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IMPEINCJIOBUE

Kuura npegnasHadeHa Jijisi CTYJICHTOB MJIAJIINX KYPCOB TEXHUYEC-
KUX BY30B, M3Y4YalOlIUX MaTeMaTUIeCKyIO JIOTUKY U TEOPUIO aJIrOPUTMOB
JIIICTAHIIMOHHO, 1 HallncaHa Ha ocHoBe yueOHuka Cydonaamos C. B., Os-
wurnukosa F. B. Maremarudeckasi JJOTMKa U TeOpPUsi aJrOPUTMOB: Y ued-
auk — M..MTH®PA-M, Hosocubupck: Nzga-so HI'TY, 2004, moctymHoro
yepe3 oudmoreky HI'TY, knock HI'T'Y win NaTepHer-marasunbl Poccun.

Marepuas yuebHIKa COCTaBJIEH B COOTBETCTBUU C pabOUNMU ITPOrpaM-
MaMHI KypCOB MaTeMaTHIeCKOil JIOTUKHI ¥ TeOPUHU AJITOPUTMOB, UINTAEMbIX
B HI'TY, n onmpaercs na yaeonuk Cydonaamos C. B., Osuunnurosa E. B.
Huckpernast maremarnka : Yueobnnk — M..MTH®PA-M, Hoocubupck:
Wsn-Bo HI'TY, 2005.

Y4uebHUK BKJIOUaeT JeThIpe pasjie/ia:; NCUNCIEeHNs] BbICKA3hIBAHUIL, J10-
I'MKa U UCUUCJIEHUS ITPEJIUKATOB, 3JIEMEHThl TCOPUN aJITOPUTMOB, HEKJIAC-
cu4ecKue JIOTMKU. B KOHIle KHUT'U NPUBEJIeHbl BapUaHThl KOHTPOJILHOI pa-
OOTHI.

Bapuant N KOHTPOJIbHOI pabOTHI CTYIEHTa BBIUUCIAETCA 110 (DOPMYJIe
N = k+25-m, rie k — ducjo, cocrosdinee U3 MOCAEJHUX JIBYX IUQP JInU-
HOTO mudpa CTYJIEHTa, a IeJI0e TUCIO0 M BBIOMPAeTCs TaK, YTOObI 3HAUCHNE
N maxoauioch B npejeax or 1 jgo 25.

[lepej periennem 3aja4 KOHTPOJILHONH PAOOTHI MOJIE3HO MTPOPENIATh 3a-
Jladl ¥ YIIPayKHEHUs, IIOMEIIEHHbIe B KOHIIE COOTBETCTBYIONINX Pa3/Ie/IoB.
B KoHIle Kark/10il TyIaBbl ITOMEIIEHbI CChLIKI Ha MPUMEPhI, KOTOPbIE SIBJIsI-
IOTCSI aHAJIOTAMU COOTBETCTBYIOIINX 3a/1ad KOHTPOJbHOI pabOTHhI.



['naBa 1

NCUYNCJIEHISA BBICKA3BIBAHI

§ 1.1. Omnpenenenue GopMaIbHOTO UCHUCTICHUS

Bgejiem obiiee nonsitue popMabHOrO UCUNC/IeHns. byjaeM roBopuTh,
970 (hopMasvbHoe ucuucierue I orpesiesieHo, eCii BhITTOJTHIIOTCS CJIeTYI0-
1€ YEThIPE YCIOBUS:

1. Nmeercsa mexoropoe mMuokectBo A(l) — aagasum ucaucienns I.
Dementol ajidasuta A(l) HaszbiBaOTCI cumeosamu. KoHedHbie ToCIe10-
BATEJIbHOCTH CUMBOJIOB HA3BIBAIOTCS CA08aMU UcHucrerus 1. ObosHadnm
aepe3 W (1) mMHozkecTBo Beex CI0B asidaBuTa ucancaenus 1.

2. Bagano nogmuokectso E(I) C W(I), HassiBaeMoe MHOHCECTEOM
svipasicenuti ucuucienua 1. dnementol MuaokecTBa F(I) HazpiBatorcest gop-
MYAAMU TWITA CEKEBEHUUAMU.

3. Boigeneno muoxkecrso Ax(I) C E(I) Beipaxkennii ncumcsenusi I,
HA3bIBAEMBIX AKCUOMAMY UCINCTeHus [ .

4. Nmeercst koreynoe MHOKecTBO (1) gacTuvnbIxX onepainii Ry, R,
..., R, #a muoxkectBe E(I), Ha3BIBAEMbBIX NPAGUAAMYU 6bI600A UCHUCAE-
Hua 1.

Urak, ucaucienune I ects werBepka (A(I), E(I), Ax(I),R(])).

Ecmn wabop Boipaxkenuii (Pq, ..., P, ) npunagiexxkur npasuiy R;,
TO BeIpakenus ®q, ..., P, HaA3BIBAIOTCI NOCHLAKAMU, 8 BbhIpaxkeHne ¢ —
nenocpedemeertvim caedcmeuem svipascenuts O, ..., Y., no npasury R;,
WIN 3aKA0YEHUEM NPasuAG R;. SalucbBaTbes 3TOT (hakT OyIeT Cie/Iyio-
UM 00pa30M:

Dyl <I>m_
P "
Nuorga B 97O 3ammcyt CUMBOJI ¢ OYJIET OIYCKATbCSA, €CIM U3 KOHTEKCTa
SICHO, O KQKOM TIpaBUJIe UJIET Pedb:



Bwisodom B ucunciennu I Ha3bIBAeTCsl 10CJIEI0BATEILHOCTD BhIpayke-
auit @1, $o, ..., &, Takast, uro s Jr06oro i (1 < i < n) BBIpazKeHUe
®; ecTb b0 akcnoma ncaucaeHus [, aubO HEMoCpeICTBEHHOE CJIEJICTBUE
KaKNX-JINOO TIPEJIbIIIYIINX BbIPAXKEHMIA.

Bripazkenne @ naswiBaercss meopemoti ucvwucrenusn I, evsodumovim 6 1
uinn doxazyemuim 6 I, ecin cymecrByer BoiBog Pq, ..., P, P, KoropbIit
Ha3bIBACTCs 6b18000M 6uipaxcenus P i dokaszamensvcmeom teopembr P.

[Ipumep 1.1.1. 1. [ycre E(I) — MHOXKECTBO MOBECTBOBATE/ILHBIX
peJIIoyKeHn il pycckoro st3bika, Ax(]) — MHOXKECTBO UCTHHHBIX B JIAHHBII
MOMEHT BpeMeHH IIPeJIoyKeHnil BuIa “TIojjiexKalee cKka3dyeMmoe ¢ TOUKOIl
Ha KOHIIe. VIMest mpaBuia BhIBOIA

D, D0,
du V. . ® ym .’

MOYKHO U3 MPOCTBIX TPEJIOZKEeHUil (aKCUOM) COCTaBJISITh OOJiee CIIOKHBIE
(TeopeMbl), TaKyKe UCTUHHbBIE B JAHHBI MOMEHT BPEMEHI,

2. Ilycts E(I) — mHOXKeCTBO nporpaMM Pp, IPOU3BO/ANNX BbIUUCIIE-
HUST 3HAYEHU{T OJIHOMECTHBIX YncyioBbixX GyHKuii f, Ax([) — MHOXKeCTBO
“npocreix” nporpamm. /s nporpamm Py, P, € E(I) obosnauum tdepes
Pf o P, nporpaMmy, cocTaB/IeHHYIO U3 HIporpaMm PPy n P, Tax, 4To 110 JIio-
ObIM HaYaJIbHBIM JIAHHBIM [IPOU3BOIATCS BbIYUCICHUST 3HAYCHII DYHKIIN
f, a 3areM 1oJIyuYeHHbIE 3HAUEHUSI UCIIOJIb3YIOTCA KaK HadaJIbHbIE JIaHHbIE,

110 KOTOPBIM BbIUKCJsIeTCs 3HadeHne gpyukiun ¢g. [IpaBuio BeBoga
Pf; Pg

Pf O Pg
I03BOJIAET 3a/1aTh (POPMAJILHOE UCUNC/IEHNE, B KOTOPOM U3 IIPOCTHIX IIPO-
rpaMM (aKCHOM) MOYKHO COCTABJIATEH GoJiee CJIOKHBIE (TEOPEMBbI).

Boo0biiie ToBopsi, MOKeT He CYyIIEeCTBOBATHL AJI'OPUTMA, C IIOMOIIBIO KO-
TOPOTO JIJIsI IPOU3BOJILHOIO Bhipaxkenust ¢ dpopmasnbaoro ncancenns I 3a
KOHEUHOE YUCJIO IIIaroB MOYKHO OIPEJIEINTD, ABJsIeTCsI 11 O BHIBOIUMBIM B
I nnn get. Eciin Takoit aJropuTM CyIiecTBYeT, TO UCUUC/IeHIe HA3bIBAaeTC sl
DABPEWUMDBLM, & €CJIT TAKOT'O aJIPTOPUTMa HET — HEPA3PEULUMBLM.

Vcunciienne HA3BIBACTCS HENPOMUBOPEUUBHIM, €CTIN HE BCE €ro BhIpa-
JKEHIS JTOKA3YeMbl.

Huke Mbl mpoBesieM mocTpoeHune AByX (OPMaIbHBIX HCUUCIEHUNR —
HCUYNCIEHN BBICKA3BIBAHUI, B OCHOBE KOTOPBIX JIEXKAT (POPMYJIbI aared-
pol Jloruku. IlepBoe M3 9TUX HCUUCTCHUNR — UCHUCAEHUE BBICKA3BIEAHUL
2EHUEHOBCK020 MuUnNa, TIpeIIoyKeHHoe ['eHIIeHOM, B KadecTBe BbIPayKeHMil
HCIIOJIBL3YeT CeKBEHIINU, IIOCTPOEHHbIe U3 (OpMyJ aaredpbl JIOTUKUA. JTO
ucuncjeHne oyaer obosnadarnbesa depes C. Bropoe ncuncienne — ucuuc-
AEHUE BbICKA3BIEAHUT 2UAbOEPMOBCK020 muna, co3Jano ['mapbeproM, 1 B
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HEM BBIPAXKEHUSIMU sIBJISIIOTCs] HEIIOCPEICTBEHHO (DOPMYJIbI aaredpbl JIOIH-
ku. Vlcuncienne BbIcKa3bIBaHU THIHOEPTOBCKOTO THIIA OyIeT 0003HaYaAThb-
ca depes IB.

MprI nmokazkeMm, 4To 00a MCUKMC/ICHUS SKBUBAJEHTHBI B TOM CMBICJIE, YTO
JIOKA3yeMbIMI B HUX OYAYT SIBJISITHCS B TOYHOCTU TOXKJIECTBEHHO HCTIH-
Hbie popmyJibl. V3 nocienero pakra OYJAYT BhITEKATH Pa3PeIuMOCTb U
HEITPOTUBOPEUNBOCTb HCUYUCTECHUN BbICKA3bIBAHUIA.

Crposimuecs B panbHeiiem ncauciaenus UITC n UIT, asiastomuecs pac-
mmpenusiMu ucanciaennii IC u B coorBeTcTBEHHO, TTOC/IYKAT IIPUMEPAMU
HEPA3PENINMbIX HEITPOTUBOPEYNBBIX UCUNCTIEHNI.

§ 1.2. Hcuncienue BbICKa3bIBaHUIA
T€HIIEHOBCKOT'O THUIIA

OmnpejiesinM 3JIeMEHTDI ucuucaenusd evcrasviearnuti 1C.

Aagasum HC cocrout u3 6ykB A, B, ), P, R u npyrux, BO3MOXK-
HO, C WHJEKCAMHU (KOTOPBIE HA3BIBAIOTCS NPONO3ULUOHAALHOIMU NEPEMEH-
NOLMU), A02UMECKULT CUMBOJIOB (CBSI30K) OTPUIAHUA —, KOHDIOHKINH A,
JI3BIOHKIUN V, UMILIHKAIII —, CJIeJ0BaHUS -, a TaKKe 6CnOMO2aMENb-
HbLT CUMBOJIOB: JIEBOi CKOOKH (, TIpaBOil CKOOKH ), 3AIATON .

Mmnoorcecmeo gopmys UC' onpenienisieTcsi WHLYKTUBHO:

a) BCe ITPOMO3UINOHAJBHBIE MepeMeHHble siBysitorcs dopmytamu UC
(Takue HOPMYJIbI HA3BIBAIOTCS ACMEHMAPHOLMU U GIMOMAPHOMU);

6) ecm @, 1 — dopmyaer UC, 0 =, (¢ A1), (0 V), (¢ — ) —
dopmyer NC;

B) BbIpaykeHue sipjsiercsi hopmysioit IC rorya m TosibKo Torma, Koraa
9TO MOKET OBITH YCTAHOBJIEHO C ITOMOIIBIO MTyHKTOB “a” 1 0.

Takum obpazowm, Jitobast hopmysaa VC crpontest 13 mpOnoO3UIHOHA b
HBbIX IIEPEMEHHBIX C [IOMOIIBIO CBA30K —, A\, V, —.

B nasbaeiinem npu 3amicu popMys1 OygeM OllycKaTh HEKOTOPbIe CKOO-
KU, UCIIOJIb3Ys T€ Ke COIJIAIeHHs, YTO 1 B ajaredpe JIOTUKH.

Cexsenyuamu HA3BIBAIOTCI KOHEUHBIE BbIPAXKEHUsI CJACAYIOMNX JIBYX

BUJIOB, TJI€ P1, ..., Pn, Y — dopmymrsr NC:

©O1y - 0n F U (fus uemunnocmu @1, ..., @, caedyem P,
©1,- -0 B (“cucmema dopmyn o1, ..., o, npomusopenusa’”).
[TocnepoBaTembHOCTH POPMYIT V1, ..., (P, B CEKBEHIUAX OYJIyT YacTO

obozradaTbest depes [ (BosmoxkHo, ¢ ungekcamu): ' F ¢, T . Tlpu sTom
nocJeJIoBaTe/IbHOCTh [ cunraercs mycroit ipu n = 0. 3uaunt, 3ammcu -
1 F TakKe SABJISIIOTCS CEKBEHIUSIMU, MEepBast U3 KOTOPBIX MOYKET YUTaTh-
csl KaK yTBEpkKJeHHe O JlokazyeMocTu (GpopMysibl . CMBIC CeKBEHINN
Oysier ykazan B § 1.5,



Taxkum obpaszoMm, HAPsTYy ¢ (DOPMYIAMI, CAMBOJIU3UPYIOMIUME MTPOCTHIE
UJTU CJIOYKHBIC BBICKA3bIBAHUS, CCKBEHITUN SIBJIAIOTCS 3aIlUCAMU Y TBEPKIC-
HUl, B KOTOPBIX BBIJICJISIIOTCS TOCBLIKKA U 3aKJII0UEHHE.

MuoxkecTBO akcuom U C onpenensercs ciaeayroreii cremoti CeKBEHIINIA:
w @, rae ¢ — nponsBosbhasg gpopmysta NC.

AkcromamMn sIBISIIOTCA, Harnpumep, cekpennun A A =B = AN -B nu
A—-A —-—BVCA-DFA—-A — BVCANA-D.

[IpaBmia BeiBoga NC zagatorcea ciaemyrommumu 3anucsamu, riae ', 'y —
IPOM3BOJIbHBIE (BO3MOYKHO ITYCThIE) KOHEUHBIE TOCTIE0BATETLHOCTH (DOP-
myn UC, ¢, 1, x — npousBosbubie hopmystsr NC.

I'-g; 'EY
L'F(pAY)
['E (e A1)
I'Fop
L'F (e A1)
TFa
I'-o
TE(VY)
I
TE(VY)
Lok ToxEo; TE (o V)
' T

(BBesieHIE N).

2. (ynamerne A).

3. (ynamemnne A).
(BBesieHNIE V).
(BBeEHTE V).

6 (ymaserue V, WIn TpaBuio pasbopa

JIBYX CJIyYaeB).
Dok
T (=)
[ IE(p = 9)
T
'k
I'-o
I'Fy;, I'E—p
I+
oo, I x
oo, Ik x
'
Lo

7

(BBEICHIE — ).

(yrmamerne — ).
9. (ymasmerue —, MM JIOKA3aTEIbCTBO OT TPOTHBHOTO).

10.

(BbIBeIEHIE TIPOTHBOPEYNS ).

11

(mepecTaHOBKA MOCHLIOK).

12.

(yroHtveHue, WM TPABIIIO JINITHEf TTOCHLIKH).



BeiBoa Sy, . . ., S, B IC HazbiBaeTcs aunetinoim dokadamesvecmeom. Ce-
KkBeHIs S HasbiBaercs: doxasyemoti B IC, unn meopemoti IC, ecin cy-
MIeCTBYeT JIMHEIHOE JI0Ka3aTebecTBO S, . . ., S, B VC, 3akanduBaroiieecs
cekBennueit S: S, = S. @opmyia ¢ HazweiBaeTcst dokazyemoti B UC, eciin
B IC nokazyema cekBeHIHs F .

OrnpenesnnM 110 UHAYKINAN HOHSITHE JEpesa CeK6EHUU:

1) sobast CEeKBEHIHsT SIBIAETCST IEPEBOM CEKBEHIIHIT;

2) ecim Dy, ..., D, — J1epeBbsi CEKBEHIW 1 S — CEKBEHIHsI, TO 3aliCh

Dy;...; D,
S

Tak>Ke SBJISETCS J€PEeBOM CEKBEHIIHI;
3) J060e JepeBo CeKBEHIMIT CTPOUTCS B COOTBETCTBUN € Til. 1 u 2.

Bxoowcdernuem cexsenyuu 6 depeso D HA3BIBAETCA MECTO, KOTOPOE Ce-
KBEHIINS 3aHIMAeT B Jiepese. Kazk 1as CeKBEeHIMA MOKET UMEeTh HECKOJIBLKO
BXOKJICHUIT B JIepeBO CeKBeHImil. Bxoxkienne ceksennuu B epeso D, Hag
(I0/1) KOTOPBIM HET TOPU30HTAJBHOMN IePThI, HA3BIBACTCS HAYAALHbIM (CO-
OTBETCTBEHHO 3AKAOYUMEALHDIM ).

13 onpejeniennst jiepeBa CEKBEHIINIT sICHO, YTO HadaJIbHBIX CEKBEHIINI B
JiepeBe MOXKeT ObITh HeCKOJIBKO, & 3aKJII0UNTeIbHAsl CeKBEHIINS € MHCTBEH-
Ha.

Yactb mepeBa, cocTodiasg 13 CeKBEHIII, HAXOAAIINXC HEITOCPEICTBEH-
HO Ha/l HEKOTOPOIl 4epToil, 1Mol TOIl Ke 4epToil, a TaKyKe CaMOil 4YepThl,
HA3bIBACTCSA NEPETOIOM.

Hepeso D naswbiBaercst doxazamenvcmeom B C 6 sude depesa, ecin
BCE ero HavdajbHbIe CeKBEeHIINN cyTh akcnombl VIC, a mepexoibl ocyecTs-
Jstores 1o npasuiaM 1-12. lepeBo D HazbiBaeTCss doKa3ameascmeom. ce-
keenuyuu S 6 eude depesa B IC, mnu depesom ewvieoda S B UUC, ecin D —
nokasareabcTBo B MIC u S — ero 3ak/ounTebHas CEKBEHIINS.

Haynmaue nmmefinoro jokasaTebcTBa CEKBEHITUN PABHOCUJILHO CYTIE-
CTBOBaHUIO JI0Ka3aTe/IbCTBA CEKBEHIIMN B BUJIE JepeBa

IIpennoxkenue 1.2.1. Cexsenyusa S umeem dokazameavcmeo ¢ HC
6 sude depesa moezda u moavko mozda, xo2da S — meopema HC. []

OueBniHO, 9TO IIpeJICTaBJIEHNE JIOKA3aTeIbCTBA B BUjE JepeBa DoJiee
HaIJIsIHO U [MO3BOJISIET IIPOCJIENTDH BCe MEPEXO/Ibl 110 MpaBUJIaM BbIBOJA.



[Ipumep 1.2.1. 1. Cuenytomiee aepeBo JIEeMOHCTPUPYET JI0Ka3ye-
MOCTb (POPMYJIBI @ V = 71 0001 POPMYIIBI (!

ﬁLp}_‘\QD
—pFeV—p5
0, ~(pV=p)FeV—ip 12 —(eV=p)E o (eVp)
~(eV—9),—eFoVag; 11 S(oV=g), ek ~(pV—g) 12
—~(pV=p),mpF 10
~(pV—p)Fe 9
(V=) FpV-p; 4 —(pVp)E=(eV-p)

(Vo)
FoV-p

10-

2. IIpuBesieM J0Ka3aTEILCTBO CEKBEHITUI ¢ A Y = 9 A ¢ B Buje JepeBa
JUTS JTIOOBIX (DOPMYJT (0 U -
wAwaAwg pAYEQNY
e NP pAYF

PAYPEP AP
So, ...,
[IpaBuio ———— nazwiBaercst donycmumovim B IC, eciin 13 BeIBO -
moctu B IC cexkBennuii Sy, . . ., S, cieayer BbiBoguMocTh B IC cekBeHImnm

S.

3aMeTuM, 4TO JOIYCTUMOCTh IIpaBuJia PABHOCIUIbLHA TOMY, 9TO €ro JI0-
bapyienne B ucunciaenne NC He pacimmpsier MHOXKECTBO JIOKA3YEMBIX Ce-
KBEHITUI.

ITpenmoxxkenne 1.2.2. Caedyrousue npasuira donycmumv, 6 HC:

Uiy Y @ '
(a) " o (pacwupenue nocovLiok);
b
(6) .. ¥ = (pacwuperue nocviaok),
X155 Xn
2de 6 nn. (a) u (6) ewnoanaemes {1, ..., Ym} C{X1,---, Xn};
Tk T,pk
B o Lol y cevenue);
I'Ev
r '+
) — L% ¥, X (obsedunenue nocouo ;
TLoA.TF
1,¥ ) X
i pacuyenierue nocoLiok);
111,99,@b,11}_ X
Tookx; Dk
(e) ’9; SDX\; " ’:DX X (pasbop cayuaes);
I'EFpA-
(k) # (6vi6ederue npomusopeiua);
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'

(3)

(6visedenue uz npomusopeuus);

I'Fvy
ok
(u) T I’—go—mp (Konmpanosuyus);
'+
(k) ﬁ (Konmpanozuyus);
(@) o )
— T (KOHmpPano3uyua);
() e )
M) —————— (doKa3amesvcmeo om npomueHo20);
Lphy
Loy -3 Pn = w

(1) (o h A o) = 9 (66edenue N\ u — );

(O) F((QOO/\/\SOn)_)@b)

(ydaaenue N\ u — ).

DOy - op F W
Lo, ot
HloxkaszartenasncTtso. lomyctumocts npasuia W [IOKA-
3BIBACTCS CJICIYIONINM JIEPEBOM: s
pro Looob
= 11,12 7
Lok g LoFo—vy
Lopky )

JlomycTiMoCTh 1paBmia (&) cjiejyeT U3 JOIMyCTUMOCTH YKA3aHHOTO IPABH-
ma ¢ momornpio npasu 11 u 12. lonyerumocts npasmia (6) BeITEKaeT 13
npasui (a), (k) u (3).

JlokazkeM JIOMyCTHMOCTD MpaBmiia (3), & OCTaJbHbIE TPABUIA OCTABUM
JUTATETIO B KAUeCTBe yIpasKHeHns.

Acno, uro cexsennus ' = MoxKeT OBITH MOJTyU€HA JIMIID TIPUMEHEHUEM
npasmia 10. [Tosromy n3 mokazyemoctn cexkenruu [ = crieyer mokasye-
MoOCTb cekBeHInii [' H o u I' = = 1 HekoTopoit popMysIsl . YauThIBast
JIOKa3yeMOCTH TOCTIETHIUX CEKBEHIN, TepPeBO

I'Eop I'E =g
D,k ¢ ° T, =k —p"
F,_\wl_ 10
Tk ”

yCTaHABJINBAET JIOKAa3yeMOCTh cekBeHImu 1" F 1. [
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Wcrionb3oBaHne JOMYCTUMBIX IIPaBUJI BBIBOJA II03BOJISIET BO MHOI'UX
caydasix IPUBOIUTH COKpAIleHHbIE J0Ka3aTeIbCTBa CEKBEHIUil, KOTOPbIe
IpU HeOOXOIMMOCTU MOYKHO IIpeodpa30BaTh B JOKA3aTE/ILCTBA CEKBEHITIIt
B BuJie jepesbeB B VC.

Hamnpuwmep, cienytoiee JepeBo ycTaHABINBAET JI0KA3yeMOCTh CEKBEH-

nuu (@ — ), — F -

pFo m2<WHwa%w>m
(=)o@ 7" (=), pF (=)
(o — ), 07

(¢ =), F—p.”

[IpaBujio HA3BIBACTCS PAGHOCUALHDIM, €CITH JIOKA3YeMOCTh (eIMHCTBEH-
Hoﬁ) CeKBCHIINN, CTOAIIell HaJ 4YepToil, paBHOCUJIbHA JOKA3yeMOCTH Ce-
KBEHIUN, CTosdieil 1moj deproil. M3 mpejioxkenus: 1.2.2 BbITEKAET, UTO
caeyione npasmia pasHocuibel: 9, 11, (v), (1), (k), (u), (k), (1),
(), (1), (o).

[Iycte V' = {P, | i € w} — MHOXKeCTBO BCEX IMPOIMO3UINOHATBHBIX
nepemennbix C, F — muoxkectBo Beex dopmys NC. Jliobas dyaKIims
s : V. — JF mHazbBaeTcsa nodcmanoskol NPOIO3UINOHAIBHBIX ePeMeH-
ubix. st smo6oit dopmyiiel ¢ € F obosnadum depes s(¢) dopmyity, 1mmo-
JIyJaIOIIyIoCsl U3 (0 3aMEHON BCEX IPOINO3UITMOHAJIBHBIX ITePpEMEHHbIX P,
BXOJISIIUX B 0, Ha popmyiibl s(P).

Mpumep 122 Eciu s(Fy) = PV P, s(P) = P — P, ¢ =
-y N\ Py, To S(g@) = —|(P1 V _'PQ) N (Pl — —|P3). L]

Jist o6oit cekpennuu (mocsegoBareibaocT hbopmyii) R 0603HadNM
depe3 $(R) cekBeHIUIO (MIOC/IEI0BATEILHOCTD (DOPMYJI), MOJTY ALY IOCST
n3 R 3aMeHoil BcexX MPONO3UIMOHAILHBIX MTepeMEHHbIX P, BXoadmuX B R,
na dopmysnst s(P).

Taxum obpazom, oToOpazkeHne s eCTECTBEHHBIM 00Pa30M PACIINPAETCs
Ha MHOYKECTBO BCeX Bblpaxkennit ucaucienns: VC.

Cuenyroliasi TeopeMa, yTBEPXKJIaeT, YTO IOJICTAHOBKOI B JIOKA3yEeMYIO
CEKBEHITIIO TPOM3BOJILHBIX (POPMYJT BMECTO MPOMO3UITHOHATLHBIX TIEPEMEH-
HBIX OJIyUYaeTCs TaKzKe JIoKa3yeMast CEeKBEHIINS.

Teopema 1.2.3. (Teopema o mnojcraHoBke). Ecau § — nodcmanoska,

R — cexsenyus, mo — donycmumoe npasuno. [

s(R)
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§ 1.3. kBUBaJJEHTHOCTH (HPOPMYJI

st mi06bix hopmyit ¢ u ¢ UC obosnaunm 1depes (¢ < 1) dopmyity
NC ((¢ — ¥) A (¥ — )). Hamomunm, aro Tabiuiia, NCTHHHOCTH TIO-
ciesiHelt (GOPMYJIbI COBIAJIAET ¢ TabJnIell HCTHHHOCTH (DOPMYJIbI AJIreOPhI
Joruxu (@ < ).

Jlemma 1.3.1. Cexsenyua I' F (¢ <> ¢) doxasyema mozda u moavko
moezda, xo2da dorxasyemuv, cexseruuy I'; o =1 u ' F .

JHoxaszateabctso. [peanonoxkum, aro cekserrust [ - (¢ <
1) nokazyema. Torya mokazyemMocTsb cekBeriwn I, ¢ = 1 yeranaBinBaercst
CJIEJIYTOIIUM JIEPEBOM:

@Fwnm NWW*WAWH¢E
b I'tp—
Lyl e F,wﬁw—ﬁ/}m

T,k °

HokazyemocThb cexkBenmun 1,1 = ¢ moka3biBaeTcss aHaJIoruIHo.
YcraHOBUM Tereph jokaszyeMocTh cekBerrun [ (¢ < 1)), npemmosa-
rasg, 9To cekpenruu I', o =1 u I', 9y = ¢ nokazyembr:

Lol Ly
TFp—4¢;" TF—p
PE(e—=P) A — o)
DopMyJIBI 0 U Y HABBIBAIOTCS 9KEUBAAEHMHbLMU (0003HATALTCS (p = 1)),
ecyin B UC nokazyembl cekBeniuu ¢ =19 u 1 F .
B cuny nemmbr 1.3.2 yciioBrue (¢ = 1) paBHOCHJIBHO JIOKA3yeMOCTH Ce-

KBeniuu - (¢ < ). [okaxem, 1To orHomeHne = 06pa3yer OTHOIICHHE
5KBUBAJIEHTHOCTH Ha MHOXKECTBE (DOPMYI.

1. U

Jlemma 1.3.2. Jlaa a00wx popmys o, ¥ u x ucwucsenus UC cnpa-
BEOAUBDL CACIYIOULUE YMBEPHCIEHUA!

(a) ¢ = o

(6) ecau o =1, mo Y = p;

(B) ecau o = up = x, mo p = x.

HoxkasaTeabcTBso.Buyakre (a) 10Ka3pIBATH HEUETO, TTOCKOTh-
Ky ¢ F ¢ — akcuoma. IlyskT (6) ciaeayer n3 CUMMETPUIHOCTH B OIIPE/Ie-
nenun otHomieHust =. [IyHKT (B) BbITeKaeT U3 mpaBusia cedeHus (Tpeiio-
wkenne 1.2.2) B). [J

YeraHOBUM, 9TO 9KBUBAJIEHTHOCTH (DOPMYJI COXPAHSIETCs MO, JeiHCTBH-
eM orepanuii -, A, V11 —.

Jlemma 1.3.3. Ecau 1 = 1 u o = e, mo —p1 = b1, (01 A pa) =
(1 Aba), (01 V p2) = (1 V ha) u (o1 — pa) = (Y1 — 1a).
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JoxazarTeabcTBo.B ety ciMMeTpIIHOCTH OTHOIIEHUS = J10-
CTATOYHO JI0OKa3aTh cekBeHnnu -y = =y, (1 A o) F (Y1 A ), (p1 V
©2) F (Y1 Vb)) u (1 — o) F (1 — 19), a 10Ka3yeMOCTb 9TUX CEKBEH-
Uil yCTaHABJINBACTCS CJIELYIONUME JCPEBbLAMU:

Fn wl - ¥1

KOHTPAIIO3UILINSA );
L =1 = = ( )

C1ANpaE i N 1Y it Apa 1 Aps a1
P1Apal 1, Pt =t o1 Apa e F g — i
01 N\ 2 F dy; 1 A\ pa -1y
o1 A\ g2 =11 At

pi-y pal
901"1/11\/%2; <P2"3ﬁlVi/)2; pLV 2 b1V P2

@1V o 1P V by ’

Prie; 1= b= pa by
1 — 2,1 F o Fo2 = Py 4
©1 — 2,1 F Py '
1 — w2 Y1 — o

@opwmyita ¢ ucunciennst UC nazwiBaercst noddopmynoti GopMysibl ©
ucuuncienus UC, ecnu 1) gaBisgerca mogcioBoM ciioBa . Mecto, KoTopoe
3aHnMaeT mojdopMysia ¥ B (opmysie ¢, HA3BIBACTCA BT0dCOEHUEM 1) B
bopmyity ¢.

[ITpumep 1.3.1. Popmyna A nmeer jaBa BXOXKICHUA B POPMYJIY ©,
nmeroryio Bujt AV (A — BAC) — D. Caeayiomne (hopMysibl 00pa3yoT
MHOKeCTBO Beex nojipopmyit popmyist o: A, B, C, D, BAC, A — BAC,
AV(A— BAC), ¢. O

Teopema 1.3.4. (teopema o 3amene). [ycmov @ — dopmyaa ucuucae-
nus UC, ¢ — ee noddopmyaa, a dopmyra @' noayuaemcs us o 3ame-
noti mexomopozo exoscoerus 1 na gopmyay ', Tozda ecau ¥ = 1, mo
p=¢.

HlokaszartenncTso. Eem ¢ =, To 1oKa3wpBaTh Hevero. Ecin
© # 1), TO UCHOJIB3YEM MHIYKIINIO 110 YUC/IY IaroB MOCTPOEHUsT (hOPMYJIbI
@. Ilpenmnoaras, 910 ¢ — MPONO3UINOHAIBHAS [IE€PEMEHHas, CHOBA TTOJTY-
qaeM @ = 1. HIyKITMOHHBIH Hepexo OCYIIEeCTBIAETCS PACCMOTPEHneM
YETBIPEX CIYUAeB: © = Q1 P = Y1 A g, © = @1V P2, = Y1 — Po.
B kaxk/10M 13 3TuX ciaydaeB GopMmysia 1) BXOIUT B (1 WIN py. [loaTomy
9KBUBAJIEHTHOCTH (0 = ¢/ BbITEKAET U3 MHYKIHOHHOIO MPEINON0KEHNsT I

jgemmbl 1.3.3. U
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§ 1.4. HopmaabHabie (popMbI

B sTom maparpade MbI IoKaxkeM, 9To Ipeodpas3oBaHus popMyJI aareo-
PbI JIOTUKH, TPUBOJISAIINE K TIOCTPOSHUIO JIN3bIOHKTUBHBIX 1 KOHBIOHKTHB-
HBIX HOPMAJIbHBIX (POPM, UMEIOT MECTO U B UCUUCIEHUN CEKBEHIINii.

Jlemma 1.4.1. I[Tycmov @, 1 u x — popmyav, HC. Tozda cnpasediuco
caedyrouyue IKGUEANEHMHOCTIUL

(2) (A)Ax = pADAX), (V) VX = @V (YVX) (accoyuamushocm
N uV),

) go/\¢ VANp, oV =19V (Kommymamusnocmov A u 'V );

)P AN =p, V=@ (udemnomenmuocms A u V);

)N VX)=(@AY)VI(eAX), ¢V ([ AX)= (V) Al VX)

(3akonv, ducmpubymusrocmu);

Yo A(eVY)=p, oV (pAY) =@ (3akx0mb no2aoweHU);

) (e AY) ==V, 2(p V) = —p At (3akonv de Mopeana);
) 7T = @ (3aKk0n d60tiH020 OMpPUYAHUA);

(3) p =Y =—p Vi

JlokasareabcTBo. Mbl npuBejieM J0Ka3aTe/bCTBA SKBUBAJICHT-
wocreit o A (YW V x) = (P AY)V (pAx) ug — 1 = - V1, ocTaBuB
OCTAJIbHbIE YTBEPKJIEHUsT YUTATE/II0 B KAYeCTBE YIIPAYKHEHUSI:

(6
(B
(r
(1
(e
(¢

eAQVX)Fe; Yy PAWV)Fe; xbx

PA(VX),YEeAY APV X),xFeAx
OADVX) VAPV (pAX); @AWV X) XF(AY)V (9AX); w v X) AP

AWV X)FE(@AY)V(p m ’

. _eAURY . _eAxkx
APy LTER eI SRR

ONOFOAWVY);  eAxFeA[VY); (A (eAX)E(pAY)V(eAX) )
(PAY)V(eAX)FeA(PVX) |

o o—=YEp—9
oY,y o g
o=V mp ke Vg .

=P VY ’

ok ke
@, ~p =

: YEY;, VY E VY
©, 2 = 1Py 0

—p Vi, o
~oViYEp—1P
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Hamomunm, aTo aumepoti HasbiBaeTcs Jiobast aroMapHast hopmyra A,
obosnataeMas uepes Al nin ee orpunanme - A, KoTopoe obo3HadaeTcs te-
pes AY. Konstonxmom (dussronkmom) HasblBaeTcs JINTEPa U KOHbIOHK-
st (COOTBETCTBEHHO JM3BIOHKINST) JINTED. KOHDBIOHKT WM JIN3HIOHKIINST
KOH'BIOHKTOB HA3bIBAETCST JU3BIOHKMUGHOT HOpMasbhotl dopmots ([THD),
a IM3BIOHKT WM KOHBIOHKINS JIN3BIOHKTOB — KOHBOHKMUBHOT HOPMAAL-
noti opmoti (KHD).

Cuenyrolasi TeopeMa gBJIsIeTCsl AaHAJIOTOM TEOPEMBI O TIpUBeIeHIN (Pop-
MYyJI &JIreOpbl JIOTUKU K U3 bIOHKTHBHBIM U KOHBIOHKTUBHBIM HOPMaJ/IbHbIM
dopmanm.

Teopema 1.4.2. Jhobas popmysra UC axsusarenmma nexomopoti JIHD
u nexomopots KH®.

Anropurm npusenennst popmynsl IC k JIH® anagornden ajroput-
My TnpuBejenus gopmyst ajaredbpsl joruku K JIH® u onupaercs Ha jgeMMy
1.4.1.

1. Boipazkaem corviacuo myHKTY (3) JiemMbl 1.4.1 Bece NMILTHKATINT, yaacT-
BYIOIIUE B MOCTPOEHNN (POPMYJIbI, depe3 T3 BIOHKIINA U OTPUTIAHUSI .

2. Ucnons3yst 3akonst ge Moprama (qemma 1.4.1, 1. (e)), mepernocum Bce
OTpUIIAHUS K MePEMEHHBIM U COKPAIaeM JBOMHbIE OTPUIIAHUS 10 3aKOHY
npoitroro orpuranust (jemma 1.4.1, m. (xk)).

3. Ucnonb3yst 3akon auctpudbyTussoctit @ A (P V x) = (@ A1) V (o A
X), mpeobpasyeM hopMysly Tak, 9TOObI BCe KOHBIOHKIUU BBITOJIHSIICH
paHbIle JTU3BLIOHKITAI.

B pesymnbprare npumenenus mm. 1-3 nosydaercs JH® pannoit hopmy-
JIBI.

[Tpusenenue dpopmysnl K KH® mponsBoauTes aHaI0rnIHO MPUBEIEHUIO
ee kK JIH® ¢ npumenennem 3akona juctpubyrusHoctu @ V (P Ax) = (p V

Y)A(pVx) O

§ 1.5. CemaHTUKa UCYNCIIEHUS CEKBEHIIMIT

ITycts X — HekoTopoe MHOXKeCTBO, fx — oToOparkeHue, KOTOPOe Kark-
J0i1 TIPONOBUIIOHAILHOI IIePEMEeHHOfI CTAaBUT B COOTBETCTBHE HEKOTOPOE
ITOJIMHOKECTBO MHOKecTBa, X . PacmpuM 1o mHAYKIMN oToOpaskenne [y
1o orobpazkennss MHozkectBa dhopmya VIC B Oynean P(X) muoxecrBa X
COTJIACHO CJICIYIONUM COOTHOIICHIAM:

fx(mp) =X\ fx(p),

fx(enY) = fx(p) N fx (),

fx(e V) = fx(o)U [x(¥),

fx(o =) = fx(=9) U fx(¥).
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JIroboe Takoe orobparkenue fy, JAeficTByroIee Ha MHOXKeCTBE (DOPMYJI
NC, naseiBaerca unmepnpemavuett 1C B X.

Kaxkoit cekBenun S ciaepayonmM 00pa3oM CTABUTCS B COOTBETCTBUE
HeKoTOpoe yTBepxK/ienne fx(S) o mommuokecTBax X:

x(FvY) & fx(¥) = X,
fx(p1, - on ) & fx(p) NN fx(on) = 9,
fX(|_) S X =0.

Teopema 1.5.1. Jlas a0boti unmepnpemavuu fx HMC u a0boti doka-
ayemoti 6 UC cexsenyuu S cnpasedauso ymeseporcdenue fx(S).

Hoxaszartenbctso. Ecmm S — akcuoma ¢ F ¢, T0O nCTUHHOCTD
yreepKenns fx(S), mmerommero Bug fx(p) C fx(v), oueBunna. B 06-
MeM cJiydae JIOCTaTOYHO JI0KA3aTh, UTO MPHU IHepexojie 1o JIFodoMy n3 12
IIPaBUJI BBIBOJIA U3 CIIPABETUBOCTH YTBEPXKJICHIU fy OT CeKBEHIWIT Ha/T
9epToil ¢jie/lyeT UCTUHHOCTD YTBEP:K/IeHUs fx OT CEKBEHIUU IO YePTOil.
[TokazkeM, Kak MPOBEPSIIOTCS YKA3aHHBIE TTEPEXO/bl Ha MPUMEPE MePBOro
IIpaBmJia BBIBOJIA

Tk Tk
LE(pny)’
e I' = ¢1,...,p, Wrax, no ycmosmio mveem () fx(vi) € fx(p) u

=1

1fX(€0i) C fx(v). Torua 'ﬁ fx (i) € fx(¢)N fx(v). CrenoBaresbHo,

DL

~

s

fx (i) C fx(@ A1), re. ciipasegyuso yreepxkienne fx(I'F (p Av)).
1

7

[IpoBepka ocTaJbHBIX [IEPEXOJI0B aHAJOIMYHA U IIPEJIOCTABJIACTCS -
Taresno. [

CaencrBue 1.5.2. Hceuucaenue MC nenpomusopeuuso.

HJokaszartenabcTso. [lyecrb X — Hemycroe MHOXKeCTBO, fxy —
mpousBoJibHast maTeprperanus VC, A — HekoTopast aromapHast popMy.Ia.
[Tokaxkem, aro dopmyna A A A ne noxazyema B NC. JleitctBuresnnbho,
fx(AN-A) = fx(A) N (X \ fx(A)) = &, orkya ¢ yIeTOM HEIyCTOTHI
muoxkecTBa X cienyer, uto yreepxKenue fx(F AA—=A) noxuo. Torma mo
teopeme 1.5.1 cexseniust = A A = A He nokazyema. []

[TonsiTiie MHTEpIIpETAIINN BBIXOAUT 38 PAMKHI CAMOTO UCUMCJIEHUST U OT-
HOCHUTCA K CEMAHMUKE UCHUCAECHUSA, YCTAHABINBAIONIEH COOTBETCTBIE JIeli-
CTBUIl B MCUNCJEHNN C TEOPETUKO-MHOYKECTBeHHbIMHU oneparusmi. Camn
JKe TIOHSITUsST (POPMYJIbI, CEKBEHIMH, IPABIJI BBIBOJA 1 JOKA3aTe/]bCTBA,
00pa3zyIole NCIUC/IEHUE, COCTABIAIOT CUHMAKCUC UCUUCACHUA.
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Omnpenieinm Terepb Tak Ha3bIBAEMYIO 24a6HYy0 unmepnpemavyuro UC,
KOTOpast MO3BOJIAET COCTABIATL TAOJUIBI UCTUHHOCTH (popMmyst. Boszbmem
B KadecTBe MHOXKecTBa X OJiHOdIeMeHTHOe MHOxKkecTBO {@}. Torma st
nr060i aromaproii popmysibr A suadenne fy(A) pasno &, re. fx(A) =0,
min fx(A) pasno {@}, te. fx(A) = 1 (mamomnnm, uto 0 = &, a 1 =
{2}). llpunabas nepevennniv  u y sHauenns fiz (v) fiz)(y) u3 MHOKe-
crea {0, 1}, mosydaem mabauyv, ucmuHHOCA JIJTs JIOTHYECKUX Olepaliiil
A, V, — 1 .

]yl @Ay | (@Vy) | (z—y) |~
010 0 0 1 1
011 0 1 1 1
110 0 1 0 0
11]1 1 1 1 0
Ilycts A, ..., Ap — HOpomO3UIMOHAILHBIE IIepeMeHHble, [ — oTobpa-

JKEHIEe MHOXKeCTBa sjieMeHTapHbIxX (opmyt B {0, 1}. C momormbio TabJmig
MCTUHHOCTU JIOTUYECKUX CBA30K (PYHKIUs f OJIHO3HAYHO IIPOIOJIZKACTCSI

Ha MHOXKeCTBO hopmyst p(Ag, ..., Ax), KOTOpbIe CTPOSITCS U3 MTPOMO3UIII-
OHAJIbHBIX IepeMeHHbIX Aj, ..., A U JOrn4ecKux cBsi30K. IIpu srom st
70601 hopmyiibl ¢, paBuoit (Ay, ..., Ag), snaderue f(p) cHoBa paBHO ()

win 1. Ecin f(p) =1 (f(¢) = 0), T0 roBopsr, aro dbopmyiia ¢ ucmunna
(no0orcna) ma mabope (f(A1), ..., f(Ax)).

Oynxuus f, : {0,1} — {0, 1}, koropas kaxomy naéopy (o1, . . ., 0x) €
{0,1}* conocrasser 3Hauenne HCTHHHOCTH (DOPMYJIBI (0, HAZLIBAETCH UC-
murrocmuoti pymruuet opmyav, . OUIEBUIHO, ITO TAOIUIA UCTUHHOCTH
dbynxun f, copnajgaer ¢ Tabdsuieil HCTHHHOCTH POPMYJIBI (.

Hamomuum, ato dopMmysia ¢ Ha3bIBAETCS MoAHCOCCMBEHHO UCTNUHHOTL
(mootcdecmeeno aoorcnot), ecin byHKIUS f, TOXKIECTBEHHO PaBHA €Jll-
Hute (TOXK/IECTBEHHO PaBHA HYIIIO).

Ceksenrust ' F ¢ wasbiBaercst ucmunnot na nabope (d1,..., O) €
{0,1}*, ecn ma srom mabope xors 61 oma dopmyita u3z [N oxKHa MK
dopmyna ¢ ncrmana. Ceksennusa ' F nasbiBaeTcs ucmunhoti wa Habope
(61,...,0%) € {0,1}*, ecm na sToMm mabope nexkoTopas copmyaa u3 I
noxkHa. CekBeHIWsI - 110 oIpejesIeHrIo JI0yKHa, Ha JIFoOOM Habope, a MC-
TUHHOCTH CEKBEHINH - (0 COBIIaJaeT ¢ HCTHHHOCTHIO (hOPMYIIBI .

CexBenIus S HA3bIBALTCS MoHcOecmeeHio ucmunmnot, ecan S ICTUHHA
Ha Jro6oM HAbope (41, ..., 0k) 3HAYCHUIT NCTHHHOCTH MEpeMeHHBbIX Aj, . . .
..., Ag, cpeln KOTOPBIX COIEPXKATCsS BCe MepeMeHHble, BXOoadime B dpop-
MYJIbI 13 S.
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Teopema 1.5.3. (teopema o nosrore). 1. @opmyaa ¢ UC dokazyema
6 C' mozda u moavko moada, k0206 © MoncIecmBeHHO UCNUHNG.

2. Cexsenyua S UC doxasyema 6 UC mozda u moavko moezda, xoz2da
S mootcdecmeerno ucmunna.

[To Teopeme 0 MOJHOTE JJI TOrO YTOOBI YCTAHOBUT, JOKA3yeMa, JIn ce-
KBEHIUST 1, ..., o, F ¢ (Wi @1, ..., @, ), 10CTATOIHO COCTaBUTH Tab-
JIMIY UCTHHHOCTH (OPMyJIBl 1 — (2 — ... — (@, — ¥)...) (wm
01 — (p2 — ... = (p, = Ag A= Ap)...)) U IPOBEPUTH €€ TOXKJICCTBEH-
HYIO MCTUHHOCTH. Kak W3BECTHO, CYIECTBYET €IUHbIH ajrOpuT™ I0CTPOe-
Hus TabuI nctTuaHocTH, u, 3naduT, 1C paspewumo.

CraenctBue 1.5.4. Tozda u moavko mozda svinosnaemcs © = P, Ko-
2da pasnvl ucmunnocmnsie Gyrkyul fo U fyp.

HoxkaszaTrenasncTso. [Ipegnonoxkum, uro ¢ = 1. Torma mo Jjiem-
me 1.3.2 nokasyema dopmyia (¢ < ). [lo Teopeme o mogHOTE MOy daeM
TOXKJIECTBEHHYIO UCTUHHOCTH 9TOI (POPMYJIbI, YTO PABHOCHIBLHO COOTHOIIIE-
Huo f, = fy.

ObpatHo, U3 paseHcTBa f, = fy clelyer TOXKJeCcTBeHHasd UCTUHHOCTD
cekBeHInit ¢ = un Y = . I1o TeopeMe o0 MOJHOTE 3TN CEKBEHINN JTOKA3Y-
eMbl, 1, 3HAYNT, CIIPaBeJINBO ¢ = 1. [

N3 cnenacrBus 1.5.6 BeITEKAET, 9TO OTHOIICHNE SKBUBAJICHTHOCTH ~ Ha
dopmysiax ajgredpbl JOMMKN U OTHOIIEHIE SKBUBAJIEHTHOCTH = COBIIAJIAIOT:

p~Y o=
[Tpuwmep 1.5.1. Tak kak pA\p ~ (V1) 10 pAYY = (V).

3ameuanue 1.5.5. [Tycmo & — mmuoorcecmeo ecex hopmya UC ¢ npo-
NO3UUUOHAALHBLMU NEPEMEHHBMU U3 MHodcecmea I . Paccmompum anrzed-
py§ =(P,A,V,7, AN-A, AV—A), 2de A — nexomopas dukcuposarnas
nepemennan. Toeda daxmop-aneeopa §/ = asasemes oyresot areebpotl,
nasveaemot anreopoit JInnmendayma das UC.

Cxema aKCHMOM HA3BIBACTCSA HE3a68UCUMOT B MCIUCIEHNN, €CJIN XOTS ObI
OJINH ee YacTHBII caydail He JoKaszyeM B HCUHUCJEHUU 0e3 ITOH CXEMbI.
[IpaBuio BbIBO/IA HA3LIBAETCA HE3GA6UCUMBLM B UCINCIIEHUN, €CJU OHO He
ABJIACTCH JIOIYCTUMBIM B UCYUCJICHUN, TTOJIYyYEHHOM yaJIeHUEeM 9TOr0O IIpa-
Buta. VMcancienne Ha3bIBAETCS HE3ABUCUMBLM, ECTH BCE €70 CXEMbI AKCIOM
I IIpaBUJIa BLIBO/IA HE3aBUCUMBDIL.

Teopema 1.5.6. Hcuucaenue UC nesasucumo. [
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§ 1.6. Ncuucienue BbICKa3bIBaHNI T'MJILOEPTOBCKOTO THUIIA

B stom nmaparpade Mbl noctponnm ucuncienne 1B, B koTopom B oTiinune
ot 1 C He ncrosib3yercst MOHSITIE CeKBEHIINH, [IPABIIO BBIBOJIA OJIHO, 8 CXeM
AKCHOM — HECKOJIbKO.

Dopmysramu UB nazwiBatorces: popmyis NC.

Axcuomamu UB sBisroTes caemytonime hOPMYJIbL 11 JTHOOBIX (hOPMYJI

— (Y — ¢);
— 1) = ((p = W —x)) = (¢ = X));

6666
>
E
|
A

L

*S ~6 AAAAG o

YKazaHHble (POPMYJIbI HA3BIBAIOTCS cremamu axcuom MB. Ilpu mojcra-
HOBKE KOHKPETHBIX (DOPMYJI B KaKyIO-JIUO0 CXeMy IOJIYIaeTCs 4acmHbiil
CAYYAT, CTEMDL GKCUOM.

EjmHcTBeHHBIM npasusom 6wvieoda 6 VB daBJsieTcss npasuio 3axirove-
nus (modus ponens): eci @ U @ — 1 — BBIBOJUMBIE (DOPMYJIBI, TO ) —
Takke BbIBOJIMAas dpopmysia. CUMBOJIMIECKN TO 3aIIUChIBACTCS TaK:

©0; =Y
—

Hamnpuwmep, eciu BeickasbiBaanusg AANB 1 ANB — (A — (') BBIBOIUMBI, TO
BbIcKasbiBaHe A — C' TakyKe BBIBOIMMO COIVIACHO MPABUIIY 3aKIIOUEHMUSI.

[oBoputest, ato dopmyna ¢ eweoduma ud Gopmya o1, ..., Y, (060-
3HAYAETCA 1, - .., Pm I @), €CIIN CYIIECTBYET TOCIE0BATEIBHOCTE (hOp-
My Y1, ..., Y, (, B KOTOPOIi Ji0bas dhopmyta JTHOO SIBJIsA€TCS aKCHOMOI,
MO0 TMPUHAJJIEYKUT CIIUCKY POPMYI O1, . . ., PO, HABBIBAEMBIX 2UNOME3q-
M, JITOO TIOJTyUaeTCsl U3 IIPEJIbIILY X 110 IPaBUJIY BbIBO/IA. BBIBOIUMOCTH
dopmyel @ 13 & (F ¢) paBHOCHIBHA TOMY, 9TO (0 — TeopeMma VB.

[ITpuwmep 1.6.1. [Tokaxkem, aro popmyna ¢ — ¢ BuBoguMa B MB.
JIJ1s1 9TOTO MOCTPOMM BBIBOJI JAHHOI (DOPMYJIBI:

1) B cxeme akcuoM 2 GopMmysy 1 3aMeHUM Ha ¢ — @, X — Ha .

Momyuaem axcuomy (¢ — (p — @) = ((¢ = (¢ = @) = ) = (¢ —

©));
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2) B cxeme akcruoM 1 dopmyity ¢ 3amennM Ha . [lonyaaem ¢ — (@ —
©);

3) 3 1 u 2 mo modus ponens 3akmodaeM (p — ((¢ — @) — ¢)) —
(o — »);

4) B cxeme akcnoM 1 3amensieM ¥ Ha @ — . [lonygaem ¢ — ((¢ —
p) = ©);

5) u3 . 3 1 4 1o MpaBIIy BBIBOJA CIPaBeNBo F ¢ — . [

Teopema 1.6.1. (teopema o mepykimn). Eeau Iy, moT - ¢ —
W, ede I' — nabop nexomopwuix popmyn p1, ..., ©n.

lokaszaTeanbcTB o. PaccMOTpUM MUHUMAJILHBII BHIBOJ U1, . . ., Yp
dopmybl P = Y u3 bopmyn @1, ..., o, 1. BEcm k=1, To ¥ = ¢,
¥ — axcuoma uan BxoauT B I'. B mepBom ciydae B cuty npumepa 1.6.1
dopmyia ¥ — 1 BeiBoguMa B IB u3 I'. Bo BropoM u Tperbem ciiydasix
TOCJIEIOBATEIBHOCTE P, 1) — (¢ — 1), ¢ — 1 Oyaer BuiBojioM B VB n3
I.

[Tpenosioxkum, aro k > 1 u gopmysia ¥ nosydaercd uz Gopmyst ; u
Y = — 1 (vae i, j < k) no npasuiy sak/modenust. [lockosbky ¢ < k 1
J < k 1o mHIYKIWMN MOXKHO cantath, 9to ' o — ¢, u ' F ¢ — (¢, —
). Ucnosb3yst akcimomy

(o= i) = (0 = (Wi = ¢)) = (¢ = ¥))

1 JIBAZKJIbI IPUMEHSIsI K 3T0ii (popMyJie IPaBUIO 3aKII0UeHNsE ¢ POPMYIaMit
o — th u o — (Y; — ), nonyuaem cuagana popmyny (¢ — (¢ —
V) — (¢ — ), a 3arem popmyny ¢ — . Tem cambIM, BBIBOJUMOCTb
dopmysl ¢ — Y u3 I' gjoxkazana. [

[IpumMenenne TeopeMbl O JEAYKIN HO3BOJIAET BO MHOIUX CIYUYasiX CO-
KpalaTh J0Ka3aTeIbCTBO (POPMY.I.

[Ipumep 1.6.2. Iokaxkem, aro dopmyna ¢ — (¥ — (¢ A 1)) jo-
kazyeMa B VB mys mobbix dpopmys ¢ u 1 NB. Tlo Teopeme o aemyknnm
JIOCTATOYHO TIOKa3aTh , 1 F p A ). [ToctponM BbIBOJ POPMYJIBI @ A 1) U3
TUIoTe3 @ U Y-

1) u3 akcuoMbl @ — (@ — ) U TUIOTE3BI Y ToaydaeM hopmyty (@ —
v);

2) 3 akCHOMBbI ¥ — (@ — 1) u runoTessl 1 BIBOUM GopMmyty (@ —
V);

3) ImpuMeHsisl TPABUJIO 3aKjodeHust K (opmyse (p — @) U akcuome
(0 = ¢) = ((p = ) = (¢ = (¢ AY))), nonyuaem popuyry (¢ —

) = (o = (e AY));
4) u3 3aKJI0UeHNs 1. 2 U 3 BeIBOAUTCsE (hopmysa ¢ — (¢ A );
5) U3 MUIOTE3bl (Y U 3aKJII0UeHUs 11. 5 1oaydaeM Gopmyiy ¢ A . O
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CaencrBue 1.6.2. Toeda u moavko mozda @1, ...,¢0, F @, Ko2da =
(o1 = (2= .. = (Ln1 = (o0 = 9) . ).

Cuiestyiorast TeopeMa yecTaHaB/INBAET IKBUBAJEHTHOCTD JIOKA3yeMOCTU
B IC u jpokasyemoctu B VB.

Teopema 1.6.3. (reopema 06 sksuBasentaoctn UC u UB) 1. Cex-

BEHUUA (P71, . .., 0, F W doxasyema ¢ HC mozda u moavko moeda, xozda
dopmyaa P eweoduma 6 UB u3 dopmyn o1, ..., Qon.
2. Cexsenuyus p1, ..., o, = doxasyema ¢ UC mozda u moavko moeda,

kozda popmysra A N A eweoduma ¢ UB u3 dopmyn o1, ..., 0,. U

N3 Teopembl 1.6.3. BBITEKaeT HEINPOTUBOPEUMBOCTb M Pa3pPelIIMOCTH
MB. HenocpeacTBeHHO TIpoBepsieTcsT HE3aBUCUMOCTL cxeM akcrom VB.

MuozkecTBo popmyit I' HaszbIBaeTCst npomusopeyusvim, eciu B V1B cripa-
BeumBo I' = A A —A. Ecim I — nporuBopednBoe MHOXKeCTBO (DOPMYII,
Oyaem obozHavaTh 3TOT pakT vepes I' .

YrBepxkaenne 1.6.4. Qopmyara ¢ 6visoduma 6 B u3z mnoocecmaa
dopmys I' mozda u moavko moeda, koeda mmnoocecmeo I' U {—p} — npo-
muesopewuso: I' = ¢ < I'U{—~¢p} .

§ 1.7. AuropuTmMbl TPOBEpPKHN OOINME3HAYNMOCTA ¥ MPOTUBO-
peuuBoctu B V1B

B sTom naparpade Mbl pacCMOTPUM HEKOTOPbIE OCHOBHBIE METO/IbI, KO-

TOPBIE UCIOJB3YIOTCS JIjIsT MCCJICIOBAHNIS MHOXKECTB (POPMYJT NCIUCICHUT
C u VB Ha TOXKIeCTBEHHYIO NCTUHHOCTH 1 IPOTUBOPEINBOCTD.
1. Asgropurm Ksaitra. HamomunMm, 1To dhopmysa ¢ OT MPOTO3UINO-
HaJILHBIX ITepeMeHHbIX A1, Ao, ..., A} sBJISETCS TOXKIECTBEHHO UCTUHHOI,
00IIe3HAYMMOIT Ujtn (4T TO YKe camoe) JIoKa3yeMoil, ecjiu OyJieBa Dy HKIHsI
fo: {0,1}F — {0, 1}, coorsercriyiomas Gopmyie @, TOXKIECTBEHHO paB-
na 1. Iy mpoBepKu 3nadenuit GynKIyn f, NCIOIb3yeTced TaK Ha3bIBaeMoe
CEMAHMUYECKOE Jepeso, T. €. DuHApHOe KOPHEBOE JIEPEBO, YIOBIETBOPSIO-
1ee CJIe/IyIONIIM YCIOBUSIM:

— KazKjg0e pedpo IMOMeYeHO JIMTEPOit Afj ;

— JINTEPBI, BBIXOJMAIINE U3 OJHOI BEPIIUHLI, Konmpaphor: A;, 2 A;;

— pebpa, COOTBETCTBYIOT JIUTEPE OJHON U TOM »Ke IMPOIO3UIMOHAILHOI
rmepeMeHHoit A; Torma m TOJbBKO TOrJa, KOTJa OHU HAXOJSITCS Ha OIMHAKO-
BOM paccTosiHuu ot Kopst (puc. 1.1).

