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IlepeamoBa

[TocioHuk oxoILIioe MaTepias 3 BUIIOI MaTeMaTHKH /I CTYIEHTIB,
SKi HaBYAIOTHCH ¥ BUIMUX HaBYAJIbHUX 3aKJIa/aX 3a CIIeliajlbHOCTS-
MU €KOHOMIYHUMU, iHKEHEPHO-eKOHOMIUHUMU, MEHEZKMEHT ¥ BUPOO-
HUYIM Ta HeBUpOOHUYIN cdepax Ta MapKeTHHTy. BiH ckiagaeTbes 3
TPHOX YACTUH. ¥ TePIiii YacTHHI PO3TIIAIAI0ThCI eJeMeHTH JTiHifTHOT
aaredpy, aHAJJITHYHOI TeoMeTpil Ta MaTeMaTUIHOro aHaJji3y. pyra
JacTUHA [IPUCBAYEHA Teopil IMOBIpHOCTEl Ta ejleMeHTaM MaTeMaThY-
HOI CTATUCTUKHU. ¥ TPeTiil 9acTWHI BUKJIAIEHO MaTepiaiid 3 MaTeMa-
THYHUX METOIB JOCTIIZKeHHs oTepalliii (MaTeMaTuIHOrO MporpaMy-
BaHHS).

OcHoBy T0CIOHMKA CKJIaJd KypcH JIeKIiii 3 BUINOI MaTeMaTHKH,
MO YUTAJIUCH aBTOPAMU BIIPOJIOB)K OaraTbOX POKIB CTYIeHTaM eKO-
HOMIUHUX clelliajgbHocTell YepHiBeIIbKOTo HallijOHAJBHOIO YHiIBEpCH-
TeTy, YepHiBEI[BKOTO TOPTOBEIHBHO-eKOHOMIYHOTO iIHCTUTYTY KuiBch-
KOI'0 HallijoHaJIbHOTO yHiBepcuTety, [IpukapriarcbKoro HallioHaJIbHOTO
yHiBepcuTery, [HCTUTYTY DiAIIPUEMHUIITBA TA [TEPCIIEKTUBHUX TEXHO-
JToTi#t pu HallioHa bHOMY yVHIBepcnTeTi "JIbBiBehKa MomiTexHika", TH-
CTUTYTY YIIPaBJIiHHS MPUPOTHUMU pecypcamu. Bin pazom 3 BUmgaHUM
aBTOpaMu 30ipHUKOM 3a1ad i Brpas 3 rpudpom MiHicTepcTBa ocBiTH
i Hayku YKpaiHu yTBOpIO€ MOBHMII Habip HaBYaJbHUX MOCIOHUKIB 3
BUIIOT MaTEeMATUKHU JIJId eKOHOMIUHMX ClieljaJbHOCTell BUIMUX HaB-
YaJbHUX 3aKJIa/IiB.

Koxkna gactuna 1mocibHMKa IOAIeHa Ha PO3IiIH, MAPO3ALIH i
NYHKTH, B IKMX Y JIOTIYHI{l TOCTII0BHOCTI BBOOATHCS MOHATTS i pak-
TH BUIIOI MaTeMaTUKU. ABTOpU BBazKaJik 3a JONLIbHE HABOIUTU 10-
BeJ/IEHHH JIUIIe TUX TeopeM, siKi BYaThb CTYIEHTIB JIOMYHO MUCJINUTH.
Kpim Toro, koxkHe HOBe MOHSATTS 1JIOCTPYEThCS MPUKJIa aMu. 3HAY-
HY yBary aBTOPHM 3BepTrajy Ha CKJaJaHHHd MaTeMaTUIHUX Mojiejieit
eKOHOMIYHUX 3a/1a4 Ta OMUCAHHS METO/IiB IXHbOT'O PO3B’3aHHSI.

Kozkunit posain mocibHMKa 3aBepIIyeETbCd BIIpaBaMU, fKI IIPOITO-
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HYIOTBCS JJI8 PO3B’a3yBaHHs B ayIuTOpil abo pu caMocTiiiHiil poboTi.
Tomy iioro MoKHa BUKOPHCTOBYBATH 1 9K 30IpHHUK 3a/0a4 1 BIPaB.

[lepimra wacTrHa MOCIOHMKA MICTUTH OMUHAIISITL PO3ALIIB. Y IIep-
[MIOMY, IPYTOMY, TPETbOMY 1 4eTBEPTOMY PO3ijax PO3IVISHYTO TUTaH-
He Teopil MHOKWH, BU3HAUHHUKIB, CHCTEM JIHIHNX aJredpaldHux pis-
HHb, MATPHUIb, BEKTOPHOI ajrebpu Ta aHaJ iTHIHOI reoMmeTpii. Posmi-
JIM 3 ISTOrO 10 OJIMHAMIATUN BKIIIOYHO MPUCBSYEH] ejleMeHTaM Ma-
TEMATUYHOI'O aHAJI3y, jie PO3IVISHYTO BarKJIUBI MUTAHHS Teopil rpa-
HUIB | HellepepBHOCTI (PYHKIIIHM Ta JudepeHIlaJbHOro i IHTerpaabHO-
ro 4ducjieHHs (pyHKINH ofHiel 3MiHHOI, audepeHIiaJbHOr0 THCIeHHS
dbyHKIiI 6araThox 3MIHHUX, YUCJIOBUX Ta CTeIleHeBUX PAIiB, fude-
pPeHIiaJbHUX PiBHAHB. BUKIam mMaTepiady cyMpPOBOIKYEThCA 3HAU-
HOIO KIJIbKICTIO 33729 i BIIpaB, SKi JOTIOMOXKYTb THM, XTO BHBYAE
BUIIy MaTeMaTUKY, Kpallle 3pO3YyMITH CYTh MOHATH, O3HAUEHb 1 TBep-
J2KeHb, a TAKOXK HallJIUTh 1X Ha 3aCTOCYBaHHS BUKJIAJIEHOrO MaTepia-
JIy TIpU PO3B’43yBaHHI KOHKPETHUX TTPUKJIIAQIHAX 3a/1a4.

Y apyromy BuilaHHI MOCiOHUKa 3p0O0JIEHO jesiKi MeTOAMYHI i pe-
JAKIIfHI TOKpAIeHHs, a TaKOXK BUIIPABJIEHO OIMUCKHU Ta HETOYHOCTI.



JledaKi muTaHHsI Te0p11 MHOXKWH. /lekapToBi
KOODAMHATU HA MPAMIii, IIJIOMUHI Ta B IIPOCTOPI

Y pOMY PO3IiJTi PO3TIITHEMO TedKi MOHATTS Teopil MHOKWH, KOM-
OIHATOPUKY, MaTeMaTUIHOI JIOTIKY, JIACHUX YUCeST Ta TOHSATTS AeKap-
TOBUX KOOPJWHAT Ha MPAMiil, MJIOMMWHI Ta B MPOCTOPI.

1. OcHOBHI HOHATTS Teopii MHOXKWH Ta
MaTeMaTUIHOI JIOTiKA

1.1. MHokuHH i1 0OCHOBHI NO3HAUYEeHHA

Cyxkynuictb, ob’enHanns, Habip o0’€KTiB IeBHOI MPUPOIM Ha-
3UBAETHbCS MHOXKUHOO. llpu 1poMy Tpeba YiTKO OKpecauTu Kiac
06’exTiB, #Ki posragmaloTbes. lleil kiac 00’eéKTiB  Ha3MBA€THCS
VHIBEPCAJIBHOIO MHOYKHWHOIO, a caMi 00’€KTH Ha3HWBAIOTHCS eJie-
MeHTaMU abo TOYKaMU MHOKWHA. MHoKWHE OyBaoTh CKiHYEH-
HMMH | HECKIHYEHHHMH, [0 BU3HATAETHCH KiAbKICTIO IXHIX eje-
MeHTiB. MHOXKHHA, siKa HE MICTUTH YKOJHOTO eJIeMeHTa, Ha3UBAEThCs
MMOPOZKHBOIO i TI03HaYaeThcsa cuMBoJioM (). I1a MHOJKMHa BBarKaeThCs
cKiHveHHOW0. MHOXKVUHM HaifdacTille TO3HAYAIOTh BEJIUKUMHU JHTepa-
MU JatuHcbkoro ajdasity A, B, C, ..., X, Y, Z a ix#i ejgeMentu
— Magiumu a, b, ¢, ..., z, y, z. Ko & — ejeMeHT MHOXKUHU X, TO
mamyTh & € X (2 HasexnTh X ). SIKII0 2 He € eJleMEeHTOM MHOMKHHN
X, To mumyTb * ¢ X abo 2€X (2 He Hasexurh X).

Muoxkuna X, fKa CKIQIA€ThCs 3 JIEHKUX €JIeMeHTIB MHOXKUHU
Y, HasMBaeThCs MiAMHOYKUHOIO MHOXKUHN Y . 3alUCYOTh Tiei dpakT
tak: X C Y abo Y D X (X micrurbest B Y abo Y micrurs X ). BBa-
»KaloTh, mo § C X ana mosinbaoi Muoxkuan X, X C X 1 X C U, ne
U — yniBepcajiba MHOzKMHa. CUMBOJIU €, 3, C, D Ha3UBaOTh BiJlo-
BLIHO 3HAKaMM HaJIesKHOCT] | BKJIIOYeHHs. Jkmo mMaoxunn X 1
Y ckianaloTbesd 3 OHUX i TUX CAMUX eJIeMeHTIB, TO KaXKyTh, [0 BOHU

30iraforhed 1 mamyTh X = Y, mo piBHoCHIbHO BKJAOYeHHAM X C Y
1Yy CX.



MHuoxkuHa, ejleMeHTaMHu KOl € YhC/ia Ha3HBAETHCS UUCJIOBOO
MHOXKUHOIO. 30KpeMa, TTPOMIKKHN YHCIOBOT 0Ci € YHCTOBUMH MHO-
SKUHAM.

AKIMmo MHOKWHA MICTHTH HebaraTo eeMeHTIB, iX MOyKHa BKa3aTH
y dirypaux gyxkax: X = {a,b,c,d}, Y = {2,5,7,10}. V Bunasky,
KOJTM MHOXKWHA MICTHThH OaraTo ejieMeHTiB, 11 3amucyioTh Tak: A =
{z | P(z)}, me P(x) BKa3ye Ha BJIACTUBICTb KOKHOTO 3 €JIEMEHTIB &
muoxxuun A. Hanpuxman, A = {z € R|2 < 2 < 7} — MHOKuHa Bcix
MifICHUX 1Hcest, ki 3a0BOJbHSIOTH HepiBHicTh 2 < ¢ < 7; B = {z €
R| 2% -9 <0} — cykynnicTh po3s’a3kis HepisHocTi 22 — 9 < 0, To6TO
MHOYKMHa TOYOK Biapiska [—3;3]. 3posyMiso, mo Tak caMo MOKHa
MO3HAYUTH ¥ MHOYKHHHY, O MICTITh HebaraTo efeMenTis. Hampukia,,
C = {2 € R|2? — 32 +2 = 0} e cyKynHicTio KOpeHiB piBHAHHS
2% — 3z 4 2 = 0, TobTO Ile MHOKMHA 3 JBOX efleMenTiB 11 2.

OCHOBHUMM YHUCJIOBUMH MHOKWHAMH € TaKi MHOKHHU:

1) marypanpuux ancen N={1,2,...,n,...};

2) misnx uncen Z ={...,—2,—-1,0,1,2,...};

3) pamionanbhux uncen Q = {7 |m € Z,n € N}, Tob610 MHOXKHHA
yCiX 3BUYaitHUX ApoDiB;

4) mificanx ancen R = {ag, a1az...| ag € Z,a;, € {0,1,2,...,9},k €
N}, Tobro MHOXKWHA yCiX HECKIHUEHHUX TeCITKOBUX TPOOIB.

Jlnst uux mpasuibHi coiBBianomenns N C Z C Q C R.

Hexaii a i b — aificui uucia, npudomy ¢ < b. BuxopucroByBaru-
MeMO Taki MO3HaTeHH

{reRla<a <bf=[a;0; {z€R|a<a<b}=(asb];
{z eR|a<ae<b=[a;b); {zeR|a<z<b} = (a;b);
{reRla< s} =[a+00);  {rER|a< s} = (a+o0);
{z eR|z < b} = (—o0;b]; {z eR|z < b} = (—00;b).

[1i MHOKWUHM HA3UBAIOTbCS TIPOMIXKKaMM, TpuioMy [¢;b] Hazu-
BAIOTH BiApisKom abo cermeHToM, [a;b), (a;b], [a;+00) i (—o0;b] —
HamiBiHTepBasiamu, a (a;b), (a;400), (—o0;b) — iHTEepBasamm.
Ipomizxku [a;b], (a;b], [a;b), (a;b) HasMBalOTH OOMexKeHUMU; @ 1 b
~ ix KiHngMu. PemTa NpoMizkKiB Ha3MBaloTh HEOOMEKEeHUMH.



Han mMHOkKHMHaMU MOYKHA BUKOHYBATU Taki Mii: 00’enHaHHS, TIepe-
pi3, JOMOBHEHHS, PI3HUINO, AeKapTiB J00YTOK.

O6’egqnanaamMm A U B 1Box MHOXKUH A 1 B Ha3uBaOTh MHOKUHY,
eJIEMEHTH SKOI HajleyKaTh X09a O OfHIM 3 1IUX MHOXKWH.

@

U

U

AmnaJjiorigtno o0’eIHaHHIM KIJIbKOX MHOKMH Aq, As, ..., A, Haznu-
BaeTbcs MHOKMHaA C' ycix TUX 1 TIJIBKU TUX eJIeMeHTIB, siKi Hajle)aTh

e
xoua 6 omriit 3 mux muoxkuu: C'= Ay U Ay U...U A, abo C' = | 4;.
=1

Ilepepiz muoxkua A i B — MHO-
KuHa AN B, ejleMenTH 9KOI HajleyKaTb ﬁ@
A
000OM IIUM MHOZKWHAM. U
[lepepizom Kinbkox MHOXKHUH A1, Ag, ..., A, Ha3UBAETbCA MHOKHHA

(' ycix IXHIX CHUIBHUX e/IeMeHTiB i mo3HadaeTbed Tak: C' = A1 N Ay N

n
..NA, abo C' = ] A;.
=1
JornoBHeHHs MHOXKUHA A — 1ie Ta-

Ka MHOXKHHa A, ejleMeHTaMU $KOI €
Ti eJIeMeHTH BiAIOBIAHOT YHIBepCaIbHOI @ /
MHOzKuHM U, 1110 He HaJjiekarh A. /. (/

Pisaunsa vuoxun A i B — muoxkuna A\ B, sixa gopisaoe AN B,

TOOTO CKJIaJa€TbCA 3 THUX eJleMeHTIB MHOKHHH A, IO He HaJleXXaTb

B.

%

HekaptiB mobyTok mHoKUH A i B — 1e Taka MHOXKHWHa A X B,

U




eJleMeHTaMM $IKOI € BCi mapu esementis (a,b), ne a € A, b € B. llpn
[POMY BBarKaeThes, Mo (a1, b1) = (az,by) ToOmi # TiBKM TOMI, KON
a1 = a9, by = by. AHajOTIYHO BH3HAYAETHCS AeKapTiB JO0OYTOK MHO-
KUH Ay, Ag, ..., Ay, acame: Ay x Ag X ... X A, = {(a1,a3,...,a,) | a1 €
A17a2 € A27 ey Uy € AN}

Ilpukaan 1. 3naiits AU B 1 AN B, axmo:

1) A={—2,-1,0,3,5}, B = {—2,0,4.5}:

2) A={1,2,3}, B={-1}

3) A=1[0;1), B =(5:2].

<4 Maemo 1) AUB ={-2,-1,0,3,4,5}, AnB ={-2,0,5};
2y AUB ={- 1,1,2,3},Aﬂ = ;
3) AUB=[0;2], ANB = (3;1). »
IIpukaazn 2. Josectn, mo AU B = AN B pi1s 10BiIBHUX MHOKHH A

iB.

<« Hexait € AUB. Toxai ¢ ¢ AU B, spiaku unsusae, mo r & A iz ¢
B, 10610 € Ai x € B. Ocranne o3nauae, mo « € AN B, iorxe, AUB C
AN B. llopropupmy 1i MipKyBaHHS Yy 3BOPOTHOMY HOPSJKY, OJEPIKHMO
AUBDANB.Tomy AUB=ANB. »

Ilpukian 3. Hexaii maoxunu A, B, C' MaloTh BIANOBIIHO J1Ba, YOTHPH
1 mmicTh eseMenTiB. CKITBKH eleMeHTIB Mae MuHOkmHA A X B x (7

« 3rigHo 3 o3HAUeHHAM HpaMoro Ho0yTKy A x B x C' = {(a,b,¢)|a €
A, b€ B, ¢ € (C}. Ockisibku a Moxke HaDyBaTH JBa 3HadeHHs 3 A, b — gorupn
sHaveHHs 3 B, ¢ — miicth 3uavens 3 C, To Bcboro matumemo 2 -4 - 6 = 48
Tpiflok BUTIAAY (a,b,¢). Tomy A x B X C' mae 48 enementis. p

Bynemo rosoputu, mo MixK egeMeHTaMyu MHOKUH A 1 B BCTaHOB-
JICHO B3a€MHO OJHO3HAYHY BIAIOBIAHICTB, SIKIIO KOXKHOMY eje-
MEHTY MHOXKWHKA A BiamoBigae €nuHMi ejleMeHT MHOXKMHA B i, Hab-
MakH, KOKHOMY eJIeMeHTY MHOXKHHW B Bi/INoBijae €IUHUN e/leMeHT
MHOXKHUHEA A.

Axmo MiXK ejleMeHTaMU MHOXKHHKA A i B BCTaHOBJIEHO B3a€MHO
OIHO3HAUYHY BIAMOBIIHICTE, TO Il MHOKHMHN Ha3HBATh eKBiBAJICHT-
HuMmu i mumyth A ~ B. MHOXUHY, 9Ka eKBiBaJeHTHa MHOKHUHI Ha-
TypaJbHUX unces N, Ha3UBaloTh 3J14eHHOo0. OUeBUIHO, IO BCl 3J1-
YeHHI MHOXKWHU eKBiBaJIeHTHi.



1.2. EnemenTun KkoMOIHATOPUKHA

Y GaraTbox MNPUKJIAIHUX 3ajadax JIOBOAUTHCS [MijIPaxoBYBaTH
YUCJIO BCIX MIMMHOXKHWH CKIHYeHHOI MHOYKWHU, dIKi 33J0BOJBHAIOTH
meBHi ymoBH. 1li 3a7a4i BuBYae koMbiHaTOpuUKa.

Hexait A — mMHOKuHA, uncio enemenTiB fkoi N(A) = n. Taky
MHOZKMHY Ha3UBalOTh N-MHOXKUHOIO.

B ocnoBi 6ararhox TeopeM i popMysI KOMOIHATOPUKH JI€:KATh IIpa-
BWJIA CYMU 1 JIOOYTKY.

IIpaBusio cymmu. Hxwo deaxuii o6’exm a modxcua subpamu m
cnocobamu, a 06’exm b — n cnocobamu, npunomy wiaxuil 6ubip a we
361eaemuvea 3 orcodnum 3 6ubopis b, mo odun 3 06’exmie a abo b mooic-
Ha subpamu m + n cnocobamu.

Ha wmoBi MHOXKMH 1ie [paBWiO O3Ha4ae, IO KoJu A € m-
MHOZKWHOI0, B — n-MHOKMHOW, prdoMy AN B =0, to N(AUB) =
N(A)+ N(B) =m+n.

IIpaBusio gobyTky. Hxwo 06’ckm a moorcna subpamu m cnoco-
bamu 1 npu KoocHomy eubopt 06’cxma a 06’ckm b moocna subpamu n
cnocobamu, mo eubip napu (a,b) mooxcna 30itichumu mn cnocobamu.

Ilpukaan 4. 3 Yepnirmie go Knepa Moxkna mobpaTrcs MOIBI0M, aB-
Tobycom, mitakom. 3 Kuepa g0 HepHiroBa — moizgom, aBTobycoM, JITAKOM
1 mapomrapom. CKLIBKOMA cocobaMy MOXKHA OpraHi3yBaTh MapiipyT Yep-
il — KuiB — Yepniris?

<« BuxkopucroByioun mpaBmiao HoOyTKY, OTPEMYEMO THCIO MOMKJIABHUX
MapiipyTis: 3 -4 = 12. p

CcopMymioeMo Tellep OCHOBHE TIPABUJIO KOMOGIHATOPUKU
(npaBuiio mOGYTKY) y 3arajbHOMY BUIIsAl: Hexal nompiono suko-
Hamu 00ny sa odnoto k vt Hxwo nepwy 0no MoocHa SUKOHATMU Ty
cnocobamu, dpyey dno — ng cnocobamu, mpemio 010 — n3 CROCOGAMU 1
max do k—oi i, axy moocna suxonamu ng cnocobamu, mo ect k dii

Pazom Modymo GYmu GUKOHAHT Ny Ny * ... - N CROCOBAMIUL.
Ilpukaan 5. Ckineku 9oTHpHIMGPOBAX YHCES MOKHA yTBOPHTH 3
mdp 0, 1, 2, 3, 4, 5, axmo: a) KoHa 3 IHUdP He MOBTOPROETHCs; 6) udpn
MOYKYThb TIOBTOPIOBATHCS !
<« a) Tlepmmoto mudpoo Moxe 6ytn onna 3 mudp 1, 2, 3, 4, 5. ko
nepira nudpa BubpaHa, To Apyra Moxe 6yTu BubOpana b cmocobamu, Tpe-

9



T — 4 cmocobamu, YeTBepTa — 3 cocobaMu. 3TIAHO 3 MPABUIOM MHOYKEHHS
3araJbHa KUIBKICTE crtocobiB gopiBaioe b -5 -4 - 3 = 300.
6) V mpoMy BHIAJKY IepIioo Mudpoo Moxke OyTn onHa 3 mudp 1, 2,
, 4, 5, Tobro b Bumasxis. Jdng KowmkHOI HacTymHOI Maemo 6 punajkie (0,
3, 4, 5). OTe, myKkaHa KiNTbKICTH YOTHPH3HAYHUX UHCET JOPIBHIOE
6-6=5-63=1080.»
MuoxkuHy A Ha3MBalOTh yHOPIAKOBAHOIO, KOK B Hifl BCTaHOB-

bl bl

3,4
1, 2
5-6
JIEHO BiJHOIIEHHS TOPSAIKY <, SKe Ma€ TaKi BIACTHBOCTI:

1) nos 6ynp-sikux {a,b} C A abo a < b (a nepenye b), abo b < «;

2) axmo a < b, b < ¢, To a < c.

Jlnsg BHOpSAKYBaHHH 7N-MHOYKHUHU A TOCUTH KOXKHOMY 11 ejleMeHTy
MIPUIMCATH OAWH 3 HOMePIB 1, 2, ..., n abo IpocTo 3amnmucarn ii egeMeH-
TH B TIeBHOMY Topsiky. Hampukian, muoxuny A = {a,b, c} Moxna
BIIOPSIIKY BaTH Tak: (a,b,¢), (b,a,c), (a,c,b), (b,¢c,a), (c,a,b), (c,b,a).

JIBi BHOpsiaKOoBaHI MHOXKWHN BBaYKalOTh PIBHUMM, SKINO BOHH
CKJIQIAI0ThCS 3 TUX CaMUX €JIeMeHTIB 1 0JIHAKO BIOPAIKOBaHi.

Hexait € n-muoxkuna A i geske HaTypaabhHe ducio k < n. Pos-
MIIIIEHHAM 3 1 eJIeMeHTIB 1o k Ha3UBaOTh OYIb-AKY BIOPSIKOBAHY
k-minmuoxkuny MHOXKUHEA A. Umcno poswimeHb 3 n eaeMeHTiB 110 k
no3HadaioTh cuMBosioM AF. Ofuncmoerbes Tie 4rcio 3a dhopMyIoo

k
Av=n-(n—1)-...-(n—k+1). (1)
CripaBjii, po3IJIsTHEMO JesKy BIOPSIKOBaHY — k-TIIMHOKUHY
{ay,a9,...,ar} n-muoxunru A. lepmuii ejleMeHT @1 MOXKHa BUOpaTH
n criocobamu, Apyruil eeMenT ag — (n — 1) ciocobamu, ..., ocTaHHiH

esleMeHT ay — (n — k 4 1) cocobammu. 3rijHO 3 TPaBHIIOM JT00YTKY
onepzkyemo (opmyry (1).

IIpukian 6. Ipaerinnga bipmu cknagaeThes 3 7 ocib. CKlabKoMa cIio-
cobaMu 3 HUX MOYXKHa OOpATH TOJIOBY MPABIIHHSI, TUPEKTOPA Ta MEHeIZKepa.
<« Ckopucraemocs dopmynorw (1), ne n =7, k = 3:

A2=7.6-5=210. »

Po3amitients 3 n ejieMeHTIB 110 7 HA3UBAIOThCS MIEPECTAHOBKAMU
3 N eJeMeHTiB, 1 IXHd KUIbKICTh Mo3HavdaeThesd F,.
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QOueBuno, 1o P, — 11e 4ucyio pisaux crocobis, SKUMU MOXKHA BITO-
PSUIKYBaTH N-MHOXKHHY, i, oTike, P, = A'. 3 dopmysn (1) summsae,
o

P,=1-2-...-n=nl (2)

ITpukaan 7. CxisbkoMa crocofamMu MOKHA CKJIACTH CIUCOK 3 8 cTy-
JEeHTIB.

« OCKINIBLKY CKJIaJaHHs CIIMCKY € HEeBHHM YIOPAAKYBAHHSIM MHOXKHHH
3 8 ocib, To maemo Py = 8! = 40 320.

Orxe, crmcok MoxkHa ckiaactu 40 320 cmocobamu. p

KowmbiHalii€ro 3 n eJleMeHTiB 110 k Ha3sUBa€ThCs OyIb-sIKa k-ITi1-
MHOKHHa n-MHOXKHUHU A. Yncsao Beix KoMOiHaliil 3 n ejleMeHTIB 1o &
IO3HAYAETHCSI CHMBOJIOM Cﬁ.

3rigHo 3 o3HadYeHHsM, KoMbOiHalili — Ile HeBHOpsaIkoBaHi k-
MIIMHOXKHHA 3 7N-MHOXKWHKA. Posrngnemo Oyab-gKy KoMOIHAIIiO
{ay, az, ..., ar}. YopsaakoByioun ii BCEMOKIUBUMU CIOCOGAMHU, OTep-
A&uMo k! pisHux posmimens, To6To pipHicTs AF = EICF.

Orxe,

ok _ AR nn—1)..(n—k+1) 3)
" k! k! '

IIpukisan 8. ArpoxiMik nepepipse 6 THIIIE MiHEpATBLHAX JOOPHB, I
qoro #omy Tpeba MpPOBECTH AeKLIbKa JOCTIAIB, 06 BUBYHUTH CYMICHICTH
Oyab-gKol Tpifiku mobpue. s kowxHoro mocmiay GepyTs miisaky 0,25 ra.
Ha sakiit miorm mpoBoasaThCsa BCl JOCTIAN T

« 3HaiieMO COYATKY YMCIO AOCTIIB, AK1 g mpoectu. CKopHcTae-
Mochk dopmymnoo (3), 1e n =6, k= 3:

6-5-4

3

= ——— = 20.
Co 1-2-3 0

OcklIbKE Ha KOXKHHH mocaia BuAlIseThesa 0,25 ra, To Ha BCl gocaian Tpeba
pumiauTa 20 - 0,25 =5 ra. p
Dopmysty (3) MOKHA 3aIMCATH Y BUTVISAI]



fxmo BBaxkaru, mo 0! = 1, To dpopmyna (4) € npaBUIBbHOI i TIpH
n=k.

Yucna CF nasupaiorTh 6iHoMHUME Koedimientamu. 1l Hasba
OB ’sI3aHa 3 THM, IO BOHU € KoediljenTamMu y popmysi 6iHoma Hbio-

TOHa
n

(a+b)"=> Cha"Fb. (5)

k=0

e

Ipu @ = b = 1 3 dopuymm (5) purmBae, mo >, CF = 27 To6TO
k=0

YHUCTIO BCiX TMJIMHOXKHWH N-MHOXKWHHU JIOPiBHIOE 27.

st 6ymp-sixux Harypasiabaux n ik (k< n)

k _ —k
Cn_C;; i

6
Cky = ChyCh1, o

Ockinbkn C = 1, To MoxkHa BBazkath, mo C0 = 1 i Toxi mepma
dopmyra 3 (6) y 1IbOMY BHITAQJIKY € TOTOXKHICTIO 1=1.

1.3. KBauropu. Jloriudi cumBoJin

Mwu 1acTo BUKOPHUCTOBYBATUMEMO 3HAUKK YV i d, fKi Ha3UBaOThCS
BIIMOBIIHO KBAHTOPaMM 3arajibHOCTI # icHyBaHHS.

Cumpoa Vo osnadae: "'maas seix a", " aig 6yab-gkoro o' ato "axe
6 we 6ymo 2". Hampukiam, samme Vo > 0 untaeThes Tak: "miasa jo-
BlabHOTO monaTtHoro z'' abo "mua Beix momarHux .

CumBsoat Jz o3nadae: "icuye take x, mo ...", " 119 geakux z ..." abo
"mpuHaiiMui ag ogHoro x ...". Hampuxian, samic dx > 0 guTaerbes
rTak: "icHye Take momaTHe x, 1o ...".

CuMBOJI —> O3HadYa€ Jioriunumii Hacaimok. Tak, gxmo A i B —
JesiKi TBepIZKeHHd, To 3anmuc A = B o3Havae, mo 3 A purinbae B
abo gkmo Mae miciie A, To Mae micre B.

3HaK < o3HaYae JOTIYHY PIBHOCUJIBHICTE. 3amic A & B o3na-
4Jae, mo 3 A purinBae B i, HaBmaku, 3 B BunimuBae A.
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Bamue Ve > 0 Ing Vn > ng @ |2, — a| < & unraerbes tak: " s
JoBiIbHOTO € > () icHye TaKe YHUCIO ng, MO AJd JOBIIBHOIO N > Ng
MpaBW/IbHA HEPIBHICTD |, — a| < &',

1.4. Me2kx1 941UCJI0BUX MHOXKUH

Mmuozkmnna X obmerkeHa 3Bepxy (3HU3Y), SKINO ICHYE TaKe THC-
s0 M (m), npu SKOMYy J1j1s1 TOBITTBHOTO & € X BUKOHYETHCS HEPIBHICTH
r < M (¢ > m). Yncmo M (m) Ha3MBaeTbCsi BEPXHBOIO (HUZK-
HBOIO) MeXKero MHOKWHN X . MHOKWHA, oOMerkeHa 3HH3Y 1 3BEPXY,
Ha3UBa€ThCsd 0OMeyKeHOo10. by/ib-gakuil cKinueHHUi TTPOMIZKOK 0DMe-
enuit. IHrepBam (a;+00) i (—00;b) € MHOXKMHAME, 0OMeKEeHUMN
BIATIOBIIHO 3HM3Y 1 3BepXy, aje He 00OMe:KeHHMHU BiAMOBIIHO 3BepXy i
3Hu3y. Besi uucsiosa npsima He oOMerkeHa Hi 3Bepxy, Hi 3HU3Y.

Ouesniro, Mo obMeykeHa 3Bepxy (3HH3Y) MHOKWHa Mae 0e3srid
BepXHiX (HIKHIX) Mexk. CripaBi, Ko ancio M € BepxXHbOIO MerKeio
MHOKMHEM X, TO i Oyib-gKe uuciao My > M, 3rijHO 3 O3HaAUEHHSM
BEPXHBOI MexXKi, TakoK Oyle BepXHbOW MexKeio 1€l MHOKuHU. Haii-
MeHIlla BEPXHS MezKa MHOKUHU X, 06MexKeHO! 3BepXy, Ha3UBAETbCs
TOYHOIO BEPXHBOIO MEZKEF0 1€ MHOYKHUHI; BOHA [TO3HAYAETHCS CUM-
BosioM sup X (cympemywm ikc).

Haiibinpima HuKHA MexkKa oOMeXKeHOI 3HW3y MHOKHWHU X, Ha3u-
BA€TbCH TOYHOIO HUYKHBOIO MEYKEIO 1€l MHOKUHU i TT03HAYA€ThCs
cumBosioM inf X (indimym ikc).

Hagenemo nesxi npukiamm. Hexait X = (a;b), Toni uncna a i b
€ BiZMOBITHO TOYHUMU HUXKHBOIO | BEPXHBOIO MeyKaMW MHOKWUHU X,
tobro inf X = a, sup X = b. Slkmo X = (—o0;b), TO HHKHIX MeXK,
a OT2Ke, i TOYHOI HMKHBOI MexKi MHOXKHMHa X He Ma€, a 9uciao b € il
TOYHOIO BEPXHbOIO Mezxkelo, TobTo sup X = b.

MozkHa fgoBecTH, 10 JIOBUJIbHA HEMOPOYKHA MHOXKUHA, siKa 0DMe-
JKeHa 3Bepxy (3HWM3Y), Ma€ TOUHY BEPXHIO (HUKHIO) MEXKY.
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2. Miiicui ynciaa. KoopanHaTn TOYKI Ha
psMiii, IIJIOIIHI Ta B IIPOCTOPI

2.1. ITouarTa aificHoro 4ymucJia

HaramaeMo ocHOBHI BioMocTi TIpo AificHi 9ucIa.
MuoxkuHa milficAaux uncen R ckiiagaeThbes 3 yeixX pallioHaJIbHAX Ta,
ippalioHaJbHUX YKces. PallloHAJLHUM YMCJIOM Ha3HBAETHCS UHC-

JIo, dKe MOKHa IojaTu y Buridni 7, ne m € Z, n € N. 3okpewma,

Oynb-sKe I1ijIe 4MCJI0 M 300pasKyeThCs y BULIANL T i TOMY € paljo-
HaJbHUM. YcCi pallioHaJbHI YMcia CKJIAIA0Th MHOXKUHY PallioHAT b
uux gucen Q. Jlificui umcia, gki He BXOIATH V IO MHOXKHHY, TOOTO
ix He MOXKHa nojaTu y Buridni -, ne m € Z, n € N, HazupaloThcs
ippaliioHAJILHUMMA.

Ak Bimomo, KoXKHe [dificHe YHCIO 300paskye€TbCs Y BHUIVISIL fe-
cAaTKOBOro Jipody. [lpu 1pomy paliioHajibHe 9ucio 300parKkyeTbes y
BUIVIA]l CKIHYEHHOTO YM HEeCKIHYEHHOrO TepioIudYHOro JIecaTKOBOTO
Jpody. Hanpukia, 11—5 = 15 = 15, 0; _TS = —0,75; % = 0,333... =
0, (3). Koxne ippaliionasibHe 4ncsio 306pazKyeThCs y BUTVISI HECKIH-
YEHHOrO HelepioudHoro Jecsitkooro apoby. Hampukmam, V2 =
1,414..., # = 3,14159..., ¢ = 2,718.... Tomy Haftgacrinie B apud-
METHIHHUX IisgX ippallioHaJIbHI 1HMCaa 3a0KPYLII0I0ThH, TOOTO 3aMiHIO-
I0Th Ha HabJIMzKeHe pallioHajbHe 3 HoTpibHoio TouHicTo. Hanpukiam,
T 3,14159 &~ 3,1416 ~ 3,142 = 3, 14. Ilpu 3a0KpyIyIeHH] ipparliio-
HaJIbHOT'O YMCJIa 3aJuIaoTh 7 — 1 mudpy apobosol yacTunu 6e3 3MiH,
a n-y uudpy 36lbmyors Ha 1, SKimo miciag Hel cToiTh ofHa i3 1udp
5,6, 7, 8 abo 9, a gkmo oxHa i3 uudp 0, 1, 2, 3, 4, To n-y nucdpy
3aJIMIMIal0TL 6e3 3MiH. 1lpu mboMy momMmika abo moxmbka obUnc/ieHb
He MepeBUINUTh BeJUUUHU 10%.

2.2. 'eomeTpuuHe 300pakeHHs JIIICHOTO YHCJIA.
KoopauHatu To4kKu Ha mpsiMiii

Hucsi0BoI0 BicCIo Ha3MBa€ThCs MpsMa, Ha dKifl BUOpaHi mogar-
KOBa TOUKa (MOYATOK ), JOJATHHI HAIIPSIMOK (BiIMiUeHHi Ha PHCYHKY
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CTPINKOT0) 1 BIZPI3OK, /TOB/KHMHA SKOTO JIOPIBHIOE OMMHUIN (OMMHNISA
MacmTady).

|
I

HamnpsiMok, DpoTuie:KHMHA 10 HAIIPAMKY YHCJI0BOI OCl, Ha3UBAETh-
cg Bl eMHMM. fAKimo mificHe uncio ¢ > 0, To oMy Biamosigae TouKa,
YHUCJOBOI OCi, KA 3HAXOAUTHCA BiJl MOYaTKy Ha BiJcTaHl & ¥ JTOJATHO-
MY HanpaMmKy. Axmo x ¢ < 0, To TodKa 9rciaoBoi oci, AKa BimoBiTae
oMy, JIEZKUTD Ha Tiit caMiii BiacTaHi, afle y Bij eMHOMY HaIIpsSMKY Bi
novaTky. Yueno 0 € moIaTKoOM YHCIOBOI OCi.

Jificie 9Mc/Io @ HA3UBAETbCH KOOPAMHATO TOYKKM M 9ucIoBOI
oci, fKa fioro 306paxye. /lomosumocs nucatn M (z) y ToMy BHIIAJIKY,
KOJIM ¢ € KoopanHaTolo Todku M. JloBomuTbes, Mo KOXKHOMY mific-
HOMY YHCJIY & BiJoBimae eguHa TouKa M 4ncsioBoi oci, i, HaBIaKH,
KO¥KHiMl Toumi M 1jel oci BiAmoBifae enuHe AificHe YUCIO0 & — KOOp-
JuHaTa 11jeil Touku. KaxKyTh, mo MixK MHOXKHUHOIO fdificHnx ducen R
i MHOXKHMHOIO TOYOK YHCJIOBOI Oci iCHye B3a€MHO OJHO3HaYHA BiImo-
BIIHICTH, TOOTO IIi MHOKMHH eKBiBaJeHTHI. ToMy HaIaJl 3aMiCTh CJIiB
"ypcao " 9acTo BUKOPHCTOBYBAaTHMEMO CJIOBa "Touka .

MuoxKuHa JiicHEX 49Hces € BHopgaakoBaHoto. lle osnadae, mo go0-
BiJIbHI pi3HI AificHI UMcHa 21 1 X9 3aJ0BOJIBHAIOTH TiJBKH OJIHY 3 JIBOX
HepiBHOCTeH #1 > X9 abo x1 < 3.

3ayBazkKUMO, [0 MHOXKHMHA, JifICHIX THCeI € IMIIJIBHOK, TOOTO Mae
BJACTUBICTh: MiXK JBOMa PI3HUMHW MiHCHUMU YHCTIAMUA 3HAXOIUTHCH
Oe3id inmux giiicaux unces. lle o3nagae, mo koam ©q < T2, TO iCHYE
x, aaa gaKoro rq; < ¢ < Zg, 1 TAaKUX & € HecKindeHHo Oararo. Tak
caMo TMIIbHUMA € MHOXKHHU PallioHAJTbHUX Ta ippallioHAJIbHUX YHCesT
Vv MHOXKHMHI JiMCHUX YnCel.

2.3. AbcoaroTHa BeJuuymHa AlficHOTo d4ncja. BimcraHb
MI?K JBOMa ToOYKaMu Ha npsamiii. OKijJd TouyKnu

ABCOIIOTHOIO BeJIMYMUHOIO (MOAYJIeM) [ificHOro 4mciia & Ha-
3UBAETLCSA caMe I1e YNCII0, KOJIM BOHO HeBil'eMHe, 1 IPOTH/IeZKHe THUCIIO
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—x, KOst BoHO Bija'emue. ITozHauaeThest abCOOTHA BeJIMIMHA JTiiic-
HOTO 4mciIa cuMBosioM |z|. OTike,

x, gxmo z > 0,

= = —x, gxkmo x < 0.

3rigno 3 o3HavenHsaM |z| > 01 |z| = | — z|.

PozrisHeMo ocHOBHI BJIaCTUBOCTI MOJIYJIS:

1) —|$| << |$|7 v €R;

2) Hexaii @ > 0, Toxj vepisHOCTI |2| < @i —a < 2 < a PIBHOCHIIBHI;
3) |z|? = 2%, zeR.

4) 1715t TOBUTBHUX JHCHUX THCe 1 1 Tg:

|1+ 2a] < aq| 4+ |22, |21 — @o| > |[21| — |22] |,
1 |$1|
|z122| = |21] - |22, " il #

leomerputnmii 3micT Momy/s — e Biactanb Toukn M () aucioBoi
oci BijI TTO9aTKY.

AbcomoTHa BeJMUMHA PISHULY IBOX YHCET | — | 03HaYaE BiICTAHD
MizK TOYKaMH & i @ 9UcTIOBOI TIpaMoi 9K JjId BUNAQJKY = < @, Tak i
x> a:

|z — al |z — al
r<a > a

T a a T

Towmy, HampuKkaj, po3s’s3kamMu HepiBHOCTI | — a| < &, me € > 0,
OyayTh BCi TOUKM iHTepBay (a —£;a+ ).

a—¢ a a—+c¢

JloBinbHWI iHTEpBaJ, KU MICTHTH TOYKY @, HAa3UBAETHCS OKO-
JIOM TOUKH . [HTepBas Burisay (a—e; a+¢) Ha3MBAETHCS £-OKOJIOM
TOYKH Q.

IIpukaan 1. Copocrutu Bupas |« — 2|z||, = € R.
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4 Hexait ¢ > 0, roi |z| = », i otxe, | = 2)z|| = |z — 22| = | — 2| =
|#] = ®. dxmo « < 0, To || = —&, a Tomy |z — 2|z|| = |z + 22| = |3x| =
13||z] = —3=.

Orxe, |z —2|z|| = { z, axmo z > 0,

—3z, axmo x < 0.

IIpukaan 2. Posp’ssarn pieasuus |z + 3|+ 22— 6 = 0.

« Hexait v < =3, roxi |#+ 3| = —(x + 3) i piBHsAHHS HabYy/Je BUTIALY
z—9 =0. Orpumyemo z = 9, sike He 3aJOBOJILHSIE YMOBY < —3.

Hexaii Tenep & > —3, roi |« + 3| = « + 3 1 piBusuns wabyje BULIsLY
3x — 3 =0. Orpumyemo z = 1, siKe 3aJJ0BOJIbHSIE YMOBY & > —3.

Orxe, posB’szkom piBHsitus |¢ + 3| + 22 — 6 = 0 e sHavenns ¢ = 1. p

IIpukaan 3. 3uaiity Bigcrams Mix toukamu My (—0;5) 1 M2(3;5).
<4 Maemo d = 13,5—(=0,5)| =[3,54+0,5| = 14| = 4. »

2.4. KoopamHatu TOYKHM HA MJIOIIUHI TAa B MPOCTOPI

VY monepeTHbOMY TYHKTI MU BiAMidaJIH, IO TOJOKEeHHS TOYKMA Ha
NpsAMifl BU3SHAYAETHCS OHUM YUCTIOM — KOOpAuHaTOoIO 1€l Touku. [1o-
JIOYKeHHY TOYKM Ha IJIOMIMHI BU3HAYAETHCH Y7Ke JBOMa YUCIaMU, a B
pOCTOPi — TpbOMaA.

PosrngaemMo Ha TUIOMMHI 7B B3a€MHO TEPIeHINKYIIPHI TUCTO-
Bi oci Oz i Oy, ski MaloTh crijibHuil odarok O, gKuil 30iraeTbed 3
TOYKOIO [IEPETUHY oceil, 1 criyibHy omuauiio mMacirabdy. Bics Ox Ha-
3UBa€Thcs Biccio aberuce, a Bich Oy — Bicclo opauHAT.

[Tnomumny, B skiit poswmimmeni oci Oz i Oy, Ha3BeMO KOOpAWHAT-
HOIO IIOIIUHOO i o3HauuMo Ozy.

BisbMeMo J0BIIBHY TOYKY

M xoopaunarhol miomunan Ozy.

M M OrnycTumo 3 Hel TepreHIuK yiigpu

2 1 MMy 1 MM, BianoBiaHo Ha oci

\ Oz i Oy. Koopaunara z TO4YKH

My ua oci Ox HasuBaeThcsa abce-

| mucoro Touku M, a KoopiuHaTa

y Touku M, na oci Oy — opau-
HaTOoI0 TOUku M.

Y
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Yucita z 1y, 10 pO3IIIAIAIOTHCH PA3OM, HA3UBAIOThCS IPAMOKY T-
HUMH 260 IeKapTOBUMHU NPAMOKYTHUMU KOOPAMHATAMU TOUKHU
M. Toi#t dakrt, mo Touka M Mae KOOpAUHATH & 1 3, CHMBOJIYHO I10-
sHavatorh Tak: M (z;y). llpu npomy mepmoo B Iy:KKaX BKa3yOTh
abciyey, a Ipyroo — opauHary. [louaTok KoopauHaT Mae KOOpIuHa-
i (0;0).

Orke, y Bubpaniit cucremi KoopauHaT KOxKHii Touri M nionuHu
BiIMOBIae mapa uuces (z;y) — 11 IpIMOKYTHI KOOpIWHATH, i, HABITA-
KW, KOXKHIfl ymopsiakoBaHiii mapi (2;y) Bianosigae, i mpu ToMy ofHa,
rouka M Ha mutomuui Ozy Taka, 1o i1 abciyca J0PiBHIOE &, a OpIUHa-
Ta — 3. ToMy NIpAMOKYTHaA cUCTeMa KOODJMHAT Ha TJIONMHI BCTAHOB-
JTI0€ B3a€MHO OJHO3HAUHY BiJMOBIIHICTH MiXK MHOYKHHOIO BCIX TOUOK
IJIOIIMHU 1 MHOYKHUHOIO BCIX YHOPSAKOBAHUX TIap UMCe.

yl

xr<0,y>0] 2>0,y>0

0 z
11 1Y

z<0,y<0 z>0,y<0

Oci Oz i Oy Ainarb KOOPAMHATHY IJIOMUHY Ha YOTHPHU YacTHHH,
AKi Ha3HBalOThCs YBEPTAMM 1 MO3HAYAIOTHCS PUMCHKUMHU IADpaMu
I, 11, IIT i IV rax, sk nmoka3aHo Ha pucyHKy. Touku Ha oci Oz MaloTh
kooopmuHaTh (z;0), a Ha oci Oy — (0;y).

st noBinbHUX BOX TO9OK My (21;y1) 1 M2 (22 y2) utomusn Bij-
cTafb d MizK HUMHM BU3HAYAETHCs (POPMYIIOI0

d= \/($2 —21)? 4+ (y2 — )%

IIpukmaan 4. 3uaiitn Bigcrass d mixk Toukamu My (—2;4) i Ma(5;3).
<« Maevo d = /(5 — (=2))2 + (3 — 4)2 = /50 = 5V/2. >
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[lepekonaemocs, 1110 MOJOKEHHS TOYKH B IPOCTOPI MOYKHA BU3HA-
YUTH TPhOMa YUCJIAMMU.

Poarnigaemo Tpu B3aemHO TieprieHAUKYHspHiI oci B npoctopi O,
Oy i Oz, gki MaTh cHijibauii moyaTok 0 — TOYKY NepeTuHy oceit
i coibHy MacmTabHy omwHHINO. HasBeMo i oci KoOOpOuHATHUMU
ocsMMU, a iX CHUJIbHUIT [T0YATOK — II0YATKOM KOOPIUHAT.

[poctip, y sxomy 3anani oci Ox, Oy i Oz, NO3HAYUMO CUMBOJIOM
Oxyz. Hexait M — noBuibHa Touka npocropy Oxyz. [Iposenemo depes
Hel TpU TIOMWHY, dKi TIepeHUKYISpHI KOOpAUHATHUM ocsiM. Touku
My, My, M3 neperuny nux njomud 3 ocamu Oz, Oy i Oz HasuBa-
0Thcs IIpoekifiaMu Touku M Ha Bigmosinui oci. Hexait Touka M,
Ha oci Oz mae KoopauHary x, Touka My Ha oci Oy — KoopauHATy Y
i Touka Mj3 Ha oci Oz — koopaunary z. Yucia x, y, 2 Ha3UBAIOTb-
cs IPAMOKYTHUMHU ab0 JIEKaApTOBUMU TIPSMOKYTHUMU KOOPIMHATAMU
toukn M B mpoctopi. Toit dakT, mo Touka M Mae KOOpIWHATH T, ¥,
Z 3anucyoTh cuMBosidao Tak: M (z;y;z). [lpn mpomy & HasuBaoTh
abciucoro, y — OpAMHATOIO, a 2z — amvnkaroro. Taxi caMi HasBH
MaloTh i KoopauHaTHI oci: Bich Ox Ha3WBaloTh Biccro abenmc, Bich
Oy — Biccio opaunar, Bich Oz — BicClo atuiikar.

yA
Ms5(0;0; 2)
o My 2)
0(0:0:0) =
- My(0;y;0) Y
1($§0§0)

QOueBuno, 1m0 KoxkHa Touka M tnipocropy Oxyz BU3HAYAE €IUHY
BIIOPSIIIKOBAHY TPIfiKy wwcen (z;y;z) — i koopauaarn. Hasmaxu, mo-
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Jokennd Touku M B nipocropi Ozyz MIIKOM BU3HAYAE€ThCS TPbOMa i1
JEKapTOBUMU KOODIMHATAMHY.

Ao yepes KOKHY 1apy KOOPJMHATHUX OCeil MPOBECTH ILIOIMIM-
HY, TO JIiCTaHEMO TPU B3A€MHO HepleHauKkyiasapai mionmbaun Oxy, Oyz
i Ozzx, 9Ki HA3UBAIOTHCA KOOPAUHATHUMH IJIOMMHaMU. Bouu mi-
JISTH IPOCTIp Ha BiciM YacTHH — OKTAHTIB.

dAxmo B mpocropi Ozyz B3gro Toukm  My(21;y1521) i
M3 (22;y2; 22), TO BiCTaHb MiZK HHMH 3HaAXOIUTHCH 3a DOpMy-
JIOIO

d=/(v2—21)2+ (y2 —y1)? + (22 — 21)2.

Ilpukaanx 5. 3naiitu Bifgcrans Mix Toukamm Mi(—1;2;-3) i
M>(1;1;=5).

« 3riHO 3 TOMEPETHBOI POPMYJIOI0 OJEPIKIMO

A= VI= (P + (127 + (5 () =

= V22 + (124 (-2 =Vi+1+4=V9=3 »

Buopasu

1. JosecTu ToTOXKHOCTI AJs AoBLIBHUX MHOKNUH A, B, C"
ANB=BNA, AUB=BUA
(ANB)NC=ANn(BNC), (AUB)UC=AU(BUC);

3. Bnaiitu Bel miamuokuar MEOXRHHEN: a) A = {0, 1};6) A = {0,1,2,3}.

4. Hexait A = {2, 3}. Ckinbpkn eneMeHTiB Mae MHOKHHA: a) A X A; 6)
Ax Ax A

5. Hexait A — MmHOKHHA KopeHiB piBHsHHEs 2 —3z+2=0,a B = {0, 2}.
Buaiitu AUB, ANB, A\ B, B\ A.

6. Hexait A={z e R||le—1| <1}, B={zr € R||z| <1}. Buaiitu i
s00pasuTh Taki MHOXKuHE: a) ANB; 6) AUB; B) AX B.
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7. B inaneui € 3 meprn crpabu, b apyrux 1 2 TpeTi crpau. CKiTbKoMa
crocobaMu MOKHA, CKJIACTH 3 HAX 00117

8. V¥ posirpamni nepirocti Kpaiau 3 ¢gpyTbosy 6epyTh ydacts 16 Koman.
CxiabkoMa crrocobaMu MOXKYTh OYTH PO3MOAIIEH] 30J0Ta 1 CpibHa Memas?

9. /lyist BU3HAYEHHS IIIBUIKOCTI pocTy HakTepiil Tpeba BubpaTH 4 mraMu
baxTepiit 3 HagBHUX BochbME. CKIIBKOMa CIIOCODAMMU 1€ MOYKHA 3poOUTHT

10. 360pu 3 80 0c16 06MPaAIOTE TOJOBY, CEKPETAPS 1 TPHOX WIEHIB PEBI3iii-
HOI Komicii. CKITBKOMA CITOCODAMHU Tle MOYKHA 3po0HTH?

11. BiciM cTyIeHTIB TOAOPOKYBAIH ¥ ABOX YOBHAX, Y MEHIIIOMY 3 AKHX
MOLJIO BMICTHTHCS He Olibiite 4 ocib, a B Olabmiomy — He Olibirne 6 ocib.
CxlapkoMa crrocobaMu BOHH MOXKYTh PO3MICTHTHCS V ITUX YOBHAX?!

12. Cxinbkoma crrocobamu MOZKHA 15 1MaxicTiB MOALTHTH HAa TP KOMAaH-
JI# 1o 5 ocib?

13. Ha Begipmi mpucytai 12 mipgar 1 15 oorakie. CkinbkoMa ciocobaMu
MOKHa BHOpATH 3 HEX 4 mapu JJIsa TaHIIB?

14. Yucsio mepecTaHOBOK 3 1 JIITEP BIIHOCHTHCS IO YHUCJIA TEPECTAHOBOK
3 n+ 2 airep, sk 0,1 g0 3. 3uaiitu n.

15. CKIJIBKE € ABO3HAYHUX YHCEN, ¥ SKUX 00maBl nudpu HemapHi?

16. CKIJIBKY YOTHPU3HATHUX YMCE] MOYKHA cKJacTu 13 mudp 0, 3, 2, 7,
4, 9, gaximo :

1) xomua 3 nudp He MOBTOPIETHCS BLIBINE OAHOTO Pasy;

2) mudpn MOKYTH TTOBTOPIOBATHCE:

3) umcaa MOBHHHI OyTH TMapHUME (AP MOKYTH TOBTOPIOBATHCE ) !

17. Ha dakyabreri HaBgaeTbes 1500 cryaentis. loBectn, mo npuaaiim-
HI IBOE 3 HUX MAalOTh OJHAKOB] IHIIIAJIH.

18. Ilacaxup 3aJulUB pedl B aBTOMATWYHIH KaMepl CXOBY, a KOJH
MPUHIIIOB OTPUMYBATH pedl, TO BHABHUJIOCH, IO BiH 3ab6yB HOMep. [lacaxup
JIWIle mamM’ATae, 1Mo B HoMepl 6ysau npucyTHl kombinamii 45 1 63. [lob Bia-
IUHATH KaMepy, CIia HabpaTh ' STH3HAIHEH HoMep. Ky HafbIABILY KlIb-
KICTh HOMEPIB MOTPibHO mepebparh, IMod BITIMHATH KaMepy?

19. CuopoctuTu BHpas:

do + x| x—4lx|
3z —|z|  Hx+|z|

3) Vel +8x+ 16— |z —4|—8.

? —Tle|+6  8lx|
2?2 =3lz|+2 224

1) 2)
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20. JloBecTr TOTOKHOCTB:
n

—k
1 _NkCk =0, 2) okl = PR ok
);;( = ) O = O

3) A 4o = (n+3)(n+ 2457 4) ASTL Py = nPoy.

21. Posw’s3aTu pIBHAHHS:
3

1) Cﬁ = 5; 2) Cg+1 = gAg; 3) Cﬁ:g = 5A2+6;

AP, _ Py

4) AL = xAZTY 5) T2t —yo0 ) —IH2

Px—Z Ang—n

= 132.

Bignosiai

3. a) 0, {0}, {1}, 4;6) 0, {0}, {1}, {2}, {3}, {0, 1}, {0, 2}, {0, 3},
{1, 2}, {1, 34, {2, 3}, {0, 1,2}, {0, 1,3}, {0,2,3}, {1,2,3}, A. 4. a) 4;6) 8.

5. AUB={0;1;2}, AnB={2}, A\ B={1}, B\ A ={0}.

6.0) e €B|D<r <1} 6) (r €B| — 1 <2< n) {(r9) B2
0<e<2-1<y<1}).7.30.8.16-15=240. 9. C& = 70. 10. A2,C3, =
S0L. 11, C3 + C3 4+ Cf = 154. 12. O35 - . 13. A}, A}, 14. n =4,

15. 20. 16. 1) 300; 2) 1080; 3) 540. 18. 60.

19. 1) 2 npu = # 0; Q)xj:g,npme 05 1)U (1; 2)U(2; +oo),il’__g,

T T —
opu & € (—oo; —2)U(=2; =1)U(=1; 0); 3)-16 mpm x € (—o0; —4), 20 —8
upu x € [—4; 4], 0 mpm « € (4; +00). 21. 1)b; 2) 8; 3) 17;4) 4; 5) 7; 6) 10.
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OcHoBH JiHilTHOI aaredpu

Y 1bOMY PO3IiJIi pO3IVIsiHEMO JfesiKi MOHSTTd JiHiiiHOT asrebpu,
30KpeMa, BU3HAYHUKK Ta IXHi BJACTUBOCTI, CHCTEMHU JIHIHHUX ajred-
paivyHWX PiBHAHb, MATPHUIT] Ta MAii HaJd HUMH.

1. EnemeHTHN Teopii BUSHAYHUKIB
1.1. BusHayHuku apyroro i TpeTboro mopsiaikiB

Hexait 3a1aH0 Tabiuiio (MaTpHINo), KA CKIATAECTHCS 3 TOTHPHOX
JIACHUX YHCeJT:
a1 a1z ‘ (1)
21 33

Bona Mae 1Ba pSIKH i [iBa CTOBIYHMKM. 11 Ha3HBAOTb MATPHULIEIO
APYroro Iopanky, a Yucia ¢, ¢12, 21, G2 — 11 eJeMeHTamMu. Eie-
MEHTH IpUHHATO MO3HAYaTH JITEepol 3 ABOMa iHAeKcamu. llepmrmii
iHIeKC BKa3ye HOMep psaiKa, a APyrHil — HOMep CTOBIYHKA, Ha Mepe-
THHI 9KUX CTOITH IIell eJeMeHT.

Osnauvenns 1. Busnaunurxom (demepminanmom) opyzozo nopao-
Ky, wo sidnosidae mampuui (1), Hazusaomo wucio aj1dzz — 1012,

a11 12

AKE TO3HAYAIOTND CUMBOAOM . Omoxce,
a1 @G22

ay;p i | 9
= a11G22 — G21012. ( )
a1 @G22

Yucna a1, a12, a1, G2 HA3UBAKTHCA €JIEMEHTAMU BU3HAYHU-
Ka.

MHOXKWHN eJIeMeHTiB 3 OTHAKOBHUM TIepINUM IHIEKCOM Ha3uBa-
0Th PAOKaMHU, a 3 OJHAKOBUM JIPDYTUM iHIAEKCOM — CTOBITYUKAMU
BU3HAYHUKA, TOOTO eJleMeHTH, PO3MillleHi Ha TOPU3OHTAJIAX, YTBOPIO-
0T PIIKH, & Ha BEPTUKAJAX — CTOBIYMKU BU3HAUHUKA. JliaroHasb,
dKa YTBOPEHA eJleMeHTaMU @11, (g2, HA3UBAE€THCI TOJIOBHOIO, a [ia-
TOHAJh, sIKa, YTBOPEHA, eJIeMeHTaMU 12, d21, — MOGIYHOO.

23



OsHaueHHd 2. Busnaynukom mpemvozo nopadky, wo 6idnosidac
MampuyL
apy diz a3
az1 dz2 ad23 )
a3y a3z as3

HA3UBAEMBCA HUCAO, WO JOPIGHIOE anzebpaidnill cymi ai1G2033 +
(21432013 + 012023031 — (31022013 —A21012033 — A32023011, AKE NO3HA-
YaAwMb CUMEOAOM
a1 diz @3
Q21 dzz a23
31 a3z 433
Orxe,
a1 diz @3
021 G2 d23 | = (11622033 +021032013 +012023031—
31 a3z 433

—31 422013 —A21Q12033 — G32023011 .- (3)

ITorATTS eJleMeHTIB, pPSAAKiIB, CTOBIYMKIB, JdiaroHaJell, BBegeHi
JJI BUSHAYHUKIB JIPYTrOro MOpsijiKy, MPaBWUJIbHI i i BU3HAYHUKIB
TPETHOTO MOPSIIKY.

lenytoTh nBa npaBuia OOUKUCIIEHHS BU3HAYHUKIB TPETHOTO MOPS -
KY.

1) IlIpaBuito TpukyTHUKIB. Y dopmyni (3) Tpu nepmii gomaH-
KU BU3HAYHUKA TPETHOTO MOPHAIKY € J00YTKaAMU eJIeMeHTIB TOJI0BHOT
JiaroHaJIl Ta €JeMEHTIB, PO3MIIIeHUX y BepIiMHaX ABOX piBHODEIpe-
HUX TPUKYTHUKIB, OCHOBH SIKUX TapaJesibHi TOJ0BHIH miaroHai. g
TPBOX IHIMNX MOOYTKIB, fKi OepyThes y (opmysti (3) 31 sHakom "—",
BUKOPHUCTOBYETHCS TaKe caMe MPABUJIO, TLIbKH HepeThes He MOJIOBHA,
a I00iYHa JiaroHadlb.

13 13
3 3
asy a3 a33 agy as 33

ll_l_ll "n_n
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2) IIpaBuiio Cappyca. 3a MM TIPABHIIOM CKJIQJIA€MO MaTpPH-
o (Tabiuino), a1 Kol obuncoBaTIMeMo BU3HaIHUK. CrpaBa Bif
Hel 3ammMcyeMo 11 mepinuii i apyruit croBmumnkn. B ocHoBHili Tabsmi
MIPOBOIMMO TOJIOBHY JjaroHaJib 1 ABl mpsami, i mapaJenbhi. J1oOyT-
KU eJIEMEHTIB, PO3MIIeHUX Ha 3a3HaYeHUX TPhOX MPAMUX, € TPbOMa
qjleHaM¥ BU3HAYHUKA, 110 OepyThed 3i cBoiMu 3nakamu. [1[o6 obauc-
JUTH TPU IHIN YIeHH BU3HAYHHKA, IIPOBOIMMO IODIMHY ITiaroHaJjb i
OBl mpaui, i mapaJienbHi. JJoOyTKH 1IMX eJieMeHTiB OepyThcda 3 IIPo-
THJIEXKHUM 3HaKoM. UXeMaTUYIHO 11e TIPaBUIIo 300parkeHo Ha PUCYHKY

ITpukaan 1. O6uucauru BusHadnuk A = g _54
<« 3rigro 3 dopmynoro (2) A=2-(-4)-3.-5=-8—-15=-23. p»
2 3 —4
ITpukaazn 2. O6uucaury Busnaunuk A=|5 6 7
8 0 3

« CKoprcTaeMocsd IpaBHIOM TPHKYTHHKA OOYHCICHHS BU3HAYHUKA Tpe-
TBOTO TOPSAKY: A = 2-6-3+5-0-(—4)+3-7-8—8-6-(—4)—0-7-2—3-5-3 =
364+ 1684192 — 45 = 351. p»

IIpukaan 3. 3a momomorom npaeuaa Cappyca 06YHCIANTH BU3HATHAK

2 1 1
A=|3 5 -1
2 -3 1

2 1 1 2 1
4 Maemorabmumio [ 3 5 -1 3 5 .Tomi A =2-5-14+1-(—1)-
2 =3 1 2 =3
241-3:(—=3)—2-5:1—(=3)-(=1)-2—1-3-1 = 10—2—9—10—6—3 = —20. p-
Pozrngnemo BitacTuBOCTI BU3HAUHUKIB. 11i BIacTUBOCTI MpaBUIbHI
JIJI BUSHAUHUKIB Oy 1b-SKOIO MOPHAIIKY.
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Baacrusicts 1. Beauyuna 6UHAUHUKA HE SMIHUMBCA, ARUWO T0-
20 pAJKY NOMIHATIU MICUAMU 3 GLONOSIOHUMU CIMOSNYUKAMU, THOOMO

a1; Q12 a3 a1; @21 @31
@91 A2 Q3 | =| @12 azz asy |. (4)
a3; a3z a33 13 (@23 @33

« JloBesienHs BUTLIIMBa€ Oe3110CEPEIHbO 3 O3HAUEHHS BU3HAUHUKA,
AKINO 3aCTOCYBATH HOTO /10 MpaBol i JiBoi YacTuH piBHOCTI (4). B

Ornepaliisi 3aMiHU PSiJIKIiB CTOBITYMKAMM, a CTOBIYMKIB PHAKAMU
3 OIHAKOBUMHW HOMEpaMU Ha3UBAETbCHd TpaHcOmOHyBaHHAM. OTiKe,
[pU TPAHCIIOHYBaHHI 3HAUeHHs BU3HAUHUKA HE 3MIHIOETHCS.

3 11i€l BJIACTUBOCTI BUIJIUBAE, 110 PAAKHU Ta CTOBITYMKY BU3HAYHU-
Ka piBHOIIpaBHi, TOOTO BCi BAACTUBOCTI, BCTAHOBJIEHI JI8 PSIKIB, IIpa-
BWJIbHI # JIjI8 CTOBITUMKIB, i HaBmaku. Hagami Bei BJIaCTHBOCTI MOXKHA
dpopMysTIOBaTH 1 JOBOIUTH TUIHKK /14 PAAKIB ab0 TIIHKK IJIsT CTOBII-
YHKiB.

Baactusicrs 2. [Ipu nepecmanosyi dsox padkis (cmosnvuxie)
BUIHANHUK 30EPI2ae AOCOMOMMNY BEAUNUHY 1 BMIHIOE 3HAK HA NPOTU-
aescHutl.

o JloBesienns BUILIMBa€e 3 O3HAUEHHS BU3HAYHUKA. P

Baactusicte 3. Busnaunukx 3 0d6oma 00HAKOSUMU PAOKAMU
(cmosnuuramu) dopieHIOE HYAIO.

« llomiEgeMO MicIgMM JIBa OJHAKOBI PAIKHM BH3HaYHMKa. Toi,
3 ofHOro GOKY, BU3HAUYHUK A He 3MIHUTBCH, a 3 iHIIOrO, 3rilHO 3
BJIACTUBICTIO 2, 3HaK #oro 3mMinuTbhesd Ha nportuiiexuuit. Orxe, A =
—A, 3Binku 2A = 0, To6ro A = 0. p

Bresemo moHdaTTH MiHOpa ¥ anrebpaiuHOro JOMOBHEHHS ee-
MEHTa BU3HAUHUKA.

apy diz a3

Hexaii € BusHaunuk A = | ag1 @23 dao3 |. Bukpeciaumo B HboO-

. o @31 @3z 33
My %-fi psioK 1 j-I CTOBNYMK, Ha TepeTHHi SKUX CTOITh ejeMeHT
a;;. BHaCIIIOK 1HOTO O/lepKUMO BH3HAUYHUK JPYTOro MOPSAJIKY, AKUi
Ha3UBaeTbCAd MIHOPOM, IO BiINoBimae eleMeHTY a;; Yy BH3HAYHUKY

26



. az1 @23
A, i nosHadaerbea cumposoMm M;;. Hanpuknan, Mg = ,
azy as3

May = a2 13
azz @23

AnrebpaiyHuM JOIOBHeHHSAM A;; ejleMeHTa «;; BU3HAYHU-
ka A HasuBaeTbcda MiHOp M;;, B34THil 31 CBOIM 3HAKOM, AKIIO CyMa
HOMepiB psijiKa i CTOBITUHMKa, Ha TIePeTHHI AKUX PO3MINTeHuil eleMeHT
a;;, TTapHa, i 31 3HAKOM MiHyC, FKIIO 4 CyMa HerapHa.

BasexkHicTh MizK MiHOpoMm M;; # anrebpaiunum JonosHeHHAM A;;
BUPAYKAETHCS CITiBBITHOMEHHAM

Aij = (=1)"™7 Mij,

Jie ¢ — HOMep psijika, J — HOMep CTOBITYMKAa, Ha TepeThuHl SKUX 3HaX0-
JINTBCA €JIeMeHT d;;.
aiy a2
azy a3z
Ay = (“D)"EMyy = My, A = (—1)2Myp = — My,

BaacruBicts 4 ( Poskian BusHauHuKa 3a ejleMeHTaMu
paaka (croBmuuka)). Busnaunuk dopieHioe cymi nonapruz 0o6ym-
K16 eneMenmie 6ydv-axo02o 3 1020 pAOKIS (CMOSNYUKIS) Ha iTHI arzeb-

Hanpukman, Ayz = (—1)2F3Myz = — Moz = —

paiuni donosnenna. Cyma nonaprux Jodymrie eaemenmis 6ydvb-ax020
padka (cmosnwuka) Ha aa2ebpaivHi QONOSHEHHA EAEMEHINIE THULO20
padka (cmosnyuxa) dopisHIOE HYAI.

« Barmmenmo cdopmyny (3) y Burism

a1; @12 G13
A= ay axp a3 |= 011(022033 - 6132@23)—
431 @32 @33

. a9 G323
—012(021033 - 031023) + 013(021032 - 031022) = a1 a a
32 33
a1 @23 a1 @G22 a9 G323
— a2 —|— ais = an(—l)H'l ‘|‘
a31 @33 a3; 32 a3y @33

142 | @21 G23 143 | @21 d22 |
—|—6112(—1) ‘|’a13(_1) -
a31 @33 a3; a3z
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= a11A11 + a12412 + a13413.

Orxe,

A=aj 1A+ a2A12 + a13A;s. (5)

Dopmysty (5) HA3MBAOTH PO3KJIALOM BU3HAYHUKA 32 €JIEMEH-
TAMU TIEPIIOTO pAaKa. BUBHAUHUK MOXKHA PO3KJIAIATH 3a ejieMeH-
TaM® iHITUX PAJIKIB, a TAKOXK CTOBITUHKIB.

Jlnsg noeejeHHs JApYrol MOJIOBUHU BJIACTUBOCTI 4 PO3TIIAHEMO
BU3HAYHUK

apy diz a3
A= as; aszy ass )
a3y a3z as3

YTBOpeHuil 3 BU3HaUYHUKa A 3aMiHOIO JIDYTOro PsijiKa TPeTiM PHAIKOM.
3rijHo 3 BaactuBicTio 3 BU3HauHUK A’ jnopiBHIOE Hyso. Asrebpaiati
JOMOBHEHHS HY/Ib-SKOT'0 3 eJIeMEHTIB APYroro psjika He 3ajeKaTh Bif
eJIEMEHTIB [HOI0 PsAIKa, OCKIJIBKM BOHM BUKDPECJIOIOThCS IPU YTBO-
peHHi aaredpaldHUX J0MOBHeHb. ToMy ajrebpaivni JOMOBHEHHS Bi-
[OBIAHUX eJIeMeHTIB Apyroro paika BusHadHukis A 1 A’ sbiralorbes.
Posksiaim BusHauduk A’ 3a ejleMeHTaMH OO Jpyroro psaka, Ma-
TUMEMO

A’ = asz1Ay; + aza Az + aszAzz = 0.

AHaJIOTIYHO MOXKHA PO3IJISIHYTH # iHIN BapiaHTH. P

Buaacrusicts 5. fxwo sci eaemenmu deaxozo padka (cmosnyu-
Ka) 6USHANHUKG JOPIEHIOIOMb HYAI0, TR0 MAKUT GUSHAYHUK JOPIEHIOE
HYA10.

« Hexait yci esemenTn jedxoro psaka (CTOBIYMKA) JOPIBHOOTH
Hy/1©0. PO3K/IABIIN BU3HAYHWUK 32 eJleMeHTaMM IIbOTO psIKa (CTOBII-
YMKa), JICTAHEMO CYMy HYJIB, a OTJKe, i caM BH3HAYHWK JIOPIBHIOE
HYJ0. P

Baactusicts 6. Muosicnuk, cniavHull 0Aa 6CIx eAEMENMIE JeA-
K020 PAOKG (CIMOBNUUKA), MOHCHA BUHECINU 34 3HAK BUHANHUKA.
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« Hexaii, Hanpukiiai, yci eJleMeHTH APYroro psiKa MaloTh CHiIb-
HUM MHOKHHUK A, TOOTO

a11 a12 a13
A/ = /\a21 A(ZQQ /\a23 s

a31 a32 a33
Posknasmu BusHauHuK A 3a eleMeHTaMH 2-TO psjiKa, JiCTaHeMo
A" = Xag1 Agr + AazaAzs + Aagz Az = A(ag1Az1 + azgAzs + agzAag).
Bupas y ny:KKax € BU3HAIHUKOM

a1; Q12 a3
A= ay ayp axs )
a3; a3z a33
a TOMY

AT=2A. »

Buaacrusicrs 7. Hxwo sci enemenmu deaxozo padka (cmosnyu-
Ka) susHaunura A e cymor 060x Jodankis, Mo i cam SUSHAYHUK
dopisnroe cymi deox susHaunurie Ay 1 Ay, V susnaunuxy Ay exa-
3anuil padox (cmosnuuk) ckaadaemvea 3 nepwur dodankis, y Ng —
3 dpyeux dodanwis. Pewma padkie (cmosnwuxis) susnaunuxie Ay i
Ay — mi cami, wo i 6 A.

« loBenemo, HaNIpUKIa I, PiBHICTH

bii+ci1 bia+ci2 bis+es bin b2 bis
a1 a9 a23 =| a1 a2 a3 |+
a3y a32 33 431 @32 @33

‘11 €12 €13
+| ag1 ae a3
a3y a3z as3
PozkiageMo BU3HAUHUK, IO CTOITH 371iBa, 3a MepimuM psiakoM. Tomi
OJIEPIKUMO CYMY

(b11 + c11)A11 + (b12 + c12) A2 + (b3 + c13) A1,
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a0o Micag pOSKPUTTS IYIKOK,
(b11 411 + b12A412 + b13A13) + (c11A11 + 12412 + c13413).

Ilepima 3 ux cyM IOpIBHIOE MepIIOMY 3 BU3HAYHUKIB CIIpaBa, Ipyra
cyMa JIOPIBHIOE [IPYIOMY BH3HAYHUKY. P

Baactusicts 8. Busnaunur me sminumoca, axuio 0o 00noz20 3
paokis (cmoenuukis) dodamu iHwuld padox (CMosNYUK), NOMHON®CE-
nUll Ha J0GLALHE HUCAO.

« osememo, 1o

air + Aagy  aiz+ Aage a3+ Aags ay; ary a3
a21 22 23 = | d21 Q22 a3
a3y a32 33 431 @32 @33

JLIst 1IbOro 3aCTOCYEMO 0 BH3HAUHWKA, AKHA CTOITH 3/1iBa, Bja-
ctuBicTh 7. Tomi ofep:KuMo, 1o 1eil BU3HAUHUK JTOPiBHIOE

a1; @12 G13 Aaar Aazy  Aags
(1 Q22 G93 |+ | a21 a2  d23
431 @32 @33 a3y a32 33

Jlpyruit 3 1IMX BU3HAYHHUKIB JOPiBHIOE HYJIIO, OCKLIBKY TICTId BUHe-
CeHHS 3a 3HAK BU3HAUYHMUKA CIIJIBHOI'O MHOXKHUKA A eJIEMEeHTIB 11epiiio-
ro psjKa OJIepKyeThCs BUSHAYHUK 3 JBOMA OJIHAKOBUMY PSIKaAMU. P

1.2. IToHATTS PO BU3HAYHUKHU BUIIUX MOPSAIKIB

BaactusicTs PO3KJIa/1y BU3HaYHHKa 3a eJlIeMeHTaMM PAJdKa (CTOBH—

‘H/IK&) Ja€ MOYKJIMBICTh BBECTH IMOHATTS BU3HAYHUKA N-TO IOPAIKY.

Hexait € Tabsmig (MaTpui), cKIageHa 3 n? duce:

al a1y cee Qrp
as as9 cee Q9p (6)
Ap1  Ap2 cee Qpp
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OsHauveHHs 3. Busnaunuxom n-20 nopadsy, wo 610noeidac mam-
puyt (6), € wucao, axe dopisHIe Cymi JoBYmMKI6 eremenmis 6yob-
AK020 padka (cmoenvuka) na {xHi aseebpaiuni JONO6HEHNA.

ITosHa4gaeTbcd BUSHAYHUK N-ro I1opdiaKy CHMBOJIOM

ayp a2
a1 G322
ap1  QAp2
3rifgHo 3 o3HAYCHHAM
ayp aiz
a1 a22
ap1  QAp2

= a1 An + aipAin + ...+ ain A,

abo
ayp aiz
a1 a22
ap1  QAp2

= a1jA1j + azjAzj + ..+ anjAnj,

G1p
2p

a?’LTL

G1p
2p

a?’LTL

i€ {1,2,...,n}, (7)
G1p
2p

a?’LTL

je{1,2,...n}.

(8)

Dopmyra (7) Jae po3KJIa] BUSHAYHUKA 3a €JIeMEHTAMH i-T0 Psifl-
Ka, a dopmyna (8) — 3a ejemMeHTaMHu j-ro croBmumKa. llpu 1powmy,
SIKINO JledKi eJleMeHTH psifika abo CTOBIIYMKA, 38 AKUMU PO3KJIIATA€Th-

¢ BU3HAYHUK, JJOPIBHIOIOTH HYJIO, TO TOJaHKH, IO BiATIOBI JAIOTH 1AM

eJleMeHTaM Y PO3KJIa i BU3HAUHNKA, BUMTAAI0Th. TOMY JOIIBHO po3-

Kﬂ&ﬂwﬂlBH3HaqHHKZ%LTHMIIpHﬂKaMIIa6OCTOBHqHKaMH7HKihﬂCTHTb

HalOLIbIy KiJIbKICTh HYJIB. 3Ti/IHO 3 BJIACTUBICTIO 8 MOYKHA HAKOTIM-

qyBaTU HYJ B Oy/Ib-SKOMY PSJIKY ab0 CTOBIUMKY BU3HAUHUKA.
ITpukaazn 4. O6uucianry BU3HAYHUK

10
2 3
A_01
8 0
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< POBK.Ha,ZLeMO BU3HAYHUK 3a €JIEMECHTAMH IIEPIIOTro pAJKa

A=1- (-1t =24+7+0-0-18—-10=3.p

O = W

5
4
1

N Oy 1

ITpukaazn 5. O6uucianry BU3HAYHUK

H~ o N —
LW N = N
N — N W
— N QO

« [lepeTBoprMO crovaTKy BH3HAYHUK Tak, 100 Y MEPITOMY PSAKY BCl
eJIEMEeHTH, KPIM OTHOTO, JOPIBHIOBAIHU HYJIIO. Jisl 1HOTO MOCTIIOBHO TOMHO-
JKUMO TIEPIAH CTOBMYMK Ha —2, —3, —4, 1 1om1amMo BIATOBIIHO [0 APYTOro,
TPETHOTO 1 YETBEPTOrO CTOBNYHUKIB. J/licTaHeMO BU3HAYHUK

1 0 0 0

2 -3 -4 =5

3 -4 -8 10}
4 -5 =10 -15

A=

KU PO3KJIAJAEMO 3a €JIEMEHTAaMU IMEPIIOro pAJKa

-3 -4 -5 -3 -4 -5
A=1-(-)*] -4 -8 —10|=|-4 -8 -10
-5 —10 -15 -5 —10 -15

IToMHOXKKMO HEPIIHi PAJOK HOBOIO BA3HAYHUKA [OCJIIAOBHO Ha —2 Ta
Ha —3 1 JoJaMo 0 APYTOTO 1 TPEThOro psAaKiB. MaTumemo

-3 -4 -5
A=| 2 0 0
4 2 0

Posxpapmu 1eft BU3HAUYHWK, HATPUKJIA, 38 eJleMeHTaMu JPYToTo Pa-
Ka, 3Hal1eMo

A=2.(-1)* =-2-10=-20.p»

-4 =5
2 0
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2. CucreMu JiHINHIX PIBHIHb

Cucrema JiHIRHUX PIBHAHb Ma€ BUIJIA

a1z +appre+ ...+ ar,z, = by,
a1y + axzs + ...+ agyx, = by, (9)

A1 %1+ 22 + o oo F ATy = by

Tyr 1, 22,..., , — HeBigowMmi, gKki Tpeba 3HaNTH; a;; — cTaJI, AKi Ha-
3UBal0Th Koedimienramu cucremu, 1 € {1,2,....m}, j € {1,2,...,n},
(mepmmit ingekc KoediieHTa 0O3HATae HOMep PIBHSHHS, B SKOMY 3Ha-
XOIUTBHCS el KoedillieHT, a ApYyruii iHIeKC — HoMep HeBiIOMOro, IIpH
AKOMY BiH CTOITB); by, b, ..., by, — cTAJI, sIKi HA3MBAIOTHCS BIIIBHUMM
YJIeHAMMU.

Posp’askom cucremu (9) Ha3sHBAIOTH OYIb-AKY CYKYITHICTD THCEI
HO HeBIJIOMUX X1, g, ..., L, [EPETBOPIOE BCi PIBHSHHH CUCTEMU B
MMpaBUJIbHI PIBHOCTI.

Cucremy (9) Ha3HMBAIOTH CYyMICHOIO, SIKIO BOHA Ma€ MPUHANMHI
OJTMH PO3B’S30K, | HECYMICHOIO, AKIO BOHA He Ma€ po3B a3KiB. AK-
MO CyMiCHA cUCcTeMa Ma€ TiJbKU OJWH PO3B 430K, TO 11 Ha3UBaIlOTh
BU3HAYEHOIO, a dKINO Oijibllle OJHOIO PO3B 43Ky — HEBU3HAYEHOIO.

Cucremy (9) Ha3MBalOTh OSHOPIAHOKO, SKINO BCi BUIbHI “JI€HN
JOPIBHIOIOTH HYJIIO, | HEOQHOPIAHOO, IKIINO IIPHHANMHI OIUH 3 BlIb-
HUX 4JIeHIB He JopiBHIOE HYI0. OUeBUIHO, IO OMHOPIIHA CUCTEMa
3aBIKIIM CyMicHa, OCKIJIbKM Ma€ po3B’sa30K x1 = 0, 29 =0, ... ,z, = 0,
KW HA3WBAOTH HYJIbOBUM ab0 TPUBIAJIBHUM.

JBl cucremu JHIHEUX piBHSHB Ha3UBAaIOThCSI PIBHOCUJIBHUMH
abo eKBiBaJIGHTHUMM, SKIO BOHU CYMICHI # MaloTh omHi # Ti cami
po3B’s3KKM abo AKINO BOHU HecyMicHI. 3a JOMOMOIOI0 eJleMeHTapHUX
mepeTBOpeHb chcTeMy (9) MOKHA 3BECTH JI0 eKBiBAJIEHTHOI CHCTEMH.
EseMmeHTapHUMM HAa3UBAIOTH IEPETBOPEHHA:

1) BUKpecaioBaHHg piBHaaHA 0 - 21 +0-22+ ...+ 0 -2, = 0 -
HYJIBOBOI'O PSIKA;

2) mepecTaHOBKA PIBHSHb ab0 TOJAHKIB ¢;;2; B DIBHSHHIIX;
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3) momaBaHHS J10 000X YaCTHH OIHOTO PIBHSHHS BiIIOBIIHO 000X
YacTWH HITOTO PIiBHSAHHSA Ili€l cUCTeMH, MOMHOXKeHOIO Ha JOBiJIbHe
9HCIIO;

4) BiAKWIaHHS PiBHSHB, $IKi € JHIAHUMKM KOMOIHAI[SAMHA IHITHX
PiBHSHD CHCTEMHU.

Posrngnemo meski MeToay po3B’sI3yBaHHS JIHIHAX CHCTEM.

2.1. CucreMu n JIHIAHUX PIBHAHb 3 n HEBlJOMUMU.
IIpaBuno Kpamepa

Posrngnemo cucteMy n JIiHIHHUX PiBHAHD 3 N HEBIIOMUMU

a1z +appre+ ...+ ar,z, = by,
a1y + axzs + ...+ agyx, = by, (10)

11 + Qp2%2 + .o AppTy = by,

BBG,ZLGMO IIO3Ha4YeHHA

ayj; 12 ... dip
agz1 a2 ... A
A= BE
an1 Ap2 ... dpp
ay;p ... Q1541 bl 1541 ... Qip
a1 ... G251 bg 2541 ... Qa2p
A] — 9
Api «.. Gpj—1 by Gpjy1 .. Gy
Jje{L,2,...,n}.

Busnaunuk A Ha3MBaeTbhCHd TOJIOBHUM BU3HAYHUKOM CHUCTEMU
(10). Busnaunuku A;, j € {1,2,...,n}, onepKyoTbcs 3 BU3HAYHUKA
A 3aMiHOIO j-TO CTOBITYMKA CTOBITYMKOM 3 BIJIbHUX YJIEHIB.

Teopema 1 (npasusio Kpamepa). Jxwo susnaunurx A cucme-
MU T ATHITHUT PIBHARL 3 N Hesidomumu (10) ne dopienioe ny.awo, mo
UA CUCTNEMA MAE EQURUTE PO3E A30K, WO BUIHAYAEMBCA HOPMYAAMU
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A
x; = Kf, je{1,2,..,n}. (11)

« Hexait (21;29;...; #,) — posp’ssok cucremu (10). Jist Toro 1mob sHaii-
TH HOro CKJIALOBY &;, JOMHOXKHMO Ileplie PIBHAHHS Ha Ajj;, Apyre — Ha As;
1 Tax naJi, n-e piBHAHHA — Ha Ay;, Je Agj, Azj, wory Apj — anrebpaivni mo-
MOBHEHHS eJIEMEHTIB j-TO CTOBIYHKA, 1 J0JaMO 11l piBHsHHs. To/Ii ogepKIMO
BUpa3

(a11A15 + as1 Aoy + ...+ an1dnj)zr + (12445 + asnAsj + ...+ anadnj)eat

+.oo (@A +azjAs; + o anjAnj)i + oo+ (@1 A + asn Aoy + o+
—|—annAnj)xn = blAlj + bzAzj + ...+ bnAn] (12)

KoedirtienT npn HeBioMOMYy *; € CyMOIO JAOOYTKIB €TeMEHTIB j-TO CTOBI-
9WKa BH3HaUYHMKa A Ha BIAMOBLIHI IM anarebpaivHl JOTMOBHEHHS 1 3TIHO 3
BJAACTHBICTIO 4 BH3HAUYHHKIB JopiBHIOE BH3HaIHUKY A. Koedimierntn mpu
BCIX 1HITIUX HEBIIOMHX € CyMaMH JOOYTKIB eJIEeMEHTIB yCiX CTOBIYHKIB, KPIM
j-To, Ha aarebpaidml JOMOBHEHHS €JEeMeHTIB j-TO CTOBIYHKA 1, Y BIAIOBII-
HOCTI1 3 BJACTHBICTIO 4 BH3HAUHHKIB, JOPIBHIOIOTEL HyJi0. Bupas y mpasiii
gacturi (12) € A;, a Tomy (12) mabysae BHIIARY

A~l‘j:A]’, jE{l,Q,...,n}, (13)

3BiJIKM BUIIHBalOTH piBHOcTI (11), fki HasmBatoThes dbopmynavu Kpa-
Mmepa.

OTiKe, MU JOBENH, IO KOJH (£1;%2;...; &) € PO3B’si3KOM crucremu (10),
TO "ncaa &5, j € {1,2,...,n}, BusHavaoTsea popmysamu (11).

Hapnaku, cykymmicTs wmces z;, j € {1,2,..,n}, axl BEsHadarOTHCSI
dopmyaamu (11), € poss’askom cucremu (10). Copasai, miacrapngiodn z;,
J€{1,2,... n}, y aiBy yactuny k-ro pipusanus, k € {1,2, ..., n}, cucremu
(10), srizHo 3 BAAacTHBICTIO 4 BH3HAUHWKA, OJIEPKAMO

n

Zak]A AZG’WZ[) ASJ—ASZ:I) Zaijsj:

j=1

1
= ZbkA:bk, kE{l,Q,...,n}. »
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Ilpukisan 1. Pozs’asatn cucremy

21 + 329 =7,
4l‘1 - 51‘2 = 2.
4 Maemo
2 3
A= 4 _5 ‘_—10—12_—22.

Ockiabku A # 0, To cucTeMa Mae €AWHUH PO3B 30K, AKWH MOKHA 3HAHTH
za popmyramu Kpamepa. 3uaiimemo A 1 As:

7T 3 2 7
Al—‘ 9 _5 ‘_—35—6_—41, Az_‘ 4 9 ‘_4—28_—24
o A A A, 12
Toxi srigro 3 dopmyaamu (11):  zy = X "oy BT AT
o : 41 12
TIKe, POSB'ASKOM € | o5 o7 .
Ilpukisan 2. Pozs’asatn cucremy
z1 4 2x9 4 23 = 4,
3l‘1 — 51‘2 + 31‘3 = 1,
2l‘1—|—7l‘2—l‘3:8.
« 3HaiijleMO BUBHAYHUK CHCTEMU
1 2 1
A=|3 =5 3 |=5+421+12410—2146=33.
2 7 -1

OcCKIIbKY BU3HAYHUK CHCTEMHU He JOPIBHIOE HYJIO, TO CHCTEMA Ma€ €11~
HHUl PO3B 30K, AKUH 3HAXOAUTECS 3a dopmynsamu Kpamepar:

4 2 1

Ar=|1 =5 3 |=204+74+48+40—-8442=33;
8 7 -1
1 4 1

Ay=13 1 3 |==-14+24424-2-24+12=233;
2 8 -1
1 2 4

Az=|3 =5 1 |=-404+844+44+40—-7—48=33;
2 7 8
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Ay 33 Ay, 33 As 33

x1:K:§:1; xQZK:§:1; x3:K:§:1.

Omike, posp’askom € (1;1;1). p

[cToTHMM HemOJIKOM pO3B’aI3yBaHHSA CUCTEM 1 JIHIAHUX PiBHAHD 3
n HeBimoMuMH 3a dopmyaamu Kpamepa € BeMKa TPYIOMICTKICTD IIPH
obuncsieHHl Bu3HayHUKIB. Tomy 1ieii MeToJ| 3aCTOCOBYBATH Ha IpaK-
TULI JIJ1S PO3B’sI3yBaHHS PeAJbHUX €KOHOMIUHUX 3a/a4 HEeIOIIJIBHO.
SHaYHO MIBUJIIIe MOXKHA PO3B’d3aTH CUCTEMY JIHIMHUX PIBHAHb Me-
TOJIOM TIOCJIIOBHOTO BUKJIIOUeHHS HeBimoMux (Meromom zKopmaxa—

laycca), skuit Oyie pos3IyIsSHYTO Mi3HimIe.
2.2. OgHopiaHa cucreMa JIHIHHIX PIBHAHb

PosrngaeMo crcTeMy piBHIHD BUTIISAILY

a1y + a2 + ...+ A 1Ty = 07
a21$1—|—022$2—|—...—|—a2n$n :07 (14)

Q1T + Ao + ...+ appr, =0,

SIKa, Ha3WBAEThCsT OMHOPIAHOI0. OUeBHITHO, 15 CHCTEMa 3aBKIM Mae
Hy/1b0BHH (TpuBianbHUil) po3s’asok (0;0;...;0). 3’acyemo, Koam 11
CHUCTeMa Ma€ HeHYJIbOBI (HeTpHUBiaJibHi) PO3B’S3KH.

Teopema 2. frxwo susnaunux A odnopidnoi cucmemu (14) ne
DOPIBHIOE HYAIO, TNO UA CUCTNEME MAE AUULE MPUBIAALHULL PO36 AI0K.

« Ocximpkm Bel Aj, j € {1,2,...,n}, gopiBHIoloTE HyxX0, 60 MICTATSH
HYJIBbOBHH CTOBIMHK, TO 3riAHO 3 Teopemolo 1 (dopmymn (11)) z; =0, j €
{1,2,...,n}. »

fAxmo x cucrema (14) mae HerpuBiadpHMil po3B’s30K, TO i
Bu3HAUHUK A jropiBHIOe Hymo. [le BurnimBae 3 Toro, mo xosn 6 A # 0,
TO 3TIJIHO 3 TEOPeMOoI0 2 €IMHNM PO3B’a3KoM cucTemu (14) 6yB 61 HY-
spoBuii. OTzKe, HEHY/IbOBI PO3B’3KN crucreMa (14) mae Tofi i TiTbKN
romi, ko A = 0.

Ilpukigan 3. Pozs’asatn cucremy

1 — 2o+ 2x3 =0,
221 + 29 —x3 =0,
3l‘1—21‘2—|—l‘3:0.
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« Ocklabku
1 -1 2
A=]2 1 —-1|=1-843-6—-242=-10+#0,
3 -2 1

TO cECTeMa Mae Jiniie enuanii pose’ssok (0;0;0). p
IIpukisan 4. Pozs’asatn cucremy

21 4+ 329 —x3 =0,

4l‘1 + 61‘2 - 21‘3 = 0,
3l‘1 — T2 —1—21‘3 = 0

2 3 -1
4 Maemo A =4 6 —2 | =0, 6o mepiuii 1 Apyru#h pagKu IPo-
3 -1 2

mopiital. ToMy cucTeMa Mae HEHYIBLOBI PO3B A3KH. 3HAWIEMO 11l PO3B A3KH.
JLJist TiboTo 3amuIeMo CHCTeMY Y BUTJIS

21 4+ 329 — 23 =0,
3l‘1 — I3 —1—21‘3 =0.
Mu Bi;LKI/IHyJ'H/I Aapyre piBHHHHH, OCKLILKH BOHO OJIEPIKYEThCA 3 IEPIIOTo

MHOXKEeHHAM 000X HOro 4acTuH Ha 2.
Maemo

{ 221 + 3x2 = 23,

3l‘1 — X9 = —2l‘3.

Tomi sriamo 3 dopmyaamu Kpamepa:

3 3
A ‘ -2z, -1 ‘ _ —x3+6x3 5
N O e T
A
2 3
_ Ao _ ‘ 3 —2x9 _ —dzz—3xy T
ENT T2 3 T —2-9 "1™
A
Hexait f—i = t, Tobro z3 = 11¢, Tom x1 = —bt, s = Tt, ge t — HOBLIBHE
IiCHE YHCIIO.
Orxe, 3araJbHUM PO3B S3KOM CHCTEMHU € T1 = —bt, s = Tt, @3 = 11¢,

teR. p
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3. Marpuiri
3.1. OcHOBHI MOHATTS PO MaTPUII

Tabuug 3 uncen a;;, ¢ € {1,2,...,m}, j € {1,2, ..., n}, Burasny

al a1y e A1n
A _ as as9 e (12798
Aml Am2 .. Amnp

Ha3MBAEThCS MATPULIEIO MOPsIKY (po3Mmipy) m X n. llpu npomy wmc-
aa a;;, 1 € {1,2,...,m}, j € {1,2,...,n}, Ha3UBAOTbCS eJIeMeHTAMHA
MaTputli. EreMeHTH 3 0MHAKOBUMU MEePIIUMU iHIeKCAMH YTBOPOIOTH
PAIKY, a 3 OJHAKOBUMH APYTUMH IHAEKCAMU — CTOBITYUKN MATPUII.
Armo m = n, TO MAaTPUINO HA3UBAIOTh KBAAPATHOIO N-T'O MOPAI-
Ky. fKIo XX m # n, T0 — IPAMOKYTHOIO.

Y Bunajiky, ko n = 1 marpuiiio A nopsijiky m X1 Ha3uBalOTh O~
HOCTOBHYUKOBOIO 4060 MATPHUIIEIO-CTOBITYMKOM, 00 BEKTOPOM-
CTOBHYUKOM

ar
az1

U1
a pu m = 1, TobTo MaTpuilio mopaaky 1 X n Ha3uBalOTh OAHOPAI-
KOBOIO, 400 MaTpPUIIEIO-PAIKOM, a00 BEKTOPOM-PIIKOM

( ar a2 ... aip )

MHOXKWHa €JIeMeHTIB @11, G22, ..., Upy; KBAJAPATHOI MATPHUI N-TO
MOPSIKY YTBOPIOE TOJIOBHY MiaroHaJIb, a MHOKWHA €JeMEHTIB ¢y,
A2 p—1, G3,n—2, -y Gy — NOBGIYHY AlaroHasb. Ko y KpaapaTHiil
MAaTPHIIl BCi eJleMeHTH, KPiM eJleMeHTiB TOJIOBHOI jTiaroHaJIi, JOpPiBHIO-
I0Tb HYJTIO, TO TaKy MaTPUI0 HA3HBAIOTH JIATOHAJIBHOIO

by 0 ... 0
0 b ... 0
0 0 ... by
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Y Bunaiky, koiau by = by = ... = b, = 1, JiaroHaJbHY MaTpPHIIO
Ha3MBalOTh OAWHUYHOIO | TI03Ha4YaIoTh ii OykBoio F abo [:

1 0 0
B 0 1 0
0 O0.. 1

Martpuiito, B 9K0i BCi eJleMeHTH MOPIBHIOIOTH HYJII0, HA3WBAaOTh
HYJIbOBOIO a00 HYJIb-MaTPUIIEIO

0 0 0
0= 0 0 0
0 0 0

Armo MaeMo KBaJgpaTHY MaTPUI0 n-TO TOPIIKY

al a1y N AT
ag1 a2 ... A

A= L
Ap1 Ap2 ... App

TO 717151 Hel ICHYe BU3HAYHWK, KUl TO3HAYATHMEMO CUMBOJIOM | A| abo
det A. Y punagiky, komu |A| # 0, MaTpuils HA3HBAETHCS HEBUPO-
AZKeHOoRo, a pu |A| = 0 — BUpOaKeHo1o.

Ilpukigan 1. 3’acyparn, 9u € BUPOAZKEHOIO MATPHILS:

1)A:<i 2) 2)3:(?1 g)

<« Maemo
Hial=|2 3l=12-12=0
T4 6| o
Orxe, MmaTpuIg A BUPOZKeHaA.
2 3
2) |B| = 45 ‘_10—12_—2;é0,

a Ile Oo3Havae, 10 MaTpullg B HEBUPOJKeHA. P
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TpaHCIIOHOBAHOIO 1010 MaTpuli A HasusBaoTbh Marpuiio AT,
VTBOpeHY 3 MaTpHili A 3aMiHOIO PsIKiB OJHAKOBUMM 3a HOMEPOM
CTOBIYMKaMHU. MaTpuiiio A Ha3HBalOTh CUMETPUIHOIO, gKI0 A =
AT 10610 sIKIIO a;; = aj; A9 BCiX ¢, j. KBajapaTHy MaTpulllo Ha3u-
PO3MiIeHi i rOIOBHOIO jiaroHasutio (¢ > j) abo HaJl FOJIOBHOW Jia-
ronasutio (¢ < j), JOPIBHIOIOTH HYJTO:

ayj; 12 d13 ... QA1pn a1l 0 0 e 0
0 oo U3 ... dgp o1 a3 0 e 0
abo
0 0 0 ... au, Apl Qp2 Gp3 ... Qpp

3.2. JIil HaJ MaTpunsgMu

Marpmurii
al a1y e A1n b11 b12 e bln
as as9 ... Qg . b21 b22 e bg
A= " i B= "
Am1 Am2 ... Qmp bml bmg e bmn

OJTHOTO ¥ TOTO CAMOTO PO3MIpY M X n Ha3WBAalOTh PIBHUMHU, TOOTO
A= B, akmo a;; = b;;, 1€ {1,2,...,m}, j € {1,2,...,n}.

Cywmoro (pisHuuero) 18ox Mmatpuiib A i B ofporo it Toro camoro
po3Mipy m X n HasuBaOTh MaTpuillo C', eJleMEeHTH SKOI JOPIBHIOIOTH
cyMaM (pi3sHuIsM) BiANOBIIHUX esleMeHTIB a;; 1 b;;, Tobro C'= A+ B
(C = A- B)7 Je ¢i; = a5 + by, (Cij = a;; — bij), i €41,2,...,m},
Jje{L,2,...,n}.

HobyrkoM Marpuiil A Ha 4MCJI0 A\ Ha3UBAaIOTh MaTPUIIO AA,
eJIEMEHTH SKOT JOPiBHIOIOTH T00yTKAM eJIeMeHTiB MaTpulli A Ha Yucyio

A, TOOTO
/\an /\a12 e /\aln
A = /\a21 A(ZQQ e Aazn
Adm1 Alma .. Admn
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Omnepanil MHOXKEHHSI MaTPHIL Ha YUCJIO | 107aBaHHS MaTPULb MAOTh
TaKi BJIACTUBOCTI:
a) A+ B = B+ A (KoMyTaTHBHMIT 3aK0H);
6) A+ (B+C) = (A+ B)+C (acoujaruBHuil 3aKOH I0JaBaHHs);
B) (A4 pu)A = AA + pA (mucTpubyTHBHI 3aK0H);
r) A+0=A4,
ae A, B, C'i 0 marpulii ojiHaKOBUX pO3MIpiB, A i g — cradi.
Pozrnsnemo aBi MaTpuIi

al a1y e A1n b11 b12 . blk
as as9 N ) . b21 b22 e bgk

A = " i B= 9
Aml Am2 .. Amnp bnl bng . bnk

Je 9UCJIO CTOBIYHKIB MaTpuill A JOpiBHIOE YKMCIy paikiB MaTpuii B.

HobyTkoMm nBox marpuis A 1 B HasusaoTh MaTpuiiio C, ene-
MeHTH ¢;;, ¢ € {1,2,...,m}, j € {1,2,....,k}, axol HopiBHIOIOTH Cy-
Mi JOOYTKIB eJeMeHTIB ¢-ro paika MaTpulll A Ha BiImoBigHI eje-
MeHTH j-To CcTOBIUUKa MaTpumi B, Tobro €' = A B, gaxkmo ¢;; =
a;1b1; 4 a;obe; + ... + ainby; Ana Beix 7 Ta j.

Ilpukian 2. 3naiitn 106yTOK MaTpHIb

1 2
(20 i (h ]
2 2
4 Maemo 5 1 0 1 9
w210y
2 2

[/ 2141.240.2 2.241.140.2\ _[4 5
=\ 3. 141-241-2 3-241-141-2 79 ) ¥

Hacrymuuit npukiai nokasye, 1o /i 100y TKY MaTpHUIlb HEe BUKO-
HYETHCSH BJIACTUBICTH KOMYTATUBHOCTI, TOOTO, B3arasi Kaxyuun, AB #
BA i, kpim Toro, m06yTOK MaTpUIlh MOXKe JOPIBHIOBATH HY/IIO HABITh
Yy TOMY BUITQJIKY, KOJIA YKOJIHA 3 HUX He € HYJIbOBOIO MATPHIIEIO.
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ITpukaan 3. Buaiitu AB i BA, konu

a=(33) m=(4 4)

< BI‘i,ZLHO 3 IPpaBUJOM MHOXKEHHS MAaTpPpUIb

w= (554 4=

- (33 mEe)-(0h):

_ 1-341-3 1-34+1-3 _ 6 6
T3+ (-3 (-D)-34(-D)-3 /) \ -6 —6 )’
T0b6T0 AB # BA. B
OuHWMYHA MaTpUIld TPU MHOYKeHHI MaTpHUIlb Ma€ BJIACTHBICTH:

oaa dosiavnoi keadpamuoi mampuul A npasuAbHG PIGHICTD

Al =FA=A.

Besnocepentnbo mepesipkoio goBoanThed, mo Koau A i B — gsi
KBaJIpaTHI MaTPHIll OJHOTO ¥ TOTO CaMOro MOpSJIKY 3 BUSHAYHUKAMM
|A| i |B|, To Busnaunuk marputi C' = AB nopiBHioe 100yTKY BU3Ha-
HUKIB CIIBMHOXKHUKIB, TOOTO |C| = |A] - | B].

JIo6yTOK MaTpHIlh Ma€ BJIaCTHBOCTI:

1) (A+ B)C = AC + BC;

2) C(A+ B)=CA+ CB;

3) A(BC) = (AB)C.

3.3. ObepHena MaTpuilsd
Hexait A — kBajpaTHa MaTpHIlsd, BU3HaIHUK sKoi |A| # 0.
Obepuenoro g0 Marpuri A HasusaeThesa Marpuia A~!, gxa

3a/10B0MbHAE criBBigHoments A™'A = AA™! = F, ne I/ — onunAnyna
MaTPHIIS.
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JloBoauThest, Mo Ko MaTpullsgd A KBaapaTHa | HEBHPOIKeHa, TO
iciye enuna obeprena marpuiig A~'. Bnaxomurbes A7 3a dopmy-
JI0T0

App Ay o An
1 A A .o A
-1 12 22 n2
= — 15
A, Agny .. A,

ne A;; — anrebpaidHe IOIOBHEHHS ejleMeHTa a;;, {¢,7} C {1,2,...,n}.

Hpuknazn 4. 3uaiitn matpumo A~! gn1a Marpumi

1 2 0
A= 3 2 1
0 1 2
4 Maemo
1 2 0
[Al=1]3 2 1 |=4—-1-12=-9.
0 1 2

Ockinbku |A| # 0, To marpunsg A HeBUpOUZKeHA 1, OT¥Ke, s Hel icHye
obepHeHa.
Bnafimemo anrebpal<ni fomoBHeHHS A;; eeMenTiB a5, {4, 7} C {1,2,3}:

2 1 2 0
A= (=D o =3 An= (DT ) =4
2 0 31
1431:(_1)3-I—1 9 1 =2 A12:(_1)1+2 0 2 = —6;
1 0 1 0
A= (1) ) 1= 2 Am = (PP g =L
3 2 1 2
A= (D" =3 A= (=D g T =1
1 2
Agy = (=1)%+? 3 9 ‘:—4.
Toxi arigHo 3 dopmynaowo (15) maemo
1 3 -4 2
A‘1:—§ -6 2 -1
3 -1 —4
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Hapenemo gesiki BjacTHBOCTI 00epHEHOI MaTPHII.

Baactusicts 1. Busnaunux obepuenoi mampuui dopienioe obep-

1| N

Al
Baacrusicts 2. Obepuena mampuua dobymry xeadpamuur

Mampuub dopisHiIoe JoOYMKY 06EPHEHUT MATNPULD-MHONCHUKISE, Y3~

HEHIT 6EAUNUHT BUSHAYHUKG 3a0an0l Mampuyi, modmo |A~

MU Y 360POMHOMY NOPAIKY.
<« Crpaeni, AB(B™1A71) = A(BB™1)A™! = AFA™ = AA~! =
FEi(B'AYYAB = B(AAYYB~'! = BFB-!=BB~!=F.
Orike, B~' A~ € obepuenolo marputero 1jis AB. »
Buaacrusicts 3. Mampuua, axa e mpancnonosanoio do obeprenoi

Mampuut, dopieHIoe 00epHENIT MAMPUUL 00 MPAHCTIOHO8AHOT Mampu-
ui, moémo (A~1)T = (AT)~1.

3.4. MarpuuHnnii 3anuc 1 MAaTPpUYHUN PoO3B’sA30K
cucreMu JIHIAHUX PIBHSHb

Hexait 3agano cucreMmy n JiHIHHMX ajarebpaldyHUX pIiBHIHD i3 7
HeBLIOMUMH

a1z +appre+ ...+ ar,z, = by,
a1y + axzs + ...+ agyx, = by, (16)

11 + Qp2%2 + .o AppTy = by,

[Mosnaummo 4depes A MaTpuilio 3 Koedilll€HTIB HpH HEBIIOMHUX,
qepes X — MaTpPHIIO-CTOBITYUK 3 HeBiIOMHUX 1 depe3 B — MaTpuIlio-
CTOBIYMK i3 BITPHUX UJIEHIB:

al as N 7 1 bl

a1 A22 ... Qap2 9 bg
A pun n s X pun s B pun

A1y @25 .. dpp Ty b,
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AKIIO cKOpUCTATUCH TPABUIJIOM MHOYKEHHSI MaTPHIlh i YMOBOIO PiB-
HOCTI MaTpHIlh, TO cucTeMy (16) MOXKHA 3ammcaTi y BUTVISAI]

al as cee o Ap 1 bl
a1 A2 ... Ap2 . 9 . bg
A1y G5 ... Opp Ty b,
abo
AX = B. (17)

[Tpunycrumo, mo marpuiis A — HeBUpOmKeHa, ToOTO |A| # 0, Tomi
icnye obeprnena matpung A~!. IloMHOKHMO 37iBa 0OUIBI JacTHHH
pipHocti (17) ma A7l A71AX = A71B.

Ockinbkn A~ A = E, To ocTaTo4Ho JicTaHeMo

X=A"'B. (18)

Orzke, MaTPUIIA-CTOBIYHUK 13 HEBIIOMUX JOPiBHIOE 10OYTKY 0bep-
HeHoi MaTpui A~! Ha MaTPHIO-CTOBITMMK BUTHHUX HJIEHIB.

Pipuicts (17) HasuBaeTbcs MATPUYHUM PIBHAHHAM abo MaT-
pUYHMUM 3ammcoM cucremu (16), a (18) -~ MaTpudIHUM pPO3B’HA3-
KOM IIl€] CUCTeMH.

Ilpukian 5. Pozs’asaTn 3a J0MOMOrol0 MATPAYHOTO METOMLY CHCTEMY

z1 4+ 2x9 423 =1,
201 + 22+ 23 = —1,
l‘1+3l‘2—|—l‘3:2.

4 Maemo
1 2 1 1 1
A= 21 1], X= z2 |, B= 1
1 3 1 3 2

SualineMo obepHEHY MATPHITIO 10 MaTpuii A

1

1
Al = 2 1 |=146+2-1-3-4=1,
1 1

Lo = N
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1 1 2 1 2 1
All—‘3 1‘:—2, A21——‘3 1‘:1; A31—‘1 1‘:1;
2 1 1 1 1 1
A12:_‘1 1‘:_1’ A22:‘1 1‘:0’ A“”“‘z 1‘:1’
2 1 1 2 1 2
A”’_‘1 3‘25; A23__‘1 3‘:_1’ AS?’_‘z 1‘:_3;
-2 1 1
A= -1 0 1
5 -1 -3
3rigao 3 dopmymon (18) oxepmkyemo
-2 1 1 1 —2—-1+42 -1
X = -1 0 1 -1 = —1-0+2 = 1 ,
5 -1 -3 2 5+1-—6 0

T06TO 1 = —1, 19 = 1, 23 = 0.p

Posp’s3yBanns cucTteM JIHIAHAX PIBHSHD 3a JOIIOMOTOI0 MaTpHUt-
HOTO MeTojy edeKTUBHe TOMl, KOJU JiiBa 4YacTHUHA CUCTEMHU 3ajiM-
MaeThcs HE3MIHHOIO, a 3MIHIOEThCS JIHIIE CTOBITYHK 3 BIJIBHUX UJI€HIB.
Cnpasii, 3aMicTb TOTO, 0O KOXKHOr0 pa3y po3B’d3yBaTH HOBY CHUCTe-
My, MOYKHa CKOPUCTATUChL MaTPMYHUM MeTojoM, obumuciutu A7l a
noTiM 3a opmymnono (18) 3HAXOINTH HOBI 3HaUeHHS HEBIIOMUX IMpPH
KOYKHOMY 3MiHEHOMY CTOBITIMKY 3 BiJTIbHWUX YJIEHIB.

3.5. BuacHl ymucJdia 1 BJIacHI BEKTOPHU MaTPUII

Henymp0BH#T  BEKTOP-CTOBITIUK (ManI/IL[H—CTOBH‘{I/IK) X =
a1

Ha3MBaeTbCd BJIACHMM BE€KTOPOM KB&,ZLpaTHOll' ManI/IL[i A

Tn,
N-TO TOPTIKY, AKIO ICHYE Take YHCTIO A — BJACHE YUCJIO MATPWUIT
A, mo AX = AX abo (A - AE)X =0.

Brachi BekTOpM 3HAXOIUMO fK PO3B’S3KM OMHOPIIHOI cUCTEMU
piBasiHb (A — AE)X = 0, 9Ky MOXKHa 3aIllCaTH B PO3TOPHYTOMY
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BUTJIA] TaK:

(an — A)$1 + a12x9 + ...+ A1nTy = 07
ag Ty + (a22 - A)$2 + ...+ AonTy = 07

U121 + @222 + ..o+ (Qpy — Az, = 0.

(19)

HenynboBi po3p’si3ku i€l cucTeMy iCHYIOTH TOIi i TIABKKA TOI,
Koutu 11 BUsHaIHUK |A — AE| = 0, Tob6TO

ajl — A a1y e A1n
as agsg — A as
"o l=0. (20)
a1 Apa cee Oy — A

PiBusanus (20) Ha3sMBa€ThCsS XapPAKTEPUCTUYHUM PIBHAHHAM
Marpuil A. Po3p’d3aBmm XapaKTepUCTHUYIHE PIBHSIHHS, OTPHUMAEMO
BJIACHI YHCJIa MATPUII, a Micas Mporo i3 cucreMu (19) st ux Biiac-

HUX 9HcesT — 11 HeHY/IbOBI PO3B’sI3KH, TOOTO BJIACHI BEKTOPH.
IIpukiazn 6. 3naiiTn BIacH! BEKTOPH 1 BJAACHI YHCTa MaTPHIL

1= 3 )

« CxiameMo XxapaKTepUCTHIHe DIBHSHHS Marpuiil A

‘I—A -1

— 2 _ —
; 4_A‘_Q A2~ 5A+6 = 0.

Baacui gmciaa Ay = 2, Ay = 3.

Banuiremo cHCTeMN PIBHSHB, fKi aHasgoriuui cucremi (19), and BusHa-
JeHHS BJAACHUX BEKTOpPIB X1 1 Xo.

Hexait Ay = 2. Toxl cucrema Mae BHIJISAL
—X1 — Xy = 0,
2l‘1 + 21‘2 = 0,

3BIAKH BHILIMBAE, IO X3 = —x1. AKIMIO B3gTH £, = 1, To 5 = —1 1 Toml

BekTOop X3 = C ( _11 ) , C € R\ {0}, ¢ Bracaum BekTOpOM MaTpuii A, o

BIJMOBIIa€ BJAACHOMY UHCIY A; = 2.
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Has Ao = 3 MaeMo cucremy

{ —2l‘1 —1‘2:0,

21 4 29 = 0; #2 = 2,

Tomy Xo = C' ( _21 ), C € R\ {0}, ¢ Bnacuum BekTopoM Marpuii A, mo
BIIIOBIZIA€ BIACHOMY YHCIY Az = 3.
Bigmosizm: A = 2, Ay = 3: X, = C( _11 ),Xz - C( _21 ) C e
R\ {0}. »
3.6. Panr marpuii

PosrngaeMo NpsMOKYTHY MaTpPHITIO

al a1y e Ak v Q1p
A= as as9 ce. QoL v Qop
Aml Am2 .. Quk .. Qmumn

i BuOiIMMO B Hi k& JOBLIBHUX psaKiB i k& JOBIIBHMX CTOBIYMKIB. Eite-
MEeHTH, SIKi pO3MillleHi Ha TIepeTrHi BUJIeHHUX PAIKIB i CTOBITUHKIB,
YTBOPIOIOTH KBaJIPATHY MATPUINIO MOpaiky k. Busnaunuk 1iel marpu-
Il Ha3WBAaOTH MiHOpPOM k-To mopaaky Marpuili A. OdesnaHo, 1Mo
k < min{m,n}.

2 3 4 5
Hanpukmnas, aiaa matpuii A = 0 =2 3 1
0 2 2 -4
2 3 4
OTHUM 3 MiHOPiB TPeThOTo TOPAAKY € BUu3HauHuK | 0 —2 3 |, a om-
0 2 2
. 4
HHM 3 MIHOPiB APYTOTO MOPATKY — |, 4 |-

CaMi ejileMeHTH MaTPHII MOZKHA PO3TVIAIATH K MIHOPH IIepIioro
nopanky. Jedgki MiHOpH MaTpHIll MOXKYTh JOPiBHIOBATH HYJIIO, iHIT —
Hi.
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Paurom maTpuill Ha3uBaoOTh HAHGIIBLITHHI TOPSTOK MiHOpa, MaT-
pulli, 9Kui He JIOPiBHIOE HYIIIO, TOOTO HATYpaJibHe YUCIIO I HA3UBAIOTh
paHroM MaTpuil A, FKIIO cepejl MiHOPIB r-TO HOPSIKY 1€l MaTpUILl €
pUHAAMHI OMH BiAMIHHMI BiT Hys1s, a Bl MiHOpH (14 1)-r0 MOpsIKy
i Buioro nopisHIOIOTH Hyd0. To#t dakT, Mo HaTypajbHe YUCIO I €
panrom marpuii A, sanucyiors Tak rang(A) =r abo r(A) =r.

ITpy 3HaXOAKEeHHI paHTy MaTPHIll BUKOPUCTOBYIOTH CITeljaJIbHi
npuiiomu, gKi 6a3y0Thcsd Ha eJIeMEeHTAPHUX [EePEeTBOPEHHAX MaTpH-
1b. Jlo efleMeHTapHUX [TePETBOPEHb MATPUIL HAJIEXKATh TAKI:

1) MHOZKeHHs BCiX eJleMeHTIB Oy/Ib-sIKOrO psijiKa (CTOBIUHKA) Ha
o7He I Te camMe 9mMCIIO, BiMiHHe BijI HYJIS;

2) JofaBaHHs J10 eJIeMeHTIB OyIb-KOT0 psI/IKa (CTOBITINKA) BiIMO-
BIIHMX €JIEMEHTIB IHIOro psIKa (CTOBITYMKA), TTOMHOKEHUX Ha OJTHEe
I Te caMe YuCJIo;

3) mepecTaBIISHHS MICIFME OY/Ib-IKHX IBOX PSIKIB (CTOBITIMKIB);

4) normcyBaHHs ab0 BUKPeCJTIOBaHHS PSIKA (CTOBIHMHKA), IO MO-
BHICTIO CKJIATA€ThCA 3 HYMIB.

JlBl MaTpulll Ha3HBalOTHCS €KBIBAJIEHTHUMM, SKINO Bif onHiel 3
HUX MOXKHA MepeiiTu J10 iHIOoT 3a J0MOMOrol0 CKIHYeHHOTO YHCIIa, ejie-
MeHTapHUX TIepeTBOpeHb. EKBiBaJeHTHI MaTPHUITi, B3araJi KaxKydu, He
piBHI, ajle BOHU MalOTh OJHAKOBUI PAHT, 110 iICTOTHO BUKOPUCTOBYETH-
csI TIPU O0YMCIeHH] paHTy MaTpPHII.

Ilpukaan 7. 3naiitn panr MaTprmi
12 11
A=10 1 1 1
11 0 0
« 3BeIeMO 3alaHy MATPHITIO 0 €KBIBAJEHTHOI MATPUIIL, PAHT SKOI 3HAa-
XOAWTHCSI TPOCTIIIIE.

[MoMuOXkWBITH Tepiuil psAgoK Ha —1 1, JOJAABIIH M0 TPETHOTO PIJIKA,
OJEPIKAMO MaTPHITIO
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Y marpuii A; TOMHOKHMO MEPITUN CTOBIYXK 1o 4ep3i Ha —2, —1, —1 1
JOJaMO BIATOBIAHO [0 APYTOTO, TPETHOTO 1 I€TBEPTOrO CTOBIYHKA, TOM Aq
nepeiizie B MaTPHIO

1
A= 0 1 1 1
0
Jonapiu apyruii psaok mMaTpuii As 10 TpeThoro psijka, OTPHMAEMO
MaTPHITIO
1 0 0 O
As=| 0 1 1 1
0 0 0 0
Bukpecanmo TpeTiit psagok y MaTpuill As, Toml MaTHMeEMO
1 0 0 O
As= ( 01 11 )

AKIMO MOMHOKHTH JApPYIH# CTOBMYHUK Ha —1 1 JOZAaTH CHOYATKY J0
TPETHOrO CTOBIYHKA, a MOTIM J0 9eTBEPTOrO, TO JICTAHEMO MAaTPHILIO

1000
A5_<0100)'

BI/IerC.HIOBaHHH TPETBOTO 1 HYETBEPTOTO CTOBITYHKIB Aa€ MaTPHITIO

1 0
=10,

= 1, To panr martpunl A JopiBHIOE paHTy

10
0 1
matpuni Ag i gopieaioe 2, Tobro rang(A) = rang(A4s) = 2. »

Ockinbku |Ag| =

3.7. Meron 2Kopaana-I'aycca BUKJIFOYUeHHST 3MIHHUX

Posp’sasyBanns cucreMm MiHIHHUX piBHIHL MeTogoM Kpawmepa Ta
3 JIOTIOMOTOI0 MAaTPHYHOTO MeTofy (MeTofy obepHeHOI MaTpwHili)
MoB’d3aHi 3 BEJIUKOIO KITbKICTIO 00UMCIeHb. 3HAYHO MIBUJIIIE MOYXKHA
PO3B’I3aTH CUCTEMY JIIHIHHUX PIBHAHD METOIOM ITOCJIIOBHOIO BUKIIO-
JeHHs HeBigoMuXx, skl HasuBailoTh Merogom 2KopgaHa-Taycca.
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Posringremo CUCTeMY

a1z +appre+ ...+ ar,z, = by,
a1y + axzs + ...+ agyx, = by, (21)

A1 %1+ 22 + o oo F ATy = by

Hexait axuiich xoedinient «;; # 0. Hassemo iforo poss’s-
syBajibHUM (TmIpoBigHuM). PSI0K, SKOMY HaJIeKWTh pO3B’d3y-
BaJIbHWI eJIeMeHT, Ha3MBATHMEMO PO3B A3y BAJILHUM (IIPOBiJHUM )
PAOKOM, a CTOBITUYMK, SSIKOMY HaJIE?KUTh PO3B’A3yBaJIbHUI eJleMeHT —
PO3B’A3yBaJIbHUM (IIPOBIAHUM) CTOBITYUKOM.

