Me-
&KaMu i iHTerpana Bin HeoOMexeHOT QyHKLIT .

4.3. fluchepeHyianbHi pigHAHHS

3, m. 1, §L.i-14, 1.11, 1.15-1.18)

PiBHAHHA BUrNARY

F(x, y(x), Y(3)s o, ¥ M(x))=0
Ha3HUBaeThCA 3BHYAHHHUM NH(epeHLiaIbHUM PIBHAHHAM , e F — BiloMa (yHK-

Uifg; X — He3ajlexHa 3MiHHA ; y(x) — HeBinoMa (wrykaHa) QpyHKLUIs .
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Haitsuimit nopsaaok noxinuoi dyukuii y(x) , wo BXoauTh y piBHAHHS ,
HazMBaeThCA Mopsiakom audepenuianbHoro pisHsHug . Hanpuknan ,
2y'- x2+ y-1=0 - PIBHSHHA NEPHIOTO MOPSAIKY .

Po3sp’sizkom qudepeHLianbHOTO PIBHAHHS 1-TO NOPARKY HA3UBAETLCA 1 pa3
HenepepsHo AudepeHLiitoBHa Ha nedkoMy iHTepsani yHkUia y = @ (x) , saKa npu
NiACTaHOBLI B PIBHAHHS 3aMicTb HeBidoMOT (yHKUiT 06epTac #ioro B TOTOKHICTS .
Hanpuknan , po3s’azkoM piBusaHs y = ¥’ Oyzne dyHkuis y = y(C, x)=Ce*. ae
C — noBineHa cTana , To6To BOHO Mae Ge31iy po3B’A3KiB .

3arajibHIM po3B’A3KOM H(ePEHLaNBHOrO PiBHAHHS NMEPLIOTo NOPSIKY
¥ =f(x,y) BobGnacti D na3usaerncs Taxa pyhxuis y=¢(x,C), wo:

a) BOHA € PO3B’A3KOM PiBHAHHSA JUIA B~iX 3HaueHb cTatol C 3 Jedkei MHO-
XHHH ;

6) ana Oyas-saxoi mouaTkoBoi yMoBH ¥ (Xxy)= )y , Takoi, 10 Touka
(xg, yo)e D, ichye eaune 3Hauenns C=Cp npu skoMy po3B’A30K
y=@(x, C) 3a10Bo/bHAE 3aaHill moyaTkoBiit yMOBI .

Posr’sis0k y=¢ (x, Cp). oTpuMaHuii 3 3aransHoro y=¢ (x, C) npu
C =Cy, HA3UBAETLCA YACTHHHHUM PO3R’A3KOM .

3anaua , B AKifl BUMAraerbca 3HalTH YaCTUHHUI PO3B’A30K PiBHAHHA
¥ = f(x, y) npunouarkosiii ymoBi y(xg) = yp, Ha3supacrhes 3anadero Koni .

TeomeTpruno 3aransHuil po3e’s30k y=¢ (x,C) BHU3HAYa€ Ha MJIOLLMHI
CiM’10 KPHBHX , 11O 3aNeKNTH Bil napamerpa C . Lli kpuBi HasuBawTLCA iHTEr-
pansHuMn . 3Micr 3ana4i Kowi nonsrae B Tomy , Wo clif 3HaWTH KpUBY , sika
NPOXOAUTH Hepe3 3aaany TouKy (Xg, Vo).

3aranpHuii po3R’A30k nudepeHLUialbHOrO piBHAHHE #-ro nopsaky Oyue
MICTUTU 7 JOBINbHUX CTANMX , T06TO Mae Bursin y =@ (x, Cy, Cy, ..., C,) ,a

Ans po3B’A3Ky 3afaqi Kouli BpaxoByeTbCst 71 NOYATKOBMX YMOB .
Hanpuxnan , Ans piBHAHHA TPETLOrO MOPAAKY , PO3B’A3AHOTO BiJHOCHO
cTapuoi noxiaHol , 3afa4a Kowi GopMynioeTbes TakuM HHHOM : 3HAHTH YACTHH-

HUH PO3B’s30K piBHAHHA ¥ = f(x, y, V', V') , W0 33a/10BONBHAE NOYATKOBUM
ymosaM y(xg)=yo ¥'(x0)=yo ¥'(x0)=0 -

ITpouec 3HaxowKeHHA PO3B’A3KiB NHepeHLiaNbHUX PIBHAHD HAZUBAETHCS
iHTerpyBaHHsaM QudepeHLianbHUX PiBHAHb .
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SIkwo uedt npouec 3BoAnThCA A0 anrebpaiuHux onepauii Ta oduncneHHs
CKIHYEHHOTO YHCAA IHTErpais i MOXiAHYUX , TO KQXYTb , LLO PIBHAHHS iHTErPy€EThb-
cs B KBanparypax abo B ckinueHHoMy Burisifi . Knacu Takux piBHAHb Han3Bu4ai-
HO BY3bKi , TOMY 3B@XaIOUH Ha Te, 11O nuq)epeuuianbui piBHSHHS € OJHNM 3 OcC-
HOBHUX MaTeMaTHYHUX aNapariB itkeHepa , NPOBIHY POk TYT BiAirpatoTh Ha-
OMuKeHi METOAM PO3B’ 43Ky IndepeHUianbHUX PIBHAHB , LIO IHTEHCHBHO po3p06-
JISIFOTHCA HUHI .

1. AndepeHuianbHi piBHAHHA 3 BIIOKPeMII0BAHHMH 3MiHHHMH — L€ Hali-
npocriwi qudepeHuUianbHi piBHAHHS NEPLIOTO MOPAAKY , 11O MAIOTh BUIIIAL

H(B) gy dx+f1(x)g(y) dy=0.
Slxkmo »oaHa 3 GyHKLiH B NiBii YacTHHI PIBHAHHSA He NOPIBHHIOE TOTOXKHBO

HYMIO , TO , NIOAINMNBILK JBY Ta NPaBy YacTHHYU PiBHAHAA Ha g((Y)/2(x) 1 Buko-
HaBLUM iHTErpyBaHHA , OTPUMAEMO PO3B’A30K

ffl(x) J'gz()’)

S, gity)

OcTaHHE CMIBBIAHOWEHHA BU3HAYA€E 3arajlbHHil PO3B’A30K BUXiZHOTO
PiBHAHHSA .

l
[=]

Mpuknan 1. 3nalith yacTHHHAN PO3B’A30K AMPEpEeHLIaATbLHOTO PIBHARHA

xy ==,

akwo  y(e)=1.

Po3B’sa3anns. [lependiiemMo piBHSAHHS Y BUrNANI

LAy _ vy
dx inx
1 po3ainuMO 3MiHHi :
dy dx
T_xlnx )

INpointerpyBaBLIH , OTPUMAEMO 3arajibHUIi PO3B’A30K PIBHAHHS :
ln']nx|+ln]C]=ln|y| ) y=Clnx .
BHKOpHCTABILY MOYATKOBI YMOBH , 3Hali1leMO 3HaY€HHA CTANO1 :
1=C Ine , C=1.
MigcraBusmy C B 3aranbHUi po3B’a30K , OTPUMAEMO YACTUHHKH PO3BR’A30K
=Inx .
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2. OaHOpiAHUM BiIHOCHO 3MiHHMX audepeHLianbHUM PIBHAHHAM Mep-
LIOTO TIOPAAKY HA3HUBAETLCA PiBHAHHA

y=7(x,y),

ne f(Ax, Ay)= f(x, y) ana 6yas-skoro ;3 .IloxnaBum A -1 , OTPUMAEMO ,
X

wo f(x, y):f(l, !-J , TOMY NiJCTaHOBKOK
X
y=ux
ne u=u(x), y =u'x+u, BUXiOHe PIBHAHHA MPUBOAMTBCA 1O PIBHAHHA 3
Bi JOKPEMJIIOBAHUMH 3MiHHUMH .

Mpuknan 2. 3HailTH 3araibHU PO3B’A30K PiBHAHHA X ) =X sin 2, y.
X

Po3p’sizanun. [loninuBuiy o6MABI YaCTUHM PIBHAHHA Ha X, OTPUMAEMO

y' = sinZ+2 _ OJHOpiNHE BiIHOCHO 3MIHHMX AMpepeHLiansHe pIBHAHHA nep-
X X

woro nopanky . Iicna migcranosku y=ux, y =u'x+u Oygemo matu

, . du .
ux+u=sinu+u ; X ——=siny .
dx
\
. . du dx
Po30inuMo 3MIHHL © — =—.
sinu  x

MpoiHrerpyemo : In

u u
tg — =ln|x|+1n|C]:>tg——=Cx.
2 2
[oBepHemocs 10 BUXiAHOT 3MIHHOT , BPaXoByIOUM , WO u =2 , 1 3HaiigeMo 3a-
X

rajtbHHii po3B’sa30K : tg _2_y_ =Cx, y=2xarctg Cx .
x -

3. Jliniitni audepennianbHi piBHAHHA NEPILOTO MOPAAKY Ta piBHAHHA Bep-
Hy/i . PiBHAHHS
[
y+p(x)y=q(x)
Ha3UBaeThCA JiHiHAM . ONHUM i3 METOMIB iHTErpyBaHHA JIIHIHHOIO PiBHAHHS €
meToa BepHynni . 3aransHuit po3s’a30K wIykaloTh Y BUMAA no6yTky ABOX He-

Bigomux QyHkUil u=u(x) i v=v(x), To6TO Yy=uV .
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3sincn y' =u'v+uv' . Buxigde piBHAHHA NEPETBOPIOETHCA 10 BULIALY

Wv+uv+p(x)uv=qg(x) abo u'v+ul[v+p(x)v]=q(x) .

3a ¢yHkuito v 6epyTh 6yab-axy QyHKLUIiIO , IO aHYIIOE BUpa3 y KBajpar-
HMX JIyXKaX , TOOTO PO3B’I3yIOTh PiBHAHHSA 3 BilOKPEMIIIOBAHUMU 3MiHHUMH
~ d
V+p(x)v=0 = v=e fp(x)dx
(C=0,60 v —0Oyap-gxuii YacTHHHUI1 pO3B’A30K OCTAHHLOI'O PIBHAHHA) . BUxia-
He piBHAHHA NpuiiMae micnsg ULOTO BUMMAL

u'v=q(x)
a6o

u'=q(x)efp(x)dx ,

3BiIKH u=jq(x)e'[p(x)dxdx+C .

OcTtarto4Ho y=u-v=(Iq(x)ej'p(x)dxdx_FC) e-IP(x)dx'

IMpu iHTerpyBaHHi KOHKPETHOTO PiIBHAHHSA 0CTaHHBLOIO GOPMYNOLO, AK Mpa-
BUJIO , HE KOPHCTYIOTLCS , @ MOCITiZIOBHO BUKOHYIOTDh YCi onepallil 3a 03Ha4€HO
cXeMo10 . 32 Li€l0 K CXeMOIO0 iHTerpyIoTh i piBHsHHs BepHysni

m
y+p(x)y=4q(x)y (m#0, m#1) .
4. Jlinifinum oaHopinHuM audepeHNiaIbHUM PiBHAHHAM APYroro no-
pAAKY 3i cTanuMH koediLlieHTaMH Ha3UBAETLCA PiBHAHHA
Y+py'+qy=0,
ae P, ¢ — gpifticHi uucna . Jns #oro po3B’A3Ky CKIafarOTh XapakTepUCTHYHE
PIBHAHHA

K2+ pk+q=0
TA 3HAXONATK HOTO KOpeHi &y , ky . 3aranenuii poss’smok y=¢ (x.C;,C,)

PIBHSHHS Ma€ Takuit BUIIIAL :

kx s e -
a) y=(Ce Py C, ek2* , KO KOpeHi mificHi Ta pisui (k) #4,) ;
6) y=e**(C,+Cyx) , axmo xopemi kpari (ky=ky=k) ;

B) y=e""(Cycos fx+Cycos fx) , sxwo kopeHi kommuekchi (kj, =

=atfi).
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S. JliniiinuM HeoxHOpiAHMM AndepeHUialbHUM DPIBHSIHHAM APYroro
NOPAAKY 3i CTalMMHU KO€(iLIEHTAMU HA3UBAETHLCA PiBHAHHA

” !
Y+py+qy=f(x),

ae f(x) —3anana ¢yHKuis .

PiBHsAHHSA

L4 !
Y'+py+qy=0

Ha3UBA€EThCS BiANOBIAHUM HOMY OJTHOPiIHMM PiBHAHHAM .

CrpyKTypa 3arajbHOTO PO3B’ 3Ky HEOAHOPIXHOIO PiBHSHHS :

- *
y=y+y

ne y —3aralbHHil po3B’A30K BiAMOBIAHOIO ONHOPINHOrO piBHAHHA ; y* — Gyab-
AKUI YACTHHHUI PO3B’SA30K BUXIHOTO HEOAHOPIIHOTO PIBHAHHSA .

Skiwo npasa yacTMHa f (X) PiBHAHHA Ma€ BULIAR

fx)=e**[P(x)cos fx+Q(x)sin fx],
ae @, B —crani, P(x) i Q(x) - MHOTOUNIEHH , HANGLILILIKI CTENIHD AKKX O~

piBHIOE 11 , YACTHHHUH PO3B’130K y* MOXHA MiAIGpaTH 3a BUMIALOM IIPaBoi 4ac-

THHH .
VY ubOMY BUNAAKY

y* =x"e* [u, (x) cos Bx+v, (x)sinBx],

ne u,(x), v,(x) —MHOrouneHu cTenens n 3 HeBUIHAUCHUMMU KoediLieHTaMu ;
r - NIOKa3aHYK KPaTHOCTi kopeHs & + i f B XapakTepHCTUMHOMY PiB-HAHHI (r =0 ,
akwo o * iff He € KOpeHeM XapakTepUCTUUHOrO PIBHAHHA ; r=1 , AKWO
@ % i € KopeHeM XapakTepUCTHUHOIO PIBHAHHSA) .

3okpeMa, AKLIO

S(x)=Pp(x)e*™,
TO
*
y =xar (x) eax >
ae R, (x) — MHOrousieH cTeneHs » 3 HeBU3HaUeHUMH Noku koedillieHTaMu ; r —

NOKA3HUK KPAaTHOCTI KOPEHA ¢ B XapaKTepUCTHUHOMY PiBHAHHI ( ¥ MOXe npHii-
MatH 3HaueHHs 0, 1 abo 2).
SAxwo

f(x)=AcosfBx+Bsinfix,
A, B — koHcTaHTH , TO
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o

¥ =x"(Ccos Bx+Dsin fx),

pe C, D —neBusHaueHi KoeilieHTH ; r — NOKa3HMK KPAaTHOCTI KopeHs + i B
XapaKTePUCTHYHOMY PIBHAHHI .

HeBusHaueHi koe(ilieHTH 3HAXOAATb 3 CHCTEMU JiHIRHUX anrebpaiuHux
piBHAHD , KA OTPUMYETbCA 3 YMOB piBHOCTI koedilieHTiB noxibHMxX useHiB y
nipagiit Ta niBil yaCTMHAX HEOAHOPIAHOTO PiBHAHHS MiCAA NiACTAHOBKH B HLOTO

* .
¥ 3amicts Y.

Mpuxnan 3. 3xaliTy 3aransHuil po3s’ 430K PIBHAHHA

yn_5y1+6y=e2x'

- *
Po3r’si3anns. 3aranbHuil po3B’A30K Ma€ BUMIAA Yy = y+y  3HAXOIUMO
y - XapakrepuCcTUuHE PiBHAHHA k> - 5k+6 =0 Mae kopeHi ky =2, ky =3, TOML

y=C1€2x+C2€3x~

X

. 2 . . N
3Haxonumo y* .Qckinbku f{x)=e"" i ¢ =2 306iraeThcs 3 OMHUM i3 KO-

- o * !
PEHIB XapakTepUCTUHHOIO PIBHAHHSA , TO y = Axe?* . OBuncmoemo yr,oyt
Ta MiACTABIAEMO Y BUXiJHE PIBHAHHA :

12

y=Axe?®

Y =de?(1+2x); Yy =44eP(1+x);
44e?* (M +x)~54e* (1+2x) + 64dxe?* =e?¥;
(~54+44)e** =e?*.

V npagiit uactuHi xoediuieHT npu e?

¥ popiBHIOE OAMHMLUI , y MBIl KOpiB-
Hioe ~SA+4 A4, tomy -54A+4A4=1, 3sinku A=-1 ., 10610 y*:—xez"

Toi 3arajibHuil PO3B’A30K AaHOTO PIBHAHHA Mae BUDIAL

9

y=Ce** +Cpa’* — xe?*.

Hagenemo npuknan po3s’s3aHHs 3afaui reoMeTpii 3a gonomororw nude-
PEHLIaNnbHMUX PIBHAHD .

Ipuxaan 4. 3HaliTh KPUBI , B SIKUX TOYUKA NEPETHRY Oy/b-1KOT TOTHUHOT 3
Biccto abcuuc Mae abcuucy , Lo JOPiBHIOE 3/4 abcuycu TOYKKM AOTHKY .
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> . ) [T
Posp’azanns. Hexait y=f(x) — piBHAHHA wykaHoi kpuBol i Touka
M (x, y) - nosinbHa Touka Ha KpuBiif . PIBHAHHA JOTHUHOT Ko NiHIT y = f(x) Yy

Touli M, sk BinoMo , Mae Burnan Y -y =y'(X —x), ne X, Y—norouHi koop-
IVHATH TOYOK JOTHYHOT . 3HAX0AMMO TOUKY AepeTHHY NOTHYHOI 3 Biccio abeiue ,

’

TO6TO BBaXaeMo Y =0 , TOJi X=x-z— . 3a yMOBOWO X=%x , TOMY

x—l——:;- aGo Ay Jlnsg BU3HAYEHHS PIBHAHHA LIYKAaHUX KPUBUX OTpH-
;==X y = Pl p Yy p P

Mai piBHAHHA 3 BiJOKpEM/HOBAaHMMH 3MiHHUMHU . [HTErpytouy foro , MaeMo

4y 4. dy _4ddx.
dx x’ y x
In|y |=4In| x |+In|C];
In|y |=1n|‘Cx4I ;
y= Cx4 .
Cnin HakpecnuTy rpadiky KpuBHMX , BUOpaBLUM AeKiNbKa 3Ha4eHb ( .

Ipuknangy po3s’A3aHHA 3alia4 €KOHOMIKM 3a JIOMOMOrowo audepeHuians-
HUX piBHAHb PO3MISAHYTI B MaBi § .

3ATIMTAHHA 1 3ABJAHHA 11 CAMOIIEPEBIPKU

1. HaBenitTh O3HaueHHA 3arajbHOTO PO3B’A3KY AN AHdepeHUiaibHOro
piBHAHHS nepuioro nopanxy . Copmynroiite 3anauy Koiui ans unx piBHsHb .

2. Chopmymoiite TeopeMy iCHyBaHHs i €quHOCTI po3B’a3ky 3afa4i Kouri
115 piBHAHB MEPLIOro MOPSIKY .

3. HasBits knacu audepeHuianbHUX PiBHAHL NEPLIOTo NOPAAKY , WO iHTer-
PYIOTBCS B KBAAPaTypax , i BUKJIAAITh METOAM 1X PO3B’A3aHHS.

4. CopmyniofiTe i noBeniTh OCHOBHI BIACTHBOCTI YACTUHHUX PO3B’A3KIB
TiHIHHUX OXHOPIAHKX AudepEeHUiaNbHUX PIBHAHDL H-TO TIOPSAAKY.

5. Buenits ¢opMyity 3arajbHOTO po3B’A3KY ONHOPIAHOTO PiBHAHHS APY-
roro NopAIKY 3i cTanuMu KoedilieHTaMu Ul TaKMX BUMANKIB : AIACHHX Pi3HUX
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KOPEHIB XapaKkTepHCTUYHOTO PiBHAHHS ; AIICHUX KPATHUX KOPEHIB XapakTepHc-
TUYHOTO PIBHAHHSA ; KOMIUIEKCHUX KOPEHIB XapakTepuCTUYHOTO PiBHAHHA .

6. Buknazith npaBui10 3HaXOLKEHHA YACTHHHOIO PO3B’A3KY HEOLHOPIAHO-
ro piBHAHHS APYToro MOPAAKY 3i cTanmuMu koediuieHTamMHu , SKILO jforo npasa ya-

ctuHa f(x) mae pumaan f(x)=¢%%p,(x), ne P,(x) — MHOrouneH n-ro
creneus; f(x)=Acosfx+Bsinffx , ne A, B -—crani.

‘ 4.4. Psdu '
. [2, .9, §9.1-9.12, 9.14, .4, §4.15, 4.16]
|

[
Bupas u) +uy +uzt..tu, +..= Zu” Ha3MBAETLCA YHCIIOBUM PSAOM ,
n=1

auyucna ¥, — yneHamu paay . Paj HazuBaeTbca 36IMHUM , AKIIO Or0 4YaCTUHHA

n
cyMa S, =Y u, UpH n—>c0 Mae ckiHuenHy rpanumo lim S, =S5 ; npu upo-
1=1 n—>0
My BEJIMYMHA S HA3MBAETHLCA CyMOO pafy . SIxuto rpamuus {im §, He icHye
n—>»
abo HECKIHYEHHA , TO PA/ HA3UBAETHCA PO3GLKHUM .

HeoGxiana o3uaxa 36ixkH0cTi : Ko paa 36iraersea , 1o lim u, =0 .
n—r90

Hacninoxk: akwo limu, =0, to pag pos3biraetses .
n—oC

Ipu nocnimkenHi 36iKHOCT] pAfiB 3 AONATHUMY tneHam (#,>0) Buxo-
PHCTOBYIOTLCA HACTYIHI O3HAKH .

o] o0
Osuaka NOpiBHAHHS : Hexal sanaui nsa paan Y u, (1), D.v, (2) i
n=1 n=]

Hexall KOHUH wieH pagy (1) ve 6inblue BianoBigHoro uneHa paxy (2), Tobto
U,<v, . Tomi: a)axwo 36iraersca pan (2), Tto 36iraerses i psa (1);
6) saxwo po3biraeTscs pan (1), To posbiraersea i pan (2) .
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I'panuvHa 03HAKA MOPIBHSIHHS: Hexall 3alaHi 1Ba paIM |
[ee] o0
DUn (1) i 2Va@), u,>0, v,>0;
n=1 n=1

3 lim 22 =4 (4#0, A=)
n—>o Vp
tomi pamu (1), (2) obunea 36iratoTbes, abo o0u/Ba po3biraloThes .
106 nocniauTy 36ikHICTL 3a0aHOTO PAAY 32 AOMOMOIOK OOHOT 3 O3HAK
NOPIBHAHHA , CNIA NMini6paTy iHWHI BigoMuit psan, 3 AkuM MoxxHa 6yno 6 iforo
NOPIBHATH . 3a BitoMKii po30iXKHUIA pA YaCTO BHKOPUCTOBYHOTh rapMOHIYHHIA AL

[=2]
| .. . .
Z —.B PoOJit BLAOMOTIO 301KHOrO pany AN NOPIBHAHHA MOXXHA BUKOPHCTATH
n=1
HECKIHYEHHO CMajaiwyy T€OMETPUUYHY MPOrpeciio — reoMeTpHYHHUEA pan

o3 o0

- \ 1
Zaq" P (a0, ‘q|<l) , a6o pan ofepHeHuX KBaaparis . -5 -
n=l n=1 N

O3naka Janambepa : Hexall 1/1s 3HAKOLONATHOIO PAAy ICHYE FpaHMLA

Upiy

lim =1 . Toni pan36iraeTbcs 3a yMoBM [ <1 i po3biraerbes , ko /> 1 .

n—>o0 u n
Axio /=1, nutanH npo 36iXHICTs paay HeoOXiTHO BUPiLIYBATH 33 JOMIOMOTO0

{HUINX O3HAK .
PaauxanbHa o3naka Kowi : Hexalt 11 3HaKOHOAATHOro pAdy iCHYE

lim ”,/u,, =/ . Toni psax36iraeThes 3a ymoBH [ <1 i posbiraetocs , sxuo /> 1 ;
n—>w

akwo /=1, 36DKHICTs pALY BCTAHOBMIOETLCS 32 JOTIOMOIrOK) iHILKMX O3HAK .
o0
InTerpasbHa o3naxa Kowi : fkuio wis 3HaKOA0AATHOrO pARy Z f(n)
n=1
w0
¢oyukuis f(x) > 0 HenepepBHa i He3pocraeHa [1, «) , To iHTerpan jf(x) dx
i
[+0]
Ta pan Y f(n) BoAHouac 3BiratoThes abo posGiraoTses .
n=l1
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o0
Psan Zun Ha3UBAETHCS 3HAKO3MIHHUM , AKLIO cepel; HOoro WieHiB € gk J10-
n=lI
JATHi , Tak 1 Big’eMHi .
JocTaTHs 03HaKa 30iHOCTI 3HAKO3MIHHOTO PAAY : 9KMUIO 36iraeThes paj

Z| | , CKNajienuit i3 abCONOTHHX BETMYHH UJIEHIB BUXiJHOTO Py , TO HaHHUH

pﬂ,[l TAKOX 30ira€ThCcA 1 HA3UBAETLCH AGCOTIOTHO 36iKHUM .

@D

Skwo pan zun 36iraetbes , a pan ZI | po3biraerscs , TO BUXigHUA
n=1 n=1
pAA Ha3UBAETHCSA YMOBHO 30iKHMM .
YacTHHHUM BHMAJAKOM 3HAKO3MIHHOIO paAny € 3HAKoNepeMiKHHMIE psia ,

YJTeHH AKOTO CTPOrO YEPryrOThCS 3a 3HAKOM :
Up—Uy +Ug—Uy+.. (u,>0).
O3znaxa JleiiGrina : sKuwo B 3qakonepeMiKHOMY pai a0COMOTHI Ben4u-
HU YJIEHIB Py CNANAIOTE U] > U7 > U3 > ... > U, .. TAa3araibHUi YeH nparie

10 Hyna  lim up=0, To pan 36iraeThea .
n—»o

Po3ristHEMO NpUKIAaAN OOCTIKEHHS 301KHOCTI YHCIIOBUX PALIB .
= 2

n-1
Hpuxian 1. Z W

n=1

Po3s’sizanns. [TepeBipuMo , 44 BUKOHYEThCA HEOOXiAHA 03HaKa 301XKHOCTI
2n-1

lim ;= lim =120 =
n—»w n—>w n

PpAd po36iraeThes 3TiIHO 3 HAC/TIAKOM 3 HEOOBXiJHOT 03HAKH .

1

Ipuxaan 2. Z Tsion"
[o o]
Pozp’si3anus. [lopisHIOIOUH NaHUi PAx 3 rapMOHIYHUM Z — , 34 O3Ha-
n=1
. s Up g n 1
KOK NOpiBHAHHA oTpuMaemo lim =2 = lim ——=—=0. Omxe. 06unBa

n—w© vy, n—om 1+10n 10
panu po30iraloThe .
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1

s

TIpuknan 3. 1
wil
n=1
, 1 !
Po3p’si3auns. JanuwemMo #, =— i y, = , 38CTOCYEMO 03~
n! (n+1)!
Haky JanamGepa :
, .
lim 2o+l fim "~ im ! =0 <1 = pan30iracthey .

oy, n-o (B+1)!D a0 n+l

n

X n+1
HMpuknax 4. Y
. n=t \ 2n-1

n+1 \
Posp’sizannn. 3annmeMo u, =[ 1) i 3aCTOCYEMO paaMKanbHy 03-

2n-
Haky Kouwii :
lim "y, = = lim n+tl =.1~<1 => paA36iraeTses .
n—o n->o 2n-1 2

1

Hpuxnan 5. Z JZ?I' .

Po3B’sa3anHs. 3aCTocyeM0 mTerpaany o3Haky Komwi :

i

dx=
en T
=%Nlim 2 a1 l ~Liim (AT -5 =0 =

2Now
HEeBJIaCHUi iHTerpan po3biraeToes , i ToMy BHXigHHil pan Takox po3biracThes .

|
INpukaan 6. ) i —
pHKan nz_:l() 2n-1"

Po3B’sizanHs. OcKiIbKH pax 3HaKOHepeMi)KHPH7l, TO 33CTOCYEMO O3HaKy
JleitGHiua :
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a)l > 1 > 1 > > l > .
373> g T
6) lim u,= lim 1 =0 = pansbiracTecsa .
- n—sew 2n-1

BCTaHOBUMO THII 301KHOCTI, U1 YOI PO3MIAHEMO

[e.0] e 0] l
X |uy ' = X ;
n=1 n=1 2n-1
1 0 1
33 O3HAKOKW ﬂOpiBHﬂHHﬁ, ﬂOpiBHlOK)‘lPI 3 FapMOHi‘[Hl/lM paaoM Z — , OTpHMAEMO
n=i "
fim 2% gim " =Lsg,

nso Vv, noo 2n-1 2

oTxe , obunsa psaau po3biratoTbes .

o0
TakuM unHOM , pAa Z (—1)"“-——-— 36iraeTbcs YMOBHO .

| 2n-1
[
SIKiio yneHamu psay € hyHkuil HezanexHoi 3MiHHOT x, TO psn Zu,,(x)
n=1
Ha3HBacTheA (PYHKLRIOHAABHUM . MHOXHHA 3HAYEHb 3MIiHHOT X , MIPH AKMX ueil
pan30iraeTbes, Ha3uBaeThCs 0bnacTio 36ixHoCTI psiny. CyMoio paay Ha3UBAETHCS

n
dynkuis S(x), akuo S(x)= lim §,(x), xe S,(x)= Zu,(x), a x Hane-
n—>0 =1
XHUTs oBnacti 36iXKHOCTI .

V mesakux BUNajkax [l 3HaXOpKeHHA obnacTi 36KHOCTI pssy MOXHa 3ac-
TOCYBAaTH BiNOMi O03HAaKW 301KHOCTI YyHCIOBHX paaiB (o3Haka Jlanambepa abo
Komi) , BBaxkaoud x ikcOBaHOIO BEIUUHHOIO .

CTeneHeBUM PSIAOM HA3HUBAETHCA PAL BUNIALY

ol n
Zan(x"‘a) 5
n=0

1e a, a, — nificHi 4ucna , a,, — xoediuieHTy wieHis pagy . 3okpema , mpu g =0
OZIEpKYEMO CTENEHERBUI PAL 32 CTENCHAMH X

S}
Zanxn .
n=0
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O6nacTio 361HOCTI CTENEHOBOTO PAAY € iHTepBalt 36iHOCTI | x—a | <R
3 LEHTPOM y TOUlli x =a , “B cepeauHi” akoro pax 36iractecs abco/loTHO ; Npu
| x—a [> R pan posbiraerbes . Ha kiHugx iHtepany 36ixHocTi ¥ =ax R pan

Moske abo 36iratucs , abo posdirarucs ; npu 361KHOCTI BiANOBiAHA TOUKA BKIIIO-
qaeThes B obnacth 36ikHOCTI . [ pi3HUX cTeneHeBUX PAAiB uucio R (paniyc
36XHOCTI) MOXKE BUSBUTHCA PIBHUM HYJIIO , CKIHUEHHOMY UHMCTy ab0 HecKiHUeH-
HOCTI i OBUHCTIIOETLCS 32 (GOPMYIIOID

a

. . 1
R=lim . abo R=lim ——=—==,
e n—w "‘ ' a, I

o€ dy , A,y — KoedilieHTv npu n-My i (n+1)-My unenax pany .

Po3misHEMO npHKIagM Ha 3HAXOMKeHHs 06nacTi 30iXKHOCTI CTENCHEBMX
panis .

i

S onel nel 2 (x-2)"
Ifpuknan 7. a) 22 x™ 1 6) Z E—

n=| n=1

— an—1 .
Posp’sizanHs. a)3amuwemo an=2""" , any1=2",Toni

n-1
R=lim |- |- m 221
n=old gl noe 27 27

1 1 . . . . -
OTXE, lxi < 5 abo - > <x< 5 inTepBan 30ixkHocTi . Hocnimkyemo 361kHicTb

. . . . 1
pAdy Ha KiHUAX 3HalieHoro inTepsany 36ixnocti . [lpy x = -3 OTPUMAEMO PAL

et o0
Z(~ 1) n-l , 110 € po36iKHUM , a TIpH x = ! OTPUMAEMO YUCIIOBUIA AL Z 1,
n=1 2 n=1
O TaKoXK po3biraerscs . Takum unHOM , o6macTh 301KHOCTI CTENEHEBOro psay
Mae BUIIAL,

1<x<1 abo xe(——]~ l)
2 2’ 2°2)
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! 1 .
6) 3anmmemMo ay,=—, a,.| =—- , Toli
n n+

n—»w RN
oTke, —l<x—-2<1, abo 1< x <3 — inTepBan 36ikHOCTI . 36DKHICTb pALy Ha

. - L hd n 1 .
KiHLAX IHTepBaly : 32 YMOBH x =1 OTpAMAaeMo psft Z(—l) — , Wwo 36iraeTbes
n=l n
e o]
yMOBHO (o3Haka Jlelibniua) ; npu X =3 oTpUMAEMO YMCIOBHR pAX Z -, 1o

n=1
po36iraeTbes . TakiuM yHOM , 06nacThb 36iXHOCTI cTeneHeBoro pAay , Ulo A0CHi-
IKYETHCA , Ma€ BULNAL,
l<x<3, abo x€[l,3).

CreneHeBuit psl MOXKHA MOYJIEHHO AUGEPEHLIIOBATH i IHTErpyBaTH Beepe-
IUHi #toro inTepsany 36ixuocTi . lpu usomy cTeneHesi paav , mo GynyTs oTpU-
MaHi . MaloTh Toil sxe iHTepBan 36iXHOCTI , Wo i BUXiaHUi pax .

Sxwo ¢yHxuia f (x) Mae noxinHi BCiX NOPSAKiB B OKON TOYKH X =d , TO

Inst Hel hopManbHO MOXKHA 3aMMcaTh Po3KiajaHHa y crenesesuit psaa (paa Teii-
Jopa):

f(k)()

f)=Y—=(x-a)".
k=0

OnHak y KOXXHOMY BHMAJKy He06xizmo JOCJHKYBATH , 32 AKMX 3Ha4Y€Hb Xx
pan 36iraerscs i konu Horo cymoro Oyne came dyHkuis f(x) .

SAxwo g =0, ogepxUMo 4acTHHHUN BUNaaok pany Teiinopa, o Ha3uBsa-
10Th psaaomM MaxkJiopena :

(k)

HaBezneMo po3knanaHHs NesKUX BOXIMBHX eleMEHTapPHUX (YHKLUIH v cTe-
TNIEHEBI PAIH 3 BKa3iBKolo obnacTeil 361KHOCTI :

aid n
Le*=Y %  (-®o<x<+0);
nzon. !
Z 2 +1
2. sinx= ) (=" (—o<x<+mw);
o (2 +)! -
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3. cosx—Z( ) —=—— (m0 <x<+o);

foar’ (2n)'
4 (1+x)m= i’: m(m-1) ;.'(m—-n+1) o (-l<x<1);
n=0 °
5. In (1+x)= Z( 1)"*”‘ (-1<x<1y.
n=1

[HkonM npu po3knanaHHi NoTpiGHOT QYHKUIT B Pl BUKOPUCTOBYIOKOTE MO~
YNEHHE nud)epeHuiloaaHHﬂ Ta iHTErpyBaHHA BiloMHX pafiB a6o reomeTpuyHol
nporpecii .

TonanHs Tiel abo iHwoT GyHKUIT y BUIMIALI CTENeHEBOro psmy 4acTo BUKO-
PUCTOBYETHCS B HabNHAKEHUX OOUHCIIEHHSX , @ TAKOXK NPH PO3B’A3aHHI AndepeH-
Uia/lbHUX PIBHSHb .

nx

a
' . si
Mpuxaax 8. O6uucnuTH HabnkeHO iHTerpa I

0

Po3p’si3aHus. BUKOPHCTOBYIOUM pO3KNAfaHHA I SinX , OfepXKyeMo
2n

sinx
- T G

n=0
Lis pisHicTs iHTeI‘pyCTbCHB mexax Big 0 10 a 4

a2n+1

sinx n i
I dx=2.(D (2n+1) (2n+D)1°

n=0
CyMy psly JIErKo o6lmcnum 3 HEOOXIIHOXO TOUHICTIO NPH 3aIaHOMY ¢t .

HNpuknan 9. 3ualiTy HabnuxKeHUH po3B’ 130K AU(EPEHLIANTEHOTO PIBHAHHA
y’=xy2+1 mpu y(1)=0 .

Po3p’sizanus. Llei po3s’sa3ok 3anuinemo y Bumani pany Teiinopa 3a cre-
neHamu (x-1) :

3aymoBoto y(1)=0 .IloknaBium B piBHAHHI x =1 , 3Halinemo y'(1)=1 .
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TTponudepeHioeMo BUXigHe piBHAHHSA Ta OTpUMaeMo 3" = y 24+2xyy ,3Bincu
npy x =1 y"(1)=0. dani 3n0By AnbdeperuitoeMo piBHAHHS APYroro NopaaKy i
onepkyeMo y"=2yy +2yy +2xy'? +2xyy" ;OpH x =1 y(3)(l) =72 . Ana-
JIOTiYHO y(4) = 6y'2 +6yy"+6xj;’y”+2xyy"’ ; IpU x=1 OTPUMYEMO

y®(ny=6irT.a. .
3 ypaxyBaHHAM 3HANIEHUX 3HauYeHb PO3B’A3KIB V i HOro MoXiaHUX y ToULi
x =1 Marumemo

2(x-1) _6(x=1)*

x— x-
y(x)=(x-1)+ Tt
abo

y(x)=(x—1)+—;- (x_1)3+% (x-D*+ ., .

3ATNIUTAHHA | 3ABJAHHA 13 CAMOIIEPEBIPKH

1. JlaiiTe 0O3Ha4EHHA YHCIOBOTO PAAY , 3arajibHOro YJeHa ALy , HaCTHHHOT
CyMU pAZY , CyMH psgy , 36ixHOCTI 1 po3OixHOCTI panis .

2. Jocninits 36DKHICTL pARy , CKJIANEHOTO 3 WIEHIB reOMeTPUUYHOI mpo-
rpecii .

3. Copmymoiite i nOBeniTH OCHOBHI BIACTHBOCTI YMCIOBUX PALIB .

4. Copmynioiire i n0BeiTh HEOOXiAHY 03HAKY 36KHOCTI pALy | HACTIHOK
3 Hiel 03HAKY .

5. Cohopmymofite i IOBENiT: O3HAKH MOPIBHAHHS PANIB 3 JOAATHUMM e~
HaMH . '

6. Copmymioiite o3Haku anam6Gepa i Kowi ( panukaibHy Ta iHterpab-
Hy ) 36KHOCTI paiB , HAaBeAiTh MPHKIAAX 3aCTOCYBAHHS LMX O3HAK .

7. JocniniTs 32 10NOMOroi0 iHTerpanbHoT o3Haky Koui 361kHiCTb y3aranb-
HEHOTO FApMOHIYHOTO PALY . .

8. Jlaiire o3HaYeHHA 3HAKO3MIHHOTO PAAY .

9. CdopmymoiiTe 10CTaTHIO 03HAKY 301XKHOCTI 3HAKO3MIHHOIO psay .

10. Haiite o3HaueHHS aGCOMOTHO i YMOBHO 36i)KHOIO 3HAKO3MIHHOTO Psjy
i copMynoiiTe OCHOBHI B1aCTHBOCTI LKX PANIB .

11. JafiTe 03HAUEHHA 3HAKOMIEPEMIXKHOTO PALy .

12. Chopmymoiite o3Haky JleitGHiua 36ixHOCTI 3HAKOTIEpeM DKHUX PANiB i
HaBeIITb NPUKAAAU 3aCTOCYBAHHSA L€l O3HAKH .
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13. Hdaiite o3HaueHHs (QyHKLIOHAIBLHOIO paay , ioro obnacti 36ixKHOCTI .

14. Taiite o3Ha4eHHs 3arajbHOIO YileHa , YACTHHHOT CyMHU i 3aJIUIIKY QyH-
KUioHaNbHOTO pany , chopMmymoiite ymMoBy 36ixHOCTI pany .