CemaHnTHuecKoe JepeBo uMmeer 2F BHCAYNX BepIIMH U I IIPOBEPKH
OOIIIE3HAUIMOCTH HEOOXO[IMO HpoiiTi 2F MapIIpyToB OT KOpHSI /10 9THX
BEPIIIH.
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Puc. 1.1

Aneopumm Keatina 1103B0JsieT IPOXOAUTL HE BCE CEMAHTHUECKOE JIe-
PEBO, a TOJILKO ero 4acTb. OH COCTOMT B TOM, YTO IIPOIIO3UIUOHAJIBLHLIM
nepeMeHHbIM A;, yrmopsinodentbiM B HaO0p (Aj, Ag, ..., Ax), mocienoBa-
TebHO Ipujalores sHadenns 0 u 1 u anaJu3upyroTea Tab/IuIb HCTHHHO-
¢t POPMYJI, COJEPIKAIINX MEHBIICe YNCIO MePEMEHHBIX.

[Ipumep 1.7.1. [IpoBepurh 001IE3HATUMOCTD (DOPMYJIBI

¢o=((ANB) - C)AN(A— B)) — (A—0O).

YHopsiIounM Mpono3uIHOHAbHbIE IlepeMennble B Habop (A, B, C'). [lpu-
maguM epBoit mepemennoit A suauenne f(A) = 1. Torma dopmyna ¢
npeobpasyercst caenyiomum obpasom: (((1 A B) — C)A (1 — B)) —
(1 - C)~ ((B— C)AB) — C.B nonyuennoit ¢popmyse mepemMer-
woit B npugaaum 3uavenne f(B) = 1. Torma npeobpasosanuasi (hpopmy-
aa npumer Buj ((1 — C)A1l) - C ~ C — C, 1. e. Oyner obimesHa-
anmoit. B cayuae f(B) = 0 nmeem (0 — C)A0) - C ~ 0 — C,
aTo TakxKe obmesnadnmMo. Pacemorpum teneps cayuait f(A) = 0. Vmeem
0(0,B,C)=(0ANB) - C)AN0—-B) - (0—=C)~1A1—1~1.
Takum 006pa3oM, Bce BO3MOXKHBIE CJIydar NMPUBOJAAT K TOXKJIECTBEHHO HC-
TuHHBIM opMmysaMm. CrenoBaTebno, hopMysia ¢ TOXKJIECTBEHHO UCTUH-
ra. Ha puc. 1.2, a n306paKeHo ceMaHTHIeCKOe JIEPEBO, COOTBETCTBYIOIIEE
dbopmyne @, a Ha puc. 1.2, 6 — 9acTb CeMaHTHIECKOIO JiepeBa, KOTopast
dakTIIeCKH MCII0Ib30BaJIACH JIJIsI TPOBEPKU O0IIe3HAUNMOCTH. []

2. AjaroputMm peayKIU periaeT Ty Ke 3aJa4dy [pOBEepPKU 00Ie3Ha~
quMOCTH (hOPMYJIbI, HO HCIIOJIb3YeTCsl B TOM cJiydae, Korja B (opmysie
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Puc. 1.2

COJIEPZKUTCS JIOCTATOUYHO MHOTO UMILTUKaIuil. aes ajiropurma cocTouT B
HOIIBITKE HAXOXKJIEHUS 3HAYCHUI ITPOITO3UITMOHABHBIX ITePEMEHHBIX (POp-
MyJIBI (0, IIDH KOTOPBIX 3Hadenue GyHkiun f, pasHo 0, Ha OCHOBE TOTO,
YTO UMILIUKAIUS SABJISETC JIOYKHOM B TOM U TOJIBKO B TOM CJIydae, KOrJa
MOCBHIJIKA UCTUHHA, & 3aKJII0OUYeHNEe JIOYKHO.

[ITpuwmep 1.7.2. [IpoBepuTh TOXKECTBEHHYIO UCTUHHOCTH (DOPMYJIBI
¢=(AANB)—=C)— (A— (B—0)).

[Ipeamonoxkum, aTo hopmysia ¢ JOKHA MPU HEKOTOPOM Habope 3Ha-
yennit nepemenubix A, B, C. Torma nctunnoctaass GyHKIUS [ 110 9THM
SHAUEHUSIM [IepEMEeHHbBIX JlaeT ciiejytorue 3aadenus popmyt: f((AAB) —
C)=1, f(A— (B — C)) =0. Torga u3 BToporo paBeHCTBa, MOJIYIaeM
f(A) =1, f(B — C) =0, orkyza umeem f(B) =1, f(C) = 0. Oxna-
KO TIpH 9TuX 3HadeHngax crupaseainso f((A A B) — C) = 0. Hoayunmm
npotuBopeune. Takum odpaszoM, popMmysa ¢ TOXKIECTBEHHO UCTUHHA.

3. Metron pesostionuii B UB. Ilycte Dy = D{V A, Dy = DLV —A —
M3bIOHKTRL. JuzbionkT D]V Dj HasbBaeTCs pe3oabeenmoti dussonkmos
Dy u Dy no aumepe A n obosuadaercs gepes resa( Dy, D). Pezoavsenmoti
dussronrmos Dy u Dy Ha3BIBAETCA UX PEBOJILBEHTA MO0 HEKOTOPOI JTUTEpE
1 oboznadaerca depes res(Dy, Dsy), res(A, = A) = 0. B nocsenem ciyiae
HYJIb Oy/J1eT OTOXKAeCTBISIThCs ¢ (hopmystoit AA—A. Ecin qu3bionkTel Dy n
Dy He cosiepKaT KOHTPAPHBIX JINTEP, TO PE30JILBEHT Y HUX HE CYIIECTBYET.

[Ipumep 1.73. Eciu Dy = AV BVC, Dy =-AV-BV D, 10
reso(D1,Dy) = BV CV =BV D, resg(D1,Ds) = AV CV-AV D,
resc(Dy, Do) e cymectsyer. [

ITpennoxkenune 1.7.1. 1. Ecau pesoaveenma res(Dy, Do) cywecmey-
em u He pasna wyaro, mo cexsenyus Dy, Do F res(Dy, Do) dokasyema.

2. Ecau pesoaveenma res(Dy, Do) pasha wyao, mo dokasyema cexeen-
uusa Dy, Dy . U
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[lycts S = {D1, Dy, ..., D, } — muOXKecTBO Mu3bIOHKTOB. [locenosa-

TeJILHOCTL (POPMYIL 01, P, . . ., Py, HABBIBACTCS PE30AOMUEHBLM 6bIE000M
13 MHOYKECTBa S, ecy Jiist Kax1oit hopmysibl ; (i = 1,...,n) BbIIOJIHS-
eTCsl KAKOe-TO U3 CJCAYIOIINX YCJIOBHIA:

— i €5,

— CYIIECTBYIOT j, k < 4 Takue, 4T0 @; = res(y;, o).

Teopema 1.7.2. (Teopema 0 MOJTHOTE MeTOJA PE30JIOINHit). Mhootce-
cmeo Ju3sonKkmos S NPoOMUGOPEUUCO 6 TNOM U MOABKO 6 MOM CAYYae,
K020a cywecmsyem pe3oatomuehvlll 6vi600 us S, 3aKAHYUSAOULUTCA CUM-
gonom 0.

OTMeTuM, 9TO METO]I PE30JIIOINI MOXKHO HCIIOJIb30BATh JIJIs TTPOBEPKU
BBIBOJIMOCTH (DOPMYJIbI (0 U3 JAHHOI'O MHOXKECTBa (DOPMYJI 1, .. ., ©p.
HelicTBUTE/IBHO, YCIOBUE (1, ..., @, F (0 PABHOCUIBHO YCJIOBUIO (1, . . .,
©n, TP =, 9TO B €BOIO 0Yepe b PABHOCUIBLHO YCJIOBHIO ¥ =, e ¢ = @1 A
. N A\ . TIpuseem hbopmyity ¥ Kk KH®: o = Dy A Dy A ... A\ Dy,
TOT/1a

¢|_<:>D1/\D2/\.../\Dm|‘¢>D1,D2,...,Dm|_.

Takum obpazoM, 3ajiada MTPOBEPKH BBIBOIUMOCTH (01, . .., Y, = ¢ CBO-
JIATCsT K [TPOBEPKE MPOTUBOPEUNBOCTU MHOXKECTBa JU3bIOHKTOB S = { D1,
Dy, ..., Dy}, 910 paBHOCHJIBHO CYIIECTBOBAHUIO PE30JIIOTHBHOIO BHIBOJIA
0wusS.

[Ipuwmep 1.7.4. [IpoBepuThb METOJOM PE30JIONUIT TOKA3YEMOCTh CE-
KBEHIIIH

A—-(B—-C),CAND—-E-F—-DAN-EFA—(B—-F).

CorutacHo yTBep:kiennio 1.6.4 Hy>KHO IIPOBEPUTH Ha IPOTHBOPEINBOCTD
MHOXKeCTBO (DOPMY.JIT

S={A—-(B—-0),CAND—E,~F—DA-E ~(A— (B—F))}

[Tpusesem Bee dopmyiibl uz S k KH®: S ~ {-AV BV C,-(CAD)V
E,FNDAN—-E,~(-AV-BVF)} ~{-Av-BVvVC,-CV-DVE, (FV
D)A(FV —E),A\NBA—F}.

Orcrojia oJIygaeM MHOXKECTBO Ju3bioHkTo S’ = {=AV =BV C,-CV
-DVE FVD, FV-E A B,—~F}. Iloctponm pe3oJiioTUBHBII BBIBOJL U3
S’, sakanunBaonmiics 0:

1) resy(mAV-BVC,A)=-BVC,

2) resg(~BV C,B) = C;

3) resp(-C'V-DVE, FVD)=-CVEVF;
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4)resg(-CV EV F,FV-FE)=-CVF,

5) resq(C,=C V F) = F;

6) res(F,—F) = 0.

Takum obpazoM, 110 TeopeMe O IOJTHOTE METO/Ia PE30JIIOINN MHOKECTBO
S IPOTUBOPEYUNBO U, 3HAUNT, JaHHAs CEKBEHIUS JToKasyema. [

OrMmeTnM, 9TO MeTOJ Pe30JIONHil JocTaTodeH Jjid OOHAPY KEHU BO3-
MOYKHO#1 BBIIIOJTHUIMOCTH JAHHOTO MHOXKECTBA, JN3bIOHKTOB S. [l aToro
BKJIIOYM B MHOXKECTBO S BCE JIM3BIOHKTHI, ITOJIYJAIOINNECs TP PE30JIIO-
TUBHBIX BbIBOJIax u3 S. V3 TeopeMbl 0 MOJTHOTE METOa PE30JIIOIUIl BbITe-
KaeT

CaencrBue 1.7.3. Ecau mnooicecmeo S’ cocmoum u3 ecex snemen-
MO6 MHOIAHCECTNEA JU3BIOHKMOE S, a4 MaKIHCe 8CEEO3MONCHBIT PE3ONBEEHM
BCEX COOUL INEMEHMOB, MO S BHINOAHUMO M0200 U MOALKO Mo20a, Koz20a
0¢5".

JIBOMCTBEHHBIM K IPABIIY PE3OJIOIUN SABJISIETCS NPAGUAO CO2AACUSA.
[Iycts K1 = Ki AN A, Ky = K) N = A — koubioHKTHL. [looxm

tesa (K1, Ko) = K| A K, Tes(A,—A) = 1.

[Iycts S = {K3, Ky, ..., K;,} — MHO)KecTBO KOHBIOHKTOB. [locseoBa-
TEJILHOCTH (DOPMYIT (01, P9, . . . , Py, HABBIBAETCS 6806000M U3 S MO NPasu.ny
coenacus, ecau st Kaxkaoit gopmysbl ¢; (i = 1,...,n) BBIIOJHAETCS
KaKOe-TO U3 CJAEAYIONNX YCIOBHIL:

— i €5

— CYIIECTBYIOT j, k < i Takue, 4T0 @; = T€s(®;, Pk )-

Teopema 1.7.4. Mnoowcecmeo xonstonkmos S = {Ky1, Ko, ..., Ky}
obwesnavumo (m.e. eunosnaemcsa = K1V EKoV. ..V Ky, ) moeda u moavko
moeda, Kozda cyuecmsyem 6vi600 U3 S N0 NPAGUNY COAGCUA, 3AKAHUU-
BAOWUTICA CUMBONOM 1.

4. Metoa pe3oJsonuii A XOPHOBCKUX JAM3BIOHKTOB. B obmem
cydae MeToJ] pe30onnil HeadpeKTUBeH, TaK KaK KOJINIeCTBO 11epedoPoB,
KOTOpbIe HEOOXOJMMO CJEIATh JJIsl MOJyUYeHUsT OTBETa, SKCIIOHEHIINAIbHO
3aBUCUT OT KOJIUIeCTBA MHPOPMAIIHN (IHCIa IN3bIOHKTOB U IEPEMEHHBIX ),
cojiepzKalieiics B MHOXKeCTBe JU3bIOHKTOB. OIHAKO /I HEKOTOPBIX KJIAC-
COB JIN3BIOHKTOB, K KOTOPBIM OTHOCHUTCSI KJIACC TaK Ha3bIBAEMbBIX XOPHOB-
CKUX JIN3BIOHKTOB, METO/I pe3otonuil apdekTuBeH.

Ju3bioHKT [ Ha3BIBACTCA XOPHOBCKUM, €CJIN OH COIEPXKUT He OoJiee
OJTHOII ITIO3UTUBHO JINTEPHI.
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[Ipuwmep 1.7.5. XOpHOBCKUMH AUIBIOHKTAMU SIBJASIIOTCS CJIEIYIONINE
IM3bIOHKTL: "AV BV -CV D, -AV -BV =@, A, B.

B obmiem cityuae XOpHOBCKHE QU3 bIOHKTHI nMetoT B A1 V... V-A,V
B (uro sxkBuBasienTHO dopmyrie (A1 A. .. AA,) — B) wm mA; V.. .V-A,.
XOpHOBCKUI AU3BIOHKT Buga —A1 V -+ -V —A, V B HasbIBaeTCS MOYUHDIM.
[Ipu sTom nepemenunie Ay, ..., A, HasbBaOTCa paxmamu, a mepeMenHast
B — wyeavro. XopHoBekuit 1u3bioHKT Buja — Ay V ...V = A, HasbiBaeTcs
He2amusHoiM. In3bionkT D = B HasbBaeTcs yHUMapHbsiM no3umueHvim
JU3BIOHKIMOM.

Ecin S — MHOXKeCTBO XOPHOBCKUX JIM3bIOHKTOB, TO HEBBIIIOJIHUMOCTH
MHOKeCTBa, S IpoBepseTcs ciieytonmm obpaszom. Beibupaem B S yHE-
TapHBIIl MO3UTUBHLINA AU3BIOHKT P n gu3bioHnkT D us3 S, cojepxKariuit
—P. ITocse storo zamensiem S wa (S \ {D}) U {res(D, P)} u npomomxa-
eM IIPOLIeCcC JI0 TexX II0P, IoKa S He OyaeT coiepxkarh () wanm He Haiigercs
In3bIoHKTOB P D ykaszannoro Buja. Ecin Ha 3aK/II09UTEILHOM IIare
MHOYKECTBO JIN3BIOHKTOB OyeT comepzkarh (), TO MCXOIHOE MHOXKECTBO S
IIPOTHBOPEUNBO, B IPOTUBHOM CJIydae S HEIPOTUBOPETIBO.

[Tpuwmep 1.7.6. IIpoBepuThb HA TPOTUBOPEINBOCTH MHOXKECTBO T3 b-
toukroB S = {PV-RV-T,Q, R,TV-PV-R, TV—-Q, -PV-QV-R}.

st moKazaTe/bCTBa IPOTUBOPEUNBOCTHU 3allUIIEM JU3bIOHKTHI 13 S B
TaOJINILy ¥ IIPUMEHIM OINCAHHBIN aJrOPUTM, 3aIUChIBasi PE3Y/IbTaT Kark-

JIOTO CJIEJIYIOIEro Iiara B Ta0 uiry. JIuTeps!, HCIOIb3YIONIeCcs Ha JAHHOM
mare, OyJaeM Mo T9epKuBaTh.

E;’?fp PVoRVT | Q | R | TVoPV-R | TV-Q | ~PV-QV-R
1 PV-RvV-T | Q| R| Tv-PV-R T -PV-R
2 Pv-T |Q|R| Tv-P | T P
3 P Q| R TV P T -P
1 0

Ha mare 4 noyaaem 0, SBJISIIOIIHIICS PE30JIIOTUBHBIM BBIBOJIOM U3 S.
CiiegoBaTeIbHO, MHOZKECTBO S HEBBIIIOJIHUMO. []

§ 1.8. Jlorudeckme 3amaum

Anmapar ncaucyieHuit BbICKa3bIBAaHUIT TO3BOJISET PENIaTh TaK Ha3bIBae-
Mble ‘ytormdeckne’ 3aa4u. [Ipu 9ToM caMbIM TPYIHBIM MOMEHTOM sIBJISET-
sl IIOCTPOEHHE “MoJIesIn 3aJa4l, T. €. BbIJICJICHNE 9JIEMEHTaAPHbBIX BhICKA3bI-
BaHUIl U CBeJIeHNE 38/1a49M K IIPOBEPKE HEKOTOPHIX CBOICTB BbICKA3bIBAHUIA,
BO3HUKAIOIINX U3 YCJIOBUI 3a/1a4N.

[ITpuwmep 1.8.1. Ha crencrBum mo jey o MOXUIIEHUN aBTOMOOUJIS
ObLIN JIONpOIeHbl YeThipe ranrcrepa — Anjpe, oo, Ctus, Tom. Anjpe
cKazaJi, 4To MaluHy noxutua bob, bob yreep:kias, uro Bunosar Towm.
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Towm 3aBeput cienoBareisi, 4ro boo yker. CTup HacTamBaJj, YTO aBTOMO-
owib yraana He oH. CjegoBaTelio yaajloch yCTaHOBUTD, YTO TOJBKO OJUH
13 FAHICTEPOB CcKas3aJl Mpasiy. KTo MoxXuTuia aBToMOON/Ib !

P e mre n ue. Obosnaunm BoicKasbiBanus “Anjape ykpas’, “Bob ykpau’,
“Crus ykpas’, “Tom ykpas’ uwepes A, B, S u T coorBercrBenno. Torma
1oKazaHus raurcrepos umerorT Bug B, T, =T, =.5. [locko/ibKy cekBeHIus
TV =T nokazyema, ijim, 9T0 TO 2Ke camoe, hopmysta TV =T TOXKIeCTBEHHO
UCTUHHA, TO OJIHO U3 yTBepxKaeHuit — 1" mim —1" 0bs13aTe/IbHO UCTUHHO.
Buaunt, Angpe n Ctu ckasajm J0XKb. Tak Kak yreepKaeane Crusa “—.S”
JIOZKHO, TO aBTOMOOWIL yKpaJsa CTHB.

§ 1.9. 3Bagauym m ynmpakKHeHUH

1.

[TocTpouTs BBIBOIBI cekBennnii B VC:
a) (¢ = ¢);
6) (¢ = ), (v — x) F (v = X);
B) F (< 9);
) (¢ = (¥ — X)), (so—wb),swx;

e) v,k (90—>¢)7
x) F (o — )V (b — ).

Jokazars momycruMocts npasui (a) — (0) n3 npemioxkenns 1.2.2.

. [lokazarh BBIBOJIUMOCTD B VB:

(@) (p =), (¥ = x) F (¢ = X);
©) (b= W —=x)F @ —=(p—=x);
(8) (¢ = (¥ = X)) F ((p AY) = X);
(r) (¢ =) (e AX) = (W AX));
(@) (=) F (e VX) = (VX))
(€) ~oF (p = ).
BoeiBogumer i B UB ciemyronme dopmysib:
(a) (AVB) = (AANC));  (6) (A— B) = B) — A);

(8) (A= B) = B) = B); (r) (+(AV=A4) = (AV=A));
(1) (A = ~(A = =4)); (e) (A= B) = (B — A))?

C nomorpio ajaropur™ma KpaiiHa u aJropurMa peyKInn J0Ka3aTh TOXKIECTBEH-
HYIO UCTUHHOCTH akcuoMm I B.

C nomomiwio anropurma KsaitHa n ajropuTMa peyKIuu TPOBEPUTDH OOIe3HATN-
MOCTB CJIEJIYIOIIIX (DOPMY.I:

(a) (A— B) = (B — A));

(©) (AV B) = (AN B) V (=B A A))).
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7. MeTosom pe3ostonuii IPOBEPUTH CJIEJYIONINE COOTHOIIEHUST:
(a) (AVC).(C = B),(B— A)F(A— (B—C));
6) (AvC) — B),(C — (AV B)),(BC — (AVB)) (B —C).

8. IIpoBepuTh HA IPOTUBOPEIMBOCTH MHOXKECTBO XOPHOBCKHUX JIN3bIOHKTOB { AV BV

CvD,B,AvVBVC,C BV D}.

9. Cocrosiyicst PO3BITPHIIT (HyTOOIBHOTO KyOKa Mexkay Komanmamu “Ilmams”’, “Pe-
kopy’, “Crpena’ u “T'pakrop”. Bolio BeicKazano Tpu mporuoza: mobeaut “Ilia-
Ms” un “Pekopu’; ne nobeaut “ILramsa”; ne mobenut uu “Pexopy”’, nu “Tpaxkrop”.
WzBecTHO, 9TO MOATBEPAN/ICS TOJBLKO OfUH 1poruo3. Kakas komana BbIUIpasia
KyOOK?

[Tocyte m3ydenns T/1aBbl 1 BBITOIHIETCS 3a/iada | KOHTPOJIHHONH PabOTHI.
Omna perraercsd anajornano npumepam 1.2.1, 1.7.1, 1.7.2 u 1.7 4.



['n1aBa 2

JIOTUKA 1 NCHUCJIEHUE T1TPEJINKATOB

B nocTpoenHoit BBIITIE JIOTUKE BHICKA3bIBAHNI B KAYECTBE UCXO/IHBIX D16~
MEHTOB PaCCMaTPUBAIOTCA HEKOTOPBIE JEMEHTAPHBIC BbICKA3bIBAHUA, U3
KOTOPBIX CTPOSITCsI 00JIee CJI0YKHbIE BbICKA3bIBaHUsI, Ha3bIBaeMble (POPMY-
namu. [Ipm aToM He aHAIM3UPYIOTCS CTPYKTYPa U COCTaB BhICKA3LIBAHUIA,
a YUUTBIBAIOTCS JINIIb 3HAUEeHUs] UCTUHBI WJIN JIXKUA, KOTOPble OHU MOI'YT
npuHnMarh. OHAKO UMeeTCs MHOTO MBICJIC, KOTOPhIE He MOT'YT ObIThH Pac-
CMOTPEHBI TaKUM IIPOCThIM ciiocoboM. Hampumep, mpusesem ciieyroiiee
YMO3aKJIIOUYeHHeE:

KazxapIit yesioBeK cMepTeH.
CokpaTr — 4YejIoBeK, CJIeI0BaTe/IbHO, OH CMEPTEH.

OueBHIHO, PACCMOTPEHHOE PaCCyKJIeHNe UHTYUTUBHO KOoppeKTHO. OHa-
KO, BBeJsI CJIe/IyIolre 0003HaAUeHNUSsI:

P: Kaxkiplit 9ei0BeK cMepTeH,
(: Cokpar — 4ejioBexK,
R: Cokpat cmepreH,

MBI TostygaeM dopmyiny P A (QQ — R, kotopasi He Jokazyema B IB. Yka-
3aHHOE HECOOTBETCTBUE MEXK/Y YTBEP:KICHUIMU NMeeT MeCTO IIOTOMY, UTO
B JIOTUKE BLICKA3bIBAHWII He MCIOJIL3YeTCsd CTPYKTYPa BbICKa3bIBaHWil P,
Q) u R. B 9roil riaBe Mbl BBEJIEM A02UKY Npedukamos (102uky nepeozo
nopAdka) N UCIUCIEHUsI TPEINKATOB, KOTOPbIE TO3BOJISIIOT MPEOI0IEBATE
110/I00HBIE TPYAHOCTH U JAIT BO3MOYKHOCTH IIPOBOJUTH (POPMAaJIU3AIIITIO
OOJIbIIIEl YacTU MMOBCEHEBHOTO U MATEMATUUYCCKOTO si3blKa. AHAJIOTMYHO
NCYNCIEHNIO CEKBEHITIT 1 NCUNCJIEHUIO BHICKA3bIBAHUI MbI Oy/IeM paccMaT-
pUBaTh JIBa UX PACIHINPEHUS — CEKBEHIIMAJbHOE MCUMC/ICHUE PEINKATOB
JTAHHOM CUTHATYPHI X (I/IHCE) 1 UCUNCJIEHNE IIPEUKATOB I'JIL0EPTOBCKO-
ro tuna VI, TlocTpoeHie ncancIeHnit MpeinKaToB JAHHOIl CHIHATY DD
MBI HAUHEM C TIOHATUN CUHTAKCHCA U CEMAHTUKU (POPMYJIBI.
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§ 2.1. Popmysbl curHatypsbl . MctmHHOCTD (bOopMyJIbI Ha aJl-
redOpamveckoii cucreme

3adukcupyeM HEKOTOPYIO CUTHATYPY > U CUYETHOE MHOXKECTBO V =
{v; | i € w}, snemenTsl KOTOPOTO OYIEM HA3BIBATH NEPEMEHHULMU U 0OO-
3HAYATbL OYKBAMU X, Y W 2, BO3MOXKHO, C HHJEKcamu. Aagasum ucuuc-
AEHUA NPEJUKAMOE CULHAMYPLL X (I/IHE) COCTOUT U3 CJEYIONNX T'PYIII
CIMBOJIOB:

1. IlpeaukaTuble 1 pyHKIMOHATLHBIE CUMBOJIBI, 00OPA3YIONINe CUTHATY-
py 2.

2. CUMBOJIBI TIEPEMEHHBIX, COCTABJIAIONTITX MHOXKECTBO V.

3. CuMBOJI paBeHCTBa: ~2.

4. Jlormueckne cBsa3ku: -, A, V, —.

5. Keanmopuwi: V, 3.

6. BeromorateibHBIE CHMBOJIBL: JieBast CKOOKa (, IpaBasi cKoOKa ), 3a-
nsaTas .

O6o3uadnM depes T'(X) MHOKECTBO BCEX TEPMOB CUTHATYDBI Y, B OTIpe-
JIeJIeHUN KOTOPBIX UCIOJIL3YIOTCs JIUIID 1epemMentbie 13 V. O4ueBuHo, JIio-
6oit Tepm u3 T(X) siBiisiercs ciosom asdasuta NI,

Beejem nousitue amomaproti popmyave CATHATYPBI 22

1) eciu tq, to € T(X), 10 (t1 = ty) — aromapnast popmyia;

2) ecin P € ¥ — npeaukarublii cumsod, ty, to, ..., t, € T(X), 10
P(tq,ts,...,t,) — aromapnasi GopmyJia;

3) HUKAKUX aTOMapHbIX (hOPMYJI, KDOME MOCTPOEHHBIX 110 Til. 1, 2, HeT.

Dopmyaa cuernamypot > ONPEJCIACTCA CJIEIYIONNM 00pa30M:

1) atomaprast popmyna ecTb hOpMyIIa;

2) ecaut @, 1 — dopmysbt u x € V1o =, (@ A), (p V), (¢ — 1),
YV o, dxr o — bopmybr;

3) HUKAKUX GOPMYJI, KPOME MMOCTPOEHHBIX 110 TII. 1, 2, HeT.

CumBoJtbl V, d, NCIIOJIB30BaHHBIE B OIIPE/IE/IEHNN, HA3BIBAIOTCSI COOTBET-
CTBEHHO KBAHMOPOM 6CEOOUMOCTIU T KBAHMOPOM CYULLCTNEOBAHUSA. 3a-
nuch Vo (coorBercTBeHHO Jr) unTaercsa “miad Beex x” (“cymectByer x”).
Bce coryaiennsi OTHOCUTEILHO PACCTAHOBOK CKOOOK, IIPUHATHIE J/IsT POp-
MYJI HCUHCJIEHNsT BbICKA3BIBAHUI, OCTAIOTCSI B CUJIE U JJIsT (DOPMYJT JIOTUKI
npegnkaToB. Kpome Toro, Bmecto 3amnuceit Vry ...V, ¢ w Jxy...3x, ¢
OyJieM HCIOIb30BATh 3AUCH VX1, ..., Tn@ U JT1,..., T, @. PopMmyna ¢
CUTHATYPBI Y Ha3bIBACTCS 0OeCk6anmopHot, eCJu OHa HEe COJACP:KUT KBaH-
TOPOB.
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[Ipumep 2.1.1. 1. PaCCMOTpI/IM NpeINKATHYI0O  CUTHATYPY
Y = {Q(l), R, PW venpmel } CO CJEeIYIONUMI NUHTEPIPETAIUIMU:

Q(x) < r — pannoHaJIbHOE THUCIO,

R(z) < x — BelecTBeHHOE YHCIIO,

P(z) < = — mpocroe [duco,

MeHbIe(z,Y) < T < Y.

Dopmyna Vo (Q(x) — R(x)) o3uadaer, 910 JIIOO0E PAIMOHAIBHOE THC-
JI0 SABJIACTCA BENeCTBeHHBIM, a dopmyrta Yoy (menbiie(z, y) A P(y)) —
LISt JIFOOOTO BJIeMeHTa & HaiijieTcst OO SJIeMEHT 1, ABJISIIONINICS ITPO-
CTBIM YUCJIOM.

2. Pacemorpum curnarypy ¥ = {AM, B, COKpaT(O)} CO CJIEJTYIOITUMI
nHTeprperaiusami: A(zr) < x — denosek, B(x) < x cMepTeH, KOHCTAHT-
Hbiii cumBost “Cokpar’ — u3BecTHbIH JpeBHerpedeckuit dgpuiaocod. Dop-
myia Vo (A(z) — B(x)) anraercs kak “Kaxkeiil desoBek cmepren”, a
dbopmyna A(Cokpar) — B(Cokpar) oznadaer, aro CokpaT CMepTeH, eC/Ii
OH SIBJISIETCS I€JIOBEKOM.

3. Jliobast 6eckBaHTOpHAsT pOpPMYJia CUTHATYPbHI HYJIbMECTHBIX IIPE/I-
KATOB MOKET pPaCCMaTpUBaThCs KaK (DOpPMyJia MCUUCICHUs BbICKA3bIBA-
nuit. Hanpumep, takosoit ssiasierca dpopmyna AV B — —C curnarypbl

¥ — {A0), B0 cO}. O

Omnpenennm muOKecTBO SF () noddopmya Gopmysisr ¢ curnaTypsr 32

1) ecin o — aromaphas (GopMmy/ia, TO ¢ — ee eJIUHCTBeHHast T01(Pop-
wyna n SF(¢) = {¢};

2) ecim @ uMeer BUJ Ty, WK VI pp, win 3 @y, To noadopmya
hopmMyJTbl (o — 910 SO0 @, o nogdopmyna dbopmyibl w1 1 SF(p) =
SF (1) U{e}:

3) eCJIN (p UMeEeT B 1 A Y9, WIN ©1 V (o, W (1 — P2, TO TOAPOP-
MyJ1a GOPMYJIBL (o — 3TO JIOO @, JInOo 1nojadopmyaa HGOPMYIIbl Y1, JHOO
nojicbopmyia dpopmyiisl o 1 SF(p) = SF(p1) U SF(p9) U {p}.

Mpumep 2.1.2. Ilycts p = Vo (Jy (x = F(z,y)) V = P(z)) — dop-
myita curnaryper ¥ = {F®), PWY Torna Vo (Jy (z ~ F(z,y)) V ~P(z)),

Sy (x ~ Fz,y) vV —P(2), 3y (o = F(zy)), (@~ F(zy)), ~P(z), P(2)
— Bce 1o IopMyJIbl (hopMyJibl . [

Kaxkroe Bxoxkienne kpantopa V (3) B ganuyto (hopMy/Iy ¢ OJHO3HAU-
HO OIpeJIe/IsieT HeKoTopoe BXxoxK ierne YV 1 (3x ¢) nogadopmyiist u3 SE (),
IIEPBLIM CUMBOJIOM KOTOPOI'O SIBJISIETCS PACCMaTPUBAEMOE BXOXKJEHUE CO-
oTBercTBYIONero keaurtopa. Popmysta Vi (dx 1)), csizatuas ¢ BXOKIe-
HueM KBaHTopa V (3), Ha3bIBaeTCst 004aCMb10 JeTCMEUs ITOTO0 BLOHCOEHUA
keanmopa ¥ (kBanTopa 3).
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3aMeTuM, 9TO B 3aIicu (POPMYJIbl BO3SMOYKHO HaJIOyKeHue obJyiacTu Jefi-
CTBUsI BXOXKJCHUsI OJIHONO KBAaHTOpa C JAaHHOI IepeMeHHOIl Ha 00JacTb
JIeiiCTBUSI JIPYyroro KBaHTOPa € TOil »kKe caMmoil nepemenHoit. Hampumep,
B dhopmyne Vo (Po(x,y) — dx Py(z)) Bxoxkaenue nepemenHoit B Py(x)
HAXOJIUTCS OJHOBPEMEHHO 1101 KBaHTopaMu Va u dx. IlockosbKy dnc-
JIO TIepeMEHHbIX, 00pa3yIoNuX MHOXKeCTBO V', OECKOHEYHO, Mbl Oy/1eM W3-
OeraThb MOJOOHBIX KOJLIM3HUII BBEJIEHHEM HOBBIX IHEPEMEHHBIX JIJIsi MEHb-
X obJracTeil JIeCTBUsST BXOXKJIEHNIT KBAHTOPOB. Tak, BMecTO (hOpMYJIbI
Vo (Py(x,y) — Jx Pi(x)) Gyaer paccMaTpuBaThCs, HApuMep, hopMmysia
Vo (Po(z,y) — 3z Pi(2)).

['oBopsT, YTO BXOXKJIEHUE TepPEMEHHOI x B (DOPMYJY ¢ €6A3aHO B ,
€CJIM OHO HaXOJUTCs B 00JIaCTU JIeHCTBUST HEKOTOPOI'O BXOXKJICHUS KBAH-
Topa B GOpMYITY ¢, UMEIONTYI0 BUJ V¢ nin Jx1; B IPOTUBHOM CJIydae
9TO BXOXKJICHUE HA3BIBACTCSA €80000HbM B (p. IlepeMeHHasi r Ha3bIBaeTC
c60000n017 (64341101 ), €CIIN HEKOTOPOE BXOXK/ICHUE X B (0 CBODOTHO (CBsI-
3aHO).

I[IpuwMmep 2.1.3. Paccmorpum cieayroine hpoOpMyJibl CUTHATYPBI S =
(P, P}

— ~Pbi(z);

— Py(,y) — Va Pi(z);

—Vz (P(z,y) — Pi(x)).

[Iepemennasi x B epBoil popmyJie gBJIAETCsS CBOOOIHOI, BO BTOPOil — 1
cBODOOJTHOM, U CBA3aHHOI, B TPEThell — CBA3aHHOI; TIepeMeHHas 3 BO BCeX
dopmynax codbosHa. [

[Ipednoorceriuem nim 3amrHymoti Gopmyaoti CATHATYPBI Y HA3bIBACTCsI
bopmysia cursaTyphbl X, He UMeoIast CBOOOIHBIX TePEMEHHBIX.

[Ipuwmep 2.1.4. Qopmyna Ve, y (r+y = y+ ) ABIIETCS MPEIOKE-
nnem curaaryps! {4}, dopmyna Ve (Jy Po(x,y) — —Pi(z)) — upen-
JIO7KEHNEM CHI'HATYDBI {Pl(l), P2(2)}, a dopmyna Vo (Pa(z,y) — Pi(x))
IpeJIJIoyKeHeM He sBjsiercd. [

Bamuch @(x1, ..., x,) OyIeT 03HAYATD, ITO BCE CBOOOIHBIE TEPEMEHHBIE
OPMYJIBIL ¢ COJEPIKATCSA B MHOXKECTBE {1, ..., Ty}

JlauM - HHJIYKTUBHOE ONpesiesieHne  ucmunHocmu — gopmyavt o(xy,
..., Xy) CHTHATYPBHI X Ha 3JEMEHTaX aj,...,0, € A B aaredOpamdeckoi
cucreme A = (A;X) (zamuce A = (ay,...,a,) Oymer o3HavaTh, 9TO
dbopMmyna ¢ ucmunka Ha dJIeMeHTax dq, . . ., 4, € A B cucreme 2A):

1) eciu ty,ty € T(X), 1o A = (t1(aq, ..., a,) = to(ay, ..., a,)) < 3Ha-
YeHHsT TePMOB t1, to B cucTeme 2 Ha sJ1eMeHTax ay, . . ., 4, € A cOBIAIAIOT;
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2) ecn P%) — npeaukarublii cumBost curnarypbl B, ty, ..., 4, € T(X),
o A = P(ti(ay,...,a,),... . tr(ar,...,a,)) <
<t1(a1,...,an), Ceey tk(al,.. . ,an)> € Py;

3) A= (Y(ag,...,an) A x(ag,...,a,)) & A E Y(ag,...,a,) u A =
x(a, ... a,);

HAE (Y(ar,...,an) Vx(al, ... a,)) < AEY(a,. .., a,) wm A =

5) A E (Y(ay, ... a,) — x(ay,...,a,)) < ecim A = ¢Y(ay, ..., a,), T0

6) A = —Y(ay,...,a,) < wesepHo, uro A = ¥(ay, ..., a,);

A EYVeYp(r,aq,...,a,) < A EY(a,aq,...,a,) s aodoro a € A;

8) A E Jx(zr,ay,...,a,) & A E Y(a,aq,...,a,) JjsT HEKOTOPOTO
a € A.

Ecmu we Bomosasierest A = @(aq, ..., a,), T0 OyJeM TOBOPHUTb, UTO
dbopMyIa @ A00CHA HA JIEMEHTAX a1, . . . , 4, B cucreme A, u nmcarb 2A b
olar, ... a,).

[Ipumep 2.1.5. Pacemorpum dopmyny p(x,y) dyHKIOHATBHOI
curnaryps! {4+, 00} uverontyio s (2 + y ~ 0). s anreGpanieckoii
cucrembl A = (Z;+,0) Torma n ToabpKo Torga mMeer mecto A = p(m,n),
korga m = —n. Jdna dopmynbt ¥(x) = Jy(x + y ~ 0) cupaseimso
A = Y(n) mrs a060ro MEeaoro Yncia n, MOCKOJIbKY Y JIE0OOTO IEe/I0ro
qucsIa UMEeTCs K HeMy IPOTHBOIOJIOKHOE U Tak ke 1eaoe ducio. Crero-
Baresbio, 2 = Vady (r + y ~ 0). Ormernm, uro A = JyVe (x +y =~ 0),
TaK KaK HeT €JUHOrO LEJI0r0 UUCIa, IPOTUBONOJJIOKHOIO KO BCEM HEJIbIM
HCIAM.

[Ipumep 2.1.6. 1. Bamucars dhopmyny ¢(z), ncruauyio B (w; 4+, -)
TOIJIa U TOJILKO TOTJA, KOIJa T YETHO.

Uckomast hopmyiia ¢(x) umeer, Hanpumep, Buj Jy (r = y + y).

2. armcats dopmyny @' (x,y, z), ncTuHHYIO B (W; +, -) TOTJIA@ U TOJBKO
TOIJIa, KOrJa 2 — HauMeHbIee oblee KpaTHOe YHCes & U Y.

[Momoxum @' (z,y,2) = ¥(x,y,2) A x(x,y, 2), tae dbopmymra ¢ “roso-
putT’ 0 TOM, 4TO z JIeJIUTCd Ha T U Ha Y, & (popMysa Y “TOBOPUT O TOM,
9TO Z JICUT BCe O0IMe KPATHLIC T U ¥, T. €. SIBJIACTCS HAMMEHBIINM U3
BCeX OOIINX KPATHBIX:

Yp=TJuv((zru-z)A\(z=v-7)),

Q

X =VYw(Eu,v(wru-2)\N(wxv-y)) — Jw (w~w -2)).

Urak, ¢'(x,y, z) umeer Bug Ju, v ((z = u-2)A(z = v-y)) AVw (Ju, v ((w =~
u-z)AN(w=v-y)) — Jw (wxw-z)). O
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Dopmyrta @(x1, ..., T,) CATHATYDBI X HA3BIBAETCS MOHCIECTNEEHHO UC-
munnot U 06use3naumots (moscdecmeenio A02CcHot W NPOMUBOPE-
wueol), ecan Jyisi ool anaredbpantdeckoit cuctembr A = (A; ) u J11060-

ro KOpTexKa 9JeMEHTOB (aq, ..., a,) € A" Boimonneno A = p(aq,. .., ay,)
(A = p(a,...,a,)). Ecim ¢ — ToKIeCTBEHHO HCTHHHOE TPE/IOKEHIE,
TO IHIIEM = (.

Dopmyna @(xq,...,T,) HA3BIBAETCA 6uNOANUMOT B cucteme A, ecin

A= o(ay,...,a,) U HEKOTOPBIX a1, . . ., a4, € A.

[Mpumep 2.1.7. 1. Popmyra (x ~ x) obmesHaINMa, TOCKOIBKY A =
(a =~ a) ays garoboit cucrembr A = (A; ) u moboro sementa a € A. Tlo
9Tl 2Ke npuanHe hopmMysia —(T A2 x) TOXKJIECTBEHHO JIOYKHA.

2. @opmyrna ¢ = Vaxdy (v + y ~ 0) BbIIOJIHIMA, HO HE 00Ie3HAYNMA,
1nockosbky (Z;+,0) EVedy (z+y ~ 0) u (N;+,0) = Vady (x +y = 0).
Tem caMbIM TIpeJIIOXKEHIE @ OIMUCHIBAET OJHO U3 XapaKTePHBIX CBOHCTB,
ormaatorux cucremy (Z;+,0) or cucremst (N;+,0).

3. ®opmyna ¢ = Va,y (x -y ~ y - x) BLIIOJHAMA, HO HE TOXKJIECTBEHHO
HCTHHHA, Tak Kak (Z;-) = ¢, a (My(Z);-) W~ ¢, tne Msy(Z) — MHOKeCTBO
MaTpUIL MOPsijiKa 2 ¢ 3JieMeHTaMu u3 Z.

4. OnupesenmM BbITOJTHIMOCTE hopmyiibl ¢(y) = -3z (P(x) A Q(z,y))
B cucreme 2 = ({1,2}; P,Q), tne P = {1}, Q = {(1, 1), (1,2)}. CocraBum
TabJINIy UCTUHHOCTH IIpeaukaroB P u Q):

P(1) | P(2) Q11 [Q(L2) | Q2,1) | Q(2,2)
$1 o | 1 | 1 | o | 0

rie Pla) =1 A = Pa), Q(a,b) =1 < A = Q(a,b). Ilo Tabmune nc-
TUHHOCTHU TIpeINKATOB P 1 () cocTaBisgeM Tab/INIy UCTHHHOCTH (DOPMYJIbI

P(x) A Q(x,y):

|y | Plx)ANQ(z,y)
11 i
112 1
211 0
212 0

13 KoTopoit ceyer, uro A = Jz (P(x) AQ(x, 1)), nockosbky A = P(1)A
Q(1,1), a rakke A = Jz (P(x) A Q(z,2)), tak kak 2 = P(1) A Q(1
Taknum obpazom, 2 = —p(l) 1 A = —¢(2), 7.e. A= (1) n A B~ ¢
CrestoBaTeibio, hopMysia ¢ He BBITIOJTHIMA B cucteMe 2f.

5. Hokazkem BbIoHUMOCTE hopmysibl 3x, y, u, v (P(z, y)A = P(u, v))
npeuKaTHol curnarypel ¥ = { P2}

JeficTBUTEIbHO, PACCMOTPUM JIBYX3JIEMEHTHYIO aJredpandecKyio Ch-
cremy 2% = ({a, b}, P) ¢ unrepuperaiueit P = {(a,b)}. Torna mo omnpee-

).
).
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gernio Beimosasierest A = P(a,b) n A ¥ P(b,a), re. A = P(a,b) A
—P(b,a). Tem campivm B cucreme 2 ucrnuana dopmyiaa o(z,y, u,v) =
P(x,y) N—P(u,v) Ha nabope 3eMenTos (a, b, b, a). Torna A = Iz, y, u, v
(P(z,y) N —=P(u,v)), T.e. nanuas ¢popmyJa BbimogHIMA. [

Kax u pambiie, mjis dbopmys ¢ 1 ¢ depes (¢ <> 1) Oygem 0b03HAIAT
dbopmyny (@ — 1Y) A (Y — ).

IIpennoxkenue 2.1.1. 1. Jlaa 4100017 opmyase @ cuernamypol 2 cae-
dyrouue Popmyav, 00UWE3HAMUMDL:

(a) Vo =g > =3z ¢;

(6) 3z —p > Vo p;

(B) Va,y ¢ > Yy, z ¢,

(r) 2,y 0 < Jy,xp;

(n) FaxVy p — YyIz .

2. s 110601 hopmysve @ cuenamypu, 3 popmyaa Y o A dx - npo-
musopevusa. [

3aMeTnM, 9TO Ha OCHOBAHUU IIpuMepa 2.1.5 00I1e3HaINMOCTD (DOPMYJIBI
Vydr ¢ — dzVy p B obiiem cirydae yTBepKJIaTh HeIb3d. B cieryiomniem
IprUMepe TaKyKe HJLIIOCTPUPYETCsT OTCYTCTBHE OOINE3HAYNMOCTH YKa3aH-
HOM hopMyJIbl Jist catydast ¢ = P(x,y).

[Tpuwmep 2.1.8. Brpade A = (A, P) = ({1,2,3};
{(1,2), (2,3), 3,1)}) (puc. 2.1) pomonmmvo A = L 2
Vy dx P(x,y), vHo A = JxVy P(x,y).

Cuieptyrornast TeopeMa o3BOJIsSIeT CO3/1aBaTh 00Ie3Ha- 3
qIMbIE U IPOTUBOPEUNBLIE (OPMYJILI Ha OCHOBE (hop- Prc. 2.1

myn 1B.

Teopema 2.1.2. ITycmov p(Ay, ..., A,) — obwesnavuman (npomueo-
pevusan) gopmysra UB, @1, ..., 0, — dopmysv, cuenamypo. 3. Toeda 6
pesyavmame nodcmanosky, GoOpMyYA P1, . .., 0O, BMECMO 6CET COOMEENM-
CMBYWUL BLONHCOEHUT NPONOZUYUOHANLHBLL NEPEMERHIT Ay, . .., A, 00-
PA3YEMCA 00UWEIHANUMAA (NPOMUBOPEUEAL) Popmyra O(Y1, .. ., Pn) Cle-
HAMYPDE 3.

Teopema 2.1.3. Ecau [ — usomoppusm cucmemovt 2 wa cucmemy B,
O(T1,. .. ) — Popmyaa  cuenamypv, cucmemor A, mo i A066LT
ai,...,a, € A ceolicmeo A = p(ay,...,a,) sK6usaIEHMHO CBOUCMEY

B = o(flar),..., flan)).

MuozkecTBo dopmyst I curHaTypbl > ¢ MHOYKECTBOM CBOOO/IHBIX II€pe-
MeHHBIX X Ha3bIBAETCS 6bNOAHUMDBLM, €CJIN CyIlecTByer cucrema 9T =
(M; %), snementol a, € M st Kaxxjoro © € X Takne, 9To Jyist JH0O0it
dbopmyinet p(x1,...,x,) € I' Bemonmnmo M = ¢(ay,,. .., a, ). Cucrema
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I HA3BIBAETCS MOJEAbI0 MHoocecmaa dopmya T, u aror dpakT 0bo3HATA-
ercst gepes M =T

[ITpumep 2.1.9. Paccmorpum ciiejtytoniee MHOYKECTBO (DOPMYJI CUT-
narypel {<}, onucbiBaromux JjuHedinbie nopsaakn: [, = {Va (z < x),
Vo2 (2 < 9) Ay < 2)) — (@ < ) Yoy (o < 9) Aly < o)) —
(x = y)),Vr,y ((zr < y)V(y <x))}. OueBnano, aro MHOKECTBO [, MeeT
KaK KOHEeUYHble, Tak 1 Oeckonednbie Mogean. Hampumep, ({0}; <) | I,
rae <={(0,0)}, (N; <) = T'},. JdobaBus x muoxectBy I', 1Be dopmMyIIbI
Jr,y—-(z = y) uVe,y(lz < y) Ao =y — Jz((@ < 2) Aoz~
2) A (z <y) A=z = y))), noayaaem MHOKecTBO ['q1, OMUCHIBaOIIEE OEC-
KOHEUYHBIE NA0MHbE AuHetHbie nopadku. Mojensamu MuOKecTBa ['qo $1B-
JISIFOTCST B TOYHOCTH OECKOHEUHBIE JINHETHO YIIOPsI0UeHHbIe MHOKECTBA, Y
KOTOPBIX MEZKJLY JIIOOBIMU JIBYMST PA3JINUHBIMU 9JIEMEHTAMU UMEETCs HEKO-

TOPBIiT poMerkyTouHbIi. [Ipumepamu Takux mogeneit ciyxar (Q; <) u
(R;<). O

§ 2.2. CekBeHIUAJIbHOE UCYMCJIECHUE MPEANKATOB

SadukcupyeM HEKOTOPYIO MPOU3BOJILHYIO CUTHATYPY 2 U OIIPEIE/INM
cexsenyuabHoe ucwucaenue npeduramos cuznamypue % (MATICE).

Andasur UTIC nonyuaercs u3 asndasura NI 1o6aBiennemM CHMBOIIA
ciegosanus B, re. A(MIIC™) = UV U {~,—~,A,V,—,¥.3,(,),,,F}.
Dopmyaamu NIICE GyayT HOPMYILI CUIHATYDPBL 1.

Cexsernvyuamu NITC™ Ha3bIBaIOTCSI KOHETHBIE [TOCIEI0BATEIbHOCTH CJIe-

AYVIONINX IBYX BUJIOB, TJE Q1. .., Pn, ¥ — dopmyast NTIC:

O1, .o E Y 01, o

[Ipumem craemyromue coryarmienus. Ilyers xq,...,x, — lepeMeHHbIE,
ti,...,t, — TEPMBI CUTHATYPHI % 1 ¢ — (hopMyJia CUTHATYPBI Y. 3alliCh
(@) Gyner 0b03HAMATH PE3Y/IBTAT IOJCTAHOBKH TEPMOB L1, . . . , t, BMe-
CTO BCEX CBODOJIHBIX BXOXKJICHUN B  MEPEMEHHBIX X7, . . . , T, COOTBETCTBEH-
HO, IIPHUEM, €C/II B TEKCTe BeTpeuaercs 3ammuch (¢)37}", 1o npenoa-
raeTcs, 4To it Bcex ¢ = 1,...,n HU OJHO CBODOJHOE BXOXKJEHUE B (0
nepeMeHHoil x; He BXOJAUT B nojdopMmysty ¢ Buja Vy o1 win 3y o1, Tie y
— IepeMeHHasl, BXoJisasl B t;. BmecTo 3amnucn (go)fll”.'.'."’ti" MBI 6yzLeM nHor1a
mcathb (t1, . .., t,). [Ipu 9T0M, HapSIITY € T€M, UTO TIEPEMEHHBIE T1, . . . , Ty,
B 3aIic (T, ..., T,) OYIyT BCera mpeInoaraTbest MomapHo pasIndHbl-
MU, cpeju ti,...,t, MOIYT ObITb PaBHbIE TEPMBI.

[Tpuwmep 2.2.1.1. Obosnaunm uepes ¢ dhopmyny Iz R(x,y, z), depes

ty — repm Fi(y, z,u), gepes to — 1epm Fo(F3(2), w). Pesynbrar nojcra-

37



nopkn ()¢5, pasen Jx R(x, Fi(y, z,u), F2(F3(2),w)), a pesyisrar moj-
cranosku (¢)¢7 pasen 3z R(x, Fi(y, z,u), F1(y, z,u)). 3ameTum, 4o pe-
3YJILTAT IIOCJIEOBATE/ILHON MOCTAHOBKI MOYKET He COBIIAJIATD C PE3YJIbTa-
TOM OjiHOBpeMeHHOI nojicranoku. Hanpumep, dopmyna ((¢)f ), pasma
Az R(z, Fi(y, Fo(F5(z), w), u), Fo(F5(z), w)) n He coBnagaet ¢ GopMyIIoit
()17,

2. Jlnsa bopmynnt ¢ = 3z R(x,y, 2) u tepma t = F(y, x,u) 3anuck (p){
HEJIONYCTUMA, [TOCKOJILKY IIOC/Ie MOJCTAHOBKU TepMa, ¢ BMECTO CBOOO/HOIL
nepemernoit y B hopmysie 3x R(x, F(y, x,u), 2) BXOXKIeHNE IEPEMEeHHO &
B TepM ¢ CTAHOBUTCSI CBSI3aHHLIM. [

Axcuomamu VTICT gBIsioTcst Cle/1yIonine CeKBeH NI

1) ¢ F ¢, re ¢ — dopmyia cUrHATYPBI X;

2) F (x = x), rae © — nepeMenHas;

3) (t~ @) (b 00), (P F () b0 b b
— TepMbI CUTHATYDLI 2, (0 — (GopMyJia, YAOBJIECTBOPSIONIAs YCIOBUSIM Ha,
sarmen (@), 73" W (@)gh g

IIpasusa 6vi6oda UIIC* sanatores caeytomumn 3anucamu, riae ' I —
IPOM3BOJIbHBIE (BO3MOYKHO ITyCThIE) KOHEUHbIE TTOCIe0BATETLHOCTH (DOP-

MY I/IHCE, ©, W, X — TPOU3BOJILHBIE (DOPMYJIBI UIIC™.

I'Eoy, T'EY

L'E(pAv)

I'F(pAY)
I'-o

I'F(pAY)
'
I'-o

T (pVve)
'y

T (pVvey)

LoobFoY; ToxkFo; TE (V)
Y

(BBegeHmE A).
2. (ynasenune A).
3. (ynasenune A).
(BBesieHNE V).

(BBesieHHE V).

6.

(ymaJsienue V, WK IPaBIIIO pa3bopa
JIBYX CJIyYaeB).
Doky
T (=)
TEp DE (e —9)
[

7

(BBemeHIE —).

8. (ymasenne — ).
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'~k
I'Fop
I'Fy;, I'E—p
'+

o, Iy o
Loapo, T x
I'Fop
Lok o
I'-o
'Yz
(BBesienne V cripasa).
L (p)i Fo
I,WWzok
I'F (o)}
"T'k3dzyp

Lok

T3z’
myssl 13 [N (BBegernne 3 ciesa).

9.

(ymaJjienne —, WK JIOKA3aTEJIBCTBO OT TPOTUBHOIO).

10.

(BbIBE/ICHIE TIPOTHBOPEUIS ).

11.

(mepecTaHOBKA MOCHIIOK ).

12. (yToHuUeHHMe, WM TIPABUJIO JIMITHE! TTOCHIIKN ).

13.

, TJle TIepeMeHHasl T He BXOJUT cB00OIHO B popmyJibl 13 I’

14

(BBeseHme V ciieBa).

15 (BBesienne 3 cripaBa).

16 rje nepeMeHHasl £ He BXOJIUT CBOOOJIHO B Y U B (hop-

[TonsiTust JMHEiHOrO JIoKa3aTe/LCTBA B I/IHCZ, JI0Ka3aTe/IbCTBa B BU-
e nepesa B UTICE, nokasyemoii 8 ITICT cexBenimn (Teopembl I/IHCZ) u
nokasyemoii B VITIC hopMysIbl ONpPeessiioTcst aHaAIOIHIHO COOTBETCTBY-
tornM nougaTuam MC Ha ocHoBe akcnoMm 1-3 u nipasu BeiBoia 1-16. Takzke
aHAJIONNYHO Tipejiokennto 1.2.1 ycranaB/imBaeTcs

IIpennoxkenne 2.2.1. Cexsenyusa S umeem dokasamenvemeo 6 UITCE
6 6ude depesa mozda u moavko mozda, koeda S — meopema UIICE.

[ITpumep 222 Ilpusenem joka3aTelbCTBO B BUJIE JepeBa CEeKBeEH-
188481

J2Vy o(x,y) b YyIz p(z,y)
nist 6ot hopmystsl p(x, y):

o(r,y) = o(r,y)
e(r,y) F Iz p(z,y
Vyp(r,y) - 3z p(r,y
Yy (z,y) F Vy3z o(z,y) =

JaVy p(a,y) F Yy p(r,y) '

)15

)14
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Cuenyrolasi TeopeMa sIBJIAETCA CUHTAKCHIECKHIM aHaJI0IOM TeOPEMbI
2.1.2 u mo3BoJisieT 11peodpa3oBhIBATh JoKaszyeMble hopmyibl 1IC B gokasy-
enble popmyint NTICT.

Teopema 2.2.2. [lycmv o(Aq, ..., A,) — dokasyemasn gopmyaa UC,

D1y e v vy On — Popmyavt cuenamypo: 2. Tozda 6 pesyavmame nodecmarosru
DOpMYA ©1, . .., Pp BMECTNO BCEX COOMBEMCMBYIOWULT BLOHCIEHUT NPONO-
BUYUOHANLHOLT NEpemennut Ay, . . ., A, obpasyemes dokasyemasn 6 UITCE

dopmyaa p(p1,. .., 0n).
IIpennoxkenue 2.2.3. Jlaa 10000 popmyav, o, ydosaemeoparouel

ycaosusm na zanucy (@), 6 UIT C* doxasyemvl caedyrousue cexeen-

uuu:

(a) Vor, ...,z F (0)f 0

6) ()i =Ty, .

Ornpenesienne JOIYCTUMOI'O IIPaBU/Ia B NIIC™ COBIIaJIaeT C COOTBET-
CTBYIOIIUM olipejiesiennem jgomycrumoro npasuia B IC ¢ 3amenoit C Ha
UTIC>.

B cirenyromeM MpeaoXKeHIN PACIIIPSICTCS CINUCOK JOMYCTUMBIX ITPa-
BILJI, cocTaBjennblit st MC.

IIpennoxkenne 2.2.4. B HIIC* donycmumn: npasusa (a)—(0) us npeo-
aootcenusn 1.2.2, a maxoice npasuna

P, Pk ; |

(H> ( )l’l,...,l’n ( L1yeeeyTp l_ ( )xl,...,:cn (no CManoska mepM06)7

1) (PR V)
I'EVxp

(P) 57— (ydasrenue V).

I'E (9);

JokaszaTeabcTBso jgomyernvoct npasui (a)-(o) B UIIC™
COBIIA/IACT C JIOKA3ATEJbCTBOM JIOIYCTHUMOCTH COOTBETCTBYIOMINX IIPABUII
B I1C.

Jltst mokazaTebeTBa JOMyCTHMOCTH TIpaBuia (1) TpuMeHnM k pas mpa-
BIJIO 7, HAYMHAST C CEKBEHIUU (1, . . ., Pk [ 1), U MOJyIUM JI0KA3yeMOCTD B
NIIC* cekBenmn

|_901—>(902_>---(S0k_>¢)---)-

3areM, MpuMeHsisi k pa3 mpaBuio 13, 1mojydaemM JI0Ka3yeMOCTh CeKBEHIINH

FV2y, .2, (o1 — (02— (o — ) L)

13 noxaszyemocTn mocjeiHeil CeKBEHIIUN U CEKBEHITUN (a) peJIJIOZKEH U ST
2.2.3 110 npaBUJy cevyeHnus BbIBOJIMM CEKBEHIIUIO
T1yeeeylp

F(p1 — (2 — ... (o — V). '))tl,...7tn .
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L1s5ee5Tn

U (1) o paButaM

3 mocie yieit cekpenmun n axcnomst (¢1);)”
8 n 12 nojiyyaeM CEKBEHIUIO

()i E (o= (e = ) ))
AHajiornaHo npuMensis emie k — 1 pa3 npaBujio 8, BRIBOIUM TPeOyeMyIo

CEKBEHIINIO
L1yeeesTipy

(o SN (7Y Vi ol () M
Cieyrolree JIepeBo yCTaHABINBAET JIOIMYCTUMOCTD IIPABILIA (p):

(p)i - (o)f
CVr ok (¢)f
T+ (Voo — (p)f) "
' (p)f

[Toxkaxkem, 4TO JijI0 OTHOIIEHUS] ~F Ha MHOYKECTBE TEPMOB JIOKA3YEMbI
OOBITHBIE CBOTICTBA paBeHCTBA (pedJIeKCHBHOCTH, CAMMETPIYHOCTH 1 TPaH-
SUTHBHOCTH), T.€. JIOKA3yeMo B UIIC*, 4rto A — OTHOIIEHNE SKBHBAICHT-
HOCTHU.