Bammmemo cucremy (21) y BurIsiai Tabiu

AL Ay A | A
al a1y e A1n bl
as as9 e (12798 bg
Al U2 oo Oy | Dy

[Tpunycrumo, mo ay; # 0. [ogimumo Ha HBOTO BCi esleMeHTH TIepIno-
ro pgika. Kopucryiouuch neprmuM paikoM, BUKIIOUYUMO 3MIHHY &1 3
periTu piBH#AHb. JJis 1bOro TOMHOXKUMO NEPIIN PSIoOK 110 Yep3i Ha
—Q21, —031,...,— 1 1 JOJAMO BiJMTOBIIHO 710 JIPYTOro, TPETHhOTO, ... ,
m-ro pgaka. Jlicranemo TabIMIIo

A Ay o0 Ay | A
/ / /

1 dyy ... af, | b
/ / /

0 ahyy ... ahy, | by
! ! /

0 alo ... a,.|b,

Jlani 3a po3B’si3yBasibHIIL ejleMeHT BisbMeMo ab, # 0 (axuio aby, = 0,
TO MIHSEMO MICHIMK JIpyre piBHSIHHS 3 9KUMOCH i3 HACTYIIHHX, II00
OflepyKaTH PIBHOCHIIBHY cHCTeMY 3 ah, # 0) i 3a #ioro momomMorowo
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BUKJIFOUUMO, aHAJOTIYHO 9K 3MiHHY %1, 3MiHHY %9 3 PellTH PiBHAHD
(micTaneMo HYJI B JPYTOMY CTOBIHMHKY T (hy)

Ay Ay Az ... AL | A
/ / / /

1 aly ajs ... al, | b

" " 1

0 1 ay; ... ay, | by

" " 1

0 0 a3 ... a3, |b5

" " 1"

0 0 als ... al, |b)

Ao iz gac nepeTBopeHb OIEPKUMO PATOK, SKUI CKIIa a€ThCs
3 HYJIiB, TO 10T0 MOYKHa BiIKUHYTH.

ITpogos:KyemMo miporiec fagi. [Ipu mboMy MOXKJIMBI Taki cUTyalii:
1) micoist IesiKOro KpOKY JiCTaHeMO PsJIOK, Y SKOMY BCl eJleMeHTH JIiBi-
Iie Bil BepTUKAJbHOI PUCKU JIOPIBHIOIOTH HYJIO, a eJIeMeHT mpaBiiiie
BiJI 11i€l pHCKM He JIOPiBHIOE HYJTIO (BCi KoedillieHTH NpH 3MIHHNUX Je-
AKOTO PiBHSIHHS JOPiBHIOIOTH HYJ/IIO, a BLIbHHUN UjieH BiIMIHHWN BiJ
HYJIS1) TOJI 1151 CHCTeMa HecyMiCHa; 2) TaKoro psifKa He JICTaHeMO, TO
cucTeMa CyMicHa.

Y Ipyromy BUIAJKy MaTHMEMO TabJIMITO

A Ay As L0 A Lo AL | Ao
1 Ci2 €13 ... Cip ... C1p d1
0 1 €3 ... Cop ... C3zyp d2
0 0 1 co. C3p ... C3p d3
0 0 0 ... 1 ... ¢nld
HKH_[O paHr Bi,ZLHOBi,ZLHOI cucreMu r = n, TO BOHa Ma€ €TMHANA

po3B’a30k. 11106 omepxkaTu 11eit po3B’a30K, HeOOXITHO B IIepeIOCTaHHE
PIBHSIHHS 3aMiCTh &, TJICTaBUTH HOT0 3HAUEHHS 3 OCTAHHBOI'O PIBHSH-
HS i 3HAUTH %,_1 i T.O. AKmo r < n, To Hepir r 3MiHHI %1, X2, ..., T,
BUPAZKAEMO Yepe3 PeIITY 3MIHHUX Tpq1, Lrd2y .-y Lo

Ty =€ g1 Tt + o+ 0T d
— / 1
T2 = Ch 1 Trpt oot 6 80+ d, (22)

) ' '
T = Cpp1Trpl oo+ G T + d.
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Y cucremi (22) 3miHHI %1, 2,...,&, BHpPayKeHI Uepe3 T,ii,

Tpg2s ooy Tp. TaKWl PO3B’S30K CUCTEMH HA3UBAETHCH 3arajibHUM
PO3B’3KOM, 3MiHHI 1, X2, ..., £, HA3UBAIOTbCA ODAZMCHUMM, 3MIiHH]
Tpg1y Tpg2y ooy Ty — BlIbHEUMU. Hajtatoun BUIbHUM 3MIHHUM [10BiTh-

HUX 3HaYeHb, JICTaBATUMEMO YaCTUHHI PO3B A3KHU.

ARIIO BUTbHUM 3MiHHUM HaJaTH HYJIBOBUX 3HaUEHb, TO i3 CUCTEMU
(22) omep:KuMO 3HAYEHHsST OAZUCHUK 3MIHHNX

vy =dy, vo=d ... x,=d.

Opepkanmit  po3B’si3ok  cucremn (21) HaswBaoTh OGa3HMCHUM
po3B’a3koM. KinbKicTh 0a3mcHUX po3B’g3KkiB He mnepesuinye C7°.
Axmo omur GasucHuil po3B’d30K 3HalEHO, TO [JId BiIITYKAHHS
iHmoro onHy 3 HebasMCHUX 3MIHHUX TepeBoisTh y 6asucHi, a
BiAOBiAHY 6as3ucHy — y Heba3HCHI.

basuchmit po3s’sa30K, y gKoro Bci H6a3ucHi 3MiHHI HeBia €MHi, Ha-
3UBAETHCS JOILYCTUMUM DA3HMCHUM PO3B’A3KOM.

3pyuHo 3aificHioBaTH 3BefeHHs cucremn (21) 1o H6asucHoi dhopmu

zq +a) 1Tt + - @, = b,
/ / — hl
T2 +a3 1 Tmt1 ot ag, T, = by, (23)

/

3a, goromMoroi Metony zKoprnana-Taycca.

Posrnanemo merasbHo 1eit mporec. Hexail smiHHa o, BXOIUTH ¥
r-e piBHAHHS 3 KoedillieHTOM ¢,,. g Toro mob 1g 3MiHHa cTaJja
6a3UCHOIO, TTOJIIMMO 1'-€ PIBHSHHS Ha d,.5 7 0, T06TO 3pobuMo Koedi-
II€HT TIPH %5 OJMHUIIEIO 1 Pe3yJIbTaT BiIHIMEMO BiJl KOKHOT'O 3 PeIiTH
PiBHSHD, MHOXKaUM KOYKHOTO pa3y Horo Ha BIAMOBIIHWHA eleMeHT a;
(micTaneMo 3MiHHY Z, 3 KoedirienTom 0).

CyKyImHicTh omeparliif, siki yTBOPIOIOTH KPOK >KOPIaHOBUX BHKJIIO-
YeHb, HA3MBAETHCS KOPAAHOBHUM IlepeTBopeHHsM. PopMynn s

L : .
obumcsienns Koedinientis af;, bf, i € {1,...,m}, j € {1,...,n}, Hopoi
CHCTEeMH, OJIepsKaHol ¥ pe3y/IbTaTi OJHOr0 KPOKY *KOPAaHOBAX BUKJIIO-
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JeHb 13 pO3B7H3yBaJIbHI/IM eJIeMeHTOM )5, MalOTh BUTJIAIL:

) 1 1

— . [ .
p; = —lrg, br - _bT’7

rs aT’S

Uiy s a;sh
7 15y 7 1sVUpr
=ag — ——L, bi=0b— ——,
Qs Qs

ie{l,...,m}, i#£r, jeA{l,..,n}. (24)

O6unciienns 3a dhopmynamu (24) MOKHA OITHCATH 3a JOTIOMOTO0
npaBuiia MPAMOKYTHUKA: wolb snaiimu eaemenm al., mpeba 610
EAEMERNA Q;; 6LOHATIU 00OYMOK KOEPHIUIENIE, AR CIMOAMb HAGNPO-
MU Hb020 Y NPOGIOHUT CIMOSNYUUKY 1 PAJKY, NodiaeHull Ha Nposionull

eAEMEHTN, PO3MIUEHUT N0 01A20HAAL 610 EACMEHINA ;j.

a

Ajj— — — —ajs

pje — —

OtKe, MOCTIAOBHICTD [iil, Ki BUKOHYIOTbCH Ha OJIHOMY KPOILI
JKOPJTAHOBHX TI€PETBOPEHb Y BiIMOBIIHOCTI 3 dopmynamu (24) Taka :
NPOGIINUT eAeMEHITL 3AMIHIOEMBCA 00UHULEIO; YCT PEULING EAEMERTTIIE
nPo6IdH020 pAIKA NIAAMBCA HA NPOSIOHUT eAeMEHM; YCI PEWMA ele-
MEHMIE NPOBIOHOZO CINOBNUUKE 3AMIHIOWOMBCA HYAAMU, €AEMEHNU,
AKL HE HAAEHCATVD NPOSIOHUM PACKY a0 CMOGNYUKY, 00MUCAIOIMBCA
30 NPAGUAOM NPAMOKYMHUKA.

115t meperBopenns cucremu (21) y 6asuchy dopmy (23) Tpeba He
Oinbie HiXK M KPOKIB *KOPAaHOBUX IeperBopeHb. Ha mepmomy kpo-
11l 32 MPOBIAHUI e/leMeHT BHOUPAEThCS JIOBITbHUI eleMeHT a,5 7 0.
Ha gpyromy Kpolii mpoBijHMil ejleMeHT BUOUPAETHCH Y OVIb-aIKOMY
piBHSIHHI (KPIM r-ro) cepej HeHYJIbOBUX KOeIIieHTIB cucTeMun, ofep-
JKaHOI Micad Teporo Kpoky, i T.j. fKimo B mporeci BUKJIOYEHDb
3’9BUTHCSA PIBHAHHSA, Y AKOMY JIiBa JaCTHHa JOPIBHIOE HYJIO, a BlIb-
HUI WIeH BiAMIHHWH Bij HYJIS, — I O3HaKa HECYMICHOCTI CHUCTeMHU.
dAxmo giBa i IpaBa YaCTHHU JedKOTO PIiBHSAHHS IePeTBOPIOIOTHCS B
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HYJIb, TO BOHO € JIiHI}HOIO KOoMOIHAIl€lo peIlTH PiBHAHD, 1 fioro Tpe-
Oa BUKIIOUNATH 3 po3risay. OT:Ke, y Mpolieci KOpJaHOBUX [epeTBO-
peHb ab0 BCTAHOB/IOETHCS HECYMICHICTH CHCTeMH PiBHSAHBL, abo cu-
cTeMa 3BOJUTHCS JI0 eKBiBajleHTHOI GasmcHOi cucremu (23), 3BiAKN
PO3B 130K 0lIep:KYEThCH Oesmnocepeaabo. PopMynn KopIaHOBUX Mepe-
TBOpeHb (24) 3aCTOCOBYIOTHCS K Y BUMAJKY /M = M, TaK 1 ¥ BHITAJKY
m < n.

Ilpukgan 8. Posp’szatm cucremy JIHIHHAX pIBHAHB METOIOM
Koppana-T'aycca

1 —2l‘2 —|—3l‘3 —4l‘4 —|—2l‘5 = 4,

zo —z3 +xy Fdrs = -3,
1 —|—3l‘2 —3l‘4 = 1,
1 “+xs +2x3 —3l‘4 —|—3l‘5 =1.

« PesynbpraTn obuncienb mogaMo y BUTIAIL TaOJIHII:

A Ay As Ay As A A Ay A3 Ay As | Ao
1] -2 3 —4 2[4 1 0 1 -2 10 |-2
0O 1 -1 1 4(-3 0 1 =1 1 4 |-3
1 3 0 -3 011 0 0 2 —4 —22|12
11 1 -3 3|1 0 0 —2 11| 6
I —2 3 —4 2|4 I 0 0 0 21 |-8
0 -1 1 4|-3 0 1 0 -1 -7/3
0O 5 -3 1 —2|-3 0 0 0 0 0 |0
0O 3 -2 1 1]-3 0 0 1 =2 —11|6
Orxe, cucrema HalyJsa BUTIISAILY

1 —|—21l‘5:—8,

Kb} — X4 —71‘5:3,

s —2l‘4 —111‘5 = 6,

e w1, T9, 3 — ODA3UCHI 3MIHHI, a T4, &5 — BIALHI 3MiHHI. ToMy 3araJbHmii

pPO3B’sI30K cucTeMu: 1 = —8 —21xs, w9 = 3+ x4+ T, x3 = 64+ 204+ 115,
{za, 25} C R. dxmo nokaactu x4 = 0, 25 = 0, T0o omepxkuMo GazucHuii
po3B’s30K 1 = —8, w9 = 3,23 =6, 24 =0, x5 = 0. »
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3a momomoroio Merony Kopmana-l'aycca MoKHa 3HaXOIUTHA MaT-
putiio, obepHeny 10 3amanol. [lpu mboMy He Tpeba JocaiaKyBaTH 3a-
JdaHy MaTPUIIO Ha BUPOIKEHICTh, 0OYMC/IIO0YH 11 BU3SHAYHUK. SKINo
MOKJIBe YHUCJIO0 KPOKiB YKOPJAHOBHUX IepeTBOpPeHb r MeHIe Bif To-
psaKy n Marpuili  (r < m), TO MaTpHIlg BHUPOJZKeHa ii 0bepHeHOl
HeMae.

Ilpukaan 9. 3naiitn MaTpumo, obepHerRy 10 MaTpHIL

2 2 3
A= 1 -1 0
-1 2 1

« 3amuinemMo MaTpuIlio A, a cpaBa MO/ 13 HEIO — OJUHUIHY MATPHILIO
E TpeThoro mopsiKy 1 BEKOHAEMO MAaKCHMAJTBHO MOKIUBE YHUCIO JKOPIAHO-
BHX IEPETBOPEHD, OO Ha MICIl MaTpuill A YyTBOPHTH OSMHUYIHY MaTPHIIO
E. Obumcientsa mogaMo y BATJIAAL TabJIHIh:

A Ay As Ey Ey Es

2] 2 3 1 0 0
T -1 0 0 1 0

-1 2 1 0 0 1
T T 32 | 12 0 0
0 -3/2 | -1/2 1 0
0 3 5/2 | 1/2 0 0
T 0 3/ 14 12 0
0 1 3/4 | 14 -1/2 0
0 0 [ual|-1a 32 0
T 0 0 T S/
0 1 0 1 5 3
0 0 1 -1 6 4

OTiKe, Ha MicIl MaTpuill A MICTaJW OJUHUTHY MaTpPHIO [, a Ha MICII
oanHnyHOl MaTpuni F — obepreny marpumio A~ Tomy

1 -4 -3
AT'= 1 =5 3 |. »
-1 6 4
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3.8. Teopema Kponekepa-Karesi

PosrnsHemo cucremy (21). Marpuns

al a1y e A1n
A _ as as9 e (12798
Aml Am2 .. Amnp

Ha3MBAEThCS MATPHUIEO cucteMn (21), a MaTpuns

al a1y . A1n bl

as as9 N /2] bg
A= "

Ul G2 oo Gy Dy

~ PO3NIMPEHOI0 MaTpuIeo cucreMn (21).

Binnosinp Ha nuranHe, Kou cucreMa (21) € cymicHOO, j1a€ TaKa
TeopeMa.

Teopema Kponekepa-Kanesti. Cucmema aiidinur pienans
cymicna modi U miavku modi, KoAU pPanz MAmpuul cucmemu Jdopis-
HI0E paney poswuperoi mampuyl yiei cucmemu, mobmo rang(A) =
rang(Aq).

Orxke, axmo rang(A) < rang(A;), To CI/ICTeMa (21) He mae pos-
B’s13KiB. BoHa cymepeusmba — He ichye Bektopa ¥ = (29;29;...;22),
KU 33/J0BOJTbHSE OJHOYACHO Bei piBHsHHS (21).

Y Bunasxy, xomu rang(A) = rang(A;) = k, cucrema (21) mae
po3s’a3kn. 11106 3HaiiTi ix, My moBuHHI BuOpaTn i3 cucremu (21) me-
sKi k piBHSHD, MaTpHIl KoedillieHTIB 9KnX Ma€ padr k, i po3p’sg3aru
i piBusgHHS. Po3B’a3KiB y 1i€l cucreMu 3 k piBHSHD € HeCKiHIeHHO
bararo, aje X MOKHa KOMIAKTHO 3amnucaru. [lpu 1ipomy noslibHuit
PO3B 130K BHOpaHUX k piBHAHD OJHOYTACHO 3a0BOJbHIE pemTy n — k
piBHSHB cucTemu (21).

Onucani BuUllle BUIAJKK BUYEPIYIOTh yCci MOXKJIUBI cUTyalll,
OCKIZIbKH paHr Ay He Moxke OyTH MeHIIHM, HiXK paHr A.
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st pos’sisanHs cuctemu (21) y 3arajbHOMY BHIAJKY He Tpe-
Oa obumcaoBaTH paHru Marpuilb A i Ay, a moTiM IX TOpiBHIOBa-
1. JlocTaTHRO oJipa3y 3acTtocyBaTu MeTon zKopmana-I'aycca. Metos,
Kopnana-Taycca 3pydnuit TuMm, 1Mo BiH € HalMeHIT TPYJIOMICTKHM,
JI03BOJIS€ OJIHO3HAYHO BCTAHOBUTH CYMICHA 3ajlaHa cUCTeMa 49U Hi, a
V BUITQJIKY CYMICHOCTI 3Ha#iTH i1 po3s’sa3ku. Kpim Toro, BiH Ja€ MOXK-
JUBICTH 3HANTHU MaKCHMaJibHe YUCJI0 JiHIITHO He3aeKHUX PiBHAHb —
paHT MATPUII CUCTEMHU.

IIpukaan 10. Posp’szaTa cactemy

r1+x2+23=1,
1+ x9+ 2z3 =1,
l‘1+l‘2+3l‘3:2.

< ManI/IL[H CHCTEMHA

111
A= 1 1 2
11 3
mae BusHauHuk |A| = 0. OueBuamo, mo paur marpuii A gopishioe 2, 60 €
11
BU3HAYHUK, HAIPUKJIAJ, ‘ 1 9 ‘ =1+#0.
Marpuris
11 1 1
AA=11 1 2 1
11 3 2

Mag€ paHT, [0 JOPIBHIOE 3, OCKLIBKH BU3HAYHUK, TOPOAKEHUH 3a1aHOI0 MaT-
pHIIEIO

=14£0.

[T

1
2
3

N = =

Omike, rang(A) < rang(A;), i cucrema HecyMicHa. P
Ilpukaan 11. Posp’szata cacremy

r1+x2+23=1,

1+ x9+ 2z3 =1,
2l‘1 + 21‘2 —1—41‘3 = 2.

59



4 Maemo
1 1 1 1 1 1 1
A= 1 1 2 , A= 11 2 1
2 2 4 2 2 4 2

Ouepngno, mo |A] = 0, arang(A;) = rang(A) = 2. OTike, cucrema cymicHa
1 71T 3HAXOKEeHHs 11 po3B’a3KiB BEOepeMo IBa PIBHAHHS TaKHX, IT0O paHT
MAaTPHIN 3 IXHIX KoelIIeHTIB JopiBHIOBaB 2. BisbMeMo, HalpUKJIaI, MepIire
1 Ipyre piBHSHHS
r1+xo+23=1,
{ l‘1+l‘2+2l‘3:1.

3anuIeMo Mo CUCTEMY Y BUTJIST

$1+$3:1_$2,
l‘1+2l‘3:1—l‘2.

Busnaunuk A ocraHHbOI cUCTeMH
11
A= ‘ - ‘ =140,

TOMY BOHA Ma€ €IUHHY pO3B 30K TpH JOBLILHIN MpaBlil JacTHHI:

All 1—a

_ = 1—1‘2
1—1‘2

1‘1 1—l‘2

‘:1_$2a T3 =

Omike, Tpifixu uncen (1 — x9;x2;0) npu Oyab-sikoMy o € R garorh BCi

pOBB’HBKI/I BaﬂaHO.l. CHUCTEMHU. »
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4. JIiH1iiHI eKOHOMIYH] MoJeJl
4.1. 3actocyBaHHs ajredopu MaTpuilb

IIpu posp’ss3yBanHi OaraTboX E€KOHOMIYHMX 3ajad BHUKOPHCTO-
BYEThCS ajirebpa MaTpHIlb.

Ilpukaan 1. IlignpremcTBo BUIycKae TMPOAYKINIO TPhOX BAAIB P,
P,, P31 BUKOpPHCTOBY€e CHPOBHWHY JBOX THIIB 51 1 .52. Hopmu BuTpar cupo-

2 3
BUHM XapaKTePU3yIOThbCcd Marpuieio A = 5 2 |, me KOXKHWI eJeMeHT
1 4

aij, ¢ € {1,2,3}, j € {1,2}, yxasye, CKIIBKH OAUHUIL CHPOBHHH j-TO THILY
BUTpaYaeThcsl Ha BUPOOHUIITBO OJMHUIN MPOAYKINI ¢-ro Buay. [lran Bumyc-
Ky TPOIYKINI 3aJaH0 MaTpHIero-paakom C' = ( 100 80 130 ), BapTICTh

50
SHalTH BUTPATH CHPOBUHHU, HEOOXIIHI /IS JIAHOBOTO BUIIYCKY TIPOILYK-
i, a TaKOXK 3arajbHY BapTICTh CHPOBHHH.
« Burpatu cuposunn 1-ro tumy cranoBaatsh 2-1004-5-804+1-130 = 730,
a apyroro — 3-1004 2 80+ 4 - 130 = 980 omuuuilh, a e o3HAYAE, IO
MAaTPHIIO-PAIOK S BUTPAT CUPOBUHM MOYKHA MOJATH Y BUTJISI

. 30
OJWHHUIIl KOXKHOTO THUIIY CHMPOBHHH — MAaTpPUHIEIO-CTOBIIYUKOM B = ( .

2
S=CA=(100 80 130 )| 5 =( 730 980 ).
1

= DN o

Toni cymapHa BapTIiCTh CHPOBHHHE

30

Q=SB =130 980)(50

) = (730 - 30 4 980 - 50) = (70900).

CymapHy BapTICTh CHPOBHHM MOYKHA OOUHUCIUTH ¥ MO-THIIOMY: CHOYATKY
OOTHCIUMO MATPUINIO BAPTOCTEH CHPOBUHH, 110 BUTPAYAEThCs HA OJAWHHUITIO

2 3 30 210
nponaykini, Tobro marpuiio R = AB = 5 2 ( 50 ) = 250 |, a
1 4 230
MOTIM CyMapHY BapTiCTh CHPOBUHHA
210
Q=CR=C(AB)=(100 80 130 )| 250 | =(70900). »
230
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Ilpukaan 2. Tanysp ckaagaeThcsa 3 1 MIAINPAEMCTE, KOXKHE 3 AKHAX
BUILYCKA€ 10 OJHOMY BHJY IPOAYKIIi B obcasi @, 1 € {1,2,...,n}, onuHuIlb.
Jlist sabesnevdernsi cBOro BUPOOHUIITBA T ANTPUEMCTBO BAKOPUCTOBYE YaCTH-
HY TPOAYKII, s’Ka BUIIYCKAETHCS HUM CAMWM Ta IHITUMH I1ATPHEMCTBAMHE.
Hexait a;; — wacTusa OpoAyKIl ¢-ro HiAIPUEMCTBA, AKa BUKOPUCTOBYETHCS
J-¥IM TATPHEMCTBOM J1Jisi 3abe3leden sl BUMYCKY CBOET MPOAYKINT 06csiromM
&; OAUHUND.

3Ha#iTn 0bcAT KIHIEBOTO HPOAYKTY ¥;, TOBTO KINMBbKICTH HPOAYKIH j-
ro MiIPHEMCTBA JJIsT peasizalil mosa M€ raay3ssio. PospaxyHKu TpoBecTH

L1 a1 Q12 ... Q1p
JIJIS BANAAKY, KOJIH MaTpuil X = R T R e
Tn Ap1 Gpo ... Qpp
MAalOTh BIAMNOBLIHO BHIJIS
400 0,4 0,2 0,3
X=1 500 ], A=1 0,3 0,5 0,2
200 0,1 0,2 0,2

bl bl bl

< Ilosraummo qepes Y MaTPHIIO-CTOBITIYUK

n
Ouesngno, mo ¥; = #; — »_ a;;&;, ¢ € {1,2,...,n}, abo B Marpuamiit popmi
j=1

Y =X - AX, 10610 Y = (F — A)X, e F — onuHAYHA MaTPHIIL.
Y HamoMy BHIAIKY MaeMo

1-0,4 -0,2 —0,3 400
y=( -0,3 1-05 —0,2 500 | =
—0,1 —0,2 1-0,2 200
240 — 100 — 60 80
= —1204250-40 | = 90 |. »
—40 — 100 + 160 20
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4.2. 3acTocyBaHHs cUCTeM JIHINHUX PIBHSHb

Hapenemo mpuKk/Ia iy 3aa9 eKOHOMIKH, MaTeMaTUIHI MOJIeTl SKUX
OTIUCYTOThCH CUCTEeMaMH JIHIHHNX PiBHAHD.

Ilpukaan 3. 3aBox creriamizyeThcs 3 BHNYCKY YOTHPLOX BHJIB BH-
pobiB Py, Pa, P31 P,. Ilpu oMy BEKOPHCTOBYETHCSI CHPOBHHA YOTHPHLOX
THmB S1, Sz, S3 1.51. HopMu BUTpaT KOXKHOI 3 HUX HA OJUHHUITIO MPOAYKIIIL
BIMOBIIHOTO BHAY 3aJaHO TaOJIHIIEIO

Bun Hopmu BuTpaT oauHUITL Butparu
CHUPO- | CHPOBWHM HA OJWHUITIO MPOAYKIIIL CHPOBUHHU
BHHHA P Ps Ps Py Ha 1 JieHb, YM.OJT

S1 1 2 1 0 8

S 0 1 3 1 15

Ss 4 0 1 1 11

Sa 1 1 0 5 23

SualiTu MoeHHUH 06CAT BUIIYCKY MPOAYKITT KOXKHOTO BHIY.
<« Hexaif saBox Bumyckae z; opunuie npoaykmii P;, j € {1, ...,4}. Toai,
3TIJIHO 3 HOPMAMHU BUTPAT CUPOBHHE KOKHOTO THITY, MAEMO CUCTEMY PiBHSHB

z1+2x94+ 23 =38,

zo 4+ 3x3 4+ x4 = 15,
dry w3+ xy =11,
T+ 2o —|—5l‘4:23

Posw’stzkemMo ofiepKany cuctemy Mmetomom zKopmama-Iaycca

A1 As As Ay | Ao A1 Ay As Ay Ao
1] 2 1 o 8 1 0 -5 -2 | -22
0 1 3 1] 15 0 1 3 1 15
4 0 1 1|11 0 0 21 9 99
1 2 0 5| 23 0 0 6 30
T 2 1 0] 8 T 0 0 13 | 53
0 3 1|15 0 1 0 -8 | =30
0 -8 -3 1 |-21 0 0 0 [-54]| -216
0 -1 -1 5| 15 0 0 1 3 15
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A1 A As Ay | Ao
1 0 0 0 1
0 1 0 0 2
0 0 0 1 4
0 0 1 0 3

3 ocTaHHBOI TAOJUIN BUILIHBAE, 10 1 = 1, #9 = 2, 23 = 3, x4 = 4.

Ore, 3aBOJ] BUIIYCKAE B IeHb | yM.Of. TPOAYKINT P ; 2 yM.OJ. MPOAYKITii
Py; 3 ym.on. mpoaykmi Ps 14 ym.oa. nponykiii Py. »

Ilpukaan 4. s pansaTn 3apobiTHOL IIATHI MpaIliBHIKAM Y0THPBOX
xkareropi#t By, By, B3 1 By BualsieHo Kymopu Takux Baprocreii: 1850 kymop
mo 100 rpu.; 230 kymiop o 50 rpa.; 250 kymop mo 10 rpa. 1 740 xymop mo
1 rpu. 3apobiTHa miaTHA TpalliBHEKa KaTeropii By craHoBuTh 962 rpH.;
xareropii Bs — 713 rpHu.; kateropii Bs — 452 rpu.; kareropii By — 261 rpH.

BusnaunTn cKiJBKH NpallBHUKIB 3aJaHOI KaTeropii mpalifoe Ha T AIpH-
€MCTBI, SKINO KOKHOMY 3 HUX BHJAJH 3apOOITHY ILIATHIO MIHIMAJbLHAM THC-
JIOM KYTIIOP.

« OCKLIBKY oILTaTa MPOBOANTECS MIHIMAJIBLHAM YHCIOM KYITIOP, TO Tab-
JIEIS PO3IOALIY KYIIOP Pi3HOI BapTOCTl, Kl BHAAIOTH CIIBPOOITHHKAM PI3-
HUX KATETOPid, Mae BUIJIS

BapTicts Posmoain kymop SaraabHa
KYIIOPH, IO KaTeropisx KLIBKICTH
TpH. By B> Bs By KYIIIOp
100 9 7 4 2 1850
50 1 0 1 1 230
10 1 1 0 1 250
1 2 3 2 1 740

Hexa#t z; — xinpkicTs mparieuuEKiB Karteropii Bj, j € {1,2,3,4}. Toai
3a JAHUMU HaBeJEHOI BHUIle TabJUIll MATHMEMO CHCTEMY PIBHSIHBL Oajancy

9l‘1 + 71‘2 + 41‘3 + 21‘4 = 1850,
sl —|—l‘3—|—l‘4:230,
1+ xo —|—l‘4:250,
2l‘1 + 31‘2 + 21‘3 + x4 = 740.

Posw’szkemo 1o cuctemy Mmetomom Kopmana-Taycca.
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A1 A As Ay | Ao A Ay Az Ag Ao
9 7 4 2 | 1850 0 0 1 —7/2 | —180
0 1 1| 230 10 0 9/2 | 410
I 1 0 1| 250 0 1 0 =7/2 | ~-160
2 3 2 1 | 740 0 0 0 |19/2]] 760
0 7 -5 7] -220 0 0 1 0 100
10 1 1| 230 1 0 0 0 50
0 —1 0 | 20 0 1 0 0 120
0 3 0 —1] 280 0 0 0 1 80
0 0 [2] -7 -360
10 1T 1| 230
0 1 =1 0| 20
0 0 3 —1] 22

Orxe, mpaniBHUKIB KaTeropii By Ha mianmpueMcTsl mpaioe 50 ocib, Ka-

Teropii By — 120 ocib, kareropii Bs — 100 ocib 1 kareropii By — 80 ocib. »

4.3. Mogean JleouThbeBa Gararorajiy3eBol €KOHOMIKHI

Metoro GajaHCOBOTO aHAJI3y € BIANOBiIb Ha NUTAHHS, SKe BUHU-
Ka€ B MAaKpOEKOHOMIIl ¥ 1moB’si3aHe 3 edEKTUBHICTIO BelleHHs Oara-
TOraJIy3eBOro rocnogapcTBa: SKUM MOBUHEH OyTH 00cAT BUPOOHUIITBA
KOXKHOI 3  raJjiyseii, 1mob 3a0BOJIbHUTH BCi OTpebu B MPOAYKIIT i€l
rasysi? Ilpu npoMy KoXKHa Tajiy3b BUCTYIIA€, 3 OJIHOIO OOKY, 9K BU-
pOOHUK mdesikol NPOAYKIl, a 3 JAPYyroro — K CHOKUBa4 NPOAYKIT i
CBOET, 1 BUpOOJIEHOT IHITUMH TaJIy3IMU7.

[punycrumo, 1o € n rajayseil MPOMUCIIOBOCTI, KOZKHA 3 IKUX BU-
pobJisie cBolO TpojyKIiio. YacTuHa MpoayKiil ije Ha CIOXKUBAHHS
BCepenuHi 3aaHol rajysi, a TakKoK HIIUMU rajy3daMu, a jpyra Ja-
CTHHA — 7T peasiizallii (CroKuBaHHS) y HEBUPOOHHUHIH cepi.

Posrnigaemo mporiec BUpOOGHUIITBA 34 JeAKUI TPOMiZKOK dacy, Ha-
MPUKJIAT, PiK.

Beesiemo Taki mosHateHHs: ; — cyMapHUil (Basiosuii) obesr mpo-
AYKIUI -0l rajysi, y; — obcsar KiHIeBOro IMpOAyKTy -0l rajysi majs
HeBUPOOHUYOrO clioKuBaHH, ¢ € {1,2,...,n}, 2;; — obcar npoaykuii
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-0l rajiysi, o CIOKHMBAETLCA J-010 Tajy33I0 B IIPOIeci BUPOOHUIITBA,
{27]} C {17 27 R n}'

BastarcoBuii MpuHIMIT 3B’ 43Ky MI2K PISHUMY TaJy38MU TPOMUCIIO-
BOCTI TTOJISATa€ B TOMY, IO BAJIOBWI BUITYCK ¢-0i raJy3i MOBHHEH TOPiB-
HIOBATH CyMi 00CATiB CIIOXKUBaHHA V¥ BUPOOHUYIH | HeBUpoOHMUYiil che-
pax, ToOTO

ri=xn+ o+ ..t amtuy, 1€{1,2,..,n} (25)

i piBHAHHS Ha3KMBalOTHCS CINBBILOHOMeHHAMHN GasiaHcy. Pos3-
[JIS1aTUMEeMO BapTiCHUIT MizKrajiy3eBuil OajiaHc, KOJU BCi BEJIMUWHH,
AKi BXOJATH 710 piBHOCTI (25), MarOTh BapTiCHe BHPayKeHHS.

YBegeMo KoeMillieHT NpaMuX BUTPAT

Ty

G5 = $_7 {7,7]} C {1727 ...771}7 (26)

J

SIKi BUPazKaloTh BUTPATH MPOAYKINI 7-0f raJiy3i Ha BUPOOHUIITBO OIU-
HUL TPOJYKITT j-of rasysi. JleoHTbeBUM OYII0 TOMIYeHO, 110 TPOTATOM
TPHUBAJIOTO Hacy BeJIMYUHU @;; 3MIHIOIOTLCA MaJjio, i TOMy IX MOXKHa
BBaXKaTU CTAJIUMU 1 3aJI€2KHUMU JIKIIIE BiJ TeXHOJIOTII BUPOOHUIITBA.
[le o3ravae JiHIMHY 3aJeKHICTh MaTepiaJbHUX BHTPAT BiJl BaJ0OBOTO
BUILYCKY, TOOTO 2;; = a;;;, {%,j} C {1,2,...,n}. [Ipu upomy cuissiz-
HOIlleHHs OajlaHCy HaOyBalOTh BUIVISITY

;= a2 + apre+ ot apr, +y, 1E€4{1,2,..,n}. (27)

Poarngnarumemo marpuiiio-ctoBmauk X obcdris BUpoOIIeHOoT po-
JIYKIT (MATpHIl BAJOBOTO BUITYCKY ), MATPHIIO Y 00CATiB MPoayKIi
KIHIIEBOTO CITOKMBaHHS (MaTpPHIH KiHIIEBOTO CIIOKUBAHHS ), & TAKOK
MaTpuIio A KoedillieHTiB IPSIMUX BUTPAT:

T i ai;p dig ... Qin

9 2 as as9 N (%)
X = L y=| 2|, a= »

T Yn Gpl Ap2 ... Gpp
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Tosi cucrema piBHsAHB (27) y MaTpuuHii (HopMi MaTHMe BUIIIsI
X=AX+4Y. (28)

Le piBHSHHY Ha3MBalOTH PIBHAHHAM JIHIAHOTO MizKraJjyse-
Boro GaJjsiancy, abo mogesutio JIeoHThEBA.

PiBuanus (28) MoxKHa BHKOPHCTOBYBaTH JBOSIKO: 1) Bimoma
MaTPHIA-CTOBITYHUK BaJOBOro BUIycKy X, a Tpeba 3HAfTH MaTpHIlio-
CTOBITYMK KIHIEBOTO CIHOXKHBaHHS Y (3a7ada pO3IVISHYTa BHINE ¥
npukiani 2); 2) jus nepiogy 1 (HampHK/Iamd, poKy) BigoMa MaTpH-
g CTOBIYMK KIHIIEBOIO CIHOKMBaHHA Y 1 Tpeba 3HaWTH MaTpHIlO-
CTOBITYMK BaJIOBOIO BHUITYCKY.

Y apyromy Bumnaiky Tpeba pos3p’sizaTé cucTeMy piBHSHB (28) 3
Bimomumu marpungmu A i Y. [lepenmmenmo pisusuus (28) y Burismi

(E-A)X =Y. (29)
fAxuro marpung (£ — A) HeBupomzKena, Tobro det(L — A) # 0, o
X=(F-A"1Y. (30)

Marpuig S = (F — A)~! HasuBaeTbca MaTpuiiero HOBHUX BUTPAT;
ol TaJjysi, HeoOXigHOI i 3a0e3ledeHHs] BUILYCKY OIMHMIN KiHIIEBOIO
HponyKTy y; j-of ranysi, j € {1,2,...,n}.

Y BIANOBIAHOCTI 3 eKOHOMIYHUM 3MICTOM 3ajadi 3HadYeHHS &; I10-
BUHHI OyTH HeBiJ eMHUMH IIPH HeBiJl'eMHHUX 3HaUYeHHAX y; i a;;, Je
{i,j} C {1,2,...,n}.

Marpunig A > 0 (a;; > 0, {¢, j} C {1,2,...,n}) Ha3UBaeTbCsH
HPOAYKTUBHO, SKINO [/ T0BUIHLHOI MaTpHI-CTOBIYNKa Y > 0
(y; > 0, ¢ € {1,2,...,n}) icuye poss’ssox X > 0 (z; > 0, ¢ €
{1,2,...,n}) piBugung (28). Y npomy BUNaJKY if Momesb JleoHThEBA
Ha3MBAETHCS MTPOLYKTHBHOIO.

lenye mekinbka kKpurepiis npogyktuBHocti marpuii A. Opun 3
HUX CTBEPIKYE, IO MaTpullg A IpoAyKTHBHA, SKIO MaKCUMYM CYM
e/IeMeHTIB il CTOBIYMKIB He IepeBUINYE OIWHUII, IPUIOMY Xo4a O
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JJI OJHOTO 31 CTOBITYMKIB CyMa eJIeMeHTIiB CTPOTO MeHINa OMHU-
11, ToOTO MaTpuid A NpPOIyKTHBHa, AKIMO ¢;; > 0 18 J0BITbHUX
e

1,1t C{l,2,....,n max a;; < 1 ta icHye HOMep jg TaKWil, IO

{7]} {77 y y 1< sn i > y P Jo y I
<isni—

" 1

Za”‘o < 1.

=1

Ilpukgana 5. YV tabauii HapegeHo JaHl Mpo BAKOHaHHS GaJaHcy 3a
TeBHUHN 3BITHUI Tepiof

N r CroxuBaHHs Kiuneswuit | Basopwmit
Iy 3h
n/u Enepreruka | Mamunobya. | IpoAyKT | BHILYCK
1 | Enepreruka 7 21 72 100
9 | Mammuno- 12 15 63 100
Oy IyBaHHS

ObuncanTn HeOOX1THUI 06CAT BAJIOBOTO BUIIYCKY B KOXKHIN Tajysl, SKIIO
KIHIEBE CIIOKUBAHHS eHePreTHIHOI Tasy3l 30LIBIMATLCS BABIYl, a4 MAITHHO-
Oy AyBaHHS 3aJHITHTHCSI Ha HMOMepeIHBLOMY PIBHI.

< Maemo xr1 = 100, o = 100, r11 = 7, 12 = 21, o1 = 12, oo = 15,

y1 = 72, y» = 63. 3a dopmynoro (26) sHAXOAUMO KOoedIIEHTH TPAMHX
BUTpAT: 11 = ﬁ = 0,07; ay» = % =0,21; as; = % = 0,12; asy =
0,07 0,21

15— 0,15. Marpung npamux sutpar A = (

<y .
100 — ) Mae€ HeB1J €MH1

0,12 0,15
eJIEMEHTH 1 3aJ10BOJIbHsIE KPUTepili NpoAyKTUBHOCTI, ockiabku max{0, 07 +
0,12; 0,21+ 0,15} = max{0,19;0,36} = 0,36 < 1.

Tomy st TOBITBHOI MATPHITI-CTOBIYMKA KIHIIEBOTO TPOAYKTY Y MOWK-
Ha 3HAWTH HeoOXITHHUN 0OCAT BaJloBOro BHIYCKY X 3a dopmyaoio X =
(FE — A)7tY.

16434 ) , To Tpeba sHaiitu (£ — A)~!:

b (10N _ (007 021 _( 093 —021Y,
=\o0 1 0,12 0,15 ) —\ —0,12 0,85 )’
det(E — A) =0,93-0,85— 0,12 0,21 = 0, 7653 2 0;

1 0,85 0,21
_ -1 __ ; ;
E-a)7 = 0, 7653 ( 0,12 0,93 ) '

OCKIJIBKY 3T1THO 3 YMOBOK Y = (
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Orke, BEKTOP KIHI[EBOTO MPOAYKTY

! 0,85 0,21 144 \
T 0,7653 \ 0,12 0,93 63 ) =

1 0,85-14440,21-63 \ _ [ 177,2
T 0,7653 \ 0,12-14440,93-63 )~ \ 99,1 )~

TOOTO BaJIOBHWIl BUIYCK B eHEpPreTHUHIN Tasysi Tpeba s6iabmmTe g0 177,2

yM.OZ., a B MamuHOOyAyBanHl — 10 99,1 ym.om. »

Ilpukian 6. BusnaunTtn Mikraayseuii Oaganc BHpOOHHWIITBA i CITO-

JKUBaHHS TPOAYKINI TPHOX Tady3ell, KOJW BIZIOMI MaTPHUIN MPIMHUX BATPAT

0,3 0,1 0,0
= 0,2 0,3 0,2 1 KIHIIEBOTO TPOAYKTY KOXKHOI raJysi
0,1 0,0 0,1

bl bl bl

100000

Y =1 300000

200000
L1
<« Maevo X = (E—A)"Y ne X = | x»
T3

Ouepuano, 10

100 0,3 0,1 0,0
E—A=|0 10 0,2 0,3 0,2 | =
00 1 0,1 0,0 0,1
0, =0,1
- —0,2 0,7 —0,2 :
0,1 0,0 0,9

det(EF — A) = 0,421;
1,49644 0,21378 0,04751
(E—A)"t= [ 0,47506 1,49644 0,33254
0,16627 0,02375 1,11639

Tomi
1,49644 0,21378 0,04751 100000 223280
X = 0,47506 1,49644 0,33254 300000 | ~ | 562946
0,16627 0,02375 1,11639 200000 247030

69



Obcar pupobHUITBA mepinol ranysi 1 = 223280, apyroi o = 562946
1 Tpethoi 23 = 247030. 3uatoun m obcsaru # kKoedIIMEHTH TPIMUX BUTPAT,
MOYKHa OOTHCIUTH MOTOKH MPOAYKINi BLM i-0i J0 j-0l ramysi.

Axro, HanpuKIam, Ha OMUHUIIO TPOAYKINI Apyroi raaysi #ige 0,1 omm-
HHUIb TPOYKINI MePINol raaysl, To Ha 562946 oauuuie BCiel TPOAYKINI Apy-
roi ragysi Burpadaerbes 0,1 - 562946 = 56294, 6 oawHUIL TPOAYKINI mep-
mol rasysi. Pemrra mpomyKIii mepirmol raJysi CIOKHBAEThes y HIil camiii:
0,3 223280 = 66984, 0, 60 y TpeTiii raaysi il TPOAYKIS HE CIOKUBAETHCS,
OCKLIBLKH a13 = 0.

Orxe, TPOAYKINS TEePINOl Tady3l Po3MoALIsaeThCcs Tak: ©11 = 66984, 0;
x12 = 56294 6; x13 = 0; y; = 100000, mo pasom cTaHOBUTE & & 223279.

Ilogi6auM YrHOM MOYKHA 3HARTH OaJaHCOBHH PO3MOMII MPOAYKINI Apy-
roi # TpeThOl Tagysei. p

4.4. JliniliHa Mo/1eJib TOPTriBJIi

Braxkatumemo, 1o 610/1KeTH 1 KpaiH, dKi MU [MO3HAYUMO BiIII0-
BiJIHO %1, X2, ..., £, BUTPAJAIOThcd Ha KyTiBJ0 ToBapiB. Po3risHeMo
JIHIFHY MoAe/ib 06MiHY, 260 MOZEh MIXKHAPOAHOI TOPTiBJIi.

Hexait a;; — 1acTuHa OMOJKeTy x;, 4Ky j-a KpaiHa BHUTpada€ Ha
BaKyYIiBJIIO TOBapiB -0l KpaiHu. Y BejleMO MaTpHIo KoedilieHTiB

al a1y N AT
ag1 a2 ... A

A= . (31)
Ap1 Ap2 ... App

Axio Bech GIOMKET BUTPAUAEThCH JIAIE HA 3aAKYIKHM BCEpPeInHi
KpalHu Ta 30BHI Hel, TO Ile MOYKHa PO3IVISIaTi siK TOProBejibHUI Oa-
JaHC, a TOMY MpaBUJIbHA PIBHICTH

n

D aij=1, jE{1,2,..,n}. (32)

=1

Marpurgt A, efleMeHTH sIKOI 3a/I0BOJIBHSIOTH YMOBH (32), Ha3u-
BAEThCSl CTPYKTYPHOIO MAaTpUIlelo ToprisJjii. O4ueBnIHO, MO 715
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1-0i KpaiHM 3arajibHa BHPYYKa Bij BHYTPINIHbOI Ta 30BHINTHBOI TOP-
riBJi
P = ajpzy + apprg + oo+ appr,, € {1,2,...,n}.

YmoBoto GesmedinmtHOCTI (36amancoBanocti) Toprisi € P > x; abo
121 + @oxy + i, > vy, 1€ {1,2, ..., n}. (33)

Axmo marTpuiig A € cTPYKTYpHOW, TOOTO BUKOHYIOTHCH YMOBU
(32), To B (33) He MOKyTH OyTH 3HaKM HepiBHOCTI. CripaBi, J07aMO
Bci HepiBHocTi (33) 1 morpynyemo nomaHku 3 BesuumHamu ;. Toxi
OJIEPKUMO, 1110

z1(an +ao + ..+ an1) + x2(arz + a2 + oo+ ap2) + ...+
‘|‘$n(a1n + agn + ...+ ann) Z AT SRUD IS IO (P

OCKIJIbKM B JIy?KKaX CTOATb CYMU €JIEMEHTIB MAaTPHII 110 CTOBIIYM-
KaX, fKi JOPIBHIOIOTH OJIMHUI 32 YMOBOIO (32), TO 0/1epKUMO HepiBs-
HICTH

14+ ...t 2o+ oz,

3Bijicu BUIIMBAE, MO MOXKJIMBUI JHIle 3HAK PIBHOCTI.
Orzke, ymoBu (33) HabyBarOTh BUIJISIILY

a1121 + a2 + ...+ 1,7, = Ty,
2121 + A2229 + ...+ G2, T, = To, (34)

Up1T1 + Gp2%2 + . oo @y = Ty

ITosnaunmo qepes X MaTPpHUIOIO-CTOBITYNK, KOXKHa KOMIIOHEHTaA
L1
SIKOI XapaKTepu3ye OI0IKeT BiAmoBiaHol Kpainu, Tobto X =
xn
Lo Marpuiio Ha3UBal0Th MATPUIIEIO BGIOAKETIB. 3 JOIIOMOIOI IHel
MaTpull Ta MaTpuili A cucremy (34) MOYKHA MOJATH ¥ BUTJIS]

AX = X, (35)
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3 1pOTO PIBHIHHS BUTJIMBAE, MO BAACHHN BEKTOP CTPYKTYPHOI
MaTpWUIl, KU BiAMOBimae i1 BIacHOMY YHcay A = 1, CKIaTaeThes 3
OI0KeTiB Kpaid Ge3medinuTHol MizKHAPOAHOT TOPriBJii.

Piusinng (35) MoxKHa OZATH y BUIVISIL

(A— E)X =0, (36)

3BIIKM 1 3HAXOAUTHCSI MaTpHUilg X .
Ilpukaan 7. CrpykrypHa MaTpHIS TOPTiBJII YOTHPBOX KpaiH Mae
BUTJISIT

0,2 0,3 0,2 0,2
A | 04 03 01 02
0,3 0,3 0,5 0,2
0,1 0,1 0,2 0,4

bl

SualiTu OloMKeTH TUX KpaiH, dK1 3aJ0BOJbHSIOTE YMOBY 306aaHCOBAHOI
6e3/1epIUTHOT TOPTIBJL, SKITO cyMa OIOMKETIB £1 + &2 + 3 + x4 = 6270.
« Tpeba poss’ssaru cucremy (36), sika B bOMY BHIIAJIKY Ma€ BHIJISA]

0,2—1 0,3 0,2 0,2 21 0
0,4 0,3-1 0,1 0,2 o
0,3 0,3 0,5-1 0,2 w5 | 7| 0
0,1 0,1 0,2 0,4—1 4 0

—0,821 4 0,322 + 0,225 + 0, 224 = 0,
0,4l‘1 - 0, 71‘2 + 0, 11‘3 + 0, 21‘4 = 0,
0,321 + 0,329 — 0,523+ 0,224 = 0,
0, 11‘1 + 0, 11‘2 + 0, 21‘3 - 0, 61‘4 =0.

3anuIeMo CUCTEMY y BUTJISI

—8l‘1 + 31‘2 + 21‘3 + 21‘4 = 0,
4l‘1 - 71‘2 + x3+ 21‘4 = 0,
3l‘1 + 31‘2 - 51‘3 + 21‘4 = 0,

1‘1—|—l‘2—|—21‘3—6l‘4:0.

OcCKIIbKY BHU3HAYHUK CHUCTEMH JIODIBHIOE HYJO, TO CHCTeMa Mae Oesnid
po3B’s3K1IB. BisbMeMmo Apyre, TpeTe 1 UeTBepTe PIBHSAHHS 1 PO3B IKEMO CH-
cTeMy
4l‘1 - 71‘2 + x3+ 21‘4 = 0,
3l‘1 + 31‘2 - 51‘3 + 21‘4 = 0,
1‘1—|—l‘2—|—21‘3—6l‘4:0.
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Maewmo, srigmo 3 ¢popmynaamu Kpamepa,

—2x4 -7 1 4 -2z, 1
—2x4 3 =b 3 —2x4 -5
T1 = = , L2 = = 5774
4 -7 1 121 121 121
3 3 =5
1 1 2
4 -7 =24
3 3 —2l‘4
1 1 64 220
= 121 BT R
OcklmbkH 1 + T2 + x3 + 4 = 6270, TO
140 146 220 121 627
(E + o1 + o1 + E) xq = 6270, Em = 6270,
6270 - 121
x4 = 697 = 1210.

Tomy mrykami BeTHIHHE OIOAZKETIB Kpald npu 6e3medIuTHIN TOpTIBIII
raki: x1 = 1400, x5 = 1460, x3= 2200, x4 = 1210. »

Buopasu
1. O6unCcauTY BU3HAYHHK:
2 3 a+b a—0>| x—1 1
1) -1 47 2)‘a—b a—l—b" 3) 2 2l4r+1)
3 =2 1 2 -1 3 0 a a
H1 -2 1 3 | 5| -2 3 2| 6)|a 0 a/|
2 -2 0 2 5 a a 0
2 0 5
i1 3 16
0 —1 10
2. Posp’st3aru piBHAHHS abo HEPIBHICTD:
2 x—4 3r—3 2
1) 1 4 ‘—0, 2)‘ x 1 > 0;
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3z -1 3 xr 3z
3) r 2x—3 ‘_5’ 4) 4 2 <14
1 1 1 x—3 1 0
5) 2 b—x 2 |=0; 6) 0 x+1 0 =0;
8 —x 3 3 0 0 x4+ 3
2 z+2 -1
|1 1 -2 | >0.
5 =3 x

3. O6uncauTH BUSHAYHWK, PO3KJIABIINH 33 eJIeMEHTAMU OyIb-SKOTO PiJi-
Ka abo CTOBIYHKA;

20 0 117 -7 1 2 4
Dl 3 7 l=1 13 1] 3] -2 1 -3
5 6 4 171 3 4 9
9 2 11 5 9 3 11 5
1 1 5 2 1 1 5 2
Nlg 3 3 9 P31 3 2f
1 -3 3 4 31 3 4
s s oy 1200 0
S L 32 30 0
6) . T l0 4 3 4 0

9 3 3 9
RN 005 4 5
0006 5

4. Po3p’sa3aTu cUcTeMy PIBHSIHb:
1){ 3z — 5y =12, 2){ r—yV/3=1,
2¢ + Ty = 81, V3 — 3y =/3;
20 — 4y + 92 = 28, 20 —y+ 2= -2,
3 Te+3y—6z=-1, 4)< z4+2y+3z=-1,
Tz + 9y — 92 = b; r—3y—2z=3;
204+y—2=0,
5){ iﬁ;iy_giz__of)’ 6){ z+2y+2=0,
’ 20 —y+32=0;
r—y—z=0,
< a+4y+22=0,
3z +7y+32=0.

5. BuswaunTw, nUpM HAKHX 3HAYEHHAX G 1 b cucTeMa pPIBHSHB

74



{ 2£;Z§ ; ;’ 1) Mae enmumii po3p’s30K; 2) He Mae pO3B’A3KiB; 3) Mae
6e3/11Y PO3B’I3KIB.
. kxr+y=0,
6. [Ipu skuX 3HAYEHHSX k OJAHODIJAHA CHCTEeMa { vt ky=0
Ma€ HeHYJIbOBlI PO3B’SI3KH.
7. BusmaumTn, 14 gKHX B3HaYeHb @ 1 b cHcTeMa PpIBHSHB
3z —2y+z =1,
br — 8y + 9z = 3,
20 +y+az=-1
1) Mae euHWA PO3B’A30K; 2) HeBU3HaUYeHA; 3) HecyMicHa?

3z —2y+2=0,
8. /g akuX 3HAYEHBb ¢ CUCTEMA ar — 14y + 152 =0,
r4+2y—32=0

Mae JIHIEe HYJIbOBHH pO3B 30K

9. Bmaiitn marpumio A+ 3B — C, axmo A = ( :1% _52 ’

s=( 4 Je=(% 1)

10. O6uncauru marpumio D = (AB)T — C2,

2 0
3 4 2 1 3
;LeA_<1 0 5),3_ é g ’C_<0 4).

11. 3uaiitu AB 1 BA,

3 -1
HKH_[OAZ<? 1 _11 ),B: -1 1
1 1
12. OGuuciautu AB, gKIo:
5 0 2 3 _62
1) A= 4 1 5 3 |,B= 7 ;
3 1 -1 2 4
3
1
2)A=(4 0 -2 3 1),B=| -1
5
2

13. 3uaiitn g06yrok Marpuns ABC, jge A = ( ;1 g )’
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—28 93 703
B_<38 —126)’C_<2 1)'

14. O6uncauTn A3, axmo A = ( =2 )

3 —4
15. 3mality Marpuiio, obepHeHY J0 3a1aHOI:
3 4 2 5 7 3 -1 2
1)(5 7);2) 6 3 4 , 3) 0 -2 1
5 -2 -3 5 0 3

16. 3maliTy BIacHI 3HAYEHHS 1 BJIACHI BEKTODYU MATPWILL:

0 (s 1) (3 3)

17. 3HaliTy paHT MATPHUIN:

2506 B
1) 203 2 01
SR 2 -1 0 3
2 —6 -1

18. MaTpuyHuM METOIOM PO3B’S3aTH CHCTEMY:
20 —3y+ 2 =2,

;2) 8 x4+ by —4z=-b,
dr +y— 3z = —4;

1) Sr 4 2y =4,

T+ 4y = 8§;
20 —y+2=2,
3)

3z +2y+ 22z = -2,

x—2y+z=1.
19. Metonom zKopaana-I'aycca poss’s3aTu cucTeMy:
l‘1—|—21‘2—|—3l‘3:6, l‘1+21‘2—21‘3:2,
1) 2014+ 3z — 23 =4, 2) 2¢1 — 329 + 323 = 3,
314+ xo — 4w = 0; dx1 + w9 — 3 = 8;
T+ 2o —x3+ w8 =4, Ty —3xs + 223+ 214 =1,
3) 21‘1—1‘2+3l‘3—21‘4:1, 4) 31‘1—8l‘2+81‘3+7l‘4:3,
$1—l‘3—|—2l‘4:6, 21‘1—4l‘2—|—81‘3—|—8l‘4:0,
3y — a9+ w3 — 24 =0 21 — 329 4+ 1023 + 8xy = 1;
1+ 2x9 4 3x3 = 2,
5) $1—l‘2—l‘3:—2,
l‘1—|—3l‘2—l‘3:—2.

20. 3mafiTH MaTpHIO, 0bepHEHY [0 3aJaHOI, BHKOPUCTOBYIOUH METO[
Koppana-Taycca:

2 7 3 2 5 T
39 4):29(6 3 4 |
1 5 3 5 —2 -3
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2oy (g7
) I T EE VN (R
0 1 2 1

0 0 0

21. IlignpreMcTBO MIOAOOOBO BHIIYCKAE€ TOTHPH BUAH BHPOOIB, OCHOBHI
BHPOOHUTO-eKOHOMITHI MOKA3HUKH SKUX HaBedeHl B TaOJIUII

Bun Kinbkicts | Burpartn Hopwma =acy Iima
Bupoby | BHpoOOIB, | CHPOBWMHH, | BUTOTOBJIECHHS BHpPOOY,
N o/u OJl. KT roi/BUIIB Ip.oJl/BUJIIB
1 20 5 10 30
2 50 2 5 15
3 30 7 15 45
4 40 4 8 20

SualiTi 7000B1 TOKAa3HWKW: BUTPATH CHPOBHHHU S, 3aTparu pobOIOro
gacy 7' 1 BapTicThb P TpoayKIIii.

22. IlianpueMcTBO BHIIyCKAE TPOAYKINIO TPHOX BHIIB 1 BUKOPHCTOBYE
CHPOBHHY JBOX TUHIB. HOpMM BHUTpAT CHPOBHHH Ha OJWHUINIO MPOAYKIIL
2 1 3
1 3 4
CHPOBHHM KOYKHOTO THITY 3aJaHi MaTputieto B = (10 15). fki saraabHi BuT-
paTu BUpoOHHUITBA Ha BUroToBJeHHs 100 OAUHUIE TPOAYKITI MEPITIOTO BUAY,
200 ommHUIL TPOAYKINI Apyroro BuAy 1 150 ogWHUIL MPOAYKINI TPETHOTO
BUIY?

23. Ilpu BUTOTOBJIEHH] JeTaaell 90THphoX BUIIB Py, Py, Ps, Py BuTpaTn

KOZKHOTO BHAY BH3HaUeHl MaTpuieio A = ( ) . BaprocTi oguuunn

MaTepiaJiB, pobodol CHIN Ta eJeKTpoeHepTil 3aJaH0 TabJIHIEIo

Pecypen Burpartn (yM.0f.) Ha OHY JeTab
Py P Ps Py
Marepiaan 1 3 0,5 2
Poboua cuia 1,5 2 3 1
EnexTpoeneprist 2 1 1 0,5

Ob6uncanTu 3arajabHl TOTpebn B MaTeplaiax yi, pobodUiit Cuill Yo Ta esreK-
TpOeHeprii Y3 AJis BUTOTOBJIEHHS 3a/[aHOI KIJIBKOCT] JeTajdell KOKHOTO BUIY:
1‘1:10,1‘2:2,l‘3:8,l‘4:4.

24. Bukonatn po3paxyHOK 3apobITHOI MJIATHI, SKa TPHUIIAae Ha KOXKHE
3aMOBJIEHHs NPH BHTOTOBJIEHHI PI3HUX jeTaseil, AKIO Bigomi Marpuii: 1)
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3aTpaT pobodoro Yacy B TOAMHAX Ha KOKHOMY pobodomy micmi Il;, j €
{1,2,3,4,5}, i na xoxuwuii Bupib tuny A;, i € {1,2,3},

I, II, IIz I, IIs

2 1 4 5} 0 Ay
P = 1 4 2 5} 2 Ay’

0 1 0 3 4 As

2) xinbkicTe BuUpOGiE By, k € {1,2,3} (y mrykax), y KoXHI# maprii
Bupobis Tuny A;, i € {1,2,3},

Al As  As
0 4 2 By
Q= 0o 2 4 By’
5 1 0 Bs

3) moroauHHOI 3apobiTHOI MIaTHI (¥ TPOIIOBUX OJMHHUIAX) HA KOXKHOMY
poboToMy MicITi
1,25
1,50
Y=1] 1,40
1,40
1,25
25 (IporHO3 BUIyCKY NPOAYKI 3a 3amacaMu cupoputn). [TiampueMcTBO

BHILYCKA€ TPU BUIAU NPOAYKIII, BUKOPHCTOBYIOUH CHPOBHHY TPLOX THILB.
Heobxiam xapakTepUCTHKH BEPOOHUIITBA 3a0aHO TabIHIEO:

Tun Burpatu cupoBuHu 3a BuaamMu TPOAYKINI | 3amacu
CAPOBUHU 1 2 3 CAPOBUHU
1 6 4 5 2400
2 4 3 1 1450
3 5 2 3 1550

Tpeba BusHaUUTH OOCAT BUITYCKY MPOAYKIIT KOKHOTO BUY DU 3aTaHUX
3aMacax CHPOBUHH.

26. Ha manpuemcTsi € mpu 1exu. CKUIBKH TPOAYKINI CJIJT BHITYCKa-
TH KOXKHOMY TexXy, sIKIIO 3ajJaHi MATPHUIE OpsSMUX BEHTpaTH A 1 MaTpuils
KIHI[EBOTO TPOAYKTY Y :

0 0,2 0,1 1200
HA=[03 0 01 ]; v=/[ 2000 |;
0,2 0,1 0 2400
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0 0,1 0,2 1224
2)A=1{(01 0 03 ]; v=/[ 1632 |?
0,2 0,4 0 816

27. Tanysb CKIAJAEThCS 3 YOTHPBOX MIJNPHUEMCTB; MATPHIS BUIYC-
Ky HPOAYKINI 1 MaTpHIld BHYTPIIMIHLOTO CIOKHBAHHA MAalOTh BIAMOBLIHO
BUTJISIT:

400 0,25 0,10 0,24 0,25
v | 300 Ao | 020 015 036 0,17
250 |’ 0,15 0,20 0,20 0,25
300 0,30 0,15 0,20 0,15

SHalTH MATPHUITO 0OCATIB KIHIEBOTO TPOAYKTY, KU Mae peasizoByBa-
THCST TI032 TAJTY33I0.

28. € 181 pipMu, siKi BUPOOJISIIOTE EBHUI TOBAp.

1) Cyxymruii npoaykT mepiroi ¢gipmu gopisaioe 200 a apyrol dbipmu —
0,1 0,4
0,8 0,2

300, maTpuis TpSMUX BATpaT A = ( ) SHalTH KIHIEBUH TPo-

JYKT KOYKHOI pipMHu.

2) Kinnesnii mpoaykT mepiioi dipmu gopisaioe 70, a apyroi — 120. Tpe-
6a sHAUTH HeOOXIMHUU CYKYIHUI MPOJAYKT, SIKIO MAaTPHIS TIPSMHUX BUTPAT
. ( 0,1 0,4

0,8 0,2

29. CTpyKTypHa MATPUIlS TOPTiBJl TPHOX KpaiH Mae BUTJIS],

0,2 0,3 0,4
0,5 0,4 0,2
0,3 0,3 0,4

bl bl bl

SualiTu OroMKETH TEPIIO] 1 APYTOl KpaiH, K1 3aJ0BOJBHAIOTE 30aIaHCO-
BaHy 6e37edIIUTHY TOPTIBJIIO 33 YMOBH, IO OIOAKET TPETHOI KpalHu JOpiB-
moe 1100 ym.oz.

Bignosiai

1. 1) 11; 2) 4ab; 3) —1; 4) —12; 5) 0; 6) 243; 7) 87. 2. 1) 12; 2) = > 3;

1
3)x 6xzz2;4)—1<x<7;5)x1:3,x2:5;6)x1:3,x2:—1,
r3 = —3;7) =6 < x < —4. 3. 1) —60; 2) 180; 3) 0; 4) 0; 5) —28; 6) —70;
7)640. 4. 1) (16;7);2) 2 = 14+ yV/3, y € B;3) o = 2, y = 3, » = 4;
4) mecymicHa; b) x = —2t, y=Tt, z =4, t€R;6) e =y=2=0;7) =

| ¢o
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2, y—3t,z=5,teR 5. 1)a# —-2,2)a=-2,b%#2;3) a = -2

b=26.k==l1.7. dxmo a # —3, T0 cucTeMa Mae eAWHUN PO3B’A30K;

npu a = —3; b # - cucrema Hecymicha; upu a = —3, b = 1/3 cucrema mae

6e3mmiy po3B’s3kiB. 8. a = 5.

9.(0 0).10.<2 9).11.AB_<3 1).
56
20 13 —14
121 ()> anas (20 )0 (7).
17
1 -1 1
15. 1)<_75 _34);2) —38 4l 34 |
27 =29 24

2 -1 -1 1
3| —=5/3 1/3 1 |.16.1) A =3, = -1, X, :C( " )
~10/3 5/3 2
X2:0< _11 ),CE]R\{O};Q) /\1:1,/\2:—1,)(1:(]( } )
Xy:C(?),CER\W}111)2®2QW.U(mﬂﬂ)ﬁﬁﬂm;
3) (2;—1;=3).19. 1) (1;1;1); 2) mecymicHa; 3) (1;2;3;4);
4) 21 =6—8x, w2 =1—2x3, x4 = —1, 23 € R;
—7/3 2 —1/3 1 -1 1
5) (=1;0;1). 20. 1) | 5/3 —1 —1/3 —38 41 —34 |,
-2 -29 24

0 1 -1 (1) _1
3) -2 4 =3 |;4) 0 0
1 -2 2 0

21. S = 570 kr, T = 1220 TOJI., P 3500 rp.ox. 22. 2800.

23,y = 28, y» = 47, ys = 32. 24. (99,6; 81,90; 102,55). 25. z; = 150,
1640 1910

vy = 250, x5 = 100. 26. 1) X = [ 2940 |;2) X = | 2440 |. 27.V =
3116 2190

(135 34 35 40).

60 260 .
28. 1) Y = ( 80 ) 2) X = ( 410 ) 29. 1000 oz. 1 1200 oa.
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EjsileMeHTHN BeKTOpHOrO aHAJdI3y
1. BekTopu Ha MJIOIIUHI Ta B IIPOCTOPI
1.1. OcHOBHI OHSTTS

ITpy BMBYEHHI Pi3HUX SABUII, i TIPOIIECIB 3yCTPIdaiOThC BEJTMUNHHA,
SKi TTOBHICTIO BU3HATAOTHCS 33 JaHHAM TXHIX YMCIOBUX 3Ha4UeHb. Taki
BEJINYMHU Ha3UBAOThCH CKAJTAPHUMU. CKaJSPHUMU BeJIMIUHAMHY €,
HaIIPUKJIa/l, TOBXKUHA, IJI0IIa, Maca, TeMieparypa i T.i. Kpim cka-
JISPHUX BEJIMUWH, Y PI3HUX 3ajavax 3yCTPidaloThCs BEJIUYUHU, 17150
BU3HAYEHHYH SKUX, KPIM YHUCJIOBOI'O 3HAUYEHHS, HEOOXiTHO 3HATH Ta-
KOXK TXHIiI HampsaMOK y IpocTopi abo Ha mytomuHi. Taki BeInauHM
Ha3UBAIOThCHd BEKTOPHUMU. BekTopHI BesmuuHu 300paKyioThCs 3a
JOTIOMOT'0I0 BeKTOpiB. BeKTopoM Ha3mBaeThcsl HallpaMJIeHHU Biapi-
30K y mpocTopi abo Ha IUIONIMHI, ¥ SKOro OfHa 3 HOro 00MexKyioumnx
TO4YOK GepeThed 3a MM0YaToK, a JApyra — 3a Kinelb. Akino A — noyarok
BeKTOpa, a B — fioro KiHellb, TO BEKTOP MO3HAYAETHCS CUMBOJIOM AB.
BeKkTop Mo3HaYaTHMeMO TaKOXK i CUMBOJIOM @ .

Hoszkunorw (Momysem) |ﬁ| BEKTOpa AB nasusaerscs auc-
J10, IO JTOPIBHIOE JTOBXKUHI Bimpiska AB, axuil 30bpaskae 1eil BeKTop.
SIKIo BeKTOp MO3HatueHO Uepe3 @, TO $10r0 MOIY/b ITO3HAYAETHCS
CUMBOJIOM | @|.

Bexrtop, y sikoro KiHerp 30iraeTbcs 3 MOYATKOM, HA3UBAECTHCS HY-
JBOBUM | TIO3HATAETBCS 0 . HynboBuit BeKTOp He Ma€ MeBHOIO Ha-
MPAMKY, a HOTO MOIY/b |ﬁ>| =0.

BekTopu @ i b, fIKi JleskaTh Ha onHiil IpsAMiil abo Ha mapaJiebHIX
MPAMUX, HA3WBAIOTHCST KOJIHEAPHUMU.

Jlpa BeKTOPH @ i T HasuBaoTHCH PIBHUMU, SIKINO BOHM: 1) Ma-
IOTh OJTHAKOBI MOJy/I; 2) KoJliHeapHi; 3) HalpsMieH! B oiuH Oik. Y
IbOMY BUIAJKY MUIIYTh & = b . 3 [bOr0 O3HaUEHHS BUILIUBAE, 110
BEKTOP MOXKHA [TEPEHOCUTH MapaJiesibHO caMOMy cobi, TioMitaodu fo-
0 TIOYaTOK Y OY/1b-sIKY TOUKY HpOCTOpPY (TUIOMNHK).

JIis KOYKHOTO HEeHy/JIbOBOTO BEKTOpa @ iCHYE€ IPOTUJIEKHUIH

BEKTOp, SKUIl M03HAYaeThcs CHMBOJIOM — @ . BekTop —@ Mae Mo-
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Oy7b, KUl JOPiBHIOE MOAYII0 BEKTOpPa @, KOJiHeapHUll 3 HUM, aje

HaIpAMJIEHWN v IPOTUIeKHUI OIK.
1.2. Jliniiiul onepartii HaJa BeKTopamMu

JIIHIHUMY ollepalliIMU Ha3WMBalOThCd oTlepallil JojJaBaHHd # Bijl-
HiMaHHS BEKTOPIB i MHOXKeHHSI BeKTOpa Ha YUCJIO.

JobyTKkoM BeKTopa @ Ha YHCI0 )\ # () Ha3MBAE€ThCA BEKTOP
b = \@, nosxuna sikoro | b | = |M| @], a nanpsMok 36iraeTbes 3
HAIIPAMKOM BeKTopa @ mpu A > 0 i mporumexknuii mpu A < 0.

3BijicH BUTIIIHBaE, IO BEKTOPU @ i b = A@ 3aByKIM pO3MilieHi
Ha OfHiit abo Ha MapaJjelbHUX MPIMUX, TOOTO € KojaiHeapuumu. [Ipa-

BI/IJIbHI/IM € 1 obepHeHe TBepIKeHHS: 3 KOJIiHeapHOCTI BEKTOPIB @ i
b BUILTHBAE, IO .

bV =)\7. (1)

. . = -

CyMoOI0 BeKTOpiB @ i b Ha3uBaeThed BeKTOp € = @ + b

@, a KiHellb 3 KiHIeM
- ..
BeKTOpa b , 3a YMOBH, IO ITOYaTOK BEKTOpa b 3HAXOINTHCA B KiHII

BEKTOpa @.

[IOYATOK AKOI'0 30iraeThbCd 3 MOYaTKOM BEeKTOpPa

— —

ay 4P

=
<
2
w

e=da+b &=y 4 iy + ds3 + dy
]_[e O3Ha4YeHHA MO2KHa IMOMIMPUTHU Ha ,ZLOBiJIbHe CKIHYEeHHe YUCIIO
BekTOpiB. lle mpaBuiio Ha3HBAETHCS MPABUJIOM TPUKYTHUKA ( MHO-

FOKYTHUKA).
JligiftHi omepartiii Has BeKTopaMW MalOTh TaKi BJIACTHBOCTI:

)a+b:b+ﬁ>

N(@+b)+C=7+(D+ ) 3)/\( + D)= AT +AD;
1) (AJru)_> 7+u7; 5) (M) @ = A(u@);
6)0@=10=70.
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e : :
CyMmy BeKTOpiB @ i b MOXKHa OfiepyKaTh i TAKUM YMHOM: BilKJIa-
nemo Bing Touxkn O sexTopu OA = @ i OB = b i mobymyemo mapa-

gesiorpam O AC'B. BeKT(i)} OC, gkuii € MiaroHaJuIo rnapaJieiorpaMma
ib.

i € cyMoto BeKTOpiB @
B

[le mpaBuI0 HA3WMBAETHCS IIPA-
BUJIOM IIapaJiejiorpaMa Jo-
JaBaHHS BEKTOPIB.

7,

PisHuriero BekTopiB @ i T nasupaerhes BEKTOP d=7-
cyMa SIKOTO 3 BEKTOPOM b Ia€ BeKTop @ .

BexTop, moBKWHA gKOTO TOPIBHIOE OIWHWIL, HA3WBAEThCHd OOU-
HUYHUM.

Hexaii 3a7aH0 BeKTOp @ # T. Posraisrero OJMHUYHUN BEKTOP
?, KOJTiHeapHUl BeKTOpPY @ iI OJHAKOBO 3 HUM HaNpsMJEHHiI, Tomi
@ = |7|?. BekTop ¢’ Ha3sHBaloTh OPTOM BeKTOpa @ .

1.3. Kyt mixk aBoMma BekTopamu. IIpoekiiisi BeKTopa Ha
BICH

. . . . .
Hexait y mpocTopi 3a7aHo 1Ba BeKTOPU @ i b , Ki MalOTb CIILTb-

HUI1 MOYaTOK. . L
KyroMm Mmizxk BekTOopamMu @ i b Ha3UBa€Thb-

@ cd Halimenmmuii kyT @, 0 < ¢ < 7, Ha gKUI
*\,‘P Tpeba MOBEPHYTHU OJMH i3 BEKTOPIB 10 HOTO
b CYMIIMEeHHS 3 IPYTHUM.

Poarngremo Bick [, mojpaTHuii HAPAMOK SKOT
¥ 36ira€ThCs 3 HAPAMKOM OJMHUYHOIO BEKTO-

0
70 [ pa T , po3mMimeHoro Ha oci /.

Ilin KyToM MixK BeKTOpoM @ i Biccio [ po3yMieMo KyT ¢ MixK Bek-
.
TopaMu @ i (
Hexaii | — nesika Bich, a AB - BEKTOD, TKHH PO3MIllleHNH JTOBIJIBHO

y npoctopi. [losnaunmo gepes Ay ta By mpoekmii Ha Bich | BiAMoBiaHO
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mo4yaTky A i kinmg B 1boro Bekropa. [Ipumnycrumo, mo A, Mae Ha oci
[ KoopauHaty x1, a By — KOOpaIUHATY Zo.

Pisauifo x4 — 21 MiXK KoopJumHAaTaMM TTPOEKINiil KiHIg i MoYaTKy
BekTOpa AB Ha Bick | HasBeMo mpoeKIlielo BekTopa AB Ha 110
BICh.

B

|

A

0 A, By

SAKImo BeKkTOp AB VTBOPIOE 3 Biccio | rocTpuii KyT, TO o > X1,
npoekiiid zo — 1 > 0; dKImo K KyT MizK Biccio [ 1 Bektopom AB —
TYTIHH, TO X9 < 1, i TpoeKIlsa xgo — x1 < 0.

B
/'
z1 T2 T2 L1

Y BUMAIKY, KON AB L [, Ma€MO Z9 = 1 i TOMY IPOEKIId T9 —
xr1 = 0.

[Ipoextiito BekTOpa AB wa Bich | NO3HAMATHMEMO CHMBOJOM
leﬁ .

OcHOBHI BJIACTUBOCTI TIPOEKII BEKTOpa Ha BiCh:

1) mpoekiii piBHHX BEKTOpIB Ha OJHY # Ty caMy Bicb OIHAKOBI,
Tobro ip;AB = np;C' D, gaximo AB=C ;

B D
A—" ¢ —
Ay By bl Dy !
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2) TIpU MHOKeHHI BEKTOpa Ha YUCJIO A Oro TPOeKIlisi MHOKUTHCS
Ha 1le YMCJI0, TOOTO le(/\Ag) = Ap; A
C

A

Al Bl C11

3) MpoeKIIis CyMH BEKTOPIB Ha Bich | JOPIBHIOE CyMi MPOEKIIiil X
BEeKTOPIB Ha 3aJlaHy Bich, TobTo 1ip; AC = ip; AB + 1ip; B

4) TIpOEKIIisi BEKTOpa AB ma sico JIOPiBHIOE JTOOYTKY MOJIYJIsi
33/TAHOTO BEKTOPa Ha KOCHHYC KyTa ¢ MiXK IIMM BEKTOPOM i Biccio [,
o610 TIP; AB = |AB| cos .

1.4. IIpamokyTHuii nekapriB 6asuc. Po3skian BekTopa
1o ocsax koopauHar. /Iii Hag BekTopamMu, 3aJaHUMU
CBOIMU KOOpPJAUHATAMU

Posrnsitemo TpgMOKYTHY cHcTeMy KoopiawHaT y mpoctopi. Ha
KOKHIH oci BUHGepeMo OTUHIYTHAN BEKTOD, HATIPIMOK SKOTO 30iraeThCs
3 JIOJATHIM HATPIMKOM oci. Ha oci Oz Bi3sbMeMO OJIMHUYHUI BEKTOD
i, Ha oci Oy — j, na oci Oz — k:

85



I1i BeKTOpH B3aeMHO TIep-
MeHIUKYIApHi. 1X HasuBa-
I0Th OpTaMU OCeH KO-
opauHar. llpuitngro Tta-
KOXK Ha3WBaTH I1Ii OpPTH
JEKApTOBUM IIPAMOKYT-
HUM bazmcoM.

x
PosrnsHeMo BeKTOp @ = OM\ y npoctopi. 3rifHo 3 MpaBUIOM
JOIaBaHHS BEKTOPIB

OM = OM* + M*M = OM, + OM, + OM. 2)

fAxmo xoopmuaarn touku M (x;y; z), To

OM; =xz1. OMy=vyj: OM, = zk. (3)
Tozi 3 (2) 1 (3) BumnBae, o
7:xf+y}—|—zl§. (4)

PiBnicTs (4) Ha3HMBAOTH PO3KJIAAOM BeKTOpa d II0 KOOPIHU-
HaTHUX ocax. OUeBHIHO, MO T = NPy, @, § = Hp0y77 2 =1py, @,
a TOMY KaiKyTh, MO KoedilieHTHn po3kiaay (4) € IPOeKIigAMY BeK-
Topa @ Ha oci KOOpWHAT.

Ao movaToK BeKTOpa CyMIIIEHO 3 MOYaTKOM KOOPIUHAT, TO fio-
ro mpoexmii &, ¥, z Ha KOOPIMHATHI OCi 30iraloThcs 3 KOOPIUHATAMHI
Kinmg BekTopa — Touku M. Tomy mpoexiii OyIb-gKOTO BeKTOpa Ha
KOOpIMHATHI oci Ha3uBaloTh KoopauHaTaMu Bektopa OM = @ .

[liciig BuOOpPY B mpOCTOpi MEeBHOI CHCTEMH KOOPAMHAT BEKTOP i
Tpifika HOro KOOPAMHAT OJHO3HAYHO BU3HAYAIOTH OJIHE OIHOI'O, TOMY
BeKTOp (4) MOXKHA 3alTHCATH Y BHUIVIS/I]

T = (395 2). (5)
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OckisIbKM 0cl KOOP/MHAT B3a€MHO TIepIeHAUKYIsSPHI, TO JA0BHKU-

Ha BekTopa O M nopiBHIOE fiaroHalti MpAMOKYTHOI'O MapaJeerninea,
7 7 7 .

nobynoBanoro #Ha Bekropax OMy, OM;, OMs i ToMy BupaykKaerThcs

piBHICTIO
@] = Va2 + y? + 22 (6)

BekTop MoykHa BU3HAUMTH 33JaHHSAM MOYATKy 1 KiHIISA, TOHI KO-

OPJMHATH BEKTOPa BUPasKalOThes Yepe3 KOOPJAMHATH 1IHX TOYOK. SIK-
Mo B 33/aHill cHcTeMi KOOpAWHAT MOYATOK BEKTOpa @ 3HAXOIUTh-
ca B Touri A(x1;y1521), a Kinenp y Touni B(ag;ys; 22), TO OA =
$17+915+21E7 OB = wzz-l-yzf-l-ZzE-

3 piBHOCTI @ = O—fi + AB BUIJINBAE, M0

ﬁ:@—ﬁ: ($2;—|—y2;—|—2’2]_€')—($1;—|—ylj—|—zllg):

= (29 — 21) i+ (y2 — yl)j‘|‘ (29 — 21) k.

N B
A
/o y
X
Orxe,
— _

@ = (g — T13Y2 — Y15 %2 — 21).

Dopmyra (6) y mpoMy BUMAAKY HabyBa€ BUTVISIY

|@| = \/(962 —21)?+ (g2 — y1)? + (22 — 21)%

OuesniaHo, MO BifcTaHb MiXK gBoMa ToukamMu A(zq1;y1;21) i
B(22;y2; 22) nopiBHIOe 10BKMHI BekTOpa AB, a ToMy 004UHCITIOETDH-
cst 3a popMyIo0

1AB| = /(22— 21)° + (y2 — 41)2 + (22 — 21)°
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3amnuc BeKTOpa y KoOpAuHaTHIi (opMi j103BoJIsge JIiHiiTHI omepaliil
HaJl, BEKTOpAMU 3/iiCHIOBATH Hajl, IxHiMU KOOPIMHATAMH.

Hexait € BekTOpH @ = xlz—l—ylj—l—zlk b —$2’L—|—y2]—|—2’2k1
A — IedKe YUCIIO.

Tomi

AT =My i+yij+ 2 k) =Qa) i+ Q)+ Az k

abo
AT = (Axy; Ayr; Az). (7)
Jai
T+ = (zri4+yij+2k) £ (2ol +ya]+2k) =
= (21 29) i+ (W ty) i+ () k
abo
2+ = (z1 £ a2;y1 £ y2; 21 + 22). (8)
ko BekTOpU @ i v KOJIiHeapHi, TO T = \@, TobTO
Tritys ]k =Nari+y ] +2k). 9)

3Bi/ICH BUILIMBAE, IO
Ty = AT1, Yo = A1, 2= Azn

abo L2 Y2 22
— === (10)
L1 0 21
Ockinpkn ymosu (10) — 1e BimHOIIEHHST, TO OMH a00 /1Ba 3HAMEH-
HUKH MOXKYTh JIOPiBHIOBATH HYJIO, aJle Tojj # BiIMOBIIHI YnceIbHUKA
JOPIBHIOBATUMYTDH HYJTIO.
YmoBa (10) € HeoOXiqHOW0 1 IOCTATHBOW YMOBOIO KOJIHEapHOCTI
JBOX BEKTOPIB.
Ilpuknan 1. 3agano sextopn @ = (2;0;1) i T = (3;5; —2). Suaiitu
JIOBIKHHY BeKTOpa € = 2@ — 3 b .
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<« Maevmo @ = 2(2;0;1) — 3(3;5;-2) = (4;0;2) — (9;15;—6) = (4 —
9;0—15;246) = (=5; —15;8).

Toui [ €] = +/(—5)% + (—15)% + 82 = /25 + 225 + 64 = \/314. »

Ipuknan 2. /lng sxux sHauenb o i f Bexropn @ = (—2;3;43) i
- . .
b = (a; —6; 2) KosineapHi?

<« 3rigao 3 (10)

-2 -3 B
a T2
Tomy
2 1 Jé] 1
—_—— = ——: :4 —_ = — = :—1
a 2’ o bl 2 2’ ﬁ
Orxe, BeKTOpH @ i i KommHeapHl, Koan o =4, § = —1. p

HampsiMOK BeKTopa @ B IpPOCTOpi BH3HadaeTbes KyTaMu «, 3 i
v, 9Ki 1eil BeKTOP YTBOPIOE 3 OCAMU KOOPIAMHAT. KocuHycH 1UX KyTiB
€OS v, €08 [3, COS ¥ Ha3UBAIOTh HAIPAMHUMM KOCUHYCAMU BEKTOPA.

z
M
o \\5
O Y
T
Hexail BekTOop @ 3aJaHuil cBOIMH KOOpIMHATaMU, TOOTO @ =
(z;y;2). Ockinbku @ = np, @ = |@|cosa, y = Hpoyﬂ> = |@|cos 3,
2 =1py, @ = |@|cosy, ne |@| = /22 +y% + 22, To
< Y
coso= —————— cosff = ————,
/$2_|_y2_|_22 /$2_|_y2_|_22
z

(11)

CO8y = ———.
/$2 + y2 + 22
Iigricmn KozkHY 3 piBHocTedt (11) mo KBajgpata i mogaBuH ix, jJicTa-

HEMO, IO
cos® a + cos? b+ cos? v =1.
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OueBugHoO, 110

(ﬁ = COSO&;—I— Cosﬁf—l— COS’yE.

Ilpukiaan 3. 3uaiiTy KocHHYCH KYTIB, Kl BEKTOD aB VTBOPIOE 3 OCSI-
mu KoopamrHat, akimo A(1;2;3) 1 B(2;4;5).
« Maewmo AB = (2—1;4—2;5—13), T0670 AB = (1;2;2). Toxi |z@| =
2

1
VI+4+4=3 cosa=-,cosf =

2 >
cosy = .
3 v

3’ 3

1.5. Ckansipunii 100yTOK JBOX BEKTOPIB
T
CrajgpHUM JOOYTKOM BEKTOPIB @ 1 b Ha3sHBaeThCH HHCIO,

siKe JOpiBHIOE JOOYTKY JOBXKMH [IUX BEKTOPIB Ha KOCUHYC KyTa MizK
auMu. Ilo3HavdaeThes cKaIapHuil 1o06yToK cuMbBostoM @ b . Tomy

%
@ =@V |cos. (12)

Ockinbrn | b'| cos p = mp3 b, |@ | cos p = sz}ﬁ}, TO 3 piBHOCTI (12)
BUIL/IMBAE, 110

7T = |7|Hpﬁ>? abo @0 = |7|sz>7.
3Bincu 3HaxOANUMO, IO
@b L@
Hpﬁb:|7|,anp?a:|ﬁ|.

CKaJI _EHI/H/I JOOYTOK JIBOX BEKTOPIB Ma€ BJIACTHBOCTI:
@V =T a @

2) \@T V)= ()T = LACYAE

3) (@ + b)?:ﬁ?—l— b?;

4) SKIO CKaJSApHUI JOOYTOK JBOX BEKTOPIB JIOPIBHIOE HYJIIO, TO
JOpIBHIOE HYJII0 a0 OAMH i3 IMX BEKTOPiB, ab0 KOCHHYC KyTa MixK
HUMU, T06To BEKTOPH OPTOTOHAJBHI (MepreHanKysIsapHi). Hasmakn,
SKITO 7L b, To cosp = 0, i, TOMy CKaJsgpHUl TOOYTOK BEKTOPIB
JOPIBHIOE HYJIIO.
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OtKe, ABa HEHYJIbOBI BEKTOPH MEPHEHIUKYIAPHI TOAL i TULIbKHU
TOi, KOJN iXHIfl CKaJsgpHuil 100yTOK JOPIBHIOE HYJIIO.
Ouesuno, mo @@ = |@||@|cos0 = |@||@| = | @|?, TobTO

@ = |7|2. (13)
Ilpukaan 4. 3agano BekTop ¢ = + 3 i , mpmuoMy |@| = 4,
| v | = 5. KyT ¢ Mix BekTopamu @ i i JIOPIBHIOE 600 SualiTn MOAYIH

BEKTOpa
< CKOpI/ICTaBH_H/ICb piesictio (13), aicTanemo

=V =27 +30) = V4wt 4 122 + 9T

Maemo, 1110

—|@?=42=16, T =|T|> =5 =25,

1
?7:|E>||?|cosg0:4~5~c05600:4~5~5:10.

Tomy

1P| =VA-16+12-10 + 9 - 25 = V/409. »

SanuimeMo cKaJIgpHuii ,ZI;3>6yTOK BeKTOPIB 4Yepes IxXHi KOOpP/IHATH.

N Hexait @ = (901791721) b = (z95y2; 22) abo @ = a4 ity j k
b —962l-|-y2]+22k Toni

_>—> - - - - - - s -

@b =@ty j+ak)(vatt+y)+2k)=v120i+ 21205+
tarzg ikt e i yiyejJF iz k-t aiaakj 4 iy ks kk
Ockinbki i1 = |1
1-1cos§ =0, th="ki=1-1cos5 =0, jk=Fkj=1-1cos5 =0,
TO

=102 + Y1Y2 + 2122, (14)

. 57

dkmo ckopucrarucs (14), To orpumaemo, Mo BeKTopu @ i b
OPTOTrOHAJIBHI TOJIi ¥ TIJIBKU TO, KOJIA

122 + Y1y2 + 2122 = 0. (15)
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Ilpuknan 5. lpu sxomy sHauerni m Bektopu @ = (2;3;—1) i T =
1; —5;m) mepueHaAuKyATPHIT
) ) P yaap

< 3 yvou (15) pumnmeae, mo 2 - 1 4+ 3(=5) + (—=1)m = 0, sBigkn
omepKyeMo, mo m = —13. OTxke, BekTOpH @ i i HepIeHAUKYISPHL, KOJIH
m=—13. »
3 dopmymu (12) micraemo, 1o
@b
08 = ———.
@[ ]

fxmo ckopucraTucs (14), To 3BifcH omepKyeMo, 1O

122+ Y2 + 2122
Vel +yi Vel +ys+ 2

cos p =

(16)

HpI/IK.J'[a,Z( 6. OOGumMCINTH KOCHHYC KyTa MiK BEKTOpaMH @ =
(3;1;,-1) 1 T = (2;2;1).
<« 3rijgro 3 dopmymnoo (16)
3-241-24+(-1)-1 R
V32124 (-1)2V22 422+ 12 3V11

cosp = ~0,703. p»

1.6. Jliniiina 3aJ1e2KHICTb BEKTOPIB

BekTopn 71,72, ceey ﬁk, Ha3UBalOThCd JIHIMHO 3a/Ie?KHUMH,

SIKIIO ICHYIOTH 9HCJIa A{, Ag, ..., A, IPAHANMHI OHe 3 IKMX He J0PiB-
nioe Hymo (A3 4+ A3 + ...+ A} # 0), Taki, WO BUKOHYETbCs PIBHICTD

MT1L+ AT+ ..+ N @p= 0. (17)

fxmo  piBHiCTH (17) BUKOHYETHCS TITBKH TOJL, KO A\p = Ay =

.= My = 0, TO BeKTOpH @1, @2, ..., @} HASHBAIOTHCH JIHINHO
k 3 ay 2 3 k
He3aJIe>KHUMMN.

3 pisrocti (17), npunyckaoun, HaMpUKIaI, Ay # 0, JicTaHemo

9

Az, Ak
71:——72——613— -

—
Al Al A1 ¢

k-

92



[Tokmamatoun —i—? = 2, ..., —i—? = [}, OIEPIKHUMO

W1 =2 @2+ U@ 3+ oo+ i @ (18)

BekTop py @ 9+ ...+ i) @ Ha3HBaeThes JiHIHHOI KOMbGiHAIiEI0
BEKTODIB @2, ..., @k

OtKe, SKIO AeKJIbKa BEeKTOPIB JIHIMHO 3ajexKHi, TO NpuHaiimMHi
OJIMH i3 HUX 3aBKI1 MOZKHa 300pa3uTH Y BUIVISIL JIHIHHOT KOMOIHAIIIT
peIITH.

[IpapunabHe it obepHeHe TBepIKeHHS, a caMe: AKIIO OJWH i3 BeK-
TOpPIB € JiHIfiHOI0 KoMbiHalli€lo IHINX, TO BCl L[i BeKTOPH JiHiliHO 3a-
nexHi. CripaBii, Hexaii, HaHpI/IKJIa,ZL, BeKTOp @ € JiHiiiHoI0 KoMGiHa-
Ii€10 BEKTOPIB @2, @ 3, «..) @ - Tom HpaBI/mbHOIo € piBHicTb (18), SIKY
MOKHa 3alllCaTh TaK: —71 —|—,u2 2+.. —|—,uk r = 0. 3Bigcu, 3rigHo

3 O3HaUeHHIM JHHIMHOI 3a/1e;KHOCTI BeKTOplB7 BUILIMBa€, 110 BEKTO-

pU @1, @3, ..., @ JAiHiiiHO 3aJe:KHi, OCKiIbKK BUKoHYeThest (17), f1e
A1 = —1, 1, or:Ke, He JOPIBHIOE HYJTIO.

Ipuknan 7. Cxaacru gimiitay xKombiranio BekTopis @1 = (2;—1;0),
@2 = (—3;2;1) 3 KoedirmienTamu A} = 2, Ay = 3.

<« Maevo 2@ = (2-2;2-(=1);2-0) = (4;,-2;0), 3@2 = (3-(=3);3 -
2;3-1) = (—9;6;3). Tomi 2@, +3@2 = (4;-2;0) +(—9;6;3) = (4—9; -2+
6;0+3) = (=5;4:3). »

IIpuknan 8. Jlosectn, mo ekTopn @1 = (2;0), @2 = (0; 3) € miniitro
He3aJIeK HUMH.

« Tpeba mosectn, mo piBHiCTE A\ @1 + Ay @5 = T PIBHOCHJIBHA TOMY,
1o Al = 0, Az = 0. MaGMO, /\1?1 + /\2?2 = (2A1 + 0/\2,0A1 + 3/\2) =
(2A1;3X2), a Toxi 3 pirrHOCTI (2A1;3X2) = T BumiauBae, mo A; = 0, Ay =
0. »

[Tpukam 8 cBiIUUTH TIPO Te, IO Ha IVIOMMWHI iCHYE CHCTeMa, 3 TBOX
JIHIHO He3aJIe’KHUX BEeKTOPiB.

Teopema. Bydv-axi mpu eexmopu @ b T Ha NAOWUHT ATHITIHO
3ANEHCHI.

« Crpapii, Hexail cepe/] BEKTODIB € 11Ba KOJTiHeapHi, HAIPUKIAT, @ i 7.
Toni @ :_x\) b abo @ = /\7—1—0?, TO6TO BeKTOp @ € JiHiHHO0 KoMBiHAIi€0
BeKTOpIB b i .

93



Ao cepen 3asaHUX BEKTOPIB HEMAae KOMHOI Maph KOJIHEAPHHUX, TO,
3BIBIIH BCl TPU BEKTOPH /O CIJIBHOTO MOYATKY, TOOYAYEMO MapaaeorpaM.

Tomi OM = 0B 4+ OC, a, ocklabKH OB = /\1#, OC =X\ 10

%
Ile ozmadae, MO BEKTOp @ € JIMIRHOIO

koMmbinamieio BekTopis b 1 €. B

OueBUIHO, IO 1Ba BEKTOPU @ i b Ha, TITOIMMHI JIHITHO He3a IeXKHI
TOI it TIMBKK TOIi, KOJIM BOHM HEKOJIHeapHi.

3BiacH i 3 monepe HLOTO BUILINBAE, 10 MaKCUMaJIbHE TUCIIO0 JIHii-
HO He3a Ie;KHUX BeKTOPIB Ha ILJIOIMKHI JOPIBHIOE IBOM.

BasucoMm Ha mJjommHI Ha3MBalOTLCA 1Ba JOBLILHUX JIHINHO
He3aJIeKHUX BEKTOPH.

3TigHO 3 TeopeMoio, OyIb-AKHi BeKTOpP Ha ILIOMIMHI MOYKHA [IOI1aTH
y BULIAIl JIiHIAHOT KoMbiHalil BeKTopiB Gasucy

2 =27+ 4. (19)

Yucna A iy Ha3UBAOTHhCH KOOPAMHATAMM BeKTOPa ¢ BiJHOCHO Ha-
sucy @i b,a caMy Bopmyty (19) HazuBaOTH PO3KJIALOM BEKTOpa

@ 110 6a31zlcy aib.

Ilpukaan 9. Poskinacrr BekTOp T = (4; —15) mo 6asmucy @ = (2;0),
@2 = (0;3).

« Y npukaazai 8 moseseno, IO BERTOPH @, 1 @- JiHIHHO He3aJICYKHI, a
oT¥Ke, YTBOpIoloTh 6azuc. Toml T =\ 1@ 1+ A @2 abo (4 —15) (2Aq; 0)
(0; 3/\2), o pisHocHIBHE piBHOCTI (4; —15) = (2A1;3A2), 3BiJIKM BUIIHBAE,
mo 4 = 2A1, —15 = 3Xq, 1, otike, A = 2, Ay = —b.

Tomy _
b = 271 — 572 | 2

Anajioriuto, 9K 1 y BUIAJIKY [LIOMIUHM, JTOBOAUTHCS, 110 OyIIb-dKi
YOTUPU BEKTOPH ¥ MPOCTOPI JIHIMTHO 3a/1eKHi, a MaKCUMaJbHe Y1C/I0
JIHIHO He3aJIe?KHUX BEKTOPIB YV MPOCTOPi JOPIBHIOE TPHOM.

OtKe, y npocTopi 6a3uc CKIAIA€ThCs 3 TPhOX JTOBIIbHUX JIHIAHO
He3aJIe’KHUX BEKTOPIB.
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Baysaxkennsd. /loseseno [6], mo Tpu BekTopu @ = (213 y1; 21),

- . C e . .
b = (29; y2; 22) 1 @ = (23; y3; 23) Jimiiino HezanexkHi y mpoctopi
TOJIi ¥ TIJIBKU TOJ, KO BUKOHYETHCS YMOBA

1 N1 oz
To Y2 2 7£ 0.
T3 Y3z Z3

1.7. Iloxin BLApi3Ka B 3aJaHOMY BIlJHOIIEHHI

Hexait Tpeba Bigpizox Mi My momiautu y BigHomenni A > 0. Le
O3Havae, Mo Tpeba 3HANTH Ha 3adaHOMY BiApi3Ky Touky M, mis gxol
MlM . MM2 = A, abo MlM = AMMQ

oy Hexait samani Ttoukm M; 1 M; wmaorb
2 BimnosinHo koopmunatn My (x1;y1;z1) i

M M (223 ya; 22). BHa#IEMO KOOPIMHATH TOTKN
M (z;y;z). OdeBumno, mo MM = /\M—Mg
My abo (v—w1;y—y152—21) = (A(x2—2); A(y2—
Y)i Mz2 = 2)).
3Bigcyu BummBae, mo r — 1 = M@z — ), ¥y —y1 = AMy2 — y),
z— z1 = Mzg — 2), TOOTO
T + Axg it Ay 21t Az
[ R VIS UL A B W
Axmo Touka M e cepegmHoio Binpiska MMy, to My M = MM,
i, orzke, A = 1. ¥V 1pomy BUNa Ky piBHOCTI (20) HAOYIYTH BUTVISITY

962901—;9627 y:yl‘gyz7 2221222‘ (21)
IIpukaan 10. 3agano Toukn My (1;2), M2(3;4). Togimuru Bigpisok
My Ms y BigHOIIEHHI A = %
4 Ockimbru 1 = 1, y1 = 2; 22 = 3, y» = 4, 10

1+3-3 5 245 -4
r=— —_—

1+1 "3 YT

(20)

8
=3

. . . . 1
Omike, Toura M (5/3;8/3) ainute Biapisok My Ma y BigHOmEHH] A = 5 >
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2. IloHATTS n-BUMIPpHOTO €BKJI1IOBOTO
IIPOCTOPY

V nomnepenHix MyHKTax 6y/I0 J0BeIeHO, MO BEKTOp @ y IPOCTOpi

BU3HAYAETHCS TPIHKOIO uKces — Horo KoopauHatamMu @ = (21 x9; ¥3),

a Ha IJOmMHI — ABoMa uMciamMu @ = (21;29). Tomy y npocropi
BEKTOp HA3WBAIOTh TPUBUMIPHUM, a Ha TJIOMWHI — JBOBUMIPHUM.

[MorsTTst N-BUMIPHOTO BEKTOPA BBOAUTHCS aHAJIOTTIHO.

YiopsijikoBaHa CUCTeMa N JIACHUX YUCENT &1, &3, ..., L, Ha3U-
BA€THCS N-BUMIPDHMM BEKTOPOM i MO3HAUae€Thcs CHUMBOJIOM @ =
(z1;22;..;2,). Ynena x1, g, ..., ¥, HA3WBAOTHCH KOOPOUHATAMU
BEKTOpA.

Bextop, y gKoro Bel KOOpJMHATH JOPIBHIOIOTH HYIIIO, HA3UBAETHCS
HyJIb-BeKTOpOoM abo Hysem (0 = (0;0;...;0).

Bektop (—a1; —23;...; —%,) HA3UBAETHCS IPOTUIIEIKHUM 10 BEK-
Topa @ = (T1;22;...;2,) i O3HAYAETHCS CUMBOJIOM — @ .

JBa BexTopu @ = (21;%9;...;,) i T = (y15 Y23 ...;Yp) Ha3HBa-
fOTbed PIBHUMM @ = b, AKIIO IXHi BiAMOBiIHI KOOpIMHATH OIHAKO-
Bi, TOOTO 2; = ¥;, 1 € {1,2,...,n}.

Cywmoto (pizHuIIEr0) JBOX BeKTOPIB @ = (21;¥9;...;T,) 1 b =
(Y15 Y25 -3 Yp ) HABUBaETHCS BeKTOp @ & 0 = (21 Ey1;20% Y25, .y vp
Yn)-

HoByTKOoM BekTopa @ = (¥1; T2} ...;2,,) Ha YHCIIO A HA3UBAETHCS
BeKTOp A @ = (Aw; Axg;...; Aay,).

JIiHiitHI omepallii HaT n-BUMipHUME BEKTOPAMU MaloTh Ti caMi BJja-
CTMBOCTI, IO # JiHilHI omepaliii Ha I BeKTOpaMHu Y TPUBUMIPHOMY TIPO-
CTOpi Ta Ha IJIOIIMHI.

MHoXKHWHa BCiX n-BUMIpHUX BEKTOPIB, J718 AKUX BBEJEHO Ollepallii
JOJaBaHHA ¥ MHOYKEHHS Ha 4HCJI0, Ha3UBAEThCHd AapUPMETUIHUM
BEKTOPHUM HPOCTOPOM i Mo3HavYaeThcd cumMBosiom R™.

O3zHaveHHs JIHITHOT 3aJI€2KHOCTI 1 He3aJIeKHOCTI BEKTOPIB, JiHiii-
HOI KoMbiHalIll BeKTOPIB Ha IJIOMIMHI i B IIPOCTOPI MepeHocAThCs Oe3
3MiH i Ha apudpMernunmii npocrip R”.

MakcuMaJsibHe YMcyIo0 JIHINHO He3a/leXkKHUX BeKTopiB v R™ mopis-
HIOE N.
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Basucowm Bextophoro rpocropy R” Hazupaiorh Oyib-sKy CyKYII-
HiCTh n JiHIHO He3aJeKHUX BEKTOPIB IIbOro MIpocTopy. Ba3suc i3 Bek-
topis €1 = (1;0;...;0), €2 = (0;1;...;0), ..., €, = (0;0;...; 1) Hazu-
BAlOTh OAUHUYIHUM.

CxayigpHUM JOBYTKOM BEeKTODIB @ = (¥;2;...;2,) i 7 =
(Y15 Y25 ... Yp) HASHBAETHCS TUCIIO
%
TV =11y 4 Taya o A Tl (22)

OzHaveHUil TaKUM YMHOM CKaJIspHUI 10O0YTOK Mae Ti cami Bjla-
CTUBOCTI, IO # CKaJgpHuil 100yTOK Ha ILIOMIWHI i B IIPOCTOPI.

fAKimo B n-BUMIPHOMY MPOCTOPI BBEIEHO CKAJAPHUI T00YTOK, TO
floro Ha3WBaIOTH N-BUMIPHUM €BKJIJIOBUM HPOCTOPOM i TIo3HaYa-
0Th cuMBoJOM R™.

OueBugHoO, 110

@ =Va@*=VvVa@ -@ abo |@|=/2?+22+.. +a2.

. .57
JIisl 3HAXOMKeHHS KyTa ¢ MiK BeKTOpaMH @ i b BHKODHCTOBY-
10Th POPMYITY

%
@b
Sp= "=
%
@] b]
abo
Tiyr + 222+ ..+ TYp
cos@ = 2 2 2 2 2 2
Vet e+ eyl g2
JI15l BEKTOPIB €1, €2, ...y €p
T UL ]
T, i=g
) J.
Basuc &, €3,..., €, Ha3UBalOTh TaKOXK OJWHUTHUM OPTOHOP-

MOBaHUM 6asucoM.
Pozringnemo n-BuMipHHu# eBKJIIAIB TIpocTip R™ 3 opTOHOPpMOBaAHUM

6asucoM €y, €2,...,¢,. Hexail 3a1aH0 BekTOp @ = (21;2; ..., Tp),
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Je T, L2, ..., Tp, — KOOPIUHATH BEKTOPA Y 33daHoMy Oazuci. fk iy Bu-
MaKy TPUBUMIPHOTO TIPOCTOPY, HOCTABUMO V BiIITOBIIHICTH KOXKHOMY
BeKTOpY @ TpocTopy R” Touky M, min fxoro posyMmirnMemo Habip
YUCETT T1, g, ..., Tp. 111 9KCTIA HA3UBAIOTH MIPAMOKY THUMHU JeKap-
ToBUMHU KoopauHatamu Touku M i sammcyiors M(x1;2g;...;2,).
Touky O(0;0; ...;0) Ha3MBAOTH HOYATKOM KoopauHat. CyKyIHICTb
novyaTky KoopaumHaT O i BeKTOpiB 6asucy €, €a,..., €, Ha3HUBa-
0Th AEKAPTOBOI0 MPAMOKYTHOIO CUCTEMOIO KOOPAWHAT B 7-
BUMIPHOMY TIPOCTOPI.

fxmo BekTop AB Bu3HauaeTbes TOUaTKOM A(21; 22 ...;2,) 1 KiH-
neM B(yi;yaiiyn), 10 AB = (g1 — 21392 — 22} i¥n — Ta). ¥
BUITAJIKY, KOJIM [MOYATOK BEeKTOpa 30iraeThcd 3 MOYATKOM KOOPIM-
Hat O(0;0;...;0), a KiHerp — i3 TouKo0 M (Z1;%2;...;%,), TO BEKTOP
OM = (z1;23; ...; ¢,) Ha3UBaOTh pajiiyc-BekTopom Touku M. [oro
KOOPIMHATH 30iraloThes 3 KoopiuHataMmu Touku M.

Bigcransro MixK 1BoMa TouKaMu A 1 B HasBeMO MOIY/Ib BEKTOPa
AB, a came

AB| = /(g1 — 212+ (2 — 22)2 + o+ (Yo — 2)2.

Ilpuknan 1. 3’sacysaru, an extopu @1 = (1;3;1;3), @2 = (2;1;1;2)
i @3 = (3;—1;1; 1) mimitino samexHi.
<« CK71afeMO BEKTOPHY PIBHICTD A @1 + A2 @2 + A3 @3 = 0 abo
A1(153;153) + Aa(2;1;1;2) + As(3;—1;1; 1) = 0. I1g pienicTh piBHOCHIBHA
CHCTeM1 PIBHSHD
A1+ 2X + 323 =0,
3N+ A= A3 =0,
A+ A2+ A3 =0,
I+ 22+ A3 =0.

Posw’sasytoun cucremy metomom 2Kopaama-I'aycca, sBegeMo ii 10 BUTJIS-

Ay
A+ 2224323 =0,
Az +2A3 =0.
3BLAKH 3HAXOAUMO CYKYIHICTD i1 po3B’sI3KIB A1 = ¢, Ay = —2¢, A3 = ¢,
ceR.
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Orxe, 77 3aTaHUX BEKTOPIB IXHS JiHIMHA KOMOIHAIISA JOPIBHIOE HYJITIO
IIpH JOBIIBHUX HEHYJIHOBHX A1, A2 1 Az, a Ile 03HAUaE, 10 Il BEKTOPH JIHIHHO
3aJIEKHI. P

HpI/IK.J'[a,Z( 2. 3maiitm cKaXdpHHE J06YTOK BEKTOpiB @ =
(3;1;-2;3;0) 1 T = (0;2;—4;3;—1).

« 3rigao 3 (22) maemo

@D =3-04+1-24(=2)(-4)+3-3+0(—-1)=2+8+9=19. »
Buopasu

1. Bagano Touku A(3; —1;2) 1 B(—1;2;1). 3HaiiTi KOOpJHHATH BEKTODIB
AB i BA

2. 3uaiitu JiwHifiny KombiHalio BeKTOPIB 3d + 45 — ¢ ae d = (4;1;3),
b=(1;2;-2), &= (10;8;1).

3. Bagano |@| = 13, |b| = 19, |@ + b| = 24. 3maiitu |7 — b|.

4. Ins gkwx sHadeHb « 1 3 Bekropu @ = (—4;6;4) i b= (a; —3;2)
KoJIiHeapHi?

5. Bagmano wormpm toukum A(—1;5;—10), B(5;-7;8), C(2;2;,-7) i
D(5;—4;2). Tlepepipurn, uu pekropu AB i C'D komiHeapHi; sHAfiTH sAKHi 3
HHUX JOBIIHH 1 Y CKIILKH pasiB; K BOHH HaIpSMJIEH] — B OJUH UH B MPOTH-
JieskHl BOKH.

6. 3HaiiTn movarok BekTopa d = (2;—3;—1), Ko fioro Kinens 36i-
raerbes 3 Toukoo (1;—1;2).

7. Ha mommsi 3agano Tpu BekTopu d = (3;—2), b = (=2;1)1i¢ =
(7;—4). 3HafiTn poskia] KOXKHOTO 3 IIMX BEKTOPIB, Oepydm 3a Gaswuc Jpa
1HTITI.

8. Jlns sikoro sHaveHHsT o BeKTOpH d = (o; —3;2) i b= (1;2; —a) mep-
MeHIUKYIAPHI?

9. BekTop ¥ KosineapHnii Bekropy @ = (6; —8; —7,5) i yTBOpIOE 3 Biccio
Oz rocrpuii KyT. 3uatouu, mo |#| = 50, sHaliTu Horo KOOpAUHATH.

10. Bagano rouku A(—1;3;—-7), B(2;—1;5) i C(0;1;—=5). Obuncauru
(24B — TB)(2BC + BA)

11. Bmaiitu |7 + b| i |@ — b, sxmo @ = (3;-5;8)1b ( ;1 —4).

12. BraifTu KyT MiK BeKTopamu d = (2;3;—1) i b= (4;5;2).

13. Buaiitu opr BekTopa d = (6; —2; —3).

14. BekTopn @ 1 EyTBOpIOIOTb KyT ¢ = 60°, mpuuomy |@| =5 i |E| =8.
Bmaiitu |@+ b| i |@— b].
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[ =

. Bratoun, wo |d| = /3,

15. Bekropu @ 1 b YTBOPIOIOTH KYT ¢ =

6
|E| = 1, obumcauTH KyT @ MI2K BEKTOpaMH P = @ + bi g=d— b.

16. 3naiitu cymapHi 3aTpaTn pobodoro gacy T 1 Bapricte P Bupobienol
IPOAYKINT, KO BiloMi BekTOpH acoptuMenTy ¢ = (20;40;60; 10), saTpar
pobouoro dacy = (5;10;7;12) i min p'= (30; 15;40; 20).

17. ins sekropis d = (2;4;—3;0) i b= (—1;2;2;—5) snaifTn ixHi 0B~
KPUHH 1 KYT MK HHMH.

18. 3maliTu BeKTOD l_;, kUi KomiHeapHuii Bekropy @ = (2;1; —1) i Taxwuii,
mo a - b=12.

19. ¥V rpuxytHuky 3 Bepmmaamu A(2;—1;3), B(—2;2;5) i C(1;2;3)
3HAUTH KOCHHYC KYTa TpH Beprani A.

20. BekTopn @ 1 b YTBOPIOIOTH KYT (¢ = g Buaittn (2d + b)( — 3b),
axwo |@) = 1, |b] = 2.

Bignosiai

1. AB = (—4;3;—1), BA = (4;-3;1). 2. (6; 3; 0). 3. [d—b| = 22.

4. « = 2, § = —4. 5. BekTop aB yaeiui gopmmii 3a Bekrop C'DD, BoHH
HATpAMJIEH] B ofuH Oik. 6. (—1;2;3). 7. d = 2b—|—c b= % — %E’, Z=a—2b.
8. o = —6. 9. ¥ = (—24;32;30). 10. —524. 11. |[@+b| =6, |d — b]
12. cosp = \/%, = arccos \/% 13. @° = ( 2 3) |d+ 0] =
129, |@—b] = 7.15. a = arccos% 16. T'= 1040, P = 3000.17. |d@| =
|E| =34, o= T 1s. (4;2;—2). 19. cos p = i 20. —10 (1 + —)
2 V290
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AHaJiTUYHA reoMeTpid
1. JIinii, moBepxHi Ta IXHI pIBHAHHS

B anasitTuaHiit reomerpii 00’eKTH (TOUKH, JTiHIT, MOBepXHIi) Ta IXHE
PO3MIIeHHsT Ha ILIONKHI abo B IPOCTOP] BU3HAYAIOTHCS aHaIITHIHO,
TOOTO 34 JAOTIOMOrot0 MeTOiB ajirebpu. PoGuThes 11 3 BUKOPUCTAHHAM
JeKapToBoro MeTo iy koopauHat. [Ipu 1mipomMy reomerpudni ob’ektu 3a
JOMOMOTro10 (bOPMYJT ONUCYIOTHCS PIBHAHHAMEU ab0 HepiBHOCTIAMU, SKi
3B’I3YIOTh MiK CO00I0 KOOpAMHATH KOXKHOI TOUKH 33aHOr0 00 €KTa.

PiBrgaHAM, dKe BiINOBiTae 3a0aHi1 MHOKWHI TOYOK Ha TTOMHHI
abo B IIPOCTOPi, HA3UBAIOTH PIBHICTH, SKY 33, 0BOJIbHAIOTH KOOPIUHA-
T OyIb-sIKOl TOUYKM I1ie€] MHOXKUHU 1 HEe 3aJ/I0BOJIbHAIOTH KOODAMHATH

TOYOK, IO He HajlexKaTh Il MHOXKUHI.

Ilpukiaan 1. 3naiiTa piBHARHA MHOKHHHU TOYOK, PIBHOBIATATEHUX Bl
Togok Mi(—4;2) 1 Ma2(—2;—6).

<« Bigomo, mo Bigcranb Mixk Toukamu Mi(x1;y1) i Ma(we;y2) BusHA-
qaeThed 3a HOPMYJIOI0

d(My, Ma) = /(2 — 21)2 + (y2 — y1)2.

Hexait M (x;y) — mosinpHa Touka mrykanol Jinii. Toxmi srigao 3 yMOBOMO
MM, = MM,, Tobto

Ve +42+ (-2 = (2 +2)? + (y +6).

Aximo maHecTr o6WABI YACTHHHU J0 KBaJpaTa, TO IMICJAS MEPEeTBOPEHD Olep-
KIMO

r—4y—5=0.

OueBuHO, IO Ile PIBHAHHS PAMOI, KA € CEPEIUHHUM TEPIEH UK YIIPOM
Blapiska M Ms. »

Ilpukian 2. Bupecrn piBHAHHS MHOJKHHHM TOYOK, IO 3HAXOAATLCA Ha
Bizcrani R Big rouku My (2o; yo; 20), AKa HASHBAETHCS TEHTPOM.

<« Bizpmvenmo JioBinbHY Touky M (%;y;2) 3a7aH0l MHOKHHM. 3TifHO 3
YMOBOIO

d(M, Mo) == R

abo

V(e —20)2+ (y— o)+ (r — 20)2 = R.
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Ko migHecTH g0 KBagpaTa, TO OAEPKHAMO PIBHAHHS
(z —20)* + (y — w0)* + (2 — 20)* = R?,

sKe HasHBalOTh PIBHAHHAM cdepu 3 nentpom y Touri My(xo; yo; z0) i
paziycom R. Hapnakn, sikino kKoopauHath To9kd M (2; y; z) 3a10BOIBHSIIOTE
oflepzKaHe PIBHSIHHS, TO 15T TOYKa 3HAXOANTHCA Ha BiacTaHl R Big Touku My.

Aximo meHTp cdepu 36iracThes 3 MOIATKOM KOOPIHHAT, TO PIBHSHHS
cepn Habyge Buraany z2 4+ y? + 22 =R%Z.  »
JloBoIUTHCS, 1O KOJIU PiBHAHHSA

F(z,y,2)=0

3 Bijomoio ¢dyHKIiew F BU3HaYae JedKUil TeoMeTpUudHuii 06’eKT, TO
1eit 06’eKT € nopepxHero B pocropi. Hanpuxmasn, pisasnna 2 4 y% 4
2?2 = —1 He BU3HaYa€ ¥KOIHOI'O peasbHOI'O FeOMeTPUYHOro 0bpasy, 60
JiBa YacTHHa He Moxke OyTH Bii'emHolo, a pipHanHs 22 + 4% + 22 =0
Bu3Hadae oKy (0;0;0).

AHaJIOriYHO piBHAHHS
F(z,y)=0,

AKIIO BOHO Ma€ 3MiCT, BU3HaUae jJesdKy JIiHIf0 Ha TIJIONHHI.

st Toro o6 nepekonathcd, Tu JIeRAUTh Touka M (20, o) Ha 3a-
HaHiii JIiHii, Tpeba mepeBipuTH, 91 33 0BOJIbHIIOTD 11 KOOPANHATH BKa-
3aHe PiBHAHHS.

Y npuknami 1 a4 3a1aH0i BiANOBI THUMH BJIACTUBOCTSIMUA MHOMKH-
HM TOYOK 3HafimerHo ii piBHAHHA. Po3ragHeMo Temep 3ajiady, KOJIH 33
BIJOMMM PiBHAHHSAM Tpeba 3HANTH MHOXKHHY TOYOK.

ITpukaazn 3. BusuwauuTu, siky MHOKUHY TOUYOK ONUCYE DIBHSIHHS ||+
lyl = 1.

< Ockineku |a| = | — a], a € R, To pasoM i3 ToUKo©0 (£g;Yg) A0 MyKa-
HOT MHOYKHHH HaJIeKaTh TaKOXK TOUKH (—Zo;Yo), (#o;—Yo), (—%o; —yo). e
o3Hadae, 1mo ocl Oz 1 Oy — ocl cuMeTpil IyKaHol MEOKWHE. ToMy 3HAIEMO
ii gacTUHy, IO JIEKUTH Y TEpIIiil 9BepTi, a PeInTy AICTAHEMO, CHMETPHIHO
BIIOOPA3UBIIH 1[I0 YaCTHHY BIJHOCHO OCe# KOOPAMHAT.

Hag ¢ > 01y > 0 maemo || = @, |y| = y, a Tomy piBHaHus Habyje
purasiny « + y = 1. HapucyBapmm gacTuuy Imiel npsMoi, Mo JeKHTH Y

102



mepIi# 4BepTi, 1 BIAOOpA3UBINK 11 CHMETPHIHO BIJHOCHO Ocell KOOPIHWHAT,
OJIEPXKUMO TIYKaHy MHOXKHUHY — KBaJIparT, Mo 300paKeHuii Ha pUCYHKY 1.

y

-1
Puc. 1

PosrngrayTi npukaamnyu moKasyioTh, IK MeTO KOOPANHAT T03BOJISIE
3aCTOCOBYBATH ajirebpaidHi MeTo/y Py PO3B’ A3y BaHHI reOMeTPUYIHNK
3aj1a4d. Ternep po3ryigHeMo NPUKJIIAI, KOJIU ajredpaiuny 3a1ady MOKHa

PO3B’I3aTH FeOMETPUTHO 33 JIOMIOMOT0I0 METOIY KOOPIHHAT.
Ilpukian 4. llpr aKux 3Ha4YeHHAX TTapaMeTpa d CACTEMA

l‘2+y2:1,
r+y=a

He Ma€ po3B’A3KIB, Mae eANHUH Po3B 30K, Mae 6e3/119 po3B’I3KIBT
« Ilepirie piBHSHHS CHCTeMU — Ie PIBHSIHHS KOJA 3 MEHTPOM ¥ MOYATKY
KoopamHAT 1 pamiycom 1. pyre piBHAHHS € pIBHSHHSIM IpsAMOI, SKa BIIATH-
Hae Ha OCSIX KOODAWHAT BIJIPI3KW, MOBKWHOI @. PO3B’S3aTh cucTeMy — Iie
o3HavYae 3HANTH TOYKH, KOOPAUHATH SIKAX 33 JOBOJLHSIOTE SIK MepIiie, Tak 1
JpyTe pIBHSHHS, TOOTO 3HAWTH TOYKH TEpEeTHHY TMPIMOi & + y = a 1 KoJa.
3 puc. 2 BUILIHBaE, IO TpH a > /2 i mpn @ < —\/2 IpaMa He TepeTHHAE
y KoJia, TOOTO cHcTeMa He Mae po3-
rdy = S /2 B’HBK.iB; npu a = +v/2 Maemo jo-
THYHI 70 KOJa, TOOTO CHCTEMa Mae
22 4 y? = ennHMI (KpaTHHi) DO3B’A30K; 1Mpn
% —\/§ < a < \/§ npaMa Iepe-
O\ ax /2 ¢ THHAE KOO, TOOTO CcHCTeMa Mae
JBa PpO3B’A3KHW. I|HITHX BUMAIKIB
Hemae. p

Puc. 2
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2. Ilstonmuua B mpocTopi

2.1. HopmaubHuii BekTOop mJomuuu. PisHl Tumnm
PIBHSIHb MJIOIIIUHU

Posrisremo B poctopi R? mnomuny P. [i nonoxenns noszicTio
BU3HAYAEThCH 3aaHHsAM BekTopa T = (A; B; ('), neprienaukyJispHo-
ro 10 1€l IomuHe, i deskol Toukn Mo (zo; Yo; 20), IO J€KNATH y T1iif
miomuHi. BekTop 7 HasHBa€ThCd HOPMAJIBHUM BEKTOPOM ILIOINIY-
HU.