15. JlaiiTe 03HaYEHHA CTENEHEBOIO Psifly Ta iHTepBaiy Horo 36iXHOCTI .

16. Chopmynioiite Teopemy Abenst npo xapakrep obnacti 36ikHOCTI cTe-

TIEHEBUX PALIB .

17. Buegite dopmyny Ans obuucieHHs paaiyca 30ixHOCTI cTerieHeBoro

pamy .

18. 3anumits pan Teinopa ana ¢yukuii f(x). Posknamits dyHkuit

y=sin x, y=c0S X Y CTeNeHeBUI paa .
19. Ha ocHOBi TeopemMu Npo iHTErpyBaHHA CTENEHEBUX PAIIB BUKOHaiTe
po3knafaHHs B pan MaknopeHa ¢yHkuiit y = arcsin x , y =arctg x .
20. Buknagite MeToa HabnxeHoro 064MCIeHHsT BU3HAYEHUX mTerpamB 3a
JOTNOMOTOO CTENEHEeBUX PALIB .
21. Buknazite MeTOa HabGNMKEHOTO IHTErpyBaHHA NU(epeHLianbHUX
PiBHSIHB 32 JOMOMOTOH0 CTENEHEBUX PALIB .

4.5. 3adayi Onsa npakMuYHUX 3aHIMb

V 3agauax 4.1 — 4.51 3HaliTy HeBU3HAYEH] iHTErpany :

d
w3

4.4. J'tgzx dx .

4.7. | 2x Vx2+l-dx .

J- (arctg x)
1+ x2

413, [ —dx.

dx

4.16. Im .

X x3e +x2

] EE
4.5. IZsinzg- dx .

J' x4 dx
4.8. m .

dx

an. |

(arcsin x)3 \/1 ~x?

1-2)
dx . 4.3, I( Z“j dz .

4.6 [(x+1)Pdx .

4.9. .[ sin® x cosx dx )

- 4.12. J‘xlnx ’

4.15. fx(x 0 -

J- dx
4.18. x2+2x+3



dx dx 5
4.19. | =————. 4.20. | == 4.21. dx .
I \/4x—3—x2 j\/84-6x—9x2 ".COS ras

4.22. Isinzx dx . 4.23. Ix sin 2x dx . 4.24. _{ xcosx dx .

4.25. _[ xarctgx dx . 4.26. _f e*sinxdx . 4.27. I xte¥dx

. dx x+1
4.28. Iln(x2+1) dx . 4.29. j:—ﬁ 4.30. j
dx \/; x2
31, . 32 =37 4dx . 433 |-——=d
431 [ = 432 = 433 Im X,
2
xdx xdx x“-3x+2
434, |————— . 435. [——— . 436. |5 dx
34 I(x+1)(2x+1) 4.35 j2x:’-_3x_2 4.36 Ix(x2+2x+1)
K}
x> +1 dx dx
4.37. dx . 438, . 4.39. |[—5-—.
J.)63—)62 j‘xd‘—xz Jlx(x7'+1)
dx xdx dx
4.40. . 41, . A2, | .
40 I1+x3 4.41 jx3_1 4.42 Ix(JE+5'—x2)
d
4.43. Iarctgx dx . 4.44. _f Tox -—i. 4.45. Jsin3x cos®x dx .
X X
. 3 .
s~ x Sin x
4.46. dx. 447 | ————— dx 448 [tg>x dx.
J.cos4x J.(l—cosx)z I gxax
dx dx dx
449, [ ——— 450 | el ast J .

V 3apauax 4.52 — 4.63 o6uMCcIUTH BU3HAYEHI iHTErpany :

-1

1
d 1
as [Jlrx-dx  4s [ X 4, [eF-1)e dx .
T 2 (11+5x) ;
z z z
2 2 ;
4.55. [cos’x sin2x dx . 4.56. j . 457. [Veosx—cos®x-dx.
0 1+cosx g
_5 2
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! b .
458, [ xedx 459, [xcosxdx . 460 [¥sinxdx
0 0 0
o Jx LJx 8
dx
4.61. dx 462 | — dx 4.63. [ = _
4[\/;—1 Jl+x !m

4.64. O6uucnuTy miouty Girypu , o6MexeHy JIiHisMK , PIBHIHHS AKUX y2 =2x+1
i x=y-1=0.

4.65. OGuucnuty nuowy dirypu , obMexeHy nitiamMu y =¢* ,\ y=e * Tanps-
MO x=1.

4,66. O0uUCIUTH AOBXKHY OyTH JiHiT y =Inx (Bix x| = ﬁ o0 X, = ﬁ ).

4.67. OGuucnuTy LOBXKUHY YTy naHuoroso! ninii y=a ch= (six x; =0 no
a

Xy = b ).
2 y2 22
4.68." O6uucnuTH 06°eM Tina , 0BGMEKEHOTO eNincoigoM St = 1.
a b c

4.69. O6GuucnuTH 06’°eM Tina , 06MEKEHOro EJNiNTUUHUM MapabosoinoM

x2 y2
z=——+-"— Ta IUIOLHUHOW z=1.

4 2

Y 3apauax 4.70 — 4.96 3xalTu 3aranbHi po3B’A3KkH AUdepeHIiaIbHUX
PIBHSHD :

, 1-2x
470. xyy' =1-x2. 4T VY B 472 xy' +y=y2.
2
473, y' =22 . 474, y =X¥Y 475.xdy-ydx=ydy.
X x-y
2
476 Y =—"2o | 47T y+2y=dx. 478, ) 4 2xy=xe X
Xt -y
;o 1=2 , +1
479. y'+—5>y=1. 480. y'+y=cosx . 4.81.y=yx
X

4.82. y'+2xy=2x3y3 . 4.83. y'+—%+y2=0 . 4.84. y"=x+sin x .
x
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485. xy"=y". 4.86. y'=y'+x . 4.87. y"=%+x .

488. y"+y' -2y=0. 4.89. y"+9y=0. 4.90. y"-4y'=0 .
491 y"+2y' +y=0. 4.92.2y"+y ~y=2e” . 493. y"-7y' +6y=sinx .

4.94. " ~2y' +2y=2x .4.95. 2)/ +5y =5x ~2x-1. 4.96. y" -4y +4dy =3¢
V¥ 3apauax 4.97 — 4.101 3HaiiTH 4aCTHHHI PO3B’A3KH , WO 3a[A0BONLHAIOTE
3a3Ha4YeHHM NOYAaTKOBUM YMOBaM :
2

497, y'=2Y 0)=1
Tl 1+x2 s Y( )— .

498. (¥ -3x%) dy+2xy dx=0,  p(0)=1,
4.99. xy'+y-e* =0, y(a)=b. .
4.100. y"-4y'+3y=0, y| _,=6, y'|,_4=10.
” LA 4 2 - _ Y _
4.101. y" -2y =e* (x" +x-3), y’x=0—2, Yoo =2

V 3anauax 4.102-4.114 pocniguti 30DKHICTE PAAIB :
w 2

20 n
4. . 103, 2 ;. 4004 2 .
102. Z (2n+1)' 4.103 "‘él - 4104 2
® 1 © n )" ® 1
—_— A arcsin” —
4.105. né ey 6. El [2n+lJ . .4.107. Z.l ol
2
& 1 s & 1+n
4.108. nZ=1 Dl 410 ng) —— . 4.110. ,,Z;(an)
- 1 1 nel L
4, 2 N — 4112, 2D
nz=:1 2n-1 E‘x (2"—1)
@ 1 - n+1
413, 2 0 — 4114, 2D
n=| n2 n=|
V 3anavax 4.115 — 4.117 3HaiiTu o6nacti 36 bKHOCTI cTeneHeBMX p;mu;
o0 n
1 X
4115, 2, 107x" 4.116. Z D" = 47 Z — .
n=1 n=1 n n=1 110
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4.118. Posknactu ¢yHkunro y=Inx y pan Teiinopa B okoni Toukn x=1

(xp=1) .
4.119. Poszknactu dynkuii B pan Te#inopa B okoni Toukp x =0 :
2
—x? 2
a) y=e?*; 6) y=e™¥ ; B) y=x"¢”
4.120. 3anucatyl y BUTASAI CTCNIEHEBOrO PAAY HaCTUHHUI PO3B’A30K PiBHAHHS

Y'=xy'+y-1=0, J’|x=0=0’ YIA:():O.
4.121. 3HaiiT¥ WicTh NEPLIKHX YIEHIB PO3KIALy B CTEMEHEBUIA PAI PO3B’A3KY -
¢epeHuiansHoOro piBHAHHA " —(1 +x2 )y =0, LIO 3a10BOJbHAE NOYATKOBUM

yMOBaM y[x=0 =-2, y'[xzo =2,

4.6. IHOueidyanbHe 3aedaHHs 4

3agaya 1. 3naiiTu iHTerpany .

BapiauTH 3aBaanb

2
la sin 3x SnCOX dx 6) j dx B) Ix cosSx dx ;

\[cos 3x 5-2x°

r) [ dx ; e) J‘____dx__._ R
V8 —x? -2x 2+tgx M3x+1-1
coS X ) x2 . In(2x+1)
2.9 I2sinx—5 9] 34 4 ®) I_—x3_dx’
—*  dx: _‘i)f_._; dx .
g jx2-7x+13 SR j1—sinzx ? j\/3?+1 ¥
3 a) jmdx; 6) j'ex2+2x(x+1) dx: B Ixe3x_5 dx -

D A PN S E - o |12
Vx? +2x+10 sin? x — tg’x \/3x+1

sin x
4. a dx; 6) [V1-2 3.x%24 ; B) | (x+1)cos2x dx;
"‘J2+5cosx * ) I oA ) '[ ,
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w(‘“‘

.a)

10a)j

0 j 2xdx :
X% +2x+5

.a) Ie”” dx ;

3dx

) |———;
' va2+2x+3

a) xdx.

3x3-5
r) I————————23x 2 dx

x“~4x+5
dx .
9xt-8

Sdx

N |——
J.\/3—x2—2x

. a) _[x cos(x2+l) dx;

3x—6

) [———
' J‘\/ x* -4x+5

dx;

.a) fe'3x2 dx ;

r) }_zﬁliz_dx;
lxx

(1+x )arctgx ’

xdx

N |
J.\Isz -2x+1

)

1) '[sin3x cosSx dx ;

6)jdx .

xlnzx

) j‘sin5 2xdx

5) J.,I2+tgx
cos? x
dx
j4+2sinx ’
dx )
Jﬂn2(3—2x),

dx

J-2—sinx
2+cosx

dx
K J. 3 In? x ,

dx
n) \—m—
)I3—Zcosx

Cosx

6) | dx ;

3-5sin’ x
dx ]

f—=—==;

1+3sin“x

6) J’e3—5x dx:

dx;

sin x
)
jl—sinx
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e)_‘.\/___

B) J-Sll'l X

C)J.x dx

==

B) I(Z—x) cos3x dx ;

e)J‘ dx
9+3x) Jx

B) jxln(x~—1)dx :

€) jx\/2—x-dx .

B) J'(2x+1) arctgx dx;

>

€) L‘E dx
Vx +1
B) jarctg 2x-1-dx;

R

B) Iarcsinx dx ;

>

o [ =

x+l




. x2dx
11.a) j'es'” *sin2x dx; 6) I ; B) Iarctg Jax-1.dx ;

7+3x3 ]
A, .3 .
r).{ 2+4x+14 » )1) jSln xdx’ e) ‘[1+3‘\/_x—+—
12.9) 24X, 6 [ 8) fln (x?+4)dx;
(x +4) xIn?x
4
‘ 5 - x"dx
1) |cos”x dx ; e .
'[ 2+3x+6 '[ '[ x-1
x> dx e?” .
13. a) I\/__s_ ; 6) Ieax+5 dx ; B) I(x+5)sm3x dx ;
1-x
3x+4 x% dx
———~———dx; p) |cos3xcosOxdx; e
J.x2+7x+14 ) '[ ) '[(5x+2)\/5x+
Inx dx -3
14. a) 6) ; B) |e”*(2-9x)dx ;
J.cos x(3tgx+1) J.x,/7+ln2x I
3
r) [5—— 2x -3 dx;  n) [sin2xsinSxdx; e [3—£—— dx |
x4x+5 Jx—2_J;
cos 3x
15. a) dx ; 0) :B) {3x-2)cos5x dx
I4+sm3x J‘(1+4x ),/5+arctg2x ) '[
r) J'———L:i— dx; n) jsin7x dx ; e) j 2x-3 dx
2_9x+23 x
sin x sin2x -2x
16.2) [5/=—=— dx; 6) [———=e— dx;B) [ (@4x-3)dx ;
Veos? x J-\/az+bzsin2x j
2x+3 9
D |[——————dx; n |cos"xdx;
I"- ~Tx+12 J
17.2) jf?“—c‘g—x- dxi 6 [5° xdx_, ) j(2—4x) sin2x dx;
+x2

dx
T —————— ; ) {sin xcosSx d ;e)
J’\/7)c\2+5x+4 § J TeRe e J V
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s Ay PGP, o v

»

=

‘ M& ’3“

M“

»

19.

20.a

21

22.

23.

24.

.a)
j.3\/3 +2¢0sx

3
x
dx :

J.\/5+4x4 ’

sin x dx 6)

dx

r) _[—————— ;) J'coszx sin’ x d x ;
VI1+5x +6x7
3
a YT 4 6 [——dx;
x xin*x
5
dx sin” x
D [—=2—; o] dx |
'[\/5+3x x? cos x
J-arcth_ . 6) J- 3xdx |
\/—(1+x) ' 1'9_7‘){2 ’
3
xdx cos” x
D X g (R0 g,
V2x2 +5x+3 sin® x
2) .[ xdx )Iarctgx+x dx :
2+?’ 1+x
. 3
xdx sn” x
ST LR
V8-3x-2x cos™ x
3
a) [x*Vx*+5.dx; 6) j(z—]'”—er—i)—dx;
3x-6 4
r) f—————~—————dx; 1) J'tg xdx
Vil —4x+5
2) [(*-3x°Qx-dv; 6) j(_z";‘;—x4-
x°+1)°+

) 'fsin5x dx

21 P

2—x
a) dx ;
J.1+x2

x+1
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B) Jxe‘b‘ dx ;

2+x

e)J‘2

B) [(4x-2)cos 2x dx;

e)_[

B) I(Sx—2) e dx

dx
_x ,

3-4x
9-5x

e)j a dx
Vx+1

B) Ix3 Inxdx ;

C) J-'\/3x2-’r,-4 dx
X

B) I(xz +4x)cosx dx;

3
X
d
o I

B) j(3x+5)sinx dx ;

e)IJ;

x+2

dx .

. X 2 X 2 8x
6 2sin—=+3)“cos= dx;B) {x“e dx;
) J@sinZ+3)*cos dx;m) |



25.

26.

27.

28.

29.

30.

9 L s feod v

4x +5

a)J.x(l 2x)3dx 6)_[\/__

2l

a) J.(Tﬁ;_«/; ; - dx
r) j'xzx_xl_l dx; n jcifx ;

a) jx(x2+1)%dx; 6) | alrc_s‘“zx dx ;
0 j\/_#—_z_;; n) fsin? xeos® xdx ;
a) [S2X 6)]&%%%;

r) J'—x‘/%_z- dx; ) [sinxcos*x dx ;
a) \/x—x4d—f-1 ; 0) I\/ﬂ

r) jm n) [sin®x cos’x dx ;

dx .
a) J.(x_7)‘\/'; )

X

N |————
I\/sz -2x+1

5x+7

5x+3

)ICOSX

sSin - x

(arcsin x )2
.[___

x
arctg —

R ‘[ 4+x2

dx; n) jcoszxsin4x dx ;e) I
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s

— 2 dx:

i}

e) J- dx
2-x)VJl-x .

B) J.lnx dx ;

e) J.x,lx—l-dx .

B) '[(x+1)exdx :

1+x
)I1+«/—

B) J(xz +2x+3) cosx dx;

e)J

x 2x+
B) Iezxcosx dx ;

dx
N

B) _|.(x+5)arctgx dx ;

e)j

Jx -1
e) [3 d
Vx +1
B) _[xzarctgx dx ;

xdx

Jx+1 '




x

31.a) Jj—dx— 6) 5= :‘;‘gfx x5 8) [ cosx dx ;
6
xdx .10 3 Jx
r) ; 0 [sin'¥xcos’xdx ;&) | 5= dx .
IZ ~7x+13 I JH%

3agaua 2. a) 3HalTH 3aranbHUi Po3B’A30K AH(EPEHLLIaNnbHOTO PiBHAHHS ;
©) 3HaliTy HaCTHHHAUIA pO3B 130K MMpePEHLIaNbHOTO PIBHAHHS , 1O 3a10BOJILHAE
3aaHUM T104aTKOBHM YMOBAM .

BapianTu 3aBaaHb
1. a) xydx+(x+1)dy=0;
6)  4y"+16y +15y=4e % | 1(0)=3, y'(0)=-55

X

- '

2,y
, Xy+y“e
2 @ yeRrIe’,

x
6) V' -2y +10y=10x2+18x+6, y(0)=1, y'(0)=32 .
3. a) x(x+2y) dx+(x*=y2)dy=0;
6) Y'£4y'-12y=8sin 2x, y(0)=0, »'(0)=0.

4. a) xy’=y+2x—2\/xy--y2 ;

6) yi=y'=2(1-x), y(0)=1, y'(0)=1.
5. a) xdx—wfl—x2~dy=0;

4 1
6 —6)' +9y=x% —x+ 0=—, Y(0)=— .
) y'—6y +9y= 3, y(0) 3 y'(0) 27

0) Y =Ty +6y=sinx, y(0)=0, »'(0)=0.
7. a) (x+y)dx+(y-x)dy=0;

6) 2y"+y'-y=2e*, y(0)=1, y'(0)=0.
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10.

11.

12.

13.

14.

1s.

16.

17.

18.

xytdy=(3+y3)dx;

y' =2y +2y=2x, y(0)=2, y'(0)=0.
xdy—-(x+y)dx=0;

Y =3y'+2y=10e ", y(0)=0, »'(0)=1.
y+ycosx=e "F;

2y"+5y’=29 cosx, y(0)=3, »'(0)=0.
xy'—-2y=2x4;

y'+4y -12y=8sinx, y(0)=0, »'(0)=0.
x(V2 -1 dx+y(x®-1)dy=0;

Y4y =2 y(0)=0, '(0)=0.

y'+3l=%._ -
X x ’

Y =2y +5y=xe**, y(0)=1, »'(0)=0.
Y

y':e; s
Y45y +6y=12cos 2x, p(0)=1, y'(0)=3.
Xy +(x+)y=3x2e™;

Y =5y +6y=(12x-T)e*, y(0)=0, »'(0)=0.
y'—4l='1';

x x
Y4y +13y=26x+5, y(0)=1, »'(0)=0.

(xz—l)y’=2xy2;
Y -4y =6x*+1, y(0)=2, Y(0)=3.
x2y'=l+cos 2y ;

Yy =2y +y=16e*, y(0)=1, »y'(0)=2.
dx ay

y+x y-x
Yy 6y +9y=10e% | p(0)=3, y'(0)=2 .

Lk
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20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

a)
6)

6)
a)
6)
a)
6)
a)
6)
a)
6)
a)
6)

a)
6)

a)
6)
a)
0)
a)
6)

dx-v1-x2 dy=0;

Y +4y +4y=3e2 | 3(0)=0, y'(0)=0.

P X—

}’:';:—2))7;

y"—3y'+2y=x2—x+1, y(0)=1, y'(0)=3.
xyy =1-x2;

Y -4y +4y=x%, p(0)=1, ' (0)=2.
xy-y=y;

Y2y +y=e¥, y(0)=1, y(0)=3.

y=2-1;

b
Y-y +y=x3+6, y(0)=0, y(0)=1.
i XY

x E)

y'+y=cosx, y(0)=0, y(0)=2.
v _Y_y.
dx x

Y4y -6y=xe*, y(0)=1, y(0)=5.
Yy =ytgx+cosx ;
y' =2y +5y=e*cos2x, y(0)=0, »'(0)=1.

Q:._z_}_}._x:; .

dx x : .
Yy +4y=sin x, y(0)=1, y'(0)=1.
y'=41+x\/;;

x
Y'+2y'+y=e*+e ™, y(0)=1, y(0)=2.
xy +y-e*=0;

Y-y =2x-1-3e¢*, y(0)=0, »y'(0)=2.
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- ! y
31.  a) y- =l+x;
1-x?

6) Yy +y =5x+2e*, y(0)=3, y(0)=2.

4.7. 3pa3ok sukoHaHHs iHOueidyanbHo20 3ae80aHHs 4

3apava 1. 3HaiiTy iHTerpany :

a) ‘[______"4"'“”‘ dx ; 6) J'e"2+6x(x+3) dx; B) szsinx dx ;
x+4 .‘7 2 dx
x; m|sin"xcos*xdx;
I2+5 +7 J J.\/x+3-(1+3\/x+3)
Po3p’si3anus:

a) 1='|'_____“4+mx dx
x

VBogumo mix 3Hak audeperuiana supaz (4+Inx) , i Bpaxosywoum, wWo

d(4+lnx)=l dx , Maemo
x

J . %
1=j—4";]ﬂ dx=[J4+Inx -d(4+1nx)=ﬂi;9-’L+c

2
6) I=[e* "™ (x+3) dx .

YBogumo mix 3Hak audepeHiiana BUpa3 (x2 +6x) , 1 BpaxdBytoun, wo
a’(x2 +6x)=2(x+3)dx , MaeMo

I= [ (x+3) dx=— je* "6 (4 6x) == ¥ T 4C

l\)l'—‘

B) I = jx sinx dx .
[HTerpan 6epeTbcs 3 BUKOPUCTAHHAM (OPMYIH iHTErpyBaHHA 4acTHHAMMU
ju dv=uv- _[v du .
2

u=x° du=2xdx

I=jx25inx dx= . =—x2cosx+j2xcosx dx .
dv=sinx dx;, v=-cosx
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st obuMcneHHs BEXiAHOTO iHTerpana GopMyny iHTEerpyBaHHs yacTUHAMH
noTpiGHO 3acTocyBary Lie pa3 ( 10 iHTerpana B npaBiil YacTHHI )

u=x;

du=dx
fxcosx dx=

. :xsinx—_[sinxdx=
dv=cosx dx;, v=sinx
=xsinx+cosx+C.

1]
[ligcTaBnsioun , OTPUMYEMO [ = —x 2

) 1=-[ 2x+4

cosx+2xsinx+2cosx+C .
x“+5x+7

dx .

s o6uKCNieHHs inTerpana BUAINMMO NOBHUI KBagpaT y 3HAMEHHUKY i,
BUKOHABLUM BiANOBiMHY 3aMiHy , OTpUMAaEMO

1=I 2x+4 dx=J' x+42 2dx=_f x+4 dx=
Tt W ()
l
x_,_i:u u+§ u du
_ 2 = 2 d = d +- =
dx=du Iu2+(_3)2 u Iu2+ ﬁ}z u u2+(£)2
2 2 2

+C=lln|x2+5x+7‘+\/§'arctg2x+5+C
2 V3 :

1) j'sin7 xcos? xdx = _{(1 ~ cos? x)° cos? xsinxdx =

U=COSX
= y . dxlz—'[(l—uz)z'uzdu==~I(l~3u2+3u4+u6)uzdu=
u=—sinx
3 5 7 9 3 5 7 9
:_ii_+3u__3u_+y__+cz_cos x+3cos x ., cos x , cos x*C.
3 5 7 9 3 5 7 9
7 8631

193




dx
= .
°) IJx+3-(1+%/x+3)

InTerpan Mae ippanionanshicts . [osnaunmo x+3=r%, dx =61 d:.

dx x+3=t6 12

I= J.\/x+3(l+%/x+3) B

5
_ 6t dt =GI

de=65dt| P+ 2

1+¢

dt
1422

=6fdt—-6f =61—6arctgz+C=6\/6x+3~6arctg\/6x+3 +C

3amaua 2. VY nyHxri a) 3HalTH 3aransHuit po3s’a3ok audepeHuianbHOro
PiBHSAHHSA ; y yHKTi 6) 3HAHTH 4aCTHUHHUIL PO3B’ 130K ANdeEpeHLiaNbHOrO piBHAH-
He , 110 33/I0BOJIbHAE 3aIaHUM MOYATKOBMM YMOBAM :

a)ydy=\/a2—y2-dx;
6) y -2y =e*(x*+x-3),  y(0)=2, y'(0)=2.

Posp’s3anus.

a)ydyzwfaz—yz-dx- -

d ;
Y4 _gx; | ydy = [ ; Cfa—y* =x
2 2 2 2

\/a -y a“ -y
3BIIIKH OHEPKYEMO —\/az —y2 =x-C; a* ~y2 =(x—C)2 . abo octaTouHo
(x»—C)2+y2=a2 .

6) y' -2y =e*(x* +x-3),  y(0)=2, y'(0)=2.

1. y"—2y"=0 . YacTuxHi po3B’A3KH UBOTO PiBHAHHA WYKAEMO Y BUIIAAI

=ek¥, [Migcrasnsiouu Ueit nependayyBaHuii po3’ 30k y PiBHAHHA Ta CKOPO-

kx

y
YYIOUH Ha "%, MPUXOANMO 10 XapaKkTepPUCTHYHOrO PiBHAHHA k> -2k=0,
sBigku k) =0, ky=2.

OnepxxyeMo Ba YaCTHHHHX PO3B’A3KH . Y| = ¥ =1 ;Yo = e?*. Le

. Y1 . .
¢$yHIaMeHTanbHa cUcTeMa po3B’A3KiB , 60 — = const . ToMy Ha iX ocHoBi Oy-
Y2
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1
i

-

o . : > 2
JlyEMO 3aranbHuii po3s’s30k oaHopiaHoro pipnsanua y=C)+Cre”™ |

2. OckinbKky NpaBa YacTHHA 3aJ4aHOTO PiBHAHHA Mae Bumsa e P, (x) ,

TO YaCTUHHUI PO3B’A30K LIyKaeMo B Takiit dopmi (kyza, ky#a) :
y=e*(ax*+bx+c) ;
y'=e*(ax>+bx+c)+e*(2ax+b) ;

y'=e*(ax? +bx+c)+2e* (2ax+b)+2ae” .
[igcTaBnaeMo Ui 3HaUeHHs B 3aJjaHe PiBHAHHS i MPUXOINUMO 10 TOTOXKHOCTI

( xoTpy 3a3manerigs ckopotuMo Ha e* #0):

—ax?-bx+2a-c=x%+x-3.

[TpupiBHIOIOUM Koe(iLiEHTH NPH OIHAKOBUX CTENEHAX X JIiBOPYY i HpaBo-
pyY , IPUXOMMO 110 CUCTEMHY PiBHSHD IS BU3HAUEHHA a, b, ¢! —g=1; -b=1;

2a—c=-3,3Binku a=-1, b=-1, c=1; vactunHnii po3s’130x npuniimae
BUIIAJ

yr=e¥(-x%-x+1) .
3. Cknapaemo 3arajibHuii po3B’A30K HEOAHOPIJHOTrO piBHAHHA
y=Ci+Cye?* +e*(~x% —x+1).

4. Busnauaemo C1, C, i3 Mo4aTkoBHX yMOB :
y'=2C262x+ex(—x2—x+1)—ex(2x+]) )
Ve =2=Ci1+Cr+1,
V] =2=2C+1-1,
Ci+Cy=1;
2C2=2.

3 ocrannsoi pienocti C2 =1, Toni €1 =0 i yactunnmit po3s’a30k Heo-

JHOPIZIHOTO PIBHSHHA , HIO 33JIOBOJILHAE 33/]aHMM TIOUATKOBUM YMOBaM , oaep-
KYEMO y BUDIISAI

y=eXX e (-x2—x+1)=e*(e*-x2-x+1).
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[TIABA 5. [JESIKI BACTOCYBAHHA MATEMATUKW B EKOHOMILI

5.1. EkoHOMI4Hi 3a0ayi, noe’sizaHi 3 8UKOPUCMAaHHAM NiHiliHOY
hyHKUIOHaNbLHOI 3an1eXXHoCmi

PozrsiHeMo Aeski NPHKNaAW 3acTOCYBaHHA JiHiHHOT 3anexHoCTi B exo-
HOMiL :
1. Sxiwo yepe3 k NO3HaYMTH Tapu( NEepeBE3EHHs BAHTAXY HA OAMHMLIO

Binmcrani, & —BUTPATH Npu NepeBE3EHHI BAaHTaXy , IO HE 3aJIekKaTh Bif BifCTaHI
X ,TO 3arajbHY BapTiCTh y NMEPEBE3EHH BAHTAXY HA BIACTaHb X MOXHA O0UMC-

nuTH 33 popMynoto y=kx+b.

2. SKWIO NO3HAYMTH yepe3 Y BUTPATH NiANPUEMCTBA BNPOAOBK MicsLA
NPy BUIYCKY X OAUHULE OQHOPIAHOT NPOAYKLIT , TO ¥ Moxe 6yTH BU3HAYEHO 3a
dopmynoto y=kx+b , a Benmuuna kx Oyne BU3HA4aTH 3MiHHI BUTpaTH , WO

3anexars Bia o6cary Bunycky ( e & — BUTpaTU NiANPHEMCTBA BIIPOAOBXK MicsALs

Ha OnMHULIO Npoaykuii ) . BennuuHa b Bu3Hauae rNocTiitHi BUTPaTH MiANpUHEM-
CTBa , AK1 HE 3aneXarsb Bij o0cary mpoayKuii , 1o BUMYCKaeTbCa ( BUTpaTH 3a pa-
XYHOK amopTu3auii OyAuHKY ., 3apo0iTHOT InaTHI OXOPOHH , cnyx0oBUiB 1 nono-
MDKHMX POBITHHKIB , OnaneHHs OyAMHKY 1 T. M. ).

IMpuknaa. Banosa npoaykuis Ha | ra cinbcbKOrocnofapcbKUX yriib 3a
4OTUPH poku 30inbiumnacs Ha 24,4 % . Cknacty piBHAHHSA npsmof, fka Bigo6pa-
KY€ 3MiHy BaloBol NPOAYKUii Ha 1 ra NPOTATOM YOTHPLOX POKIB 33 YMORBH , LIO
BaJIOBA MPOAYKLifA Y BIICOTKAX 3MIHIOETbCS NPOMNOPLIIHO yacy .

Po3p’sizanns. Banosy npoayxuito , BUNyLeHy y nepwuit pik , npuitMemMo
32 100 % i OyneMo wiykatd PiBHAHHS TPAMOT y BUrsAni y=kx+b :
24,4

4
Orke, y=6,1x+93,9 (x —pix).

k 6,1 ; 100=6,1-1+b ; b=93,9 .

S.1. Burpary BupoOxuuTBa Ha 10 oarHKUb Aeskoro Topapy cknaaatots 1000
rpowoBuX oAuHuUb , 50 opunKLb ToBapy — 2 000 rpowoByX oaHHKLE . Br3naun-
TH BUTpary BUpoOHMUTBA HA 30 OAMHHLL TOBApY 3a YMOBH , 1110 BUTpATH 3ae-
XKaTb Bij 06cATY NpoayKUil MiHIHHO .

5.2. Cxracty piBHAHHSA NpaMoT , ska Bigo6paxye 3MiHy BpoxaiiHocTi 1 ra
NPOTArOM CIMHAIUATH POKIB , AKWO y nepuuii pix 3 | ra Oyno 3ibpano 9,1 1.
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3epHOBHX KyNbTYp ,a B OCTaHHilM pik—21 1.

5.3. IIpunyckaeTbes , 110 NEPSHECCHHA BapTOCTI MAlIMHK Ha NIPOAYKILIIO ,
1110 BUTOTOBIAETbCA 3a 11 AOMIOMOrOlO , 3a/1eXKUTh Big yacy ¢ . Hexaii nepeicHa

BapTiCTb y =25 THUC. rpOLL. O, @ TEPMiH Clly»6u 10 noBHOTO 3HOCY — 10 pOKiB .

[ToGynyBaTu NiHilO 3aNeXHOCTI nepeHeceHOT HA NPOAYKUII0 YACTHHU BAPTOCTI
MallMHH Bifl TEpMiHy i1 ciyx6u . koo Oyae us BenuuuHa vepes 8 pokis ?

5.4. Butparu Ha nepeBe3eHHs ABOMa BUIAMU TPAHCNIOPTY BiNOOPaKyOTh-
e gynkuiamu : y =50x+150 , y=25x+250 , pe x — BincTaHb NepeneseHs ,

KM ; ¥ - TPaHCHOPTHi BUTPaTH , rpoiu. od. IIpH sKuX BincTaHsx eKOHOMIiuHile
KOPUCTYRATUCA TNEPLIUM BUAOM TpaHcnopTy ?

5.5. IlepeBe3eHHsA BaHTaXy Bill JaAHOTO MicTa A0 MEPIIOTO MYHKTY , AKHIH
3HaxoAuThcs Ha BigcraHi 100 km , kowrye 200 rpout. ox., a 40 Apyroro., wo 3Ha-
xoautees Ha Biactadi 400 xm — 350 rpow. oa. BcraHoBUTH 3a1€XHICTL BapToCTi
nepeBe3cHHs ¥ Bix BiacraHi x, SKIWO BapTiCTh € MiHiHHOW0 (yHKuUieO Bix
BizcTaHi ( AKIiCTh HOpPIr HE BPaxoByeThbes ) .

5.2. EkoHOMIYHi 3a0ayi, noe’sizaHi 3 eUKOPUCMAaHHSM Pi8HsIHb
Kpusux dpy2o020 nopsioky

Ipuxnan 1. JIga oqHOTUITHUX TiANpUeEMCTBA A Ta B BUpOONSAIOTH NPOayK-
Uif0 3 OMHI€I0 | Ti€O % ONTOBOK BiANMYCKHOIO LIHOKO M 3a OAWH BUpi . OnHak
aBTOMNapK , 10 06CTYroBye MiANPUEMCTBO A , OCHALLEHH HOBIIIUMH Ta MOTYXKHi-
WIMMH BaHTaXKHUMU aBToMOG inamY . ToMy TPaHCTIOPTHI BUTPaTH Ha NepeBe3eHHs
oznHoro BUpoOy cxknaaaioTh 3a 1 kM : ans nianpuemcta 4 10 rpoul. ox., a ans
ningnpuemctaa B —20 rpow. ox. Bincrane Mix nignpuemcraamu 300 km . Sk Te-
puTopianbHo Mae GyTH MorineHui puHok 306yTy Mix IBOMa TiiNpHEMCTBAMH NS
TOrO , 100 BUTPATH CIIOXKIBaya Ha BifIBaHTaXeHHA BUPOOiB Ta X TpaHCMOPTYBaH-
H# Gyau MiHIMansHUMU ?

[

Po3p’sizannusg. [Tosnauumo uepes S Ta S, BifcTani 10 pUHKY Bil MyHKTIB

A Ta B BianoigHo .
Tozi BUTpaTH cnoXuBaviB CKIagyTh

f(A)=m+108; ;
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F(B)Y=m+20S, .
3HaliieMO MHOXHHY TOHOK , J1s AKUX S| =2 S, , TOOTO Ti BUNANKHK pO3Mi-

IUeHHSA pUHKY , ko f(A4)= f(B):

S1=\/x2+y2; S2=\l(300—x)2+y2 ; )

sz +y2 = 2\/(300—x)2 +y2 ;

2 + % =360000 - 2400x + 4x2 + 437 ;

(x ~400)? + 2 =200 .

Lle komo . TakiM YUKHOM , IS CMIOKKBA4Ya BCEPEIMHI Kpyra BUTiAH{WeE Ky-
nyBaTH y NyHKTi B, no3a kpyroM -y MNyHKTi 4, Ha KOji — OJHaKOBO .

IIpukran 2. Hexaii B MOMEHT ¢ = ( nouaiocs BHPOGHHUTBO NEBHOMO THITY
MallKH , WO paHile He Bupobnsnuca . [Tpunyctumo , wo ixHil Bunyck sinby-
BAETHCA PIBHOMIPHO 33 4acoM , piuHuit o6car npoaykuii ckinagae | MIH rpoul. on.,
2 HOBHHH TEpMiH ekcrutyarauil MaluH gopiBHioe 10 pokaM . Buznauuru BapricTs
MalUUHHOTO mnapky (3a BHHATKOM CYMHW 3HOCY) Ha KiHeub

t-ro poky , npunyckaiouu , wo ¢t<{0,10].

Po3s’sazannd. [To3HauuMO WyKaHy BapTiCTh Hepe3 Y . 3aBAaHHA nonAarae
B TOMY , 1106 3HaiiTi y = f(¢) . BapricTh MalIMHHOTO NapKy Ha KiHELb f - r0 POKY
6e3 ypaxysaHHsA 3HOCY CKJiajlae ¢-10%, ane (hakTHYHO BApTiCTh MALUWHHOrO Nap-

Ky 6y[e MEHLIOIO BHACHI 0K () i3HYHOTO Ta MOpanbHOIo 3HOCY . Bpaxoytoun , 1o
MawuHy Oy1Y BBEAEHI Y BUPOGHUIITBO HE OHOYACHO , OyAeMO BBAaXaTH , L0 ce-

A 1 N . 1.
peauiii Bik MallUHU CKIagac 3 t . Pidnuii 3HO0C MaUIMHKU AOPIBHIOE T il Bap-
Tocti . ToMy B r-My poui BapTicTh 3HOCY MalWlMHHOrO napky 6yne

6
10701, 50042,
10 2

Takum uuHOM , y ¢-My poui pakTHuna BapTicts Oyae mopisHioBaTH

y=100¢-5-10%2,
TO6TO (PyHKLIA 3aN€KHOCTI BAPTOCTI MALIKH BiJl Uacy € KBAApaTHYHOIO , a i1 rpad-
ikoM € rmapabona .
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5.6. IlBa nianpueMcTBa , 11O BiaxaneHi oaHe Bix oaHoro Ha 100 kM , BHpo6-
NAITb AesAki onHakoBi Bupo6u . LliHa peanizauii onuHuLi Bupoby ans o6ox
THATPUEMCTB OfHaKoBa i fopisHioe P . Hexall TpaHcnopTHi BUTpaTH Ha nepese-
3eHHS 0jIMHNLI BUpoOY Bia miznpueMcTBa A 10 cnokuBaya ckaaaiorsb 1 rpoul. on.
Ha | kM, a Bix B — 2 rpow. oa. [Ina AKUX CIOXKHBA4iB BUTPATH Ha npuabaHHs
oauHuLi BUpoOY B nixnpueMcts A i B noBuHHI 6yTH ogHakoBuMH ? Sk Kowins-
Hille MPUKPINUTH CMOXHBa4iB J0 MiANPHEMCTB ?

5.7. Po3B’sa3aTy 3ana4y 5.6 3a YMOBHU , 11O TPAHCIOPTHI BMIATKH Ha 1 KM
LIAXY TIPH NepeBe3eHHi oiHoTo BUpoOy Big nianpneMcTe A Ta B o cnoxuBaua
ofHakoBi i ckiazaroTs 1 rpowt. ox. Ha 1 kM, a Lina peanisauii koxHoro Bupody
Ha mianpueMcTBax 4 Ta B popisHioe 200 i 225 rpouw. oa. BiANOBIAHO .

5.8. Po3s’si3at 33124y 5.6 3a yMOBH , LLIO TPAHCTIOPTHI BUTPATH Ha Nepese-
3eHHs oHOro BUpoOy Bi miAnpueMcTBa 4 A0 CNOKUBaya CKJAAA0Th 9 rpoul. oA,
Ha l kM, a Big mignpuemctBa B -3 rpow.of. Ha 1 kM.