11,12,14
I' =V p;

o. O

[Ipensioxkenune 2.2.5. /s aobvix mepmos t, q,r € T(X) caedyrowue
cexsenyuu dokasyemv. 6 MITCE:

(a) = (t~t);

(0) (t~q)F (g~1t);

() t~q),(g=r)F (=)

HoxaszatTeabctso. Jokazyemocts cekpenrn - (¢ & t) ycra-
HABJIMBAETCSI [TPUMEHEHIEM JOIyCTUMOrO MpaBuia (1) U3 MPeJIoZKeHHs

2.2.4:
- (z ~ 1)

F(t~t)

Jtst okaszaTebeTBa ceKBeHImn (6) paceMoTpuM akcnomy (t & q), (2 &
t)i b (z = t);, xoTopas pasHa cexsenmuu (t =~ q),(t =~ t) = (¢ =~ t).
BoinuiieM jiepeBo, KOTOpoe ¢ yIacTHeM 3TOH aKCHOMBI IPEJICTABIAET JI0-
Ka3aTeJIbCTBO CBOHCTBA CUMMETPUIHOCTH:

(trq),(t=t)F(gx1)
(t~q)F(t~t) = g~t)
(t=q)F (g~1) )
JToKasyeMoCTh CeKBEHIUN (B) YCTAHABIMBAET CJIEJYIONIEE JIEPEBO:
N o lamt), () (zmr)i
(t~q)t (g=1); e F (g~ —( Qﬂn))n,?
(t~q),(grr)F (t=r)
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[Iycts A = (A; X)) — anrebpamdeckast cucrema, S = S(x1, ..., T,) —
ceksenrus MIICE, Bee cBoGojuble mepeMennbie GopMysl KOTOPOil cojep-

JKaTed Cpejill 1, ...,T,. DyJeM TOBOPUTL, 9TO CEKBEHIUsS S UCTUHHG
Ha 3JIEeMEeHTax ai,...,a, € A B amredpamueckoil cucreme 2 u mnmcarhb
A = S(ay,...,a,), €Ciiu BBIIOJHSIETCS OJHO U3 CIEAYIONINX YCIOBHIL:

1) SpaBra @1, ...,0, F v uus A = gi(ay,...,a,) mgascexi=1,...n
ciaeayer A = (ay, ..., a,);

2) S paBHa @1, .. ., p, F 1 x0Ts1 661 O1tHA U3 HOPMYIT ©1, . . . , P, JTOKHA
Ha 9JIeMeHTax di,...,a, € A B anrebpamdeckoii cucreme 2.

Ecin cekpennus S He ucTuHHA Ha dJI€eMeHTax ai,...,a, € A B aareo-
pandeckoii cucreme 2, To OyAeM FOBOPUTL, 9TO S A0HCHA HA dJIEMEHTaX
ai,...,a, € A B2 B gactHocTH, cekBeHIus - Jl0yKHA Ha 1000 ajreo-
panvecKkoil cucreme.

Cexpennus S = S(zy,...,1,) B UIIC* naspisactces mootcdecmeeno
ucmunroti, ecin S UCTHHHA Ha JIIOOBIX 9JIEMEHTaX a1, . . ., a4, € A B 11000i
asrebpamaeckoit cucreme A = (A; X).

B nasibHeiieM HaM IPEJICTOUT JOKA3ATH MEOPEMYy 0 NOAHOME OAL UC-
wucAenus npedukamos, ycranopiennyio K. ['éiesieM n yTBepKIaloNLyIo,
qT0 KiIace gokasyeMblx B VIIICT cekBeHImit COBIALAET ¢ KIACCOM TOXKIE-
cTBeHHO HeTHHHBIX cexBentuit IICT. OHa 9acTh 9TOr0 YTBEpIKICHIST —
9TO

Teopema 2.2.6. (TeopeMa O HEIPOTUBOPEUUBOCTH I/IHCE). Ecau ce-

keenyua S doxasyema 6 UIICE, mo S moocdecmeenno ucmunna. B wacm-
nocmu, ne sce gopmyane HIIC dokazyemwr 6 UIIC™

Jloxkas3aTeJubCTBO MNPOBOJINTCA MHIYKINENH 1O BBICOTE Je-
peBa JoKa3aTeIbCTBa cekBeHnun S. ToxKiecTBeHHAsT UCTUHHOCTD aKCHOM
UTIC* ouesmana. IIpoBepKy COXpAHEHIS TOXK IECTBEHHOIN HCTHHHOCTH IPH
nepexo/ie 1o npasumiaM 1-16 MbI IpoBejieM Ha puMepe mpasuia 14

L )i

L\Vrphk
OCTaBUB PACCMOTPEHUsI OCTAJILHBIX [PABUJI YUTATEIO B KAUECTBE yIIParK-
nerns. Vtak, mycrs ceksenrust [, (¢)f F 1) ToXK1eCTBeHHO CTHHHA, T.€. B
IIPEJIIOJIOXKEHIH UCTHHHOCTH B cucTeMe 2 = (A; X)) Ha KAKUX-TO HJIeMeH-
Tax ai,...,a, € A Beex dopmysn u3 I' u dopmyist (¢)f Mbl umeem A =
v(ay,...,a,). Ecm B cucreme 2 Ha KAKUX-TO 9JIEMEHTAX a1, ..., 0, € A
UCTUHHBI Bee opmyabl u3 [I' m dopmyna YV o, To, B dacTHOCTH, OyIeT
cupaseyineo A = (@) (aq,...,a,). 3HAUUT, M0 yCJIOBUIO GYJeT BEPHO
A = Y(ay,...,a,). CregoBaresnbho, cekpennust [,V ¢ F 1 ToxecTBen-
HO MCTUHHA. []
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§ 2.3. kBuBaseHTHOCTH (popmys B UTIC*

DOpPMYIIbL @ I ¥ CHTHATYPDI 3 HA3BIBAIOTCS 9K6USaAeHmHbimu 6 UITCE
(n mumyT @ = 1)), ecou cexBenun @ F o u Y F ¢ goxasyemsr 8 UTIC™.

B cuny nemmbl 1.3.2 ycioBue ¢ = 1) paBHOCHIBHO JOKA3YEMOCTH Ce-
KBeHIun - (¢ < ). Anagormano jgemme 1.3.3 JT0Ka3bIBACTCs, ITO OTHO-
MeHne = gBJIseTCsd S9KBUBAJEHTHOCTHIO Ha MHOYKECTBE (DOPMYJI CUTHATYPBI
.. [Ipu 3TOM OTHOIIIEHNUE (p = 1) HE 3aBUCUT OT BHIOOpPA CUTHATYPHI, COJIEP-
JKalreil Bce CUrHATYypHbIe CUMBOJIBI (popmy ¢ 1 1. [losTomy B masbheii-
meM Mbl OyJieM 9acTo TOBOPUTH 0 jiokazyeMocTtu B UIIC 6e3 yromunanms
KOHKDPETHOI CUTHATYPHI ..

@opMyJIbl © U 1) CUTHATYPHI 2 HA3BIBAIOTCI NPONO3UUUOHAALHO IK-
susaseHmHuLMY (1 TIHIIYT @ =p 1), ecan cekBeHnuu @ F ¢ u ¢ = ¢
nokazyembl B UIIC ¢ ncnosb3oBanneM Juiib mpaBut 1-12.

IMpenioxkenune 2.3.1. [Tycmo ¢ = (A1, ..., Ay), ¥ = (A, ...,

A,) — dopmyave UC, nocmpoentvie us nponosutuoHaNbHOLT NEPEMeH-
HOLE, X1,-- -y Xn — Popmyave cugnamypot 3, @ = ©(x1,---5 Xn), ¥ =
UV(X1s- -5 Xn) — PopMyAbL cCuzHAMYPYL X, NOAYHAOULUECA U3 P U P CO-

0MBEMCMBEHHO NOICMAHOEKOT HOPMYA X; BMECMO NPONOSUUUOHANGHHLT
nepemennvir. Ecau umeem mecmo o =1 ¢ UC, mo ¢’ =p ).

Taxum obpazom, 1 JTI0OBIX (POPMYJIT Y, Y U X CUTHATYPHI Y. CIIpaBE/I-
JIUBBI Bee yTBep:Kaenust jgemm 1.3.4 u 1.4.1 ¢ 3amenoit = na =p. Hanpuwmep,

BoitosiHseTCs @ A (Y V x) =p (@ A1) V (0 A X).

Bameuanue 2.3.2. B UII® cnpasedauso ymeepocoenue, aHai02unoe
gamevaruro 1.5.5. Ecau & — mmoorcecmeo scex opmys cuenamypv, X
C nepemenHbMu U3 mnodcecmsa J, mo daxmop-aneeopa F| = aneebpol
F=(P,\,V,7,~(z = z),(x = x)) asisemca 6yareeot ar2ebpot.

ITpenmoxenne 2.3.3. B HUIIC svinoanumsv, 6ce caedyrowjue 2K6U6a-
AEHMHOCTU, 68 KOMOPBLIT NPEONOAA2AEMNCA, YN0 NEPEMEHHAA T HE BLOOUM
c600001H0 6 Popmysy P :

(a) =3z ¢ = YV —y; (6) =Va ¢ = Tz —;
() Ix (V) =TopVy; (r) Vo (pVy) =YooV,
(1) Fz (e AY) =Tz A (e) Vo (p AY) = Voo Ay
(%) Vo o = Vy (¢)y; (3) Fwp =y (¢)y.
HloxaszareubcTBo. [IpuBegem JjiepeBbs, 060CHOBBIBAIOIINE K-
BUBasIeHTHOCTH (&), (B) 1 (3K), OCTaBJIsist IPOBEPKY OCTATBHBIX THTATEIIIO.
[Ipu sTOoM B myHKTE (&) MBI OyJeM HCIIOJB30BATH JOMYCTHMOE MTPABUIIO
pE Y
vy

, KOTOPOE JIET'KO BbIBOJIMTCS C [IOMOIIbIO 3aKOHA JIBOITHOIO OTpHUlla-
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Hud, a B mynkre (3k) — pasenctso ((¢)y)4 = ¢.
(a)

pF @ Vo —p b -t
gpl—EI:z:gp15 Y = =Vr—-p
—Jzr o F " dr o F -V ﬁgpw.
Az F Yz Ve -t —Jzp ’

Py
o3z (A
Vi oV
cpl—ﬂ:cgo\/zb;4 wl—ﬂxgo\/w;5 pVYE VY
VY FEdrpVay 6>
Iz (V) Iz V'

ok \
VY . Yy
=3z (p V) VeV
Jr o 3z (pVe): ' YF 3z (pV wﬁ53x¢vwkax¢vw'
drx Vi I (p V) 0
(k)
(90)%(90)5 (( ))yHO
Ve F (p)z' Yy (¢)2 = 13.D

Vo Yy ()t

Teopema 2.3.4. (teopema o 3amene). [lycmv ¢ — dopmyaa cuernamy-
poL X, P — ee noddopmyaa, a dopmysa @' nosyuaemcs us @ 3amenot
nexomopozo exodcdenus P na gopmyary ' cuenamypw Y. Toeda ecau
Y=, mop =y

HlokaszartennbcTBo. Ecmn ¢ = 1, yrBepKaenne TpUBUATILHO.
Ecmun ¢ # 1, Bocmosb3yeMmcst HHAYKINEHd [0 9UCIy IIaroB MOCTPOEHMsT
dopmyiel . [Ipeanosaras, 9To (0 — aToMapHas (gpopMyJia, CHOBa IOJIY-
qaeM @ = . VHAYKINOHHBIN Mepexo1 OCYIIECTBISAETCS pacCMOTPEHUEM
MIECTH CIIyUaeB: @ = =1, © = 1 Ao, 9 = @1V @2, ¢ = Q1 — @,
© = Vre, ¢ = dre;. B KaxkjoM n3 3Tux ciaydaeB Gopmysia 1 BXO-
JIIT B (p1 WIN 9. [I03TOMY B TIEPBBIX YeTHIpEX CIydasx IKBUBAJIEHTHOCTD

Yy (@ )y I—ngp
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© = ¢ BBITEKAET U3 MHIYKIMOHHOIO MPEINOIOKEHNsI 1 aHAJIOra, JIEMMBI
1.3.3. Torma B cuy MHIYKIIMOHHOTO IIPEIIIOJIOXKEHUS OCTACTCA PacCMOT-
peTh ciaydan, Korjaa (opmysia o uMeeT BUJL V) wim dr 1), a ceKBeHIUN
Y Y u Y B oY nokasyembr. ITo cummerpuunoctu @ u 1)’ 10CTaTovHO
BbIBECTH ceKBeHimn V¢ = Ve u dre B Jze)’. JokazarenberBo sTnx
CEKBEHIIII yCTaHABIMBAETCS CJICAYIOIUME JIePEBhSIMU:

Y Y

Vb ot W Jr
Voo Yz Fa b 3oy

§ 2.4. Hopmanabable (pOpMBI

B sTom maparpade Mol onpenennm anasorn JJHO n KH®, nmerorntue
MECTO B UCUYHUCJICHUN NTPEJINKATOB, 1 YKAZKEeM aJITOPUTMbI IPUBEJICHUS 11PO-
n3BoJIbHBIX popmyst UIIC k coorBeTcTBytomumM opmam.

Bynem roBoputh, uro 6eckBaHTOpHAsS (POPMYJIa ¢ CUTHATYPHI Y1 HaXO-
TATCsT B QU3BHOHKMUBHOT (KOHBIOHKMUEHOT) HOPpMaAbHOU dopme (COKpa-
mento JIH® u KH® coorBercTBento), ecin ¢ nosydaercs u3 GOpPMYJIbI
NC, maxomsieiicst 8 JIH® (KH®), momcraHoBKOiT BMECTO MPOMO3UINAO-
HAJILHBIX TIEPEMEHHBIX HEKOTOPBIX aTOMAPHBIX (DOPMYJT CUTHATYPHI 2.

Bymem roBoputh, uTo popMysia ¢ CUTHATYPHI 22 HAXOTUTCH B NPEHEKC-
notl (npedk.nasyaronoti) nopmaavrot gopme (cokparerno [THO u [TIKHD
COOTBETCTBEHHO ), €CJIH (0 UMEET B

lel SR ann wa

rie Q1,...,Q, — kBaHTOpHI, a ¥ Haxogurca B JJHD (KH®). ITpu stom
dbopmysa 1) HA3BIBACTCA QU3BIOHKMUSHM (KOHBIOHKMUGHM) AIPOM, a
caI0BO Q17 . .. Qnxy, — K6aAHMOPHOT Npucmaskoti (OpMyIIbL (.

Teopema 2.4.1. /Jlasa 110601 popmyavt © cuznamypol X Cywecmeyem
dopmyna ) cuenamypo, 2, naxodauwaaca 6 IH® (IIKH®) u sxsusanenm-
nasa popmyae @.

HdoxkaszarennbcTBo. [lra npusenenusa dhopmynsr ¢ K [THD
(IIKH®) na ocnoBaunm T€0peMbl O 3aMeHe HCIOIb3YIOTCA 9KBUBAJICHTHO-
CTH, ONUCAHHbIE B MpejyioxKeHnn 2.3.3, a TakyKe IKBUBAJEHTHOCTD ((p —
V) = (— V). Crauana dopmyna ¢ 1mpeodpasyercst B 9KBUBAJEHTHYIO
eit hopmyiy ¢, He cojeprKalLlyto CHMBOJIA UMILIHKAIIMU. 3aTeM (GopMyJia
¢’ mocyiesioBaTEIbHBIM BBIHECEHHEM KBAHTOPOB (IIPU 9TOM, €c/in HeoOXo-
JIIMO, TIEPENMEHOBBIBAIOTCS CBSI3AHHbBIE [IEPEMEHHBIE) TPUBOIUTCS K BUTY
Qrry. .. Qur, @, e Q; € {3,V}, 1 < i < n, ¢ — beckBanTopHast (Hop-
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mysa. Hakonerr, popmyrna ¢” npusomures k JTHO® (KH®), kak mokazaHo
B§6.4*uBg§ 14 [

[Ipumep 24.1. Cunras HopMyIbl @ U 1) aTOMAPHBLIMU, IPUBECTH
K [IPEHEKCHOI U IpeKIa3yalbHol HOpMaAIbHLIM dhopMaM (popMyIy Y =

JxVy o(x,y) — Iz VyP(z,y).

M306aBsich 0T MMILIMKAIIHT, TTOJTyIaeM

X = ~FxVye(z,y) V Iz Vy(z,y).

Ucnosp3yst 1. (a, 6) npemioxkenns 2.3.3 1 TEOPEMY O 3aMeHe, MOJIyIaeM

X = Vo Iy —~p(z,y) V Iz Yy (z,y).

Tak kak B dopmysie Jz Vy 1(x, y) nepeMeHHbIe X, Y ABIAIOTCSA CBI3aHHDI-
MU, TO 110 MII. (B, T') mpeJjioKenns 2.3.3. umeem

X =V 3y (~p(x,y) vV Iz Vy (s, y)).

[Iycth w, v — HEKOTOPBIE HOBBIE TI€peMeHHbIe. Toraa 1mo myHKTam (3K, 3)
npejioxkeHns 2.3.3 nojaydaemM

X =Yz Iy (—p(z,y) V Ju Vo (u, v)),

OTKY/Ia
X = Vo Jy JuVo (—p(x,y) V (u,v)).

Dopmyrna —p(z,y) V¥ (u,v) naxomures B JTH® u 8 KH® ogroBpemento,
a 3Ha4UT, (POpMYyJIa

Va 3y JuVu (—p(z,y) V ¢ (u,v))
Haxogurcs u B [IH®, u 8 [IKH®. [

§ 2.5. Teopema o cymniecTBOBaHUUW MO/IEJN

B sTom mnaparpade Mbl chopMyIUpyeM OCHOBHBIE TEOPEMbI UCUUCTIE-
HUSI [IpeKaToB: Teopemy MaJbieBa — ['€1es1s1 0 cyIecTBOBAHUN MOJIEIN
JUIS JII000TO HEIPOTHUBOPEYNBOIO MHOXKECTBa opMmyJ1, TeopeMy ['émens o
noJtTHOTEe U TeopeMy MauiblieBa 0 KOMITAKTHOCTH.

MuozkecTtBo I' dpopMysT curHaTypbl Y Ha3bIBACTCS NPOMUBOPEUUBHIM
W HECOBMECTNHBIM, €CJIA T HEKOTOPBIX (hopMyn ¢1,..., ¢, € ' B
UTIC* nokasyeMa CeKBEHIHUS 1, ..., @, . MHoxkecTBO (OpMYyII curta-
TYpbI X, He SIBJIAIONIEeCs: TPOTUBOPEUNBBIM, HA3BIBACTCI HENPOMUBOPEU-
GbLM WU COBMECTIVHBIM..
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Dopmyiia 1) CUTHATYPBI % HA3BIBAETCS A02UMECKUM CACOCTEUEM MHO-
xkeerBa I opmyst curnarypst X, ecan B MIIC nokasyema CCKBCHIUS
D1y« - Op W 119 HEKOTOPBIX HOPMYIT V1, ..., p, U3 I

U3 nomycrumoro npasuia (3) (paBujia BbIBEJIEHU U3 TPOTHBOPEUNS)
BBITEKAET, 4TO Jiiobas (opMmysna ¢ curHarypbl 3 (U, B 9aCTHOCTH, TOXK-
JeCTBEHHO JIoXKHAsT (hopMysia —(x A2 x)) sIBJISIETCsI JIOTHIECKUM CJIe/ICTBH-
eM IIPOTUBOPEYNBOIO MHOKeCTBa (hopmyst curaarypbl 2. C Apyroit ctopo-
HBI, JII00as MOJIeJIb MHOYXKeCcTBa, (popMyJ1 [ gBjsieTcst MOJIEIbIO JIJIst JIF0O0TO
€ro JIOTHIeCKOT0 CJIeJICTBUsI. TakiuM 00pa3oM, MIpOTHBOPEINBOE MHOYKECTBO
dopmyn I' e moxkeT nmeTh Mojen. BepHo u obpaTHOe yTBEPXK IeHUE:

Teopema 2.5.1. (Teopema o cymectBoBanuu mojesn). Eeau I' — cos-
MECTMHOE MHONCECTNBO hopmyA cuznamypvt X2, mo ' umeem modesv mouy-
nocmu, e npesocrodauwets max{w, |T'|}.

CuaeacrBue 2.5.2. (teopema ['énest o mosiHote). Jobas mooicdecmeen-
no ucmunnaa cexeenyua MIIC doxaszyema ¢ UIIC.

JokaszaTeabcTB 0. AHAJIOIMIHO JI0KA3ATEIHLCTBY TEOPEMBI O T10JI-
wore st UC (teopema 1.5.5) yTBep:KjeHue i1 CEKBEHIINIT CBOIUTCS K
IPOBEPKE JI0KA3YEMOCTH TOXKJIECTBEHHO MCTUHHBLIX popmys. VTak, mycTb
¢ = @(r1,...,T,) — TPOU3BOJIbHAS TOXKJECTBEHHO HCTHHHAsT (DOPMY-
J1a, Bce CBODOOJIHBIE TIepeMeHHbIe KOTOPOI CO/lepzKaTCsl CPeJii ITepeMEHHbIX
L1yeo.y Ty,

[Ipeanooxkum, 9To hopMmysia @ He JoKazyema. YCTaHOBUM TOTJIa HEITPO-
TUBOPEUNBOCTb MHOYKECTBA, COCTOSINEr0 U3 IPEJJIOKEHNs 3 X1, . . . , Ty Q.
JeitcTBUTENIBHO, TIpeIioaras ero HeCOBMECTHOCTD, MOJIydaeM J0Ka3ye-
MOCTB CeKBEHIINH T, . .., T, —p -, U3 KOTOPOil 1Mo NMpaBmIy KOHTPAITO3H-
UK BBIBOJUM H =3z, ..., x, . Torma B cuty npeioxkenns 2.3.3 JI0Ka-
3yema cekBeHIus b Vi, ..., T, @, OTKy/a 110 npejioxennto 2.2.4 (IyHKT
(p)) BBIBOJUTCS CEKBEHIWsI b ¢, 9TO MPOTUBOPEYUT ITIPEJIIOIOKEHIIO O
HEe0Ka3yeMOCTH (POPMYJIBI .

N3 coBmectHOCTH MHOXKecTBa {3X1, ..., %, 2@} B CHIY TEOPEMBI O CY-
IIIECTBOBAHUN MOJIC/IN HalijleTcs ajiredpandeckast cucrema 2, st KOTO-
poit A = Jxq, ..., x, ~p. [locneanee cooTHONIEHNE O3HAYACT, ITO HANTYT-
Csl 9JIEMEHTBI a1, ..., 0, € A, ompoBepramwiiue MpeIio0KeHne 0 TOXKIe-
CTBEHHOI MCTHHHOCTH PopMyJIbl ¢. []

Taxum obpaszom, 110 TeopeMe ['€1e714 TpoBEpKa JIOKa3yeMOCTH (DOPMYJIbI
© CBOJINTCSI K IPOBEPKE ee TOXKJAeCTBeHHOM ncTuHHOCTH. OJIHAKO B OTJIH-
que or VB B obmeM ciydae He CYIIECTBYET aJTOPUTMa PACIO3HABAHWA
nokasyemoctn dopmyst UIIC*, 1. e. UTIC* mepaspermmo. Tem me Meree
ecn B popMyse ¢ “3amucarh’, 9TO KayKjas MepeMenHas MOYKeT MPUHU-
MaTh KOHEUHOE YHCJIO 3HAYCHUil, TO 11epedOpOM BCEX BO3MOXKHBIX CHCTEM
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MOYKHO YCTAHOBUTb, sIBJISIETCsI JIU (pOPMYJIa TOXKJIECTBEHHO MCTUHHOM MIn
HeT. B § 2.8 Oyjer omnucaH MeTO, Pe30JIIONNII B HCIUCIEHUN IIPEINKATOB,
KOTODBIi, KaKk 1 MeToj, pe3osonnii B VB, mosBosiger onpejie/isiTb HEBbI-
OJTHUMOCTD (DOPMYJI.

MuozkecTBo dpopmyst ' HA3BIBAETCSA A0KAADHO BHINOAHUMDIM, €CTIN JIO-
0oe KoHeuHOe OJIMHOXKeCTBO 'y MHOXKecTBa I BHIITOJIHIMO.

CaeacrBue 2.5.3. (Teopema MasbiieBa o KommakTaocTn ). Kaotcdoe a0-
KAALHO BBINOAHUMOE MHONHCECME0 [ hopmya cueramypol X2 8binoAHUMO.

lokaszarTeanbcTso. HomycruMm, 9T0 BBIIOJHUMO JTI0O0E KOHEY-
HOE TIOJIMHOKeCTBO popMys1 MHOKecTBa I, a camo I HeBbInoiHUMO. Torjia
10 TeopeMe O CYIMIECTBOBAHUN MOJETN OHO TPOTUBOPEUNBO, T. €. HallTyTCs
Takue GOpMyJIbl (1, ..., ®, € [', 9T0 J0Ka3yeMa CeKBEHIU ©1, . . ., (O .
CitetoBaTeIbHO, HAIILJIOCH HECOBMECTHOE, 8 3HAUNT, HEBBIIIOJIHIMOE KOHET-
Hoe MHOXkKecTBO opmyn u3 ['. Tlomydernnoe mpoTuBopedne J10Ka3bIBAET
TeopeMy KOMHOaKTHOCTH. []

CraencrBue 2.5.4. Ecau daa moboz2o n € w muoodicecmeo dopmya I’
cuHamypoL 21 umeem modesv mowsrocmu = n, mo I' umeem becrorewryro
MOdenD.

HoxkasaTeabcTso. Pacemorpum muoxkectso IV = 'U{dxy, .. .,
xp (2(x1 = x) A (2 = az) Ao A (o1 = xy)) | 1€ w}. To npen-
IOJIOZKEHUIO JIyist Jiioboro n € w muoxkectBo I'U {3z, ..., x, (—(2; =
zo) N =(x1 = x3) A ... A (21 & ,))} BBITOJIHIMO. SHAYUT, MHOKECTBO
[V 1okaIbHO BLIIOIHUMO. 110 TeopeMe KOMIIAKTHOCTH I10JIyYaeM BhLIIIOJIHU-
mocth MHozkecTsa V. Ho IV mMoxker umeTh TOJBKO GECKOHEYHBIE MOJIECJIN.
CaenoBaresbio, Haiigerca 6eckonednast Mojeab M muoxkecrsa I, KoToO-
pasi, B 9aCTHOCTH, sIBJIsieTCst Mojesibio s I, [

§ 2.6. Vcumcienue mmpeankKaToB TMJIbOEPTOBCKOTO THUIIA

Sadukcupyem MMpOU3BOJILHYIO CUTHATYPY 20 U OIPEIEINM UCHUCAEHUE
npeduramos 2usbbepmo6cko20 Muna, OTHOCAIIEECT K CUTHATYPE . (I/IHE).
3aTeM MbI yCTAHOBIM SKBHBAJIEHTHOCTD ncuncennit VITZ u UTIC* momno6-
HO TOMY, KaK OblLjIa IoKa3aHa 3KBupa/jeHTHOCTH ucunciaennit 1C u UB.

Dopmyaamu UIT 6ynyt dopmyisl curnarypsl . Cexsemruii B N1
HeT.

Axcuomamu VI gsisores ceyiomnme GpopMyIIbl st J0ObIX Gop-
MYJI (0, ¥, Y CUTHATYDPBI X, IEPEeMeHHbIX X, Y, 2z 1 TepMmoB t € T'(3), yio-

BJIETBODSIONINX yeaoBusiM Ha sanuch (¢)f, (¢)7, (p);:
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((w —Xx) = (¢ = (W AX)));
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Ll
e
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llgﬁ\
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w —x) — ((p V) = X))
(¢ — =) — =p);

O@OO\I@OTHBCOMH
A~

\_/\/\_/\_/VV\_/\_/\/V\_/\_/\/

J

Y ¢
LY — ( )tﬂ
p); — Jzy;
TR T,
14) (x=y) = ((0); = (#);)-
Dopmyiibl 1-14 HasbBaoTes cremamy axcuom AT,
Ipasuaa eweoda UIT:

/\/—\<]:

0, 0 — P Y- o — Y
D Yoy VI

rjie B IpaBujiax 2 u 3 nepeMeHHasi £ He BXOJUT CBOOOIHO B 1.

[MousiTust mokazareaberBa (hopmylibl ¢ (F ) u BbBoja (DOPMYJIBI (o U3
muozecrsa runores I (T F ) B WITT¥ onpe/essiorcs aHAJONHYHO COOT-
BETCTBYIOMNM ToHATHAM B VB.

IIpennoxenue 2.6.1. Jlas mobvix opmya @ u P cuenamypov, > 6
HIT" cnpasedausvl cAedyionue coomHoueHua:

(a) o Vo p;
(g(() )F(Vw—W)
)

(8) (¥ = ()f) (¢ — Fz ),

(r) ()i F 3z e.
JokasaTeJabcTso. s 1oKka3aTebCTBa COOTHOIIEHHs (&) pac-

CMOTPUM HEKOTOPOE JIOKa3yeMoe IpeJjIozKeHe 1), HalpuMep, X — X JiJis
IPOU3BOJIBHOTO MPEJITIOZKEHIs X CUTHATYPBI Y (10Ka3aTeIbCTBO (POPMYJIBI
X — X HOBTOpsieT ¢ 3aMEHOM ¢ Ha Y JoKa3aTeabCTBO u3 mpumepa 1.6.1).
[Tpumensist paBusio 1 K rumorese @ u akcuome @ — (¢ — @), BBIBOJUM
dopmyity ¥ — . [TockobKY 1IepeMeHHast & He BXOJUT CBOOOIHO B 1), 10
npaBwiIy 2 3 ¥ — @ BbIBOAUM 1) — VYV @. [lockosbKy mpejoxkene
JIOKa3yeMo, 0 PaBUIy 1 BBIBOAUM opMmyty YV .

JlokazarebcTBO coOTHOMIEHMsI (6) cocTOUT B BbIBOJIe (hopmyJibl (VI ¢ —
1Y) u3 akcuombl YV ¢ — ()f u runoressl ((¢)f — 1) 1o npasuiy 1 ¢ 1o-
MOIIIBIO akcuoM 1 1 2.
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JloKazaTebCTBO COOTHOIIEHUS (B) 3aKJIIOYACTCS B BBIBOJIE (DOPMYJIBI
Y — Jxp usz runoresbt Y — (p)f u akcuomsl ()7 — Jr ¢ TaKKe MO
npaBuly 1 ¢ momonipto akcuom 1 u 2.

Cootnorrenne (T) moJrydaercs mpuMeHeHreM pasuia 1 K runorese (¢)f

1 akcuome (@)y — Iz . O

Teopema 2.6.2. (teopema o mepykimn). Ecau I'U{p, ¥} — mmoorce-
cmeo dopmya cuenamype X, mo 6 HIT us T, o F ) caedyem T' F ¢ — 1.

HlokasaTeJabcTBsBo. PaccMOTPUM MUHUMAJIbHBII BBIBOI 1, . . .,
Yy dopmyiet ¢ = Y uz I'U {¢}. Ecm k = 1 wim 1) mosydaercs 1o
npaBuiIy 1, TO HOBTOPSAEM JI0Ka3aTeabcTBO TeopeMmbl 1.6.1. B cuiy MuHUB-
MaJIbHOCTU BbIBOJIa (POPMYJIBI 1) OCTAETCsl pacCMOTPETh cJydail, Korja 1)
OJIyIaeTCsT U3 Y1 110 IpaBmiaam 2 win 3. [Ipr 3ToM 1o mHIyKITMOHHOMY
PEIIOI0KEHUIO YCTAHOB/IEHO cooTHotenne I' F o — ;1.

[Tycts opmyna 1 = (x1 — V& x2) noaydaercst u3 GOpMyJIbl Py =
(X1 — X2) 1O TPABWIY 2, IJie MO ONPEJIEJIEHNI0 BBIBOJIA [IEPEMEeHHAsT T He
BxoauT cBOOOgHO B hopmyssl u3 I' U {p, x1}. Tak kak ¢ — (01 — 69)
(pANb) — bu (pANb) — O F o — (0 — 0y) mast m06b1x hopMmy
01, 05, cirestytoriasi OCaEI0BATE/ILHOCTDL (DOPMYJT JIOTIOJIHSIETCS JI0 BBIBOJIA
dopmysr ¢ — P uz I

0 — Yp-1, (@A X1) = X2, (PAX1) — Vo X2, 0 — (X1 — VT X2).

[Tycrtb Teneps hopmyita ¥ mostydaercst o npasuiy 3, T.e. x_1 = (x1 —
X2) 1 ¥ = (3x x1 — X2), TJie IepeMeHHast T He BXOIUT CBOOOIHO B (HOp-
mysiel 13 I U {p, x2}. Tak kak o — (x1 — Xx2) F x1 — (p — x2) u
drx1 — (¢ — x2) F v — (Jzx1 — x2), cleayomnas mocae10BaTe b
HOCTH (DOPMYJT JIOMOJIHAETCS JI0 BbIBOJIA (DOPMYJIBI (0 — 1) u3 [

= -1, X1 — (@ = x2), I x1 — (¢ = x2), ¢ = Bz x1 — x2). O

Takum obpas3oM, KaK U B UCUNCIEHNN BBICKA3bIBAHUI, B CHJIY TEOPEMbI
0 JIeIYKI[NH TIPOBEPKa BBIBOIUMOCTIH (1, . . ., on F ¢ B TT® paBHOCIIIbHA
nposepke fokazyemoctu B UIT* dopmynst (¢ — (¢ — ... — (¢, —
2)..))

[Ipumep 2.6.1. U3 coornomennss ¢ F Vo, ycraHoBjieHHOrO B
npejioxkennn 2.6.1., o TeopemMe o JIeyKIMU B NIT> JloKazyema (popMmyia
@ — VY @ g 1000t GOPMYJIBI ¢ CUTHATYPHI 2.

Teopema 2.6.3. (teopema 06 sxsuanentaoctn UIIC® u UITZ). 1
Cexeernyua o1, ..., pn = U doxasyema 6 HIICE mozda u moavko mozda,
Kko2da opmyaa 1 emeoduma 6 UIT" us gopmya o1, . .., on.

2. Cexeenyus o1, ..., on F dokasyema 6 UIICE mozda u moavko mo-
2da, Ko2da dopmysra —(xr = x) 6weoduma 6 AT us dopmya D1y Pn-

113 Teopemst 2.6.3 BbITekaeT Herporusopednsocts NI, Herocpencrser-
HO TIPOBEPSIETCST HE3ABUCHMOCTE cxeM akcrom WTTZ.
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§ 2.7. Ckynemmsanus ajaredOpamvecKmx CUCTEM

B srom nmaparpade Mbl onpeieinM KOHCTPYKITIIO, TpeaoKeHHy0 CKy-
JIEMOM U TIO3BOJISIIONIYIO PACHIUPSATH CUTHATYPY JIAHHONH ajredpandecKoil
CUCTEMBI TaK, YTOObI IIOFBUIACH BO3SMOXKHOCTD “yOupaTh’ KBaHTOPHI Y (pop-
Myst. HeobxoauMocTh Takoro mpeodpasoBaHust 00bsICHIETCS TEM, UYTO pa-
boTaTh ¢ (hopMyIaMI, COIEPKAIIIMI KBAHTOPBI, 3HAUNTEJIHHO TPYIHEIl,
yeM ¢ OecKBaHTOPHBIMU. B ciefyiomneM naparpade 0y/1eT n3/102Ken MeTo/]
PE30JIIOINI B UCUYUCJIEHUN TTPEUKATOB, UCIIOIb3YIONUN CKYAEMUSAUUIO.

Aurebpantdeckast cucrema 2 = (A;Y) HasbiBaeTCS 0002aUENUEM (A~
eeopauneckoti cucmemv, A = (A} X)), ecom A = A’ ¥ O ¥ u coBnaaror
MHTEPIPETALN BCEX CUIHATYPHBIX CUMBOJIOB n3 %' B cucremax A u A’

Ecim cucrema 2 curnarypsl Y apisiercs oboraienueM cucreMbl 2 cnr-
HaTypbl X', To 2’ HasbBaeTca obednenuem arzebpauveckots cucmemuv, A u
obosnauaerca gepes A [ X

[Mpumep 2.7.1. Cucrema A = (Z;+,-,0,1) aBusercst oborareHu-
em cucrembl B = (Z;+,0,1), a cucrema € = (Z;+,0) — obejHeHnEM
cucreMbl B. [

[Iycrs ¥ — HEKOTOpasl CUrHATYpa, Y° — CUTHATYDA, IOJIyUeHHAs U3 X
J100aBJIeHUEM:

a) HOBBIX KOHCTAHTHBIX CHMBOJIOB C, [l KaxKJ0i (OPMYJIbI (0 CHI'Ha-
TYphI X, uMerorteit Bu Jxg Y (xg);

6) HOBBIX N-MECTHBIX (DYHKIIHOHAIBHBIX CHMBOJIOB f, JJIst KazK 101t bop-
MyJibl @ = Jzg(xg, x1, ..., T,) CUTHATYPBI X, uMerorieli n > 0 cBobojI-
HBIX [IEPEMEHHBIX.

Torna curaarypa Y° Ha3bIBACTCHA CKYACMUIAUUET CULHAMYPYL .

Yepes S(X) 0603HAUNM MHOYKECTBO CJICIYIONINX PEIOKEeHNI CHUrHA-
TypBl ¥°, HA3BIBAEMBIX akcuomamy Cryiema:

a) Jro(zo) — ¥(cy,) s kaxkoit dpopmyisl ¢ = g1 (xo) curnary-
pbI 2J;

6) Vay ... x,(3xo(x0, 21, ..., 20) = V(folz1, ..., 20), 21, ..., Ty)) A1
KazKJ10it popmysbl ¢ = Jzg(xg, 1, ..., T,) (N > 0) curaarypsr 2.

Corytacio akcunomam CkyjiemMa U3 CyHIECTBOBAHUSI 9JIeMEHTa, KOTOPIii
MOYKHO IIOJICTaBUTh BMECTO IIepeMeHHON Xy B (hopMy/Iy ¥, caeayer BO3-
MOZKHOCTB I10JICTAHOBKH 3HAU€HHsI HEKOTOpOil dyHKIuu f, (KOHCTAHTEI
Cy), 3ABUCHIIENO OT OCTABIINXCS CBOOOIHDIX II€PEMEHHBIX.

Ecmm A — anredbpamndeckasi cucreMa CUTHATYPBI 2, TO Ji0Ooe ee obora-
menne A° = (A; X)), apnsoneecs Monenbio Maozxectsa S(X), HasbBa-
ercst ckyaemusauuet cucmemor . BosHmKarorme mpn oboramennn KOH-
CTAHTBI U OllePalliil, COOTBETCTBYIOIIE CUMBOJIAM C, U f,, Ha3bIBalOTCH
CRYNEMOBCKUMU KOHCTMAHMAMU U CKYAEMOBCKUMU HYHKUUAMU .

ol



OTmernm, 4to B orymume o L° u S(X) ckynemmsanusa 2A° ne onpese-
JISIeTCsT OJJHO3HATHO, ITOCKOJIBKY 3 CYIIECTBOBAHUSI 9JIEMEHTOB, KOTOPBIE
MOYKHO TIOJICTaBJISITH BMECTO MTEPEMEHHBIX T(, BOODIIE TOBOPsI, HE CJIeIyeT
X €INHCTBEHHOCTD.

I[Tpuwmep 2.7.2. Pacemorpum anrebpandeckyio cucremy 24 = ({0, 1};
PY R ¢ unrepuperanusyu Py = {0,1}, Ry = {(0,0), (0,1), (1,1)}.
B cxynemusaiuu A% s dopmyisl @ = Jx P(x) KOHCTAHTHDI CHM-
BOJI C, MOXKET ObITh IpouHTepuperupobal Kak 0 mim Kak 1, 110CKOJIb-
ky A = P(0) u A = P(1). Ina dyskiuonaipHoro cuMposa fur, rje
¢' = JroR(xo, 1), Boamoxusl unrepuperaiun for = {(0,0),(1,0)} mwm
fsﬁl - {(07 0)7 (17 1)} [

ITpenmoxenune 2.7.1. Jlobas anrzebpauveckasn cucmema A umeem ne-
Komopy1o cryaemusayuo A° .

B caeytomem naparpade mpu padoTe ¢ MeTO0M Pe30JII0NNIT HaM TPe/I-
CTOUT C MOMOIIBIO CKYJIEMI3AINN CHIMATH KBAHTOPBI ¢ (POPMYJI, HAXOIS-
MIXCcA B MpeKaa3yaabHoil HopMaabHoi popme. ['oBopdT, aTo hopmya
HAXOJIUTCS B KAG3YAALHOT HOPMAALHOUT (Popme, €CTIN OHA TOJTYIaeTCsd 13
dopMyITBI 1, HaxXOIIIeCd B ITPeIKIa3yaJbHO HOpMaJIbHOI hopMe, yiia-
JIEHUEM BCeX KBAHTOPOB CYIIECTBOBAHUS C OJHOBPEMEHHON 3aMeHOI COOT-
BETCTBYIOIIIX MEPEMEHHBIX Ha T€PMBI, olpejiesgembie akcnomamu CkyJie-
Ma, U TIOCJSYIOIMNUM yIaJeHIeM BCeX KBAHTOPOB BCEOOIIHOCTH.

[Ipumep 2.7.3.1. B upumepe 2.4.1 naitjiena dopmyiia

Vo Iy Ju Vo (—p(x, y) V ¥ (u,v)),

naxomsiasca B [IKH®. C momorpio ckymeMoBekux GyHKmit fi(z) u
fo(x), 3aMeHSTIOMIX TepeMeHHBIEe Y U U COOTBETCTBEHHO, 9Ta (DOPMYJIa TIpe-
obpasyercst K cienytoieii popmyie, Haxojsieiica B KinH®:

(me(, fi(z)) Vo (fa(z), ).
2. @opmyiia
JrVyVzVu v ((P(z,y, z,u) V =Q(z,u,v)) A R(z, 2,v))

CUTHATY Dbl {P(4>,Q(3),R(3)} naxoguted B [IKH® n nmpuBoguTes K cie-
nytorieit KitH® ¢ momorpio CKyJIeMOBCKON KOHCTAHTBI €, 3aMeHSIOIei
EPEMEHHYIO T, U CKYJeMOBCKOi (byHKnu f(y, z,u), 3aMeHsIIoMIeil mepe-
MEHHYIO v:

(P(c,y, z,u) V=Q(z,u, f(y,z,u))) N R(c, z, f(z,z,u)). O
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§ 2.8. Meroa pe3osaonuii B NICYNUCJIEHUN ITPEJIUKATOB

SadukcupyeM HEKOTOPYIO CUTHATYPY 1.

Iodcmanoskoti cuenamypvs > Ha3bIBAETCS KOHEYHOE MHOXKECTBO BHJIA
{t1/x1,. .., ty/ 2y}, Djie t; — TEPM CUTHATYDBI X, OTJIMYHBIN OT EePEeMEHHBIX
x; (1 <4 < n), u Bce EPEMEHHbBIE X1, ..., T, pa3aundabl. [lojcranoBka,
KOTOpasl He COJEPYKUT 3JEeMEHTOB, Ha3blBaeTcs nycmot 1 0DO3HaYaeTCst
qepes €.

Mb1 OyeM uCI0JIb30BaTh Ipedeckue OYKBbI JIJIsd 3aIUCh HO,[LCTaHOBOK.

[Ipumep 281 MuoxecrBa {Fi(z)/z, y/z} {cl/x Fy(y)/y,

Fi(Fy(cq))/2} — HOILCT&HOBKI/I CUTHATYDBI X = {F Y F c2 } O

[Iycts 0 = {t1/x1,. .., t,/x,} — nojCTAHOBKA, CI/IFHaTypr Z W — wmmo-
YKECTBO (POPMY.T (TepMOB) curaaTypol 2. Torjga W6 — muoxkectBo hopmy.
(TepMOB) CHUTHATYPBI X, OJTyIeHHbIX 13 (hopMyJT (TepMOB) MHO)KecTBa W
3aMeHOI B HUX OJIHOBPEMEHHO Bcex BxoxkjeHuit x; (1 < i < n) Ha TepMbl
t; (1 < i < n). Ilpu sTom mpejroaraercsi, 4TO BBIIOJHAIOTCS BCE YCIOBHSI
na sanucu popmyi (@) p € W,

Ecmu W = {®} win W = {t}, rne & — dbopmysa, t — TepMm curHaTypbl
Y., to BMecto {P}0 u {t}6 Oymnem mucars PO u th cooTBETCTBEHHO.

[Mpumep 282 Ilycrs 0 = {c1/x, F(c2)/y,y/z} — mnoacranoska
CUTHATYDPBI Y = {cgo), cgo), FO F1(3)}» t = Fi(r,y,2), ® = (F(z) ~
Fi(x,c1,2)). Torna td = Fi(c1, F(c),y), 0 = (F(c1) = Fi(c1,c1,y)).

[ycts 6 = {t1/x1, ..., ty/xn} u X ={q1/v1, ..., @m/Ym} — HOACTAHOB-
Ku curaatypet 2. Torga komnosuyus nodcmanosor 6 u X (Ao ) ectb moji-

CTAHOBKA, KOTOPAST MOJIYIaeTCsT M3 MHOYKeCTBA { T\ /x1, . .., toa N T, q1 /Y1, - - .
Qm/Ym} BBIYEDKIBAHIEM BCEX 9JIEMEHTOB t;\/T;, Ui KOTOPBIX ;A = T;,
1 BCEX 9JIEMEHTOB ¢; /Y;, TaKUX, 9TO Y; € {x1, ..., Ty}

Ipumep 283. Ilycrs 0 = {ti/x1,te/x0} = {F(y)/x, z/y}, A =
{a1/v1, @2/, q3/ys} = {c1/x,c2/y,y/2} — nopcranoBku curHaTypsl X =
(e, FOY. Torma {tM /a1, t2M 22,61/, @2/, 43y} = {F(c2)/a,
y/y,c1/x,ca/y,y/z}. Tak kaKk taA = y, 10 y/y JOIZKHO OBITH BBIYEPKHYTO.
Tak kak x,y € {x,y}, 10 ¢1/x, ¢3/y TaK¥)Ke IOKHBI OBITH BHIYCPKHYTHI.
Takum obpasom, 0 o X = {F(c2)/x, y/z}. O

Yupaxuenue. JJokazars: 1) accolaruBHOCTb KOMIIO3UIUH T10/I-
CTAHOBOK, T. €. (f o A\) o =60 o (Ao p) Jyist JIEOOBIX MOJCTAHOBOK 0, A, [1;
2) 0 oe =¢e o6 na mobdoit mogcranosku 6. [

[TopcranoBka 6 curHaTypbl X HA3BIBAECTCS YHUPUKAMOPOM JITIST MHOZKE-
cra {1, ..., Pr} dopmyn curnarypsr X, eciu $160 = ... = $pf. Muoxe-
crBo dopmyt {Py, ..., P} curnaryper X HasBIBAETCS YHUPUUUPYEMBIM,
ecJIu JIJIsl HEero CyIecTBYeT YHI(UKATOP CUTHATYPHI .
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[Ipumep 2.84. Muoxecrso {P(c1,y), P(z, F(c))} dopmyn cur-
HATYpPbl > = {cgo), cg)), P@ F (1)} yHUDHUIUIPYEMO, TaK KaK II0JCTAHOBKA
0 ={c1/x, F(co)/y} siBasiercst ero yuudukaropom. [

Yunduxarop o piasg maOKecTBa {P1, ..., Pr} dbopmyn curnaryper X
Ha3bIBACTCs Haubosee obuyum yrugduramopom (HOY), ecin mist Kazkioro
yaupuKaTopa f curHaTyphl > 9TOI0 MHOXKECTBA CYIIECTBYET M0JICTAHOBKA,
A CHUTHaTyphI X Takasi, 4To 6 = g o \.

[Iycts W = {®y, ..., ®p} — HemycToe MHOKECTBO ATOMAPHBIX (hOPMY.T
curnaTypsl 2. Muoocecmeom paccoesacosaruti B W HazbiBaeTcss MHOZKe-
cTBO TepMOB {t1, ..., t;}, roe t; Bxogur B $; u HaunHAETCS ¢ cuMBOJIa (KO-
TOPBIi €CTh JTMOO CUTHATYPHBIH CUMBOJI, JTUOO MEepeMeHHast), CTOAIIEr0 Ha
nepBoil ciesa no3uiun B ®;, Ha KOTOPOit He Jiisd Beex popmyst Py, ..., Py
HAXOIUTCSI OJINH U TOT 7K€ CHMBOJL.

Ipumep 285. lyere W = {P(z, F(y,2)), P(z,c), Pz, F(y,
Fi(2)))} — mnoxkecrso dopmyn curnarypsr ¥ = {P?) @) Fl(l)}. Bo
Bcex Tpex (hopMysiax mepBbie deThipe cuMBosia P(x, coBnagaoT, a Ha Is-
TOM MeCTe B IIepBOil U BTOPOil (hopMysIax CTOAT pasHble CUMBOJIBL [, c.
Takum obpasom, MHOKecTBO paccoriacosanunit B W — {F(y, 2), ¢, F(y,
Fi(z))}. O

Anropur™m yHubUKAIUN IPeHA3HAYCH JIJIsT PACIO3HABAHKUS TOIO, SIB-
JISIETCS JIN JTaHHOE KOHEYHOEe HEIyCTOe MHOXKECTBO aTOMAPHBIX (DOPMYII
yandunnpyemMbiM, 1 HaxoxkaeHnss HOY 11 3Toro MHOXKeCTBa B CJIydae
ero YHu(UIUPYyEeMOCTH.

[Iycts W — KoHeuHOe HelycToe MHOXKECTBO aTOMapHbLIX popMya. Axa-
2opumm yrupurayuy s MEOKecTBa, W

[Mar 1. IToraraem k =0, W, =W, o = €.

[Mar 2. Eciim Wj, — oaH03/1eMEeHTHOE MHOYKECTBO, TO OCTAHOBKA: Of —
HOV ana W. B nporuBaoM ciiyuae HaiijeM MHOXKeCTBO [ paccoriaco-
BaHuit 11ga Wi.

[ITar 3. Ecau cymecTByioT g, tr € Dj Takue, 9TO Tp — HepeMeHHasd,
He BXOJIsIIast B TepM tj, TO repeiiTu K mary 4. B mpoTuBHOM cjiydae ocTa-
HOBKa: MHOKecTBO W He yHudummupyemo.

[lar 4. [Tonaraem oy = opo{ty/xp} u Wi = Wi{ty/xr} (3amerim,
aro Wii1 = Wogs1).

[Ilar 5. ITpucBonts k 3nauenue k + 1 u nepeiitTu K mary 2.

Teopema 2.8.1. EcauW — xoneunoe nenycmoe yruduyupyemoe mmo-
2ACECTNBO AMOMAPHVIT POPMYA, MO ar2opumm yrudurayuy 6ydem eceada

3aKaANYUBAMb Pabomy wa waze 2 u NocAeoHAA nodcmarosra oy 6ydem
HOY ona W. O
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II puwmep 2.8.6. Hajitu HOY nst muoxkectBa W = {P(c, z, Fo(Fi(y))),
P(z, Fy(2), Fa(u))}.

1. Homoxkum k=0, Wy =W, 0 = €.

2. Taxk xkak W — HeomHO3JIEeMEHTHOE MHOYKECTBO, TO 0 HE SIBJISIETCS
HOY nma W. Muoxectso paccormacosanuit ayist Wy ects Dy = {c, z}.

3. B Dy cymecTByeT nepemMeHHasi Ty = 2, KOTOpas He BCTPEYacTCs B
TepMme ty = c. [Toaromy mepexojum K miary 4.

4. Monaraem 01 = oggo {c/z} =eo{c/z} ={c/z}, W1 = Wp{c/z} =
[P(c.2, B(FR(1))), Plc. Fa(c), Fa(u))}.

D. HpHCBaMBaeM kE=1.

6. Tak kax Wi — Heo/1HO3/IEMEHTHOE MHOYKECTBO, MHOYKECTBO PacCcora-
copanmit 111 Wy ects Dy = {z, Fy(c)}.

7. U3 Dy naxonnm, uro x1 = x, t1 = Fy(c).

8. [lomaraem o9 = o10{Fy(c )/:1:} Wy = Wi{Fy(c)/x} = {P(c, Fa(c),
B(R)), Ple, Filc), F(w))}.

9. IIpucBanBaem k = 2.

10. Tak xaxk Wy — HeoaHO3IEMEHTHOE MHOXKECTBO, MHOYKECTBO PACCO-
rracoBanmii st Wo ectb Dy = {Fy(y), u}.

11. U3 Dy naiijiem, ato xo = u, to = F1(y).

12. lomaraem o3 = o9 o {Fi(y)/u} = {c/z, Fy(c)/x, Fl(y)/ +, Wi
= Wo{R)/u} = (Pl Fale), Fa(R(y), Ple. Fa(e), Fa(Fi(y))} =
{P(C> FQ(C)7 F2(F1(y>))}

13. MuoxkecrBo W3 omtossiementHo. [losromy o3 = {c/z, Fs(c)/x,
Fi(y)/u} —HOY qa W. O

[ITpuwmep 2.8.7. Oupenennrb, yHupuiupyemo i MHoxKectBo W =
[P(R(), Fa(x)), Py, 1)}

1. Honmoxkum k=0, Wy =W, 09 = €.

2. Tax kax Wy — HeoqHOYIEMEHTHOE MHOYKECTBO, MHOYKECTBO PaCCOT/Ia~
copanuii g Wy ecto Dy = {Fi(c),y}.

3. U3 Dy naxogum, aro xg =y, to = Fi(c).

4. Tlomaraem o1 = o¢ o {Fi(c)/y} = {Fi(c)/y}, W1 = {P(Fi(o),
Fy(x)), P(Fi(c), Fi(c))}-

5. IIpucsanBaem k = 1.

6. Tak kak W1 — HeoIHORIEMEHTHOE MHOXKECTBO, MHOXKECTBO Paccoria-
copauuit g Wy ects Dy = {Fy(x), Fi(c)}.

7. B Dy Her syieMeHTa, KOTOPHIN ObLI ObI IlepeMeHHoi. [ToaTomy MHO-
kectBo W ne ynudumnupyemo. [

JTumepoti cuenamypv Y Ha3bIBaCTCA aToMapHasi (hopMysia WM OTPH-
IaHue aTOMapHON (pOPMYJIbI CUIHATYPBI Y. J[u3s0HKmom cuzHamypvt X
HA3bIBAECTCS JINTEPA CUIHATYPDI Y WJIN JU3bIOHKIINA JIUTEP CUTHATYPHI 2.
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[Ipumepnb Ju3BIOHKTOB curaarypsl % = {PW), Fl(l)7 FQ(Q), 0 -
P(F()), ~P(Fy(x)), P(Fy(@))V~({Fi(2) ~ By(r,y)), P(Fa(Fi(x), )V
P(Fy(r,y) V(@ ~ ).

[Iyctb @ — MU3BIOHKT cUTHATYPHI 2 BUja Y1 V -+ -V, V x wim =y V

-V =, VX, tae ¥; — aromaphbie (opmysbl curdatypel L (1 < i <
n). Tpeamnonoxum, uro MuokKecTBO hopmyt {1, ..., 1, } umeer HOY o.
Torma 110V xo Wil COOTBETCTBEHHO —1) 0 V X0 Ha3bIBAETCs ckAelikol P.
[Toryuennyio bopmysty B jnasbHeiiem OyjaeM oboznadarsh depes Po.

[Ipumep 2.88. B dopmyne & = P(x) vV P(F(y)) V ~Py(x) mom-
dbopmyssl P(x) u P(F(y)) mvetor HOY o = {F(y)/z}. Crenosarennho,
bo = P(F(y)) VP (F(y)) — ckueiika ®. [

[Iycts @1, P9 — 1Ba AU3BIOHKTA, HE NMEIOIIUX 00X IIepeMeHHbIX, L1,
Ly — nureper B @1 u $y coorBercrBenno. Ecnn sureper Ly u L) = — Lo
umeior HOV o, TO AU3BIOHKT, HoJydaeMmblit u3 jgu3bioHkTa P10 V oo
BbIUepKuBaHueM Lijo u Loo, Ha3biBaeTcs OunapHoti pezosveernmoti P u
Dy, a urepnbl L1 1 Lo HA3BIBAIOTCA ompesaemvimu sumepamu. Fean @10 =
Ly m &0 = Lo, TO ostaraem 6unapnyio pe3oibsenTy ®; u @9 pasmnoii 0.

Ecmm @1 u &9 umeror obiue rnepeMeHHbIe, TO, 3aMeHUB B hopmysie Py
9TU 00IIKe TIepeMeHHbIe Ha IepeMeHHble, He Berpeuatoniuecss B P u Po,
nostyanM hopmysy P), KoTopast He nmeer o6IUX MEPEMEHHBIX ¢ (POpMY-
joit ®1. Bunaproti pesosveermoti popmyn P u Py HasbIBaeTCst OMHAPHAST
pesosibBenTa hopmyn Py u D).

[Ipumep 2.89. Haiitu Ounapuyio pesosibBeHTY dopmyn P =
Pl(LU)\/ PQ(IC) n oy = _|P1(C) V P3(£IJ)

Bamenus nepemennyio x B $o Ha y, nonyunm OF, = —Pi(c) V Ps(y).
Beibupaem Ly = Pi(x), Ly = =Py(c). Tak kax =Ly = L), = Pi(c), 10 Ly
n Ly mveror HOY o = {¢/x}. Bunapnas pesosnbsenta dopmyn $1 n O
nosygaercs u3 1oV Pho = Pi(c)V Py(c)V-Pi(c)V P3(y) BeraepKuBaHmem
Pi(c) u =Pi(c). CienoBarenbho, Py(c) V P3(y) — OunapHasi pe3oJibBeHTa,
¢y u @y, a Py(x) u =Py(c) — orpesaembie jurepsr. [

Pezoavsernmoti dussronkmos ®1 u @y (res(Pq, Po)) sapisercs oqua us
CJeIYIONIX OMHAPHBIX PE30JbBEHT:

— OunapHas pe3obBeHTa P 1 Do;

— OuHapHas pe3osbBeHTa cKJelkn P 1 Po;

— Ounapnas pesosbpenTa P n ckieiikn Po;

— OuHapHas pe3oJibBeHTa cKjeiiku P1 u ckieiikn Ps.

[Ipuwmep 28.10. Haittu res(®q, Py), rne &1 = P(x) V P(F(y)) V
Pi(Fi(y)), @2 = ~P(F(Fi(c1))) V Pa(ca).

Crueiika @1 ectb ) = O1{F(y)/z} = P(F(y)) vV Pi(Fi(y)). Bunap-
rasi pesosibBenTa P u Py ecto Pi(F(Fi(cy))) V Pa(cy). CrenoBaresbho,
I‘GS(CI)l, @2) = Pl(F(Fl(Cl))) V PQ(CQ). []

o6



[IycTb S — MHOXKeCTBO JU3BIOHKTOB CUTHATYPBI 2. Pe30.410musHviil 6bi-
600 dopmyiibl @ 13 S ecTb Takasi KOHeUHasI [10CIe0BaTeIbHOCTE Py, .. .,
®). 113bIOHKTOB, 9TO P = ® 1 KaXKAbI JU3BLIOHKT P, WM TPUHAIJICKUT
S, WIN SBJISIETCsT PE30JIbBEHTO N3 bIOHKTOB, IIPEANIeCTBYOmux ®;.

Ynusepcaronoim samoikanuem dopmyasl ®(xq, ..., x,) Ha3bBaeTCs
npejiokenne YV, . .., o, P(r1, ..., 2,).

Teopema 2.8.2. (Teopema 0 MOJHOTE MeTOja pe3oJonuii). Feau S —
MHOHCECMBO QU3BIOHKMOE CULHAMYPDL 23, MO MHOHCECTNEO YHUBEPCAND-
HOLT 3AMBDIKAHUT POPMYA U3 S HEBBINOAHUMO M0206 U MOAbKO Mo20a,
K020a, cywecmeyem pe3osomustviti 6u600 nyss uz S. [

[ITpumep 2.8.11. /JokasaTb HEBBITOJHUMOCTL MHOXKECTBA (DOPMYJI
W = {(I)lu cee 7(1)6}7 rae

Py = Pi(cr, Fez), Fes)),

Qy = Py(cy),

&3 = Py (z,x, F(x)),

Oy =P (z,y,2)V Ps(x, 2),

Q5 = Po(x) VP (y, z,u) V—Ps(x,u) V Ps(x,y) V P3(x, z),

(1)6 = _|P3(Cl, 03).