SHalieM0o  pIBHSHHS  IUIOMIMHU

o 7 P, mo npoxoouTh 4Yepes TOYKY
T Mo (z0;y0; 20) 1 Mae 3amanHuii HOp-

Pl oy Masbhuil BekTop W = (A; B;C).

0 M/ Jliist  1poro  Bi3bMeMO  JIOBiNTb-

Hy Touky M (z;y;z) muommHM,
dKa He 30iraeTbcs 3  TOUYKOIO

My, i posrngHemo BekTop My M =
x

(x — 205y — yo; 2 — 20). OcKinbKM MOM\J_W, TO
MoM7 =0, (1)

IO eKBiBaJIEHTHO PiBHAHHTO
Az — 20) + By — yo) + C(z — 20) = 0. (2)

OueBniHO, MO piBHAHHS (2) He 33/T0BOJIBHSIOTH KOOPJIHHATH KO-
Hol Toukn N ¢ P, 60 WMON} # 0.

PiBusins (2) Ha3MBaeTbcsi PIBHAHHAM IJIOIUHMY, IO IIPOXO-
JWUTb Yepe3 3a4aHy TOYKY. lle piBHSHHS € DIBHSAHHSAM MEpPIIOro

CTereHsi BITHOCHO 3MIHHWX (KOOpIMHAT) &, Y 1 .

Ilpukisan 1. Ckiractr piBHAHHS IJTOIAHHE, IO TTPOXOAUTE Yepe3 TOY-
Ky Mo(2;—3;1), neprenaukyaspHo jio Bektopa 7 = (5; 1; —4).

4 Maevo A=5 B=1,C=—4;20=2, yo = —3, zo = 1. Tom srigao
3 (2), olepKyeMo PIBHSHHS [IOIINHA

5(a—2) + 1y — (=3)) + (~4)(z = 1) = 0
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abo
Sr+y—42—3=0. »

Hanatoun xoeditienram A, B, C' piBasiHHS (2) KOHKpPeTH] 3HateH-
Hsl, MOYKHA OJIepyKaTy PIBHAHHS OYIb-SKOI MJIONMHU, 110 TPOXOAUTD
depes ToUKy Mo(Zo; yo; 20). CYKYIHICTD MJIONTHH, MO TPOXOIATH He-
pes3 3aaHy TOUKY, HA3MBa€ThCs B’A3KOO ItomuH. PiBHanns (2), y
skomy koeditientu A, B i C' HaOyBaloTh JOBUIBHUX 3HAUYEHb, HA3U-
BA€ThCS PIBHAHHAM B’SI3KU TUIOIWH.

Ilpukiana 2. 3naiiTn piBHAHHS IJIONIMHEA, IO MPOXOJAUTEL Yepe3 TPH
sajlani Toukn Mi(21;y1521), Ma(2;y2; 22), Ms(x3;ys; 23).

« 3amuineMo PIBHAHHS B S3KW IJIOIIWH, IO MPOXOASTh YEpPE3 TOUKY
Mi(z1;y1521):

Alx —21)+ By —y1) + C(z — z1) = 0. (3)

Y mromy piBasHHI Koedimientu A, B 1 C mepigomi. o6 ix suaiiTu, cko-
pHCTaeMocsl TVM, IO KOopAuHATH To9oK My i Ms TOBWHHI 3aJ0BOJBHITH
pipHsHHS (3):
Az —21) + B(y2 —y1) + C(22 — z1) = 0, (4)
A(zs —21) + Blys —y1) + C(23 — z1) = 0. (5)

Ouepngno, o (3), (4), (5) — e omHOpiZHA CHCTeMa TPHOX PIBHSHB i3
tpeoMa Heplgomumu A, B, C. Taka cucrema, sIK BiZIOMO, Ma€ HEHYJIHOBI
PO3B’SI3KH TOJI ¥ TIIBKK TOAl, KOJH i1 BUSHAYHUK JOPIBHIOE HYJIO, TOOTO

r—T1 y—un Z—n
To—x1 Yo—Yy1 22—21 |=0. (6)
3 —1 Ys— Y1 <3 — %21

Pipusuust (6) i ¢ piBHAHHAM TIVIOIIAHHE, IO TPOXOJUTH Y€pe3 TPU
3a4aH] TOYKH.

Bokpema, y Bunagky, koaun Mi(1;—1;0), M2(2;1;-3) i Ms(—1;0;1),
PIBHAHHS TJIOIINHEA MAE BUTJIS

xr—1 y+1 =z x—1 y+1 =z
2—-1 141 =3 |=0, 1 2 -3 | =0,
-1-1 041 1 —2 1 1
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2 =3 1 -3
($_1)‘1 1 ‘_(y‘i‘l)‘_Q 1 “FZ

S5(e—1)+5(y+1)+5bz=0abox+y+2=0. »

2.2. 3arajibHe PIBHSIHHS IIJIOIIUHI

V nomnepenHboMy IIYHKTI MU JOBEJH, IO OYIAb-sKiil IJIOMMHI Bi-
MOBilae piBHAHHSA MepPIToTo cTelleHd BiTHOCHO 3MiHHUX KOOPIWHAT.

Posrnsremo Tenep 3arajbHe piBHSIHHS [IEPIIOTO CTEIEHT 3 TPHOMa
3MIHHUMM:

Az + By+Cz+ D =0, (7)

Je mpuHaiiMHl ofuH i3 Koeditientis A, B, C' He nopiBHIO€ HYIIO0, 60 B
MPOTUBHOMY BHUIIaJIKy MU MaJiu 6 He piBHSHHH, a TOTOKHICTH [ = 0.
3azHaunmo, mo ToroxkHICTh 0 -2+ 0.y + 0 -2+ 0 = 0 3a10B0OJIbHI-
I0Th BCl TOYKM MPOCTOPY 1 TOMY BOHa He BU3Hadae rionuny. Hexail,
Hanpukiaa, C' # 0. Samamenmo (7) y Burism

A(x—O)—|—B(y—O)—|—C(z—|—§):0. (8)

Piusinng (8) piBHocmibae pisusnuIO (7). [lopiBHiOIOUM (8) i3
(2), Mu 6auumo, mo (8), a orke, i (7) € pIBHAHHAM IUIOMIMHY, IO
Mae HOpMasbHuil BekTop T = (A; B;(C)) i NPOXOIUTDb Yepes TOUKY
Mo (0;0; —%). OtKe, 10BeJIEHO, 1110 OYIb-SdKe PIBHSHHS MEPIIOTro CTe-
neHsi (7) € pIBHAHHSAM JIesKOl IUIOMMHA B TIPOCTOPI.

PiBusanus (7) Ha3MBa€ThCs 3arajibHUM PIBHAHHAM IIOLIVHM.

Axmo BitbHUH YeH D = 0, To piBHAHHS TIJIOMUHA Ma€ BUTJIST
Ax 4+ By + Cz = 0, i fioro 3aj0BOJIbHAIOTH KOOPJIMHATH TOYATKY
koopmuar ¢ = 0, y = 0, z = 0. OrKe, MIOIMKUHA TPOXOAUTDH Yepe3
MOYATOK KOOPIIMHAT.

QuesBuno, 1o piBasung ¢ = 0, y = 0, z = 0 BinnosinHo € piB-
HAHHAMU KoopjuHuaTHux miomun Oyz, Ozz, Ozy.

Ilpukaan 3. llobyayearn nnomumny 2z + 3y + 6z — 6 = 0.

« BHa,IL/'I,ZLeMO TOYKH INEPETHUHY IJIOIMIMWHU 3 OCAMH KOOPDJAWHAT. ,Z[.HH 3Ha-
XOAXKEHHS TOYKH IEPETUHY 3 Ol‘, Tpe6a Hi,ZLCTa,BI/ITI/I B piBHHHHH ILJIOIIIUHHA

y=0,2=0:224+3-04+46-0—-6=0,2=3.
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Amnasoriuno, mokgaagaouan ¥ = 0, y = 0, olepKUMO TOUKY MEPETHHY 3
Biccto Oz: 2-043-04+6z—6 = 0, seigku z = 1. Hapermri, nipu z = 0,
z = 0 smaxogumo y = 2. OTKe, 3ajaHa IJIONAHA TIPOXOJIUTH YepPe3 TPU
rourn M1(3;0;0), M2(0;2;0) 1 M3(0;0;1).

z

fxmo B piBugnHi (7) D # 0, T0, MoAimMBINK 1e piBHAHHSA Ha D,
JicTaHeMOo
Y
b

Je o = —%, b= —%, c = —g. PiBusanus (9) HasuBaeThcs PIBHAH-
HIM TUIONIMHU y BIAPI3KaxX Ha OCAX KOOPIHHAT.

z z
z +2-=1 9
a c 1 ()

2.3. B3aemHe po3MillleHHS IJIOIIUH Y IIPOCTOPI
Posrngnemo gBi momuaA Py i Py, 10 3a/aH] piBHIHHAMMA
A1$ + Bly + 012’ + D1 = 07

A2$ + Bzy—|—CQZ—|—D2 =0.

Ouesuato, mo mwiomuan P 1 Ps:
1) sbiratorbes, Kom

Ay _Bi_Ci_ Dy

el = = : 10
A2 B2 02 D2 ( )
2) € mapaJieTbHUMH TOJI # TITTBKH TOJI, KOJH iXHI HOpMAaJIbHi BeK-
Topu 1 = (Ay; By;C1) i3 = (Ay; By; Co) Koslineaphi i BAKOHYeThCst
yMOBa
A B C D
a2yl (11)
A2 B2 02 D2
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3) € MepIeHANKYISPHUME TO/I] # TITTBKH TOl, KOJIN iXHI HOpMAaJTbHi
sextopu nf = (Ay;Bi;Cy) i s = (Ay; Bo; Co) meplienukyasipi,
TobTo TS = 0 abo

A1A2—|—B1B2—|—0102 =0. (12)

ITin KyToM MiXK JBOMAa TWIONMHAMH PO3YMIEMO KYT MiXK HOPMaJIb-
numu BexTopamu 1f = (Ay; By;Cy) i s = (Ag; By; Cy) 1ux miomu.

Towmy
s
|t |73

A1Ay + By By + C1Cy
VAT + B+ AL+ B + (3
Ilpukian 4. 3anwcarn piBHAHHS IJIONIMHHA, IO TTPOXOAUTE Y€PE3 TOY-
Ky My(—2;1;4) napanensro mionwsi 3z + 2y — 72 + 8 = 0.
« PiBHSHHS B’SI3KW IJTOIINH, 11O TPOXOAATH depes Touky My(—2;1;4)
Mage BUTJIS,

Cos p =

abo

Cos @ =

(13)

Alx+2)+Bly—1)+C(z—4) =0. (14)
3 mel CyKymHOCTI BHALIMMO TV, dKa TapajelbHa MJIONHHI 3% + 2y —
7z 4+ 8 = 0. OueBugHO, IO Ie MOIKJHBO, KOJH HOPMAJbHUN BEKTOD

nf = (A; B;C) nnommnn (14) xomieapuuit Bektopy @ = (3;2;—7). 3o-
KpeMa, MOXKHA B3aTH 71{ = n4. ToMy piBHSHHA IIYKAHOI ILIONIHMHK

B@+2) 42— 1)+ (=T)(—4) =0

abo
3e+2y—T72432=0. »

Ilpukaan 5. 3maiitn KyT Mix mromuaamu r + 2y — 3z +4 = 01
20 +3y+2+8=0.
<« 3rigro 3 dopmymnoo (13)
1-242-34(-3)-1 5

cos p = = =

V2424 (3222 + 37417 14

Otxe, OJWH 13 CYMIKHUX KYTIB JAOPIBHIOE ¢ = arccos%, a ApyTuil m— . P
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IIpuksan 6. Yepes touxy My(—2;3;6) npoBecTr MIOMIKHY, TTEPIIeH-
JUKYAApHY J0 ot 22 + 3y — 2z —4 =0 (P1) i 32+ by + 2z = 0 (P2).

« Hexait @ = (A; B; C) sopmanbamii BekTop i€l muomunn. Tomi pis-
HSHHSA NIYKAHOI IJIOIINHEA MAE BUTJIST

Alx+2)+Bly—-3)+C(z—6)=0. (P)

Hasa toro mob suaditu A, B, (', ckopucraemocs tum, mo P1 P 1 P1Ps,
Tobro W LAl, WLns, ne il = (2;3;—2), ms = (3;5;1). Orue, micTaremo
cucTeMy
2A43B—2C' =0,
{ JA+5B4+C=0.

3BIJIKH OJIEPEKYEMO, IO
A=13C, B=-8C, CeR\{0}.
Tomy piBHSHHS TTyKaHOI MJIOITHHA
13C(x+2)—-8C(y—3)+C(r—6)=0

abo
132 —8y+2+44=0. »

2.4. Touka nmepeTUHY TPbOX ILJIONIUH

Hexait samano tpu mionwnn Az + Biy + Ciz + Dy = 0 (P1),
A2$—|—B2y—|—CQZ—|—D2 =0 (PQ) i A3$—|—B3y—|—032’—|—D3 =0 (Pg) ]_u06
3HANTH TOYKY [epeTHHY LMX ILJIOMMH, Tpeba, OYeBUIHO, PO3B d3aTH
CHCTeMy PIBHSAHD

A1$—|—B1y—|—012’—|—D1 = 07
A2$—|—B2y—|—CQZ—|—D2 = 07
A3$—|—B3y—|—032’—|—D3 =0.

AKimo BU3HAYHUK €] CUCTEMH

Al B1 Cl
A=|Ay By Cy |#0,
A3 B3 03
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TO BOHA Ma€ €IMHUH pPO3B’s30K, TOOTO TPH ILJIOMNUHYA [1epeTHHAIOTHCS
B OHII TOUYII].

Ilpukiyan 7. 3naiiTn Touky mepeTmHy ILTOmMAH T + y — 22 + 3 = 0,
20 —2y+32—-7=0,z24+3y—2—4=0.

« Posp’asyioun cucremy

r4+y—2243=0,
20 —2y+ 32— 7 =0,
r4+3y—2—4=0,

HaIPUKJIA, 3a gonomoron dpopmyn Kpamepa sHalileMo KOOPAUHATH TOUYKH
mepeTuHy miomue z = 1, y =2, 2 = 3. p

2.5. Bigcraup Bl TOYKHU [0 ILJIOLLWHU

Hexait samani Touxa My (213 y1; 21) 1 iomuna P, mo Mae piBHAHHS
Ar+ By +Cz+ D = 0. Bigcranb d MixK HUMH, TOOTO TOBXKHUHA TIepP-
MEeHIUKY/gpa, OMyIneHoro 3 Touku M Ha miomuny P, BU3Ha9a€ThCs
3a (POPMYJIOI0

_JAz1 4+ By + Cz + D)
VAL B4 C?
Ilpukgan 8. 3uaiitm piacTans mix miomuHavu 2x +y — 2z — 3 = 0
(Pr)ide+4+2y—22z+6=0 (Pa).
<« Bizpmenmo JoBinbHY TOUKy mnommen Pp, Hanpuxmag, Mp(0;0;—3) i
sHaiileMo BIACTaHb Bl Hel 70 IJIOMMHH P, IO JOPIBHIOE, BIACTaHI MiK
HUMH HapajebHAMEA IIomuHamMmu. Maemo

d (15)

g l0+0-2-(-3)+6] _[6+6] _ [12] _

/ey (=22 V24 /6
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3. IIpsaMma B mmpocTopi
3.1. KaHoHIYH] Ta mapaMeTPUYHl PIBHSIHHS MPSAMOT

[MosnoxkeHHs TPAMOT y IPOCTOPI MOBHICTIO BU3HAYAETHCS 33, [aHHAM
1iif mpsAMiit abo JTeKUTh Ha Hiil. BekTop § Ha3HBaeThCs HAIPAMHIM
BEKTOPOM I[IPAMOI.

Bugesiemo piBHsiHHS TIpsMOT L, 110 IPOXOINUTH Yepes 33 aHy TOUKY
Mo (203 yo; 20) | HaIPAMHUM BeKTOpOM sIKoi € & = (m;n;p).

Hexait M (x;y;z) — nosimbHa TOYKa npsiMoi L, Toi
. BekTop MoM = (2 — 205y — yo; 2 — 2p) KosliHeapHHii
5
/ M BekTOpy § = (m;n;p), To6TO
My T—To Y—Yo 22— 20

m n P

(16)

| HaBmaxu, Bcl TOYKH NPOCTODY, LIO 3a/10BOJIBHSIOTH DIBHIHHS
(16), namexxarp npsmiit L. Pipuannusa (16) Ha3suBalOTbCs KaHOHIY-
HUMHU PIBHAHHSIMU IIPAMOI B IIPOCTOPI.

Yucia m, n i p € IPOEKIiAMU HAIIPAMHOIO BEKTOpa § Ha KOOp-
JIMHaTHI Oci.

OcKiJIbKM BeKTOp § HeHyJIbOBHil, To Bei TpHM WHcsIa m, 1 i p He
MOKYTb OJIHOYACHO JIOPIBHIOBATH HYIIO, ajle OJuH abo 1Ba 3 HUX MO-
KyTb popiBHIOBarH Hymo. Hanpuxian, Moxkiusuiil Takuit 3ammuc:

L—Tp Y=Y <Z— %0
m 0 0’

(16')

AKuil o3Havae, Mo MpoeKIji BekTopa & Ha oci Oy i Oz JopiBHIOIOTL
nymo. Tomy i Bektop & = (m;0;0), i npsma, ska BU3HauYeHa PiBHSIH-
aamu (167), nepnenmuxymnspai ocsiv Oy i Oz, Tobro monwmal Oyz.

BayBazknMmo, mo piBHicTh (16’) piBHOCHIBHA PIBHOCTI: ¥ = Yo, 2 =
Zg, & T — JIOBIJIbHE.

Ilpukgana 1. Sanucatw piBHAHHA TpaAMol L, IO mepneHgnKy/IspHa
wrormuHi 22 — 3y + 42 — 8 = 8 (Py) i IPOXOAUTH Yepes TOUKY MepeTHHY Iriel
IJIOMIHHHE 3 Biccio Oz.
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« 3HaliieMO CIIOYATKY TOUKY IepeTwHY Iwomman P 13 Biccoo Oz
z=0,y=0,rtoni 4z — 8 = 0 abo z = 2. O1ike, Toura My(0;0;2) ¢ TouKO©
MEPETUHY 3aJaHol MIOIHHE 3 Biccio Oz.

il L 3rizHO 3 YMOBOIO 3a7adl IpsAMa [ MepIeHauKyIsap-

Ha IIOmuUHI L, a Ile 03HAYAE, IO BEKTOP & KOJIiHe-

§ ADHHI BEKTODY ¥, TOMY MOYKHA B3ATH & = T =
(2;—3;4).

gximo ckopucTarncs piBHAHHAME (16), TO 0ZIEPKNMO PIBHAHHS ITyKaHOI
npsAMOol

r—0 y—-0 z-2 x i z—2
= = abo - = .

2 —3 4 23 4
fxmo npupisaaTH crissigHomeHHs (16) 10 t € R, TO gicTanemo

>

r=z9+mt, y=yo+nt, z=z+pt, tEeR. (17)

PiBusanns (17) Ha3MBaOTHCH HAPAMETPUYHNMY PIBHAHHAMU [IP5-
Mol y IIpocTopi.

3.2. PiBHSIHHSA IIPSAMOT, 110 MMPOXOAUTh 4Yepe3 Bl TOUYKU
Hexait npsma L npoxomurs twepes api toukm My (z1;y1521) i

Ms (223 y2; 22). CkitajieMo KaHOHIUHI piBHSAHHS 11i€T ipsimMoi. J1is mporo
32 HanpsiMHHﬁ BEKTOp & IIPAMOI Bi3bMeMO

_
5 /My F=DMM;= (vq—21;y2 — Y1522 — 21)-

My Otke, m = &2 — 1, 0 = Yz — Y1, p = 22 — 21, TOMY 3
piBHSHB (16) 0/1epKUMO PiBHSIHHS MIyKaHOI TPsIMOi

L=y Y-y -z

Tz — 21 Y2— U 22 — 21

PiBuganus (18) Ha3sMBalOThCs PIBHAHHAMY IPAMOI, IO IIPOXO-

(18)

OUTh Yepes OBl TOYKMH.
Ilpukiyan 2. 3naiiThn piBHAHHSA TPAMOI, IO TPOXOAUTEL Yepe3 TOUKH
M1(2;3;=5) i Ma(—4;3;2).
<« 3rigro 3 (18) MaeMo piBHSHHS IIyKaHO! MPSMOL
xr—2 y—3 z+5 r—2 y—3 z45
= = abo = = .
—-4-2 3-3 245 —6 0 7

Is npsma nepuenaukyaspaa oci Oy. p
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3.3. Kyt Mixk gBomMa mpsiMUMH. Y MOBU HapaJieIbHOCTI
i meprneHaAUKYIAPHOCT] IPAMUX

Hexait y ipocTopi 3aaH0 7B TpsaMi:

T — T — Z— Z
1:y ylz 17 (L1)

my m yai

T — T Y—Y 2= %
= = . (L)
msa 12 P2
JIBi mpsIMi y IpOCTOpPI MOXKYTH 30iraTHCh, IepeTUHATUCH, OyTH Ta-

pajleIbHUMU Ta MUMODIKHUMHU. KyT MiK MmapajesbHUMU TPAMUMU

JOPIBHIOE HYJIIO, a MiXK MUMOODIXKHUMHU MPAMUMI — KYTY MiK IIPSIMU-
MU, 9K IepeTHHAIOTHCS 1 apaJeabH] MM MUMOOLKHIM npaMuM. [leit
KyT He 3aJIe2KUTh Bif BUOODY HPSMUX, IO TePeTUHAIOTHCS.

) Tomy 3a KyT MixK npaMmuMu Ly i Ly BizbMeMO KYT ¢

3 1 Mi’K HaIlpIMHUMHI BEKTOPaMH S{ i 53 3aJaHUX IIps-
8 vix. Ockinbkn 57 = (my;ni;pr), 55 = (ma;n2; pa),
TO - )
RN
abo
cos o = mimsg + ning + p1p2 (19)

vmi+ i+ piv/mi + g+ p)

YMoBU KOJTiIHEapHOCTI ¥ MepIeHMKYIAPHOCT] TpaMux Ly i Lo pib-
HOCHUJIBbHI BiJIMOBIIHO yMOBaM KOJIIHEAPHOCTI ¥ MepHeHInKyIapHOCTI
TXHIX HaIIpAMHNUX BEKTODPIB 51 i 53 TaKi:

Li||L, & |53 & 2 = 2L PL, (20)
mo ng P2
Li1Ly; & {155 < mymg + ning + p1ps = 0. (21)

Orxke, asi mpsimi Ly i Lo 36iraorbed y npoctopi, Tofi #i TLibKu
Tofi, Kom: 1) BUKOHyeThest yMoBa (20); 2) 3HAHIeThCS TOUKA, KOOP-
JIMHATH KOl 3a/I0BOJIBHSIOTH PIBHAHHS 000X MPSMHX.
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JIBi ipami Ly i Lo, mapaJjieqbHi ¥ TpocTopi, TOJi # TITbKW TOJI,
KOJTH: 1) BUKOHYeThest yMoBa (20); 2) 3Ha#iIeThest TOUKa, KOOPINHATH
SIKOT 33JI0BOJIbHAIOTH PIBHSHHS OJIHIET 3 TIPAMUX 1 He 3a/10BOJIBHAIOTH
PiBHSIHHS iHTION.

3TrijIHO 3 O3HAYEHHAM TePIeHIUKYISPHUMY HA3UBAIOTh MIPAMI, 1110
MIePeTUHAIOTHCS i IPAMUM KyTOM. IHKOMM | MEMOOIKHI ITpsMi Ha3u-
BAIOTh MEPHEHIUKYISPHUMHI, SKINO KYT MiK TXHIMU NPOEKIisMU Ha
crinpHy miomuHy gopisaioe 90°. V 1ux BUNAgKax 1718 HAIIPAMHUX
BEKTOPIB MPSIMUX BHKOHY€ThCsSI yMOBa (21).

Ao BBeCTH TO3HAUEHHS

Ty —1 Yz2— WY1 <2— %21
A= my m yai

my 2 P2

To mipsimi Ly i Lo:
1) MmumobixHi < A # 0;
2) jiezkaTh B OJHIH miomuHl < A = 0;
3) neprenuKyIsapHi < A =01 mymy + ning + p1p2 = 0;
4) mMuMobiKHI mepreH UKyagpHl < A # 0 1 mymg + ning +

ppz = 0.
Ilpukaan 3. 3naiiTa KyT MiXK TpAMAMA

r—2 y+3 z-1 r+2 y z—3
= = L == = L
5 3 — () = 2 5 (F2)
« 3rigao 3 dopmynown (19) maemo
5.3+3-24+(-2)5 11

cos p = abo = arccos —. p
4 4 8

/B 37+ (2232 £ 22+ 52 38

3.4. Ilpsama aK JiHISA IIepPeTUHy IJIOIINH

[Ipsgmy B mpocTopi MOXKHA BH3HAYUTH K JIHIIO MEePeTHHY IBOX
HemapaseabHux mwionwd Az + Byy + Ciz + Dy = 0 (Py) i Az +
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By + Cyz 4+ Dy = 0 (P%), 106T0 K MHOXKHHY TOYOK, KOODJHHATH
SKUX 330BOJIBHAIOTH CUCTEMY JIBOX JIHIHHUX PIBHAHD

{ 141$—|—B1y—|—ctl,2!—|—D1:07

A2$—|—B2y—|—CQZ—|—D2 =0. (22)

[IpaBunbHe it obepHeHe TBepIKEHHS: CHCTEMa JABOX He3aJeyKHUX
JIHIHUX piBHSAHB (22) BU3HAUa€ NMPAMY SK JIHIIO [epeTHHY Herapa-
JeqpHNUX TwtomuH. PiBHsHHS (22) Ha3MBaOTHCH 3araJibHUMU PiB-
HAHHSIMU TIPAMO].

Ilpukiyan 4. CknacTm KaHOHIYHI PIBHSHHS TIpAMOI, IO 3aJaHa 3a-
raJbHAMHU DIBHAHHSIMHA

20 —by+z2+4=0,
{ r4+2y—24+2=0.

« 3HaiigeMo cmodaTKy mapaMeTpudHi piBHsHHS Tpsamoi. s mporo

PO3B’SIZ&KEMO CHCTEMY BIIHOCHO ¥ 1 Z:

—by+ 2= -2z —4,
20—z =—x —2;

2 —x—2
-5 1
2 -1

—xr—2 -1

‘ —9r—4 1 ‘
y= ‘

‘ -5 —2z—14 ‘
=3z +6.

Era— =x+2;z=

2 -1

Orxe, z =t, y=t+ 2, z = 3t + 6 — mapamerpuuHi piBHsHHEA npamoi. Tomi

KaHOHIYHI PIBHSHHS TIPSMOI Taki:

r y—2 z-6

T =(1;1;3). »

1 1 37

Ilpukaan 5. 3naiitn KoopanHaTH ToukH M, MO JITATHL HABIILI Blapi-

30K TPAMOl
r—2 y+1 2-3

3 5 -1
AKHH MicTHTBCS MiX mwrommaamu Oz z 1 Ozy.
« 3HaiiieMo TOYKY TepeTHHY 3aJaHol npamoi 3 miomuaown Qzz. s
BOTO miicTaBuMO ¥ = ( y PIBHSHHS TPSMOI

—2 1 s- =
L —_== 3 abo .34
3 5 -1 =

Tt =




3BiaKT © = 15—3, z= 15—4. Orxe, TOYKOW0 MEPETHHY MPSIMOI 3 ILIOIMHHO© Oz

e Touka M (2;0; )
Amnagoriuno, migcraBuBiny z = 0 y PIBHAHHS TPSAMOI, JICTAHEMO TOYKY

mepeTuHy mpsaMol 3 miomuao Ory:
r—2 y+1 r—2=09
=>=——=3 abo '
3 5 { y+1=15;
spigku ¢ = 11, y = 14, z = 0. Toukoio neperwny mpsamoi 3 mioruaown Ozy
e M2(11;14;0).
BuaitgemMo xoopamuarn Toukm M (x;y;z), MO € cepelMHOI BiApi3Ka

13/5+11 34 11 14
MMy o= DO 84 0414 o 14/+0_ T

2 5’ 2 ’ 2 5
Orxe, M(2;7; %)

3.5. Biacraub B TOYKHU 0 MPAMOI Y IIPOCTOPI

Hexaii € mpsiva L: =70 = £ — Z_pZO i Touka Mi(x1;y1;21)

no3a Heio. JIoBoIUThCs, MO BiJACTaHb Bif 3a/aHOI TOYKH JI0 TIPAMOL
3HAXOIUTHCS 3a (POPMYJIOI0

Y1 — Yo 21— 2o 21 — 20%1 — X0 1 —ToY1 — Yo

\/ 2 2 2
n P P m
d= . (23)

+ +
m n
/m2 + n2 _I_p2
IIpuksaan 6. 3uaiite Bifgcrand Bix Toukn Mj(1;—1;—2) o mpsmoi
r+3 y+2 z-28
3 2 = =27
<« Ckopucraemocs dopmymnorw (23):

142 —2-81°] —2-8 1+3 143 —1+42

] 9 —9 —9 3 3 2
- 32_|_22_|_(_2)2 -

1 —10 —10 4 2+ 4 17

2 -2 —2 3 3 2

— = —
_ VI8 PH52 833
\/17 I
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4. IIpgama i1 njomuHa B IIPOCTOPI

Posrngnemo npsamy L i niomuny P

96—90029—9022—207 (L) (24)

m n P

Az 4+ By+Cz+D=0. (P) (25)

[IpsiMa i myTol#Ha y TIPOCTOPI MOKYTb OYTH MapaJjiebHUMHU, Tiepe-
THHATHCH, a TAKOXK MpsAMa MoKe HajiexkaTh momuHi. 11106 3’acyBatu
B3aEMHe po3TalllyBaHHs Tpsamol [ i miomubu P, Tpeba poss’s3aru
cucremy piBHsHD (24), (25). Hafinpocrinte 1e MoxKHa 3poOHTH Tak:
3aIIUIIeMO PIBHIHHS MIpaMol L y mapaMeTpu4Hii dopmi

$:$O+mt7 y:y0+nt7 Z:ZO‘I'pt (26)
i migcrasumo (26) y piBusuHS (25):
A(zog+mt)+ B(yo+nt) + Clzo+pt) + D=0

abo

t(Am+ Bn +Cp) = —(Azo+ Byo + Czo + D). (27)

Otrpumasiv piBHSIHHY BiJIHOCHO TTapameTpa t.
4.1. Touka mepeTuHy NPsIMO] 3 IJIOIINHOIO

Bigomo, gKimo mpaMa i TIONHHA TTepeTHHAIOTHCSA, TO BOHU MaTh
JIMIIE OJTHY CHiJIbHY TOUKy. OTiKe, piBHAHHS (27) MOBUHHO MATH JIHIIIE
OJIMH PO3B’430K. A 116 MOXKJIMBO JIUIIE TOJI, KOJIU

Am+ Bn+Cp #0.

Tomi
(Azo+ Byo + Czo + D)

t= —
Am+ Bn+Cp

IlincraBuBum 3HadenHs ¢ y (26), 01epKUMO KOOPIMHATH TOYUKN e
peruny npamoi L i niomwuan P.
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& sorz—1 _ y+l _ z-5
IIpukaan 1. 3uaiitn Touky meperuny npamoi 5= = = = 25

mwrommuuoio 2z + 3y — 22 4+ 2 = 0.
« 3anuieMo piBHSHHS HNpaMol B mapaMmerpudriit dopmi & = 2¢ + 1,
y = 3t —1, z = 2t + 5. [liacraBupmu 1l BUpa3syW B PIBHSHHS IJIONIAHH,
J1CTaHEeMO
22t 4+ 1)+ 33t —1)— 22t +5)+2=0 abo t=1.

Tomi KoopAWHATH TOYKHM MEPETHHY MPAMOI Ta IIomuHn & = 2-1+1 = 3,

13

y=31-1=2,2=2-145 =17, To6TO TOYKOI TEPETUHY MPAMOI 1 ILJIOTIHHA
e M(3;2;7) ».

BasHavunMo, mo Ko piBHAHHS (27) Mae 6e371id po3B’d3KiB, TOOTO
BUKOHYIOThCS yMOBH:

Am+Bn+Cp=10 i Azo+ Byo+Cz+ D =0,

. il
TO TipsiMa L JIeXKUTh y TWIomuHl P. EL

4.2. YMOBHU mapajieJibHOCTI i mepreH uKyJIapPHOCTI
psiMol 1 TIJIOHIMHI

3posymiso, mo npsaMa L i miomuHa P napadiesibii Tog # TLUIbKU
TO/l, KOJIM PiBHSHHSA (27) He Mae YKOJHOTO PO3B’S3KYy, TOOTO KON
BUKOHYIOThCS yMOBH:

Am+Bn+Cp=10 i Azo+ Byo+ Cz+ D # 0.

3 L [Ipy ULOMY HalpaMHHI BeKTOp & =
& (m;n;p) npaMoi i HOpMaJbHUIl BEKTOP
7 = (A; B; C') neprieniuKkynspHi.
ITpsama L i miomuHa P MepleHIuKyIsSpHi Toj i TIIBKH TO], KOJIA
BexTopu & = (m;n;p) i W = (A; B; C) konineapui, To6T0

i A_B_c

m n P
Eﬂ i
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ITpukmana 2. Hanucarn piBHAHHS ILUIOIMMHE, IO IIPOXOJHTH dYepe3
Toury My(2; —3;4) mapaneqbHO 10 TPAMHX

r y—1_ z-3 oz +1l  y—1 245
T T W ey ()

« Hexait @ = (A; B; C') — HOpMAaJIbHHIL BEKTOD IIYyKaHO! IMIONHHE P.
Tomi piBHSHHS TIONAHA MATHMe BUTJIS

A —2)+ B(y+3)+C(z—4) = 0. (28)

Ockiabku mwiomuHa P mapanenbia mpaMuM Ly 1 Lo, 1o i1 HOpMagbHAH

BexTOop W = (A; B; C) mepnenaAnKynAapHUil 10 HATPAMHHX BeKTODIB 51 =
(1;2;8) i &5 = (4;0;2) npamux Ly i La, T06TO

spigku C'= —2A, B = 12—5A.

MMincrapusinu sHaiigeH] Koedimientn B (28), AicTaHeMO PIBHAHHS ITyKa-
HOI IJIOIITUHHA

154

A(x—2)+T(y+3)—2A(z—4):0 abo 2¢ + 15y —4z4+57=0. »

4.3. KyT Mi>K NpsSMOIO 1 IIJIOIIUHOIO

PosrisHemo npsmy L, sika BU3HadaeThest piBHAHHAM (24) i mio-
uHy P, piBHAHHS gxoi (25). BHaiigemo KyT ¥ Mix npsamoio L i mio-
muHoto P. OdeBnno, mo ¢+ = F, Tomy cos ¢ = cos(5—

T—1) = sin .
OcKiabKHu
WS Am+ Bn+Cp
cose= = o (29)
17| 5] VAT + B2+ C%/m? + n? + p?
TO
. Am + Bn+ Cp
sin i) =

. 30
\/AQ—I—BQ—I—CQ\/m?—I—n?—I—p? ( )
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31

= (4; B; C)

= (m;n;p)

S
)

L

Ilpukigazn 3. 3naiiTn KyT MiK OpAMOIO 1 IUIOMIAHO©, AKIIO MpsAMa i
IJIOIITHAHA 38 aH] PIBHSIHHIMMT:

r—y+2z=0, _
{l‘+2y—|—22—2:0; (L) 2e-5y+z-2=0 (P).

« 3anureMo piBHsHHS npsaMol L y KaHOHIUHIA dopmi:

—z -1 1 —z
_ —2z242 2 4 +2. B 1 —2z+2 B z+2

v 1 -1 T3y YT 4] T3

1 2 1 2
dAximo B3saTH 2z = —3t, TO AICTaHEMO TapaMeTPHTH1 PIBHIHHS TPSIMOI:

2 2
= 4t — = t - — —3t
x + 3 y + 3 z

Toml xaHOHIYHI PIBHSIHHS TPSMOI Taki:

x—=2/3 y-2/3 =
4 1 =3

Tomy srigro 3 (30) maemo

9. 4—_5.141-(—
sin ¢ = 5 1+1 (09 S )

V224 (2524 1247 1174 (=3)7 V30-V26

a, oTike, ¥ = 00, p

120



5. IIpsgMa Ha IJIOLINHI

5.1. HopmaubHuii BeKTop npsimoi. PiBHsAHHS npsiMol,
110 IPOXOJUTH Yepe3 3aJaHy TOUYKY MepIeHIUKYJISIPHO
J0 33JaHOT0 BEKTOPAa

3 norepeHboro maparpada BioMo, 1o IpAMy B IPOCTOPI MOKHA
3aJaTu 9K TepeTHH ABOX TIJIOMWH. Po3TiigHeMO YacTUHHUY BUITAIOK,
KOJIA OfHa 3 MIoMKH 2z = (), TOOTO IPsiMa PO3IJISIAEThCH HA TIIONMHI

Ozxy:
{Aav—l—By—l—C’z—l—DzO7 (31)

z=0.

Axmo y mepuie piBHAHHA TiacTaBuTH z = (0, TO JiCTaHEMO CHCTEMY

{ Ar+ By + D =0,

z=0. (32)

[0 BU3HAYAE MPAMY MEePEeTUHY KOOPIUHATHOI IIomuH Oy MII0IIH-
Hoto Az + By 4+ D = 0, gxa napadesbHa oci Oz.

Hopmasbuuit Bexktop 7 = (A; B;0) momunu Az + By + D = 0
OJIHOYACHO € HOPMAaJIbHUM BEKTOPOM IpAMOi, MO 3ajaHa CUCTEMOIO
(32).

SAxImo Hamepes BioMo, MO MpsiMa PO3NVISIAa€ThCcs Ha ILIOMNHI

1
Ozy, To apyre piBHAHHS cHCTeMH (32) OMyCKAEThCS.
Orike, paMa B R? BU3HAUA€TbCA OITHUM PiBHAHHAM

Ax+ By+C =0,

sKe Ha3WUBA€ThCH 3aTAJIbHUM PIBHAHHAM OPAMOI HA MJIOMIUHI.
Mu 3aminunu B no3navenusx D na C' jjisg 3py4HOCTI.

Bextop 7 = (A; B) Ha3uBaeThcsi HOPMAILHUM BEKTOPOM I1psi-
MOI Ha ILJTONINHI.

Mo:KkHa BHMBeCTH pIBHAHHS MPAMOI Ha ILIOMIKHI iHIIAM CIIOCOOOM.

Posragnemo npsmy L Ha twomuni. Hexait Mo(xo;yo) meska ii
Touka, a W = (A; B) BexTop, NepreHuKyaspHuil il npsamiii, To6-
TO HOpMaJIbHUI BekTOp npsamMoi. Touka My i HOpMaJbHUIT BeK-
TOp 7 TIOBHICTIO BH3HAYalOTh MOJIOYKEHHS NpaMoi L Ha IJIONIHH.
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Bisbmemo noBinbHy Touky M (x;y) mpsmol L. 3a yMOBOWO BeKTOp
My M = (z — 03y — yo) NeprenauKyIapHuii Bextopy 7 = (A; B),
Tobro 7 M M =0 abo

Az — 20) + B(y — yo) = 0. (33)

Ojiepzkate piBHAHHS 3a/I0BOJIbHAIOTH KOOPIMHATHA JOBLILHOT TOY-
kn M(z;y) npamoi L. dxmo nesxa touka Mi(z1;y1) He JeKNTH
Ha Tpamiit L, To i1 KoopJuHaTH He 3a/I0BOJIbHAIOTH PiBHAHHS (33),
ockinbku B npomy Bunagxy W MoM; # 0. Orxe, pisusuus (33) e
piBHSHHAM mpaMol L. BoHo HasuBaeTbcd pIBHAHHSAM HIPAMOL, IO
OPOXOOUTh Yepes 3aJaHy TOUKY NepPHeHIUKYJIAPHO 0 3aJa-
HOT'O BEeKTOpa.

Ilpukyan 1. 3naiiTi piBHAHHSA TpAMOI, IO TPOXOAUTEL Yepe3 TOUKY
My (—1; 3) nepnenaukyaspro 70 BekTopa 1 = (2;—5).

<« Cropncraemocs piBHsiHEAM (33), me A =2, B = =5, 29 = —1, yo = 3:

20+1)=5(y—3)=0 abo 22—by+17=0. »
5.2. Touka neperuny npamunx. IlobymoBa mpsamoi
3a 11 pIBHAHHSIM

Hexait 3amano a8i mpsmi Az + B1y+C1 =0 (L1) ta Aye+ Bay+
Cy = 0 (Lz) i Tpeba 3Ha#iTn TOUKY iXHBOTO mHepeTHHY. OCKITBKH I
TOYKA HAJIEKUTD KOXKHIN 3 JIBOX 33 aHUX TIPIMUX, TO i1 KOOpIUHATH
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MMOBHHHI 3a/J0BOJILHATH K PIBHAHHS IMepInol mpsaMoi, TaK 1 PiBHAHHSA
JPYTOI IPsSMOT.

OtKe, 115l 3HAXO/ZKEHHS KOODIWHAT TOYKHU TIePEeTUHY JBOX Ipsi-
Mux, Tpeba po3B’d3aTh CUCTEMY PIBHAHD

{ Az + By +Cy =0,
A2$—|—B2y—|—02:0

Ilpukigan 2. 3naiitn Touky nmeperuny npamux 2z +y— 1 =01z +
2y +1=0.

« KoopauraTu mykamnol TOYKM TEepEeTHHY 3HalIeMo, PO3B’I3aBINN CH-
CcTeMy pPIBHSHB

2e+y=1,
x4+ 2y =—1.
Maemo
‘ 11 ‘ ‘ 2 1 ‘
-1 2 3 1 -1 —
l‘:iz—:l’ y= :_3:_1a
2 1 3 2 1 3
1 2 1 2
TOOTO TouKa mepeTuny M mae xkoopauHatH ¢+ = 11y = —1. p

Onutemo, 9K NOOYIyBaTH IPAMY 3a i1 pisHaaaaM. g nodynosu
TOYOK, 337aMO JIOBiJIbHe 3HaUeHHs ojiHiel 3 i1 KOoOpAuHAaT, a MoTiM i3
PIBHAHHS 3HAXOIWMO BiIINOBiTHe 3HAUEHHHI APYTOl KOOPIUHATH.

Axmro B 3aranbHOMY piBHsiHHI npsimol Az 4+ By + C' = 0 obujisa
KoedilieHTr 1pu 2 i Yy He TOPIBHIOITH HYITI0, TOO6TO A #£ 01 B # 0, TO
O/ To0yI0BY 1Ii€l mpsaMol HaliKpalle 3HaXOIUTH TOUKH 11 [epeTHHy
3 OCSIMU KOOPIIMHAT.

Ilpukaan 3. lMobynysarm npamy 2z +y — 2 = 0.

« 3Haiizemo Touxky Mi(x1;y1) HepeTHHY 3amaHol mpsMoi 3 Biccio Ox.
Jls pOro PoO3B’SAKEMO CYMICHO TXHI DIBHSHHS:

20+y—2=0,
y=0,
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seigikn 21 = 1, y1 = 0. Omike, sHaiigeno rouky M (1;0) neperuny 3amaHol
IpsaMoi 3 Biccio abermce. Po3p’sa3yioun aHaJIOTIIHO CHCTEMY

x =0,

{ 20+y—2=0,

sHaxoanMo TouKy M3 (0; 2) nepeTwHy npsiMoi 3 Biccio opauHaT. Yepes Toukn
My 1 My mpoBOAEMO TpIMY

Y4
M>(0;2)
20+y—2=0
OMl(\l;\O) - . >
L

Ilpukaan 4. [lobynysarm npamy x + 2y = 0.
<« OueBngHO, MO 33/aHa MpAMa TPoXoauTh depes Toury O(0;0). das
TOTO 106 3HAWTH JPYTY TOUKY, 9epe3 siKY TPOXOIUTH TSl TIPSIMa, Bi3bMeEMO,

HampuKaam, £ = 2, Tom 2+ 2y = 0 abo y = —1. OTKe, APYror TOYKOWO €
My(2;-1).
)
r+2y=0
| |
O T T x
| M (25 -1) >

5.3. Hanpsavmuauii BekTop npsmol. KanoHiuHe
PIBHSIHHSI TIPSIMOT

Poarngaemo na nsonuui Ozy nosinbay npamy L. [T nosoxenns
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BEKTOPA T = (m;n), axuii mapasenpHNil 3ajaHil TpaMiit abo se-
KuTh Ha Hill. [leif BeKTOp Ha3sWBAaEThCH HANPAMHUM BEKTOPOM
npsamoi L.

y L
M
9] T

Hexait M(x;y) — nosinbHa Touka mpsmol L. OcKUIbKM BEKTOPH
MoM = (v —20;y—yo) i § = (m; n) Komineapni, To ixui KoopjuHaTH
MIpOIopIIiiiHi, TOOTO

r—z -
0o_Y yo‘ (34)

m n

Ojiepzkate piBHAHHS 3a/I0BOJIbHAIOTH KOOPIMHATHA JOBLILHOT TOY-
kn M(xz;y) mpamoi L 1 He 3a/0BOJIBHSIOTH KOOPIMHATH TOUOK
Mi(z1;y1), mo wHe sexkarh Ha miff npsMiii. BoHO HasuBaeThcs Ka-
HOHIYHUM piBHAHHAM Ipamol L.

fAxmo npama L, mo npoxomuts wepe3 Touxy Mo(zo; yo), mapa-
Jgesibia oci Qy, To 11 piBHAHHA & = xg. Hanpsamuuit BekTop 1€l mps-
Moi ¥ = (0;n), a Tomy piBHaHHg (34) Mae BUIIAL

T—2To Y—Yo
0 n
AmnaJjioriuHo, KaHOHIYHe PIBHAHHS [IPsMOT, 1o napaJiesibia oci O,
Ma€ BUIVIST Y = Yo abo

T—2To Y—Yo

m 0
Hexait 3amano asi touku My (z1;y1) 1 Ma(za;y2) Ha murommHi.
CkJiajleMO KaHOHiYHe PIBHSHHSA TIPAMOL, 10 POXOIUTH dYepe3 i
Toukn. 3a ii HampsMHHI BeKTOp & BisbMeMo BekTop M Mj; =
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(x2 — 1;y2 —y1). Bukopucrosyioun dopmyny (34) npu m = x4 — 1,
n =Yz — Y1, ONEPKIMO
T -2 Yy—h

= . 35
Ty — 21 Y2 — W ( )

PiBuanus (35) Ha3sHBaeTbhCs PIBHAHHAM MPAMOi, IO IIPOXO-
OUTh Yepes OBl 3aJaHl TOYKMH.

Ilpukgan 5. Cknacrm piBHARHSA npsaMol L, IO MPOXOANTE 9epe3 TI0-
YaToOK KOOPJHHAT, MEPIEHINKYASPHO JI0 MpsAMOil L1, gKa TPOXOJIUTH depe3
rourn My (4;—3) i Ma(—1;0).

« 3HaiiieMo CIovaTKy PIBHSAHHS TPAMOI, IO MPOXOAUTH Uepe3 TOUKH

Mi(4;-3) 1 Ma(—1;0):

—4 3
x_5 :% abo 3x+5y+3=0 (L1).

PipnsHHs myKanoi npamol L, sika mpoxofuTs depes Touky O(0;0), mae
BUTJIST

Az 4+ By = 0.
o6 smaiitm A 1 B, ckopucTaeMmocs TuM, 1o L1 L1, a oTKe, HOpMaJIb-
muit BekTop W = (A; B) mpsmoi L KosdimeapHuil HaIpAMHOMY BEKTODY
A B 5
s = (—5;3) mpamoi L, TobTO =3 abo A = —gB.

Tomy piBHsgHHS TpsiMol [, Take:

5
—ng—i—By:O abo bxr—3y=0. »

5.4. PiBHAHHSA IpsAMO], 1[0 ITPOXOAUTh Yepe3 3aJaHy
TOYKY B 33/aHOMY HANPAMKY

Hexaii va nsomumui Oxy 3amado npsamy L, fKa mneperuHae Bich
Oz y rouni M. Kyrom « mizk Biccio Oz i npsamoio [ HazuBaeThcst
HaliMeHIIUI KyT, Ha 9Kuil Tpeba MOBEPHYTH HaBKOJIO Touku M 1po-
TH TOAMHHUKOBOI CTpiAKKA Bich O g0 cyMimeHHs i1 3 mpamoio. Akimo
npsMa 36iraerbed 3 Biccio Ox abo napadiesibHa 10 Hel, TO KyT v J0piB-
HIOE HYJIIO.
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Poarngaemo na rtomuni Qxy npamy L, dka He mapagjeibHa oci
Oy. Ti nonoxkenns noBHICTIO BU3HAYAETHCA KYTOM « MixK Biccio Oz
i mpamoto L i Touxoio Mo(zo;yo), Mo Hajde:kuTh miff mpamiii. 3a
HaIpIMHUM BeKTOP 3a/aHOi TIPAMOI Bi3bMeMO OIUHWYHUIN BEKTOP
Fo = (cos oy sin «v), sikmit yTBOpIOE 3 Biccio Oz Toi caMuil KyT, 1o if
npsma L.

wat

9] T

Tomy B piBHgaHHI (34) Tpeba B3dTH M = cosa, n = sina, a Ie
O3HaYae, MO BOHO 3allAIIEThCH Y BUIIIAI

T—To Y—Yo

Ccos o sin av

abo
Y — Yo =tga- (z — xo).

[osuauupmiu tg o = k, ocTaHHe PIBHAHHS 3allUAIIEMO Y BUTJIAI
y—yozk(ﬂﬁ—wo)- (36)

Yucsno k = tg o Ha3UBaETHCS KYTOBUM KoedilieHTOM MPsMOV,
a piBHgHH# (36) — PIBHAHHAM IpPsAMOI, IIO IIPOXOAWUTH Uepes3
3alaHy TOYKY B 3aJaHOMY HAIIPAMKY.

Banuuremo pisusHHs (36) y BUIIsSAl

y=ka+b, (37)

qie b= yo — kag. PiBnanus (37) HasMBaeThCsd PIBHAHHAM IIPAMOL 3
KYTOBUM KO€MIIIEHTOM, a opiIruHaTa b — BiJpi3KoM, IO BiITHHAE
npsMa Ha oci Oy.
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PosrigHemo mesiki gacTuHHI BUMa KK piHgHHS (37). fkmo b = 0,
To pipasanHsA (7) HaOyBae BUIVISTY

y = ku. (38)

Y 1pOMY BUITQJKY MPAMa TPOXOIUTDH Yepe3 MOYaTOK KOODIMHAT.
I acTHHHWH BUMAI0K piBHAHHA (37) OmepKnuMo, Ko k =
tga = 0, To6TO (0 = 02

y=>b. (39)

e piBusiHHS TpsiMoil, apaJjesbHoi oci Oz.
Axmro npsma L, vHe niepnenukynsipraa oci O, 3ajaHa 3arajbHUM
PIBHSAHHAM

Ar+By+ D =0,

npudoMy B # 0, 10, po3B’d3ytoun foro BiJIHOCHO ¥, HiCTaHEMO PiB-
HSHHS NPAMOl 3 KYTOBUM KOeMillieHTOM:
A D
Yy=—F5T — %,
B B

_ _A _ _D
,J:Lek‘——§7b——§

Ilpukisan 6. CxkaacTh pIBHAHHS IPAMOI, IO ITPOXOANRTH Yepe3 TOIKY
. T
My (2; —1) it yreoptoe 3 Biccio Ox KyT o = %
. . 7T 1 :
« 3Hafizemo KyToBUi KoedimieHT mpamoi k = tga = tg 5= ﬁ 3rig-

HO 3 opmysoo (36) pIBHSAHHS TPAMOI Ma€e BHIJISA

1
y+1:%(l‘—2) abo r—V3y—2—-v3=0. »

Ilpukgan 7. 3amano saranbHe pipHsaHHA Tpamol 2z — 2y — 3 = 0.
SHalTH BeIMYWHY BIJpi3Ka, SKUH BiATHHaE Ig mpsaMma Ha ocl Oy, a Takox
KyT MiK Biccio Oz 1 3aaHOI0 TPIMOIO.

« PosB’s3aBinm piBHSIHHS BIZHOCHO Y, OTPEMAEMO PIBHAHHS 3 KYTOBHM

3

KoeIMEeHTOM: § = & — %, ae k = tga =1, b = —35. Orxe, Ben4uHa

BIJpi3Ka, 10 Horo BIATHHAE MpsMa Ha OCl OPAWHAT, JOPIBHIOE —5 a KyT o

. . .. . m
MixK Biccio Oz 1 O1€10 [IPAMOIO JOPIBHIOE Z »
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5.5. KyT Mixk aBoma mpaMuMu. Y MOBU
MapaJieJibHOCTI U MepneHAUKYIAPHOCT] ABOX MPAMUX

JIBi npgamMi Ha IJI0MMHI abo MepeTUHaOThCs, abo mapaJjeabHi, abo
30iraloThes.

Hexait npi npsimi Ly i Ly nepetnHalorbed B Tourmi M. YV 3aje:kKHO-
CTi BiJ, TOro, IKMMH PiBHIHHAMM BH3HAYAIOTHCS I MpAMi, MU OJep-
JKUMO BiAIOBiIHI pOPMY/IN /1 3HAXOIKeHHS KyTa MizK HUMH.

Axmo npawmi Ly i Lo 3agani 3arajabHuMy piBHgaHHEAME Az + By +
Cr=0(L1)1 Azz+Bay+C3 = 0 (L3), TO KyT MizK HUMH — Ile KYT MizK
ixHiMM HOpMasbHUMU BekTopamu Ty = (Ay; By) i Wy = (Ag; By), a
TOMY

cos ¢ — 1Ty _ M+ BBy (40)
|71 [| 72| /AT £ B2\ /AL + B

Axmo mpami L1 i Lo 3a7adl ¢cBoIMU KaHOHIYHUMH PiBHAHHAMU
T—21  Yy—Whn I =22 Y-
- ( 1)7 - (
mq n1
e KyT MiK IXHIMM HaIIpIMHAMHI BEKTOPAMH &1 = (my;ny) i Ty =

(mg;nz2), TOOTO

L3), 10 KyT MiXK HEUMH —

cosp = 1T _ m1my + ning (41)
FllF2l /mi+niy/m3 + 0}

Y BUNAJAKY, Koau piBHAHHG npaMuxX Li i Ly MaoTh BUTISN y =
. . 7
kixz 4+ by (L) 1y =kax+by (L2) i kKyT ¢ # 5 T

tog oy —tg o
tg e = tg(ay — ay) = o2 B

B 1—|—tg0&ltg042'
OckimbkY tg oy = ky, tgag = kg, TO

(42)
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[Ipu npoMy KYT ¢ BiIpaxoByeThCsS Y HampgaMKy Bim mpsmoi Lp mo
npsimoi Lo

OnuimeMo yMOBHU MapaJjebHOCTI i MMepHeH IuKyIapHOCT] MPIMAX
L11i Lo. Axmo npsmi Ly 1 Ly 337201 ¢cBOIMY 3araJbHUMHU PiBHIHHAMMA,

TO:

Lillte e 5= 2L £ Ch (43)
L1lLy, & WlJ_WQ < A1As + BBy = 0. (44)
SAKIMO K BUKOHYETHCS YMOBA, é = & = ﬁ To pami Ly 1 Lo
Az By Cy’
36iratoThCs.
VY BUNATIKY, KOJH HpHMi L1 i Ly 3a7aH1 KaHOHIYHUMHU PiBHIHHAMMA,
o T[Ty = L,
ma 12
Li||Ly & (45)

3HAMAETHCS TOYKA, KOOPJMHATH KO 33 0BOJIbHSAIOTH
PIBHSIHHS JIMIIe OJIHIeT 3 MPSMUX.

WL, & ?1J_?2 S mimg + nyng = 0. (46)

Hexait L1 i Ly Bu3HAYaOThCA PIBHAHHAMHU 3 KYTOBUM KoedilieH-
TOM. Y BUITAJKY TAlapeJbHOCTI MPAMUX IXHI KYTH HAXWIY &1 1 Qg
JOPiBHIOIOTH 0jiuH ofHoMY. Toml oy = ag <& tgay = tgag < ky = k.

Orxe,
L1||L2¢>k1:k2 1b17£b2 (47)
V BUMAAKY MepleHuKYASPHOCTI IPAMUX OJIepP:KYEMO YMOBH:
i 1+ Kk
Lilly & p=-&ctge = gzO@
2 ko — kq
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S 14+ kky=0< kiky = —1. (48)
Ilpukian 8. 3uajith kKyr Mix npamamu 3z+y—6 =01 z+2y+1 = 0.
1

1
« 3amuIneMo 3a1aHl PIBHAHHA V BUTIAM y = —3x + 61y = —51‘ —3
Ta cKoprcTaeMocs dbopmynoo (42), e ki = =3, ko = —%:
k’z - k’l —1/2 + 3 ™
t = = =1, TobTO =—. p»
L Ny Y S Y 53 7T

Ilpuksan 9. 3naiiTn piBHAHHS TpaMol L, 0 TPOXOANRTH Y€pe3 TOIKY
My (3; —b) mapasenpHo mpsaMiit L1, gka TpoxoanTh depe3 Toukn M (0; —2)
i Ma(—1;3).
« PiBusguma mpsmoi Lp, sika TpoxoauTh depes Touku My 1 My, mae
BUTJISIT:
x—0 y+2

0" 372 abo y Sz , Je  ky 5

3HaiigeMo Tenep piBHAHHS TpsaMol L, ckopucrabiuch (36), e k = ky =
—5:
y+5b=-5(zx—-3) abo y=-br—10. »

5.6. Bimcranb BiJg TOYKH J0 IIPAMOT

= (A;B)
P My
[l
| Ml N L

Hexait Tpeba smaiitn Bincranb d Bim touxn Mo(2o;yo) 10 mps-
moi L, mo 3ajaHa pisasgausM Ax + By + D = 0. BisbMmemo Ha 1psi-
miit L mosismeHy TOuky Mi(z1;y1) 1 posrisHemo Bextop MyMy =
(o —21; Y0 — y1). Yepes Touxy My mpoBeeMo IpsSMY TApaJIesbHO 0
npsimoi L. Tomi

W - > >
d= |M0 | = |PM1| = HpW|M1M0| = ||M1M0| COSQO|.
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7 M, M, 1o
|7 1| M M|

OcCKITBKY €08 ¢ =

|A(zo — 1) + Blyo — y1)| _ |Azg + Byo — Azy — By |

Touxa My € L, tomy Azy + By, = —D, a orke,

d=

_ |Azo+ Byo + D|
VAT B2
Ilpukiaan 10. 3naiiTr Biacranb Big Toukn O, sKa JITATH BIAPIZOK 13

kinnamu A(—2;1) 1 B(3;2) y sigromenHi 3:2, go npamoi 2z — 5y + 1 = 0.
« 3maijizemMo crogaTKy KoopanwHaTH Toukn ('

d (49)

. _ ra+ Arp _ ya+Ays

C — 1—|—A , Yo = 1—|—A )
-2+2.3 1+2.2 8
rTo = ——— = = —s =
T Tiyspe T YT 1432 75

Toxi Bigcrans d Big roukn C(1; g) Jo npsamol 2x — by + 1 = 0 3HaxoauMo
sa dhopmynoro (49):

C2-1-5-841] 5

VAT V29

IIpukaan 11. Tpukyrank sagano seprmmuamu A(1;2), B(=2;1) i
C'(2;3). 3HailTH JAOBKWHY HOTO BUCOTH, OMYIIEHOI 3 BepITHHE A.

« 3HajiieMo pIBHIHHS MPSMOi, IO MPOXOANTE depe3 Touku B(—2;1) i
C(2;3):

x—2 y—3
=>—— ab -2 4=0.

o213 "o Tt
IMMyrany AoBKHHY BHCOTH 3HafigeMo 3a dopmysono (49), K BifcTaHb BiJ
rourn A(1;2) no mpsamoi BC:

1-2-244 1

1274+(=2)2 V5 5
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6. KpuBi gpyroro nopsaiky
6.1. PiBHSIHHSI KPUBOI APYroro HopsiaKy

Ha nomuni, B geskiit npgMokyTHii cucreMi Koopiauuar Ozy pos-
[JISHEMO PIBHAHHS JPYTOTr0 MOPSAKY

Az 4+ Bry+ Cy*+ Dz + Ey+ F =0, (50)

ne A, B, C', D, E, F — 3anani gifical yucia i, KpiM Toro, mpuHaiMHi
onte 3 gnces A, B abo ' BiaminnHe Bij Hyid. CyKyIHICTb TOYOK ILJI0-
ITMHK, KOOPJMHATH SKUX 3a/0BOJIbHAIOTH piBHAHHS (50), HA3HBAETH-
¢ KPUBOIO JIPYTOTro mopaaky. Mozke TpanuTucs, Mo HeMa€e TOU0K
i3 JificHIMH KOOpJMHATaMM, sIKi 3a/I0BOJIbHAIOTH piBHAHHA (50). ¥
POMY BHIIAIKY KayKyTh, IO piBHAHH: (50) BU3HawYae ysBHY KPHBY
JPYroro MopsiKy.
Paninte My BuBesin piBHSIHHS Koja 3 1eHTpoM y Touti Mo(zo; yo)
i pamiycom R:
(0 — 20)? + (y — yo)? = R (51)

fKimo poskpuTH 1y:KKM B piBHAHHI (51), TO JicTaHeMO PIBHSHHS KOJTa
Yy TaKOMY BUIJISI]:

x2+y2—onx—Qyoy—l—xg—l—yg—Rz:O.

lle piBusHHS € piBHAHHAM BUMIAy (50), 1e Koedimienr B =0,a A =
C'. losegieno, mo pisagaus (50), y skomy A = C'| a B = 0 BusHadae
KOJIO, SIKITIO BOHO B3araJjii BU3Ha4a€ JedKuil peajbHUI 00’€KT.
Ipuknan 1. Josectn, mo pisHEgEES 22 + y? — 22 + 4y — 11 = 0
BU3HAYAE KOJIO 1 3HANTH KOODAMHATH HOTO IeHTpa i paJiyc.
« Ocxinegn A = C'1 B = 0, 1o piBHsHHS Bu3Havae Koio. [11o6 sHaliTu
MEeHTP 1 pajlyc KoJia, 3alullleMO PIBHSHHS ¥ BUIJISAIL

(22 =22+ 1)+ (v* +4y +4) = 16

abo
(x —1)* + (y+2)* = 4%

Omike, nentp xona My(1; —2), a pagiyc R = 4. p
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Ipuknazn 2. Josectn, mo pisaaag =2 + y? + 62 — 6y + 22 = 0 He
BHU3HaUae HIAKOI HAlicHOL JiiHii.
« Buginmmo y piBHSHHI TOBHI KBaJpaTH:

(22 + 62 +9)+ (v* —6y+9) = —4

abo
(0437 +(y—3)? = —4.

OcklabKE JiBa 9YaCcTHHA He MOYKe OyTH BIJI €MHOIO, a IpaBa YacTHHA €
BII’€MHHM THCJIOM, TO i€ PIBHSIHHS He 3aJ0BOJILHSIIOTE KOOPAUHATH AKOTHOL
TOYKH ILJIOIHWHHA. Ka}KyTb, 1o piBHHHHH 3aJla€ yABHE KOJIO. »

VYV HacTYMHUX MYHKTaX MU PO3TJIgHEMO iHIII KPUBI JAPYTOTO MOPII-
Ky: eJiInc, rinepbosy # mapaboJy.

BaxkymBy poJib TIpu BUBYeHHI TTUTaHHSA PO Te, AKY JIHII0 BU3Ha-
vae piBHgHHA (50), Bigirpae mepeTBOpeHHsl CHCTEMH KOODJMHAT Ha
ILJTOIIHHI.

6.2. IlepeTBopeHHs cuUCcTeM KOOPAUHAT HA MJIOIIUHI

Hexaii € npi mexkaprosi npsiMoKyTHI cuctemu Koopjuuat QOzy i
O/wly/‘

y Posrngnemo joBiibHY Touky M, gKa
~ | M v B cucremi Ozy Mae KOOpJMHATH
Yy (z;y), a B cucremi Oz'y’ — (2';y).

7 Bpazkarumemo, mo touka O’ Mae B
j b cucremi Koopjaunat Qxy KOOPAUHATH

(a;b). BHalinemo 3B’A30K Mix cTapu-
x My KoopamHartamu (z;y) Toukn M i
Hosumu (2';y'). Maemo

B i)

OM = 00" + O'M, (52)

- - = - = - -
B B3 / B B3 / B B3
Je OM =z ity g, OM=2x'i"+vy'j, 00" =ai+bj.
Posknamemo BexTopu ¢ Ta j' 3a OasmcoM i, j. SIKIIO MO3HAYUTH
Yyepes « KyT, sikuii yreopioe Bich O'2’ i3 Biccio Oz, T0 MaTUMEMO:

-, = —

= (HpOac?);—l_ (HpOyi/)j7 j/ = (HpOxj/);—l_ (HpOyj/)]

=
1
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abo

i =cosaitsinaj, j =—sinai+tcosaj. (53)

Toni piBHicTh (52) MOYKHA MOJATH Y BUIVISI]
T ;—I—y f: ai+b f—l— x’(cosoe 74 sin a j)—l—
—I—y'(— sin a 7 4+ cos o j)
3Bijcu BUIIIUBAE, 1110

{ x
Y
®opmysn (54) HasmBaOThCH (POPMYJIAMH IIEPETBOPEHHSH Je-

KapTOBOI CUCTEeMU KOOPAMHAT Ha, ILJIOIIAHI.
Aximo o

a+ ' cosa — y'sin «, (54)
b+ z'sina + 3 cos a.

0, T0O Ma€Mo TIapajieJibHe MepeHEeCEeHHs CUCTeMU
koopruHatT y Touky O'(a;b):

{ r=a+ 1z,
y=b+y'.
V punagky, ko O = O', onep:KyemMo pOpMYIN MOBOPOTY OCeii:
s
y =

Ilpukiaan 3. BupasuTu crapi KoopAuHATH TOYKH ¥ 1 y Yepe3 1i HOBI
KoopauHaTH &', y' IpH IOBOPOTI OCell Ha KyT ¢ = &

z' cosa — y'sin a, (55)
x'sina + 1y cos a.

1
<« Ockinpku cosg =5 sing = 5 srizHO 3 dopmynamu (55)
MaeMo Y Y
1 3 3 1
N — R !
TETy TV VET Yy
abo

1 1
l‘:§(l‘/—\/§y/)’ Yy = 5(\/§l‘/—|—y/) »
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6.3. Exinc

EstincoM HasuBae€Thcs MHOXKWHA YCIX TOYOK TTOTIHHEA, CyMa, BijI-
cTaHell KOZKHOI 3 9KUX BiJl JIBOX 33, JaHUX TOYOK M€l IJIOMMHMU, 9K Ha-
3UBAIOTHhCs (POKYCAMU, € CTAJIO0 BEJTUIUHON0, OLIIBINOI0 3a BiICTaHb
MizK pOKycamu.

[Mosnaunmo ¢poxycu gepes Fy i Fy, BifcTanb MiK HAUMH — Hepe3
2¢, a cTally BeJIMYWHY, 110 AOPIBHIOE CyMi BificTaHeill KOKHOI TOUYKH
esinica 1o poKyciB, Yepesd 2a. 3rifHO 3 YMOBOIO 2a > 2¢, TOOTO @ > c.

[obymyemo jiekapTOBY CUCTEMY KOOpJMHAT Tak, 1mob dokycu Fj
i Fy jexkaam Ha oci abcipc, a MoYaToK KoopauHaT 30iraBcs i3 cepe-
qmHoo Bizpiska FiFy. Tomi dokycn mators Koopamaarn [ (—c;0) i
F3(c;0).

Bupenemo piBHAHHS eJiifica

Y y BHOpaHiii cucTeMi KOOpIu-
M (z;y) HaT. BisbMeMo NOBLIbHY TOY-
Ky M (z;y) eminca. 3rigao 3
O3HAYEeHHSIM eJlirca
Fi(=¢0) O Fa(c;0) @ MF, + MF, = 2a.

CkopucraBiiich hoOpMyJion Jijid BifcTaHl MiXK JIBOMa TOYKaAMU,

omepxkumo M Iy = /(z 4+ ¢)? + y2, MF, = \/(z — ¢)? + y?, a Tomy

Ve +o2+y?+ V(@ —¢)? + 42 = 2a. (56)

JL71s1 crIpolneHHs OO PIBHAHHS 3alIUIIeMO HOro y BHUIVIAI]
(x+c¢)2+y?=2a—+/(z—c)?+y2
[Miggicmy oOuaBl YacTUHU PIBHAHHS A0 KBajparTa, JiCTaHEeMO
@+ +y'=da’+ (@ - )’ +y* —da/(x — )2 + 2
200 Tic/Id 0YeBUIHUX [IepeTBOPEHb
cx —a® = —av/(x — )2 +y2.
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[Ticnga migHeceHHS 10 KBaApaTa i TOJAJbIIOr0 CIIPOIeHHS, OePKUMO
a? = 2cxa® + a* = a*((v — o)* + %)

abo
(a* — Ha? + d*y? = a*(a* — ). (57)

2 _ 02 € J10JaTHHUM YHUCJIOM. yBe,ZLeMO II03Ha-

Ockinbku @ > ¢, T0 a
JeHHS

a? — * = b7 (58)

Toni piastang (57) samumerbest y Buras i b%z? 4+ a?y? = a?b? abo

i lon (59)

3rijiHO 3 O3HauYeHHsM ejiilica KoOpAuHaTH Oyib-sikol floro Touku
33/10BONIbHAIOTD piBHAHHS (56). Ockinbku piBasaHus (59) € HaCTIAKOM
piBHsiHHS (56), TO OTO TAaKOZXK 33/ I0BOJIBHSAIOTH KOOPIANHATH JIOBLITBHOL
TOUKH €JIiTca.

MozkHa JToBecTH, 1o KOOPAUHATH TOYOK, sIKi He JiexKaTh Ha eJlirci,
He 3a/10B0JIbHAI0TH piBHsAHHS (59). OTKe, piBHsHHS (59) € pIBHAHHIM
eminca. BoHo Ha3WMBaeThesd KAHOHIYHUM PIBHSHHSAM €JIITICA.

Bupunmo opmy esinca, KOpUCTYIOUNCH MO0 KaHOHITHUM PiBHSH-
HsM. 3ayBaKUMO, IO PIBHAHHS MICTUTH TUJIBKHU HapHi crernedi x i Y.
lle o3natuae, mo Oyup-ska Touka M (x;y) HaleKUTh eJIIcy OJHOYAC-
HO 3 Toukamu Mi(z;—y), Ma(—a;y) i Ms(—2;—y), g9ki cumerpuHi
go touku M BimmocHo oceit Oz 1 Oy. OTKe, efinc Ma€ IBI B3a€MHO
MepIeHAUKY/ISIpHI oci cuMeTpil, aKi y BHOpaHiii cucTeMi KOOPIUHAT
36iratoTbes 3 ocsimu kKoopaunatr. Oci cumerpii esiinica Haja/li Ha3UBa-
TUMEeMO OCAMM eJIiICa, a TOUKY IXHBOI'O [IepeTUHY — IEHTPOM eJliIica.
Bick, Ha sxiit posmimeni dhokycu (y 1pOMy BUIAJIKY Bich abCIuc), Ha-
3UBAETHhC (POKAJIBHOIO BiCCIO.

Busnaunmo opmy eminca y mepmmiii  dersepti. Jag  1boro
po3B’szkeMo piBHsAHHS (59) BiTHOCHO ¥



Ouesuno, mo TyT 0 < 2 < a, OCKIJIbKU BUpa3 I1ij; 3HAKOM KOpPeHsi
noBuHeH OyTu Hesij'emuuMm. Ilpu 3pocranni z Bijg 0 10 ¢ BenuduHa
y 3Mermmyerbes Bin b no 0. Hacruna edqinca, dka JeXKUTb y Hepiiiil
4eTBepTi, 1ie Jayra, obmexkena Toukamu By (0;0) i Az(a;0), gxi sexarh
Ha ocgx KoopjuHaT. CKOPUCTABIINCH Terep CUMeTPieo esiinca, oiaep-
JKYEMO, IO eJiilic Mae GpopMy, siKa 300pazKeHa Ha puc. 1.

Toukm TepeTUHY eJirica 3 OCAMU

Y Ha3MBalOThCs BEPITUHAMM eJlill-
ca. Is cumerpii eminca BumIM-
B1|(0:b) P o
Bae, Mo KpiM Bepmua Az(aq;0) i

Fm Fy(c;0) B3(0;b) eminc Mae mie 1Bl Bepiin-
A~ 0) OF/A{Q; 0) * HI Al(—af 0) 1 Bq(0; —bz Binpis-
ku A1 Ay 1 By Bs, gxi 3’€1HYIOTH

B4(0; —b) MPOTHJIEKHI BEPIAHN eJTilica, a

TaKoXK IXHI JoB:KuHM 2¢ 1 2b, Ha-
Puc. 1 3UBAOTHCS BLATOBLIHO BEJIMKOIO
i MaJIOIO OCHIMM eJIirca.

Yucna a 1 b Ha3UBalOTLCA BIANIOBIIHO BEJIMKOIO i MAJIOIO IIIBOCIMMU
eJiiIca.

BI,ZLHOH_IGHHH — IIOJIOBMHHM BLIACTaH1 MIZK CbOKyCaMI/I 10 OLIBIIOT
a

MMBOCI eJTilica Ha3HBAE€ThCH EKCITEHTPUCUTETOM eJ1i11ca i MO3HAYAETh-
cd JITepolo €:
c
£=—. (60)
a
OckisibKY ¢ < @, TO eKCIIeHTPUCUTET eJiilica MEeHIIUI OIUHUIL, TOO-
To £ < 1. Ekciienrpucurer xapakrepusye dpopmy eqirnca. Crpasiy, i3

b 2
dopmyim (58) surumsae, mo | — | = 1 — (E) = 1 — % Bsincn
a a

BUJIHO, 1[0 UMM MEHIINIl eKCHeHTPUCUTET eJlifica, TUM MeHIe Biipis-
HAETHCS HOro MaJia MiBBIiCh b Bij BemKol miBoci @, TOOTO TUM MeHIIIe
BUTSATHYTHI eJirc y310B2K (POKaJIbHOT OCi.

Y rpaHUYHOMY BUMQJIKY IPU b = @ OJIEPKUMO KOJIO paiyca a:

w——l——:l abo 4yt =a
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Ipu npomy ¢ = Va2 — b2 = Va2 — a? = 0, i oxyen eninca 36iraoTsb-
¢4 3 IIEHTPOM KoJia. EXcIieHTprucHTeT KoJla JOPiBHIOE HYIIO: £ = 8 =0.
Ilpukian 4. 3naiiTn KaHOHIYHe PIBHAHHSA eJliNica, SKIIO HOro BeIuKa
miBBICh ¢ = b, a ekcrenrpucurer £ = 0, 6.
« 3rigHO 3 yMOBOWO & = - 0,6, a ToMy TOJOBMHA BIJICTaHI MIXK

a
dorycamm c =a-0,6=5-0,6=3. Tomi b = a® —c? = 25— 9 — 16.
Orxe, mMyKaHe KAHOHIYHE PIBHAHHS €JITICA Mae BUTJIST

Ilpukaan 5. Ckinacrr KaHOHIYHE PIBHAHHS eJliTNica, SKIIO HOTO BEIRKa
mieBich @ = 4 1 BiH MPOXOAMUTE Yepe3 TouKy My(2; —3).
« Kanoniume piBHAHHS efinca Ipu a = 4 Mae BHTJIA

xZ yZ

OcklIbKY 1€l eITC TPOXOAUTE depe3 TOUKY My, To i1 KoopAWHATH 3a-
JOBOJIBHSAIOTH PIBHAHHS €J1Ica, ToOTO
22 (_3)2

—+

=1.
16 b2

Bsigcu omepxyemo,mo b? = 12, a ToMy IIyKaHe piBHAHHA efimca

JIlupeKTpucaMm efirnca Ha3uBaOThCs ABI TIpaMi, dKi TepIieHu-
KyJAsgpH] 10 pOoKabHOI Oci eJiilca i CHMeTPUYHO PO3MIIeHi BiIHOCHO

. . L a
HOeHTpa KpHUBOl Ha B1ACTaHl — BLIA HbOI'O.

. . a
Ockinbru g edqinca € < 1, To - > a, a lle 03Hayae, 10 JUpeK-

TPHUCH PO3MilleHi 30BHI eJlilica. PiBHAHHSA JUpeKTpUC eirnca

a
r=+—.
€
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d

1 Md2

1
| 2

a2l O F T

a a
r=—— r=—

e e

Hoseneno [6], mo BimHOMmeHHs TOBKUHE (POKATHLHOTO pajiiyca m1o-
BiJIbHOT TOUKHM eJIilica JIo BiJAcTaHi IIiel TOYKW BiJI BiIMOBIIHOT THUpeK-
TrpI/ICI/I € CT:I‘aJIOIO BEJINYWHOIO, IO JOPIBHIOE €KCIEHTPUCUTETY, TOOTO

1 . T2
4 ei & E.

DokanbHi pagiycn Toukn M (z;y) esinca MoKHA 0OTICTIOBATH 34

dopmytaMu

rn=a+¢cxr, ro=a-—=cx.
6.4. I'imepb6oJa

Tinmep60J10t0 HA3WBAETHCST MHOKUHA TOUOK TLTONHHY, abCoTioT-
Ha BeJMYMHa PI3HUIN BifcTaHell KOYKHOI 3 AKHUX BiJl JBOX 3a aHUX
TOYOK 1€l MJIOMMHM, 9Ki Ha3MBAIOThCH (POKYyCaMMU, € CTAJIOI Besu-
YMHOIO, IO He JOPIBHIOE HYJIIO I MeHINa 3a BiICcTaHb MiXK (pOKycaMu.

[Nosnaummo BimcTanb MixK dokycamu Fi i [y depes 2¢, a craay
BeJIMUMHY, IO JOPiBHIOE MOJIYIIO PI3HUII BijJcTaHel Bil KOXKHOT TOUKA
rimepbonn 1o ¢pokycis, gepes 2a, npudomy 0 < 2a < 2cabo 0 < a < c.

Ax iy BunajgKy ejirnca BUOEpeMO CHCTEMY KOODJIMHAT Tak, 1100
Bich abcimc mpoxoania depes3 gpokycu Fi i Fy, a 3a mo9aToK KOOPIn-
HaT Bi3bMeMO cepelnHy Binpiska Fi F5. ¥ 3ajaHiil cucTeMi KOOpIUHAT
dokycn marorh koopauHate [ (—c;0) 1 F5(c;0).

Busenemo piBHgHHS Timepboan y BubpaHiii crucTeMi KOOpIHWHAT.
3rijHo 3 o3HadeHHSM Tinepbosm yist 1oBiapHOT Toukn M (x;y) rimep-
0o MaeMo

|MF1 — MF2| = 2a
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abo
MF1 - MF2 = 1+2a.

Ockinbxu MFy = \/(z +¢)* +y* i MFy = \/(z = ¢)* +y?, 10
ViE+e)24+y2—(z - e)2 +y?2 = +2a. (61)

[licsig crpolnensb, MOMIOHUX 10 THUX, AKi IIPOBEIEHO IIPYU BUBEIEHH]
PiBHSIHHA eJlifica, JicTaHeMO PiBHAHHSA

(a* — Ha? + d*y? = a*(a* — ), (62)

sIKe € HacJlinKoM piBHsHHS (61).

OueBnIIHO, MO Tie PIBHAHHS 30iraeThest 3 piBHAHHAM (57) 1715 edtin-
ca. OnHax y piBasHHI (62) pisauig a? — ¢? < 0, ockinbku ¢ < c. Tomy
MOKJIAIEMO

 —a? =0 (63)
Toni piBusinng (62) Habyme BUIIsLY
0222 4 a%y? = —a?h?
abo 2y
S-=t (64)

Boro HasuBaeTbhcd KaHOHIYHUM PiBHAHHAM rinepbosiu. Pis-
HanHs (64), gxe e HaciainkoMm piBHsHHA (61), 3a10BOIBHSIOTH KOOD-
JuHaTH 6yiib-SKol TOYKM TirepboJin i He 3a0BOJIbHAIOTH KOOPIUHATH
TOYKH, IO He JIEXKUTH Ha TinepboJi.

Bupunmo ¢opmy rinepbosu, KOPUCTYIOUUCDH i1 KaHOHIYHUM PiB-
HaaHAM. [le piBHAHHSA MICTHUTH JIUIle MapHi CTeleHi, a TOMY Tilep-
Oosta Ma€ ABi oci cuMeTpii, fKi 30irafoThCs 3 KOOPIMHATHAMU OCSIMH.
Hagasi oci cumerpii rinepboin Ha3HBaTUMEMO OCSIMM TiepbosIn, a
TOYKY IXHBOIO IepeTHHY — IeHTpoM rinepbosu. Bick rimepbosn, Ha
AKifl posMiieHi poKycH, HasUBaTUMeMO (POKAJILHOIO Biccro. loci-
auMo bopmyiay rinmepbosn y mepiiiii derBepri, ge

y=—va?— a2 (65)



Tyr & > a, OCKibKM Mif, 3HAKOM KOPeH$ I[OBUHEH CTOSTH
HeBia emunit Bupas. Ilpu 3poctansi  Bif a 10 +00 BeJIMYKUHA Y 3POC-
rae Big 0 10 +o0o0. OTke, yacTuHa TinepOoJId, dKa JEXKUTh Y Teplriit
JerBeprti, — 1e gyra AM.

Ockinbku rinepbosia po3milieHa CUMETPUYHO BiTTHOCHO KOOPIM-
HaTHUX ocell, TO KpUBa Mae BUIJIsSI, dKWil 300parkeHuii Ha PUCYH-
Ky. Touxku neperuny rinepbosiu 3 hoKaIbHOI BiCCIO HA3UBAOTHCS 11
BepmuHamu. [lokiagaoun y = 0 y piBHsHHS Tinepbosu, 3Hafine-
Mo aberuen 1 Bepmud & = Fa. OTike, rinepbosia Mae JiBl BepIIMHU
A1(—a;0) i Az(a;0). 3 Biccio opamHatT rimepbosia He MepeTHHAETH-
ca. CripaBi, MoKJaBiiy B piBHsgHHI rinepbosu @ = 0, gicraHemMo [Jist
y ysaBHi Bupasu: y = £/ —b2. Tomy dokaiabHa Bich rinepboju Ha-
3UBAa€ThCS MIFCHOIO BICCIO, a Bich cUMeTpil, MepHeHInKyIapHa 10
dokaTbHOl 0Ci, — YABHOIO Biccio Tinepbosmn.

Y

Ba(00) 73 y)

;—b)

HificHor0 BicCIO HA3UBAIOTH TAKOK BiJIPI30K JOBKUHOI 24, SKUI
3’ennye Bepmman A1 (—a;0) i Az (a; 0) rimepbonu. Binpisok m0BKHHO©
2b, sxwmit 3’emuye Toukn By (0;—b) i B2(0;b), Ha3sMBaeThCs yABHOIO
Biccro rimep6osu. Yncia a i b HasuBalOTbCd BiAMOBIAHO MIMCHOIO
il yaBHOIO miBocaMMU rinepbosin. MoxKHa JI0BeCTH, MO MPH JOCHTH
BEJIMKHX 32 aOCOJIIOTHOK BEJIMUMHON & TOYKH Tpadpika rinepbosm sk
3aBrOJIHO OJIM3bKI 0 MPSAMHUX b

y==+-z, (66)
a
FKI Ha3MBAlOThCsI ACUMIITOTAMH TirepOosIy.

142



Jlst mobynosu rpadpika rinepboan 3pydHO CIIOYaTKy M00yaAyBaTH
NPAMOKYTHUK 3 EHTPOM Y MOYATKY KOOPIAUHAT i 31 CTOPOHAMMU, HTapa-
JIeSIbHUMU KoopauHaTHuM ocam Oz 1 Oy, NOBKUHU SKUX JIOPIBHIOIOTH
BigmoBiaHo 2a i 2b. lleit mpsgaMOKYTHHUK Ha3HMBalOTh OCHOBHUM. KoK-
Ha 3 Horo JiaronaJsieil, HeoOMeyKeHO MPOJOBKeHa B 00uIBa OOKH, €
acuMIToToio. Jladi ogeBrgHO, K OyayBaTi rpadik rimepobosimn.

Bigmomenns mosoBuHM BijgcTaHl MizK poKycaMu 10 AificHOl miBoci
rinepbo/i Ha3UBA€ThCH €KCIEHTPUCUTETOM rinepbonn i mo3Ha-
YaeThCs JITEPOIo &:

5:2. (67)
y
B, /
f t2
- Ja0 A0 v
By ~3J
/ N

Ockinbku f71g rinepbosiv ¢ > @, TO eKCHeHTpUcUTeT rinepbosiu
e > 1. Excuentpucurer xapakrepusye opmy rinepbonu. Crpasii,
2
b ¢ 2 . .
— = (—) —1=¢&*— 1. 3Biacu BUIHO, IO YUM MEHIINH eKC-
a a

[IEHTPUCUTET TirnepOoJi, TUM MeHIIe BigHomleHHd — i1 miBoceil. Bin-
a

HOIIIEHHs] — BU3Ha4dae (POPMY OCHOBHOI'O MPSAMOKYTHUKA Trinepbosiu,

a
a oTke, i popmy camoi rinepbosiu. Yum MeHIUi eKClEHTPUCUTET Ti-

MIPSIMOKYTHHK.
Pisuamnma



TaKOXK BU3Hauae rinepbosy. Bona 300paskena Ha PUCYHKY NYHKTUD-
HUMU JiHigMU; 1T BepuiuHu Jexkarh Ha ocl Oy. llg rinepbosia nasu-
BAETHCS CIIPSAXKEHOI0 10 rimepbosn (64). Obumsi rinepbosm MaoTh
OJIHI 1 TI caMl aCUMIITOTH.

lNnepbosia HasuBaeThca piBHOOIYHOIO, gakmo 11 mificHa HiBBiCH
JOpiBHIOE ysABHIH miBoci, ToOTO ¢ = b. KaHoHIYHe piBHSHHS piBHO-
OigHOI rinmepOoar Ma€ BUIJIS,

——==1 abo -y =a’.

TO6TO HiCEKTPUCH TIEPIIOTO il TPEThOr0 KOOPJIMHATHUX KYTiB.
Excuenrpucurer piBHOGIYMHOI Timepbosn

c:\/a2—|—a2:\/§-a:\/§‘
a a

£ = -
a

Ilpukian 6. 3naiiTn KaHOHIYHEe PIBHAHHSA TiNepbOJH, AKINO BiACTAHE
MiXk 11 pokycamu JOpiBHIOE 26, a eKCIEHTPUCUTET — %

<« 3rizHo 3 ymopoio 2¢ = 26, Tobro ¢ = 13, a ¢ = ¢ 5
pumuBae, mo ¢ = 12. Tomi b = \/c2 —a? = \/132— 122 = 5. Orxe,
PIBHAHHS TIIepOOJH Mae BHTJIA

IIpukian 7. I'inepboa, oci aKoi 36iTalOTLCA 3 OCAMH KOOPAHHAT, TTPO-
XOAUTE depes Toukn My (—3; @) i M2(4; —2). 3naiiTu i1 KaHOHIYHe PiBHSIH-
Hsl.

« llyxame KaHOHIUHE PIBHIHHS TiIepOOIN Mae BUIJIS,

2 2

x
2w
a? b2
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e a1 b mepimomi. OcklabKy Timepbosia TpoxXoAuTh depes Touku My 1 Moy,
TO IXHI KOOPAUHATH 3aJ0BOJBHSAIOTEH PIBHIHHS TIIepboIn, TOOTO

(—3)2 (v@/mz__l 9 1/2__1
az. b2 T 260 az. b2
42 (—2)? 16 4 _
E_bzzL a?z b2

Bpigcu sHaxogmMo a’ = 8, b? = 4, a ToMy piBHSHHS rimep6oJIH

l,Z

2
Y
L A S
8 4
HupexkTpucaMmu rirnepboJin Ha3HBalOThcd Bl IpAMi, dKi mep-
MEeHIUKYIAPHI 10 POKaJIbHOI OCi Timepbon i CHMeTPUYIHO PO3MilleH]
a

BiJiHOCHO i1 TIeHTpa Ha BijcTaHi —.
€

Ockinpku 17s rinepbosu € > 1, To a4 < a. 3BijicM BUILIUBAE, 110
JUPEKTPUCH TinepboIn po3MimeHi BCGpGELI/IHi CMYTH, Jle HeMa€ YKOTHOT
TOYKHU Tinepbosin.

Ak iy Bumaaky esinca BiIHOIIEHHS JTOBKUHU (POKAIHHOIO PAIiy-
ca KOXKHOI TOYKH rinepOosi A0 BifcTaHi 1€l TOYKH Bif BiAmoBiaHOI
JUPEKTPUCH € CTAJIOI0 BEJIMUNHOIO, KA JTOPIBHIOE eKCIEHTPUCUTETY

rinep6osm, To6TO ;—1 =ci ;—Z =c [6].
Yy dy
—_——~—
M
o ra
Py 0 Fy z
a a
r = —|— = —
3 £
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Ilpukisan 8. ExcrienTpucurer rimepbonun ¢ = 3, BIACTaHb BiJl TOYKH
M rimepboau g0 AHPEKTPHUCH AopiBHIOE 4. 3HaAHTH BiACTaHb BiA TOUKH M
10 doKyca, OTHODITHOTO 3 €0 THPEKTPHCOIO.

« Ockiabku g =eg, 10 —=3abor=12. p

4
®okanbHi pagiycn Toukn M (z;y) rinepbosm o6UMCTIOIOTHC 34

dopmytamu:
1)sixmo Touka M jieskuTh Ha Tpasii BiTI rinepbosii, To

ry=¢cx+a, rg=¢Ex—a;
2) gxmo K Touka M JexuTh Ha JiBiil BiTHi rinepbosm, To

r = —£x —da, Tp=—¢cr+a.

6.5. IlapabGoJsa

ITapaboJioto Ha3UBAETHCH MHOXKMHA TOYOK TJIOMIMHM, JJI8 KOZK-
HOT 3 9KUX BijicTaHb j10 Aesikol pikcoBanol Touxku F', SKa Ha3UBA€ThCs
doKycomM, JopiBHIOE BimcTaHi g0 meskol ¢ikcoBaHol mpamol L, ska
Ha3UBAETHCH JUPEKTPUCOIO.

Jlns BUBeneHHs PIBHAHHS MapaboJiv BBEJIEMO Ha IIOMIMHI TTPSMO-
KYTHY CUCTeMY KOOPJIMHAT Tak, o0 Bich abciuc Mpoxoiuia depes
doxyc nmapabosu epreHIUKyIAPHO [0 IUPEKTPUCH 1 Oyiia HApsaM-
JIeHa Bif JUpeKTpucu j0 hoKyca. 3a Mo9aToOK KOOPIUHAT Bi3ZbMeMO
CepeInHy BimpisKa MixK (POKYCOM i AMPEKTPHUCOIO.

Hexait M (z;y) — mosinbHa Touka mapabomu. [losnaumnmo wepes
r Bimcranb Big Toukum M go ¢doxyca F, tobro r = FM, uepes d
— BijcTaHb BiJ Touku M 10 JUpeKTpUCH, a depe3 p — BiIcTaHb Bil
dokyca J10 AUPEKTPUCH.

Besmuuuny p HazuBalorTh mnapamerpowm napabosiu. Touka M sexa-
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THMe Ha mapabosi Todl it Tinbku Toal, Koau r = d, tooto M F = MN.

I Y 3 puCYHKa BUIUIUBAE, 110
P
MN=NQ+QM="=%+2z,a
Q| M(x;y) @ty 2
MF = /(e =572+ (y—0)2.
Orixe,
v=-5 o] F(50)=

[iggicmy o6uaBl YacTUHA A0 KBapaTa, JiCTAHEeMO

2 2
xz—l—pw—l—%:xz—px—l—%—l—f

abo y? = 2pz. (68)

PiBusanus (68) Ha3WBaeThCs KAHOHIYHUM PiBHAHHAM napabo-
su. Moro 3a/10B0MbHSIOTH KOOPIMHATH JOBLIbHOT TOUKH Mapabou.
MozkHa foBecTH, 110 KOOPJIMHATH TOYOK, SKi He JiezKaTh Ha apadouii,
He 33/I0BOJIBHSAIOTDH piBHsAHHS (68).

Hocnimnmo dpopmy mapabosm 3a ii pisaanasaM (68). OcKigbKu 11e
PIBHSHHS MICTUTH ¥ TiIbKK B [IapHOMY CTelleHi, To mapaboja cuMer-
pudHa BigHocHo oci Oz. OTKe, IOCUTH PO3IVIAHYTH TIJIbKY 11 YacTURHY,
o JIEXKWUTh yV BepxHi# miBrmiaomuHi. s 1jel qactuam y > 0, Tomy,
po3B’sg3aBInH piBHAHHS (68) BIHOCHO Y, OJEPIKIMO

y = +/2px. (69)

3 pisrocTi (69) Burutusae: 1) > 0, Tobro nisimre Bijg oci Oy HeMae
JKOJTHOI TOUKHM mapabosn; 2) gkmo z = 0, To y = 0, a Ile 03Ha4aE,
IO TTOYATOK KOOPAMHAT HAJIeKUTh Mapabosti; 3) mpu HeoOMerKeHOMY
3POCTAHHI & BeJIMUYMHA Y TAKOK HEOOMEYKEHO 3POCTAE.

Ot:xe, 3minna touka M (z;y), mepemimyfounch mapaboson 3i
3POCTAaHHSM %, BUXOIUTH i3 MOYATKY KOOPIMHAT i PYXaeThCd BIIpa-
BO 1 BBEPX, IPUIOMY TIPU T — 400 TOUKA HECKiHUEHHO BiIaasgeTbes
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sk Bin oci Oy, Tak 1 Big oci Oz. Binobpasusiiym cuMeTpUdIHO PO3IJIst-
HYTY 4acTUHY mnapabosiu BimHocHo oci Oz, micraHemMo BCio mapabdoiy,
o 3a/aHa piBHAHHAM (68)

Y M (3 y

o3

——

ON—— x
JlupexTpuca

kS

Bick cumerpii mapabonn HasuBaeThcsl POKaJIBLHOIO Biccro. Touka
O neperuny mapabosin 3 Biccio cuMeTpil Ha3UBaeThCs i1 BEPIIUHOIO.

[lapabona, pipnanaa axoi y2 = —2px, p > 0, posmimena 3iiBa
Bii oci opauHar (puc. 1, a). Bepmuna miel nmapabomm 36iraerses 3
MOYaTKOM KOOPIIMHAT, a Biccio cumerpii € Bich Ox.

Pipusnns 22 = 2py, p > 0, e piBHAHHAM Hapabosu, BeplIMHA
SKOI 30iraeThes 3 TOYATKOM KOOPJMHAT, a Biccio cumerpil € Bick Oy
(puc. 1, 6). Ila mapabosa JexuTh Buile oci aberuc. PibHanHsa 12 =
—2py, p > 0, BusHavae mapaboy, IO JeKUTh HUKYIe Bia oci Oz, 3

BEPIIMHOIO B [TOYATKY KOOpAMHAT (puc 1, B).

y=E
IEI f
$—§ Y 2
a) 6) B)
Puc. 1

Hpuknazn 9. Jduaa napabonn y? = 62 cKIacTH PiBHAHHA AWPEKTPHCH
1 3HAWTH pOKyC.
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<« opisaiooun pipagrEs y? = 62 i3 KAHOHIYHEM PIBHIHHAM Oapabomn
(69), omepxumo, 1o 2p = 6, a6o p = 3. OCKINbKE JUPEKTPHCA TapaboJIH
Mae DIBHSHHSA & = —5 dokyc — KoopaAMHATH (g, 0), To oTpEMaeMo, IO

PIBHSHHS AUpeKTpucH Haimol mapabomn x = —5 a doxyc F(§’ 0). »

SayBaxkenns. [lapabosia mae nuine ogun ¢okye, a j1oBxKUHA 11
oci HeobmezkeHa. OTzKe, O3HAYEHH eKCIEHTPUCUTETY, aHAJIOrYHe TO-
MY, IO MU MaJId Y BUIIQIKY rinepbo/n Ta efimnca, He Ma€e 3Micty. 1lpo-
Te eKCIIeHTPUCUTET IIe 0O3HAYAIOTh SK BiHOIIeHHS BiJcTaHl JT0BUIIBHOT
TOYKKA KPHUBOI JPYroro Mopsanky Bifd (poKyca 10 BiacTaHi i€l TOUKH
Bij, BiamosigHol mupekTpuch. ToMy 3rizHo 3 o3HaYeHHSIM TapaboJin
ii ekcrientpucurer € = 1. llg gomMoBiieHicTb onpaBiaHa TUM, IO JJIs

. . r .

ejinica Ta rinepbosin £ = g Y BumanKy napabosiu r = d i Tomy
e=1.

6.6. 3Be/leHHs 3arajJibHOT'O PIBHSHHS JIHIT Jpyroro

MMOPSAKY 0 HAWITPOCTIIIIOrOo BUTJIS LY

Bursisin piBHSHHS KPUBOI 3aJ1€2KUTh Bijl, BUOOPY CUCTEMU KOOPIM-
HaT. Y pI3HUX cHUCTeMaX KOOPIWHAT IJid ojiHiel i Tiei camoi Kpusoi
MOYKHa JICTaTh PiBHAHHS pi3HOI cKJaaHocTi. ToMy BHHHKae 3a7a9a
CIIPOIIEHHS PIBHAHHS 3aJ/IaHOT KPUBOI 3a JIOMOMOIOI0 [TePeTBOPEHHS
cucreM KoopauHat. Take CIpOIeHHs JH03BOJILE OJIePKATH TPOCTiliie
piBHSIHHY 1 3a WOTr0 BUIVISAOM BU3HAUUTH TUI KPUBOI, TOOTO BUACHU-
TH 9 € KpUBa eJIincoM, rinepbosoo i T..

PozrngHemo 3arajbHe piBHIHHS JIiHIT JIPYTOro MOPsSIKy

Az? 4+ 2Bay+ Cy* + 2Dz + 2Ey+ F =0, (70)

je koedinjentu A, B, C', D, F'1 F' — #oBiibHi uucia, i, KpiMm TOrO,
yucna A, B i C' onHodacHo He JOPiBHIOOTH Hyo , TobTo A? + B2 4
C?£0.

Teopema. Hrxuo AC — B2 £ 0, mo 3a donomoz2010 napareavrozo
NEPEHECEHHA | HACTRYNHO20 NOGOPOMY 0cetl Koopdunam pisHanHAa (10)
seo0dumsvca do euzaady

AT+ C P+ F =0, (71)
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de A, C, F — deaxi wucaa; (T;7) — xoopdunamu mouxu 6 mositi cu-
cmemi Koopouram.
« 3pobumMo mapagesbHe TTepeHeceHHsT CHCTEeMH KOOPIHHAT 3a pop-
MyJTaMu
r=2a"4+29, y=1 +o. (72)

Ilincrasusumm (72) y (70), o/1epKMMO B HOBUX KOODJIWHATAX PiBHIHHS
Az 4 2B’y + Cy'* +2D'2' + 2F"y + F' = 0, (73)
Jie
D'= Axo+ Byo+ D; E = Bao+Cyo+ E;
F' = Aw% + 2Bzoyo + C’yg 4+ 2Dxg 4+ 2Fyy + F.
Y piBusiaHi (73) Koedinientn D' i E’ nepeTBopoOTHCS B HYJIb, SKINO

i OpaTH KOOPAMHATH TOUYKH (Z0; Yo) TaK, OO BUKOHYBAJIMCH PIBHO-
cTl

Ockinmbku AC — B? # 0, To cucrema (74) Mae €IuHUIT PO3B’I30K
BiJTHOCHO g, ¥g-

Axuo (203 yo) — poss’a3ok cucremu (74), To piBHsiHHSA (73) 3anu-
MeThCs ¥ BUTJIS

Az +2Bz’y' + Cy* 4+ F' = 0. (75)

Hexait Terep npsMoKkyTHa crcTeMa KoopauHat O'T I ofepKaHa 3a
JIOTIOMOTOI0 TToBopoTy Ha KyT « cuctemu O'z'y’. Toni koopauHary 2/,
y' 3B’d3aHi 3 KOOpAMHaTaMu T, §J popMyJaMu

2’ =Tcosa—Fsina, y =Tsina+ ycosa. (76)
Hincrasusumm (76) y (75), ooep:KUMO piBHIHHS

AT? 4+ 2Bz g+ Cy* + T =0, (77)

1e
A= Acoszoe+2Bcosasina+Csin2a;
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B = —Asinacosa+B(C082a— sin? a) + C'sin a cos a;
C = Asin? @ — 2B cos asin « + C cos? o, F=F.

Bubepemo « tak, mob xoedimient B y pisasnHI (77) meperBopuBcs B
HyJib. 1lg BUMOra mpuBOIUTH [0 3HAXOJIZKEHHS & 3 PIBHAHHS

2B cos2a = (A — (') sin 2a.

fAxmo A = C', 1o cos 2a = 0, i MmokHa B3aTH @ = 7. fAkmo xx A # C,
To GepemMo o = %arctg % i piBasiHHSA (77) HaOyBae BUTVISTY

AT+ CP*+F =0,

o il TOBOJUTH TeopeMmy. P

Kaacudikaiig qainiii apyroro mopaaky. Koedinieatu A, B i
C' npu crapmmx wienax pisasHHS (70) TpH MapasebHOMY epeHe-
CeHHI oceil KOOpIMHAT, sIK BUILIMBAE 3 JTOBeICHHS TEOPEeMH, He 3MIHIO-
I0TbCSI, ajle BOHW 3MIHIOIOThCS TIPH TIOBOPOTI oceit KoopauHat. ¥ Toif
ke yac upas AC — B? sanumaerbcst He3MiHHUM sIK [IPU [lepeHeceHH i,
TaK i MPH TIOBOPOTI oceil, TOOTO He 3aJIe’KUTh BiJl IepeTBOPEHHST KOOp-
guHar. Ileil pakT € 0YeBUIHUM TIPU MTapaieIbHOMY MepeHeceHH oceit
KoopauHat. JloBeaeMo iforo jijis BUMIAJIKY MOBopoTy oceil. Maemo

E—Fz = (Acoszoe—l— 2B sin a cos a + O sin? a) X
X(Asin2 a — 2B sin acos a + C cos? a) — ((C'= A) sin acos a+
+B(cos? a — sin® a))?

abo
AC-B’= AC'(cos® a + sin® a) — B*(sin? a + cos® a) = AC — B2,

mo i Tpeba Oy/10 JOBECTH.

Bemuuuna AC — B? nasupaerhbca iIHBapiaHTOM 3arajibHOIO Pib-
HSHHSA JIiHIT Apyroro mopsaxy.

Y zanexxnocti Bij 3Haky esmmuniu AC' — B? qinii apyroro nopsi-
Ky JISThCs Ha Taki Tpu Tumu: 1) eminruunwii, akmo AC — B? > 0;

151



2) rinepbosiunmii, skmo AC — B? < 0; 3) napabomiusuii, gKIIo
AC — B? =0.

Poarngnemo JTiHil pi3HUX THIIIB.

1) Eninruannii tun. Ockinbkn AC' — B% > 0, To 3rimHo 3 Teo-
peMoio 3arajibHe piBHSHHS JHIT APYTOTO TOPSAKY MOYKHA 3BECTH 10
BUTJISLTY

A2 +Cy?> + F = 0. 78
Yy

Mozkmsi Taki Bunagku: a) A > 0, C' > 0 (Bunagoxk A < 0,C <0
3BOIUTRCA 10 BUMAIKy A > 0, C' > 0 MHOKeHHAM piBHAHHA Ha (—1))
i I < 0. Ilepenecemo I' y npaBy dacTuHy piBHSHHS (78) i MOmimmMo
Ha "Hboro. Tomi piBHsHHS HaOyde BUIISILY

2 2
vy _
2 + 2z 1,
2 _ F 2 _ F . : :
ne a® = —75, b° = — . llopiBHIoOun onep:KaHe PiBHAHHS 3 PiBHAH-

HAM efinca, poOHMO BUCHOBOK, IO BOHO € KAHOHIIHUM PiBHIHHSIM
eJiinca.

6) A>0,C >01iF > 0. Toni anasoriyto K i BUINe PiBHAHHS
(78) 3anuierbest y BUTVISIL

le piBHSAHHS He 3aJ0BOJIBHSAITH KOOPINHATH KOJHOI TOUKH IIJIOIIH-
Hi. BoHO Ha3MBaeThCsl PIBHAHHAM ySIBHOTO eJiiIica.
B) A>0,C >0, F=0. PiBuauns (78) mae Burisn

a®2? + Fy? =0,

ne a? = A, ¢2 = C. oro 3a/10Bo/bHAIOTL KOOPAUHATH JIAIIE OFI-
Hiel Touku. Take piBHAHHS Ha3MBAa€ThCs PIBHAHHAM Mapu ySIBHUX
MPSMHUX, IO MEPETUHAIOThCS.

2) Tinep6ouiunamit tun. Ockinbku AC — B% < 0, To 3rigHo 3
TEOPEeMOI0 3araJjibHe PIBHSAHHS JIHIT APYTOro TOPSIKY 3BOJUTHCS JI0
surisiy (78).
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Mo:kauBi Taki BHIAIKHU:

a) A > 0,C <0 (Bunmagok A < 0, C' > 0 3BOAMTHCS 10 I[HOTO
BUIIAIKYy MHOKeHHAM piBHsHHe (78) Ha (—1) ) i F' # 0. Hexaii, Hatipu-
kiaam, F' < 0. Ileperecemo F' y mpaBy 9acTUHY PiBHAHHS i TIOUIIMO
Ha Hboro. Pipusanus (78) HabyBae BUTVISATLY

2?2 1

a? pz =~
ne a? = — %, b= — g Onepzkane piBHAHHS € KAHOHIIHUM PiBHAHHAM
rimepbosin.

6) A>0,C <01iF =0. Pipuaunsg (78) nabysae BUIVISILY

a*z? — y? =0 abo (az — cy)(az + cy) =0,

e a® = A, ¢ = —C. OcranHe piBHAHHA 33]0BOJILHAIOTL TLIbKH
KOOPAMHATH TOYOK IUIONIMHU, IO Po3MilleHi Ha npaMux ax — cy = 0
i ar 4+ cy = 0, ski nepeTUHAIOTbCH ¥ MOYATKY KOODAMHAT, i, OT¥Ke,
Ma€MO Mapy IPAMUX, MO MEPETUHAIOTHCH.

3) Mapa6omiuuuii tun. Jdxkmo AC — B2 = 0, To, 9K i B Teo-
peMi, ToBOPOTOM ocell KOOpJAWHAT Ha KYT « 3arajbHe PiBHAHHS JiHiT
JPYTOro MOPSAKY 3BOAUTHCH 110 BUTJISAILY

Az® 4+ Cy* + 2By +2Dx + F = 0. (79)
Tyr AC = 01, orke, onuH i3 Koeditjentis A i C' nopiBHIOE HYITIO.
Hexait A =0, C' # 0. [lomamo pisasnus (79) y surism

°F E B2
Cly’+—=y+ () +2Da+F - — =0

C C C
abo
E, —
Cly+ 5) +2Dx+ F =0,
ne I'=F — %2 3pobuMo MapaJiesibHe TepeHeceHHs CUCTEMU KOOP/IU-
HaT:
P )
1 C *
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Toni piBHsHHS HaOyAe BUIISILY
Cy”? +2Da’ +F = 0. (80)

Mo:kauBl Taki BUITaIKH:
a) D # 0. Banuutemo pisaanns (80) y surisiii

F
Cy"”? +2D(x + =) = 0.
ye 2D+ 55)
[lepeiigemMo 10 HOBUX KOOPIMHAT 3a (popMyIaMu T = '+ %, g=y.
Toni gicranemo pisusunsa Cy2 4+ 2DT = 0, abo

7’ = 27, (81)

D
jie p = ——. PiBaanng (81) € KaHOHIYHUM PIBHSHHAM TapabOJIH.
6) D = 0. Pipusnng (80) y 1poMy BHIIAIKY Mae BUIJIL
2,5
CY* 4+ F=0. (82)
Axmo C'1 F MaroTh pi3Hi 3HAKM, TO, TIOKJIAIAI0UH ‘g‘ = a?, piBHAHNA
3allAIIEMO TaK:
/ / _
(y' —a)(y'+a)=0.
Bono Busnavae mapy mapajiesibHUX OPAMUX.
fAxmo C'i F' MafoTh ofHaKOBI 3HAKW, TO piBHAHHSA (82) HabyBae
BULJIATY
2 2
Yy 4+a°=0.
lle piBHSIHHH He 3a/I0BOJIBHAIOTH KOOPJIMHATH KOTHOI TOUYKH IO~
muan. BoHO HazsuBaeTbcs PIBHAHHSM HAPU YABHUX IMAPAJIEIbBHUX

MpaMUX.
dxmo x F = 0, To pipugnus (82) 6yie Takum

y/2 — 0

Bono Busnaudae Bice O'z’. Moro moxkHa po3IiisgaTH TaKOXK fK I'pa-
HUYHUH BUMAaJIoK mopud £ — 0, To6To 9K PIBHAHHS IIapu IIPAMHUX,
1o 30lraroThbes.
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Ilpukaazn 10. BuznaunTn, aKi JiHio BU3HaYaE PIBHAHHS
y=x?—4r+3.
« 3anureMo pIBHSHHS Y BUTJISI
y—1l=22—4c+4 abo y—1=(x—2)%
3pobumo mapaJiesbHe MEPEHECEHHS CHCTEMU KOODIWHAT:
Yy =y+1, 2=2xz-2

Tosi piBHAHHS JiHIT 3anumerbed y BUMIAL ¢ = 22, T06T0 € mapabosIon

t/
T
y=zx2—4r+3
‘ >
0 | T
***** e T

Ilpukaan 11. dky minio Bu3HaYae pIBHAHHS
8x? — 16z + 3y + 12y — 4 = 07
<« YTBODHMO MOBHI KBaJpaTh
8(z? —2x + 1)+ 3(y* +4y+4) =24

abo
8(z — 1)? + 3(y + 2)* = 24,
(-1 W+2)°
=1.
3 T %

HKH_[O 3pO6I/ITI/I IIapaJieJibHE IepEHECEHHA CUCTEMHU KOOPAHWHAT

$/:$_1a y/:y+2a

l,/z y/Z
TO JICTAHEMO PIBHSHHS R + == =1.

8
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e eninc iz miBocsmu a = /3, b = /8. Ockinbkn a < b, To dokycu
eqinca Jjexarh Ha oci O’y

yt

Ilpukaan 12. dky minio Bu3HaYae PIBHAHHS
422 4 24zy + 11y° — 240 — 82y + 15 =07

<« VY DIBHSAHHI IPUCYTHIH AOAAHOK 3 JOOYTKOM ZY, TOMY 3POOUMO CIIO-
9aTKy MOBOPOT oceil Koopamuat. /g mporo sHafeMo KyT IOBOPOTY « 3
PIBHSIHHS

2B cos2a = (A — (') sin 2q,
. 24
24cos2a = —7sin2a, tgla = -
2 tg «@ To 2tga

1— tgoc ’ 1-tg? o

24
Ockiabku tg 20 = == a6o 12tg? a—Ttga—12 =

0. 3Biacu omepKyemo, 1o tg o = %, tga = —%. JlocuTh B34ATH OJiHE 3 WX
3Ha4YeHb, HAIPHUKJIaJ, tga = %. Cxopucrapmmch hopMyTaMu

1 .
cosa =t —m——e, sina=tgacosa,
V1+tgta
3 . 4
OJCPIKHMO, IO COS = :I:E, sina = :I:E. Posranemo BHIANOK, KOJIH
. 4 . .,
cosa = g, sino = g, i 3pOOMMO TIOBOPOT OCel CHCTEMU KOODJMHAT 3a

dopmyramu:
1 1

IligcTaBUBINYT 11 BUpa3sd B PIBHIHHS JiHII, OTPHMAEMO

472 -5 — 16T — 67+ 3 =0.
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Temep yTBOpMMO TOBHI KBajpatn 4(F2 — 4% + 4) — (3% + 67+ 9) = 4,
abo

= 2 = 2
-2 @+3)" _
1 4
3pobrmo TapaJesbHe TIepeHeceHHs CHCTeMH KoopawHaT r' = T — 2, 3y =
Y+ 3. Y HOBI cucTeMl KOODJAWHAT DIBHSHHS MaTHMe BUIJIS]

1.

12 12
S !
4

Ile rimepboaa 3 miBocsMu a = 1, b = 2.

Y

|

o

/

Ilpukisan 13. BuznaunTn, axy Jinio BU3HAYae PIBHAHHA TY = d.
4 Tyr A = (| a Tomy cucremy KoopawHAT Tpeba MOBEPHYTH HA KYT
T

a= TOOTO 3pPOOUTH TEePETBOPEHHS

\/5 §($/+y/)

_ 1 / _

= —y), y=

IligcTaBuBIIg Il BUpa3sd B PIBHAHHSI KPHUBOI, OMEPKUMO PIBHSIHHS
12

2% — % = 2a.

Ile piBHOGIUHA Tinepboga. st mHel ocsaMu cuMeTpli € HOB1 0Cl KOOpPAUHAT, a
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ACUMIITOTaAaMH — CTapi ocl KOOpAHMHAT.

~

x a,a >0

Buopasu

1. 3uaiith pIBHAHHS IUIONAHE, sSKa POXOJUTHL Uepe3  TOUKY
My (3; —2; —7) napasensro miontwHi 2z — 3z + 5 = 0.

2. 3ualiTu pIBHSHHS IUIOMIWHU, KA HTPOXOAUTH Yepe3 TOUYKH
M1(2;=1;4) 1 M2(3;2; —1) nepneHuKyaspHO [0 IIOMHHEN £ +y+2—3 = 0.

3. 3BuaifiTh piBHAHHS TJIOMWHU, $KAa HPOXOAUTHL UYepe3 TOUKY
My(2;—3;—4) i BinTHHAEe Ha KOODJAWHATHHX OCAX BIJIPI3KH OJHAKOBOI JO-
BYKUHH.

4. 3Hafitn KyT Mix miommHamu: 1) 22 — 3y + 32— 1 =01 —22 4+ 3y —
3245=0;2)3z—4dy—2z—1=0122+3y—62—2=0.

5. O6umcnutn Bifcranb d Bix Toukw P(—1;1;—2) no mnomuun, ska
mpoxoanTk depes Touku Mi(1;—1;1), M2(—2;1;3) 1 Ms(4; —5; —2).

6. 3HaliTy BlACTAHb MIXK TTomWHaMu 2x + 2y — z — 15 =014z + 4y —
2z+11=0.

7. 3uaiiTu Touky meperuny mionmH £ +2y—z—2=0,3z—y—2—-3 =0
te+2y+2z—4=0.

8. CkuacT mapaMeTpUYHI PIBHSHHS MPAMOI, SKa MPOXOANTH depe3 Bl
sagani roukn M (1;1;—2), Ma2(3;—1;0).

9. 3HaliTy KaHOHIYHI Ta MapaMeTPUYIHI PIBHAHHS TPsAMOl 2z+3y—z—4 =
0,3z —-5y+2:+1=0.

10. 3ualiTy rocTpHUil KYyT MIXK TPIMAMHA

r—3 y+2 =z r+2 y—-3 z+5

T e T TN
r+1 y—2 243

11. /lna akoro 3HAYEHHS M TpsAMa 3 = = 7 napaJieJibHa
m —

mwromuHl  — 3y + 6z + 7 =07
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x—1 y+1 z
= Z— = — 3 [UJIOIWHOK

1 =2 6

12. 3HaiiTu TOYKY MepPETHHY TPAMOL

2¢4+3y+2—-1=0.
. . r—1 Y z .

13. 3HaliTu KyT MiK TPIMOIO —5— = 1= — i womuHo + 2y +
2z+3=0.

) : : . r+3

14. 3wuaiity Bigcrae Bix Toukm Mi(1;—1;—2) g0 mpsmol 5 =
y+2 2-—8

2 0 -2 )

15. 3amano mpamy 2z + 3y + 4 = 0. CkjacTtu piBHSHHS IPAMOI, SKa
IPOXOANTH 4depes Touky My(2;1): 1) mapasnenpHo m0 3ajaHol mpsaMoi; 2)
MEPIEHUKYISIPHO [0 3aaH0T TIPIMOI.

16. Bigowmi cepeaunu cropin TpukyTHHKa: Mi(2;1), Ma(5;3) i
M35(3; —4). 3HaiiTi piBHAHHS HOTO CTODIH.

17. Buaiite KyT Mik npamumu: 1) be —y+7=07a 22 — 3y + 1 = 0;

Ny=2r—-3T1ay= %x—l—l.

18. BHaiitn Bijgcrans Bijg ToukH My (2; —1) mo mpsaMoi, sika BiATHHAE Ha
ocdgX KOOPAWHAT BIAPI3KK BeauduHowo ¢ = 81 b = 6.

19. 3HaiiTn piBHAHHS TPAMOI, SKa BlAobpaykae 3MiHY BpoxaiiHocTi 1 ra
OPHOI 3eMJI1 TMPOTATOM CIMHAJIIATH POKIB, SAKIO B MepIIni pik 3 1 ra 6ym0
316pano 21 11 3epHOBHX, a B OCTaHHI# — 37 1I.

20. TIpw stkux o 1 B mpami ax — 2y — 1 =0rmaber —4dy— 5 =0:1)
MaloTh CIIBHY TOUKY; 2) mapaJenbHi; 3) sbirarorbes?

21. CkyacTu piBHSAHHS TPSAMOI, gKa TPOXOAUTH depes Touky Mo(—2;3),
Ha OJIHAKOBHUX BijcTansax Big rouok My (5;—1) 1 Ma(3;7).

22. Touka C'(3; —1) e neHTpOM KoJIa, dKe BiATHHAE Ha TpsaMiii 2z — by +
18 = 0 xopay, mopxkuHa KOl AOPiBHIOE 6. 3HAWTH PIBHIHHS IIHOTO KOJIA.

23. CkaacTu PpIBHSHHS KoJa, siKe TPOXOAUTH depes Touku A(5;0),
B(1;4), axmo #oro meHTp 3HAXOANTHCS Ha mpamiii ¢ +y — 3 = 0.

24. Ckjacty pIBHAHHS eJiinca, (DOKYCH SKOTO JeKaTh Ha OcCl abCImc
CUMETPUYIHO BIJHOCHO TOYATKY KOODAMHAT, SKIIO HOTO MaJia BiCh JOPIBHIOE
24, a BigcTanb Mix dokycamu 2¢ = 10.

25. 3agano eninc 922 + 25y? = 225. Bmaiitu: a) nisoci; 6) doxycu;
B) EKCI[EHTPHCHTET; ') PIBHAHHS AUPEKTPHC.

26. Ckuactu piBHsSHHS Timepbouin, (DOKYCH SKOI 3HAXOASTHCHA Ha OCl
abCITHC CUMETPHYIHO BIJHOCHO TOIATKY KOOPAUHAT, SKIIO BIACTAHL MK ¢o-
Kycamu 2¢ = 6 1 ekcrienTpucurer € = 3/2.

27. CruacTu piBHSAHHS TiepbosH, SIKIO BIIOMI 11 eKCIEHTPUCHTET € =
V5, doxye F(2;—3) i piBasaHHES BianoBiaHO! nupexTpucu 3z —y+3=0.
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28. BuaiiTu piBHAHHS TapaboJu, Ko 3agaHo 1i dokyc F'(4;3) i an-
pextpucy ¥y + 1 = 0.

29. Ha mapabomi y? = 32z 3Ha#{TH TOUKH, BiACTAHE BiJ AKHX A0 IPAMOI
4x + 3y + 10 = 0 mopisHIOE 2.

30. dxy miHio BU3HATAE PIBHIHHS:

1) 42? 4+ 9y? — 402 + 36y + 100 = 0;

)
3) 22?2 — 4z + 2y — 3 = 0;
4) br? — dry + 2y° = 24;
5) 22% +dzy — y* = 12;
6) 922 — 24zy + 16y* — 20x + 110y — 50 = 0;
7) 32? — 2zy +3y? —dx — 4y — 12 =07

Bignosiai

1.2 —-32-27=0. 2. 4x2—-3y—2—7=0. 3. x4+y+2z+5=0.