5.9. Bincraub Bix xap’epy , skuii 3a6e3neuye CHPOBUHOIO NiIANPHEMCTBO ,
10 3aN1i3HHYHOT CTaHUIT , L0 BiANpasise CNOXHBaYaM roTOBY NPOAYKLIIO MiANPHE-
MCTBa , ZopiBHIOE 20 kM . Binomo , 1o mianpHeMCTBO NOBUHHO 3HAXOAUTHCS BABIUI
Onuxye Big Mkepena CHPOBUHM , HiXK Bill cTaHUIl — BiaAnpaBHHKa roTOBOT Npo-
nykuii . 3HalTH pIBHAHHA MHOXHHH BCIX MOKIIMBHX MiCLE3HAXOMIKEHDb MiANPHEM-
CTBa , NPUHHABILM 32 Bick abCLMC MpAMY , KA NPOXOAUTH YEPE3 TOUKH , 110 BiAMo-
BiAIOTh Kap €py Ta 3aii3HKuHii cTaHuii ; 33 NOYaTOK KOOPAMHAT B3ATH TOYKY ,
1O AiNHTH BiPi30K MiX Kap’€poM Ta CTAHLI€I0 HABMiJ .

5.10. TIpu BunpoGyBaKHi CyaHa Ha MiABOAHUX KpHNaX eKCHepUMEHTANbHI
IiaHi oKasaliu , Lo BUTPATH NaJlbHOrO 3pOCTal0Th NPHOIU3HO NPONOPLIHHO KBa-
paTy WBHAKOCTI cynHa . CkIacTy aHalniTHYHY 3aNeXHICTh Mik BUTpaTaMH nab-
HOTrO i WIBMAKICTIO CYAHa v, AKLIO BiAOMO , 1O npu WBHAKOCTI 40 KM/rox BUTpa-
TH MaabHOrO 32 1 rof. cknanarots 20 11 . BU3HauyuTH OpiEHTOBHO BUTPATH NajlbHO-
TO 32 FOAVHY Npy wBNAKoCcTI 60 KM/TOR .

5.11. [lns BUNYCKY x ONWHMUBL MPOAYKLUil BUTPaTH BUPOGHUIITBA CK1ana-
1016 4 +0,5x . 3uaiit cobiBapTicTs oauHuLi npoayKUii (To6TO cymMy BUTpar Ha

oauHnLo npoaykuii). [To6ymysaru rpadik , BiaAnoBigHu 3aN€XHOCTI cobiBapTOCTi
Bix ofcary npoaykuii, 1o BUMYCKAETHCA .
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5.12. BincraHs Mixk IBOMa TOproBUMM opraHizawiamu 1opiBHioe 8 kM . 3Hait-
TH PiBHSIHHI MHOXKWHH BCIX MOXUJIMBHX MicLie3HaX0lkeHb 0a3 , ki 0OcnyroByroTh
Ui oprasizauii , AKUIO BiIoMO , WO cyMa BijcTaHeii Bin 6a3u n0 HUX MOBHHHA
6yTu nocriiiHoo Ta nopisHioBaTH 20 KM .

5.13. BiacraHnb Mix JBOMa 3aBOJiaMH , L0 BUPOONAIOTH OHAKOBY NPOIYK-
uito, nopisHioe 300 kM . TpaHCMOPTHI BUTPATH HA TPAHCTIOPTYBAHHS MPOLYKLIT
Bi 3aBony A4 BABiui Oinbli , Hixk Bia B . BusnaunTy niHito — Mexy pailonis , Ha
AKiH 0JHAKOBO BUIiHO OJEPXKYBATH NPOAYKLUIlO BiJ 3aBoAIB A Ta B .

5.14. Bincranb Mix aBOMa 3aBOJAMH , WO BUPOONAIOTH OJHAKOBY NPOILyK-
uito, nopisuioe 400 kM . TpaHCMOPTHI BUTPATH HA MEPEBE3CHHS NPOYKUIT Bix
3aBoay A cknajaioTh 2 rpow. on. 3a 10 kM , a Bin3aBony B —3 rpour. on.3a 10 km .
BusHauuTy MeXy paiioHiB , 7iA AKHX OJHAKOBO BHIIAHO NPUAGAHHS NIPOAYKUIT K
Ha NiAnNpueMcTBi A , Tak i Ha mianpueMmctsi B.

5.3. ExoHOMIYHI 3a0ayi, wo 3809ssmbcsi 3o cucmem JiHiGHUX
HepisHocmel

Mpuknax 1. MexaHiuHuit nex Moxke BUTOTOBUTH 3a 3MiHy aGo 600 netaneii
A, abo 1200 neraneit B, abo Oyab-axy ixHiO xoMOiHaLil0 Y MexKax CBO€ET MOTYX-
HOCTi . BUpoOHHYa NOTYXHICTh TEPMIUHOro LeXy , KyAH Li AeTajli HAOXOAATh JJIs
raptyBaHHs , Jo3Boss€ oOpobutn abo 1400 neraneit 4, abo 800 neraneii B,
abo ponyctumy ixHio koMOinauito . letani 4 HaaxomATb Michs UbOro y TpeTiit
LeX , NMPOMYCKHA CIPOMOXHICTb AKOro He nepeBuilnye 400 actaneii . 3anucaru B
MarteMaTHuHiil GpopMi yMOBM , KOTpi C1iJ BpaXOBYBATH NPH  YKJIAnaHHI njaHy
BUNYycKy neraneil 4 ta B.

Po3r’szanns. [loznaunmo uepes x| i x, BIANOBIAHO KiNbKiCTh AeTanei
A1 B, Wwo naHyoTbeA A0 BUITYCKY 3a 3MIHY . AHANI3YI0N1 MOXIUBOCTI MEXaHIY-
HOTO LeXy , MOTYXHICTb AKOro NMPUiiMEMO 32 OAHHULEO , HeoOXi/lHO BpaxyBaTH ,

110 TpU OJIHOYACHOMY BUMYCKY neTtaneil 4 i B NOBHHHA BUKOHYBAaTHCS yMOBa
NpONOpPLiHOCTI KiNbKOCTI AeTaneil 1aHOro BUAY YacTLi BHPOOHHYOI MOTYKHOCTI

xoaurvea 1/600 yciel noTyxHocTi uexy , a oaHiel getani B — 1/1200 yciel no-

. A . N 1
TYXHocTi . Jlna peanizauii mnany (x, x, ) notpibHo saliHaty —x,

+——x)
600 1200
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yci€el NOTy»KHOCTI LiEXy , 110 , NeBHa pi4 , He Moxe OyTH Gisbli , HIX yCsl HasBHA
BHPOOHHYA MOTYHHICTb LEXY , MPUiiHATa 33 oAUHHKLIO . L[}0 yMOBY MOXHa 3anu-
CaTH TakK :

1 1
— X +——xp <1,
600 1200
AHanoriyHoi yMoBH HEOOXiAHO OTPUMATHCA i JUIS TepMIYHOTO Lexy :

1 1

——x; +——x) <1,
1400 800

O6MexeHHs 3 NPOMYCKHOT CIIPOMOXKHOCTI TPETHOTO LIEXY 3AMULLEMO Y BUT-

aaai x; <400 . 3 npakTHYHIX MiPKYBaHb SCHO , WO X| i X, BUPAXKAIOTHCA He-
Bif’€eMHUMH ¥ncnaMy, 1o6to x; 20, x5 20 .
TakuM YMHOM , MHOXKHHA JONYCTUMUX MJ1aHIB OMUCYETLCA HACTYITHONO CH-
CTEMOIO NiHIHHUX HepiBHOCTEI! :
I
600
1 1
- —xy <1,
]400 800
x; £400,

LIPS
1 500 2 ‘

X‘ZO,

X220.

\

[Hakile Kaxyuu , caMe 3anucany CUCTeMy HepiBHOCTelH HeobXiHO Bpaxo-
BYBaTH NPH yKagaHHi 6yab-SKOro peanbHoro (y ToMy YUCi | ONTUMAaIbHOTO) TilaHy
BUNyCKy Jetaneii A i B B uboMy BHpOOHMUTBI .

Mpuknan 2. IMobynysaTn obnacts MiaHiB BUIYCKY AeTaneil , BHKOPHUCTO-
BYIOYH YMOBHM npukiany | .

Po3p’si3annd. [1oOyayeMo rpaHuyHi npaMi , BIANOBIAHI 3aNUCAHUM BULLE
HEPIBHOCTAM :

e
600
1
—— X+ ——X
1400 800
x1=400, x1=0, X2=0.
BiaMiTHMO MiBMIOWMHY , 1110 € 0ONACTAMHU pO3B’A3KIB JaHUX HepiBHOCTEH .

LIV
200727

=1,
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[MepeTuH MiBLIOWMH — MHOTOKYTHUK OABCD — € ofnacTio nnaHiB BUIYCKy Je-
Taneid (puc.5.1).

Puc 5.1

5.15. TpuxoraxHe aTesibe BUPoONAe KiHOHI kodTOUKM JBOX Mozeneit 4 i
B . 3anac npaausa , Horo BUTpATH Ha OMH BUPIG Ta LiHA rOTOBOTO BUPOOY HaBe-
IeHi B HacTynHiit Tabnuui :

Ipaauso Butparu Ha Bupib, kr 3anac, kr
A | B
Bexene 0,05 0,1 20
CanarHe 0,1 0,2 60
KopuuHese 0,3 0,1 50
1lina, rpour.oz. 250 300

SKuM yMOBaM MOBUMHEH 3aJ0BOJIGHATH IUJ1aH BUIMYCKY BUpOGiB , W06 BUT-
paTH NpsIuBa He NEPEeBULLYBai HASBHOIO 3amacy , a FpoLIoBa cyma Bif peani-
3auii roroBoi npoaykuii 6yna He MeHie Hix 60 000 rpow. ox.

5.16. BuxopucroByroun yMOBH 3anadi 5.15 noGyaysaru va mnowmHi x;0x;
obnactk JOMYCTHMHX TUIAHIB BUITYCKY NPOAYKLIT .

5.17. Llex Bunyckae tpaHchopmaropu Bustie 4 i B . Ha ongun tpatchopma-

TOp BUAY A BHUTPAUAEThCA 5 Kr TPaHCGHOPMATOPHOro 3ani3a i 3 Kr ApoTy , a Ha
TpaHchopmarop Bumy B—3 kr3aniza i 2 kr apoty . Bin peanizauii tpancdopma-
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Topa Buny A npubyTok ckianae 12 rpout. ox., Buxy B — 10 rpoin. ox. 3MiHHMHA
¢onn 3aniza — 480 kr , npoty — 300 kr . 3anucary B MareMaTnuHiii Gopmi yMoOBH ,
SKAM TOBHMHEH 3aJ0BOJILHATH MJIaH BUITYCKY TpaHCQopMaTopiB , AKLIO BHAATOK
pecypcis He nepepuilye BUaiNeHUX GpoHAis , a npubyTok cknagae He Mexie 900
Tpoll. Of. 33 3MiHy .

5.18. BukopycTOBYIOUM YMOBH 3a1a4i 5.17 , noGynysaty e miotumni x;0x,
obnacth DONYCTUMUX MJIAaHIB BUMYCKY TpaHC(HOpMaTopiB .

5.4. ExoHoMIuHi 3a0ayi, 8 AKUX eUKOpUCMOBYEMbCS Meopis
Mampuuysb

Tipnknan 1. JIpa 3anizo0eToHHNUX 3aBOAK BUNyCKaloTh BUpobu M, N, P
BULIOT , mepwoi Ta apyroi kareropiii axkocTi . KisbkicTh BUNYLIEHNX KOXHUM 3a-
BOJIOM BHPOGiB 32 KOXCHOIO KaTeropielo AKOCTi XapaKTepH3y€eTbCs HACTYMHOK Tab-
THLEIO

Kareropis akocti ToTosi BUpo6u
Iepiunii 3aBog Jpyruii 3aBoj
M N P M N P
Bua 150 240 320|280 300 450
epina 100 130 175|120 150 170
Jpyra 25 15 20 30 20 18

SIkuii 3aranbHUii BUMYcK BUPOGIB 32 O3HAUYEHUMH KaTeropiamMu akocti ?

Po3p’sizanns. KinbkicTb BUpo6iB , BUNYLIEHNX MEPLIMM 3aBOAOM , MOX-
Ha pO3rsAJaTH fK €EMEHTH MaTpulli 4, a APYrHM 3aBOAOM — 4K €JIEMEHTH
marpuui B :

150 240 320 280 300 450
A={100 130 175|; B=|120 150 170
25 15 20 30 20 18

Hopatouu ix , oTpumaeMo mMatpuuto C, ska BU3HAUae€ 3arajlbHe YUCIO BU-
po6iB 3a O3HAYEHHWMH KaTeropiiMH AKOCTI :

430 540 770
C=A4+B={220 280 345
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Hpuxkaan 2. Binnosiaxo 10 nporpamu GyniBeNbHO-MOHTaXHUX podiT BeTa-
HOBJICHO , 1110 0yA€ CMOPYIPKEHO ©

a)yranysi X, 10 oauHuue 06’exriBTuny 1 i 15 oaunuub Tumy 2 ;
6) yranysi X, 20 onnHuib 06’ekTiB THIY 3 ;

B) y ranysi X3 100 onunnub 06’cktis THIY 4 .

Busnauntn Butparh GyaiBenbHUX matepianiB BUAIB P 1 ¢ B KOXxHi# ra-
Jy3i , SIKIIO HOPMM BUTpAT MatepianiB (y BiANOBIAHNX OAMHHLAX BUMIpiB) Hae-
JeHi Y HacTynHili tabauui :

Tun o6'exra Hopma BuTpar Marcpianis
p -]

1 2 15

2 10 20

3 10 100

4 5 50

Po3p’sizanust. YBeaemMo MaTpulli : M — MaTpuLs BUXIZHUX JaHUX 33 006 €K-
Tamu OYRiBHULTBa , A4 — MaTpUUs HOPM BUTpaT Marepialis:

2 15
10 15 0 O
10 20
M=0 0 20 0 |; A=
10 100
0 0 0 100
5 50
Topi MaTpuus BuTpar MatepianiB P i ¢ Mae BHUMAL
170 450
MM=M-4=|200 2000/,
500 5000

ToOTO BUTpaTH MaTepiaxy p y ranysax X;, X,, X3 BiANOBiAHO CKRajawoTh
170,200, 500 ommxuuw , a Marepiany g — Bigmosiaso 450, 2000, 5000
OJMHHLD .

HMpuxnan 3. [Tpy BUroToBAEHHI AeTaNeil YHOTUPLOX BUIIB BUTPATH MaTep-
ianis, poGouol CMIM Ta eNeKTPoeHeprii 3amaroThCA HACTYMHOM TabiauLero
(B yMOBHMX OJMHULSX ) :

Pecypeu Burpard Ha 0iHy ieTalb KOXXHOT0 BULY
1 2 3 4
Marepianu 1 3 0,5 2
PoGoua cuna 1,5 2 3 1
Enexrpoenepris 2 1 1 0,5
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OO6uucnuTH 3aransHy noTpeby B Marepianax y |, pobouiii cuni y, Taenek-
TpoeHepril yy 471 BUTOTOBIEHHS 3aaHOT KilbKOCTi X, JeTanei KoXHOro BUIY :
x;=10; Xy =2, x3=8; x4 =4,

Po3p’sizanns. 3arajbHa norpe6a B Matepianax , poGouiif cuni Ta enekTpo-

€HepTii JUI BUTOTOBNEHHS KilbKOCTi X, AeTaleil KOXKHOro BUIY BU3HAYAECTHLCS

PiBHAHHAM
Y=4X,
N
ne Y =|y, | —Marpuus 3aranbHoi notpebn B pecypeax ;
y3
1 3 05 2
A=/15 2 3 1 | —marpuus HOPM BUTPAT pecypcis ;
2 1 1 05
X1
X2 . . .
X= — MaTpuud KinbkocTi BUpobiB (3a BHAAMH) .
X3
x4
10
20
Ipn X = 8 13 PIBHSIHHA Y = A X OTpUMAEMO
4
10
Y 1 3 05 2 5 28
Y=y |=|1,5 2 3 1-8:47,
¥3 2 1 1 05 4 32

T00TO U1 BUTOTOBNIEHHS 3a/1aHOT KiNBKOCTI NeTanelt koHoro Buny HeobxinHo 28
OJMHHLE MaTepianis , 47 ofuHULbL poboyol cunn , 32 opMHULI eNexTpoeHepril .
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Hpuknan 4. Bukonatu po3paxyHok 3apoGiTHOT MuiaTHi, ska Npunajae Ha

KO>KHE 3aMOBJICHHS [IpX BUTOTOBIIEHHI PI3HUX JleTaslei, IKIIO BiAOMI Taki AaHi .

1. Burparu po6o4oro yacy B rofiiHax Ha KOxHOMY pobouoMy Miclli i Ha

KOXKHHI1 BUPIO :

y TabnuuHift Qopmi

Bupi6 Burparu Ha po6ovomy micli
1 | 2 1 3 | 4 ] s
A 2 1 4 5 0
B 1 4 2 5 2
C 0 | 0 3 4
21 450
y MarpuuHiit ¢popmi P={1 4 2 5 2
01 03 4

2. Kinekictb BUpo0iB (y WTYKaX) Y KOXKHOMY 3aMOBJIEHH] :
y TabnuuHiit popmi

3amOBIIEHHA KisbkicTh BUpobiB
A B c
K 0 4 2
L 0 2 4
M 5 1 0
0 4 2
y Marpuudiit dopmi Q=0 2 4
510

3. TopunHa 3apo6iTHa nnaths (y poll. 0/1.) Ha KOXKHOMY poBouoMy MicLi :
y TabnuuHit popmi

PoGoue micue I"oannHa 3apobiTHa rlaTHs
1 1,25
2 1,50
3 1,40
4 1,40
5 1,25 '
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1,25

1,50

y MatpuuHiit ¢opmi Y =|140

‘ 1,40
1,25

Poss’sizanns. Ockilbky MaTpuud Y 3amae niHilHy 3a0eXHICTb MiX po3-
MipoM 3apoGiTHOT r1aTHi | BUTpaTamu po6ouoro uacy Ha KoxkHoMy poGouomy Micui,

a matpuug P — MK BUTpaTaM# Hacy Ha KOxHOMY pobGoyomy mici i BUITyCKOM
BUpO6iB, To M0b6yTok PY 3anae niHiiiHy 3aieXHICTh MiX BHIyCKOM BUPOGiB i
po3mipoM 3apo6iTHOT natHi. Ockinbkyu MaTpuus O BH3HAYae KibKicTh BUpOOiB

y KOXHOMY 3aMoBJeHHi, T0 106yTok Q(PY), TAKMM YMHOM , BU3HA4Ya€ PO3Mip
3apoGiTHOI NuaTHi, 1O NPHNajac Ha BUKOHAHHSA KOXKHOTO 3aMOBJIEHH. Po3paxy-

HOK 100yTKY X = Q(PY)=(QP)Y BUKOHAEMO 33 HACTYMHOIO CXEMOIO :

P Y
Q QP X
Toxi Maemo : '
1,25
P 1,50 Y
2 1 4 5 0 1,40
1 4 2 5 2 1,40
o 0 1 0 3 4 1,25
0 4 2 4 18 8 26 16 99,60
0 2 4 2 12 4 22 20 81,90 X
5 1 0 11 9 22 30 2 102,55

TakuM YHHOM , 3apo6iTHA MNaTHA , WO NPHUNAJAE HA 3aAMOBJIEHHA K , CKla-
nae 99,60 rpow. ox., Ha 3amoBneHHs L — 81,90 rpouw. oj., Ha 3aMOBNIEHHS M -
102,55 rpow. opn.

Hpuxnaa 5.V HactynHii Tabnuui y BUOPaHUX OAMHULAX HABEACHO CKIIAL

BiTamiHiB B xapuyosux mpoaykrax IIj, Iy, I3 : .
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Hpoayxru Bitaminu
4 B C D
IT, 0,5 0,5 0 0
IT, 0,3 0 0,2 0,1
11, 0,1 0,1 0,2 0,5

1. CkinbKd BiTaMiHIB KOKHOTO BHJly MICTUTBLCS B PALLiOHi , 10 BKIIOYAE 5
onpuHuus npoaykty Iy, 10 oauauus npoaykty I, i 8 onunuue nponykry I3 ?
2. BpaxoBytouH Tinbku BapTicTb BITAMIHIB y KOKHOMY MpOAYKTi 3 po3pa-
xyHky BignosigHo 10, 20, 25 1 50 rpoul. o4. 32 OAHHULIO KOXHOTO BiTAMIHY .

BCTAHOBUTH BAPTICTh OJAMHHULL KOXKHOTO BHY TIPOJYKTY .
3. [MigpaxyBaTtu BapTiCTh paLlioOHy , CKJ1al SKOTO HAaBEIEHO y 1. I.

Po3p’sizanus. Yeenemo marpulli
A=(510 8), aj;, — KinbKicTb OAUHNULDL NPOAYKTY i-FO BUAY B PaLioHi,

i=13;
0,5 0,5 0 0O
B={0,3 0 0,2 0,1 , by, ~ KinbKICTb BiTaMiHiB j-ro BuY B OAMHUUI
01 01 02 0,5

npoaykty i-ro supmy, j=1,4, i=1,3;

10
20 . ..
C= » €, —BapTICTL OAMHWULI BITAMIRY J-ro BUlY, j=1,4 .
25
50
dy
_ d21 . . . Lo .
1.Tlo3Hauumo D = d a’jl — KIJIbKICTb BITaMIHIB j-ro BUAY, 10 MiCTHTE-
31
da

¢ B pauioni, j=1,4 .
Toni AB=D,
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2,5+3+0,8 6,3
0,5 0,5 0 0
2,5+0,8 3.3
D=(5 10 8)|0,3 0 02 0,1|= =
2+1,6 3,6
0,1 0,1 0,2 0,5
1+4 5
o
2. Hosnaunmo F =| f5, |, J;1 — BapricTs oauHNLI MPOIYKTY j-rO BULY,
f31
j:l,3‘
Toni BC=F,
10
0,5 05 0 0 5+10 \ 15)
20
F=(0,3 0 0,2 01 5 = 3+5+5 |=|13
01 0,1 0,2 0,5 5 1+2+5+25) \33)°

3. [To3nayumo uepe3 S — BapTiCTb palLlioHy, CKJIaJ IKOTO HaBeneHo y 1. 1.

Toni S=A4F,
15
S=(5108){13|=75+130+264=469 .
33

5.19. Tpu nianpuemctBa BUnyckaioTh 4 BUAK BUpoOiB. 3alaHa mMaTpuid
BHMYCKY NPOIyKUiT
1150 1250 1020 1384
A=(a,;)=|2030 3700 2700 1856,

1500 990 1058 720

e ay (i=1,3, k=1,4) — HaxonHYeHHil 3 MOYaTKY POKY Ha KiHELb JeAKOro

Micaus o6ear BUNycKky BUpoGiB k-ro BHAY OJHOTO MiJNPUEMCTBA . 3HAITH Micau-
HHit o6cAr BUNMycKy BUpOOiB HAa KOXKHOMY MiINPHEMCTBI, SIKLLIO aHAJIOTiUHA MaTpH-
uA 4epes MicAlb Mana BUIIS

2370 1980 1790 1880
B=(b,;)=1{3500 4736 4015 2750
2220 2112 2010 1830
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5.20. Tpu THNH TPAHCMOPTHUX JIITAKIB PO3NOAINEHO MiX YOTHpPMa aBialtiH-
iaMu . 3apaHi MaTpuui o6cary nepesesens :

15 10 20 50 ' 97 54 75 200
A=(a;;)=]20 25 10 17/; B=(b,)=|83 102 49 79|,
35 50 30 45 71 210 150 180

pe A, by (i =13, k= f,—él) ~ HaKOTMYEeHi 3 MoYaTky poky obcsru nepese-

3eHb OJHUM JITAKOM i-I0 TUMy Ha asianiuii k-ro Bumy BianosiaHo 30 ksiTHs i |
BEPECHS JeSKOro poky. 3HalTH 0OcAT nepeBe3eHb, 3AiCHeHUX JiTakaMH KOXHO-
ro TUIY Ha KOXHiii aBianiHii 3a MUHYIHI nepiof .

5.21. [1ixnpueMCTBO BUMyCKaE TPH BUAW NPOAYKLIi, AKi XapaKTepu3yoThCs
Marpuuero — mnadom X =(10 7 4). I1pu Bunycky npoRykuii BUKOPUCTOBYIOTh
5 BuAiB CUPOBUHY . 3ajaHa MaTPULA BUTPAT CUPOBUHU

510 3 9 2
A=(a,)=|4 8 5 6 8
6 12 4 3 10

I€ a,; — BHUTpaTH k-TO BUAY CUPOBUHH HA OJHY OAMHHUIO [-T0 BULY NMPOAYKLIT .

Marpuug C =(7 4 5 10 2) 3apmae BapTicTbh OAHIET OMHMHHLI KOKHOIO BULY CHpPO-
BHHU .

BusHauuTy : ) HEOOXiAHY KilbKiCTh OJMHULIL CUPOBHHU KOXHOTO BHUAY
ans 3abe3neyeHHs nnady ; 0) BapTiCTb CHPOBMHM U OAMHHLI KOXKHOTO BHJILY
MpOAYKLIT ; B) 3arajiibHy BapTiCTh CUPOBUHM NPH BUKOHAHHI MIaHY BHMYCKY X .

5.22. V HaBepeHilt Huxue TabiNLI Bka3aHa KiNbKiCThb OAWHULL MPOAYKUT,
KA BiIBAaHTAXXYETHCA 1IOIHA Ha 3aBozax |, 2, 3 10 NyHKTiB npusHaienns 1, 11,
III, IV, npryoMy JoCTaBIEHH: OAMHHLL MPOAYKLLT i3 KOXKHOTO 3aBOJY O NMYHKTY |
xowrrye 90 rpow. oa., 1o myukry I — 110, g0 mynxry 11— 120, go nynkry IV — 140
rpoul. oft. CkAacTu MaTpHLEO BUTPAT Ha NEPeBE3CHHS .

3aBox TTyHKT npu3HaYeHHS
[ 11 111 I\
1 10 15 9 7
2 14 8 12 8
3 6 14 22 17
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5.23. 3annanoBaHo noGyayBaTH B CKiNLKOX rajy3sx HapOAHOTO rocno-
JapcTBa 00’ €KTH YOTHUPBLOX pisHOMaHiTHUX THUNIB . BynisensHuit obcar o6’exrin
33 KOHUM 3 THMNB HactynHuil (y THC. M*):

[-75, 1I-100, II-50, iV-50.
BusHaunty o6car OyliBenbHO-MOHTaXHUX POGIT TPLOX BEIMKHUX KOMILIEKCIB
m, 1, P, AKi BUKOHYIOTbCS Mijl yac GyfiBHULTBA LMX 00’ €KTiR. OOCATH KOXCHOTO
BHIy pobiT Ha oauH kyGomeTp obcsary GyiBelb B 3aNe3KHOCTI Bifl TUIY 00’€kTa
HaBeJIEHO B HACTYNHIiH Tabnuui :

Tun o6'exra O6csiry pobir
N T
I 5 10 5
11 10 15 20
I 10 5 5
1V 20 5 20

5.24. T1pu 6yniBHUUTBI 06’ €KTIB Pi3HOMAHITHUX TUIIB OBUHHI GYTH BHKO-
HaHi OyZiBesIbHO-MOHTaXHI pOGOTH TPHOX BENUKUMX KOMIUIEKCIB m, 1, p BilNOB-
11Ho B 006ca3i 20, 100, 30 onunuue . Buznauutu norpeby B pobiTHHUMX Kaapax
4OTHPLOX Tpodeciit , HeoGXiAHNUX st BUKOHAHHS UMX PobiT , SKIO HOPMHU BUT-
par npaui pobiTHHKIB KOXHOI npodecii HaBeneHi B HACTYNHi# Tabnuui :

Komninexe Hopwmu Burpar npaui 3a npogecieio
[ noo( o [ v
m 2 5 4 5
n 4 2 10 2
p 2 8 4 6

5.25. BukoHatH po3paxyHoK 3apo6iTHOT IIaTHi , fika IPUXOAUTHCS Ha KOX-
HE 3aMOBJIEHHSA NPH BUPOOHHUUTBI pi3HOMaHITHUX BUPODiB, KOPUCTYIOUHUCH AAHU-
MH HacTyMHUX TabauLb :

Bupi6 Burpatu pobo4oro yacy Ha KOXHOMY 3 pobotux
Micub
1 2 3 4
A 0,8 2,1 1,2 3,0
B 1,3 0,5 2,8 0,2
C 1,1 1,0 2,5 1,8
211 N



3aMoBNEHHS Kisbkicts BUpoGiB
A B C
K 5 7 3
L 4 0 2
M 6 2 i
PoGoue micue lonunxia 3apobiTHa rutaTHs

1 1,30

2 1,25

3 1,40

4 1,45

5.5. ExoHoMI4YHi 3adayi, ujo 38600ambcss 0 cucmem niHitiHux
PieHsIHL

IMpuknag 1. 3 neskoro nTUCTOBOro Matepiany HeobXinHo Bukpoith 200 3a-
roTorok TUNY 4 , 260 —Tuny B 1290 —tuny C . [Tpu ubOMY MOXKHA 3aCTOCOBYBATH
TpH criocobu po3kporoBaHHs . KilbKicTb 3aroToBOK, 0O4€pKyBaHHX 3 KOXKHOTO JIUCTA
NPU KOXKHOMY criocobi po3KpOoIOBaHHS, HaBeaeHa B HAacTyNHil Tabmuui

Tun 3aroroBku Cnoci po3kpotoBaHtis
1 2 3
A 3 2 1
B 1 6 2
C 4 1 5

3anucard B MareMaTtu4Hid (opMi yMOBHW BHKOHAHHS 3aBRAHHA .

Po3p’a3anns. IloznaunMo uepes x|, x5, X3 KiIbKICTh JIMCTIB Marepia-
Jy , IO PO3KPOEH] BiNOBITHO MEpLIUM , ApYrUM i TpetiM cnocobamu . Toni 3a

NEPIINM CII0CO6OM PO3KPOIOBAHHA X| NHUCTIB Oyae oTpUMaHO 3x| 3aroToBOK
MY A , 33 APYTUM — 2X 5, 32 TPETIM — | x 3. [l1s TOBHOIO BUKOHAHHA 3aBJaHHA
1o 3aroToBKaM TuIy 4 cyma 3 x| +2x, + x5 noBuHHa fopisHioBatH 200, TO6TO
3x1+2x5 +x3=200,

AHaJIoriYHO 0AEePKYEMO PiBHAHHA

212

20—



X +6X2 +2X3 =260 ,
4x1 + Xy +5.)C3 =290 ,

FKHM MOBHHHI 3a10BOJIBHATHU HeBinoOMi X1, X3, X3 AudTOro, 11100 BUKOHATH 3aB-

Z2HHA o 3arotoBkam B i C.
Cucrema niHiiiHUX PIBHAHb

3x1 +2.XT2 + X3 =200 )
xy +6x5 +2x3 =260 ;
4x| + X +SX3 =290

BHpaXka€ B MaTeMaTHuHili GopMi yMOBH BUKOHAHHS BChOTO 32BAHHA 10 3ar0TOB-
aum A, B, C.
[ToMiTHMO, 1O CHCTEMM OTPHUMAHOrO BHINISLY MOXYTh OyTH po3B’d3aHi

BHBYEHUMH MeToJaMK ab0 BHKOpUCTaHi K OOMEXEHHS Ha 3MiHHI X}, X5, X3

ipH poO3B’A3aHHI ONTUMi3aLiiiHuX 3a[a4 , OB’ A3AHUX 3 PO3KPOIOBAHHAM JIUCTO-
BOrO Marepiany .

Mpuknan 2. 3a ymMoBu npukyiasy 1 BCTaHOBUTH, CKilbku JiMcTiB 6yae no-
TPIOHO I BUKPOIOBAHHS 03HauEHOT KINbKOCTI 3aroToBok . [nst po3B’a3Ky cucTe-
MK BHKOpHCTaTH MeTOR Iaycca .

Pose’s3anns. Cucremy , OTpUMaHy B Npuknani 1, samuiieMo y Burnsnai
X +6xy +2x3 =260 ;
3x) +2xy + x3=200;
4x; + x5 +5x3=290 .
IlepeTBopumo po3iupeHy MaTpULUIO CHCTEMH :
1 6 2|260 1 6 2 260
A=|3 2 1]200[~|0 -16 -5 |-580 |~
4 1 529/, {0 -23 -3 [-750

4
1 6 2 260 1 6 21260 (1 6 21260
~0 16 523 580 ~0 16 5|58 |~/0 16 5580
0 0 3452|750+ 220231 [g o ST\ 130115 o ) o)
16 16 16 | 16

CTaBMMO y BIANOBIAHICTL PO3LIUPEHiH MATPHLL CIPOLUEHY CHCTEMY :
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Xy +6xy +2x3 =260 ; X1 =260-6-30-2-20=40;

480
16x5 +5x3 =580 ; x2=&—i-20=————=30;
16 16 16
X3 = 20, X3=20 ,
x1=40, x2=30, X3=20_

Tlepesipka :
3-40+2-30+20=200;
40+6-30+2-20=260;
4.40+30+5-20=290.

CucreMa po3B’A3aHa BipHO .

Mpuknan 3. punyctumo, Wo GyHKLiA, AKa XapaKTepH3ye BAlTOBHil 10Xix
nignpueMcTsa, Ma€ BUMIAA Y, = a+bq, + cq,2 ,Ae y; —Banosuii joxin; 4 -
BHMYyCK MPOMYKLi 3a nepiox ¢ . CrnocTepexeHH OXOMIIOIOTh JINLIE 1BA NEPIOaH,
IS SIKUX 3HAYEHHS ¢, , Y, HaBeleHi B HAacTynHil Tabnuui

Iepioa ¢ q: Yt
1 10 100
2 20 150

1. Buxonaun 3 MarpuuHoi popmMu 3ananHs QyHKLiT BajioBoro npubyTky

Aa be) =y,

ne A=(1 g, q% ), CKJIAaCTH 3 ypaxyBaHHSAM MPOBENEHHX CHOCTEPEKEHD CHCTEMY

PiBHAHb JUIA BU3HAUEHHs NapameTpiB a, b, ¢ 1 po3B’a3aTtu 11.

2. BU3Ha4UTH BCIO CYKYMHicTb (pyHKLi# BaIOBOrO NpUOYTKY , 110 3310BOJIb-
HAIOTH 3rajladiit B 1. | cucTeMi piBHAHS |

Po3p’sizanns. 3anuiueMd GyHKLIIO BanoBoro NpubyTKy y BUMIAAI

a

1 2y b=
(I g qg) =Vt

¢

TligcTaBuMo 3aaaHi 3HaYeHHA 3 TabaHL ;

214

-—



[ a
(1 10 100) 4 |=100 ;
c
4
a
(1 20 400) b |=150 .
c

Maemo cuctemy
' a+10b+100¢ =100 ;
{a+20b+400c= 150 .
Po3s’sa3yeMo i1, BHkopucTOBYloun Merton Iaycca :

{1 10 100 (100 1 10 100|100
1 20 400(150 0 10 300| s50)-
RgA=Rg§=2=r<n=3 = Cucrema cyMicHa, Mae 6e3siiu
™. 1B A3KIB :

4

a+10b+100c=100;
106+300c= 50.

2. b —6a3ucHi 3MiHHI ; ¢ — BUIbHA 3MIHHA ,
{a+10b=100—1000; :{a=—]0(5-—30c)+100—100c;
10b= 50-300c, b=5-30c,
a=50+200c;
{b= S5~ 30c¢, ceR.

2. Yes cykynHicTs dyHkuii BanoBoro npubyTky
y,=(200¢+50)+(5-30¢) g, +cq> .

Jlo uncna 3a1a4 eKOHOMIKH, AKi 3BOAATHCSA OO CUCTEM JNiHifiHUX PiBHAHB,
| 3LIHOCAThCA 3aaaui Ganancosoro aHanizy. Mera banancoBoro aHanisy — Biano-
3 CTH Ha MUTAHHA, 10 BUHUKAE B MAKPOSKOHOMILll i NOB’A3aHe 3 €QEKTUBHICTIO
32JeHHs 0araToraiy3eBoro rocronapersa : skuM Mae Oytu oGcar BUpOoOHMLTBA
& AHOI 3 n ranysel , wo6 3a10BoNLHUTH BCi NOTpebU y npoaykuii uiei ranysi ?
1bOMY KOJKHA Tajly3b BUCTYTIA€ , 3 OAHOTO G6OKY , Ak BUPOGHUK Aedkoi npo-

- .1, a3 IHWOTI0 — §K CNOXuBay i CBOET i BUPOOEHOT iHLIUMY ray3amMH .
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3B’A30K MK rajy3sMH , ik NpaBuio , BixOuBaeThes B TAGMMLIAX MiKrany-
3eBoro GajlaHcy, a MaTeMaTHyHa MOJIENb, L0 A03BOJsE X aHanizyBary, po3pobie-
Ha B 1936 p. amepHkaHCbkUM exoHOMicToM B. JleoHTbeBUM . Po3rigHeMo nok-
naaHo mopenb JleoHTheBa Gararorajly3eBol €KOHOMIKH .

[punycTumo, 10 Po3rNANAETLCS 1 Taty3eil NPOMUCIOBOCTI, KOXKHA 3 SKUX
BUpoOnNse cBOIO NponykLito. YacTuHa npodykuii fine Ha BHYTpilliHbO-BUPOGHHYE
CTIOXKUBAHHA AAHOIO FANy3310 Ta iHIWUMY rany3ami, a pelTa Npu3Hauena s MeTH
KiHLIeBOTO ( N03a cepoto MarepiabHOro BUPOOGHUITBA ) 0COGUCTOTO i CyCcHiNb-
HOFO CTIOKMBAHHS .

Po3risHeMo npouec BUpoOHUUTBA 3a AeA KM nepiol yacy (HanpUKIam , pik) .

‘YBeneMo HacTyrHi No3HaueHHs :

X, —3aranbHuit ( BanoBuii-) obear npoaykuil i-i ranysi (i=1,n) ;
X, — obcar npoayKuil -1 ramy3i, 110 CIIOKHBAETLCS j-10 rally33i0 B NpoLeci BU-
pobnuursa (i, j=1,n) ;

y, —obcsAr KiHUEBOTO NPOAYKTY -1 ramy3i Uil HeBMPOOHHYOrO CMOMHBAHHA .
Ockinbku BasioBui o6car npoaykuii Oyab-aKol i-1 ranysi NopiBHIOE CyMapHO-
My o0cary npoAyKuUil, Lo CIIOKUBAETHLCSA /1 TANY3AMH , | KIHLEBOTO NPOLYKTY, TO

n
x,=2xu+y,, i=l,n.
J=1
3anucaHi piBHAHHA Ha3WBAIOTbCA CRiBBiAHOWeEHHaMM Oanancy . Byaemo
po3MIAAaTH BapTicHUIt MiDkrany3eBuii GanaHc , KOJH BCI BEJIMUUHH , IO BXOAATH ¥
i piBHAHHA , MalOTh BapTiCHE BUPAKEHHA .
‘YBeneMo koedilieHTH NpIMUX BUTpAT
_Xy LT
aU T I, J=1,n,
X
10 NOKa3YIOTh BUTPATH Npoaykuii /-1 rany3i Ha BUpoOGHUUTBO OaMHULI NpOAYKLiT
J-i ramysi.