[TocTponm pe3osroTHBHBIH BbBO 0 13 W:

O; = res(Py, P5) = res(Py, P5{z/y}) = —Pi(z,2z,u) V = Ps(cy, u) V
Ps(cy, 2);

Og = res(P3, P7) = —P3(cy, F(z)) V Ps(c1, x);

(I)g = res(CIDG, (I)g) = _|P3(Cl, F(Cg)),

P = res(Py, o) = = Pi(c1,y, F(cs));

q)ll = res(q)l, (1)10) =0. 01

ITpwuwmep 2.8.12. Bomosaumo i MHOZKeCTBO Tipeiozkenuit { Py, $o}?
Ecyin MHOKeCTBO BBITIOJIHIMO, TOCTPOUTD CUCTEMY, Ha KOTOPOH TP ToyKe-
Hust 1 u $9 UCTUHHBL:

®) = Vo 2((Pi(z, 2) — (Pa(x) A P3(y))) A Pa(y)),

Oy =V ((Py(x) — —Ps3(z)) A Jy Py(z,y)).
[Ipusegem dpopmyinl @1, Py K 1pejiKIazyaabHONl HOpMaJIbHON hopMme:
&) =y Ve, z (—Pi(x,2) V Py(z)) A (=P (x,2) V P3s(y)) A Pi(y)),
Py =V Iy ((=Pi(x) V = P3(x)) A Pz, y)).
BBejieHneM cMBOJIOB CKYJIEMOBCKOI KOHCTAHTHI € M CKYJIEMOBCKOIT (DyHK-
nuu F mostygaem, 9To BBIIOJTHIMOCTE MHOYKeCTBa (hopmyit { Py, Py} curna-

TYDbI X = {Pl(Q), PQ(I), PS(I), P4(1)} PaBHOCUJIbHA BBITOJIHIMOCTI MHOZKECTBa
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dopay

{V,z (=P (x,2) V Po(x)) A (—=Pi(z,2) V P3(c)) A Py(c)), 2.1)
Va ((mPy(x) V =P3(x)) A Pi(z, F(x)))}, '
curnarypelr ¥ = X U {¢, FW}, aro B cBOIO 0uepe/ib PABHOCIILHO BLIIIOJI-
HUMOCTU MHO»KeCTBa, (pOpMy.JI

{Va,z (=P (x,2) V Py(2)),Va, 2 (=P (x, 2) V P3(c)),

Py(c),Vx (= Py(z) V - P3(x)),Vr Py (z, F(x))}. (2.2)

JeitcrBuTesibHO, mycTh MHOKeCTBO (hopmyst { Py, Py} Bormosaumo. To-
rja cymiectyer ajirebpamndeckast cucrema A = (A, X)) u ¢ € A, g ko-
Topbix ™A =V z (P (x,2) V Py(x)) AVz 2 (=P (x,2) V Ps(¢)) A Py(c') n
2 IZ YV (_|P4<$) V _\Pg(.CU))

Kpowme Toro, ms roboro a € A Haiigercst sjaemeHT B A, KOTOpbIil 000-
snaunm depes G(a), rakoit, uro A = Pi(a, G(a)), 1. e. A |E Vo Pi(x, G(x)).
Torya B cucreme A" = (A, 3, tie ¢ swisiercss unrepnperanueii ¢ € Y/,
G — unrepnperanueit ' € Y/ uctununl hopmyiisl u3 (2.2), a 3HAUUT, U
dbopmyiibr 13 (2.1).

Hamnporus, eciin Bee hopmysibt u3 (2.1) uctunnb B cucreme A = (A, ),
TO, 0ueBHUIHO, popmynbl (2.2) u Oy, Py OyayT UCTUHHBI U B crucTeMe A =
(A, T).

[Tpusegem dopmysibl 13 (2.2) k KnH® u ucciemyeM Ha BBITOJHIMOCTS
C HOMOIIBIO METO/Ia PE30JIOIMI Oy YUBIIEecs: MHOXKECTBO JIN3HIOHKTOB

{=Pi(z,2) V Py(z),~Pi(x,2) V P3(c), Py(c), 7 Py(z) V = P3(x),

Pi(z, F(z))}. (2.3)
nmeem

res(—Py(x, 2) V Ps(c), Pi(x, F(z))) = Ps(c),

res(Ps(c), 7 Py(z) V = P3(x)) = = Py(c),

res(—Py(c), Py(c)) = 0.

[TocTponn pesosoTuBHBIH BeIBOL Mysist. Ciie/loBaTe/IbHO, MHOXKECTBO
JM3BIOHKTOB (2.3) HeBBITOJHNMO. Tor/Ia 1 MHOXKECTBO mpejiozkennii (2.1)
HEBBITIOJTHIMO, ITO PABHOCHIHHO HEBBITOJTHIMOCTH MHOYKECTBA, ITPEJIIOZKe-
HUI {(I)l, (I)Q} ]

IIpwuwmep 2.8.13. Beimosmnmo i MHOXKeCTBO nipeioxkennii { Py, Po,
3 }? Ecimi BBITOIHIMO, TIOCTPOUTD CHCTEMY, Ha KOTOPOI 9TH PE/TIOZKEHITS
neruanel: ¢ = Jz (P (z) AVy(P(y) — Ps(x,y))),

®y = Va (Pi(x) — Vy (Pyy) — —Ps(z,y))),

O3 =V (Po(z) — —Py(x)).
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[Ipusegem dpopmyinbl ®1, Py, O3 x IIKHD:

Oy =z vy (Pi(z) A (R (y) V Ps(z,y)),

Py =Vay (-Pi(x) V 2Py(y) V —Ps(z,y)),

Q3 =V (= Py(x) V ~Py(x)).

13 monydeHHbIx (hopMysT MoJIydaeM Caeytomtne popMy/Ibl, HaXOIATI-
eca B KnH®:

(Pi(e) A (=Pa(y) V Py(c,p)),

(mPi(z) V2 Py(y) V —P3(z,y)),

(~Py() V ~Py(x)).

Tax ke, Kak B ipuMepe 2.8.12, cTpouM MHOYKECTBO JU3HIOHKTOB:

{Pi(c), ~P(y) V Ps(c,y), ~Pi(x) V ~Py(y) V - Ps3(x,y),

—Py(z) V = Py(x)}. (2.4)
Hcenenyem 9T0 MHOXKECTBO Ha BBIIOJHUMOCTH C IIOMOIIBIO METO/Ia Pe30-
JIFOITUIA:

res(Py(c), 7Py (z) V = Py(y) V = Ps(x,y)) = = Py(y) V = Ps(c,y),
res(—P2(y) V Py(c,y), ~Pu(y) V = P3(c,y)) = 2P (y) V ~Pa(y).  (2.5)

Jpyrux pesosibBeHT Jjist MHOXKeCTBa (2.4) HeT, MO3TOMY pPEe30JIIOTHBHBIN
BIBOJL O 13 (2.4) He cymecTByeT. PaccMOTpUM MHOXKECTBO, COCTABICHHOE
13 KOHCTAHT, BXOASIMX B hopmysibl (2.4), T. e. mHoxkecTBO {c}. Ompee-
aum Ha {c} npemukarel Py, Py, P3, P, Tak, 4mo0b MHOXKECTBO (hOpMYJI

3 (2.4) u (2.5) BomosnHsock Ha cucreme ({c}; Py, Py, P3, Py). U3 (2.5)
cIelyer, 9To Heobxoaumo mnotpeboBats ¢ & Py, uwin (c,c) ¢ Psuc & Ps.
[osoxum ¢ ¢ Py, (c,c) ¢ P3, ¢ ¢ Pp. I3 (2.4) caeayer, 910 HEOOXOINMO
norpeboBars ¢ € Pp. Takum obpasom, Ha cucreme ({c}; Py, Ps, P3, Py, c)
BBITIOJTHSIIOTCsT Bee popmysibl 13 (2.4). Bosee Toro, Ha Heil HCTHHHBI Bee
opmyibl 13 (2.4) ¢ HABEITAHHBIMI HA HUX KBAHTOPAMH BCEOOIITHOCTH T10
IepeMEeHHbIM X, Y, YTO PaBHOCUJIbHO HcTUHHOCTU (popmyst P, Py, 3 Ha
cucreme ({c}; Py, Py, Ps).

ITpwuwmep 2.8.14. Bomomaumo i MHOZKeCTBO Tipeiioykernii { Py, $o}?
Ecstir BBITIOJIHUMO, TTOCTPOUTH CUCTEMY, Ha KOTOPOI 9TU HPEJJIOKEHIS HC-
TUHHBI:

Oy = JuVa Iz Vy (Ps3(2) A (Pa(z, 2) A= Pi(u) V- ((Ps(y) — Piy)) —
P(w))),

Oy =V (y Po(z,y) — —Ps(x)).

[Ipeobpazyem dopmyiibl 1 u Py K IpeKIa3yasbHON HOpMaJIbHO dop-
Me:
¢ = JuVe Iz Vy (Ps(2) A (Pa(z,2) V = P3(y) V Pi(y)) A —Pi(u)),

=V, y (~Pa(z,y) V ~P3(x)).

29



MCCﬂeﬂyeM Ha BBIIIOJITHUMOCTDL MHOZKECTBO JIN3BIOHKTOB
{P3(F(2)), Po(z, F(x)) vV =P3(y) vV Pi(y), = Pi(c),
Py (x,y) V -Ps(x)}, (2.6)

KOTOPOE TOJIyIaeTcsl U3 peodbpa3soBaHHBIX (DOPMYJT TTOCTE BBEJEHUS CUM-
BOJIOB CKYJIEMOBCKOII KOHCTAHTHI ¢ U CKYyJeMOBCcKo#l dbynknun F'. Mmeem
res(~P1(¢), Py(w, F(x)) V ~Ps(y) V Pi(y)) = Palz, F(z)) V ~Py(c),
res(Py(x, F(x)) V = Ps(c), 7 Po(z,y) V = Ps3(x)) = = Ps(c),
res(Py(x, F(x)) V =P3(y) V Piy), 2 Pa(x, y) V = Ps(x)) =
~Ps(y) vV Pi(y),
res(~Py(y) v Pu(y), Po(F(2))) = Pi(F(x)

res(—Py(x,y) V - Ps(x), Ps(F(2))) = " P (F(x),y). (2.7)

Takum 06pazom, pe3osroTuBHOTO BiBoa () 13 MHOXKecTBa (2.6) He cy-
mectyer. [locrponm asrebpandeckyto cucremy A = (A; Py, Py, P3, F, ¢),
B KOTOPOi OyiyT uctunubl dopmysbl (2.6) u (2.7) ¢ HaBelmaHHBIME Ha
HUX KBAQHTOPAMHU BCEOOIIHOCTHU 10 MEepeMeHHbIM X, y. flcHo, uto ¢ € A.
Tak xaxk A = Vo (—=Ps(c) A P3(F(z)), to F(c) # c. Iomoxmm A =
{c,d} u F(c) = . Tak xak A = VaxP3(F(x)), T0 HE0OXOAUMO, UTO-
ool F'(d) = ¢ ud € P3. U3 (2.7) cnenyer, ato ¢ ¢ Ps. IlockoabKy
A = Va,y (P (F(x)) V -Py(F(x),y)), nonaraem ¢ € Pi, (d,c) ¢ P,
(d,d) ¢ P, Ilpequkarel P; u P, 1o0mpejessitoTcs Mpon3BoJbHO. Ta-
kum obpaszom, B cucreme ({c, c'}; Py, Py, Ps) Taxoii, uto ¢ € Py, (¢, ¢), (,
)¢ Py, cé¢ P3, ¢ € P3, ucrunnnl dopmyiisl @1 u $y. [

Cretyroluii IpuMep MOKasbIBaeT, Kak (POPMaN3YIOTCs IPEIJIOZKEH s
1 METOJIOM PE30.IIoNil 3 MEKTUBHO JI0KA3bIBAIOTCS TEOPEMBI IIPU [IEPEXO-
JIe K COOTBETCTBYIOMIMM (DOPMAIH3AIIAM.

[ITpumep 28.15. YeranoButb, 910 U3 nocoviiky “CTyIeHTBI CYTb
rpazkjiane’ cieayer 3akarouerue ‘Tojoca CTYJIEHTOB CYyTh IoJioca T'Dayk-
nan’.

[Tycte dbopmynbr S(x),C(x) u V(x,y) osnagator “z — crygent’, “x
— rpaxKJiaHun " “T ecTh rojioc Yy’ CcOOTBEeTCTBeHHO. Torja mochbliKa u
3aKJIIOUEHNE 3alUIIyTCs CJISLYIONINM 00Pa30oM:

vy (S(y) — C(y)) (mockiika),
Vo (Jy(S(y) AViz,y)) — Fz(C(2) ANV (x,2))) (3akmodenue).

DopmyJta, COOTBETCTBYIOIAs [OCHLIKE, IKBUBAJICHTHA N3BIOHKTY .S (YY) V
C(y). Hockombky
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~Vz(Jy(S(y) AV (z,y)) — F2(C(z) ANV (z,2))) =
= Ve (Vy(=S(y) V-V (x,y)) VIz(C(z) AV(z,2))) =
= —VaVydz(—=S(y) V =V (z,y) V (C(z) ANV (z,2)))
= JzAyvz(S(y) A V(z,y) A (=C(z) V =V (z, 2))),
MMeeM TPH JU3bIOHKTa, ONpeJIesIAIoline OTPUIaHIe 3aKII0UeHNS:
S(b),V(a,b),~C(z) V=V (a,z).

JlokazaTebeTBO 3aKAHIMBACTCS CJIEYIONIM 00PA30M:
res(—S(y) vV C(y), S(b)) = C(b),
res(C(b), 2C(2) vV =V (a, 2)) = =V (a,b),
res(V(a,b),—V(a,b)) = 0. O

§ 2.9. Jlormdeckme mmporpaMMmbl

[IpuBegeHHbIN METOM, PE3OIONNI CIY?KUT OCHOBON SI3BIKOB JIOTHYECKO-
Io TPOrPaMMUPOBAHNA, TJIABHBIM OTJINYNEM KOTOPBIX OT “TPOIETyPHBIX
SI3BIKOB {BJISIETCS TO, YTO NpOrpaMMa He yKas3bIBaeT, Kak UTO-JTUO0 CJie-
JIyeT JeJaTh JJId Pellenns 3a/ady, a OMICHIBAET HEKOTOPDIE SJIEMEHTHI I
CBSI3U MEKJIy HUMU (MOJIEIb OIPE/eJIeHHO!l CUTHATYPBI) U CTABUT IEJIb,
T.e. 33J[aeT BOIpoc 06 3Toil cucreme (Ha GOPMATHLHOM sI3BIKE 9TO O3HAYA-
€T TPOBEPUTH UCTUHHOCTHL IPEJJIOXKEHNs Ha JAHHON CUCTeMe WM HalTh
9JIEMEHT, YJIOBJIETBOPSIIONNil 3a1aHH0i (opmysie). [Ipu sTom KoMIbIOTED
CAMOCTOSATEHHO UITET CTPATETHIO JIJI PEMIEHNs TOCTABIEHHBIX BOITPOCOB.

Jlo2uveckan npoepamma TipecTaBiageT coboii KOHEUHBIN HAOOpP BbIpa-
JKeHUH, Kazkjiasd 13 KOTOPBIX NMeeT OJUH U3 CJIEIYIONINX BUJIOB:

P(ti, ... to)., (2.8)

Q(s1,--58k) : —Q1(S15 -+, SE)y -+ Qua(S1, - -+, Sk)-, (2.9)

riae P(ty, ... tn), Q(s1, ..., 8k), Q1(s1,...,8k), -+, Qm(s1,...,Sk) — aro-
MapHbIe POPMYJIBI CUTHATYPBI 2. IIpu 9TOM B KOHIIE KazKJI0TO BhIPAZKCHUST
CTABUTCA TOUYKA. BBIpazkeHust 1epBoro BUuJia Ha3bIBAIOTCS (PaKmMamu, a BTO-
POro — NPABUNAMA.

Kazkiplit (pakT MHTEPIPETUPYETCS OTHOUICHUEM MEKJy OObEKTaMIU, a
npaBmio (2.9) ynraeTcs Kax “‘ecim nCTHHHBL Q1 (S1, - .+, Sk), - -+, @m(S1, - - -,
Sk), To UCTUHHO Q(S1, ..., Sk)". Popmyna Q(sy,. .., Sk) HA3BIBAETCS 3G20-
noskom tipasuia (2.9). TlpaBuia m03BOJISIOT BBIBOJUTL HOBbIE (DAKTHI U3
Y2Ke MMEIOIIIXCS.
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TakuM 00pa3oM, JIormdecKas MporpaMMa COCTOUT U3 KOHETHOIO UNCTIa
dakTOB 1 MpaBUIT:

A.

M.
N =N Ny

22 2

B dakrax onucbiBaercs anaredpandecKkas CUCTeMa, JJjid KOTOPOil ¢ IOMO-
IIIBIO IIPABUJI BBIBOJIATCA HEKOTOPLIE ee CBOHCTBA.

Jlormyeckast mporpaMMa 3aJ1aeT MHOZXKECTBO CJICJICTBUIL, KOTOPLIE ABJIs-
FOTCSI PE3YJILTATOM IIPOrpaMMbl. TaknM 06pa3oM, BBIIOTHEHUE JIOTMIeCKO
IIPOrPAMMBI — 3TO BBIBOJ[ CJICJACTBHIL.

st evinoanenus npoepammv, TpedyeTcs 0OpPaATUTLCA K UEACEOMY 3a-
npocy (yeau), KOTOPBI TpejcTaB/isger coboi MOC/IeI0BATELHOCTL aTO-
MapHBIX Gopmya (¢ Toukoii B KoHIle!) BuIa

Ri(qr,--saq), -, Rplqr, -, qr)- (2.10)

Brimosinenue nporpaMMbl COCTOUT B IIOIBITKE PEHINTL 3aJady, T.e. JI0-
Kas3aTh IeaeBoe yreepxkienne (2.10), ucrnosb3yst GakTbl U HpaBuia, 3a-
JIAHHBIC B JIOTUYECKOIl ITporpamme.

CeMaHTHKa, JIOTHUECKON IPOrPAMMbI IIPEJICTABIIICTCS B ABYX BUJIAX —
JIOrYecKasd CeMaHTHKa ¥ IIpoLeypHas ceManTuka. OupejesnM cHadaa
NORUMECKYI0 CEMAHMUKY .

Kax oMy dakry (2.8) mocraBiM B COOTBETCTBUE TIPEJIOKEHUE

QD\i\V/Q?l,...,l'SP(tl,...,tn),

rie T,...,Ts — BCe nmepeMeHHble, Bxojsiiue B hopmyny P(ty, ..., t,).
Kaxkiomy npasuity (2.9) moctaBuM B COOTBETCTBUE TPEJIOKEHUE

Y=Yy, oy (Q1(s1, ooy SE) A AQu(S1, -1, SE) —
Q(Sla"'78k))7

rae Yi, .- .,Ys — BCe MepeMeHHble, Bxojsmine B GopMmybl Q1(S1, ..., Sk),

e Q81,0 8k), Q(s1, ..., Sk).

Bampoc (2.10) moysyauT B cOOTBETCTBHE (DOPMYJTY

X = 321,...,2¢ (Riqu, - aq) Ao . ARy(qu, - @),

I'Jie KBaHTOPbI CYIIECTBOBaHNA CBA3bIBAIOT BCEC IIEPEMCHHDBIC.
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Ilyctb @1, ...,p, — TPEIIOXKEHNA, COOTBETCTBYIONINE BCEM (aKTaM,
W1, ...,y — BceM mpaBmiaM. Torja 3nadenue mapbl

(mporpamma, 3arpoc)
B JIOUIECKON CeMaHTHKE €CTh YTBEPZKICHUE O TOM, UTO CEKBEHIIUSI

9017---a80a7¢17---7¢b|_><

nokazyeMma. JIjist Toro 4ToObl BBISICHUTD, TaK JIX 3TO, IPUMEHSIETCS MeTO/I
PE30JIIOIUIA.

Onepavyuornas cemanmuka ornpeiesseT AeificTBIsI KOMIIbIOTepa IIpu OT-
BeTe Ha 3ampoc. [Ipu sToM npeanonaraeTcs HaJu4IRe JOIHIECKONH MalllnHbI,
Ha3bIBACMOIl uHMeEPNPEMaAmMopom, KoTopas OCYIIECTBJISET IIPOIecc JIOTU-
YeCcKOro BbIBOJIa. MexaHu3M 5TOro BbIBOJIA UCIOJIB3YeT aJIlOPUTM YHUMU-
Kaluu.

I[Ipuwmep 2.9.1. Pacemorpum aeficTBug HHTEpIpETATOPa Ha IPUMEpE
CJICIYIONICH JIOTUYeCKOI IIPOrpaMMbl:

R(a,b).

Q(b, g(c))

P(x,f(y : —R(%,Z),Q(Z,g(y
R(z,z) : —Q(f(z),9(2))

31ech a, b, c — KOHCTAHTHI, X,Y, 2 — IIepPEeMEHHBIE.
[IpenmoioxKuM, 9TO 1es1eBoil 3alpoc uMeeT BT

P(u, f(v)). (2.11)

[Tpu BbIYMC/IEHNE OTBETa Ha ITOT 3aIllPOC, HHTEPIPETATOP (hOPMY/IUPYET
nesib P(u, f(v)) u nbitaercs ee goctudb, yHEGUIUPYs 11€Jb ¢ dhakTamu. B
HareM ciaydae neib P(u, f(v)) e yanduiupyercsa v ¢ oJHIM 13 HAKTOB.
Torma unTEpIpPETATOD MBITAETCA €€ YHIUPUIMPOBATE C 3ar0JJOBKOM OJIHOTO
13 [TPaBILIL.

DTO MOKHO CJIeJIaTh C 3ar0JIOBKOM TIEPBOIO TPABMJIA C MOMOIIBIO MOJI-
cranoBku {u/x,v/y}. Ho mpenBapure/ibHO HY?KHO IPOBEPUTH UCTHHHOCTD
IOCBHIJIOK [IEepBOro IpaBmia. s 9Toro nnrepnperatop popMUPYET 3alIPOC

R(z,2),Q(z, f(y))-

[enb R(x,z) mocruraercst 3a cyer yHUDUKAIUE ¢ TEPBBIM (DAKTOM IO-
cpejicTBoM mojictanoBku o = {a/x,b/z}. Temepsb cieayrormum 3ampocom
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spagerca Q(b, f(y)). Ho sta mess He mocTmkmMa, MOCKOJIBKY He YHIMDU-
IUPYeTCs HU ¢ OJHUM U3 (PAKTOB, HII C 3ar0JIOBKAMU [TPABILIL.

[Tocste sToro mpoucxoaut Bo3spar K 3anpocy P(u, f(v)) u nemm R(x, z).
Henaercss mombITKa JOCTUYL 3TOM e IPU TOMOIINM BTOPOrO ITIPaBUIIA.
lems R(x,z) cHoBa mocruraercs yHubuKaimeii ¢ mepBbiM (GakToM Ipu
nojicraHoBke o, a 1eynb (b, g(y)) mocturaercst B CHIy TOro, 9T0 yHUDU-
IUPYETCst cO BTOPHIM (haKkToM Tpu mnomoru nojcranosku {c/y}. Cieo-
BaTebHO, Teb (2.11) gocturaercs mojcranoskoit {a/u,c/v}. Tlostomy
MHTEPIPETATOD Ha 3TOM 3aKaHIMBAET CBOIO pabOTy M BBIJAET HaileH-
HYIO IOJICTAHOBKY. BbIOJIHEHNE TPOrpaMMbl CUUTAETCS YCIIENHO 3aBep-
IMEHHBIM, U [IPH 9TOM HaiiJIeHO JIoKa3aTe/IbCTBO opmyibl Ju, v P(u, f(v)).
[

st peaymzanun ujei JOrn4ecKoro IporpaMMIPOBaHus pa3paboTaHbl
Pa3IMIHbIE SI3bIKK JIOTHYECKOrO IIPOrPAMMUPOBAHNS, CPEJIN KOTOPbIX Hal-
6os1ee 3amerHbIM siBiistercst 136K [TPOJIOI. B ero peanuzamumn TYPBO
[TPOJIOI" crpykTypa JIOormdeckoii mporpaMMbl IMEET CJICIYIONII BU/T;:

domains<cTpyKTypbI ¥ TUIDLI JAHHBIX >

global domains<BHremnHue CTPpyKTYyphl U TUIIBI JAHHBIX >

data base<robabHble PeIUKaThl JUHAMAYIECKON 0a3bl JaHHBIX >
predicates<orpe/enenue npegnKaToB>

global predicates<puemniune npeankaTn >

goal <mesm >

clauses<dakxkTbl u nMpaBuIa >

[Ipuwmep 2.9.2. IlpusegeMm Jormdeckyio mporpaMmy JjIsd BhISICHEHN
POJACTBEHHDBIX CBA3CH:

domains
name=symbol

predicates
parent(name,name)
father(name,name)
mother(name,name)
grandfather(name,name)
grandmother(name,name)

clauses

mother(J/Tiomvma,Cepreit).
father(Anexcanp,Cepreit).
mother(Pauca,/Tiomvmina).
father(Buxrop,/Irogmuna).
mother(Basentuna, Anekcanp).
father(Bacumit, Astekcap).

parent(X,Y):- mother(X,Y).

parent(X,Y):- father(X,Y).
grandfather(X,Y):- father(X,Z),parent(Z,Y).

grandmother(X,Y):- mother(X,Z),parent(Z,Y).
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Paccmarpupast 3ampoc

?- grandfather(X,Ceprei).
(“Kro ssisiercs nenymikoit Ceprest?”), mporpaMma BblaeT TepBblii Tpa-
BIJIBHBIN OTBeT “BUKTOP”, a Ipu JIOMOJIHUTEILHOM 0OpaIlleHuN — U BTOPOIt
orseT “Bacummit’.

§ 2.10. DJemMeHTapHBIE TEOPUU

Be anrebpamdeckue cucreMbl 2 u B cUrHATYPBI Y HA3LIBAIOTCS Ae-
MEHMAPHO ksusaseHmHuLMU (0bo3Hada0OTC A = B), ecyu jijist 10600
IPEJIOXKEHUST  CUTHATYDBI Y UCTHHHOCTH 24 = (¢ paBHOCHIbHA MCTHH-
noctn B = ¢. Muoxecrso npemroxkennit {¢ | A = ¢} curmaryper X
HA3BIBACTCA IAEMEHMAPHOT Meopuet; WIN TIPOCTO meopuet; cucreMbl 2 1
oboznauaercst gepes Th(2).

OueBnyiHo, aro yeiaosune A = B pasHocmwibHO paenctBy Th(2() =
Th(®B).

3aMeTuM, 4YTO CJIOBO “3JIeMeHTapHas B TepMHUHAX ‘‘9JIeMEHTapHasd K-
BUBAJICHTHOCTL M “dJIeMEeHTapHas Teopusi’ 00bsICHAECTCS TEM, UTO JIo0ast
bopmysIa nCUNCIECHNUS TIPEIMKATOB BhIparkaeT CBOMCTBA CUCTEM Uepe3 yKa-
3aHUE CBSI3ell MEKJIy MX 9JIeMEeHTaMU, OCKOJIbKY KBAHTOPBI HABEITHBAIOT-
csl JIUIIL Ha TIepeMeHHble 13 MHOXKecTBa V.

IIpuwmep 210.1. Pacemorpum cucremy A = (Z; sW) ¢ oxnoit ox-
HOMECTHON Pymryuets caedosarun s : 7 < 7, tae s(n) = n + 1 mia
Kakoro n € 7Z. Oboznadunm depe3 2, cucreMy CUTHATYDBI {s}, mmero-
YO0 7 KOMIIOHEHT CBSI3HOCTH, KazkJasi U3 KOTOPBIX W30MOpQHA CHCTeMe
A1, n € w\ {0}. Herpyano 3ameruts, uro Bee cucrembl 2, UMEOT OJIHY
u Ty »Ke 3djeMeHTapHyto Teoputo. [Ipn sTom momenn 2, u 2, nzomopdHbI
TOTJIa U TOJIbKO TOTJIa, Korjaa m = n. [

MuozkecTBo T' IpeI/IOXKeHnit CUTHATYPHI 2., 3aMKHYTO€ OTHOCUTETHHO
BBIBOJIMOCTH (T.€. COJIepZKAIlee BCe MPEJJIOYKEHMsI, BbIBOJAUMbIE 13 T B
I/IHE), Ha3bIBAETCI INEMEHMAPHOT Meopueti NI TPOCTO Meopuets cue-
namypvr . Teopust T HasbIBaeTCA HENPOMUBOPEUBol (Npomusopetu-
6011), ec/Ii MHOZKECTBO TpeJiiozkeHnii T HempoTHBOpednBo (IPOTHBOPEIN-
B0). Henporusopeunsasi Teopusi T’ HazbiBaeTCst noanot, ecam ¢ € T uin
- € T ;1 TI000TO TIPEJJIOKEHNsT CUTHATYPBI 2.

OueBu o, UTO Jy1st J11000i1 asrebpamaeckoit cucrembl 2 Teopust Th(A)
MOJIHA U HEMTPOTHBOPEUNBA.

JItoboe nojMuOKecTBO AX Teopun 1’ 13 KOTOPOI0o BLIBOJIMMBI BCE IIPE/I-
Joxkenns: u3 1', HaspIBaeTCs cucmemots axcuom oas meopuu 1.

Ecnun F — HeKoTopoe MHOXKECTBO MPEJIOYKEHIIT CATHATYPBI 22, TO MHO-
xkectBo T'(JF) npejioxKeHuit, BBIBOAUMBIX 13 F B UII*, sBisiercst Teopueit
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¢ cucremoit akcuom JF. [Ipu srom Teopust T’ HazbBaeTcss meopueti, noposic-
denroti mroorcecmeom JF .

[ITpumep 2.10.2. 1. Teopus HGyHKINOHATLHON CUTHATYPHI {-(2)}, 110-
poxjennas cucreMoii axcumom F = {@g,}, rae

og =V, y, 2 (- y)-2=x-(y-2)),

npejcTaisier coboit meopuro noayepynn Ty,. Jlobas nosyrpyuia saBis-
eTcs MoJlesibio Teopun T, Teopua T, Henosna, IOCKOJIbKY, HalIDUMED, ee
MOJIEIAMU SIBJIAIOTCA KAK OJIYIPYIIILI, YAOBIETBOPSIONINE 3aKOHY KOM-
myTtatuBrocTH YV, y (€ -y = y - x) (Takue Kak (w;-)), TaK U MOJIYTPYIIIIbI,
B KOTOPBIX 9TOT 3aKOH Hapymaercs. K mpumepy, B cucreme (Fs;-), rie
E3 — MHOXKeCTBO TeOMEeTPUUYECKIX BEKTOPOB, a - — Ollepallisl BEKTOPHOIO
IPOM3BEJIEHNs], HCTUHHO [pejioxKenne vV, y (x -y =y - x).

2. Teopus noseit Tr OPOXKIACTCS CUCTEMOI CICIYIONUX AKCUOM CHUI-
narypol {+, —, -, ~1,0,1}:

Cl)Va,y,z (z+y)+zr~z+ (y+2),

C2Q)Ve,y(r+y~y+x),

C3) Vx (x—i—O T,

)
C4)Va:(a:+( x) ~ 0),

V1) Va,y,2 (v-y) -z =z (y-2)),
YZ)Vx ylx-y~y-x),

V3) Vo (x-1=~ux),
V4) Vo (=(x = 0) — (-2 = 1)),
CY) Va,y,2 (x+y) -2 (97 z) + (y - 2)),
) =(0 =~ 1).

Mogesisivu Teopuut Tg SIBJISIFOTCS B TOYHOCTU BCeE TIOJIS.

3. Teopus curnarypsr { <)}, nopoxennas cucremoii axcunom I'gy 13
npumMepa 2.1.9 sBisiercst meopueti nAOMHBL AUHETUHT nopadkos Ty,. Jo-
baBJsist K cucreme akcuom g, akcnomy Vady, z ((y < ) A—(y = x)A(x <

2)A—(x & z)) OTCYTCTBHSI HANMEHBIIErO U HAKOOJIBIIEr0 9JIEMEHTOB, 0Ty~
qaeM CHCTeMy akcnoM 17, mopox gatontyto meopuio Ty, nAomHor suned-
MO nopadkos 0es konyesur snemenmos. Teopust T HEIPOTHBOPEUYNBA
W TIOJTHA.

4. Myers A = (A;COP)) — anrebpamueckas cucreMa, COCTOAIIAs 13
MHOX)KecTBa ToueK A u ommuowenus wosruneaprocmu C ((a,b,c) € C <
TOYKHU @, b 1 ¢ JilexKaT Ha OJTHON JIMHUM), YIOBJIE€TBOPSIIOIIETO CJIe/ Ty OIIAM
VCJIOBUSIM:

a) (a,a,a) € C ast 06oit Toukn a € A,

0) srobast smaust [ C A 0JTHO3HAYHO OIPEJIEIAETCsT JIIOOBIMEI JIBYMsT Pas3-
smaneiMu Toukamn a,b € I 1 = {c | A = C(a,b,c)}.
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Cucrema 2 Ha3BIBACTCS 2€0MEMPUMECKOTE cucmemoti N OUPEICTSIET 2e0-
mempueckyro meoputo Th(A). TIpu srom cucrema 2 Moxker ObITH Kak
KOHEYHOIl, TaK 1 OECKOHEUHOIl, yIOBIETBOPSTEL WM HE YIOBIETBOPATL K-
CUOME NAPAANENLHOCNU O CYIIECTBOBAHIE JIJIsI JIIOOOH TOUKN He OoJiee 0/-
HOI JIMHNUU, TPOXOAIICI Yepes3 3Ty TOUKY U MapaJsiieIbHON JaHHON JINHNIN.
[Iycte &1 = (Gy;+,e) — rpymia ¢ ejuHureil e, mo3BOJIAIINAT U3Me-
PATH PACCTOSTHUSI MEKJIy TOUYKAMU Ha, JIMHUAX: e a U b — TOYKM Ha
qauHun [, TO ompejieseHo paccmoanue |a”b|; € G oT TOYKN a J0 TOUKH b
wa juann . [Ipu srom Oymem caurars, ato |a”al; = e u st Jir06oit TOU-
Kil ¢ € [ Bomosastercst ogno us pasencts (|a”c|)™ = |a"b|; - (|07 ¢))*.
[Iycte By = (Go;-,€) — TpylIa ¢ eJUHAUIEH €, TTO3BOJISIOIAsi U3MEPSITh
PACCTOSTHNST MEXKIY IePEeceKaIOMNMICs JIMHIUAMEI: ecau [1 u lo — JIMHNIH,
epeceKaloNecss B ToUke a, To onpeieien yzor Z(li,ls), € Go ot Ju-
HUU [; 10 JuHUU [y OTHOCUTEIBHO TOUYKH a. IIpu 3ToM OyaeM cauTaTh, ITO
Z(l1,11)q = e u st o6oit jiuHuE 3, cojepzKarieil TOUKY a, BBITOJTHACTCS
omno us pasencts (£ (11, 13),) = Z(11,12), - (£(l3,13),)*!. Tpynnn: & u
B9 HABBIBAIOTCA 2pYNnnoti cmopoH u 2pynnoti y2A06 COOTBETCTBEHHO.
[Tocie foBaTeIbHOCTL TOUEK S = (ay, . . . , Ay ) HA3BIBALTCS MHO20Y2040-
HUKOM WA N-Y20AbHUKOM, €CJIN CYIIEeCTBYIOT JIUHUK 1, . . ., [,, JJIsT KOTO-
PBIX CIIpaBEIJINBO a1, 0o € Iy, as,as € lo, ..., Gp_1, Ay € ly_1, ap, a1 € L.
[lapamerpsl gi1 = |a1 a2l - -, Gin—1 = |Gn_1"Gnl1, 1, g1n = |an"a1ls,,
go1 — Z(ll,lg)aw s J2p—1 — l(lnfl, ln)an, gon — Z(ln,ll)al n yIJIOB
gin g12 --- Jin

g1 g22 ... QGop
n = 3 N-yroJIbHUK Ha3bIBACTCA MPEY20AbHUKOM, TIPU N = 4 — wemwiper-

Y2ONLHUKOM T T.JI.

O6oratum reomerprueckyto cucremy 24 = (A; C) aByXMecTHbIMU OT-
nomennamu @, = {(a,b) | |a"b); = ¢1 ana wexkoropoit yuHun [} s
Bcex g1 € (1, a Takyke TpexMecTHbIMU oTHOmeHusaMu Ry, = {(a,b,c) |
Z(ly,1l9)p = go, Tre a € ly,b € Iy} 115t Beex gy € Gy [omyuennas cucrema
A(B1,By) = (A;C,Qy,s Ry,) gicGy g, HABBIBACTCS NOAUZOHOMEMPUYE-
ckoti cucmemoti Hat napoit rpymi (B, B,). Eciin uepes jobbie j1Be TOUKM
IIPOXOJUT JIMHUSE, T.€. JIOOOH MHOIMOYTOJbHUK pa3dUBaeTcsi Ha TPEyroJib-
HUKI, TO TOJIUTOHOMETPUYIECKAsT CHCTEMA, HA3BIBACTCST MPU20HOMEMPUYE-
ckot. Tlommronomerpuaeckast (Tpuronomerpudeckasi) cucrema A(Bq, &y)
OIPEJIENISIET NOAULOHOMEMPUYECKYH (COOTBETCTBEHHO MPUOHOMEMPUIE-
ckyro) meopuro Th(A(B1, Bs)).

5. Kak m3BectHo, 1151 1106011 Koneunoit cucteMbl 2l KOHETHON CUTHATY-
PbI CYIIECTBYET OfiHa (MOXKeT ObITh, JOCTATOTHO JJIMHHAST) GOPMYJIa @y,
OIICBIBAIOIIAs BCE B3aMMOOTHOIIEHNs djeMeHToB 13 2. Torga MojensMu

Nn-yroJbHUKa S 3aJal0TCsI B BHUJE MATPUIIBI . Ipnm
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TEOPHH, OPOKICHHOM crcTeMoil akcuoM { g}, ABISIOTCS B TOYHOCTH BCE
cucTeMbl, nzomMopdunie cucreme 2. [

DopMyJibl @ U Y CUTHATYPBI Y Ha3bIBatOTCs T -aK6usaseHmmvimy (000
3HavYaerTcsd ¢ =r ), rae T — Teopusi CUTHATYDBI Y, €CJIN B N> us T
BBIBOJIIMA popMyIta (@ < ).

B03MOXKHOCTE HAXOXKJIEHUS “HECJIOKHBIX  (POPMYJI, MPEJICTABIISIONIITX
BCe KJ1acchl T-9KBUBAJIEHTHOCTHU, CYIIECTBEHHO YIIPOIIAET MOHIMAHNE CTPYK-
Typ Mojeneir jgannoit Teopun I'.  Ilpocrefimum 371ech ABIAETCS KJIacC
Teopuit T', y KOTOpbIX Jitobasi (hopmysia T-3KBUBaJIeHTHA HEKOTOPOil Oec-
KBAHTOPHOII.

Teopus T' curHaTypbl X Ha3bIBAETCS MeEOPUET C IAUMUHGUUET KEAHMO-
PO6 W Meopueti, donyckaouLeth IAUMUHAUUIO KEAHMOPOES, eCJN JTIodast
dopmyia cursarypsbl X T-3KBUBa/IEHTHA HEKOTOPOil OecKBaHTOPHOI (op-
My.JIe.

[Iycte A — HeKOoTOpoe MHOXKeCTBO (opMmyJi curHatypnl . Iloj byae-
601 Kombunayuel Gopmyn U3 MHOKECTBa A TTOHUMAETCS BCsIKasi (DOPMY-
Ja, TojydeHHast n3 popMya1 MHOKecTBa A B pesysbraTe UX COeMHEeHUs]
IPOUBBOJILHBIM YNCJIOM CBA30K — 1 A.

Ouesnino, y Jt060it Teopun 1' ¢ smMuHaIeii KBAaHTOPOB Kaxkiasi hop-
MyJia, JIaHHO# curHaTypbl T-3KBUBaJIEHTHA HEKOTOPOiIl OyJeBOil KOMOMHA-
I aTOMAaPHBIX (POPMYII.

Cutestytorue Teopun 06J1a/IaloT SJIMMIHAINEHT KBAHTOPOB.

[ITpuwmep 2.10.3. 1. Teopus Ty /11000t GECKOHETHON MOJETN ITYCTOM
curnatypbl. Kakaas dopmyra mycroii curHaTypbl 1z-9KBUBaJIEHTHA Oy-
JeBoiit Kombunarmn dhopmys Buia (r ~ y).

2. Teopus T}, JIOTHBIX JITHEHHBIX IOPAJKOB 06€3 KOHIIEBBIX 3/JIEMEHTOB.
Kaxas dopmyrna curnarypot {<} T -9KBUBaIeHTHa Oy/IeBOi KOMOHHA-
nmu hopmyit Buja (x = y) u (z < y).

3. Teopusa Tacr anzebpauvecku 3aMEHYMBLT NOAET, KOTOPas MOJTyJa-
ercst u3 Teopuu nosieit Ty gobaBieHreM OECKOHETHON CUCTEMbl aKCHOM CY-
IIECTBOBAHUsT KOPHEil JIIoOOro MHOTO'/IeHA HEHYJICBO CTeleHu:

Yyi, ..., ypdx (2" + yla:"_l + . Yp1xT + Yy, = 0),

n € w\ {0}. Tose xommexcupx uucesn (C;+,—,-, ~1,0,1) apasercs
MOJIEJIBIO Teopun 1AcF.

4. Teopus TRor 6EWECMEENHO 3AMKEHYMBLT NOACT, KOTOPAS IOy IaeTCs
13 Teopun noJieit Ty jiobaBIeHneM JBYXMECTHOIO MPEMKATHOTO CUMBOJIA
< ¥ CJIEJLYTOIINX AKCHOM:

[11) Vz =(z < ),

[12) Va,y, 2z ((zr < y) A (y < 2) — (x < 2)),
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I3) Va,y (x <y) V(z=y)V(y <)),
[M4) Ve,y(0<z)A(0<y) — (0<x-y)),
[5) Ve, y,z((x <y) = (z+ 2 <y+2),

I16) Vo ((0 < z) — Jy (z =~ y?),
P) Vi, ... ,yn3$($"+y1x”_l+. cUYn—1T+Yp = O) JJI5l KaxKJ10ro HedeT-

Viopsijo4enHoe moJie BelecTBennbx yncen (R;+, —, -, ~1,0, 1, <) aB-
JIsieTcd Mojiesibio Teopun Trep. U

Koncepsamustvim pacuuperuem WA KOHCEPEAMUSHbLM 0002aUeHUEM
reopun 1 curHarTypbl Y HasblBaeTcs Beskad Teopust T DO T curnarypol
Y/ D ¥, Takas, uro jobas Mojueans 9 reopun T MozKeT OLITHL oOoraleHa
110 mozesaun M reopun T7.

Cy1ecTByeT JiBa OCHOBHBIX BHJIa KOHCEPBATHUBHBIX PACHINPEHUIl Teo-
puit, TPUBOJANINX K TEOPUAM C JMMuHaIeil KBaHTOPoB. [lepBas omepa-
1S — ONeparus noAHot CKYAEMUIAUUL, KOTOpas Teopuio 1’ CUTHATYPHI X
npeobpasyer B Teopuio 7 curnaryper L nobasienuem akcnom Cky/ema
I KazK10it hopMmyiisl ¢ = Jwg (2o, T1, . . ., Tp) CUPHATYPHI L.

Ipennoxkenne 2.10.1. Teopus T donyckaem saumMunauyu0 KeaH-
mMopoe.

[IpennkaTHOE KOHCEPBATUBHOE pACIIMpEHUE Teopuu 1 CUTHATYDPHI 2.,
JIOTTyCKaToITee SJIMMITHAIINIO KBAHTOPOB, MpeiozkeHo MopJin n HasbiBaeT-
e mopaudavueti. OHO TIOJTyIaeTCsl CJIEIYIONUMI TTPeodpa30BaHUSIMIU.

ObozHaunM HAOOP epeMeHHbIX T, . . ., L, depe3 . Oupepge M curta-

Typy LM nobasiennem K curmarype Y i Kazkaoi dopmyiinsl o(Z) cur-
n

HATYPbl 2 HOBOTO IPEJIUKATHOTO CUMBOJIA pr ), Mopausavyua meopuu T’

ectb Teopust TM curnarypsr M| nopoxkiennas Teopueit T U axcuomami

Mopau VT (¢(T) < R,(T)) anst Beex dopmyst ¢(T) curaTypsl 2.

Ipennoxenne 2.10.2. Teopus TM donyckaem srumunavuro xean-
Mopoes.

Joxkasareabcrso. OueBuno, 4ro, 3amMensis B dopmyiie ¢(T)
curaarypbl 2V 1101popMyIIbI, HAMMHAIONINECH C CHMBOJIOB Ry, na T M.
9KBUBAJICHTHBIC UM (DOPMYJIbI CUTHATYDBI X, mosydaem Gopmyty ¢ (T)
CHUIHATYDBI 2, it KoTopoit ¢(Z) =pum ¢'(T). Tak xax ¢ (T) =pu Ry (T),
bopmyia ¢(Z) T -sxsusanentna 6ecksantopuoit Gpopmyie Ry (T). O
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§ 2.11. Tunwi. OcHOBHBIE KJacchl MoeJieii

B sTom naparpade Mbl onpejie/iuM KJaacChbl MOJeseil, NI'PAOIIIX K-
YeBYIO POJIb B OIUCAHUN BCEX MOJIeJIell TaHHbIX TeOPuil, 1 YCTAHOBUM BarK-
Heillne CBOMCTBA 9TUX MOJICJICH.

[Tocko/IbKY Kazkjiash HEIPOTUBOPEYNBas TEOPUsl PpaCIIUPAETCA 0 T10JI-
HOIT, nH(MOPMAIIA 0 MOAEISIX JaHHO Teopun 1’ cBoaUTCA K MHMOPMaIUN
0 MOJIeJISIX IOJIHBIX pacimupenuil Teopun 1. Tlosromy i omnpejieieHust
KJIACCOB MOJIeJIell BCIO/LY B 9TOM Iaparpade OyaeM cUuTaTh, YTO paccMaT-
puBaeMble TEOPUHN TIOJIHBI. Kpome Toro, orpaHmIuMcs CIydaeM, KOrjaa CUr-
HaTypa X He OoJjiee UyeM CUYeTHa, a 3HAYUT, cUeTHa cama Teopusd 1.

Jst muoxkectBa X u Koprexa @ = (ay,...,a,) 3amuch a € X Gyjer
O3HAYaTh, UYTO BCE KOOPJAMHATHI KOPTEXKa @ MPUHAJIE’KAT MHOKECTBY X .

[Iycts T' — Teopus curnarypbl 2, 9 — mojenb Teopum 1, Tak:Ke
NMeIOIasi CUTHATYpPY Y, A — HEKOTOpoe IMOJIMHOXKEeCTBO MHOxKecTBa, M,
a=(ay,...,a,) — KOprex 37aeMentoB u3 M, T = (xy,...,x,) — KOPTEXK
HepeMeHHBIX. Tunom om mepemerHulr T Kopmestca a Had MHOHCECTNEOM
A 6 modeau DN HABBIBACTCST MHOYKECTBO (DOPMYJI

tpm(@/A) = {¢(@.b) | M k= ¢(a,b),b € A}

B nmaspHeiimeM, eciim 13 KOHTEKCTa sICHO, O KAKOM KOPTEXKe T M O KaKoif
mojiesn I ujger pedb, Mbl OyIeM OIyCKaTh COOTBETCTBYIOIINE HHIEKCHI 1
obosuadaTh THI Yepe3 tp(a/A). Ecim A = &, o Bmecro 3armmcn tp(a/Q)
FCIIOJIb3YETCsT 3aIiCh tp(@).

MuozkecTBO Beex THIIOB tpgy(@), @ € M, HazbBaeTCs koneunol Jua-
epammots modeau M u obosmataercs depes FD(IN).

Twun koprexka @ HaJl MHOYKeCTBOM A COIEPKUT TOJTHYIO0 HH(MOPMAIINIO O
B3AMOOTHOIIEHUSIX 9JIEMEHTOB, COCTABJIAIONINX KOPTEXK @ N MHOYKECTBO A.
Takum obpasom, pasenctso tp(a/A) = tp(b/A) oznagaer, uro undopma-
ST O KOPTEeXKe @ HaJl MHOXKeCTBOM A coBmajiaer ¢ nudopMalmeii o kopre-
e b naj muoxkectsom A. Ilpm sToM pasenctso tpgy(@/A) = tpey(b/A)
PABHOCHILHO PaBEHCTBY tpgn, (@) = tpgp, (b). B KoHeuHOil Jmarpamme
FD(O) nepeuncisitorest Bece nHbOPMAINOHHBIE TPEJICTABUTEIHN, TTPUCYT-
cTBytomue B Mozean M.

Teniepb MBI JIa UM HECKOJIBLKO OoJjiee o0Ilee TOHATUE THIIA, He ‘TTPUB-
3aHHOE” K KOHKPETHOI MOJIeJIN.

Mmnoorcecmeom A 6 meopuu T curHATYPBI X2 HA3BIBAETCS TTOIMHOKECTBO
A C M wnocuresnst Hekotopoit mojen I reopun 1T’ BMecTe €O CICTYIOMINM
MHOYKECTBOM (DOPMYJI CUTHATYPBI 24

tp(A, D) = {0(@) | M |- o(@),a € A}.
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[Iycts ©(Z,7) — dopmysta curHaTypbl 3, @ — KOPTEXK 371eMeHTOB B T
daunve (@), pasroit muune [(y) xoprexa y. Torma dbopmyna o(T,a) —
dopMyia CUrHATYPBI Yz — Ha3bIBaeTCsI (hopmyroti 6 meopuu T

[Iycts T' — Teopust curaarypol X, A — HexkoTopoe MHOXKeCTBO B T,
T — mabop mnepeMeHHbIX JuHBL [(T) = n. Muoxectso ®(T, A) dopmy
CUIHATYDBI X4 HA3LIBACTCS MHOMHCECMEom popmys 6 meopuu T nad mro-
orcecmeom A, ecim kaxkiasa dopmyina uz ®(T, A) umeer Bun ¢(T,a), viae
a € A. Muoxkectso dhopmyt @(T, A) HazbIBAETCST COBMECTIHBLM ¢ MEOPUET
T, ecu coBmectno MuoKecTBO 1 U tp(A, M) U (T, A).

[Tox n-munom wim TPOCTO MUNOM HaJ MHOKECTBOM A OT IepeMeHHbIX
T ToHnUMaeTcs Jioboe coBmectHoe ¢ T MuoxKkecTBO hopmy P(T, A). Muo-
JKECTBO BCEX M-TUIIOB OT IIEPEeMEHHBIX T HaJl MHOXKecTBOM A obosHagaeTcst
qepes SSZ(A).

[To Teopeme KOMIIAKTHOCTH U3 COBMECTHOCTH Jitoboro tuma P (T, A) ¢
Teopueit T' cienyer cymiecrsoBanue Mogein O Teopun 1, s1eMeHTapHO
pacrmpstrortieit Mmojiesis M, A C M, u koprexka saemenToB b € N, [(b) =
1(Z), Takux, uro N = ¢(b, @) mua seex (b, a) us ®(z, A). B stom ciryuae
oyaem rosoputh, aro tutt ®(T, A) peasusyemcsa 6 modeau N, u nmcarh
N = &(b, A). Ecrm B Mogesm I HeT KopTexka b, yI0BIeTBOPAIONIEro BCeM
dbopmynam 13 O(Z, A), 6ynem rosopurb, uro tun P(T, A) onyckaemen 6
modesu M.

Tun ®(Z, A) naseiBaercs noanovim, ecan $(T, A) — MakcnMaibHOE COB-
mectHoe ¢ 1" MHOKecTBO (hopmyat ¢(T, @) curHaTyphbl 2 4. MHOKECTBO Beex
IIOJIHBIX N-TUIIOB OT [EPEMEHHBLIX T HaJ MHOXKecTBOM A obosnavaercs de-
pes S2(A). Obosnauum depes =S"(A) u S"(A) COOTBETCTBEHHO MHOYKE-
CTBO BCEX THUIIOB ¥ IOJHBLIX TUIIOB OT 71 IEPEMEHHDBIX HaJ[ MHOXKECTBOM A.
[Tostoxkum

SA) = ] 54), s@= ] 5.
new\{0} new\{0}

Muoxkecrso D(T) = S(&) nasbiBaercst koneunoll Juazpammots meopuu
T.

B cuny teopempr kommakTHoCTH Kazkabiit tun w3 D(T') peasmsyercs
B HeKOTOpoil Mojienn Teopun 1. Takmm oOpaszoM, KoHeUHAsd guarpamMma
teopun T’ mpejicTaBuMa B BHJIe O0bEJNHEHNST KOHEUHBIX THAPAMM €€ MO-
JIeJIeid.

Bynem rosopurs, uro tun (T, A) onpedeasem win usoaupyem THII
U(z, A), n tucars O(Z, A) F W (T, A), ecan mobas dopmyia tura ¥ (T, A)
BBIBO (M 13 MHOkecTBa T Utp(A, M) U P (7, A). Tun ®(7, A) nasvizaer-
Csl 2AA6HbM T UB0AUPOSarHbM, ecin P (T, A) n30aupyeTcst KOHETHBIM
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HJIH, YTO 9KBUBAJIEHTHO, OJIHOJIEMEHTHBIM MHOKEeCTBOM. [Ipu sroMm dop-
myna o(T,a) € (T, A), s koropoit {p(T,a)} F ®(T, A) (ecu rakasi
CYIIECTBYET), HA3BIBAETCSI 24a6H0T W udosupyrowed nis tuna $(T, A).

[Ipuwmep 2.11.1. Pacemorpum teopuio T = Th((Z; <, s)), rue s —
byukiusa caenopannst. Muoxectso S1(&) omnosiementno, T.e. moboii 1-
T HaJl & u3osmpyercs dbopmysoit Buga (r &~ x). MHOXKecTBO S(Qx’y)(g)

COCTOMT U3 TJIABHBIX THUIOB Py, (x,y), onpeiensembix (gopmytamn (y =
s"(x)), toe s"(x) = x +n, n € Z, n HETJIABHOTO TUIIA Puo (X, Y), H30HPYe-
MOTO MHOKeCTBOM (bopmyt =(y ~ s"(z)), n € Z. Ilpu srom tunst p,(z,y),
n € Z, peamuzyiorcs B mogeun I = (Z; <, s) (pp(x,y) = tpoy(k, k + n),
rie k € Z), a un poo(x,y) omyckaercsa B Mogesn I,

Jlis1 1106010 3/1eMeHTa a HekoTopoil Mogem Teopun T muozkectso SL({a})
cocrouT u3 TuNoB p,(x,a), rne v € Z U {oco}. O

OueBniHO, J11000# IJIABHBIN TUII peAIN3YeTCs B JII0O0H MOIE/IH JTaHHO
teopun T'. C 1pyroit cTOpOHLI, JJId JI0OOr0 HErJIABHOIO THIIA CYIIECTBYET
MOJIEJTh, B KOTOPOIi OH OIlycKaeTcsi. bojiee Toro, crpapeiinBa Ceryomast
TeOpeMa.

Teopema 2.11.1. (Teopema 00 omyckauuu TUIOB). Jaa 41006020 cuem-
Ho20 muoocecmea A 6 meopuu T cuenamypv, 3 u A10607 nocaedosamenn-
nocmu (pp(T") )new nezaashoir munos us <S(A) cywecmeyem modeas I
meopuu T, M O A, onycrarowan éce munvt p,(T"), n € w. O

MbI Terepb rOTOBBI OIPEIEJUTH OCHOBHbBIE Kjacchl Mojeseil. Hadmem
olpejeseHne ¢ “MajbiX MOJIeJIelt.

[Toncucrema A = (A;X) cucrembl B = (B;Y) HA3bIBACTCS IAEMEH-
maproti nodcucmemoti (obosuadaercsa A < B), ecyn jijist 0001 HOPMYJTBI
©(21,...,T,) CUTHATYDBI X U JIOOBIX 9JEMEHTOB a1, ..., a4, € A yciaoBue
A = ¢(ar,...,a,) parocuibio yeiaosnio B = ¢(ay,. .., a,). pn sTom
cucrema B HA3BIBAETCS IAEMEHMAPHBIM PACULUPEHUEM CUCTEMBI 2.,

Mouens MMy Teopun 1" Ha3bIBAETCA NPOCcMOL, €CIn JJId JIF0O0H MOJIe/n
My Teopun T’ cyliecTByeT sjieMeHTapHas moaMoe by < My, m3oMopd-
Hast Moje .

[Mpumep 211.2. 1. Cucrema My = (Z;<,s) siBJIsieTCcsi MPOCTOI
moiesibio Teoprn Th(9).

2. Ilpocroii  Moje/iblo  Teopun — ajaredpanvdeckKu 3aMKHYTOIO — IOJIs
(C; 4, —,+, 71,0,1) aBisercs noae a.12eOpauMECKUT “UCEA, T.e. PaCIIUpe-
HIe M0JIs PAIIMOHAJLHBIX YHCeJT pelleHnsME yPaBHenuit Bujia £ +a; 2™ 1+
.t ap—1x+a, =0. 01

OdeBHHO, ITO MPOCTasi MOJIEJIb CUETHA, ¥ 110 TeopeMe 00 OIyCKaHWn
TUIIOB ee KOHEeYHas JuarpaMMa COIEP:KUTCS B KOHEYHOI JuarpaMme Jio-
0ol MojiesIn JIAaHHOI TeOPUU U COCTOUT U3 W30JMPOBAHHBIX TUITIOB. BepHO
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1 obpaTHOe yTBEpKJeHUe, T.e. YKa3aHHble YCJIOBUSI XapaKTePU3YIOT IIPO-
CTOTY MOJIEJIN.

Teopema 2.11.2. (teopema Boora). Modeav IM meopuu T npocma,
ecau u moavko ecau M — cuemmuan modeav u awbott mun uz S(J), pea-
ausyrowutica 6 M, asasemea uzosuposarrvim. L]

Teopema 2.11.3. (Teopema eIMHCTBEHHOCTH JIJIsi IPOCTBIX MOjIeJieit).
JIovie dse npocmuvie modesu noanoti meopuu T uzomopdro. [

Teopema 2.11.4. (Teopema CyIIECTBOBAHUST JJisi TPOCTBIX MOjiesieit).
Teopus T cuenamypvr X umeem npocmyo modeab, CAl U MOALKO eCAU
aobas popmyaa cuenamypor X, coemecmnasn ¢ T, npunadiescum nexo-
MOPOMY U30AUPOSAHHOMY TNUNY.

Cutestytonuii Kiacc, KOTOPbI Mbl PACCMOTPHUM, KJIACC 00HOPOOHDIT MO-
Jiesieit. Dt Mojen 001/ 1al0T TeM CBOHCTBOM, UTO JIIOObIE KOPTEXKU, NMe-
FOIIIE OJMHAKOBBII THII, CBSI3aHBI aBTOMOP(MU3MOM, T.e. HADOPHI dJIeMEH-
TOB, 00J1a/IaI0MINe OJIMHAKOBOIT nHMOpMaIieii, MOYKHO IepeMeIrnaTh JIpyr
B JIpyra C COXpaHEHHeM BCeX CBOMCTB MOJIEJIN.

Cuernast ajrebpandeckasi cucrema 2l Has3bIBACTCST 00HOPOOHOTU, €C/In

JUIST JTIOOBIX 9JIEMEHTOB a1, ..., 0y, b1, ..., b,, a € A 13 31eMeHTapHOIl K-
BUBaJieHTHOCTH Mojenelt Ry, o1 m Ry 3 1 ¢ BBIJICTCHHBIMUH KOHCTAHTA-
MU @1, ..., 0 Wby, ..., by cooTBETCTBENHO CaiefyeT Ay, o =Ry 50 5y

JuIst HekoToporo b € A.

[TocsieoBaTEIBHBIM PACITIPEHIEM JaCTHIHBIX n30Mophu3MoB { (aq, by),
., (an, by)} omHOpPOAHOIT cucTeMbl 2 cTPOSATCST ABTOMOPMDU3MbI CHCTEMbI
2U, comepKaliye JaHHbI YacTUIHBIN n30Mopdu3M f : a « 5, KOTOPDII Xa-
paKTepu3yeTcss COOTHOIIeHNeM tpy (@) = tpy(@). DTtum cBoiicTtBoM pac-
mupeHns obJyaaeT Jrobdbasg MpocTasd MOJETb.

IIpennoxkenue 2.11.5. Jlhobas npocmas modesv asasemcs 00HOPOO-
HOU.

Teopema 2.11.6. (Teopema 006 n30MOpdU3ME OHOPOIHBIX MOJIETEN ).
ITyems M u N — cuemnvie 0dnopodrvie modeau meopuu T'. Tozda caedy-
OUUE YCAOBUA IKEUBAAEHTTVHDL:

(1) M~ N;

(2) 6 M u N pearusyromes oduu u me sice munve u3 S(), m.e.
FD(9M) = FD(MN).