T 41 11 5
4.1 =m 2 =—.5.d=4 6.d=—. 7.|—;=;1). 8. x =1
x—1 Y z+2
=—t—-1 =t te R 9. === :
Y EEhLE 7 19
z = =19t +2 ¢t € R 10.60° 11.m=-3. 12.(2;-3;6). 13.0°.
14.7. 15. 1) 2¢4+3y—7=0; 2)32z—2y—4=0. 16. 7z — 2y — 12 = 0;

r+y—28 = 0; 22 — 3y — 18 = 0. 17. 1) g; 2) arctg%. 18. d =4, 4.

19. y=2+20. 20.1) o« #3, 8 — nosinehe; 2) a =3, f — JOBIbHE;
Na=3,=2.21.d04+y+5=0aboy—3=0.
22. (x—3)2+ (y+1)2 =38.23. (z — 2)2 + (y — 1)2 = 10.

r=1t4+1y = —Tt,

2
T Yy .
169+144 : a)2513, ) F1(—4;0), F3(4;0); B) € = 4/5;
2
) = 15. 26.%—%:1. 27. 2% — y? — Bay + 262 — 18y — 17 = 0.
1 5 l,/Z y/2
28. y = 3¢~ xr+ 3. 29. (0;0); (18; —24). 30.1) — + Vil 1;
12 12 12 /2
2 12 02 7. /2:_/.4$_ y_:1~ $__y_:1.
) & —y 7,3)2 /Zy, Vo1t ; 5) 5 ;
/2:_2/ l‘_ y_zl
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PyHKIIT ogHIET 3MiHHOT
1. IlongarTa dpyukiIii
1.1. 3miHHI BeJIUYUHUI

ITpy BUBUYEHHI 3aKOHOMipHOCTeH, 9Ki 3yCcTpidaioThesd y MPHUPO,
JOBOAUTLCA MaTU CIPaBy K 31 CTAJIUMHU BeIMIWHAMU, TaK i 31 3MiH-
HUMU.

Crajioro Ha3suBaeThCsd BeJIMYUHa, sika 30epirae oiHe it Te came
3HaueHHd abo B3araJi, abo y meBHill cutTyaliii. ¥ JApyromy BHUIAIKY
CTaJly BE&JIMYMHY HA3UBAOTh IapaMeTpoM.

3MIHHOIO Ha3WBAETHCS BEJWUHHA, KA MOKe HaDyBaTh pPi3HHX
YUCJIOBUX 3HaUeHb. 3MIHHY BEJIMUNMHY (3MIHHY) BBarKalOTh 33JIaHOIO,
SIKITNO BioMa MHOYKHHA BCIX YUCIOBUX 3HAUYeHb, SKUX BOHA MOZKE Ha-
oyBaTu. CTajy BeJIMUMHY MOZKHA PO3IJIAIATH K YaCTUHHUI BUNIAIOK
3MIHHOT, KOJIM MHOXKMHA i1 YMCJIOBUX 3HAUEHb CKJIAJIAETHCS 3 OIHOIO
qUCTIA.

YucsioBi 3HaueHHd 3MIHHOT BEJIMYUHU YTBOPIOIOTDH MEBHY MHOZKH-
Hy jificHnx umcesn. lif Binnosinae fesika MHOMKMHA TOUOK HYHCJIOBOT
oci. 1li MHOXMHM MOXKYTh OyTH pI3HMMH, B 3aJ€;KHOCTI Bin 3MiH-
HOI, sika posmisiaerbes. Haliuacrimme mMu 3ycTpidaTumMemMocs 3 9uc-
JIOBUMH MHOKMHAMW TaKWMX THMiB: iHTepBas (a;b); Bimpisok [a;b];
HamiBBiApi3ku [a;b), (a;b]; Heckinvenni HamiBiHTepBasH (a;400),
(—o0; b) abo HeckiHYeHH] HaMIBBLIPI3KY [a; +00), (—o00; b]; yea aucito-
Ba Bich (—00;+00). Yci BOHM €T/ IbHO OIHCAHI B TIEPIIOMY PO3ILII.
Hazasi Bci ykasaHi MHOKMHHE 00’ €IHY BATUMEMO TEPMIHOM IIPOMIZKOK.

Byip-gKumit inTepBadi, 1Mo MiCTUTh TOUYKY @, HA3UBAETHCSH OKOJIOM
TOYKH a. [HTepBas (@ — £; a4 £), TOOTO MHOKHHA TOUOK & TAKHX, IO
|z — a| < g, me £ > 0, HA3WBAETHCH £-OKOJIOM TOYKHU (.

1.2. llousitra dyHkmii. Cnocobu 3amanus PyHKIHT

[Tpy BUBYeH] pi3HWX SABHII, Ta TIPOIIECIB, K MPABHIIO, MAEMO CIIpa-
BY 3 CYKYIHICTIO 3MIHHMX BeJWYMH, fKi 3B’d3aHi MiK coD0I0 Tak, IO
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3HAUEHHH OJIHUX BEJIMYMH, 1110 HA3UBAIOTHCH He3aJIeyKHUMU 3MIHHUMHU,
MOBHICTIO BU3HAYAIOTH 3HAUEHHH 1HINUX, Ki Ha3UBAIOTHCH 3aJIeKHU-
MU 3MIHHEMH ab0 (PyHKIIIMH.

OsuadyeHHsT 1. 3SMIHHA 6EAUMUHAG Y HAZUBLEMBLCA GYHKULEI
BMIHHOT BEAUNMUHL X, AKUL0 BOHU 36 A3AHL MIHC COD0I0 MAK, U0 KOXHC-
HOMY MONCAUBOMY 3HAYEHHIO BEAUNUHU T (JONYCMUML 3HANEHHA),
810n0610aE €0URE ULAKOM BUSHAMEHE 3HAMEHHA BEAUNUHU Y.

[lpu tpoMy & Ha3UBa€Thcsi APTYMEHTOM alb0 HE3AJIeXKHOI0
3MIHHOIO, 3 Y — 3AJIEXKHOI0 3MIHHOI0 a00 PYHKIIIEO.

CyKyIHicTh ycix 3HaUeHb He3aJIeXKHOI 3MIHHOT &, I8 SKUX (DYHK-
id ¥ BU3HAYeHa, HA3MBAEThCS ODJIACTIO BU3HAYEHHS ab0 00/1acTIO
icHyBaHHs (QYHKIIT | Mo3Ha"aeThest cuMmBosiom D(y) abo X.

CyKynHicTh ycix 3Ha4YeHb Y HA3UBA€ThC MHOYKUHOKO 3HAYEHD
dyHKIIT i mo3HaUaeThes cumBosioM F(y) abo Y.

Toit dakr, 1mo y € PpyHKIED BiJ &, CKOPOUEHO MO3HAYATUMEMO
tak: y = f(z), « € X, me cuMBOJ f Ha3WBA€TbCS XapaKTepU-
CTUKOIO (PYHKINT i 03Hadae MPABUIO, 3a IKAM eleMeHTy & € X
BiJITIOBiIa€ €IMHUI eleMeHT y € Y.

Axmo dyuKHig f cTaBUTH ¥ BIANOBIAHICTD YUCAY Tg JedKe THCI0
Yo, TO TIe 3aMNUCYIOTh Y BUMVIS Yo = f(x0) 1 IPH 1IBOMY Yo HA3UBAIOTH
YaCTUHHUM 3HaueHHsM (DYHKIIT Tpu & = Zg.

[opsim i3 TepMinoM dbyHKINS BUKOPUCTOBYIOTH PiBHO3HAYIHUIT Tep-
MiH BigoOparkeHHs, a 3aMicTh 3ammcy y = f(z) mumyrs f: 2 —> y
i KaxKyTh, mo [ Bimobparkae 9ucyio & y 4ucio y, abo, 1Mo YUcio y €
0bpa3zoM 9mciIa & Ipu BigoOparkeHHi f.

Ilpu obumnciennsax sammc y = f() 3pydnimmii 3a 3ammuc BUII-
ay f: @ — y. Hampuknaz, samuc f(z) = 22 3Ha4HO 3py4Himme
i mpocTilie BUKOPUCTOBYBATH NP aHAJITUIHUX MTepPeTBOPEHHAX, HixK
samic f @ o — 22, Kpim 6yksu f 115 nosHadeHHs (pyHKIGH BUKO-
PUCTOBYIOTH ii iHIIi OyKBH, HanpuKIa®, y = y(z), y = g(z), y = ¢(z),
y = F(2) i 7.n. lamuvy 6ykBaMU MOXKYTH TTO3HATATHCS TAKOXK 3a-
JeXKHa i HesaJlezKHa 3MiHHI.

OyuKIis, yci 3HaUeHHS 9KOT OJTHAKOBI, Ha3UBa€ThCs cTasIor0. Cra-
Jy dyHKIi0 no3HadanTh cumposiorm y = C, € R.
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Oynknis y = f(z), @ € X, Ha3suBaeThCsi OOMEKEHOIO 3BEPXY
(3HmM3y) Ha MHOKuHI X, gKmo icHye umcao M (m) Take, mo s
nosinbHoro @ € X Bukonyerbes HepiBaicts f(z) < M (f(z) > m).
Axmo dysKiig obMekeHa 1 3Bepxy i 3HM3Y Ha MHOXKHHI X, TO BO-
Ha HAa3UBa€ThCsd OOMEXKEHOI0 Ha 11iil MHOXKWHI. YMOBY 0OMeKeHOCTi
¢yl f MoxKHa copMyII0BaTH Tak: icHye uncio A > 0 Take, 1o
Jst ioBisbHOTO ¢ € X BUKOHYyeThest HepiBHicTh |f(2)] < A. Hampu-
kiag, pynkmisa f(z) = cosz, z € R, obmexena Ha R, 60 | cosz| < 1,
z € R, a dysknia f(z) = % He € obMexkeHOO Ha iHTepBasi (0;1),
OCKITbKH He icHye umcia M rtakoro, mob s jgosissHOrO & € (0;1)
BUKOHYyBaJIach HEPiBHICTH % < M.

Jl1st HAOYHOTO JOCTIIKeHHsT MOBeMiHKW (PYHKIII, OyIyioTh rpa-
ik, posragaardn He3aaeKHY 3MIHHY & 1 PYHKIINIO y SIK IPAMOKYTHI
KoopauHaTu feskol Touku M na miomuni Oxy.

Osnauenns 2. ['pagivom pynwuwii y = f(z), * € X, nazusaemo-
ca muoocuna ycix movwox M (z;y) naowunu Oxy, koopdurnamu Axuz
36°A3aHL PYHKUIOHAABHONW 3AAEHCHICINIO, MODMO MHONCUHA TNOYOK
sueandy (z; f(2)), v € X.

I'pachix yHKIT Mozke OYTH JTeAKOIO CYIITBHOI JiHIEH (KPHBOIO
abo MpMOI0), a MOJKe CKJIQIaTHCS 3 OKPEMHUX TOUOK.

3ayBaxKUMo, 110 He BedKa JiiHig € rpadikom medakoi ¢pynkmii. Ha-
npUKIal, Kojo 22 4 y? = 1 He € rpadikom dbyHKIIT, 0cKiIbKY KoxHe
z € (—1;1) BxoouTh He B OnHY, a y JBi mapu [uces (x;y) 1€l MHO-
JKUHM 3 PIBHUMU 3HaUeHHIMH @ i3 = V1 — 22 1y = =V 1 — 22, mo
CYTIePedNTh BUMO3i OJTHO3HAYHOCTI B 03HateHH] dyHKII (prc. 1).

Y

=V
\

0 ¥ /1 x
Y2 = —vV1—a?

Puc. 1

VY Tolt XKe dac JacTWHA KOJa, IO JeKUTh Yy HUKHIM MiBIJIONHHI,
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e rpadikoM byskii y; = —V1 — 2?2 ¢ € (—1;1), a Apyra yacTuna,
IO JIeKUTH y BepXHii mismiomuni,— rpadikom pyHKILL 4 = /1 — x2.

Criocobu 3amauuda ¢dyHKIIT. [lig Toro mob samatyu pyHKILO
f, Tpeba:

1) ommcarn obsacth D(f) BU3HaUeHHS QYHKIIIT;

2) 3a7aTH 3aKOH BIIIOBITHOCTI, 3a AKNUM Tt KoxKHOTO & € D(f)
3HAXOJIUTUMEMO YUCTIO Y.

OcHOBHI crocobu 3aIaHHS THOTO 3aKOHY AaHAJIITUYHUI, rpadiy-
HUM, TAOJIUYHUN | CJIOBECHUI.

[Tpu anamiTuurnomMy crocobi 3amaHHsa (PYHKITS BU3HATAETHCS 3a
JIOMOMOI0I0 AHAJITUYIHOTO BUPa3y, TOOTO 3a JIOMOMOTol hopMyIH,
siKa BKa3ye, dKi Tpeda orepaliil 3ilcHUTY Hal 3HAUeHHIMU apry MeH-
Ty, o6 JicTaTH BiANMOBIAHe 3HaYeHHs (PYHKIII.

Axmo dyuxiia y = f(z), ¢ € X, 3amana dbopmynoo, To i Xa-
pakTepucTuKa [ OMHUCYE Ty CYKYIHICTH Jiif, 9Ky Tpeba B MeBHOMY
MOPSIIKY BUKOHATH HaJl 3HAUEHHSM apryMeHTy z, o0 ojepKaTh Bijl-
moBigHe 3HadeHHs pyHKINI. Hampukia,

flz)= Va2 =1, z€ (—oo;—1) U (1;+00).
Tyr f osmauae: 1) mimHeceHHst @ 10 KBajpara; 2) BiAHIMaHHS Bif
OTPUMAHOTO Pe3y/IbTaTy OJMHUIN; 3) J00YBaHHS 3 OJIePKAHOl PI3HUIIN
KybiuHOTO KOpeHs.

Ilpu apasgiTmaHOMY cIt0cO0i 3ajgaHHs (PYHKIIL, SKIO 00JacThb
BU3HAYEHHYH HE OIMCAaHa, BBAYKAIOTH, 110 HEH € MHOYKHWHA BCIX THUX
3HaueHb &, JJii AKUX Halucana opmysia Mmae 3mict. o obsactb
Ha3UBAOTh HPUPOJHOIO 00JIacTI0O Bu3HadeHHd. Hanpukiam, y =
V1 — 22 mae obsacTio BU3HadeHHs Ti x, i gkux 1 — x2 > 0, TobTo
X =[-1;1].

Tpebda nam’sgTaTh, IO He MOXKHA OTOTOXKHIOBATH (PYHKIIO 1 bop-
MYJIy, 3a JIOMOMOTOI0 $IKOI 3ajaeThest g dyHkiis. Hampukmam: 1)
y = 2% 2z € (0;400); 2) y = 2, z € [-2;2]; 3) y = 2%, 2 € R,
1le TpH Pi3Hi pyHKIIT, OCKIIBKKA BOHHM MAalOTh pi3Hi 06/1acTi BU3HAYEH-
Hsl, X04a 33Jal0ThCs 32 JIOTIOMOroo ofHiel i Tiel camol dpopmysu.
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MoxxauBuii i Takuil BUIIAA0K, KOMU (PYHKINS Ha PI3HUX YaCTHHAX
obJjiacTi BU3HAUYEHHS 3a/1a€Thcs pisHuMu popmynamu. Hanpukia,

y 4

_J z, kom0 <z < 1;
y= 2%, xom z > 1.

0 1 x

[Ipu TabauyHOMY croco0i 3aaHHs (PYHKINI CKIaTa€ThCsT TabJIm-
s, y 9Kiil yKa3yeTbcsd psijl, 3HaUeHb apr'yMeHTy i 3HadeHHs (PYHKIIL,
mo iM BiamoBifgaiorh. Hampurian,

|| =3 -2][-1]0]1]|2]..
y|..]—=21]-8]-1]0[1]8]..

QOueBUjHO, MO 33 3aJaHUMU TaOJMYHUMU 3HAUEHHAMH MOXKHA
aHaJITHYIHO BinTBOpUTH BYHKIIIO, a caMe, y = z°, = € R.

VY 3arajibHOMY BUIIAJIKY 1€ He 3aBK/IM BIAETbCH 3pobuTH, 60 Tab-
JIMIE BU3HAYA€ He BCl 3HAYeHHS (PYHKIIL.

[IpomizkHi sHateHHS DYHKIN 3HAXOAATH HAOIMKEHO MeTOIOM 1H-
Teprosanii. Halinpocrimum e JiHifiHe iHTepIoIBaHH, IPU IKOMY
MPUITYCKAETHCS, 10 MPUPICT (PYHKILNT NPOMOPIIHHMANA TPUPOCTY apry-
MeHTy. SKINo 3ajaHe 3HAUEHHS & JIEXKUTh MizK HaBeJeHUMU B Tabd-
JUI 3HAUYEHHAMH Tg 1 &1 = Tg + h, IKUM BIAMOBIZAOTH 3HAYUEHHS
yo = f(x0) i g1 = f(zo) + Af, To BRAKAIOTS, MO

r — T

Af. (1)
Bemuuna 5 A f HasupaeTbesl iHTepPIIOJAIiHO0 ITOMPaB-
KOIO.
ko 3a 3ajJaHUM 3HadeHHIM (DYHKIT Tpeba 3HaiTH HabIUKeHe
SHAYeHHs apryMeHTY, TO HeoOXiTHO MpoBecTH obepHeHe HTepIoJIo-
BaHHSI.
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Ilpukaan 1. ®yuknis zagana Tabanneo:

z |

3
y|3,42

| 3,04 3,08
3,88 [ 4,38

Buaittu: 1) f(3,008); 2) #, akuio f(z) =4, 1.

« Jost sunaaxy 1) maemo: 29 = 3; f(xo) = 3,42; 21 = 3,04; f(x1) =
3,88 h =uw1—29=3,04-3,0=0,04; Af = f(x1)—f(x0) = 3,88—-3,4
0, 46.

3rigHo 3 iHTepHOAsANiiHOL bopmymnown (1)

3,008 — 3
u=[(3,008) 53,42+ “= 0,46 = 3,512,

2) ObepreHe IHTEPIOMOBAHHS MOYKHA MpoBecTH 3a (opmyromw (1), fk-
IO B HIfl TTOMIHATH MICISIMHA & Ta Y:

9(y) ~ g(wo) + y_hyOAg, (2)

Je © = ¢(y) — HeBizoMe 3HavUeHHs 0OepHeHOT DYHKIII.
Maewmo yo = 3,88; g(yo) =3,04; 31 = 4,38, g(y1) = 3,08, h =y1 —yo =
4,38 — 3,88 =0,50; Ag = g(x1) — 9(yo) = 3,08 — 3,04 = 0, 04.

CropmucTapiuch dhopmyoo (2), AicraHeMo
4,1— 3,88
0,5

Tabsmil 9acTo BUKOPUCTOBYIOThCS Ajd 3adanng pyHkii. Tak,

r=g(4,1)~ 3,04+ 0,04 = 3,0576 &~ 3,058. »

Jo0pe BIIOMUME € TaOJIHII TPUTOHOMETPHUYIHUX (PYHKIIIH, TabInIl J10-
rapudmis i T.1. llpuknamom TabanaHoro crocody 3agaHHsa pyHKINHA €
TaKOXK rpadik pyxy MHOI3iB, dKuil BUSHaAUa€ MiCIIe3HAXOIKEHHS 11013~
Ja Y MeBHI MOMEHTH dacy.

I'padiunmii cnoci6d 3aganng HyHKINT IOJSTA€ B TOMY, IO JA€Th-
cs rpadik pyHKIL, a 11 3HaUeHHs, IKi BiAMOBIIal0Th TUM abo iHIINM
3HAUEHHAM apryMeHTy, 3HaXO[sAThcsd Oe3nocepentbo 3 rpadika. Ha-
IPHUKJIa, Ha PUCYHKY 2 300pazkeHo rpadik meskoi Gysknil y = ¢(z),
i3 sikoro BumHo, mo D(f) =[-2;3], F(f) =[-1;4].

Bazksuum € BMiaHS dnTaTh rpadik, To6TO BCTAHOBIIOBATH BJla-
ctupocti pyHKIHT 3a i1 rpadikom. 30KpeMa, 3 HaBEIEHOTO PUCYHKA
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BUJIHO, IO 3aJlaHa (DYHKINS Mae eauHuii Hysib ¢ = —1, 5; 3pocrae Ha

BCiit obstacti BusHavenns; f(z) < 0 npu o € [—2;—1,5); f(2) > 0 npwm
€ (—1,5;3].

y I'pacpitno PpyHKIo 387210TH TO-

P S i, KOJIM aHaJITHIHUH crtocib 3acTo-

/ COBYBaTH BarkKKO abo ¥ HeMOXK/IH-

37 \ Bo. Y 6araThox BHIIaIKax Ipadiku

| KpecadaTh mpuiajau-caMornmcii. Ha-

) IR | OpUKJIa, KapIiorpaMi, eHiedaJio-

Z _11 0 ‘1 é :‘)) »  TPaMu B MeJMIuHI, 6aporpamu, mo

] BUpazKaloThb rpadidHo 3MIHY aTMO-

Puc. 2 cepHOro TUCKY 3 4acoM, B reorpa-
il i ..

ChoBecHumii criocid 3ajanns (PyHKI MOJdb9rae B TOMY, 110 3a-

KOH BI/ITIOBITHOCTI 33/1a€Thesl cioBaMu. Bimomy dyuknio f(z) = |z|
(puc. 3) 3a7al0Th CJIOBAMU TaK:

—x, dkmo z < 0;
2] =
z, gkmo z > 0.

Y
Y
y = |z y=sgnw
1 o
0 T
0 x — !
Puc. 3 Puc. 4

Hagenemo me npukiaan taknx ¢ynkniit. Pynkmio f(z) = sgna
(puc. 4) (umraerbes "curaym 2" abo "smak 2") 3ama10TH cTOBaMU

=1, gxmo z < 0,
sgnz =< 0, akimo x = 0,
1, akimo x > 0.

Oynkmio f(z) = [z] (mina YacTHHA #) 33/1210Th TaK: IlJ1a JaCTHHA
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JlificHoro 4mcsia x — le Haiibiablle Iijle 4Wc/Io, MO He IepPeBUILYE T
(puc. 5). Hampuknaz: [2,3] = 2; [-1,8] = —2.

y = [7]

+2  —

11—

12 Puc. 5

Ille ompuM OpUKIaIO0M CIOBECHOIO 3aJaHHS (PYHKHI € pyHKIN

Hipixue:
(a) = 1, gKIo x— pamioHajbHe |
X8 = 0, gkimo z— ippallioHajbHe.

1.3. IIapui ta HenapHi dyHKHii. Ilepiogununi dpyukIii

Oynkuis y = f(z), v € X, Ha3UBaeThCs HAPHOIO, AKINO: 1) MHO-
Kuna X cuMeTpudHa BigHocHo Toukn ¢ = 0;2) f(—z) = f(z), 2z € X.

Hanpuknaz, dynxnii y = 22, 2 € R, i y = cosz, * € R, — napsi,
ockinbku (—z)% = 22 i cos(—z) = cosz, v € R.

Yy
My f(—a) fz) M

N P N

—x 0 xT X
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3 osHaveHHs1 MapHoi (BpYHKINT BUILIMBAE, MO Bl TOYKM Tpadika
miel pynkuii My (z; f(x)) 1 My(—=z; f(—2)) cumerpudni BimHOCHO OCi
opiautat. OcKiJIbKY 3HaYeHHS & 3 00J1acTi BU3HaUeHHsT (DYHKIIT MOKHA
BHOpaTH JOBLILHO, TO 2pagdhik naproi dynrui cumempuunuil 610H0CHO
oct Qy.

Oynknis y = f(z), * € X, Ha3UBa€ThCH HEMAPHOIO, AKIO: 1)

MHOXKHMHa X cUMeTpudHa BimHocHo touku = = 0; 2) f(—z) = — f(z),
ve X.

Hanpuknaz, dynxnii y = 23, 2 € R, i y = sinz, € R, nenapsi,
ockinbku (—2)? = —a?, sin(—2) = —sinz, z €R.

I'pagpix nenaproi pynxuii cumempuvnuil 610HOCHO NOYAMKY KOOP-
Junam.

Tpebda maTu Ha yBa3si, 110 He BesgKa (PYHKIIs € TTapHOIo abo Hermap-
Hoto. Hampuxman, kowkna 3 ymkmit y = 22 —z + 1, 2 € R;
y=uz4cosz,z € Ry y =2% 2z € R #e ¢ ni maproio, Hi Hemap-
HOIO.

Oynkuis y = f(2), © € X, Ha3UBaeTbCH MEPIOAUYHOIO, SKINO
icHye Take unciao T # 0, mo f(z +7) = f(z), 2 € X.

yl
=
oy 0 T or v
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[Ipu 1pomy HaiiMeHnie 3 JofaTHUX Guces 1, 10 3a/0BOJIBHAIOTH
ymoBy f(x £ 7T) = f(z), nasuBaerscs nepiomom yuknil y = f(z),
x € X. 3 rpuronomerpii Bimomo, 1mo GyHKIH y = sinz, y = cosz,
y = tga, y = ctga e nepioguaauMU. JI7g9 mepmux ABOX i3 HUX Tie-
pion smopiBHIOE 27, a 7Bl ocTaHHI MafoTh nepion w. [Ipu mociazkeHH]
nepioguuHocTi (byHKIG 3 mepiogom 1’ 1 mobymosu i1 rpadika 10CUTD
3HATK 3HadeHHs Hiel (PyHKINT Ha OyIb-IKOMY BiApi3Ky moBxKuHU T,
Hanpuka, Ha [0; 7.

1.4. Mouorouui dyHKIT

Dynkiis f HA3MBAETHCH 3POCTAIOYOIO (CIIAHOIO) HA IPOMIZKKY
X, akuio OiIbIIOMY 3HAYEHHIO apryMeHTY 3 IIbOT0 MIPOMIXKKY BiImo-
Bijlae Oisbie (MeHIme) 3HaUeHHsT (DYHKII.

Hexait {xy,22} C X 1 292 > ;. Toni dymukiig 3pocrae Ha mnpo-
MiIKKY @, axmo f(zg) > f(2), 1 cnanae, akmo f(z2) < f(z1) (puc.
6).

Axmo ¢yukiig f € TIIbKK 3pocTaiovoio abo TIILKH CIIaIHOIO Ha
npoMizKy X, To BOHA Ha3UBAEThCs MOHOTOHHOIO Ha, I[bOMY TTPOMiZK-
KY.

3 pucyskis 6 a) i 6 6) Gesnocepe HBO BHJIHO, MO KOXKHA MPAMA,
sKka mapaJdiesibia oci Oz, neperunae rpadik MOHOTOHHOI (PYHKINI B
OHI# Toum], TOOTO KOXKHOMY 3HadeHHIO i € Y BiAmoBigae eauHe 3Ha-
vqennsg x € X Take, mo y = f(z).

Puc. 6
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Hanpuknaz, dynkuis y = z°, v € R, moHoronna Ha R; dyHukiis
y = 22, z € R, ~ KycKOBO-MOHOTOHHa: Ha (—00; () BOHa Claja€, a Ha
(0;4-00) — 3pocrae.

Y Y

Y Bunagxy, komn g {xy, 22) C X, @1 < 22, BUKOHY€TbCH

HepiBHicTh f(21) < f(a2) (f(z1) > f(22)), T0 pyHKIIA f HasUBaeTH-
csl HeCcrnaaHoo (He3pOCTAIoYo0) Ha MHOKUHI X.

1.5. IlousitTsa ob6epHeHol pyHKIT

Posrngnemo dynkuiio y = 2%, @ € [~1;2]. Ila dynxuia 3milic-
Hioe BimoOpazkenns Binpiska [—1;2] na Bimpisok [—1;8] — MHOKUHY
3HaYeHD el PYHKIII.

Posrastemo pisaicts y = z°

dK PiBHAHHS BigHocHO z. lle pis-
HSIHHS JJ1s KOZKHOTO 3Hadenns y € [—1; 8] BusHavae e1une 3HaAUCHHS
z € [—1;2] 3a dopmynoro x = /. [eomerputno 1e o3Hatae, Mo Besd-
Ka MpsMa, fKa IPOXOIUTD Yepe3 TOUKY Biapiska [—1; 8], mapasesabHo
oci Oz, neperunae rpadik GyHKUil y = 2° TiAbKM B oxHiil TouI.
[HmuMY cJI0BaMi, KOKHOMY 3HadeHHIO y € [—1;8] cTraBuThes y Bil-
noBiHicTs enune sHavents ¢ € [—1;2]. lle o3nadae, mo Ha Biapis-
Ky [—1;8] samana dymKiig 2 = /¥, 9Ka Bigobpazkae Iell BiIpisok
Ha Binpisox [—1;2]. @ynknia ¢ = /Y Ha3HBaeTbcs OGEPHEHOO 10
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dynkmii y = z°.

—_
N

[epeiinemo Terep fo 3arajbHoro Bunaaky. PosrisHemo (yHKI0O
y = f(z) 3 obmacrio BusHadeHHs X | MHOXKHHOIO 3HadeHb Y . Hexait
usi pyHKIH Taka, Mo Oyib-dKa NpsgMa, dKa MPOXOIUTH Yepes TOUKY
MHOXKUHM Y , TapaJesbHo oci Oz, neperunae 11 rpaik TisibKu B ofHiit
Touri, To6To piBHAHHSA Yy = f(2) /s KOKHOTO y € Y BH3HAUaE €IiHe

3HaueHHd ¢ € X.

Y

yl
vy yi= 71 (2)
..... : v
0 N —’ T

OckibKM KOXKHOMY 3Ha9eHHIO ¥y € Y BiANOBiTa€ €auHe 3HAUeHHS
x € X, 10 Ha MHOXkKUHI Y BU3HadYeHa (PYHKIH, MHOKHHOIO 3HAYEHb
axoi € X. lls dpyHKIig HasnBaeThcst 06epHeHO!0 110 DyHKIN Y = f(7)
i nosHauaerbest cumbosiom = f~1(y). Ouesumno, mo nmst pyHKIT
z = f~1(y) obepreroro e bynxuia y = f(z). Tomy obunsi i dpyHKIIi
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Ha3UBAIOThCH B3A€MHO ODEpPHEHUMMN.

Banana dyukuis y = f(z), v € X, i obeprena no nei x = f~1(y),
y € Y, BUpaxKaloTh OJHY il Ty camy 3ajiekHicTb MixK x 1 y. Ane y
MEPIIOMY BUITAJIKY MU PO3IVISIIIA€MO & K He3aJleXKHY 3MIHHY, a Y SK
bYHKIIII0; y APYrOMY BUMAJIKY — HaBIAKH, Y BBaXKa€MO He3aJIe2KHOI0
3MiHHOWO, a & — (dyHKIiew. OTXKe, ofHa i Ta cama JiiHis € rpadikom
dbyukuii y = f(z) i obeprenoi mo wei dynkuii + = f~(y). Onnak,
skimo g $yuxiii f Bick Ox € Biccio He3aseKHOI 3MIHHOI, TO [1J1si
obepHeHoi dbyHKIT £

3ayBaxKUMo, 0 He [Jisi BeAKol (DYHKII icHye obeprena. Hampu-
Kaa71, PyHKIA y = 22
Mae obepHeHOl (PYHKII, OCKIIBKH KOKHOMY 3HadeHHIo y > 0 Biamosi-
Jla€ JIBa 3Ha'ueHHs r: v = —,/y iz = ,/y. dkmo byHKjo y = z? pos-
ragaaTu Ha npoMixkky 0 < a2 < 400, To BoHA Mae 0bepHeHY (DYHKIII0

BiCcCIO He3aJIezKHOT 3MIHHOT CJ1yKuTh Bich Oy.

, AKIIMO 11 po3TI41aT Ha BCiil 9uCioBiit oci, He

r = ,/y, 60 KoxKHOMY 3HaveHHIO y > 0 Bi/NOBiNae €1uHe 3HAUEHHHA
z € [0,+00), sIKe 3a70BONIbHSE PiBHAHHS y = x2. YKo XK PyHKIIO
y = 2% posrnanary Ha iHTepBadi —oo < z < 0, TO MaTHUMeMO iHILY
obepHeny dbyHKIIO © = —,/y, y > 0.

[Ipuposno, BUHMKAE 3allUTaHHH: SKOIO MOBUHHA OyTHU (PYHKIIis
y = f(x), mob6 BoHa Masa obepreny z = f~1(y)? /loenero, mpo
mMonotoHHa dyHKIA ¥y = f(2), © € X mae obepreny. [Ipakruano,
o6 3Hafith gg Gysknil y = f(z), ¢ € X, gKa 3a7aHa 33 J0MOMO-
roto dopmysu, obephery jo Hei dbyHkmio z = f~1(y), y € Y, Tpeba

PO3B’dI3aTH BIIHOCHO @ PiBHAHHS y = f(z), AKIIO 1€ MOZKJIUBO.

. . 2 3
ITpukaan 2. 3uaitu dyuknio obepheny g0 dyHkuii y = v .

« Obnacte BusHaueHHs sagaHol dyHkHi X = (—00;5) U (5;400).

, . 2r+3 . Sy+3

Posp’st3aBinu piBHSHHS § — § BIAHOCHO I, OfIepKMMO & = 5
r— y—

. 20+ 3 . 5y + 3

Orxe, obepHerOO 70 dYHKII i = +5 , ¢ € X, e dyHKIA * = i +2 ,
r— y—

yEY = (—00;2) U (2;400). »

BayBakenns. Hexali fynxuia v = f~1(y), y € Y, e obepunenoro
do pynkuit y = f(x), v € X. Hxwo He3areHCHYy 3MIHHY NOZHAMUMU
3HOBY wepes x, a Pynruro — wepes y, mo modi obepreny GYHKULIO

Mmooicna sanucamu y eueasdi y = f1(z). Hanpuxaad, das y = x>,
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v € R, obeprenoto e dynxuia v = Yy, abo, Axuo sMinumu no3ua-
wenns, Pynruyia y = Jw.

[padik obeprenoi pynkiii y = f~1(x) cumerpuunuii mo rpadika
dyukmil y = f(z) BiaHOCHO GiCEKTPUCH MEPIIOTO # TPETHOrO KOOP -
HATHWUX KYTiB Y

y=[f"(z)

1.6. Ckiaanena dyHkiiga. Egxemenrapai pyHKIil

Hexait dynkmis y = f(u) e dyHKIi€o Bia 3MiHHOT %, BU3HAYEHOO
Ha MHOXKUHI U, 3 objacrio 3Ha4deHb V', a 3MiHHA % Yy CBOIO 4epry €
dyHK1i€0 © = ¢(2) Bix 3MiHHOI z, BU3HAUEHOI Ha MHOXKHHI X, 3 00-
aacrio 3Hadenb U. Tozi 3amana na MHoxkuni X dynkuis y = f(p(z))
Ha3MBAETHCS CKIIALEHOI0 (PYHKIEIO (200 KOMIO3ULIE0 (DYHKII,
cyneprnosuniero GbyHKIii, GyHKiiero i GyHKIIT). 3MiHHY % Ha3u-
BAIOTh MPOMiKHUM apryMeHTOM CKJIaIeHOl (DYHKII]I.

Hanpuknas, skmo y = lgu, a v = sin z, To y € cKJajieHo10 (DYHK-
uieto Bin x: y = lgsin 2. 3anana ckiajena (pyHKINS BU3HaYeHA JIUIITE
JIJIsE TUX 3Ha4YeHb &, IpU 9KuX @ = sin & > 0, ocKiJibKH Jorapudpmitna
bYHKIIIS BU3HAUEHA JIUIE JIJId JIOJATHUX 3HaYeHb aplyMeHTY.

Crana dynknis f(z) = C, C' = const, creneHesa dyHKiisa &%
(v € R), mokasumkosa ¢yukiis a” (0 < a # 1), morapudmivna
dynkmis log, z (0 < a # 1), Tpuronomerputni GyHKuil sin z, cos z,
tgz, ctgx i obepueni TpuroHoMmerpudHi bYHKIH arcsin &, arccos z,
arctg z, arcctg @ Ha3WBAOTHCS HAMITPOCTINIUMU €JIeMEHTaPpHUMUA
dbyurmismu. Yei yHKOiT, 9K 0JepKYIOThCd 3a JIOMOMOIol0 CKiH-
YEeHHOrO Yucya apuMeTUUHUX T Hajl HARIPOCTINMMU eJleMeHTap-
HUMU (PYHKISAMU, a TAKOXK € CYNEpIO3Uliel0 MuX (PYHKIHA, yTBO-
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piooTh Kiac ejieMeHTapHuUxX yHkiii. Hanpukiam, ejemerTapHu-
vu e dbyuxmii: f(z) = |z|; f(z) = lg° arctg 2V% 4+ sin 3z, flz) =
In | sin 5| — e2resinV j o .

Posrnsaemo merasbHille OCHOBHI efleMeHTapHi (PYHKIII.

1. Crana y = C, C € R, — ue ¢yuxiis, g9xka Mae oiaHe il Te
caMe 3Ha4eHHs 71 BCiX 3Ha9YeHb apryMmeHTy. I'padpikom el pyHKILT
€ mpgMa, siKa MnapadeibHa oci abermc

y
¢l y=¢C
0 T

2. CrenreHeBa byHKIg y = x%, ge « — JificHe IUCI0, BiAMiHHE
Bij, Hyada. Burnan obsacti BusHadeHHs 1€l (PYHKINI 3a/e:KUTh Bi
MoKa3HWKa «. Po3ryisiHeMo oKpeMi BUITQIKK cTerieHeBol (pyHKIIT:

a) y=2a" n€N; D(y) = (—o0;+00); E(y) = (—00; +00), aKmo
n — Hemaphe i F/(y) = [0;+00), K10 n — napHe; (pyHKIiS HemapHa,
KOJIM 1 — HerapHe, i MapHa, KOJIM 1 — MapHe; 3pocTae Ha (—00; +00)
Ipu 1 — HemapHoOMYy; crajae Ha (—oo;0] i 3poctae na (0;400) mpn
MapHOMY 7.

Y Y
y:x'?) y:wz

6) y = 27" n € N; D(y) = (-00;0) U (0,+00); E(y) =
(—o00;0) U (0;400), ko n — Hemapue, i F(y) = [0;400], Ko n
~ napHe; (pYHKIISA HemapHa Py HemapHOMY 7 i NapHa [pH MapHOMY
n; cnagae Ha (—o0;0) i Ha (0;400), AKIMO N — HemapHe; 3poCTae Ha
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(—00;0) i criagae Ha (0;+00), KO N — TApHE;

Y Y

\0 X 0 X

B)y = Vx,n € N,n>1; D(y) = (—o0; +00), gKIIO N — HeMapHe,
i D(y) = [0;+400), skmo n — napre; F(y) = (—oo;+00), Kom n —
HemapHe, i F(y) = [0;+00), Ko n — mapHe; PYHKINS HermapHa Mpn
HermapHOMY 7 | 3araJibHOrO BHIVISIY IIPU IapHOMY 71; 3pOCTa€, AKIIO
n — HemapHe, 1 3pocrae Ha [0, 4+00), AKIO 1 — mapHe.

= €T
o/ y

SIKImO MOKa3HUK « € AICHUM YHUCI0OM, TO OOJIacTi0 BU3HAUEHHS
dyHKil y = 2% BBazKaoTh mpoMizkok X = (0;400).

3. IlokasuukoBa ¢yukiis y = a”, 0 < a # 1, D(y) =
(—oo;4+00); E(y) = (0;+00); 3pocrae Ha (—00;+00), AKmMO a > 1;
criajfae Ha (—oo; +00), gkmo 0 < a < 1.
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4. Jlorapudmiuna PpyHKIs
(05 400), E(y)
nae Ha (0;400), gakmo 0 < a < 1.

Y

y = log,z, 0 < a7£17 D(y):

(—o0;400); 3pocrae Ha (0;+00), ko a > 1; crma-

O0<a<xl1

5. TpuronomerpuuHi QyHKINl ¥ = sinz, y = cosz, y = tgx,

y=ctgx:
a) y = sina; D(y)
5+2mn; 5

Ha; 3pOCTae Ha [— + 27

(—00; +00); E(y)

[—1;1]; dyukiiis Hemap-
n] i cnagae va [5 + 27n; 5 + 270,

n € N; mepiomuana 3 nepiogom 1T = 27;

Y y =sin x
| 15,77 - — 3Lr —
—27 -5 Ty 4 — 27
6) y = cosa; D(y) = (—o0;+00); E(y) = [~1;1]; dynkuia nap-

Ha; 3pocTae Ha [—7 + 27n;27n] i
nepiogudHa 3 nepiogom T = 27;

/\\/

~

criagae Ha [27n; 7w + 27n], n € N;

Yy =Cos &

M
-2 ———7 5

2 —1

B) y = tga; D(y) — ob6’eanan

D

2 2

+ ;5 4+ 7)),

He TPOMIKKIB (—5
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n € Z; F(y) = (—o0;+00); byHKIA HemapHa; 3pocTae Ha (—% +
mn; 5 + wn), n € Z; nepionudta 3 nepiogom 1 = 7;

1 Ly | |
1 : 1 1 y=tga
e
3/ iy T 3 z
97 — > —T 32 +q 2: m _i)_ 27

r) y = ctga; D(y) — ob’ennanns npoMixkKiB (7n; 7 + 7n), n € Z;
E(y) = (—o0; +00); pyHKIS HEMapHa; criajgae Ha (7n; 7+7n), n € Z;
nepiogudHa 3 nepiogom T = 7.

y I I
K‘ K 1 y=ctg x
i - { =0 T { 3 { x
S A W TN\ 5 3TN\ g
T T 2 T\
6. OGepreni TpuroHoMerpuduHi yHKI y = arcsinz, y =

arccosx, y = arcctga, y = arctgx :

a) y = arcsinz. fxmo posmismarn GYHKIO y = sina Ha Beiit
qncIoBiit oci (—00; 400), TO BOHA He Mae 00epHEHOI, OCKIIBKH OJTHO-
My 3HadeHHio y € [—1; 1] Bianosimae Heckinuenno 6arato 3HadeHb .
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Axmo x 1o yHKII0 POSrIgIaTH Ha cerMeHTi [— 7 7], To Ha HbOMY
dbyuKIig y = sin x 3pocTae i, oTKe, Mae 0bepHeHy, SKY MO3HaYaloTh
CUMBOJIOM & = arcsin y. [lo3HaUMBIMN He3aJleKHY 3MIiHHY Hepe3 z, a

dyHKIiO Yepe3 y, omep:xuMo y = arcsinx. OyHKIig y = arcsinz
BU3HadeHa Ha cermenTi [—1; 1] 1 HabyBae 3Hademb, 9Ki HajeKaTh cer-
T

werrry 25 7];

Y

2 Yy 7 arcsin x

| |
-1 0 1 =z
s
2

6) y = arccos z. Llg PpyHKIis BusHa"aeThes K 0bepHEHA 10 (DYHK-
i y = cos &, AKINO OCTAHHIO PO3IJIAIaTH Ha cermenTi [0; 7], Te BOHA
criaae. DyHKINA y = arccosz Bu3HadeHa Ha cermenti [—1; 1], a i
3HavYeHHs] HaJlexKaTh cermenty [0; 7];

Y
1

2 = arccos =

B) y = arctgaz. Bamana YHKIS BU3HAUAETHCS K ODEpHEHA 0
T
byuKUil ¥y = tgr, AKIO OCTAHHIO PO3IVISiaTH Jjd & € (—5; 5), Je

BoHa 3pocTae. OyHKIG y = arctg s BU3HaAYUeHa Ha BCiil YMcioBiit oci,
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. T T
a 11 3Ha49eHHS HaJlezKaTb ITPOMIZKKY (—57 5) N

N I

2

r) y = arcctg z. lls byHKIis BU3HaUaeThCs K 00epHeHa 10 Dy HK-
il y = ctg @, AKIMo OCTAHHIO PO3IVig aTh Ha iHTepBadi (0;7), e BoHa
criafae. PyHKINA y = arcctg @ BU3HaYUeHa Ha Bcill YMCIIOBIif oci, a MHO-
JKMHA 3HaUeHb HaJIeXKUTh MPoMiZKKY (0; 7).

Y

Mw

X

Pospisagiors 9oTHpy THUIIN e/leMeHTapHUX (PYHKIIIH.
1. OyHKIS BUTTIALY

P($> = a0$m + al$m_1 +...tanqr+ U,

e m > 0 — 1mige 9uciio, KoedillieHTH ag, ¢1,...0,, — JOBUIbHI 9HCIa
(ag # 0), HA3MBAETHCS LILIIOI0 PALIIOHATIBLHOO (DYHKII€ abo asred-
palyHUM MHOTOYJIEHOM cTerneHs m. MHOTOWIeH [epiioro CTemeHst
Ha3UBa€eThCS TAKOXK JIHINHOIO (PYHKINED, 8 MHOIOWIEH IPYTOro CTe-

MeHd — KBAAPATHUM TPHUUJIEHOM.
2. OyHKIIis, f9Ka € BIIHOIIeHHIM JBOX IIJINX PalllOHAJbHUX (PYHK-

it

apr™ + a1z Vb a1+ Ay,
b0$n + b1$n_1 + ...bn_1$ + bn

9

R(z) =
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Ha3WBAETHCS APOGOBO-PAIIOHATBHOIO (PYHKINEW.

CyKyIHICTD HUJIMX pallioHaAJIbHUX 1 APOOOBO-PAIOHATbHUX (DYHK-
il yTBOPIOIOTH KJac PAaIllOHAJIBLHUX (PYHKITH.

3. OyHKIIA, MO 0JepPKYEThCA 3a JOMOMOTOI0 CKIHYeHHOT KiJTbKO-
CTi CYIepHo3ulliii i 90TUPHOX apU(PMETUIHUX [iii HaJl, CTelleHeBUMHU
PyHKIIIMEA FK i3 IIIUMHE, TaK i 3 IpoOOBAMHK MMOKa3HUKaMK i He €
pallioHATBHOW, HA3WBAETHCS IPPAIlIOHAIBHOO (DYHKITETO.

Hampuraaz, f(x) = Vx, f(2) = e+, f(z) =

(¥ + x)® — ipparionanbHi dbyHKIi.
4. Oypxiisg, gxa He € palioHaJbHOI abo ippalioHaJbHOIO, Ha-
3UBAETHCH TPAHCUEHAEHTHOO dyHKIjew. e, nanpukia, dyHKIiil

f(z)=sinz, f(z) =sinz 4+ z i 7.1

52 4+4x — 7
322 —8x +4

1.7. 3acrocyBauus (pyHKIIII B €eKOHOMIIII

MikpoeKOHOMIKA aHAJI3y€e AigIbHICTh OKPEeMHX JIAHOK T'OCIIO-
Hapcbkol cucremu. lle MokyTh Oyt oKpemi bipMH, MiAIPHEMCTBA,
PUHKHM KOHKPETHWX BHUIB TOBapiB i mocyayr i T.0. [Ipu mpoMy ogHUM
i3 HallBasKJIMBIMKUX MUTaHb MiKPOEKOHOMIKH € BUBUYeHHS B3a€MO/Iii 1o~
nuty i nponosuiiii. IlomuTt Ha ToBap — 11e MoTpeda B MEBHIA KiIbKOCTI
TOBapy, fKa oOMeKeHa, MII0YNMH I[iHAMH | IJIATOCIIPOMOKHICTIO CIIO-
:kupaudiB. Ilpormosuiia — e KIBKICTH ToBapy, fKa HAIXOIUTH Ha
PUHOK J1J1d TIPOJIAYKy 3a 3aIlPOMOHOBAHOIO IIHOIO.

3po3yMijio, 1Mo BUIYCK J0JATKOBOI POIYKIHI BUMarae J101aTKo-
Bux surpat. l11o6 cnonykaTu 110 11p0ro BUpoOHUKA, Tpeba 3aImporioHy-
BaTH oMy BHILY IiHY, TOOTO MPOIO3UILS € IeIKOI (PYHKINE IIiHN.
Ko Mmo3HaYMTH TPOIO3ULIiI0 Yepes S, a IIHY Yepe3 p, TO 110 (PYHK-
il MOyKHa mojgath y Burasm s = f(p). lla dynkuis moxe 6yrn
JOCUTH CKJIAJIHOIO, 1, KPIM TOr'O, TIPOIO3UINSA S MOXKe 3aJleKaTh He
TIIBKK Bif, IIHK TOBapy p, aje il Bif iHmux dpaxTopis. s npocro-
TH BBasKaTHMeMO, IO S 3aJeKNTh Juiie Big p. I'padik pyHkmii, aka
BUpaskKae 3a/1e’KHICTh MMPOIO3UTIii BiJI IIiIHK TOBapPY, HA3MBa€ThCs KPU-
BOIO MPOMO3UIIiT.
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[Tpomiosniiig s 3a/1eKUTh BiJl IiHU p, i, HaBIIaKH, IliHA P 3aJeKUTh
Bi 1 iportosutiii s. Lleit paxT moxxHa 3amucarn y surasiai p = ¢(s), 1e ¢
— ¢yHKIidg, 9Ka € 0bepHeHo0 10 GyHKINT f. KoHKpeTHM BUTIam 1€l
3aJIeZKHOCTI MOYKHaA 3HAMTH 3 eMIipUYHUX JaHuX abo 3 eKOHOMIYHOI
Teopil. Ilpunycrumo, mo 3agaHa 3a1e:KHICTD € JIiHIfIHOIO, TOOTO

p=as-+b,

e a i b — gedxi craji, gKi Ha3WMBAalOTbCA MapaMeTpaMHu i BHU3Ha-
YalOThCs eMIpUYHO. 3a3HadeHl MPUIYIIeHHS € CIPOIEHHSM JIiiic-
nocti. Moro 3pyuno poburn , 6o miniiina ¢yHKUis € mpocrow i Ii
Jiertie aHaJli3yBaTH, IO Jda€ MOMKJIIMBICTH x04a O TPOXU HADIMIUTUCS
J0 po3B’s3yBaHHd 3ajadi. Takuil npuilom, Koju MU BUILISEMO e~
sKi ICTOTHI pHcH 3 peajbHOI 3aJati, a MOTIM pPOOUMO IIPUITYIIeHHS
JIJIst CIPOIEeHHs, Ha3WBAalOTh MOOEJIOBAaHHAM. [Ipu 1poMy peaib-
HICTb 3aMIHIOETHCS JEAKOI0 MOMAEII0, TOCIIIKYIOUN AKY MU MOYKe-
MO pobuTu reBHi nomnepeni nepeabadenns. Yum Oinzkda MOIETb 10
JificHOCTi, TUM BOHA CKJIAHIINA i THM TOYHIIi BUCHOBKH, IKi MOYKHA
3a i1 JOIIOMOTOI0 3pO0OHTH.

ExonowmiuHa Teopid mijKa3ye, 1o TTPOIO3HILS TOBApPY 3pocTae 3i
3pocranHsgM 1inu. Crpasji, YuM BUIlla 1iHA Ha TOBap, TUM Oijibiiie
YUCII0 BUPOOHUKIB HAMaTra€ThCs 3aIPOIIOHYBATH 1ieif ToBap Ha PUHKY,
T06TO, PYHKIIIA p = as + b € 3pocTraioydoio pyHKIEO, a oTxe, a > 0.

p

= b
b as +
0l S

Poarnigaemo ternep kpuBy monuty. OueBHIHO, M0 BOHA € CIIaJl-
Hoto (bynkiiew. CrpaBii, SKIO IiHa Ha JIedKUA TOBap 3pocTae, TO
KIJTBKICTH MPOIAHOTO TOBAPY 3MeHIyBaTuMeThesd. 1lpumyckarotu, mo
KPUBY IMOTUTY B IIePIIOMY HaOJMKEHHI MOXKHA, PO3IJIAIATH K [IPIMY,
MaTUMeMO 3aJIeKHICTh

p=cd+e, c<O0,
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Oe p — 1iHa, d — MOIUT, a ¢ i e — cTaji abo mapaMeTpH.
p

p=cd+e

0l d

[Monut d MoxKHa BUpa3UTH Yepes 1iHY P, CKOPUCTABIIUCH 0DepHe-
HOIO (DYHKIII€I0, ajie MM KOPUCTYBATHMEMOCH TIONEPeIHbOI0 (POPMY-
JI0T0, K 1le TIPUHHATO B €éKOHOMIII].

[Ipono3utiisd i MonmuT CTOCYIOTHC MEBHOTO BULY TOBapy abo rpyiu
ToBapiB. KifbKicTh TOBapy MoxKe BHUpazKaTHCS Y Pi3HUX OJIMHUIIAX,
aJe JA7d MPOTIO3uILii #i ToTUTY 1l ogMHUI ofaHi # Ti cami. Tomy, mo-
3HAYAI0TH KiJIbKICTh TOBapy OYKBOIO ¢, MM MOXKEMO KPHBI IIPOIO3UIIIL
it monuTy 300pa3uTii Ha OJHOMY PUCYHKY.

YV MIKpOeKOHOMIIli 1[iKaBUM € BUMAT0K PIBHOCTI TOMUTY i TPOIIo-
3WIIi1, TOOTO TOYKa MEePeTUHY KPUBUX MOMUTY i mpomo3utiii. 1lsg Touka
Ha3WBAEThCS TOYKOIO PIBHOBATH, a IiHa, Mo il Biamosijgae — pis-
HOBAyKHOIO I1iHOIO (1iHOIO piBHOBarm). Taka Ha3Ba MoB’A3aHa 3
THM, IO B TOYIll piBHOBArW MONHUT 30ira€Thecs 3 MPOIO3UILEI0, TOOTO
BeChb BUT'OTOBJIEHUIT TOBap 3HAXOJIUTH CBOTO MOKYIIS, a BCi OGarxkatoui
KYIIUTHU 11l TOBap MaloTh MOYKJIUBICTD 1ie 3pOOUTH.

[Tpomozutiia

yai
Po

[Tonur

0| 494 90 4s q
Puc. 7

Posrngnemo BUMMa K1, KOJIH PUHKOBA IMiHA BiIPI3HAETbCS Bif piB-
HOBasKHOI 1iHK po. Hexait p; > po. Toni ovesnmano (puc. 7), mo Kiib-
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KiCTh TOBapy (,9Ka BIAMMOBIiZa€ MpoIo3uiiii, OinbIra 3a KiJIbKICTh TO-
Bapy ¢4, 10 BiIMOBiga€ MOMUTY, TOOTO MPOMO3ULLS TIEPEBUIILYE TTOITUT.
SK HaCTIIOK MaTHMeMO 3aJIMITKHA HepeaJlizoBaHol MPOIyKIli Ha CKila-
nax. Ile y cBoio uepry crionykaTume BUPOOHHMKaA 3MEHIIUTH 1HY Ha
MIPOIYKIIi0, TOOTO PUHKOBA IfiHa Py IpAMyBaTHMe 0 IIiHM piBHOBAI'H
po. lle siBullle Ha3MBAETHCH TUCKOM PUHKY.

[Tpomozutiia

Po
yai

[Tonur

0| 495 90 44 Puc. 8 1

fAxmo p1 < po, TO ¥ poMy BUMAIKY ( puc. 8), g5 < ¢q. lle o3Ha-
Jae, MO TOMUT MEePeBUIIy€e TTPOIO3UIo. ¥ wiif curyarii BUpOOHUKU
TOBapy, KOPUCTYIOUUCH AeIllTOM, MiJIBANYIOTH 1iHY, TOOTO PUHKO-
Ba IliHa 3HOBY MpAMYe 10 IiHH PiBHOBATH Pg.

Mu posrisgHy/IM HARIPOCTINIHI BUIMAI0K, KOJIU KPHBI TTPOITO3UITIT
il TIONIUTY € NPSAMUMU.

MakpoekoHOMIKa 3aliMaeThcs aHAII30M eKOHOMIUHO! IMisIbHO-
CTi Ha HAIllOHAJBHOMY (/lepKaBHOMY) piBHi. OnHUM i3 HaliBazKMBi-
MUX MaKPOEKOHOMIYHUX MOKA3HUKIB, M0 XapaKTEPU3YE YCIXU roc-
MOJApPChKOl isiJIbHOCTI, € HallloHaJabHM Joxon. O6unciaeHHs Hallio-
HaJIbHOT'O JIOXO/Y € JOCUTH CKJIaHOI0 3aaadeto. [Tpu i1 po3s’a3yBaHHi
BUKOPHCTOBYIOTHCS Pi3HI 3a CKJIAJIHICTIO Moesi. Mu po3riissHeMo Haii-
MpPOCTIIY BOCEKTOPHY MOIEJb.

Bpaxkarumemo, 1110 HalllOHAJIBHY €KOHOMIKY MOXKHA [TOJATH K Ta-
Ky, IO CKJIQJAEThCA 3 ABOX CEKTOpPIB: BUPOOHUKIB i crioKuBadis. Bu-
POOHHUKH — IIe 3aBOIM, pi3Hi (pipMu, dpepMepchbKi rocmogapcrsa i T.1.,
TOOTO BCi Ti, XTO BUpoO/ge ToBap abo 3aificHioe mocayru. BupobHu-
KU Y CBOIH [AisJIbHOCTI BUKOPUCTOBYIOTH TaKi PECYPCH, SIK 3eMJIs, Ka-
niTaj, KUBa mpatig i T.j. Yci i pecypcu Hajexarb 710 paKTOpiB BU-
pOOHULITBA i, 3a TPUNYIIEHHAM, HaJleXKaTh CIOKUBadaM. 3a BUKOPH-
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CTaHHS [IUX pecypciB BUPOOHUKM 3MYIIeH] CIUIadyBaTh CIOKUBadaM.
CyMy BCIX IEX ILUIaTe:KiB 1 cK/IaJae HaioHaIbHUH qoxon. Ciin sa-
VBasKHUTH, IO KOKHa (pizrdHa 0ocoba B OLIBIIOCTI BUIIAIKIB HAIEKUTh
i 10 BUpOOHUKIB i 10 criokuBadi. Hanpukiam, pobiTHHK Ha 3aBOIi —
e, 3BUYaiiHO, BUPpOOHUK. 3aB0oj, cIjlauye HOMY 3a HaJlaHi pecypcu, i,
KYIIYIO9U Ha 3apo0iTHY ILIaTy TOBapu, POOITHUK CTA€ TOKYIIIEM.

Hagemene Buliie o3HaueHHs HAIIOHAJIBHOT'O JIOXOIY MOYKE BUIATH-
cq memo mrygauM. Tomy Tpeba MaTu Ha yBasi, 10 OYib — fKe O3Ha-
YeHHS Ma€ 3MIiCT ¥ paMKaxX KOHKPeTHOI Mojesi i MoxKe 3MiHIOBaTHCH
MIpH TIepexo/i A0 iHIOoT MoaesTi.

I'pomi, omep:KyBaHi crioxKuBadaMu, TOOTO IXHiNi moxomd I, MOXKHa
PO3IIJINTH Ha 1Bl YaCTHHHU: MPHUIOaHHS TOBApPIB 1 IMMOCIYT, IO Ha3W-
BaeTbes crioxkuBanasM C) i 3aomaszkennsm S. Q4eBUIHO, 1110

I=C+5.

Y cBoto uepry, i cnoxubanuda C, i 3aomajzkeHHs S € pyHKIigMu
Joxony I, Tomy
C=f), S=g9).

()T}Ke7 AKINO TMO3HAYUTHU JOXO dYepes Yy, TO MaTUuMeMO

y=fly) +9(y)

abo
gy)=y— fly), fly)=y-ay).

AKIMO JOXOMN 3pOCTAlOTh, TO, B3arajl KaXKydH, 3pOCTae i CIIOKMI-
BaHHS, TOMY (DYHKIIS CIIOKUBAHHS f € 3pOCTainvolo.

[Ipunycrumo, mo dyuxmia f giniiiaa. Toal pyHKINO ClTOXKUBaHHS
C' MOYKHa 3aIlUCATU Y BUIJIAI]

C=ay+b,

Je a — KoedilieHT, Mo Ha3WBaEThCs FPAHUYHOI CXUJIBHICTIO OO0
cIIoxKUBaHH4, TIpu 1iboMy 0 < a < 1.

Cnpasi, a > 0, ockiibky (PYHKIIIS CIIOKUBAHHS 3pocTaioda, i a <
1, 60 crHoKMBaHHYA € YacTUHOWO JIoxoiy Y. Besmuuna b HasuBaeTbes
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ABTOHOMHUM CIIO?KHUBAaHHAM, TOOTO CIIOKUBAHHAM IPU HYJIHOBOMY
Joxomi abo mpoigaHHaM cTapux 3amnacis. ['padik pyHKINT crioKnBaHHS
300pazkeHo Ha puc. 9:

C
= b
b o+
0l Yy
Puc. 9

Axmo Bimoma dpyuKIig cnokupanag (', TO JIerKO MOYKHA 3HaATH
PYHKIIO 320031 KeHDb '

S=y-C=y—(ay+b) =(1—-a)y—b,

qe (1 — a) — xKyToBHit KoedillieHT, SKHUil HA3MBAECTHCS IPAHNYHOIO
CXIWJIBLHICTIO 0 3aommamxkeHHs. Ockiipku 0 < a < 1, 10 1 —a > 0,
a ToMy (PYHKIIS 3a0IMaKeHb € 3pocTaiodoio. ['padik miel dpynxmil
30bpazkeHo Ha puc.10:

s
SE=(1l—-a)y—>
0 Yy
- Pwuc. 10

Ax bauumo dyHKIg S MozKe HaOyBaTh 1 Bij'eMHUX 3HadeHb. e
O3HaYae, MO KOJU PiBEHb JIOXOY OIYCKAEThCH HUZKYe TEeBHOI Besu-
9UHU, TO BiH Nepecrae 3abe3redyBaTu CIIOKHUBaHHS, a TOMY Tpeba
BUTpaYaTH 3allacH.

Haiinpocrity 1BoceKTOPHY MOJIeb MOYKHA 3pOOUTH PeasibHIIIoN0,
JONOBHUBINK T1 eJleMeHTOM, KUl BifoOparkae KalliTaJOBKJIa eHHs i
PO3BUTOK BUpOOHUIITBA abo iHBecTullii. CxemMa TaKol eKOHOMIKYM HaBe-
TeHa Ha puc. 11.
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Jlo BUpOOHMKIB HAIXOAATL [Ba IPOIIOBUX ITOTOKW: iHBECTHINI i
BUTPATH CIIOXKUBAYIB , & BUXOIATh JOXOIM CHIOXKUBadiB y. AKio exo-
HOMiKa 3HaXO/IUThCS B PIBHOBa3l, TO BUKOHYETbCH PiBHICTH S = 1,
TOOTO BCi 3a0IMaKeHHs iHBecTyoThbesd. Tomy

y=C+1,

je C = ay + b, a pierb IHBeCTHUIII ¢ BBAYKAETbCH HE3MIHHUM.

3wminHi 7, a, b Ha3UBAIOTHCS MapaMeTpaMyu MOJeNi, abo 30BHITIIHI-
MU 3MIHHUMH, a 3Mmirdi y, C, S — BHYTPIMIHIMY 3MIHHUMH MOJIET.
JIJtst BU3HaUeHHS BHYTPIIMHIX 3MIHHUX Ma€MO CUCTEMY

y=C+1i,
C'=ay+b.

3Bifcu onepKyeEMo, 1110

b+ b+
+e C=ua T

= b.
YT W 1-a +
TuBecrumi

Vi

/Cf> Bupobtuuku \y
luBecrumii luBecrumii

)C\ CroxuBati y

Ls

3aoIma KeHHs

Puc. 11
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Jnsg toro mob Mofenb Ie Kpalle BimoOparkaja peasibHICTh, J10-
MOBHUMO 11 fepzKaBHUMU BUTpaTamu i nojgarkamu. OO6unsi i Besu-
YUHU € BaXKeJIIMU B pyKaX YPay JJisd PeryioBaHHs PUHKOBOI eKOHO-
Mmiku. JlepKaBHi BUTpaTH ¢ — 30BHIIIHSA 3MiHHa, ab0 mapaMeTp MO,
Jlep:KaBHi BUTpaTH JOJYIAIOTHhCS 0 iHBECTHIIIM, a TOMY

y=C+i+yg.
ITomaTky K 3MeHNTYIOTh peaJbHUI TOXOI Ha BETUIHHY ¢ TOMY
C=aly—1t)+5b.

CykynHuii nojatok Moxke OyTu mocTiinum, 10610 t = tg. Y 1LBOMY
BUIIAAKY — IIe 30BHIIIHS 3MiHHa ab0 mapaMeTp MOIEI.

Axmo ¢ = Ty, To ¢ — BHYTpilIHA 3MiHHA, a POJb MTapaMeTpa Bii-
rpa€ KoedillieHT TPOIOpHIIHOCTI T, SKHUil HA3UBAE€THCSI CTABKOIO O-
JaTKy.

MozkiuBuit KoMOGiHOBaHUIT BUMAI0K, KOJIU

t:Ty+t07

Je T i tg — mapaMeTpH.
VYV 1pOMY BUMAAKY TaKOXK MA€MO CUCTeMY IBOX JHIHUX pPiBHAIHD
i3 1Boma HeBimomumu y i C':

y=C+i+ty,
C=aly—T1y—to) +0b.

Buytpimui 3miani y i C, 9ki BU3HAYAOTbCS BCEpeIMHI caMOl MO-
JeJli, Ha3WBaloThCd TaKOK eHJOTeHHUMHU 3MiHHUMHU. BinmosinHo Be-
JWYUHA 1, ¢, T, tg, IO 331aI0ThCs 30BHI, HA3UBAIOTHCI €eK30r€HHUMHU
3MIHHHUMH.
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2. 'pannng ¢$yHKIIII.
2.1. O3HaueHHs rpaHuill PYHKIHT

Iin okosom U(a) Toukn a (a — aiiicHe 4ucsI0) po3yMiTUMEMO T0-
BlTbHMI iHTepBaT (v ), AKMI MICTHTH II0 TOUKY:

U(a)
—_——
2 T
o a Jo}

Iliz oxosom U (00) cuMBosIa 00 = £00 po3yMiTHMEMO 30BHIIIHICTD
Oyap-sKoro Bifpiska [a; 3] ,robro U(oo) = (—oo;a) U (85 +00) :

X

Ufo0)

Yepes U(a;d) mosHadaTiMeMo §-OKiJT TOUKHM @, TOOTO iHTepBaJ

(a — ;a4 9).

Ula;d)
——

a—9% a a+d

Hamami mMu TakoX BUKOPUCTOBYBATUMEMO TIOHATTS TIpaBoro i
JIBOTO §-OKOJIY TOYKH

Uy(a;d) = (a;a+6); U_(a;6) = (a — &; ).

Hexait pynkuis f Busnavena na MHoxkuai X . Touka a (@ — ckin-
YeHe) Ha3MBAEThCS TOYKOIO CKYITYEHHH I1i€i MHOKWHM, SKIIO 11 j10-
BlibHuit §-okin U(a; ) mictuTh HeckindeHHO GaraTo ejleMeHTIB MHO-
xkuHu X . Y HaWIpocTiloMy BUITAIKY MOYKHA BBaXKaTH, 110 (PYHKILis
[ BU3HaYeHa y AeAKOMY OKOJIi TOUYKM @, MPUIOMY B caMiii Toull a
¢yukiig f He 060B’I3K0BO BH3HaUeHA.
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Orzke, Hexall @ — TOYKA CKyI4eHHs MHOKUHE X — obJ1acTi BU3Ha-
venng HyHKIi f.

Osuauenns 1. Yucao b nasusacmuvca epanuyero pynrxyii f npu
r — a ( abo 6 mowyi a), mobmo

lim f(z) =0,

r—ra

AKWo daa dosiavrozo € > 0 icnye § = 6() mawe, wo
|f(z) = bl <,

o o
ax miavku z € U (a,0)NX, de U (a,0) = Ul(a,0)\{a} (npoxosrenui
OKIA MONKU Q).
Koporko 3a J0M0MOro CHMBOJIIB O3HAYeHHS MOYKHA 3allHCaTh
TaK:

lim f(z) =b& Ve >030=46(<) >0V €U (a;0)N X :

fla) = bl <e.

3’sicyeMo reoMeTpUYIHIHE 3MICT 11bOTO MOHATTS. 3riJIHO 3 O3HAYEH-
HAM 1711 Oy/ib-sikoro € > 0 icHye Take § > 0, Mo 9K TIJIBKA YHUCIO &
nomasae B MpokoJieHuit 6-okin Touku a (¢ € (¢ — 6;a) U (a;a + 9)),
To uncao f(z) monagae B £-0KT TOUKH b, oTiKe, YacTHHa Tpadika
¢yl f, Mo BiAMNOBITaE MHOMY OKOJY TOYKH ¢, JIEXKHTH Y CMY3i
MiK TOPH3OHTAJIAMH §y = b — e Ta y = b+ ¢ (puc. 1)

bt | | y=f(x)
b—¢ /
0 a;é ;z a—i—(s x
Puc. 1
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3ayBaxKuMo, 10 3HavdeHHs PyHKUiT [ B camiii Todri ¢ Hac He Iij-
KaBWUTh, 30KpeMa, PYHKINSA B TOUI ¢ MoyKe OYTH He BH3HadeHa.
Axmo ¢ = oo, TO
lim f(z) =b&Ve>03dA>0V|z| > A:|f(z) —b <e.
T—r 00
leomeTpudHo 3 03HAUEHHST BUILTUBAE, MO TacTHHA Tpadika (pyHK-
il f, siKa BiAoBiTae 3HaUeHHAM apryMeHTy & € (—00; —A)U(A;00),
MICTUTBCS ¥ cMy3i, oOMerKeHi# npamumu y = b — < 1y = b+ ¢ (puc.
2).

Puc. 2

Ilpukaan 1. Jlopectn, mo lir% v? =4, ne x € (1;3).
T—

« Hexait ¢ > 0 — mosuabHe mificie uwmcso. doBemeMo, 1Mo icHye Take
§=168(¢) >0, mo |2? — 4| < ¢, ax Tiabku z € (2 —3;2+ ) N (1;3).

Maewmo |2%—4| = |(z—2)(z+2)| = |2 —=2||z+2] = |z —2|(x+2) < 5|z —2],
6o x+2 < 5, axkmo z € (1;3). Bisememo § = £, roxi gus x € (2—6;244)N
(1;3) |2% — 4] < 5%
Ilpukaan 2. Jdoeectn, mo

= ¢, 1o i Tpeba gOoBECTH. P

lim —— =1
z—oo x4+ 1

« 3azamMo JIOBUIbHE JIOJaTHE € 1 PO3TJISTHEMO abCOMIOTHY BEJUYHHY Pi3-

muri f(z) — b:

x r—xv+1 1
—b = — = = =
|£(=) | |x—|—1 | x4+ 1 ‘ |z + 1
_ 1 < 1 _ 1
le = (=D = Je| = =1 || =1
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. . 1
Bisbmemo A = 1+ 1. Toni, akmo [z > A, 10610 |2| > 14 —, TO
€
1
lo] — 1> 1 aTomy |x|—_1<6.

OTie, ayst JOBLIBHOTO € > 0 icHye A = 1—1—% Take, 10 JJs BCix ¢ > A
BHKOHYETHLCS HEPIBHICTD |m — 1| < &, TobrO xl;n;o =L
IIpuksaan 3. Josectn, mo komn f(z) = C,z € R, o

lim f(#) = C,a € R.
r—a
<« Bizemenmo posiasre € > 0. Toxi |f(z) — C| = |C' = C| = 0 < &, gxmo,
|z —a| < d =¢, ge a € R, a ue osnauae, Luoxli_rgC:C. >
Posrnsnaemo mesiki BiaacTuBOCTI (PYHKIIH, IKI MAaIOTh CKiHYEH] T'pa-
HHIIl B TOYIIl d.
Teopema 1. Hxwo pyuxwia [ mae epanuuo npu x — a, Mo 60HA
obMmedicena 6 JeAKOMY 0KOAT MOUKU a.

« 3rifHO 3 YMOBOIO iICHY€E IpaHUIIS

lim f(z) =b& Ve >036>0Ya € U (a:6) N X : |f(z) - b| < .

r—ra

Tomi
[f(@)| = 1[(f(x) = 0) + b] <|f(x) — b+ [b] <

<eH =M, zeU (@wHNX. »

3ayBaxkennst 1. OOGepHeHe TBep/izKeHHs HellpaBUIbHE, TOOTO 3
obMerkeHoCTi (pyHKIIT B IeIKOMY OKOJIi TOYKH ¢ He BHILIUBAE, B3araJl
KazKyuM, iICHyBaHHs rpaHull 11iei dyHKIl npu & — a.

Hanpukmian, dysknig f(z) = sin — € 06MeKeHO B TIPOKOJIOTOMY

x
okosi Touku & = 0, ajie M0BeJeHO, 1O BOHAa He Mae T'paHUIl IIpU
z — 0.

Teopema 2. Hezail gynxuia f eusnauena 6 deaxomy oxoat Ula)

mouku a 1 A < f(z) < B, € U(a). Axwo icnye lim f(z) = b, mo
r—ra
A<b<B.
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« Hosenenns nposoaumo Bifn cynporuBHoro. Hexait b < A. Bisb-
memo € = A — b > 0. Toxi, ockisibku dyHKLiA [ Mae IpaHUIIO TIPU

r — a, TO INd ¥ € i (a;0) N U(a) npaBunbHa HepiBHiCTD
|f(z) b <A-bes —-(A-b) < flz)-b<A-bs
& —-A+2b< f(z) < Al

3Bijgcy BuruBae, mo f(z) < A qs @ € i (a;0)NU(a), a ne cynepe-
9uTh yMOBi Teopemu. Orke, b > A. »
3ayBaxkeHHda 2. Teopema 2 mpaBuibHa 1 Y BHINAJIKY, KOJU
A< f(z) < B,abo A < f(z) < B,a6o A < f(z) < B,z € U(a).
Hacaimok. Jodamua ¢ynxuia ne moorce mamu 610’ emmoi eparu-
ut, a 61d’emma ynxuia — dodammoi epanuug.

2.2. OgHOGIYHI rpaHuIll

CumBpostianuit 3ammc @ — a — 0 o3Havae, Mo ¢ HabyBae 3HAUEHD,
AKi HaJesKaTh JIBOMY OKOJIY TOYKH @, TOOTO & — a i & < a.

Amnastoriuto 3amuc @ — a + 0 o3Hadae, mo ¢ — a iz > a.

Osnadennsa 2. 1) Yucao b nasusaemvea JIBUM IpaHUYHUM
3HaYeHHAM PYHKINI [ B TOYI & — a AKWO

Ve>030>0Ve e U_(a;0)N X :|f(z) —b| <e.

IlosHauatoTs JTiBe rpanntHe 3HadYeHHs cuMBosioM  lim  f(z) = b abo

z—a—0
b= f(a—0).
2) Yucao ¢ nasusaemvcA MPaBUM TPAHUYHUM 3HAYEHHSM
dbyHKUIT [ B TOUli © — a AKwo

Ve>030>0Ve e Up(a;8)N Xt |f(z) — | <e.

IlosHauaoTh MpaBe rpaHudHe 3HadeHHs cuMmBosoM lim  f(z) = ¢

r—a+0
abo c= f(a+0).
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Axmo dyHKIig f Bu3HaYeHa B TOUII @, TO i1 3HaYeHH y 111 TOYII
f(2z) moke He 36irarncs 3 unciaamn f(a —0)i f(a+0):

y
C=f(0+0)'””””’f/
Jlay |
b=fla=0) -
0 a z

Hanpuxkmnan, aas dyskmil

—1, gxkmo z < 0,
f(z) =sgna =< 0, axmo z =0,
1, akmo x > 0,

MaeMO
F0-0)= tip J0) = tip () =1
FO+0)= Tim fe)= Tim (1)=1,
f(0)=0
i, OTXKe,

f(0=0)# f(040) # f(0).
y

1l

0 z

— 1

[Ipape i giBe rpanu4Hi 3Ha4eHHS PYHKIN [y TOUI ¢ 9acTo Ha-
3UBAIOTh OAHOGIYHUMY IPAHUYHAMU 3HAYEHHIMMU.

Ouesnafo, mo Koau hyHKIIA [ Ma€ IPAHUIIO B TOYIN ¢, TO BOHA
Ma€ ¥ ogHOOIYHI IpaHuIl B i TOYIIl, i BOHM OJHAKOBI.
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ObepHene TBepIKeHHS Take: AKINO OOMIBI OIHOOIYHI IpaHUI] ic-
HYIOTbH i 0JJHaKOBI, TO (pyHKIA [ Ma€ IPAHUIO B TOUIl & = .

2.3. 'panung mocJiioBHOCTI

Posrngaemo ¢pyHKII0, 001acTIO BU3HAYEHH SKOI € MHOXKWHA Ha-
Typaibiux uncen: ¢ = f(n),n € N. Taka yHKIisg HasHBaeThCsH
PpYHKII€H HATYPaJIbHOTO apryMeHTy a00 YHCJIOBOIO IIOCJIiI0B-
HicTIO. 3HaueHH Hiel PYHKOIT Ha3UBalOThCd YJIEHAMM IIOCJIiI0B-
HOCTI | [TO3HAYAIOTHCS CUMBOJAMU Z,, n € N. YieHn mocaizoBHOCTI
3BUYAITHO PO3MIIIYIOTHCS ¥V MOPAIKY 3POCTAHHS apryMeHTY:

r1=f(1),22= f(2),...,zn = f(n),....

[Tpu upoMy x| Ha3HBAETHCS IEPUIMM 9JICHOM IIOCIII0BHOCTL, T3 — APY-
MM YJIeHOM, ..., T, Ha3UBAETLCA N-HUM ab0 3araJibHUM YJIeHOM
MOCJIIJOBHOCTI.

IlosHauatoTs mocaigosricTh cuMBooM (z,,n € N), abo {z,,n €

1 . .
N}. Hanpuxias, cumsosi ¢ —, n € N rmosHavae HOCTiIOBHICTD THCeT
n

n

W =

1
1 27
[eomeTprtHO TOCIAOBHICTH 300parKyeThCs Ha YUCIIOBIH OCi y BULJIAI]
CYKYITHOCTI TOYOK, KOOPJAUHATH SKUX JIOPIBHIOIOTH BiAOBIAHUM dJjle-
HaMm TocsigosaocTi. Ha puc. 3 30bpaxena nocmaifosaicts {x,,n €
N} = {%7 n € N}.

0

| =
SOy e
N | =
(-

Puc. 3

OsHauenns 3. Yucao a Hasusaemves rpaHuIiero HOC.]'Ii,Z[OBHO-

cri {z,,n € N}, moomo nh_}n(r)lo Ty = G, AKWO 048 F061AbH020 € > ()
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ICHYE HOMED Mg = Ng(g) maxull, wo daa n > ng UKOHYEMbCA HEPIG-
niems |z, — a| < e. YV cumeoniunii gopmyi:

lim 2z, =a < Ve >03ng € NVn>ng: |z, —al <e.
n—00
[locainoBHiCTh, IKa Ma€ I'paHUII0, HA3UBAEThCs 3G12KHOIO, a gKa
He Ma€ — po3blzKHOIO.
3MiCT o3HaYeHHs TPaHMIl YHUCI0BOI MOCTITOBHOCTI MMOJIATaE B TO-
MY, 110 KOJTH @ — PPaHuIld mocsigosrocti {2, n € N}, To B HoBlnbHuiA,
SIK 3aBTOIHO MaJIdil, £-0Kijl TOUKH ¢ MOTPAIIAIOTh yCi HIeHH MOCTi-
JOBHOCTI, 3a BUHATKOM CKIHYEHHOTO IXHBLOI'O YHC/IA.

. 1 .
ITpuknan 4. Mosecru, 1o rpanung nocaigosuocri {—, n € N} nopis-
n

HIOE HYJIIO, TOOTO

1
lim — =0.
n—oo N

« JloBesemo, 1o g AoBlIbHOTO £ > 0 icHye ng = ng(e) > 0 Take, 1o

len — 0] = |2 — 0] = L < ¢ aaa Beix n > ng.
Ouepnano, mo |z, — 0] = [+ = 0] = L. dxmo n > ng , 0 = < nl—u
. 1
Jls Toro 1mo6 BEKOHyBaJlach HEPIBHICTL — < &, JOCHTH B3SITH Ng > —,
no g
30KpeMa, MOXKHA B3SITH Ny = [—] + 1, me [—] IIiJIa YacTHHA 9HCAa —.
€ € €
. 1 .
Otke, aas moBlabHOTO € > (0 MoxHA B3aTH Ng = |—| + 1. Tom mas
€
n > np BUKOHYBATUMEThCS HepiBHICTH |x, — 0] < ¢, a e osuavae, Mo
. .1
lim z, = lim — =0.p»
n—00 n—oo N
Ilpukaan 5. Jlopectn, mo lim =1
n—oco N+ 1
4 Maemo
n n—n-—1 -1 1
| —-1=| | =1 | = < -
n+1 n+1 n+1 n+1 n
. . 1 1
OueBuaHO, 10 s JOBLILHOTO N > Ny BUKOHYETHCS HEPIBHICTD, — < —
n o
n 1
a romy |—— — 1| < — < —. dkmo mag zazanoro € > 0 Bubpartu ng
n+1 n ng
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Tak, 100 BUKOHYBaJach HEPIBHICTH nl—o < g, TO TOML |? — 1] < & ang
n

JOBLILHOTO 1 > Ng. 3BIACH ¥ BHUILIHBaE, Mo lim =1.»
n—ocon 4+ 1

2.4. HeckiHYyeHHO MaJll Ta HECKIHYEHHO BeJinKl pyHKINT

Posrnaaemo ¢pyHKIl, gKi BU3Ha4YeH] Ha AeSKOMY MpPOMiKKY X i
TOYKY @, dKa, MOXKJIMBO, 1 He HaJIeXKUTh IPoMizKKy X, ajie Oyib-sikuit
i1 OKIJT MICTUTH TOYKH I11€] MHOYKHHMU.

OsnaueHHd 4. Qyuruia o HA3UBAEMBCA HECKIHYEHHO MAJIOIO
Opu & — a, AKWo i1 2panuys JopisHIe HYya10, MoOMO

lim a(z) = 0.
r—ra

SHalouM 03HauYeHHS IpaHulll (PpYHKIIT TIpU & — @, MOXKHa J1aTh
PO3ropHYTe O3HaUYeHHS HEeCKIHYeHHO MaJiol (pyHKIII.

OsHaueHHd 5. Qyuruia o HA3UBAEMDBCA HECKIHUYEHHO MAJIOIO
Opu & — a, AKUO 044 d06iabH020 £ > 0 icnye & > 0 maxe, wo daa

bydv-axoeo x € (O] (a;0) N X npasuavra HepisHicmb
la(z)| < e.

Axmo lim f(z) = b, To dyuxuis a(z) = f(2) — b € HeckiHUeHHO
r—ra
MAJIOIO [IPU & — @, 11O BUILINBAE 3 O3HAYCHHS IDAHMUILI.

3Bigcy BunmBae, mo B oot U(a;d) dysKIio f MOXKHA MogaTH
V BUTJISAI]

flr)=b+a(x), 2 € U (a:6)N X,
ze lim a(z) = 0.
r—ra
OsHauenHs 6. Qyuxyia [ Ha3u6aemMbCcA HECKIHYEHHO BeJIH-
KOI mpu & — a, axwo lim f(z) = oo, wo pisnocuabne maxomy:
r—ra
VE>036>0Vz €U (;0)NX :|f(x)] > E.

3

20 — 5
x — 00 € HecKIHYeHHO MaJIUMM BeJuduHaMmu, 00 lim sinz = 0 i
z—0

Hanpukmazg, dysxmii y = sinz opu ¢ — 01y = pu
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3
lim 7:0;@yHKuiﬂy:tgwnpﬂx—>g—Oiy:\/5x—8

z—o00 20 — h
npn x — OC € HeCKIH4YeHHO BeJIMKNMHW, OCKIJIbKH hm tg$ = 0Q,

r—Z—0
lim +/bx — 8 = .
r—r400
MiK HecKiHYe€HHO MaJMMHK 1 HeCKIHYeHHO BeJUKUMU (PYHKINIAMN
1

icHye reBHMIT 3B'430K, a caMme: gKmo f(x) — 0o Ipu & — @, TO —

f(#)

— OO IIpU & — @

0 mpu  — a; gxmo «z) — 0 mpu & — a, TO

afw)
3a ymoBH, mwo a(z) # 0 qua ¢ # a.
SayBaxkenHst 3. MoikHa niepeKoHaTHCS, 1110 HeoOMekeHa (PYHK-
IIig He €, B3araJjii Ka;Ky4M, HecKiHdeHHo BeanKoio. Hampukiam, pyHK-

1
mist f(2) = —sin — € HeOOMeKeHOI0 B JOBLIBHOMY OKOJI TOUKH & = 0,
x x

ajle BOHa He € HecKiHueHHO BeJimkoio npu x — 0, ockinbku HyHK-
i BeChb Yac KOJIMBAETHCH, MepexXodyn Bil AOJaTHUX JIO Bill’€MHUX
3HaueHb 1, HaBraku. QUeBUIHO, MO HECKIHYEHHO BeJIMKa (PYHKIIH €
HEOOMEKEeHOIO TIPU T — a.

BupunMo OCHOBHI BJIACTHUBOCTI HECKIHIEHHO MaJnX Ta HeCKiHJIeH-
HO BeJMKUX (PYHKIIIH.

Baacrusicts 1. Cyma 006iAbH020 CKIHUEH020 HUCAG HECKIHYEH-
HO MEAUT NPUu T — @ PYHKULT € HECKIHYEHHO MAA0K NPU T — @
dynruicio.

« JloBesiemo BiacTuBicTh A8 BUMAAKY ABOX (DYHKINH o i f3.

3TrijIHO 3 O3HAYEHHSM MAEMO:

V€>OE|51>OV96€(O](a;51)ﬁX:|oe(ac)|<§;

st 1poro K £ > 0 36, > 0 Ve € U (a;82) N Xt |B(z)] < % Toni

(@) + B()] < a(@)] +18(2)| < S+ 5 ==

€
2
o o
qtst gosiibroro « € (U (a;01)N U (a;82)) N X. »
Baactusictes 2. Jobymox obmestcenol pynruli Ha HeCKINUEeHHO
MAAY NPU T — 4 PYHKUDO € HECKIHYEHHO MAA010 PYHKUIEIO NP

T — a.
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« Hexaii f e obmerkenorwo B meskomy okouti U(a; §) Touxu a, To6TO
icHye unciao M > 0 Take, mo a5 posisbaOro & € U(a;d) mpaBuibHa
HepiBHicTb | f(2)| < M. fkuio GyHKIiS o € HeCKiHIeHHO MaJo0 Mpn
*r — a, T0 -

Ve > 036, = 61(c) > 0 ¥a € U (a:61) ¢ |a(z)] < e

o

Toi |f(@)a(e)] = |f(@)||a(e)| < M-~ == Va € [ (a:61)0 (a3),
a 11e 1 o3Ha4aE, mo PyHKIA f -« € HeCKIHYIeHHO MaJIolo IpU & — @. P

3ayBaxkenHs 4. 3 Teopemu | BUILIMBa€, 110 HECKIHUEHHO MaJia
npu & — @ PYHKIS € 00MeXKeHOI0 B JIeSIKOMY OKOJI TOUYKH .

Baactusictes 3. Jo0ymox CKIH4ENN020 MUCAQ HECKINYEHHO Md-
AUZ NPU & — @ GYHKULT € HECKIHNEHHO MAA0NW PYHKUIE npu & — a.

« JloBeneHHs 1Mi€l BIACTUBOCTI BUIIJIMBAE 3 BJIACTUBOCTI 2 1 3ayBa-
Kennd 4. p

SayBazkeHHd 5. BinHomenHs 1BoX HeCKiHIeHHO MaJnX PYHKILH
ai S opu & — a Moxke 6yTu (DYHKIT€0 JTOBIJIBHOI TIOBEIHKH.

Hanpukman, Hexail a(z) = z, 3(x) = 2z + 22,7y = 22. Xoua

lim a(z) =0, limB(z)=0, lim~y(z)=0,

z—0 z—0 z—0
aje
1 2
lim a(z) = lim = = lim = = oo; lim 7(@) — lim = = lim z = 0;
z—0 ’y($) z—0 2 z—0 2 z—0 Oé($) z—0 X z—0
2 2
i 28 i 225 oy =2
z—0 Oz($) z—0 T z—0
. o) .
Otke, rpanutig lim m MOZKe IOPiBHIOBATH: HYJI0; unciy b % 0;
r—a z

CUMBOJTY 00. ¥ IIbOMY BUMAIKY HeCKiHIeHHO MaJla & Ha3MBa€eThCs Bill-
MOBITHO: HECKIHYEHHO MAJIOIO BUIOTO TIOPA/IKY, HiXK 33 0THOTO

OOPAAKY MaJIM3HU; HUXKYOTO MOPAAKY MaJlu3HU, HixK . 30-
a(z)

KpeMa, sKIo lim
r—a (x)

T — @ Ha3WUBAIOTbCH €KBIBAJIEHTHUMM; B I[bOMY BHUIQJKY IHIIYTh
a(z) ~ B(z), x — a. Toit daxr, mo «(r) € HeCKIHYEHHO MAJIOIO

= 1, To HeckiHuenHo Mayi «(z) i B(x) npn
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BUINOTO MOPsiAKY, HizK J(z) 3amucyerbes Tak: a(z) = o(f(z)) npu
r — a. fxmo a(z) i f(z) omHOrO MOPSIKY MaJM3HH, TO THIIYThH
a(2) = O(5(x)).

3 npaBusI HOPIBHAHHS HeCKIHUYeHHO MaJsnx (bYHKIiH BUIIIMBaE Ta-
Ka BasK/IMBa BJIACTHBICTD: HKH_LO oe(x) ~ aq(z) i B(x) ~ pi(x) npu

x — a # icHye rpanuiig lim —7 TO icHye i rpanmig lim o1 (z)
= aﬁ( ) z—a By (z)’

IIpUuIoMy L[l FpaHI/ILLI O,ZLH&KOBI

2.5. OCHOBHI TepeMH PO I'PAHUIL]

Posrngmarnmemo ¢yHKil, ki BU3HadUeH] y jgeskomy okosi U(a)
TOYKH @, 32 BUHATKOM, MOXKJIMBO, CaMOl TOUYKH @.
Teopema 3. Arxwo lim f(z) = b, lim g(z) = ¢, mo lim (f(z) £
r—ra r—ra r—ra
glz))=b=Lec.

« 3 o3HaveHHs rpaHulll (pYHKINT BUILJIUBAE, 1110

f@)=b+a(a), e € U (a;61),  gle)=c+B(x), € U (a552),

ge lim a(z) =01 lim B(z) = 0. Toxi

f) £ g(x) = (b4 az)) £ (c+ B(2)) = b £ c+ (afz) £ 5(2)),

v € U (a:6)N U (a385).

Ockinbku dynkiis «(z) + 5(2) € HecKiHUeHHO MaJIOo IpU & — @,
TO

lim(f(z)£g(z))=bLtc »

r—ra

Hacmimok. Qynxuia Mosce Mami Auwe 00HY 2panuuio npu & —

« Hexait lim f(z) = b1 lim f(2) = ¢, ne b # ¢. Toxi 3rinxo 3
r—ra r—ra

TeopeMoio 1

0=lim(f(z)— f(z)) = lim f(z) — lim f(z) =b—c.

r—ra r—ra r—ra
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3Bincu BurmBae, mo b —c¢ = 0 abo b = ¢, 1110 cynepednTb TPUITYIITEH-
HIO b #£ c. »
3ayBaxkeHHs 6. B ymoBi Teopemu 3 npuycKaeTbed, Mo KOKHA 3
yHKIIIH Mae TpaHUINo, i JOBOIUTHCS, MO IXHS cyMa (PI3HUI) TAKOK
mae rpanuiio. ObepHeHe TBepIzKeHH, B3arajli KayKydu, He Ma€ MiCIls.
Hampukia,

lim (sin’z + cos?z) = lim 1 =1,

ame lim sin?z i lim cos?

Teopema 4. Adxwo lim f(z) =b, lim g(z) = ¢, mo
r—ra r—ra

X He iCHYIOTb.

lim f(z)g(z)="5-c.

r—ra

« 3 toro, o lim f(z) = b, lim g(z) = ¢ BumuMBae, mo
r—ra r—ra

f@)=b+a(a), v€U(w8), glz)=c+p(a), v€U (a;5),

Jie il—% a(z) =0, il—% B(z) = 0. Toxi
f(@)g(x) = (b+ a(2))(c+ B(z)) = be + (b- Sla)+

+c-a+af(z)), x € U (a;81)N [ (a3 92).
Ockinbku dyuxnis b3 (z) + ca(z) + a(z)S(2) € HeckindeHHO MO0
pu & — a, To li_r>n f(z)g(z) =bec. »

Hacaimok. Craauii MHOXKHAK MOXKHa BUHOCHUTH 32 3HaK TPaHHUII:

lim(c- f(z)) = lim ¢ lim f(z) = clim f(2).

r—ra r—ra r—ra r—ra

Teopema 5. Sxwo lim f(z) =b, lim g(z) =c i c#0, mo
r—ra r—ra

flz) _ b

r—a g(x) B c
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« Ockinbku

f@)=b+a(a), v€U(w8), glz)=c+p(a), v€U (a;5),

ze lim a(z) =01 lim B(z) =0, o
r—ra r—ra

b _ be+ ca(x) —be —bB(x)

J@) b _btalz) b

g(e) ¢ et Bl < 2+ cB(a)

= % — (@), © €7 (a;6)N T (a352).
M = v(z) € HeCKIHUeHHO MAJIOI0 (PYHKIIEIO TIPH

Ao = A ()

r — a, 60 ii_r}r}l(coe(w) —bB(z)) = cignaa(x) —bB3(z) = Ciﬂr}l alz) —

=0, a lim(c?+ ¢B(z)) = lim 2 4 ¢ lim B(z) = ¢*. Orxe,
r—a r—a r—a

blim p(x)
MAEMO, 1110

[(@) é_ v(z), = € ﬁ (a;01)N ﬁ (a;92),

z)

sie lim y(z) = 0. 3Bincu BumMBae, o GyHKIisS Ma€ TPaHUITI0
z—a g(x)

npu ¢ — @, IKa JOPIBHIOE —. B
c
Teopemu npo rpaHuill CyMu, pi3HUI, J0OYTKY 1 TaCTKH MTOJIETIILY-

I0Th 3HAXO/PKEHHS IDAHUILb.
ITpukaan 6. Buaiitu

(z 4+ 10)(z + 20)*(x + 30)3.

lim

r—0oQ

« IleperBOopuMo dyHKINIIO, TPAHUIIO SKOI Tpeba 3HAUTH, 1 CKOPHCTAe-
MoOCsl TeopeMoio 4:

2 3
lim (14—&)(1—1—@) (1—1—@) = lim <1+E)x
x x x w00 x

r—0oQ

20\ 3
x lim <1+—0) lim <1+@) =1-12.1°=1p»
z x

r—0oQ r—0oQ

202



. . 2243242
HpI/IKJ'[a,Z[ 7. 3najitu xh_}H% m

« OcKITBKY TPpaHUIS IHCETLHAKA
lim(z? +32+2)=limz? +3limz+2=1+3+2=6,
z—1 z—1 z—1
a TpaHuIlsd 3HAMEHHUKA

lim(z? =22 +5)=limz? —2limz+5=1-2+5=4#0,
z—1 z—1

z—1

TO 3aCTOCYBaBIIH TeOpeMy H, AiCTaHEMO
. 2
R LA Jim(a”+ 32 +2) _3
=122 —2x4+5 lirrll(x2—2x+5) 2’
T

>

Be3n0cepeﬂH€ 3aCTOCyBaHHI TeOpeMU IIPO FpaHI/IL[i He 3aB2K1HN Ja€
TMO3UTUBHUMN pe3yJjibTaT. I’Ial—[pI/IKJIa,H‘7 He MOZKHa 3aCTOCOBYBaTH Teo-
peMy 5, KITMO YUCETbHUK 1 3HAMEHHUK MPAMYIOTh OTHOYACHO 10 HY-
f(@)

9(v)
0 00

HeBU3HAUEHICTIO BUTJISIY 0 ab0 — BiAmOBIAHO. 3HAXOMXKEHHS T'pa-
o0

Jig abo HecKiHUeHHOCTI. Y MBOMY BUIIAJIKY KaXKyTh, IO JIpid €

f(z)
9(v)

) o0
YeHOCTI BUIVIANY 0 abo —. Tomy uacto criepiny Tpeda TOTOZXKHO Tie-
o0

HI/IL[i lim Yy X BHIIQ/JKaX Ha3MBaTUMEMO PO3KPUTTAM HeBH3Ha-
r—a

PETBOPUTH (PYHKIIIIO, FPAHUITIO AKOT MIYKAEMO, a MOTIM 3aCTOCYBaTH
TeopeMu Mpo T'PaHUIL.

2
-1

ITpukaazn 8. 3uaiitu lim xS .
=1 23 —1

« Tyt 6e3nocepeHBO 3aCTOCYBATH TEOPEMY D HE MOYKHA, OO TDAHUILH 1
YHCebHUKA 1 3HAMEHHUKA JOPIBHIOE HYJIO TIpH & — 1:

lim(z? — 1) = limz* - 1 =12 -1 =0,

z—1 z—1

lim(z® —1) = limz® - 1=1>-1=0.
z—1 z—1
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. 0
Orxe, Tpeba POKPUTH HEBHU3HAUEHICTH BUTIISLY o JLs IIbOTO TIepeTBOPH-

MO ,ZLpl6, PO3KJIAaBIIH YUCEJIBHUK 1 3BHAMEHHHK Ha MHOXKHUKH:

xz—l_ (x—1)(z+1)
B-1 (r—1)(z2+2z+1)

Croporusiu apib #Ha  — 1 # 0, MaTHMeMO TOTOKHICTE

xz—l_ r+1
231 224z+1

Toni rpamul mpaBoi Ta JIIBOI TaCTHH OZHAKOBI:

.ox?—1 . r+1 11?1_>Hll(l‘—|—1)

lim = lim = —

e=1g3 —1 esl1zl4+z41 hml(xz—l—x—l—l)
T

1412
“1ri+r1 3 "
5x2 4+ 6z + 1

« OCKITBKY 9MCeTPHUK 1 3HAMEHHUK TPAMYIOTH 0 HECKIHIEHHOCTI, TIPH
T — 400, TO MaEMO HeBH3HadeHicTh . [ Toro mob sHaiiTh rpanuIio
3aJIaHOTO JIpoOY, TONEPeHBO TEPETBOPUMO HOTO, BHHICIIN 33 AYKKH Y 9H-
CEJILHUKY 1 3HAMEHHUKY & y HAWBHIIOMY CTETIeHI:

5e? 4+ 6r+1 2?6+ 5+k%) h+2+ %
62 +4de+2  22(6+2+3%) 6+24 3%

Toal maTuMenmo

5224 6z + 1 . 5+ 54 L
im ———— = lim —% %2 —
vtoo 622 +4x +2 oot 64+ 24 2
lim 5+ 2+ %)
_x—>+oo

lim (6424 %)

r—4oo

- >

| Ot

ITpukaan 10. 3uaiitu xlir_noo %
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« st Toro 1mob MoxkHa 6yJI0 3acTOCyBaTH TeOpPeMY b TPO T'DAHMILO
JACTKH, HOALIIMO THCENLHAK 1 3HAMEHHUK Ha 2

. 5z + 6 i g + x6—2
im ——= im —ZF % =
54 6
lim (3—1—%—1—5—2) 377
. T 4622 -2
Ilpukaan 11. 3naiiTu xlggo M
<« Maemo
T2 + 622 — 2z ) x3(7—|—g—x2—2)
im ——— = lim =
6 _ 2
= Jim
Ockimpkn lim (7+ 2 — Z) = lim 7+ lim £ — lim 2 =7,a
r—00 r—00 r—00 =00
.6 5 13 . 6 .5 .13
Jm (7t ) = lim o+ lim e+ Jim o5 =0,
T+ 2%
TO Apid ﬁ € HECKIHYEHHO BEJIUKOK (DYHKINE TPH & — +00, a
romy © T
. T3 4622 - 22
lm ———— =oc0. p

e—=oo 622 4+ 5z + 13

Y3araJbHO09M TPUKJIIAIN, SKi PO3TIIAIAI0TbC BUIIE, MOXKHA 3PO-
OUTH BUCHOBOK: NpU & — F00 T'paHUlld BiIHOINIEHHS JBOX MHOIO-
JIeHIB OIHAKOBHUX CTEIEHIB JOPIBHIOE BiIHOIIEHHIO KoedillieHTiB Ipu
CTAPIIUX CTENeHAX &; AKIIMO YK CTelleHi MHOTOUJIeHIB Pi3Hi, TO TpaHUId
IXHBOI'O BIJTHOIIEHHS JIOPIBHIOE HYJIIO, KOJIU CTEMiHb YUCETIbHUKA MEH-
MU 3a CTeliHb 3HaMeHHHMKa, i — HeCKIHIeHHOCTI Yy MPOTHJIeXKHOMY
BHUIIaKY, TOOTO

0, m < s,
. amxm—l—am_lwm_l—l—...—l—ao (075
lim = —, m=s,
e—too  ber® + be_1x5 1 4 ...+ by bs
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2.6. Jlesikl o3HaKu ICHyBaHHA rpaHuill PyHKIT

He xoxxna ¢hyHKIIS Mae CpaHUIO, HABITh TOMl, KOJIM BOHA 00Me-
ena. Hanpukiazn, f(z) = sinz npu & — 00 rpaHuIl He Mae, aje
|sinz] <1, 2 € R.

Posrngnemo meski o3HaKM icHYBaHHS TpaHUIl (PyHKIIIL.

Teopema 6. Hexail y deaxomy oxoar U(a) mouxu a (3a eunsam-
KOM MOHCAUBO camoi mouku a) dynkuia f micmumoca minc Pynk-
ULAMU Y 1, AKL MAIOMb 00HAKO8Y ZPAHUUI0 NPU & — A, Mobmo,

[

p(x) < flx) < (), 2 €U (a),
lim ¢(2) = lim ¢ (x) = b.

r—ra r—ra
Toov pymxuia [ mae npu x — a my camy epanuuro b, mobdmo
lim f(z) =b.
r—ra

« 3rigno 3 ymosoio  ¢(x) < f(x) < (), x € i (a).
JlomaMo [0 BCiX 4acTWH HepiBHOCTI —b:

p(2)—b< fla)—b< d(x)—b, 2 € U (a).
3BijICH BHUILIUBAE, IO

|/ (2) - b] < max(|p(x) = bl, [&(x) — b)), 2 € U (a).

OckinbKH
1i_r>n plr)=be Ve >036 >0Vx € ﬁ(a;&)ﬁ i (a) :
p(z) =0 <z
lim () = b ¥ > 036 > 0V € U (a;62)0 U (a) :
[¥(x) —b] <,

TO
o

(@)= bl <e, 2 €U (a;61)0 U (a;6:,)0 U (a),
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o pisHocuisHO lim f(z) = b. »
r—ra

Teopema 7. Hexati dynxuia [ monomonna 1 obmedrcena npu
x < a (x> a). Todi icnye aisa (npasa) epanuua f npu x — a:

lim f(z)= f(a—0),( lim f(z) = f(a+0)).

r—a—0 r—a+0

Hacaimok. Obmesrcena monomonna nocaidosnicms {x,, n € N}
MaAE 2PaAHULIO.

2.7. JIBl BaxKJIMBl TPaHUIll
2.7.1. Ilepma BaxkJjusa rpanunsd. /osecmu, wo

sin @
=1.

lim
z—=0 T
« Besrnocepeite obunciieHHd i€l IpaHulll MPUBOIUTD JI0 HEBU3HA~
YeHOCTI BUTVIAAY 8. JIJ1st pOSKPUTTS Tli€l HEBU3HAUEHOCTI CKOPHUCTaE-
MOCS TeOMETPUIHUMHU MipKYBaHHIMU.

y Hexait ¢ — BeanuwmHa HOeHTpaJIbHOI'O

C KyTa B pamiaax i 0 < 2 < a pa-

57
diyc xoma R. Ougepummo, mo Sasop <
ScexT.40D0 < Sacop. Ockinbku AB =
N Rsinz,OD = R,CD = Rtgz, To omnep-

0 BD x KUMO

1 1 . 1 1 1
5OD-AB< 5AD-R< §OD-CD¢>§R23inx< 5R?ac<

1 . T
< §R2tg9@ Ssine <z <tge,z€ (0;5).
[TomimBInm 11l HepiBHOCTI Ha sin z > 0, MaTuMeMoO

X

s
1 0; —).
< 7$€(72)

sin cos &
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N . T .
OueBUIHO, 10 115 HEPIBHICTH NpaBUIbHA 1 JIJ1s & € (—5; 0), ocKiTbKN
-z

x
- = ——, cos(—z) = cosz.
sin(—z)  sinz

OtKe, MaEMO HEPIBHOCTI

D P L A
Ccos T x —— =)
x ’ 2’ "2
Ockinbgu lim cosz = 1, lim1 = 1, To 3rigHo 3 teopemoi 6
. z—0 z—0
. sinz
lim =1. »
wﬁo x DTS . .
Hapenmemo mpuKJIa i 3acTOCYBaHHSA 1Ti€l BasKJIUBOI IpaHUTL.
. tg2
ITpukaazx 12. 3uaiitu lim &7
z—0 x
4 Maemo .
. tg2x . sin2zx 1
lim = lim -2 =
=0 X =0 2x cos2z
. in 2 . 1 .
hmsmxllm clim2=1-1-2=2. »
=0 2 e—=0cos2x «—0
. . 1l —coszx
Ilpukaan 13. Buaiite lim ———
r—0 xr .

« OBYHCIMMO II0 TPAHUINO, 3pOOUBILHK [IEBHI IePETBOPEHHS
1= . 2sin?Z . sinZ£\?% 1
hmﬂ:hmiz:hm 2 - =
z—0 T r—0 g2 r—0 z

. 2
. sing | 1 1
= | lim 2 clim-=1--=-. p»
r—0 % r—0 2 2 2

2.7.2. lpyra BaxkJmBa rpaHulid. J[osecmu, wo nocaidosHicms
" ‘
{z,,n € N} = {(14+ —)", n € N} wmae cxinvenny epanuypo, axa
micmumocs miore 21 3.
« Jlns nowenenns: Toro, 1o icHye rpanutig lim z,, nepeBipumo
n— 0o
BUKOHAHHS YMOB HACJIIIKy 3 TeopeMmu 7.

CkopucraBiuch ¢opmyiioo Oinoma HbloTtona, nomgamo z, y
BUTJISI]:
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2! "2
_I_n(n—l)(n—Q) i_l_m_l_n(n—l)...(n—(n—l)) 1
3! n3 n! nn
abo 1.1 1 2
=24 (1= )+ —(1——)(1-=
¢ +2'( n)+3!( n)( n)+ +
1 2 n—1
—(1-=)1-3)..(01- .
T T I
AmnaJjorigto
1 1 1 1 2
b1 =24+ —=(1— —— —(1 — 1-—
Tt =24 51— o) A - )0 - o) e
1 1 2 n—1 1
—(1— 1-— (1=
+n!( n—l—l)( n—l—l) ( n+1)+(n+1)!><
1 2 n
1-— 1-— (1= .
X ( n+1)( n+1) ( n+1)
OcklibKHU

k k
l—=—<1l———0 k 1, ...
n< n_|_17 6{07 1 n}?

i, KpiM TOTO, Zp41 MICTUTDh Y MOPIBHAHHI 3 Z, JOJATKOBUI T0JaTHUI
wieH, To ¥, < T,y1, # € N, TobTo mMocaimosHicTh {x,, n € N} e
3POCTAI0Y0I0.

Y dopmymi s ¢, KOXKHUNE BUpa3 y jIyKKaxX MeHIuit 3a 1, i, Kpim
TOrO,

1
B S gET
Tomy ansg xoxkHoTO N € N BUKOHY€ETHCS

ke N\{1}.

ST SV S S
Ty sttt =

To6TO TocimoBHICTL {2,, n € N} obmerkena 3Bepxy umciom 3. Ode-
BHUIHO, Mo {z,,n € N} obmexena 3uusy 2.
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OtKe, TOCIIIOBHICTD € 3POCTAI0Y0I0 1 OOMEKEHOI0, a TOMY 3T1IHO
3 TOMepeHiM HACIIKOM Ma€ CKiHYeHy I'paHullio, fKY MNO3HAYaloTh

OYKBOIO €:
n

lim 1—|—l =e, me2<e<3.
n—0oo n

Tousrime migpaxoByeTbed, 1Mo e & 2, 7T18281.... Kpim Toro, MoxKHa
JIOBECTH, IO € € ipPalioHAJTbHUM JUCIOM.

oseneno, mo dyuriig f(z) = (1—|— %)x mpu & — +oo i npu
r — —00 Ma€ I'PAHUIICIO YUCTIO €:

xr

T—r 00

. 1
e= lim |14+ —
z

VY miit piBHOCTI TOKJIA/IeMO § = %, TOOTO & = i i 9K pe3yabTaT

OJIeP:KHMO IIle ONMH 3alliC YUCIA €:
1
e = lim(1 v,

lim (1 +y)

Yucso e (umcno Eiinepa, HemepoBe 9HCII0) Bifirpae JIyzKe BazK-
JUBY POJIb ¥ MaTeMaTUIHOMY aHasizi. ['padik dpyukmii y = €* Ha-
3uBaeThcs eKcrmoHeHToo. [llupoko BuKopucToByloThes Jorapudmu
3a OCHOBOIO €, siKi Ha3WBalOThcs HATYpaJibHUMU. HaTypaJsibhi Jora-
pudMU TO3HAYAIOTHCH CUMBOJIOM In:

log, x =1Inx.

Jlo uncna e IPpUBOANTD PO3B’I3yBaHHA 0ararboX MPUKJIAIHUX 3a-
Jad CTaTUCTUKH, Pi3uKH, 6ios10Til, XiMil, eKOHOMIKH] i T. II.

IIpukian 14. Posrnsremo 3amady npo HellepepBHE HapaxyBaHHs BlJ-
cotkiB. [louarkoBuii Bryag y OaHK CTAHOBUB ¢y TPOIIOBHX OJUHUIL. BaHk
pumtaaye p% piaanx. Tpeba zHaiiTh posMip BKIaAy ¢: depes { poKiB.

« Ouesnano, mo npu p% piaHUX PO3MIpP BKJIAJLY MOPITHO 301IBITYETHCS
B (1 + 55) pasiB, 10670 ¢1 = qo(1 + £55), 92 = 1 (1 + &5) = qo(1 + $£5)?,
o g = qo(1 + 55)°.

Omike , depes t pokiB cyma BKJAaAY ¢ = qo(l + 1](;;0)t

s popmysa HazuBaeThes (bOPMYIIOIO CKJIIAJHUX BIICOTKIB.

AKImo HapaxXoByBaTH BIJICOTKM IO BKJaJax He OAWH pa3 Ha PIK, a n
pasis, T10 [P TOMY CaMOMy IMOPIYHOMY IPHPOCTY p% BIICOTOK HapaxyBaH-

p . .
Hf 3a ——HY YaCTHHY POKY CTAaHOBHTHMe — %, a po3Mip BKJaidy 3a ¢ POKiB
n n
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npu nt HapaxyBaHHSX JOPIBHIOBATHME

_ P nt
¢ = qo(1+ IOOn) .

BpaxkaTwMeMo, IO BIACOTKM MO BKJIAaAy HapaXoBYIOTHCA KOXKHE IIBpIYds
(n = 2), mokpapranbHo (n = 4), momicsaro (n = 12), KoxkHOro JHA (N =
365), moromunu (n = 8760) i T.4. , HemepepsHO (N — 00). Tozai posmip
BKJIaJy 3a { POKIB CTAHOBHTHME

Y P nt __ 1 P p 100 =
g = HILHSO go(1l + —100n) = 4o JE{}O(“ + 100n) )

__p
= | no o ms o | = IR = g

Is dopmyrna Bupazxkae HOKA3HHKOBHH (€KCTOHEHI[IATBHII) 3aKOH 3pOC-
tarHs (npn p > 0) abo cnaganns (npu p < 0) posmipy BKIay. BoHa BHKO-
PHCTOBY€EThCSI TIPW HEMEPepBHOMY HapaxXyBaHHI BiJICOTKIB.

Ha mpakTuml y diHaHCOBO-KPETUTHUX OIepallisix HellepepBHe Hapaxy-
BaHHST BIJICOTKIB BHKOPHUCTOBYETLCSI PIJKO, ajie BOHO € eheKTHBHUM DU
aHaJIl3]l CKIaJHUX (PIHAHCOBHX TpoLJIeM, 30KpeMa, MpH OOTpYHTYBaHHI Ta
BHOOPI 1HBECTHINIHHAX PIIIEHD. P

V baratbox BHIaAKax OOUTUCIEHHS TPAHMIL CIIPOILYETHCH, SKIIMO

CKOPHUCTATHUCS eKBiBaJIEHTHICTIO HECKIHYEHHO MaJIuX (PYHKIIIH.

. sinb
ITpukaazx 15. 3uaiitu lim PINOT
z—0 x + x3

« Ocxinpkn sinbx ~ bz, £ + 22 ~ & npu £ — 0, TO

sin bx bx
lim ——=1lim —=1lim5=5. p»
z—=0 x + x3 z—=0 T z—=0

Hagenemo jesiki ocHoBHI ekBiBasieHTHOCTI. fKmo a(z) — 0
npu ¢z — a, 10 a(z) ~ sina(z) ~ tga(z) ~ arcsina(z) ~
arctga(z) ~ In(1 + a(z)) ~ (e*®) — 1),
. 2arcsinzx
Ilpukaan 16. 3naiita rpasmmio lim ————.
=0 3z
. 0 . .
< MaeMO HEBU3HAYEHICTL THUITY 6 OCKLH])KI/I arcsinx ~ x IIpu T — 0,

TO
. 2arcsinzx . 2z .2 2

Im ——=lm—=Ilm-=-. p»
z—0 3z z—0 3x z—=0 3 3
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3. HenepepsBHicTb DyHKITIT

[onsTTs HenepepBHOCTi DYHKIIIT € OJHUM 3 OCHOBHUX TIOHATH Ma-
TeMaTUIHOTO aHAJI3y.

3.1 O3HayeHHs HenmepepBHOCTI QPYHKIIT

Osnauvenns 1. Qyuxwia y = f(x) 3 obaacmio susnavenns X Ha-
3U6a€MbCA HEMIEPEPBHOIO B TOUII Tg, AKUWO GUKOHYIOMBCA [JMOB:
1) ¢ynxwia f eusnavena 6 mowui xg, mobmo xg € X;
2) cnye lim f(z);
r—rxo
3) lim f(z) = f(=o).
r—rxo

Ockinmprn lim @ = xg, TO yMOBY 3) MOKHA 3aIMCATH ¥ BUTVISI]

lim f(z)= f(lim z),

r—rxo r—rxo

TOOTO 17151 HerlepepBHOT (DYHKINT MOYKHA MIHATH MIiCIISMU 3HAK XapaK-
TepucTUKK f 1 3HaK IpaHMIl lim.
Axmo lim f(z) = f(xg) abo lim f(z) = f(xg), To dyHK-
rz—xo+0 rz—xo—0
s f Ha3WBAaETbCs HEMEPEPBHOIO B TOUIN Tg cripaBa abo 3JiBa
Bijmosinuo. OueBuaHO, M0 KoM (PyHKIH [ HerepepBHA y TOULi Zg i
clipaBa i 3J1iBa, TO BOHa HelepepBHa B IIiil TOUII.

Pisauifo & — xg Ha3HWBAIOTh TIPUPOCTOM apryMeHTy & y TOUIl Zg i
MO3HA4aI0Th depe3 Az, a pisaniio f(z) — f(zo) — npupoctom GyHKIIT
[y rounii g, aKUi BUKJIUKAHUN TPUPOCTOM apryMmedTy Az, i mo3Ha-
qaroTh cuMBosioM A f abo Ay. Orike, Az = x—z9, Ay = f(z)— f(20).

Y
y= f(x)
fleo+ Ax)p — —
|)AY
flzo) — A
0 To xg+ Az x
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3ayBazxKuMO, 110 TpHU (PiKCOBAHOMY Zg BesnuunHa Ay e yHKIIEO
aprymenty Azx.
Y HOBHX IO3Ha4YeHHAX piBHICTH lim f(2) = f(zo) MoxHa HOTATH

r—rxo
V BUTJISAI]
im (f(z) = f(wo)) =0,
abo
lim Ay =0.
Az—0

3BilIcK BUILIMBAE O3HAUEHHS.

OsHauenns 2. Qyuxuia [ Hazusaecmvbca HeIepPepBHOIO B Iy
AKWo 17 npupicm y uill Moyl € HeCKINYeHHO MaA010 GYHKUIEIO npu
Az — 0.

Oyukiig [ HasHBaeTbcd HeIlEPEPBHOIO Ha MHOXKMHI X, sK-
IO BOHa& BM3HaYeHa Ha IMifi MHOYKWHI ¥ HellepepBHa y KOXKHIN TOUII
el MHOKUHU. 30KpeMa, pyHKIisg f HemlepepBHa Ha [a; b], AKIIT0 BOHA
HerepepBHa Ha (a;b) i HerepepBHa y TOWI a CIpaBa, a y TOUI b
smiBa, Tobro lim  f(z) = f(a), lim f(z) = f(b).

r—a+0 z—b—0

Hpuknazn 1. JocnianTa Ha HelepepBHICTH GYHKIIO ¥ = 2.

« Obnacts pusHauenHs $yuxmii D(y) = R. BisbMemo JoBiTBHY TOU-
Ky ¥y € R. Maewmo, 1o mpupict GyHKINI, Skl BIATOBIAae TPHPOCTY Ax
apryMeHTy JOPIBHIOE

Ay = (xo + Ax)? — 22 = 22 + 2x0Ax + (Ax)? — 22 = Ax(2x0 + Ax).

OueBugno, mo Koau Az — 0, to it Ay — 0. Orxe, pyHKIA f HellepepBHA B
TOYII Z(, & OCKLIBKH Il TOYKA JOBLIbHA, TO (pYHKIA HellepepBHa Ha K. P

3.2. BaacruBocTi (yHKIIiT, K1 HellepepBHl y TOYIII

Teopema 1. Hxwo dynxuii’ f 1 g nenepepsni 6 mouut xg, mo i
Pynruii f g, f-g, = maxooc nenepepeni 6 Yl mouyl (0OCmaHHA

npu g(z0) #0).
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« OcKUTbKYU HerepepBHi B Toulll &g (PYHKIIT MaloTh y 1iil ToYIl
CKiHYeHHI TpaHuIIi:

lim f(z) = f(zg), lim g(z)= g(x0),

r—rxo r—rxo

TO 3Fi,ZLHO 3 OCHOBHMMUM TeopeMaMU IIpo FpaHI/H_[i7 MaTHUMeMO

lim (f(x) £ g(x)) = lim f(x) % lim g(z) = f(x0) £ g(x0);

Jim f(z) g(z) = lim f(z) lim g(z) = f(zo) g(xo);
lim f(z)
. f(x) T _ f($0)
M o) = T a1 ata)” 007
i

3Bincu i BuruuBae, mo byuxiii f g, f - g, m HellepepBHi B TOUIT
Zg. P

3a, IOTIOMOT0T0 TIi€l TeoOpeMH JOBETEMO HETIEPEPBHICTD JeTKUX eJe-
MeHTapHUX (pYHKITH.

1. Pamionanbui d¢yukiiii. PosrigneMo crnodarky pyHKILO
f(z) =C, z € R. Ouesnino, mo /7151 JOBIBHOTO g € R xhigo flz)=

C = f(zg), TobTO cTasNa (DYHKINS HelmepepBHA y KOXKHIN TOUI wnc-
JI0BOT oci.

Anagoriuno s byukuii f(z) = z, ¢ € R, maemo: lim f(z) =
r—rxo

lim 2 =29 = f(20), To6TO DyHKIA € TaKOXK HerepepBHOO Ha R.
r—rxo

SAkmo ckopucTaTHcs TeopeMmoio 1, TO OTpUMaeMo, MO PYHKIIL
2 =x-x; 2 =22 2 .. ;2" = 2" - x HemepepsHi y OVIb-AKiil
Touni 3 R.

Posrnganemo Tenep ajredpaidHuii MHOrO9IeH
n n—1
P,(z) = apz" + arx + .. tap_17+a,,

Je n > 0 —11iJte uncyo, ag, a1, ... , G, — JOBIIBHI AilicHI uncaa. Koxuuii
3 AO0JaHKIB agz”, ... , @, € JOOYTKOM IBOX HellepepBHUX (PYHKIIA
— CcTaJIOl 1 cTeleHeBol, a, OTXKe, € HellepepBHOIO (PYHKINE 3rigHo 3
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JTOBeJIeHOI0 BHIe Teopemoto 1. Tomy Muorowusen P, (z) € HertepepBHOTO
dyukiieo y Oynb-gkiit Touni zg € R sk cyma HernepepBHUX (DYHKITIM.
2. JdpobGoso-pationanbHa GYHKINE, TOOTO (PYHKINS BULISILY
_ bul®)
Qum(z)’

ae P, i (), — MHOTOYJIeHH! BiIIOBIIHO CTEIIeHIB 7 1 m, € HellepepBHOIO

R(x)

y BCix Toukax xg € R, jge 3HamMeHHUK (), He JAOPIBHIOE HYIIO, SIK
JacTKa HerepepBHUX (PYHKILM.
3. ®yukuia f(z) = |z], v € R.