MoxHa BBaKaTH, 110 B JEAKOMY NPOMIXKY uacy koediuieHTH &y OyayTh

CTANUMM | 3aJIEXKATUMYTh BiJl TEXHOJOTriT BApOOHHLUTBA, L0 ckaajacs . Lle o3Ha-
Yae JiHIfHY 3a€XKHICTb MaTepialibHUX BUTPAT Bij BaJOBOrO BUMYCKY , TOGTO

=aq,x 1, j=l,n,

Xy =adyX; -

y
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-227110K Yoro noGynoBaHa Ha Uill nincrasi Mojenb Mikrany3esoro fanaHcy or-
© wi7Ta Ha3By JiHiiiHOT .
Tenep cniBeigHOWEHHs GanaHcy HaOyayTb BHIALY

n —_—
X,=) a,x,+y,, i=lLn
J=1
X1 a 92 o Ay Y
x axy dxp 4
[MozHaunmo : X = 2 ; A= " ; Y = y_2 R
Xy am  dyy " Gy Yn

-z Y - BEKTOp BANIOBOTO BUNYCKY ; Y — BeKTOp KIHLEBOrO NPORYKTY : A —Marpu-
% TIPAMUX BUTPAT .
Toni cniBBigHOWEHHA GanaHCy MOXHA 3aMKMcaTH B MAaTPUUHOMY BUIAAI :
X=AX+Y .
OcHoBHa 3ajavya Mixrasnyseporo OanaHcy mojisrae y BiALIyKaHHI Takoro
WKTOpa BAJIOBOTO BUIYCKY X , AKMH NpH BiJOMiil MaTpuul NpsMUX BUTpaT 4 3a-

“z3menye 3aaaHuit BEKTOP KiHUEBOTO NPOAYKTY Y .
[epenuiuemo cniBBiIHOIEHHS fanaHcy y BUIJIs AL

Y=(E-A)X .
Maemo cuctemy JIiHIHHUX piBHAHB BigHocHo X . Slxkwo marpuus (£ - A4)

-2BHpoMkeHa , To6t0 det ( £~ A) # 0, To icHye eauHuit po3s’ 430K CUCTEMH, AKUII
IHAXOJIMMO MaTPUYHUM CIOCOOOM

X=(E-4)"r.

Marpuus S=(E- A)~l Ha3MBAETLCA MATPHIEI NMOBHHX BHUTPAT .
1106 3’sicyBaTH €KOHOMI4H Uil 3MICT eJIeMEHTIB MaTpHL § = (8, 6ynemMo

3212BaTHCH OJIMHUYHMMH BEKTOPaMU KIHLEBOTO NIPOAYKTY ¥ :(1,0,0, ., 0 )T,

v =(0,1,..,0)", ..., ¥,=(0,0,...,1)" . Toni3s omnsany wate, mo X =S.v,
=1 1MIOBiHI BEKTOPH BAJIOBOTO BUIYCKY OyIyTh

. r _ T _ T
= (S8 Su) s X2 =(812,522058m2) s s Xy = (St Saseess Sn) -

OTxe, KOKHHUIl eneMeHT S, MaTpuui S € BanoBUii BUNYyCK npoayKuii
-f ranysi, HeoGXigHu# Ana 3a6e3neueHHs BUMYCKY OAMHULI KiHIIEBOTO NMpo-
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AyKTy j-iranysi y,=1, j=ln.
Binnosiauo 1o exoHoMiuHOTO 3MIiCTy 3ajaui 3HAYEHHA X, TIOBHMHHI OyTn
HEBiA'€MHUMH NPH HEBiJUE€MHHX 3HAYEHHAX y,, d,, 0€ i,j=1,n .

Marpuus 4(a, 20) nasupaerscst npoAyKTHBHOIO, AKIIO 1S Gyas-sKO-

ro Bekropa Y (y, =0) icHye po3s’sasok X (x,20) cucremu X =AX+Y. ¥
[bOMY BHMOAAKY i Monens JIeOHTHEBA HA3UBAETHCA MIPOIYKTUBHOLO.

IcHye nexinpka KpuTepiiB npogyKTHBHOCTI MaTpuui A . OJUH 3 HUX TOBO-
PHTB PO Te, 1o MaTpulsd A NpoJYKTHBHA, AKIIO MAKCUMYM CYM €JIEMEHTIB ii
CTOBNUIB He NepeliNbulye ofHHuIL, PIYOMY Xoua 6 U OXHOTO CTOBILL CyMa
€JIEMEHTIB CTPOro MeHLIa OAMHHUL , TOOTO MaTpuls 4 NpONYKTHBHA, AKIIO

n
ay 20 ¥ i,j=ln, max Y a,<l, icHye HoMep j Taxmit, o
J=ln o

n
Za,, <1i.
v

i=l

Mpuxnan 4. Y rabanui HaBeneHO HaHl IIp0 BUKOPUCTAHHA GanaHCy 33
3BITHuUII IIepioN . yMOB. TpoM. OX. :

. CrI0>KHBaHHA Kinuesuit | Banoswii
Tanyss Enepre- | MammnoOy- | Npomyks BUIYCK
THKA JlyBaHHA
Bupo6- | Enepretuxa 7 21 72 100
HULTBO | MammHoOyayBanHs 12 15 73 100

O6uncnut HeoGxiannit 00cAr BaJoOBOIro BHIYCKY B KOXHiM ranysi, skimo
KiHIeBEe CIMKUBARHA eHepreTHuHol rany3i 36iNbUTECA BABIYI, 3 MalIHHOOY Y-
BaHHA 3AJTUIINTECA HA KOJIMIIHEOMY PiBH .

Po3p*sa3anns. MaeMo :
xl:100. X2=100., ,\‘”=7, x12=21, .\'21=12, X22=15;

_)/1272., y2:73.

3HaxoaUMO Koe(ilieHT!! NPAMUX BUTpaT 3a (JOPMyYIOI0
Xy .
ay=—t, iy=12
Xy

apy =0,07; a5 =0,21; ay; =0,12; ayp =015 ; To0TO MaTpULIA IPAMHAX BATPAT
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A 0,07 0,21
“log2 015)°
Marpuus A Ma€ HeBia’€MHi efleMeHTH | 3a0BOJIBHAE KPUTEPiIO NPOXYK-
TERHOCTI !
max {0,07+0,12; 0,21+0,15}= max {0,19; 0,36 }=0,36<1.
ToMy 11st 6yzb-SKOTO BEKTOPA KiHLIEBOTO MPOIYKTY ¥ MOXKHA 3HANTH HeoO-
-~Hit obcar BanoBoro Bunycky X 3a dopmynoro

X=(E-A)"-v.
3HaiiIeMO MaTPULIO MOBHUX BUTPAT S = (E — 4 )‘l
0,93 . -0,21
E-A=
-012 085 )"
Ockinbku det(E-A4)=0,7653#0, 10

§=(E- A)" 1 [0,85 0,21)

~0.765310,12 0,93

144
33 YMOBOIO BEKTOp KiHLEBOrO TMPOAYKTY Y =[73J .

Toxi BekTOp BaJIOBOrO BUIYCKY X BH3HAUMTHCA TaK !

X< 1 0,85 0,21\(144 1 137,73) (179,99
70,7653 (0,12 0,93){ 73 ) 0,7653 { 85,17 ) (111,28) "
OTtxe, BalOBHI BUNYCK B eHepreTHuHid ranysi tpe6a 36inbwiuTi oo
73.99 yMmoB. ox1., a B MawuHoOyaisHiii — no 111, 28 ymos. on.

Binomo, Wo 3ajaya 3HaXOMKEHHS BAAaCHUX BEKTOPIB i BIACHMX 3HAYEHb
WITPHLb 3BOJANTBLCS 10 PO3B’A3KY OJHOPIAHMX CUCTEM JiHIIHUX PiBHSHb.

Sk MpHKAaA MaTeMaTHYHOT MOJIENi EKOHOMiUHOTO MPOLECY, L0 MPUBOAUTE
12 NOHATTA BJIACHOTO BEKTOPA i BAACHOTO 3HAYEHHS MaTPHLL, PO3MIIHEMO JliHilHY
wolenb 00MiHy (Moae/Ib MiXKHAPOAHOT TOPriBIi) .

Hexaii € r kpain S|, S5, ..., S,,, HaLiOHANBHUIT KOXiN KOXKHO] 3 AKHX IOP-
WHIOE BIINOBIMHO X[, X3, ..., X, . [To3HauuMO KoediuieHTaMH g, 4acTKy Ha-

Z}0HANBHOTO JIOXONY, AKY KpaiHa S, BUTpayac Ha 3aKymniBJIIO TO8api8 y KpaiHyu S, .
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Bynemo BBaxaTH, 110 Bech HaLliOHaJIbHUH J10XiJl BUTPAuaeTHCA HA 3aKYIiBMIO TO-
Bapis abo BcepeauHi KpaiHu, a60 Ha iMIIOPT 3 IHLIKX KpaiH, TO6TO
n
Zay =1, j=Ln.
=1
PozrnaneMo marpuiito

a4 iy
a a a

A= 21 22 2n ,
amy Gp2 Ay

110 OTPpHMaJIa Ha3By CTPYKTYPHOI MAaTpHuUi Toprieii . BpaxoByloun nonepeaHic
PIBHICTL, cyma eJieMeHTiB Oyib-SIKOro CTOBILA MaTpHLli 4 HOPIBHIOE OAMHMIIL .
Jns Oyab-axoi kpaivm §, , =1, 7 BHUpYYKaBig BHyTpillHbOT | 30BHILI-
HBOT TOPriBJ cKilaze
Py=angx tapxy+.. +dx,.
Jns 36anaHcoBanol Toprieni HeobxifHa Ge3nediunTHICTS TOPriBi KOXHOI

kpaiHu S, , To6TO BUPY4Ka Bifl TOPriBai KOXHOT KpaiHW MOBUHHA OYTH He MEH-
woto 11 HALIOHANBHOTO HOXOMY :

P, 2x,, i=1,n.
Slkuwio BBAXATH, WO p, > X, Vi, TO OAEPKYEMO CHCTEMY HEPIBHOCTE! .

apxXy+dpxy+a.tdi,Xx, >x),
A Xp¥dyy Xpr..tdyyX,>Xy
A X1 T Ay Xyt v ady, X, > X, .

Honasiuy niBi i NpaBi YacTHHU HEPiBHOCTEI, OTPUMAEMO MiCA Neperpyimy-
BaHHA :

xl(a” +dy +...+a,1])+x2(a12 +agn +...+a,,2)+...+x,,(a,,, +ay, +..+ ann)>
>X|+Xy+.tXx, .

Bpaxosyiouu, 110 BUpa3H B AyXkKax JOPIBHIOIOTH OAMHHLI, MPUXOAUMO JI0
CyNepeusinBoi HEpiBHOCTI :

Xp+xy+..+X, >x+x +.FX, .
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TakuM 4uMHOM , HepiBHicTL p, > X, , i=1,n nHemoxnuBa,iymoBa p, 2 X,
-mBaeBumany p, =x,, i=1,n . (3 ekoHOMIYHOT TOYKU 30py Le 3pO3yMilo,
301 KpaiHY He MOXYThb BOAHOYAC OJIEPXKYBaTH MPUOYTOK .)

YBORSAUHM BEKTOP X = (x|, Xp,..., X,, ) HALIOHATLHUX JIOXO/1IB KPaiH, OTpHMAE-
CIBHAHHA

A;c =Xx>
-0 337aua 3BeNacs 10 3HaXO[PKEHHS BIACHOTO BEKTOpa MaTpHLi 4 , 1110 BiANOB-
--< BIACHOMY 3HAYeHHIO 1 =1.

Mpuknan 5. CtpykrypHa MaTpuns Toprisii Tpbox kpaiH S;, S, S3 Mae
ERS 5 |

01 03 0.2
A=(08 06 O
01 01 08
3HaiiTy cniBBiXHOLIEHHS HaLiOHANBLHUX NOXOAIB KpaiH 1ns 30anaHcoBaHOi

T ITIB.
Po3p’si3aHus. 3TifHO 3 BUKJIa4CHOK BHUILE TEOPIi€IO BIACHUM 3HAUYEHHAM

-l A € 4 =1. Mepesipumo, un A =1 3310BONBHAE XapAKTEPHCTHIHOMY
= -<HHKO

det(A-AE)=0,
<=2 piBHAHHIO
01-4 03 0,2
08 06-4 0 |=0,
0,1 0,1 08-1
[Moxnaswn 4 =1 Ta pO3KPUBILIKM BU3HAUHUK, BIIEBHIOEMOCh, LLIO L€ BIpHO.

3HAXOMMO BJIACHUI BEKTOP X , IO BiANOBIA€ BNACHOMY 3HaYeHHI0 A =1,
3'A3aBIUN CUCTEMY

(A-E)X =0,
4% B PO3TOPHYTOMY BUMIAL
-09 03 02)(x
08 -04 0 [|x|=
01 01 -02)\x

oSO O
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BukopuctaeMo meton Faycca st po3B’s3yBaHHS OTPUMAaHOT CHCTEMH :
—0,9x; +0,3x, +0,2x3 =0 ;
b 0,8x; —0,4x, =0;
0,1x +0,1x5 = 0,2x3 =0 .
3HaxoquMo, 11O '
x =§C ;X =%C ; Xx3=C, 710670 ;=(% C, %C» C) .
OTpumMaHmii pe3ysTaT 03Hayae, 1o s 36anaHcoBaHOT TOPTiBNi cniBBinHO-

2 4
WEHHA HAUIOHANBHUX JIOXO/iB MOBHHHO OyTH ~3- 5 ', abo 2:4:3.

5.26. 3 nyHkTy A 10 nyHKTY B HeoOXiaHO nepeBe3TH obiafHaHHA TPbOX
tunie: 1 — 95 on., I1 — 100 oa,, I — 185 oa. [Ins nepeBezeHHs oOnaaHaHHs 3aBOA
MO)X€E 3aMOBUTH TPH BUIM TpaHcnopTy. KinbkicTs obagHaHHE KOXKHOTO TUITY, 110
BMILIYETBCS HA MEBHUIT BUI TPAHCHOPTY, HaBeAeHa B HACTYMHIH Tabnuui :

Tun Bun tpancropty
o0nanHaHHg
T| T2 T3
1 3 2 1
11 4 1 2
I11 3 5 4

3anucary B MaTeMaTHuHil GpopMi yMOBH NnepeBe3eHHA 00aJHAHHA 3 MyHK-
Ty A 10 NyHKTY B.

5.27. 3a ymoBM 3a1a4i 5.26 BCTAHOBUTH, CKiIbKH OAUHHULIb TPAHCTIOPTY KOXK-
HOTO BUIY NOTPiOHO 1A nepese3eHHs 00naaHaHHA 3 TyHKTY A 10 nyHkTy B . Ins
PO3B’A3aHHA CUCTEMM BUKOpHCTaTH MeTOR ["aycca .

5.28. HmnpneMCTBo BUIYCKaE nponykuuo TpboX BULiB A, B, C. PiBeHb
BUIYCKY JIMITyeThCS 0GMEKEHICTIO pecypeis. Yei UMC/IOBI laHi HABE/ICHO B Ha-
CTYyMHi# Tabnuui :

Pecypcn 3arnac Hopmu BUTpaT Ha OAMHULIO
pecypey npoaykuii
: A B C
CupoBuHa, K& 24 5 7 4
Marepianu, kr 75 10 5 20
OG6nanuauns, o, 10 5 2 1
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3anucaru B MareMaTH4Hiil GopMi yMOBH, IKUM NMOBUHEH 3a10BOJBHATH
TL1aH BUNyCKY MPORYKUii, MPUITyCKalO4H NOBHE BUKOPUCTaHHA PECYPCiB .

5.29. 3a ymoBu 3anaui 5.28 3HaiiTu nnaH Bunycky npoaykuil. J{ns po3s’s-
3aHHA CHCTEMU BUKOpHCTaTH MeTon [aycca .

5.30. Llex Bunyckae Tpu Buny BupoGis: [, 11, 11T . TTpn ubomy 3actocoBy-
10THCA TPHU BUPOOHHUMX NPOLIECH: WITAMITYBaHHs, CkilagaHus i papOysaHHs. IHTeH-
CHBHICThL (B JIIOJAMHO-TOIMHAX 3a Mepion) JaHMX MpoLeciB cknanae BiaAnominHo
<7.40 i 80, a TpynoMicTKicTb KOXKHOro npouecy npu BUPOOHMUTBI NpORYKLiT
1:JA€ThCA MarpuLero J

2
A=(ay')= 1

-

>

1
1
4

—_—
N BN

1¢ dj — KiTBKiCTh IFOAMHO-TOAWH , HeobXinHa ans i-ro npouecy o6pobku omu-
-1 BUpoby j-ro BuLY .
1. Hanucaty B MarpuuHiit Gpopmi cucTeMy piBHSHb, fika XapakTepHusye
!BHICTb MOTY)XHOCTEH, LII0 BUKOPUCTOBYIOThCA, | HAABHUX AJIS KOXKHOTO TIpore-
2. Hexaii MOTY)XHOCTi KOXHOTO NpoLecy 06pobkiH BUKOPUCTOBYIOTHCS TMO-
zHicTIo. Sknii Oyne npu UpOMY BUMYCK KOXKHOTO BUAY MpomyKuii ?

5.31. VY naBepeHiii HIK4e Tabnuui Bka3aHO BMICT BiTaMiHiB A4, B, C B onu-
-#1i Macu koxHoro 3 npoaykriB I1;, IT, i T15. Jlna nixTpumaHHug 310poBR’s He-
:AxiaHO cnioxkueaty 11 on. BitaMiny A, 9 ox. BiTaminy B i 20 ox. Biraminy C.

[Mponykru BitamiHu
A B C
IT, 1 3 4
I, 2 3 3
I1; 3 0 3

1. 3HaliTH Bci MOXNNBI BapiaHTH Ai€TH, 110 BKMouatoTh mpoaykty I1;, I1,,
715 i MicTaTs o3HaueHy kinbkicTb BitaminiB 4, B, C.

2. Hexait uina onquunui nponykry Iy cknapae 60 rpouw. ox., mpoaykry I15 —
»rpoiw. ofL., npoaykty IT3 — 10 rpow. oa. Crnacti AieTy BapricTio 100 rpowt. ox.
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5.32. B ekoHOMiUi i rocniogapcbkiif AiSnbHOCTI BAXIIMBY PONb Bilirpae npu-
MyLIEHHSA, L0 MEXAHI3M PUHKOBOI KOHKYPEHUIT 3MIHIOE LiHY Ha MPOLYKT Ha-
CTiNbKH , 1110 MOMKT i IPONO3MLis 3piBHOBaXYIOTECH . [TpHnycTUMO, 110 PyHKLIA
NOMUTY Ha XOJOAWILHWUKM MNPOTATOM TMEBHOr0 4acy Mae BUIIAL

x1=12000-0,2xy , nme x| — uiHa XOJNOAWIILHMKA, & X5 — BiJNOBiIHA IXHA
kinbkicts. Hexail ¢yHxuia nponosuuii mae Burman : x| =300+ 0,1x, . [1pu axux

3HAYEHHAX X[ i X, HacTtae piBHOBara ? BupiluyMTH CHCTEMY MAaTpPUUHHM METO-
JIoM (METOI0M OBEPHEHOT MATPULL) .

5.33. 3 n1BOX 3aBOJIiB MOCTABIAIOTHCH ABTOMOGINI 11t NBOX aBTOMIANPUEMCTB,
norpe6u saxux signoriaxo 200 i 300 asromo6inis. Ilepiunii 3aBoa Bunycrtus 350
aBToMoG6inis, a npyruit — 150 agromoGinis. Binomi BuTpaTy Ha nepeBe3eHHs aBTo-
M00iiB 3 3aBOAY 10 KOXKHOTO aBTOMiANPUEMCTBA, 110 3aaaHi Tabnuuero :

3ason Butparu Ha nepese3eHHS B aBTOIANPUEMCTBO,
Tpoll. O
1 2
1 15 20
2 8 25

MiHiManbHI BUTpaTH Ha nepeBe3eHHs AopiBHIOTL 7 950 rpoww. oa. 3Hai-
TH ONTHMaNbLHUI TNIaH nepeBe3cHb aBTOMODINIB.

5.34. € Tpu GaHKW, KOKHUI 3 AKMX HAPAXOBYE BKIAAHUKY MEBHUM piyHHHA
BizcoTox (CBilt ang koxHoro 6aHky). Ha nouatky poky 1/3 Bknany posmipom 6 000
rpoi. oj. Bkaanu B 6aHk 1, 1/2 Bknaay — B 6aHK 2 i yaCTUHY, IO 3anuwianacs — B
OaHk 3, i o KiHIA POKYy cymMa LMX Bknaais 3pocna o 7500 rpout. on. Skuo 6
crioyarky 1/6 Bxnagy noknanu y 6ask 1, 2/3 —y 6ank 2 i 1/6 sxyiany - y 6aHk 3, 10
10 KiHUs poKy cyma Bkiany ckiana 6 7200 rpow. on.; sxwo 6 1/2 Bknagy nokna-
nuy GaHk 1, 1/6 —y 6ank 2 1 1/3 Bxnangy —y 6aHk 3, To cyMa BKJIaAiB HaNpuKiHili
poky cknana 6 1250 rpow. on. Skuii BincoTok BUILIauye KOXXHUI OaHk ?

5.35. YV Tabnuui HaBeaeHo AaHi npo BUKOHaHHA GanaHCy 3a 3BiTHUIL repiog,
YMOB. rpoul. ofL.:

CroxxuBaHHs Kinuesnii Banosuii
Ianyab 1 2 HPOLYKT BUIYCK
BupoGuuirso 1 100 160 240 500
2 275 40 85 400
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OduucauTy HeoOXinHKI 0OcAr BaJIOBOTO BHIYCKY KOXHOT ranysi, kLo
smnecBHii NPOAYKT Neplioi ramysi moBuHeH 36inbliMTHCS BABIYi, a apyrol —
m20%.

5.36. V tabnuui HaBeAeHO NaHi BUKOHAHHA 6anaHCy 3a 3BiTHMH nepioxn,
W 2B. TPOLI. OZA.

ipma [Tocrauanus Qipmi Kinuesuit Banosuii
1 2 MIPOLYKT BUITYCK
1 40 200 160 400
2 320 100 80 500

OduucnuTH HeoOXiHHU 00CAT BAIOBOTO BUMYCKY KOXKHOT (hipMH, AKILO :
. ~.Hueswuii npoaykt dipmu 1 nopisutoe 70, a pipmu 2 — 120 ;
" «.Huesuit nponykr ¢ipmu 1 nopieHtoe 60, a gipmu 2 ~ 80 .

5.37. Y mareMaTHuHiit ekOHOMIL] BeJINKY POJIb BilirparoTh Tak 3BaHi npo-
.. «7iBHiI Marpuui. JloBeaeHo, 1o MaTpULd 4 € NPOJYKTUBHOO TOAi i TifIbKH
Todi, KOJIM BCi BnacHi 3HaueHHs matpuili A 3a MofyneM MeHui oqunui. [Tepe-
BPHTH, UM € MaTpulss A NPOAYKTHBHOIO, SKILO :

(0125 0,125 PEEEN
3 21125 0,125) 6 “=lo,1 0,5)

5.6. EkoHOMI4Hi 3a0ayi, noa’sizaHi 3 nocnidoerHicmiwo ma ii
2paHuuyero (enemeHmu mamemamuku iHaHcig)

Po3rnsHeMo 3araJbHOINPHUIHATI B PUHKOBill eKOHOMILi anropUTMH Ha-
- :v) BaHHA BIJCOTKY B 3aJIe)KHOCTI Bil TEPMiHy I103UYKH, TUNY BiJICOTKIB, CX€-
. " :NHbOT'O HapaxyBaHHs.

1. [To6ynoBa uncnoBoi NOCAiAOBHOCTI A4 3HAXOAXKEHHA IPOLIOBUX Ha-
TpoMalkeHb 3 ypaxyBaHHSM NPOCTHX BiICOTKIB.

To3HauuMo uepes A rpoll. o, nepBicHy cymy. [IpotieHTHa cTaBka 10pis-
#0€ ¢ BigcoTkiB piunux. [Ipu HarpoMamxeHHi rpPOLIOBHX KOLWITIB 3 ypaxy-
EAHHAM MPOCTHX BiJCOTKIiB Y KOXHHWIl TuMuacoBuil nepioa Ha nobasineHuit
BLICOTOK He HApaxOBYIOTbCA HOBi BincoTkH. TOAI rpolloBi HarpoMaaXeHHs
CENATYTh :
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A
TCNIA NePILOTO PoKy A|=A+—IO—Z=A+Ar, ne r=-3_.

100 °
nicns APyroro poxy Ay=A+Ar+Ar=A4A(1+2r) ;
nicns n - ro poky Ay=A(l+nr) .
OTxe,
Ap=A(l+nr) .

2. ITo6yaoBa YKHCA0BOT NOCTIJOBHOCTI U1 XAPAKTEPHCTUKH I'POILOBUX Ha-
TPOMAIKEHD 3 YPaXyBaHHAM CKIAJHUX BiICOTKIR,

TIpu nosHa4eHHsX, YBEAEHHX Y M. |, OTPHMAEMO, BPAXOBYKOYH TEMED, IO
BiZICOTOK NpUGYTKY HApaXOBYETLCS Ha BCi FPOLIOBI HAFPOMAIKEHHA

NiCNs Nepworo poky Ay =A+Ar=A(+r) ;
nicns apyroro poky A2=A1+A1r=A(l+r)2;
TSt 7-r0 PoKy Ap=A, 1+ A, r=AQ+r)".

OTxe, pH HAPaxyBaHHI CKJIaAHHUX BiICOTKIB MPOTAroM 1 pOKiB KiHLesa
CyMa rpoILOBHX HarpoMa/pkeHb CKilajie

A, =A(+r)".
Lle ocHoBHa ¢opMyna s HapaxyBaHHA CKJIAAHHMX BiACOTKIB .

Benuunna § =1+ Ha3zuBaeTbCd koeQiLlicHTOM CKIaLHOTO BIACOTKY .
3. Hexaif BincoTkH HapaxoBYyIOThCA PiBHOMIPHO m pasiB MpOTArOM POKY,

r
KOXKHHUI pa3 3a HOPMOIO o, ha HOBM 3aHILOK BKJIady (CyMa BBaXacThes CTa-

6inbHOIO MPOTArOM YCHOTO PO3IMIAAYBAHOTO MEpiofy), TONI 3aralLHM wieH Uiel
HocnigoBHOCTI Oylie MaTu BUMAA

r mn
A, =4 (1+;) .

4. Hexaif BiRcOTKY TEMEP HAPAXOBYIOTLCH HENEPEPRHO, TOGTO m — oo , Toai
OTPHMAEMO

, mn
lim 4, = lim A(H—) =Ae"",

m-—o m-—>wx m
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Orxe, A,=A-¢"".

o ¢)0pmyny MOXXHa BUKOPUCTATH 115 Oyab-sSIKUX PO3PaxyHKiB, MOB’fA3a-
230 CKJIAIHAMH BiZICOTKaMH .

5. Hamezneni B m. | — 4 dopMynu 38’43yI0Tb YOTHUPH 3MiHHI BEJIMUUHH :

An> 1, n, ne r—l—oo— , § — NMPOLEHTHA CTaBKa .

3HalO4YH TPH 3 HUX, MOXKHa JIErKO 3HAKWTH YETBEPTY .
Hanpuknan , 3 ocHoBHOT popMyni Ans HapaxyBaHHS CKJIAJHUX BiJCOTKIB

n
a=A 1+-——j ,
( 100

" 14 HECKJIA[IHUX TIEPETBOPEHb, OTPUMAEMO HACTYNHI Gopmynn :

i -
InA,~InA A\ ™ g
e g =100 _A—" -1!; A=4, l+1—g—0- .
In| 1+-L
100
BinMiTumo, o onepauif 3HAXOMKEHHA NEPBICHOTO BKNaLy A Ha3UBAETLCA
IRCKOHTYBAHHSAM . 3Ha4€HHs A HA3MBAOTh TAKOX CYYACHHM 3HaYeHHsIM 1A A ,
Hpmmazl 1. Hexaii 3 MJH rpoul. oi. BUIAHO B KPEAMT Ha 6 MicsAllB mix
“IOCTi BiACOTKHM 3a cTtaBkow 10 % 3a MlCﬂub 3HaiiTH HapollyBaHe 3HaYEHHHA

pr HaanKlHul KOAKHOTO MicALA .

Po3p’a3anns. [lozHaunumo A ; —HapollyBaHe 3Ha4eHHs Gopry HanpUKiHUi

) 10
wicaus k. Ockinbku A =3 maH rpout. on., * == 0,1 10 Buxonsuu 3 popmy-

100
4 A= A(l+kr), maemo
A, =3(1+01k), k=16 :
OTpuMaHUii pe3ynsTaT NpeiCcTaBuMO Y BUrIAAi Tabnuui.
k 0 1 2 3 4 5 6
Ay 3 33 3,6 3,9 4,2 4,5 4,8

Mu 6auumo, wo nocnigoBHicts Ag=A, Ay, A9, .., Ag — Le apudmMe-

THYHa NPOTPECis 3 NOYATKOBUM 4IE€HOM A =3 MIIH rpolu. of. i pisuuueto 300
THC. IPOLL. O/
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Tpuknan 2. Hexait neppicunii Bxnag A =250 Tuc. rpow. oa. BK1ajaeHo Ha
4 poxu nig cknagHi BiacoTku 3a craBkoro 100 % pidHux . 3HaliTH HapoyBaHe
3HaYeHHs BKJady 3a pOKaMH .

Po3p’si3anns. [TosHaunMo A ; — HapolyBaHe 3HAYEHHA BKIAy HANPUKIiHLI
1
k-ro poky. Ockinbkn A= 250-10° rpoul. ox., r =Tg%= 1, T0 32 popmynoio
A=A (1+r)* maemo

A=250-10°(1+1)* =250-10° 2% | k=1,4.
CknaneMo Tabnuuio.

k , pokin 0 1 2 3 4
Ay 250-10° | 5-10° 10° 2.10° 4-10°

Sk BuaHO, npu g =100 % 3pocraHHs BKJany BinbyBaeTbes Ayxe WBUIKO.

IIpuksan 3. 10 MAH rpoiw. ol. iHBECTOBaHI Ha 2 POKH 3a CTaBkoto 120 %
piunux . Tpeba 3naiiT HapouwlyBaHy 3a Ui yac cymy i 1l npupicT npu Hapaxy-
BaHHi : a) WopiuHO ; §) NO MiBpiu4aM ; B) LIOKBAapTany ; r) WOMicALS .

Posp’a3zanns, CkopHCTaEMOCH (POPMYJIOHO

r mn
A,=4 (1+—j ,
m
120

pe n=2, A=10 masrpows. o, ¢ =120 %, r=—9_ =12 m=1,2.4.
100 100
12 BignoBinHo mns punmaakie a), 6), B), r).

INMo3naynmo A = A, — A —npupict cymu . Pesynsrartu 3senemo 1o tabnuui .

, m2 r mn2
Bunagox | m (1+—J A2=A(1+—) | A=4y -4,
m v m

MJIH Tpoll Oj.
MJIH POl L.

1 2 3 4 5

2
a) 1 (1 + l’lz) =4,8400 48,400 38,400




ITpooosoicenna mabauyi

] 2 3 4 5
12}

5) 2 (1+—’2—] =6,5536 65,536 55,536
12\

B) 4 (1+’7) =8,1573 81,573 71,573
12 24

r 12 (1+—1’5) =9,8497 98,497 88.497

ITpuknapn 4. ITotpiGHo 3HaliTH cyuacHe 3HaueHHs Gopry (nepricHuii 6opr),
" 2BHa CyMa AIKOTO uepe3 3 pokH cknajie 7 MIIH rpolu. oA. BiacoTku HapaxoByrOTh-
.3 3a HACTyMHUMH cTaBkaMu : a) 140 % HanpukiHuUi KoxKHOTo poky ; 6) 20 %
- :NPUKiHLI KOXKHOTO KBapTany ; B) 120 % pi4HMX HaNpHKiHLI KOXHOrO Micsus .

Po3B’sizanns.

n

Q) A=—ro,
1+-9
100

22 4 — nepeicuuil Gopr aGo cyuacHe 3HaueHHus Gopry ; n=3, A3 =7- 106 rpou.

g _140_
100 100
. 6 . 6
107 7107 06366
(1+14) 13824
6) A=-—v—o
(l+r)m'"
20
2n=3, 4 =7.10° rpow. on.; m=4; =4 = 2
3 P =T =000 100
106 100
= 0 T esios

(1+02)'2 8916
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B) A= A ,

r m-n
[3)
m
ne n=3, 43=7-10% rpow.on, m=12; r=—i-=—"—=12;

7.10° 7.10°

126 30913
[+7)
12

A= =226 442 ,

Ipuxnan S. Cyma 2 000 rpouu. of. noknageHa B OaHK 3a CXEMOO Henepeps-
HOTO HapaxyBaHHA BiJCOTKiB 3a craskoio 10 % 3a pik. 3HaiiTi HapoueHy Ha-

npHKiHUi poky cyMmy A, npu r=1,2,3,5 i 10.

Posp’sizanns.
A,=A4-e",
10
r=——=0l, A,=2000-¢"".
, 100 n=2000-¢
Pesymerar o6uucieHs 38e1eHO A0 TabauLUi.
n, pokis 0 1 2 3 5 10
A

n»

rpom. on. | 2000 | 221034 | 2442,81 | 2699,72 | 329744 | 5436.56

Mpuknan 6. [Tpu onnili i Tidh ke BiZCOTKOBIif CTaBLi 32 cCXeMOIO HeMepepBHO-
ro HapaxyBaHHs BifcOTKIB BkjagHuk C uepe3 2 poku onepxye 1000 rpow. on.,

BKJIaAHHK D uepes 4 poku ofepxkye 600 rpoiu. on. 3nakiTu BiicoTKoBY CTaBKy ¢,
AKILO nepBicHuil Bknan Bknagunka C BaBiui Oinbuie, Hixk Bxnaa BknaaHuka D .

Po3p’sizanns. CKopHCTaEMOCH (OPMYIIOD

An=A-e”'.

Toni
A2=A(l)_er-2 ; A4=A(2)_er-4,
e — A(l) R A(z) — MOYaTKoBi BKNaau sxnaaHukis C ta D signosigHo ,

A(l) = Az.e—-}r s A(z) =4 4'8—4"‘.
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Bpaxosyioun, wo A =243 vaemo )
1000727 =1200-74" .
3Biacu
e =12;
2.r=Inl2; r=05h12=0,09116,
qg=r-100 % ~91%.

INpuknan 7. 3xaiiti nepsicHUit 6opr no3uyanbHUKa KPEAUTOPY, AKILO HO-

I'42”5HHK MOBHHEH crnaruty kpeautopy 1000 rpoiw. oa. yepe3 2 poku, 2500

= 9. yepe3 3 poku, 3 000 rpoiu. ox. yepe3s 3,5 poku. Bincorkosa ctaska 6 Y%
" -\, HapaxXyBaHH BiICOTKIB HEMEPEPBHE.

rn

Po3s’sa3zannn. Ckopucraemoch dopMmynorw A,=A4-e' ", 3Binku

+=4,¢"" 3aymosoio r=0,06. Toni3 ypaxysaHHaM TOro, 110 60pr nosep-
" #7750 YACTHHAMU, MaEMO

A=A 2'6_0’]2 + A 3 e'O’lg + A3,5 '6_0’2] )

A=1000 ¢ %'2 12500 ¢ %18 43000 ¢™2! = 5 406,85 rpow. ox.

5.38. 3HaiiTn cyMy rpoluoBux Harpomamkeds Bin 5000 rpoui. ox. 3 ypaxy-
.- =M [IPOCTHX BiZICOTKIB uepe3 N’ ATh POKiB NpH BiICOTKOBIM cTaBui ¢, =2 %,

. > =3 % piunnx . O6uucnuTH BiANOBiNHKIT NpupicT GyHKUIT HarpoMaKyBaHHA
.t 3 pokiB B 060X BHnajgKax .

5.39. Po3s’s3ary 3agavy 5.38 3 ypaxyBaHHAM CKNafgHUX BiacoTki. [TopiBHs-
“ - De3VIBTATH .

5.40. Cyma 800 Tuc. rpoiu. ofi. iHBECTY€TbCS Ha 3 POKH NiJ CKiaaHi BigcoT-
v+ 32 cTaBkoto 80 % piuHux . 3HalTH HapolueHy cyMy 3a Leli TepMiH .

5.41. Bxnan 4 =100000 rpou. o1 BKIaREHO M CKAaHi BiICOTKY TepMi-
- Ha 3 poku. OGHMCANTY KiHLEBY CyMy, AKULO BiICOTKM HapaxoBYIOThCS Ha-
“Z AKIHLL KOXHOTO KBapTany 3a Hopmoto r/m=0,06/4=0,015.

5.42. Po3p’s3ary 3anady 5.41 B npuHnylLeHHI, 11O BiICOTKH HAPaXOBYIOTHCA
-2 epepBHO. ITopiBHATH pesynbTaTy .

5.43. Kpeaut po3mipom 600 THC. rpoul. 0. BUAAHO MijJl CKJIaaHi BiICOTKH
-z pik 3a craBkoto 10 % B Micsaupb. 3HaliTi 1oBHY cyMy 60pry A0 KiHUS TEPMiHY.
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5.44. 3uaiiTi cknaaHi BifcoTKM 32 miBTOpa poKy, HapaxosaHi Ha 900 Tuc.
TpolL. ofl. 32 cTaBkoto 32 % y KeapTal .

5.45. Ha repminoBuii Bknaj y 6anky 3apaxosatno 100 rpouw. 0. 3a CTaBko0
6 % piunux . 3HaNTH HarpoMaKeHi Ha paxyHKy cymu uepe3 2, 3, 4 i 5 pokis
33 YMOBM : @) HapaxyBaHHs NMPOCTHUX BiACOTKIB ; ) HapaxyBaHHSA CKIIAJAHUX
BIICOTKIB ; B) HETMEPEpPBHOTO HApaxyBaHHS BilICOTKIB.

5.46. 3HaiiTH cyyacHe 3HauE€HHs iHBECTULIT (OYATKOBE 3HAYEHHS), AKILO
HapolileHa A0 KiHUA I’ ATOr0 PoKy cyMa cknagae 15 mau rpout. oa. Bincorku na-
PAXOBYIOTLCA 32 HACTYNMHUMM cTaBkamu : a) 120 % HanpuKiHLi KOXKHOTO POKY ;
6) 60 % HanpukiHUi KOXHOTO MiBpiyyg .

5.47. 3nality, axa cyma noBUHHA OyTH iHBECTOBAHA CbOTOIHI ISl HAKOITH-
yyBaHHA 500 THC. rpolu. 0. 10 KiHUA pOKY NPU HApaxXyBaHHi BiICOTKIB 3a CTaB-
k010 : a) 160 % piuyHuX HanmpukiHui koxkHoOro keaprany ; 6) 140 % piynux Ha-
NPUKIHLI KOXHOTO NiBpidud .

5.48. I1pu ctarui 6 % B pik 3HalTH nepBicHMit Hopr No3uyanbHUKA Kpenu-
TOPY, AKLIO NMO3MYATLHUK MOBHHEH crnaTuTH kpeautopy 1000 rpoiw. on. yepes
0,75 poxy , 2 500 rpomw. oa. uepes 1,75 poky , 3 000 rpow. on. uepes 2,25 poky .
HapaxyBaHHs BiICOTKIB HENEpEpBHE .

5.49. LlopiuHuit npupicT AepeBUHH B COCHOBOMY Jici ckianae 4 % , npo-
MUCJIOBICTb BHKOPUCTOBYE 5,5 % HasiBHUX HacamxeHb . Yepes cKiUIbKH POKIB 3a-
numuthed 1 % HagBHOT AepeBHHN 7

5.50. ITepuHHa BapTicTb BepcTaTta ckiafac A rpoul. oi., aMOpTH3aLLiifHi
BifpaxyeaHHs - g % piunux . [punyckarouy, Wwo BinpaxyBaHHA BUKOHYIOTLCH
HerepepBHO, BU3HAYMTH OCTaTOYHY BapTicTh BepcTara yepe3 n poOKiB .

5.7. EKOHOMIYHI 3a0a4i, 8 SIKUX 8UKOPUCMOBYEMbLCA NOHAMMS
' noxioHoy

3aoaua na npodykmuenicms npayi. Hexaii ¢yHxuia u=u(t) Bupaxae
KiNbKicTh BUPOGIEHOT MPOAYKUIT # 3a4ac ¢, i HeOOXiAHO 3HANTU NIPOOYKTHBHICTD
npani B MOMEHT £ .