Teopema 2.11.7. (Teopema CyIIeCTBOBAHUS [T OJHOPOHBIX MO/Ie-
neit). Jlas aobot cuemmnoti cucmemovr A cyuwecmeyem cuemmoe aAemeH-
maproe 00nopodroe pacwuperue B = 2A.
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Cuenyroliye JiBe pa3HOBUIHOCTU CHCTEM — CUCTEMbI, CoJieprKaline 00Jib-
1moe” KOJIMIeCTBO MHMOPMAIUN.

Cuernast asirebpandeckas cucreMa 2 Ha3bIBACTCS YHUBEPCANGHOU, €CITH
B 2 peamusyiorcs Bee Tuiibl u3 S(&) reopun Th(A).

CuerHast ajrebpandeckasi cucrema 2l HA3BIBACTCA HACHIUWEHHOT, €CIIH
JIUIsT JTI0OOTO KOHedHOro MHOKecTBa, Ay C A B A peamsyrorcst Bce THUIIBI
uz S1(Ag) Teopuu Th(2A).

I[Tpuwmep 2.11.3. Cucrema 9, cocrosimast n3 CICTHOIO YNCJIa KOMITO-
HEHT CBSI3HOCTHU CUCTeMbI (Z; <, S), sIBJISIETCA HACBIIEHHON MOJIEIBIO Teo-

puun Th({Z; <, s)). O

IIpennoxkenne 2.11.8. /[rs 210001 cuemnoti arzebpauveckoti cucme-
Mol 2 caedyrougue Yeaosus IKBUBANEHIMHYL:

(1) cucmema A nacviuera;

(2) cucmema A ynusepcarvra u 00HOPoOIHa.

CaencrBue 2.11.9. (Teopema e MHCTBEHHOCTH JIJIsl HACBIIIEHHBIX MO-
neneit). Eeau A u B — nacvluyenmvie IAemMenmapto IK6USAACHIMHBIE ClU-
cmemot, mo A ~ B,

Teopema 2.11.10. (Teopema CyIIeCTBOBAHUSI JJIsl HACBIIIIEHHBIX MOJIE-
neit). Jas mobot meopuu T, umerowseti beckoneurve modeau, caedyroujue
YCAOBUA IKBUBANEHINHDL:

(1) T umeem nacviuennyro modeav;

(2) xoneunasn duaepamma D(T) cuemna.

[Tpumep 2.11.4. Teopua T' cueTHOro MHOYKECTBa HE3ABUCUMBIX OJI-
HOMECTHBIX IPEJMKATOB He WMeeT HACHIIEHHON MOJEeIN, TTOCKOJIbKY

ID(T)| = 2°. O

CaencrBue 2.11.11. Ecau meopus T umeem HacoiuenHyro molein,
mo T umeem npocmyro modens.

Herpynno 3amernts, aro ecim |D(T)| > w, to |D(T)| = 2¥. Takum
oOpa3oM, KOHeUHasl JauarpaMma Jio0oil cueTHO Teopun cueTHa WM KOH-
tunyaiabia. Eem |D(T)| = w, To Teopust T’ HazbiBaeTCA MAAOT.

§ 2.12. Kareropuanocts. CrieKTpbI MoOjiejieil OJTHBIX Teopuii

B stoMm naparpade Mbl OyjieM paccMaTpuBaTh HEIIPOTHBOPEUNBBIE CUET-
Hble Teopun 1’ CUTHATYPBI X, UMEIOITe OECKOHETHbIe MOJe/. 3apUuKCcH-
pyeMm Takyio Teoputo. JLisi Kaxk10if OeCKOHEUHOI MOIIHOCTU A 00O3HAUUM
aepe3 (T, \) ducio nonapHo HeM30MOPMhHBIX Mojieseii Teopun 1) mmMero-
X MOITHOCTE . Oyukiwms [ (7T, -), conocrapisiroras KazKI0i OeCKOHe -
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Hoit MorHocTH A 3Hadenue [ (7T, \), Ha3blBaeTCs cnekmpasvhoti dynkyuet
u cnexkmpom meopuu 1.

Ouesnyno, uto 3uadenne [(7, \) He MOXKET MPEBOCXOIUTH MOIIHOCTH
MHOKECTBa, BCEX IOJMHOYKECTB JAHHOI'O MHOXKECTBa, MOIIHOCTH A, T.e.
I(T,)\) < 2* C apyroit cTOponbBI, s M000# GECKOHEYHOf MOIIHOCTH \
CYIIECTBYET 11O KpafiHeil Mepe o1Ha MOAEb Teopun ', mMeIoIasi MOIITHOCTD
A. Taxum obpasom, 1 < I(T, ) < 22,

s mepasenctea 1 < I(T,\) ciemyer, 970 MOJYIUTH OJHO3ZHAUHOE C
TOYHOCTBIO M30MOPGU3Ma W KAME20PUYHOE OIICAHIE MOJEIN B BHUIE
9JIeMEHTAPHO Teopun MOXKHO JIMIIb JIJIsT KOHEIHBIX Mogeseir. Ciemryro-
I1ee TOHSITHE BBIIE/IsIeT KJIacCe TeOPHii, OJHO3HATHO ONMUCHIBAIONINX MOJIE/IN
PpUKCHPOBAHHOII MOII[HOCTH.

Teopust T Ha3BIBAETCS KAME2OPUMHOT 68 MOWSHOCTIU A WIN A-Kame-
eopunnot, ecim I(T, \) = 1.

KareropnaHocTh TeOpHH B HEKOTOPOil OECKOHEUHOI MOITHOCTH MO3BO-
JISIeT YCTAHABJINBATH IIOJHOTY TEOPHUH.

Teopema 2.12.1. (teopema Jlocst — Boora). Ecau meopus T kamezo-
PUNHA 8 HEKOMOPOTE DECKOHEUHOT MOWMHOCTIU X U COOEPHCUM HOPMYADL

E|x1, e ,xn( /\ —(xi ~ l‘j)),

1<j<n
n € w, mo meopus T noana.

ITpumep 2.12.1. Paccmorpum Teoputo T3 NJIOTHBIX JIMHEHHBIX 110-
PSIKOB 6€3 KOHIEBBIX 3j1eMeHTOB (cM. npumvep 2.10.2). TomaroseivMu pac-
MITPEHUSAMI KOHETHBIX N30MOP(PU3MOB JTOKA3bIBAETCH, UTO JIIOOBIE JTBE CUET-
Hble Mojie/i Teopun 17, usomopduel, T.e. reopud 17 w-Kareropuuna. 13
OTCYTCTBUs KOHeuHBbIX Mojeseil Teopun 175, 1o Teopeme Jloca — Boota
noJtydaeM, 4To Teopus 17 nosna. [

Hanee B sToM maparpade OyayT paccMaTpUBaTbCs IOJHbBIE TEOPHUH.
Cutestytorasi Teopema pejcTaB/IgeT CHHTAKCUIECKY IO XapaKTePUBAIIIO W-

KaTEeTrOpU4IHOCTHU.

Teopema 2.12.2. (teopema Pouib-Hapjzesckoro). Teopua T w-ka-
ME20PUHA, ECAU U MOABKO eCAl 0af awbo2o n € w \ {0} mmoorcecmso
n
n-munos S(xl,...,xn)(@) KOHEUHO.

IIpumep 212.2. 1. Teopua T, w-Kareropuina u JOIycKaeT 3J11-
MUHAINIO KBAHTOPOB. [losTomy mjist 11006010 N € W KOHEYHOE MHOYKECTBO
THUIIOB OT TEPEMEHHBIX X1, ..., T, OINPEJICIICTCI OTHOCUTEIHLHBIM MOPS/I-
KOM 3JIEMEHTOB I, . . . , Tp.

2. Pacemorpum teopuio T = Th((Z; sM)) ¢ dynxiueii ciejosanmst s.
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Kak mokazano B mpumepe 2.11.1, Teopus 1" mMeeT caeTHOE IUCTIO 2-TUTIOB
p(z,y) € S(). B cuny teopembr Pouib-Hapazesckoro reopust T He w-
kKareropnyna. [

[t Teopmit, KATErOPMIHBIX B HECUETHBIX MOITHOCTSX, CIPaBETNBA
CJIe Ty 1o

Teopema 2.12.3. (teopema Mopin). Ecau meopua T wamezopuuna
6 Hexomopotll mecwemmnotli mowHocmu N, mo T wamezopuuna 6 210001
necuemmnot mowpocmu. [l

Takum obpasom, ecin (T, \) = 1 st HEKOTOPOiT MOIHOCTH A > W,
to [(T,\) = 1 nysa soboit momaocTn A > w. Teopust T', Kareropudanasi B
HEKOTOPOii (JIF00O0i) HECUETHON MOITHOCTH, HA3BIBAETCSI HECUEMHO KAME-
20PUYHOU.

Teopus T HazbIBAETCS CMAOUALHOT 8 MOWHOCTNU X WA A-CMadbusvHol,
ecain Jist Jiioboro muoKectBa A B T Momnoctn A mmeer Mecto | S(A)] <
|A|. Teopust T' HazbiBaercst cmabuavhoti (cynepecmabusvroti), eciu T cra-
OmibHA B HEKOTOpOi Geckonednoit mormuHoctn A (7' crabmibHa BO BCEX
MOTITHOCTSIX A\ > 2¢).

Teopema 2.12.4. (reopema Ilenaxa). Ecau meopus T wecynepema-
buavha (6 wacmmocmu, neemabuvha), mo I(T, \) = 2* daa aoboti necuem-
Hoti mowsHocmu . [

Hecrabuibaocts Teopun 1 xapakTepusyercs CyneCTBOBAHNEM HEKOTO-
poit (bopMyJIbI <p(f, y) 1 Takoil OECKOHEUHOIl 110CJIe/I0BaTeIbHOCTUH KOPTe-
xeit a, B T, I(Z) = l(y) = l(a,), n € w, aro B HEKOTOPOIiT MOjem M
teopun 1" Bomosngercas M = ©(@pm, a,) < m < n. B gacraocrn, c
nomotpio dhopmMyisl (r < y) HpoBepsieTcsl HecTabUIBHOCTL Teopuu 1
IJIOTHBIX JIMHEHHBLIX HMOPSJIKOB, U B cuiy TeopeMbl Llleraxa nMeer mecro
I(T5,,\) = 2* st n06oit HecueTHoOl MOIHOCTH .

§ 2.13. Cucrema akcumom apudmeruku Ileano.
Hecrangaprable mosem apudMeTUKN

[IpencraBuM aKCUOMBI CUTHATYPBI i) = {5(1), +2) .2 ), S(Q)},
OPOZKTAIONTIE JIEMEHTAPHYIO TEOPHUIO apU(PMETHKH:

S1) v,y ((s(z) = s(y)) — (z = y)),

S2) V= (s(x) = 0),

S3) Va (=(z = 0) — Jy (z ~ s(y))),

ChHVe((z+0=z)AN(0+2x~u1x)),

C2) Va,y ((z + s(y) = s(x +y)) A (s(x) +y = s(z +y))),

Y1) Ve ((x-0=0)A(0-2=0)),
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V2) Va,y(z-s(y) =z -y+x),

M Ve,y,z(z<z)A(z <y)A(y<z) = (zry) Az <y Ay <
)= (@ <2) Az <y) V(Y <)),

[IC) Va,y ((z < y) < Fz(z + 2~ y)).

O0o3HaYM MHOZKECTBO BCEX IePeUNC/IeHHbIX akcnoM depes Ay. Orme-
TUM, YTO HPUBEJIEHHBIE AKCHOMbBI COTJIACYIOTCS ¢ akcuomamu Jlenexkumia
— Ileano, npusegenubivMu B § 1.3 yuebnuka “/luckperHasi MaTeMaTuka’ .
AkcnoMa MaTeMaTHIecKOil WHIYKITN sIBJISIETCST eIMHCTBEHHO! B aKCHO-
matnke Jleneknnga — Ileano, He BbIpasnMoil B JIOTHKE ITEPBOTO ITOPSIKA,
OCKOJIbKY B 9TO#l akcmome “HaBemmBaeTcs’ KBAHTOD He IO 3JIeMEHTaM,
a 10 NpeuKaTaM. DJIeMEeHTaPHBIM aHAJIONOM aKCHOMbI MaTeMaTHIeCKOil
VHIYKIUK Oy/IeT c/iejiytolas cxeMa akCHOM I Becex (hopMmyst ¢(x) cur-
HATYPhI 2 C OJIHOI CBOOOIHOI IIepeMeHHOil x:

,) (axcuoma mamemamuyeckots undyxyuu das gopmyase o(x))

p(0) AV (p(x) = @(s(z))) — Yy ¢(y).

MHoxkecTBO akcnoM Ay BMeCTe ¢ aKCHOMaMHU MAaTeMaTHIeCKON MHYK-
UK 17151 (POPMYJI COCTABIIAIOT CUCTEMY aKCUOM apudmemuru [learno, 060-
snagaemyio depe3 P. Teopusa Tp, mopoxkpennas cucremoii akcuom P, Ha-
3pIBaETCA meopuets apudmemuru Ilearo.

Ouesu/iro, Teopust Tp renporusopeunsa u cucrema M = (N; s, 4, -, 0, <)
SIBJISIETCSI €e MOJIEJIbIO, Ha3bIBAEMOI cmandapmmotl Modeavto apu@dmemu-
K.

Ob6osnaunMm depe3 Ay kKoHcTaHTHBIH cumBos 0, depe3s A1 — TepMm
s(A,), n € w.

[lepeuncanm HEKOTOpPbIE OCHOBHBIE CBOICTBA, BBIBOJSIIIECS U3 CHCTE-
Mbl akcnoMm P, B wacrHOCTH, TOKaxkeMm, 910 apudMeTnka Ha TepMax A,
corJyiacyeTcsi ¢ OObIUHON apudMeTHKOi Ha HATYPAJbHBIX UNCIAX.

ITpenoxxenne 2.13.1. /3 axcuom Ay svieodumor caedyroujue npeo-

NOINCENUA
(1) Vx (0 < z);
2) Ve ((r <A = (z=A))V...V(zxA,));
(3) ~(A,, = A,), ecaum #n;
4) (Ar+ A=A, ecau k+m =n;
(5) 2 (Ar + A, = Ay), ecau k+m # n;
(6) (Ap- Ay = Ay), ecau k-m =n;
(

) (A - Ay = Ay, ecau k-m # n.

U3 mpennoxkenns 2.11.2 BbITeKaeT, YTO cTaHIapTHas MOJEIb apud-
metuku N siBsiercs mpocroit Mojiesibio Teopun 1 = Th(DN). Bmecte ¢ Tem
onmcaTe/bHble BO3MOXKHOCTH JIOTUKU 1I€PBOT0 TOPSJIKA HE MO3BOJISIOT I'O-
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BOPUTH O KATETOPUYHOCTH Teopnn 1’ HU B KaKOi MOIIHOCTU. boJsee Toro, B
KazKJIOl OECKOHETHOI MOIITHOCTH YNC/I0 MTOTTAPHO HEN30MOPMHBIX Mo/Ieseli
Teopun 1’ MaKCUMAaJIbHO.

Teopema 2.13.2. Jlaa 210600 beckoneumnots MoOwsHoCU A uMeem me-
cmo paserncmeo I(Th(D), \) = 24,

HloxaszartenscTso. [lokaxkem cradama, 9To s Teopun 1 =
Th(MN) cupasemmso (T, w) = 2¥. [yt 97010 J0CTATOTHO TTOKA3aTh, UTO
1S (@)| = 2¥. Tak xax mojeb I HpocTa U J1060i ee BJIeMEeHT IIpeCTaB-
JISIeTCST B BIJIE KOHCTAHTHOTO TepMa, (T.e. TepMa, He COJEPZKAIIEro TePeMeH-
HBIX), JOCTATOYHO ycTaHoBuTh, uTo |S1(N)| = 2¥. Kax oMy MHOKECTBY
P = (pp)new, cocosimnemy 13 6eCKOHETHOTO INC/Ia TTPOCTBIX THCE, MOCTa-
BIIM B COOTBETCTBHE MHOKECTBO (DOPMYJI

qp(z) ={Fy (pn -y ~ z) | n € WU
{3y (p-y~x)|p— upocroe ancmo u p ¢ P}.

JIoKaJIbHO COBMECTHOE, a 3HAYUT, B CUJIY TEOPEMbI KOMITAKTHOCTU COBMECT-
HOE MHOZKECTBO ¢p(X) peasms3yercsi 3JIeMeHTaMNI, JIeJISIIIIMIICS Ha BCe [Po-
cThle unciaa u3 P u He JesIuMIcs Ha [MPOCTbIe YNC/Ia, HE BXOJSIINe B
P. Torga 4nciio momnapHo HECOBMECTHBIX THIIOB ¢p(x) coBmajaer ¢ 2 u,
ciejioparensbio, |SH ()| = [ST(N)| = 2. [lyers Teneph A — NPOU3BOJIL-
HbIIl HecueTHbIN KapauHas. HaJjmmdame 6eCKOHeYHOTO JIMHEITHOrO MOPsIIKa B
Mojtesin U BjiedeT HecTaOMILHOCTL Teopun 1" u B cuty TeopeMbl [leraxa
nosyygaem (T, \) = 22, [

U3 teopempbr 2.13.2 BbITeKaeT cyIecTBOBaHNE KOHTHHYYMa CUYETHBIX
HecTaHIapTHLIX Mojieseit apudmernku. Kaxkias Takas MOJIETb COTEPKUT
1o Kpaiineit Mepe OJINH aGHOMAAbHBIT SJEMEHT, T.€. SJIEMEHT, He MHTEpIpe-
TUPYIONIUICA HUKAKUM HATYPAJIbHBIM UHUCJIOM.

B 3aBepienne moxazkem, 4TO JI00aBJ/IEHHE K CHCTEME aKCuoM A ax-
CHOMBI MaTeMaTHIeCKOW WHJYKITMH B IOJHOM OO0beMe TapaHTHpPYeT OJl-
HOBHAYHOCTDH ONHUCAHUs Mojie/n apudMeTnku. Ajredpandeckasi CHCTEMA
M = (M;s,+,-,0,<) maseiBaercs cucmemoti /edexunda — Iearo nin
D P-cucmemoti, eciin M s1BJIsieTcst MOJICTIbIO Teopuu Tp U yJIOBJIETBOPSET
aKCHOMe MaTeMaTHIeCKON NHTyKITNN

VACM({(O0e A AV (reA) —s(x)e A) - A=M).

13 akcnoMbl MaTeMaTHIecKON HHIYKIIUN CIelyeT OTCYTCTBIE aHOMAJIb-
HBIX 9JIeMeHTOB B 1000l D P-cucreme. Taxum obpasoM, clipaBeinBa

Teopema 2.13.3. Jlwovie dse D P-cucmemvt uzomopgpror. [
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§ 2.14. 3Bamaum m ynpaKHeHUs

1.

Iycrs f1), ¢@, A3 — pyuximonamsusie, a P, Q¥ — npeanxarabie cuMBOIIBL
Apigiores s bopMmyaMu Ciie/lyomue CjaoBa;

a) P(f(x)) ANVz=Q(g(y, 2), , h(2,y,1));
6) P(Q(x,g(x,y), h(z,y, 2)));
B) h(z,g(z,y), f(r))?

. Boimucats Bee moadopmysibl (hopMyIIb:

a) Q(x,9(z,y), h(z,y,2)); 6) (Vo ~P(z) — =3y (V2 P(x) A Q(z,y,2))).

. IlepeuncuThb cBOOO/IHBIE U CBA3aHHDBIE BXOXK/IEHUA B CJIEIYIOMNUX (POPMYIax:

a) 3z (P(z,y) V ~Vy Q(,y));
6) (=Vx P(z,y) — Q(f(x,9)))-

. Hammcars mpejyioykenne, HCTUHHOE B cUCTeMe (w;+) ¥ JIO)KHOE B cucTeme (Z; ).

OmupesiesiiM  HAa MHOXKECTBe JIIOJIEHi  CJIeJlyollue OTHOIIeHUs:: oTer(x,y) — &
SIBJISIETCST OTIIOM JUIst Y, MAaTh(x,y) — & SABJISETCS MATEPbio I Y, MyXK(x,y)
— X ABJIFETCS MyKeM JUId y, Kena(zr,y) — & ABISETCA yKeHoil i y, M(z) —
T MMeeT MyZKCKOii 1moJ1, XK (x) — = uMeeT yKeHcKuil moJi. B curHatype yKasaHHBIX
OTHOIIEHMI OIMCATH CJICLYIONIE OTHOIICHUS:

a) 6par(z,y) — x sBjsiercs GpaToM s Y,

6) cecrpa(z,y) — & ABJISIETCS CECTPO ISt Y,

B) CbIH(Z,Yy) — & SABJIAETCH CHIHOM IS ¥,

r) 104b(x,y) — X ABIACTCS JOUEPBIO IS Y,

) TWIEMSIHHUK (X, i) — & SBJIAETCS ChIHOM GpaTa WM CeCTpBI JJIs Y,

¢) maeMsaHHUIA(T, Y) — T ABJISETCs J0Yepbio OpaTa MM CECTPhI JIIA Y,
K) 34Th(Z,y) — & SBJISIETCS MYKeM JI0UePU UJIA CECTPbI ISt Y,

3) HEBECTKA(X, y) — T SABJIAETCS XKEHOI ChIHA WM OpaTa Jiis y.

. okazaTh BBIIOJIHUMOCTD (hOPMYJIBI

VaVy 3z (P(x,z) AN P(z,y) A —(z = 2) A (2 = y)).

. /lokazaTb TOXKJECTBEHHYIO HCTUHHOCTH (DOPMYJIBI

Vi (p(z) = ~(2)) = =G p() AVep(z)).

. Hokazars BeiBogmMocTh B VTTIC ciremytonmux cekBeHIMit:

a) - (VaVy o(z,y) — Vo p(r, 7));
6) b (Fzp(z,x) — JzTy (z,y)).

. IIposeputs, BoiBoUMa 1 B UTIC hopmysta

= (32 (p(x) = ¢(2) < (Vo (o(z) — Fr(2)))).
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10.

11.

12.

13.

14.

15.

16.

17.

Tunomesa yemwvipex Kpacox yTBEPKIAET, 9TO JIIOOYIO KapTy MOXKHO PACKPaCUTh
JeThIPbMsS KpacKaMi TaK, 9YTO HUKaKHe COCEJIHHE CTpaHbl He OyIyT MMeTb OJIu-
HakoBBII 1BeT. [[oka3aTh, 9YTO ecjiu TUII0Te3a YeThIPeX KPacoK CIPaBEJINBa JIJIs
KapT ¢ KOHEYHBIM YHCJIOM CTPaH, TO OHA CIPaBeJJINBa JIjIs BCEX KapT.

[Tpuectu x ITH®, IIKH® u KnH® dbopmyny
(~(Var ¥y Pla,y) — Y ¥y R(z,y)) V Va ¥y P(x,y)).

[TocrponTs BCe momapHble KOMIO3UIMN 0; 0 §; MOICTaHOBOK
0 = {F(y)/z, Fa(x, 2) [y, 1/ 2},
0o = {F>(Fi(2),y)/z, Fi(e1) [y, Fi(2)/ 2},
Os = {Fi(c1) /2, 2y, /2],
0s={y/z. 2/y,z/2}
CUTHATYDBI X = {cgo), cgo), Fl(l), F2(2)}.

Onpenennts, yunduimpyemMo jau MHOKecTBO W. B ciyuae yaudumumpyemoctu
HaiiTu HauboJsiee obIMil yHIpUKATOD:

a) W ={P(c,z), P(c,0)};
6) W= {P(C,I,F(%)),P(C,y,y)};
B) W= {(F(U, Fl(xay)) ~ l’), (F(yv Z) ~ Z‘), (F(u7 Fl(ca Z)) ~ l’)}

OrnpeiesnTh, IMEIOT JIN CKJIEHKH CJIeIyIoNe U3 bIOHKTHL. Ecim 1a, mocTponTh
ux:

a) Pi(z)V Pa(y) V Pi(F(x));

6) (Fi(z) = Fx(y)) V (Fi(F2(c)) = Fa(y)) V (Fi(2) = Fa(2)).

HaiiTu Bce BO3MOKHbBIE PE30JIbBEHTDI CJICAYIONUX Hap JIU3bIOHKTOB!
a) 7P (z) V Py(x,c1), Pi(ca) V Py(ca,c1);

6) 2P (z) V Py(x,x), 7 Ps(c, F(c));

B) (Fi(z) = Fa(y, 1)) V Pi(z), ~(Fi(Fi(y)) = 2) V 2P (Fi(y))-

[IpoBepuTh HEBBITOJIHUMOCTE CJIETYIONUX MHOXKECTB (POPMYIT:
a) {~Pi(z)V (Fi(z) = z), Pi(F2(c) V ~(y = 2)};
6) {P1<Cl>7 _'P2<y) \ P3(Cl7y)7 _'Pl(x) \% _'P4(y) \% _'P3('T7 y)7 P2(C2)7 P4(CQ)}'

YVcTaHOBUTD, BBIITOJTHUMO JIH MHOYKECTBO IIPE/II0YKEHIIT
{®y,...,D,}. Eciiu MHOKECTBO BBINOJIHUMO, MOCTPOUTH JIJIi HETO MOJIETh:

a) ¢ = ~Va (P(z) — Vy (P(y) — ((Q(z) — —Q(y)) V Vz P(2))));
6) (1)1 = vay (Pl(xay) - PQ(Iay»u

Dy = VaVy (Pa(z,y) — P3(x,y)),

(1)3 = Elx;lypl<xay)a

B) & = Vo ((Pi(z) A ~Pa(x)) — Jy (Ps(z,y) A Pu(y))),

(I)2 = dw (P5(Q3) A Pl('r) /\vy <P3(x7y) - P5(y>>>7

O3 =V (Ps(z) — —P(x)).

80



18. IlycTs T — Teopus MJIOTHBIX JTUHEHHBIX TOPAIKOB. [[oKkazaTh, uTo T nMeeT poBHO
YeTbIpe MOJIHBIX paclipenns curaaTyper {<}.

19. Tlyctes T — Teopusi KOHCTAaHTHON curHaTypsbl {c, | n € w}. [Tokazars, uro T
JIOIIyCKaeT 3JIMMHUHAINIO KBAHTOPOB.

20. Omucarb Teopun curatypsbl { £} omHoro ornommennst skpuBasjeHTHocTH. Haiitn
BCE BO3MOKHBIE (DYHKIINU CHEKTPa JJId STUX TEOPUil.

21. OmupenesnTh MHTEPIPETAIINNA CUTHATYPHBIX CUMBOJIOB Teopun apudmernxn [lea-
HO TaK, 4TOOBI MOJIEeJIbIO Teopun Tp cTasa cucTeMa ¢ HOCUTEIEM:

(a) NU{a}, rie a ¢ N;  (6) NU{a,b}, rnie a,b ¢ N;
(B) NU{a, | n € w}, tie a, € N myis Bcex n € w.

[Tocste u3ydenus ryraBbl 2 BBITOJTHAIOTCA 3a/1a91 2—6 KOHTPOJILHON PabOTHI.
Bajiaua 2 perraercsd aHaJOTMIHO HpuMepy 2.1.7, 3aj1ada 3 — aHaJOrUIHO
npumepy 2.2.2, n.2, 3ajiada 4 — anajoruvdno npumepy 2.2.2, nm.4, 5, 3a-
nada b — anajormdano npumepam 2.4.1 u 2.7.3, a 3ajgada 6 — aHAJOTUIHO
npuMepam 2.8.12-2.8.14.



['n1aBa 3

SQJIEMEHTBHI TEOPUU AJITOPUTMOB

[Tpu msydennn JucKpeTHoi MaTeMaTHKU U POPMAILHBIX NCYHCACHUI
MBI PACCMATPUBAJIN OOJILIIOE KOJINYECTBO PA3JNYHBLIX aJIlOPUTMOB. ITO 1
aJaropuT™ EBKIIMIa HAXOXKIEHUS HANOOJIBIINX OOINMNX JeUTesei, 1 ajro-
PUTMbBI HAXOKJICHUSI KPATUANIINX MapIIPyTOB BO B3BeHLICHHOM Ipade, u
AJITOPUTM PACIO3HABAHUS JIOKA3YeMOCTH (POPMYJI HCYUCJICHNA BLICKA3bI-
BaHUIA.

OTMeTHM HECKOJILKO OCHOBHBIX OOIIUX YePT aJarOPUTMOB.

1. Aneopumm — 9TO TPOIECC MOCIEOBATELHOTO MOCTPOEHHsT (BBIUIC-
JIEHUsI) BEJINUUH, TIPOTEKAONNil B JIMCKPETHOM BPEMEHU Tak, YTO B Ha-
YJaJbHBIII MOMEHT BpPEeMEHH 3aJ1aeTCsl NCXOJHAsd KOHEeUHAs CHCTEeMa BeJll-
YUH, & B KayK/IbIii OC/IeIYIOMNI MOMEHT CHCTEeMa BEJIMIKH [10J1y9aeTcst 110
OIpeJIeJIEHHOMY 3aKOHY (npoepamme) U3 CUCTEMbI BEJIMUNH, UMEBIINXCS B
PEJILLLY I MOMEHT BPeMeHU (Juckpemmocms an2opumma,).

2. CucreMa BeJIMUUH, IOJYyYaeMbIX B JIIOOOH He HadvaJbHLII MOMEHT
BPEMEHU, OQHO3HAYHO OIPEJE/IseTCss CUCTEeMON BeJIMYNH, IOJIYYEHHDIX B
IIPEJIBIIYIINe MOMEHTBI BpEMeHNU (JemepMuHuposanHOCIG GAOPUMMG).

3. 3aKOH IOJIydeHUsI [OCIe Iy IoNell CHCTeMbl BeJIMYIH 13 IIPE/IIIeCTBY-
FOITIEH JTOJIZKEH OBITh MPOCTBIM (2AEMENMAPHOCTID UWA20E AN20PUMME,).

4. Eciu c1oco6 1mosydenns Iocjeyomeil BeTnInibl U3 KaKoi-HuoyIb
3aJaHHOI BeJIMYMHBL He JIAeT Pe3yJbTara, TO JIOJZKHO ObITh yKa3aHOo, 4To
HAJI0 CUNTATH PE3YJIBTATOM AJTOPUTMA (HANPABAEHHOCTND AAOPUMMAG,).

5. AJIropuTM JOJIZKEH OBITH NPUTOJIEH JIJIsl PENIeHUsT BeeX 3a/ad U3 3a-
JAHHOTO KJIacca (Maccosocmo anzopumma).

[IpuBeieHHbIe CBOMCTBA OLPEIE/ISIOT, KOHEIHO, HE CTPOroe MOHITUE aJl-
rOpPUTMa, KOTOPOE HA3BIBACTCA UHMyumueHsim. OHO IPAKTUICCKH HE Bbl-
3BIBACT PA3HOIVIACHIT OTHOCHTEJILHO TOTO, SABJISETCS JIM JIQHHBI IPOIece
anropurmudeckuM. OHAKO CUTYaIUs CYIIECTBEHHO U3MEHIeTC s, €CJIN €CTh
IPEJIIOJI0KEHE 00 aA20pUMMUNECKOTE HEPA3PEUWUMOCTIU 3aJIa91, T.e. O
HEBO3MOXKHOCTH PEIINTh €€ AJIFOPUTMUYCCKIMEI METOIAMU.
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B 20-x — 30-x romax aBaJIaToro BeKa MPEINPUHIMAJIICH TOIMBITKI
dopMann3oBaThL MOHATHE AJTOpUTMa. B pe3ysibTare OBLIO TMPEJIOKEHO
HECKOJTbKO Mojiesieil ajropurmoB (Marmmibl [locra u Teiopunra, pexyp-
cuBHble (GYHKIWN, HOpMaJjbHble aaropudmbl Mapkosa (1954 1.) u ap.).
BrociecrBun ObLIO YCTaAHOBJIEHO, UTO KJIACCHI PellaeMbIX UMI 3a/1a4 COB-
aJIal0T, 1 HAa OCHOBAHUU 3TOTO MOABUJICS TE3UC O MOJEIAX aJTOPUTMOB,
onyOIMKOBaHHBIN BriepBble Yépuem B 1936 1. 1 Kjacca peKypPCUBHBIX
GYHKIMI 1 HOCAIINIT €ro UM B CJIEJIYIOIIEM COBPEMEHHOM BHJIC.

Teauc Yépua. Knace 3amad, peraeMbix B J1H000i (hopMaJibHOM asiro-
PUTMUYECKON MOJEHN, COBIAIAET ¢ KJIACCOM 3aJiad, KOTOpble MOTYT ObITh
pereHbl HTYUTUBHO aJrOPUTMIIECKIMU METO/IaMU.

Teszuc HYépua nokazaThb HeJb3s, TOCKOJIbKY NHTYUTUBHOE MOHATHE aJ-
TOPUTMa CTPOTO He OIMpPeIessaeTCH.

JI10boe BBIUncIeHne 10 AJITOPUTMY A MOXKHO IIpeICTaBUTh B Buie (PYHK-
mun fq 0 X — N, rne X C N takoii, 4T0 Ji/Is1 JIIOOBIX YUCJIOBBIX JIaH-
HbIX (T1,...,%T,) € X 3Hadenue fu(xy1,...,T,) COBIAJAET C PE3YIbTATOM
A(zq,....x,) paborel agroput™Ma A Ha JAHHBIX X71,...,T,. LakuM obpa-
30M, B Kjacce Bcex dyuakiuii f : X — N, rne X C N”, Bblessercs 1oj-
KJIACC BbMUCAUMBLE Pyrkuul, T.e dynkiuil Bujga f4. Tem caMbiM Te3uC
Yépua yTBepKIaeT, 9TO COBIIAIAI0T KJIACChl BEBIYUC/INMBIX U PEKYPCUBHBIX
dyHKIMII.

dopmasibHOe OTIpeieIeHne MOHATHS aJrOPUTMa, CO3/IAJI0 TPETOCHLITKH
JUI pa3paboTKu Teopun ajaropuTMmoB. [Iporpecc BbIUnC/IMTETHHON TEXHN-
KII CTUMYJINPOBaJI JaJIbHEIIee Pa3BUTIe 3TOH TeOPUN.

B nacrosmeil riaBe MbI PACCMOTPUM JIB€ OCHOBHBIE MOJIEIN BBIYNC/IN-
MOCTHU — MaIllHbl ThIOPUHIa U PEKYypPCUBHBIE (DYHKIUN, YCTAHOBUM SKBU-
BaJIEHTHOCTH 9TUX MOJIeJIeil 1 Ha OCHOBE 3TUX MOjiesiell YKayKeM HEKOTOpble
peJIesIbl BHIYNCIUMOCTH.

§ 3.1. Mamwunasl Teropunra

1. Omnpegenenume m npuMepbl. Mawuna Twvropunea T 1peacrapisi-
er coboii crucreMmy, pabOTAIONIYI0 B JUCKPETHbIE MOMEHTBHI BpeMeHn t =
0,1,2,... u cocrostiyto u3 cjejyomunx dacreii (puc. 3.1).

1. Koneunasn senma, pazdurasi Ha KOHEUHOE 4ucjIo Auveex. IIpu aTom
B KasK/Iblii MOMEHT BpEeMeHN t B gdeiiKax 3alicaHbl OyKBbI 13 HEKOTOPOIO
andasura A = {ag,a,...,a,} (e ag = 0, a3 = 1, m > 1), HasbiBae-
MOTO 8HEULHUM GAPABUMOM Mawurb. faeiika, B KOTOPOI 3allicaH CrM-
BoJ1 0, HAa3BIBaeTCA nycmoti. B nporecce paboThl MaIlMHbI KaxK1as ddeiika
MOYKET MEHSITh CBOE COCTOSIHHE ITyTeM 3aMeHbI IPHUIINCAHHOTO K Heil CiM-

83



Q;

Puc. 3.1

BOJIa a; Ha jnpyroit cumBos a; € A. K cymecTByonumM siaeiikaM MOXKHO
HPUCTPaUBaTh HEOIPAHUYEHHOE YMCJIO JIONOJHUTE/IBHBIX si9eeK, KOTOpbIe
N3HAYAJIbHO CUMTAIOTCA IyCThbIMU. JIeHTa cumTaercsl HallpaBJIEHHOM, U ee
sguefiki OYJIyT MPOCMaTPUBATHCS CJIEBa HAITPABO. TakuM 0Opa30M, ecyii B
KaKOI-TO MOMEHT BPEMEHHU JIEHTa UMEET T S4YEeK, TO COCMOAHUE AECHMDL
IIOJTHOCTBIO OIUCBIBAETCS CJIOBOM @, @y, - . . G , TJI€ @, — COCTOSIHHE HEPBOIl
(ciieBa) staefikm, a;, — COCTOsIHNE BTOPOil AYCHKI 1 T.11.

2. Ynpasaarowaa 20a06ka, peJicTaB/IdIONasg cOOON YCTPOICTBO, KOTO-
poe MOKET IepeMelarbest BIIOJIb JEHThl TaK, 9TO B KaKJblil paccMaTpu-
BaeMbIil MOMEHT BpEeMEeHN OHO HAXOJUTCA HAIIPOTUB OIPEICICHHON A9eiiKN
1 IMeeT HEKOTOPOE COCTOAHME ¢j U3 KOHEUHOIO MHOICECTNEA 6HYMPEHHUT
cocmosnut Q@ = {qo,q1,---,qn}, @ N A = @. Cocrosiaue gy Ha3BIBALTCS
3aKA0UUMEALHBLM T O3HATAET 3aBepllieHre padoThl MAIINHbI, & COCTOSTHUE
1 — HOYAALHOLM T O3HAYACT HAYAJTIO PAOOTHI MAIIMHEI.

3. IIpoepamma I1, T.e. coBokymHoCcTh Bhipazkenuit T'(i, 7) (tnei = 0,...,m,
j=1,...,n), KaXkKJ0e U3 KOTOPBIX UMEeT OJIMH U3 CJIEIYIONIUX BHJOB:

— aiqj — L qj, (c1BUD OJIOBKH, HAXOJSIIIENCS B COCTOSIHUY ¢ HAIIPOTHB
A4eiiku ¢ OyKBoil a;, Ha OJIHy dA4eiiKy 6.4€60 C 3aMeHOll cOCTOAHUsA ¢; Ha
qr);

— a;q; — R g, (caBur royloBKH, HAXOJSIIENCS B COCTOSIHUN ¢j HAIIPOTHB
sTIeliKu ¢ OYKBOI a;, Ha OJHY SIUEHKY 6mpaso ¢ 3aMEHOil COCTOsTHUSI q; Ha
qr);

— a;q; — aqi; (3ameHa OyKBBI @; B TeKyleil sddeiike Ha OyKBY g, &
TaKKe 3aMeHa COCTOSHU (; TOJIOBKU Ha COCTOSIHHE ().

Beipaxkenust T'(7, j) naspiBatorcest komandamu. [Ipu sToM KOMaHIBI He
MOTYT HAUYMHATBLCA CO CJI0B a;qy. CuMBoJibl L 1 R He npuHa IexKaT MHO-
xectBy AU Q.

Takum 06paszom, marmna Teioputra 1" ects nsarepka (A, Q, 11, qo, ¢1), a
paboTa ManmHbl 1’ COCTOUT B UBMEHEHUN ee xoHgu2ypayuy K, cocTosimeit
U3 COCTOSTHUS JICHTBI, COCTOSTHUSA TOJIOBKU U ITOJIOYKEHUsT TEKYIIel siJeli-
k. Jnckperasim MomenTaM Bpemenn t = 0,1,2,... COOTBETCTBYIOT KOH-
durypamun Ky, K1, Ko, ... Kouduryparus K, Ha3biBaeTca HauaibHOU, a
KoHpurypanus K, copepzxKaliasd gy, — 3axsrovumenvroti. Kondurypannm
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OyayT 3ajlaBaTbcd B BUJe Mmawunnvx croe M = agja;3, rie aa;3 — co-
CTOsIHUE JICHTDI, ¢j — COCTOAHUE I'OJIOBKH, HaxXojgllelics HalpOTUB d4eiiknu
C COCTOSIHUEM @;, 3aHUMAIOIIEHl TO »Ke IOJIOYKEHHE CPeJu JIPYIUX sdeek,
qTo 1 OyKBa @; B CJIOBE aq;a;(3.

Ommumem npeobpazosarue M —T M’ mawunnozo crosa M 6 mawum-
noe cno6o M’ za odun wae pabomuv, mawunv, T

[Tycrs xomanna 1'(7, j) pasHa a;q; — L qx. Eciin o — mycroe cioso A,
t0 My = qrapa;3. Ecom xxe o = o’ay, o My = &/ qr.aja; 3.

Ecnn T'(i,j) = a;qj — Rqg, 1o My = aa;qrap upu § = A u My =
aa;iqra 3 1pu 3 = .

Ecmu T'(i,7) = a,q; — aiqx, nonaraem My = agya;S.

Bynem ropoputsb, uro mawunmoe cro6o M' nosyuaemes us mauurino2o
croea M ¢ nomowywro mawuns T, n macats M =T M, ecim cymecTByer
110CJIeI0BATE/ILHOCTD Ipeobpaszosannit M; —7 M1, i=0,...,k—1, g
kotopoit My = M, M, = M.

[Ipeobpazosanne M =71 M’ npu koTopoMm Ha KazK10M mnepexone M; —1
M1 ne docmpausaromea avetiku caesa, obosHadaercs depes M =T M.

I[Ipeo6pazosanue M =T M’ npu koTopoM Ha KazKJI0M Hepexone M; —1
M;. 1 ne docmpausaromes auelru nu cAesa, Hu Cnpasa, 0003HATACTCS Ue-
pes M =1 M’

B nanbueiimem B samcax —1, =7 =T u BT ungexe T Gyger omyc-
KaTbCsl, €CJIM U3 KOHTEKCTa OyJIeT siCHO, O Kakoil Mamune T ujier pedb.

Badukcupyem andasur A = {ag, ai, az, ..., a,}. Hepes af oymem 060~
3HAYATH CJIOBO a;d; . . . a; ajadasura A, cocrosimee n3 x 6yks a;. [Ipusegem
CITMCOK MallliH, KOTOpbIe OYIYT UCIIOJIB30BAThCS B JaIbHENIIIEM B KAUeCTBe
COCTABJIAIONINX JIJIsl JIPYTUX MAIINH.

1. A (nepenoc nyas): 100170 & ¢o01700.

. BT (cdsuz enpaso): q1a;1°0 B a;1%qo0.

B~ (cdsue 6ae60): 017qra; B qo017a;.

. B (mpancnosuyus): ¢:01701Y0 & ¢p01Y01%0.
. K (konuposanue): ;0170070 & ¢o01701*0.
I (emuparowan mawuna): ¢10170 B qo00*0.
. R (ydarenue 1): ¢1017710 B ¢o01%00.

. S (dobasaenue 1): ¢,0170 B o017,

. Caoxenne: q;01*7101Y 10 B ¢o01° 7 1000.
10. ¥Ymuoxkenue: ¢,0177101Y710 = ¢,01*v*+10.
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[Tpusesenm mpuMeps! TporpaMym 11d Mami BT n Ciioxkenune, ocTaBus
HallMCaHle OCTAJIbHBIX IIPOrPaMM YHUTATE/I0 B KQYeCTBE YIIparKHEeHUs.
[Iporpamma [yist MamuHbl BT, HarpuMep, BBINISIINT TaK:

0g1 — Rg2, 0g2 — 0qo,

ain — RQQ, a’iq2 — RQQ7 Z — 1, e ,m.

st manucanust nporpaMMbl Mamnabl CJIOXKeHne IpuBejieM cHavaJIa

VIIPOIIEHHBIE IPe0Opa3oBaHns, O3BOJIIONIIE TepepadaThiBaTh MAIIHHHOE
ciaoso ¢;0177101Y710 B coBo gr01*T¥+1000:

q101x+101y+10 E 01x+101y+1qa0 '3

q001°71000, ecom y = 0.

[Tporpanmmy, cOOTBETCTBYIOIIYIO yKA3aHHON CXeMe, IPEICTABIM B BIE
cJIeIyIomeit mabauyvl kKomarnd, B KOTOPOii Ha IepecedeHnn CTPOKI C CHUM-
BosioM a; € A m cronbua ¢ cumBosioM ¢; € (), 7 > 0, mMeeTca 3amuch
xq, (x € AU{L, R}), comepxkammasicsi B KOMAaIJe a;q; — %, & IIycTasd
sT9eiika COOTBETCTBYET IPOM3BOJILHON 3AIlUCH *¢) U JJIsSI OIPeIeIeHHOCTH
oyser o3aagaTh 0qo:

{ 017+g501v1000 B ¢o017#1000, cco y # 0,

a1 q2 a3 q4 a5 d6 a7 qas q9
0| Rg2 | Rqz | Lqs | Lgs | Lgs (tmey=0) | Ogo | Lgs | 1go | Oqo
1 Rg2 | Rgs | Ogs | Og7 (rmey #0) | Lgs Lgs | Lqo

OrnpenennM OCHOBHBIE Ollepaliun HaJi MarnHamMn ThopuHra.

2. Kowmmnozunusa mammuH Tewiopunra. Ilycts II — mexoropas mpo-
rpamma. Obo3HAYMM Yepes [H]g? pe3yJIbTaT 3aMeHbI BO BCEX KOMaHIaX U3
J

IT Bxozk/ieHnii CUMBOJIOB ¢; Ha CHMBOJIBI (.
[Iycrs T; = (A;, Qs 11, qgi, ¢y, i = 1,2, — manmusr Thiopuara ¢ yero-
BusMn Ay = Ay = A, Q1 N @y = I. Mamuna

T= (A (@ \{a'}) v [Hl]f;; UTL, g%, g7 )

Ha3bIBaeTCst kKomnoauvuet mawur 17 u To m obo3Hadaercs depes 17 o Th
wm gepes 117T5.

OueBnjHO, 7151 JHOOOr0 MaIIMHHOIO cjioBa M MaruHbl 1) 1peobpaso-
sanne M =T M’ o3nauaer, uro Haiinercs cioso M = ocqu 16 ¢ yeaoBusiMm

M =T M u agl2g =T M.
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YeaoBuUMCs CUATATh, 9TO JJid MaIuu 17, 15, T3 3anuck 111515 o3Hauaer
kommosuiuio Mamua 117 u T3, a samuce (17)" coBHajaer ¢ 3aIKChIO N
marmmua 1777 ... 1.

Cueyroriye MallliHbl TPEJICTABIAIOTCS B BUJIe KOMIIO3UIINKA MallluH 13
crmicka 1 — 10.

11. 1T, n > 2 (yukiuueckas nepecmanosrka n apeymMermos ):

¢1017101*201% ... 010 B ¢01""01*"*01"2 ... 01"0.

12. K,,, n > 2 (ydeoenue n apeymernmos):
¢:017101*2 ... 010 = ¢,01**01*2...01*"01"*01**...01"0.

Mammuna L, coBuaaer ¢ mamunoit B. Mamuna I3 coorBeTcTByeT cie-
JIyIoIeit 1ernovKe npeodpa3oBaHmii:

1017101720170 BB 01%1¢,017201730 ™

017¢501701720 BB~ ¢,017101701720 1
go0172017101720.

Taxkum obpasom, Iy = BTIL,B II,. B obmem ciydae no uHIyKIUK
BeiBOinTC pasencrso 1, ; = BYI[, B~ B.
Mamuna Ko 1pejictaBiisiercss B Bujie CJieJyionieit KOMIo3uInm:

K, = B'KB™ (I;)*(B*)*K(B™)’IL,(B*)°I,(B "),
a MamuHa K, 1 BepaxkaeTrcsa depes K,, 1o cieayiomeit popmyite:
K1 = B+KnB_(H2n+1)2n(B+)2nK(B_)2n'

I—[2n+2 (B+)n+lun+1 (B_)n+1'

3. ¥YcaoHble onepaTopsbl. llycts 17, 15 — mammuasl Thiopunra, yio-

BJIETBOPSIIOIIIE YCJIOBUSIM Hpeblayiiero nyakTa. Oupeaeanm mamuny 1,

COIEPZKAIYIO0 Hada bHOEe COCTOSHIE (i , 3aKMOUHTEILHOE COCTOSHIE qOT u

00.TaTAIOIIYIO CJIETYIONIIME CBOMCTBAMIE JIJIsi JIIOOBIX CUMBOJIOB a, b, ¢ € A,

cioB «, 3 € W(A), Mmamuuubix cjioB M;, copepKaIinx 3aK/II0IUTe IbHbIE
T,

T .
COCTOSIHNS (', I MAIINHHBIX CJI0B [M; ZOT , mostydaromuxcs u3 M; 3aMeHoi
0
T .
40" HaqOT, 1=1,2:

T
a) ecsim abc = 010 u aq{labcﬁ =11 My, to aqlabef =T [M, ZOTI;
0
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T:
6) ecamn abe # 010 u agf*abed =™ My, ro aglabed =" (M)’

0
[Tonoxxum T' = <A,Q,H,q0T,ti>, rje

Q=@ \{g'H)U(@\{e}) U{ag.ai.a.q .91, }.
IT =[] U L)% UIT,

IT" — nporpamma, ocyniecTsidionias nposepky yesaosus abe = 010 u 3a-
JlaHue aJIbTEPHATUB I10 CJIeIYIONIeil TadbIuIe KOMaHT;:

qi qrfT a3 | q q5TT
Rqg; | Lqi* | Lgi Lg;*
1| 1q> | Re} | Lol | Lq{" | Lq)”
as | axq;® | Lq{* | Ll Lq;*
am | amq? | Lq* | Lot Lg;?

Orobpazenne F(-,-), crapsiiee B coorBercrBue Maimuam 17 u Ty ma-
mny T', Ha3bIBAETCST YCA0BHbIM Onepamopom n obosuadaercst gepe3 K (11, Th)
T
nm F { T, -
[Iycts T; = (Ai,Qi,Hi,qOTi,qlTi>, 1 = 0,1,2, — mamunbl Twelopunra c
yenosusimu Ag = Ay = Ay = A, QoNQ1 = T, QoNQ2 = F, Q1NQ1 = I,
T =FEMN,T), T = {(AQ,Ilq,q¢). Verosnom onepamopom ¢ vyuraom
HA3BIBACTCs OIIEPATOP, CTABSIINI B cooTBeTCcTBHE MamuHaMm 1y, 17, T Ma-

T, y
mHy 1% = <A,Q*,H*,qg ,q1°> C MHOYKECTBOM BHYTPEHHUX COCTOSHMI

T T T

Q= (Qo\ {qgo}) U Q@ u nporpammoii IT* = [HO]Z?TO U [Hl]ZETl U [HQ]Z%Z UIL'.

Suadenue 1™ ycJa0BHOIO ollepaTopa € IUKJIOM OT MaliuH 1| 0,1T1, T
Ty
Ty

Pabora mamunael 1™ ¢ MallMHHABIM cJI0BOM M), copepKalluM Hada lb-
HOE COCTOSTHUE qfo Mamuubl 1%, cocrout B ciepytomneM. CHagasia MalinHa
Ty nepepabarniBaer cioso My B cioBo agi abef, coorsercTBylomee cio-
BY ozqgoabcﬁ, Ha KOTOPOM 3aBepIiaeTcs padoTa MaltuHbl 1(. 3aTeM ¢ Io-
morpio nporpammbl 1T nmposogurest nposepka pasencrsa abe = 010. B
cilydae pasencTBa Marmna Ty mepepabaThiBaer cjoBo aqi abc B HeKOTo-
poe cioBo My, cojepskaliee ¢, 1 3aBepiiaer cBolo paboTy Wil paboTaer
HEeOTPAHMIEHHIOe BpeMs.

obosHaudaercsa depes ToF
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Ecm xe abe # 010, mammna Ty nepepabaTbisaeT cioso agiabcB B
HEKOTOpoe ¢JIoBO My, cosieprkaliiee qfo, COOTBETCTBYIOIIEE CJIOBY, HA KOTO-
POM 3aBepliaeTcst padoTa MAIIMHEI 15, 11K paboTaeT HeoTPaHUIEHHOE Bpe-
M. [Ipn monydenun cimosa My cHOBa MpUMeHAETCS MaITuHa 1o 1 IPOIEece
IIPOJIOJIZKAETCsl HeOrPaHIMIEeHHOEe BPeMs WJIN II0CJIe IPOXOXKIeHIsSI HEKOTO-
POTO YhCJIa IUKJIOB OCTAHABINBAETCA ITOCIe pabOThl MaIIHbI 1] .

4. DyHKIUU, BEIYUCINMbIe Ha MamnHaxX TeiopuaTa. 4 11060-
ro HaTypaJbHoro dncia n € N 0603HaYNM 1depe3 Tv CJIOBO, COCTOIee 13
n + 1 gucna eguani;: 11...1.

Oynkmna f : X — N, re X C NF, maseiBaercs svivucaumoti na ma-

wure Toropunea Ty = (A, Q, 11, qOT r qle >, €CJIM BBIITOJIHSIIOTCS CJIeIyIOIIIe
YCJIOBUSI:
a) u3 (ny,...,ng) € X cuemyer
qffOn_lOn_Q. . 0mp0 =17 aqngf(nl, N, ..., nk)005;

6) us (ny,...,n;) € N\ X crenyer
¢! Om0ms . . . 00 =,

Tf e _
T.e. HaUMHas co ¢ioBa gy’ 0073 . . . 0750 Marmuna T'y paboTaeT HeOIPAHUYCHHO

JIOJITO, HE NPUXOJS B 3aKIIOUNTEILHOE COCTOSHIE qg T

Taxum oOpazoM, BbluncjuMocTb pynkuun f na Mmammne Teiopunra T
O3HAYAET, ITO TI0 JIDOOMY HAOODY (N, . ..,Ny) U3 0OJACTH ONpe/Ie/IeH s
0 (3aKOAUPOBAHHOMY B BUjie HAOOPOB €[UHUIL JUIHH 1; + 1, pa3/esenHbIx
HysisiMi) Mainsa 1y Bbliaer 3Hadenue f(ng,...,ng) (3akogupoBaHHOE B
Brie HAOOpa efuHuI] JuHbl f(ny,...,n;) + 1), a maa aoboro Habopa
(n1,...,ng) € N¥\ X mammna T ue 3aBepinaer paGoTy 3a KOHEYHOE
BpeMs.

DOyuxius [ HA3BLIBACTCH NPAGUALHO SbHUCAUMOT 1a mawune Thropun-

ea Ty = <A, Q, 11, qgf , qff >, €CJIM BBIITOJIHSIOTCS CJICYIONINE YCIOBUA:
a) u3 (nq,...,n;) € X caemyer

q 0mi0ms . .. 0750 =77 qo0f (ny, na, - .-, k)0

1 d4eiika, HAIIPOTUB KOTOPOIl HaXO/UTCA I'OJIOBKA B HAYAJHHBIIT MOMEHT
BpEMeHH, COBIIQaeT C A9eilKOil, HAIIPOTUB KOTOPOIl HAXOIUTCs I'OJIOBKA B
3aKJIIOYATEJIbHBIT MOMEHT BpPEeMeHU;

6) us (ny,...,n;) € N\ X crenyer

¢, Omy0ms . . . 00 =,
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Tf o _
T.€. HAUKMHasl o cyioBa ¢’ 0m0my . . . 00 ManmHa Ty paboTaeT Heorpatu-

YeHHO J0JITO, He IIPUXO/s B 3aKII0UUTETHHOE COCTOSTHIE q(:)rf , I TP 9TOM
He JIOCTPaMBAIOTCs dYCHKU CJIeBa.

Dyukiust f HA3BIBACTCS NPAGUALHO 8blHUCAUMOT (cokpatienHo [IBD),
ecin f IPaBUJIBLHO BBIUMCANMA Ha HEKOTOpoil Marmmae ThopuHra.

[IpenmyinecTBo HpaBUIBLHON BBIYUCINMOCTHA II0 CPABHEHUIO € OOBIU-
HOW BBIYUCIUMOCTBIO Ha MamnHaX ThIOpUHTA COCTOUT B TOM, UTO JieBee
sTIefiKI, HAIIPOTUB KOTOPOI CTOUT IOJIOBKA B HAYAJIbHOM COCTOSTHUM, MOK-
HO 3alliCbIBaTh MHMOPMAINIO, KOTOpasl He U3MEHsIeTCsl B IIpolecce “Tipa-
BIJILHOT'O BBIUKCJICHHS .

[Ipumep 3.1.1. 1. 0-@ynryus o : N — N, mst koropoit o(z) = 0,
r € N, npaBu/ibHO BblUKC/IUMa Ha MamnHe JIS.

2. Qynryus caedosarnus s : N — N st koropoit s(x) = x+ 1, x € N,
IPABIJILHO BBIUMC/INMA Ha MAIIHHE S.

3. n-Mecmmnaa dpynxyua npoexyuu na m-1o xoopdunamy I : N — N,
1tst KoTopoit I (21, ..., &y) = Ty, X1, ..., Ty € N; 1 < m < n npaBusibuo
poraucnMa Ha Mammae LI, (BT)"1(JIB™)" 1,

4. @ynxumn + 2 N2 = N, +(z,y) =2z +y, u-: N2 = N, ((z,y) =
X - Y, IPpaBIWILHO BbIYHCIUMBbI Ha MalnHax CyioxKeHmue u Y MHOXKEHHEe
cooTBeTcTBeHHO. [Ipm 9TOM MamuHa YMHOXKEHHUE I1PEJICTABIMa B BHUJIE
CJIeYIOIICIT MaIllHbBL:

B BB JIB~ .

R BB'KB BB'E
B 1;(B")*(JIB™)” ,
RBTA(B)1I3(B")?K (B )%11;(B")? Cnoxenne B~

5. Qynukyua ycewennot pasnocmu — : N> — N, rre

B'E

0, ectn xz < y,

T—y =
y T — Y, ecan x >,

I[IpaBUJIbHO BbIYUCJ/INMa Ha MallllHE

JIB™
BTE _ [ BTIB™ . O
RE E) Rp+A
Teopema 3.1.1. Ecau dynxuyuu fir(x1,...,25), .oy [T, 0, 2p)
U G(Y1s - -+ Ym) NPABUADHO GUHUCAUMDL, MO PYHKUUA

h(zy,...,2,) = g(fi(z1, .- xn), ooy f(T1, .o, 2))

npasuAsvbHo 6blYUCAUMA.
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HdJoxazarenabcTBo. g mpocToThl paccMOTpPUM CIydail m =
2. Ilycrs T%,,T},, T, — mamunpl ThlopuHra, npaBuIbHO BBIYUC/ISIONINE
dyukun fi, fo u g coorBercrBenHo. B kadecTBe Mamuubl 1), JJIsT 1pa-
BIJILHOT'O BBIUNCIEHUS (DYHKITMI A TOIUTCS MAINHA

K,(B*)'T),(B")'L,,,B'T,B T, O

Taxmm obpazoM, Jirobast CyIeprio3uIins MpaBIbHO BHIYUCIUMBIX (DYHK-
1 TPABUJIBHO BBIUYNCIMA, U CIINCOK ITPABUIHHO BEIYUCIUMbBIX (DYHKIINI,
IpecTaBJIeHHBIX B IpuMepe 3.1.1, cylecTBeHHO paciinpseTcs.

§ 3.2. PekypcuBHble DGYHKIINN 1 OTHOIIIEHUS

1. IIpumuTuBHO peKypcuBHbIe PyHKNUU. PaccmorpuMm cHadajia
6c100y onpedenennvie wuciosbie bynknmn f @ NF — Nk € N\ {0},
T.e He HYJb-MeCTHBIE omnepalnun Ha MHOKecTBe N, U ompejie/inM MOHATHE
IIPUMUTHBHO peKkypcusHoOil dyHkinu (cokpainerto [TPD).

Oynkiuu o(x), s(x), I, 1 < m < n, HA3BIBAIOTCA NPOCMETUUMU
NPUMUMUBHO PEKYPCUSHBMU DYHKUUAMU.

Ilycts f — m-mecTHasg omnepalus, gi, ..., G, — N-MECTHBIE ONEPAINN
na mHoxkecTBe N. Oreparop S, cTraBsmuii B COOTBETCTBUE oreparusm f u
91y - - -5 §m M-MECTHYIO OTIepPAIUIO h, YJOBJIETBOPSIONLYIO TOXKIECTBY

h(z1,...,2,) = f(gr(x1, ..o 20), ooy g, o)),

HA3BIBALTCS Onepamopom cynepnoduyu (nodemanosku). [pu sTom Bewoty
orpeieeHHas PYHKITUS

h;\s(fagla"'agm)

SIBJISIETCSI, OYEBU/IHO, cyreprio3uiiueit yuknuit f u gy, ..., gm.