OuesBnnHo, mo ko z € (0;00) abo
z € (—00;0), 10 f(2) =21 f(z) = —2
BiJIMIOBITHO, a, OT¥Ke, € HelepepBHOIO
0 x ¢yuknieo. Jlosememo, 1mo 1g pyHKIIA
HellepepBHa 11 y Touni = (0. Maemo

y = |z

lim |z]= lim (-2)=- lim 2 =0;
r—0-0 r—0-0 r—0-0
lim |z]= lim z=0.
r—0+40 r—0+40

Ile o3na4ae, mo npaba it JiBa rpanuii B Toull ¢ = () 0THAKOBI, a TOMY
PpyHKIIiS HemepepBHA B IIiii TOYII].

4. Hafinpocrim esemenTtapHi dyHkuii. /loseneno [10], mo
HalimpocTimii egeMenTapHi PYHKIIIT HellepepBHI B 00J1aCTi BUSHATEHHS:

1) y=a", 0 < a # 1, - Henepepsra Ha R;

2) y =log,x, 0 < a# 1, Henepepsna Ha (0;00);

3) y=sinz iy = cosa — HemepepsHi Ha R; y = tgx — HemepepsHa
npu r # 5+ wn, n € Z; y = ctgx — HemepepBHa TIpu T # 7, n € Z;

4) y = arcsinz i y = arccosz — HerepepsHi Ha [—1;1]; y = arctga
i y = arcctg @ — HemepepsHI Ha R.

JloBemeMo, HaIIpHKJIaI, HellepepBHICTh (PYHKIN ¥y = sinz y A0-
BibHIM Touli € R. CkopucraeMoch 0O3HaUEHHSM 2 HelepepBHOCTI
¢yuknii. Hagamo aprymenty ¢ mpupocty Az, Tomi dyHKINS Habyme
PUPOCTY
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A Az
Ay =sin(z 4+ Az) —sinz abo Ay = 2cos(z + 5) sin -
[TepefimoBimm o TpaHWIl B JIBiM i mpaBift JacTUHAX PiBHOCTI TIpH

Az — 0, nicranemo

A A A
Algiglrgo Ay =2 Al}grgo(cos(x + 796) sin 796) =0, 60 |cos(z + Txﬂ <1,
A S 1
lim sin =2 = lim e im 22 —1.2. lim Az =0,
Az—0 2 Az—0 % Azr—0 2 2 Az—0

a J106yTOK oOMerkeHO! (DYHKIIT Ha HECKIHYEHHO MaJy € HeCKiH4YeH-
HO MaJiolo. Orzke, (DYHKINS y = sin & HelepepBHa B IOBIIbHIN TOYII
z € R.

Teopema 2. Hrxwo dynxyia f nenepepsna 6 mouui xg i f(xg) >
0, mo icnye maxuil okia mowku xo, y axomy f(x) > 0.

« 31ijIHO 3 03HauUeHHAM HerepepBHOCTI (ByHKIUT [y Touri &g Mae-
Mo, mo lim f(z) = f(xg). CkopucraBmuch O3HaYeHHSIM I'DAHHUII,
O,ZI;ep}KI/HVQIU(;mL?_LO

Ve = f(xo) > 036 > 0Va € U(xo;d) = |f(x) — f(zo)] < f(zo)

abo
0 < f(z) <2f(x0).
Otxe, st © € U(xg; 0) npasuibha HepiBaicTh f(2) > 0. B
Teopema 3. fdrwo Pynrkyia v = @(x) Henepepsna 6 mouyl o,
a gynxura y = f(u) nenepepsna 6 mouui ug = p(g), Mo crxaadena
Pynruyia y = f(e(x)) nenepepsena 6 mouyi xg.
« /li1s1 1oBejIeHHST TeopeMy JIOCUTh MepeKOHATHCS, M0
lim f(e(2)) = fp(20))-
r—rxo
3rigao 3 HemepepsHicTio QyHKIT © = ¢(z), maemo lim ¢(z) =
r—rxo

(o) = ug, TOOTO TIpM & — T TAKOXK i U — ug. Tomy, ckopucTaBITICH
HerepepBHicTo GYHKIIT f(u), JicTaHemMo

lim fp(2)) = lim f(u) = f(uo) = (o). »

r—rxo U—rUQ
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Kopotko 110 Teopemy wMoxKHa cOPMYIIOBATH TaK: CkAadeHa
Pynruyia y = f(p(z)), ava ymsopena 3 deox wenepepsHur Hynryil
f(u) 1 p(x), € nenepepsnoro dymnruiero.

Hanpukman, cknajena gyHkiis y = sin(z? + 4z — 3) HemepepbHa
n71s Beix z € R, ockinbku dbyHkmii y = sinu i v = 2% + 42 — 3 Here-
pepBHi ckpisb Ha R. Ckiagena dbynkmig y = In(1 — 2?) Henepepsra
JI7TS BCiX 3HaYeHb &, MO 3a/10BOJBHAITL HepibHicTh 1 — 22 > 0, TobTO
B iHTepBasi (—1;1).

Ax Bimomo, esiemeHTapHO0 (DYHKIEI0 HA3UBAETHCH Taka (DYHK-
Lid, 9Ky MOXKHA 3aJ/IaTH OJIHUM aHAJITUIHUM BUPA3OM, CKJIQJIEHUM 3
OCHOBHUX ejleMeHTapHUX (PYHKIII 3a JA0MOMOrot0 CKIHIeHHOTO YUCIa
apupMeTUUHUX [iif 1 CKIHYeHHOTr0 Yiciia YTBOPEeHb CKIa/IeHuX (DYHK-
uiit. OckisibKu ocHOBHI esieMeHTapHi (DYHKIIT HerlepepBHi B yCix To4-
KaX, y $IKMX BOHU BM3HadYeHi, TO 3 TeopeM 1 i 3 BUILIMBaE, MO BCAKA
eJleMeHTapHa (byHKIIiS HellepepBHa B yCiX ToUkKax o0JiacTi BU3HAUYeH-
Hsl.

Heit BazkyimBuii pe3ysibraT [103BOJISE JEIKO 3HAXOAUTH PAHUITIO
esieMeHTapHOl PYHKIUT IIPpU & — X, SKIIO PYHKIIiH BU3HAYEHA B TOYII
T = xg. Jjs 1pOro J0CUTh O0UNCINTHA 3HaUYeHHsT (PYHKINI B il TOYII]:

lim f(z) = f(lim o) = f(zo).

r—rxo r—rxo
1 1
ITpukaan 2. 3uaiiTu lim M.
r—0 X

« 3ayBaxkumo, 1m0 1pu & — () 9MCETbHUK 1| 3HAMEHHUK OJHOYACHO TIPSi-
MYIOTH JIO HYJISI, & TOMY MW MaE€MO HEBU3HAYEHICTH THILY %. 3pobumo aeski
MePEeTBOPEHHS:

. log, (1+ =
lim 1081+ 2)

z—0 X

1 1 1 1/x
= lim(—log, (1 +2)) = lim log, (1 + )"/

Ockiabku gorapudmiaaa GyHKITISA HeTEPEPBHA, TO MU MOYKEMO TTepeiiTn
JIO TPaHUIN i 3HaKOM (PYHKIII, ToOTO

z—0 X

_ . 1/
= IOga(il—%(l + ) 7).
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Bigomo, mo lim (1 + x)l/x = e, a TOMY
r—0

log (1
lim og, (1 +z)

=log,e.
r—0 X Ba
3okpeMa, TIpu @ = €
. In(l14+=
lim g =1 »
r—0 X
. .oa—1
ITpukaan 3. 3uaiiTu lim .
z—0 x
« TyT Mu MaeMO HeBU3HAYEHICTH THITY %. Jls 3HAXOMIKEHHS TDAHMUIT
spobumo saminy sMminHOl, nokmapmnm a” — 1 = ¢. Tomi ¢ = log,(1 + ).

Baypaxytoun, mo npu & — 0 takox 1t — 0, 3HAXOAWMO

.oa¥—1 .
lim =lm—— =
e=0 t—0 log, (1 +1)
_ 5 _ 1 I |
TS0 e (4D T i, Bel0F)  log,e
¢ t—0 t
Orxe,
.oad®—1
lim =Ina.
z—0 x
3BiJICH, 30KpeMa, BUILTHBAE, 110
.oef =1
lim =1 »
z—0 x

Ilpukian 4. Hexaii pyHKil u 1 v BU3HAYEH] Ta HeNEPEPBHI B JeTKOMY
okoJi TouKH #p 1 lim u(z) =1, a lim v(z) = co. Josecrn, 1o
r—To T—=To

. lim v(z)(u(z)—1)
lim u(x)V(®) = =<0 , (3)
T—xo
sKIo icaye rparnns lim v(xz)(u(z) — 1).
T—xo
4 Maemo uHeBmsmadeHicTh 1°°. [ag i1 poskpuTTs 3pobuMo OUeBHIHI
MEPETBOPEHHS, CKOPUCTABIIIUCEH DU IBOMY HelepPepBHICTIO DYHKIIIH:
1

lim u(2)® = lim (1 + (u(z) — 1)) 5@=1)v @@= —

T—Tg T—Tg
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. 1 lim v(z)(u(z)—1)
- (i (14 (ute) - 1)
Ockinekn u(z) — 1 upn  — xg, 10 2(2) = u(z) — 1 — 0 nupum © — zg,
a TOMY

A, (1 (w@) = 1) lim (1+2)f =,
Tomi L
lim u(z)’(®) = e==o (@)(u()=1). R
Tz

Bacrocyemo dopmyity (3) 1715 3HAXOMKeHHsT KOHKPETHOT TpaHMII].

. 2
Ipukaazn 5. 3uaiite lim (1 + z?)8" ",
r—0
« OCKLIBKH MaeMO HEBH3HAUYEHICTH TUOY 1%, TO cKopucTaeMochk hop-
Mynomo (3):
H 2 2
;I—I;ﬂDCtg z(l+e-1) o

lim (1 + xz)Ctg% —e =
r—0

. 2 cos? .
lim p*ces_2 lim (==
Sin @

— ex—0 sin x — ex—0

2 7 2
-1
Plimeoss _ 11

Y migposmisi 1.5 mporo po3iiiay 0yiio BBeeHO NOHATTS 00epHEHOT
byHKIT i g0BeIeHO, 110 CTPOro MOHOTOHHA Ha JIEAKOMY MPOMIiZKKY
X ¢yHKIig Mae obepHeHy, SKa BH3Ha'UeHa Ha MPOMIXKKY Y — MHO-
JKMHI 3Ha9eHb IpsaMol (PYHKIII | € TaKOXK MOHOTOHHOIO. Biamosiap Ha
MUTAHHS, KOJIK K obepHeHa (DYHKINS € HellepepBHOIO, J1a€ TeopeMa.

Teopema 4. frwo Pynryia y = f(x) nenepepsna i cmpozo mo-
nomouna na npomioicky X 1Y — mmuoorcuna anavens wiel ynxuii, mo
na mmooscuni Y icnye obeprena dynxuia x = f~H(y), axa e maxooic
CMPO20 MOHOTNOHHOW | HENEPEPEHOIW.

3.3. Knacudikalliss TO4oK po3puBy (pyHKIIT

Touxa g Ha3UBAETHCH TOUKOI PO3IPUBY (DYHKINT f, SKIO BOHA
HaJIe’KUTh 00JIacTi BU3Ha4YeHHs (PYHKINI abo i1 Mexki i He € TOYKOIO
HeriepepBHOCTI. [Ipu HpOMY PO3PISHAIOTH TPU TUIM TOUOK PO3PHUBY.

1. YeyBuwuii pospus. ko xli}rg f(z) icuye, ane dynKuis He

0

BU3HaUeHa B TOUIl g abo lim f(z) # f(x¢), T0 TOUKa z( Ha3W-
r—rxo

BAE€THCsl TOUKOIO YCYBHOTO PO3PUBY (DYHKII]I.
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Ilpukaan 6. JlocaianTr Ha HemepepBHICTL (DYHKIIO

_ SinTx, akmo x # 0,
f(x) _{ 2, gxmo x=0.

<« Slxmo x # 0, To f € HenmepepBHOIO BYHKITIEIO, AK YacTKa HellePePBHUX
. . . sinz
dyuxmii. Tomy Tpeba gocaiautu Touky = = 0. Maemo hr% =1#2=
T— xr
£(0), a me osnHauae, o TouKa # = 0 € TOYKOK YCYBHOTO PO3DHBY.

Ile#t pospuB MoXKHA YCYHYTH, AKIITO TIAIPABATH HAIly (QYHKINO, TOOTO
B3STH

= { 35 e 230

1 1, akmo x=0.

2. Pospus 1-ro poxy. I'panuiig lim f(z) He icaye. fkmo mpn
r—rxo

BOMY ICHYIOTH 00m1B] 01HOGIuHI rpanut f(zg+ 0) i f(zg — 0) (oue-
BUIHO He PIBHI MiK c060I0), TO g HABMBAETHCS TOYKOI PO3PUBY

1-ro ponay.
Ilpukaan 7. JocaianTa Ha HemepepBHICTL (DYHKINO

—1, gkmo =z <0,
f(z) = sgne = 0, sgxmo x =0,
1, gxmo x> 0.

« dxmo z # 0, o dyukiis HemepepsHa. Tomy Tpeba gocaignTy ii B
roum « = 0.

Maemo
le)IlOf(x) - le)IlO(_l) - _1;

OckiabKy 11 OAHODIYHI TPAHUIN Pi3HI, TO TouKa & = () € TOYKOI PO3PUBY
MEPITOTO POIY.

Ouepngno, mo f(04+0)— f(0—0) = 1— (=1) = 2. V npoMy BHIAAKY
KaXKyTh, MO (BYHKIIS Mae B I TOUNl cTPUOOK, KW JOpIBHIOE 2. P

3. Pospus 2-ro poay. Touka zg Ha3WBaeThCsd TOYKOIO PO3PUBY
2-ro poay, #KIo B Miif Toduni ¢yHKIg f He Mae xoda O omHiel 3
OTHOOIYHMX IpaHuIlb abo IMpHUHaAlMHI OdHA 3 IIUX IPAHHUIb IO0PIBHIOE
HeCKiHYeHHOCTI.
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Ipukaan 8. Hocaigutu dbyrknio f(x) = 2% Ha HellepepBHICTH i
BUBHAYUTH XapaKTep TOYKH PO3PHUBY.

« Oynkuis BuzHadena Ha Muoxuui X = R\ {0} i nenepeppua six cymep-
MO3WIIIS HellepePBHUX PYHKINH. ¥ Tourl g = 0 dyHKIIs f He BU3HAUEHA 1
f(0-0) = ngIlOQ_% =400, f(0+0) = xligr_ll_o 27 = 0. OTxe, TOUKa T
€ TOYKOIO PO3PHUBY APYTOTO POJY. B

Oynukis f Ha3MBaeThCs KYCKOBO-HEIEPEPBHOIO HA [a; b], K10
BOHa HellepepBHa B yCiX BHYTPIIIHIX TOYKaX IbOT0O BiJIpi3Ka, 3a BH-
HATKOM, MOXKJHBO, CKIHIeHHOTO YHMCJIa TOUYOK, V¥ SKUX Ma€ PO3PUBU
1-ro poxy, i, KpiM Toro, Ma€ ogHOOIYHI TpaHUIl Y TOUKax a i b.

Oyukiig f Ha3HMBaEThCH KYCKOBO-HeEIlePEePBHOI Ha R, gKIno
BOHa KYCKOBO-HeIlepepBHa Ha JOBIIBHOMY BiIpi3Ky.

Yy [puxianom KYCKOBO-Helle-

2 — pepuoi Ha R ¢yukmni €

i — f(z) = [z]. g dyskuis B Tou-

L Kax £ = n, n € 7, HellepepBHa

i) _j 0 1 2 3 x clipaBa i pO3pWBHa 371iBa, a B

-1 yCiX IHNWUX TOYKAX HHUCIOBOL
o ) ocl HellepepBHa.

— -3

3.4. BaacruBocTi (pyHKIN, HellepepBHUX Ha BIAPI3ZKY

Teopema 5 (mpoxonzKeHHs HemepepBHOI (YHKIIT yepes
HyJb). Hexaili ynxuia f nenepepsna na eidpisky [a;b] @ na xinuax
610pi3Ka Habysae 3Hauenb pisnur 3uaxis. To0i icnye mouka ¢ € (a;b),
y axi f(c) = 0.

leomerpuanmii 3MicT TeopeMu Takuil: Axuo mouku epadira Gymx-
wit y = f(2), wo sidnosidaroms xinuam sidpizxa [a; b, aescamo no
piane boxu e61d oct Oz, mo uell 2padix nNpuHatimMHi 6 00HI MoNUL
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sidpizka nepemunae eicv O,
Y

a [N
of b z
A

Hacuaimok 1 (npoxonzkeHHs HemepepBHOI yHKIT yepes
JOBLIbHE POMIiXKHe 3HAUeHHd ). Sxuwo pynxuia [ nenepepsna na
sidpisxy [a;b], fla) = A, f(b) = B, A # B 1 C - dosiavue wuc-
A0, AKe micmumbvea minc wucaamu A 1 B, mo wna iwmepsaai (a;b)
3natidemuvca npuratimmi oona mouka ¢, daa axoi f(c) = C.

Heit naciifgok MoxKHa cOpPMYNIIOBATH H TaKk: HEnEpepsna Ha
6i0piaxy [a;b] Pynruia nabysae Yci NPOMINCHT 3HAYEHNA MIdHC T 3Ha-
YEHHAMU MG KIHUAT 610piska, mobmo, Henepepsna Ha [a;b] Pynruia,
nepexodany 610 00H020 3HaMeHHA J0 dpy2020 0606°A3K060 NPOTOIUMD
MEPER YL NPOMINCHI BHANEHHA.

SayBazkeHHs 1. Hxwo Pynrxura na sidpiaxy mae npunaimui oo-
HY TMOUKY PO3PUSY, MO MBEPIHCEHHA meopemi § 1 nHacaoxy 1 nepe-
cmaroms dymu npasuavhumy. Hampukian, dyskmig y = % JoJaTHA
npu ¢ = 1 1 Big'emna npu @ = —1, ase Ha Biapisky [—1; 1] Hemae
TOYKM, Yy $Kiii BOHa meperTBoOpioeTbcst B HyJb. Lle € HacainkoMm Toro,
o Ha BiApi3ky [—1; 1] € Touka pospusy = = 0 pyHKIIil.

Y

Teopema 6 (gocsarHeHHsi (YHKIi€I0, HEMIEPEPBHOI0 HAa
BiZIpi3Ky, CBOIX HaAMGIJILIIOro Ta HAMMEHIIIOr0 3HAYEHD ). SKul0
dynruia [ nenepepsna na 6idpisxy [a;b], mo eona docazae na uvomy
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810p13KY C60IT AK HAUOILALULO20, MAK T HATUMEHULO20 3HAMEHD.

N

0| ax2 T b x

yl

Ils Teopema CTBepKYe, MO Ha BIAPI3KY [a;b] sHalimerbcs Taka
TOYKa %1, 3Ha4deHHd PyHKO [ B gKiii Oyme HaibinbmmM 3 ycix 11
3HaveHb Ha 11boMy Biapisky: f(z) < f(z1), @ € [a;b]. Anasorivno, Ha
BIIPI3KY 3HaiifeThcs Taka TOUKa g, o f(x) > f(x2), ¢ € [a;b].

Hacuaimok 2. Hxwo dpymnxuia f nenepepsna na sidpizky [a;b], mo
BOHA 0OMEICENA HA ULOMY GI10PI3KY.

[Hoznagumo depes M i m BignoBiaHo HailOLIbIIe | HaliMeHITe 3Ha-
venns dyukiil f #a Biapisky [a;b]. Tomi

m< f2) <M, € ash]
Hexait C' = max(|m/|, |M|). ¥ npomy Bunajxy
@) < wela;b],

To6TO f € 0OMerkeHOIO Ha BIAPI3KY [a; b].
BayBaxkeHus 2. Teopema 6 ne mae micya, axuo 6i0pizok [a;b]
. . . . _ 1
saminumu iwmepeasom (a;b). Hampuknan, dymkuia f(z) = +
HeriepepBHa Ha (0;1), ajle He € OOMeKeHOI Ha HBOMY, OCKIJIBKH
lim — = 4o0.
r—0+4+0 2
Hait6inbire snaderns byHKINT Ha [a;b] MO3HATAIOTD CHMBOJIOM

M = sup f(z),
[a;0]

a HaiiMeHIIe
m = inf f(z).
[a;b]f( )
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Pisnmirg mizxk M i m Ha3suBaeTbCa KOJIUBAHHIM HellepepBHOI (PyHK-
i "a [a;b] i mosHavgaerbest 6YKBoIO w: w = M — m.

Buopasu

1. Buafitu obaacThk BusHaYeHHS (DYHKIII:

1)y = —vVa?—4dz+4;2) y =logy(z — 2); 3) y = vz — 1g(2z — 3);
2 1

%; 5)y = Vasin®rr; 6) y = ————— + vV + 2.

x

lg(1 — =)

2. 3HalTH MHOXKWHY 3HaYeHb PYHKITI:

Dy=2—x—2%2)y=3sinz+cosz; 3) y =257,
4)y:%arcs1nx 5) y = Vbhr — 4 — z?; 6)y_%.

3. HocinuTu Ha MapHicTh (HemapHICTE) QyHKIIO:

)y = 22Yx + 2sinz; 2) y = |l‘|—56x2; 3)y = 2?2 +52;4) y =
lnz(\/ar:2 +142);5)y=(r—1)?sin’z; 6) y = |z|+ =%, ge € [-2;10].

4. 3uafiTn ocHoBHUI mepiox dYHKIII:

1) y = sin(2z— —) 2) y = 6tg =5~ 312 3) y = cos? 27x; 4) y = cos 2z cos 6x;
5) y = tgdma + ctgbmra; 6) y = cos 21‘ + tg 3z + ctgdx.

5. 3uaiitu Haﬁ6iﬂbme 1 HafiMeHIITe 3HaYeHHT PYHKII:

y=4++V1—222)y=3sine+4cosz; 3) y = log,(x? + 4z + 6);
4) y = 2°°%; 5} y = sin* & + cos? x.

6. 3HaliTi Take 3HAYEHHS &, IJIsi AKOTO (DYHKIUS y = 32+2x4 HabyBae
HafOIBIIOTO 3HAYEHHS.

7. 3’sicyBaTh, fKl1 3 HaBeJeHUX HUKYe DYHKIH MAIOThL OOepHEH]; 3SHAWTH
BIAMOBIAHI obepHeH] byHKINT Ta IXH1 06JacT] BU3HATEHHS:

4) y = arccos

Dy=ar+b2) y=In2;3) y=2"%4)y=2>-1,2¢ (—oo,—%];
| =z, axmo z <0,
5) y—{ 2z, gxmo z > 0.
8. Bukopucropytoun osHaveHHs rpaHuii pYHKIII, JOBECTH, MIO:
. 3n+4 1 . 2n—1
1) lim nt =3;2) lim —COSE:O;3) lim 22 =2
r—
4) hm (6 — bx) = —14; 5) 1 =2
o Buai . L) n® + 2n% + 2
. HalTH  TPaHMIO  MOCJIAOBHOCTI: im ——;
panuI; it Yo BIHa

2+ 1 12+ ..
2) lim n_+1; 3) lim (V13— /n); 4) lim (u—f);

n—oco 31 — n—co n—co n+2 2
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5) lim vn2 - sinn!

n—00 n+1 ’ nLH;o n ’ nLH;o

n+1
. oozt —2z+41 . 3x+6
10. Braiitn rpaxuo: 1) hm1 —5 2) xl_1>m2 s
3) i —z? 4) 1im Sr? — 3z +2 ) ) \/1—1—1‘2—1
im ——
HB\/ 3 ene 2 pdr+ 1 90 2 1 16— 4
tg 2
6) limw;7) lim (V4% 4+ 1322 + 7 — 227%); 8) lim & x'
I cos 2x r—00 =0 sin 5z’
o 1—cos®x AR o . . 1
9) lim — ey 10 i oo 1) lim (& —5) ”?
19) 1 sin 4z 13) I arcsm(l - 21‘)
im ——; im
e0/z+1-1

2x — arcsin x 2 2
lim 71 li 1 2ye li 1 t2 ctg®x.
15) 230 21‘—|—arcs1nx 6) xggo( + a:) $17) xl—%( +3tg ) ’
-5
1
18) lim (x + )

r—00 l‘z — 3

. )
Cos ¥

. 3 233% 3 3 ctgmw,
; 19) il_r}r})(cos x)27; 20) xh_}rq(l + sin 7x)

i 2 7=
21) lim (1 +tg” V/x)

11. JdocmianTn pyHKIIIO Ha HEMEPEPBHICTD 1 BUSHATHTH XapaKTep To-
YOK PO3PUBY:

1

5(21‘2—1—3), grmo oo < & < 1
1) flzg)=4¢ 6—5z, axmo 1<a<3

r—3, akmo 3 <z < +0o0;

) = { F e 1A ) f(x):{ i
2, gakmo x =1;

‘=, axmo ¥ £ 1,
1, akmo =« =1;

20+ 1, axkmo 2<x <0
y s = o 25 <

242 axkmo 0 <z <2
2z, axkmo x < 0,

5) f(z) =% 1—x, skmo 0<2z<2,
ﬁ, AKIOo & > 2;

6) Sy =278

x
7 =
w3 D IW=
In(1 w1
12. 3majitn rTpanumo: 1) lim M 2 lim <
z—0 107 —1

¢—0 sin 3z ;
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2 1 1 +sina)
3) lim ¢ ; 4)  lim(cos® + sinz)=; 5) lim (ﬂ) ;

z—0 x z—0 e—»0 \ 1+ tge

6) lim(cos 237:)Ctg2 o 7) lim (sinab)tg i
r—0 PR
i § lg(1 + 22 1
8) lim z? (]n(1+%)_]n%); 9) limu~ 10) 1i ncosx

00 t—0 xsin2x =0

Bignosiai
L 1) B5 ) (2400): ) (5:400): 4) 3 5) ZU (0; +00); 6) (—0050) U (051).
2. 1) (—o0; %]; 2) [-2;2]; 3) [%;2]; 4) [0; g]; 5) [0; g]; 6) [-3;3]. 3. 1) Henap-

Ha; 2) [Tapna; 3) Hi napHa, Hi HenapHa; 4) Tapra; 5) Hi mapra, #i HemapHa;

4 1 T
—:3) =:;4) —:5) 1; 5. 1) Ymin = 4,
$3) 3:4) 255 1,6) 7.5, 1) y

Ymax = 9; 2) Ymin = —9, Ymax = 5; 3) Ymin = 1; 4) Ymin =

1 1
3 6 7. 1) dxmo a = 0, To 06ep-

HeHa BYHKINA He icHYe; AKMO ¢ 7% 0, To = y—o obepHena byHKIISA 1
a

6) Hi mapna, Hi HenapHa. 4. 1) 7; 2)

1
o max:2;
Q’y

5) Ymin = =, Ymax = 1. 6. 2 = £2, Yypax =

1
D = (-o0ito0);2) & = ge¥, D = (=005 +00); 3) & = 2logy y, D = (0; +00);

4)1‘:—\/3/——1,D:[—Z;+oo) 5)1‘_{

y, gaxmo y < 0,

= akmo y > 0.
2 1 2
9.1) 003 2) 533) 03 4) =55 5) 056) €% 7) €™
1 5 1 13 2 3
10.1) 052) 43 3)-12;4) 35 5) 4:6) — 7 () 7 8) £59) 15 10) 1
11) 1; 12) 8; 13)—%;14) —2; 15)3 16) €2; 17) €; 8)00 19) e 20) e !
21) e .

11. 1) # = 3 — Toura pospuBy 1-To poxay; 2) HemepepiHa; 3) © = 1 —
TOYKa YCYBHOTO po3puBy; 4) # = 0 — Touka pospupy 1-ro poay; 5) z = 0 —
TOYKa PO3pUBY 1-ro poay; @ = 2 — TouKa pospuBY 2-ro poay; 6) & = % -

TOYKa PO3pHBY 1-r0 pojay; 7) # = —2 — TOYKA PO3PHBY 2-TO POJLY.
1
12. 1) Ige; 2) 2; 3) 2Ina; 4) €5 5) 1;6) e~/ 7) e71/2; 8) 35 9) §lge;
1
10) —=.
0) 7
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Jndepenmnianbae ducjieHHdS PYHKIIIT ogHIET
3MIHHOIL

1. ITougarTa moxigHoOL
1.1. O3HayeHHd MOX1IHOI

Hexait #a meskomy mpoMmikky X BusHadeHa byHKIisS y = f(2).
BispMeMo moBUTBHY TOUKY Zo € X i HaJaMo apTyMeHTY & Y TOHIIl Zg
npupocty Ax Takoro, mob Todka g + Az Hajexkaja npoMizxkky X.
Ilpu npomy dyukiis f nabyme npupocty Ay = f(zo+ Az) — f(20).
Posrigremo BiaHOIIeHHS

Ay f(zo+ Az) — f(20)
Az Az 7 (1)

sIKe Ha3WBAETHCA PISHUIIEBUM BiJHOIIEHHIM.

Osuauenns 1. [Hoxidnowo ¢dynxuii f y mowur x¢ nasusaemoves
epanuya npu Az — 0 pisnuyesozo sidnowenna (1) sa ymosu, wo
B8OHA 1CHYE.

st mosHadeHHs oxiaHol PyHKIN f B TOYI 29 BUKOPHUCTOBYIOTH

cumBosm ¥ (z¢), f'(x0) abo df(xo)'

dz

()T}Ke7 3Fi,ZLHO 3 O3Ha4YeHHAM

. Ay . flzo+ Az) — f(wo)
! _ = _
Fwo) = lim o= lim Ar :

HKH_[O AJIA JedKOr'o 3Ha4eHHd Tg BUKOHYKOTbBCA YMOBHU

Ay ) Ay
—= = 400 abo lim — = —o0,
Az—0 Az Az—0 Az
TO KaXKyTh, MO B TOUIi %y PYHKIIS [ Mac HECKIHYEHHY ITOXI1JI-
HY BiOmoBinmHO 3Haky IuItoc abo 3Haky MiHyc. Ha sBinuminy Bin
HeCKIHYeHHOI ITOXIIHOI o3HaYeHy IMepe UM MOoXiAHY (PYHKII iHKOJIH
Ha3WBAIOTH CKIHYEHHOIO MOXITHOIO.
fAxmo dysis f Mae ckinvenny noxigny f'(z) y xoxHi# Towmi
x € X, TO KaxKyTh, 110 (DYHKIS Mae [MOXiJIHY Ha TPOMiKKY X .
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Hapememo npukiaiy 3HaXOIKEHHS MOXITHUX BiI JedKUX (PyHK-
miit.

IIpukaan 1. 3uaiitutn moxigny dyukmi f(z) = C, z € R, ge C' -
cTaja.

« Bisbmenmo goslabay TOouky x € R 1 magamo i mpupocty Ax. Tomai
dyHKIS Habyae TPHPOCTY

Ay=fle+Azx)— f(z) =C-C=0.
Ay 0

Tomy Ar - A 0. 3Bijicu BUIIHBAE, IO
x

Azx

lim %: lim 0=0.
Ar—0 Az Ar—0
Orike, (C)Y =0,z € R. p»
Ipukmaan 2. 3uaiitn moxigay bysknii f(z) =z, ¢ € R.
« Hexait x — gosinbna Touka 3 R. Hagamo it mpupocty Ax. Tomi dyuk-
IisT OIEPKUTEH MPHPICT

Ay = fle+Azx)— f(z) = (¢ + Az) — 2 = Ax.
Ay  Ax

Tomy —= = — = 1, 3BIAKH BHILIHBAE, IO

Azx

lim %: lim 1=1.
Ar— Az Ar—0
Orke, (z) =1,z €R. »
Ipuksan 3. 3uaiity moxigay byl f(z) = 2", n € N, x € R.
« Bispmenmo joBibHy TOuky * € R 1 mHagamo it mpupocty Az. Tomi
dyHKIS Habyae TPHPOCTY

Ay=flx+Azx)— flx) =

(n—1)

=(x+Az)"—2" = 2" +ne” Az + n 5 " TIAZ 4 A — 2" =

=nz" Az + ngn_zAl‘Q + ...+ Az”.
Tomy

% —nz" 1+ Mx"_zAx + ..+ A
Azx 2
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A -1
lim 2V lim (nx"_l—i— Mx"_zAx—l—...—l—Ax"_l) = nz"" L.
Az—0 Ax  Az—0 2

Orxe, (z") =nz"~t z €R.  p

1.2. 'eomerpuunuii, pisndaHuii Ta eKOHOMIYHUN 3MICT
MOX1JHOT

1.2.1. Teomerpuunnii smict moximuoi. Hexait dpyukiisg y —
f(2) Busnavena na iHTepBasi (a;b) i Hexail Touxka M Ha rpadiky el
pyHKIII BiAMOBITae 3HAUEHHIO apTyMeHTY Tg, a ToYKa I’ — 3HaUeHHIO
2o+ Awx. [IpoBememo 1epes Touku M 1 P mpaumy i HasBemo il ciuHOIO.
[osnaunmo vepes p(Az) KyT Mix ciunomo i Biccio Oz (puc. 1). Oue-
BUIHO, IO IIefi KyT 3aJIeKUTh Big Ax. fAKimo icHye Al}grgo p(Az) = o,
TO NpAMYy 3 KyTOBUM KoedillieHToM k = tg¢g, IO MPOXOIUTH de-
pes Touky M (zo; f(x0)), HA3MBATHMEMO IPAHUYHUM ITOJIOZKEHHSAM
ciurnoi M P ipu Az — 0 abo, 1o Te came, Ipy TpIMyBaHHI TOUKH P
mo touku M B3m0BXK rpadika.

Hotuunoro o rpadika dyukiii y = f(z), @ € (a;b), y Touni
M (z0; f(x0)) HasBeMo rpanutHe mosozkenns civnoi M P npn Az — 0,
abo, mo Te came, npu P — M.

Y

X
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3 1BOro O3HAYEHHS BUILIMBAE, IO JIJId ICHYBAHHS TOTUYHOI 10-
CUTH, 106 icCHYBajla IPaHUIS Alimo p(Az) = g, dKa JTOPIBHIOE KYTY
HaXWwiy OoTu4Hol jo oci Oz. o

Josememo, mo Koau PyHKINS [ Mae B TOUII &g MOXIAHY, TO iCHYE
JotuaHa 10 rpadika Gyl y = f(z) y Toumi M (zo; f(x0)), nputo-
MY KYTOBHIT KOeIIieHT i€l J0TUYIHOI, TOOTO TaHIeHC KyTa HaXWIy il
710 oci Oz, nopisuioe moxiariit f/(20).

3 rpukyrauka M N P 3Haxoiumo, 1o

MN Az Az '

tgp(Az) =
OckisibKM icHY€ TI0XiIHa, TO ICHYE IpaHUIs

Ay flzot Ax) = flzo) _
Am Ay = A, A = /(o).

[pu Az — 0 ciuna nepexoguTh y JOTUYHY, & TOMY, CKOPHCTaB-
[IUCHh HEIEPEPBHICTIO TAHT'eHCa B HOTro 00J1acTi BUBHAUEHHS, OTPUMAe-
vMo lim tgp(Az) =tg( lim ¢(Az)) = tgwo.
Az—0 Az—0
[epeitmosmu 1o rpanuti npu Az — 0 B 060x gacTuHaX PiBHOCTI
(2), omep:kumMo
tg o = f/($0)7

o it Tpeba 6ymno mosectu. Otrike, novidna gynxyii'y = f(x) 6 mouui
T dopisHioe Kymosomy koediuienmy domunnoi do epadira dynruii
y = f(z) y mouui M(zo; f(z0)). Slxkmo ckopucTaTncs piBHIHHAM
MpAMOT, MO TPOXOIUTh Fepe3 3aJaHy TOUYKY V 3aJaHOMY HaTpIM-
Ky, TO piBHSHHS J0TH4IHOI 10 Tpadika byHkii y = f(z) B Toum
M (z0; f(z0)) MaTnMe BUTIIST

y — flxo) = f'(xzo)(z — x0).

1.2.2. ®isuunuii 3Mmict noxiamol. [lpunycrumo, mo ¢pyHKIS
y = f(z) ommcye 3aK0H pyxy MarepiaibHOi ToUKN M B3MOBK MpAMOI,
Tobro y = f(2) — muax, npoiinernit Touxoo M Big modaTKy BimIiKy
3a 1ac z. Tozi 3a gac g npoitieno nutsx yo = f(20), a3a qac xo+ Az
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- masx y1 = f(xo+ Az). Ba npomizxok dacy Az touka M mpoiime

Bipisok muaxy Ay = f(xg + Az) — f(zo). Bigpomenns A_y Ha3U-
T

. . Yy
BA€ThCs cepeJHBOI0 MIBUKICTIO 3a uac Az, a lim — = f'(xq)
Az—0 Az

BU3HAYa€ MUTTEBY IIBUIAKICTH TOYKU B MOMEHT YAaCy I.

[HougrTsa mBHIKOCTI, 3amo3udeHe 3 pi3uKM, 3pyUHe IPH AOCIIiI-
JKeHHI MTOBeIHKHM T0BLIbHOI (byHKII. Ky O 3aexHicTbh He Bimobpa-
Kaja PyHKIA y = f(x), BiaHOUIEHHS % € CepeHbOI0 MIBUIKICTIO
3MiHM Y BimHOCHO 3MiHH z, a y'(zg) — MHUTTEBa MBUIKICTH 3MIHH Y
npu & = Zg.

BaxkauBicTh TOXigHOT TIOJITa€ B TOMY, IO MPW BUBUYEHHI JOBIIb-
HUX [IPOIIECIB i ABUIIL IPUPOIH 3a 1T IOTIOMOT010 MOYKHA OIIHUTH 111BUI-
KicTb 3MiHM 3B’S3aHUX MiXK OO0 BEJIMUMH.

1.2.3. Exonomiunuii smicT moxigHoi. JK omuH i3 IpHUK/IadiB
3aCTOCYBaHHS MOXiAHOT B €KOHOMII] PO3IVISHEMO HACTYITHY CUTYAILLIO.
Hexait dpynkmig y = f(z) BUpaykae KiIbKICTh BHPOOJIEHOT MPOIYKIIT
Ha MOMEHT 4acy & i Tpeba 3HalTH MPOAYyKTHUBHICTH IIpalli B MOMEHT
qacy zg. O4eBrIHO, MO 3a Mepioa Jacy Bil £g 10 To+ Az KiIIbKICTh BU-
poGITeHOT TPOIYKIIT 3MiHUTbCS Ha BesmanHy Ay = f(zo+Az)— f(20).
Toni cepenas NMPOAYKTHUBHICTH TIpalli 3a Iieil mepiofd dacy JT0piBHIOE

Ay
HpO,ZLyKTI/IBHlCTb ZKe HpaL[l B MOMEHT qacy Ty MOZKHa 3HAUTU 9K

Az’
IpaHUYHe 3HaUeHHs CepeHbOl MPOAYKTHBHOCTI pu Az — 0, To6TO
Ay /
— = o).
Az—0 Az Y ( 0)

1.3. IIpaBa i JjiBa moxiaHi

BukopucroByioun npaBy i JiBy rpaHulll (pyHKIII, BBEIEMO TOHIT-
T IpaBol 1 JiBoi moxigHol byl y = f(2) B TOUMm 2g.

Osnauenns 2. [Ipasor (aisow) noxidnorw ¢gynxuii y = f(z) 6
MONYI T HA3UEAEMLCA NPA6A (A164) 2PAHUUA SIOHOUEHHA R Npu
Az — 0 3a ymosu, wo usa epanuya tcuye. Ilpasy noxiony noznwaya-

romo cumsorom f'(xg+0), a wsy — f'(xo — 0). Omorce,
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Af Y

flwo+0)=lim f(wo—0) =

— im )
Az—040 Az’ Ar—0-0 Az

Axmo dyukIig f Mae B To4Ill 2g MOXIAHY, TO BOHA Ma€ B 11 TOYII
i mpaBy i JiBY MOXiIHI, gKi OJHAKOBI.

Obeprene TBep/IzKeHHS Take: Akwo gynkuiay = f(x) mae 6 mou-
Ui To 1 Mpasy i A6y NoTioni, AxL o0nakosi, mo gynkuiay = f(z) mae
6 movul Tg NOTIONY.

[cayiors byHKMIT, 9Ki MalOTh B TOYII &g JiBY 1 IpaBy IOXIIHI, aje
He MaloTh IOXiaHol B wmiii Touni. Hanpukian, dpyHKIis

_ =, akimo z > 0,
fz) =lel = { —z, gxmo z < 0.

Hsa dyuxiis mae B Touli zg = 0 IpaBy MOXiJIHY, SKa TOPIBHIOE

Cf0tAN) - f0) . As
! _ _ IR
F0+0)= Axh—>r8+0 Az o Aach—>r8+0 Az 1

i JIiBY TIOXiTHY, 9Ka JTOPiBHIOE

. f(0+ Az) — f(0) . —Az
/ B — — —
;-0 Axh—>HOl—0 Az Aao’h—>H(Jl—0 Az

Ockinprn f/(040) # f'(0—0), To g pyHKIISA He Mae MOXiTHOT B TOUII
xg = 0. [eomeTpu1HO 11e 03HAYAE BIACYTHICTDL JOTHYHOL 10 T'padpika
dbyukiii B Touni g = 0
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2. Indepenmniiiopuictb dyHKLii. Jdudepenmian
2.1. dudepenuiiioBuictb pyHKINT B TOYIIl

Hexait dynkmis y = f(2) BusHadena Ha npomizkky X. Cumsosom
Zg TO3HAYMMO Jesike pikcoBaHe 3HAUEHHS apTyMeHTY i3 BKa3aHOoTo
MPOMIZKKY, a CUMBOJIOM Az — IPUPICT apryMeHTy Takwuii, mo xo+ A €
X.

Osuauenna. Dywxuisa [ wazusaemvea OugepeHIiioBHOIO Yy
TOULI Tg, AKWO npupicm Ay utel dynxuti’ 6 movul xg, AxUl 610N0-
g1dae npupocmy apeymenmy Ax, MoxuCHa 300pazumu Yy 6uzaadt

Ay = AAz + a(Az)Az, (3)

de A — deawxe wucao, wezaresncne 610 Az, a o(Ax) — HeCKiHueHHO
Mmana Gynruia npu Az — 0.

Ockinbku a(Az)Az = o(Az), To dbopmyrny (3) MoxKHa 3aIucaTi
V BUTJISAI]

Ay = AAz + o(Ax). (4)

Teopema 1. Jlaa mozo wob dynxuia f 6yara dudepenuiiiosnoro
6 Mmovul Ty, HE0OTIOHO 1| documb, W0l 60HA MAAC Y ULT TMOYUL CKIH-
YEHHY NOTIOHY.

4 HeobGximuicts. Hexait pyukiia f gudepentitiopna B Toui
zg, TobTO Mae Mictie pisnicTs (3). [lpunycrusumm, mo Az # 0, micas
ninenns (3) Ha Az, nicraneMo

— = A+ o(Az). (5)

fxmo nepeiiti B (5) g0 rparumi npu Az — 0, TO MaTIMEMO

Ay
li — =A
Aggo Az ’

tobro f'(x) icHye it mopiBHIOE A.
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Hocrarricts. Hexail dyakiig f Mae B Touli &g CKIHUeHHY I10-
XiaHy, TOOTO iCHYE TpaHMIs

20— f(ao),

1m
Az—0 Az

a 1ie o3Havae, 1Mo PyHKIs

a(ar) = 2L - 1w

€ HecKiHueHHO MaJjioo npu Az — 0.

Orxe,

Ay = f'(zo)Ax + a(A), (6)

Jie Alimooe(Ax) = 0. Qopmyna (6) 36iraeTbes 3 (3), KO HO3HAYUTH
T—r

depe3s A unciio f'(x¢), dxe He 3aeXKUTH Big Az. B

Teopema 1 no3Bosisie Halal OTOTOXKHIOBATU TOHATTS judepen-
[ifOBHOCTI (PYHKINI Yy TOUIN 3 MOHATTAM ICHYBAHHS ITOXITHOI y IIiif
touri. ToMy omepaiiiio 3HaXOMKeHHs HOXiTIHOI Ha3UBaOTh AU epeH-
[IIOBAHHAM.

2.2. 3B’I30K MIi»K HOHATTAM Aun(epeHIIiioBHOCTI Ta
HerepepBHOCTI (PYyHKIT

Teopema 2. Hrxwo dynxuia [ dudepenuitiosna 6 movwui g, Mo
80HA 11 HENEPEPSHA 6 ULl oML,

« 3rijiHo 3 o3HaueHHAM fMudepeniiiitoBHocTi hyHKIHT [y Toull g
i1 mpupict y miit Touni MoxHa nogartu y Burasal (3). llepefimosmm
jo rpanuti npu Az — 0, gicraHemo

lim Ay=A lim Az+ lim a(Az) lim Az =0,

Az—0 Az—0 Az—0 Az—0

a Ile o3Hadvae, mo PyHKIsg [ HellepepBHa B TOYI Tg. P
Treprzkennsi, obepHeHe 10 TeopeMu 2, HellpaBUiIbHe, 00 ICHYIOTH
dpyHKIIjI, 9Ki HellepepBHi B TOUII, aJje HeandepeHIifioBHl B il ToqII].
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Hanpuknan, dbyukiis y = |z| nemepepsra B Touri xg = 0, aje He
mudpepentiifioBua B il Touni. IcHyoTh PyHKIN, 9Ki HelepepBHi Ha
JedKiit MHOYKWHI, ajle He MafoTh MOXiJHOI B »KOJHIM TOYI IIi€l MHO-
JKUHU.

2.3. IlousrTa nudpepeniiana pyHKIIT

Hexait ¢pyukuis f audepeniiiioBHa B TOI g, TOOTO BUKOHYETH-
cst pisricts (3). Ananisyroun ii, 6adumo, mo npupict Ay € cyMowo
nBox JjiofmankiB. [lepmmmit 3 nux pomankis AAz npu A # 0 e Jjiniii-
HOIO 1 0fHOpiAHOI BYHKINE Bia Az, gKa € HeCKIHIeHHO MaJoio IIpH
Az — 0 Toro camoro npsaky, mo i Az. pyruit qonanok a(Az)Ax
npu Az — 0 € HecKiHUeHHO MaJioto (DYHKIE0 BUIOTO MOPSAKY, Hizk

a(Az)Ax

Az, OCKITbKA = a(Az) — 0 npu Az — 0. OTxe, TpH

x
Az — 0 nepmuii 10/1aHOK AAZ € POJIOBHOI0 YaCTUHOIO IPUPOCTY U~

depentriiiosroi gpyukIi. [ljo rogoBHY YacTUHY TPHUPOCTY HA3UBAIOTH
audpepeniagom QYHKINI y TOUYIN Zg, MO BAMOBITAE TPUPOCTY
aprymenty Az. llosnagators jgucepentiian cumBosiom dy. OTie,

dy = AAx. (7)

Axmo A = 0, To gonanok AAz nepecrae OyTHU NOJOBHOIO YaCTH-
Hoto mpupocty Ay, 60 BiH J0piBHIOE HY/TO, ToMl fK a(Az)Az # 0.
[lputingaro BBazKaTH, MO ¥ B MBOMY BUMaJKY JAH(epeHIial BU3Ha-
qaeTbest popMysion (7), Todro dy = 0.

Ockinbrn A = f'(xg), T0 popmyy (7) MOKHA 3aINCATH Y BUIVISI
dy = f'(z0)Ax. (8)

QuesBuno, mo dy, B3araji KaxKydu, He AOPiBHIOE NPUpPOCTY (byHKILT
Ay.

Bsenemo nonsarTa mudpepentiiaia dr HezasgaekHol 3mingol x. 1lix
mudpeperItiagoM dr He3aJaeKHOI 3MIHHOI & pPO3YyMITHMEMO IOBLIbHE
HesaJle’kHe Bifg @ gucyio. JlomoBumocs 3a uuciio dx Opatu mpupict
Az Hezasiexknol 3minnol z. Ilg moMoBieHicTh onpaBiaHa, sIKIIO PO3-
[JIS1aTH He3aJleyKHY 3MIHHY & K (DYHKIIIO BUTJIALY Y = &, JJjis SKOl
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dy = dx = 1Az = Az. 3Biacu BuruinBae, mo Gopmyity (8) MozxHa
mepenucaTini 'y BUTIIs
dy = f'(zo)dz. (9)
Ockinbu 1pu Majux Az

Ay~ dy, (10)

To judpeperiiai 3py9HO BUKOPUCTOBYBATH [1J1si HaOJIMZKEHUK 0Oduc-
seHb. Jlyist mporo pisaicTs (10) 3ammcyrorh y BATIAI]

flazo+ Az) — f(20) ~ f’(aco)Aw,

abo

flwo+ Az) & f(zo) + f(x0)Aw.

ITpukaan 1. 3uairu 71, 1.
« Hexait f(z) = ¥/x, zg = 1. Togmi

Ar=0,1, a f(ro)=f1)=V1=1.

OcklabKu

1
o f'(1) = 3 Tomy

V1,1 V1+0,1-
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3. OcnoBHi npaBuJa audepeHniloBaHH.
O64ncaeHHS TTOXITHUX OCHOBHUX
eJeMeHTapHUX (pyHKITIii

3.1. OcHoBHI npaBuJia AudepeHIiIOBAHHS

Teopema 1. frxwo dynxwii v = u(z) 1 v = v(z) Judpepenui-
{06HT 6 MOYUL T, MO CYMa, PI3HUUA, JoOYMOK | vacmra uur Gynx-
uilt (vacmra 3a ymosu, wo v(z) # 0) maxoorc dudepenuitiosni 6 yil
MOYYL, NPULOMY NPAGUALHT hopMmyAl

(u(z) £ v(2))" = u'(2) £ ' (2),
(w(@)o(e))" = ' (z)v(z) + u(z)v'(2),
u(@)\' _ v (@)v() — u(z)v'(z)
( ) = ) , wv(z)#0. (11)

v(x) v

« Jlosenemo onny 3 pisnocteit (11), nanpuxman, apyry. Hexait y =
u(z)v(z). Toni

Ay =y(z + Az) — y(z) =u(z + Az)v(z + Az) — u(z)v(z) =

= (u(z + Az)v(z + Az) — u(z + Az)v(z))+
+(u(z + Az)v(z) — u(z)v(z)) = ulz + Az)(v(z + Az) — v(z))+
+o(az)(u(z + Az) — u(x)).

Towmy
Ay Av(z) Au(z)
N u(z + Ax) Ay + v(x) A (12)
Axkmo Az — 0, To 3TiAHO 3 YMOBOIO hmo Az(xx) = v'(a),
Alimo Az(f) = u'(z), a Alimou(av + Az) = u(z), 60 u — HenepepBHa
T r—
PpyHKIIIS.
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Orzke, npaBa dactuta (12) npu Az — 0 Mae rpanunmo u(z)v'(z)+
v(z)u'(x). Tomy icuye rpanuig # miBoi YacTHHH, sKa J0piBHIOE Y ()
i Mae micue piBHICTBH

V(@) = ' (@)oe) + ule)'(@). »

Hacaimok. Cmaauti MHONCHUK SUHOCUMBCA 30 3HAK NOXIOHOT,
mobmo

(Cu(z)) =C-v'(x),

de C' — cmana, u — dudepenuitiosna Gynryia iy moyul x.

3.2. O6uuc/ieHHs TOX1IHUX TPUTOHOMETPUIHUX,
JorapupMivHOI TAa MOKAa3HUKOBOI (pyHKIIIi

3.2.1. IloxiaHi TPUrOHOMETPUYHHNX (PYHKITIN.
1. Hoximua pyukIil y = sin z, € R, BusHagaeTbes pOpMyIon

(sinz) =cosz, =z €R.

<4 Maemo
Ay =sin(z + Az) —sina = 2sin % cos(z + %)
Tomy npu Az # 0
Ay 2sin A cos(z + BL)  sin &F Az

— MQ cos(z + 7)

Az Az 5

o A

. . sin —— .

Ockimpkn lim Zx2- =1, a lim cos(z + &%) = cosz
2 Az—0

Az—0 2
3rigHO 3 HelepepBHicTIO GYHKIII cosz, ¢ € R, To

, ) Ay . sin Azx Ax
y' = lim — = lim — lim cos(z + —) = cosz.
Ar—0 Ax Az—0 Tw Az—0 2

Orxe,
(sinz) =cosz, zeR. »
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2. IMoximua byHKLiT y = cos, z € R, BusHavgaeTbes GopMysion

(cosz) = —sinz, = €R.
<4 Maemo
Ay = cos(z + Az) —cosz = —2sin % sin(z 4+ %)
Tomy npu Az # 0
Ay 2sin A% sin(v + 47) __sin ar sin(z + g)
Az Az Az 27

2

OckinibKu  3rifiHO 3 HenepepBHicTIO GyHKLT sinz, ¢ € R,
lim sin(z + &) = sin @, T0
Az—0

' . Ay . sin % . . Az )
y = lim — =— lim — lim sin(z + —) = —sinz,
Ar—0 Ax Az—0 Tw Az—0 2
TOOTO
(cosz) = —sinz, zeR. »

3. Tloximua pyHKIHT ¥ = tg 2 BU3HATAETHCST (HPOPMYIION0

(tgx) = , xER\{%—I—rn,nEZ}.

cos?z

sin x .
- TO 3TiJIHO 3 TeopeMoio 3

« Ockinbku tga =

,  (sinz) cosx —sinz(cosz)’  cosacosz — sina(—sinz)
cos? x cos? x
cos?x +sin?z 1
cos? cos?z’
Orxe,
, T
(tgz)'=——, zeR\{s+mn,n€Z;.»
COs* T 2
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4. TToxigua QyHKINT § = ctg x BU3HATAETHCST (POPMYIION0

1
(ctga) = ————, v € R\ {wn,n € Z}.
sin? @
: cos x ‘
<« Ockinbku ctga —— TO aHaJorivyHo AK y BUNAJKY tg,
MaeMo S

, (cosz)sinaz — cosa(sina)’
y =

sin? z

(—sinz)sinz — cosx cos
sin? @
sin?x + cos? z 1

sin? z

. b
sin? z
TOOTO

(ctge) = —

——, T ER\{mn,necZ}. »
sin?

3.2.2. Iloxigua norapudpmiunol pyukmil. Iloximua dpyHk-
mil y =log, x, > 0, 0 < a # 1, Bu3HagaeThcsd HOPMYIIO0

/

1 1
Y :_logaez
z

zlna’

x> 0.

« B3gBmu 3a x 10BibHY TOYKY HamiBmpsmoi z > 0 i, BBarkarouu,
mo |Az| < @, MOXKHA 3aTuCcaTH:

A
= loga(l + ?x)

A
Ay =log,(z + Az) — log, z = log, rar

Otxke, ipu Az # 0

Ay (12 2 e (1420
Az Az ©8a r ) xAx ©8a z

abo
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Az
OckisbKu Alim (1 + —) A _ e, a jorapudmidna (pyHKI A
HeTlepepBHa, TO

X

A 1 A
y' = lim 2Y lim — -log, (1—|——$) A =
z

Az—0 Az Ar—0 | X

1 _ Az 37 1 1
=—log, | lim [14+ — = —log,e= )
z Az—0 x x zlna

1

zlna’

TOOTO

1
(log, z)' = —log, e = z > 0.
x

30Kpema, Ipu a = €
, 1
(In z) = z>0. »

3.2.3. Iloxigna nokasuukosol ¢pyHkuii. IToxigna pyHKIil
y=a", 2 € R, 0 < a1, BusHauaerbcs HopmMysion

(a®) =a”Ina, =x€eR.
<4 Maemo
Ay = a2 — ¢ = a®(a®" - 1),z € R.

Axmo Az # 0, To

Ay _ al’(aA“’ - 1) _ axan -1

Az Az Az
Az
a=r —1 Ay

Ocxi lim — = 1 ro= — =
esan fim, SO = e o = i
a~* -1 a~* —1
Aim @Ry =@ fim TR = @ na, mobro

(a”)Y =a"lna, zeR,0<a#l.

Bokpema, (e¥) =e”, .
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3.3. IloxigHa obepHeHoil dpyukiIi. O6unciieHHs
MOX1IHUX 00epPHEeHUX TPUTOHOMETPUYHUX PYHKILiH

Teopema 2. Hezait ¢ynxuia y = f(z) y deaxomy oxoai mouxu
xg 3pocmae (cnadae) @ menepepena. Hexail, xpim mozo, eona duge-
penuiiiosna 6 mouui xo 1 f'(xg) # 0. Todi icnye obepnena Pynruyia
v = f~Hy), ara susnauena i cmpoeo MOHOMONNG Y JEAKOMY OKOAL
mouku Yo = f(zo), dudepenuitiosna 6 witd mouyi G NPasUALHG Pi6-

HICTND
1

f'(xo)”

« Jlna dyuknil y = f(2) BUKOHyeTbcsl yMOBa iCHYBaHHS 0OepHe-
roi dpyukii. Tomy icaye obeprena dpynkuis » = f~1(y), aka Busna-
YeHa y JIesTKOMY OKOJIi TOUKM Yo = f(#¢) 1 HemepepBHaA B I[bOMY OKOJTI.
Hamamo aprymenty y 1€l obepHeHol (pyHKIIT B TOYIN ¥g JOBLILHOIO
npupocty Ay # 0. Ilpbomy npupocty Bianosimae npupict Az 0bep-
HeHOT (PYHKIIIT, TPUTIOMY 3TiIHO i3 3pocTaHHAM (cra aHHaM) BYHKIIT
Az # 0. OrKe, Ma€MO MTPABO HAITUCATH TOTOXKHICTH

(/" (wo))’

Az 1
N, Ay
Ay A_z

Hexaii reniep Ay — 0, Toni #t Az — 0, 60 obepHena (yHKIIisi
x = f~1(y) Hemepepsra B Toumi yo. Tomy

r Ax r 1 1 1

m — = 1m —— = = .

Ay—0 Ay Az—0 % lim % f/($0)
z Az—0 2%

3Bi/ICH BUILIMBAE, IO
_ 1
J(2o)”

Terep 3acTocyemo 110 TeopeMy [jisi OOUYUCIEHHS MOXIIHUX Bill
00epHEHUX TPUTOHOMETPUIHUX (DYHKITIH.

(/" (w0))’
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1. Ioxigua ¢dyHKii ¥ — arcsinx. llg ¢pyHKIig BUsHAaUeHa Ha
intepBaiii —1 < z < 11 € obepHeHO0O 110 PYHKIIT & = sin y, dKa BU3HaA-
4eHa Ha iHTepBasi —5 < y < 5. Ockinbku g GyHKUiT v = siny B
OKoJl OBUTbHOT TOUKN y € (—7; §) BUKOHYIOTbCS YMOBH TeopeMu 2,
TO PYHKINS ¥y = arcsin ¢ gudpepeHIlifioBHa B T0BUIbHIN TOYI £ = sin y
i mpasusibHa popmyia

Y 1 1 1
(arcsinz)’ = ——— = = .
(siny)’  cosy 1—sinZy
T
Mu B3sm cosy = y/1 — sin? y, 6o cosy Ha inTeppagi (——; 5) J01aT-

Huit. KMo 3ayBaKuTH, Mo Sin y = &, TO MAaTUMeMO

1
V1=2a?
2. IMoxiguna dpyukimii y — arccosx. g dpyHKIIg BU3Hat1eHa Ha

(—1;1) i € obepHeHo0 j10 PYHKILT & = cos Y, siKa Bu3HadeHa Ha (0; 7).
Towmy

(arcsin z)’ = r e (—1;1).

1 1 1
(arccos )’ = = = -

(cosy)’ Csiny 1= COS2y'

Mu Bpaxysasu, mo siny = /1 — cos?y, 60 siny > 0 Ha (0;7).

OckisibKu & = cos ¥y, TO

1
V1— 2?2’

3. TMloxiaua dpyukIii y = arctgx. g yuxnis susnadena va R
i e obepHeHo0 10 * = tgy, AKa BU3HaueHa Ha (—4;5). Tomy

(arccosz) = — e (—1;1).

. 1
YT T ety

= COS

(tgy)

Ockisibku tgy = x, TO 3BiICH OEPKYEMO

(arctgz)’ =

(arctgz)’ = z€R.

1+ 22’
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4. TToxigaa gpyukIii y = arcctg z. llg Ppyuxmis susnadena vHa R
i € obepHeHO™0O 110 GYHKII ¢ = ctgy, axa BusHadeHa Ha (0; 7). Tomy

(arctgz)’ = L —gin?y = N
BT ety YT T T ag?y
Ockinbku ctgy = z, TO
1
— -
(arcctga) = T ¢ e R

3.4. IndepeHiioBaHHs CKJIaaeHOT pyHKINT

Teopema 3. Hezaii pynruia v = p(t) dudepenuitiosna y mowyi
to, a Pynxura y = f(z) Judepenyiiiosna y 610n0610HIT MOyl To =
p(to). Todi ckaadena dynruia f(p(t)) dugepenyitiosna y mowui to,
NPUMOMY NPAEUALHA PIBHICTD

(f(e(t0))" = ['(x0)#'(Lo)- (13)

« Hanamo aprymenty ¢y Toutii g moBisibHOro nipupocty At % 0.
Mowy sinmosinae mpupict Az dbynkiii z = ¢(t). [pupocry Az y
cBOIO [epry Bimmosimae nmpupict Ay byl y = f(2) B Toumi 0.
Ockinprn byuxmis y = f(z) audepenniiiosra, To i1 mpupict B TOUI|
o MOYKHA I0JIATH ¥ BUIJILI]

Ay = f'(z0)Az + a(Az) Az, (14)

Jie Alimooe(Ax) = 0. [loninusmu pisnicts (14) Ha At # 0, micranemo
T—r

Ay Ax Ax
Axmo At — 0, To 3 HemepepsHocTi GYHKII & = @(f) BUIIHBaE,

mo it Az — 0, a Tomi # a(Az) npamye 10 Hyms. 3riJHO 3 YMOBOIO

Teopemu icHye rparuig lim — = ¢(tg). Orxe, ipu At — 0 ichye
At—0 At

rpaHullg TpaBoi dacThhu (15), a TOMy iCHYye IpaHUIls JiBOI YaCTHHH

i mpasusbHA piBHICTH (13). P
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3ayBaxkeHHs. VY 1iiil TeopeMi po3riigHyTa CKJajeHa (DyHKILs,
Je y 3aJeKUTh Bif ¢ depe3 TPOMiXKHY 3MiHHY z. MoxkimBa cKjraj-
Hillla 3aJIeKHICTh — 3 JABOMa, TPbOMa i OLIBIIMM 9IHCJIOM TPOMIKHUX
3MIHHUX, aJie MPABUJIO AuepeHIIOBAHHS 3aJUITAETHCS TUM CAMUM.

Hanprina, axmo y = £(z), 1 2 = p(u), a u = $(v) i v = x(1),
To noxigay y'(t) Tpeba obuncmoBaTH 3a GOPMYIO0

y'(t) = f1 (@) (w)d' (o)X (1) (16)
Ilpukigan 1. 3naiite noxiany dpymkmii

arctg

y=¢€

« Posraggarumemo 3aszHadeny byHKIO SK CKJIaJeHy BULIALY y = €%,
Jie u = arctg z. Toni 3a dbopmysomo (13)

1
! _ / / .U
() =y (u)u'(x) = e Tra
3aMiHIOIOUH % Ha arctg ¥, 0OCTaTOYHO MaTHMEMO

1
14 22

/ arctgx

y =€ | 2

Ilpukaan 2. 3naiitr noxigny dbyHKIii y = parectg(a®+1)°
« 3ajany QYHKINO MOXKHA TMOJATH y BULIAM ¥ = H%, 1e u = arcctg v,
av=wliw=2241.
Buxopucrosytoun dopmyiy (16), ogepmyemo
Y (x) =y (wu' (v)v' (w)w' (x) = (5")'(arcctg v)' (w’) (z* +1)" =

1

— 5% In5(— 3 290 — 5arcctg(x2+1)3 In5(—
n5( 1—1—1)2) w2z n5( 71—1—(1*2—1—1)6))(
61‘(1‘2 —|— 1)2 2 3
3 2 )29 = — 5arcctg(x +1) Inbs.
x3(x” + 1)* 22 71—1—(9:2—1—1)6 nb. p
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3.5. Jlorapudpmiuna moxigua. IToxigHa creneneBol
dbyHKIIT 3 T0BIJIBHUM IINCHUM IMOKa3HUKOM

3.5.1. Ilouarra sgorapudgmiunoi moxiguoi. Hexait ¢pyukiig
y = f(z) nomarHa i mudepennifiopra B Touri x. Toxmi B miit Tourmi
icaye Iny = In f(z). Posrngmatoun In f(z) gx ckiameHy OyHKIHO
apryMeHTy &, MOKHa 3HaUTH MOXigHY i€l (PyHKIIl y TodIl =, bepy1n
y = f(z) 3a MpOMiKHHII apryMeHT:

/

Y
(In f(2))" = y (17)

Benuunna, sxa Bu3Ha4daeThest popmynono (17), HasUBaeThes JIO-
rapru@pMivHOIO MOX1IHOIO.

IIpukaan 3. 3a gonomororo sorapadMIivHOI TTOXIHOT 3HARTH TOXIIHY
cTeneneBo-nokasunkopoi bynkiii y = u(z)'®) ge u(x) > 0 i u(z) ra v(zx)
OuepeHTHoBHI B TOYIN .

« Ocxkinexn Iny = v(z)Inu(z), To, crkopucrasmucs gopmymnown (17),
J1CTaHEeMO

y/—vx nux/ao y—/:U/l‘ nulx UIU/(x)
L= (v () a6o L= v/ (@) nu(e) + o(@) L

3BiJICH, BPAXOBYIOUH Te, IO Y = u(x)”(x), JicTaHeMO TaKy (PopMyJIy s
MOX1AHOI CTeMeHeBO-TOKAa3HUKOBOI (pYHKIIIT

/ o) (o ()
v = u(z)"@ (v (2) Inu(z) + v(z) ). » (18)
u(z)
Ilpukaan 4. 3naiite noxigny dbynkmii y = =%, z > 0.
<« Bajany dbynxmio Moxaa nogarn y purasm y = w(z)' ) e u(x) = =
i v(z) = 2. 3a gomomoroto dopmynn (18) sHaxoANMO

1
Y =2"(1 - Inz+z-)=2"(Inz + 1),
x

tobro (27) =" (lnz +1),2 > 0. »

Jlorapudmiuna noxisHa 4acTo BUKOPUCTOBYETbCSA B 3ajadax eKo-
HoMmiku. Hapegemo mexijibka 3 HUX.

Hexait K = K (t) — BesmunHa BKJIa/ly B MOMeHT dacy t. Un MozkHa
BU3HAIUTH HAOJINKEHO CTaBKY O0aHKiBCbKOT'O BiZICOTKa 1" 32 (PyHKITi€I0
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K (t)? Skmo BicOTKM HapaXOBYIOThCS OJMH pas3, TO 3a Mepiof, dacy
At Bonn ctanoBiadaTb KrAt, ge r — HOMiHaJbHa CTaBKa 3a pik, At —
gacTHa pokKy. OCKisIbKM TpUpIiCT BKJay 1 BIACOTKM 3 BKJIAy OjHEe
it Te came, To AK = KrAt. 3sincu ofepxkyemo, 110

_AK
KAt

r

Ipunyctumo, mo dbyuxmis K (t) mae noxiany K'(¢). Toxi moxHa B3g-
™ AK ~ dK = K'(t)At, a Tomy

_K'(hAr - K'()
T KAt T K1)

= (InK)".

Orke, craBka 6aHKIBChKOTO BificoTKa r 30iraerbes 3 jorapuMitHo0

MTOXiTHOO BiJl BEIMIMHU BKJIAIY.

Ilpuksaan 5. Hexaili Benwumna BEIajy BH3HA9aeThca (DYHKITIEO
K(t) = Ko(t + 1)%, e t — Wmciao POKIB BiJ BIAKPHTTA BKJIany, Kg — Be-
JUYAHA TTOYATKOBOTO BKJIAJy. 3HAWTH, SIK 3MIHIOBAJIach CTaBKa BIICOTKA
r=r(t).

<« Maemo

- ENY - 3 / 3 1
ra (InKo(t4+1)2) = (In Ko + §1n(t +1)) = CEE
abo y Biscorkax & (t +1)71150%.

3BiJICH BUILINBAE, IO 9epe3 JBa POKHU IMICJA BIAKPUTTS BKJAILY CTABKA
Gyaa r & (24 1)71150 = 50% piunux, a 4epes 1’aTh POKIB 3MEHITHIACH JIO
ra (54 1)71150% = 25% piunux i T.1.

SayBaxKuMO, MO BEJIWYWHA BKJIAIy TPHU [IBOMY He 3MEHIIYBaJach, a
3pocTaJa, ocKiIbka K’ = %Ko(t + 1)% >0.p»

Hexait A(f) — BapricTb JesIKOTO aKTHBY B MOMEHT dacy f, 1 —
nprOyTKOBICTD Bil BKJIaIeHHS T'poleil B iHmi akTupH. Jjg nmpocrorn
BBayKaTUMeMO, IO 1 He 3aJIe’KUTh Bif dacy. Koau BUTITHO KyITyBaTH
abo mpogaBaTi akKTUB A7

o6 BimmoBicTH Ha Ie OUTaHHS, 3HaiAeMO IPOMIXKOK Hacy, Ipo-
TACOM SIKOTO MHUTTE€Ba IPpUOYTKOBICTh akKTHBY A 6yme 6iibInoi0 3a 7.
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OcKisibKM MUTTEBA TTPUOYTKOBICTH A 30Ira€TbCs 3 TEMIIOM 3POCTaHHS
#ioro BapToOCTi, TO MIyKaHWH MPOMIiXKOK Jacy BU3HaYaeThCs HEPIBHICTIO

(In A(8)) > r.

SKmo 3a3HateHa HEPIBHICTH BU3HAYAE IPOMIKOK (f1;%2), TO aKTHB

A Tpeba KyNUTH B MOMEHT ¢ i IPOJAaTH B MOMEHT fg. B

IIpuksazn 6. Hexait r = 10% piunux, A(t) = Ce®*8! ' = const. ¥
SIKUi MOMEHT 4Jacy HailBHTIAHINIE KynuTH (MpojaTh) akTue A7

<« Maemo

(hlA(t))/ = (]n Cearctgt)/ — (IHC +1n earctgt)/ —

1
= (InC + arctgt) = TTe

. . . .1 .
Toml mpoMizKOK Jacy 3HAXOAMMO 3 HEPIBHOCTI T > 0,1, 3B1AK" BUT-

aupae, mo 2 < 9, abo t € (—3;3). lle ozHauae, 1m0 NPUGYTKOBICTL aKTUBY
Ginpina 3a 0,1 Ha mpoMizKKy (—3;3) OTiKe, aKTHB BUTITHO KYIIUTH B MOMEHT
t1 = —3 1 mpoJaTH B MOMEHT 15 = 3. p
3.5.2. IloxigHa cremneHeBol JYHKINI 3 JOBLJILHUM IIOKa3-
HukoM. Iloximma pyHrUil y = 2%, o € R, z > 0, BusHaTa€ThCAa
dopmyso
(%) = a2zt 2> 0,0 €R.
< Ockimpru y = 2% > 0, 1o In y = aIn 2. 3rigno 3 popwmysmoo (17)
! !
LA (alnz)”  abo -2
Y Y x

3Bijcu BUILIIMBaE, 110
y' = yo = "= =az® ! a0 (%) =az*', x>0, a€R. »
3.6. HesiBua dyHKIisa Ta 11 qudpepeHIiloBaHHsI
Hexait 3a1aH0 piBHIHHSA

F(z,y)=0, (19)
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ge P — ¢dyuxmig gsox sMminamx. koo xKoxxuHoMy 3HadeHHO & € X
BiJIITOBI/Ia€ €JlMHe 3HAUYEHHS Y, dKe PA30M 3 T 3a/0BOJIbHSE PIBHAHHS
(19), To KayKyTh, IO Iie PIBHAHHS BU3HAYa€ Ha MHOXKHHI X HESABHY
dyukuio y = p(z).

Otixe, ans HestBHOI DyHKINT ¥ = ¢(z), 3amanol piBHsgHHAM (19),
npasuibHa piBHicTh F(2, ¢(2)) =0, 2 € X.

Oynkuis y = f(x), @ € X, 9Ka 3a7aHa PIBHAHHAM, PO3B’sI3aHIM
BiJIHOCHO ¥/, HA3UBAETHCS ABHOIO.

V Jedkux BUMaKaX KOKHOMY 3HadeHHI0 x € X Biamosimae
JIeKiTbKa 3HA9eHb ¥, Ki 3a0BosIbHSOTH piBHAHHS (19). Toxi 1e pis-
HsIHHS BU3HaYa€ HE OJIHY, a JleKijibKa HesBHUX dyHKIiN. Hanpukia,
piBusnus x? 4+ y? — 1 = 0 BusHa4ae 1B HesaBHI DYHKIUIT, fKi MOXKHa
3allUCATH Y SBHOMY BUIVILl, PO3B S3aBIIH 1ie PIBHAHHS BiIHOCHO ¥ :
y=+1-1z2 y=—V1- 22

He koxkny HesBHY (PYHKIIII0 MOYKHa OJIATH Y BUIVIST SBHOI ejie-
MenTapHoi dynkuii. Hanpukmnaz, pisaannsa 59 — 5y + 22 — 1 = 0
BU3HAUaEe HesBHY (DYHKINIO y = ¢(x), aje Iie PIBHIHHA He MOZKHA
pO3B’d3aTH BiIHOCHO Y TaK, 0O Y BUParKOJIOCS depes ejleMeHTapHi
dynkmii aprymenty 2. Kpim toro, He Besike pisusinng F'(z,y) = 0
BU3Hadae HespHy (yHKuio. Hanpuknan, pipaannsg 22 +y? +1 =0
He 3aJI0BOJIBHAIOTH »KOJHI AificHi 3HadeHHd Z 1 ¥y, i, OTKe, BOHO He
BU3HAYAE *KOMHOI HesIBHOI (PYHKIII.

Hoxinna y,, bysxuii y = y(z), 337aH0T HESBHO, 3HAXOIUTHCS 3
piBHSIHHS

d
By o =
o (z,y) =0,

ge F posrngmaerbes K cKiajdeHa (PYHKINS apryMeHTy .
Ilpuksan 7. 3uaiity y,, 45110 QYHKINS ¥ 3a/]aHa HESIBHO PIBHAHHAM
zy+y> =1.
« llpogudepentiioemo 3ajafe CIIBBLAHOIIEHHS, PO3TIAJAIONH ¥ IK
dyHKIO BT ©

y+ay, +2yy, =0 abo y+ (z+2y)y, =0.

¥

Tomi o), = ————.
oAl Yy 7+ 2y

>

249



3.7. Tabuuig moxXiAHUX HAWIIPOCTIIINX eJeMeHTapHUX
byHKIiii

3BejleMo ojep:KaHi BuIe POPMYIN AjIs 00YHCIEHHS MOXIIHUX B
OTHY TaOJIHITIO:
1) (C) =0,CeR;

1y 1 1
2) (%) = az®~1 2 > 0, « € R, 30kpema, (;) === (Vz) = N

x> 0;

I

1 1

3) (log, z) = —log,e, > 0,0< a+# 1, s0kpema, (Inz) = —, 2 > 0;
x x

4) (@) =a®Ina, 0 < a # 1, 30kpema, (e¥) = e*, z € R,

5) (sinz) = cosu, v €R;

6) (cosz) = —sinz, v € R;
7) (tgx) = :1+tg2x,xeR\{z+ﬂ'n,n€Z};
cos? @ 2
1
8) (ctgz)' = ———— = —(1 +ctg’x), r € R\ {mn, n € Z};
sin” x
9) (arcsinz) = 1 z € (—1;1);
Y= %
1
10) (arccos z) = —————=, z € (—1;1);
) (anccos) =~ s € (-111)
1
11) (arctg z)’ = Tra v € R;
12) (arcctg z)’ = 1 relR
g - 1—1—]}2’ .
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4. IMoxigui Ta gudepeHIiagdn BUIINX MOPAIKIB
4.1. IloHATTS MOXIJHOI N-TO MOPSIAKY

Hoximna f' dbyskuii y = f(z), Bu3HadUeHol | audepeHniiioBHOT
Ha mpoMizkky X, € pyHKI€0, IKa TaKOoK BHU3HaYeHa Ha, 3aIaHOMY
npoMmizkky. Moxke Tpanutucg, mwo i ¢pysxuig [’ e nudepenniiiosHo0
vy deskiii Toumi x € X, ToOTO Mae B miif Tourll moximxy. o mo-
XiJIHY Ha3MBalOTh APYTOI0 IOX1ZHOIO (IOXITHOI JPYroro mopsii-
ky) dbyukuii y = f(z) y touni z i nosmauaiors cumsosom f(3)(z)
(F"(@),y"(2),y D (2))-

[TocnimoBHO MOKHA BBECTH MOHATTS TPeThol IMOXiIHOI, YeTBepTol
noxigHol i 1.4, IToxiaHor n—ro mopgaaxky abo n—HOM IIOXiAHOIO
ByHKIIT y B TOUNl & HAa3WBAa€ThCH MOXiAHA BiJ moxignoi (n — 1)—ro
MOPSIAKY, SKIIO BOHa icHYE, TOOTO

y" (@)= (y" (@) neN.

Jpyra noxinHa mMae nesauit isnanuii smict. fAxmo y = f(z) onwm-
Cy€ 3aKOH PyXYy MaTepiajibHOT TOYKU B3I0BK IMPSAMOI, TO Mepiia Io-
ximpa f'(2) € MUTTEBOWO MBHAKICTIO TOUKNM B MOMEHT |acy &, a JIpyra
MOXigHa — MIBUAKICTIO 3MiHH MIBUAKOCTI, TOOTO IMPHUCKOPEHHSIM PyXO-
MOI TOYKU B 3aJaHUi MOMEHT.

4.2. @opMmyau AJis MOXIAHUX MOPAAKY 1 JeAKUX
byHKIiii

1. 3uaitmemo n-Hy moximHy cremeHepoi dpyHKIN y = %, © > 0,
a € R. TocumiioBHo audepeHIiooyu, OTPUMYEMO

y =zt ¢y = ala— )22 .,
y) = (o — 1) (o — (n — 1))2™ ™.
YV YacTUHHOMY BUMAIKY o = m, m € N, MaeMo

(2™)(™) = m!
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Towmy
(™)™ =0 mpu n>m.

3Bifcu BUILIMBaE, IO MOXiAHA N-TO MOPSAKY MHOTIOUJIEHA M-TO
cTeTleHs TIPU 1 > M JOPiBHIOE HYJIIO.

2. 3HaitmeMo n-Hy HOXiIHY HOKa3HHUKOBOI PyHKIUI ¥ = a*, © € R,
0 < a # 1. TocainosHo audepeHIiiooygn, 01epKYEMO

y =a"lna, y® = a*(Ina)?, y®) = a“(Ina)?, ...,

y = a"(lna)”, z €R,

3okpema, KO y = €, To (el’)(”) = € nyd joBipHOTO N € N,
z e R.

3. 3uaiimemo n-0y noxiany ¢pyekiii y = sinz, € R. I[locaigosmo
JuhepeHIioYn, OTPUMYEMO

y' = cosa = sin(z + g), y? = —sinz =sin(z + 2%),
y® = —cosx = sin(x + 3%)7 vy Y™ =sin(z + ng)

Orxe,
(sin2)"™ = sin(z + ng)7 z €R

4) AHaJoriuHO MOXKHa ofep:KaTu (POPMYNy i n-0i TOXiTHOI
PyHKII y = cos z:

(cos )™ = cos(x + ng)7 z €R

4.3. @opmyia Jleiibuina gyas n-ol moxigHoOI T00yTKY
ABOX (byHKII

Bupememo dpopmyiy g oOUMCIeHH IOXITHOL 7-TO MOPSAKy Bii
J100YTKY 1BOX DyHKI u(x)v(2), 1Mo MATh TOXIi/IHI JOBITBHOIO MO-
panky. IocaimoBao mudpepeHIiioodu, oaep:KyeMo

Y (@) = ' (2)o(x) + ul@)v'(2),
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y? = u? (@)o(e) + 20 (2)0' (2) + u(2)o® (@),
u ) (2)0'(2) + 20D (2)0' (2)+
() 0@ (@) + u(z)v® (2)

= ) (@)v(2) + 3u@ (2)v' (2) + 3¢ (2)oP (2) + u(z)v®) ().

IIpaBi gacTuHM IUX PiBHOCTeH MOIIOHI Ha PO3KJIAJ BiAMOBIIHAX
crerenis G6inoma (v + v)" 3a Qopmyrnor HpioToHa, aje 3aMicTh T10-
Ka3HUKIB cTelleHs MaeMo Yucya, gKi BU3HAYAIOTh MOPSI0K TOXIIHUX,
a caMi (pYHKI % 1 v PO3IVISIaEMO 9K IMOXiTHI HYJIHOBOTO IMOPIAKY
u(o)(x) i v(9), BpaxoByio4 1ie, 3allHIIeMO 3araJbHIH BATIISI n-0f MO
XimHol Bim mOOYTKY ABOX (PYHKIIIH:

y" (@) = (ul@)o(@)™ =« (@)o(@) + 0" (@) (2)+

+%u(n—2)(@v(2)($> NI

—I—n(n - 1)--2;1 —k+1) uR (@) (1) + L+ u(@)o™ (2). (20)

Dopmysy (20) nasusaors popmydioro Jleitbuina. Ctpore nose-
JerHs 11iel GOpMYIIHU MPOBOAUTHCS METOIOM MAaTEMATHIHOT THIYKITIT.
Hpuknazn 1. 3mafite n'aTy noxizay by y = 2%

« Hexaii u(z) = 25, v(z) = e*. Tonui

u'(x) = 5z, u(z)(a:) =203, u(?’)(a:) = 6022,
u(4)(a:) = 1202, u(s)(x) = 120;
v (z) = v(z)(a:) = v(?’)(a:) = v(4)(a:) = v(s)(x) =e”.
MMincrapisitoun i upasu y dopmyay (20) mpu n = b, micraemo

5-4-3

3 x
1.2.3201‘6—1—

4
y®) = 120e" + 5 - 120ze” + 57601»2& +

+5 - 5xte” + 2%e” = ¢”(120 + 600z* 4+ 2002° + 25z + 2°).  »
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4.4. IundepeHiajn BUIUX HOPAIKIB

JL1st 3pydHOCTI Topsi, 3 MO3HAUMeHHAM IudpepeHIiaiB CHMBOIaMHI
dy i dx BUKOPUCTOBYIOTH To3HadeHHs &y i dz.
Hexait dpynkuis y = f(z) mudepenniiiopna B KozkHif Touri @ € X.

dy = f'(z)dz,

KW Ha3BeMO TH(EPEHITaIoM TepInoro mopsaky, € (pyHKITEn 3MiH-
HuX = 1 do. Hexait dynkmis f'(z) y cooo depry mudepentiiiioBHa
y dedkiit Touml z. PosrmsmatuMemo dx v Bupasi ajia dy 9K CTaJIMil
muoxkuuK. Tomi §(dy) = §(f'(x)dz) = (f'(a)dz)dx = f"(x)dxdz.

Hudepenniarn §(dy) Bin mudepenniana dy B Touni , B3ATHH TIPH
dx = dx, HazsWBaeThCs AU EPEHINIATIOM JAPYTOoro nopaaky GpyHk-
mii f y Toumi # i mo3HavaeTbcA CUMBOJIOM d2Yy, TOOTO

d*y = ["(x)(dx)?.

Y cBoto uepry mudepentiar §(d?y) Bin mudepentiana d?y, B3aTuii
mpu dx = dx, Ha3UBAEThCcs AUQEPEHITIAIIOM TPEThOTO MOPAIKY
byukmii f i mosHavaeThca cuMBosoM doy, i T

d"y =y (z)(dx)"

abo

4"y = fU(2)(dz)",n € N. (21)

Hpuknazn 2. 3uajite gudepenmian dy eysxmii y = z* — 322 4+ 4.
« 3HalifeMo crodaTKy TpeTio moxigHy. Maemo

y =43 — 6z, y' =122 — 6, y(?’) = 24zx.
Toxi srigao 3 dbopmyono (21)
By = y(?’)(x)(dx)?’ = 24x(dx)®. »
Hpuknazn 3. 3naiitu d?y gxmo GYHEKIIA y 3a1aHa HeSBHO DIBHAHEAM

zy+y> =1.
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« llpogudepentiioemo 3ajafe CIIBBLAHOIIEHHS, PO3TIAJAIONH ¥ IK
dyHKIO BT ©

y+ay, +2yy, =0 abo y+ (r+2y)y, =0 (22).
Judepennioemo octanue criBpiaHOmeHES (22)
Yo + (14 20,)y, + (& + 29)y,, = 0.
3BiICH BHILTHBAE, IO
2y, + (¥2)*)
r+2y

MMigcrapupnmu y meil Bupas sHaiijeHe 3 (22) sHAYEHHS Y, , AiCTAHEMO

"o
Ype = —

y ¥y \2
7 — 2(x+2y - (x-|—2y) ) 360 77 — 2($y + yZ)
fereid T+ 2y TT (l‘ + 2y)3
. . 9 ,, 2 ..
Ocxinbkn srigno 3 ymosowo ry +y” = 1, 1o y, = ————— Tozi srizgno 3
(z + 2y)
dbopmymomn (21)
2
d’y = dz)? >
YT 2y)3( )
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5. 3acTocyBaHHS MOX1/THOI B NPUKJIATHIX
3a/lagax

5.1. IToxigHa B eKOHOMIYHHNX 3ajadax

[TosicHnMo eKOHOMIYHMI 3MiCT TTOXiTHOT Ha KOHKPETHUX 3aJadax.

1. Hexait BuTparn BupobHuITBa K omHOpiAHOI TpoAyKIii € (pyHK-
Iiero KThbKOCTI MpoayKiii z. IlpunmyctuMo, mo KiTbKiCTh TPOAYKILT
3pociia Ha Az ofunauib. Tofdi NpupicT BUTpaT BUPOOGHUIITBA CTAHOBU-
TUMe

AK = K(z 4+ Az) — K(z).

AK
Cepeiii npupicT BUTpaT BUPOOHUIITBA JIOPIBHIOBATHME AL
x
AK "
['panntsa hm s - ('(x) Ha3MBa€THCH TPAHUYHUMY BUTPA-
-0 Ax

TaMun BI/Ip06HI/II_ITBa
Ilpukiaan 1. Sanexnicrs BuTpaT BUpobHANTBa K Big 06CATY MPOAYK-
i £ BH3HAYAETHCS POPMYIIOIO

3

z
K =100z — —=
K TR

SHalTH IpaHWYIHI BUTPATH, AKIIO 0OCAT BHPOOHUIITBA CTAHOBHTE: 1) b
oauHuIp; 2) 10 opuHUIE Hpo;LyKL[u
2 52
M K 100z — — —100——T K'(5)=100—- — =
<4 Maemo K'(z) = (100x 30) 10 oni K'(5) 10

25 975 102 100
100_E 10—975[ (10)_100——0_100 10 = 90.

Ie osnawae, 110 TpH 06CsA31 BUPOOHUIITBA D OAMHUITL TPOAYKIT BUTPATH
Ha BUTOTOBJIEHHS HACTYITHOI OJAWHWIN CTAHOBHTHMYTH 97,5 Tp. of. a mpu
06cs131 BUpOOHHUIITBA 10 OIMHUIL BOHKE CTaHOBUTHMYTH 90 rp. om. W

2. Hexait U(x) — BuTopr Bim npomaKy & omuHHUIb ToBapy. MipKy-
097 aHAJIOTIYHO SIK Y IMoIepeTHbOMY BUMIAAKY, OJePKyeEMO IPAHUIIO

i Uz + Az) — U(x)
Az—0 Az

]_[H I'paHNLd Ha3WBa€eThbCd TPAHUYHUM BUTOPIOM.
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Ilpukiyan 2. ®yusnia HonuTy Ha AesKHWil ToBap BH3HAYA€ThCA hop-
myiowo p = 10 — 2z, me ¢ — obcdr momuTy, p — IiHA. 3HAWTH rpaHWIHWH
BUTOPT TpH & = 2.

« OueBngHO, IO BUTOPT BiJ TPOJaXKy & OJUHHUIL TOBAPY

U(z) = 2(10 — 2z) = 10z — 227

Tomi U'(x) =10 — 4.

dxmo ¢ = 2, o U'(2) = 10 — 4 -2 = 2. Ile osHauae, MO KOJH MO-
AT 3pPOCTa€ BiJ ABOX J0 TPHOX OJWHHIIL, TO BUTOPI 3pOCTe Ha 2 TPOIITOBI
OIUHHUIIL. P

['paHu9HI BeJIMYIMHU XapaKTepU3yIOTh MMPOTec 3MiHU eKOHOMIUHO-
ro o6’ekTa (mporiecy) 3 gacom abo BiIHOCHO iHITOTO baKTOpA.

3a JI0MOMOTOI0 MOXiAHOT MOXKHA 3HaliTH npupict YHKII, skuit
BiJIITOBI/IA€ MPUPOCTY He3aJiezkKHOT 3MIHHOT. Y DaraTbox 3ajadax 3pyu-
HO 3HAXOIUTH BiICOTOK MpUpOCTY (PYHKIII, IKUIi BIAMOBITaE BIACOTKY
MPUPOCTY He3aJiexkHol 3MinHol. lle mpuBOAUTH [0 MOHATTS eJIacTUd-
HocTi pyHKUT (BigHOCHOI mOXigHOT).

Posragnemo dynkniio y = f(z), z € X. llpunyctumo, mo npu-
picT He3aJdexKHOI 3MIHHOI ¥ TOpiBHIOE AZ, TOAl BiIHOCHMNA IPHPICT

A
-2t Binnosinuuit npupicr dyakmii Ay = f(z + Az) — f(z), a
T

. . . Ay ) y Az
BigHOCHMIT npupicr — —. CK/ajeMo BiIHOIIeHHS —— : ——, sKe T10-
) ) x
Ka3ye, Y CKUIbKM Pa3iB BiaHOCHMI mpupicT byHKMIT GLIbmuii 3a Bis-

HOCHUH TIpUpicT He3asexkHoI 3MiHHOI. [lomaMo 3a3HadeHe BiTHOIMEHHS
V BUTJISAI]
Ay Az

x Ay
y oz y Az’

fAxmo icaye f'(x), To Mmaemo

i (A¥. BTN o (T Ay T Ay
Arso y oz = Awso y Ax _yAalgrgoAx_yy’

TOOTO

Ay
T
lim - =~y 2
A ar = (23)



I'panumio (23) Ha3sWBaOTH esracTUYHICTIO (PYHKIIT f BiIHOCHO
3MiHHOI 2 i no3Ha4aoTh cuMBosIoM Fy(y). Otike, 3riqHO 3 03HAUEHHIM

Bf) = o5 l'@) a0 Ba(y) =y (@).

Enacruanicts f BiZHOCHO & € BiACOTKOBUM HPUPOCTOM (DYHKIII,
AKHWI BiJNIOBiTae MPHUPOCTY HesaleykKHOI 3MIHHOT Ha OJMH BiJICOTOK.

Ilpukaan 3. 3naiiTn enactuanicTs dynxmii y = 3z — 6 Ta obuncauTH
ii mpm z = 10.

« 3TIIHO 3 O3HAYEHHIM

x x 3z x
Ex = — ! = 3 = = .
W= V=55 572
dAxmo z = 10, To
10 10 5
E1o(y) =—=-.

“10-2" 8 1
Ile osmagae, 110 KOJIM & 3pocTae Ha OJUH BIACOTOK, TO (PYHKIIISA 3pOCTae
Ha 1 BlICOTKA. P
Teopema 1. Eaacmuunicms dobymxy deox ¢ynruili dopiemnioe
CYML €AACTUNHOCTIEN MHONCHUKIS, G EAGCTRUNHICIIL HACMKY 060X

dynrUIl — PIBHULL eAQCTMUMHOCTNET YUCEADHUKA T IHAMEHHUKA, TM00-
mo

« OueBuggo, 1Mo

E,(uwv) = i(uv)’ = i(u’v +uwv') = T = Ei(u) + Ex(v).

uv uv u v

Amnanoriuno F, (%) =

E.(u) — Ex(v). »
PosryisinemMo  jieski [PUKJIQIM Ha 3aCTOCYBAaHHS €JacTHYHOCTI

pyHKIII.
Ilpukiyan 4. Busunrr eacTHYIHICTD OMATY BIIHOCHO IIHU.

el 8
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« Hexaii Ha fegkuit MOMEHT TIOMHUT ¢ 3aJ€KUTH BiJl IHA 3a 3aKOHOM
q = q(p). Toxi emacTHYHICTH MOMUTY BIAHOCHO IHE

_ P,
En= Ep(g) = —d'(p)-
q

Bona Busnadae, ik 3MIHIOEThCS TTOTMHT Ha TOBap, KOJH HOTO IiHA 3POCTAE
Ha OJIUH BiJICOTOK.

VY 6iabIIocT] BUNAIKIB PYHKINS TOMHTY € CIagHOn (DYHKINEH, OCKLIb-
KU 3 MIABUINEHHSIM T[IHA Ha TOBap MOMHUT Ha HBOTO 3MeHInyeThcs. OTke, B
raknx pumagkax ¢’ < 0. [lo6 we MaTw cipaBm 3 Bij'€MHUMH YUCJIAMH, TTPH
BUBYEHHI eJIACTUIHOCTI TIOMUTY BBAYKAKOTh, IO

.,
En=—=¢(p).
q()

dAxmo F, > 1, TobTo MABHUIMEHHIO IMIHA Ha OJWH BIACOTOK BIAIOBIIa€E
BHHUKEHHs MOMUTY OLIbINe, HIK Ha OJAWH BIACOTOK, TO KaXKyTh, IO MOIHT
eJIAaCTUIHUMN].

dAxmo F,, = 1, TobTo MABHUIMEHHIO IMIHA Ha OJWH BIACOTOK BIAIOBIIa€E
BHUKEHHS TOIUTY Ha OAUH BIACOTOK, TO KaiKyTh, IO MOIXAT HERTPaJIhHMIA.

Y Bunagky, koan 0 < F, < 1, To6To TIABHINEHHAIO MIHA Ha OJUH BIIACO-
TOK BIATIOBIa€ 3HUKEHHS TIOMTATY MEHIIe, HizK Ha OJHWH BIJICOTOK, TO TOIIHT
Ha3HBaOTh HEEJIACTAIHUM.

Hanpukmnan, aximo

q=10—-p,
rp p P
o, =—->-¢=—-—"(—1)= 2.
" q 1 10 — p( ) 10—p
IIpu p = 2 MaeMo, IO TOMUT HeeJdacTHIHHUH, 6o F, = % = %. Ile ozna-

Jae, Mo MpH IiHI 2 TPOIIOBl OAWHUIN TIABHUINEHHS IHA Ha OAWH BIICOTOK
1

BHUKJINKa€ 3HU2KEHHA TIOIMUTY Ha Z Bi,ZLCOTKa.

Axmo x

c

q=—, c¢=const,
p

TO
P P ¢
Ep==2g=-%|-—]=1

q P p

TOOTO MOIHT € HeﬁTpaﬂbHI/IM. »
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MozkHa po3riIgiaaTi eJlacTUIHICTD TOMUTY BiTHOCHO HOXOMY CITO-
JKMBaviB, TIPOTIO3HIILT BiITHOCHO IIiHM, a TaKOXK e/TacTUYIHICTh MOBHUX i
cepejHiX BUTpAT.

Hanpukiaj, Skimo miampueMcTBo BUPOOIILE & OJMHUALLD TTPOLYKILT
neBHOTO BUy i K () € DYHKIEO CyMapHUX BUTPAT, TO

x K
-1 -1
-K'(z) =K' : —.
K x
OT:Ke, €1acTUYHICTD CYMapHUX BUTPAT € BiIHOIIEHHSM IPaHUIHUAX
BUTPAT [0 CepelHiX BUTpPAaT.

B = E (K) =

: : K :
Poarngaemo ¢yHkiiio, gka onucye cepeini surpatu g = —. Tomi
x

;X
=%

xr

K), _2*K'e—-K  x

TR e TEfCishot

(

==

Ile o3Hatae, MO €TACTUYHICTD CEPETHIX BUTPAT Ha OIUHUITIO TPOAYK-
1Iii MeHTTa 3a eJaCTUIHICTh CYMapHUX BUTpPAT.

Axmo Ey = 1, o £, = 0 i, orxke, p/'(z) = 0, Tobro cepemHi
BuTpaTu p craji. 3 pisnocti £, = 0 Bummsae, mo K'z — K = 0

-+ _ K . . - .

abo K' = <-. Tomy npu E) = 1 rpanuuni surpatn K’ nopisHioroTh
cepeIHIM BUTpaTaM.

Ilpukaan 5. 3anexnicTs Mixk cobiapricTio mpoaykmii C' 1 obcsarom
BHpOOHHUIITBA () BHpaxKaeThcst POPMYJIOIO

C =50—0,4Q.

SHalTH eTacTHIHICTE cOBIBAPTOCT], AKIMO 00CAT BUIIYCKY mpoaykmii () = 15
IPOIIOBUX ONUHUIT.

4 Maemo
Q

Q
FoC)==(C'= ——————
o) =7 50— 0,4-Q
3eigcu npu Q—15 omepxumo
15 —6 -6 =3
=—(-04)= —-=—=—=~ —0,14.
50—0,4~15( 4) 50—6 44 22 ’

(0, 4).

E15(C)

Orxe, mpu 3amaHoMmy o0Cs31 BUIIYCKY NPOAYKINI 361IBINMTEHHS HOTO
Ha OJWH BIACOTOK TPHBOAWTL OO 3HUKEHHS COOIBApPTOCTI MpHOJM3HO Ha

0,14%. »
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5.2. 3acTocyBaHHs HOXIAHOT 10 JociiaxKeHHs PYyHKIH

5.2.1. Teopema mpo cKiHuyeHHUH mmpupict PYyHKIHI Ta Ha-
CJIOKU 3 Hel.

Teopema 2 (Teopema Jlarpauzxka). Hxwo dynxuia f dupepen-
uitiosna na deaxomy npomistexy X i {xy, 22} C X, 21 < €9, — dosiavHi
SHAYEHHA 3 UDO2O NPOMINCKY, MO

f(962) —f(961) :f/(f)(962—961)7 (24)

de 11 < & < xa.

« JloBejieHHST MTPOBEIEMO 3a JIOTIOMOIOI0 TIeBHUX HECTPOIMX Mip-
KyBaHb. OcKibkM B KOXKHI Toull rpadika pyHKIGI icHye noTud-
Ha, TO, pyxarouu il HellepepBHO B3I0BXK rpadika, jicTaHeMo, IO B
touni C(&; f(€)) moruuna mapasenbHa cianiit AB, a 1e 03Hadae, Mo
tga = f'(§). 3 AABD snaxomumo tga = M, a TOMY

fl@2) = f(z1)

Ty — X1

= ['(),

3BIIKM i BUIUTHBA€E piBHICTH (24). B

Hacainok 1. fAxwo f'(z) =0, 2 € X, mo f(z) =C, z € X.

« Crpasni, Hexait f/'(z) =0, 2 € X. Bisbmemo y (24) 21 = 29 —
dikcosate, a r9 = v — HoBijbHe 3HadeHHs 3 X . Tomi

F@) = f(wo) = f1(€)(x — 20) = 0 (¥ — 20) =0,
3BiaKN ButunBae, mo f(z) = f(zg) = const, z € X. »
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Hacmigok 2. Axwo fi(z) = fi(z), 2 € X, mo fi(z) = fo(2)+C,
CeR, xe X.

« Ockinmbru (fi(z) — fa(2)) = fi(z) — f3(z) = 0,2 € X, 10 3
HacTiaky 1 sutumBae, mo fi(z) — fa(2) =C, CeR, 2z € X. »

Teopema 3 (Teopema Posis mpo Kopeni moxiamol). fHrxuo
Pynruyia f dugepenyitiosna na (x1;3) 1 Henepepsna na [T1; T3] 1,
kpim moeo, f1(z) = fa(x), mo icnye mouxa & mawa, wo f'(§) = 0.

« /1711 IpocTOTH BBasKaTUMEMO, 110

Y f mudepentiiiosna Ha [x;x]. Tomi
c 3rigHO 3 opmysioo (24)
AT 0= ) - s = @ - )
0 951 g 352 " Ockinbrn 3 # @1, 10 f/(§) =0, & €
(z1;22). B

Teopema 4. (mocraTHi yMOBHM 3poOcCTaHHA (CIIaJAHHA)
dbyskuii). Jrwo 6 yeix mouxax npomiseky X f'(x) >0 (f'(x) < 0),
mo ¢ynuruia f spocmae (cnadae) na X .

« Hexait 1 1 9 HoBiTBbHI TOUKM 3 mpoMikKy X, ajle Taki, IO
z1 < xg. 3rimHo 3 Teopemoto 2 f(z2) — f(z1) = f(§)(2z2 — 21), me
§ € (z1;22). Ockimpxu f/(§) > 0 (f'(§) < 0), 10 f(z2) > f(z1)
f(z2) < f(21)), 60 23 > 2;. lle o3nauae, mo f 3pocrae (cramae) Ha
X.

5.2.2. EkcrpemyMm pyHKIII.

OsnHauveHHs. Qyuruia [ mae 6 Moyl Tg MIHIMYM (MAKCUMYM),
axwo icnye oxia U(zg) wiei mowwu mawud, wo daa 0061abH020 & €
U(zg) suxonyemoca nepisnicme f(xg) < f(2), (f(zo) > f(2)).

Y Y

(. (
0l Zo T 0l Zo T

MaxcumyM i MiHIMYM 00’€IHYIOTH CITILIHBHOIO Ha3BOIO €KCTPEMYM.
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Teopema 5 (HeobxiaHa ymoBa ekcTpemMyMmy). dxwo dynruyia
[ dudpepenuiiiosna 6 mouut xg 1 Mae & U MOMUL EKCMPEMYM, O
f'(z0) =0.

« llpunycrumo, 1o TOUYKa Tg € TOYKOI Makcumymy. Tomi mgs
masmx Az maemo f(zg+ Az) — f(z¢) < 0. 3Bincu BurmBae, mo

flzo + Az) — f(zo)

>0 mpm Az <0,

Az
Az) —
[(wo + Aw) = J(2o) <0 mpu Az >0.
Az
Brizro 3 ymoBoi  Teopemu  icaye  f'(x),  TObTO
. flao+ Ax) — f(zo) .
lim = f'(x¢), a ToMy, mepeifmoBn 10

Az—0 Az
IPAHWI B ToMepeHix HepiBHOCTAX, MatuMmemo f'(zg) < 0 mpnm

Az — 0401 f'(xzg) > 0 mpu Az — 0 — 0. Ocxinbku f'(2¢) ne
3aJ1eKUTh B Toro, ik Az — 0, 10 f'(29) = 0.

AHAJIOTIYHO JOBOIUTHCS TeOpeMa YV BUIAJKY MIHIMyMYy. B

g reopeMma nae HeobOXimHy yMOBY eKcTpeMyMy. Kopeni pis-
usuHeg f'(2) = 0 Ha3MBAOTHCH KPUTHYHUMU a00 cTAlllOHAPHUMU
ToykKaMu. Jlo KpUTUYHUX TOYOK HaJekKaTh TaKOXK TOUKU, B SKUX
MOXi7THa He icHYE.

Hanpukmian, nas dyskuii f(z) = |@| kpurnanomo € Touka z = 0,
y dKiil Moxi/Ha He icHYye.

Ipuknazn 6. 3majity KpuTHYHI Touxn GyHEI ¥ = 23, € R.

<« Maeno y = 3z?. Toai 3 pipmgaHa 3z’ = ( 3HaAXOIHMO, MO & =
0. OTxe, Touka g = 0 € KPUTHUIHOW0, ajie B MU Touml (DYHKINS HE Mae
eKCTPEMYMY. P

3 HpOro MPUKJIIAIY BUILIUBAE, 1110 Tpeba Ie 3HATH JT0CTaTHI yMOBU
eKCTPEMYMY.

Teopema 6 (mocraTHi yMOBU eKcTpeMyMy ). SHKkuo xg — Kpu-
muuna mouka dynrxuii f 1 6 deaxomy oxoar wiei mouxu 3.a16a U cnpa-
6a 610 Hei noviona f'(x) mae npomusescHi 3naxu, mo 6 Mouul T
dynxuia [ mae excmpemym, npuromy:

263



1) marxcumym, axwo f'(x) > 0npua < xo 1 f'(x) < 0 npuaz > xo;

Y Y

Ol Zo T Ol Zo T

2) sanimym, axuwo f'(z) <0 npuz < zg @ f'(z) > 0 npu x > zo.

Hxwo orc noxidna mne 3MIHIOE 3HAKY Npu nepexodi “epes mouky
T, MO 6 UL MouUl PYHKULA eKCMPEMYMY HE MAE.

« 3rigro 3 ymosoo f'(zg) = 0, a Tomy f HemepepBHa B TOHII
xo Ta icHye ckindenne 3Havenus f(zq). fAxmo f'(x) > 0 (f'(z) < 0)
npu < zg i f'(x) < 0(f'(x) > 0) npu & > ¢, TO Lie O3HAYAE, IO
3J1iBa BiJl TOUKN &g DYHKIS 3pocTae (Cramae), a crpasa Bi Hel — cra-
nae (3poctae), Tomy f(zg) € HafOIIbITIM (HAMEHITHM) 3HAYEHHIM
$yHKIIl f v IeIKOMY OKOJII TOYKH Zg.

AHaJioriuHo TOBOAUTHCS JIpyTa YacTHHA TeopeMu. p

Ilpukaan 7. 3naiita excTpemym dyHKIIT

<« Maeno y = 23 — 322, Tozi 3 pisaarEg z° — 327 = ( BUIIHBaE, IO
1 =0, 5 = 3 € KpUTUIHUMHU TOIKAMH.
Cxopucraemocs jgocrarnimMu ymobamu: y' = x%(x — 3) i Togi 3HAKM TIO-
X1THOI BIAMITHEMO Ha PHCYHKY
!

Y
- — +
y =0 — T3 T— 7

Tobro ¥ () < 0, —co <2 < 0; ¥ (2) < 0,0 <2 <3, ¢(2) >0,3< 2 <
+00.

Orxe, B Tounml 1 = 0 pyHKINS He 14\1/[&6 eKCTPEMYMY, & B TOYIl &2 = 3
Mae MiHIMYM, TIPHIOMY fmin = f(3) = 3Z -3 = 33(2 -1 = —%. >

Cdopmysitoemo iHI J0CTaTHI YMOBU €KCTPEMYMY.

Teopema 7. fHxwo dynxuia [ deiui nenepepsro dugepenuiiiosna

6 oxoal mouku To, i f'(zo) = 0, a f"(x0) # 0, mo 6 witi mowys

bl
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Pymnruia f mae exempemym, a came: 1) maxcumym, axwo f"(xg) < 0;
2) minimym, axwo f(xq) > 0.

« Hexait f'(zg) = 0, a f"(20) < 0. Ockinpru f” HemepepsHa
B okoyi Toukn g i f’(zg) < 0, TO BOHa € Bim'€MHOIO i B JeSKOMY
OKOJII TOUKH Tg, a Il 03Ha4ae, mo [’ cragae B IbOMY OKOJIi. 3rigHo 3
ymoBoio f'(z¢) =0, a Tomy f'(z) > 0 37iBa Bijg TOUKH g, a cripaBa
— f'(x) < 0. 3Bijcu BUMIMBAE 3TiIHO 3 TeopeMoio 6, Mo GyHKIig [y
TOYI] Tg MA€ MaKCHUMyM. P

Ilst reopema He mie y Bunaiky, ko f”(zg) = 0.

5.2.3. 3HaxoaKeHHd HalOlJbOIoro 1 HaliMeHINoro 3HadeHb
dyHKIET. YV 3aCTOCYBaHHAX BarKJWBY POJIb BIIIrpaioTh 3adadi Mpo
3HAXOJZKEeHHS HafbITbIToro #i HaliMeHIoTo 3HadeHb (PYHKINT Ha TPO-
MizKKY X.

Hexait dpyukiig f Busnadena Ha npoMikky X. ko a1a Oyab-
sxoro ¢ € X Buxonyerbcst HepisaicTs f(2) < f(zo) (f(2) > f(2o0))
JJIst IeAKOTo g € X, TO g Ha3UBAIOTh TOYKOIO IJIODAJIBHOTO MakK-
cumymy (MmiHiMymy) dyHKIli Ha npoMmizxky X, a uwmcno f(zg) —
HalblbmuM (HaliMeHIIUM ) 3HadeHHaM (BYHKINI Ha [HOMY MPO-

MiKKy | MO3HadaloTh cuMBojioM max f(z) = f(zo) (min f(z) =
zeX zeX
f(20)). Hanpuknaa, min 2 = 0, max sinz = 1. 3ayBaxkumo, mo
r€R r€[0;27]

dbyHKIig MOKe He MaTH Haiibisbinoro (HaliMenmoro) sHadenus. Ha-
3

MPUKIad, max x> He icHye, min tga He icHye.
z€R we(Fm

Pamirme 6ys10 noseeno, mo koiu ByHKINsA [ HermepepBHa Ha [a; b,
TO BOHA JIOCSTAE HA IILOMY BIIPI3KY CBOIX HaHOLIBIIOTO 1 HaliMeHIIO-
ro 3naderb. lle MoxkIMBO ab0o B TOoUKax ekcTpeMyMmy, abo Ha KiHIHX
Bigpiska. Tomy s 3HaXOIKeHHS HaliMeHIIOro i HaiiblabImoro 3Ha-
JeHb HYHKIIT, dKa HerlepepBHa Ha [a; b], Tpeba obumcanTH i1 3HATeHHS
B yCiX KpUTHYHMAX TOYKaX 1 Ha KIiHIAX BiIpi3Ka, a MOTIM BUOpaTH ce-

pel HUX HaliMeHIne Ta HaiblabIe.

Ilpukgan 8. 3uajitn Haiiblaeime i HaldMene sHaTeHHs DYHKIIT i =
fa® — 227 4+ 3¢ + 1, axmo x € [0;4].

« 3Bmaxommvo y = x? — 4z + 3 i posp’asyemo pisHaEHEL 3y = 0 abo
2?2 —4x 4+ 3 = 0, xopeHi axoro z; = 1, x5 = 3. OfuaBa KOopeH] HAJEXKATD
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upomikKy [0;4]. Ockineru y(0) = 1, y(1) = g, y(3) =1, y(4) = -, sBigcn
BUIIIMBaE, Mo max_y(z) = T min_y(z) = 1. »
» x€[0;4]y 3y x€[0;4]y o

5.2.4. HanpaMok omykJiocTi rpadika ¢dpyukini. Touka me-
peruny. ['pacdix mudepentiiioBaol dyHKINT HA3HBAETHCI OMYKJINM
poropu (QOHU3Y ) Ha MPOMIKKY X , AKIIO 715 3HaUeHb apryMeHTY 3
I[OTO TIPOMIZKKY BiH pO3MiImeHnii HuzK«e (BHIIE) JOBIIBHOI CBOET j10-
traHol. Ha puc. 1 a), 6) mokasaHo rpadikn PyHKINH OMyKIHX 10r0pH
Ta JIOHU3Y BiJITOBITHO.

Y4 Yy

Puc. 1

JocTaTHi yM0BH OmyKjocTi Tpadika PYHKIII Jae TeopeMa.

Teopema 8. fHrxwo dynxuia [ mac na npomiocxy X dpyey no-
ziony 1 f"(x) > 0 (f"(z) < 0) na X, mo epaix Ppynwuii onyxaui
donusy (dozopu).

Heobxinmna yMoBa OIMyKJ/IOCTI cIabKilIa: Axwo GyYHKULA ONYKAG Ha
npomioicky X, mo moocna cmeepdxcysamu auwe, wo f'(x) > 0 (abo
f"(z) <0), € X. Hanpuknan, dpyuxuis y = z* onykna nHa Beiit
yncsoBiil oci, v Toil e uac ii gpyra moxigna y” = 1222 He cKpisb
JlofaTHa, 30Kpema, y”(0) = 0.

Toukoro nieperuny rpadika (hyHKINl [ Ha3sMBaeTbCd Taka HOTro
TOYKa, MPH TIepexoli depe3 dKy BiH 3MIHIOE HAIIPAMOK OIMYKJIOCTI.

3 1pOro O3HaUYeHHS BUILUIMBAE, 10 TOYKM MEPEeruHy — 1 TOYKHU
eKCTPEMYMY TIEPINOoi MOXiTHOL.

VY Todllj nieperuHy A0TUYHA nepeTnHae rpadik PpyHKIIl, OCKITbKY
BiH TIepeXo/IUTh 3 OJHOrO OOKY JOTUYHOI Ha IPyruii, To6TO mneperu-
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Ha€TbCH Hepe3 Hel

0 T

JloBomuThces, 1m0 HeoOXigHa 1 JOCTATHSA yMOBa IHeperuHy (pyHKIII
f B rouri Mo(zo; f(20)) maerbest TeopeMoro.

Teopema 9. Sxwo daa Pynxuii [ dpyea noxiona f" y deawii
mouul To JOPIGHIOE HYAI0, G NPU NEPETodi Hepes U MOYKY 3MIHIOE
3nax na npomuaescrut, mo mouka Mo(zo; f(z0)) € mouxow nepezu-
HYy epagira GyHnrui.

Ilpukian 9. 3uaiiTh Toukm ekcTpeMyMy 1 eperuHy BbyHKINI y = €~
Ta mobynysaTu i1 rpadik.

« Iocrinosno sraxogumo y' = —2xe™ 2, y' = (4x2—2)e_x2. OueBHIHO,
mo ¥ () = 0 B rouri « = 0. Ockinbku ¢’ (0) = =2 < 0, To B Touni & = 0
dYHKITS Mae MaKCHMYM.

3 pisusuns y'(z) = 0 abo (4z? — 2)6‘x2 = 0 ozmepxyeMo x = :I:%.

2
xr

xr

3wmina sHaky Apyrol moxizHol taka: y'(z) > 0, komnm —o0 < z < —%;
1 1. 1
y"(x) < 0, komm -7z <t <5 y"(x) > 0, komm 75 <@ < foo.
1.1y 1.1 .

Orike, B TOKAX Ml(—ﬁ,.%) i Mz(ﬁ, %) I‘pa(i)l.K (byHKL[l.l Mae mie-
PErvH, OCKLIBKH IIpH Iepexoi depes Touky Mj rpadik dymkmii sminmoe
HAIPSMOK OIYKJIOCTI JOHM3Y 3JiBa Ha ONYKJICTH JOTOPH CIpaBa, a depes
TouKy My — OIYKJICTH JOTOPH 3JIiBa Ha OIyKJICTH AOHH3Y CIpaBa.

yA
1
/M)/ 2 y=e"
- 0 % >
V2 V2
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5.2.5. Acumnroru rpadika pyHKIil. MoKIKUB] cuTyarlil, KoJu
rpadik PYHKIIl SK 3aBrOTHO OJIU3bKO HaOIMKAETHCS 10 ITeBHOI IIps-
moi. Taky npsmMy Ha3uBalOTh ACUMIITOTOO. PO3pisHsoTh TpU BUIN
ACUMIITOT: BEPTUKAJIbHI, TOPU3OHTAJbHI Ta TTOXUJI.

BeprukanbHa acumnrora. llpsma @ = g € BEpTUKAJIBLHOIO
acumirororo rpadika ¢yHkil y = f(z), gxmo f BU3HAUeHa B Jle-
SKOMY OKOJIi TOUYKH Zg, 33 BUHSTKOM, MOXKJIMBO, caMOl TOYKU Zg, i
xo4da 0 ofHa 3 OMHOOIYHMX TPAHUIb JOPIBHIOE HECKIHIEHHOCTi, TOOTO

lim f(z)=+4oc abo lim f(z)= +oo.
rz—xo—0 rz—xo+0
OdeBujiHO, IO TpsMa T = Zo He MOKe OYTH BepTHKaJbHOM
acCUMIITOTOIO, sKIO (PYHKIs HerepepBHa B TOUIl X, OCKIIBKH
lim f(z) = f(xg). Orike, rpadix byHKIII, sKa HerepepBHa Ha BCiif
r—rxo

YHUCTOBIM OcCi, BePTUKAJBHUX ACHMITOT He Mae. ToMy BepTHKaJIbHI
aCUMIITOTH & = ¥ Tpeba IMIyKaTw B TOYKaX po3puBy PyHKIUI [ abo

Ha KIHIIFX 1T 00J1acTi BU3HAYEHHY.
Ilpukaan 10. 3maiite BepTMKanbHy acumnToTy rpadika dyHKII

y= -
x
« dxmo z # 0, To byHKIS HelmepepBHA, I TOMY BEPTHKAJIBHOL

acuMnToTH HeMmae. Bona moxkamBa B Tourl pospuBy x = 0. Ockiiabku

. 1 . .
lim —= —o0, lim — = 400, To psgMa z = 0 cupaB/il € BEPTUKAIBHOIO
z—0-0 2 z—040 &

aCHMIITOTOIO Ipadika HyHKII. P
Topusonranbua acumnrora. ko dyHkiig f BUu3Had9eHa Ipy
JOCUTH BeJUKUX T Ta iCHY€ CKiHdeHHa TPaHUId hrj? f(z) = b, 0
T—rL 0O

npsiMa 3§ = b € rOPU3OHTAJIBHOK ACUMIOTOTOIO rpadika pyHkIi f
(paBobiTHO, KON & — +00, JTiBODITHOW, KOJIH & — —00 1 J1BOOIY-
HOTO, KOJTH 00MIBI OTHOOIYHI TpaHMIIl OTHAKOBI).

Ilpukaazn 11. 3naiith ropmsonTanbHy acuMnToTy rpadika yHKII
y=a",a>1 xR

« Ocxinpku ipr @ > 1 lim o = 0, To npama y = 0 € J1BOKO TOpHU-

li
r——00
30HTAJBHOIO acUMITOTOI0. [IpaBoil Topr30oHTATBLHOI ACHMIITOTH Y T1i€l KpUBOL
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memae, 60 lim a” = 4o0.

r—4co
Y
y=a* a>1
/1
0 ¥ >

IMoxuma acummirora. Hexa#t dysxiiig f BusHadeHa MpH JOCHTH
BeruKkux 2. [Ipava y = kz + b Ha3UBaeThCT MOXUIIOD aCUMIITOTOO
rpadika ¢yukmii f npu ¢ — oo (¢ — —00), AKIIO lir_l{l (f(z) -

rT—r+00
(kx +0)) =0 ( lim (f(z)— (kx +b)) = 0). s Toro mob npsima
T——00
y = kx 4+ b 6yna noxumnoo acuMnToToo rpadika GyHkmil y = f(z),
HeODOXIIHO i TOCUTD, 100 ICHYBaJIM CKIHYeHH] IPaHHUIL

k= lim M, b= lim (f(z)— kz);

r—=too T r—+0o0
abo
k= tim 29 h i (f(e) - ke
r——0co X r——00

VY repiioMy BUIMAJIKY MaeMO MpaBy MOXUIY aCUMITOTY, a B IPY-
romy — JiBy. Axmio rpamumm 36iralorhes, To mpaMa y = kx + b €
JBOGIIHOIO TTOXUIIOKD aCUMITTOTOIO.

1‘3

PCRE

241

« OueBnnno, Mo rpadik pyHKINI He Mae HI BEPTUKAJIBHAX ACUMIITOT, 6O
3

Ilpukaan 12. 3raiitn acumnrorn rpadika dyHKII § =

HEMAa€ TOYOK PO3PUBY, HI TOPU3OHTAIBHEX, 60 lim = 00. 3Haiigemo

r—co g2 4
HMOXHIILY aCHMIITOTY.
Maemo
3 1 2
k= lim 1Y = Rl - RN
z—too e=too 2241 ot x4l
. z3
b= xEIjr:loo(f(x) -1 l‘) - xEI:I?oo(xz +1 l‘) -
_ P —d—z —x _ 0
T oot T 22 +1 eotoo 2 4+ 1



OT}KC, IIOXUJIOK ACUMIITOTOIO € IpdAMa y = &. P

5.2.6. 3arajbHa cxeMa OOCJIAKeHHsS (PYHKINN Ta moby-
JoBa TxHix rpadikiB. KopucTyioTbes TaKOWO CXeMOI0 TOCTTKeHH ST
PyHKII:

1) 3HaXOIATH 06IACTh BU3HAUEHHS, TPOMIKKH HEelepepBHOCTI Ta
TOYKH PO3PHUBY;

2) HOCTiKYIOTh (DYHKIIO HA MapHICTh, HEMapHICTh | Hepioaut-
HiCTh;

3) 3HAXOIATH ACHMIITOTH;

4) 3HaXOIATH MIPOMiIZKKI MOHOTOHHOCTI (DYHKIIIT, TOUTKN €KCTPeMY-
My;

5) 3HAXOIATH MTPOMIZKKH OIYKJIOCTI Ipadika (pyHKIIil, ToUKN foro
MePeruny;

6) BU3HAYAIOTH TOUKK MepeTHHY Tpadika 3 0CIMH KOODIMHAT, SK-
0 BOHU iCHYIOTb;

7) 3BOIATH OjleprKaHy iHhOpMaIiio B Tabiauio i OyayoTs rpadik
pyHKIII.

Ilpukaan 13. IMobynysarw rpadix dbyHKIii

1‘3

Yo )

< 1) Maemo D(f) = (—oo; —1) U (=1;+00), # = —1 — TouKa po3puBy
JPYTOTO POJLY.