OueBuIHO, 32 Nepioa yacy Bin fy 00 Iy +A! KinbKicTh BUpoOneHol npo-

BYKUiT 3MIHUTBCA Bijl 3HAUCHHA 1y =1 (/) ) AO3HAYCHHA ug+A u=u(ty+At).
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. . . . Au .
Z cepelHs NMPOJyKTHBHICTb Npauli 3a LeH TEPMiH Zgep = v IpoaykTHBHICTD

B MOMCHT to MOXXHa BU3HAYUTH AK rpaHUYHE 3HAYCHHA cepezuﬂ:o'n' nponykK-

'cTi 3a mepiof uacy Bift ¢y 1o £y +At npu AL —> 0, To6TO

A
= lim =L=u'(1).

z= lim z
P T A0 At

At—>0 P

Orxe, noxiaxa obcary BupoGieroi npoaykuii 3a yacom u'(ty) € npomyx-

SHICTIO NpaLli B MOMEHT £ . Y LbOMY €eKOHOMiUHHIi 3MicT OXiaHOT .
Y 0pakTUli eKOHOMIYHHMX AOCHIIKEHb WHPOKE 3aCTOCYBaHHS OTPHUMANy
~06HHYI QYHKLIT, SKi BUKOPHCTOBYIOTb /il BCTAHOBJIEHHS 3aJIeXKHOCTEN, Ha-
- 4K1an, BUMYCKY MPOAYKUii Bifl BUTpAT pecypciB, BUTpAT BUpOOHULITBA B 00-
+ = MpOAYKLIl, BATOPTY Biji Ipojaxy ToBapy i T. . Y npunylueHHi audepeHiios-
=71 BUpOOHHU KX (yHKUIH Bax1Be 3HaUeHHA HabyBatoTh TXHi AudepeHUianbHi
-ZIKTEPUCTHKH, OB’ A3aHi 3 NOHATTAM [OXiAHOT .
Po3risHeMo noxiani uia o3HaueHUX TUNIB BUPOGHHUUX DyHKLIH .
1. Hexaii Bupo6uuua ¢yskuis K = K (x) — ¢yHkuis BuTpar BUpoOHULITBa,
— . 3&ICKHTb BII KITLKOCTI APOAYKLUIT X .

[TpunycTuMo, 10 KinbKicTb nporyKuii 36insuryerscad Ha Ax . Kinbkocri

coavkuil x + Ax BignoBifatoTs BUTpaTh BupoOHuuTea K (x+ Ax). Otxe, npu-

* . 2TV KinbkocTi Mpoaykuii A x Bianosigae npupicT BUTpaT Ha BUPOOHULTBO NPO-
st AK=AK(x+Ax)-K(x).

. . AK .
Cepeaniii npupict BuTpar BUpoOHUUTBA € VR Lle npupicT BUTpaT BHU-
x

ZAHUTBA HA OAMHULIIO NPUPOCTY KiJILKOCTI APOAYKLIT .
I'paHHYHHMHI BUTPATAMH BUPOOHHITBA HA3UBAETLCS IPAHULSA

lim AK =K'(x)
Ax—0 Ax ’

[pannuHi BUTpaTH BUPOOHHULTBA 36iraloThcs 31 IUBMAKICTIO 3MiHW BUTpaT
#ApoGHUUTBa . Benmunna K'(x) xapakrepusye HabMmKkeHO 104aTKOBi BUTPAaTH
# BHPOOHUUTBO OAHHHLI A0AAaTKOBOT NPORYKLIT .

2. [Tossauumo U (x) BuTOpr Big Nponaxy x OAMHHULEL TOBapy.

I'paHH4YHAM BHTOProM Ha3uBa€TbCA rpaHULA

lim 2Y()

=U'(x
Ax—>0 Ax (x),

233




3. Hexaii Bupobuuua ¢yHxuia y = f(x) BCTRHOBMOE 3ANEKHICTL BUIYC-

Ky npogykuii ¥ Big BuTpar pecypcy x.
I'paHHYHHM NPOAYKTOM HA3MBAETHCA MPAHULSA

. A
lim AL S'(x)
Ax->0Ax :

3a ONoMOroK0 NoXifHOT MOKHA OGUHCTUTH IPUPICT 3aneXHOT 3MIHHOT, WO
BiAMoOBiza€ NpUPOCTY He3aJIeXHOI 3MiHHOT.

B ekoHOMIYHUX BOCHIHKEHHAX HIHPOKO BUKOPHCTOBYETHCA MOHATTA €iac-
THYHOCTI. L{e 3yMOoBNIeHO THM, 110 B 6araTbox 3agayax 3py4Hiure 0GUHCTIOBATH
BIACOTOK MpUpOCTY (BiAHOCHMH NPHUPIiCT) 3aeXHOT 3MiHHOY, KOTpRit Bianosigac
BiICOTKY NpHpOCTy HesanexHol 3MiHHof. Lle i NpMBOAHTL HAC 10 MOHATTA enac-
TUYHOCTI QyHKUIT (iHKOMHK T{ Ha3UBAIOTb BITHOCHOO MOXiAHOM0).

Orxe, Hexait naHa GyHkuis y = f(x), ang Akol icHye noxigHa y' = f'(x)

Enactnunictio gynkuii y = f (x) BiaHOCHO 3MiHHOT x Ha3uBalOTH rpa-
HYIO BiHOIHEHHS BIHOCHOrO NpHpocTy dyHKUil V' [0 BiAHOCHOIO NPHPOCTY
3minHOl x npu Ax —0:

. A x .. A x
lim —l/—)i ==~ lim -~
Ax—0 Ax/x y Ax->0 Ax y
Ii nosnavatote £, (y).
OTxe,
x xdy
E(y)==f(x)=——=
y ydx
Benuuuny E, (y) npu 3agaHoMy 3Ha4eHHi X Ha3HBAIOTH TAKOX MOKa3HH-

koM, abo KoediuieHToM, enactuunocTi. Enacrnunicts BinHocHo x € HaGmuxe-
Huii BincoTkosui npupict GyHkuUT (migRUweHH a0 NOHKEHHS), WO BinnOoBi-
Ja€ PUPOCTY He3alexKHOI 3MiHHOT Ha 1 % .

BinzHauumo BAACTHBOCTI eTaCTHYHOCTI PyHKUIT .

1°. Enactnunicts ¢yHkuil nopiBHIOe NOGYTKY He3anexHOT 3MiHHOT x Ha

TeMI 3MiHy QyHKuWii T, = (ln y)’ =2 , ToOTO
y

Ex(}’):‘xTy.
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2°. EnactuyHicTs 100y TKY (4acTkH) ABOX (hyHKUIM HOpiBHIOE CyMi (pi3HHL{)
W THYHOCTEH LuX yHKLIH

E.(w)=E,(u)+E,(v);
Ex(—li)=Ex(u)—Ex(v) ,
v

3% Skwo C =const, 10 E (C-u)=E. (u) .

Enactuunicts QyHKUIT 3aCTOCOBY€ETHCA /18 aHAN3y NMOMUTY i CIOXUBAHHA.
LTPHKJIAN, eNaCTHYHICTh NOMUTY Y BiAHOCHO LiHKM x (abo npubyTky x ) — Ko-
2 LIEHT, IO NMOKa3ye HabnmkeHo, Ha CKILKH BiICOTKIB 3MiHUTbCA nonuT (obcsr

*AMBaHHA) 338 YMOBM 3MiHN uinu (aGo npubyTtky) Ha | % .

Slkio enacTHuHicTL nonuTy (3a abCONOTHOIO BEJIMUMHOLD) | E.(y) l >1,
= MOMHUT BBAXalOTb €JACTUYHUM, AKLIO lEx(y)|=1 — HeHTpanbHUM, AKLIO

() | <1 — HeenacTHYHIM BinHOCHO HiHK (a0 NpuOyTKY).

Baarasi, BUcOKkuit koedilieHT enacTHUHOCTI 03Hauae ciabkuii cTymiHb 3a-
. BOJIEHHs NOTpebH ; HU3bKKI - Bkasye Ha Ginbluy norpeby B 1aHOMY TOBapi.

2
TMpuknan 1. Hexalt dyHkuina K(x) = 20x—;—0 BCTAHOBITHOE 3aJICIKHICTh

:ATpaT BUPOGHULTBA Bift KiTbKOCTI X MPOAYKUIi, 110 BUIYCKA€EThCA. 3HAMTH rpa-
<{4H1 BUTPaTN BUPOOHNLITBA | koedilieHT enacTHYHOCTI, AKIO 06CAT NpodyKuil
cx1anae 100 oguuuus, 20 ooUHUUEG.

Po3s’szanns.
1. [panuuHi BUTpaTH BUPOGHULTBA € NMOXiNHA Bif QyHKUIT BUTpAT
|
x
K'(x)=20-—,
(x) 0

ITpu Binnosiaxuux obcarax NpoayKuii :
« K'(100)= 20—-1](1)—(): 10 ;

K'(20)= 20——2—(Z =18 |
10
Otxe, uuM Ginblie BUPOONAETLCH POAYKLUIT, TUM NORINbHILIE POCTYTh BUT-
paTH Ha if BHITyCK .

xdy
y dx

2. Enactuunicts dyukuii £, (y)=
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2
V HawoMy Bunagky y(x)=K(x)= 20x-—f—;

20
E,(K)= x 20X =2(200—x)
: 2 10 400 -x .
20x —— ’
20

2-100 2 2-180 18
E K)y=——===0,67 : Eyq(K)=——=—=0095 .

100 (K) 3003 ; 20(K) 380 19

Orxe, sikuio npu 06¢a3i Bumycky 100 oauHuub KibKiCTs MpoAyKuii, 1o BU-
nyckaerses, 36UbLInTECa Ha 1 %, T06T0 Ha 1, TO BiZHOCHI BUTpPaTH BHPOOHMUTBA
30inbInaTLea npubausto Ha 0,67 % ; npu 06ca3i 20 onuHULE 36iNbILICHHS BUTTYCKY
npoaykuii Ha | % npu3sese 1o 36INbLUICHHS BIAHOCHUX BUTpaT npubansHo Ha 0,95 % .

Ipukiag 2. 3anexHicTb MixX BUTpaTaMu BUpOOHMLTBA )V 1 0OCAroM npo-
AyKUiT X , 1110 BUIYCKAETHCS, BAPAXAETLCA PyHKHIEO y = 50 x — 0,05 x> (rpour. ox.).
BusHayuTy cepepti i FpaHuuHi BUTpaTH, AK1LO obcar npoaykuii 10 on.

Po3p’azanns.

DyHKUIs cepegHIX BUTPaT (Ha OMMHHULIO NPOLYKUIT) BUPaXacThes BiAHO-

INCHHAM

) y =% =50-005x7,
X

y1(10)=50-0,05-10% =45 (rpow. oa.) .

TpasuuHi BUTpaty : ' =50-0,05-3x%;  »'(10) =35 (rpou. ox.) .

Orxe, AKIMO cepelHi BUTPATH Ha BUPOGHHMIITBO OAMHULI NPOAYKLIT CKna-
NaroTh 45 rpoul. oA, To FPaHU4Hi BUTPATH, TOGTO ZOAATKOBI BUTPATH HA BUPOG-
HHUTBO J0JAaTKOBOT OAMHHL NPoLyKuil Mpu JaHoMy piBHI BupobHuLTBa (06ca3i
NPOAYKUIi , 1O BUNYCKAETbCA Y KinbkocTi 10 0f1.), cknanaots 35 rpoiw. og.

Ipuknan 3. 3anexHicTs Mix coGiBapricTio oAMHULI Npoaykuii ¥ (Thc.
rpoul. of.) i BUMYCKOM NpPOAYKUii x (MAPA rpoll. 04.) BUPAXAEThea PyHKIICO
y =-0,5x+80. 3naiiTn enacTH4HicTb cOGiBAPTOCTI, AKILO BUMYCK NPOAYKLUIT 10-
piBHIo€ 60 MApx rpou. oA.
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Po3B’si3anus.
EnactuuticTs cobiBapTocTi
x X
E -_—— —0’5 = —_—
=550 T4 T 0 -
60
E =—=-0,6
60 (1) 50-160

Lle o3Hauae, wo y pa3i Bunycky npoaykuii Ha 60 Mapz rpoiu. ofl. 30inbiueH-
li am #oro Ha | % npusBene 10 3HWKEHRA cobiBapTocTi Ha 0,6 % .

p+8
p+2

IMpuxnan 4. JocnigHuM 1WIAXoM BCTaHOBNEHO GyHKUIT nonuty 9 =

-oonosuuii S=p+0,5, 1e ¢, § — KiIbKIiCTb TOBapY, 1O KyNY€ETbCs i Nporo-
WWETLCA HA NPOJAX BIANOBIAHO, B ONMHULIO Yacy; P — LiHa ToBapy. 3HalTH
a) LiHy piBHOBaru, To6TO WiHy, MpH AKil MONKUT i NPONo3MLUia BpiBHOBAXY-
€T8ee |
6) eNacTUYHICTL MONUTY i IPOMO3ULIT AN Liel UiH ;
B) 3MiHy npulyTky y pasi 36inbuieHHs iHu Ha 5 % Big uinn pisHoBaru .

' Po3B’43aHHs.
a) lliHa piBHOBary BU3Ha4a€ThcA 3 YMOBU g =S :
+
P8 _ p+05,
p+2

BLIKH p =2, ToOTO LiHa piBHOBard fOPiBHIOE 2 rpoLu. of.
6) 3HalifieMo enacTUYHOCTI NOMUTY i Mpono3uuii 3a GopMynoo

X
E(y)==1J"
y
i Toni
’ "'6 '
9= S'=1;
(p+2})
6p 2p
E,(q)=———F"— E,(S)=
b (p+2) (p+8) P

2p+1°
Jns uinm piBHoBary p =2 maemo

Ey(g)=-0,3; E>(8)=08.
OcCKinbKU OTPUMaHi 3HAYEHHA eJJaCTUYHOCTEN 3a a0CONFOTHOK BETHYHUHOIO
weHILI OJMHULI, TO i NOMUT, i NPOMO3MLisA AAHOrO TOBapy MPH LiHi piBHOBaru
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HeeNacTHYHi BiAHOCHO WiHM. [{e o3Hayae, o 3MiHa UiHK He Npu3Bese 10 pi.-
3MIiHH NOMHUTY i MPOMNO3MLIi.

Tak, nipu 36inbienHi uinn P Ha 1 % nonut 3mMeHwuTses Ha 0,3 %, a nf
nosuuis 36inpwmuThea Ha 0,8 % .

B) I1pu 36inbwieHni uiHM P Ha 5 % Big piBHOBaXKHOT MOMUT 3MEHLIYETh.

Ha 5-0,3=1,5 %, orxe, npubyTtok 3poctae Ha 3,5% (5% -1,5% =3,5%
Tpuknan S. 51k NoB’s3adi rpaHUYHI | CEPENH] BUTPATH NiANPHEMCTBA, AKL.
€TaCTHYHICTh NOBHUX BUTPAT NOPIBHIOE OAUHMLI ?

Po3B’si3aHHs.
Hexait nosHi BUTpaTH NiANPHEMCTBA ¥ BHpaKarOThCA QyHKIEW ¥ = f (2

Ie x —obcar nponykuii, o Bunmyckaetsca. Toxi cepeani BUTpary ¥ Ha BUpod-

HULTBO OJMHULI NPORYKLIT ¥y =2 Takum YHHOM,
x

Ex(yl)=Ex(%:')= E(y)-E(x)= Ex(y)_l-

3aymoBowo £ .(y)=1,0mke E,(y ) =1~1=0.Lle o3nauae, w0 3i 3MiHOK
obcary nponykuii x cepelHi BUTPaTH Ha OAMHULIO NPOLYKUIT He MIHAIOTbCSA, TOOTC
Y| ==—=c, 3BiIKn y=CX,

X

TpaHHyHi BUTpaTH NiANPUEMCTBA BU3HAYAIOTHCA NOXiAHOW Y’ =c . OTxe

’ " - . - -
Y =¥, To6TO rpaHUiHi BUTPATH PiBHi CEPeHiM BUTpATaM. (MOMITUMO, IO OT-
pUMaHe TBEPKEHHs CpaBeNTMBE TUILKH 11 NiHIHHUX dyHKUill BUTpaT).

Ipuxnan 6. dipMa niaHye BUmyckatH coHauni 6arapei. Ha ocHoBi nocni-
IkeHb Oyna BCTaHOBJIEHA 3a/IEXHICTh MOMUTY ¢ Bifl LiHK P 3a barapeto :

g =100000-200 p,

ne ¢ - xinbkicTb Oarapeil ans nponaxy B pik . Burparu ¢ipmu Ha Bunyck ¢ co-
HA4YHUX Garapeif cknagaroTh

¢=150000+100g+0,003g>.
PoapaxyBaTn l'lpl/lﬁyTOK, BHU3HA4YUTH HOro MakcMMasnbHe 3Ha4yeHHA.

Po3p’s3anns. Banosuii npubytok
R=pgq.




"

3 wMOBH 3anuwemMo GyHkUi0 P Ak QyHKuilo 3MiHHOT ¢
p=500-0,005q .

R=R(q)=(500-0,005¢) q.

T TOK
P=R-c.

~(500-0,005g) g~(150000+100g+0,003¢°) =
=-0,008 4% + 4004 —150000 .

B#3HaunMo MakcUManbHUi npubyToK
P'(g)=-0,016¢+400,
-0,016g+400=0,
g=25000,
P"(g)=-0,016<0 .
Otxke, npu ¢g=25000 oxuHunpe npubyTok nocArae MakCUMyMy,
23000) =4 850 000 rpow.oa. — MakcUMabHE 3HAUYEHHA NPUOYTKY.

Mpuxaaa 7. MignpuemctBo sHpobnse x OXMHULL MPORYKLUIT 32 LiHOKO

1 .
1=50 _TO—X , @ BUTpaTh BUpoGHUUTBA 3aaI0ThCA (YHKUIED

/

1
K(x)=—x°+14x+800 .
50
3uaiiTH onTUMaNBHKIE IR NiANPHEMCTRA 00CAT BUNYCKY NPORY KUl i Biano-
Z- At oMy MaKkcuManbHui npubyToK .

Po3p’si3anns.
Hexait U(x) — Banosuii npubytok, z(x) - npubyTok Bin peanizauii x
ZAHHUb NPOAYKUIl 32 LiHOW p(X).

Toni
U(x)=x-p(x);

z(x)=U(x)-K(x),

22 p(x), K(x) —3anaHi GpyHKuil.
Jina po3B’a3aHHA 3ajadi ciig mochimkysatd GyHkUito z(x) Ha ekcTpe-
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MyM. [1pu ubomy npubyrok Gyae MakCUMalbHUM IS TAKOTo 06CATY X BHITYCKY
nponyxuii, ans skoro z'(x)=0, z"(x)<0.

[IpoBefeMo Le AOCNIAKEHHS.

1. ®opmyemo z(x), 3Haxonumo z'(x) i, po3B’A3aBIUM PiBHAHHA
z'(x) =0, 3HaX0AMMO KPUTHUHY TOUKY.

Bpaxyemo, mio

U(x)=50x—ix2, K(x)=—l——x2+l4x+800 :
10 50

2(x)=U(x)-K(x) ;
Z(x)=U(x)-K'(x)=0; U'(x)=K'(x);

1 1 6
50-—x=—x+14 ; —x=36; = - .
5 x 55 >3 x =150 — kpuTHYHA TOYKA

2. 3Haxoaumo z"(x) i BuzHauaeMo il 3HaK Npu x =150 :
11 6

” =Ur( __Kn =______=_____0 ‘v
Z(x)=U(x) =K' (x) == o =70 < x.

Orxe, x =150 — Touka MakcUMyMy GyHkuUiT z(x}, To6TO onTUManbHU

obcar BupobHuUTBA ckiagae 150 onMHMLE MPOLYKLT.
3. 3HaxoauMo MakcHUManbHUit npubyTok BHpoOHHLUTBA, TOOTO

Zmax =2(150) .
.Hpun  x=150 uiHa p=5()—11—6-]50=35 ; BaNoBU#i TNPUOYTOK
U =35-150=5250 .
Butparu supoGHuurea K =—5]6~1502 +14-150+800 = 450+ 2100+ 800 =

=3350 ; MaxkcuManbHHit Big nponaxy npubyTok z,,.. =5250~3350=1900.

Ipuxnan 8. BupoGHuk peasnizye cBOO NPOAYKLIlO 3a LiHOKO P 33 ONUHU-
U, a BUTPATH MNpH LbOMY 3a4alTbcid KyOiUHOIO 3aJIeKHICTIO
S(x)=ax+ /1x3 (a<p, A>0).3HaiiTH oNTUMaNbLHUI 14 BUpoOHHKa 06-
CAT BURYCKY NPORYKUii i Bignosianuii fiomy npubyrox.

Po3B’sizanns.
To3Hauumo oBcar NpoAyKUit, Mo BUMyckaeTbes, uepes x . Cxknanemo dyHx-

uito mpudytey C (x)=px—(ax+ 1 x3), e px — Banosuii npubyToK Bin Npo-
IyKUiT, w0 peanizyetbed. JoCHimKyemMo o QYHKUII0 HA eKCTPEMYM.

i
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1

1. 3naxomumo C'(x) =(p—a)—3lx2.

2. 3HaXOAMMO KPUTHUUHI TOUKH : C'(x)=(p—a)-—3/1x2 =0, 3Bigku

z =274 (Dpyry KpUTHUYHY TOUKY X5 = — p-a
Y o3
W) .

3. 3naxomumo C"(x)=-61x | BHU3HauUaEMO 3HaK APYrol MoXigHoi Mpu

e = Jp—a :

Y 34

He PO3MIAAAEMO 32 3MICTOM

.

C'[xl = p3—ﬂa ]<O (B naHomy Bunaaky C"(x)<0 npu Gyab-skomy

z>0). oTxe, Npy x = p3;a npubytok C(x) MakcuManbHHA.

4. 3HaxoanMo MakcuMyM QyHKUIT (TOOTO MakcuManbLHHit po3Mip npubyTKy)

e |y = /p—a _2(p-a)yp-a
max| * ~ - .
34 3434
Npuknan 9. Kanitan 8 | mapa rpout. oz, Moxe GyTu po3MiLieniit y 6aHky
) % piunnx abo iHBeCTOBaHMUIT Y BUpPOOHHUTBO, NPUHOMY €(PEKTHBHICTb BKNIA-
3 ouikyerbcd Y po3Mipi 100 %, a BUTpaTH 3a1al0ThCA KBaAPaTHYHOIO 3a-

- ~.cT10. [IpnbyTok onoxarxkoByerbea B 2 % . [lpu AxknX 3Ha4eHHax p BKia-
-1 v BUpOGHUUTBO € Oiibll eheKTUBHUM, HiK UMCTE PO3MILLIEHHA KariTaly y
o

P

Po3B’si3aHHA.

Hexaif x (Mnpa rpoll. oA.) iHBECTY€TbCs Y BUpOOHUUTBO, @ 1—x — po3Mi-
u€Thes mig Bincotku. Toxi po3MillieHnit kaniTan yepes pik cTaHe piBHUM

‘ u—x)1+§9-=3—3x,
100) 2 2

2 manitan, pkjaagennit y BUpOGHHULUTBO, BU3HAYUMO 33 (hopMyIIol0

X 1+@ =2x.
100

Barrpaty cknanyThb ax?, OCKiTbKM 32 YMOBOIO BOHH 3aAI0ThCS KBAIPATHYHO
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. . 2
3aNeKHicTIo, T06TO MpuOYTOK Bifl BKIANEHHSA Y BUPOOHULTBO ¢ =2Xx—ax” .

HNoparku cknagyts (2x— ax?) % , TOOTO YMCTHUIt NPHOYTOK BUABUTHLCA

. 14 2
1-— | (2x- .
plBHI/IM( 100)( x—ax“)

3aranbHa cyMa uepes pik cknage :
A(x )~——2x+ -2 (2x-ax )——- 2| 1--£ 3 x-a|l1--L |
2 2 100 100) 2 100
Tpeba 3HaliTu MakcuManbHe 3HaueHHs wiel ¢yukuii Ha Bigpisky [0, 1].

Maemo

100"
2(1-2)-2
A(x)=0 npu xg=——rl =
2a __!L)
100

A"(x)=-2a (1 - l_g_O) <0, T06TO X( — TOUKA MAKCUMYMY.

o6 x € [0, 1], HEeobXiqHO BUKORATH YMOBY

100/ 2

TaxkuM 4MHOM, AKIO p > 25, TO BUTiAHiILE HIYOTO He BKJIaaaTH y BUpoO-

0<2(1——P—J—3<1 , a6o p<25.
HULTBO i PO3MICTHTH BeCh Karitan y 6aHky. Skiwo p <25, To MOoXKHA NOKa3aTH,
2
NI A N
3 1060, 2 3

A(x0)=—+ > =
2 a(l——l%) 2

TOGTO BKNAJEHHS Y BUPOOHHLITBO BUTi JHiLIE, HDK YMCTE PO3MILLEHHS il BIIICOTKH .

Lo NpU X = X

=A4(0),
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5.51. Po3paxyBaT €1acTHUHICThL JaHUX PYHKILi | 3HATH 3HaUEHHA NMoKa3-
+432 e]aCTUYHOCTI IS 3a[aHKX X !

a) y=x3+1, x=1, x=5;

6) y=e*, x=1, x=0, x=2;
B) y=5Inx, x=10, x=e, x=e%;
r) y=3x-6, x=10 ;

J)y=1+2x——x2, x=1;

e)y=xe_x2, x=1, x=2-

5.52. Po3spaxyBaru enacTuuHicTh (yHKLiH :
a) y=ax+b, ne a, b —crani;

6) y=ax™, ne a, m—crani.

5.53. Kpuea noBHux BUTpar Mae Burtisan y = K =6 log(1+3x) . Busnauu-
8 KPHBY PaHHYHHX BUTpAT.

5.54. 3apana kpuBa noHux Butpar K (x).BusHauuTH : a) kpuBY rpanny-

#\ BHTpaT ; 6) pospaxysaru koedillieHTH enacTUYHOCTI NPH 3a/laHUX 3HAYEH-
2% x, Je x — o0car BUpoOGHMIITBA, SKLIO !

3
1) K(x)=150x—x2+x—, x=10, x=50;
100

2)K(x)=x3—3x2+10x , x=1, x=2.

f(x)

X

5.55. dyHkuieo cepenHix BUTpaT Ha3uBaeThes QPyHKUiA S =

,» A€
f(x) — noBHi BUTpaTH BUPOOHULTBA, X — KifIbKICTh OXMHHULL Npoaykuil. Hexail
WTPaTH Ha BUPOGHUUTBO X OAWMHKLB OAHOpinHOT MponyKLUiT BUpaxaloThes Gop-

WO Y= x> +3x2 +10x. Heobxinxo 3Haiit : a) ob6car BUPOGHULTBA, MU

sy cepesiHi BuTpatu OyayTh MiniManbHiME ; 6) noGynyBaTh KpHUBi MOBHMX,
SEDe IHIX 1 FPAHHYHUX BUTPAT.
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5.56. LlyxpoBuii 3aBox BUpoOJIfE x ONMHHUIL NPOAYKUIT B Micslb, a Cy
x? ‘
MapHi BuTparH BupoGHuuTBa K (x)= ) +5x+300 . 3anexHicTH MK MUTOMOK

LiHOIO p i KiNbKICTIO OAMHMLb NPOAYKLUIT X, L0 MOXHA NPOJaBaTH 3a Li€l0 LiHO
X
Taka: p(x)=40- o Po3spaxysaru, 3a skux ymoB npubyTok Oyre MakcHMab-

HuM (Banosuit npubyrox U(x)=x p(x), npubyrox z(x)=U(x)-K(x)).

5.87. KpuBsa noBHUX BUTpAT Mac BUMIAL K (x) = %3 —6x2 +15x (x —06-

car BUpoOHULTB2). Po3paxyBaty, npu AKOMY 00cs3i BUpOOHULTBA CepefiHi BUTPa-
TH MiHiManbHi.

5.58. 3anexHicTh Mixx BUTpaTamMu BUpOGHHULITBA Y (rpoul. on.) i o6csrom

NPORYKUIT, O BUITYCKAETBCA X (OA.) , BUpaXaETheA GyHKUieo y=10x—-0,04 x>
Busnauutu cepenni Ta rpaniiHi BUTpatTh npn obca3i nponyxuii, piBHOMY 5 ol

5.59. 3anexHicTb nonuTy ¢ Bifi LiHK P BUpaXaeThCA PYHKUIE

i q(p)=-2p*+3p+8 .
3uaittu emacTHuHicTs E, (g) MONMTY ¢ BIAHOCHO UiHM P | 3HAYeHH

roxaszHuKa enacTuyHocti npu p =1. 3pobuTy BUCHOBKH.

5.60. ®yHxuii nonuTy g inpono3uuii S BiA LiHK P 3alal0TbcA BiANOBI-
HO piBHSHHAMU : g=T7~p i S= p+1. 3Haiitu: a) uiHy piBHoBaru ; 6) enac-
THYHICTh MONUTY i Mpono3uwil ana i€l WiHu ; B) 3MiHy NpuOYTKY (Y BiNCOTKax)
npu 36inbIIeHHI UiHK Ha 5 % Bia UiHK piBHOBary .

5.61. launa dyHxkuis K (x) noBHUX BUTPAT BUPOOHUUTBA . 3HaiiTH
a) obcsar BUpOGHULITBA, NpH SKOMY cepeaHi BUTpatu GynyTh MiHiMaNbHi |
6) noGymyBaTy KpHBi MOBHUX, CEPEAHIX | PPAHNYHKX BUTpaT BUPOOHULITEA |
B) po3paxyBaTh xoe(illieHTH elaCTUUHOCTI NpH 3aJaHuX 3HAYCHHAX X,
e x — obcar BUpoOHULITBA, SKLIO
x2
1) K(x)=—4—+x+100, x=2, x=50;

2
2)K(x)=100+’2‘—5, x=5, x=25.




5.62. 3aranpHa BapTicTh BUpOONEHHX ¢ OAWHHMLIL NPOLYKLil BU3HAYAEThCA
LItHO
¢ (g)=100000+1500g+0,2¢>.
CepeniHs BapTiCTh OAMHULL NPOAYKLUIT
C
f(q)= —% :

BusHauuTy, CKiNbku OXHHULD NpoayKUii g cnin BUMycKaTH, o6 MiHiMi3y-
CEePEAHIO BapTiCTh OAMHULI NPORYKLIT.

5.8. ExoHOMIYHI 3a0aui, 8 IKUX aUKOPUCMOSYHOMbLCS OYHKUIT
6a2ambox 3MIHHUX ma IX YacMmUHHi Noxiori

HaBefemMo €KOHOMIUHY iHTEpNpeTaLlit0 HaCTUHHUX TIOXiTHUX.
Hexait 3amana BupobHuua ¢yHxuia z = f(x, y), W0 BIpaxae, HaNpHK-
. 3MTpaTy BUpOOHULITBAE B 3AIEXHOCTI Bill KiNbKOCTI ABOX BUIIB MPOAYKLIT x
U0 BUMYCKaOThes. [IpHMYyCTUMO, 11O YUUHHUK X 3MIHUBCA Ha A X, Toni BU-

Az

“-H4a PyHKUisA 3MiHUTBCA HA A ,z= f(x+Ax, y)—~ f(x, y). OTxe,

" _Aa€ cepenHiii npupict BUpoOHUYOT yHKLUIT HA OANHHLIFO TPUPOCTY UNHHUKA
-"0 eepe/lHi BUTpaTH BUPOOHULTBA HA oAuHHLIEO npoaykuii x . [lepefiurouin
~aHudi npu Ax-—> 0, OTpUMaEMO rpaHWYHi BUTpaTH BUPOOHHLTBA Ha OU-
L3O NpoayKUiT x:
Ayz Oz

lim = .
Ax—0 Ax Ox

AHanNoTiYHO 33 YMHHUKOM Y !
AyZ oz

lim —= .
Ax—>0 Ay Jy

EnactuyHictb Bupo6HnUOi GyHKUiT z= f(x, ¥) BiIHOCHO YMHHUKIB BU-

. x dz
PoOHHUTBA X | YV BCTAHOBMIOETBCA TakHM YHMHOM ! Ex(z)-“'—g" 1 BKazye
z Ox

mpmG.113H0 BigcoTkoBUM npupict BUpoOHMYOT GyHKLUIT (MiABHULLEHHS, NMOHWKEH-
W8) BLIOBIIHO A0 NPUPOCTY YMHHMKA x Ha 1 % 3a yMOBH, 11O YUHHUK Y HE
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. N yoz . . . .
MiHgeTbes ; E,, (z)= P i BKa3ye npubnu3Ho BiACOTKOBHUIt MPUPICT BUPOOKH#
zoy

4oi ¢yHKUIT BIANMOBIZHO A0 NPHPOCTY YnHHUKA Y Ha 1 % 3a ymOBH, 110 quHH!J
X He MiHAEThCA.

SAxuo BUpoGHMUA (YHKLIA BCTAHOBIIOE 3aJIEXKHICTh BUMYCKY YV Bil 1 B

POOHUUUX YMHHUKIB X, X3, .., X, ¥ BUMAL Y= f(Xy, X3,... X,),

9y
xl

audepeHUiaTbBHUMH XapaKkTepUCTHKAMU Takoi (PyHKLT € : — rpaHnyHa eder

. ’ J y Xy . .
TUBHICTb YMHHMKA X, 5 E, (y)= Sy o €IaCTHYHICTb BUITYCKY ¥ Bumocﬂ
X
H

YHHHUKA X, Ta iHwWi .

. . . %2
HDpuxnan 1. Ilorik nacaxupis z BupaxaeThcsa QyHKUiew z=-—

A€ X — YUCIIO JKHUTENIB, YV — BiACTaHb MiX MicTamu. 3HalTH HacTHUHHI noXiaH
i NOACHUTH TXHiif 3MICT.

. 2x vt e \
Po3s’sizannst. [ToxinHa z, = —— nokasye, WO NpH OAHIH i Tiii xe BixcT:
y

Mix MicTamu 36iNbLIEHHA HOTOKY NacaXupiB NponopujiiHe NoABOEHOMY YHC
x2
skurenis. Toxinna z'y = ~—5 TOKa3y€, 1O NpH OZHi# i Till e YHCceNnbHOCTI XK
' Y
TeJiB 36ibIIEHHS NOTOKY nacaxupiB obepHeHo nponopuifine kBaapary BifcTa
Mix MicTamm.
Mpuxnan 2. {nsa BUnycKky AeAKoro ToBapy Bu3HaueHa BUpoOH1Ya (yHKUL

fx, y)=20x+10y -2y +4x* +3xy, Xe X, y — UMHHWKH BUPOGHULTEA.
BuzHauuTy : @) 3aK0H 3MiKK BUpoOHUUOT dyHkuii ; 6) enacTudHicTh ¢)yHKui'f31
KO)KHUM UHHHIKOM ; B)KoedillieHT enacTuyHOCTI 33 YAHHHUKaMU Ipu x =1, y =1

Po3r’szanus. a) 1{o6 Bu3HauuTH 3MiHy BUpoOHMYOT PYHKLUIT 32 UMHHK-
of . of .

KaMM x 1 y BiAMoBigHO, HeoOXinHO 3HAKMTH
Ix oy
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5f 20+8x+3y éi=10,—4y+3x
Ay :
6) 3a o3HAYEHHAM €JACTHYHICThL (GYHKUIT 32 KOKHUM 3 YMHHUKIB Taka :
E.(z )_-’£ a—’i=~ (20+8x+3y) ;
Ox

Ey(z)=l—i=l(lo-4y+3x),
z 0y z

® :=20x+10y-2y% +4x% +3xy.
8) O6uncanMo koediuieHTH enactudHocti npy x =1, y=1. Bpaxyemo,
o =(1,1)=20+10-2+4+3=35:

E (z )_20+8+3=ﬂ~089
35 35

E (z )_10 4+3=iz0’26.
35 35

TakuM YUHOM, i3 3pOCTaHHAM YHHHUKA x Ha | % BiabyneTnca BinHOCHE
TCTaHHA 3aaHol BUpoOHHUOT dyHkuii npubnuzHo Ha 0,89 % (3a ymoBu crabinb-
BRCTI YHHHUKA V) .

[py 3pocranti YynHHUKa Y Ha 1 % i HE3MIHHOCTI YHHHUKA x BHPOOHMYA
@smxuiis 3pocte npubnuszHo Ha 0,26 % . OTxe, Halibinblle BrNKMBae Ha BUPOG-
sy GyHKUi0 2z = f(x, y) UMHHUK Xx.

Binznauumo, o Big’eMHe 3HaueHHA koedilieHTa enacTHUHOCTI Nokasye
WacHlWeHHA BUPOOHMYOT (yHKLIT PU 3pocTanHi BIANOBiAHOTO YUHHKKA . HanpHk-

mx . akwo E, (z)=-0,08 i z=f(x,y) — dyHkuia BUIYCKY NPOLYKLIT, TO

WPOCTAHHSA YUHHKMKA X Ha | Y% NPU3BOAMTD JI0 3HIDKEHHS BHITYCKY NpPORYKLI Ha
0.08 % .

INpukanazr 3. Hexait z = 2x2 y+ 3xy2 +x0 - BUpOOHHYA QyHKLIA, K6 x ~
WNTPaTH KUBOT Npalli, ¥ — BUTPaTH ypeueeHol npawi. 3uaiitn £, (z) i E, (z)
3 touui (1,1).

Po3p’sizanna. Habmwkenuit BincoTxoBui npupicT ¢yHKuUil z , Lo BiAnoBi-
A€ NIPHPOCTY He3aNleXHUX 3MiHHUX x 1 y Ha 1 % , BU3HA4YMMO 3a dopmynamu
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x0z | _yoz
E.(z )2_—5—; ; Ey(z)—?—a—;_

3HalifieMo 4aCTHHHI MoXigHi Mo x i y:

éf—=4xy+3y2+3x2; iZ—=2x2+6xy

Ox dy )
Toni

x(4xy+3y2+3x2) ' y(2x2+6xy)
E.(2)= T Ey(z)= 7.

2x2y+3xy2+x 2x2y+3xy2+x

t

V 3ananiit Touui (1,1) Ex(z)zl‘gzo,m; Ey(z)=%'-],33.

3i3pocTaHHAM BUTpaT %UBOT npatii Ha 1 % oOcar BUpoOHULTBA 30ibIINTHCS
npubausno na 0,67 %, a 3i 3pocTaHHAM BUTpaT ypequneHox npaui Ha 1 %
o6csir BUpoGHULITBa 35lnbllll/lTbCﬂ npubnuzHo Ha 1,33 % .

MNMpuknan 4. ®ipma Bupobnse asa suau toapis G| i G2 inponae ix 32
uinoto 1000 rpow. on. ta 800 rpowt. oa. BianoeiaHo . O6cAru BUMYCKy TOBapIB -

Q1 i Q2. dyHKuis BUTPAT MA€ BUMIAL
2
C=20}+20,0,+0; . |

Tpe6a 3uaiitn Taki sHayenns Q) 1 (2, 3a axkux npubyToK, OTpUMaHH)
thipmolo, MakcuManbHuit , i 3HaliTi ueil npubyTox .

Poss’si3anns. Cymaphuii npubyToxk Big nponaxy Tosapisa G| 1 G :
R=1000 @, +800 O, .

IpuGytok IT sBnse coboto pisHULIO MiXx npubyTkoM R i Butparamu C,
TOMY

M= R-C=(1000 Oy +800 0;)-(20] +20,0, +03) ,
ado
(Q,, Q5)=1000 0, +800 05 -20% -20,0, -02 .

Le i € dyHkuig, MakCUMYM AKoi cia 3HANTH .
JIns 3HAXOIKEHHA CTalliOHAPHUX TOUOK 3HAXOAUMO YaCTHHHI MOXIAHI nep-

woro nopsaky Bia gynkuii [1(Q1, O2) i npupisHioemo ix o Hyns :
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H,QI(QI’ 0,)=1000-40,-20> ;
Mo, (O, 02)= 800-20,-20; ;

1000-40Q, -20, =0;
800—*2Q| —2Q2 =0 .