Onepamop npumumuenot pexypcuu R xkaxioit (n+ 2)-MecTHOl omepa-
K f U M-MEeCTHOI onepalun g Ha MHOXKecTBe N cTaBUT B COOTBETCTBUE
(n + 1)-MecTHYIO OIEPAITHIO

h= R(f,9),

VJIOBJIETBOPSIONIYIO CJEAYIONIENH creme npuMumusHot pexypcu:

h(:)’]l,- .. 7:67170) - 9(371, o wxn)a
h(zy,...,zp,y+ 1) = f(xg, ... 20, y, h(T1, .. T0, y)).

g n = 0 cxema NpUMUTUBHON PEKYPCUN UMeeT CJeIYIONuil BU/I:

{ h(0) = a,
hy +1) = f(y, h(y)),
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rJle @ — TOCTOsIHHAS OJIHOMECTHas (PYHKINS, paBHas YNUCTY a.

Cxema NPUMHUTUBHOI peKypcun odpasyeT HEKOTOPBIH WHIYKIIMOHHBIH
Iporiecc mocTpoenns pyHKIMH h, IpU KOTOPOM Ha HYJIEBOM IITare UCIoJjb-
3yeTcd PYHKINA ¢, a Ha KaxKJIOM TOCIeYIONEeM Iare — 3nadenne QpyHk-
i f OT apryMeHTOB L1, . . . , Ty, HOMEPA Y MPEIbLIYIIETO IIara 1 3HadeH s
dyummm A, BLIMUCIEHHOTO Ha MPEIBIIYIIEM Iare.

Oyukius f Ha3bIBACTCA NPUMUMUSHO PEKYPCUSHOT, €C/IN CYIIECTBY-
eT IO0CJIeI0BATeIbHOCTh PYHKIN fo, ..., f,, B KoTopoii f, = f u Bcskas
dynkiusa f; asagercs npocreiimeit [IPO wim momydaercs w3 mpebiTy-
X (PYHKINE ¢ MOMOIIBIO olleparopa Cylepro3uiun S Wik oneparopa
NPUMHUTUBHOI pekypcun R.

[ITpumep 3.2.1. 1. Oyuxiuga caooicenua € + y TPUMUTUBHO PEKYP-
CUBHA B CUJIy CXeMbI IPUMUTHBHON PeKypPCUH

{$+0:Ill(l’),
T+ (y+1)=s(z+vy).

2. CxeMa NPUMUTHUBHOI PEKYpPCHH

{a:-()zo(:):),

v-(y+l)=z-y+ua

000CHOBBLIBAET IPUMUTHBHYIO PEKYPCUBHOCTE (DYHKIH YMHONCEHUS T+ 1.
okazarebcTBO NPUMUTHBHON PEKYPCUBHOCTH CJIEAYIONIX byHKITHI
OCTaBJISIETCSI UNTATEII0 B KAYECTBE YIIParKHEHI.
3. 2Y, rne 0¥ = 1, — dyHKIUA 6036€denusa 6 cmeneny.
4. !, rne 0! = 1, — x-paxmopuan.
0, ecin x = 0,

D.sg(x) = ’ — 3HAK YUCAQ T.
g(x) 1, ecotm & > 0,
_ 1, ecotm x = 0,
6.5g(z) = — donoanenue 3HaKa YUCAA T .
0, ectn z > 0,
. 0, ectm x = 0,
7.x—1= — YCEUENHOE BHIUUMAHUE OUNHUUDL.
xr—1, ecsiu x > 0,
: 0, ectm x <y,
8. x—y = — YCeUEHHAA PA3HOCND.

T — Y, ecou T > v,
9. |z — y| — modyav pasznocmu.
10. max(x,y) — MaKcuMym “uces x u y.

11. min(z,y) — Murumym wucea T u y.

12. [x/y], vae [x/0] = x, — wacmmnoe om deserus T Ha Y.

13. rest(z, y), rue rest(x,0) = x, — ocmamox om desenus x HA Y.

14. p, — x-e npocmoe wucao (pg =2, pr =3, p2 =5, ...).

92



15. ex(z,y), rae ex(0,y) = 0, — nokazameav cmenenu y-20 npocmozo
WUCAG Dy B PA3JIOJKEHUI YHCJIA T Ha HEIPUBOJAUMBIE COMHOXKHUTEIH (T.e.
ecin & = py° - pyt - ..o pRt, o ex(x,y) = ny).

16. long(xz) — nomep HauboALWE20 NPOCMO20 JeAUMENA TUCIA L.

[lycrs f(x1,...,2,,1) — (n + 1)-MecTHas omepaiiust Ha MHOXKecTBe N.
Omupe/iesinM onepaTopbl CYMMUPOBAHUA U IPOU3BEICHUA (1, §2, 3, J4:

y
(1, ..., T, y) = Zf(xl, ey Ty 1),
i=0
y
go(x1, ... X, y) = Hf(xl, ey Ty 1),
i=0
z
g3(z1, .. X0, Y, 2) = Zf(xl,...,xn,z') =
=y

flxy, ..o xny)+ .o+ flxg, .o 2, 2), ecm y < z,
0, ectm y > z,

z
9a(T1, . X, Y, 2) = Hf(a:l,...,a:n,i) =
=y

flxy, . o oyxny) oo foeg, .o x, 2), ecm y < 2z,
1, ecoim y > 2.

IIpennoxenue 3.2.1. Fcau [ — npumumusro pexypcushas @ymx-
wuA, Mo PYHKUUU G1, g2, 93, G4 NPUMUMUCHO PEKYDCUBHDL.

2. IlpumuTuBHO peKypcuBHbIe oTHomieHus. Otnomenne P C NF
Ha3bIBAECTCS NPUMUMUEHO pexypcusHbim (cokparterno [TPO), eciin mpu-
MUTHBHO PEKYPCUBHA TAPAKMEPUCTNUNECKAA DYHKUUA

(F) = 1, ecu T € P,
XPAT) = 0, eciu T & P,

rae T = (x1,...,%x).

[ITpuwmep 3.2.2. OrHomenns paBeHCTBA T = Y U jejuMoctu x|y (x
JIEJTUT I ) TIPUMUTUBHO PEKYPCUBHBI. JIefCTBUTEIbHO, XapaKTePUCTUIECKUE
byt x_(z, ) — 5(|2 — ) 1 X (2, ) = Sgrest(y, z)) npmrTBO
peKypCcHUBHBI. []
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[TokazkeM, 9TO TeopeTnKo-MHOXKecTBeHHbIe onepannn Haj [TPO coxpa-
HSTIOT TPUMUTHBHYIO PEKYPCUBHOCTD.

[Iycrs P, QQ € N* — nexoropsie ornomenus. [omoxkum PAQ = PNQ,
PVQ=PUQ,-P=N\P P=Q=-PVQ.

IIpemsioxkenne 3.2.2. Feau P,QQ C NF v R C N — npumumusno
pexypcusHvie ommuowenus, mo omuowenus PAQ, PV Q, =P, P= Q u
P X R npumumusro pexypcueHnl.

HdokaszarenanbcTso. [lockosbKy O YCIOBUIO NPUMHUTUBHO pe-
Kypcushbl Gyukiun Xp(Z), xo(T), Xr(Y), IPUMUTUBHO DEKYPCHBHBIMU
SBJIAIOTCS  TakyKe Xapakrepucrndeckne Gynkiun xpag(Z) = xp(T) -
XQ(T), x-r(T) = 58(xr(T)), XPxr(T,¥) = xP(T) - xr(Y). Teneps uz co-
oraomexnit PV Q = (=P A-Q) u P = @ = (P A =(Q) BbITekaeT
IPUMUTHBHAST DEKYyPCUBHOCTD XapakTepucTudeckux byHKImil X pyo(T) u
XPéQ(f)- L

Banucn (Vz < y) u (dz < y) Ha3BIBAIOTCS 02PAHUYEHHDIMU KEAH-
mopamu. Ilycrs P C NFF1 — pexoropoe ornomtenne. O6o3nadnM depes
(Vz <wy) P(z1,...,2 2) (k+ 1)-MecTHOE OTHOMIIEHNE

{(a1,...,ar,b) | (a1,...,ax,¢c) € P mausg moboro ¢ < b},
a gepe3 (Jz <vy) P(xy,...,x5,2) — (k + 1)-MecTHOE OTHOIIEHE
{(a1,...,ar,b) | (a1,... a5, c) € P mrs nexkoroporo ¢ < b}.

Cienyroliiee yTBepzKJieHIE [TOKA3bIBAeT, YTO IPUMHUTHUBHAS DPEKYPCUB-
HOCTb OTHOIIEHUII COXpaHSEeTCs IPU HaBelIMBAHUM OI'PaAHUYEHHbIX KBaH-
TOPOB.

IIpeanoxkenne 3.2.3. Ecau P C Nk NPUMUMUESHO PEKYPCUBHOE
omnowenue, mo omuowenus Q1 = (Vz < y) P(x1,...,x5,2) u Qg =
(Fz <y) P(x1, ..., Tk, 2) NPUMUMUEBHO PEKYPCUBHDL.

HJokaszareabcTso. [I[puMuruBHas peKypCUBHOCTL OTHOIIEHMIA
()1 1 (2 BBITEKAET U3 CJICAYIONINX COOTHOIICHMI:

Y

XQ1 (fa y) = H Xp(f, i)?

rae T = (x1,...,x5). O
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[ITpuwmep 3.2.3. 1. [lockoabKy crpaBeJI/IMBO COOTHOIIEHNE T < Y <
(2 < y) (x + z = y), orHOIIEHNEe & < Y IPUMUTHBHO PEKYDPCUBHO B CILIY
peJIozKeHns 3.2.3.

2. Anasornuano u3 ¢ < y < (32 < y) (s(x + 2) = y) BbITEKACT MPUMH-
TUBHAA PEKYPCUBHOCTL OTHONICHUA T < .

3. MHOKECTBO IPOCTBIX YUCEJI COBHALAET C IPUMUTUBHO PEKYPCUBHBIM
oraomenneM (z > 2) A (Vz <z) (zlr = ((z=2)V (z=1))). O

[Iycts «(T) — HekoTopas k-mecTHas oneparnust Ha MHOXKecTBe N, P C
NFL O6osmaumm gepes (uy < a(Z))P(Z,y) k-MecTryto omepaliio, 3Ha-
YeHne KOTOpoil Ha Habope T paBHO

min{y | (y < (7)) A P(T,y)}, ecm P(T,y)
a1t Hekoroporo y < «a(T),
a(T) +1 B OPOTUBHOM CJIydae.

Omnepatop, cTaBAIINil B COOTBETCTBIE KazK 101t oreparuu o C N*+1 11 orHO-
menmio P C N¥ onepammio p(a, P) = (py < o(T))P(7,y), nasbisaercs
ONEPAMOPOM 02PAHUMEHHOT, MUHUMUSAUUL.

[Ipennoxenue 3.2.4. Ecaua — [IP®, P C Nt — [TPO, mo pu(a, P)
— [IPO.

JJTokasaTeJanbcTBsB o. PaccMOTpUM IPUMUTHBHO PEKYPCUBHYIO (PYHK-

IO
G =3 (Hmp(f, m) |
y=0 \1:=0

[IpuMuTHBHAS PEKYPCUBHOCTH cbyHKum/I u(a, P) BBITCKACT U3 CJIC/IYIONINX
COOTHOIIIEHU:

@) [y
(e, P)(T) = (H%(XP@@))) =G(T,a(7)). U

y=0

[Ipumep 3.24. Oyukius [\/z], KOTOpas KazxkKJI0My HATYPATHLHOMY
YUCJTy & CTABUT B COOTBETCTBUE TIEJIYIO YACTh OT KBAIPATHOTO KOPHS U3 T,
NPUMUTUBHO PEKYPCUBHA B CUJIY HpejjioKenus 4.2.4, MOCKOIbKY [v/x] =

(y <z)((y+1)?%>2).0

3. Hywmeparuu kopTexKeii HATypaJbHBIX 9ucesl. Hymepayuet mHo-

Ha
olcecmea X HasblBaeTcd Jiobast ciopbekiug v @ N — X. B mopejiio-
sKennn 1.4.3% mpejcrasiieHa “auaroHasbHas HyMepalis MHOKecTBa N2,
yCcTaHABJIMBAIONIAA OMeKImo Mezk iy MaozkectaMu N 1 N2, Orobpaskenue
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c: N? — N, crapsiiee B COOTBETCTBHE KazK/IOH Tape HaTyPaJbHBIX THCeT

(x,y) ee “rmaronanbublii’” HOMEp ¢(x,y), HABBIBACTCA KANMOPOGCKOT Ny-

mepyrowets gynryued. [lo nomepy n = ¢(x, y) OJHO3HATHO OIPEIEAIOTCS

ero sesan koopdunama l(n) = x u npasaa koopdunama r(n) = y.
DOyHKINN ¢, [ 1 7 YIOBIETBOPAIOT CJICIYIOMIIM TOXKJIECTBAM:

cl(n),r(n)) =n, lc(z,y)) =z, r(cz,y)) =y

[IpumuTuBHAS PEKYPCUBHOCTL (PYHKINI ¢, [ U 1 BBITEKAET U3 CJIEIYIO-
IIX PABEHCTB:

C@y%:rx+w-g+y+n]+%

()

I(n) =n— :

2 Y

r(n) =

[V8”+21] U imy + ).

Wcrionb3yst KaHTOPOBCKYIO (DYHKIIMIO €, OIPEJIEJIsAeM I0Ce0BaATE b
HOCTBb IIPUMHTUBHO PeKypcuBHBbIX dbyukiumii c', 2, ..., c¥, ... takyo, 4ro
c® — k-mecTHast QYHKINS, OCYIIECTBIIAIONIAS B3ANMHO OJHO3HAUHOE 0TO0-

pakenne N* na N:

KoopaunaTol a1, ..., Ty, Tpi1, 18 KOTOPBIX ¢ Tl(my, ... 2, Tpy1) =

n, olIpee/Id0TCA COOTBETCTBYIOINUMHI OJHOMECTHBIMU ITPUMHUTHUBHO PEKYP-

CUBHBIMU (DYHKIIUSAME c]fﬂ, - ,CZ+1, CZE, k € N, 115 KoTopbIx



Oynxius * nasbisaercs k-ceepmroti, a nabop (cf,...,ck) uz k ox-

HOMECTHBIX (pyHKINI — k-pazsepmroti. OUeBUIHO, CBEPTKH 1 pa3BEePTKU
VJIOBJIETBOPSIIOT CJICJIYIONIUM TOXKJIECTBAM:

c*(ci(n),....cp(n)) = n, ¢

My, o)) =, i=1,... k.

4. Yactuuno pekypcuBHble PyHKIUKA. ByaeM roBopuTh, 910 (DyHK-
nust f(T) noayvaercst uz byuknuit g(T,y) u h(T, y) ¢ HOMOIIBIO onepamopa
MmuHumusayuu M, 1 obo3zHagaThH

f(@) =py (9(T,y) < h(T,y))

win f(T) = M(g(T,y),h(T,y)), ecin BBIIOTHEHO CJIEIYIONIEE YCIOBHE:
f(T) ompesiesieHO U paBHO y TOTJA U TOJBKO TOTJA, KOTJIA OMPEJIeseHbI
9(7,0), h(Z,0), ..., 9(T,y), h(T,y) u cupaBemuBbl coorHotenus §(T,q) >
hz,i),i=0,...,y — 1, g(T,y) < h(T,y).

Oynxmus f @ X — NF maspsaercsa wacmuuno pexypcushoti (YPD),
€CJTM OHa MOKET OBITH moJTydena n3 npocteiimmx [IP® ¢ momombio Koned-
HOI'O YhC/Ia MpUMeHeHuit oniepaTopos S, R u M. Yactu4uno pekypcuBHas
dbyHKIMS HA3BIBaETCs pekypcusoti (P®), eci oHa BCIOJIy OnpejiesieHa.

O6osnaunm depe3s M°(g, h) suadenune M (g, h), eciu dbyukiun g, h u
M (g, h) Bcromy ompe/ie/eHsbl.

Oynxmus f : X — NF naswsaerca obwepexypcusnoti (OPD), ecin
OHa MOKeT ObITHb moJjydeHa u3 npocreiimux [IP® ¢ momoIbio KOHETHOTO
qucsa IpuMeHeHunit orneparopos S, R u M°.

Knace YP® crporo comepxkut kirace PP, mockoabKy, HAITpUMep, HATIE
we onpejesentast pyukiwys f(x) = py (s(x) < x) YacTUIHO peKypCUBHA.

Knace PO cosnanaer ¢ kiaccom OP®. Brinouenue OP® C PD oue-
BuiHO. OOpaTHOe BKJITOUYeHHE Oy/IeT BbITEKATh U3 TeOPEMbl O HOPMaJILHOI
dbopme (Teopema 4.3.7).

Kiace OP® crporo copepxut Kiaacc [TP®. B kadecTse npumepoB 00-
IMIePEKYPCUBHBIX, HO HE IIPUMUTHBHO PEKYPCUBHBIX (DYHKITHI MOXKHO B3SITh
TaK HasbIBaeMble Ovicmpopacmyujue (MYHKIT, T.€. TaKne 00IIepeKypPCB-
uble dyukimu f(x), aro aisg xkaxaoit [IPO g(x) cymecrsyer uuncio a c
ycaosneM g(z) < f(x) upu x > a.

Pacemorpum dyuknuio B(n, ), yI0BICTBOPSIONIYIO CIETYONIM TOXK-
JIeCTBaM:

B(0,z) =x+2, B(n+1,0)=sgn),
B(n+ 1,z +1) = B(n,B(n+ 1,2)).
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Bricrpory pocra suadenuii byuximn B(n, £) MOXKHO MPOCTEIUTD, Ha-
[IpUMep, Ha OCHOBE CJIEIYIONINX COOTHOIIEHUI:

B(3,0)=1, B(3,1)=2, B(3,2)=2% B(3,3)=2%,...

Oyukinu B(n, z) npu (DUKCHPOBAHHBIX 1 HA3BIBAIOTCH (hyHKUUAMU AK-
xepmana, a byuxiws A(x) = B(x,z) — duaeonarvroti gynruyuet Axkep-
MAHA.

Teopema 3.2.5. (teopema Axkepmana). Quuryua A(x) asasemcs pe-
Kypcusroti bviecmpopacmyuiets pyrxyuetd. [

Crenyioras TeopemMa MOKa3bIBAET, YTO ITPHU TOCTPOCHUH JACTUIHO Pe-
KYPCUBHBIX (DYHKIIMI BMECTO ONEpaTopa MPUMUTUBHON PEKYPCHH MOYKHO
UCTIOJTE30BATh apudPMETUIeCKIe OTePaIli.

Teopema 3.2.6. (Teopema 00 JIUMUHAIINNA TPUMHTUBHON DEKYPCHH).
Jhobas YP®D wmootcem oO6vimv  noayuverna u3 npocmetiwur [IPD wu
bynruut + u - ¢ nomouwywpro onepamopos S u M. [

§ 3.3. DKBUBaJEHTHOCTH MojeJjieii aJITOPUTMOB

B npeapiaynux 1ByX naparpadax Mbl ONpeIe/ N JIBa KJIacca BhIUNC-

JuMbIX pyHknuit: kiace [IBO gyHKIuil, mpaBUIbHO BHIYUCINMBIX Ha Ma-
muHax Trelopunra, n kiaacce UYP® yacTudHO peKypcuBHBIX pyHKImil. B
9TOM IHaparpade ycraHaBJIMBaeTCs COBIIaJIeHNEe dTUX KJIAaCCOB, Ha OCHOBE
KOTOPOTO JIEJIAeTCs BHIBOJI O COBIAJIEHNH KJIACCa NHTYUTUBHO BBITHCTIMBIX
GYHKIMIT ¢ KJ1aCCOM BBIYUCIUMBIX (DYHKIINI B JTFOOOI 13 IPUBE/IEHHBIX BbI-
11e aJropuTMUIECKIX MOJIeJIelt.
1. IIpaBusbHas BBIYMCINMOCTh YaCTUYHO PEKYPCUBHBIX (DYHK-
muit. [lo Teopeme 006 sMUMUHAIINN TPUMUTUBHON PEKYPCHUN JIOKA3ATE b=
CTBO IPaBUJIbHONI BbIYUC/IUMOCTU JJjisi YP® cBomguTcst K HpOBEpKe Ipa-
BUJIBHON BBIUMCINMOCTH (DYHKIWIT 0, s, [, +, -, & TaKKe K IIPOBEPKE CO-
XpaHeHHsI IPAaBUJIbHON BBITUCIUMOCTHU IIPU IIEPEX0Jie K pe3ysibTaTaM Jjeli-
CTBHUS ONEPATOPOB CYINEPITO3UINN U MUHUMUBAITIHN.

[IpaBuibHas BBIYUCIUMOCTB  BBINIENEPEUNC/IEHHBIX (PYHKIUI ycTa-
HoBjieHa B mpuMepe 3.1.1. CoxpaHeHue NpaBUIBLHON BBIUYUCIMMOCTHU IIPU
nepexoje K cyuepro3uiun (GpyHKIuil nokasano B Teopeme 3.1.1. Taxum
obpazoM, nMiukaind IP® = [IB® croanuTcsa K J10Ka3aTEIbCTBY CJIETY-
IOIIell TeOPEMBI.

Teopema 3.3.1. Ecau ynruuu g(xy, ..., Tn,y) wh(z1, ..., Th,y) npa-
BUALHO EVMUCAUMDL, MO DYHKUUA

f('rla"wxn) :My (g(xla"wxnﬂy) S h(xla"'axnny))
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NPAGUALHO BBIYUCAUMA.

Hoxkaszareunnbctso. Illyers Ty n Tj, — Mamunbl, NIpaBUILHO BbI-
quessomue gyuxmun g u h coorsercrsenno. Ipejncrasum mamuny T,
IPABUJIBHO BBIUUCJIAIONIYIO DYHKINIO f, B BHUe CJIeIyIONeil cXeMbl Ipe-
obpazoBaHuUIi:

077073 . . . 07,0 =B")"S

077073 . . . 077,44 000 = B7)"

q30710T3 . . . 07,000 =Kn+1

¢,077075 . . . 0700077073 . . . 07,000 =B Ty(B7)""
qs0z1075 . . .O:U_nOGOg(xl, o, Ty, 0)0 3Hn+2B+Kn+1(B+)n+1Th
0g(x1,. .., 2, 0)0F70T3 . . . 07,00¢.0h(z1, . . ., 2,,0)0 =
= (B7) (L) (B)

071073 . . . 07,00¢:0g(z1, . . ., 2, 0)0h(z1, . . ., T, 0)0 1=

071073 . . . 0Z,00¢,09(x1, . . ., 2y, 0)—h(21, . .., Ty, 0)0 =
{ qo070, ecmu g(x1,..., Ty, 0)—h(z1,...,2,,0) =0,

JIB™, ecm g(zy,..., T, 0)—h(z1,...,2,,0) > 0.

3ech JIst HADJISIHOCTH B YCJIOBHOM OIIEpaTOpe C IMKJIOM HCIIOJIb30BaH
CUMBOJI ® BMECTO .
Taxum obpazom, Mammna 1 paBHa

(BY)" S (B7)"Ky 1 (B T,(B7)" ', .,
B+Kn+1 (B+)n+1Th(B—)n+2 (Hn+2)n—|—1 (B+)n+1T;

5 (B—.>n+1un+1(B+)n+1(ﬂB—)n+l -
JIB~ '

2. YacTtuyHas peKypCUBHOCTh MPABUJIbHO BBIYMCIUMBIX (DyHK-
rmit.  OupejiesiuM 9UCI0BYIO KOIUPOBKY MaIlnH ThlopuHra, KOTOpast Mo3-
BOJINT 110 KOy Mamtuael Tniopumra Ty, IpaBU/IbLHO BhIUHCsIONeil ByHK-
1uio f, HOCTPOUTh YACTUYHO PDEKYPCUBHYIO CXEMY JIJIsl BBIYUCIeHNs (DYHK-
un f.

[Iycts A = {a,, | m € N} — nexoropsiii cuernbiii andasur, W(A) —
MHOZKECTBO Bcex cJI0B asidauTa A, BKIoUaoree myctoe cioBo A. Ompe-
nenM kodupyrowyro dynryuro xkox @ W(A) — N s muokectBa W (A)
110 CJIEJLYIONTIM [TPABIIIAM:

1 1 i+l g+l 1
koi(A) = 2%, kom(a;a,...a;) =2 -piJr -péﬁ -...-pzﬁ.
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Jlemma 3.3.2. Mnoowcecmeo xon(W(A)) = {m | m = xon(w) daa
nexomopozo caosa w € W(A)} asasaemea npumumueno pexypeueHvim
OMHOWEHUEM.

Paccmorpum Tenepn andasuT A BMecTe o C4eTHBIM MHOXKECTBOM () =
{q, | n € N} BHyTpenuux cocrostuuii u pacumupumM (GyHKIUIO KOJ Ha MHO-
KECTBO BCEX MAIMHHBIX CJIOB (vgja;(3, HoJaras

kon(agja;3) = 2237 . 51 . peoala) L 1qxeald)

JIlemma 3.3.3. Mnoowcecmeo My 6cex 0006 MAUUHHBLT CAOG AGAACT-
CA NPUMUMUBHO PEKYPCUBHBIM ommowernuem. [

Cuosa pacmmpuM (GYHKINIO KOJI Telepb Ha MHOMKECTBO MAIIMHHBIX KO-
MaH a;q; — dqg, tie d € {L, R} U A, nonaras

N oxox(d) 3k
KOIL(ain — dgqi) = De(ijy+2

0, ecimd=1L,
Koz (d) = 1, ecind= R,
m+ 2, ecnn d= a,,.

Jlemma 3.3.4. Mnooicecmeo Ky 6cex xK0006 MaWUuHHbT KOMAHO AG-
AAEMCA NPUMUMUBHO PEKYPCUSHBIM OMHOULEHUEM.

[Tocneanee pacimpenne GYHKIUN KOJI MTO3BOJISIET IPUMUTUBHO PEKYP-
CUBHO 3aKOJMPOBATH Bce MaIIUHbl T'blopunra. /s MalmmHb

T = <{a07'"aam}’{qm'"aqn}a{T(iaj) | OSZSmal S] Sn}aQ07q1>

ITOJIO?KIIM

m n
kon(T) = 2% 3™ 5" - [ [ [ [ xon(T'(, 5)).
i=0 j=1
JIlemma 3.3.5. Mnoowcecmeso Ty ecex xodos mawun Toropurea A6.454-
EMCA NPUMUMUESHO PEKYPCUSHBM omHoweruem. [

Teopema 3.3.6. Cacdyrowjue omHouweHUs NPUMUMUBHO PEKYPCUBHDL:

(0) ommowenue Ty, cocmoswee us scex nabopos (n, x,y,t) maxux, wmo
mawuna Toropurea ¢ xKodom m, HauwuHas pabomy Ha CA068€ ¢ KOJOM T,
3aKanMuUBaem c60t0 pabomy Ha CA06e ¢ KOJOM Y 6 COCMOAHUU (y HE boaee
yem 3a T wa208;

(k) ommnowenrue Ty, k > 1, cocmoswee uz 6cex nabopos (n, xy, ..., Tg, yY,t)
maxux, Y¥mo mawuna Toropurza ¢ K0dom M, HAUUHAA PAbOMY HA CAOGE
107707350 . . . 0T, 3akanuusaem ceoto pabomy e boaece wem 3a l(t) wazo6
na caose aqy0y03, ede c(kon(ar), xou(B)) = r(t).
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Teopema 3.3.7. (reopema Kimuu o Hopmasbhoit popme). Ecau dymk-
yus f(xy,...,xK) 6vuuciuma Ha Hekomopol mawune Toropunea, mo cy-
wecmeyem Homep n € N, daa komopozo

flxy, ..o xp) =Wt (1< xp.(n, 21, ..., 2k, (1), 7(2)))).

HJokaszaTeuabcTso. [Tycts n— xoi Mammnbl 'y, Beraucadroneit
byuxiuio f. Ecm f(zq,...,25) =y, 10

10770730 . . . 0T =11 aqy0703

1 1epexol U3 COCTOAHUA (1 B COCTOAHUE () (T.e BbIYHCJICHE 3Ha4YCHUA

f (xl, ..., X})) HIPOMCXOJUT 38 HEKOTOPOE t( 4ncJIo maros. Torja st aucia
c(y, c(to, c(koi(a), ko(3)))) Bbimonusiercss ornorenne Ty (n, xy, .. .,
T, U(t),r(t)). Bass mHanMenbItiee auciio ty ¢ yciaosuem (n, xy, . .., Tk, [(t1),

(¢
r(t1)) € Ty, monydaem

lpt (1 < xr.(n,xy, ..., 2k, 1(t),7(2))) = U(t1) = .

[Ipeamnosnoxkum Tenepsb, 1to 3Hadenue f(xq, ..., xy) He onpeseneHo. To-
ria Mamuna 1y, naunnag co cyiosa ¢0770720 . . . 07, paboTaer neorpatu-
YeHHO JI0JITO U He MPUXOAUT B cocTosine qo. Torma xr,(n, x1, ..., xk, (1),

r(t)) = 0 ma moboro ¢ u 3nadenne [(ut (1 < xp.(n, 21, ..., Tk, (t),7(1))))
Tak:Ke He olpejieieHo. [

CaencrBue 3.3.8. /s aoboti dynxuyuu f: X — N, 2de X C NF,
CACOYIOUUE YCAOBUA IKEUBANCHIMHDVL:

(1) pynryus f evnuciuma na nexomopots mawune Toropurea;

(2) dynrxyua f npasusvro vruuciuma Ha Hexkomopot mawune Toro-
puH2a;

(3) pynryua f wacmuuno pexypcusna.

Hokaszarenabctso. Uvmmmnkanug (1) = (3) BbITekaeT u3 Teo-
pembl Kt o sHopmasbroii popme. Ummnkarus (3) = (2) ycranosseHa
B 1. 1 Hacrosmero maparpada, a nmminkanus (2) = (1) ogeBugna. [

13 Teopembr Kinan o HopMaJsibHOIT popMe 1 ciieicTBrs 4.3.8 BBITEKAET,
aro 00y YPD f(x1,. .., Tr) MOKHO IPEJICTABUTD B BUJE (DYHKIUI

Up(n, o1,...,zp) = Wpt (1< xp,(n, 2, .., 2, 1(2),7(2)))),

rjie olepaTop MUHUMUBAINN HCIOJIB3YETCsS TOJIHKO OTHAXK/IbI, a8 3HAUCHHE
n dukcupoano. Takum oOpa3oM, cpaBeJImBO

CaneacrBue 3.3.9. Kaace OP®D cosnadaem ¢ xaaccom PO.
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§ 3.4. VYHuBepcaJibHble YAaCTUYHO PpPeKypCcuUBHbIe PYHKIIUN.
Teopema Paiica

[Iycts K — mekoropsrit Kiracc k-mectabix gyuknuii f: X — N, X C
N*. (k+1)-Mecrnas dbyukiusa f(n, zy, . .., ) ) HA3BIBACTCH YHUCEPCANLHOT
oas kaacca K, ecin BBIIOTHSIIOTCS CJIEIYIOIIE YCIOBUS:

1) mist o6oro pukcupoBanHoro wncyia ng € N k-MecTHas (DyHKIHA

f(no, z1, . .., z)) npuHaIeRuT Kiaaccy K
2) jgist ioboit dyukimu g € K cymecrByer Takoe ducyio ng € N (Ha-
3biBaeMoe f-nomepom dbyukimn g), aro g(xy, ..., xx) = f(ng, 1, ..., Tk).

Cuepytorasi Teopema mokasbiBaeT, uto Gynknus Uy (n, 1) yHEBEpCaIb-
HAa JUIS  KJjacca BceX OJHOMecTHbhIX YUP® wu g smoboro k > 1
IOPOK/IaeT yHHUBepcasbuble dyHKimu UF st Ki1accoB Bcex k-MeCTHBIX
YPo.

Teopema 3.4.1. (Teopema 00 yHUBEpCATBHOCTH). s 4106020 Hamy-
paavnozo wucaa k > 1 gynwyus UF(n, zq, ..., 23) = Ur(n, F(zy, ..., 11))
(ede ¥ — k-ceepmua) yrnusepcarvra s waacca 6cex k-mecmmviz IPP.

CaencrBue 3.4.2. Cywecmsyem YPD v(x), komopas ne moorcem 6vimo
doonpedesera 0o pexypcusHoti GyYHKUUL.

Hokxaszareabcrtso. [lokakem, uro YP® v(z) =sg(Ul(z, 1))
He joonpejensercs 10 OP®. [IpeamnooKuM TpoTHBHOE U PACCMOTPUM Pe-
KypCuBHYIO (byHKIUIO vo(x), KoTOpast jpoompejesser v(x). Torma B cuy
yausepcaabnoctu yukiun Ul cymecrsyer Taxkoit Homep n, 4ro vg(x) =
Ul(n,x) s seex z. B wactnocru, nmeem vg(n) = Ul(n,n), orkyna mo-
nyaaem 5g(U(n,n)) = Ul(n,n), a 310 nesoszmoxkuo. [

Teopema 3.4.3. (teopema Paiica). [Tycmv F' — nexomopoe nenycmoe
cemeticmeo n-mecmuvir PP, ne cosnadarouiee ¢ COBOKYNHOCMBIO BCEX
n-mecmuox YPD. Tozda mmnoorcecmso Ap = {a | k"(a) € F} 6cex kau-
HUEBCKUT HoMepos Pynkyull, sxodswuxr ¢ F', nepexypcusno.

N3 Teopembl Paiica HemocpeICTBEHHO BLITEKAET

CaneacrBue 3.4.4. Kaxoso 6v. Hu 6vL.a0 Hempusuasvhoe ceoticmseo P
n-mecmuor YP@ (m.e. ceoticmeo, Komopvim 004adatom HEKOMOPHIE, HO
ne ece n-mecmmuvie YPD), 3adaua pacnosnasanus 9moz0 c60UCMEE G-
20PUMMUNMECKY, HEPA3PEWUME, M.€. HE CYWECMEYem Mawurv. Thropunea
TV, 0aa KOMOPOTL GUNOAHAIOMEA CACOYIOUNUE YCAOGUA:

1) gron(Ty) =T 0110, ecau n-mecmmas YPD f obradaem ceoii-
cmeom P;

2) qixon(Ty) =T 4010, ecau n-mecmnan YPD f ne obaadaem ceoli-
cmeom P.
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Teopema Paiica o0bsicHsieT IPUPOILY MHOTHX TPYIHOCTEH, BO3HUKAIO-
X B IPpaKTUKe MPOTPAMMUPOBAHUS U CO3/IaHN aJTOPUTMUIECKUX A3bI-
KOB. 13 9T0it TeopeMbl, B 9aCTHOCTH, BLITEKAET, YTO HEBO3MOYKHO aJITOPHUT-
MUYECKN PacIO3HABATD, ABJISIETCS JIU JaHHas OJHOMECTHasT (DYHKIINS:

— TOXKJICCTBEHHO PaBHOI HYJIIO,

— HUTJIe He OIpeJIeIeHHOI,

— PEKypPCUBHOII,

— MOHOTOHHOIA,

— B3aMMHO OJIHO3HAYHOII U T.JI.

Ha mpaxTuke 3T0 o3HavaeT, 9TO €C/Ii NMeeTCsS HEKOTopas ITporpamMMa,
10 Heli, BOODIIEe roBOPsI, aBTOMATHYECKN HEJIb3sl HUYEro ckKa3aThb O (DyHK-
1, peajnsyeMoii rmporpaMmoii. TodHo Takyke Helb3sl YCTAHOBUTD, pea-
JU3YIOT JIM JIBE 3aJjaHHble MPOTrpaMMbl OJHY U Ty ke gyukiunio. Hakonerr,
B JIIOOOM HETPHUBUAJLHOM aJIOPUTMUYCCKOM SI3bIKE Hepa3pernMa 3a/1a-
ya 00HApYKeHNs “OeCCMBICIEHHBIX  ITPOrPAMM, T.€. ITPOrpaMM, 3aIal0InX
HUTJIE HE olpejieseHHbIe (DYHKIINN.

§ 3.5. HepaspemmmocTh ucCUYMCIEHUA IpeanKaToB. Teopema
I'énens o memosiHOoTe. Pa3pemmumble 1 Hepa3pelninmMbie
Teopun

Cutentyrtonneit Haleil 1eJiblo SIBJISIETCS YCTAHOBJIEHNE HEPa3perrmMOCTH
NCUNCIICHHS] TIPENKATOB apudMernueckoil curnarypst Yo = {5, +2)
2 00, <@,

HanomuuwMm, aro popmasibHOe ncuncienne I Ha3bIBACTCs padpeutumoiMm,
€CJIN CYIIeCTBYET aJIrOPUTM, IO3BOJISIONINI 110 JIF0OOMY BbIparkeHno ® mc-
yucjaenns [ y3naBaTb, jokaszyemo ju @ B ncunciennn [ unm ner. B mpo-
TUBHOM CJiydae ucuucjienne I Ha3bIBaeTCs HEPA3PEULUMDBIM.

I'édenescroti nymepayuets muoxkectsa W (A) cios andasnra A Hasbl-
BaeTcst Takast pasnosnadnast dyuxiwms g : W(A) — N, aro cymecrsyer
asroputm G, Beraucsstomuii o cioy w € W(A) ero nomep g(w), u cy-
mecrsyer ajgroputM G, BoinucbiBaomuit mo uncay n € N cioso w, ecin
n = g(w), u Beigaromuii gncyio 0, ecin n € N\ g(W(A)).

dcno, uTo B crry Te3uca Yépdaa BOIPOC 0 pa3spermmMOoCcT Hcaucaenns [,
UMEIOIIEro T'E/Ie/IEBCKYI0 HyMepalliio g JIJisd BceX BhIpaykeHuit I, CBOIUTCS
K BOIPOCY O PEKYPCUBHOCTU MHOYKECTBa IEJICJICBCKUX HOMEPOB BCEX
TeopeM ucaucieHus 1.

[ToctaBuM B cooTBercTBHE Kazk 101 hopmyste NI HekoTopblit 260e.ies-
ckutl HOMEP 7y, 110 KOTOPOMY MOYKHO 9(P(HEKTUBHO PACIO3HATH CTPYKTYPY
caMoit pOpPMYJIBI.
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Hnsg mmoxecrsa T'(3) TepMOB CHTHATYDBI Y n MHOXKecTBa F'(3))
hOpMYJI CUHATYDBI Y OIPEIEIUM UHILYKIUEH 110 YUC/Iy MIaroB HoCTpoe-
HUsT TepMOB 1 popMyal 2édeaesckyro nymepayuro v = T'(3g) U F(3g) — N
B COOTBETCTBUU CO CJICYIONIMMU IIPABUIAMU:

0) v(0) = (0, )
c , TJIe Uy, — M- IepeMeHHas 13 MHOXKecTBa, V;
), te t € T'(Xp);
,e(y(t1), (t2))), e b1, 12 € T'(5);
t1-t9) = 6(4 C( ( ) ( ))), rie tq,to € T(Eo)
E5 c(v(ty),y Etg)g) rie ty,ty € T'(Xp);
6

<+~
~—

< c(6,c(y(t1),v(t2))), tae t1,t2 € T(3p);

p AY) = (T, e(v(9), (1)), e ¢ )€ F(Xo);

oV ) = 8. c(1(2). 1)), e 9. € F(Sy):

= 1) = c(9,c(y(p )ﬁ(@b))) Fﬂe ©, ¥ € F(X);
10) v(—¢) = (10, 7(¢)), r1e ¢ € F(Xo);
1 Ju, ) = ¢(11, ¢(n, ( ), tne v, € V., p € F(X);
12) v(Vu, ) = (12, ¢(n,v(p))), tne v, € V., ¢ € F(%y).
U3 npuMuTHBHON PeKyPCUBHOCTH (DYHKIWI ¢, [ U 7 BHITEKAET CJIEyI0-

mee
IIpengioxkenune 3.5.1. 1. Mnooicecmeo ~r, = {y(t) | t € T ()}
260eNEBCRUT HOMEPOS MEPMOE CULHATNYPVL 230 NPUMUMUCHO PEKYPCUEHO.
2. Mnoowcecmeo v, = {7v(¢) | ¢ € F(X0)} eédenescrur nomepos
dopmya cuznamypve Xy npuMumMUEHo pexypcucho. O

Ob6o3naunm depe3 Fr xapakTepucTHdecKyio (DyHKIUIO JBYXMECTHOIO
OTHOIIIEHHUsI, COCTOSIIIEr0 U3 BCex map (m,n), JJisi KOTOPBIX 1M sIBJISIETCs]
PEJIeIEBCKIM HOMEDPOM HEKOTOPOil hOPMYJIBI (0, B KOTOPYIO BXOJHUT CBO-
OoyiHO TepeMenHast v,,. s dynknnn Fr cnpasemmBo cieytoriee cooT-
HOIIIEHUE:

(1, ecom l(m) € {5,6} n v, BxOAUT

B TepM t; ¢ yesoBueM (t1) = l(r(n))

WIN B TEPM to ¢ yeaosueM Y(t1) = r(r(n));
1, ecmul(m) € {7,8,9},m € vg,

Fr(m,n) = < u Fr(l(r(m)),n) =1 wm Fr(r(r(m)),n

1, ecmm l(m)=10,m € vyp, u Fr(r(m),n)

1, ecmul(m) € {11 12}, m € g, l(r(m))
w Fr(r(r(m)),n) = 1

0 B IPOTUBHOM CJ/Iydae.

1;

)
£n

V3 mpuBeIeHHOT0 COOTHOIIEHHST BbITEKAET IPUMUTHBHASI PEKYPCHBHOCTH
dbyuxrmn Fr, a rakzke dynknnn Sb(m, n, k), ycraHaBIuBaomieii mo réjees-
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CKOMY HOMEpY m TepMa ¢ U IéJieJieBCKoMy HoMepy k TepMa t 1é1esieBCKuii
HOMEp pe3yJsibraTa MOJCTAHOBKU (q);" B TepM ¢ TepMa ¢ BMECTO MepeMeH-
HOIT ¥y, & 10 TEJIeJIEBCKOMY HOMEPY 1M (POPMYJIBI U TE€IEIEBCKOMY HOMEPY
k tepma t répeneBckuii HoMep pesysbraTa MoACTaHOBKU ()" B (hopMy.Ty
© TepMa t BMECTO IIePEeMEHHO v),.

13 npuMnTHBHOI PEKYPCUBHOCTH MHOYKECTBA YF,, dyHKnuit Fr, Sb cie-
JlyeT IPUMUTHUBHAS PEKYPCUBHOCTDH MHOYKECTB I'éJIeJIEBCKUX HOMEPOB (hop-
MYJT JII KaxK a0t n3 14 akcuom NIT>:

IMpengioxkenune 3.5.2. /s awobozo i € {1,...,14} mmuoocecmeo A;
260e0e6CKUT HOMEPOS OAs Mnodcecmsa i-T akcuom VT npumumueno
pexypcusHo. [

B kauecTBe mpuMmepa MpHBejieM MPUMEP NPUMEUTHBHO DEKYPCHBHOTO
OIMCAHNS XapPaKTePHCTUIECKON QYHKIN [yt MHOXkKecTBa Ap réneneBcknx
HOMEPOB aKCHOM, UMEInX Buj ¢ — (1 — ¢):

1, ecmm g, (n) = 1,1(n) = 9,l(r(r(n))) =9
X4, (n) = wl(r(n)) =r(r(r(r(n))),

0 B IPOTUBHOM CJIydae.

JIts KaKaoro M3 Tpex MpaBII BbIBoAa ucuamcienms VI ompe-

JeM Xapakrepucrndeckune GyHKIWMN X g, (T, Y, 2), Xr,(T,Y), Xrs(Z,Y)
COOTBETCTBYIONNX oTHOIEeHnt Ry, Re, R3 Takne, 910

(1, ecom dopmyra ¥ ¢ Homepom Y() = k

noJtydaeTcs u3 (OpMyJIbl

XRr,(n,m, k) = < ¢ HomepoM () = n u Gopmysl (p — )
¢ HomepoM (¢ — ) = m 1o npasuiy 1,

(0 B upoTuBHOM Cjlyyae,

(1, eciu dopmyna (Y — VYV p)

¢ nomepoM Y(¢ — YV p) =m

XR,(n,m) = < noJiydaercs u3 hopmyisl (¢ — @)

¢ HoMepoM ¥ (Y — @) = m 1o npaBuiy 2,
(| 0 B nporuBHOM ciyyae,

(1, eciu dopmyna (Jx @ — 1)

¢ HoMepoM Y(Jx p — P) =m

XRs(1,m) = < noJygaercst u3 hbopmyJbl (¢ — 1)

¢ HoMepoM (¢ — 1) = n 1o npasuiy 3,
| 0 B IpoTuBHOM CJjy4dae.

M3 npuBeileHHBIX ONKUCAHUN BBITEKAET IPUMUTHUBHAsI PEKYPCUBHOCTH
oTHomeHuit Ry, Ry, R3.
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Otnomenne P C N¥ nasnisaerca pexypcushoim (coxpamenno PO), ec-
JII PEeKypCHBHA Xapakrepucridyeckas dyukius yp. Ornomtenne P C NF
HA3BIBACTCS PeKypcusHo nepevucaumvim (cokpamenno PI1O), ecn cye-

k+1 _
cTByeT Takoe pekypcuBHoe ornorenre (Q € N gro P = Jdy Q(xy,. . .,
T, y); rae
Ely Q('xlv ceey Ty y) —

{(z1,...,2k) | (z1,..., 2k, y) € Q nist Hekoroporo y € N}.

Teopema 3.5.3. Mnooicecmeso 2édenescrux nomepos doxadyemus Gop
mya AT pexypcusho nepevuciumo.

CaencrBue 3.5.4. Ecau X — mHootcecmeo hopmya cueHamypol 2o, Y
Komopozo mroocecmeo (X)) pexypcusto nepenucaumo, mo MHoACECME0o
{7(¢) | X F ¢} pexypcusno nepevucaumo.

Teopema 3.5.5. Ecau X — Henpomusopeuusoe MHOMCECEO HOpMYA
cuenamypol Yo, codeporcauiee mmodicecmeo Ay, mo mmoorcecmeo y(Tx),
ede Ty = {¢ | X F v}, nepexypcusno.

Henporuopeunsas Teopus T' curHaTypbl Xy Ha3bIBaeTCA pa3peusumod,
€cJIn MHOYKECTBO TEJIeJIEBCKIX HOMEPOB Tpejioxkennit n3 1’ peKypCcuBHO.
13 Teopembl 4.6.7 BbITEKAET

CaeacrBue 3.5.6. (Teopema 0 HEpa3pENIUMOCTH TEOPHUH JJIEMEHTAD-
Holt apudmernrn). Jlas 1106020 Henpomueopeuu6o20 muostcecmea X npeo-
A0ACEHUTE CUHAMYPDL 2, codeporcautezo muooicecmso Ay, meopus T,
nopostcoennas mmosicecmsom X, MepPa3petuma.

[IpuBenennoe yTBep:KaeHne 03HA9YaeT, YTO HE CYIIECTBYeT YHUBEPCA/Ib-
HOI'O aJITOPUTMa pelieHns BceX MaTeMaTuiecKnX 3ajad.

CaencrBue 3.5.7. (reopema ['éxenst o HemosHoTe Teopuu apud-
meruku [leano). ITycmo X — menpomusopeuusoe mnootcecmeo Gopmyn
cuenamypuv X, codeporcawsee mroocecmeo Mg, u y(X) — pexypcusno ne-
pevucasumoe ommnowenue. Toeda meopus Tx, cocmoau,as u3 6cex nped.so-
orcenudi, eveodumur 6 UTI=0 us mmoorcecmea X, nenoana.

Cnencreue 3.5.8. (teopema Uépua o mepaspemnmmocrn WTT0).
Munooicecmeo  2édenesckux  nomepos meopem  ucwucaenus AT nepe-
KYPCUBHO.

B cuiy TeopeMmbl O HepaspemmmMOCTH 3JeMeHTapHOil Teopun apud-
METHKHN BO3HUKJA 3a/lada HaXOyKJIeHUs pas3peninMbiX Teopuit. K Taxmm
TEOPUsIM OTHOCATCs TOJHbIE TEOPUU, UMEIOIINEe MHOYKECTBa aKCUOM, Y KO-
TOPBIX MHOYKECTBa, T'E€JIeJIEBCKUX HOMEPOB PEKYPCUBHO MepeInc/jnMbl. B
YaCTHOCTU, Pa3pelIuMbIMU ABJISIOTCA CJEIYIONe TEOPUU:
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§ 3.6. XapaKTepUCTHUKU CJIO>KHOCTU aJITOPUTMOB

1. Ompejgesienne u CB3b OCHOBHBIX XapaKTepucTuk. Jlo cux mop
Mbl PACCMATPUBAJIN IPUHIUINAILHYIO BO3MOXKHOCTL AJIOPUTMUYECKOTO
pertenns Toil nau unoit 3agaun. ONHAKO CYHIECTBYIOT 3aJa4l, KOTOPDIE
XOTs U MOT'YT OBbIThH PEIIeHbl Ha MAIHe, TPEOYIOT CTO/Ib OOJIBIIOro 00be-
Ma, BLIYUCICHUI, YTO UX PElIeHne IPaKTHIecKu HepocTynno. Hacrosimuii
naparpad OyIeT MOCBAIIECH U3YyYeHUIO U KJIacCU(pUKAINT aJropUTMUYe-
CKUX 3aJ1a4 OTHOCUTEILHO UX BLIUUCJIUTEILHON CJIOKHOCTH.

[ToCKOJIBKY OCHOBHBIE CJIOXKHOCTHBLIE XapaKTEPUCTUKU HEPEHOCATCS OT
OJIHOI MOJIE/IN BEIUHUCJIEHIS K APYTOii, B KAYeCTBE MOJIE/IN BhIYMCIUTE/ILHO-
0 yCTPOHCTBA JOCTATOYHO PACCMOTPETH MAIMHY THIOPUHTa, & B KAUeCTBe
XapaKTEePUCTUK CJIOKHOCTU — HEOOXOUMOe BpeMsl (UUC/IO MIaroB BbIYHC-
JIEHVs1) U TIAMSITh (pa3Mep HMCIOJIb3YeMOi JIEHTHI ).

[Iycts T' — mammuna Triopunra, Borancisionias Gyukinnio f(x). O6o-
3HAUNM depe3 tp(x) 9uc/Io maroB paboTbl MAINHbL 1) BHIYUC/IAIONIEl 3Ha-
aenne f(x), eciu f(x) onpeneneno, u 6yjaeM cuantarh, 4To tr(x) He onpe-
JeJIeHO, eci He ornpejeneno 3uadenne f(z). Oynknns tp(x) Ha3bIBACTCA
epemennot caoscnocmuvio mawuns, T .

[Iycte 3nauenne f(x) omnpeeneno. AxmueHnot 3010l 1ipu pabore Ma-
mHbel T Ha duc/ie T Ha3bIBAETCs MUHUMAJLHOE MHOXKECTBO S7(T) sueek
JICHTBI, COJIEPIKAIIee BCE STUCHKM, KOTOPDIE ABJISIIOTCS AKTUBHBIME, T.€. 1C-
MOJIB3YIOTCA 1PN Brvucsennn f(x).

Jlenmounoti croorcrocmuvio mawunve T HasbiBaercst dyHKIWMs S7 (),
KOTOpasi paBHa MOIIHOCTU aKTUBHOI 30HBI S7(x), eciu 3uadenue f(x)
ompesiesieHo, n Sy (x) He OIpejiesieHo, ec/in He olpejiesieHo 3uadenue f(x).

Ecmu B mammue Toiopunra T = (A, Q, 11, qo, ¢1) BHemnuii andasut
A cocrour u3 m + 1 37€MEHTOB, MHOYKECTBO BHYTPEHHUX COCTOAHUIT ()
— u3 n + 1 sjgementoB u 3HaveHue f(xr) ONpPeJEIEHO, TO CIPABEJINBbI
CJICIYIONIE HEPABEHCTBA, IT03BOJISIIONIE OIICHUBATL BEJIMUNHY JICHTOYHO
CJIOYKHOCTH Yepe3 BPEMEHHYIO U HaobOpoT:

sp(x) <z 4+ 1+tp(x), tr(z) <m-sh(z)(n+ 1)),
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[IpuBeieHHbIe ONEHKN TMOKA3BIBAIOT, UTO IS WCCJIEIOBAHUS CJIOKHOCTI
aJrOPUTMa B KadeCTBE OCHOBHOI XapaKTEPUCTUKU JIOCTATOYHO paCcCMaT-
pUBaTh BPEMEHHYIO CJIO2KHOCTD.

2. O BepxHeii rpaHAIE CJI0KHOCTH BbIaucjieHuit. Cjie/ryrorniasi Teo
peMa jJaeT OTpHUIlaTe/IbHBII OTBET Ha BOIIPOC O CYIIECTBOBAHNU €/IMHONI
BpeMeHHOI PEeKYpPCUBHOI T'PAHUIIBI JIjIsI BBIUNC/IEHUA 3HaYeHU PYyHKITHII,
T.e. O CYIIECTBOBAHWUN TaKoil peKypcuBHoOi GyHKImn h(x), 910 1/ 6ot
BeraucinMoit yuknuu f(x) cymecrsyer Marnaa 1’ Ha KOTOPOil BpeMst
BBIUMC/IeHNs 3HadeHns f(x) (ecan OHO oIpeieseHo) He mpeBocxoauT h(x).

Teopema 3.6.1. Jlaa abot pexypcushoti dynryuu h(x) cyuecmey-
em makas pexypcuenas Pynryusa f(x), wmo pr = {0,1}, u daa aobot
mawunv, T, soriucamowets gynryuwo f(x), natidemes wucao n € N, das
komopozo tp(x) > h(n).

JJokazaTeabcTBs o. 3apukcupyeM peKypcuBHYy 0 (hyHKINO h(x).
Pacemorpum yauBepcasbhyio dyukimo Uy(n, ) st Kiacca BCeX OJHO-
MecTHBIX UP®. [Insg kaxkgoro uncia ng € N, gGBIAIONIErocs KOJIOM HEKO-
Topoii Mammubl Telopunra, oboznadumM vepe3 1), wmammny Tbriopunra c
KOJIOM 71, BBIUUC/ISIONLYT0 oHOMecTHY0 dyHKImo U (ng, ). Onpegennm

PEKYPCUBHYIO (DYHKIUIO

o) = sg(Uy(z,x)), ecau Uy(x,x) onpeneneno u tr (x) < h(x),
=V 0 B IIPOTUBHOM CJIydae.

[lycte T = T, — wmammua Teropunra, Beraucssiomnias GyHkimo f(x).
Tora yenosue tr, (n) < h(n) BBIIOJHATHCA HEe MOXKET, HOCKOIBbKY f(T) =
Ui(n,x), a Uy(n,z) #5g(Ur(n,z)). O

Hecnoxxnast momudukaliys jjokaszareabcTBa TeopeMbl 4.7.1 NpUBOIUT K
ee CJIeJIyIoeMy YCUJIEHHIO.

Teopema 3.6.2. Jlaa 1060t pexypcusnot gynkyuu h(x) cywecmey-
em makan pexypcuenas pynryus f(x), wmo pr = {0,1}, u daa aobot
mawunve T, evruucasrowet gynrkuywo f(x), natidemes wucao n € N, na-
YUNAA ¢ KOMOPo20 cnpasedauso nepasercmeo tp(x) > h(z). O

Saﬂaqa I[moJiydennd HHM2KHHNX OHEHOK CJIOZKHOCTH BBIYMCJICHUA BazKHa,
IIOCKOJIBKY Ha OCHOBE 9THUX OLICHOK MO2KHO Ji€JIaTb 3aKJ/IIOYCHNA O Ka4eCTBE
HCIIOJIb3YEMbBIX METO/10B BbILII/IC.HeHI/II‘/)I7 YCTaHaBJ/IMBaTb UX OIITUMAJIbHOCTDb.

3. O mamaydmnmx BbraucjaeHusix. Cjiejyolias TeopeMa oKasbiBaeT,
YTO JII00OE BBIYUC/IEHNE HEKOTOPOH PEKYPCUBHON (DYHKIINKM MOXKHO YJIyU-

108



NINTH, Ha4dMHas C HEKOTOPOI'O Hiara. Tem caMbIM He CyLIeCTBYET BbI1UCJIC-
HMf, HAWJIy4dIIero B aOCOJIIOTHOM CMBICJIE.

Teopema 3.6.3. (teopema Biom 06 yckopenun). Jlas 41000t pexyp-
cushotl ynrkyuu r(x) cywecmeyem makas pexypcusnaa gynrkuyus f(x),
wmo py = {0, 1}, u daa w060t mawuno, T', sviwucasrowed gynsyuro f(x),
natidymes mawuna T, evvucamowasn gynryuo f(x), u wucao n € N,
HAYUNAA C KOMOPo2o cnpasedauso nepasencmeo tr(x) > r(ty(x)). O

[Ipumep 3.6.1. Ecau r(x) = 2%, To s bysknun f(x) 1 MamHbl
T', 0 KOTOPBIX UJET pedb B TeopeMe 4.7.3, naiigercs mamuna 1’ ¢ ycaoBuem
tp(x) < logy(tr(zx)), HaunmHast ¢ HEKOTOPOTO YHCIa 1. B cBOIO 0vepeib s
marmabl T waitgercst mamuna T ¢ yenosuem tpn(x) < logy(tr(x)) <
logsy(logy(tr(x))), Hauunast ¢ mekoroporo n’ > n, u .. [

§ 3.7. 3Bagauym m ynparkHeHUd

—_

. Kakyto dyuxmmo f(x) Bbranciasier mamuaa ThIOpHHTa €O CIIYIONEN TporpaM-
MOIL:
0g1 — Rge, lq1 — 1qo,

Ogo — 1g3, 1g2 — Rgo,
Og3 — Oqo, 1gs — Lgs?

2. Ilyctp mammuna Teiopunra 1" umeer ciaemyromiyo mnporpammy: 0q; — 0gg. Kakne
byukmum f(z), f(x1,22), ..., fu(x1,...,2,), ... BBIUKCIAAET Ta MaIIHHA?

3. TMocrpours manmny ThropuHra, KOTOPas MPABUILHO BEIYHCIsiET (DYHKIHIO 0(1) =

0.
4. Toctpouts mamunbl Triopunra A, B™, B, K, JI, R.

5. IocTtpouts marmmubl ThioprHTa JII8 IPABUJIBHOIO BBIYUCIEHUS (DYHKITUI

(a) z—1;  (6) sg(x); (B) 5g(x); (r) z—y;
(W) x—y; (e) /2,  (x) [z/2].

6. Jlokasars, aro ecau f(xq,...,x,) — [IPD, 10 cemyromue dyHKIMMI TPUMUATHBHO
PEKyPCUBHBL:
(a) fi(xy, 20,23, ..., 2,) = f(22,21,23,...,7,) (IepecTAHOBKA apryMEHTOB);
(6) fo(z1,29,...,2,) = f(x2,...,Tp, x1) (IUKIXIECKAS EPECTAHOBKA APIyMEH-
TOB);
(B) f3(x1,...,&n,Tpy1) = f(z1,...,2,) (BBemenue PUKTUBHOIO apryMenTa);
(r) falxr,..., 20 1) = f(x1,21,29,...,2,_1) (OTOKIECTBIICHUE API'YMEHTOB).

7. JlokazaTb, uTO cieytontye (DYHKIMH ITPIMITHBHO PEKYPCHBHBL:
(a) f(z) =z +mn; (B) f(x)=2!, tme 0! =1,
©) f(x) =n; (v) f(z,y) =¥, rme 0¥ = 1.
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8.

9.

10.

11.

12.

13.

14.

15.

Banucarh aHaJIuTHIECKOe BbIpazkenue Jyist pyukuuu R(f, g), eciu
(a) f(z,y,2) = 2% g(x) =z; (6) f(z,y,2) =27 g(x) = z.

Jlokazarh, 9TO cjeayionme (PyHKIUA IPUMUATHBHO PEKYPCUBHDI:

(a) sg(x); (n) x @y (cymma o Mofyio 2);
©) 5g(@): (<) rest(z,p):

(B) z—1; (1) p, (2-e mpocToe Unco);

(F) T—=Y; (M) ex(x,y),

() [z —=yl; () long(z);

(0) max(z, ) (0) [rv2];

g (1) [e”].

JlokazaTh, ITO:
(a) MHOXKECTBO BCeX YACTUYIHO PEKYPCHUBHBIX (DYHKIHN CIETHO;

(6) cyrmiecTByeT YacTUUHAs YUCIOBast (DYHKIHsI, HE SBJSIOMASICA YACTUIHO pe-
KYPCUBHOW;

(B) cyrmmecTByeT BCIOJLy ONpeJeJieHHas JUCIoBas (DYHKIUS, He sIBJISIOMAsiCs 00-
HIEPEKYPCUBHOM.