2) OyHKIig — Hi TapHA, Hi HeTApHA.

1‘3

3) Ockinbkn x_}l_nlliof(x) = x—}i—Hll:I:O m = —o0o0, TO mpAMa
r = —1 € BepTUKAJILHOK ACHMIITOTO;
2 2
b tim T o g gy v L
oo e—too 2(x + 1)2  e—otoo g2. 201+ %)2 2
. . z3 x . —22% — &
b=t ()= k) = i (e 3) = i e -
—2*(2+ 7)

= x—}IZElOO sz(l + %)2 - ’
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1
TOOTO npsaMa Yy = §l‘ — 1 € TOXKJIOI0 aCHMIITOTOIO.

2
. 3
4) Ockinegn y' = %, T0 3 ymoBu Yy = 0 abo x%(z + 3) = 0
0JIEPFKYEMO, TIIO
xr1 = 0, o = —3.

3a 3HAKOM TepIol MoXiTHOI BU3HAYNMO JUISHKA MOHOTOHHOCTI (PYHKII Ta
3HANIEMO TOYKH EKCTPEMYMY

/

Y
+ = + + T
o —3\—1 0
Orxe, B Toum 1 = —3 dyHKIMA f Mae MAKCUMYM, a B TodIl 3 = 0

EKCTPEMYMY HeMa€; fmar = f(—3) & —3,37.

. . 3z
5) TpupisusaBmu apyry noxigny y’ = W JIO HYJIS, OJePIKHUMO
x
z = 0. 3Hak Apyroi moxiaHol TaKuii:
/1
Y — - +

-1 0
NN
V¥ rouni (0,0) rpadik dbyHKIii Mae meperus.
6) T'padir dyHKIIT mepernHae oci kKoopaunar B Toumi (0, 0).

7) 3BesieMo ycro ofiepKaHy iHpoOpMaIio B TabInIo.

t [—oo;—3) =3 |(=3;=1)] =1 | (=1;0)| 0 [(0;+0c0)

vy | o+ |0 - + o o+

_|_
~ _ o
Va N\ \/

/
/N
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Bynyemo rpadik dpyuKmii.

y

_1 2 xr

5.3. PoskpurTs HeBusHaueHocteii. [Ipasuiio JlomiTass

f(z)

Bigmomenns aBox (yHKINH — IOpu & —» Zp HA3HUBAETHCS

g(z)
HEeBU3HAYEHICTHO BI/IFJ'Iﬂ,Z[y 67 AKIIO

lim f(z) = lim g(z)=0.

r—rxo r—rxo

Poskputu HeBu3HaueHiCTb O3Havae, 10 Tpeba 3HAUTH TPAHUITIO
f(z)

r—rxo g(w)
HaCTyHHa TeopeMa Jja€ IIpaBUJIO PO3KPUTTA HeBU3HAaYeHOCTel

, SIKIIO BOHa icHye abo JIoBecTH, 10 BOHA He iCHYE.

BUTJLA LY 6 .

Teopema 10 (mpaswiio Jlomitass). Hexail ¢ynxuii f 1 ¢
suanavent U dugepenuiliosnt 6 JeaKomy 0KOAL TOYKY Lo, 3¢ GUHAM-
KOM, MOAHCAUBO, camol mowku Tg. Hexail, kpim mozo, lim f(z) =

r—rxo

lim g(z) =014 ¢'(z) # 0 y sxazanomy oxoal mouxu xo. Hrxwo icnye
r—rxo
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f'(z)

2PAHUUA GIOHOWEHHA NOTIOHUT 1im (cKinMenHa abo HECKINYEN-

r—xg g’(x)
4 . flz)
na), mo icnye epanuua lim —=, npuyvomy npasusvra Gopmyaa
r—rxo g(w)

i L&) gy L)

T—T0 g(x) s g’(x)'

Saypaykenna 1. Teopema € mpaBUiIbHOW 1 V BUMAAKY, KOJHU

ro = too.
. x—sinzx
Ilpukaan 14. 3naiity rpasnmo lim ————
z—0 l‘3
. . . _ ET .
« Ockinekn lim (2 —sinz) = 0, lim 2° = 0, To MaeMO HeBH3HAYEHICTH
z—0 z—0

BUTVIALY 0 BacTocyemo npasuio JlomTasas

. r—sinz (J:—sinx)’_l, I —cosx
xl—I}%J l‘?’ - xl—I}%J (l‘?’)/ - xl—IE%J 31‘2 -
. (1 —cosz) sine 1 .. sinz 1
=lim-———%=1lim — = = lim = = »
z—0 (31‘2)’ z—=0 6Ox 6z=0 6
. L _ f(2)
BayBaxkenuda 2. fxmo lim f(z) = lim g¢(z) = oo, TO €
r—rxo r—rxo g(w)

HEeBU3HAYEHICTIO — IIPHU & — Xg. ,HJIH PO3KPUTTA 11€1 HEBU3HaAY€HOCT1
o0

MpaBUIbHA TeopeMa, aHAJOTITHA ToTepe Hil.

. Inx
ITpukaax 15. 3uaiitn  lim —.
r—+o0 x
4 Maemo HeBH3HATEHICTH —, OCKLIBKE lim Inx = +oo, lim x =
o0 r—4oo r—4oo
. Inz ) Inz)’ ) L )
=+4o00. Tom lim — = lm u: lim £ = lim —=0.p
r—+o0 & r—4oo x/ r—4oo 1 r—+oo x
HesusaagerocTi Burisay 0-00, 00— 00 MOXKHA 3BECTH JI0 HEBHU3HA-

0 .
JeHocTeil 7= [IpoinocTpyemo e Ha IpPHKJIIaX.
00

Ilpukigan 16. 3naiity rpasnmo  lim zlnz.
z— 040
4 Maevo mepmsHadeHicTh (O - oo. IlepemmcaBIm TpaHUIO y BHULVISIL
Inz

lim zlnz = lim ——, gicTaHeMO HEBH3HAYEHICTD =2, AKY PO3KPHBAEMO
r—0+0 r—04+0 = 0
xr
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3a mpaBuioM Jlomrasmis

1

lim —— = lim -——-= lim —% = lim (—z)=0.»
o040 - z—040 (;)/ 040 — = z—040

Hepusnauenocti suraamy 0, 1%°, oo, aKi BUHHKaOTH NMpPH po3-
gl rpaHuii PyHKINn y = u(x)“(l’) 3BOAATHCS 10 HEBH3HAUYEHOCTI

0-0c0 3a JAOITIOMOTI'OI0 TOTO2KHOI'O IIepeTBOPeHHA

u(x)v(ac) _ ev(ac) Inu(z) )

Ilpukaan 17. 3naiitn rpanumo lir%(l + x)°rer,
T

« lle aeBusHavenicTs Bursgmy 1°°. 3amuimemMo M0 TPAHUIIO TaK:

. lim ctge In(l+w) lim nd+z)
lim (1 + 2)%8% = g=—0 — ge—0 (8T
z—0
1
/ L TE .
lr2t1+:;:l ;1310 la: lim cifzz 1
— ex—0 g —e cos2z — ex—>0 e =e€e. p

5.4. ®opmyna Teitsopa
PosriigiHeMo criouaTKy MHOTOYJIeH
P(z) = ao+ a1z + asx? + ...+ a,a” (25)

i 33729y Ipo po3KJIad IIbOI0 MHOTOUIeHA 38 CTeeHsIMH & — Tg, A€ Lo —
nepHe gucyo. o 3amady MoxkHa po3B’a3aTH POCTO, SIKIO CKOPUCTa-
THCS TOTOJKHICTIO @ = 2o + (¢ — o). MozkHa 11e 3pobHTH MTO-IHITOMY.
Hexaii

P(z) = Ao+ A1(z — o) + Az(z — $0)2 + ...+ A (z—z0)" (26)

€ IMYKaHNM pO3KJadoM, koedimieHTn akoro Ap, Ao, ..., A, Tpeba

sHaiitu. llokmamaroun B TOTOXKHOCTI (26) @ = 20, JiCTAEMO, IO
P(zg) = Ag, Tobro Ag = P(20).
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Judepenniooun (26), Maemo
P'(2) = Ay + 245(x — 20) + .+ 1A, (2 — 20)" ",

3BijcH, MoKIaBImM & = Zg, omepknumMo Ay = P'(xg).
[licsis nopTopHOTO AudepeHIIIOBaHHS, 3HAXOINMO

P'(z) =245+ 3-243(x — 29) + ...+ n(n — 1) A, (z — z0)" 2

: P (z0) o
i npu ¢ = xg olepKUMO, 1O Ay = T [MoBropiotoun 1i MipKy-
BaHHS, JTiCTa€MO '
PF) (g
Aj = %k € {0,1,2,..,n}, (27)

e 3a osnadennsv PO (z) = P(z) i 0! = 1.

Dopmysty (27) MOKHA CTPOTO JOBECTH METOIOM MaTeMaTHIHOT iH-
JYKITiT.

Hlincrasnsioun koeditientn (27) B poskia (26), micraemo ¢op-
myaty Teitopa 1y MHOTOUIeHA,

P (x)
2!

P(z) = P(xg) + P'(x0)(z — x0) + (x —20)*+ ...+

abo

P(z) =Y —(x - z)". (28)

IIpukmaazn 18. Muorounen P(z) = 1 — 2z + 32 — 423 poskiactu 3a
cTemensaMu x + 1.

<« Cxopucraemocst gopmynorw (28), ne o = —1. Maemo P'z) = =2 +
6x — 1222, P"(z) = 6 — 24x, P®)(x) = —24, a romy P(—1) = 10, P'(—1) =
—20, P"(—1) = 30, PG)(—1) = —24.

Orxe,

30
P(z) =10 = 20(z + 1) + Sp (= + 1)* +
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abo
P(z) =10 —20(x + 1) + 15(x + 1) + 4(z + 1)3.  »

Ouesniro, Mo KoM g = 0, To npaBa dacTuHa (28) 36iraeTbes 3
PaBO0 YaCTHHOW MHOTOWIeHa (25). Tomy

pk) (0)
k!

ap = ke {0,1,2,....,n}.

IIpukaan 19. @yukuito f(z) = (a+ )", n € N posknacrn 3a crete-
HAMH .

<4 Maemo (a+2)" = Ag+ A1+ ...+ Ap2™, ae Ay, srigro 3 dopmymon

(k)
! k'(o),ke{o,m,...,n}.

(27) mators BuTIA Ap =

OcklIbKH
@ =nn—1)..(n—k+1)(a+2)"* ke{0,1,2,..n},

TO

f(O)(O) =a",
B0 =nn—1)..(n—k+1)a"* ke{l,2,... 0}
Orxe,
(a4 z)" =a" + na""'a + @a"‘zxz + ..

nn—1)...(n—k+1
ELEDIE LR

TOb6TO MU ofepKagn dopmyry 6iroma HeioToma.

a" Rk 4,

3okpema, pu @ = 1, Maemo

(n—1)

(1+x)":1+nx+n 5 22+ .+ »

Posrnsnemo Tenep goBinbHY BYHKINO f, IKa Ma€ HellepepBHi M0~
XifHl 10 n-ro mopsiAKy Ha iHTepBadi (a;b) i xg € (a;b).

BuxkopucroByiouu norepeai MipKyBaHHS, TOOYIYEMO MHOTOUJIEH
Teitnopa crenens n:
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2L k) (20)

Po(e) = !

(z — x0)". (29)
k=0

Muorousen P, (x) MOXKHa pO3IJISiaTH K jesdke HaOIMZKeHHS
(ampoxcumarnio) dyukmii f. Sxmo nmosnauntn wepes R,ii(z) Bin-
HOBIJHY MOXUOKY (3aJIMMIKOBUET UjIeH), TO MaTHMEMO

f(@) = Pole) + Boga(2). (30)

MozkHa moBectr, o R,41(2) € HeCKIHUEHHOI MaJol (DYHKIHEO
HOPSAJIKY BHINOTO, HiZK (2 — xg)" Tpu & — &g, T006T0 R,yqq(x) =
o((z — zo)") upu & — 2.

fAxmo dynkuig f mMae B oKoJi TOUKH Zg 1 (n + 1)-y moxigHy, To
st Ry, 41 (2) matumenmo opmyiry

FoH(©)

(n+ 1)! )z = z0)", (31)

Rn—l—l ($ —
Je € — neBHa TOYKa, dKa 3HAXOIUTbCH MiXK TOYKaMU g 1 Z.
fAxmo cxopucrarncs gopmytamn (29), (30) i (31), To ogep:xuMo
dopmyny Teitnopa i3 3asumkoBuM uieHoM y hopmi Jlarpanzka:

f(@) = flxo) + f/(ffo) (z — z0) + f”éfo) (v — 20)* + .4
(") (zg (n+1) .
P P )

Axmo xz¢9 = 0, T0 dopmyny (32) nasusaoTh popmysoro Ma-
KJIOpeHa i BOHa Ma€ BUTJIS,

f1)  17(0)

(n+1)
_ 2 / (02) i
f(z) = f(0)+ TR I R TR e mat s CESI

e 0 <6 < 1.
Ilpukaan 20. 3anmucatn dhopmynn Maknopena mas dpyHKIIIL:
1) f(z) =€"; 2)f(x) =sinx; 3)f(z) = cos x.
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<« 1) Maevo f(z) = f/(2) = ... = f"+(2) = e, amomy f(0) = f'(0) =
o= fOED0) = 1.

Tomi
2 n

xr xr xr n 0
ﬂ—l—i—l—...—l—m—l—o(aj ), x = 0.

2) f(x) =sinz. Ocxinbxu f(?)(x) = (sinz)) = sin(z + ng), n €N,
TO

e =14

M)(0) = sin . = 0 AKmo n =2k,
I (0) _San _{ (_1)(”—1)/2, gaxmo n = 2k — 1, k € N.

Tomy

. 23 o p2n—1
simr =2 — —+ —+ ...+

n—1 2n
31 " 5l 0 gy o) 220

3) f(z) = cosz. Maemo f")(z) = (cosz)®) = cos(z + n¥), n € I,

0, akmo n = 2k — 1
(n) = T = ; ’
f (0) Ccosny { (_1)”/2, axmo n = 2k, k € N.

Orxe,

l‘z l‘4 l=6 x2n
cosa::1——_|_____|_m_|_(_1)n(2n)'

21 A T 6! +o(a®*), 2 = 0.

3a momomMoroo nmux GopMyJ MoyKHa HabJNAKEHO OOUNCIIOBATH 3 MIEBHOIO
TOYHICTIO 3HadeHHs (PYHKIN, 3aMiHoloqun i1 MHOTOWIeHOM Teitmopa. p

Dopmyta Teiinopa, a Tounime HabimzKena piBHicTh f(2) & P2 ()
3aCTOCOBYEThCS B eKOHOMiUHIM craructuii. Hexait nga uwncen

X1, T2, ..., Ty BiIOME cepente aprdpMeTHIHe
ittt 2,
n

i cepeHe KBapaTUdHe BiIXWIeHHS

a:\/(xl_“)2+(9€2—a)2+...—|-(xn_a)zl

Tpeba 3HAMTH cepenHe apudMeTHIHe BUIISITY

7= f(901)-|-f(902)‘|‘---‘|‘f(95n)7
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AKINO YUCHA X1, L2, ..., T, HEBIAOMI, ajle BiJOMHUI MPOMIKOK, ¥ SKOMY
BOHU MICTSTbhCs. 3BUYAiHO, TOUHE 3HAUYEHHS [ BUSHAUUTU HEMOZKJIIM-
Bo. Tomy 3Haiijgemo y nabuuzkeno. llpu npomy nomuiika Oyie TUM
MEHINOI0, YUM MeHIle MaKCUMaJibHe 3HauYeHHs f(3)(96) Ha MPOMIkKKY,
IO MICTHTb BCl 21, L3, ..., To. 3aMiHUMO f(2) 1T MHOTOUIEHOM Tefimopa
JPYroro crereHs 3 EHTPOM y TOYUI a:

fl2) % Po(a) = f(a) + F'(@)(z — @)+ 3 " (0) (& — )

Tomi
1o 1
g S () 4 )i - a) + 5 7)o~ ) =
=1
e 1 e
_ ' ' L oen N2
STRAGRRACIT SERP IR YR ST
Ockinprn izn:(x —a)? = 102 a lzn:av = a, TO
2n =1 Z 2 7 n =1 Z 7
_ Loy 2
7R fla) + L ' (0)e 33)
Ilpukaan 21. Jlna ancen xq, xo, ..., T100 BlAOMI cepeane apudme-

THYHEe @ = 2 1 cepefHe KBajparudHe Biaxuienns o = 0, 1. 3uafitu nabau-
KeHo cyMy Kyb6iB 2% + 23 + ... + 23,

« s dbynxuii f(z) = 23, x € [¢;d] C R, snaiinemo cepenne apudme-
THYIHe 3a (opmymon (33):

x:{’—i—x‘;’—i—...—l—x?oo
100

1
7= ~a3+§6a02:23+3~2~0,12:8,06.
Bpijcu Bunuubae, mo 5 + 23 4+ ...+ 235, ~ 806. »
Ilpukgaan 22. Jlaa gogaTHWx 9ucesn xi, Tz, ..., T, BIAOMI cepenHe
apudMeTHUIHE a 1 cepelHE KBaJpaTudHe BIAXUICHHS 0. SHAHTH HaADJIUKEHO

cepeaHe TeOMETPHYIHE (/X1 L2 - ...  Tp.
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< Cepe;LHe TeOMETPpUYIHE MOXKHa IIOAATH Y BI/II‘.HH,ZLi

m: eln(ﬁ/xlxgmxn) — e%(lnx1+lnx2+...+lnxn).

Buxopucrosytoun dbopmyay (33) ans dyukmii f(z) = Inz, gicranemo

1 o?
—(Inzy+Inzs+ ...+ 1nz,) mlna— =5
n 2a
Orxe,
2 0_2 0_2
1T Ty A e T 5T =0T =g e 2aT
abo

o2

Yrixo Ty R ae 27, P (34)

Ilpukigan 23. Hexail p; — BapTicTh COKWBYOTO KolmuKa Ha 31 rpy-
HA -To poky, 1 € {0,1,2,..,10}, k; =
J-tuit pik, j € {1,2,...,10}. Bigomo, mo cepenne apudmMernyiHe Uuces
ki,ko, ..., k1o mopiBHIOE 1, a cepemne KpagpaTwdHe Biaxwienus ¢ = 0, 1.
Busuauntn npubansHo BIAHOCHY 3MIHY IiH 3 31 TpYyAHS HYJIBOBOTO POKY [0
31 TpyaHSa JecATOTO POKY.

<« Buxkopucropyroun dopmyiy (34), sHaiileMo HAOIHKEHO CePETHE TEO-

METpHUYHE
0,12 _
1\0/ klkZ"'klo ~l-eTT2 =e 0’005.

ppjl — IHJEKC CIOKHBUMX I[IH 3a

Hami,

PO — ik ko = (7707910 = =05 0, 95.
Po

OrtKe, 3a JecaTh POKIB IIHA 3HU3WINCHL OpHOau3HO Ha 5%. W
Buopasu

1. Kopucryiounch o3HaYeHHAM MOXIJHOI, 3HAHTH MOXIAHY MYHKINI:
D) y=vV1+a%2)y= = 3)y= 5o 4y = 55
2. BHaﬁTI/I Hoxi;LHy (byHKL[i'l' y= x3 —222+42—5;2)y = 6/ —4Yx;
Ny = = —|— xQ + x3’ 4)y = z%cosz; )y = THoans 6)y = 27 arctgx; T)y =
9y

T sinx lnx 8)y = cos?z +Intg L 33 =1 —a2%arccosz; 10)y = J—ar_i(ixf;
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1)y = xx2; 12)y = (Inz)”; 13)y = (sinx)®%; 1d)y = 2 VT, 15)y =
(tg2x)°te s,

3. Bmaditn moxigny GyHKMI i obumcanuTm i1 3HAYEHHS TUPH & = Zg:
Dy = 52575, %0 = 0; 2)y_\/1—|—lnxx0_1 3y = sinx ez =
4y = lnthg—i,x_ 0y =In(x 4+ Va2 +12), 20 = 2.

4. Bnaiitn noxizuy byHKii, ska sagana HespHo: 1)z? + xy + y* = 0;
Ne¥ —e "ty = 0; 3)y” = 2¥; 4)sin(zy) +cos(xy) = tg(xz+y); 5)e” siny —
e Ycosx =0.

bl

NI

5. CkaacT DiBHAHHS AOTHYHOI Jo KpuBoi: 1)y = — ¥ TOUI 3

4+
aberucoro ¥ = 2; 2) 23 + 2y +y® = 0 y Toumi Mo(1;-1).

6. Touxa pyxaeThcs IpAMOJiHIIHO 3a 3akoHOM S(t) = 2t3 — 3t? + 5t + 2.
BHaliTy MBUIKICTH Ta TPUCKOPEHHST PYXY.

7. 3majitn gudepenmian dbyuxuii: 1)y = % — ;—2; 2)y = Incosz; 3)y =
arctg 4z — 1; 4)y = 2%; Sy + = = ev.

8. O6umcawmty mabmmmeno 1)arcsin 0,05; 2)¢/0,95; 3)In1,2; 4)¥/15,8;
b)arctg 1, 04.

9. 3uaiiTu MOXiAHY BKasaHoro nopsiaxky n ¢ymkmii: 1)y = x?e”, n = 3;
2)y = zcosz,n = 2; 3)y = e“cosz,n = 4; )y = 2%lnz, n = 4; By =
(1+ 2%)arctga,n = 2; 6)y = 2%, n = 2; T)arctgy =z + y,n = 2.

10. 3naiitn audepeHniag BKazaHOTO n-To mopsaky &yHKm: 1)y =
3‘x2,n. = 2, 2)y = In(z + vVe2+4),n = 2; 3)y = e lnz,n = 3;
4y =L n=2;5)y" +ay=1,n=2.

11. Oyuxuig cykynHEX BUTpaT Mae Burasg y = 61g(1l 4+ 3x). 3uaiitu
BYHKINO "PAHUIHAX BATPAT.

12. Bane:KHICTH Mi¥K BHTpaTaMm BHpPOOHMITBA y (Tp. 0/.) 1 obcsrom
BUTOTOBJIEHOT TIPOAYKIIiT # (0j1.) BupakaeThes dynkiieo y = 10z — 0, 0423,
SHalTH cepeliHl Ta TPAHWUYHI BUTPATH, SKIIO 0OCAT MPOAYKINI CTAHOBUTH D
OJIMHUIIE.

20+44p°

13. PyHKIIS TpOMO3HINl Ha JeSKuit ToBap § — T110p dyHKIA TO-
. _ 25—p44p® Buaii ; ; 6 ; ;
IATY — § = Ti37g, - SHAHTH HiHy piBHOBarW, TOOTO IiHY, KOJIM IOUMT i

MPOTO3HIisl JOPIBHIOIOTH ONWH OJHOMY, a TAKOXK €JACTHIHOCTI MOMHUTY Ta
TIPOIMO3HINT AJsI €T IIHH.
14. ®yEKIig MONATY ¢ BE3HAYAETHCI OPMYIOI0 ¢ = qoe *P, me qq i
k — Bimomi BenwuwHU. 3HANTH, TPH AKWX 3HAYEHHAX IIHA p TOMHT Oyie
eJacTHIHEM, TOOTO Ep(¢) < —1.
Incose

15. 3a npasmiom Jlomitans sHaditm rpammmo: 1) lim BESE,
r—0
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2)lim %, 3)limlx11—_x1; 4) lim €72 5y lim 22 6) lim (7 —
T— T—

rol = cosBr) 70 Insin & 200
. . 2
2arctgx) Inx; 7) il_%(x%_ ﬁ), S)xlgélo(xlnx—\/x + z2); 9)hr%(cos )7

10) lim (tgx)™°".
z—5—0

16. Bukopucrosyioun dopmyay Teitaopa, mogaru GYHKINO ¥ BATISIL
muorowtena: 1) f(z) = #* —bx3 + 2? — 3z + 4 3a crenensimu x —4; 2) f(z) =
(z? — 3z + 1)3 3a crenensamu z; 3) f(r) = ez+2e_z 3a cremenamu (z + 1).

17. 3uaiitu inTeppanu MonoronHocti dynkuii: 1) f(z) = z* — 222 — 5;
2)f(z) = 22% —Inx; 3)f(x) = 2sina + cos 2z, x € [0;27]; 4) f(z) = In(z +
V1+22);5) f(z) = 2% — 2cosz, x € [0;27].

18. Bnaiitn excrpemym byukiii: 1) f(z) = 223 — 32%; 2) f(z) = H—%;
Nf(x) =2 —In(1+z);4)f(x) = zln? 2, 5)f(x) = %

19. Buaiity Halblabie i naiiventie snadenns byunkmii: 1) f(z) = 2% —
202+ 5, 2 € [-2;2]; 2)f(z) = v + Vx, x € [0;4]; 3)f(x) = €2® — ™27,

€[-21]; 4)f(z) = xe~ T, x € R; 5) f(x) = 322 — 62, = € [0; 3].

20. Bigomo, mo dynkuis goxony P(z) = 16z —2% a byukiis surpar na
BUPOGHUITBO NPOAYKITi S(2) = 2 + 1, sie & — obear BUPOGJIeHOT TPOyKILi.
IlignpreMcTBO ciiadye MogaToK ¢ 3 OAMHMIN MPOAYKINI, a ToMy (YHKITIS
upubyTry w(x) = P(x) — S(x) — tx. drum noBuHeH 6YyTH TOAATOK ¢, 1106
BeJIMUHHA CYMapHOTro mofaTky 1 = tx Oysa Ha#bLILIIO0?!

21. Citxomo gopxkuHOW 120 M Tpeba 0BropoaUTH MPUIErTY A0 OYANHKY
MPAMOKYTHY MASHKY HaiOLIbIION IO, 3HANTH PO3MIPH IJISHKH.

22. 3HaliTV TOYKH TEePErnHy U 1HTEPBAJIW OMyKJIoCTI rpadika QyHKINI:
Df(z) = 2® + bz — 6; 2) f(z) = ze®; 3)f(x) = 222 + Inx; 4) f(x) = (2 —
4)5 + 4z +4;5) f(x) = e

23. TIpoBecTn gociizKeHHs Ta mobyayeaTh rpadik GyHKmi: 1) f(x)
l‘ — 31‘ 2)f( y=a?+2;3)f(x) = 2+ 2)e " )y = % + 427%; 5) f()
x? + =

Bignosiai
x 1 3 2
1.1 ; 2) — ;a) — ;4 ——.
Y i BNt P ELR e

2 1 . 3) 2+ 22 +3
LRV z?

1

) 2% (ln?arctgx—|—

2. 1) (z— 2)2' 2)
2+sinz
(1 + 2sinx)?

;4) ®(2cosx — wsinx);

5) —

); TysinazIlnz+zcoszlnx+
14z
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e 1—sinxsin2x.9 1 z .
sin z; 8) ) ) — —|—ﬁarccosx :
1+ zarctg z 2
10) ——==5 11) 2" 1 2Inz +1); 12) (Inz +Inlne
) (1+l‘2)3 ) ( ) )( ) (lnx )

13) (sin z)<**~1(cos? x — sin? z Insin z); 14) VT3 2(2+ Inz);

15) (tg 22)°%& % (4.Ctg5 - lntg%).

sindx 9 sin? %
20 4+y
x4+ 2y

e‘x—i—y.
ey +x’

3.1)—1;2)0;3) —1;4) 16; 5

)
y? —aylny 5 - ycos®(z + y)(cos(xy) — sin(zy)) — 1
2?2 —zylnz’ z cos?(z + y)(cos(zy) — sin(vy)) — 1’
e"siny + e Ysinx

0,25. 4. 1) — £2) —

Bl e+2y—4=0;2) c+2y—1=0.

(2 —z)dx

efcosy+eYcosx
6. v(t) = 6t> — 6t +5; a(t) = 12t —6. 7. 1)

dx sin ¢ dx

— 4y 27 %= In2 d 5 .

2u/dx — 1 ) P oz ) e¥ —1

8. 1) 0,05; 2) 0,983; 3) 0,2; 4) 1,9938; 5) 0,805.

9. 1) e®(2? + 62 + 6); 2) —2sina — xcosx; 3) —4e” cos x;

6 2z 2(1+ y?
4) =55) 73 s 5+ 2arctgz; 6) 2" (Inz + 1)2 4+ 1); 7) —%.

10. 1) 3~ @ In9(22%In3 — 1)dx?
x 5. - 3 3 2 3.
(2—2?)sinz — 2z cosz 2
(z + 2y)3

3
Ige. 12. 9 rp.oz.; 7 rp.ox. 13. pg = 5; Es(s) =0, 7; E5(q) =

; 2) —tgadr;
x

dz?.

4) dz?; 5)

X

11

8
T 1432
0,67. 14. p > —— 15. 1) 0: 2) - 3) 3: 4 )12 5) 1 6) 0; )— 8) oc
y e 'p Qk' . ) 3’ ) 5’ ) ’

9) e=1/2,10) 1.16. 1) (z —4)* + 11(x —4) + 37(z — 4)> + 21(x 4) — 56;
2 4 2n

2) 28— 925 +302* — 4523+ 3022 — 92+ 1; 3) 1+2 +4 + —I—én)!—l—o( "),
17. 1) cnamae Ha (—oo; —1) 1 (0; 1); 3pocrae ma (—1;0) 1 (1; 00). 2) cagae

1 1
Ha (O; 5), 3poctae Ha | 5300 J;
™ m b\ . /37w T Ty
3) spocrae Ha (0 6) (2 5 ) (7, 271') , CTIaJIa€ Ha (E’ 5) 1 (

283



3

4) spocrae Ha (—o0;00); b) cHazae Ha (O;g) i (5_7T;27r), 3pocTac Ha
(ﬂ-, 5_7T) 18. 1) fmax == f(O) = Oa fmin == f(l) = _1; 2) fmax == f(O) = 1a

373
4
3) fmin == f(O) = Oa 4) fmax == f(e_z) = 6_2’ fmin == f(l) = Oa 5) fmin =
f(l) =e.
19. 1) M =13, m=4;2) M =6, m=0;3) M =e?—e~? m=e"t—e%
1 1
) M=— =——:5 M=9 =-3.
) \/E’ m \/E’ ) ,
20. tg = 8, g = 2, Hpax = 7, Thhax = 16 (3HaiiTy  npwu BigomMomy {,
stke peadqisye ekctpemyM I1, i mocnigutu Ha ekcrpemym T = T'(z)).
21. 30 m x 60 m. 22. 1) Omnykna moropm Ha (—o0;0) i JoHW3Y Ha
(0; 00), Touka meperuny (0;—6); 2) omykna goropm Ha (—o0;—2) i JoHH-
2 1
3y Ha (—2;00), TouKa meperunty | —2; —— |; 3) omyKsa joropu Ha (0; 5)
e
. 1 11
I pommsy ma | 5300 |, TOUKa MepermHy | 5i5 — In2 J); 4) onykna goropu
Ha (—o00;4) 1 moHusy Ha (4;00), Touka neperuny (4;20); 5) onykaa goro-

1
mHA | ——; —
P ( V2 ﬁ)

1
meperuny | ———;e” 1| —e

V2’ V2

23. 1) D(y) = R, Ymax = ¥(—1) = 2, Ymin = y(1) = —2, nepernn mnpn

. 1
1 OIIYKJIa JJOHU3Y Ha | —OO] , TOYKH

i—— 1| —; 00
V2 V2

W=
|
W=

1 1
z = 0, acumnror HeMae; 2) D(y) = B, Ymin = ¥ (—5) = — cmadae

na (—oo;—1), spocrae na (—3;00), ouykaa gonnsy ma R; 3) npapobiuna
acaMnToTa ¥ = 0, Yymax = y(—1) = 2, dyHKIisA 3pocTae Ha (—o0; 1), cagae
Ha (—1;00), omykia jgoropu Ha (—oo;0), omykiaa gornsy Ha (0;00), Touka

1
neperuny (0;2); 4) D(y) = R\ {0}, Yymin = ¥ 3) = 3, meperus mpu
V2
r = ——, x = 0 — BepTWKaJbHA acuMOTOTa; 5) acumnrora &£ = 0, Ymin =

y(=1) = y(1) = 2, dbyskuis cnagae #a (—oo;—1) i Ha (0;1), spocrae Ha
(—1;0) i mHa (1;00), onykaa goHmsy Ha (—o00;0) i (0;00), TOUOK TmeperuHy

HeMae.
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HeBusnauennii inTerpaJ
1. IlepBicHa 1 HeBU3HAYEHU 1HTErpaJ

1.1. IlousiTTa mepBicHOI

Y TolepeHLOMY PO3MII MW BBeJIM TOHATTS TOXimHOI it Ha-
BUMJIMCS 3HAXOAUTH IOXITHI Bif, ejdeMeHTapHuUX yHKHOi. TyT Mu
posB’s3yBaTHMeMO obepHeHy 3ajady, a came: Bigoma moximHa f’
¢yukuil f Ha npoMiKKky X, Tpeba 3HaliTu dpyukiiio f. [Hmumu cioBa-
mu, Juist pyHKIT f Tpeba sHaiiTi Taky dyHKIo F mob F'(z) = f(x),
¢ € X. Hanpuknan, ana dyuxuii f(z) = cosz, € R, mo ymoBy
3amoBosibHsie dyukuis F(z) = sinz,z € R, 60 F'(z) = (sinz) =
cosz,r € R. Bingnopienns dbyHKINI 3a BiIoMOIO MOXIIHOIO — 1€ OIHA,
3 OCHOBHUX 3a/1a4 IHTErpaJbHOTO YUCJIEHHS.

Osuauennsa 1. Pynuxuia ' nazusaemves mepBicHOO 044 PiyHk-
wit f wa npomiorcxy X, axwo daa ecix snavens ¥ € X sukonyemoves
pisnicme F'(z) = f(z).

X

Ilpukman 1. 3naiitn nepeicay ans dbysxuii: 1) f(z) = ———,

V1— a2
1

re(=1;1);2)f(x) = e € (0; 00).

« 1) Ouepngro, 1o nepsicHo0 Jnd miel byHKil € dyrkmsa F(z) =

V1I—2? xe(—=1;1).

1 x
Copasal, (V1 —2?) = ———(-22¢) = ———, =z € (-1;1).
paza, (V1 =a%) 12m( )= tEhD
2) Ockineku (Inz) = —, z € (0;00), o F(x) = Inz e neppicuoo mjs
x

byuxmii f(z) = é, z € (0;00). »

Axmo nmepsicHa g1t pyHKOIT f icHy€e, TO BOHA BU3HAYAETHCS HEO -
nosnauHo. Crpasi, skino F — nepsicua ags dyskii [ va X, To miis
poslnbHoro C' € R dyukis F + C' e Takox nepsicHoo s HyHKITT
f ua X, 6o

(F()+C) = F'(2) + 0= [(x), @€ X,
3 inmoro 6oky, gxuo F i G — nepsicui aga dhyukiil f wa X, To

(F() = G(2)) = F'(z) = G'(2) = f(2) = f(2) =0, 2 €X,
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tobTo icuye € € R Take, mo mag Bcix ¢ € X mpaBuibHa PiBHICTD
F(z) = G(z) =C abo F(z) =G(z) + C.

Orxke, axmo F' — onna i3 nepsicuux mus ¢dbysxnii f za X, To
HoBinbHa mepsicHa ¢ aa pyaxmii f Ha X Mae BUDIAI

O(z)=F(z)+C, ze€X, CeR (1)

PiBnicTs (1) Ha3MBAIOTH OCHOBHOIO BJIACTUBICTIO IIEPBiCHOV.

leomerpuanmit 3micT 11 Takmit: rpadiku BCiX mepBicHUX pyHKIIT
[ micraeMo 3 OyIb-gKOTO 3 HUX IapaJfe/bHAM [TepeHeCeHHIM B3I0BIK
oci Oy.

Ipukaan 2. Mg dyukmii f(2) =2z —1, # € R, sHajiTh Ty mepBicHY,
rpadik SKOI MPOXOAUTE 4epe3 MOoYaTOK KOOPAMHAT.

« Ockisieru F'(z) = (22 —2) = 22 — 1 = f(z), * € R, To dyukiis
F(x) = 2? — z e nepeicuoto ans dbynxuii f(z) = 2z — 1, » € R. Brigno 3
OCHOBHOIO BITACTUBICTIO TepBicHOT Oy ib-sika HepBicHa dbyHKil f(z) = 2o —1
mae Buriian ®(z) = 22 — 2+ C, 2 € R, C € R. Ockinbku Touxa O(0;0)
aexxuTh Ha rpadiky miei dyukmii, To 0 = ®(0), To6ro 0 = 02 — 0 + C' abo

C = 0. Orxe, mykana nepsicaa ®(z) = 22 — z. p

1.2. HeBusHaueHuii inTerpaJs

Osuauennsa 2. HeBusunauenuMm interpaniom sid gynxuii [ Ha
X Haszusaemvca CyYKynHicms 6CIT NePeicHUL 048 Pynruii [ na uyvomy
npomioicky, moomo supaz F(z)+C, x € X, de F' — 6ydv-axa nepsicna
oasa pynwxuii f na X, a C' € R — dosiavna cmaaa.

[Nosnauaerhes HeBU3HAUEHUIT IHTETIPAJT CUMBOJIOM

| . (2)

v ObOMY IHOo3Ha4YeHHI 3HaK / Ha3MBa€TbCd 3HAKOM iHTerpa.na, BH-

pa3 f(z)dz — miaiHTerpasbHUM BUpasowM, a f(z) — niaiHTerpasb-
HOIO (PYHKIIIEIO.
OTKe, 3rijIHO 3 O3HAYEHHSM 2

| f@yis = Fia) -, (3)
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e F — onna i3 nepsicaux juid dyuxii f wa X, a C' — noBisibHa cTada.

[Iponenypa BusHavenHs nepsicHol abo HEBU3HAYEHOTO iHTerpaJa
agst pyHkuil f HasuBaeTbed iHTerpyBannsam f. [HTerpyBaHHs € orie-
partiieio, obepHeHo0 H0 gudepeniliiopanng. g Toro mob mepesipu-
TH, YM TPABUJIbHO BUKOHAHO iHTErpyBaHHS, Tpeba B34TH NOXIIHY
BiJIl OIepzKaHOI0 pe3ysibraTy i MepeKoHaTHCs, 10 OIepzKaHO MiTiH-
TerpajbHy (pYHKINIO. K Bcgka obepHeHa ollepallis, iIHTepYBaHHS €
CKJIQIHIIIOIO0 Ti€l0, HiXK anudepeHIiioBaHHs.

—zdzx
ITpukaazn 3. 3uaiity i —_—
P b § HalTH IHTETpaJ Vi
—zdzx
« 3rigao 3 dopmynoo (3) maemo | — = V1 —22 4+ C, z €
AR
(—1;1), ockinbknm (/1 —z2)' = \/%, ze(=1;1).»

IIpuknan 4. 3uaiitu inrerpan [ coszdz.

<« Ouesupgno, mwo [cosadr = sine + C, ¢ € R, 60 (sinz) = cosuz,
reR. p

SayBaxKumo, 110 koau F e nepsicHoio g BbyHKIGD f, TO migiH-
terpasphnil Bupas f(z)dz = I (z)de = dF(z) € nudepeniianom
nepBicHOT F.

Hamasi My posragmaruMeMo Taki MHigiHTerpafibHi (DYHKIIL, 17151
SIKUX HEeBU3HAUYeHMIl iHTerpadi icHye. 30KpeMa, Mi3Hile MU J0BEIEMO,
o Kosin f HemepepBHa Ha (a;b), To ayis Hel icHye nepsicHa Ha (a;b),
a oT¥Ke, I HeBU3HAUEHUI 1HTerpaJl.

1.3. OcHOBHI BJIACTMBOCTI HEBU3HAYEHOro IHTerpaJia.
Tabsunsa oCHOBHUX IHTerpaJiiB

I3 o3navenHsi HeBU3HAUYEHOrO IHTErpajia BUILIMBAIOTH Taki HOro
BJIACTUBOCTI.

Baactusictes 1. [loxidna 6id nesusnauenozo inmezpand 0opie-
Hioe nidinmezpaavhili gynxuii, a dugdepenuian 610 HEGUSHAUERO20 TH-
meepasa JopisHIOE NIOITHIMEZPAALHOMY SUPA3Y, MoOIMO

([ ey = 1), d([ fe)de) = flapie, e x.
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« Crpabnj,
(/f(x)dw)’: (F(z)+C) = F(2)+ 0= f(z), z€X,

d(/f(av)dav):d(F(ac)—l—C’):(F(av)—I—C')’davzf(ac)dac7 reX.p»

Baactusicte 2. Hesusnauenut inmeezpan 610 Judepenuiana
Ppynxuri dopienroe cymi uiei Pynrut @ dosiavnoi cmanoi C', mob-
mo

/dF(ac) =F(z)+C.
4 Ockinbku dF (z) = F'(2)dz, o dF (z) = [ F'(z)dx = F(2)+C,
re X, p»

Baacrusicts 3. Cmaauil MHONCHUK MONCHA GUHECTNU 34 3HAK
mmezpaaa, mobmo axuo A = const, mo

/Af(ac)dac = A/f(x)dx.

« 3rigxo 3 ymosowo F'(z) = f(z), « € X. Tomi (AF(z)) =
AF'(z) = Af(z), € X. 3Biacu Bummsae, mo

A/f(ac)dx = A(F(z)+C) = AF(2)+Cy = /Af(av)dav7 reX.»
Baactusicte 4. Hesusnauenutdl inmezpan 6id aazebpaiunoi cy-

Mu deox Pynrurl dopisnioe anzebpaivniti cymi inmeepaals 6id uux
dynxut, mobmo

[t £ g@yis = [ st [ gys,
« Crpasi, jaudepeHIioodn JiBy YacTUHY PIBHOCTI, OAePKUMO

srigHo 3 BaactusicTio 1 ([(f(x) £ g(x))de) = f(x) £g(z), 2 € X, a
OXi/[Ha IPABOl YaCTHHY
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(/f(x)dxi/g(x)dx)’: (/f(x)dw)’i(/g(x)dx)’:

= f(z)xg(z), ze€X.

Ot:ke, moxiaHi onHakoBi, 1o it Tpeba OyI0 TOBECTH. P
Baactusictes 5. frxuwo F e nepsichoro das f, mo

/faac—l—b —Flax +b)+C, z€X,

de a 1 b — cmaat, npuvomy a # 0.
o« [uia nmoBenenns nepekoHaeMcs, M0 MOXiTHA Bif IpaBol YacTUHU
PIBHOCTI JOPIBHIOE MimiHTerpaIbHiil pyHKIII:

(éF(ax—l—b)—l—C) zéF’(ax—l—b)-a—l—O:f(ax—l—b). >

BanuureMo TabJIMII0 OCHOBHUX IHTerpaJliB, fIKa BUIIMBA€ 3 Tab-
s noxinHux i pisaocti (3).

) JO-de=C,z€eR;
xoz—l—l
2)/xadx: +1—|—C,047é—1,x€(0;—|—oo);

o
dw

3) " =lInlz|+C, z # 0;

4)/axd$:1a—+c,0<a7é1;/el’dw:el’—l—C,xER;
na
5/sinxdac:—cosx—|—C,xER;

cosxdr =sinzx +C, v € R;

dx 7
/c032 tgw—l—C,x;é§—|-7rn,n€Z,

:—ctgw—l—C,x;ﬁ%—l—rn,nEZ;

sm T
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. arcsin = + C,
9)/7:
JaZ — 22
ar—v —arccos T +C, —a <z <a, a>0;

1
—:au’ctg;f—l—C7
da a a
10 - =
)/a2+x2 1 T
——arcctg—+C, z €R, a#0;
a a

dx
11) /7 zln‘x—l— \/xQ:i:QQ‘ +C,
Va? +a?
Oe vy BUMaaKky 3Haky "+"y miminrerpasibHiil pyHKIIT BBazKaeTbecsd & €
R, a y Bunagxy sHaky "—" - x € (—oo; —|a]) U (Ja|, +o0);

dx 1 x -
12 =—In
[ 25 =g |+ Coa o el e

Ilepesipnmo, nanpukma, dopmyay 3). Hexait 2 > 0, Tozi In |z| =
Inzi(lnfz|) = (lnz) =

(In(-2))' = —-(-1) =

ITpukaan 5. Buaiitu

. HAxmo x z < 0, ro |z| = —2 1 (In]z|) =

—_
&I}—@l}—\

2+3\/_+5\/_
Va3

< HO,ZLi.HI/IMO MOYWIEHHO YUCEJILHUK Ha 3HAMEHHHUK 1 3aCTOCYEMO CIIoYaT-

Ky Baactupocti 3 1 4, a morim tabamuHi iHTerpanu 2) i 3). Maemo

3/2
/2+3ﬁ+5ﬁdx:2/x—3/2dx+3/ -5/ 45 [ L =
Va3 v

2z _1/2—1—3961/6—1—51 +C = ——4 +18¥x+5Inz + C, 0.
ITpukaan 6. 3uai / du
P O 6. 3ralitn o

« Cmoyarky mepeTBOPHUMO MIMIHTErpadbHy QOYHKIID & —(———— =

zt 4+ 2?2
(2?2 +1) — 22 2241 z? 1 1 T
= — = — — ———. Temep 3ammmmemo
22 (2?4 1) 22?4 1)  2%2(22+1) z2 2241 P

BUXIJIHUI 1HTErpas K pisHUIO Tabaudanx iHTerpanis 2) i 10) (mpu a = 1):

[P
42?2 ) 22 z2 41 voar 2241
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1
=———arctgz+ C, z € R\ {0}. »
x
Ilpukgaan 7. Tpammunwii goxon ¢dbipMu Bu3HadaeThes (DYHKITIEO
f(z) = 50000 —z, ge « — KINBKIiCTH BUPOOIEHOT TPOAYKILT. 3HANHTH DYHKIIO
CYMapHOTo A0X0My bipMHU, SKITO HYJLOBAN BUIIYCK MPOAYKIIL Jae HYTHOBUM

JOXO/T.
« 3TIHO 3 O3HAYUEHHAM IPAHHIHOTO JOXOMY

2
F(x) = /(50000 — 2)dz = 50000z — % +C.

VYpaxysasum ymoBy F(0) = 0, sHaiigemo crarxy C:
02
0:50000~0—7—|—C, ato C' = 0.
2
Omike, cymaphuii goxos dbipmu F(z) = 500002 — % >
SayBazkeHHs. Panime 6y10 goBemeHo, IO MOXiAHA Bil eleMeH-
TapHOT PYHKIIIT € TAKOK ejIeMeHTAPHOI0 (PYHKIIE. 3 oreparlieio iHTe-
IpyBaHHS BrKe cKJasHine. JlopeneHo, Mo iHTerpaan B, JedKUX ejle-
MaHTapHUX (DYHKINH He € ejleMeHTapHUMU hyHKIIgMEU. [IpuKkianamu
. . _1,2 . 2
TaKNX iHTerpaJis €: 1) f e~ " dx — inrerpan Ilyaccona; Q)f coszidz,
dx

Inz

dz, © # 0 — iHTerpajbHUl CUHYC;

[ sin2?dxz — inverpamun Dpenesst; 3) , 0 < 2 # 1 — inTe-

sin @

rpasbHuil Jorapudm; 4) /

cos T ) . .. )
/ " dz,x # 0 — inverpasabhnii Kocunyc. Lli iHTerpasm icHyoTb,

ajie BOHU He € ejleMeHTapHUMU pyHIisMU. X MoxkHa oGuucauTy Ha-
OsKeHo. 30KpeMa, iHTerpabHUl CHHYC MOMXKHA 3aIUCATH Y BUTJIAI

sin @ 1 z3 oz zp2n—l
de~ | (2 — —+ — — ... )tz =
/ ¢ / (=gt gt (2n — 1)!) v

z z
$2 $4 $2n—2
= 1l——4+ =—... )l Ve =
/( 31 T DT g T
$3 $5 $2n—1
=x — — ... -t
cmymitsa YT G @y T

Mo J03BOJId€E 00YNCIIIOBATA HOTO 3 [IeBHUM CTylleHeM TOYHOCTI.

291



2. OcHOBHI MeTOoau IHTerpyBaHHS
2.1. Metop 3aminu 3MiHHOI (MeTOZ MiJACTAHOBKN)

Y baraTbox BUITAIKAX BBEIEHHS HOBOI 3MIHHOI JI03BOJISE CIIPOCTH-
TH HiAiHTerpaJbHIM BHpa3 1 3BeCTH IHTerpaJl A0 JiHIHHOI KoMOiHaIiT
TabIMIHUX iHTerpadis. Taku# MeTo/ Ha3MBAETHCI METOI0OM 3aMIHU
3MiHHOI (MeTOAOM MiJCTAHOBKH).

Teopema 1. Hezait gynxuia @ = @(t) susnauena i dugepenui-
tiosna na npomioicky T, a X — muoocuna anavens uiei gynxuii, Ha
Akt susnavena gynkuia f(x). Hwwo dynxuia f mae nepsicny na
muoorcunt X, mo na muoorcunt T npasusvna dopmyaa

[ r@rte= [ o) (@)

« Hexaii F'(z) — nepsicaa nyst f(2) Ha Muoxusi X, tobro F'(z) =
f(z),z € X.3rigHo 3 npaBuioM JudepeHIioBaHH CKIIaIeHOT (PyHK-
i F'(¢(t)) omepmkumo, mo

(F(e)) = F'(p()¢'(t) = flet)¢'(t), t € T.

Orxe, dyuxuis f(p(t))¢' (t) mae na muoxkuni T nepsicay F(¢(t)),
a ToMy

/f dt = F(p(t)) + C. (5)

Ockinbku F(p(t))+C = F(2) 4+ C = [ f(z)dz, To 3 piBuocti (5)
onepzkuMo opmyry (4). Bupas (4) HasuBaerbes popmysioro 3ami-
HU 3MIHHOI y HEBU3HAYEHOMY iHTerpasi. p

Yacro surizgxime opMyay 3aMiHu 3MIiHHOI BHKOPHCTOBYBATH B
iHITOMY BUTJISAII.

SAkmo Ham Tpeba 3HaTH iHTerpaJ

/f(ac)dac
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TO IHKOJIM BJA€ThCS BUOPATH TaKy HOBY 3MiHHY ¢ = ¢(z), mo

f@) =g(p(2))¢'(2), = € X,

npugomy [g(t)dt=G(t)+C, teT.
Tomi

[ faide = Gle@) + ¢
Ilpuksaz 1. 3naiite interpan [ %dw.

« 3pobumo saminy t = /x, x > 0. Tomi ® = t2, dz = 2tdt i inTerpan
Habyae BULJISLY

2 2y
NG . /t?tdt_Q/tdtZQ/(l—l—t) 1dt:
1+=z 1+¢2 1+1¢2 1+¢2

= (/dt /1+t2)_2t—arctgt)—|—C:

=2(Vx —arctgV/r)+C, 2>0. »

Ilpuksazn 2. 3naiitk inrerpan [ cos2zdz.
<4 Maemo

t =2z
/cos?xdx_ ‘dt:?dm

1 1
:§/costdt:§sint—|—C:

1
zisiHQx—l—C’, reR. »p

ITpukaazn 3. Buaiitu inTerpas / V4 —2?de.

. . T
« Tyr 3py4HO 3pOOUTH TPUTOHOMETPHUYHY 3aMIHYy & = 2sint, —3 <

t < T Tomi 4 — 2% = 4 — 4sin’t = 4(1 —sin?t) = 4cos?t, dr = 2costdt, a

TOMY
/\/4—x2dx:/2cost~2costdt:2/2cosztdt.
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Ocxinbku 2cos?t = 1 4 cos2t, To

/\/ 4—22=2 [ (14 cos2t)d /dt—i—/cos?tdt

in 2¢
—o(t+ sin

J+C=2t+sin2t+C.

s Toro mob oflepKaTH OCTATOYHY BIANOBIZB, sika BUpayKae HeBU3HAUEHWH
IHTerpaJ qepe3 3MIHHY &, BEpa3uMo ¢ 3 (DOpMYJIH 3aMIHW 3MIHHOI 9epes &

t = arcsin 5 1 3ayBazKUMO, 10

2 1
sin2t = 2sintcost =x /1 — o —x\/4 — z22.

4 2
1
Orike, /\/4 — z2dx = 2 arcsin g + 51‘\/4 —2?2+C, ze[-2;2]. »
d
ITpuknazn 4. 3uaiitu inTerpas / v
r+a

4 Maemo

dx t=z+a dt
/Ha ‘dt:dm /t+c nlt|+C

=Inlz+a|+C, 2# —a. »

2.2. IHTerpyBaHHsi 4acCTUHaAMU

Teopema 2. Hezxati ¢ynxuii’ u 1 v susnavent i dugpepenuiiiosnt
na npomioicky X 1 mexai gynryia v (x)v(x) mae nepsicny na yvomy
npomioicky. Todi ma npomiorcky X dynryia u(x)v'(z) makooc mae
NEPBICHY | NPAGUALHA PIBHICTD

/u(ac)v’(w)dx = u(z)v(z) — /u’(ac)v(ac)dx. (6)
« 3 pisrocti (u(z)v(z)) = o/ (2)v(z) + u(z)v'(z) Buniusae, mo
u(@)0' () = (@@)(@)) — W(2)e(e), zeX. (1)

Ilepsicroto mnsa ynknil (u(z)v(z)) Ha npomixkky X € dyHKIiA
u(z)v(z), a dynkmis v’ (x)v(z) mae nepsicHy Ha X 3riIHO 3 YMOBOIO
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teopemu. Tomy it dbyukiis u(x)v'(z) mae mepsicay Ha X . [HTerpytoun
piBHicTh (7), micraemo cdopmymy (6). »
®opwmyay (6) HasuBaloTh (POPMYJIOIO IHTErpYBaHHS YaCTUHA-
mu. Oysknii v i v Bubnpators Tak, mob inrerpan [ u'(z)v(x)de 6ys
IPOCTIMKMM 3 TOUKH 30py IHTerpyBaHus, nix inrerpan [ u(z)v’(z)de.
Ockinbku v'(z)dz = dv, v/'(2)dz = du, To dpopmyny (6) moxkHa

3allUCaTH Y BUIIIsAI]
/udv = uv — /vdu. (7)

Ilpuknan 5. 3uaiitk inrerpan [ ¢ Inzde.
<4 Maemo

u=Inz, du= ldar:

/l‘Blnl‘dl‘Z v 24 =
dv:dex,v:/dex:Z-I-O

IIpuknan 6. 3uaiitu inverpan [ arctg zdz.
« 3pobuMO OUEBHIHI TIEPETBOPEHHS

dx

u=arctgz, du= ——,
/arctg rdr = I+a | =
dv=dr,v=1n

; / dx ; l/d(l—l—xz)
= X arc xr — Xr——F = X arc xr — — —_— =
& 1+ a2 875 ] 112

1
= zarctgze — 5111(1—1—9:2) +C, zeR. »
Iakomu nyist obuMcieHHd iHTerpaJjia MeTo i, IHTerpyBaHHd YacTHHA-

MU JOBOJNTHCA 3aCTOCOBYBAaTH HEOJHOPA30BO.
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Ilpuknan 7. 3uaiitk inrerpan [ x? cos zdz.
<4 Maemo

u =22, du = 2xdzx,
/a:zcosxdx: =
dv:cosxdx,v:/cosxdx:sinx—l—o

:xzsinx—/Qajsinxdw:xzsinx—Q/xsinxdx:

u=2x,du=dzx .
= ’ ’ =z sine — 2(—=z cos x—

dv = sinxdr,v = —cos x
—/(—cosa:)dx) = zlsinz — 2(—xcose +sinx) + C =

= z?sine 4+ 2z cosx — 2sine + C = (2? —2)sinz +2xcosz+C, z €R. p

SayBazkeHHs. MeTo, iHTerpyBaHHs JacTUHAMU 3aCTOCOBYETHCS
Mp¥ 3HAXOJ:KeHHI HeBU3HAaYeHUX iHTerpaJiiB TaKUX THIIB:

1) /Pn(av)ewdav7 /Pn(x) sinbadx, [ P,(z)cosbadz, (8)
2) [ Py(x)Inzdx, [ P,(x)arcsinadz, [ P,(z)arccoszdz,
| P,(2)arctgda, [ P,(z)arcctgada, 9)

e P, — MHOro4JIeH n-To CTereHs.

Bacrocosytoun (opmyay (7') mo inrerpasis Burssimy (8), 3a u
Tpeba Opatu P,, a 3a dv — iHIII YacTUHM IMiIiHTErpaJibHOTO BHUpa-
3y. OCKiJIBKM KOZKHe IHTerpyBaHHs 3HUIKYE CTelliHb MHOrousieHa P,
Ha OJWHMIIO, To Tpeba 3acrocoByBartn dopmyay (7') n pasis. [lpn
obumcsteni iHTerpasis rpynu (9) 3a w Tpeba Gpartu BimmosigHo In z,
arcsin z, arccos z, arctg x, arcctg @, a 3a dv — supas P, (z)dz.
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3. IHTerpyBaHHS JedKNX KJaciB (pyHKIIII
3.1. InrerpyBanHs pamioHaJbHUX (PYHKIIIH

Bigmomenns gBox ajarebpaldHuX MHOTIOYIEHIB

Do ()

Qn(z)’

e Pp(z) = ap+ a1 + ... + apnz™, Qn(z) = bo+ bz + ... + bya”,

am # 030, # 0, m € Z;, n € N, Ha3uBaeTbcs palioHAJIbHOIO
dyHKIi€o ab0 pamloHaJabHUM ApoboM. Axmo m < n, To pailio-

flz) =

HaJIbHUI Ipi0 HA3UBA€THCS MIPABUIIBHUM. Y BUIIAIKY, KOJIU 1M1 > N,
Jpib HazuBaeThcsd HenpaBuabHuUM. Hexail Tpeba 3HaliTh HeBU3HAUE-
Huil iHTerpas Bij panjoHasbHol GysKil f(2), 2 € X. fxmo m > n
TO, MIOJIMBINN YUCeIbHUK Ha 3HAMEHHUK, BUALIUMO ¥ PYHKII [ 1iay
YaCTUHY:

P, (2)
Qn(x)’

e W — mHorousiet crenensg m — n. OCKiIbKHA iHTeryBaTI/I MHOTI'O4JI1eH

flz) =Wiz) + ==~

mp < n,

MU BMIi€MO, TO BCe 3BeJIOCS JI0 iIHTerpyBaHHs MPaBUIBLHOTO Ipo0y.

3
1
Ilpukaan 1. 3uaiitn iHTerpan / Mz—ix—i—dx.
2 +1
Btz +1

€ HeITPaBUILHNM, TOMY BHJI-
241

<« OueBnzHo, 1o gpi6 f(z) =

JINMO TIJTY YaCTHHY:

x(xz—i—l)—l—l_x 1
241 a 2241

PBrar+1 1
/Wdag:/(wr 2+1)dx:

/xdx—l—/ 2+1 v —|—arctgx—|—C’ reR. »

fle) =

Tomi

OtKe, MOXKHA BBaKaTH, 110 IHTErpyBaHHS pallioHabHOT (DYHKIIT
[ 3BefleHo J0 iHTerpyBaHHY IMpPaBWIbHOIO Apody. Y Kypci ajrebpu
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JOBOJIMTHCH, MO BCAKUN TTPaBUIIbHUIN Api0 MOXKHA MOJIATH Y BUIIISI
CyMHM HaHmpocTimux apobiB BULTISIY

A A Bz +C Bx +C
¢—a’ (z—a)} 22 +prtq’ (22 +pr g™’

me {k,m} C N\ {1}, A, B, C, a, p, ¢ — aificai uncya, a KBaJIpaTHHil
TpudseH 2 + px + ¢ He Mae JifiCHIX KOpeHiB.
2
. x 4
ITpuknazn 2. 3uaiitu inTerpas 7+dx.
3 — 4x
« PosrmageMo sHaMeHHWK MiAIHTErpaJbHol (BYHKINI HAa MHOKHHKH:
3 _ 2 _ o
22 —dr = w(x® —4) = #(x — 2)(# + 2). Toxi 3rimHO 3 BUKJIAJEHUM BH-
IIle TpaBUILHAH Api6 MOXKHA MOJATH ¥ BUIJISAIL

x2—|—4_A B C

—dz x+x—2+x—|—2'

Suatinemo koedimientu A, B, . Ckopucraemocs TpPHHOMOM, SKHUH Ha3W-
BAaE€ThCsl METO/I0OM HeBu3HadeHuxX Koedirierris. /s mporo 3BegeMo
MpaBy 9acTWHY A0 CHIJILHOTO 3HAMEHHUKA 1 MPUPIBHIEMO YUCETLHUKH:

x2—|—4:A(x—2)(x—|—2)—|—Bx(x—2)—I—Cx(x—Q).

3ayBaxKuMO, IO B KOKHOTO JOAHKY MPABOl YaCTHHU BIJACYTHIH TOYHO
OJIMH MHOXKHHWK, TOMY TPW IIJCTAHOBINl KODEHIB 3HAMEHHUKA BCl JOaHKH
MpaBol YaCTWHM, KPIM OIHOTO, MEPETBOPIOIOTHCS B HYJIb:

=0, 4=A-(-2) 2, A=-1;
r=2  8=B-2-4, B=1:
r=-2, 8=C-(-2)-(-4), C=1.

Orxe, MyKaHUH po3KJIa] Ha HAUTPOCTIII ApOOH Mae BUIJIS:

2 +4 -1 1 1

—dz x—2+x—|—2’

a TOMY 1HTerpaJs 300payKyeThcs ¥ BUIJIALL CYMH 1THTETPAJIIB, K1 JETKO 3Ha-
XOMSITHCS:

x? —|—4 dx dx
/ / /J:—Q /x+2_—ln|x|+ln|x—2|+
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2?2 —4
x

+In|z4+2|+C =In +C=1n

(x—?)x(x—l—Q)‘

‘—i—C’, ¢ {-2,0;2}. »

d
ITpukaazn 3. Buaiitu inTerpas / Wil)z

« Iliginrerpanbia GyHKITIST € TPaBUJIBHUM PaIllOHAJILHIM

1
z(x?+1)?
JapoboM 1 i1 poskas Ha HAUIPOCTINI ApOOH Mae BHIJI

1 A n Be+C Dz+ FE
v(x2+1)2 2 r2+1 (z2 4 1)%

3piBmE Apobu y mpaBiit YacTHHI [0 COLIBHOrO 3HAMEHHWKA, 1 TPUPIB-
HSABIIMH YUCEJTLHUKH APobiB B 000X TaCTHHAX PIBHOCTI, OJAEPKHMO

1= A(J:Z + 1)2 + (Bx + C)l‘(l‘z + 1)+ (Dz + E)a.

VY 1bOMY BHIIAIKY MA€MO JIHIITE OIWH AlficHui KOPiHBb ¢ = () 3HAMeHHWKA, IO
JOCHTH JIJIsT 3HAXOMKEHHs TLIbKH KoedimienTta A. Axmo ¢ = 0, To 1 = A,
T0b6T0 A = 1. JI71s 3HAXOAZKEHHS PEIITH KOeMIIMEHTIB POSKPHEMO TYKKH B
IpaBiil 9acTHHI PIBHOCTI ¥ 3aIHINEMO i1 Vv BUIVISAl MHOTOWICHA:

1=(A+B)z* + Cz®+ (2A+ B+ D)z* + (C + E)z + A.

IIpupiBHABIIE KoedlmieHTH TPH OJHAKOBHX CTEMeHSX Y JIBIH Ta mpaBbiii
JacTHHAX, JMICTAHEMO CHCTEMY DPIBHSIHD JJIsS 3HAXOJKEHHS HEeBIIOMHUX KOe-

dirienTIB:

| 0=A+B,

2 0=C,

2 | 0=2A+ B+ D,

2 | 0=C+E,

2| 1=A.

3eigcu suaxomumo, mo A = 1; B = -1, C =0;, D = —-1; E = 0.
[Tyxkanwuit po3KIam Mae BUTJIS
1 1 —x —x
_|_

x2—|—1+(1‘2—|—1)2'

/ dx _ / d_x _/ xdx _/ xdx
z(x? +1)? a x z2 41 (22 +1)%°
299
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Orxe,




Jpyruit 1 TpeTiit 1HTerpaayn 3HAXOAWMO 33 JOMOMOTOIO 3aMIHK 3MIHHOI
t=2x2+1,dt =2xdz:
, :

z 1 fdt 1 1,

x 1 dt 1 1
/(mz—i—l)zdx_5/15_2__%—1_0__2(902—1—1)+C'

OcTaTo9HO OfEepIKUMO, IO

d 1
/7x:ln|x|—§ln(1‘2+l)+ +C, z#0. p»

1
z(x?+1)? 22+ 1)

23 + 42° 2
ITpuknazn 4. 3uaiitu inTerpas / (xx_ ;;2(2212—:_ 1)da:.

« Posknazemo miginrerpanbuy GYHKINIO Ha cyMy HaHIpOCTIIIAX

apobiB:

223 + 422 + 242 _ A n B n Ce+ D
(z—1)2(22+2+1) z—-1 (r—1)2 z22+2+1

3BesemMo apobu y mpaBifi 9acTWHI 0 CIIJIBHOTO 3HAMEHHUKA U TPUPIB-
HIEMO IUCETLHUKH JApodiB B 000X JacTHHAX PIBHOCTI:

208 4+ 4 x4+ 2= Az — 1) (x> + 2+ 1)+ Bz + =+ 1)+

+(Cx 4 D)(x — 1)%;

2| 2=A+C,

2 | 4=B+ D -2C,

' | 1=B+C-2D,

2 | 2=-A+B+D.

3eigcu saaxomumo A =2, B=3, C =0, D = 1. Tomy
203 +4x? 2+ 2 2 3 1

(z —1)%(x?+x+1) x—1+(x—1)2+x2—|—x—|—1'

/ 203+ 422+ 2+ 2 dl‘:/ 2dz +/ 3dx n
(x—1)2(x2+2x+1) z—1 (x—1)2
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+/ dx _Q/dx+3/ dx +/ dx _
224+z+1" z—1 (x—1)2 224+z+1"

d 1
v (z+3)* + (%577
3 2 z+3
3 2 2z +1
=2hnjz-1|- ——+ —arctg———+C, z#1. »
| =~ 73 uete — 7 #

3.2. IurerpyBaHHsa AesKUX IppaijioHaJbHOCTell

Pozrngnemo iHTerpaJ BUTVISAY

Jjax+b
R |z, dz, (10)

cx+d
je R — pationasibaa (byHKIIIS, TOOTO MHOTOYIeH ab0 BiTHONEHHS MHO-
rOuJIeHiB; a, b, ¢, d — miticui uncsa Taxi, mo ad—bc # 0, n — HaTypaJsibHe

qHUCTI0, SKe He JOPiBHIOE OTUHUTL.
Ilpu sHaxomzKenHi iHTerpaa (10) BUKOPHCTOBYIOTH MiJICTAHOBKY

f_ fax +b
- cx +d’
dKa pallioHaJi3ye MiIiHTerpaJbHuil BUpas.
zdzx
N
4 Hexaii t = Y2+ 1. Tomi x = t3 — 1, de = 3t?dt, a ToMy iHTerpar
Habyae BULJISLY

[ = [

:3<§_§>+c:5<m> N AN RS

ITpukaazn 5. 3uaiitu inTerpas
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IHTerpan BUrIALy
/R(w, arL, "{f/xmk) dz, (11)

e R — pamionaibHa DYHKINSA; 7y, 701 ,..ey N, Mg — HATYPAJIbHI YKCIIA,
palioHaJII3yeThCs T ICTAaHOBKOIO

x = t°,
e s — HafiMeHIINIi CILIbHMI 3HAMEHHUK ApOOiB Tg—ll, e, ZL—: [pu Ta-
Kiif 3aMiHl BCl BloHOIIEHHA 72_11 =ri,..., ZL—: = 7y € OIJIMMH YUCJIaMU.

dx
Vo + Sz
t:%,x:l@,

/ de _/6t5dt_
Vr+ e | de=65dt | ) 3+12

3 3 _ 3
:6/ ! dt:6/wdt:6/t+ldt—
| | |

dt t+ )2 —t+1 dt
—6/—:6/(+)( e [ 4
t+1 t+1 t+1

ITpukaazn 6. 3uaiitu inTerpas

4 Maemo

dt IS

=2/ -3+ 6Yr—6In(Yx+ 1)+ C, x>0 »

3ayBaxkeHHd. BpaxoByloum 3allpoloHOBaHI 3aMiHM 10 iHTe-
rpaiis (10) i (11), inTerpas surismy

ar +b\™ ar +b\"*
Rlz " a ey + dx,
cr +d cr +d
e R — pamionaibHa DYHKINSA; 7y, 701 ,5e.ey N, Mk — HATYPAJIbHI YKCIIA;

a, b, ¢, d — niiicHi uncna Taxi, mo ad — be # 0, parjioHai3yeTbcs
[iICTAaHOBKOIO

aw—l—b_ s
cx+d
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e s — HaliMeHIuil cHiibHU 3HaMeHHUK Apodis 2L, ..., Dk,
n
[HTerpan BUrIaay

/xm(a + ba")Pdz,

gae {m,n,p} € Q, {a,b} € R, nasusaerbcs inTerpajiom Bia mudepen-
miasbHOTO GinoMma ™ (a 4+ ba™)Pdz. Bin BupaykaeThes depes esleMeH-
TapHi PYHKIII TITLKK B HACTYIIHAX TPHOX BHIIAIKaX:
1) siKmo p € Z, TO 3aCTOCOBYEThCS IMJICTAHOBKA & = 1%, 7e § —
HafiMeHIIWIi CIIJIbHUI 3HaMeHHUK ApoObiB m 1 n;
2) FAKIIO mT‘H € Z, TO 3aCTOCOBYEThCS ITiICTAHOBKA ¢ + bx™ = t°,
Jie § — 3HaMeHHUK JIpoby p = f;
3) SKIIO mT‘H +p € Z, TOo 3aCcTOCOBYETbHCH TiACTaHOBKaA ax ™" +b =
s _k
t*, e s — 3HAMEHHMK Jpody p = {.
VY pemnti Bunaakis, g9k 6yio nosenero [1.J1.Yebuniosum, inTerpasu
Bij, audpepeHIiiagbHOro OIHOMa He BHparKaloThbCd depes ejleMeHTapHI
pyHKIII.

ITpukaazn 7. 3uaiitu inTerpas /

3/1 4
| MaeMo/%ﬁdx:/x_%(l—i—x%)%dx
x
Ockuibkn p = % g7, m= —%, n = %, m:1 = 2 € Z, TO 3aCTOCOBYEMO
1

nigeranopky 1+ 21 = 3. Topi o = (3 — 1)%, de = 4(¢3 — 1)33¢%dt i

/x—%u + o%)5de = /(t3 —1)7% - 4(7 — 1)°3t%dt =

7 4
:12/t3(t3—1)dt:12/(t6—t3)dt:12 (%—%)4—02

:17_25/(1+%)7—Z§’/(1+%)4+0 >

Bupaz surmasny

R(z,vax? + bx + ¢),
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je R — pamionanbha yHkiisg; a,b, ¢ — aificHi 4duciia, Ha3UBalOTh
KBaJIPATUYHOIO 1ppallioHajbHicTIo. [HTerpas Bia KBajpaTuIHOL
ippalfioHaJIbHOCTI

/R(ac, Vaz? + bx + c)dx

3HAXOJIATh 3a JIOTIOMOT0I0 TijcTaHoBOK Kitnepa:
1) sxmo piBHsHHA ax? + bx + ¢ = 0 He Ma€ MIHCHUX KOpPeHiB, TO
poOOUMO 3aMiHy

t=+vax?+bx +c+ava, a>0;

2) axmo K azr? + bz + ¢ = a(z — z1)(z — x3), ne x1 i ¥5 — KopeHi
piBnsnAa az? + br + ¢ = 0, To edpeKTUBHOIO € i /ICTaHOBKA

vVax? 4+ bz +c

r — T
ITpuksang 8. 3uaiitu i / du
. HaWUTHU 1HTErpaJi —.
P A P vz -6z +13

« Ockinpxu piHgEES 22 — 62 + 13 = 0 He Mae AilicHEX KOpeHIiB, TO
Tpeba 3poOUTH I ACTAHOBKY

t=+z2—6x+13+ 2.

Tomi (t — «)? = (V&2 — 6z + 13)? abo t? — 2tz + 2% = 2% — 6z + 13. 3Big-

-1 142 —6t+1
CH BHUILIABa€, MO & = T—(j’ de = 5#&, Vel —6x+13 =
t? — 6t + 13

20 —3)

. OTxe, iHTerpas nabyme BUTIATY

dt =
(t—3)2 t2—6t+13

/ dz _1/t2—6t—|—13 2(t—3)
VeI —6r+13 2

di
= —3:1n|t—3|—|—C':ln|x—|—\/x2—6x—|—13|—|—C’, z€eR. p

t
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3ayBaxkeHHd. YacTo iHTerpaJ Bij HalpocTinol KBaapaTUuIHOT
ipalioHaTbHOCTI

/ dz
vaz? 4+ bz +c

3a JOIIOMOI'OI0 JOIIOBHEHHAd KBa/JApaTHOI'O TpHUYJIleHa ax2 + bx + ¢ 10
ITIOBHOI'O KBa/JlpaTa 3BOJAATDH J0 OJHOI'O 3 TPbhOX 1IHTEI'PaJIlB

/ dz / dz . / dz
, abo —_—
Va2 + x2 Vva? — x2 Vel —a?

ITpukaan 9. Buaiitu lHTeI‘paﬂ/ dz

4 Maemo

V1I—z—22

V5

/\/T /\/ 2d(x—|—

(x+3 /¢———r‘

B PP P e
\/23 T t2 arcsin
L

= arcsin

. 2x+
2
NG + C = arcsin

—1—-v6 —1++5
i EORAE e R

2

3.3. IHTerpyBaHHs TPUTOHOMETPUYHUX (PYHKIIii

v 3aCTOCYBaHHAX BarKJIMBe€ 3Ha4eHHd MaloTh IHTeIr'paJik BUIJIAILY

/sinm x cos” zdz, (12)

Pospisustiors jBa BUMaiKH: 1) IpHUHARMHI OJHH 3 MOKA3HUKIB M
;

41 N — HellapHe YUCJIo 2) O6I/I,ZLB& ITOKa3HUKH T 1 7 — IIapH1 9UCJIa

Y nepmiomy BUIa Ky iHTerpas (12) sHaxomuThest GesnocepeHbo

AKIo: 1) PYHKINO 3 HEMApHUM CTelleHeM PO3KJIaCTH Y J00YTOK, e

qe {m,n} C Zy.
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OJIMH i3 MHOMKHUKIB IIepDIIOrO CTelleHs; 2) BHPa3sUTU 3a JOIIOMOIOI0
OCHOBHO{ TPHIOHOMETPUUHOI TOTOZKHOCTI sin? @ +cos? & = 1 MHOKHHK
3 MapHUM CTelleHeM, fKHi 3aJIMIINBCH, depe3 Ipyry (PyHKIIo.
Y apyromy BUNAIKy [ls 3HaXOIXKeHHs iHTerpasa (12) Bukopu-
CTOBYIOTH (DOPMYJIH TIOIBIffHOTO apryMeHTy
9 1 —cos2z 9 14 cos2x

sin“ z = cos“x =

1
; —————, sinxcosx = —sin 2z.
2 2 2

ITpukaazn 10. 3uaiitu inrerpas /sin3 x cos? xdz.

4 Maemo

/ sin® z cos? zdx = /sin2 x cos’ zsin xdx =

= — /(1 — cos? z) cos? zdcosz = — /(cos2 z — cos? z)dcosx =

3 5

:—/coszxdcosx+/cos4xdcosx: _C(;S x_i_coss x—i—C’, rE€R. p

ITpukaan 11. 3uaiitu inrerpas fsin2 xcost xdzr.
« Iloganmo 1HTErpaa y BUTIAAL

/sin2 zcost vdr = /(sin x cos x)z cos? zdx =
1 .9 1 2

=3 sin” 2z (1 + cos 2z)dx = 3 sin® 2zdx+
1 . 1

+§ sin® 2z cos 2zdx = T (1 —cos dx)dx+

1 1 1 1
—|—E/sin22xdsin2x:Ex—6—4$in4x—|— Esin?’Ql‘—l—C, reR. p

ITpy 3HaXO/ KeHHI iHTerpaJiB BUTTISALY

/ sin ma sin nadx, / cos mx cosnrdz, / sin mx cos nxdx
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BUKOPHUCTOBYIOTbh TPUTOHOMETPUUHI (hOpMYyIIH

(cos(a - B) — cos(a + 8)),

sin asin 8 =

(cos(a = B) + cos(a + B)),

coscosf3 =

—_ N = N

sin awcos B = 2(5111( — B) +sin(a+ 5)).

Ilpuksan 12. 3naiite interpan [ sinz sinbadz.
<4 Maemo

1
/sin zsinbxdr = 3 /(cos 4z — cos bx)dx =

1 1
= gsin4x— EsinGx—l—C’, reR. »p

IaTerpanu BUTISTY

/R(sin z,cosx)dz,

(13)

qe R(x,y) — panjoHasbHa (DYHKI[S 3MIHHUX 2 1 Y, 3BOIATHCS 0 iH-
TerpaJiB Bil pallioHaJbHUX (PYHKII 3a JOIOMOIOK YHIBEPCAJIBHOL
TPUTOHOMETPUYHOI miAcTaHOBKM { = tg 3, 2 € (—7; 7). OcKinbKu

. 2tg 1—tg?%
Slﬂ$:72x7 COS$:721,7
T+tg*35 1T+tg*5
TO
, 2t 1 —¢?
sineg = ——, cosxT = .
1+4¢2 1+4¢2
2dt
Kpim toro, @ = 2 arctgt, doz = T a TOMY

' 2t 1 -2\ 2dt
/R(smx,cosx)dx:Q/R(1_|_t271_|_t2) 142
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Ocranniil iHTerpaJl BUpaXKaeTbcd Yepe3 ejieMeHTapHi (PyHKIT, To-
My i inTerpast (13) 3BoauThest 70 IHTerpyBaHHS eleMeHTapHUX (PYHK-
miit.
L. dx
ITpukaan 13. 3uaiitu inrerpas

4dcosz+3sinx +5
« Iliginrerpansua GyHKIiS palloHaAALHO 3aJI€JKUTh BIJ SN X 1 oS, a

ToMy 3pobumo migcraHoBKy ¢ = tg £, # € (—m; 7). Toxi

/ dx . 2/ dt —
4 i B 2 B
cosz + 3sinzx + 5 (4i+tt2 +31+t2 +5) (1+1¢2)

dt d(t + 3) 2 2
=2 —— =2 = — C=—+7C.
/t2+6t+9 /(t+3)2 t+3Jr tg§+3+ >
YHiBepcadbHa HifcTaHoBKa ¢ = tg3, ¥ € (—m;7), y GaraTnox

BUIIAIKaX PUBOJNTD JI0 CKJIAIHUX 00YnCsIeHb, 60 MpH 1T 3acTOCy BaH-
Hi sinx i cosx BHpaKaloThcs 4Uepe3 { 3a JIOMOMOTOI0 pallioHAJIbHUX
JIpobiB, MO MiCTATD t2.

V JleKUX YaCTUHHUX BUIAIKaX 3HAXO/IKeHHS IHTerpaJiiB BUTIISILY
(13) MOKHa 3HAYHO CIPOCTUTH.

1) fkmo R(sin z,cosa) — HemapHa (YHKIIS BIIHOCHO sin &, TOOTO
R(—sinz,cosz) = —R(sin z, cos ), To inTerpa (13) paujonasisyersb-
sl MJCTAaHOBKOIO § = COS .

2) ko R(sinz,cos ) — HemapHa (PYHKINS BITHOCHO COS Z, TOOTO
R(sin z, — cosz) = —R(sin z, cos ), To inTerpa (13) paujonasisyersb-
¢4 MJICTaHOBKOW { = sin .

3) fxmo R(sinz,cosx) — mapHa GyHKIiS BiIHOCHO sin z i cos z,
tobro R(—sinz, —cosz) = R(sinz,cosz), TO 3pyuHO 3poOHTH IIijI-
cTaHoBKy t = tgx, v € (—5; %),

sin z + sin® z)dx

ITpukaan 14. 3uaiitu inrerpas / (

cos 2x
« OCKITBbKH TMIHTerpaabHa (byHKLus{ HellapHa BIIHOCHO Sin &, TO IO-
Kaagemo ¢ = cosz. Toni cos 22 = 2 =cos?x — 1 = 2t> — 1 dt = —sinzdx, a

TOMY

/(l—l-sinzx)sinxdx_ /(Q—tz)dt_1/2t2—4dt_
cos 2z o w2—1 2 uaz—1
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:%/(%Zgl Y. / /2t2—1 5_2?/5/(\;[5(15\)/3?

3 \/_t

¢
2 na" \/_t—i—l

cos & 3 1 V2cosz — 1
- n
2 1/92 V2cosz + 1

+C=

+C. »

. . cos® + cos® x
Ilpukaan 15. 3naiiTr inTerpan ————d=.
o ) sin” x +sin- x
« lliginrerpanbia GyHKIIS HemapHa BLIHOCHO COS X, a TOMY 3POOHMO

migcranosky ¢ = sina. Tomi cos?z = 1 —sinz = 1 — ¢2, cosedz = dt, a

TOMY
221 2 1—tH(2-1t2
/cos.xz( —|—cos.x2)cosxdx:/( ' ) . )dt:
sin” (1 + sin” x) t (1—|—t)

2
—t———6arctgt—|—C’—smx—,——6arctgsmx—|—C’ >
t sin x

dx
1 —b5sin?z’
« Ockiabky maiHTerpajgbia QYHKIS € TapHOK BIIHOCHO SIN & 1 COS &,
TO 3pOOUMO HiJICTAaHOBKY ¢ = tgx, © € (— Tom = = arctgt, de =
dt ., tg? x 12

T S T, T T o

/ dz _/ dt _/ dt
1—5sin’z (1—i)(1—|—t2)_ 1—4¢2

ITpukaan 16. 3uaiitu inrerpas /

2’2)

1+4¢2
- 1/ a0 1 [2=1)_ 1 [2tge—1
R B O Eas Syl Yan | I Y v >

309



Buopasu

1. Bmaiite interpax: 1) [ z\/zdz; 2) /(21‘4 — 62° + 32 + 7) dx;

o [T ey [or - g s [

1+ 222 / 1 /3~2x—2~3x
6 ——dx; T ————d=x; 8 —dx;
) /1‘2(1—1—1‘2) z ) cos 2z +sin’ x z 8) 2% g

i V1
9)/mcosxdx; 10) / S & de; 11) /tga:dx; 12) / nxdd;;
x

cos?z

1 ) e 2 3%
13) / (arcsin x)zmdx, 14) | 3% z°dx; 15) / mdl‘.

2. T'panuwvHa TmiHa TpoJaHol TPOAYKINI BUSHAYAETHCS (OPMYIOIO
C'(x) = #4100, e « — obcsar 1miel mpoAyKii. 3HAKTH 3araJbHy IIHY MTpo/Ja-
Hol mpoaykiii, akimo muaa 100 oguauEIb TpoayKmi gopismioe 40 000 rp.oa.”

3. Buaiitu dyHKIIIO cOOKHUBAHHA [, AKIO TPAHWYHA CXUJIBHICTH JIO

bl
N
HU JOXOM, & CIIOKWBAaHHS CTAHOBHUTH 8D I'D.OJ., KOJW HAIIOHAIBLHUN JOXOJ
nopisatoe 100 rp.ox.

4. BuxopucroByoun ¢GopMyay 3aMIHH 3MIHHOI, 3HAUTH IHTErpaJ:

1) /#dx; 2) /Mdr; 3) /%dm;

cos?bx

CIIOKUBaHHA BH3Ha4YaeThes pieHictio f/(2) = 0,5 + , Jle & — HalllOHAJb-

1
4 —du;
5 ) / V3 — 42
e=v sin ¢ Inz
———dux; 6 —dx; 7 ——dx.
Ver +1 ) V1+2coszx ) zv/1+Inz

5. 3acTocoBylOWM IHTerpyBaHHs 4YaCTHHAMH, 3HalTH IHTETpaJ:
1) /1‘2 cosxdr; 2) /x?‘xdx; 3) /arcsin zdz; 4) /(lnx)zdx;
5) /J:(arctg z)2dx; 6) /cos(lna:)dx; 7) /l‘COSl‘

3
6. 3HaiiTn iHTerpan B pamioHaabHol GyHKII: 1) /

5)

- dx.
sin®

xr—4
CEPICED)

dx 22 —bx+9 dx dx
9 [ -2 IOV e 4y [ =T du LI
)/1‘3—1—8’ 3) /x2—5x—|—6 v )/x4+3x2 % 5) /x(a:z—i—Q) v

322422 —3 dx
——dx; —d
6) / 3 —x x’7)/1‘2—|—4x—|—9x

7. 3HaliTu 1HTErpaJ BiJ 1ppaIioHaIbHOT (DYHKII:

dx;

1) / xdx .
V2z+1+41°
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) [rim 9 [yt 0 [ [

/ml_x' /JW

8. 3HaliTu 1HTerpaJ Biji TPUTOHOMETPUYHOI (PYHKITII:

1) /(1+2cosx) dz; 2) [sin? z cos® zdz; 3) [sin? z cos* zdx;
sin® z

4) [ sin 3z sinbxdr; 5) / 5
cos? x

7)/ .dx ;8)/ sin® +sin® .
3 —2sinx + coszx cos?x + costx

Bignosiai

dx; 6) /sinxsin 2z sin 3xdx;

2 2 2
1. 1) 31‘2\/5—1—0; 2) 31‘5—$6—|—l‘3—|—7l‘—|—0; 3) ?l‘Bal‘—Ql‘\/E—F

x? 222 — 122 — 6

2/x + C; 4) 7—21‘+1n|x|—|—0, 5) T—I—C, 6) arctge —
1 3\" 1 2 . .
—+C; 7)) tge+C; 8 3 —2|(< +C;9) —smx\/smx—l—(];
z 2) In n3/2

1 1
10 C;11) -1 ' 12) \/1 ' 13) +

)cosg:—i— 1) —lnfcoszf+ C; (Ine)®+ arcsin & ’

37 L -

14) 53 + C; 15) Earcsmi& +C. 2. Clz) = 7 + 100z + 25000.

1 1
3. f(x) = 0,50 40,27 +33. 4. 1) 2 tghe +C;2) —2(5 - 6x)Y3 + C;

3) 2eVT 4 4) %arcsinQ—\/g + C; 5) 2(%\/(6x+1)3—\/6x+1) + C;

2
6) =1+ 2cose+C; 7) g(—Q + Inz)Vl+Inz + C. 5. 1) z?sinz +

In2+1
2zcosz — 2sinz + C; 2) % + C; 3) zarcsine + V1 — 22 + C

1 1
(arctg z)” +z arctg z + 5 In(1+2%) + C;

6) g(sin(ln z)tcos(Inz))+C; 7) _% (Sm . él&;_2)3)’

1 (x4 2)? 1 r—1
2) —1 t ; 1 — 3| =31 —
)24nx2_2x+4+4\/§arcg 7 +C;3) x4+ 3Injz—3]—3n|x

4) z((In]z| = 1)*+1)+C; 5)

—|—ctgx) +C.6.1)In
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1 1 x 1 z? Ca3(x — 1)

2 :4) —— — —— arctg — -5} Zlp ——— 2 6) 1 .
-0 23¢§arcg2¢§+10,5>4nx2+ RN
7) gz arcty T 40T 1) T (0020 1-3)+C5 2) 2/ In(14/E) +
V5 V5
2 -1
C; 3) x—i— o (3z+1)2+C;4) x—2\/5+1n(\/§+1)2—|—0; 5) In ﬁ‘_
1
2arctg Wz + C; 6) HIL_Q ctg\/ +x—|—C’ —I—C
sin® sm x sin 4z
3 4 2 C; 2 — 453
. 1) 3z +4sinz +sin 2z + ) 3 3 )16 )
n” 2 1 1 1 1
8111481‘_1_0.4) 4811129:—%511181‘—1—0 5)——|—cosx—|—C' 6) cosz—

1 1
Ecosélx— gCOSQl‘—I—C 7) arctg (tg§— 1) +C.
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Busnadennii iHTerpaJ

1. BHBH&‘IGHI/II/I lHTeI‘paJI 10T0 OCHOBHI
BJIACTUBOCT] Ta MeToaAun lHTeI‘pyBaHHH

1.1. IloHATTa BU3HAYEHOr'O iHTerpaJia Ta ioro oCHOBHI
BJIACTUBOCTI

Hexait pynkiisg f Busnadena ii HermepepBHa Ha BiApi3Ky [a; b], e
a < b, a F' — neska ii nepsicua, robro F'(z) = f(z),x € [a;b]. is-
Hinre Oyje 10BeIeHO, MO 7 HellepepBHOI Ha BiPi3Ky [a; b] dyHKIIT
3aBYKJIM iCHY€ TIepBicHA.

OsHaueHHd. Busnauenum i1HmMe2paiom

| fae (1)

a

610 Henepepsnoi gynxuii f na eidpizky [a;b] Hasusaemvea piznuua
sHavwens nepeicnoi daa gynxuit f y mouxax b ma a, mobmo

b
[ fayds = F) - Fla), (2)

Yucaa a 1 b Ha3suBaIOTh BiANOBIIHO HUYKHBLOIO 1 BEPXHBLOIO Me-
ZKelo iHTerpyBatis, a BiIpi3ok [¢; b] — mpoMixKKoM iHTerpyBaHHs.
Dopmyrny (2) Hasuaorh dopmysioro Herorona-Jleiibuina. [lpu

@ = b BBasKalOTh, IO
| ftays =

Pisanto F'(b) — F'(a) KopoTKo 3anmucyorh Tak: F(z)

a
) Tomy popmy-
ay (2) 9acTo MomaloTh y BHUIVIS/I]

(2')




Y dopwmyi (2) F - e mesika nepsicHa st GyHKII f Ha BIAPI3KY
[a; b]. /loBenemo, 1m0 BU3HAUEHUHT iHTErpAJT He 3aJI€KUTD BiJI TOTO, SIKY
HepBicHY Jyis iiHTerpaibHoi GyHKIIl f B3aT0 y hpopmysi (2). Hexait
F i ® — aBi pisni nepsicui dyuknil st f #a Biapisky [a; b]. 3rimmo 3
OCHOBHOIO BitacTusicTio nepsicuux ®(z) = F(z)+C, 2 € [a;b]. 3sincu
BUILIABAE, 1110

O(b) = @(a) = (F(b) + C) = (F(a) + C) = F(b) = F(a),
TOOTO 115 pi3HMIlg He 3ajiekuTh Big C, a oTKe, € OIHAKOBOI [1Jisi
JOBLIBHOI TTepBiCHOI.

4
Ilpuknan 1. O6uncanrn [ z?de.

2
<« Maewmo, o fxzdx = %—2 + C, a Tomy

4 4

3
Zd:$_
/$ xr 3

2

$#9P 56
= T o8 = 2
LT3 3308 =g

3
IIpukaag 2. O6uncaurn [ e*dz.
1

. 2z
« OckinbKH fezxdx =% +C, 10

PoarigHeMo ocHOBHI BJIacTUBOCTI BU3HAUYEHOT'O IHTerpaJia.
Baactusicte 1. Busnauenudl inmezpan 3 00HaAKOSUMU MENHCAMU
IHMEZPYSAHHA JOPIGHIOE HYAI0, OO0

/af(ac)dx = 0.

« Il BIacTUBiCTh MICTUTHCA B 0O3HAUEHHI BU3HAYUEHOTO iHTerpaa.
VY Toit ke vac 1T MmoxKHa ojiepkaTu 3 dpopmyiiu Heorona-Jleiibuina

/f(x)dx:F(a)_F(a):()‘ >

314



BaactuBicth 2. Beauuuna 6uU3HAEH020 IHMEZPAAL HE 3dA6-
AHCUNL 610 NOZHAMEHHA 3MINHOT THME2ZPYSAHHA, OO0

/b f(2)de = / S0yt (3)

« Ockinbku F'(z) = f(z),2 € [a;0] 1 F'(t) = f(t), t € [a;b], TO
‘ = ‘ 3Bigcu sunsmsae (3). B
BracTusicts 3. Cmaauii MHOICHUR MOJCHE 6UHOCUIIU 30 3HAN

BUIHANEHO20 IHMEZPAAA, THOOMO

b b

/Af(ac)dac = A/f(x)dx.

a a

« Hexait F'(z) = f(z), z € [a;b]. Toni (AF(z)) = AF'(z) =
Af(z), robro AF(x) e nepsicuoio qa Af(z) ua [a;b]. Tomy
b

) b
/Af(w)dx = AF(z) = A(F(b) — /f Jdz. »

Baactusicte 4. Busznauenuil inmezpaa 6id aazebpaiumnoi cymu
dynxurtl dopienioe areebpainmili CyMi GUIHAMEHUT THIME2PANIE 610 UUT
dynxut, mobmo

b b b

[t £ g@yis = [ st [ gys, (1)

a a a

« dxmo F'(z) = f(z), G'(z) = g(z), € [a;b], To (F(2) £
G(z)) = f(z) £ g(z), > € [a;b]. 3pincu BunnUBae, mo

a

b
/(f(w) £ g(@))de = (F(@) £ G(a)| = (F() £ G b))~
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—(F(a) £ G(a)) = (F(b) — F(a)) £ (G(b) - G(a) =

:/bf(x)dx:l:/bg(ac)dac. >

Baactusicts 5. Sxwo sidpizox inmezpysanna po3bumu Ha a-
CTUHU, O THIMEZPAA N0 8CLOMY GI0PI3KY JOPIEHIOE CYMI BUIHAYEHUT
iHmezpanié no 1020 vacmunax, mobmo axwo ¢ € [a;b], mo

/bf(x)dx:/cf(x)dx—l—/bf(x)dx

« Ockinbru F'(z) = f(z),2 € [a;b], TO fcf(w)dx = F'(c) — F(a), a

J f(z)dz = F(b) — F(c). Jonasmu ui inrerpaiu, oaep:KumMo

/ fl@)de + / fa ) = Fla) +(F(#) = Fle) =

- /f .

Baacrusicts 6. [Ipu nepecmanosui Mexc iHMeE2PYGaHna abco-
AOMHA GEAUNUNG BUBHAMEH020 THMEZPAAGL HE SMINIOEMLCA, G 3Mi-
HI0EMBCA Aue 11020 3HAK, MoHMO

« Hexait F'(z) = f(x),z € [a;b]. Toni bfaf(w)dx =F(a)-F(b) =

b
= —(F(b) — F(a)) = — [ f(z)dz. »

a
Buaacrusicts 7 (Teopema mpo cepenHe). Busnauwenuil inme-
epas 61d nenepepsnoi pynxuli dopienioe dobymiy dosxcunu 610pI3Ka
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IHIMEZPYSAHHA HA SHAYEHHA NIOITHME2PAAbHOT PYHKULT Y nesHIl oYUl
& scepeduni tioeo, m06m0

/f FOB-a), €€ (ab).

« 3rigHo 3 Teopemoto Jlarpanxa F(b) — F(a) = F'(§)(b—a) =
b

f(&)(b=a),§ € (a;0),Tomy [ f(x)dx = F(b)—F(a) = f(§)(b—a) ».
Baacrusicts 8. szugg a < b, f — nenepepsna 1 f(z) > 0 na
sidpisxy [a;b], mo b
/f(x)dx > 0.

« CKOpUCTABIINUCH BJACTUBICTIO 7, MATUMEMO

/f f&)b—a)y>0. »

Baacrusicrs 9. Axwo a < b, ¢ynxuii f i g nenepepsni na [a; b]
i, xpim moeo, f(x) < g(x), x € [a;b], mo

/f@ﬂwﬁjg@Mm

a
« Ockinbrn g(2)— f(x) > 0, z € [a; ], To 3riHO 3 BIACTHBOCTAMH
418 ,

os/@wwwuwmzja@m—jﬂ@m

a
3BIIKHW I BUILJIMBAE BJIACTHUBICTH 9. P
Baactusicte 10. Hexait m — nativenwe, a M — natibiavue 3na-
wenna nenepepsnol gynxuii f wna [a;b]. Todi npasuavni nepierocmsi
b
m(b—a) < /f(x)dx < M(b—a).

a
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« llg BractusicTs ButuinBae 3 Toro, mo m < f(z) < M, x € [a;b],
b
Bractuocti 9 i pisrocti [dx =b—a. »
a

2
ITpukaazn 3. O6uucauru / (— — 5zt + 2\/_)
1

4 Maemo
2 2 2 2
4 dx . :
(= —ba* +2/x)de = —— xide +2 | x2dx =
X X
1 1 1 1
228 3|’ 4 s
:41”‘ S 428 42— - (@ —D+-2F—1) =
1 5|y 5, 3
2 4
:41n2—31+%—§_41 2——+ f >

1.2. BusHaueHuii iHTerpaJ i3 3MIHHOK BepPXHBbOIO
MeXKer

Hexait f — menepepsna Ha [a;b], a F' — Ti nepsicua. Posrismemo
iHTerpaJ

/f(t)dt = F(z) — F(a), z € [a;b].

SAkmo 3miHOBaTH T, TO 3MIHIOBATUMEThCS 1 Ieil iHTerpaJ, ToOTO BiH
€ dbyHKii€eo Bim @, BU3HaUeHOIO Ha [a;b], Ky MH MO3HAUMMO HUepes
O (). Orxe,
xT
= [ s, e (o, (5)
a

InTerpas (5) Ha3WBaeThCs IHTErPATIOM 13 3MIHHOIO BEPXHBOIO
MeXKelo.
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Teopema 1. Hxwo Pgynxuia f nenepepsna na [a;b], mo inmezpas
13 SMIHHOIO 6ePTHBOI0 Meoicero P e dugepenuiiiosnoro dynruicro na
[a; b], npuromy

'(z) = f(z), € [a;d]. (6)
4 Maemo

W)= ([ £0) = (F(o) - Fla))' = F(a) =0 =

= f(z),z € [a;b]. »

Pisuicts (6) o3navae, mo noxigna Bix inrerpasa (5) mo 3minxiit
BepxHiif MexKi JOpIBHIOE 3HAUEHHIO MifiHTerpaJbHOl (PYHKINI v TOY-
i BepxHbol Mexki. Tomy dyuxiia ¢ € nepsicHolO A1 HelepepBHOI
dyukiii f ma Biapisky [a;b].

Hacmimok. Hxwo gynxuia f nenepepsna na eidpisky [a;b], mo
BOHA MAE NEPSICHY HA HBOMY.

1.3. MeToau iHTerpyBaHHsI YaCTUHAMHU 1 3aMIHU 3MIHHOIT

Teopema 2. Hezati hynxuii v 1 v Ma0msd Henepepeni noridni Ha
sidpisxy [a;b]. Todi npasusvra popmyra

b ) b
— / vdu (7)

/udv = uv

abo

« Ockinbku dyHKIisg uv € nepsicHoo s GyHKil (u(z)v(z)) =

uw'(z)v(z) + u(z)v'(z), 2z € [a;b], To 3rigno 3 dbopmynow Heorona-
Jlefi6Hina



HKH_[O CKOpHUCTaTHuCAd BJIACTUBICTIO 4 BU3HA4YEHOTO iHTeraJIa7 TO
OJ1eP2KNMO

b b

/u’(w)v(w)dx—l—/u(w)v'(x)dw = (u(z)v(z))| , 9)

a a

3BIIKM BUIUIMBa€ piBHICTDH (8). 3rigHO 3 03HaueHHsAM jaudepeHIiaTa
du =/ (z)dz, dv = v'(z)dz, a Tomy 3 (9) orpumyemo (7). »
IIpuknan 4. O6uucauru [ Inade.
<« Cropucraemocsi dopmymnor (7):

2 2
€

dz o2 y dr
Inxde = — — =
/nxx dv=dx,v=1n e /xa:

u=Inx, du=2;
xr
€ €

= (xlnx)

2
€

—/dx: (ezlnez—elne) — (62—6) =

€

2
€

= (xlnx)

€

=% lne—clne—e’+e=2>—e—e’+e=¢>. »

Ax iy BUMaAKy HEeBH3HAUEHOTO iHTerpaJa, yCIix y 3acTocyBaHHI

opmysm (7) 3a7€KNTh BiJ MPAaBUIBHOIO BHOOPY u i dv.

Ilpuknan 5. O6uncanry inrerpan [ x sinzdz.
0

4 Maemo
B u=x,du = dr,
/J:sinxdx: =
/ dv:sinxdx,v:/sinxdx:—cosx
T
T T . T
= (—zcosx) —/(— cosz)dr = (—xcosx)| +sinx| =
0 0 0
0
=—mcosm+0 cosO+sinm—sin0=—-mw(-1)=n. »
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1

3
Ilpuknan 6. O6uuncauru inrerpan [ arctg 3zde.
0

<« OueBngmo, 110

u = arctg 3z, du = %,

=

arctg 3zdr = = (z arctg 3x) =
0

O\
W=

dv=dx,v=1n

1 1

3 d 3 3
—/ _Sede = (zarctg 3x)

’ _1/d(1—|—9x2) _
14+ (32)2 6 1+ 9x2

0

W=

In(1 + 91‘2)

0

= (z arctg 3x)

o

3 (1
= <§ arctg 1 — 0 arctg 0) —

[or A=

1
In2 = E(ﬂ'— In4). »

| —
NS
S| =

1 1
~5(n1+9 1) ~n(1+0)) =

Teopema 3. Hexati: 1) f(x) — nenepepsna dynruia na 6idpisxy
[a;0]; 2) ¢pymwuia @(t) — dugepenuitiosna na [a; 5], npuvomy ¢'(t)
nenepepena Ha yvomy eidpisxy; 3) (o) = a, () = b. Todi npa-
sUALHA Popmyaa

b B8
/f@MWj/ﬂMQWWMt (10)

« Hexait F' — nesika nepsicHa st f Ha [a; b], Tobro I (2) = f(z),
x € [a;b]. Tomi srimHo 3 mpaBwioM audepeHIiioBaHHS CKJIAIeHOl

PyHKIIIT MaeMO
(F(p(t)) = F'e0)¢'(t) = flet)&'(t), t€[asp].

3 miei piBHOCTI BuUHBAE, mo yukuis F'(¢(t)) € nepsicHO©O /17151
dyukmii f(e(t))¢'(t), axa HemepepBHa Ha BiApisKy [o; 8]. Ba dopmy-
not Heortona-JleitbHina

B
[ Fe®)¢ 0t = () - Flola)) =



b
= F(b) - F(a) = /f(x)dx

3 wiel piBrHOCTI it BUMIIMBa€ MpaBuibHiCTH hopmynu (10). »

Dopmysty (10) HasuBaoTh OPMyYJIOIO 3aMiHM 3MIHHOT abo miz-
CTAHOBKM Y BU3HAUYEHOMY IHTErpaJIi.

3a3HauMMO, IO MpU OOYMCIIEHHI BU3HAUYEHOTO iHTerpaJia 3a I0-
OMOI'0I0 3aMiHM 3MIHHOI He Tpeba MoBepTaTHCH 10 CTapOl 3MiHHOI,
SK TIPU 3HAXOIKEeHHI HEeBU3HAUEHOTO IHTerpaJtia, OCKIJIbKU BU3HaUe-
HUil iHTerpas — Iie 49ucyo, sxe 3rigHo 3 (opmysono (10) mopisHioe
3HaUYeHHIO KOXKHOTO 3 iHTerpaJin. IIpu 3aMidi 3MiHHOT ¥ BU3HAUeHOMI
inTerpasi Tpeba 3HaiTH HOBI MexKi iHTerpyBaHHS Ta BUKOHATH HeoO-
XiJIHI TIepeTBOPeHHS MiiHTerpajbHOTO BUDa3Y.

ITpukaan 7. OGuucauru iHTerpas /cos?’ zsin zdx.

0
« OCKIJIbKY YMOBH T€OPEeMH 3 BUKOHYIOThCSI, TO
/2
3 . t = cosz, z |0 w/2
cos® x sin xdx = . =
dt = —sinzde, t |1 0
0

0 1
- fra- feasg-to
= 4 =71
1 0
ITpukaan 8. OGuucauru inTerpas / N 1d9:.

<« /11a Toro 1106 mo30yTHCcs 1ppallloHaabLHOCT], 3pOOHUMO 3aMiHy 3MIHHOI

t = /z. Tomi » =2, de = 2tdt, f ;1 g . YMOBU TeOpeMHU 3 BHKOHY-
I0ThCST, & TOMY
3
=2 dt =
[
2

Fotd [
¢ 2dt ¢
d —9
\/5—136 /t /t—
2 2

3 ] 3 & tz 3 1 3
=2 /t+1 t+/t = ((5—1—15)‘2—1—11@—1)‘2)_
2 2
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:2(%-1—3—2—2—1—1112—1111):2(%—1—1—1112):

:2(;—1—1112) =74+2In2. »

1.4. BusHaueHuii iHTerpaJj siK rpaHullsd 1HTerpaJbHOT
cymu

Posrusinemo dyukiiio y = f(2), ska BusHadeHa if HernepepBHa Ha
[a; b]. Posib’emo Bimpizok [a;b] Ha n 9acTUH TOYKaMU

a=ag <2 < . . < i < ;<< x, =0

[Mosnaunmo uepes Ax; JOBXKHHY Biipiska [x,_i1;x;], TobTo Az; =
x; — xi—1, 1 €{1,2,...,n}. Bisbmemo Ha [2;_1;x;] DOBIIbHY TOUKY

& 1 cxmagemo cymy o = f(&)Axy + f(&)Azg+ ...+ f(&) Az, abo
o= f(&)Ax;. (11)
=1

[ljo cyMy Ha3MBaOTH IHTErPAJIBHOIO CyMOIO jjis BYHKINT f, Mo
Bi/IITOBITa€ 3a/1aHOMY PO3OHTTIO cerMenTa [a; b] Ha JacTHHM i 3a1aHO-
My BUOOpPY TouKM & € [@;_q1; 2], 1 € {1,2,...,n}.

Ao ichuye rpanuns o ipu A = max Az; — 0 1 He 3aJ€KUTH
BiJjI criocoby po3buTTs Binpiska [a;b] nHa gactunu i Bubopy Touok &;,
i € {1,2,...,n}, To ii Ha3MBaOTL BUSHAYEHUM IHTErPAJIIOM Biz

b

dyHkuil f Ha [¢;b] | MO3HAYAIOTH CUMBOJIOM /f(x)dx

a
Orxe,
b

| ftays = D /(€20 (12)
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Hexait f(z) > 0,2 € [a;D].
Posrnanaemo dpirypy, gaka odme-
JKeHa 3BepXy rpadikoMm pyHK-
uii y = f(x), 3uu3y — Bimpis-
KoM [a;b], 3 GOKiB — TIpAMU-
Mu ¢ = a1 x = b. La diry-
T 52 pa HasHBaETbCH KPUBOJIIHIH-
HOIO TPArIeIliero.

| . . .
|
Ole =20 Ti—1 Tz, =10 z

OdgeBnaHo, MO IJIOMA KPUBOIIHIAHOI Tpamelll gopiBHIOE HAOIU-
JKeHO IHTerpaJbHiii cyMmi o, 60 KOXKHY eJeMeHTapHy KpPHBOJIHIINHY
Tparmeliio 3 OCHOBOIO [x;_1;x;] MOXKHA 3aMiHUTH TPIMOKYTHHKOM 3
ocroBoto Az; i sucoroo f(&;), mioma sxoro f(&)Axz;. 3 iHmoro 6o-
KY, SKIIO0 MU DO3TJISHEMO KPUBOJIHINHY Tpareliio 3 0CHOBOIO [a; ] i
o3HauMMO i1 mytonty [epes S(z), To, HATABIM TPUPOCTY Az, ofep-
Kumo, mo S(z) nabyne npupocrty AS = S(z+ Az) — S(z).

0lg r z+ Az b
Axmo M = max x), m= min x), TO
. [zi24+Az] f( ) [zi24+Az] f( )

mAz < AS < MAz  abo mS%SM.
x

Hexait Az — 0, Togi m i M npamyiors go f(z), a Tomy

as _
Aalcrgo Azr

f(@),
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tobro S'(z) = f(x),z € [a;b]. lle o3Hauae, mo

:/f@ﬁ. (13)

fAxmo z = b, To 3 (13) omepuMO, Mo 1II0IIA yeiel KpuBOTiHIFHOT

Tpamelrii
S = / f)

OckisibKu iHTerpaJj i3 3MiHHOIO BEPXHbOIO MeXKelo / f(t)dt Binm

a
HerepepBHoi Ha [a;b] dyuKINi f € omgmieo i3 meppicHux Iyis Hel, TO
Oyp-siKa iHIMma nepsicHa F'(x) 3ammcyerbest y BATVISAT

:/f@ﬁ+0. (14)

fAxmo migcrasutn B (14) 2 = a i @ = b, To gicranemo, mo C' =

F(a) i Tomy b
[ ftde=Fw) - Fia),

To6T0 dopmyny Hbiorona-Jleiidonina. Otke, obuiBa 0O3HaUeHHS
BU3HAYEHOTO iHTerpaja € eKBiBaJeHTHUMH.
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2. HeBaacHi iHTerpaJjmn

b

IIpu o3HadeHH] iHTerpasa / f(2)dx npunyckamocs, mo: 1) mpo-

a
MiKOK iHTerpyBaHHs [¢; b] cKindennnii; 2) miginterpanbHa HyHKIA f
BU3HadeHa i HemepepBHa Ha [a;b]. Takuil iHTerpas 4acro Ha3WBAIOTH
BJIACHUM. SIKINO 7K MOPYUIYETHCS OJHA 3 IIMX YMOB, TO cUMBOJ (1)
Ha3WBAIOTH HEBJACHUM BU3HAYEHUM iHTETPAJIOM.
3’4CyeMO 3MIiCT 1[bOT'O HOBOTO MOHATTS JIJIst JABOX HANMPOCTIMINK
BUMAJIKIB.

2.1. HeBJjlacHl iHTerpajin 3 HeCKIHYeHHUMHU MezKaMu
IHTerpyBaHHS

Hexait dbyuxiis f HemepepsHa Ha MpoMiKKYy [a;+00). Toni Bona
iHTerpoBHa Ha KOKHOMY CKIHIeHHOMY MPOMIKKY [a;b], TobTO icHye

b
iHTerpaJt / f(a)dz.

[lin HeBNIACHUM iHTerpaJjiom
+ oo

/ f(a)da (15)

. a
PO3YMITHUMEMO I'DaHUIIIO

400 b
/ f(z)dz = lim /f(x)dx (16)
b—~4co

a a

fAxuio rpanung B (16) icHye, To HeBiacHuit iHTerpasn (15) Hasu-
Ba€ThbCs 3GIKHUM | iforo 3HadueHHs BH3HadaeThes opmysion (16).
fIKImo K 1g rpaHullg He icHye abo € HecKiHUeHHOO, TO piBHIiCTH (16)
BTpavae 3MiCT, a HeBJIACHHUH IHTerpaJl Ha3UBAEThCs PO3GIXKHUM i io-
My He HaJaloTh KOIHOTO YMCJIOBOrO 3HadeHHd. fAKmo f HeBix'eMHa
Ha [a;+00), To HeBiacHWil iHTerpas (15) € MIoOMO0 KPHUBOIHIHHOT
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dirypu, obmerxenol rpadikom byskIil y = f(2), Biccio Oz i nmpsMoio

T =da. Y
%yzf(f)

0" «a T

Hexait f mae nepsicay I Ha [a;+00), Tobro F'(2) = f(2), «
[a; 4+00). Tomi

b
/f(ac)dx: lim /f(ac)dx: lim (F(b) — F(a)).

b—~4co b—~4co

fIkmo BBecTM yMoBHe ToO3HaueHHs ['(+o0) = blim F(b), To
— 40

JlicraHeMO 7151 301KHOTO HeBJIACHOTO iHTerpasa (15) ysaraibHeHy
dopmyny Herorona-Jleitbuina:

+oo
| fads = Firoc) - Fla)

e F'(z) = f(z), z € [a;400), mputdoMy HeBacHWil iHTerpaJ 361xK-
HUil TOA} il TIIBKK TO, KOMTK iCHYy€ cKiHvueHHa rpanutg lim  F(b) =
b—~4co

F(—I—oo) +oo

ITpukaan 1. OGuucauru inTerpas

« 3TIIHO 3 O3HAYEHHIM

+o0 b
b
/ = / = lim arctgaj‘ =
14 22 b—>+oo b—4o00 0
0 0
T
=1 tg b — arctg0) = i tgb=—.
b_:{l_noo(arc g arctg 0) ,im_arctg 5 >

Amnasiorivno, gK y BUNAJAKy o3HadeHHs (16), MOXKHA pO3IIISHYTH
HeBJIACHUH iHTerpaJi 3 IHIMMM HeCKiHYeHHUM MTPOMizKKOM iHTerpyBaH-
Hd, a came:

b b

/f(ac)dx: lim f(z)da

a—r—00
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MoxHa TaKoyK pO3IJIaIaTi HeBJIACHUH iHTerpaJ 3 HecKiHYeHHU-
+ oo

MU HUZKHBOIO | BepxHboio Mezkamu [ f(x)dz. Jlnga mporo BisbMemo
— 00

JIOBiTBHY TOUKY ¢. BoHa po3i6’e uncsioBy Bich Ha JBi miBoci (—o0;¢] i

c + oo
(¢;+00). Skmo icuytors nesnacui inrerpamu [ f(z)dzi [ f(2)de,
oo )
TO KazKyTb, WO icHye it Hesacuuii interpan [ f(z)dz. Y upomy su-

—00
IaJKy ITOKJIaJdal0Th

oo c +o0
/f(w)dwz /f(w)dac—l—/f(ac)dx.

+ oo
Mozkna gosecrd, wo Beamuuta [ f(2)dz ne 3anexkurh Bin Bu-
— 00
Oopy TOYKH c.
+ oo

SIKIIO B1H 3013K-

dx
Ve

ITpukaazn 2. O6uucauryu HepaacHuil iHTErpaJ /
1

Huit, abo JoBeCTH HOTo PO3BIKHICTD.

<« Maemo
+ o0 b
dx . 1 . b .
— = lim 7 2dx = lim 2vz| = lim (2\/_— 2) = .
VT botoo b 400 1 botoo
1 1
Orxe, 1HTerpas posbiracTbes. p +oo

Ilpukaan 3. O6uucauTr HeBaaCHWIA IHTETPAT / cos 2xdx, AKITO BIH
0

361K HAi, abo JOBECTH HOTO PO3DIKHICTD.

+o0 b . b
« Ocklubku / cos2zdr = lim cos2zdz = lim sin 2z =
b—s 400 ba+oo 2 o
0 0
. sin 2b . . . . .
bEToo , TO 1HTEerpaJ po3biraerbes, 60 BIANOBIAHA IpaHHI He ICHYyE. B
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2.2. HeBJjiacHl iHTerpaJyiu BiJ HeoOMexkeHUX (PyHKIIIH

Hexait dyukiis f BusHadena Ha mpoMixkky [a;b). Touxy b Ha-
3MBAaTUMEMO OCODJIMBOIO, SKINO (PyHKINS [ He 0OMeKeHa B JOBLIb-
HOMY OKOJII IIi€l TOYKH, aje oOMerKeHa Ha OyIb-fKOMY BiIpi3Ky, IO
micTuThes B [a;b). Hexait dyuxiis f HemepepsHa Ha [a;b), a Touka b
€ ocobampoio. QueBnaro, mo f iHTerpoBHa Ha BIAPI3KY [a;b — £], me

b—e
e > 0, a ToMy icHye iHTerpaJ f f(z)dz. Toni gxmo icHye CKiHYeH-
a
b—e
na rpamuug  lim [ f(z)dz, 1o i Gepemo 3a meBmachuii inrerpasn
e—040
b
[ f(z)dz Bin neobmexenoi dynxuii f. Orxke,
@ b—e

b
/f(ac)dx: lim f(a)dz. (17)

e—040
a

Y 1poMy BHIAIKY KayKyTh, IO HeBiacHWil iHTerpasi (17) 36i-
raerbces. SKImo K rpaHuig He icHye abo HecKiH'YeHHa, TO iHTerpaJl
(17) posbiraerbes. AHAJIOTIUHO, KO & = @ — 0COBINBA TOUKA, TO
HEeBJIACHUH IHTerpajl BU3HAYAECThCSH TaK:

/bf(ac)dac: lim /bf(ac)dac.

e—040
a+te

AKmo X ¢ = ¢ — eauHa BHYTPIIIHS 0cOOJIMBa TOYKa Ha BIIpI3Ky
[a; b], To TOKITaTaEMO

/bf(ac)dx:/cf(x)dx—l—/bf(x)dx (18)

3a yMOBH, 1110 06MjIBa HEBJIACHI iHTErpaJiu cipaba 30iraloThes.
K10 0cobMBHUX TOYOK Ha BIIPI3KY [a;b] mekinbka, To Bipizok
pO36UBaIOTh TaK, OO ¥ KOKHOMY BiApi3Ky po3buTTs Oysio He Oinblie
ofHi€l 0cOBIMBOI TOUKH, | BUKOPHCTOBYIOTH O3HadeHHs (18).
fAxmo F - mepsicua ais ysknil f, 1o nokmaagemo F(a + 0) =
lim F(a+ 1), F(b—-0) = lim F(b— e3), axuo ui rpanumi
e1—040 eo—040
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icaytorb. Tomni anasiorom opmyinu Hororona-Jleiibuina g 36i:xkHux
HEeBJIACHUX HTErpaJiiB, y 9KUX OCOOJIMBUMU TOUYKAMU € TOUYKH & = @ i

x = b, 6yme cbopMina
/f(ac)dx:F(b—O) — F(a+0).

Y Bunaaxky HerepepBHoi (byHKIIT I ofep:xuMo popmyity, ska 3a
dopmotio noBHicTO 30iraeThes 3 popmysioo Heiotona-/leiidnias

b
/f(ac)dac = F(b) — F(a). (19)

1
. dx ..
Ilpukaan 4. O6uncauTyn inTETpa / T, SIKIIO BIH icHYye, abo moBe-
x
0

CTH HOTO pO36IKHICTD.
. . 1
<« IligiaTerpapaa yHKIsA f(r) = —= Mae €auHy 0cOBIUBY TOUYKY
x
¢ = 0 nHa npomixky iHTerpypanss (0;1]. TlepsicHoto mns miei yHKIT €,
wanpukaan, ysxmia F(z) = 2./z, gka HermepepBHa Ha MBOMY ITPOMIKKY.

3a dopmymnoo (19) maemo:
1

dx 1
=23 =2-0=2
\/5 0
Orxe, 3a3HaYeHUH HeBIACHUN 1HTErpaJs 30iraeThbes 1 JOPIBHIOE 2. P
1

. dz . .
Ilpukaana 5. O6umrcanTr inTETpaN / —, AKIIO BlH 301KHAH, abo 10-
x

0
BECTH HOTO PO301KHICT.

.y . 1 . .
<« Tligiarerpanpraa dbyHakis f(x) = — Mae Ha TPOMIXKKY IHTErpyBaHHS
x

(0;1] enuny ocobnupy Touxy x = 0. IleppicHol aas Hel €, HAIPUKJIaI,
dbyuxria F(z) = Inz. Tomy maemo
1 1
dx . dx . 1 .
— = lim — = lim Inz| = lim (In1—1In¢) =
x e—=040 x e—=040 £ e—=040

0 €

=— lim Ilne = +oo.
e—=040

Orxe, 3a3HaYeHUN HEBJIACHUN 1HTETpAJ po3bIiraeThes. p
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3. 3acTocyBaHHS BU3HAYEHOI'O 1HTErpaJa
3.1. O6uncJieHHs MJIOII] MJIOCKOI (pirypu

V miapoznaigi 1.4 1poTo po3Iiy MU JIOBEJH, Mo JIJIsS HellepepBHOI
HeBiT eMHOl pyHkuil y = f(z), z € [a; b], BU3Ha4YeHMI iHTErpad Big
dyskuil [ mo Bigpisky [a¢;b] BU3HauUae miomy KpUBOJIHIHHOL
rpaneuii ¢ ABb (puc. 1), TobTo

y=f(z) B b
S:/f(x)dw. (20)

a

o «a b x
Puc. 1

Ouesnino, mo komu f(z) < 0, x € [a;b], TO

S:—/ﬂ@m.

)
y= fa(2) Ao posragHyTH 00J1aCTh,
AKa obMerKeHa [IBOMa Herepeps-
HuME JiHigmu (puc. 2) y = fi(z),
y = falz) i nBoma mpsMuMM
QM b oz T= aiz=b,To oNepKUMO
y=/ 1(96)

Puc. 2

b
5= [ (o) = Ae)ia.

[Ipu 1mpomMy yMoBa HeBim emuocTi dyHKII f1 1 fo HeoboB d3KOBa.
Ilpukgan 1. 3maiitn muomy &irypu, obmexkeHol mapabomown y =
22+ 1impavoo xz+y—3=0.
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<« Crouarky nobymyemo dbirypy, miory sxoi mykaemo (puc. 3).

Jami 3HafieMo TOYKHE MepeTHHy 3aJaHux giHid. Maemo 3 — 2 = 2 4+ 1,
3BigEm 2 4+ — 2 = 0, Tob6TO 2, = —2, 3 = 1. ToMy MexKi iHTerpyBaHHS
Taki: ¢ = —2, b= 1.

. 1
Ilpukigan 2. 3naiiTr wromy dirypu, ska obMerkeHa KPHBOIO Y = s
Biccto Oz, npgmoto & = 1, 1 JIeJKUTh TpaBlile BiJ el TpsaMol.