Po3p’a3ok cucremu : Q) =100, O, =300. Takum 4nHOM, cTauioHapHa

2 My (100; 300).
3Hax0AMMO YACTHHHI MOXiAHI APYroro NOPAAKY :
2
=-2; C= 8_[; =-2,
My 00, My

o g o
ok 00,00,

A<0, A=AC-B*=-4.(-2)-4=4>0.
Omxe, Touka M (100; 300) € TouKOIO MaKCUMYMY.
MakcuMmanbHuit npubyTOoK RocAraeTbcd npu obcarax BUpoOHULTBA

=100, Q, =300.3naiinemMo cyMy MakCMMaJbHOro NpUbYTKY :

T1(100; 300)=1000-100+800-300—2-100% —2-100-300 — 3002 =
"3 000 rpow. oa.

[Mpuknan 5. Gipma peanisye uacTUHY TOBapy Ha BHYTPIlIHLOMY PHHKY, @ iHILY
SCTHHY NOCTABJIAE HA EKCNIOPT. 3B’A30K Lk ToBapy P| i Horo kinskocti {1, npo-
IBIOM0 HA BHYTPILLIHBOMY PHHKY, OTIUCYEThCS! KPUBOIO NOMUTY 32 PIBHAHHAM

Py+Q =500 .
AuanoriuHo ana excrnopty uina Pz i kinbkicts (2 Takox 38’s3aHi
CTIBBIJHOLUEHHAM (PiBHAHHAM KPUBOT MOTIUTY)
2Py +30, =720,
CyMapHi BUTpaTH BU3HAYAIOTHCA BUPA30M
C=50000+20 (Q,+03).
Sy WiHOBY NONITUKY NOBHHHA NMPOBOAXTH (ipma, o6 npubyTok 6y Mak-

Z@MAILHUM ?
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Po3p’sizannsa. Cymapuuii npubyrok
R= R| + R2 ,
ne Ry, R, — npuOyTku Bil NpOAaKy Ha BHYTPiLUHbOMY PUHKY Ta €KCMOPTHH:
NoCTa4aHb BiANOBIHO :

Ry=P;-Qy=(500-01) Oy =500 0 -0} ;
Ry=P;-0,=(360-1,50,) 0, =360 0, 1,5 07 .
B o6ox Bunankax uina 6epeTbcs 3 BiANOBIAHUX KPUBHX MOMUTY .
R=Ry+Ry=500 01 -0] +360 05 -1,5 03
OunepxxyBaHuit hipmoro npubyToK
M(Q;, O2)=R-C=(5000 —le +3600, —1,5Q22)—50000-—20(Q1 +0,)=
=4800, - 0} +3400, -1,503 ~ 50000 .
3HaxoANMO YaCTHHHI NOXi/IHI NePIIOTO NOPAAKY :
Mg (@1, 02)=480-20 ;
Mg, (@1, @2)=340-30; ;
480-20,=0;
340-30,=0.
Ql =240 5 Q2 =340/3

CrauionapHa Touka M (240; 340/3).
OO6uYKCAOEMO YaCTUHHI TOXiHI APYroro nMopaaky :

2 2 2
Q1 g 1 2M0 Qz Mo

A4<0, A=A4C-B*=6>0.
Orxe, B cTauioHapHiii ToULL Mae MicLie MAKCUMYM.

3nalizeMo onTHManbHi LWiHH AN NPOAAXy HAa BHYTPillHBOMY PHHKY i No
€KCIOPTY, MiACTABNAIOYH KOOPANHATH TOYKM MAKCUMYyMY B KPUBI MOMUTY :

Py =500-Q; =500-240 =260 ;

Py =360-1,5Q, =360—1,5-§§9=190.
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MigpaxyeMo makcumaibHui NpuOYTOK NPH ONTHMANIBHUX 06cArax Npoaaxis
MR SENTPILUHBEOMY i 30BHILIHLOMY PHUHKaX:

30; 340/3) = 480240 — 240% +340-(340/3) - 1,5-(340/3)2 - 50000 =
= 10866,67 .

Mpuknaa 6. ®ipma supobnse nsa Buav Toapis U1 i Gy B kinbkocti

O3 singnosinno. yHKLiA BUTPAT MA€ BUMIAL
C=100,+010,+100,, ‘

3, [IOMUTY IS KOXKHOTO TOBapy
Py =50-01+0Qy , P,=30+20,-0,,
= P|, P, — uiHa onuHuLi ToBapy BUAIB G i G, BiANOBiaHO.
Kpim Toro, ¢ipma 38’ a3aHa o6MexeHHSM Ha 3aranbHuil obcar BUpoGHULT-
roeapiB G| i G-, i xBora cxnajae 15 onnnnue, 10610 Q) +05 =15.

3HaliTH MakCUMasbHKI MpHOYTOK, WO Moxe OyTH NOCATHYTHIA 3a Liel yMo-

-
Po3p’azanns. Ipubytok nosnasumo [1(Q1, 07):
(@, @2)=R-C,
® ? — cymaphuii npubytok, C — ¢yHKUis BUTpAT ,
R=R|+R,,

.« . Ry — npubyTku Bin nponaxy ToBapis G| i G, BIiANOBIAHO,
Ry=Py-01=(50-01+07) 01 =500, -0 +0, 03 ;
Ry=Py-07=(30+20,-0,) 02 =300, +2 0,0, -05

x 2, P, GepyTtbca 3 kpunx nonuty ToBapie G| i G, signosigno. Toxi

R=500,-QL+30,0,+300,-0; ;
(Q;, 0;)=R-C=400,-0} +20,0,+200,-07 .

Mepennuemo o6MexeHHs y BUMIAL

g(Q1, 02)=15-01-0, =0,
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— : -

Onep:xyemo 3aja4yy Ha YMOBHHI eKCTpeMyM: 3HaHTH MakcuMyM (yHKUIT

M(Q), 05)=400, -0 +20,0,+200, - 03

npH oO6MeXeHHi

g(Q1, 02)=15-0,-0,=0,

JLnst po3B’sA3aHHSA BUKOPUCTOBYEMO METO MHOXHUKIB Jlarpanxa. Bynye
¢ynkuito Jlarpanxa :

F(Q1. Q2. 4)=400; -0 +20,0, +2003 -0 +4(15-0, = 02).
OGuucmoeMo yactuuui noxinui Bin F(Qi, 02, 4) 3a 3aminnuMN

01, @2, 4 i npupisHioemo ix 1o Hyns :
FH, =40-20,+20Q,-1=0;
FH, =201+20-20,-4=0;

Fy=15-0,-0,=0.

OTpHMali cUCTEMY TPLOX PiBHAHB 3 TPbOMA HEBIAOMHUMHU, AKY liepenulle-
MO y BUTNALI

-201+20,-1=-40;
201-20;~A4=-20;
O+ @2 = 135,
Po3s’a3yeMo 11 MeTONOM BHKITIOUEHHS.
Orpumaemo 4 =30, 0;=10, 0, =5,

Touxa Mg (10; 5)- crauioHapHa . [inst nocnimxeHHs il Ha eKCTpeMyM 3Hak

nemo a’2FiM 3 ypaxyBaHHAM OOMeKeHHS.
0

9% F

= , ————2
Mo 093

B*F
00100,

O*F
2
80;

=-2,

Mgy My

2 2 2
d FlMO =2dQ2+4d0,dQ,-2d0?
\ Ockinbku Q) +Q, =15,10 dQ|=-dQ,. Toni
sz}M =2dQ2-4dQ? 2402 =-8d02 <0
0
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| Yepes te wo ekcrpemym qynkuii I1(Q;, @, ) 3a HasBHOCTI 3a1aHOro
ofimscxenus 30iraeThes 3 ekctpemyMmom dyukuit F(Q;, @,, 1), Touka
My (10; 5) — Touka ymorHOro Mmakcumymy dyHnkuii IT(Q, @,).

Orxe, 0, =10, Q) =5 —obcar nponaxy, 3a YMOBU IKOTO NpUOYTOK Mak-
@R LHHIA.
BianosigHe 3HaueHHA camoro npubyTKy
M(10, 5)=40-10-10% +2-10-5+20-5-52 =475,

B ekOHOMiYHUX ADCNIIKEHHAX YaCTO CTABUThLCH 3aa4ya NOPiBHSIHHS
emmNEHKIB | MOKA3HUKA, PHitHATOrO 32 PyHKUi0. ¥ ULOMY BUNAAKY AOUITb-
e 321€XKHICTh MiXK QyHKUIOHANBHOK O3HAKOK | HHHHUKAMH — apryMeHTaMu

I,. X3, .., X, BHpaXaTHy Burnani creneHeBoi GyHkuii

a; Ep
Jxpl

M MOKa3HUK CTENEHA &, € MOKa3HHUKOM €1aCTHYHOCTI yno x,. Hanpnknan,

[>4 a
z=Ax|'x5%..x

afcEr BUPOOHHUUTBA B THCAYAX IPOILOBUX OJWHMI B 3a/I)KHOCTI BiA ACAKHX BH-

1]

=298 (x; )0’39 (%, )0’48 (x3 )0’]8 (x4 )”0’09 . Koediuientn enactuuHocTi

® =0,39, o) =0,48, a3 = 0,18, a4 =-0,09 nokasyioTs, 1110 Ha TEMNH NiABU-

‘MHH‘{HX YMHHUKIB X;, Xy, X3, X4 TMpeacTaBieHuii @yHKuiewo

amenns ofcsary BUPOOHULITBA HaiibiNblue BILIMBAE YHHHUK X, . Y pasi 36inbleHHs
_ Ha 1 % sunyck npoaykuii 3pocrae Ha 0,48 % . 3BepHiTh yBary, 110 36inbLueH-
M x, Ha | % npu3Beae 10 3HUKEHHSA BAMYCKy npoaykuii Ha 0,09 % .

B exoHOMiIYHHX AOCHIUKEHHAX 4aCTO BUMAFAETLCA BCTAHOBUTH 3aJIEXKHICTh
MUK 1BOMa BETHUMHAMH X [ y, AKUIO 3afaHi pe3ynbTaTi n BHUMIPIB X, , ¥,

-=1,n). ind po3s’ A3aHHsA Takol 3ala4i BAKOPHCTOBYETHLCA METOA HAliMEHIIMX
EB21pATIB.
Mpuxnan 7. € HacTynHi aaHi npo Uiny Ha HaTy x (rpolu. oj.) Ta iHOEKC
muit HadToBUX KOMMaHill y (yMoB. of1.)

X 17,28 17,05 18,30 18,80 19,20 [ 18,50
y 537 534 550 555 560 552

TMpunyckaouy, WO MK 3MiHHUMH x i YV icHye JiHiiiHa 3anexHicTb
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y=ax+b,3Halith g i b 3a 10MOMOro0 METOAY HailMEHIUMX KBaApPATIB. |

Posp’si3anns. Bigomo (rn. 3), uio cucteMa HopManbHUX PiBHAHL Ma€ BUr-!
nag :

n n 9 n
Zx,-y,-—aZx, —be,-=0;
i=1 =1 =1

n n
Zy, -a Zx, -bn=0.
i=l i=1
V naHomy Bunaiky s =6. 3HaiineMo HEOOXiHi I PO3PaxyHKIB CyM.

n n n n
2 L
D Xi, Vi s 2xiy, , 2%; . TlpomixHi 0GuucneHHs 0GOPMHMO Y BUTNAL
i=1 i=l =1 i=]

JIOTOMIXKHOT TabuLLi. '
X Vi XV x,2
17,28 537 9279,36 298,5984
17,05 534 9104,70 290,7025
18,30 550 10065,00 334,8900
18,80 555 10434,00 353,4400
19,20 560 10752,00 368,6400
18,50 552 10212,00 342,2500
P 110,13 3288 59847,06 1988,5200
Cucrema HOpManbHUX PIBHAHb Ma€ BUINIAML:
1988,52a + 110,136 = 59847,06;
11013a + 6 b = 3288 .. !

It poss’ssok a=15,317, b=266,86 nactob uiyKaHy 3anexHICTD :

y=15317x+266,86 .

TaxkuM uuHoM, 3i 36inbuleHHAM LiHU HadTH Ha | rpoLL. oA. iHAEKC aKui
Ha(TOBMX KOMTaHil B cepeqHbOMY 3pocTae Ha 15,32 o

5.63. 3apana BupobHuua PyHkuis z =z(x, y), IO Ja€ 3aNEKHICTh Mim

obcarom BUpOOHUUTBA z | BUTpAaTaMu *UBOT Npali x Ta ypeuesneHol npaui ¥ -
3HaiiTH :

a) 3aKOH 3MiHU BUPOGHUUOT PyHKUIT 32 KOXKHUM i3 HHHHUKIE X Ta y

6) enacTuyHicTb QYHKUIT 338 KOXKHHM i3 YMHHHUKIB : ,
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B) koe(illieHTH e1acTUYHOCTI MO BUTpPATaxX XXUBOI Ta ypeueBsieHOI npaui

F spm x=1, y=1.3pobuTH BUCHOBKH .

Po3s’s3ary 3afauy A1a HaCTYNMHUX (yHKLU# :
1) z(x, p)=x° -3x2y% +2y* ~120p;

2) z(x, y)=In(x’ +2)°);

3)z(x, y)=e;

4) z(x, y)=x3 —y2 +6xy+39x+18y-20;
5) z(x,y)=—x2+2xy—4x—8y.

5.64. Ha BMpoOHMLTBI BUKOPUCTOBYETHCA 11Ba BURW PECYPCIB Y KiNbKOCTI
T i x; oAWHHMUL. BapTicTh oauHKHLUI KOXKHOTO 3 pecypciB cknanae 1 i2 rpour. on.

zmoBigHo. [Ina npuabanHa pecypcis BugineHo 10 000 rpow. oa. BusHauuru
—WManbHi BUTPATH pecypciB, 10 MaloTh 3a6e3neunT NiaNpHEMCTBY NOCAT-
-5 MBKCHMallbHOTo MpubyTKy, fKIIO BiZOMO, Lo cyMapHuil npubyTox z
ITpPUEMCTBA 3aNeXUThb BiJl BUTPAT pPECYPCiB HACTYMHUM UHHOM :

=2x;+10x, —x%.

5.65. 3anaHa BupoGHHUa (YHKLiS, 1O 3aJIEXKHTD Bifl AEKIJTBKOX YMHHHKIB :

[

=0.84(x, )0’624(x2 )_0’38(x3 )0’706 . TIpoBecTy aHali3 BIUIUBY BiJHOCHUX NPH-

ML.ITIB YHHHHKIB Xp, Xp, X3 Ha TeMNH 3MiHW BUpoOHMUOT QyHKLIT.

5.66. PiuHi BUAaTku nianpueMcTBa MOXYTb OyTH BHpaxeHi QyHKUiew0

: Ci O ,

Joxy, xp)=a+b x +byxy+—+—, 1€ a, by, by, Cy, Cy~crani.
Xp X2

38 sxux 3HAuEHb X, X, BUAATKH mianpuemcTsa 6yayTs HaiimeHwmnmu ? Pospa-

mx2rH koedilieHTH enacTuuHocti npu x| =1, x, =1. Po3B’a3ath 3agauy npu
MCTYIHKUX 3Ha4YeHHAX KoedilieHTiB a, by, b,, C|, Cy :

1) a=1, =9, b =64, C;=36, Cy=4;

2) a=100, b =25, by=16, (;=225,C,=64;

3) a=50, b =144, b, =49, (=9, C,=19

5.67. Piunuii BUAaTOK nianpueMcTBa (aMOpTH3aLid, BiICOTKM Ha Kani-
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TaJl, BKJIAAW Ha MOHOBNIEHHS, PEMOHT i BUTPATH BUPOGHULTBA) MOXKe BYTH B!

paxenuit yukuieto f(xy, x5)=a+b(x +x2)+;—f—x—2+i—:+%,ne a, b
C, Cy, Cy — crani. 3HaliTh 3Ha4eHHA YUHHMKIB X| i X;, 33 AKHX piunn
Buzatok Oyne HaiimeHnM. Po3paxysari koeillieHTH eJTacTUYHOCTI Npu x| =1
xy=1.

Po3p’s3aTul 33124y NpM HACTYMHUX 3HAYEHHAX koediuieHTiB a, b, C, €y, C»

1) a=20, b=12, C=72, (=4, (=16

2) a=10, b=9, C=72, (;=28,Cy=7.

5.68. ®ipMa Bupilinna womicaud acuriysaru 100 Tuc. rpolu. oa. Ha BUpoC
HUUTBO Jiesikoi npoRykuii. Hexaii cepenns 3apo0iTHa nnaths no ¢ipmi cknanae 2 00
TpoLL. 011., @ BapTicTh oAMHULI cupoBuny aopisHioe 1 000 rpow. ox. Tpeba BuzHz

YUTH, AKY KiNbKICTb POGITHHKIB £ 1 AKY KiNbKicTh CUPOBUHM C HeoOXinHO mar

¢ipmMi a1s oTpuMaHHs HalbiNbLIOro 06cAry npoaykuil ¢ , AKLIO BiAOMO, o obcs

TIpAMO nponopuiifHnit KinbkocTi pOGITHUKIB i KiNbKOCTI CHPOBHHH 3 KoedilieHTO!
NPOMOPLIRHOCTI, KOTPHIF JOPIBHIOE 5.

5.69. Y HaBeseHiil HIKUe TabNULI € JaHi PO BUIYCK XYTPOBOT NpoayKLUii K
¢dabpuui 3a 7 pokis. 3ualiTu napamerpu GyHKUIT y =ax+ b, WO BUPAKAE TUHL
MIKy 3pOCTaHHs 3a KOXHUH pik. BukopucTtartu MeTon HaliMEHLIMX KBA/LpATIB,

Pik x 1-i 2-it 3-i 4-ii S5-it 6-i 7-i1
y, Mad rpout. oa. | 6,3 9,5 13,9 16,1 20,2 24,1 26,8

5.70. Temnu 3pocTaHHA NMPOLYKTUBHOCTI Npali ¥ 3a pokaMi B Npomuc-
NOBOCTI AepxkaBK HaBefeHo B Tabmuui. [Tpunyckarouu, U0 3aNexHicTb p BI:

x nidifiHa (y =ax+b) ,3HaiiTk a 1 b . Bukopucratu MeToOnl HaliMeHIUMX KBaz-
patis.

X 1 2 3 4 5 6 7 8
y 100 156 170 184 194 205 220 229




* 3 EKOHOMIYHI 3ada4i, o 3800ampbcs 60 064YUCNeHHs aU3HaYeHuUx
iHmeeparnie

Exonomivnuii 3micm guznauenozo inmezpaia. Hexait dyukuis z = f ()
. <€ 3MiHy MPOLYKTUBHOCTI AeAKOro BUPOGHULTBA 3 MITHHOM dacy. 3HaiineMo
npoaykuii {J , BupobneHoi 3a Tepmid wacy [0, T].
BiazHaunMo, wo Kojad HPOAYKTHBHICTH Mpalll He 3MIHIOETBCA 3 UACOM
"} - crana ¢yHkuig), To obesr npoaykuit AU, BupobneHol 3a neskuii npo-
sadkh  yYacy [t, t+At], sanaethcs  Qopmynorw AU = f(t) At.
aranbHOMY BMMAAKY crpaBedinsa HaOmwxeHa piBHicTs AU = f(£) Af, ne
z [1, 1+ At ], KOTPa € TUM TOUHILIIOK, YUAM MEHILE 3HAYeHHs Al .

Po3i6’emo miapisok [0,7] Ha npoMiXkH uacy TOYKaMu
=1y <ty <ty <..<t, =T. Jina obcary npoaykuii AU, , supobneHoi 3a npo-
zok yacy [¢,-1, ¢,], maemo
AU =f(E) B, pe Eelty, t,], At =t,—t,, i=lLn.

Toni

U~SAU =5 f(£) At,.

1=l 1=l
3Bigcu

. n T
U= lim Y 7(&)at,=[f)de.
0

maxAf, -0 5
_ Omxe, axmo f(f) — NPOAYKTHBHICT npaui B MOMEHT uacy {, TO
T

= _[f(t) dt — ofcar nponyKuii, o BUIyCKAaeThes 3a npomixok uacy [0, T];
0

5] .
= ff(t) dt — ofcar npomyKLii, o BUMYyCKaeThes 3a npomixkok [£1,72].
n

puxaan 1. BusHauutu obcar npoayxuii, BUpoGneHo! poGiTHMKOM 3a

* TV roauny po6ouoro AHA, AKIO NPOAYKTHBHICTb MpaLli XapaKTepu3y€eThes
SRUIEIO

2
3t+4

OE +3.
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Po3p’s3annd. lllykannii o6car Bu3HayaeThes 3a GopMyIoro

)
Ve [fayde
h
V HawoMmy BHRaKy

2
2
V= —2—+3 dz=(31n|31+4|+3zJ
i\3t+4 3

=2-ln10—-zln7+6—3=zln—1—0—+3,
3 3 37

PosrnsHeMo 3aauy 3HaXOMKEHHS KarliTany (0OCHOBHUX QoHIIB) 32 BiOMH-
MH YUCTHUMM iHBeCTULiAMM. UMcTi inBecTHLii (kaniTajJoBKIaNeHHsI) — Lie 32-
rajipHi iHBecTHLil, ki Oyau 3pobneHi 3a NEBHUI NPOMIXOK yacy, 3a BUHATKOM
iHBEeCTHUII HA BigLIKOAYBaHHA OCHOBHUX (QOHIB (KaniTany), AKi BUXOIATH 3 Jafy
TakuM YHHOM, 32 OXMHULIO Yacy Kanitan 36iNbUIYETbCA Ha CYMy YHCTHX iHBEC-
THUHA. '

Axuo xanitan posmsaaati Ak QyHkuiro uyacy K(f), a ydcTi iHBecTHUIT

BifinoBigHo ax f(¢), TO BUKJIAJEHE BULIE MOXHA 3aNUCATH Y BUITIALI
d
()=—K()
s dt ’

YacTo BUMaraeTbcs 3HaiHTH NPUPICT KariTany 3a nepiof 3 MOMEHTY uacy f
1o t , TO6TO BENNYNHY
AK=K(1;)-K(1}).
Bpaxosyrouu, wo K (¢) € nepsicHa wisa GyHkuii f(¢)p MaEMO

b}
AK =K (1)=K(t1)= [7(t)dt. '

4]
IIpuknan 2. Yucri iHBecTULIT 3a1aHO QyHKLIEW
f(t)=7000,[1
Buznauutn :

a) MpUpIcT Kanitajy 3a TPH POKH ;
6) TepmiH Hacy (y pokax), micis AKoro NpUpicT kanitany cknane 50000

Po3B’si3anH4. a) ckopucTaeMoch GopMysioro s obuucneHHs AK , noknas-
wu =0, H=3:
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le

3
AK=K(3)-K(0)= '[7000\/—dt—700 _32- 0=
0

|

=7000-—§—-3 =24 248,71.

6) Mo3HaYMMO LIYKaHy TPUBANICTb yacy uyepe3 T , TOAI
T

AK = [f(t)dt,
0

Mincrasumo AK =50000 i £ (r)="7000[:

T
50000 = (70007 -d' ;
0

T =10,713 =4,86 (poxy).

Hexaii BiznoMa ¢yHkuis ¢ =¢(x), IO ONUCYE 3MiHH BUTPAT Yacy ¢ Ha BH-
*2ToBNeHHA BHpOOY B 3a/eXKHOCTI Bill CTyneHs OCBOEHHA BUpOOHULTBA,
® 1 - nopaaxosuit Homep BupoOy B maprii. Toni cepenHiii uac Iep » BUTPAUCHUH
#a BHIOTOBJIEHHS OHOTO BUPOOY B Nepiof OCBOEHHS Bit x| 10 X, BHpOOIB, 06-
WCOETHCA 32 TSOPEMOLO NIPO CEPEIHE :

X2
leep = J.t(x) dx .
! X
Illo cTocyeThes dyHKUIT 3MiHM BUTpAT 4acy Ha BUrOTOBJIEHHA BUPOGIB

z=1(x), TO 4aCTO BOHA Ma€ BUIAA = gx 0, ne a — BUTPATH Yacy Ha nepluuit

w0, b — NokasHUK BUPOOHUUOIO npolecy.
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Hpuknaa 3. 3uaiiTy cepeaniil uac, BUTpayeHHi HA OCBOEHHS OJHOTO BU-
poly B nepioa ocBoeHHs BiJL x; =100 10 x5 =121 Bupo6iB, Ao GyHKLUIA 3MiHK

BHTpar 4acy Ha BUIOTOBJIEHHS BUPOGIB { = ax? ,ne a=600 (x8), 6=0,5.

Po3B’si3aHH4.
x | 1
Leap = H(x)dx=——— [ 600x 2dx=
P xy —x) x{( ) 121—10010]0

600 121 2.200 400
=2 =——11-10)=—= 572 (xB).
21 J 100 7 ( ) 7 (xe)

IMpuxnan 4. 3HaiiTi cepenHe 3HaueHHs BUTpaT K (x) = 3x% +dx+i , BU-

paskeHMX B IPOLLOBUX OAMHULUAX, AKHIO obcAr npoaykuii x 3MintoeTsCst Big 0 1o =
oAuMHMLb. BxasaTh obcAr NpoayKLUil, Npy SKOMY BUTPATH MpPUIMalOTh CEpelHe
3HauEHHS.

Po3p’si3aHns. 3rifHo 3 TEOPEMOIO PO CEPENHE 3HAUCHHS

b
F(&) == [f () dx,

V HamioMy BHNAAKY
3

0

f(§)*l3f(3x2+4x+1)dx—l 3.’£+f‘_x2+x
34 3173 2

3
=%(x3+2x2+x) 0=§(27+18+3)=16 (rpoww. on.) ,

TOOTO cepeaHe 3HAUEHHSA BUTpaAT JOPIBHIOE 16.
BusHauumo, npu axomy o0csa3i npoayKuil BATpATH NPUIMalOTh e 3HaueH
Hsl, TOOTO PO3B’SKEMO PiBHAHHS

3x2+4x+1=16, abo  3x% +4x-15=0.
BpaxoBytouu, 1o o0car npodykuii He Moxe OyTH Bifl’ EMHHM, 3 OCTAHHBOT

piBHAHHS MaeMO
-2+4+45 -2+7 5
§=x= 3 = 3 :-5- R

10610 £ =5/3 OmMHHULb nporyKuii.

4
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1

I1pu po3paxyHKy eKOHOMiYHOT e(peKTUBHOCTI KarliTalbHUX BKNaAEHb 3yCT-
PHHaIOThCS 331a4i pO3pPaxyHKy NOYaTKOBOI CyMH 3a 11 KiHLEBOK BEIMYHMHOMO, OT-

PHMaHoOI0 uepe3 yac ¢ (pokiB) Npu piuHOMY BiACOTKY (BiICOTKOBill cTaBLi) P.
Heii npouec, Ak BilOMO, Ha3MBAETHCA AUCKOHTYBAHHSAM .

Hexait K, — kiHueBa cyma, orpuMana 3a ¢ pokiB, i K AWCKOHTOBaHa
nOYaTKOBA) CyMa, sIKy B iHAHCOBOMY aHaJIi3i HA3MBAIOTh TAKOXK CYYACHOIO CY-
woio . Skuwo Bincotku npocti, To K, = K(1+it), ne i = p/100 —nuroma incot-

. K . . .
moBa cTtaBka. Toai K =T—’—— . 'Y pa3i cknaaHux BIICOTKIB K, = K(+11)!
+1t

My K = (_1.15_7).’_ V pasi nenepepBHOTro HapaxyBaHHS BIICOTKiB K, = Ke'
+i

o K=K, e
Hexait mopquo npubyTOK, WO HAAXOAUTb, 3MIHIOETHCA 33 YACOM i OMHU-

~ThCA yHKUi€lo f(¢), Ta MpU NUTOMIl HOPMi BifcoTKa, 11O AOPIiBHIOE /7 , Binco-
- HapaxoBY€ThCsA HenepepBHO. MoKHA NOKa3aTH, L0 B 1ILOMY BUNAAKY AUCKOH-
wosaHuil npubytok K 3a nepion T oBuucmoerses 3a GopMynoro

K= jf(t)e"’dt.
0

IMpuknan 5. BusHauuTH AMCKOHTOBaHMIH NpuOYTOK 32 TPH POKH NMpH BixcoT-
«=8iii craBui 8 % , Akwo nepeicHi (6a3oBi) kanitanoBxnanaeHHs ckuanu 10 mapa
1. ofl. i nepenbavaeTbes WopiuHe 30iAbUIEHHA KamliTanoBkIaaeHs Ha 1 Mapa

o on.

Po3p’sa3anns. OueBUAHO, 110 KaniTaloBKIaNeHHS 3a1al0Theca QyHKLiEK
S()=10+1-t=10+1.

Toai IUCKOHTOBaHA cyMa KariTaaoBKIaAeHb CKlazie

82 0 0 08

3 0.08 tu=10+¢; du=dt
— — Y, t ——| —
A=[(10+1)e dr=l g, o008, o1 o0 |=
0 -0,08
~o084]3 i -
=(10+¢1) ——e %08/ j 008 o (13792 2 10) -
—008 0 008 0,08
3
007 L 3,024 0y 12(6'0>24_])z30,5 MJIPJI FPOLL. OfL.
0,08

)
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Ile o3Hauae, o yepes Tpu poku Oyle OTpUMaHa OJHAKOBA HapOLLEeHa CyMa
AK 33 YMOBM LIOPiUHUX KaMiTalOBKIAJEHDb y po3mipax Bix 10 no 13 mapa rpou.
Ol., TaK i 3a YMOBH, UIO0 OJHOYACHI nepmcx—u BkJafeHHs cknaganu 30,5 mapa
rpoul. oj1. (npy oxHii i Tl e BiACOTKOBIi CTaBLi Ta HenepepBHOMY HapaxXyBaHHI
BiCOTKIB).

JInA OLiiHKK CTyneHs HEpiBHOCTI B po3noaini mpuOYTKiB cepen HaceneHHs
JOCHIKYIOTH XpuBY Jlopehia, Lo nokasye 3aiexHicTb BiacoTka npubyTkis Bin
BIACOTKA HaceNeHHs, Wo iX oTpumye (puc. 5.2, kpusa OBA).

YA

Yacmka
npubymkie, % !

100(1)+

—-

+—t Yacmka  x
1001y scenennn, %

Puc. 5.2
Tpu pisHoMipHOMY po3noaini npubyTkie kprBa JIopeH1a BUPOIKYETHCA §
npamy — Gicextpucy OA, Tomy mnowa ¢irypu OA4B mik Gicekrpucoro OA4 i kpi+
Bolo Jlopenua, Binnecena no miowi TpukytHuka OAC (xoediunient JDxuni) , xa-
paKTepHu3ye CTyMiHb HEPIBHOCTI B pO3roAisi ApubyTKiB Cepen HACEEHHA.

v Mpuknan 6. 3a faHUMY J0CTiKeHb po3noaity npubyTkiB B 0aHiit 3 kpaik.

gpusa JlopeHua Moxe Oyt onucaHa piBHAHHAM y =1-+/[— x? , A€ x —4acme
HacelJieHHs, } — 4acTka npubyTkiB HaceneHHA. O0uucauTH KoediuieHT JHxuni

Po3p’szanns. Ouesunro, koediuient [pxuni (aus. puc. 5.2)

S
K = 2048 __.1_SOBAC =1-2So0p4c, 60 SAOAC=l
Saouac Saoac

X
i i 1 1

SOABC=I(1—\/1—x2) dx= J'dx—f [—-x? a’x=l—j 1-x2 a’x,
0 0 0 0
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x =sint
1 dx=cost dt %
_f 1-x2 dx= x=0 t=0|% jcost~costdt=
0 zl 0
x=1 t=—
2
z s s
2 2 2
=_"1—+02ﬁ—2—tdt=%t +%sin 2t =%,
0 0 0
T T 7«
S, =]1-=; K=1-2{1-—|==—-1~0,57.
OABC 4 ( 4) 2

JlocTaTHLO BUCOKe 3HAYEHHA K 1oKa3ye iCTOTHO HepIBHOMIpHUH po3noain
TPHOYTKIB cepell HacesleHHA B PO3MAfyBaHiil KpaiHi.

5.71. 3HaiiTi cepenHe 3HadeHHsA BUTpaT K(x) = 3x% +4x+2 , BUP@XEHUX

3 FPOLIOBMX OAMHULAX, AKINO o6csr Npoaykuii x 3MiHIoeTsCs Bin 0 10 3 oa. Bka-
=TH 06car MpoxyKIii, 3a AKOro BUTPATH NPUAMAIOTE CEpelHE 3HAYEHHA.

5.72. 3naiiTn cepenHe 3naueHns BuTpaT K(x)= 6x% +4x+1, BUP@XEHUX
1 OLWOBUX OIMHULAX, AKMWIO 06car npoaykuil x 3MintoeTses Bin 0 fo 5 on. Bka-
I 06CAT NpoRYKLIT, 32 SKOrO BUTPATH NPUHMAIOTh CEpeaHE 3HAUCHHS.

5.73. BusHauutu obcar nponykuii, BupobneHol pebiTHIKOM 3a N’ ATy roau-
# 200040r0 AHA, AKILO NPOAYKTHBHICTb XapaKTepH3yeThes GyHKLUIE

3
f(t)—3z+2

+5,

5.74. Busnauury obcsr npoyxuil, BupobneHol po6iTHUKOM 3a TPETIO Tro-
e, po6OUOro JHA, AKWO MPOAYKTUBHICTE XapakTepusyeThes GyHKLUIE

3
f([)—4t+5

+4,

8.75. lMponyKTUBHICThL paLi NpoTAroM poboHoro aHA 3MiHtoeTbeA. Hexait

- MpoAYKTUBHOCTI npaui Mae Burnan f (¢)=100+10¢ (zer./ron). Ckinbxu

3po6uTh pobiTHUK 3a ABI roauHu po6oru? (Tyt ¢ — Bimpi3ok uacy Big
poBoyoro aHs.)
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5.76. Ckinuku Byriins sugoOyae waxrap 3a Tpy roAMHH poboTH, AKLo (yHK-
wis npoxykruBHocTi npaui € f( ¢)=20+2¢ (1/ron) ?

5.77. Yepes pesxuit yac nicns nouarky podoTH NMPOAYKTHBHICTL MpaLl ne-
pecTae 3pocratu i crae npubausHo cranoto. BuzHauuTty, ckinbku aeraneii 3po-
OnTb pODITHUK 32 BOCKMUMIOAUHHY 3MiHY, AKILO 3a Neplui ABi roguHK po6oTH npo-

IYKTHBHICTb 3pocTae 3a 3akoHoM f{( ¢)=100+10¢. HactynHi Hotupn roanuu
NPOAYKTHBHICTD MpaLi 3aHILAETHCS CTAJIOM Ta AOPIBHIOE JOCATHYTIH Ha KiHeUb
npyroi roguHu poGoTH, a OCTaHHI ABi TOAMHU IMEHIUYETHCA 3d8 3aKOHOM
f(t)=f(6)-15¢, ne f(6) — NPonyKTUBHICTb Npali B KiHLi OCTOT FOAUHH
poboTH. BU3HAYUTH cepeHIO NPOAYKTUBHICTL Npalli 3a 3MiHY.

5.78. Micbka miouia, aky Tpeba 3aacdansTyBaru, mac Gopmy edinca, Be-
nuKa Bick sikoro nopisHioe 120 M, a mana — 100 M. Biu3HauuTH cymapHi BUTpaTy
Ha acajbTyBaHHs MUlowi, AKINO BapTicTh acdansTyBaHHA 1 M* cknanae 20 rpou.
ol

5.79. 3naiiTi cepenHe 3HAYEHHs BUTPAT, AKWIO (PYHKUis BUTpAT 3alaHa

. 1
pipaanuam f(x)=3x+2-  (x —ofcar BUPOOHULTRA), 3 06CAT BUIYCKY NPO-

naykuil 3MiHoeTbes Bin | no 4,5. Bkazatd o0car npoaykuii, 3a AKoro BUTpati
NpUIAMatOTh CepeHE 3HAYEHHA.

5.80. BusHauuTH LHCKOHTOBaHHI (moyaTkoBHit) obcar npubyTky, oTpuma-
Horo 3a 10 pokiB, akwo wopiuHo npubyrok cknagas 100 Tuc. rpow. oa., BiacoT-
KOBa cTaBka jopiBHioBana 5 % . BiicoTku HapaxoBYIOTbCA HENEPEPBHO .

5.81. OGuUMCaUTY no4aTkoBUH Bkian K , AKWO BHMJIATH 10 LULOMY BKJIaN
nosuHHi cknagarty 100 rpow. o, BNPONOBXK YOTUPLOX POKIB, a BINCOTKOBA CTaB-
ka— 7 % . BicOTKH HapaxoByIOTHCS HENEPEPBHO .

5.82. Pixa npoTikae J1yrom, yTBOPIOIOUH KpUBY y = x — 2 x2 , onuanus 108-
KUHK — 1 kM, Bice Ox — ninig woce. CKiNbKN rekTapiB Jyry Mixk Woce i pikoio
5.83. CymapHi pecypcH A/ CMOKHBAHHA BU3HAYAIOThCA 3a GOpMYITO0
!
¢ = Iea'dt

0
1€ a — cepelHbOPIUHUI TeEMN NPUPOCTY pecypciB CrIOKUBAHHSA ; [ — uac.
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BH3HauuTH CYMapHi pecypcH as CMOXKUBAHHA, AKILO :
a a=2 %, t=35; B) a=27%, (=4;
6) a=3 %, t=10; Na=19%, t=6.

5.84. 3anexHiCTb BUTPAT eNleKTPOEHepril, BUpOONEHOT Ha eNeKTpoCcTaHLi]

TponoBxk 06K, Bill yacy ¢ 3amaeTbes (hopMynoo

t
w= j'f(x) a’x,
0

> f(x) - HaBaHTaXEHHS Ha €JIEKTPOCTaHLito, KBT-rofl; x — KinbkicTh roauu

50TH Ha eJIEKTPOCTaHLLT, 1O BiApaxoBYETLCA B noyarky 106H.

Bu3HauuTH BUTPaTH eJeKTpoeHeprii :

2
a) 3a ofiHy roauHy pobotu, akmo f(x)=20xe* ;
0) 3a necarb rofnH poboTy, Akmwo f(x) = st; ;

B) 3a I’ATb roAuH poboty, axuo f(x)=In(1+x).

5.85. Enexrtpornoi3a, 1o BUXOAMTh 3 3aji3HUYHOT CTaHUil, ite 3 npucko-

--HaM a= f(t), ae ¢ —uac nepeGyBaHHs B 10po3i. Butparu enekrpoeHeprii
<B1-ron) Ha pyx enekTponoi3na 3anaeTbes Gopmynoro

!
M=[f(t)de
0

OO6uucnUTH BUTPATH EJIEKTPOEHEPTiT BNPOJOBK NEPLIHX TPOX FOJHH PYXY,

-0

2) f(1)=te; 6) f(1)=nt ; B) f()=re .

5.86. BuzHauuTH 3anac ToBapy Ha CKiajli, 10 YTBOPUTHLCS 3a [Ba IHI, AKLLO
L/KEHHS TOBAPiB XapakrepusyeThes yHKUie (1) = 312 431+ 4.

5.87. BM3HAYUTH KiNbKiCTb TPAKTOPIB, 1O BUNYLIEHO 32 I’ ATh POKIB, AKLIO
{ BUITCK 3pOCTaB 3a apuMeTHYHOIO nporpecieto : f(t)=ag+byt, 1e

¢, POKIB .

265



5.88. O6car BUpoBREHOTO CYKYTHOTO CYCNiJILHOIO APOLYKTY BU3HAYAEThCA
3a popMyIIoI0

¢
fy(nde

yr=ype ,
e y(t) — Temn npHpocTy BUpOOHMUTBA ; f—4ac; Yy — NoYaTKOBUit obcar

BUPOONEHOrO CYyKYMHOTO NMPoayKTy. 3HaliTH 06csr BUpOOGIEHOTo CyKyMHOTO CyCHinb-
HOTrO NPOIYKTY, SKLWIO TeMN NPUPOCTY BUPOOGHKUTBA BU3HAYAETHLCH HK

y(£)=2+3t+12.

5.89. ®yHkuia rpaHHMHOTO NPpUBYTKY 3aaaeThea HopMynoro
y(x)=-0,02x+10,
I€ x — KiAbKICTh MPOAAHUX ONUHULL TOBApY. BusHauuTH 3aranbHuii npubyTon
Biz nponaxy 300 onuHuLb TOBApY.