Jlokazarh, YTO YaCTUYIHO PEKYPCHUBHBI CJeyIoNne (pyHKITIH:

(4) F(2.9) = | 1o ommenoncnn o1
’ HE OlIpe/eJIEeHa B IIPOTUBHOM CJIyYae€;

©) f(z.y) = { x/y, ecau y NeJuT I, '
HE OIIpeIeIeHa B IPOTHBHOM CJIydae;

z, ecn x = 2Y,
(8) f(z,9) = b onpe .
peJieieHa B IIPOTUBHOM CJIy4ae;
(r) dyHKIMS ¢ KOHEYHOI 0BJIACTHIO OIIPEIE/ICHUS.

Jokazars, aro ecan fHD) g g+t — YPD, 1o 9acTHYIHO PEKYPCUBHBI CIIELYIO-
e pyHKIIN:

(a) py (f(Z,y) = 9(®,9)); (8) py (f(@,y) < 9(T,y));

©) py (f(z,y) # 9(@,y));  (v) py (f(T,y) =0 g(T,y) = 0).
JlokazaThb, 9TO CIEAYIONHE TPEJINKATH IPUMATUBHO PEKYPCUBHBL:

(a) x+y=2; (B)x 4erHo;

(6) z-y=2;, ()2 ¥y B3AUMHO IIPOCTHL.

Jlokazarb, 9TO JIIOO0E KOHEYHOE MHOXKECTBO HATYPAJIbHBIX YHUCEJI TPUMUTUBHO
PEKYPCHUBHO.

Jlokazarb, 4To cymiecTByer MHOKecTBO X C N, He gBJdIoneecd PeKypCUBHO
HEPEIUCTUMBIM.
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[Tocie n3yvennd riaaBbl 3 BBHIMOJIHAIOTCS 3aa9u 7 U 8 KOHTPOJLHOI pa-
00TBI. 3ajiada 7 pelraeTcsl HAIUCAHMEM IIPOIPaMMbl, aHAJOIMIHON IIPO-
rpamme Mammi Triopunra BT u Crioxkenme u3 1.1 maparpada 3.1, a
3ajlada 8 — aHaJIOTM4YHO IpuMepy 3.2.1.



["naBa 4

HEKJIACCUYECKUE JIOT'MKN

B npeabiayinux pasjenax Mbl U3y 9N OCHOBHBIE (hOopMajIbHbIE NCUNC-
JIEHUST — UCUYNCIEHNe BbICKA3bIBAHNI I NCUNCICHUe IpeanKaToB. PaccmoT-
peHune 3TUX UCUKC/IeHnil He caydaiino. [IpakTuka MareMaTuiecKux 1ccJie-
JIOBaHUI 1103BOJISIET C(POPMYJIMPOBATEH TE3UC O BHIPA3UMOCTU BCEX YTBEP-
JKJIEHII 1 JJOKA3aTe/ILCTB KJIACCUIECKO MAaTeMaTUKH C IIOMOIIBIO MCUIC-
JIEHUST TIPEINKATOB. TakmM 00pa3oM, SMIIMPUIECKE CIIPABEIIINB

Teauc Tuavbepma. JIroboe MareMaTn4IecKoe yTBEP:KIeHIe MOKeT ObITh
3allICAHO Ha sI3bIKE MCUUCICHUS TPEJIUKATOB, & JII000e MaTeMaTHIecKoe
JIOKA3aTeIbCTBO MOYKHO IIPOBECTH B paMKaX HUCUNC/IECHUs IPEIUKATOB.

Bmecre ¢ Tem bopmasinzanms yTBEPKICHII 1 JJ0KA3aTEIHLCTB BbI3bIBa~
€T U3BEeCTHbIe HEeyJ00CTBa M Ha MPAKTHKE PacCMaTPUBAIOTCA pas3IndHbIe
MO UKAIMN JIOTUKN BBICKA3BIBAHUIT 1 JIOTUKH MPETUKATOB (HEKAALCCU-
YeCKUE N02UKU), TIPUCIIOCOOIEHHBIE JIJISI PEIeHIsT COOTBETCTBYIONINX M
3a,/1a4.

Huxke MBI paccMOTPUM OCHOBHBIE HEKJIACCUYECKHE JIOTHMKHU, KOTOPbIE
JEJIATCT Ha NPONO3ULUOHAAbHbE (T.e MOAUMUIUPYIOINIIe JIOTUKY BbICKA-
3bIBaHUil) U npedukamuvie (T.e BUJIOU3MEHSIIONINE JIOTUKY IPEJINKATOB).
Kpome Toro, Mbl U3JI0?KIM HEKOTOPBIE 3JIEMEHTHI TEMIIOPAJIbHBIX U AJII0-
PUTMUYIECKUX JIOTUK, KOTOPbIE HCIOJb3YIOTCA JJIsi CO3JaHUA U aHAJI3a
IIPOTPAMM.

§ 4.1. Ilpomo3mnmmoHaJIbHbIE JIOTUKM

1. VHTynnmoHMCTCKUE JIOTUKMU — JIOI'MKH, C IOMOIIIbIO KOTOPBIX OIIH-
CBIBAIOTCS CIIOCOOBI BBIBOJ/Ia BBICKA3BIBAHUII, NCTUHHBIX C TOYKH 3PEHU
MHTYNIMOHU3Ma, T.e. COBOKYIHOCTH HJeil M METOJIOB, JJIs KOTODPOil oc-
HOBHBIM KPHTEPHEM HMCTHHHOCTH MaTEeMaTHYECKOTO CYZKJIEHWS SIBJISETCS
UHTYUTUBHAA yOe UTeJIbHOCTh BO3MOKHOCTI MBICJIEHHOI'O 9KCIIEDUMEHTA,
CBA3BIBAEMOIO C STUM cyzkaeHHeM. OCHOBHOe OTVIMYNE UHMYUYUOHUCT-
ck020 ucwucaenus evickazmeanut (MB) coctont B 3amene B VB 3axo-
HQ UCKAIOUEHH020 MPembe2o (COCTOSIIIErO B JI0KA3yeMOCTH BCEBO3ZMOXKHBIX
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dhopMyI ¢ V —p) WK SKBUBAIEHTHOTO €My 3aKOHA 080TH020 OMPUUGHUA
(== — ) Gostee CIAOBIM NPUHYUNOM NPOMUBOPe U  — (P — ).
Taxum obpaszom, VB nonygaercsa n3 V1B 3ameHoil j1ecsiToii cXeMbl aKCHOM
Ha NPUHITAI ITPOTUBOPEUNS.

Besikasi dopmyiia, BoiBojguMasi B VB, npuemiiema ¢ MHTYHUITMOHKUCT-
CKO#l TOYKU 3peHusl.

Ananornano MB uHTYNINOHNCTCKOE UCUNC/IEHHE MIPEINKATOB SIBJISI-
ercs ocnabsiennem UII. Ilpu sToM cTranHoBsATCS HEegoKazyeMbIMEI (DOPMYJIbI
Buga Vo (¢(x) V —@(x)), a u3 =3z p(z) me BeiBognTca Yr—o(z).

2. Mmuoro3zHaunble joruku. PaccMmorpennast B riiaBe 6% deysnaunas
A02UKG JOMYCKAeT cJlieJlytoliee 00o0Ienne Ha k-3naunoitl Cydail.

Dynryuet k-3naunoti A02uKy OT N TIEPEMEHHDBIX X1, T2, . . . , T, HA3BIBA-
ercs Jrodbast (PyHKIA

F:{01,.. k—1Y"—{0,1,... k—1}.

B kadectBe dopmys k-3HATHON JOIMMKI PACCMATPUBAIOTCS TEPMbI CHT-
narypet 2, = {A?), v, -5}56{0717“,7,{_1}, UHTEPIIPETAIINI KOTOPBIX OIpe/ie-
JISTIOTCST 110 MHJIYKIIUU COTJIACHO CJIEYIOIIIM COOTHOIIEHUSAM JIJIsT JIFOOBIX
dbopmyn ¢ n ¥: - £0)

— 1, ecin =

SIE= 10, e 1) #

— fleA) =min{ f(p), f(¢)},

— fle V) =max{f(p), f(¥)}.

Anajioruaso Teopeme o HYHKIIMOHAJIBHOMN MOJHOTE JIJIsT JIBY3HATHOI J10-
MKW JJOKa3bIBACTCA

0,
d

Y

Teopema 4.1.1. Beaxas ynkuus | k-3naunotl soeuxu npedcmasas-
emcs 6 6ude

flxy, ... @) = \ FOL 0 AT A A2 O
((51,...,(5»”)6{0,...,]{—1}"

[IpaBast 9acTh B IIOC/IEIHEM PABEHCTBE HA3LIBACTCS COGEPULEHHOTE QU3E-
WOHEMUEHOT HOPMaavhot gopmoti (CITHD).

[To anaJyioruu ¢ JIBY3HAYHOIT JJOrMKOil B k-3Ha4HOIT JIoruKe cucreMa QpyHK-
nuit {f; | i € I} HaseiBaeTcs noanod, ecan Jiodas QYHKIMA K-3HATHOI
JIOTHKW TIpeJicTaBUMa B BHJe TepMa curHarypel {f; | € I}.

13 npejcrapienna Npon3BobHO (GyHKIMN k-3HAYHOIl JIOTUKU B BUJIE
CIIH® ciemyer, 4To COBOKYIHOCTL GyHKIMI © Ay, x V y, 2°, rie § €
{0,1,...,k — 1}, obpasyer MOJIHYIO CHCTEMY.
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O0obmennamMn k-3HaTHON JIOTUKN SIBISAIOTCA CHYEMHOZHAYHAA T KOH-
MUHYYM3HAYHAA JIOTUKH, B KOTOPBHIX (PYHKIUN [ UMEIOT COOTBETCTBEHHO
CYETHOe I KOHTUHYAJILHOE UHICJI0 3HAUEHUI.

3. Heuerkue Joruku n HedeTkre NoAMHOXKecTBa. O THUM U3 BaXK-
HEHIINX KJIaCCOB, KOTOPBIil MOYKHO pAcCMaTPUBATEL KakK MOJINMDUKAIIIIO KJTaC-
ca MHOTO3HAYHBIX JIOTUK, SBJISETCS KJIACC 6EPOAMHOCTIHOLT W HEYEeMKUL
N02UK, COCTABJISIIOIINIT OCHOBY Teopnu BeposgTHOcTeil. Kaxknast neuerkast
JIOTHKA [IPEJICTABJISIET UCUUCIEHIE BBICKA3bIBAHNUIT, Y KOTOPOI'O BCsIKAst [TPO-
IO3UIHOHAJIbHASI [lepeMeHHas A MHTepIpPeTupyeTcst HEKOTOPBIM 3HAYEH-
em P(A) = ¢ (tae ¢ — sement uncioBoro unrepsasa [0, 1]), nazbiBaeMbiM
sepoammnocmuio s nepementnoit A. Hucso ¢ 3amaer cmenens onpede-
AENHOCTIU WA cmenens wemkocmu, st nepementoii A. Ilpu srowm, ecomn
3HAUEHNE ¢ DABHO WM OJIM3KO K HYJIO, CIUTACTCs, ITO CTEeHb YeTKOCTH,
T.¢ BEPOSITHOCTB [IJIsi IIePEMEeHHOi A, Maja, a e ¢ PABHO WIH OJIM3KO
K eJIMHUIE, TO CTeleHb YEeTKOCTH WJIN BEPOSITHOCTH IS MepeMeHHoi A
BeJINKA.

B Heuerknx Jjiorukax (GOpMyJibl UCUUC/IEHHs] BbICKA3bIBAHUN Ha3bIBa-
I0TCA cobvimuamu, a nx uHTepuperanun P — sepoamuocmamu. Ecin
P(p) = 1 (coorBercrBerno P(p) = 0), To cobbiTie @ Ha3bIBACTCH 00-
COBEPHBIM (HEGOZMONCHBIM).

[Ipu 5TOM BEepOSITHOCTH COOBITHIT OTIPEJIETISIFOTCST B COOTBETCTBUI CO CJIe-
JIYIOITUMU COOTHOIEHUSIMU JIJIsT JIIOOBIX COOBITHI ¢ 1 1:

1) P(pV —p) =1 (¢ V -y — mocroBepHoe COOLITHE);

2) P(p A=) =0 (¢ A =p — HEBO3MOXKHOE COOBITHE);
3) ecii P(pA)) = 0 (1.e. cobbiTus @ 1 1) necoemecmmunt), 70 P(pVi)) =

P(p) + P(¢).
4

) ec cekBeHIust p b 1) gokazyema (T.e coObITHE ( BI€YET COOLITHE

), 10 P(p) < P(¢).

N3 cooTHorennii 1—4 BBIBOJIUTCSI CJIeJIyIOIIEe

IIpennoxenune 4.1.2. Jlaa a106vix cobvimut ¢ u 1) cnpasediusol cie-
dyrougue CoOMHOUEHUA:

(a) P(mp) = 1 — P(p) (sepoammocmov cobvimus @ U 6ePOAMHOCTL
JOTIOJTHUTEIBHOTO COOBIMAUA T 6 CYMME PABHA COUHULE);

(6) ecau cexsenyusa b= ¢ doxasyema, mo P(p) = 1 (dokaszyemoe cobwi-
mue docmosepHo);

(B) ecau cexsenyus @ = doxasyema, mo P(p) = 0 (npomusopewusoe
COOBIMUE HEBO3MONCHO);

(r) Plp V) < P(p) + P(y);

(m) P(p Vi) = P(p) + P() = Pp A1)
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C HeYeTKNMM JIOTMKAMHI TECHO CBA3aHbl HEYeTKHUE MMOIMHOKECTBA JTaH-
Horo MuoxkectBa. Ilyctb M — nexkoropoe muoxkectBo, A C M. Ilpunau-
JIE?KHOCTH 3JIeMEeHTOB u3 M 1HOJAMHOXKECTBY A IOJIHOCTBIO OIIPEJIe/IsieTCsI
XapaKTepUCTUIECKON PyHKITHE

(z) = 1, ecm x € A,
HAWE) =0 0, ecomz € M\ A.

Teneps gomycTuM, 9T0 DYHKIWS ft4 MOMXKET MPUHIMATE JTI000E 3HATCHIE
B unrepsase [0,1]. B coorBercrBum ¢ atum sement x € M MoxkeT He
npuHaiekath MHOKeCTBY A (pa(z) = 0), Moxker ObITH 37eMeHTOM A
(pa(z) = 1), a MOXKeT IPUHAJIE)KATH MHOXKECTBY A B HEKOTOPOit HEOOTH-
moit (korja pa(z) 6msko K 0) win 6osbiioit (Korga pa(z) 6ansko K 1)
crenenn. Tenepb, Kaxk u dbyHkiun pg ¢ yciaosueM p,, C {0,1}, dynx-
nun g ¢ yeaosueM p,, C [0,1] nator noaHyo nHMOPMAIMIO O CTEleHH
BXOXKJIEHUsT KayKJI0r0 9jieMenTa MuoxkectBa M B MmHOXKecTBO A. Ha ocHoBa-
HUU TOCJIeIHero 3amedanust jiiobas dyukuust p @ M — [0, 1] nassiBaercs
neuemxum nodmmoscecmeom Muoxkecrsa M. Takum obpasom, HedeTkoe
MHOZKecTBO A — 910 MHOXKecTBO T1ap {(x, pu(z)) | © € M}.
[ITpumep 4.1.1. 1. B HegeTKOM MHOXKECTBE

A= {(331, 09), (il]g, O), (ZL‘3, OQ), ($4, 1), (:13'5, 03)}

9JIEMEHT 1 COIEPIKUTCS B 3HAYMTEJILHON CTEIeHH, To He COACPKUTCS, T3
COLEPKUTCS B HEOOJIBIION CTEIeHN, Xy CONEPIKUTCS OJHOCTBIO, a T5 CO-
JICPKUTCS B HEMHOTO OOJILIICH CTEeIIeHy, 9eM 3.

2. B kauecTBe HEYETKIUX MOKHO PACCMATPUBATE OJAMHOYKECTBA, MHOZKE-
CTBA BELIECTBEHHDIX YHCEJI, COCTOSANMX U3 YUCeJI, IPUOIN3UTEIHLHO PABHBIX
JIAHHOMY BeIleCTBEHHOMY ducay a. [

O1peseiuM OCHOBHBIE TEOPETUKO-MHOKECTBEHHBIC OTHOLICHUS 1 OllePa-
UK Ha HeYeTKUX I10AMHoyKecTBax. Ilyerh A; = g u Ay = o — HedeTkue
o MHOKecTBa, MHOKecTBa, M. ToBopsiT, uro Ay codeporcumen 6 Ao nim
nmeercst erarouenue Ay 6 Ao, econ pi(x) < po(x) ays moboro x € M.
Heuerkue noamuoxkectsa A; u Ag HA3BIBAIOTCS PAGHbLMU WA COGNAAI0-
UWUMU, €CITU [1] = [lo.

Heuerkoe noamuozkectso A; HazbiBaercst donoaneHuem HeIeTKOro Mo/l
mHoKecTBa Ag, eciut iy (x) = 1 — po(x) st oboro x € M.

Heuerkoe mojmuoxkectBo B = 1 HasbiBaercs: nepeceuenuem (006edu-
nenuem) HedeTKuX mojmuokecTB Ay n Ay u obosHadaercst epes Ap A As
(coorBercTBerHO Uepes Ay V As), ecin

plx) = min{n (), po(x)} (p(z) = max{p(z), pa(z)})
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191 Jroboro x € M.
HermocpeicTBeHHO 1IpOBEpsieTCsl, YTO CHCTEMA,

§ = <{M ‘ 2 M — [07 1]};/\7\/77a07 1>7

COCTOSIINAS M3 BCeX HEYeTKHNX IOAMHOYKECTB ITaHHOrO MHOxKecTtBa M ¢
olepalusiMi Iiepecedennst, OObeInHeHNsI, I0MOJHeHns, KoHcTagTamMu 0 :
M — {0} ul: M — {1}, yIoBaerBopsieT CJIEIYIONNM TEOPETHKO-
MHO>KECTBEHHBIM 3aKOHAM: aCCOIMATHBHOCTH, KOMMYTATUBHOCTH, NIEMIIO-
TEHTHOCTH, JUCTPUOYTUBHOCTH, TIOIJIOmeHust, e Moprana, JBOHOTO OT-
puranust. Kpome Toro, BBIMOJTHAIOTCS IeficTBIs ¢ KoHcTanTami: AV0 = A,
ANDO =0, AVv1 =1 AAN1 = A Takum obpaszom, Jiobas cucrema §
ABJIIeTCA TUCTPpUOYTUBHOI pereTkoil. OIHAKO B OT/IMYIMe OT OYJIeBBIX aJ-
reOp B 9TOIl perieTke He BBITOJIHSIIOTCS 3aKOHBI JIOIOTHEHIA: COOTHOITEHN ST
ANA=0u AV A =1 Bepub! jumb jijg Koucrant 0 u 1.

B nmaparpade 6.11% MbI onpegenin HOHATHS KOHTAKTHOI CXEMbl U
byHKIMKI TTPOBOIMMOCTH MEXKJIy MOJFOCAME, COOTBETCTBYIOIIEH (hopmyre
JIOTUKH BBICKA3bIBAHUIT. 3aMeHsIsT B 9TUX ONPEJIEJIEHUsIX TPOMO3UIITOHA b
HbIe IIepeMeHHbIe JIOTMKH BBICKA3bIBAHWIT Ha IIPOIMO3UIMOHAJILHBIE Iepe-
MEeHHBIE (T.e 9JIeMEeHTapHBIEe COOBITHSI) HEUETKOMN JIOTUKH, TIOJIydaeM MOHSI-
THE HEeYEemKOlT KOHmaxmmol cremvl U Hewemxol GyHKuuU nposooumo-
cmu. Ilpn aTOM KazKk10My KOHTaKTy & CTABUTCS B COOTBETCTBHE 3HAUEHUE
p(x) € [0, 1], naseiBaemoe mokom kowmaxma. 3aTeM 10 WHJYKIUE OIpe-
JIEJISIETCST MOk [ HeYemKol GyHKuuu nposoduMocmi NCXOJIs U3 COOTHO-
mernit p(x Ay) = min(u(x), u(y)) (Ui TOCTET0BATEIHLHOIO COANHEHNS
zAy)n p(xVy) = max(u(x), p(y)) (s napaaiesbHOrO COeANHEHNS
xVy). Toxamu Hevemkol KOHMaKmHol Cremv, Ha3bIBAETCS COBOKYITHOCTD
TOKOB HeUeTKNX (PYHKIUI TPOBOIUMOCTH.

[ITpuwmep 4.1.2. Ecim Tok KontakTa x pasen 0,3, TOK KOHTaKTa y —
0,6, To TOK MocaeIoBaTE/ILHOIO coequnenns paBen 0,3, a TOK mapaJiie/ib-
Horo coepunennst x V y — 0,6. [

[Tpu paceMoTpeHny MpeNKATHBIX HEUeTKNX JIOTHK OIPeIe/IsIeTCs TOHSI-
THE HewemKo2o n-mecmrozo omuowerus P Ha muozkectBax Ay, A, . .., Ay
B Bujie pyHKIMU pp @ Ap X As X ... x A, — [0,1].

CriocoObl 3a/1aHisT HEYETKUX OTHOIIEHNH COOTBETCTBYIOT OOIIMM CIIO-
cobaM 3aJaHnst GYHKINIA. DTO, HAIPUMED, [TEPEUCIeHIe BCEX IJIEMEHTOB
MHOYKECTBa, [1p, ecin MHOXKecTBa Aq, Ao, ..., A, KOHEUHbI, NN AHAJNTH-
JecKoe 3ajaHne B BIIe apudMeTHIecKoro repMa. buHapHble HedeTKne oT-
noutennst P moryr sagasarnes B Buje mosepxuoctu {(x,7,z2) € R? |

_ _ _ ;o
z = pp(x,y)}, B BUIe mampuys 6ecos W = (w;;), rie wi; = pp(ay, ay),
a} € Ay, a} € Ay, wiu B Bujie B3BereHHoro rpada ¢ marpuieit secos W.
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[Ipumep 4.1.3. Ilpeanono:kum, HEOOXOANMO ITOCTPOUTH HEUETKOE
ornomenne @ A X B — [0,1], KoTopoe OIUCBHIBAET YIIPOIIEHHYIO CXEMY
IOMCKa HencIpaBHoCTH B apToMobmIe. C 9Toil 1e/Ibl0 B KaUeCTBe MHOZKe-
cTBa A PaccMOTPUM MHOXKECTBO IIPEITOCHLIOK WM MPUYNH HEHCIIPaBHO-
cru {ay,as,as,as}, B KOTOPOM a1 — ‘HEHCIPABHOCTb aKKyMYJSITOpa’, ao
— “HencHpaBHOCTHL Kapbroparopa’, a3 — “HU3KOe KauecTBO OeH3MHA, ay —
“HeNCIIPaBHOCTL CHCTeMbI 3axkuranusi’. B kadecTBe MHOXKecTBa, B onpeje-
JIUM MHOZKECTBO 3aKJIIOUeHNU{T min rnposiyiernii nencripasuoctu {by, b, b},
rie by — “aBuraresib He 3amyckaercd’, by — “aBuraTesib paboTaeT HeyCTOl-
quBo’, by — “ABHUraTe/Ib He Pa3sBUBaET I10JHOI MorHOCTH . ITpn aTOM MexK-
Iy KazKJIbIM 9JIEMEHTOM MHOYKECTBA IIPEIIOCHLIOK U KayKIbIM 3JI€MEHTOM
MHOKECTBa, CJIEJCTBUII CYIIECTBYeT HEKOTOpPasi, BOOOIIE T'OBOPSI HEOIIHO-
3HAUYHAsl, IPUINHHO-CJIeICTBEHHAs CBSA3b.

DyHKINA (4, OIMUCBIBAIONIAA CTENEHb YBEPEHHOCTH B TOM, YTO Ta WJIN
MHAas IPUIIHA HEUCIPABHOCTH MOXKET IIPUBECTH K TOMY WJIN MHOMY CJIe/I-
CTBUIO, OIIPEJIEJISIETCS NCXO/Is U3 CyObeKTUBHOIO OIbITAa MEXaHUKa, MApPKI
aBTOMOOMJISI, YCJIOBHIT €ro sKCILIyaTallul U ydeTa JpYyrux (pakTopos.

Heuerkoe oTHOIIEHNE 1 MOYKET OBITH 3aIllMCAHO, HAIIPUMED, B BU/JIE CJie-
nytoriero Muoxkectsa: {((a,b1),1), ((a1,b2),0.1), ((a1,b3),0.2), ((az,b1),

08), ((CLQ, bg), 09), ((QQ, bg), 1), ((ag, bl), 07), ((CL3, bg), 08), ((ag, bg), 05),
((a4,b1),1), ((a4,b2),0.5), ((a4,b3),0.2)}. Marpura BecoB /ist HETETKOTO
OTHOIIEHUSI (i UMEET CJIeJIYIOMNil BI/I:

1 01 0.2
0.8 09 1
0.7 0.8 0.5

1 0.5 0.2

Brlen3sio2KeHHbIe Olpe ie/IeH s TI03BOJISTIOT €CTECTBEHHBIM 00pa30M IIPO-
MHTEPIPETHPOBATH KJIACCHIECKIe JIOTUKN (MCUUCIeHNsT BbICKA3bIBAHUI 1
MPEJINKATOB) B BHJIe HEYETKUX JIOTHK. Bojiee TOro, HedeTKne JIOTHKHU s1B-
JITIOTCsT 0O00IICHUSME KJIACCUYIECKUX JIOIUK, MPUJIAIONTIMI KaXKJIOMY BbI-
CKa3bIBAHUIO HEKOTOPYIO CTEIEeHb YBEPEHHOCTH.

3a 1ocieIHUe TOJIbl TEOPUsi U MPAKTUKA, CBsABAHHAs ¢ HEUCTKIMHU JIOTH-
KaMU, MMOJTYIIIN BecbMa 3aMeTHoe pas3BuTne. CucTeMbl HEUETKOTO BBIBOJIA
MO3BOJISTIOT PEMIaTh 3a/[adi aBTOMATHYIECKOI'O YIIPABJICHUS, KIACCU(pIKa-
IIUU JAHHBIX, PACIO3HABAaHUS 00PA30B, NMPUHSTUs PEIIeHUi, MaIITHHOIO
o0ydenusi 1 MHOTHE JIpyTHe. JTa MPodIeMaTHKa NCCIeTOBAHUI TECHO CBSI-
3aHa C TEJIBIM PSAOM JPYTHX HAyIHO-TIPUKIJIHBIX HalPABICHU, TaKIX
KaK: HeUYeTKOE MOJICTUPOBAHNE, HEUETKIE SKCIEPTHBIC CUCTEMbI, HeUeTKas
accolMaTuBHAs MMaMsITh, HEUETKHE JIOTMYECKHe KOHTPOJIIEPDI, HedeTKHe
PeryJisiTopbl U HEYETKUE CUCTEMBI.

]
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4. Mopganbable jgoruku. Modarvras sozuka — 00JIACTH JOTUKHU, B
KOTOPOil Hapsy ¢ OOBIYHBIMU BBICKA3bIBAHUSIMHI PACCMATPUBAIOTCI MO-
danvHblE BVICKA3VIBAHUA, T.€. BICKA3bIBAHUSI, XapaKTePU3YIOIIe CTeleHb
JJOCTOBEPHOCTH CYZKICHUI.

PaznnuaroT Tpu THa MOJAJILHOCTElH, KaXKIbIi 13 KOTOPBIX ITOAPa3Ie-
JISIETCsT Ha, BUJIBI:

— MOJAJILHOCTH ODIIEro BUJa: “HEOOXOMMMO', “BOBMOXKHO, “HEBO3MOK-
HO”, “corydaiino’;

— MOJAJBbHOCTHU, CBSI3aHHBIE C XapaKTePUCTUKAMI JAefiCTBUN U IOCTYII-
KaMI JIIojieit B obiecTse: “obsi3aTesbHO”, “paspelieHo”’, ‘3amperieHo’, “oes-
pazImIHo’ u JIp.;

— MOJIAJIbHOCTHU, SIBJISIIOIINECS] XapaKTepUCTUKAMI 3HAHUIL: “I0Ka3aHO
“He JI0Ka3aHo”, “oIpPOBePrHyTo’, “He OIPOBepPrHyTo”, ‘“3HaeT”, “Beput’, “‘yoeK-
nen”, “comueBaeTcs .

SI3bIK OCHOBHBIX IPOMO3UIIMOHAIBHBIX MOJAJILHBIX JIOTUK I0JIYYaeTCst
JnobaBieHneM K ajdaBUTy UCUYUC/ICHNs] BbICKA3bIBAHNN HOBBIX OJHOMECT-
HBIX CBSI30K (Modaavrovir onepamopos) L (neobzodumo) u & (603M001c1H0).
B cnny sxpuBasienTHoCcTH (hbopmyst ) ¢ m =[] —p B KadecTBe NCXOIHOTO Oe-
peTcst OJIUH MOJAJILHBIN omepaTop, Hanpumep [, a 1pyroif BLIBOJUTCS U3
akcuoM F ¢ ¢« = —p.

Omnpegennm Momasbhble ncunciaerns Iy n T, Ha3bIBaeMbIE UCHUCAEHU-
amu Detica-gpor Bpuema. Hcuucirenue Iy noaydaercs: m3 UCINC/IEHUS Bbl-
CKa3bIBaHUI

— BBeJIeHneM cuMBoJia [l;

— JjlobaBjieHneM B orpe;iesienne (popmys ppasnl “ecin  — dhopmyia, TO
0@ — dopmyrna” (pu 9170M (HDOPMYIIbI, COIEPKAIINE MOJIATbHBIN CUMBOJT
[J, HA3BIBAIOTCST MOJAADHOCTAMU);

— BBeJIEHUEM JIOTIOJIHUTETBbHOT cxeMbl akcnoMbl [ (p — ) F (O —

);

I'-o
— BBEJICHHEM JIOIOJIHUTE/ILHOIO IIPABIJIa, BBIBOIA

m, Ha3bIBae-
Moro npasusom I'édens.

Hcvuenenue T monydaercd u3 ucauciaenusd Iy 1od0aBIeHIEM CXeMbl aK-
cuoM L F .

Cuenyrortiee ucuucaerue S4 obpasyercs: 3a cdeT J100aBJIEHUT K UCUNC-
nennto 1" axcuombl U F U@, Ecin xe x ncunciennio 1" 100aBUTH
akcuomy =1 = =y, To nonyqaor ucwucierue S5. Hakonerr, ucuuc-
aerue Bpayapa 1onydaeTcd jgodaBjeHUEM K HcUucaeHuio T cieayrornieit
axcuomv, Bpayapa:p = O @.

MozkHO TI0Ka3aTh, 9TO BCE BBIMICIPUBEICHHBIC MOJAJIbHBIC NCUUCICHUS
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HEIIPOTUBOPEUNBEI.

[Ipn paccMoTpeHun IHnpeguKaTHON MOJAJILHON JIOTUKUA K MOJa/JIbHBIM
aKCHoOMaM JI00aBJISIIOTCS AKCHOMBI, OIHMCHIBAIOIINE JIefiCTBIE MOJIAJILHBIX
OIIepPATOPOB Ha KBAHTOPLI, HAIIPUMED, TaK Ha3bIBaeMasl axcuoma bBapxan:
Ve U OVr e.

Crenuduka MOHATHST UCTUHHOCTH B MOJAJIbHBIX JIOTHKAX II03BOJISET
BBOJUTD JIOIOJIHUTE/ILHBIE AKCHOMBI 1 IPABIJIA BLIBOJA U U3yYaTh UX BbI-
pasuTeIbHBIE BO3MOXKHOCTH.

CucreMa MOJAILHOI JIOTHKI MOZKET OBITH IPONHTEPIIPETIPOBAHA B TEP-
MUHAX MHOTO3HAYHOIT JIOTHKE ([IPOCTEHIast CucTeMa — KakK TPeX3HadHasl:
“uctrna’; “JI0XKDL”, “BO3MOXKHO”). DTO 0OCTOSATENBCTBO, & TAKIKE BO3MOK-
HOCTBH IPUMEHEHHsI MOJIAJILHOM JIOTUKN K IOCTPOEHUIO TEOPUN “IPaB/I0IIO-
JIOOHBIX” BBIBOJIOB YKa3bIBAIOT Ha ee IVIyOOKOe POJICTBO C BEPOsITHOCTHOI
JIOTUKOIA.

[IpuBeieM HEKOTOPbIE CEMAaHTHIECKIE THTEPIIPETAINN IIPOIIO3UIINOHA b
HBIX MOJIAJIBLHBIX JIOTHK.

[Iycts nana dopmyna @(Ag, ..., A,). m-Osnavusarnuem gopmyav, @
(rme m > 0) HasbiBaeTCs Jit0bast (OyHKIUST

vn(e) {0, 1,...,m}" — {0,1,...,m},

KOTOpas 110 JIFOObIM 3HaUeHsIM TlepeMeHHbIX A; m3 muokectsa {0, 1, ..., m}
BbIJIaeT 3HaueHus Jyist hopMmyJibl ¢ cHOBa u3 MHOkectBa {0,1,...,m}.
[Tpu srom 3nadvenuio ) COOTBETCTBYET UCTUHA.

DyHKIUST Uy, (+), KOTOpasi CTABUT B COOTBETCTBUE KazK0i (hopmyiie ¢
rcancyieHns | ee m-O3HAUUBAHUE Uy, (@), HA3BIBACTCS 1M-03HAYUSAHUEM
ucvucrerus 1.

Dopmysia ¢ Ha3BIBAETCS Uy, -00wesnauumoti (obosnadaercs =, ),
ecnt vy, (@) = 0.

O3HaumMBaHue vy, HA3BIBACTCS TAPAKMEPUCTNUYECKUM, €CJIN BBITTOJTHSI-
IOTCs CJIJIYIOIINE YCJIOBUS:

a) 1tst Jii000it hopmyitsl (A, ..., A,) ucaucieHnst BBICKa3bIBaHUit (OyHK-
s vy, (@) [ {0,1}" coBnagaer ¢ ncTuHHOCTHOIN yHKIHENH f-;

0) KJ1acc TeopeM UCIHUCIeH T [ COBIAIALT C KJIACCOM Uy,-O0IIE3HATNMBIX
dbopmy..

O4eBUIHO, YTO M-O3HAUUBAHNE, 33JIaBAEMOE CJIEYIONUMHU COOTHOIIIe-
HUSIMHU, YJIOBJIETBOPSIET YCJIOBUIO &) OIPEJIEIeHHsT XapaKTePHCTHIeCKOTO

O3HAYNBAHUS:
*
0, ecom v}, (@ ,

)=m
m, ecan v (@) # m;
Ul A ) = max(vy, (), v, (1));
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[, (
V(0 = ) = “(¥), ecm v (p m(¥);
) [0, ecmm v (p) =0,
v (O g) = { m, eCﬁI/I z;ﬁn(z) # 0;
B09) = { e o D

m, ecan v} (@) = m.

Teopema 4.1.3. 1. B modarvrvir ucvwuciernusx ', S4 u S5 ar0bas do-
Ka3yemas hopmyaa v, -0ouLe3Ha UM,

2. B ucuucaenusx T, S4 u S5 nem xapaxmepucmuueckozo 03HGUUBH-
Hus. [

3 npuBeiennoil TeopeMbl BbITeKaeT, 4To ucuunciaenud 1', S4 u S5 Bech-
Ma, CyIIECTBEHHO OTJIMYAIOTCS OT KJIACCUIECKOT JIOMMKU 1 OJIM3KU K JIOIHKE
MHTYHUIMOHUCTCKOIA.

Cpein pa3/IM4IHbIX CEMAHTUYCCKUX MHTEPIPETAI MOJAILHBIX JIOIMK
BasKHOE MECTO 3aHUMaeT cemanmuka Kpunke.

Modeavio Kpunxe naswiBaercs cucrema (W, R, G, v), r1e:

— W — duxcupoBaHHOE HEIIYCTOE€ MHOYKECTBO, Ha3bIBAEMOE MHOYKE-
CTBOM 603MONCHBLL MUPOG;

— R — pediekcuBHoe OMHapHOE OTHOIIEHHWE Ha MHOXKecTBe W, Jijisi
koToporo yesosue (w,w’) € R o3nagaet, aro Mup w' docmustcum U3 Mupa,
w;

— G € W — durcupoBaHHBII 97IEMEHT, Ha3bIBAeMbIil deticmeumens-
HOLM MUPOM;

— v — orobpazkenue T-oznavusanus win T-ouenueanus, KOTOPOe JIo-
ooit popmyse @(Ay, ..., A,) u J060MY MUPY W CTABUT B COOTBETCTBHE
dbyukmo v(p,w) : {0,1}" — {0,1}, yIOBIETBOPSIIOINLYIO CJI€/TYIOIIIM
YCJIOBUSIM:

v(—p,w) =1 v(p,w) = 0;

v(p A, w) =16 v(p,w)

( vy, w) = 1;
pVip,w) =1 v(p,w) =1 nmo(p,w) =1
(0 — ) = 1 (e, w) = 0 mm (b, w) = 1.
(Op,w) =1<v(p,w) =1 aua moboro w' € R({w});
v(Qp,w) =14 v(p,w') =1 s wekoroporo w' € R({w}).
ITo onpenenennio Heobrodumocms B Mojenn Kpunke o3nadaer MCTHH-
HOCTb BO BCEX BO3MOKHBIX JIOCTUKUMBIX MUPAX, & G03MOHCHOCTL — HC-
TUHHOCTH XOTsi Obl B OJJHOM U3 JOCTHKUMBIX MUPOB. Takum o6pasoM, B

(%
(%
(%
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MoJiesigx Kpurike HeoOXoIMMOCTh BeJeT cebsi KaK BCEOOITHOCTh, & BO3MOK-
HOCTH — KaK CYIIECTBOBAHIE.

T-o3naumBanne v HasblBaeTcsd B-o3nawusanuem (COOTBETCTBEHHO S4-
03HAYNUBGHUEM , SH-03HAMUBAHUEM ), €CJTH OTHOIIEHIE R SIBIAETCS CHMMET-
PUYHBIM (IIPEMOPSIIKOM, OTHOIIEHNEM SKBUBAIEHTHOCTH ).

Muozkectso dopmyn X wHasweiBaercs I-swvinoanumovim, tae I € {T, B,
S4,S5}, eciu cymecrByer Takoe [-osnaumBanue v, uro v(p,G) =
1 st gro6oit popmynbl 0 € X. MuoxkecTBo (OpMYJI, HE ABJISIONIEECH
I-BumoTHUMBIM, Ha3bIBaeTCsd [ -Hesvinoasnumvim. PopMyria ¢ HA3BIBAETCS
I-onposeporcumoti (coorBeTcTBEHHO [ -00U463HAMUMOTL), €CTU MHOMKECTBO
{—¢} I-BbimosHuMO (I-HEBBITOIHIMO).

Teopema 4.1.4. (Teopema 0 HEITPOTUBOPEIMBOCTH MOJIATBHBIX HCUIHC-
aenuit). B modanvrvx ucuucaernuaxr T, S4 u S5 aobas dokaszyemasn dop-
myaa coomeememeenno T-, S4- u Sh-obwesnavuma. [

Ucuncnenne [ nazbBaercs noamvm no Kpunke, ecim Beskasi He BbIBO-
numas B I popmysta ucauciaenus I [-orpoBepzKuMa.

Teopema 4.1.5. (Teopema 0 MOJHOTE MOJIAJIbHBIX UcUncenuit) Hevuc-
aerus T u S4 noanwve no Kpunxe. [

st IpeMKaTHLIX MOJAJLHBIX HCHUCJCHHH Mojean Kpuike nmeror
sy (W, R, G, D, u,v), tne D = {D,, | w € W}, D, — Hocurejib Mmupa
w, [t — WHTepIpeTalys IPeJNKaTHLIX CUMBOJIOB B [, v — O3HauYnBaHMue,

OIpeJIesistiolee NUCTUHHOCTE hopMy.T Ha dsieMenTax |J Dy, [lpu arom st
weW
UCYNCJIEHUI, CoJep KalliuX akcuoMy bapkaH, TpeOyeTcs BBIIOJIHEHIE NM-

winkarun (w,w') € R = Dy C D,

Cumposibl [ n ) MOryT moHUMAaThCsl HHAYe, d9eM “‘HeoOXOANMOCTH u
“BO3MOXKHOCTE . Hampumep, JOmMycKatoTcs CJie/1yIoline NHTeppeTanun:

— [0 — “obs3arenbHoCTh”, a ) — “1mo3BoJIeHnE”;

— [0 — “mokaszyemoctn”’, a () — “HEIPOTUBOPEUNBOCTD ;

— O — “Besne” nan “Beerna’, a O — “koe-riae” mian “‘uHoraa’.

[TocyieiHne MOJIAJIBHOCTH HA3BIBAIOTCST NPOCMPAHCMEEHHO-BPEMEHHBILMU
1 pacCMaTPUBAIOTCS B CJIEIYIONIEM IIYHKTE.

5. Bpemennsie (TemnopaJjibHble) JIOTUKU. Bpemennvie Win mem-
NOPaANvLHHLE A02UKU — 3TO MOJIAJILHBIC JIOTUKU, KOTOPBIC I10JIyYaloTcd J10-
OaBJieHnEM K JIOTTKE BHICKA3bIBAHIIT HOBBIX CHMBOJIOB, OTPaKAIONNX CBOII-
CTBa BPEMEHU.

PaccmoTpenne peaibHOTO MpoIecca BO BpEMEHU 3aCTaB/ISIET OTCTYITUTh-
cd OT JIBY3HAUHOM JJornku. Hanpumep, MexK Ty 1epro/ioM, KoTjia UIAET JTOXK b,
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1 [IePHOJIOM, KOTJIa JIOXK b IPEKPATUIICS, UMEEeTCs IPOMEXKYTOIHOE COCTO-
siHUE, KOTJIa KOJIMYECTBO Kalle/Ib CJIUIIKOM MAaJIo JIjIst TOT0, 9TOObI CKa3aTh,
9TO MJIET JIOXK/Ib, HO CJIMIIKOM BEJINKO, YTOObI YTBEP:KJATb, UTO JOXK/Ib
y2Ke 3aKOHUIMJICS. TakuMm oOpas3oM, IMOsIBJISIETCsl TPeThe 3HAUYEHNE BbICKAa-
3bIBaHUsI: “HU UCTUHHO, HU JIOYKHO .

Bpemennds noeura Ilpatopa — 310 joruka Oyunyiiero. OHa coaepKuT
HOBBINT cuMBOJI F', KOTOPBIIl HA3bIBAETCSI CUMBOAOM 0YOyw,e20, W HOBBI
cumBosi G. Ilpu arom mist mo6oit hopmyitsr ¢ dopmyia F ¢ nnreprnperu-
pyeTcsd Kak “Oyner ¢”, a dopmyna G ¢ duTaercd Kak ‘Beerja Oyner ¢’ u
cBaz3ana ¢ hopmysioit F' ¢ ciemyrorieit akCoMoii:

G o —F —p.

Kpome Toro, K nCUnCaeHNIO BHICKA3bIBAHNI J00ABIAIOTCS CXEMbl aKCH-

om F(pV)=FeV F¢, FFek F@unpasuia BbIBOIA

Tk o
TFFy FobkFy

Bo3MoKHOCTE 11 HEOOXOIMMOCTE OIPEJIE/ISIOTC depe3 cuMBojibl F' u G
CJIEJIYFOTIUMU COOTHOIITEHUSIMU:

Cp=pVEp, Up=pAGe.

[Ipaitop mokaszaJi, 9To MOJIyYeHHOE MOJIaJIbHOE HCUNCICHUE, COJIeprKa-
1eecss BO BpeMeHHOI JIOTHKe, cuibHee ncunciaeHus: S4, Ho ciabdee SH.

JIeMMOH MPEJIOKIT MUHUMAALHYIO BPEMEHHIIO A02UKY, OCHOBAHHYIO
Ha MojlaJibHOCTAX P — “Obuto” un “F” — Oyner. IpejozkenHoe uM ncIuc-
JieHne J1I00aB/IsieT K UCUNCICHUIO BbICKA3bIBAHUN AKCHOMBI

—F-(p =) F (Fp— F), FaP-phk o,
—P-(¢p =) (Pp— Pvy), P-F-phkg
n HpaBI/IHa BbIBO/Ia
I'-o I'F o
F'E=F-p T'F-P-p

anHasi Jornka He jejiaeT HEKAKUX I[IPENOJI0KEHN O Mpupojie Bpe-
MEHH: ero 6ECKOHEYHOCTH B IIPOIILJIOM WJIN OyIyIleM, HelIPePbIBHOCTU WJIN
HePa3BETBJICHHOCTH.

Bo spemennoti noeure por Bpuema K MCUIMCIEHNIO BbICKA3bIBAHUIT 110~
OaBJisteTcsd OMHapHas cBsi3Ka ', TO3BOJIsIIONIAs 110 (DOpPMYyJIaM @ U 1) CTPO-
uTh hopmyity (1)), KoTopas duTaeTcs Kak “ceifaac mpoucxXOIUT COObITHE
©, & 3aTeM, T.€. 68 CACOYIOWUTT MOMEN BPEMEHU, TIPOUCXOTUT COObITHE 1.

C nomorpio dopmyn (1T (T (3T ... 1 ...))), B KOTOPbIX (HOpMY-
JIBL 1, . .., O ABJSIOTCS ONUCAHUSIMI COCTOSIHUI, OINCHIBACTCS UCTMOPUA
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mupa. [pu sToM J00ast Takas popMyJia Ha3bIBAETCs (hpazmMeHmom Ucmo-
puw. Tepmun “ncropust’” MMeeT ABOHCTBEHHOE 3HAUCHHUE: OH MOXKET O3Ha-
YaTh [IOCIeJ0BATEILHOCTL KaK CAMUX ITOJIHBIX COCTOSHUII MUpa, Tak U UX
OIMCAHUIL.
K ncunciiennio BbIcKa3bIBaHUI J100aBJISIIOTCA aKCHOMBbI
(01 V@) T (1 V4h)) = (o1 TP1) V (1 T92) V (92T91) V (92T42),
(TY) A (@Tx) F (eT'(¥ A X)),
p = (eT(Y V1)),
F (T A )
1 IIPABUJIO BHIBOJIA,
Iy o1 =gy Tsahr =y
I, (o1 Tn) b (@aTtha)

Bpems B 3T0it TeMIopaIbHOMN JIOTHKE JINCKPETHO 1 JIMTHEHHO yIOPA 09e-
HO. Ecam amesio mosHpix cocTossnmit Mupa paBao 2", TO UNCI0 BOZMOXKHBIX
HUCTOPHUII B M MOCJIEAYIONINX MOMeHTax paBHo 2",

§ 4.2. IlpeamkaTHbIE JIOTUKU

1. MHoOrocopTHble JIOrMKH II€PBOrO MOpsAKa. JBycoprHast JIOrU-
Ka [IePBOI0 IIOPSJIKA OUEHD [I0X07Ka, Ha OOBIYHYIO JIOMHKY EPBOr0O HOPSIIKA,
(JIOTHKY TPEeJINKATOB), 3a UCKJIIOYEHUEM TOTO, YTO UMEETCs JIBA COPTa. Te-
PEMEHHBIX.

[ITpumep 4.2.1. 1. AKCHOMBI JTUHEIHOIO IIPOCTPAHCTBA MOXKHO €CTe-
CTBEHHDBIM 00Pa30M 3aIlICATh, UMes OJIMH COPT NEePEMEHHDIX U, U, W, . . . JIJIs
BEKTODPOB, & JIPYToii copT «, 3,7, ... — JJis CKAJIAPOB (9J€MEHTOB IOJIs).
Takum 06pazoM, JuHeitHOe MpoCcTpaHcTBO cocTouT u3 Tpoiiku (U, §, ), rie
§ = (F;+3,5,0,1) — mone, a Y = (V;+,0) — BekTOpHAs cucTeMa ¢
orepanyeil CJIoKennus BEKTOPOB U BBIICJCHHBIM HYJIEBLIM BEKTOPOM, * —
YMHOZKCHHIE Ha CKAJISAP.

2. Ilpu usydenuu rpymmn HepejKo pacCMaTPUBAETCs KJACC Tpynn A =
(A; -, €e), B KOTOPBIX BCE 3JIEMEHTBI @ UMEIOT KOHEUHVLT NOPAJOK, T.€. TAKOe
HayMeHbIllee HaTypajbHoe dncyio n > 0, 9o a” = e. YcjaoBre KOHEUHOCTH
TOPSTKOB BCEX 9JIEMEHTOB BbIpazkaercsi hopmysoit Vo dn > 1 (2" ~ e),
KOTOpas He dBjistercs OpMYJIOi MCUUCIeHUs IIpeAuKaToB. bosee Toro,
B CHJIy HEOIPAHUYEHHOCTH KOHEUHBLIX MOPSIIKOB [0 TEOPEeMe KOMIAKTHO-
cru opmyant NI, onucebiBatonieit Kiace Tpyii, y KOTOPLIX BCE 3JIEMEH-
ThI UMEIOT KOHEeuYHbIe TOpsiIKM, He cyiecrByer BoBce. C Japyroii cropo-
HBI, BBeeHne aBycoptabix cucreMm (A, I, (1)) (rme N = (N; <), () —
orepalis BO3BeJeHUs 9JIEMEHTOB IpyIibl 2 B HaTypasbHbIE CTEIeHH),
a TakKxKe KBaHTopa Vi JUIs 9JIeMEHTOB cucTeMbl %l 1 KBaHTOpa do JIJIsI
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9JIEMEHTOB crucTeMbl 1 TMO3BOJISIIOT 3aIlUCATh NCKOMYIO (DOPMYJIY B BHJIE
Vizdon (n > 1) A (2" =~ e€)). O

B obmiem ciyuae deycopmmas Wi 06yocHosHasA ajaredpandeckasi Cu-
crema (2,95, 3) cocTonT U3 JBYX OOBIYHBIX aarebpamdeckux cucrem A u
B, a TakKe HEKOTOPBIX Olepariiii 1 OTHOIIEHNH Ha UX 00beIMHEHIH, CO-
OTBETCTBYIOIIUX CUMBOJIAM CUTHATYPBI 2.

JBycopTHast (HJIM MHOTOCOPTHAST) JIOTHKA TOJBKO BHEIIHE CHyibHee (Xo-
TS 9acTo OOJiee eCTeCTBeHHa, YeM OOBbITHAs JIOTHKA), MOCKOJIBKY JIIOOYIO
naBycoptayto cuctemy (2(, 98, 3) MOXKHO IPEBPATUTH B OOBIYHYIO CHCTEMY
(AU B;A,B,...) ¢ oqnomectHbiMu Tipegukatamu A u B jyist Bbiiesie-
HUSI Pa3JIMIHBIX COPTOB 3JIEMEHTOB. DTO CBEJCHHE I03BOJISIET IIePEeHeCTH
MHOT'HE PE3YJIbTAThI JIOTUKN MEPBOTO MOPsi/IKA HA MHOTOCOPTHYIO JIOTHKY,
IPEJIOCTABJISIIONLY 0 M3BECTHOE YI00CTBO J1J1si PaOOTHI.

[Ipu pacemorpennu jBycoptHbix cucrem (2, B,3) ¢ dbukcupoBaHHOI
cucreMoii B norydaercs Tak HazbiBaeMasd B-ao02uka. Hampumep, R-oruka
yJI00Ha 11PN U3YyUEHUN eBKJIUJIOBBIX IPOCTPAHCTB, IIOCKOJIBKY T0JIe CKaJIs-
poB R dukcuposano. Eciu cucrema B 6eckoHedHa, TO B-JI0IMKa CUIbHEE
JIOTUKHU TIEPBOTO TopsiiaKa. B yacrHOCTH, /1 B-JIOTMKI HEBEpHa, TeopeMa,
KOMITAKTHOCTH.

2. Ciabas Jiormka BTOPOTO MOPSAJIKA — 3TO JIOI'MKa, B KOTOPOIi
HEKOTOPBIM €CTECTBEHHBIM 00Pa30M CTPOUTCH MOHSATHE KoHewHo20. 1ycTh
JlaHa HEKOTOpas CUTHATypa i, X,Y,Z2,... — IEepEeMeHHbIe, U3 KOTOPBIX

cTposaATcs (pOPMYJIbI CUTHATYPBI 2. PaclmpuM CUrHATYPY X 0 CUTHATY DI
Y* BBeJIeHHEM HOBOTO IMPEIMKATHOIO CUMBOJIA PUHAJJIEKHOCTH € U JI0-
O6aBIM K CTapoOMYy CIIMCKY HOBBIE Il€peMeHHbIe a, b, c,. ... Takum obpazom
noJiydaercs JBycoptHbiil andasut (X U {x,y, 2,...},{€} U{a,b,c,...}).
Hannyio anredbpandeckyio cucremy A = (A;¥) pacumpum 10 cucme-
ML Hacaedemeento kKoneunmr muoocecme HE () = (A, HF(A); €] (AU
HF(A))) nag 2 B cOOTBETCTBUU €O CJIEIYIONMIEH CXEeMOTi:

HFy(A) = 2,
HF,1(A) = {X | X — xoneunoe nommuoxkectso A U HF,,(A)},
HF(A) = | HF,,(A).

new
Dementsl MHOKecTBa HF(A) Ha3BIBAIOTCA JONYCMUMbBLMU MHONHCECTNEA-
mu Hag A. OueBnpno, 9TO J1I0OOE HATYpaIbHOE UNCIO0, & TaKrKe JIiobast
KOHEUHasl II0CIeI0BATE/IbHOCTh HATYPAJbHBIX UHICEJ SIBJISIOTCS JTOIYCTH-
MBIM MHOKECTBOM HaJI JIFOOBbIM MHOYKECTBOM A.
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B ciraboii jtornke BTOpOro mopsijKa pasperiaeTcs: NCIoIb30BaTh hOPMY-
JILI CUPHATYPBI ¥, B KOTOPLIX IIepeMEeHHbIE @, b, ¢, . . . UHTePIPETUPYIOTCs
muokectBamu u3 HF(A).

Crabast JlormKa BTOPOTO MOPsIKA HMEeT Ty »Ke CIy, 910 n (w; <)-
JIOTHKA, HO 3HAYUTEILHO 00JIee ecTeCTBeHHA B alredpandeckKoM KOHTEKCTe,
OCKOJILKY IIO3BOJISIET HEIIOCPEICTBEHHO PabOTaTh C HEILIME YHCIAMIE, KO-
HEYHBIMU MHOKECTBAMU, KOHEYHBLIME [I0C/IE0BATEILHOCTSIMUI 1 T. 1.

3. Beckoneunbie jgoruku. Cjabasi JOruKa BTOPOrO IMOPSIIKA TTO3BO-
JISIET OIPEJICTUTD MOHATHE KOHEYHOTO B CEMAaHTHUKE JIOTUKN. BeckoHeuHble
JIOTUKH, HAIIPOTUB, BBOJAT B CHHTAKCUC OECKOHEUHBIE KOHCTPYKIINHU, I10-
JI0OHBIe OecKOHeUHOil hopMmyite

Ve((z=~0)V(2zx0)V...).

Jloruka Ly, JIOIyCKAET JOMOJHUTEHHO CJIEYIONiee MPaBUjio 00pa3oBa-
aust: ecoim ® = {p, | n € w} — cyernoe muoxkecTBO hopmys, o AP =

N on (koubioakiust @) u \/® = \/ ¢, (musboskiua ) aBiasgoTcs
dopmynamn. ObdozHadenne Joruku L, 00bsCHAETCS TeM, 4YTO B Heil J0-

IyCTUMBI CUeTHBIE (< wi) KOHBIOHKIINN U JIN3BIOHKITN U TOJBKO KOHETHOE
anciio (< w) kBaHTopoB. Jloruka L, MO3BOJISIET BHIPAYKATH T€ MOHITHS,
KOTOPBIE BLIPA3UMBI B JIOTUKE IIEPBOIO IMOPSIIKA 110 MOJYJIIO CYETHOIO KO-
JIn9ecTBa NHGMOPMAaIIIN.

[Tpuwmep 4.2.2. Pacemorpum nmekoropsiit tun p(z) € D(T), cocro-
aimuit u3 GopMys1 caeTHol curnarypel . Eciu p(T) — riaaBHbIi THIT, TO
OH OIPEJIE/ISIeTCsT HEKOTOPOii rytaBHOi hopmyiioit ¢(T). Ecmu xe tun p(T)
He SIBJISIETCSI TJIABHBIM, TO OH OIPEJIeISeTCs JINIh CUeTHBIM MHOYKECTBOM
dopmyn ©(T) = {n(T) | n € w}. Ilepexona k soruke Ly, TOdyTIaeM,
aro Tutl p(T) onpesensercs yxe dopmysoin A O(T). O

4. Jlormka c HOBbIMH KBaHTOpaMH. PaccMoTpumM mcuncjenne mpe-
JINKATOB HEKOTOPOit curuarypbl 2. [Iycers (Q — HOBBIN cumBoul. JlobaBum K
npaBuIaM 00pa3oBaHmsa GOpPMYJI CejIyiolee: ecin ¢ — dpopMmysia, To Qx ¢
Tak:Ke sipjisiercs (popmysioit. CyinecTByeT MHOTO Pa3/IMIHbIX HHTEPIIPeTa-
nuit s Q. Hanpuwmep, moxkuo onpenennts, aro A = Qx ¢(x) Torma u
TOJILKO TOIJIA, KOTJIa CYIECTBYET OECKOHEUHO MHOTI'O 9JIEMEHTOB @, JIJIsi KO-
Topbix 2 = ¢(a). Dra joruka, oboznadaemas depes L(Q), SKBUBaATIECHTHA
c1a0011 JIOTHKe BTOPOI'O MOPSIIKA.

Ecim onpegermts, uto A = Qx ¢(x) Torma m TOMBKO TOrIA, KOrja
CYIIIeCTBYeT HECUETHO MHOI'O 9JIEMEHTOB @, Jijist KOTophix A = ¢(a), To 1o-
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JIydaeTcs JIOTHKa ¢ KBAHTOPOM “CyIIeCcTBYeT HecueTHO MHOTO . B 3Toil j10-
ruke, obo3nadaemoit depes L(Q), crpaBejyinBa 1 TeopeMa KOMIAKTHOCTH,
1 Teopema O IOJIHOTE, HO HeBepHa TeopeMma JIésenreitma — Ckysema. [Ipu
9TOM IIOHSITHE ‘CYIIEeCTBYeT HECYETHO MHOro’ obecrieunBaeT MaTeMaThde-
CKH TOYHYIO MOJIEJb JId HepOpMabHOTO MOHATHA “MHOTO . Mcmonb3ys
TEPMUHOJIOTHIO “MHOr0” 1 “MaJio” s “HecdeTHOCTH W “HEHECUETHOCTH'
COOTBETCTBEHHO, IIPY (DOPMAJIN3AINNI MOYKHO BBECTHU CJIEJIYIOIIIE AKCUOMDL
Keticaepa:

1) FVy—Qz (x ~ y) (11 006010 Y CYMECTBYET MAJIO T, JIJIs1 KOTOPBIX
T =y);

2) V(e — ), Qr o F Qe (ecau ¢ — 1 jyist BeexX & 1 UMEETCsT MHOTO
X, YJOBJIETBOPSAIONINX (0, TO MHOTO T YJIOBJIE€TBOPSIOT 1));

3) Qr (V1Y) F Qr eV Qi (ecau MHOTO T yIOBIETBOPSIOT  V 1, TO
MHOI'O & YJIOBJIETBOPSIOT (0 UJIU MHOTO T YJIOBJIETBODSIOT ¥);

4) =Qx Jy p, Ve —-Qy e F —QyIx ¢ (eciu cymecTByer Majio x, Jis
KOTOPBIX Yy (1, 1), N ecin JijIs KazKJ0Tro X CYIIeCTBYET MAJIO ¥, /I KO-
TOPBIX (X, ), TO CYIIECTBYET MAJIO Y, JIJI KOTOPbIX 3T ¢(x,y)).

§ 4.3. Ilpeaukarubie BpeMeHHBIE JJOTUKU
U UX [MPUJIOXKEHNE K NPOrpaMMUPOBAHUIO

Bpemennsblie JIOTUKN UCHOJIB3YIOTCA B IPOIPAMMUPOBAHUN JIJIsI OIHCA-
Hus 1 Bepudukamymu nporpamm. IIpu sTtom onucanue npoepammv, cocTOUT
B BbIpasKEHNUU C MOMOIIBIO I3bIKA BPEMEHHOI JIOTUKHN CBOIICTB IIPOTPaMMBbl,
XapaKTepU3yIOIX ee MMPaBUIbHOE BBLIYNCIUTEILHOE IOBEICHUE, a ee 6e-
pugurayus — B UCIOJb30BAHIE allllapaTa BPeMEHHOIO UCUUCTEHUS JIJIst
JIOKa3aTeIbCTBa, TOrO, UYTO JaHHas IIporpamMMa 00J1ajlaeT MHTEePeCyoNuM
CBO¥ICTBOM.