4 3 puHCyHKa BHIHO, IO
a=1, b=40co. Tomy




3.2. /IoBKnHa Ayru KpuBol

Y [lig nos:xuHO0 Ayru AB po3yMiTH-
MEMO TPaHUINO, M0 SKOI NpAMYy€e IT0B-
JKUMHA JIAMAHOI, BITMCAHOI B 110 IyTY, KO-

JIU YHUCIIO JIAHOK JIaMaHOI HeoOMerKeHo

M;_y

3pocTae, a J0BKUHA HAHOLIBINOT JTaHKY
0la -1 ¥ p T mpaMye O0 HyJId.

Hexaii nyra AB sajama piBasaasM y = f(2), ¢ € [a;b], e fi f/
— merepepsHi Ha [a;b] dbyukiii. /loememo, mo BoHa Mae CKiHUEHHY
JOBYKUHY.

Posit’emo myry AB Touxkamu A = My, My, ..., M;_q, M;, ..
M,, = B na n gactun. Hexait M;(z;, v;), ne y; = f(x;). Toni nosxuna
naku M;_1 M; mamanoi, BCaHOI B AyTY AvB7 JOPiBHIOE

(Mot My = /(2 — 2i21)2 + (55 — vim1)? = V(Az)? + (Ayi)2,
ae Axp = a; — w1, Ayi = yi — yimr = [(25) — flwic1) = (&) Ay,
& € (wim1, ).

Otxe, |M;_1M;| = /14 (f'(&))?Ax;. Tomy nos:kuHa Beiel Ja-

MaHOl JTIOPiBHIOE

°9

n

=3 V1 (@) A

=1
Bupas crpasa y 1iif piBHOCTI € iHTerpabHOIO CyMOIO st (PYHKIIIL
14+ (f'(x))? na Biapisky [a;b]. fAxmo nepeiiti mo rpanum mpu A =
max Az; — 0, To mictanemo hopMymy s OOUUCTEHHS TOBXKUHU
K3

OyTH AB :

b
l= / V14 (f(x))dz.

Ilpukaan 3. OGuncanTr AOBKHHY JyrM HamBKYyOIYHOI Tapabosm
y= 232 axmo 0 <z <5.
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< Ockimpkn y = —z'/?

2

, TO

3.3. Ob6uncaenHs 06’emy Tijia 3a IJIOIIEIO IOIEPEYHOrO
nepepisy

Hexait BimoMuil 3aKOH 3MiHM TIJIOII TOMEPeYHOro Tepepi3y Tija.
ITin momtepedHUM TIepepi3oM PO3YMITUMEMO Mepepi3 Tijia MIOMHHOIO,
nepreHIuKyasgpHoo 10 oci Oz. Tpeba 3unaiitu 06’em V 3as1aH0r0 Tiia.

fxmo S(x) - mIoma MmomepevyHoOro mnepepisy, To BBazxKaTUMeMo ii
HerepepBHoo BYHKINE Ha [a;b].

[ogimumo Bimpizok [a;b] Ha n YacTUH TOYKAMU @ = g, L1, ...
Z, = b1 yepes TOYKH MOALITY NPOBEIEMO [LIOMIWHY, [TEePIeH UK YISpH]
jo oci Ozx. Y pe3ysbrati TijIo po3i6’eThes Ha N MapiB, KOKHUI 3 SKUX
MOZKHa BBazKaTW utiHapom. OcKiJIbKU 00’eM ¢-10 apy HabOJIUKeHO
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qopisaioe S (&) Az, Ax; = 2, — 221, & € [x-1; 2], To 1151 06’emy V'
HicTaHeMo HaOJIMzKeHe 3HaYeHHS

Vi is(&)ﬁ%
=1

e CcIpaBa MaeMO iHTerpajbHy CyMy s HellepepBHOI byHKINI S Ha
BiApI3KY [a;b].
Axmo A = max Az; — 0, TO 0epKUMO, 110
K3

n b

Posrnsiemo  Temep  3amady  1Ipo
3HAXOJKeHHd 00’'eMy Tifa, yTBOpeHO-
ro obepraHHsaM HaBKoJio oci Oz Kpu-
BoJIiHIMHOI Tpamernii aABb, obMexKeHOI

x rpacdikom HeBin'emHol (hyHKINT y =
f(z), = € [a;b]), Biapiskom [a; b] oci Oz
i npamuMu @ = a 1 2 = b (puc. 4). Oue-
BumHO, mo S(z) = 7 (f(z))%.

Puc. 4

Tomy 06’em Tina obepramHs
b
V= 7T/f2($)d$. (21)

Ilpukiaan 4. 3naiitn 06’em Ky pazgiyca R.
Y « Posrusiremo xyumo sk Ti10 0bepraH-
R _ B2 Ha HaBKOJIO ocl Oz miBKpyra pamiyca R 3
MEHTPOM B MOYATKY KOODJMHAT. 3TIAHO 3
dbopmymom (21), Maemo

_rR O R x

335



R N
V:F/(Rz—l‘z)dl‘zﬂ'<R2l‘——) =
3/1-r
R3 R3 47 R3
—r (R g )2 .
”( 5 T 3) 3

Ilpukaan 5. 3naiita 06’em Tima obeprannsg Hapkoso oci Ox dirypn,
obmeskeHol minismu y = 2 1y = /T.

Y
z « llykanmit 06’eM Tijta obepTaHHs JOPIB-
HIO€ PI3HUIL 06’eMiB, YTBOPEHUX OOepTAHHSIM
y = z? KPHUBOJIHIHHUX Tpalelii, obMeKeHHX 3BEPXY
1 T pignosigno rpadikamum bymkmid y = /z i
Puc. 5 y = 22 (puc. 5).

Mesi iHTerpyBaHHs 3HaiileMo, po3B s3aBmu piBHAHHS /T = 2. Ko-
peHl mporo piBHsHHS 1 = 0, 2 = 1.

Brigao 3 dopmymorn (21)
1

1 1 1
VZF/(\/E)Zdl‘—F/(l‘z)zdl‘zﬂ/l‘dl‘—ﬂ/l‘4dl‘z
0 0 0
1

_ x? x° _ 1 1 _ 37
~T\2735),7 275/ T

3.4. Jlesiki 3acTocyBaHHs BU3HAa4eHOro IHTerpaja B
eKOHOMIIII

3.4.1. I'paununi Burpatn. B eKoOHOMIUHMX JOCTIAZKEHHIX Ua-
CTO PO3TJISAAIOTH TPAHUYHI BEJTUYUHU, TOOTO /T8 33,7 aHOT BEJTUYIH-
HU, BU3HAYeHOI Jiesikoio yHKIieo ¥y = f(z), 2 € X, po3misaiaoTs
it moximay f'(z), « € X. Hanpukman, skmo f € yHKI[EO BATPAT,
KA, 3aJIeKUTh BiT 00CATY & TOBapy, TO FPAHUYHI BUTPAaTU BU3HAa-
qaTUMyThes noxinnoto f/(x). Ii exonomidmmit sMicT — 1e BUTpaTH Ha
BUPOOHUIITBO HACTYIHOI OJMHUIL TOBapy. ¥ 0araTbox BUIAAKAX Tpe-
0a 3HaxOMUTU (DYHKINIO BUTPAT 3a 33 aHOI0 (DYHKINEI I'PaHUUHUX
BUTPAT.
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IIpukaazn 6. Bigoma byukiis rpanuanux purpar f/(z) = 32% — 48z +
202, & € [1;20]. Buaiitn dbyskio Burpar f i 0GUUCAUTH BUTPATH IIPU BH-
nycky 10 ofuHUIE TOBApY, SIKIO BUTPATH Ha BUPOOHHUIITBO MEPIIOT OJHUHHUTI
ToBapy ctanoBagaTh 100 rp.ox.

« OyHKINIO BUTPAT 3HAXOAUMO 1HTEIPYBaAHHSIM

f(=z) :/f’(t)dt—l—C, z € [1;20],

Je crana C BusHavaeThest 3 ymopn f(1) = 100. Maemo
flz) = /(3t2 — 48t + 202)dt + C = (t° — 241 + 202¢) || + C' =
1
= (2% — 242? 4+ 202z) — (1 — 24 + 202) + C.
Ockinekn f(1) = 100, To sBiacu ogep:kyemo 100 = €| a Tomy
f(z) = 2® — 242 + 2020 — 79, x € [1;20].

ITiacrapueimu ¢ = 10 B omepxany poOpMyJIy, OMEPKYEMO TIYKaHe 3HA-

SO £(10) = 10° — 244102 4202 - 10 — 79 = 541 rp.ox. »

3.4.2. Kamiraa. PosrasgaeMo 3agady Ipo 3HaAXOOXKEHHS Ka-
miTasty (OCHOBHHX (DOHJIIB) 3a BIIOMUMM YncTUMU iHBecTHIisMu. [1im
YUCTUMW 1HBECTHIISIMH (KalliTaJIOBKIIaIeHHSIMI) PO3YMIEMO 3arasibHi
iHBecTHINT, 3MificHIOBaHI B eKOHOMII TIPOTSTOM ITeBHOTO MPOMIiXKKY
Jacy (Haifuactime poky) 6e3 iHBecTHIN, sIKi HIyTh HA BiIITKOTYBaH-
Hs1 ocHOBHUX hoHIIB (Kamitasy). OTiKe, 33 OJHHHUINO Yacy KalliTaj
30LIBIIYETHCH Ha BeJIWYUHY 9ucTUX iHBecThiil. [losnadammo kamitad,
KU 3aJ1e7KUTh BifT Tacy ¢ depes K (1), a uncti inBectnrii — qepes [ (t).
Tosi ommcane BuIe MoXKHa ToIaTH Y BUTVIs I pisHocti [(t) = K'(t).

Axmo Tpeba 3HANTH NpUPICT KaliTajy 3a MIepiol 9acy Bix tq 10
ta, Tobro Bemmmumny AK = K (t2) — K (t1), To, CKOPHCTABIIHCH O3Ha~
YEeHHAM BU3HAUYEHOTO IHTerpaja, MaTUuMeMo

t

AK = / I(t)dt.

t1
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Ilpukaan 7. Bizomo, mo 9rcTi iHBeCTHIIT BU3HAYAIOTEC (POPMYJION0

I(t) = 9000+/¢. BHaiiTi mpEpicT KamiTaly 3a YOTHPH POKH.
4 4

2
<4 Maemo AK = K(4) — K(0) = /9oooﬁdt = 9000 - gt?’/z
0

2
= 9000 - 3(43/2 0) = 90003 - 8 = 48000.

3.4.3. @ynkuia Koba-/Iyriaaca. @yukiiero Koba-Iyraaca
Ha3UBaeThcsd BUPOOHWYA (DYHKINSA, SKA OMUCYE 3aJeKHICTh 0bcdary ¢
BUITYCKY TMPOJYKIII BiJl BUTpaT KalliTady &1 i TPYJAOBUX PecypciB Zg,
AKa Mae BUrIAn ¢ = box{x % % me by — mapaMmeTp MpPOJYKTHBHOCTI
KoHKpeTHol Texuojiorii, 0 < a < 1 — 9acTKa KaliTajJy B HOXOI.
SAKIMo BUTpaTH KalliTaJdy CTaji, a BUTPATH TPYJAOBUX PeCcypciB 3a-
JexarTh Bim dacy, To ¢pyaKIig Koba-/lyriaca mae, 30KpeMa, BUTJISII
q(t) = (at+ B)eXt| ne o, B, x — mapamerpu 3a1a4i. Y [[OMY BUTIAIKY
o0cAr TIPOIYKIIT, fKa BUNYCKA€ThCs 3a MPOMIXKOK 4acy Bin t; = 0 g0
to, = T, JopiBHIOE

T
Q= /(at + B)eX'dt. (22)

Ilpukian 8. 3uaiith obcar mpoaykmil, BupobJaenoi dgipmoro 3a 2 pokH,
akmio byukiis Koba-/lyraaca q(t) = (1 + 2t)e3
<« 3rijgro 3 dopmymnow (22)

2
Q= /1+2t ye3tdt.
0

IaTerpyrounm qacTuHaAMHA, OAEPEKYEMO

u=14 2t du=2dt 1

2
2
= = Z(1+28)3 — = 3t =
© dv = e3tdt, v = Le3t 3( +2)e 3/6
0 0
2
1 2 1 2 2
= (e’ — 1) — 23| = (he® — 1) — e 4+ 2 =
g0 = 1) —ge ) g(6e” — 1) — g€’ + 3
13 1
_366—§~582619Fp0A>
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3.4.4. Iennuii BupobiTok. PosrisHeMo NUTaHHS 3HAXOIKEHHS
JeHHOTO BUPOOITKY Ha KOHKPETHOMY IIPHKJIAI].

Ilpuknaan 9. 3naiitwn nemrmil BUpobiTOK P 3a BOCEMHUTOAMHHUN PO-
bounil JeHb, SKIO TPOAYKTHBHICTEH Mpalll BIPOIOBXK IHS 3MIHIOETHCS 3a
sakoHoM p(t) = —0,2¢? + 1,6t + 3, sie t — wac B roJUHAX.

« Bpaxkarumemo, 10 IPOAYKTHBHICTL Hpalll p € HelepepBHON (DYHK-
mielo aprymenty ¢ Ha Bigpisky [0;8], a Tomy gennuii BupobiTok P MomHa
BHPA3UTH BH3HAYECHUM 1HTEIPAJIOM

P= /Sp(t)dt.

Orxe, 8

0

8
31,612
P:/(—0,2t2—|—1,6t—|—3)dt: (-0,2§+ ’2 —|—3t)
0

83
:—0,2~§+0,8~82—|—3~8:—34,13+51,2+24:41,07.>

3.4.5. 3aJjesKHICTh BlACOTKA OOXOOIB BlJ BlOcOTKa oclo.
3aJjexKHICTh BiACOTKa MOXOMIB Bif BiAcoTKa oci®, gkl iforo MaloTb,
onucyerbed yHKIiE0, rpadik 9Kol Ha3suBaloTh KpUBOKO JlopeHna
(kpuBa OBA Ha puc. 6).

Y

Puc. 6

JlocmimKyo9n 11j0 KpUBY, MOXKHA OIIHUTH CTYITIHb HEPIBHOCTI TIpH
PO3IOIT JoX0miB HacejieHHd. [Ipu piBHOMIpHOMY PO3TIOAI JTOXOiB
KpuBa Jloperiia BupoKyerhes B npsamy (bicektpucy OA), Tomy Bif-
HoteHHs ol dirypu O AB mix Gicexkrpucoio O A i kpusoio Jlopen-
a 710 ot TpukyTHHKa O AC (koedimient 2xkiHi), xapakrepnsye
CTYTIiHDb HEPIBHOCTI B PO3IOII JOXO/IB HaceTeHHS.
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Ilpukaan 10. Kpusa Jlopenna pusHavaeThca pIBHAHHAM y — 1 —
V1 — 22, me ¥ — KITBKICTH HAaceJeHHs, Yy — BEJUIAHA JOXOJIEB HACEJTEHHS.
Ob6uncantn xkoediment JxKiHi.

« Ouepngno, mo xoedinient JTxiui (aue. puc. 6)

s s ~ 1
K= 20AB _ | _20BAC _ 4 _ 99 0.0 oCKITEKE Saoac = =
Saoac Saoac 2

1 1 1
SOBAc:/(l—\/l—xz)dx:/dx /\/l—xzdx
0 0 0

; x_smt da:_cost
/\/l—xzdx:
0 71'/2
I 77/21 2t 1 9 T/2
:1—/cos tdt—l—/ + cos dt=1—- = s —
2 2 2 0
0 0

1—%(2+0):1—£.

T T
F:l—?@——):——lmOﬁT
* 1) 77

,Z[OCI/ITI) BeJIMKe 3HadeHHsS K BKa3ye€ Ha T€, IO JOXOJAHN CeEpel HAaCEJICHHA

Orxe,

POBIOALASIOTHCS HEPIBHOMIPHO. P

3.4.6. JIuckoHTHA BAPTICTh TPOIIOBOTO TOTOKY. 3a KiHlle-
BOIO BeJIMYNHOW0 [} TPOIIOBOIo MOTOKY V MOMEHT 4acy ¢ Tpeba 3HaiiTu
#i0T0 TIOYATKOBY BeJMYMHY, KOJIW BiloMa BiICOTKOBA CTaBKa p

fAxmo sigcorkum mpocti, To Ky = Ko(l + rt), ne r = m — -
. . - K
TOMa BiICOTKOBa cTaBKa. Tomi Ky = s VY Bunaiky cKJagHux
r
K,

Bigcorkis Ky = Ko(1 + rt)" i tomy Ko = . IIpu Henepeps-

(14 rt)t
HOMY HapaXyBaHHI BiJlcOTKiB KiHleBa cyma K; = Kge'l. SIkmo cymy
K, BBakaru dyukiieo dacy f(t), To TMCKOHTOBaHA CyMa HAa MOMEHT
gacy ¢ craHoBuTume Ko = f(t)e™"".

340



[loBHa nuckoHTOBaHaA cyMa 3a dac £ 0OUUCITIOEThC 33 (POPMYIIOI0

Kd:/f(r)e_”dr. (23)

Ilpukaan 11. Ilix 6yaiBHANTBO TEBHOTO 00 €KTY BHLIEHO HEIlEpPepB-
HUil TpoIIOBHIl NOTIK, sKuil BusHAYaeThest dynkuieo f(1) = —t2 4+ 20t +5
(Minbstpa, Tp.of./Tox) mporsroM 20 pokiB 3 PIYHOK BIACOTKOBOK CTABKOIO
p = 5%. 3naiiTn AMCKOHTOBAaHY BapTICTH IBLOTO MOTOKY.

<« 3rigro 3 dopmyrown (23) maemo

20
Kq= /(—t2 + 20t + 5)e™ "t
0

s cupolreHis obUncIeHb 3pOOUMO CIIOYATKY 3aMIHy 3MIHHOI

t |0 20

r=—0,05t, t=-20r, dt=—20dr, —

Tomi
-1 0
Kq=-20 /(—4007’2 — 4007 +5)e"dr = 20 /(—4007’2 — 4007 + 5)e"dr =
0 -1

u = —4007? — 4007 + 5, du = (—8007 — 400)dr,

dv = e7dr, v=e7

0 0]
= 20 ((—40072 — 4007 +5)”|  + /(8007' + 400)6%17) —
-1
-1

 |u= 8007 + 400, du = 800dr, 0

dv = e dr, v=e

=20 (5 — 5e ! + (8007 + 400)e”

-1

-

0
- / SOOerT) =20 (5 —5e™ + 400 — (=800 + 400)e ™" — 800e7
-1

341



=20 (5 — 5e™! 4+ 400 4 400e~" — 800 + 8006_1) = 20(—395 + 1195¢71) =
= 20(—395+ 1195-0.3679) = 892, 8 MimbApAa Ip.ox. P

Arimmo rpomoBmit MOTIK He TPUMHHAETHCS HIKOIW, HATTPUKJIIAT, ¥
BUTIAAKY eKCIITyaTallil 3eMeJibHOI MiITHKH, r — HellepepBHA MUTOMA
BIJICOTKOBa CTaBKa, a f(f) — BIANOBiIHA peHTa HAa MOMEHT |acy t, TO
JMCKOHTOBaHY BapTiCTh 3eMeJIbHOI JIVISIHKY 3HAXOAATD 3a (POPMYJIOI0

Ky= [ f(t)e ""dt.
/

Ipuknan 12. Hexaii f(t) = 5¢~%" (mum. vp.oj./rox) — penTa, ogep-

JKyBaHa Bl zeMesnbHOl minsgaku, p = 10% — BigcorkoBa craBka. 3HalTH
JWCKOHTOBAaHY CyMYy.
<« Maemo
(o] (o]
Kq= /56—0“ e”OMdt = 5/6—078%& =
0 0

b o= 0,8t
= lim 5 /e_O’Stdt =5 lim

b—oo b—o0 —0,8
0

0

] 6_0’Sb 1 5

3.4.7. Makcumizaria mnpubyTKY CTOCOBHO dYacy. Hexaii

P(z) — dyuxuis goxomy, Il(z) — dyuxuis npudyTky, S(z) — byHKIs
CYMapHHX BUTPAT, a & — 4ac, TOI]

OueBUIHO, 10 eKCTpeMyM T1i€l (PYHKIIT MOKIIMBUI Y MOMEHT 4acy,

koiu II'(z) = 0 abo P'(z) = S'(z).
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fAxmo x1 — mMoment wacy, aas skroro [I'(z1) = 0, To cymapHmit
npubyTOK 3a MPOMIKOK 1acy [0, 21] 3HaX0mumMo 3a GopMyIIoio

(1) = 7H’(m)dw = 7(13’(96) — §'(x))da.

Ha puc. 7 [I(21) — e muoma 3amrpuxosanoi (irypu.
Yy

Puc. 7

IIpuksan 13. Hexail rpanwani purparn S’'(2) i rpaHnaHENl 10XOA
P’/(x) miampreMcTBa BU3HAYAOTHCH OpMyIaMn

S'(x) =5+2c%3  Plx) =17 — /3,

ne S 1 P BUMIPIOIOTBCS MITBHOHAMN TPHBEHB, a4 & — POKAMH.

3uHaliTh, K JOBrO MIANPUEMCTBO 3aJUINAJOCH TPUOYTKOBIM, Ta 3HAWTH
cyMapHuit TpuOYTOK, ofep:KaHuil 3a el meplo.

« OnTumanbHul 9ac TpubYTKOBOCTI MAIMPUEMCTBA 3HAUIEMO 3 YMOBH

S'(x) = P'(x):
542023 = 17— 223, 12 =323, 2*P=4, ¢ =V43=38.

3BIJICH BUILIHBAE, IO TIAMTPUEMCTBO 6yJI0 TPUOYTKOBUM 8 POKIB. 3a Ielt
qac oflepKaHo mpubyToK

TI(8) :/(P’( ) — /817—1» —222/3Ydy =

8
8
= /(12 — 3223 dx = (120 — §x5/3) =12-8— 285/3 =
0

0

=96 — g 32 =96 — 57,6 = 38,4 (muH. Tp.OJ.) B
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3.5. Po6ora 3MiHHO] cuju

Po6ora sminnol cuiu f, mo i€ B3moBxk oci Ox Ha BiApisKy [a;b],

BUPasKaeThCsl IHTErPaIoM b
= / f(z)da
a

Ilpukaan 14. fky pobory Tpeba BAKOHATH, OO POBTATHYTH TpPY-
XKUHY Ha 4 cM, gKIo Big HapaHTaxkeHHs B 1 H BoHa postaryerbcs ma 1
cMm?

« 3riguo 13 3akonoM ['yka cuia f H, dKka posTarye Npy:KHUHY Ha & M,
jopiaioe f(z) = kx. Koedinient mponopmiitHocTi k 3HafieMo 3 yMOBH
£(0,01) = 1 H, 10670 k - 0,01 = 1, 3Bizkm k = 100. Orke, f(x) = 100z.
Tomy 0,04

0,04
A= / 100zdz = 50z°
0

)

=50 (0,04)? = 0,08 JTx. »

0

Buopasu

1. O6uncautn BU3HaUYeHNUH iHTeTpad: 1)

arctg xdx; 9)

2
1/
1 d 2 1 4 d e
X X

3 —: 4 2—d;5/7;6/12d;
)/\/4—1‘2 )1/<x+x2) v )0 14++/22+1 )1 fowae

3

1

3]
[N
@]
O
173}
]
Qu
3]
:o\a

/2
. 3 . ) 9 . cos T .
dr; 12) tg” xda; 13) /smxcos xdx; 14) /7@:,
0

—
o
8
o\

6 [ee]
dx. d d
iy /—dx 3) / “Tdx; 4) /796; 5) / 5 i ;
l‘ /(4 —x)? -+
2 1
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0
2. Obuucautn 1 lHTeI‘paJI abo BCTAHOBHUTH HOTO pO30IZKHICTD:
(o]
1



oQ

2 e 2
arctgr de de dx .
6) / x? dz; ) 0/ (z —1)%’ 8) 1/ evVinzg' 9) 0/ (x—1)2

1
oo

Inz
1

3. Bmaittu mwiomy dirypu, obmexenoi ainiavu: 1) y = 4 — 22 y = 0;

1
2)9:3/:4,1‘:1,9::4,3/:0;3)y:lnx,y:e,y:0;4)y:;,x:1,

y=0,7y=

r=35)y=tgz e =02=1:6)y= 0,

z € (1;€].
4. ObuucauTu 06’eM Tija, yTBOPEHOTO TPpH 0OepTaHHI HABKOJO BIJIMO-
BigHOT oci dirypu, obmexenoi kpupumu: 1) y = 1—2? y = 0, = 0 HaBKoJIO
2
oci Ox;2) ey =4, 2 =1, 2 =4, y = 0 HaBkomo oci Ox; 3) y = %—1—21‘—1—2,
y = 2 maproyo oci Oy; 4) y = €, ¢ = 0, x = 1, y = 0 Hamkomno oci Ox;
5) y = V&, y = & maBroso oci Ox; 6) y = ™%, & € [0; +00) HaBKOJO OCI
Ox; T)y= xe‘x2, x > 0 HaBKoJIO i1 aCHUMITOTH.
5. 3uaiitu gopxuny ayru kpupoi: 1) y? = 23 akmo 0 < z < 5; 2) y =
il —x
a3 Big 2 = 0 g0 w9 = 11; 3y = %, z€[0;1;4) y = Incosx
pu = € {0; g}, 5) y = Insinz npu x € [g, 2—71-]

6. 3HaiiTu BapTiCTh MepeBeseHHs M TOHH BAHTAXKY 3aJI3HUIEIO HA BIJI-
cTaHb [ KM 32 YMOBH, IT[0 BAPTICTD Y MePeBe3eHHsI OJHIel TOHHH 3MEHITY€EThC s
Ha @ TP.OJI. Ha KOXKHOMY HACTYIHOMY KILJIOMETPI.

7. Yucri impectumii BusHATaloTHCs opmystoro I(t) = 7000v/%. 3uaiitu
3HavYeHHs ¢, TPU AKOMY HpupicT Kamitaay ctanosutuMe 50000 rp.og.

8. IIpoayKTUBHICTE TIpalll pobITHUKA MPOTITOM JHs BH3HATAETHCSI (POp-
myaiomo f(t) = —0,00625¢24-0, 0540, 5 (rp.ox./rox.), ae ¢ — wac Bij novaTKy
pobotur, 0 < t < 8. 3naiitn dynkiio u(t),t € [0; 8], ara gae obcar TpoayKIii
(y BapricHOMY BHPa3i) i #ioro BeaWdIHHY 3a poOOUMil JTEHB.

9. 3HaiiTy IUCKOHTOBAaHWII JOXOJ 3a TPH POKH IpH PpidHIi crasml 8% 1
moYaTKoBoMY BKJIagl 10 MApPI. I'p.of., AKIIO HepeadadacThcs 30LIBITYBaTH
MMOPIYHO KA TAJTOBKIACHHS Ha | MJIP. I'P.OJ.

10. 3uafiTu cepenmiit wac, saTpadeHW Ha OCBOECHHS OJHOIO BHPOOY B
mepion craHoBienns pupobuunTea Big 100 10 121 BHpoby, sKIMO 3aTpaTh

Jacy Ha BUTOTOBJIEHHS BUPODY BH3HAYAOTHCH (PYHKINEKD ¢ = ——, 76 © —

Jz
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MOPAIKOBHIT HOMED BHPOOY.

11. IIBuakocTl 3MIHKM BHAATKIB Ta TPHOYTKIB MAIPHEMCTBA TICTS O~
qaTKy #oro MisIbHOCTI BH3Ha4atoThcs dopmymamu: S'(t) = 4 + 3t%/3 ra
P/(t) = 24 — 2t*/3 ne S'i P BUMIpIOIOTECH MiTBHOHAME TPHBEHB, a t — PO-
KaMu. BusHauuTH, 9K JOBTO MAIPHEMCTBO OYJI0 TPUOYTKOBUM, Ta 3HAUTH
cyMapHuil TpubyTOK, ofepyKaHui 3a 1ed Jac.

12. Kpupa Jlopenma BusHadaeThbcs piBHAHEAM y = 0,94z + 0,06z.
3maiite koodimienT JxKini, a TAKOK J9acTHHY IIOJATKY, AKY cILIadyioTh 50 %
HaceJeHHs

13. KiIbKICTh y esleKTpoeHepTii, IO CIOKHBAETHCS MICTOM, BUPAKAETh-
csa popMyIoIo

1, Ko T < 6,
y= a+bsinf—8(t—6), Ao ¢ > 6,

ze t — gac qobu. 3uaiiTu q0060Be croKuBaHHS enekTpoeHeprii pu a = 15000
kBT, b = 12000 xBr.

14. BapTicTh HepeBe3eHHs OjiHIEl TOHHN BAHTAXKYy Ha OJHH KimoMeTp (Ta-

prd mepeBesenHs) 3aMaeThes GyHKIew f(2) = ) (rp.ox./kMm). 3HaiiTn
x
BHTpATH Ha NepeBe3eHHs OAHIEl TOHHM BaHTaxKy Ha Blacranb 20 KM.

15. 3uaiitu cepejue snadenns purpar K (x) = 622+4x+1, Bupaxenux y
TPHUBHSX, SKITO 06CAT MPOAYKIII & 3MiHoeThesa B 0 1o b ogunnns. BkaszaTn
obcsT MPOAYKII, TP SKOMY BHTPATH HabYyBalOTh CEPEIHLOTO 3HAUEHHS .

16. Kommanis moBuHHa o0paT OAHY 3 ABOX MOMKJIMBHX CTPATET# po3-
BUTKY: 1) Bkmacrm 10 MAH. Tp.of. y HoBe OOJajHAHHS | OfepKyBaTn 3
MJTH. TD.0J. npubyTKy mopidso mporaroMm 10 pokis; 2) sakynutu Ha 15
MJIH. TD.OJI. JOCKOHAJIIIe 00JaIHAHHS , SKe TaCTh 3MOTY OJE€PKYBAaTH H MJIH.
I'p.ofi. IpUOYTKY IMOPOKY MPOTATOM 7 POKIB. AKy cTpaTerito po3BUTKY CJIia
obparn KoMmaHii, aKITo MiHIMaJbHa obJiKoBa craBKa gopiHoe 10 % pia-
HuX?

17. Hexaii f(t) = 5000e%%4 — pesmuuna moxopHoro moToKy By poboTu
MIATPUEMCTBA. SHAWTH MafOyTHIO BAPTICTH IBOTO JOXOHOTO MOTOKY, AKIIO
BIZICOTKH HAPaXOBYIOThCS HEMEPEPBHO BIPOAOBIK II'STH POKIB MPH BIJICOT-
KoBiit crasml 12%.

18. Esexrpornois, BEAIIOBIINT 13 3adI3HHTHOI CTAHINI, II¢ 3 MPUCKOPEH-
M ¢ = f(t), ne t — gac nepebyBaHHs B Jopo3i. BuTpatn enekrpoeHeprii

¢
(B KB1/T071) Ha pyX eJleKTporoizaa 3agaoThes dopmymnoro M = /f(r)dr.

0
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ObuncanTu BI/IT];aTI/I eJIeKTPOEHEPTIT BIPOIOBK MEPIIUX TPHOX TOJUH PYXY,
axmo f(t) = te’

19. fdxy poboTy Tpeba BUKOHATH AJIsT TOTO, 0O T1JIO Macoio 1M MiIHITH
3 TMOBepxHI 3emul, pajaiyc skoi R, Ha Bucoty h? Yomy mopiBHIOE pobora,
KOJIM TiNO BiAjaseTbes y HecKindeHHIcTh? (BRasiBKa: CKOpHCTATHCS THM,

RZ
mo cuna F(z) = mg—, le ¥ — BUICTaHb MacW m BiJ| leHTpa 3eml, a
x
R2
:/f(x)dx)
i Bignosiai
21 T T 17 72 T
1.1) —;2) —;2) —;4) —;5)2—1In2;6)e—2;7) ——2;8) — —In2;
) 8 3 ) 4’ ) 6’ ) 6 bl ) n bl )6 bl ) 4 b ) \/g n bl
3 ) 1 AN 1—In2 1 i3,
9) In 3: 10) 2In2—1511) (arctge - Z)’ 12) —==318) o 114)24—2{75,
15) 1. 2. 1) posbiraetbes; 2) 1; 3) 1; 4) 6v/2; 5) In2; 6) %—I— HT; 7) 5
32
8) 2;9) 6;10) 1. 3. 1) 5 2)8In2;3)1;4) In3;5) In2;6) m; 7) 2
8w 64m m(e? — 1) T
4.1 ;2) 12m; 3) —;4) ——=;5) —;6) 2m; 7) 2
) 15 ) 7T, ) 3 bl 1) 2 bl ) 6’ ) 7T, ) m
670 —e” 1
5.1) 5 2) 74 3) & ~1,17;4) 5 In3; 5) In3.
G.Ml(y——) 7.1 = (10,71)%/3 ~ 4,86. 8. u(t) /deT ) A~

4,533 rp.oa. 9. Ky = 30, 3 mapx. rp.ox. (f(t) = 10+¢, r = 0 ,08).10. tcep =
17 1
/f(a:)dx, tcep = 400 A B7,2 xB. 11. t; = 8; 64 wMuH. Tp.OJ.
ro — X1 7

12. K =0,314; 26,5%. 13. 797500 xkBr.rox. 14. 10In11 = 23,98 rp.ox.

—-14++9
15. K(¢) =61,6 = ———— + ~2846 16. P; — 8,964 muu. rp.ox., Ps

= 10,17 mam. Tp.OA.; ;prra cTpaterig gomubhima. 17. 37546,648 rp.ox.
18. (e —1)/2 kBr.rog. 19. mg—

R+ h
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®yHKIiI bararbox 3MiHHNX. /ludpepenmiaabhe
qucjaeHHsa PYHKINH 6ararbox 3MiHHUX

1. IloagarTa ¢dyHkIll 6araTbox 3MiHHIX

1.1. O3HayeHHs TAa OCHOBHI BJIacTUBOCTI (pyHKIIIT
6araTbox 3MIHHUX

Jo uwmx mip Mu posrasgianu (pyHKIN, SKi 3aexkKaTh Bif OTHIET
3MiHHOT. Y IOMY P03 MU BUBYaTUMEMO (PYHKIII, SKi 3ajieKaThb

BiJI, JeKiJTbKOX 3MiHHUX. PO3T/igHeMO KOHKPeTHI MPHKJIaId.
Ilpukaazn 1. ITnoma S npaMOKYTHHKa 3aeKUTh BiJ JOBKHHHA HOTO
OCHOBH %1 1 BUCOTH X5, TOOTO

S = X1X9. (1)

Maemo, mio mapi (£1;%2) AOJATHHX dHced #1 1 2 3a dopmynown (1)
BIJITOBIIa€ TeBHEe 3HATEeHHST S.
Ilpukgan 2. O6’em napaneserninena 3 AOBKAHAME pebep T1, T2 1 T3

BHPaKaeThCs (POPMYIO0
V = x5,

TOOTO ¢ PYHKINEIO TPHOX 3MIHHUX.

Hexait  — mHOkMHa map (z1;x2) AificHux [ucen, a X — meBHa
MHOKMHA JIHCHUX uuces. SIKmo KoxKHINA mapi sHaveHb (21;23) € Q
CTaBUTBhCA Y BiTIOBIJHICTD OJiHe TIeBHe 3HaUeHHd 2z € X, TO 2 Ha3WBa-
0Th (PYHKITI€IO ABOX He3aJIeXKHUX 3MIHHUX 21 1 X9 I I03HATAOTH

z= f(z1,22).

MmuoxkuHa € Ha3UBa€TbCI OOJIACTIO BU3HadYeHHH (PYHKIIL 2z, a
MHOKMHa X — MHOXKMHOIO 11 3HadeHb. Ouesnno, mo X = {z €
R|z = f(z1,22), (x1;22) € Q}.

OckinpKn KOZKHINl mapi uncen (z1;x2) Bimmosimae eauHa TOUKa
x = (x1;22) momuan Ox123, 1, HABNAKK, KOXKHI Touni © = (21; 22)

CHMMBOJIOM

BI/INOBila€ €Ha Tapa unces (21;%2), TO (DYHKINIO TBOX 3MIHHNX
MOYKHA PO3IVISIATH K (PYHKIIO TOUKH & = (21;22) abo M (x1;22).
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Tomy samicrs f(21,22) nucarumemo f(z) abo f(M). YV upomy Bumas-
Ky 00J1acTio BU3HaUYeHHsI (pYHKIIT € MeBHa MHOYKHHA TOYOK ILIOMIAHE
O$1$2.

lloni6ro mo Toro, sk yukmig y = f(z), ¢ € X, reomerpudHo
300paskyeThest rpadpiKoM, MOKHA TeOMETPUYHO TIYMAadUTH 1 (PyHK-
mio z = f(z1,22), (z1;22) € Q. CraBagun y BiAMOBIAHICTD KOKHIM
touni (21;22) € Q amwiikary z = f(21,22), JicTaHeMO CYKYITHICTh
TOUOK (1;29;2) TpuBAMipHOTO Mpoctopy R® — Haifqactime mesxy
nosepxuio. Tomy pisaicts z = f(x1,22), (z1;22) € £, Ha3UBAOTH
piBHaAHHAM moBepxHi. OT:xke, rpadikom GYHKINT ABOX 3MIiH-
HUX Ha3UBAE€ThCs MHOMKHHA TOUYOK mpoctopy R® Burssmy

Ly ={(21522;2) | 2 = f(21,22), (¥1;22) € Q.

Ak 1y Bunagxy pyHKI ogHiel 3MiHHOT, ciocobu 3a aHHs (PYHKIIT
JBOX 3MIHHUX € pi3Hi: TabauaHuit, rpadiunmii, aHaJiTuaIHri i caoBec-
Huit. fKimmo pyHKIig IBOX 3MIHHIX 3aJaHa 3a J0IOMOrOI0 aHa iTHI-
HOT'O BHpa3y 0e3 OyIb-aKUX J0JaTKOBHAX YMOB, TO 00/1acTIiO i1 BU3Ha-
YeHHs BBasKaTHMEMO MHOXKHHY BCIX TaKMX TOYOK ITomuHU (s,
O SIKUX 1Iell BUpa3 Ma€ 3MICT 1 Ja€ fjiicHe 3HadeHHs pYHKIII.

Ilpukgan 3. 3majitm obnacts BuzHadenHs GyHKMI 2z =

R? — 2% — z2 i nobynysatu ii rpadik.
« Ockinbku Bupas \/R? — z? — x5 pusnavenuii, komu R? —z7 —z2 > 0,

& TO 06JACTIO BU3HAYEHHS Iiel PYHKINI € MHO-

JKUHA TOYOK TLIOMIMHM, JJid AKUX 27 + 22 <
R?. Maemo kpyr 3 nenrpom y Touri (0;0),
pamiyc skoro R. I'padixom dbysrmi z =

oy /R?— 2% — 2 e Bepxus mosopmHa cepu
2?4+ 23+ 22 = R? (puc. 1). »

1 Puc. 1

OueBuiHO, 1110 rpahik pyHKIIT 1BOX 3MIHHUX CKJIaIHimmi 06’ ekT,
HiK rpadik pyHKIIT onHiel 3MiHHOI. Y TOll Ke Yac MoBepXHs B PO-
CTOPi BOJIOJIi€ MeHIOI0 Hao4HICTIO, HiXK JiHIA Ha miomuHi. ToMmy y
BUITAJIKY JBOX 3MIHHUX DaKaHO BUKOPUCTOBYBATH OUeBUIHIII 300pa-
:KeHHs. Jlo HEUX HajexKaTh, 30KpeMa, JIHIT piBHE.
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[opsiy 3 mo3navyeHHs MU 1 1 To HE3AJEXKHUX 3MIHHUX, BKUBATH-
MEMO TaKOXK TO3HauYeHHs Z, Y 1 TOmi (PYHKIIIO 3allUCyBaTUMEMO Yy
surssial 2 = f(x,y), (z;y) € Q,ab0 z = f(M), M € Q.

Jliniero piBus byukuii aox sminnux z = f(z,y), (¢;y) € Q,
Ha3UBA€THCH MHOYKHHA TOYOK ILIOMIMHM, JJIs SKUX 3HaUeHHs (DYHK-
1ii ozpe i Te came i jopisnioe C, Tobro f(z,y) = C. fk npasuo,
JiHIT piBHS, 9Ki BiJANOBIIAIOTH Pi3SHUM 3HAUYEHHSM CTaJoi BeJIMIUHU
C', IPOEKTYIOThCS Ha OJIHY TJIONMHY, HAPUKJIA, Ha KOOPIUHATHY
mwiromuny Ozy. Tomi Tx 3pyuHilie aHasisyBaTh i 3 IXHBOIO JOTIOMOT'0I0
JOCIIIZKYBATH CKJIQIHUI XapaKTep [MOBEPXHI, dKa OMUCYEThCs (PYHK-
mieo z = f(x,y), (z;y) € Q. Orke, ninil pisus eyl z = f(z,y),
(z;y) € Q, — 1e ciM’s KpUBUX Ha KOOPAMHATHIN romumHl Oy, 1o
OTUCYIOThCS PIBHSHHAM

flz,y)=C, CeR

Ak npasusio, 6epyTh apudmernuny nporpecito uucesn C; 3 pisHu-
e h; ToAl 3a B3a€MHHUM PO3MIIIEHHSM JiHIfl piBHA MOXKHaA YIBUTH
opmy moBepxHi, sika ommcyeThest (yHKIie 2 = f(z,y), (z;y) € .
Tam, ge byHKIIA 3MIHIOETbCA IMBUIMIE, JIHII PiBHS CKYIIYIOTHCS, &
TaM, Je TIOBepXHS MoJIora, JIiHIl PiBHSA PO3MINIYIOThCS Pijilie.

Hpuknazn 4. Hobyrysarn Jgimii pisEg byskmii z = 22 4+ y? — 2y.

« Jlinig piBag z = C' — ne kpuba Ha mwiomnuHl Ory, 3ajaHa PDIBHAHHAM
2?2 +y?—2y = C abo 22+ (y—1)? = C'+1. Maemo piBHAHHS KOJla 3 EHTPOM
y Touri (0; 1) i pagiycom v/C' + 1 (puc. 2), aximo C' > —1.

yl

Puc. 2 z=1

Touka (0;1) — BupomzKeHa JiHIS PiBHS, fAKa BIANOBIae MIHIMATBHOMY
sHaueHHIO HYHKIT 2, Mo gocaraeTses B Touni (0;1). Jlimii piBHS — KOH-
IMEHTPUYHI KOJIa, Palych SKUX 30LIbIIY0ThCs 31 3pocTtanusaM (') a BlACTaH]
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MIZK JIHIAMH PIBHS 3 OJHAKOBAM KPOKOM — 3MEHIIVIOTHCA 3 BlATAJEHHSIM
Bif leHTpa (puc. 2). p

Mu po3riisiHysiu JeTaJibHO TOHATTH (DYHKII JTBOX 3MIHHUX Ta 11
obsacti Bu3Hadvennda. Ha mpaxTuili 3ycrpidaiorhbes (pyHKINI TPphox i
OIL7BIITOro YKCIa 3MIHHUX.

Jlamo osHadenHs HyHKINI Tpbox 3MminHmx. Hexait Q =
{(z1;22;23) |2, € R, ¢ € {1, 2, 3}}, X C R. ®yukuiero Tppox
3MIHHUX Ha3WBA€ThCS MIPABUJIO, 33 AKUM KOXKHIi Tpifini wmcesn (Tod-
i) (z1;22;23) € Q Bianosigae onxe wncsio v € X. [lpn mpomy a1,
T9 1 3 HA3WBAIOTHCH HE3AJIEKHUMHU 3MIHHUMU (apryMeHTaMmu ),
u — 3aJIe3KHOI0 3MiHHOIO (dyHKIi€W), MHOKUHA ) — 0Bs1acTiO
BusHadeHHd QyHKI, a X — MHOXKMHA 3HaA4YeHb (PYHKIII, TOOTO
X ={ueR|u= f(z1,22,23), (v1; 295 23) € Q}.

OyHKIT TphOX 3MIHHUX IO3HAYAIOThCA TaK CaMoO, fK i pyHKIIT
onHiel abo mBox sMiHHUX: u = f(x1,29,23), w = w(xy,x2,23) i
T.1. Oynkiio Tppox 3minaux u = f(21, 22, 23) MOKHA PO3IVIAIATH
K BYHKIIIO TOUKH @ = (21;22;23) abo M (x1;23;23), MO Mae KO-
OpJIMHATH (%1; ¥2; ¢3) Y IPOCTOPOBIil JeKapToBiil crcTeMi KOOPIMHAT
Oxy, 2223, a came u = f(x). llopsan 3 nosnavennam u = f(z1, 2, ¥3)
BJKMBATHMEMO TaKOXK Mo3HadeHHs u = f(z,y, 2)

Ipuksaazn 5. 3naiitu obnacts pusnavenns bynkiii v = In(1 — z? —

y? —2%).

« 3ajanmit BEpa3 Mae 3MicT Tofi # Tiabky Toml, Komn 1 —z? —y? —22 > 0,
abo z? 4+ y% + 22 < 1. OTke, obaacTio BU3HaYeHHd (DYHKINI € BHYTPIIHICTD
KyJi (BiIKpHTa Ky/s) OJUHHIHOTO PaJiyca 3 MEeHTPOM y MOYATKY KOODJH-
Hart. p

AnajioriuHo MoKHa BBeCcTH MOHATTS PYHKITT 12 3MiHHNUX. Obs1acTio
BU3HadYeHHd PYHKIIT 7 3MIHHUX € JedgKa MHOXKWHa (2, sKa CKJa-
JTAETHCS 3 CYKYNHOCTeH (213 22;...,%,) AificHux «uucesn. llosHawen-
Ha HyHKOI n 3MIHHMX aHAJOTIYHI HO3HaYeHHSM (QYHKINAM IBOX i
TPBhOX 3MIHHUX: ¥ = f(21,22,..., %), v = u(xy,&2,...,2,). s
30eperKeHHsT TeOMeTPUIHOI TepMiHOJOT (PYHKINIO 7 3MIHHAX % =
f(z1,22,...,2,) TP N > 3 TAKOXK PO3IVISIATHMEMO SIK (DYHKIIIO
ToUKH & = (@1;23;...,%,) n-BUMipHOTO mpocTtopy R™ i mosnauaTu-
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MeMo cumBosioM u = f(z), z € , abo u = f(M), M € Q.

1.2. I'pannnus dhyHKIIT 6araTbox 3MIHHUX.
HenepepsBuicts dpynkiii. Touku po3puBy

Ilpu BuBuenHi rpanuni GyHKIN omiel 3Minnoi y = f(x) Gymo
BBeJleHo moHATTs okosy Touku z°. Ilin okosom Touku z° posyminm
JToBiTbHMI iHTepBas (a;b), akuit MicTuTh 1m0 TouKy. /s o3HaUeHHS
rpanntl GYHKIT JBOX 3MIHHUX z = f(2) BBeJeMO TOHATTS OKOJY
toukn z° € R%.

Oxosiom Touku z° = (29;2Y) HasuBaerbca BHyTpimHICTH KpyTa
3 HEeHTpOM y Liif Touri. AKmo pazgiyc Kpyra DopiBHIOE ¢, TO TaKuil
OKiJT Ha3UBaloTh §-0KOJIOM TOuKM zV.

L2 OdgeBuaHo, MO JOBLIbHA TOYKa,
r, 9Ka HaJIeKUTh §-0KOTy TOUKH 27,
3HaXOIUTHCHA B ITi€] TOYKH Ha BlI-
crani, MeHmiit 3a § (puc. 3).

0‘ Puc. 3 "

Yucno b HasuBaeThcsa rpaHuNero (PYHKINT ABOX 3MIHHUX 2 —
f(z) mpu z — 2°, gaxmo g nosibHOrO £ > 0 icHye Takmii §-okin
Touku z', MO I JOBITBLHOI TOUKM T 1IOTO OKOJIY (3& BHHSITKOM,
MOZKJIMBO, caMoi Touku z°) npasuibHa HepibHicTh |f(2) — b < .
[Ipy npoMy MUY TH

lim f(z)=0 abo lim f(z1,22)=0b.

r—z0 x1 —).r(l)

0
.’1:2 —)'.’132 .
ODyHKINA ABOX 3MIHHAX Ha3WBAETHCS HECKIHYEHHO MAJIOIO B
touni z¥, akmo i1 TpaHnIa B Tiif TOUM| JOPiBHIOE HYIIO.
BayBazknMo, Mo Kou aucyio b € rpanuneo Gyekii z = f(z),
TO, fK BUIUIMBAE 3 O3HadueHHs rpaHull, pisaung f(z) — b = o(z) e

HecKiHYeHHO MaJIolo npu r — $0.

24 .2
ITpukaan 6. 3uaiiTu lim vty .
e Vel Yyt +1-1

<« Maemo
2 .2 24,2 2
lim —— Y — | Ty =

Vi1 | (@Y = (050) & p 0
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P AWFELY
= lim = lim 5 =
=0 fp2+1—1 =0 pP+1-1
2
:limp—z(\/pz—l—l—i—l):lir%(\/pz—l—l—l—l):l—l—l:Q.b
p =

p—0

22— y?
ITpukaax 7. 3uaiitu lim ——=.
z—0 $2 _|_ y2
y—0
<« PosrnsiHeMo BHIAAKW MpsMyBaHHS TOUYKH (#;Yy) PISHEME ILISXaMn

Jio Toukn (0;0).
Hexait y = 0, a ¢ — 0. Tomi

ey 22 g2 .
lim = lim =lim-—-—=Ilml=1.
@0 p2 4 y2 g0 g24+0 o0z @0

y—0

Axmo x x =0,ay — 0, To

2,2 2 2
o=yt 0=yt v\ . _
lim —— = lim 5 = lim [ —= lim(-1) = —1.
0 +y y—=00+y y—0 Y y—0
OcKlIBKY 11l TPAHUIN PI3HI, TO Il O3HAYaE, Mo PYHKINS He Mae TPAHUIT. P
Dynkiis 6ararbox 3mMinHNX 2z = f(2), ¢ € ), Ha3MBaeTbCH Helle-
pepBHoo B Toumi z°, gkmo: 1) 2 € Q 2) icaye lim f(z),
z—z0
3) lim f(2) = /(=°).
z—z0
BaysazkuMo, mo (byHKIig f, gKa HerlepepBHa B To4nj 2°, HOBUHHA
OyTH BH3HAMEHOIO §IK Y IIiii TOUI, TaK 1 B AeskoMy ii oxkosi (y cympo-
THBHOMY BHIIAIKY He MOKHa Oy/1o 6 3ifiCHUTH repexi 1o IpaHuIi).
Touka 2°, B aKiil dpyHKIIs HeKinbKoX 3MiHHUX 2z = f(7) HemlepepBHa,
Ha3UBa€eThCS TOUKOIO HeIllepepBHOCTI Iiel (yHKIIT.

Jlnsg HenepepBHUX (PYHKII TpaBUIbHE TBEPIZKEHHS.

Teopema 1. Sxwo ¢dynuwuii f i@ g nenepepsni 6 mowut 0, mo 6
yiti mowyt 6ydymoe wenepepsnumu dynwuii f g, fg, = (9(z°) #£0).

3a J0MOMOTOI0 1€l TeopeMu JIerKo TOBOIUTHCS I{]Iel'[epepBHiCTb
MHOrOYJIeHa Bif, JBOX He3aJeKHUX 3MIHHUX y OVIb-eKili TOYI ILTO-
muan Ox129, HEMEePepBHICTh JIPoDOBO-pallioHaAJIbHOT (PYHKIIT B yCix
TOYKaX TIOMWHI, KPIM HYJIIB 3HAMEHHUKA.

353



Touka z°

Ha3UBA€THCH TOUYKOI po3puBy GyHKINT f, KO BOHA
HaJIe’KUTh 00JIacTi BU3Ha4YeHHs (PYHKINI abo i1 Mexki i He € TOYKOIO

HerepepBHOCTI.
1

20 +y+1°
« DyHKIis BU3HAUYeHA | HemepepBHa cKpisb y R? | KpiM THX TOYOK, KO-

Ilpukaan 8. 3uaiiTe Toukn pospupy ByHKIII 2 =

OPAVHATH SKUX 3aJ0BOJBHSIOTH piBHAHHSA 22 +y+ 1 = 0. 3asuadena mpaMa
€ Mexkeio obaacTl BusHadeHHs GyHKmi. KoxkHa Todka 1iel mpsaMol € TOIKOIo
pospusy dyukiii. Cupasfi, Hexail (g;yo) — AOBIABHA TOUKA Ha MPAMIi

20 +y+1=0, robro 229 +yo + 1 = 0. Toni lim rty+1

Y¥y—¥o

Ilpukaan 9. JlocaianTr Ha HemepepBHICTL (DYHKIIO

0. P

xZ_yZ . ,
f(x’y): x2+y2’ x +y #0’
1, 22+ 9% =0.

« dxmo z2 + y? # 0, To f HemepepBHa AK palioHaidbHa bYHKIIA,
KOJIU 3HAMEHHWK He JopiBHIoE HyJi0. Tomy Tpeba mmepeBipuTH Ha Here-
pepeHicTh 3agany dbyakuio B rouni (0;0). V npukmaagi 2 JoBegeHO, IO

lim  f(z,y) He icHye, a 1e o3Hauae, o f pospueHa B Toumi (0;0). p
(z,y)—=(0;0)

OyuKIlsg f HA3HBAEThCs HEMEPEPBHOIO Ha MHOXKUHI (), KO
BOHa HellepepBHa Y KOMKHIM TOUII 1€l MHOKWHM.

dKmo HasBaTH MOBHMM mpupoctoM GyHKI f y Toumi z¥ Be-
memiy Af = f(z) = f(z%) aBo Af = [(ey,a2) — f(a8,29), T0
o3HaueHHsd HerepepsHocTi dynkuii f v Touni 2° Moxkna ccpopmyiiio-
BaTU Tak: ynxuia [ nazusacmocsa nenepepsnoto 6 mowuui x9, axuio
i nosHuti npupicm y Uyl MONUL € HECKIHYEHHO MAA0I0 PYHKUIEI,
mobmo

lim Af= lim (f(z) — f(2°) =0

r—z0 r—z0
abo
lim Af=0, de Azxqy = x1 — x?, Axg = 19 — xg.
Azxp—=0
Axg—0

Henepepsui ¢ynKIii bararbox 3MiHHMX MalOTh B OCHOBHOMY Ti
caMi BJIACTUBOCTI, IO i HermepepBHi pYHKINT omHiel 3MiHHOI.
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2. Indepenmniaabue dncjieHHsa PyHKITIT
6ararbox 3MIHHUX

2.1. HacruuHui noxigHi ¢pyHKIIT 6ararbox 3MIHHUX

PosrnsHemo ¢yHKI0 180X 3MinHUX 2 = f(z,y), (z;y) € . Ba-
dikcyemo omun 3 i1 apryMeHTiB, HAPUKIAI, Y, TOKJABIHN i = .
Tori dbyuxiis f(x,yo) 6yae dyHKIew onHiel 3MinHOT 2. fKmo ¢ Ha-
JATH B TOYIN o TPUPOCTY Az, TO

sz = f($0 + A$7 yO) - f($07 yO)

HA3MBAEThCAd YACTMHHMM IIPUPOCTOM 10 T (GyHKLI [ y Tourmi
(203 y0). ['panrnig

. sz T f($0 + A$7 yO) B f($07 yO)
lim = lim
Az—0 Az Az—0 Az

Ha3WBAETHCS YACTUHHOIO TOXiJHOIO TEPIIOTro MOPAAKY (QYHKIIT

. . z
z = f(z,y) no x y o4t (xo; yo) i Mo3HATAETHCS CHMBOJIOM —— (20, Yo),

Ox
0
260 5L (20,40} a0 2 (10, ), 460 (20,10,

Ot:xke,
0z o flzo+ Az,yo) — fl2o, yo)
oz (w0, 90) = Alalcrgo Az '
AmnaJjorigto
0z - f(xo, 40 + Ay) — f(zo,%0)
gy (7o) = lim, Ay -

3 1IbOr'0 O3HAYEeHHS BUILJINBAE, IO YaCTUHHA [TOXiTHa PYHKIIT ABOX
3MIHHMX IT0 OKPEMOMY apryMeHTY € IpaHHIel0 BiJHONIEHHS YaCTHH-
HOT'O MIPUPOCTY PYHKIIL 10 MPUPOCTY apryMeHTy, SKHil CIpUYIUHUB
el IpUpPICT, KOJIA IIPUPICT apryMeHTy npaMye 10 Hyad. OT:ke, KOxK-
Ha JacTUHHA MOXiAHa € (PaKTUIHO MOXiaHOI0 (bYHKINI omgHiel 3MIHHOI:
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0z , 0z ,
— = fo(z,y), ne y = const; — = f/(x,y), ne * = const. Tomy npn
oz oy Y
0bYMCIeHH] YacTUHHMX IOXIIHMX MOYKHA KOPHUCTYBATHUCS BIIOMHUMHU
npaBuiaaMu i popmynaMu audpepeHiioBatts PYHKII OIHIET 3MIHHOT,
BBasKalodm MpH IIbOMY APYTY 3MIiHHY CTaJIOI0.
Hpuknazn 1. 3maiitn wactumsl moxizsi dbysxmii z = %y — 3y? + bz.
« HudepenttioeMo pyHKIIO CIOYATKY 0 &, BBayKaio4In Y (PIKCOBAHOIO
BEJIMYWHOIO, & TIOTIM TIOBTOPIOEMO Tie came, MiHs4In Micigmu ¢ 1 y. Omep-
KYEMO

%221‘3/—1—5, 6—221‘2—63/. >
Ox
Ilpukaan 2. Bigomo, mo upobunaa dyrkiia Kobba-/lyraaca mae
purisy [ = AxSes™, e &) — BUTpPATH KalliTajy, Ty — BATPATH TPYIOBHX
pecypcie, A > 0 — mapaMeTp TPOAYKTHBHOCTI KOHKPETHOI TexHOJOTIl, ( <
a < 1 — gacTka KamTaay B JOXOMl. 3HAWTH IpaHWYHI MOKA3HUKH 0OCATY
BUIIYCKY HpOAYKINi f mpH 3MiHI OZHOrO 13 GaKTOpiB: BUTpAT KamiTaay &
abo BEJTMYUHU TPYIOBUX PECYDCIB 3.
« I'panmami BUTpaTH — 1e 9acTrHHI Mox1aH1 B yHKIMI Kobba-lyrmaca
IO 3MIHHIA 21 1 £ BIATOBIAHO:

of

dxy

of _

-1 11—«
Aazd _—
1 2 ’ 8l‘2

o, — O
A(l = a)zTa; .
Hosegemo, mo y dyukimi Kobba-lyriaaca mokasHuku cTemeHis o 1 1 —«
¢ BiAnoBiHO KoedimienTamn enactnanocti Fy, (f) 1 Ey, (f) 1o kowHOMY i3
aprymenTtie. Crnpasi,

x Of L1 a—1_1-«
Ex = —— = 714 = s
1(f) f 8l‘1 A${fé$§—a Oél‘l xZ o
Eey(f) 2 0F _ 2 Al —a)zfz,*=1—a. »

= A, T Aal-a
[ Oxs  Axxy™®

BayBaxkeHus. Yacro ermactuanocti Gyuknil z = f(z,y) no i
Y 3alUCYIOTh Y BUIVIAI

z 0z Jd(ln z
P = 25 =20
y oz d(In z
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Ilpukaan 3. 3maiitm koedimienTn esacTadHOCTI MO = 1 Yy dyHKII
z =¥ y Touni (2;3).
<« Maemo

0 1
_ Yy — — py— —
Ex(z)=2—(naY) = xax(ylnx) =ry— =,

—(Ina¥) = y%(ylnx) —y-lnz.

Tomy
E.(2(2;3)) =3, Eu(2(2;3))=3In2. »

Y migposmigi 1.1 mpoTro po3misly MU BBeJIN TIOHSTTS JIiHIT piBHE.
Jlg xapaKTepUucTUKU HAIPAMKY 1 BEJIMYMHN MAaKCUMAaJIbHOL [TBUJIKO-
CTi 3pocTaHHs DYHKIIT B TOUI BUKOPHCTOBYETHCS TTOHATTS TPaJIi€H-
Ta.

I'pagienrom byskuii z = f(z,y), (z;y) € Q, y rouni
(zo;y0) € € HasMBaeThCA BEKTOP, KOOPIWHATH SIKOTO JOPiBHIOIOTH

0z . 0z
BIJIIOBITHO YaCTUHHUM TIOXITHUM —— 1 —— Yy TouIl (Zo; Yo)-

dz Oy

,HJIH IIO3Ha4YeHHA Fpaﬂ;iGHTa KOPUCTYIOTbCAd CUMBOJIOM

grad =(aus ) = (120 OG0l )

HpI/IK.J'[a,Z( 4. 3uaiiTm rpagieHT 1 #oro Moayab Ahad PYHKINI z =
y Touri (0;1).

r+y+1
<« Maemo
9z _yle+y+)—zy  yly+1
Ox (x+y+1)? (z+y+1)%
%_ ve+y+1)—vy  x(x+1)
oy (r+y+1)?2 (zr4+y+ 1D
a ToMy

mzu‘;y):(( yy+1) _z(e+l) )

e+y+1)2 (e +y+1)2
IIpu 2 =01 y = 1 micraemo

grad z(0; 1) = (23220—2) = (%0)
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N

jgrad 2(0; 1)| = (1)2+02 _!

2 2

Ipuksan 5. 3uaiita rpafient i Horo Moayns Axa GyHKI © = 22 +
y? — 2% y roumi (1;1;—2).

. u Ju Ju
« Ockiabku e 2z, % = 2y, 5, = —22z, TO
grad u(z; y; 2) = (g—z, g—z; g—z) = (2%;2y; —22).

MMixcraBusmmu B 1eil Bupas koopauHath Toukn (1;1; —2), nicranemo
gradu(1;1;—2) = (2;2;4), |gradu(l;1;-2)| =
=224 224+ (-4)2=V24=2V6. »

Yacruaai nmoxigpi pyHKOID 6araThbox 3MIHHHX € (PYHKIIAMH THUX
caMuX 3MiHHUX. BOHHU, Y CBOIO 49epry, MOXKYyTb MaTW YaCTHHHI I10-
XijHl, fKi Ha3WBAOTHCS APYTUMHU YaCTUHHUMHU TOXiTHUMM, abo
YACTUHHUMM TOXIJHUMU JPYTOro MOPAAKY (PYHKIII.

Hanpukmian, dyskiis z = f(x,y) ABOX 3MIHHUX Ma€ YOTHPH a-

) . 0%z 0%z 0%z 0%z )
cTumHi HOXiNi Apyroro nopaKky 5, 952 920y’ Dyda’ AKi BU3HA-

HaTbCd TaK:

0 (), @ 0 () 0= _ 0 (0
dx2  O0x \0x )’ 0Odxz0y Oy \Ox)  Oydx 0z \9dy)’

oo (o
dyr oy \oy )’

0%z . 0%z ]
HA3MBAIOTh MIIAHUMHY YaCTUHHUMU T10-

dxdy ! Oyox
0%z 0%z

022’ Qy?
MM MOXiJHUMU APYTOTO MOPAIKY.

Ilpukian 6. 3raiiTn 9acTHHHI NOXIAHI APYTOro MOPAAKY (PYHKIII 2 =
2

IToximi

XIJITHUMM JIPYTOro HOPAAKY, a — YUCTUMU YaCTUHHU-

l‘zy
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« IlocmigoBHo audepeHIniondn, oepKyeEMo:

g_; .Y g_; _ oy, % _ j_x (g_;) - 5% (201?) = 207,
S () oo
Z_Zz = g_y (g_;) = j—y (227y) =227, »

V 1poMy TIPHUKJIAII MaeMo, IMo MilTaHl ApyTri MOXiJHI OJHAKOBI.
[le#t pesynbTaT He BUTaAKOBUIL. /loBemeHo, 1O MillaHI HellepepBHI B
obsacti €2 moxinHi 36iraoTbest, TOOTO

?z 0%z
dzdy  Oyox’

(z3y) € Q.

AHaJOTIYHO BBOIUTHCS MOHSITTS YaCTUHHO! MOXITHOI! JOBIIBHOTO
nopanky. Hampukira,

0%z _2 & 0%z _2 0%z i
0220y Oy \ 022/ 020y3 Oy \ 0z0y? P

) 2 o3
Ilpukaan 7. Jlna bynkuii z = Y 3naiitn —Z
0x20y
Dz 2, 0%z 2 03z o (0%
M =yt =yt Toi o = [ | =
N S S Vg Ty oA Jx20y Oy (31‘2)
8 2 2 2 2
—(e y4) = % 2uyP + eV Ay® = 2P (2y? +2).

dy

2.2. lloBuuit qudepenmian. dudepenianiu BUIux
MMOPSIKIB

Posrnsnemo dynknio z = f(z,y), ska BU3HatdeHa B 0bmacTi 2 C

2 . ) .. 0z . 0z
R*. Ilpunyctumo, 1o icHyIOTh J9acTHHHI moxXigHi — i —. Bupasm

dv  Jy
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0, 02
dx xl@y

1 Mo3Ha4aOTh BiANOBIAHO cuMBOTaMu d,2 i dyz, TOOTO

dyz = %dac dyz = g—;

BUTJIALY dy Ha3sMBaIOTHL YACTUHHUMU qudpepeHIiiagaMu

dy.
Oz Y

CyMa yacTUHHUX JudepeHIiaiiB

dz = —dz + ——dy (2)
x Y

Ha3UBa€ThCs MMOBHUM audpepeHIiagoM (PpyHKITT IBOX 3MIHHUX.
IIpukmazn 8. Buaiitu nosnuii qudepentian byukmii 2 = In(z + y?).

1 0 2 .
<« Maemo 8_;: m, i = ﬁ, a ToMY 3TifiHO 3 (2)
1 2y
dz = d dy.
z Y x+$+y2 y | 2

Oynkuis z = f(z, y) HasuBaeThbcsd AU EPEHIIIIIOBHOIO B TOYII]
(203 y0), AKmMO i1 MOBHME TpHpicT y 1iif ToUni MoKHA 306pasuTH y
BUTJIAI]

Az = AAz + BAy + oAz, Ay)Az + S(Az, Ay)Ay,

qe Ai B - jesaxi uncia, a oAz, Ay) i S(Az, Ay) — HecKiHYeHHO MaJTi

dbyurii npu Az — 0, Ay — 0.
0z .

JLOBeIeHO, 1110 {CHYBAHHA HENEPEPSHUTL HACTNUHHUTL NOTIOHUT 97 1
x

0z 4 » 4
— 6 0baacmi € docmamuvboio YMoeoio dudepenuitiosnocmi yrrui

dy
0z B 0z

6 sadaniti obaacmi, npudomy A = —, B = —.
dx dy

Ak iy Bunagxy yHKIl omHiel 3MiHHOI, 3 AudepeHIifoBHOCTI
bYHKIIT 1BOX 3MIHHUX BUIJIMBAE 11 HEIIEPEPBHICTH, ajie He HAaBIIAKH.

fAxmo dyukuis z = f(z,y) nudepenniiiosra, To i TOBHUHE MpH-
piCT 3amHCyeThed ¥ BUTVISI]

Az =dz+ oAz + Ay,
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Je o i B — "HeckinuenHo Madgii pyukuil npu Az — 0, Ay — 0.
Ilpukaan 9. 3maiitn, Ha gky BeawamHy Tpeba 3MIHETH y DYHKIII
Kobba-yraaca f = Ax‘f‘xé_o‘ obcsr KamiTaay X1, Imob IpH 3MiHI TPYIOBUX
pecypciB Ha BeqWIHHY Axo BANYCK TPOAYKINI 3aJHITABCS HE3MIHHUM.
« 3HaligemMo vacTuHHI MOX1AHI pyHKMI f !

or of
oz, Oy

_ a—1_1—-«a
= Aoz xy ", =A(l —a)zfey

3rizHO 3 YMOBOK hyHKINA f MOBHHHA OYTH CTAJI00, a TOMY audepeH-
miag miei GyHKII AopiBHIoe HYJI0, TobTo df = 0 abo

of 3f
——dr| + =——dx, = 0. 3
81‘1 8 9 v ( )
Ockinekn doy = Az, dea = Azy, T0 pieHicTb (3) Mae BEDIA]
of 3f
— Az —Ax, = 0.
81‘1 8 9 v
3BIJICH 0IEPIKYEMO, TIIO
af —a
g7 Al — a
Az = — %32 abo Az = —%Arz
Bar Aax]™ "z,
OTxe
3 1—
Al‘l = — a ﬂAl‘z
(074 9

Aximo momiauTH OOWABI YaCTUHM HA &1, TO JICTAHEMO

Ary  1—alArs )

sl (074 9

3BiAcH BHILIHBaE, IO A/ KOMIEHcallll 3MiHE pecypcy npaii Ha 1% Tpe-

. . 11—«
6a 3MIHUTH pecypc KaliTaay Ha — %.
3 dopmyan (4) pumiubae, 1Mo

Ary  1—ax
Ay R 2

abo
dey  1—ax (5)
des a  xy
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PienicTh (5) HasHBaeThCS TPAHMYHOIO HOPMOIO 3aMiHU TPYJIOBHX De-
CYPCIB 5 KaIlTajaoM 1. p

Yacro nosauii gudpepentian dz, skuii BU3HAYa€ThCss (POPMYJIO0
(2), HasuBaoTh AU epeHIialioM HepIioro nopaaky. /s 3pyd-
HOCTI JIOMOBHMOCS TIO3HaUaTH JudpepeHIiiain He TIIbKI CUMBOJIOM d,
aje it cumBosioM & (Hampukam, 0z, 8y, 0z).

of

Hexait pynknil == i == mudepenniiiosni B Tourni (;y). Posrs-

dv Oy

jgarumemo dz i dy y Bupasi (2) s dz sk crasai MHOKHUKHA. Toi

PeHTIiag Mae BUTJIST

] o e (o

01, 0 (3], o/,
) b (P )

Hudepennian §(dz) Bin mudepenniana dz y touri (z;y), B3ATHIl Mpn
dx = dx, §y = dy, HasuBaeThcs AudpepeHIlialIoM APYroro mopsii-
Ky &ynkuii f y Touni (2;y) i mosHavdaeThes cumBosiom d2z. Y cBowo
gepry, mudepentian §(d?z) sin d?z, Bauii pu dx = dx, Sy = dy,
Ha3WBAETHCS UG EPEHINIATIOM TPEThOrO MOPAAKY PYHKINI f i To-
3HadaeThcd cuMbBosioM dz i 1. Jludepenmian §(d"1z) Bin mude-
penniana d” 1z, B3aTuit npu Sz = dz, 5y = dy, HasuBaeThed mude-
peHIiajioMm n-ro nopaaky (abo n-m audepenmiamom) GyHKINT
z= f(z,y) y Toumi (x;y) i HO3HAUAETHCS CHMBOJIOM d" 2.
Orxe,

dnz — (S(dn_lz)‘é.rzd.r .

Sy=dy
[Ipu 3HaxXOMKeHH]I Apyroro Ta HACTYIIHUX JUQepeHIlaJ iB 00duc-
senns 6(dz) it npupiBHIOBanHS dz = dx, 0y = dy 37ifCHIOIOTH OIHO-
YacHO.
3a momomoroio dopmyau (6) 3Hafimemo Bupas s d2z:
g [of af g [(0f

2. _ _ v {oy vJ R s
d°z = 5(dz)|§;23; = 92 (&Cdx—l— 8ydy) dr + oy (&Cdx—l—
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of P . O *f Pf
+8yd )dy w(dw) 920y x e dydz + Ty 5 (dy)*~.
Axino 82f 1 82f HellepepBHi, TO BOHU OIHAKOBI, a TOM

9% f 0? f 2f
2,
AHaJjiorigHo,
>’f >’f >’f >’f

3 2
dz_—8x3(d) —|—38 20y (dz) dy—|—38$8y2dx(d) +—83( y)°.

Jpyruit, Tpetiit Ta HacTyIHI AudpepeHIiaiy MOKHA 3aIIHCATH CUM-
BOJTITHO Y BUTVIS]

n (0 J "
d"z = (—xdac—l—a—ydy) flz,y).

Hpuknazn 10. 3raita d?z g1 byskmii 2 = arctg £
Y

4 Maemo %:L a—Z:— z 622: vy
dr x4y Oy 2+ y? dxdy (22 +y?)?
9?2z 2zy 9?2z 2zy
T TGRS T

Orxe,

i — —2zy(dz)? + 2(2? — y?)dady + Qxy(dy)

(27 + y?)?
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3. ExcrpemyM ¢yHKIIT dararbox 3MiHHHIX

3.1. HeoGxiaHl Ta gJocTaTHI YMOBU ICHYBAaHHS
eKCTPEMYyMY

[MougrTa MakcuMyMy ¥ MiHIMYMY [1JIg pYHKINI OaraTrbox 3MiHHIX
BBOIATHCA aHAJIOTIYMHO, 9K 1 1718 (pYHKILT ogHiel 3MinHol. PosrisHemo
Il TOHATTY JJIS BHUIAAKY (PYHKI JIBOX 3MIHHHX.

Hexait dbynkmig asox sMminnux z = f(z,y) 3amana B obsacti 2 C
R*.

Dynkiig gBox 3MiHHNX z = f(z,y) Mae B Toumi (zo;yo) € 2
MakcuMyM (MiHiMyM), gkmo icaye Takuit okia U(zo;yo) C € el
TOYKH, MO JJIs BCIX TOUOK (2] Y) 3 I[BOTO OKOJIY BUKOHYETHCS HepiB-
Hicts f(z,y) < f(@o,%0) (f(z,y) > f(zo,0))-

Touka (x0;yo), B fKiil (yHKIA f Mae MakCUMyM (MiHIMyM), Ha-
3WBAETHCS TOYKOIO MaKcuMyMy (MiHIMyMmYy).

3rijHo 3 O3HAUYEHHSM JIOKAJIBHOTO €KCTPEMYMY (MaKCHMyMYy
abo miHiMymy) mosHmit mpupict ¢yukuii Az = f(z,y) — f(zo, yo)
3aJI0BOJIBHSIE B OKOJI TOYKH (Z; Yo) OTHY 3 YMOB :

Az <0, gxmo (2o; Yo) — TOUKA JIOKAJTBHOTO MAKCHMYMY;

Az > 0, gm0 (2o; Yo) — TOUKA JIOKAJIBHOTO MIHIMYMY.

Teopema 1 (HeobxinHa yMoBa ekcTpeMyMy ). Hrkuwo dynruyia
f(z,y) mae vacmunni noxidni nepuiozo NOpAIKY 6 MONYL AOKAABHOLO
0 df (o, yo) — 0, df (o, Yo) —0.

dx dy

« Yacrunna noxinna GyHKI 2 = f(z,y) mo & B Touni (zg;yo) € mo-

eEXCMpemMymy (960§ yo); m

xigHo GyHKINT oxHiel aminHOl ¢(2) = f(z,yo) B Toumi * = xy. OcKiabKN

B miil Touri dyHKIA ¢ Mae ekcrpeMyM, To ¢'(2g) = 0. OueBmgno, 110
Of(xo, Of(xg, )
' (o) = M, a TOMY M = 0. AHAJIOPI9HO MOXKHA JIOBECTH,
x x
Of(xy,
o f( 0, Yo —0.p»
dy

Ot:Ke, MepeTBOpeHHsT B HYJIb Y TOUII (Z0;Yo) TACTHHHMUX TTOXi-
HUX T1epIioro mopsiaky pyHKIli z = f(x,y), SKIO BOHM ICHYIOTH, €
HeOoOXiJHOI0 yMOBOWO ICHYBaHHS B TOUI (Zo;Yp) €KCTpeMyMYy Ifiel
pyHKIII.
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SayBaxKuMo, Mo PYHKIIH MOKe MaTh eKCTPeMyM TaKOXK B TUX
TOYKaX, jie TpUHalMH]I 0HA 3 YaCTUHHUX MOXiTHUX He iCHYE.

Toukwm, B AKWX TIepIlli YaCTUHHI TTOXiTHI —— i —— MepeTBOPIIOTHC

dv Oy

B HyJIb 200 He iCHYI0Tb, Ha3UBal0ThCI KPUTUYHUMHU abo cTaifioHap-
HUMHU TOYKaMM 1€l (pyHKIII.
Hpuknazn 1. 3xaiita KpuTHTHi Toukn Gyl 2 = &5 — 3z +y* — 2y,
<« Maemo

0z 0z
2 =323 2 = 4P — 4y,
ge =0 T G =
Toni i3 cucTeMu PiBHSIHD
0
P —342_3=0,
5
=4y’ —4y=0
y Y )

3HAXOJIMMO KPHUTHYHI TOYKH. 3 MEPINOrO PIBHAHHSA OfepikKyeMo z = =1, a
3 apyroro — y = 0,+1. Omike, ¢ miicth cramioHapaux Touok (1;0), (1;1),
(=1, (=1;0), (=1;1), (=1;=1). »

YMoBH TeopeMu | He € JOCTATHIMM YMOBAMH ICHYBaHHS eKCTpe-
mymy. Hampukman, ana bysknii f(z,y) = 2% — y?, (z;y) € R?, 4a-
CTHHHI TIOXi/HI TIePIIoro MOpSIKy JopiBHIOIOTH Hy o B Toumi (0; 0),
ajie 11 TOYKa He € TOYKOIO JIOKAJbHOTO ekcTpeMymy. CripaBii, B J0-
BiibHOMY OKouTi ToukH (0; 0) icHyforh Toukm Burmsay (x;0), B AKUX
f(z,0) > £(0,0). Tomy (0; 0) He € TOUKOIO JIOKAJTBHOTO MaKCHMYMY.
Amnastorivyno B moBltbHOMY 0KoJTi ToUKH (0; 0) ICHYIOTH TOUKH BUTVISIY
(0;y), vy axux f(0,y) < f£(0,0). Tomy (0; 0) He € TOUKOIO JIOKATBHOTO
MIHIMYMY.

Teopema 2 (mocratHi ymoBu ekcrpeMmyMmy). Hexail ¢ynxuyia
f(z,y) mae nenepepeni wacmunni noxioni dpy2020 nopAIKY 6 deaKoMYy
oxoal cmayionaproi mouxu (xo;yo). [loxaademo

A(%%yo) =

0* f (20, yo) 0* f (20, Yo) _ (82f(9007 Yo) ) :
02 Oy? 0xdy '

Tooh:
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1) axvwo A(zo;yo) > 0, mo 6 mowyi (zo;Y0) Pynryia mae ao-

2
. 0 f (9607 yo) .
KAAbHUU EKCMPEMYM, NPUHOMY npuU T < 0 — saoxarvruti
X
92
f ( oyyo) L
MAKCUMYM, a NPU 8 > 0 AOKAABHUU MIHIMYM

2) arwo A(zo;yo) < 0, mo 6 mouyl (zo; Yo) HEMAE ERCMPEMYMY;

3) arwo A(zo;yo) = 0, mo moura (xo; yo) Mootce bymu, a moxce
@ He Bymu moukow excmpemymy.

Ilpukaan 2. JlocaianTa Ha JOKaJILHAA eKcTpeMyM (pyHKITIIO

[z, y) = 2% 4 3xy? — 302 — 18y, (v;y) € R%

af 2 2 af

4 Maemo — = 32 + 3y° — 30, == = 6ay — 18y. Tomi 13 cucremu
Ox Oy

PIBHSHD
2 +y% = 10,
xy =3

OEPKYEMO, TOAAIOUH i BLAHIMAIOYUH 1Tl PIBHSIHHS

2?2 4+ 2xy + 47 = 16, 60 r+y =14,
2?2 = 2ry+y? =4, r—y==12.

Posp’st3aBIli OCTaHHIO CHCTEMY, 3HAXOTUMO TOTHPH CTAIIOHAPHI TOYKH:
1) (3;1);2) (1;3); 3) (=1, =3); 4) (=3;-1).
Temep smafigeMo ApyTl YaCTHHHI TOXI1THI
I*r 6 0% f 0% f

507 =00 Gaoy =00 g =0

i cknazeMo pupas A(z;y) g KOXKHOI 31 CTAIlOHAPHNX TOYOK:

9% f(3,1) 9% f(3,1) 9% f(3,1)
) =53 6-3 =18, 20y 6 6, % 6-3 =18,
A(3;1) =18 18 — 6% = 288 > 0;
0’f(1,3) 0% f(1,3) 0% f(1,3)
) =50 6 6, — 5y 6-3 =18, % 6 6,

A(1;3)=6-6—18% = —288 < 0;
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32“6‘;2"3) =6 (1) = -6,
A(=1;-3) = (=6)* — (—18)? = —288 < 0;
1) aZf(a_;’_l) =6-(=3) = 18, azjf(ﬁ;i;,y_n =6-(=1) = -6,
32“6_52’_1) =6 (=3) = -8,

A(=3;—1) = (=18) - (—18) — (=6)* = 288 > 0.
Orxe, 3amana QYHKINS Mae IBa €eKCTPEMYMH, & CaMe:

9%f(3,1
%>Oa fmln:f(3a1):33+33

62]:(_3’ _1)
Ox?

y Touri (3; 1) — miniMyMm, 60
12—-30-3—18-1=—-72;

y Touri (—3; —1) — MmakcuMyM, 60
(=3) - (=1)2 =30-(=3) — 18 - (1) = 72.

Ockinern A(1;3) 1 A(—1;—3) sig’emui, To B Tourax (1;3) i (—1;-3)
BYHKINSA eKCTpeMyMy He Mag. p

BayBaxkeHud. fkmo dyHkiig z = f(z,y) HemepepBHa B 00-
MesKeHill 3aMKHeHiil obacTi €2, To BOHa Jocsara€ B Iiiit obgacTi cBOiX
Halibibioro i HafiMeHIIOro 3HadyeHb. Y BUNAIKY AuepeHIiiioBHOT

< Oa fmax = (_3)3 +3-

B €2 pyHKUIT /)1 3HAXOZKeHH HaliOIbIIoro i HAlIMEeHIoro 3HavYeHb
[ Tpeba 3HaiiTH cTallioHapHI TOYKK I OOUMCINTH 3HaUYeHHS (PYHKIII B
IMX TOYKax, & TaKOoK i1 HaiOLIbIml Ta HaliMeHIN 3Ha9eHHS Ha MexKi
obiacti €.

Ilpukaan 3. 3uaiitm maiibiaemme Ta HaiiMeHmre sHaveHHS (YHKIII

1 1 . .
— — K 31 OIMHUYHOTI'O aJlyca 3 CHTPOM IIo4YaTK
iz Tz v pvsion pajiiyca 3 IEHTPOM y y
KOOpAHMHAT.

z =

« 3HaligeMo 9acTHHHI TOX1IHI
0z 2x 0z 2y

or (1+22)2 9y (1+yH)?
I3 cucTemu piBHSHBL
0z 2x 0z 2y

N (e R R (v



1 1
OflepIKyeMO, 110 cranioHapHoo Toukom € (05 0)12(0,0) = T30 —t 30"

SHalileMo KpUTHIHI TOYKH Ha MexKl obacTl — KoJil, IO BU3HATAETHCS
pipagrHaM 22 +y% = 1. Hi;LCTaBlI/IBLUI/I Y =1—2%y (byHKL[iIo 2z, JICTaHEMO
+ = e x € [—1;1].
) ) 1422 2—22 242224 ’
Hocaigumo mo GYHKINO Ha eKCTPEMYM.

dyuKnio onHiel 3MIHHOL 2 =

. ) o 20(222 - 1) . . .
Sualigemo moxiaHy 2’ = —————— 1 mpupiBH#AeMO i1 g0 Hyasa. Tom

(2 + 22 — 2)?
OZIP:KAMO KPHUTHWYHI TOUKH Ha MexKl obmacti: 1 = 0, 23 = £—. O6-

7

YUCIUMO 3HAYeHHsT (DYHKINI 2 y [UX TOYKAX, a TaKoXK Ha KIHIHgX ¢ = *1

pigpiska [-1;1]: 2(=1) = 2(1) = % 2(0) = % z(%) = z<_%) = %
3

Temep cepen smadens 2(0,0) = 2, Z(=1) = Z(1) = 2’ Z(0) = 2
(1 . 1 4
z (ﬁ) =z <_ﬁ) = 3 BUOHpaeMo Haiibiabine Ta Haiimenmre. OT-

. 1 1
e ZT;XQZ(%@/) = 200 = 2 i (o) = 5 (2 5)
1 1 1 1 4
()= ()= () =g o
Y

— TOYKH HaliMeHIIOro 3Ha4YeHHd,

// | X — To4yKa HaHOLIbIIOro 3HaYeHHd.
|
|
L 1 »
}\/5 OJ v

3.2. YMoOBHUII eKCTpeMyM

V 6araTbox NpHUKJIaIHUX 33adaX BUHHUKAE HEOOXIITHICTL IOCI-
KyBaTh PyHKIHIO OaraTbox 3MIHHMX Ha eKCTpPeMyM 3a YMOBH, IO
He3aJIeKHi 3MiHHI 3a/10BOJIBHAIOTH JesdKi JT0JaTKOBI YMOBH, IKi Ha3H-
BalOTbCsI yMOBaM# 3B’a3KYy. Takoro THIIY eKCTpeMyM Ha3HBalOTh
YMOBHUM.
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Ipuknazn 4. 3mafita ekerpeMyM GyEEmi 2 = 22 4 y?, axmo z + y —
1= 0.

« 3 ymoBu 38’13ky @ + y — 1 = 0 sHaiigemo y = 1 — z. [ligcraBusim
ueil Bupas y dynxuito z, gicragemo z = 22 + (1 — z)? abo 7 = 2% — 2z + 1.
Tomi 2/ = 4(x — 1/2), 7" = 4. 3Biacw BuMBag, MO B TOUI & = —

2

z

1

5
Orxe, dyuxmisg z = 22 +y? 3a ymo-
Bu, mo = + y — 1 = 0 mae MiHiMyM

byHKIIA 2 Mae MIHIMYM 1 Zmin =

. /11
(ymMOBHHIT MiHIMYM) B TOUII 275

2
. 11 1
1 Zmin = % (5,5) =5 Ouenn-
HO, 10 BEe3yMOBHHEI €KCTpeMyM — IIe
Puc. 2 mirimym y toumi (0;0) i zmin = 0

(puc. 2). »

[Ipu po3p’s3yBanHi 1€l 3a1a91 MM 3BeIH YMOBHUM €KCTPEMYM 110
0e3yMOBHOI'0, BUPA3UBIINK 3 YMOBU 3B S3KY OJIHY 3MIHHY 4epes iHIIY,
IO He 3aBKJIH MOMKJIIMBO.

Tomy 171 po3B’sizaHHs 3aa4 3HAXOIKEHHS YMOBHOI'O eKCTPeMy-
MY PO3pOOGJIeHO ClielliaJbHUil METOM, — MeTO/, MHOXKHUKIB Jlarpanixka.

Poarnigremo 3amady npo focsiizkeHHs Ha ekeTpeMyM (byHKIGT

w= flx1,22,...,2,) (7)

pu 0OMeKeHHIX

@g(xl,.:.,wn): , ()

Oynukiia f mMae yMoBHHMII MakcumyMm (MiHimym) y Toumi 2° =

(295 29;...52%), axkmo icaye Takuii okin Toukn z°, mo ma Beix fio-
ro TOYOK &, Kl 33/[0BOJIBHSIOTH PIBHSAHHS 3B’s13KY (8), BUKOHYETHCS

nepisricrs f(2%) > f(2) (f(2%) < f(2)).
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Sajlava 3HAXOZKEHHS YMOBHOIO eKCTPEMYMY 3BOIUTHCH [0 I10-
CTTJIZKeHHST Ha 3BUYaiiuuil ekcTpemMyM pyHKINT Jlarpam:ka

L(z1, 2,y @n; Ay Ay ooy A) = flon, @2y ooy @)+

—I—Z/\kcpk(xl,xg,...,wn),

k=1
qe ancaia A, k € {1,...,m}, Ha3uBaOThCs MHOYKHUKaMu Jlarpau-
*xa. Bpaxarumewmo, mo yuxiii f, ¢, k € {1,...,m}, nenepepni

pa3oM 3i CBOIMM YaCTUHHUMMU MOXITHUMU JIPYTOro MOPSIKY.
HeoOxinmi yMOBH eKcTpeMyMy (PYHKINI BHpParkalOThCd CHACTEMOIO
n + m piBHAHD

8L($17$27 ceey Ty Alv A27 .. 7Am)

:07 j€{17"'7n}7

0x;
OL(z1, 29, ..., 20 A, Aoy, A 9
(17 2 ybmy A1y A2, 3 m)E@i($17---7$n):07 ()
O\
ie{l,...,m},
3 SIKHUX 3HAXOOUMO T'1, ..., L Td A, ..., Ay — KOOPAMHATH TOYKH, B

AKil MOYKJIMBHI YMOBHHI €KCTPEMYM.
JocraTHi  yMOBM YMOBHOIO eKCTpeMyMy [OB’#d3aHi 3  BU-
BUEHHSM 3Haky Jpyroro udepentiana ¢ynaxmii Jlarpanxka

2L, . 22 0 N sday, .. dry,) g KoKHOT  cucTemu
0 0. 0 0 -
SHAYeHb 7, ..., Tp; A}, .., A,,, OjepKyBaHoi 3 (9) 3a yMOBH, 10O
dzxq, dzs, ..., dzr, 33J0BOJBHAIOTH PiBHIHHS
e
89‘9i($17$27"'7$n) .
E dep, =0, ie{l,...,m}, (10)
= oz,

npu dz? + ... + da2 # 0. JlosemeHo, mo dyHKIig f Mae
yMoBHHHT MakcumyMm y toumi Mo(z9;...;22), axmo ana mosigb-
HUX 3HadeHb dq, ..., dT,, gKi 3a70BobHAIOTE yMmoBH (10)
i He JTOPIBHIOIOTH HYJIIO OJHOYACHO, BUKOHYETHCA HEPIBHICTH
2L, . 220 A sday, .. dry,) < 01 ymoBHUIT MiHIMyM, AK-
mo 3a mux ymos d2L (29, ... 2% A} .. A sday, ... day,) > 0.
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Heit npyruit nudpepeniiian MozkHa 00UUCTIOBATH 38 POPMYIION0

n 827 (..0 0
27 (.0 0.0 0y _ O*L(af, ... %)
dL(zy,...,x A ], A) = E drdx;,
7,7=1
dX\; = 0, ockinbku \; — amciyio, © € {1,...,m}, adzy,...,dz, 38’ g93ani

crissignomenuamu (10).
Y Bunagky GyHKii z = f(z,y) 3 piBHgHHAM 3B’93KY ¢(2,y) = 0
dbyukiis JlarpaHxka mae BALIA

L(z,y,A) = f(2,y) + Ap(z, y).
Cucrema (9) ckiagaerbes 3 TPbOX PIBHSHb:

OL(x,y, \)
oz

OL(z,y,\)

= ()7
dy

=0, ¢(z,y)=0.

Hexait z Ao — OVIb-gaxkuil po3B’g30K 1j€l cucTeMu 1
0; 0y NO

0 de(20, Yo) (20, Yo)
dx dy
A= — d¢(ro,y0) 9 L(xo,y0;X0)  9*L(20, Yo; Ao)
oz Oz? 0z dy
de(20, Yo) 6)ZL(ﬂﬁoy Yo; Ao) 6)ZL(ﬂﬁoy Yo; Ao)
oy 0zdy Oy?

Axmo A < 0, to dbyukiis z = f(z,y) mae B Touni (zo; yo) YMOB-
HUNl MakKCUMyM, a K10 A > 0 — yMOBHUI MiHIMyM.

Ilpukigan 5. 3naiitn ymoBHui ekcrpemyM byHKII 2 = ® + 2y, AKIIO
2?2 + 9% =5,

<« Cxaagiemo dbynxmito Jlarpanwxa: Lz, y; A) = = + 2y + A(2? + y? —5).

L
Maemo g_x =1+ 2Ax, %

= 2+ 2)y, a Tomy cucrema (9) HabyBae BUDIALY
142Xz =0,
242y =0,
z? + 9% =5,
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1
Ila cucrema Mae gBa po3B’ssku: ¥y = —1, y3 = —2, Ay = 5; xs = 1,

1
Y2 = 2; AZ = _5
0?L 9?L 9?L 5 5 5
MaeMoa?: ,ax—ayzo,a—yZ:Z\,TOMydLZQ/\(dx + dy”).
Ocxinmpku d?L > 0 mpm A, = 5 ™o dyHKIA Mae YMOBHHN MIHIMYM
1
y rouni (—1;=2) i zmin = —5. Ilpu A\ = —5 OTPEMyeMO d*’L < 0, a me

o3HadYaE, Mo DYHKIS Mae YMOBHUH MakcuMyM y Toduti (152) 1 zpmax = 5.
BaiiicHuMo 1e pose’a3yBanus mo-inmomy. Hexait o(z,y) = 2% + y? — 5.

—-1,-2 —-1,-2
Toni ¢ = 2=, ¢ = 2y. O4eBmano, 1o de(=1,-2) = -2, de(=1,-2) =
Ox Oy Ox Oy
92 L(—1,-2; 1 92 L(—1,-2; 1 02 L(—1,—2; L
L CHELEY | PLeL-nd | PLL-wd)
Ox? 0z 0y Oy?

TOMY

0 -2 -4

A=—| -2 1 0 |=20>0,
-4 0 1

To6TO DYHKISA Mae yMOBHHI MiHIMyM y Touri (—1; —2). AHamoriaHo mjst

Tourm (1;2) 1 Ay = —3

0 2 4
A=—|2 -1 0 |=-20<0,
4 0 -1

o610 (1; 2) € TOUKOI YMOBHOTO MaKCHMYyMY. P

Ilpukaan 6. ®ipma supobise apa BuAM ToBapik S1 1 S5 y KITBKOCTAX
BIAMOBIAHO ¥1 1 5. PyHKIIsS BUTpaT Mae Buraaa C' = 10x1 + xyxs + 102,
a QYHKII TONMUTY Ha 3a3HadeHl TOBApH MAalOTh BIAMOBIAHO BHIJSA P —
50 —z1 + x5 1 pp = 304 221 — 2o. KpiM TorO0, dipMma 3B’ sd3aHa 0OMeKEHHAM
z1 4+ 2 = 15. 3HaliTn MakcUMaJbHUN TPUOYTOK, SKUH OJEepPKHUTEH pipMa
mpu peasizaiii ToBapis S 1 S2.

<« Bigowo, mo mpubyrok I(zq,22) = PL+ Po — C = p121 + paxa — C
= (50— 21+ x2)x1 + (30 + 221 — x2)2s — 1021 — 2122 — 1025 = 4021 — ¥ +
2x1x9 + 200 — x%

Omike, Tpeba mocaiantn Ha ekcrpemym dbyHKio (zy, z2) = 402 —
x% + 2x120 + 2025 — x% 3a YMOBH, 1110 ©1 + 2 = 15.
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3 yMmoBH 3B’d3KY &1 + 3 = 15 BUpasuMo T depes xp 1 MACTABUMO Y
dbyurmio II: 25 = 15 — 24, I = 40z, — 2?2 4+ 221 (15 — 1) + 20(15 — 1) —
(15 — 21)? = 801 — 4a% + 75.

,HOCJIi;LI/IMo dyHKITIO 1T na GesyMoBHNIT (3BHYaiiHmil) ekcTpeMmyM. Mae-
MO H’(xl) = 80 — 8x. IlpupiBHSABIIHK IO MOXIIHY J0 HyJ’IH ;L1CTaHeMo 110
2% = 10. Ockinbku H”(xl) —8 < 0, To y mitt Toumi x§ dbynkis II nocsrae
MAKCHMYMY, IPHIOMY Llyay = H(lO) =80-10—4-10% + 75 = 475.

3eigcn Bummbae, mo dbyaknis I1 mae makcumym y rtouri (10;5) i
Mpax = 475. »

Buopasu

1. Buafitu obsacThk BusHaYeHHS (DYHKIII:

)z:\/l—xz—l—\/yz—l; 2) z = /ry; 3)z:arccosg;
T

1 z
4) z = In(z + y); 5) 2= ———=; 6) u = arcsin ——;
) (z+v) ) 1+ 22 +y? ) NS
7 1 L b 1 1
U= —
Vi \/37 vz
2. 3HaliTV rpaHUIo:
1) hm(l—l—xy) Tty 2) li_{r&(l—l—xzyz)_m;
2— 4 1 1
3) lim YL i 2 5y i (cos ay) B
o Yy e * o
3. 3HaliTy YacTHHHI TOXIIHI MEPIIOTO TOPAAKY (DbYHKIII:
1) z = 2%y — yPu; 2) u= (bay —y> +7)%;
3) z = In(z + /22 + y?); 4) z:arctgg,
x

B z=2""Y 6 z=(1+a);  Tu= (g) ;
§u= 22+’ +2%  Qu=a2¥;  10)u=(1)F.
4. 3ualiTi rpajieHT 1 HOTO MOIYJB /s MOAAHUX (DYHKINH Yy BKazaHWX
TOUKAX:
1)z =4—2%—y? M0(1,2) 2) u =%+ y? — 2% Mo(1;—1;2);
3) u=ayz, My(3;-1;2); 4)u:tgx—x—|—3smy—sm Y+ z+ctgz,
T T
(Z’ 372
5. Jlois momaHol HUKYIe PYHKINI 3HAUTH MOX1JHI BKA3aHOTO MOPIIKY:
3 2 2
l)zzenyagiT;y; 2) z = arctg vty Oz oz

1 -2y’ dxdy’
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2 0%z e 9%z 0% 0%
9205’ 05 4) z = " (sinx + x cos y), 922 920y’ B

6. 3uaiiTu: 1) 3akoH 3miHm BHpoGHWYO! GyHKINT 2 = f(x,y) cTOCOBHO
KOYKHOTO 3 GaKTopiB # Ta y; 2) elacTHYHICTH BHPOOHMIO GYHKII Mog0
KOXKHOTO 3 (baKTOpiB Ta KoedimieHTH eaacTudHocTl Tpw * = 1, y = 1.
Posrasmytu punagxu: a) f(z,y) = e%; 6) z = In(z> + 2¢°).

7. 3uaiitu audepeHIIaIN MEPITOTO 1 APYTOTO MOPAAKIB A DYyHKIII:
Hz=2%3 2)z= (%)2; 3) =2, dHhu=wzy+ys+urz
5) u=sin(z +y+ 2).

8. 3malith ekcTpeMyM DYyHKITII:

Hz=2+ry+y’—32—6y; 2)z=z?+y*+ay— 4z —dy;
3) z =22y — 4o — 2y; 4) z = 223 — xy® + 2% + y%;
5) z = 32% — 23 + 3y? + 4y; 6) 2 = a3 — y® — 3ry.

9. BHailTi yMoBHHI eKcTpeMyM byHKII: 1) 2 = 2y 3a ymoBn 2 4 3y —
5=0; 2) z = 2y?, axkmo z + 2y = 1; 3)z=2+y’—rytart+y—A4,
amo ¢ +y+ 3 = 0.

10. Piuni BUAATKH MAIPHEMCTBA BUPayKaloThest dbyHKIiew f(x1,42) =
1+ 921 + 6425 + o + o 3a IKWUX 3HAYEHL &1 1 T2 Il BEIATKH OYIyTH
MIHIMAJbHIMHA T BHa%ITI/I K(z)e(biL[iGHTI/I enacruanocTl f npum z1 = 1, 2o = 1.

11. Bupobuuya dyHKIis 18 Aeakoi bipmu Mae urasan f = 4xixo+232,
Jle xq — KalTaj, &y — npalisd. BUTpaTu Ha OJMHUINO KAMITaJy CTAHOBJIATH |
I'P.OJ., & Ha OJWHUINO TpaIl — 2 Ip.oj. 3HaliTH obcaTrH BUTPAT Ha KamiTaJ 1
MpaIio, 3a SKUX BHUIYCK TPOAYKINI Oyle MaKCUMATBLHAM, SIKINO &1 + 229 =

105.
Bignosiai

L 1) {(z;9) € Rz‘lxl < Lyl > 1} 2) {(x5y) € Rz‘l‘y > 0};
3) {(esy) € B2 |lyl < Jalow £ 0) 4) {(wy) €B%|y> =2} 5) B
6) {(x;y;2) E}RS‘JL‘Z—I—yZ—i—zZ >0} 1) {(zy;2) E}RS‘ x>0, y>0,
z > 0}.

2.1) ¢ 2)1; 3) —%; 4)2; 5) e z.

9z, 3 0z _ 3 2. 0z _ 2 3 2

3.1) g =3y =y, oy " =3yz; 2) 5o = 30xy(aty —y T +7)°
0z 9z 1 0s

= = 3(52% — ¢° N2(522 — 342): ) T _
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. A R A

) 4 a_ 3 — 5
$2+y2+l‘\/m )890 z2 4+ 42 Oy z? + y?

2 0z 2 0z 0z
2¢0In2 .27 7Y, = = —In2-2° 7Y, 6) == = 32%y(1 3wy-1 7 _
zln " 3y n ; )336 3z y(l 4+ «7) " 3y

or = \y Oy ¥y \y 0z Y i
8) 3_u - *r du ) du _ z .
s = Joapas 0 maz‘m’
ou y ¥_1 Ou 1 oy 0z
1 y
23__1 n3, — 0z —37=1In3.

z z
4. 1) gradz = (=2;—4), |graaz| = 2V/5; 2) gradu = (2;—2;—4),
lgrad u| = 2V/6; 3) gradu = (=2;6;—3), |grad u| = 7;

4) gradu = (1%) gradu| = X2

5.1) 2032 4+ 2y2)e™’;  2)0;  3) (G (2 — D)o Pz
. Yy Yy 3 3 6l‘ = 2yl Yy s 39333/ =
2u (142l e), L8 = 4 4) L5 Z ot (siny 42
x (1+2y nx),W_ z°¥1n” x; )31‘ = e (siny+2cos y+x cos y),
9%z = . in y) %z * (sin y + )
=¢"(cosy —siny — - = )
920y Y y ar:smy,ay2 e“(siny + xcosy
0 0
6. a) 1) 8_; = ye®?, é = ze™; 2) Fo(2) = 2y, Fe(2)lay = 1,
Ey(z) =y, Ey(z)|( )y = 1;
0z 3z? 0z 6y2
6) 1) — = —— — = —— 2 E, =
) b Ox 34243 Oy 23 1 23 ) (2)
323 1 1 6y° 1

Ex 1) = ——, E =
23 + 29 In(a3 + 2¢3)” Glan = g0 Bul?)
2
Ey(2)la) = 3
7. 1) dz = 32%ytdr + 423y3dy, d’z = 62y’ (y?de? + daydedy +
2 2
20%dy?);,  2) dz = ——z(ydx — zdy), d*z = —4(3y2dl‘2 — dyzdedy +
r x
idy?);  3) dr = 2%V 1In2(ydr + xdy), d*z = 2°Y1In2(y”? In2dx? + 2(1 +
vyln 2)dedy + 2% In2dy?);  4) du = (y + z)dr + (z + 2)dy + (z + y)dz,
d*u = 2(dzdy + dydz + dzdz); 5) du = cos(x + y + z)(dx + dy + dz),
d*u = —sin(z + y + 2)(dz + dy + dz)*.

23 + 293 In(23 + 2¢3)’
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8. 1) zmin = 2(0,3) = =95 2) zmin = 2(1,2) = =T7; 3) He icHye;

2 4
4) zmin = 2(0,0) = 0;  B) Zmin = = (0, —g) =3 cTarioHapHiit To4I

2
(2; _5) excrpemymy HeMae; ) Zmax = 2 (=1,1) = 1.

bl

ﬂ;
11 1 3 3 19
Zl =yl = = 3) Fmin =2\ —5,—5 ] ="
(3 3) 27 ( 5 2) 4
1 1
10. 21 = 2, 9 = T minf = f (2;,1) =69, Fr, ()l ~ —0,237,

Ex2(f)|(1;1) ~ 0, 526
11. 21 = 45, 25 = 30, fiax = 6300 rp.ox.

2
9. 1) Zmax — Z(Zag) = > 2) Zmin = 2(1,0) = 0, Zmax =
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YHucaoBi Ta hYHKINOHAJIBbHI paau
1. YucjoBi paan
1.1. IlousaTTa YKUCJIOBOTO PALY

Hexait 3a/1aH0 9ucI0BY MOCTIIOBHICTD {a,, n € N}. Bupas surs-
AN o)
al—l—ag—l—...—l—an—l—...:Zan (1)
n=1
Ha3UBAETHCH YUCJOBUM PAAOM abo MPOCTO PAIOM.
Yucia ay, ag, ..., Gy, ... HA3UBAIOTbCS YJIEHAMM Py, & YUCIO
@, 3 JOBUIBHUM HOMEPOM N — 3araJibHUM YJIEHOM PALY.
CyMa n nepiimux 4ieHiB psijly Ha3UBAa€TbCSd N-0I0 YACTUHHOIO
CYMOIO pAaY:
S, —=ar+ay+...+a,, neN. (2)

OcKiJIbKM 9MCyI0 4jieHiB pday HeCcKiHYeHHe, TO YacTUHHI CyMu
YTBOPIOIOTH mociosHicts {9, n € N}.

Psn (1) HasuBaeThcs 301KHUM, SKINO MOCHIIOBHICTH HOTO a-
cTuHHuX cyM {5, n € N} 3b6iraerbcs 1o meskoro dmcia S, ske Ha3u-
Ba€ThCs cyMOr0 pamy. CUMBOJIIYHO 1ie 3allUCYEThCH TaK:

S=a1+ay+...+a,+... abo S:Zan.
n=1

fAxmo x mocaimosnicts {S,,n € N} posbiraerbes, to psn (1)
Ha3MBaEThCs PO3GIKHUM.
Ilpukaan 1. 3nafita cymy paxy
1 1 1

toetogt...

1.2 2.3 "3.4 w1

« PosrusinemMo n-y 9acTuHHY CyMy PAAY




ITicast posKpuTTS AYKOK BCl JOAAHKH, KPIM TEPINOTO W OCTAHHBOTO,

1
1 Tomi

B3a€MHO 3HHUIIYIOThCH, 1 B PE3YILTATI OMEPKYEMO, IO S, = 1 — T
n

S= lim S, = lim (1— 11):1.

n—o00 n—o00 n —
Orxe, paz 361KHAM 1 floro cyMa AOPIBHIOE OMHUIIL. P
Ipuxksazn 2. Jocigntu Ha 36ixHiCTs paf a+aq+ag’+. . . +ag” =1+
., 6 £ 0, axuil Ha3WBAETHCH TEOMETPUIHUM.
« Yacruuna cyma S, mboro paay npu ¢ # 1 Mae BUTJIST
1 a—aq" _a a

Sp=a+aqg+ag®+ ... +ag""! = = — q".
l=¢ 1-9q¢ 1-gq

3BiCH BHUILTHBAE, IIIO:

. . a . a a
1) mpu |¢| < 1, lim S, = lim — lim " = , TOBTO
n—00 n—co | —g¢q n—>ool—q 1_(]
. . a .
psn 361xkHM 1 Hioro cyma S = —— 60 lim ¢” = 0;
1 — q n—oo
. . a a
2) sxmo |¢| > 1, To lim S, = lim — q" | = oo, 6o
n—co n—oo \ 1 —g¢q 1—g¢

lim ¢" = oo;
n—od

3) akmo ¢ = 1, 7o lim S, = lim ne = oo, orike, pajg posdiraeTres.

n—od n—od )

Aximo x ¢ = —1, To paa Habyae BULIAAY a —a+a—a—+... . YacTuHHI cymMu
BOTO psAy MatoTh Bursan S1 =a, Se =0, S3=a, Si1=0, ... . Tomy

IpaHUIST YAaCTHHHUX CYM He IcHYe 1 psj po3biraeThest #f y MbOMY BHIAJKY.
Orxe, reomeTpuynuii psj 36iracrbes npu |g| < 1 1 posbiraerbest mpu
lgl > 1. »

1.2. BaactuBocTi 3012KHUX PSAIIB

Teopema 1. fHxwo pad ay +as+...+a, + ... 3bteaemvea 1 tioeo
cyma S, a ¢ — deaxe wucao, mo 3612aemubeAa maxonc pad cay + cag +

ceotca, 4+ ... 1 tioeo cyma dopismioe ¢S.
o0

4 Hexait S, — n-a gacTuHHA CcyMa Py Zan, a S, — n-a Ja-
n=1
o0
CTWHHA CyMa psay > ca,. Tomi

n=1
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Sp,=cay+caz+ ...+ ca, =clay+az+ ...+ a,) =cS,.
[TepeiimmoBmu A0 TpaHUI OPU 7 — OO0, TICTAHEMO

lim Sn = lim ¢S5, = ¢ hm S, = ¢S,
n—0oo n—0oo

TOOTO MOCTTOBHICTD YacTUHHUX cyM {.5,, n € N} 36iraerbes mo ancia

cS. »

o0 o0
Teopema 2. Hxuo padu Z ty 1 Z b, 36iearomuvca, a iTHi cymu

n=1 n=1
%)

dopisrroroms 6idnosiono S i S, mo i pad Z(an + b,,) 36ieaemuca i
n=1
tio2o cyma dopienroe S+ S.
« k1o mosHaunTH depes S, S, 1 0, gacTunHI CYMY BiJIIOBITHO
o] o]

psOiB Zan, an i Y (a,+b,), 00,=5,%S,, aromy

lim o, = lim (S, £95,) = lim S, + lim S, =5+S. »

n—0oo n—0oo n—0oo n—0oo

Teopema 3. SHxwo 36ieaemuvea pad (1), mo 36ieaemuvca i paod

o0

i1+ @paa+ .o+ ap, +...= Z Gy, (3)

n=m++1

i Hasnaxu, 13 36ichocmi pady (3) eunausae 36io1cHicmo pady (1).
« lls Teopema cTBep/Kye, Mo Ha 301KHICTH psily He BILIUBAE
BIIKMIaHHS CKIHUEHHOIO YHMc/ia HOro Mepumx 4jeHis.

Hexait psan (1) 36iraerses i fioro cymoro € S, robro S = lim S,,.
n—0oo

Ao 6, , — n-a gacTuHHa cyMa pany (3), To

Sn+m‘::5%z+'gnﬂn- (4)

3BiJcH BUILIMBAE, IO

lim o,, = lim (Sy4m — Sm) = Im S,4p —Sm =5 — S,

n—0oo n—0oo n—0oo
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a Ile O3Havae, mo ps (3) 30iraeTsed i fioro cymomo € 1, =5 — S,

Hpumnycrumo, wo paz (3) 36iraerses, To6To lim 6, 5 = 1. Tom
n—00

3 (4) BumsMBaE, MO

lim Sn—l—m = hm (S + 0, m) — Sm + T

n—oo

a 1e o3Havae 30ixkHicTb paxy (1). »
1.3. Heobxiamna ymoBa 3012KHOCTI psiLy

Ilpu posrusini psifiB BUHHKAIOTHh Taki 3amadi: 1) J0C/TimuTH psi
Ha 30iKHICTB; 2) 3HaOYM, MO psz 30iraeTbes, 3HANWTH foro cyMmy.
Posp’sizyBaTrMeMo B OCHOBHOMY IIEpIIy 3aady.

o]

Teopema 4. fHxwo pad Zan 36teaemuvea, mo

n=1
Jim_an =0, (5)
a MAKOKHC
nli_}r{)lo(anﬂ +any2+ ...+ az,)=0. (6)
« Ockiibku psi Z @, 30iraerbcs, TO
n=1
lim 5, =S5, hm Sn_1 =5, lim Sy, = 5.
n—00 n—>00
Towmy

lim a, = lim (S, — S,—1)= lim S, — lim S,.; =5-5=0
n—00 n—00 n—00

n—00
i nlinéo(an—l—l + Up42 + ...+ a2n) - nhHéO(SQn - Sn) —

—thQn_thn—S S=0. »

n—0oo
Yuosu (5), (6) HazHBaOTHCS HEOGXIAHNMY yMOBaMM 3012KHOCTI
pany.

380



Hacmigok 1. Sxwo 3azarvnuil wien pady we npamye do nyas,

o0
mobmo lim a, # 0, mo pad E @, posbizaemuvea.
n— 0o

n=1

o]
m
Hacaimok 2. Hxwo lim > aypr # 0, mo pad Zan po36i-

n=1
2AEMBCA.

Ilpukaan 3. JocaignTr Ha 361KHICTH s,

TR R

KU Ha3UBAE€THCS I‘apMOHi‘IHI/IM .

<4 Maemo lim @, = lim — = 0, Tobro HeobxigHa yMoBa (5) 36imHOCTI
n—o00 n—oo N

pany BUKOHyeThcd. JloBeseMo, mo meil paz posbiraerbes. IlepeBipuMo, 4u
BHKOHY€eThCS yMoBa (6):

1 1 1
li n—3S,) =1 —_—t—t .+ =] >
im (S Sn) et <n+1+n—|—2+ +2n)

> lim n~i: lim l:17&0.
n—00 2n no2 2

Orxe, paa posbiraeTbes. p

3 TeopeMH 4 BUILIMBAE, IO KOJM 3araJbHUA “IeH psly HPAMYE
J0 Hy/Is, TO IIe He MOXKHa 3pOoOUTH BUCHOBOK IIpO 30IKHICTH IILOTIO
psany. Heobxinne momaTkoBe JOCTIIKeHHS, SKe MOYKHA IIPOBECTH 3a
JIOTIOMOTOIO TIEBHUX YMOB (03HAK) 301:KHOCTI psy.

AR XK A7 JedKoro psijay Horo saraJibHUM 4JleH He MpSaMye 10
HyJs, TO 3TiJHO 3 HACJiJKOM MOXKHa 3pa3y cKa3aTH, IO TaKuil ps
po3biraeTbes.

1.4. Paau 3 HeBlO 'eMHUMH 4dJjeHaMU

o]
Posrnanemo psia Z ty, 3¢ a, > 0, n € N. OgeBugno, 1mo
n=1

Sn-l—l — Sn + Gpp1 > Sn7n € N7
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TOOTO TOCIAOBHICTh YaCTHHHUX CYM 3aJaHOTO pAly € HecIagHoIo.
OckinbKy HeoOXIIHOIO I JOCTATHROIO YMOBOIO 3012KHOCTI MOHOTOHHOL
MTOCJIIOBHOCTI € i1 0OMerKeHICTh, a caMe 0OMEeKeHICTh 3BepXy HecIal-
HOI ITOCJI0BHOCTI, TO 3BiJICH BHILINBa€ HeOOXiIHA i TOCTATHS yMOBa

3012KHOCTI Py 3 HEeBiJ €éMHUMH “IeHaMH.
o0

Teopema 5. /[aa mozo wob pad Ay, 3 HEBLO EMHUMU YAEHAMU
T

n=1
3612a6ca, HeobxTI0HO 1 docmamusbo, wWod NOCAIIOEHICTNL YACTNUHHUL

CYM UB020 pAdY Oy.aa 0OMedCEHOIO.

Posrnsnemo mekinbKa o3HaK, SKi JalOTh AOCTATHI yMOBH 3012KHO-
CTi pAdy.

Teopema 6 (riepia o3HaKa MOPIBHAHHA). Jkwo € déa padu
3 HEG10 EMHUMU YAEHAMU:

artas+ ...+ a,+..., (7)
bi+by+...+b+ ..., (8)
ey an <b,, neEN, (9)

mo 13 36iocnocmi pady (8) eunausae 36icnicmy pady (7), a 3 pos-
oiorcrnocmi pady (7) — posbiscnicmyu pady (8).

« TTosHaunmo BignosinHo depes S, i S, YacTUHHI cyMu pIiB (7)
i (8). Tomi 3 Hepisnocti (9) BumHBae, mo S, < S,, n € N. Slkmo
ps (8) 36iraerTbest, TO 3TiAHO 3 TEOPeMO 5 MOCJIOBHICTD fforo da-
cturEEX cyM {S,, n € N} obMerxena 3pepxy, o610 S, < M, n € N, a
tomi it S, < S, < M. 3Biacu BUNIMBAaE, IO P (7) 3biraerbes. fkumo
K ps (7) posbiraerbesi, To mociToBHICTE {S,, n € N} HeoOMerxeHa
3Bepxy, Togi i nocyimoeHicTh {S,,n € N} € HeobMerkeHOIO 3BepXY, a
ToMmy psf (8) posbiraerbes. p

Ilpukaan 4. JocaignTr Ha 361KHICTH P,

1 1 1
1+2_2+3_2+...+§—|—.... (10)

« llopiBHsieMo Tieit psaf 13 301:KHAM PSAOM, IO PO3TISHYTHH ¥ TPHK-

Jdam 1:
! + +...+ ! +
1.2 2.3 777 (n=1)m
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1 1
OckinbKu 3 < m, n € N\ {1}, 1o sriguo 3 Teopemoio 6 psi
(10) =6i:kuuii. p

Ilpukaan 5. Jlopectr pozGiKHICTE paLy

11 1
I+ —+ —+.. +—
V2 V3 Vvn

« llopiBHIOBaTHMEMO 3aJaHWi P 3 TADMOHIYHAM PSJIOM

T (11)

14 L + ! + + ! +
gttt
AKUH po3bIKHWHA.
1 1
Maemo — > —, n € N, a tomy psiz (11) posbiraerscs. »
N

Teopema 7 (mpyra o3Haka HOPIBHAHHNA). kw0 daa padis
(7)1 (8) 3 dodammnumu waenamu iICHYE 6IOMINKG 610 HYAA CKIHYEHHA
2PAHUYA

mo padu (7) i (8) sbiearomuca abo poszbiearomuea 00HOUACHO.
Ilpukaan 6. JocaignTr Ha 361KHICTH s,

= 2n+3
. 12
T;n3—|—3n2+5n—|—1 (12)
) . 1
« OcKITbKY 3araibHU IeH Py TpAMYy€ JI0 HYJIsS IPH N — 00 K —,
n
TO TMOPIBHIOBATHMEMO #oro 3 psagoM (10), arnii 36iKHuil.
Maewmo
2n+3
. an .3 2 : ?(2n +3
llma—:llmn+3n +5n+1:hm n(2n +3) =
n2

n3 (24—%) 9
— lim n =Z=29

n—oo o 3 5 1 1 ’
nllt—+—=+—=
n n n
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a Tomy paz (12) sbiraerbes. »

Teopema 8 (o3maka Hanambepa). Hexail 6ci waenu pady
o0

E a, dodammi 1

n=1
. Up41
lim +

n—c0

=1

Tooi: 1) axwo | < 1, mo pad 36ieaemovca; 2) axvwo | > 1, mo pad
posbiecaemuca; 3) axwo oc l =1, mo pad moorce bymu ax 361cHuM,
max 1 po3bioCHUM.

Ilpukaan 7. JdocaignTr Ha 361KHICTH s,

A
R R

n+1

« Maemo ap — 2_77,’ An41 = QTLT

nt1_n+1 n  (n+1)2" In+1 1 1_1_1
a,  2ntl Ton T opontl T 9 p 79 n

n o1 1N\ 1
lim L _ hm—(l—l——):§<1.

n—00  (p n—00 n

Orxe, pan 361KHAN. B
Ilpukaan 8. JlocaignTr Ha 361KHICTH s,

2 + ! + i +...+ 2 +
[ttt tTat
gn 2n+1
« OueBugno, Mo a, = prs Ap41 = m,
angl ontl 27 antint n? 2

4 Dt 1)t (nt)E (1—1—1)4.

Tomy
. . 2

lim Antl _ lim ——————5=2>1
n—co @y n—o00 (

1 pan posdlKHMI. P
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1.5. 3Hako3MiHHI psgau

Jo 1tyx mip MU po3rigadiv pAaad 3 HeBi'€MHUMU djeHaMu. Y
[IbOMY IIYHKTI MW pO3IJIAHEMO PSSy, 9Ki MICTITh dK BiI €MHI, Tak i
JonatHi uiern. Taxi paan Ha3sWBalOThcs 3HAKO3MIHHUMU.

BuBuenHs 3HaKO3MIHHUX PSIiB PO3MOYHEMO 3 YACTUHHOI'O BUIIA]I-
Ky PLIiB, ¥V 9KUX 3HaKH IXHIX 9/IeHIB 4epryioThCa, TOOTO PsIiB, 1€ 3a
KOXKHUM JIOJATHUM UJIEHOM iijie Bijl €MHMIA, a 38 KOXKHUM Bl €MHUM —
gonarauit. Jjsg 3pydHOCTi BBajKaTUMeMO, IO TepIinil 4jleH TaKoro
paiy aonarauit. Tomi psiji, 3HAKU YJeHIB SIKOTO YepryloThesd, MOKHA
MOAATU Y BUTJIA]

pL—pat+p3—. .+ (D" p 4+ (13)

ge pr >0, k€ N.
Teopema 9 (o3Haka JIeMbOHINA). HKu0 SUKOHYIOMbCA YMOBU:
1) poy1 < pn, n € N; 2) nh_}rréopn = 0, mo pad (13) 36iecaemoca,
npuMoOMYy 1020 cyma JdodamHa 1 He NEPESUULYE NEPULO20 YAEHA PAJY.
« Po3riigHeMo 4acTUHHY CYMY Psijly 3 MapHUM YHCJIOM YJIeHiB

Son=p1—P2+p3s—pat ...+ Po-1 — P =

= (p1—p2)+ (p3—pa) + ...+ (P2n—1 — P2s)-

Vei fomaHKT B yKKax JI0JATHI, TOMY TOCTiIOBHICTD YaCTHHHUX CYM
{S2,,n € N} e 3pocraiouoro. Jlosememo, mo Bona obMerkerna. JIjs
[IHOTO TTOIAMO S9, V BUIJISI]

Son = pl—(Pz—PS)—(P4—P5)—- . -—(Pzn—z—Pzn—l)—Pzn <p, nmneN

Omxe, mocaimosrictb {S9,,n € N} spocraioda it obmexeHa, a
TOMY Mag€ CKiHUeHHY T'PaHUIl0 nh_}n(r)lo Son = 5, npuuomy S < p;.