5.90. BupoOHuK peakTUBHUX OBUTYHIB OLiHIOE PiBEHb BUTPAT Ha ofciyro-
BYBaHHA ABHIYHIB (yHKIi€0 Bin roaus poboTH asUryHa :
r(x) = 40+0,030 x2,

A€ x — KinbKicTh roguH ; r(X) — BUTPATH Ha PEMOHT. BU3HAUMTU BUTpATH, 1iC '
ouikyrorecs nporarom 100 roaux poboru.

5.91. Exeproabepiratoue obnagHaiHs koutye 75 TUC. rpoul. of. 3aoua:
JKEHHS Bill BHKOPHCTAHHA TAKOTO 0ONaIHAHHA BU3HAHAIOTHCA GOPMYIIO

s(t)=40e" %1,

Ae ¢t —4ac, PoKiB; s — 3a0LIa[VKEHHA , THC. rpoul on. Yepes sxuil yac pipus '
NOKPHE BUTPATH Ha Npuadanys obnasHaHHs?

5.10. ExoHoMIYHI 3adavi, wo 3808simbcs G0 dughbepeHyianbHuUX d
pigHAHbL

Hpuxnag 1. Leuakicts o6e3uiHroBaHHA 00naiHaHH BHACiA0K HOro 3HOC
nponopuiifiHa B koxkHUHA faHuii MOMEHT yacy Horo ¢aktuudiii BaprocTi. [Toua

Ba BapTicTe — Ag . Slka Gyne BapTicTh o6MagHaHHA Mic/as HOro BUKOPHUCTaA

BIPOAOBK ¢ POKiR?
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Posp’s3annn. Hexait 4, —BapricTe 0OnaAHaHHS B MOMEHT ¢ . 3MiHa Bap-

TocTi (06e3uinOBaHHs) BupaxaeThes pishuuero Ao — A, . Hlsuakicte 06e3w-

d . - . .
~HOBaHHS n (Ao — A,) nponopuiiina pakTruHiil BapToCTi B 1aHKii MOoMeHT 4
t

JaepKyemMo piBHAHHA

d(A 0~ A t) - kA
dt !
[I0YaTKOBOIO YMOBOKO
At(l:O =4y.
Po3s’s3aBmu Horo, oTpUMAEMO :
—ﬂ=kA’, .‘i“i_'.=-.|'kdt; In|4 |=-kt+In|C];
dt A4
A A
In|=L|=—kt; Lok, A, =Cce™k,
C C

Jina Bu3HaueHHA AOBiNbHOT cTanol C BMKOPHUCTAEMO NMOYATKOBY YMOBY

' A4,=Aynpu ¢=0: A0=Ce“k0, C=4yg, A,=A0e‘k’.OTpnmaHnﬁqac—

“*HHHUIT pO3B’A30K Ja€ BiAMOBiAL HA MUTaHHA AaHOT 3ajayi.

TMpuknan 2. Hexalt y( t) - KinbkicTb NpoAyKuil, 110 BUMYCKAETHCS ramy3-
1yac f; P - uiHa npogykuil. CyMa iHBecTHUIM (KOWTIB, HaNpaBieHUX Ha
ApeHHs BupobHuuTBa) I ( t) nponopuiiina npubyTtky p y{( t) 3 koediuie-
nponopuiiinocti m (m =const, 0 <m < 1) . IliABUIIEHHS WBUAKOCTI BH-

mwCxyY NpoAyKuii nponopuiitHe 36inblueHHIO iHBECTHLIH 3 XOedillieHTOM Nponop-
¥=20CcTi 77. BUMaraeThes 3HaliTH KiJILKICTh NPOLYKUIT, 1O BUITYCKAETHCA rajy3-

h 2 32 4aC /, AKIIO B NIOYATKOBUH MOMEHT Yacy =ty y=yq.
Po3p’szanus. Y BiANoBinHOCTI 3 YMOBOIO
I(D=mpy(1),
y'i=nl(1),

Y=nmpy(t).
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Je P — liHa TOBapy ;

yacoMm). Hexali TakoX B MOYaTKOBUH MOMEHT 4acy UiHA P 32 ONHHHLIO TOBapy
cknagana 1 rpouw. on. Buxonsdu 3 BUMOTH BignosiaHocTi nonuty nponosuii,

Tlo3naunmo k =nm p . Toxi piBHAHHA npuiimMe BUNIAL

y=ky.
MaeMo piBHAHHSA 3 BiIOKPEMIIIOBAaHUMH 3MIHHUMH
dy
—_— = k >
TR
ﬂ:kdt, ﬂ;kdt,
y y

ln|y|=kt+ln|C| )
y=Cek’-

Bpaxyemo, wo y |t:’0 =y, Tomi

»o=C ko

C=y0 e—kt() .

3BigcH y=yq ek (=l ,

Ipuxnan 3. Hexaii nonut i npono3uilis Ha ToBap BU3HAYaIOTLCA BiANOBiA-
HO CIiBBiIHOLUEHHAMH

qg=4p -2p+39, s=44p'+2p-1,

3HAMTH 3aKOH 3MIHH LiHU B 3alI€XkKHOCTI Bill yacy.

p' — TeHpeHuis GpopMyBaHHS uink (MOXimHa wiHM 3a

Po3s’si3anHnA. i Toro uio6 monut Bignosigas npono3uuii, HeoOXinHo
BUKOHAHHSA PiBHOCTI

4p' -2p+39=44p'+2p-1.

3Biacu
10p'+p-10=0.
Maemo nudepeHuianbHe piBHAHHA 3 BilOKPEMJIIOBAHUMH 3MiHHUMH !
dp
-10 —~==p-10,
dr 7
dp _ di
p-10 10~
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t
1n|p—101:—1—0+1n]c|,
c | 10
P;loze—o,lt ’
p=Ce %410 .

lnlp—lo ot

Bpaxyemo, 110 p| (=p=1, Tomi
1=C+10; C=-9;

p=-9 PALLES Y

Orxe, wWo6 Mix monuToM i nponosuuiero 36epernacs pisHosara, HeobXia-
40, o0 LiHa 3MiHIOBAIACA BiANOBIAHO 40 OTPHMAHOT (HOPMYITH.

TIpuknaa 4. Hexait nonut i npono3uiis Ha TOBap BU3HAYAIOTLCA CMIBBiAHO-
JEHHAMH
q=2p"-p'-p+15 , s=3p"+p +p+5,

! L

Z2 p —uiHa Ha TOBap ; p' — TeHOeHUisd (OPMYBaHHSA HiHK ; p" — TEMI 3MiHH
-1, Hexali Takox y noyatkoBuii moment yacy p(0)=6, q(0)=s5(0)=10.Bu-

044 3 BAMOTH BiJNMOBIAHOCTI MOMUTY NPONO3MLIT, 3HAITH 3aJIe3KHICTh LiHM Bill
-acy.
Po3p’s13aHHs. Buxoaqa4uu 3 BUMOrM BiIMOBIAHOCTI MOMUTY MPONo3uuil,
‘a€EMO
g=s.
Otxe,
2p"-p' —-p+15=3p"+p'+p+5,

3BIAKH ofepkyeMo NiHifie HeoaHopiaHe AudepeHLlianbHe piBHAHHA Apy-
M0 NOpAAKY 3i CTaNMMH KoedilieHTaMu :
pr+2p +2p=10.
BianosiaHe ogHOpiAHE PiBHAHHS :

P +2p' +2p=0.
XapakTepHUCTHUHE PIBHAHHA :
K*+2k+2=0.
KopeHi xapakTepucTHYHOrO piBHAHHS !
kl,2 = —1 *i .
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3aranbHHii po3B’A30K OJHOPINHOIO PiBHAHHS :
P (1)=Cie 'cost+Cye 'sint.
YacTUHHUA PO3B’ 30K HEOAHOPIAHOTO PiBHAHHA OyAEMO WIyKaTH Y BUMAAAL
py=4.
Toni
py=0; py=0.
IMincTaBuBIIM L 3Ha4€HHS B QudepeHLianbHe PiBHAHHSA, OTPUMAEMO
24=10,

A=5, Py =5.
3araneHuii po3B’ 130K Oyne TakuM :
p(t)=e '(Cicost+Cysin t)+5.
Bpaxyemo no4arkoBi yMOBH :
p(0)=6; 62Ci+5; C,=1.
Toni

pl 1y=e '(cos t+Cysin t)+5

p(t)=-e '(cos t+Cysin tY+e '(-sin t+Cycost)=

= '[(C; -V cos 1=(Cy +1)sin 1] ;

P(6)=—¢""[(Cy—1) cost—(Cy +1) sin t [+ & /[-(Cy ~1) sin 1 —(Cy +1) cos ¢ ] =

=e_’[—2C2 cost+25int] .

3Biacu,
p0)=Cy-1;
p'(0)=-20C,.
Bpaxosyroun, mo g=2p"—-p'—p+15 i ¢(0)=10, 3naxogumo
10=2(-2Cy)-(Cy ~1)-6+15,
3Binkn Cp =0.0TKe, p(f)=5+¢ ‘cost .
Ipuxnag S. Hexait ToproBuMy ycTaHOBaMU peastisyeTbcs MPOayKIlis, opc

270




Ky B MOMEHT 4acy ¢ 3 YHcJa MOTeHUiHHUX NoKyrnuiB N 3Hae€ nuile x IMOKYILiB.
IMicas npoBeieHHA peKIaMHUX OTOIOUIEHb LIBUIKICTh 3MiHHU KiJIBKOCTI MOKY LB,
110 3HAOTh MPO NMPOIYKLiI0, NPONOopuUiiiHa K KiNbKOCTi MOKYILIB, KOTpi 3HAIOThb
Npo TOBAp, TaK i KiNbKOCTi MOKYMUIB, AKUM MPO HLOTO IUE HiHOro HEBIOMO.
Binomo, Lio B MOYaTKOBMiT MOMEHT yacy ¢ =0 npo Tosap AisHanocs N/y uo-
J0BiK (4ac BiapaXoBYETbCA MIiC/AA PEKNAMHUX OTONOLIEHb), ¥ — 3afaHe YMCIIO.
3HaWTH 3aKOH 3MiHH B 3a/IeKHOCTI Bifl Yacy KiJIbKOCTI X NOKYILiB, IO 3HAIOTh
PO MPOAYKLIFO.

Po3B’si3aHHA. 3TilHO 3 YMOBOIO PiBHAHHS JUIA BU3HAYCHHA X = X( ¢) Mae
BHIIIAL

dx
’ —=kx(N-x),
P x(N-x)

.

dx . . . . .
e i IUBMAKICTb 3MiHH KiNbKOCTI MOKYMLIB, WO 3HAIOTH TPO TOBAp ; X —

»UIBKiCTb THX, XTO 3Ha€ npo ToBap ; N —x — KUIBKICTb THX, XTO HE 3Ha€E Npo
ToBap B MOMEHT Yacy ! ; & — noiaTHuii koedillieHT MponopuUiiHocTi .
IMouarkoBa ymoBa : x| =0=N1y. ‘

Po3p’s3yeMo qudepeHianbHe piBHAHHA, LIO € PIBHAHHAM 3 BiJOKPEMITIO-
3aHUMH 3MIHHHUMH :

_4x _iar.
x(N-x)
¥ pe3ynbrari iHTErpyBaHHs MaeMo
L In =kt+C.
N -Xx

3paxatoun N C =y, NpUXOAUMO J0 PiBHOCTI

x
=AeNkl,
N-x
ze A=¢"1 . Poss’nkeMO ocTaHHE PIiBHAHHS BiTHOCHO X :
Nkt
A-e N
x=N——g = Ve Re p=l/4.
A-e +1 1+ p-e

JTpuMaHe PiBHAHHA Ha3HBAETHCA PIBHAHHSAM JIOTICTHYHOT KPHBOT.
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BpaxyemMo nouarkoBi yMOBH :

N N . .
—=— I+p=7; p=y-1,
y l+p
. N . . . .
Toni x = ———————— —3aKOH 3MiHH KiNbLKOCTI TIOKYIIB B 3a€KHOCT!

L+ (y —1)e” V4
Bim uacy ¢. 3okpeMa, npu y =2 OTpUMAEEMO
x=—
1+e Nk
Ha puc. 5.3 cxemaruuHo 300paeHa norictTuuHa kpuBa npu y =2 .

xA

-

Puc. 5.3

0 t

IMpuknan 6. Cknactu audepeHuiaibHe PiBHAHHA PO3LIMPEHOrO BiTBOPEHHA.

Posp’sizanns. [Tozuauumo P — BapTicTh BaNoOBOrO HaLliOHAIBHOTO MPO-
AykTy, P —BapTicTb BUpoOHU4MX 3acobis BupobuuuTea, P, — BapTicTh BUPOG-
HUYHX 3aco6iB cnioxkueaHHg. Bigomo, wo

fl =H; fg =1-H.
P P
Toni Py =HP, P,=(1-H) P.

TMo3Ha4KMMO YacTKy NepeHeceHol BapTocTi B HaLliOHAJILHOMY JIOXOA1 Yepes3
S. Toni, nauionanbHuif Aoxix (B BapTiCHOMY BMpaXXeHHI) € PI3HULEID

P-SP=P(1-8).YacTuHa HallioHaNbHOTO AOX0AY ife Ha 30inblients Bupod-
HuuuxX Qonuis C (y GOHA HAKOMUHEHHS ) 3 METOIO PO3ILUMPEHHS BUPOGHULITBA.
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. dC
s yacTHHA jae WIBMHAKICTH 3pocTanHs ', T06TO 7(— =C' (¢ — vac). lHiua

YacTHHA ifie Ha CMIOXKUBaHHS, TOOTO

dcC dC
P(-S)=s—+Py=—+(1-H)P
( ) dt 2 dt ( )

YBoIsuM (POHIOEMHICTE MPUPOCTY MPOMYKLUIT f=~07—1; i BpaxoByo4H, 0

iC_dC dP _ , dP ap
Rl P(1-S)=f L2 (1= H)P, 3si
TR T T 77 » OTPuMyemo (-S)=/ y +( )P, 3Bimku

dP H-S
=——=p,
dt I
Lle piBHAHHS Ha3uBacTbCs AM(epeHUiaJbHIM PIBHAHHAM PO3LUHPEHO-
BIITBOpPCHHS .

5.92. llpoinTerpysatu nudepeniianbhie PiBHAHHA PO3LMIMPEHOTO BiATBO-

eHHS ﬁl’d—}D=-Ii--——S—P, BBaxatouu, wo H, S, f ~ crani.
!

5.93. Uepe3 sakuit npoMixok yacy BinfyneTscsi MOJABOEHHS CYyKYMHOTO

JTUIBHOTO NMPOAYKTY P, AKWO Horo 3aiexHicTb Bif Yacy BinfHBac piBHAHHA
. dP H-S8
. 1INPEHOTO BiATBOpeHHs — =———P ne H=0,6; §=0,5; f=1.

dt f

5.94. TloBHi BUTpaTH BUPOOHHUTEA € PYHKUICIO ¥ Bif 06cary BUpoOHULTRA
"PaHUYHI | MOBHI BUTpATU NS BCIX 3HAYEHb X 33 OBOJILHAKOTH PiBHAHHIO

4 .

ﬁ —dy+x=0. 3uaiity GyHKUIIO NTOBHUX BUTpAT, WO 3270BONIbHAE noyaTkoBi
«:Bi y(0)=0.

5.95. IosHi BUTpary BUpoOHUUTBA € DyHKUiew 06cary BUpoOHULTBA X .
“+2ATH QYHKUIIO NMOBHUX BUTpAT ¥, AKWIO BiOMO, WO rpaHHYHi BUTPaTH s
X'\ 3HaYEHb X MpONopliiiHi cepeaHiM ButpartaM. KoediuienT nponopuiiHocTi

madull &, nouyarkosa ymosa »(0) =1 (dyHkuieto cepenHix BUTPAT HA3HMBAETHCA

f(x)

® =xyig S = , ¥=f(x) — noBHi BUTpaTH).

X
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5.96. Cymaphuii npubytok ¢ipMu € pyHkuiero y(x), Ae x — KinbKicTb
BupobneHoi nponykuii. Ipaunuunit npubyrok ¢ipmu Binnosinae ¢ynkuii
¥Y'(x)=150000 ~ x . koo Byne dyukuis cymapHoro npubyrky dipMu, skuto Hy-
JIEOBHI BUMYCK NPOAYKLiT Aae HYNLoBUI NpuOyTOK.

5.97. Butopr Bif npogaxy x OAMHHLL TOBApY onucyeThes dynkuieto U (x).

Tpanuynuit Butopr — U'(x) = x +100. SAxum Oyne BUTOPT 3a NpojiaHy NMpomyk-
Liro, AKLLO BUTOPT Bif npogaxy 100 oauHuus npoaykuii gopisuioe 40 000 rpow.
ol

5.98. Hexaii enactuunicts BupoOuuuoi ¢yHkuii y = f(x) siaHocHo
3MiHHOT X XapaKTepU3YEThCA CMIBBIAHOLIEHHAM
x=2x% .

Ex(y)=
I+x-x

BusHauuTH camy QyHKUi0, aKwo 1T rpadik MPOXOANTb Yepe3 TOUK)

xdy

MQ,2) (Ex(y)=; Q‘;J )

5.99. Hexaii enactu4HicTs BUpoGHMuOl dyHkUiT y = f(x) BiaHocHe
3MiHHOI X XapaKkTepu3yeTbcA cniBBifHOWEHHAM E (y)=a , a=const.3Ha#

TH L0 QyHKLUIO, ko iT rpadix npoxonuTs Yepes Touky M (1,1).

5.100. 3uaiiTi 3aNeXHICTL WIHM P i NONWTY ¢ Bif uacy ¢, AKIO MOMHT
MPONO3KLiA BU3HAYAIOTLCA CHIBBIAHOWIEHHAMU

q(t)=p"-4p'-p+17,

s(t)=2p"+p +3p+5 ;
p(0)=3,
g(0)=11,
g(t)=s(1).
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5.11. IHOueidyanrHe 3ae0aHHA 5

3agaua 1. [TignpuemcTBo Bumyckae Bupo6u Tphox Buais: 1, I, 111. TIpu
'.150M§/ BUKOPUCTOBYETHCS CHpOBUHA TpboX THMiB: Sy, S,, S3. Hopmu surpar

KOKHOTO 3 THMIB CUPOBHHW HA OAWH BUpi6 i obcAr BUTpaT CUPOBHHU 3a ONHH
3eHb 3a7aHo Tabauuero.

Bun Hopmu Butpar Ha oaut BUpib, y MOB. OL. Burpary CHp OBHHH
! CHpOBHHH 3a OJIVH JI€Hb,
' YMOB. 0.
I I1 111
- St ay) a a;3 by
s a1 ayn a3 bz
S3 a3y ay a3 bs

3HaiT 1oAeHHU#H 06CAT BUITYCKY KOMXHOTO BURY BUPOOY.

BapianTu 3aBaaHp

Ne Bun Hopmu BUTpAT Ha OMH Burparu cupoBHuM 3a
BapiaHTa CHPOBHHH BHDi6, Y MOB. O/1. OZiMH J€Hb, Y MOB. OIl.
I 11 11
1 2 3 4 5 6
Y 2 1 9 1750
1 S 5 4 6 2700
S, 8 7 4 2800
S, 1 2 5 1100
2 S; 3 4 3 1800
S3 5 6 2 2600
S, 1 5 2 630
3 Sz 4 3 7 680
M 6 1 1 440
S 2 7 1 390
4 S 4 5 2 420
S3 6 3 i 350
Sy 9 3 4 820
3 Ss 7 1 6 820
S 5 2 2 400




ITpooosaicenna mabauyi

P s
cooloocoloocole ocolecoole gollec oRia @ Rle gole o oje
424590062739344%78185080052531“9
i I~ iaflen <t =ik s Tl S T oA 2222218114746B on
O = Ny~ nfo Ao o]l o )= N e - ol o a0 = N =

i — r—
7322m37431417_347656548765675817
1985311m265276598712319m1m11562
—_ 0y oo = N ] = ]~ N ] e Y ey N | B e s | I o I on I B o B o | I B o BN | Nl
Uy Wyjlta Yo nnfita vy Laffta v tafita a taflta o tafjta g tal(ta o tafita vy Wl ta ta pftn

0 ™~ o o 2 = d A = o 2 =




Tpodogocennn mabiuyi

1 2 3 4 5 6
S, 1 3 5 180

18 s, 4 13 12 670
A 5 2 9 350

Sy 2 1 10 430

19 oA 7 5 13 920
Sp 8 2 18 960
5, 1 6 2 280-

20 S, 3 11 3 530
S 4 10 12 1300

R 1 8 5 830

21 5, 10 15 9 1930
S, 11 14 8 1950

s, 2 9 1 680

2 5 4 7 2 810
A 8 5 1 1080

3, 3 8 2 800

23 S5 6 2 1 460
S 9 4 1 700

S, 5 3 4 670

24 A 10 2 2 660
S 15 1 1 730

S, 1 7 4 170

25 s, 9 1 3 125
Ss 10 2 3 155

S 2 7 5 180

26 s, 8 | 3 4 150
S, 10 1 1 80

S, 1 7 4 170

27 S, 10 8 7 295
Sy 19 3 6 280

S, 3 8 2 800

8 s, 9 10 3 1260
S, 15 6 2 1160

5, 1 9 2 115

2 S, 7 8 3 145
S 14 2 1 100
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.
'

Saxinuennn mabnuyi

i 2 3 4 5 6
S, 6 5 I 155 '
30 S 2 1 4 85
Sy 3 2 i 80
S 7 1 6 75
31 S, 8 1 5 75
S, 3 10 1 120

3agaua 2. 3anano HacTynmHUi Mixrany3esuil 6anaHc Tpuraty3eBoi Mozeni

roCronapeTha.
Iany 3o Iany3bL cnoXxuBaHHA Kinuernii | Banoswuii Hoswuii
BHpOOHHUTBEA npoay KT BHITY CK KinLeBmit !
. P Oy KT !
1 2 3 Y X vy
1 X[ X2 | X3 Y1 x| »
2 X21 | ¥22 | X33 Y2 X2 Vs
3 X31 | x| X33 ¥3 X3 V3

Bu3HauuTH Taki €KOHOMIUHI MOKA3HUKH :
1) koediuieHTN npaMuX BUTpaT ( MaTPULIO NPAMUX BUTpaAT 4 ) ;
2) xoedilieHTY NOBHUX BUTpPAT ( MAaTPULIO MOBHUX BUTPAT S ) ;

3)BanoBuil BUNYCK ?:(}; g, };) ramyseit, o 3abezneyye HOBHRE
. oy ! <7 - -
KiHueruit nponykt ¥ =(y|, yp, ¥3) -

Bapiantu 3aBaaHb

Ne Tany3s Fany3ss Kinueswnit | Banoswit Hosuit
' BapiaH- { BupOOHMUTBA CMOKHMBAHHA [PORYKT BHAYCK KiHLeBuUH
Ta ' i 11p 0Ly KT
K 1 2 3 Y X Y
] 1 2 3{445 6 7 8
I 40110} 5 50 100 100
‘ 1 2 3013 [ 0 60 120 90
3 0 ] 20 | 40 100 160 90
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IIpodosoicennn mabauyi

1 2 3 | 4 |5 6 7 8
1 20 [ 20 | 10 50 100 80
2 2 40 | 30 | 30 100 200 120
3 40 | 40 | 50 170 300 100
1 o0 [ 20 [30 20 120 50
3 2 10 | 10 |50 30 100 50
3 20 | 50 | & 50 200 40
1 10 [ 40 |20 30 100 50
4 2 50 | 20 |10 120 200 100
3 20 | 10 | 20 50 100 80
1 30 | 40 [ 10 120 200 100
5 2 50 | 40 |50 160 300 120
3 20 | 10 | 10 60 100 100
1 10 | 50 |50 190 300 100
6 2 50 | 10 |10 30 100 80
3 20 | 40 | 80 60 200 70
1 80 [ 50 [ 80 50 200 80
7 2 20 | 60 | 10 60 150 100
3 40 | 10 |10 40 100 80
1 80 | 10 |40 170 300 100
8 2 20 | 40 |10 80 150 100
3 60 | 50 |10 20 150 50
1 60 | 40 [ 10 90 200 100
9 2 20 | 20 |20 40 100 50
3 10 | 20 | 30 90 150 100
1 10 | 10 |20 30 70 20
10 2 20 | 30 |30 10 90 40
3 30 | 20 |30 20 100 30
1 50 [100 [100 150 400 100
1 2 100 [ 50 | 50 100 300 80
3 100 | 60 | 10 30 200 60
1 60 | 100 [ 10 30 200 60
22 2 50 |100 | 50 100 300 100
3 50 | 30 [150 170 400 100
1 100 | 40 | 50 110 300 100
3 2 50 | 50 | 50 50 200 100
3 50 |100 {100 150 400 100
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IIpoodoeocennss mabiu

1 2 3 4 [5 6 7 3
1 10 | 60 | 10 20 100 100
14 2 20 |100 | 350 130 300 100
3 30 |100 | 30 40 200 80
1 10 | 20 |20 50 100 100
15 2 50 | 100 [100 150 400 120
3 50 | 100 |00 50 300 100
1 50 | 20 ] 20 110 200 100
16 2 50 | 10 |20 20 100 50
3 50 | 10 | 10 30 100 60
1 20 [ 10 |20 50 100 100
17 2 20 |100 | 20 60 200 80
3 30 | 20 | 40 60 150 50
1 30 | 70 | 10 40 150 80
18 2 40 | 60 | 50 50 200 100
3 30 | 10 | 30 30 100 60
1 50- [ 100 | 40 60 250 100
19 2 40 | 20 | 30 110 200 100
3 40 | 30 | 10 20 100 40
1 50 | 80 |10 60 200 100
20 2 50 | 50 | 40 110 250 60
3 20 | 40 | 10 30 100 50
1 20 | 0 ]10 20 50 40
21 2 10 | 10 |20 60 100 50
3 o | 30 |10 40 80 60
1 10 | 30 [20 10 70 30
22 2 20 | 10 | 20 40 90 20
3 10 | 40 |10 20 80 60
1 30 | 20 | 10 30 90 60
23 2 30 | 50 |20 20 120 60
3 10 { 20 |30 20 80 40
1 40 | 30 [ 10 20 100 60
24 2 40 | 30 |30 30 130 40
3 20 | 30 |20 20 90 80
1 30 | 20 | 10 60 120 30
25 2 30 | 40 |20 10 100 40
3 10 | 10 |30 30 80 50
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Saxinvenns mabnuyi

2 3 4 |5 6 7 8

1 10 30 | 20 20 80 60

o 2 50 10 | 20 30 110 50
3 20 30 | 40 50 140 50

1 20 10 | 50 10 90 40

o 2 10 40 | 30 30 110 60
3 30 20 | 40 40 130 50

1 10 10 | 40 30 90 60

N 2 10 50 | 30 30 120 90
3 30 20 110 40 100 50

I 50 50 [ 10 90 200 80
] 2 40 60 | 50 150 300 100
3 10 30 | 10 50 100 100
I 60 10 | 100 130 300 100

) 2 20 30 | 20 30 100 60
3 80 20 10 90 200 180

I 10 50 | 20 20 100 60
RN 2 20 60 | 40 80 200 100
3 30 30 | 100 140 300 100

3agaua 3. CTpykTypHa MaTpuus TOPTiBNi TPLOX kpain Sy, S,, S3 Mae
14

\

ar a2 43
A=lay ap ay|
a1 a4y 433
{4, ~ 4acTKa HaLliOHANBHOrO IOXOMY, AKY KpaiHa S; BUTpauae Ha 3aKymiBiio
.apiB y kpainu S, , npu UbOMY

3 .
Zaljzl (./=1’3)
1={

3HaiiTy cniBBiNHOIWEHHS HALIOHANLHUX NOXO/B KpaiH 1a 36ajiaHCcoBaHOT
~ripni.
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1.4=

3. A=

5.4=

7. A=

9. 4=

11. 4=

13.4=

0,4
0,3
0,3

0,7

o

R N N =y

S = f—-

0,6
0,1
03
0,6
0,1

0
0,5
0,5
0,7
0,2
0.1

S N =N -

N e Y
W= ==

0,4
03
0.3

0,5
0,5

S N[—=N|=—=

B=N[—[—

0,3

06 |.

0,1

0,71.

03

0

0,5].

0,5
0,4

03].

0,3

BapianTth 3aBaaHb
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2.4=

4. 4=

~

0.5
0.5

(0,4

0,6

(=]

~

10. 4=

12. 4=

14. 4=

O N|—=i—

{0
0,5
0,5

0,5
0,5
0,4
0,3
0.3

0,5
0,4
0,1
0,5
0,4
0,1

o N|=N| =

L
W

0,6
0,1

0,4
0,3
0,3
0,3
0,6
0,1

R R VA

W= —
Bl —

0,5
0,5

0,4
0.6

0,4
0,3
0.3

03
0,6
0,1

0,5
0,5)




~ 05 0 05 04 0 05
15.4=(05 05 04| 16.4={0,6 04 04].
0 05 01 0 06 01
0 04 05 (05 04 0
17.4=104 06 04/ 18.4={04 06 04].
06 0 0l 01 0 06
Lol
? | zll (0,6 04 o,ﬂ
19.4=|- - —|. 20.A={ 0 01 06].
? % :f' 04 05 0
32 4
06 04 04 07 05 0
21.4=|04 05 0 |. 22.4=|01 05 01
0 01 06 02 0 09
0,7 05 0)1 03 02 04
23.4={0]1 05 02| 24.4=|05 04 0
02 0 07 02 04 06
02 03 04 08 0 06
25.4=|04 05 0 |. 26.4=]01 02 03|.
0,4 02 06 01 08 0}
06 0 08 01 08 01
27.4=]03 02 01} 28.4=|03 02 01)].
01 08 0,1 06 0 08
' 06 08 0 _ 08 06 0
29.4=|03 0! 02]. 30.4=(01 03 02].
01 01 08 01 01 08
01 03 02
31.4=/08 06 0
01 01 08




o

3aga4a 4. Obcsr npoaykuii U, BUpobneHoT mianpHeMCTROM BIPOIOBXK pe-
Gouoro aHs, Moxe OyTy 3ananuit yHkuicto U =U (), 1 <r <8, e t— pobouui
4ac, rof.
Tpeba 3HaitTy
1) npoayXTUBHICTL Npaui, WBMAKICTL i TeMn 1T 3MiHu ;
2) npu KoMy 3HAUEHHI yacy ¢ nicns nouarky poboTy NPOAYKTUBHICTL NpaL
MaKCHManbHa ;

3) 3Ha4eHHs NIPOAY KTUBHOCTI Npalti, IWBUAKOCTI i Temiy ii aMinn uepes £ =.

( i=1,8) roauH nicns nodarky poGoTH .
Pesynbrari 06uMceHb 3BeCcTH B TAONMLIO Ta NIpOaHai3yBaTH.

Bapiantn 3aBaaHb
1.U(t)=-113+3t2+201+60. 2.U(0)= =113 +3% +401+50.
6 2 3

3.U(t):——1-t3 + 202 46004 40. 4.U(t)=~~2—t3 +6¢% +80r+30.
2 2 3

53,152

5. U(z):—gz +=1% +1000+20.  6.U(t)=~1> +91% +120¢+10.

75 21
7.U(t)=—-6—t3 +—2—t2 +1406+10 . 8, U(r):-f;-ﬁ +126% +1601 +90

9.U(t):—%t3+%zt2+1801+80. 10.U(t)=—§t3+]512+2O()t+70
113 33 5 : 3 .o
11.U(t)=~-g«t +2217 42200460 .12, U(t) = —2¢° +18¢% + 2401 + 50,

13 3 §2t2

13.U(t)=——6~t + +2601 +40 . 14.U(t):~%t3 +211% +2801 430

15.U(z)=~3t3 3502 3000420 16.U()= -3 42412 +3200 410
2" 2 3

1 )
17.U(t) = —Eﬁ +—Z-12 +15t+50. 18 U(;)=_§;3 +—%t‘ +306 +40 .

19.U(t)=——12—t3 %l,z +456+30. 20.U(t)=——§—t3 +7t% 4601420 .

53,352

W U= =203 4222 1750410, 22.0(0)= 1> + 222 4901410
6 4 2
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23.U()= Z r +—2—9t2 +105¢+90. 24.U(t)=—§13 +1412 +120+ 80 .
53 .35
; I +?t2 +135¢+70. 26. U(t)=—§t3 ¢2 +1500+60

25.U(r)

113,77 2 3,12

27.U(r) =— !t +165¢+50.28.U(f) = —2¢% + 2% +1801 + 40 .
29.U()=-123 1

~6-t +%t2 +1951+30. 30.U(t)=- +122t2 +210£+20.

334 135 12 +2250+10 .

t)=-=t
2

3apaua 5. 3nxaittu ofcar npoaykuil, BupoGneHol 3a npomixok vacy fg,
-10 MPOYKTUBHICTL NpaLli XapakTepusyerhest pyHkuielo f(1).

Bapiantn 3aBaaHb

f([): te®;  ty — nepuwi Tpu roanuu poGoTH.
f(t) =In¢; 1y — nepwi Tpu ronuHu po6oTy.

([): 1e’2 ;1o — Nepwi Tpu rouHn poboTH.
f(t)= 20te'2 i 1o — neplua roaMHa poGoTH.
. fle)=5t5 1y — nepwi ATk roauH podoTH.
f(t) =In(l+1); 1y — nepwi ’ATh roAUH PoGOTH.

{

. fe)= f( — Apyra roaxHa poboTy.

Ny—t

bJ
~

e”'; 1y —TpH poku.

)
) )
10. f(t)= 1+4t)e’;  tg —uoTupu pokn.
11. f(t)=(5+4t e tg — TpY pOKH.
)
)

)
12. f(t)=(6+71)e*; t; —’aTb pokis.
)

13. f(t =(4+3t e", 1y — ABa pokH.
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14.
15,
16.
17,
18.
19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

[ -

( (5+6t) 3’, ¢ty — OIMH DiK.
s

(9+t) 3’, ty — IBa POKH.

1]

(8+St) x, g — TPY POKMU.

)=
)
9
76)
)=
)=
)

]

(1+9t)e2’ fp — W’ ATb POKIB. i
b
£l

1e)= ——t +15t+100; 4 — m’ara i wocra roauuy poGouoro aus

—412 4241 + 160; ¢y — mepiui 4OTUPH rOAUHU POBOTH.

—32 +18+120; ty — TPETA i YeTBEPTA FOAMHH POGOYOTO AHS

——t +3r+20; tp —apyra i TPETH rofuHN po6oUOro AHS

/)
(t) —t2 +61+40; fo — mepli YOTHPHU rOAKHU PobOUOro NHA
1

)= ) +3; g —Opyra i TpeTs roAnHH poGoYOro mHA.
1
1) ) +4.  ;; —uerBepTa i N’ATa roiMHM PoGOUOTO NHS.
5 . .
fl)= Zt-+_2+3 ;  to — nepui ABi roguHH poboyoro aHs.
6 3
f)= Tr+2 +5;  ty — nepwi Tpu roauHK po6oUOro AHS.
4 .
f(t) = m +2; to —Apyra i TpeTa roauHu po6o4oro aHs.
I ( )= m+ ; Iy —Tnepua i apyra roausu pobo4oro gHs.

)= 3——+2 ;  tg — m’aTa roauHa poGoYOro aHs.
!+

8
1)= +3;  fy — npyra ronuna po60o4oro ns.

ty — TpeTd roauHa pobouoro gHs.
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3agaua 6. CymapHuit npubyToK nMiANpUEMCTBA 3a/I€XKUTh Bil BUTPAT ABOX
~ BpecypciB X Ta Y iBUpaxkaeTheca QyHkUieo z =z (x,y). BU3HaunTH BUT-

-+ pecypciB x i Y, uwo 3abe3neuyioTh MakcuMaabHUik pubyToK MianpueM-
-z, [ 3HAWTH Hel MakcUMabHUH npUbYTOK.

R A U i A

[\ T N - . T U U T S S )
A S AR L B

BapianTn 3aBaaHn

z(x,y)=—800—x2 —y2 +40x+60y .

z(x,5)=250-x2 - y% +20x+100y .

Z(x,)’)=—1800—x2 —y2 +80x+60y .
z(x, y)= -2100-x? - y% +40x +100y .
z(x,y)==2100~x2 - 2 + 60x+80y .
z(x, y)=-1700-x% - % +40x+80y .
2(x, ¥)=-1500—x2 — y2 +20x+80y .

. z(x,y)=2xy-3x2 - 2y% +80x + 140y — 4200 .
. z(x,y)=-2x2—3y2+2xy+60x+20y—600.

(v, y)=—-2x2 =3y% +2xy +100y ~800.
z(x, y)=—2x2 =3y% + 2xp +100x —1200 .

n

. z(x, y)=-2x2 =3y% +2xy +100x+100y —3100.

z(x, )= —2x2 =32 + 2xy + 140x +80y — 4200 .

y
. z(x,y)=—4x2 —2y2 +2xy+40x + 60y —-700.
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22. z(x, y)=—4x2 2% +2xy +140x~ 1200,
23. z(x,y)=-4x? =2y% +2xy+20x+100y~1300,
24. z(x,y)=-4x? —2y? +2xpy +160x + 100y ~4000 .

25. z(x,y)=—4x? —2y% +2xy +140x + 140y ~ 5100 .

26. z(x, y)=—4x> —2p% +2xp+200x + 20y ~2800 .

27. z(x,y)=—2x> —4p? +2xy +60x +40y 700 .

28. z(x,y)=-2x2—4y2+2xy+l40y—1200.

29. z(x,
(

30.

y)=-2x% —4y% +2xy +100x +20y ~1300.
x%,y)==2x2 —4y% + 2xy+100x + 160y —4000.

[

31, z(x,y)=-2x2 —4y? +2xy +140x + 140y -5100..

5.12. 3pa3ok sukoHaHHs iHQugidyanbHo20 3a80aHHN 5§

3anaua 1. [ianpuemctso Bunyckae Bupodu Tpuox suais: I, 11, L. Tipe
LLOMY BUKOPUCTOBYETBCA CUPOBMHA TPhoX TumiB: Sy; S5, S3. Hopmu sutpar

KO)KHOTO 3 THITIB CHPOBMHH Ha OAHH BHPI6 | 00CAT BUTPAT CUPOBMHM 33 ONHE
AeHb 3aJaHo Tabnuuero.

Bun cuposutin Hopwmu Burpar Ha oauil Bupio, Burpari cHpoBHHH 3a OMH
_YMOB_0f1 NeHb,
I 1l 1] YMOB. Ofi.
S 5 3 4 2700
Sz 2 i 1 900
S5 3 2 2 1600

3HaiiTH WoAeHHNUIA 00CAT BUIYCKY KOXKHOTO BHAY BUPOOY.

Po3p’asanns.
Hexall ioaHs NiANPUEMCTBO BUITYCKAE X | OAMHULL BUPOOIB Nepiuoro BT

X5 OJMHMIL — APYroro BUAY, X3 OAHHULL — TPEThOTO BUAy. Toxi BiANoBigHO 1:
BUTPAT CUPOBUHU KOKHOTO TUIY MAEMO CHCTEMY
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le + 3X2 + 4.XT3 =2700;
24 xp+ x3= 900;

3x| + ZXZ +2x3 =1600.

Po3B’s3yemMo cuctemy MeroznoM 'aycea :

I(s 3 4(2700

1

1 2| 900

1

1 2

=L211 900 ~/2 1 1} 900|~|0 -1 -3 |~

3 2 2{1600

3 2 2{1600

0 ~1 -4 [-1100

900) (1 1 2i 900
200{~{0 1 3| 900|
00 -1]-200

Rg] =RgA4d=3=p, 10070 icHyc €AMHUI PO3B’A30K CHUCTEMH !

X1 +xp +2)C3 =900 ;
X2 +3.X'3 =900 ;
x3 =200,

x; =900 —300—400 =200 ;

x5 =900 - 600 =300 ;

X3 =200.