IIpoepammor paccMaTpuBalOTCsi KaK OOBbEKTbhI, BbIpaKeHHbIe Ha (hop-
MaJTBHOM SI3bIKe, 0018 IaI0ITIe Olpeie/IeHHON NH(MOPMAIMOHHO 1 JJornve-
CKOU CTPYKTYPOII 1 IO/IJIezKAIINe UCIIOJIHEHNIO Ha aBTOMATUYCCKUX YCTPOIi-
cTBax. VcciieoBanme mporpamMM MMPOBOUTCS MPENMYIIECTBEHHO Ha, OCHO-
Be JIBYX MOJeJieil BBIYUCICHU: IT0CIeI0BATC/IbHBIX IIPOrPaMM C ITaMATHIO,
UJIN ONEPATOPHBIX MPOrpPaMM, U PEeKYyPCUBHBIX IporpaMm. IIpm stom obe
MOJIEJIN CTPOSITCSI HaJl HEKOTOPOil abCcTpaKTHOI aaredpandecKoil CucTeMoi
2l KOHETHOI CUTHATYPHI 2.

Ornpeiesienne Kjacca IporpaMM cjiaraercsi U3 Tpex dacTeil: cXeMbl 11po-
rpaMMbl (CHHTAKCHCA), HHTEPIPeTAN 1 ceMaHTuKun. CTema npozpammol
— 9TO KOHCTPYKTUBHBIN 00BHEKT, MOKA3LIBAIOIINI, KaK CTPOUTCS MPOTPaM-
Ma, C HCIIOJIb30BAHUEM CHUTHATYPHBIX CUMBOJIOB. Mnmepnpemanus — 3TO
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3a/laHie KOHKPETHOIO HOCHUTEJSI I COIOCTaBJIEHIE CHMBOJIAM CHTHATYPHI
KOHKPETHBIX Ollepaliiii 1 OTHOIIeH T Ha HocuTese. Cemanmuka — 9TO CIIo-
cob COMOCTaBIEHNsT KayKI0il mporpaMMe pe3ysbTaTa ee BhIIoJIHeHns . Kak
IIPaBIJIO, C IIPOrPaMMaMi CBA3BIBAIOT BbIYUC/IgeMble UM pyHKIN. MH-
TeplpeTranus 0ObLITHO BXOANT B CEMAHTHKY KakK IIapaMer]p, IMOITOMY CXeMa
IIPOrPAMMBI 381a€T MHOYKECTBO IIPOrPAMM U BBIUUCISIEMBIX UMI (PYHKIINI,
KOTOPOE IOJIYUIAETCs [IPU BapbUPOBAHIY MHTEPIPETAIINN HaJ HEKOTOPBIM
3a11aCOM 0A30BBIX OIlEepaIlnii.

Cxema npo2pammo, ¢ NAMAMDBI, I ONEPATMOPHAA CLEMG 3aIAeTCs B
BI1JIe KOHETHOI'O OPUEHTUPOBAHHOIO 2paga neperodos, NMEIIero 00bITHO
OJIHY BXOJTHYIO U OJIHY BBIXOJIHYIO BEPIIUHDI, BEPIIHUHBL C OJHON (npeobpa-
3osamenu) u AByMs (pacnosnasament) uexoasmn jryramin. C moMombio
CHMBOJIOB CUTHATYPBI 2, BKIIOUAONIEr0 KOHCTAHTHBIE CMBOJIBI, I CIETHO-
IO MHOYKECTBa CHMBOJIOB ITEPEMEHHBIX OOBITHBIM 00PA30M CTPOSITCS MHO-
kectBo T'(X) DyHKIMOHAIBHBIX TepMOB U MHOXKecTBO PT' (X)) npeduxam-
HOLT MEPMOG, cocTosIee 13 TepMoB X p(ty, ..., t,) (tme ty, ..., t, € T(X))
OT XTAPAKMEPUCNUNECKUT PYHKUUT

z) = 1, ecm T € P,
10, ecsiux & P.

Kazk oMy pacrio3HaBaTe o COIOCTaB/ISIETCSI HEKOTOPBII TPeINKATHBII TepM,
a Mpeobpa3oBaTENI0 — ONEPAMOP NPUCCAUSAHUL, IMEIOIINN BII X 1= t, TJe
T — CHUMBOJI lepeMeHHoil, a t — QyHKnuonaabublil TepMm. Koneunas co-
BOKYITHOCTD (1, ..., ZE) BCEX MEPEMEHHBIX B CXeMe 00pa3yeT ee namamso.
Uurepriperalius B OMOJHEHNE K KOHKPETH3aInn 6a30BbIX Ollepariuii mpe/i-
MICHIBAET KarKJoil mepeMeHHoil 06siacTh ee m3MeHeHusi. st mporpaMm c
naMsThIo Hanbo/iee 00bIUHA TAK HA3BIBACMAST ONEPAUUOHHAA CEMAHMUKG,
COCTOSIINAsT U3 AJrOPUTMa BBITOJHEHUST TIPOrpaMMbl Ha 3aJIaHHOM COCTO-
stHUN naMsiTh. [IporpamMma BBITOJTHAETCS P JIBUZKEHNN 10 Ipady mnepe-
xonoB. [Ipn momajannm Ha pacro3HABATENb BBIUUCISIETCS TPEINKATHBIN
TEPM ¥ IIPOUCXOJUT TIEPEXO/T TI0 JyTe, COOTBETCTBYIONIEH 3HAUCHUIO XapaK-
Tepuctuyeckoit pynknuu. [Ipu nonajgannm wa rnpeodbpazoBaTesib ¢ onepa-
TOPOM & := t BBIUYNC/ISETCS 3HaUeHNe ¢ U MPUCBAMBAETCS MTePEMEHHOM .
Pesybrar BBIIOTHEHNST IIPOTPAMMBI — COCTOSTHIE TIAMSITH IIPU O IaHII
Ha BBIXO/IHYIO BEPIIIHY.

Crema pekypcusHoti npo2pammol, WK PEKYPCUCSHAA CTEME, TCIOIb3Y-
eT KpoMme (pyHKINOHAJIBHBIX TaK HA3BIBAEMBIE YCAOGHBIE MEPMDBL, 0OPa3y-
FOIIIE BMECTE C MEePBBIMI MHOYKECTBO BblYUCAUMENDHDIT MEPMOS. YCTIOB-
HBIIl TepM 3a/1aeT BbIYUC/ICHIE TTIOCPEJCTBOM pas3dopa CIyuaeB, UMEeT B
(7|t1|te), ryie ™ — HpeAUKATHBIN, a 1 U ty — BBIYUCUTE/IbHBIE TEPMbI, 1
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COOTBETCTBYET KOHCTPYKIIMH YCJIOBHOTO BbIPAYKEHIS:
if m then t; else .

PekypcuBHast cxemMa COCTOUT U3 TJIABHOIO BBIYUCJIUTETLHOTO TEPMa € BXOJI-
HBIMI TTEPEMEHHBIMU U KOHEUYHOT'0 Habopa peKypCUBHBIX YpaBHEHUI BUja
f(xy,...,z,) = t, one f — cuMBos onpenessieMoit GYHKIUN, X1, ..., Ty
— IepeMeHHble, ¢ — TepM € TMePEeMEHHBIMI U3 MHOXKeCTBa {1,...,T,} 1
C CUMBOJIAMHU OTIpeJie/isieMbIX (PYHKINiI 13 Habopa ypasuennii. [Ipu ecte-
CTBEHHBIX ITPEIIOJIOKEHNTX Ha NHTEPIPETAITIIO OA30BBIX OllepaIuii cucre-
Ma ypaBHEHHUII OTHOCUTEILHO ONpejesaeMbIX (PYHKIMI Beerja nMeeT Tak
HABBIBAEMYTO HAUMEHDULYIO HENOJBUNCHYIO MOYKY — COBOKYITHOCTH (DYHK-
Ui, YIOBJIETBOPAIONINX YPABHEHUSAM, ¢ IpacdUKaMi, COJEPIKAIIIMEICT B
rpadukax JIOOBIX Jpyrux periennit ypasuenwnii. Ilojcrasisgsa B riaBHbII
TEpM BMECTO CHMBOJIOB OIIPEJeISeMbIX (PYHKINI COOTBETCTBYIONINE KOM-
MOHEHTHI HAMMEHBITEH HeITOABUKHOM TOUKHI, MOJTYUIaIoT (PYHKIINOHATILHBIIH
TepM, 380N HEKOTOPYIO (DYHKITNIO BXOIHBIX IMEPEMEHHDIX, KOTOpasd U
00 bsABIIAeTCA PYHKITHEH, BBIUNCIeMON PEKYPCUBHON ITPOrpaMMOi.

[Iycts II — nporpamma, ¢ — dopMmysia, OTHOCSIIASACST K BXOJHBIM JTaH-
HBIM, KOTOpAasi J0JI?KHa ObITH NCTUHHA neped BhIOTHeHeM porpaMmbl I1,
) — dopMmyiia, KoTopas A0JIKHA ObITh UCTHHHA II0C/I€ BBIIIOJHEHHS IPO-
rpaMmbl II. @opmyiia ¢ Ha3bIBACTCH NPedycro6uem, a Y — NOCMYCA0BUEM
I1.

[Iporpamma I HazwpIBaeTcss wacmuuro npasusbHot OTHOCUTETHHO (0 1
Y, ec/in BCAKUIT pas3, Korja MpeyC/loBUE ¢ UCTUHHO TIepe/l BBIMOTHECHIEM
IT u II 3akamauBaeT padboTy, mocTycaoBue 1) OyIeT TakykKe UICTUHHO. B 3ToM
caydae UCIOJIb3YeTCs 3alliCh

{p I}

[Iporpamma Il nazbiBaeTcs momaavHo npasusbHot OTHOCUTETHHO (0
1 1), ecM OHAa YaCTUYHO MPAaBUIbHA OTHOCUTEIHHO ¢ W 1, U 00g3aTe/b-
HO 3aBepiiaer paboTy, ecu ¢ uctuaHa (T.e. ucnosHenue I1 obst3aTebHO
3aBepIIaeTcd U 1 UCTUHHA B JIIOOOM COCTOAHWH AMATH KOMITBIOTEPA, KO-
TOpOE MOXKET IOJIyYUThcd NpU BbioJHeHun 1I; mociieinee ycioBue Ha
coorsercTByer [Jv) B MopasbHOlT Jloruke). B aToM cirydae mcmosb3yercs

{oHI | {v}.

[IpenycioBue ¢ m moCTycJI0BHE 1) CBSI3aHbI ¢ KOHKPETHOI 3ajiadeil, KoTo-
pyIo TpebyeTcsT PeInuTh U JIjIsd Pelllennsi KoTopoil Hanmcana nporpamma, I1.
Ham Tpebyercs gokazaTh, 9TO OHA MPABUIbHA.
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C menbio BepudUKAINI KOMIIBIOTEPHBIX IIPOIPAMM CO3JaHa MeMNOo-
PaAvHGA Ao2uka [IHyesu, TTO3BOJISIIONA JOKA3bIBATL HAJIUUNE Y JAHHOI
IIPOrPaMMbI CBOMCTB, XapaKTePU3YIOIINX ee IIPABUILHOE BHIUNCINTEILHOE
noseierne. IIpu 9ToM HOHsITHE BHEIIHErO BpeMeHH, UM TeMIIOPAJIbHOCTH,
CYIIECTBEHHO JIMIIb JIIsi BepUUKAIUNA IIPOrpaMM, CBI3AHHBIX C IapaJi-
JIEJIbHBIMU BBIYKIC/IEHISIMU, IIOCKOJIbKY B IIOCJIEI0BATEIbHBIX IIPOIPaAMMaX
NMEIOTCs “BHYTPEHHNE Yachl’, a8 UMEHHO CaMO BBIINOJIHEHNE. 3Has METKY
B II0CJIE/IOBATE/IbHOI IIPOrpaMMe, a TaKyKe 3HadeHUsl IPOrPpaMMHBIX IIepe-
MEHHBIX, MOyKHO TOYHO OIIPEJIE/INTh, B KAKOM MeCTe IIPOrpaMMbl HAXOJIAT-
csl 1porece Buruucsenusi. [Ipu obpaleHnn ke K HeJleTepMIHIPOBAHHBIM,
apaJsiie/IbHBIM [IPOIPaMMaM, B KOTODPBIX BBIIOJIHEHHEe COCTOUT U3 Iepe-
MEIIaHHBIX MEXKIY cOoOOil orepalinii 13 pa3jniHbIX MIPOIECCOB, TPedyeTCst
pasymndarh ‘Tae’ u “Korja’ M COXpPaHATb BHEIIHIOI BPEMEHHYIO IITKaJly,
HE3aBUCHMYIO OT BBINOJHEHUs. TakuMm obpasoM, Joruka lInyenn npenna-
3HAYEHA JIJI BepU(DUKAIIHI [IPOIPAMM, CBSI3AHHBIX C IapaJLIebHBIMI BbI-
YNCJICHUSIM.

Bpemennas joruka [IHyenn crpouTcest Kak JOTHKa IIEPBOrO IOPSIJIKA C
nobaBIeHIeM OJJHOMECTHOTO Ipeankara L(x), BhIIESIONEro MHOKECTBO
METOK [, B KOTOPBIX MOI'YT HAXOIUTbCsI BBIYUCINTEIbHBIE IIpoiecchl. OT-
HotleHue L jgaeT cpejcTBa Jijisl OIICAHISI KOHTPOJILHOI'O KOMIIOHEHTa, IIPO-
IPAMMHBIX COCTOAHUIA.

Kpome Toro, jioruka [IHyenmn cojgepKuT A0MOJHUTEIbHbIE CUMBOJIBI F’
(korya-uuby b Oyier), G (Bcerga Oyuer) u X (B cjejyromuii MOMEHT Oy-
JIeT), CJIEIYIONINe aKCHOMBL:

Gl —=Y) (G — G),

R(p =) F Rp — Ry),

Gol o,

G RG o,

Gy Nop,

FRop o N,

p, G (p — Rop) F Gy,

a TaKzKe IIpaBMJIa BbBIBOJIa

L'k L F g, T'E Vo (L(x) AN — Ro)
-Gy’ Ly kG

[Tocnennee mpaBmIo HABBIBACTCI UHBAPUGHMMHDLM NPAGUAOM, COTTIACHO
KOTOPOMY JIJIsl YCTAHOBJIEHUS] MHBAPUAHTHOCTH (HEM3MEHHOCTH) CBOCTBA,
© B JIAHHOI IIporpaMMe HY?KHO YCTAHOBUTH, YTO 9TO CBOMCTBO NMeEET MECTO
B Ha4YaJIe IPOrPaMMbl U COXPAHACTCH [IOCJIC BBIITOJIHEHNA KazK /10 KOMaH /bl
9TON POrPAMMBI.
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C IIOMOIIIbIO MHBAPHMaHTHOI'O IIpaBHJIa JOKa3bIBACTCA CJICHAYIOIIee c601U-
CMeo UCKANHYEHUA KPUTMUHECKUT ceA3€ell:

o G=(L(I)A...ANL(l)),

rjie ¢ — popMyIIa, BhIpazKaroIiasi HCXOIHbIE YCJIOBHUS TPOTPAMMBI (1 BKJIIO-
Jarolas 3HaUeHNsT TPOTPAMMHBIX [TepEMEHHBIX, ITPEIYCI0BIE U UCXOJIHbIE
METKH BCEX MapasijieJIbHbIX IIPOIECCOB), [; — MeTKa KPUTHIECKONH CEKITN
1-TO Ipollecca.

Pacmmudpyem nonsatue xpumuueckotl cexyuu. B mapaiebHbIX BbI-
GUCJIEHUSTX TapaJIIe/IbHBIE MPOIECChl MOI'YT BKJIIOYATH OJOKH (CEeKIun),
cojiepzKalne KOMaHIbl, KpUTUIECKIE JIJIsT KOOTIEPUPOBAHUS STUX TTPOIEC-
coB. lnave roBopsi, MOKa OJINH MPOIECC HAXOJIUTCHA B CBOEH KPUTHIECKOI
CEKITUU U BBITIOJIHAET KOMAH/IbI 3TOI CEeKITUU, BTOPOIl MPOIecC He JI0JIZKEH
BXOJIUTH B CBOIO KPUTHUYECKYIO CEKINIO, ITOCKOJIbKY U3MEHEHUS B sUeilkax
MaMATH, TPOUCXOJIAIIIE TTPU BBITIOJTHEHNN KOMAaH]I WIYIIETO TIepBOrO MPO-
1ecca, MOIyT UCKA3UTh BLIYUC/ICHUs, Ha KOTOPbIe COPUEHTHPOBAH BTOPOI
nporiecc. Bropoit mporece o/KeH KaaTh (U JJIs 9TOr0 Tpedyercsi MoHs-
THe “BHEITHEr0 BpeMeHN”), MOKa COJEPKNUMOe MCIOIb3YEMbIX UM sTIeeK He
oKaxkeTcs TpedyeMbiM. OXKugaHue MPOMCXOIUT B CUJIY BBITIOJIHEHUS CIie-
UAJILHBIX KOMaH] TPOIPAMMBI, HA3LIBAEMBIX CEMAPOPHLIMU UHCTDYK-
YUAMU.

[Tpumep 4.3.1. PaccMoTpum mapaJiie/ibHYIO TPOrpaMMy C JIBYMsI
kpurndeckumu cexknnsymu KC1 nu KC2. CemadopHast MHCTPYKIUsT — Olle-

parop “wait ... then ...” ¢ cemadopHoil mepeMeHHOl X1, KOTOPOIl N3HA-
YaJIbHO [IPUCBAMBAETCs 3HAUYEeHHe 1:

nporecc 1 nporiecc 2

lp : wait 1 > 0 mo : wait z; > 0

then z; := 21 — 1; then z{ := 21 — 1;

ll . tl = T3 * Xy, my tg = xg/xg;

KC1 |1y : x5 :=tq; KC2 | mg : x9 := t9;
I3:21: =21+ 1; ms3:x =1+ 1;
ly : end my : end

[TpeosoxKM, 910 MPK BBIIOJHEHUN IIpoliecca 1 3HaYeHne X1 YMEHb-
miochk 10 0. Torga KoMIbiOTEp BBIHYXKIEH OCTAHOBUTHL IIPOIECC 2, TI0-
CKOJIbKY IIPerpajioil K ero BBIIOJHEHHIO siBJIsieTCs ceMadopHas HHCTPYK-
I[UsI [I0JI METKOI My, Il BBIIOJIHEHHsI KOTOPOil HeoOXOMMMO, 9TOObI X1
ob1s10 Oostbitie 0. CregoBaTe/IbHO, KOMIIBIOTED HAYHET BBIOJIHATH KOMAaH-
bl ¢ MeTKaM# [1, s, [3 1 TOJIBKO IIOCJIE 3TOr0 HepeiaeT K IPOI0JI2KEHUIO
BBIIIOJIHEHUsI TIpoliecca 2. Apyrumu cioBamu, IOKa IIporece 1 HaxoauTcst
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B cBoeil kKpurndeckoii ceknun KC1, mporecc 2 He JIOCTUTHET CBOeH Kpu-
tdeckoil cexmuu KC2. To ke camoe OyneT IPOUCXOAUTH B Caydae, KOr/a
IIPOIECC 2 HAYHET BBINOJIHATHCS IEePBLIM. []

§ 4.4. AjgropurMmyeckKue JIOTUKHA

AnrropuTMuUuecKue JIOMUKN CO3/AI0TCA C HEIbI0 OIUCAHUST CeMAHTHKH
SI3BIKOB  [IPOIPAMMUDOBaHUs U BKJO9aoT dopmynbl Bujia {@}S{v},
JUTAIONINECT KaK “eC/IN JI0 BBITOJTHEHHA onepaTopa S ObLI0 UCTHHHO (0, TO
1I0CJIe €r0 BBITIOJIHEHNs OyAeT UCTUHHO 1.

Ot joruku ObLTH M306perers P. Y. @noitaom (1967 r.), Y. Xoapowm
(1969 1.) u mpejcTaBUTENSIMU TTOJBCKOT JTormaeckoit mkobl (A. CaibBu-
aunkuit u ap. (1970 r.)).

Xoap onpeenI MPOCTO A3BIK MPOrPAMMUPOBAHUS Yepe3 JIOTTIECKYTO
CHCTEMY aKCHOM W IpaBUJI BBIBOJIA JIIsI JIOKA3aTe/IbCTBA YacTUIHON ITpa-
BIJILHOCTHU TIporpaMm. VM 1mokazaHo, 9To olpejie/ieHne CeMaHTUKN SI3bIKa,
He B TePMHUHAX BBIIIOJIHEHUsI IIPOIPAMMBI, & B T€PMUHAX JI0KA3aTeIbCTBA
ee MPaBUJILHOCTH YIPOIIAET MPOIECC MOCTPOEHUS TTPOTPAMMBI.

Ha 6aze paborbl Xoapa HpOBOAMINCH HCCAEI0BAHUS B 00JIACTH aKCUO-
MaTHYECKUX OIPEJIe/IEHNI d3bIKOB IIporpaMMupoBaHusi. [1osBII0CH MHOTO
paboT 110 aKCHOMATH3AlUN Pa3/JINIHbIX KOHCTPYKIIUI: OT olepaTopa Ipu-
CBamBaHUS JIO pa3JUIHbIX (POPM IHUKJIOB, OT BBI30Ba MPOIEIYP 0 COITPO-
rpamm. B 1973 1. 6b1n chopMyInpoBaHbl TIpaBuia JOKa3aTe bCTBA 1Tpa-
BIJIBHOCTHU JIjIsI OOJIBIITMHCTBA KOHCTPYKIUil s3bika [lackasib. B 1975 1.
ObLIa ITIOCTPOEHA aBTOMATUUIeCKas crucTeMa BepuuKalm J/isi si3bika Ilac-
KaJlb, OCHOBaHHAas Ha aKCMOMaXxX W IMpaBujaax BbiBoja. B 1979 r. ObL1 ompe-
JleJIeH S3bIK TTpOorpaMMUPOBaHus EBK/N, B ITPOEKT KOTOPOI'O C CaMOI0
HavaJja ObLIa 3a/I0KeHa 1jesd aKCHoMaTH3allii.

B 1976 r. ©. IeiikcTpa IpeIoKII METOJ, J0Ka3aTe/bCTBa IPaBUIb-
Hoctu nporpamMM. CyTh MeTOJIa 3aKI0YAETCS B TOM, YTOOBI CTPOUTD 11PO-
I'paMMy BMECTE C JIOKa3aTeIbCTBOM, ITPUYEM JOKA3aTEIHCTBO JIOJIZKHO OlTe-
pekarhb MoCTpoeHue Iporpammbl. JleiikcTpa onpejenit JJjisg  HPOCTOTO
SA3BbIKa [POTPAMMUPOBAHUS CJadeiie ITpeayCcaoBUs 1 MoKa3a/l, KaK X
MOYKHO HCII0JIB30BaTh B KQUECTBE UCUMCJICHUs JIjIs BbIBOJIa Tporpamm. Cra-
JIO sICHO, YTO HCIIOJIb30BaHne hopMasin3Ma MOZKET ITPUBECTH K ITOCTPOEHUIO
1porpamMMm 0oJiee HaJIe2KHBIM CIIOCOOOM.

OnuremM MPUHIAITBI TOCTPOEHUS aJrOPUTMUIECKO joruku L.

Hamsmov B Ly pazaenena Ha sauetixu. Kaxknast siaeiika nmeer udermu-
duramop, NpeCTABISIONIII cOOOM CJIOBO U3 JIATUHCKUX OyKB U UMD U
HAaUMHAIONINICS ¢ OYKBBI. A4eiiKi cojiep:KaT HATypaJibHbIEe YUCIIA.
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IIpoepamma B L cocrout us onepamopos. VlcxogHblil onepaTop — one-
pamop npuceausanus T = t, rae r — UAeHTHPUKATOD, & t — TepM CHUr-
narypst ¥ = {+&) .2 <@V {n | n € w}, B koTopom B KauecTse
[ePEMEHHBIX MCIOJIL3YIOTCs UICHTH(DUKATOPDL.

[Iycts ¢ — dopMmysa curHarTypbl Y, UCTUHHAS HA COCTOSTHUU IaMsi-
TH 1ocJie npucBanBanus, ()7 — opMysia, HCTHHHAS JI0 TPUCBANBAHUS.
Tora mo oneparopy mpucsanBanusi crpoutest hopmyita { ()7 tx = t{p}.

[Ipumep 4.4.1. Eciu dopmyna ¢ pasaa (r < 2) ut = x4+ 1, 1o
dopmyna (¢)f pasma (x + 1 < 2). CregoBaresbHo, 9T0OBI TOCTE MPU-
ceanmBaHust r := = + 1 crajso ncruHHbiM (x < 2), Tpebyercs, ITOOBI 10
IPUCBANBAHNUS BbITOJIHSIIOCH HepaBeHCTBO & + 1 < 2, te. = {(z + 1 <
Dt =2+ 1{(z<2)}. 0O

[Iycts aBa oneparopa S7 1 Sy BBIIOIHAIOTCA OJUH 3a IPYrUM. Toraa
Komnosuyuu S1.S9 onepaTropoB S7 1 Sy COOTBETCTBYET IIPABIJIO BBIBOJIA

{o}Si{v}; {x}S240}; ¥ — x
{¢} 51510} '

Yca061w10 0nepamop — 3TO KOHCTPYKITNS

IF o1 — S1 A py— S9N ... Ny, — S, FI,

re ©i,...,0, — OecKkBaHTOPHBIE (OPMYJIbI CHTHATYPbI g, a S,

., Sy — TocenoBaTeIbHOCTH omepaTopos. llpu pabore ycioBHOTO OTIe-
paTopa MpoBePAIOTC (POPMYJIBI (0; IPU TEKYIIEM COCTOSHUY TaMsaTh. Fem
HU ojiHa U3 (POpPMYJT (p; He UCTUHHA, TO (bUKcupyercd ommodka. Ecim xe
HEKOTOPBIE (0; ICTUHHBI, TO 110 HEKOTOPBIM ITPUOPUTETAM BBIOMPAETCs OJIHA
3 HUX W BBITOJIHIETCS COOTBETCTBYIONIAS MOC/IEI0BATEIHLHOCTE OTIepaTo-
poB ;.

Ecin kazkmast u3 koman S; omnncana B joruke Ly dopmyioit 1;5;x, TO
YCJIOBHBII OIlepaTop ONMuchiBacTCs (POPMYJIOit

{(901_>¢1)/\---/\(90n_>'€/}n)}IF901 —>51A302H52A
oD, — S, FI{x}.

Onepamopam yuxAG COOTBETCTBYIOT KOHCTPYKIIUH

oo NY,, — T, OD.
Brinostasiercst oriepaTop HUKJa cieayonmM obpasom. IIpoepsrores
GOPMYITBL V1, ..., ©Op, Y1, ..., Yy, TPU TEKYIIEM COCTOAHWH TaMsTh. Ecin
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HI OJ[Ha U3 HUX He UCTUHHA, TO pUKcupyercs omunbka. Ecm »ke HeKoTopblie
MCTUHHBI, TO 110 HEKOTOPBLIM HPUOPUTETaM BLIOUpaeTcs ofHa 13 Hux. He-
JI BLIOpaHa @;, TO BBLIIOJIHSIETCS COOTBETCTBYIONIAS MOCIEI0BATEILHOCTD
OIIepaToOPOB \S; 1 BBIIOJIHEHNE IUKJIa BO300HOB/IAeTCA. Ecan Boidpana 15,
TO BBIIOJIHSIETCSI COOTBETCTBYIONIAST [I0C/IEI0BATEILHOCTE oltepaTopos T n
BBINOJIHEHUE IUKJIA 3aBEPIIACTCH.

Ecsin kaznast u3 koman S; ormcana B jioruke Lo dopmyioit {p!}Si{x:},
a T; — copwmymoit {1} }T;{0}, To onHOKpaTHOE BHIIOIHEHNE UK/ OIU-
chIBaeTcst (POpMYJIOii

{1 = @) A A (pn = ) A (1 = ) A A (1 — YA
(p1V...Vo, VU1 V.. VU )HF o1 = S1A ... Ap, — S, A

JIByKpaTHOE BBINOJIHEHNE MK/ COOTBETCTBYET (DOPMYJIe

{1 = DA A(on = o) A1 = Y1) AL A (Y1 — ) A
(p1V...Vo, VU1 V.. VY )HF o1 = S1A ... ANp, — S, A
P = TVA DAYy, — T, FI{x1 V...V x,}

{(p1 = @) A A (on = @) A (1 = 1) Ao A (P — A
(p1V...Vo, VI V.. VU ) A(xa V... Vxa) HE o1 — S1A L.
Dy —= Sy A =TV A L ANy, — T, FI{0}

n T 10 Geckoreunoctn. O6osmauns depes DOF{f} yenosue npasmin-

HOCTU K IArOB UK/, MOJIydaeM, 9T0 KOPPEKTHOCTD IUKJIa PABHOCHILHA

ncrnanoct opmyasr A\ DOM{AY. Ho sra dbopmyna mmeer Geckoned-
kew\{0}

HYIO JUIHHY U He siByisteTcst opmysioit joruku L. TlosiBinerue Takux dop-

MYJI, OTHOCSIIIIUXCST K JIOTUKE Ly, TIOPOZKJIAET Cepbe3Hble TPOOJIEMbI JIJIst

AJICOPUTMUYECKUX JIOTUK.

OrnutiieM anzopummuseckyro ao2uky Xoapa, KOTOPast sIBJIsIETCsI OCHOBOI
JJIsT JIOPHKY BBIBOJIOB ITPABUJIBHBIX TPOIPAMM I JIOIYCKAET HHTEPIIPETAIUT
B TE€PMUHAX MPOrPAMMHBIX KOHCTpyKIuii. Ciiejyionie akCHOMBI, Ha3bl-
BaeMble akcuoMamy, Xoapa WM NpasusaMy 6ePUGUKaUUL, OPEIeITIOT
IIPE/IYCIOBUS KAK JIOCTATOUHbBIE YCJIOBHS, TAPAHTUPYIONINE, UTO UCIIO/IHE-
HIle COOTBETCTBYIOIIErO OIlePATOpa [PU YCIENTHOM 3aBepIIeHIN TPUBEIET
K JKeJIATeJIbHBIM TTOCTYCJIOBHUSIM.

Al {(p)f}z = t{p} (axcuoma npucsausarus).

A2. {p}S{Y} A (¥ — x) — {e}S{x} (arxcuoma ocrabaenus nocmy-
CAOBUSA).
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A3 {p}S{Y} A (x — ) = {x}S{Y} (arcuoma ycurenus npedycio-
6UA).

Ad {p}Si{v} ANMY}So{x} — {p}S15:{x} (arcuoma xomnosuyuu).

A5 {o ANUIS{x} A (0 A= — x) — {¢}if Ythen S {x} (axcuoma
YCAOBHO20 ONEPAMOPA).

AG. ({e AESIH{XE) A ({e A —0}S{x}) —

{¢}if ¢ then S else Sy {x} (arxcuoma arvmepramuenozo onepamopa).

A7 {e AN yY}S{p} — {p}repeat Suntilv{p A =} (arcuoma onepa-
mopa yuxsa until (10)).

A8. {p ANY}S{p} — {¢}whilety do S{p A =9} (arxcuoma onepamopa
yuraa while (moxa)).

B akcrmomax A7 n A8 yTBep:kaaercs, 9To hopMyia © UCTUHHA IIepe/l
BBITIOJIHEHIEM U TIOC/IE BBITOJHEHHs KazKJIOT0 Iara, [uKaa. dta GopmyJia
HA3BIBACTCS UHBAPUAHMHOT HOPMYAOT NITH UHBAPUAHINOM UUKAG.

Axcnombl A1 — A8 MOXKHO HCIIOJIB30BATE J1JIsI IPOBEPKHU COIIACOBAHHO-
CTH T[Iepe/iavn JIAHHBIX OT OIlepaToOpa K OlePaTopy, /I aHAJII3a CTPYKTYD-
HBIX CBOICTB TEKCTOB MPOTPAMM, JJisl YCTAHOBJICHHs YCJIOBHI OKOHUAHIST
nuksia. Kpome Toro, akCHOMbl MOXKHO HCIIOJIB30BATD JIJIs AHAJIN3A Pe3YJib-
TATOB BBIIOJTHEHUS TIPOIPAMMBL.

[Ipumep 4.4.2. PaccmorpuMm 3ajaqy HaXOXKJIEHUs YacCTHOIO ¢ U
OCTaTKa T OT JIEJICHUST N Ha, M.

Bxodnvie dannwie:

n,m — HaTypaJbHble duca, rie m > 0.

Buixodnwie dannwie:

q,r — HATYpaJIbHbIC TNCIIA.

Onucarue npozpammot S:

3azarb(n, m)
r:=n;q:=0;

while m < r do
begin
r=r—m;q:=q+1
end;

BBIIATH(q, 7).

CdhopmymupyeM TpeayCcIoBUe ©:
m > 0.
CdopmymupyeM TOCTYCJIOBHE 1:

(r<m)AN(n=m-q+r).
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Tpebyercst noKa3aTh, 9TO

nJIn

= {w}s{v}

E{m>0}S{(r<m)A(n=m-q+7)}

IlokazaTelbCTBO.

Akcromsr
€ Dopmyast U IIpaBUJIa
BBIBOJI
1 [e—(n=n+m-0) B (pOpMaJIbHOM
apudMeTIKe
2 [ {n=n+m-0)}r:=n{ln=r+m-0)} akcroma Al
3 [ {ncn+m-0)}qg:=0{(n~r+m-q)} akcuoMa Al
4 ptri=n{ln=r+m-0)} A3 k mynkram 1 u 2
5 plri=n;qg:=0{(n=r+m-q)} A4 x nynkram 3 u 4
6 ner+m-qA(m<r)— apudmernka
(n~ (r—m) +m(q+1))
7T {n=@r—-—m)+m- -(¢g+1)}r:=r—m akcmoma Al
f(n~r+m-(g+1)}
8 [ {n=r+m-(¢+1)}g:=q+1 akcnoma Al
{(n~r+m g}
9 [{(n=(r—m)+m-(¢g+1)}r:=r—m; A4 x nynxram 7 u 8
g=qg+1{(n=r+m-q
10 {n=r+m-g9)A(m<n)}r:=r—m; A2 k nynkram 6 u 9
g =q+1{(n=r+m-q
11 [ {(n=r+m-q¢) A(m <r)}whilem <rdo | A8 k myrkry 10
beginr :=r —m;q:=q+ lend
{(n~r+m-q)A=(m<r)}
12 [ {p}S{ln=r+m-q) A=(m <r)} A4 x nyskram 5 n 11

B cuny Toro uro cucrema (N; <) siBjsieTcst BIOJIHE YIIOPSIOYEHHBIM
MHOKECTBOM ¥ Ha KayKJOM Iare 3HaveHKe I yMEHBIaeTcs Ha MOJOXKHU-
TeJIbHYIO BEJIMIIHY 7, HallJieTcst TaKoe 3HaYeHne 1, Jjisi KOTOPOro He Oy1eT
BBITIOJIHATLCSL yCaI0oBre m < 7, U INUKJIXIECKHIT IPOIECC 3aBEPIINTC.

Takum obpa3oM, yCTaHOBJIEHO, YTO

{o}s | {¥},

T.e. Iporpamma S sIBJIsIeTCsl TOTAIBLHO IPABUIbHOMN. []

§ 4.5. 3Bagaum m ynpakHeHUs

1. Jlokazarb, 4TO
(a) Bce BoiBOMMBIE B VIVIB hopmysibt BeiBoguMb! B VIB;
(6) dopmysibl (m—p — @) u p V —p He BoIBOUMBL B IB;
(B) ecm 8 B nokazyemo ', o F 1), ro B MNB mokazyemo I' - (¢ — ).
2. IlokazaThb, uTo cucrema PyHKIUN, cocTosdmas n3 GyHKIHN £V Yy 1 BeeX PyHKITHT

) g, ecmx =71,

= ! gBJygercd HOJHON B k-3HAYHOI JIOTUKE.
0, ecnu x # 1,

eij(z)

3. Jlokazarh, 4TO Jjisd JIIOOBIX COOBITUI (0, 1, p1,. ..
COOTHOTITEHUSI:

, O, CIIPABEJIJINBBI CJIETYIOINE
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(a) P(e A ) < Pp);

(0) Plp A) = P(p) + P(¢) — 1;

(B) P(p1 V... Vn) < Plpr) +...+ Plen);

(r) ecom cobBITUSA (P, . . . , ©, TIONAPHO HECOBMECTHBI, TO P(p1V. . .V,) = P(p1)+

oo+ Plen).
. s wewerkux nogmuoxkects A = {(z,0.3), (y,0.9), (2,1)} u B = {(z,0.7), (y,0),

),
(2,0.1)} maiittu A, B, ANA, BV B, ANB, AV B.

. [lokazaTh cjejyioniue CeKBeHITNN:

(a) o= O s
(6) O Jz—pF Jzr-Oe.

. IIpeacraButh ajaredpy MaTpuil B BHJE MHOTOCOPTHOI aJireOpamvecKoil cucre-
MBI, JIJIT KOTOPOI COOTBETCTBYIOMIEH (POPMYJI0if MHOIOCOPTHOM JIOTUKHU BHIPA3UMO
MHOZKECTBO MaTPHUIl, UMEIOIINX KOHEYHBIN ITOPJIOK.

. Hammucarb nmporpammy pasJioKeHus HaTyPaJIbHOIO YHCJ/Ia Ha ITPOCThIE COMHOXKI-
TeJIM W JOKa3aTh ee TOTAJbHYIO MPaBUJIBHOCTH € MOMOIIBIO AJTOPUTMUIECKOMN
Jloruku Xoapa.



BapuaHTbl KOHTPOJIBHOIT PabOTHI

YcaoBus 3aaa4

1. I3 nanuoii cCOBOKYIIHOCTH CEKBEHIMi BHIOPATh JI0KA3yeMbIe, [OCTPO-
UTh X JIOKA3aTeJIbCTBA, JJIsl HeJIOKa3yeMbIX [I0Ka3aTh UX HEJ0Ka3ye-
MOCTB € MOMOIIBIO: a) ajgropurma Ksaiina, 6) ajaroputma pejyKIiuH,
B) Meroja pesosoiuii. Cpejin JI0Ka3aTe/IbCTB HEJIOKA3YEMOCTU Bbl-
OpaTh ONTUMAJILHOE B KAyKJIOM KOHKPETHOM CJIydae.

2. Haittu dpopmymy ncuncienus: mpenkaToB HCTHHHYIO Ha ajredbpaunde-
ckoit cucreme A u joykHy10 Ha cucreme .

3. Iloctpouth j0Ka3aTeILCTBO (DOPMYJIBI B UCUNC/IEHUN TTPEINKATOB.

4. YcTaHOBUTD, BBIIOJIHIMA JIM CJIEyIoNnas (pOpMYJIa U eCJIU BBITOJTHU-
Ma, TO ITOCTPOUTH MOJIE/b 3TOI (POPMYJIbIL.

5. IIpuBecTnn K mMpeHEKCHON 1 KJja3yaJbHON HOpMaJIbHOI dpopmam ¢op-
MYJLY.

6. MeTomom pesostonuii TpoBEpUTH, TPOTUBOPEYNBO JIT MHOYKECTBO IIPEI-
JIoxKeHuit. Ecjim MHOXKeCTBO HEIIPOTUBOPEYNBO, TO IIOCTPOUTH MOJIE/Ib
9TOT'O MHOXKECTBA.

7. Iloctponts Mammuy ThiopuHra i BeIYUCIEHIS (DYHKITNN.

8. /lokazaTh TPUMUTUBHYIO PEKYPCUBHOCTL (DYHKIINU U3 3aJ1a9H 7, BbI-
pakasl ee yepes IpoCcTeillne ¢ IMIOMOIIbIO OlePaTOPOB CYNEPIIO3UIUN
U IPUMUTHUBHON PEKYpPCHUMN.



Bapmanrt 1

1.

2 A

a) (= y)AN(y—2), (y—=2)A 2=y (z—2)A(z— )
0) F —=(z A —x);
B) (t—y)—rhy—uwx;

r)zVyk-z—y.

A=(N;<), B=(N;<).

Vo(P(r) — Q(x)) vV Iz(P(z) A —Q(x)).

Jr3y(—(z = y) A P(z,y) A JzR(z,y,2) A Ju—R(z,y,u)).
—(JzVyP(z,y) V I2VyQ(z,y)) A “VaxIyR(x,y).

¢1 = Jz(Pr(x) A Py(x)),

G2 = VaVy(Pi(z) — (Pa(y) — ~F(z,9))),
¢z = FxVy—~(Pi(z) — (Pa(y) A ~P5(2,9)))-

f(x) = x—4.
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Bapmuant 2

l.a)y — —xk —yV -,
6) (x = —y) AN (my — 2) FaVy;
Bz (xAy) V(e A-yAz)V(zA-yA-z);
r)z,y,~zExzVyVz.

2. A=(R; <), B=(N;<).

3. (VeP(x) = VzQ(z)) V (Vo P(x) A Jz—-Q(x)).

4. ;:JE—'P(S, r)AVz,y(P(z,y) — =Py, x)) AVaVyVz3u(P(u, ) AP (u, y)A

5. Vr(IyP(x,y) — YyQ(z,y)) A ~3(VyP(z,y) — IyQ(y,v)).

6. g1 = Vavy(=Bs(f(2),2) = ~(= Ry, ) — B(f(2),9))),
¢2 = Va(f(z) = f(f(2))),

¢3 = JaVyVzFoVu-(=P(f(x),2) — —(Pa(v,u) — (P(f(v),y) V
Pi(y,v)))).

7. f(x) = 3.
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Bapuant 3
lL.a)xAyAN—-zkFxVyVz
6)zVyk (z—y)Vy
B)x —yk (x— (y—2) — (x — 2);
r) -z, oy b (@ —y) = 2) V(e —y) — —2)
2. A=(R; <), B=(Z;<).
3. VaVy P(x,y) — VyVx P(x,y).

4. V:JJJD—'(P(x),):U)/\‘v’x,y(P(:L‘,y) — Py, x)) A\VaVyVz(P(z,y) ANP(y, z) —

5. JaP(z,y) A Ja((VyP(z,y) — ~VyQ(z,y)) A JyR(z,y)).
6. qbl = VCL’"(P5($) AN (PQ(ZC) V P4($))),

¢2 = VrIy(((Pi(z) — Pa(z)) V (P3(z,y) A Pi(y))),
¢z = vy (Pi(z) A ((Ps(x) V B3(z,y) — (Ps(z) A Ps(y)))).-

7. flr,y) =+ y+ 2.
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Bapmuant 4

1.

2 A T

a)y, y,x b (xVy) A z;

0)r —y,y—zkx— 2z

B) x Ay, z ANy x — (y — x);
r) (zAy)Vzk (zVz)Az.

A=(Z;<), B=(N;<).

dx3y P(x,y) — JyIz P(z,vy).

dxVy P(z,y) A —=VaIz P(z,vy).

Va(IyP(z,y) — Qx,y)) — ("VaFyQ(z, y) Az R(z,y)).
¢1 = FaVyAVu(Ps(y, x) — (Pi(y,u) V Py(z, 2))),

¢2 = FVyIVu(Pi(y) V (Ps(y, u) A (Pi(z, 2) = Py, u)))).
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Bapuant 5
l.a)Foz— -
6)F((x—=y) =y —
B) x,yVz,ut (x Ay) — ((2 V) Au),
r)z,uVyk (z—x)V(-z —u).
A= (R;-), B=(N;").
VaVy P(x,y) — Va P(x,x).
VaVy3dz(P(x,2) AN P(z,y) & =(x = 2) A =(z2 =y)).
Vedy—(P(z,y) — —Q(x,y)) V ~IzVy R(z,y).
¢ = axvyvzauvv(_‘P?(y?x) A _'(fQ(y7 Z) - f3(u7 U)))?
¢2 = VaVyVz(Pi(fi(z), z,y) — (fo(z,y) = f3(z, 2))),
¢3 = VavyVaVu(Pi(z,y, )V (P (f1(2), u) = (f2(y, 2) = f3(u,v)))).

7 fx) = { g)— 1, mpu x # 0

npu x = 0.

2 A T
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Bapuant 6

LLa)zVyk (zAy) — (xV2);
6) z,yVu,zVyk (y—a)V(u—y)
B) F(z—y)V(y— )
r)r—y,y—zF(@xANz)—y.

A= (N;+), B=(Z;+).

3o Pz, x) — 33y P(z, ).

—VaVy(r = y) AVaVy(P(z,y) V Py, z)).
=Va3y (P(z,y) A =3aVyQ(z,y).

¢1 = JaVyIVu—(Ps(y,u) — Pi(z,x, 2)),
¢2 = Hxvyvzvuvv((ﬁpleu 2y U) A P3(y7 Z)) - PQ(y7 T, u, U))

7. f(z) =2z + 1.

2 A
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Bapwuant 7
l.a)x —yF -y — —x;
0)x —ykF(xVz)—(yV2),
B)z— (y—2) b (xAy) — 2z
r) e Ay,yVz,zV-ubk(x—u)V(z—y).

A= (N;-), B=(Z;).

3 P(x) — Q(r)) = (Vo P(r) — 32Q()).

dxIy(—(z = y) AVaVyVz(P(x,y) A P(y, z) — P(x, 2)).
Vo P(x,y) — —3Jy3dz Q(z,y).

¢1 = VaVy3dz—P(z,x,y),
o = VaVyV2Yuvovw((P(z, y, u) AP(z,v,w)) — (P(y, z,v)VP(u, z,w))),
¢3 = VaeIVy—(P(x, f(x,y),y) V P(z,x,2)).

7. f(z) =x+6.

2 A T
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Bapuant 8
lLLa)z—yk(z—2)— (2—vy);
0)x —ykF(xAz)—= (yA=2);
B) xVy, (yV-z)Vulk (z = z)A(xVu);
r)rky— .
A= (R;+), B=(N;-).
(P(z) = FyQ(y)) < Fy(P(z) — Qy)).
dx3y P(z,y) ANVaVy(P(x,y) A P(y,x) — —(x = vy)).
Va (Jy P(z,y) VVyQ(z,y)) A Ja—(FyP(z,y) V VyQ(z, y)).

o1 =Vy(Pi(y) — (R(y) V FzPs(z,9))),
¢2 = ~(Vr((Fy(Pi(y) A P3(x,y)) — 32(Pa(2) A Bs3(z,2)))).
7. f(z) = 2.

2 A
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Bapuant 9

1.

2 A T

a) r — wyky—

6) ~(z A —y) F ~o v y;
B)xVy,xVz,xV-azVukuVy,
r)z— (yVz)F(zA-y) — 2

A= (N;+), B=(Z;+).

(Vz P(z) — Q(y)) « Jz(P(z) — Q(y)).

3oy (P(x,y) — Y2=R(z,y, 2)) A JxTy Pz, y).

Vo (- (FyP(z,y) — VyQ(z,y)) vV FyP(z,y) — VyQ(z,y))).

o1 = Va(Jy(Pi(z,y) A Pa(y)) — Jy(Ps(y) A Pa(,y))),
¢ = ~(—JxP3(x) — VaVyPi(x,y) — —Pa(y))).

f(z) =2x+ 2.
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BapuanT 10

1.

2 A

a)x — (mzVy F(xAz)—y;
0)xVy,zV-yVubt (xAy)V (u— 2);
B) x — Y,y — —x b

r) (xAy) = (xVu)Fu—(xVy).

A=(R;-), B=(Z;").

(Fz P(z) — Q(y)) < Va(P(z) — Q(y)).

Vo P(x,z) ANVa3y(P(z,y) A —(z =vy)).
(—=3xTyP(x,y) V IaVyQ(x,y)) A ~VeIyR(z,y).

¢1 = Vo ((Pi(z) A =Py(x)) — Fy(Ps(x,y) A Pa(y))),
¢2 = Fo(Ps(x) N Py(x) ANVy(Ps(z,y) — Ps(y))),
¢3 = Vr(Ps(z) — —P(x)).

f(x) =z +5.
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BapmanT 11

l.a)xVy,x—yy—zFuVz;
6) F (xAy) = (zVy);
B)xVy,~xVz,ul(x—z)F(uAy) — z
r)yk(y—x) — .
A=(C;+), B=(N;+).
(P(x) = VyQ(y)) < Vy(P(z) — Q(y)).
Jr=(f () = 2) A (f(f(2)) = ©).
~((F2IyP(z,y) A F2VyQ(z,y))) Vv FaTyR(x, y).
¢1 = Vavy3z((Pi(z,y) — Pz, y)) A Ps(2,y,2)),

P2 = VaVy(Pa(z,y) — P3(z,y)),
¢3 = JxIyz(Pi(z,y) A —Ps(x,y, 2)).

7 flxyy) =z +y+ 1

2 A
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BapuanT 12

1.

a)r— (y = 2)F(z—y) =z

0)x —ykF(xVz)—(yVz2),

B) x A(yVz2),yVzzV-ozVyky;

r)x —yk =z A-y).

A=(C;+), B=(Z;+).

(VzP(z) VVzQ(z)) — Va(P(z) V Q(x)).

Vr(P(z) — Qz)) AJeTy(—(z = y) A =P(z) A =Q(z) A

—Q(y)).

Jx(FyP(x,y) vV VyQ(z,y)) — Jyvy(P(z,y) A Q(x,y)).
¢ = JaVy3z(Pi(z,y) APz, 2) A Ps(2,y,2)),

¢2 =VaVy(Pi(z,y) — Pz, y)),

o3 = VoIyVz(—=Ps(z,y, 2) A P (z,y)).

_Jz—y, mpunx >y
f(x’y)_{o, upu r < .
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BapuanT 13

1.

2 A T

a)F (xr — 2)V (z — x);
6) y,zVubk (z—=y)V(~z—y)
B) F ——x — x;

r)zVy,zV-yVuyVuk-yVu.
A=(C;+), B=(R;+).

dz(P(z) AN Q(x)) — (FzP(x) A JxQ(x)).
Va(=P(x,z) N =P(x,s(z)) A P(x,s(s(x)))).
2y P(z,y) — (Vo= (VyP(z,y) A FyQ(z,y))).

o1 =VaIy(f(x) = f(f(y) A Pa(z,y)),
o = VYV z(Po(z,y) N P3(z,y, 2)),
¢3 = JaVyVz(Py(z,y) — P3(z,y, 2)).
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BapuanT 14

1.

2 A T

a) x,-x,rVukr—u;

0) x — u,u— zFx— 2z
B)yVaeVu,-xV-yVu-uwVekuVy;
r)F(@—y) = (y = u) = (- u).

A=(C;-), B=(N;).

(P(x) VVyQ(y)) < Yy(P(x) vV Q(y)).

JaVy(P(z,y) — (=P(y, ) — (P(z,2) < P(y,y)))).
(Vo= (YyP(z,y) A JyQ(z,y))) — FyVaR(z, y).

¢ =Va(f(z) = g(f(z)) A =Pi(z, x)),

¢2 = Jx—(g(z) = g(9(x)) AVrIy(=Pi(z,y) A Pa(z,y)),
o3 = VaVy((Pi(z,y) — —Pi(y,x)) AN JzPi(x, 2)).

f(z,y) =z!, toe 0! = 1.
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BapuanT 15

1.

2 A

a) r,y,yVu,uVarV-ozkuVz;
6)F(x—=((yVva)—2)—(y—2);

B)xVyk (zAz) — (yA=2);

r) z, oy b (z—2) = (y — 2).

A=(C;-), B=(Z;").

(P(x) A FyQ(y)) < Fy(P(x) AQ(y)).

JaVy3z((P(y, z) — Pz, 2)) — (P(z,x) — Py, x))).
Vo3yP(z,y) AVr(3yQ(z,y) A —~CyR(z,y) vV IyP(z,y))).

¢1 = FeIYVz((Pi(z,y) — Py, 2)) A (=P(y, 2) — Piz,y))),

P2 = VrIy(Pr(x,y) AN Py, ),
¢3 = ~JzIy(=Pi (2, y) A Pa(z,9)).

f(z) = 4x.

152



BapuanT 16
l.a)FaV(-z— x);
6) xV -y bk —r— -y,
B) t AyAzF (xVy) — (yV=2),
r)xA-xky— -y,
2. A=(C;-), B=(R;-).
3. (P(x) v IyQ(y)) < Fy(P(x) vV Qy)).

4. dxP(x,z) N (VaVyVz(P(z,z) A (P(z,z) — P(z,y)V P(y,2))) —
YNz P(y, z)).

b. VaVyP(z,y) vV (IyQ(z,y) V (m3yR(z,y) A ~FyP(z,y))).
6. ¢1 = FaVyI2Vu(Pr(z)A((Pa(x,y) — —P3(y, 2) )V (Pi(z) — Ps(z,u)))),
G2 = Va(Pi(z,y) — Jy(Pa(z,y) A =Ps(z,y))).

) 2z, npuz > 2
7 f(x)_{:c, upu r < 2.
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BapmanT 17

1.

2 A T

a) ~x, -y ((y = 2) = 2) V(02 = y) — x);
6) xV-yVu,yV-uzVzkxVy;

B) z,y, 2 (x = y) vV (y — 2);

r)zVyk (x—2)V(y— 2).

A= (R;-), B=(Q;").

(P(x) AVyQ(y)) = Vy(P(z) A Q(y)).
drdydz—((x-y)-z2=x - (y - 2)).
—(VaVyP(z,y) — VaVyQ(x,y)) ANVaVyP(x,y).

¢ = Jx(3yPi(z,y) AVy(Pi(z,y) = Py, 7)),
G2 =Vx(FyPi(z,y) AN IzPs(x, 2)),
¢3 = VaeIyVzIu(Py(z,y) A Pi(y, 2) A Pa(z,u)).

_J x—3, upuzx >3
f(x>_{0, upu r < 3.
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BapuanT 18

1.

2 A T

a)xVyVzk(xVy) — (y — 2);

6)F(xAy) = (y— (z =)
B) tVyVu,~xVuV-y wuVyktu—z;

r)y —x,x— zFy— (r— z2).

A= (N;-), B=(Q;).

(FzP(z) vV IzQ(x)) « Fz(P(z) V Q(x)).

Vo= P(x,x) A\VaVy(P(z,y) — =Py, 2))A\VaVy3z(P(z, ) AP(z,y)).
Vo= (VyP(z,y) V IyQ(z,y)) V ~VzIyQ(z, y).

¢ =V(Pi(z) — ~P(z)),

¢ = VaVy(Pi(z) — JzP3(x,y, 2)),
¢3 = FaVyVzIu((Pr(z) V Py(y)) A Ps(x,y,2) A —P3(x,y,u)).

f(z) =Tz
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BapuanT 19

1.

2 A

a) (zAy)VzE(xA-z)— (yV2);
6)FaxA(yVz) = ((xAy) = (yA2));
B)xVyVz,~xV-z,yV-xkFuVeVz

r)(@—y) —zbz—(y—2)

A=(Z;-), B={(Q;").

(VzP(z) ANVzQ(z)) > Va(P(z) A Q(x)).

VaP(z,z,x) A JeTy(=(z = y) A Pz, y,2)) A ~VaVyVzP(z, y, 2).
~Vz(JyP(z, y) A FyQ(z,y)) A Vr—-FyQ(z,y).

¢ = VoIy(Pi(z, f(z)) A (Palz,y) — ~Pi(f(2),v))),
¢o = FaVyIz(~(f(z) = f(f(2))) A (Pi(z,y) — —~P(y, 2))),
o3 =Vr(JyPi(z,y) — Jz=Py(x, 2)).

f(z,y) = min{z, y}.
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Bapuant 20
l.a)x,~y,~xVykx—y;
6) tVuV-z,—xVz,uVykr—y;
B) F —(z A —x);
r) ((x —y) —2)—axkFyVaVz
A=(Q;+), B=(Z;+).
—JzP(x) < VYz—-P(x).
VaVy(z - s(y) = s(x - y)) AJeFy—(z -y =y - 2).
—((FzVyP(z,y) V IxFyQ(z,y)) V JxTyR(x, y)).
¢1 = JaVyVz—o1(z,y, 2),
G2 = VaVy3z(Py(z) A Pz, y, 2) A (= Pa(y) — Py, ¢, 2))),
¢3 = VaeIyVzIu(Py(z,y, 2) A =Pz, y,u)).

7. f(z) =22 + 3.

2 A T
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BapmanT 21

1.

.@.O‘r'k?*’.w

a)xVzk-x—z

0) y,z,ubtyVzVu;

B)y A-zy Ak y — (¢ —y);

r) (zAz)Vyk (zVy) A
={Q;+), B=(N;+).

—VzP(x) < Jz—-P(x).

Jzy—(z = y) AVaVyIz(fi(z) = 2 A f2(z) = y).
—((FzVyP(z,y) vV xTy(z,y)) V JaVyR(x, y).

¢1 = Vyvz3u(P(z,y) A =(fi(z, 2) = falz,w))),

¢2 = VaVyVz(P(z,y) — (fi(z,y) = fa(z, 2))),

f(z) =3z + 1.
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BapunanT 22
L.a)y,zVu,zF (yAz) — (uVy)Az);
0)y—xk (yAu) — (zAu);
B) Yy — 2,2 — —y b

r)zk(z —y) —y.

A=(N;—), B=(Z;-).

VaP(x) < —3a—-P(x).

Yady32(R(y, z) A R(z,2) A =(y = 2).

Ve (JyP(z,y) VVyQ(z,y) V JyR(x, y)) A ~VaVyR(z,y).

o1 = FaVy3IzFu—(Pi(x,y) A =(Po(z, z,u)),

o = FaVYVYu(—Py(y, 2) — (Po(x,y,2) A 2 Pa(z,u, x))),
¢3 = Vay(Pi(r,y) — =Py, v)).

7. f(x) = 22 + 4.

2 A T
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Bapuant 23
1. a) 7(yA—2)F -y Vz;
) crVy,zVz,xV-ozVukuVy;
B)F(yAz) = (yV2);
r)rzkz—x.
A=(Q;—), B=(N;-).
JxP(x) < —Vz—-P(x).
Vaedydz3u(P(x,y) A P(x,z) A P(z,u) A R(y, z,u)) AVe=R(x,z,x).
(FzVyP(z,y) A JavVyQ(z, y)) A Javy(P(z,y) — R(z,y)).
¢1 = Va(Pi(x) V ~(Py(x) A Ps(x))),

¢ = YV (Py(z,y) A (Paly, ©) — —(Pi(z) V ~Pa(2)))),

2 A T

0, ectmz =0
1, ecm & > 0.

7. flz) =sgr = {
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Bapuant 24

1.

S otk W

a)y = (z—=u) b (y—z2) =
6) b=y —y;
B)yVaeVu,-xV-yVu-uwVekuVy;

r)zV-ozk -y — oz,

A= (N;<), B=(N;P(x,y)), rne P(x,y) o3Hauaer, 4T0 ¥y JEJIUTCsI
HA .

2VyP(x,y) — YydzP(z,y).

VedydzFuv(R(x,y, z) A R(z,u,v)) A -JzR(z, z, x).
—Jz(VyP(z,y) V IyQ(z,y) VVz(IyP(z,y) — YyQ(z,y))).
o1 = VaIyI2Vu(Pi(x,y) A (Pi(z,y) — Pz, z,u))),

o = JaVyVz(P(x,y, 2) A Judv(Pe(x,y, 2) — (Pi(z,u) A Pi(v,1)))),
o3 = VaVy3Iz(Py(z,z,y) AN =Py (2, )).

| x—y, upuz >y
f(x,y)—{O’ upu x < y.
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BapuanT 25
l.a)y—z,x — wuky— (r— —u);
0)F(yAz) = (z = (z = 2));
B)yANzAub (yVz)— (z2Vu);
r) Ay, AykFz— (x —y).

2. A = (N;<), B = (N;P(z,y)), rne P(x,y) osnagaer, 410 & u y
B3AHMHO ITPOCTEL.

dx(P(z) — Q(x)) V (YxP(x) AVr—Q(x)).

Ve-R(x, z, x) AJzxIyFzFudv(R(z, y, 2) AR(z, u, v) A—FJwR(z, w, v)).
~(J2VyP(z,y) — Yo (IyQ(x,y) — JyR(z,y))).

o1 = JaVyVaVu(Pr(z,y) A (Poly, z,2) A —Ps(u, x)),

qbQ = V:UVy(Pl(x,y) - (P?)(x:y) \% HZPQ(.CU,y, 2)))9
§b3 = Elxay(Pl(x7y) A VZP2(:U7y7 Z))

2B

7. f(x,y) = max(x,y).