Joeemo, 1o i MOCIOBHICTD YACTUHHUX CYM HEIapHOTO YHCIIa
YieHiB Mae Ty camy rpaswio S. Crupaii, Sz,+1 = S2n + Pontl-
[TepeiimmoBmu B 11iif PIBHOCTI /10 TPAHUIT] TIPU 12 — OO i CKOPUCTABIITUCH
JPYTOI0 YMOBOIO TEOPEMH, OJIEPKUMO

nh_g)lo Song1 = nILrEO(SZn‘I’an-I—I) = nh_g)lo 52”+n1i_>r20 Pong1 = S+0=25.
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3BiacH BUMLMBaAE, MO MOCTITOBHICTD YaCTUHHUX cyM {S,, n € N}
psy (13) 36iraerbes 1o S. Lle osnagae, mo ps (13) 36iraerses i fioro
cyma S < p1. »

Hacmimok. fxwo 3a cymy pady Jletoniua ezamu cymy o020 n
NEPUWUL YAEHIB, O NOTUOKA NPU UbOMY 3a GOCOMOMHON SEAUNUHOIO

HE NEPEGUWUMD NEPU020 3 SIOKUHYIMUL YACHIE,
Ilpukaan 9. JocaignTr Ha 361KHICTD s,

1 1 1 1
l— oo — . (=) =
SR R A

1 1 1 1
<« Maewmo p, = e Pnt+1 = Py Ockiabku p, = — > )

n €N a hm pn = lim — = 0, To 3 Teopemu 9 BHUILIEBaAE, IO P 3017K-
n—oo N

= Pn+1,

Hui. »
Ilpukaan 10. JocriapTn Ha 361KHICTL psa

1 1 1 1

— — ... et
1.92 2~32+3~42 +(=1) n(n—|—1)2+

« llepeBipuMo BukoHamHS yMoB o3HaKku JleiibHina:
1) Pn =

= n bl Na
it 1) (it )nt2? o e

1
2 1 n= lim ———— = 0.
) T P nl—>Hgon(n—|—1) 0

OT}Ke, psn 36iraeThCs. P
Terep posrigHEMO TOBIMBHWM 3HAKO3MIHHWH DA,
o0
al—l—ag—l—...—l—an—|—...:z:an7 (14)

n=1

Je YUCTIa (1, A, ..., @y, ... MOXKYTb OyTH K JIOJATHUMH, TakK i
Bi €MHUMH, TIPUYUOMY PO3MINIEHHS [JOJATHUX 1 Bil €MHHX 9JI€HIB Y
Pl JoBiTbHE.
[opsn 3 pagom (14) posrisigaTnmMemMo psifl, CKIaIeHn 3 abCoToT-
HUX BeJIMYUH YJIEHIB 33 aHOTO Psly:
o0
Jax| + Jaz] + . 4 o+ .. =) aal. (15)

n=1
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fAxuio pazn (15) 36iraerbest, To 36iraerbes 1 pazn (14). YV npomy
BUIIAIKY KaKyTh, Mo psa (14) 36iraerbes abeosroTHo. SIKINO K psij
(14) s6iraerbes, a pan (15) posbiraerbes, To pazn (14) HasuBaOTH

YMOBHO 30612KHUM.
Ilpukaan 11. JocriapTn Ha 361KHICTL P

< Posrismemo pAaAa, CK.Ha,ZLeHI/HL/'I 3 abCOIIOTHUX BEeJIHYHH

1 1 1 1 1 1
1+2—2+3—2+4—2+5—2+6—2+7—2+....

Ieit psia e 361KHUM, 10 JOBEAEHO B MpUKAamM 4. 3BIICH BAILIHBAE, MO HAII

ps 30iraeThesa abCOMIOTHO. P
Ilpukaan 12. JocriapTn Ha 361KHICTL P

111
l-—+—=——+....
V2 V3 V4
« PH,ZL 3 abCOIIOTHUX BEJUYHH
b b b
V2 V3 VAT

posbiraeThes, IK AOBEJACHO B MpHKAaml 5. Y ToH Ke dac BUXIIHHH psa 361-

+ ...

raeTbcst, 60 BUKOHYIOTHCH yMoBHu Teopemu 9. [le osragae, 110 psaz 36iraerhbes
YMOBHO. P

Cepej, 3HAKO3MIHHAX PsJiB abCOJOTHO 301KHI pdau 3aiiMaioTb
ocobsnBe mictie. lle nosicHIOETbCS TUM, 10 TAK] PAIU MalOTh BIACTH-
BOCTI CKIHUEHHUX CYM: MOXKHA [E€PeCcTaB/ISTH MIiCHAMU YJIeHU Py,
JOJaBaTH Ta BiAHIMATH X, a TAKOXK MEePeMHOXKYBATH 11l PIIIH.

YMOBHO 30iKHI psijiv TAKUX BJIacTUBOCTel He MatoTh. Hanpukiai,
JIOBEJIEHO, 1110, TIePpeCTaBISI0OUN YWIeHH YMOBHO 3012KHOI0 PAILY, MOKHA
OfIepyKATH PSill, CYMa KOO JOpIBHIOBATHME OYIb-SKOMY 3aJIaHOMY
qncyy (Teopema Pimana).
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2. OyHKIIOHAJIbHI Paau

2.1. IlousaTTst mpo (pyHKMIOHAIbHUI psana. ObyacTb
3012kHOCT] PYHKIIOHAJIBHOTO Psiay

TyT Mu po3ryigiaTuMeMo psijiv, YjIeHaMU SKUX € (PYHKIIl, BU3HA-
YeHi Ha MPOMiKKY X YHCJIOBOT oci:

ur(@) + ug (@) + .t ua(@) + =D ua(a), (16)

K1 HasHBaOThCs (PYHKI[IOHAJILHUMU.
Bisbmemo JoBisibHe g € X 1 pO3TJIAHEMO PST

uy(20) + uz (o) + - up (o) + ... = Y _un(wo).  (17)

Heit ancnosuit psg Moxke 30iratucsa abo posdirarucs. fAximmo Bin
36iraeThest, TO TOUKA g HA3UBAETHCT TOYKOI 301KHOCTI (DYHKITIO-
HasibHOTO ey (16). fxmo x psan (17) posbiraerbesi, To TOUKa Zg
Ha3WBAETHCS TOYKOK PO36IZKHOCTI PYHKITIOHATBHOTO paty. CyKyTi-
HicTh Xy ycix TouoK 30iKHOCTI (PYHKIIOHAJIBHOIO Py Ha3UBAETbCS
obJsiactio fioro 36ixkHOocTl. OueBnnno, mo X; C X.

YacrunHa cyma pyHKIIOHAIBHOTO Py, TOOTO CyMa, [epIux Horo
N YJIeHiB

Sp(x) = ug () + ug(z) + ...+ up ()

€ (pYHKINEIO 3MIHHOT 2.

3 o3HadenHs obJiacTi 301:KHOCTI (DYHKIIOHATBHOTO Py BUILIH-
Bag, MO /IS JOBIJIbHOI TOYKKM # IIi€l 00/acTi iCHYy€ TpaHHIlsS MTOCTi-
joBHOCTI wacTuHHUX cyM {S,(z),n € N} npu n — oo. ¥V Toukax,
sKi He HaJleskaTh 00/1acTi 30i2KHOCTI, MOCHIIOBHICTh YaCTUHHUAX CYM
{S.(z),n € N} He mae rpanui. 3po3ymiso, mo cymoi S GyHKIHo-
HaJILHOTO psdy € pYHKINS 3MIHHOI &, Ka BU3Ha9eHa B 00J1acTi 30ikK-
HOCTI psity. Y LbOMY BUIQJAKY TUIIYTh

S(z)=ui(z)+uz(z)+...+up(z)+..., z€X.
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Ilpukian 1. 3naiiTe obracTh 361xKHOCT] pALy
sinz+sinz+ ... +sin"x+... .

« OueBugno, mo s Oyap-saKUX 2 Takux, o |sinz| < 1, sajgamuii
. wk
psz 36iraerhest, 60 me reomerpuunuil paa 3 |¢| < 1. Tpu ¢ = i?’ ke

{1,3,5,...} pax posbiraerbest. OTxe, obaacTio 36i1KHOCTI IBOTO Ay € & €

k
R\{i%},ke{1,3,5,...}. >
2.2. CremneHeBl paan

2.2.1. CreneHeBuili pan i foro obiacth 36ikHOcTi. Pan
BUTTIAILY

o0
2 n n
otz +.. . Feuz —|—...:E Cp (18)
n=0
Ha3UBAETHCH CTEIIeHEeBUM.
Yucna cg, €1, ... Cp, ... HA3UBAIOTbCA KoedlIlleHTaMH cTerre-

HEBOT'O pAdy.

3’gacyeMo, KU BUTTIAN Mae 00J1acTb 30i2KHOCTI CTElleHeBOro psi-
ay (18). PosrisiHeMo 3HAKOIOMATHUI PeIJl, CKIAIEHHI 3 aDCOTIOTHUX
BEJTUIWH UJIeHIB 1IHOTO PsITy

lco| + lerz| + Jeaz?| + .o+ |ena™ + . .. (19)

i 3acTocyemo Ajid fioro mociimKeHHsT Ha 301KHICTH o3Haky lamam-
Hepa. JIjig 1poro 3HaiiieMo IpaHUITIO BiIHOIIEHH HACTYIHOI'O YjeHa
Uny1 = |Cpp12™ T 10 monepennboro a, = |¢,x"| mpu n — oo

lim 274 — fim M = i M = |a| 1 |t
n—oo  a, N—00 |Cnxn| n—y00 |Cn||$n| firg |Cn|
|t

[Tpunyctumo, 1Mo icHye TpaHUIlsS 1i_>m o] # 0. Ioznaumnmo 17
n o0
n

An41

1 1 1
aepes o, TOOTO nh_)r{)lo % =5 Toni nh_g)lo = |96|E
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x
3 osnaku /lasambepa BUIIIMBAE, 1110 KOJIU % < 1, Tobro |z| < R,

To ps (19) 36iraerbesi, a orike, 36iraeTbes i ps (18), mputiomy ab-
An41

coorro. SIkmo x lim = |z|= > 1, To psaz (19) posbiraeTbes.
n—00 R

n
OcKlJIbKI B ObOMY BUIIQJAKY [1JId BCIX JOCTaTHBO BEJIMKHUX 7Tt HJIeHN

psty (19) 3pocratorh, TO 3arajbHU WileH a, = |c,2"| He npsaMye 10

Hyss ipr n — 00. OTzKe, He MPSIMY€E JI0 HYJIs | 3arajbHUi YjieH ps-

ay (18). Tomy st BCix 3HateHb @, AKi 3a/0BOJIbHSAIOTH HEPIBHICTH
|z| > R, cremenesmnit psz (18) posbdiraernes.

Axmo, vapemTi, lim Int1 _ m

n—oo R

osnaky /lamambepa He MoKHa 3acrocyBarn i fK psan (19), Tak i ps

(18), mozke 36iraTucs abo posbirarucs.

Orke, B npunyinenti, mo lim M
n—oo |cy,]

= 1, Tobro |z| = R, 10 TOmi

icHye i He JOpiBHIOE HYJIO,
JI0BefIeHa TaKa Teopema.
Teopema 1. Obaacmio 3614cHOCTIE CMENEHEB020 PAJY

coterx e+ . dea ...

e mmepsaa (—R; R), do axoeo, 6 3anexncrocmi 610 KOHKPEMHUT 6U-
nadxie, mpeba doaywumu kpating mowku —R 1 R. Y xoorcHiti mouur
inmepsany (—R; R) pad sbieaemuvea abcosrommo.

IntepBan (—R; R) nasuBaeThcs iHTepBaJioM 3013KHOCTI Crere-
HEBOTO Py, a 4uncio R — pagiycoMm 361KHOCTI.

Ouesniro, mo Oynb-siknil creneHesuii psiz (18) 3biraerbest mpn
x = 0, ockinbku mpu ¢ = 0 MaeMo YNCJIOBUM psm g+ 04+ 04+ ...+
0+ .... dkimo iHmIUX TOUOK 36i12KHOCTI HEMagE, TO V 1bOMY BHUIIAJIKY
BBazKaTUMeMO, 1110 pafiyce 36izkuocti R = 0. dkmo crenenesuit psan
30Ira€ThCd ¥ BCIX TOUKaX YMCI0BOI OCi, TO BBasKaTUMEMO, IO paiyc
36izkHOCTI R = 00.

3 BHKJ/IaJIEHOTO BHINE BUILIMBAE, MO pajiyc 30ikHOCTI K MOXKHaA
3HAUTH 33 POPMYIOIO

R= lim 1l

n—00 |Cn-|—1| )
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Ilpukian 2. 3naiiTr obracTh 3617KHOCTI paALy
n

ST LT Ty
2 3 n
1
« 3maiimeMo pagziyc 361KHOCTI 3amaHoro psgy R = lim % =
n—od
n+1
.on+1 . . . .
lim = 1. 3pigcn BumMBae, Mo iHTepBanoM 36i:kHOCTI € (—1;1).
n—o00 n
Hocmiaumo 3agamuil psaa Ha 301KHICTL ¥ Toukax ¢ = —1 1 x = 1.
IIpu & = 1 MaeMo TrapMOHITHHH P
1+ ! + = + ...+ ! +
Tyt ot
sKuii posbiraeThbest (mpukaaz 3, migposaia 1.1 mporo posmiay).
Axio x® @ = —1, To 0IepKUMO psiJL
1 1 1
—“1+-—c4 .. +(1)"=+...
+ 273 +...4+(1-) - +...,

struii 36iraetbed (npukaan 9, miaposain 1.5 nboro posminy).

Orike, obsacts 36ikHOCTI paay [—1;1).
Ilpukiaan 3. 3naiiTe obracTh 36ixKHOCT] paALy
2 n

r =z
1-|——+——|—...—|——'—|—....
n!

1 2t
« Ocklabku
1
o 1H! ! 1
R= lim _nl lim M: lim w:
n—00 1 n—00 n' n—o0 n'
(n+ 1)!

= nlgrgo(n—i— 1) = oo,

TO Hall psifi 36iraerbest Ha (—o0; +00). B
2.2.2. BuiactuBocTi creneHeBux paniB. Posrsremo ps (18),

o 36iraeThes Ha iHTepBasi (—R; R), me R — #ioro pagiyc 36iKHOCTI.
Toni xkoHOMY #¢ € (—R; R) Bimnosimae cyma f(zg) umciioBoro psy

2 n
Co+ C1To+ 225+ ...+ g + ..
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3BiJcH BUILIMBaE, IO CyMa CTeleHeBOro pany € (pyHKIE T Ha
npomixKy (—R; R):

f)=co+eawtca®+.. . Fea™ ... (20)

Y oMYy BHIAJKY KayKyTh, IO CTeleHeBUil psiji 30iraeThest 10
dynkmii f #a mpoMixkky (—R; R) abo, mo dyHKIS f PO3KIATIAETHCs
B creneHesuil psas Ha (—R; R).

oseneno [10], mo cyma f cremenesoro psiy (18) e HemepepBHOIO
i audpepentiiiopHo0 (PYHKINEO Ha BChOMY IHTepBaJi 3012KHOCTI.

HapeieMo 6e3 j1oBejieHHs JIesiKi TeopeMH TIpO BJIACTHBOCTI crere-
HEBUX PAIIiB.

Teopema 2 (mpo nmousieHHe audepeHIiIOBaHH CTEIIEHEBO-
ro pany). Hexat gynxuia f poskaadaemuvca na iwmepsari (—R; R)
6 cmenenesuill pad (20). Poseaanemo cmenenesutl pao

cl—l—QCgac—l—...—I—nCnQC”_l—|—...7 (21)

odeporcanuti nousennum ougepernyirosanmnam pady (20). Tooi:

1) pad (21) mae moti camuil padiyc 3biocnocmi R, wo @ pad (20);

2) cyma pady (21) dopiswoe f'(x), x € (—R; R).

3aCTOCOBYI0YM TeOpeMy 2 MOBTOPHO, JiCTaHeMO, IO Apyra MoXiji-
Ha f"(2) Takox icHye | JOPIBHIOE CyMi PSITY, 0/IePIKAHOTO JBOKPATHUM
sndepennioBanHaM psy (20). AraorivuHi BUCHOBKHM MOYKHA 3pO0H-
TH JJIS TPeThol ToXi HoT i T.1I.

Otxe, dyHkuig f, gka po3KIagaeTbes B creneHesuil ps (20)
Ha iHTepBasi (—R; R), HeckindeHHO audepeHIiioBHa Ha IHOMY iH-
TepBaJi. Po3kiag B cTenieHeBHi P, JTOBIJIBHOT TTOXITHOT OePKYETh-
e nowteHHUM rdbepentifoBanaam psay (20). Ilpu mpomy pamiyen
3012KHOCT] BIAIOBIIHUX PSIiB JOPIBHIOIOTH PadiyCcy 301:KHOCTI PsILy
(20).

Teopema 3 (Ipo mousieHHE IHTErPYBaHHS CTEIIEHEBOTO Psi-
ay). Hrxwo dynruia [ poskaadaemves 6 cmenenesutl pad na inmep-
saal (—R; R), mo eona inmezposna na yvomy immepsani. lpu yvomy
mmezpan 610 cymu pady JopieHIoe CYMI IHME2PAALE 610 YACHIE PAJY.

THmmMu ciioBaMu, Ko [21; 23] C (—R; R), To
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T2

T2
/f($)d$:/(Co—|—61$—|—62$2—|—...—|—6n$n—|—...)d$:

1 1
T2 T2 2 T2
:/Codx—l—/clxdx+/02$2dx+...+/cnwndac—l—... .
1 T z1 1

BakjmBuM € iHTerpyBaHHs CTelleHeBOTO psIy Mo Biapisky [0; z],
ne |z] < R:

1z eqad cpantl

t)dt =
/f() cor +——+ T —|'n_|_1
0

Lleit psim Mae Toit camuii pajiyc 36izkHoCTI, mo # pa (20).
3ayBazKUMO, 110 YaCTO PO3IJIAIAIOTH CTelleHeBUil Pl 3arajibHOro
BULJIATY

co—l—cl(w—xo)—I—CQ(x—x0)2+...+cn(9€—x0)”+...:
= cale —z0)", (22)
n=0

KU 3aMIHOI0 & — T = Y 3BOAMThes 10 paay (18).
fAxmo dynkuia f e cymomo paay (22), To KaxKyTh, MO BOHA PO3-
KJIQIAE€ThCs B PSAJL 3a CTeleHsaAMU (& — o).

2.3. Poskaan pyHKIIT y cTerieHeBUil psif

st 3acTOCyBaHHS BayKJIMBUM € BMIHHS pO3KJjagaTh (PYHKINO f
y CTelleHeBHil psifl Ha BiAPI3Ky [—r; r]| abo intepsasi (—r;r), ge r > 0.

[Ipu mpomy Tpeba JaTH BIAIOBIAL Ha TaKi JABa 3aIllUTAHHSI:

1) um MoOKHa 3ajaHy (DYHKI[O MOJATH Ha BCHOMY BIIPI3KY ¥
BUIJISIl CYMH ITIEBHOTO CTEIIEHEBOr0 Psay’

2) SIKIO TaK, TO K 3HaWTH 1eit psii!

CrogaTKy JaMo BIAMOBIAL Ha Ipyre 3amuTandsg. [lpumycrumo, mo
dyukiis f #a BiApisky [—r;r] po3kiaeHa B cTereHeBUil psii

f)=co+eawtca®+.. . Fea™ ... (23)
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SuailineMo KoeIlieHTH g, €1, - .., Cpy « .. IBOTO PSIY.

3 morepeHbOro MyHKTY BiJIOMO, IO CTereHeBHil psf (23) MOK-
Ha [MOYIEHHO Au(pepeHIiioBaTH J0BLIbHY KiMbKICTh pa3iB Ha BIAPI3KY
[—r;r]. Tomy mns 6ynp-sikoro @ € (—r;r) MaeMo

f’(x) :01—|—20296—|—303362—|—404963—|—...7
f”(x):2-1-02—|—3-2-03x—l—4-3-04x2—|—...,
fO@)=3-2-1-c344-3-2-chz+...,

@)y =n-n-1-...-3-2-1-¢,+..., neN

IloksaBmu B WX PIBHOCTSX, a TaKoxkK y poskiadi (23) z = 0,
aicranemo f(0) = cg, f/(0) = c1, f7(0) =2-1-¢y, fP(0) =3-2-1-¢3,
W SO =n(n—1)-...-3-2-1-¢,, n € N. 3Bpigcu omepKyemo
bopmymy
F0)

Cp = I
n.

, neN.

IlincraBuBimu 3Haiineni koedirienTn B (23), MaTHMEMO

f(gf):f(o)—l-@x—l- fl;(!o)x2+...+wx”+... . (24)

PiBnicTts (24) nasuBaerhcs pamoM Maksopena abo psagom
Teisiopa 3 1ieHTpoM y Toutl 2y = 0 ama pyukiii f.
Omorce, axwo dynxuia [ posxaadaemovcs 6 cmenenesuts pad y

dearxomy oxoar mowku xg = 0, mo uetl pad e padom Maxaopena.
Hexait f — moBinbHa HecKiHueHHO audcpepenIiiiioBHa (pyuKIig. s
Hel MOXKHa CKJlacTu psj, Makiopena
) S0 0
f(O)—I—Tx—I—Tw + ...+ py x
3’dcyeMo, 3a 9KUX YMOB CyMa IbOr'o Psiily 30iraerbes 3 PyHKIE
f. s mporo posrasiHemo cdhopmyny Makmnopena ayst pynkmnil f(z):
f) - f0) F(0)

f(w):f(o)‘FT?C‘FT?CZ—I-----I-T "+ Roya(2),

394

+.... (25)



e 3aJUINKOBUN 4JieH

f(n+1)(c) 1
R )= L ——~Zpnt —2<c<0 abo 0<e< .
n-l—l( ) (n + 1)' ;
fxmo nosHaunT Uepes S, (z) n-HY JYaCTHHHY cyMy psiay Makio-
pena (25), To dpopmyny MakmopeHa MOKHA TTOJATH ¥ BUTVISAI]

f2) = Sn(2) + Bnga (@)

3Bijcy BUMIIMBaE, M0 PiBHICTH (24) MpaBHiIbHA TO] i TIMBKY TOS],

ko lim S, (z) = f(z), ro6ro lim R,4q(z) = lim (f(z)—9,(z)) =
n—oo n—00 n—oo

0,z € (—r;r).

Y Gararbox BUMAJIKaX 3PYUHO KOPUCTYBATUCH TEOPEMOIO, SKa, J1a€
JOCTaTHI YMOBH pO3KJaay byHKINH B pag MakmopeHa.

Teopema 4. Hexaii dynxuia [ eusnauvena 1 neckinvenno dugbe-
penyiiiosna wa mmepsaal (—r;r). Axwo icnye cmaasa M maxa, wo

|f(n)($)|§M7 nEZ+,xE(—r;r),

mo Ha ubomy inmepseanst pad Maxasopena s6ieaemoea do dynxuii f.

Poarnigaemo poskiiaf jiesikux ejeMeHTapHux hyHKINH v psg Ma-
KJIOpeHa.

1. Posksan y crenenesmii psan GyHkmil f(z) = e”.

« Ockimbru ) (z) = (%)) = €%, n € Zy, 1o | fWz)| = e* < e
Ha jioBisbHOMY iHTepBaJi (—r;r) C R. 3rigHo 3 Teopemoro 4 (byHKIIis
e’ € cyMoio cBoro psiay Makiopena npu @ € (—r;r), a OTKe, s
Oyb-gKoro jloBisibHOTO & € R, 60 r — moBisnbHe. Maemo, 1110 f(”)(O) =
e =1, n € Zy, Tomy pan Maknopena niist GyHKIGT f(7) = e® Mae
BUIJISA i I o

e :1+ﬂ+§+”'+ﬁ+"" reR. » (26)

2. Poskaan y pan Maksopena ¢yskuifi f(z) = sina 1

f(z) = cosa.

« Ockimbku (sin )™ = sin (w—l—ng), n € Zy, 1o |f0)(z)] =

. T . .
‘sm (9@ + n§) ‘ <1,z € (=r;r), ne r — noBiIbHe mificae uncio. OTiKe,
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BUKOHYIOTbCH YMOBHU TeopeMu 4, a 1ie 03Ha4ae, Mo jjis OYib-dKOro &
dynukmisg f(z) = sin 2 € cymoio cBoro psiny Makiopena.
Ilpu z = 0 maemo, mo f(0) =sin0 =0, f/(0) =cos0 =1, f’(0) =

—sin0 = 0, ..., To6rTO BCi MOXijHI TAPHOTO MOPSIKY JIOPIBHIOIOTH
HyJI10, a HemapHoro — (—1)", n € Z,..
3Bigcn BunsmBae, mo psjg Makmopena gysg f(xz) = sinz mae
BUIJISA R 2t
sine=20— —4+——...+(-1)'——+..., zeR.
T I e A e TR
Psan gng f(x) = cosz 0ep:KyeTbes 3 [BOTO Py MOYIEHHHM
JuchepeH i ioBaHHAM:
3\ 5/ 2nt1 N/
.y , [ x n T
cosz = (sinz) = () —| = — ) —... -
ey = =) +(5) =+ (0 ) +
6
aocosw—l $—2+x—4 —I—(l)”xzn—l— zeR. »
N 20 0 40 (2n)! ’

3. Poskaan dyukniit f(z) =In(l+2z) 1 f(z) = arctgz.
« Posrnsgaemo reoMeTputHMIT ps

14+ +2°+.. . +a"+...

Binomo (npukian 2, migposain 1.1 nporo po3miy), mo npu |z| < 1
1

. O1xke,

3aJaHUi psa 30iraeTbed i ioro cyma IOpiBHIOE T

1
m:1+x+x2+x3+...+x”+..., le] <1,  (27)

To6TO (27) € poskiajgom Gyl f(z) = N B CTeIleHeBUil Pl IIpK
-

|z| < 1. Bpobumo B (27) 3aMiny 3minHOl & = —{:
L:l—t+t2—t3+ + (=1)"" + (28)
T cee
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Ilpoirrerpysasmmu (28) y mexxax Bim 0 g0 z, |z| < 1, micranemo

i f
/_:/(1—t+t2—t3+...+(—1)”t”+..-)dt
0

xr

1 t? t3 tn-l—l
1+ =1(t——=+——... -1)"
nkl = (- G4 - 0 )

0

3Bigcn omepyemo poskian GyHkIi f(z) = In(1 + &) y crenene-
BUll paj

22 23 2

In(1 =z——=+—— ...+ (=) 1. (29
n(+0) == T4 Tt (Db el <L (29)

MozkHa moBecTn, mo po3kJaf (29) npasusibauii i npu @ = 1.
Buaifimemo Ternep poskaan by f(z) = arctga. g mporo
miicTaBUMoO B piBHicTh (27) @ = —t? i npoinTerpyemo mo ¢ Bix 0 j10 .

Toni MmaTnMeMo PO3KJIaT,
23 5 227+

tgr=2——+——...+(-1)" 30
arctga = x 3—|-5 + ( )Qn—|—1+ ) (30)

axuil npasusbauil pu |x| < 1. OdeBumHo, MO ofepzKanuii psm 36i-
raeThes i B ToUKax & = —1 i = 1 i Tomy piBHicTh (30) € IPaBUIHHOO
1 aadg uux . p

4. Poskaazn dyskuii f(z) = (1+ 2)“.

« Hexait f(z) = (14 2)?, ne o — goBinbae gificae umco. Tomi
maemo f'(z) = a(l+2)*7Y, f"(z) = a(a — 1)(1 4 2)272, fO)(z) =
ale—1)(a=2)14+2)22, ..., fO(z)=ala—1)...(a =n+1)(1+

z)*~" ... llokmasmu z = 0 B yci i dopmynu, ogep:xkumo f(0) = 1,
F10)=a, f(0) = a(a—1), fO0) = ala—1)(a=2), ..., f(I(0) =
ala—1)...(a=n+1)... lligcTaBuBmm BUPa3W [T TOXITHUX B s

Maksopena (24), mictanemo

1 —1)(a—2
(1+x)a:1—|—%x—l—%x2—l—a(a 3)!(04 )x3+...+
~1)...(a—n+1
+a(a ) '(a nt )x”—l—... (31)
n.

397



Jlerko nepexonarucd, 1o pajiyc 36izKHOCTI BOTO Psijly JAOPiBHIOE
ommHuUI, To0TO peijt (31) 36iraerbes npu |x| < 1, i piBHicTs (31) mpu-
BWJIbHA JJIS 1UX Z.

J1st HaTypasibHUX @ = m mpaBa JacTHHA piBHOCTI (31) meperBo-
PIOETHCS B MHOTO'IEH, a caMa PiBHICTH — y opmymay biHoma HbioTo-
Ha: m(m—1) ,
—z

2!

IIpuksan 4. Posknactu B cTeneHeBuil psaj yukiio f(z) = e,

<« CkopucTaeMocsi pO3KJIaJIOM y cTemeHeBril pax dyukmii f(t) = e':

(1—|—x)m:1—|—%x—|— +...4+2" »

(1 t 2 " feR

Bamimforoun B it dopMydi t Ha —z?, gicTaeMo

Ilpukaan 5. O6uucaurn Habauzkeno 3 Tounicrio o 0,0001:

1
1 —r
0
1

< 1) Jdns obuncienns -2

3
= e~ 5 samumiemMo psaj (26) mpu x = —=

\5/53

sTKe HAJEKNTE 00JaacTi 361KHOCTI (—00; +00):

—1_§+i_£+ +ﬂ
B 5 22l 331 T 57n!
=1-0,640,18—-0,036 40,0054 — 0,000648 + 0,0000648 — ... .

BsaBmm mepiri miicTh WIeHIB po3KJAaLy Ha MACTaBl HACALAKY 3 O3HAKH

(&

wjw

4+ ... =

JIelibHITA, MU OepKUMO MOXUOKY, KA MEHIIA BiJ MEPINOTO 3 BIAKWHYTHX

wienis, 10610 |R7| < 0,0000648 < 0,0001.
~1—0,640,18—0,036+0,0054—0,000648 = 0, 548752 ~°

Orxe,

0,5488.

563

1

2) Turerpan /\/Ee_xdx He ODYMCIAIOETHCH TOTHO, 4 TOMY OOYHCINMO

0
oro HabJJIUKEHO.
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BamiHuBIIE & HA —% B poskaasl (26), omep:kuMO
2 n N
x -1z

n!
IMomuoOKUMO Tell psiy Ha /T

_ 1
VEze " =g3e™" + ...
n!
i mpoinTerpyemo B iHrepBasi (0;1), kWi HaJeKUTH iHTepBasy 36ixKHOCTI
psiny (—oo;00). Toai MmaTuMemo

1 1 1 1

1) gntt
/\/Ee_xdx:/xl/zdx—/x?’/zdx—l—...—l—/( )
0 0 0 0

o
n!
2 gl 2 ol (—1) an+2 |
:gx?’/z —gx"’/z +..+ s——| +...=
0 0 n -+ 5 o
2 2 (=™ -2
= ——-4 ...+ ———+...=0,66667— 0,40000 + 0, 14286—

3 5+ +(2n—|—3)n!+ ’ ’ +9
—0,03704 4 0,00758 — 0,00128 4+ 0,00018 — ... &~ 0,37897 ~ 0, 3790.
Ominka TOXuOKH OOYHMCIEHHST TPOBOAUTHLCA AHAJOTIUHO SAK 1y BHIAI-

Ky 1) mporo mpukaagy. »
B CTeIEeHEBUR ps,.

Ilpukaazn 6. O6uncantu In 1, 6, B3saBmn Tpyu WieHn po3Kaany dyHKII

<« Cropucraemocsi poskiagoM (29):

22 g3 g 2t
In(1 =r— —+ —— —+4+ ...+ (1"
n(l+z)== st3 -t —|—()n+1—|— ,
Je © = 0,6 € (—1; 1], obMeKUBIIHCE TPHOMA UIeHAME PsLy. Maemo
0,62 0,63
In1,6 0,6 ——+——=20,6
n’ bl 2 + 3 bl

(1—0,340,12) =0, 492.

Iloxubka, IKy MH IpH IIEOMY POOHMO, OIIHIOETHCS TaK:

0,601 0,1296
|R4|<( 4) =

= 0,0324.
4 ' >

399



Buopasu

1. BHaI/ITI/I CyMY p4any:
0 1 i 1
(n )(n—i—l)’ n:l 3n—2)(3n—|—1)
> 1 =1
Z:: 2n — 1)( 2n+5)’ 4)2(271—1)(271—1—1 Z '
2.

OC.J'H,ZLI/ITI/I Ha 361}KH1CTI) pAaAa, SaCTocyBaBH_H/I O3Ha. OplBHHHHHZ

n+1 n
1+n2) Z:: n(n+2)’ Z_:\/
1

M

n=1

Jﬁ

IIM

4)2_:1%71—_1_2; 5)2_:1371_

3. 3a osmaxkoio Jlamambepa gocaiguTtu Ha 301KHICTE P

11 1 2 2.3 (n+1)!
1 42 i AL
)3'+5+ Tt Vataat ot
=, nl n 1 5 9 dn — 3
3 — 4 o) —+ + +..+ +
)nzz:llon );371 )\/§ V2-32  /3.33 Vn - 3n
[ee] nn [ee] 3Tl
6 - 7 S —
1250 D L

4. HocmanTu Ha 3017KHICTh 3HAKO3MIHHHH PsI:

1 1
Dl—c+. (=) ——
Jlmgt A ()" e

1 9 3 1
1 _ (=1t
Vot eE ettt

1
3) 1,1—1,01+ 1,001 —1,0001 + ...+ (—1)"~" <1+—)+...;

107

1 1 1 o1 1

4)1—2—2+3—2—4—2+...+(—1) PR
> (=1)" sin T i (—=1)*(2n—1)

5 Y 6 —_
X 9L &

1 1 1
Nl—-—+—+...(-1)'—+
) V3 V5 ( )\/Qn—l

5. 3ualitu 0bsacTh 301KHOCT] CTEMTEHEBOTO PSY:
1 1
1) (x—2)+2 (x —2)* —1—3—2(90—2)3—1—...;
2) Nz —5) + 21z —5)2 +31(x = 5)° + .. ;
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r  z? z" = (x+1)
3)ﬁ+§+...+m+..., Z\/Q—n ;7713” .
6. PoskyacTy B cTeNeHeBWH psJl 3a CTENEHAMHE ¥ (PYHKIIO:
1) fl) =3%, 2 € R; 2) f(z) = cos’x, x € I},
-1
3) flx) = ¢ - ,x € R, 4) f(z) =xln(l + 2?), z € (=1;1);
5) f(x) = sing, reR.

7. Obuncaurn Habamxkeno 3 Tounictio g0 0,0001:
1

1) In1,1; 2) sin 0, 4; 3) /cos Vede.

0

Bignosiai
3 1 23 1
1.1) —;  2) = —:  4) = 1.
) 4’ ) 3’ 3) 90’ ) 2’ 5)

2. 1) sbiraerbest; 2) posbiraeTbes; 3) 36iraerbes; 4) posbiraerses; 5) pos-

biraerThbes.

3. 1) s6iraerhes; 2) sbiraerbes; 3) posbiraetbest; 4) sbiraerbes; ) 36i-
raerbest; 6) posbiraerbest; 7) posbiraeTbes.

4. 1) 36iraeThcst yMOBHO; 2) 36iraeThcs yMOBHO; 3) posbiraeTbest; 4) 36i-
raerbes abcooTHO; 5) 3biraeThest abcomoTHO; 6) 36iraeThest abCOTIOTHO;

DI 2 Gh 9B 9 (—@?); 5) [4:2).

2?2In?3  23n®3

7) 36iraeThcs YMOBHO.

6.1) 1+zIn3+ 51 + a0 4+ ...,z €R;
291 2 2 23 4 § 6 R
) — 5" —1—51‘—51‘ + ..,z €eR;
00 l‘n_l 00 ( 1)n—1x2n+1
3 R, 4
)n—l n! e )TLZ::I n ’

—_3

:1
7.1) 0,0953; 2) 0,3894; 3) 0,7635.
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JndepennianabHi piBHIHHSI

1. OcHOBHI NOHATTA Hpo AudepeHIraabHi
piBHSIHHS

[Ipu posp’sa3yBanfi 6ararbox MpUKJIAIHAX 33129 | BUBIEHH] 3aKO0-
HOMIipHOCTe CYCHIJbHUX TIPOIIECiB OJepKYIOTh MaTeMaTUIHI MOoJIeJTl,
B OCHOBI 9KHX JexKaThb audpepeHiriaibhi piBHgaHHsS. JudepeHiain-
HUM Ha3UBAaEThCH PIBHAHHS, siKe 3B S3y€ He3aJeKHy 3MiHHY ab0 3MiH-
Hi, IIyKaHy pYHKINIO Ta HOXiTHI pi3HUX MOpAIKiB Bim mmiel pyHKIII.
[Tpu 11poMy PIBHSAHHS MOXKe He MIiCTUTH B IBHOMY BUTVISI] HE3aJIeKHY
3MiHHY (3MiHHI) i mykaHy YHKII0, ajle 060B’A3K0BO TIOBUHHO MiCTH-
TH OIHY abo IeKijbKa MOXITHUX MIYKaHOI pyHKIII.

Axmo mykaHa PYHKINS 3a/1eKUTh Bia oaHiel 3MiHHOI, TO Inde-
peHIiaJbHe PIBHSIHHA Ha3MBAEThCS 3BUYAMHUM, AKIIO K BiI JeKiib-
KOX — TO PIBHAHHAM 3 YacCTUHHUMMU TOXimHUMU. Mu posrisia-
THMEMO TYT TLAbKM 3BUYaliHi audpepeHIiiaabHl piBHIHHSA.

VY BarajbHOMY BUITAJIKY Jiudpeperiiajibie PIBHIHHA MOXKHA 3allv-
CaTH Y BUTVISI]

F($7y7y/7"'7y(n)) :07 (1)
ge F — Bimoma dyHKIig Bim n + 2 sminaux, n € N, npu mnpoMmy mo-
PSIOK 7 cTapInol TOXiTHOI, SiKa BXoANTh y (1), Ha3uBaeThCs MOPAL-
KoM audepenIianbioro pipnannsa. Hanpuknan, pisaauns y' = 3z2,
y'—/y = 0 — mepmoro nopsiaky; pisusuus y”+w?y = 0, y"—2? =y -
npyroro nopsanky; pisasaas ¥4 4y In 2 = 2 — YeTBepTOrO MOPAIKY.

Posp’askoMm gudepeniianbiHoro piBHsHHsA (1) HazHBaeThes
dynkuig y = ¢(x), 9xka BU3HaUYeHa | HelepepBHA Pa3oM 31 CBOIMHI
MOXITHUMHU 10 TOPSAKY PiBHSHHA Ha MpoMikKy X i Taka, IO TIpH

Fz,o(z),¢'(2),...,o™ () =0, z€X.

Sajlava Mpo 3HAXOKEHHS PO3B 43Ky AuepeHIfaibHOro piBHSH-
He Ha3WBAETHCA 3aadel0 IHTerpyBaHHA 337 JaHOTO T epeHTTiaTb-
Horo piBHgHHA. ['padik po3B’a3Ky audepeHIiaJbHOrO PiBHSIHHS Ha-
3UBAETHCS ITHTErPAIIHBHOIO KPUBOIO.
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Ipuknazn 1. Posp’ssaru pisaamas y = x2.

« Posp’a3aru piBHSHHS o3HaTae, M0 Tpeba 3HAUTH PYHKINIO Y, TOXITHA

axoi gopipuioe x2. 3 IHTerpaIbHOTO THCICHHS BiIOMO, IO TaKOl (hYHKITIE0

1‘3

ey:?—l—C,;LeCER >

3 1BOro MPUKJIAILY BUIHO, 10 PO3B 430K PIBHAHHH BU3HAYAETH-
¢ HEeOIHO3HAUHO, TOOTO judepeniiajibHe PIBHAHHS BU3HAYAE CiM 10
iHTerpaJbHUX JIiHI Ha I1wlomuHl. /[lad BUIi/IeHHS KOHKPETHOTO
po3B’a3Ky Tpeba 33a0aT JAOJATKOBY YMOBY. B 1IbOMY BMITAJIKY TAKOIO
yMoBOI0 € ¥y(2g) = yo abo yMOBa TOrO, MO iHTErpaJbHa JIiHisg Mpo-
XOJWUTD “epe3 3aaHy TOUKY (Zo;Yo).

BarasibHUM pO3B’A3KOM ndepeHIiaabHoro pisasHHSA (1) n-ro
MOPSIIKY Ha3UBAETbCH BUPa3

y:@($7017"'70n)7 (2)

skuil € dpyHKIieo 3mMiHHOT & 1 1 goButbHUX cramux Cq, Cy, ..., C,
i Takwil, mo mpy BimmoBigHOMY BHOOpPI IMX CTAIHX 3 (2) OmepKye-
MO Oy/Ib-gKHii po3B’s130K piBHSAHHA (1), AKHiI HAJEKNUTH 10 MEBHOTO
KJ1acy.

YHactuHHUM PO3B’A3KOM AuDepPeHIlajibHOr0 PIBHSHHS HA3M-
BAE€TbCs PO3B 30K, AKUIl O/IEPIKYETHCS i3 3arajibHOIO PO3B 43Ky IIPH
KOHKPETHUX YUCJIOBUX 3HadeHHsX crauux Ch, Cy, ..., C.

Y HacTYMHUX MyHKTaX MW YTOUHMMO TIOHSTTS 3arajbHOTO i da-
CTUHHOT'O PO3B’S3KiB qupepeHIliaibHOIO PIBHAHHS, a TaKOXK HaBee-
MO NIPUKJIAIU MaTeMaTUIHUX MOjlesieil TesdKuX sBUII, 9Ki OMUCYIOTbCs
audpepeHIliaJbHIMU PiBHAHHIMU.
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2. /IndepeniiiajabHl piBHIHHS II€PIIIOrO
MMOPAJIKY

HdudepeHifiagibie pIiBHAHHS NEPIIOTO TMOPSAAKY 3B'3y€
He3aJeKHY 3MIiHHY, HyKaHy yHKIN0 Ta 11 mepmy moxizny. B 3a-
raJibHOMY BHUIIJIKy HOr0 MOYKHa 3allUCaTH y BUIJISI]

F($7 yvy/) =0, (3)

Oe T — HesaJleXKHa 3MiHHa, y — IIyKaHa ¢pyHKUig, y — I noxigHa, a
P — Bigoma pyHKIIiST CBOIX apryMeHTIB.

PiBuanus (3) Moyke He MICTUTH B $IBHOMY BHIVIAAL Z 1 ¥y, aje
00608B’g3K0B0 MicTuTh y'. Po3p’s3yroun piBHaHHS (3), SKINO 1€ MOZK-
JIMBO, BimHocHO ¥y’ micTaHeMmo

y = [flz,y). (4)

PiBusanus (4) HasWBaeTbcs PIBHAHHSAM II€PIIOrO MOPAIKY,
PO3B’A3aHUM BIJHOCHO IIOXiZAHOLI.

Posp’askom nudpepeHIlialbHOTO pIBHAHHS IIepLIOro MoOpaaKy Ha-
3UBa€ThCs PYHKINA Yy = (), fKa HellepepBHA Pa30M i3 CBOEIO MMOXiI-

#0ro B TOTOKHICTb, TOOTO
F(z,o(x),¢'(2)) =0, zeX.

Ak BuruMBae 3 NpuKIady | 3 MONepeaHboro MApo3Iiay, CyKyI-
HICTH pO3B’A3KiB A epeHIaJbHOr0 PiBHAHHS IePIIOro MOPSIKY Mi-
CTUTH JIOBIJbHY CTaJly, 3MiHIOIOYH SKYy, MH OJep:KyBaTUMeMoO pPi3Hi
PO3B’I3KH 33 aHOT0 piBHAHHA. /I BHIiIeHHS 3 IIi€l MHOKMHM KOH-
KPEeTHOT'O POo3B 53Ky Tpeba 3aaTh JI0/IaTKOBY YMOBY, a caMe:

y(zg) =0 abo y(x)|y=z, = Yo- (5)

s yMoBa Ha3UMBAETHCS MMOYATKOBOIO YMOBOIO.

VY Teopii judepentiaibHUX PiBHAHb OCHOBHOIO 33,a4€l0 € MTUTaH-
He TIPO iCHYBaHHS Ta €IMHICTH Po3B’si3Ky. Biamosinh Ha HbOTO Tae
TBEPIZKEHHS.
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Teopema Komi. fxwo npasa wacmuna f pienanna (4) ma ii

YACMUHHA NOTIOHA 50 suaHavent i nenepepeni 6 odaacmi ) aminu
)

x 1y, mo 3adava (4), (5) mae edunui pose’asox y = (), avwo

(zo3 yo) € .

[eoMeTpudHO Iie O3HA4YaE€, MO Yepe3 KOXKHY BHYTPIIIHIO TOYKY
(203 yo) obsacTi 2 MPOXOIUTH €MHA IHTerpaIbHa KPHUBA.

Bagaqa (4), (5), T06TO 3a7at1a, B sKiil Tpeba 3HANTH PO3B’A30K
piBHSHHS (4), MO 3a/10BOJIbHSE TTOYATKOBY yMOBY (5), Ha3HMBAE€ThCs
samauvero Komml. fdxmo ymosu Teopemu Koin He BHKOHYIOTbCS ¥
JIeSTKAX TOYKaX (2} %), TO Il TOUYKKW HA3WBAIOTHCS OCOBJIMBUMYU TOY-
KaMu gudepeHIliajgbHOTO PIBHAHHS. Y [IUX TOYKAX € PO3PUBHOIO

abo dyukuig f, abo i1 wactuHHa mHoximzHa ——. Yepes KOXKHY Taky

J
TOUKY MOKe MTPOXOIUTH JIeKIITbKa iHTeraJIbHI/IyX KpuBux abo He 1po-
XOJIUTU JKOJTHA.

JlaMO o3HaYeHHd 3araJibHOTO i YaCTUHHOrO PO3B’S3KiB PIBHAHHS
(4), mpaBa gacThHA f SIKOTO 33/I0BOJIbHSE y JjlesiKiil obsacTi 2 ymo-
B Teopemu Komri. Oyukiig y = ¢(z, () Ha3HBaeTbCs 3arajibHUM
PO3B’A3KOM piBHAHHS (4) B 0071acTi {2, SIKIIO BOHA 33/T0BOJIBHSIE YMO-
BU:

1) npu 6y1b-sIKMX 3HaYeHHAX cTastoi C', Mo HaJleyKaTh TeBHiil Tuc-
J0Bi#t MHOXKHHI, pyHKIiA ¥y = @(x, (') € po3s’a3koM piBHAHHS (4);

2) sika 0 He Oysa TouKa (Zo; yo) € €2, iCHYE €MHe 3HAYEHHS CTAJIOl
C = Cy rake, mo po3s’szok y = ¢(z,Cp) 3a70BOTbHSAE TTOUATKOBY

ymoBy (5).
Buauenus C' = Cy 3HAXOIATH 3 YMOBH Yo = ¢(x0, Cp).
Bynp-siknit poss’ssok y = ¢(x,Cy) piBHanHa (4), gxuii omep-

JKYETBCS 13 3araJibHOTO po3B’3Ky y = ¢(z, () IpM KOHKPETHOMY 3Ha-
genns (' = (y, HAa3UBAETHCA YACTUHHUM PO3B’A3KOM.

Axmo sarajgpHuil po3B’g30K dudepeHIlaJbHOrO PIBHSHHS 3Haii-
IeHO YV BUIVIAIl, He PO3B’I3aHOMY BIIHOCHO Y, TOOTO y BHIVISI]
¢(z,y,C) = 0, To BiH Ha3MBAETHCH 3ArajIbHUM IHTErpPaJIOM M-
depeHIiaIbLHOTO PIBHAHHS.

[lepeitnemo Temep Do Po3LILAy METOAIB 3HAXOMXKEHHS PO3B I3KiB
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IudpepeHIliaJbHIX PIBHIHD [IepIIoro mopsaky. B3aradl He icHye emm-
HOTO MeTOJy pPO3B’si3yBaHHs piBHsAHHS (4) 11 JOBUTBHOT paBoi da-
cruan f. Tomy posrisiHeMo MeTomy po3B’si3yBaHHS (MeTOIM iHTErpy-
BaHHS) I[OTO PIBHSHHS JIMIIE Y JeAKUX JACTHHHNUX BHITAQJIKAX, KOJIH
TXHI pO3B’I3KHM BHparkalOTbCd depe3 ejeMeHTapHl (PyHKII abo iHTe-
rpaJiv BiJI| HUX.

2.1. PiBHsAHHS 3 BIJOKPEMJIIOBAHUMHU 3MIHHUMU Ta
3BIJHI 4O HUX

Jndbepentiianbae piBHAHHS MEPIIOTO MOPAIKY HA3ZHBAECTHCSI PiB-
HIHHAM 3 BIIOKPEMJIIOBAHUMHU 3MIHHUMMY, SKINO HOTO MOKHA
MOJATH Y BUTIIS]

y' = fi(2) f2(y). (6)

IlpaBa wacTuHa piBHAHHS (6) € T0OYTKOM JBOX MHOYKHHKIB, KOZK-
HUll 3 SKUX € (PYHKIHEIO TIJIBKA OJHOIO apryMeHTY.

Mertos, iHTerpyBaHHSA PiBHAHHS 3 BiJOKPEeMJIIOBAHUMU 3MiHHUMU
MOJIATA€ B TaKOMY.

Ilepermmenmo piBHsHHS (6) v BUMIAI

dy

- = . 7

dr f1(@) f2(y) (7)
[omuoKHMO 00MB] wacTuan (7) Ha dz i momianMo O6HMIBI YacTHHH
Ha f2(y) # 0, Tomi o/lepKUMO

dy
fz(y)

Y 1poMy piBHIHHI 3MiHHA & BXOAUTH Y MpaBy YacTUHY, a 3MiHHA
Yy — TIIBKHU B JiBY, TOOTO 3MiHHI BiIOKpeMJIeHi.

[lpunyctumo, mo My 3HaHIIM po3s’s30K y(z) pisasnHs (7). fk-
1Mo 1110 (PYHKINIO MiICTaBUTH B (8), TO 0JepKIMO TOTOXKHICTD, 1€ IBa
audpepeHIliaan JOPiBHIOIOTH OIWH IPYroMY, TIIbKH B IIpaBiii 9acThHi
Juchepentiiai BUpaKeHuii depes x, a B JiiBiil — yepes y. OCKijbKY -
dpepeHIiaan 0IHAKOBI, TO iXHI HeBU3HaYeHI iHTErpaJsi BiAPI3SHAIOTHCS

= fi(x)dx. (8)

406



Ha CTaJy BeJIUYNHY, TOOTO, IHTerpyiodn 3JiBa 110 3MiHHIi ¥, a cIipaBa
o 3MiHHIN 2, JicTaHeMo

dy = T T
M—/ﬁ( a4 C, 9)

ge C' — mosinbHa cTaga. TyT I gadl 3HaK iHTerpasa O3Hava€ B3STTS
nepBicHOI Bia mimiHTerpajbHOl pyHKIII.

Bupas (9) e saragpuuM inTerpasiom pisasiHHA (6). Y andepen-
MaJbHAX PIBHAHHAX CHMBOJI HEBM3HAUEHOTO iHTErpaja 03Ha9ae OIHY
i3 MepBiCHWX, a He CYKYIHICTh yCiX MepBiCHUX.

Ouesuno, mo KoJau fi HerepepBHa Ha [a;b], a fo — HemepepsBHa
Ha [c;d] i fa(y) # 0, y € [¢;d], To inTerpamm y dpopmyi (9) icHyoTs.

BayBaxkenud. [lpu gisenni obox gactun piBusaHH (6) Ha f3(y)
MM MOIJIM BTPATUTH PO3B’s3Ku, pn kX f2(y) = 0. Crpasi, sKimo
f2(yo) = 0, T0 y = yo € po3s’si3KoM piBHsHHS (6).

Ilpukaan 1. Posp’szatu pipnannsa y — Ly

) Cdy oy . )
L | BaHI/IH_IeMO PIBHAHHA Y BUTJIAAl —— = — 1 BIAOKPEMHUMO 3MIHHI. TO,ZLI
X

dx
. . dy dx
JicTaHeMO DIBHSHHS  — = —.
Yy x
Tarerpyroun obUABI YaCTHHE [[LOTO PIBHSAHHS (IPaBy 10 &, a JiBY MO ),
OJIEPIKYEMO
d dx
[2= [T aro
Yy x
abo
In|y| =In|z|+In|Cy|.
Torenmnitoroun, orpumyemo |y| = |Cil|x|, mo ekBiBamenTHe piBHOCTI

y = xCiz. llokmagatoun +£C1 = C', ocTaTOIHO MAaTHMEMO
y=Cz, CeR\{0}.

Ile cykymHICTH poO3B’SI3KIB 3aJaHOTO PIBHAHHS, aJe TYT He MICTHTHCS
posp’s30k y = 0, aKWi MW BTpATHJIM TPU BiAOKpeMJieHHI 3MiHHUX. Moro
MOYKHA BKJIOYUTH B IO CYKYIHICTD, SKIMO BBayKarH, mo (' HabyBae TaKOXK

sHavenns C' = 0. Tomi saraabauM pose’askom pieasEEsA € y = C'z, C' € R. p
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Ipuknazn 2. Tino oxomono za 10 xs. sig 100° 1o 60°. Temmepaty-
Pa OTOUYIOUOTO cepefOBHINa cTasa i gopisaIoe 100, 3HaiiTn, Tepes cKIIBEKH
XBHJIUH TeMIIepaTypa Tita mopipHioBaTmMe 20°.

« Tlosnaunmo depes f(t) TemmepaTypy Tima B MOMEHT wacy i, TOAl
df(t)
. . . dt .
JIOJIZKEHHSI TTPOMOPIIIHHA PI3HEUI TeMIepaTyp TijJa # 0OTOIYIOIOro cepeIOBH-
a, TO AICTAHEMO PIBHSHHS

MIBUAKICTH 3MIHM TEMIIEPATYPH JTOPIBHIOE . OCKIJIBKY TMBUAKICTE OXO-

df

ne k — xoedimient mpomopmiitaocTi. OTiKe, MaeMo aAudepeHITiagbHe PIBHIH-
Hsl TIEPIIOTO MOPSAKY 3 BiIOKPEMIIOBAHUMHE 3MIHHUMHE.

df
= kdt.
f—10

BigokpeMuBIIE 3MIHH, MAaTHMEMO

Iarerpyroun, micraemo:
1n|f—10|:kt+|ln|01|, 01750,
|f — 10| = C1eft,  f—10=+C1er.

Axmro nosnauntr £C depes ', TO OEPKHUMO 3aTajbHUN DPO3B I30K
3a/TAHOTO DIBHSHHS

f=104+Ce" ne C €R.

Jlast BULIEHHST 9ACTHHHOTO DPO3B’SI3KY CKOPHCTAEMOCS MOYATKOBOTO
ymogoto f(0) = 100°, romi Ce* 0410 = 100, sBiaxm C' = 90. Oruce, 9acTun-
HUM po3B’a3koM € dbyuxmia f(t) = 10 + 90t

[eit po3B’si30K MICTUTH HeBIAOMUH MHOKHUK k. CKoprcTaeMocs A07aT-

xoBoto ymosoio: f(10) = 60°. Tomi 60 = 10 +90e*?, spigxm e!0% = g Orike,

MYKAHHH pO3B A30K PIBHIHHS Ma€ BHUIJIST
10k\ 76 5) ™
J(t) =90 ()™ + 10 =90 (5) +10.

Jlig BigmoBinl Ha MHTAHHSA, Uepes gKHit Uac TiTo oxomoHe go 20°, gicTa-

HEMO PIBHSIHHSI
5 5\ 1
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Ilpukaan 3. CknacTr MaTeMaTHIHY MOJETH IPHPOIHOTO POCTY BH-
MYyCKY MPOAYKINI 1 3HaAWTH PYHKINIO, IO OIMHCYE TeH PICT.

« Hexaii meBHA TpOAYKINS HpomaeThcs 3a pikcoBamHoio IMiHOIO p. Ilo-
sHaUMMO 4epe3 f(f) KIMbKiCTH MPOAYKIII, peamizoBaHOl Ha MOMEHT 9acy ¢.
Tosi Ha 1eil MOMEHT MaTHMEMO JOXOJ, 1o gopisHioe pf(t). Hexail qacTuHa
BKa3aHOTO JOXOY BUTPAYAEThCS HA IHBECTHIN] y BUPOOHHUIITBO 3a3aHATCHOT
TPOAYKIIi, To6TO

[Tpomorapudmysasiiu, ogepKuMo ¢ = R 37,4.p

I(t) = mpf(t), (10)

Jie m — HopMma 1HBecTHINHd, 0 < m < 1.

SKINO TPUIYCTHTH, IO PUHOK He HACHYEHWH, TOOTO TPOAYKIlis peadi-
BYETHCST MTOBHICTIO, TO B PE3YJbTATI PO3IITUPEHHS BUPOOHHUIITBA Sy Ie OfleprKa-
HO JIOXOJI, YaCTHHA SIKOTO 3HOBY BHKOPHCTOBYBATHMETHCS JIJisi 301IbIIEHHS
BUIYCKy npoayKiii. ITe mpupesie 10 3pocTaHHs MBHAKOCT] BUIIYCKY (aKceste-
parii), IpHIoMy MIBHIKICTh BUIYCKY HPOHOPITifiHa 361bIIeHHIO 1HBECTHITI,
TOHTO

F1(t) =), (11)

fle 7 — HOpMa akceseparil. Iligcrapupmm (11) y (10), micraremo

J'(t) = kf(0), (12)

ne k = Imp. OTiKe, IpoOIeC TPUPOAHOTO POCTY BUIMYCKY MPOLYKIII OTTUCYEThH-
ca nudepeHia bHUM pPiBHAHHAM (12), fKe € PIBHAHHAM 3 BlJOKpEMIIOBa-
HUMW 3MIHHAMH.

OcCKUIbKY B TOYATKOBHI MOMEHT 4Yacy {(j BUIIYCK ITPOAYKINI JOPIBHIOBAB
fo, TO MaeMo OYATKOBY YMOBY

f(to) = fo. (13)

Bagaga (12), (13) € MaTeMaTHIHOK MOJEIIIO MPHPOIHOTO POCTY BUILYC-
Ky TpPOIYKITI.

BHaiigeMo 3araabHU po3B’a30K pipHsAHHSA (12), BIAOKpeMHBINN 3MiHHI
Ta TPOIHTErPYBABIIH OJEPKAHY PIBHICTD:

i df _
T_kdt’ /f = /dt+ln|01|, 01750,

In|f| =kt +1n|Cy|, f(t) = £Cre™
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abo

[ty =Ce™, CeRr. (14)

SIKITIO 33/ J0BOIBHUTH Ii€10 DYHKITER YyMOBY (13), TO 0ZlepKIMO PiBHSH-
Hs AJ1s 3HaxoKeHHs O

fo=Ce*t spigkn C = foe ko,

MMincrapusmu sHadenns C'y (14), orpumaeMo poss’asok sazadi (12),
(13):
Ft) = foett=0) » (15)

3ayBaxkeHHd. MaTeMaTUIHI MOAeJi MalOTh BJIACTUBICTD 3arafib-
HocTi. 30KpeMa, (opMyrono (15) ommeyoThest Ipolec PO3MHOKEHHS
OakTepiit, Ipoliec paIioakKTHBHOTO PO3IIaly Ta iHIIM sIBUINA il TIpolecH.

IIpukiaang 4 (Moxgesnbp ekoHoMIuHOrO pocty Jomapa). Hexaii
K (t) — obcsir obiropux KOmITIB Ha MOMeHT dacy t, a I(t) — mBmriKicTs rpo-

d[x( )
dt

IIOBOTO MOTOKY, TobTO [(t) = . Oduengno, o I(f) BIIWBae K Ha

cykymHuil monnT y(t), Tax i Ha fforo 3MiHy. BRamkaTumMemo, 1o BeTHIHHA M0~
Ty y(t) TponopIiiiHa MBHIKOCTI TPOIIOBOTO TTOTOKY, & BEIWIHHA BAPTOCTI
ToBapie f(t), SKi MoKHa BUpOOUTH (eKOHOMIYHHMIT OTEHTIa), TPOTIOPIIifHA
obesry obiropux Komris K (). Kpim Toro, mpunycrumo, o y(t) = f(t), To6-
TO BeCb €KOHOMIYHHHN MoTeHINas f MOBHICTIO BHKOPHUCTOBYeThCs. CKIacTh
MaTeMaTHIHy MOJETh EKOHOMITHOTO POCTY.

. 1 dy 1dI
<« 3riiHO 3 YMOBOIO iy = —I TOMY — = ——, JIe § ~ TPAHNIHa BeInTHHa
d dK d
HaKOITAYEHHS, a f( ) = pK (1), 1, oTiKe, d_jt: = pd—; abo djt: = pl. Ockinbkn
dy(t) _ df(t) 1 dI(t)
)= f(t . T -——= = pl(t).
u(t) = 1(1), o dt a0 st PI)
Maemo gudepeniliaibae piBHsHHSI
dI(t)
——==psi(t
a ~ e

sIKe OMUCYE 3a3HAYeHUN eKOHOMIYHHUHN TpoTiec.
IIpoirTerpyemo e piBHIHHSI:

dI(t) dI(t) _
T =i [ = [

410



In|I(t)| = pst + In|C|, C # 0. TOMy, SIKITO BpaxyBaTH pose’sizok (1) = 0,
MaTHMeMO, IO CYKYIHICTh PO3B’A3KIB BH3HAYAEThCA (DOPMYJIO0

I(t) = Ce' CeR.
Ao BigoMa MBHIAKICTH IPOIIOBOTO TTOTOKY B MOYATKOBHH MOMEHT Ha-
cy 1(0) = Iy, To ofiepKmuMO, 10
Io=Ce%" abo Iy = C.

Tomi
I(t) = Ipe™", >0,
TOOTO [JIsT MATPUMAHHS PIBHOBArM MixK 0OCATOM TOBapIB, IO BUPOOISIOTH-
cst, 1 CYKYMHUM TOOUTOM Ha HHX IIBHIKICTH TPOIIOBOTO TMOTOKY MOBHHHA
3POCTATH 33 eKCIOHEHIAILHUM 3aKOHOM. P
Jlo piBHSIHD 3 BiIOKPEeMJIIOBAHUMHU 3MiHHUMH 3BOIWTHCA PiBHIHHSA
BUTJISTY

)
y=¢(2), (16)
AdKe Ha3Ba€TbhCA O,Z(Hopi,Z(HI/IM.
: cdy Yy :
3anuieMo piBHAHHS (16) Y BUILJISIL dr @ | =) 13pobumo 3ami-
T T
Hy

Y
2 — 2, 17
= (17)
. dy dz
Toni y = zz, i + z, a TOMy piBHSHHS HaOYile BUIVISILY
x
d d
éw—l—z:cp(z) abo £ r=p(z) — 2.
d d
Bimokpemumo 3MiHHI & —x, p(z) —2#0,
plz)—2z
i mpoiHTerpyeMo 00MIBI YacTUHU Ii€l piBHOCTI:
dz
——— =In 2|+ C. 18
/ p(2) - 2 )

O6uuncamBmn iHTerpas y Jisiit vactuni (18), i MOBepHYBIINCH 10
3MIHHOI ¥, JicTaHeMo 3arajbHuil po3B’ 130K piBHgaHs (16). [Ipn mpomy
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Tpeba TaKOZK IepeBipUTH, M He BTPAdeHO PO3B’A30K, KoM ¢(z) —
z= 0.

IIpuksaazn 5. Pose’szaru pisusuns (zy + y?)dr — z?dy = 0.
« 3anureMo pIBHSHHS Y BUTJISI

dy xy+y? dy _y y\?
N
dx x? avo dx a:+ x

3pobuBmn 3aminy y = z ¢, ¥ = 2’ x + z, AicTaHeMO piBHAHHS

z 9 dz 9
—r+z=z4+2*, TOOBTO — T =2°.

dx dx

BigokpeMuBIa 3MIHHI ¥ TPOIHTETPYBABIIHA, MATHMEMO

d d d d
) /—§=/—x+ln|c|, C#0,
z z X

X

1 1
— =lIn|z|+In|C], = In|Cz|, C#0.

ZKIMO MOBEPHYTHCH S0 3MIHHOI ¥, TO OJEeP:KUMO CYKYIIHICTH PO3B’I3KIB
HAIITOTO PIBHSHHS.

OcCKIIBKY TPH BIAOKPEMJIEHH] 3MIHHUX MU JALITAJIN HA Z, TO MOTJIH BTPa-
TuTH po3B’sa3ok z = 0 abo y = 0. IligcraBupimm y = 0 y BuXiAHe DIBHAHHS,
OJIEPIKMMO TOTOXKHICTh, a Ie o3Hadae, 1m0 ¥ = 0 € po3B’d3KOM DIBHSHHS.

C # 0, a Tomy

. . x
Ileit po3B’d30K He MICTUTBCH y CYKYITHOCTI Y = i Cal
n|Cz

itoro Tpeba mommcaTu. OTiKe, 3aradbHU PO3B 430K PIBHIHHS

z
y——m, CeR\{0}, y=0. »

2.2. JliuiiiHl PIBHSAHHS I€PIIOro MOPAIKY

Judepeniiiaibie piBHAHHS [EPHIOrO MOPHAIKY HA3UBAETHCS
JIHIAHUM, KMo #oro MOKHA 3allucaTi y BUTIIS

y' = p(x)y + q(z), (19)
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qe p(a) i q(2) —3amani GyHKI, SKi BU3HaYeH] i HerlepepBHI Ha BiIpi3-
Ky [a;b].

Hazpa piBHIHHS MTOSCHIOETHCST TUM, IO HeBigoMa (PYHKINS i Ta il
noxigHa iy’ BXOOATb y PiBHSHHS JiHIAHO, TOOTO y [IepIIOMY CTeIleHi.

Axmo g(z) =0, 2 € [a;b], To piBuanHA (19) HasHBaeTbCs JIIHIH-
HUM OJHOPIAHUM DiBHAHHSAM, aKimo K ¢(z) # 0, @ € [a;b], To —
JIHIMHAM HEOOHOPILIHNM.

J171s1 3HaXO/I7KeHHS 3araJibHOTO po3B’si3Ky piBHsHHS (19) ckopu-
CTa€MOCS METOAOM Bapiailii JoBLJILHOI cTaJIol.

Poarngnemo criogaTky JiHifiHe OTHOPI/IHe piBHIHHSA

y' = p(z)y, (20)

dKe € PIBHAHHAM 3 BiJOKpPeMJIIOBAaHWMH 3MiHHUMU. BimokpeMioo4n
3MiHHI Ta iHTerpyodH, JiCTaeMO

d
Y peyde, Myl = [ pla)dr+ (Gl Cato.

Yy = Clefp(x)dx7 Cl 7£ 0.

OcKisIbKH, BIJIOKpPEMJIIOI0OUM 3MiHHI, MU BTpaTuin po3s’a3ok y = 0,
TO CYKYIHICTD PO3B’3KiB piBHAHHS (20) Mae BUTIIST

y=Cel @ cR (21)

JL1s1 3HAXOIKEHHS 3araJIbHOr0 PO3B SI3KY JIHIIHOrO HeOJHOPIIHO-
ro pisagnag (19) y dopmyai (21) 3amicts crasol C' Bi3sbMeMO JiesiKy
sudepeniiiopay GyHKI0O 2(2):

y = z(x)ed P, (22)
Ouesniro, o (22) 6y1e poss’askoM piBHsaHHS (19), Ko
z'(x)efp(x)dl’ + z(x)efp(l’)dx p(z) = p(x)z(x)efp(x)dx + q(2)

abo

2 (z) = q(x)e” S Pz,
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3Bifcu, NpoiHTerpyBaBIIid, JiCTAHEMO

z(z) = /q(x)e_fp(l’)dl’ +Cy, CyeR.

fxmo migcTaBuTH 3HANIEHY PYHKI0O 2 B (22), TO OIepKHUMO 3a-
raJbHUM pO3B 30K JIHIHOTO HEOTHOPITHOTO pIBHAHHS

y = Cyel Pz 4 (/ q(x)e_fp(l’)dl’dx) e P@)de e R (23)

3 dopmynu (23) BUILIMBaAE, IO 3arajbHUI PO3B’'H30K JIiHIAHOTO
PMY. 5 p
HEOJITHOPITHOIO PIBHSAHHS € CYMOIO 3arajibHOTO PO3B 3Ky Coel p(@)dz
BiAMOBiiHOTO  JTiHifiHOTO piBHSAHHA (20) 1 YaCTHHHOTO pPO3B’A3KY
(f q(ac)e‘fp(“’)dl’dw) eJ P@)dr pinifinoro HEOJTHOPIJHOTO PiBHAHHSA
(19).
Ipuknazn 6. Posp’ssatn pisranng y + 3y = 2%,

« Posp’akeMo criogaTKy BiamoBiaHe JiHIHe ogHOpiAHe plBHAHHS 3y +
3y = 0. BimokpemIroloun 3MIHHI Ta IHTEIPYIOUH, JICTAEMO:

d d
Y _ _3de, -ﬂ:—3/¢punw¢ Cy 40,
Yy Yy

Inly| = =3z +1n|Cy|, y=Cre ™, C; €R\{0}.

OcCKIIbKY MU, BIIOKPEMJIIOOYN 3MIHHI, Alauan Ha y = 0, To mob He
BTPATUTH Po3B 30K y = (), BBaKaTuMeMo, 110 (] MOZKe TOPIBHIOBATH HYJIIO,
TobTO Yy = Ce ™3, C € R.

IlykaTuMemo 3araJbHuii po3B’ 130K BHXIIHOTO PIBHSHHS Y BUIJISAIL §f =
z(x)e™3% Tlicag nifgcranoBku i€l GyHKII B PIBHAHHS, OJ€PKHAMO

()™ — 2(2)e™ 34 32(x)e” = abo i (x) = €7,
. 1 5x a
3Bigcw pummbae, mo z(x) = 36 4+ Cy, (3 € R. Orke, saragbHuit

PO3B 30K piBHAHEL Yy = Che 3% 4+ %ezx, CoeR. p
Jo miHiltHOTO PiBHSAHHSA 3BOATHCA PIBHAHHS BUTVISIY

/

y =px)y+q(z)y”, aeR\{0, 1}, (24)
dKe Ha3UBaeThcs piBHAHHAM BepHysmi.
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Axmo o = 0, To piBHgHHA BepHYII MepeTBOPIOEThCS V JiHilTHe
piBusiHHs (19), a 1pr v = 1 BOHO MePeXOUTD Y PIBHAHHS 3 BiIOKPeM-
JIIOBAHUMM 3MIHHUMU.

Bpaxarouu, mo y # 0, o # 0, o # 1, nozismumo obuiBi gacTuHm
piBusiHag (21) va y. Toxi micranemo piBHAHHS

vy =p(@)y' ™ +q(x). (25)

3pobumo migcranoeky z(z) = y'~. Ockinbku 2/(z) = (1—a)y==-
y', To piBHAHHSA (25) HabyIe BUTVISATY

() = pe)(1 = a)z(z) + (1 - a)q(w),

a Ile O3HavaE, Mo PiBHAHHS (24) 3Be/IeHO 10 JIHIHOTO piBHAHHS.
Ipuksazn 7. Pose’sasaru pisusuns zy' (z) = y(z) + y*(z).

« Banunievo piBHsHHS y BUrAAAl ¥ (¢) = ;y(l‘) + ;yz(x).

. . . 1 .
Ile piBuamns Bepuyam, ge o = 2. Tomy 3pobumo saminy z = —. Tomi

. z 1
= ——Zy’, a oTKe, plBHAHHA Habyme BULIALY 2’ + — = ——.
Yy x x

Bianosigne ognopinne piBHsHHEA 2z’ + — = 0 Mae 3araJbHUE pO3B’A30K
x
C . .
z(#) = =, C € R. PosB’A30K HEOTHOPIHOTO DIBHAHHS IIYKATHMEMO ¥
x
C@) g Ce) C)
x

x x?

Buram z(x) = , & TOMY MaTHMeMO DIBHSIHHS

a7 snaxomkeras C:

— + :—l abo C'(x)=-—1.
x

3eigcw pumimpae, mo C(z) = —z + C1, €1 € R. Orxe, z(z) = G 1.

z
. 1 01 X . "
Ockibkn 2z = —, 10 — = — — 1 aboy = ———, (1 € R. Ile 1 € 3aragbunit
( y =z Ci—=z
PO3B’ 30K 3aJaHOTO DIBHIHHS. P
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3. Jliniiini gudepeHUiajbHl PIBHAHHSI APYTOTo
MIOPAJIKY

3.1. BarajgpHa Teopis JIHINHUX AudepeHIaTbHIX
PIBHSIHb

Judpepentiiaabie piBHIHHS BUTISILY
ao(2)y” + ar(2)y’ + az(x)y = b(x) (26)

Ha3UBaeThCs JIHIMHUM AudepeHIliajbHIM PIBHIHHAM APYTOro
nopaaxky. Tyr koedinientn piBHgHHS ag(z), a1(x), az(x) i BUbHMIT
wren b(x) — 3amani PyHKIT aprymenTy . BBazkaTumemo, 1mo ag, a1,
ay i b — merrepepsHi pyHKIT Ha [a;b] 1 ag(x) # 0, @ € [a;b]. lominumo
ar(z) az(x)

(),

piBHsHHS (26) Ha ag(z) I BBeIeMO O3HAYEHHS

, ag(x) ag(z)
q(z), ao((xw)) = f(z). Toni piBHsgHHS HabyIe BUTIISITY
v + @)y +q(2)y = fla). (27)

Axmo f(z) =0, « € [a;b], To piBHsgHHS (27) Ha3UBAETHCS JIIHIH-
HUM OJHOPIAHUM i BOHO Ma€ BHUIJIA,

y" 4 p(z)y' + q(z)y = 0. (28)

Axmo x f(z) # 0, @ € [a;b], To piBHaHHS (27) HA3MBAETHCS
JIHIMHAM HEOOHOPIAHHUM PIBHAHHAM.

Biamosinp Ha nmuTaHHS PO iCHYBaHHS Ta €IUHOCTI pO3B I3KY PiB-
HsaHHe (26), SKUiT 3370BOJIBHSE OYATKOBl YMOBH

y(z0) = yo, ¥'(0) = Yo, (29)

nae reopeMa Komri: axuo xoedivuienmu ag, aq, g 1 npasa 4acmuna
b ainiiinozo pisnanna (26) menepepeni wa eidpisky [a;b], npuvomy
KOEPIUIER (g HE NEPEMBOPIOEMBCA 8 HYAb Y HCOOHIT MOoUUL Ub020
si0pizKa, mo axumu 6 ne 6yau nowamxosi ymosu (29), de xg € (a;b),
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ICHYE €OURUT Po36°A30K PISHANHA (26), AKull 3a0060AbHAE NONAMKOEL
ymosu (29).

Ilpu mobymoBi 3aranbHOrO po3B’si3Ky piBHAHHS (26) BayKINUBY
POJIb Bifirpa€ MOHATTS JIHIAHO He3ae;KHUX pO3B I3KiB PiBHIHHSI.

J1Ba po3B’a3KM Yy 1 Yo piBHAHHS (28) HA3HMBAIOTHCS JIHIAHO 3a-
JIEXKHUMU Ha BiAPI3KY [a;b], K10 ICHYIOTH Ymcia aq i ag Taki, Mo
af+ad£01

ary(z) + agyz(z) =0, 2 € [a;0]. (30)

fxmo x pisHicTh (30) BUKOHYETHCS TOA] i TIIBKK TOM], Ko ap = 0 i
a9 = 0, TO pO3B’'SI3KM Y1 1 §jo HA3UBAOTHCS JIHIMHO HE3aJ€KHUMU.

Bunvkae zanuraHHd, SK MOXKHA II€PEBIpUTH, YU € YaCTHHHI
PO3B’SI3KH Yy 1 yp JIHIMHO He3aJeKHUMU Ha BIAPI3KY [a;b], TobTO
YTBOPIOIOTh (PyHAAMEHTAJIBHY CHUCTEMY PO3B’s3KiB piBHsaHHS. [le
MOZKHa 3pOOUTH 3a JOTIOMOr0ol0 BUSHaYHUKA BpoHcbKoOro

=) ye(w)
W@ =]y w@

[TpaBUABHUMA € TaKi TBEPIKeHHS:

1) axwo Gynxyii y1 1 ya anitino 3asescni nwa 610pisky [a;b], mo
susHawHur Bponcvrozo dopisHioe HYA10 HA ULOMY 610PI3KY;

2) AKWO ATHITHO HE3ANEHCHT PYHKYIL Y1 1 Y € PO36 AZKAMU ATHIT-
H020 00HOpIdHO20 pisHAHKA (28) 3 nenepepenumu na 6idpisky [a;b]
Koegiyienmamu, mo eusnaunux Bponcvrozo W (x) me moowce nepe-
MEOPUMUCA 6 HYAb Y HCOOHIT movul 3adano20 610piaKa.

Ilpukaan 1. Josecru, mo dbymkmii y; = 1% i yo = eF2 miniiino
He3aJeXKHl Ha JOBLILHOMY BIAPISKY 9HCJIOBOI ocl ipu k1 # ks.

<« ITpunycrumo, mio ui byHKIT diHiiiHO 3a0exkH] Ha BIAPI3KY [a; b], To6TO

@117 4 anef?® =0,z € [a;b],
Jle, HAmpuKIa, oo £ 0. Tomi

elhz=ki)r — —%, z € [a; b].
@2

[IpoandepenIifoBaBIIH IO PIBHICTE, OJEPKHMO, IO (k’z—kl)e(kr’“l)x =

0, 2 € [a; D], a me HEMOKIUBO, OCKLIBKH ki # ko, eF27K0® £ 0 & € [a; 0] »
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Anasoriyno MoyKHa J0BecTH, mo: 1) GyHKIil y; = R Yy = xeh®

JiHIHO He3aJleyKHI Ha JOBITBHOMY BiIpisKy [a;b] C R; 2) dyHkii
y1 = e**cosfPr, Yy = e*¥sin Sx JiHiliHO He3a/e:KHI Ha HOBIIHLHOMY
BiApisky [a;b] C R, {k, o, 5} C R.

Ouesuno, mo Ko BYHKINT Yy 1 Yo MiHiMHO He3amexkHl Ha [a; b], TO
JKOHA 3 INX (PYHKIII He TOPiBHIOE TOTOKHO HYJIIO Ha [IbOMY BiIpi3Ky.

Busisiiserbesd, 1110 1718 0fiepKaHHe 3arajibHOrO Po3B 43Ky JIiHITHO-
ro OJIHOPIAHOrO fudpepeHIiajbHOr0 PIBHAHHS JAPYrOro HMOPAIKY 10-
CHATH MaTH 1Ba OyIb-AKi JIHIHHO He3a/1eKHI po3B d3KH [IbOr0 PiBHSIH-
Hsl.

Teopema 1. Hxwo yi1 1@ Yo — Jd06LALHI AIHITHO HES3AAEHCHI
D036 AZKU AIHITHO20 00HOPIOHO20 PIEHANHA Opy2020 nopadky (28), mo
{i020 3a42AAHUM PO36 A3KOM € HyHKUIA

y = Ciyr + Caya, (31)

de Cy 1 Cy — dosiabHi cmanl.
« Jlosenemo, mo dyHKIis, sKa BU3HaUaeThes dpopmyioo (31), €
poss’siskoM piBHsHHS (28). [lincraBusmu (31) B (28), MaTHMeMO

(Cry1 + Cay2)" + p(2) (Cry + Cay) + q(2) (Cryr + Cayz) =

= Cy(yy + p(2)y; + q(2)yr) + C2(yy + p(2)ys + q(z)y2) =
—C1-04+Cy-0=0.

MozkHa moBectn, mo dopmyna (31) BusHadae BCi po3B’A3KH piB-
HaHHS (28). B

Biamosinp Ha Te, sSKa KOHCTPYKILS 3araJbHOIO PO3B’SI3KY JIiHil-
HOTO HEOJTHOPIIHOTO PiBHSHHS (27), Ja€ TBepP/KEeHHS.

Teopema 2. 3azasvHuill po3s’a30K AIHIIHO20 HeOOHOPIOHO20 Ou-
pepenuianvrozo pienanna (27) € cymoro 1020 YaCMUHHO20 PO36 A3KY
1 3a2a.AbH020 PO36°A3KY 610N0610H020 AIHITIH020 0OHOPIOH020 PIGHAHHA

(28), mobmo
Ys.u. = Y3.0. t Yam.- (32)

« Hexait yq g, = ¥ — YacTHHHNI PO3B 930K HEOTHOPIIHOTO piB-
HaHHS (27), T06TO
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7'+ @)y + q(x)y = f(=). (33)
3pobumo B piBHsAHHI (27) 3aMiHy

y==z+7y. (34)
Toml maTuMeMo

7'+ @)y + @)+ 2 4 pla)z' + q(2)z = f(x),

abo 3rigno 3 (33)
2+ p(x)2 +q(z)z = 0. (35)

Orzke, po3B’sa3yBaHHs PIBHSHHS (27) MU 3BeJIN 10 PO3B a3y BaHHS
piBHsHHS (35), iK€ 3 TOYHICTIO 70 MO3HAYeHb 30ira€ThCst 3 PiBHSIH-
HaM (28). OcKiJIbKY 3arajibHUM PO3B’s3KOM piBHsHHS (35) € dyHKIis
(31), TOo omep:KUMO, IO 3arajbHUl PO3B 30K JIHIHHOrO HeOmHOPLI-
HOrO piBHAHHS (27) Mae BUIJIA

Ys.u. = Ciyn + Coya + v,

Jie Y1, Yz — JHIHO He3aseyKHI po3B’sa3ku piBHaHHS (28) abo (35). »

3 Teopem 1 i 2 BumiMBae, MO JJid 3HAXOIKEHHS 3arajibHOro
PO3B’A3KY JIHITHOTO HeOIHOPIIHOTO piBHAHHS (27) Tpeba 3HailTH 1Ba
JiHIITHO He3aJjeKHi PO3B’d3KK BIAMNOBIIHOTO OJHOPIIHOIO PiBHSIHHS
(28) 1 meskuit YacTUHHUI PO3B’H30K HEOIHOPIIHOIO piBHAHHS (27).
JloBeneno, 1o 11t JTiHIHOTO OMHOPIIHOTO piBHAHHS (28) 3 Hellepeps-
HUMH Ha BiZIPi3Ky [a; b] KoedilienTaMy 3aBK M ICHYIOTH [Ba JIHIAHO
He3aJeKHI po3B’d3KH 3a1aHoro piBHAHHS. Jas JiHIMHUX piBHAHB 31
cTaJuMK KoedillieHTaM1 JIHITHO He3a e:KHi Po3B’I3KN 3HAXOIIThHCS
BiJIHOCHO TIPOCTO.

3.2. JliuiiiHi ogHOpiaHl AudpepeHIiaJbHl PIBHSIHHS
JAPYTroro MopsaiKy 31 cTaJuMu KoedilieHTaMu

Posrngnemo piBHIHHSA
v +py +qy =0, (36)
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Je pi g — crai.
HlyxaTrMemo vacTuHHI po3B’a3KH piBHsAHHS (36) y BHIUIsiIi

y=e, (37)
Judpepentiiondn 110 QYHKINO ABiYl i TiACTaBIAI0Y BAPa3sH Yy =
ey = Xe M iy’ = N2 y pinanng (36), gicTaHeMo piBHICTD

em(/\2 +pA+¢q)=0.

Ockinbku e’ # 0, To, CKOPOTHBINM Ha €”, OIepKUMO KBaIpaTHe

piBHSIHHS

AN+ pr+qg=0. (38)

PiBusanus (38) Ha3sMBaeThCs XapaKTEPUCTUYHUM PIBHAHHAM
Jtst udpeperIiianbHOTo piBHAHHS (36). 3 1bOro piBHSHHS BH3HAYA-
IOTHCH Ti 3HAUEHHS A, IPU SKUX PYHKINA e* € Po3B’I3KOM PiBHSHHS
(36).

XapaKTepUCcTUIHe PIBHSAHHSA € PIBHAHHSAM JIPYTOro CTereHsd i, OT-
’Ke, Ma€ 1Ba Kopeni. Li kopeni MoKyTh OyTr abo mifiCHUMH PI3HAMH,
abo mificHuMu i piBHUME, a00 KOMILIEKCHO CHIPSAKEHUMHU.

Poarngnemo, sikuii Burssgi Mmae pyHIaMEeHTAIbHA CUCTEMA Ya-
CTUHHHUX PO3B’I3KiB, TOOTO CYKYITHICTD JIHIHHO He3a eKHUX TaCTHH-
HUX PO3B’#3KiB, Y KOXKHOMY 3 IIUX BUITAJIKIB.

I. Kopeni xapakrtepuctuuHoro pisHaHHA (38) milicHl Ta
pisHi: Ay # Ag. V 1poMy BHUIAJKY 3rigHO 3 opmyson (37) 3Ha-
XOIMMO [Ba YaCTUHHI PO3B’I3KH Y = eME Yo = e ITi nBa
PO3B’g3KM JiHIftHO HesasexkHl (mpuKam 1, miapos it 3.1 nboro possi-
JIy), a TOMY BOHH YTBOPIOIOTH (PyHIaMeHTaJbHy cucTemy. Tomi 3a-
raJibHU# po3B’d30K, K BUIJIMBAE 3 TeopeMu |, Mae BUIVIA

y= C(leANU + 026/\2907 {Cl, CQ} C R.

I1. Kopeni xapakrepuctu4yHoro piBHsinHA (38) kpartHi, T06-
TO A = Ay, Y I[BOMY BHIQJKY, CKOPHCTaBIIHCH hopmynon (37),
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JicTaHeMO TITBKM OJIMH YacTHHHME po3B’a3ok y; = eM%. 3a apy-
IUil 9acTHHHME PO3B’A30K BisbMeMo (BbYHKIIO iy = xe™M®
HO He3aJleKHa 3 y; Ha OYIb-SKOMY BIAPI3KY [a;b] uaucmosoi oci. O1-
Ke, Ui (PYHKIIT yTBOPIOIOTH (DYHIAMEHTAIbHY CHCTEMY YaCTUHHUX

po3B’a3kiB. Tomy 3araspruil po3s’s30K piBHAHHS (36) Mae BUTIAL

y = (C1 + Chz)e®, {Cy, Cy} CR.

, SIKa, JIiHii-

2
III. JuckpuMiHaHT XapaKTE€PUCTUYIHOTO PiBHAHHHA T —q <

/ 2
0. Tomi BoHO Mae KOMILIEKCHI KOpeHi A; = —g + i1/ q — %, Ay =
/ 2
_P_; q—p—,ﬂei:\/—l.
2 4
p p?
Jlist 3pyYHOCTI MO3HAYMMO @ = —3 B =1/qg— T Tomi Ay =

a+18, Ay = a— 5. Y 1IbOMY BUITAJIKY PYHIAMEHTAJIBHOIO CUCTEMOIO
PO3B’I3KiB pIBHAHHSA € PYHKINI 1 = €%¥ cos Bz, yo = e“¥ sin Sx. Tomy
3arajbHU PO3B’I30K PIBHSIHHSI Ma€ BUTJIS

y = e*¥(Cy cos B + Cysin pz), {C1, Ca} CR.

Ilpuksan 2. Posp’szatu pisaanna y’ + 7y — 8y = 0.
« XapaxTepuctmuae piBEIEHET A? 4+ 7TA — 8 = 0 Mae Koperi A\; = —8,
Ay = 1, a ToMy byHIAMEHTAJbHA CHCTEMa PO3B A3KIB Y1 = ¢~ o, 4y = e°.

Toxi 3arajbHKi PO3B’A30K Mae BULJI]L
Yy = 016_890 + Czex, {Cl, CQ} CR. »

Ilpukian 3. 3naiitn acTuHEAA posp’ 130K pipHanns iy’ +6y'+9y = 0,
KU 3a70B0sbHsE TovaTKOBl yMoBH y(0) = 0, ¢'(0) = 2.

« Cnouarky sHalileMo 3araJbHUH pO3B’si3oK piBHAHHS. s 1bOTO
cKJIaJeMo XapaKTepHCTHUHe piBHaEHA A2 + 6A 4+ 9 = 0, mo Mae Kopemi
A1 = Ay = —3. Toni 3araabHIM pPO3B’SI3KOM €

y= 6_3x(01 —|— Czl‘), {Cl, Cz} C R

Cram C7 1 (% 3HaliieMO, CKOPHCTABIINCH TOYATKOBUMH YMOBAaMH.
Ockiabku

y = —36_%(01 + Cax) + Coe™?",

421



TO MaeMO CHUCTEMY piBHHHb

C, =0,
—3C1 4+ Cy =2,
sigku C) = 0, Oy = 2.

IIykaHuM po3B’d3KOM € y = 2z~ 3%, p

Ilpukian 4. 3uajith saranbHrid po3e’sz0K pipaauns vy’ — 2y + 10y =
=0.

« XapaxTepuctudne piEgEET A% — 2\ 4+ 10 = 0 Mae KopesHi
Ma=14VI-10=1+£V0/=1=14%3i.

PynmaMeHTaIbHA CHCTEMAa YaCTHHHEX PO3B’SA3KIB Y1 = € cos3x, Ys =
e” sin 3x. Tol 3aragpHu po3B’s30K Mae BUIJIS,

y = €e°(Cycos3x + Cysindx), {C1, Ca} CR. »

Ilpukaan 5. Posp’szatw pisagnng y’ + 2y = 0.
« Xapakrepucruane pisasaag A2 42 = 0 Mae Koperi A} = V/—2 = iV/?2,
Ay = —/=2 = —iv/2. Tyt a = 0, f = /2. OyngaMenTATbHA CHCTEMA

pOsB’sA3KiB Y1 = cos /2, ys = sin/2x. 3aranbuuii posB’sA30K piBHIHHS

y = C1cos Vo2 + €y sin\/ix, {C, Co} CR »

3.3. Jliuiitui Heo,ZLHopl,ZLHl AudpepeHiaibHI PIBHAHHS
APYToro MOpAaKy 31 crajauMu KoedirienraMmu

Pozrngnemo Tenep piBHIHHSA

Y+ py' +qy = f(x), (39)

ne p, ¢ — noiiicHi gmcia, a f — HemepepBHa pYHKINS Ha BiIpi3Ky
[a;b]. dx BimoMoO 3 momepenHbOrO, 3araJbHUil PO3B’A30K PIBHIHHS
(39) € cymMOM0 YaCTHHHOTO PO3B’SI3KY HEOJHOPITHOTO PiBHSHHS i 3a-
raJibHOrO PO3B’SA3KY BiIOBITHONO OJHOPIIHOTO PIBHSAHHS. 3arajbHuil
PO3B’HI30K OJIHOPIAHOTO PIBHAHHS MU BMIEMO 3HAXOIUTH, & TOMY 3a-
JIATITUJIOCS PO3IVIAHY T UTAHHS 3HAXOJZKEHHS YaCTUHHOI'O PO3B 43Ky
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JiHIITHOrO HeomHOpiAHOTO piBHAHHS. K0 NpaBa 9acTuHa f piBHIH-
Hs1 (39) MHOTOWIEH, ab0 MOKA3HUKOBA (PYHKIIS, b0 TPUTOHOMETPHH-
Ha byHKINg cosfSr um sin Sz, abo mixiitHa KoMmbiHalg ux (PyHK-
uiif, To YaCTUHHUI PO3B 30K MOXKHA 3HAUTH 34 JIOTIOMOI0I0 METOLY
HeBU3HAYEeHNX KoedIIi€HTIB.

I. IIpaBa uacruna pisaauua (39) f(z) = P,(z), ne P,(z) =
apx” + a2V + ...+ a,_12 + @, — MHOTOUJIEH CTereHs n.

Y 1bOMY BHNAIKY YaCTUHHHUHE PO3B’s30K yq.u. (¢) = y(x) mykarn-
MeMO Y BUTVISI]

i = Qu(a)a, (40)

je (), — MHOTOWIEH TOI'O caMOro cTeleHs n, 1Mo i MHOrowieH P,
aJjie 3 HeBIIOMHUMHK KoedillieHTaMt, a I — 9MCI0 KOpeHiB XapaKTepH-
CTUYHOTO PiBHSHHS, AKi JOPIBHIOITH Hyd0. g 3HaXOIKeHHS Koe-
dinjentis MHOTOWIeHA (), Tpeba micTasuTn (40) B (39) i npupiBHATH
KoeIIieHTH [IpK OJHAKOBUX CTEIIeHIX & CIIpaBa i 3/1iBa B OleprKaHiil

PiBHOCTI.

Ilpukiyan 6. 3uaiith 3aranbanii pozs’asok pipaaunaa vy’ — 2y +y =
=z +1

« Posrngmemo Bigmosigme omHopimme pisHgmmg y’ — 2y +y = 01

3HAeMO KOpDeHl XapaKTepHCTHIHOTO piBHAHHES A2 — 2\ 4+ 1 = 0. Maemo
A1 = A3 = 1, a ToMy 3araJbHHNE pO3B’S30K OJHOPIAHOTO PIBHSIHHS

ys.0.(2) = (C1 + Cax)e®, {Cy, Ca} C R

OcklabKy TTpaBa YacTHHA PIBHSAHHS € MHOTOYWIEHOM IEPITIOTO CTEMeHs 1
cepesl KOPeHIB XapaKTepUCTHIHOTO DIBHSHHSI HEMA€ HYJIBOBUX, TO YACTHH-
HHH pOo3B’I30K HEOAHOPIIHOTO PIBHAHHS Tpeba MIYKATH y BHULVISIL

= (Aa:—i—B)xO = Az + B.

ITizcTaBuMoO Telt BEpa3 B HEOAHOPIAHE PIBHAHHS 1 TPHAPIBHAEMO KOepImeHTH
MpH OJTHAKOBUX CTEIEHSX &'

(Az + B)' —2(Az+ BY + (Az+ B) =2 + 1,
—2A4+Ax+B=z+1 abo Azx+(B—-24A)=x+1,

3BIJIKM OJIEPIKYEMO, IO

{314211—’1 a6o A=1, B=3.
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OTiKe, 9aCTHHHUM PO3B’S3KOM HEOJHOPITHOTO DIBHAHHS € § = « + 3, a
TOMY HOro 3araJbHUH PO3B’I30K Mae BUTJIS

y=(C1+ Cox)e” +z+3, {C1,Cy} CR.  »

Ilpukaan 7. Bigzomo, mo dbyrkiia nomary ¢ = 3p” —p' —2p+ 18, a
dbyuxia mpomosuniit s = 4p” + p' 4+ 3p + 3, ne p(t) — uina Towapy, p'(t) -
TeHAeHTIsA hopMyBaHHS IiHK, p”/ () — TeMI 3MiHW IIIHE Ha MOMEHT Yacy f.
SHalTH 3aJeXKHICTh IIHA P BIA 9acy ¢ 3a YMOBH, IO HOMUT 1 TPOMO3UIIIA
spiBHOBaxKyIoThCs, a p(0) =4, p'(0) = 1.

« OcklIbKE piBHOBara PHHKY XapaKTePU3YETHCH PIBHICTIO ¢ = §, TO
Ma€eMO PIBHSHHS

3p —p —2p 4+ 18=4p" +p' +3p+3

abo
P’ +2p" +5p = 15.

OpepkaHe PIBHSHHS € JIHIWHUM HEOMHOPIAHUM PIBHSHHSM JAPYTOTO MO-
PAIKY 31 CTATHMH KOeIIMEHTAMH.

Posp’sizkemMo criodaTKy JiHIAHe ofHopiane pisHsauusa p”’ + 2p’ + 5p = 0.
OCKIIBKH KOPeHAMH XapaKTePHCTHIHOTO PIBHAHHSA A% +2A+5 =0e Ay » =
—1 & 24, To 3arajbHU PO3B’A30K PIBHSHHS Mae BUTJIST

p(t) = Cre~tcos 2t + Cae'sin2t, {Cy, C2} C R.

YacTuHHAYE po3B’I30K JIHIHHOTO HEOTHOPLAHOTO PIBHIHHS IITyKATHMEMO
y Burssigi p = A. Ilicast mijcraHoBKH p B piBHsHHS Matumemo DA = 15,
robro A = 3, Tomy p = 3.

Orxe, 3arajJbHUH PO3B’A30K JIHIHHOTO HEOIHOPITHOTO PIBHIHHS

p(t) = Cre tcos 2t + Cae™'sin2t + 3, {Cy, Cy} C R.

Suatinemo cram (7, Cb, CKOPHUCTABIIWCH TOYATKOBUMH JTaHUMHU
p(0) = 4, p'(0) = 1. Maemo 4 = Cy 4+ 3 abo C; = 3. Ockinegu p'(t) =
—(C1 cos 2t +Casin 2t)e™ 4 (—2C sin 2t +2C5 cos 2t)e ™t o 1 = —C1+2C),
1 orxe, Cy = 1. Tomy

p(t) = e "(cos 2t +sin2t) +3. »
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II. IIpaBa yacruna piBHsauus (39) f(z) = e**P,(z), ne P, -
MHOTOUJIEH CTelleHsi 1, a KoedilieHT o y MOKAa3HUKY — [iiicHe 9ncIIo.

Y 1pOMY BUIIQJIKY YaCTHUHHUN PO3B’SI30K § HEOIHOPIIHOIO PiBHSIH-
Hst Tpeba MIYKaTH y BHMVISAI]

U=Qu(x)e*” -z,

Tyt (), — MHOrOWIEH TOTO CaAMOTO CTeleHd, 10 i MHOTO4WIeH P,
aJjie 3 HeBIIOMHUMHK KoedillieHTaMt, a I — 9MCI0 KOpeHiB XapaKTepH-
CTUYHOTO PiBHAHHS, SKi JOPIBHIOIOTH .

BayBaxkenud. llpn a = 0 maemo Bunajiok I, ockinpku f(z) =
VTP, (z) = P,().

Ilpukiyan 8. 3uaijitn zaraneumii poss’sa30K pisagang y’ — 4y + 3y =
= xe®.

« CkiazaeMo XapaKTEPUCTHUYHE DIBHSHHS 1 3HAXOAMMO HOTO KODEHI:
A2—4A+3 =0, = 1, Ay = 3. 3aragbuuil po3B’ 30K JIHIHHOTO 0ZHOPIAHOTO
DIBHSIHHST Ma€ BHTJISI,

ys.0. = C1e” + C2¢™ | {Cy, O3} C R.

OCKIIBKY cepell KOPEHIB XapaKTePUCTUIHOTO DIBHAHHS € TIIBKHW OJUH
Kopiib A = o = 1, To r = 1 1 yacTUHHUI po3B’430K y Tpeba IIyKaTH Y
BHLJISI]

¥ = x(Azx + B)e” = (Az? 4 Br)e”.

Buaxomumo ¥ 1 §': ¥ = (2Ax + B)e” + (Az? 4+ Bx)e®, i’ = 2Ae” +

2(2Az+ B)e® +(Ax? 4 Bz)e®. lincrapasioun Bupasu jis §, § 1§ y 3ajane

PIBHSIHHS 1 CKOPOUYYIOUH Ha € 7é 0, o/tepKYEMO TOTOKHICTH!
24 + 2(2Az + B) + (A2? + Br)—

—4(2Az + B) — 4(Az? + Bz) + 3(Az? 4+ Bz) = =

abo

—4Ax +2A—-2B = z.

IIpupiBHABIIH KOoedIIEHTH TPH OJHAKOBUX CTEIEHSX X, JICTAHEMO CH-

CcTeMy pPIBHSHB
—4A =1,
2A—-2B =0,
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1 1 - 1 .
3 kol sHaxoAuMo A = T B = T Orike, §y = —Z(xz + z)e®. Tomi

3araJibHUH pOSB’HSOK HeO,ZLHOpi,ZLHOI‘O piBHHHHH Ma€e BUIJIA

1
Yz = C1e” + Coe® — Z(l‘z +xz)e”, {C1, Co} C R »

III. TIIpaBa yactuna piBHauHA (39) f(2) = (P, (x) cos fr+
P,,(z)sin Bz), ne P, — mHOrowWIen cremens n, a P, — MHOrouseH
cTelleHd M.

VY upoMy BHIAJKy YaCTHHHUI po3B’d30K Tpeba IyKaTH y BULJISI]

y = 2 *(Qy(a) cos B + R, (x) sin fz),

ne Qs 1 Ry — Muorowsienu crernensi $ = max{m, n}, a r — 9ucjio KOpeHiB

XapaKTepPUCTUIHOTO PIBHSAHHS, sKi 30iraorbes 3 o £ fi.

Ilpukgana 9. 3naiitn 3aranbawnii pose’s3ok piBHgnHa Yy’ + 4y =
= Hsin2z.

« Kopensym xapaxTepucTranoro pipHSEHA A2 +4 =0e A\ = 2i1 Xy =
—2¢. 3arajgbHUHA PO3B’A30K JIHIHHOTO OAHOPIAHOTO DIBHSAHHS Ma€ BUIJIS,
y3.0. = Cy cos 2z + Cysin 2z. TIpapa actuna f(x) = 5sin 22 HageKNTH /10
PO AYBAHOTO THITY, 60 11 MoxKHa 3amucaTu y Buragal f(z) = 0-cos2x +
5sin 2z. 3ayBaxkumo, 1m0 o + fi = 0+ 2¢, 1 otike, r = 1, a s = 0. Tomy
JaCTHHHHH PO3B 30K HEOMHOPLAHOTO PIBHSHHS IIYKAEMO Y BHUIVISIL

y = x(Acos 2z 4+ Bsin2z).

Judepentitoroun 1 migcrapiagoun §, ¥ 1§ B HeONHOPIIHE PIBHAHHS,
OTPUMYEMO

¥ = (—2Asin 2z + 2B cos 2z)x + (A cos 2z + Bsin 2z),
¥' = (—4Acos 2z — 4Bsin 2z)x + (—2Asin 2z + 2B cos 2z)+
+(—2Asin 2z + 2B cos 2x) = (—4A cos 2o — 4B sin 2z)x+
+(—4Asin 2z 4+ 4B cos 2z);
(—4Acos2x —4Bsin 2z)x + (—4Asin 2z + 4B cos 2z)+
+(4A cos 2¢ + 4B sin 2z)x = 5sin 2z.

Ilicas 3Begents TOMIOHUX WIEHIB, JICTAHEMO

—4Asin2x + 4B cos 2x = 5sin 2x.
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[IpupiBHgABIE KoeImieHTH TpH SIN 22 1 cos 22, OJepKAMO
—4A =5,
4B =0,
5

sBigkE A = - B = 0. Orxe, y = —Zx cos 2z, 1 3arajJbHUl PO3B 30K

HEOJHOPLIHOTO PIBHAHHS 3aIUIIETHCS ¥ BUIJISAIL

, 5
y3.u. = Cicos2x + Cysin2zx — 7 cos 20, {C1, Cu} CR. »

BayBaxkennsa 1. Aximio y; — po3B’g30K piBHSIHHS

Y+ oy 4+ qy = fi(w),

a I3 — PO3B’A30K PIBHAHHS

Y+ oy 4 qy = fo(w),

TO CYMa 41 + Yo € PO3B’I3KOM pIBHSIHHS

Y+ oy +qy = fi(z) + fola).

SayBazkeHHd 2. Y BHIaJKYy, KOJIH IIpaBa dacThHa [ He HaJe-
JKHATD [0 MOMEPeIHiX THIIB, A/ 3HAXOIKeHHS TaCTHHHOIO PO3B’ 3Ky
HEOJTHOPIJHOTO PIBHSAHHA BUKOPHCTOBYIOTH MeTO, Bapiallil cTaJux,
SIKWI TO3BOJISIE€ 3HAXOINTH YaCTUHHUN PO3B’a30K HEOTHOPITHOTO PiB-
HAHHS 3a BIIOMUM 3arajlbHUM pO3B f3KOM OIHOPIIHOIO PiBHSIHHSI.

PosrnsHemo niniitne weonHopiane pisasuaHs (39). Hexait snaitme-
HO 3araJjbHHIT pO3B 30K BiAMOBIIHOTO OTHOPIIHOTO PIBHIHHS ¥z 0. =
Chi(2) + Caya(2), me y1, y2 — 9acTUHHI PO3B’A3KH, SKI YTBOPIOIOTH
dpyHIaMeHTAJIbHY ccTeMy. BisbMeMo B IIbOMY pO3B 3Ky 3aMiCTh CTa-
mux C 1 Cy meski dyHKINT 21 1 29 1 migbepeMo iX Tak, mob QyHKIIisT

y=21(2)y1(z) + z2(2)y2(2) (41)

Oysta pO3B’dA3KOM HeoJHOpiHOTO piBHsAHHS (39), ToOTO HpH mijgcTa-
HOBI (41) pasom 3 ¥ i ¥ y piBugHHA (39) MOBHMHHA O/IepPIKATHCSH
TOTOXKHICTb.
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[Iponudbepentiiropapuin § Mo &, JiCTaHEMO

~f

7' =20y (@) + 5(@)y(e) + 2 (0)y (@) + 2(0)y(e).  (42)

OckinbKM MU BBeJIM 1Bl HeBimoMi PYHKIUI zy 1 29, TO Ajd IXHBOIO
BU3HaUYeHHs Tpeba MaTH IBa PIBHAHHA. 3a OIHE PIiBHSIHHS BI3bMEMO
TaKe:

21 (@)1 (2) + 23(2)ya(2) = 0. (43)
Toni Bupas (42) s i cpocTHThes | Habye BUMISLY
v = 21(2)yr (@) + z2(2)ys(2). (44)
Tlucbepentiiioo n 1o PiBHICTD mMe pas, 0epiKyeMo
v’ =2 @)y (@) + 2 (@) () + 25 (0)ya(2) + 22(2)yy (). (45)
[izcrasmonn (41), (44) i (45) y pisnamma (39), aicraeno
(1 @)y () + 21 ()97 () + 25 (2)ya(w) + 2a(w)ys (2))+
+p(@) (z1(2)ys (2) +22(2)y2 (o)) +a(@) (21 (@) g1 (2) +22(2)y2(2)) = f(2),
260, TPYTYIOHH HIeHH,
z1(2)(y1 () + p(@)yi(2) + ¢(2)y1 (2)) + z2(2) (y2 (2) +

+p(2)ya () + (2)ya(x)) + 21 ()91 (2) + 25 (2)ys () = f(z).  (46)

Ockinbrn PyHKINT y1(2) 1 y2(x) € po3B’sd3KaMu OIHOPITHOTO PiB-
HSIHHS, TO

yi () + p(@)yi(x) + q(@)yi(z) = 0, z € [a;b]
vy (x) + p(@)yy(z) + q(x)y2(e) =0, ’
Tomy piBHicTh (46) Habyme BUMIATY
2 (2)yi(2) + 25 (2)ys(2) = f(). (47)
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PiBusanus (47) € ApyruM piBHSHHSAM, sKe TTOBUHHI 33/ I0BOTBHATH
PyHKINT 21 1 29.
Ot:xe, 11s TOXITHUX Bij PyHKIIH 21 () 1 22(2) MaeMo cucremy
PiBHSAHD
{ 2 @)y () + 25(2)ya(x) = 0, (48)
# @)y (2) + 25(2)y; (2) = f().

BusnagHukoM H‘i€'1' CHUCTeMH € BU3Ha4YHHNK BpOHCbKOFO

9

‘91(90) y2(2)
yi(z) yy(x)

AKUI He JTOPIBHIOE HyJT0 1iist @ € [a;b], 60 y1(2) 1 y2(2) — dbyHIaMen-
TaJIbHA cucTeMa po3B’s3kiB. Tomy z] i z), BU3HAYAIOTHCH 3 CHCTEMH
(48) ommosnauno: zj(z) = ¢1(z), 24(x) = @a(z). lpoinTerpyBasiu
i piBHOCTI, 3HafimeMo z1 i zz i migcrasumo ix B (41). ¥ pesymnbrari

MaTHMeMO JacTHHHUI po3B’s30K piBHAHHSA (39).
Ilpukgana 10. 3naiiTn zaraneHwmii po3s’s30k piBHgnHa Y’ + 4y =

cos 2z
« XapaxTepucTudHe piBHAEHEA A2 +4 = () Mae KopeHi A\| = 2i, Ay = —24,
a TOMy byHIaMeHTAIBHY CHCTEMY YTBOPIOIOTH byHKIIl y1(x) = sin 2z,

ya(x) = cos 2x. 3BijcH BHILTHBAE, IO 3araJbHUN PO3B’ 30K JIHIHHOTO OJHO-
piziHOro piBHAHHS Mae BUMJIsL Y3.0. = C1sin 2z +Cy cos 2z, {C1, Ca} C R.

Tomy wacTuHHEH PO3B’I30K HEOAHOPIIHOTO PIBHAHHS 3TiAHO 3 (hopMy-
qo1o (41) sanummemo y BT

¥ = z1(x)sin 2 + z2(x) cos 2. (49)
Cucrema (48) nyst sHaxoKenHs 2] (#) 1 z5(2) y pOMY BHIAIKY € TAKOO:

z1(x) sin 2 + 24 (x) cos 22 = 0,
2z (

x) cos 2z — 225 (x) sin 2z =

cos2x

Posp’saxemo mio cuctemy 3a dhopmyrsamu Kpamepa:

0 cos 2x
1
—2s8in 2z -1 1
o (z) = cos 2z — _ =
! sin 2z cos 2z —2(sin2 2z 4 cos?2z) 2 ’
2cos2x —2sin2x
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sin 2z 0
1

2 2
Zh(x) = o cos 2 = tg 2w =
sin 2z cos 2z —2(sin2 2z + cos? 2x)
2cos2x —2sin2x
1

2

CTAaJHUX HE IIUITEMO, 60 Iy KaeMO YacTUHHUH pOBB’HBOK.

. 1 1 .
Tarerpytoun, gicraemo zy(z) = -z, z2(x) = 1 In | cos 2z|. Mosinbuux

MMigcrapusmu sHaigeni z1(x) 1 z2(2) y (49), orpuMyemMo dacTHHHHIA
PO3B 30K ¥ 3aJaHOro PIBHAHHSA Y = 7% sin 2x + 7 o8 2z - In | cos 2z|.

Orxe, 3arajbHU#H PO3B’A30K HEOMAHOPITHOTO DIBHSHHS Mae BUTJIS]

1 1
y3.g. = C1 sin 22+C'5 cos 21‘—1—51‘ sin 21‘—1—1 cos 22 In | cos 2z|, {C, Ca} CR. »

Buopasu

1. Posp’sa3aTy piBHSHHS 3 BIAOKPEMIIOBAHUMHE 3MIHHHUMH:
1) 2y —y =0, sxuo y = 4 npu & = —2;
Dyy +e=0 3 etey+y(y+ay) =0;
N a?y +y=0,y=empu z=1;
)(l‘+1)y +ay = 0;
) y\/f—y,y—lnpﬂx—4
)(1—1—6 Jyy' =€, y =1 npu x = 0;
a2y +y? =0, y=1npu x = —1;
)

oo =1 Oy Ot

1
9) ¢ (2y—|—1)ctgaj,y:§npﬂx:

™
Za
xr

10) (1 + y*)dr — xydy =0,y = 1 npu = = 2.
2. Posp’st3at ogHOpiiHE PIBHIHHSI:
2
1
)y = ——g; 2)y’:g—i—sing,s{Kmoy:—npﬂxzz;
x x x 2 4

3)xycosg_ycosg—x 4)y’:g— :

T T T
5) (w? +y)dl‘—2xydy—0; 6) (x —y)y — 2%y = 0;
7)

(22 4+ 2zy) + zyy’ = 0.
3. Posp’szary JiiHifiHe PIBHAHHSA NEpIIOTO MOPAIKY:

3
1)y’——y_x; ey +y=Inz+1;
x
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3) y’—I—i—y:xS; )y +y=cosuw;
5y =x +y; 6) v + 220y = Qwe=";
Ny —y=e".

4. Posp’sizatw piBHgHHS Beprysm:
ey +y=-2y*  2) ey —y=y;
3) v + 2y = zy?; 4) xy + 2y = x5y?.

5. Hexailt ¢ N moTeHIiiHMX MOKYMIB meBHOTO ToBapy. Ilicas pekmam-
HOTO OTOJIOMIEHHS 1H(OPMAIlsa Tpo Iedl ToBap MOMHPIOETHCS [Hepes3 CITLI-
KYBaHHSI TOKYIINB MIK coboio. BpaxoByodn, 1o MBUAKICTE 3MIHH THCIA
TMOKYIIIIB, Kl 3HAIOThL PO TOBap, MPOMOPIiiiHa IK IHUCAY TpoiH(OPMOBa-
HHUX TpPO ToBap, TaK 1 UUCAY HMOKYIINB, Kl MPO HHOTO HIYOTO HE 3HAOTH,
CKJIACTH MaTeMaTHIHy MOJENb 3a/a4l | 3HAUTH 3aKOH 3aJeKHOCTI BiJl 9acy
qHcsIa TPoiHGOPMOBAHUX TOKYIIIIE .

6. I'paHuTH1 1 TOBHI BEUTpPaTH BHPOOHWIITBA 3aJ0BOJILHSIOTH PIBHSHHS
Yy —4y+x = 0. 3naiiTr GyHKIIO ¥ MTOBHAX BUTPAT, IO 3aJ0BOJLHIE yMOBY
y(0) = 0.

7. Bigomo, 1110 miHa p Ha MeBHUN TOBap 3aJeKUTH B 9acy t, a IMOMHT ¢ 1
NPOIOBHIA § BU3HadaloThcst hopMmyaamu ¢ = 4p’ —2p+39, s = 44p’+2p—1.
SualiTh, SKOIO MOBHMHHA OyTH IiHA P, 1100 TOMUT 1 MPOMO3HUITIS 3PIBHOBAIKY-
Basmcs, axmo p(0) = 1.

8. 3a axwuit TPOMIKOK Jacy BIAOYAETHCS MOABOESHHS CYKYTHOTO CYCIITh-
HOTO MPOAYKTY P, SKIIo HOro 3aje’KHICTh BiJl Yacy BH3HAYAETHCS PIBHSH-

HAM PO3IMUPEHOTO BIATBOPEHHS o 0,1P.

9. 3maijiti obcsr peasizoBaHol MpoAyKIil y(t) 1 foro sHavdeHHd TpH ¢ =
2, AKo BijoMo, 1o GYHKINA HomuTy Mae purasag p(y) = 3 — 2y, HOpMa

aKcesepaiii 7= 1,5, Hopma imBectriii m = 0,6, y(0) = 1.

10. IIpo momuT o6cATOM & OAMHUILL MEBHOTO TOBAPY BAPTICTIO P 32 OJIH-
. pdrx x — 200 .
HHUIIO TOBapy BIJIOMO, IO e =— Busnauutn (YHKINO TOTATY
sursny p = f(#), sxmo 0 < z < 200 i p = 5, xomm « = 190.

11. Komnanis mae Ha ckiaal 1680 mpuia/iie, npudoMy BoHa BHPOOJIsE
900, a peamizye 800 mpuianip momicaaHo. [lonmuT Ha TPOAYKINIO 3HUKYETH-
ca 31 mBEAKIcTIO 10 mpraaglB Ha MICAIb. 3 KOO MIBHAKICTIO ¥ TOBHHHO
CKOPOYIYBATHCH BEPOOHUIITBO, OO Ha CKAaMl depe3 12 MICSAINB He 3aJHIIH-
JIOCSE JKOJHOTO HEPeaiz0BAHOTO TPHIAILY !

12. Posp’sa3aTu piBHSIHHS:

Dy =4y +3y=0;  2)y" =4y +4y=0;
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3) ¥ — 8y + 25y = 0; 4) ' + 4y = 0;

5) ”—|—2y + 2y = 0; 6) ”—I—2y —|—5y—0
Ny +y=0; 8) y' =2 +y=e
9)y”+y—2y=—4; 10) y" — 4y = 827,

11) ¥’ — 2y = 2¢%; 12) ' + ¢ = xe™ 7,
13) ¥/ — by’ 4+ 6y = 13sin3z; 14) ¢y’ +y =z + 2¢7;
15) ¥ 4+ 3y’ + 2y = sin 22 + 2 cos 2.

13. ITomuT 1 mpomo3uIlis Ha TeBHUR TOBap BH3HAYTAIOTHLCS CITIBBIAHOIIEH-
uavm ¢ = 2p” —p' —p+ 15, s = 2p" + p' + p+ 5, ne p — wina ToBapy, p’ —
Tengentia popMyBaHHsa WiHA, p”’ — TeMI 3MIHM IHA. 3HAHTH 3a/167KHICTD
I[HK BiJl 9acy, 3a YMOBH, II[0 TIPOTO3HINis | HOMUT 3piBHOBaXkeH], a p(0) = 6,
¢(0) = 10, s(0) = 10.

14. Posp’sa3aTn mogamHl HUKYe PIBHSHHS 1 3TIJIHO 3 MOYATKOBHEMH abo
KpaitOBEMH YyMOBAMH 3HANTH JaCTHHHUN pO3B’I30K:

1) y'(x) — 4y () + 3y(x) =0, y(0) =1, ¥ (0) = 0;
)y (x) + ¢/ (2) — 6y(x) =0, w(0) =0, y(1) =0;

3) y'(x) — 4y (x) +4y(x) =0, w(0) =1,y (0) =0;
)y (x) — 6y (x) + 9y(x) =0, (1) =0,y (1) =2

15. 3maliTy 3aradpHUil pO3’A30K PIBHSHHS 1 PO3B’s3aTH 3ajady Kori:
1) y"(2) —y(e) = e, y(0) =1, ¢ (0) = 0;

2) y(z) — 6y (z) + 9y(z) = 3%, y(0) =0, ' (0) = 1;
3) y'(x) +y(x) =2cosz, y(0) =5 y(0)=2.

Bignosiai
L.1) y=-2x; 2) 2?+y*=C% 3) a+y=InCx+1)(y+
1); 4) y=eY" 5) y=Cle+1)e™ 6) y=eV"2 7) ¢* =
1
21n (76( )), 8) arctgy = arctgz + g; 9) y = 2sin’zx — %
10) 2y =22-2. 2.1) y:i' 2) y=2zxarctgz; 3) sin ¢
' 1—-Cz?’ ’ x
In|z| = C;

4) y:xlng; 5) (x—C)—y*>=C?% 6) x=CeY; T) Inle+

x

1
y|—|—L: .301) y=Cad—2%  2) y_lnx—i—l—ﬂ—l—g;
r+y T T
1, C 1 .

3) y:ax +—; 4) y=Ce x—i—i(cosx—l—smx); 5) y=Ce* —x—1;

x
6) y = (xZ—I—C')e_xQ; ) y=(x+0C)” 4.1) y(Ciz+ 2?) = 1;
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2) y =51 3)yt=Ce 41 4 yl=-T 40t 5=

N N 1 1 1
kx(N — 0) = — = . 6.y=-— W
2N =2), 2(0) = 7 @ = T p Ty m R TR
In2
7.p = 10 — 91710 8.t = On_l A~ 7 pokie. 9.y = 0,4(3 — 2y)y,
361,2t 362’4 ’
)= ——— y(2) = ——— =~ 1,43. 10. p =100 — .
y() 1+261’2t’ y( ) 1+2262’4 3 3 P 002 0,5$
10 — v)t 10 — v)t
11 ot = 1000+ L0 e o) = 1000+ LT L1680, v = 50

2

npuiaiB 3a Micans. Bkasieka. ko #(t) — KIbKICTh IpATa/iB Ha CKIAI]

dx(t
3a t MIcAIlB, TO Zi ) = s(t) — p(t), me s(t) = 900 — vt, p(t) = 800 — 10¢.
d
Tomy maemo audpepeHIiagbHe PIBHIHHS d—f = 100 — (10 — v)t Ta ymoBH

z(0) = 1680, z(12) = 0.

12. 1) y = Cre” + Ce3%; 2) y = (Cy + Cax)e?
3) y = % (Cy cos 3z + Cysin 3z); 4) y = C1 + Cae™ 7,
5) y = e " (Ccosx + Casint); 6) y = e " (C1 cos 2z + Casin 2z);
7)y=Cicosx+ Casing; 8) vy T(Cy + Caz) + e%7;
9 y= )

||n:

Cre® 4+ Coe™ 2 4+ 2; 10

; C1e®® 4 Coe™?® — 223 — 3u;
)y =i+ Coc® =27 12)y=Cite(Comr =)
13) y = Cre* 4 Cye® + é(5 cos 3z — sin 3z);
14) y = Cycose + Cycosx + x + €7
15) y = Che™" 4 Cae™ 2" + —— cos (— - 29@)

13. p(t) =5+ e cost.
14. 1) y(z) = Cre” + Cqe3?, y(x) = —e¥ — —e”7,

2) y(z) = C1e?® + Cae™3" y(x

y ) =
3) y(z) = C1e*™ + Coxe®™, y(x) = €2 — 2xe
y(r) = C1€3% + Caxe®® | y(z) =

3
15. 1) y(x) = C1e” + Cae™® ge ,y(x) = Lo 4+ —e” + -7

22
2) y(z) = C1e3" + Cqued® + 76 , y(z) = g; €3 4 zed
3) y(z) = Cycosa + Cysine + xsinz, y(z) = (z + 2)sinx + bcos x.
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