Otpumany x) =200, xp =300, x3 =200. 3poGuswiu nepesipky, Gauu-

M0, 1[0 CHCTEMA PO3B’A3aHa BipHO.

TakuM yrHOM, nignpuemctro Bunyckae 200 oquHULp BUpoGy NepLIoro BUAY,

30 — npyroro Buny, 200 — TpeTboro BuAy.

3agaua 2. 3agaHo HacTYNHU Mixkranysesuii 6anauc Tpuranyseroi Moaeni

TOCNOAAPCTBA :
Fanyse Tanyss croxuanns Kinuenuit Banosuit Hosnit
BHPOOHHLITBA NPOAYKT BUIyCK KiHUEBHH
NPORYKT
1 2 3 Y X %

| 10 5 40 45 100 100

2 30 0 30 40 100 50

3 20 40 0 140 200 80

BU3HAUUTH TaKi eKOHOMIYHI MOKAZHUKHY :

1) koediLienT NPAMUX BUTPaT ( MATPULIO NPAMUX BHTpaAT 4 ) ;
2) koedillieHT MOBHUX BUTPAT ( MATPHLUIO MOBHUX BHTpaT S ) ;

3) Banosuit Bunyck X = (x, x5, x3) ranyseil, wo sa6esnedye HOBMIA KiHue-

i nponykt ¥ = (), ¥, y3)=(100, 50, 80).

~ 051
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s -0
=

Po3p’azanns. :
CKOpHCTaEMOCH Teopi€lo, BUKJIaLEHOIo B 11, 5.5.

1. Ockinbky koedilieHTH NpsMUX BUTPAT g, BU3HAYalOTECS 3a (GopM)-

X, —
Jjo a, =4 (1,7 =1,3), To MaTtpuus NPAMHUX BUTPAT Mac BUIMIAL
x

1o 5 40
100 100 200 01 005 0,2
A=l— — — =103 0 0,151.

20 40 0 02 04 0
100 100 200
2. KoegiuieHTH noBHUX BUTpaT 3HAXOAHWMO K eneMeHTH ofepHeHOT Mar-
prui S=(S,)=(E-A)":

09 -005 -02
E~A=|~03 1 -015];
-02 -04 1
123 0,17 026
S=(E-A4)"'=|043 112 0255
042 048 116

QOGepHeHHs KBagpaTHOT MaTpuLli Halkpale NPOBOLUTY METONOM MOBHOTT
BUKIIOYEHHS (METOZIOM €IEMEHTAPHUX NEPETBOPEHb) 3 BUKOPHCTAHHAM 06HHC-
NOBaNLHHUX 3aco0is. Cili Takox BUKOHATH NepeRipKy NpaBHIBHOCTI 3HalneHo

ofepHeHo! MaTpuii, ToOTO BiKOHaHHS piBHocTt (E—-4) (£~ A)'I =E

3. Banosuii Bumyck, HeoOXinuuii pns 3abe3nedeHHs 3aJaHoro KiHUEBOMT
' NPONYKTY, OTPUMAEMO i3 CHIiBBIAKOLIEHHS

123 017 0,26)(100) (152
X=(E-A)Y1.Y=85.Y={043 112 0255(| 50 |={120
042 048 116 ) 80) |158

]
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3anaya 3. CrpykTypHa MaTpuus Toprisni Tpsox kpain S; , S, §3 Mae

A0
111
3 4 2
Aol L1
3 2 2
L1y
3 4
* 1, —4acTka HalliOHAJILHOTO JIOXO/Y, SIKY KpaiHa § ', BHTpa4ae Ha 3aKymiBJo

. 3 —_—
TeapiB y KpaiHu S, , NpH UbOMY Zay =1, j=1,3.
1=l
3HaiiTH CMiBBiOHOLIEHHA HALIOHANIBHUX AOXOLIB KpaiH Ana 30anaHcoBaHol
TOriBi.

Po3g’sizaHHsL.

Sk BinoMo 3 1. 5.5, 3ajaua 3BOAMTHCA 10 3HAXOIPKEHHS BIaCHOIO BEKTOpa
warpuui 4, wo Bianosinae BaacHoMy 3HaueHHiw A =1. ([Tepesipte, wo A =1 €
OPEHEM XapaKTEPUCTHIHOTO piBHAHAA det(A-AE)=0.)

-

3HaX0AMMO BJaCHUIH BEKTOP X, LLO BiMOBIIa€ BNaCHOMY 3HAYEeHHIO 4 =1,

P03B’A3aBLUK CUCTEMY piBHAHb (A~ FE)}X =0.
Y po3ropHyTOMy BUIIAAI
2o
34 20(x 0
L R R I
32 277 ’
11 . X3 0
3 4
20
—Ex +lx +lx =0;
3 1 4 2 2 3 ’
lx —lx +lv =0;
3 1 ) 2 2*3 ’
~]—x +—]—x - x3=0
3 1 4 2 3 .

Po3s’shxemo cuctemy metonom laycca :
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2 1 1
3 4 2| (-8 3 6 2 -
a-e=| Lo L 1 b o 3 5 Lo
3 2 2
1 1 4 3 -12 4
3 07 )
(2 -3 3 2 -3 3
~l0 -9 18 [~|0 -1 2
0 9 -18 0 0 0

Rg(A4-E)=2<3,106T0 icHYIOTb HETPHBiaNbHi 038’ A3Km Sy |
2x1 "3)&72 +3)C3 =0 N i
X+ ZX3 =0 »

X1, Xy — Ga3ucHi 3MiHHI , X3 — BiNbHA 3MiHHa,

—

1 Ay 3
X1 “—‘-—'(3X2 -3.X3)‘-‘-‘—(6C—.)C)=‘;I -
2x1 —3x2 =-3x3; 2 -~
Xy =2c;
~ X2 =—2x3 >
X3 =C,

- (3
x=|—c¢,2c,cl, ¢>0.
2
OtpuMaHHuii pe3ynsTaT 03Hayae, uo 36anaHcoBaHiCTL TOPr .

. . N )
AOCATa€ETHCA NPH BEKTOP! HalllOHAMIbHUX A0XOAIB X =(‘2—C. -C. -

CHIBBiAHOLICHH] HalliOHanbHUX n0X0AiB kpaiH 2/3 :2:1, abo

3apaua 4. O6car nponykuii U, BupoOneHnii nignpHemcrmos
po6ouoro iHA , NpeacTaBieHo GyHKUIEO

U(t)=—§t3+]—5~t2+1001+50 (om), 1<r<%
6 2

e ; — pobouuii uac , rom. ‘
Tpeba 3HaiiTh :
1) MpoayKTHUBHICTDL MpaLli, WBHIAKICTL i TeMN 1T 3MiHH |
2) ripy IKOMY 3HaY€eHHI Yacy f 1icis No4aTky poGOTH NPOId X emsIMgm
MaKCUMaslLHa ;
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|

I HE@WCHHS NPOAYKTHBHOCTI NpaLli, WUBUAKOCTI i TeMmy 1T 3MiHK vepes ¢ = |
~=THH MCHs noYaTKy poboTu.
T oB4MCNIeHb 3BeCTH B TabNULI0 Ta NMpoaHai3yBaTH.

! IHHA,
i Z€MOCh TEOPIiEr0, BUKJIAJEHO B N. 5.7.

~+KTHBHICTh mpaui BUpaxaerbca noxigHoo z(t)=U'(t), a

. "2MI 3MiHW NPOLYKTHBHOCTI Npalli — BiAnoBiaHO noxinHoto z'( ) i
--30 noxianoo T,(¢)=[lnz ()] :
” 52
=L"(¢t)= —-2~t +15¢+100 (on./ron) ;

.==51+15 (on/ron?);

Sy 51415 206

200 3241504100 2 -61-40 (op )-
—-22M0 MakcuMyM GyHkuil z( £): -
==51+15=0, t=3;

~pHTHYHA TOuKa (yHKUil z(1);
| 2 nmpH <3, z2'(1)<0 npu ¢ > 3. 3BigcK BUNIMBAE, WO ;=3 —
vy GyHKUil z(¢).

-(3); z(3)=—§-32+15-3+100=122,5 (on. /rom).

@me. 3P0y KTHBHICTS NPaLli MAKCHMANLHA YePe3 TPY FOANHY NicHs 1o-
" ma i popiBhioe 122,5 (ox. /ron).

~"zxeMo Tabnuwo 3Hauens z (i), z'(i), T,(i) npu i=1,8.

l z(i) z'(i) T.(i)
T 112,5 10 0,09
| 2 120 5 0,04

3 122.5 0 0

4 120 -5 —0,04

5 112,5 -10 -0,09

6 100 -15 -0,15

7 82,5 -20 —0,.24

8 60 25 -0,42
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Pesynbsrati o64HCneHb NOKA3YHOTh, L0 A0 KiHLA pobOvOro AHA npomy k-
THBHICTb NpaLli iCTOTHO 3HIKY€ETbCA; NP LbOMY 3MiHa 3Haky z'(f) i T,(1t):
TIUTIOCA Ha MiHYC CBiIMHMTL NPO Te, 1O MiABULUEHHSA MPOLYKTHBHOCTI Npalli B nepin
roMHHN po6OYOro AHA 3MIHIOEThCA 1T 3HIDKEHHAM B OCTAHHI FOANHH.

3apaua 5. 3uaiitu o0car npoaykuii, BUpoGAeHOT 32 YOTHPU POKM, AKILE

NPOLYKTHUBHICTh Npalli Xapakrepusyerbest Gynkuieto f(¢)=(1+ t)e3’ .

Po3B’si3aHHs.
CKOpHCTAEMOCH TEOPI€I0, BUKNAJEHOIO B 1. 5.9.
O6c¢car U BupobneHoi npoaykuii 1opiBHIOE

4
U= [(1+5)e dt.
0
BuKOpHUCTAEMO METOJ, iHTErpYBaHHA YaCTHHAMM :

4 , u=1+t: du=dt |
- ! = =
U—g.(1+t) e dt dv=e3’dt; ve= J'e3’dt=-;:e3’ |

4
1 3,14 %1 3 512 3114 1 12 I 12
=(t+1)-—e —|-efdt==e“-————¢ =—(5¢*“~1)-= )=
( )3 0 of3 ( ) 9(6 )

L1
3° 7379° |03

= %(1482 -2)~2,53-10° (ymoB. ox.).

3agaua 6. Cymapuuii npubyTok NiANpUEMCTBA 3AJIEKNTh Bill BUTPAT 1po8
BUIIB pecypciB x , V i BHUpaxaeTbca ¢YyHKLUi€

z(x, y)=-2x2 —4y? +2x y+20x +200y - 2800 .

BusHayWTH BUTpaTH pecypciB x , ¥V, U0 3ab6e3neuyioTh MakCHMalbHM
npubyTok MixnpueMCTBa, i 3HalTH Ueil MakcUMabLHUH NPHEYTOK.

Po3B’sizanHn.

z(x, y)=—2x2 —-4y2 +2xy+20x+200y—2800.

3HaiinemMo yacTMHHI noxigni z', i zy:

“Xx
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z,=—4x+2y+20,
zy =-8y+2x+200.

JIns BinurykaHHs KPUTHYHHUX TOUOK CKIIAEMO CHCTEMY PiBHSAHb :
{—4x+2y+20=0 ;

' -8y +2x+200=0.

Po3s’sxemo 17 :
~2x+y=-10;
vy = -Ty=-210,  y=30; x=20.
x-4y=-100,

Kpnruuna touka — M, (20, 30).
3HaxoUMO ApYTi YACTHHHI NOXiAHI :

z;xM0=—4; z;yM0=2; z;,yMo=-—8.
Maemo: A=-4, B=2, (C=-8§, 106T0
A4<0, A=AC-B%*=32-4=28>0.

TakuM unnom, y Touui My (20, 30) dyHkuis z(x, y) aocarae MakCUMy-,

«: 3HaueHHA PYHKLUIT B TOULI MAKCUMYMY Zp.. =z(20,30)=400.

Orxe, BUTpaTH pecypcis x , V, wo 3abe3neuytoTh MakCHManbHUi npuby-
Tk MiANPHEMCTBA, AOPIBHIOOTH BianoeinHo 20 oa. i 30 of., A0 TOrO X MakcH-
wa1bHuil npubyTok nianpueMcrsa nopisHioe 400 ymMoB. om.

\




BIiaAnoBiAal
IFmasa 1

1.1. 2. 1.2. 4ab. 1.3. 1. 1.4. 22. 1.5. 0. 1.6. 28. 1.10. a) 22; 6) -200

22 2 1 2
B) 41; 1) 4/105; n) 11/3; ) 7; €) cosa=—3—, cosﬂ=—§, cosy =-——.
J

—84 i 3 r
®) " /9 3) ETR L1l a=%70.1.12. (£5,2,-3). L.13. ER 1.14.6 ;12

1.15. % 1.16. (4,2,-2). 1.17. a) (=3,5,7); 6) (=6,10,14)
118, 26 . 1.19. 5. 1.20. @=-6,=21. 1.21. -7. 1.22. a) 42: 6) 2+

32
123. 77507+ 1:24. 6. 1.25. 332 . 1.26. a. 1.27. a) x+y—1=0

-~

2
6) x+3y-5=0, §+L=l; B) x—y+1=0; i+—}i=1. 1.28. a)_ﬁ

% -1 1
. 3

1_y-2
6) x-;- =y_1 , B) 2(x+D)+y-2=0.129. 2x+y=0. 1.30. ~;£+—3Ji=l
1.31.2x+3y-8=0; 2x-y=0; 2x-3y+16=0. 132, 5x-7y+4=0
1.33. x-2y-z=0. 134, -x+2y-3z-3=0. 1.35. x+y-3=0

5 7
3 - x_o_y_A_Z_/-
1.36. A 6 137 8. 138 x4y+2-3=0. 139, —==——"5=—

')

x-1_ y+2 z-1

6,
1.40. = 7= 141 (1,-6,-4) . 142, 3. 143, /Jg.
F'nmasa 2
7 6 7 1 -2 -3
2.1. 42. 2.2. 110. 2.3. 300. 2.4. a) | -3 11 21{;6) |11 -2 3
12 -11 -1 1 22 2
-1 0 2 :
25 4. 26 | 0 N 27 |2gl 2 [0 73 20 4 0 s
. - - - . 39 5 . . . e . . 3 2 _6 . . -
~1 0 0
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s o ) y 2 -1 -1
2.10. a) (3 _1];6)(] _?}.2.11. =% V1| 212 He icnye.
2 -1 2

13| 4 1 -3|.2.14.2.2.15.2. 2.16. 3. 2.17. (2,3). 2.18. (1,-1,0).
11 -1

218, (1,0,-1).2.20. (1,1,1).2.21. (1, 0,-1).2.22. (1,1, 2).2.23. (1,1, 1).
234 Hecymicna, 2.25. x=Cj, % =Gy, % =(3-5C;-25C,)/9, x4 =(=2C+10C,)/3
7Cy, CeR. 226, x=1+5C-5C,, x;=-3C;+3C,, x3=C;,
=C, VY, C,eR. 2.27. x =(3-2C,)/10-C,, x=C,
== Y-4Cy, x4 =(1-14C)N0, x3=C, VC, CeR.

228, x =0, x=x3=C. 2.29. x=C}, x,=Cy, x3=03C,+6C,)/ 4,
2=(5C, +10C;)/4 VC,CreR. 2.30. x=-Ff, x =100/ =c
-CeR. 2.31. {(3,-6,1,0,0),( =3,5,0,1,0), (0, —1,0,0,1)}. 2.32. {(3.-2,)}.
133 4 =2, 4 =3; H=C(1,-1), % =C(=1,2), C=0. 2.34. 4 =1,
H=-1; ¥ =C(1,1), 3 =C(2,1), C#0.235. =0, =1, A3=2;
P=C(1,0,1),%=C(,1,1),%=C(1,0,-1), C=0. 2.36. 4 =4, =2,
1= T5% =(20] =2Cy, Ca, C)), |Gl +] Ca] 20, 2 =(C, 2C,-2C), C#0.
I3 A =dy=A3=-1; F=(C,C,-C), C=0.

4

Tanasa 3

2
11.9.32. . 33. w.3.4. 0. 35. -<. 36 Y .37.6.38. .39, 0.

100, . 301 J5.302. -1 303} 3.14. 0. 3.15. 4. 3.06. ©. 317, 1.

18, ). 3.19.0.3.20. 0. 321. 5. 3.22. k. 3.23. % 3.24. % 325. .

136. ¥,.327. Y. 3.28. Y. 3.20. 7/ 3.30. ﬂz;az L3311

132 % .3.33. 1. 3.34. 0, akuo x — +o0; 0, Akuo x — —co, 3.35. 0, AKkuio
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-2
X 40} w0, AKWO x> —w. 3.36. ¢ /3. 3.37. k. 3.38. Ina. 3.39. %
3.40. 1. 3.41. x =-2 Touka po3puBy aApyroro poay. 3.42. x =0, ycyBHUi1 po3pHBs

26
3.43. x = 0,po3pusapyroropozy.3.44. x = 0 ,po3pus nepworopoay.3.101. 3 Ja

3.102. 0. 3.103. %. 3.104. 1. 3.105. ¢. 3.106. 0. 3.107. «. 3.108. %

3.109. ¢2.3.115. 1) 0; 2) 6; 3) —4; 4) k=2, ky =4.3.116. y=12x~16
x+12y-98=0.3.138. (0, 0).3.139. (2,-2).3.140. (-1, 1).3.141. (1, !

1 1 1
3.142. Zmax =7 npux=5,y=-2*
np x=-1, y=-2.3.144. zp;\n =2 mpu x=1, y=1.

3143,z =5 TP x =1,V =2 Zpin =1

Fnasa 4 ;
1 2 1
41. C-—. 42. C- —e*+In|x|. 4.3. z-2n|z|-—+C
X 3x\/; z
+1)16
4.4, tgx-x+C, 4.5. x-sinx+C. 4.6. (x—lé)-—-JrC
4.7. %J(x2+1)3+c. 4.8. :z- 4+x°+C. 4.9, %sin4x+C
3
1
a10. O 0 g1 C-———— . 412, In|Inx|+C
3 2(arcsin x)
413, x—4ln|x+4]+C. 414, x+ln(x2+1)+C. 415 W[ZL|ic
X
1, |2x-3 -
416, 1| Z23 e a7 Lin|Z22 0. a8 LaregX i
5] x+ 7 | x+5 No) V2
. L. 3x-1 in 2.
4.19. arcsin(x-2)+C. 4.20. Earcsm3x +C. 421, 43¢
x sin 2x 1 . 1
22, Z_ C. 23, —sin2x - — 2x+C
4.22 > 2 + 4.23 2 2x cos 2x

4.24. xsinx+cosx+C . 4.25.

x
arctg x——+C,
5 2




e* (sinx ~cosx)
2

4.28. xln(x2+1)—2x+Zarctgx+C. 4.29. 2{~Jx+l-In(l+x+1)]+C.

430. 2Vx 2+\/_arcth 5 +C.431. 2[Vx ~In(1+x)]+C.

1.26. +C. 427. C-e*(2+2x+x%).

132 x+—§-§/x_5+-;-3/x_2+2&+3%+6?/§+61n ‘3/5—11+c
2
4.33. a—arcsin£—£\/a2—x2 +C . 4.34. ln—‘x—+1!—+C,
2 a 2 N2x+1
1 ") x2 6
1.35. —Infx-2)V2x+1l+C. 4.36. In|———|+——+C
5 x+1] x+1

2
4.37. x+l+ln( l) +C . 4.38. l+——l

7
x |x] x x+1 2l
2 —
4.40. lln—(i)-c—fl)—.{. —l—arctgzx 1+C
6 x“-x+1 \/5 \/37
-1
4.41.1 |x ‘ I arctg2 +1 +C .
\/x +x+1 \/—
x 10 5 10 5
442. In + B Y
10" 10 5 10 5
(H'l‘o/—) ‘/; ‘/; \/x_3 2\/x2
4.43. xarctgx——ln (1+x Y+ C. 4.44. In \/1+x N - +2arctg ’1 X o
1+x+Jl— +Xx
cos’x  cos>x 1 1 1
445, ——-"——+C . 4.46. - +C. 4.47. +C.
5 3 3cos3x cos x cosx—1
Loty Lip2 V2 Tox
4.48. —tg"x——tg“x—1In +C.4.49. —Injtg| =+=|{+C.
g e Ty |cosx| S Initg| =+ ‘
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5tg£+4

4.50. %[x+ln|sinx+cosx]]+c. 4.51. %arctg—~——§—-—+c,

2 7 2 4
452, ———. 453, — . 4.54. 02 (e—1)°. 4.55. —. 4.56. 2. 4.57. —
3B -1) 72 2 (enl)7 455 5 3

2
4.58. 1-=. 4.59. %—l. 4.60. 73 —67. 4.61. T+2In2 . 4.62. 2—%

2 16 b b
463, 22 464 8 465 crl o 466 141, 4.67. Y cu—ca
3 3 p 22 2

4.68. %;mbc. 4.69. 72. 470, x2+y =InCx?. 471, y=C +3x—3x

-1 5
4.72. Cx= yy . 4.73. y~2x=Cx3(y+x). 4.74, arctgl=!nC\[x2+y‘
N X

4.75. In|y|+Z=C. 476. x*+)?=Cy. 4.77. y=Ce 2 +2x-1
y

1
—x? X’ 2%, .2
4.78. y=e C+—2— .4.79. y=Cx"e* +x°.

4.80. y=Ce™* +% (cosx+sinx). 4.81. y=Cx~-1.

1
L+x) [C+In|T+x]]

2=

1 2
482 - =Ce™ px+ ) 483 y=
y 2 (

3
4.84. y=%—sinx+C1x+C2. 4.85. y=Cix* +C,.

2

4.86. y=clex+cz—x—f-2—. 4.87. y=ti—x3+Clx2+C:

4.88. y=Cie*+ Cze’zx . 4.89. y=Cjcos 3x+C,sin 3x
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190, y=Ce*¥+C,. 4.91. y=Cie™ +Cyxe™™

X

_ 5sin x + 7 cos
392, y=Cre ¥ +Chel +e* . 493, y=Ce® 4yt + 220X T ICONY

74
494, y=¢e*(Cycosx+ Cysinx)+x+1.

4.95. y=C, +C2€—E + ; X3 - ixz +?75—x 4.96. y=e*(C +C2x)+—;—x2ezx.

; +ab~e”
¢97.y=:+—‘.4.98. VP =y?—x?. 499, _erab-et

4100, y =4e* +2¢°* . 4.101. ¢* (¢ = x? — x +1).4.108. 36iractbcs. 4.109. Po3-

S.raerscs. 4.110. 36iraetscs. 4.111. 36iractbest ymoBHo. 4.112. 36iraethes abeo-
“20THO. 4.113, 30iractnca abcomorHo. 4.114. Po3bGiraersca 4.115, (-0.1:0.1).

o0 _] n
4116, (-1,1]. 4.117. [ -10,10). 4.118. Z(—l)"+l—(—x——)—

n=1

2( ]) w ~_n+l
ex)" " ot 22070 x
4119.a .6 .
)Z( n-n1’ )Y( (n -1)' ,,:,(n—l)!
2 ® 2n+2
X 2n-1)x
._.+ L —
4120. 5 ,,Zzl 2n+2)!
3 4 5
21 p=242-nte X T
3 4 60
IF'naga 5§

31.1500.5.2. y=0.7x+8,4.53. 5. 54. [pu x > 400 Oinbis exOHOMIHI nepeBe-
*HHS APYTUM BUAOM TpaHcnopty. 5.5, y = 0,5x +150 . 5.6. Crioxkusayam. 1o 3Ha-

WIATHCA BeepeluHi kpyra (x —83.3 )2 + y2 < 66,72, pouinsHiue KynyBaTtH Ha B,

mo3a KpyroM — Ha 4. 5.7. BeepeavHi kpyra (x + 62,5)2 + y2 < 37,52 OynyThb Kyny-
3aTH Ha MIATPUEMCTBI 4, 1032 KPyroM — Ha B.
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5.8. BecepeauHi kpyra (x + 12,5)2 + y2 < 37,52 OyayThb KynyBaTH Ha NMiAMPHEMCTS

50 2 2
A, mo3a kpyrom — Ha B. 5.9. (X+—3—j +y2 =(-j .5.10. m=—; 452

4 2 2
511 y=05+—. 5.12. >4
X

o 2432 =200
= Q—Jz—ﬁf_l' 513, (x+100)% + y? =200

1220 730 770 496
1470 1036 1315 894
720 1122 952 1110

5.14. x%+y? —1440x+288000=0. 5.19.

82 44 55 150

520.{63 77 39 62, 521.a) (102204 81 144 116); 6) (184 161 16(
36 160 120 135

B) 3607. 5.22. (4610 4700 7100)' . 5.23. (2875 2750 3623
5.24. (500 540 1200 480). 5.25. (120,52 56,36 80,01). 5.27. (15, 20, 1

5.29. (1, 1, 3). 530. 1) Ax=B, x=(xxx;)", B=(404080)

2) (10,5,10). 5.31. 1) x;=3x;3-5, x,=8-3x3; 2) (1.2,2
j 5.32. (4 200 ; 39 000). 5.33. 50, 300, 150, 0. 5.34. 25 %, 20 %, 15 %

5.35. X =(945, 6; 691, 2)". 5.36. a) 260; 410; 6) 200; 300. 5.37. a) t
6) ni. 5.38. 5200, 5300, 200, 300 rpow.ox. 5.39. 5306,05; 5 463,65; 306.07
463,65 rpouw.oa. 5.40. 4 665,6 Tuc. rpow on. 5.41. 119 562 rpow ¢z
5.42. 119 720 rpouw.on. 5.43. 1 883,04 tuc. rpow. on. 5.44. 3 860.91 Tuc. rpox |
on. 5.45. a) 112; 118; 124,130; 6) 112,36; 119,10; 126,25; 133,82; 8) 112.7Z
119,62; 126,88; 134,5. 5.46. a) 0,7 man rpout. on.;6) 0,9 MaH rpow <=
5.47. a)= 130,3 Tuc. rpou. of.; 6) = 173 tuc. rpout. oa. 5.48. 5 798,89 rpowr

5.49. 308 pokis. 5.50. Ae 014"

3x° .
| 551 a) E ()= S BO)SLS, Es()=297.6) Edy)=s:
X7+

Ei(y)=5, Eg(»)=0, Ep(y)=10; B)E,(y)=1/Inx,
Epo(») =(n10)"" ~0,4343, E,(y) =1, E 4(y)=0,25;
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———

2x(1- )

» Bl =0;
1+2x~x

- Ex(y>=;§5,Em(y>=x,zs; n)  E()=—2"%L

0 E.0)=1-242 E()=-1,E,(»)=-T. 5.52. a) E.(y)=—0r;
ax+b

8)E,(y)=m.5.53. k'=18(1+3x) loge.
$54. 1) Eg(k)=091, E5o(k)~-033; 2) E(k)=087, Ey(k)=125.
855, x=15.5.56. x~146 on. 5.57. x=3.5.58. 9 rpow. on., 7 rpou. oxn.

£59. E,(q )= —M-— E(q)= ——. 5.60. a) 3 rpow. on.;
2p +3p +8

v E,(q)=-075, E,(s)=1; B) 1,25%. 5.61. 1) a) x=20,
3) E;(k)=0,039, Eso(k)~1788; 2) a) x=50, B) Es(k)=0,0198,
Ey(k)=04. 5.62. g=707 on., f(q)=~17828 rpou. on.
£63. 1) B) E (z)=0,042, Ey(z)z0,958; 2) B) E(z)=0911,

5,()=1821; 3y ) E(z)=1. E(2)=1; 4) 8) E.(2)~1024,
Z(2)~0536;5)8) E,(2)~0363, E,(2)~0545.5.64. x; =9994, xp =3.

C, 1
X, = f—, =12 E - B-cp).
£66. x, b ! x,(f)|(|,|) PN, (b —e)

1
Exz(f)‘(l,l)=a (by-¢2);

+b +by+cy+cy

1
q=2, m=g, Eq(D|an=-0229,  Eq(]u1)~0508:
: =2,

Iox=3, Eq (D) #0465,  Eey ()1 ==0.112;

q=w. 1m=2, Eg(D]ay 0301, Ey (o) ~-0328

i=1,2; )

1
4’
C
567, x, = — ,
\/ (\/Cl+\/cz)2}
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1 ¢
Exl(f)l(l,l): p (b——*clj.
a+2b+5+c, +C2

1
Ex2(f)‘(1,l)= (b—%—ch;

C
a+2b+—2~+cl +cy

D ox=2. =2, E(D]an=-01, En(N|on=-022

2415 JIs .
2) =TS, n =, Ex](f)‘(l,l)z—(),373, Ex2(f)‘(1’1)z—r(),16,
5.68. 25; 50, 5.69. y=3,46x+286 5.70. y=1593x+110,57. 5,71. 17; 5/3

(~1+4/01)
3

5.72. 61, . 5.73. In(17/14)+5 . 5.74. 3In(17/13)/4+4

5.75. 220 zer. 5.76. 69 1. 5.77. 910 neranei, feep =113,75 per./ro:
5.78. 188,5 rpouroa. 5.79. x ~1,5. 5.80. 800 rpour.oxn. 5.81. 348,88 rpouu. oz

1
5.82. 4~6- ra. 5.83. a) 10 000 on.; 6) 238 mapn ox.; B) 16 200 on; 1) 41 300 oz

5.84. a) 17 kBr-ron: 6) 632 xkBr-ron; B) 6 xBr-roa. 5.85. a) 665 xBT-roz
6) 7 xBtron; B) 3706 kBr-roa. 5.86. 22. 5.87. 5(2ap+5hy)/2

57
5.88. y=yp|le? -1{. 5.89. 2100 rpow. ox. 5.90. 50000 rpow. o:

H-8

—t

5.91. ~5,5 pokis. 5.92. P=Pe 7 .5.93.~7 poxis.

111 4 . A
594, petx+ -l 505 ok 596  3=50000x—
T 6T 16¢ y=y Y 2

2
5.97. U(x)=x7+100x+25 000,598, y=2(1+x-x%).599. y=x*.

_i —41 - . t =_§_ 33 -—4!_4—1 +3
5.100. p(t)—29(e —e "Y+3; q(1) 29( e e )+3,
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BOAATKMW
Qodamok 1. OGHOBHI ®OPMYJIA EJIEMEHTAPHOI MATEMATUKY
1.1. AJIFCEBPAIYHI ®YHKUIT

1.1.1. Bnacmueocmi cmeneHia

Hns 6ynb-kux x,y Ta AoJaTHiIX a, b BipHI HAacTynHi piBHOCTI :

a®=1; (ab)* = a*b*;
X x
X Y +y. a a .
a-a¥=a"7; (— =
b b*
— - i
a*a¥ =a"7; ax=-7.
a
X Xy
(a)Y=a"7;

1.1.2. MHo204YNeHu

Jns 6ynp-sxkux a,b, ¢ BipHi HacTYnHi PiBHOCTI :
az—b2=(a—b)(a+b);
(a+b)2=a2+2(lb+b2;
(a-b)? =a® -2ab+b?;
(a+b)3=a3+3a2b+3ab2+b3: ‘
(a-b) =a® -3a’b+3ab? -b3;
@ +b° =(a+b)(a® -ab+b%);
@ -b =(a-b)(a* +ab+b*);
ax2+bx+c=a(x—x|)(x—x2),

¢ X|,X; — KOpeHi piBHAHHA ax’ +bx+c=0.
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1.1.3. Bnacmusocmi apugpMemu4HuUX KOpeHie

Jina Gynb-AKUX HATYypanbHUX #, k , Ginblinx 1, Ta’Gyab-aKkux HeBiA’eMHHX
a, b BipHi HacTynHi piBHOCTI :

"fab ="l 5 (f)- (a>0);
n
n\/g_____‘/i (b+0); Ya<b, sxwo 0<a<b;
T

(%)k=,{/;7“. ﬁ:lal:{ anpuaZO,

—a npu a<0;

Vol = - e <a;
%:nﬁ/a—k; 2n+J'— 2n+J" ( 20).

1.2. TPUFOHOMETPUYHI ®YHKUIT

1.2.1. CniiggiOHOWeEHHS1 MK MPU2OHOMEeMPUYHUMU OyHKUIAMU
0dHOo20 i moe2o X apaymeHmy

sin?x+cosx=1;
sinx n

tgx= ) x¢~—(2n+]), neZz;
cosx 2
cosx

ctgx = — , X#mn, nel,
sin x

tgx-ctgx=1, x;&—’;—n, neZz,

l+tg2x= 7 x¢£(2n+l),neZ;
cos” x 2

xX#nn, neZ,

l+ctg2x= 77
sin” x



\

1.2.2. Qopmynu dodaeaHHs

sin(x + y)=sinx cos y +cosx sin y ;
sin(x—y)=sinx cOSy—CcosXx siny;
cos(x+y)=cosx cosy—sinx siny;

cos(x—y)= cosx cosy+sinx siny;

tg("‘*‘)’):itg:—HgL, X,y,x+y#=£+7rn,neZ;
-tgxtgy 2

tgx—tgy V4
tglx-y)=—m—2—, x,y,x-y#—+mwh,nelZ
a( y) I+tgx tgy 7 ‘ 2 :

1.2.3. ®opmynu nodeiiiHo20 apeymeHmy

sin 2x =2 sinx cosx ;

cos 2x =cos? x —sin®x =2 cos’ x—1=1-2sinx;
tg 2x = 2tg2x , x¢£+£k,kez, x¢f—+7rn, neZ
1-tg°x 2 2 ‘

1.2.4. Dopmyau nonosuitHozo apzymenmy

. 2x l-cosx

sin ;
2 2
2x l+cosx
COS" — = 5 :

X sin x 1-cosx
—= =— , X#m+2mrn, neZ
2 l+cosx sinx :

1.2.5. ®opmynu nepemeopeHHs cymu 8 o6ymok

XY cos XY .

sin x +sin y = 2sin B
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sinx~siny=2cosx+ysinx_y;
2 2
cos x+cosy=2cosx+ycosx_y;
2 2
. X+y . ox-
cos x—cosy=~2smx ysm_x_zl;
sin (x + ) T
tgx+tgy =———-—+—, X, y*—+xn, neZ.
COS X COS y 2 ;
sin(x - y) P
tgx—tgy=-——=, x,y#—+rn, nel.
COSX COS y 2 ;

1.2.6. ®opmynu nepemeopeHHA G06ymky & cyMy

sinx siny = %(cos(x-y)"cos (x+ J’));
COSX COSy = %(COS(X -y)+ COS(x + )’»;

sin x cosy=%(sin (x—y)+ sin (x+y))_

L L X
1.2.7. Cnig8iOHOWEHHSI Mi)X sinx , cos X , tg—z—

x

2tg—
sinx:————z—x-, x#2Q2n+)z, neZ.
1+tg? = ’

2

l—tng
cosx:—z—, x¢(2n+l)7r, neZ

[+t 22X
& 2




1.2.8. dopmynu 3eedeHHA

Ha3sa (hyHKUIT HE 3MiHIOETLCS Ha3sa yHKUIT 3MIHIOETBCS Ha CXOXKY
N Tal Zig 3z o 3z o
u - -a T+a — — — - —
| i 2 2 2
['sin | —sina sina —sina cosa cosa —-cosa | —cosa
€os | cosa —Ccosx —COS sing | —-sina | -sina sina
tg —tgo —tgo tgo ctga ~Ctgo ctgo ~Cclga
a¢%(2n+1), neZ a#nn, neZ
ctg | —ctga I —ctga l ctgo tga l -tgx | tgo | —tga
a#nmrn, helZ a¢%(2n+l), neZ
1.2.9. 3HaYyeHHs1 Mpu2oHOMemMpPUYHUX BYyHKYil
3HaueHHA Dyuruil
KyTa & sina cosa tgo ctga
0 0 1 0 0
6 2 2 3 0
z V2 2 1 1
4 2 2
3 2 2 3
T 1 0 ) 0
2
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Bt AP & S I R P e

1.3. BJIIACTUBOCTI JIOrAPUOMIB
1°. OcHoBna Jorapu@MiyH2 TOTOXKHICTD :
x=alog”x, x>0.
20, JlorapuM 0CHOBM AODIBHIOE OAWHUL
log,a=1.
3%, Jlorapudm onuHKUI AOpiBHIOE HYMIO
log,1=0.

4%, @opmyna ang norapudgma aobyTry @

log,{x; x5 )=log, x; +log, x5 , x>01ix>0.

50, @opmyana nna orapudgma HacTKH :

lOgaﬂ__—logaxl_loga)Q, x1>0 ix2>0.

X2
6°. ®opmyna aas aorapudma cTeneHs :

log, x¥ = p log, x,
ae x >0, p —Oynb-sike ailicHe uucno .

70, dopmyna nepexoay A0 HOBOT ocHOBH Jiorapudma :

log, x = logy, x ’
‘ log; a
ne x>0, b — Oyab-ske AiiicHe Yueno, h>0, b=1 .
3okpema , } :
log, b= ! abo log, b-logya=1.
logy a
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Hodamox 2. OCHOBHI! ®OPMYITN OUPEPEHLIATIBHOIO
YACNIEHHA

. A
Hoxiona: y'= lim o
Ax—0 Ax

Ocnogni npaeuia Oudhepenyioganna :

1. C'=0.

2. (CUY =CU".

3.UxVY=U'tV".

4. U-VY=UV+UV".

(V) uv-ur

A7 ;2 .

6. (fWYy =S -Us.

Tyr C —crama, U=U(x). V=V(x).

Ocnosni opmyau  Ougpepenvitosanna :

1. (U9 =aU% .U, aeR.

!

U
. (log, U) = ——.
(log, U) T

84

r

U
3. (InU) =—.
(InU)' =7

4, (aU),=aUlna-U’.
(eYy=elur

. (sinU) =cosU-U".
. (cosU) ==sinU-U’.

~ N W
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Pur—.

1

cos2 U

8. (tgU)' = U'.

9. (ctgU) =~ U'.

sinU

1
h-u?
1

Vi-U?

1
+U?

10. (arcsinU) = U,

11. (arccosU) = — U

U,

12. (arctgU)' =
1

1
1+U

14. shUY =chU-U".
15. (chU)Y =shU-U’.

1
h2U

13. (arcctglU) =~ 5 U,

16. (thU) =

U'.
¢

1

17. (cthU) =~ 3
h“U

U,

S

TyrU=U(x). Sxwo U(x)=x, 10 U'(x)=x"=1.



Hodamok 3. OCHOBHI ®OPMYIIN IHTEIMPAIIbHOIMO YUCIIEHHS

Hesusnauenuii inmezpan :

[f(x)dx=F(x)+C, F(x)= f(x).

Tabauya ocnosnux Hesusnauenux inmezpaiie

xa+l
1. J'xadx= +C, a=-1.
a+1

2. I%:ln]xhC, x#0.
X

; 3. [a¥dx=2-+C
» Ina

4. Iexdx=ex+C.
5. J'sinxdx=-cosx+C.
6. j'cosxd’x=sinx+C.

dx
7. =tgx+C .
J‘coszx

8. J'dx =—ctgx+C.
sinx

9, J'L =arcsinx+C .

10. J.—é—x———-=arcsin£+C.

a —x a
11. _f dx2 =arctgx +C.
I+x .
12. J.%=J—arctg£+C.
a“+x a a
dx 1 a+x
13, |~———==—In +C, .
Iaz—xz 2a a—x a#0
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1

.l;

+C.

Jm x+\/x2ia2
15, I—-f——z dx=Vxl+d® +C

x“+a
, 16, (4% | X|+c
sinx
dx
17. Inft +C.
'[cosx g( 4)

18. Itgx dx=—ln| cosx|+C.

19. Ictgx dx=In|sinx|+C.
20. fshx dx=chx+C.

21. fchx dx=shx+C.

dx
22, =thx+C,
fchzx

dx
23. =-cthx+C .
Ishzx

Busnauenuii inmezpan :

b n
[fx) dx:/{imOZf(g,)Ax, , A=max Ax,, & e[x_, x, 1.
a —V,=1

@opmyna Heiomona - jleiibniya :

b
[7G) dx=F®)-F(a),
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